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Résumé

Ces dernières années, le nombre de satellites en orbite autour de la Terre a
augmenté de manière exponentielle. Grâce à leur faible consommation en car-
burant, de plus en plus de propulseurs électriques sont utilisés à bord de ces
satellites, notamment le propulseur de Hall qui est l’un des plus efficaces. De
la diversité des applications découle le besoin d’avoir des propulseurs de taille et
puissance variables, pouvant être utilisés sur une large gamme de fonctionnement,
avec une durée de vie accrue. Cependant, la physique des propulseurs de Hall
est encore méconnue et les nouveaux designs se font de manière empirique, avec
un dévelopemment long et coûteux, pour un résultat final limité. Pour pallier
ce problème, des codes de simulation peuvent être utilisés mais une meilleure
compréhension des phénomènes clés est alors nécessaire, plus particulièrement du
transport anormal des électrons qui doit être pris en compte de manière auto-
consistante pour pouvoir capturer totalement le comportement de la décharge.

Ce transport étant relié à l’instabilité azimuthale de dérive électronique, un
code 2D particulaire existant a été amélioré pour pouvoir simuler cette direction
azimuthale mais aussi la direction axiale, dans laquelle les ions sont accélérés,
produisant la poussée. Avant d’analyser le comportement de la décharge, ce code
a été vérifié sur un cas de benchmark, avec 6 autres codes particulaires développés
par différents groupes de recherches internationaux. Ce cas simplifié a été ensuite
utilisé pour vérifier de manière intensive un dévelopemment analytique pour es-
timer la force de friction électron-ion, qui est le témoin de la contribution des
instabilités azimuthales sur le transport anormal. Puis, la dynamique des neutres
a été rajoutée pour capturer de manière auto-consistante le comportement de la
décharge. Une technique artificielle de loi d’échelle a été adoptée, avec une aug-
mentation de la permittivité du vide, pour alléger les contraintes de stabilité du
code particulaire et accélérer les simulations. Grâce à une parallélisation du code
efficace, ce facteur artificiel a été réduit de manière significative, se rapprochant
ainsi d’un cas proche de la réalité. La force de friction électron-ion a été observée
comme étant celle qui contribuait le plus au transport anormal durant les oscil-
lation basse-fréquence du mode de respiration. De plus, deux zones ont pu être
distiguées pour les instabilités azimuthales, en fonction du caractère sonique des
ions. En amont du point sonique, l’instabilité de dérive électronique est forte
et le transport anormal peut être correctement estimé grâce à la théorie quasi-
linéaire déjà mentionnée. Cependant, quand les ions deviennent super-soniques,
une autre instabilité croît et se propage dans la direction axiale : l’instabilité de

V



VI CHAPTER 0. RÉSUMÉ

transit des ions. Elle interagit avec l’instabilité de dérive électronique, causant
la formation de structures azimuthales à grande longueur d’onde, associées à un
plus grand transport anormal.



Abstract

In the last decade, the number of satellites orbiting around Earth has grown
exponentially. Thanks to their low propellant consumption, more and more elec-
tric thrusters are now used aboard these satellites, with the Hall thrusters being
one of the most efficient. From the diversity of applications stems the need of
widening the thruster power capabilities. However, due to a lack of knowledge on
Hall thruster physics, this scaling is currently done empirically, which limits the
efficiency of the newly developed thrusters and increases the development time
and cost. To overcome this issue, numerical models can be used but a deeper
understanding on key phenomena is still needed, more specifically on the electron
anomalous transport which should be self-consistently accounted for to properly
capture the discharge behaviour.

As this transport is related to the azimuthal electron drift instability, an exist-
ing 2D Particle-In-Cell code was further developed to simulate this azimuthal di-
rection along with the axial direction in which the ions are accelerated, producing
the thrust. Prior to analyse the discharge behaviour, this code has been verified on
a benchmark case, with 6 other PIC codes developed in different international re-
search groups. This simplified case was later used to stress-test previous analytical
developments to approximate the instability-enhanced electron-ion friction force
which represents the contribution of the azimuthal instabilities to the anomalous
transport. Then, the neutral dynamics has been included to capture the full self-
consistent behaviour of the discharge. We used an artificial scaling technique,
increasing the vacuum permittivity, to relax the PIC stability constraints and
speed-up the simulations. Thanks to an efficient code parallelisation, we man-
aged to reduce this scaling factor to a small value, hence simulating a case close
to reality. The electron-ion friction force was found to be the main contributor
to the anomalous transport throughout the whole low-frequency breathing mode
oscillations. Moreover, we found that we could distinguish two zones for the az-
imuthal instabilities, depending on the sonic behaviour of the ions. Upstream
of the ion sonic point, the electron drift instability is strong and the anomalous
electron transport can be well approximated by the aforementioned quasi-linear
kinetic theory. However, when the ions become supersonic, another instability
is growing and propagating axially: the ion transit-time instability. It interacts
with the electron drift instabilitiy, hence causing the formation of long-wavelength
azimuthal structures associated with an enhanced anomalous transport.
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1.1 A new age for spacecraft propulsion
Based on current archaeological evidence, modern humans have existed for

roughly 200,000-300,000 years. Over these many years, people have constantly
contemplate the stars, wondering what was hidden behind this bright immensity.
While gods and spirits were for a long time closely related to the sky observation
(astrology and astronomy were hardly distinguishable up to the Middle Age),
the Copernican revolution during the Renaissance period was a turning point.
Copernicus in 1543 (heliocentric system), Galileo in 1610 (first telescope), Kepler
in 1619 (three laws of planetary motion) and Newton in 1687 (law of universal
gravitation) were the pioneers of modern astronomy.

But seeing was not enough.
In 1903, Konstantin Tsiolkovsky proposed to use rockets to enable human

spaceflight [1]. On the other side of the Earth, two decades later, Robert God-
dard designed and launched the first liquid-fueled rocket in 1926. In the 20th

1
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century, war became the main fuel for rocket science. The German V2 missile,
developed during World War II, was the first artificial object to travel into space
by crossing the Karman line (1944). During the Cold War, instead of fighting on
the ground, the United States and the Soviet Union decided to take part in the
so-called Space Race. From the first satellite in orbit around Earth (Sputnik 1 in
1957) to the first man on the Moon (Apollo 11 in 1969), in merely twelve years,
thousands of rockets were launched into space, writing the first page of human
space exploration history.

These first decades were characterized by human-centered exploration that
inspired most of the scientists and fed the imagination of people who needed
to recover from the horrors of World War II. When private companies, such as
Intelsat in 1965, appeared in the satellite market, the near-Earth orbit grew in
interest: the broad range of applications for satellites (telecommunications, Earth
observation, localisation services, etc.) was a bonanza. The post Cold War period
marked a loss of impetus for space innovation, driven mainly by the development
of always larger satellites to meet the increasing bandwidth requirements. In the
early XXIst century, newcomers such as Space X or Rocket Lab gave a breath
of fresh air: they demonstrate the capability of launching rockets and putting
satellites in orbit, which was previously only achievable by governmental space
agencies. Their fast success paved the way to the creation of numerous start-ups
and small companies for which Agile development and cost/time efficiency were at
the center of their business model. This current framework, often called the New
Space industry, represents a healthy environment to encourage space innovation
and breakthroughs. The current Mars Space Race is a good example of how these
new private companies gave a boost to governmental space agencies.

However, the increasing number of satellites in orbit (around 2000 currently)
should be put into perspective with the need to keep control of their trajecto-
ries. The recent collision avoidance manoeuver (between a Space X and an ESA
satellite) shed the light on the importance of space debris removal, while strength-
ening the paramount need of on-board propulsion systems for satellites. These
thrusters have often two main objectives: compensate the atmospheric drag that
inescapably make the satellites lose altitude (station-keeping), but also place the
satellite in a defined orbit (orbit raising). While most satellites are still using
chemical thrusters, the increasing demand for lighter satellites has made Electric
Propulsion (EP) significantly more popular: between 2012 and 2016, roughly 25
percent of the 106 satellites ordered were using EP, according to Northern Sky
Research [2].

But, why this growing interest towards EP?

If we consider a satellite of mass m subject to external forces Fext, its motion
is determined by the second law of Newton

m
dv

dt
= Fext −

d(mpvex)

dt
, (1.1)

with v its velocity and mp the mass of propellant ejected at the exhaust veloc-
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ity vex. The last term corresponds to the time rate of change of the propellant
momentum, i.e. the matter ejected at high velocity that will propel the satel-
lite. This is an important parameter for space propulsion, called the thrust T .
Assuming a constant exhaust velocity, it can be expressed as

T =
d(mpvex)

dt
=
dmp

dt
vex = ṁvex, (1.2)

with ṁ the propellant mass flow rate. If we integrate equation 1.1 between an
initial time 0 and a final time f , neglecting all external forces, we can obtain the
increment in velocity ∆v

∆v = vf − v0 = vex ln

(
m0

mf

)
= vex ln

(
1 +

mp

mf

)
. (1.3)

This equation is often referred as the Rocket equation, or the Tsiolkovsky equation
[1]. One can notice that the initial mass m0 is the sum of the final mass mf (often
called the "dry" mass) and the propellant mass mp. The increment of velocity
∆v is a crucial parameter that characterized any space missions: it lies between
9.4 km · s−1 (Low-Earth Orbit) and 13.3 km · s−1 (Geostationary Orbit) for near-
Earth missions and can be way higher for deep-space exploration. To obtain a
given ∆v, one can increase the amount of propellant (which will decrease the
available payload mass) or, more efficiently, use a thruster with a high exhaust
velocity.

The Rocket equation can be rewritten to express the amount of propellant
needed to obtain a fixed increment of velocity

mp = m0

[
1− exp

(
−∆v

vex

)]
. (1.4)

Hence, to decrease mp and allow for more payload mass, a thruster with a suffi-
cient exhaust velocity (at least higher than the ∆v needed) is required. However,
in chemical thrusters, the exhaust velocity is limited by the energy per unit of
mass stored in the propellant. For example, the maximum exhaust velocity ob-
tained with the current most efficient chemical reaction (the oxygen-hydrogen
combustion, used in the Vulcain engine of the last Ariane 6 ) is only 5.5 km · s−1.
We can see in figure 1.1 that even for a mission with a small ∆v of 5 km · s−1,
the mass of propellant needed with a chemical thruster is close to the initial mass
(mp

m0
≈ 0.6 for the Vulcain engine) and hence, it drastically limits the available

mass for the satellite payload. On the contrary, in an electrical thruster, the
energy conversion mechanism is different (an external energy source is used to
energize and accelerate the propellant) which removes the maximum limit for the
exhaust velocity and makes EP a suitable option for high-∆v missions.

A common parameter is used to quantify the thruster efficiency regarding the
propellant consumption, the so-called specific impulse Isp. It corresponds to the
time during which a given quantity of propellant can provide a thrust equivalent
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Figure 1.1 – From [3]: Ratio of the propellant mass to the initial mass as a
function of the exhaust velocity vex for two values of the velocity increment ∆v.
The dashed area corresponds to the domain of chemical propulsion with vex below
5.5 km · s−1.

to its weight at sea-level and it can be expressed (if the thrust is considered
constant) as the ratio between the exhaust velocity vex and the gravitational
acceleration g=9.81 m · s−2

Isp =
T

dmp

dt
g

=
vex
g
. (1.5)

The specific impulse is expressed in unit of time (often seconds): the higher Isp,
the more efficient will the propellant be.

Finally, a last important parameter needs to be taken into account, namely
the thrust-to-power ratio. Basically, the thrust efficiency η is given by

η =
1
2
ṁv2

ex

P
. (1.6)

The thrust-to-power ratio T/P can be expressed as

T

P
=

2η

vex
. (1.7)
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We can see that if we want to increase vex, even at optimum efficiency of η=1, the
thrust to power ratio will decrease, i.e. the power needed will be more important.
Hence, the attainable exhaust velocity is capped by the power available on the
satellite. Even though nuclear reactors can be used on satellites and will be needed
for deep-space missions [4] (with the final objective of using fusion reactors instead
of fission ones), the power often comes from solar panels which can produce from
several to thousands Watts, depending on their size, efficiency and orientation
with respect to the Sun.

Despite the specific impulse of electric thrusters being higher than chemical
thrusters (around 5000 s compared to around 500 s), they deliver a thrust orders
of magnitude lower (around 100 mN compared to around 1 MN). Hence, chemical
propulsion remains the only viable way of launching rockets. However, electric
propulsion appears to be the most suitable option for in-space thrusters.

1.1.1 Electric propulsion

The history of EP starts with the same pioneers than for chemical propulsion
(Tsiolkovsky, Goddard, Oberth), over one century ago. But at that moment, the
relevant scientific fields (plasma physics, electrical engineering, etc.) were not
mature enough and their brilliant ideas have not been applied to build thrusters
[5]. It was many decades later, in 1964, that the first electric thruster was fired in
space, aboard the SERT-1 spacecraft. This Gridded Ion Thruster (GIT) was later
followed by a Hall thruster (HT) in 1972, aboard the Meteor 18 satellite. While
these two types of electric thrusters were both studied independently in the US
and in USSR, the former decided to use mainly the GIT while the latter focused
on the HT development, lead by Morozov [6]. The situation changed in 1991 when
the Cold War ended and the HT Russian design plans were made available. It is
interesting to note that the French spatial agency (CNES) decided to focus its EP
research work on this particular thruster technology and, in collaboration with
Safran Aircraft Engines (SAE), they successfully equipped the SMART-I satellite
(that reached the moon orbit in 2003) with Hall Thrusters (PPS®1350 ). Since
then, almost 600 spacecraft have been launched, with various types of electric
thrusters. For a more detailed history of EP, the reader may refer to the review
of Choueiri [5] for the first 50 years, or the more recent review of Lev et al. [7].

As mentioned ealier, what distinguishes an electric thruster from a chemical
one is the decoupling between energization (a plasma is produced by adding en-
ergy to a gas) and acceleration (thrust is produced by accelerating the plasma
charged particles). Hence, an electric thruster is usually decomposed in three sep-
arate zones: the region where the plasma is created (plasma coupling region), the
one where it is accelerated (ion extraction/acceleration region) and the thruster
plume (ion beam neutralization/detachment region), as seen in figure 1.3. The
thruster plume needs to be neutral because charged particles could interact with
other subsystems of the satellite and perturb their operation. Moreover, plume
neutralization is necessary to avoid space charge region that can be a barrier for
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Figure 1.2 – Artist view of SMART 1 (propelled by a Hall thruster) entering
lunar orbit. Credit: David A. Hardy, Futures: 50 years in space, Science Photo
Library

Figure 1.3 – From [8]: Schematic showing the three main components of an
electric thruster (plume neutralizer not shown).
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the following ions.
Electric thrusters are usually distinguished by the acceleration method used

to produce the thrust. Hence, we can list three main categories:

— Electrothermal thrusters: the propellant is heated electrically (by a
resistive heater for resistojets or with a high current arc for arcjets) and
this thermal energy is then converted in kinetic energy by a nozzle. The
propellant can also be heated by a radio-frequency source [9].

— Electrostatic thrusters: the propellant is accelerated by a static electric
field, created by a potential difference applied between two close parallel
grids (for GIT) or between an anode and a cathode at each end of the
thruster (for HT).

— Electromagnetic thrusters: the propellant is accelerated by a combi-
nation of magnetic and electric fields (i.e. by the Lorentz force). One
can mention the Helicon Double Layer Thruster [10], along with the very
promising VASIMR technology [11].

1.1.2 A broad range of needs

From the diversity of space missions stems the need of widening the thruster
power capabilities. The specific impulse and power ranges of the main types
of electric thrusters are given in figure 1.4. In the last decade, mainly for con-
stellation purposes (like OneWeb), the number of small satellites (micro and
nano-satellites) has grown exponentially, and with them, the need of low-power
thrusters (10-500 W). Many companies have already developed these smaller
thrusters, such as ThrustMe (iodine gridded thruster) and ExoTrail (HT) in
France. Moreover, high-power thrusters (5-25 kW) are needed for deep-space
missions [12] and manned flight, to the Moon, Mars, or even beyond.

However, this scaling is often done empirically (trial and error method),
which limits the efficiency of the newly developed thrusters and increases the
development time and cost. Innovative spacecraft technologies are also under-
development [14] to meet these new needs and, as mentioned before, alternative
propellants must be found to overcome the xenon problematic [15, 16]. The reader
can refer to the review of Levchenko et al. [13] for more insights on the future of
plasma propulsion.

The working principles of the two most commonly used thrusters (GIT and
HT) are described in the following. For more general informations on electric
propulsion devices, the reader may refer to detailed textbooks [17, 18] or review
articles [19, 8, 3].
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Figure 1.4 – From [13]: Classification of the main types of electric thrusters in
the power-specific impulse coordinates. Insets illustrate the principal schematics
of each device type.

1.1.3 Working principles of the two main electric thrusters

Gridded Ion Thrusters (GIT)

Whereas GIT can differ by the way the plasma is created (Direct-Current
(DC) heating or radio-frequency (RF) heating), the thrust is always produced
by ions extracted and accelerated by a multi-aperture grid assembly, commonly
two parallel grids, as seen in figure 1.5. Each grid is biased, and the potential
difference induces an electric field which accelerates the ions produced upstream.
A source of electrons is then needed to neutralize the ion beam of the plume.

The main characteristic of GIT is that the thrust is directly proportional to
the ion current density. However, this extracted ion current density Ji is limited
by space-charge saturation. Its maximum value is a function of the discharge
voltage V and the distance between the grids d, given by the Child-Langmuir law

Jmax =
4ε0
9

√
2e

M

V 3/2

d2
, (1.8)

with ε0 the vacuum permittivity, e the elementary charge and M the ion mass.
Hence, while GIT have the advantage of a well-focused ion beam (no divergence),
this fundamental limitation is a drawback for the maximum achievable thrust.

No more details on GIT will be given here, as these thrusters are out of scope
of this manuscript, and the reader can refer to [20] for the history of GIT or [21]
for an example of GIT global model.
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Figure 1.5 – From [3]: Schematic diagram of a DC electron bombardment Gridded
Ion-Thruster.

Hall thrusters (HT)

Since their original development in the mid-1960s, mainly in the Soviet Union
at the instigation of Morozov, many experimental, numerical and theoretical
work have been undergone to better understand the Stationary Plasma Thrusters
(SPT), or Hall thrusters (HT), that have now been propelling many satellites.

The Hall thruster working principle will be detailed more extensively com-
pared to the GIT. However, for additional insights, the reader can refer to the
initial work of Morozov et al. [23, 6] or various topical reviews [24, 25, 22],
including one focused on the French research [19]. Other closed-drift thrusters
are often associated with HT, such as the Thruster Anode Layer (TAL) with a
shorter acceleration region and conducting walls instead of dielectric ones [26].
Even though most of the results that will be presented in this work can be applied
to them, the study will be focused on typical SPT thrusters such as the SPT-100
or the PPS®1350.

A side and front view of a Hall thruster are displayed in figure 1.7. Their
working principle is rather simple:

1. Neutral gas is injected through an anode at one end of the discharge channel.
At the other end, electrons are emitted from a cathode. However, the gas
pressure is very low and without an imposed magnetic field, the ionization
mean free path is orders of magnitude longer than the thruster size and
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Figure 1.6 – Example of HT: PPS®1350 operating with xenon. Credit: Safran
Aircraft Engines.

Figure 1.7 – From [22]: Schematic of a Hall thruster.
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hence, the ionization efficiency (mass flow rate of output ions over the one
of input neutrals) is low.

2. For this reason, coils are added to the thruster (often 5 coils, with one
central and four on the corners) in order to create a radial magnetic field
which acts to confine the electrons: when they enter the channel from the
cathode, they are trapped by this magnetic field and due to the E × B
configuration, they drift in the azimuthal direction. Hence, the ionization
efficiency will be greatly increased (they will encounter more neutrals to
ionize), up to 95%.

3. Due to the potential difference imposed between the anode and the cathode,
an axial electric field will form and accelerate the ions created inside the
channel, to produce the thrust. Also, a part of the electrons emitted by the
cathode are meant to neutralize this ion plume.

To better understand this working principle, the averaged axial profiles of the
main parameters of interest in a HT have been displayed in figure 1.8. First, it
highlights a fundamental feature of HT: the presence of two different zones, an
upstream one (near x = 1.5 cm) where the ions are created, called the ionization
zone, and a downstream one (near x = 2.5 cm) characterized by a strong axial
electric field, called the acceleration zone. The HT performance depends on
how these two zones will overlap: if they are too far, the ions will not experience
any electric field and hence will stay immobile after being created. If the overlap
is too important, some ions will only experience a small electric field and hence,
reach lower axial velocities. We can relate the position of the axial electric field
peak to the one of the maximum of radial magnetic field (with Bmax often set to
150-200 G): the electric field is forming where the electron mobility is lower due
to the magnetic trapping. In most of the HT, this position corresponds to the
exit plane of the discharge channel. Finally, we can see that the ions reach axial
velocities of the order of 15 km · s−1.

Despite the apparent simplicity of these thrusters, many questions can be
raised during their development phase:

— Which neutral gas should we choose? Xenon is almost always used because
of its low ionization energy Ei=12.1 eV and its high molar mass M=131u,
but its high and fluctuating cost will probably be a major issue in the next
years [27].

— Which material do we choose for the channel walls? Initally made of
alumine Al2O3, dielectric walls of BNSiO2 are now commonly used because
they exhibit an excellent combination of fabricability, performance [28, 29]
and lifetime. The erosion of the walls should also be taken into account as
it affects the thruster performance and lifetime.

— Whichmagnetic topology should we use? Recently, Magnetically-Shielded
(MS) HT have been used to shift the acceleration zone and limit the wall
erosion. [30, 31].
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Figure 1.8 – Axial profiles of the main parameters of an HT discharge (from the
self-consistent case of chapter 5)). (a) Ionization source term Siz (red) and axial
electric field Ex (blue), with the normalized radial magnetic field Bz (dashed
black) and the exit plane position (vertical dashed line). The red arrows delimit
the ionization zone while the blue ones delimit the acceleration zone. (b) Ion
density ni (red) and ion axial velocity vix (blue).

— Where to position the cathode? The inherent asymmetry of having an
exterior cathode might be an issue and work have been done to use instead
a cathode at the center of the discharge channel [32, 33].

All these features affect the performance of HT and should be optimized [34].
Keeping in mind the never-ending human dream of conquering the stars, these
many challenges needs to be overcome by studying these complex systems.

1.2 Hall thrusters - General concepts
At the heart of this work lies the concept of plasmas. Often referred as the

fourth state of matter, plasma is constituted of ions and electrons, and while the
bulk plasma is electrically neutral (quasi-neutrality), a charge difference can
appear at the walls (sheaths) due to the lower mass of electrons (higher velocity)
compared to ions. This mass difference between these two species is the main
driver of the collective phenomena in plasmas and is hence responsible for their
complexity.

Plasmas can be found in diverse systems, from solar wind to tokamaks, by
way of Earth’s ionosphere and magnetosphere or neon lamps. They are often
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classified using their density and temperature: HT plasmas are belonging to the
category of "low-temperature plasmas" (LTP). In these weakly ionized plasmas,
there is no thermal equilibrium between the electrons and the ions/gas i.e. the
electron temperature is often way higher than the ion temperature (which is close
to the gas temperature): Te � Ti ≈ Tg.

To understand the HT plasma physics, some fundamental concepts will be
introduced in this section. The reader can refer to various textbooks for extensive
details on general plasma physics [35, 36] or plasma instabilities [37].

1.2.1 Basic concepts of Hall thruster plasma physics

The two important parameters characterizing a plasma are the Debye length
λd and the electron plasma frequency ωpe. The first one corresponds to the typical
screening distance between charged particles, i.e. if two particles are separated
by a distance lower than λd, they can act on each other via Coulomb interaction
and a static polarisation can appear. For distances higher than λd, this force is
screened and the plasma can be considered quasi-neutral. This Debye length is
defined as

λd =

√
ε0kBTe
nee2

, (1.9)

with kB the Boltzmann constant and ne, Te the electron density and temperature
respectively.

When there is a small electronic perturbation in the plasma, it will naturally
relax towards quasi-neutrality. The electron plasma frequency defines the corre-
sponding characteristic time and is also the most fundamental plasma oscillation
(Langmuir wave). It is defined as

ωpe =

√
nee2

mε0
, (1.10)

with m the electron mass.
Typically in HT, the plasma density can vary between 1017 and 1018 m−3 with

electron temperatures between 5 and 50 eV. It gives Debye lengths in the range of
50 µm and plasma frequencies around 109 s−1 for electrons and 107 s−1 for ions.

Low-temperature plasmas

To understand the concept of temperature, a glimpse of plasma kinetic theory
needs to be given. If we consider N particles with a random distribution of
positions r and velocities v, the number of particles being at a given time t
inside the elementary volume of phase space (d3r× d3v) is given by the velocity
distribution function f(r,v,t). The plasma dynamic is then characterized by the
Boltzmann equation, which describes particle motion in phase-space

∂f

∂t
+ v.∇rf +

F

m
·∇vf =

∂f

∂t

∣∣∣∣
c

, (1.11)
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with ∇r and ∇v the gradients in position and velocity respectively, F = e(E +
v × B) the Lorentz force acting on charged particles, E the electric field B the
magnetic field and δf

δt

∣∣
c
representing the collision processes.

When the collision operator is neglected, we obtained the so-called Vlasov
equation. The distribution function can be integrated over the velocity space to
obtain the density n, the fluid velocity u and the temperature T (first moments
of Vlasov equation)

n =

∫∫∫
v

fd3v, (1.12)

u =
1

n

∫∫∫
v

vfd3v, (1.13)

T =
m

3kBn

∫∫∫
v

(v − u)2fd3v. (1.14)

In a stationary case and considering only elastic collision, the Vlasov equation
can be solved to obtain the so-called Maxwellian distribution function [35]

f(v) = n

(
m

2πkBT

)3/2

exp

(
− mv2

2kBT

)
, (1.15)

a fundamental type of distribution function that can also be expressed in term of
energy

fε(ε) =
2n√
π

(
1

kBT

)3/2 √
ε exp

(
− ε

kBT

)
, (1.16)

with the particle energy ε = 1
2
mv2. Whereas normally the temperature should be

expressed in K (Kelvin), often in plasma physics the unit of eV (electron-volt) is
used. The conversion is made using

e T [eV ] = kB T [K]. (1.17)

It is important to mention that, similarly to many LTP, the VDF is often
not Maxwellian in HT discharges. Hence, in this work, the temperature will be
calculated using its kinetic definition, given by equation 1.14.

Partially magnetized plasmas

The HT plasma can be called "partially magnetized", which means that the
magnetic field acts on the electrons but not on the ions. To understand why, we
need to introduce an important notion: the Larmor radius.

In a magnetized plasma, charged particles tend to spiral around magnetic field
lines, with a frequency given by

ωc =
qB

m
, (1.18)
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with B the intensity of the magnetic field, q and m the charge and mass of the
particle, respectively. ωc is called the cyclotron frequency. The particle gyration
radius, called the Larmor radius ρL, is defined by

ρL =
v⊥
ωce

=
mv⊥
eB

, (1.19)

with v⊥ the particle velocity vector in the plane perpendicular to the magnetic
field.

We can see that the Larmor radius is directly proportional to the mass of the
particle. Hence, as the electrons are way lighter than the ions (by a factor of
≈ 105 for Xenon), we have ρL,e � ρL,i. The interesting feature of a HT is that
typically, ρL,e ≈ 10−4-10−3 m while ρL,i ≈ 1 m (for xenon). Hence, as the channel
length is of the order of 4 cm, we get{

ρL,e � Lsystem

ρL,i ≥ Lsystem
(1.20)

which means that the electrons are magnetized while the ions are not.
Moreover, if we add an electric field E perpendicular (in the axial direction

x) to the magnetic field B (in the radial direction z), the Lorentz force F =
q(E + v×B) will act on the charged particles and make them drift in the E×B
(azimuthal direction y) direction with the velocity

vE×B =
E×B

B2
. (1.21)

This mechanism is at the core of HT operation: as electrons are magnetized,
they will be trapped by the magnetic field and drift azimuthally while circling
around the magnetic field lines (helix motion). In the mean time, the ions are
just accelerated out of the thruster by the electric field. Hence, the ionization is
enhanced without reducing the thrust.

Collisional plasmas

The ideal situation would be to have electrons which drift forever in the az-
imuthal direction, to get a maximum ionization efficiency. However, several mech-
anisms will act to "free" the electrons from the magnetic field influence and make
them drift towards the anode. The base mechanism is the classical collisions be-
tween electrons and heavier particles. It can be explained by writing the steady
state electron momentum equation for a uniform plasma

− e

m
[E + ve ×B]− νmve = 0, (1.22)

with νm the total electron collision frequency. As E is in the axial (x) direction
and B in the radial (z) direction, it gives us (y being the azimuthal direction)
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[22] 
ve,x = − eE

mνm

1

1 + h2

ve,y =
eE

mνm

h

1 + h2

(1.23)

with h the hall parameter given by

h =
ωce
νm

. (1.24)

In the acceleration region of HT (where most of the electrons are trapped by the
magnetic field), ωce � νm and hence

ve,x ≈ −
1

hB
E

ve,y ≈
E

B

(1.25)

Hence, we see that the velocity in the azimuthal direction ve,y corresponds to the
E × B drift velocity. The axial velocity ve,x can also be expressed in term of
mobility µe, such that ve,x = µeE. Here, the electron mobility is

µe =
1

hB
=
νmm

eB2
. (1.26)

This concept of mobility is crucial in this work. We can notice that the magnetic
field B reduces this mobility, while the classical collisions (via νm) make the
electrons move towards the anode. However, HT plasma are weakly collisional
in the acceleration region (the electron mean free path is orders of magnitude
larger than the channel length) and hence, axial electron transport should not
be important. However, we will see in the next section that in reality, other
mechanisms such as instabilities or wall effects, can greatly enhanced this axial
electron transport, which is then termed as "anomalous".

1.2.2 Hall thruster instabilities

Despite their apparent simplicity, Hall thrusters are very complex systems
because of the presence of gradients in many directions. Multiple instabilities can
grow and interact together, in a broad range of frequencies. Here, the three main
instabilities that will be observed and studied in this work are described: the low-
frequency (kHz) Breathing Mode (BM), the intermediate frequency (hundreds of
kHz) Ion Transit-Time instability (ITTI) and the high-frequency (MHz) Electron
Drift Instability (EDI). A brief description of some other instabilities that will be
encountered is also given, but the reader can refer to the review of Choueiri [38]
and the more recent work of Smolyakov et al. [39] for extensive details.

To study plasma waves, a linear analysis is often made by using the hypothesis
of small perturbations which assumes that a quantity Φ can be splitted in a
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equilibrium term Φ0 and a small perturbation Φ̃: Φ(x, t) = Φ0(x) + Φ̃(x, t), such
that Φ0 � Φ̃. For the perturbed value, a monochromatic mode with a frequency
ω and a wave vector k is often assumed

Φ̃(x, t) ≈ e−iωt+ik ·x. (1.27)

This perturbation analysis can be applied to the relevant set of equations to
obtain a fundamental relation which defines the eigenmodes of the system, the
so-called dispersion relation (DR) linking the frequency to the wave vector:
ω = ω(k). ω is a complex number: its real part corresponds to the frequency ωR,
while its imaginary part corresponds to the growth rate γ.

Moreover, the norm of the wave vector (or wave number) k is related to the
wavelength λ by

k =
2π

λ
. (1.28)

The wave front is propagating at the phase velocity vφ given by

vφ =
ω

k2
k, (1.29)

while the wave packets (superposition of several harmonic waves) are propagating
at the group velocity vg given by

vg =
∂ω

∂k
. (1.30)

Finally, two types of instabilities can be distinguished [37]: absolute instabili-
ties, for which an initial perturbation will generate a response growing in time at
each spatial point; and convective instabilities for which the response to the
perturbation will initially grow at a defined spatial point before being convected
away. This notion of growth and convection, illustrated in figure 1.9, is very
important for this work and is well-represented by the approximate conservation
equation for the wave energy density W

∂tW +∇.(vgW )︸ ︷︷ ︸
Convection

= 2γW︸ ︷︷ ︸
Growth

. (1.31)

Breathing mode (BM)

Hall thrusters are often subject to low-frequency oscillations of the discharge
current, with a frequency of about 10-20 kHz [41, 42, 43] and an amplitude that
can be as high as 100% of the discharge current mean value. These oscillations
can be detrimental to the thruster operation, damage the power supply and hence
reduce the thruster lifetime and performance. For these reasons, an electrical filter
(often a RLC circuit) is used to damp these oscillations. The interaction between
this RLC circuit and the BM oscillations have been studied numerically [44] and
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Figure 1.9 – From [40]: Illustrations of convective and absolute instabilities for
a perturbed quantity δφ̃ evolving at successive times ti.

experimentally [45] but despite its strong influence on the discharge behaviour,
this RLC circuit is scarcely accounted for in HT numerical simulations.

The first hypothesis that have been suggested by Fife [46] to explain this
low-frequency oscillation is a predator-prey model (Lotka-Volterra model [47])
between the neutrals (prey) and the plasma (predator) [48], i.e. a competition
between the neutrals that are ionized and the ions that cannot exist without the
neutrals. More specifically, a BM oscillation can be decomposed in several steps:

1. First, the discharge channel fills up with neutrals from the anode. These
neutrals are strongly ionized in the high magnetic field region which depletes
their density profile.

2. Then, because there are not enough neutrals in the channel any more, the
atom front moves towards the anode where the ionization is less efficient
due to a higher electron mobility (lower magnetic field).

3. The discharge current hence decreases, the plasma is extracted by the axial
electric field and the neutrals can replenish the channel. The ionization will
take place again once the neutral density will be high enough.

The cycle repeats with a period depending on the time needed for the neutral
atoms to fill the ionization region. This qualitative description was confirmed by
a 1D model of Boeuf and Garrigues [49] who named this phenomenon, "breathing
mode". Later, Barral and Ahedo [48] generalized the 0D predator-prey model in
1D.

While this simple explanation gives good order of magnitudes for the oscilla-
tion frequency f =

√
vivn

2πL
(undamped harmonic oscillator, with vi and vn the ion

and neutral velocity, respectively, and L the length of the acceleration region),
two main assumptions are incorrect [50, 51]: the neutral mass flow rate is not
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taken into account and in 0D, the discretization length for the spatial convection
terms is not well-defined (is it the channel length or the ionization zone length?).
Hence, this mode is still studied, for example by Hara et al. [52, 51] who high-
lighted the importance of electron energy equation to get a positive growth rate
through a linear stability analysis; or by Romadanov et al. [53] who tried to
control these oscillations by modulating externally the DC voltage applied on the
HT. They also managed to reproduce their experimental results with a simplified
1D model of resistive-ionization mode in quasineutral plasma. This resistive be-
haviour was also found to be the origin of this instability by Chable and Rogier
[54]: they related it to a Buneman instability, driven by a coupling between the
electric field and the ion current.

All in all, the origin of this instability is still debated, with an onset criteria
still not well-defined and hence, further investigations are needed.

Ion transit-time instability (ITTI)

These oscillations are characterized by a frequency in the range 100-500 kHz
which corresponds to the transit time of ions in the acceleration region (around 1
cm): as they commonly travel with a velocity of around 1-5 km/s, their transit-
time is on the order of 2-10 µs. They were first measured and characterized
experimentally by Esipchuk et al. [55]. They described it as a "quarter-wave
standing mode" with an antinode near the anode and a node near the exit plane,
along with plasma potential variations of the order of 10 to 30 % of Ud. More
recently, Vaudolon et al. [56, 57] have also observed this instability through Laser
Induced Fluorescence (LIF) measurements of the local Ion Velocity Distribution
Function (IVDF). They noticed that the ion exhaust velocity was higher than
the maximum theoretical velocity defined by the imposed potential difference.
This so-called wave-riding mechanism can be explained as the following. In
1D, when a particle of mass m and charge q is created with zero velocity at an
electric potential φ0, it will gain the following energy ε along its trajectory

ε =
mv2

2
=

∫ T

0

qEdx, (1.32)

with E = −∂φ
∂x

the axial electric field. Usually, we have
∫ T

0
qEdx = −q(φ − φ0)

which gives the maximum velocity

vmax =

√
2|q|(φ− φ0)

m
. (1.33)

However, because φ varies in time, we get

mv2

2
= −q(φ− φ0) +

∫ T

0

∂φ

∂t
dt. (1.34)

The electric field disturbance represented by the last term of equation 1.34 is
responsible for the widening of the ion distribution: some ions "ride" the leading
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edge of the electric field oscillations and others decelerate on the trailing edge.
The phase velocity of the transit-time oscillations is close to the axial ion velocity
and hence, some ions can gain or lose energy from the wave.

Numerically, Fife [46] was the first to observe this instability in a 2D axial-
radial hybrid code, appearing only when the cross-field electron mobility near
the anode was low, compared to the one at the exit plane. He described it as 3
successive steps:

1. The axial electric field Ex rises near the anode which implies a local reduc-
tion of the density.

2. The lower density further increases Ex by Ohm’s law, which increases Te
through Ohmic heating.

3. The disturbance travels downstream led by the sharp electric field, up to
the exit where it is mixed with other ions and exhausted.

Later, Hagelaar et al. [58] and Bareilles et al. [59] have also observed this ITT
instabilities with a 2D axial-radial hybrid code. During a transit-time oscillation,
they found that the position of the acceleration zone oscillates, as seen in figure
1.10:

1. The acceleration zone moves upstream: ions that are just accelerating see
the electric field "slipping through their fingers" and do not experience the
full voltage drop. A low-energy ions group appears.

2. Then, when it moves downstream, a "wave-riding" phenomenon makes the
ions accelerate more than the total Ud.

3. It results in an ion beam with two populations: because the acceleration
zone moves usually faster upstream, the low-energy ions are a smaller group
of energy as low as 100 eV. First, we see that the slow group creates a
maximum of ion density, which induces a maximum of potential. Second,
when the fast group joins the slow group, the ion current can locally exceed
the total current so that the electric field must change sign to maintain
current continuity. The ion velocities are reduced by this electric field and
the slow group slows down further to only 10 km · s−1 i.e 70 eV.

They state that the perturbation of the plasma density and ion flux cause in
turn a perturbation of φ via the current conservation, providing the back coupling
that maintains the transit-time oscillations. They also find that these transit-time
instabilities can be reduced by increasing the anomalous electron conductivity.

More details on this instability will be given in chapter 6 in which its presence
in our 2D axial-azimuthal simulations will be studied.

Electron Drift Instability (EDI)

The Electron Drift Instability (EDI), sometimes called Electron Cyclotron
Drift Instability or E×B Electron Drift Instability, was first observed and exten-
sively studied theoretically in other fields (such as shockwave propagation across
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Figure 1.10 – From [59]: Effects of the transit-time oscillations on discharge
properties through five moments of the oscillation period. On the left: electric
potential lines spaced by 30 V for 300 V applied voltage and plasma density (gray
scale, 3×1018m−3). On the right: phase-space diagram of ion axial velocities
regardless of their radial positions/velocities.
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a magnetic field) in the 1970s by Forslund et al. [60, 61], Gary and Sanderson
[62], Lampe et al. [63, 64] and Biskamp and Chodura [65]. They found that this
instability is kinetic in nature, with a dispersion relation that can be obtained by
linearizing the electron Vlasov equation, coupled with Poisson’s equation and ion
cold fluid equations. It results from a coupling between electron Bernstein modes
and ion acoustic modes.

In the HT context, the EDI was first found in the axial-azimuthal PIC sim-
ulations of Adam et al. [66], characterized by a short wavelength (in the mm
range), a high frequency (in the MHz range) and a dominant propagation in
the azimuthal direction. Later, the collective Thomson scattering measurements
performed by Tsikata et al. [67, 68, 69] confirmed the presence of EDI in Hall
thrusters by measuring the electron density fluctuations in the plume. Since then,
EDI has been found in many 1D [70, 71, 72, 73] and 2D [74, 75, 76, 70, 77, 78, 79]
PIC simulations and additional experimental diagnostics [80, 81].

Following the work of Ducrocq et al. [82], Cavalier et al. [83] have derived
the EDI 3D dispersion relation and compared the numerical solutions to the
measurements of [67] with a good agreement. Later, Lafleur et al. [70, 84, 85]
have also extensively analysed these instabilities.

If we consider the 2D dispersion relation for this instability, neglecting the
radial wave vector kz = 0 (parallel to B), we find that the azimuthal wave vector
ky is discrete, with large resonances near the cyclotron frequency (cyclotron
resonances) [82]

ky,n = n
ωce
ve,y

, n = 1, 2.. (1.35)

However, when the wave propagation along the magnetic field is included, one
can show from the linear theory that the EDI can transition to an ion-acoustic
instability (IAI) [62, 83, 85, 86]. Nonlinear effects can also potentially result
in transition to the ion-acoustic instability [63, 84, 71]: the instability "smears
out" the cyclotron resonances (resonance broadening). This transition is still
debated (if the axial direction is not included, it seems that the cyclotron res-
onances are still present and a non-linear development of large scale modes is
observed [87, 72, 88, 79, 73], related to a so-called inverse energy cascade) and
the fact that the EDI wavelength λEDI = 2π ve,y

ωce
and the ion-acoustic wavelength

λIAI = 2π
√

2λd are both in the 1 mm range in HT, makes this question difficult
to settle.

All in all, while the linear stage of the EDI is well understood, the transition to
the nonlinear regime and the associated saturation mechanisms are still debated
and insights from a 3D PIC code [89] would be definitely needed to be able to
answer this question.

Other instabilities

Among the many other instabilities propagating in a HT, two more should
be mentioned: the rotating spokes and the gradient-induced instabilities. They
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are both azimuthally rotating modes, with a frequency in the 10-100 kHz range.
However, they differ in several characteristics.

The rotating spokes have first been observed experimentally by Janes and
Lowder [90] and further studied by McDonald and Gallimore [91] and Powis et
al. [92]. The numerical studies are more recent, from the early work of Boeuf et
al. [93, 75] to the analysis of Kawashima et al. [94] and Matyash et al. [95]. The
current understanding of these instabilities is that they are due to an ionization
inhomogeneity in the azimuthal direction. Hence, they are propagating mainly
near the anode, with a phase velocity of around 0.2Ex

Br
. Griswold et al. [96]

managed to damp these spokes by a feedback control in a cylindrical HT, and
observed a reduction of 10% of the discharge current, which could mean that they
contributes to axial electron transport. A similar conclusion was obtained earlier
by Parker et al. [97].

The gradient-induced instabilities, first observed by Morozov et al. [98] are
very similar to these spokes but exhibit a slightly higher frequency and are excited
by gradients in density and magnetic field. Hence, they appear near the thruster
exit plane, i.e. where the magnetic field is maximum. Contrary to rotating
spokes, they seem to be damped for HT nominal operation and hence, they do
not represent a major issue.

These two instabilities have been studied experimentally with high-speed cam-
era imaging of a small HT but we chose not to detail the results in this manuscript.
The reader can refer to the related publication [99] for more information.

1.2.3 Why do we keep studying Hall thrusters?

As described in the previous section, HT plasmas are very complex systems
with many instabilities propagating. However, they have been successfully used
since a few decades, and they are often considered as the best alternative for
EP. The main interest of studying these thrusters (and hence, of performing this
work) lies in the current problematic of New Space: the diversity of space missions
requires broader and broader ranges of power and size.

Space agencies and companies did not wait for more comprehensive studies on
HT to develop their thrusters but they relied on empirical techniques (try-and-
error method) which are both money and time consuming. Simple scaling laws
can however be derived, from the rich database of already-optimized thrusters.
For example, Dannenmayer and Mazouffre [100] have found that the discharge
current density JD and the anode gas density are two parameters that are inde-
pendent on the thruster power: the former should be around 1000 A ·m−2 while
the latter should be around 1-3×1019 m−3. They also found that to change the
thruster power by a factor α, the best option is to increase the radial dimensions
homothetically as α1/2, the mass flow rate as α and keep the same channel length
and axial magnetic field profile. Other studies have been conducted for low-power
[101] or high-power HT [102].

However, these works are very empirical and they are not able to optimize
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important parameters such as the magnetic field or the wall materials. In this
section, the two current most pressing issues for HT will be discussed: anomalous
electron transport and wall erosion.

Anomalous electron transport

We have seen previously, in section 1.2.1, that the axial electron transport
transport should normally be driven only by the classical collisions. However,
if we write the electron momentum conservation equation (Eq. 1.22) in a more
general way [70]

∂

∂t
(mneve) +∇.(mneveve)︸ ︷︷ ︸

Inertia term

= qne(E + ve ×B)︸ ︷︷ ︸
Lorentz force

− ∇.Πe︸ ︷︷ ︸
Pressure gradient

−mνmneve︸ ︷︷ ︸
Collisions

,

(1.36)
and if we use the same techniques as before and neglect the inertia and pressure
terms, we can get the full expression for the classical mobility

µclass =
ve,x
Ex

=

|q|
mνm

1 + ω2
ce

νm

(1.37)

We can see that when there is no collision, i.e. when νm → 0, there is no axial
electron transport any more (µclass → 0). The neutral density in HT plasmas is
relatively low and hence, the collision frequency is also low, which means that
the axial electron transport should not be important, especially in the plume
where the neutral density profile is strongly depleted. However, it has been ob-
served experimentally by Meezan et al. [103] that the electron mobility is order
of magnitudes higher than the one predicted by this classical collisional theory.
This phenomenon, often called anomalous electron transport, is detrimen-
tal to the HT performances: indeed, the ideal case would be to have motionless
electrons (in the axial direction) that will ionize as much neutral atoms as pos-
sible. On a more macroscopic view, if the electron conductivity is increased due
to this anomalous transport, for an imposed discharge voltage, the discharge cur-
rent would be higher. This would mean that for the same thrust (because the
ion exhaust velocity is directly proportional to the discharge voltage, as seen in
equation 1.33), the needed input power (UdId) would be higher. Hence, we can
see that ideally, we would like to decrease the anomalous transport to improve
HT performances.

The central question is then: what make the electrons drift axially from one
magnetic field line to another quicker than expected? In the early 2000’s, the plas-
ma/walls interactions were thought to be the major contributor to this anomalous
transport [23], through Near-Wall Conductivity (NWC) enhanced by Secondary
Electron Emission (SEE) [104, 105] or radial sheath instabilities [106, 107]. But
while it is undeniable that the walls play a role on the electron transport, it
is probably negligible compared to the one from instabilities propagating in the
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plasma [108, 77, 109]. Indeed, Ducrocq [110] has observed clear correlation be-
tween the axial electron velocity and the EDI growth, which was also confirmed
by other works [66, 76, 16, 111, 85]. Lafleur et al. [70, 84] highlighted the crucial
role of EDI on anomalous transport. Indeed, they found that the correlation be-
tween electron density δne and azimuthal electric field δEy azimuthal fluctuations
induced by the EDI was enhancing the axial electron transport. This correlation
term < δneδEy > (positive when δne and δEy are out-of-phase) is captured by
the so-called electron-ion friction force

Rei = q < δneδEy >, (1.38)

which represents the effect of the EDI on the transport and should be accounted
for as an additional term in the RHS of equation 1.36. Finally, other works have
found that the anomalous transport could also come from gradient-driven fluid
instabilities [112, 113, 114].

Wall erosion

While anomalous transport has a constant impact on the thruster perfor-
mance, the degradation of the walls material is a slow process which decreases
both the thruster performance and lifetime. This wall erosion often appears only
after a couple hundreds of operating hours and is characterized by regular stria-
tions of the wall ceramic. The main origin of this erosion is still unknown and we
only suppose that it is due to ion sputtering. Some groups have tried to simulate
it [115] and others think that it might be related to EDI [111] but the overall
process is still scarcely studied.

Many solutions have been investigated, and most of them consist in modifying
the magnetic field profile: either by using a curved magnetic field [116] or making
the magnetic field lines closer to the anode to achieve ideal equipotentialization
of the lines of force near the walls [117, 31]. The latter technique is now widely
used in the US, and the corresponding type of thruster are called Magnetically
Shielded (MS) thrusters. Thanks to this change, the electron temperature is
reduced near the walls and the acceleration zone is shifted towards the plume,
which means that less ions can impact the walls. Moreover, other groups have
decided to alter the thruster design, for example by removing the walls [118].

This plasma/wall interactions have been already studied in our group [119,
120] and no additional insight will be provided in this work. The reader can refer
to the recent review of Brown and Walker [121] for additional information.

1.3 Hall thrusters - Modeling
As described in section 1.2.1, the Boltzmann equation describes the motion

of all the particles in the plasma. Hence, to model HT discharges, the ideal
method would be to be able to solve this equation. However, as the plasma
density is very high and because the Boltzmann equation needs to be discretized
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in the full phase-space, these so-called Direct-Kinetic (DK) models are very
computationally costly and so, are scarcely used.

Some hypothesis need to be made to simplify the solving and increase the
model efficiency. One option would be to group the charged particles in big en-
sembles (called macro-particles) and follow their individual motion in phase-space
by accounting for external forces (here, only the Lorentz force) and collisions.
This Particle-In-Cell (PIC) technique is the most commonly used as it gives
many informations on the discharge behaviour. However, due to restrictive stabil-
ity criteria, PIC simulations are also quite computationally expensive. Another
option would be to solve the conservation equations, derived by taking the mo-
ments of the Boltzmann equation for each charged particles species, in order to
obtain macroscopic quantities such as the density, velocity and pressure (given
by equations 1.12, 1.13 and 1.14 respectively). Even though these fluid mod-
els can bring insights on the HT behaviour in a reasonable computational time,
they often rely on many assumptions (quasi-neutrality, Maxwellian distribution
functions, etc.) which validity remains questionable. Finally, the two previous
techniques can be mixed in hybrid models, often accounting for electrons as a
fluid and ions as particles (because the electron dynamics is the more restrictive
one). The 3 main modeling techniques are illustrated in figure 1.11.

Figure 1.11 – From [122]: Plasma modeling techniques for HT discharge plasmas.
The numerical techniques are approximations to the actual physics in which in-
dividual atoms and molecules move and collide which each other. Note that the
blue arrows denote the particle velocities and the velocity distribution function
(VDF) results from the ensemble of particles in the direct kinetic (DK) method.

As mentioned above, many key phenomena in HT (instabilities and turbu-
lence) involve kinetic effects that cannot be captured by fluid simulations and
moreover, the charged particle distribution functions are often not Maxwellians.
For these reasons, a 2D PIC code will be used in this work to study the HT
discharge. More details on PIC codes will hence be given in chapter 2.

In the following, key issues and various examples of fluid, PIC and hybrid
models will be given, along with a brief description of their main contribution.
This list is not intended to be exhaustive and the reader can refer to detailed
reviews [22, 122, 123] for more informations.
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1.3.1 Multi-fluid models

Most of the multi-fluid models of HT are based on the quasi-neutral (QN)
assumption, i.e. they assume that the electron and ion densities are equal at
every point of the domain [29, 124, 125]. The Poisson equation is not solved
any more and the electric field is then computed from the continuity equation
for the total current. However, even though this assumption is often valid in the
bulk plasma, it is not true in the sheaths which are then supposed to be very
thin compared to the bulk plasma. High-frequency oscillations can also hardly
be captured as they are often related to small deviation from quasi-neutrality.
Hence, to better study plasma/wall interaction and high-frequency instabilities
(which are both considered as two important anomalous transport contributors),
this QN assumption should not be used and it would be necessary to solve Poisson
equation instead. To study the wall SEE, Ahedo [126] has solved Poisson equation
similarly to Joncquieres et al. [127, 128] with their 10-moment formulation, but
then with the numerical constraints to ensure accurate simulations, multi-fluid
simulations become as computationally expensive as PIC.

Moreover, many codes [29, 125] neglect time-dependence and inertia effects,
using the so-called Drift-diffusion approximation (or generalized Ohm’s law). In
this case, the electric field can be expressed as

E = ηje + ηωceje ×
B

B
− ∇Pe

ene
, (1.39)

with η = mνe
e2ne

. This approximation removes the inherent non-linearity of the
inertia terms and allow to easily relate the electric field to the electron flux and
density. Recent works have studied new numerical schemes to efficiently account
for two-fluid (electron and ion) equations, coupled to Poisson’s equation, and
including electron inertia [129, 130].

Finally, the current key challenge in fluid codes is to find how to account for
anomalous electron transport which comes from kinetic effects. Often, additional
terms are added to νm, the electron momentum-transfer collision frequency, such
as νm = νclass + νew + νano with νclass the contribution of classical collisions, νew
the one from the walls and νano the one accounting for the anomalous transport.
The latter is the hardest to predict: whereas typically a Bohm conductivity model
(with νano ∝ ωce

16
) was used [46, 131], it was found recently that the derivation of

νano is more complex [111] and is probably related to the EDI via the electron-ion
friction force

Rei = −mneve,yνano. (1.40)

Despite several theoretical attempts based on EDI approximations [132, 133] or
empirical attempts based on a machine-learning approach [134], this is still an
open-question which needs to be answered.

The main challenge of fluid models lies in the so-called closure problem: when
solving the conservation equation, an additional hypothesis needs to be made
on the highest moment of the distribution function. Often, the ideal gas law is
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considered to obtain the pressure but this relation is valid only for Maxwellian
VDF. However, due to the weak-collisionality of HT plasmas, charged particles
VDF (mostly electrons) are often non-Maxwellian [23], especially because of the
strong magnetic field anisotropy and the interaction with the walls. Because
this deviation from a Maxwellian can have important impact on key phenomena
(instabilities, wall losses, anomalous transport, etc.), it needs to be taken into
account by using kinetic approach such as Particle-in-Cell models [135].

1.3.2 Particle-In-Cell models

Plasma/wall interactions was the first mechanism thought to be involved in
anomalous transport. As they are also probably related to wall erosion, these
interactions were of major interest at the beginning of HT modeling. As explained
previously, fluid codes are often quasi-neutral and hence, they cannot capture
properly the sheath region near the walls. PIC simulations were hence used
to model this non-neutral zone by solving Poisson equation and accounting for
Secondary Electron Emission (SEE). The pioneer work of Taccogna et al. [136,
107] and Sydorenko et al. [104, 106, 137] with two independent 1D radial models
accounting for SEE gave many insights, such as the importance of secondary
electron beam electrons or a strong anisotropy between radial and axial directions.
Later, Héron and Adam [74], Croes et al. [77, 16, 119], Janhunen et al. [87] and
Tavant et al. [109, 138, 120] have added the azimuthal direction to account for the
coupling between wall effects and EDI and see how it influences the anomalous
transport. They have observed that while the SEE was increasing the near-wall
mobility by a factor of 2, the cooling of electrons due to SEE was making the
EDI saturate and hence, decreasing the bulk mobility. The overall effect of SEE
on anomalous transport was found to be smaller than expected.

While some axial-radial models have been developed [139, 115] to self-consistently
account for electron and ion source terms, it appeared quickly that the azimuthal
direction was of paramount interest for PIC simulations. Indeed, Adam et al. [66]
found with an axial-azimuthal model that high-frequency instabilities were propa-
gating in this direction and contributing to the axial anomalous transport. These
instabilities were studied more deeply with 1D azimuthal models [82, 75, 71] and
the work of Lafleur et al. [70, 84] highlighted the crucial role of EDI on anomalous
transport. Finally, numerous codes including both azimuthal and axial dimen-
sions (as the latter should also be accounted for, due to wave convection) have
been developed: by Coche et al. [76], Lafleur et al. [111, 86], Boeuf et al. [140],
Taccogna et al. [78], Katz et al. [141] and Chernyshev et al. [142]. As they
are closely related to this work, these axial-azimuthal models will be described in
more details later, in section 5.1.

Even though 3D codes have also been developed [143, 144, 89], they all re-
quired artificial scalings (often using thruster downsizing) which probably impact
the discharge behaviour. The increasing number of macroparticles to consider
(around 103-104 per direction included) along with the PIC stability criteria,
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make code parallelisation compulsory, which drastically increases the model com-
plexity. Hence, code verification is needed and this issue will be dealt with in
chapter 3.

1.3.3 Hybrid and Direct-Kinetic models

While fluid and PIC models are very efficient to give information on the macro-
scopic plasma behaviour or on kinetic effects, respectively, hybrid models are a
good compromise that brought many physical insights in the last two decades.
For example, the early models of Boeuf and Garrigues [49] (1D axial) or Fife [46]
(2D axial-radial) were the first to observe the breathing mode and ion transit-
time oscillations, and the latter is still even used in the community. Later, the
ion-transit time instabilities were analysed in more details with the axial-radial
hybrid model of Hagelaar, Bareilles et al. [58, 59], as described previously in
section 1.2.2. Finally, the more recent axial-azimuthal model of Kawashima et
al. [94] allowed them to give a new description of the on-set for rotating spokes.

However, hybrid models cannot capture high-frequency instabilities contrary
to DK models, which are even better than PIC model because no numerical noise
is present. DK models are also efficient to capture high density gradients and
hence could provide a more accurate description of plasma/wall interactions. A
review of these DK models has been done by Hara and Hanquist [145] and one
can look at the recent 2D model of Raisanen et al. [146] who improved the 1D
model of Hara et al. [147].

Finally, Lafleur et al. [86] has recently proposed an innovative hybrid scheme:
a fluid solver could be used to obtain macroscopic quantities such as the electric
field and electron density. Then the charged particles VDF would be calculated
with a Monte-Carlo solver which will allow us to solve the dispersion relation
and get the corresponding wave frequency and growth rate. The wave energy
equation 1.31 would be solved to get the wave energy density. From this, the
electron-ion friction force Rei and hence the anomalous collision term νano could
be obtained and plugged into the fluid solver to self-consistently account for the
electron transport. Then the loop would be repeated again. While this process
accounts self-consistently for the instabilities and alleviate PIC stability criteria,
some steps are currently out of reach: the wave energy equation is difficult to solve
and the anomalous collision term, difficult to approximate. While the former is
out of scope of this work [148], the latter will be discussed in chapter 4.

1.4 Scope and outline of the thesis
Even though some fluid codes managed to reproduce specific experimental

results with empirical models for electron cross-field mobility, there is currently
no self-consistent way to account for this anomalous transport. Hence, HT man-
ufacturers rely on codes that are not fully predictive (such as the 2D fluid model
Hall2D [125, 132] at the Jet Propulsion Laboratory (NASA) or a 1D axial fluid
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model based on [29] at Safran Aircraft Engines) and usually perform several de-
velopment tests before converging to an acceptable thruster design. Knowing
that one development test corresponds to almost 10 000 hours of nominal op-
eration and that additionally, the thruster performance is decreased when the
anomalous transport increases, we can see that a better understanding of this
phenomena is of great interest. As it is now mostly accepted that instabilities
and turbulence are the main driver for this anomalous transport, the question is
not what contributes to this transport, but how does it contribute. The main
purpose of this work is hence to try to answer this fundamental question: how
to model the anomalous transport and incorporate it in a fluid simulation? To
this end, a PIC code is necessary to account for these kinetic effects and because
3D self-consistent PIC models are still out of reach, a 2D geometry including the
azimuthal (in which the high-frequency instabilities are propagating) and axial
(to account for wave convection and most of the gradients) directions will be con-
sidered. Finally, as we have seen in this chapter, HT discharges are very complex
with a broad range of instabilities that can develop. Such a 2D PIC code could
not only shed the light on the anomalous transport but also give insights on how
to better control these instabilities that are known to affect the HT performances
and lifetime.

The 2D PIC code LPPic built from scratch by Vivien Croes [119] and further
used to study the HT radial-azimuthal directions [77, 16, 109, 138, 120] has been
modified to consider now the axial-azimuthal directions. All these changes are de-
scribed in chapter 2, along with extensive details on the code itself. As explained
before, before using this complex code, it is necessary to verify it. This important
step has been successfully done by performing a 2D axial-azimuthal benchmark
against 6 other independently developed PIC codes: the whole process and fi-
nal comparison are described in chapter 3. Once LPPic was verified, we used
this simplified benchmark case to stress-test a quasi-linear kinetic theory (previ-
ously developed by Lafleur et al. [86]) for approximating the electron-ion friction
force, thought to be the main contributor to the anomalous electron transport.
This comparison, with an extensive parametric study, is detailed in chapter 4.
However, to ease the benchmark work and reduce the computational time, an
imposed ionization source term was considered for this simplified case, hence pre-
cluding any ionization oscillations to develop, such as the breathing mode. Hence,
this constraint has been alleviated and self-consistent simulations with a neutral
dynamics solver (hence calculating self-consistently the ionization source term)
have been performed. However, from the breathing mode low frequency stems
the need to simulate longer physical times and with it, the computational cost is
drastically increased. To overcome this issue, the vacuum permittivity has been
modified, hence relaxing the PIC stability criteria and significantly speeding-up
the code. This scaling technique has an influence on EDI growth rate and hence,
on the discharge behaviour. Chapter 5 focuses on this macroscopic behaviour.
Finally, in chapter 6, insights on the complex interaction between the three main
instabilities (BM, ITTI and EDI) are given.



Chapter 2

Code development: from
radial-azimuthal to axial-azimuthal
geometry

Initially, the code LPPic was developed to simulate the Hall thruster radial-
azimuthal plane. Thanks to its versatility, we were able to keep most of the
subroutines already developed and only bring some specific changes to replace the
radial direction by the axial one. Hence, the code will briefly be presented in
section 2.1 and the reader can refer to [119] and [120] for more details on the
main subroutines. Two main changes concern the axial boundaries: neutral atoms
are injected at the anode and electrons are emitted at the cathode. While only the
local flux at the boundary needs to be known for the latter, the neutral dynamics
should be solved in the whole simulation domain, at each time step. These two
new models will be detailed in section 2.3 for the neutral dynamics, and in section
2.4 for the cathode. Other minor changes were also needed to simulate this axial
direction: they have been gathered in the introductory section 2.2.

When these new modules were all implemented and verified, we have also tried
to include additional physical phenomena such as plasma-wall interactions (see
section 2.5.1) or doubly-charged xenon species (see section 2.5.2).
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2.1 A quick overview of LPPic, a 2D PIC-MCC
code

2.1.1 Code main structure

As for all Particle-In-Cell (PIC) codes, it is important to distinguish in LPPic
the grid (fields) and the particles. The former is defined on a Cartesian mesh
of Nx = xmax (axial direction) times Ny = ymax (azimuthal direction) square
cells of size dx, as displayed in figure 2.1. The fields (electric field, densities,
etc.) are computed at the center of each cell. The charged particles (electrons
and ions) are moving into the grid and are grouped into packets of identical size,
called macroparticles and represented by the weighting factor qf defined at the
beginning of the simulation

qf =
npVc
Nppc

, (2.1)

with np the initial plasma density, Vc the cell volume and Nppc the number of
macroparticles in one cell, for one species. Hence, one macroparticle represents
qf real particles.

Nppc is an important parameter for PIC simulations: if the number of macropar-
ticles in one cell is too low, it can lead to numerical noise [149]. However, the
computational load increases significantly with Nppc, along with the memory re-
quirement to store all the particles. A compromise needs to be found and often,
the criteria Nppc=100 is chosen in 2D. However, this value might be dependent
on the studied case and hence, convergence studies are needed to avoid numerical
noise and ensure reproducibility. This issue will be discussed more extensively in
section 3.5.1.
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Figure 2.1 – Schematic of the typical Cartesian mesh used in this work .

Particle-In-Cell loop

In a PIC code, the same successive steps are performed every time step ∆t,
constituting the so-called PIC loop. As shown in figure 2.2, these steps are the
following:

1. First, the particle motion is solved, using the second law of Newton. Even
though the radial magnetic field can experience small variations of the order
of 10% [142] due to the azimuthal current, it is assumed to be constant here.
The Lorentz force is the only one acting on the particles

mdtv = q(E + v ×B). (2.2)

As explained before, ions are not magnetized and electrons are. While the
motion of the former is solved using a simple leapfrog scheme [135], the
latter are moved using the Boris scheme [150], hence including the rotation
due to the magnetic field. The leapfrog scheme is performed in two steps
with a shift of ∆t

2
between the position and the velocity, that needs to be

taken into account for the diagnostics.
2. The boundaries are then considered, as seen in figure 2.1: while the az-

imuthal direction is periodic, the particles crossing the axial boundaries are
simply counted (to get the corresponding currents) and removed from the
simulation. However, at the cathode (right axial boundary), electrons are
emitted, as explained in section 2.4 and the ions reaching the anode (left
axial boundary) can recombine into neutrals, as explained in section 2.3.

3. Some particles can undergo collisions, depending on the set of cross-
sections considered. These collisions are treated using a Monte Carlo Col-
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lision (MCC) module, with the null-collision method developed by Vahedi
and Surendra [151] which allows to select only the right number of particles
that will undergo collisions (and hence drastically reduce the computational
time).

4. Once the eventual scatterings, particle creations or energy losses due to
these collisions have been taken into account, all the particles are left with
defined positions and velocity vectors. To be able to solve Poisson equa-
tion, the charge density ρ needs to be known at the grid points. Hence, a
bilinear interpolation of the densities is performed, with the Cloud-In-
Cell (CIC) scheme [135], from the particles to the grid points. This scheme
represents a good compromise between numerical noise and computational
speed.

5. With the knowledge of ρ, the Poisson equation can be solved

∆φ = − ρ
ε0
, (2.3)

with Dirichlet boundary condition at the anode (φ > 0 V) and at the cath-
ode (φ = 0 V). The algorithmic multi-grid method implemented in the
open-source solver HYPRE [152] is used here. The electric field is then
computed using finite differences from E = −∇Φ.

6. When the electric field is known at each grid point, to be able to solve the
particle motion again, each particle needs to know the fields at its position.
Hence, a last step of electric field extrapolation, with again a CIC
scheme, is performed.

Monte-Carlo Collision module

The collisions are solved with a probabilistic Monte-Carlo algorithm. Ba-
sically, for all the particles we consider the total cross-section σT =

∑N
k=1 σk

(sum of all the cross-sections σk) associated with the total collision frequency
νt = σTvrntarget with ntarget the target particle density and vr the relative veloc-
ity between the incident and target particles. The collision probability for the ith
particle of kinetic energy εk is then

Pi = 1− exp(−vi ∆t σT (εk)ntarget). (2.4)

Pi is compared with a random number R[0, 1] (i.e. from a uniform distribution
between 0 and 1): if R[0, 1] ≤ Pi, then the two particles collide and we draw
another random number R′[0, 1] to determine the collision type. However, with
this method, the kinetic energy of all the particles in the domain needs to be
known, which will drastically increase the computational time.

Hence in LPPic, the null-collision method described by Vahedi and Surendra
[151] is used i.e. an additional "fake" collision is introduced in order to get a
constant total collision frequency ν ′, as shown in figure 2.3

ν ′ = maxx(ntarget) maxεk(σT (εk) vr). (2.5)
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Figure 2.2 – Particle-In-Cell loop executed every time step.

Figure 2.3 – From [151]: Null collision method.

The maximum number of particles that will undergo a collision is now given
by

Pnull = 1− exp(−ν ′∆t). (2.6)
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We can see that only a few particles are now treated, hence increasing the module
efficiency. In LPPic with xenon, the following electron-neutral and ion-neutral
collisions are considered, with the corresponding cross-sections extracted from
the LXCat database [153, 154]

e− +Xe→ e− +Xe (Elastic scattering, Biagi) (2.7)

e− +Xe→ e− +Xe∗ (Excitation, ε = 8.315eV , Biagi) (2.8)
e− +Xe→ e− +Xe∗ (Excitation, ε = 9.447eV , Biagi) (2.9)
e− +Xe→ e− +Xe∗ (Excitation, ε = 9.917eV , Biagi) (2.10)
e− +Xe→ e− +Xe∗ (Excitation, ε = 11.7eV , Biagi) (2.11)

e− +Xe→ 2e− +Xe+ (Ionization, Biagi) (2.12)

Xe+ +Xe→ Xe+ +Xe (Isotropic scattering, Phelps) (2.13)
Xe+ +Xe→ Xe+Xe+ (Charge exchange, Phelps) (2.14)

One can notice that we do not consider any short-range Coulomb collision here.
Even though they are often neglected in HT simulations because their Mean Free
Path (MFP) is longer than the channel length for the high Te in the channel, it
appears that for Te of the order of few eVs, their cross-sections become comparable
to the ones of electron-neutral collisions. It has been shown that these collisions
tend to smooth the EVDF towards a Maxwellian distribution and also reduce the
electron temperature anisotropy [139]. While these effects can have an impact on
plasma/wall interactions [155], we consider that the one on anomalous transport
is negligible here, following the recent analysis of Lafleur et al. [85]. More insights
will be provided in chapter 4.

2.1.2 A powerful numerical tool

In PIC simulations the Debye length λd and the electron plasma frequency
ωpe need to be resolved. Hence, it gives the two following stability conditions on
the time step ∆t and the cell size ∆x [135]∆t ≤ 0.2

ωpe

∆x ≤ λd

(2.15)

Looking at equations 1.9 and 1.10, we can see that these two criteria are propor-
tional to the electron density ne: if ne is high, ∆t and ∆x are small. Typically, for
axial-azimuthal simulations, we use ∆x ≈ 2− 5× 10−5 m and ∆t ≈ 2− 5× 10−12

s. Hence, if we would like to simulate a standard domain of (4×1) cm2 for 200
µs (to capture several breathing mode periods), we would need 106 cells and 108

time steps, which cannot be achieved with a single computer.
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For this reason, LPPic has been parallelized, using the Message Passing Inter-
face (MPI) library. The computational domain is splitted (regularly in both di-
rections) between the different Central Processing Units (CPUs) used and hence,
each CPU treats a specific zone of the domain. For more details on this domain
decomposition, the reader can refer to [119]. Currently, the code exhibits a good
scalability up to 1500 CPUs and then the performances decrease, due to the
HYPRE Poisson solver which cannot handle too-small domains. However, an ex-
tensive work to improve the code performance and scalability, in partnership with
the High Level Support Team of CINES (National Computing Center for Higher
Education), has been started recently and is ongoing. Additional insights on the
code performance can be found in [120]. More details on the computational time
will be given later, but depending on the initial conditions, simulations typically
take between 5-15 days on 360 CPUs for the simplified cases (chapters 3 and
4) and up to 2 months on 1260 CPUs for the self-consistent cases (chapters 5
and 6). Due to the limited computational time available for one simulation on
the different clusters used, a restart procedure was adopted: when the cluster
wall-time is almost reached, the current simulation state (i.e. the particle array)
is saved, in order to be able to relaunch the simulation again.

Unless otherwise stated, all the diagnostics performed with LPPic have been
obtained by averaging over Naverage time steps, with Naverage=5000. As for the
electric field, a bilinear CIC interpolation is used to get the field values at the
grid points and the resulting data are gathered in a HDF5 file. Moreover, the
main advantage of PIC codes is to have access to kinetic informations, such
as the charged particle distribution functions. The crude way to obtain these
distributions is to directly use the particle arrays (gathering particle positions and
velocities). However, as the total number of macroparticles can be as high as 109,
the size of the corresponding HDF5 files would make them inconvenient to use.
Hence, a diagnostic has been implemented directly inside the code, calculating
the distribution functions in each direction, every 100 time steps (and averaged
over Naverage). It is mainly the latter diagnostic that is used in the following
work.

LPPic has been developed ex-nihilo for radial-azimuthal HT simulations, by
Croes [119] who verified independently each module and also performed the 1D
Helium CCP benchmark of Turner et al. [156]. It has later been improved by
Tavant [120] in the same configuration, and Lucken [157] on a gridded thruster.
Many parameters can hence easily be changed, such as the geometry (periodicity
and boundaries), the magnetic field profile, the gas, etc. This versatility and good
scalability makes LPPic a very powerful tool to efficiently study various electrical
thrusters.

Prior to detail the different code developments, it is important to mention
that in this work, two distinct simulation cases have been performed: a simplified
benchmark case for the chapters 3 and 4 and a self-consistent case for the chapters
5 and 6. To guide the reader, the main input parameters for these two cases have
been gathered in Table 2.1.
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Table 2.1 – Nominal input parameters for the simplified benchmark case (chapters
3 and 4) and the self-consistent simulations (chapters 5 and 6).

Parameter Symbol Benchmark
case

Self-consistent
case

Unit

Computational parameters
Time step ∆t 5× 10−12 2× 10−12 s
Cell size ∆x =

∆y
5× 10−5 2× 10−5 m

Final time Tfinal 20× 10−6 150× 10−6 s
Cells in axial direction Nx 500 2000
Cells in azimuthal

direction
Ny 256 512

Channel length xB,max 0.75 2.5 cm
Axial length Lx 2.5 4 cm

Azimuthal length Ly 1.28 1.02 cm
Initial state

Macroparticles per cell Nppc,ini 75/150/300 400
Plasma density np,ini 5× 1016 1× 1018 m−3

Electron temperature Te,ini 10 1 eV
Ion temperature Ti,ini 0.5 0.05 eV

Physical parameters
Discharge voltage U0 200 300 V
Magnetic field
maximum

Bmax 100 170 G

Simulation models
Ionization source term Siz Fixed (Eq. 2.16) Self-consistent

Cathode model Current-
Equality

Quasi-
Neutrality

2.2 Preliminary modifications towards axial-azimuthal
simulations

As explained before, the first step of this work consisted in adapting LPPic
in order to replace the radial direction by the axial one. While a 2D Cartesian
mesh with periodicity in the azimuthal direction is still used, we now use Dirichlet
conditions for Poisson equation at the two axial boundaries: the plasma potential
is fixed at the anode (often hundred of volts) and at the cathode (0 V). In this
section, we briefly list the preliminary modifications that stems from the inclusion
of this axial direction.
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2.2.1 Magnetic field

While it was constant prior to this work, the radial magnetic field is now
varying axially, often with a Gaussian shape as seen in figure 1.8(a). The axial
position of the maximum radial magnetic field corresponds here to the exit plane
of the thruster: even though no plasma/wall interaction will be considered in this
work, this exit plane will often be mentioned for convenience. The local value of
the magnetic field is then taken into account when solving the equation of motion
(Eq. 2.2), more specifically in the Boris rotation [150].

In a real HT, the Hall current can generate a self-magnetic field. However,
this self-field has been experimentally measured and found negligible compared
to the imposed magnetic field [158, 159] (less than a few percent), which might
not be the case any more for high-power HT. As we consider here only low-to-mid
power HT, the magnetic field profile will always be constant in time.

2.2.2 Ionization process

The ionization rate depends mainly on the neutral density and electron tem-
perature. As the neutral density is now varying axially, this rate needs to be
calculated dynamically. For the self-consistent simulations in chapters 5 and 6,
the ionization process is directly included in the MCC module, as explained in
the previous section.

However, for the simplified cases described in chapters 3 and 4, no collisions
are considered and hence, ionization events are taken into account as a source
term for the plasma to sustain the discharge. To do so, electron-ion pairs are
injected at each time step according to the profile of a given ionization rate S(x),
dependent on x only (uniform in azimuthal direction). S(x) has a cosine shape,
as shown in figure 3.2S(x) = S0 cos

(
π
x− xm
x2 − x1

)
for x1 ≤ x ≤ x2

S(x) = 0 for x < x1 or x > x2

(2.16)

with x1 = 0.25 cm, x2 = 1 cm and xm = x1+x2
2

= 0.625 cm.
The maximum ion current density JM can be extracted from the steady-state

continuity equation, accounting for the ionization profile in equation 2.16 by:

JM = e

∫ Lx

0

S(x)dx =
2

π
(x2 − x1)eS0. (2.17)

Hence, we impose the value of JM by fixing the maximum value of the ionization
profile S0.

The number of electron-ion pairs to inject at each time step ∆t is given by
Ly∆t

∫ Lx

0
S(x)dx and the positions (xi,yi) are chosen randomly such asxi = xm + sin−1(2r1 − 1)

(x2 − x1)

π
yi = r2Ly

(2.18)
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with r1 and r2 two random numbers uniformly distributed over the interval [0,1].
For one pair, the electron and the ion are injected at the exact same position.
Their velocities are chosen from a Maxwellian distribution with the same tem-
perature as initialisation (Te=10 eV and Ti=0.5 eV).

2.2.3 Code optimization

In previous radial-azimuthal simulations, the plasma density was rather con-
stant because we were at a fixed axial position. In this work, the plasma density
is very inhomogeneous throughout the discharge channel (with variations of one
or two orders of magnitude) and it also varies significantly in time because of
the breathing mode oscillations. Hence, the number of macroparticles can be
very different from one cell to another and consequently, the CPU load (i.e. the
number of macroparticles in each CPU) can also be very inhomogeneous. More-
over, as the axial dynamics is considered, low-frequency oscillations appear and
hence we need to increase the simulated physical time to capture them. Long
simulation time and high number of macroparticles make these axial-azimuthal
simulations very expensive. Hence, to be able to perform enough simulations
during the allocated 3 years, a focus on code performance was needed.

To reduce the computational time, we used mainly four techniques described
below: a dynamic load balancing, a particle sort, an ion subcycling and a scaling
of permittivity. Whereas the two first techniques are only meant to optimize the
CPUs efficiency, the two other ones are affecting the physics and hence, their
influence on the discharge behaviour has been studied.

Load balancing

As described before, LPPic is parallelized using CPU domain decomposition
i.e. each CPU is considering one part of the simulation domain. However, as
the plasma density experiences big variations axially and in time, if we keep the
same CPU decomposition, the CPU near the ionization zone (where the plasma
density is higher) will have to handle many more macroparticles (up to 10-20
times) than the one near the sheath. Hence, this CPU will slow down the others
and the overall computational time will be increased.

To palliate this issue, a dynamic load balancing is used, which means that
we adapt the CPU domain decomposition (in the axial direction) in order to
have approximately the same number of macroparticles per CPU (i.e. the total
number of macroparticles in the simulation domain, divided by the number of
CPU used). In other words, the CPUs where the plasma density is low will have
more axial cells than the ones where the plasma density is high. The number of
CPUs in azimuthal direction is kept constant because the plasma density is not
varying much in this direction. This load balancing is done periodically, often
every 150000 time steps.
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Particle sort

As described previously, the mesh and the particles need to exchange informa-
tion twice during a PIC loop, via an interpolation (from the particles to the grid
points) and an extrapolation (from the grid points to the particles). For these
operations, we chose to use the 1st order bilinear CIC scheme which represents a
good compromise between the 0th order Nearest-Grid-Point scheme (faster) and
the 2nd order quadratic spline scheme (less noise) [160]. However, because this
operation needs to be performed for every macroparticle in the system, every time
step, it ends up being one of the most costly subroutine in term of computational
time.

To optimize this operation, one can look at how the information is stored inside
one CPU. Basically, to speed-up memory accesses, a hierarchical organisation is
adopted with the main CPU memory at the bottom, the CPU processor at the top
and in between, numerous caches labelled L1 (highest), L2, L3, etc. When some
information is needed by the processor, it first seeks in the various caches, before
going down to the main memory until the information is found. If it is found in
a cache, the operation is fast and we call it a "cache-hit". On the contrary, if the
processor needs to reach the main memory, the operation is slow and we call it a
"cache-miss". Without going into more computer-science details, the idea here is
hence to reduce the number of cache-misses, by making the needed data available
in the first cache levels.

Usually, the particle array is not sorted and the particles are located at a
random position with respect to the mesh, and hence, when the interpolation/ex-
trapolation process is called, the processor sometimes needs to go through the
whole particle array several times to find all the particles close to one grid point.
To avoid these cache-misses, we can sort the particle array by mesh location and
then, all the particles in one cell will be accessed easily in the L2 cache. To do
so, we used an hybrid counting sort adapted from [161], every 70 time steps (a
compromise between the time taken by this sort and the particle displacement
in the grid). Other types of sort exist and might be more efficient, such as a
cycle sort [162], but it has not been tested yet. This hybrid counting sort was not
needed for the simplified case of chapters 3 and 4 and was only used for the self-
consistent simulations of 5 and 6. The speed-up was not significant (around 5-10
%) but it should also be coupled with more efficient handling of grid diagnostics,
which is left for future work.

Electron subcycling

For the gases considered here, electrons have a negligible mass compared to
ions. Hence, the ions are moving much slower than the electrons and it is not
needed to solve their motion at each time step. To reduce computational time, we
can choose to solve the ion motion every αsub electron time steps, i.e. the ion time
step will be: ∆ti = αsub∆te. In [163], Adam et al. have studied the numerical
instabilities that could appear if this process (called electron subcycling) is used.
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They have observed that αsub must be an even number and that a numerical
instability can arise if ωpe∆ti ≈ π which gives, using the stability criterion on ∆te
(equation 2.15)

αsub =
∆ti
∆te
≤ π

0.2
≈ 15.7. (2.19)

In this work (otherwise stated), an electron subcycling with αsub = 11 has always
been used, speeding-up the simulations by around 30%. We have verified on the
simplified case described in chapter 3 that it has negligible effect on the results
observed. The last electric field value has been used to push the ions after αsub
electron time steps. Additional tests need to be performed to see if using instead
the averaged (over these αsub electron time steps) electric field affect the discharge
behaviour.

Scaling of permittivity

Looking at the PIC stability criteria (Eq. 2.15), and recalling that λd =√
ε0kBTe
nee2

and ωpe =
√

nee2

mε0
, it appears that if we change the vacuum permittivity

ε0, we will be able to relax these stability constraints and use bigger time step
and cell size. Hence, the computational time will be reduced, while keeping the
stability. For a scaling factor αε such as (ε0)′ = αεε0, we can use : (∆x)′ =

√
αε∆x

and (∆t)′ =
√
αε∆t.

However, this scaling has an influence on the simulation results. The more
obvious one is the fact that the plasma characteristics are changed (Debye length
and plasma frequency) and, as most of the instabilities observed depend on these
parameters (especially the EDI [84]), using a scaling of the permittivity will affect
the instabilities observed. Moreover, according to Poisson equation (Eq. 2.3), if
we increase the vacuum permittivity, we will need higher charge difference to get
the same electric field. Hence, scaling up this parameter induces a violation of
the quasi-neutrality that could also affect the discharge behaviour.

All in all, this technique has only been used for the self-consistent simulations
of chapters 5 and 6 because we are not able to simulate a "real" case without re-
laxing the PIC stability constraints. Hence, the influence of this scaling technique
will be discussed in more details in these chapters.

Other possible techniques to speed-up the simulations

One can also use other scaling techniques such as artificially decreasing the
heavy particle masses (ions and neutrals) or down-sizing the system geometry.
The mass-ratio scaling makes the heavy particles move faster, decreasing signifi-
cantly their transit-time in the discharge and hence decreasing the number of time
steps needed to capture the low-frequency dynamics [164, 139, 165]. However,
it requires to change the collisional cross-sections which induces an artificial in-
crease of the axial transport and changes the discharge characteristics. With the
down-sizing of the system geometry, we can simulate a smaller number of cells
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thanks to this geometrical scaling factor and hence speed-up significantly the
computation [166, 89]. However, the surface-to-volume ratio is modified which
makes it difficult to account properly for the wall effects and most importantly,
the convection rate of the instability in the axial direction would be greatly en-
hanced, reducing the instability amplitude. Hence, these two techniques have not
been implemented in LPPic.

Moreover, because the crucial parameter is the number of macroparticles in
each cell Nppc which should be high enough to avoid numerical noise, the ideal
situation would be to be able to keep this number approximately constant in each
cell, through the whole simulation. To do so, one can used a so-called merging-
splitting algorithm [167, 168] which changes dynamically the particle weight qf
to keep Nppc approximately constant: decreasing qf when there are not enough
particles (splitting), increasing it when there are too many particles (merging).
However, if not implemented correctly, this kind of algorithm is known to affect
significantly the distribution functions and hence, lead to wrong results. Due
to the complexity of the implementation, this has been left for future work and
might be needed to perform long self-consistent simulations.

2.3 Neutral dynamics

2.3.1 Context

The density of the neutral gas exhibits large variation in the axial direction
of the thruster: it is maximum at the injection point (anode) and it is strongly
depleted before the exit plane of the thruster due to ionization, reaching values in
the plume around one order of magnitude lower than at the anode. This profile
is also varying in time, mainly due to the low-frequency axial oscillations known
as the breathing mode instabilities. Hence, for the self-consistent simulations
presented in chapters 5 and 6, we need to resolve accurately the neutral dynamics
in order to capture the correct discharge behaviour.

A first simple way consists in solving only the continuity equation to obtain
the neutral density ρ, as follows

∂tρ+ u ∂xρ = −Siz, (2.20)

with boundary condition ρ(x = 0) = ninjected,anode = constant and a constant
neutral velocity u= 200 m · s−1. The ionization source term Siz is obtained at each
time step depending on the local electron density and temperature. The neutral
dynamics is only solved in the axial direction because its variations are mostly
in this direction. The main drawback of not considering the azimuthal direction
is related to rotating spokes that may originate from an azimuthal variation of
neutral density [94] and hence, cannot be captured in our simulations.

This method of considering only the continuity equation was used previously
by Lafleur et al. [111, 86] and we implemented it in the first version of LPPic.
However, on long simulation times, we observed a very high sensitivity of the
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simulation results to the neutral density profile and moreover, the neutral velocity
has been measured experimentally to increase axially by a factor of 2 to 3 [169].
Hence, we decided to implement a more accurate neutral dynamics solver by
taking into account the complete 1D Euler system

∂tρ+ ∂z(ρu) = S1

∂t(ρu) + ∂z(ρu
2) = −∂zP + S2

∂tE + ∂z(Eu) = −∂z(Pu) + S3

(2.21)

with S1 and S2 collisional source terms, S3 energy source term, P the neutral
pressure, and E the neutral energy per volume unit such as

E =
P

γ − 1
+

1

2
ρu2, (2.22)

with γ the heat capacity ratio, equal to 5/3 in monoatomic gases.

2.3.2 Model description

The 1D Euler system described by equations 2.21 can be written in balance
form

∂tw + ∂xf(w) = S(w), (2.23)

with w the state vector

w =

 ρ
ρu
ρE

 , (2.24)

f(w) the flux

f(w) =

 ρu
ρu2 + P
u(Eρ+ P )

 , (2.25)

and S the source term which can be expressed as

S =

 ρSiz
ρuSiz
E−E′
τ

 . (2.26)

Only the effect of ionization has been taken into account in the source terms S1

and S2 and the source term S3 for the energy equation includes a parameter τ
that is set in order to impose an isothermal neutral dynamics i.e. the neutral
temperature is kept constant and equal to Tn = 640 K. Practically, the value of
τ is set as low as possible, while still complying to the CFL criteria (typically,
we have τ ≈ 10−11 s), to make the energy E converge to the imposed energy E ′
corresponding to the temperature Tn

E ′ =
ρRTn
γ − 1

+
1

2
ρu2. (2.27)
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One can notice that imposing this neutral temperature makes the system isother-
mal, hence the energy equation becomes meaningless. However, it has been in-
cluded for two reasons: first, it makes the numerical resolution more robust and
more importantly, we can later easily account for any sources or losses of neutral.

If we add to equation 2.23 the initial condition

ρ(x, t = 0) = ρini(x), (2.28)

and the boundary conditions

ρ(x = 0, t) = ρL(t) , ρ(x = Lx, t) = ρR(t), (2.29)

we obtain a general Initial Boundary Value Problem (IBVP). If we discretize the
domain in xmax cells in the axial direction, we can solve this IBVP using the
following explicit Euler finite volume scheme. The value of the state vector w in
each cell i can be found at time step (n+ 1) by

wn+1
i = wn

i −
∆t

∆x
(Fi+ 1

2
− Fi− 1

2
)− S∆t, (2.30)

with Fi− 1
2
and Fi+ 1

2
the left and right numerical fluxes respectively. Here, we have

used a first order Euler temporal scheme. A second order Runge-Kutta scheme
has also been implemented but, as seen later in figure 2.5, the results were very
similar and hence, this first-order scheme has been kept to reduce computational
time.

HLLC Riemann solver

The finite volume scheme needs a mathematical expression for the numerical
fluxes. Harten, Lax, and van Leer, proposed a numerical scheme for the homo-
geneous version of the system 2.23 (i.e. without the source terms): the HLL
Riemann solver [170]. It considers two waves separated by three constant states
which give the values of the inter-cell fluxes Fi+ 1

2
. Based on this work, Toro et

al. [171] improved this scheme to account for contact discontinuities by using a
three-waves model, namely the HLLC Riemann solver (C stands for Contact).
As illustrated in figure 2.4, there is now an intermediate velocity S∗ additionally
to the left and right velocities SL and SR. They delimit 4 states: the left and
right state vectors wL and wR, and the left and right intermediate state vectors
w∗L and w∗R. Only a brief description of this scheme will be given here, the reader
may refer to [172] for extensive details.
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Figure 2.4 – HLLC approximate Riemann solver. Solution in the intermediate
region consists of two constant states separated from each other by a middle wave
of speed S∗.

The procedure to find the intercell fluxes Fi+ 1
2
at the interface of the left cell

(L) and the right cell (R), is the following:

1. Compute the intermediate pressure P ∗ given by

P ∗ = PL + ρL(uL − SL)(uL − SM) = PR + ρR(uR − SR)(uR − SM). (2.31)

2. Compute the different velocities. The left and right velocities are{
SL = uL − cLqL
SR = uR + cRqR

(2.32)

with (for K = L,R)

qK =

{
1 if P ∗ ≤ PK√

1 + γ+1
2γ

( P
∗

PK
− 1) if P ∗ > PK

(2.33)

and cK the sound speed.
The intermediate velocity is

S∗ =
PR − PL + ρLuL(SL − uL)− ρRuR(SR − uR)

ρL(SL − uL)− ρR(SR − uR)
. (2.34)
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3. Use these velocities to find the corresponding values for Fi+ 1
2

Fi+ 1
2

=


FL if SL > 0

F ∗L if SL ≤ 0 ≤ S∗

F ∗R if S∗ ≤ 0 ≤ SR

FR if SR < 0

(2.35)

FL and FR are respectively the left and right Euler fluxes that can be
found using equation 2.25 and F ∗L and F ∗R are respectively the left and right
intermediate fluxes that can be found by (for K=L,R)

F ∗K = FK + SK(w∗K − wK). (2.36)

Boundary conditions

At the right boundary (outlet), the neutral flow is supersonic. Hence, as the
information is only leaving the system, a simple linear extrapolation can be used
as boundary condition

wxmax+1 = wxmax (2.37)

However, we have a subsonic flow at the left boundary (inlet) and then the infor-
mation can come from both directions. A simple extrapolation can not be used
to get the values of w1 from w2. Based on previous work [173, 174], we chose to
fix two parameters: the mass flow rate Q and the neutral temperature Tn. By
discretizing the thermostatic law for a polytropic perfect gas

Pu =
(γ − 1)cvQT

S
(2.38)

and the characteristic equation

∂P

∂t
− ρc∂u

∂t
= −(u− c)(∂P

∂x
− ρc∂u

∂x
) (2.39)

we can get the increment of velocity ∆u from the values in cells 1 and 2

∆u =
u2

1(u1 − cs1)(P2 − P1 − ρ1cs1(u2 − u1))

(Q
S
TnR− ρ1cs1)(∆x

∆t
− (u1 − cs1))

(2.40)

with cs1 = (γP1/ρ1)1/2 the sound speed in the first cell and S the anode surface.
Then, it gives us the new values of the state vector wn+1

1 in cell 1
un+1

1 = un1 + ∆u

ρn+1
1 =

Q

un+1
1 S

P n+1
1 = ρn+1

1 RTn

(2.41)
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Ion recombination at the anode

Originally, the ions impacting the anode were simply lost from the system.
However, we have observed that at some instant of a breathing mode oscillation,
the ionization source term was important near the anode and hence the neutral
density was highly depleted there. As we impose a constant mass flow rate,
the neutral velocity was increasing and hence, we were slowly losing neutrals
throughout the simulation. Hence, it appeared that it was necessary to include the
fact that in a real Hall thruster, the ions impacting the anode should recombine
into neutral atoms. This new source of neutrals was at first added as a source term
Srecomb but it was found to generate discontinuities. It appeared that computing
the ion flux impacting the anode at each time step and adding it to the inflow
boundary condition was more physical. Hence, the mass flow rate Q at the anode
is now given by

Q = Qini +Qrecomb, (2.42)

with Qini a fixed flow rate (often 5 mg · s−1) and Qrecomb the ion flux at the
anode. These newly created neutrals represent around 10% of the imposed mass
flow rate, as seen later for the self-consistent simulations, in figure 5.3.

Moreover, additional effect may impact the neutral gas dynamic. The most
important might be the recombination of some ions at the radial channel walls
that can create more neutrals along the discharge channel. Also, the collisions
of the neutrals with the ions can increase the neutral velocity. While the former
process might be difficult to implement self-consistently in an axial-azimuthal
code, the latter can be taken into account by adding the following term to the
momentum equation source term

S2 = ρ(u− vi)νin , (2.43)

with vi the velocity of ions that collide with the neutrals and νin the ion-neutral
collision frequency. This term has been implemented but its use has been left for
future work.

2.3.3 Solver verification and validation

Sod test case and analytical solution

One common way of testing the implementation of our solver is to use the
so-called Sod test case [175]. This test has been described in appendix A and
more details can be found in the Master’s thesis of Tordeux [176].

Tordeux has also derived a simple analytical solution for a 1D steady case
close to a real HT. He considered the continuity and momentum equations and
obtained an excellent agreement [176] between the Riemann solver solution and
the analytical profile, which increased further the confidence in our solver.
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Solution for an imposed ionization source term

Before implementing the solver in LPPic, it has been tested with an imposed
ionization source term with a Gaussian shape displayed in figure 2.5, close to
the one of a real HT. The initial density profile used in previous axial-azimuthal
simulations [76, 111] is used, along with a constant velocity of 200 m · s−1 (which
gives a mass flow rate of 5 mg.s−1) and temperature of 640 K. We can see in figure
2.5 that the velocity is increasing by a factor of almost 2 in the plume, which
corresponds to experimental observations [169] and justify the need to use a more
complex solver for the neutral dynamic. One can notice that, as imposed by the
very small relaxation coefficient τ , the neutral temperature is kept constant at
640K.

Moreover, the choice of an Euler scheme for the temporal discretization of
equation 2.30 might be questionable. We have also tested a 2nd order scheme
(Runge-Kutta 2) and as seen in figure 2.5, it gives the same results for this
particular test case. As the neutral dynamics has very long characteristic times
compared to the plasma dynamics (the PIC time step value is usually around
10−12 s while the breathing mode period is around 10−4 s), it can be considered as
quasi-stationary which means that high-order schemes are probably not needed.
For efficiency consideration, the 1st order Euler scheme has hence been kept.

2.4 Cathode model

While the neutral injection at the anode is fixed by the mass flow rate imposed,
the electron emission at the cathode is more complex. The cathode emits electrons
for two reasons: ionize the neutral atoms in the discharge channel and neutralize
the ions that are expelled out of the thruster (the plume should be neutral to
avoid any charge deposition on the satellite). There have been many works on
how to model the cathode itself [177, 178, 179] but the inclusion of a cathode in
a thruster model has been scarcely studied [139, 180, 181], even though it has
been observed experimentally that the cathode position has an influence on the
discharge behaviour [182, 33].

The influence of the cathode model in an axial-azimuthal (PIC, hybrid or
fluid) simulation has never been studied before but Szabo described in his PhD
thesis [139] two methods to model the electron emission (in a PIC radial-axial
code), based on a Current Equality (CE) condition (between the anode and the
cathode) or a Quasi-Neutrality (QN) condition (as the plume should be quasi-
neutral). In a 2D axial-azimuuthal code, the cathode position (often at the
top of the cylindrical thruster channel) cannot be accounted for and we make
the simplification of having a "cathodic plane" by emitting electrons from an
imposed axial position, often at the right domain boundary. Basically, to model
the cathode, we can identify two different steps:

1. Choose the number of electrons injected per time step, with one of the two
aforementioned models.
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Figure 2.5 – Axial profiles of neutral density (top left), velocity (top right) and
temperature (bottom left) for a given ionization profile (bottom right) when using
a 1st order Euler scheme (red line) or a 2nd order Runge-Kutta scheme (orange
line). 100 cells are considered, with a CFL of 0.5 and a coefficient of relaxation
τ=10−8.
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2. Choose their position and energy.
Although the first step can be considered as the most important, the emitted
electron temperature can also affect the discharge behaviour, as seen later in
section 3.6. In the following, we will describe these two methods and give some
insights on which one is the best suited for axial-azimuthal PIC simulations.

2.4.1 Current Equality condition

Figure 2.6 – Currents in a HT. Id: discharge current. Iae and Iai: electron and
ion anode currents, respectively. Icd and Icp: cathode electron currents in the
plume and in the discharge, respectively. Iaz and Ibi: electron and ion currents
leaving the domain through the right axial boundary, respectively.

In figure 2.6, the different currents in a HT are displayed. At stationary
state, the discharge current Id = Iae − Iai must be equal to the cathode current
Ic = Icp + Icd i.e.

Id = Ic, (2.44)
with Iai and Iae the anode ion and electron currents respectively, Icp and Icd the
cathode electron currents in the plume and in the discharge, respectively.

The plume should be neutral so

Ibi = Ibe = Icp + Iaz, (2.45)

with Iaz and Ibi the electron and ion currents leaving the domain through the right
axial boundary, respectively. Combining these equations, we find the cathode
discharge current

Icd = Id − Ibi + Iaz. (2.46)
Hence, we know the number of electrons to be injected per time step

dNe,inj

dt
= Icd =⇒ Ne,inj = Icd ∆t. (2.47)

In LPPic, these different currents are calculated by counting the number of par-
ticles that leave the simulation domain at the anode and cathode (i.e. left and
right boundary domain, respectively), every time step.
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2.4.2 Quasi-neutrality condition

The problem with the previous method is that it is only valid for a stationary
state. If at initial state, the charge distribution has an unusual shape, the tran-
sient regime will disturb even more this charge distribution and we will have a
non quasi-neutral plasma in the plume [139].

To overcome this issue, we can directly impose a quasi-neutral condition at
the cathode and use this condition to compute the number of electrons to be
injected. To do so, at each time step, we compute the charge difference at each
grid point i of the cathode (i.e. the last axial cell) and the we sum this difference
along the whole cathode (ymax azimuthal points)

Qfs =

ymax∑
i=1

(Ni(i)−Ne(i)), (2.48)

with Ni and Ne the number of ions and electrons at the cathode, respectively. If
Qfs > 0, we inject Ne,inj = Qfs electrons. If not, we do nothing but because the
electrons are lighter, the condition Qfs > 0 is almost always satisfied.

One can wonder if imposing the neutrality in several axial cells (instead of
only the last one) would be more robust. A compromise needs to be found then,
not to affect the behaviour of the bulk. This has not been investigated here and
is left for future work.

2.4.3 Setting positions and energies

After determining the number of electrons to inject at each time step, we need
to know where we should inject them. To determine their azimuthal position, a
local quasi-neutrality is imposed in [139] by following the next steps, until all
electrons have been injected.

1. We consider the charge difference as a distribution Qi = Ni(i)−Ne(i),
2. We use a first random number R[0,1] to get a position posy = RLy,
3. We use a second random number R’[0,1] that gives p = R′Qmax, with Qmax

the maximal value of charge difference,
4. We compare p and Q(posy) : if p < Q(posy) we inject an electron at the

azimuthal position posy.

Even though this procedure enhances the plume local quasi-neutrality, we
decided to simplify it and inject uniformly the electrons in the azimuthal direction,
to ease the comparison with previous simulation works [76, 111, 140].

The electron energies are chosen with a temperature Te,inj, from a full Maxwellian
distribution in the azimuthal and radial directions and a Maxwellian flux distri-
bution in the axial direction according to [183, 135], as described in the appendix
of [184], i.e. their axial velocity is vx = −vth

√
− ln(R[0, 1]) with R a random

number between 0 and 1 and vth =
√

2qTe,inj

m
their thermal velocity.. A small
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axial shift is also used to avoid any charge accumulation along the emission plane
i.e. posx = Lx −R′[0, 1] ∆t Vx.

Another injection method, used in [140] and later in [185] will be detailed in
chapter 3. In a few words, the emission plane is shifted axially (1 mm from the
right boundary) and then a simplified current equality condition is used, given
directly by: Icd = Iae − Iai. The potential is also shifted in order to get an
azimuthally averaged zero potential at the emission plane. Hence, we can neglect
the cathodic sheath between the emission plane and the right boundary of the
domain.

2.4.4 Which model should we choose?

Recently, an implicit 2D axial-azimuthal PIC code has been developed by
Chernyshev et al [142] with a different cathode model. In this model, the emitted
electron current is kept constant and a small amount of ions are also injected at
the cathode, given by

Nion,inj =

√
me

mi

×Nelec,inj ≈
Nelec,inj

500
. (2.49)

The authors claim that this ion current is needed because some ions are period-
ically extracted from the hollow cathode. This method was implemented but it
has not been studied extensively.

All in all, it is difficult to make a definitive decision on the best way to model
the cathode in 2D axial-azimuthal PIC simulations. For this reason, we will try
to give more insights on this issue in the rest of the work, by studying the impact
of the chosen cathode model on the observed discharge behaviour. The reader
can directly refer to section 3.6 for the simplified benchmark case, or section 5.2.3
for the self-consistent simulations.

2.5 Further improvements of the model

The axial-azimuthal model will always be an approximation of a real Hall
thruster. However, to get closer to reality, we identified two other phenomena that
could be included in the model. The most important one might be the addition
of thruster walls, using what we call a "fake radial dimension". Moreover, it has
been observed that around 10% of the thruster ions are doubly-charged [186, 187]
and that these doubly-charged ions could generate additional instabilities [188].
Hence, this new species could also be added to our model.

We detail here the implementation of these two phenomena. However, their
influence on the discharge physics will not be discussed in this manuscript, to
ease the analysis of the results obtained.
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2.5.1 Fake radial dimension

As explained above, the code LPPic was originally used to simulate the radial-
azimuthal plane of a HT. Because no dissipation mechanism was included in the
system, a "fake" axial dimension was implemented in order to limit the growth
of electron energy. Indeed, even though the Poisson equation is not solved in the
third direction, the particle position is still tracked. Hence, any charged particle
that was crossing an artificial limit in the third direction was reinjected with a
lower energy. The detail process can be found in the original work of Croes [119]
and has been further improved by Tavant [120]. Here, the "fake" radial dimension
is used to take into account particle and energy losses at the wall. Two methods
have been implemented:

— The local electron temperature is used as a criteria for getting rid of hot
electrons i.e. when Ee > 5Te, the electron is removed.

— A finite radial length Lr is considered. At every time step, we remove from
the system all the ions that cross this artificial boundary. As the electrons
are moving faster than the ions, more electrons will cross the boundary
during one time step. Hence, we decide to remove the same number of
electrons, considering the ones with the highest energy. The other low-
energy electrons are specularly reflected.

While the first method has been scarcely tested, the second one was mainly
used by Tavant [120]. The noteworthy effect was to decrease the electron tem-
perature and density. A different process is used in [66, 76] in which a sheath
potential is fixed at 20 V and every electron with higher radial energy will un-
dergo a collision, with a frequency given by νew = vr

Lr
, with vr the electron radial

velocity and Lr the imposed radial length. If the collision occurs, the electron is
isotropically reflected and does not suffer from any energy losses.

One can notice that Secondary Electron Emission (SEE) has not been taken
into account yet and its implementation is left for future work.

2.5.2 Doubly-charged xenon ions

Recently, Lucken has adapted LPPic to consider more than two charged par-
ticle types (electron and ion) [157]. To take advantage of this new feature, we
added doubly-charged xenon ions. The first difficulty was to select the appro-
priate cross-sections set. Following the choice of Taccogna and Minelli [89], the
doubly-charged Xe2+ are produced from direct double ionization of Xe atoms
(cross-sections from [189])

e+Xe→ 3e+Xe2+, (2.50)

and single ionization of Xe+ atoms (cross-sections from [190])

e+Xe+ → 2e+Xe2+. (2.51)
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While the first reaction could be directly included in the MCC module, the second
one concerns two charged species and hence a different procedure needs to be
used. Based on the work of Nanbu [191], this collision is treated using a Direct
Simulation Monte Carlo (DSMC) procedure. At each time step, the maximum
number of collisions Nmax that can occur in a cell between electrons (noted A)
and Xe+ ions (noted B) is calculated using:

Nmax = NANB
W

VC
gmaxσT (gmax)δt, (2.52)

with NA and NB the number of electrons and Xe+ ions respectively, VC the cell
volume, W the weight, σT the total cross-section and gmax the upper limit of the
relative speed between the two species. At initial time, gmax = 2.5

√
2RTref
µAB

with
Tref equal to the initial electron temperature and µAB = mAmB

mA+mB
the reduced

mass. Then, we repeat Nmax times the following two steps:

1. Choose randomly a pair (i,j) of electron and Xe+ ion and compute the
collision probability qij =

gijσT (gij)

gmaxσT (gmax)
with gij = |vi − vj | the relative

speed.

2. Then, call a random number R[0,1]. If qij<R, the pair does not collide. If
qij>R, the pair collides and the post-collision velocities are given by:

v′i =
1

mA +mB

(mAvi +mBvj +mBgijR)

v′j =
1

mA +mB

(mAvi +mBvj −mAgijR)
(2.53)

with R a unit vector with a random direction.

The value of gmax is then updated for the following time steps with the maximum
value obtained for gij.

As mentioned above, this implementation has not yet been tested and hence,
no doubly-charged ions will be accounted for in this work.

2.6 Conclusion

In this chapter, the 2D PIC code LPPic was presented, with its main sub-
routines and performances. Initially used to simulate the radial-azimuthal HT
configuration, it has been adapted for this work to the axial-azimuthal configu-
ration. The small changes needed to switch from the radial to the axial direction
have been detailed here, along with two new features: the neutral dynamics and
the cathode model.

Even though the dynamics of the neutral gas has long been solved with the
simplest model (continuity equation), it appeared that it has a great impact on
the discharge behaviour, especially due to the breathing mode oscillations. It
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was the reason why this more complex model was developed, to include the non-
negligible variations of neutral velocity.

As the electrons emitted by the cathode are also a main driver of the discharge
behaviour, a careful attention has been drawn to the cathode model. Following
the findings of previous works, a quasi-neutral condition is used, with a uniform
azimuthal injection at the right axial domain boundary.

Whereas additional developments have been made to include the wall effects
or doubly charged ions, it is now important to verify that the base version of
LPPic gives correct results when simulating axial-azimuthal HT configurations.



Chapter 3

Code verification: 2D
axial-azimuthal benchmark

In order to verify LPPic, specific unit tests have been performed, along with
the 1D helium Benchmark of Turner et al. [156], as described in [119]. However,
a benchmark case closer to the configuration of interest (i.e. with a 2D geometry
and an imposed magnetic field perpendicular to the electric field) was needed. To
this end, a collaboration was started with 6 other research groups who were also
developing similar 2D codes. The lead was given by our group and we managed
to define the case, make all the 7 codes converge towards the same solution, and
wrap-up the results, in less than 8 months. This successful benchmark activity
paved the way to extensive collaboration in the E × B community, with further
benchmarks in different configurations, in the framework of the LANDMARK
project [192]. This chapter and the following have been made more general by
considering E×B discharges, to which Hall thruster belong to.

Most of the content of this chapter has been adapted from [185]. Here, after a
brief contextualisation in section 3.1, the simulation model and algorithms used
are described in section 3.2. Then, the specificities of each independent PIC code
are given in section 3.3 along with the computational times and resources. Section
3.4 is dedicated to the comparison of the results. Azimuthally and time averaged
(at steady state) axial profiles of main discharge parameters (axial electric field,
ion density and electron temperature) are first compared before looking at the
characteristics of the azimuthal instabilities. The sensitivity of the benchmark and
the numerical convergence according to the number of macroparticles per cell is
then discussed in section 3.5, prior to conclude on the agreement obtained between
all the codes. Finally, this benchmark could be used to challenge numerical models
in collaboration with several groups who managed to perform it. An example on
the cathode model study is given in section 3.6.
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3.1 Why do we need this benchmark?
The E × B cross-field configuration is not only specific to HT but can also

be applied to other LTP applications such as magnetron discharges for plasma
processing [193, 194]. As explained in chapter 1, the presence of the magnetic field
can trigger many fluctuations, thus increasing significantly the physics complexity.
Moreover, due to the relatively high plasma density, small cells and time steps
are required to simulate device scale phenomena and, in addition to the multi-
dimensional nature (axial convection, azimuthal E×B drift, radial wall effects)
of the plasma flow, it makes PIC simulations of E×B discharges computationally
expensive.

In the last decade, the growing performances of computer facilities have stimu-
lated the development of simulation codes, that have become indispensable tools
in plasma studies. However, as the numerical models have become more and
more complex, the validity of the results must be investigated. They could be
affected by various numerical errors and uncertainties (such as numerical noise),
algorithms and models used, or even by the configuration of input parameters.
Therefore, there is an increasing need for Verification and Validation (V&V)
of simulation codes. While validation implies comparison with real experiments,
verification could be done in many ways such as unit and mezzanine tests for
specific parts of a code [195], or benchmarking, i.e. code-to-code verification.
The early work of Surendra et al. [196], in which the results of twelve different
codes (kinetic, hybrid and fluid) on a 1D low-pressure (30, 100 and 300 mTorr)
radio-frequency discharge in helium were compared, is considered as a pioneer for
the benchmarking of simulation codes in the low-temperature plasma community.
Later, a similar 1D case in helium was benchmarked by Turner et al. [156] with
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five independently developed PIC codes, and they demonstrated that the results
obtained for 4 pressures (30, 100, 300 and 1000 mTorr) were statistically indistin-
guishable. It paved the way to an increased benchmarking activity for different
types of plasma discharges. In particular, in [197], two 1D PIC codes have been
compared on a parallel plate glow discharge in helium at 3.5 Torr. In [198], six
2D fluid codes have been compared on the simulation of axisymmetric positive
streamers in dry air at atmospheric pressure on three test cases of increasing
complexity, and the authors stated that "the results agree reasonably well".

Even though a 1D helium benchmark is an efficient tool to verify the main
algorithms of a PIC code (such as the Poisson solver and equations of motion)
along with the MCC module, this case is only one dimensional with no magnetic
field and hence, it would be beneficial for the low-temperature plasma community
to benchmark simulation codes using a more complex model, such as E × B
discharges. Moreover, it has been observed recently by Janhunen et al. [71, 87]
that numerical noise may influence the results of PIC simulations by imitating the
effect of collisions and hence, it is important to better understand the influence
of the numerical parameters. The chosen simulation model should exhibit the
relevant physics of an E × B discharge (high peak value of axial electric field,
azimuthal instabilities, etc.) and in the meantime, it should be simple enough to
be simulated in a reasonable computational time.

To this end, a 2D simulation model close to the one proposed by Boeuf and
Garrigues [140] is adopted, with a longer azimuthal length and a higher number
of macroparticles per cell to assess numerical convergence. The advantage of this
test case is that a steady state is reached quickly, which facilitates comparison of
the results. Moreover, the computational cost of PIC simulations has increased
the need for quicker algorithms and made code parallelization compulsory. Hence,
the seven independent codes considered here exhibit different features to decrease
computational times and it makes this benchmarking activity even more relevant.
An agreement on insightful parameters of the discharge will strengthen the con-
fidence in LPPic and legitimize it for further analysis of HT discharges.

3.2 Description of the model

To study the azimuthal E × B electron drift instability and the associated
axial electron transport, a 2D axial-azimuthal Particle-In-Cell benchmark case
is considered with conditions close to those of a typical E × B discharge. Some
simplifying assumptions have been made to make the case reproducible in a rea-
sonable computational time. Indeed, the intermolecular collisions and neutral
transport are neglected while a given ionization source term is imposed [140] and
hence, we are able to obtain a steady state result in a short time (i.e. 10 µs).
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3.2.1 Simulation domain

As illustrated in figure 3.1, the computational domain corresponds to a 2D
structured Cartesian mesh, which models the axial (x ) and azimuthal (y) direc-
tions of an E×B discharge. Hence, the curvature of the (x,y) plane is neglected.
The left-hand side boundary of the domain represents the anode plane, with a
fixed potential of 200 V, while the right-hand side corresponds to the cathode
plane, where electrons are emitted. The distance between the anode and the
cathode corresponds to the axial length of Lx=2.5 cm, with the position of radial
magnetic field maximum at x=0.75 cm. To reduce computational times, a small
region (Ly=1.28 cm) in the azimuthal direction is taken into account and periodic
boundary conditions are imposed.

Figure 3.1 – Simulation domain. x is the axial direction, y the (periodic) az-
imuthal direction. Black pointed dashed line (xBmax = 0.75 cm): position of
maximum radial magnetic field. Green dashed line (xe = 2.4 cm): plane from
which electrons are emitted uniformly along the azimuthal direction. The az-
imuthally averaged fluxes are represented. Γea and Γia: respectively electron
and ion fluxes through the left boundary. Γec1: electron flux from the emission
plane going into the discharge. Γec2 and Γic: respectively electron and ion fluxes
through the right boundary.

As most of the codes used are explicit, the cell size ∆x and time step ∆t need
to satisfy the PIC stability conditions given by equations 2.15. In our case, the
current density is fixed at 400 A ·m−2, which gives a maximum plasma density
of around 5 × 1017 m−3 and electron temperatures of about 50 eV. Hence, the
minimum values for ∆t and ∆x will respectively be 6 × 10−12 s and 70 µm. For
the benchmark case, a time step of ∆t = 5 × 10−12 s and a grid spacing of ∆x =
50 µm with a grid of 500 × 256 cells are used. 4 × 106 time steps are simulated,
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i.e. 20 µs of the discharge, and the diagnostics are averaged every 5000 time
steps.

Electrons and ions are initially loaded with a density of 5×1016 m−3 uniformly
throughout the simulation domain, with velocities chosen from a Maxwellian dis-
tribution with a temperature Te=10 eV and Ti=0.5 eV, respectively. To reduce
numerical heating due to statistical noise, the number of macroparticles per cell
at initialisation for the nominal case is fixed at Nppc,ini = 150 (case 1), i.e. 150
electrons and 150 ions per cell. Then, approximately Nppc,fin ≈ 550 macroparti-
cles per cell are obtained at stationary state. As mentioned before, this parameter
could have an influence on the numerical results and hence, an extensive study
of code convergence has also been conducted by simulating two other cases with
Nppc,ini = 75 (case 2) and Nppc,ini = 300 (case 3).

All the simulation parameters are summarized in the third column of Table
2.1.

3.2.2 Imposed axial profiles

Radial magnetic field

The axial profile of the radial magnetic field is imposed with a Gaussian shape,
as shown in figure 3.2

B(x) = ak exp(−
(x− xBmax)2

2σ2
k

) + bk, (3.1)

with k = 1 for x < xBmax and k = 2 for x > xBmax . The values of the ak and bk
coefficients can be easily calculated from the given parameters: B0 = B(x=0)=6
mT, BLx = B(x=Lx)=1 mT, Bmax=10 mT, xBmax = 0.3Lx=0.75 cm and σ1 =
σ2 = 0.25Lx=0.625 cm.

Ionization profile

For this benchmark case, no collisions are considered and the ionization pro-
cess has been described in section 2.2.2. We impose JM = 400 A ·m−2 by fixing
the maximum value of the ionization profile to S0 = 5.23 × 1023 m−3 · s−1. The
resulting ionization source term is displayed in figure 3.2.

3.2.3 Boundary conditions

Electrons and ions which cross the left or right boundary plane of the domain
are removed from the simulation. However, to ensure current continuity and
neutralization of the extracted ion beam, electrons are injected from the cathode
plane. The cathode model is close to the Current-Equality condition described in
section 2.4 but with small differences. The emission line is set on the downstream
of the simulation domain, at 1 mm from the right domain boundary. The number
of electrons injected at each time step is calculated using the current conservation
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Figure 3.2 – Axial profiles of the imposed radial magnetic field and ionization
rate. Dashed line corresponds to the position of maximum magnetic field.

through the discharge to obtain Γec, the absolute value of azimuthally averaged
emitted electron flux:

Γec = Γa = Γea − Γia, (3.2)

with Γea and Γia being respectively the absolute values of azimuthally averaged
electron and ion fluxes to the anode side, displayed in figure 3.1. Hence, by
counting the number of electrons and ions that cross the anode boundary at each
time step (respectively ∆Nea and ∆Nia), the corresponding number of electrons
emitted from the emission plane can be calculated as:

∆Ne,emi = ∆Nea −∆Nia. (3.3)

These electrons are injected uniformly in the azimuthal direction, with a Maxwellian
velocity distribution with a temperature Te,emi=10 eV.

However, this method for calculating the number of emitted electrons does not
prevent an artificial cathode sheath to form. To suppress artificially this sheath,
the emission plane is shifted by 1 mm from the right boundary plane (i.e. to the
position xe=2.4 cm) and its potential is adjusted at each time step by imposing
a zero azimuthally averaged potential at this location. Hence, the azimuthally
averaged potential drop between the anode and the emission plane is maintained
constant and equal to the applied voltage (200 V). To do so, we solve the Poisson
equation for U :

∆U = − e

ε0
(ni − ne), (3.4)
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with boundary conditions U(0, y) = U0 and U(Lx, y) = 0. Then, we obtain
the electric potential φ by subtracting the azimuthally averaged potential at the
emission plane Ue from the solution U(x, y) of Poisson equation:

φ(x, y) = U(x, y)− x

xe
Ue, (3.5)

with:

Ue =
1

Ly

∫ Ly

0

U(xe, y)dy. (3.6)

The right boundary plane will have a varying negative potential but this drop in
potential between the emission plane and the right boundary plane does not have
any useful physical meaning and does not affect the main discharge physics.

3.3 Code specificities
Seven groups participated in this study, each group using its own indepen-

dently developed simulation code. While the codes are all Particle-In-Cell (PIC)
codes, they mainly differ in the way the equation of motion and the Poisson equa-
tion are solved. All the codes are using a bilinear interpolation scheme (CIC) and
ions are considered unmagnetized, due to their large Larmor radius compared to
the domain dimensions. The exact physical charge-to-mass ratio for ions (here
Xenon ions are considered) is used by all the codes. Moreover, the choice of the
Random Number Generator (RNG) appeared to have a non-negligible influence
on the discharge results. Hence, the RNG used has been given and its influence
will be further discussed in section 3.5.

As the benchmark cases are quite computationally expensive, the code perfor-
mances are obtained through parallelization. This could be done via MPI (Mes-
sage Passing Interface), combined or not with OpenMP (Open Multi-Processing),
or using Graphics Processing Units (GPUs) instead of CPUs. Each processor can
consider one portion of the computational grid (domain decomposition, like in
LPPic) or one portion of the particles in the domain (particle decomposition)
in order to speed-up the computation. Another way of decreasing significantly
the computational time is to use the electron subcycling technique described in
section 2.2.3.

A summary of the codes specificities is provided in table 3.1, along with the
simulation times for the 3 benchmark cases. Extensive details on the different
codes can be found in the original paper [185]. In the rest of the chapter, LPPic
will be refered as code LPP.

One can notice that the computational times and resources needed to simulate
these cases are quite high, with around 10 days in average for the nominal case
(which corresponds to around 60000 CPU hours). Compared with the computa-
tional time of the 1D helium benchmark of Turner et al [156] that was around
a couple of hours, parallelization of computational codes is needed to increase
drastically the code performances. Moreover, it can be seen that the 7 codes
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simulate the cases with a broad range of computational times (between 2.5 and
21 days for the nominal case) and it shows that this benchmark is also a powerful
tool to characterize the performance of a simulation code. As the codes display
many different characteristics, it is difficult to know why some are quicker than
the others but we can at least see that for this particular case, the particle decom-
position seems more efficient than the domain one which is explained by the fact
that the number of macroparticles in the system is quite high compared to the
system size. Moreover, we can see that using only single floating-point precision
for the Poisson solver seems not to affect the discharge behaviour and is expected
to speed-up significantly the computation.

Table 3.1 – Main codes specificities.

LPP LAPLACE CERFACS RUB USask TAMU PPPL
Algorithms

Pusher solver
Explicit

Explicit Explicit Implicit Explicit Explicit Explicit

Poisson
solver

Hypre Pardiso Maphys
FFT

Thomas
FFT Hypre Hypre

Floating-
point

precision Double
Single(pusher)

Double (Poisson)

Double Single(pusher)
Double (Poisson)

Double Double Double

Random
Number

Generator

Fortran
2003

RANDU

Fortran 95 Xorshift128

Mersenne
Twister
19937

C Stan-
dard
GUL

Fast
Mersenne
Twister

Code acceleration
Architecture CPU CPU CPU GPU CPU CPU CPU
Parallelization MPI MPI/OpenMP MPI CUDA MPI MPI MPI/OpenMP

Decomposition Domain Particle Domain Both Domain Particle Particle
Language Fortran Fortran Fortran C+Cuda C Fortran C++ C

Simulation times (days (CPU number))
Case 1

(Nppc,ini =

150)

8
(360) 5

(108)
7

(360)
14

(1 GPU)
21

(32)

15
(300)

2.5
(224)

Case 2
(Nppc,ini = 75)

5
(360) 3

(108)
4

(360)
9

(1 GPU)
11

(32)

11
(200)

2.5
(112)

Case 3
(Nppc,ini =

300)

14
(360) 6

(180)
13

(360)
14

(2 GPU)
20

(64)

22
(400)

2.5
(448)

3.4 Results

Prior to performing any detailed benchmarking, it was important to make
sure that all codes converge to a steady state. To do so, the time evolution of the
electron axial current is compared. The electron current density injected at the
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emission plane Jec is split in two parts : Jec = Jec1 + Jec2, where Jec1 corresponds
to the electron current density entering the channel and Jec2 is used to neutralize
the extracted ion beam Jec2 = Jic, fixed by the imposed ion current density.
Hence, Jec1 could be used to characterize the anomalous cross-field transport in
the discharge. For the comparison of results, Jec1 is normalized by the imposed
total ion current JM = Jia + Jic, which is set to 400 A ·m−2 at steady state.

The time evolution of Jec1
JM

is shown in figure 3.3(a) for all simulation codes.
It can be seen that all simulation codes reach a steady state after around 10
µs. However, it can be noticed that a small oscillation appears at steady state,
with a frequency of the order of hundreds of kHz, as shown in figures 3.3(b) and
3.3(c) for code LPP. As this phenomena is retrieved for all the codes, we decided
to average our results in time to smooth out these oscillations, which could be
physical or numerical, focusing on benchmarking of time-averaged phenomena.
The period has been chosen as a compromise between the need to capture enough
oscillation periods at steady state and keeping a reasonable computational time,
i.e. 4 µs between 16 and 20 µs.

Moreover, as mentioned before, some high-frequency instabilities propagate
in the azimuthal E×B direction, as seen in figure 3.4 for the azimuthal electric
field and the ion density, obtained with code LPP at t = 20 µs. To make
the benchmarking of large-scale phenomena, it was decided to average in this
direction. It can also be noticed that two distinct zones for the oscillations of the
azimuthal electric field exist: a short wavelength zone between the anode and the
location where the radial magnetic field is at maximum, called zone (I), and a
long wavelength zone downstream, called zone (II). Such transition of the plasma
waves is discussed more in detail in section 3.4.2.

Below in section 3.4.1, the azimuthally and time averaged axial profiles of the
main discharge parameters (axial electric field, ion density and electron temper-
ature) are first analysed. Due to the interest towards understanding the effects
of azimuthal plasma waves on the electron anomalous transport, the azimuthal
instabilities are compared in section 3.4.2, investigating their dominant mode
characteristics (wavelength and frequency). These comparisons are done for the 3
cases considered in this benchmark, that differ only by their number of macropar-
ticles per cell, given in Table 3.2.

Table 3.2 – Three benchmark cases. Nppc is the number of macroparticles per
cell. The nominal case is Case 1.

Case Nppc,ini at
initialisation

Nppc,fin at steady
state

1 150 550
2 75 275
3 300 1100
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Figure 3.3 – (a) : Time evolution of Jec1
JM

for Case 1 for all the codes. Brown dashed
line: beginning of time averaging interval (until 20 µs). (b): Time evolution of
Jec1
JM

for Case 1 with code LPP. (c): Corresponding Fast-Fourier-Transform taken
from data between 12 and 20 µs.
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Figure 3.4 – 2D axial-azimuthal snapshots of the azimuthal electric field (top) and
ion density (bottom) obtained with code LPP at t = 20 µs. Dashed line corresponds
to the position of maximum magnetic field that separates zone (I) and zone (II).

3.4.1 Main plasma parameters

For benchmarking purposes, three parameters are chosen to be shown in this
work: the axial electric field, the ion density and the electron temperature. Since
the low-frequency oscillations on the order of hundreds of kHz are not the focus
of the benchmarking, the results are averaged in the azimuthal direction and in
time (between 16 and 20 µs) to obtain a steady state result.

The axial profiles for the nominal case are shown in figure 3.5. We can see
that the 7 codes display a good agreement for all the parameters. The differences
are mainly on the peak value and the profile in zone (II) but the overall mean
relative error is less than 5%. This difference is measured by using the mean
value between all the curves and calculating the mean relative error for every
curve, that has a maximum below 5 %. It is also important to notice that all
results from different codes capture the characteristics of an E×B discharge: a
high axial electric field peaks near the maximum of radial magnetic field while
the ion density is high on the anode side, just before the magnetic field peak. In
particular, the results display an important feature of HT, namely the overlapping
between the ion density peak (ionization zone) and the axial electric field peak
(acceleration zone). One can notice the sharp increase of the axial electric field
near the right boundary that is due to the artificial sheath created outside of
the region of interest (between the emission plane (xe = 2.4 cm) and the right
boundary). It has been shown in [140] that this region does not affect the main
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discharge results: because the plasma potential at the emission plane is rescaled
to zero at each time step, the anode-cathode potential difference is imposed in
the region of interest.

The same comparison is done for the two other cases and the results are
displayed in figures 3.6 and 3.7 respectively. They both exhibit a similar behaviour
than the nominal case shown in figure 3.5, with an overall mean relative error
between the codes less than 5%. The main reason for the slight discrepancies
comes from the low-frequency oscillation behaviour, as can be seen from figure
3.3.

3.4.2 Azimuthal instabilities

In addition to the time-averaged plasma properties, the instabilities prop-
agating in the azimuthal direction, shown in figure 3.4, also serve as a useful
phenomenon for benchmarking of different simulation codes. As explained in sec-
tion 1.2.2, the EDI can transition to an ion-acoustic instability when the wave
propagation along the magnetic field is included or because of nonlinear effects.
The quasilinear theory of the anomalous transport based on the modified ion-
acoustic instability in the conditions of Hall thruster has been proposed [85, 86].
The dispersion relation for the ion-acoustic instability in plasmas with moving
ions has the form:

ωR ≈ k.vi ±
kcs√

1 + k2λ2
d

. (3.7)

A 2D Fast-Fourier-Transform (FFT) is applied here to the azimuthal electric
field at fixed axial positions (between 16 and 20 µs) to get the corresponding
spectrum. The results for two different axial positions are displayed in figure 3.8
for code LPP. It is shown that in zone (I) (at x = 0.3 cm) a continuous dispersion
relation is well fitted to the analytical expression of equation 3.7. This continuous
behaviour was already observed in experiments [67] and in other 2D PIC codes
that are self-consistent with the plasma generation [111]. However, closer to the
cathode in zone (II) (at x = 1.5 cm), the dispersion relation exhibits a different
behaviour, which seems more discrete.

As this chapter is focused on the benchmarking of different simulation codes,
detailed study of the dispersion relations of the plasma waves is out of scope
and more insights will be given in chapter 4. Instead, to be able to compare the
results of the different codes, it was decided to extract the dominant mode at
each axial position. Hence, the wave characteristics (wavelength and frequency)
are compared as function of the axial position.

This axial dependence of the dominant mode characteristics for all the codes
is shown in figure 3.9 for the nominal case. It can be seen that, in all simulation
results, the wavelength and the frequency change abruptly at the position of
maximum radial magnetic field. In zone (I) near the anode, the oscillations
have a small wavelength (λ ≈ 0.5 mm) and a high frequency (f ≈ 5 MHz)
while near the cathode in zone (II), the frequency drops to f ≈ 3 MHz with
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Figure 3.5 – Case 1 : Azimuthally and time (between 16 and 20 µs) averaged axial
profiles of axial electric field (a), ion density (b) and electron temperature (c). Dashed
line corresponds to the position of maximum magnetic field.
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Figure 3.6 – Case 2 : Azimuthally and time (between 16 and 20 µs) averaged axial
profiles of axial electric field (a), ion density (b) and electron temperature (c). Dashed
line corresponds to the position of maximum magnetic field.
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Figure 3.7 – Case 3 : Azimuthally and time (between 16 and 20 µs) averaged axial
profiles of axial electric field (a), ion density (b) and electron temperature (c). Dashed
line corresponds to the position of maximum magnetic field.
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Figure 3.8 – 2D FFT of the azimuthal electric field at x=0.3 cm (a) and x=1.5 cm
(b), obtained with code LPP. Solid white line: ion acoustic dispersion relation.
Green dashed lines: wavelength and frequency of the dominant mode.

a wavelength almost 4 times bigger (λ ≈ 2 mm). The Debye length and ion
plasma frequency are displayed on the bottom row for comparison. The same
behaviour is retrieved for the two other cases, as seen in figures 3.10 and 3.11.
Considering the complexity of the phenomena involved, the agreement between
the codes is satisfactory. The maximum wavelength for the dominant mode is
around 2 mm which is well-resolved by the length in the azimuthal direction of
1.28 cm. However, further development of long-wavelength structures may be
limited either by this limited azimuthal length or by the axial convection of the
modes (due to the ion flow) from the most unstable region. As this work is
focused on a benchmark comparison with a simplified domain, this question will
require further studies with a larger domain and additional insights will be given
later in section 6.3.2.

3.5 Discussion

3.5.1 Numerical convergence

In a PIC simulation, we consider finite-sized particles and hence, numerical
collisions play a role. They can lead to fluctuations induced by thermal noise and
this noise could have an impact on the study of the azimuthal instabilities and
the related anomalous electron transport.
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74 CHAPTER 3. CODE VERIFICATION

1

2
λ
 [

m
m

]

(a) 2

4

ω
 [

1
0

7
s

-1
]

(b)

0.0 0.5 1.0 1.5 2.0 2.5

x [cm]

0.08

0.10

λ
D

e
 [

m
m

]

(c)

0.0 0.5 1.0 1.5 2.0 2.5

x [cm]

4

6

ω
p

i 
[1

0
7
s

-1
]

(d)

LPP

LAPLACE

CERFACS

RUB

USask

TAMU

PPPL

Figure 3.11 – Case 3: Axial evolution of dominant mode characteristics for azimuthal
electric field (azimuthal instabilities). (a) Wavelength. (b) Frequency. (c) Debye length.
(d) Ion plasma frequency. Dashed line corresponds to the position of maximummagnetic
field.

Okuda and Birdsall [199] defined a frequency for these numerical collisions in
2D simulations:

νnum ≈
πωpe
16ND

, (3.8)

with ND the number of macroparticles in a Debye sphere. For our nominal
case (Case 1, Nppc,ini=150), we will have around Nppc,fin ≈ 550 macroparticles
per cell at steady state, in average. Looking at figure 3.9, we can see that the
minimum Debye length is around 70 µm and hence, we have around 2π cells in
a Debye sphere (worst case). It corresponds to a numerical collision frequency of
νnum ≈ 5.6 × 10−5ωpe. Turner [149] has shown that the numerical collisions can
be neglected if νnum

ωpe
≤ 10−4 and hence our case complies with this criterion.

It is also important to assess the numerical convergence of this benchmark
case more rigorously, by varying the number of macroparticles per cell. The mean
value at steady state of the ratio Jec1

JM
of electron current entering the channel to

the total ion current was used as a convergence criterion. Indeed, as mentioned
earlier, this ratio is related to the electron axial transport in the discharge. This
transport can be enhanced by numerical collisions and hence, decreasing Nppc will
increase the transport and Jec1

JM
will be higher. We can retrieve this behaviour by

looking at how the averaged profiles of ion density and axial electric field evolve
when the number of macroparticles per cell is decreased. We observe in figure
3.12 for code LPP that if Nppc is decreased, the axial electric field is increased
and the ion density is decreased which is characteristic of a higher axial transport.
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Figure 3.12 – Azimuthally and time (between 16 and 20 µs) averaged axial profiles
of axial electric field and ion density for different number of macroparticles per
cell at initialisation Nppc,ini. Results obtained with code LPP.

Figure 3.13 shows the mean value of Jec1
JM

at steady state for all seven codes,
as function of the number of macroparticles per cell at steady state. We can see
that we obtain a good convergence: when Nppc is increased, Jec1JM

is decreased and
reaches a plateau. This plateau corresponds to the three benchmark cases that
we have chosen (Case 1 with Nppc,final=550, Case 2 with Nppc,final=275 and Case
3 with Nppc,final=1100). It is interesting to notice that the curve has a knee at
around 250 macroparticles per cell which gives a numerical collision frequency
close to the criterion of [149]. Furthermore, this benchmark case shows that
the number of macroparticles per cell commonly used in 2D PIC simulations
(i.e. Nppc,final=100) is not enough to reach convergence. This need to increase
the number of macroparticles per cell to prevent numerical collisions was also
reported in [66] and more recently in [111], in which 800 macroparticles per cell
were used on average at the end of the simulation.

One can also notice that the differences between the codes are this time bigger
than 5%. The origin of this discrepancy still remains unclear and its analysis is
let as future work.

3.5.2 Case sensitivity

The agreement obtained between the seven codes in section 3.4 is good, but it
is worth noting that the results obtained are not "statistically indistinguishable"
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Figure 3.13 – Mean value (between 12 and 20 µs) of Jec1
JM

depending on Nppc,final

in normal scale (a) and semi-log scale (b). The three benchmark cases correspond to
Nppc,final = 550 (Case 1), Nppc,final = 275 (Case 2) and Nppc,final = 1100 (Case 3).
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(corresponding to less than 1% difference) as in the 1D helium benchmark [156].
As the present benchmarking test case is more challenging and more complex
(two dimensions, magnetic field, emitting cathode, etc.) with the presence of
turbulent phenomena, it is expected to obtain bigger differences.

To better characterize the sensitivity of this benchmark case, one code (code
LPP) is used and the same simulation (same input parameters, corresponding
to Case 2) is repeated 3 times. Figure 3.14(a) shows the different time evolutions
of the Jec1

JM
ratio for these 3 simulations. It can be seen that while the beginning

of the transient state (first 4 µs) is quite similar, some differences appear quickly
and the oscillations at steady state become quite different. In fact, when time
averaging is done between 11 and 15 µs, different axial profiles are retrieved for
the ion density and axial electric field (the electron temperature is not shown here
but displays a similar behaviour), as seen in figure 3.14(b). These differences are
of the order of 5% and could be considered as the closest agreement we would get
between the seven codes.

There is a reason why identical results are not obtained with the same code.
In fact, as described in section 3.2, a RNG is frequently used for routines that are
crucial for the discharge behaviour (ionization and electron emission). Hence, as
this RNG is seeded randomly depending on the processors used, differences are
expected on the random numbers that will propagate due to the inherent chaotic
behaviour of the discharge.

To verify this assumption, the seed number of this RNG has been fixed with
the LPP code (and the same procedure as before was repeated). We can see
in figure 3.15 that, now, a perfect overlap is obtained for the time evolution
of the current (and hence for the averaged parameters). It should be noted
that this perfect overlap was not obtained for the first attempt: indeed, because
the CPUs (hardware) used are not the same between two simulations, two runs
that should be identical were taking different computational time and hence, the
restart procedure described in 2.1.2 was done at different time steps, and this little
shift was strong enough to make the results diverge by around 2%. This study
has shown clearly that the intrinsic turbulent nature of the discharge makes this
case very sensitive and it made us more confident on the quality of the agreement
obtained for this benchmark.

3.6 A tool to challenge numerical models - Exam-
ple of the cathode injection

Now that we know that the 7 codes give similar results, this simplified test
case can be used to challenge the numerical models used. In this last section, we
discuss the influence of the cathode injection model in the LPP code on the main
plasma parameters and then, on the azimuthal instabilities.
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Figure 3.14 – Comparison of 3 simulations with the same code (LPP) for the same
input parameters (Case 2). (a): Time evolution Jec1

JM
. (b): Azimuthally and time

(between 11 and 15 µs as shown on (a)) averaged axial profiles of ion density (blue) and
axial electric field (red).
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Figure 3.15 – Time evolution of Jec1JM
for 2 simulations with the same code (LPP) for

the same input parameters (Case 2), and the same seed for their RNG.

3.6.1 Studied cathode models

The best way to model the hollow cathode of a HT in a 2D PIC axial-azimuthal
code has still not been found. Indeed, the absence of radial direction makes it
difficult to properly account for the electron injection. As described previously
in section 2.4, two models are usually used: one based on a Current-Equality
(CE) in the whole system, or another one based on the fact that the plume is
Quasi-Neutral (QN). The model used in this benchmark is similar to the former,
but with a small axial shift of 1 mm. We decided here to compare this model
to the QN one and see how it affects the discharge behaviour. Moreover, the
temperature of the electrons injected was chosen arbitrarily (Te,inj = 10 eV) for
this benchmark. This value should depend on the cathode used, but also vary in
time. Because we cannot include these effects in our simulation, it is important
to be sure that the discharge behaviour is not too much affected by this arbitrary
parameter. Hence, we have simulated two more cases, with a lower injection
temperature of 0.1 eV. The four studied cases has been gathered in table 3.3.

The input parameters correspond to case 2 of table 3.2 which has been run
until 30 µs, and only the cathode model have been changed.
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Case Cathode model Te,inj [eV]
1 Benchmark (BM) 0.1
2 Benchmark (BM) 10
3 Quasi-Neutral (QN) 0.1
4 Quasi-Neutral (QN) 10

Table 3.3 – Cathode models simulated. The case in bold (case 2) represents the
nominal case.

3.6.2 Main plasma parameters

The time evolution of Jec,1
JM

and the total number of macroparticles Nmp have
been displayed in the top row of figure 3.16. Before comparing the different cases,
we can notice first that they all reach a steady-state, and we have verified that
the total ion current was corresponding to the imposed JM = 400 A ·m−2. Then,
we can see that decreasing Te,inj for the benchmark model greatly enhances the
electron axial transport and hence, there are less particles in the discharge. The
quasi-neutral model seems less sensitive to the injection temperature: the axial
electron transport is increased by around 30% and it is mainly the beam electron
current that is affected (not shown here): indeed the electron Larmor radius is
proportional to Te and hence, when Te,inj is increased, more electrons tend to
leave the computational domain directly after being injected (we recall that for
this QN model, we inject at the right domain boundary without any axial shift).
Finally, it is interesting to notice that for Te,inj = 0.1 eV, the two cathode models
are closer than with Te,inj = 10 eV.

The axial evolution of several plasma parameters have been computed by av-
eraging azimuthally and in time over the last 10 µs, and they have been displayed
in the two other rows of figure 3.16. Again, we retrieve the previous observation
that the QN model seems to be less sensitive to the temperature of injected elec-
trons, compared to the benchmark model. While the nominal benchmark case
(BM - Te,inj = 10 eV) displays a lower axial current (and hence higher density
and lower axial electric field), we can notice that the anodic sheath is way smaller
than for the other cases and hence the axial electric field seems less sensitive to
the abrupt change of ionization source term at x = 0.25 cm. Moreover, the elec-
tron temperature in both directions is similar for all the cases except the nominal
benchmark case which exhibits a lower temperature in the discharge. Hence,
counter-intuitively, the electron temperature in the discharge is higher for lower
Te,inj. This could be related to the higher axial electric field and axial electron
current which can increase the Joule heating. The ion temperatures seem to
follow the same trend.
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Figure 3.16 – For different cathode models: (a) Time evolution of Jec,1
JM

. (b) Time
evolution of the total number of macroparticles. Axial profiles (averaged in time
and azimuthally) of (c) ion density (solid lines) and axial electric field (dashed
lines), (d) axial electron (solid lines) and ion (dashed lines) currents, (e) axial
(solid lines) and azimuthal (dashed lines) electron temperatures, (f) axial (solid
lines) and azimuthal (dashed lines) ion temperatures. The black horizontal line
corresponds to the position of maximum magnetic field.
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3.6.3 Azimuthal instabilities

We can look now on the azimuthal instabilities with the 2D snapshots of
azimuthal electric field (at t = 30 µs) displayed in figure 3.17, along with the
corresponding 2D FFT at x = 0.4 cm and x = 1.5 cm (between 19 and 29 µs).
First, we can see that inside the thruster (x = 0.4 cm), the behaviour is similar
for all the cases, with a continuous spectrum that can be well-fitted by an ion-
acoustic approximation. However, outside the thruster (x = 1.5 cm), the discrete
behaviour of the nominal benchmark case is smoothed when Te,inj is decreased
and tends to disappear if we use the quasi-neutral model.

Figure 3.17 – (Left column) 2D maps of azimuthal electric field at t = 26 µs.
The green and red vertical dashed lines indicates the position of the FFT. The
black vertical dashed line corresponds to the position of maximum magnetic field.
(Middle column) Corresponding 2D FFT at x=0.4 cm. (Right column) Corre-
sponding 2D FFT at x=1.5 cm. White thick line: ion-acoustic dispersion relation.
Red dashed line: ion-acoustic growth rate rescaled by a constant factor to fit the
image. The spectrum has been zoomed to focus on the zone of interest. Each
row corresponds to a different cathode model: (a) BM - Te,inj = 0.1 eV. (b) BM
- Te,inj = 10 eV. (c) QN - Te,inj = 0.1 eV. (d) QN - Te,inj = 10 eV.

All in all, the parametric study performed in this section has shown that the
cathode model was impacting significantly the discharge behaviour. Compared to
the quasi-neutral model, the benchmark model (based on current-equality) was
found to be more sensitive to the temperature of injected electrons, which might
stem from the fact that the electrons are injected directly into the plume and
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not at the domain boundary. Hence, the QN model might be more appropriate
for 2D axial-azimuthal simulations, a conclusion that was already made by Szabo
for 2D axial-radial PIC simulations [139]. However, it does not invalidate the
conclusions in this chapter and the following: it just means that the discharge
behaviour is probably different in real HT, but this case can still be used to
verify codes and stress-test theoretical developments in a configuration close to
reality. More insights on the cathode model will be given later for self-consistent
simulations in section 5.2.3.

3.7 Conclusion
A 2D axial-azimuthal benchmark model for low-temperature partially magne-

tized plasmas has been presented in this chapter. Seven independently developed
Particle-In-Cell (PIC) codes have been used to simulate this case and their re-
sults are compared. Despite the relative complexity of this benchmark, a good
agreement was obtained on the averaged axial profiles of the main discharge pa-
rameters (axial electric field, ion density and electron temperature). All codes
show the presence of a very strong kinetic instability propagating in the E × B
azimuthal direction that plays a significant role on the cross-field electron trans-
port. The characteristics of the dominant mode of these instabilities have been
compared and exhibit a good agreement between all the codes. The remaining
differences of around 5% are explained by the inherent unstable nature of the
discharge in this case, correlated with the fact that different Random Number
Generators (RNG) were used between the codes. The issue of numerical noise
due to a too-low number of macroparticles was also assessed. It appears that
around 250 macroparticles per cell were needed to get convergence in this 2D
benchmark, which is however much less than the 10000 macroparticles per cell
used in the 1D case studied in [71].

The seven participants converged on the main purpose of this 2D bench-
mark that was to increase confidence in our codes by verifying that the results
produced were consistent with other implementations. Moreover, as mentioned
earlier, these codes are often used to simulate cases that are very computationally
expensive. With this in mind, this work also gave insights on the computational
efficiency of different solvers, with computational times that could vary from 2.5
to 21 days for the nominal case. It is important to highlight that for simulations
of E × B discharges, the required computing resources are quite large (around
60000 CPU hours in average for the nominal case of this benchmark) and it makes
the need for benchmarking even more important.

Even though the case chosen here enabled to test different aspects of a 2D
axial-azimuthal electrostatic PIC code, some simplifying assumptions have still
been made, particularly concerning the absence of collisions. The earlier work
of Turner et al. [156] could be used to verify the Monte Carlo Collision (MCC)
module of PIC codes, or another benchmark case could be defined with a self-
consistent treatment of ionization with the addition of neutrals and collisions.
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Hence, the work presented in this chapter should be considered as a step towards
the benchmarking of PIC codes of low-temperature partially magnetized plasmas.

Now that LPPic has been verified against similar codes in the E × B com-
munity, we used it to get more insights on the cathode model influence on the
discharge behaviour and it appears that the Quasi-Neutral model was less sen-
sitive to the emitted electron temperature. Indeed, we can take advantage of
this simplified test case to challenge the physics and the numerical models used.
Despite the strong simplifications (imposed ionization source term and no col-
lision), many characteristics of a HT discharge are retrieved and above all, the
relatively short computational time required makes this case suitable for exten-
sive parametric studies. Moreover, every code which managed to comply to these
benchmark results could be part of a collective effort by simulating specific cases:
hence, if several research groups simulate different cases, it could provide a huge
data base to analyse. This collective parametric study was started as part of the
LANDMARK project [192].

Finally, we can also use this simplified case to get more physical insights on
the discharge behaviour and stress-test theoretical developments. This will be
the topic of the next chapter.



Chapter 4

Instability-enhanced electron
transport: comparisons of PIC
simulation results with theoretical
models

Before going towards self-consistent simulations, we took advantage of the
relatively short computational time required for the simplified benchmark case de-
scribed in the previous chapter. Even though we are aware that some simplifi-
cations could impact the physics (fixed ionisation profile, no collisions, etc.), it
was a good opportunity to stress-test theoretical models meant to approximate the
electron-ion friction force (Eq. 1.38), expected to contribute significantly to the
electron anomalous transport. In this chapter, the results of extensive paramet-
ric studies are presented, varying the magnetic field maximum value, the current
density, or adding specific ion-neutral collisions. A recent model developed by
Lafleur et al. [86] to approximate this friction force is tested with these various
discharge behaviours, along with other models which can be found in the litera-
ture. Overall this theory is found to be in very good agreement with the simulation
results for all cases studied; verifying the underlying physical mechanisms leading
to enhanced electron transport. We demonstrate however that the friction force
depends sensitively on the shape of the electron velocity distribution function, thus
posing significant challenges to fully self-consistent, first principles, modelling of
anomalous transport in fluid simulations.

Most of the content of this chapter has been adapted from [200]. After a brief
reminder of the context in section 4.1, the importance of the instability-enhanced
electron-ion friction force on the axial electron transport is highlighted in the begin-
ning of section 4.2, before giving an overview of previous models for approximating
it and finally re-deriving the recently developed kinetic model (adding further sim-
plification steps) explicitly. These models are all compared with the nominal case
presented in the previous chapter. Then, in section 4.3, the recent kinetic model
is stress-tested against the results of several PIC simulations for which various

85
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parameters have been varied. Finally, the role of specific ion-neutral collisional
processes is analyzed in Section 4.4.
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4.1 Context
We have seen in chapter 1 that the most recent and probable explanation

for the electron anomalous transport in E × B discharges (and hence, in Hall
Thrusters) is the electron-wave scattering from short-wavelength instabilities prop-
agating predominantly in the azimuthal direction. However, few experimental di-
agnostics [42, 201, 202, 67, 81, 203] can currently be used to study these so-called
Electron Drift Instabilities (EDI). Furthermore, the comparison of theoretical
models of the drag force produced by EDIs with fluid simulations using ad-hoc
mobilities or collisionalities (derived empirically from experiments) is a challenge,
as different parameter scalings can give similar results in fluid codes (i.e. the dif-
ferences are often within the experimental uncertainty of current diagnostics)
[204]. Hence, self-consistent Particle-In-Cell (PIC) simulations appear to be the
best tools available to find and test new first principles theoretical models.

For several reasons, the simulation model described in the previous chapter,
presents itself as a useful candidate tool to help test and challenge any new theo-
retical transport models. Firstly, the simulation domain and operating conditions
are clearly specified, and 7 independent research groups have obtained similar re-
sults. Secondly, the model is representative of an E×B discharge, and since an
ionization source term is imposed, the simulation rapidly reaches a steady state
which drastically reduces the computational time. Finally, the influence of spe-
cific parameters (such as the magnetic field, the discharge current density or the
presence of neutral collisions) on the azimuthal instabilities can easily be tested
and understood.

Recently, a model based on aspects of quasi-linear kinetic theory was devel-
oped [86] to predict the level of enhanced transport. However, this theory has
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only been compared with PIC simulations in limited testing at only a single set
of operating conditions. Hence, in this chapter, we challenge this model more
extensively against a broad range of PIC simulation results based on the afore-
mentioned simplified simulation benchmark model.

4.2 Theoretical models for enhanced electron trans-
port

4.2.1 Electron-ion friction force

Prior to derive theoretical models to approximate the electron-ion friction
force, the importance of this force term needs to be justified. We will hence
focus here on all the force terms contributing to the electron transport to better
understand the cause of the anomalous electron transport in the axial direction.
To do so, the electron momentum conservation equations can be derived from
the electron kinetic equation. As described in detail in Lafleur et al [111], this
derivation gives the following equations (averaged over the azimuthal direction,
and over short times) in the axial and azimuthal directions, respectively

qneve,yB = ∂t(mneve,x) + ∂x(mnev
2
e,x) + ∂x(Πe,xx)− qneEx −Ren,x −Rei,x, (4.1)

− qneve,xB = ∂t(mneve,y) + ∂x(mneve,xve,y) + ∂x(Πe,xy)− qneEy −Ren,y −Rei,y,
(4.2)

with the electron distribution function moments, the electron-neutral collisional
momentum loss and the electron-ion friction force respectively defined as

ne =

∫ ∞
−∞

fe(w)d3w,

neve =

∫ ∞
−∞
wfe(w)d3w,

Πe = m

∫ ∞
−∞

(w − ve)(w − ve)fe(w)d3w,

(4.3)

Ren = −mng
∫ ∞
−∞

σm(w)wwfe(w)d3w, (4.4)

Rei = q〈δneδE〉 = q〈[〈ne〉t − ne(t)][〈E〉t −E(t)]〉t, (4.5)

with σm the momentum transfer electron-neutral cross-section and the angled
brackets 〈...〉t, a time average.

We can define
• FB,x = qneve,yB and FB,y = −qneve,xB respectively the axial and azimuthal

magnetic force terms,
• Ft,x = ∂t(mneve,x) and Ft,y = ∂t(mneve,y) respectively the axial and az-

imuthal temporal inertia terms,
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• Fin,x = ∂x(mnev
2
e,x) and Fin,y = ∂x(mneve,xve,y) respectively the axial and

azimuthal spatial inertia terms,
• Fp,x = ∂x(Πe,xx) and Fp,y = ∂x(Πe,xy) respectively the axial and azimuthal

pressure tensor terms,
• FE,x = −qneEx and FE,y = −qneEy respectively the axial and azimuthal

electric force terms,
• Fen,x = −Ren,x and Fen,y = −Ren,y respectively the axial and azimuthal

electron-neutral momentum collisional drag force terms,
• Fei,x = −Rei,x and Fei,y = −Rei,y respectively the axial and azimuthal

instability-enhanced electron-ion friction force terms.
Note that these instability-enhanced force terms are referred to as an "electron-

ion friction force", because the force is produced due to the relative drift between
electron and ion species, and acts to decrease the electron drift speed, while
increasing the ion drift speed. This is completely analogous to the drag force
experienced by two gases drifting through each other. An important implication
of the word "friction", is that the electron-ion force term should be equal and
opposite to the ion-electron force term. This is explicitly demonstrated in Sec-
tion 4.3.3 below. A similar analysis relating wave properties to an effective drag
force density term in the fluid conservation equations has also been performed by
Davidson and Krall [205] in the context of ion acoustic waves in high-temperature
discharges with cross-field currents.

Axial profiles of the different terms in equations 4.1 and 4.2 are shown in
figure 4.1 for the benchmark case of chapter 3 (with Nppc,ini = 75, called here
"nominal case"). In the axial direction (figure 4.1(b)), we retrieve the behaviour
observed in [140]: only the pressure gradient term (diamagnetic term) FP,x and
the axial electric field term FE,x contribute to the electron drift, the former being
dominant near the anode while the latter being dominant near the exit plane.
As expected, the amplitude of the force terms is orders of magnitude higher
than in the azimuthal direction: electrons have an axial velocity that is negligible
compared to the azimuthal drift velocity. The above results are also in agreement
with those obtained in [111].

While the PIC simulations correctly resolve long-range electron-ion collisional
effects with a wavelength of the order of the Debye length or greater, short-range
Coulomb collisions are not explicitly modelled. It is nonetheless interesting to
evaluate the expected friction force density from such Coulomb collisions, and
compare it with the instability-enhanced friction force density obtained in the
simulations. As discussed in further detail in [85], the classical electron-ion fric-
tion force in a stable plasma can be found from the momentum moment of the
Lenard-Balescu equation [206, 207], which for singly charged ions and a quasi-
neutral plasma yields

FLB
ei ≈

2.7n2
e|q|3lnΛ

(4πε0)2Te
, (4.6)

where lnΛ is the Coulomb logarithm. This force density is shown in figure 4.1(a),
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and as expected, is found to be negligible compared to the instability-enhanced
friction force. It is interesting to note that the difference in magnitude (of the
order of a factor of 500) is similar to that estimated theoretically in previous work
[85].

The azimuthal direction, shown in figure 4.1(a), is of more interest as the left-
hand side of equation 4.2 corresponds to the electron axial velocity and hence the
right-hand side displays all of the terms that contribute to the axial transport. We
observe that the instability-enhanced friction force Fei,y is the main contributor to
the axial electron transport, and that this leads to cross-field electron transport
even in the absence of electron-wall or electron-neutral collisions. In previous
work [111] which used a self-consistent PIC simulation, the terms of the electron
momentum balance equation were similarly evaluated, and the spatial inertia Fin,y
and pressure Fp,y terms in the azimuthal direction were found to be very small.
Observation of figure 4.1 shows that these terms become relatively large at the
location where the imposed ionization profile first starts (when moving towards
the anode region). Since electrons are continually, and artificially, added into the
simulation in the ionization region, and since in general these electrons have a
different temperature and velocity distribution function compared to the other
self-consistently evolved simulation electrons, the azimuthal inertia and pressure
terms (which are off-diagonal tensor terms), may undergo a sudden change. Such
a change is not observed if all electrons and collisional processes were evolved
smoothly and self-consistently, as seen later in section 5.3.1.

4.2.2 Theoretical models

As we have seen before in section 1.3.1, the prediction of the anomalous col-
lision frequency (and hence, of the force term leading to enhanced transport) is
crucial for fluid and hybrid models. In the previous decade, many attempts have
been made to find an accurate and flexible model [58, 84, 132, 134]. Four models
have been selected here to be compared with the PIC results for the nominal
simulation case. The kinetic theory model developed in [86] is further detailed
and will be tested more extensively in section 4.3.2. Even though these models
are usually formulated in term of collision frequencies, we will use here anomalous
force terms (via equation 1.40) to relate with the electron-ion friction force that
has been shown in the previous section to be the dominant contributor to the
anomalous transport.

Empirical model

One of the first models that was developed is based on Bohm diffusion, which
gives the formula [208]

νbohm =
K

16
ωce, (4.7)

with K an empirical parameter. Hagelaar et al. [58] have used this Bohm ap-
proximation in the plume region of a two-dimensional hybrid model and managed
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Figure 4.1 – Electron momentum force density terms for the nominal case (B =
100 G and J = 400 A ·m−2) in the azimuthal direction (a) and the axial direction
(b). The curves labelled "RHS" represent the sum of all of the individual terms
on the right-hand side of equations 4.1 and 4.2. The vertical black dashed lines
correspond to the position of the maximum magnetic field.
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to qualitatively reproduce the experimental ionization oscillations and their pa-
rameter scalings, along with a good estimation of the thrust [59]. In the thruster
chamber, they considered the effect of the walls by using a different empirical
formula

νwall = ανref , (4.8)

with νref = 107s−1 a reference frequency for wall collisions and α an additional
empirical parameter. We can then get the corresponding anomalous force termRei,empirical = −mneve,yανref (inside),

Rei,empirical = −neve,y
K

16
qB (outside).

(4.9)

Other empirical models can be found in the literature, such as those based on
machine-learning developed recently by Jorns [134], but we have selected only a
single representative model here for clarity.

Quasi-linear kinetic theory with ion-trapping saturation

In Lafleur et al. [84], a kinetic theory was developed which explained the
anomalous transport in terms of an instability-enhanced friction force, with the
azimuthal instabilities saturating due to ion-wave trapping. Taking into account
a more accurate ion-trapping magnitude which comes from [111], the force can
be written as

Rei,saturated =
q

16
√

6cs
|∇(vi,xneTe)|, (4.10)

where cs is the ion sound speed, vi,x the axial ion drift velocity and Te the elec-
tron temperature expressed in eV. This formula was shown to match the empirical
electron mobility profile needed in fluid simulations to get agreement with experi-
ments [84, 25], and was further used by Croes et al. [77] in which good agreement
was found for 2D radial-azimuthal PIC simulations (in which the observed insta-
bilities saturated at a similar level to that predicted by ion-wave trapping).

Quasi-linear kinetic theory

In [86] a quasi-linear kinetic model for the instability-enhanced force was de-
rived. A similar approach has been used by Davidson and Krall [205] in the
context of ion acoustic waves in discharges with cross-field currents. This deriva-
tion is given here in more detail, and extended by further simplification steps
allowing a more transparent and compact formula. Considering the equations of
quasi-linear kinetic theory, we recall that the anomalous friction force density,
Rei, can be written as [84, 86]

Rei = q〈δneδE〉, (4.11)

where δne is the perturbed electron density, and δE is the perturbed electric field.
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By taking the Fourier transform of the perturbed Vlasov equation, and consider-
ing only a single dominant wave mode, Eq. 4.11 can be written as [86]

Rei = −e
2k|δE|2

2mk2
Im
{∫ ∞
−∞

d3v
k ·∇vfe0
ω − k · v

}
. (4.12)

Here k and ω are the instability wavevector and complex frequency, v is the elec-
tron velocity phase space coordinate, fe0 is the equilibrium (i.e. time-averaged
over the short time scales of the instability) Electron Velocity Distribution Func-
tion (EVDF), and ∇v is the gradient operator with respect to the velocity.

Equation 4.11 has been derived using two important assumptions that are
worth highlighting further:

• Firstly, since the PIC simulations are electrostatic, only electrostatic insta-
bilities have been considered in the theory so as to allow a more relevant
comparison. This does not however necessarily mean that electromagnetic
modes are not important; only that we are not yet able to test or inves-
tigate this further. Some experimental measurements [209] have observed
magnetic field fluctuations in HTs, suggesting that electromagnetic modes
may be present.

• Secondly, we have made use of a linear dielectric response function for the
plasma which considers unmagnetized electrons. Rigorous justification for
the validity of quasi-linear theory can often be challenging to establish, but
a typical approximate criterion is that the level of potential energy fluctu-
ations be much less than the thermal energy of the plasma, i.e. δφ

Te
� 1.

From Section 4.2.3, this criterion is well satisfied everywhere in the plasma.
However, since the instabilities appear to saturate, and ion wave trapping
is observed, nonlinear effects may well be important in some regions of the
discharge. In this case, the use of a linear dielectric response function would
seem unjustified, and since a reasonably strong magnetic field is present, so
would the assumption of unmagnetised electrons. Lampe et al. [64] have
analysed the nonlinear evolution of beam-cyclotron instabilities (similar to
the electron cyclotron drift instability considered here), and by consider-
ing magnetised electrons and an approximate nonlinear plasma dielectric
response function, showed that a transition to an unmagnetised, linear ion
acoustic instability occurs. The large amplitude, largely coherent nonlinear
wave acts to “smear” out the electron cyclotron resonances, and the plasma
is left with its ion acoustic character. This fortuitous result allows us to
consider the electrons as unmagnetised, and to use the much simpler linear
plasma dielectric response function, from which we obtain equation 4.11.
In this case, the only role of the magnetic field is in providing the large
azimuthal electron drift velocity which drives the instability.

If we consider now an instability that is predominately in the azimuthal (y)
direction, the friction force in the azimuthal direction (that will be noted Rei in
the following for the sake of clarity) can then be simplified to give



4.2. THEORETICAL MODELS FOR ENHANCED ELECTRON TRANSPORT 93

Rei =
e2ne|δE|2

2mky
Im

{∫ ∞
−∞

dvy

dFe0

dvy

vy − ζ

}
, (4.13)

where ζ = ω
ky

is the instability phase velocity, and where

Fe0(vy) =
1

ne

∫ ∞
−∞

dvxdvzfe0(v), (4.14)

with ne the time-averaged electron density. Thus
∫∞
−∞ dvyFe0(vy) = 1. We can

define the energy density of the wave electric field, εwave, as

εwave =
1

2
ε0〈|δE|〉2rms =

1

4
ε0|δE|2, (4.15)

where the subscript refers to the Root Mean Square (RMS) value, defined as

〈δE〉rms =

√
1

Ly

∫ Ly

0

(
δE2

x + δE2
y

)
dy. (4.16)

Using Eq. 4.15 in Eq. 4.13, and simplyfing, we obtain

Rei =
2ω2

peεwave

ky
Im

{∫ ∞
−∞

dvy

dFe0

dvy

vy − ζ

}
. (4.17)

We recall that the simplified ion-acoustic dispersion relation can be expressed as
[84, 85]

ωR ≈ k.vdi ±
kcs√

1 + k2λ2
De

, (4.18)

γ ≈ ±
√
πm

8M

k.vde
(1 + k2λ2

De)
3/2
, (4.19)

with vde and vdi the azimuthal electron and ion drift velocities respectively and
M the ion mass. From these relations, the maximum growth rate occurs for
kyλDe = 1√

2
. Thus Eq. 4.17 becomes

Rei = 2
√

2ω2
peλDeεwaveIm

{∫ ∞
−∞

dvy

dFe0

dvy

vy − ζ

}
. (4.20)

If we focus now on the integral term, the Plemelj relation gives∫
dx

g(x)

x− ζ
= P

∫
dx

g(x)

x− ζ
+ iπg(ζ), (4.21)

with P denoting the Cauchy principal value. Thus, we can write the integral term
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in Eq. 4.20 as ∫ ∞
−∞

dvy

dFe0

dvy

vy − ζ
= P

∫ ∞
−∞

dvy

dFe0

dvy

vy − ζ
+ iπ

dFe0
dvy

∣∣∣∣
vy=ζ

. (4.22)

Thus Eq. 4.20 simplifies to

Rei = 2
√

2πω2
peλDeεwave

dFe0
dvy

∣∣∣∣
vy=ζ

. (4.23)

Therefore, if the normalised time-averaged electron distribution function is known,
the derivative at the instability phase velocity can be used to determine the
anomalous friction force. We can go slightly further by noting that the instabil-
ity phase velocity is typically of the order of the ion sound speed, ζ ∼ cs =

√
eTe
M

.
Since the ion sound speed is much smaller than the electron thermal velocity, Eq.
4.23 simplifies to

Rei,quasi−linear = 2
√

2πω2
peλDeεwave

dFe0
dvy

∣∣∣∣
vy=0

. (4.24)

This dependence of particle transport on the derivative of the velocity distribution
function is a common feature of quasi-linear theory, which shows the presence of
velocity space diffusion [37, 210, 211], and has been applied, for example, to
streaming instabilities in both high-temperature and low-temperature plasmas
[212, 205, 213, 214].

Quasi-linear kinetic theory with a Maxwellian Electron Velocity Dis-
tribution Function

If the EVDF is a Maxwellian, we have that

Fe0 =
1√
πvTe

exp

[
−(v − vde)2

v2
Te

]
, (4.25)

where vTe =
√

2eTe
m

is the electron thermal velocity. Thus for a Maxwellian, the
anomalous friction force from Eq. 4.23 becomes

Rei,maxwellian = −4
√

2πω2
peλDeεwave

(ζ − vde)
v3
Te

exp

[
−(ζ − vde)2

v2
Te

]
. (4.26)

Since ζ ∼ cs � vde, Eq. 4.26 simplifies to give

Rei,maxwellian = 4
√

2πω2
peλDeεwave

vde
v3
Te

e−v
2
de/v

2
Te . (4.27)
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4.2.3 Comparison with the nominal simulation case

In figure 4.2, the axial profile of the measured electron-ion friction force for the
nominal case is displayed, along with the models described above: the empirical
model Rei,empirical (Eq. 4.9), the ion-trapping saturation model Rei,saturated (Eq.
4.10) and the Maxwellian approximation Rei,maxwellian (Eq. 4.27). The more
general non-Maxwellian model, Rei,quasi−linear (Eq. 4.24), will be discussed in
more detail later. The values of the two empirical parameters α and K for
Rei,empirical have been set to 0.4 and 0.17 respectively, in order to obtain the
best fit. While Rei,saturated behaves quite differently than the PIC results near
the thruster exit, Rei,maxwellian exhibits a similar shape but overestimates the
force density by a factor of about 3. Rei,maxwellian also changes direction between
about x = 1.25 cm and x = 1.75 cm. The empirical formula seems to match
quite well for x < 1 cm, but the coefficients α and K have been adjusted here to
best-fit the PIC data, and hence this model is not predictive. Furthermore, this
model assumes that the anomalous transport inside the thruster is largely due to
electron-wall collisions, which are completely absent in the PIC simulation. One
can also notice that Rei,empirical quickly goes to zero in the plume, whereas the PIC
values still remain significant. Overall, none of these three formulae accurately
matches the measured friction force throughout the simulation domain. Although
we only show the comparison in figure 4.2 for the nominal simulation case, similar
results are obtained for the other simulation cases.

The discrepancies observed in figure 4.2 are expected to occur because of ei-
ther simplifying assumptions used, or because of the incomplete or ad hoc nature
of the models themselves. To gain further insight into why these models do not
fit well with the simulation results, we focus now on checking two of the main as-
sumptions used. Rei,maxwellian assumes that the electron distribution is described
by a drifting Maxwellian, while Rei,saturated assumes that the EDI saturates ev-
erywhere in the discharge due to ion-wave trapping.

EVDF

EVDFs obtained directly from the PIC simulations for the nominal case are
shown in figure 4.3. We can see that in the axial and azimuthal directions, the
distributions are strongly non-Maxwellian, especially in the near-anode region.
Since the friction force depends on the exact details of the electron distribution
function [111], this explains why equation 4.27 is not a good approximation.

Wave energy density ratio

Along with the energy density of the wave electric field εwave defined in Eq.
4.15, we can define the electron thermal energy density εth as

εth =
3

2
eneTe. (4.28)
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For an instability that saturates due to ion-wave trapping, the rms electric field
amplitude is [111]: 〈|δE|〉rms = Te

12λd
. This gives an upper limit to the wave energy

density ratio
εwave
εth

=
1

432
. (4.29)

The axial profiles of wave energy density ratio, along with the above ion-wave
trapping saturation limit, are shown in figure 4.4. We will come back later to the
other simulation cases but for the nominal case (B = 100 G and J = 400 A ·m−2),
we can see that the wave energy density ratio is below the saturation limit, which
is reached only near the cathode. This result agrees with that obtained previously
[111], and explain why equation 4.10 overestimates the friction force.

Although large amplitude azimuthal instabilities have been observed in a num-
ber of other PIC simulations [74, 75, 70, 77], the fluctuation levels of these insta-
bilities, <δne>

ne
, are in the range of 15-20%, which is in apparent poor agreement

with those measured experimentally downstream of HTs [67] where values of
about 1% are found. In comparison to these previous PIC simulations (which do
not include the axial thruster direction, and hence do not correctly account for
wave convection), other 2D PIC axial-azimuthal PIC simulations [111], as well
as the present simulations, observe a fluctuation level that varies spatially in the
discharge. Within the thruster itself, the fluctuation level is about 10%, but this
decreases to only a few percent just downstream of the thruster exit, which is
very close to previous experimental measurements [67] made in this region. Fur-
ther downstream of the exit, the fluctuation level again rises, reaching maximum
values of the order of 10%. Thus, the fluctuation level shows a strong spatial de-
pendence, and any comparison with experiment needs to account for this. More
recent experimental measurements using an improved setup [215], have observed
values as high as 8.7% in a smaller thruster.

Finally, we can consider now the more general non-Maxwellian force model,
Rei,quasi−linear. Although equation 4.24 allows the friction force to be calculated
for a non-Maxwellian distribution, the model is incomplete because there is no
easy self-consistent way in which to actually determine this distribution function
(and similarly for the wave energy density). Nonetheless, the basic physics of
this model can be tested by using the local EVDFs and wave energy densities
obtained directly from the PIC simulations. Rei,quasi−linear is shown in figure 4.2
and we retrieve very well the behaviour of the measured friction force for the
nominal simulation case, in both the near-anode region, and the plume.

4.3 2D PIC simulations

4.3.1 Model & Parametric studies

Now that we have seen that for the nominal benchmark case of chapter 3 the
electron-ion friction force represented the dominant contribution to the electron
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anomalous transport and that the quasi-linear kinetic theoretical model described
in section 4.2.2 was approximating very well this friction force, it was important
to see if these results were retrieved for other discharge behaviours. To this end,
we have varied several parameters that were expected to change this discharge
behaviour, and more specifically, the azimuthal instabilities observed in the do-
main. Firstly, the maximum value of the radial magnetic field, which had a
nominal value of 100 G, has been changed to 50, 150 and 200 G, while keep-
ing the same axial profile. Then, for the nominal value of 100 G, the current
density of 400 A ·m−2 has been decreased to 200, 100 and 50 A ·m−2, which is
equivalent to decreasing the plasma density by a corresponding factor. These 7
simulation cases will be used in this section. Finally, the effect of ion-neutral
collisions (specifically charge-exchange or isotropic reactions) are studied in sec-
tion 4.4. All of the above simulation cases are summarized in Table 4.1. We
recall that the numerical model is the same as the one described in section 3.2.
The initial number of macroparticles per cell has been set to 75, to obtain 250
macroparticles per cell on average at steady state, which corresponds to case 2 of
the previous chapter and is enough to ensure numerical convergence (see section
3.5.1). For the case with lower current density, the number of macroparticle per
cell is lower but because the Debye length is longer, the number of macroparticle
per Debye sphere is kept constant (equation 3.8).

Table 4.1 – Simulation cases. Case 0 represents the nominal case.

Case Magnetic field
maximum [G]

Current
density
[A ·m−2]

Collisions

0 100 400 No
1 50 400 No
2 150 400 No
3 200 400 No
4 100 50 No
5 100 100 No
6 100 200 No
7 100 400 Only

charge-exchange
8 100 400 Only isotropic

scattering
9 100 400 All collisions

Influence of the maximal value of the magnetic field

Figure 4.5 shows contour plots of the azimuthal electric field and ion density at
the magnetic field values indicated after the simulations have reached equilibrium
(at t = 15 µs). As seen, the oscillations exhibit different behaviour depending on
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the magnetic field strength. The sharp difference between the near-anode region
and the plume region (also observed for the nominal case (B = 100 G) in the
previous chapter) is smoothed when the magnetic field is increased: the long-
wavelength plume zone seems to extend to the near-anode region. By contrast,
when B is decreased to 50 G, the short-wavelength region seems to extend to the
plume. The axially averaged profiles of some discharge parameters are shown in
figure 4.6. One can notice that while the behaviour of the discharge for the 3 cases
B=100, 150 or 200 G is quite close, the case B = 50 G exhibits a stronger density
peak and an axial shift of the axial electric field towards the cathode, which is
probably related to the fact that its wave energy density ratio goes above the
ion-wave trapping saturation value in the plume region, as seen in figure 4.4(a).

The sharp change in oscillation wavelength between the near-anode and plume
regions is not yet fully understood, particularly since it is only present at low mag-
netic field strengths. One hypothesis may be that azimuthal waves are predom-
inately excited in the near anode region (where the plasma density maximum
occurs), and as these waves propagate downstream, the dominant wavelength
changes so that the local dispersion relation is continually satisfied. A similar
effect has previously been analysed in the context of collisionless resistive shock
waves [216]. Since the plasma density in the downstream region is lowest at the
lowest magnetic field, this may explain why the effect is more prominent at 50 G.

Influence of the current density

In figures 4.7 and 4.8, the results obtained for different current densities are
presented. As in the previous work of Boeuf and Garrigues [140], in which a
similar case was simulated, we observe similar behaviour in figure 4.7: when the
current density (and hence the plasma density) is decreased, the wavelength of the
azimuthal instabilities increases. This behaviour is expected if the ion-acoustic
approximation of the azimuthal instabilities is considered: indeed, for an ion-
acoustic instability, the wave number giving the maximum growth rate is [84]:
kmax = (λd

√
2)−1. When the current density is increased, the plasma density

increases, which in turn decreases the Debye length, and hence the instability
wavelength decreases. Finally, we can see in figure 4.4 that while the wave energy
seems to increase with higher current density in the plume, the trend is reversed
inside the thruster.

All in all, we can see that, for all of the above test cases, the azimuthal
instabilities exhibit different characteristics, and hence, they represent a good
database to verify in different configurations the results obtained in the previous
section.

It should be noted that in a real HT discharge, the ionization source term
is expected to change when the magnetic field profile or the current density are
modified. Hence, it is important to keep in mind the limitation of an imposed
ionization source term, which would naturally preclude the existence of certain
types of low to mid frequency waves in the discharge, such as the breathing mode
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Figure 4.6 – Axial profiles (azimuthally and time averaged over the last 10 µs)
of: (a) Magnetic field and ionization source term, (b) Ion (thick line) and elec-
tron (dashed line) densities, (c) Axial electric field, (d) Azimuthal electric field,
(e) Plasma potential, (f) Total axial current; for different magnetic field
strengths. The vertical black dashed lines correspond to the position of the
maximum magnetic field.
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Figure 4.8 – Axial profiles (azimuthally and time averaged over the last 10 µs)
of: (a) Magnetic field and ionization source term, (b) Ion (thick line) and elec-
tron (dashed line) densities, (c) Axial electric field, (d) Azimuthal electric field,
(e) Plasma potential, (f) Total axial current; for different discharge current
densities. The vertical black dashed lines correspond to the position of the
maximum magnetic field.
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(BM), and possibly also any ion transit-time instabilities (ITTI). Such waves
are known to have a large effect on the plasma discharge, which would then
affect the growth of any high-frequency azimuthal instabilities. We stress though
that the main purpose of the different simulation cases used in this chapter are
focused specifically on a fundamental understanding of the azimuthal waves, and
to challenge theoretical models for the resulting anomalous transport over a broad
range of discharge behaviours. The BM and ITTI oscillations will then further
be studied with the self-consistent simulations of chapters 5 and 6.

4.3.2 Comparison with parametric PIC results of the fric-
tion force derivation accounting for non-Maxwellian
electrons

First, the azimuthal electron momentum force terms for simulation cases with
different magnetic field strengths and current densities are shown in figure 4.9 (the
force terms Ft,y, FE,y and Fen,y are negligible and hence, they are not displayed
for the sake of clarity). One can note that the force terms exhibit a broad range
of magnitudes, and for all configurations, the electron-ion friction force is the
main contributor to the axial electron transport. The dependence on the current
density observed in Section 4.3.1 is retrieved here: when the current density (and
hence the plasma density) is decreased, the electron-ion friction force decreases,
together with the overall axial electron transport. This is expected because the
oscillation amplitude of the azimuthal instabilities is also decreased when the
current density decreases, and the friction force is proportional to this amplitude
(as seen in the next section with equation 4.24). One can see that there is a
direct correlation for this decrease: when the current density is divided by 2, the
electron-ion friction force is also divided by 2. The trend for the magnetic field
variations is less clear. It seems that the electron-ion friction force increases when
the magnetic field increases, with a distinct peak occurring in the plume when B
= 50 G.

For different configurations, the instability-enhanced electron-ion friction force
has been observed to be the main cause of the axial electron transport. Hence, it
highlights the importance of finding an approximate model for this force term that
can be added to fluid codes to more self-consistently model anomalous electron
transport.

To this end, we have extensively tested the quasi-linear kinetic force model,
Rei,quasi−linear for these various simulation cases. We can see in figure 4.10 that
this approximation is in very good agreement with the measured friction force
for all these cases. This demonstrates that knowledge of the electron distribution
function (or more specifically, of its derivative at the instability phase velocity) is
crucial to properly quantifying the enhanced cross-field electron transport. One
can also notice in figure 4.10 that the friction force exhibits a broad range of
magnitudes (between 0.5 and 20 N ·m−3) and diverse spatial profiles depending
on the magnetic field and current density, and that the model given by equation



106 CHAPTER 4. INSTABILITY-ENHANCED ELECTRON TRANSPORT

−15

0

15

30

F
o
rc

e
 d

e
n
s
it
y
 [
N

.m
-3

]  B = 50 G

−0.4

0.0

0.4

0.8

J = 50 A.m-2

−12

−6

0

6

12

F
o
rc

e
 d

e
n
s
it
y
 [
N

.m
-3

] B = 100 G

−1

0

1

2

J = 100 A.m-2

−10

0

10

20

F
o
rc

e
 d

e
n
s
it
y
 [
N

.m
-3

] B = 150 G

−2

0

2

4

J = 200 A.m-2

0.0 0.5 1.0 1.5 2.0 2.5

Axial position [cm]

−12

0

12

24

F
o
rc

e
 d

e
n
s
it
y
 [
N

.m
-3

] B = 200 G

0.0 0.5 1.0 1.5 2.0 2.5

Axial position [cm]

−12

−6

0

6

12

J = 400 A.m-2

FB, y

Fin, y

FP, y

Fei, y

RHS

Figure 4.9 – Azimuthal electron momentum terms for different magnetic fields
with J = 400 A ·m−2 (left column) and current densities with B = 100 G (right
column). The nominal case, shown in figure 4.1(a), corresponds to B = 100 G
and J = 400 A ·m−2. The vertical black dashed lines correspond to the position
of the maximum magnetic field. The force terms Ft,y, FE,y and Fen,y are not
shown for the sake of clarity but are still included in the curve labelled "RHS"
that represent the sum of all of the individual terms on the right-hand side of
equations 4.2.



4.3. 2D PIC SIMULATIONS 107

0.0

2.5

5.0

7.5

10.0

R
ei

 [
N

.m
-3

]

 B = 50 G

0.0

0.1

0.2

0.3

0.4

0.5

J = 50 A.m-2

0

3

6

9

12

R
ei

 [
N

.m
-3

]

B = 100 G

0.0

0.5

1.0

1.5

J = 100 A.m-2

0

4

8

12

16

R
ei

 [
N

.m
-3

]

B = 150 G

0

1

2

3

4

J = 200 A.m-2

0.0 0.5 1.0 1.5 2.0 2.5

Axial position [cm]

0

5

10

15

20

25

R
ei

 [
N

.m
-3

]

B = 200 G

0.0 0.5 1.0 1.5 2.0 2.5

Axial position [cm]

0

3

6

9

12

J = 400 A.m-2

PIC

Rei, quasi - linear

Figure 4.10 – Friction force as a function of axial position for different magnetic
field strengths (left column) and discharge current densities (right column). The
blue thick line corresponds to the PIC results, while the green dashed line cor-
responds to the Non-Maxwellian approximation. The vertical black dashed lines
correspond to the position of the maximum magnetic field.



108 CHAPTER 4. INSTABILITY-ENHANCED ELECTRON TRANSPORT

4.24 is able to capture all of this behaviour remarkably well given the complexity
of the problem.

4.3.3 Ion-electron friction force

In some of the theoretical models discussed above, the anomalous force term
is viewed as an instability-enhanced electron-ion friction force. This force term,
Fei = −Rei, corresponds to a drag force between the electrons and ions that is
formed due to the difference between the electron and ion drift velocities (and
which is mediated by the instability electric field). If this term is truly a friction
force however, then momentum conservation requires that the corresponding force
term on the ions should be equal in magnitude, but opposite in direction. That is,
Rie = −Rei. Figure 4.11 shows a comparison of the force terms Rei = −q〈δneδEy〉
and Rie = q〈δniδEy〉 computed directly in the PIC simulations. As seen, these
force terms are in excellent agreement throughout the discharge, and for all of
the simulation cases tested. Thus, the force term Rei can indeed be viewed as an
electron-ion friction force.

4.4 Influence of ion-neutral collisions
For all the results shown in the previous sections, electron-neutral and ion-

neutral collisions were not taken into account. In this section, we consider an
imposed axial profile of the neutral density shown in figure 4.12. This profile
has been obtained by solving the 1D Euler equations (Eq. 2.21) for the neutral
xenon gas, until a steady state is reached, with Siz the imposed ionization source
term of figure 3.2. As in the previous chapter, a discharge current density of 400
A ·m−2 is considered, which is lower than in "real" thrusters [18] with discharge
current densities of around 1000 A ·m−2. Hence, to be consistent for the com-
putation of the neutral density profile, the Xenon mass flow rate was set to 1.5
mg · s−1 with an inner and outer channel radius of 2 and 4 cm, respectively. We
consider here the collisions listed in section 2.1.1. The ionization is still treated
in a non-self-consistent way by using the imposed ionization source term shown
in figure 3.2. No energy loss is taken into account and hence, the impact of the
ionization process on the electrons is not analysed here. As described in Table
4.1, three cases are simulated with inclusion of: only ion-neutral isotropic colli-
sions (equation 2.13, i.e. the ion velocity norm is conserved but its direction is
modified), only ion-neutral charge-exchange collisions (equation 2.14, i.e. the ion
velocity is reduced to the one of the neutral atom), or all of the ion-neutral and
electron-neutral collisions detailed above.

The electron-ion friction force has been calculated for these 3 cases and its
axial profile at steady-state is shown in figure 4.13, along with the nominal sim-
ulation case without any collisions. The friction force approximation of equation
4.24 is overlaid, where it can be seen that it still approximates very well the
observed friction force. One can notice that this friction force (and hence the
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Figure 4.12 – Axial profile of the imposed neutral density for the cases in section
4.4.

axial electron transport) is greatly enhanced (by almost a factor 2) when all col-
lisions (electron-neutral and ion-neutral) are taken into account. The ion-neutral
isotropic scattering collisions do not have any significant effect on the friction
force which stems from the fact that the corresponding collision frequency is low
and no energy is exchanged. On the contrary, the ion-neutral charge-exchange
collisions enhance the friction force, and hence play an important role for the ax-
ial transport. In figure 4.13(d), the electron-neutral momentum collisional drag
force term has been displayed and we can notice that, as already observed in
previous simulations [111, 217], the contribution of classical electron-neutral col-
lisions to the axial electron transport is negligible compared to the electron-ion
friction force.

The electron-ion friction force enhancement by the ion-neutral charge-exchange
collisions could be explained by considering the growth rate of the azimuthal in-
stabilities, γ. A possible cause of damping for γ might be the linear Landau
damping, as postulated in [218]. Charge-exchange collisions create low-energy
ions from the main high-energy ion beam, and thus the ion velocity distribu-
tion is modified, which in turn is expected to change the instability growth rate.
Indeed the wave energy density is found to increase when charge-exchange colli-
sions are taken into account. The observation of low-energy ions contributing to
the axial electron transport has already been observed by Katz et al. [141] in a
simplified 2D axial-azimuthal PIC configuration.

The enhancement of the electron-ion friction force by electron-neutral colli-
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Figure 4.13 – Friction force approximation if: no collisions (i.e. nominal case)
(a), only ion/neutral isotropic collisions (b) only ion/neutral charge-exchange
collisions (c) all collisions electron/neutral and ion/neutral (d). Vertical black
dashed lines correspond to the position of the maximum magnetic field. Ren

correspond to the electron-neutral momentum collisional drag force term.
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sions remains unclear, but may be related to a change in the electron distribution
function (which then affects both the instability growth rate, and friction force).
A deeper analysis is left for future work.

4.5 Discussion and Conclusion
In this chapter, the 2D axial-azimuthal Particle-In-Cell simulation model of

chapter 3 has been used as a baseline for extensive parametric studies. The
radial magnetic field strength, discharge current density and neutral collisional
processes have been varied, which gives a discharge that displays different insta-
bility behaviour and properties. These simulation results were used to challenge
a recently developed theoretical model that quantifies the anomalous force lead-
ing to enhanced cross-field electron transport. Good agreement was obtained for
all of the simulation cases tested. Hence, the kinetic theory appears to describe
very well the anomalous transport, and the concept of this anomalous force as an
electron-ion friction force was emphasized by showing that Rei = −Rie, i.e. this
friction force does indeed correspond to a drag force between electrons and ions.

The theoretical model shows that the instability-enhanced friction force is
very sensitive to the electron distribution function, which is in general strongly
non-Maxwellian, and diverse in shape throughout the discharge. This explains
the large challenge in modelling anomalous electron transport, and highlights the
real difficulty in finding a first principles model that can be incorporated into a
fluid simulation. Although the model was shown to be in good agreement with
the simulation results and gives additional insight into the anomalous transport,
it cannot yet be incorporated into a fluid simulation, as there is no self-consistent
way to determine the electron velocity distribution function, or the instability
wave energy density. While quasi-linear kinetic theory provides a relevant kinetic
equation that can in principle be used to determine the distribution function,
this equation is very complicated and challenging to solve. Furthermore, if this
equation could be solved, there would then be no need to actually use a fluid
model since all relevant plasma properties could be obtained from moments of the
distribution function itself. Aside from more detailed experimental measurements
to confirm the importance of the instability-enhanced force, further theoretical
work is needed to address these issues.

The validity of the quasi-linear approximation in the context of electron drift
instabilities in HTs still requires further investigation. Even though in this work,
the level of potential energy fluctuations does not exceed the ambient thermal
energy of the plasma (which is often an approximate criterion for the validity
of quasi-linear theory), nonlinear effects, such as ion-wave trapping, seem to be
important. In the theoretical and numerical work by Lampe et al. [64], the non-
linear regime considering electron magnetization was found to reduce to the linear
regime with unmagnetized electrons. The large amplitude coherent waves cause
electron scattering that smears out the electron cyclotron resonances, and leaves
the plasma with an ion acoustic character. Since experimental measurements in
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HTs have observed linear dispersion relations consistent with such ion acoustic
instabilities [80, 67], it appears that this result is valid. Although the quasi-
linear model may not be complete, at present it appears to give very reasonable
accuracy, and agrees with multiple, independent PIC simulations [111, 77, 140].

The fact that the nominal simulation case has been simulated by 6 other re-
search groups around the world, all obtaining similar results as seen in chapter 3,
increases the confidence in the results obtained in this chapter. They are also in
agreement with previous axial-azimuthal PIC simulations using the same config-
uration and imposed ionization profile [140], and similar to fully self-consistent
simulations with no artificial ionization profile [111] (where good agreement with
quasi-linear theory was also observed). Moreover, the instability fluctuation levels
in the simulations now appear to be comparable with experimental measurements
[67, 215]. Further work is however needed to perform a more rigorous comparison,
and to correctly account in the experiments for the observed spatial variation of
these fluctuation levels in the simulations.

It has been observed that the nature of the predicted instabilities, and the
resulting distribution of energy across different length scales, could be modified
for longer azimuthal simulation lengths leading to an inverse energy cascade [71,
72, 81]. Although such a cascade has not been observed in recent axial-azimuthal
simulations [219] similar to those used here, the role of the azimuthal length, and
its impact, if any, on the electron drift instability needs to be clarified, and more
insights will be given later in section 6.3.2. The fact that the model is 2D and not
3D also precludes certain phenomena, such as electron loss on the radial thruster
walls, and intense secondary electron emission. However, aside from any possible
issues associated with energy cascades, we think that the form of the quasi-linear
model should still be valid in 3D since even though the electron distribution
function may change, the model is anyway written in terms of the distribution
function (which is to say that the enhanced electron transport will be naturally
and automatically modified). Even though previous work with a self-consistent
ionization source term [86, 217] has shown that the quasi-linear theory remains
valid, at least during the rising part of the discharge current during a breathing
mode cycle, the imposed ionization source term used here nonetheless prevents
the onset of these breathing mode oscillations; which could affect the growth of
azimuthal instabilities during some moments of the discharge. This represents
the next logical step in verifying the quasi-linear model, and we will try to bring
new insights in the next two chapters.
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Chapter 5

Towards self-consistent simulations
of Hall thrusters: on the use of
vacuum permittivity scaling to
simulate the low frequency
breathing mode

Even though the simplified benchmark case has the advantage of being fast
enough to perform parametric studies and stress-test theoretical developments, it
lacks important parts of the HT physics. The strongest simplification lies in the
ionization source term being imposed, which preclude the onset of the breathing
mode oscillations. Whereas specific collisions can be artificially added, as done
in the previous chapter, the neutral density needs to be described self-consistently
to capture their actual impact on the discharge behaviour. Hence, for the two
last chapters of this manuscript, the collisions (including the ionization) are now
self-consistently accounted for, by solving the neutral dynamics.

However, due to the low-frequency character of this instability, the physical
time that we need to simulate to capture several Breathing Mode (BM) oscilla-
tions is significantly higher than the one of the simplified benchmark case. In
addition to the strong variations of the plasma density induced by these oscil-
lations, it makes these simulations very computationally expensive. Hence, the
vacuum permittivity has been artificially increased to relax the PIC constraints
and speed-up the computation.

The presence of BM oscillations increases significantly the complexity of these
self-consistent simulations. Hence, after briefly giving the state-of-art of 2D axial-
azimuthal PIC simulations in section 5.1 and describing the numerical model in
section 5.2, we will only focus in this chapter on the axial electron transport
during a BM oscillation in section 5.3, verifying in the same time if the friction
force approximation of chapter 4 is still valid, and quantifying the influence of
the artificial scaling technique used. Finally, we will see that the EDI is not the
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only instability propagating in the azimuthal direction.
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5.1 Motivation
Adam et al. were the first ones to develop a 2D axial-azimuthal PIC code in

the framework of HT [66]. As their code was treating self-consistently the neutral
dynamics (with variable neutral density and velocity, but a different solver than
in LPPic), they managed to observe the breathing mode, along with the EDI.
However, to speed-up their code, they used an implicit scheme for the electron
motion and later, Coche [220] observed that this scheme was inducing an artificial
electron cooling when a magnetic field was present. Hence, it is uncertain if the
code of Adam was capturing the discharge dynamics in a fully consistent way.

Coche et al. decided to use the same code but changing the scheme from
implicit to explicit for the electrons [76]. They also observed the breathing mode
oscillations and noticed that different waves developed for the increasing and de-
creasing part of the discharge current. However, because of the PIC stability
constraints, they needed to use the vacuum permittivity scaling technique de-
scribed in section 2.2.3, with a factor of 80. This high scaling factor could have
an important damping effect on the EDI growth (due to the growth rate depen-
dence on the vacuum permittivity, as seen in equation 4.19). Moreover, the time
step and cell size chosen were not fine enough to resolve λd and ωpe, respectively,
during a whole BM oscillation and no information was given on the number of
particles per cell used. This can be source of error and numerical instabilities
[135] which could invalidate any physical analysis performed.

Later, Lafleur et al. [111, 86] developed a highly resolved 2D PIC code, with-
out any artificial scaling technique. They managed to characterize the EDI and
estimate the associated electron-ion friction force Rei which was seen (similarly
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to in Chapter 4) to contribute significantly to the electron anomalous transport.
However, due to memory issues, they were only able to study the rising part of a
BM oscillation and they considered only the continuity equation for the neutrals.
Katz et al. [141] decided to focus only on the HT acceleration region for very short
physical times (around 10 µs) and they managed to observe that the low-energy
ions were playing a role in the axial electron transport. Boeuf and Garrigues [140]
(and later, Charoy et al. [185]) chose another simplification method and imposed
the ionization source term to study the EDI for a steady-state case, as described
in chapter 3. Taccogna et al. [78] chose to impose the neutral density profile to
reach a steady-state, also precluding the BM growth. Hence, for these 5 studies,
no interaction between EDI and BM was considered.

Finally, Chernyshev et al. [142] have recently used a new implicit scheme
[221] that is designed to conserve the energy and they managed to observe the
BM oscillations, along with EDI and Gradient-Drift Instabilities (GDI). However,
this implicit 2D PIC code has not been verified by any benchmark yet and as
the method is novel, further benchmarking with standard methods is needed.
Moreover, the charged particle density was artificially reduced by a factor of 50.
This scaling method is not well-documented but one can infer from equations 1.9
and 1.10 as decreasing the charge density should have the same impact on λd and
ωpe than increasing the vacuum permittivity and hence it should impact the EDI
in the same way.

All in all, the simulations presented in this chapter (and in chapter 6) are de-
signed to overcome the previously mentioned limitations by tackling the following
aspects:

• being performed with a code that has been verified with a 2D benchmark,
with a simulation case close to a real HT configuration.

• resolving properly λd and ωpe throughout the whole BM oscillations. Also,
the number of macroparticles per cell is specified and is higher than 200 in
average.

• capturing several BM oscillations.
• using a low vacuum permittivity scaling factor and analyzing the impact of

this scaling factor on the discharge behaviour.

5.2 Numerical model

5.2.1 Case description

The simulation domain is close to the one used for the two previous chapters,
with a 2D Cartesian mesh shown in figure 5.1. However, the full 2.5 cm of the
channel length are now included, and 1.5 cm of the plume are also simulated,
which gives a total axial domain length of Lx = 4 cm. The imposed potential
at the anode (x = 0 cm) is 300 V while the one at the cathode (x = Lx = 4
cm) is 0 V. Again, to speed-up the simulations, only a small part of the HT
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azimuthal direction is simulated (Ly = 1 cm) and periodic boundary conditions
are imposed in this direction. The influence of this Ly on the discharge behaviour
will later be discussed in the next chapter (section 6.2). The axial profile of
the imposed radial magnetic field is displayed in figure 5.2 and the position of
its maximum corresponds to the exit plane of the thruster. This time however,
electron-neutral and ion-neutral collisions are taken into account (as described
in section 2.1.1) and the ionization is calculated self-consistently, thanks to the
neutral dynamics solver (described in section 2.3). The initial neutral density
axial profile is displayed in figure 5.2 and the initial neutral velocity is considered
uniform and equal to 200 m · s−1. The neutral temperature is kept constant at
640 K throughout the simulation by adding a thermal relaxation source term to
the energy equation. The neutral mass flow rate at the anode is fixed at ṁ = 5
mg · s−1 and the ions leaving the domain at the anode are recombined in neutral
atoms. These parameters, along with the radial magnetic field profile, are similar
to those used by Lafleur et al [111] in which only the neutral continuity equation
was solved and a constant axial velocity of the neutral gas was then assumed.

Figure 5.1 – Simulation domain. x is the axial direction, y the (periodic) az-
imuthal direction. Black pointed dashed line (xBmax=2.5 cm): position of maxi-
mum radial magnetic field. Xenon atoms are injected at the anode and electrons
are emitted from the cathode.

Because of the BM oscillations, the plasma density can vary by almost a factor
of 5 (from ne ≈ 5×1017 m−3 to ne ≈ 2.5×1018 m−3). When the plasma density is
maximum, the electron temperature is around 20 eV. Hence, to comply with the
PIC stability criteria of equations 2.15, the time step ∆t and the cell size ∆x has
been fixed to 2× 10−12 s and 2× 10−5 m, respectively. It gives a computational
mesh of Nx=2000 cells in the axial direction and Ny=512 cells in the azimuthal
direction. At initialisation, the particles are loaded uniformly with a density of
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Figure 5.2 – Axial profiles of the imposed radial magnetic field and initial neutral
density. Dashed line corresponds to the position of maximum radial magnetic
field.

np,ini= 1018 m−3 and the initial number of macroparticles per cell has been fixed
at 400 to reduce numerical noise. As the BM frequency is around 20 kHz, the
simulation cases have been run to at least 150 µs to capture several periods of
the BM oscillations. Finally, the diagnostics have been averaged and outputted
every Naverage = 5000 time steps, except for the case αε = 4 for which Naverage =
10000. The main simulation parameters are summarized in the fourth column of
Table 2.1.

The electron emission at the cathode needed to sustain the discharge is treated
differently than in the last two chapters, in which a current equality into the whole
system was considered. Indeed, as mentioned already in previous work [139, 111],
this cathode model appears to create a cathode sheath and violate the current
conservation during any transient state. Hence, electrons were injected according
to a quasi-neutrality assumption, as described in section 2.4. The influence of
this cathode model is briefly discussed in section 5.2.3.

In this chapter, we first present 4 cases with different values of the vacuum
permittivity scaling factor: αε = 4, 16, 64 and 256. Hence, the time step and cell
size has been increased by a corresponding factor of

√
αε (while keeping the same

axial and azimuthal length) which reduces significantly the computational time.
Despite this scaling technique, the simulation cases remain very computationally
expensive, as seen on table 5.1. The cases of section 6.2 are also displayed, for
which the azimuthal length Ly has been varied with a scaling factor of αε = 64.
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To ease the comparison, the computational times correspond to the first 150 µs
of simulation, but often, longer times have been simulated to be able to capture
steady BM oscillations. Moreover, one can wonder why a factor 4 for αε was used
between each case. It is due to the fact that the HYPRE library used to solve
the Poisson equation requires a number of cells Ny equal to a power of 2 in the
periodic azimuthal length. Hence, to keep Ly constant, Ny can only be increased
or decreased by a factor of 2, which gives a factor of 4 for αε (as ∆x will vary
proportionally to

√
αε).

Case αε Ly
(cm)

NCPU Time
(days)

CPU
hours
(k)

Npart,max Simulated
time ([µs])

1 4 1 1260 60 1800 2 × 108 150
2 16 1 840 7 140 6 × 107 250
3 64 1 360 5 45 1 × 107 400
4 256 1 96 1 2.3 3 × 106 400
5 64 2 700 5 90 2 × 107 350
6 64 4 1120 9 240 1 × 108 425
7 64 8 1680 12 480 3 × 108 300

Table 5.1 – Typical computational requirements to simulate 150 µs of physical
time. The total simulated time is indicated in the last column.

We can see that currently, even though we would like to show results for the
real case αε = 1, it would require both a very long time (probably around 1 year
on 1500 CPUs) and a lot of CPU memory (to store around 109 macroparticles),
which is not possible with the current code version. To speed-up the compu-
tation and at the same time reduce the number of macroparticles, one can use
a merging-splitting algorithm to make the number of particles per cell constant
independently on the time and position. However, we have seen before in section
2.2.3 that such an algorithm, as well as impacting the distribution function (which
could affect the electron transport, as seen in chapter 4), is quite cumbersome to
implement. Hence, we do not make use of any merging-splitting algorithm, and
we needed to use here at least αε = 4.

Finally, it is important to remind that in a real HT, a RLC circuit is used
between the power supply and the thruster to filter the low-frequency BM oscil-
lations [222, 44, 45], as they are known to damage the power supply and decrease
the thruster efficiency and lifetime [23]. Due to the complexity of the implemen-
tation, which has never been done before in a HT 2D PIC code, this circuit has
not yet been properly included (some preliminary tests have been performed)
and hence, the observed BM oscillations will have a higher amplitude than in a
real case. Moreover, no fake-radial dimension, as described in section 2.5.1, is in-
cluded here, and they were also expected to damp these oscillations by removing
high-energy charged particles. These two limitations of our model should be kept
in mind throughout this chapter and the following.
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5.2.2 Importance of neutral dynamics and anode ion re-
combination

Initially, only the continuity equation for the neutral species was solved, sim-
ilarly to what has been done in Lafleur et al. [111, 86]. However, experimental
diagnostics have shown that the neutral velocity is not constant axially, but in-
creases by a factor of 2 to 3 [169]. If a constant neutral velocity of 500 m · s−1

was used, BM oscillations were developing but for 200 m · s−1, the discharge was
extinguishing after an initial transient. Whereas Lafleur et al. [111, 86] were
only focusing on this initial transient, we wanted here to capture several BM
oscillations and hence, the model for the neutral dynamics has been improved by
considering the full Euler system, as described in section 2.3. Quick comparisons
have been performed between this new solver and the old one and it appeared
that this variable neutral velocity was playing an important role in the discharge
behaviour, especially in the onset of BM oscillations.

Moreover, a first set of simulations has been performed without accounting
for the anode ion recombination, and some preliminary results were presented
in [217]. However, it appeared that the ionization zone was periodically moving
towards the anode (due to the BM oscillations), hence significantly decreasing the
neutral density there. Because the mass flow rate and temperature are imposed
at the anode boundary condition for the neutral dynamics (as described in section
2.3), the neutral velocity was increasing and the neutral density was permanently
decreasing, in absence of any additional source term. For this reason, we decided
to account for the recombination in neutral atoms of the ions which leave the
simulation domain at the anode and it appeared that they were contributing to
around 10% of the total neutral mass flow rate (depending on αε), as seen in
figure 5.3. This ion back-flow is due to the anodic potential drop which is higher
when αε is lower.

All the simulations have hence been run again and the results in this chapter
and the following have been obtained with this ion anode recombination, unless
otherwise stated. However, because the initial state has been chosen arbitrarily,
the transient can be abrupt (i.e. the discharge current can peak to very high
values, leading to very high plasma densities) and the required memory to store
all the particles can be very high (up to 109 macroparticles in total). It happens
for the case αε = 4 (only if the anode ion recombination is included) and for this
reason, we decided to use a smoother initial state by using the profiles for the
plasma and neutral densities obtained at steady-state for the case αε = 16.

5.2.3 Cathode model

The different cathode models, initially described in section 2.4, were later
tested with the simplified benchmark case and the results were presented in sec-
tion 3.6. We have seen that the discharge behaviour was significantly affected by
the chosen cathode model and it was important to check if this trend was simi-
lar for self-consistent simulations. Because the simulation times are quite heavy,
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Figure 5.3 – Time evolution (from 100 µs) of the effective anode mass flow rate
Q for different values of the vacuum permittivity scaling factor αε. The dashed
lines corresponds to the averages. Qini has been set to ṁ=5 mg · s−1.
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Figure 5.4 – Time evolution of discharge current for two different cathode mod-
els, with αε=64 (and no anode ion recombination). The dashed horizontal lines
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only one comparison has been performed here: instead of using the quasi-neutral
(QN) model (as in the rest of the chapter), a current equality (CE) condition was
used to infer the number of electrons to inject at each time step. Because this
condition is now applied at the right-hand-side domain boundary (similarly to
Coche et al. [76] but differently than the simplified case of chapters 3 and 4), the
complete condition given by equation 2.46 is used. The case has been performed
with a scaling factor αε = 64 and an azimuthal length Ly = 1 cm, with no ion
recombination at the anode.

We can see in figure 5.4 that while the transient state for the CE cathode
model is very different, the plasma seems to reach a steady-state that looks quite
similar to the one with the QN cathode model. The main effect of the CE model is
to induce a big cathodic sheath that does not seem to affect the global discharge
behaviour of the plasma. It could have been expected because when the QN
model is used, the current equality of equation 2.46 has been observed to be
satisfied at each time (not shown here). More work is however still needed to
study if the injected electron temperature affect the HT discharge behaviour and
perform similar tests for different values of αε.

5.3 Axial electron transport during a breathing
mode oscillation

First, we will study in this section how the axial electron transport evolves
throughout a BM oscillation. The behaviour for the case closer to reality αε = 4
is described before analysing the influence of this vacuum permittivity scaling
factor on the transport.

5.3.1 Case closer to reality (αε = 4)

Because this case is the most costly in terms of computational time, it has
only been run until 150 µs. The time evolution of the discharge current is dis-
played in figure 5.5. We can notice that we obtained a smooth transient thanks
to the initialization from the steady state of the case with αε = 16. Even though
the BM oscillations have an irregular shape (because of the turbulent and chaotic
nature of the numerous local oscillatory phenomena), we tried to use a repre-
sentative peak of discharge current to analyse the discharge behaviour during a
BM oscillation. The same analysis was performed on the first BM oscillation to
ensure the reproducibility of the results and we also retrieved similar trends for
the axial electron transport to when the anode ion recombination was not taken
into account [217].

Electron momentum terms

As done previously in section 4.2.1 for the simplified case, the different terms of
the azimuthal electron momentum equation have been computed at four different
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Figure 5.5 – αε = 4: Time evolution of discharge current. Red rectangle corre-
sponds to the BM oscillation analysed in this section.
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Figure 5.6 – αε = 4: Azimuthal terms of electron momentum conservation equa-
tion 4.2 for four moments of a breathing mode oscillation: minimum (a), increase
(b), maximum (c) and decrease (d). The red line corresponds to the magnetic
force term FB,y = −qneBve,x related to the axial electron transport. The cyan
Fei,y line corresponds to the instability-enhanced drag force on the electrons. The
magenta line corresponds to the electron-neutral collision term Fen,y. Inset: Time
evolution of discharge current, red dot indicating the corresponding time.
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moments of a BM oscillation. Only the dominant terms are displayed in figure
5.6: the Fei,y term (cyan line) corresponding to the electron-ion friction force, the
Fen,y term (magenta line) corresponding to the classical electron-neutral collisions
and FB,y the magnetic force term. We recall that FB,y = −qneBve,x and hence,
this force term is related to the electron axial transport. The reader can refer to
equation 4.2 for more details on these force terms. We highlight that, contrary to
the simplified benchmark case for which the spatial inertia Fin,y and pressure Fp,y
terms in the azimuthal direction were found relatively large (figure 4.1), these
two terms are here compensating each other (and hence they are not shown in
the figures).

One can notice that when the discharge current is minimum, in figure 5.6(a),
the electron-ion friction force Fei,y and the electron-neutral collisions Fen,y con-
tribute equally to the electron axial transport, inside the thruster. However, when
the discharge current increases, in figure 5.6(b), the axial electron transport is
increasing significantly in the thruster (with a maximum around x = 1.8 cm)
because the electron-ion friction force is growing and dominates now the classi-
cal collision force. This friction-force enhancement is explained by the increased
plasma density: the modified ion-acoustic growth rate is related to λ−3

d (equation
4.19), hence it increases when the plasma density is increased. In both cases,
the friction force is always dominant in the plume where the electron-neutral
collisions are scarce, because the neutral density is strongly depleted. While the
plume transport is negligible when the discharge current is minimum, it becomes
more important when Id increases, due to the friction-force contribution (the EDI
is convected towards the cathode). One can notice the abrupt increase of Fei,y
near the cathode which is only a boundary-induced effect.

When Id is maximum, in figure 5.6(c), the axial electron transport is maximum
and one can notice the significant increase of classical collisions due to the increase
of the electron temperature. The friction force is almost the same inside the
thruster than during the increasing part of discharge current but it has now
reached the same value in the plume. When Id decreases, in figure 5.6(d), the
friction-force decreases first inside the thruster and the plume value is still quite
high. One can notice that these two last figures are more noisy than the previous
one, as the system is more unstable. The fact that the friction force increases
more in the plume has already been observed by Lafleur et al. [111, 86] at the
discharge current maximum.

Hence, we have shown that, similarly to what was obtained for the simplified
benchmark case, the instability-enhanced electron-ion friction force is the main
contributor to the electron axial transport. When the discharge current increases,
the azimuthal instabilities amplitude grows and it enhances this friction force. Its
relative importance to the electron axial transport is then increased compared to
the one of classical electron-neutral collisions.
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Friction force approximation

Now that we have shown its importance on the electron anomalous transport,
it would be very useful to be able to quantify the electron-ion friction force, as
done previously in chapter 4 for the simplified benchmark case. The friction force
approximation is hence tested at different moments of the BM oscillation (even
though the diagnostics are different, we intend to use the same moments as the
ones of figure 5.6). We compare the friction force derived from the PIC with
the quasi-linear kinetic approximation Rei,quasi−linear (Eq. 4.24), the Maxwellian
approximation Rei,maxwellian (Eq. 4.27) and a new derivation Rei,quasi−linear,fft
for which we have alleviated one hypothesis which led us to Rei,quasi−linear: the
azimuthal wave vector is not taken equal to the dominant mode of the modified
ion-acoustic DR (Eq. 4.18) any more. Instead, we use a FFT to determine the
wavenumber of the dominant azimuthal mode.

First, it appears in figures 5.7(a) and 5.7(b) that for the increasing part of
Id, the theoretical derivation Rei,quasi−linear approximates rather well the PIC
friction force, compared to the Maxwellian approximation Rei,maxwellian, which
again overestimates it. However, the fitting is not perfect (particularly for x ≥
2 cm) and hence, we have used the approximation Rei,quasi−linear,fft, with no
hypothesis on the wavenumber of the dominant azimuthal mode, now directly
computed from a FFT. One can notice that a perfect agreement with the PIC
values is then observed. Hence, it means that the instability is not perfectly
described by the modified ion-acoustic DR for x ≥ 2 cm, as we will see in section
5.3.4.

If we now look at the decreasing phase of Id in figures 5.7(c) and 5.7(d),
we can see that even though Rei,quasi−linear approximates the PIC data better
than the Maxwellian approximation, it under-estimates the friction-force in the
plume. We can see that by computing manually the dominant wavenumber
(Rei,quasi−linear,fft), we obtain a rather good agreement with PIC simulations in
the thruster for x ≤ 2 cm, but it still underestimates the friction force for x ≥
2 cm. Hence, it means that in this zone, one of the hypothesis used to derive
equation 4.24 might not be valid for this discharge current decreasing part, which
was not analysed by Lafleur et al. [86]. It seems that the convection of the EDI
towards the cathode is not enough to explain the important increase of the fric-
tion force in the plume region (more precisely, in the region where x ≥ 2 cm). In
the following, more insights will be given to explain this unexpected behaviour.

5.3.2 Influence of vacuum permittivity scaling factor

Now that we have studied the axial electron transport for the case closer to
reality, it is important to wonder to which extent the vacuum permittivity scaling
technique is affecting the results obtained. In this perspective, we will compare
in this section the results for 4 simulations with αε= 4, 16, 64 or 256.

First, if we look at the time evolution of the discharge current, in figure 5.8,
we can see that its mean value is increasing when the scaling factor is decreased.
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Figure 5.7 – αε = 4: Friction force approximation at different breathing mode
moments: (a) minimum, (b) increase, (c) maximum and (d) decrease. PIC val-
ues (green) are compared with the Maxwellian approximation (yellow) and the
non-maxwellian approximation with the dominant mode from the ion-acoustic
approximation (red) or directly from the FFT (cyan). Inset: Time evolution of
discharge current, red dot indicating the corresponding time.

Moreover, the amplitude of discharge current oscillations does not seem to be
related to αε: the discharge current is definitely more noisy for low αε but the
BM amplitude seems to be more impacted by the initial conditions than by the
scaling factor. For example, it seems that the BM is strangely damped for the
case αε = 16. We recall that the case αε = 4 has been initialized more smoothly
(with the steady state of the case αε = 16) which explains the absence of a first
abrupt transient peak.

When put in perspective with the results obtained without anode ion recombi-
nation of Charoy et al. [217], it seems quite difficult to draw definitive conclusions
from the mean value and amplitude of the discharge current. More local anal-
ysis will hence be performed in the following by focusing on how the discharge
behaves throughout one BM oscillation. It is important to keep in mind that the
BM oscillations are not perfectly regular, hence we have verified that the results
displayed here for one particular oscillation were retrieved for the other ones. The
results reproducibility has also been verified for the analysis performed in section
6.2.



128
CHAPTER 5. TOWARDS SELF-CONSISTENT SIMULATIONS OF HALL

THRUSTERS

0 50 100 150 200 250 300

Time [µs]

0

2

4

6

8

10

12

14
D

is
c
h

a
rg

e
 c

u
rr

e
n

t 
[A

]
αε = 256

αε = 64

αε = 16

αε = 4

Figure 5.8 – Time evolution of discharge current for 4 values of αε. The dashed
horizontal lines correspond to the mean value at steady state.
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Figure 5.9 – Azimuthal terms of electron momentum conservation equation when
the discharge current is minimum (right column) or maximum (left column), for
αε=16 (top row) or αε = 64 (bottom row). Only the dominant terms contributing
to FB,y related to the electron axial transport are displayed: instability-enhanced
drag force on the electrons Fei,y (cyan) and electron-neutral collisions force Fen,y
(magenta). Inset: Time evolution of discharge current, red dot indicating the
corresponding time. Vertical black dashed line corresponds to the position of
maximum radial magnetic field.
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Electron-ion friction force

We know that this scaling technique is impacting the growth rate of the
azimuthal waves propagating in the system. Indeed, the modified ion-acoustic
growth rate given by equation 4.19 is related to ε

−3/2
0 . Hence, the higher αε,

the more the wave will be damped. In figure 5.9, the axial electron transport
main contributions are shown for two values of αε, when the discharge current is
minimum or maximum (which roughly corresponds to the respective minimum
or maximum of ne and Te).

We can see that, again, the friction force is higher when the discharge current is
higher. Moreover, as expected, when αε is increased, the friction force is damped
and the dominant contribution becomes the classical collisions, even when the
discharge current is maximum.

If we now average over several BM oscillations, in figure 5.10, we retrieve the
expected observation that the use of the vacuum permittivity scaling factor damps
the electron-ion friction force and hence, it damps the axial electron transport.
One can then conjecture that for a "real" 2D simulation (without scaling), as the
EDI will be even stronger, the friction-force (and hence the anomalous electron
transport) will be more important. Finally, we can link this observation to the
fact that the discharge current mean value (figure 5.8) was higher for lower αε:
when the axial electron transport is more important, the discharge current is
increased.

Axial profiles of plasma parameters

In figure 5.11, some plasma parameters have been averaged over several BM
oscillations and their axial profiles are displayed for different values of αε. First,
we notice that the plasma density along with the electron temperatures are higher
when αε is decreased. The increase of electron temperature is related to the axial
electron current which is increased when αε is low (more anomalous transport, as
we have seen before): the Joule heating J .E is then enhanced and Te increases.
This might also explain why ne is higher, due to an enhanced ionization. The
azimuthal ion temperature is also increased when αε is lower, which might be due
to the fact that the electron-ion friction force is larger and therefore, ions take
more energy from electrons.

Independently to any αε comparison, it is also interesting to notice that the
electron temperatures are highly anisotropic, with an axial temperature higher
than the azimuthal one. Moreover, the azimuthal ion temperature Ti,y is also
enhanced compared to the initial value of 0.05 eV: the instability is causing a
heating, predicted by the kinetic theory [85] and already observed in [111]. Fi-
nally, the overlap and axial position of the density and axial electric field profiles
are similar to what is expected in HT discharges.

Let us look now at the electron momentum terms, also averaged over several
BM oscillations. Unfortunately, this diagnostic is time-consuming and hence it
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Figure 5.10 – Axial profiles of electron-ion friction force averaged over several
breathing mode cycles, for different values of αε. Vertical black dashed line cor-
responds to the position of maximum radial magnetic field.
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Figure 5.11 – Axial profiles of some plasma parameters (averaged over several BM
oscillations and azimuthally) for αε= 4 (solid line), αε= 16 (dashed line) and αε=
64 (dotted line). (a): Axial electric field (blue) and electron density (red). (b):
electron (blue) and ion (red) axial current densities. (c): axial (blue), azimuthal
(green) and total (red) electron temperatures. (d): axial (blue), azimuthal (green)
and total (red) ion temperatures.
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has not been used every Naverage. However, if we average over enough samples, it
still gives a good overview of what terms are contributing to the axial transport
over several BM oscillations. As usual, only the dominant terms have been dis-
played in figure 5.12. First, one can notice that, as observed before and expected,
the more αε is decreased, the more the friction force contribution is important.
However, inside the thruster, the classical collisions also contribute significantly
to the transport. Hence, even though the electron-ion friction force Fei,y increases
by almost a factor 50 when αε is decreased from 256 to 4, the overall axial electron
transport FB,y increases only by around 50%. This is not the case in the plume
in which the friction force is the only contributor to the axial electron transport
which is hence significantly increased for low αε. One can notice the sign inversion
for the magnetic force term FB,y in the case αε = 256 which is due to a poorly
resolved time average (we can see in figure 5.11(b) that ve,x is always negative).
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Figure 5.12 – Azimuthal electron momentum terms averaged over several BM os-
cillations, for different values of αε. The red line corresponds to FB,y = −qneBve,x,
related to the axial electron transport. The cyan Fei,y line corresponds to the
instability-enhanced drag force on the electrons. The magenta line corresponds
to the electron-neutral collision term Fen,y.

5.3.3 VDF and plasma fluctuations

Because the axial electron transport, via the electron-ion friction force, is re-
lated to the distribution functions and the azimuthal electric field fluctuations, we
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will study in this section how they behave during a BM oscillation and depending
on αε.

EVDF

The EVDFs for different axial positions and scaling factors are displayed when
Id increases (figure 5.13) and when Id decreases (figure 5.14). As observed previ-
ously [86], the azimuthal EVDFs are far from a Maxwellian with a positive mean
velocity near the exit plane, where the azimuthal electron drift velocity is higher.

According to equation 4.24, the electron-ion friction force should be propor-
tional to the derivative of the azimuthal EVDF at null-velocity. It is interesting
to notice that when αε is decreased, the peak of the azimuthal EVDF seems to
be shifted towards a null value, which decreases this derivative. Hence, this effect
is supposed to reduce the friction force for low αε, which is the contrary of what
was observed above (the friction force tends to increase with decreasing αε). It
means that the increase of wave energy (when αε is decreased) is strong enough
to compensate this effect and make the friction force increase.

Moreover, we observe a high-velocity tail for the azimuthal EVDF at x = 1
cm (more pronounced when Id increases) that disappears when αε is lower. This
is related to the axial profile of azimuthal velocity that is more peaked near the
thruster exit plane for low αε, with hence a lower azimuthal velocity near the
anode. We could have inferred this behaviour by looking at the axial electric
field profile (figure 5.11) which goes abruptly to zero near the anode for low αε.

IVDF

The IVDFs for different axial positions and scaling factors are displayed when
Id increases (figure 5.15) and when Id decreases (figure 5.16). Before comparing
between the different cases, one can notice that we retrieve here the expected
behaviour for the ions in a HT: they are created in the ionization zone (between
x = 1 cm and x = 2 cm) and then, their axial velocity increases while they go
through the acceleration zone. The main beam of ions reaches a velocity of around
20 km · s−1 in the plume, as expected with the imposed potential difference of 300
V. Moreover, we can also see that while the axial and azimuthal ion velocities are
quite similar near the anode, the ion axial velocities increase up to one order of
magnitude higher than their azimuthal velocities in the plume.

If we study now the behaviour depending on αε, we can first notice that when
this factor is decreased, the axial velocity of the ions near the anode is more
and more directed towards the anode. It can also be retrieved on the ion anodic
current which is higher when αε is small, as seen in figure 5.11(b). It echoes with
what we observed previously: there are more ions that hit the anode boundary
when αε is low and hence, it is important to consider their recombination in
neutral atoms. Moreover, we can see in figure 5.16 that when the discharge
current is decreasing (and also in a smaller extent, when the discharge current is
increasing), low-energy ions are created in the plume for all the cases except αε =
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Figure 5.13 – Axial (blue) and azimuthal (orange) EVDF for 3 axial positions
(rows) and for 4 values of αε (columns) when Id increases. On the top left, the
value of the azimuthal EVDF derivative at null-velocity (named A) is displayed.
Careful, the x-axis range has been adapted for the best display.
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Figure 5.14 – Axial (blue) and azimuthal (orange) EVDF for 3 axial positions
(rows) and for 4 values of αε (columns) when Id decreases. On the top left, the
value of the azimuthal EVDF derivative at null-velocity (named A) is displayed.
Careful, the x-axis range has been adapted for the best display.
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Figure 5.15 – Axial (blue) and azimuthal (orange) IVDF for 3 axial positions
(rows) and for 4 values of αε (columns) when Id increases. Top row: x = 1 cm,
middle row: x = 2 cm and bottom row: x = 3 cm. Careful, the x-axis range has
been adapted and the azimuthal IVDF y-axis has been put in log-scale for the
best display.
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Figure 5.16 – Axial (blue) and azimuthal (orange) IVDF for 3 axial positions
(rows) and for 4 values of αε (columns) when Id decreases. Top row: x = 1 cm,
middle row: x = 2 cm and bottom row: x = 3 cm. Careful, the x-axis range has
been adapted and the azimuthal IVDF y-axis has been put in log-scale for the
best display.
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256. We will see later in section 6.1.4 that these ions are related to the so-called
ion-transit time instabilities. It is not clear yet how they are impacting the axial
electron transport.

Looking now at the azimuthal IVDF, we can observe that for both Id phases,
there are some trapped ions, similarly to what was observed previously in [111].
This trapping is not seen for high αε because the instability does not have time
to grow enough before being convected away (smaller growth rate). The trapping
velocity is around 2.5 km · .s−1 which corresponds approximately to the phase
velocity of the EDI wave. The behaviour at x = 3 cm when Id decreases is still
not understood, with a significant increase of the number of ions with a higher
azimuthal velocity.

Plasma fluctuations

In figure 5.17, the time evolutions of relevant plasma fluctuations (azimuthal
electric field < δEy >, normalized electron density <δne>

ne
and normalized plasma

potential <δφ>
Te

), along with the one of the axial electric field Ex, for the case αε
= 4 are shown.

If we analyse first the azimuthal electric field fluctuations, we can see that at
first glance, they are following the same trend as the discharge current: the wave
is growing when the discharge current increases. However, we can distinguish
here three different zones, delimited by the axial location at which the ion axial
velocity is changing sign (green curve) and the axial location of the ion sonic
point, i.e. where vix = cs (red curve). We can see that when Id increases, the
fluctuations of Ey are mostly located upstream of the ion sonic point. The wave
seems to originate near the position of null ion axial velocity (which corresponds
approximately to the zone where the plasma density is maximum, i.e. where
the EDI growth rate is expected to be maximum) and propagates either towards
the anode or towards the cathode, with a velocity close to the ion sound speed
cs: these EDI are ion-acoustic in nature, which will be confirmed in the next
subsection. Moreover, we can notice that when the ions become supersonic,
the wave seems to be strongly damped for the increasing Id phase, but for the
decreasing Id phase, the fluctuations downstream of this sonic point are stronger,
with no axial convection. It echoes with what we observed for the electron-ion
friction force in figure 5.6: there is a change of behaviour for the wave at the
sonic point: upstream the EDI has a modified ion-acoustic behaviour and then it
is convected downstream with a damping when Id increases, and an enhancement
when Id decreases. These observations are retrieved to a lesser extent on the
normalized electron density and plasma potential fluctuations.

Furthermore, it is interesting to look at the evolution of the axial electric
field: first, we retrieve an expected behaviour that the position of its maximum
is moving axially throughout a BM oscillation, towards the cathode when Id
increases and towards the anode when Id decreases. Also, we can notice that
when the plume stationary wave for the azimuthal electric field is important (i.e.
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Figure 5.17 – αε = 4: Time and axial evolution during one BM oscillation of:
(a) axial electric field, (b) azimuthal electric field, (c) normalized electron density
and (d) normalized plasma potential fluctuations. Green vertical curve: axial
position of null ion axial velocity. Red vertical curve: axial position of ion sonic
point (vix = cs). Horizontal white dashed lines: moments used to compute figure
5.18 (Id maximum at t=120µs). Vertical black dashed lines: axial position of
maximum magnetic field.

around t = 125 µs), the axial electric field is oscillating in a similar way, which
could echo with what was previously observed by Coche et al. [76] and be linked
to a new instability, the so-called ion transit-time instability (ITTI).

If we now focus on specific moments of a BM oscillation (same as the ones
in figure 5.7), we obtain the curves in figure 5.18. We retrieve the growth of
azimuthal electric field fluctuations upstream of the ion sonic point when Id in-
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creases, and downstream when Id decreases. Moreover, we see that the normalized
electron density and plasma potential fluctuations are very similar upstream of the
sonic point (i.e. <δne>

ne
≈ <δφ>

Te
), which was predicted by the quasi-linear kinetic

theory [111]. However, the agreement is worse downstream due to the increase
of the plasma potential fluctuations, while in the same time, the normalized fluc-
tuations of plasma density seem to saturate in the plume to the value predicted
by an ion-trapping saturation for an ion-acoustic instability (<δne>

ne
≈ 1

6
√

2
), sim-

ilarly to [111]. This increase of plasma potential fluctuations is more important
when Id decreases, and it could be related to the previous observations: the wave
behaviour is different there.
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Figure 5.18 – αε = 4: Axial profiles of the azimuthal electric field (divided by
4×104), normalized electron density and normalized plasma potential fluctuations
for different moments of a BM oscillation (same as the ones in figure 5.7). Vertical
green dashed lines: axial position of null ion axial velocity. Vertical red dashed
lines: axial position of ion sonic point (vix = cs). Vertical black dashed lines: axial
position of maximum magnetic field. Horizontal black dashed lines: expected
amplitude for a fully-saturated ion-acoustic instability i.e. 1
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2
. Inset: Time

evolution of discharge current, red dot indicating the corresponding time.

Finally, it is interesting to notice that in average, we are retrieving the 10%
value in the plume for the normalized plasma density fluctuations, obtained ex-
perimentally [215] and numerically [111].

All in all, after the analysis of these fluctuations, it seems that similarly to
the simplified benchmark case, two zones can be distinguished depending on the



138
CHAPTER 5. TOWARDS SELF-CONSISTENT SIMULATIONS OF HALL

THRUSTERS

axial position, more particularly depending on the supersonic behaviour of the
ions. Let us now study more precisely these azimuthal instabilities.

5.3.4 Azimuthal instabilities

2D snapshots of the azimuthal electric field for different αε have been dis-
played in figures 5.19 (when Id increases) and 5.21 (when Id decreases). The
first striking observation is that, again, we can clearly distinguish two distinct
zones for which the azimuthal instabilities exhibit different characteristics, with
a transition corresponding almost exactly to the ion sonic point. Hence, we have
computed the corresponding 2D FFT for an axial position upstream (x = 1 cm)
and downstream (x = 3 cm) of this sonic point. They are shown in figures 5.20
(when Id increases) and 5.22 (when Id decreases). To compute these FFT, the
azimuthal electric field values at x = 1 cm and x = 3 cm have been extracted for
all azimuthal cells and for a number of time samples Nsamples corresponding to 5
µs. Then, the built-in 2D FFT function of Python has been applied to this 2D
array of size Ny × Nsamples. The modified ion-acoustic dispersion relation (DR)
and the corresponding growth rate, given by equations 4.18 and 4.19 respectively,
have also been displayed.

Upstream of the sonic point, we can notice that the modified ion acoustic DR
is fitting quite well the spectrum, for both moments of the BM oscillation and for
all αε (except for αε = 4 for which the spectrum is broader when Id increases). We
retrieve this trend looking at the Ey snapshots: inside the thruster, the oscillations
have a well-defined wavelength that is decreasing when αε is decreased. The
frequency is also decreased, which was also expected because of the dependence
in
√
ε0 of λde and ωp.

However, when the ions are supersonic, the instabilities are more difficult to
analyse. When Id increases, the instability has again a ion-acoustic behaviour
for αε = 4 but then, when the scaling factor is increased, the spectrum broadens
with a long-wavelength peak appearing. This behaviour can be retrieved on the
azimuthal electric field snapshots: the instability wavelength is less defined, with
long-wavelength structures that appear periodically. It is enhanced when Id is
decreasing, with still a long-wavelength peak and a spectrum that broadens even
for αε = 4. Finally, despite the ion acoustic behaviour of the instability when Id
increases, the dominant wavelength is not located at the local maximum growth
rate any more. It could be due to the convection of the wave which is created
upstream and propagates towards the cathode.

The presence of this long-wavelength instability is quite unusual and it could
explain why the friction-force approximation displayed in figure 5.7 matches bet-
ter inside the thruster than in the plume.
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Figure 5.19 – 2D maps of azimuthal electric field for different αε,
when Id increases. Red dashed lines:axial position of ion sonic point (vix = cs).
White dashed lines: axial position of FFTs (figure 5.20). Black dashed line:
position of maximum magnetic field.

Figure 5.20 – Corresponding FFT for x=1 cm (left column) and x= 3 cm (right
column), when Id increases. White thick line: ion-acoustic dispersion relation.
Red dashed line: ion-acoustic growth rate rescaled by a constant factor to fit the
image. The spectrum has been zoomed to focus on the zone of interest.
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Figure 5.21 – 2D maps of azimuthal electric field for different αε,
when Id decreases. Red dashed lines:axial position of ion sonic point (vix = cs).
White dashed lines: axial position of FFTs (figure 5.22). Black dashed line:
position of maximum magnetic field.

Figure 5.22 – Corresponding FFT for x=1 cm (left column) and x= 3 cm (right
column), when Id decreases. White thick line: ion-acoustic dispersion relation.
Red dashed line: ion-acoustic growth rate rescaled by a constant factor to fit the
image. The spectrum has been zoomed to focus on the zone of interest.
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5.4 Conclusion
In this chapter, 2D axial-azimuthal self-consistent PIC simulations have been

performed, with a vacuum permittivity scaling technique. Breathing mode oscil-
lations have been observed on a case with a scaling factor close to "reality" (αε =
4 instead of 1) and we have shown that the electron-ion friction force was increas-
ing when the discharge current was increasing, which was expected because the
electron density was also increasing. It appeared that this friction force was again
the main contributor to the electron axial transport, throughout the whole BM
oscillations. Hence, we tried to apply the quasi-linear kinetic theoretical model
developed in the previous chapter and managed to successfully approximate the
friction force, with some limitations in the plume in the BM phase of decreasing
current. The influence of the artificial scaling technique on this transport has also
been studied and, as expected, the friction force was seen to decrease for higher
αε. Combining our results with the ones obtained in the BM phase of increasing
current for a case without scaling [111], we can conjecture that throughout a
BM oscillation, the axial electron transport inside the thruster is dominated by
the electron-ion friction force, with a non-negligible contribution of the classical
electron-neutral collisions, whereas in the plume, the electron-ion friction force is
the only one enhancing the axial electron transport.

Moreover, we observed that the azimuthal instabilities were behaving dif-
ferently depending on the axial position. More specifically, we found that the
location of the ion sonic point was significantly affecting the plasma fluctuations:
when the ions are subsonic, the azimuthal instabilities exhibit an ion-acoustic be-
haviour with a short wavelength and an axial convection towards the anode or the
cathode, depending on the sign of the ion velocity, similarly to what was observed
in previous works [77, 111, 140]. However, downstream of the ion sonic point, the
instabilities exhibit a steady behaviour and, superimposed on the usual short-
wavelength instabilities, some long-wavelength instabilities are growing, mostly
in the BM phase of decreasing current. This unexpected behaviour probably ex-
plains why the quasi-linear approximation is under-estimating the friction-force
in this zone: another phenomena is playing a role here and a preliminary analysis
lead us to a correlation with the apparition of the axial ion transit-time instabil-
ity, already observed by Coche et al. [76], which could affect the behaviour of the
azimuthal instabilities.

More work is hence needed to understand this new instability and see how it
interacts with the well-known EDI. This will be discussed in the next chapter.
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Chapter 6

Instabilities in Hall thrusters

In the previous chapter, we decided to focus mainly on the evolution of the axial
electron transport during a BM oscillation, along with the influence of the vacuum
permittivity scaling technique used to speed-up the computation. It appeared that
the position of the ion sonic point marked a transition on the characteristics of
the azimuthal instabilities: upstream, the usual EDI was propagating, but when
the ions were supersonic, a long-wavelength instability was sometimes growing in
the plume, similarly to what was observed in previous 2D axial-azimuthal PIC
simulations [76, 142]. In addition to the fact that this change of behaviour was
related to the ion sonic point, we observed that the axial electric field was oscil-
lating axially. Hence, it made us think that this phenomena could be related to
the so-called Ion Transit Time Instability (ITTI).

Because this instability has been scarcely observed in PIC simulations [76], we
will first study it by getting rid of the EDI. To do so, all the plasma parameters
will be azimuthally averaged at every time step of the simulation, hence precluding
any azimuthal instability to grow. This analysis will be presented in section 6.1
in which we will also try to get more insights on the origin of the ITTI. Then,
we will come back in section 6.2 to the "realistic" simulations presented in the
previous chapter, and we will increase the azimuthal domain length Ly to see how
it affects the interaction between the ITTI and the EDI. Finally, we will give some
additional insights on this interaction in section 6.3.
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6.1 Ion transit-time instabilities

6.1.1 Current understanding

Mid-range frequency (100-500 kHz) instabilities have been observed experi-
mentally by Esipchuk et al. [55] and Vaudolon et al. [56, 57], and numerically
by Fife [46], Hagelaar et al. [58] and Bareilles et al. [59] in a hybrid code, and
Coche et al. [76] in a 2D axial-azimuthal PIC code. As detailed previously in
section 1.2.2, they are related to the transit-time of ions in the acceleration re-
gion: a wave of axial electric field Ex is growing near the anode and propagating
towards the cathode, creating a group of low-energy ions in the plume, along
with some high-energy ions (with an axial velocity higher than the one induced
by the applied potential difference) which gained energy through the wave-riding
mechanism.

No consensus appeared to explain theoretically the origin of this instability. A
linear analysis was first proposed by Esipchuk et al. [223] for quasi-longitudinal
waves growing for a positive value of the magnetic field gradient. Then Barral
et al. [224] have derived the dispersion relation by linearizing a simple system of
1D fluid equations for a discharge in which cold ions are accelerated between two
electrodes in a quasi-neutral plasma. They found that the plasma perturbations
consist of quasi-neutral ion acoustic waves superimposed on a background stand-
ing waves generated by Id oscillations. At high ionization levels, the acoustic
waves are amplified as they propagate, inducing strong perturbations of ion den-
sity and velocity. Later, Fernandez et al. [225] have further simplified the system
by removing the effect of ionization and electron pressure, leading to a resistive
mode. They obtained a growth rate that vary with the electron mobility as µ−1/2

e ,
which is consistent to previous numerical observations [46, 59]. They found that
this resistive instability is of the convective type: perturbations originated in the
region of low mobility are convected out of this region with roughly the ion veloc-
ity. While the disturbances are convected towards the cathode near the exit plane,
upstream, in the region of reversed ion flow, the disturbances are convected to-
wards the anode with a much lower velocity. They highlight many times that the
coupling with azimuthal waves could have a big impact but has not been studied
yet. It is interesting to note that a more elaborate version of their model (includ-
ing a kinetic description of ions and neutrals and an electron energy equation)
was used earlier by Chable and Rogier [54] to study low-frequency (1-100 kHz)
oscillations. Whereas their main conclusion was on the breathing mode, induced
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by resistive effects, they also observed high fluctuation power when the magnetic
field is large, similarly to Fernandez et al. (low electron mobility). More recently,
Koshkarov et al. [226] studied these axial resistive modes and found that the
phase shift between the inertial response of the ions and the dissipative electron
response can cause what they called the "resistive current flow instability".

In the rest of this section, we will see that we observe in our simulations an
axial instability growing and propagating with similar characteristics as described
above, and we will try to get additional insights on the onset of this instability.

6.1.2 Analysis of ITT: "1D axial" simulations

To focus only on the ITTI, we decided to get rid of any azimuthal oscillations,
by simulating a simplified "1D axial" case. To do so, the plasma density was
averaged in the azimuthal direction at each time step (and this averaged value
was assigned at each axial position respectively), hence precluding the growth
of any azimuthal perturbation. As in the previous chapter, we simulated cases
with different vacuum permittivity scaling factor αε but due to its computational
cost, the case αε = 4 was not simulated here. Hence, the results presented in this
subsection will correspond to a case with αε = 16.

In figure 6.1, the time evolution of the discharge current is compared with
the "nominal" case presented in the previous chapter, for which no azimuthal
average was performed. After an initial transient state, we can see that the BM
oscillations are strongly damped and the discharge current is now oscillating with
a higher frequency of 120 kHz. Even though this frequency value is similar to the
one of ITT instabilities, more evidences are needed before drawing any conclusion.

2D maps of Ex and ni

If we ignore the transient, we can plot the time and axial evolution of the axial
electric field Ex and ion density ni, displayed in figure 6.2. We see that we retrieve
similar oscillation patterns, with again a frequency of fITT = 120 kHz. It seems
that the perturbation is created around x = 1.5 cm before being convected outside
the thruster at a velocity of approximately vITT = 1150 m · s−1. One can notice
that when the axial electric field grows, the ion density is low, which is expected
by Ohm’s law (equation 1.39). On the contrary, because of the high electron
density in the plume, the axial electric field perturbation seems to be damped
near the position of maximum magnetic field, again as a consequence of the
need to maintain current balance. Moreover, a perturbation is also propagating
towards the anode, with almost a perfect symmetry at x = 1.5 cm: it is less visible
on the axial electric field due to the colormap ranges but it has been observed to
exhibit an amplitude of around 1 kV ·m−1 (and negative values).

Finally, the axial position of the ion sonic point (vix = cs ≈ 3400 m · s−1) has
been also displayed and we can notice that it corresponds perfectly to the origin
of the axial electric field perturbation: this ion sonic transition probably plays a
role in the on-set of the ITTI.
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Figure 6.1 – αε=16: Time evolution of the discharge current for the nominal case
and the case with EDI suppressed (by averaging azimuthally). Dashed horizontal
lines: mean value at steady state.

Figure 6.2 – αε=16 - EDI suppressed: Time and axial evolution of (a) axial
electric field and (b) ion density. Green vertical curve: axial position of null ion
axial velocity. Red vertical curve: axial position of ion sonic point (vix = cs).
The white dashed lines have been used to compute the wave velocity.
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Axial ion phase-space

To get more insights on this wave, we can take advantage of the richness of PIC
simulations and compute the axial ion phase-space at 4 moments of one transit-
time oscillation. We can see in figure 6.3 that we retrieve some characteristics
observed in figure 1.10 (obtained by the hybrid code of Hagelaar and Bareilles
[59]):

1. First, at time 1, we can see in figure 6.3(a) that, in addition to the usual ion
density peak near x = 1.5 cm, there is another density peak in the plume,
due to the presence of a low-velocity ion population. These ions seem
trapped because of the potential well inducing a negligible axial electric
field there. The axial electric field has only one sharp peak near the exit
plane and we see that another peak is starting to form near x = 1.5 cm, as
seen already in figure 6.2. One can notice that in the plume, some ions have
a velocity higher than the maximum ion velocity of equation 1.33 (vi,max =
20.9 km · s−1): there is evidence of ion wave-riding.

2. Then, at time 2, we can see in figure 6.3(b) that the axial electric field in-
creases near x = 1.5 cm and a group of low-velocity ions, that were formed
at this position, are propagating towards the cathode without being accel-
erated because they do not experience any axial electric field. They corre-
spond to the ion density peak near the exit plane (x = 2.1 cm), between
the two axial electric field peaks.

3. At time 3, in figure 6.3(c), the upstream axial electric field peak is almost
maximum, while the downstream one has almost vanished. One could think
that high-velocity ions of the plume are decelerating and join the group of
low-velocity ions. However, we have to be careful when reading this phase-
space: the negative axial electric field in the plume is not high enough to
explain this deceleration and between each snapshot, ions with velocity of 21
km · s−1 will travel ≈ 0.42 cm so they will leave the domain. The ion group
marked by a yellow circle hence corresponds to the ions with mid-velocity
that have been convected towards the plume.

4. Finally, at time 4, we retrieve the initial situation in figure 6.3(d) of time
1, with again an ion wave-riding.

As seen previously in figure 6.2, we notice again some ions propagating towards
the anode due to the small negative axial electric field there.

Time evolution of specific parameters

As the instability seems to form around x = 1.5 cm, the time evolution of
some plasma parameters at this position is displayed in figure 6.4. We can notice
that the ions become supersonic just after the growth of axial electric field. One
can infer that already some ions were travelling at a velocity higher than cs before
and hence, it could explain the wave growth. Moreover, the ion density and axial
electric field have a phase shift of π, while the axial ion velocity is in phase with
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(a) Time 1 (b) Time 2

(c) Time 3 (d) Time 4

Figure 6.3 – αε=16 - EDI suppressed: 4 different moments of an ion transit-
time oscillation. Top: Axial ion phase-space with vi,max given by the horizontal
red dashed line and in inset, time evolution of discharge current with the green
dot indicating the corresponding time. The yellow zones indicate the ions that
will form the low-velocity group in the plume. Bottom: Corresponding profiles
of ion density (blue line), axial electric field (solid red line) and electric potential
(dashed red line, normalized).
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the axial electric field. One can notice that when the axial electric field starts to
grow, the ion axial velocity corresponds to the wave velocity.
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Figure 6.4 – αε=16 - EDI suppressed: Time evolution at x = 1.5 cm of: (a)
ion density, neutral density (dashed blue) and axial electric field - (b) Axial ion
and electron velocity and ion sound speed (dashed red) - (c) Electron and ion
(dashed blue) temperatures and ionization source term. The vertical black dashed
lines correspond to the time where the ions become supersonic (vix > cs).

6.1.3 Origin of the ITTI?

Another way to get more insights on the origin of this instability is to perform
a parametric study and see how it affects the wave growth. First, we have varied
the scaling factor αε and we can see in figure 6.5 that the frequency is increased
when αε = 64, instead of αε = 16. However, for αε = 256, the instability seems to
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be damped and strangely, oscillations similar to the breathing mode are growing
later.

Moreover, to know if the ITTI is related to the neutral dynamics, we used a
simulation with αε = 64 and at some point, we "froze" the neutrals by keeping
their axial profiles (density and velocity) constant. We can see in figure 6.6 that
the oscillations are still present and hence, we can conclude that the ITTI is not
related to the neutral dynamics.

Finally, we performed additional tests not displayed here. First, we have
seen that the ion-neutral charge-exchange collisions and the cathode model do
not seem to play any role. However, when we decreased the discharge voltage
Ud from 300 V to 200 V, the wave amplitude was decreased and the frequency
increased along with the wave velocity. This observation can echo with the fact
that the instability is related to the ion sonic point: a change of Ud affects the
electron temperature (and hence the ion sound speed) along with the ion velocity.

All in all, we have seen that the ITTI was growing in our 2D axial-azimuthal
simulations when the EDI was suppressed (by averaging azimuthally at each
time step). The typical characteristics of this instability were retrieved: mid-
range frequency (120 kHz), ion wave-riding mechanism, low-energy ion group in
the plume, etc. Moreover, we managed to relate the origin of this instability to
the ion sound speed: it seems to grow at the position for which the ions become
supersonic.

However, even if the scaling factor αε used was relatively big, the computa-
tional time required for these simulations was quite important and by averaging
azimuthally, we were basically retrieving a simple 1D axial simulation. Hence, as
it seems that the ITTI is not directly related to azimuthal effects, or presumably,
is a "fluid" instability, additional insights could be more easily obtained by using
an axial 1D fluid code (along with a perturbation analysis) which could simulate
a case in a couple of minutes instead of a couple of days. Even though a 1D fluid
code is already available at LPP, the results are still preliminary and hence, they
are out of scope of this manuscript.

6.1.4 Evidence of ITTI in the self-consistent axial-azimuthal
simulations

Let us now come back to the "real" self-consistent simulations presented in
the previous chapter. The presence of these ion transit-time instabilities can be
inferred from the axial ion phase-space and the axial profile of axial electric field.
They have been displayed in figure 6.7 for the case αε = 16 and in figure 6.8 for
the case αε = 64. Because this diagnostic is quite heavy in term of file sizes,
it has only been run at the end of the simulations and not for the case αε = 4.
Moreover, we can notice in figure 5.8 that the breathing mode oscillations seem
to be damped at the very end of the simulation for the case αε = 16. Hence, to
be able to observe the evolution during a BM oscillation, we will analyse in this
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Figure 6.5 – EDI suppressed: For different αε, (a) time evolution of the dis-
charge current (the dashed horizontal lines correspond to the mean value at steady
state) and (b) corresponding FFT.
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discharge current and neutral density at the exit plane. The neutrals have been
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section the case αε = 16 without anode ion recombination, which does not affect
our conclusion.

First, for both cases, a low-velocity ion group can be found in the plume, along
with oscillations of the axial electric field. These oscillations are less pronounced
than in the previous section where the EDI was suppressed, and the low-velocity
group is also less populated. Hence, in someway, the presence of EDI is damping
these transit-time oscillations.

However, if we look at the case αε = 16, in figure 6.7, we still retrieve a similar
behaviour than for the case without EDI of figure 6.3, but less pronounced:

1. First, when the discharge current increases (figure 6.7(a)), we can see that
a group of low-velocity ions is separating from the main ion beam. It
corresponds to the small density bump near x = 2 cm, related to the small
well of axial electric field: an upstream peak has been growing just before
x = 2 cm.

2. For the same ITT oscillation (figure 6.7(b)), we can see that there is some
ion wave-riding and a group of low-energy ions in the plume that have been
trapped by the negative potential.

3. Later, when the discharge current decreases (figure 6.7(c)), this phenomena
seems localized more upstream, in the plume. Indeed, we retrieve the axial
electric field well and the ion density bump, near x = 3 cm.

4. It is again associated with a wave-riding mechanism and a low-energy group
of trapped ions (figure 6.7(d)).

For the case with αε = 64, displayed in figure 6.8, the behaviour is similar
but the axial oscillation on the electric field is more pronounced. It was expected
because the EDI is more damped due to the higher scaling factor. Moreover, it
is interesting to notice that the axial electric field perturbation seems to grow
more upstream for the case αε = 64 (around x ≈ 1.6 cm) than for the case αε
= 16 (around x ≈ 1.9 cm): we found that these positions were corresponding to
the ion sonic point, similarly than in the previous section. Finally, we can relate
these two figures to the IVDF displayed in the previous chapter (figures 5.15
and 5.16): indeed, the low-energy ion peaks observed in the plume (x = 3 cm)
correspond to these trapped ions, which form a bigger group when the discharge
current decreases.

Even though we have given evidence of the presence of the ITTI in our simu-
lations, this instability is propagating mainly in the axial direction. Hence, it is
still not clear if and how it is related to the change of the azimuthal instabilities
in the plume region when the discharge current decreases. To get more insights,
we will study in the next section the influence of the azimuthal domain length on
this phenomena.
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(a) Time 1 (b) Time 2

(c) Time 3 (d) Time 4

Figure 6.7 – αε=16, nominal: 4 different moments of an ion transit-time oscil-
lation. Top: Axial ion phase-space with vi,max given by the horizontal red dashed
line and in inset, time evolution of discharge current with the green dot indicat-
ing the corresponding time. The yellow zones indicate the ions that will form the
low-velocity group in the plume. Bottom: Corresponding profiles of ion density
(blue line), axial electric field (solid red line) and electric potential (dashed red
line, normalized).
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(a) Time 1 (b) Time 2

(c) Time 3 (d) Time 4

Figure 6.8 – αε=64, nominal: 4 different moments of an ion transit-time oscil-
lation. Top: Axial ion phase-space with vi,max given by the horizontal red dashed
line and in inset, time evolution of discharge current with the green dot indicat-
ing the corresponding time. The yellow zones indicate the ions that will form the
low-velocity group in the plume. Bottom: Corresponding profiles of ion density
(blue line), axial electric field (solid red line) and electric potential (dashed red
line, normalized).
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6.2 Influence of the azimuthal domain length Ly

We have increased the azimuthal domain length Ly from 1 cm to 2, 4 and
8 cm, for αε = 64. It has not been decreased to 0.5 cm because not enough
EDI wavelengths were then captured and moreover, as the increase of needed
computational resources is directly proportional to the one of Ly, we needed to
use at least a scaling factor of 64.

Prior to any local analysis, the corresponding time evolutions of the discharge
current are displayed in figure 6.9. We can see that the oscillation amplitude is
greatly enhanced when Ly is increased, which is related to a wave energy that is
also greater when the azimuthal length is higher. Hence, the mean value of the
discharge current increases also with Ly. It is important to mention that the case
Ly = 8 cm may have not reached steady-state yet.

6.2.1 Axial electron transport

Similarly to the analysis performed in the previous chapter, we will look first
at the axial electron transport. The azimuthal momentum terms averaged over
several BM oscillations are shown in figure 6.10. First, we can see that the classical
collision term is almost independent on Ly, and that the friction force for x ≤
1.5 cm is almost null, which gives a near-anode axial electron transport rather
identical for each case. However, from x = 1.5 cm to the cathode, we observe
a significant increase of the friction force when Ly is increased, which enhances
equally the axial transport. It is coherent with the discharge current evolution
(figure 6.9): the mean value of discharge current is higher when Ly is increased
because the plasma conductivity is enhanced via the electron-ion friction force.
Moreover, the discharge behaviours for Ly = 1 cm or Ly = 2 cm are very similar.

One can notice that the friction force for the case Ly = 8 cm is very noisy in the
plume, which is due to the momentum term diagnostic which was not averaged
on enough samples when the discharge current was high. We can compare it to
the figure 6.11(a) in which the usual grid diagnostic was used, with a slightly
lower friction force in the plume for this particular case. We can see in this figure
that again, the ion sonic point seems to mark a transition between the small
friction force zone upstream and the significant friction-force enhancement with
Ly downstream. Moreover, we can notice that this sonic point is shifted towards
the anode when Ly is increased, which can also be related to this friction-force
enhancement.

The axial profiles of the ratio of the wave energy to the electron thermal energy
are displayed in figure 6.11(b). We can see that this ratio increases significantly
with Ly, and even though this increase occurs upstream of the ion sonic point,
we can probably relate it to the one of the electron-ion friction force. Moreover,
the ion-wave trapping saturation limit, computed in the previous chapter (Eq.
4.29) has been displayed and we can notice that for the two cases in which the
friction-force is significantly enhanced (i.e. Ly = 4 or 8 cm), the wave energy
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Figure 6.10 – αε = 64: Azimuthal electron momentum terms averaged over sev-
eral BM oscillations, for different values of Ly. The red line corresponds to
FB,y = −qneBve,x, related to the axial electron transport. The cyan Fei,y line
corresponds to the instability-enhanced drag force on the electrons. The ma-
genta line corresponds to the electron-neutral collision term Fen,y.
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Figure 6.11 – αε = 64: Averaged profiles over several BM oscillations (and
azimuthally), for different Ly, of: (a) Electron-ion friction force. (b) Ratio of
the wave energy density to the electron thermal energy density. Horizontal grey
dot-dashed line: ion-wave trapping saturation limit (Eq. 4.29). Vertical coloured
dashed lines: axial position of ion sonic point (vix = cs). Black dashed line:
position of maximum magnetic field.
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ratio εwave

εth
is higher than this saturation limit which means that the instabilities

are behaving differently.

Plasma fluctuations

Similarly to figures 5.17 and 5.18 for the case αε = 4, we have displayed in
figure 6.12 the axial and time evolution of the plasma fluctuations during one BM
oscillation αε = 64 and Ly = 8 cm, with specific axial profiles at different moments
of a BM oscillation in figure 6.13. First, we can see that again the ion sonic point
corresponds to a transition towards an instability which is not convected axially
and exhibits high amplitudes when the discharge current decreases. This time,
the link with the ITTI can be easily observed on the evolution of the axial electric
field which exhibits strong oscillations originating from the sonic point, with an
high amplitude when the discharge current decreases.

Moreover, contrary to the case αε = 4, there are almost no fluctuations be-
tween the position of null axial velocity and the sonic point: it seems that the
EDI growth is almost negligible there. This behaviour was expected looking at
the null friction force in this zone (figure 6.11(a)) and it is mainly a consequence
of the high scaling factor (αε = 64) used.

Finally, one can notice that, as seen already in figure 6.11(b), there is no
ion-trapping saturation of <δne>

ne
any more. Additionally, we no longer have the

equality <δne>
ne
≈ <δφ>

Te
due to a level of potential energy fluctuations increasing

significantly in the plume compared to the plasma thermal energy. It was ex-
pected because the ITTI is not a kinetic instability and it could mean that the
quasi-linear kinetic theory used before is not valid any more in this particular
zone.

However, it seems to contredict the azimuthal IVDF displayed in figure 6.14
when Id decreases: whereas no ion-trapping is present for the cases Ly = 1 cm
or Ly = 2 cm, for higher azimuthal length, we observe a trapping for x ≥ 2 cm,
with a trapped velocity increasing with Ly. This surprising behaviour is not fully
understood yet.

To get more insights on this wave energy dependency with Ly, we will study
in the next subsection the azimuthal instabilities characteristics.

6.2.2 Azimuthal instabilities

As in the previous chapter, 2D snapshots of the azimuthal electric field for
different Ly have been displayed in figures 6.15 (when Id increases) and 6.17
(when Id decreases), with again a transition corresponding to the ion sonic point.
The corresponding 2D FFT have been calculated at two different axial positions
(upstream and downstream of the ion sonic point) and are shown in figures 6.16
and 6.18 respectively, with again a time range of 5 µs.

Upstream of the sonic point, it is hard to distinguish the azimuthal oscillations
because of the colormap scale (as seen above, their amplitude are very small),
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Figure 6.12 – αε = 64, Ly = 8: Time and axial evolution during one BM
oscillation of: (a) axial electric field, (b) azimuthal electric field, (c) normalized
electron density and (d) normalized plasma potential fluctuations. Green vertical
curve: axial position of null ion axial velocity. Red vertical curve: axial position
of ion sonic point (vix = cs). Horizontal white dashed line: moments used to
compute figure 6.13 (Id maximum at t=266µs). Vertical black dashed lines: axial
position of maximum magnetic field.
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Figure 6.14 – αε = 64: Axial (blue) and azimuthal (orange) IVDF for 3 axial
positions (rows) and for 4 values of Ly (columns) when Id decreases. Careful, the
azimuthal IVDF y-axis has been put in log-scale for the best display.
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but the corresponding 2D FFTs (at x = 1 cm) show that for all the cases, the
dispersion relation is very close to a modified ion-acoustic DR. However, it is more
complicated to analyse the behaviour when the ions are supersonic. Indeed, the
spectrum tends to be more discrete with a long-wavelength peak which tends
to smooth out when Id increases and gets close to the modified ion-acoustic
DR. From the 2D snapshots of Ey, we can see that there is a long-wavelength
oscillation which is over-imposed on the usual short-wavelength oscillation and
form big "blobs" of azimuthal electric field, which propagate azimuthally and
vanish periodically. Its wavelength seems to depend on Ly, with m = 1 being the
dominant mode. We can also see it on the FFT for which the peak goes toward
low-wavenumber when Ly increases. This behaviour is probably related to the
previous observations on the increased axial transport (and wave energy), when
Ly is increased.

Finally, the Power Spectral Distribution (PSD) for the azimuthal electric field
(computed with the function signal.welch from the scipy package [227]) is shown
in figure 6.19 for different axial position with Ly = 8 cm. We can see more clearly
the transition from short to long wavelengths at x = 2 cm and x = 3 cm. This
phenomena could be related to the "inverse energy cascade" which has recently
been observed in other PIC simulations [87, 72]: more energy will then be carried
by this long-wavelength structures, explaining the wave energy increase.

All in all, we have seen that, along with the well-known Breathing Mode
and Electron Drift Instabilities, another instability was developing in the Hall
thruster: the Ion Transit-Time instability. Contrary to what was observed by
Coche et al. [76], this instability seems to be present throughout the whole BM
oscillation (not only when the discharge current is decreasing) but because the
EDI is stronger when the discharge current increases, it is more difficult to observe
the ITTI during this phase. Moreover, the higher density inside the thruster also
enhances the EDI which explains why the effect of the ITTI is more visible in the
plume. This behaviour pledges in favour of the theory of Fernandez et al. [225]
who found that the ITTI growth rate was inversely proportional to the electron
mobility (∝ µ

−1/2
e ): hence, the high mobility inside the thruster and during Id

growth (enhanced by the EDI) could be the one damping this ITTI. This damping
of axial modes due to the strong electron mobility was also recently retrieved by
Smolyakov et al. [228] with 1D fluid and hybrid models. Finally, the EDI in the
plume is also strongly affected by the ITTI, probably because the ITTI causes a
change of the local plasma parameters.

Even though we managed to highlight the importance of the ion sonic point,
the interaction between the ITTI and the EDI is still mostly not understood. To
get more insights, we will thicken our analysis in the next section, with additional
information from the simplified benchmark case of chapter 3.
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Figure 6.15 – αε = 64: 2D maps of azimuthal electric field for different Ly,
when Id increases. Red dashed lines:axial position of ion sonic point (vix = cs).
White dashed lines: axial position of FFTs (figure 6.16). Black dashed line:
position of maximum magnetic field.

Figure 6.16 – αε = 64: Corresponding FFT for x=1 cm (left column) and x=
3 cm (right column), when Id increases. White thick line: ion-acoustic dispersion
relation. Red dashed lines: ion-acoustic growth rate rescaled by a constant factor
to fit the image. The spectrum has been zoomed to focus on the zone of interest.
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Figure 6.17 – αε = 64: 2D maps of azimuthal electric field for different Ly,
when Id decreases. Red dashed lines: axial position of ion sonic point (vix = cs).
White dashed lines: axial position of FFTs (figure 6.18). Black dashed line:
position of maximum magnetic field.

Figure 6.18 – αε = 64: Corresponding FFT for x=1 cm (left column) and x= 3
cm (right column), when Id decreases. White thick line: ion-acoustic dispersion
relation. Red dashed line: ion-acoustic growth rate rescaled by a constant factor
to fit the image. The spectrum has been zoomed to focus on the zone of interest.
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Figure 6.19 – αε = 64, Ly = 8 cm: PSD of azimuthal electric field at (a) x =
1 cm, (b) x = 2 cm and (c) x = 3 cm. The white vertical dashed lines correspond
to moments when the discharge current is maximum.
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6.3 Interaction between ITTI & EDI

6.3.1 Preliminary analysis on the self-consistent simula-
tions

To decouple these two instabilities, we used Dynamic Mode Decomposition
(DMD) [229] on the simulation results. In a few words, DMD is a data-driven
method that gives the dominant spatial temporal coherent modes of a signal.
The algorithm that we developed, based on the library Antares [230], can then
reconstruct the signal with specific modes. We applied this DMD method to the
2D snapshots of azimuthal electric field to find the two modes corresponding to
EDI and ITT, identifying them as respectively the small-wavelength azimuthal
instability and the long-wavelength axial instability.

However, the process is not as straightforward as expected: the DMD algo-
rithm finds many modes with close frequency values and it is hard to reconstruct
specifically the one corresponding to the ion transit-time instability. To alleviate
this constraint we can gather all the modes in a chosen range of frequencies. For
example, we have displayed in figure 6.20 the different modes for the case αε = 64
with Ly = 4 cm, just after the discharge current maximum. We can see on the
bottom row that we captured almost all the original signal and at that partic-
ular moment, we retrieve the strange behaviour observed previously in section
6.2: while in the thruster, small-wavelength instability are propagating, in the
plume a long-wavelength instability with a mode m = 1 appears. Thanks to this
DMD analysis, we can see that this small-wavelength instability exhibits a high-
frequency behaviour (1-4 MHz), while the long-wavelength one has a mid-range
frequency of 100-500 kHz. Hence, we can relate the former to the EDI and the
latter to the ITT.

However, this DMD analysis is more qualitative than quantitative. To get
more insights, the Power Spectral Density (PSD) of the ion density fluctuations
δni = ni− < ni > has been computed over several breathing modes oscillations,
at different axial positions, for different αε and Ly = 1 cm (figure 6.21) and
different Ly and αε = 64 (figure 6.22).

First, we can see in figure 6.21 that when αε is decreased, the amplitude of
the high-frequency peak is more important and, as expected, the corresponding
frequency value is increased. On the contrary, the low-frequency content between
100 and 500 kHz has a smaller amplitude. We retrieve the fact that for all the
cases, inside the thruster, the high frequency content dominates, while outside
the thruster, the low-frequency content is more important. These plots echo with
what has been recently observed experimentally by Brown and Jorns [81], with
similar ranges of frequencies inside and outside the thruster.

Then, if we perform the same analysis for different values of azimuthal length,
we can see in figure 6.22 that the high frequency content does not seem to depend
on Ly, especially inside the thruster. It is comforting become it means that the
EDI is not affected by the azimuthal domain length. On the contrary, the low-
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Figure 6.20 – αε=64, Ly = 4 cm: Dynamical Mode Decomposition at a specific
time. Mode 1 corresponds to the sum of the modes between 100 and 500 kHz,
Mode 2 between 500 kHz and 1 MHz, Mode 3 between 1 and 2 MHz, Mode 4
between 2 and 4 MHz. The sum of all these modes is compared with the original
signal on the bottom row. All the images have the same colorbar range.
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frequency content seems to be shifted to higher frequency when Ly is increased,
and more importantly, the overall level of fluctuations increases with Ly, which
was already observed previously and is still not understood.

All in all, from what we have observed until now, it seems clear that an ITTI
is developing inside the HT, characterized by an axial electric field perturbation.
This perturbation is then interacting with the EDI which tends to damp it by
increasing the electron mobility. However, the mechanism behind this interaction
has not been studied theoretically and hence, the assumption that the long-
wavelength oscillation of the azimuthal electric field (in the plume) stems from
this interaction might be a bit bold. The self-consistent simulation results have
been extensively post-treated and the next step would be to develop an analytical
theory. However, prior to this heavy work, one last insight can be obtained by
using another simulation case: the simplified benchmark case of chapters 3 and
4.

6.3.2 Insights from the simplified benchmark case

Indeed, the azimuthal domain length for the simplified benchmark case was
limited to 1.28 cm. To relate with the results for the self-consistent cases, we have
taken the more extreme case (with still a reasonable computational time) and we
have increased this Ly to 10 cm, keeping the same cell size (8 times more azimuthal
cells). The 2D snapshots of azimuthal electric field at steady-state has been
displayed in figure 6.23, along with the corresponding FFT (performed on 10 µs)
at two axial positions. We can see that no long-wavelength structure is developing
(similarly to the preliminary results of Powis et al. [219]) and that the azimuthal
instability have a dominant wavelength close to the one predicted by the modified
ion-acoustic dispersion relation (equation 4.18). However, whereas the modified
ion-acoustic DR fits perfectly the spectrum inside the thruster, it is not the case
any more in the plume. Following the work of Tavant [120], we overlapped at
this position the modified ion-acoustic DR with the plasma parameters of the
axial position x = 0.5 cm, which corresponds approximately to the origin of the
EDI growth (maximum of plasma density). The good agreement obtained with
this shifted DR led us to the conclusion that when the EDI is convected from
the position where it has grown, it keeps some of its characteristics. Whereas we
observed in this particular case that it was the wave velocity that was conserved,
more work is needed to confirm this observation.

Finally, it is important to mention that contrary to what was initially pre-
sumed in chapter 4 and [185], the two zones for the azimuthal instabilities are not
separated by the maximum of magnetic field but instead, it corresponds again to
the position of the ion sonic point (not shown in figure 6.23 as it overlaps almost
perfectly). We have also verified that in the case of the nominal benchmark case
(figure 3.8), the shifted modified ion-acoustic DR is fitting well the measured
spectrum in the plume.

With this simple analysis, we have shown that no long-wavelength structure
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Figure 6.22 – αε=64: Power Spectral Density of ion density fluctuations normal-
ized by the ion density for different values of Ly, at different axial positions.
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Figure 6.23 – Benchmark case with Ly=10 cm: (a) 2D maps of azimuthal
electric field at t = 26 µs. The green and red vertical dashed lines indicates
the position of the FFT. The black vertical dashed line corresponds to the posi-
tion of maximum magnetic field. (b) Corresponding 2D FFT at x=0.5 cm. (c)
Corresponding 2D FFT at x=1.5 cm. White thick line: local ion-acoustic dis-
persion relation. White dashed line: ion-acoustic dispersion relation convected
from x=0.5 cm. Red dashed line: ion-acoustic growth rate rescaled by a constant
factor to fit the image. The spectrum has been zoomed to focus on the zone of
interest.
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was appearing in the simplified benchmark case, despite the use of a very long
azimuthal domain length. Again, we should keep in mind that this case has many
limitations but it still gives us an important insight on the azimuthal instabilities
behaviour in 2D axial-azimuthal simulations: in absence of BM or ITT oscilla-
tions, there is no inverse energy cascade towards long-wavelength structures.

Finally, one can wonder why the ITTI does not seem to grow in this simplified
benchmark case. The first hypothesis stems from the imposed ionization source
term which is seen to oscillate similarly than the axial electric field during one
ITT oscillation in the self-consistent simulations. Having a constant source term
could then preclude the on-set of the ITTI. Moreover, another hypothesis relates
this absence of ITTI to a different axial position of the ion sonic point. Indeed, we
have observed that because of the short distance between the maximum magnetic
field and the anode, the ion sonic point was always located downstream of the
exit plane, i.e. in a region where the magnetic field gradient was negative. Even
though we have still no clue if it is this negative magnetic field gradient which
is damping the ITT, it is certain that the stability condition are linked to the
sonic behaviour of the ions and the local plasma conditions (maybe the local ion
current fraction as presumed in [224]). More work is still in progress to see if we
observe an ITTI in simulation cases with an extended discharge channel length
(to obtain a sonic point upstream of the magnetic field maximum, similarly to the
self-consistent simulations) or an artificially modulated ionization source term.

6.4 Conclusion
The analysis performed in this chapter was motivated by a surprising observa-

tion: downstream of the ion sonic point, when the discharge current decreases, a
long-wavelength azimuthal instabilities is developing, superimposed on the usual
short-wavelength EDI. Recently, many people in the E×B community were con-
vinced that there is an inverse energy cascade towards long wavelength modes
in the Hall thruster plume (experimentally [81] and numerically [71, 87, 88, 79]).
However, this phenomena was never observed in simulations including the HT
axial direction and moreover, it is scarcely understood theoretically. Here, we
have found that these long-wavelength modes were appearing at the same time
than an axial instability known as the ion-transit time instability.

This ITTI has been poorly studied and hence, we decided to first shed light
on this hundreds-kHz instability by removing any azimuthal oscillations. Even
though their main characteristics (frequency, low-energy ion population in the
plume, ion wave-riding) were retrieved, their origin still remains unclear. They
seem to be related to the ion sound speed, as the axial electric field wave is
growing at the position where the ions become supersonic. However, more work
is still needed, using simpler models, such as 1D axial fluid ones, and perturbation
analysis.

Coming back to the self-consistent simulations, we managed to highlight the
presence of this ITTI in the simulations presented in the previous chapter. We
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studied its interaction with the EDI by first looking at the influence of the az-
imuthal domain length on these long-wavelength structures. It appeared that
while an increase of Ly had almost no effect on the EDI propagating upstream
of the sonic point, it was significantly enhancing the wave energy (and hence the
friction force and the axial electron transport) in the region where the ions are
supersonic. Because of this increase of the wave energy compared to the ther-
mal energy, the quasi-linear kinetic theory was not applicable there any more.
Moreover, we found that the wavelength of these large structures was almost pro-
portional to Ly, with m = 1 being the dominant mode: it could explain why the
cases with Ly = 1 cm or Ly = 2 cm were quite similar: maybe the wavelength of
these large structures is around 8 cm and they were not able to fit in a smaller
periodic box. A simulation case with a longer Ly could then be of use to confirm
this hypothesis.

The apparition of these long-wavelength instabilities, along with the signifi-
cant increase of wave energy, pledged in favour of the inverse energy cascade hy-
pothesis. However, from what we have observed in the self-consistent simulations
and the fact that no long-wavelength structure was developing for the simplified
benchmark case with a long azimuthal domain length, it made us think that these
large structures are stemming from the interaction between the EDI and the ITT.
The latter is affecting the local plasma parameters in such a way that the EDI
is no longer saturated and the wave energy keeps increasing. This was already
observed in a 2D fluid framework [88] in which the axial resistive modes were
found to destabilize the azimuthal modes, generating large scale structures and
enhancing the axial electron transport via an inverse energy cascade. It would
be interesting to study to which extent this fluid analysis could apply to our PIC
results.

Finally, it is important to mention that these changes of azimuthal domain
length were performed for a relatively high scaling factor of αε = 64. For lower
αε, we have already observed in the previous chapter that, upstream of the ion
sonic point throughout the whole BM oscillation, and also downstream when the
discharge current is decreasing, the EDI was growing with the "usual" behaviour,
well-approximated by quasi-linear kinetic theory. Following previous observations
[46, 59, 225], we made the hypothesis that the high electron mobility was damping
the ITTI, hence preventing any EDI/ITTI interaction. Hence, it is possible that
in "real" cases with no artificial scaling, the EDI growth rate will be strong enough
to damp the ITT, even downstream of the ion sonic point in the BM phase of
decreasing current, hence reducing this wave energy increase for longer azimuthal
domain lengths. This hypothesis requires further investigations (lower αε with
longer Ly) that are very computationally expensive and remain unfortunately out
of scope of this work.



Chapter 7

Conclusion

7.1 Summary of the thesis

If we put in perspective the results obtained in this work with the significant
number of published papers on Hall Thrusters these last two decades, we can
capture a glimpse of the complexity of these devices. Due to the relatively low
demand at the early beginning of the 21st century, the main HT manufacturers
were able to build thrusters in a narrow range of power, by using try-and-error
methods, through long and costly experimental tests. The breakthrough of the
New Space industry in the last decade was a game-changer, along with the one
of full-electric satellites. A broad range of thruster powers and sizes are now
required for a variety of space missions and the HT manufacturers need to find
more efficient methods to quickly build efficient thrusters.

This work belongs to this framework of developing numerical models which
could help HT designs. As we have seen in chapter 1, even though fluid mod-
els are faster and less computationally expensive, they currently use several as-
sumptions that preclude any self-consistent thruster simulations: for example,
the plasma/wall interactions are often poorly accounted for, due to the quasi-
neutrality assumption, and more importantly, no self-consistent, first principles,
model exist for the axial electron "anomalous" transport. Most of the works on
HT are trying to palliate the latter issue and understand how to account properly
for this anomalous transport. Whereas at first, the plasma/wall interactions were
thought to be the main origin for this transport, it appeared that they seem to
have a smaller influence compared to the azimuthal instabilities propagating in
the thruster, mostly the Electron Drift Instability.

Because these instabilities are kinetic in nature, they can only be studied
via Particle-In-Cell codes which are unfortunately quite demanding in term of
computational requirements. Despite the significant improvements on the com-
putational hardware (more powerful CPU, GPU, etc.) and the development of
efficient parallelisation techniques (MPI, OpenMP, etc.) on large clusters, we
are not yet able to simulate in 3D a real-size HT. Hence, we need to settle for
only 2 dimensions, with sometimes even additional artificial scaling techniques
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which can affect the discharge behaviour. In this work, we chose to simulate the
azimuthal direction, to capture these aforementioned instabilities, while also in-
cluding the axial direction to account for their convection and be able to compute
engineering parameters such as the thrust or the specific impulse. A significant
part of this work, summarized in chapter 2, is related to the changes made on
LPPic, a 2D PIC code originally developed to simulate the HT radial-azimuthal
directions. The two main changes to account for this axial direction were related
to the modelling of the cathode and the dynamics of the neutral atoms. The
former was not straight-forward due to the absence of any radial direction and
we found that the neutral dynamics was playing a major role in the discharge
behaviour. These new models were both extensively verified, either via specific
tests, comparisons with other PIC codes (axial-azimuthal benchmark of chapter
3) or even parametric studies (such as the one for the cathode model of section
3.6). Finally, because of the important density gradients in the axial direction, it
was also necessary to improve the code performances and develop specific algo-
rithms to speed-up the code.

7.1.1 Importance of code verification

As LPPic is used by several users at the same time, for various applications
(radial-azimuthal HT simulations, inductively coupled plasmas in GIT, etc.), an
efficient collaborative development framework was needed, with the implementa-
tion of good coding practices (Git, Continuous Integration, etc.). Even though
unitary tests, along with the 1D helium benchmark [156], were regularly per-
formed to verify our results, it quickly appeared that we needed a simulation
case closer to a HT configuration to verify LPPic. As described in chapter 3,
we managed to make 7 independent PIC codes converge on similar results for a
previously-defined benchmark simulation case. The purpose was manifold: the
most obvious one was to develop a benchmark case which could be used to ver-
ify any 2D axial-azimuthal PIC codes of E ×B discharges, but additionally, we
started a broad collaboration between independent research groups, in the frame-
work of the LANDMARK project. Hence, this first benchmark paved the way to
new benchmarks in different configurations (the radial-azimuthal PIC benchmark
being the most advanced one) and also to collaborative parametric studies, for
which several independent codes can simulate a broad range of simulation cases,
hence efficiently providing a huge database to study the HT physics. These col-
laborative parametric studies are still a work-in-progress but an example on the
cathode model was given at the end of chapter 3. Additionally, this test-case
has also been recently used to improve the analytical description of ions in fluid
models. As this work is out of scope of this manuscript, the reader can refer to
the corresponding publication for more information [231].

Nowadays, all this work towards code verification is crucial to increase our
confidence in the results given by these more-and-more complex codes. As any
code development can take months, or even years, it is compulsory to verify it
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before trying to analyse any physical results. The benchmark case can also be
used to test the code performance or the influence of specific numerical models.
Hence, we hope that this axial-azimuthal benchmark will help improve PIC codes
in the E×B community.

7.1.2 Origin of electron anomalous transport

This benchmark activity was not only useful to verify LPPic but we also used
it to come back to the original purpose of this work: a better understanding of the
electron anomalous transport. Indeed, due to its simplicity and relatively small
computational requirements, this case was the perfect candidate to stress-test
analytical developments. A quasi-linear kinetic theory was previously proposed
by Lafleur et al. [70, 84] and verified only once on a specific axial-azimuthal self-
consistent PIC simulation case, during the increasing part of a breathing mode
oscillation [86]. We took this opportunity of using the simplified benchmark case
and varying several input parameters to obtain a broad range of discharge be-
haviours and hence, be able to extensively test this kinetic theory. The results,
given in chapter 4, were conclusive and it strengthened our confidence in consid-
ering the EDI as the main source of anomalous transport.

However, this work suffered from several limitations due mainly to the absence
of collisions and the underlying imposed ionization source term, which were pre-
cluding the on-set of important HT instabilities such as the breathing mode or
the ion transit-time instabilities. We alleviated these constraints by including
a neutral dynamics solver, hence obtaining self-consistent simulations. Unfor-
tunately, the strong plasma density fluctuations due to the BM oscillations are
significantly increasing the computational requirements, to such an extent that
a real simulation case is currently out-of-reach. We decided to use an artificial
scaling technique, increasing the vacuum permittivity, to relax the PIC stability
constraints and speed-up the simulations. Thanks to an efficient code parallelisa-
tion, we managed to reduce this scaling factor to a small value, hence simulating
a case close to reality. Whereas we retrieved several characteristics previously
observed in axial-azimuthal PIC simulations, we found that we could distinguish
two zones for the azimuthal instabilities, depending on the sonic behaviour of
the ions. Upstream of the ion sonic point, the plasma density is high and the
EDI growth rate is important: the anomalous electron transport can be well ap-
proximated by the aforementioned quasi-linear kinetic theory. However, when
the ions become supersonic, another instability is growing and propagating axi-
ally: the ITTI. While its growth is damped by the high electron mobility in the
BM phase of increasing discharge current, it interacts with the EDI when the
discharge current decreases, hence causing the formation of long-wavelength az-
imuthal structures, superimposed on the usual small-wavelength instabilities. It
results in an enhanced anomalous transport in this region, which is currently not
captured by the quasi-linear kinetic theory. In addition to these results, we stud-
ied the influence of the vacuum permittivity scaling factor in the rest of chapter
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5 and we found that, as expected, the main effect of the scaling technique was to
damp the EDI, hence reducing the anomalous transport.

The presence of the ITTI led us to a final analysis in chapter 6, with first a
model simplification towards 1D axial simulations (by averaging the azimuthal
direction) to study more specifically this instability. It appeared that the sonic
behaviour of the ions was playing a major role on its on-set, as observed already for
the "real" simulation cases. Even though its origin remains unclear, we decided
to increase the domain azimuthal length to see how it was affecting the long-
wavelength structures. We observed a dependence of their wavelength on this
azimuthal domain length, along with a significant increase of the wave energy
in the plume (and hence of the anomalous transport). This could be related to
recent observations of an inverse energy cascade. Even though we are convinced
that this phenomena stems from the interaction between the ITTI and the EDI, as
indicated by an analysis on the simplified benchmark case with a long azimuthal
domain length, the detailed mechanism is still not fully captured. A similar study
on the effect of the azimuthal domain length with smaller scaling factors is needed
to see to which extent this ITTI will be damped when the EDI will be stronger
(hence increasing the electron mobility) and how it will affect the apparition of
the long-wavelength azimuthal instabilities in the HT plume.

7.2 Recommendations and prospects

The initial objective of this PhD project was to take advantage of the highly-
parallelised code LPPic to simulate the computationally-demanding axial-azimuthal
HT configuration and find a way to self-consistently account for the electron
anomalous transport in fluid codes. During these last three years, it lead us to
different problems, from code development to code verification and finally, analyt-
ical analysis of the simulation results. This last task requires a strong theoretical
background (especially on plasma wave theory) that was beyond the scope of this
work. Even though we managed to collaborate with Lafleur who had developed
the quasi-linear kinetic model for the friction-force, this was detrimental to an ad-
vanced analysis of the results obtained, particularly on the EDI/ITTI interaction.
This could represent the first, and main, prospect for this work: the complexity
of the PIC results would deserve a more extensive theoretical analysis, maybe via
a collaboration with specialists in plasma wave theory or plasma turbulence.

Several other future works, which appeared relevant throughout the course of
this project but were not explored due to a lack of time and/or resources, are
detailed in the following.

7.2.1 Improvements of LPPic

An important prospect echoes back to the self-consistent simulations of the
last two chapters: to be able to simulate HT configurations close to reality, with
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no artificial scaling factor and a long azimuthal domain length, the code perfor-
mances need to be improved. As mentioned earlier, this is a work-in-progress,
with the help of the High Level Support Team at the National Computing Center
for Higher Education. Several bottlenecks have already been identified and the
first developments were promising (change of data structure for better memory
management, removing of reverse loops for better efficiency, etc.): we have good
hope of soon being able to simulate a case without artificial scaling.

Moreover, as already described in section 2.5, several new features should be
added to LPPic to account for effects that are expected to play a role in the
HT discharge behaviour. As shown by Tavant during his PhD thesis [120], the
inclusion of a fake-radial dimension would decrease the plasma density, along
with the electron temperature, hence damping the EDI. This should normally
reduce the amplitude of plasma density fluctuations during the BM oscillations
and hence speed-up the computation. Finally, we have seen that the axial ion
dynamics was also playing an important role, via the ITTI. Hence, we think that
it is important to account for the doubly-charged ions which represents around
10% of the ions and could also generate additional instabilities.

Finally, while performing self-consistent simulations, it quickly appeared that
the neutral dynamics was playing a major role on the discharge behaviour. Even
though we solved the full Euler equations, accounting for the variable neutral
velocity, more work might be needed to account for the variation of neutral tem-
perature or the recombination of the ions when hitting the "fake" walls. But
most importantly, as mentioned before, the RLC circuit used between the power-
supply and the thruster to damp the BM oscillations should be accounted for.
The inclusion of this circuit to LPPic is expected to be quite complicated numer-
ically as we might have to adapt it to the leapfrog scheme [232, 233] but it could
also help damping the BM oscillation and speed-up the computation.

7.2.2 Code validation with experiments

Even though this PhD project was mostly focused on numerical simulations,
experimental diagnostics on a small HT were also planned initially in order to
compare with the simulation results and validate LPPic. The goal was to use
non-invasive emission spectroscopy measurements, combined with a Collisional
Radiative Model (CRM), to obtain an axial profile of electron temperature. Ad-
ditionally, a Langmuir probe could be used to measure the electron temperature
in the plume, and validate this method. But the most interesting zone would
be the discharge channel near the exit plane (accessible through a thin slit in
the channel walls), where the electron temperature is expected to vary signifi-
cantly axially, a variation that cannot be captured with an invasive Langmuir
probe (known to perturb the plasma and also expected to melt). Whereas such
a diagnostic has been recently performed by another research group [234], the
main objective was to compare the measured electron temperature axial profile
to the one obtained with LPPic and hence, validate our code. The CRM is cur-
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rently under-development [235] and this whole experimental work will soon be
performed.

Moreover, other experimental diagnostics were performed on this small HT
such as a Proper Orthogonal Decomposition analysis of high-speed camera imag-
ing, to study the rotating spokes. We managed to find two different operating
regimes depending on the cathode heating current, with long-wavelength struc-
tures rotating in the plume for one of these regimes. Whereas it is still difficult
to relate these large structures to the ones observed numerically with LPPic,
the influence of the cathode current can be studied numerically by limiting the
amount of electrons injected in the simulation domain. Because this manuscript
was mainly focused on numerical simulations, we decided not to include these ex-
perimental diagnostics and the reader can refer to the corresponding publication
for more information [99].

7.2.3 Towards an engineering tool?

As we have seen throughout this work, PIC simulations are quite cumbersome
either because of the computational requirements or the complexity of the results.
Hence, they are often only used to get insights on the physics, which will later be
included in fluid or hybrid simulations. However, engineering parameters such as
the thrust or the specific impulse can also be computed with LPPic, and 2D axial-
azimuthal simulations with a high artificial scaling factor could still give results
close to reality (which will be even more improved with the inclusion of a fake-
radial dimension and doubly charged ions), while being reasonably fast (a couple
of days for a vacuum permittivity scaling factor of 64). One has to determine
if a fluid code with an artificial anomalous transport coefficient is more precise
than a PIC code with an artificial scaling factor, but this latter option might be
of interest for HT manufacturers, especially if the PIC code performances keep
being improved.

In any case, simpler numerical models are still needed to study specific parts
of the HT physics. We think that the EDI has now been quite extensively stud-
ied and more efforts need to be put into the analysis of other instabilities that
interact with the EDI and are hence expected to play a role in the anomalous elec-
tron transport (such as the BM or the ITTI), but are still not fully-understood.
This might represent the next step towards finding a self-consistent model for
anomalous transport that could be then included in fluid models.



Appendix A

Sod test case

We consider for this test a cylindrical shock tube, with two zones separated
by a diaphragm. The two zones are static, with different conditions of density
and pressure, given in figure A.1.

Figure A.1 – Initial conditions of Sod test case, with left state 1 (ρ1,u1,P1) and
right state 2 (ρ2,u2,P2). The absciss is in centimeters.

At initial time, the diaphragm is broken, which creates a shock wave in the
tube. Sod has derived an analytical solution that we can compare with the one
obtained with our Riemann solver, as seen in figure A.2. We can notice that
the two profiles are in good agreement but some diffusion is observed near the
discontinuities. This diffusion is inherent to first-order Riemann solvers and it
is necessary for the scheme to represent discontinuities without introducing new
local extrema [236]. More details can be found in the Master’s thesis of Tordeux
[176].
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Figure A.2 – Results of Sod test case for ∆z = 2×10−3 cm and t=0.8 ms. Dashed
black line: analytical solution. Blue line: LPPic solver. Diaphragm was originally
at z=0.5 cm. Adapted from [176].
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Résumé : Ces dernières années, le nombre de sa-
tellites en orbite autour de la Terre a augmenté de
manière exponentielle. Grâce à leur faible consom-
mation en carburant, de plus en plus de propulseurs
électriques sont utilisés à bord de ces satellites, no-
tamment le propulseur de Hall qui est l’un des plus
efficaces. De la diversité des applications découle le
besoin d’avoir des propulseurs de taille et puissance
variables. Cependant, la physique des propulseurs de
Hall est encore méconnue et les nouveaux designs se
font de manière empirique, avec un dévelopemment
long et coûteux, pour un résultat final limité. Pour pal-
lier ce problème, des codes de simulation peuvent
être utilisés mais une meilleure compréhension des
phénomènes clés est alors nécessaire, plus parti-
culièrement du transport anormal des électrons qui
doit être pris en compte de manière auto-consistante
pour pouvoir capturer totalement le comportement de
la décharge.
Ce transport étant relié à l’instabilité azimuthale de
dérive électronique, un code 2D particulaire existant a
été amélioré pour pouvoir simuler cette direction azi-
muthale mais aussi la direction axiale. Avant d’ana-
lyser le comportement de la décharge, ce code a
été vérifié sur un cas de benchmark, avec 6 autres

codes particulaires développés par différents groupes
de recherches internationaux. Ce cas simplifié a été
ensuite utilisé pour vérifier de manière intensive un
dévelopemment analytique pour estimer la force de
friction électron-ion, qui est le témoin de la contribu-
tion des instabilités azimuthales sur le transport anor-
mal. Puis, la dynamique des neutres a été rajoutée
pour capturer de manière auto-consistante le compor-
tement de la décharge. Une technique artificielle de
loi d’échelle a été adoptée, avec une augmentation de
la permittivité du vide, pour alléger les contraintes de
stabilité du code particulaire et accélérer les simula-
tions. Grâce à une parallélisation du code efficace, ce
facteur artificiel a été réduit de manière significative,
se rapprochant ainsi d’un cas proche de la réalité. La
force de friction électron-ion a été observée comme
étant celle qui contribuait le plus au transport anormal
durant les oscillation basse-fréquence du mode de
respiration. Pour finir, l’interaction complexe entre le
mode de respiration, l’instabilité de transit des ions et
l’instabilité de dérive électronique a aussi été étudiée,
avec la formation de structures azimuthales à grande
longueur d’onde, associées à un plus grand transport
anormal.
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Abstract : In the last decade, the number of satel-
lites orbiting around Earth has grown exponentially.
Thanks to their low propellant consumption, more and
more electric thrusters are now used aboard these sa-
tellites, with the Hall thrusters being one of the most
efficient. From the diversity of applications stems the
need of widening the thruster power capabilities. Ho-
wever, due to a lack of knowledge on Hall thruster phy-
sics, this scaling is currently done empirically, which
limits the efficiency of the newly developed thrusters
and increases the development time and cost. To
overcome this issue, numerical models can be used
but a deeper understanding on key phenomena is still
needed, more specifically on the electron anomalous
transport which should be self-consistently accounted
for to properly capture the discharge behaviour.
As this transport is related to the azimuthal electron
drift instability, an existing 2D Particle-In-Cell code
was further developed to simulate this azimuthal di-
rection along with the axial direction in which the ions
are accelerated, producing the thrust. Prior to analyse
the discharge behaviour, this code has been verified

on a benchmark case, with 6 other PIC codes deve-
loped in different international research groups. This
simplified case was later used to stress-test previous
analytical developments to approximate the instability-
enhanced electron-ion friction force which represents
the contribution of the azimuthal instabilities to the
anomalous transport. Then, the neutral dynamics has
been included to capture the full self-consistent beha-
viour of the discharge. We used an artificial scaling
technique, increasing the vacuum permittivity, to relax
the PIC stability constraints and speed-up the simu-
lations. Thanks to an efficient code parallelisation, we
managed to reduce this scaling factor to a small value,
hence simulating a case close to reality. The electron-
ion friction force was found to be the main contribu-
tor to the anomalous transport throughout the whole
low-frequency breathing mode oscillations. Finally, the
complex interaction between the breathing mode, the
ion-transit time instabilities and the azimuthal electron
drift instabilities has been studied, with the formation
of long-wavelength structures associated with an en-
hanced anomalous transport.
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