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Abstract. This thesis is composed of two parts. In the first part, we study a generalization
of the variational problem of elastic-plastic torsion problem to manifolds. We show that in the
case of manifolds, the problem is not equivalent to an obstacle type problem, contrary to the
euclidean case, but we establish the equivalence when the parameter of the problem goes to
infinity. We show, as in the euclidean case, that the non-contact set contains the cut locus of
the manifold, and converges to the latter in the Hausdorff sense. Furthermore, we show that
the minimizers of the problem are uniformly semiconcave. We deduce a stable approximation
of the cut locus, in the spirit of the lambda medial axis of Chazal and Lieutier. We then use
this result to compute numerically the cut locus of some surfaces of varied geometries.

In the second part, we study an extension of a nonlocal isoperimetric problem. More
precisely, we add a confinement potential to Gamow’s liquid drop model for the nucleus.
We then study large volume minimizers. We show that for certain sets of parameters, large
volume minimizers converge to the ball, or may even exactly be the ball. Moreover, we develop
a numerical method for this variational problem. Our results confirm numerically a conjecture
of Choksi and Peletier, in dimension 2: it seems that minimizers of Gamow’sliquid drop model
are balls as long as they exist.

Résumeé. Cette thése comporte deux parties. Dans la premiére partie, nous étudions une
généralisation du probléme variationnel de torsion élastique-plastique & des variétés. Nous
montrons que dans le cas des variétés, le probléme n’est pas équivalent 4 un probléme d’obstacle,
contrairement au cas euclidien, mais nous établissons 1’équivalence lorsque le parameétre du
probléme tend vers l'infini. Nous montrons, comme dans le cas euclidien, que ’ensemble de
non contact contient le cut locus de la variété, et converge vers ce dernier au sens de Hausforff.
Nous montrons de plus que les miniseurs du probléme sont uniformément semiconcaves. Nous
en déduisons une approximation stable de cut locus, dans 'esprit du lambda axe médian de
Chazal et Lieutier. Nous utilisons ensuite ce résultat pour calculer numériquement le cut locus
de surfaces de géomeétries variées.

Dans la seconde partie, nous étudions une extension d’un probléme isopérimétrique non
local. Précisément, on adjoint un potentiel de confinement au modéle de goutte liquide du
noyau de Gamow. Nous étudions alors les minimiseurs de grand volume. Nous montrons que
pour certains jeux de paramétres, les minimiseurs de grand volume convergent vers des boules,
voire sont exactement des boules. Nous développons ensuite une méthode numérique pour ce
probléme variationnel. Cela permet de confirmer numériquement une conjecture de Choksi et
Peletier en dimension 2 : dans ce cas les minimiseurs du modéle de Gamow semble étre des
boules si ils existent.
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Introduction

In this thesis, we present some contributions to the field of calculus of variations. Our results
are both theoretical and numerical.

In Part I, we study an extension of the elastic-plastic torsion problem to manifolds and
its relation with the cut locus, and derive a numerical method to compute the cut locus of a
surface. Chapter 2 is based on the paper [41], to appear in the journal 'Nonlinearity’. The
work in Chapter 3 and Chapter 4 was conducted in collaboration with Edouard Oudet and
Bozhidar Velichkov, and are based on two papers to be submitted. For a synthetic view of
this part, see the Outline of Part 1.

In Part II, we study an isoperimetric problem that is a variation of Gamow’s liquid drop
model. It is based on the published paper [42]. The work in Chapter 2 was conducted in
collaboration with Edouard Oudet. For a synthetic view of this part, please see the Outline
of Part II.

We tried to make each Chapter relatively self-contained.

a Obstacle problems

In part I, our focus will be on a variation of the elastic-plastic torsion problem, which is
introduced in Section b. It is a particular example of an obstacle type variational problem.
The most classical obstacle problem is the following: given a smooth open set 0 C R™ and
some continuous functions ¢ : 2 — R (the obstacle) and ¢ : 92 — R (the boundary condition),
one wants to minimize the following:

inf{;/ IVu]?:v e HY(Q), v > ¢ and v|m:g}. (a.1)
Q

With reasonable assumptions on g and ¢ (basically to guarantee that there is at least one
candidate to the variational problem), one can show that there is a minimizer u € H}(2) by
the direct method of calculus of variations, and that this minimizer is unique by the convexity
of the Dirichlet energy. The graph of u typically models the resting position of an elastic
membrane above €2, attached at the height given by g on 92, and constrained to stay above
an obstacle given by the graph of ¢. There are many generalizations or variants of this
famous problem, and many applications, such as fluid filtration in a porous media, elastic-
plastic torsion, optimal control and financial mathematics, see for instance [71], [52], [37]. The
literature on the subject is vast, and it is still a major area of research in calculus of variations
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and PDEs. We will mention some generalizations later on. But let us first explain a few key
properties on this simple model.

For any positive test function » € C2°(£2), writing the minimality of u against a competitor
u + t and taking the limit as ¢ | 0, one gets, in the sense of distributions,

Au < 0.

Moreover, assuming that u is continuous, this last inequality becomes an equality (the Euler-
Lagrange equation of the Dirichlet energy) in the open set {u > ¢} N Q. The set N := {u >
¢} NQ, is called the non-contact set, while the set C := {u = ¢} N Q is called the contact set.
The set I' := dC N is the interface between the contact and non-contact sets. It is called the
free boundary.

Let us denote by C11(Q) the space of C! functions with Lipschitz gradients on €. With
the right regularity assumptions on 2 and ¢ (for instance, smooth), if the obstacle ¢ is in
CH1(Q), then u is in CH1(€2) (see for instance [81]). This regularity is optimal. Indeed, in this
case, we have almost everywhere in (2,

Au = xcAd.

In particular, the Laplacian of u cannot be expected to be continuous, even if ¢ is smooth.

Even though we will not be interested in the question of the regularity of the free boundary
in this work, let us describe this important aspect briefly. The development of the regularity
theory for free boundaries started in the 70’s with the seminal paper of Caffarelli [16], and has
been an active area of research since then. The free boundary I' has finite (n — 1)-Hausdorff
measure. It can be divided into a regular part and a singular part. The singular part is
relatively open in ') and is locally a smooth manifold of dimension n — 1. The singular part
is therefore closed, and is contained in a C' manifold of dimension n — 1. The singular part
consists in points at which the density of the contact set C is null, see [17|. In a recent paper
[32], Figalli, Ros-Oton and Serra proved that in dimension 2 and 3, the free boundary of the
classical obstacle problem is 'generically regular’, i.e for a ’generic’ obstacle ¢, the singular
part of I" is empty, and so I' is a smooth (n — 1)-manifold. For the elastic-plastic torsion
problem introduced below, the free boundary is always regular ([37]).

Let K :={v e H(Q) :v > ¢ and v,, = g}. Note that K is a convex subset of H* ().
Let v € K. By writing the minimality of u against the competitor v + t(v — u) and taking
the limit as ¢ | 0, one can see that the classical obstacle problem (a.l) can be rephrased as
follows: find u € K such that

YVoe K, (Au— f,v—u)<0,

where A = A, f = 0 and (-, -,) is the duality product on H~1(Q) x H}(Q). A problem
of this form is usually referred to as a wvariational inequality. A direct generalization is to
consider more general elliptic operators A and functions f. This includes the case of the
elastic-plastic torsion problem, introduced in the next section. The optimal C1! regularity of
u and the regularity of the free boundary has been studied by many authors, including for
some non-linear and degenerate elliptic operator A, see for instance [34].

Let us end this section by mentioning two other famous obstacle type problems. In the thin
obstacle problem, one minimizes the Dirichlet energy with Dirichlet boundary conditions as in
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(a.1), but candidates are only constrained to stay above an obstacle ¢ on a (n—1)-hypersurface
S C Q, see 37, Chapter 1, Section 11].

In parabolic obstacle problems, a time dependency is added. This is the case for instance
of the Stephan problem, which models the evolution of the temperature of some ice immersed
in water, see [71]. A typical formulation would be

u>0 in €,
O — Au=—1 in {u>0}NQ,
Oy — Au > —1 in Q.

b Elastic-plastic torsion problem and medial axis

Let 2 be a smooth bounded open set of R”. The elastic-plastic torsion problem is the following
variational problem, defined for any m > 0.

inf{/ Vo) —mu v e H (), |Vu| < 1} (b.1)
Q

One can show that this functional has a minimizer by the direct method of calculus of
variations. The minimizer is unique because we are minimizing a strictly convex functional
over a convex subset of H}(2). Let v,, be the unique minimizer of (b.1). Physically speaking,
v represents the stress function of a long bar of cross section €, twisted with an angle m.

The elastic-plastic torsion problem and the properties of its minimizer v, have been inten-
sively studied in the 60s and 70s by various authors (such as Ting, Brézis, Sibony, Gerhardst,
Caffarelli, Riviére, Friedman, Pozzi...), see for instance [78], [14], [13], [20], [79], [21], [38] and
[19].

An important tool in the study of this problem is the equivalence with an obstacle problem.
A consequence of the gradient constraint |Vu,,| < 1, is the following bound on vy,:

vm < dpgq,
where dgq is the distance function to the boundary of Q:
dg = mi —yl.
o0 () min |z =y
Indeed, as  is smooth and v, € H}(2), we may extend vy, by 0 outside Q, to get a function
Um € HY(R™), such that |Vo,| = 1g |V, < 1. So vy, is 1-Lipschitz on R, and so vy, is

1-Lipschitz on € for the euclidean metric. In particular, for any x € Q and y € 02 such that
doq(z) = |z — y|, we have

V() < om(y) + |z —yl = |z — y| = daa(x).

So vy, is also a competitor in the obstacle problem

inf{/ \Vv]z—mv:veHé(Q),vgdag}. (b.2)
Q

Note that the above problem also admits a unique minimizer, by the convexity of the functional
and the constraint. Let us call it v%, (’d’ is for the ’distance’ obstacle). Brézis and Sibony
showed in [14] that v,, is actually also the minimizer of this problem, i.e v, = v,y,.
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Theorem b.1. Let us define

F(v) ::/ IV)? — mo,
Q
Ky :={ve H}Q): |Vv| <1},
Ky = {’U € H&(Q) v < d@Q}

Then, the minimizer vy, of F under the constraint vy, € K is also a minimizer of F under
the constraint v, € Ks.

To prove this, one only needs to prove that ‘vaf%} < 1. Let us give a sketch of their proof.
For A > 0 small, let vy be the unique minimizer of

inf{/ IVo|? — mu — Av? :UEH&(Q),’USdaQ}. (b.3)
Q

The idea is to show that |Vvy| < 1, and take the limit as A — 0 to conclude. Let 7 : R" — R
be the extension of vy by 0 outside ). For h € R", define

U;{(m) = max{0(x — h) — |h|,0(z)}, E;[ ={zxeR":09(x—h)—|h] >0(x)},
vy, () = max{0(xz + h) + |h|,0(z)}, E, ={xeR":0(x+ h)+|h| < v(x)}.

Using the fact v,j and v, are also competitors in (b.3), one can write the minimality of vy in
(b.3) against these competitors. After some computations, one gets

A (@(a—h) = O(z) — |h)*dz < — /E+ Al (0(x = h) = o(x) — |h]) dz,

which implies that the measure of E,;Ir is null, and conclude the proof. Generalizing these
techniques, Treu, Mironescu, Mariconda and Sifdari generalized this result to a broader class of
variational problems with convex constraints on the gradient, see [80], [62] and [72]. However,
none of these will apply to our variant of the problem on manifolds, for which the equivalence
of constraints fail in general (see Proposition 3.3.1).

The optimal regularity v, € C*'(Q) was first obtained in [21], using the equivalent for-
mulation (b.2). The elastic and plastic sets are defined as follows:

E, :={x € Q:|Vun(z)| <1},
Py :={z € Q:|Vop,(z)| =1},
It is then easy to prove that these are actually the non-contact and contact sets (see [18, §3]):
E, ={x € Q:vn(x) <dsa(x)},
P, ={x € Q:vp(r) =dsalz)}.

Caffarelli and Riviére proved that the free boundary 0F,, N has no singular point, and is
therefore smooth, in [20].

The medial azis of Q, denoted by M (), is defined as the set of points of 2 that have at
least two closest points on the boundary 9 of :

M(Q):={ze€Q:3y,2€0, y+#zand dopo(z) =z —y| = |z — 2| }.
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Figure 1: A circle with its medial axis, and a polygonal approximation of a circle, with its
medial axis.

Equivalently, M(€2) is the set of points of € at which the distance function dsq is not differ-
entiable. In [18], Caffarelli and Friedman used the notion of ridge of Q introduced by Ting,
which is precisely the closure of M(Q2). Equivalently, it is the complement of the largest open
set where the distance function is smooth.

They proved the following.

Theorem b.2 (Theorems 3.2 and 4.1 in [18].). For any m > 0, we have
M(Q) C Ep,.

Furthermore, there exists a constant C > 0 depending on ) only such that

¢
m7

Ym >0, d*(M(Q),E,) <

where d* denotes the Hausdorff distance.

The M-medial axis. The medial axis, also called skeleton, is used in a wide variety of
applications in image processing and computer vision. Many researchers have proposed a
method to compute it, and are still trying to improve its computation. We refer to the book
[73] from 2017 for a review about the medial axis, its computation and applications.

One important geometric property of the medial axis M(2) is that it is unstable with
respect to small perturbations of the boundary of Q - see Figure 1. This instability makes
computing numerically M(Q) quite tricky. Indeed, any numerical approximation of  (for
instance, with polygons) might introduce an artificial (and large) medial set. In order to give
a theoretical framework to tackle the problem of stability, Chazal and Lieutier defined in [23]
the so called A\-medial axis of 2, by setting for any A > 0,

My(Q) :={z € Q:r(x) > AN},

where r(z) is the radius of the smallest ball containing the set of all closest points to x on 02,
i.e. the set {z € 00 : |x — z| = dga(x)}. Note that the map A\ — M () is non-increasing,
and we have
M(Q) = [ Ma(9).
A>0

It is further proved in [23, Section 3, Theorem 2| that M (£2) has the same homotopy type as
M(Q), for X small enough. These facts justify that, for fixed 2, M () is a good approxima-
tion of M(2), for A small enough. The crucial difference though is that M () is stable with
respect to small variations of €2, whereas M(€2) is not. Indeed we have the following theorem.
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Theorem b.3 (Consequence of Theorem 3 in [23]). For any 0 < X\ < A, there exists € > 0
such that, if Q and Q are two open bounded subset of R™ such that d(Q°,0°) < ¢, then

sup  d(z, My (Q)) < 24/diam(Q)e,
zeEM(Q)

where diam(QY) is the diameter of Q.

This means that although it is difficult to compute numerically M(2) directly, one can
compute M (Q2) instead. In the same paper [23], the authors use Voronoi diagrams to compute
an approximation of M () from a noisy sample of points of the boundary of Q.

We will need the following definition.

Definition b.4. A function u : Q — R is said to be C-semiconcave (or just semiconcave) if
the function x — C |z|* — u(x) is conver.

As Q is smooth, we know that dpq is semiconcave (see [22, (iii) in Proposition 2.2.2|). As
explained with more details in the Appendix A.1, this implies that, as concave functions, dgg
has a well defined generalized gradient whose norm is given by the formula:

|Vdaq| () = max(0, sup 1 I dga(z)),
veEST—

where 9;Fdpo(x) denotes the directional derivative of dgq in the direction v. What is more, as

it can be seen from |23, Section 2.1|, we have the following formula for the A-medial axis.

My(Q) = {m €Q:|Vdpa(z))* <1-— d%iix)}

Motivated by this formula, we will prove the following.

Theorem b.5 (Theorem 1.3.1). Let Q be a smooth bounded open subset of R™. For m > 0,
let vy, be the (unique) solution of the variational problem:

inf{/ Vo] —mo v e HY(Q), |Vo| < 1}.
Q

Let us define the set E,, \ by:

2 \?
Epx=32€Q: |Vuy,(z)]" <1- .

Then, for any A > 0 and € > 0, we have

sup d(z, Mx(2)) — 0 and sup  d(x, Epy) — 0.

z€E, A m—+00 TEMA1(Q) m—+00

This theorem basically shows that the set £, ) is a good approximation of the A-medial
axis. More importantly, in Chapter 3 we will also use this strategy to approximate the cut
locus of a manifold, which is introduced below.

The most important step in the proof of Theorem b.5, is to show that functions (v;;)m>0
are uniformly semiconcave.
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Theorem b.6 (Theorem 1.3.2). Let Cy > 0 be such that dyq is Cy-semiconcave. There exists
mo > 0 such that for any m > myg, the solution v, of the elasto-plastic torsion problem (b.1)
18 Cy-semiconcave.

The proof of Theorem 1.3.2 relies on the two following facts:
e inside E,,, v, has constant Laplacian,

e outside E,,, vy, is equal to dgq, which is Cy-semiconcave, for some constant Cy > 0 that
depends only on €.

The main tool we use is Korevaar’s convexity maximum principle [54, Theorem 1.3]. Let us
present this result. Let v : Q — R be a C? function satisfying an equation of the form

P(z,u(z), Vu(z), D*u(z)) = 0

in Q, where P is a certain elliptic operator, and D?u is the Hessian of u. The convexity
function of w is the function ¢ defined for any [z,y] C Q and A € [0, 1] by

c(z,y, \) := (1 = Nu(x) + Au(y) — u((1 — Nz + Ay).

Under suitable conditions on the elliptic operator P, Korevaar’s convexity maximum principle
states that the minimum of ¢ is attained at a triple (z,y, A) such that one of the points x, y
or (1 — A)x 4+ Ay belongs to the boundary of Q. In particular, this result applies to the case
where P is the euclidean Laplacian.

¢ Distance function and cut locus

Let M be a smooth Riemannian manifold without boundary of dimension n > 2, b a point of
M, d the distance function of M and dj := d(-,b) the distance function to the point b. We
will now introduce the notion of cut locus, which is closely related to the function dp. Let us
first recall some notions of Riemannian geometry.

Definition c.1. Let 7y : [a,b] — M be a geodesic, and J : [a,b] — TM a vector field along .
Then, J is called o Jacobi field if there exists a variation of v through geodesics whose J is
the variation field, i.e. a smooth map T : (—=1,1) x [a,b] = M such that T'(0,-) = v and for
any s € (—1,1), I'(s,-) is a geodesic, and

L(0,) = J(t).

Furthermore, if there exists a Jacobi field J along v such that J(a) =0 and J(b) = 0, then
we say that v(a) and v(b) are conjugate points along .

Definition c.2. Let T' > 0 and v : [0,T] — M be a unit speed geodesic such that ~(0) = b,
to € (0,T) and p = v(tg). We say that p is a cut point of b along v if 7y is length minimizing
between b and p, but not after p, i.e dp(y(t)) =t for t < tg, and dp(y(t)) < t fort > ty. A
point g € M is said to be a cut point of b if there exists a geodesic v such that q is a cut point
of b along ~.
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Definition c.3. The cut locus of b in M, denoted by Cuty(M), is defined as the set of all cut
points of b.

We recall the following.

Definition c.4. Let ¢ € M and V € Ty;M be such that there exists a well defined geodesic
v :[0,1] = M such that v(0) = q and 4(0) = V. Then, the (global) exponential map at V is
defined by Exp(V') = v(1). The restriction of the exponential map Exp on Ty M is denoted by
exp, and called the exponential map at q.

The following facts can all be found in [74, Chapter III, Section 4]:
Proposition c.5. Some well known facts related to the cut locus include:

o Cuty(M) is the set of points p in M, such that either there exist at least two minimizing
geodesics from b to p, or the points b and p are conjugate,

o Cuty(M) is the closure of the set of points p in M, such that there exist at least two
minimizing geodesics from b to p,

e the function dy, is smooth outside Cuty(M) U {b}, and it is differentiable at a point p if
and only if there exists o unique minimizing geodesics between b and p,

o in particular, Cuty(M) U {b} is the closure of the set of points of non-differentiability of
dbz

e the exponential map exp, is a diffeomorphism from an open set of TyM onto M \
CUtb(M)7

o Cuty(M) is a deformation retract of M \ {b}. In particular, these two sets have the
same homotopy type, and so Cuty(M) inherits much of the topology of M (like homology
groups, for instance). See [74, Chapter III, Section 4, proposition 4.5] for a precise
statement.

We know quite a bit about the structure of the cut locus. Let us give some of its properties,
to get an idea of what the cut locus looks like. First, it is the union of smooth hypersurfaces
consisting of points with exactly two minimizing geodesics, plus a set of Hausdorff dimension
at most n — 2. A reader-friendly reference for this is [49]. Furthermore, the cut locus has
locally finite n — 1-dimensional Hausdorff measure, see for instance [50, Theorem B|. To our
knowledge, the most precise results in this direction are contained in [9], where points of the
cut locus are classified, up to a set of Hausdorff dimension at most n — 3. We refer to [8,
Section 1.3] for additional structural properties of the cut locus.

An important property of the distance function is semiconcavity. Let us give a definition
of semiconcavity on manifolds.

Definition c.6. Given a constant C > 0, a function w is said to be C-semiconcave on M
if and only if for any unit speed geodesic 7y : [a,b] — M, the function t — Ct? — u(vy(t)) is
conver. We say that u is semiconcave if u is C-semiconcave for some constant C' > 0. We say
that u is locally semiconcave if for any p € M, u is semiconcave in a neighborhood of p.
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Remark ¢.7. This definition is compatible with the previous definifition of semiconcavity for
functions on R™.

In [60, Proposition 3.4|, C.Mantegazza and A.Mennucci showed that the distance function
is a viscosity solution of the Hamilton-Jacobi equation |Vdp| = 1. Using some regularity result
([25]) for Hamilton-Jacobi equations, they deduced that for any local chart ¢ of M, the map
dp o p~1 is locally semiconcave as a function on R™ (see also [22] for a more reader-friendly
reference about semiconcave functions and Hamilton-Jacobi equations). In the Appendix A.1
about semiconcave functions, we show that it is equivalent to saying that dj is locally semi-
concave. A different proof of the local semiconcavity of distance functions can also be found
in [5]. In [61] (and in particular Theorem 2.10), C.Mantegazza, G.Mascellani and G.Uraltsev
used this fact along with geometric measure theory tools to give a complete description of the
distributional Hessian and Laplacian of dp. They made use of the fact that the gradient of
semiconcave functions has bounded variations, in particular. They proved the following.

Theorem c.8. The distributional Hessian of dy is given by:

Dd, = D2dyNol — (v @ v) |Vdf — Vdy | HEL 0

where D2dy, is the classical Hessian of dy wherever dy, is smooth (i.e. almost everywhere), Vol
is the Riemannian volume measure, v is a unit normal vector to Cuty(M) wherever Cut,(M)
is smooth (i.e. H" '-almost everywhere), le'f and Vd, are limits of Vdy to either side of
Cuty(M), and H?; } ) s the n — 1-dimensional Hausdorff measure restricted to Cuty(M).

Cuty(M
The distributional Laplacian of dy is given by:

Ady = AdyNol — |Vdf — Vdy | HEwk )

where m 18 the classical Laplacian of dp, wherever dy is smooth.

Our main result in Chapter 2 is a complement to the description of the non-smooth behavior
of the distance function on the cut locus. It deals with the Laplacian of dp in the sense of
barriers.

Definition c.9. Let ¢p : M — R be a continuous function, and p € M. We say that the
Laplacian of 1 at p is —oo in the sense of barriers if for any A > 0, there exists a smooth
function ¢ : M — R defined on a neighborhood of p such that

¢ >, é(p)=v({) and Ap(p) < -A.

We will prove the following.

Theorem c.10 (Theorem 2.1.11). Let M be a smooth manifold without boundary of dimension
n>2, and b € M. Let dy, be the distance function to the point b, and Cuty(M) the cut locus
with respect to b. The Laplacian of dy is —oo at every point of Cuty(M), in the sense of
barriers.

This result proves useful when one wants to apply the maximum principle to a function
involving the distance function dp. It will be applied to the study of a variation of the elastic-
plastic torsion problem on manifolds, that we will now introduce.
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d A variation of the elastic-plastic torsion problem on manifolds

Let us now assume that the manifold M is compact. The cut locus is a fundamental object
in Riemannian geometry, and it is a natural problem to try and find ways to compute it
numerically. While the medial axis of ) is unstable with respect to non-smooth variation of
the boundary of €, the cut locus is unstable with respect to non-smooth variations of the
metric of M. Indeed, it is proved in [4] that the cut locus is unstable for some C! variations of
the metric of M (but stable for C? variations of the metric of M). In particular, the cut locus
of a surface S cannot simply be approximated with the cut locus of a triangulation of S. Our
strategy will be to extend the results presented above linking the Ad-medial axis and the elastic-
plastic torsion problem to the case of the cut locus, and to derive a numerical approximation
of the cut locus of triangulated surfaces. We will study the following variational problem in
Chapter 3:

inf{/ |Vul? —mu:ue HY(M), |Vu| < 1,u(b):0}, (d.1)
M

where m > 0 is a given constant. We will extend the results for the elastic-plastic torsion
problem presented earlier in this introduction.

Remark d.1. We could have replaced the point b with a smooth hypersurface S C M in the
above problem. However, our interest here is in the instability of the cut locus with respect
to the metric of M, and this aspect is already present with a point b instead of S. So for
simplicity, we focus on the case of the cut locus of a point.

Note that by convexity of the functional, this problem has a unique minimizer u,,. One
may ask if an analog of Theorem b.1 is also true for u,,, with dgq replaced with dp and € with
M. Interestingly, it is not.

Theorem d.2 (Theorem 3.3.1). There exists a surface of revolution M and a parameter m > 0
such that, if ud denotes the unique minimizer of the following problem.:

inf{/ |Vul* —mu:u e Hl(M),ugdb},
M

then we have U, # ul,.

However, we prove that the equality holds if m is large enough, depending on the Ricci
curvature of M.

Theorem d.3 (Theorem 3.3.2). Let K > 0 be such that
Ric > — K,

where Ric denotes the Ricci curvature tensor of the manifold M. If

m > max(y/nK (1 + Kdiam(M)?),nKdiam(M)),

then ‘Vu%! <1, or equivalently

39..

10
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The technique of the proof is different from the one in [14], which was specific to the flat case.
2
, and the

Our proof relies on the maximum principle, applied to a function involving ‘Vuﬁl
Euler-Lagrange equation Aul = —2m.

For the elastic-plastic torsion problem, as mentioned earlier, we know that the elastic set
contains the medial axis, and the former converges to the latter in the Hausdorff sense. For
problem (d.1), we have the analogous result:

Theorem d.4 (Theorem 3.1.2). We have Cuty(M) C {|Vum| < 1}, and the following con-
vergence holds in the Hausdor[f sense:

{IVum| <1} — Cuty(M).

Once we have the inclusion, the proof of the convergence is simple. It is based on the
maximum principle, applied to the right function. Note to this end that w,, verifies on the
whole manifold M, Au,, > —2m, in the sense of distributions. To prove the inclusion, we
will use the maximum principle and the Theorem c.10 about the Laplacian of the distance
function on the cut locus.

We will now state our analogous result to Theorem b.5 for problem (d.1). This result will
be used in Chapter 4 to compute a stable approximation of the cut locus. We recall that the
function dp is locally semiconcave on M \ {b}. This implies that, as convex functions, d; has
a well defined generalized gradient at every point — see Appendix A.1, Proposition A.1.6. At
a point p where dj is not differentiable, the norm of its gradient is given by

|Vdp| (p) := max(0, sup O dy(p)).
veT M,|v|=1

As shown in Appendix A.1, Proposition A.1.10, if there exist two minimizing geodesics from
p to b, then |Vdy(p)| < 1. In particular, we have

Cuty(M) = {[Vdy| < 1}.

Following the analogous formula for the A-medial axis, we define a A-cut locus by
2

d;(x)

Cuty(M)y := {J;EM: V()] <1— }, for A > 0.

It is clear that the map A\ — Cuty(M)) is non-increasing, and we have

Cuty(M) = | Cuty(M),.

Recall that wu,, denotes the minimizer of (d.1). We set

E,, = {x € M : |Vup(z)| < 1},

/\2
and  Ep, ) = {J; €M : |V, (z)]* <1- }

We will prove the following.

11
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Theorem d.5 (Theorem 3.1.2). There exists mog > 0, depending only on the manifold M,
such that for any € > 0, there exists a constant C' > 0 such that, for any m > my,

Uy, ts C-semiconcave on M\ B(b,¢).
What is more,

sup d(z,Cuty(M)y) — 0, and sup d(z, By ) — 0.

€L, ) m—+00 Q?ECutb(M))\+E m—>+00

Once the uniform semiconcavity is proved, the rest of the theorem is strictly similar to the
corresponding one for the classical elastic-plastic torsion problem. The proof of semiconcavity,
however, is different. Indeed, in this case, we cannot apply Korevaar’s maximum principle
to prove the semiconcavity in E,,. It can be seen that proving the semiconcavity is equiv-
alent to finding a constant C' such that for any p € E,, and X € T,M of norm 1, we have
D?u,, (X, X) < C. Our strategy will be to assume that there exists p € E,, and X € T,M
that maximizes the quantity D?u,,(X, X). Then, we extend X by a well chosen vector field X,
and find a suitable subharmonic function involving D?u,,(X, X). This technique is inspired
from the proof of second order estimate for hessian equations in Riemannian manifolds by
Guan in [45].
Numerical approximation. Now let us consider the case M = S, a compact real analytic
surface without boundary embedded in R3. In Chapter 4, we will use the above results to
compute a numerically stable approximation of the cut locus of S. A few authors have done
it before, with different techniques. These techniques may be classified into two categories.
Geodesic approzimation on parametrized surfaces. This approach was used in [76] and [63].
In [76], on genus 1 parametrized surfaces, the authors computed a degree 4 polynomial approx-
imation of the exponential map using the geodesic equation, and deduced an approximation of
the cut locus from there. In [63], the authors used the deformable simplicial complexes (DSC)
method and finite differences techniques for geodesic computations, to compute geodesic cir-
cles of increasing radius and their sefl-intersection, i.e. the cut locus. They apply the method
to genus 1 surfaces. These papers contain no proof of convergence of the computed cut locus.
Ezact geodesic computation on discretized surfaces. This approach was used in [48] and [28].
In [48], the authors computed the geodesics on a convex triangulated surface. They deduced
an approximation of the cut locus of the triangulated surface, and filtered it according to the
angle formed by the geodesics meeting at a point of the approximated cut locus, to make their
approximation stable. They applied the method to ellipsoids. There is no proof of convergence.
In [28], the authors computed shortest curves on a graph obtained from a sufficiently dense
sample of points of a surface. From there they deduced an approximation of the cut locus, and
filtered it according to the maximal distance (called spread) between the geodesics meeting at
a point of the approximated cut locus. They proved that the set they compute converges to
the cut locus (see [28, Theorem 4.1]).
We also mention [11], where the authors use some more geometric tools to compute (numer-
ically) the cut locus of an ellipsoid, or a sphere with some particular metric with singularities.
The strategy we use is quite different. By the above results, for A > 0 to be ’chosen small’,
)\2

and m ’large enough’, the set I, ) := {|Vum|2 <1- @} can be used as an approximation

of Cuty(S)x. In turn, we can see that Cuty(S)y is a good approximation of Cuty(S). First,

12
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we have the following convergence in the Hausdorff sense:

Cutb(S)A — Cutb(S)
A—0

Furthermore, we will show (see Proposition 4.2.2) that for A small enough, Cut,(S), has a
connected component that is homotopy equivalent to Cuty(S). On a triangulation S of the
surface S, the minimizer u,, can be approximated with a function u, by the finite element
methods. We will prove the following convergence in measure (see Proposition 4.4.4):

2 X2
|Vuh| Sl_ﬁ j)Em’A'

The efficiency of the method is illustrated on complex geometries in Section 4.5.

e A non-local isoperimetric problem

In part II, our focus will be on a non-local isoperimetric problem.

The classical isoperimetric problem. Let n € N* be an integer. For any measurable
set £ C R", the perimeter of E' is defined as the total variation of the indicator function of E:

P = [ el =sw{ [anripeci@, (. <1},

The quantity P(E) may be infinite, and when it is finite, we say that F is a set of finite
perimeter. If F is a C' open set, then as one would expect, we have P(E) = H" }(OF),
where H"~! is the (n — 1)-dimensional Hausdorff measure. This definition is due to De Giorgi.
It allowed him, using Steiner syminetrization, to give a complete proof of the isoperimetric
inequality. The classical isoperimetric problem is the following variational problem:

min  P(F),
ECR™,|E|=m

where |E| is the volume of E, and m > 0 is a constant. It is now well known that for any
m > 0, this problem has a unique minimizer up to translation, namely B[m], the ball of
volume m. Moreover, a sharp quantitative estimate was proved in [40] by Fusco, Maggi and
Pratelli. Before stating it, we need a definition. Given a set E of volume m, we call Fraenkel

asymmetry the quantity
. |EA(x 4+ Bm))|
AME) =
(£) = min ] ;
where EAF = (EUF)\ (ENF) is the symmetric difference of E and F. There exists a
constant C'(n) depending only on the dimension of the ambient space such that for any set

of volume m,

P(E) = P(B[m]) > C(n)P(B[m))A(E)®.

See also [39] for a refinement of this inequality, where the difference P(E) — P(B[m]) also
controls the oscillation of the normal to the (reduced) boundary of E. The quantitative
isoperimetric inequality plays an instrumental role in the study of minimizers of small masses

13
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of Gamow’s liquid drop model. Our book of reference for the perimeter is Giusti’s book, [43].
Maggi’s book [59] is probably more reader-friendly though (but does not include the study of
BV functions).

Gamow’s liquid drop problem. Gamow’s liquid drop model for the atomic nucleus consists
in:

dzd
inf  P(E)+ e
ECR3,|E|=m ExE 1T =Yl

where
e P(FE) is the perimeter of F,
e m, called the mass, is a positive constant.

In this model, the nucleus is thought of as an incompressible charged liquid. The perimeter
term models the short-range attractive nuclear force, whereas the other term, similar to an
electrostatic energy, models the repulsive forces between the protons of the nucleus. Gamow
invented this model in the 1930’s, in an attempt to predict the shape of nuclei, the nonexistence
of large nuclei, and the existence of a nucleus with the least energy per nucleon. These three
goals have only been attained relatively recently (in the 2010’s, see below).
Some variations of the liquid drop model. The most studied variant of Gamow’s model
is the following:

ECR£1,1|fE|=m P(E) 4+ Vo (E) (e.1)

where
e P(FE) is the perimeter of F,

e Vo(E):= [pun % is the Riesz energy of F,

e n > 2 (the dimension of the ambient space), m > 0 and « € (0,n) are constants.

The physical case corresponds to n = 3 and a = 2. In this case, the Riesz energy boils down
to the electrostatic energy fExE @Tyy‘.

It was shown in [33]| by Figalli, Fusco, Maggi, Millot, and Morini, that if the mass m is
small enough, then the problem (e.1) admits a unique minimizer (up to translation), namely
the ball of volume m. See also the papers of Kniipfer, Muratov, Julin, Bonacini and Cristoferi
[53], [64], [51] and [10], for anterior and slightly less general results.

On the other hand, for a € (n — 2,n), it was shown in [64] that for m large enough there
is no minimizer of problem (e.l). This result was simultaneously proved in [58] by Lu and
Otto in the physical case. See also [35] for a short proof with a quantitative bound, by Frank,
Killip and Nam.

In [36], Frank showed in the physical case that there exists a set which minimizes the
quantity (P(E) + Vo(E))/ |E|, thus proving that in Gamow’s model, there is a nucleus with
the least energy per nucleon.

In [33], the authors studied a generalization of problem (e.1), where the perimeter term is
replaced with a non-local perimeter.

14
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Another interesting variation consists in replacing the repulsive Riesz energy with a re-
pulsive energy involving another kernel. Let K € L'(R"). Problem (e.1) can be rephrased
as

inf P(E)+ K(z — y)dady,
ECR" |E|=m ExE
with K(z) = |#|*”". In [70], Rigot considered the above problem with K an L' compactly
supported function, and proved that it has a minimizer for any mass m. The following papers
are posterior to the present work. In [67], Pegon proved the same result in the case of radially
symmetric non-increasing kernels K with some regularity and integrability conditions at infin-
ity. He also showed that, under the same conditions, after rescaling, the problem I'-converges
to the classical isoperimetric problem as the mass m goes to +oo. In [65], Muratov and Simon
considered the kernel ]x\_g in dimension 2, and also studied the minimizers of large mass.

In [3], Alama, Bronsard, Choksi, and Topaloglu studied problem (e.1) with the addition
of a confining background potential of the form ﬁ They proved that it admits a minimizer
for any mass m, and study the minimizers as Z — 0.

In [44], Goldman, Novaga and Roger studied the small mass minimizers of problem (e.1)
with the addition of the Willmore energy.

As shown in [24], Gamow’s liquid drop model is also related to diblock copolymers, and

the Ohta—Kawasaki functional. This is also an active field of research, see for instance [2| and
[82].
Our problem. To restore the existence of a minimizer for large masses in (e.1), we will add
the energy associated to the potential A |x\ﬁ to our functional, as we expect it to counter the
spreading effect of the V, term. Thus we will be interested in the following modification of
the original problem (e.1):

pesl | Eapa(E) = PUE) + Va(E) + Us a(B), (e.2)

where
o Us A(E) = [, Alz|® da,
e A>0and 8 > 0 are constants.

Indeed, an elementary proof will show that this extra confinement potential (no pun in-
tended) restores the compactness of a minimizing sequence for any mass m. Therefore, this
problem always has a minimizer. We will then be interested in the behavior of these minimiz-
ers when the mass m goes to +o0o, with particular emphasis in the case § > a. We will prove
the following.

Theorem e.1 (Theorem 1.1.1). Given o € (0,n), 8 > 0 and A > 0, assume o < 3. Let
(Em)m>o0 be a family of minimizers in (1.1.3), such that |Ey,| = m, and let E}, be the rescaling
1

of En, of the same mass as the unit ball B centered at 0 (ie E, = <|m£|>; E,,). Then, up to

modifying the sets (Ey,) by some sets of measure 0, the boundaries of the sets (E},) Hausdorff-
converge to the boundary of B as m — +oo.

Using the techniques of [33], one can see that in this case, if 5 > 1 then balls of large
masses are locally minimizing. On the contrary if 8 < 1 then balls of large masses are not

15
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locally minimizing. By locally minimizing, we mean that a set E is a local minimizer if a small
L' perturbation of E always has greater energy than E. With the additional assumption that
B > 1 we will actually prove that minimizers of large masses are exactly balls.

Theorem e.2 (Theorem 1.1.2). Given « € (0,n), 8 > 0 and A > 0, assume 1 < o < f3.
There ezists a mass m; = my(n,a, 5, A) > 0 such that for any m > my the ball of volume m
centered at 0 is the unique minimizer (1.1.3), up to a set of measure 0.

We conjecture that this last theorem holds also for any a € (0,1] as long as 8 > 1.
However, this seems to require different techniques.

We started working on some aspects of this functional under the supervision of Vincent
Millot for our Master 2 thesis. In part 11, the new results start with Section 1.4. In particular,
the results presented in this introduction are new.

Numerical minimization In Chapter 2, we will develop a method to compute numerically
the minimizers of (e.2). In particular, we will apply this method to the original problem (e.1).
Indeed, the theoretical knowledge we have so far on problem (e.1) raises two natural questions.
Is it always the case (i.e. for any value of o € (0,n)) that there is no minimizer for m large
enough? Is there a set of parameters n, o and m, such that there exists a minimizer that
is different from a ball? Our numerical results indicate that in dimension 2, the answers are
positive and negative respectively, as conjectured by Choksi and Peletier in [24, Conjecture
6.1]

I'-convergence. To justify our numerical method, we will prove some I'-convergence results.
This is the notion of convergence of functionals one generally wants to use when studying
variational problems.

Definition e.3. Let X be a topological space, F a real functional on X, and (Fe)eso a family
of real functionals on X. We say that F. I'-converges to F as € goes to 0, and we write

F. L0> F, if the two following assertions hold:
e—

o for any u € X and any family (ue)eso of X such that u. U, we have
E—r

lim inf F, (us) > F(u),

e—0

o for any u € X, there exists a family (uc)eso of X such that u. U and
E—r

lim F.(us) = F(u).

e—0

Remark e.4. We also say that a sequence of functionals (Fy) I'-converges to a function F if
the assertions above hold with € and 0 replaced with N and +o0.

This definition guarantees that if, for any € > 0, u. is a minimizer of F, in X, and the family
(ue) converges to u € X as ¢ — 0, then w is also a minimizer of F in X. To minimize
numerically a given functional F, the general strategy is the following:
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1. find a sequence of discrete functionals (Fn)n>o that I'-converges to F,
2. find numerically a minimizer uy of Fy for some N considered ’large’,

3. extrapolate a limit point u of the sequence (un)n>0 from the results. This u should be
a minimizer of F.

For point 3 to even have a chance to work, we need the sequence (un)n>o to be precompact:

Terminology e.5. Following [6], we say that a family of functionals (F:)e>o defined on a metric
space X enjoys property (C) (for compactness) if for any family (uc)e>¢ of elements of X such
that (F:(ue))eso is bounded, there is a subsequence of (u.)s~o that converges in X.

If a family of functionals (F;)s>o enjoys property (C) and I'-converges to a limit functional
F when e goes to 0, then we know that for & small enough, minimizers of F. are close to
minimizers of 7. When discretizing our functional F, along with the I'-convergence, we will
prove that the property (C) is verified.

We refer to the book [12] for more details about I'-convergence. The lecture [6] also contains
a brief introduction to I'-convergence that is sufficient to our needs.
Modica-Mortola theorem. The numerical treatment of the perimeter is classical. To deal
with the perimeter term, we will use the well known Modica-Mortola theorem. This theorem
allows us to relax the perimeter functional on sets, i.e. charateristic functions, into a functional
on functions taking values in [0, 1]. Therefore we will be able to use the vector space structure of
functions and, after disctretization (step three below), usual optimization tools for functionals
on RY.

Theorem e.6 (Modica-Mortola theorem.). Let Q be a Lipschitz open bounded subset of R™
and € > 0. Let W be the double well potential defined on [0,1] by W(x) = x(1 —x). Let us set
o= 2f01 VW (u)du. We define the set X, and the functionals F. : X — R by

X = {u e L'(Q,[0,1]) : /u = m} . endowed with the strong L'-topology,

and

Fulu) = {0—1 Jon (5 Vul? + E—1W(u)) if ue HY(D,[0,1]), o)

400 otherwise,

If (ug)eso is a family of functions in H(Q,[0,1]) and E C Q is any measurable subset of €,
such that ue — 1g in LY(Q), then we have
e—

P(E) < liminf F.(u.).
e—0

Moreover, if E CC Q is a compact subset of Q) of finite perimeter, then there exists a family
of functions (ugz)eso in X, such that u. —>O 1g, and
E—

P(E) = lim F.(u.).

Finally, the family of functionals (F.) enjoys property (C).

17



e. A non-local isoperimetric problem

One can find a reader-friendly proof of these facts in [6]. Here, we will only give the

following heuristic. If € > 0 is very small, then e =W (u) is very large, except if u is 0 or 1.
Therefore the minimizers of F. are functions that are equal to 0 or 1 except on a set of small
measure.
Method of the numerical minimization. Here are the modifications of the variational
problem (1.1.3) that we will use in Chapter 2 to arrive at a finite dimensional variational
problem that can be easily numerically solved. All steps will be justified by a I'-convergence
and compactness result.

Step one is standard when dealing with the perimeter. We use the classical Modica-
Mortola theorem to relax the functional on sets, i.e. charateristic functions, into a functional
on functions taking values in [0, 1]. This allows us to use the vector space structure of functions
and, after disctretization (step three), usual optimization tools for functionals on R

Step two is the key step for dealing with the non-local term V,. We will replace the ambient
space R™ with a large square with periodic boundary conditions, whose size is a new relaxation
parameter. Then, we can approximate the non-local term V, by a simple expression in Fourier
variable.

In step three, we discretize the problem by considering only trigonometric functions with
frequencies lower than some integer N, and by computing the integral terms with riemann
sums.

The numerical results are presented in section 2.3.
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Elastic-plastic torsion problem,
distance function and cut locus
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Outline of part I

This part is independent of part II. We will try and give a global view of the content of
this part. Then, each Chapter will start with a more detailed specific introduction, giving also
more context about their respective topics.

We are interested in the approximation of the cut locus of a Riemannian manifold through
a variational problem. Given a smooth Riemannian manifold M and a point b in M, the cut
locus of b in M, denoted by Cuty(M), is the set of points at which geodesics starting from
b stop being minimizing. Alternatively, it is also the set of points around which the distance
function to b, denoted by dp, is not smooth. Or the closure of the set of points p such that
there exist at least two minimizing geodesics from b to p. The cut locus is quite a fundamental
object in Riemannian geometry, and it has been studied by many mathematicians from varied
backgrounds. See Section 2.1 for more details. It is a difficult object to compute numerically,
because it is unstable with respect to C'! variations of the metric of M. In particular, the cut
locus of the polyhedral approximation of a given surface S may be quite larger than the cut
locus of S itself.

In Chapter 1, we first study the elastic-plastic torsion problem, in relation with the medial
axis. Given a smooth bounded open set of R", the medial axis of €2, denoted by M(€), is
the set of points z € 2 that have at least two closest points on the boundary of €, 9f.
Alternatively, it is the set of points at which the distance function to 9€ is not differentiable.
The elastic-plastic torsion problem is the following variational problem:

inf {/ [Vol> —mw : v e HE(Q),| V| < 1}. (0.1)
Q

It has been intensively studied in the 60’s and 70’s by various mathematicians. See Section
1.1 for more details. Let vy, be its unique minimizer. In [18], in particular, it was proved that
the set {|Vu,| < 1} contains the set M(2), and that the former converges in the Hausdorff
sense to the latter as m goes to +o0o. Like the cut locus, the medial axis has some kind of
instability. Indeed, M () is unstable with respect to non-smooth variations of the boundary
of Q (see Figure 1.1 in Chapter 1). It makes it non-trivial to compute numerically as well.
In 2005, Chazal and Lieutier introduced the notion of A-medial axis to give a theoretical

framework to tackle the problem of instability. It is defined, for any A > 0, as
MA(Q) :=={z € Q:r(x) > N},

where r(z) is the radius of the smallest ball containing the set of all closest points to = on
08, i.e. the set {z € 0N : |x — z| = dyo(x)}. Basically, they showed that for A small enough,
M () is a good approximation of M(£2) and it is stable with respect to variations of the
boundary of Q. Therefore, one can try and compute M () instead of M(Q2), and that is
what they did in their paper [23]. See [73] for many more ways of computing the medial axis,
and applications. Another useful formula for M (Q2) can be derived using the generalized
gradient of dyq. Indeed, dgq is locally semiconcave. This means that, locally, there exists a
constant C' > 0 such that the function z — C'|z|* — daq(z) is convex. In particular, as convex
functions, it has a well defined generalized gradient. See Appendix A.1 for more details. Now,
one can see that the A-medial axis is also given by the formula

My(Q) = {x €Q:|Vdpa(z))* <1-— d%i;) }



Motivated by these facts, we prove that the set E,,  defined by

)\2
— : 2
Epy = {x €Q:|Vup(x)]”"<1-— U?n(x)}

is basically a good approximation of M () if m is large enough.

Theorem (Theorem 1.3.1). Let vy, be the unique solution of the elastic-plastic torsion problem
(0.1). Then, for any A > 0 and € > 0, we have

sup d(z, Mx(2)) — 0 and sup  d(z,En,y) — 0.

2E€ B m—+00 TEM 4 () m—+00

This means that a stable version of the cut locus can be approximated from the minimizer of
a convex variational problem:.

The strategy of the proof is to show that the minimizers (v,,)m>0 of the elastic-plastic
torsion problem are uniformly semiconcave when m is large enough.

Theorem (Theorem 1.3.2). Let Cq > 0 be such that dapq is Cy-semiconcave. There exists
mo > 0 such that for any m > mg, the solution vy, of the elasto-plastic torsion problem (0.1)
18 Cy-semiconcave.

This is done by using Korevaar’s convexity maximum principle |54].

The idea is then to apply the same strategy to the study of the cut locus and the problem
of instability with respect to the metric, and to derive a method for computing the cut locus
of a surface. In Chapter 3, we study the following variational problem:

inf {/M IVl = mu e HY (M), |Vu| < 1, u(b) = o} . 0.2)

It is a kind of generalization of the elastic-torsion problem, where the ambient euclidean
space is replaced with a smooth compact Riemannian manifold without boundary M, and
the boundary of 0f) is replaced with the point b. In this framework, the analog of M(2)
is Cuty(M). We extend some results known for the elastic-plastic torsion problem to this
framework. Let Cuty(M)y C M be defined by

Cuty(M)y = {p e M : |Vdy(z)* <1— d;(; }

where Vdp(x) is the generalized gradient of dj, (see Propositions A.1.9 and A.1.6). We will
prove the following theorem.

Theorem (Theorem 3.1.2). There exists mo > 0, depending only on the manifold M, such
that for any m > m/ > myg, the minimizer u,, of (0.2) is locally C*' on M \ {b}, and

Cuty(M) C {|Vum| <1} C {|Vuy| <1}

Moreover,
E,, — Cuty(M) in the Hausdorff sense.

m——+00
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Given any € > 0, there exists a constant C > 0 such that, for any m > my,
U, @5 C-semiconcave on M\ B(b,¢).
Finally,
sup d(x,Cuty(M)y) — 0, and sup d(z, By ) — 0.

T€E,, 5 m—+o0 z€Cuty (M) e m—>+00

This result will be used in chapter 4 to build a new method for the numerical approximation
of the cut locus of a surface.

In our study, we will need to establish that the gradient constraint |Vu| < 1 in (0.2) can
be replaced with the obstacle constraint v < d. Contrary to the case of the classical obstacle
problem (0.1), this is not true in general. However, it is true if m is large enough. Indeed, let
ul, be the minimizer of the following variational problem:

inf{ |Vu|2—mu:uEH1(M),u§db}.
M

We will prove the following.

Theorem (Theorem 3.3.1). There exists a surface of revolution M and a parameter m > 0
such that uy, # ul .

Theorem (Theorem 3.3.2). Let K > 0 be such that
Ric > — K, (0.3)

where Ric denotes the Ricci curvature tensor of the manifold M. If

m > max(\/nK(l + Kdiam(M)?), nKdiam(M)),

then
d

Uy = Uy
In Chapter 4, we address the question of the numerical approximation of the cut locus based
on previous modeling. We introduce a finite element method based on triangulated surfaces,
prove the convergence of our scheme and illustrate its efficiency on complex geometries.
In Chapter 2, after introducing the notion of cut locus, and some important properties of
dp and Cuty(M), we prove a proposition about the behavior of d, on Cuty(M), that is later
used in Chapter 3. More specifically, we prove:

Theorem (Theorem 2.1.11). Let M be a smooth manifold without boundary of dimension
n>2, and b € M. Let dy be the distance function to the point b, and Cuty(M) the cut locus
with respect to b. The Laplacian of dy is —oo at every point of Cuty(M), in the sense of
barriers. This means that for any p € Cuty(M), for any A > 0, there exists a smooth function
¢ defined in a neighborhood of p such that

¢ >dy, ¢(p)=dp(p) and A¢(p) < —A.

Remark 0.1. We could have replaced the point b with a smooth hypersurface S C M in all our
considerations. However, our interest here is in the instability of the cut locus with respect
to the metric of M, and this aspect is already present with a point b instead of S. So for
simplicity, we focus on the case of the cut locus of a point.
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CHAPTER 1

Medial axis of a euclidean domain and
elastic-plastic torsion problem

1.1 The elastic-plastic torsion problem.

In this chapter, € is a smooth bounded open set of R™. The elastic-plastic torsion problem is
the following variational problem, defined for any m > 0.

inf{/ IVo|? —mu : v € HE(Q),|Vu| < 1}. (1.1.1)
Q

One can show that this functional has a minimizer by the direct method of calculus of
variations. The minimizer is unique because we are minimizing a strictly convex functional
over a convex subset of H}(). Let vy, be the unique minimizer of (1.1.1). (See also [46] for
general existence and uniqueness results for more general functionals of that type.) Physically
speaking, vy, represents the stress function of a long bar of cross section €, twisted with an
angle m. The elastic-plastic torsion problem and the properties of its minimizer v, have
been intensively studied in the 60s and 70s by various authors (such as Ting, Brézis, Sibony,
Gerhardt, Caffarelli, Riviere, Friedman, Pozzi...), see for instance 78], [14], [13], [20], [79],
[21], [38] and [19].

In particular, we know from [21] that vy, is locally C*! in 2. What is more, we know from
[14] that the gradient constraint in (1.1.1) can be replaced with an obstacle type constraint
involving the distance function dgg to the boundary of Q. Indeed, we have

0<ovy, <dpg and v, =argmin {/ IVol> —mw v e HY(Q),v < daQ} . (1.1.2)
Q

where
d — min |z — y|.
a0(T) min, |z — |

Following [18], we define the elastic and plastic sets as follows:

E, ={x € Q: |Vu,(z)| <1},
Py, ={x € Q:|Vuy,(z)| =1},
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1.2. M)(9Q): the A-medial axis

It is then easy to prove (see [18, §3]) that
E, ={x € Q:vn(x) <dsa(x)},
P, ={x € Q:vp(zr) =dsal(z)} (1.1.3)
In the open set E,,, we have the Euler-Lagrange equation of the variational problem:
Avp, = —2m in E,,. (1.1.4)
At a point x € P,,, we have v, (x) = dgo(x) and v, < dpq around z, so
Vo (x) = Vdaq(z). (1.1.5)

The medial azis of Q, denoted by M(Q), is defined as the set of points of Q that have at
least two closest points on the boundary 9 of :

M) :={ze€Q:Ty,z€0N y+#zand doo(x) = v —y| = |z — 2| }.

Equivalently, M(2) is the set of points of Q at which the distance function dyq is not differ-
entiable. In [18], Caffarelli and Friedman used the notion of ridge of Q, which is precisely the
closure of M(Q). Equivalently, it is the set of points around which the distance function is
not smooth.

They proved the following.

Theorem 1.1.1 (Theorems 3.2 and 4.1 in [18].). For any m > 0, we have
M(Q) C Ep,.

Furthermore, there exists a constant C > 0 depending on Q0 only such that

Ym >0, dHM(Q), E) < %

)

where d™ denotes the Hausdorff distance.

We will also use the following fact. Equation (4.2) in [18] gives a constant C' > 0 depending

only on €2 such that

Ve € Q, d(x,{v, =dsa}) < %

As dyq and vy, are both 1-Lipschitz, we get that for a (different) constant C’ > 0, we have

Cl

1.2 M,(Q): the A-medial axis

The medial axis, also called skeleton, is used in a wide variety of applications in image pro-
cessing and computer vision. Many researchers have proposed more or less efficient methods
to compute it, and are still trying to improve its computation. We refer to the book [73] from
2017 for a review about the medial axis, its computation and applications. In this section,
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Chapter 1. Medial axis and torsion problem

Figure 1.1: A circle with its medial axis, and a polygonal approximation of a circle, with its
medial axis.

we introduce the notion of A-medial axis that was invented in 2005 by Chazal and Lieutier to
give a theoretical framework to tackle the problem of stability.

Indeed, one important geometric property of the medial axis M() is that it is unstable
with respect to small perturbations of the boundary of € - see Figure 1.1. This instability
makes computing numerically M () quite tricky. Indeed, any numerical approximation of 2
(for instance, with polygons) might introduce an artificial (and large) medial set. In order to
deal with this problem, in [23], Chazal and Lieutier defined the so called A-medial azis of Q
by setting, for any A > 0,

MA(Q) :={z e Q:r(x) > AN}, (1.2.1)

where r(z) is the radius of the smallest ball containing the set of all closest points to x on 02,
i.e. the set {z € 90 : |x — z| = dyqa(x)}. Note that the map A — M (€) is non-increasing,
and we have
M©) = [J Ma(9).
A>0

It is further proved in [23, Section 3, Theorem 2| that M (£2) has the same homotopy type as
M(Q), for A small enough. These facts justify that, for fixed 2, M () is a good approxima-
tion of M(2), for A small enough. The crucial difference though is that M () is stable with
respect to small variations of 2, whereas M(€2) is not. Indeed we have the following theorem.

Theorem 1.2.1 (Consequence of Theorem 3 in [23]). For any 0 < X' < A, there exists € > 0
such that, if Q and Q are two open bounded subset of R™ such that d™(Q°,Q°) < ¢, then

sup d(z, M) (Q)) < 24/diam(Q)e,
zEM(Q)

where diam(Q2) is the diameter of Q.

This means that although it is difficult to compute numerically M(Q) directly, one can
compute M) (Q2) instead. In the same paper [23], the authors use voronoi diagrams to compute
an approximation of M () from a noisy sample of points of the boundary of Q.

We will need the following definition.

Definition 1.2.2. A function u : Q — R is said to be C-semiconcave (or just semiconcave) if
the function x — C|z|* — u(x) is conver. This is equivalent to having, for any X € [0,1] and
z,y € Q such that [z,y] € Q,

(1 = Nu(z) + Mu(y) — u((1 = Nz + Ay) < CA1 = N) |y — z|?

Then, we have:
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1.3. Elastic-plastic torsion problem and A-medial axis

Lemma 1.2.3. Let Q be a C? open bounded subset of R™. There is a constant Cyq > 0 such
that dgq is Cgq-semiconcave on ).

This lemma is proved in [22, (iii) of Proposition 2.2.2], under slightly more general assumptions.
Here we only give the idea of the proof.

Idea of the proof. As (1 is of class C?, you can write the complement of  as a union of balls of
radius r > 0 for some fixed r. Then, dggq is the infimum of the distance functions to these balls
of radius r. One can verify that the distance function to a ball is C-semiconcave for some C,
and the supremum of a family of convex functions is convex, so dyq is also C-semiconcave. [J

As explained with more details in the Appendix A.1, this implies that, as concave functions,
dyqo has a well defined generalized gradient whose norm is given by the formula:

|Vdsa| () = max(0, sup 3{)"dag(:p)),
veSn—1

where 0, dgq(x) denotes the directional derivative of dyq in the direction v. What is more, as
it can be seen from |23, Section 2.1], we have

_r(@)?
doq(z)?’

and so the following formula for the A-medial axis holds.

|Vdaa(z)]* =1

2
My(Q) = {x €Q: |Vdga(x)? <1 - dgi(x)} . (1.2.2)

In the next section, we will use this formula to approximate M () with the minimizer of the
elastic-torsion problem presented in Section 1.1.

1.3 Elastic-plastic torsion problem and A-medial axis

In this section, motivated by the two preceding sections, we prove the following refinement of
Theorem 1.1.1. It is the main result of this chapter.

Theorem 1.3.1. Let 2 be a smooth bounded open subset of R®. For m > 0, let vy, be the
unique solution of the variational problem:

inf {/ IVu|? —mu v e H(Q),|Vu| < 1} : (1.3.1)
Q

Let us define the set E,, \ by:

2
Ep = {x €Q: | Vo (z))* <1- A } (1.3.2)

Then, for any A > 0 and € > 0, we have

sup d(z, Mx(2)) — 0 and sup  d(z,E, ) — 0.

l'eEm,,)\ m—+00 $€M)\+8(Q) m—+00
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Chapter 1. Medial axis and torsion problem

This theorem basically shows that the set £, ) is a good approximation of the A-medial axis.
In particular, it yields a new method for the numerical computation of the medial axis, based
on the solution of a convex variational problem. In Chapter 3, we will use this strategy to
approximate the cut locus of a manifold. The numerical results will be presented in Chapter
4.

The most important step in the proof of Theorem 1.3.1, is to show that the functions
(Um)m>0 are uniformly semiconcave.

Theorem 1.3.2. Let Cy > 0 be such thal dgq is Cg-semiconcave. There exists my > 0
such that for any m > mg, the solution vy, of the elasto-plastic torsion problem (1.1.1) is
Cy-semiconcave.

With this uniform semiconcavity result, Theorem 1.3.1 follows from the uniform conver-
gence of vy, to dgo when m — +o0o. The proof of 1.3.1 is almost identical to the proof of
Proposition 3.5.6. We still give it here in full details.

The proof of Theorem 1.3.2 relies on the following two facts:

e inside F,,, v,, has constant Laplacian,

e outside E,,, v, is equal to dgq, which is Cy-semiconcave, for some constant Cy > 0 the
depends only on €.

The main tool is Korevaar’s convexity maximum principle [54, Theorem 1.3]. Let us present
this result. Let f: Q — R be a C? function satisfying an equation of the form

Pz, f(2),Vf(z), Hf(z)) =0

in (2, for a certain elliptic operator P. The convexity function of f is the function ¢ defined
for any [x,y] C Q and A € [0,1] by

c(@,y,A) == (L= A)f(x) + Af(y) = F((1 = Nz + ).

Under suitable conditions on the elliptic operator P, Korevaar’s convexity maximum principle
states that the minimum of ¢ is attained at a triple (x,y, \) such that one of the points z, y
or (1 — A)x + Ay belongs to the boundary of Q. In particular, this result applies to the case
where P is the euclidean Laplacian.

We are ready to prove Theorem 1.3.2. The first part of the proof is identical to the first
part of the proof of Proposition 3.5.5. We still give it in full detail, for the reader’s convenience.

Proof of Theorem 1.3.2. Let Cy be such that the distance function dgq is Cg-semiconcave.
As  is smooth, every point of € in a neighborhood of 92 has a unique projection on 0f2.
Therefore the distance between M(€2) and 9f is positive. From Theorem 1.1.1, we know that
the elastic set E,, converges to M(2) in the Hausdorff sense when m goes to +00. So there
exists mq such that, for any m > mq, E,, C Q. Let ¢ > 0. We will show that for any m > my,
U 18 (Cy + €)-semiconcave, which is sufficient to conclude the proof. Let us introduce some
notations. For a,b € R and A € (0, 1), we set

Aab = (1 = N)a + Ab.
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1.3. Elastic-plastic torsion problem and A-medial axis
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Figure 1.2: Construction of 4 and v.

For any x,y € Q such that [x,y] € Q, A € [0,1] and v a function on €, let us define

fo(2) = (Ca+e) |2* — v(2),
(2,4, A 0) 7= Apy @) o) — Jo(Aay)- (1.3.3)

In order to prove that f, is convex (i.e that v, is (Cy + ) semiconcave), we need to show

the following;:
inf c(z,y, A\, vm) >0 (1.3.4)

YA
where the infimum is taken over x,y € Q such that [z,y] C Q and X € [0,1]. Let us argue
by contradiction and assume that (1.3.4) does not hold. By continuity of ¢, the infimum in
(1.3.4) is a minimum, attained at a triple (x,y, ), that verifies

c(z,y, A, vp) < 0.

Now we show that
(,9) C En (= {vm < doa}). (1.3.5)
If not, then there exists p € (0,1) such that py ¢ Epn, i.e Um(tay) = doa(fay). Recalling
that vy, < dpq, we get
c(x,y, p, vm) > c(z,y, 1, daa) > 0, (1.3.6)

where the last inequality comes from the Cy-semiconcavity of dgq. In particular, pu # A. Let
us assume for instance that g < A (the case p > X being similar) and show that ¢(z,y, A\, vn)
is not minimal in (1.3.4). Figure 1.2 may help justify intuitively the following construction.

Let v € (0,1) be such that

Vieyy = Aay- (1.3.7)

We have

c(Hays Ys Vs Um) = (L = V) fo,, (fay) + v fo,, (y) — fvm<’/uwyy)
=(1- V)fvm(ﬂa:y> + vam(y) - fvm()‘xy)
=c(z,y, A\, vom) — (1 = N fon (@) + (v = M) fo,, (¥) + (1 = V) fo,, (ftay).  (1.3.8)

Now after some elementary calculations, (1.3.7) translates into

{1—A =(1-v)(1-p),
v—A =—-(1-v)u
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Chapter 1. Medial axis and torsion problem

so (1.3.8) becomes

C(,uxyaya v, 0m) = c(x,y, A\, vm) — (1= v)((1 = ) fo,, (@) + pfo,, (y) — fvm(/‘wy))
=c(x,y, \,vm) — (L = v)e(x, y, p, vm)
< c(z,y, N\, vm), (1.3.9)

where in the last inequality we used the fact that c¢(z,y, u, vmm) > 0 (equation (1.3.6)). This
contradicts the minimality of ¢(x, y, A, v,,). Thus (1.3.5) is true, and we are left to show that
U 18 (Cyq + €)-semiconcave inside F,,.
The function
Fom 2 2 (Ca+€) |2° = vm(2)

has constant Laplacian on E,,. So we may apply Korevaar’s convexity maximum principle (see
[54, Theorem 1.3]) to get that the minimum of the function c(-,-,-,vy,) on Ey, X Ey, x [0,1]
is attained at a triple (z,y, A) such that x, y, or Ayy is in OE,,. As proved above, Ay, € 0Ey,
is not an option, so z € F,, or y € JF,,. Let us treat the case © € JF,,, for instance. We
have chosen mq so that for m > mg, E,, C Q. In particular x € . We get that = € P,,, and
in particular (recalling (1.1.3) and (1.1.5))

vm(x) = dpa(x) and Vo, (z) = daa(x). (1.3.10)
As dpq is Cy-semiconcave, we have for any p € (0, 1),
(1= w)(Ca 2| = doa(x)) + u(Calyl* — doa(y))
> Ca|(1 = )z + pyl* = doa((1 — p)z + py).
With (1.3.10), it yields as pu — 0,
(1= w)(Cala® = dpa(x)) + n(Calyl® = doa(y))
> Ca|(1 = p)a + pyl* = vm((1 = p)a + py) + o(p).
Since Um < daQ,
(1= mw)(Calz* = vm () + u(Ca lyl* = v (y))
> Cq|(1 = )z + pyl* — vm((1 = wa + py) + o). (1.3.11)
Multiplying the following equality by &
(1= p) |2 + plyl* = 11 = )z + pyl + p(L = ) |z =y,
and adding it to (1.3.11), we get
(1= w)((Ca+e) 2] = vm(@)) + p((Ca + ) [yl* = vm(y))
> (Cq+e) (1= wa + pyl” = vm((1 = pa + py) + ep(l — p) |z — y* + o(p),
and so for p small enough,

(1= @)((Ca+e) [z — vm(@)) + p((Ca+ ) [y — vm(y))
> (Ca+e)[(1— ez + pyl’ — vm((1 — p)z + py),
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1.3. Elastic-plastic torsion problem and A-medial axis

i.e. c(x,y, i, vm) > 0. As before, we show that is implies

C(szu Yy, v, Um) < C({L’, Y, )‘7 Um)?

where v is such that v, , = Agzy. This contradicts the minimality of c(z,y,\). Therefore
hypothesis (1.3.4) holds, which concludes the proof. O

We can now prove Theorem 1.3.1.

Proof of Theorem 1.3.1. Let us argue by contradiction, and assume that the following conver-
gence does not hold.
sup d(z, M(2)) — 0 (1.3.12)

aﬁEEm,,\ m——+00

Let (myg)k>0 and (xk)r>0 be sequences in (0,00) and (2 respectively, such that my oo +o0
= = —+o00

and for some 1 > 0, for any k > 0, z}, € E,, » and
d(xp, MA(Q)) > . (1.3.13)

Up to taking subsequences, we may assume that (xj) converges to a point T., € . As
x € B, » for any k, we actually have zo, € . As the functions (vy,)m>o are uniformly
semiconcave and converge to dapg as m goes to oo (Theorem 1.3.2 and (1.1.6)), we get from
Proposition A.1.8:

liminf [V, (25)] > |Vdaa(zso)] -
k—o00

Using the facts that xp € Ep,, » and v,,, converges uniformly to dpq, this implies
)\2
daﬁ(xoo)Q ’

and 8o oo € My(€2). But this contradicts (1.3.13). Thus (1.3.12) is proved.
We are left to prove the following onvergence:

Vdaa(r00)]* <1 —

sup  d(z,Ep,y\) — 0. (1.3.14)
:L“EMAJFE (Q) m——+oo

Once again, we argue by contradiction and assume that it does not hold. Let (my)r>o and
(xk)k>0 be sequences of (0, 00) and Q2 respectively, such that m; — 400 and for some n > 0,

k—+o00
for any k > 0, z, € M;+-(Q2) and
(1, By ) > 200, (1.3.15)

Up to taking subsequences, we can assume that (zj) converges to a point Zo, in My-(£2).
The last inequality implies that for any k large enough, we have

d(:l:oo, Emk)\) > .

According to (1.1.6), there exists a constant C7 > 0 such that for any y € Q and k > 0,
V. ()2 > doq(y)? — C1/my. As dpgq is 1-Lipschitz and bounded, we deduce that there exists
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Chapter 1. Medial axis and torsion problem

a constant Cy > 0 such that for any y € B(eo,n) and k > 0, v, (y)? > doa(r00)? — Can —
Cy/my. Let ng > 0, kg > 0 and dp > 0 be constants such that for any n < 79 and k > ko,

(A+¢e)? 22

0= - > g > 0.
doo(T00)?  doa(e0)® — Can — Cy fmy, — "
For any y € B(xs,n), we have
2 2
-2 <1 - — >
Uy, (Y) doa(Tec)? — Can — C1/my,
(A +¢e)?

=1—-—"= 4. 1.3.16
d@Q(xoo)Q ( )

As oo € Myic(2), we have (1— (Ote)” ) > 0, and so for any n < n9, k > ko and

dapa(re0)?
y € B(x00777)7 9

1—

>0 > 09> 0. 1.3.17
'Umk(y)Z 0 ( )

Let (yt)e>0 be the curve defined by
qay:
dt = V'Umk (yt)

Let T' > 0 be such that for any t € (0,7, d(y, zs) < 1, and in particular y ¢ E,,, ». We
have

Yo = Too and

Uy, (YT) — Uy, (Too) = /( ) VU, (yt)|2 dt by definition of (y;),
0,1

A2 )
> 1 — ——— | dt because y; ¢ Ep, 1,
/(O,T) < Uy, (ye)? g

>T¢ because of (1.3.17).

As vy, is bounded by the diameter of €2, this estimate implies that there exists a finite largest
time 7' > 0 such that for any ¢ € [0,7], d(y, T) < 1. In particular, d(ze,yr) = 1. From
Lemma 1.2.3, we know that there exists a constant Cy > 0 such that dyq is semiconcave. In
particular, we have (see Proposition A.1.7)

doa(yr) — doa(Tes) < |Vdoa(Teo)| d(Too, y7) + Cald(Too, y1))?
= [Vdaa(zeo)| 1+ Can®,
2
< 1- (Atef n+Can* because o € My, o(Q). (1.3.18)
daﬁ(l‘oo)2

In addition,

VU, (YT) — V. (Too) = / [V Um, (yt)] ‘ dt by definition of (y;),

d
yt dt because y; ¢ Epy, x,

(0,T) Umk Z/t
> inf 1—-— . 1.3.19
B (te(a 7) Umk(yt) )n (1:349)
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1.3. Elastic-plastic torsion problem and A-medial axis

Using lemma 3.4.1 again, we know that there exists a constant Cg > 0 such that dgq(yr) —
doa(Too) > U, (YT) — Uy (Too) — -=2. Therefore, estimates (1.3.18) and (1.3.19) yield

A+¢)?
N Y %>
Can ( do(Too)? i o (0)? + ’

Using (1.3.16), we find that there exists a constant Cy > 0 such that for any n < ny and

k > ko,
2 2
1_L€)2_ inf 1_/\72 < —C4.
don(Too) t€(0,T) Uiy, (Yt)

In particular, for any n < np and k& > ko,
C
Can® — Can+ —> > 0.
my

This gives a contradiction if k is large enough. Thus, (1.3.14) is true. This concludes the
proof. O
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CHAPTER 2

Distance function and cut locus

2.1 Introduction

Before stating and proving the result of this chapter, let us introduce and give some context
about the notions of distance function and cut locus.

In this chapter, M is a smooth Riemannian manifold without boundary of dimension n > 2,
b a point of M, d the distance function of M and d;, := d(-,b) the distance function to the
point b. We are interested in the properties of the function d;. Before giving an account of
these properties, let us recall some notions of Riemannian geometry.

Definition 2.1.1. Let vy : [a,b] — M be a geodesic, and J : [a,b] — TM a vector field along
~v. Then, J is called a Jacobi field if there exists a variation of v through geodesics whose J
is the variation field, i.e. a smooth map T : (—1,1) X [a,b] — M such that T'(0,-) =~ and for
any s € (—1,1), I'(s,-) is a geodesic, and

O0(0,1) = J(2).

Moreover, if there exists a Jacobi field J along v such that J(a) = 0 and J(b) = 0, then
we say that v(a) and v(b) are conjugate points along .

Definition 2.1.2. Let T > 0 and 7 : [0,T] — M be a unit speed geodesic such that v(0) = b,
to € (0,T) and p = v(ty). We say that p is a cut point of b along v if v is length minimizing
between b and p, but not after p, i.e dy(y(t)) =t for t <tg, and dp(y(t)) <t fort > t.

Definition 2.1.3. The cut locus of b in M, denoted by Cuty(M), is defined as the set of all
cut points of b.

We recall the following.

Definition 2.1.4. Let ¢ € M and V € T,M be such that there exists a well defined geodesic
v :10,1] = M such that v(0) = q and 4(0) = V. Then, the (global) exponential map at V is
defined by Exp(V') = v(1). The restriction of the exponential map Exp on Ty M is denoted by
exp, and called the exponential map at q.

The following facts can all be found in [74, Chapter 111, Section 4]:
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Proposition 2.1.5. Some well known facts related to the cut locus include:

o Cuty(M) is the set of points p in M, such that either there exist at least two minimizing
geodesics from b to p, or the points b and p are conjugate,

o Cuty(M) is the closure of the set of points p in M, such that there exist at least two
minimizing geodesics from b to p,

e the function dy, is smooth outside Cuty(M) U {b}, and it is differentiable at a point p if
and only if there exist a unique minimizing geodesics between b and p,

e in particular, Cuty(M)U{b} is the closure of the set of points of non-differentiability of
db7

e the exponential map expy is a diffeomorphism from an open set of TyM onto M \
CUtb(M)7

o Cuty(M) is a deformation retract of M \ {b}. In particular, these two sets have the
same homotopy type, and so Cuty(M) inherits much of the topology of M (like homology
groups, for instance). See [T}, Chapter III, Section 4, proposition 4.5] for a precise
statement.

Proposition 2.1.6. The function dy is 1-Lipschitz. At every point p where dy is differentiable,
Vdy, is given by the speed vector of the minimizing unit speed geodesic from b to p. In particular,
we have |Vdy| =1 at every point where dy, is differentiable.

We know quite a bit about the structure of the cut locus. Let us give some of its properties,
to get an idea of what the cut locus looks like. First, it is the union of smooth hypersurfaces
consisting of points with exactly two minimizing geodesics, plus a set of Hausdorff dimension
at most n — 2. A reader-friendly reference for this is [49]. Moreover, the cut locus has locally
finite n—1-dimensional Hausdorff measure, see for instance [50, Theorem B]. To our knowledge,
the most precise results in this direction are contained in [9], where points of the cut locus are
classified, up to a set of Hausdorff dimension at most n — 3. We refer to |8, Section 1.3] for
additional structural properties of the cut locus.

An important property of the distance function, which we will be using in the rest of the
thesis, is semiconcavity. Let us give a definition.

Definition 2.1.7. Given a constant C > 0, a function u is said to be C'-semiconcave on M
if and only if for any unit speed geodesic 7y : [a,b] — M, the function t — Ct? — u(y(t)) is
convexr. We say that u is semiconcave if u is C-semiconcave for some constant C > 0. We say
that u is locally semiconcave if for any p € M, u is semiconcave in a neighborhood of p.

Remark 2.1.8. For a function w defined on an open set of R", u is C-semiconcave if and only
if the map = — C |z|* — u(z) is convex.

In [60, Proposition 3.4], C.Mantegazza and A.Mennucci showed that the distance function
is a viscosity solution of the Hamilton-Jacobi equation |Vdp| = 1. Using some regularity result
([25]) for Hamilton-Jacobi equations, they deduced that for any local chart ¢ of M, the map djo
11 is locally semiconcave as a function on R™ (see also [22] for a more reader-friendly reference
about semiconcave functions and Hamilton-Jacobi equations). In the Appendix A.1 about
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Chapter 2. Distance function and cut locus

semiconcave functions, we show that it is equivalent to saying that dp is locally semiconcave.
We realized afterwards that a different proof of the local semiconcavity of distance functions
can also be found in [5]. In [61] (and in particular Theorem 2.10), C.Mantegazza, G.Mascellani
and G.Uraltsev used this fact along with geometric measure theory tools to give a complete
description of the distributional Hessian and Laplacian of dp. They proved the following.

Theorem 2.1.9. The distributional Hessian of dy is given by:

27 _ 127 + - -1

D*dy = D2dyVol — (v @ v) |[Vdy — Vdy | Hiy oy

where % is the classical Hessian of dy where dy is smooth (i.e. almost everywhere), Vol

is the Riemannian volume measure, v is a unit normal vector to Cuty(M) where Cuty(M)

is smooth (i.e. H" -almost everywhere), Vd;' and Vd, are limits of Vdy to either side of

Cuty(M), and Hg;tlb(M) is the n — 1-dimensional Hausdorff measure restricted to Cuty(M).
The distributional Laplacian of dy is given by:

Ady = AdyVol — |V, = Vdy [ HE L

where m 18 the classical Laplacian of dp where dy is smooth.

The main result of this Chapter is a complement to the description of the non-smooth
behavior of the distance function on the cut locus. We are interested in the Laplacian of dp in
the sense of barriers.

Definition 2.1.10. Let v : M — R be a continuous function, and p € M. We say that the
Laplacian of ¥ at p is —oo in the sense of barriers if for any A > 0, there exists a smooth
function ¢ : M — R defined on a neighborhood of p such that

o>, é(p)=v({) and Ap(p) < -A.

We prove the following.

Theorem 2.1.11. Let M be a smooth manifold without boundary of dimension n > 2, and
be M. Let dy be the distance function to the point b, and Cuty(M) the cut locus with respect
to b. The Laplacian of dy, is —oo at every point of Cuty(M), in the sense of barriers.

This result proves useful when one wants to apply the maximum principle to a function
involving the distance function dp. It will be applied to the study of a variational problem in
Chapter 3.

2.2 Proof of Theorem 2.1.11

Ideas of the proof. The proof might seem very technical if the reader is not used to the
elementary tools of Riemannian geometry used in the proof, such as normal coordinates, Jacobi
fields and covariant derivatives. We will explain the idea of the proof in dimension 2. We will
refer to constructions that appear on Figure 2.1. Let p € Cuty(M). The case where there
exist two minimizing geodesics between b and p is simple— see below. So let us assume that
there exists a unique minimizing geodesic between b and p, along which the two points are
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2.2. Proof of Theorem 2.1.11

conjugate. Let r, R > 0 be such that dy(p) = R + r. For technical reasons, r is to be chosen
small. Let p. a point that is just € further away than p on the geodesic v from b to p. Let
re := r + &. The barrier we will use is ¢. = R+ d(-,0B(pe,7e)). Let g be the point of ~
such that dy(q) = R, so that the circles 9B(b, R), OB(p,r) and dB(pe,r:) are all tangent at
q. We first prove that the circles B(b, R) and 0B(p,r) have the same curvature at ¢. This is
where we use the fact that the points b and p are conjugate. Then, we show that the curvature
of OB(pe,re) is larger than the curvature of 9B(p,r) at ¢, from which we deduce that the
curvature of 9B(pe, ) is larger than the curvature of 0B(b, R) at q. We use this fact to show
that we have ¢. > dp in a neighborhood of p. Finally, an easy computation will show that
Ape(p) ;; —o0, which will conclude the proof.

We will make heavy use of the notion of exponential map of a hypersurface in the proof.
Let us recall it and fix some notations.

Definition 2.2.1. Let S be a smooth oriented hypersurface S of M. Let vg be the unit normal
vector to S. The exponential map of S is defined by

expg : S x[0,00] — M
(0,t) —  Exp(tvg())

We will also make heavy use of the notion of normal coordinates. Let us recall this notion and
its fundamental properties.

Proposition and definition 2.2.2. For any poinl p € M, the map exp, : TyM — M is a
local diffeomorphism from a neighborhood of 0 € T, M to a neighborhood of p € M. Therefore,
after identifying T, M with R™ by the choice of an orthonormal basis for the metric of M on
T,M, the map ¢ = exp;1 s a local chart of M around p, and so it defines some coordinates
(z'). These coordinates are called normal coordinates at p.

Proposition 2.2.3. In normal coordinates at p, the tangent vectors 0; have vanishing co-
variant deriwatives at p. Moreover, the metric of M s euclidean at p, up to order 1. More
precisely, the coordinates of the metric g of M verify

gij(p) =6V and 8Z~gij(p) =0.
In particular, recalling the following expression for the Laplacian in coordinates

1
Vdet g

one can see that in normal coordinates at p we have Au(p) = >
the equality holds at p only.)

Au =

9;(v/det gg" 9;),

;02u(p). (Please note that

We will use the following lemma in the proof of the theorem. It is a well known fact when
the hypersurface S considered is replaced with a point. We give a proof here, as we could not
find it in the literature.

Lemma 2.2.4. Let S be a smooth hypersurface of M such that S is compact. Let pi: [0,7] — M
be a geodesic such that q := p(0) € S. We assume that p is length minimizing between
p = p(r) and S, and that p is not a cut point of q along p. Then, the exponential map expg
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Chapter 2. Distance function and cut locus

is a diffeomorphism from a neighborhood U(q,r) of (q,r) to a neighborhood U(p) of p, and on

U(p) we have
1

d(‘? S) = 7r2 © (eXpS‘U(qm))_ Y
where w3 : S X R — R is the projection on the second coordinate. In particular, d(-,S) is
smooth around p.

Proof. As p is not a cut point of ¢ along =, it is not a focal point of S (see [74, Chapter
III, lemma 2.11]). In particular, expg is a local diffeomorphism from (q,r) to p. As ¢ is
the unique closest point to p on the compact set S, for any neighborhood Us(q) of ¢ in S,
there exists a neighborhood U(p) of p such that for any point p’ € U(p) the closest points
to p’ on S are inside Us(q). We choose such U(p) and Ug(q) so that, for some & > 0, expg
is a diffeomorphism from U(q,r) := Ugs(q) x (r — e, + ¢) to U(p). Let p’ € U(p) and
r:=d(p',S). A closest point to p’ on S is a point ¢’ € Us(q) such that p’ = expg(¢’, '), and
sod(p/,S)=1r"=myo0 (expS‘U(w>)_1(p’)_ This concludes the proof. O

Proof of Theorem 2.1.11. Let p € Cuty(M) and A > 0. We know that either there exist two
minimizing geodesics from b to p, or there exists a unique minimizing geodesic from b to p
along which the two points are conjugate.

Case one. There exist two minimizing geodesics from b to p. This implies that dj is not
differentiable at p. Let 6 > 0 be smaller than the distance between p and Cut,(M), and
¥ : B(p,d) — R™ be a normal coordinate chart around p. According to [60, Proposition 3.4,
there exists C' > 0 such that the function z — C |z|* — dy 0 ¥~ (z) is convex. As it is not
differentiable at 0, it has at least two subgradients v and w. We have

C\x|2 —dyotpHz) > max(v -z, w - x) — dy(p), (2.2.1)

with equality for x = 0. For B > 0 to be chosen large enough later, let us define the function
f:R" - R by
1
f(z):= §(U-$+w-m)+B(v-x—w-x)2—db(p).

Then, for x in a neighborhood of 0 we have

f(:z:):max(v'x,w-x)—%|v-a:—w-:c\+B(v-x—w-x)2—db(p)

< max(v-z,w-z)— dp(p) (2.2.2)

with equality at © = 0. Setting ¢ = C |¢]2 — fo1, we get from (2.2.1) and (2.2.2) that for ¢
in a neighborhood of p,

dy(q) < o(q),

with equality at ¢ = p. Moreover, as 1 is a normal coordinate chart, we have
Ad(p) = A(p 0p™1)(0) = 2nC — 2B |v — wl*.

As B is independent of v, w and A, we may now chose it large enough to have A¢(p) < —A,
which concludes case one.
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2.2. Proof of Theorem 2.1.11

dB(b, R)
OB (pe,Te)
OB(p,r)
Y
b q P Pe
g
Je

f

Figure 2.1: Construction of r, R, q, p- , 7=, f, g, ge-

Case two. There exists a unique minimizing geodesic 7 such that (0) = b and (1) = p.
Let » > 0, and let g be the intersection point of v with the sphere OB(p,r), and R = d(q).
For € > 0, let us define

pe =1 +e¢),
Te =T+ d(p, ps>'

We may choose r and ¢ small enough so that p and p. are contained in the totally normal
geodesic ball B(q,d) for some § > 0 (see [29, Chapter 3, Remark 3.8]). This implies in
particular that for any points p’ and ¢’ in neighborhoods of p and ¢ respectively, there exists
a unique minimizing geodesic i,y o) between p’ and ¢, and K(p gy depends continuously on
(p',q'). Let us fix some normal coordinates at ¢ on B(q, d) such that the unit normal vector to
0B(b, R) at q is 0,,. We will use these normal coordinates throughout the rest of the proof. In
these coordinates, around ¢, 0B(b, R) is the graph of a smooth function f such that f(0) =0
and Vf(0) = 0. Likewise, 0B(p,r) and 0B(p.,re) can be seen around ¢ as the graphs of some
smooth functions g and g. respectively, such that ¢(0) = g-(0) = 0 and Vg(0) = Vg.(0) = 0.
Step one. We prove that

Jve R v#£0, v-Hf(0)v=uv-Hg(0)w, (2.2.3)

where H f and Hg are the Hessian matrix of the functions f and g. As the points b and p are
conjugate, there exists a Jacobi field J along « such that J(0) =0, J(1) = 0 and J(t) # O for

€ (0,1). We may extend it to a global smooth field J on M. Let (@})SE]R be the flow of this
vector field, defined by the following equations:

d s T(&S
Vr € M, @%(a:) =z and Vs € R, gq)j(x) = J(®%(z)).

We define a variation I' of the curve v as follows:

Vs € RVt € [0,1], I'(s, 1) := @%((1)).

40



Chapter 2. Distance function and cut locus

For any s € R, I'(s,-) is still a curve from b to p, as J(0) = 0 and J(1) = 0. Therefore I" is a
fixed endpoints variation of . As v is a geodesic, we have

%[length(f‘(s, ))]s=0 = 0.

As the variation field J of T" is a Jacobi field, we also have (see [56, Proposition 10.14| for

instance)
2

%[length(F(S, ))]s=0 = 0. (2.2.4)

By the implicit function theorem, for any s close enough to 0, there exist some unique times
tr(s) and t,(s) such that

d(I'(s,tr(s)),b) = R and d(I'(s,tr(s)),p) =r.
Moreover, the functions s — tr(s) and s +— t,(s) are smooth. Now we set
P(s) = T(s, t(s)) and Q(s) i= (s, 1,(s)).
We have
length(T'(s, -)) = length(T'(s, ')|[0’tR(S)]) + length(I'(s, ),
+ length(T'(s, -)‘[MSM])

> d(I'(5,0),T(s,tr(s))) + d(T'(s, tr(s)), (s, tr(s)))
+d(T(s,tr(8)),(s,1))
=R+ d(P(s),Q(s)) +r.

)

[tR(s),tr(s)]

Meanwhile, as s goes to 0, thanks to (2.2.4), we also have
length(T(s, -)) = length(y) + o(s®) = R+ r + o(s?),

so d(P(s),Q(s)) < o(s?). In our normal coordinates around g, we have d(x,y) > c|z — y|
where ¢ > 0 is a constant and |- | is the euclidean norm. This comes from the fact that the
metric g of M and the euclidean metric are locally equivalent in any coordinates system. With
this remark, we get

P(s) = Q(s) + o(s?), (2.2.5)

where the equality is to be understood in coordinates. For any s small, let zp(s), zo(s) € R"™!
be such that

P(s) = (zp(s), f(xp(s))) and Q(s) = (zq(s), 9(zq(s))).

The functions zp and zg are smooth because P and @ are. Using the fact that Vf(0) =
Vg(0) =0, (2.2.5) gives

Zp(0) - HF(O)ah(0) = 2}y (0) - Hg(0)aly(0). 2.26)
Let us show that 24, (0) = 25(0). We have

P'(0) = 0,I'(0,t£(0)) + AL(0,tr(0))tx(0)
= J(tr(0)) + ¥ (tr(0))tR(0). (2.2.7)
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By definition the curve P is on the sphere OB(b, R), so P’(0) is tangent to this sphere and
orthogonal to ¥(¢r(0)) by the Gauss lemma. Also, as J(0) =0 and J(1) = 0, the Jacobi field
J is normal to v (see [56, lemma 10.6]), so J(tr(0)) is orthogonal to 4(tr(0)). Combined with
these facts, (2.2.7) yields P'(0) = J(tg(0)). Likewise, we have Q'(0) = J(¢-(0)) = J(tr(0)).
So P'(0) = Q'(0), and consequently 25(0) = x((0). Moreover, as J(t) # 0 for ¢ € (0,1), we
have 2’,(0) # 0. So setting v = 2/5(0), with (2.2.6) we get (2.2.3).

Step two. Now we want to show that

v-Hg(0)v >v-Hg:(0)v. (2.2.8)

Let us first show that g > g. in a neighborhood of 0. Let us argue by contradiction and assume
that for some € R" ™1, we have g(z) < g(). Let i : [0,1] — M be the shortest geodesic from
the point of coordinate (x, g(z)) to the point of coordinate (0,7), i.e. p. If = has been taken
close enough to 0, then for ¢ € [0, 1], u(t) stays inside the normal neighborhood of ¢, B(q, ¢),
on which our normal coordinates are defined. For t € [0,1], let x(t) € R*! and z(t) € R
be such that in coordinates, u(t) = (z(t),z(t)). We have z(0) = g(x) < g-(z) = g-(x(0)).
And z(1) =7 > 0 = g-(0) = g-(x(1)). As p is continuous, there exists ¢ € (0,1) such that
2(t) = ge(z(t)), i.e. u(t) € 0B(ps,re). This implies

= d(u(?), pe)

S d(u(t), p) + d(p, pe)
< d(p(0),p) + d(p, pe)
=r+d(p,pe)

which gives a contradiction. We conclude that g > g.. In particular, for any w € R"!, we
have w- Hg(0)w > w- Hg.(0)w. Thus, the matrix Hg(0) — Hg-(0) is symmetric non-negative.
To show that it is positive definite and conclude that (2.2.8) holds, we only need to show that

Yw e R, Hg(0)w # Hg.(0)w. (2.2.9)

The geodesic «y is minimizing between p. and 0B (pe, 7). In particular, the point p is not a cut
point of ¢ along v, so lemma 2.2.4 above shows that the differential of the map expyp(p, r.) 18
invertible at (¢,7). On the contrary, the map expyp(p,(-;7) is constant and so its differential
is null at ¢. In particular, for any w € T,0B(p,r), we have

DwyaB(Peﬂ‘e)(q) 7& Dwy@B(p,r) (Q)7 (2210)

where D,, denotes the covariant derivative in the direction w. Let us define the families
of vectors (uf)i<i<n—1 and (u¥)i1<i<n—1 at the point of coordinates (z,2) € R"~! x R, by
ud(z, z) == 8 + 0;g(x)0, and ufs (x,2) := 0; + 0ige(x)0p. These vectors form a basis of the
tangent spaces of 0B(p,r) and 0B(pe, r:) respectively, as we recall that these surfaces are the
graphs of the functions g and g.. Furthermore, the two basis are identical at (0,0). Thus,
(2.2.10) is equivalent to

Jie{1,..,n =1}, uf" - DuVop(p. (@) # U - DuVoppr)(q)-
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Note that if some vector fields X and Y are orthogonal, then we have X - Y = 0, and so
DX Y+ X -D,Y =0. So we get

Jie{l,.,n— 1},Dwulgs ) V@B(pgﬂ“g)(q) = Dwuf . VaB(p,r)(q)a
ice. Ji€{l,..,n—1}, Dyuf -8, # Dyuf - Oy,

Recalling that in normal coordinates, the tangent vectors (9;)1<j<n have vanishing covariant
derivatives at 0, we get

Ji e {1,.,n — 1}, w jig-(0) # w’d;;9(0),

which is (2.2.9). So (2.2.8) holds.
Step three. Putting steps one and two together, we get

Jv#£0, v-(Hg(0)—Hf(0))v <O0.

In particular, there exists a basis (v;)1<i<n—1 of R"! with v; = v, that is orthogonal for the
quadratic form g.(w) = w- (Hg-(0) — Hf(0))w. Let k. be a quadratic form of R"~! such that
the (v;) are orthogonal for k., k.(v) = 0 and for ¢ > 2, k.(v;) = max(0, ¢-(v;) + 1). This way
we have k. > ¢., and k. > 0. Now let us set he = g. — k.. Note that in dimension 2, we
actually have h. = g., and the rest of the proof is a bit less technical. By construction we
have

he < ge, (2.2.11)
he = g on Ro, (2.2.12)
he < f on B(0, pe), for some p. > 0, (2.2.13)

where (2.2.13) comes from the fact that the Hessian of h. at 0 verifies Hh.(0) = Hg.(0) — k. <
Hg.(0) — ¢- = Hf(0), and he(0) = f(0) = 0, Vh(0) = Vf(0) = 0. It will be convenient, at
the end of the proof, to have a smooth function A : R»~! — R such that

h(0) =0, Vh(0)=0, and for all € > 0 sufficiently small, h. > h. (2.2.14)

To see that such function exists, we note that for ¢ < &', we have g. > g.,. This can be proven
the same way we proved g. < g at the beginning of step two. We then fix &’ > 0. Therefore, for
any ¢ sufficiently small, we have g < g. < g. This allows us to see that the quadratic forms
g=, and then k., are bounded independently of €, by a quadratic form k. In turn, this implies
that the function h = g — k verifies (2.2.14). Let Sj,_ be the hypersurface of M defined in
our normal coordinates around ¢ as the graph of the function h. on B(0, p-). Let us set

¢€ = d(7 Shg) + R

We will show that for ¢ sufficiently small, ¢, is the function ¢ we are looking for to prove the
theorem.

Let us first show that ¢. > dp in a neighborhood of p. Let p’ € B(q,d) be a point near
p. Let p:[0,1] — M be a length minimizing geodesic between Sy and p’. For ¢ € [0, 1], let
(z(t), 2(t)) € R*! x R be the coordinates of pu(t). As u(0) € Sy, we have 2(0) = h-(2(0)) <
f(z(0)). Moreover, the coordinates (z,z) = (0,7) of p verify z > f(z). Therefore, provided
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p’ is close enough to p, we have z(1) > f(x(1)). Thus, there exists t € [0,1] such that
z(t) = f(x(t)), i.e. u(t) € 0B(b, R). This implies

d(-,Sp.) > d(-,0B(b,R)) on a neighborhood of p, (2.2.15)

and so ¢. > dp on a neighborhood of p.
As g € Sp_, we also have ¢-(p) < d(p,q) + R = dp(p). So we get ¢-(p) = dp(p) as well.
We are left to show that ¢. is smooth around p, and that given A > 0, we have A¢.(p) <
— A, provided € has been taken small enough. Let us first show that ¢. is smooth around p.
Between p. and ¢, the geodesic 7 is minimizing among all geodesics from p. to dB(pe,r:).
The same way we have shown that h. < f implies d(-, Sp.) > d(-,0B(b, R)) , one can show
that h. < g. implies

d(-,Sn.) > d(-,0B(pe, 7)) on a neighborhood of p. (2.2.16)

Therefore, between ¢ and p., 7y is still minimizing among geodesics from p. to Sy_.. We may
apply lemma 2.2.4 to conclude that ¢. is smooth at p. Now for ¢ in a neighborhood of 0, let
us define c(t) := expyp(p, r.) (7, €xp,(tv, ge(tv))). We have,

d(c(t),Sp.) > d(c(t),0B(pe,1e)) because of (2.2.16),
= d(c(t), exp,(tv, ge(tv))) because of lemma 2.2.4,
= d(c(t), exp,(tv, he(tv))) because of (2.2.12),
> d(c(t), Si.)

Therefore, the first inequality is actually an equality:
d(c(t), Sp.) = d(c(t), 0B(pe,e)).

As d(-,Sp.) and d(-,0B(pe,re)) have the same gradient at ¢(0) = p, we deduce that

D0),6(0) (s Sn)]p = D) 5(0)[d(, 0B (pe, )] -
We have ¢(0) # 0 because of lemma 2.2.4 again. Setting wy := ¢(0)/]¢(0)], we get

D?vl,wl [d(7 Shs)]l? = Dil,wl [d(7 8B(p57 TE)]p' (22]‘7)
Let us complete wy into an orthonormal basis (w1, .., wy,) of TpM. Let Sy be the hypersurface
of M defined in our normal coordinates at g as the graph of the function A from (2.2.14).
The same way we have proved (2.2.15), one can prove that d(-,Sy_) < d(-,Sp). As these two
functions are equal up to order 1 at p, we deduce that
Moreover, we know from [60, Proposition 3.4] that there exists a constant C' > 0 such that for
all i, D2 ,.[d(-,5h)], < C, so we get

Vi>2,D2 , 1d(-, Sy < C,
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where C' is independent of e. Combining this inequality with (2.2.17), we get
Ade(p) < (0= 1)C + Dy, 4, [d(, OB (pz, %)l (2.2.18)

Let us pick some normal coordinates (aci)lgign at pe, such that we have 9, = % on the curve
~. By the Gauss lemma, the set of points that are equidistant to OB(pe,re) are orthogonal to
the geodesics starting out orthogonally from dB(pe,r:). Therefore we have ¢(0) -4(1) =0, or
equivalently wy -9, = 0. In particular, if (w}) are the coordinates of w relatively to the normal
coordinates (z°) at pe, we have w? = 0. In these coordinates we have d(z, 0B(pe,7:)) = r-—|2|,
S0

D3, i [, 0B(pe, re))(x) = =Djp, Ly 12

w1, w1 w1,w1

= —wiw{ (82-]- |z| — Ffjak |ac]>

R Tr
= —wjw] (—U — —l—Flf”v(a:)) :
T

where the (Ffj) are the Christoffel symbols. We apply this formula at the point p of coordinates
(0,..,0,—d(p,p:)), and obtain

wiw{éij

— Wi T (p). 2.2.19
d(p,pg) 1%1 (p) ( )

D121;1,w1 [d(v aB(p€> TE)](p) =

As we are in normal coordinates, there exist a continuous function p : [0,4+00) — [0, +00)
such that p(0) = 0 and

PZ(Q;)‘ < p(Jz|]) and ‘gij(x) — 51‘]" < |z] p(|]).

Moreover, note that we only consider coordinates centered at some points p. contained in
a bounded neighborhood of p, so the function p is independent of €. With these remarks,
(2.2.19) yields

2
|wl
d(p, p:)

2
<2 (Z wi) p(d(p,pe))-

‘D?ul,uu [d(v 6B(p€, TE)} (p) -

2
|w]

As e — 0, the right hand side goes to 0, and il 1

w —
p,pe) — d((p,pe

)) — +OO, SO
D2 [d(',aB(pg,Tg)](p) — —09,

wi,w1

which, together with (2.2.18), concludes the proof. O
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CHAPTER 3

Cut locus and variational problem

3.1 Introduction

In this chapter, we will use the same notations as in Chapter 2, but our ambient manifold M
is assumed to be compact. We recall that n > 2 is an integer, M a smooth n-dimensional
compact Riemannian manifold without boundary, b € M any point of M (that can be thought
of as a base point), and d; the distance function to the point b in M.

Definition 3.1.1. The cut locus of b in M can be defined as the closure of the set of points
p € M such that there exists at least two minimizing geodesics between p and b. We will denote
it by Cuty(M). Equivalently, it is also the set of points around which the distance function to
the point b - denoted by dy - is not smooth.

We refer to the introduction of Chapter 2 for a more detailed introduction to the notion
of cut locus.

The goal of this Chapter is to study an extension of the elastic plastic torsion problem to
manifolds, and its relation with the cut locus of b in M. We are interested in the following
variational problem.

inf{ \Vul> —mu:ue H (M), |Vu| < 1,u(b):O}, (3.1.1)
M

where m > 0 is a given constant. We extend the results for the elastic-plastic torsion problem
presented in Chapter 1. Our main results are summed up in Theorem 3.1.2 below. For the
reader’s convenience and in order to make this Chapter relatively self-contained, we will recall
some notions and results from the preceding chapters. The elastic-plastic torsion problem is
defined as follows:

inf{/ Vo] —mu v e HE(RQ),|Vu| < 1}, (1.1.1)
Q

where () is a smooth open subset of R™.

Notice that both the functionals and the constraints in (3.1.1) and (1.1.1) are strictly
convex. As a consequence, the two problems (3.1.1) and (1.1.1) have a unique minimizer. Let
us call them wu,, and v, respectively. The elastic-plastic torsion problem and the properties
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3.1. Introduction

Figure 3.1: A circle with its medial axis, and a polygonal approximation of a circle, with its
medial axis.

of its minimizer v, have been intensively studied by various authors in the 60’s and 70’s (see
Chapter 1 for some references). In particular, it was proved in [21] that vy, is locally C11.
What is more, it was proved in [14] that the gradient constraint in (1.1.1) can be replaced
with an obstacle-type constraint where the obstacle is the distance function to the boundary
of 2, i.e. the function dyq defined by

doo(x) :==min {|z —y| : y € 9Q}.

Indeed, we have
vm < dpo and v, = argmin {/ Vol —mw v e HE(Q),v < dag} . (3.1.2)
Q

One may ask if an analog of (3.1.2) is also true for u,,, with dsq replaced with dj. Interestingly,
it is not. We build a counterexample in Theorem 3.3.1. However, we prove that the equality
holds if m is large enough, depending on the Ricci curvature of M. This is Theorem 3.3.2.
The technique of the proof is different from the one in [14], which was specific to the flat case.

The medial azis of Q, denoted by M(Q), is defined as the set of points of Q that have at
least two closest points on the boundary 9€ of

M) :={zeQ:Ty,z€0N y+#zand doo(x) = v —y| = |v — 2| }.

Equivalently, M(2) is the set of points of € at which the distance function dpq is not dif-
ferentiable. In [18], the authors proved that for any m > 0, M(Q) is contained in the set
{|Vvp,| < 1}, and that the latter converges to the former in the Hausdorff sense as m goes to
+oo. We prove an analogous result for problem (3.1.1), where the cut locus plays the role of
M(9), see Theorem 3.1.2 below.

One important geometric property of the medial axis M(Q) is that it is unstable with
respect to small perturbations of the boundary of € - see Figure 3.1. This instability makes
computing numerically M(Q) quite tricky. Indeed, any numerical approximation of Q (for
instance, with polygons) might introduce an artificial (and large) medial set. In order to deal
with this problem, in [23], Chazal and Lieutier defined the so called A\-medial azis of 2, denoted
by M (R2). The latter can be seen to verify

)\2
MA(Q) =2 €Q:|Vdoa(z)]? <1- ¢, (3.1.3)
d5q ()
where Vdgq denotes the generalized gradient wherever dgq is not differentiable. We have the
formula

|Vdaq| (z) = max(0, sup 8 doa(x)).
UGS”71
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Chapter 3. Cut locus and variational problem

It is proved in [23] that M (£2) is a good approximation of M(2), for A > 0 small enough.
The crucial difference though is that M, () is stable with respect to small variations of
the boundary of €2, whereas M () is not. We refer the reader to [23, Section 4] for precise
statements and proofs (see also Section 1.2 for more details). This means that although it is
difficult to compute numerically M(Q2) directly, one can compute M () instead.

Motivated by these facts, we proved the following in Chapter 1 — see Theorem 1.3.1. For
A > 0, let us define the set E,, \ by

)\2
— ) 2
Epy = {x €N |Vuu(x)”"<1- 2(@) }

Then, we have

sup d(z, M»(2)) — 0 and sup d(z,E, ) — 0, foranye>0.
xEEmA m—+00 $EMA+5(Q) m—+00

While the medial axis of €2 is unstable with respect to non-smooth variation of the boundary
of Q, the cut locus is unstable with respect to non-smooth variations of the metric of M.
Indeed, it is proved in [4] that the cut locus is unstable for some C! variations of the metric
of M (but stable for C? variations of the metric of M). So it is a natural question to try and
compute a stable approximation of Cuty(M). In the following, we prove an analogous result
to Theorem 1.3.1 for problem (3.1.1). This result will then be used in Chapter 4 to compute
a stable approximation of the cut locus. Before stating it, let us first define semiconcavity for
functions on a manifold. A function u : M — R is said to be C-semiconcave if for any unit
speed geodesic v, the function ¢ — Ct? —u(v(t)) is convex. We know from [60, Proposition 3.4]
that the function dj is locally semiconcave on M \ {b}. This implies that, as convex functions,
dp has a well defined generalized gradient at every point — see Appendix A.1, Proposition
A.1.6. At a point p where dp is not differentiable, the norm of its gradient is given by

[Vds| (p) := max(0, sup 5 dy(p)). (3.1.4)
veT, M,|v|=1

As shown in Appendix A.1, Proposition A.1.10, if there exist two minimizing geodesics from
p to b, then |Vdy(p)| < 1. In particular, we have

Cuty(M) = {[Vdy| < 11. (3.1.5)

Following what has been done for the medial axis, we define a A-cut locus by

2
Cuty(M)y := {:r e M : |Vdy(z)* <1— 5 } , for A >0. (3.1.6)
dy ()
Recall that wu,, denotes the minimizer of (3.1.1). We set
E,, :={x € M : |Vuy(z)| <1},
)\2

— . 2

and  Ep, ) = {x €M : |Vup(z)]” <1 - 2 @) } (3.1.7)

Our main results are summed up in the following theorem.
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Theorem 3.1.2. There exists mg > 0, depending only on the manifold M, such that for any
m >m' > myg, the minimizer uy, of (3.1.1) is locally C*' on M\ {b}, and

Cuty(M) C {|Vum| < 1} C{|Vuy| < 1}. (3.1.8)
Moreover,
E,, - Cuty(M) in the Hausdorff sense. (3.1.9)

Given any € > 0, there exists a constant C > 0 such that, for any m > my,

U, is C-semiconcave on M\ B(b,¢). (3.1.10)
Finally,
sup d(z,Cuty(M)y) — 0, and sup d(z, Emy) — 0. (3.1.11)
TEEm, A m—+00 Iecutb(]\/[))\+s m—+00

In addition to its own theoretical interest, this theorem is used in Chapter 4 to compute
numerically a stable approximation of the cut locus of a closed surface.

Remark 3.1.3. We could have replaced the point b with a smooth hypersurface S C M in the
above problem. However, our interest here is in the instability of the cut locus with respect
to the metric of M, and this aspect is already present with a point b instead of S. So for
simplicity, we focus on the case of the cut locus of a point.

The rest of the Chapter is organized as follows. In Section 3.2, we prove the C1! regularity
of u,,. In Section 3.3, we prove that the analogous identity to (3.1.2) does not hold in general
for problem (3.1.1), but it holds for m large enough. In Section 3.4, we prove the assertions
(3.1.8) and (3.1.9) of Theorem 3.1.2. In Section 3.5, we prove the assertions (3.1.10) and
(3.1.11) of Theorem 3.1.2.

3.2 Regularity

Let ul, ('d’ is for the ’distance’ constraint) be the minimizer of the following strictly convex
variational problem:

inf{/ |Vu]2—mu:u€H1(M),u§db}. (3.2.1)
M

It is the same problem as (3.1.1), where the constraint on the gradient has been replaced with
an obstacle-type constraint where the obstacle is the distance function dp. In this section, we
prove the C1! regularity of u¢,. In the next section, we will prove that for m large enough we

have u, = u,,. Thanks to Theorem 2.1.11, we can prove the following.

Lemma 3.2.1. For any m > 0, there exists a function glvg, that is smooth on M \ {b}, such
that u% <dp <dp on M and dy, < dy on Cuty(M). In particular, ul s also the solution of

m

inf{ \Vu]Q—mu:uEHl(M),ugc%}. (3.2.2)
M
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Chapter 3. Cut locus and variational problem

Proof. Tt is a consequence of the minimality of w,, in (3.2.1) that we have in the sense of
distributions:
Ay, > —m.

This implies, from the theory of subharmonic distributions, that u,, has an upper semi-
continuous representative. It is proved in |47, section 9], in the present setting of manifolds.
For a reference about subharmonic functions in the euclidean space, see for instance [26].

Let € Cuty(M). According to Theorem 2.1.11 we can find a smooth function ¢ defined
on an open neighborhood N of z such that:

¢ >dy, ¢(x)=dp(z) and A¢p < —m—1.

Then the function u,, — ¢ is non-positive strictly subharmonic on N and so by the maximum
principle for subharmonic functions, we have

(um — @) (z) <0, de up(r) <dy(z).

Thus, the function w,, — dp is upper semi-continuous and negative on the compact set
Cuty(M), so there exists € > 0 such that the set {u,, < dy — €} is an open set containing
Cuty(M). Now, choose any smooth bump function p : M — [0, 1] that is compactly supported
in {uy, < dp—e}\ {b} and such that p =1 on Cuty(M), and a smooth function dp. : M — R
such that

dy — € < dpe < dp. (3.2.3)

We set N
dp = (1 — p)db + pdb,s. (3.2.4)

This function is smooth on M \ b because dj, is smooth on the complement of Cuty(M) U {b}.
The condition Jb < dp is a consequence of dp. < dp. The inequality C?b < dp on Cuty(M) is
also a consequence of dj . < dp, plus the fact that p = 1 on Cuty(M). We are left to show
that w, < Jb. On the complement of the support of p, we have a?b = dp, S0 U < Jb. On the
support of p, (3.2.4) and (3.2.3) imply

Um < dp —€ < db,a =(1- p)db,s + de,a <(1—p)dy + pdye = Jb,
This concludes the proof. ]

One could adapt to the manifold framework the regularity theorems for the classical ob-
stacle problem on a euclidean domain and, with the preceding lemma, deduce the regularity
of ul,. Rather than doing that, we will use lemma 3.2.1 to reduce our problem to a classical
obstacle problem on a euclidean domain. Let us start with the following regularity lemma.

d

o 15 continuous on M.

Lemma 3.2.2. For any m > 0, the function u

Proof. We will reduce our problem to a classical obstacle type variational problem on an open
subset of R”, by a series of elementary modifications, and apply a classical W?P regularity
theorem.

From lemma 3.2.1, we know that there exists an open set U C M and € > 0 such that
Cuty(M) C U and ul, < dy —e on U. On U, ul, verifies the Euler-Lagrange equation of
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(3.2.1), i.e Aud, = —2m. In particular, it is smooth on U. Let 2 C M be a smooth open set
such that
UccQ, 00cU and Cuty(M)NQ=0.

As U° C Q, it suffices to show that u?, is continuous on Q. As 9Q C U, u¢, is smooth on 99,
so there exists a smooth function v, on Q such that v, = u;‘% on 9. Then, one can check
that u?, is a solution of the following variational problem:

inf {/ Vul? —mu:ue H(Q),u < dp, uj,, = vmlag} .
Q

As a consequence, ul, — v, is a solution of the following variational problem:
inf {/ IVo|? = (m+ Avp)v v € HE (Q),v < dy — vm} . (3.2.5)
Q

Because we have Cuty(M) N Q = (), the exponential map at b is a diffeomorphism onto Q.
Let ¢ : Q — Q C R” be a normal coordinates chart centered at b. Let g = (¢¥) denotes the
metric of M in the coordinates defined by ¢, and det g its determinant. We recall that the
Riemannian volume measure is given in coordinates by +/det gdz. So we have

/Q<|V112—(m+Avm)v) :/ﬁ(gijﬁi(vogb_l)@j(vodfl)\/@
~ (m+ Avp) 06~ v o g7 /detg) |

1

so (ul, —vy,) 0 ¢! is a minimizer of

inf {/~ g”7+\/det gd;wdjw — Fw : w € H&(ﬁ),w < ¢} ) (3.2.6)
Q

where we have set ¢ = (dp — vp,) 0 ¢~ and F := (m + Av,,) o ¢~ 1y/detg. We want to
apply [81, Theorem 4.32]. For this we need to write the above variational problem into a
variational inequality. Let w be a competitor in (3.2.6). Writing down the minimality of
Wy = (ul, — vy) 0 @71 against the competitor wy, + t(w — wy,), for t € (0,1) small, we find
that
(AW, Wy — W) > (Fy Wy — W),

where A is the elliptic operator defined on Hé(ﬁ) by Aw := —0;(g"/det gd;w). From there,
we can apply [81, Theorem 4.32] to deduce that, for any p < n, if min(Ay, F) € Lp(ﬁ), then
Aw,, € LP(). To check that min(Aw, F) € LP(RQ), it is enough to check that A(dy o ¢~!) €
LP(Q). As dj is smooth except at b, it is enough to check that (A(dy o ¢1))P is integrable

‘o -1 _ 1 -1
at 0. But this is a consequence of the fact that —Adp o™ = \/MA(db ol¢ ), and lemma
e

3.2.5 below, from which we deduce that A(dy o ¢~!)(z) is equivalent to ‘a7 when x goes to
0. Therefore, for p < n, (A(dp o ¢:1))p is integrable at 0, and so Aw,, € Lp(ﬁ). By elliptic
regularity, this implies wy, € W2P(Q), for any p < n. By the Sobolev embeddings, wy, is then

continuous on €, and so u¢, is continuous on €. This concludes the proof.

O
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Chapter 3. Cut locus and variational problem

We can now define the set B := {ul, < dy}, for any m > 0. It is an open subset of M,
on which ul, verifies the Euler-Lagrange equation of problem (3.1.1): Aud, = —2m. We can
now prove the following lemma.

Lemma 3.2.3. For any m > 0, we have ul, = dy, in a neighborhood of b.

Proof. Let us assume that we have constructed a C! function v on B(b, R) for some R > 0,
such that

v<dp in B(b, R), (3.2.7)
v =dy in B(b,e) for some ¢ € (0, R), (3.2.8)
v <0 in dB(b, R), (3.2.9)
Av > —m  in B(b, R) in the distributional sense. (3.2.10)

We will then show that we have u¢, > v. The construction of v is postponed to the end of
the proof. From Lemma 3.2.2, we know that the function v — ud, is continuous. Let us first

assume that v — ul, attains a positive maximum at a point € B(b, R). We have

0 < v(z) —up(2) < dy(2) — up, (),

d

m?

d

so x € E4. Moreover, we have ud, > 0 since max(u?,,0) is a better competitor than ug, in
(3.2.1), so

v—ul <v<0 on 0B(bR),

and so z € B(b, R). Hence the function v — ul, attains a positive maximum inside the open
set E2 N B(b, R), but its Laplacian verifies in the distributional sense:

Aw—ul)=Av+m>0, (3.2.11)

which yields a contradiction by the maximum principle. Then, the maximum of v — u¢, on
B(b, R) is non-positive, and we get

ul >v=d, in B(b,e),

which concludes the proof.

Let us now construct the function v that was used above. Let R > 0 be small enough so
that B(b, R) is contained in a normal neighborhood of b. In polar coordinates around b, we
define v as a radial function. For £ > 0 to be chosen small enough later, let f : [0, R] — [0, c0)
be the C! function such that

f(ry=r if <e,
£+ ) = -2

if r>e. (3.2.12)

%(52 — )+ (e + %52) 1n(£) i e > e (3.2.13)
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If n = 3, then the solution is
firy=r it r<e,
f(r)y=e+ m(52 —r?)
4dn
m 1 1 1

-1
e %gl)n — 2(5”*2 B r”*2)

it r>e (3.2.14)

Then, we set in standard polar coordinates v(z) = f(r) for z € B(b,R). For r < ¢, the
constraint (3.2.8) is verified by definition. (For r > e, we chose f so that Av is small, but still
larger than —m.)

Let us show that (3.2.7) holds. Let us set g(r) := f(r) — r and prove that g < 0. We
have g(r) = 0 for r < € so it is sufficient to prove that ¢'(r) < 0 for r > . But, as f verifies

(3.2.12), g verifies
n—1, n—1

g+ ——¢ =—-—m~— for r>e.
r

r

In particular, whenever ¢’(r) = 0, we have ¢”(r) < 0. This implies ¢’(r) < 0 for r > £, and so
(3.2.7) is verified.

Now let us show that (3.2.10) holds if R has been taken small enough. We use the following
expression of the Laplacian in coordinates:

1
Vdet g

where g = (¢%/) is the metric of the manifold M, and det g its determinant. We apply this
formula to polar coordinates to find that, on B(b, R) \ B(b,¢), we have in the classical sense

Av = di(y/det gg 0,v),

1 /
Av = \/mar( Vdet gf'(r))

Ordet g

Y /
= 2detgf
g, n—1, Odetg n—-1,
m Ordetg n—1_,
=—— — . 2.1
2 +(2detg r ) (3:2.15)

Note that by applying the Laplacian formula in polar coordinates to the distance function
dy(x) = r, we find that

Ordet g
Ady = . 3.2.16
® 7 2 det g ( )
Because of lemma 3.2.5, we also have
n—1
Ady(z) = — +o(1).
With (3.2.15) and (3.2.16), this last equation yields in the classical sense
Av=—"4 o(1)f'(r) on B(b,R)\ B(b,e). (3.2.17)

2
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Furthermore, it is clear from the following expression that f’ is bounded on [, R}, by a constant
independent of R, as long as we choose R < 1:

1
f'ir) = —%r + (et 4+ %€n>rn—1 for e<r<R.

Hence from (3.2.17) we see that by taking R small enough (independently of €), we can ensure
that o
Av>—m on B(bR)\ B(b,e).

But from (3.2.17), we see that the above is also true on B(b,¢) if € is small enough. Thus
the function v is C! on B(b, R) and verifies Av(z) > —m when = ¢ 0B(b,¢), hence (3.2.10)
holds. It is also clear from (3.2.13) and (3.2.14) that the constraint (3.2.9) is verified if ¢ is
taken small enough. This concludes the proof. O

We can now prove a stronger regularity proposition.
Proposition 3.2.4. For any € > 0, the function ul, belongs to C*'(M \ B(b,¢)).

Proof. We reproduce the proof of lemma 3.2.2, but we replace the open set () with Q =
Q\ B(b,e), and the function v, with a function v, that is smooth and such that wy,, = u,
on 9Q. We know that such a function exists because u, is smooth on 0B(b,¢) for € small
enough, as it can be seen from lemma 3.2.3. This way, we can apply the stronger W2
regularity result for the obstacle problem [81, Theorem 4.38], since dj, is smooth on Q2. We get
that u, belongs to W22 = CL1(Q). As uf, is smooth on E4 and 0Q C EZ | then ud, is 1!
on QU E,, = M\ B(b,¢). O

We end this section with the following elementary computational lemma.

Lemma 3.2.5. We have
n—1

Ady(p) pjb m

+o(1).

Proof. We compute Ad, in normal coordinates centered at b. Let g = (¢%/) be the metric of
M in these coordinates. We have

1 ..
Adb(x):\/mai( det gg*/ 0jdp)(x).

In normal coordinates, the metric is euclidean up to order 1 as x goes to 0. So we have
1

g9 (x) =09 4+ o(x), 8;(y/det gg”)(z) = 0o(1) and NGET =1+ o(z).

Furthermore, in normal coordinates, we have d(z) = |z|, and so

n—1

(5ij8ijdb(x) =

|z
Putting all the above together, as x goes to 0, we get

n—1
||

which concludes the proof. O

Ady(z) =

+0(1),
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3.3 Equivalence of the two constraints

The constraints |Vu| < 1 and u(b) = 0, in problem (3.1.1), imply u < d,. However, contrary
to the case of the elastic-plastic torsion problem, these two constraints may not be replaced
with the constraint u < dp in general. Indeed, we have the following proposition. We remind
the reader that u,, and u?, denotes the minimizer of problems (3.1.1) and (3.2.1) respectively.

Theorem 3.3.1. There exists a surface of revolution M and a parameter m > 0 such that
Upy # ul,
However, when m is large enough, we do have uf, = u,,:

Theorem 3.3.2. Let K > 0 be such that
Ric > — K, (3.3.1)

where Ric denotes the Ricci curvature tensor of the manifold M. If

1
m > 3 max(y/nK (1 + Kdiam(M)2), nK diam(M)),

then ‘Vuﬁu <1, or equivalently

= Upy.

S&

Let us now prove these two theorems.

Proof of Theorem 3.3.1. Let g denote the rotation of R? of angle 6 € [0, 27) around the z-axis.
Let T := 10" and r,h : [0,7] — R be two smooth functions such that

vt (r(t),0,h(t)) is a unit speed curve.
): (t,0) € [0,T] x [0,27)]} is a smooth surface,

r(0)
7‘([1,2]) C [1,+00)
r([3,4]) C (0,1071°)
r([5, 7 —1]) C [1,+00)

This information is pictured in Figure 3.2. We chose b = (0,0, 0) as the base point on M, and
m = 10719 Let us assume that u, = u,, and build a better competitor in (3.2.1) to contradict
the minimality of ud,. We will first reduce (3.2.1) to a one-dimensional problem. Note that
the functional we are minimizing is rotation-invariant. More precisely, for any 6 € (0, 27) and
u € H' (M), we have

IV(uorg)|? —m(uo rg) = |Vul? — mu. (3.3.2)
M M

By uniqueness of the minimizer u¢,, we deduce that ug, is rotation- invariant i.e. there exists

a function py, : [0,7] — R such that for any 0 € [0, 27r) and t € [0,7], u (7”9(7(?5))) = pm(t).
Thus u?, is a minimizer of (3.2.1) among rotation-invariant functions. Let u : M — R
be any rotation-invariant function, and p : [0,7] — R be such that for any 6 € [0,27),
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Chapter 3. Cut locus and variational problem

Figure 3.2: Curve ~ generating M by rotating around the z-axis.

u(re(y(t))) = p(t). We will translate the minimization problem (3.2.1) on w into a problem
on p.
First, because M is a surface of revolution, all the geodesics starting from b = (0, 0,0) have
a constant angle # (this is an exercise in Riemannian geometry). Thus, they are of the form
t — 19(y(t)) for some 0 € [0,27). These are actually unit speed geodesics as 7 is unit speed.
Hence, dp(rg(y(t))) = ¢, and the constraint u < dj in (3.2.1) is equivalent to p(t) < t.
Secondly, we translate the H' constraint. To this end, let us define some coordinates (¢, 6)

on M via the map
¢ : (0,T)x(0,21) — M
(t,0) = re(y(t)

We have

/ |Vul? = / (|Vul|? o ¢)Jpdtdo
M (0,T)x (0,27)

-/ Vul? (ro((7(6)))r (£)dtd6
(0,7)% (0,27
~on / IVl (4(0)r (), (3.3.3)
07)

because v is rotation-invariant. Furthermore, as u is rotation-invariant, its gradient at the
point () is parallel to v/(¢), and so

/(6] = [Vu(y(t) -~ (O] = [Vu(y ()] [¥ ()] = [Vuly(©))].-

Hence (3.3.3) gives



3.3. Equivalence of the two constraints

Thus, the constraint u € H'(M) in (3.2.1) is equivalent to v € H*((0,T), r(t)dt).
Thirdly, we may compute the functional likewise:

/ |Vul* — mu = 27r/ (P (t)? — mp(t)) r(t)dt.
M (0,7)

Putting these facts together, as u?, is a minimizer in (3.2.1), we deduce that p,, is a minimizer
of :

inf {/ (P () —mp(t)) r(t)dt : p € H'((0,T),7(t)dt), p(t) < t} . (3.3.4)
(0,7)

The idea of the rest of the proof is the following. First, we recall the assumption ué, = w,y,,

which means that |[Vu?,| < 1, and so |p},| < 1. Now, if pp(4) is close to 4, then p},(t) is
close to 1 for t < 4, so a competitor v such that p'(¢) is small for ¢ < 4 will contradict the
minimality of p,, in (3.3.4). If on the contrary p,,(4) is significantly smaller than 4, then for
t >4, pm(t) will be significantly smaller than ¢, so a competitor p such that p(t) is closer to ¢
for t > 4 will contradict the minimality of p,, in (3.3.4). Because we chose r very small on the
interval [3,4] (see Figure 3.2), we can define a competitor p independently on [0, 3] and [4, T,
without paying much for the behavior of p on [3,4].
Case one: ppy(4) € [3.5,4]. Let us define a competitor p for (3.3.4):

p : [0,T] — R
0 if te]o,3],
t = (4(t-3) if tel3,4]
pm(t) +4 —pp(4) if t >4,

Let us call F(p) the functional appearing in (3.3.4). We have, from the definition of r and p,

= —4Am(t — r 2(t) —m r
Flp) = /(374)06 (e = 3) e+ [ (50— mpn () (D

(4,1)

(= pu(@) [ (e

(4,7)
< (16-0)-10°10 4 / (92(t) — mpm(t)) r(t)dt — 0 (3.3.5)
(4,7)
SO
Fl) = Flom) <1610 = [ (52(0) — mp (1)) ity
(0.4)
<16-10710 —/ P2 (t)r(t)dt +m pm(t)dt
(1,2) (0,4)
<16-10710 - / P2 (t)r(t)dt +m tdt
(1,2) (0,4)
—-10 2 16
=16-10710 — P2 (t)r(t)dt + —m. (3.3.6)
(1,2) 2
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We are left to bound from below the integral term in (3.3.6). By the Holder inequality we

have )
2 2
/ P < / ! / prar |
(1,2) a2 T (1,2)
and so
m 2 - Fm 1 2
[ oz 2Bl s (0 - g1 (3:3.7)
(1,2) f(1,2)?

by the construction of r. Now we use the fact u?, = u,,, which means that |Vu%‘ <1, and so
|pl,| < 1. With the running assumption p,,(4) > 3.5, this implies p,,(2) > 1.5. As p,,(1) <1,
we get pm(2) — pm(1) > 0.5. Then, (3.3.7) and (3.3.6) yield

9
F(p) — Flpm) <16-10710 —0.25 + 3 (3.3.8)

Recalling that we have chosen m = 10710, it contradicts the minimality of p,, in (3.3.4).

Case two: pp(4) < 3.5. We use the same competitor p as in case one. We even per-
form similar estimates, the only difference being that we do not estimate the term —m(4 —
pm(4)) f(47T) r(t)dt by 0 as in (3.3.5). Thus (3.3.6) becomes instead:

16
Flp) = Flpw) <1610~ [ g2 @)yt + 'm
(1,2)

(4~ p(4)) / r(t)dt,

)

16
<16-107 + —m — 0.5m r(t)dt
2 (4T)

16
<16-10719+ —m —0.5m r(t)dt.
2 (5.7-1)

Recalling that we have chosen m = 10719 7' = 10'° and r > 1 between 5 and T — 1, it
contradicts the minimality of p,, in (3.3.4). This concludes the proof. O

Proof of Theorem 3.3.2. Recall that the function ul, is C! except at b, by Proposition 3.2.4.
Let  # b be in the contact set P := {ud, = dy}. By the lemma 3.2.1, we have z ¢ Cuty(M),
and so the distance function dp is differentiable at x. It is a simple consequence of the constraint
ud < dp and the equality ul (x) = dp(z) that we have Vul (z) = Vdy(z). The desired
inequality |Vu,(z)| <1 follows.

In the non-contact set E¢ = {ul, < dp}, the function u

d

¢ verifies the Euler-Lagrange

equation
Aul = —2m. (3.3.9)

m

In particular it is smooth, and we may apply the Bochner-Weitzenbéck formula:

2 2
A ‘Vufn‘ = 9Ric(Vud,, Vud)) + 2 ‘D%ﬁn‘ (VAW Vud ), (3.3.10)
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3.3. Equivalence of the two constraints

where Ric denotes the Ricci curvature tensor on the manifold M and D?ul, is the second
covariant derivative of ud,. The last term is 0 because Aul, = —2m ((3.3.9)). As for the

second term, we have:
2 1 2
‘DQUZ@‘ > - (Trace(DQUZ@))

4 2
= by (3.3.9).
n

As the manifold M is compact, there exists a constant K > 0 (depending on M only) such
that the Ricci curvature is bounded from below by —K. In the end, formula (3.3.10) yields

2 2 8
A‘Vuﬁ,ll‘ +2K‘Vuﬁl‘ > Om2, (3.3.11)
n
Now notice that by (3.3.9),

2
A((ud)?) = 20 Al + 2 ‘Vu;in‘
2

)

d d
= —4dmu,,, + 2 ’Vum

so (3.3.11) gives

2 8
A(‘Vufn‘ + K(ul)?) = —m? — 4Kmul,
n
8
> —m? — 4Kmd,
n
8

> —m? — 4K'mdiam(M)
n

Thus, if m > § Kdiam(M), the function |Vufln’2 + K (u?,))? is subharmonic in the non-contact
set E% . From lemma 3.2.3, we have E4 ¢ M \ {b}, and with Proposition 3.2.4, we get that
the function ‘Vu‘,inf + K (ud))? is continuous on E4, € M \ {b}. Therefore we may apply the
maximum principle to get

2 2
‘Vugl) §‘Vugl‘ +K(ug1)2

2
< sup <‘Vuil‘ + K(u,‘il)2>
OEd

m

=1+ K sup(ul,)?
oBd

<1+ K sup(dy)?
OEd,
<1+ Kdiam(M)? (3.3.12)
With (3.3.11), this last inequality gives
2
A ‘Vu;jn‘ > 82 C 9K (1 + Kdiam(M)?)
n

Thus, whenever the right-hand side is non-negative, the maximum principle applied to the
function ‘Vudm‘Q on the open set EZ implies ‘Vu%}Z < 1. This concludes the proof. O
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Chapter 3. Cut locus and variational problem

3.4 Convergence of the non-contact set

In this section we show that the non-contact set E¢ = {u? < d,} Hausdorff-converges to
C’utb(M )

Lemma 3.4.1. We have ||d, — uanLoo(M) < C/m, for some positive constant C' depending on
M only.

Proof. We only need to prove the proposition for m large enough. Therefore, thanks to
Theorem 3.3.2, we will assume that m is large enough so that ‘Vufn‘ < 1. We only need to
show the estimate on E% since outside this set, u, and dj are the same. We will show that
for m large enough, we have

Vo€ EL, 3p e (EL) such that d(p,p) < 5n/m. (3.4.1)

This will conclude the proof since by the 1-Lipschitzianity of ul, and dj, we then have

a(B) ~ uy(P)| < |do(p) — i ()| + 20(,p)

= 0+ 2d(p, p)
5n
< -

— I

m

which is what we need. In order to prove (3.4.1), we argue by contradiction and assume that
Bsn/m(p) C E?. We want to apply the maximum principle to the function v defined on
Bsy/m (P) by the following formula

2
v(p) = ufn(p) — inf ufn + 2@ (dp(p)2 — <5n> ) )

0B s (P) n

For any p € By /p(p), we have Aul (p) = —2m because we have assumed Bsym (D) C E?.
To estimate the Laplacian of d]%, we use some normal coordinates (x!) centered at p. In these
coordinates, the metric is euclidean up to order 1, uniformly in p since M is compact, and
dy(x) = |z|. This argument has been detailed in the proof of lemma 3.2.5, so we do not
reproduce it here. We get that for m large enough, independently of p,

¥p € Bsyym(P),  Adg(p) < 2(2n).
Therefore, we obtain on By, /n, (p) C E4 .
m
Av < =2 —2(2n) = 0.
v< —2m+ o™ (2n)
So we can apply the maximum principle to v to get

v(p) > inf v,
(p) > o

1.€.
d (= : d M SN
- f ——(—)*>0. 4.2
wh(p) = nf i~ G20 (3.4.2)
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3.4. Convergence of the non-contact set

As we have taken m large enough so that ‘Vuﬁln} <1, we also have

N RIS N AN
m P Bsa(@ - m  4n\m )’

which contradicts the estimate (3.4.2). This concludes the proof. O
Theorem 3.4.2. For any m > m' > 0, we have Cuty(M) C E% C ng and

E¢ 7 Cuty(M) in the Hausdorff sense.

Proof. The fact that, for any m > 0, Cut,(M) C E%, is a direct consequence of lemma 3.2.1.
Let us prove the second inclusion. For m > m’ > 0, note that by the respective minimality of
ul and “Zw we have

m
d . dy|? d d d|? d
/ )Vmax(um/,um)‘ —m/ max(um/,um)Z/ ‘Vum) —m/ us,
M M M M

: d d 2 l . d d d 2 / d
and ‘V min(ug,, um)‘ —-m min(ug,, uy,) > ‘Vum, —m Uppys-
M M M M

Using the formulas

we obtain

2
/ (’Vufn, - ’Vuffl > > —m (uﬁl - ufln,> ,
{ufn/>“%} {“fn/>u%}

2 2
and / (‘qudn‘ - ‘Vu;in/ ) > —m/ (Ugﬂ — ui) .
{ud , >ud} {ud , >ud}

Summing these two inequalities, we get

d

OZ(m—m/) m/—ufn),

{ud , >ud} (u

and so ud, > ul,. In particular, E4, C E2,.
We are left to show the Hausdorff convergence in E% to Cuty(M). Given € > 0, let us set

Q. :={reM:dx, Cuty(M)) > e}.

We will show that for m large enough we have E¢, C (£2.)¢, which will conclude the proof.
Let ¢ : M — R be a function such that ¢ < d, on M, ¢ = dp on Qa., ¢ < dy on 9., and ¢ is
smooth on M except at b. We want to apply the maximum principle to the function ¢ — uffn
on B4 N Q.. We have
Alp—ud)=A¢p+m on ELNQ.,

so for m large enough the function ¢ — ug, is subharmonic on E4 N Q.. On 99, we have
¢ < dp and ul, converges uniformly to dp as m tends to +oco (lemma 3.4.1) so ¢ — ud, <0,
for m large enough. On OE%, we have ¢ —ud, = ¢ — d, < 0. Thus the maximum principle
implies that for m large enough, we have ¢ — u?, < 0 on E N Q.. As ¢ = dj, on Qo., we get
ul, > dp on E4 NQa.. Since by definition we have ué, < dj, on EY,, we get B4, C (Q2:)¢, which
concludes the proof. O
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3.5 Semiconcavity

In this section, we prove (3.1.10) and (3.1.11) of Theorem 3.1.2. We begin with a definition.
For a,b, A\ € R, we set A\gp = (1 — N)a — Ab.

Definition 3.5.1. Given a constant C > 0, a function u is said to be C-semiconcave on M
if and only if for any unit speed geodesic 7y : [a,b] — M, the function t — Ct? — u(y(t)) is
convex. This is equivalent to having, for any A € [0, 1],

(1= Nu(y(a)) + Au(v(b)) = u(y(Aap)) < CA(L = X)(b — a)?.

We say that u is semiconcave if u is C-semiconcave for some constant C > 0. We say that u
1s locally semiconcave if for any p € M, u is semiconcave in a neighborhood of p.

Remark 3.5.2. On the compact manifold M, semiconcavity and local semiconcavity are the
same.

In [60, Definition 2.5|, the authors define local semiconcavity using charts as follows: a
function w is said to be locally semiconcave if for any chart v, the function u o1~ is locally
semiconcave as a function on R™. In the appendix, Proposition A.1.4, we show that this notion
of local semiconcavity is equivalent to the definition of local semiconcavity we gave.

In [60, Proposition 3.4], the authors proved that the distance function is locally semiconcave
on M \ {b}. As a consequence, recalling remark 3.5.2, we have the following proposition:

Proposition 3.5.3. Given € > 0, the distance function dy is C-semiconcave on M \ B(b,¢),
for some C > 0.

We also have the following obvious proposition, obtained from the caracterization of twice
differentiable convex functions on the real line:

Proposition 3.5.4. A C? function v : M — R is C-semiconcave if and only if its second
order covariant differential verifies D*u < 2C.

We can now prove the following:

Proposition 3.5.5. Given € > 0, there exists a constant C > 0 such that for any m large
enough, the function uy, is C-semiconcave on M \ B(b,¢).

We start with a proof that is specific to the dimension 2. It uses the determinant of
symmetric matrices of size 2, to estimate their eigenvalues. We will give a proof that works in
any dimension afterwards. The first part of the proof is almost identical to the first part of
the proof of Theorem 1.3.2.

Proof of Proposition 3.5.5 in dimension 2. The reader may find the recalls of appendix A.1
useful to follow this proof. For m large enough, we recall that u,, = ul, (Theorem 3.3.2).
This will be used throughout the proof. Let Cy be such that the distance function dp is Cy-
semiconcave on M\ B(b,e). We will show that w,, is (Cy+ 1)-semiconcave for m large enough.
Let us introduce some notations. For a,b € R and A € (0,1),

Aab = (1 = N)a + Ab.
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For any unit speed geodesic 7 : [a,b] — M, A € (0,1) and v a function on M, let us define
C(’ya )\7 U) = )‘(1 - )‘)(Cd + 1)(b - CL)2
— (1 =XNv(v(a)) + Av(v(b)) — v(v(Aab))) - (3.5.1)

We need to show the following:

inf ¢(y, A\, up,) >0 (3.5.2)
YA

where the infimum is taken over unit speed geodesics defined over finite intervals. Let us
argue by contradiction and assume that (3.5.2) does not hold. As wu,, verifies |Vu,,| < 1, it is
1-Lipschitz. As any unit speed geodesic 7 : [a,b] — M is also 1-Lipschitz, the function u,, o~y
is 1-Lipschitz. By definition of ¢, this implies

(1, A ) > A1 = A)(Cy+1)(b—a)® + 2X(1 — \) (b — a).

In particular it is clear that if the geodesic v is long enough (i.e (b — a) is large enough),
then we have ¢(v, A\, uy,) > 0. Hence we can assume that the infimum in (3.5.2) is taken over
unit speed geodesics whose length is bounded by a given constant. By continuity of ¢ for
the uniform convergence of curves, and compactness (for the uniform convergence of curves)
of geodesics with bounded length in the compact manifold M, the infimum in (3.5.2) is a
minimum, attained at a point (7, \), with v defined on a segment [a,b]. Now we show that

v((a,b)) C En = {um < dp}. (3.5.3)
If not, then there exists p € (0,1) such that v(uar) ¢ Em, i€ tm(y(tav)) = dp(v(1ab))-
Recalling that u,, < dp, we get

(s by um) = (v, i, dp) > 0, (3.5.4)

where the last inequality comes from the Cg-semiconcavity of dp. In particular, p # A. Let us
assume for instance that p < A (the case p > A beeing similar) and show that c(y, A, uy,) is
not minimal in (3.5.2). Figure 3.3 may help justify intuitively the following construction. Let

€ (0,1) be such that
Vigrb = )\ab- (355)

Let 4 be the unit speed geodesic defined by ¥ := 1, 5- Let us set f(t) := (Cq + 1)t —
Um (Y(t)). Then, we have

C(’S/, v, um) = (1 - V)f(,uab) + Vf(b) - f(V,uabb)
= (1 =v)f(nap) +vf(b) = f(Aab)
=, A um) = (L= f(a) + (v = A f(b) + (1 = v) f (tap)- (3.5.6)

Now after some elementary calculations, (3.5.5) translates into

{1—A = (1—-v)(1 - p),
v—A =—-(1-v)u

0 (3.5.6) becomes

(¥, v; um) = (v, A um) = (L =v)((1 = p)f(a) + pf(b) = f(pav))
=c(7, A\, um) — (1 —v)e(y, py Um)- (3.5.7)
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f(t)

F--------o

S -----
-

H(lb )\(Lb = V)u'abb

Figure 3.3: Construction of 4 and v.

With (3.5.4), this contradicts the minimality of ¢(v, A, uy,). Thus (3.5.3) is true, and we are

left to show that u,, is (Cy + 1)-semiconcave inside E,.

As u,, has constant Laplacian in E,,, it is smooth, and by Proposition 3.5.4, its (Cyq+ 1)-

semiconcavity boils down to the pointwise condition
Dy, < (Cyg+1)I1d.
To prove (3.5.8), it is enough to show that

det D?u,, > —2(Cyq + 1)m.

(3.5.8)

(3.5.9)

Indeed, let A, < jtm, be the eigenvalues of D?u,,. Recalling that A, + ftm, = Aty = —2m,

we have

det D%y, > —2(Cy 4+ 1)m < At > —2(Cq 4+ 1)m
& —p2 = 2mpy, > —2(Cy+1)m
= pm < (Cqg+1)
& D%y, < (Cq+1),

and so (3.5.9) implies (3.5.8). Now to prove (3.5.9), the strategy is to show that it holds on the
boundary of E,,, and to apply the maximum principle to a suitable superharmonic function.
If the surface M was flat, as we will see in the following, we could apply this strategy directly
to det D?u,,. Let us first compute its Laplacian. Given any local orthonormal basis (ey, e2)

of the tangent plane to M, we set ijum = D%y (e, ej). Then, we have

A(det D2Um) = A((D%lum)(Dgzum) - (D%zum)z)
= A(D%lum)D%um + A(DSQUm)Dflum
+ 2V(D%1um) : V(DgQUm))
— A((Dfyum)?).
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Using the equation —2m = Au,, = D? Uy, + D3yu,,, we get
A(det D*u,,) = —A(Dgzum)D§2um — A(D? 1) D3t
V(D3ytm) - V(D3ytm)) = V(Diyum) - V(Diyum))
A((DTyum)?)
A((Dfyum)* + (Diyum)® + 2(Diyum)?)

w\»—lw\v—*

A(|D%up|?). (3.5.10)

Now this right hand side can be conveniently computed in a coordinate-free way using classical
tensorial differential calculus on Riemannian manifolds with abstract index notation. We write
down the explicit computations here as it does not seem to be a classical identity. The metric
tensor of M is denoted by gq and the Riemann curvature tensor by Rgp.q- We will denote by
|T| the norm of any tensor 7'. We have

2
A(|D?*um|”) = §**DaDy((DeDatin) (D Duyp,))
= g**(2(Da Dy DeDgum ) (DD s ) + 2(DaDeD gt ) (Dp DDy, ))
= 29% (Do Dy DDyt ) (D D%y ) 4 2(Do DD gty ) (DD D%y, )
— 2°*(Dy DyDeDgtiyn) (D D) + 2 | D3 |
> 2¢9%(DoDyDeDgtin, ) (D€ D%ypy), (3.5.11)
We will use the notation D) := DqDp — DpDg. We have
DanDchum = DQD[bc} Ddum"i_D[ac} Ddeum+DCDaD[bd]um+DCD[ad} Dbum+DchDanum-

In the following, any constant that depends on M only will be denoted by C™. By definition
of the Riemann tensor we have

DaD[bc]Ddum = Da(Rpcea D Um) = (DaRpced) D Um + RpceaDa D U,
and so
| DaDjpg Daian | = —CM |Vt | — CM | Dty - (3.5.12)

Likewise,
| DeDjga Dotian | = —CM |Vt | — CM | Dty - (3.5.13)

To compute the term D, Dy Dy, let us pick some coordinates (2%) and write DyDgu, =
D?jumdxzdxé. Then, we have

Dj4qDyDgtiy, = Dy (D umdada))
= (Djaq D3 um)dahda’, + Dt (Digqdey)da?,
+ D? umdxb(D[aC]dxd)
=0+ D?jumRaceb(dx )edxd + D, umdxiRaced(da}j)e
= RacebDeDdum + RacedDbD Ums
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and so
| D Dy Dt | > —CM | Dty - (3.5.14)

By symmetry of the tensor D?u,,, we have
DDy Dypgtir, = 0. (3.5.15)
Putting (3.5.12), (3.5.13), (3.5.14) and (3.5.15) together, we find

9" DyDyDcDyui,| > —CM [Vuy,| — CM | Dy | — [g*° DDy Do Dyt | -

In F,,, u,, has constant Laplacian, so
¢®D.DyDo Dy, = DD g™ Do Dy, = DeDgAuy, = 0.

So we get

g DaDyDeDittm| = ~CM [Vtye] = CM [ Dy (3.5.16)
With this estimate, the estimate (3.5.11) yields

A(|D?*u|*) = (=CM |Vtign| — CM [ D) | D] > =CM [Vt > = CM | D2, |
Coming back to (3.5.10), we get:
A(det D*up) < CM V|2 + CM | D[ (3.5.17)

To get a function with non-positive Laplacian, we need to add some terms to det D?u,, to
get a non-positive right hand side in (3.5.17). First we use the Bochner-Weitzenbock formula
(3.3.10) to get

A([Vum?) > [D?up|? = CM [V (3.5.18)
With (3.5.17), we obtain

A(det D*uy, — CM [V, [?) < OM [V, |* . (3.5.19)
Secondly, we use the equality
Aul) = 2|Vum|? + 2um Aty = 2 |V, | — 2mi,,

to get
Au2) > 2|Vun|* — CMm, (3.5.20)

where we have used that w,, is bounded by the diameter of M since u,, < dy. So we may
transform (3.5.19) into

A(det D*upy, — CM |V, |* — CMu2) < CMm,
Finally, we use the equation Au,, = —2m to get that for m large enough,

A(det D*u,, — CM |V, |* — CMu2, + CMu,,) < 0. (3.5.21)
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Now that we have a superharmonic function on F,,, we need to look at its boundary values
to apply the maximum principle. Thus we need to control the second order derivatives of u,,
near the boundary of E,,. As u,, is not C? across OF,,, we cannot directly use the fact that
the hessian of dp, is bounded on dF,,. We will use a theorem for obstacle problems on R”. Let
us show that w,, is the solution of an obstacle problem on an open set of R2. Then, we will
apply [37, Theorem 3.8] to conclude that

Vo € OBy, lim D?u(y) < Cyld. (3.5.22)
yeE,

The minimality of u, in (3.2.1) implies
— Aty —2m >0, upm <dp and (—Aupy —2m)(uy, —dp) =0. (3.5.23)

Let Q be defined as in the proof of 3.2.4. Let ¢ : Q — U be a normal coordinates chart.
Writing down (3.5.23) in these coordinates, we find

A, —2m >0, upy, <t and  (Auy, —2m)(uy, — ) =0,

where A is the Laplacian of M in the coordinates defined by ¢, tm, = uno¢~! and ¥ = dyop~ .
This is the form of [37, Chapter 2, equation (3.16)], so we can apply [37, Chapter 2, Theorem
3.8, to deduce that

¥p € 0B, VX € R? lim D% (6(q))(X, X) < D*(¢(p)) (X, X). (3.5.24)
qEEm

Moreover, we have
D?u;;, = D?up, o (D¢, Dé™Y) + Duyy 0 D271,
D*)p = D*dyo (D¢~',D¢™") + Ddy o D*¢ ",
and Du,, = Ddj, on 0E,, because u,, is C'. Thus, (3.5.24) yields:

Vp € OB, VX € R %1_1};, D?u(q)(Xq, Xg) < D?dy(p)(Xp, Xp),
q€Em

where we have set X, := D¢~ (#(q))X. As dp is Cy-semiconcave, with Proposition 3.5.4, we
get
Vp € OE,,, VX € R? lim D% (q)( Xy, Xy) < Cq| X2 (3.5.25)
q€Em

From there, we deduce that for ¢ € E,, close enough to 0F,,, we have
D?*up(q) < Cy+1/4. (3.5.26)

Indeed, if not, there exist a sequence (g) of points of E,, whose distance to 0F,, goes to 0,
and a sequence (X}) of unit vectors of R? such that for any k € N,

D2 (@) (K)o (X)) > Ca 1. (3.5.27)
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As E,, is precompact, up to extracting a subsequence, we can assume that (gx) converges to
a point p € OE,,, and (X}) converges to a vector Y € R?. Because of (3.5.25), we have

lim D%up, (qr)(Yy,, Yy,) < Ca. (3.5.28)

k—o00

Furthermore, we know from proposition 3.2.4 that D?u,, is locally bounded. As (Xk)g, — Yo
converges to 0 when k goes to oo, this implies

klgr;o DQUW(Q’C)((XIC)QM (Xk)%) - DZUM(Qk)(YQk’ Yl]k) = 0. (3'5'29>

Inequalities (3.5.27), (3.5.28) and (3.5.29) yield a contradiction. So (3.5.26) is true.
Let g be such that (3.5.26) holds. Let A < u be the eigenvalues of D?u,,(q). The inequality
(3.5.26) translates into

1
p<Cq+ T (3.5.30)
Furthermore, inside E,,, we have Au,, = —2m, so
A4 p=—2m. (3.5.31)

For m large enough, we see that (3.5.30) and (3.5.31) imply

1
det Du(q) = A = —p® = 2mp > =2(Cq + H)m.

Recalling that |Vu,,| < 1 (Theorem 3.3.2) and that u,, is bounded by the diameter of M, we
deduce that for m large enough (depending on M only), at any point ¢ € E,, sufficiently close
to OE,,

, 1
det D%y, — CM |V [* = CM gy, + CMuy > =2(Ca 4 5)m = CM > =2(Ca + %)m-

Recalling (3.5.21), by the maximum principle on E,,, we get

3
det D*u,, — CM |V, |> — CMu2, + CMu,, > —(Cy + Z)m
Using the boundedness of the terms Vu,, and wu,, once more, we find that inside F,, and for
m large enough, (3.5.9) is valid. This concludes the proof. O

Now let us give a proof of Proposition 3.5.5 that works in any dimension. This technique is
inspired from the proof of second order estimate for hessian equations in Riemannian manifolds
by Guan in [45]. The reader may find the recalls of appendix A.2 useful to follow this proof.
We will use many arguments and estimates from the proof of the 2-dimensional case.

Proof of Proposition 3.5.5. As in the preceding proof, we show that it is enough to prove that
for m large enough, wu,, is C-semiconcave in E,,, where C is a constant that depends only on
M. Let C1,C5,C5 > 0 be some constants to be taken large enough later. For p € FE,, and
X € S HT,M), let us define

f(p, X) := D*up (X, X) + C1 [Vum|? (p) + CouZ,(p) — Cyum(p). (3.5.32)
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We will show that for a good choice of constant C; depending only on M, f is bounded by a
constant that depends only on M. This will conclude the proof since ]Vum\Q, u2, and u,, are
also bounded by a constant depending only on M. Let us assume that there exist ¢ € E,,, and
Y € S" (T, M) such that

f(q,Y) = sup  f(p, X), (3.5.33)
pPEEm

XeSn—Y(T,M)

and show that it gives a contradiction. Let us pick some normal coordinates at ¢ such that
01(¢) =Y. We then extend the vector Y into a vector field (still denoted by Y) in a neigh-
borhood of ¢, by setting Y := 01/ |01|. As D91(q) = 0, we also have DY (q) = 0. Moreover, as
the manifold is compact, D?Y (q) is bounded by a constant that depends on M only. In the
following, any constant that depends on M only will be denoted by C™. We have

|D?Y (¢q)| < CM. (3.5.34)

We will show that the Laplacian of p — f(p,Y(p)) is positive at ¢, which contradicts the
maximality of (¢,Y(¢)) in (3.5.33). Let us estimate A(D?u,,(Y,Y)) at the point q.

A(DQUm(Ya Y)) = g“bDan(ngumYch)
=g (D;lbcdumycyd + Dicdume(chd)
+DjequimDa (YY) + ngumDZb(YCYd)> :

The second term is null because it contains Dy(YY?) = (D Y)Y +Y°DyY? and DY = 0.
The third term is also null. By our preceding remark (3.5.34) about D?Y, the fourth term

is bounded from below by —CM — ‘D2um‘2. Finally, the first term is treated just like in the
preceding proof. Recall the estimate (3.5.16):

gabDanDchum‘ > —CM |Vt | — CM | D2y .

From this and the fact Y has norm 1, we deduce

g DaDyDeDinY Y| 2 ~CM = [Vt = | D?um .
We obtain, at the point g,

A(D*un(Y,Y)) > —CM — | D?up|* = [V (3.5.35)
We recall the following from the preceding proof:

A |V, * > }D2um|2 — CM |Vu,,|?,  (estimate (3.5.18))
AU, > |Vup|? — CMm,  (estimate (3.5.20))

Au,y, = —2m.
Using these three estimates and (3.5.35), we find some constants C¥, CM, CM > 0 such that

A(D* 4 (Y, Y) + CM |V, |* + CMu2, — CMu,y,) > 0.
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So, in the definition of f (3.5.32), if we take C; = CM for i = 1,2, 3, we get

A(f(,Y(p))p=q >0,

which contradicts the maximality of (¢,Y(¢)). Therefore the supremum in (3.5.33) is not
attained in E,,. We conclude as in the preceding proof by showing that, by the semiconcavity
of dy, f(p,X) is bounded by a constant independent of m when p gets close to JF,, and
X € S"YT,M). O

Now, putting all sections together, only (3.1.11) remains to be proven in Theorem 3.1.2.
This is the object of the following proposition.

Proposition 3.5.6. Let A > 0. Let Cuty(M)y and E,, \ be defined as in (3.1.6) and (3.1.7).

We have
sup d(p,Cuty(M)y) — 0, (3.5.36)
pGEm,)\ m—-+oo
and sup d(p, Emy) — O. (3.5.37)
PECULy (M) x+e m—3+00

Proof. Let us assume by contradiction that (3.5.36) does not hold. Let (my)r>0 and (px)r>0

be sequences in (0,00) and M respectively, such that my k—) 400 and for some 1 > 0, for
—+00

any k >0, p,, € Ep,, \ and
d(pk, Cutb(M)A) > . (3538)

Up to taking subsequences, we may assume that (pg) converges to a point p, in M. As the
functions (ty,)m>0 are uniformly semiconcave and converge to dp, as m goes to co (Proposition
3.5.5 and lemma 3.4.1), we get from Proposition A.1.8:

liminf |V, (pr)| > [Vdp(po)] -
k—o00

Using the facts that py € E,,, \» and w,,, converges uniformly to dy, this implies

)\2
db(pm)2 ’

and s0 peo € Cuty(M)y. But this contradicts (3.5.38). Thus (3.5.36) is proved.
For the proof of (3.5.37), once again we argue by contradiction and assume that it does
not hold. Let (mg)g>0 and (pg)r>0 be sequences of (0,00) and M respectively, such that

my, k% +o0 and for some n > 0, for any k > 0, px € Cuty(M )4 and
—+o0

Ve (poo)|* < 1~

d(pr, Emyz) > 21 (3.5.39)

Up to taking subsequences, we can assume that (py) converges to a point ps in Cuty(M)ye-
The last inequality implies that for any k large enough, we have

According to lemma 3.4.1, there exists a constant C7 > 0 such that for any p € M and k > 0,
U, (p)? > dp(p)? — C1/my. As dp is 1-Lipschitz and bounded, we deduce that there exists a
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constant Cy > 0 such that for any p € B(peo,n) and k > 0, U, (p)? > dp(poo)? — Can—C1/my.
Let g > 0, kg > 0 and &g > 0 be constants such that for any n < ng and k > k,

(A +¢)? A2
0= — > 6o > 0.
dp(poc)?  dp(poc)? — Conp — Crfmy — "

For any p € B(peo,n), we have

A2 22
1—2(1— )
Uy, (P)? dp(poc)? — Can — C1/my,
(A +¢)?
=1- + 4. 3.5.40
db(poo)2 ( )

As poo € Cuty(M)yge, we have (1— ()‘JF‘S)Q) > 0, and so for any n < n9, k > ko and

dy (poo )2
P € B(pso,n),
2

1- >6> 09> 0. 3.5.41
Umy,y, (p)2 ( )
Let (gt)¢>0 be the curve defined by
dgy
4o = Po and E = vumk <Qt)-

Let T > 0 be such that for any ¢ € [0,T], d(q,psc) < 1, and in particular ¢ ¢ Ep,, x. We
have

i (47) — tim (Poc) = / Vi, (q0)[2dt by definition of (q;),

)

A2 >
> 1 — ————— | dt because ¢; ¢ En, x,
/(o,T) ( Uy, (qt)? g

>T6¢ because of (3.5.41).

As uyy,, is bounded by the diameter of M, this estimate implies that there exists a finite largest
time 7" > 0 such that for any ¢ € [0,7], d(q:, pso) < 1. In particular, d(pso,qr) = n. Let v
be a unit speed minimizing geodesic between p. and gr. As dp is semiconcave (Proposition
3.5.3), there exists a constant Cy > 0 such that the function f : t — Cgt? — dy(7(t)) is convex.
In particular, we have f(0) — f(d(poo,qr)) < —f'(0)d(pso, qT), Which yields

dy(qr) — dp(Poo) < |Vdp(Poo)| d(Poos a1) + Cald(Pos, q1))?
= |Vdy(poo)| 1 + Can?,

(A +¢)? 2
< 1-— ()’ n+ Cyn*  because ps € Cuty(M ). (3.5.42)
b\Poo
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In addition,

Uy, (q7) — Umy, (Poo) = / |V, (qt) dt by definition of (q),

/ ‘ dqt
0, T umk Qt

dt because ¢ ¢ Epy, ,

> inf 1——— | n. 3.5.43
- (te(o T) U, (qt) ) " ( )
Using lemma 3.4.1 again, we know that there exists a constant C3 > 0 such that dy(qr) —
dp(Poo) = Umy (q7) — Umy, (Poo) — =2 Therefore, estimates (3.5.42) and (3.5.43) yield

A+e)? /
C 2 + 1— ( —|— — > 0.
! ( db(Poo)2 OT) Umk qt) >

Using (3.5.40), we find that there exists a constant Cy > 0 such that for any n < ny and

k Z k07
2 2
T Y CR L
dp(Po)?  te(0,T) Uy, (1)

In particular, for any n <y and k > ko,

C
Cun® — Cyn + —2 > 0.
mg

This gives a contradiction if k is large enough. This concludes the proof. O
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CHAPTER 4

Numerical computation of the cut locus

4.1 Introduction

Let S be a compact real analytic surface without boundary embedded in R?, and b € S any
point of S (that can be thought of as a base point).

Definition 4.1.1. The cut locus of b in S can be defined as the closure of the set of points
p € S such that there exists at least two minimizing geodesics between p and b. We will denote
it by Cuty(S). Equivalently, it is also the set of points around which the distance function to
the point b - denoted by dy - is not smooth.

We refer to Chapter 2 for a more detailed introduction to the notion of cut locus. The cut
locus is a fundamental object in Riemannian geometry, and it is a natural problem to try and
find ways to compute it numerically. In this chapter, we propose a numerical approximation
of Cuty(S), based on the convex variational problem on S (3.1.1), with proven convergence
— see Section 4.5 for some numerical results. It is not trivial to compute Cuty(S) because
it is not stable with respect to C'-small variations of S, see for instance [4, Example 2|. In
particular, one cannot approximate the cut locus of S with the cut locus of a piecewise linear
approximation of S.

Related works. Let us review the techniques used in the past by different authors to
approximate the cut locus. We may divide them into two categories.

Geodesic approzimation on parametrized surfaces. This approach was used in |76] and [63].
In [76], on genus 1 parametrized surfaces, the authors computed a degree 4 polynomial approx-
imation of the exponential map using the geodesic equation, and deduced an approximation of
the cut locus from there. In [63], the authors used the deformable simplicial complexes (DSC)
method and finite differences techniques for geodesic computations, to compute geodesic cir-
cles of increasing radius and their sefl-intersection, i.e. the cut locus. They apply the method
to genus 1 surfaces. These papers contain no proof of convergence of the computed cut locus.

Ezact geodesic computation on discretized surfaces. This approach was used in [48] and [28].
In [48], the authors computed the geodesics on a convex triangulated surface. They deduced
an approximation of the cut locus of the triangulated surface, and filtered it according to the
angle formed by the geodesics meeting at a point of the approximated cut locus, to make their
approximation stable. They applied the method to ellipsoids. There is no proof of convergence.
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In 28], the authors computed shortest curves on a graph obtained from a sufficiently dense
sample of points of a surface. From there they deduced an approximation of the cut locus, and
filtered it according to the maximal distance (called spread) between the geodesics meeting at
a point of the approximated cut locus. They proved that the set they compute converges to
the cut locus (see [28, Theorem 4.1]).

We also mention [11], where the authors use some more geometric tools to compute (numer-
ically) the cut locus of an ellipsoid, or a sphere with some particular metric with singularities.

Our method. The strategy we use is quite different. Given m > 0 a constant, let u,, be
the minimizer of the following variational problem

inf {/ IV ul® —mu:ue HY(M),|Vgu| < 1,u(b) = 0} , (4.1.1)
S

where V, denotes the gradient operator on the surface S. For A > 0 to be chosen small, we will

use the set Ey, = {|Vsum|2 <1- )‘—2} as an approximation of Cuty(S). This is justified

uz,
by Section 4.2, plus the theoretical results regarding problem (4.1.1) obtained in Chapter 3,
which will be summarized in Section 4.3. Now the set E,, y can be well approximated using
finite elements on a triangulation of the surface S.

The rest of the Chapter is organized as follows. In Section 4.2, we recall the definition
of "A-cut locus" Cuty(S)y and show that it can be used as an approximation of the compute
cut locus. In Section 4.3, we recall the results from Chapter 3 which states that the set E,;,
defined above is a good approximation of Cuty(S)y if m is large enough. In Section 4.4, we
discretize problem (4.1.1) using finite elements and prove that the "discrete E,, \" converges

to Ep . In Section 4.5, we present the results of some numerical experiments.

4.2 M-Cut locus

We recall that, according to [60, Proposition 3.4], the function dj is locally semiconcave on
S\ {b}, so it has a generalized gradient everywhere on S\ {b}, whose norm is given by the
following formula (see propositions A.1.9 and A.1.6):

Vody| () = max(0,  sup 9 dy(a).
veTL S, |v|=1

We recall the identity (3.1.5):
C’utb(M) = {’de| < 1}.

In Section 3.1, following the definition of the A-medial axis by Chazal and Lieutier, we define
the A-cut locus as

2
Cuty(S)x = {:E € S\ {b}: |Vydp(z)> <1— dg)\(z)}’

where Vdj, denotes the generalized gradient of dj wherever it is not differentiable. The following
obvious proposition holds.

Proposition 4.2.1. The map A — Cuty(S)y is non-increasing, and

Cuty(S) = | J Cuty(S)a.
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In addition, we have the following proposition.

Proposition 4.2.2. If S is a real analytic surface, then for X > 0 small enough, one of the
connected component of Cuty(S)y has the same homotopy type as Cuty(S), while the other
connected components, if any, are contractible.

These two propositions justify that Cuty(S)y is a good approximation of Cuty(S), for
A > 0 small enough.

Using Proposition A.1.10, Proposition 4.2.2 will mainly be a consequence of [28, Propo-
sition 3.4| and the proof of |28, Proposition 3.5|. Following [28|, we will use the following
terminology. A point x of a finite graph G is called a tree point if G \ {z} has a connected
component whose closure is a tree. Otherwise, x is called a cycle point. It is a consequence of
the proof of |28, Proposition 3.5] that any closed connected subset of G that contains all cycle
points is a deformation retract of G.

Proof of Proposition 4.2.2. As S is real analytic, the cut locus Cuty(S) is a finite graph (see
[66] in dimension 2, and [15] for the generalization to arbitrary dimensions). According to the
Proposition A.1.10, given any 6 > 0, if XA has been taken small enough, then for any point
x € Cuty(S) \ Cutp(9)y, the angle between the minimizing geodesics from b to x, at the point
x, is smaller than 6. Given two unit speed minimizing geodesics 1 and vz, following [28], the
spread between 71 and s is defined as

spd(71,72) = sup d(71(£), 2(1)).
The geodesics v and vy, verify the geodesic equation:
i+ Ty =0,

where the Féj are the Christoffel symbols of the metric of S. In particular, by continuity of
the solution of a second order differential equation with respect to initial conditions, if the
angle between ~; and 79 at their common starting point is small, then their spread is also
small. Therefore, applying [28, Proposition 3.4], we deduce that if A has been taken small
enough, then any point = € Cutp(S) \ Cuty(S)y is a tree point of Cuty(S). It remains to
show that Cuty(S)y is closed to conclude that it is a deformation retract of Cut,(S) and
conclude the proof. But this is a consequence of the fact that dj, is semiconcave, and the upper
semicontinuity of the generalized gradient of convex functions (see also Proposition A.1.8 for
instance). O

Therefore, we will use Cuty(S)) as an approximation of Cuty(S) for A small enough.

4.3 Approximation with a variational problem

For m > 0, recall that u,, is the minimizer in (4.1.1). For A > 0, let us define the set E,, \ by

2
Ep = {1‘ e S\ {b} : |Voum(z)* <1 - u2)\(:1:) }

We recall the following theorem from Chapter 3.
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Theorem 4.3.1 (Theorem 3.1.2). There exists mg > 0 such that for any m > my, the function
U, 38 locally C1Y on S\ {b}. For any m >m’ > my,

Cutp(S) C {|Vyum| <1} C{|Viup/| <1} (4.3.1)
Moreover,
{IVgum| < 1} - Cuty(S) in the Hausdor[f sense. (4.3.2)
Finally, for any e > 0,
sup d(z,Cuty(S)x) — 0, and sup d(z,Epny) — 0. (4.3.3)
TEEm A m—=400 z€Cutp(S) ate m—+00

Therefore, we can use E,,  as an approximation of Cuty(S)x. In conclusion, we will use
E, » as an approximation of Cuty(.S).

4.4 Discretization

4.4.1 Finite elements of order r on a surface approximation of order £

In this section we introduce a discretization framework adapted to the variational problem
(4.1.1) based on finite elements. We follow the notations of [27, 31].

Let S be a compact oriented smooth two-dimensional surface embedded in R?. For z € S,
we denote by v(z) the oriented normal vector field on S. Let d : R — R be the signed distance
associated to S and U, = {z € R3, |d(z)| < n} the tubular neighborhood of S of width n > 0.

It is well known that if 7 is small enough (for instance 0 < 7 < min;—; o \'Tl‘lL ) where the

(ki) stand for the extremal sectional curvatures of S), then for every « € U, it exists a unique
a(x) € S such that

z = a(z) +d(z)v(a(z)) = a(z) + d(x)Vd(x). (4.4.1)

We consider S,ll a triangular approximation of S whose vertices lie on .S and whose faces are
quasi-uniform and shape regular of diameter at most A > 0. Moreover, we will assume that
Th, the set of triangular faces of Sy, are contained in some tubular neighborhood U, such that
the map a defined by (4.4.1) is unique.

For k > 2 and for a triangle T € T, we consider the n;, Lagrange basis functions ®%, . .. @,’jk
of degree k and define the discrete projection on Sy by:

ng
k
ap(z) = alx;)®5(x) (4.4.2)
j=1
where z1,...,2,, are the nodal points associated to the basis functions. Now we can define

S,’i a polynomial approximation of order k of S associated to Ty

SE = {ag(z), x € Sp}. (4.4.3)

Observe that by definition the image by a of the nodal points are both on S and on S,’f. Let
us now introduce the finite element spaces on S, = Si and SF for k > 2. For every integer
r>1, let
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i =1{x € C%Sn), Xlr € P, VT € T} (4.4.4)
where P, is the family of polynomials of degree at most r. Analogously, for k > 2 let

LZ’k ={xeC%SH), v =xo a;*, for some x € L} }. (4.4.5)
Analogously to (4.1.1), we define
min  FF(u) (4.4.6)
uEL;k
VS},:,U <1
u(b)=0

2
where FFf(u) = fsﬁ <’VS},?u - mu) and b some fixed nodal points of the mesh 7y.

4.4.2 Convergence of the lifted minimizers

In order to prove the convergence of our numerical approach, let us first establish that our
discrete problem converges in values in the sense of Proposition 4.4.2. For a function u defined
on SF, we introduce its lifted function u' onto S defined by the relation u!(b) = u(z) for b € S
where x is the unique point of S which satisfies a(z) = b.

Below, we focus our analysis in the piecewise linear case r = k = 1 which contains all the
main ingredients of a proof for the general (r, k) case. For every h > 0, the convex optimization
problem (4.4.6) has a unique solution.

Lemma 4.4.1. The differential of the projection a onto S, when restricted to the tangent
space of Sy, is the identity, up to order 2 in h:

Dayjys, = Id+ O(h?).

The second differential of a, when restricted to the tangent space of Sy, is null, up to order 1
in h:
D? = O(h).

a‘TSh

Proof. The identity estimate on Da is a direct consequence of [31, equations (4.12), (4.13)
and (4.11)], and the fact that, following the notations of [31, lemma 4.1], we have v2 ;| =

1-> 1/]2. The estimate on D?a follows from the same equations, plus the identity D?a(x) =
j<n

—2Vd(x)D%d(z).

Defining F(u) = [4 (\Vsu\z — mu), we have

Proposition 4.4.2. Let u,, » be the solution of problem (4.4.6) for k =r =1. Let Lulmh =

!
pmih be the 1-Lipschitz normalization of ul Then, Lufmh € H'(S) and

_— .
|Vs“mJJLm($ m,h

(NI

F(Lul )= min F(u)+ O(h
’ ueH(S)
|Vgu|<1
u(b)=0

).
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Proof. step 1. Let u,, be the solution of problem (4.1.1). For € > 0, let uy : S — R be

defined by:
dy ()2 .
gy — b if dp(z)<e
’ U () — 5 if dy(x) >e.

According to lemma 3.2.3, we have u,, = dp in a neighborhood of b. Therefore, for ¢ > 0
small enough, we have u,, = d, on B(b,2¢). In particular, we deduce that wup, . is C!'on S.
As d? is smooth in a neighborhood of b, the gradient of d?/2¢ is O(e!)-Lipschitz on B(b,e).
Moreover, as u,, = dj, on B(b, 2¢), the gradient of u,, is O(¢~!)-Lipschitz on B(b,2¢)\ B(b, ).
According to Proposition 3.2.4, u,, is also locally C1t on S\ {b}. Therefore its gradient is
O(e71)-Lipschitz on S\ B(b,e). Putting ths facts together, we obtain that u,, . is C1'! on
S, and the Lipschitz constant of its gradient is O(¢~!). Furthermore, as dj and u,, are both
1-Lipschitz, we have |Vuy, | < 1. Now for € > 0, consider

Ihum,s

Uh,g :

)

LOO(Sh)

- |V5h Intm ¢

where Ipum, e is the P! Lagrange interpolation of u,, . on Sj. For x € Sj, observe that we
have the relation Ipum, () = Ip(ume o a)(xz) which says that Ipu, . is the standard (flat)
interpolation of the composed function u, . o a. From lemma 4.4.1, we know that on every
triangle, the differential of a is O(h)-Lipschitz, and a is O(1)-Lipschitz. As the gradient of
U, is O(e~1)-Lipschitz, we deduce that on every triangle, the gradient of u,, o a is O(e™!)-
Lipschitz. By the quasi uniformity of the mesh, we obtain the uniform interpolation estimates
on Sh:

Tt e(2) = (Ume 0 a)(x) + O(e1h?) (4.4.7)

and
Vg, Intme(z) = Vg (Um0 a)(x) + O(e™'h).

With lemma 4.4.1, we deduce for all x € Sy,

Vg, Intm (%) = Vgume(a(z)) + O(eh). (4.4.8)

Recall that we have |V um |1 (s) = 1. Therefore the last identity yields

|VshIhum7€ Loo(She) = 1+ O(E_lh).
Thus, vpe = Iptme(1 + O(e7th)), and so
Fr(vne) = Fr(Inume) + O(e1h). (4.4.9)

Applying lemma 4.4.1 again, with a simple change of variable, we find that for any function

f:85, =R,
/Shfoaz/sf—l—(’)(hQ).

Recalling (4.4.7) and (4.4.8), we obtain

Fu(Tnttnz) = Flume) + O h). (4.4.10)
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Furthermore, we have

/ [tm.e — um| < O(e) and/ |Vitye — Vum|2 < 0(62),
S S

F(ume) = F(um) + O(e).

Combining this with (4.4.9) and (4.4.10), we find
Fr(vpe) = F(um) + O(e™th) + O(e).

Choosing € = h%, this yields

min F, < min F+ O(h?). (4.4.11)
u€H(Sh) u€H(S)

v, ul<1 [Vgul<t
| f(z):’o u(b)=0

step 2. Symmetrically, let u,, 5 the solution of the discrete problem (4.4.6), uﬁl I= U, O

1

(a|sh)*1 its lifted version on S, and Lulmh =5 ulu‘h . We show as before, using the
’ Sho M Lo (Sh)

equation u,, , = ul o a, that F(Luin’h) = Fp(ump) + O(h). With (4.4.11), this implies

min F < F(Lu),,) < min F—i—(’)(h%),

u€H(S) ’ u€H(S)
|Vgul<1 |Vgul<1
u(b)=0 u(b)=0
which concludes the proof of the proposition. O

We can now establish the convergence of the minimizers:

Proposition 4.4.3.

2 1
= O(h2).

_ 3 I
— O(h?) and ‘umh wnl e

Vuin h Vum
’ L3(S)

Proof. Consider v = 3(Lul, , + uy). Then, v is admissible for problem (4.1.1), so F(v) >
F(uy,). Moreover, the following algebraic identity holds
1 . 1 1 19

Therefore, we have

1 1 1
SF(Lug,p) = 5F(um) > < | [Vgum — VgLup,
2 2 g

which proves, with Proposition 4.4.2, that

2

VL, ) — Vg, = O(h2). (4.4.12)

L2(8)
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Furthermore, we have

F(Lufmh) — F(um) = /S (‘VLufn’h’Q - ]Vum2> - m/s (Luin’h = um> .

The last two equations imply

s = O(h2). (4.4.13)

l
‘Lumh — Uy,

As in the proof of Proposition 4.4.2, using the relation w,, , = uin 5 © h, we show that Lufn h=
ul (1 + O(h?)). Together with (4.4.12) and (4.4.13), this concludes the proof. O

We just proved that the sequence of the lifted minimizers converges with an order at least
1/2 to the minimizer of problem (4.1.1). By analogy with the more standard variational

context [27, 31|, we expect a convergence of order O((h" + hkﬂ)%) using an approximation of
orders (r, k).

4.4.3 Convergence in measure

Let us recall that the set E,, ) is defined by

2
Epnx = {x e S\ {b} : |[Vium(z))* <1— 2)\(3:) } )

Uim,

Proposition 4.4.4. For any A > 0 and € > 0 with ¢ < \/2, let us define

l 2 A2
=42 € S\ {0} : |Vyuby (@) <1- "5~ 1

Then, we have
1 1
|Emate \ Eman| = O(h2) and  |[Epxp\ Ema—c| = O(h?).

Proof. By definition of E,, x and E,;, 5, we have

2 (A +¢e)? 2?2
Eprse\ Emn C )v ’ ‘ V|t > _ .
Ate \ Emoan { Upyp| = [Vt ) O

Therefore, on Epy ate \ Em o\ 5, we have

(A+e)? — A2 1 1

2
I 2 2
‘vum,h‘ — [Vup|” > ) +A (@ - W)
m,
2eX+e2 2 !
> —A )u —-u ‘
T min (w,, ul, )3 e
2e\ + &2 9 2 ‘ !
= — — Um — Upy 1| 5
(diam §)? (u + O(RZ)3 T
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where diam S is the diameter of S. By definition of E,, x, we also have Ep xje C {upm >
(A+e)},soon Epave \ Eman,

2e\ + &2 2 2
(diam S)? (A+c+O(h2))3

P 2 !
’Vum,h‘ — |Vup,|” > )um—umﬁ’.

So for h large enough, we have
Em,/\+s \ Em,)\,h

2 2e\ + 2
! 2 l
C {‘Vum,h) — |Vum|” +2X ’um — umh’ > (dam 572 } .

2 2e\ + &2 2e) + €2
I _ 2 _LEATE ol - =
- {‘V“m,h) V> 5 i 5)2} - {‘“’" | > 3 (dn 57 }

Now from Proposition 4.4.3, we know that for any n > 0, we have the following estimates

et o}
S

(o o] >} < . o =000

2
Viln| = [Vunl’| = O@),

and

This gives the estimate |Ep, x4 \ Eman| = (’)(h%). The other estimate is proved by the same
method. O

Remark 4.4.5. We expect a convergence of order O((h" + hk“)%) using an approximation of
orders (r, k).

All the preceding sections together justify that the set £, ) is a good approximation of
the cut locus of b in M, if m is large enough, and A and h are small enough.

4.5 Numerical illustrations

4.5.1 Cut locus approximation

We established the convergence of the minimizers of solutions of problems (4.1.1) when h
tends to 0. For a fixed h > 0, this convex discrete problems is of quadratic type with an
infinite number of conic pointwise constraints. By the way, it is important to observe that for
k = r = 1, the gradient pointwise bounds for a function of P! is equivalent to a single discrete
conic constraint on every triangle with respect to the degrees of freedom of P*(7y,).

Nevertheless, we observed in our experiments that using P! elements may lead to approx-
imated cut loci with some tiny artificial connected components. Motivated by this lack of
precision, we use in all following illustrations elements of order r > 1.

For the general case r > 1, the bound constraint on the gradient can not be easily reduced
to a finite set of discrete constraints. In our experiments, we approximated the constraint
yvsﬁu\m(sﬁ) < 1 by forcing this constraint only on a finite number of points of the mesh.

In practice, we imposed these constraints on the Gauss quadrature points of order g on every
triangle of Tp.
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4.5. Numerical illustrations

We illustrate in Figures 4.1, 4.2, 4.3 and 4.4 the approximation of the cut locus provided
by our approach. These computations have been carried out on meshes of approximated 10°
triangles for k = 2 and r = 3 using high precision quadrature formula associated to 17 Gauss
points on every element of the mesh. Moreover, for r = 3, we imposed the conic gradient
constraints on the g = 9 Gauss points of every triangle. In order to solve the resulting linear
conic constrained quadratic optimization problem, we used the JuMP modeling language and
the finite elements library Getfem++ |30, 69| combined with Mosek optimization solver |7].
For such a precision, the optimization solver identified a solution in less than one hour on a
standard computer.

= © O

Figure 4.1: Three different views of the approximation of a cut locus on a standard torus

Figure 4.2: Three different views of the approximation of a cut locus on a standard torus,
without representing the surface

Figure 4.3: Three different views of the approximation of a cut locus on a torus of genus 2
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D\
/'\ ) \ ‘i {/i
N %A

Figure 4.4: Three different views of the approximation of a cut locus on a torus of genus 2,
without representing the surface

4.5.2 Approximation of the boundary of Voronoi cells

All previous theoretical results still hold if we replace the source point b by any compact
subset of the surface S. For instance, if b is replaced by a set of points, the singular set of the
distance function can be decomposed as the union of the boundary of voronoi cells and the
cut loci of every point intersected with its voronoi cell. As a consequence, if the distribution of
source points is homogeneous enough, that is every voronoi cell is small enough, the singular
part of the distance function will be exactly equal to the boundary of the voronoi cells. We
illustrate this remark in the following experiments. We used exactly the same framework as in
previous sections and just replaced the pointwise condition at b with the analogous pointwise
Dirichlet conditions at every source point. Figure 4.5 and 4.6 represent the voronoi diagrams
obtained with 10, 30 and 100 points for surfaces of genus 2 and 3. The expected computational
complexity is exactly of the same order as with a single source point.

Figure 4.5: Approximation of the voronoi cells on a torus of genus 2 of 10, 30 and 100 points.
Every column represent two different views



4.5. Numerical illustrations

Figure 4.6: Approximation of the voronoi cells on a torus of genus 3 of 10, 30 and 100 points.
Every column represent two different views




APPENDIX A

Appendices to part I

A.1 Semiconcavity

Some of the properties of semiconcave functions we need are given in [68], in the framework of
Alexandrov spaces, and sometimes without proof. A more detailed reference for semiconcave
functions in the framework of euclidean spaces is [22]. In this appendix, we give complete
proofs of the properties of semiconcave functions that we need in the framework of smooth
Riemannian manifolds. To our knowledge, Proposition A.1.4 is not proved (or even actually
stated) anywhere in the literature. We could not find a proof of the formula for the directional
derivatives of distance functions (Proposition A.1.10) in the Riemannian context either. Here,
M is any smooth Riemannian manifold without boundary, and g its metric.

For any a,b € R and A € [0, 1], we define Ay := (1 — A)a + Ab. Let us recall the definition
of semiconcavity.

Definition A.1.1. Given a constant C' > 0, a function v : M — R is said to be C-semiconcave

on M if and only if for any unit speed geodesic 7y : [a,b] — M, the function t — Ct?> — u(~y(t))
is convex. This is equivalent to having, for any A € [0, 1],

Auty@)ur ) — WY Aap)) < CA(1 = A) (b= a)*.

We say that u is semiconcave if u is C-semiconcave for some constant C > 0. We say that u
is locally semiconcave if for any p € M, u is semiconcave in a neighborhood of p.

Remark A.1.2. On R™, a function u is C-semiconcave if and only if the map z — C |z|* — u(z)
is convex.

We will need the following lemma to estimate the difference between two geodesics linking
a pair of given points, for two different metrics.

Lemma A.1.3. Let g be a metric on the unit ball B(0,1) C R™. There exists a constant
B > 0 such that for any unit speed geodesic vy : [a,b] — (B(0,1),g) and X € [0,1], we have

[ ab) = Mgy | < BAA = 2)(b = a)*.
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Proof. Tt suffices to prove that the estimate holds for A < %, as the case \ > % can be deduced
by considering 7 : t +— (b —t) instead of 7. A unit speed geodesic v : [a,b] — (B(0,1),9)
verifies the geodesic equation
7+ Ty =0,

where the Féj are the Christoffel symbols of the metric g. As 7 is unit speed, the (5%) are
bounded, uniformly in «. Therefore, there exists a constant o > 0 independent of v such
that || < a. By integration, we find |y(t) — v(a) — ¥(a)(t — a)| < a(t — a)?. Evaluating this
expression at b yields |y(b) — v(a) — 4(a)(b — a)| < a(b — a)?. From these two estimates, we

deduce ;
1(®) = (a) - 0= )| <ot - a)? + alb - a)(t - a).
Taking t = (1 — A)a + A\b in this estimate yields

(1= Na+ ) = (1= N)y(a) + M (b))] < a1+ A)(b — a)?

_a(l+ ) 2
Taking B := a(117—|-11//22)7 this proves the desired estimate when A < % This concludes the
proof. O

We can now prove that defining local semiconcavity through charts (as in [60]), or through
geodesics, is the same.

Proposition A.1.4. Let u : M — R be a locally Lipschitz function. Then, u is locally
semiconcave if and only if for any chart v of M, wo ™! is locally semiconcave as a function
on R™,

Proof. Let us assume that u is locally semiconcave. Let v : U — V be a chart from an open
set U of M to on open set V of R”, and y € V. Let f := uwo4~'. We want to show that f
is semiconcave in a neighborhood of y, as a function of R”. We first observe that f is locally
semiconcave on the manifold (V,1,g). Let V' C V be a neighborhood of y that is geodesically
convex for the metric 1,g, and such that there exists a constant C' > 0 such that f is C-
semiconcave on (V' 1,g). Let d denote the distance function on (V' 1,.g). Up to taking V'
smaller, we may assume that the metric 1,g is bounded on V', and so there exists a constant
B > 0 such that
Vm,yéV’, d(x,y)§ﬁ|x—y|

Let z,y € V' be such that [z,y] C V', and X € [0,1]. Let 7 : [a,b] — V' be a unit speed
geodesic of (V' 1,g) from x to y. By the C-semiconcavity of f on (V' 1.g), we have
Ar@)r) — fAay) = Arr@)r60) = FM@re)
< C)‘(l - )‘)(b - CL)2 + f(r)/()‘ab)) - f()"y(a)'y(b))
< C)‘<1 - )‘)(b - a)2 + Llp(f) h/()‘ab) - )‘v(a)v(b)‘ :
Applying lemma A.1.3 above, we get a constant B > 0 such that
X)) — fQay) < (C + Lip(f)B)A(1 — A) (b — a)®
= (C + Lip(f) B)A(1 = N)(d(, y))?
< (C+Lip(H)B)FA(L = N) |z =y,
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and so f is semiconcave on V', as a function of R".

Reciprocally, let us assume that u o4 ~! is locally semiconcave as a function of R™ for any
chart ¢. Then, we can show that u ot ~! is locally semiconcave for the metric 1,g, for any
chart 1, by using the same technique. From there we deduce that u is locally semiconcave.
This concludes the proof. O

Remark A.1.5. One can show that any semiconcave function on M is also Lipschitz, using the
analogous property for functions on the real line. Therefore, the Lipschitzianity assumption
is not actually needed.

By composition with charts, semiconcave functions inherits some properties of concave
functions. More precicely, let ¢ : B(p,r) — B(0,r) C R™ be a normal coordinate chart at p,
for some r > 0. The function u o 1)~! is semiconcave as a function of R™. Furthermore, the
differential of ¢ at p is an isometry. The following proposition then follows from the properties
of concave functions on R™.

Proposition and definition A.1.6. Let u: M — R be a locally Lipschitz and semiconcave
function. At every point p € M, u admits a directional deriwative Ofu(p) in any direction
ve T,M\ {0}, defined by

d
= — t —

Sl ()0

where v : [0,1] — M is any curve such that v(0) = p and §(0) = v.

9y u(p)

Moreover, the map v — 9 u(p) is concave and positively homogeneous on T,M. In par-
ticular, if it attains a positive mazimum in the closed unit ball of T, M, then this mazimum is
attained at a unique vector v,. Otherwise, we set v, = 0. We define the generalized gradient
of u at p by

Vu(p) := 8;;u(p)vp.

The norm of Vu(p) is given by the following formula:

Vu(p)| = 0 O u(p)).
Vulp)l =max(0, _ max  8yu(p))

Proposition A.1.7. Let u: M — R be a locally Lipschitz and locally semiconcave function.
Let x,y € M be such that there exists a geodesic from x to y (which is always the case if M is
complete). Then,

u(y) < u(z) + |Vu(@)| d(z,y) + Cd(z,y)

Proof. Let v : [0,d(x,y)] — M be a geodesic from x to y. As the function f : ¢t — Ct2 —uo~y(t)
is convex, we have

fld(z,y)) > f(0) + f'(0)d(x,y).

The estimate follows. O

Proposition A.1.8. Let C > 0. If (ug) is a sequence of locally Lipschitz C-semiconcave
functions that converges pointwise to a function us, then us s also semiconcave, and for any
sequence of points (py) that converges to a point pso, we have

lim inf |V, (pk)| > Ve (Poo)]| -
k—o0
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Proof. Let € > 0. Let ¢ € M be such that

d(q, poo)

Then, we have

uk(q) — ur(pr)
|Vitoo (Poo)| < hrggjlf )

< hkfn inf |Vug(pr)| + 2Cd(q, px) — €
—00
= liminf |Vug(pr)| — &,
k—o0

where we have used the Proposition A.1.7 above in the second estimate. As it is valid for any
g, this concludes the proof. O

We recall the following proposition.

Proposition A.1.9 (Proposition 3.4 in [60].). For any compact subset K of a smooth manifold
without boundary M, the distance function to the set K is locally semiconcave on M\ K.

We end this appendix with the following proposition about the generalized gradient of the
distance function to a general compact set K.

Proposition A.1.10. Let M be a smooth Riemannian manifold without boundary, K a com-
pact subset of M, and di the distance function to K. Let p be a point of M such that there
ezist several minimizing geodesics from p to K. We denote the set of unit speed geodesics from
p to K that are minimizing between p and K by geod(p, K). For any v € T,M, we have

ord = min —4(0) - v.
L dic(p) . 7(0)

In particular,

Vdg = max{0, max min  —%(0)-v}.

[Vdxk| (p) { e e min ¥(0) - v}
A similar result for the distance function to a point is proved in [1, Theorem 4.5.6], in the
more general framework of Alexandrov spaces, but with some additional restrictions on the
curvature of the ambient space. A similar result for the directional derivatives of the function
d(-,-) is also stated in [1, Lemma 3.2], but the proof given there mainly consists in saying that
the proof in [1, Theorem 4.5.6] also works in the case of Riemannian manifolds without the
restriction on the curvature. For any reader that is not familiar with Alexandrov spaces, that
is not very satisfying. So here is a complete proof in the Riemannian context.

Proof. Let v : [0,dx(p)] — M be a geodesic of geod(p, K). v(dk(p)/2). As ~v
is minimizing between p and y(dx(p)), we have a ¢ Cut,(M ), and so p ¢ Cutye(M). In
particular, the function d, is differentiable at p, and Vd,(p) = —¥(0). Thus, we have

dic (expy (1) — di(p) _ da(expy(tv)) + dx(a) — dx(p)
t - t
da(exp,(tv)) — da(p)
t
— —%(0)-v as t—0.
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This proves

ofd <  min  —%(0) - v. All
K(p)_vegeod(pm ¥(0) ( )

Now, for every t > 0, let vz € geod(exp,(tv), K). For t small enough, the length of 7; is
bounded by dg(p) + 1. By compactness of the set of geodesics of length bounded by a given
constant, there exists a sequence of positive numbers (¢,),>0 that converges to 0, such that
Yn = 7Y, converges to a unit speed geodesic v as n — 4+00. As K is closed, 7 is a geodesic
from p to K. Moreover, we have

length(y) = Tim length(7n) = lim dx (exp,(tnv)) = dx (p),

so v € geod(p, K). Let R = min{inj(M ), dx(p)/2}, where inj(M) is the injectivity radius of
M. In particular for any (z,y) such that d(x,y) < R and = # y, the distance function d( -, -)
is smooth in a neighborhood of (z,y) in M x M. For n € N, let by, := v,(R), and by, = v(R).
Let U,V C M be precompact neighborhoods of p and by respectively such that d(-, -) is
smooth on U x V. For n large enough, we have exp,(t,v) € U and b, € V, and so

g (p) < di (bn) + d(bn, p)
= dg(exp,(tnv)) — d(bn, exp,(t,v)) + d(bn, p)
= dg (exp,(tnv)) — Vad(by,p) - v+ o(ty), (A.1.2)

where V3 is the gradient with respect to the second coordinate. We have
VQd(bnap) n:;o v2d(b007p) = _'.7(0)
because d( -, -) is smooth on U x V. So (A.1.2) yields

d thw)) —d
- K (exp,(tnv)) — di (p) -

n—o00 tn

In particular,

ofd >  min —¥(0)-v.
Kp) = _min  =5(0)

With (A.1.1), this concludes the proof.
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A.2 Tensor calculus and covariant derivatives

In this appendix, we recall some notions of tensor calculus and covariant derivation on Rie-
mannian manifolds. These notions are used in the proof of Proposition 3.5.5 in particular. If
the reader has studied these notions before, we hope that these reminders will be sufficient to
understand the computations of the proof of Proposition 3.5.5. We try and give a definition of
every notion needed, along with the computation rules we need. We give a list of formulae at
the end of the section. If the reader is totally unfamiliar with these notions, those reminders
might be too brief for an introduction.

Let us give some specific references for each notion. A brief introduction to the notions
of tensor, tensor product, trace of a tensor, tensor field over a manifold, can be found in [55,
Chapter 3||. For the notions of raising and lowering indices, inner product on tensors, see [55,
Chapter 3]|). For covariant derivatives, see [55, Chapter 4]).

Tensors. Let V' be a n-dimensional vector space (you may think of V' as the tangent space
of a point p € M, T,M). Let k,l € N. For any ¢ € {1,...,k + [}, let V; denote either V or its
dual V*. A (k,l)-tensor on V is a multilinear map

T:ViX...XVk_‘_l—)R,

where V* appears k times in the product V; x .. X Vi4; and V appears [ times. In this case
we say that T is a tensor of rank k + [.

In particular, a (0,1) tensor is just a linear form on V, and a (1,0) tensor is an element
of V**, so it can be seen as a vector of V. Reciprocally, any vector X € V will automat-
ically be seen as a (1,0) tensor that will still be denoted by X. More generally a tensor
T:V*x..xV*xVx..xV — R can be seen as an element of the tensorial product

k l
V. VeV e...e V™.
k l
Let (e;)1<i<n be a basis of V| whose dual basis is (e¢’)1<j<n. The coordinates of a (k,!)

tensor T : V* x .. x V* xV x ... x V. — R in the basis (e;)1<i<n are defined by

k l

77 =T e ey ey).
Note that the indices to corresponding arguments in V' are subscripts, while the indices corre-
sponding to arguments in V* are superscripts. If T were to take arguments in V and V* in a
different order, then we would write the indices in the coordinates ot T" in the corresponding
order, still writing subscripts for indices corresponding to arguments in V' and superscripts for
indices corresponding to arguments in V*. For instance, if S : V x V* xV — Ris a (1,2)
tensor we will write

S-j,~C = S(es, el ep).

(2

Abstract index notation. We may call a tensor by its coordinates, i.e we may write 'the
tensor S,°.” instead of ’the tensor S’. This way we can encode the type of a tensor directly

in its name. This will also prove useful for computations. However, when doing so, we will
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use letters a, b, ¢, d... while we keep the letters 4, j, k, [... for actual coordinates in a basis.
Therefore, T, ., buby | is non-other than the tensor 7', while the T, _, 7*"/* are the coordinates
of the tensor 7" in the basis we have chosen. One may think of the a; and b; as mere labelling

of the slots of T'. This convention is called abstract index notation.

Tensor product. Given two tensors .S and T of rank p and ¢ respectively, their tensor product
is a tensor of rank p + ¢ defined by

ST (ur, ..., up, V1, ...0q) = S(ut,...up)T(v1,...v4).

The coordinates of S ® T' are the products of the coordinates of S and T'. For instance, the
coordinates of the tensor product of S,°, and T% are
(S@T)7, = ST

ikm

Therefore, using the convention of abstract index notation, the tensor product of S,°. and Ty,

a c
will be denoted by S,° Tye.

Trace of a tensor. Let T,° be a (1,1) tensor. For any X € V, T(X,-) € V* ~V,s0 T can
also be seen as an endomorphism of V. Its trace as a tensor, denoted by tr(T) is defined as
the trace of the associated endomorphism of V. The trace of T is also called contraction of T.
In any basis (e;) of V, we have the formula

We will use the Einstein summation convention, where an index repeated twice means we are
summing over that index. Therefore, we have

t'l"(T) = TLZ

In abstract index notation, we will denote by T, * the trace of . We can extend this definition
to any (k+ 1,14 1) tensor 7. All we need is a lower index and an upper index. The result is
then a (k, 1) tensor. However, one must specify with respect to which indices the trace is taken.
This can be done when writing the coordinates of the tensor. For instance, we can take the
trace of the tensor S ade with respect to the first and last indices, to get a (1,1) tensor whose
coordinates are S; ki We will denote this tensor by S The tensor Sabb“ would denote
the trace of the tensor S with respect to the first and fourth coordinates, and the second and
third coordinates, taken successively (the order does not matter.)

As mentioned before, any vector X of V' can be seen as a (1,0) tensor. We still denote by X
the associated (1,0) tensor. Now let 7%, bea (k,l+1) tensor. Then, T'(-,..., -, X)
is a (k, 1) tensor, and one can see (using coordinates) that it is the trace of the tensor product
of T and X, i.e

T( EERXITE 7X)a1.--ak by...b; =T b1.‘.bchc'

The tensor T blmbchC is also called contraction of T and X. Therefore, the result of the
action of a tensor on a vector is the contraction of this tensor with the vector (seen as a (1,0)

93



A 2. Tensor calculus and covariant derivatives

tensor). Likewise, the result of the action of any tensor Tk by by O the arguments ¢',...,
o*, X1,..., X, is

b
T(G1,omns ks X1, Xp) =T b h XX

Raising and lowering indices. Now we assume that V is equipped with a scalar product
g. (If Vis T,M, g can be the metric of the manifold M.) The scalar product induces an
isomorphism between V' and its dual V*. We will also denote this isomorphism by ¢. Its
inverse is denoted by ¢g~!. By composition with this isomorphism, we can transform a (0, 1)
tensor T" into a (1,0) tensor T and vice-versa by setting

T(X) =T(g"(X)).

We denote by g;; and g% the components of the maps g and ¢!

we have the relations

respectively. In coordinates,

Ti = gijTj and Tj = gijTZ
We will denote the tensor 7' by T%. We have
T = g™y,

which means that 7¢ is the contraction of ¢*® and T}, or equivalently the trace of the tensorial
product of ¢g*® and Tj,. We call this operation 'raising’ and index. We may also lower an index
thanks to the relation

To = gabTa-

Likewise, we can transform any (k,l + 1) tensor into a (k + 1,1) tensor, and wice-versa,
by composition with the isomorphism g, or equivalently by taking the trace of the tensorial
product with g. We may also raise several indices successively. The order does not matter.
For instance, for a tensor S, we have S% = g2%¢gbS. ;.

More about the trace. With the operation of raising and lowering indices, we can define
the trace of a tensor with respect to any two indices, even if they are both low or both up:
if this two indices are low, raise one of them and take the trace, otherwise lower one of them
and take the trace. For instance, the trace of the tensor Sy, is S, (= Sapg"® = t7(Sapg™)).

Inner product of tensors. We can extend the scalar product g on V to a scalar product
on tensors of the same type, by requiring that if (e;) is an orthonomal basis and (e?) its dual,
then the family composed of tensor products of elements of (e;) and (e?) of a given type is
orthonormal. It can also be described in terms of raising and lowering indices and taking the
trace. Indeed, to take the scalar product of two tensors T" and S of the same type, raise all the
lower indices and lower all the upper indices of T, and take the trace of the tensor product of
T and S with respect to all pair of corresponding indices. For instance, for some tensors Ty

and S, we have
g(T,8) =T"Sy (: gacgdecdSab) :

We also define the norm of a tensor T' by
IT|? = g(T,T). (A.2.1)
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If T =Ty, we get |T?| =TT

Tensor fields. A tensor field T on M is the collection of tensors of T, M for every point
p € M. A tensor field T is said to be smooth if its coordinates in a smooth basis of TM are
smooth.

Covariant derivative. Let X(M) denote the set of smooth vector fields over M. The
covariant derivative D of M (or Levi-Civita connection) is the unique map

D : X(M) x X(M) = X(M),

that is C°°(M)-linear in the first variable, R-linear in the second variable and such that for
any f € C®°(M) and X,Y,Z € X(M),

Dy(fX) = Dy(f)X + fDy(X), (product rule)
Dy(g(X,2)) =9(DyX,Z)+ g(X,Dy Z), (compatibility with the metric)

where Dy (f) is the differential of f at Y. Because of the C°° (M )-linearity, the map Y — Dy X
is a well defined endomorphism on every tangent space T, M, i.e a (1,1) tensor field. Therefore
we can define the (total) covariant derivative tensor DX of X by the relation

DX (¢,Y) = Dy X(¢).

In abstract index notation, the tensor DX will be denoted by D,X°, so that DyX =
(D, XYY",

The covariant derivative can be extended to any kind of tensor, by requiring only that it
satisfies some product rules. Therefore, for any tensor (k,[) tensor T', there is a well defined
(k,1 + 1) tensor DT. The second covariant derivative (or Hessian) of T is D*T = D(DT).

In abstract index notation, the covariant derivative of a tensor field 7%k by, is denoted

by DT %, . The second covariant derivative is denoted by DgD T, . etc. We

may also use the notation Dsy..ak in place of Dy, ...Dg, .

The covariant derivative satifies the following product rule :
DS®T)=DS®T+S® DT

The covariant derivative commutes with the trace. In particular, an expression of the type
D,T,, b¢ makes sense, as we do not need to specify if it denotes the derivative of the trace of
the tensor T, or the trace of the derivative of the tensor T

Let us give an example of computation with the covariant derivative on tensors. Using the
facts that the covariant derivatives commute with the trace and that it satisfies a product rule
on tensor products, we deduce for instance that for any tensor Hp,

De(|H|?) = De(Hagp H®) = (DHyp)H® + Hoyp(DCH™).

By this example, we hope to show that computations with covariant derivatives in abstract
index notation are fairly intuitive.

Warning. Let T be any tensor field, and X and Y some vector fileds. The tensor D,D,T XY
is not the same as Dx (DyT'). Stated otherwise, evaluating the second covariant derivative of
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T on X and Y is not the same as derivating T" in the directions Y and X successively. Indeed,
we have DyT = DyTY?, so some derivatives of Y will appear in Dx(DyT).

Laplacian. The Laplacian of a function u is the trace of the second covariant derivative of u,
ie.
Au := ¢®*D,Dyu.

Riemann curvature tensor. The Riemann curvature tensor is a (0,4) tensor Rgpeq defined
by
VX,Y,Z,W € X(M), R(X,Y,Z,W)=g(D?*Z(X,Y)—-D?Z(Y,X),W).

Though Z needs to be a vector field (and not just a vector) for this definition to make sense
a priori, it only depends on the pointwise values of Z, and so R is actually a tensor.
We will denote the commutator of D, and Dy by D[Zab]:

Dfab] := DyDy — DyD,,.
With this notation, we have for any vector Z:

D[Zab] Z° = Ropa <z

Summary of useful formulae. Here we specifically recall the formulas we use in the proof
of Proposition 3.5.5, in abstract index notation.

e Trace: we recall that when two (abstract) indices are repeated, it means we are taking
the trace with respect to those indices.

e Tensor applied to vectors:
T(X,Y) =TupXY".

e Norm of a tensor:

_ aj...apby...by
- Tbl...bl T al...a"

aij...ag 2
‘Tbl...bl

e Laplacian:
Av = ¢g®D,Dyv.

e Product rule:

ai...ag C1...Ci\ __ aj...ag C1...C4 aj...ag C1...C;
Da(Ty, 4, Sprp, ) = (DaTy, Ly, )Sp, b, T, (DaSy, 5, ")

~-bj
e Compatibility with the metric: symbols D and g can be inverted.

D(I(gbchl.._bl a1...ak) _ gbCDdTbl,,.bl a1...ak.

e Riemann curvature tensor:
2 c __ crzd
D[ab]Z =R,p,°Z".
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Part 11

A non-local 1soperimetric problem
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Outline of part II

In this part, we study a non-local isoperimetric problem derived from Gamow’s liquid drop
model for the nucleus. More precisely, we are interested in

ECR{I},I\%|:m P(E) +Va(E)+Ug a(E), (1.1.3)

where

e P(FE) is the perimeter of E,

dzd
® Vo(E) = [pup #7

Us A(E) = [, Alz|° da,

n € N* (the dimension of the ambient space), m > 0 (called the mass), a € (0,n) and
A > 0 are constants.

If A =0, we recover Gamow’s liquid drop model, which does not admit any minimizer for m
sufficiently large. If A > 0, this problem admits a minimizer for any mass m.

In the first chapter, we study minimizers of large mass (i.e when m — +oc). We show the
following.

Theorem (Theorem 1.1.1). Given a € (0,n), B> 0 and A > 0, assume o < 3. Let (Ep)m>0
be a family of minimizers in (1.1.3), such that |E,,| = m, and let E}, be the rescaling of E,, of
1

the same mass as the unit ball B centered at 0 (ie E, = (%) " E,.). Then, up to modifying

the sets (Ep,) by some sets of measure 0, the boundaries of the sets (E,) Hausdorff-converge
to the boundary of B as m — 4o00.

However, from Proposition 1.3.3 we know that if § < 1, then large volume minimizers are
not exactly balls. Indeed, in this case large balls are not even locally minimizing. On the
contrary, in the case 8 > 1, if we assume in addition that a > 1, then we have:

Theorem (Theorem 1.1.2). Given o € (0,n), 5> 0 and A > 0, assume 1 < a < . There
exists a mass m1 = my(n, «, 8, A) > 0 such that for any m > my the ball of volume m centered
at 0 is the unique minimizer (1.1.3), up to a set of measure 0.

In the second chapter, we develop a numerical method to compute the minimizers. Our
results seem to confirm that the following conjecture of R. Choksi and M. Peletier regarding
Gamow’s model is true in dimension 2: for A = 0, if problem (1.1.3) admits a minimizer, then
it is a ball.

We started working on some aspects of the first Chapter under the supervision of Vincent
Millot for our Master 2 thesis. The new results start with Section 1.4. In particular, the
results presented in this introduction are new.






CHAPTER 1

Large volume minimizers

We started working on some aspects of this Chapter under the supervision of Vincent Millot
for our Master 2 thesis. The new results start with Section 1.4.

1.1 Introduction

1.1.1 The classical isoperimetric problem

Let n € N* be an integer. For any measurable set £ C R"™, the perimeter of F is defined as
the total variation of the indicator function of E:

P(FE) ::/RH,D]IE:sup{/Edin:feC’cl(Rn), ]f!LooSI}.

Our book of reference for the perimeter is Giusti’s book, [43]. Maggi’s book [59] is probably
more reader-friendly though (but does not include the study of BV functions). The quantity
P(E) may be infinite, and when it is finite, we say that E is a set of finite perimeter. If
E is a C! open set, then as one would expect, we have P(E) = H" 1 (0F), where H" ! is
the (n — 1)-dimensional Hausdorff measure. The properties of the perimeter we need will
be recalled along the way, when needed. The classical isoperimetric problem is the following
variational problem:
min  P(FE),
ECR™,|E|=m

where |E| is the volume of E, and m > 0 is a constant. It is well known that for any m > 0,
this problem has a unique minimizer up to translation, namely B[m], the ball of volume m.
Furthermore, a sharp quantitative estimate was proved in [40]. Before stating it, we need a
definition. Given a set E of volume m, we call Fraenkel asymmetry the quantity

E) o= gy 1200 1 Bl

)

where EAF = (EUF) \ (ENF) is the symmetric difference of E and F. There exists a
constant C'(n) depending only on the dimension of the ambient space such that for any set
of volume m,

P(E) = P(B[m]) > C(n)P(B[m)A(E)?.
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See also [39] for a refinement of this inequality, where the difference P(E) — P(B[m]) also
controls the oscillation of the normal to the (reduced) boundary of E.

1.1.2 Gamow’s liquid drop problem

Gamow’s liquid drop model for the atomic nucleus consists in:

dzd
inf  P(E)+ —
ECR2 |E|=m BxE [T =Yl

(1.1.1)

where
e P(FE) is the perimeter of F,
e m, called the mass, is a positive constant.

In this model, the nucleus is thought of as an incompressible charged liquid. The perimeter
term models the short-range attractive nuclear force, whereas the other term, similar to an
electrostatic energy, models the repulsive forces between the protons of the nucleus. Gamow
invented this model in the 1930’s, in an attempt to predict the shape of nuclei, the nonexistence
of large nuclei, and the existence of a nucleus with the least energy per nucleon. These
three goals have only been attained relatively recently (in the 2010’s, see next subsection).
Problem (1.1.2) has been studied by mathematicians as an interesting extension of the classical
isoperimetric problem. Indeed, two terms are competing: the perimeter tends to round things
up and is minimized by balls, whereas the non-local term tends to spread the mass, and is
maximized by balls. This last fact is a consequence of Riesz rearrangement inequalities (see
[57]).

1.1.3 Some variations of the liquid drop model

The most studied variant of Gamow’s model is the following:

inf  P(E)+Va(E 1.1.2
et s T (B) + ValE) (1.1.2)

where
e P(FE) is the perimeter of E,

e Vo(E) = [pn % is the Riesz energy of F,

e n > 2 (the dimension of the ambient space), m > 0 and « € (0,n) are constants.

The physical case corresponds to n = 3 and a = 2. In this case, the Riesz energy boils down
to the electrostatic energy [r. o Sidzi.

It was shown in |33| by Figalli, Fusco, Maggi, Millot, and Morini, that if the mass m is
small enough, then the problem (1.1.2) admits a unique minimizer (up to translation), namely
the ball of volume m. See also the papers of Kniipfer, Muratov, Julin, Bonacini and Cristoferi
[53], [64], [51] and [10], for anterior and slightly less general results.

On the other hand, for a € (n — 2,n), it was shown in [64] that for m large enough there

is no minimizer of problem (1.1.2). This result was simultaneously proved in [58] by Lu and
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Otto in the physical case. See also [35] for a short proof with a quantitative bound, by Frank,
Killip and Nam.

In [36], Frank showed in the physical case that there exists a set which minimizes the
quantity (P(E) + Vo (E))/ |E|, thus proving that in Gamow’s model, there is a nucleus with
the least energy per nucleon.

In [33], the authors studied a generalization of problem (1.1.2), where the perimeter term
is replaced with a non-local perimeter.

Another interesting variation consists in replacing the repulsive Riesz energy with a re-
pulsive energy involving another kernel. Let K € L'(R™). Problem (1.1.2) can be rephrased
as

EcR}}}'fE‘:mP(E) + ExEK (z — y)dzdy,

with K(z) = |#|*™". In |70], Rigot considered the above problem with K an L' compactly
supported function, and proved that it has a minimizer for any mass m. The following papers
are posterior to the present work. In [67], Pegon proved the same result in the case of radially
symmetric non-increasing kernels K with some regularity and integrability conditions at infin-
ity. He also showed that, under the same conditions, after rescaling, the problem I'-converges
to the classical isoperimetric problem as the mass m goes to +oo. In [65], Muratov and Simon
considered the kernel ]w\_g in dimension 2, and also studied the minimizers of large mass.

In [3], Alama, Bronsard, Choksi, and Topaloglu studied problem (1.1.2) with the addition
of a confining background potential of the form % They proved that it admits a minimizer
for any mass m, and study the minimizers as Z — 0.

In [44], Goldman, Novaga and Roger studied the small mass minimizers of problem (1.1.2)
with the addition of the Willmore energy.

As shown in [24], Gamow’s liquid drop model is also related to diblock copolymers, and
the Ohta-Kawasaki functional. This is also an active field of research, see for instance [2]| and
[82].

1.1.4 Our problem

To restore the existence of a minimizer for large masses in (1.1.2), we add the energy associated
to the potential A |x|5 to our functional, as we expect it to counter the spreading effect of the
V, term. Thus we are interested in the following modification of the original problem (1.1.2):

inf  Eup4(E):=P(E W(E) + Uz A(E), 1.1.3
er sy S AE) 1= P(E) + Va(E) + Us 4(E) (1.1.3)

where
o Us A(E) = [, Alz|® da,
e A>0and S > 0 are constants.

As easily proved in Section 1.2, we indeed have the existence of a minimizer in (1.1.3) for
any mass m.

In section 1.3, we extend some known results about minimality of small balls, and the
domain (of masses m) of local minimality of balls (depending on the parameters o and ). We
do not give complete proofs, but recall briefly the techniques used in [33] to get these results.
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In section 1.4, we study large volume minimizers (i.e. when m is large) of (1.1.3) when
«a < . More precisely we prove the following theorems:

Theorem 1.1.1. Given a € (0,n), >0 and A > 0, assume o < 3. Let (Ep)m>o0 be a family
of minimizers in (1.1.3), such that |Ey,| = m, and let E, be the rescaling of E,, of the same
1

mass as the unit ball centered at the origin, B (ie E, = (%)E E,.). Then, up to modifying

the sets (Ep,) by some sets of measure 0, the boundaries of the sets (E},) Hausdorff-converge
to the boundary of B as m — +o00.

However, from Proposition 1.3.3 we know that if § < 1, then large volume minimizers are
not exactly balls. Indeed, in this case large balls are not even locally minimizing. On the
contrary, in the case 8 > 1, if we assume in addition that a > 1, then we have:

Theorem 1.1.2. Given a € (0,n), 8> 0 and A > 0, assume 1 < a < . There ezists a mass
my = mi(n,a, 3, A) > 0 such that for any m > my the ball of volume m centered at 0 is the
unique minimizer (1.1.3), up to a set of measure 0.

We conjecture that this last theorem holds also for any a € (0,1] as long as 8 > 1.
However, this seems to require different techniques.

1.2 Existence of a minimizer in (1.1.3)

In this section, we prove the following easy proposition:

Proposition 1.2.1. As long as A > 0, problem (1.1.3) admits a minimizer for any mass
m > 0.

Notation. We denote by B the unit ball of R”, and by B[m] the ball of volume m centered at
0.

Proof. Let (Ex) be a minimizing sequence for the variational problem (1.1.3). By replacing
Ej, with the ball B[m] if necessary, we can assume

ga,ﬁ,A(Ek) < 506757A(B[m])7 for all k£ € N. (1.2.1)

Set g(z) = Al|z|. As g(x) | ‘—> +o00, we can take a sequence of positive radius (Rj)ren and
x| —+o0

a sequence of positive constants (A;);en such that A; Jjo +oc and for all @ ¢ Bpg,, g(v) > Aj.
For any j € N, the sequence (E; N BRg;)ren is a sequence of uniformly bounded Borel sets, with
uniformly bounded perimeters. Indeed, the inequalities P(Fj N BRJ.) < P(Ey), P < &84
and (1.2.1) together give P(Ey N Br;) < Eq,p,4(B[m]) for all k.

Therefore we can extract a L'-converging subsequence of (Fk ﬂBR]-)k;eN- Doing that for all
j € N and using a diagonal argument, we get a subsequence of (Ej)ren that converges locally
in L' to a Borel set £ C R™. Using the lower semi-continuity of the perimeter and Fatou’s
lemma in V,(E)) and Ug a(Ey), we get that

Ea,p,A(E) < liminfEq g 4(Ep). (1.2.2)
—00
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Now we show that |E| = m. By Fatou’s lemma, from |Eg| = m, we get |E| < m. Also, for
any j € N, from the inequalities U A(Ey \ Br;) < Ug a(Ey), Us a < Ea .4 and (1.2.1) we get

Us A(Ey \ Br;) < Eq,p,A(BIm]). (1.2.3)
But
Up,a(Er \ Br,) = / g(z)dz > A; |Ey \ Bg,| . (1.2.4)
E}\Br;
Thus (1.2.3) and (1.2.4) together give
Eap.AB
0 B, | = m — | B\ By | = m — Se2a Bl
J
Taking the limit £ — oo, then j — 0o, we obtain
& B
|ENBg,| >m— a”ﬁ’jl[m], then |E| > m.
J
Thus |E| = m. With (1.2.2), it means that F is a minimizer of the variational problem
(1.1.3). 0

Remark 1.2.2. 1t is clear from the proof that Proposition 1.2.1 is true if we replace the potential

Alz|? by any L} . non-negative function g such that g(z) | ‘—> +00.
x|—+00

1.3 Extension of some known results

In this section we recall two known results about the variational problem (1.1.2), and extend it
to (1.1.3), recalling only the techniques used in [33|. The first result states that if the mass m
is small enough, then problem (1.1.2) admits a unique (up to translation) minimizer, namely
the ball of volume m. The same holds for problem (1.1.3):

Proposition 1.3.1. Given a € (0,n), B >0, A > 0, there ezists a constant mo(n, «, 5, A) > 0
such that for any m € (0,mg), problem (1.1.3) admits the ball of volume m centered at 0 as
1ts unique minimizer.

It is a direct consequence of the same theorem for problem (1.1.2) (see [33, Theorem 1.3]),
as balls centered at 0 are also volume-constrained minimizers of Ug 4. This last fact is a
consequence of Riesz inequality regarding symmetric decreasing rearrangements (see [57] for
rearrangement inequalities). Note that Proposition 1.3.1 is true if we replace the potential
Alz|? with a radially symmetric non-decreasing function g.

The second result deals with local minimality of balls.

Terminology 1.3.2. We say that a set E C R” of volume m is a L'-local minimizer in (1.1.3)
if there exists € > 0 such that for any set ' C R"™ such that |F| = |E| and |EFAF| < ¢,
Ea,p.A(E) < Eapa(F).

In the case of problem (1.1.2), we know from [33, Theorem 1.5] that there exists a m, > 0
such that if m < m., then B[m] is a L'-local minimizer in (1.1.2), and if m > m, then B[m]
is not a L'-local minimizer in (1.1.2). As stated in the next theorem, the addition of the U 4
term may modify this situation, but we can still apply the techniques used in [33] to get a
similar result.
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1.3. Extension of some known results

Proposition 1.3.3. Given o € (0,n), 8> 0 and A >0,

1. if a > B, then there exists a mass my(n,a, B, A) > 0 such that if m < m., then Blm] is
a L'-local minimizer in (1.1.3), and if m > m, then B[m)] is not a L'-local minimizer
in (1.1.3),

2. if o = [, then either the same holds, or (if « > 1 and A is small enough) Blm] is a
L'-local minimizer in (1.1.3) for any m >0,

3. if a < B and B > 1, then there exists a mass my(n,a, B, A) > 0 such that if m > m,
then B[m)] is a L'-local minimizer in (1.1.3),

4. if a < B and B < 1, then there exists a mass my(n,a, 3, A) > 0 such that if m > m,
then B[m] is not a L!-local minimizer in (1.1.3),

5. if a < B and B =1, then the conclusion of either 3 or 4 holds (depending on the value
of A).

Remark 1.3.4. The conclusions in points 3, 4 and 5 are less precise than in points 1 and 2.

Ideas of the proof. The method used in [33] still applies to our functional £, 54 = P+ Vo +
Ug 4. Given m > 0, let us proceed to a rescaling of the functional and set

1/n
m
' <|B|> and  Eapaq =P+ vV +9 U,

so that for any set E of volume m, the set E* = %E has volume |B| and

EapaAlE) =" 0 p.a~(E).

Thus we are reduced to finding the values of v > 0 such that the unit ball B centered at 0 is
a local minimizer of £, g 4 -

Following [33, Section 6] we can compute the second variation of £, g 4 at B. The terms
P and V, are treated in |33| and the term U 4 adds no further difficulty. We find that given
any smooth compactly supported vector field X, such that the volume of B is preserved under
the flow (®;X);~0 of X, we have:

a_ ,,« AB
0%Eq B)[X| = A — M) (1= AAte e T HT 48 __ 4P
8.4+ (B)[X] kz;é( k— A1) < (v + -

> ap(X - vp)?
+ ’)/H_BABCH(X . I/B)Q,

where

2

o 0%€0p.44(B)X] = (0,844 (2F (B))]i=0,
e vp is the unit outer normal vector to 0B,
e a;(X - vp) are the coefficient of the function X - vp : 0B — R with respect to an

orthonormal basis of spherical harmonics,
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Chapter 1. Large volume minimizers

o )\ = k(n+ k — 2) is the k-th eigenvalue of the Laplacian on the sphere 0B,
e L is the k-th eigenvalue of the operator R, defined by

Rou(z) := 2/ Md%"fl(y), vu € C1(0B).
op |o—y[""

From there we deduce that, defining

a _ ,,« A
Se={y>0:1- W@% +71+6% >0,k > 2}, (1.3.1)
k— /N1 k— A1

if v ¢ S, then there exists a vector field X such that
‘qth(B)‘ =|B| and E,pa~(¢7(B)) < Eap.a,(B) fortsmall enough.

Thus B is not a L'-local minimizer of Eapayif v ¢ Sy
Now let us set

~ o « A
Si={y>0:1- ’yHaLC ad! +'yl+57ﬂ

0, Yk > 2}. 1.3.2
Sy o VR =2 (1.3.2)

We assume v € S, and explain how to show that B is a L'-local minimizer of Ea,B,A~- First,
we note that it is true in a certain class of nearly spherical sets. More precisely, let FE be a
nearly spherical set associated to a C! function v : 9B — R:

E :={s(14+u(x))z, xr€0B, 0<s <1}

Assume that [E| = |B| and [, lz|°"22zdz = 0. Then, using some explicit computations
and Taylor expansions, we can show that there exist some constants €(n, «, 5, 4,7) > 0 and
C(n,a, B, A,7) > 0 such that if [[ul|c1(sp) < e(n, a, 8, 4,7), then

Ea,p,a4(E) = Eapan(B) 2 Cn,a,B,A,7) (HUH%Q(ﬁB) + HV(U)H%Z(GB)) : (1.3.3)

Next we argue by contradiction and assume that we have a sequence of Borel sets (E}) such
that for any k, |Ex| = |B|, £a.8,4+(Ek) < Eap,4~(B[m]) and |E,AB| v 0. We consider a
—00

set Iy solution of the penalized problem:
inf{€,8.4~(F)+ M|EAE,|,E C R"},

with M > 0 to be taken large enough. The role of the set F} is to be "close to Ei", and to be
a A-minimizer in the sense that

P(F;) < P(E)+ A|EAFy|, for any Borel set E.

Thus we show that F}, is a A-minmizer for some A uniform in &, and that |F;AB| . 0, which
—00

implies by classical regularity theory that Fj is an almost spherical set. Up to translating and
rescaling Fj, we can apply inequality (1.3.3). Only simple manipulations are left to get a
contradiction.
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1.4. Large volume minimizers for o < 3

At this stage we have two sets Sy and S, defined by (1.3.1) and (1.3.2), such that if

1/n  ~ 1/n
(%) € S, then B[m] is a L'-local minimizer in (1.1.3), and if (%) ¢ S, then Blm] is

not a L'-local minimizer in (1.1.3). We are left to study the variations of the functions

ApB
Wk >2
VD VR v VR

,y,_>1_71+a“g_:“(11

to get the conclusions of the theorem. This is done in Appendix 1.A. O

1.4 Large volume minimizers for a < (8

1.4.1 Hausdorff convergence of large volume minimizers for a < (8

Here we prove Theorem 1.1.1, i.e. that large volume minimizers of (1.1.3) are almost balls
if @ < B. Note that if 8 < 1, we know that large volume minimizers are not exactly balls.
Indeed, in virtue of Proposition 1.3.3, balls are not even local minimizers in this case.

The idea behind the proof is that if o < 3, then for a Borel set £ C R" of volume m > 0
with m large, the predominant term in &, g A(F) is Ug (E). This can be seen by rescaling:

EapA(E) =" (P(E*) + VL (EY) + 71+5u5,A(E*)) : (1.4.1)
1
where we have set v := (%) " and E* := %E As the unique volume constrained minimizer

of Ug 4 is the ball B[m], this implies that if £ is a minimizer of £, g 4 at mass m for m large,
Up A(E) must be close to U 4(B[m]). This in turn will imply that E is close to B[m]. Note
that according to the rescaling (1.4.1), proving Theorem 1.1.1 is equivalent to proving that if
(Ey)y>0 is a family of Borel sets such that |E,| = | B|, and each set E, is a volume-constrained
minimizer of the functional

EapAry =P+ Vo + 91U 4, (1.4.2)

then, up to modifying each set E, by a set of measure 0, the boundaries of the sets (E,)
Hausdorff-converge to the boundary of the unit ball B centered at 0 as v — +oo. First we
will show the following convergence in measure:

Lemma 1.4.1. We have
|EyAB| — 0.
")/—)OO

We will need the following stability lemma for the potential energy Ug 4.

Lemma 1.4.2. For any Borel set E C R"™ of volume |B|, we have

Ap

EAB|?.
8P(B) | |

Up A(E) —Up.a(B)) >

Proof. Let E C R™ be a Borel set of volume |B|. Define r; > 0 and r2 > 0 to be such
that {z € R":m <|z| <1}| = {x e R*": 1 < |z| <ry}| = |E\ B| = |B\ E|. Explicitely,
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Chapter 1. Large volume minimizers

1 1
ry = (1 - n%) " and ro = (1 + n%) ". We then have

Up,a(E) —Up a(B) = /

E

2/ Alz|P da —/ AlzlP dx
{zeR™: 1<|z|<r2} {zeR™: r <|z|<1}

(for  — ||” is radially symmetric non-decreasing),

2 1
= AP(B) (/ rPrnldr / rﬂrn_ldr>
1 T1

_ AP(B) (rg-l—ﬁ 1 (1 _ 7“?4_5))

Alz|? dz —/ Alz)? dz
\B B\E

n+
_ AP(B) [E\ B\ "
e ((1+”p<3>> !

. ( (-2 )) | (143

Now, setting A := # and f(r) = ((1 +r)—1— (1 —(1- r))‘>), we have
P =20 =1 (4024 1= ) 2 A= 1)

As f/(0) = £(0) = 0, we get f(r) > A\ — 1)%, which yields the result with (1.4.3). O
Lemma 1.4.1 is then easily deduced from Lemma 1.4.2 :

Proof of Lemma 1.4.1. We have

VHBZ’{B,A(EV) < ga,B,Aﬁ(Ev)
S ga,ByAv’Y(B)
= P(B) + 7" *Va(B) + 7' *PUs a(B),

Us,a(By) — Us A(B) < fw (P(B) ++"+Va(B)).

This implies Ug A (E~) —Us 4(B) — 0, which concludes the proof thanks to Lemma 1.4.2. O
Y— 00

We are now in position to prove Theorem 1.1.1.

Proof of Theorem 1.1.1. Let (E,)y>0 be a family of Borel sets such that |E,| = |B|, and each
set E, is a volume-constrained minimizer of the functional

Eapany =P+ + 10U 4.
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1.4. Large volume minimizers for o < 3

We need to show that, up to modifying each set £, by a set of measure 0, the boundaries of
the sets (E£,) Hausdorff-converge to the boundary of the unit ball B centered at 0 as v — +o0.
Step one. We show that given R > 1, for v large enough we have E, C Bg, up to a set of
measure 0. )
. : . E n
Given R > 1, set F' = p(E, N Bg), with p > 0 such that |F| = |B|, ie p = (%ﬁ) =

1

n E,\B
(ﬁ) " where u = %. We have
Y

Ea,B

) 7A7’y

(F) = "' P(Ey N Bg) + p"t*y" "V, (E, N Bg)
+ Mn+’8’)fl+’8U5,A(E,y N Br)
< W P&, 5.a~(Ey N BR). (1.4.4)

n+pB8
t<

v

Take n > 0 to be chosen later, and then ¢ > 0 such that for all v € [0,¢), (%)
1+ <# + 77) v. According to Lemma 1.4.1, if v has been taken large enough, we can assume

that u < e, and so u"# < 1+ (# + 77) w. Then, using P(E,NBRr) < P(E,), Vo(E,NBR) <

Va(Ey) and
Us A(E,) —Us A(Ey N Br) > A|E, \ Br|R”,

we find

n 4+
ga,ﬁ,A,'y(F) < (1 + <IB + 77) ) ga,,B,A,’y(EW N BR)

n+ 3
< Eapan(By) =7 TPAIE, \ Br|R® + (n + 77> u€a.p,a(Ey)

n+ ﬁ
(( > gaﬁ,Aﬁ(E’y) - ’YHBARB ‘B|> u

< Eapan(Ey) + <<n i ﬁ > Eapan(B) =y TPARP \B[) u. (1.4.5)

+

= Ea,p,4(

But as v — o0,

Eapan(B) =g, A( )+ o(y 1)

1,8 1+
* AWFBP(B)JrO('V+ )

1+/3A ]B| + 0( 1+,B)_
So with (1.4.5),

n
ga,57A7-y(F) < 8a,/37A77(E,y) + <’)/1+6A |B| (1 + mn — RB) + 0(714‘5)) U

Recall that R > 1, so that if n has been taken small enough, we get that for v large enough,
EagAr(F) < Eapar(Ey), with equality if and only if u=0, i.e. E, C Bgr up to a set of
measure 0.
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Chapter 1. Large volume minimizers

Step two. We show that given ¢ > 0, for v large enough we have Bi_; C E,, up to a set
of measure 0. This is done by taking some mass of F, outside a certain ball Br and putting
it in £y N B, for a well chosen r. In the proof we use Lemma 1.4.4 below to show that the
perimeter decreases under such a transformation for a well chosen r € (1 -0, 1). On the other
hand, the increase of V, is compensated by the decrease of U 4 if v has been taken large
enough.

Let us set I' = B\ £, and € = ¢/2. From lemma 1.4.1 we know that if v has been taken
large enough we have |F| < |B| (%)n Thus we can apply lemma 1.4.4 below with 7o =1 — ¢,
to get ar € (1 —0,1—¢) such that

P(F,B,) > H" Y (FNoB,). (1.4.6)

As |E,| = |B|, we have |E,\ B| = |B\ E,| > |B, \ E,|, so there exists R > 1 such that
|Ey \ Br| = |B; \ E,|. Now let us set

E/ = (B, N Bgr)UB,,

and compare £, 4~ (F;) and €y 5 4 (Ey). Using classical formulae for the perimeter of the
union or the intersection of a set with a ball (see [43, remark 2.14]), we have

P<Eiy) = Hnil(Ev NOBR) + P(EV7FTC N Bgr) + Hnil(Efy NoB,),
P(E,) = P(E,, B) + P(E,, B,° 0 Bg) + P(E-, By),

so that

P(E) — P(Ey) = H""'(E, N 0Bg) — P(E,, Bg)
+ 1" (ESNOB,) — P(Ey, By). (14.7)

From the classical inequality P(E,NBg) < P(E,), we get that H"~!(E,N0Bgr) < P(E,, B),
so (1.4.7) gives

P(E.) — P(E,) < H"Y(ESN0B,) — P(E,, B,).

But
H* Y ESNOB,) =H" (ESNBNIB,) =H"'((B\ Ey) NOB,),

and

So, recalling that F' = B\ E,, we obtain

P(E.) - P(E,) <H" Y(FN0B,) — P(F,B,)
<H""YFNdB,) - P(F,B,),

so by the choice of r,
P(E;) < P(E,). (1.4.8)

Now we estimate the variation of V,. Let us define the non-local potential:

N dy
‘PE(UC)Z/EW'
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1.4. Large volume minimizers for o < 3

With this notation, we have

Val) Vol = [ o~ [ ot

vy vy ’ EW

N T B
BNE, 7 JE\E, 7 JE\E, B \E,

<4 sup [[F]lo | By \ EL|. (1.4.9)
|F|=|B|

By the Hardy-Littlewood rearrangement inequality, we have, for any F' C R" such that |F| =
|B| and x € R",

q)%(@:/ yn—a:/ {nif}dyﬁ/ Z—dy =C(n,a).
Flr—yl n |yl re |y

So (1.4.9) yields

Va(EL) = Va(Ey) < C(n,a) |Ey\ Byl. (1.4.10)

As for Ug 4, we have

Us A(E.) — U a(Ey) = /

Alz|P dx —/ AlzlP dx
Br\E,

Ex\Br

< / ArPdz — / ARPdz
By\E, E-\Br

< / A(l —¢)Pdz — / Adx
BT\EW EW\BR
= A((1 =2/ B\ Byl ~ |, \ Brl)
—A(( =2 = 1) B\ B
This last estimate with (1.4.8) and (1.4.10) gives
Eapta ) = Eapan(By) < (¥F0C(n,0) 9104 (1= )" = 1)) B, \ B

As E, is a minimizer, we have £, .4 (E.) —Eap,4~(Ey) > 0, so for a <  and +y large enough
(depending only of n, a, 3, A, §), this last inequality implies

IB,\ E,| =0, ie B,CE,,

up to a set of measure 0. This concludes Step two.
Step three. The first and second steps show that for any k € N*, there exists v, > 0 such
that for any v > v, there exist some sets P, ; C B and @ C B¢ of measure 0, such that

Bl—l/k - (Ev U ch) \ Qi C Bl+1/k-
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Chapter 1. Large volume minimizers

For any v > 0, let us define the sets

]DV = U P%k and Q’Y = U Q'\/,k?

{keN*1y>v; } {keN*:y >y}

and .
Ey = (EyUPy)\ Qs

Then, for any v > 0, £, and 177 are equal up to a set of measure 0, and for any k£ > 1, for any

Y > Ve, N
By 11 C Ey C Biyae
In particular, we have
sup d(z,0B) — 0. (1.4.11)

—~ —
r€OEy 7o

Reciprocally, let y € 0B. For any k > 1, for any v > 7, we have
(1-2/k)y € Ey and (1+1/k)y ¢ E,
so there exists t € [1 —2/k, 1+ 1/k| such that ty € 857. In particular,
d(y,0E,) < 2/k.

This shows that .
sup d(y,0E,) — O.
yé(‘)pB (y FY) Y400

With (1.4.11), we get that that boundary of E converges to the boundary of B in the Hausdorff
sense when v goes to +o00. This concludes the proof. O

Remark 1.4.3. With this proof, we see that the result of Theorem 1.1.1 is also valid for any
a € (0,n) and B > 0 if, instead of letting the mass m go to 400, we let the quantity Ay%~®
1

g0 to oo (with v = <%)Z)
Lemma 1.4.4. Given F' CR" a set of finite perimeter, ro > 0, and € > 0, assume that
F<Bl(5)" (1.4.12)

Then, there exists r € (ro —e,79) such that,

P(F,B,) > H" Y (FNoB,). (1.4.13)
Proof. We argue by contradiction and assume that (1.4.12) holds, and

Vr € (rg —e,m0), P(F,B,) < H" Y (FNaB,).

Adding H"~Y(F N dB,) to both sides, this is equivalent to

P(FNB,) < 2H" Y (FNaB,).
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1.4. Large volume minimizers for o < 3

Using the isoperimetric inequality we get

(FﬁBT]

nT_l n—1
B > P(B) < 2H" Y (FNOB,). (1.4.14)

Now set for r > 0, f(r) = |F N B,|. We can assume f(r) # 0 for all r € (ro —,79) otherwise
the lemma is trivially true. We have for almost all r € (0, 00),

f(r)=H""YFNoB,).
Thus (1.4.14) gives for almost all r € (rg — &, 79),

1 eoi P(B) _|Blf
Wl T > o e =

Integrating on the interval (rg —€,79), we get

1
1 1 _g|B|»
f(ro)% — flro —e)h > S
S0
1€ |B\%
flro)w > ———,
which contradicts (1.4.12). O

1.4.2 Large volume minimizers = balls for a < f and § > 1

Here we prove Theorem 1.1.2; i.e. that if we assume in addition that o > 1, then large volume
minimizers are exactly balls. We conjecture that the theorem is also true when « € (0, 1], as
long as 8 > 1. For § < 1, it cannot be true as we know from Proposition 1.3.3 that for m
large the ball B[m] is not even a local minimizer. Note that in dimension 1, using Theorem
1.1.1, one can perform some computations to show that the theorem is indeed true under the
more general assumption 8 > max(1, a).

The proof relies heavily on the following simple lemma:

Lemma 1.4.5. If a > 1, then there exists a constant C(n, ) > 0 such that for any set E C R™

of volume |E| = |B|, we have

[} a dx
[2Elc1@mny < C(n, ), where @F(x) _/ .
E |z —yl

This lemma is not true as soon as a < 1, where we just get a-Holder continuity instead of
Lipschitz continuity. We refer to |10, Proposition 2.1| for a proof.

Proof of Theorem 1.1.2. Rescaling the functional as usual, we need to show that for + large
enough, if £ C R” is such that |E| = |B|, and E is a volume-constrained minimizer of £, 5.4 4
(see (1.4.2)), then E=B. Let us show that for v > 0 large enough, we have

YFVUE) + 7 PUs A(E) > v Vo (B) + 4 PUs A(B). (1.4.15)
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Chapter 1. Large volume minimizers

The theorem will then result from the isoperimetric inequality: P(E) > P(B) if E # B. We
divide the proof of (1.4.15) into two steps. In step one we compare F to the subgraph of a
function over the sphere, by concentrating the mass of E' on each half line through the origin.
In step two, we show that (1.4.15) holds for subgraphs of sufficiently small functions over the
sphere.

Step one. For any x € 0B, define u(z) € R by the equation

1+u(z)
/ " ldr = / Lypepr™ tdr. (1.4.16)
0 R4
Then, set
E,={t(1+u(x)),t€][0,1), z € OB}. (1.4.17)
We have
1+u(z)
| By :/ / "l drdH T (2) (1.4.18)
B Jo
= / / Lypepr™ tdrdH" 1 (2) (1.4.19)
B JR,
= |E|, (1.4.20)

thus E), satisfies the volume constraint. Now we estimate the variation of Ug 4. From Theorem
1.1.1 we know that, taking v large enough, we can assume Bi C E. Thus we have
2

uﬁ,A(Eu)—uﬁ,A(E):/ A|xy/3dx—/ Alef da

:/ / Arﬂrn_ld?{”_l(x)
9B J(5u(x))
— / / Lrpep ArPrt=tdH" 1 (x)
OB (%,oo)

:/ </ ArPrn—ldr — Arﬁr”_ldr> dH" 1(z), (1.4.21)
o 1

(5.u(@)) Eqy

where we have set )
EIIZ{TZ§ZT$€E}.

Here we need a simple lemma from optimal transportation on the real line.

Lemma 1.4.6. Given a measurable set S C (1/2,00) such that [¢r™ tdr < oo, let u > 0 be

such that
/ r"ldr = / r"dr.
S (l u)

2

Then, there exists a unique non-decreasing measurable map T : (1/2,u) — (1/2,00) such that

Lgr" tdr = T#(]l(l/Zu)rn_ldr),
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1.4. Large volume minimizers for o < 3

i.e. for any non-negative measurable function f,
/ f(r)yr"tdr = / F(T(r))r"dr. (1.4.22)
S (1/2,u)

Moreover, we have
Vr e (1/2,u), T(r) > r.

Proof. The existence and uniqueness of the map T is given by the result |75, Theorem 2.5].
Only the fact that T(r) > 7 needs to be checked. For r € (1/2,u), taking f = 1(; /27 in

(1.4.22) yields
/ e —/ ]lT(t)ST(r)tnfldt.
SN(1/2,T(r)) (1/2,u)

Let us argue by contradiction and assume that T'(r) < r. As T is non-decreasing, the previous
equality yields

/ t"—ldtz/ de
SN(1/2,T(r)) (1/2,7)
> / " de
(1/2,7(r))

> / t"lat,
SN(1/2,T(r))

which gives a contradiction. This concludes the proof. O

For each x € 0B, we apply this lemma to S = E, to get a corresponding map T,. Then,
(1.4.21) becomes

Us A(Ey) —Up a(E) = /8B (/(1 o (ATB - ATm(r)B) r"_ldr> AR Nz).  (1.4.23)

Now let us compute the variation of the Riesz energy V,, in a similar fashion :

Voc(Eu)—Va(E):/u %u—/ﬁ%
_/u %qu/uq)%_[Eq)%“_/,f’%
:/ (®%, +0F) - /E( © 4 DY)
/83 /1/2 (@) &, + %) (rz)

& 4+ ) (Tu(r)2)] r" tdrdH" ! (2). (1.4.24)

To estimate (1.4.23) and (1.4.24), we use the two following inequalities:

1
Vi€ OBYs 2> it o < —C(B)lr— s,
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Chapter 1. Large volume minimizers

(®F, + @) (rz) — (PF, + @) (sz) < C(n,a)[r — 5],

where the second inequality comes from Lemma 1.4.5. With these and (1.4.23) and (1.4.24),
we get

(Y ValBa) + 7 Us a(B) ) = (Y4 ValB) + 74U a(E) )
<[ [ () =P ACE) - L) o),
OB J(1/2,u(x))

From this inequality we get that if 7 is large enough (depending only on n, «, 8, A), then
YFVL(EY) + v PUs 4(BY) < ATVL(E) + 4 PUs A(E). (1.4.25)

Step two. We show that there exists € = e(n, a, 8, A) > 0, such that for any « large enough,
if HuHLoo(aB) < g, then

YHVLUB) + 1 PUs A(B) < AT VL(EL) + v PUs A(EL). (1.4.26)

Remark that by Theorem 1.1.1, the condition ||ul|z~@p) < € is satisfied if v has been taken
large enough. The inequality (1.4.26) will result from this computational lemma, whose proof
is postponed :

Lemma 1.4.7. Given a measurable function u: 0B — R with ||ul|p~@p) <1, set for t >0

E; = {s(1 +tu(z))x, x € 0B, s€[0,1)}.

Assume that |Ey| = |B|. Then, for t small enough, depending only on the dimension n, we
have )
t
Us A(Ee) = Us a(B) + A8 [l o) — Ol B)E 2o (1.4.27)
and
t? 2
Va(Br) 2 Va(B) = 5 ([uie = a(n+ ) ulfom)
= )t (Jufoe + aVa(B) 02z om)) (1.4.28)
where

—u 2
[uﬁ o = /aBXBB ]u(m) (y)’ dr}_[n—l(x)dr}_[n—l(y)

= o=y

Indeed for o > 1, we have

, 2@ + [ 13131 gt
e < [ A @i )

2
—4 / Nl g1 gyapmn-1(y)
oBx0B |T — Y

— C(n,a) /8 (@) an @)
=C

(n, 0‘)”“”%2(83)’
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1.4. Large volume minimizers for o < 3

so that (1.4.28) gives

t2 :
Va(Et) = Va(B) - 50(n704)HUH%2(aB) — C(n, )t ||ul2(pp)-

This implies that for ¢ small enough, depending only on n and «, we have
Va(Er) > Va(B) = 2C(n, ) ||ul|72(op)-
Likewise, we get from (1.4.27) that for ¢ small enough, depending only on n, § and A, we have
Up A(Er) > Us a(B) +£2C(n, B, A)l|ull 72

These last two inequalities imply that there exists e = e(n, a, 8, A) > 0, such that if [[ul| L (95) <
g, then

VH—QVa(B) + 'YH_BMB,A(B) < '71+aVa(Eu) + 'Yl—wuﬁ,A(EU)
+ (VHQC(H,O&?@A)HUH%?(BB) — 00 (n, OéaﬁaA)HUH%%BB)) )
which in turn implies (1.4.26) for v large enough.

The estimate (1.4.15) is now a consequence of (1.4.25) and (1.4.26). The theorem results
from (1.4.15) and the isoperimetric inequality. O

Proof of Lemma 1.4.7. The proof of (1.4.28) is given in [33, equation (5.20)], under the hy-

pothesis [lulc1gpy < 1 instead of [lu|p~(pp) < 1. However it is clear from the proof that it

holds also for ||ul[ @) < 1 only. (The reason why it was stated with the stronger hypothesis

lullcrapy < 1 is because it is needed to get the corresponding estimate for the perimeter.)
Let us prove (1.4.27). Using spherical coordinates, we can compute

1+tu(z)
Up A(Ey) = / / A \rx]ﬁ r"fldrdanl(m)

/ / 1+ tu(z))"PritAldrd i (2)
oB

:/ Aﬂq{nl
oB

n+f
Setting h(t) := [y5(1 + tu)"PAH"!, we then have Uy a(Er) — Us a(B) = 745 (h(t) — h(0)).
The Taylor Lagrange inequality gives
tu)? tu)3
(1+tw)" P > 14 (n+B)tu+ (n+B)(n+ 6 — 1)( Z) — C(n, ﬁ)(g)7
So
1 _ n—1 _ (tu)® 1 3 3 3q/n—1
(h(t) — h(0)) > tudH" "+ (n+5—-1) ——dH"" = C(n,p)t u’dH
n+p OB oB 2 oB

t
2/ tud?—["_1+(n+ﬁ—1)/ (tu)’ S —dH T - (n,ﬁ)t3||uH%2(aB).
oB o 2
(1.4.29)
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Chapter 1. Large volume minimizers

Now we use the volume constraint |E;| = |B| to estimate [ tu. The volume constraint can be

expressed as
/ (1+tu)"d7—[”_1:/ LdH™ 1,
oB oB

and so
/ tudH" ! = / <tu ! (1 +tu)" — 1)) dn"
OB OB n
= — Z 1 <Z> / (tu)kd”;‘-[”_l
o oB
n—1 e
z——— / (tu)2dH" L — C(n)t3\|u||%2(aB) (1.4.30)
OB
This with (1.4.29) gives (1.4.27). O

1.A Appendix: study of the sets S, and S, from the proof of
Proposition 1.3.3

In this appendix, we give explicit forms of the sets S, and Si, needed in the proof of Proposition
1.3.3. Let us define, for all £ > 2, a function f; : (0,00) — R by

Ap
— 1 _~lta L Y )
Ji(y) L vy Wi A v w

Then, the sets S, and S, from the proof of Proposition 1.3.3 are defined by
S, ={Vk>2 fr >0} and S, ={Vk>2 f >0}

As stated in [33, equations (7.4), (7.5) and (7.6)], we have

a5 D) (Tt T )
2 o (558 >< =y _r<"—§+a>> ifae(0,1),
a _ ) a2 D950 [ T(%39) D(k+25%) .
/‘I’k; = 2 ( ) ( (n 2+a) F(k+7z—§+a)> lf o € (1,n), (].A].)
n—l / n—1 n—
dm Mk+25-)  T'(*5) e
e (r<k+"g1> == )) ifa=1.

Recall also that for any k > 0, Ay = k(n + k — 2). Now let us treat each case enumerated in
Proposition 1.3.3 separately.

Case 1: a > 3. A simple study of the sign of f; shows that each fj, is increasing from 0 to
a point 7k, then decreasing from 7 to +00. Furthermore, fx(0) = 1 and lim fx = —o0, so
each fr has exactly one zero and is positive left of this zero and negative right of it. At last,
for any constant K > 0, fx(7y) kjol uniformly in v < K. Putting these facts together shows

that the sets §* and S, have the forms:

Sy =(0,m,) and S, = (0,m.],
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1.A. Appendix: study of the sets S, and S, from the proof of Proposition 1.3.3

for some critical mass m, > 0 (depending on n, «, 8 and A).
Case 2: a = (. For any k, fi is either decreasing or increasing or constant (depending on
the size of A). If none of them is decreasing, then for any k, fi > fx(0) =1, so

S* — S* — (0, —I-OO).

Otherwise the same arguments as in case one shows again that

Sy =(0,m,) and S, = (0,m.],

for some critical mass m, > 0 (depending on n, o, § and A).
Cases 3, 4 and 5: o < . A simple study of the sign of f; shows that each fj, is decreasing
from 0 to a point 7, then increasing from ~; to +o00, and we have:

1+a o o )\PF
Ve = (W(Mk - Ml)) . (1.A.2)

Another simple computation shows that

1+8
B—a

Lt « «
l+a )Baﬂ—a(ukm) (1.A.3)

AB(1 + B) 1+8 M-\

We must treat the subcases o > 1, =1 and a < 1 separately.
Subcase one: o > 1. We use the following classical Stirling formula:

), o ()

Pk +75%)
D(k + =249 koo

min f = fr() =1 - (

to find that

11—«

With (1.A.1), this means that the sequence (uj) is bounded. As Ay 0,00, we get from
— 00

(1.A.3)
min fr, — 1.
k—o0

Thus there exists an index kg such that
" k:o kO
Se=({fe >0} and S.=[){fr >0} (1.A.4)
k=2 k=2

As for any k, lim o, fr = 400, we get that S, and S, both contain an unbounded interval,
which is what we wanted.

Subcase two: o = 1. We use the classical asymptotics of the digamma function %:
F/
_— ~ 1
I (iL') T—+400 n(m)7

to find that, according to (1.A.3),
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We conclude as above.
Subcase three: a < 1. Once again we use the asymptotics
L'k +"5%)

~ kl—a
D(k+ 2=2t2) ksoo

to find that
148 148
(/‘I’(]: B Htlx)ﬁ_a (kl_a)m _ 7(175)7(1+a) (1 A 5)
)\k -\ k—o0 k2 - . o
If B8 > 1, once again we have
min f — 1,
k—+o00
and we conclude as above. If 8 < 1, then we have
min fj k~>—+>oo —00 (1.A.6)
Also, by definition we have
o [0
1+aMi+1 — M1 1+ AP
k1) — 1= "+
fiera () Tk Ak+1 — A1 T Ak+1 — A1
As the sequence (uj) is increasing we get
a_ Qo A,B
e e MK s AB
frera(w) =1 < = YD VD VI
Ak — A1
= B AL B
(Felow) = D
— —00. (1.A.7)

k—o00

With (1.A.6), this means that

ks Y1) € (SN (S)°.
Moreover, from (1.A.2), we have 7 k—> 400, 80 S, and S, are both bounded, which is what
—+00
we wanted. At last, if 5 =1 we find using (1.A.5) that there exists a constant C, such that

. C
min f, — 1 — —5—.
k—o0 AP-a

1+ . 1+ ~
For AB-« > (C\, we conclude as in case one. For AB—« < C,, we conclude as above that S,

1ta
and S, are both bounded. For A8-» < C,, we have to use the following more precise form of

Stirling’s approximation:
2 rxN\* 1
rw o~ () avol,
@ A (E) arold)

Proceeding to simple asymptotic expansions, we find that for £ large enough we have
min fr > 0.

We conclude as in case one.
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CHAPTER 2

Numerical minimization

In this Chapter we present our method and results for the numerical minimization of the
variational problem (1.1.3). We apply this method to the original problem (1.1.2). Indeed,
the theoretical knowledge we have so far on problem (1.1.2) raises two natural questions. Is it
always the case (i.e. for any value of a € (0,n)) that there is no minimizer for m large enough?
Is there a set of parameters n, a and m, such that there exists a minimizer that is different
from a ball? Our numerical results indicate that in dimension 2, the answers are positive and
negative respectively.

2.1 Preliminaries

2.1.1 TI'-convergence

In this section, we introduce the notion of I'-convergence, which we will be using to justify
our numerical method. This is the notion of convergence of functionals one generally wants
to use when studying variational problems. We refer to the book [12] for more details about
I-convergence. The lecture [6] also contains a brief introduction to I'-convergence that is
sufficient to our needs.

Definition 2.1.1. Let X be a topological space, F a real functional on X, and (F:)eso a
family of real functionals on X. We say that F. I'-converges to F as € goes to 0, and we write

F. L0> F, if the two following assertions hold:
e—

1. for any uw € X and any family (uc)e>o of X such that u. —>0u, we have
E—r

lim inf F; (us) > F(u),
e—0

2. for any u € X, there exists a family (uc)e>o of X such that u. Hou and
e—

lim F.(ues) = F(u).

e—0

When dealing with the perimeter term, we will also use the following relaxation of the
I'-convergence definition. This definition and notation is not standard.
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2.1. Preliminaries

Definition 2.1.2. With the same notations as in the previous definition, we say that F.

f—converges to F as € goes to 0, and we write F. —F—O—> F, if the assertion 1 of the previous
E—r

definition holds for any u € X, and the assertion 2 holds for at least one u € X that minimizes
the functional F.

Remark 2.1.3. We will actually use the following equivalent two assertions

e for any u € X and any family (uc)e>o of X such that u. U, we have
e—

lim inf F, (us) > F(u),
e—0

e for any u € X (respectively, in the case of f—convergence, there exists a minmizer u € X
of F such that), there exists a family (uc)e>o of X such that u. Ho u and
E—r

lim sup Fe(us) < F(u).

e—0

Remark 2.1.4. We also say that a sequence of functionals (Fy) I'-converges to a function F
if the assertions above hold with € and 0 replaced with N and +oo.

Both definitions guarantee that if, for any ¢ > 0, u. is a minimizer of F. in X, and the
family (u.) converges to u € X as ¢ — 0, then w is also a minimizer of F in X. To minimize
numerically a given functional F, our strategy is the following:

1. find a sequence of discrete functionals (Fy)nen that f—converges to F,
2. find numerically a minimizer uy of Fx for some N considered ’large’,

3. extrapolate a limit point u of the sequence (uy)nyen from the results. This u should be
a minimizer of F.

For point 3 to even have a chance to work, we need the sequence (uy)nen to be precompact:

Terminology 2.1.5. Following [6], we say that a family of functionals (F;)c>o defined on a
metric space X enjoys property (C) (for compactness) if for any family (u.)e>o of elements of
X such that (F.(ue))e>o is bounded, there is a subsequence of (uc)s>o that converges in X.

If a family of functionals (F.).>o enjoys property (C) and I-converges to a limit functional
F when € goes to 0, then we know that for € small enough, minimizers of F. are close to
minimizers of F.

To conclude this section, we have the following elementary proposition.

Proposition 2.1.6. If G : X — R s continuous and F. L0> F on X, then F.+G L()) F+G
£ e—>
on X.
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Chapter 2. Numerical minimization

2.1.2 Modica-Mortola theorem

The numerical treatment of the perimeter is classical. To deal with the perimeter term, we will
use the well-known Modica-Mortola theorem. This theorem allows us to relax the perimeter
functional on sets, i.e. charateristic functions, into a functional on functions taking values
in [0,1]. Therefore we will be able to use the vector space structure of functions and, after
disctretization (step three), usual optimization tools for functionals on R?.

Theorem 2.1.7 (Modica-Mortola theorem.). Let Q be a Lipschitz open bounded subset of R™
and € > 0. Let W be the double well potential defined on [0,1] by W(x) = x(1 —x). Let us set
o= 2f01 VW (u)du. We define the set X, and the functionals F. : X — R by

X = {u e LY(Q, [0,1]) : /u = m} . endowed with the strong L'-topology,
and

) {alfRn <€\Vu]2 +871W(u)) ifue H(Q,0,1)), o11)

400 otherwise,

If (ue)eso is a family of functions in H(,[0,1]) and E C Q is any measurable subset of €,
such that u. *O>]lE in L' (), then we have
E—r

P(E) < liminf F.(ue).
e—0
Moreover, if E CC § is a compact subset of Q of finite perimeter, then there exists a family
of functions (uz)e>0 in X, such that u. Ho 1g, and
e—

P(E) = lim F. (u.).

Finally, the family of functionals (F.) enjoys property (C).

Reader-friendly proofs of these assertions can be found in [6]. Here, we will only give the
following heuristic. If € > 0 is very small, then e =W (u) is very large, except if u is 0 or 1.
Therefore the minimizers of F. are functions that are equal to 0 or 1 except on a set of small
measure.

2.2 Method of the numerical minimization

We present a series of three modifications of the variational problem (1.1.3) to arrive at a finite
dimensional variational problem that can be easily numerically solved. All steps are justified
by a I'-convergence and compactness result.

Step one is standard when dealing with the perimeter. We use the classical Modica-
Mortola theorem to relax the functional on sets, i.e. charateristic functions, into a functional
on functions taking values in [0, 1]. This allows us to use the vector space structure of functions
and, after disctretization (step three), usual optimization tools for functionals on R?.

Step two is the key step for dealing with the non-local term V,. We replace the ambient
space R™ with a large square with periodic boundary conditions, whose size is a new relaxation
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2.2. Method of the numerical minimization

parameter. Then, we can approximate the non-local term V, by a simple expression in Fourier
variable.

In step three, we discretize the problem by considering only trigonometric functions with
frequencies lower than some integer N, and by computing the integral terms with riemann
sums.

Let us now describe and justify each step precisely.

Step one. We use the classical Modica-Mortola theorem to replace this problem on subsets
of R", i.e. functions taking only values 0 or 1, with a problem on functions taking any value
between 0 and 1. Let m > 0. First, remember that we proved in the proof of Proposition 1.2.1
that minimizers of our problem (1.1.3) are uniformly bounded. Let €2 be a Lipschitz bounded
open set such that one minimizer of (1.1.3) is compactly included in Q. Given a (small) € > 0,
we define the set X, and the functionals . : X — R and 7 : X — R by

X = {u e LY(R™,[0,1]) : U, =0 and /u = m} ., endowed with the strong L'-topology,

and
o [ <g IVul® + ;flvv(u)) +Va(u) + A [o u(z) |2’ da
: 1
£y = 10 < Y@ 01) 221)
400
| otherwise,
P(E) +Vo(E) + A [ |2]° da
ifu=1 ith £ CQ
Flu) =T e WA (2.2.2)
+o0
otherwise,
where we have used the natural notation Vo (u) = [; u(z)u(y) dxdy, and W is the following

R xR™ |m_y|n—a
double well potential on [0,1]: W(x) = z(1 — x). Then, from the Modica-Mortola theorem
and the fact that the two last terms of the functionals F. and F are continuous on X, we have
the following proposition.

Proposition 2.2.1. The following f—convergence holds on X , endowed with the strong L'(R")-
topology.
F. —— F.
e—0

Moreover, (F¢) enjoys property (C).

Step two. For simplicity, we will first reduce the domain of definition of F., and use a
stronger topology in this step. Let us set

X = {u e L'(R™,[0,1]) : uj, € HE(©,]0,1]), uj,. =0 and /u = m} ,

endowed with the weak H'(R")-topology. The non-local repulsive term has a simple expression
in Fourier variable :

C(n,a)

Va(u) = o)

[ e ia©rac, (2.23)
Rn
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2073 1(2)
r(=z*)
This can be seen by noting that Vo (u) = [uZy(u) with Z,(u) the Riesz potential of u, and
using the Fourier expression of the Riesz potential (see [77, Part V]). To exploit this formula,
we will replace the ambient space R™ with a large torus of size T' > 0. Thus we will approximate

Va(u) by

with @ the Fourier transform of v and C(n, a) := , and I" the usual gamma function.

—

2k
= leer@)?, (2.2.4)

Vo (u) = C(n,a) Z

" kezZn\ {0}

where ¢ r(u) = f(_; Ty u(a;)eﬂiTkm dz is the k-th Fourier coefficient of u on [-7/2,T/2]",
272 —
for some (large) T' > 0. More precisely, let us define the functional F. 7 : X’ — R by

Fer(u) = 0_1/ (e|vu\2 +5_1W(u)> FVar@ +A [ u@) |z’ do
n Rn

Then, we have the following proposition.

Proposition 2.2.2. The following T-convergence holds on X', endowed with the weak H'(R")-
topology:
Fer —— F.. (2.2.5)
T—o00

Moreover, (Fer)r>0 enjoys property (C).

We emphasize the following remark:

Remark 2.2.3. To prove property (C) in this step, the assumption that all functions are
supported in a given bounded set €) is important. Numerically, we also observe that the
method fails without this assumption. See Section 2.3 for further comments.

Let us prove Proposition 2.2.2.

Proof of Proposition 2.2.2.

Proof of property (C). Let (ur)r>o be a sequence of X’ such that (F. 7 (ur))r>o is bounded.
Then, (ur)rso is bounded in H'(R™), so up to taking a subsequence, it converges weakly to
a function v € H'(R™). Up to taking another subsequence, we may also assume that the
convergence hold almost everywhere. So, u takes its values in [0, 1], and we have uge = 0. In
particular, we also have ujq € H} (). The condition [u = m is verified as well by dominated
convergence. Hence property (C) is verified.

Proof of the liminf inequality for T'-convergence. Here we assume that (ur)rso is a se-
quence of X’ that converges to a limit u € X’ with respect to the weak H!(R")-topology. We
need to show that

lim inf fg’T(uT) > Fe(u). (2.2.6)

T—oo

Because of the weak H'(R™)-convergence, we have

liminf/ Vur|® z/ Vul?. (2.2.7)
T—oo Jrn Rn
By Fatou’s lemma, we also have
liminf [ W(ur) E/W(u) and liminf/ ur |z|? 2/u\:{:|5. (2.2.8)
T—o00 Rn T—o00 Rn
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We are left to show that
liTm inf Vo r(ur) > Val(u). (2.2.9)
—00

Setting o7 = C(,%Z):) (Va,r(ur) — Val(u)), (2.2.9) is equivalent to

liminf 7 > 0.
T—o00

Recalling equation (2.2.3) and definition (2.2.4), we have

27 2k7r _
= (T) - \CkT ur)|® —/|§’ £)? de
keZr\0
21 Qkﬂ' 2k7r _
-(5) = [k
kezm\ {0}
_(2m\" 2k |~ (%i) _ | 2km - A(%J)Q
—\7T T | [“TVr T W
keZ™ {0}
’ k7r SR
+ 2m\" 2km |7 (zlﬂ) ’
T T 4Ty
kezZ™\ {o}
|27 >R
2\ " 2km|™¢ 2km
+ <T> 2. 7| [
kezZ™\ {0}
‘Qkﬂ—|<R

— - d d
/|€< €7 Ja(e) 2 e — /| G

=: S1(T,R) + So(T, R) + S3(T, R) — I, (R) — I2(R),

with obvious notations. We have
Sy > 0, (2.2.10)

and

I < R / ()7 d = (2m)"R—° / W2 < (27" R / W= (20" Rm,  (2.211)

where we used the isometry property of the Fourier transform and the fact that w takes its
values in [0,1]. From (2.2.10) and (2.2.11) we deduce

liminf 67 > liminf S1 (7, R) + liminf(S3(7T, R) — I1(R)) — (2m)"R™“m. (2.2.12)
T—o0 T—o0 T—o0

As the Fourier transform is 1-Lipschitz from L'(R") to L>°(R"), and uy — u in L'(R"), we
have

VE e R™, || (&) — a(§)1?] < (D),
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with (7)) — 0. Thus,

T—o0
2\ " 2km |
< T <[ = —_— T). 2.2.1
v<sitr<(F) X | e (2213
kez™\{0}
B |<n
We are left to show that
2\ " 2km|™¢
limsup | — — 00,
T—)oop ( T > Z

kezZ™\{0}
| %7 <R

to conclude that S1(7T, R) — 0. But this comes from the fact that

T—o00

2\ " Z
kez™\{0}
[22<n

2km

h e, 2,
T:;/%R €)7o de (2.2.14)

Indeed using the monotonicity of x — x=¢

27 2(k+1)m\ “ _ 27 2km\ ¢
i -~ 7 < Y < — -
P2 ) == 2 ()

0<2kr<R 0<2kr<R

, we have in dimension 1,

From this we deduce convergence (2.2.14) in dimension 1, and the convergence in any dimension
can be shown with the same idea. In conclusion, we have Si(T, R) v 0 and so (2.2.12)
—00

becomes
lim inf 7 > lim inf(S3(T, R) — I1(R)) — (27)"R™ “m. (2.2.15)
T—o0 T—o0

Given n > 0 small, we have

1S3(T, R) — h(R)| <

2\ " 2% |7 2%k |? o
(F) > & | - [ ek
kez™\{0} n<|éI<R
n<|2E|<R
2m\" 2% |7 2k |? IR
* (T) > | || |t /§|< €7 [a€) > dg| . (2.2.16)
keZ™\{0} <
0<| 237 |<n

In the right-hand side of this last inequality, the first term goes to 0 as T" — oo by classical
convergence of Riemann sums for continuous functions on a nice domain. For the second term,
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we use the estimate ||@||p~ < ||u||f1, and convergence (2.2.14), to get

/ €0 de
1€1<n

/ €7 Jae) 2 de
[€]<n

limsup |S3(T, R) — I, (R)| = 0.

T—o0

From this and (2.2.15) we deduce

lim sup [ S5(T, R) — [, (R)| <

T—o0

[

+ lullZs

and so letting 1 go to 0,

liminf é7 > (27)"R™“m,
T—o0

and so letting R go to oo we get hm mf dr = 0, and so (2.2.9) is proved. Putting (2.2.7),

(2.2.8) and (2.2.9) together concludes the proof of (2.2.6).
Proof of the lim sup inequality for T'-convergence. Let u € X'. We need to find a sequence
(ur)7T>0 of X’ that converges to u weakly in H*(R™), such that

limsup F. 7 (ur) < Fe(u). (2.2.17)

T—o0

We simply set up := u, for every T' > 0. We only need to verify that limsup Vo 7(ur) < Va(u).

T—o0
We procede to the same computations as for the liminf inequality, using S1, So, S3, I1 and I
as above. We deal with the terms Ss, I1 and I5 exactly as above. The term S is 0 here. For
So, we use the isometry property of the Fourier transform to write

27 \" 2km | 2%k |?
T.R)=|— - il
|2 >R
27\ " ol o 2kT 2
< <T> Z R UT(T)
e
(27T)n/ 2
< —a ur
R (,%7%)n
= (2];2 / u?  for T large enough.

This is enough, with the previous estimates, to conclude that (2.2.17) holds. This concludes
the proof. O

Step three. As the final step, we discretize the variational problem. In this step, we will
use the functional space

X" :=wue H' ((=T/2,T/2)") : u=my,
{e o [ }
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endowed with the weak H'((—T1/2,T/2)")-topology. Let us assume that T is large enough
so that Q CC (=T/2,T/2)". If u € X" takes its values in [0, 1] and verifies u € HZ () and
u|,. = 0, we may extend it by 0 outside of (=7/2,T/2)", to get a function u € X', and define
Fer(u) == Fer(u). Otherwise, we set F. r(u) = 4+o0. This way, the functional F, r is well
defined on X”. For N € 2N* large, we consider the space

. 2imp o s N N, T
Ey = {u € Vect(e'T )ke{_gﬂ ..... Nin Vje{-——=+ 1,...,5} , u(jﬁ) € [0,1],

For u € E, we set

]6{7%+177%}n
and 5
T T T
= A(=)" — ) |j= .
Uan =AY iy
Then, we define the functional F. 7y : X” — R by

B o le f(,l Tyn |Vu]2 + 0'_15_1WN(U) + Va’T(u) +uﬂ,A,N if ue€ By,
Fern(u) = 22

+00 otherwise.

Then, we have the following proposition.

Proposition 2.2.4. The following T-convergence holds on X", endowed with the weak H*((—T/2,T/2)")-
topology:
Fern —— For. (2.2.18)
N—o00

Moreover, (Fer.N)N>o enjoys property (C).

In the proof of 2.2.4, we will use the following technical lemma, which shows that a trio-
gonometric function whose frequencies are lower than N is well represented by its values on a
grid with step size 1/N.

Lemma 2.2.5. Let (uy) be a converging sequence in L?([0,1]™), such that for every N € 2N*,
uy € Vect(62””“"”),66{_g_Irl Nyn- Then, for any bounded uniformly continuous functions
2 T

¢:R—=>Rand ¢ :[0,1]" = R, we have

LS w()eun) - (2)6(un (2))dz| —s 0.

NTL n N—o0
jeLzrao,1)n [0.1]

Equivalently, for any T > 0, let (un) be a converging sequence in L*([-T/2,T/2]"), such

that for every N € 2N*, uy € Vect(e21?7%"7”),66{_&_’_1 Nyn- Then, for any bounded uniformly
N1,
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2.2. Method of the numerical minimization

continuous functions ¢ : R — R and ¢ : [-T/2,T/2]" — R, we have

B e [ v oo

N N N—o00
]E{_?+177?}n

Proof. We only need to prove the lemma in the case of functions on [0,1]". For N € 2N*
ke {—% +1,..., %}”, let us define the function e} : [0,1)" — R by setting,

1 o
Y€ LU N0, Yrej+[0,1/N)", e (z) = H.

We also define
aN = Z CL (UN)enga

ke{—5+1,... 5"

where the (ck(u]\/))ke{_g_s_1 Ny, are the Fourier coefficients of uy. Then, we can rewrite
2 T
(2.2.19) as

/[0 ) - /W bun)

Let (Kn) be a sequence of positive integers, diverging slowly enough (to be precised later) to
+00. We define some functions vy and vy by

UN = g Ck(UN)€k7
ke{—Ep 41, By yn

N = Z cr(un)er .

ke{—EN 41, ENyn

— 0. (2.2.19)

N—oo

As (uy) converges in L?([0,1]™), we have

lun = vn 2oy = 0

Also, noting that the family (el) xy is orthonormal in L%(]0,1]™), we have
2

ke{—&+1,.,

lan = onllzz (o =2 O-

The function ¢ being uniformly continuous and bounded, it is easy to show that (2.2.19) is
equivalent to

| s - [ et)| o

[0.1]" [0, N=o0

which is in turn equivalent to
1
— o(vn (g —/ o(v — 0. 2.2.20
Ne D sO)- [ elw) o, (2:2.20)
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Now, we have

[Von|lpe < > |27k [cx (un)]
k‘E{— +1, 7KN }n
< C(n)Kn > ek (un)]|
kE{* +17 7KN }n
1/2
< C(n)Kn(Ky)"? > e (un)? (2.2.21)

= C(n) Ky onll 2 o.1m)-

where we have used the Holder inequality in (2.2.21), and C'(n) denotes a constant depending
on n only. From this last estimate, we get

1
Vje 2" N[0, 1)" Va € j +[0,1/N)",

n/2+1

lon(5) = vn(2)] < C(n) lonllz2 o117 -

Denoting by wg the modulus of continuity of ¢, this yields

=Y el - / b(on)

n
JE~N L7znn[0,1)" [0.1]

< ¥ / on(5)) = dow)|

jE&ZnN[0,1)n +O,1/N)"

Kn/2+1
< n)—= v n
P> S (() Y flowllzaqon >>

Z"ﬂOl

Kn/2+1
= wg (C(”) ]\][\7 ||UN\L2([0,1]n)> :

Choosing (K ) such that K]T\L,/QH/N e 0, and recalling that the sequence (vy) is bounded
— 00

in L2([0,1]™) (because (uy) is), the last inequality concludes the proof. O

Proof of Proposition 2.2.4.

Proof of property (C). Let (un) be a sequence of X such that for any N, uy € Ey,
and (F.rn(un)) is bounded. Then, (uy) is bounded in H([-T/2,7/2]") so, up to taking
a subsequence, it converges weakly in H'([-T/2,T/2]"), strongly in L?([-T/2,T/2]"), such
that [u=m

Proof of the iminf inequality. Let (uy) be a sequence of X" that converges to a function
u € X", and such that for every N € 2N*, uy € En. We need to show that

liminf . r n(un) > Fer(u).
N—oo
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We may assume that the left hand-side is finite. Up to taking a subsequence, we may then
assume that (F. 7 n(un))nvean+ is bounded. Because of property (C), up to taking another
subsequence, we may assume that (uy) converges strongly in L?((—7/2,T/2)") and almost
everywhere to u.

Let us show that u takes its values in the interval [0, 1], and that u,. = 0.

To prove that u takes its values in [0, 1], let us argue by contradiction and assume it is not
the case. Then, there exists a continuous function ¢ : R — R, that is compactly supported
in the complement of [0, 1], and such that

/(T7T)n ¢(u) > 0.

Applying Lemma 2.2.5 with ¢ = 1, we find

By the dominated convergence theorem, this can be rewritten as

oy, 0w =0

which gives a contradiction. So u takes its values in [0, 1].
To prove that u),. = 0, we also argue by contradiction, and assume it is not the case.
Then, there exists a continuous function v : [-T7/2,7/2]" — R that is supported in Q¢, and

such that
/ Pu > 0.
(_%7%)”’

which gives a contradiction. So u,. = 0.
By the weak H'((—T/2,T/2)") convergence, we have

lim inf/
N—oo (-

By the strong L?((—T/2,T/2)") convergence, we have

Vs [ (vl
Z)n _T Z)n
’2 272

©[N

lim Vo r(un) = Va,r(u).
N—oo
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Thus, the only problematic terms are Wy and Ug o n. Let us apply Lemma 2.2.5 to (un),

with v = 1 and ¢ = W, where W is any uniformly continuous bounded extension of W. We
get

Wh (un) — /<g,g)n W (up) Njoo 0. (2.2.22)
By the dominated convergence theorem, we have
lim W(uy) = / W (u).
N—+o00 (,%7%)n (,%7%)n

With (2.2.22), this implies
i Wi (un) = /( P W (u).

Using the same stretegy, we may also show that

lim Ug an(un) = A/ u(z) |z|® dz.
(

N—+o00 T Tyn

272
Proof of the limsup inequality. Let u € X”. We need to find a recovery sequence (uy)
such that for any N € 2N*, uy € Ey, and

limsup 7. 7 n(un) < Fer(u)
N—o0

The domain of finiteness of F. 7 is
Dr.,={ue X" :ue Hj(,[0,1]) and ), =0}

The set C°° N Dx, ;. of smooth functions of D, ;. is a dense subset of Dz, ,. for the strong
HY((=T/2,T/2)")-topology. Moreover, the functional F. 7 is continuous over Dy, , for the
strong H'((—=T/2,T/2)")-topology. Therefore, we may assume that u € C> N Dx_,. Let
(ck)kezn be the Fourier coefficients of u, so that

u = g CkCk,

keZm
where ex(z) = exp(22k - z). For N € 2N*, we define
UN = Z CL€.
ke{—&+1,.. .5

The sequence (vy) cannot be used directly as a recovery sequence because it does not verify

N N, T T T
V]E{*E—l-l,...,g}, UN(jN)E[O,l], and ’UN(]N):O if ]N¢Q (2.2.23)

However, because u is smooth, by classical uniform estimates for the Fourier serie of a C"14

function, there exists a constant C' > 0 such that for any N € 2N*|

C
[u—oN|pe < :
Nn+3

(2.2.24)
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We recall that the discrete Fourier transform is a bijection: for any two familys of complex
numbers (wj)je{—%ﬂ,...,%}n and (dk)ke{—%ﬂ,...,%}”’ we have

N N, 1 §T
je{-5+1,... 5

. N N.. T
— (v] e{-FHL gt w= > dkek(jN)> (2.2.25)
ke{-4+1,... 5

Let p: R — [0, 1] be the projection onto [0, 1]. Let us set

N N {p(vwﬁ)) if j € ©,
2

VE _7_‘_17...77”’ w, =
Je{=5 } 7o it jZ ¢ Q.

Note that, because of (2.2.24), we have the estimate

T C
wj — UN(jN)’ < N (2.2.26)
Then we define
1 §T
C,]ﬁv = N Z wjek(*ﬁ)a

je{-4+1,... 5

Wy = Z cNep.

ke{-&+1,. .3

Then, by the bijectivity of the discrete Fourier transform, we have wN(%) = wj. Now, wy
verifies the constraints (2.2.23), but it may not verify [wy = m. However, we have

'/wN—m‘—T"‘céV—co‘

s 2 (wdh-wdD)

je{=4+1,... 3

" 5T 5T
s X |edpowdh
" iT
=N NZ N w]_UN(N)‘
Jje{—5+L,..., 5}
C
< N because of (2.2.26), (2.2.27)

We will modify the values wN(%) on a small subset of €2, so that the new values still verify

(2.2.23), but the mean of the new function is m. Recall that w is continuous, null outside £,
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and not identically null. In particular, there exists n > 0 and z € Q such that n <u <1—n
on B(x,n). Because of (2.2.24) and (2.2.26), we may also require, up to taking n smaller, that
for any N large enough,

N
Vje{—;%—l,...,;}", “—eB(x,n) = n<wy(=)<1-n. (2.2.28)

Let K be the cardinal of the set
N T
j ——+1,...,—}":=—¢€B .
ieF i Sy enem)
For N large enough, there exists j € {—5 +1,..., Z}" such that j € B(x,n), so that K # 0.
So we can set
5N — {TNnK (m— [wn) if % € B(z,n),

J 0 otherwise.

Note that, because of (2.2.27) and (2.2.28), for some constant C' > 0, we have for any N large
enough,

C
Nn+3 :

N N
Vie{-5+L.... 51" 677] < (2.2.29)

Finally, let us define

N 1 T 3T
N ._ N _
je{-5+1,... 5

UN = E Egek.

k€{7%+17 SN }77

Then, by the bijectivity of the discrete Fourier transform, we have

N §T §T
o wly) =y

) = wn(

N
Vie{-5 1. )+ 7.

and so by construction uy verifies the constraints (2.2.23). Moreover, we have

N
/uN =T1"¢,

e N I CA

]e{_%—"_lv 72}”

oo

=m.
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Thus we have proved that uy € En. By construction, for any j € {_% +1,..., %}n7 we have
gT T | GT v T
un (57) —ul)| = [on(57) 65 —ulF7)
_ N JjT
= |wj +9; “(N)'
JjT JjT 4T N
< |wj — UN(N)‘ + v () - u(N)‘ + |67
< N3 because of (2.2.26) (2.2.24) and (2.2.29),

for some constant C' > 0 independent of N. This implies

N N n ~N
Vke{_5+1,,§}, ’Ck—CkISW
From this estimate, we deduce
2 | =N 2
lu—un|gr—rja,r/2m) < C > IRP|E — ak
kezn
C
2 2, .12
D DR SR
ke{—5+1,.. 5 kg {- N 41, 3 n
¢ 2.2
<o+ > Pl
— 0.
N—+o0

So (uy) converges strongly to w in H'((—T/2,T/2)"). We can now conclude, using Lemma
2.2.5 as in the proof of the liminf inequality, that

Nl_igrloo Fern(un) = Fer(u).

This concludes the proof.

2.3 Numerical results

In the physical case, i.e. in dimension n = 3 and for o = 2, R. Choksi and M. Peletier
conjectured the following (see [24, Conjecture 6.1]):

Conjecture 2.3.1. Forn =3 and a = 2, as long as there is a minimizer in Gamow’s liquid
drop problem (1.1.2), it is a ball. Also, when there is no minimizer, the infimum of the energy
18 attained by a finite number of balls of the same volume, infinitely far away from each other.

As far as it is known, this conjecture may hold for any n and «. In any dimension n > 2,
for a close enough to n, M. Bonacini and R. Cristoferi proved that as long as a minimizer
exists for problem (1.1.2), it is a ball. Moreover, when there is no minimizer, the showed that
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the infimum of the energy is attained by a finite number of balls (of possibly different volumes)
infinitely fare away from each other, see [10, Theorem 2.12]. Our numerical results suggest
that in dimension 2, the conjecture holds for any « € (0,2) (i.e. the whole admissible range).
Note that if the conjecture holds, we can compute explicitely the mass mj(n,«) > 0 such that
there is a minimizer in (1.1.2) if and only if m < m4. Indeed, given m > 0, let us set

f(m) = P(B[m]) + Va(B[m]).

Then, define my, as the unique solution of

m

kf(7-) = (k+ 1S

_m
k+1
Note that kf(%) is the energy of k balls of volume m/k, infinitely far away from each other.
Using the homogeneity of P and V, we find that

ot oy o

mi = B ((k:)—ﬁ —(k+1)"% Va(B)

We also set my = 0. The sequence (my) is increasing. Then, an equivalent formulation of
conjecture 2.3.1, generalized to any dimension n and parameter a € (0,n), is:

Conjecture 2.3.2. If m € [0,m4], the ball of volume m is the unique minimizer of (1.1.2). For
m € (my,00), there is no minimizer in (1.1.2). Moreover, for any k € N* and m € [my_1, mg],
we have m
inf P(E)+ Vo (E) =Ekf(—).

pealtl P+ Va(E) = k()
In particular, as long as there is a minimizer in (1.1.2), it is a ball. When there is no min-
imizer, the infimum of the energy is attained by a finite number of balls of the same volume,
wnfinitely far away from each other.

To get minimizers of (1.1.2) for different volume constraint, we set the volume constraint
to 1 and add a constant ¢, to the term V,. Indeed, minimizing

inf P(E m Vo (F
ECnghE\:l (B)+ec (E)

is equivalent to minimizing (1.1.2) provided
Cm = mn (2.3.2)

The choice of T' is made so that, if ]lgm is the discretization of the ball of volume 1 with side
step %, we have
Vo (@) = Va(BI1)

Va(B1])

< 1%.
Meanwhile, given the number of discretization points N = 2!, we cannot increase T' too much,

otherwise the discretization of candidate minimizers is less and less precise.
For instance, for a« = 1 and n = 2, we have
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2.3. Numerical results

Vo, r(1§)—Va(B[1])

o for T' = 5m: V(B ~ (.08,
_ . Yar(AF)—Va(Bl])

o for T = 10m: ~=L VQB(B[l]) ~ 0.04,
_ . Var(IF)-Va(Bl) |

e for T'= 20m: L Vf(B[l]) ~ (0.01.

These numerical estimates lead us to chose T' = 20m. See Appendix 2.A for the method used
to compute V, (B[1]).
We display the results obtained for « = 1, and ¢, = 1.5,1.6 in Figure 2.1.

0,00 0,143 0,286 0,429 0,571 0,714 0,857 1,00 0,00 0,143 0,286 0,429 0,571 0,714 0,857 1,00

(a) Cm = 1.5 (b) Cm — 1.6

Figure 2.1: a =1, A =0, Q is a square.

Here the box € in which all functions are supported (see Section 2.2) has been chosen to be
a square of diagonal length 7 (and is represented by white lines). We emphasize that this box
is needed to get the right minimizers, both theoretically and numerically. Theoretically, the
condition that functions are supported in a fixed bounded set is needed for the compactness
property (C) (again see Section 2.2) to be satisfied, both in step one and in step two, as we let
the size of the domain 7" go to infinity. Numerically, without this box, for ¢,, = 1.5, simulations
yield two balls (instead of one as shown on Figure 2.1a) that get further and further away
from each other as T increases. But this configuration does not converge to an admissible
candidate, so it definitely does not converge to a minimizer.

We observe that for ¢,, = 1.6, we get two balls in opposite corners of the square €): it is
consistent with the expected repulsive behaviour of the non-local term V,. Moreover, using
(2.3.1) and (2.3.2), we find that, if conjecture 2.3.2 is true, there must be a minimizer up to
¢m =~ 1.67. Numerically, we find that there is a minimizer up to a constant ¢,, € (1.5,1.6),
which is relatively close to 1.67. We also observe similar results for different values of «,
including in the near field-dominated regime o < 1.

For © a disk of diameter , if one increases further c¢,,, we get three balls located near the
boundary of 2, as shown in Figure 2.2a for ¢, = 3.0. This is consistent with the conjecture
that the energy is minimized by balls of the same volume. To illustrate the effect of the
confining potential, we display in Figure 2.2b the minimizer for ¢,, = 3.0, A =1 and § = 16.

Finally, let us mention that the number of discretization points is N = 2! in each direction.
Numerical minimization is made using the solver IPOPT [83]. The computation time on a
standard computer is about an hour.
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0,00 0,143 0,286 0,429 0,571 0,714 0,857 1,00 0,00 0,143 0,286 0,429 0571 0,714 0,857 1,00

(a) A=0 by A=1

Figure 2.2: aa =1, ¢, = 3.0, 8 =16, Q is a disk.

2.A  Appendix: computation of V,(B[1])

Here we explain how we compute V,(B[1]) numerically, as needed in Section 2.3 to choose the
value of T'. In order to compute numerically the improper integral

dzdy
Va(B[1)) = / _dedy
B[1]xB[1] |z — |

we add a small term € > 0 to the denominator of the integrand. So we compute

dzdy
Va7E(B[]']) :/ 22—« :
B xB] |zt —y|” " +e¢

To control the error introduced by the parameter €, we need to estimate the difference A, :=
Va(B[1]) = Va,e(B[1]). We have

/ d:cdy _ / dzdy
BB |z —y*~*  Jepxsp lz—y* " +e

/ edzdy
BBl |z =y (Jz -y +¢)
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So
dzd dad
Ae < Lomylcr— g / Ljmyior — ot
B[1] ><B[1 |z — y| B[1]xBI1] e -yl Y2
dzd € dzd
< / La—y|<r Z a T oo / —
B[1]x lz —yl r ByxB o -y~
<

dxdy dxdy
]l‘y|<7" 2—a
B[1]xR? lyl Bu By >
d €
:/ 2yfa + 2— /
lyl<r Yl r B[] \yl

21d 21d
:%/ P dp, € Qw/”’ p
e

2, 3
_E(T +m),

1
for some r > 0. This last bound attains its minimum for r = ((2_‘%)5> ®. From there we
aT

deduce

et (5 (5)
a2—« o T2

A < 4%2\/5.

With a =1, we get

Now the proper integral V, (B[1]) can be expressed in polar coordinates, and computed with
arbitrary precision in the Julia language, using the HCubature package.

142



Bibliography

1]

2]

3]

[4]

[5]

[6]

[7]

18]

[9]

[10]

[11]

I. M. Adelstein and J. Epstein. Morse theory for the uniform energy. Journal of Geometry,
108(3):1193-1205, December 2017.

S. Alama, L. Bronsard, R. Choksi, and I. Topaloglu. Ground-states for the liquid drop and
tfdw models with long-range attraction. Journal of Mathematical Physics, 58(10):103503,
2017.

S. Alama, L. Bronsard, R. Choksi, and I. Topaloglu. Droplet breakup in the liquid drop
model with background potential. arXiv:1708.04292 [math-ph/, February 2018.

P. Albano. On the stability of the cut locus. Nonlinear Analysis: Theory, Methods &
Applications, 136:51-61, 2016.

P. Albano, P. Cannarsa, K. T. Nguyen, and C. Sinestrari. Singular gradient flow of the
distance function and homotopy equivalence. Mathematische Annalen, 356(1):23, 2013.

G. Alberti. Variational models for phase transitions, an approach via I'-convergence. In
G. Buttazzo, A. Marino, and M. K. V. Murthy, editors, Calculus of Variations and Par-
tial Differential Equations, pages 95-114. Springer Berlin Heidelberg, Berlin, Heidelberg,
2000.

E. D. Andersen and K. D. Andersen. The mosek interior point optimizer for linear
programming: an implementation of the homogeneous algorithm. In High performance
optimization, pages 197-232. Springer, 2000.

P. A. Ardoy. Cut and conjugate points of the exponential map, with applications.
arXiw:1411.3933 [math], November 2014.

P. A. Ardoy and L. Guijarro. Cut and singular loci up to codimension 3. Annales de
UInstitut Fourier, 61(4):1655-1681, 2011.

M. Bonacini and R. Cristoferi. Local and global minimality results for a nonlocal isoperi-
metric problem on RY. SIAM Journal on Mathematical Analysis, 46(4):2310-2349, 2014.

B. Bonnard, O. Cots, and L. Jassionnesse. Geometric and numerical techniques to com-
pute conjugate and cut loci on riemannian surfaces. In Geometric Control Theory and
Sub-Riemannian Geometry, pages b3—72. Springer, 2014.

143



Bibliography

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

A. Braides. Gamma-convergence for Beginners, volume 22. Clarendon Press, 2002.

H. Brezis. Multiplicateur de lagrange en torsion elasto-plastique. Archive for rational
mechanics and analysis, 49(1):32-40, 1972.

H. Brézis and M. Sibony. Equivalence de deux inéquations variationnelles et applications.
Archive for Rational Mechanics and Analysis, 41(4):254-265, 1971.

M. A. Buchner. Simplicial structure of the real analytic cut locus. Proceedings of the
American Mathematical Society, 64(1):118-121, 1977.

L. A. Caffarelli. The regularity of free boundaries in higher dimensions. Acta Mathematica,
139:155-184, 1977.

L. A. Caffarelli. The obstacle problem revisited. Journal of Fourier Analysis and Appli-
cations, 4(4):383-402, July 1998. Company: Springer Distributor: Springer Institution:
Springer Label: Springer.

L. A. Caffarelli and A. Friedman. The free boundary for elastic-plastic torsion problems.
Transactions of the American Mathematical Society, 252:65-97, 1979.

L. A. Caffarelli and A. Friedman. Unloading in the elastic-plastic torsion problem. Journal
of Differential Equations, 41(2):186-217, August 1981.

L. A. Caffarelli and N. M. Riviere. The Smoothness of the Elastic-Plastic Free Boundary
of a Twisted Bar. Proceedings of the American Mathematical Society, 63(1):56-58, 1977.

L. A. Caffarelli and N. M. Riviere. The lipschitz character of the stress tensor, when
twisting an elastic plastic bar. Archive for Rational Mechanics and Analysis, 69(1):31-36,
1979.

P. Cannarsa and C. Sinestrari. Semiconcave functions, Hamilton-Jacobi equations, and
optimal control, volume 58. Springer Science & Business Media, 2004.

F. Chazal and A. Lieutier. The “\-medial axis”. raphical Models, 67(4):304-331, 2005.

R. Choksi and M. A. Peletier. Small volume-fraction limit of the diblock copolymer prob-
lem: Ii. diffuse-interface functional. SIAM Journal on Mathematical Analysis, 43(2):739—
763, 2011.

M. G. Crandall and P.-L. Lions. Viscosity solutions of Hamilton-Jacobi equations in
infinite dimensions. IV. Hamiltonians with unbounded linear terms. Journal of Functional
Analysis, 90(2):237-283, May 1990.

J.-P. Demailly. Complex Analytic and Differential Geometry. Université de Grenoble I,
1997.

A. Demlow. Higher-order finite element methods and pointwise error estimates for elliptic
problems on surfaces. SIAM Journal on Numerical Analysis, 47(2):805-827, 2009.

144



Bibliography

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

T. K. Dey and K. Li. Cut locus and topology from surface point data. In Proceedings
of the twenty-fifth annual symposium on Computational geometry, pages 125-134. ACM,
20009.

M. P. do Carmo. Riemannian geometry. Birkh&user, 1992.

I. Dunning, J. Huchette, and M. Lubin. Jump: A modeling language for mathematical
optimization. SIAM Review, 59(2):295-320, 2017.

G. Dziuk and C. M. Elliott. Finite element methods for surface pdes. Acta Numerica,
22:289-396, 2013.

A. Figalli. Free boundary regularity in obstacle problems. arXiv:1807.01193 [math/, July
2018.

A. Figalli, N. Fusco, F. Maggi, V. Millot, and M. Morini. Isoperimetry and stability
properties of balls with respect to nonlocal energies. Communications in Mathematical
Physics, 336(1):441-507, 2015.

M. Focardi, F. Geraci, and E. Spadaro. The classical obstacle problem for nonlinear
variational energies. arXiv:1610.09827 [math/, October 2016.

R. L. Frank, R. Killip, and P. T. Nam. Nonexistence of large nuclei in the liquid drop
model. Letters in Mathematical Physics, 106(8):1033-1036, 2016.

R. L. Frank and E. H. Lieb. A Compactness Lemma and Its Application to the Existence
of Minimizers for the Liquid Drop Model. SIAM Journal on Mathematical Analysis,
47(6):4436-4450, January 2015.

A. Friedman. Variational principles and free-boundary problems. Pure and applied math-
ematics. Wiley, 1982.

A. Friedman and G. A. Pozzi. The free boundary for elastic-plastic torsion problems.
Transactions of the American Mathematical Society, 257(2):411-425, 1980.

N. Fusco and V. Julin. A strong form of the quantitative isoperimetric inequality. Calculus
of Variations and Partial Differential Equations, 50(3):925-937, July 2014.

N. Fusco, F. Maggi, and A. Pratelli. The Sharp Quantitative Isoperimetric Inequality.
Annals of Mathematics, 168(3):941-980, 2008.

F. Générau. Laplacian of the distance function on the cut locus on a riemannian manifold.
arXw:1911.07479 [math], December 2019.

F. Générau and E. Oudet. Large Volume Minimizers of a Nonlocal Isoperimetric Prob-
lem: Theoretical and Numerical Approaches. SIAM Journal on Mathematical Analysis,
50(3):3427-3450, January 2018.

E. Giusti. Minimal surfaces and functions of bounded variation, volume 80. Birkhauser
Verlag, 1984.

145



Bibliography

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

M. Goldman, M. Novaga, and M. Réger. Quantitative estimates for bending energies
and applications to non-local variational problems. Proceedings of the Royal Society of
Edinburgh Section A: Mathematics, 150(1):131-169, February 2020.

B. Guan. Second Order Estimates and Regularity for Fully Nonlinear Elliptic Equations
on Riemannian Manifolds. Duke Mathematical Journal, 163(8):1491-1524, June 2014.

P. Hartman and G. Stampacchia. On some non-linear elliptic differential-functional equa-
tions. Acta mathematica, 115(1):271-310, 1966.

F. R. Harvey and H. B. Lawson. The equivalence of viscosity and distributional subso-
lutions for convex subequations—a strong bellman principle. Bulletin of the Brazilian
Mathematical Society, New Series, 44(4):621-652, 2013.

J.-I. Itoh and R. Sinclair. Thaw: A tool for approximating cut loci on a triangulation of
a surface. Erperimental Mathematics, 13(3):309-325, 2004.

J.-I. Ttoh and M. Tanaka. The dimension of a cut locus on a smooth Riemannian manifold.
Tohoku Mathematical Journal, 50(4):571-575, 1998.

J.-I. Ttoh and M. Tanaka. The Lipschitz Continuity of the Distance Function to the Cut
Locus. Transactions of the American Mathematical Society, 353(1):21-40, 2001.

V. Julin. Isoperimetric problem with a Coulombic repulsive term. arXiv:1207.0715 [math],
July 2012.

D. Kinderlehrer and G. Stampacchia. An Iniroduction to Variational Inequalities and
Their Applications. Classics in Applied Mathematics. Society for Industrial and Applied
Mathematics, January 2000.

H. Kniipfer and C. B. Muratov. On an isoperimetric problem with a competing nonlocal
term i: The planar case. Communications on Pure and Applied Mathematics, 66(7):1129—
1162, 2013.

N. J. Korevaar. Convex solutions to nonlinear elliptic and parabolic boundary value
problems. Indiana University mathematics journal, 32(4):603-614, 1983.

J. Lee. Introduction to Riemannian Manifolds. Graduate Texts in Mathematics. Springer
International Publishing, second edition, 2018.

J. M. Lee. Riemannian manifolds: an introduction to curvature, volume 176. Springer
Science & Business Media, 2006.

E. H. Lieb and M. Loss. Analysis, volume 14 of graduate studies in mathematics. Amer-
scan Mathematical Society, Providence, RI,, 4, 2001.

J. Lu and F. Otto. Nonexistence of a minimizer for thomas—fermi—dirac—von weizsécker
model. Communications on pure and applied mathematics, 67(10):1605-1617, 2014.

F. Maggi. Sets of finite perimeter and geometric variational problems: an introduction to
Geometric Measure Theory. Number 135. Cambridge University Press, 2012.

146



Bibliography

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]
[72]

[73]

[74]

C. Mantegazza and A. Mennucci. Hamilton—Jacobi Equations and Distance Functions
on Riemannian Manifolds. Applied Mathematics & Optimization, 47(1):1-25, December
2002.

C. Mantegazza, G. Mascellani, and G. Uraltsev. On the distributional Hessian of the
distance function. Pacific Journal of Mathematics, 270(1):151-166, 2014.

C. Mariconda and G. Treu. Gradient Maximum Principle for Minima. Journal of Opti-
mization Theory and Applications, 112:167-186, January 2002.

M. K. Misztal, J. A. Baerentzen, F. Anton, and S. Markvorsen. Cut locus construction us-
ing deformable simplicial complexes. In 2011 Eighth International Symposium on Voronoi
Diagrams in Science and Engineering, pages 134-141. IEEE, 2011.

C. Muratov and H. Kniipfer. On an isoperimetric problem with a competing nonlocal term
ii: The general case. Communications on Pure and Applied Mathematics, 67(12):1974—
1994, 2014.

C. B. Muratov and T. M. Simon. A Nonlocal Isoperimetric Problem with Dipolar Repul-
sion. Communications in Mathematical Physics, 372(3):1059-1115, December 2019.

S. B. Myers et al. Connections between differential geometry and topology ii. closed
surfaces. Duke Mathematical Journal, 2(1):95-102, 1936.

M. Pegon. Large mass minimizers for isoperimetric problems with integrable nonlocal
potentials. arXiw:2003.01165 [math-phj, March 2020.

A. Petrunin. Semiconcave functions in Alexandrov’s geometry. Surveys in Differential
Geometry, 11(1):137-202, 2006.

Y. Renard and J. Pommier. Getfem-++. An open source generic C++ library for finite
element methods (hitp://home. gna. org/getfem), 2006.

S. Rigot. Ensembles quasi-minimaux avec contrainte de volume et rectifiabilité uniforme.
(Quasi-minimal sets with a volume constraint and uniform rectifiability). Mémoires de la
Société Mathématique de France. Nouvelle Série, 82, January 2000.

J.-F. Rodrigues. Obstacle Problems in Mathematical Physics. Elsevier, March 1987.

M. Safdari. The regularity of some vector-valued variational inequalities with gradient
constraints. Communications on Pure & Applied Analysis, 17(2):413, 2018. Company:
Communications on Pure & Applied Analysis Distributor: Communications on Pure
& Applied Analysis Institution: Communications on Pure & Applied Analysis Label:
Communications on Pure & Applied Analysis.

P. K. Saha, G. Borgefors, and G. Sanniti di Baja. Chapter 1 - Skeletonization and its
applications — a review. In P. K. Saha, G. Borgefors, and G. Sanniti di Baja, editors,
Skeletonization, pages 3—42. Academic Press, January 2017.

T. Sakai. Riemannian geometry, volume 149. American Mathematical Soc., 1996.

147



Bibliography

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

F. Santambrogio. Optimal Transport for Applied Mathematicians: Calculus of Variations,
PDEs, and Modeling. Birkh&auser, October 2015.

R. Sinclair and M. Tanaka. Loki: Software for computing cut loci. Fzperimental Mathe-
matics, 11(1):1-25, 2002.

E. M. Stein. Singular integrals and differentiability properties of functions (PMS-30),
volume 30. Princeton university press, 2016.

T. W. Ting. Elastic-plastic torsion problem III. Archive for Rational Mechanics and
Analysis, 34(3):228-244, January 1969.

T. W. Ting. Elastic-plastic torsion problem over multiply connected domains. Annali
della Scuola Normale Superiore di Pisa - Classe di Scienze, 4(2):291-312, 1977.

G. Treu and M. Vornicescu. On the equivalence of two variational problems. Calculus of
Variations and Partial Differential Equations, 11(3):307-319, November 2000.

G. M. Troianiello. Elliptic differential equations and obstacle problems. Springer Science
& Business Media, 2013.

J. B. van den Berg and J. F. Williams. Optimal periodic structures with general space
group symmetries in the Ohta-Kawasaki problem. arXiv:1912.00059 [math], November
2019.

A. Wichter and L. T. Biegler. On the implementation of a primal-dual interior point filter
line search algorithm for large-scale nonlinear programming. Mathematical Programming,
106(1):25-27, 2006.

148



	Introduction
	Obstacle problems
	Elastic-plastic torsion problem and medial axis
	Distance function and cut locus
	A variation of the elastic-plastic torsion problem on manifolds
	A non-local isoperimetric problem

	I Elastic-plastic torsion problem, distance function and cut locus
	Outline of part I
	Medial axis of a euclidean domain and elastic-plastic torsion problem
	The elastic-plastic torsion problem.
	M(): the -medial axis
	Elastic-plastic torsion problem and -medial axis

	Distance function and cut locus
	Introduction
	Proof of Theorem 2.1.11

	Cut locus and variational problem
	Introduction
	Regularity
	Equivalence of the two constraints
	Convergence of the non-contact set
	Semiconcavity

	Numerical computation of the cut locus
	Introduction
	-Cut locus
	Approximation with a variational problem
	Discretization
	Finite elements of order r on a surface approximation of order k
	Convergence of the lifted minimizers
	Convergence in measure

	Numerical illustrations
	Cut locus approximation
	Approximation of the boundary of Voronoi cells


	Appendices to part I
	Semiconcavity
	Tensor calculus and covariant derivatives


	II A non-local isoperimetric problem
	Outline of part II
	Large volume minimizers
	Introduction
	The classical isoperimetric problem
	Gamow's liquid drop problem
	Some variations of the liquid drop model
	Our problem

	Existence of a minimizer in (1.1.3)
	Extension of some known results
	Large volume minimizers for <
	Hausdorff convergence of large volume minimizers for <
	Large volume minimizers = balls for < and >1

	Appendix: study of the sets S"0365S* and S* from the proof of Proposition 1.3.3

	Numerical minimization
	Preliminaries
	-convergence
	Modica-Mortola theorem

	Method of the numerical minimization
	Numerical results
	Appendix: computation of V(B[1])



