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École doctorale n◦564 Physique en Ile de France
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Introduction

This manuscript presents a selection of scientific projects performed in the period 2011-
2020, as well as perspectives for future research investigations.

My research activities consist in the experimental study of ultracold atomic gases.
These laboratory systems, born with the first realizations of Bose-Einstein condensates in
1995, are small ensembles of atoms, well isolated from the environment and manipulated
with laser beams and magnetic fields. The variety of confining potential geometries, coher-
ent light-spin couplings and atomic interaction parameters leads to a rich phenomenology
of many-body quantum phases.

The interplay between quantum statistics and atomic interactions can be used to
generate many-body states in which particles are entangled together. Such collective
quantum effects are typically very fragile due to decoherence, via the coupling with the
environment. Nevertheless, coherence can be maintained in well isolated systems, and
their enhanced susceptibility make them highly sensitive measurement devices. In the
absence of entanglement between its constituents, the precision of a sensor is limited by the
sum of the quantum fluctuations of its parts – the standard quantum limit. Entanglement
between the constituents can be used to correlate their quantum fluctuations, leading to
an improvement of sensitivity beyond the standard quantum limit.

We investigated such a quantum-enhanced sensing with ultracold dysprosium atoms,
using their electronic spin as a magnetic field probe. Each atomic spin J = 8 can be
viewed as a set of 16 elementary qubits, that we manipulate using non-linear light shifts
to produce non-classical spin states. We demonstrated quantum-enhanced sensing using
gaussian squeezed, oversqueezed and N00N states, with a full microscopic characterization
that remains challenging in large atomic ensembles. Interpreting the non-linear light
shifts as a ferromagnetic interaction between qubits, we could explore a paramagnetic to
ferromagnetic quantum phase transition in a mesoscopic system, observing a quantum
critical behavior. We discuss extensions of these works to directly probe entanglement
between qubit pairs, produce N00N states as protected ground states of a Hamiltonian,
and to explore quantum Hall physics once the Bloch sphere is interpreted as a spherical
Landau level.

The versatility of ultracold atom settings make them relevant for the quantum simu-
lation of emblematic models of quantum many-body physics. A notorious example is the
study of the Fermi Hubbard model with ultracold Fermi gases in optical lattices. This
model is expected to capture the main phenomenology of high-Tc superconductors. Re-
cent progress in cold atom experiments allows one to start exploring its phase diagram in
a numerically intractable parameter regime.

The projects presented in this manuscript address another important ingredient of
quantum simulation with ultracold atoms, namely the simulation of charged particles
evolving in a magnetic field. The quantum states of a particle subjected to an orbital
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INTRODUCTION

magnetic field are organized in energy bands with a non-trivial topological ordering. The
quantum Hall effect occurring in two-dimensional electron gases is a direct manifestation
of this topological structure. We discuss here two different implementations of orbital
magnetic fields, the first one for atoms confined in optical lattices, the second one for
dysprosium atoms using their electronic spin as a synthetic dimension. Future projects will
explore the behavior of interacting gases in these structures, aiming to realize Abrikosov
vortex lattices in a mean-field regime, as well as analogs of fractional quantum Hall
states. We also plan to investigate topological systems of interacting fermions, targeting
a topological superfluid phase. This state of matter is expected to host exotic elementary
excitations bound at topological defects, the Majorana bound states. The latter are one
of the most simple instance of quasi-particles with a non-abelian quantum statistics. A
new type of quantum computation could be performed by manipulating these Majorana
excitations, the underlying topological properties leading to a strong protection with
respect to decoherence.

Most of the projects presented here were performed with an experimental apparatus
producing ultracold dysprosium atoms. This project was started in 2014 in the physics
institute of Collège de France, after a brief preparation stage at Ecole Normale Supérieure.
Besides my supervision as a principal investigator, this project is handled by Jean Dalibard
(professor at Collège de France) and Raphael Lopes (since 2018, CNRS researcher). It
involved a team of 6 PhD students (3 already defended, 3 ongoing) and 3 postdoctoral
researchers. This project aims at using specific properties of atomic dysprosium – large-
size electronic spin, rich optical spectrum with isolated narrow transitions – to reach novel
regimes for quantum enhanced sensing and simulation of gauge fields. I also present a
project on rubidium atoms in optical lattices subjected to a gauge field, that I performed
during my postdoctoral stay in Munich, in the group of Prof. Immanuel Bloch.
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1 Non-classical states of the electronic
spin of dysprosium

We present several projects in which we engineered complex quantum states in the elec-
tronic spin of dysprosium atoms. The electronic ground state of dysprosium atoms fea-
tures an exceptionally large angular momentum J = 8, which can be viewed as a meso-
scopic quantum magnet. Using spin-dependent light shifts, we could drive this spin in
quantum states with highly non-classical behaviors, such as coherent quantum superposi-
tions of distant classical states. We focus the discussion on the sensitivity of these states
to rotations (i.e. to magnetic fields inducing Larmor precessions), which is a standard
signature of non-classical behavior [1]. Besides this fundamental aspect, the quantum
enhancement of sensitivity demonstrated in our studies could also be used for quantum
metrology protocols [2]. The projects discussed in this chapter were realized in the period
2017-2019 and presented in three articles [3, 4, 5].

1.1 Quantum-enhanced sensing

1.1.1 Presentation of quantum-enhanced magnetic sensing

When pushing the sensitivity of a measurement apparatus to its limits, the intrinsic quan-
tum fluctuations of its constituents play a prominent role. In most cases, the fluctuations
of each element add up independently, leading to a shot noise scaling as

√
N , while the

signal increases as the number of elements N . This standard quantum limit can be im-
proved by entangling the constituents together, such that their quantum fluctuations are
correlated. The control over quantum fluctuations was first developed in quantum optics,
via the realization of gaussian squeezed quantum states of light [6, 7, 8, 9]. Such squeezed
states can be pictured as coherent states deformed in phase space, so that their quantum
fluctuations are reduced along one direction, improving the sensitivity to displacement in
phase space when measuring the mean response of the constituents. The sensitivity can
be further improved using more complex quantum states, which fluctuations no longer
obey gaussian statistics [10]. Ultimately, quantum mechanisms imposes a fundamental
bound on sensitivity, rooted in the Heisenberg uncertainty principle, and scaling with the
number N of constituents. The projects discussed in this section consist in the generation
of such non-gaussian quantum states, and their use for quantum-enhanced sensing.

The system used in our experiments is an uncorrelated ensemble of 162Dy atoms, with
an internal electronic spin of angular momentum J = 8. This spin can be decomposed –
via Majorana’s stellar representation [11] – as the collective spin of 2J = 16 elementary
spins 1/2, in a state symmetric upon exchange. Each of these spins can be viewed as
an elementary magnetic field sensor, based on its Larmor precession around a magnetic
field. The global sensivity of the ensemble of qubits is determined by the quantum state
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1. Non-classical states of the electronic spin of dysprosium
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Figure 1.1: Scheme of the different classes of collective spin states discussed in the main
text. The x axis refers to the corresponding range of sensitivities compared to the one of
an elementary spin 1/2.

of the collective spin and its response to rotation. We present below different classes of
collective spin states, and their corresponding magnetic sensitivity (see Fig. 1.1).

Coherent spin states

Measuring the spin projection provides an information on the Larmor precession angle
θ, with an uncertainty ∆θ = 1 for a single measurement with a spin 1/2. A set of N
uncorrelated sensors can at best decrease the measurement uncertainty down to ∆θSQL =
1/
√
N , which requires all spins to be aligned along a common direction n̂. For a collective

spin J , such a state corresponds to a coherent spin state

|n̂〉 ≡ |m = J〉n̂ ,
maximally polarized along n̂ and with isotropic transverse fluctuations (∆Jû)2 = J/2
(with û ⊥ n̂) [12].

Squeezing of gaussian quantum fluctuations

The magnetic sensitivity can be improved further using more complex spin states. The
most basic family consists of gaussian squeezed states, characterized by reduced quantum
fluctuations along a transverse direction (∆Jû)2 < J/2 (with û ⊥ n̂) [13]. Their quan-
tum fluctuations remain described by gaussian statistics, which imply the saturation of
Heisenberg inequality

∆Jû ∆Jv̂ ≥
〈Ĵn̂〉

2
, (û ⊥ v̂), (û ⊥ n̂), (n̂ ⊥ v̂).

These states outperform coherent spin states when probing magnetic fields aligned along
v̂. More precisely, the Larmor rotation induced by the magnetic field can be deduced
from a projection measurement of the collective spin, with an uncertainty [14]

∆θ = ∆θSQL/
√
Ḡ, Ḡ =

2〈Ĵn̂〉2
J(∆Jû)2

,

where Ḡ is the metrological gain with respect to the standard quantum limit.
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1.1. Quantum-enhanced sensing

Non-gaussian spin states

When pushing the quadrature squeezing along û down to ∆Jû ∼ 1, the spin fluctuations
along v̂ become of order ∆Jv̂ ∼ J , i.e. comparable to the extent of the generalized
Bloch sphere. In this oversqueezed regime, the spin projection fluctuations are no longer
described by gaussian statistics and the metrological gain Ḡ is reduced.

More generally, non-gaussian spin states can also be used for quantum metrology, al-
beit involving more complex measurement protocols. For a given pure quantum state, the
optimal sensitivity is reached for magnetic fields oriented along the direction v̂ along which
the spin projection uncertainty is maximum. The corresponding maximum metrological
gain is the so-called Cramér-Rao bound, and reads [15]

G =
2(∆Jv̂)2

J
.

We stress that reaching this bound may involve measuring very complex observables,
involving high-order spin moments. We finally mention the Heisenberg limit of sensitivity
G = 2J , which is the ultimate sensitivity allowed for a spin J . It is reached for the states
maximizing the spin projection uncertainty along a given direction v̂, i.e. N00N states
of the kind |J〉v̂ + |−J〉v̂. This maximum gain exceeds the range of metrological gains Ḡ
that can be achieved using gaussian spin states, as pictured in Fig. 1.1.

1.1.2 Context of our projects

Quantum-enhanced sensing has been realized in a large variety of physical systems. We
focus here on experiments performed with Bose-Einstein condensates [1], in close com-
parison with the ones performed in our group. There, an internal degree of freedom plays
the role of the elementary spin 1/2, and the meter consists in the collection of N atoms in
the same spatial mode, with typically N ∼ 100− 105. Quantum-enhanced sensing can be
reached by entangling the atoms together via interactions. More precisely, the collective
spin is driven by a non-linear Hamiltonian

Ĥ = ~χĴ2
x , ~χ = U↑↑ + U↓↓ − 2U↑↓,

where Uσσ′ is the interaction amplitude for a pair of atoms in the spin states σ and σ′.
The non-linear dynamics under this one-axis twisting Hamiltonian is shown in Fig. 1.2
[13]. This mechanism was used in numerous experiments to produce gaussian squeezed
states [16, 17, 18, 19, 20]. More recently, non-gaussian oversqueezed states were investi-
gated in [21], the authors demonstrating a quantum enhancement of sensitivity provided
one measures higher-order spin moments. Nevertheless, the sensitivities reached in these
experiments remain far from the Heisenberg limit, due to decoherence in the state prepa-
ration and to the difficulty to access the required highest-order spin correlators.

In our experiment, we transposed these concepts to a gas of 162Dy atoms, where
the electronic spin of each atom plays the role of the collective spin introduced above.
The electronic spin length J = 8 then corresponds to the collective spin of 16 ‘hidden’
qubits. In our setup, the non-linear spin dynamics no longer occurs via inter-atomic
interactions, the atoms evolving independently from each other. Rather, each electronic
spin is driven by an off-resonant light beam producing a quadratic Zeeman light shift.
The asset of our system is the restricted size of the Hilbert space dimension 2J + 1 = 17,
much smaller than the size 22J = 65 536 for an ensemble of 2J qubits (including the
non-exchange-symmetric subspace). This restricted size limits the number of decoherence

9



1. Non-classical states of the electronic spin of dysprosium
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Figure 1.2: One-axis twisting dynamics of a spin J = 8, starting in a coherent state
|m = −J〉z. We plot the Husimi Q function on the generalized Bloch sphere, with sep-
arate views of the north and south hemispheres. After a short evolution time the spin
fluctuations are squeezed (still with a gaussian distribution). For longer times the spin
spreads around the entire xz meridian, leading to oversqueezed states. Such states feature
a short-scale structure, with holes in the distribution interpreted hereafter as vortices. For
t = π/(2χ), the system reaches a N00N state, superposition of coherent states pointing
north and south.

channels without decreasing the metrological capabilities from quantum compression. In
our system, we could thus explore non-linear spin dynamics at long times, passing through
squeezed, oversqueezed and N00N states (see Fig. 1.2). For the non-gaussian oversqueezed
and N00N states, we revealed the complexity of the measurements required to reach the
Cramér-Rao bound on sensitivity.

1.1.3 Non-linear spin dynamics

In our experiments, we drive non-linear spin dynamics via the spin-dependent light shifts
of an off-resonant laser beam. We use laser light close to a narrow optical transition of
resonant wavelength λ = 626.1 nm, with a linear polarization along x, thus producing a
light shift

Ĥ = ~χĴ2
x , ~χ = − 1

(J + 1)(2J + 1)

3πc2Γ

2ω3
0∆

I.

The states produced after the one-axis twisting dynamics are probed using spin projection
measurements. We use a magnetic field gradient to separate the different spin components
along n̂, giving access to the spin projection probabilities Πm(n̂).

We show in Fig. 1.3 examples of spin projection measurements for squeezed, over-
squeezed and N00N states. For short evolution times we measure a squeezing of spin
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1.1. Quantum-enhanced sensing

fluctuations, which remain well described by gaussian statistics. For longer times, in the
oversqueezing regime, the spin fluctuations exhibit a complex structure. For the specific
time χt = π/2, the measurements are consistent with a N00N state |+J〉z + |−J〉z: pro-
jections along m = ±J along z, and characteristic oscillation of the parity of the spin
projection in the xy plane.

-8

-4

0

4

8

m

n̂ = ẑ n̂ = cosφ x̂+ sinφ ŷ

-8

-4

0

4

8

m

0 π/4 π/2 3π/4 π

φ

-8

-4

0

4

8

m

squeezed state
χt = 0.026

oversqueezed state
χt = 0.084

N00N state
χt = π/2

Figure 1.3: Spin projection measurements performed for squeezed, oversqueezed and
N00N states. The projection is performed along ẑ (left panels) and in the xy plane
(right panels), parametrized by the azimuthal angle φ.

Optimal quantum sensing

The squeezed states produced after a short evolution can be used to perform magnetic
sensing beyond the standard quantum limit. The reduction of a spin projection quadra-
ture implies that the mean spin projection gives a more precise information on the Larmor
rotation angle, compared to a coherent spin state. For such gaussian states, the measure-
ment of first-order spin moments is sufficient to reach the Crámer-Rao bound, i.e. the
optimal sensitivity granted by the considered state.

For oversqueezed and N00N states, the measured spin projection probabilities exhibit
highly contrasted short-scale variations, which can be used as a much more sensitive
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1. Non-classical states of the electronic spin of dysprosium

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

2

4

6

8

10

12

14

16

t [π/(2χ)]

G
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Figure 1.4: Metrological gain in magnetic sensitivity as a function of the non-linear evo-
lution time, for two observables, namely the mean spin projection (red squares) and the
m-resolved spin projection (blue circles). The regimes of gaussian squeezed, oversqueezed
and N00N states correspond to the regions 2

π
χt < 0.1, 0.1 < 2

π
χt < 0.3 and 2

π
χt = 1,

respectively.

probe of Larmor rotations. Importantly, these variations would be washed out if our
measurements were limited to low-order spin moments. For these non-gaussian states,
single-m resolution is thus mandatory to reach optimal sensitivity.

We show in Fig. 1.4 the metrological gains measured from the mean spin projection
(red dots) or using the m-resolved spin projections. We confirm that the two observables
lead to similar magnetic sensitivities for gaussian squeezed states. We reach the Cramér-
Rao bound G ' J for oversqueezed states when using m-resolved measurements, and
approach the Heisenberg limit for N00N states. We stress that the optimal character
of m-resolved measurements is a remarkable property, based on the special structure of
quantum states reached via one-axis twisting dynamics [22].

Retrieving the hidden spin composition

The gain in sensitivity measured in our experiments stems from the specific quantum
fluctuations of the spin J – reduction of a spin quadrature for gaussian squeezed states,
small-scale structuring for oversqueezed and N00N states. When considering the spin J
as a collective spin associated to 2J spins 1/2, the metrological gain can be linked to the
depth of quantum entanglement between the elementary spins [23, 24].

The physical existence of 2J = 16 elementary spins 1/2 in the electronic spin J = 8 of
dysprosium atoms is not obvious. Indeed, we remind that this degree of freedom results
from four electron vacancies in the 4f10 electronic shell of atomic dysprosium, leading to
an orbital angular momentum L = 6 and a spin S = 2. Nevertheless, we have been able
to retrieve the hidden elementary spin composition from the measurement of the Husimi
Q function. We remind that the Husimi function is defined as the squared overlap with a
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1.2. Ground state of a non-linear spin model

0 π/2 π 3π/2 2π
0

π
2

π

Φ

Θ
experiment theory

Figure 1.5: Husimi functions measured and computed for a quantum state produced after
a non-linear evolution of duration χt = 0.55. A fit with the ansatz (1.1) allows us to
retrieve the positions of the 16 zeros of the Husimi function (opposite to the Majorana
stars).

coherent state pointing along n̂, i.e., for a pure state |ψ〉,

Q(n̂) ≡ | 〈ψ|J〉n̂ |2.

It can also be expressed as the product of the 2J Husimi functions of the elementary
qubits, as

Q(n̂) ∝
2J∏
i=1

(1 + n̂ · ûi), (1.1)

where the ûi are the Bloch vector orientations of the qubits (‘Majorana stars’). From
(1.1), one notices that the Husimi function cancels for all directions n̂ opposite to one of
the Majorana stars.

We used this property to retrieve the 16 orientations of the qubits hidden in the
electronic spin J = 8 of dysprosium atoms. We measured the Husimi function of a
given quantum state via the spin projection probability in the stretched state |J〉n̂, for
projection axes n̂ spanning the entire Bloch sphere. For oversqueezed states, the spin
distribution is extended enough for several zeros of the Husimi function to be directly
visible. Moreover, the whole set of Majorana stars can be reliably fitted from the global
shape of the measured Husimi function. To our knowledge, this measurement constitutes
the first observation of the Majorana stars of a collective spin.

1.2 Ground state of a non-linear spin model

The generation of non-classical spin states discussed so far was based on the quenching
of a non-linear spin coupling. We showed that the resulting one-axis twisting dynamics
can potentially give access to N00N states. Such a route to maximally sensitive quantum
states remains a remarkable exception. Indeed, for more complex systems with additional
degrees of freedom or submitted to decoherence, one generally cannot design simple dy-
namical protocols to generate highly non-classical states.

In this section we discuss a different scheme, based on the adiabatic driving of a
quantum system through a quantum phase transition [25]. Compared to the states gener-
ated via dynamic evolution, an adiabatic process produces non-classical states as steady
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1. Non-classical states of the electronic spin of dysprosium
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Figure 1.6: Generic phase diagram close to a quantum phase transition. In the thermo-
dynamic limit, the system exhibits two different phases separated by the critical point λc,
with one phase spontaneously breaking an underlying symmetry. In a finite system, the
transition is smoothened into a quantum critical region, shown here in red.

states with a well-defined protection from environmental noise or finite temperature –
determined by the energy gap to higher energy states.

Adiabatic driving through a quantum phase transition

As shown in Fig. 1.6, we consider a quantum system whose dynamics depends on a param-
eter λ, such that the critical point λ = λc separates two different many-body phases in the
thermodynamic limit. We assume that the phase for λ < λc exhibits a single many-body
ground state, protected by an energy gap. For λ > λc, the ground state corresponds to a
different phase, characterized for example by a broken Z2 symmetry, as relevant for the
experiments discussed in this section.

In the thermodynamic limit, the energy gap protecting the ground state vanishes at
the phase transition point, such that adiabatic driving though the critical point cannot
be achieved. For a second-order phase transition, crossing the critical point at finite
speed inevitably produces defects via the Kibble-Zurek mechanism, with a defect density
decreasing for slower ramps [26, 27]. We consider here a finite-size system, for which
the system always remains gapped. As shown in Fig. 1.7, two energy gaps have to be
considered in the presence of a Z2 symmetry: (i) the gap ∆ separating the ground state
to excited states of same symmetry, (ii) the gap δ separating the ground state to excited
states of opposite symmetry. Both gaps are strongly reduced at the vicinity of the phase
transition, in the critical region. In the broken phase, the gap ∆ increases again, such that
the system is protected from perturbations preserving the symmetry. On the contrary,
the gap δ is highly reduced, manifesting the existence of almost degenerate ground states
with broken symmetry.

Ground state of the Lipkin model

We have studied this phenomenology by preparing the ground state of a non-linear spin
model, described by the Hamiltonian

Ĥ(λ) = − λ

2J − 1
Ĵ2
x + Ĵz. (1.2)

14
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Figure 1.7: Energy spectrum of the Lipkin model as a function of the ferromagnetic
coupling strength λ (ground-state energy set to zero). In the thermodynamic limit, the
critical point λc = 1 separates a paramagnetic phase (λ < λc) and a ferromagnetic
phase (λ > λc). In our finite-size system the ferromagnetic phase exhibits two quasi-
degenerate ground states, corresponding to two broken symmetry states. The low-energy
dynamics is governed by two gaps, the gap ∆ to the even-parity excited states relevant
for symmetry-conserving perturbations, and the gap δ to the odd-parity sector relevant
for symmetry-breaking perturbations.

This model was introduced in a context of nuclear physics by Lipkin, Meshkov and Glick
[28]. It is symmetric under reflection of the spin along x, corresponding to a conservation
of the parity

P̂z ≡
J∑

m=−J
(−1)m |m〉z 〈m|z

of the spin projection along z. In the thermodynamic limit J → ∞, the ground state of
the Lipkin model exhibits a quantum phase transition at the critical point λc = 1. For
λ < λc, the ground state |m = −J〉z is parallel to the z Zeeman field, consistent with a
paramagnet. For λ > λc, the system exhibits two degenerate ground states oriented in
the xz plane, corresponding to ferromagnetic states. Each of these quasi-classical ground
states has a non-zero magnetization along x, thus breaking the underlying reflection sym-
metry.

We studied experimentally the characteristics of this ground state, by engineering
the Hamiltonian (1.2) using a combination of a second-order light shift (Ĵ2

x term) and a
magnetic field (Ĵz term). The ground state of Ĥ(λ) is produced by slowly ramping up the
non-linear spin coupling. We characterized the ground state by measuring the projection
probabilities Πm(n̂) along the directions n̂ = x̂, ŷ, ẑ (see Fig. 1.8). The measurements
along x̂ show a bifurcation between a single-peak distribution centered around zero for
λ < 1 and a double-peak distribution for λ > 1, corresponding to the two broken states.
Importantly, both peaks are present with almost equal weights for each realization of the
experiment. The system is thus not projected, as a whole, on a single broken state. This
behavior is corroborated by the projection measurements along ẑ, which shows significant
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1. Non-classical states of the electronic spin of dysprosium
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Figure 1.8: Measured spin projection probabilities in the ground state of the LMG model,
as a function of the ferromagnetic coupling amplitude λ. The x projections exhibit a bi-
furcation revealing a crossover to a ferromagnetic behavior for λ > 1. The y projections
reveal a squeezed spin state around the critical point λc = 1. The z projections are consis-
tent with conservation of the parity even in the ‘ferromagnetic’ phase: the Z2 symmetry
is not spontaneously broken in our finite-size system.

-0.02 0 0.02
-8

-4

0

4

8

ε

m

-0.02 0 0.02
ε

x projection z projection

Figure 1.9: Measured spin projection probabilities in the ground state of the LMG model
for λ = 1.40(3), as a function of the amplitude ε of an additional Zeeman field along x.

probabilities on even |m〉 states only, i.e. parity is conserved even in the ‘ferromagnetic’
region λ > 1. In this regime, the spin state thus corresponds to a coherent superposition
of the two quasi-classical broken states.

To recover a truly ferromagnetic state for λ > λc, we introduced a controlled symmetry-
breaking perturbation, via an additional Zeeman field εJx. We show in Fig. 1.9 the pro-
jection probabilities along x and z, measured in the ferromagnetic region for λ = 1.40(3).
We find that a small perturbation ε ∼ 0.02 is sufficient to transfer the state on one of the
broken states, characterized by a non-zero magnetization 〈Ĵx〉 along x with a concomitant
drop of the mean parity 〈Pz〉 to zero. This experiment illustrates a fundamental mech-
anism of second-order phase transitions, namely the link between the onset of an order
parameter and the breaking of an underlying symmetry.

Low-energy excitations

We investigated the low-energy excitations of the system by measuring the time response
of the system following a small perturbation. We used either symmetry-breaking or
symmetry-conserving perturbations to access in separate experiments the two relevant
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Figure 1.10: Measured gaps ∆ and δ to the even- and odd-parity sectors as a function of
the ferromagnetic coupling strength.

gaps introduced above.

The gap ∆ to the even-parity sector exhibits a minimum around the critical point,
reminiscent of the gap closing at λ = λc in the thermodynamic limit. In a finite-size
system, the gap no longer cancels but features a minimum scaling as J−1/3.

The gap δ to the odd-parity sector takes very small values in the ferromagnetic region
λ > λc, consistent with the approximate degeneracy of the pair of ferromagnetic states.
In our experiment we can resolve this gap down to δmin = 0.05, below which residual
magnetic field fluctuations lift the degeneracy between the two broken states. In the
regime δmin < δ � 1, we were able to prepare the system in a given broken state, and
observe the subsequent oscillation between the two broken states at the frequency δ.
Such a coherent evolution can be interpreted as a macroscopic tunneling between distinct
quasi-classical states.

Potential quantum-enhanced sensitivity

The produced ground states feature characteristic properties of quantum-enhanced sen-
sitivity to magnetic fields. First, the measured probabilities along ŷ are squeezed around
|m = 0〉y, down to a minimum projection variance (∆Jy)

2 = 1.4(1) for λ ' 1, well below

the standard quantum limit (∆Jy)
2 = J/2 = 4 (see Fig. 1.8). This value is compatible

with a metrological gain of magnetic sensitivity up to Ḡ = 2.6(2) above the standard
quantum limit, by measuring the rotation of the mean spin (see Fig. 1.11). This behav-
ior illustrates a generic feature of critical systems, associated with an enhancement of
fluctuations and susceptibilities, thus amplifying the sensitivity to external parameters
[29].

In our finite-size system, the ground state prepared for λ > λc does not break the
Z2 symmetry, being a coherent superposition of the two broken states expected in the
ferromagnetic phase. Away from the critical point, these two states are distant in phase
space, such that one can dub them ‘Schrödinger’ kitten states, in reference to cat states,
i.e. superpositions of macroscopically different quantum states. Such states could be used
to enhance the metrological gain and approach the Heisenberg limit (see Fig. 1.11).
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Figure 1.11: Metrological gain expected by measuring the mean spin precession or the
oscillation of the parity of the spin projection, using the ground state of the Lipkin model.
The points corresponds to the expected gains given the measured characteristics of the
states produced in the experiments.

1.3 Non-classical spin states: outlook

1.3.1 Measuring hidden entanglement

The electronic spin J = 8 of dysprosium atoms can be viewed as a set of 16 elementary
spins 1/2. An important feature of the non-classical states produced in our experiments is
the hidden entanglement between the underlying qubits. We discuss here a future project
aiming at probing pairwise entanglement within the electronic spin of dysprosium.

As shown in [30], entanglement between pairs of qubits is intimately linked to quadra-
ture squeezing of the collective spin associated with the qubit ensemble. This connection
between entanglement and collective spin fluctuations has been used to reveal pairwise en-
tanglement in atomic ensembles [1]. Nevertheless, a direct proof of entanglement requires
extracting a pair of qubits and probing their quantum correlations e.g. via Bell-type
protocols, which remains extremely challenging.

In our system, extracting a pair of qubits is impossible at low energy, the electronic
spin J = 8 being ‘unbreakable’. Intuitively, qubits can be extracted or added by coupling
the spin J to another electronic level with J ′ 6= J . We discuss here the particular case
in which one resonantly couples the spin J to a level J ′ = J − 1 using a resonant optical
transition. Remarkably, the absorption cross-section gives a direct access to the two-qubit
reduced density matrix, in a state defined by the laser polarization.

We consider a pure state |ψ〉 of a spin J , which can be viewed as a set of 2J qubits
in an exchange symmetric state. The two-qubit density matrix can itself be expressed
as a density matrix of a spin 1. It can be obtained by tracing out the 2J − 2 remaining
qubits, which form a collective spin J ′ = J − 1. In this collective spin representation, the
two-qubit density matrix can be expressed as

〈q′| ρ̂pair |q〉 =
J−1∑

m=−(J−1)
〈J − 1,m; 1, q′|ψ〉 〈ψ|J − 1,m; 1, q〉 , (1.3)

with q, q′ ∈ {−1, 0, 1}.
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Figure 1.12: Scheme of the measurement of the two-qubit density matrix. The electronic
spin J of dysprosium atoms can be viewed as a collection of 2J elementary qubits. To
probe the two-qubit density matrix, we measure the absorption of a laser beam resonant
with a transition to J ′ = J − 1. The photon can itself be viewed as a quantum object
of spin L = 1, equivalent to a pair of qubits defined by the photon polarization. The
absorption rate towards an electronic state of angular momentum J ′ = J − 1 gives access
to the probability to find pairs of qubits in a state defined by the laser polarization.

The connection between the pair density matrix and the absorption cross-section is
rooted in the equivalence between the states |1, q〉 of a spin 1 and the polarization states
εq:

|1, q = ±1〉 ↔ ε±1 = (x̂± iŷ)/
√

2,

|1, q = 0〉 ↔ ε0 = ẑ.

Let us now consider the interaction with a laser field of electric field amplitude E = Eε,
resonant with an excited electronic state of angular momentum J ′ = J−1. The probability
of absorption reads, in the short-time limit,

Pabs = 〈ψ| (d · E)†ΠJ ′=J−1d · E |ψ〉 t2,

where ΠJ ′ =
∑
|ψ′〉 |ψ′〉 〈ψ′| projects on the resonant excited electronic state. Using

Wigner-Eckart theorem, we write the dipole q-component as

dq =
J+1∑

J ′=J−1
〈J ′||d||J〉

∑
m,m′

|J ′,m′〉 〈J,m; 1, q|J ′,m′〉 〈J,m| .

Decomposing the polarization as

ε =
1∑

q=−1
εqeq,

we obtain the expression for the absorption probability

Pabs = (Ωt)2
∑
q,q′

ε∗q′εqaq,q′ ,
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1. Non-classical states of the electronic spin of dysprosium

where Ω = 〈J − 1||d||J〉E and

aq,q′ =
∑

m1,m2,m′

〈ψ|J,m1〉 〈J,m2|ψ〉 〈J,m1; 1, q|J − 1,m′〉 〈J − 1,m′|J,m2; 1, q′〉 .

After simple algebraic manipulations, we write

aq,q′ =
2J − 1

2J + 1
(−1)q+q

′∑
m′

〈ψ|J − 1,m′; 1,−q〉 〈J − 1,m′; 1,−q′|ψ〉 ,

=
2J − 1

2J + 1
(−1)q+q

′ 〈−q′| ρ̂pair |−q〉 .

We then obtain the final expression

Pabs =
2J − 1

2J + 1
(Ωt)2 〈ε∗| ρ̂pair |ε∗〉 ,

where the ket |ε∗〉 corresponds to the spin-1 state aligned with the time-reversed polar-
ization ε∗, such that (ε∗)q = (ε−q)∗. Equivalently, this result can be expressed in terms of
an absorption cross-section

σ(ε) =
3λ2

2π
〈ε∗|ρ̂pair|ε∗〉, (1.4)

where λ is the light wavelength. Physically, the formula (1.4) shows that the light ab-
sorption can be viewed as a process of extraction of a pair of qubits in the state |ε∗〉.

The qubit pair properties can then be retrieved via the tomographic reconstruction of
the reduced pair density, based on the measurement of the light absorption cross section
for various polarizations. In particular, the amount of pairwise entanglement, generally
expressed in terms of the so-called concurrence, is directly related to the pair density
matrix [31].

1.3.2 Protected N00N states

The experiments discussed in this chapter are based on spin-dependent light shifts, which
give rise to first- and second-order spin couplings. An interesting research direction could
be the extension to higher order couplings. In particular, a coupling proportional to the
parity Pz – a spin operator of maximal order – can stabilize the N00N state |J〉x + |−J〉x
as the ground state of the Hamiltonian

Ĥ = −Ĵ2
x + P̂z.

Such a highly entangled ground state is closely connected to complex states of matter,
such as fragmented Bose condensates [32] and quantum time crystals (in the absence of
external driving) [33]. These exotic states are expected to occur in long-range interacting
systems, as simulated in our system by a spin coupling of high rank.

The generation of high-order spin couplings would be based on the spatial separation
of the different spin levels, combined with an additional potential to produce differential
energy shifts. We illustrate this idea in Fig. 1.13, which presents a protocol to generate a
potential proportional to the parity by combining a magnetic field gradient and an optical
lattice.
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Figure 1.13: Potential subjected to each magnetic projection state −J ≤ m ≤ J by
combining a harmonic trap, a magnetic field gradient and an optical lattice. The magnetic
gradient leads to a spatial shift of the harmonic potential proportional to m�. When the
shift between successive m states equals half the lattice spacing, the potential minima are
modulated in energy as the parity (−1)m. Typically, this potential would be produced
using a confining potential of frequency ω = 2π × 100 kHz, a magnetic gradient G =
100 G/cm, and a lattice depth U = h× 1 kHz, with a lattice wavelength λ = 1 µm.

1.3.3 Quantum Hall physics on the Bloch sphere

The observation of small-scale holes in the Husimi distribution can be related to the
existence of quantized vortices in the Husimi wavefunction. For a quantum state |ψ〉 of a
spin J , the Husimi wavefunction is defined over the Bloch sphere as

ψ(n̂) = 〈J |n̂ |ψ〉 .

Each Majorana star then corresponds to a quantum vortex of charge 1 [11, 34]. This
interpretation maps the spin J on a lowest Landau level defined on the sphere with 2J
flux quanta [35].

This structure can a priori give access to quantum Hall phenomena. We assume the
dynamics to be restricted to the spin degree of freedom, and consider the arrangement of
the 2J vortices determined by the spin-dependent interactions between atoms.

We first consider a mean-field regime, in which the number N of condensed atoms
largely exceed the vortex number 2J . We expect condensation into a single spin state,
characterized by a vortex arrangement that depends on the spin-dependent interactions
between atoms [36]. The latter are described by J+1 = 9 independent coupling constants
gK , where K is the total angular momentum of a colliding atom pair (0 ≤ K ≤ 2J , K
even). To keep the discussion simple, we focus on the case where g2J is positive and much
larger than the other coupling constants, corresponding to repulsive contact interactions
on the Bloch sphere. In this situation, the minimization of energy is equivalent to the
Thomson problem of the equilibrium position of 2J charged particles constrained to a
sphere [37]. We show in Fig. 1.14a the ground-state vortex configuration for J = 8. The
vortices are regularly dispatched over the sphere, reminding the triangular Abrikosov
lattice on the infinite plane.

For smaller atom numbers N ∼ 2J , the system should form complex many-body
states akin to fractional quantum Hall states. In particular, the bosonic Laughlin state
for N = J + 1 = 9 particles is the exact ground state for contact interactions (see

� The position shift comes together with an energy offset proportional to m, that can be compensated
by a magnetic field producing an opposite Zeeman shift.
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Figure 1.14: (a) Positions of the 2J vortices for the mean-field ground state with repulsive
contact interactions on the Bloch sphere. (b) Corresponding Husimi function with holes
at the vortex positions. (c) Schematics of the Laughlin liquid expected at filling 1/2, for
a set of 9 atoms. Each atom carries a collective spin J (blue dots) delocalized over the
Bloch sphere. In the Laughlin state, atom pairs exhibit a double vortex in their relative
spin motion.

Fig. 1.14a) [38]. Exploring this very rich physics requires specific experimental protocols
based on the manipulation of mesoscopic atomic samples.
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2 Artificial quantum Hall systems

The high degree of control reached in ultracold atom experiments makes these systems
relevant for the quantum simulation of complex models of quantum many-body physics.
While the control over dimensionality and (short-range) interactions is well established,
the simulation of artificial gauge fields remains a challenge.

Soon after the first realization of Bose-Einstein condensates, orbital magnetic field
effects were simulated by setting the gases in rotation [39], based on the analogy between
the Sagnac phase of a particle in a rotating frame and the Aharonov-Bohm phase of a
charged particle in a magnetic field. The superfluid character of Bose-Einstein condensates
entails the quantization of vorticity. Condensates in rotating traps then exhibit a regular
array of quantized vortices, akin to Abrikosov lattices in rotating liquid helium or type-II
superconductors in a magnetic field [39, 40]. In harmonically trapped gases, an interesting
regime is reached when the rotation frequency Ω matches the confinement frequency ω,
as the single-particle eigenstates become formally equivalent to the Landau levels of a
charged particle evolving in a magnetic field [41]. Several experiments could reach the
regime in which the gas dynamics is restricted to the Lowest Landau level (LLL) [42, 43],
similarly to quantum Hall systems realized in condensed matter physics, using quantum
wells or monolayer materials. So far, rotating gases could be understood in a mean-field
description, where the number of particles N largely exceeds the number of occupied
single-particle orbitals (‘number of fluxes’ Nφ). For a filling fraction N/Nφ of order one,
one expects strongly-correlated ground states, similar to fractional quantum Hall states
[41]. Reaching this regime is challenging in rotating systems, as it occurs at very small
atom densities and temperatures.

Other techniques were developed to circumvent the limits encountered in rotating
gases and simulate more complex gauge fields (e.g. an effective spin-orbit coupling) [44].
The first protocol consists in applying to the atoms a position-dependent coupling to their
internal spin. The adiabatic motion of an atom in the local ground state comes together
with a geometrical Berry phase [45], which can mimic the Aharonov-Bohm phase associ-
ated with a magnetic field. Such a spatial variation of adiabatic states can be achieved
down to the micron scale by coupling the spin to laser fields [46]. This scheme was imple-
mented with Rb atoms, allowing the nucleation of quantized vortices [47]. Nevertheless,
residual incoherent scattering from the coupling lasers induce heating of the atomic gas,
preventing the organization of vortices into an Abrikosov lattice. The second technique
consists in placing the atoms in an optical lattice, in a Hubbard regime where the atom
dynamics is described on a discrete lattice [48]. There, a non-trivial Aharonov-Bohm
phase corresponds to complex-valued hopping amplitudes between lattice sites [49]. Such
effective couplings were realized in time-modulated optical lattices [50]. A quantum Hall
regime is reached when the atomic gas fills a Bloch band exhibiting a non-trivial topolog-
ical character, such as a Chern number C = 1 akin to the LLL [51, 52]. This protocol was
extended to systems in which a spatial dimension is encoded in an internal spin degree of
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Figure 2.1: Schematics of the four types of protocols developed to engineer an orbital
magnetic field for ultracold atoms. This manuscript describes contributions to the devel-
opment of time-modulated lattices and synthetic dimensions.

freedom [53, 54, 55]. This protocol is well adapted to study topological edge modes, since
the finite synthetic dimension features sharps boundaries.

In this chapter we describe two experimental studies on the realization of quantum Hall
systems with ultracold atoms. We first describe experiments performed in the Munich
group, on the engineering of complex-valued tunneling amplitudes in an optical lattice
[50]. We demonstrated the quantization of the transverse response of atoms placed in a
topological Bloch band [52]. More recently, we engineered a quantum Hall system in cold
dysprosium gases, taking advantage of the large electronic spin J = 8, playing the role
of an effective spatial dimension [56]. Combined with a non-trivial dynamics involving a
real spatial dimension, we could implement an effective two-dimensional system analog
to the LLL. We revealed both the quantization of the transverse response of the system
in its bulk, and observed the topologically protected chiral modes at the system edges.

2.1 Topological bands in driven optical lattices

During my postdoctoral stay in the group of Prof. I. Bloch (Munich, Germany), we have
investigated the simulation of orbital magnetism in optical lattices, based on fast time
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∆ + δ cos(∆t/~)
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Figure 2.2: (a) Scheme of atom tunneling between lattice sites of different energy ∆. A
modulation of the energy offset at the frequency ∆/~ drives resonant tunneling. (b) In
a two-dimensional lattice, a time modulation induced by interfering laser beams leads
to effective atom tunneling with non-trivial complex matrix elements. In its most basic
scheme, this technique leads to a magnetic flux that alternates in sign [50] (adapted from
[57]).

modulation of the lattice potential.

By varying the geometrical configuration of optical standing waves, one can engineer
various types of lattice potentials, from the simple cubic lattice to hexagonal of Kagomé
lattices, with a large variety of band structures. In these static lattices, the atom motion
is described by real and positive tunneling amplitudes. Engineering effective tunneling
amplitudes with a negative sign or even with complex values gives access to an even richer
family of lattice structures, in which the atom motion is geometrically frustrated.

Such a control over the tunneling amplitudes can be achieved in time-modulated op-
tical lattices [58]. We show in Fig. 2.2a a basic scheme, based on a lattice structure with
two inequivalent lattice sites of different energies, such that spontaneous atom tunneling
is prohibited. By modulating their energy difference, one restores tunneling when the
modulation frequency matches the mean energy difference ∆. The effective tunneling
amplitude being proportional to the potential modulation, a non-trivial structure arises
when the phase of the modulation varies in space, such that the complex tunneling am-
plitudes cannot be gauged away. In that case, the adiabatic motion of an atom around an
elementary unit cell of the lattice occurs together with the accumulation of a geometric
Berry phase, equivalent to the action of an orbital magnetic field.

A regime of strong orbital magnetic fields can be reached when the hopping is stimu-
lated by the absorption of photons [59, 60]. In such a configuration, one unit of magnetic
flux is reached over an area ∼ λ2, i.e. comparable to the lattice unit cell. The result-
ing band structure is split in several subbands, as described by the Harper-Hofstadter
butterfly [61, 62].

In the Munich experiment, we studied the dynamics of cold atoms evolving in an
optical superlattice, with an alternance of two lattice sites of different energies. We first
induced the dynamics using a simple modulation ∝ cos(K · r−∆t), for which the orbital
magnetic field alternates in sign (see Fig. 2.2b). The geometrical frustration induced by
the magnetic field modifies the dispersion relation, eventually leading to a degeneracy of
the single-particle ground state [50].
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Figure 2.3: (a) Scheme of the Hofstadter lattice realized in the Munich experiment, with
a magnetic flux per plaquette φ = π/2. The Chern number of the lowest magnetic Bloch
band is probed via the transverse drift of the atoms upon an external force. (b) Measured
transverse drift of the center of mass (gray circles), together with the expect drift for a
Chern number C = 1 (solid line). Adapted from [52].

We extended this technique to a more complex modulation pattern, allowing us to
generate a uniform magnetic flux of π/2 per unit cell of the underlying lattice [52]. In this
configuration, the band structure splits into four subbands, with a lowest band charac-
terized by a non-zero Chern number C = 1. By analogy with the quantization of the Hall
conductance in 2D electron gases, we revealed this topological number via the transverse
response of the atomic gas to a weak force (see Fig. 2.3a). More precisely, we prepared a
thermal gas filling uniformly the lowest magnetic Bloch band, and measured the drift of
the center of mass along y induced by upon a weak force along x. We found that, when
the action of the force corresponds to one Bloch oscillation cycle along x, the system
has drifted by one lattice spacing along y, as expected for a Chern number C = 1 (see
Fig. 2.3b).

These studies, together with other periodically driven systems, demonstrate the ver-
satility of Floquet engineering to produce complex band structures [63, 64]. Nevertheless,
the exploration of topological quantum matter in these systems remains challenging, due
to relatively high heating rates so far preventing the creation of quantum degenerate
phases. This detrimental heating takes its origin in the unbounded energy spectrum of
Floquet systems, allowing for a large number of ‘inelastic’ processes [65, 66, 67, 68]. It
could be mitigated by coupling the atomic gas to a superfluid reservoir [69], or increasing
the modulation energy scale to optical frequencies [70].
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Figure 2.4: Electronic spectrum of atomic dysprosium and rubidium, restricted to the
electronic ground state (black line) and the odd-parity excited states of energy E <
25 000 cm−1. The color encodes the excited-state lifetime.

2.2 Landau levels in atomic Dysprosium

2.2.1 New physical regimes using lanthanide atoms

The condensation of dysprosium and erbium in 2011 and 2012 brought new perspectives in
the cold atom community [71, 72]. Besides their large magnetic moment, these submerged-
shell lanthanide atoms feature physical properties appealing for the generation of artificial
gauge fields [73].

A first asset of dysprosium (or erbium) is the strong coupling of its electronic spin
to laser fields, as required to generate gauge fields in adiabatic potentials. A light-spin
coupling occurs when shining laser light close to an optical resonance connecting the
electronic ground state J to an excited level J ′, according to the corresponding Clebsch-
Gordan algebra. The laser detuning must be chosen small enough for the considered
optical transition to dominate with respect to other transitions, and large enough to reduce
the incoherent Rayleigh scattering that mechanically heats up the gas. In alkali atoms,
the D1 and D2 lines are relatively broad compared to their (fine-structure) splitting, such
that light-spin coupling comes together with a substantial heating [47]. The situation
is more favorable for lanthanide atoms, which exhibit a rich electronic structure with
isolated and narrow optical transitions.

A second interesting characteristics of lanthanide atoms is their large electronic angular
momentum, providing an internal degree of freedom of large dimension. The latter can
be used to encode a synthetic spatial dimension, which greatly facilitates the generation
of a gauge field. So far gauge fields with a synthetic dimension were restricted to a few
internal states only [54, 55]. We discuss in this section an experimental study in which
we generated a gauge field using the full spin degree of freedom of dysprosium, i.e. a
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Figure 2.5: (a) Scheme of the laser configuration used to engineer effective Landau levels
with a synthetic dimension. A pair of laser beams counter-propagating along x drives
two-photon Raman transitions between successive projection states m. (b) Scheme of the
two-dimensional system involving a spatial dimension x and a synthetic dimension m.
The laser-induced hopping along m inherits the complex phase Kx of the Raman laser
interference. This phase can be interpreted as the Aharonov-Bohm phase acquired by a
charged particle upon adiabatic motion in a magnetic field. The blue area is thread by
one unit of magnetic flux φ0.

synthetic dimension made of 2J + 1 = 17 orthogonal quantum states [56]. We showed
that the synthetic dimension is large enough to allow for a uniform bulk region. We
revealed, in a single experiment, the existence of chiral edge modes and a quantized Hall
response in the bulk – the two facets of the bulk-boundary correspondence of topological
physical systems [74].

2.2.2 Implementing a Hall ribbon with a synthetic dimension

We engineered a synthetic Hall system in which the relevant atom dynamics involves
one spatial dimension x and a synthetic dimension indexed by the spin projection m
(−J ≤ m ≤ J) along a quantization axis. Our implementation is directly inspired by
previous realizations using 87Rb and 173Yb [54, 55]. The protocol is schematized in Fig. 2.5.
By coupling successive m states with two-photon Raman transitions, we induce a hopping
along the synthetic dimension whose amplitude inherits the complex phase Kx of the laser
interference. This phase plays the role of a Aharonov-Bohm phase, such that the atom
dynamics is described by a Hamiltonian

Ĥ =
(p̂− ~KĴz)2

2M
− ~Ω

(
Ĵx +

Ĵ2
z

2J + 3

)
(2.1)

with an effective gauge field Â = ~KĴz. Once the spin projection Ĵz is identified with
the position along the synthetic dimension, the gauge field ~KĴz can be mapped on the
expression Âx = qBŷ of a charged particle in a magnetic field, expressed in the Landau
gauge. The flux of the effective magnetic field reaches one flux quantum over an area
(λ/2)× 1 in the real × synthetic plane.
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Figure 2.6: (a) Measured velocity distribution of ground-band states of momentum p. The
gray dots correspond to the mean velocity 〈v〉. The red line is the expected mean velocity
for the ground band of the Hamiltonian (2.1) (b) Local density of state in (v,m) space,
obtained by summing the spin projection and velocity distributions of all momentum
states of the ground band.

2.2.3 Observation of a flat band with chiral edge modes

We studied the lowest energy band by preparing and probing quantum states of the ground
band of the Hamiltonian (2.1) with a given momentum p. For each momentum state,
we measured its velocity distribution (see Fig. 2.6a) and spin projection probabilities.
The correlation between these two quantities, shown in Fig. 2.6b, is characteristic of a
quantum Hall system. In the bulk (i.e. far from the edges m = ±J), the velocity
is suppressed, revealing an absence of energy dispersion in the ground band, akin to
dispersionless Landau levels. Close to the edges, we find that the motion is ballistic,
albeit with a restriction v > 0 close to m = J (and vice versa), as expected for chiral edge
modes.

We also investigated the low-energy excitations above the ground band, by monitoring
the center-of-mass motion after a small kick (see Fig. 2.7a). In the bulk, we measure
circular orbits reminiscent of a cyclotron motion. Close to the edges, the trajectories
acquire an additional drift, leading to bouncing skipping orbits. The frequency of these
oscillations corresponds to the energy gap with respect to the first excited band, ~∆ '
3Er ' kB × 2 µK (see Fig. 2.7b). Such a value is a large energy scale for a quantum
gas, compared to the temperatures T ∼ 100 nK typically required to reach quantum
degeneracy. This feature is a clear asset of our scheme for future studies of quantum
gases in the presence of a synthetic gauge field.

2.2.4 Probing the topological Hall response

We characterized the Hall response of the system by studying the transverse motion in-
duced by a weak force (see Fig. 2.8a). We applied the force along the synthetic dimension,
corresponding to a potential difference U = 2Jδ between the two edges m = ±J . We
measured the increase of velocity 〈v〉 along the real direction x, as

〈v〉 = µH δ,
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Figure 2.7: (a) Evolution of the center-of-mass position following a velocity kick along x.
For each orbit the system is prepared in a wavepacket centered on a given momentum
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center-of-mass oscillations shown in (a).
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Figure 2.8: (a) Scheme of the Hall response measurement. (b) Hall mobility measured
for wavepackets localized around a momentum p (blue dots), compared to the expected
mobility (red line). (c) Local Chern marker C(m) measured over the ground band (blue
dots). The solid lines correspond to the theoretical values.

where the coefficient µH is the Hall mobility. The Hall mobility data is consistent with
the classical Hall mobility µH = 1/~K for momentum states localized in the bulk (see
Fig. 2.8b). Conversely, it is suppressed for high-velocity ballistic states, which essentially
do not feel the orbital magnetic field.

The m-state resolution allows us to locally probe this Hall response. We focused on
the m-resolved global response of the ground band, described by the local Chern marker

C(x,m) ≡ 2π Im 〈x,m| [P̂ x̂P̂ , P̂ ĴzP̂ ] |x,m〉 ,
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where P̂ is the projector on the considered band [75]. It can be expressed as the sum of
the mobilities of the occupied states, weighted by their probability to be localized in m,
as

C(m) =

∫
dpΠm(p)µH(p).

We show in Fig. 2.8c the measured Chern markers, which are consistent with one in the
bulk region −5 ≤ m ≤ 5. In this region, edge effects are negligible, and the transverse
response of the band is almost quantized and consistent with the topological Chern index
C = 1 expected for an infinite Landau level.

To summarize our results, we were able to engineer a quantum Hall system using a
synthetic dimension large enough to exhibit both sharp edge effects and a well-defined bulk
region. Our study could reveal the two facets of the bulk-edge correspondence inherent
to any topological physical system.

2.3 Outlook: more complex topological systems

The synthetic dimension encoded in the electronic spin of dysprosium could be used to
engineer more complex topological systems. We discuss here two examples, namely a
two-dimensional system exhibiting a ground band with a Chern number C = 2, and a
three-dimensional topological insulator.

2.3.1 Band with a Chern number C = 2

Our understanding of the fractional quantum Hall effect is based on the structure of
single-particle quantum states organized in Landau levels, which are bands of Chern
number C = 1 separated in energy. Flat bands with a higher Chern number C = 2 are
expected to host novel topological phases [76, 77, 78], some of them being related to the
rich phenomenology of bilayer quantum Hall systems [79].

A system exhibiting such exotic bands can be engineered using a protocol similar
to the one used to generate effective Landau levels. Instead of coupling neighbouring
projection states m ↔ m ± 1 using σ+/π or π/σ− Raman transitions, one can directly
couple next-nearest neighbours projection states m ↔ m ± 2 using a σ+/σ− transition.
For the configuration shown in Fig. 2.9a, the atom dynamics is described by a Hamiltonian

H =
(p− ~kJz)2

2M
+ ~ΩJ2

x + qJ2
z , (2.2)

involving a non-linear coupling J2
x . The spin projection parity (−1)m is conserved, such

that the dispersion relation consists in bands of well defined parity. The lowest energy
bands of each parity sector are almost degenerate in the bulk, and globaly form an effective
band of Chern number C = 2. They share similarities with the lowest and first excited
Landau levels, each obtained by suitable combinations of the two quasi-degenerate parity
sectors. A truly novel physics is expected when considering interacting atoms in this
structure, such that the interaction energy scale exceeds the residual splitting between
the two lowest bands, and remains smaller than the gap to higher bands.

2.3.2 Topological insulator using a synthetic dimension

The electronic spin can also serve as a synthetic dimension to engineer a three-dimensional
topological insulator based on a two-dimensional lattice structure. Topological insulators
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Figure 2.9: (a) Scheme of the laser configuration leading to a dynamics described by the
Hamiltonian (2.2). (b) Dispersion relation calculated for the Hamiltonian (2.2) with ~Ω =
0.35Er and q = 0.04Er. The even- and odd-m sectors are uncoupled and represented in
blue and red, respectively. The ground bands for each sector are almost degenerate in the
bulk mode region |p| . J~k, forming an effective band with Chern number C = 2.

are three-dimensional physical systems with a non-trivial topological band structure, de-
scribed by a bulk Z2 topological invariant [80, 81, 82]. In a finite sample, the topology
manifests via the presence of protected surface states with peculiar properties: the two-
dimensional dynamics on a given surface corresponds to a ‘topological metal’, with a
dispersion relation hosting a single Dirac cone.

To date, several types of topological systems were realized in one and two dimensions
using ultracold atoms [83]. In three dimensions, nodal-line and Weyl semimetals were
recently created in atomic systems [84, 85], but the realization of topological insulators is
still lacking, despite the existence of a proposal [86].

We show here a minimal protocol leading to a topological insulator using the electronic
spin as a synthetic dimension. We use a spin-independent optical lattice in two spatial
dimensions to engineer, for each magnetic projection m, a dispersion relation with two
Dirac cones K and K ′, as realized in [87] (see Fig. 2.10a). The successive m states are
coupled using a Raman transition, with a momentum transfer precisely equal to the
separation between the two Dirac cones. Each Dirac point is then coupled to another
one, except the point K for m = −J and K ′ for m = J . The resulting dispersion relation
is shown in Fig. 2.10b. The coupling between pairs of Dirac cones opens an energy gap,
such that one is left with two Dirac cones only, one on the surface m = −J and the
other one on m = J . This feature is characteristic of a semi-metallic behavior at each
surface – the analog of chiral edge modes in quantum Hall systems. We could probe this
structure by generalizing the band dispersion studies developed in the study of synthetic
Landau levels. Measuring both the dispersion relation together with the magnetization
would reveal the semi-metallic behavior of the surface states.
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Figure 2.10: (a) Scheme of the protocol leading to a synthetic topological insulator. A
two-dimensional optical lattice leads, for each magnetic projection m, to a band structure
with two Dirac points (black dots). Successive m states are coupled with a two-photon
laser transition imparting a momentum matching the difference in momentum between
the Dirac points K and K ′. Each Dirac point is coupled to another one, except the point
K for m = −J and K ′ for m = J . The color encodes the spin projection, i.e. the position
along the synthetic dimension: blue close to the top surface m = J , red close to the
bottom surface m = −J , yellow in the bulk. (b) Expected dispersion relation along the
line connecting K and K ′. The system is gapped around zero energy in the bulk (yellow
lines), and each surface exhibits a single Dirac cone, spotted inside a green circle.
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3 Towards topological quantum
many-body systems

The engineering of topological band structures discussed in the previous section gives
access to a subtle phenomenology, with a topological ordering of quantum states and
exotic dynamics of edge modes. We stress that these behaviors only involve the structure
of single-particle levels, and can be reproduced in many kinds of synthetic materials
hosting similar linear wave dispersion [88]. A grand challenge consists in the extension
of the concept of topology to interacting quantum many-body systems. Exotic states of
matter have been discovered in the fractional quantum Hall effect, in the form of strongly
correlated liquids hosting peculiar elementary excitations (e.g. anyons with a fractional
quantum statistics). Our future scientific objectives are to contribute in the progress of
ultracold atoms to the quest for these long-awaited states of matter.

We discuss here two research directions. We first consider interacting bosonic atoms
in the presence of an orbital magnetic field, aiming at studying vortex lattices in a mean-
field regime and fractional quantum Hall states for strong interactions. We also plan to
study strongly-interacting fermions in the presence of a spin-orbit coupling, which could
form a topological superfluid phase hosting Majorana bound states.

3.1 Quantum magnetism with bosonic atomic gases

In the second part of this manuscript we discussed the engineering of an orbital magnetic
field, leading to a topological ordering of quantum states analogous to the integer quantum
Hall effect. We plan to explore the behavior of interacting bosons in this structure, both
in weakly- and strongly-interacting regimes.

3.1.1 Vortex lattices in a synthetic Hall ribbon

In a weakly interacting regime, ultracold bosons form a Bose-Einstein condensate at low
temperature. Its velocity field being irrotational, the vorticity imposed by an orbital
magnetic field occurs via the formation of singular quantized vortex lines, organized in
a regular Abrikosov lattice. Such a behavior has been demonstrated in rotating Bose-
Einstein condensates [39, 40], but its observation for laser-induced magnetic fields is still
missing. We aim to use the Landau level structure based on a synthetic dimension to
generate Abrikosov lattices of high vortex density.

Encoding a spatial dimension in the electronic spin strongly modifies interactions
between atoms. We assume the dynamics to be restricted to one spatial dimension x and
one synthetic dimension m. While the van der Waals interactions between atoms takes
place at short distance along x, it occurs a priori between any combination of m levels.
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Figure 3.1: (a) Scheme of the protocol preventing collisions between atoms in different
m states, by spatially separating them using a magnetic field gradient. The system
is then governed by interactions of short range both in the real dimension x and the
synthetic dimension m. (b) Typical density profile expected in the mean field regime.
The continuous translation symmetry is spontaneously broken, and the system features
regularly arranged density dips reminiscent of an Abrikosov lattice of quantum vortices.
(c) Many-body spectrum expected in the strongly interacting regime, for N = 5 atoms in
a finite cylinder. The length of the cylinder is chosen so as to populate Norb = 9 orbitals,
corresponding to a filling 1/2. The ground state exhibits a very small interaction energy,
as expected from the atom antibunching in the Laughlin state. It is well separated from
higher levels by a bulk excitation gap ~δ ' 0.2Er. Details on the system parameters can
be found in [56].

In other words, its range along the synthetic dimension is infinite. This situation leads to
specific states of matter, albeit different from the usual phenomenology of quantum Hall
systems [89]. To circumvent this issue, we propose to use a magnetic field gradient to
spatially separate the different m levels, restricting interactions to atom pairs in the same
projection state m (see Fig. 3.1a). In this situation the collisions between atoms can be
considered as short-ranged in both the real and synthetic dimensions*.

We first consider a regime of large atom densities, such that each quantum state
of the lowest Landau level is occupied by many atoms (‘large filling fraction’). At low

*Note that the direct interaction between magnetic dipoles is not negligible for dysprosium atoms.
It leads to non-local interaction effects, but we do not expect a profound modification of the many-body
phases discussed hereafter.
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temperature, the system forms a Bose-Einstein condensate, which is well described by a
classical field governed by the Gross-Pitaevskii equation. Since the bulk modes of the
single-particle ground band are almost degenerate, interactions play a non-perturbative
role, favoring the spreading of the atom density in case of repulsive interactions. We
found numerically that the energy is minimized for a quantum superposition of several
momentum states p = n p0 (n integer), with a breaking of translation symmetry of spatial
period h/p0. As shown in Fig. 3.1b, the inhomogeneous density profile exhibits a regular
pattern of density dips reminiscent of an Abrikosov vortex lattice. Similarly to type-
II superconductor in confined geometries, different vortex lattice configurations can be
realized, separated by first-order phase transitions.

3.1.2 Fractional quantum Hall states

In the weak density regime, the occupation of single-particle orbitals is of order one, such
that a classical field picture is inapplicable. The many-body ground states then exhibit
a complex pattern of correlations between atoms, leading to a rich phenomenology akin
to the fractional quantum Hall effect. We discuss here the conditions leading to an
emblematic many-particle ground state, the bosonic Laughlin state [90]. It occurs at
filling ν = 1/2, i.e. when the number of atoms is half the number of available orbitals
[91].

The realization of such a state remains an outstanding challenge in the cold atom
community. We believe that our system is a promising platform for its realization, based
on two specific assets. First, the large vortex density in our system (2J vortices per unit
of λ/2) yields half filling at relatively high linear density n1D = 2J/λ ' 25 atoms/µm – a
value typically reached in quasi-1D bosonic gases [92]. Second, the cyclotron gap of our
synthetic Landau levels is much larger than the values reached in rotating systems or in
Hubbard optical lattices. This energy sets the scale of the maximum energy gap protecting
the Laughlin state from bulk excitations [93]. The numerical simulation shown in Fig. 3.1c
predicts a gap ~∆ ' 0.2Er, corresponding to a temperature scale ~∆/kB ' 100 nK.
This value is typical of the temperatures required to create a standard Bose-Einstein
condensate.

This state could be characterized by observing an anti-bunching between atoms, due to
the non-zero angular momentum in the relative motion of any pair of particles (Fig. 3.1c).
The incompressibility could be revealed via a flat density profile in the presence of a weak
trapping potential – similarly to the characterization of incompressible Mott phases in
optical lattices [94]. The most exotic properties of fractional quantum Hall states, such as
the anyonic character of its elementary excitations, would involve more complex protocols
[95].

We mention an alternative protocol, that we studied in a previous publication [96].
We proposed to create small puddles of a few atoms in fractional quantum Hall states, by
injecting a controlled amount of angular momentum to a mesoscopic atomic gas, based
on optical transitions using Laguerre-Gauss laser beams. Atomic dysprosium is also well
suited for this protocol, where we could benefit from the efficient light/spin coupling and
the large electronic spin.
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Figure 3.2: (a) Schematics of a p-wave superfluid with sharp ends, as described in the
article of A.Y. Kitaev [99]. The particles are paired together in the bulk, and one expects
an additional fermionic excitation delocalized between the two ends. (b) Expected energy
spectrum of Kitaev’s model, with bulk excitations suppressed by the superconducting
gap, and a zero-energy excitation corresponding to the occupation of the fermionic end
mode.

3.2 Topological superfluidity in spin-orbit coupled Fermi

gases

We discuss in this section the perspective of realizing topological superfluids in interacting
Fermi gases with a light-induced spin-orbit coupling. Topological superfluids are proba-
bly the most simple examples of interacting many-body systems exhibiting topologically
protected modes – the so-called Majorana bound states or ‘Majoranas’ – with an anyonic
quantum statistics. These projects are based on a published article [97], and a recent
study, unpublished yet [98].

3.2.1 Topological superfluidity from solid-state to atomic systems

The occurrence of Majorana bound states was first predicted in a seminal article of A.Y.
Kitaev [99], based on a one-dimensional superconductor of spin-polarized fermions with
p-wave symmetry (see Fig. 3.2). Its lowest energy band exhibits a non-trivial topology,
induced by the odd parity of the superconducting gap. In a finite system with open
boundaries, one expects the occurrence of in-gap protected end states, described as Ma-
joranas. A Majorana end state can be viewed as a bound state of a pair of distant
Majorana fermions, equivalent to a non-local fermionic degree of freedom. In a more
complex geometry (wire networks [100] or two-dimensional p + ip superconductor [101])
a set of Majoranas bound to topological defects forms a degenerate subspace of qubits
that is decoupled from local perturbations. Quantum computing within this subspace can
be performed via braiding operations, i.e. adiabatic manipulations of a Majorana defect
around others [102]. Since Majorana modes are highly decoupled from the environment,
such operations could be performed with a very low error probability, a prerequisite for
scalable quantum computing [103].

Topological superconducting phases have been predicted in various types of platforms,
including the fractional quantum Hall state at filling ν = 5/2 [104, 101], the layered com-
pound Sr2RuO4 [105], spin liquids [106], and engineered solid state systems [107, 108, 109].
The latter are based on the stacking of several materials combining different effects (e.g.
ferromagnetism, spin-orbit coupling, superconductivity, topological insulation), that do
not occur together in a single material. Several experiments have claimed the observation

38



3.2. Topological superfluidity in spin-orbit coupled Fermi gases

−3 −2 −1 0 1 2 3
0

2

4

p [~k]
E

[E
r]

−1

−0.5

0

0.5

1

〈σ̂
z
〉

|↑〉
|↓〉

laser 1 laser 2

atom
(b)(a)

Figure 3.3: (a) Schematics of the laser configuration used to generate a spin-orbit cou-
pling. A pair of counter-propagating laser beams coherently couples two internal states
of an atom. (b) Dispersion relation of a spin-orbit coupled atom, as described by the
Hamiltonian (3.1) with a coupling strength Ω = Er/~. The color encodes the mean spin
projection along z.

of Majoranas, via the occurrence of robust in-gap states. However, the interpretation
of these results remains debated, since they could also be induced by alternative effects.
More demanding experiments, such as the manipulation of Majoranas and the realization
of braiding operations, should be performed to provide a more conclusive proof of the
realization of Majoranas.

In this context, ultracold atoms constitute an appealing alternative platform, with
specific advantages, such as an intrinsic low disorder and a simple access to long-range
coherence. The realization of a p-wave superfluid in a spin-polarized Fermi gas is not
straightforward, due to the suppression of p-wave scattering at the ultracold energy scale.
We discuss here the prospect of realizing a topological superfluid in a two-component
Fermi gas, in the presence of a spin-orbit coupling and a Zeeman field.

3.2.2 Spin-orbit coupled Fermi gases

As first demonstrated by the seminal work of I. Spielman’s group [110], spin-orbit coupling
can be engineered in atomic gases by coupling two internal states of an atom with a two-
photon optical transition (see Fig. 3.3a). Denoting |↑〉 and |↓〉 the two internal states and
k the photon momentum, the single-particle dynamics is described by the Hamiltonian

Ĥ =
(p̂− ~kσ̂z)2

2M
+

~Ω

2
σ̂x, (3.1)

where Ω is the two-photon Rabi coupling amplitude. It involves a spin-orbit coupling be-
tween the spin component σ̂z and the momentum p̂, and a Zeeman coupling along σ̂x. The
dispersion relation, shown in Fig. 3.3b, consists of two non-degenerate energy branches,
with a momentum-dependent spin polarization. This structure was the framework of nu-
merous studies of spin-orbit coupled Bose gases, which feature a specific behavior at low
temperature due to the ground-state degeneracy at two different momenta [111].

Here, we are interested in the behavior of degenerate Fermi gases in the presence of
spin-orbit coupling. First attempts were made with alkali atoms, but their unfavorable
electronic level structure makes the light-spin coupling inefficient, and the realization
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of spin-orbit coupling comes together with undesired heating of the atomic gas due to
incoherent Rayleigh scattering [112, 113]. As already explained in this thesis, lanthanide
atoms are better suited for laser-induced spin-orbit coupling, thanks to the strong light-
spin coupling close to an isolated narrow optical transition. A first step was realized in the
group of B. Lev [114], implementing spin-orbit coupling for fermionic dysprosium atoms.
The atom lifetime was then limited by dipolar relaxation, due to the release of a large
magnetic field splitting energy upon spin flips induced by dipolar interactions. We plan
to implement spin-orbit coupling in the absence of an external magnetic field in order
to suppress dipolar relaxation, expecting reduced atom heating as required for producing
quantum degenerate Fermi gases.

The realization of topological superfluidity requires combining spin-orbit coupling and
strong s-wave interactions. The scattering between atoms restricted to the ground band
is then described by an odd-symmetric scattering amplitude. Assuming for simplicity
the BCS approximation (collision between particles of opposite velocity), the dynamics
restricted to the ground band is described by the Hamiltonian [115]

Ĥ =
∑
p

εpĉ
†
pĉp +

1

2

∑
p,p′

Vp,p′ ĉ
†
p′ ĉ
†
−p′ ĉ−pĉp,

Vp,p′ '
4π~2a
M

sgn(p) sgn(p′),

where ĉp annihilates a particle of momentum p and energy εp in the ground band, and a
is the s-wave scattering length for scattering of two atoms of opposite spin. We assumed
the momenta p and p′ to be close to the Fermi momentum pF, with the Fermi energy EF

chosen in the avoided crossing at low momenta (e.g. EF = Er for the dispersion shown in
Fig. 3.3b). In that case, the ground-branch states are almost spin-polarized along z, the
orientation being locked to the sign of the momentum. In a mean-field approximation,
such a scattering gives rise to an odd-parity superfluid gap, and hence to topological
superfluidity. In practice the interactions should be large enough to avoid the exponential
suppression of the superfluid critical temperature. For a scattering length |a| ∼ ~/pF
one expects a critical temperature comparable to the Fermi energy [116], as realized in
conventional strongly-interacting Fermi gases [117]. This regime will be reached using a
Fano-Feshbach resonance, or using a resonant enhancement of interactions using strong
transverse confinement.

3.2.3 Signatures of Majoranas in atomic systems

In solid-state systems, quantum wires in a topological superconducting phase are coupled
to a Cooper pair reservoir [118]. As shown in Fig. 3.4a, this system exhibits a topological
degeneracy, with two degenerate ground states differing by the electron number parity.
However, superselection rules forbid any sort of coupling between these states as long
as the atom number parity is conserved. A more interesting situation occurs when the
system exhibits four topological defects, e.g. in a pair of topological quantum wires.
There, the ground state is four-fold degenerate, with a basis indexed by the parities of
each subsystem, as |even, even〉, |even, odd〉, |odd, even〉 and |odd, odd〉. The total parity
being conserved, the dynamics is restricted to a two-level system, for example |even, even〉
and |odd, odd〉, forming a topological qubit.

Contrary to electronic systems, atomic quantum wires are isolated from the envi-
ronment and lack a superfluid reservoir. Then, a single wire hosts a non-degenerate
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Figure 3.4: Comparison between the many-body spectra expected for single-wire topo-
logical superfluids. Superfluidity occurs from proximity to a superfluid reservoir in (a)
and intrinsically from atom-atom interactions in (b). For a proximity-induced superfluid,
long-range order of the superfluid reservoir grants a true energy gap protecting a two-fold
degenerate ground state, one for each atom number parity. We stress that the conserva-
tion of parity prevents any coupling between these ground states, such that they cannot
play the role of a topological qubit as such. An intrinsic superfluid with a conserved
atom number N possesses a unique ground state, with gapless low-energy excitations in
the thermodynamic limit. In both cases, Majorana-like correlations are revealed when
extracting/adding a particle at the system ends.

ground state (see Fig. 3.4b). Topologically protected ground-state degeneracy requires a
minimal system of two coupled atomic wires [119, 120, 121] – similarly to the minimal
electronic system hosting a topological qubit. Isolated quantum wires, in which the su-
perfluid character is ‘intrinsic’, show another important difference with electronic systems
coupled to a BCS reservoir: their spectrum includes gapless phonon-like modes, prevent-
ing long-range order. Fortunately, one still expects a meaningful quasi-topological order
[122, 123, 124, 125]. We mention that long-ranged ordered pairing can also be induced by
coupling the atomic wire to a large superfluid system, in analogy with proximity-induced
superconductivity [126, 97].

Several characteristics of Majoranas can be accessed in a single atomic wire. Indeed,
the ground states for atom numbers N and N + 1 can be coupled by extracting an
atom of energy µ = E0(N + 1) − E0(N) – an analog of photoemission spectroscopy
in electronic systems. The extracted atom shares the characteristics of the Majorana
end mode expected in the equivalent system connected to a superfluid reservoir: density
localized at the system ends, with the phase difference between both ends locked to the
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Figure 3.5: (a) Schematics of the photoemission experiment. A radiofrequency wave
drives a transition towards an initially empty internal spin state. Starting in the many-
body ground state with N +1 atoms, the transfer resonances give access to the excitation
spectrum of the system with N atoms. The density distribution of these excitations can
be accessed from the position of the atom extraction. (b) Expected excitation spectrum
resolved in position, for an atom number N = 7 in a lattice of L = 14 sites. The zero-
energy excitation occurs at the ends of the system, corresponding to a Majorana-like
excitation.

parity of the atom number N .
We discuss in more detail the expected measurements using a toy model of a spin-

polarized Fermi gas in a lattice, with extended interactions between nearest neighbours.
This discussion is inspired by a previous project performed in collaboration with J. Dal-
ibard, C. Mora and L. Mazza [98]. The ground state of this number-conserving model,
originally introduced in [127], corresponds to the ground state of Kitaev’s model projected
on a fixed atom number N . We show in Fig. 3.5b the low-energy spectrum for N = 7
atoms on a lattice of L = 14 sites (Hilbert space dimension 3432), revealing the absence
of an energy gap.

The spectrum of many-body eigenstates can be measured by preparing the ground
state with N + 1 atoms and extracting one atom, for example with a radiofrequency
tuned close to resonance towards an initially empty internal state (see Fig. 3.5a). By
measuring the position of outgoing atoms, one reconstructs the position-resolved spectral
function

ρ(E, x) =
∑
i

δ(E − Ei)ni(x),

obtained by summing excitations of energy Ei and density probability ni(x). The expected
spectral function is shown in Fig. 3.5b. When the atom extraction is performed at ‘zero’
energy (with respect to the chemical potential µ), it occurs close to an end, as expected for
a Majorana bound state. This observation would be the equivalent of the position-resolved
measurements of in-gap states in solid-state systems [109].
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A key asset of atomic gases is the ability to probe coherence between distant points
[128, 129]. A central property of Majoranas is the long-range coherence between the two
ends of the sample, which remains topologically protected from the environment. To
reveal this feature, one could measure the momentum distribution of the atoms extracted
at zero energy, by measuring their density distribution after free expansion [130, 97] (see
Fig. 3.6). This protocol can be viewed as a double-slit interference between the two ends
of the atomic wire. Remarkably, the interference phase can be expressed as

φ = Nπ,

i.e. it only depends on the atom number parity N mod 2. This dependence on such a
non-local observable reveals a hidden topological order, defined over the atomic gas as a
whole. This phase remains decoupled from perturbations acting locally, such as disorder,
as long as the atom number parity is conserved.

The system discussed so far still lacks a degenerate subspace of protected Majorana
excitations, the prerequisite for topologically protected quantum operations. Topologi-
cal degeneracy would occur in a more complex setting, with a minimum of 2M defects
with M ≥ 2, each defect hosting a Majorana fermion. The associated Majorana bound
states form a set of M − 1 qubits at zero energy, which can be manipulated by braid-
ing operations. In practice, braiding cannot be performed in a single one-dimensional
system. It requires extending the system to coupled one-dimensional systems [100] or
two-dimensional geometry [102]. The complexity of the required experiment makes the
description of a protocol out of the scope of this thesis.
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Figure 3.6: Momentum-resolved emission spectroscopy, for atom numbers N = 6 and 7.
The spectral function ρ(E, k) is plotted in red (blue) for N = 6 (N = 7). The lower panel
shows the zero-energy spectral function, which forms a a double-slit interference pattern,
as expected for a Majorana-like correlation between the two ends of the system. The
parity of this interference pattern is determined by the atom number parity.
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Conclusion

We have presented a series of projects on the experimental realization of quantum-
enhanced sensing and the simulation of artificial gauge fields in ultracold dysprosium
atoms.

The quantum sensing projects demonstrated the production of maximally sensitive
N00N states via non-linear spin couplings. Future projects will aim at characterizing
hidden entanglement in non-classical states and stabilizing the fragile N00N states us-
ing a maximal-order spin coupling. The developed techniques could be extended to
study spinful interacting systems, providing a new path towards fractional quantum Hall
states. They could also be applied to larger-spin systems, such as Rydberg atoms [131]
or molecules [132], to further improve the sensing capabilities.

We presented two techniques to generate artificial gauge fields, in lattice atomic sys-
tems, and in dysprosium atomic gases based on a synthetic dimension encoded in the
electronic spin. A grand challenge in the cold atom community is to combine gauge fields
with interactions between atoms. The awaited strongly-interacting topological systems
could reveal fascinating properties, such as non-abelian elementary excitations.

This manuscript only presents a selection of my research activity. During my postdoc-
toral stay in Munich, I performed experiments on lattice atomic gases. We studied gases
in a mixture of two internal states at half filling, for which the low-energy dynamics is
governed by superexchange between neighbouring spins. We demonstrated the control of
XXZ-type superexchange [133], and studied resonating valence bond states in a four-site
system [134].

Since my arrival at laboratoire Kastler Brossel as an associate professor, I co-supervised
another ultracold atom experiment, together with Jean Dalibard and Jérôme Beugnon
(principal investigator). This experiment works with samples of rubidium atoms, strongly
confined along one spatial direction, allowing us to explore the physics of two-dimensional
Bose gases. Despite the lack of long-range order, these systems exhibit a superfluid
phase at low temperature. The superfluid transition occurs via the Berezinskii-Kosterlitz-
Thouless mechanism, in which vortex/anti-vortex phase defects bind together below a
critical temperature, such that the coherence decays with the distance very slowly. We
studied several aspects of this transition, namely thermodynamic properties [135], sound
propagation [136], first-order phase coherence [137] and particle bunching [138]. Among
other projects, we also studied the universal non-equilibrium dynamics occurring when
crossing a phase transition at finite speed, according to the Kibble-Zurek mechanism
[139, 140, 141].
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[17] C. Gross, T. Zibold, E. Nicklas, J. Estève, and M. K. Oberthaler. Nonlinear atom in-
terferometer surpasses classical precision limit. Nature, 464(7292):1165–1169, April
2010.
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