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Chapter

Introduction

1.1 Introduction (Frangais)

1.1.1 Ergodicité et entropie

La théorie des systemes dynamiques concentre les changements dans le temps
d’un point donné dans un espace. Les exemples incluent le systeme solaire, le flux
de liquide et de gaz, le stock de marché, le nombre de poissons dans un étang, le
temps de la terre et ainsi de suite. Il existe des applications vastes et profondes de
la théorie des systemes dynamiques dans de nombreux domaines avancés des sci-
ences comme la biologie, la physique, la théorie de I'information, etc. Il y a générale-
ment deux parties d'un systeme dynamique: 1'espace des phases et la dynamique.
L’espace de phase fournit tous les états possibles en question. Il s’agit généralement
d’"un ensemble de points avec des structures mesurables, topologiques ou différen-
ciables. La dynamique est un ensemble de regles qui régit le mouvement d"un point
dans l'espace des phases. Soyons clairs a travers une abstraction mathématique. En
un mot, un systéme dynamique est défini X avec une auto-carte f. Ce n’est générale-
ment pas trés intéressant sans ajouter plus de structure sur X et plus de restrictions
sur f. La facon la plus courante et la plus simple de le faire est de supposer que X est
un espace mesurable pour certaines ¢ algebre 5 et f préserve la structure mesurable
dans le sens ou la pré-image d'un ensemble mesurable est également mesurable.
Nous avons maintenant la définition formelle des systémes dynamiques, mais quel
genre de question qui intéresse les dynamiques?

Commengons par la fonction d’expansion linéaire sur I'intervalle [0,1):

f(x) =2x mod 1.

Considérons une fonction continue ¢ sur [0,1). Nous définissons la moyenne spa-

FIGURE 1.1 - La fonction f(x) =2x mod 1



tiale de ¢ comme
/ ¢ dLeb

et la moyenne temporelle de ¢ comme la limite quand 7 tend vers l'infini de
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||'M|

Une question fondamentale en dynamique est le probleme de comprendre quand
les moyennes spatiales sont égales aux moyennes temporelles. La réponse a cette
question conduit au concept d’ergodicité qui joue un role crucial dans les systemes
dynamiques, en particulier dans la théorie ergodique. Une mesure de probabilité y
sur X est appelée ergodique si un sous-ensemble mesurable A avec f1(A) = A a
une mesure nulle ou une mesure compléte. Le célebre travail de Birkhoff [1] montre
que pour une mesure ergodique y, les moyennes spatiales sont égales aux moyennes
temporelles. De retour a 1’exemple ci-dessus, on peut montrer que la mesure de
Lebesgue est ergodique. Par conséquent, pour Lebesgue, il faut presque pointer x,

1
n

g )—>/<deeb.

Introduisons maintenant une autre quantité qui décrit la complexité d'un sys-
téme dynamique donné. Imaginez que nous prenions une boite de milliers de pieces
de puzzle et que nous les jetions accidentellement sur le sol. Il est raisonnable de
s’attendre a ce que les piéces aient une chance de se placer exactement en place et
de créer un puzzle terminé. Mais pourquoi ne voyons-nous pas cela se produire
en réalité? La réponse non mathématique est que les chances sont écrasantes con-
tre elle. Mais que faire s’il n'y a que deux pieces de puzzle dans la boite? Ensuite,
on peut imaginer qu’il y a une grande chance d’obtenir un puzzle terminé par une
goutte aléatoire. Cet exemple reflete I’essence de ’entropie. Nous utilisons 1’entropie
comme mesure du désordre. Plus 'entropie est grande, plus nous obtenons de varia-
tions désordonnées que d’ordonnées. L’entropie peut étre définie dans les catégories
topologiques, ergodiques ou différenciables. Nous nous concentrons principalement
sur deux types d’entropie, 1’entropie métrique d’une mesure ergodique notée h(f, i)
et 'entropie topologique du systéeme notée /op (f).

1.1.2 Formule d’entropie de Pesin

Puisque l'entropie mesure la complexité, il est tout a fait naturel d’en consid-
érer la borne supérieure. Le résultat classique dans cette direction est 1'inégalité
de Margulis-Ruelle [28] qui délimite ’entropie par les soi-disant exposants de Lya-
punov.

Theorem 1.1.2.1. [28] Soit f une carte C' sur une variété compacte M et y une mesure de

probabilité Borel ergodique.

h(f,u) <Y Ailf ) - dimE! (1.1)

M:

Il
—_

oit Ai(f,1),1 < i < u sont les exposants positifs de Lyapunov et E',1 < i < u sont les
faisceaux de vecteurs Oseledets correspondants [23].



En considérant une mesure ergodique appuyée sur un point fixe hyperbolique,
on peut voir que 1'inégalité ci-dessus peut étre nette. La question est alors de savoir
dans quelle condition nous pouvons obtenir une égalité. Ceci est partiellement
répondu par Pesin [24].

Theorem 1.1.2.2. [24] Soit f un difffomorphisme C1** (& > 0) sur une variété compacte
M et y une mesure de probabilité Borel ergodique qui est absolument continue w.r.t. la
mesure de Lebesgue sur M. Ensuite nous avons

W) = YA ) - dim B (12)

i=1

L’égalité (1.8) ci-dessus est souvent appelée ‘formule d’entropie de Pesin’.
Plus tard, Ledrappier et Young ont renforcé ce résultat (mais en C?) en montrant
que

Theorem 1.1.2.3 (Formule d’entropie de Ledrappier et Young [17]). Soit f un difféo-
morphisme C? sur une variété compacte M et u une mesure ergobique de probabilité de Borel.
Alors y a des mesures conditionnelles absolument continues sur les variétés instables si et
seulement si

u .
h(fou) =) Ailf,p) - dim E'. (1.3)
i=1
Dans un article consécutif [18], Ledrappier et Young se sont concentrés sur la
recherche d’une formule d’entropie pour h(f, i) valide pour toute mesure de proba-
bilité ergodique . Le résultat suivant fournit une description géométrique profonde
de I'entropie métrique. Nous écrivons 1'exposant de Lyapunov A; pour faire court.

Theorem 1.1.2.4. [18] Soit f un difffomorphisme C* sur une variété compacte M et y une
mesure ergobique de probabilité de Borel.

h(fou) =Y 1A (1.4)
j=1

0iL 11, . ..,1y sont des dimensions transversales satisfaisant rj < dim E/.

En effet, Ledrappier et Young ont prouvé un résultat plus général. Ils ont défini
’entropie le long de i -th foliation instable dénotée par h;(f, ) (voir Proposition
2.3.1). Ils ont montré (Theorem C’ in [18]): pour tout 1 <i < u,

W(F) = h(Fp)+ Y 1Ay (L5)

j=it1

Pour1 <i < u,que ,ugl soit une famille de mesures conditionnelles w.r.t. une par-
tition subordonnée donnée ¢' (voir la Definition 2.2.1). Nous définissons les valeurs

} presque:

i ¢ (i
5 & limsup 1081 (B0 0) - 5a ¢ loB 1 (B, 0))
050 log p — p—0 log p
Le principal obstacle pour prouver la formule (1.5) est d’afficher ; = §; pour

1 < i < u et les relier aux entropies le long des feuillages instables. Remarquez



que la dimension transversale r; est définie comme r; = 6; — ;1. Pour prouver
d; = 4;, Ledrappier et Young se sont concentrés sur les propriétés clés suivantes:
pour2 <i<u,

1. hi—hi_q > Ai(gi - gifl)'
2. hi—hig < A(6;—9;_1).

Mais nous notons que les preuves de ces deux propriétés sont basées sur des méth-
odes tres différentes. La premiere inégalité ci-dessus se trouve dans la section 10
dans [18] tandis que la seconde se trouve dans la section 5 dans [17]. Dans la Section
2, nous réorganisons leurs arguments pour obtenir une preuve unifiée de ces deux
propriétés.

1.1.3 Limite supérieure de I'’entropie métrique

Comme mentionné précédemment, 1'inégalité de Margulis-Ruelle (1.1) montre
que les exposants de Lyapunov positifs se sont liés au-dessus de I’entropie métrique.
Comme peut-étre observé pour la premiere fois par Katok, cette inégalité implique
que les mesures avec entropie positive des difféfomorphismes de surface sont hy-
perboliques, c’est-a-dire sans zéro exposant de Lyapunov. Katok [13] a ensuite pu
analyser une telle dynamique en utilisant la théorie de Pesin dans le parametre C1**.

En utilisant également la théorie de Pesin, Newhouse [21] a prouvé une autre
limite pour l'entropie d’'une mesure ergodique cette fois par la croissance en vol-
ume de sous-variétés qui sont transversales a ses variétés stables. Dans le parametre
C! avec fractionnement dominé, sans utiliser la théorie de Pesin, Saghin [29] et
Guo-Liao-Sun-Yang [12] délimités au-dessus de I'entropie métrique par un mélange
entre le Lyapunov positif exposants et la croissance en volume de certains sous-
sous-variétés. En utilisant le résultat de Ledrappier-Young [18], Cogswell [10] a
prouvé que la croissance en volume des variétés locales instables est plus grande que
I'entropie métrique. La preuve de Cogswell suppose une régularité de C? puisque
cela est requis dans le travail de Ledrappier-Young. Du c6té topologique, pour le
difféomorphisme C!**, Przytycki [25] a prouvé que I'entropie topologique est lim-
itée au-dessus par le taux de croissance de certaines formes différentielles. Plus tard,
Kozlovski [14] a montré que c’est une égalité si le systeme est C*.

Dans cette theése, nous avons plusieurs résultats sur la borne supérieure de I’entropie
métrique.

Croissance volumique, entropie topologique et entropie fibrée

Nous généralisons I'idée de Cogswell dans [10] pour établir une limite supérieure
plus générale pour les systémes C2 sans supposer un fractionnement dominé. Nous
avons lié I'entropie d’une mesure par une combinaison d’exposants de Lyapunov
(comme dans l'inégalité de Ruelle) et de diverses croissances de variétés instables
telles que la croissance en volume (comme dans 1'inégalité de Newhouse [21]). Nous
utiliserons cette nouvelle limite pour étendre 1’argument d’hyperbolicité de Katok
mentionné ci-dessus au-dela de la dimension deux. Pour plus de détails, voir la
section 1.2.4.

Vague Statements of main results. Soit f un difféomorphisme C? sur une variété com-
pacte M et y toute mesure de probabilité ergodique et invariante. Considérez ses exposants
Lyapunov positifs Ay > --- > Ay et les i -th variétés locales instables correspondantes
Wi (x) pour presque chaque x € Meti=1,...,u.

loc



Alors I'entropie h(f,u) est bornée, pour tout indice 1 < i < u, par la somme de la
croissance en volume presque partout de Wfoc(x) et les exposants transversaux de Lyapunov
Aig1, ..., Ay, Yépétés selon la multiplicité.

Dans cette inégalité, la croissance en volume peut étre remplacée par une entropie fibrée
ou une entropie topologique de Wi (x).

Nous donnons des déclarations completes et précises dans la section suivante
apres avoir introduit les notions requises. Voir en particulier le théoreme C.

Entropie dimensionnelle uniforme sur les sous-variétés

Dans cette section, pour les difféomorphismes C!**, nous avons lié I’entropie par
une somme des plus petits exposants de Lyapunov et une certaine entropie (appelée
entropie dimensionnelle, voir 5.1.3) des sous-variétés transversales. Voici une liste
des principales différences par rapport aux résultats précédents présentés dans la
section 1.1.3.

* Nous utilisons principalement la théorie de Pesin, donc nous ne supposons
pas une structure uniforme comme le fractionnement dominé.

* Nous n’avons pas a considérer la dynamique de certains sous-variétés lisses
spéciales comme les variétés instables. Au lieu de cela, nous nous concentrons
sur une famille dense de sous-variétés C* appelée famille ample (voir Défini-
tion 5.1.1).

e Nous n’utilisons pas le résultat de Ledrappier et Young comme [10] et The-
orem C. Cela nous permet de travailler avec C1™ et fournit une observation
géométrique claire (voir la section 5).

Nous définissons d’abord emph entropie dimensionnelle uniforme w.r.t. une
famille A de sous-variétés par

H(f, A) £ lim lim sup 1 sup log#E(n, T,7)
7—0 n—r—+o0 n yeA

ott E(n, ¢, ) est un sous-ensemble maximal (n, T) séparé de 7.

Nous considérons un type spécial de famille de sous-variétés C* dans la défi-
nition 5.6.1 appelée ample family. En gros, une ample family est une tres grande
famille de sous-variétés i -dimensionnelles qui sont denses en M dans un certain
sens. Nous définissons ensuite uniform i-dimensional entropy on ample families

par

H'(f) £ inf {H (f,A) | A est une ample family de sous-variétés i—dimensionnelles}.

Nous présentons maintenant notre résultat sur 1’entropie dimensionnelle.

Theorem A. Soit f un difffomorphisme C'™*(a > 0) sur une variété compacte et que y
soit une mesure ergodique. Répertoriez les exposants Lyapunov de y comme A1 < Ay <
.-+ < A Pour tout 0 < k <1, s0it i = dim(EF' @ EX2 @ .- @ EY). On aalors

k
h(f,u) < H'(f) + Z; A} dim(E/)
iz

oi A = max{0,A;}.



Remark 1.1.1.

* Sik = I, nous obtenons l'inégalité Ruelle [28] et si k = 0, nous obtenons le résultat
trivial h(f, u) < heop(f)-

* Nous pouvons remplacer f par la carte temporelle d'un flux C'*, puis nous obtenons
une inégalité similaire pour le flux.

1.1.4 Applications au difféomorphisme entropie-hyperbolique

Dans cette section, nous appliquons nos résultats a une classe de difféomor-
phismes appelés entropie-hyperbolique (d"apres [6]). Les épreuves sont dans la Sec-
tion 4.

Nous fixons un atlas fini A = {(U,¢)} de M. Etant donné r > 1, pour une
sous-variété C" v : (0,1)* — M, définissez la norme C” - de 7y as

[17]l; = max sup max{||D(¢ o)l [ (U, ¢) € A}
== e(0,1)k

ot D' est le i-dérivée.
Definition 1.1.2. L'entropie k -dimensionnelle sur les sous-variétés C" est

hk,r

top(f) £ sup{lop(f,v) | v est C" sous-variété de dimension k avec ||7||, < 1}.

Un difféomorphisme f est entropie-hyperbolique si

dor(f) +dor(f71) = dimM
oit der(f) = min{0 < k < dim M : Iy (f) = huop(f) }-

Remark 1.1.3. Rappelons que nous avons défini I'entropie dimensionnelle uniforme sur de

LZCT:’IPZE family (H*(f)) dans la section précédente. Ici hlf(’; (f) est défini w.r.t. Sous-variétés

A partir de maintenant, nous considérons » comme la douceur supposée du dif-
féomorphisme et pour simplifier, nous le supprimons des notations et de la termi-
nologie. Nous utilisons également la notation d(f) au lieu de dcr (f).

Notez qu’un difféomorphisme entropie-hyperbolique sur une variété compacte
M (dimM > 1) a toujours une entropie positive. Ici, nous utilisons des défini-
tions analogues de l’entropie dimensionnelle comme dans [6] ot Buzzi a systéma-
tiquement discuté et conjecturé les propriétés de l'entropie dimensionnelle et de
I'hyperbolicité entropique.

Pour A > 0, nous disons qu'une mesure ergodique est A-hyperbolic si pour un
exposant de Lyapunov A; de y, la valeur absolue de A; est supérieur ou égal a A.
Nous disons qu'un point périodique hyperbolique est A-hyperbolique si la mesure
ergodique supportée sur les orbites de ce point périodique est A-hyperbolique.

L’indice instable d"une mesure ergodique est défini comme la dimension de ses
variétés instables.

Nous déduirons du Theorem C:

Theorem 1.1.4. Soit f un difffomorphisme C? sur une variété compacte M qui est entropie-
hyperbolique. 1l y a une constante h < hyp(f) telle que toute mesure ergodique p avec

h(f,u) > hest %hyperbolique et l'indice instable de p est d(f).



Remark 1.1.5. On peut facilement obtenir de la preuve du Theorem 1.2.4 que d(f) +
d(f~1) < dim M pour le C? difféomorphisme arbitraire.

En utilisant le Katok’s horseshoe theorem, cela implique:

Corollary 1.1.6. Tout C? difféomorphisme entropie-hyperbolique f sur une variété compacte
satisfait:

* hiop(f) = suphiop(f,K) ot K s'étend sur les ensembles invariants hyperboliques
compacts;

* f est un point de semi-continuité inférieure de I'entropie topologique dans la topologie
cL

En particulier, f est un point de continuité de I'entropie topologique dans la topologie C*.

Une mesure de probabilité invariante v maximise I’entropie sil’entropie métrique
de v est égale a I'entropie topologique du systeme. Ensuite, nous montrons des ex-
emples de difféomorphisme entropie-hyperbolique.

Ben Ovadia (Theorem 1.5 dans [31]) montre que tout difféomorphisme C!*# sur
une variété compacte a au plus dénombrable de nombreuses mesures hyperboliques
ergodiques maximisant I'entropie. Par conséquent:

Corollary 1.1.7. Soit f un difffomorphisme C? sur une variété compacte M. Si f est
entropie-hyperbolique, il a au plus de nombreuses mesures ergodiques maximisant I'entropie.

En utilisant le codage de Sarig [30] dans la dimension deux, Buzzi (Theorem 1.2
dans [7]) a montré une borne inférieure multiplicative sur le nombre de points péri-
odiques. Nous utilisons la généralisation dimensionnelle supérieure de Ben Ova-
dia [31] du codage de Sarig pour étendre le résultat de Buzzi a n'importe quelle
dimension lorsque le systeme est entropie-hyperbolique.

En suivant Buzzi dans [7], nous définissons

per, (f,n) £ {x € M| {f*(x), k € N} ala cardinalité n et est A-hyperbolic}.
Rappelons que la constante /1 provient du Theorem 1.2.4.

Theorem 1.1.8. Soit f un difféomorphisme C® sur une variété compacte M. Si f est

entropie-hyperbolique, alors il y a un entier p > 1 tel que pour tout A < ht"dﬁg B\Zh,

liyrlgglfe_"ht"l’(f) -#per,(f,n) > p.
pln

Ensuite, nous montrons quelques exemples de systemes entropie-hyperboliques.
Soit 77 : R? — T? := R?/Z? la projection naturelle de l'avion au tore. Alors 7t

est une carte bijective entre [0,1)? et T2. Notons A = {0} x [0,1) U (0,1) x {0}.
Nous introduisons la propriété suivante:

f(p) = p pour tous p dans un voisinage U de 7t(A), (1.6)

Example 1.1.9. Soit fi et f, deux difffomorphismes lisses C* sur T? avec entropie topologique
positive. S'ils satisfont la condition (1.6) ci-dessus, alors fi X f, est entropie-hyperbolique
sur T4,



Remark 1.1.10. Nous nous attendons a ce que cela puisse étre généralisé a toute surface
fermée et que la condition (1.6) puisse étre supprimée. Plus important encore, nous nous
attendons a ce que I'hyperbolicité d’entropie soit C* ouverte de sorte que les perturbations de
f1 X fo soient également entropie-hyperboliques. Voir chapitre 6. Voir Chapter 6 pour plus
de détails.

1.2 Introduction (English)

1.2.1 Ergodicity and entropy

The theory of dynamical systems focuses the changes over time of a given point
in a space. Examples include the solar system, the flow of liquid and gas, the stock
of market, the number of fish in a pond, the weather of earth and so on. There are
wide and profound applications of dynamical systems theory in many advanced
areas of sciences like biology, physics, information theory, etc. There are usually
two parts of a dynamical system: the phase space and the dynamics. The phase
space provides all the possible states in question. Usually it is a set of points with
measurable, topological or differentiable structures. The dynamics is collection of
rules which governs the movement of a point in the phase space. Let us make things
clear through a mathematical abstraction. In a nutshell, a dynamical system is a
set X with a self-map f. It is usually not very interesting without adding more
structures on X and more restrictions on f. The most common and simple way to do
this is to assume that X is a measurable space for some ¢ algebra B and f preserves
the measurable structure in the sense that the pre-image of a measurable set is also
measurable. Now we have the formal definition of dynamical systems, but what
kind of question that interests dynamicists ?

Let us start with the linear expanding function on the interval [0,1):

f(x) =2x mod 1.

0 0.5 1

FIGURE 1.2 - The function f(x) = 2x mod 1

Consider a continuous function ¢ on [0, 1). We define the space average of ¢ as

/qdeeb

and the time average of ¢ as
1 n—1

g¢(fi(X))-

A basic question in dynamics is the problem of understanding when the space aver-
ages are equal to time averages. The answer to this question leads to the concept of

n



ergodicity which plays a crucial role in dynamical systems, especially in ergodic the-
ory. A probability measure i on X is called ergodic if any measurable subset A with
f~1(A) = A has zero measure or full measure. The celebrated work of Birkhoff [1]
shows that for an ergodic measure y, the space averages are equal to time averages.
Back to the above example, one can show that the Lebesgue measure is ergodic. As
a consequence, for Lebesgue almost point x,

; o(Fi (x —>/q>dLeb.

Now let us introduce another quantity that describes the complexity of a given
dynamical system. Imagine we take a box of thousands of puzzle pieces and we
accidentally dump them out on the ground. It is reasonable to expect that there is
a chance for the pieces to fall exactly into place and create a completed puzzle. But
why don’t we see this happens in reality ? The non-mathematical answer is that the
odds are overwhelmingly against it. But what if there are only two puzzle pieces in
the box ? Then one can image that there is a big chance to get a completed puzzle
by a random drop. This example reflects the essence of entropy. We use entropy
as a measure of disorder. The larger the entropy is, the more disorderly variations
we get than orderly ones. The entropy can be defined in the topological, ergodic
or differentiable categories. We mostly focus on two kinds of entropy, the metric
entropy of an ergodic measure denoted by h(f, i) and the topological entropy of the
system denoted by hiop (f)-

1.2.2 Pesin’s entropy formula

Since the entropy measures the complexity, it is quite natural to consider the
upper bound of it. The classical result on this direction is the Margulis-Ruelle In-
equality [28] which bounds above the entropy by the so called Lyapunov exponents.

Theorem 1.2.2.1. [28] Let f be a C' map on a compact manifold M and y an ergodic Borel
probability measure.

h(f,u) < Z - dim E' (1.7)
i=1

where Ai(f,1),1 < i < u are the positive Lyapunov exponents and Ei,1 < i< uarethe
corresponding Oseledets’ vector bundles [23].

By considering an ergodic measure supported on a hyperbolic fixed point, one
can see that the inequality above can be sharp. Then the question is under what
condition we can get an equality. This is partially answered by Pesin [24].

Theorem 1.2.2.2. [24] Let f be a C'™ (x > 0) diffeomorphism on a compact manifold
M and p an ergodic Borel probability measure which is absolutely continuous w.r.t. the
Lebesgue measure on M. Then we have

W) = YA, ) - dim B (18)

i=1

The above equality (1.8) is often called ‘Pesin’s entropy formula’.
Later, Ledrappier and Young strengthened this result (but in C? setting) by show-
ing that
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Theorem 1.2.2.3. [17] Let f be a C? diffeomorphism on a compact manifold M and y an
ergodic Borel probability measure. Then y has absolutely continuous conditional measures
on unstable manifolds if and only if

u .
h(F,u) = Y Ailf ) - dim E. (19)
i=1
In a consecutive paper [18], Ledrappier and Young focused on finding an entropy
formula for h(f, u) valid for any ergodic probability measure .. The following result
provides a profound geometrical description of the metric entropy. We write the
Lyapunov exponent A; for short.

Theorem 1.2.2.4 (Ledrappier-Young entropy formula [18]). Let f be a C? diffeomor-
phism on a compact manifold M and y an ergodic Borel probability measure.

h(f,u) =) 1A (1.10)
j=1

where rq, ..., 1, are some transverse dimensions satisfying ri < dim E/.

Indeed, Ledrappier and Young proved a more general result. They defined the
entropy along i-th unstable foliation denoted by ;(f, i) (see Proposition 2.3.1). They
showed (Theorem C’ in [18]): forany 1 <i < u,

W(Fu) = h(fp)+ Y 7 A (1.11)

j=it1

For1<i<u,let ygl be a family of conditional measures w.r.t. a given subordi-
nate partition ¢’ (see definition 2.2.1). We define the u almost values:

& pi i
e lil’nsupl g 15 (B (x,p))/ 2 liminf log u5 (B'(x,p))
p—0 logp - p—0 logp

The key obstacle to prove formula (1.11) is to show 6 = biforl <i < wuand
relate them to the entropies along unstable foliations. Remark that the transverse
dimension 7; is define as r; = &; — §;_1. To prove 6; = i, Ledrappier and Young
focused on the following key properties: for2 <i < u,

1. hi—hioy > A6 — 6i1),
2. hi —hi—1 < Ai(9; =9, 1).

But we note the proofs of these two properties are based on very different meth-
ods. The first inequality above is in Section 10 in [18] while the second one is in
Section 5 in [17]. In Section 2, we reorganize their arguments to get a unified proof
of these two properties.

1.2.3 Upper bound of metric entropy

As mentioned before, Margulis-Ruelle Inequality (1.7) shows that the positive
Lyapunov exponents bound above the metric entropy. As perhaps first observed by
Katok, this inequality implies that measures with positive entropy of surface diffeo-
morphisms are hyperbolic, i.e., without zero Lyapunov exponents. Katok [13] was
then able to analyze such dynamics using the Pesin theory in the C1™* setting.
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Also using Pesin theory, Newhouse [21] proved another bound for the entropy
of an ergodic measure this time by the volume growth of sub-manifolds which are
transverse to its stable manifolds. In the C! setting with dominated splitting, with-
out using Pesin theory, Saghin [29] and Guo-Liao-Sun-Yang [12] bounded above
the metric entropy by a mixture between the positive Lyapunov exponents and the
volume growth of some sub-manifold. By using Ledrappier-Young’s result [18],
Cogswell [10] proved that the volume growth of local unstable manifolds is larger
than the metric entropy. Cogswell’s proof assumes C? smoothness since this is re-
quired in Ledrappier-Young’s work. On the topological side, for C!** diffeomor-
phism, Przytycki [25] proved that the topological entropy is bounded above by the
growth rate of some differential forms. Later Kozlovski [14] showed it is an equality
if the system is C*™.

In this thesis, we have several results on the upper bound of metric entropy.

Volume growth, topological entropy and fibered entropy

We generalize Cogswell’s idea in [10] to establish a more general upper bound
for C? systems without assuming dominated splitting. We bound the entropy of a
measure by a combination of Lyapunov exponents (as in Ruelle’s inequality) and
various growths of unstable manifolds such as volume growth (as in Newhouse’s
inequality [21]). We will use this new bound to extend the above mentioned Katok’s
hyperbolicity argument beyond dimension two. For more detail, see Section 1.2.4.

Our proof is a combination of Ledrappier-Young’s entropy formula [18] and
Pesin theory. We also discuss some extensions for hyperbolic measures in C!** case.

Vague Statements of main results. Let f be a C? diffeomorphism on a compact manifold
M and let y be any ergodic, invariant probability measure. Consider its positive Lyapunov
exponents Ay > --- > Ay and the corresponding i-th local unstable manifolds W}, _(x) for
almost every x € Mandi=1,...,u.

Then the entropy h(f,u) is bounded, for any index 1 < i < u, by the sum of the almost
everywhere volume growth of Wi, (x) and the transverse Lyapunov exponents A1, ..., Ay,
repeated according to multiplicity.

In this inequality, the volume growth can be replaced by fibered entropy or topological

entropy of Wi _(x).

We give complete and precise statements in the next section after introducing the
required notions. See in particular Theorem C in Chapter 1.2.3.

Uniform dimensional entropy on submanifolds

In this section, for C!™ diffeomorphisms, we bound the entropy by a sum of
the smallest Lyapunov exponents and some entropy (called uniform dimensional
entropy, see 5.1.3) of transverse submanifolds. Here is a list of the main differences
from the previous results introduced in Section 1.2.3.

¢ We mainly use Pesin’s theory, so we do not assume a uniform structure like
dominated splitting.

* We do not have to consider the dynamics on some special smooth submani-
folds like unstable manifolds. Instead, we focus on a dense family of CO sub-
manifolds called ample family (see Definition 5.1.1).
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¢ We do not use Ledrappier and Young’s result like [10] and Theorem C. This
allows us to work in C!# setting and it provides a clear geometric observation
(see Section 5).

We first define the uniform dimensional entropy w.r.t. a family A of submani-
folds by

H(f, A) £ lim lim sup 1 suplog#E(n, T,7)
=0 100 N veA
where E(n, T,7y) is a maximal (1, T) separated subset of .

We consider a special kind of family of C® submanifolds in Definition 5.6.1 called
ample family. Roughly speaking, an ample family is a very large family of i-dimensional
submanifolds which are dense in M in some sense. We then define the uniform
i-dimensional entropy on ample families by

H'(f) £ inf {H (f, A) | Ais an ample family of i-dimensional submanifolds}.

We now introduce our result on dimensional entropy.

Theorem A. Let f be a C1**(a > 0) diffeomorphism on a compact manifold and let y be
an ergodic measure. List the Lyapunov exponents of pas Ay < Ay < --- < A;. For any
0<k<lleti=dim(EX"' @ E**2 @ .. @ E). Then we have

. k .
h(f,u) < H'(f) + ) A} dim(E)
j=1
where A;“ = max{0, Aj}.
Remark 1.2.1.

* Ifk = I, we get the Ruelle inequality [28] and if k = 0, we get the variational principle
h(f, 1) < hiop(f)-

* We can replace f by the time-one map of a C'** flow, then we get a similar inequality
for flow.
1.2.4 Applications to entropy-hyperbolic diffeomorphism

In this section, we apply our results to a class of diffeomorphisms called entropy-
hyperbolic (after [6]). The proofs are in Section 4.

We fix a finite atlas A = {(U,¢)} of M. Given r > 1, for a C" sub-manifold
7: (0, 1)" — M, define the C"-norm of 7y as

|I7]l» = max sup max{|[D'(p o )|:|| | (U, ¢) € A}
SIS e (0,0)k

where D! is the i-th derivative.

Definition 1.2.2. The k-dimensional entropy on C" sub-manifolds is

hk,r

top (f) £ sup{hwop(f,v) | v is C" sub-manifold of dimension k with ||-y||, < 1}.

A diffeomorphism f is C" entropy-hyperbolic if

der(f) +der(f7) = dim M
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where der (f) = min{0 < k < dim M : hlf(’);(f) = hiop(f) }-

Remark 1.2.3. Recall that we have defined uniform dimensional entropy on ample families

(H*(f)) in the previous section. Here h’t‘(’)} (f) is defined w.r.t. C" sub-manifolds.

From now on, we take r to be the assumed smoothness of the diffeomorphism
and for simplicity, we drop it from the notations and terminology. We also use the
notation d( f) instead of dcr (f).

Note that an entropy-hyperbolic diffeomorphism on compact manifold M (dim M >
1) always has positive entropy. Here we use analogous definitions of dimensional
entropy as in [6] where Buzzi systematically discussed and conjectured the proper-
ties of dimensional entropy and entropy-hyperbolicity.

For A > 0, we say that an ergodic measure is A-hyperbolic if for any Lyapunov
exponent A; of u, the absolute value of A; is strictly larger than A. We say that a
hyperbolic periodic point is A-hyperbolic if the ergodic measure supported on the
orbits of this periodic point is A-hyperbolic.

The unstable index of an ergodic measure is defined as the dimension of its un-
stable manifolds.

We will deduce from Theorem C:

Theorem 1.2.4. Let f be a C? diffeomorphism on a compact manifold M which is entropy-
hyperbolic. There is a constant h < hyop (f) such that any ergodic measure y with h(f, i) >

his %—hyperbolia

Remark 1.2.5. One can easily get from the proof of Theorem 1.2.4 that d(f) +d(f~!) <
dim M for arbitrary C? diffeomorphism f.
Using Katok’s horseshoe theorem, this implies:
Corollary 1.2.6. Any C? entropy-hyperbolic diffeomorphism f on a compact manifold sat-
isfies:
* Iiop(f) = sup hiop(f, K) where K ranges over the compact hyperbolic invariant sets;
e fisa point of lower semi-continuity of the topological entropy in the C'-topology.
In particular, f is a point of continuity of the topological entropy in the C* topology.

An invariant probability measure v maximizes entropy if the metric entropy of v
is equal to the topological entropy of the system.

Ben Ovadia (Theorem 1.5 in [31]) shows that any C!** diffeomorphism on a com-
pact manifold has at most countably many ergodic hyperbolic measures maximizing
entropy. Therefore:

Corollary 1.2.7. Let f be a C? diffeomorphism on a compact manifold M. If f is entropy-
hyperbolic, then it has at most countably many ergodic measures maximizing entropy.

By using Sarig’s coding [30] in dimension two, Buzzi (Theorem 1.2 in [7]) showed
a multiplicative lower bound on the number of periodic points. We use Ben Ovadia’s
higher-dimensional generalization [31] of Sarig’s coding to extend Buzzi’s result to
any dimension when the system is entropy-hyperbolic.

Following Buzzi in [7], we define

per,(f,n) £ {x € M| {f*(x), k € N} has cardinality # and is A-hyperbolic}.

Recall that constant /1 is from Theorem 1.2.4.
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Theorem 1.2.8. Let f be a C* diffeomorphism on a compact manifold M. If f is entropy-

hyperbolic, then there is an integer p > 1 such that for any A < h“c‘ﬁg 3\2 "

li)gr%icgfe_”hmp(f) -#per,(f,n) > p.
pin

Next we show some examples of entropy-hyperbolic systems.

Let 77 : R> — T? := R?/Z? be the natural projection from the plane to the torus.
Then 7 is a bijective map between [0,1)? and T2. Denote A = {0} x [0,1) U (0,1) x
{0}

We introduce the following property:
f(p) = p forall p in some neighbourhood U of 7t(A), (1.12)

Example 1.2.9. Let fi and f, be two C®-smooth diffeomorphisms on T? with positive topo-
logical entropy. If they satisfy condition (1.12) above, then fi X f5 is entropy-hyperbolic on
T

Remark 1.2.10. We expect that this can be generalized to any closed surface and that con-
dition (1.12) can be removed. More importantly, we expect that entropy hyperbolicity is C*
open so that perturbations of f1 X fo are also entropy-hyperbolic. See Chapter 6 for more
detail.
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The Ledrappier-Young theory
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Chapter 2

Dimensions along unstable
foliations: Ledrappier-Young
entropy formula

2.1 Introduction

This chapter is devoted to an exposition of Ledrappier-Young entropy formula
(Theorem 1.2.2.4) and its proof, for which we offer a simplification.

Let f be a C'** diffeomorphism on a compact manifold M and y an ergodic
measure. We list the positive Lyapunov exponents as Ay > Ay > --- > A,. By Pesin
theory, for 1 < i < u and for any x € R, (the set of regular points, see Section 2.2
below), the i-th global unstable manifold

; 1

W'(x) £ {y € M| limsup —logd(f~"(x), f"(y)) < —Ai}
n—+oo N

is a C!™ immersed sub-manifold. Given 1 < i < u, for a measurable partition &’

subordinate to W' (See Definition 2.2.1), let { ygi} be the disintegration of u w.r.t. &'.
Ledrappier and Young [18] have defined the entropy along i-th unstable foliation
hi(for more detail, see Proposition 2.3.1):

h; = lim lim inf —% log ‘ugi (Vi(x,n,7)) = lim limsup —% log ‘ugi (Vi(x,n,1))

T—0 n—+oo =0 400

where Vi(x,n,T) is the dynamical ball (See Section 2.2).

They also define dimensions §; w.r.t. each ¢'. The Ledrappier-Young entropy
formula relates entropies, dimensions and exponents. More precisely, for any 1 <
i < u (assuming hy = 0), they proved

hi = hi_1 4 (8; — di—1) - Ay

Moreover h, = h(f, u). Hence we get the Ledrappier-Young entropy formula:

h(f,u) = i"j‘/\j
=1
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where rq, ..., 1, are called the transverse dimensions defined by r; = 6; — 6;_1.

As in Ledrappier and Young’s original approach, the basic tools are Pesin theory
and the construction of good metrics on the quotients ¢ (x)/& 1. These good met-
rics have been constructed precisely by Ledrappier and Young for the casei = u + 1,
but we will use them in all intermediate exponents.

The core of the proof of Ledrappier-Young entropy formula is to show that these
dimensions {4; } along i-th unstable manifold are well defined for p-a.e. x:

& pi
= liminf log jx (B'(x,0)) =:J;.

& ipi
Ei = limsup log‘qu<B (xfp)) :
p—0 og o 00 08 p

For the direction with the largest Lyapunov exponent A, one can easily compare
the size of dynamical ball and the natural ball (see Lemma 2.2.5 for a precise state-
ment). As a direct consequence, the above formula holds for i = 1. But for the case
i > 2, the situation becomes complicated. Since the expansion rates on different di-
rections are related to different Lyapunov exponents, one can not compare the size
of dynamical ball and the natural ball by a direct argument as in the case i = 1. To
conquer this problem, Ledrappier and Young divided the proof into two parts (see
also Section 1.2.2:

1. hi —hi—1 > Ai(0; — di—1),
2. hi —hi—g < Ai(6; — 9;_1)-

The strategies of the proofs are quite different. For the proof of the first inequality
above (Section 10 in [18]), by fully using the advantage of ‘lim sup’, they analyzed
the cardinality of the dynamical balls in the A;_; direction which are contained in a
given natural ball in the A; direction. Thanks to the uniform dynamical behavior for
the points in a Pesin block, they related the cardinality of these dynamical balls with
these upper dimensions J;, J; 1. Due to some technical reason, this kind of argu-
ment can not easily be applied to prove the second inequality. Therefore Ledrappier
and Young considered the quotient space ¢(x)/& ! where the dynamics on &~ is
“somehow ignored”. Then they only focus on the dynamics on the direction with
the Lyapunov exponent A; on which they get the desired transverse dimension.

We propose a simplified proof of Ledrappier-Young entropy formula. The ad-
vantage of our new proof is that these two parts are generated by the same idea and
are formulated in a parallel way. Recall that by Pesin theory, on the A;-direction, the
expansion rate (w.r.t the Lyapunov norm) is bounded above and below w.r.t. A; up
to some small error. The key point that inspires us to unify the proofs is that we
observe in Proposition 5.1 (the key result) in [17], they only used the upper bound of
the expansion rate on the A;-direction. We extend the idea of Proposition 5.1 in [17]
by considering the lower bound of the expansion rate. Together with their argu-
ments, we bound above and below the dynamics on & (x)/& 1. This leads us to
prove §; = 6; which are related to the entropies along unstable manifolds.

Let us remark that even though the C? smoothness is assumed in Ledrappier and
Young's theory ( [17], [18]), most of the arguments, especially these involving Pesin
theory, are only based on C!*# setting. The only place where we essentially use C?
smoothness is Lemma 2.2.7.
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2.2 Definitions and basic properties

Let f be a C1** ( > 0) diffeomorphism on a compact manifold M, that is, f is
differentiable and its differential is Holder-continuous with some positive exponent
«. Let p be an ergodic probability measure. Oseledets’ Theorem [23] states that there
are an invariant measurable subset R, with full measure, an invariant measurable
decomposition Tg, M = E' & E* & - -- @ E! and finitely many numbers A; > A >

-+ > A such that for any x € R, and any nonzero vector v € E}, we have

1 ;
lim_—log||Df!(0)]| = A;.

n—=4oo 1

We define the i-th local unstable manifold,

W;(x) £ connected part of W(x) N B(x, p) containing x

where B(x, p) is the ball center at x with radius p. At each x € R, we fix a positive
number r(x) such that Wi (x) is an embedded sub-manifold.

For an ergodic measure y, we always assume its positive Lyapunov exponents
arelisted by Ay > Ay > -+ > Ay

Definition 2.2.1. Let f be a C'** diffeomorphism on a compact manifold M and let y be an
invariant measure. For 1 < i < u, we say a measurable partition ¢' is subordinate to W* if
for p-a.e. x,

* J'(x) C Wi(x),
e &i(x) contains an open neighborhood of x w.r.t. the intrinsic topology on W' (x).

Remark 2.2.2.

* We refer to [26] for background on measurable partitions and associated systems of
conditional measures.

o Lemma 9.1.1 in [18] shows the existence of increasing subordinate measurable par-

titions. Here a partition 1 is called increasing if n(x) C f(n(f~1(x))) for y-a.e.

X.

Recall that (x) > 0, x € Ry, is such that Wri( %) (x) is an embedded sub-manifold.
Indeed, by Pesin theory, we can assume that for any x € Ry, r(x) is such that

.1 "
Jim - logr(f*(x)) =0.
In light of this, we introduce in the following a collection of results in classical Pesin
theory. For more detail, see section 8 in [18] and Proposition 3.3 in [16] (which origi-
nates from Part I in [15]).

Lemma 2.2.3. Let f be a C'™ diffeomorphism on a compact manifold M and let y be an
ergodic measure. List the positive Lyapunov exponents of p as Ay > Ay > --- > Ay. For
any ¢ > 0, we can find an increasing sequence of measurable sets A C N5, C --- C
A5 - -+ C Ry, and a sequence of decreasing numbers {ry}j>1 with0 < ry < land rp — 0
such that

. UkAi = Ry.
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(AL C AL, YV n>1
e Foranyx € A, re <r(x)andanyy € Wrik(x),l <i<u,
e 09 (x,y) < d(F (), £ ) < e dd(xy), >0
® There is a constant K such that fork > 1, x € A}, p <rrand1 <i <y,
Vol (Wi(x)) < K- pEi-rdimE’
® ¢t <1/ < €5, Vk > 1

Remark 2.2.4.

* Here, for example, one can choose ry = ek,

e Note that Wi(x) is tangent to Yi_, dim EL at x. These small numbers {ri }i>1 indi-
cate the size of Pesin charts. When W' (x) is in the Pesin chart of x, we can assume
that it is contained in a small cone around x and therefore its volume is determined by
its radius up to a uniform constant K.

For an ergodic measure y and for 1 < i < u, we write Bi(x,r) as Wi(x) for
simplicity.
We define the dynamical ball in the i-th unstable manifold:

Vi, 7) = {y € Wy (0] d(f(x), f(y) <7, 0<j <n—1}
For the largest Lyapunov exponent A;, we have the following observation.

Lemma 2.2.5. Let f be a C'** (a > 0) diffeomorphism on a compact manifold and y an
ergodic measure. For every € > 0 and almost every x, we choose some large k € IN such that
x € A (See Lemma 2.2.3). Then there is To(x) > 0 such that for n > 0,

Bl(x, r%e’”()‘ﬁzs)) C Vi(x,n,re ™), Vi(x,n,1(x)) C Bl(x,e’”(Al’Zg)).
Proof. Givenm, k € N and x € Ay, for any é < 1,4, by Lemma 2.2.3,

B (x,0- 1y - e ") © F(BY(FM (), 6)).

Given n > 0, note that e ™" - 11 > e—2ne

formula above implies

-r% for any 0 < m < n. Hence the

(B (x, r2e " M2y € BY(f™(x), ree), VO <m < n.

We then get the first inclusion.

For the second property, note that for any é small, there is some large k such that
#(Ag) > 1— 6. For p-a.e. x € A, choose Ny large enough such that for any n > Ny,
there is some I, € [(1 — &)n,n] such that f(x) € A;. Note that this is a consequence
of Birkhoff ergodic theorem. By Lemma 2.2.3, for n > N, and for any 7 < r¢,

f_l"(Bl(fl"(x),T)) C Bl(x,r-rk_l -e_l”()‘l_g)) C BYx,T- rkl e ‘5()‘1_8)6_”()‘1_S)).

We can assume that § and 79(x) are small enough such that
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e forn < Ny, V1(x,n,19(x)) C B (x,e "(179)),
o forn >0, e"M—e) < ene
o (x)-r, ' <1

We then get the second property by noting that

Vi(x,n,1(x)) C f(B(f"(x), 10(x))), n=0.

Givene > 0 and x € R, we fix some k such that x € A7. We define
$U(x) = {y € M|d(f"(x), f"(y)) < re™™, ¥n >0}

Next we introduce a measurable partition ¢**! similar to these subordinate par-
titions {&' }1<i<, above (see Definition 2.2.1). For a measurable partition ¢, we define
where ¢ = V% f"¢. By Lemma 2.4.2 in [17], we have the following result.

Lemma 2.2.6. Let f be a C'** diffeomorphism on a compact manifold M and let u be an
ergodic measure. Given e > 0, there is a measurable partition ¢ with H, () < oo such
that &+ (x) C S(x), x € R,.

From now To simply the statements in the following Lemma, we define A,,1; =0
for temporary use.

The following is a collection of the results in Section 3 and Section 4 in [17]. We
list them here to emphasize the key properties that will be used in the reorganization
of Ledrappier-Young result in Section 2.3. Note that here is the only part that we use
C? smoothness.

Lemma 2.2.7. Let f be a C? diffeomorphism on a compact manifold and u an ergodic mea-
sure. For any e > 0, there are a subset A\ with positive measure, a constant C and some
increasing partitions {&}1<i<, (subordinate to {W'}1<;<,) and an increasing measurable
partition &+ such that for y-a.e. x and for any 1 < i < u + 1, there are another metrics
on & (x) /& denoted by d. and d'. with the following properties:

1. Ify € &(x),d. = EIZ/ and d'. does not depend on e.
2. [h(f,u) = hu(f, )] <e.

. i : i . i i—1 3 i
3. There is an injective map 7t; : &(x) — RE=14mE — RdimE  RLiadimEl g oy
. . i—1 3: i
that 7t; maps each &1 (y) C & (x) into some plane t x RE=1 9 E 014 the induced
projection map 7t; : (&'(x) /&1, d.) — RY™E js g bi-Lipschitz homeomorphism on
its image. Moreover the bi-Lipschitz constant is C for all x € A.

4. Foranyn,anyy € (f*”é’i)(x) and1 <m<mn,
"G (x,y) < ) (F (1), f" () < OO (3, ).

5. Ifx € A, N
Cdy () S dy(,) < Cdy(, ).
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6. Ifx ¢ A,

Ji

B ) = By ) (), F ()
where ng is the smallest positive number such that f~"0(x) € A.

Proof. In [17], these properties are showed only for the case i = u + 1 (i.e., the case
of zero Lyapunov exponent A, ;1 = 0). But we can get these properties for general
i in a parallel way. For example, one can refer to Chapter IX in the book [32] for a
detailed argument. Here we only give the detailed reference of these properties for
i = u + 1in Ledrappier and Young’s work:

1. See the properties of the metric d” (which is our d") defined in Section 3.4 in
[17].

2. See Lemma 2.4.2 in [17] and Part A in the proof of Proposition 5.1 in [17].
3. See Section 4.2 in [17].

4. See Lemma 2.3.2 in [17] for the upper bound. One can get lower bound in a
parallel way.

5. See Lemma 4.2.3 in [17].

6. See the definition of in d” in Section 3.4 in [17].

Remark 2.2.8.
e The metric d', acts like the distance induced by the Lyapunov norms (see Lemma 5.5.1).

* Given ¢ > 0, let P be a finite partition such that h,(f,P) > h(f, u) —e. We then
define £"*1 in Lemma 2.2.7 as &1 = PV & where ¢ is from Lemma 2.2.6.

The partition £“*1 is the partition 1, in Section 3.2 in [17].

* The third property is the precise place where Ledrappier and Young used C? smooth-
ness.

* We can assume that u(A) is arbitrarily small. To see this, note that the first 5 prop-
erties hold trivially for any subset A’ C A with positive measure. For any point
x € A\ N, if we replace d.(-,-) by @_mo(x)(f_mo(-),f_mo(-)) where my is the
smallest positive number such that f~"0(x) € A/, then we get another two families of
metrics which make all properties above hold on the subset A'.

The following is a general result in measure theory. For more details, see Lemma
4.14in [17].

Lemma 2.2.9. Let yu be a Borel probability measure on a manifold M. Then for y-a.e. x, we
have

lim sup M < dim M.
o0—0 logp

We use BF(x,p) to denote the ball in R* for temporary use (in the following
Lemma).

We next show a result similar with Lemma 11.31 in [18]. The difference is that
we consider the lower and upper bound of the point-wise dimension while Lemma
11.31 in [18] only considers the lower bound.
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Lemma 2.2.10. Let u be a Borel probability measure on R x R7 and let 7t : R? x R —
IR? be the projection. Let {it}icra be the conditional measures of p w.r.t. the measurable
partition {t x R7 |t € RP}. Assume that there are numbers 5,0 > 0 such that for p-a.e.

(t,x),

_ q q
0 > limsup log j:(B(x, p)) 6 < liminf log ju(B (x,p)).

00 logp ' p—0 log p
Then for u- a.e. (t,x),
— p+q p+q
?(t)+5211msup IOgV(B ((t,X),p)) flog‘u(B ((t1x>/p))

, r(t)+4 <limin
p—0

p—0 logp log p

where

-1(Br —-1(Rp
7(£) 2 limsup 28F T _(BE0)) 4y & g g 0B IO T (B(EP))
p—0 logp p—0 logp

Remark 2.2.11. The statements and the proofs of the two parts are parallel. For the ‘lim inf’
part, see Lemma 11.31 in [18]. For completeness, we next prove the ‘lim sup’ part.

Proof of Lemma 2.2.10. We next prove for y-a.e. (t,x),

_ p+q
7(t) + 6 > limsup log (B ((t,x),p)).
o—0 lng

For any € > 0, choose a subset A C R? x RY with y(A) > 1 — ¢ and a large
integer N € IN such that for any (f,x) € A and any n > N,

yt(Bq(x, \fen)) > ef(3+s)n‘

Note for any (tp,x9) € Aand anyn > N,

(B ((to, x0),e7")) = p(A N BPT((to, x0),67"))

(A N B (x, \fe”)) pom t(dt)

v

/AmBP(to,ern)

Also note
pa ptq —n
lim sup log u(BP*((to, x0), p)) — lim sup log(p(BP*((to, x0),e7™)))
p—0 logp n——+oo —n
and

1 1(BP(to, Y2e "
7(to) = limsup og(p o (B (to, 2¢ )))

n——400 —n

Then by the arbitrariness of n and ¢, we get the conclusion.
O]

The next result is a trick that reveals the relation between continuous parameters
and discrete parameters.
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Lemma 2.2.12. Let ¢ : (0,1) — (0,1) be a non-decreasing function. Let {a, }nen C (0,1)
be a sequence such that
lim 71055 fntl

=1 and a, — 0.
n—+0o log ay

Then
lim inf M = lim inf log ¢ () , limsup M = limsup 8 (an)
x—0  logx n—teo  logay 0 logx nostoo  lOgay

Proof. The proofs of the two formulas are similar. We just show the first one.
Note the trivial direction:

log ¢(ax)

< liminf
x>0  logx n—+eo  logay

For each x € (0,1), let n(x) = max{n € IN | a, < x}. Since ¢ is non-decreasing,

1 a
liming 08 < oo (108 ) o log@(an)  logana
x=0  logx x—0 log a,,x) n—+eo  log a1 logay,
We then conclude. O

As a consequence of ergodicity, the following shows that the upper dimension
and the lower dimension are almost constant.

Lemma 2.2.13. Let f be a C'** diffeomorphism on a compact manifold M and let u be an
ergodic measure. For 1 < i < u and for any increasing partition ' subordinate to W', the
measurable functions 6;(-) and J;(-) are constant almost everywhere where

¢(Bi ¢ opi
5.6 2 imap OB B 5 o 108 B )

00 logp ’ p—0 log p
Proof. For u almost every point x, note the following two facts:

e there is a constant C, such that B'(f(x),Cy - p) C f(Bi(x,p)) for all sufficiently
small p,

e since y is invariant and & is increasing, for all sufficiently small p,
K (A) = i (F(A) -k (8 (), YA C Bi(x,p).

For p almost every point x, let {p, } be a sequence with p, — 0 such that

& pi
0i(x) = Llrf logyxk()g;xfpn))

By the two facts above,

log 1%, . (B Cy-0,)) +log 1l ((F 16
5 ) < iy EH(BU ) Co ) + g ((£714)(x)
n—-+oco log o,

< 6i(f(x)).

Then by ergodicity, ¢;(+) is constant almost everywhere. With similar arguments,
we can also get the result for §;(+). O
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2.3 Proof of Ledrappier-Young’s entropy formula

In this section, we prove Ledrappier-Young’s entropy formula by a relatively
simple argument.

2.3.1 Entropies along unstable foliations

Before we give the proof of Ledrappier-Young’s entropy formula, we give a proof
of Proposition 7.2.1 in [18]. This proposition justifies the definition of the entropies
along unstable foliations under C'*# setting. Note that Ledrappier and Young [18]
assumed C? smoothness to prove the entropy formula. But their proof of Proposition
7.2.1 in [18] only uses Pesin Theory and C!** smoothness. Even though the general
idea is from [18], our proof is self-contained and is not intensely involved in Pesin
theory.

Recall that for two measurable partitions ¢ and 7, ¢ V 7 denotes the partition
{&(x) Ny(x)}rer, and & = V5 f"E. Let hy(f,¢) denote the entropy of ¢ w.rt. f
and let H,(&|r7) denote the mean conditional entropy.

Recall that 7(x) > 0, x € R, (R, is the Lyapunov regular set of ) is such that
er(x) (x) is an embedded sub-manifold. Recall the definition of the dynamical ball
in the i-th unstable manifold:

Vi(,n,7) 2 {y € Wi, (0l d(Fi(x), fi(y)) < 7,0 < j < n—1}.

Remark that here in the definition of the dynamical ball Vi(x,n, ), weuse the global
metric d on M, unlike the definition in [18] that uses the intrinsic metric on the sub-
manifold W!(x). But since we only consider the case when T — 0, our definition
of hi(f,u) coincides with theirs. For simplicity, sometimes we write h; instead of

hi(ffﬂ)'

Proposition 2.3.1 (Proposition 7.2.1 in [18]). Let f be a C'™* diffeomorphism on a com-
pact manifold M and let y be an ergodic measure. For 1 < i < u and for any increasing
partition ¢' subordinate to W' and for y almost every point x,

lim liminf—llog yii(Vi(x, n,7)) = lim limsup —%log yii(Vi(x, n,7)) = H,(&|f&).

70 n—=+0 N =0 ysteo
Remark 2.3.2.

* Note that the quantities above do not depend on the choice of the subordinate partition
&' (See Lemma 3.5.7). So it is proper to denote it by h;(f, u) or h; for simplicity. See
Lemma 3.12 in [17] for more detail.

e Since & is increasing, i.e., &' (x) C f(E(f~1(x))) for y-a.e. x, we always have
ha(f,8) £ Hu(Glf(67)) = Hu(&'| &)

Before the proof, we first give some lemmas that will be used.
The following lemma is a general result in ergodic theory.

Lemma 2.3.3 (Lemma 9.3.1 [18]). Let (X, B, ) be a Lebesgue probability space and let
f be a measurable map such that y is ergodic. Assume that ¢ is an increasing measurable
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partition which generates B and 1 is an partition with finite entropy, then for y-a.e. x,

n—1
tim o b ((\/ £y v £) (1) = H1812).

n——+00
j=0

The following is a result that compares the size of subordinate partitions and
dynamical balls up to some small error (a partition with finite entropy). Recall that
Af is the Pesin block in Lemma 2.2.3. The difference between the original statement
(Lemma 9.3.3 in [18]) and ours is that here we only consider the dynamics on a Pesin
block to simplify the arguments.

Lemma 2.3.4. Let f be a C'** diffeomorphism on a compact manifold and u an ergodic
measure. Forany e, T € (0,1),any 1 <i < u, any k € IN and any measurable partition &
subordinate to W' with &'(x) C W} (x),x € AL, there is a partition i with finite entropy
(Hy(1n7) < H-00) such that for p-a.e. x € A},

n—1
(V fin)(x)né(x) cViynT), VYn>1
j=0

Remark 2.3.5. The special measurable partition & above always exists. In fact, this is
a direct consequence of the way how subordinate partitions are constructed. See precisely
Lemma 9.11 in [18].

Proof. For p-a.e. x, define

C2sup|IDE|l, no(x) £ min{n > 1| f"(x) € AF})
zeM

and

Can(x) . rkefno(x)e -T, X € Ai

plx) = :

1, else
Note that p is well defined almost everywhere and by Kac’s Lemma, logp is u-
integrable. By Lemma 13.3 in [20], we can find a partition # with finite entropy
such that

n(x) C B(x,p(x)), u—ae xe€ M.
For p-a.e. x € A, for 0 < j < ny(x) and for any y € (\/]’-‘;01 Fin)(x) N (x),

since y € 7(x), by the definition of p, we have d(ff(x),ff(y)) < 7. And also note
that the term rie ") guarantees that f/(y) € Wi (f/(x)). Since f™)(x) € A¢

Tk+j
and f0)(y) € 5(f™™(x)), we can replace x,y by f®)(x), f2*)(y). Then an
inductive argument completes the proof.
O

Now we give the proof of Proposition 2.3.1.

Proof of Proposition 2.3.1. Let’s first show that

lim lim inf — = log ygi(vi(x, n,7)) > H(f'&&).

7—0 n—+oo n

To see this, for T > 0, define

A2 {x|B(x,7) C&(x)}, NIf2max{0<j<n—1|f(x)€ A}
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Note

(x,n,7T) ﬂf ,T)).

For p-a.e. x,

lim hmmf—llogyx (Vi(x,n,7)) > hmhmmf—%logyx (F N (& (N (x))))

T—0 n—-+oo T—0 n—+o00

= lim lim inf —% log u3 ((f_NgCi) (x))

T—0 n—+oo
Nf
_ 4 —ig j—1xi
= lim lim inf —— Elogﬂx ((F7718N(x)
N -1
_ L 1xi ]
= iy limint —- 3 log i (/€0 (3)
NI-1

> lim lim inf — £ 20, (70 Tog ('€ )

T—0 n—+4o00

—hmhmmf—*ZXAT (f1(x)) - logﬂf, ((f1EN(F(x)))

T—0 n—+oo
= lim / Xn, og il ((F18) (x))du
—/logﬂx FE) (x))du
= H(F'ee.

For the other direction, we next show for p-a.e. x,

lim lim sup —% log ‘ug(Vi(x, n,7)) < H(f1&|&).

=0 n——+00

Given k € IN, by Lemma 2.3.4, for any T > 0, we have a partition 1 with finite
entropy such that for p-a.e. x € A,

\/f I (x)NE(x) c Vi,n,t), Yn>1.

Hence by Lemma 2.3.3, for y-a.e. x € Aj,

limsup—%logyg(vi(x,n,'r)) <11msup—glogyx‘ \/f In)(x) NE(x))

n—-4o00 n—-+4oo

<11msup——log;4x' \/f (V&) (x))

n——+00
= H(f7'¢'1g).

We recall that y1(UgA}) = 1. Then we get the result by the arbitrariness of k.
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2.3.2 Proof of Ledrappier-Young entropy formula

Now we give the proof of Ledrappier-Young’s entropy formula.

Theorem 2.3.6. Let f be a C? diffeomorphism on a compact manifold and p an ergodic
measure. For 1 < i < u, p-a.e. x and any measurable partition ¢' subordinate to W', we
have

lim sup log‘ugl(Bi(x,p)) = liminf log‘ug(Bi(x,p)) = 6;.
p—0 logp =0 logp

Furthermore, we have 6; — 8;_1 = % < dim E! and h(f, ) = hy. Here we define
0o = hog = 0 for convenience.

Once they had defined the quantities {¢; }, Ledrappier and Young called the dif-
ference
16—

the transverse dimension.
By Theorem 2.3.6, we immediately get the following Ledrappier-Young entropy
formula.

Corollary 2.3.7 (Ledrappier-Young entropy formula, Theorem 1.2.2.4). Let f be a C?
diffeomorphism on a compact manifold and y an ergodic measure.

h(f,u) = i)\mf

Proof of Theorem 2.3.6. For 1 <i < u, by Lemma 2.2.13, we denote the y-a.e. value of

Ci i gi ;
6; = limsup log yx (B (x,p)), J; 2 liminf log 5 (B (XIP)).
p—0 logp p—0 log p

We prove the result by an inductive process. Let us first show the case i = 1:

- h
&:Q:ﬁ.

To see this, given ¢ > 0, for p-a.e. x € A}, by Lemma 2.2.5, we have

¢ pl loo 15 (B (x. 12e—n(A+2e)
ming 08K (BU(x,0)) _ . . logux (B (xree )
p—0 logp n—teo  —n(Ay +2¢) 4 2logry

Cl 1 —ne
> lim inf (08 #5 (V2 (x, 1,1 7"))
ot —n(Ay +2€) +2log
_ o 1 a »
A+ 2 lﬁr—r}i?of n log uz (V' (x,n, e ™))
> I '
T A+ 2e
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On the other direction, for y-a.e. x € A}, by Lemma 2.2.5, we have

1 1
log 15 (B'(x,p)) log % (BY(x,e "(M2)))

lim su = limsu
p—0 P logp n—>+oop —n(A —2)
1
] log yg (Vi(x,n,1(x)))
<limsu
N n—>+oop —n (A —2¢)

1 1
= li ——logu$ (V!
Xy —2e imsup — 2 log i (V2(x,m, 70 (x)))

hy
< .
— A —2¢

Then the result of the case i = 1 follows by the arbitrariness of € and k.

Assume that we have 6; _; = §;_;. Let us proceed.

For e > 0, by Lemma 2.2.7, we can assume that there are a constant C, a subset A
and two metrics d.,, dz on ¢'(x) /&1 with properties described in Lemma 2.2.7. By
the remark below Lemma 2.2.7, we can assume that y#(A) is small enough such that

C 4N p=2e(hi=e) > p—10e(Ai—¢) (2.1)
For p-a.e. x, define
B'(x,6) £ {y € &(x)| di(x,y) < 0}

g(x) 28 ((F @) ()

o B )N (),
b (Bi(x,0))
8~ (1) 2 infgs(x).

gs(x)

One can check (see Part B in Proposition 5.1 in [17] or the proof of Proposition
IX.4.6 in [32]) that by Lemma 4.1.3 in [17], g5 — g almost everywhere and

/—logg’dy < +o0.

For p-ae. x,letty < 0 < t; < tp < t3 < --- be the successive times with
fli(x) € A.
For large n and j < n, define
a(j) 2 sup{i|t; < j, f(x) € A},

a(x,n,j) £ B'(fI(x), C2We (") Nite)y,
Blx,n,j) £ BI(f(x), C-20e () (479),
Claim 2.3.7.1.
a(x,n,7) N (FE)(Fi(x) C Fla(x,n,j+1),
FB(x,m,j+1) C Blx,n, )N (F1E) (Fi(x).

Remark 2.3.8. Proposition 5.1 in [17] only considers these «(x, n, j). We add these B(x,n, j)
to get an upper bound on the dimension.
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Proof. The proof of these two formulas are similar, so let us just show the second
one.

If j # t; — 1 for any t; which implies a(j) = a(j + 1), then by definition and
Property 6 in Lemma 2.2.7, we get

FRBGm, j+1) = Blx,n, ) N (F71E) (F(x)).
Else if j = t; — 1 for some i, i.e., fi*1(x) = f'i(x) € A. Note that a(j) = i — 1. Then
forany y € f!B(x,n,j+1), by Lemma 2.2.7,
By ), 9) = By (P (), 6870 )
< Cl L (1 ), £ )
SCe““ﬂMS 1 ), £ (1)

< % ““ﬂ“”@M(q (x), F(9)
< C2e—(ti—ti1)(Ai—e) 0—2i p—(n—t;)(Ai—e)

— C2a()) p= (n—ta() (Ai—e)

(¥))
) f(

Hence y € B(x,n,j). O

The third property in Lemma 2.2.7 tells us that it is sufficient to work in the
standard Euclidean space. Combining this with Lemma 2.2.9, one can show that for
p-a.e. x, there is some Ny such that

- %log (B (x, e 0 0)) < 20g(A; — &) Him M, Vn > Np.  (2.2)

Choose N large enough such that ji(A;) > 1 — & where A, = {x| N, < N}.
Denote
T, £ max{n(1 —2¢) <k < n(1—e)| ff(x) € A} (2.3)

Note that for p-a.e. x and for any large n, T, is well defined. Hence we have

b (a(x,n,0))
T, —1 Auf] ( (x n,j)) én'

=11

j=0 ]’lf]+1( )( (x Tl,j—i—l))

—1 Aufj (“('x’n’j)) él
- = X i (@1, T,)
I%yggof<ummj+n» e

% T 50 M @) % B, ((xm, )

- ¢ a(x,n, e (fi(x
<Tn 1 [‘uf/(x)( ( NNe) I )))] Hl«l Cl (f]( ) XVfT r(x )( a(x,n,Ty))

J V?j(@(a(x n, ]))
T,,fl T,—1

(T (8360 (1) xrwﬁ U@ F))) X i (1, T)
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where we write 6(x, 1, f) A o2a(j) o= (n=tagj)) (Aite)

Therefore we have

for simplicity.

&g
(A + €) liminf log iz (B'(x,0))
p—0 log o
gL g
= l;rgglof—ﬁ log u3 (a(x,n,0))
T,—1 T,—1

1 . 1 i . .
> Timinf | 3 log 8505, ((x)) + liminf $° ~logpf | (fE)(F ()
=0 =

n—+oo 1N n—-4oo £

o 1 T,—1 )
> lim inf — Jg 10g 85(xn,j) (f/ (%)) + (1 — 2e)h;.
(2.4)

Note that in the inequality above, the term

. 1 &
liminf —— log pr, ) (a(x, 1, Tiy))
is ignored (because it is non-negative).

Similarly, we can also get

¢ pi
(Ai — ¢€) limsup log % (B'(x,p))
p—0 logp
. 1 Tn_l ] . 1 é’i
<limsup — ) 108 8y (s, (f'(x)) + (1 = €)hi + limsup ——log piir, () (B(x, 1, T))
=0

n—+00 n—+-00

(2.5)

where &' (x,n,j) = C—2a(j) = (n—ta(j)) (Ai=e)
Claim 2.3.8.1.
T,—1

1 ;
minf Y 10§ ga(eny) (F1(x)) > —(1 — &) (hiy + 3¢);
j=0

n—+oo N
1 T,—1 )
limsup — Y~ 108 () (/(x)) < —(1—2¢) (i1 — ).

n—+o00 j=0

Proof. Since g5 — g and [ log gdy = —h;_1, choose §; small enough such that
/ logg du > —¢, / loggdy € [—hi—1 —¢,—hj_1 +¢]
M\E;, Es,

where E;, = {x| log g(x) — ¢ < log gs(x) <logg(x)+¢Vé < é}.
We first note that if n is sufficiently large, (x,n,j) < é; and &' (x,n,j) < 4 for
any j < T, < n(1 —¢). Indeed, for any sufficiently large n,

Sn(A) < #{j < n| fi(x) € A} < 2np(A),

Hence
5(3{[ n,]') = Cza(f)e_(”_tu(j))(/\i+€) < C4HH(A)87£H(AI-+£) 0.
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And also,
5,(36, n;j) _ sza(j)e—(n—tu(]v))(/\,‘—s) < Cfn‘u(A)efsn()\ife) 0.

Therefore for any large n,

T,—1 1 T,—1 T,—1
n

n L 108 8stn) (/X)) 2 [logg(fj(X))—e]Jr% ) logg (fl(x)).
=

=0

By, f1(x)2Es,
Similarly,

T,—1

3 L osssn (PN < 5 [ogs(f() +el
L

Then by Birkhoff ergodic theorem, we can get the conclusion. O

Claim 2.3.8.2.

lim sup —% log ‘uff;n ) (B(x,n,T,)) < 20e(A; — ¢) dim M.

n——+oo

Proof. By (2.1), (2.2) and (2.3), we have

: 1 i
lim sup - log yfﬂn ) (B(x,n,Ty))

n—r+o0

i 1 ‘ Ri —4n —2¢en(Aj—¢
ghmsup—zlogyﬁn(x)(B (FT(x), C4nm(N) g=2en(Xi=e)y)

n——+oo

. 1 i ~; e e
ghmsup—zlogyf%(x)(B (fTr(x), e 10 (As )))

n——4oo

< 20¢(A; — €) dim M.

O
In summary, by (2.4) and Claim 2.3.8.1, we have
¢ pi _ (1 — ,
lim inf (08 #x (B'(x,0)) > (1 —2¢e)hi — (1 —¢)(hi1 +3¢) 2.6)
p—0 log p Ai+e
By (2.5), Claim 2.3.8.1 and Claim 2.3.8.2,
lim sup log ,ugl (Bi(x,p0)) < (1—¢e)h; — (1 —2¢)(hji—1 —¢€) +20e(A; —¢) dimM.
p—0 logp Ai—e
Then by the arbitrariness of ¢, we get
¢ pi ¢ pi 1.
lim sup log i (B'(x,p)) _ lim inf log i (B'(x,p)) _ I hl_l. (2.7)
p—0 log p p—0 log o Aj
Recall that in Lemma 2.2.7, we identify & (x) with RE-1dimE _ RdimE’  REj dim

through an injective map 7;; whose induced map 7; is bi-Lipschitz.
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Let p = dim E’ and g = ¥i_! dim E/. Consider the push-forward Borel probabil-
p q =1 p p

ity measure (ni)*(ygi) on R” x IRY.
For p-a.e. y € ¢'(x), define

, . log 15 (Bi(y, p)) _log i (Bi(y,p))
7i(y) £ limsu Y , 1/(y) = liminf Y .
(v) nsup logp ri(y) mir logp

Note that by (2.7), 7i(y) = r;(y).
Recall that by Lemma 2.2.13, §; and J; are constant almost everywhere. For x € A,
by the uniform bi-Lipschitz continuity of 77; and Lemma 2.2.10, we have

di1+7i(y) =06, i +ri(y) <6
By our assumption 6; 1 = J;_;, we then get that

= hi —hi—
5 =0, =08, &6 —0_1= :
i g i i i—1 /\i

Since (&i(x) /&1, d.) is lipeomomorphic to R4 E, by Lemma 2.2.9, we get

hl_)\hll <F#(y) < dimE".

For the part h(f, ) = hy, it looks like the case of i = u + 1. But the problem
is that we haven’t defined the quantity h,1 (note A,41 = 0 is already defined).
Now in order to apply the arguments above, we can define /1 = h,(f, ™) =
H(g"1| fg"+1) where ¢"*1 is from Lemma 2.2.7 with [h(f, u) — hy(f, &"1)| < e. Be
aware that here the number /1 might depend on ¢ and the special partition &“*1.
This is unlike the case for 1 < i < u where ¢ is subordinate to W'. But all the
arguments above can be directly applied for the case i = u + 1 once k1 is assigned.

By Lemma 4.1, when i = u + 1, for the left side of formula (2.6), we have

utl pu+1
liming 08 (B000) g
p—0 logp

This is independent of €. As a consequence, we then get
(1—¢)(hy41 —hy —3¢e) < edim M.

Hence h, = h(f, u) by the arbitrariness of «.
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Chapter

Entropy bounds from unstable
dynamics

3.1 Introduction

In this section, we will relate the various invariants to the metric entropy of an
ergodic measure. To achieve this, the key intermediate step is to compare them
with the entropies along unstable foliations (introduced by Ledrappier and Young,
see Proposition 2.3.1). The idea of all these comparisons are similar. Note that by
definition, roughly speaking, the entropies along unstable foliations measure, in a
probabilistic view, the shrinking speed of the dynamical balls in the unstable mani-
folds. On the other hand, by their definitions, the topological and fibered entropies
we are considering are formulated by counting the cardinality of maximal separated
subsets of a given set. The key point is to relate the probabilistic information (these
h;) with the topological information (cardinality). The idea is pretty simple. Let us
first give the readers a quick taste of what kind of problems we are handling in this
section.

Consider a probability measure y on the interval [0,1]. Assume that given any
radius r, the measure of the ball B(x,r) is uniformly bounded above and below for
all x € [0,1]. For a subset E C [0,1], we may ask: how many disjoint balls of radius
r at least and at most that we need to cover E almost everywhere ? Of course, the
upper cardinality and lower cardinality of these disjoint balls are determined by the
upper bound and lower bound of the measures of these balls. In our situation, we
have to consider the measures of dynamical balls instead of these natural balls. But
the idea is the same.

3.2 Definitions of quantities from unstable dynamics

There are various invariants other than entropies that can also measure the com-
plexity of dynamics. For example, these popular invariants are the rate of growth
of periodic points, dimensional entropies, the volume growth of submanifolds and
some other invariants related to the growth rate of exterior powers of derivatives.
For a systematic survey on this topic, see [19]. A natural question that interests many
dynamicists is the relation between these invariants and entropies. In this thesis, we
mainly focus on the upper bounds of the metric entropy of an ergodic measure. We
prepare the precise definitions of these invariants.
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In this section, we always let f be a C!™ (a > 0) diffeomorphism on a compact
manifold M and let y be an ergodic measure.

The volume of a sub-manifold v C M of constant dimension is denoted by
Vol(7y). The lower volume growth of such a sub-manifold v C M with Vol(y) < oo
is:

AN K 1 + n
v(f,7) = liminf —log™ Vol(f"(7))

where log™ a = max{0,loga}.

We now introduce the key concepts of our results. They are well defined by
Lemma 3.5.1 in Section 3.5.

Recall the definitions of i—th local unstable manifolds Wg(x) in Section 2.2.

Definition 3.2.1. Given 1 < i < u, the p-a.e. lower volume growth rate of W' is the y-a.e.
value of

vi(f, ) = infy(f, Wi (x)).

Let E(n,¢,) denote a maximal (n,¢) separated subset of a C! sub-manifold 1.
For the definitions of separated subset and some other basic concepts in ergodic
theory, see the book [33].

Definition 3.2.2. Given 1 < i < u, the y-a.e. lower topological entropy of W' is the y-a.e.
value of

top(f ) £ mfhmhmmf—log#];(n g, WZ( ).

p e—0 n—+oo 1

Remark 3.2.3. Recall that the topological entropy of W;;(x) is

htop(f,Wé(x)) = hn&hmsup—log#E(n g, Wl( ).

n—r—+oo
Hence we have hio,,(f, 1) < inf, hiop (f, Wi (x)) for any x € Ry,. Note inf, hyop (f, Wi (x))
is also p-a.e. constant.

Recall that { ‘u;} is the disintegration of u w.rt. a given measurable partition
subordinate to W'. For 1 <i <u, x € R, and A € (0,1), define

N)\(y;,n,s) £ min{#C C Ry : y;( U Vi(y,n,s)) > A}
yeC

Definition 3.2.4. Given 1 < i < u, the upper fibered Katok entropy of W' is the p-a.e.
value of

Ef(f,y) mfhr%hmsupllogNA(VX,n €).

n——+0oo

Similarly, the lower fibered Katok entropy of W' is the y-a.e. value of

K
B (f,pn) = mf%gr(} lyllr_r&gf —log Na(pi, n, ).
Remark 3.2.5. The above definition is analogous to the formula of Katok in [13], expressing
the metric entropy as the growth rate of the cardinality of maximal separated sets. To be
precise, we first note that the definition of N (y’., n, €) above can be applied to any probability
measure v, i.e., we can define

Ny (v,n,e) £ min{#C C R, : v(| ] B(x,n,€)) > A}

xeC
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where B(x,n, ) is the dynamical ball. Katok in [13] showed that for any A > 0,

h(f,v) = limliminf1 log N)(v,n,¢) = limlim sup 1 log N)(v,n,¢€).

e—0 n—>+o0 1 =0 ysi00 N

We will show similar result in next section (See Theorem B).

3.3 Statements of main results

From now on, when we say C1*#* diffeomorphism, we always assume that & > 0.
Recall the definitions of the entropies (denoted by h;(f, 1)) along unstable foliations
(see Proposition 2.3.1).

Theorem B. Let f be a C'*# diffeomorphism on a compact manifold M. Let u be an ergodic
measure. List the positive Lyapunov exponents of pas Ay > Ay > --- > Ay, > 0. Then for
1 <i < u, the entropy along the i-th unstable foliation satisfies:

1 hi(f, ) = WK (Fop) = B; (f, )
2. hi(f, ) < Hiop(fo 1)

3. hi(f,u) <vi(f,m)

Remark 3.3.1. By considering the Dirac measure of a hyperbolic fix point, we note that the
second and the third inequalities above can be sharp.

Recall that when f is C?, Ledrappier and Young (Theorem C’ in [18]) have shown
the following entropy formula (see previous chapter): forany 1 <i < u,

h(f, 1) = hi(f, 1) + i rj- Aj.

j=it1

where r1,...,r, are some transverse dimensions satisfying rp < dim E/. Therefore,
Theorem B immediately implies:

Theorem C. Let f be a C? diffeomorphism on a compact manifold M. Let u be an ergodic
measure. List the positive Lyapunov exponents of y as Ay > Ay > --- > Ay. Then for
1<i<u,

W) =BG+ 3 A

j=it1

h(fu) < Hop(fo)+ Y 1507,
j=i+1

MﬁMSEUmH-foM
j=it+1

Theorem C above is the formal statement of the vague result in page 11.
When the measure y is hyperbolic, i.e., when y has no zero Lyapunov exponents,
the result in Theorem C is true for i = u without the C? assumption.

Theorem D. Let f be a C1™ diffeomorphism on a compact manifold M. Let y be an ergodic
measure. If y is hyperbolic, then

hu(f’.u) = ]’l(f,}l).
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Remark 3.3.2. As a consequence of Theorems B and D,

h(f, 1) = hE(F, ) = By (f ).

Moreover, this quantity is bounded above both by hyy, (f, 1) and v, (f, ).

3.4 Remarks

Let us explain our motivation beyond the desire to prove natural inequalities.

Theorem C is to be used to study some entropy-hyperbolic diffeomorphisms (as
suggested by Buzzi [6]). We will investigate some large class non-uniformly hyper-
bolic systems whose ergodic measures of entropy close to the topological entropy
are nevertheless hyperbolic and of given index. For more detail, see Section 1.2.4.

Theorem D extends by a simple argument the Ledrappier-Young entropy for-
mula in the C!™* setting assuming hyperbolicity. This is used in some ongoing work
by other authors (J. Buzzi, S. Crovisier, O. Sarig).

Note that A. Brown [3] gives this C!™ generalization without the hyperbolicity
assumption. More precisely, he gives a proof of a uniform bi-Lipschitz property of
the stable holonomies inside center-unstable manifolds. However, his argument is
technical and only a preprint at the time we are writing this. Hence we believe that
our simple, half-page argument has some interest.

3.5 Basic properties

In this section, we list some basic results that will be used later.

Lemma 3.5.1. Let f be a C'™ diffeomorphism on a compact manifold M. Let u be an
ergodic measure. Then the following four functions are constant almost everywhere.

infy(f, Wj(x)),

inflim lim inf 1 log#E(n, ¢, W;;(x)),

0 20 o400 1

et 1 1 -
15\1f ll_rg 11;1H—1>il:op . log N»(py, n, ),

T i
11)}f11£%1%r_r)1i£10f5 log N (ul, n,€).
Proof. We first explain the measurability of these functions.

Since the infimum or the limit of a sequence of measurable functions is also mea-
surable, it is enough to check that Vol(f”(W;(x))),E(n, g, Wz,(x)),NA(‘ui, n,e) are
measurable w.r.t. x.

Recall that a result of Pesin theory gives that the i-th local unstable manifold
W;;(x) varies measurably w.r.t. x (see Theorem 16, page 195 in [11]). This gives the
measurability of Vol( " (W;J(x))) and E(n, ¢, W;;(x)) by noting that the composition
of measurable functions is still measurable. Since the family of conditional mea-
sures u!. of u (w.r.t. measurable subordinate partitions, see Definition 2.2.1) varies
measurably w.r.t. x, one can get that N, (i, 1, ¢) is also measurable.

Once we get the measurability, one can check that these functions are f-invariant.
Hence by ergodicity, they are constant almost everywhere. O
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Recall the notations in Lemma 2.2.3. A result of standard Pesin Theory (e.g. re-
marks below Lemma 2.2.3 in [17]) shows that:

Lemma 3.5.2. Let f be a C'** diffeomorphism on a compact manifold M and let y be an
hyperbolic ergodic measure. Given ¢ > 0 and x € Ry, assume that x € Aj for some k. Then

S (x) C W"(x).
Here recall that
S(x) £ {y € M|d(f"(x), f"(y)) < re™, ¥ > O},

Remark 3.5.3. Roughly speaking, S(x) above is just the set of points whose backward
trajectory always stays in the same Pesin chart of the backward trajectory of x. Hence in
general, S (x) is the local center unstable manifold of x. But when the measure is hyperbolic,
the above lemma says that S (x) reduces to the local unstable manifold.

Recall that for two measurable partitions ¢ and 7, ¢ V 77 denotes the partition
{&(x) Ny(x)}rer, and & = V% f"¢. Recall that h,(f, &) denotes the entropy of &
w.rt. f and Hy(¢|17) denotes the mean conditional entropy.

We say 7 is finer than ¢ denoted by ¢ < 5 if 7(x) C {(x) for p-a.e. x. For parti-
tions with finite mean entropy, the finer partition has larger entropy. The following
is an extension of this property to non-finite partitions.

Lemma 3.5.4 (Property 8.7 in [27]). Let f be a homeomorphism on a compact metric space
X. Assume that y is an f-invariant probability measure. Let ¢, 1 be two measurable parti-
tions(possibly with infinite mean entropy) with 1 being finer than ¢. If the mean conditional

entropy Hy, (| f(T)) is finite, then h,(f,&) < hy(f,17).

Remark 3.5.5. Rokhlin’s article [27] mainly discusses entropy theory for endormorphisms
where most definitions and properties are stated by using f 1. Since here we assume that f
is a homeomorphism, our statement of Lemma 3.5.4 is equivalent to the original statement of
Property 8.7 in [27].

Recall that a measurable partition ¢ is called increasing if & < f~!¢.

Lemma 3.5.6. Let f be a homeomorphism on a compact metric space X. Assume that y is
an f-invariant probability measure. Let &, 1 be two increasing measurable partitions with
hy(f,¢) < 4o00,hy(f,17) < +oco. Then for any integer n > 1,

hu(f, ¢V 1) = hu(f. GV f').

Proof. Since ¢, are increasing, for any n > 1, we have

freV ffy <¢Vvfim<gvr.

In order to apply Lemma 3.5.4, we note that

Hy(EVyl|fEVf')h)) = Hu(&V | fEV )
= H,(Z|feV ")+ Hu(p|EV ")
< Hu (G| £E) + Hu(n | £ 1)

= hy(f, &) + nhyu(f, 1)
< +o00.
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By Lemma 3.5.4, we have

hy(fr‘:\/fnﬂ) < hy(fz‘:\/ﬂ)-

To conclude, we prove the converse inequality by applying the previous one to
&l = f"'y and 5! = ¢, obtaining:

h(f, SNV ) = b (f, F1ENV f1) < (£, 8V f™).-
O

The following is an extension of Lemma 3.1.2 in [17]. The main difference is that
here we only assume one of the two partitions is subordinate. The proof is essentially
identical to that of Lemma 3.1.2 in [17]. For completeness, we present it.

Lemma 3.5.7. Let f be a C'** diffeomorphism on a compact manifold M and let y be an
ergodic measure. Let ¢ be an increasing partition subordinate to W". Assume that B is a
measurable partition satisfying

1. B isincreasing,
2. for p-ae. x, B(x) C W"(x),

3. for p-a.e. x, diam((f~"(B))(x)) — O.

Then
hy(f,(,‘“ \ ﬁ) = h;t(f/ﬁ)-

Proof. Since both ¢* and B are increasing and their entropies w.r.t. f and y are finite,
by Lemma 3.5.6, for any n > 1, we have

hy(f, 6"V B) = hy(f, (f¢") V B)
= Hu((f"¢") v Bl (f"1E") v fB)
= Hy (B[ (f"718") V fB) + Hu(f'E" | (f"71E") V B)
= Hy(B| (f"™¢")V fB) + Hu(§" | (fE") V f7"B)-
By the third assumption on B, f~"B tends increasingly to the partition ¢ into
points. Note that H,,(¢" | (f¢")V f"B) < H,(&"| f¢*) < +oo, by Property 5.11 in
[27], the second term H,, (" | (f¢") V f~""B) above goes to H, (" |¢) = 0asn — +oo.

So it is sufficient to prove H, (B | (f"*1¢") Vv fB) — H(B| fB) = hu(f, B). First note
that

Hy(B| (f"1e") v fB) < H(B| fB).

Write the conditional measures of y w.r.t. (f**1¢%)V fB as {u"}rem and the
conditional measures w.r.t. fB as {}ix}xem. By definition,

H,(B| (F18*) v B) = [ ~log p(B(x)) dn(x), H(B|fB) = [ —logps(p(x))dp(x)
Let
0, = {x| fB(x) © f1E ()},

Since ¢*(x) contains an open neighborhood of x in W¥(x) w.r.t. the sub-manifold
topology, by assumptions 2 and 3 on B, {Q),} is a non-decreasing sequence and
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1(Qy) = lasn — +oo. For x € O, by definition, (f"1&%)(x) N (fB)(x) = (fB)(x).
Then one can show that this implies

~log k1 (B(x) = —log x(B(x)), 1t ae. x € O

Hence the non-negative functions { — log ey (B(-))} tend pointwise to — log p(.y (B(+))-
By Fatou’s Lemma,

lim H, (8] (F"*18) v fB) > H(B] fB).

n—-+4o0

3.6 Proof of Theorem B

We prove the assertions in Theorem B one by one.

Proof of Property 1

We first prove h;(f, u) < h¥(f, u).
By Proposition 2.3.1 and by removing a set of zero measure from R, if necessary,
we can assume that

lim lim sup —%logy;(vi(x, ne)) = limliminf—llogy;(vi(x, ne)) =hi(f,u), VxeR,

e=0 pteo e=0 n—+o0 N

We write h;(f, i) as h; for short.
For any #,& > 0, define

o 1 . .
8 £ {x € Rl liminf —log s (V' (x,,2¢)) > bi = 7).

Then Us>0Af7 = Ry.
Forj € N and p € A, define

Ay (P, f) 2 {xe A;} ‘u;(Vi(x, n,2¢)) < e My > it
By definition,
Ay (p,J) C Oy (p 1), (AL (P ) = p(B5)-

Fixany A > 0 and p € R, and choose ¢ small enough and N large enough such
that

i . A .
wpBy(pj)) 21=35, Vji=N.

Forn € N,letC, C R, beasubsetsuch that#C, = NA(‘M;, n,¢e) and P‘;(Uyecn Vi(y,n,e)) >
A. Hence we have

N>

wh(A (pm) N (| Vil me)) > 5, ¥n>N.

yeCy
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Let A, C C, be such that for each y € A,, we have Vi(y,n,e) N Ay (pn) # Q.
Fory € A,, we fixany y € Vi(y, n,e) N Afy(p, n). Then we have
Vi(y,n,e) C V'(y,n,2e).
Hence for n > N,
A o wh( | Vi7n,2e)) < Na(ph,ne) x sup  ph(Vi(x,m,2¢)) < Ny (pb,m,e) x e "),

2~ yEA, X€AL (pn)

Therefore for any € small enough(depending on 77) and 7 large enough,

>

i hi—
Ny (pyp, 1, 8) > 5e e i),

Then by the arbitrariness of 7 and A, we get

hi(f,p) < 1nfhm11m1nf1logNA(y;,ﬂ,S) = th(f/]/‘)-

A e=0 n—+co 1

Next we prove h;(f, u) > EK (f, #). The arguments are similar as above.
For any #,& > 0, define

QO £ {x € Ry hmsup—llogyx(V’( 2)) < hi+n}.

n——+o00

Then US>OA,€7 = Ry.
For j € N and p € A}, define

n, E)) Z e_n(hi+7]), Vn Z ]}.

0 (p,j) = {x € A3, (V (3,1, 5

By definition,
0 (p.f) C O5(pi+1), 1y (U5 (p 1)) = ().
Fixany A > 0 and p € Ry, choose ¢ small enough and N large enough such that
w2 (pj)) 2 A, ¥j=N.

Forn € N, let F, C O} (p, n) be amaximal (n, ¢) separated set of (0 (p, 1) Ne(p).
Then {V'(y,n,€)}yc, covers QO (p,n) N (p). Hence #F, > NA(y;, n,e). And we
also have

y1,y2 € Fu, y1 # 12 = V( yl,, )\ Vi( yz,, =

Hence for n > N,

< en(hi_"”) .

; 1
Ny (p,,n,e) <#F, < R
p n Super%(p,n) lx[lp(vl(x, n,%)
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Then by the arbitrariness of 77 and A, we get

hi(f, 1) > 1nf11m11msupflogNA(yp,n €) = h (f, ).

=0 ytoo

Proof of Property 2

We next prove h;(f, u) < héop(f, 1.

Since ¢' is a partition subordinate to W', for any p > 0, we assume that for any
x € Ry, pi(Wy(x)) > 0.

For p,e,7 > 0,n,j € Nand p € Ry, let Fg(p, j,n) be a (n,¢)-separated subset of
Ay (p,j) N W5 (p) with maximum cardinality. It is a cover, hence we have

ppAy(p )W) < U Vixone))
xeFé(p,j,n)

<#ES(pjm) x sup i (Vilxn,e))
x€A5 (p.f)
< #F,;(p,j,n) x e Mhi=n) Vi, Vn>j.
Hence , ' .
(85 (p,j) "W (p))
e”(hifﬁ)

#F,j(p,j,n) > , Vi Vn>j.

Choose e small enough (depending on /) and j large enough such that p}, (A% (p, j) N
W;(x)) > 0. Then taking liminf, 1log on both sides, we have

1 i o1 el
lim inf — log #E(n,€, W, (x)) > légi?ofﬁlog#lfﬂ(p,],n) > hi —1.

n—+o 1

Since 7 and p are arbitrary, we get h;(f, u) < hiop (f, 1)

Proof of Property 3

We next prove h;(f, u) < v;(f, u).

Applying Lemma 2.2.3 for any & > 0, we obtain an increasing sequence of mea-
surable sets { A} C R, }.

Let us first note that, for any k,n € IN, any x € A}, any T < rie” " and any y with

f*(y) € WE(F"(x)),
d(f*I (), £ W) < ricle NI (), 1 (), VO < j <

Hence for any k,n € NN, any x € A} and any T < ree ", f”(Vi(x, n,T)) contains an
i-th local sub-manifold W;k (f"(x)).

Since the function p},(V*(p,n,7)) is non-decreasing w.r.t. T, for any sequence
{T} with 7, — 0, we have for p € R,

hmmf—flogyp(V’(p,n T,)) > hmmf—flogyp(Vl(p,n 7)), V1T>0.

n—r+00 n—r+400
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Hence in particular, fork € N, p € Af and x € AN ¢ (p),

hmmf—llogyp(vl(x n,rie” ")) > h.

n——+0oo

Forany j € N, p € Aj and p > 0 with Wi(p) C &'(p), define
Ep ={xe AN Wl (p) | y;(Vi(x, n,ree ")) < e ")y > ).

By definition,

A CAk]+1' (U gp)_ﬂp(AgﬂWl(P))
j

Let F; ;i , bea (n,re™"%)-separated subset of Ai ? with maximum cardinality. Then
we have

(AN < (U Vi re™™))
xeFMk

3.1)

<#F p X sup ptp(V’(x n,ree”")).
xeAgp
Note that for any x € Féfk C Wi(p), Vi(x,n,ree™™) C W, (p) for all n such that
ree " < p. Since the sets {f"(Vi(x,n, 3ree "))}, por_are mutually disjoint, for all
n,j,

large n, we have

Vol (Wi, (x))) > X Vol(f"(V(x,n, 3rie ™))
xeFﬁfk

Recall that each f"(V'(x,n, 3re ")) contains a piece of i-th local unstable manifold

Wi o (f"(x)). Thus

2 Mkt

. 1 i .
Vol (f" (W, (x))) > #F; fk x K X (zrkJrnrke—ns)Z,:l dim E! (32)

where K is the constant from Lemma 2.2.3.
Combining (3.1) and (3.2), for all large ,

. I/‘p( k ) 1 i3
Vol( f* (W5 > ; _ J x Kx (= —ne\) _; dimE
PG 2 Gt sy <K e

Hp(A) 1 iy di
> L KX (Griparie ")ER M, Yk €N, Vp € AL, V€N,
(e

Since py,(W;(p)) > 0, we choose k, j large enough such that p}, (AY 7) > 0. Taking

liminf, % log on both sides, we have

i
- n ) . . 1 €
lirgigofnlog\]ol(f (Wao(p))) = hi—e¢ ZSEdlmE, VkeIN,Vp e AL

Hence we have

1 n i . i : 1
l%r_r)ligofglogVol(f (W (p))) zhl—s—Zsl;mmE, Vp € Ry
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By the arbitrariness of € and p, we get the conclusion.

3.7 Proof of Theorem D

We now prove Theorem D, i.e. h,(f, ) = h(f, u) using the arguments of Ledrap-
pier and Young in [17].

Proof. Let ¢" be any increasing measurable partition subordinate to W*. By Propo-
sition 2.3.1 (see Remark 2.3.2), h,(f, u) = H,(3*|f¢") = hu(f,&*). Hence hy(f, 1) <
h(f,u). So it is sufficient to prove h, (f, 1) > h(f, ).

In the following argument, some properties only hold for p-a.e. x. But without
loss of generality, we assume that these properties hold for any x € R,,.

Fore > 0and x € A}, let 5°(x) be the set in Lemma 3.5.2, i.e.:

$U(x) = {y € MId(f"(x), f"(y) <me ™, ¥n =0}

By Lemma 2.2.6, there is a measurable partition { with H,({) < oo such that
gT(x) C S%(x), x € R, where ™ = V% f"Z. Since H,, () < 400, we can assume

that h(f,&) > h(f, 1) — e
By Lemma 3.5.2, {*(x) € W*(x), x € Ry.
We note the following facts:

* hu(f,u) = Hu(8"[fS") = hy(f, 5" VET).
The proof is similar to Lemma 3.2.1 in [17]. To see this, similar to the proof of
Lemma 3.5.7, we note that for any n > 1,

hy(frgu \ ‘:Jr) = Hy(‘gu | (fn+1§+) Vf‘;m) + H},((;"+ | (f€+) \/fingu)-

Since the second term goes to zero as n — +co, we get I, (f, " V) <
Hy (8"1£").

e Since ¢ is increasing, ¢ (x) € W"(x) and diam(f"(¢"(x))) — 0 for p-a.e.
x, Lemma 3.5.7 yields

hy(f,é'” \% §+> = hy(fr€+)-
e Since ¢ is increasing,
hu(f,67) = Hu(GTIf(ET)) = Hu(EV F(EN)IF(ET)) = Hu(GIF(ET)) = hu(f, ©)

Hence we have
hu(f, 1) > hu(f,6) > h(f, 1) —e.

Since ¢ is arbitrarily small, we get the conclusion.
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Chapter I

Proofs of applications to
entropy-hyperbolicity

4.1 Introduction

In this chapter, we prove the results stated in Section 1.2.4. The first observation
of the condition ‘entropy-hyperbolic” is Theorem 1.2.4: measures with large entropy
are hyperbolic with same index. Other applications to entropy-hyperbolic diffeo-
morphisms, the continuity property of entropy function (Corollary 1.2.6), cardinal-
ity of measures maximizing entropy (Corollary 1.2.7) and the growth rate of periodic
points (Corollary 1.2.8) are essentially based on Theorem 1.2.4.

Note that if dim M > 1, f is entropy-hyperbolic implies that hp (f) > 0.

4.2 Proofs

Proof of Theorem 1.2.4. Note hyop(f) > 0by entropy-hyperbolicity. Sod(f) and d(f 1)
are positive.
Define )
h & max{hig] (), by ()

top 7 “top

By definition, & < hiop(f). Let u be an ergodic measure with h(f, ) > h. Let Ag
be the smallest non-negative Lyapunov exponent and denote its multiplicity by dy.

We need to show Ag > hg;ﬁ)&[h. Similar argument can be applied to the non-positive
Lyapunov exponent, hence we omit the proof of that part. Let s(resp. u) be the
stable (resp. unstable) index of y, i.e., the sum of the dimensions of the Oseledet’s

subspaces on which the Lypapunov exponents are negative (resp. positive). Going

by contradiction, we assume thatAy < % By Theorem C (where we use C2
smoothness), we have

h(f, 1) < Ag-do + gy (f) < h(f, ) = b+ By (F), (1) < o (F ).
Together with the fact that i < h(f~!, u), we have

I < min{hig' (), hiop (F )3

Then by the definition of &,
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{ d(f) —1<u-2 a1

Adf H—-1<s—1

Hence d(f) +d(f~!) < u+swhich is a contradiction. Therefore A > MEM I which

dim M
means that y is %—hyperbohc. Moreover, one can also get that the index of y is

a(f). O

Remark 4.2.1. The proof of Theorem 1.2.4 shows d(f) + d(f~1) < s + u for any ergodic
measure y with large entropy. Hence by the variational principle [33, Theorem 8.6], we
always have d(f) +d(f~1) < dim M.

Recall that a compact f-invariant subset A is a horseshoe if there are positive
integers m, n and subsets Ay, - - - , Ay, such that

e A= UlmzlAi‘
o fM(A) =A;,  f(A) = A forl <i<m(assume Ay = Aq).
* f™|a, is conjugate to the full shift on the space of n symbols.

Proof of Corollary 1.2.6. By Theorem 1.2.4, there is some constant & < hiop(f) such
that any ergodic measure with entropy larger than / is hyperbolic. By Katok’s
horseshoe theorem [13], for any € > 0, there is a hyperbolic horseshoe A such that
hiop(fla) = h(f, u) — &. By the variational principle [33, Theorem 8.6] and the arbi-
trariness of ¢, we get the first conclusion.

Recall that hyperbolic horseshoe is stable under C! perturbations. If f, <, f,
then

lgrgi{;‘ofhmp(fn) > heop(fla) = h(f,n) —&.

Hence we get that hp (+) is lower semi-continuous at f w.r.t. the C! topology.
Furthermore, by Newhouse’s result [22], hop (- ) is always upper continuous w.r.t.
the C* topology, hence it is continuous at f w.r.t. the C* topology in our setting.
Ul

Theorem 1.2.8 is proved analogously to Buzzi’s result (Theorem 1.2 in [7]) up to the
following changes:

1. We use Ben Ovadia’s coding [31] instead of Sarig’s coding [29] which is only
for surface diffeomorphisms.

2. For surface diffeomorphism with positive entropy, the Ruelle-Margulis inequal-
ity suffices to show that measures maximizing the entropy are hyperbolic. In
higher dimension, we use entropy-hyperbolicity to get this property by Theo-
rem 1.2.4.

Let A = (a;;) be a transition matrix (a finite or countable matrix of zeroes and ones
with no columns or rows which are all zeroes) and let > be the symbolic space in-
duced by 4, i.e.,

2= {(xi)iez | Ax;xiq — 1,i¢€ Z}

A topological Markov shift is the symbolic space (X, o) where o is the left shift on X.

The first step to prove Theorem 1.2.8 is to generalize the injective coding, Theo-
rem 1.1 in [7] to any dimension. The key improvement over Ben Ovadia’s result is
the injectivity, whereas he only established finiteness. We also improve the hyper-
bolicity estimate (see item 4).
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Theorem 4.2.2. Let f be a C'** diffeomorphism on a compact manifold M. For all numbers
0 < x' < x, there are a topological Markov shift ¥, and a Holder continuous map 7t :
X — M such that

1. nxoa:fortx,

2. 7ty is injective,

3. 11y (Xy) has full measure for all x-hyperbolic measures,

4. For any periodic point p in ¥, the periodic point 1, (p) is x'-hyperbolic.

Outline of the proof. The proof is essentially the same as Theorem 1.1 in [7].

For a topological Markov shift (£, ), let ©* denote the set of points (x;)icz €
such that there exist u, v in the alphabet such that # occurs infinitely many times in
(xi)i<o and v occurs infinitely many times in (x;);>o.

Ben Ovadia [31] shows for any x > 0, there are a locally compact topological
Markov shift X, and a Holder continuous map 7, : £, — M such that

1. my 00 = f o my and 71, has the Bowen property (see the definition in [7]) w.r.t.
some locally finite relation on the alphabet,

2. 7'L'X|Z;¢( is finite to one,
3. nX(ZfC) has full measure for all xy-hyperbolic measures,

4. For any periodic point p in ¥, the periodic point 7, (p) is 3 x-hyperbolic (Propo-
sition 4.4 in [31]).

The number % X is not essential and can be replaced by any number ' < x. See
Lemma 6.1 in [7] for the 2-dimensional case.

By the Main Theorem of [7] (page 3), we can replace the coding (77, X,) by a
new coding which also satisfies Property 1,3 and 4 above and this new coding can
be injective. Hence we can assume that (71y, X, ) itself is the desired injective coding.

U

Now we explain the proof of Theorem 1.2.8.

Proof of Theorem 1.2.8. Since f is C*, Newhouse [22] shows the existence of an er-

godic measure y maximizing the entropy. By Theorem 1.2.4, y is ht‘é"igzh
Letx = htzlpig Eh and x’ = A. By Theorem 4.2.2, we get an injective coding 7ty : X, —

M. We conclude as in Section 6 of [7].

-hyperbolic.

O]

Consider a C* diffeomorphism f on T2. We define the induced map £ : [0,1]? —
[0,1]* as the unique continuous extension of 777|120 f o 7t on [0,1). In general,

f is just a piece-wise C* map. But if f satisfies condition (1.12), then one can show
that f is C* on [0,1]2.

Proof of Example 1.2.9. First notice that fi, f» are entropy-hyperbolic with d(f;) =

d(f) = 1. Let f; and f, be the induced C*® maps on [0,1]? as described before

Example 1.2.9. Recall that 7 is the natural bijective map between [0,1)? and T?.
Under the condition (1.12), one can show that,

° ht0p(fi> = htOP(fi)r i=12,
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° h’gop(fl XfZ) = h’gop(fl XfZ)'

The first property is straightforward by condition (1.12). For the second property,
we first note by definition that iy, (f1 X fa) > Figp( fi x f2). To see the other direc-
tion, consider any C*® curve 7 on T* = T2 x T2. It can be written as a finite union
of curves {7;} with small diameter and any such curve 7; is either contained in
U x U (U is from condition (1.12)) or (7t X 71) "L o ;isa C® curve in (0,1)% x (0,1)2.
Then either hop(fi X f2,7i) = 0 0r heop(fi X f2,71) = hiop(f1 X fo, (7T x 7T) "L o 7y).
Thus hp(fi X f2,7) < htop(fl X fz, (t x )"l o). As a consequence, we have
htlop(f1 X fz) < htlop(f1 X fz)

By a result of Burguet (Theorem 4.35 in [4]),

hiop(f1 X f2) < max{hiop(f1), hiop(f2)}-

Hence
htlop<f1 X fo) < max{hwp(fl)rh’mp(fZ)} < ht0p(f1 X f2).

Therefore d(f; x f) > 2. Applying the same argument to f; ' x f, !, we have
d(f;' x f; 1) > 2. Thus by Remark 4.2.1,d(f; x fo) +d(f; ' x f, ) = 4.
O
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Dimensional Entropies
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Chapter

Upper bound: uniform dimensional
entropy

5.1 Precise definition of uniform dimensional entropy

The uniform dimensional entropy is a concept related to topological entropy
which was introduced by Buzzi (see [6]). We next give precise definitions.

Let M be a compact Riemannian manifold. Let §y be a fixed number such that for
any x € M, the exponential map exp,, : B(x,dy) — M is an embedding where

B(x,8) 2 {v C TM|||o]| < 6o}

Let D' be the open unit disk in R!. An (i-dimensional) C” (» > 0) submanifold 7 is
defined as a C" embedding 7y : D' — M. We sometimes identify the embedding with
its image for convenience. Given § < 1% and 1 < i < dim M, we define a standard
family A% (i, §) of i-dimensional C° submanifolds of M,

A (i,6) £ {exp, o(0- L|pi+0) | ||[v]| <6, v € TxM, L : R — TM linear isometry, x € M}.

Let A be a collection of C? submanifolds (not necessarily have fixed dimension).
For a CY submanifold v, we write v < A if 7 (the image) is a subset of some sub-
manifold in A. Let A’ be another collection of C® submanifolds. We write A" < A if
forany v € A, v < A.

Definition 5.1.1. Given 0 < 6 < 1% and 1 < i < dim M, we say a collection of CO
submanifolds A(i, 8) is an (i,8) ample family if for any v4q € A%4(i,5) and e > 0, there
isy < A(i,8) such that dco(7yeq, y) < € where do is the C° distance.

Remark 5.1.2. Note that the ample family A(i, §) might contain submanifolds with differ-
ent dimensions.

Associated with an ample family, we can define its dimensional entropy.

Definition 5.1.3. Define the uniform dimensional entropy w.r.t. a family A of submanifolds
by

H(f, A) = lim limsup 1 sup log#E(n, T,7)
7—0 n—s—+o00 n ’)/G.A

where E(n, €, 7y) is a maximal (n, T) separated subset of -y.
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Define the uniform i-dimensional entropy by

H'(f) £ inf {H(f,A(i,(S)) | A(i,6) is an (i,6) amplefamily}.

Remark 5.1.4.

e Similar ideas were introduced by Buzzi in [6] where he systematically discussed the
properties and applications of dimensional entropy.

 We assume that H°(f) = 0 and note that HI™M () = hyop(f).
o H(f) < H™Y(f). This is a consequence of the second property in Lemma 5.4.4.

* The reason why we add the word “uniform” is that here we put “sup” inside the
formula (instead of putting it before lim,_,0).

5.2 Idea of the proof of Theorem A

The goal of this chapter is to prove Theorem A stated in the introduction of this
thesis. For completeness, we first recall it.

Theorem A. Let f be a C**(a > 0) diffeomorphism on a compact manifold and let u be
an ergodic measure. List the Lyapunov exponents of p as Ay < Ay < --- < A;. For any
0<k<lIleti=dim(E-' @ E*2 @ ... @ E'). Then we have

k
h(f.u) < H'(f) + Z;A; dim(E/)
=

where A{ = max{0, A;}.

In this section, we introduce the idea of the proof of Theorem A.

Let f be a C!™ (¢ > 0) diffeomorphism on a compact manifold M and u an
ergodic probability measure. Oseledets” Theorem [23] states that there are an invari-
ant measurable subset R, with full measure, an invariant measurable decomposition
Tg,M = E'®E>@ - - - ® E' and finitely many numbers A; < Ay < --- < A; such that

for any x € R, and any nonzero vector v € E}, we have

.1 ” _
Tim —log|[Df(0)]] = Ay

Given 1 < k < [, in the classical Pesin theory, one bounds above the expansion
rate of relatively k-th stable manifold (tangent to @;.ZlEf ) by the largest exponent
Ak. A lot of information is lost because on different directions the expansion rates
are different (even though they are all smaller than Ay). The key obstacle of proving
Theorem A is to estimate precisely the size of relatively stable manifolds. Different
directions should be taken into careful consideration. We give a version of relatively
stable manifold. See Theorem E where we bound the expansion rate of the relatively
stable manifold by the corresponding Lyapunov exponents up to some small errors.

We next show the outline of the proof of Theorem A by using our relatively stable
manifolds.

By Katok’s result (see Proposition 5.4.3), to bound the metric entropy, we only
have to estimate the cadinality of a maximal separated subset of some set A with
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_ +
positive measure. Given 7 > 0 and n € N, let aj = Te n(Aj+e) By Theorem E,

we get that the stable manifolds {Wp (a1, - - - , k) } xen Whose diameter keeps less
than T when we iterate. We then choose a family F, of finitely many disks in the
ample family (see Definition 5.1.1) such that each Wy« (a1, - - - , &¢) has non-empty
intersection with some 7 € F,. But how many disks do we need to have this non-
intersection property? It turns out by a geometric argument (see Proposition 5.6.4),

the cardinality of F, can be bounded by I—[;-;l oc; dim(E) up to some constant.

For v € F,, let E(n,7,7) be a maximal (1, T) separate subset of . Then we get
that U, cr, E(n, T,y) contains a maximal (7, 27) separated subset of A. Then

k o
#E(n,27,A) < er; dim(E) sup #E(n, T, 7).
j=1 Y€F,
This leads us to the formula in Theorem A.

re—n(A1+e)

~ ~ ) ,/\

Wi

FIGURE 5.1 — Maximal separated subset of A

5.3 A version of stable manifold theorem

We first give a precise statement of our stable manifold theorem.

For 1 < j <, let 7tj be the projection to E/ w.r.t. the Oseledets” decomposition
TR, M=E'®@E*&--- G E.

Given1 <k <land x € R, define

Ar(x) = {x : EB;‘ZlEZC — T.M | y is continuous},

Ar(x) 2 {¢y: 69;‘:1]5& — @}‘ZlEﬂc | 3K s.t. ||mi(px(v))]] < K||mi(0)]], v € 69?:1E§, 1<i<k},

At UM} A2 U (A0}

XERy XERy

The set Ay can be viewed as a collection of submanifolds in the tangent space in
which we will choose some good submanifolds as our relatively stable manifolds
(see Theorem E below). The element ¢ in Ay is some kind of change of coordinate
where the constant K indicates that ¢ can not rotate too much. Note that we do not
assume any topology on A, and Ay.

We say a map I : R, — Ay (resp.Ay) is a section map, if at each x € Ry, the
image, denoted by I, is contained in Ay(x) (resp. Ax(x)). For any section map I'* :
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R, — Ay, any x € R, and any non-negative numbers 771, - - - , 77, define
Wre (i, -+ ) £ exp, ({T5 (01, -, o) € TeM |05 € By, [Joil| < i, 0 < KY).

We can view Wr (i1, - -, 7x) as some local submanifold generated by the section
map T*.
Theorem E. Let f be a C'** diffeomorphism on a compact manifold M. Then for any

ergodic measure , there is a constant eq such that for e € (0,eo) and any integer 1 < k <,
there are two section maps T :Ry — Agand ¢ : Ry — Ay such that

® Foranyx € Ry, anyn € N and any T € (0, E),
diam(f"(Wr;;(Te_"(AT“),- e "N <7 W0 <i<n
where )\;r = max{0, A;}.
* There is a subset O, C Ry, with y(Q) > 1 — e such that
Lip(fXop, —1d) <e, Vx e,

where % = (rry o T, - -+, 7t o TX) and 1d is the identity map on EBk E]

Remark 5.3.1. Wry above can be viewed as a piece of well reparameterized stable mani-
fold. The first property says that its expansion on each direction is well controlled by the
corresponding Lyapunov exponent.

By the classical Pesin theory, we know that stable manifold at x is tangent to the cor-
responding Oseledects’ space at x. As a consequence, locally, the projection of the stable
manifold to the corresponding Oseledec’s space should be close to the identity map. The sec-
ond property then says that after some change of coordinate by ¢, our reparameterization
also keeps this property.

Note that here we do not need the measurability of T* and ¢.

5.4 Basic definitions and properties

In the following, we will recall some classical definitions of entropy. For more
detail, see Walters’ book [33].

Definition 5.4.1. Let f be a homeomorphism on a compact metric space X. Let B(x, ) be
the closed ball centered at x with radius T. For a compact subset I, a subset E of T is called a

(n, T) separated set of T if for any y € E, the closed dynamical ball

n—1
N f'B(f'y,7)
i=0

contains no other point of E. A (n, T) separated set E is called maximal if for any p € T,
thereis g € Eand 0 < k < n — 1such that d(f*(p), f*(q)) <t
The topological entropy of T denoted by hyop (f,T) is defined as follows:

hiop (f,T) = hm hmsup flog#E(n 7,T)

n—oo

where E(n, T,T) is a maximal (n, T) separated set of T.
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We use hiop (f) to denote the topological entropy of the whole space X.

Definition 5.4.2. For an f-invariant Borel probability measure y, the entropy of a finite
partition P = {Py,- - - , P} is defined by

agls

Hy(P) =) —u(P;)logu(P).

i=1
The entropy of f with respect to a finite partition P is defined by

n—1
h(f,P) = lim 2H,(\/ F(P)),
i=0

n—-+oo 1

where

n—1 n—1
\/ f7(P) £ {B[B= () f(P), P, € P}.
i=0 i=0

The metric entropy of f is defined by
h(f,u) = sup{hu(f, P)|P is a finite partition}.
The following is a result of Katok [13].
Proposition 5.4.3. Let f be a homeomorphism on a compact metric space X and y an ergodic

measure. For any compact subset A C X with positive measure, we have

h(f, ) < lim limsup 1 log#E(n, T, A\)

T30 pyieo N
where E(n, T, A) is a maximal (n, T) separated subset of A.
In the following, we show some basic properties of ample family.
Lemma 5.4.4. For the ample family, we have the following properties:
* An (i,6) ample family is also an (i,6") ample family for any &' < 4.
o An (i+1,6) ample family is also an (i,6) ample family for 1 <i < dim M — 1.

Proof. Given e > 0, consider a submanifold A% (i,6') > 7., = &' - L|pi + v for some
x € M, some v € TyM with ||[v|| < ¢ and some linear isometry £ : R — T, M.
Let Ygq = 8- L|pi + 0, then y4q € A%4(7,6). Let A(i,5) be an (i,6) ample family,
then there is some v < .A(i,8) such that dco(7sq,7) < & Define 4/ : D' — M as
7' (p) = v(% - p). Then by definition, 4/ < A%4(i,8) and for any p € D',

AsaP) Y () = Alraa( 5 ) v - p) < e

Hence A%4(i, 6) is also an (i,6") ample family.

Given ¢ > 0, consider a submanifold A*4(7,6) 3 7L, = &~ L|pi + v for some
x € M, some v € T,M with ||v]| < é and some linear isometry £ : R — T, M. Let
L : D'*! — T, M be an linear isometry such that for any p € D', L((p,0)) = L(p)
where (p,0) € R* = R x R. Let 7/ = 6 L|pi1 + v, then ] € AM(i +1,0).
Let A(i +1,6) be an (i + 1,6) ample family, then there is some 7' "1 < A(i + 1,6)
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such that dco(’yézil,'yi“) < e. Define 4 : D' — M as
Y =90 (1) 7 o Ve
By definition, v < A(i +1,6) and for any p € D,
(Y (P), Y () = A1 0 (Vad) T o (P) o (05) T o raa(p)) < e

We then get the second property.

D!

FIGURE 5.2 — Second property

5.5 Proof of Theorem E

In this section, we prove Theorem E. First we will introduce some lemmas.

5.5.1 Lyapunov norm and extension lemma

Given ¢ > 0 and an f-invariant subset (), a function ¢ : QO — R is called
e-tempered if for any x € Q, e < ¢(f(x))/Pp(x) < €.

We introduce the classical results about Lyapunov norm which can be found
in [11] Proposition 4.

Lemma 5.5.1. Let f be a C'** diffeomorphism on a compact manifold M. Given an ergodic
measure p and e > 0, there are a measurable family of norms {|[| - |[|x}xer, and an e
tempered measurable function A. > 1 on R, such that for any x € Ry, and any1 <i <1,

o N <||IDf ||| < M
o [oll < [l[ol]| < Aelfol], Vo € ToM;

* or+ - +olll = max{[[[oa] ], -, [|[eall[}, Vo € B, 1 <j <1

The family of norms in Lemma 5.5.1 is called Lyapunov norm w.r.t. u. From
now on, when an ergodic measure y is involved, for each ¢, we always fix one of its
Lyapunov norms and denote it by {{| - |[[x }rer,-

By the continuity of f and the compactness, there is a small number » > 0 such
that for any x € M,

e F, & exp;(lx) of oexp, |p(,) is a diffeomorphism onto its image as smooth as

7
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e foranyy,z € B(x,r), we have

1 _ _ _ _
Sllexprt(y) —exp (2)]| < d(y,z) < 2||exp, (y) —exp, (2)]]-
We use F to denote the induced(by these F,) bundle map from TM to itself.
The next is an extension lemma from [11] Proposition 7.

Lemma 5.5.2. Let f be a C'*% diffeomorphism on a compact manifold M. Given an ergodic
measure p and €,1 > 0, there is a measurable map F : Tr, M — Tg, M with F(T:M) =
Tt (xyM and an e-tempered measurable function Ce < r on R such that forany x € Ry,

* Lip). (B = Dfy) <1;

o F,(v) = F(v) for any v € TeM with |||o]|| < Ce(x).

5.5.2 Stable manifold theorem in Banach spaces

Next we will introduce a version of stable (relatively) manifold theorem in Ba-
nach spaces.

For a vector space with a decomposition E = E' @ E2 @ - - - @ Ef*! in a Banach
space E, we denote by 7t; the respect projection w.r.t. that decomposition.

Definition 5.5.3. Let f be a map on a Banach space E, a p-stable manifold is defined by
W(f,p) = {v € E] sup p~"[|f"o]] < Feo}.
ne

In this subsection, we prove the following key proposition which is a special
version of stable manifold theorem in Banach spaces. It is the main ingredient to
prove Theorem E.

Proposition 5.5.4. Given 0 < 01,0, < 1 and an integer k > 0, there are two constants
K> 1and 0 < gg < 1 with the following property:

Let E be a Banach space with a decomposition E = E' @ E> @ --- EF @ EF! and a
maximum norm defined by ||(v1,v2, -+, vkr1)|| = max{||v1]], [|v2]], -, ||vk+1||}. Let
T be a continuous invertible linear map on E with

* T(E)=FE,V1<j<k+1;
o 0 <||Th|| < ||T|| < 91’1 where T; 2 Tl
* stuHTjH/HTj;llel < 62

Forany € < ¢, let f be an Lipschitz map on E to itself with f(0) = 0 and

Lip(f—T) <

I\J\M

then there is a Lipschitz map Oy, : EB;.‘:lEf — E with ®4(0) = 0 such that
1. Forany1 <j <k,

W(f/|‘T]H+S) = {(Dk(vll"' /vjlol"' ,0)‘01‘ S Ei/ 1 S i S]};

2. Lip(®y) < kand Lip(®; —1d) < K- Lip(f — T) where &= (mody,--,mo
Dy ) and 1d is the identity map on EB] 1E;
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3. Forany (vy, - ,vx) € EB;-‘:lEj,
ﬂj(@k(vl,' o /vjlol" : /0) _q)k(vll' t 1vj—1/0/' t /O)) - Uj/ V1 S] S k/

4. For any (vq,--- ,v) € @;‘ZlEf and any n € IN, there is some (uq,--- ,u;) €
@k B with

k
il < (1Tl +©)"[|oj]] + Ke Y (1Tl +¢)"[Jvil|, 1 < j <k
i=j+1
such that
f1(Dr(v1, -, vx)) = P(ug, - -+, ug)-
Remark 5.5.5.

* The reason why we introduce these global parameters 01,0, and K, e is that we want
these constants to be independent of different choices of norms for Banach spaces. This
origins from the fact that Lyapunov norm is usually not unique.

* Instead of considering only one stable manifold like Proposition 5.5.7 (in the follow-
ing), Proposition 5.5.4 considers a family of nested stable manifolds

W NIl +€) CW(f N Tall +€) € - WIS [ Til| + ).

* Note that here we use the images of maps( these ®y) to denote the stable manifolds,
unlike the usual way (e.g., Lemma 5.5.6 ) where we use graphs of maps to denote the
stable manifolds.

Let E be a Banach space with a decomposition E = E! @ E? and let ¢ : E! — E2be
amap. The graph of g, denoted by Graph(g), is defined as the set { (v, g(v))| v € E'}.

The following is the classical stable manifold theorem in Banach space. It is from
[11] Theorem A5.

Lemma 5.5.6. [11] Let E be a Banach space with a decomposition E = E' & E? with a
maximum norm defined by ||(v1,v2)|| = max{||v1||, ||v2||}. Let T be a continuous linear
map on E with

e T(E') C E', T(E?) = E? and T is invertible on E?;
o ||Tu|| < p < ||T, Y| for some number p where T; £ T|p:.

Then for any Lipschitz map f on E with f(0) = Oand Lip(f — T) < min{p — ||Tx |, || T, '|| ' —
p}, there is a Lipschitz map g : E' — E? such that

* Graph(g) = W(f,p);

* Lip(flGraph(g)) < ||ITal| + Lip(f — T);

e Lip(g) < 1.

The following is an extension of Lemma 5.5.6 above.

Lemma 5.5.7. Given 0 < 601,60, < 1, thereis 0 < gy < 1 satisfying the following property:
Let E be a Banach space with a decomposition E = E' @& E? with a maximum norm
defined by ||(v1,v2)|| = max{||v1]||,||v2||}. Let T be a continuous linear map on E with
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e T(E') C EY, T(E?) = E? and T is invertible on E?;
« 61 < ITil| < [T < 67" where T; £ Tl
[T/ < 6.

Then for any Lipschitz map f on E with f(0) = 0 and lip(f — T) < e, there is a map
¢ : E' — E? such that

e Graph(g) = W(f,||T1|| + €0);

* Lip(f|Graph(g)) < ||T1H + Lip(f - T);

: Lip(f—T
e Lip(g) < % <1

Proof. Leteg = min{361(6,"' — 1), 3}. One can show that this implies

o T+

eo<p—||Tul| =|IT, '|7" —p, wherep £ 5

By Lemma 5.5.6, there is a Lipschitz map ¢ : E! — E? such that

* Graph(g) = W(f,p);
° Lip(f’Graph(g)) < HTlH +Lip(f_ T);
* Lip(g) <1

Note that the first two properties imply

Graph(g) = W(f,p) = W(f, [|Thl[ + €o)-
7)

. . . & Lip(f—
Now it remains to show Lip(g) < a = =P Sf;

Define a linear map S : E — E by S(v1,v2) = (v1,a 'vp) and define f =510
foS.NotethatT =S 16ToS by definition. Let 771, 71, be the projections w.r.t. the
decomposition E = E! & E2. By a direct computation, one can show that

Lip(rry0 f —moT) <a'Lip(myo f —moT),

Lip(myo f —moT) < Lip(myo f —my o T).
As a consequence,

Lip(f — T) < a 'Lip(f — T) < ¢.

Hence applying Lemma 5.5.6 again for f, we get the corresponding g, one can show
that

We then have
Lip(f -T)

Lip(g) = aLip(3) < ——

Remark 5.5.8.

 IfE? = 0, then we can just define g : E — 0 by g(v) = 0 for any v € E. This makes
Lemma 5.5.7 trivially true.
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* The main difference between Lemma 5.5.7 and Lemma 5.5.6 is that Lemma 5.5.7 shows
better Lipschitz constant for g (will be used later) while Lemma 5.5.6 only shows that

Lip(g) < 1.
Now we give the proof of Proposition 5.5.4 by mainly using Proposition 5.5.7.

Proof of Proposition 5.5.4. For 61,6, and k € IN, by Lemma 5.5.7, we get a constant
0 < gp < 1. By shrinking ¢, we can also assume that g < 6; — 616, which implies
0+ <1

For the parameters 6; and 6, + g—‘l), by Lemma 5.8.1, we get a constant K, > 1. Let
K = max{(k—1)e; !, Kz }.

For any € < gy, assume that f is a Lipschitz map on E with f(0) = 0 and

Lip(f - T) < 7

For each j < I, by Lemma 5.5.7, there is a Lipschitz map g; : @5:1 El — @fijﬂrlEi with
g;i(0) = 0 such that

* Graph(g;) = W(f, [|Tjl| +e0) = W(f, [[Tjl| +¢).
This is a consequence of Lip(f]Graph(g/)) <||Tj|| + 5

* Lip(g;) < %{D <L
Define ¢; : @5:11‘7 — Eitlas
(Pj(vl/UZI e ,U]') £ 7'[]'+1 Ogj(v]./UZ/ e ,Uj).

By definition, we have Lip(¢;) < %O_T) < 1. Now define @ : 69;?:1 E/ — Eas

(Dk(vllvz, s /Uk) = (061(01),062(01102),013(01,02, 03),' . ,Oék(ULUz,' - rvk)zgk(fxlﬂxZ/‘ o

where {a;} ;< are defined inductively:

* wi(v1) = vy;

e Fori < k—1,if aj(vy,---,v;) is defined, then define a;,1(vy, - ,0;,0i41) =
Vir1 + il (o1), -+ (o1, ,0i)).

One can check that @y is continuous and ®;(0) = 0. Moreover, for any 1 < j < k,
we have the following properties of ®y:

1 {®x(v1,--+,0;,0,--+,0)|v; € E\, 1 <i < j} = Graph(gj) = W(f, ||Tj|| +¢);

This is a direct consequence of the definition. We also have that for any vy, vy, - - -

witho; € E,;1<i< J, there are uy, up, - -+ ,u; with u; € E,1<i < j such that
f(®k(01102/' o /vjlor' o /0)) - (Dk(u1/u2/' o /ujlol' t /0)

2. Lip(®;) < kand Lip(®; — Id) < K -Lip(f — T);

/ak))
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The later inequality is from the following estimation:

H(qA)k - Id)(01,02,~ o Ivk) - (qsk - Id)(U,lIU/ZI' o /U;()H
= 1<1§1<akx 1{||0‘](01/' ,U]') _a]’(var' o /U;)H}

<801Llp(f T) max {ZHUZ—U’H}

1<]<k 1

=¢y' Lip(f - T) levz—v’ll
j=

< (k—1)eg " Lip(f — T)||(01,02,- -, k) — (0,05, - -, 1) ]
< K-Lip(f — T)||(v1,v2,- -+ ,v) — (0}, 0, - -+, 0})|]-

Combined with the fact that Lip(gx) < 1and g;' Lip(f — T) < 1, we then also
get Lip(Py) < k.

3. ﬂj(q)k(vl,"-,ZJj,O,'--,O)—CI)k(U1,-~~ U]' 1,0,--~,0)):U]'.
1@k(o1, ) = Pr(or, -+, 0j-1,0,++,0)[| < B [[oil,

Indeed, let B; € @;ZlE” denote the first i components of Oy (v1, v, - - -, v) and
Bi € @i _,E" denote the first i components of ®y(vy, - - - ,0j-1,0,0,- - ,0), then
for 1 < k, we have
H®k(7)1102/' o /Uk) - ®k(vll e U]' 1/0/01 v IO)H
=110, ,0,v;,vj41 + P;(B}) — ¢;(B), -+,
Ok + Pr—1(Br-1) — Pr—1(Br_1), Sk (Br) — 8k (Br))I]
:||(0,---,O,U]-,ZJ]H—f—gb](,B]) ( l) Tty
Ok + Pr-1(Be-1) — Pr-1(Bi_1),0)|| (since Lip(gx) < 1)

k
<Y _|[vil| (since Lip(¢;) < 1).
=

It remains to show the last(4th) property. To see this, we first show the formula
w.r.t. one-step iteration:

Claim 5.5.8.1. Forany (vy,--- ,v) € @;F:lEj, there is some (uy,- -+ ,ug) € @;-‘ZlEf with
k
il | < (T +e)llojl| +¢ Y Noill, 1<j <k
i=j+1

such that
f(@i(o1, -+, v)) = Pr(ug, -+, ug).

proof of Claim. Write f as

f:(fl/fZ/"'rfl):(hl+Tl/h2+T2/"'/hl+Tl>

where ; : E — E/ satisfies Lip(h;) < ¢/2 (since Lip(f — T) < ¢/2).
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We first show that for any (v, -+ ,v¢) € @;‘ZlEf and1 <j <k,

k
€
I|fi o @x(v1,02, -+, k) = fjo P01, - ,0j-1,0, -+, 0)|| < |[T]| - ||vjl] +§Z||vil|.
l:]

(5.1)
To see this, recall,

Oy (01,02, -+, v) — Dy(v1, -+, 01,0, ,0)
=(0,-++,0,0;,vj41 +¢j(B}) — ¢;(B), -+ ok + Pr1(Br-1) — Pr—1(Bi—1), 8k (Br) — 8k(BL))

where these ; and ! are defined as before. Then (5.1) follows from the computation:

Hf:ioch(ULUZI"' Ivk) _f]'quk(Ull"' Ivj—lrolol"' IO)H
S thoq)k(ULUZ/"' ,Uk) _hjoq)k(vll"' /vjfllolol"' /O)H
—+ H’T]‘O(q)k(vl,vz,“‘ ,Uk) _q)k(vll"' /vjfllolol." /0))”

k
€ .
< || Tl - lvj] | + EZ’|DiH(BY the third property of ®y).
i=j

Similarly as above, let 7y; € @;:1 E™"and v} € @;:lE " denote respectively the first
i components of f(®y(vy,va,- -+ ,vx)) € Image(Py) and f(Pi(vy,---,vj-1,0,---,0)) €
Image(®y). First note that by the first property of ®, thereis (wy, - -+ ,w;_1,0,---,0)
such that

(r)/i/ o /7;{+]) :f(q)k(vlf' o /vj—lrol' ct /O)) = q)k(wll' c le—lloi' o /0)

Then by the definition of ®;, we have

')’; = f] o ®y(vy, - - ,7)]'_1,0,' ,0)=0+ 4)]'—1(7;71) = (P]'—l(')’;—l)'

For any 1 < j <k, similarly with the proof of (5.1), one can show

[17j-1 = 7jall = max {[[( + T)(Pr(vr, 02, -+, 01))

1<i<j—

— (hi + Ti)(®k(v1, -+ ,vj-1,0,0,- -, 0))[[}

Since Lip(¢;—1) < 1, the above implies ||¢;_1(7¥j-1) — (Pj—l(’Y;_l)H < %Zi-(:j ||vi]]-
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Then we have

|Ifj o Pe(o1,02,- -+, 01) = pj—1(7j-1)]

< ||fjo @i(v1,v2,- -+ ,vx) — fj o Pr(v1, -+ ,0j-1,0,0,---,0)]]|
+lfjo Pr(vr, -+ 01,0, - ,0) = pja(vj-1)]

= Hfjquk(ULUZz‘ k) _f].oq)k(vl,. S, 0j21,0,- ,0)||
+pj-1(7j-1) — ¢ (vl

k
< (1Tl +o)llojll +¢ Y [loill
i=j+1

For each 1 < j <k, define u; £ fio®x(v1,02,- -, k) — Pj—1(7j-1), then
k
il < (ITil +)llojl| +¢ Y |loil]
i=j+1
and by the definition of ®;, we have
f(®r(v1,v0, -+ ,0k)) = Dpe(ug, up, -+, ug).
O

The 4th property is then a direct application of Lemma 5.8.1. To see this, set
pj = ||Tj|| +¢& 1 < j < k. Since gg < 61 — 616>, we have p; > 6; and

supﬁ <02-i-i0 <1
i Pj+1 01

Forn =0,1,2,--- ,define (u},u2, -, uk) to be such that

fn(q)k(vll T /Uk)) = Qk(u;lwu%/' e /ulrcl)'
By Claim 5.5.8.1, we have
) . k )
[unl| < pjllug, o[ +€ Y [lu,qll, 1<j <k
i=j+1

We then get the conclusion by using 5.8.1.

5.5.3 Proof of Theorem E

Next we show the proof of Theorem E. We first show a key proposition.

Proposition 5.5.9. Let f be a C1™ diffeomorphism on a compact manifold M, then for any
ergodic measure y, there is a constant &g such that for any positive number e < &g and any
k <1, there are two section maps r*: Ry — A and ¢ : Ry — A such that

* Forany x € Ry, any non-negative numbers 171, - - , 1y < landn € N, if

k
max {9y +e Y Mty 1 <1, V0 <i<n,
1<j<k m=j+1
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then f*(Wr (111, -+, 1x)) is contained in

k k
(en()‘1+g);71 + e Z en()‘j+£)17],’ en(A2+£)172 _|_ e Z en(/\]'+‘€);/]j’ s, en(Ak+£)17k)_

ern ’
) = =

* Forany x € R, and any non-negative numbers 11, - - , 1 < 1,

. 1
diam(Wrg (111, -+, 171)) < ¢ max 1

* There is a subset Q). C R, with p(Q) > 1 — & such that
Lip(fXo¢p, —Id) <e, Vxe Q.

where TX = (rry oTX, -, i o TX) and 1d is the identity map on EB;-‘ZlEZ(.

= 1pe™

FIGURE 5.3 — Expansion rate

Let us first show that the proof of Theorem E by using Proposition 5.5.9.

Proof of Theorem E. The last properties in Thereom E and Proposition 5.5.9 are the

same. We only have to show the first property in Theorem E.

n()x;r-i-e)

ForanyT§%,anynelNandlgjgk,setucjzre_ , then

k
max {e’()‘f+£)ocj +e Z el()‘"’+£)am} <kt<1,V0<i<n.
lsjsk m=j+1

Thus by Proposition 5.5.9, for any 0 < i < n, we have
diam(f*(Wre (w1, -+, %))

k k
< diam(er (ei(/\lJrs)al +e Z ei(Af+£)Déj, ei()x2+s)a2 +e Z ei()\jJrs)aj’ . ’ei()\kJrg)ak))

fix) =2 i=3
1 ) ko
< - max {9y +e Y ety )
k l<j<k m=j+1
<T.
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Now Let us show the proof of Proposition 5.5.9. The main technique is to ap-
ply our stable manifold theorem in Banach space (Proposition 5.5.4) to the compact
manifold M.

Proof of Proposition 5.5.9. For the ergodic measure y and any k <, let
e/\j+2K

9] - e_/\l_ZK, 92 == Sup VI < 1
jglfl e j+1

where « = 5 min;<;_1{Aj;1 — A;}. Thus by Lemma 5.5.4, we get two constants K >
1and 0 < g9p < 1, we may assume that g9 < x.

For any ¢ < ¢p, by Lemma 5.5.1, we have the Lyapunov norm ||| - ||| w.r.t. e. let
B be the Banach space of bounded Borel sections of Tg, M w.r.t. the norm defined by

lle]]| & supxeRy{\Ha(x)H]}. B can be decomposed as B = B! @ B?- - - @ B! where
B' £ {0 € B|o(x) € EL}. Define the induced map

G:B — B, G(0)(x) = Df i) (0(f 1 (x))).
We Note
¢ G is an invertible linear map preserving each B/, ie. G(Bj ) = Bi,V1< i<
o 01 < ||IG]]| < []IG]]] < 0, ' since e < x;

* sup; |[|Gjl[|/[l|Gj+1[l] < 62. Indeed, this is because by the first property in
Lemma 5.5.1, we have

eAij < e)\jfe < |HG]H| < e)\j+e < e/\j‘H(.

Let K3 > 1 be a number large enough such that #(€),) > 1 — ¢ where
Qe £ {x € Ry| Ae(x) < K3}
Let
£

. &
= mln{z,m},

by Lemma 5.5.2, we get an extended map F : Tr, — Tg,. Define
H:B— B, H(0)(x) = ff—l(x)(g—(f_l(x))).
By Lemma 5.5.2, H(0) = 0 and LipHHH(H —G)<n<e/2
With these configuration, we can apply Proposition 5.5.4 to G and H to geta map
D : @j.;le — B with ®;(0) = 0 such that

¢ Foranyj <k,

{o € Bl sup(|l|Gj|l| +&)"[[|H" ||| < o0} = {P(v1,---,9;,0,---,0)|v; € B, 1 <i < j};
nelN

* Lipy ) (®x) < kand Lipy . (i — Id) < Ky < g where & = (110, -+, 70
®y ) and Id is the identity map on @}‘:lBJ;
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e Forany (o1, -+ ,0%) € @;-‘Zle,

7Tj(q>k(0'1,"' /ajlol"' /O)_qu(U]/"' /0-]'—1101"' /0)) :ajl V1 S]S k/ (2>

e For any (o3, -+ ,0%) € @;leBj and any n € N, there is some (01,---,0%) €
®k_, B/ with
k

111 < (NGl + )" [Hlegll| + Ke 3 (NGilll +&)"[lleilll, 1 < j <k
i=j+1

such that
Hn(qu(Ulr"' /Uk)) :®k(511..' lak)' (3>
Define a map r . Ry — Ay as following: for any o € @;'{lej and any x € Ry,
Tk(x) 2 ®i(0)(x). We use TX(c(x)) to denote I'¥(x)(c(x)). We first Note, by the

continuity of ®;, TX is a continuous map from @}‘ZlEﬂc to T, M.

Claim 5.5.9.1. T¥ is well defined, i.e., for any o, € EB;-‘:le and any x € Ry, if o(x) =
0(x), then ®(0)(x) = Pr(6)(x).

Proof. Recall by Lemma 5.5.7, for any j < k, there is g; : @LlBi — EBf.:j_HBi such
that Graph(g;) equals to the following set:

{o € B| sup([||Gj|||+¢&)"|||H"o||| < +oo} = {CDk(vl,~--,vj,O,---,O)]vi cB,1<i<j}
nelN

As a consequence, for any (01, - -+ ,0j_1) € @, B,
nj(qu(Ul/ te /0—]'—1101 e /O)) = n—j(gj—l(all e Iaj—l))
where ; = 71;(Pk(01,- -+ ,07-1,0,---,0)), V1 < i < j— 1. Hence by formula (2), we
get that for any (o4, - -+ ,0%) € EB;-‘:lBj andany 1 <;j <k,
mi(Pi(or, - -, 01)) = 0+ 711 (D (01, - -+ ,07-1,0,--+,0)) = 07+ mi(gj—1(a, - - ,&j-1)).

In particular, 711(®¢(01,0,---,0)) = o1. Then by a direct inductive argument, to
prove I* is well defined, it is sufficient to show that for any j < k, any o, & € &®/_,B
and any x € R, if c(x) = 0(x), then g;(c)(x) = g;j(¢)(x). To see this, define

_ J&i0)(x) y=x,
o) {g,(a)(y) yEx

By definition, op € 695 B’ and one can show that for anyn € N,

=j+1
[[[H" (e, 00) || < max{][|[H" (e, g;(e))[], [[|H" (&, 8;(0))]][}-

Thus (0, 09) € Graph(g;) which implies (0, 09) = (0, gj(c)). Therefore g;(o)(x) =

8j(0)(x).
O
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Recall F, = expf(lx) of oexp, |, and F, is an extension of F, according to
Lemma 5.5.2. By Claim (1) above and the invariance of ®; under H, we have

Fy(Image(T¥)) Image(ff((x)), Vx Ry (4)

By the formulas (3) and (4), for any x € Ry, any n € IN and any (vy,---,v%) €
@;-(:15;, there is some (uy,--- ,u;) € <, F/ with

=17 (%)
k
uil|] < (NGl +&)"l[|ol]] + Ke Y (I1Gulll +&)"[[lom]l], 1 <j <k
m=j+1
such that o _
B2 (o1, 00) = Ty (1, g)- (5)

Claim 5.5.9.2. Let C; = 27 'k2C, where C, is from Lemma 5.5.2. For any x € Ry, any
(v, - ,vx) € 69;-‘:1136 and any n € N, if

k
max {(|[|Gj|[| +&)'|[oj|| + Ke ) (1IGill[ +e)'[[on]|} <e7, VO <i<m,
1<j<k I=j+1

then _
FY (T (vy, -+, op)) = FX (T (vy, -+, 0p)

where F} = Fgna(y) 0 -+ - o Fy (similar to F) and TX is defined as

50y, ,00) 2TKO(x,01)01,- - ,O(x,v0)vr) where ©O(x,v) £ Ci(x) o]l :

Proof. We will check this property by an induction. We first check the case when
i = 0. For any x € Ry, note Lipm,m(FIjC) < k (since Lip (@) < k), for any

(v1,v0,+ , %) € @;‘:115{( with each [[v;|| <1, we have

IIT% (01,02, o) ||| = [[ITH(©(x, 1)1, -+, O (x, v ) o)
< ) o: i ™) =
<k max [[|@(x, vi)oi||  (Since I%(0) = 0)

—kC :
1(x) {Q%(HUZH

< Ce(x).

Thus by Lemma 5.5.2,
Fx<r§(01102/ e /Uk)) = ﬁx<r§(01/02/ e ,'Uk).
Now assume that for i — 1, we have

R (Mo 22, 0) = B (T (or, o, 00).
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By formula (5), for the vector (®(x,v1)v1, - -, O(x, vx) v ), there is some (uq, - - -, uy) €
ok F/ with

J=17 i1 ()
. 1 k . 1
ull] < (NGl +e) " O(x, vj)l[|oj]|| +Ke Y ([[[Gulll+€) '@ Cx, 0m)|l[omlll, 1 < j <k
m=i+1
such that

Faiil(rlfc(vl/' c ,'Uk)) = ?,i*l(lﬁ’;(vl, s ,’Uk))
= FEY T (O(x, 01)1, -+, ©(x, vp) v))
- fffi—l(x)(ul,' - ,le).

Thus we have . N
Fi(Ty(vy, -+ ,0r)) = Fu(T (v, -, k).
Now we have
|kai71 (”11' e r”k)mff*l(x)
< k max HI%IH

1<j<k
k .
<k1H<1a<Xk{(WG!H+€I ylo(x,vp)|llojl|| +Ke Y (I11Gull| + &) 'O (x, vm) [ [om|||}
m=j+1
. k .
:kcl(x)lrgaéc{(IHGjHl+8)l_1|\vj||+K8 Y (NGulll + &) Hlvml}
sjs m=j+1
< C( ) —(i—1)e
< Ce(f (%))

Thus we have ' B
Fi(Tx(vy, -+, v)) = Fo(T(vr, -+, vp)).

Now for any x € Ry, any 771, - - , 7y and any n € IN, if

. k . .
max {([||Gjl|| +&)'nj+Ke ) ([IGulll +&)'ym} <e™™, V0O <i<n,
lsjsk m=j+1

then for any (v1,vp,- -+ ,v) € 69;‘:1 E{C with each ||v]|| < 1, by Claim (2), we have

F(Ty(o1,- o))
= N5 (vy, -+, o)
- F”(rk( (x,v1)v1,- -, O(x,v¢)vx))

(u1, )
)

Uk

eFmy e m)
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where, by (5), (u1, - - -, ux) is some vector in 69;?:1 Ej(,l ) satisfying

k
sl < (NG +e)"@(x, o) [|o]|| +Ke Y ([1|Gulll +€)"O(x, vm)|[|vml], 1 < j <k
m=j+1
Thus for any 1 < j < k, we have
Uj 1
lorrmll = eyl
(f"(x), u;) 1(f"(x))
1
R Gilll +&)"O(x,v:)|||v;
_Cl(f”(X))((m illl +€)"0(x, v))|[|v)]|]
k
+Ke Y ([[IGulll +)"O(x,vm) | [owl[])
m=j+1
— (Gl + &) Ca ()l
Ci(f"(x)) ! ' !
k
+Ke Y (I1IGulll +)"C1(x)[|oml])
m=j+1
k
<" ((IGl|| +&)"|oil| +Ke Y ([1|Gulll + )" ||oml])-
m=j+1
Recall by definition,

Wee (1, -+ k) 2 exp, ({TE(v1, -+, v¢) € TeM | v; € E, |[ojl| <1y, j < k}),

thus we have proved that for any x € Ry, any 771, -+ , i and any n € IN, if

. k . .
max {([[|G;l|| +&)'n; +Ke Y, ([[|Gulll +&)'nm} <e, V0 <i<m,
1<j<k m=j+1
then
fn(erf((ﬂl" o Iﬂk)) - er}n(x)(cl/CZI' o /Ck)
where
k .
¢j = (E(lIGjlll +&)'m +Ke Y (e ([IGulll +€)"1m, 1 <j <k
m=j+1

This is almost the first property of Theorem E, we will next show the conclusion
above actually implies the final formula.
Let K be a number such that forany 1 <j <k,

(1G]] +e) < MR, e < gy

Note this is possible because |||G;|| < ¢"*¢ by Lemma 5.5.1. Replacing ¢ by & =
e/ (K + K) by the above result, we get:
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forany x € R, any 11, -,y and any n € N, if

. k . A
max {(|[|Gjl[| +&)'nj +Ke Y ([[[Gulll +8)'nm} <e ™, V0<i<m,
1<j<k m=j+1
then
Fr VO, o)) © W, (ex e, k)
where
A k A .
¢j = (Gl +8)" i+ Ke Y (e ([IGmlll +8)"1m,1 < j <k
m=j+1

Forany 0 <i <mandany 1 <j <k, a direct computation shows

Mt pite Yo My, <1 = (|[|Gjl|[+8)ni+Ke Y (||Gulll +8)m < e F
m=j+1 m=j+1
and
N . k N . . k .
ENGI +8)mi+Ke Y (E(lIGulll +8)nm < Mg+ Y &Mty
m=j+1 m=j+1

Thus for any x € Ry, any 71, - - , 1y and any n € N, if

k
max {e’()‘fﬂ)q]- +e ) eMntely 1 <1,V0<i<n,
1<j<k m=j+1

then f"(Wr« (111, - - ,7x)) is contained in

k k
Wl"fm(x) (en(/\1+s)771 +e Z en(/\j+8) 1, en()\2+8) 1 +e Z en(/\j+e)17j, . en(/\k+e) 77k)
j=2 =

For the second property, for any v1, vz, - - - , v, with each v; € EZ: and ||vj|| < 7; <
1,
TS (01, -+, o)l < [IIT5 (01, -+, v

= lIT¥(©(x, v1)o1, -+, ©(x, ve) ) |
<k O(x,v; ;
< k max ©(x, v [l

—kC :
1(x) lrgfgxkllij

Thus

1
max 17; < — max 1j-

dlam(WrI; (771/ /17]()) = k 1<j<k k 1<j<k

To prove the third property, for x € R, and any v = (vy,- - -, vx), define

¢x(v1, -+ ,08) 2 (@ Y (x,01)01,- -, 0 (x, vp)0p).
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By definition, ¢ € Ay(x), hence we get the section map ¢ : R, — Ay.
Recall Lipm.m(ci)k —Id) <e LetT® = (myoT%, ..., m o T) and Id be the iden-

tity map on 69;‘:1]5;. Note &, = *o ¢, hence for any x € ()¢, under the original
Riemannian norm, we have

Lip(IX o ¢y — Id) < e.

5.6 An estimation on cardinality

In this section, we will construct a very general result that will be used to prove
Theorem A.

Let E = E' @ E2--- ® EF ® E**! be a finite-dimensional Hilbert space. Given
1 < j <k, for positive numbers 1;, ;11 - - - , 17, define

i1, o) 2 {(0j,041, ,00) € B @ EM - @ EX||[os|| < i, j < i < K}

Given é > 0, let B(v, §) be the open ball at v € E with radius r. For a subspace H, let
BH(v,6) = {v+w|w € H, ||w|| < §}. We abbreviate B¥ (v, ) to B/(v,6).

We first give the definition of ample family in Hilbert spaces, similar to the defi-
nition on manifold.

Recall that D' is the open unite disk in R’. An (i-dimensional) C" (r > 0) subman-
ifold 7y is defined as a C" embedding 1 : D! — E. Givend > 0and 1 <i < dimE,
we define a standard family A% (i, §) (For simplicity, we use the same notation as in
the case of manifold) of i-dimensional C° submanifolds of E,

A(i,8) £ {6 L|pi+v|||v]| £, v € E, £L:R" — Eisan linear isometry}.
We can similarly define the notation < as in the paragraph above Definition 5.1.1.

Definition 5.6.1. Given § > 0and 1 < i < dim E, we say a collection of O submanifolds
A(i,8) is an (i,8) ample family if for any ygqq € A4(i,8) and e > 0, there is v < A(i, )
such that dco (s, ) < € where do is the C° distance induced by the inner product in E.

Definition 5.6.2. Let E = E' @ E2 - - - @ EX & EF'! be a finite-dimensional Hilbert space.
Given 6 > 0,0 < 6 < 1 and some positive numbers 11,12, - ,1x < 6, a nearly
rectangular box is a continuous map vy : [ny1,12,--- ,4x] — B(0,0) such that for any
v,w e [m, -, qx)andany1 <j <k,

k
[ 7j(v () =y (@) = [l (v — w)| | < G;Hm(v—wm-

The set of all such vy is denoted by B(6,6,11,12, -+ , 1k)-

Remark 5.6.3. Denote 4 = 7<j o 7y where i< = 71 + -+ - + 7} is the projection on
E'®E%-.- @ EF. Then B(6,6,11,12, - ,1x) is the collection of y such that 4 is close
(indicated by 0) to the identity map on E' © E? - - - @ EF.

Next is the main result in this section. We will use it to find how many sub-
manifolds in an ample family that are necessary to intersect all nearly rectangular
boxes.
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Proposition 5.6.4 (Geometric estimate). Let E = E' @ E? - - - @ EX @ EF*1 be a finite-
dimensional Hilbert space and let i = dim(E*+1). Given § < 1and 0 < 6 < 27%(k+1)71,
there is a constant L such that for any positive numbers aq, &z, - - - , 0 < 1and any (i,106)-
ample family A(i, 106), there is a subset QO C A(i, 105) with the following properties:

—dim(E/)

-#QgLnﬁwj ;

® Foranyy € B(6,6,,a1,a2,- - - , ), thereis ' € Q) such that Image(-y) N Image (') #
@.

FIGURE 5.4 — Geometric estimate

We first make some preparations before the proof.

Lemma 5.6.5. Let E be a finite-dimensional Hilbert space. Given two positive numbers
r,0 > 0, assume that vy : BE(0,r) — E is an injective continuous map satisfying

(@) = v(0)I] = 6l[ol], Vo € B(O,r).
Then B(7(0), %) C Image().

Proof. Since v is an injective continuous map, it is a homomorphism onto its image
by Brouwer Invariance of Domain Theorem. As a consequence, (9(B(0,%))) =
9(7v(B(0,%))) where 9(A) is boundary of a subset A w.rt. the subspace topology.
Thus

20 20r
lo— ()1l = 2ol = 2, vo c a(B(0,1)).

Next we show the subset v(B(0,7)) N B(7(0), %) is a closed subset in B(7(0), ¥)
w.r.t. induced topology of B(7(0), ¥). Let {v, € 7(B(0,7)) N B(7(0), ¥)}sen be a
sequence of vectors with v, — v for some v € B(y(0), %). If v ¢ v(B(0,7)), thenv €
9(B(0,7)) which contradicts the above inequality. Thus v € v(B(0,r)) N B(7(0), &).
Since 7y is an open map. y(B(0,7)) N B(y(0), %) is also open w.r.t. induced topology
of B(7(0), %). Since B(7(0), &) is connected, y(B(0,7)) N B(y(0), &) = B(~(0), %).

O

The following result shows that the intersection of a nearly rectangular box with
a plane defined by the first coordinate is again a nearly rectangular box. This can be
viewed as some version of Implicit Function Theorem.

Lemma 5.6.6 (Implicit Function Theorem). Let E = E'@®E?2..-® EF @ EF1 be g
finite-dimensional Hilbert space. For any 6 < ﬁ anyl >m >m > - > >0
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and any continuous map vy : (01,42, , k] — E with the property that for any v,w €
1, k) andany 1 < j <k,

[ 7j(y (@) = v (@) = |7 (0 — w ||\<92H7Tzv— I

Then there is w € E! with B'(w, 91101) c m(y([y, 12, -+ ,mx])) such that for any
y € BY(w, %), there is a unique map ¢ : [01—%2, %3,- e %] — BY(0,71) such that

o, 6 0
1. foranyw € 42,55, -+, 7%,

i (y(¢(w), w)) = y;
2. define?: [%,%, ,91%] %EZ@ES@---Ek@Ek'H by
H0) £ (ma(7(9(0),0)), 7(7(9(0),0)), -+, (90, 0)), T (7(9(2), ).

Then 7y is a continuous map such that for any w,v € [%, %,- -, %] and any
2<j<k,

k
| 7j(v(0) = (@) = |70 —w) ||| <20} [|7mi(v — w)]|.

i=2

Proof. For any (vp,---,vx), (wa, -+ ,wg) € [91—%2, %,- ., 91%], we first note the fol-
lowing two properties:

i Bl(ﬂl(’Y(O,wZ/w&' o /wk)) k9111) - {7-[1( (w1/w2/w3/' ce Iwk))‘ w1 € 31(0/7]1)}
To see this, note that the map

T = 4s OIY('/wZ/' ce /wk) : 31(01771) - El

is an continuous injective map and we have

71 () = 11(0)]] = (1= 6)||u|| > k| |ul|, Vu € B'(0,1m).
Thus by Lemma 5.6.5, we have

k6
B (71 (y(0,wy, - - - ,wy)), 2771) C {m(y(wr, wa, w3, - -+, wi))| w1 € B0, 11)}.

k k
1721 (70,02, - - -, 0¢)) — 1 (Y(0, w2, - -, wi))|| < 6 ||o; — wj|| < 262 2’10 < 75’7 .
j=2 j=2

Hence, there is w € mi(y([m1,%2,- -+ ,4x])) such that for any (ws, w3, -+ ,wy) €

kgﬂl

BY(w, 11y c Bl(a, ) B (10w ),

kgﬂl
10

2)'

And the last subset above is contained in {7 (7y(wy, wo, - - -, wk))‘ wy € BY(0,1m1)}-
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9 o 6 0
In other words, forany y € B'(w, &) and any (wp, w3, - -+, wy) € [58, 55, , 1],

there is a w; € B(0,7;) such that

my (y(wy, wa, w3, -+, wi)) =Y.

Furthermore, this w; is unique, denoted by ¢(w, w3, - - - ,wy). Hence we got prop-
erty 1.
We next show 7 satisfies Property 2. Let’s first show

k
(o2, -+, vk) — Pp(wa, -+, wi) || < Y [|oj —wjl.
j=2

It is from the following fact:

k
l¢(02, -+ vc) = Pawa, -+, wi) || = Ol (02, -+, o) = p(wa, -+ we)|| =0} [|oj —w]|
j=2
< [l (v(¢(oa- - o) 02, 00)) — (v (@(wa, - wi), wa, - wi))]
= 0.
By its definition, 7 is a continuous map. For any 2 < j < k, a direct estimation shows

HTL'] (02/”’/Uk))_nj(,7<w21”'rwk)>"
= |[m;j(y(¢(v2, -+, vk), 02, -+, on)) — i (y (P(wo, - - - /wk) wo, -+, w))l|

> [oj —wj|| = 0]|¢(va, - -+, vk) — pwo, -, wy)] —92\\01 wil|

k
> [|vj —wy|| =260 ) |[v; — wi.
i=2

Similarly,

7t (7 (v2, - -+, ok)) — (Y (wo, - -+ wy)) ||
= ||mj(y(Pp(v2, -+, vk), 02, ok)) — (v (P(wa, - -+ wi), wa, - -+, wi)) |

K
< loj — wil| + 8]|p(va, - -, vx) — P(w2, - - - /wk)||+9z:|\vi—wi|!

k
< lvj —wyl| +26 ) |[v; — wi.
i=2

O]

Remark 5.6.7. For the case k = 1, the map ¢ stated in Lemma 5.6.6 is defined on an empty
set, so we always assume that Property 1 and Property 2 remains trivially true. In this

situation, Lemma 5.6.6 only produces the existence of some w € E' with B}(w, 91%) C

111 (y([11])) which is a direct consequence of Lemma 5.6.5.

Lemma 5.6.8 (Poincaré-Miranda Theorem [34]). If f = ( fi, fa, o, fa) 10,1 — R”
is a continuous map such thatfor anyl <j<mnandanyv = (xl,- L Xj—1, 1,xj+1,- .- ,xn),

w= (x1,-- %1, —1,Xj41,- -+, xXu) € [0,1]7,

fi(v) >0, fi(w) <0
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then there is x € [0,1]" with f(x) =

Lemma 5.6.9. Let E = F & G be a finite-dimensional Hilbert space and let i = dim(G).
There is C1 > 0 satisfying the following property:

Givenany 0 < ¢ < 6 < 1,any y € F and any continuous map f : Bf (y,¢) — G with
Graph(f) C B(0,6). Let g : D' — E be a continuous map such that there is some linear
isometry L : R* — G such that

deo(x,8) < Cae
where x : D' — E is defined by x(v) = y+ 106L(v). Then we have Graph(f) N
Image(g) # @.

Remark 5.6.10. Note that by definition, Graph(f) N Image(x) = (v, f(y)), so Lemma
5.6.9 just says that a submanifold C-close to x also has non-empty intersection with the

image of f.

Proof. Let C; be a constant such that for any v = vp + vg, we have ||vg||, |[vg|] <
ol
1 .
We fix any linear isometry A : R¥™E — E such that Algri = L. Hence A can be
viewed as an extension of £. Note RU™E = A=1(F) ¢ R'.
Define

FEA o foAlpa(priye) = A ofo Al A1 (g)e) g2 Alog, X2 A lox

To prove Graph(f) NImage(g) # @, it is sufficient to prove Graph(f) N Image(g) #
@. We next show there are some u € B4 ' (F)(A~1(y),¢) and v € D' such that

(u, f(u)) = &(0) = (T41(p)(8()), 7R (§(0)))- (52)

Define a continuous map ¥ : D — R’ by

¥(0) & mi(§(0)) = f(7mar) ((0)))-
Since do(x, ) < Cie and A is isometric, for any v € D', we have

AT (Y) = a1 @D = 17415 (R(0)) = a1 ()]
= lmr(x(v)) — me(8(0))l
< CrlIx(o) —g(@)ll < e

This shows that ¥ is well defined on D'. Hence to prove (5.2), it is sufficient to
find some v € D' such that ¥(v) = 0. To see this, we first note that for any v € D'
and any j < i, since we are using the standard norm in R?,

x(0))) =7
v)) = mRi(&
) — 76 (8(v)
-8l

107 - 71j(0) — 7j(Ri (8(0)))| = |77 (7R
< [|mri(X
= ||mme (x(
< C Y Ix(
< E&.

(
(

0

(%
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Now consider any j < i and any

1 1 11.; :
0= (xll' t Ixj—llilxj—FlI. o /xi)/ w = (xll' t /xj—l/_ilxj-l—l/' t /xi) S [_Er E]l C Dll

we have

(¥ (0)) = (7w (8(0))) = 7 f(72a1 () (§(0))))

> 106 - j(v) — & — (f(ﬂAfl(F)(g(v))))
> 100 - tj(v) —e—¢
>3 > 0.

Similarly, 7r;(¥(w)) < —36 < 0. By Poincaré-Miranda Theoremb5.6.8, there is some

v € D' such that ¥(v) = 0 which completes the proof.

O
Proof of Proposition 5.6.4. Denote (11,72, -+ , i) = [§5, 53, -+, 1] and
o= 1 X 72@%
10 10k

We first note that there is a constant L such that for any #71,72,--- , 77 < land 1 <
j < k, there is a subset S/ C E/ with #S/ < Lk17 dm(E) Which is Crnj-dense in B/(0,1).

LetS = Sl X 52 NG Sk Thus #S < LH] Y ]7d1rn(EJ)'

Claim 5.6.10.1. Forany v € B(6,6,11,%2,- -+ ,4x), there is y € S such that
m n Mk k+1
7 (o 1o+ 19) NWHETD 22
Proof of the Claim. Without loss of generality, we assume that 777 > 1, > --- > 1.

For X £ aj, i1, ) C E®E*' @ - @ EX, we denote P,(X) £ wiyj-1,1<i <
k —j + 1. To simplify the notations, for any 1 < n < k, we inductively define:

2"1p 2" 1p 2"1p
YO é [7]1/ 772/ e /nk]/ Yi’l é [ 10 PZ(Yn—l)/ 10 P3(Y1’l—l)l Tty 10 Pk—n+1(Y71—l)]/

Define

Actually one can show that for2 <i <k—n-+1,

n(n—1)
272 "
Pi(Yy) = T’?n-i—i—l-

We fix v € B(6,11,12,- - , k). Next we will define an inductive process. Define
the property P(n),1 < n < k — 1 in the following:

Property P(n): .
For1 <i < n, thereare y; € 7w;(v([1, 72, -+ ,1x])) N S" and a map P, : Yy, — X,
such that

e forany v € Yy,
(Y (Pu(v),0)) =y, VI<i<n;
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e definevy,:Y, - E""' @ E"2@ ... EHlby

11 (0) £ (i1 (7(Pu(©),2)), T2 (7(Pu(0),0)), -+, 7(V(Pu(0),0)), TTies1 (7(Pu(0), 0)))-

Then 7y, is a continuous map such that for any (w41, Wy+2, - -, Wk), (Vn+1, Ony2, - -, Vk) €
Y,andanyn+1<j <k,

K
|7 (Yn (ngts - -+ 06) = Yn(Wnga, -+ wi)) — oy —wjl| | <270 ) |v; —wil].
i=n+1

Note that Property P(1) a just consequence of Lemma 5.6.6. Now assuming Property
P(n), we next use Property P(n) to prove Property P(n +1).
With the configuration in Property P(n), we apply Lemma 5.6.6 to v, : Y, —
E*1 @ E"2 @ - - - @ EX! and the parameter 26. Then there is some ball B"*!(w, 2Py (Y,)) C
a1 (Y([71,72,- - ,mk])). by choosing some y,11 € B (w, ZEPi(Y,)) NS, we
get an associated map ¢ : Y11 — B""1(0, P1(Y,)) such that for any v € Y;,11,

Tn+1(Yn(9(0),0)) = Yu1.

We define ®,,11 : Y411 — X1 by

Py11(0) = (Pu(¢(v),0), ¢(0)).

By definition, since P11 (X,+1) = P1(Yy), hence @,,11(v) € X;41.
Forany v € Y41 and any 1 < i < n, by the induction above (Property P(n)), we
have

7 (Y (Put1(0),0)) = i (7(Pu($(0), 0), $(v),0)) = yi.

For the casei = n + 1, we have

741 (Y (P11 (0),0)) = g1 (7(Pu($(0),0), 9(0),0)) = Tut1 (12(9(0),0)) = Yt1-

Then by a direct restatement of Property 2 in Lemma 5.6.6, we get Property P(n +
1).

By this induction process, we eventually reach the case when n = k —1, by
the Remark 5.6.7, we apply Lemma 5.6.6 once again and then we find some y; €
e (v([71, 172, -+, mi])) N S and wye € Yy—q such that 7j(y(w)) = y;, 1 < j < k where
w = (Pe—1(wi), w) € [, 12, -+ med =[5, 55, - 161

Lety = (y1,¥2,- - - , Yx), we finish the proof of the claim.

O

Fix y € S in Claim 5.6.10.1. Next we will prepare some configuration to apply
Lemma 5.6.9.
Let Cy be a constant such that for any (vy,v,,- - ,vx) € EL @ E?--- @ EF,

k k
Co ' Y llojll < l(or,02, -+, w)[] < Co Y ||yl
j=1 j=1



Denote ¥ 2 (710, m07,-+-,m 0 7). Since v € B(#,a,a,--- ,a;) and 0 <
w1 forany (vy, -+, vg), (wy, -+, wy) € [ay, a2, -+, &, we have

k
7 (01, 01) = F(wr, - wie) || > Cot Y (v (o, -+ o)) = (v (wr, - -+ wy)) ||
=

k

> Cy 0 |[vj —wjl]
j=1

2 C()_19||(Ull"' ,Uk) - (wli"' /wk)H'

Together with the fact that for w € [%, T %], there is some ¢ < ¢ indepen-
dent of v € B(0,¢a1,a,- -+ ,ax) such that Bf (w,e) C Image(y) where F = E' @
E2...® EF. Let G = Ef! and define f : Bf(y,e) — G as f(v) = mq(7(71(0)))
(note that 7 is invertible). Since A(i, 106) is ample, we can find some 7' € A(i,100)
such that d(B®(y,106),7") < Cie where C; is from Lemma 5.6.9. Hence by Lemma
5.6.9, we get that Graph(f) N Image(y’) # @. Note Graph(f) C Image(y), we
then have Image(y) NImage(y’) # @. For each y € S, collect its corresponding
7" € A(i,10) into (), we complete the proof.

O

5.7 Proof of the Theorem A

Next we prove Theorem A:

Proof of Theorem A. For the ergodic measure y, by Theorem E, we get a constant gg <
1, a section map I'* : R, — Ay, a subset Q) with p(€)) > 1 — ¢ and a family of maps
{¢x}ren,- We choose C > 1 large enough and a subset (), C Q. with u(Qf) > 0
such that for any x € ),

|172j(¢x ()]
|7 ()]

sup
UEEB;?:] EL

<C 1<j<k

By Lusin’s Lemma 5.8.2, we can find a compact subset A C Q] with u(A) > 0
such that the Oseledec’s splitting {TyM = EL ® E2 @ --- @ EL},c4 is continuous on
A.

By Proposition 5.4.3, we have

h(f,u) < lir%limsup 1 log#E(n, 7, A\)
T—

n—r+o00 n

where E(n, T, A) is a maximal (1, T) separated subset of A. Let 0 < 7,6 < 55 < %
Since A is compact, there are finitely many balls with radius ¢ that covers A. Thus
we can choose some point y € A such that

lim sup 1 log#E(n, 7, A) = limsup % log #(E(n,7,A) () B(v,6)).

n—+oo N n—r+oco

On the other hand, to apply Lemma 5.6.4, we next prepare the configuration.

Consider the Banach space TyM = E; S E§ S---D E; D (@gzkHE;). Since the Os-

eledec’s splitting {TxM = EL @ E2@ - - - @ EL}ca is continuous on A, by shrinking
0, we assume that for any x € B(y,d) N A,
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e there is an isomorphism {L, : T,M — T,M} with 1 —¢ < Lip(Ly) < 1+¢
which maps E]y to EL for1 < j <L

. expf oexp, = L' + i where ¢, : TyM — TM is some map with Lip(,) <
2e.

Note forany 71, -, < dand any x € B(y,d) N A,
W]"’; (171/ T /171() - B(]//zfs)
Define TX = expy_1 oexp,olko¢,olL,: @;‘ZlEé — TyM and let

i1 o] = {(o1, -+ o) € BBy ) € By, [[ojl] <y, 1 <j <k}
When 7 is large enough, we assume that
o A oA o) <4, 1<j<k

Then

. Image(expy Of§|[§%,~-~,§—é]) C Wrx (a1, -+, ax). Thisis a consequence of Lip(Ly) <
2 and the property of ¢x;

* By shrinking ¢, for any ¢ < g9 and any x < §, we may assume that for any
(vll' o /vl)/ (wll' T /wk) S [171/‘ o 117/(] and anyl S ] S k/

k
|7 (T (o1, - -+ o) = Th(wr, -+, wi) || = ||oj — wjl|| < 0Y |0 — wi]
i=1

where § = 107 (k + 1)L
To see this, let K4 be a number such that for any (v, -+ ,v;) € T,M,

l
ol < Kall(vr, -~ o] < KE Y il
i=1

Recall the definitions in Theorem E, IX = (71; o TX, - -, 13 o TX) and Id is the
identity map on @;(:113;0 By Theorem E, for x € A, we write I ’; oy = Id + hy
where Lip(h,) < e. Hence we have

(T (vr, - - o)) — Ty (wa, - - w)|
= ||U]‘_w]'+7T]'OL;1OthLx('Z)ll--' /Uk) _T[jOL_;lohxoLx(wll"' /wk)
—|—7T]‘OIIJXOF§O(PXOLX<7)1,--- /vk> —njowonI;OCPxoLx(wl,--- /wk>H
< ||oj — wjl| +3Kae(1 +€)?[|(ve, - -+, 0x) — (wa, -, wy)]|

k
< |lvj — wjl| +3Kse(1+€)* }_ |[v; — will.
i=1

Similarly,

k
|0 —wjl| = 3Kse(1+€)* ) [Jo: —wil| < [[7j(Ta(o, -, vp)) = (T, -, wp)) .
i=1
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Therefore if we assume that ¢y is such that 3KZ£0(1 + 80)2 < 0, we get the
conclusion.

Given an (7,6p) ample family, recall that an (i,dp) ample family A(i, Jy) is also
an (7,100) ample family if we assume that 106 < 6. Now apply Proposition 5.6.4
to these {I'x}cp(y5na and the ample family A(i, ), we get a constant L and a

family of submanifolds F, C A(i,dp) with #F, < L Hk ~9mE) Such that for any
x € B(y,6) N A, there is some 7y € F, with expy(’y) N Wré((xl, -+, ax) # . Note here
the constant L does not depend on n. For each v € F,, let E(n, T,7) be a maximal
(n, T) separate subset of y. Since for 0 < i < n, diam(fi(Wri(txl,- —ux)) < T, we
have that U, cr, E(n, T,7y) contains a maximal (1, 27T) separated subset in B(y,d) N A.
Therefore we have

h(f,u) < 11m11msupflog#E(n T,A)

=0 n—r+o0

= lim lim sup 1 log #(E(n,27,A) () B(v,9))

=0 n—+00

< hmhmsupflog# U E(m,T,7))

70 n——+oo ,)/EFH

< lim lim sup log H L(a;) )~ 4mE)  sup  E(n,T,7))
7—0 n—-+o0 j= ’yEA(i,&])
k
< lim lim sup log (JTL( —dmE)  sup  E(n,1,7))
720 s too i=1 yeA(i %)
+dim(E;) + de + lim lim sup 1 sup log#E(n,T,7)

20 oo Mo A(i)

E;) +de + H(f, A(i, 60)).

<5
s

By the arbitrariness of ¢ and ample family, we get the conclusion. O

5.8 Appendix

5.8.1 A recurrence formula

Lemma 5.8.1. For any numbers 0 < 61,60, < 1and k € IN, there is K, > 1 such that for
any numbers 0 < p1 < pp < --- < pg with p1 > 01 and sup,_,_, p1/p141 < 62, any
e < 1 and any double indexed positive numbers {{al},>0, {a%}ns0, -+, {a}us0}, if it
satisfies the following recurrence formula

k .
a, < pia,_1+e Z a;_l, Vi<i<k n>1,
j=i+1
then we have

al, < plah + ek Zp"] V1i<i<kn>1.
j=i+1
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Proof. By an inductive computation, one can get

a <pla0+sz Z o el V1 <i<kn>1.
m=1 j=i+1

We will perform an inductive argument. Let M; = 1, we note for positive num-
bers {{al},>0, {a2}n>0, -, {ak}u>0} satisfying the recurrence formula, we have
ak < MkpZa’(;. Now assume that there is a constant M;;; such that for any posi-
tive numbers {{al},>0, {a2}1>0, -, {ak }u>0} satisfying the recurrence formula, we
have

k
a, < pfag+eMiy Y pfag, VI+1<i<kn>1
t=i+1

We will use an inductive argument to a constant M;. Let us compute in the following;:

n k
a, <plag+ey. Y o) ld,,
m=1j:l+1
<pla0+£2 Zp ”m]+eM,+1 Zp”mt)
m=1 j=1+1 t=j+1
1P1 k 101"
—P1“0+SZ Z 0iPr o+€Ml+1 Y. ooy =5a0)
m=1j=I+1 Pj t:j+1 Pt
I £ 1 of' 1 of'
=pfag+e Y (ofp; Z —%+st+1 Z oror Z —40)
j=I+1 m=1Fj t=j+1 =0
I £ ‘ 1 =)
=piag+e Yy play(oy (L+(G—1=1)eMiyq) Y =)
j=1+1 m=1Pj
I 1 < o k ‘
< pfag+ (o k(1 + (k=1 —=1)eMyy1) Y, —i—)e Y plag.
41 j=it1

Since ¢ < 1, by choosing

—+o00
M;=0;"%(1+ (k—1—1)Mpq) Y 605 < 4o,

m=1
we get

k ‘
a, < piag+eM; Z p?aé,‘v’l <i<k n>1.
j=it1

Then eventually, let K = M; + 1, if the numbers {{a}},>0, {42 }n>0, -, {85 }nz0}
satisfy the recurrence formula, then

al, < plal +eK Z p]aO,V1<z<k n>1
j=i+1
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5.8.2 Lusin’s Lemma

Lemma 5.8.2. Let yu be a Borel probability measure on a metric space X and Y a second-
countable topological space. Assume that f : X — Y is a measurable map. Then for any
e > 0, there is a closed set E C X with u(E) > 1 — ¢ such that f restricted on E is
continuous.

Proof. Let {V,} be a countable basis of Y, for any ¢ > 0 and any V,,, let K, C f~1(V,)
and K/, € X\ f~}(V,) be two closed subset such that

pKa) = (1= (7 (V) (K = (1= m(X\ F7H (V).

Let K = Ny, (K, UK],), thus K is closed and u(K) > 1 —e.

For any x € K, assume that f(x) € V, for some n € IN. By definition, x belongs
to X \ K}, which is open in X and by definition, f(X \ K],) C V. This shows that f is
continuous at x. ]
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Chapter

Further questions

6.1 Openness of entropy-hyperbolicity

For specific systems, the entropy-hyperbolicity (see Definition 1.2.2) is a difficult
condition to check. For Anosov systems, we believe it is affirmative. The main
difficulty is that the definition of the dimensional entropy h{‘op (f) ( Section 1.2.4)
engages with a very large family of submanifolds and there are not many easy ways
to control the entropies of all these submanifolds.

Question 6.1.1. A C® Anosov diffeomorphism on a compact boundaryless manifold is
entropy-hyperbolic.

Remark 6.1.2.

® The proof might be an adjustment of Burguet’s proof of Theorem 4.35 in [4] and Buzzi’s
proof of Theorem 3.2 in [5]. They provided a way of bounding the dimensional entropy
for certain C* maps on the cubes in R".

¢ For Anosov diffeomorphism, we also believe that the C* smoothness can be replaced
by CL.

Beyond Anosov systems, we are interested in finding more complicated systems
that are entropy-hyperbolic. We think that some special perturbations of Anosov
systems are the best candidates.

Question 6.1.3. Let f be a C* Anosov diffeomorphism on a compact boundaryless manifold
M and let g be another C! diffeomorphism. Assume there is an open set U C M such that
f = gon M\ U and the topological entropy of ¢ on U is zero. Then g is entropy-hyperbolic.

Remark 6.1.4.

* The condition of the entropy of § on U being zero might be relaxed. For example, it
might be enough to just assume that the entropy of § on U is strictly less than the
entropy of g on M.

¢ [nawork of Bonatti and Viana [2], in four dimension, they constructed examples of ro-
bustly transitive diffeomorphisms without invariant hyperbolic subbundles. It is also
interesting to check whether or not the Bonatti-Viana example is entropy-hyperbolic.
This can also be extended to some other examples generated from Bonatti-Viana exam-

ple, e.g. [8], [9].
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As in the remark of Example 1.2.9, we conjecture that entropy-hyperbolicity is
an open property in C* topology. In fact, this relies on the upper continuity of the
dimensional entropy.

Question 6.1.5. Assume f is a C* entropy-hyperbolic diffeomorphism on a compact bound-
aryless manifold. Then the map h’t‘Op(-) is upper continuous in C* topology at the point f

forl <k < dim M.

Let us explain how to use the upper continuity of the dimensional entropy above
to show the openness of entropy-hyperbolicity. Let

 hopl(f) — KN
&= 10 .

For g close to f in C® topology, the upper continuity of h]t‘op(-) gives

oy (8) < g (f) e

top top

By Corollary 1.2.6, we can assume

ht0p (f) < htOP (g) +e

By the choice of ¢, we then get

) 7 (g) < hop(8)
which implies d(g) > d(f). On the other hand, similarly we get d(g~1) > d(f~!).
Since f is entropy-hyperbolic, by Remark 1.2.5, g is also entropy-hyperbolic.
The motivation to show the upper continuity of the dimensional entropy comes
Buzzi’s work in [5] where he considered it for some special C* maps on cubes. To
be precise, Buzzi showed:

Theorem 6.1.0.1. Let fi,---,f; : [0,1] — [0,1] be C* maps with hyp(f1) > --- >
hop(fa) > 0. For 1 < k < d, the map h{‘op(-) is upper continuous in C* topology at the
point fi X -+ X fg.

There are two key obstacles to extend Buzzi’s result to our situation:

¢ our dynamics is on a general compact manifold instead of cubes. In Buzzi’s
proof, as far as we know, many tools he used are currently available for cubes.
For example, he used polynomials (which are only reasonably defined on cubes)
to approximate general submanifolds on the cubes. A possible solution to
avoid tremendous extensions of Buzzi’s method to a general manifold is to
build a global connection between cubes and a general manifold (e.a., atlas,
embedding). But we have to be careful that under this global connection, we
might lose (or hard to show) the equivalence of hlfop (+) on cubes and the general
manifold. That is the reason why we come up with the redundant condition
(1.12) to simplify the arguments.

¢ the product f; x - - - X f; is quite a special form of dynamics. Many specialties
(essential or non-essential) of the product dynamics is used in Buzzi’s argu-
ment.
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6.2 Dimensional entropy on ample families

k

top (f) except here we

Next let us introduce another quantity that is similar with
only consider the dynamics on ample families.

Definition 6.2.1. Define the i-dimensional entropy on ample families by

H(f) 2 inf { sup htop(ffv)}

Alid) \ ye Ai8)
where the infimum is taken over (i,8) ample families (see definition 5.1.1) for all § > 0.

Remark 6.2.2. Recall that H'(f) is called uniform dimensional entropy (depending on the
location of ‘sup’ in the definitions). One can see by the definition, H'(f) > h'(f).

We expect that Theorem A can be strengthened by the dimensional entropy /' ( f).

Question 6.2.3. Let f be a C'™ diffeomorphism on a compact manifold and let u be an
ergodic measure with Lyapunov exponents Ay < Ay < --- < Aj. Forany 1 < k <[, let
i=dim(Eg; 1 ® Eg12 ® - -+ ® E;). Then we have

k
() < W (F) + Y AF dim(E))

j=1
where A = max{0, A;}.
Also inspired by Buzzi’s work, we conjecture:

Question 6.2.4. Assume f is a C* entropy-hyperbolic diffeomorphism on a compact mani-
fold without boundary. Then the two maps H*(-), h¥(-) are upper continuous in C* topology
at the point f for 1 < k < dim M.

Remark 6.2.5. One can also define entropy-hyperbolicity by using H*(-) or h*(-) instead
of h’fop(-). If the above conjecture is true, one can similarly get the openness of entropy-
hyperbolicity in C* topology.

We note that in our Theorem A, the cut dimension i must be the sum of the
dimensions of the corresponding Oseledets’ spaces, i.e., i = dim(Ex 1  Ex12®--- P
E;). One might wander what if i is arbitrary. So we have the following conjecture:

Question 6.2.6. Let f be a C'™* diffeomorphism on a compact manifold and let u be an
ergodic measure with Lyapunov exponents Ay < Ay < --- < Ap. Forany i < dim M, we
have

n;—1 1 )
() <)+ £ A7 dim(E) + 45 () dimE) )

j j=ni
where n; is the integer such that Z;-:ni L dimE <i< Z;-:ni dim F/.
Remark 6.2.7.

* Note that if we don’t choose i to be the sum of the dimensions of Oseledec’s spaces. The
only direct consequence we get from Theorem A is the following:

half) < HI(F) + D] dim(E).
L
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* The conjecture above seems very nature. But the proof can not easily follow the idea
of Theorem A. The main difficulty is that if i is not the sum of the dimensions of
the corresponding Oseledets” spaces, usually we can not expect the existence of the
relatively stable manifold with dimension i as in Theorem E.
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Nomenclature

AL Pesin block, see Lemma 2.2.3

A(i,6) ample family, see Definition 5.1.1

W(f,p) p-stable manifold, see Definition 5.5.3

dA;, oflv; Two special metrics, see Lemma 2.2.7

¢ i a measurable partition subordinate to Wi, see Definition 2.2.1

g1 a special partition, see the paragraph before Lemma 2.2.7

{ui}, {yii} the family of conditional measures w.r.t. the measurable subordinate
partition g’

h(f,u) metric entropy of an invariant measure i, see Definition 5.4.2
H'(f) dimensional entropy, see Definition 5.1.3

hwop(f) topological entropy, see Definition 5.4.1

hi(f,u),h; entropies along unstable foliations, see Proposition 2.3.1
Vi(x,n,7) dynamical ball, see Section 2.2

W;(x) i-th local unstable manifold, see section 2.2
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