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C’est pourquoi l'analyse de la finitude ne cesse de
revendiquer contre l’historicisme la part que celui-ct
avait négligée : elle a pour objet de faire surgir, au
fondement de toutes les positivités et avant elles, la
finitude qui les rend possibles (...)

M. Foucault, Les mots et les choses
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Chapitre 1

Introduction (en frangais)

Dans cette thése on étudie les théorémes de type Bertini, c’est-a-dire les théorémes qui
confirment, sur un schéma ayant une certaine propriété géométrique, ’existence de sous-schémas
fermés qui possédent la méme propriété géométrique.

Le résultat principal de cette thése est le Théoréme [1.3.4l Prenons une variété arithmétique
projective réguliére X munie d’un faisceau hermitien ample £ = (£, ||-||) (voir la Sectionpour

les définitions précises). On considére les sections globales o de %% telles que ||o]] < 1 et dont
le diviseur n’a pas de point singulier sur la fibre &}, au-dessus d’aucun nombre premier p < es?.
Ici € est une constante positive. Le Théoréme [I.3.4] dit que la proportion de telles sections dans
I'ensemble des sections de norme strictement plus petite que 1 tend vers (x(1+dim X)~! quand
d tend vers 'infini.

1.1 Théorémes de Bertini sur un corps
Le théoréme de Bertini classique est le suivant :

Théoréme 1.1.1. Soit X une variété lisse quasi-projective de dimension m sur un corps infini
k. Soit f: X — P} une immersion. Alors f~'(H) est lisse de dimension m — 1 sur k pour un
hyperplan général H de P}. En particulier, il existe un hyperplan H de P} tel que f~'(H) est
lisse de dimension m — 1 sur k.

Remarque. Les hyperplans de P} sont paramétrés par ’ensemble des k-points de la grassma-
nienne G(1,n+1). Cette grassmanienne est isomorphe & P?. Dire qu'un hyperplan général vérifie
une certaine propriété, c’est dire qu’il existe un ouvert de Zariski non-vide U C G(1,n + 1) tel
que tout hyperplan H, correspondant a un k-point y € U(k) vérifie cette propriété.

Comme k est un corps infini, un ouvert non-vide U C G(1,n + 1) contient un nombre infini
de k-points. Ce théoréme fournit ainsi une infinité d’hyperplans H tels que f~1(H) est lisse de
dimension m — 1 sur k. Appliquant ce théoréme de maniére répétée, on obtient des sous-variétés
lisses de X de toute dimension plus petite que m.

Il existe aussi des théorémes de méme type concernant d’autres propriétés géométriques. Le
livre de Jouanolou a présenté quelques résultats. Nous les citons ci-dessous :

Théoréme 1.1.2 (Corollaire 6.11 de [Jo83|). Soient k un corps infini, X un k-schéma de type
fini, et f: X — P} un k-morphisme.



i) Supposons k de caractéristique 0 ou f non-ramifié, et X lisse (resp. géométriquement ré-
duit). Alors pour un H € G(1,n + 1) général, le k-schéma f~(H) est lisse (resp. géomé-
triqguement réduit).

it) Supposons dim f(X) > 2, et X géométriquement irréductible. Alors pour un H € G(1,n+1)
général, le k-schéma f~1(H) est géométriquement irréductible.

Remarque. Pour tout corps k (pas forcément infini), on peut trouver cet ouvert non-vide U de
G(1,n+1) paramétrant les hyperplans H de P? tels que f~!(H) a la méme propriété géométrique
que X, mais c’est 'infinitude du corps k qui garantit que U contient des k-points. Si k est un
corps fini, il est possible que cet ouvert n’ait pas de point rationnel.

Dans [Po04], B. Poonen a montré que si on considére les hypersurfaces de degré suffisamment
grand, on peut trouver, pour X lisse de dimension m et f : X — P} une immersion, des
hypersurfaces H telles que f~1(H) = X N H est lisse de dimension m — 1. En effet, ce qu’il a
montré est que ’ensemble des hypersurfaces dont l'intersection schématique avec X est lisse de
dimension m — 1 a une densité au sens suivant :

Théoréme 1.1.3 (Poonen, Theorem 1.1 de [Po04]). Soit F, un corps fini de caractéristique p a
q €léments. Soit X un sous-schéma lisse de Py de dimension m. On a

i #{o € HO(PEQ, O(d)) ; dive N X est lisse de dimension m — 1}
im

A I (B, 0(d)) = Cx(m+ 17 >0,

ot (x est la fonction zéta de X définie par

z€|X|

Remarque. Dans cette thése, I'intersection des schémas se comprend comme au sens schéma-
tique.

Charles et Poonen a montré dans [CPI6] un théoréme de méme type pour lirréducibilité
géométrique :

Théoréme 1.1.4 (Theorem 1.1 de [CP16]). Soit X un sous-schéma géométriquement irréductible
de R’ﬁq. SidimX > 2, ona

i #{o € HO(]IDITFLq, O(d)) ; dive N X est géométriquement irréductible} )
im =

v #HO(P; , 0(d))

Remarque. Si X est projectif, le théoréme de Poonen est équivalent a 1’assertion que pour un
faisceau trés ample £ sur X, on a

i #{o € H*(X, £®?) ; divo est lisse de dimension m — 1}

i #HO(X, £o9) Grlm 7

En effet, soit X —— P" le plongement induit par le systéme linéaire complet de £. Alors pour tout
entier positif d, une section o € H° (be‘lq ,O(d)) est telle que dive N X est lisse de dimension m — 1

si et seulement si la restriction o|x € HO(X, £L®?) est telle que div (o|x) est lisse de dimension
m — 1. Autrement dit, 'ensemble {o € HO(IP’]}Iq, O(d)) ; dive N X est lisse de dimension m — 1}
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est I'image réciproque de I’ensemble {o € HO(X, £®?) ; divo est lisse de dimension m — 1} par
la restriction naturelle

H(PF , O(d)) — H(X, L7).
La surjectivité de cette restriction pour d grand induit I’égalité des proportions
#{o € HO(]P’]?q, O(d)) ; dive N X est lisse de dimension m — 1}
FH0(FE,, O(d))

#{o € HY(X, L£®) ; divo est lisse de dimension m — 1}
#HO(X, £L24) 7

ce qui entraine I’équivalence.

Notre premier résultat est une généralisation de ce théoréme. On montre que la condition
d’étre trés ample peut se remplacer par étre ample, voir Theorem [3.0.1

Théoréme 1.1.5. Soit Fy un corps fini. Soient Y un schéma projectif de dimension n sur F,
et X un sous-schéma lisse de Y de dimension m. Soit L un faisceau ample sur Y. Supposons
qu’il existe un sous-schéma ouvert lisse quasi-compact U de Y contenant X. Alors on a

. #{o e HO(Y, £®?) ; divo N X est lisse de dimension m —1}

m H#HO(Y, £o4)

Cx(m+ 1)71.

1.2 Positivité en géométrie d’Arakelov

Dans la géométrie arithmétique, les objets qui nous intéressent sont les variétés arithmétiques.
Une variété arithmétique est un schéma intégre séparé de type fini plat sur Spec Z. L’analogie
entre les variétés arithmétiques et les variétés algébriques définies sur un corps remonte & Weil,
qui a comparé dans [We39| le théoréme de Minkowski pour les courbes arithmétiques et le
théoréme de Riemann-Roch pour les courbes projectives définies sur C. Cette idée est ensuite
suivie par Arakelov, qui a établi dans [Ar74] et [Ar78] une théorie d’intersection pour les surfaces
arithmétiques réguliéres.

Rappelons que X est réguliére en un point fermé x si on a

. my .
dim —% —dim X
r(z) 2 )
mX,x

oil my , est I'idéal maximal de la fibre Oy , du faisceau structural du schéma X sur x et dim X
est la dimension de X en tant qu'un schéma; X est singuliére en x si elle n’est pas réguliére en
x.

Si X est réguliére en tout point fermé de &', on dit qu’elle est réguliére. Elle est singuliére si
elle n’est pas réguliére. Si X' est singuliére en x, on dit que = est un point singulier de X.

L’idée d’Arakelov est de “compactifier” une surface arithmétique réguliére X en enrichissant
la structure complexe naturelle sur sa fibre complexe Xz = X Xgpec z Spec C. A un faisceau
inversible £ sur X, il ajoute une structure hermitienne sur L¢, qui est la restriction de £ sur A¢.
On dénote par £ = (L, ||||) le faisceau inversible £ muni d’une métrique hermitienne ||-|| sur Lc.
Le groupe de Picard arithmétique, noté f/’;c(X ) est le groupe des classes de faisceaux inversibles
hermitiens sur X pour des isomorphismes préservant les métriques.

Soit £ et M deux faisceaux inversibles hermitiens. On suppose qu’il existe des sections globales
non-nulles o € HO(X, L) et 7 € HY(X, M) telles que divo et divr n’ont pas de composante en

3



commun. Une conséquence de cette hypothése est que quand on restreint sur Xg, divo|x,. et
divT|x. sont tous les deux un nombre fini de points (comptés avec multiplicité) et que

(divo|x.) N (divr|a,) = 0.

On note par c¢;(Mc) la premiére classe de Chern de Mc. C’est une (1, 1)-forme différentielle sur
Xc qui est égale & —dd®log||7]|? en dehors de divr|x.. On définit

(0.7)fin = Z log #(0,/(0,7)z),

z€|X|

ou (o,7), est I'idéal de O, engendré par I'image de o et 7 par des isomorphismes quelconques
L. — O, et M, — O,. L’idéal engendré de O, ne dépend pas des isomorphismes choisis. En
écrivant dive |y, = Y, n,P; avec P; € |A¢|, on définit

(o) = = ol (P)l = [ (omlolcles (¥ie)

Le nombre d’intersection de £ et M est défini par
LM = (0.7)n + (0.7) 0.

Cette définition peut s’étendre a tous les faisceaux inversibles hermitiens. Ensuite Arakelov a
déduit le théoréme suivant :

Théoréme 1.2.1. [Ar7)|] La construction plus haut induit un accouplement

Pic(X) x Pic(X) — R
Z, M) — LM
De plus, cet accouplement est bilinéaire et symétrique.

Cet accouplement est défini comme 'accouplement d’intersection arithmétique sur une sur-
face arithmétique réguliére.

Avec cette théorie d’intersection et la technique de calculer le déterminant de la cohomologie
d’un faisceau inversible, Deligne montre dans [De87] un théoréme de Riemann-Roch arithmétique
pour les surfaces arithmétiques.

En particulier, ce théoréme de Riemann-Roch arithmétique a une conséquence sur ’existence
des petites sections montré par Faltings dans [Fa84]. Nous citons cette conséquence sous la forme

dans [So89] :

Théoréme 1.2.2. [S089, Théoréme 6] Soit L un faisceau inversible hermitien sur une surface

arithmétique réguliere X, tel que la forme de Chern c (L) soit strictement positive. Pour tout
fibré vectoriel hermitien € sur X, et tout nombre réel ¢ > 0, il existe un entier dg tel que si

d > dy, E®Z®d posséde une section globale non-nulle o telle que

L.L
ol < ex (e = 5 7))

ou
ol = [lollc = sup [lo(2)]-
€X(C)

x



Le théoréme de Riemann-Roch arithmétique est ensuite généralisé par Gillet et Soulé dans
[GS92] pour les variétés arithmétiques réguliéres de dimension arbitraire, en faisant intervenir
les groupes de Chow arithmétiques construits dans [GS90]. Les courants de Green et les classes
caractéristiques pour les fibrés vectoriels hermitiens établies dans [GS90b] et [GS90c] jouent des
roles importants dans la construction des groupes de Chow arithmétiques. Voir [Bo91] pour une
introduction & ce théoréme.

On considére 'amplitude arithmétique définie comme suit :

Définition. Soit M un espace analytique complexe. Soit L = (L,||||) un faisceau inversible
hermitien sur M, ot ||-|| est une métrique hermitienne continue sur L. Alors L est dit semipositif
si pour toute section o de L sur un ouvert U de M, la fonction — log ||o|| est plurisousharmonique
sur U.

Définition. Soit X' une variété arithmétique projective, et soit L un faisceau inversible hermitien
sur X. On dit que L est ample sur X §’il vérifie les trois conditions suivantes :
i) £ est ample sur X';
i) £ est semipositif sur I'espace analytique complexe X (C);
—®d . . .
iii) pour tout d > 1, HY(X, z® ) est engendré par les sections de norme strictement plus petite
que 1.

Cette définition est d’abord formulée pour un faisceau inversible hermitien sur une surface
arithmétique dont la fibre générique est réguliére par Shouwu Zhang dans [Zh92]. Zhang montre
dans le méme article que dans le cadre des faisceaux inversibles hermitiens sur une surface
arithmétique dont la fibre générique est réguliére, 'amplitude est équivalente & la positivité (£
est positif si £ est semipositif sur la variété complexe X (C), £.L£ > 0 et d/éTgZ| p > 0 pour tout
diviseur D). Cette équivalence est le théoréme de Nakai-Moishezon arithmétique. La version
générale pour toute variété arithmétique est montrée ensuite dans [Zh95].

Dans la géométrie d’Arakelov, ’ensemble
—®d —®d
HA (X, L77) = {o e H'(X, L) ; |lof <1}

est analogue arithmétique de I'espace vectoriel des sections globales dans le cadre des faisceaux
sur une variété sur un corps, et I’analogue arithmétique de sa dimension est le nombre

0, (X, £%) := log #H3, (X, L),

Si L est un faisceau hermitien ample sur une variété arithmétique X', la croissance de

—®d . . . . . .
hQ, (X, Jot ) en fonction de d vérifie aussi une formule de Hilbert-Samuel arithmétique comme
pour les faisceaux amples sur une variété.

Théoréme 1.2.3. Soient X une variété arithmétique projective de dimension n, L un faisceau
hermitien ample sur X et M un faisceau hermitien localement libre de rang r sur X . Alors quand
d tend vers oo,

1S, (X, 2% @ M) = %Z"d" + o(d™).

Cette formule est détaillée dans le Chapitre [4] de cette thése.
Il existe aussi un théoréme d’indice de Hodge arithmétique, montré par Moriwaki dans [Mo09],
dont I’hypothése est automatiquement satisfaite par un faisceau hermitien ample.



1.3 Théoréme de Bertini arithmétique

Soit X une variété arithmétique, c’est-a-dire un schéma intégre séparé qui est plat de type
fini sur Spec Z. Dans le cas arithmétique, on s’intéresse aussi & une version analogue du théoréme
de Bertini sur la lissité comme dans le cas sur des corps finis. Pour un faisceau inversible ample
L sur une variété arithmétique projective X' qui est lisse sur Spec Z, on voudrait définir une
bonne densité pour un sous-ensemble P C |J, -0 H(X , £L%9) telle que la densité des sections
o€ U0 HO(Xx, £89) dont le diviseur est lisse est positive. Cela impliquera I'existence des sec-
tions globales o ayant le diviseur lisse divo pour d suffisamment grand. Mais comme Poonen a
expliqué dans [Po04l Section 5.7], la condition de lissité est trop forte. On a besoin de considé-
rer la régularité au lieu de la lissité pour obtenir une densité potentiellement strictement positive.

On peut trouver au moins deux approches pour une bonne densité dans notre situation :
I'une est la densité définie par Poonen dans [Po04] pour un sous-ensemble de -, H’ (P, O(d)),
et Pautre est la densité définie par Bhargava, Shankar and Wang dans [BSW16|pour un sous-
ensemble de I’ensemble des polyndémes & une variable unitaire & valeurs entiéres.

Dans la Section 5 de [Po04], Poonen a établi une densité pour O(1) sur ’espace projectif
P%. Soit P = (Jyso Pa un sous-ensemble de |J ., H° (P}, O(d)), ou Py € HO(P}, O(d)). Pour
tout d, on a une Z-base naturelle de H*(P%, O(d)) qui est composée des mondmes de degré d.
Pour simplifier les notations, on les note par fg1,..., fin,, oit hg = h°( §> O(d)). Toute section
f € HO(P%, O(d)) peut s’écrire f = Ziﬁl a;fa,; avec a; € Z. Poonen définit la densité supérieure
fip 4(P) de P4 comme

# (Pan {1, aifas € HUPE,O()) ; lai] < By, vi})
7ip ¢(Pg) = max limsup --- limsup - _
5 TEGhd BT(l)—ﬂ)O BT(}Ld)—N)O #{Zlil ai.fd,i c HO(]P)%, O(d)) ; ‘az| S Bi7 Vl}

Ici &), est le groupe symétrique de hy symboles. La densité supérieure de P est alors définie
comme

fip(P) = limsup fip 4(Pa)-
d—o0
La densité inférieure de P est définie de fagon similaire, et la densité de P existe si ses densités
supérieure et inférieure coincident. Avec cette définition de densité, Poonen a montré le théoréme
suivant :

Théoréme 1.3.1 (Poonen, Theorem 5.1 de [Po04]). Quand X est un sous-schéma régulier de
dimension m de Py, admettant la conjecture abc et une conjecture supplémentaire qui vaut au
moins quand X est projectif, la densité du sous-ensemble des f € |J o, HO (P}, O(d)) telle que

div(f) N X est régulier de dimension m — 1 est Cx(m +1)71.

Remarque. Dans la démonstration de Poonen, la conjecture abc sert & montrer que pour tout d
fixé, la densité supérieure des sections globales dont le diviseur a un point singulier sur une fibre
au-dessus d’un nombre premier p > M avec M > 0 tend vers 0 quand M tend vers l'infini. La
démonstration de cela suit l'idée de A. Granville dans [Gr98| que pour un polynome f(x) € Z|x]
on peut obtenir un controéle asymptotique des facteurs carrés premiers de f(n) par la norme de
n € Z. Poonen généralise cette idée au cas des polynomes a plusieurs variables dans [Po03].

Essentiellement, dans chaque degré d, on obtient la densité fi; en calculant la limite coefficient
par coefficient. L’action du groupe symétrique ajoute la condition que 1’ordre des coefficients peut
étre arbitraire. Ce théoréme nous permet de trouver les sections globales f € HO(P%, O(d)) telles
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que div(f) N X est régulier de dimension m — 1 pour d suffisamment grand.

Dans [BSW16|, Bhargava, Shankar et Wang considérent les polynomes a une variable unitaires
et a coefficients entiers f(z) = 2¢+ay1z? 1 +- - -+ aq € VIY(Z) tels que Z[z]/(f(x)) est Panneau
des entiers du corps Q[z]/(f(x)). Cette condition signifie exactement que quand on homogénéise
f en une section globale

F(X,Y)=X%4a, XY 4+ ... 4 a4,V € HO(PL, O(d)),

div(F) est un diviseur régulier de P}.

Le coefficient de X? dans F(X,Y) étant 1, pour tout premier p, F(X,Y) mod p est un
polyndéme & coefficients dans I, qui est homogéne de degré d et qui n’est pas divisible par
Y. Alors pour tout p, div(F’) ne contient pas le point a l'infini cop, = div(Y) N ]P’]%-p sur la
fibre ]P’%Fp. Cela signifie que 'intersection de div(F) avec le diviseur a linfini coz = div(Y) est
vide, donc div(F) est inclus dans l'espace affine A} = P} — div(Y). Alors on peut identifier
div(F) avec div(f), ou f est comme plus haut, et div(F) ~ Spec Z[z]/(f(z)). Notons que le
schéma Spec Z[z]/(f(x)) est régulier si et seulement si Z[x]/(f(x)) est normal. La régularité
de Spec Z[z]/(f(x)) est donc équivalente au fait que Z[z]/(f(z)) est anneau des entiers de
Q[z]/(f(x)). Dans leur article, fixant le degré d > 1, ils ordonnent les polyndmes unitaires a
coefficients entiers f(x) = z% 4+ a1z + .- - 4 a4 par une fonction de hauteur

1
h
et calculent la densité d’un sous-ensemble Py C V;*°"(Z) par

(Py) = tim PPN VP (Z) < Hf) < RY)
HH.d\7d R—c0 #{f c Vdmon(Z) : H(f) < R} .

H(f) := max{|a;

Identifiant V"°"(Z) avec I'ensemble {F' € HO(PL, O(d)) ; div(F)Nooz = 0} par homogénéisation,
la densité de Py peut se comprendre comme

= i # (Pan{F € HY(P},0(d)) ; div(F)Nooz = <
rr.a(Pa) = Jlim #{F € HO(PL,0(d)) ; div(F) Nooz =0, H(F) < R}

On peut alors reformuler [BSW16, Theorem 1.2] comme suivant :
Théoréme 1.3.2 (Theorem 1.2 de [BSW16]). Pour un d > 1 fixé, soit
Py = {F ¢ H'(PL,0(d)) ; div(F)Nooz =0, div(F) est régulier de dimension 1}.

Alors, on a
pra(Pa) = ¢(2)7"

Remarque. Ce résultat est similaire au théoréme de Poonen. En effet, si on note que ((2)~*
peut s’exprimer par des valeurs de la fonction zéta de la droite affine sur Spec Z

CA%(S) = H CAJ;p (s) = H 1;

_ pl=s’
> p

c’est-a-dire,

ot =J[a-p?=cuB™

p



le Théoréme nous dit que pour tout d > 1, la densité du sous-ensemble P, de
{F € H'(P},0(d)) ; div F Noog = 0}
composé des sections dont le diviseur est régulier est égale a

Gt oy, (1 dim(PL — 00z)) ™ = ¢ (3) 7.

On retrouve un énoncé similaire a celui du Théoréme Mais comme on ne considére que des
sections globales dont le diviseur est disjoint de ooz, on ne peut pas retrouver le théoréme de
Poonen pour X = A} dans P}.

Ces deux types de densités sont définies en faisant intervenir une base de HY(P%, O(d)) (une
base de H°(PL,O(d)) dans le cas de Bhargava, Shankar et Wang). Dans le cas des espaces
projectifs, on a un choix naturel pour une telle base, qui est la base composé des mondémes de
degré correspondant. Mais une telle base canonique n’existe pas quand on considére HO(X, L&)
pour une variété arithmétique projective X générale munie d’un faisceau inversible ample L.
De plus, il n’est pas suffisant de considérer les faisceaux inversibles amples pour comprendre la
nature arithmétique des schémas sur Spec Z. On a besoin de 'amplitude arithmétique présentée
dans la Section [1.2] qui induit des bonnes propriétés de finitude.

On aimerait donc penser & une version arithmétique du théoréme de Bertini dans le contexte
de la géométrie d’Arakelov, notamment avec la notion des faisceaux hermitiens amples sur des
variétés arithmétiques.

Pour un faisceau hermitien ample £ fixé, on dit qu'un sous-ensemble

Pc B4, L)

d>0

est de densité p pour un certain 0 < p <1 si

—®d
i #POHLE L)
dvoo o (X, 2°)

On définit la densité supérieure et la densité inférieure de la méme fagon. Quand elles existent,
on écrit la densité, la densité supérieure et la densité inférieure de P par p(P),7(P) and p(P),
respectivement. B

Dans [Ch17], Charles montre le théoréme de Bertini arithmétique sur I'irréductibilité dans ce
contexte, dont 1’énoncé est le suivant :

Théoréme 1.3.3. Soit X une variété arithmétique projective, et soit L un faisceau inversible
hermitien ample sur X. Soient Y un schéma intégre de type fini sur Spec Z et f : Y — X un
morphisme génériqguement lisse sur son image. On suppose de plus que la dimension de l'image
de Y est plus grande ou égale a 2. Soit € > 0 un nombre réel. Alors l’ensemble

{0‘ € U HY(X, L(e)®) 5 (o] rviepllos <1 et div(f*o)noris est irréductible }
d>0

a densité 1 dans {o € J;oqHO(X, L()®) ; [lo|s @ lleo <1}
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Ce résultat peut se comparer a celui de Breuillard et Varju dans [BV19] pour les polyndmes
a coefficients dans {0, 1}. Breuillard et Varjia montre que si on admet ’hypothése de Riemann
pour la fonction zeta de Dedekind (i pour tout corps de nombres de la forme K = Q(a) pour
une racine a d’un polynoéme a coefficients dans {0, 1}, la proportion des polynémes irréductibles
dans 'ensemble des polynémes de degré d a coeflicients dans {0, 1} tels que P(0) # 0 tend vers
1 quand d tend vers l'infini. (Pour chaque d, cet ensemble est fini.)

Dans cette thése, on montre le théoréme suivant :

Théoréme 1.3.4. Soit X une variélé arithmétique réguliere projective de dimension n, et soit
L un faisceau hermitien ample sur X. Il existe une constante € > 0 telle qu’en écrivant

—®d dive n’a pas de point singulier de
PdeeEd = {U € H%r(X,E ) ; P b g ed }

caractéristique résiduelle plus petite que e

et Pa = Udzo Pap<esd, 0N a
p(Pa) = Ca(1+n)"",

ot Cx(s) est la fonction zéta

Crl(s) = [T (- #nla) ™)

z€|X|

Ici k(z) est le corps résiduel de z, et la caractéristique résiduelle d’un point fermé z dans X
est la caractéristique de son corps résiduel.

Théoréme 1.3.5. Soit X' une variété arithmétique réguliere projective de dimension n, et soit
L un faisceau hermitien ample sur X. Notons

Py = {a € HOAI(X,Z@M) ; divo est régulier}

et P=UysoPa- On a
A(P) < Cx(1+n)7,

ot Ti(P) est la densité supérieure de P.

Démonstration. Siune section o € H} (X, Z®d) est telle que divo est régulier, alors en particulier
son diviseur n’a pas de point singulier de caractéristique résiduelle plus petite que e*¢ avec la
constante ¢ comme dans le théoréme plus haut. Alors naturellement Py C Py ,<cca €t P C Py.
Donc on a

A(P) < p(Pa) = Cx(1+n)~"

Le Théoréme [I.3:4] a aussi un corollaire que I'on va montrer a la fin de cette these :

Corollaire 1.3.1. Soit X une variété arithmétique réquliere projective de dimension n, et soit
L un faisceau hermitien ample sur X. Il existe une constante ¢ > 1 telle que pour tout R > 1 on
a

sloemx Z@d) ol < R, Sing(divo) n'a pas de point
i ’ " de caractéristique résiduelle plus petite que (CR)% ol n) !
im — =(x n
s #{o e @, 2% ; ol < RY}
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Dans [Au01], [Au02], Autissier a donné un autre analogue arithmétique des théorémes de
Bertini. Il montre comme cas particulier que si X est une variété arithmétique de dimension n
sur un anneau des entiers O (ou ici K est un corps de nombres), et L un faisceau hermitien
trés ample sur &, alors il existe une extension finie L de K et une section o € H%(Xp, , L) telle
que en écrivant g : Spec O — Spec Ok le morphisme induit de O — O, pour tout point
fermé b € Spec O, la fibre du diviseur (divo); est lisse si X 'est. De plus, on peut borner la
hauteur de divo définie par £ en fonction de celle de X, deg £y XQ, n et une constante effective

ne dépendant que de £ et n.

Ce résultat est plus fort que le notre au sens ou le diviseur qu’il donne vient d’une section
globale du faisceau L, et de plus le diviseur vérifie la condition sur la lissité au lieu de la régularité.
Le désavantage de ce résultat est qu’il est indispensable de passer aux changements de base finis
pour trouver une telle section globale. En particulier, si X est définie sur Spec Z, il y a trés peu
de chance qu’on puisse trouver un diviseur défini sur Spec Z par la méthode d’Autissier. Notre
résultat, en revanche, permet de trouver des diviseurs qui sont définis sur Spec Z si la variété
arithmétique que I'on considére l’est.

1.4 Meéthode de la preuve

Soient X une variété arithmétique projective réguliére de dimension n, et £ un faisceau
hermitien ample sur X.
On dénote
1
d,p<dn+i

—®d dive n’a pas de point singulier de caractéristique
= {O'EHOAr(X,£®); P P & d },

résiduelle plus petite que dmrT

—®d divo a un point singulier de caractéristique
m.={oecHY (X, L ; : .
Qi { ax ) résiduelle entre d7+1 et e°?

On montre le Théoréme[I.3.4)en donnant les deux estimées suivantes pour d suffisamment grand :
#P  peaitt . \
#HY, (X, L)

et
#9y'

I —
#HQ, (X, L77)

Ici la constante intervenant dans le grand O ne dépend que de X et L.
En effet, si on note que

= O(d~ ). (1.2)

,Pd,pgefd C Pd 1 C ,Pd,pgegd U QZR,

p<dnFl
on a
#P ecd —
#Hp (X, L)
#,Pd,pgd%‘*l _1 #,Pd,pgefd #,Pd,pgd%ﬁ-l
= —ga- —Sx(n+ 1)+ —®d. —®d
#HQ (X, L) #HQ (X, L) #HL (X, L)
< | st 1yt — P2 oga),
#HO (X, %% #HO (X, 2°%
Ar ’ Ar )
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qui tend vers 0 quand d tend vers l'infini.

On donne d’abord l'idée de la preuve de l'estimée (|1.1). Notons que le diviseur dive d’une
. —®d . . . , . .
section o € HO(X, o ) est singulier sur un point fermé x € |} si et seulement si

. Mdivo,z .
dimy,(y) % =dim X =n.

dive,x

.. . —®d ..
Cette condition ne dépend que de I'image de o dans HO(XP2, i ) par la restriction, out X2 =
X Xspec 7 Spec Z/ p?. Autrement dit, si on fixe d, le lieu singulier du diviseur dive d’une section
—®d 1 .
o e H(x, ® ) sur les fibres &, avec p < d7F ne dépend que de sa restriction o mod My dans
O 7®d N _ 2 .
HY(Xp,, L77), ou My = Hpgd#lp . On veut transformer la proportion de Pd,pgd#l dans

HY, (X ,Z®d) en celle de 'ensemble

dive’,x

Pan, = {g/ € HO(XMd,Z®d) : Vp < d7FT, V€ | Xy, dimy () % —n— 1} )

L’¢tude de la restriction modulo N des sections globales dans le chapitre [ nous fournit

#P pcarts #Pa.um,
*®d)

—®d - <67T,d
#H%r(X,E ) #HO( X, L

oll 77 est une constante positive. Alors 'estimée (|1.1]) vaut si on prouve

P!
e 1)t = 0 ),
#H (Xar,, L)
L’étude de la convergence de [ | P Ca,(n+1)"" vers Cx(n+1)~" dans le chapitrequi nous
p<d®

donne

H Cx,(n+1)"" = Cx(n+1)7" ZO(d*ﬁ).
p<dHT

Cela nous conduit & prouver

# P,

W - H CXp(n + 1)_1 = O(d_%ﬂ)
Ma»

_1
de n+1
Selon le lemme chinois, on a un isomorphisme
0 —®d 0 —®d
H (X, L)~ [ HO(Xpe, £7°).
1
p<dn+T

Si on écrit

divo,x

d Mdive,x
Py = {O‘ € HO(sz,£®d) ; Vo € ||, dimy(y) mg = =n— 1} ,
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!/

I 0 7®d
le sous-ensemble P, ,, de H (Xnr,, L) correspond exactement au sous-ensemble Hp<dﬁ ,Pd’pz

de Hpgdﬁ
On montre d’abord I'estimée

HO (sz,z®d) par I'isomorphisme plus haut.

#P' 42 _
—d’i®d —Cx, (n+1) !
#HO(X,2, L)

_o ((;i)) (1.3)

pour tout p < d#l, suivant la démonstration du Théoréme Les étapes de la preuve sont
les suivantes :

. . —=®d .
1. D’abord, on montre que la proportion du sous-ensemble des sections o € HO(sz, i ) qui
vérifient dim,, () % = n — 1 pour tout point fermé = de degré plus petit ou égal a un

divo,z

entier r est égale a

[I a-#s) )

z€|X|, degx<r

quand r n’est pas trés grand. On donne une borne supérieure r4 pour r qui dépend de d
ol cette proportion vaut pour tout 0 < r < rg.

. . p . —®d
2. On montre ensuite que pour un entier N fixé, la proportion des o € HO(/’\,’pz,LZ® ) telles
qu’il existe un point fermé x de degré entre ry et nlN ol dimy () % #n — 1 tend vers
divo,z

0 quand d tend vers l'infini.
. . —®d
3. On trouve une constante N (p) qui dépend de p telle que la proportion des o € H° (X2, ® )
vérifiant la condition qu’il existe un point fermé = de degré strictement plus grand que HNL@)
Mdivo,x

2
Mive,z

olt dim,, () #n — 1 tend vers 0 quand d tend vers U'infini.

4. Finalement, estimée (|1.3)) suit si on rassemble ces trois estimées.

P’ ,
7P 008 1 Cx,(n+1)"! et puis on montre

On compare ensuite 1. ———— avecC
P Hpsmﬂ #HO(X,2,L°") Hde"“

que

#'P172 _ d _%
0 i T =0l X (5)7]

1
p<dm+1 p<dn+l p<dn+l

ce qui nous permet de conclure la preuve de I'estimée (|1.1J).

L’estimée (|1.2))
#Q'

— TS~ 0
#HQ, (X, L)

se déduit du résultat suivant : il existe une constante ¢ > 0 telle que pour tout d > 1 et tout
nombre premier p tel que X, est lisse et irréductible, écrivant

Qd,p2 = {U € HO(Xp2az®d) ; Jx € ‘Xp2|, dlmﬁ(f) Zcziiva,a: = n}7

divo,z

on a

#Qd,pi(gd <cop 2 (1.4)
#HO (X2, L77)
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En effet, pour d suffisamment grand, si p < ¢, on montre dans la Section que

—®d
#{O’EH%r(X,ﬂ ), 5 o mod p? € Qd,pz} <4 #Q 2
#H3, (X, 2 A

Comme o
Qr C U {U cHY,(X, L"), ; o mod p* € Qdmz},
47T <p<esd

#Q g, p2
#HO(X 2, £27)"

On montre 'inégalité (1.4) en suivant la preuve du Lemme 5.9 de [Po04]. On montre d’abord

. . —®d .. . . . . .

que la proportion des sections dans HY(X,,, ® ) dont le diviseur a le lieu singulier de dimension
positive est majorée par un multiple de p~2 quand d est suffisamment grand (cette condition sur
d ne dépend pas de p). Ceci est un corollaire de 'assertion que si on fixe un diviseur horizontal

on obtient I'estimée (|1.2f) en faisant la somme des

. . . —®d o . . .
régulier, la proportion des sections dans HO(XP,£® ) dont le diviseur a le lieu singulier dont
l'intersection avec le diviseur choisi est non-vide est majorée par un multiple de p~2 quand d est

. . . —®d
suffisamment grand. Ensuite, on montre que la proportion des sections o dans HO(sz, i ) ot on

peut trouver un point fermé x de &, de degré plus petit que ou égal a #(m avec dimy () :;“”"" #*
dive,z
2

et la méme conclusion vaut pour la proportion des

n — 1 est majorée par un multiple de p~
sections o dans H° (Xp2,£® ) ot le lieu singulier de divo|y, est de dimension 0 et ot on peut
trouver un point fermé = de A}, de degré plus grand que ou égal a ﬁ(m avec dim, (s Tdivows

m2
n — 1. Cela implique l'inégalité (|1.4) et donc Pestimée (1.2) suit.

dive,x

1.5 Organisation du texte

Dans le Chapitre [3]on montre le Théoréme qui est une version généralisée du théoréme
de lissité de Bertini sur un corps fini démontré par Poonen (cité comme le Théoreme [L.1.3).

Dans le Chapitre [4 on parle de I'amplitude arithmétique en général. On rappelle dans la
Section [£.1] les définitions précises concernant 'amplitude. Dans la Section [£:2] on présente deux
résultats concernant la réduction modulo N (N € Z~g) des sections globales d’une puissance d’un
faisceau hermitien ample. Le premier des deux résultats est montré par Charles dans [Ch17].

Les chapitres suivants se vouent & la démonstration du Théoréme
Dans le Chapitre 5] on présente les calculs de la vitesse de convergence de

[T  a—#a@) )

T€|Xp|, degz<r

vers Cx, (n+1)"" quand 7 — oo, et celle de [, p Cx, (n+1)" vers (x(n+1)"" quand R — oo
pour une variété arithmétique X'.

La démonstration du Théoréme s’appuie sur une estimée effective de la proportion
des sections globales dont le diviseur n’a pas de point singulier sur une seule fibre. On calcule
cette estimée dans le Chapitre [} Cette estimée peut se réduire a calculer, pour une variété

arithmétique projective X de dimension n munie d’un faisceau hermitien ample £, la proportion
Mdivo,x

pl
Mlive,x

des o € H® (sz,z®d) telles que pour tout point fermé, = € divo, dim,(,) =n-—1, ou
X2 = X Xgpec z Spec (Z/p?).
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Ce calcul suit la démonstration de Poonen du théoréme de lissité de Bertini sur un corps fini dans
[Po04]. Avec un choix des entiers positifs 7, 4, N(p), out r, 4 dépend de p,d et N(p) ne dépend

. . . —®d ..
que de p, on donne des estimées de la proportion des sections o € HO(Xp2,£® ) dont le diviseur

a un point singulier de degré plus petit que ou égale a r, 4, entre rp, 4 et ﬁv et plus grand que

ou égal & nNL(m, respectivement. On conclut en mettant ensemble ces trois estimées.
L’estimée sur une seule fibre s’étend facilement & plusieurs fibres. Ce résultat nous permet de
1 o
montrer que ’on peut assembler toutes les fibres sur p avec p < d»+7 sans nuire & la convergence

. —®d . . . .
de la proportion des o € HY (X, i ) telles que divo n’a pas de point singulier sur ces fibres.
Dans le Chapitre [} on montre que la proportion des sections globales strictement effectives

. . . —®d . . .
(c’est-a~dire de norme strictement plus petite que 1) de Z£2¢ dont le diviseur n’a pas de point

singulier de caractéristique résiduelle plus petite que A7 tend vers Cx(1+n)~! quand d tend
vers l'infini.

Finalement, dans le Chapitre [§] on montre qu’il existe des constantes ¢ > 0 et ¢ > 0 telle
que pour tout p < e°? dont la fibre au-dessus est lisse et irréductible (ces deux conditions
sont satisfaites pour tout p sauf un nombre fini), la proportion des sections globales strictement

effectives de £ dont le diviseur a des points singuliers sur cette fibre est plus petite que cp~2.

Ici la constante € est telle que 2¢ vérifie la condition dans la Proposition Ainsi la proportion
—®d . . . . 1
des o € HY (X, i ) telles que divo a des points singuliers sur la fibre X}, pour un d <p<ed
est majorée par
>

1
dn+1 Spgesd

Cette proportion tend vers 0 quand d tend vers infini. On déduit le Théoréme de cette
estimée et de l'estimée ([1.1). Pour finir, on montre le Corollaire en appliquant le Théoréme
C34

1.6 Notations

1. Pour un ensemble fini S, on note #5 son cardinal.
2. Pour un nombre réel positif z, on note

|z) =max{n €Z; n <z}, [z]=min{n€Z; n>zx}.

3. Soient f,g : R>9g — R deux fonctions continues telles que f(0) = ¢(0) = 0. On dit
f=0(g) s’il existe ¢ > 0 et € > 0 tel que pour tout 0 < z < £ on a

|f(@)] < c-g().

On dit f~gsi f=0(g) et g =O0(f).
4. Si f: X =Y est un plongement fermé, on écrit

f: XY
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Chapitre 2

Introduction

In this thesis, we study theorems of Bertini type, i.e. theorems which confirm, on a scheme
satisfying a certain geometric property, the existence of closed subschemes satisfying the same
geometric property.

The main result of this thesis is Theorem Take a regular projective arithmetic variety
X equipped with an ample Hermitian line bundle £ = (£, ||-||) (see Chapter [4f for precise defi-

nitions). We consider the global sections o of % such that llo]l < 1 and that the divisor of o
does not have singular point on the fiber &}, over a prime number p < e??. Here ¢ is a positive
constant. Theorem tells us that the proportion of such sections in the set of global sections
of norm strictly smaller than 1 tends to (x(1 + dim X)~! when d tends to infinity.

The classical Bertini theorem states that if X is a smooth quasi-projective variety of dimension
m over an infinite field £ embedded into some projective space P}, the intersection of X with
a general hyperplane of P} is smooth of dimension m — 1. Here general means that the set
of hyperplanes satisfying this property is the set of k-points of a non-empty open subscheme
U of the dual projective space (P})Y of P. This open subscheme U of the dual projective
space exists regardless of the conditions on the base field, but it’s the infiniteness of the field
k that guarantees the existence of infinitely many k-points in U. We have similar theorems on
reducedness, irreducibility, connectedness, etc. A good reference for these results is [Jo83].

When k is a finite field, this theorem still gives us a non-empty open subscheme of (P})Y
parametrizing hyperplanes whose intersection with X is smooth, but may fail to give such a
hyperplane as the open subscheme may have no k-point. In [Po04], B. Poonen proved that if
we consider the proportion of hypersurfaces of degree d whose intersection with X is smooth of
dimension m — 1 among all the degree d hypersurfaces, this proportion tends to

Cx(m+1) = H (1- q*(m+1)degaj)71

z€|X|

when d tends to infinity. In [CP16], Charles and Poonen also considered hypersurfaces of degree
d of P} whose intersection with an irreducible subscheme X of dimension at least 2 is still
irreducible, and proved that the proportion of such hypersurfaces tends to 1 when d tends to
infinity.

It is also of interest to have a good analogue of Bertini smoothness theorem for quasi-projective
schemes over Spec Z. But as Poonen explained in [Po04) Section 5.7], smoothness condition is
too strong in the arithmetic situation. We need to consider regularity rather than smoothness.
In the same article, Poonen established a density for subsets of |J,;-, H°(P%, O(d)) and showed
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that for a regular subscheme X" of P7, assuming the abc conjecture and an auxiliary conjecture,
the density of sections f € J 50 H(P%, O(d)) such that div f N X is regular is (x(dim X + 1)~
Poonen’s result depends on the embedding of X into P} and the choice of a coordinate system in
P7. It would be better to have a more general result without an explicite choice of an embedding
into some projective space. This leads us to consider a similar result in the setting of Arakelov
geometry.

2.1 Main theorems

Let X be a regular projective arithmetic variety, i.e. an integral separated scheme which is
regular and flat, projective of finite type over Spec Z. For an ample line bundle £ on X, we want
to define a good density for a subset P C |J,~, HO(X, £89) so that the density of the subset of
sections o € ;5o HO(X, £89) whose divisor is regular is positive. This will imply the existence
of global sections o with regular divisor dive for sufficiently large d.

Recall that X is regular at a closed point x if we have

. my .
dimy () Q—I =dim X,
mX,z

where my , is the maximal ideal of the stalk Oy , of the structure sheaf of scheme & on x and
dim X is the dimension of X as a scheme; X is singular at x if it is not regular at x. If X is
regular at all closed points of X it is called regular. It is singular if not regular. If X’ is singular
at x, we say that x is a singular point of X.

In order to get good positivity properties of the ample line bundles on arithmetic varieties, we
add on them a Hermitian structure and consider the notion of arithmetic ampleness for Hermitian
line bundles on projective arithmetic varieties. The arithmetic ampleness is developped by Henri
Gillet and Christophe Soulé in [GS92], and by Shouwu Zhang in [Zh92] (for arithmetic surfaces)
and [Zh95]. Assume that X is a projective arithmetic variety. An ample Hermitian line bundles
L = (L,]|]) on X is an ample line bundle £ equipped with a Hermitian metric ||| on the
restriction L¢ to the fiber X(C) with additional positivity conditions. For such £ on X, we
consider the set of strictly effective sections

H%r(‘){’z) = {U € HO(XaZ) ; HO-Hoo < 1}

as an analogue of H%(X, £) for an ample line bundle £ on a projective variety X defined over a
field, and B -
hiae (X, L) = log (#H}, (X, L))

as an analogue of h°(X, £). Here
lolloe = sup [lo(2)]l-
zeX(C)

We will give a precise definition of an ample Hermitian line bundle and discuss some of its
properties in Chapter @

For a fixed ample Hermitian line bundle £, we say that a subset P of J;~, H, (X, Z®d) has
density p for some 0 < p < 1 if B
i #FPOHLA L)
oYX, LT
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We define the upper density and lower density in the same way. We denote the density, the upper
density and the lower density of P, when exist, by u(P),(P) and u(P), respectively.

Our main results are the following :

Theorem 2.1.1. Let X be a regular projective arithmetic variety of dimension n, and let L be
an ample Hermitian line bundle on X. There exists a constant € > 0 such that by denoting

. 0 —=®d,  dive has no singular point of residual
Papgess = {J € Har (X, £7) 5 characteristic smaller than e?

and Py = Uy Pap<esa, we have

H(PA) = CX(l + n)ila

where Cx(s) is the zeta function

Ce(s) = [T (0= #n(z)=)7".

z€|X|

Here x(x) is the residual field of z, and the residual characteristic of a closed point x in X is
the characteristic of its residue field.

Theorem 2.1.2. Let X be a reqular projective arithmetic variety of dimension n, and let L be
an ample Hermitian line bundle on X. Set

Py = {o’ € ng(X,Z@)d) ; divo s regular}

and P = 5o Pa. We have
(P) < Cx(L+n)7",

where (P) is the upper density of P.
Proof. If a section o € HQ (X ,Z®d) is such that divo is regular, then in particular it has no

singular point of residual characteristic smaller than e*? with constant € as in Theorem So
naturally Pg C Py <cea and P C P4. Therefore we have

A(P) < u(Pa) = Cx(1+n)" "
O

Corollary 2.1.3. Let X be a regular projective arithmetic variety of dimension n, and let £ be
an ample Hermitian line bundle on X. There exists a constant ¢ > 1 such that for any R > 1 we
have

d . . .
4doc HO(X,Z®d) ; lollee < R*, Sing(dive) has no point ; }

of residual characteristic smaller than (cR)

lim =Cx(1+n)~ L

i #{o e W) ; o]l < BT}
It is also using this notion of density that Charles proved in [Chl17] the analoguous Bertini

irreducibility theorem for arithmetic varieties, which says that if X’ is an irreducible arithmetic
variety of dimension at least 2 and £ an ample Hermitian line bundle on X', then the set of global
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sections in ;5o HO(X 7Z®d) whose divisor is irreducible has density 1. The result of Charles can
also be compared to the result of Breuillard and Varju in [BV19] for polynomials only with
coefficients in 0 and 1. Breuillard and Varja showed that if we admit the Riemann hypothesis for
the Dedekind zeta function (i for all number fields of the form K = Q(a) for some root a of a
polynomial with 0, 1 coefficients, the density of the subset of irreducible polynomials in the set
of polynomials P(X) of 1 variable with 0, 1 coefficients such that P(0) # 0 is 1. (In each degree
d, such polynomials are finite in number, so the density can be defined by the limit of proportion
when d tends to infinity.)

2.2 Comparison with earlier results

We compare our result with some existing results.

We first recall the result of Poonen that we already mentioned. In [Po04] Poonen establi-
shed a density for (J;~, H°(P%,O(d)) on the projective space P%. Let P = |J;~, Pa be a sub-
set of Jyso HY (P, O(d)), where Py C HO(Py,O(d)). For any d, we have a natural Z-basis of
HO(P%, O(d)) which is composed of all monomials of degree d. For simplicity of notations we
denote them by fu1,..., fdan, where hg = hO(IF’(g, O(d)). Any section f € H°(P%, O(d)) can be

written as f = Zf:dl a; fq,; with some a; € Z for each i. Poonen defines the upper density of P,
as

# (Pan {1 aifus € HO(BZ,0(d) 5 lai| < By, Vi})
7ip 4(P) = max limsup --- limsup - _
) T€8h, By1y—r00  Br(n,)—00 #{Zzil aifai € HO(PZ, O(d)) ; |ai| < B, Vi}

Here G, is the symmetric group of hg symbols. The upper density of P is then defined by

fip(P) = limsup fip 4(Pa)-
d—o0
The lower density of P is defined similarly and the density of P exists if its upper and lower
density coincide. Using this density, Poonen proved the following theorem :

Theorem 2.2.1 (Poonen, Theorem 5.1 of [Po04]). When X is a regular subscheme of dimension
m of P, assuming the abc conjecture and a supplementary conjecture which holds at least when
X is projective, the density of the set of sections f € | 5o H'(Pg, O(d)) such that div(f) N X is
regular of dimension m — 1 is Cx(m +1)71.

Remark. In Poonen’s proof, the abc conjecture is used to show that for any fixed d, the upper
density of global sections whose divisor has a singular point on a fiber over a prime number
p > M with M > 0 tends to 0 when M tends to infinity. The proof of this follows the idea of
Granville in [Gr98] that for a polynomial f(x) € Z[z] we can get an asymptotic control of the
prime squarefactors of f(n) by the norm of n € Z. Poonen generalized this idea to the case of
multivariable polynomials in [Po03].

Essentially, in each degree d, we get the density fi; by taking the limit of coefficients one
by one. The action of symmetric group adds the condition that the order of coefficients can be
arbitrary. This theorem permits us to find global sections f € H?(P%, O(d)) such that div(f)NX
is regular of dimension m — 1 for sufficiently high d.

The density defined by Poonen depends on a choice of coordinates of P}. These coordinates
determines which global sections are monomials in each H?(P%, O(d)). His method is hard to be
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applied to a more general case, for example when we consider an arithmetic variety other than
P equipped with an ample line bundle which may not be very ample. Moreover, the size of the
global sections with regular divisor cannot be controled using this method. The global sections
having regular divisor may have very large coefficients as polynomials. Finally, the abc conjecture
is powerfully used in his proof. Without it, the proof can give control of sections whose divisor
does not have singular points of finitely many fixed residual characteristics, but cannot give the
limit of the proportion of global sections of O(d) whose divisor has no singular point of residual
characteristic smaller than e*¢ for a constant ¢ as we do.

In [BSWI16|, Bhargava, Shankar and Wang proved that monic integer polynomials of one
variable f(z) = 2¢ + ajz?™t + -+ + aq € V"°(Z) such that Z[z]/(f(z)) is the ring of integers
of the field Q[z]/(f(x)) has density ((2)~'. Here the density is constructed using the size of the
coefficients of polynomials.

This result can be viewed as a version of Bertini regularity theorem for P}. In fact, the
condition that Z[z]/(f(x)) is the ring of integers of the field Q[z]/(f(x)) means exactly that
when we homogenize f to the global section

F(X,Y)= X4+ XY 4 - + Y € H' (P, O(d)),

div(F) is a regular divisor of PL. Indeed, the coefficient of X¢ in F(X,Y) guaranties that the
intersection of div(F') with the infinity divisor coz = div(Y') is empty, so div(F') is contained in
the affine space A} = P} —div(Y). Then we can identify div(F) with div(f) where f is the above
monic polynomial, and then get an isomorphism of schemes div(F) ~ Spec Z[z]/(f(z)). Note
that the scheme Spec Z[z]/(f(z)) is regular if and only if Z[z]/(f(x)) is normal. The regularity
of Spec Z[z]/(f(z)) is hence equivalent to the fact that Z[z]/(f(x)) is the ring of integers of

Q[z]/(f (2))-

In their paper, fixing the degree d > 1, they order the monic integer polynomials
f@) =2+ az’" +- +aq

by a height function )
H(f) := max{]a;| 7},
and calculate the density of a subset Py C V;*°"(Z) by

(,P ) — lim #(Pd N {f € Vdmon(Z) ; H(f) < R})
i) = T #{fevionz); H(f) <R}

Identifying V"°"(Z) with the set {F € H°(P}, O(d)) ; div F Nooz = 0} by homogenization, the
density of Py can be understood as

~—

DA # (Pan{F € H'(P},0(d)) ; div F Noog =0, H(F) <
urr.a(Pa) = lim #{F € HO(PL,O(d)) ; div FNooz =0, H(F) < R}

We can then reformulate the result in [BSW16| as follows :

Theorem 2.2.2 (Theorem 1.2 of [BSW16]). For a fized d > 1, set
Py :={F ¢ H(P},0(d)) ; div F Noog = 0, div F is regular of dimension 1}.

Then we have
pra(Pa) = C(2)7 1
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Remark. This result is similar to Poonen’s theorem. In fact, if we note that ¢(2)~! can be
expressed by values of the zeta function of the affine line over Spec Z

Car(s) = HCA%}) = H ﬁv
p p

p

which is,

@ =TJa-p?=cu®,

p

then the theorem tells us that, for any d > 1, the density of the subset P, of sections with regular
divisor of the set

{F e H'(P}, 0(d)) ; div F Nooz = 0}

is equal to
. -1 _
(p1—oc, (1+dim(P7 —00z)) = (a1 (3)7.

This is a statement similar to Theorem But as we only consider global sections whose
divisor is disjoint of coz, we can not recover Poonen’s theorem for X = A} in P}.

The result of Bhargava, Shankar and Wang surpasses our result for P} in the sense that for
any d > 1, they can actually find global sections of H’(P}, O(d)) whose divisor is regular without
auxiliary assumptions. Neither can we get such a strong statement using Poonen’s method. But
the method of Bhargava, Shankar and Wang is hard to be generalized to other situations. Their
proof depends on the monogenicity of the finite Z-algebra Z[z]/(f(x)). They constructed a map
from the moduli space of monogenic finite Z-algebras of length d to the space of symmetric n x n
matrices quotient by the action of group SO(Ag), where Ay is the n x n anti-diagonal matrix.
This map is then used in the article to turn the counting of monic polynomials to the counting of
special orbits in this quotient space. Due to the construction of this map, it is difficult to release
the monic condition in their theorem so as to get a result for all polynomials with coefficients in
Z. 1t is even more difficult to generalize this method to regular arithmetic varieties other than PL.

In [Au0I], [Au02], Autissier showed another arithmetic analogue of the Bertini theorems. He
proved as a particular case that if X’ is an arithmetic variety of dimension n over an integer ring
Ok (where K here is a number field), and £ a very ample Hermitian line bundle on X, then
there exists a finite extension L of K and a section o € H°(Xp,, L) such that by writing g :
Spec O, — Spec Ok the morphism induced by O — Oy, for any closed point b € Spec Op,
the fiber (divo), of the divisor divo is smooth if X3 is. Moreover, we can bound the height of
divo (defined by £) in terms of the height of X, deg,, Xp, n and an effective constant which is
only dependent of £ and n.

This result is stronger than ours in the sense where the divisor that he gives comes from a

global section of the sheaf £ but not Z®d for a large d, and moreover the divisor satisfies the
smoothness condition rather that the regularity condition. The disadvantage of this result is that
it need to pass to finite base changes to find such a global section. In particular, if X is defined
over Spec Z, there’s little chance that we can find a divisor satisfying the smoothness condition
in the statement which is defined over Spec Z by Autissier’s method. Our result, on the other
hand, provides divisors which are defined over Spec Z if so is the arithmetic variety that we
consider.
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2.3 Organisation of the text

In Chapter [3] we prove a generalized version of Poonen’s Bertini smoothness theorem over a
finite field, replacing the very ample condition by ample condition.

In Chapter [4] we talk about the arithmetic ampleness in general. We recall in Section [4]]
the precise definitions concerning ampleness as well as some properties of arithmetic ample line
bundles such as the arithmetic Hilbert-Samuel formula. In Section we present two results
concerning the modulo N (N € Z~() reduction of the global sections of a power of an ample
Hermitian line bundle. The first of the two results is proved by Charles in [Ch1T].

The following chapters are aimed at proving Theorem [2.1.1
In Chapter [f] we present the computations of the speed of convergence of

[T - #s@) )

T€|Xp|, degx<r

to Cx,(n+ 1)~ when r — oo, and that of [I,<rCx,(n+ 1)~ to Cx(n+1)~! when R — oo for
an arithmetic variety X.

The proof of Theorem [2.1.1] relies on an effective estimate of proportion of global sections
whose divisor has no singular point on one single fiber. We compute this estimate in Chapter [6]
This estimate can be reduced to computing, for a projective arithmetic variety X of dimension
n with an ample Hermitian line bundle £, the proportion of o € HO(sz,Z®d

3 : : Mdive,z
closed point z € divo, dimy(,) m‘; 2 =n — 1, where
divo,z

) such that for any

X2 = X Xspec 7 Spec Z/p?.

We follow Poonen’s proof of the Bertini smoothness theorem over finite fields, in [Po04]. With

a choice of positive integers 1, 4, N (p), where r;, 4 depends on p,d and N(p) depends only on p,
—®d

we give estimates of the proportion of sections o € HO(XP2,£® ) whose divisor has a singular

point of degree smaller than or equal to 7, 4, between r, 4 and #(m and larger than or equal to

%(p), respectively. Then we conclude by putting together these three estimates.
The estimate on one single fiber can be easily extended to finitely many fibers. The effective

1
estimate permit us to show that we can gather all fibers over p such that p < d»+1 without

- . —®d . .
ruining the convergence of the proportion of o € HY (X, i ) such that dive has no singular
point on all these fibers. In Chapter [7], we show that the proportion of the strictly effective global

sections (which means sections of norm strictly smaller than 1) of %" whose divisor does not
have singular point of residual characteristic smaller than d+ tends to Cx(1+n)~! when d
tends to infinity.

Finally, in Chapter [8] we show that there exists constants ¢ > 0 and € > 0 with 2¢ satisfying
Proposition such that for any prime p < e°¢ such that the fiber over p is smooth and
irreducible (these two conditions are satisfied by all but finitely many p), the proportion of
strictly effective global sections of Z®d whose divisor has singular points on this fiber is smaller
than ¢p~2. Consequently the proportion of o € H (X ,Z®d) such that dive has singular points
on the fiber &, for some dFt < p < €% is bounded above by

E cp_2.
1
dn+T <p<esd
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This proportion tends to 0 when d tends to infinity. We deduce Theorem from this estimate
1

and the estimate of Chapter |7] for p < d»+7. To conclude, we show Corollary by applying

Theorem 2.1.11

2.4 Notations

1. For a finite set .S, we note #S its cardinality.
2. For a positive real number x, we note

|z) =max{n € Z; n<z}, [z]=min{n€Z; n>zx}.

3. Let f,g : R>g — R be two real continuous functions such that f(0) = g(0) = 0. We say
f = O(g) if there exist ¢ > 0 and & > 0 such that for any 0 < x < € we have

[f(@)] < c-g(@).

Wesay f ~gif f=0(g) and g = O(f).
4. If f: X — Y is a closed embedding, we denote it by

f: XY
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Chapitre 3

Bertini smoothness theorem over
finite fields

In this chapter, we prove a slightly generalized version of B. Poonen’s Bertini theorem over
finite fields. The precise statement is the following :

Theorem 3.0.1. Let F, be a finite field of characteristic p. Let Y be a projective scheme of
dimension n over F,, and X a smooth subscheme of Y of dimension m. Let L be an ample
line bundle on Y. Assume that there exists a smooth quasi-compact open subscheme U in Y
containing X . Set

Py = {o € H(Y, £%?) ; dive N X is smooth of dimension m — 1}

and P = 5o Pa- We have

J(P) = Tim —— T4

- -1
dﬁmm_gx(m'i‘l) > 0.

Here (x is the zeta function

(x(s) = H (1— g *degz)1

z€|X|
Remark. If we take Y =Py , £ = O(1), we get Poonen’s theorem.

Note that for a ¢ € HO(Y,£®?), dive N X is smooth if and only if it is non-singular at
every closed point of dive N X. To prove this theorem, we class the closed points of X by their
degree, so that for each degree there exist only finitely many closed points. In Poonen’s proof, he
classifies the closed points into three parts for each £2¢, which are the following : closed points
of degree smaller than or equal to a chosen positive integer r, closed points of degree between r
and mL_H, and closed points of degree bigger than mL_H. Then he estimates the number of sections
in HY(Y, £%9) whose divisor has singular points in these parts, respectively.

Our proof follows his method in a faithful way. But we need more explicite bounds for bad
sections, so as to get the speed of convergence for the final limit. For technical reasons, we need
the following result :

23



Lemma 3.0.2. Let L be an ample line bundle on a projective scheme Y over a field k. Then
there exists a positive integer N such that

i) L is very ample for alld > N ;

it) for any a,b > N, the natural morphism

HO(Y, £®a) ® HO(Y, £®b) N HO(Y, £®(a+b))
18 surjective.

Proof. This is a classical result. The first statement is part of [La04, Theorem 1.2.6], and the
second statement can be deduced directly from [La04, Theorem 1.8.3]. O

We choose a positive integer r, an integer N satisfying this lemma and depending possibly
on ¢, and set

Pa<r = {oeHYY,L%); Vo e X, degx <7, dive N X is smooth of dimension m — 1 at z}
Qg:(;dT = {oeH'(Y,£%) ; Ar e X, r <degz < m, dive N X is singular at x}

i d
legh = {oceH(Y,£%); 3z e X, degx > TS divo N X is singular at x}.

Then clearly .
Pa C Pa<r C PgU Qe U Q"

We give bound for the proportion of these three sets.

3.1 Singular points of small degree

Lemma 3.1.1. Let Y be a projective scheme over Fy, L an ample line bundle over Y. Let Z be
a finite subscheme of Y. Let N be a positive integer satisfying Lemma[3.0.3 Then the restriction
morphism

baz - HO(Y, £L®Y) — HO(Z, £L®?)

is surjective for all d > Nhz, where hz = dimg, HY(Z,0z).

Proof. If L is very ample, by [Po04, Lemma 2.1], ¢4 7 is surjective when d > hz — 1, and this
lemma is also true. When £ is only ample, for any dy > N, £2% is very ample and Dds,,z 1S
surjective for any d > hz — 1. Now for any d > Nhy, we can find sq > hy — 1 and N <rg < 2N
such that d = sy N + rq. By Lemma we have a surjection

HO(Y, £8%N) @ HO(Y, £87e) — HO(Y, £2Y).

Moreover, since Z is finite, for all d > 0, we have H°(Z, £L%9) ~ H(Z, Oz). These isomorphisms
are not canonical, but can give us an isomorphism

H(Z, £L*N) @yo(2.0,) HY(Z, L) — HO(Z, LE?)
which makes the following diagram commutative :

HO(Y, £85aN) @ HO(Y, £L874) — s HO(Y, £&9)

| |

HO(Z, £2%N) @yo (2,0, HO(Z, LO71) —— HO(Z, L®?)
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Thus it suffices to show that the left vertical morphism is surjective. Since Y is projective,
HO(Y, £®74) is of finite F,-dimension. Let HO(Y, £L®"¢) = @, F,t;. As L is very ample, it is
globally generated. So for each z € |Z|, we can find one ¢; in the set of generators such that
ti(z) # 0. Since surjectivity is stable under field base change, replacing F, by a finite field
extension, we can assume that there exists a linear combination ¢t = ), a;t; such that ¢(z) # 0
for any z € |Z|. Then we have

HO(Y, £254N) @ F 1 HO(Y, £25¢N) @ HO(Y, L&)

| |

HO(Z, £%%N) @ Fyt|; —— HY(Z, L2*N) @o(z,0,) HO(Z, L)

By our construction, the section ¢ trivializes H(Z, L#7¢). So the bottom morphism is an iso-
morphism. Hence the right vertical morphism is surjective. By the commutativity of the first
diagram, the morphism

HO(Y, £24) — HO(Z, £®Y)
is also surjective, which is what we need to show. O

With this lemma, we can control the proportion of Py <.

Proposition 3.1.2. LetY be a projective scheme of dimension n over Fy equipped with an ample
line bundle L. Let X be a subscheme smooth over Fy of dimension m of Y. Set

Pa<r = {o € H(Y, L8 Vo € X, degx < r, dive N X is smooth of dimension m — 1 at '},

and P<r = g5 Pa,<r- We have

T #,Pd,gr o —(m+1)degz
/L(’PST) = dhanolo #HO(Y, £®d) - de!:LT (1 q )

In fact, with a positive integer N satisfying Lemma[3.0-3, for any

d>N Z (1+m)degz |,
deg z<r

we have

#P7_T’ —(m egxr
vy con = 1L (1ma )

deg x<r

Proof. For any closed point z of X, let 2’ be the closed subscheme in X defined by m2, where

m, is the ideal sheaf of x in X. Then z’ is the first order infinitesimal neighbourhood of z in X.
Let X_, be the union of the closed subschemes ' for all x € X with degz < r. Note that the
number of closed points of X with degree smaller than or equal to r is finite. This union is a
disjoint finite union. So X, is a finite subscheme of X defined by the ideal sheaf [[ 4., ,<, m2.
Hence

H(XL,,Ox, ) =R(XL,, J[ 0w)= [] H(X,0x/m2).

deg x<r deg x<r

Since X is smooth over Iy, for any closed point x, we have

dimﬁ(x) HO(X, mw/mi) =m.
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Hence
dimg, H*(X, Ox /m2) = (1 + m) degz,

and we have
dimg, H'(XL,,0x. )= > (14 m)dega

deg z<r

Apply Lemma to the case Z = X . We get that the morphism
HO(Y, £%%) — HY(XL,, £%%)

is surjective if d > N( > degz<r(1+m)deg x)

Note that for a section o € HO(Y, £L®9), the intersection dive N X is singular at a closed point
r € X if and only if the image of o in H?(2', L#?) by the restriction map

HO(Y, £24) — HO(2, £Z)

is zero. So diveN X has no singular point of degree smaller than or equal to r if and only if its res-
triction to HO(XZ,, Ox1. ) & [Tyeq ue, HO (2, £87) lies in the subset [ ], ,<,. (H*(2/, £57) — {0}).

So for any d > N(Edegzgr(l +m) dega:),

#’Pd,gr o # Hdegzgr (HO(X’ OX/mi) - {0})
#HO (K ‘C®d) B # Hdeg z<r HO (X7 OX/mg:)
o Hdeg z<r (q(m+1) degr — 1)
= Hdegm<r q(m-l,-l)degw
_ H (1 - qf(m+1) degx) )
degz<r
This shows the result. O

3.2 Singular points of medium degree

Lemma 3.2.1. Let Y be a projective scheme over Fy of dimension n and X a smooth subscheme
of Y of dimension m. Let L be an ample line bundle of Y. Let N be a positive integer verifying
Lemma[3.0-2 For a fized d, let x € X be a closed point of X of degree e such that

d
e <

Then the proportion of o € HO(Y, L®Y) such that dive N X is not smooth of dimension m — 1 at
x is g~ (mthe,

Proof. Let 2’ be the first order infinitesimal neighbourhood of x in X. Apply Lemma to
the case Z = x’. We obtain that the restriction map

HO(Y, £5%) — HO(a, £5%)

is surjective when

NRO(2', £2Y) = N(m + 1) degz < d,
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that is, when

d < |1

7 < N1y
Since a section o € H(Y, £2?) is such that dive N X is singular at z if and only if the image of
o in HO(2', £29) is 0. Hence when the degree condition for z is satisfied, the proportion of such
sections is equal to

1
#Ho(x’7£®d) - ’

Thus we get the result. O

_ q—(m+l)e

Proposition 3.2.2. Let Y be a projective scheme over F, of dimension n and X a smooth
subscheme of Y of dimension m. Let L be an ample line bundle of Y. Let N be a positive integer

verifying Lemma[3.0.3 Set

d
Q‘C"l“f;dr ={occHY(Y,L%)); 3z e X, r <degz < m, dive N X s singular at x}.
' m
Then there exists a constant cq such that
Qmed
# d,>r < 200(]77‘.

#HO(Y, L24)

In particular,
Q7)< 2e0q™"

Proof. Identifying Y to a closed subscheme of a projective space, we can see X as a subscheme
of the same projective space. By [LW54], we can find a constant ¢q > 0 such that for any e > 1,

#X(Fye) < cog™".

Let N be the positive integer as in the previous lemma. Then the lemma tells us that if x € X
is a closed point of degree e < LWJ, the proportion of sections o € HO(Y, L&) such that

dive N X is singular at z is ¢~ (™*1De. Therefore we have
#Q{;}‘;dr
#HO(Y, L&)

d
L(m,+1)NJ

3 HX(Fg)-q Ve

e=r+1

< D HX(Fge)g e

IN

-

oo o) coq
em  _—(m+l)e _ —e __ 0
e=r e=r

IN

o B #Qmed 3 ]
fﬂqq,l < 2cpq~". Hence we get W < 2cpq~". This

implies our result. O

: 15 1
Since ¢ > 2, we have 1 —¢~" > 5 and
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3.3 Singular points of high degree

Lemma 3.3.1. Let Y be a projective scheme over F, of dimension n. Let Z be a finite closed
subscheme of Y whose support is included in the smooth locus of Y. Let L be an ample line
bundle over Y and let N be a positive integer satisfying Lemma @ After replacing F, by a
finite extension of F, if needed, we can find a linear subspace V-C H°(Y, LN) of dimension n +1
such that the rational map

Y - P(VVY),

with V'V the dual space of V', is dominant, and that ¢ induces a closed embedding of Z in P(VV).

Proof. We may assume that | Z| = {21, ..., 2}. It suffices to find a linear subspace V" C HO(Y, LV)
of dimension n + 1 such that the induced rational map

0 Y > P(VY)

is defined and étale on a neighbourhood of Z in Y, and satisfies the condition that ¢(z;) # ¢(z;)
for any z; # z; € |Z].

Since LV is very ample on Y, we can first embeds Y in PX = P(H°(Y, £L#V)V). Replacing F,
by a larger finite field if needed, we can find a section s € H(Y, L2V) which is non-zero at any
point of | Z|. Write U; := Y —divs. The embedding of Y in PX induces an embedding of U; in AX.
The hyperplan PX — AX is defined by the section s € H(PX, O(1)) = HO(Y, £LZV). Moreover,
the scheme Z, being a closed subscheme of Uy, is also embedded in A¥. To finish the proof, we
only need to find a projection A¥ — A" which is étale when restricted to a neighbourhood of
Z in U; and injective when restricted to Z. In fact, we show that a general projection satisfies
these two conditions. Here general means all projections A% — A™ contained in a non-empty
open subsheme of Gr(n, K), which is the moduli space of such projections.

For a general projection A® — A" the composition ¢ : Uy — AKX — A" is étale on a
neighbourhood of Z in U;. To see this, we show that for a general projection AKX — A", ¢ :
U, — AK — A" is étale at any point of Z. For z; € Z, the exact sequence

0 ? CUl/AK,zi ? QAK,zi ” QU1,Zi 0

splits, and €y, ., is free of rank n by hypothesis. Therefore for any projection AK — A" the
composition ¢ : Uy — A% — A" induces a morphism on differential sheaves

Qanp(z) — Qax 2 — Quy sy
By the Jacobian criterion, a general projection A% — A™ induces an isomorphism
QA”;S"(Zi) QUl»Zz"

As Z is a finite scheme, a general projection A% — A™ is étale at any point of Z. Moreover,
if a AKX — A™ sends two different points z;, z; of Z to the same point, then it contracts the
Al containing z;, zj. Projections contracting a certain fixed line is contained in a strictly closed
subscheme of the moduli space of projections AX — A™. Thus a general projection do not
contract this line. Since Z is finite, there are only finitely many lines in AX joining two of points
in Z. Therefore a general projection A — A™ sends the set of points | Z| injectively to A", hence
injective when restricted to Z. Such a projection induces a rational map PX --s P", which shows
our result.

O
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Lemma 3.3.2. Let Y, Z,L,N be as in the above lemma. Set hy = dimp, HY(Z,0z).Then for
any d > 2N the proportion of global sections o € HO(Y, L®9) which are sent to 0 by the restriction
morphism

HO(Y, £%%) — HO(Z, £L®?)

is at most g~ ™n(LF):hz),

Proof. By the previous lemma, we can find a finite extension F of F, and a subspace V C
HO(Yg, L2V) of dimension n + 1 which induces a dominant rational map

@ :Yp - P(VY)

such that |z, is injective. Now we use this rational map to show that
: 0 ®d 0 ®d . d
dimg Im (H° (Y, £5¢) — H(Zr, L59)) > mln(LNJ,hZ).
As the dimension of the image is invariant under field base change, we then get
d
dimy, Im (H°(Y, £%) — HO(Z, £57)) > min([ 571, hz)-

Let (09,...,0n) be a base of V and Hy = divog in Y. The sections o; can also be regarded
as global sections of (’)(1) on P(VV). This way we can identify P(V) — divoy with A™ with

coordinates x1 = g[l) STy = ‘;—g Then the rational map ¢ can be represented by a morphism

(p:Y]F—H()—>An.

Moreover, we can assume that Zg is a closed subscheme of Yg — Hy.

For all r > 0 with (r + 1)N < d, the sheaf £®¢ @ O(—rHy) ~ L&@"N) is very ample on
Ys. So we can find a section o, € H(Ys, £&9) which vanishes of order 7 along Hy but does not
vanish identically on Y. Let P € F[zq,...,x,] be a polynomial of total degree smaller than or
equal to 7. Then the section ¢*(P) - oy, € HO(Yr — Hp, L&) extends to a global section on Y.
As ¢ is dominant, linearly independent polynomials of degree smaller than or equal to r induce
linearly independent sections in HO(Yy — Hy, £2), hence in HO(Yg, £%9). Thus we get a injective
homomorphism

Flzy, ..., 2,)5" — HO(Yg, £59).
Moreover, we can choose an isomorphism H°(Zg, £L21) 5 H°(Zp,Oz.) so that the following
diagram commutes :

}F[xla s 7xn]§’r‘C—> HO(Y]Fa ‘C®d)

| |

H(0(Zr), Op(z:)) HO(Zg, £97)

7

Z]F7 OZF
Then we have
dimg Im (H°(Yg, £57) — HO(Zg, £2Y))

dimp Im (F[xl, .. ,xn]sr — H(¢(Zp), Ow(er)))
min(hz,r + 1),

v IV
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where the last inequality follows from Lemma 2.5 of [Po04]. Now choose r = |4 | — 1, which is
possible as (r + 1)N = | 4] - N < d. Then the above inequality becomes

dimy Im (H°(Y, £94) — H°(Zg, £57)) > min(hz, L%j).

This induces, as said above, that

d
dimy, Im (HO(Y, £%2%) — H°(Z, L&) > min([ =1, hz)-
Therefore the proportion of global sections o € HO(Y, £29) which are sent to 0 by the restriction
morphism HO(Y.£®%) — HO(Z, £&7) is at most g~ ™n(L&1hz2), O

Proposition 3.3.3. Let F, be a finite field of characteristic p. Let Y be a projective scheme of
dimension n over Fy, and X a smooth subscheme of Y of dimension m. Assume that there exists
a smooth quasi-compact open subscheme U in'Y containing X. Let L be an ample line bundle
on'Y, and let N be a sufficiently large integer. Set

Qgigh ={o e H (Y, £%) ; 3z € X, dega > , dive N X is singular at z}

d
(m+1)N

and QM&M = J,-, Qgigh, There exists a constant ¢ > 0 only depending on X,U and the choice
of N, independent of d, such that
high
#Q,®
#HO(Y, Lo4)

ol

=0(d™-q °P).

Here the constant involved in the big O only depends on the sheaf L, and the schemes X =
X Xspec F, Opec Fy, Y =Y Xgpee 7, Spec Fy, where Fy is any algebraic closure of ¥y, hence is
independent of d,q. In particular,

_ high
7(QMel) = lim sup #9 =0.

d—o0 #HO (Yv £®d)
We need some reduction before proving this proposition.

Lemma 3.3.4. Let {Uy}acr be a finite open covering of U. If the proposition is true for all
X NU,, then it is also true for X.

Proof. If {Us}aer is a finite open covering of U, then X = J (X NU,). If we write

ngih ={oc e H'(Y,£%) ; 3z € XNU,, degz > , dive N X NU, is singular at x},

(m+1)N
then we have _ .
Qe ¢ | J obiEn.
acl

Hence if the proposition is true for all X N U,, we can find constants ¢y, for each U, such that

#Qia S
gy, goay — O,
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Then setting ¢ = min,{cy, }, we get

#thgh #thgh
#HO(Y, L&) Z < #HO(Y, L57)

= O(d™ - q%).

Therefore we may replace X by one of the X N U,. In particular, we have the following :

Corollary 3.3.5. We may assume that the smooth quasi-compact open subscheme U containing
X in the statement satzsﬁes the following condition : there exist ty,...,t, € H'(U, Oy) such that
is defined by ty41 =--- =t, =0, and that

U/]F —®0Udtz; QX/IF —@Oxdt

Proof. As the two condition in the corollary is satisfied locally at any point of X, the corollary
follows from Lemma as U is quasi-compact. O

Lemma 3.3.6. For any positive integer M, with a choice of an integer Ny > M, we can cover
U by finitely many open subschemes U’ satisfying the condition that we can find a section T €
HO(Y, LEWNot D)) and sections T1,...,7, € H(Y, LENO) such that

U'=Y —div(r) = | (V = div(r})).

Jj=1

Proof. First, take an integer N} > 0 satisfying Lemma and that Zy ¢ ® £®¢ is globally
generated for all d > N/. Here Ty _y is the ideal sheaf of the closed subscheme Y — U with the
reduced induced structure. We may then choose non-zero sections

o e HOY, Iy _y ® £2No) ¢ HO(Y, £8N),

generating Zy ¢ ® £LZNo. This means that set theoretically, we have Y — U = ), div(r{). In
other words,

U= -div(r),

where Y — div(7]) are open subschemes of Y. Without loss of generality, we may assume that
U itself is one of such open subschemes, i.e. there exists a section 7/ € H°(Y, £®Né) such that
U =Y —div(7’). We denote div(r") by D.

Now set Ng = rNj — 1 for some positive integer r such that Ny > M and that the sheaf
Ip ® LENo is globally generated. Then in particular we can find sections 71, ...,7, € H (Y, Zp ®
L&No) € HO(Y, LEN0) such that D = (_, div(7;) set theoretically. This suggests that

U=J @ —div(r)).
j=1

We also set 7 = (7/)" € HO(Y, £L2WNo+ 1) n this situation we still have D = div(7) set theoreti-
cally. The section 7 and sections 71, ..., 7s are then what we need in the lemma. O
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Corollary 3.3.7. We may assume that the smooth quasi-compact open subscheme U containing
X in the statement satisfies the condition in Corollary[3.3.5 and the condition that we can find
a section T € HO(Y, LEWNo+D)) and sections 11, ..., 7, € HO(Y, LENO) such that

U=Y —div(r U Y — div(r)))

Proof. This is a direct consequence of Lemma and Lemma |3.3.6 O

For any d > 0 and any 1 < j < s, consider the morphism

@, 1Y, L% — HO(U,Oy)

d
O'Tj

g 5 d

T

For simplicity of notations, we don’t distinguish morphisms ®; for different d. This will not cause
any confusion as the source of ®; will be clear by the context. Then for any o € HO(Y, £2?), we
have
dive NU = ﬂ div®; (o).
1<j<s

Let 0; € Derg, (Ov, Oy) ~ Homo,, (Qb/Fq7OU) be the dual of dt; € HO(U, QlU/]F ). Then a global
section o € HO(Y, £L%9) is such that dive N X is singular at a closed point z € X if and only if
for a U; containing x, we have

®;(0)(x) = (0194(0)) () = -+ = (O ®;(0)) (x) = 0.

We want to show that there exists a positive integer N; such that for each 4, (9;®;(o0))-7
can be extended to a global section of £L&Wot1)(d+N1) To show this, we need to study the
derivation map

d+ N1

d: H(U,0y) — H(U, Qy /s, )-
For any section f € HO(U, Oy ), we denote its image under the derivation by df € H(U, Q%,/Fq).

Lemma 3.3.8. In the setting of the above corollary, there exists a positive integer dy such
that when d > do, for any f € HO(U,Oy), if f- 1% can be extended to a global section in
HO(Y, L&WNot D) “then df-r2+1 can be extended to a global section in HO(Y, Q%,/]Fq @LEWNoF+1)(d+1)y,

Proof. By assumption, the sheaf £L&Vo+1) is very ample. So it induces a closed embedding
Y <P (HO(Y, £®<N0+1>)) .

To simplify the notation, we denote P (HO(Y, LN OH))) by PXo with homogeneous coordinates
To, Ty, . . ., Tk, In particular, let Ty be the section corresponding to 7 in H*(P%e, O(1)). Therefore
the closed embedding Y —— PXo identifies U with a closed subscheme of AFo = PXo _ div Ty.
Write z; = % Then w1, ..., 7k, form a system of coordinates of AKo. Let dy > 0 be an integer
such that for any d > dy, the restriction morphism

HO(PX°, O(d)) — HO(Y, LONo D)

is surjective. Take f € HY(U, Oy) and d > dy such that f-7¢ can be extended to a global section
in HO(Y, £®(N0+1)d). The surjectivity of the above restriction morphism suggests that we can
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find F € HO(PXo, O(d)) whose restriction to HO(Y, L&Wo+1d) is the chosen extension of f - 7¢.
Set

~ F
f = ﬁ € HO(AK070PK0)~
0

Then fhas image f when restricted to U. So f: HO(AKe Opk,) is a section such that f Td
can be extended to a section in H°(PXo, O(d)) and that f|y = f.
Now we consider the derivation

HO(AK0, Oprey ) — HO(AKO, Qb )

sending f to

_ Ko o
df—;(axif)dxi.

The fact that f- Tg can be extended to a section in HO(PX¢, O(d)) means that f is a polynomial of
total degree smaller than or equal to din x1, ... vk, . As for each 1, B%i is of degree strictly smaller
than f if non-zero, all (%ﬂ - T~ can be extended to a global section in HO(PXe, O(d — 1)).
Note that we have a short exact sequence

0— QI%’KU/IFQ — OPKO/FQ(—l)@(KO+1) — O]P’KO/]Fq — 0

identifying Qg /v, 5 & locally free subsheaf of Opx, /Fq(—1)®(KU+1). Under this identification,

for each 1 < i < K we can write

T; 1 T;
d$i =d <Tb> = ?061' — T702607
where ey, . . ., ek, is a chosen basis of Opx, JF, (—1)®<K0+1). Therefore for each 1 < i < Kj, deng
can be extended to a global section in H®(P¥0, Q1 v, ® O(2)). As a consequence, df - T¢™ can
be extended to a global section in H®(PXe (Ol ® O(d+1)).

PXo /F,
When restricted to Y, we have a natural morphism

(Qﬂlmxo/Fq ® O(d+ 1)) ‘Y ~ (Q%’KO/FQ) ‘Y ® LOE+D) T, Q%’/Fq ® LOE+),

which gives us a section r(df - T8y € HO(Y, Q%//Fq @ LEWNo+D(@+1))  To finish the proof, it
suffices to show that B
r(af )| = arert

But as r is induced by (Ql ) ’Y — Q%,/Fq, it commutes with the multiplication by Ty, 7.

PXo /F,
So the equality is clear. Therefore r (df Tg“) is an extension of df - 74+ in HO(Y, Q%,/Fq ®
LEWNo+1)(d+1)y, O
Lemma 3.3.9. There exists a positive integer N which only depends on the sections ty,...,t, €

HO(U, Oy) and T € HO(Y, L2WNo+D) satisfying the following condition : if a section f € HO(U, Oy)
is such that df - 7@ can be extended to a global section in HO(Y, Q%,/]Fq ® LEWNoHDD) then, for
any 1 < i < m and any 6 > N}, the section 0;f - T%F° can be extended to a global section of
LEWNo+V(A+0) If this condition is satisfied by N1, it is also satisfied by any integer bigger than
Nj.
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Proof. Note that for each 1 < i < n, the dual 9; € Derp, (Oy,Oy) ~ Home, (Q%]/Fq,(’)y) of
dt; € HY(U, Qg ) can be regarded as a section in H° (U, Homo,, (Q%//Fq,Oy)). Since the sheaf
’Homoy(ﬂ%,/mq,Oy) is coherent and that U is the complement of divr in Y, there exists an
integer N, > 0 such that for any § > N7 ;, 9;-7° € H (U, Homoy(ﬂ%,/ﬂrq,(’)y) ® E(N°+1)5) can
be extended to a global section in H® (Y, Homo, (Q%//]F(;OY) ® E(N°+1)5). Set

Ni =max{Ny,;; 1 <i<n}.

Then when 6 > N, for any 1 < i < n the section 9;-7% € H° (U, Homo, (Q%//Fq,(/)y) ® E(N0+1)5>

can be extended to a global section in
H° (Y, Hom@Y(Q§,/Fq,OY) ® g(NoJrl)é) ~ Hom(Q%//an LMot DEy,

Note that
Hom(Q%//Fqﬁ(N“J“l)‘s) ~ Hom(Qly/Fq ® /;d7£(N0+1)(d+5))_
The global section
(0; - T‘S)(df . Td) € HO(Y, E(N0+1)(d+6))

satisfies

(@7 (af - 7)) |, = @) -7,

which means that (9;f) - 7979 can be extended to a global section of £(NoT1(d+9) Hence we
conclude. O

Lemma 3.3.10. There exists a positive integer N1 which only depends on the sheaf L, the
sections ty,...,t, € HO(U, Oy) and 7 € HO(Y, LOWNo+D)) such that for any o € HO(Y,L®Y),
any 1 <i<m, 1< j <s, the section (0;®;(0)) - 79 can be extended to a global section of
LEWNoADA0) for any § > Ny. If this condition is satisfied by Ny, it is also satisfied by any
integer bigger than Ni.

d
Proof. For any o € H(Y,L£%), as ®,(0) = U:j , evidently ®;(c) - 7¢ can be extended to a
global section in HO(Y, £®(N0+1)d). Let dg be the constant defined in Lemmam In particular,
®;(0) - 78+ can also be extended to a global section in HO(Y, £&(No+D(d+do)) Then by Lemma
3.3.8]d®;(c) - 74T+ can be extended to a global section in HO(Y, Q%,/Fq @ LOWNoF+1)(dt+do+1))

Set Ny = N{+dp+1. So when 6 > Ny, § —dy —1 > N{. Applying Lemma we obtain that
for any § > Ny, the section

(aiq)J (U)) ' Td+6 = (81<D](0')) . T(d+d0+1)+(5*d071)

can be extended to a global section in HO(Y, L(No+1)(d+d)), O

Now we assume that p is the characteristic of Fy, and that (Ny + 1, p) = 1. We also assume
that Ny > Ny. Take N = (Ng+1)(N1+p—1)+p. For any d > N, there exists a N3 <lg < N1+p
such that

d mod p = (Ny + 1)l4 mod p.

Note kg = %[d — (Ng + 1)lg]. Then for any d > N, fixing extensions of 7'¢ and of ¢;7! to global
sections for all 1 < ¢ < m, we can construct morphisms of groups
HO(Y, £%ka)  — HO(Y,£%9)
B s PPt
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for any 1 < ¢ < m, and
N HO(K £®d)
vo— 'yp~7'ld.

We construct a surjective morphism
Y, £89) x <H HO(Y, L&) ) x HO(Y, £L2Fa) — HO(Y, £89)
which sends (o0, (81, ..., Bm),7) to

m
o=00+ Zﬁftﬂld + APrle,
i=1

Naturally, this morphism commutes with all ®; :

m

0;(0) = Dj(00) + Y ®;(Bi)Pt:®; ()" + D (7)PD;(7)".

=1
Since
0i[@;(B1)P1:®; (7)) = ®;(8:)P®; (1) + 1a®;(8:)Pt: D5 (7)™ - 9;D5(7),
and for ¢ # 1,
0i[@; (B )Ptir ®;(7)"] = la®; (B )Pty @5 (7)" ™" - 9;®;5(7),

the differential of ®;(o) can be written as

0;®;(0) = Zld‘i’j(ﬁa)pti@j(ﬂld_l+ld¢j(7)p‘1’j(7)ld_1]-@%(T)

/=1

+0;®;(00) + ©;(B;)7®; (1)

la(®(0) — @;(o

- 0y + MUY 50, 0, (5 )

To prove Proposition for a section o € HO(Y, £L2?), we need to study the singular locus of
dive N X. Since
divonU = |J (U;ndivas(0)),

1<j<s

and X C U, we have

Sing(dive N X) U (U N Sing(div(®; (o)) N X))

1<5<s

Note that for a o € HO(Y, Oy), div(®;(c)) N X is singular at a point € X if and only if

®j(0)(z) = 01 ®j(0)(z) = -+ = Om®;(0)(2) = 0

by conditions on 0;, 1 < i < n. Therefore we have
Sing (div(®;(0)) N1 X ) = div(®;()) N div(919;(0)) N+ -+ N div (9P (07)
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inU.
Now for any (00, (1, ..., Bm),7) € HO(Y, £34) x (H?ll HO(Y, c@kd)) x HO(Y, £Fa), set

_ 1a®;(00)

95.i(00, Bi) = 0;®;(00) .(7)
J

8;®;(7) + @;(B:)P P (1),
and

Wii=X0U;N{gj1 =" =gji =0}
Then for any o = oo + ..o, BPt;rla 4+ yPrla comparing the expressions of g;; and 9;®;, which
gives
_ 1la®(0)
D;(7)

g5.i(o0, Bi) = 0;®;(0) 0;%;(),

we have

95,i(70, Bi)laiv @, (o) = 0i®;(0)div @, (0)-
Applying Lemma [3.3.10| to the section o € H°(Y, £2?), we know that (9;®;(c)) - 79%9 can be
extended to a global section of £L&WNo+1)(d+9) for any § > N;. By the same lemma, the section

0i®; (1) - T(No+1H3 extends to a global section of £L&WNo+D((No+1)+9) for any § > N;. Note that
on U we have

-1
ldq)j(CT) _ lU.Tjd. T-TJNO'H
P;(7) 47 7No+1
o rd=No—l
= [4—L
+d—No
So the section
ld(I)j(O') d-+5 ld(I)'(O') _ —
9. (1) . S — i\9) L d=No .(M,. . (No+1)+(6 1))
@) T 2, T

extends to a global section of £L&WNo+1)(d+9) for any § > Ny 4 1. Therefore the section

_ 1a®;(0)
®;(7)

can be extended to a global section in HO(Y, L&(No+1(d+9)) for any § > Ny + 1.

gj,i(UO>Bi) ~’7‘d+6 _ <8¢‘I>j(0’) 3i(I)j(T)) .Td+5 c HO(U, £®(No+1)(d+6))

Lemma 3.3.11. For 0 <i < m—1, with a fized choice of 09, B1, ..., B such that dim W ; < m—

. d
i, the proportion of By in HO(Y, L&%) such that diim W, ;11 < m—i—1is 1—O(d‘-q2_ (No+DN17 ),
where p is the characteristic of Fy and the constant involved is independent of d, q.

Proof. Let V1, ...V, be the (m—1i)-dimensional F -irreducible components of the reduced scheme
(Wj.i)rea- The closure of the V;’s in Y are contained in the set of (m—¢)-dimensional F-irreducible
components of X Ndiv g; 17 M+ 0 ... Ndiv g; ;7M1 F1 Since the sections g;, 74 N1+ are
global sections of HO(Y, L&WotD(d+Ni+1)) "and that £2(No+1) induces a closed embedding of Y’
into P(HO(Y, L&Wo+1))V) | the sections g;;79TNV1*1 can be extended uniquely to sections of

HO(P(HO(Y, LEWNot WYY O(d + Ny +1)).
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Applying refined Bézout’s theorem (see [Fu84, Theorem 12.3] for a precise statement), we get
s < (deg X)(deg g; 17 (deg g7 TN TY) = (deg X)(d + Ny + 1) = O(dY),

where coefficients involved in O(d?) only depends on deg X . Since for 1 < e < s we have dim V, >
1, so for each V, there exists a t; such that t;|y, is not constant. We want to bound

GEZ-d = {Biy1 € H(Y, £®kd) i 9j.i+1(00, Biy1) is identically 0 on V_}.

Note that if B;11, 8., € GP4, then B;41 — (.., is identically 0 on V,. In fact, as on V,
+ i+1 + i+1

e,j?
95.i+1(00, Biv1) — gjit1(00, Bii1)
®;(Bis1)P@5(7)! — @5(B141)"®;(7)"
= ®;(Bit1 — Bi1)P (1),
and ®;(7) is everywhere non-zero, we have that if Glc?f‘jd # (), then it is a coset of the subspace

of sections of HO(Y,£L®*¢) which vanishes on V.. When d is large, we can decompose kg by
kg = ka1(No+ 1) + kg 2No with kq1,kq2 > 0 and kg2 minimal among all the decompositions.
Note that if kg2 > Ny + 1, we can replace kg2 by kg2 — (No + 1) and kg1 by ka1 + No, which
gives another decomposition of k4. So when kg2 is minimal, we have kg2 < Ny and therefore

kg — N2
kg1 > u.
’ No+1
Then the sections
k k |5a) k
Tk“’=17'j b2 tide’lfj RRSRUURY de>17'j 42 e HO(Y, £®k"')

restricting to V. are linearly independent. So the codimension of the subspace of scections in

HO(Y, £L®*4) vanishing on V, is bigger than or equal to Lkﬁllj + 1. As Lk]f,llj +1> k]ff"ll, this

implies that the probability that g; ;1 vanishes on one of the V,’s is at most

k.
S.qiL%iljil Ssqi Ny,

_ 2
As kqy > BT80Ny > Ny and

ky = %[d— (No + 1)l4] > %[d— (No + 1)(N1 + p)),

we get
kg _ kg—N§
s-q M < s5-q ®oFDM
NE_ d=(No+)(Ny+p)
< 5-qWothNy (No+1)N1p
&+N1+P7 d
S S - qu Nip (No+1)Nyp
2 d_
< s5-q° WNotDHiNyp

— i 2 o DTS
= O(dq (No+1) 1:0)’

where the constant involved in only depends on the degree of X as a closed subscheme of
P(HO(Y, £L2WNoF+1)V)  hence is independent of d and ¢. Since dim W11 < m —i — 1 if and
only if g; i1 does not vanishing on any V., we get that the proportion of 8;11 in HO(Y, LOka)

such that dim W, 1 <m—i—1is 1 —O(di - ¢* Mo+0mi7). O
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Lemma 3.3.12. With a fized choice of 09,01, ..., Bm such that W; ., is finite, we have for d
sufficiently large, the proportion of v in HO(Y, L&*4) such that

. d
dive N W, N {xe |X]|; degx > (m—i—l)N} =0
is .
1 - O(dmg~ o),

where 0 = 0o+ Y vy Bl + +P7le and the constant involved only depends on the degree of X
as a closed subscheme of P(HO(Y, L2WNo+D)V) " hence is independent of d, q.

Proof. Applying once more Bézout’s theorem, we obtain that
#Wjm = O(d™)

with constant involved independent of ¢q. For any x € Wj,,, the set H bad of sections v €
HO(Y, £%%4) such that x is contained in dive with o = oo + Y 1o, BPtiTle + 4P7le is a coset of

Ker (ev, o ®; : HO(Y, LOkR) (),

where k(z) is the residual field of x and ev, is the evaluation at x. If moreover degx > W,
Lemma [3.3.2] tells us that

#Hbad
—_— <
#HO(Y, £®kd) -

—min(| % |, ey )
Thus when d tends to infinity, the proportion of sections v € H°(Y, £L®%¢) such that for o =

o0 + Yoy BitTl 4 Pl

d
divaﬂWj’mﬂ{l’E | X|; degz > m} #0,

is bounded above by
Wi min(| & |, yw) — o(d™q~ min(b’i,—%],m))’

where the constant involved is independent of d, ¢. Since k; = %[d — (Nop + 1)lg] with Ny <y <
Ny + p, we have kg > %[d— (No + 1)(N1 + p)]. Then

EJ>d—(N0+1)(N1+p)_1>d—(N0+1)(N1+2p)> d
No~ — Nop - Nop ~ 2Nop

for large d. However, since N = (Ng + 1)(N1; +p — 1) + p, we have

d d d

(m+1)N — (m+1)[(No+1)(N1 +p— 1) +p] S AN+ DM Tp—1)

When d is large, clearly
d d

< .
2(No +1)(N1 +p—1) = 2Nop
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Therefore L%}J > W,

G0+ X, Altirls 4 pr,

and the proportion of sections v € HO(Y, £L&*) such that for o =

dive N Wj,, N{z € |X|; dega > }=0,

(m+1)N
is .

1 - O(d"q~ ),
where the constant involved is independent of d, g. O
Proof of Proposition[3.3.3 Choose

m

(007(,81,-.-,%)77) € HO(Y, £89) x <HH° Y, LBR) ) x HO(Y, L*4)

uniformly at random. Lemma [3.3.11| and [3.3.12| show that as d — oo, writing

m
o=o09+ Z BPtyrle 4 APrla,
i=1

the proportion of (oq, (B1,--.,0m), ) such that
dimW;,; =m—i, 0<i<m

and

. d
dlvaﬂWjﬁmﬂ{xE |X]| ; dega > (m+1)N} =0,

is

1T (1ot oot (1.~ o)

=0

= 1—O(dm*1.q2_m) (1= O(dmg TnN)) .
( ) )

Since for d sufficiently large,

d d
(m+1)N (m—i—l)[(No—i—l)(Nl +p—1)+p]
S d
T (m+1)[(No+2)(N1+p—1)]
d

(m+1)(No+2)N1p
and
d d d
o 22 >
(No + 1)Nip 2(No +2)Nip — (m+1)(No + 2)Nip
the probability above can be written as

(1 — O(dm*1 q (m“)“%””\’l”)) . (1 - O(dm q <m+1‘><Ndo‘+2)N1p’))

- 1 _0<dm.q—m)_
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On the other hand, for o = gg + Y i, BPt;7le + P7le | as
95.i(70, Bi)laiv @, (o) = 0P (0)|div @;(0)>
we have

Sing(div(®;(0)) N X) N T,

= div(®;(0))NU; N{01®,(0) = -+ = 9, ®;(c) = 0}
= div(q)j(a)) N Uj n {gj71(0'0761) == gj,m(amﬁm) = 0}
= diV(‘I)j(O')) n Wj7m.

Since o = oo + >, B t;T'4 4 4P7le defines a surjective homomorphism of groups

HO(Y, £%9) x <H HO(Y, £®’fd)> x HO(Y, £Fe) — HO(Y, £29),

=1

we obtain that when d — oo, the proportion of o € HO(Y, £29) such that

Sing(div(®,(o)) N X ) NU; NSz € |X|; degz > =0
j j

__ ¢

(m+1)N

is d
1—O<dm-qu).

Since

Sing(divo N X) € | (Uj N Sing(div(®; (o)) N X)),

setting ¢ = m, we have when d — oo, the proportion of o € H°(Y, £L2?) such that

d
is ,
1- O(dm . q_C5>,
which finishes the proof of Proposition [3.3.3] O

Corollary 3.3.13. In the same setting as in Proposition [3.3.3, there exists a constant ¢ > 0
independent of d,q such that

4 {a € HO(Y, £8%) ; dim (Sing(diva n X)) > 0}
#HO(Y, L)

where the constant involved is independent of d, q.

Proof. This follows directly frome Proposition [3.3.3] once we notice that

{a e H(Y, £%7) ; dim (Sing(divamX)) > 0} c Qgigh
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3.4 Proof of Bertini smoothness theorem over finite fields

Proof of Theorem[3.0.1] The zeta function (x(s) is convergent for s > dim X. So in particular
(x(m+1)"t= [Lex (- g~ (m+Ddeg) i convergent. By Proposition

lim u(P<,) = Cx(m+1)"1

r—00

On the other hand, by construction of Py <, Qdmgdr, Q};gh, we have

high
Pi C Pa<r CPqU ngidr U Q..

Hence 4 hint
#Pd N #Pd,gr < #inrj;r #leg !
#HO(Y, L&) #HO(Y, L&) | = #HO(Y, L&)~ #HO(Y, L&)

When d — oo, by Proposition [3.2.2] and Proposition [3.3.3 we have

#Q5, #Qhish
#HO(Y, L&) © #HO(Y, L&)

= 0(¢7") +0(d™ - q ).

Hence 7i(P) and p(P) differ from p(P<,) by at most fi(Q2e?) +7(Q5E") = O(g™). So letting r
tend to oo, we get
p(P) = lim p(P<;) = Cx(m+1)7"
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Chapitre 4

Arithmetic ampleness

In this chapter, we discuss arithmetic ampleness for arithmetic varieties, i.e. integral separated
schemes which are flat and of finite type over Spec Z. This notion is established in [Zh92] and
[Zh95].

4.1 Recall of basic properties

Definition. Let M be a complex analytic space. Let L = (L, ||-|) be a Hermitian line bundle
on M, where |-|| is a continuous Hermitian metric on L. Then L is said to be semipositive if for
any section o of L on any open subset U of M such that s does not vanish on any point of U,
the function —log |||l is plurisubharmonic on U.

Remark. If M is a complex manifold and the Hermitian metric ||| on L is of differentiability
class C2, then saying that L is semipositive is equivalent to saying that for any section s of L on
any open subset U of M such that s does not vanish on any point of U,

V=190 (—log ||s]])
is a non-negative (1,1)-form.

Definition. Let X be a projective arithmetic variety, which means an arithmetic variety pro-
jective over Spec Z, and let £ be a Hermitian line bundle on X. We say that £ is ample on X if
it verifies the following three conditions :

i) L is ample over Spec Z;

ii) £ is semipositive on the complex analytic space X'(C);

iii) for any d > 1, HY(X ,Z®d) is generated by sections of norm strictly smaller than 1.

For any Hermitian line bundle £ = (£, ||-||) and any real number &, we note £(§) the Hermitian
line bundle (£, ||-|| e~%). If £ is ample, it is easy to see that £(J) is also ample for any § > 0.

A useful result concerning ample Hermitian line bundles is the following proposition, which
is a simple version of [Ch17, Prop. 2.3] :

Proposition 4.1.1. Let X be a projective arithmetic variety, and let £ be an ample Hermitian
line bundle on X. There exists a positive constant g such that for any large enough integer d,

HO(X,Z®d) has a basis consisting of sections with norm smaller than e~
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Now we recall the arithmetic Hilbert-Samuel theorem for arithmetic ample line bundles, which
is proved by Gillet and Soulé in [GS92] using arithmetic Riemann-Roch theorem for arithmetic
varieties with smooth generic fiber. There is also a proof given by Abbes and Bouche in [AB95]
without the application of the arithmetic Riemann-Roch theorem. The generalization without
the smoothness condition on the generic fiber is proved by Zhang in [Zh95].

Theorem 4.1.2. Let X be a projective arithmetic variety of absolute dimension n, L an ample
Hermitian line bundle on X and M a Hermitian vector bundle of rank r on X. As d tends to
00, we have

W, (X, 2% @ M) = %an” +o(d).

Proof. The statement can be found in [Yu08, Corollary 2.7 (1)]. We get this by combining two
results. The first one is the estimate of Xqup (Z®d ® M), which is the logarithm of the covolume

of the lattice HO(X 7Z®d ® M) for the sup norm, given by Shouwu Zhang in [Zh95, Theorem
(1.4)] as

—®d - T —=n
Xsup(c® & M) = E‘C dn + O(dn)
The second result is a consequence of [GS91), Theorem 2|, which says that

%, (X, 2% © M) — xeup (L7 © M)| = O(d" log d).

4.2 Restriction modulo N of sections

Lemma 4.2.1. Let X be a projective arithmetic variety, and let L be an ample Hermitian line
bundle on X. There is a positive integer dy such that when d > dy, we have

HO(Xy, £°7) ~ HO (X, 2°%) /(N - HO(x, £°%))
for any positive integer N, where Xn = X Xgpec z Spec Z/NZ.

Proof. We first prove the lemma for the case when IV is a prime number. By the flatness of the
. C - —®d .
structure morphism X — Spec Z, the Euler characteristic X(/j? ) of the fiber X, satisfies

—®d —®d
xX(£, ) =x(Ly )
for any prime p. We choose a d; such that hi(XQ,ZQM) = 0 for any d > d; and any i > 0, which

implies hi(Xp,Z(X)d) = 0 for all but finitely many p. Let do € Z~q be such that h"(Xp,Z@d)i: 0
for each of the remaining primes p and any 7 > 0. Such a dy exists as the restriction sheaf £]x,
is ample for any prime p. Then we can take dy = max(dy, ds). For any d > dy, we have

—=®d —®d —®d —®d
hO(XP7[’ ) :X(‘cp ) :X(‘CQ ) :hO(XQv‘C )

As the function p — hO(Xp,Z®d) is a semicontinuous function, the constancy of ho(é\,’p,z®d)
implies that
H(X,, £°) ~ HO(X, 27"/ (p - (X, 2°%))

for any prime number p.
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Now any positive integer N has a decomposition N = []/_, p{* for some prime numbers p;
and positive integers s;. Then we have

Xy = X Xspee 7 Spec (Z/NZ) HX X $pec 7 Spec (Z/ (p2) ) HX ..

i=1

Hence for any d,

—®d " —®d s —®d
HO(Xy, L ):HO(Hpri,ﬁ ):HHO(pri,ﬁ ).
=1 =1

On the other hand,
HO(x, £°%) /(N - HO(x, %" HH0 (X, 2% ( -HO(X,Z®d)>.

Hence it suffices to prove the case when N = p° for some prime number p and some positive
integer s. The case when s = 1 is proved above, so we may assume that s > 1. Let

—®d —®d —®d
Gaps s HO(X,Z7%) /(p* - HO(X, 27)) — HO(Xye, L)

be the map induced by HO(X, Z®d) — HO(XPS,ZQM). Note that HO(XI,S,Z@d) is a free Z/p°Z-
module of rank equal to dimg, HY(X),, £®d)
and only it is injective. By the proven isomorphism HO(X,Z®d)/(p~HO(X,Z®d)) ~ HO(X,, Z®d)7
we have Ker(y)/p - Ker(¢) = 0, which suggests Ker(¢) = 0 by Nakayama’s lemma. Hence we
conclude. O

So by cardinality reason gy is an isomorphism if

We have two results concerning the restriction modulo N map.

Proposition 4.2.2. Let X be a projective arithmetic variety, and let £ be an ample Hermitian
line bundle on X. Let 0 < ag < 1 be a real number. There exists a positive constant n such
that for any d € Zsq large enough, if N € Z~q is bounded above by exp(d®°), then the following
holds :

i) the restriction morphism

—=®d —®d
de,N : H%r(‘)(aﬁ ) —)HO(XNvl: )
is surjective, where Xn = X Xgpec z Spec Z/NZ ;
i) for any two sections s,s’ in HO(XN7Z®d), we have

[#van () = #Yan ()l _

#ign(5) -

This proposition is a reformulation of [Ch17, Proposition 2.14]. Here the constant o can be
any real number between 0 and 1.

—nd

Proposition 4.2.3. Let X be a projective arithmetic variety, and let L be an ample Hermitian

line bundle on X. Let g be a constant as in Proposition and choose a constant € < &g.
For a positive integer N, let

—®d —®d

1/Jd,N :HOAr(X7£ ) HHO()C‘N"C )
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be the restriction map, where Xy = X Xgpec z Spec(Z/N). When d is large enough, for any odd
integer N < e and for any subset E C HO(XN,Z®d), we have

#97 v (E) _ #E
—wa, =4 —®d,
#HQ (X, 27~ #HO(XN, L)

Proof. Note that HO(X ,Z®d) is a free Z-module for any d. For simplicity of notation, we write
h = rk(H° (X,Z®d)). We may assume that d is large enough so that for any positive integer N
0 7®d oy 7o¢ oy 72¢
we have HO(Xy, Z°%) ~ HO(x,2°%) /(N - HO(X,Z°")) by Lemma [1.2.1] Let (o1,...,04) be a
Z-basis of H° (X,Z®d) such that
lojl < e 04, ¥j e {1,...,h}.
For an odd integer N such that 0 < N < €24 with a fixed € < gy, we set

h
N .
Dd,N: U:Z)\]U'j ; |/\]|§5, /\jER CHO(X,,ﬁ@d) ®z R.

j=1

Then we have

h
—®d N -1 N -1
Dgn NHY(X,L77) = UZjEZIAjUﬁ _TS)‘jST7 N €Ly,

and
(X, %) @z R = N - HO(X, 2°%) + Dy.y.

Moreover, for any o € Dy n, we have a bound for the norm of o
N
loll < ho et

The existence of such a basis is guaranteed by Proposition In particular, when d is large
enough, as N < efd with € < &g, any o € Dy n satisfies

h
o]l < §e<6*€0>d <1

. —®d
Note that by the expression of Dy yNH? (X, o ), we have a 1-1 correspondence between elements

in Dgy N HO(X,Z®d) and elements in HO(XN,Z®d) induced by the restriction modulo N map.

So the map
ban t HO (X, L5Y) — HO (A, 2°7)

is surjective for such N.
For any R € R, we set

Ba(R) = {cr e HOX, 2% @z R ; ol < R} .
Then in particular, we have
®d
).

By(1) nH (X, %) = HY, (X, L
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For any element o € HO(X,Z®d) ®z R, we can find a o’ € N -H° (X,Z®d) such that o — o’ €
Dy, n. If moreover o € By(1), we have

N
oI <llof| +flo = o'|| < 1+ h56’€°d~
Thus we have two inclusions

N _
Ba) € (Bai+ Gre 0N L) + Da
0 —®d Nh —eod 0 »®d 0 7&d
NG 27 € (Bl + Sre ) AN -, Z7) ) + Do NH(X, 7).

Note that any element in HO(XN,Z®d) has exactly one preimage in Dy n N HO(X,Z®d). The

number of sections o € Dy n N HO(X,Z®d) such that ¢4 n(0) € E is equal to #E. Then by the
above inclusion, we have

#OTN(E) = #{o e HL(X, L) ; dun(o) € B}

# <Bd(1 + %ﬁod) AN - HO(X,£®d)> -#E.

IN

Now we bound # (Bd(l + Hhe=eod)A N - HO(X,Z®d)). Ifo e Bd(l+%6_5°d)ﬂN-H0(X,Z®d),
any o’ € 0 + Dy y satisfies

Nh

76_60[1 + —¢od =1 + Nh,@_aod.

Nh
o'l < llofl +[lo —o'[| <1+ ¢

Hence N
(Bd(l + 7e*ﬁod) NN - HO(X,£®d)) + Dgn C Ba(1 + Nhe=0%),

and in particular, we have

Vol ((Bd(l + %e*EOd) NN - HO(X,£®d)> + Dd,N) < Vol (Bd(l + Nhe—aod)) )

—®d :
If 01, 05 are two distinct elements in By(1 + Ee=0d) N N - HO(X, ot ), the intersection (o1 +

—®d
Dy n) N (024 Dy n) is either empty or a subset in H(X, % ) ®z R of dimension smaller than
h. In particular, the intersection always has volume 0. Therefore we have

Vol ((Bd(l + NThefsod) NN - HO(X,,C®d)> + Dd7N>

R (Bd(l + N7he—60d) NN - HO(X,£®d)) - Vol(Dy,n).

From this equality, we can bound # (Bd(l + Mhe—c0d) N . HO(X,Z®d)) as
i (Bd(l + %6750(1) nN- HO(X,£®d))

Vol ((Ba(1 + Bte-d) A N - HO(X,2%)) + Dy )
Vol(Dgy,n)
Vol (By(1 + Nhe<0%))
- Vol(Dgy,n)
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Now set

h
Dd’1 =40 = Z)\jd’j 3 |>\]| <

Jj=1

1 _
s M ERDC HO(X, 25 @z R.

We get similarly that for any o € Dy, [lof < Ze=0d If o € HO(X,Z®d) ®z R is such that

. —®d
o < 1 — Ze==0?, then we can find a section o’ € HO(X,£® ) such that o € o’ + Dy1;
moreover, we get

h h
lo'll < lloll +llo = ol < 1= Gem=t 4 Zem=? = 1.

Thus we have
h _
Ba(1—5e™%) ¢ HA(X,Z™) + Duy.
So similarly we have
h —eod 0 —®d
Vol Bd(l - 56 ) < #HAr(Xa L ) : VOI(Dd,l)

Note that for any R > 0,

Vol (B4(R)) = R"Vol (B4(1))

and
Vol(Dg,n) = NhVol(Dd,l).
Hence
h
Vol (Ba(1+ Nhe=<*4)) [ 1+ Nhe==0d " Vol (By(1 — Le=s01))
Vol(Da,n) 1 he—cod N Vol(Dyg 1)
h _
< 1+ Nhe~%0d\  #HY (&, £®d) - Vol(Dg.1)
©o A\ Logerd N%-Vol(Da,)
h 1 + Nheieod " 0 —®d
= N© T p—— #H (X, L),
2
Since N < e°¢, we have
(1+ Nhe_god)h = exp (NhQB_EOd + O(Nthe—and))

— 1+Nh26750d+O(N2h467250d)
< 1+h2€(6_€0)d+O(h462(6_60)d).

As ¢ < gg and that the rank h = rk(H°(X, f®d)) grows polynomially with d, when d is sufficiently
large,
(1+ Nhe foh)h < 1 4 2p2ele—20)d < 9,

Similarly, we have when d is sufficiently large,

2

ﬁe*EOd)h =1- %6750[1 + O(h*e=250d) > 1 — p2e=0d >

-5

N =
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Hence we have

1+ Nhe==od\" o 14 2n%elme0
1—lte—cod | 71— h2e-s0d ~

for any N < e®?. Therefore, we can bound # (Bd(l + NThe*EUd) NN - HO(X,Z®d)> by

4 (Bd(l i %efaod) NN HO(X,£®d)>

Vol (Bd(l + Nheisod))
- VOI(D,LN)

h

1+ Nhe¢od —®d

—h 0

N <1_h6—50d> #Hp (X, L)
2

4N—h : #HOAr(sz®d)7

IN

So finally we have

#Un(E) < # (Bd(l - %e‘“d) NN - HO(X,£®d)) H4E

IA

AN (#HOAr(X,Z®d)) HE.

Note that by Lemma when d is large enough, H® (XN,Z®d) ~ HO(X, Z®d)/ (N-H(x, Z®d)).
So for such d we have #H?° (XN,Z®d) = N". Hence

#Ug N (E) #E
—®d S 4 —®d
#H?Xr(‘x? L ) #HO (XNa L )

and we conclude. O

Remark. When d is large enough, HY(X ,Z®d) is a free Z-module such that
h = rk(HO(X, 2°%)) = dimg H(Xg, £°%) = x(Xg, £5%)

as L is ample.
The asymptotic Riemann-Roch Theorem tells us then that

((Llx)"")

h= (n—1)!

dn—l 4 ()(dn—2)7

with ((£|a,)"™!) the intersection number of n — 1 copies of L|x,, whereas
0 »®d 4 T 5non n
h (X, L7 @M) = E'C d" + o(d")

by Theorem
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Chapitre 5

Convergence of special values of zeta
functions

Let X be an arithmetic scheme of absolute dimension n. We fix from now on a constant ¢y > 0
such that for any prime integer p and any e € Zg,

#X(Fpe) = #X,(Fpe) < cop™ e,

where n is the absolute dimension of X' (so &), is of dimension n — 1). Such a constant exists
by the Lang-Weil estimates in [LW54]. A good introduction to the function #X (F,:) and its
properties is Serre’s book [Sel2].

We know that the zeta function

Ce(s) = T (0= #n(a))7

z€|X|

is absolutely convergent for any s € C satisfying Re(s) > n. Moreover, the zeta function of X is
the product of the zeta function of all its fibers, i.e. we have

()= [T ¢ ls).

p prime

For later use, we calculate in this section the speed of convergence of

I[I - #a@ )

€| Xp|, degxz<r
to Cx,(n+ 1)~ when 7 — oo, and that of [T,<r¢x,(n+1)7" to (x(n+ 1)~! when R — oo.
Lemma 5.0.1. For any prime number p and any positive integer e > 1, we have
—log(1—p~¢) < 2p~©.
In particular, for any closed point x on an arithmetic variety X and any integer e > 1, we have
—log(l — #k(x)™¢) < 2- #r(x)~"
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Proof. For any real number 0 < ¢t < V51 e have —log(1 —t) < 2log(1 + t). Indeed, when

2
0<t< ‘/52’1,we have

1
—1<t2+t—1:(t+§)2—g§0.

Then
A+t A —t)=1—- 3+ —t) =1 —-t(t*+t—1) > 1,

which implies
1
< (141)?
i.e.
—log(1 —1t) < 2log(1 +t).

Since for any ¢t > 0, log(1 + t) < t, we have for 0 <t < @,
—log(1—1t) < 2t.

V5—1
2

As ¥Y5-1

— > %, any prime p and positive integer r > 1 satisfy p=" < . Hence we conclude. [

Lemma 5.0.2. Let X be an arithmetic scheme of absolute dimension n. For any prime number
p and any positive integer r > 1, we have

[T (1-pees) -t 1) | < degp 20+,
z€|Xp|,degx<r

Proof. By Lemma [5.0.1] for any closed point z of X,
—log(1 — #n(z) " "Y) < 2 ga(a) Y
We have

Z (— ]Og(l _p_(n-‘rl) degnc)) < 2 Z p—(n+1) degz

z€|Xp|,degx>r €| Xp|,deg x>

< 2 ) HX(Fpe)p Y
e=r+1

) Z cop(n—l)e .p—(n-ﬁ—l)e
e=r+1

= 2¢ i p2e

e=r+1
p—2(r+1)

IN

= 2 _
Co 1 7[)72

< AegpT 20,

On the other hand, for any = € ||,
(1 _p—(n+1) deg:c) < 1.
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Hence

H (1 _pf(n+1)dega:) _ CXP (n + 1)71
€| Xp|,degz<r

H (1 7p7(7l+1)dega:> N H (1 7p7(n+1)degw)

r€|Xp|,degx<r z€|Xp|,degz>r

< 1-— H (1 _ p—(n+1)deg2)

€| Xp|,deg x>

- 1_ exp Z lOg (1 _ pf(nJrl) degm)
T€|Xp|,degx>T

By the above computation, we have

[T (1-poess) — 1)

€| Xp|,deg z<r
< 1l—exp (—4cop_2(r+1)>

< 400p—2(7‘+1)

as for any t > 0, e~ > 1 — ¢. Therefore we conclude. O

Lemma 5.0.3. Let X be an arithmetic scheme of absolute dimension n. For any prime number
p, we have
0 < logCx,(n+1) < 4dcop™>.

Proof. In fact, we have

0 <log(Cx,(n+1)

log | [ (- #r(z)= D)~

TE|Xp|

(-1) ) log (1 _#H(:E)f(m))

€[ Xp|

< Z 2#/{(9&)_("“)

TE|Xp|
< 2 Z #X (Fpe) - p et
e=1

where the third line uses Lemma By the choice of ¢y at the beginning of this section, for
any e,

H#X (Fpe) = #X,(Fpe) < COP(nil)e-
Then we have

S E) p T < o3
e=1 e=1

IN
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Hence we conclude.

Lemma 5.0.4. When R € Z~ is large enough, we

[T ¢ (n+ 17" = Caln+ 1)

p<R

have

< 8colx(n+1)"1- R

Proof. Since (x(s) = Hp Cx,(s), for a positive integer R we have

[[xnm+D) =+ = Ca(n+

p<R

Cx(n+

D7 e (n+ 1) -1

p>R

D7 Jexp [ ) logCa,(n+1) | —1f.

p>R

Since by Lemma 0 <logCx,(n+1) < 4cop~?2, we have

0< Y logCx,(n+1) <
p>R

<

<

When t € R is sufficiently small, we have e! — 1 < 2t

[I¢x,n+D" =+ )7 = Cx(n+

p<R

A

Cx(n+

A
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e Z p?

p>R

460 Z ]{Z72

k>R

400/ z 2dx
R

400 Ril .
. Therefore when R is sufficiently large,

1~ |exp Zlog(xp(n+1) -1
p>R

=t |exp (decoR71) — 1]

8COR_lgx(n + 1)_1.



Chapitre 6

Effective computations on a single
fiber

In this chapter, for a regular projective arithmetic variety & of dimension n equipped with
an ample Hermitian line bundle £, we calculate the density of the set of global sections in

HY (X ,Z®d) whose divisor has no singular point lying on a fiber X}, for a fixed prime integer
p when d — oo. Note that this density differs from the density of sections in HO(X,,, L&)

whose divisor is smooth over F,. This is because when a global section o € H°(X, ot ) is such
that dive has no singular point on &), it is still possible that its image by the restriction map

bd,p : HO(X,Z®d) — HO(&,, £9) is such that divega, (o) is singular.
Indeed, let = be a closed point on the fiber &}, with maximal ideal m, as a closed subscheme
of X. We may assume that &, is smooth over F,,. The maximal ideal of = as a closed point of &),

ismy,, =mg/(p-Ox.). For any o € HO(/KZ@M), its divisor dive is singular at z if and only
if o is contained in HO(X7Z®d ®m2), where we identify HO(X7Z®d ®m2) with a sub-Z-module

of HO(X ,Z®d) by regarding Z®d ® m2 as a subsheaf of Z®d. This is equivalent to the condition
that, denoting 2’ the closed subscheme of X’ defined by the ideal sheaf m2, the image of o by the

restriction map HO(/KZ@d) — HO(2’, £89) is 0. Similarly, denoting x” the closed subscheme of
&, defined by m%(p’w, diveyy (o) is singular at z if and only if the image of o by the restriction

map HO(X,Z®d) — HO(a2", £84) is 0. Note that as x is a regular point of X,
HHO (@, L5%) = $1°(2!, O) = (#(2)) .
Similarly, since X}, is smooth,
HHO (2", £97) = #HO(2", 00r) = (#x(2)) TV = (Hw(a)™.

—®d
Moreover, by the definition of 2’ and 2", the restriction map H°(X, o ) — HO(z", £2?) factors

through
HO(x/’ £®d) SN HO(J:”, £®d).

Therefore we have a strict inclusion
Ker (HO(X,Z®d) S HO(, L®d)) C Ker (HO(X,Z®d) S HO (2, z:®d))

which implies that it is possible that divey (o) is singular at = while divo is regular at z.
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Example. Consider PZ together with the ample line bundle O(1) on it. Then X2 +5Y?2 — Z2 is
a global section in H(PZ, O(2)). The restriction ¢ 5(X? +5Y* — Z?) in HO(PF_, O(2)) is equal
to X? — Z2. So div(¢g,5(X? 4+ 5Y? — Z?)) has a singular point P = [0,1,0] € P§_. But P is not a
singular point of div(X?+5Y?2 — Z2). Indeed, consider the open affine neighbourhood A% = P2 —
div(Y) of P. The ideal sheaf my; p of P in A is generated by 5, £,5 € H'(AZ, Op2). Thenm3, ,

is generated by )}%7 12/—27 25, %, %7 % Let P’ be the first order infinitesimal neighbourhood of

P in PZ. Then P’ can be regarded as a closed subscheme of A2 defined by m?v p- Note that
7

X2 z?
Y2 y?
The image of X2 +5Y2—Z2 in HO(P’/,0(2)) is 5- Y2, which is non-zero. So P is a singular point
of div(¢pa5(X? +5Y? — Z?2)), but it is not a singular point of div(X? + 5Y?2 — Z?2).

X2 45Y2 7% =( +5)Y2

6.1 Main result
We write
Pap = {O’ € H%r(.}(,f@i) ; div o has no singular point on Xp} .

Theorem 6.1.1. Let X be a regular projective arithmetic variety of absolute dimension n, and
let £ be an ample Hermitian line bundle on X. There exists a constant C' > 1 such that for any
large enough integer d and any prime number p verifying Cnp™ < d, we have

e ()

————— = —Cx,(n+ n
#H, (4,27
where the constant involved in big O is independent of d, p.

To prove the result, it suffices to prove the following proposition :

Proposition 6.1.2. Define

2
dive’,x

P pe = {0'/ € HO(XPQ,Z®d) ; Va e [dive’|, dimy () Ediv”/’z =n— 1} ,

where X2 = X Xgpec 7 (Spec Z/pQZ). Then there exists a constant C' > 1 such that for any
prime number p verifying Cnp™ < d, we have
dy-3
~o(G)7)
p

‘ #P' 4
where the constant involved in big O is independent of d, p.

IPEP—
HHO(X,2, L7
Proof of Theorem|[6.1.1. Assuming this proposition, by Proposition for any 0 < apg < 1 we

can find a constant n > 0 such that when d is large enough, for any prime number p such that
—®d
),

p? < exp(d*) and any o}, 0 € HO(X,2, L
_ , —®d _ —®d
# (62 (o1) VR, (X, 2) — # (6% (o) N R, (X, 2°))

# (07k(01) NHY (X, 27)

—(x,(n+1)7"

—nd
<e
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where ¢g 2 : H (X,Z®d) — HO(sz,Z®d) is the restriction map. When we take the sum over
all o} € HO(sz,Z®d), as

U (fb;i,z (o) NHR, (X f@d)) — HY, (X, 2%

oL€HO(X 5 L%

we get
# (603 () NHA(X, T - (#HO(Xe, £7)) = B (2,27
< X e )~ (sl L ET)
oyeHO (X5 L9
< Z e nd . # <¢;’11?2(01) HH%T(X,Z(X)d))

oLE€HO(X 5 L%

= e (7 ha(0h) NHR(X 2 ) - #1082, 27

Dividing both side of the inequality by #H?° (sz,z®d), we get

—®d
 #HQ (X,

PR < g (i it )
p?s

'# (#2300 NHAL(X.Z7)

. . . . —®d .
Since Pgy, is exactly the preimage of P’y 2 in HY (X, i ), summing up over all o’ € P/ 2,
we get

"y, (x, L%
#Pap — M cHP g2
#HO (X2, L)
-1 ’ 0 —®d #ng(‘xvz@d) /
= # U (¢d,p2 (U ) N HAr(X7 L )) - ﬁ . #P d,p?
Ulep/d)pQ #H (Xp2a L )
—®d
_ —=®d #HO r Xv ‘C® )
< Z # (¢d)11)2 (o)) NHA(X, L )) - %
U/GPId,pZ #H (Xp2, E )
_ _ —®d
< Y e (0o NHG (X, L)
a’ep’dypz

= e gp,, < e #HO (X, T,
Dividing this inequality by #HS, (X, Z°"), we get

<e M,

#Pa,p  #Plape
419 (X, 2% #HO(X., 2%
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Therefore assuming Proposition [6.1.2] we have

P, _
#7df®d _ CXp(n + 1) 1
HYL (X, L)
3'%,Pld,p2

IN

/!
‘ # P #P —Cx, (1)

#HQ(X, L) (X, 27 | B0, 27

- oso(() ) o(6))

O

The proof of Proposition follows the method of Poonen for his proof of the Bertini
theorem over finite fields in [Po04].

We will prove Proposition through the following steps.
1. In Section|6.2|we will calculate the proportion of o € HO(sz , Z®d) such that dim,q,)

Mdivo,x
2
my

ivo,x

n — 1 for any closed point = of degree < r for an integer r. This proportion equals to

I[I = #a@ )

z€|X|, degx<r

for r not too big. We will give a bound r4 for r depending on d where this proportion is
valide for any 0 < r < ry4.
2. Then in Section [6.3] we will show that for some integer constant N, the proportion of

—=®d . .
o€ HO(Xp2,£® ) such that there exists a closed point x of degree between r4 and %

where the condition dim,, ;) % = n — 1 is not satisfied tends to 0 when d tends to
divo,z
infinity.
3. In Section we will show the following : there exists a constant N(p) depending on p

. —®d . . L. .
such that the proportion of o € H° (Xp2, i ) which satisfy the condition that there exists

a closed point x of degree larger than #(p) where we have dimy,,) 23”” # n — 1 tends
d

ive,

to 0 when d tends to infinity.

4. In Section [6.5] we will put these three estimates together to get an effective estimate of
proportion of global sections whose divisor has no singular point on one single fiber.

In the following, we need a relative version of Lemma [3.0.2] :

Lemma 6.1.3. Let L be an ample line bundle on a projective scheme Y flat over an open
subscheme & = Spec R of Spec Z. Then there exists a positive integer N such that

i) L% is very ample for all d > N ;

it) for any a,b > N, the natural morphism of R-modules

HO(, £5%) @ HO(, £5%) — HO(Y), £5()
18 surjective.

Proof. It suffices to take the integer N such that Lemma holds for the generic fiber Vg and
that HO(Y, £&?) is torsion free for any d > N. O
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6.2 Singular points of small degree
We need a lemma :

Lemma 6.2.1. Let Z be a closed subscheme of X2 of dimension 0, and let N be a positive
integer such that LON is very ample. The restriction morphism

HO(X,2, £9) — HO(Z, L57)
is surjective when d > Nhyz, where hy = dimg, (HO(Z7 Oz) ®z/p2z IFP).
Proof. Let Cy be the cokernel of the restriction map. Then Cy ®z/,,27 ), is the cokernel of
HO(&,, £2) — H(Z,, £LE) = HY(Z, L%?) @722 F).
When d > Nhz, by Lemma we have Cgq ®7/p27 I, = 0. Then by the short exact sequence
0—pCq — Cqg — Cq ®gp2z Fp — 0,

we get pCy = Cy. Applying Nakayama’s lemma to Cg, considered as a Z/p?Z-module, we get
C4 = 0. Thus the surjectivity of the restriction map in the lemma holds when d > Nhy. O

Lemma 6.2.2. Set

Pope<r = {a' € HO(sz,Z®d) ; Vo € |dive’| of degree < r, dim,y) m;iw/’m =n— 1} .

dive’,x

When d is sufficiently large, for any positive integer r satisfying 2co Nnrp™—1" < d, we have

#’Pél,p’z,gr _ H (1 _ p—(n+1)degz>
0 ®d '
#H (szr ’ L ) z€|Xp|,deg x<r

Proof. For any closed point x € X2, let 2’ be the closed subscheme of X,> defined by the square

of the maximal ideal of x. Then 2’ is the first order infinitesimal neighborhood of z in X}2. We
. —®d, . . .

have x/ ~ SPCC(OX,Jz,,x/mQXPQ’,m)- A section ¢’ € HO(XP2,£® ) is such that dive’ contains x and

Myive! ,x

P
Mive! o

that dim,,(,) = n if and only if the restriction map

HO(X,., 2°7) — HO(2', 2°%)

sends ¢’ to 0. For a positive integer r, let XIQQ,ST be the disjoint union

/ _ 1
Xp?éf - H z.

z€|X 2|, degz<r

Then we have a natural isomorphism

. L%~ [ W
z€|X 2|, deg z<r
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A section o’ € HO(X,2, Z®d) is such that divo’ is regular at all closed points z of degree < r if and

only if its image in HO(X e < P ) lies in the subset which by the above natural isomorphism

corresponds to
11 (Ho(m’,z®d) - {0}) .

z€|X 2|, deg w<r

To get the result, we need to study the surjectivity of the restriction map
—®d
HO(Xyp2, £97) — HO(Xs o L77) 2 HO(X, O, ® L),

When n = 1, the number of closed points of |X,2| is bounded above by #&X'(C). We have

dime, H(X)a o, O, ) @zypp By = dime, H(Xe, [] Ou) @222,
e degz<r

= Z dim]pp H° (l’l, Oy) Qz/p27. ]Fp
degz<r

= Z (1=1)+1)degx
deg z<r

< Z degx < o0
€| X 2|

for any r > 0. So the restriction map is always surjective when d is sufficiently large by Lemma
[6:2.1] When n > 1, we have

dim]Fp HO(X[;27ST, OXZ/JQ,ST) R7z/p27 F, = dim]]_:p H° (Xp2, H Oac’) ®z/p2z F,

deg z<r

= Z dim]pp H (l‘/, Ozl) ®Z/p2Z ]Fp

degz<r

= Z (n—=1)+1)degz

degz<r

n Z #Xp2 (Fpe e
e=1

n Z cop'" Ve
e=1

s
neor - Zp(”_l)e
e=1

p(n—l)(r—i-l) -1

IN

IN

IN

< ncyr e

(n—1)(r+1) _ . . ..
By Lemma|6.2.1} when d > N - (ncorppn_il_ll> with NV as in the lemma, the restriction map

HO (X2, £57) — HO (sz, O, @ £®d)
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is surjective. In particular, since we have

p(nfl)(rJrl) -1 p(nfl)(rJrl)

neor P — < negr % —— = 2110()7'1)(’“1)’“7
the surjectivity of the restriction holds for 7, d verifying
2o Nnrp»=b7 < d.
For such r, d, we have
/
#OPd,p‘{gr = H (1 7p7(n+1)deg:v> '
y [®
#H (Xp )E ) €| Xp|,deg x<r
O
6.3 Singular points of medium degree
Let N be an integer satisfying Lemma Set
- d ive’,x
ng;g,r = {a' € HO(Xp27£®d) ; Iz € |divo’| of degree r < degx < N dim,, () mg. ,’ = n}

Lemma 6.3.1. We have forr > 1,
#Qg‘;‘;ﬂ_
#HO(X,2, LO)

where the constant ¢y is as defined in Chapter[3

< 200p_2(r+1),

Proof. For any closed point x in X2, applying Lemma [6.2.1] to the first order infinitesimal
neighborhood " of z in X2, we get that the restriction morphism

HY(X2, L87) — HY(X2, O @ LPY)
is surjective when
N(ndegz) <d,

which is when degx < %. We can then estimate the proportion of elements in ng;gm by

Lﬁfﬁf < Z #Ker (HO(Xp27 L) — HO(Xp27OI' ® £®d))
#HO(XP2 ’ £®d) a r<degz<| d #H()(Xp2 ’ £®d)
—LnN
=%
Z #X(]Fpe)p—(n+1)e
e=r+1

Z COp(n—1)ep—(n-|-1)e
e=r+1

IN

IN

A
&
]
hB\

&
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6.4 Singular points of large degree

Proposition 6.4.1. Let 0 < a < 1 be a constant. There exist positive integers No, N1 only
depending on X and L such that for any p < d%, denoting

N(p)={No+1)(N1+p—1)+p,

and

. . d ive’,x
ng)? = {a’ € HO(sz,,C@d) ; 3z € |diva’| of degree > NG’ dim,, () mgi = n} ,

divo’,x

we have hieh
ig
#Qd1p2 _ O (dnp—61%> ,
#HO (X2, LOD)
where ¢1 and the constant involved in big O are independent of d,p and .
In particular, we have

high
#0O,5,
lim d.p

=00 #HO(X2, LO9) — 0

Remark. When d is large enough, for any p < d%,

dnp—q% < dndfcladl_a _ dnfcladl_a'

high
d,p?

Asa <1, dr—e12d ™ tends to 0 when d tends to infinity. So the above proportion FHO(X, 5057

is always near 0 for any p < d* when d is large enough.

When X is regular, so is its generic fiber Ay, which is equivalent to say that Ay is smooth

over Q. This implies that we can find an open subset S of Spec Z such that Xs is smooth
over S. We will give a uniform control of the proportion of Qg’i? for primes p € S such that
2coN(p)np"~! < d. As Spec Z — S is a finite scheme, the set of primes p where the proportion

of inig is not controled is finite in number. We then give independent control of the proportion
of Qgiigl for each fiber with constants possibly depending on p. The finiteness of such p permits
us to get a uniform control for all primes p verifying 2coN (p)np™ ! < d.

Thus Proposition is implied by the following two propositions :

Proposition 6.4.2. Fiz a constant 0 < a < 1. For any prime p < d* such that X, is smooth
over I, we have

#Quye S
HHO(X,, £5) _O(d b )

where ¢1 and the constant involved in big O are independent of d,p and .

Proposition 6.4.3. Fiz a constant 0 < a < 1. For any prime number p < d* with possibly
singular X,, we have

#QZT%E -0 (dn —c’14>
HHO(X,, £od) — O\ P )

where ¢} and the constant involved in big O are independent of d, «, but may depend on p.
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We prove first the smooth case. Before proving Proposition we need some preparation.

Lemma 6.4.4. Let S be an open subscheme of Spec Z such that Xs is smooth over S. We can
find a finite cover of Xg by open subschemes U wverfying the following conditions :
1) we can find ty,...t,—1 € H'(U, Oy) such that

n—1

05 ~ €P Ovdt;

i=1

2) for any positive integer M, we can choose a constant Ny > M satisfying Lemma such
that there exists a 7o € HO(Xs, LENoHD)Y such that Xs — U = divry ;

3) with the same Ny as above, there exist i, ... 7, € H?(Xs, LON0) such that U = Ui<j<r(Xs—
divr;). o

Proof. As ka/s is a locally free sheaf of rank n — 1, we can find a finite open covering {Us} of
Xs and sections tg1,...tg,—1 € H*(Ug, Ou, ) such that

U[-]/S - @ OU[-IdtB i

Hence we may assume the condition (1) for U. Moreover, if the condition (1) is satisfied by U,
then it is also satisfied by any open subscheme of U.

If U is an open subscheme of Xs satisfying the condition (1), we will show that it can be
covered by finitely many open subschemes {U,} of U which satisfy the conditions (2) and (3).
This will finish the proof of the lemma.

Since £ is ample, we may take a positive integer N} > 0 satisfying Lemma such that
for any d > N, the sheaf Ty, _y ® E%d is globally generated, where Zy,_¢; is the ideal sheaf of
Xs — U with the induced reduced structure. We may then choose non-zero sections

7 e HO(Xs, Tus v @ L°°0)  HO(Xs, 2200,

generating Ty, ® ™ This means that set theoretically, we have Xs — U = ), div(7]). In
other words, we get a finite cover of U :

U= U (Xs — div(7))),

where Xs — div(7]) are open subschemes of Xs. Note that for each i, Xs — div(7/) satisfies the
condition (1) of the lemma. Without loss of generality, we may replace U by one of the subschemes
Xs—div(7/), i.e. we assume that there is a section 7 € HO(XS,Z®N°) such that U = Y —div (7).
We denote div(7’) by D.

Now set No = rNj — 1 for some positive integer r such that No > M and that the sheaf
Ip ®Z®N0 is globally generated. Then in particular we can find sections 71, ..., 7, € H(Xs,Zp®
Z®NO) C HO(XS,Z®NO) such that D = ﬂ?zl div(7;) set theoretically. We also set 79 = (75)" €
HO(Xs, L (NOH)) In this situation we still have D = div(7g) set theoretically. This means

exactly U = [, < <, (Xs — divr;). The section 79 and sections 71, ..., 7; are then what we need

for conditions (2) and (3) in the lemma.
O
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Lemma 6.4.5. For an open subscheme U of Xs, set

dp,U —

w6

Qhish {O’ € HO(XP,ZQM) ; dive has a singular point in U Ndive of degree >

Then Proposition holds if we have
high
#Qd,an — O (dnflpfqu%)
#HO(X,, L)

for all U verfying the conditions in Lemma where the constant cy 1 only depends on X, L
and U.

Proof. Let {U,} be a finite cover of Xs where all the U, are open subschemes of Xs satisfying
the conditions in Lemma Then for any p € S, we get a finite open cover {U, ,2} of &2
For an open set U of Xs flat over S, set

d,p2,U nN(p) ) k() m2

divo’,

i - d ive’,x
ohish  — {a' € HO(sz,£®d) ; Jz € |dive’ NU| of degree > ———, dim Mive'z _ n} .

To bound Qgigl;, it suffices to bound Qgiig p.. for all U, in the covering.

—Rd .
Note that for any o € H(X,2, ot ) and any « € |divo|, we have an exact sequence

myi Mydive
podivo 21v<7,x 21\70',316 0
dive,z MYive, e

. c . . —®d R .. .
where & = o mod p is the restriction in H(X,, Jot ) and dive is the divisor in &},. Therefore

mleU T mdlvo‘ T

-1

dlmﬁ(l) > dlmn(l)

dlva,x leG‘,CE

In particular, if dim,,, %

dive,x

=n = dim Xg, then as

mdlvo‘ T

— 1 < dimy(y, mdwa T < dim Xp=n—1,

dlvcr,:v leG‘,:E

dlmﬁ(z)

Ddive.r — p — 1, which means that z is a singular point of dive.

we have dim,,,) w2
o,

Then for a section o € HO(X)2 ,L' ) € Qd p2 p implies 7 € thgh Thus

#Qpy  _ Ho B L2 T e Q) #Q0Ey
FO (X2, £37) = FO(X,2, £54) HHO(X,, £5)
It suffices then to bound #lei? for U, in the covering. Here all U, satisfies the conditions in
Lemma [6.4.4] Such a finite covering exists by Lemma [6.4.4] If for any «, the estimate
high
#Qd7P7Ua -0 (dn—lpchﬂJ%)
HHO(X,, £97)

holds, then setting ¢; = min,{cy, 1} > 0, we have

#Qgigh glgh
,p> ’p’ _ n—1 —Cl%
HHO(X,, £57) Z FHO(X,, L&) 0 (d b ) :
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Now for an open subscheme U as in Lemma we get morphisms

®; : H'(Xs, L% — H(U,0p)

d
O'Tj

d
To

o

forany d € Zsgand 1 < j <k.

On the other hand, Lemma [3.3.10] tells us that there exists a positive integer Ny such that
for any o € HO(X,, £89), any 1 < i < n — 1, the section (9;®;(c)) - T(‘)i;‘s extends to a global
section in HO(X,, L&WNo+1(d+9)) for any § > N;. Here 7y, is the restriction of 7o modulo p in
HO(X,, £®(No+1)),

In fact, we may choose N; to be Ny = N| + dg + 1 where N7 is such that when § > Ny, for
any 1 <4 < n the section 9; - 7§ € H° (U, Homo, (Q;S/S, Oxs) ® ,C(N0+1)5) can be extended
to a global section in

—(No+1)é —®(No+1)6
HO (X87H0m(9xs (Q}\fs/svoxs) ®£( oy ) = Hom(Q}Ys/‘SWE@( oy )

)

and where dj is such that for any d > dg, the restriction morphism

HO(p (HO(s, 27 0(d) — BO(xs, 27T

is surjective. So Nj is again independent of d and p.
We enlarge Ny if necessary so that it verifies the following conditions :
1) Ny + 1 is a power of a prime number;
2) for any d > Ny, (L|xs)®? is very ample;
3) for any a,b > Ny, we have a surjective morphism

HO(Xs, £29) BH0(5.08) HO(Xs, £2) — HO(Xs, £LE(@FD)).

We prove the following result :

Lemma 6.4.6. For any prime p € S, take
N(p) = (No+ 1) (N1 +p—1) +p=p(No +2) + (No + 1)(N1 — 1).
With notation as in Pmposition if p and N (p) satisfy 2coN (p)np™~! < d, then we have
B oyt
#HO(X,, L&) ’

where ¢1 and the constant involved in big O are independent of d, p.

By Lemma this implies Proposition [6.4.2
Proof of Lemma[6.4.6 For each p € S, if d > N(p), d has a unique decomposition

d=pkyq+ (No+1)lpa

with Ny <1, 4 < N1 +p. We have a surjective map
n—1
HO(XP7[’®d) X (H HO(XI)) L®kp'd)> X HO(va‘Ckpwd) — HO(XP7‘C®d)
i=1
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which sends (00, (B1y.ey Bn1), 7) to

n—1
_ + ﬂpt- la D la
o = 0g i LiTop + 7y To.p>
=1

where 79, is the restriction of 75 modulo p in HO(X,,, L&MNoF1)), Thus

n—1

0;p(0) = D p(00) + D D5 p(B1) 1% p(705)" + ©;p(7)PD; p(70,5)"

i=1
in HO(U N X, Ovnx,), where ®;,, = ®;|ynx,. As 79, is nowhere zero on U, we have
Sing(dive) N (U — divr; ) = Sing(div®, (o)) N (U — divr; )

and hence
k

Sing(dive) N U C | J Sing(div®; , (o).
j=1

Since
0i[®; 5 (B)Pti®;.(70,0)"] = @5 p(B:)P®; p(70.p)" + 1a®;p(B:) 1P p(T0p) "4 - 0i®; p(70,p),
and for any i’ # 1,

0@, (Bir )P tir @ p(10.p) ] = 1a®p(Bir )P tir 5 p(To,p) ' " - 0:®; p(T0,0),

we have

n—1

0i®p(0) = 0:0;,(00) + Y 0i [0,(Bi)Pti®;p(10p)" ] + 0i [0p(1)" R p(705)"]
=1
n—1
= D 1a® 0 (Bi) i@ p(705)" T A+ 1a®; p (1) (T0.p) | - 0i® (70 )
=1
+0;®;,,(00) + (I)Lp(ﬁi)p‘pj,p(TO,p)ld
lg(®; (o) — P (0
= 0;®jp(00) + t25(0) ~ D5 0))3i‘1’1,p(To,p) + 0, ,(8:)P P p(10,5)"
(bj,p(TO,p)
Now set
la®;, (Uo)
9p.5.i(00, Bi) = 0i®; p(00) — ﬁ@q’m(fo,p) + P55 (8:)PPj p(10,5)",
i.p(Top)
and
Wp’j,i = Xp NnNUN {gpyj’l == gpyj’i = 0}
Then for any o = oo + 2?:—11 BY t,;Té‘fp + *ypr(l)fp, comparing the expressions of g, ;; and 0;®; , we
have L, (o)
a®; (o
9p,j,i(00, Bi) = 0;®; p(0) — ﬁ;)aﬂ’j,p(mp),
3,p\T0,p
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and hence
9p.5.i(00, Bi)laiv @, ,(0) = 0P p(0)]aiv @, (c)-

Moreover, any section gy ;i(00, 8;) - 650 € HO(X, N U, L2PNo+DE+9)) can be extended to a

global section in HO(AX,, L2WNo+1)(@+9)) for any § > Ny + 1. In fact, we know already that the
section 0;®; ,(0) - 7610 € HO(A, N U, LEWNoFD(@+9)) can be extended to a global section in
HO(&,, L&WNotD(@+9)) for any § > Ny. On X, N U we have

—1
L d . ~No+1
la®jp(0) ldU Tip [T Tip
. - d No+1
®;.p(70,p) To,p 0.p
d—No—1
Ak P
d —~d—No
0,p

By Lemma [3.3.10} the section 0;®; ,(70,p) - TéfXﬁl)H can be extended to a global section in
HO (X, LEWoFD((No+1)+9)) for any § > Ny, so the section

la®;,p(0) 4+ (ld‘b' () _a-n, (No+1)+(5-1)
’ 0i®; p(10p) - ToH0 = | LS g N ) (&»(I) i (T0.p) * To )
P p(70,p) i ») P P p(70,p) 0P ! »(70.) 0.
extends to a global section of £L&(No+1)(d+9) for any § > N + 1. Therefore the section
2,(0)

g;.i(00, B:) - 7 = <8i<1>j<a> az-«bj(r)) L7+ € HO(U, LEWot1(d+0))

®;(7)
can be extended to a global section in HO(Y, £L&WNo+1)(d+0)) for any § > Ny + 1.

Lemma 6.4.7. When d is sufficiently large, the proportion of
n—1
(00, (Bis- -+, Bn-1),7) € H(X,, LE) x (H HO(XP,£®’“W)> x HO(X,, LFra)
i=1

such that for o = oo+ 31— BYtTEL + APTL,

d
divaﬂW7n_17-ﬂ{x€|X ; degx > }:(Z)7

p J P‘ nN(p)

18
1—-0 (dn—lpfclg)
with a constant ¢y depending only on Ny, N1 and the dimension n.
Proof. Apply Lemma [3.3.11| to the case Y = &), and X = U N &},. We obtain that for 0 < i <
n — 2, with a fixed choice of ¢, 31,...,8; such that dim W ; ; < n — 1 — 4, the proportion of
. d

Bir1 in HO(X,, L8%».4) such that dim Wy, 11; < n—2—iis 1 —O(d" - p* ™et0~7 ), where
the constant involved depends only on the degree of X, when embedded in P(H(Lj (NOH))V)

(this degree is independent of p), hence is independent of d, p. In particular, the proportion of
(00, (B, ... ,ﬁn,l)) such that W), ,,_1 ; is finite is

n—2

[T (1-o(@ p* oawmm)) =1 - 0(a"2. p merims ).

=0
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And then Lemma |3.3.12| tells us that for fixed (00, (B, .- ,Bn,l)) making W, ,_1 ; finite, the

proportion of v € H(X,,, L%.4) such that for o = o + Z?;ll Bftﬂé‘fp + ’ypTéfp,

d
dive N W, 15N X, : degz > —9,
Wo (1 Wpn—1, {I€| vl egx_nN(p)} 0

is .
1—0@d"'p @),
where the constant involved is independent of d, p.
Therefore for large enough d, the proportion of

n—1

(00, (B1s- .-, Bn-1),7) € H°(X,, £L2%) x <H HO(XP,£®’W)> x HO(X,, LFva)

i=1

such that

. d
dive " Wp 1, N {x €1X,|; dega > nN(p)} =0,

where o = 00 + 317, Altimel, + 1770 I8

n—2
(H (1 —O(di SpT (No+1>N1P ) 1-0 d” 1p nN(p)))

i=0
(1 - O(d"*2 .p2 (NO+1)N1p ) ( O " p nN(p)))
(1 —o(d 2 p* <No+1>Nw)) : (1 —O(d"p %))
= 1-0 (max (d”_QpQ_‘(No%)N‘lp ; d"—lp—ﬁ)) ,

As N(p) = p(No + 2) + (No + 1)(IN1 — 1), when d is sufficiently large, we have

d d
aN(p) — nlp(No +2) + (No + 1)(Ny — 1)]
d
n[(No+2)(N1 +p—1)]
d

> -
- n(No +2)N1p7

and
d d

S S T —
(No+1)Nip — — 2n(No +2)Nip
Therefore when d tends to infinity,

(11 (- ot ) ) - (1- oty )

i=0

1-0 (max (d”_2p2_ o TN , d”_lp*ﬁm))
- 1-0 (dnflp*Wizww)
1—-0 (dn—lpfclg)

with constant ¢; = m which then depending only on Ny, N; and the dimension n.
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On the other hand, for such ¢ = oo + >, Bpt 71’7'0‘1 € HO(X,, £2?), we have

k
Sing(dive) N U C [ J Sing(dive®; ()
j=1
and
Sing(div®; ,(0)) = div®;,(0) N{01Pjp(0) =+ = 0p-19;p(c) =0}
= diV‘I’j,p(U) N {9p,j,1(00751) == gp,j,nq(do,ﬁnq) = 0}
= diV(I)jvp(O') n Wp,n—l,j
= diveNWppn_1,;
as

9p,j, z(007 /Bz)|d1v D p( a D, ,P( )|diV 2 5(0)

Since the homomorphism of groups

i=1

n—1
HO(,, £5) x (H H”(Xp,c@“’”) X HO(,, £44) — HO(3,, £57)
3 i _ n—1 op, g lg ..
sending (00, (B1, ..., Bn-1),7) to 0 = a0 + Y1y Bti7g’, + P72, is surjective, Lemma
implies that

# {O‘ € HO(X,, £%9) ; Sing(dive) N\U N {xz € |X,| ; degz > ﬁ(m} = Q)}
#HO (X, L94)

=1-0 (d"_lp_q%) .

which means that the proportion of 0 € HO(XP,L@’”I) such that dive has no singular point of
nN(p), that is, elements not contained in QZE?U, is1-0 d”flp_q%)

with a constant ¢; depending only on Ny, N7 and n. We therefore conclude that

degree strictly larger than

high
#Qd’p’ — O (dn—lp—m%) .
#HO (X}, L89)

with a possibly smaller ¢ .

Now that we have proved Lemma[6.4.6] except for the only prime number py dividing No + 1,

we can run the same process with another constant Nj > Ny such that (Nj+1, No+1) =1. We
get a control for the proportion of leig y with different constants as we have

high ' 0 7®dy S B
Qd,po y C {o’ cH (ng,ﬁ ) ; Jz € |dive’| of degree > W mdm’, I

di Mdive’,x o
1m,€(x) =N,

where
N'(po) = (Ng+ 1)(N1 +po — 1) +po > (No + 1)(N1 4+ po — 1) + po = N(po).

So by modifying the constant ¢; and the constant involved in the big O, this case can be included
in the uniform control. Therefore we proved Lemma O
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Now we proceed to prove the Proposition [6.4.3

Proof of Proposition[6.4.5 The main problem for controlling the proportion of Qgilg)? forpg S

is that X}, over p might be singular. We decompose &), into regular and singular part :
X, =Up,U Z,

where Z, = Sing(&),) is the singular locus of X, and U, = &, — Z,. As X is regular, for a
closed point z in &), if 2 € Uy, dim,(y, m;(p,z/m%(p’x =n-—1;ifz € Z,, dim,,, mXp,m/m%(pyz =
dimH(I) m/y,x/mgaw =n. Set

i d ive,z

legUh = o€ H(Xx,, £84) s 3z € |dive N Up| of degree > ———, dim,,) m; L =n—-1p,
P nN(p) divo,z

Qgiéh = Qo eHY(X,, L% ; Fr € |divo N Z,| of degree > L, dimy, () mgiw’z =n;.
P nN(p) mdivo’,z

Mdivo,xz __

g =
MYivo,z

For a section o € H® (Xp2, £®d), assume that divo contains a closed point z with dim,, )

n. Let @ = o mod p be its image in H(X,, £29). Then if 2 € U,, x is also a singular point of

.o . . Myive . . Myive .
dive N Uy, i.e. dimy ) 577 =n — 1;if x € Z),, we have then dim,(,) 5*>* = n. So we have
dive,z

mnzliv?,z
{7; 0 Q) c oy vy,
hence
i high high
#Qup  __ #b,  #%
#HO(X,2, LOT) = #HO(X,, LO4) = #HO(X,, L&4)

high
We can bound the first term Wp’f}ﬁ%ﬁ‘) by exactly the same method as in the proof of Lemma
The second term can be bounded by a slightly different way.

As now (Qkp /]Fp)| 7, is locally free of rank n, we cover an open neighbourhood of Z, by open

subschemes V7, . where we can find to1,...,tan € HO(VZP’Q, OVzp,a) such that the image dt;
£dt; i (Ql ) tisfi
of dt; in (y,  w, Vo a2 satisfies
n
1 ~ d+.
(QVZ@Q/FJ VananZy 691 Ovzp,amzpdtz.
i—

Then choosing convenient constants N(’) > Ny, Ni > Ny and setting

N'(p) = (Ng + 1)(Ny +p—1) +p,

the same process as in the proof of Lemma gives us that the proportion of QSE};, being a

subset of

B d
{0’ S HO(XP,£®d) ; HI € |diVO' N Zp| Of degree Z W/() dive,z

. Mdive,z
o) dimy () — :n}
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is bounded by
1- (ﬁ(l o p* TN >>> (1= 0@y )
i=0
- 1_ (1 —o(d" .pQ(N(’)ﬁ)JV{p)) . (1 _ O(dnp*ﬁ'(p)))
= 0 (d"p_cllﬁ) .

Thus Proposition [6.4.3| is proved. O

6.5 Proof of Proposition [6.1.2

Proof. As in the previous section, let Ny be an integer verifying the following conditions :
1) Ny + 1 is a power of a prime number;
2) for any d > Ny, (L|xs)®? is relatively very ample;
3) for any a,b > Ny, we have a surjective morphism

HO(XS7 £®ﬂ) ®HO(5,05) HO(XS, £®b) . HO(XS, £®(a+b)).
Let Ny be as in Proposition [6.4.1] For each p € S, take
N(p) = (No+ 1)(N1 +p—1) +p=p(No+2) + (No + 1)(N1 — 1).

In particular, N(p) also satisfies the conditions (2) and (3) above. By Lemma for any
positive integer r which satisfies 2¢oN (p)nrp™~ D" < d, we have

!
#Pap2 <r _ H (1 7 pf(nJrl)degw)
0 ®d :
#H (Xp’ = ) €| Xp|,deg x<r
Let r, 4 be the largest r verifying this condition. In order to have r, 4 > 1, we need

2co N (p)np™~1 < d.

Let C = 2¢o(No + 3). When d is larger than 2con(No + 3)(No + 1)"(Ny — 1)™, if p satisfies
Cnp™ < d, then either p < (Ny 4+ 1)(N; — 1), in which case we have

2co N (p)np"™~* 2co [p(No +2)+ (No+1)(Ny — 1)} np™ 1

< 20| (No +2)(No + D)(Ny = 1) + (No + 1)(Ny = 1) | np"!
= 260(N0 + 3)(N0 + 1)(N1 — 1)7’7,])"_1
< 2¢on(No + 3)(Ng + 1)"(N; — 1) < d;
or (Ng+1)(N1 — 1) < p < Cnp™ < d, so that
2coN(p)np" ™" = 2¢co[p(No +2) + (No + 1)(N1 — 1)]np" "

2¢o(No + 3)pnp™ "
Cnp" < d.

IN
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So the above condition is satisfied, hence r, 4 > 1.

Since _
Pl C Pl <n , C P UQm U Qb
we have
H#P) 2 .

’#HO(XPZ,L®d) —Cx,(n+1)
< #Pévpz _ #Pé,pQ,Sprd #PQJ)ZVSTPA - C (n + 1)71
= |#HO(X2, £99)  #HO(X,, L) | | #HO(X,, £OD) %

#Qped #Q, 5
P™5Tp,d P -1 _ _ o —(n+1)degx

S FD(X, £59) T FIO(Xe, £50) Cx,(n+1) 11 (1 p ) '

w€|X, | deg w<ry

By Lemma [6.3.1]
#Qmed

dvpzvrp,d

#HO(X,2, LB9)
By the choice of r, 4, we have
2coN (p)n(rp.q + 1) - pn~DwatD > g,
So

p*(rp,dJrl) — (p”(rp,rﬁ”l))i"%

1

< (trpa+1)plnDwarn)

Therefore we have )
#uprra  _ (@)*%
#HO (X2, L) p ’
where the coefficient involved in is independent of d, p.
By Proposition [6.4.1] we have
HHO(X, £od)  \TP )

where again the coefficient involved in is independent of d, p.
Note that Lemma [5.0.2] shows

_z
11 (1 *pf("“)de“) —Cx, (n+ 1) < degp et = 0 ((d) "> .
z€|Xp|,degx<rp 4 p
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Finally, by putting together all these three inequalities, we get

#'P&_’ 2 1
| #HO(XPZZ:E@d) - CXP (TL + 1)
#OHr, #Qus

Plgmento T (1-premes)

2€|X 2| deg <ry

<
S FHO(X, £50) T FHO(Xe, £59)

o) ot o)

I
)
N
N
hSHIESH
N—

|
3
~——

where the coefficient involved in is independent of d, p, which is what we need to show. O
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Chapitre 7

Singular points of small residual
characteristic

In this chapter, we will show the following result :
Proposition 7.0.1. Let X be a regular projective arithmetic variety of absolute dimension n,

and let £ be an ample Hermitian line bundle on X. Set

:: {0 c HOAT(X,ZQM) ; dive has no singular point of residual }

1 . 1
d,p<dntI characteristic smaller than d»+1

When d is sufficiently large, we have
#Pd p<dﬁ 1 1
L ApSAT (1)) | = O(d ),
#HR (X, L)

Here the constant involved in the big O depends only on X.
In particular, denoting Pp = U, Pd,pgd#l’ we have

w(Pg) = Cx(n+1)""

7.1 Union of a finite number of fibers
Let p, g be two different prime numbers. Then we have

X,

p2g2 = X XSpec Z SpeC(Z/pQQZZ) ~ sz II Xq2.

For any d > 0, we have an isomorphism

Apzgz : HO(Xpzge, L8) 5 HO (X0, L89) x HO(Xp2, LE).

p2q> p2q?>

—®d . . C .
For any o € H (X, e ), 0 € Pap NPqg if and only if the restriction map

Yaprgr t HA (X, L) — HO(Xppe, £°7)
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sends o to an element in the set A;}qz (’Pél,pg X ”P&!qz). Therefore we have

lim #(Pd,p n Pd7‘1>

d=oe w0 (X200 Cx, (n+1)" x, (n+1)7"
Ar )

More generally, for any finite set I of prime numbers p, we have
P
lim —#<ﬂpel jgd) = H Ca,(n+ 1)1
R HH (X, L) e
By Lemma we may only consider d > 0 such that for any positive integer N, we have
H(Xy, L) ~ HO(X, 2°) /(N - HO(X, 7).

Fix a positive constant % < ap < 1. By Proposition when d is large enough, for any

N < e?™ the map
Gan s HOL(X, L5 — HO(xy, 227

is surjective and there exists a positive constant n with
[N (o) = #UEk ()]
#7 n (0) -
—=®d
).

for any two sections o,0’ in H®(Xy, £
For a positive integer r, take N,. = Hp<rp2.

Lemma 7.1.1. Let C be the constant in Theorem|6.1.1| For any large enough integer d, and for
any integer r verifying Cnr™ < d with n = dim X and N, < e*°, we have

P :
—# (ﬂpgr dg;) - H (x,(n+1)"' =0 <2p<;p ) )
#HOAr(X7 L ) p<r dn

Proof. The Chinese remainder theorem implies that

*®d)

Oy, 227 ~ HOX, 2% @, Z/N,Z

1

HO(x, 2% oz | [] 2/0°Z
p<r
—®d
[1H (X, 7).

p<r

12

Moreover we have X, =[] ., &}2. Set

p<r

—®d

Eq, = {0 eHXy,, L") ; Vx € |dive|, dim,,) M =n— 1}.

dive,z

Then a section o € HO(Xy, , i ) is contained in Egy , if and only if for any p < r, its restriction

. . . . . —®d .
olx , is contained in P} .. In particular, a section o € HO(X,£® ) satisfies g n.(0) € Eqr
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if and only if ¢gp2(0) € Py ., for all p < r, which means exactly that this o is contained in
ﬂp<r Pa,p. On the other hand, still by the Chinese remainder theorem,

#Ed,T
#HO(Xy,, ,C

P

d
H #HO X2, LBD)

As said above, with some positive constant 7, we have

[#a, (0) = #ban, ()] _ o
#an, () -

)

. . —®d ..
with o, 0’ in HO(Xy,, ® ). Fixing one o, we can sum up for all ¢’ € E;, and get

# (ﬂpgr PdJ’)
#U1y, (0)
|(#Ear - #03k, (@) - #0k, (Bar)
#U1n, (0)
#Ug N, (0) = #Ug Ny, (o))
P> ‘ #05 % ()
o' €E4 . d,N,
S #Ed,r : einda

#Ed,r -

where the last inequality follows from Proposition We can also write this inequality as

# () Pap — (#Bar #07,(0))| < (#Bar - #0754, (0)) e

p<rT

Now we take the sum for all o € HO(XNT,Z@)d) and get

# () Pay | - #8° (X, L) = (#Bar - #1080, 7)

p<r

_ > [#N P (#B - #0ik, 0)

oc€HO (XN, L2%) p<r

< Y | #N P (#E #0h )
o€HO (Xy, L2 p=r

< Y (#Ba#ugh (o) e
ceHO(Xy, L%

= (#Bar - #HY,(X,27)) e

< (RO, 27 HY, (X, 27 e
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(2,

Dividing both side by #H(Xy, , £°%) - #H (X, £°%), we get

#ﬁjp<rﬁhp . ﬁ#EhJ <:67m#
#HQ (X, L°7)  #HO(Xy,, L°7)|

Since we already know that

%#Edm

#HO(Xy ’ﬁ H #HO X 2 £®d)
the inequality can be written as
7 np<7‘ 7)d,p H < e
#HQ (X275 #HO % 20 <

Thus to finish the proof, it suffices to show the following lemma :

Lemma 7.1.2. Under the condition of Lemma|7.1.1], we have

#P'Qd » S

p<r "

Proof. By Proposition for any prime number p verifying Cnp™ < d, we have

#P,/L 2 B 1 d\—2
—#HO(XP:EW)—CXP(HM +0((p) )

with the constant involved in big O independent of p and d. Therefore we can calculate the
product as

3o
N———
N———

g = L (eem+o((4)

p<r p<r
- et +X0((5)")
p<r p<r
= HCXP(I-i-n +O<w>.
p<r ds
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The above lemma shows the result, as

P
#ﬂp<r dp HCX (n+1) -1
#HAr( 7 p<r
- Pd #77 #77
< ﬂp< p H#HO X 2d£®d) H#Ho X, 2dﬁ@d HCX (1+7n)"
#HAr( 7 p<r ? p<r ? p<r
= O(efnd) +0 (Zp;;p >
(Zpérpi>
= O|——|.
dn
O
7.2 Bound on number of fibers
Now we prove that we can choose rr = AT . As
dp<dn+1 o m Pap:
p<dirT
we will in fact prove the following :
Lemma 7.2.1. For large enough integer d, we have
#Pd <dwFT 1
p— H Cx,(n+1)" Y =0(@d #).
#HY, (X

p<dn+1

Proof. Note that

Mpr<HH

p<r

and that r! < r" = exp(rlogr). If 2rlogr < d*°, we get N, < exp(d®®). Then by Proposition
[4:2:2] the restriction map

N, B (X, 27 — By, 27)
is surjective. If moreover r satisfies Cnr™ < d as in Theorem then by Lemma we

have

ﬂ T Pd) %

—( P= p) H CX n + 1 =0 7Zp§£p .
#HAr(Xa p<r dn

Now as above,

an <Zk" <rore=rh,

p<r
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1
Thus for r = d»+7 we have

Z p% < dn(nrjfl) e O(dn(’ijfl) )

1
pgdn+1

It’s easy to see that r = d7+ also satisfies conditions 2r logr < d*, Cnr™ < d for large d. For
this r, we have

#P 1 > 1 pn N
e I ey 7=o| =S | = oW — o)
Ar ’ 1o "
p<dn+1i
O

7.3 Proof of Proposition [7.0.1

Proof. Apply Lemma and take R = d7+1. We get

H Cr,(n+1)"' = Cx(n+ 1)~ =0(d =T).

1
de n+1

Combining this with Lemma [7.2.1] we get

#Pd p<d%+l _1
ﬁ —(x(n+1)
#HAr(Xv L )
#Pd p<diT ) ) 1
S Ty . e H Cr,(n+1)7 |+ H Cx,(n+1)"" = Cx(n+1)"
#H%r(‘xv ‘C ) _1 1
p<dntl p<dnFI
= O(d ™)+ O(d~ ") = O(d~771),
which proves Proposition .
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Chapitre 8

Final step

In this section, we prove Theorem The main step is to show the following proposition :

Proposition 8.0.1. Let X be a reqular projective arithmetic variety of dimension n, and let L
be an ample line bundle on X. Then there exists a constant ¢ > 0 such that for any d > 1 and
any prime number p such that X, is smooth and irreducible, denoting

Qap2 = {0 € HY(X,2, £%Y) 5 Tz € | X2, dimy, (s 2;1"‘7’1 = n},

divo,x

we have
_ #CQap 2
#HO(X,2, LO)

8.1 Divisors with higher dimensional singular locus

Lemma 8.1.1. Let X be an irreducible projective scheme of dimension n over Spec Z. Let L
be an ample line bundle on X. For any large enough d and any prime number p such that X, is
smooth of dimension n — 1 over F,,, if o € HO(X,, £L%?) is such that Sing(divo) is finite, then

#Sing(dive) = O(d" 1),
where the constant involved does not depends on d or p.

Proof. We take the construction in Section Let S be the maximal open subscheme of Spec Z
such that Xs = X Xgpec z S is smooth over S. So S contains all prime numbers p such that A},
is smooth of dimension n — 1 over F,,. Applying Lemma|[6.4.4} we may assume that there exists a
positive integer N and an open cover of Xs by Xs = (J, 4 Un making the following conditions
valide :

1. the sheaf £®? is very ample for any d > N ;

2. there exists 7, € H(Xs, L2V+1D) such that

Xs — U, = divry, ;

3. there exist 7.1, .., Tak, € H*(Xs, LZV) such that

U, = U (Xs — divry);

1<j<ka
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4. for any o € A, there exist to 1,...,tan-1 € H*(Us, Op, ) such that

n—1

Qll]a/S = @ OUadta,i;

i=1

We note 9,,; € Derog(Ou,,Ov,,) =~ Hom(Q}]a/s, Oy,,) the dual of dt, ;.
Now we take one arbitrary U among the U,’s in the open cover, and we drop the subscript
« for simplicity of notation. For any 1 < j < k, we have the restriction morphism

®; : HO(Xs, £L5Y) — HY(U, Op)

d
sending o to % Then for any o € H%(Xs, £27), 9;®;(0) is a section in HO(U, Oy ). For any
p €S, ®; induces

®,; : H(X,, £8%) — HO(U,, Oy,)

such that for any o/ € H(X,, £L®?), 0;®, ;(d") is a section in HO(U,, Oy, ). Here U, = U N X,,.
Then Lemma tells that we can find a positive integer N7 such that for any § > N;, any
p € S and any o € HO(&,, £Z), the section (9;®, ;(c)) - 79 extends to a global section in
HO(&,, LONFDE+9) Since L2+ is very ample, (0;®, j(c)) - 7970 can also be regarded as a
global section of

H (P(HO(X,, £5ND)Y), 0(d +6) )

(Xs — divr, ;) N Sing(divo)
Sing(div®; (o))

g

(

Then since 7 is nowhere 0 on U D (Xs — divr, ;), for any o € HO(&,, L24), we have
i)
)

N
[

1

n—1

(Xs — divra,;) Ndiv(e™ ) N <ﬂ div (9;®;(o) -T"”Nl)) :

i=1

On the other hand, we have
N € HO(B(HO (X, L2VHD)Y), 0(d)).

Denote the degree of &, as a closed subscheme of P(H%(X,, L2N+)V) by degreon+1(X,). If
o € H°(X,, L&) is such that Sing(dive) is finite, then (Xs — divr,, ;) N Sing(divo) is finite and
we can find n — 1 divisors among the n ones appeared in the above intersection such that the
intersection of these n — 1 divisors and Xs —div7,,; is finite. Obviously this intersection contains
(Xs — divry,;) N Sing(dive). Applying refined Bézout’s theorem [Fu84, Theorem 12.3|, we get

# (Sing(dive) N (Xs — divra,;)) < (degpom+ (X)) (d+ Np)" !t = O(d" ™),

where coefficients involved in O(d" 1) is independent of p when d is large enough (deg ;o v+1) (X))
is independent of p). Therefore we have

#Sing(divo) Z Z # (Sing(dive) N (Xs — divr,;)) = O(d" )

acA j=1

with coefficients involved in O(d"~!) independent of p when d is large enough.
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The following lemma is a generalization of Lemma 5.9 in [Po04], where Poonen shows that
for an integral quasi-projective scheme X generically smooth over Z equipped with a very ample
line bundle inducing an immersion X < Pg for some n > 0, if the generic fiber X of the Zariski
closure X of X in IP7 has at most isolated singular points, then there exists ¢ > 0 such that if
d, p are sufficiently large, then

# {a € H'(P7, O(d)) ; dim (Sing(diva|xp)) > o} .
< —.
#HO(Pr, O(d)) p?
We prove the same conclusion for the case when X is projective and equipped with an ample
line bundle, in place of a very ample line bundle.

Lemma 8.1.2. Let X be a scheme of dimension n which is projective over Spec Z and which
satisfies that there exists an open subscheme S of Spec Z such that Xs is irreducible and smooth
over §. Let L be an ample line bundle on X. Then there exists a constant cg > 0 such that for
any d > 1 and any prime number p where X, is smooth and irreducible of dimension n — 1, we

have
# {0 € H(X,, £%?) ; dim (Sing(dive)) > 0}

#HO(X,, L&)

Remark. If the prime p is fixed, by Corollary [3.3.13] there exists a constant ¢ > 0 such that
# {0 € HO(X,, £%7) ; dim (Sing(divo)) >0} o1 - p-c4)
HHO(X,, £4) = p :

<cy-p 2

When d is sufficiently large, we deduce from it that

# {0 € H°(X,, £%%) ; dim (Sing(dive)) > 0}

<p 2.
#HO(X,, £84) >p

So Corollary [3:3.13] gives a better bound on the proportion of sections whose divisor has positive
dimensional singular locus. But this bound is well behaved only when d is much larger than the
prime p. In this lemma, the bound we give is independent of the choice of p. In particular, it is
valide even when p is much bigger than d.

Proof. We choose a constant N € Zsq verifying Lemma [6.1.3] If X is of dimension 1, then
dim(X,) = 0 for any prime p and the conclusion holds automatically. When X is of dimension 2,
for p such that X}, is smooth and irreducible of dimension 1 (which is satisfied for all but finitely
many p), if ¢ € H(X,, £%?) is such that dim (Sing(divo)) > 0, then Sing(dive) = X, which
is impossible unless ¢ = 0. This means in the case of dimension 2, when d is large enough we
always have

# {o € HO(X,, £29) ; dim (Sing(dive)) > 0} _ 1 L hO(X.L%9)
#HO(X,, L24) #HO (X, L99)

—2

<p

So the lemma is true when dim X < 2. We prove the higher dimensional case by induction.
Assume that for any scheme ) of dimension smaller than n which is projective over Spec Z with
Vs, irreducible and smooth over some open subscheme Sy, of Spec Z, and which is equipped
with an ample line bundle M, there exists a constant cy a4 > 0 such that for any d > 1 and any
prime p such that ), is smooth and irreducible of dimension dim}) — 1, we have

# {0 € H*(Y,, M®?) ; dim (Sing(dive)) > 0}
#HO(yp’Mé@d)

2
<ceymp T
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By the classical Bertini theorem over Q, we can find a section op € H%(Xg, L2N) whose divisor
Dg is a smooth and irreducible divisor of Xy. By possibly replacing op by a multiple of it, we
may assume that op is in fact a section of H(X, L2V). Then the divisor D = divop on X has
no singular point on the generic fiber Ap. Let S be an open subscheme of Spec Z such that Xs
is smooth and irreducible of dimension n — 1. By restricting to a smaller § we may assume that
Xs does not contain any vertical component of D, and that Ds = D N X is smooth over S. We
may assume moreover that for any p € S, &), and D,, are both smooth and irreducible such that
dim &, = n — 1 and dim D, = n — 2. For the rest of the proof, we fix the divisor D. Note that
D together with the open subscheme S of Spec Z and the restriction sheaf £|p also verifies the
assumption of the lemma.

For any prime p € Spec Z — S such that X}, is smooth and irreducible of dimension n — 1, we
can find a constant ¢ by Corollary such that

# {0 € HY(X,, £#) ; dim (Sing(divo)) >0}

m—1 —c%

So when d is sufficiently large, the right side can be bounded above by p~2. Since Spec Z — S is
a finite scheme, when d is sufliciently large, for any p € Spec Z — & such that X}, is smooth and
irreducible of dimension n — 1, we have

# {0 € H°(X,, £%%) ; dim (Sing(dive)) > 0}
#HO (X, L94)

<p~>.

Hence it suffices to prove the lemma for primes p € S.

Now let p € S. If a section o € H(X,,, £L29) is such that
dim (Sing(dive)) > 0,
then as &), is irreducible and projective by the assumption on S, we have
Sing(dive) N D, # 0.

By induction hypothesis, we know that there exists a constant ¢p > 0 such that if d is sufficiently
large, then for any p € S, we have
# {0 € H'(D,, £&?) ; dim (Sing(dive)) > 0}
#HO (DP7 E®d)

<cp-p i

As £ is ample on X, when d is large enough, the restriction map
HO(X, %) — HO(D, £L¥)
is surjective. So for such d, the morphism
HO(&,, £2) — HY(D,, £L5?)
is surjective for any p € S, and hence

# {0 € H(X,, £%?) ; dim (Sing(dive N D,)) > 0}
3,%‘“410(/'\/'p7 £®d)

<cp-p i
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We need to bound sections o € HO(&,,, £2?) such that Sing(dive)ND,, is finite and non-empty.
Since D is of dimension n — 1, let ¢, > 0 be a constant such that

#D(Fpe) < cop"=2e

for any prime number p and any integer e > 1. For any closed point € |D,| of degree e < ﬁ7

we have by Lemma the proportion of o € H°(X,, £L#?) such that dive is singular at x is
p~"¢. Then we have
# {o € H(X,, £®9) ; 3z € |Sing(dive) N D, degz < | %]}
#HO (X, L&)

S Z pfndeg:v
z€|Dp|, deg z<| 12 |
e ]
< Z #D(Fge)p™°
e=1
L]
< Z chptn2e . pne
e=1
/ o —2
CoP —2
< 1_,—2° 200"

If a section o € HO(X,, £%9) whose divisor has positive dimensional singular locus is not
included in the above two cases, then it satisfies the two following conditions at the same time :

e Sing(dive ND,) is a finite set;

e if z is a closed point of Sing(dive) NP, C Sing(dive N D,,), then degz > L.
Then to finish the proof, it suffices to show that we can find a constant c¢3 > 0 such that when d
is large enough, for any p € S,

# {o € H(X,, £®9) ; Sing(dive N D,) finite, 3z € Sing(divo) N D,, degz > L}
HAHO(X,, LB4)

< 03p_2.

For large enough d, consider the surjective morphism
HO(X,, £2) x HO(&,, £L2U@~N)) — HO(X,, £29)

which sends (g, 07) € HO(X,, £L89) x HO(&,, L2=N)) to the section o = o + 01 - op. For any
0 =00+ 01 -0op in H(X,, L), the singular locus of dive N D, is independent of o1, i.e.

Sing(dive N D,) = Sing(diveg N D).

If (00,01) € HO(X,, £89) x HO(X,, L2@N)) is such that Sing(divey N D,) is finite, we assume
that Sing(diveo N Dp) = {z1,...,2;}. Applying Lemma to D, we have [ = O(d"~2) with
coefficients depending on £ and D but not p. For a fixed o¢ and any x; € Sing(divog ND,), let
x} be the first order infinitesimal neighbourhood of z; in X,,. If div (JO + olopp) is singular at
x4, then the image of og + g10p, in HO(z}, £29) by the natural restriction morphism is 0. Let
my, ., be the ideal sheaf of z; in &},. We have a natural exact sequence of sheaves on &),

0— LOW-N) __, pod__, p8dg O, s,
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where the morphism £2(@=N) 5 £84 is the multiplication by op. Restricting this exact se-
quence of sheaves to the closed subscheme z/, we get a right exact sequence

O XZJ XP O XP

0]
®R(d—N ®d
®LOEN) T g Lo

271 ® £®d — 0,
mXpaxi mxpﬂfi mvaxi + D

where Zp is the ideal sheaf of D. Note that the sheaf —a2:= & £2(d=N) i5 contained in the kernel

Maxp .2
of the first morphism as x; € D. So the above right exact sequence induces the following right
exact sequence

] Ox,

9% gpeav _, 9% gpea 0% grea

2
My, z; mXp,wi mXp,wq; +1Ip

Since D is nonsingular at z;, the multiplication by op morphism

Ox

Ox
— ® LOE=N) _, — ® L84
m m

vazi X;mmi

is not a zero map. This implies that the induced morphism

OXp ®£®(di) N (3% ® L2

mXp)(Ei mXp,a:i
is not zero neither. As the left term is a k(x) linear space of dimension 1, this morphism is in
fact injective and hence we have the following short exact sequence

Ox, Ox,

0
®LEEN) T g ped ® L5 — 0.

0 2
mXZMwi mXp@i mva‘Ti + ID

Now, with the same notation as above, z; € Sing(divey N Dp) means that the image of

the restriction of og in — Oy ® L% is 0. If z; € Sing(diveg) N D,, then ¢ + o10p has

m Z
Xp,zi"' D

image 0 by the restriction to m?A ® L£®4. By the above exact sequence, this is a condition on
Xp,x;
o1(z;) € HO(z;, L2@=N)), By the exactness of the sequence, there is only one value of oy (x;) €
HO(x;, £®(d*N)) which makes div(cg + o10p) singular at x;. If moreover we have degx; > Nin,
then for any 8 € H%(x;, £L2(4=N)) by Lemma the number of sections in HO(X,, L&(@=N))
whose image in H°(z;, £2(?=N)) by the restriction map is 3 is bounded above by
. min(| £ |,deg @) | #HO(XmC@(di)) < pfﬁ . #HO(Xpr@(di)).

Therefore, we have

# {" € HO(x,, cody ; Sng(divo nDy) finite, }

Jz € Sing(dive) N Dy, degz > &
#HO (X, L99)
Sing (div(eg + 010p) N Dp,) finite,
Jz € Sing(div(og + o10p)) N Dy, degx > %
#HO(X,, L&) - #HO (X, LO(A-N))
#HO(%, £54) - [O(d"2)p F 4 HO(x,, L2 ))]
<
= #HO(X,, L&) . #HO (X, LE(d—N))
= O(d"?)p .

#{(00’01);
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Obviously, the last term is bounded above by p~2 when d is large enough. Hence we finish the

proof. O

8.2 Proof of Proposition [8.0.1

Proof. We fix a positive integer N that verifies Lemma [6.1.3] Let p be a prime such that &, is
smooth and irreducible. By Lemma for any closed point € |X},| verifying the condition
d > N(ndegx), ie. degz < %, the restriction morphism

Pp2,p  HO (X2, £8%) — HO (2!, £%),

is surjective, where z’ is the first order infinitesimal neighbourhood of x in X. Therefore the
proportion of global sections in HO(Xp2,£®d) whose divisor satisfies dim,,, % =n is equal
to

dive,x

#Ker Pp2z _ —(n+1) degm'
#HO (X2, £LOD)

Then with the constant ¢y defined in Chapter [5] we have
# {o € HO(X,2, £87) ; Tz € |Xp2|, degz < &, dimy(y % = n}
#HO (X2, LOD)

< Z pf(n+1) degx
xElsz\, degwgﬁ
L %5
< #sz (Fpe )p—(n—i-l)e
e=1
L w5 ]
< Z cop(n—l)e .p—(n-‘rl)e
e=1
9] 00
< Z cop™>¢ = cop”? + Z cop™ ¢ < 2e0p ™2,
e=1 e=2

Note that Lemma tells us that in HO(X,2, £%?), the proportion of sections whose di-
visor has positive dimensional singular locus is bounded above by cpp~2. Consequently, as the
restriction

Qap : HO(Xp2, £87) — HO(X,,, £99)
is surjective, the proportion of sections o € H%(X,2, £&?) such that
dim Sing(div(c|x,)) > 0

is also bounded above by cyp~2. To finish the proof, it suffices to bound the proportion of
sections in the set

2
dive,z

d ivo,r
{a € H°(X,2, £57) ; Sing(divo|x,) finite, 3z € [X,z2|, degz > N dimy, o) Mdivow _ n}

Now we take a subset Eg, C HO(X,2, £5?) such that the restriction map ¢q, induces a
bijection from Eg, to H°(X,, £L&?). For example, if we choose a Z/p?Z-basis of HO(X,z, £L&?),
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we can take Eg, to be the set of sections having coefficients in {0,1,...,p — 1} C Z/p?Z when
written as linear combination of sections in this basis. Then any section o € HO(X,z2, £L&?) can
be written uniquely as

0 =01+ po

for some 01,02 € Eqp. Then Sing(div(o|x,)) = Sing(div(oi|x,)). Now let o be a section in
HO(X,2, £57) such that Sing(div(c|x,)) is finite. We may assume that as a set,

|Sing(div(a|x,))| = {z1,..., @}

Then by Lemma 8.1.1] we have
I=0(@d" 1.

Moreover, for ¢ € {1,...,1}, div(o1 + poz) is singular at z; if and only if the image of o1 + pos
in HO(2, £57) is 0, where z} is the first order infinitesimal neighbourhood of x; in X,2. Let m,,
be the ideal sheaf of x; in X,2. Then z} is defined by the ideal sheaf mi Now we have a right
exact sequence of sheaves

Ox Ox Ox.
— P L¥ s gL, P g8,
mg mz. mz, +p(9;{p2

o
where the first morphism is the multiplication by p. Note that 2—; ® L% c % ® L% is

contained in the kernel of the first morphism, we obtain an exact sequence

k3

Ox Ox
—P eL® TR gp®d T g p®d
m, m2, mZ, +pOx ,

Note that X is regular. The multiplication by p map

o o
cannot be zero. So is % ® LO — % ® L£84, But if this morphism is not zero, it must be
o i
injective as % ® L2 is in fact a sheaf supported on x; where its stalk is a #(z;)-vector space

P

k2
of dimension 1. Hence we get a short exact sequence

Ox Ox Ox
0— 22 @L® 22 oped T g p®d_

Since these sheaves are all supported on z;, this sequence induces the following exact sequence
of groups
0 — By, £89) — HO(2, £2) — HO(2; N &, LZ9) — 0.

Mdivo,x

2
mdivo‘,m

for o = 01 + pos. Note that Lemmamtells us that when d is large enough, for any x € |X)2|
verifying degz > % and any value s € H%(z, £L2?), we have

It tells us that there is only one value of H%(z;, £L%¢) for o5(2;) which makes dim,,) =n

#{o € HO(XP,E®d) ; o(z) = s}
#HO (X, L&)

<p ¥ <pioF.
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Since ¢4, induces a bijection between Ej;, and HO(X,, L9¢), we have
#{0 € Eap s o(x) = s} <p' =¥ - #HO(X,, £97).

Therefore, when d is large enough, we have

Sing(div(o|x,)) finite, Iz € | X,z
dy . ’ yZall Bl
I {a EHX2 L) og > iy M 'y

3
MYivo,

#HO (X2, L29)

Sing(div(o1|x,)) finite, Iz € [X2|, degz > & }

. _ Nn?
# {(017 02) € Ed;P X Ed,;D ’ dlm,{(z) 723“'0*“” =n, with o = o1 —|—po’2

divo,z

#HO(XP2’ £®d)
B, - [0t S 410 (x,, £5)
#HO(XP2,£®d)
= o <

<

This finishes the proof. O

8.3 Proof of Theorem [2.1.1]

—®d
Note that in Chapter [7| we have shown that the proportion of sections in H} (X, £ ) whose

divisor has no singular point of residual characteristic smaller than d7+T tends to Cx(n+1)71
already. Theorem [2.1.1] can be reduced to the following :

Proposition 8.3.1. Let X be a regular projective arithmetic variety of absolute dimension n,
and let L be an ample Hermitian line bundle on X. Let € > 0 be a constant such that 2e < &g,
where g¢ is defined in Proposition[{.1.1 Set

o { € HY (X Z@d) divo has a singular point of residual }
d =39 Arlet, ;

. 1
characteristic between d#+1 and e=®

When d is sufficiently large, we have

#97

T —=d. O(dfﬁ)
#H9 (X, 27

Here the constant involved in the big O depends only on X and L.
In particular, denoting Q™ = J,o Qif', we have

n(Q™) = 0.

. —®d . . . . .
Proof. Since for any o € HQ (X ,E® ), dive has a singular point on the fiber X, implies
o mod p? € Qg 2, we have

#94'

—®d
_ < Z #{oc € HQ (X,L ) ; o mod p? € Qd’pz}.
#HY, (X, L7

#1109 (2, %)

1
dnFT <p<ecd
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Asp > AT implies that p? is odd, we can apply Proposition to the case N = p? arlld
E = Q,,2, and obtain that for any constant 0 < &’ < eg, when d is large enough and p? < el
we have
—®d
#{o € Hﬁ)“(/'\,’,ﬁ® ); o mod p* € Qg 2}
—®d

#HL, (X, L)

< 42RO ITY) g 2

#éQd,p2
#HO(sz , L®d)

= 4

Since X is a regular arithmetic variety, it is irreducible and generically smooth. So if d is large

enough, for any prime number p > dn+r1, &} is irreducible and smooth over I,,. Then Proposition
8.0.1] tells us that there exists a constant ¢ > 0 such that

#Qud p> -2
- <
HHO(X,2, £80) = P

Therefore by setting e = %5’ , we conclude with

#Qy S #{0 € B, (X, 27") ; o mod p* € Quye}
#HQ, (X, L7 #HY, (X, 277

1
dn+1 SPSEEd

Z 4 #Qd,p2

S PR 7
L #HO (X2, LO7)

dnFT <p<ecd
Y

47T <p<esd

4T <p<oo
< 4cd7ﬁ,
which is the statement of the proposition. O

Proof of Theorem [2.1.1. Since P4 C P C Pa U Q™, we get that

[1(Pa) — w(Pp)| < p(Q™) = 0.

Therefore we have
1(Pa) = n(Pg) = Cx(1+n)~".
This finishes the proof. O

8.4 Proof of Corollary

Proof. Let X be a regular projective arithmetic variety of dimension n, and let £ be an ample
line bundle on X. By Proposition there exists a positive constant €y such that for any
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large enough integer d, HO(X ,Z®d) has a basis consisting of sections with norm smaller than
e~%0¢ Choose the constant ¢ to be a real number satisfying 1 < ¢ < e%°. For any R > 1, set
= (L, |I-|I") where ||-||" = ||-||R~". Since (£, ]|-|e~?) is ample for any § > 0, the Hermitian line
bundle Z is also ample. Then by construction, for any large enough integer d, H®(X ,Z@d) has a
basis consisting of sections with norm smaller than R=de=50d = ¢=(fo+los B)d Get ¢ = L 1og(cR).
Then we have

1 1
€= §(logc+ log R) < 5(60 +log R),
and we can apply Theorem to £ with constant ¢ chosen as above. Then the density result

is exactly what we need to prove.
O
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