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Overview

Semi-conductor heterostructures have been for a long time the standard to build elec-

tronic devices, the hallmark of this technology being the Si/SiO2 heterostructures used to

do MOS-FET transistors. Tremendous progress in the quality of the materials in terms of

crystallinity and purity has allowed this technology to thrive : its performances have been

following an exponential trend for decades, the Moore’s law [1, 2]. Though the success of

these technologies is not to be proven, new issues are emerging in addition to the decrease of

the size of the devices, as for instance power consumption and the use of cleaner materials,

providing opportunities to use other classes of materials to make heterostructures. Transi-

tion Metal Oxides (TMO) are interesting candidates because they are known to host a lot

of interesting functionalities [3, 4, 5]. The cuprates, a very broad family of high-Tc super-

conductors, are maybe the most famous family among these systems. A complete zoology of

these materials would be futile for they are so diverse and intriguing : SrTiO3 is the most di-

lute superconductor known and also a quantum paraelectric [6], LaAlO3 is a polar insulator,

LaTiO3 and VO2 are Mott insulator and exhibit a metal to insulator transition [7, 8, 9]. Co-

baltates [10, 11] and nickelates [12] have magnetic properties. The conduction band of these

materials is mostly composed of d electrons which are more impacted by electronic correla-

tions or effect such as spin-orbit coupling than the s or p electrons forming the conduction

band of semiconductors. TMO also exhibit richer physics because of the multi-orbital nature

of the d electron manifold and the multiple states of oxidization of their chemical components

[5, 11]. One of the simplest crystalline structure of transition metal oxides is the perovskite

structure, which is versatile for it can display distortions from the idealized cubic case, which

can induce ferroelectricity or even more exotic effects due to electron-phonon coupling [4, 13].

TMO are indeed a very rich class of materials would it be only for their bulk properties.

xiii
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But as Herbert Kroemer said in his Nobel lecture in 2000, "Often, it may be said that the

interface is the device" [14]. In this respect, TMO heterostructures are a fascinating play-

ground to study new electronic states of matter. The discovery in 2004 [15] that the interface

between the two wide band-gap insulator LaAlO3 (LAO) and SrTiO3 (STO) becomes me-

tallic if more than 4 LAO layers are put on top of an STO substrate opened the way for

a new area of research called "oxitronics". Huge progress in the synthesis of these materials

[16] allows to produce devices with mobilities matching the state-of-the art materials stan-

dards. Futhermore, it is possible to pattern nanostructures within a layer-to-layer accuracy

[15, 17, 18]. New designs such as sandwiches [19] or superlattices [20, 21] composed of several

oxide layers with a great regularity allow to tailor the property of the materials in situ, using

each oxide as a building block for an artificial material with the targeted properties. The

layered structure of these oxides can be used as a probe to study the effects of dimensiona-

lity on electronic properties : if interfaces behave as 2-dimensional objects, stacking enough

layers of a material on top of a substrate can restore the bulk properties [22, 23].

The complex interplay between crystalline and orbital degrees of freedom can lead to

unusual electronic properties. Far from the ideal picture of the free electron gas, exotic

couplings can emerge from broken symmetries. The Nobel Prize of 2017 has been awarded

to Kosterlitz, Thouless and Haldane for the discovery of topological phase transitions [24,

25, 26, 27]. The recent experimental proofs of the Quantum Anomalous Hall Effect (QAHE)

and Quantum Spin Hall Effect (QSHE) [28, 29] have shed light on the dramatic effects of the

geometry of the band structure on the ground state of a material. The case of Topological

Insulators (TI) illustrates the change in the ground state due to this geometry : at the edges

of these bulk insulators, conducting states emerge and carry a ballistic current immune to

disorder [30, 31]. These phenomena are entangled with broken symmetries and are related to

topological invariants of band structures [32, 33]. These new states of matter are of a great

interest for applications because of both their robustness and their immunity to disorder. The

QSHE is intimately related to nontrivial spin properties emerging from spin-orbit coupling

and inversion symmetry breaking. In superconductors it is again the interplay between the

quasi-particles and the spin-orbit coupling that may give rise to the appearance of Majorana

fermions [34, 35, 36]. Transition Metal Dichalcolgenides (TMD), a class of 2d graphene-like

materials with additional couplings, also provide a good example of systems where topological
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effects are expected [37, 38]. TMO heterostructures gather all the usual suspects responsible

for topological properties [39, 40, 41] : breaking of inversion symmetry, spin-orbit coupling,

multi-orbital conduction band and sometimes magnetism or even superconductivity. They

should provide a nice platform to study these topological effects.

The Quantum Spin Hall Effect belongs to the family of spintronic phenomena, yielding a

mean to manipulate the spin of the electrons by acting on the charge sector. The objective of

spintronics is to process information using the spin degree of freedom within microelectronic

chips [42]. It is already a very successful area of research both academically and industrially :

the discovery of Giant MagnetoResistance (GMR) led to the attribution of a Nobel Prize

[43], and Magnetic Random Access Memory (M-RAM) is already produced on an industrial

scale. Building spintronic devices using antiferromagnetic materials is on the roadmap of

the ITRS (International Technology Roadmap for Semiconductors) to increase their perfor-

mances [44]. Heavy metals such as Pt, W and Ta host interesting spintronic properties and

are thus under active investigation to understand how to tame and engineer these effects

[45, 46, 47, 48]. Magnetization dynamics and spin-orbit torques [49, 50] rule how to write

and read the information with spin. It is reckoned that interesting spintronic effects emerge

in systems displaying a Rashba spin-orbit coupling [51]. TMO interfaces, in particular STO-

based, exhibit a gate-tunable Rashba interaction [52] and thus are a nice material platform

to study these effects in detail. Recent experiments [53, 54, 55] have shown they present in-

teresting spintronic effects : we explain two spin-to-charge conversion mechanisms and how

these effects can be used to better characterize the multi-orbital characteristics of the TMO

systems in general.

The organization of the thesis is the following :

In the first chapter, we study the electrostatic doping of transition metal oxide hetero-

structures. First, we review the essential experimental aspects pertaining to the physics of

STO-based heterostructures. The origin of the metallicity of the LAO/STO interface is still

under debate : the scenario of the polar catastrophe involves a mere transfer of electrons

of the LAO layers while the scenario of oxygen vacancies involves the presence of defects

inside the LAO layers. The LAO/STO interface becomes superconductive below a tempera-

ture Tc ≈ 300 mK, and both the superconducting temperature and superfluid density can

be tuned by electrostatic doping ; the nature of the pairing mechanism remains unknown
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up to now. The multi-orbital nature of the conduction band is expected to have important

effects on superconductivity. To a great surprise because these two effects are known foes,

ferromagnetism has been observed in conjunction with superconductivity in some samples.

Unusual magneto-resistance and localization properties of the LAO/STO interfaces hint at

the presence of Rashba spin-orbit coupling. Its intensity can be tuned by electrostatic do-

ping ; the change in the electrostatic properties of the interfaces and the presence of avoided

crossings in the band structure are the main explanations invoked. Second, we provide the

microscopic descriptions of the key ingredients we use to model the [001] and [111] oriented

interfaces of STO. From their crystalline and chemistry properties, we derive a multi-orbital

tight-binding model describing these interfaces, focusing on non-conventional terms : the

compounded effects of atomic spin-orbit coupling and orbital mixing (due to surface distor-

tions) induce splittings in the band structure and non-trivial spin-orbit textures. This model

reproduces the ARPES measurements of STO interfaces. Third, we explain the main features

of the Poisson-Schrodinger approach, which describes the electrostatic confinement near an

interface by solving a self-consistent problem : the interaction between the spatial density of

carriers and the electrostatic potential created by the interface. The presence of a confining

potential creates subbands with a spatial extension related to its orbital character. Through

this approach, we discuss the effects of temperature on the confinement and study features

of the electrostatic doping of 2-dimensional electron gases (2DEG). Electrostatic doping can

be done in two different geometries : top-gating and backgating. For top-gating, the electro-

static doping changes the density of the 2DEG, and the different subbands are not equally

doped. In a back-gating geometry, the shape of the potential confining the 2DEG changes

and differently impacts subbands : the levels which are less confined are more doped, and

there exists a threshold of backgate voltage above which there can be a leakage of charge

outside the well. We model electronic correlations to understand measurements of non-linear

Hall effect in the [001] and [111] orientation of STO interfaces, and investigate the possibility

of band inversions due to correlations and electrostatic doping.

In the second chapter, we introduce concepts of topology in the context of condensed mat-

ter theory. First, we describe paradigmatic systems where the topology of the band structure

has a dramatic influence on electronic properties : topological insulators and the Quantum

Spin Hall Effect. From these experimental discoveries we dive into the mathematical frame-
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work underlying the concepts of topology in condensed matter physics. We unveil the key

role played by the geometry of the wavefunctions inside the Brillouin Zone to explain the

concepts of topological invariants, with a particular focus on the concept of Berry curvature.

To continue our journey, we turn to more sophisticated topological invariants such as the

spin curvature. We discuss the relationship between these geometrical quantities and the

experimental probes available to observe them. Eventually, we discuss how to apply these

concepts to metallic systems, which are our main interest in this work.

In the third chapter, we study the spintronic responses of transition metal oxides hete-

rostructures. We begin with a description of two mechanisms of spin-to-charge conversion,

namely the Edelstein Effect and the Spin Hall Effect, and discuss recent measurements

in STO-based interfaces where these effects are found to be very large. Concepts of semi-

classical transport allow us to compute transport properties from tight-binding models for

STO-based interfaces and to fit experiments using realistic parameters. We further push our

analysis of the generic model for STO interfaces and show that the multi-band structure of

TMO is fundamental to explain the variations of the Edelstein response. The behavior of

the system can be understood by a model we call Multiband Interfacial Spin-Orbit (MISO).

Using analytical computations, we single out the important contributions to the spintronic

responses using low-energy models around peculiar points of the band structure and show

that the MISO induces winding spin textures of two different nature with a distinctive effect

on the responses. Using perturbation theory, we detail these two contributions : if the former

is analogous to the Rashba-Edelstein effect, the latter is peculiar to the multi-orbital nature

of the conduction band and can be of the same amplitude. This dichotomy might provide

an explanation for phenomena that are interpreted as a gate-tunable Rashba interaction or

even more complex cubic Rashba interactions.

In the final chapter, we tackle the capping problem using ab initio computations. LAO/STO

interfaces are known to become metallic above a critical thickness of 4 LAO layers on top of

the STO substrate. It remains difficult to disentangle the respective roles of chemistry and

electrostatics to explain the formation of the 2DEG at this interface. Recent experiments

have shown that the 4 LAO layers can be replaced by m LAO + n STO layers, as long as

m + n ≥ 4. This observation, which is called the "capping problem", might help to unveil

the mechanisms underlying the formation of 2DEGs and to better understand the different
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effects at play. We use Density Functional Theory to study these capped heterostructures.

After an analysis of the bulk and bare STO surfaces, we systematically probe the different

m and n cases. The layer-resolved structure of the Density of States reveals how the Ti

conduction and O valence bands are affected by the chemistry of the heterostructure. The

metallicity criterion is obtained for known cases but fails to be fully explained. We discuss

the introduction of defects in the heterostructures, which is a plausible explanation for this

phenomenon.

To conclude, further developments into the problems of confinement, topology and magneto-

transport provide interesting routes for future works.

If the confinement potential has known consequences on the spatial density and the

band bending near the interface, the interplay of this potential with disorder leaves open

questions. The presence of surface roughness and sparse oxygen vacancies in the bulk of

TMO provides several non-equivalent disorder channels with different scattering properties.

How orbitals and subbands are affected by disorder is of critical importance to evaluate their

role in transport properties. The huge discrepancy between the number of carriers evaluated

in ARPES and in nonlinear Hall effects is often explained by the presence of "frozen carriers".

Why some carriers are seemingly muted in transport signatures is not yet well understood. A

detailed treatment of disorder and its interplay with correlations may provide an explanation

for the observation of magnetism in some STO samples [56].

As far as topological and magneto-transport properties are concerned, disorder should

again be of the utmost importance. The Anomalous Hall Effect and Spin Hall Effect have

contributions emerging from disorder : vertex corrections to the current operators yield the

side-jump and skew-scattering contributions which are of the same order of magnitude as

the intrinsic effect : it is acknowledged that these contributions may cancel the intrinsic

contribution of the SHE in the linear Rashba model. Can the multi-orbital nature of TMO

explain the survival of a SHE signal ? Can we understand the weak anti-localization and

anisotropic magnetoresistance properties of STO interfaces using the framework of the MISO

enriched with a more complete description of disorder ? The presence of several orbital in

the conduction band of TMO heterostructures is a fundamental ingredient to understand

their properties, and the numerous hints that it is possible to switch from single to multi-

band transport upon electrostatic doping provides a mean to study multi-band transport
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signatures and to understand the behavior of various complex physical phenomena in this

context.

To put in a nutshell, Transition Metal Oxide heterostructures are fascinating systems

with exotic transport properties and provide a rich playground to study complex phases of

matter. They are strong contenders for building a next generation of electronic devices from

materials with tailored functionalities.
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Résumé en français

Les hétérostructures de semi-conducteurs constituent depuis longtemps un standard pour

réaliser des dispositifs électroniques, le fer de lance de cette technologie étant les interfaces a

base de silicium (Si) et d’oxyde de silicium (SiO2) qui sont utilisées dans les transistors à effet

de champ électrique (MOS-FET). Les très nombreux progrès relatifs à la cristallinité et la

pureté des semi-conducteurs ont permis des progrès vertigineux : les performances des com-

posants électroniques industriels ont suivi une croissance exponentielle pendant les quarante

dernières années, suivant une célèbre tendance empirique, la loi de Moore. Bien que le succès

rencontré par ces technologies ne soit plus à prouver, de nouvelles problématiques émergent

en parallèle de la décroissance de la taille des composants (qui est l’un des principaux défis) :

on pourra citer la consommation d’énergie et l’utilisation de matériaux moins nocifs pour

l’environnement ou plus recyclables. Ces réflexions amènent à la fabrication d’hétérostruc-

tures à base d’autres matériaux. Les oxydes de métaux de transitions sont des candidats

de choix car ils possèdent de nombreuses fonctionnalités. Les cuprates (oxydes de cuivre),

large famille de supraconducteurs à haute température critique, forment certainement la plus

célèbre sous-catégorie de ces oxydes. Faire une zoologie exhaustive de ces matériaux est com-

pliqué car leurs propriétés sont très diverses. Pour citer quelques exemples : le titanate de

strontium SrTiO3 est le supraconducteur avec la plus basse densité de porteurs connue ainsi

qu’un paraélectrique quantique, LaTiO3 et VO2 sont des isolants de Mott et traversent une

transition métal-isolant lorsque la température évolue et les cobaltates (oxydes de cobalt) et

des nickelates (oxydes de nickel) ont des propriétés magnétiques. La bande de conduction de

ces matériaux est celle du métal de transition qui la compose. Cette bande de conduction est

composée d’électrons appartenant à la couche électronique d, plus affectés par le couplage

spin-orbite et les effets relatifs aux corrélations électroniques que les électrons des couches s

xxi
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ou p, qui composent la bande de conduction des semiconducteurs traditionnels (Si, GaAs).

Leur physique est également plus riche car la couche d est composée de plusieurs orbitales

électroniques et les métaux de transition peuvent présenter plusieurs niveaux d’oxydation

stables. L’une des structures cristallines les plus simples de ces oxydes est la structure per-

ovskite (qui est le nom original du titanate de calcium CaTiO3). Cette structure dérivée de

la structure cubique est intéressante car elle peut se distordre et donner lieu à l’apparition

de la ferroélectricité ou même d’effets plus exotiques liés au couplage électron-phonon.

Les oxydes de métaux de transition présentent déjà des propriétés très riches en phase

cristalline. Mais comme l’a dit Herbert Kroemer dans la conférence suivant la remise de

son Prix Nobel en 2000 : "Souvent, c’est en réalité l’interface qui constitue le dispositif".

En ce sens, les hétérostructures d’oxydes sont un terrain de jeu fantastique pour étudier les

nouveaux états électroniques de la matière. Il a été découvert en 2004 que l’interface entre

l’aluminate de lanthane (LaAlO3 ou LAO) et le titanate de strontium (SrTiO3 ou STO), deux

isolants à large bande interdite, pouvait être rendue métallique lorsque l’on dépose plus de

quatre couches de LAO au dessus d’un substrat de STO. Cela a ouvert un nouveau domaine

de recherche appelé "oxytronique". Les progrès dans la synthèse de ces matériaux permettent

aujourd’hui de produire des composants avec des mobilités du niveau des meilleurs standards,

et de produire des nanostructures avec une précision à la couche près. Cela permet de conce-

voir des structures en sandwich ou des super-réseaux composés de plusieurs oxydes et ainsi

d’imaginer des matériaux artificiels avec des propriétés sur mesure, en utilisant chaque oxyde

comme une brique élémentaire du matériau composite. La structure en couches successives

de ces oxydes permet également d’étudier les effets de la dimensionnalité sur les propriétés

électroniques : si les interfaces sont des objets bi-dimensionnels, en empilant suffisamment

de couches au-dessus d’un substrat les propriétés volumiques du matériau supérieur finissent

par être restaurées.

L’interaction entre les degrés de liberté cristallins et orbitaux peut amener des propriétés

inattendues. Des couplages exotiques peuvent émerger de la brisure de certains symétries,

nous éloignant de l’image idéale du gaz d’électrons libres. Le prix Nobel de 2017 a été attribué

à Kosterlitz, Thouless et Haldane pour la découverte des transitions de phase topologiques

de la matière. Des expériences récentes démontrant l’existence de l’Effet Hall Quantique

Anormal (QAHE) et de l’Effet Hall Quantique de Spin (QSHE) ont mis en lumière le rôle
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critique de la géométrie de la structure de bande sur l’état fondamental d’un système. Le cas

des isolants topologiques illustre à merveille le lien entre cette géométrie et le changement de

l’état fondamental du système : aux frontières de ces matériaux isolants de volume, des états

métalliques peuvent se développer et donner lieu à une conduction ballistique, insensible

au désordre de l’échantillon. Ces phénomènes sont intimement liés à certaines brisures de

symétrie et à des invariants topologiques de la structure de bande. Ces nouveaux états de la

matière sont d’un grand intérêt technologique en raison de leur robustesse et de leur immunité

au désordre. Dans le cas du QSHE, ces états topologiques ont pour origine le couplage spin-

orbite et la brisure de la symétrie par inversion. Dans les systèmes supraconducteurs on

pense que c’est aussi l’effet du couplage spin-orbite sur les quasi-particules qui permettrait

d’observer les fermions de Majorana. Les dichalcogénures de métaux de transition, matériaux

bi-dimensionnels que l’on pourrait qualifier de graphènes augmentés, sont un bon exemple de

matériaux où l’on s’attend à trouver des propriétés liées à la topologie. Les hétérostructures

d’oxydes de métaux de transition rassemblent tous les ingrédients qui mènent à des propriétés

topologiques : la brisure d’inversion de symétrie, le couplage spin-orbite, la présence de

plusieurs orbitales et parfois du magnétisme ou de la superconductivité. Ils constituent donc

une classe de matériaux intéressante pour étudier ces effets topologiques.

L’Effet Hall Quantique de Spin (QSHE) fait partie de la famille des phénomènes "spintro-

niques" car il fournit un moyen de manipuler le spin des électrons en agissant sur le secteur

de charge. Le but de la spintronique est de stocker ou transmettre l’information en utilisant

le degré de liberté de spin des électrons au sein de composants que l’on peut intégrer à des

dispositifs électroniques. C’est un domaine de recherche déjà très abouti que ce soit au plan

académique ou industriel : la découverte de la magnéto-résistance géante par Albert Fert

lui a apporté un prix Nobel, et les mémoires M-RAM (Magnetic Random Access Memory)

sont déjà produites à un échelon industriel. La possibilité d’utiliser des matériaux antifer-

romagnétiques pour réaliser des composants spintroniques figure sur la feuille de route de

l’ITRS (International Technology Roadmap for Semiconductors) visant l’amélioration des

performances des composants électroniques. Les métaux lourds comme le platine (Pt), le

tungstène (W) et le tantale (Ta) ont démontré de bonnes propriétés de conversion du spin

en charge et sont étudiés intensivement afin de comprendre comment maîtriser et optimiser

ces effets. La dynamique de l’aimantation et les couples de spin-orbite dictent la manière
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dont l’information de spin peut être écrite ou lue. Il est connu que les systèmes possédant

un couplage spin-orbite de Rashba ont des propriétés spintroniques. Les interfaces d’oxydes

de métaux de transition, et notamment celles à base de STO, ont une interaction de type

Rashba qui peut être modulée par une tension de grille. Ils fournissent donc un bon cadre

pour l’investigation de ces effets. Des expériences récentes montrent que les interfaces à

base de STO présentent des effets spintroniques. Ces systèmes peuvent aider à comprendre

des mécanismes de conversion du spin vers la charge. A l’inverse, ces effets spintroniques

peuvent être utilisés pour mieux comprendre le caractère multi-orbital des oxydes de métaux

de transition.

L’organisation de la thèse est la suivante :

Dans le premier chapitre, nous abordons le dopage électrostatique des interfaces entre

oxydes de métaux de transition. Premièrement, nous passons en revue quelques-uns des résul-

tats expérimentaux essentiels pour comprendre la physique des hétérostructures d’oxydes de

métaux de transition. L’origine de la métallicité de l’interface entre LAO et STO est encore

aujourd’hui sujette à débats : le scénario de la catastrophe polaire invoque un simple trans-

fert des électrons de la surface du LAO alors que le scénario des lacunes d’oxygène implique

de surcroît la présence de défauts dans la structure cristalline. L’interface LAO/STO devient

supraconductrice en dessous de Tc = 300 mK, et cette température critique peut être modi-

fiée par dopage électrostatique ; si la nature du mécanisme de liaison demeure inconnue, on

s’attend à ce que la supraconductivité soit impactée par la nature multi-orbitale de la bande

de conduction. Certains échantillons présentent des traces de ferromagnétisme en plus de leur

supraconductivité, ce qui est surprenant car ces deux effets sont habituellement antagonistes.

Les signatures de magnéto-résistance et de localisation non standards dans ces interfaces sont

interprétées par la présence d’un couplage de spin-orbite Rashba. L’amplitude de ce couplage

peut être modulé par dopage électrostatique ; ce phénomène est expliqué par le changement

des propriétés électrostatiques au voisinage de l’interface ou par la présence de croisements

évités dans la structure de bandes. Ensuite, nous fournissons une description microscopique

des ingrédients essentiels à la description des interfaces de STO dans les orientations [001]

et [111]. La structure cristalline et chimique de STO permet de construire un modèle de

liaisons fortes à plusieurs orbitales. On détaillera la présence de termes spéciaux dans ces

systèmes : le couplage spin-orbite atomique et le mélange orbital (du aux distorsions à la
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surface des matériaux) induisent des croisements évités dans la structure de bandes et des

textures de spin non triviales. Nous montrons que ce modèle reproduit les données fournies

par les mesures ARPES sur les interfaces à base de STO. Puis, nous expliquons le modèle de

Poisson-Schrodinger que nous utilisons afin de décrire le confinement proche de l’interface. Il

s’agit d’une description auto-cohérente du confinement reliant la densité spatiale de porteurs

et le profil du potentiel électrostatique créé par l’interface. Nous utilisons cette approche pour

comprendre le dopage électrostatique de ces gaz bi-dimensionnels. Nous analysons pour cela

deux types de géométrie de dopage électrostatique : la géométrie avec une grille au-dessus

ou en-dessous. Lorsque la grille est au dessus de l’interface, le dopage change le nombre de

porteurs qui se répartissent de manière différenciée entre les sous-bandes. Lorsque la grille

est en dessous, la forme du potentiel électrostatique se modifie et celui-ci agit différemment

sur chaque sous-bande : les niveaux les moins confinés sont les plus dopés. Nous discutions

de l’existence d’un seuil de tension de grille qui peut amener à la fuite de certains porteurs

en dehors du potentiel de confinement. Enfin, nous discutons l’effet des corrélations élec-

troniques sur ces systèmes, en regard des résultats expérimentaux d’Effet Hall non linéaires

réalisés sur les interfaces LAO/STO dans les orientations [001] et [111].

Le deuxième chapitre traite des effets de la topologie sur la physique de la matière conden-

sée. Nous décrivons quelques exemples de systèmes dans lesquels la topologie de la structure

de bandes a une influence profonde sur les propriétés électroniques des solides : les isolants

topologiques et l’effet Hall Quantique de Spin. Fort de ces exemples nous nous plongeons

dans le formalisme mathématique sous-jacent aux aspects topologiques de la matière conden-

sée. Nous montrons le rôle joué par la géométrie des fonctions d’onde à l’intérieur de la zone

de Brillouin pour expliquer le concept d’invariant topologique, en détaillant le concept de

courbure de Berry. Pour continuer notre tour d’horizon, nous nous intéressons à des inva-

riants plus sophistiqués tels que la spin courbure. Nous discutons des liens entre ces quantités

géométriques et les mesures expérimentales disponibles pour mettre à nu ces effets. Enfin,

nous essayons de transposer ces concepts aux cas métalliques, qui sont notre centre d’intérêt

principal dans ce travail.

Le troisième chapitre a trait à la description des réponses spintroniques des hétérostruc-

tures d’oxydes de métaux de transition. Nous décrivons deux mécanismes de conversion du

spin en charge, à savoir les effets Edelstein et Hall de Spin. Ces deux effets ont été mesurés
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récemment dans des interfaces d’oxydes, où ils y battent des records d’amplitude. Nous ex-

pliquons comment évaluer ces réponses à partir de modèles de liaisons fortes, et montrons

l’accord entre les expériences et les calculs numériques. Nous étudions ensuite de manière

plus générique le modèle utilisé pour décrire STO, où la structure à plusieurs bandes est es-

sentielle pour comprendre les variations d’amplitude de l’effet Edelstein. Nous construisons

un modèle appelé MISO pour décrire la forme du couplage spin-orbite qui régit ces systèmes.

Grâce à un traitement analytique de ce modèle à basse énergie, nous isolons les différentes

contributions à la réponse spintronique du système au voisinage de certains points de la zone

de Brillouin. Nous montrons que le MISO génère des textures de spin non triviales de deux

natures différentes. La théorie des perturbations permet de déterminer leur rôle respectif sur

les réponses spintroniques. L’effet du premier type de texture est de type Rashba-Edelstein,

alors que le second est spécifique à la nature multi-orbitale du modèle et peut être d’une

amplitude comparable voire plus importante que le premier. La distinction entre ces deux

effets peut expliquer certaines interprétations relatives à l’existence d’un couplage Rashba

modifiable par dopage électrostatique ou à la présence d’un couplage Rashba cubique.

Le dernier chapitre a trait à la modélisation du problème dit du "capping" à partir de

calculs ab initio. En temps normal, les interfaces LAO/STO deviennent métalliques au-

delà d’une épaisseur critique de quatre couches de LAO au-dessus d’un substrat de STO.

Les rôles respectifs que remplissent la chimie et l’électrostatique de ces interfaces dans la

création du gaz bi-dimensionnel sont encore mal compris. Des expériences récentes montrent

que l’épaisseur critique de 4 couches de LAO peut être remplacée par m couches de LAO

avec n couches de STO au-dessus (appelées couches de "capping"), si la condition m+n ≥ 4

est remplie. Cette observation, appelée le problème du "capping", peut aider à comprendre

davantage les mécanismes en jeu dans la formation des gaz bi-dimensionnels. Nous étudions

ce problème à l’aide de la théorie fonctionnelle de la densité et modélisons les hétérostructures

"cappées" pour essayer de résoudre ce problème. Après une analyse de STO dans ses formes

volumique et de surface, nous modélisons systématiquement les hétérostructures pour les

différentes valeurs de m et n. La structure couche par couche de la densité d’états montre

l’impact de la chimie de ces hétérostructures sur les bandes de valence et de conduction. Si le

critère de métallicité m+n ≥ 4 est obtenu pour les cas les plus simples, il n’est pas expliqué

dans son entièreté. Nous discutons enfin de l’introduction de défauts dans la structure.
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Ce travail soulève de nouvelles questions dans l’étude des oxydes de métaux de transi-

tion, que ce soit en terme de confinement électrostatique, de topologie ou bien de magnéto-

transport.

Si le rôle du confinement électrostatique sur la densité de charge et sur la courbure de

bandes est connue, la manière dont le potentiel électrostatique se comporte en présence de

désordre laisse de nombreuses questions ouvertes. La présence de rugosité de surface et de

lacunes d’oxygènes dispersées dans le volume fournissent plusieurs types de désordre suscep-

tibles de produire des effets diffusifs de nature différente. La manière précise dont chaque

orbitale et chaque sous-bande interagissent avec ce désordre dicte les propriétés de transport

de ces systèmes. La différence d’un ordre de grandeur entre la densité de porteurs déterminée

par l’interprétation des spectres ARPES et par l’Effet Hall non linéaire est souvent expliquée

dans la littérature par la présence de "porteurs gelés". Les raisons pour lesquelles ces porteurs

semblent ne pas participer au transport ne sont toujours pas bien comprises. Par ailleurs,

une modélisation du désordre sous l’angle des corrélations électroniques pourrait fournir une

explication au magnétisme observé de certaines surfaces de STO, même si cette observation

expérimentale est encore sujette à débat.

En ce qui concerne les propriétés topologiques et le magnétotransport, le rôle du désordre

est également de premier plan. Dans le contexte des Effets Hall Anormal et de Spin, les cor-

rections de vertex aux opérateurs de courant (de charge ou de spin) produisent des contri-

butions (side-jump et skew-scattering) qui sont du même ordre que la partie intrinsèque de

la réponse. Dans le cas du modèle Rashba linéaire, il est dit que ces contributions peuvent

occulter complètement la contribution intrinsèque à l’Effet Hall de Spin. La présence de

plusieurs orbitales au sein de la bande de conduction peut-elle expliquer qu’un signal de

SHE demeure ? Peut-on comprendre les propriétés d’anti-localisation faible et de magnéto-

résistance anisotropique des interfaces à base de STO en utilisant le modèle du MISO en

incluant une description du désordre ? Il est clair que la nature multi-orbitale du gaz d’élec-

trons aux interfaces d’oxydes de métaux de transition est essentielle pour comprendre ses

propriétés. Les nombreuses observations démontrant la transition d’un à plusieurs types de

porteurs par dopage électrostatique forment un excellent champ d’étude pour les proprié-

tés des systèmes à plusieurs bandes. Cela permet aussi de comprendre comment certains

phénomènes physiques complexes s’expriment en présence de plusieurs types de porteurs
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électroniques.

En résumé, les hétérostructures d’oxydes de métaux de transition sont des systèmes fas-

cinants qui offrent un excellent cadre pour étudier de nouvelles phases de la matière et des

propriétés exotiques de transport. Ces matériaux sont des candidats pertinents pour le déve-

loppement d’une nouvelle génération de composants électroniques possédant des propriétés

ciblées.
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I – Introduction to transition metal

oxide heterostructures

It is so difficult to find the beginning. Or, better : it is difficult to

being at the beginning. And not to try to go further back.

Ludwig Wittgenstein,

On Certainty

I.1 An introduction to Materials Science

Materials Science intends to understand and predict the properties of materials (electro-

nic, mechanic, chemical etc), and to discover new materials. If semi-conductors have been

for long the ultimate standard to build electronic devices, Transition Metal Oxides (TMO)

are strong contenders to build the next generation of devices for they are a big family of

compounds with rich and various functionalities. While usual electronic devices are alloys of

IV (C, Si), III-V (GaAs, GaN, BN) and II-VI (CdTe, ZnO) semi-conductors with p electrons

in the valence/conduction band, TMO contain transition metals with a partially filled d-shell

which determines the properties of the valence and conduction bands. d-shell electrons are

known to have richer properties than s- or p-shell electrons, in particular regarding complex

effects such as electronic correlations, spin-orbit coupling or magnetism. Materials for which

the conduction and valence band is composed of s- and p-shell electrons are usually treated

in the free electron picture : electron-electron interactions can safely be neglected because

the Coulomb interaction between electrons is strongly screened. This model is called the

1
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electron gas and has a parabolic dispersion

εEG(k) = ~2k2

2m∗ (I.1)

where k is the wavevector of the electron and m∗ is the effective mass of the electron. This

mass features corrections to the bare electron mass due to the periodic potential of the

crystal and the electrostatic screening. This approximation holds for systems at very low

filling and is also used to describe hole-like carriers. When the density of carriers increase,

several effects have to be taken into account : the Pauli principle limits the filling of each

orbital to two electrons (due to spin degeneracy) and imposes a finite bandwidth : at higher

fillings, the dispersion and the effective mass deviate from the parabolic behavior. Above a

certain threshold, the Fermi surface undergoes reconstructions : after a point called Van Hove

singularity, the carriers change their nature, from electron-like to hole-like. The parabolic

dispersion can be replaced by a cosine form ETB(k) = 2t(1−cos(ka)) where t is the amplitude

of the hopping and a is the lattice parameter. Around half-filling (one electron per unit cell),

interactions can change the nature of the ground state from metallic to insulating. On-site

interactions penalize so much double-occupancy of sites that the system goes towards a frozen

charge state : this is called the Mott insulator. Other effects such as interactions between

the electrons and spin waves or phonons can change the electronic properties of a material.

The geometry of a crystal has a strong influence on its electronic properties. The Linear

Combination of Atomic Orbitals (LCAO) approximation treats electronic states as hydroge-

noid orbitals located around the atoms of the unit cell. The overlap of these atomic orbitals

can explain the formation of covalent bonds when electrons are shared between two neigh-

boring atoms or metallic states when electronic states are no longer localized. The spatial

distribution of the wavefunctions of the electronic states has an important interplay with

the position of atoms inside the unit cell of the crystal : s orbitals have spherical symmetry,

whereas p orbitals (px, py, pz) are directional and have two lobes disposed along a common

axis. The directionality of orbitals can either favor or penalize overlaps between neighbo-

ring atoms. The tight-binding approach helps to build effective models for materials from

these principles enriched with symmetry considerations [57]. It allows to give a hierarchy

of the hopping amplitudes and to model metallic states with a minimal number of terms



Version du 19 novembre 2020, 16:35

I.2 Transition Metal Oxides 3

in the Hamiltonian. The parameters of a tight-binding Hamiltonian can be fitted to match

experimental data or results of more sophisticated models such as ab initio computations.

I.2 Transition Metal Oxides

I.2.1 Oxides as functional materials

Transition Metal Oxides (TMO) constitute a vast class of materials known to display a

lot of different functionalities [3, 4, 5]. The cuprates, a very broad family of high-Tc super-

conductors, are maybe the most famous family among these materials. A complete zoology

of the functionalities of TMO would be futile for they are so diverse and intriguing : SrTiO3

is the most dilute superconductor known and also a quantum paraelectric [6], LaAlO3 is

a polar insulator, LaTiO3 and VO2 are Mott insulators and exhibit a metal-to-insulator

transition [7, 8, 9]. Cobaltates [10, 11] and nickelates [12] have magnetic properties. The

conduction band of these systems is often composed of d electrons which are more impacted

by electronic correlations or effects such as spin-orbit coupling than the s and p electrons

of the conduction band of semi-conductors. They also exhibit richer physics because of the

multi-orbital nature of the d-shell and to the multiple states of oxidization of their chemical

components [5, 11].

I.2.2 Perovskite oxides : crystallography

"Perovskite" initially named calcium titanate CaTiO3, but the term is now employed to

name oxides with the general formula ABO3. It condenses in a cubic structure with A ions

on the corners, B ions in the center of the cube and O atoms in the center of the faces of the

cube. The A ions usually are alkaline earth (Ca, Sr, Ba) or rare-earth (La, Nd, Eu) elements

while the B ions are 3d (Ti, Co), 4d (Ru, Pd) or 5d (Ir, Ta) transition metals. The structure is

stable for values of the Goldschmidt’s tolerance factor tG = RA+RO√
2(RB+RO) in the range 0.75-1.0

[58, 59], where RX is the ionic radius of species X. This condition comes from the steric

constraint that the length of the diagonal of a face of the cube must be
√

2 times the length

of one of its edge. For tG = 1 the oxygens are in contact with both the A and B ions. For

tG < 1 the A ions have more space than needed in the interstices, leading to orthorombic
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distortions, while for tG > 1 the unit cell undergoes tetragonal distortions. These distorted

structures lead to phenomena such as ferroelectricity (in BaTiO3 where tG = 1.06 [60]) or

antiferrodistortive order (in CaTiO3 where tG = 0.946 [61]). The huge variety of compounds

sharing this simple structure is an interesting playground to seek novel properties of matter.

The A and B ions are building blocks that can bear functionalities : rare-earth atoms (Sm,

Nd, Eu) host magnetic properties [62], while transition metals (Ti, Ta, W) display strong

atomic spin-orbit coupling [63]. The interplay between the itinerant electrons of the d-shell,

the crystal geometry and the chemistry yields a very rich environment to design new states

of matter. The addition of defects such as atomic substitutions [64] or oxygen vacancies [65]

allow to tailor the properties of bulk materials with even finer tools.

I.2.3 Making an interface

Perovskite oxides are fascinating if only for the properties of their bulk, but they turn

out to be a very nice class of materials to build interfaces. The dimensions of the unit cell

are similar for a large number of these compounds [66], allowing to make smooth interfaces

of large dimensions while avoiding the proliferation of dislocations due to lattice mismatch.

It is possible to design heterostructures with richer properties than those built from semi-

conductors thanks to the functionalities of TMO. Single interfaces can be modeled as 2-

dimensional systems ; the application of strain, electric or magnetic fields can change their

properties. Growing materials within a layer-resolved atomic precision allows to produce

structures such as superlattices, and can be considered as synthesizing artificial materials

with patterned crystalline structures. Interfacing perovskite oxides offers a new degree of

freedom to design materials with novel properties : each material is a building block, and

the stacking of these blocks offers new ways to study the interplay of different physical

phenomena. These architectures yield means to harness the best properties of materials, or

even to induce new physical effects proper to the patterned structures [19, 20, 21, 22, 23].

The main techniques used for the synthesis of perovskite oxides are molecular beam epitaxy,

pulsed laser deposition, chemical vapor deposition and laser sputtering [16].
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a ) b )

c ) d )

Fig. I.1 a) The perovskite structure ABO3. b) Magneto-resistance of a LAO/STO interface
under different backgate voltages, taken from [52]. c) Conductivity of LAO/STO interface
as a function of the number of LAO layers on top of a STO substrate, extracted from [67]. A
transition to a metallic state occurs above a thickness of four unit cells. d) Resistance map
as a function of the temperature and of the conductivity. The superconducting transition
displays a dome-like shape, taken from [68].

I.3 The LAO/STO heterostructure

I.3.1 Formation of the 2DEG

The paradigmatic example of perovskite heterostructure is the interface between SrTiO3

(STO) and LaAlO3 (LAO). It has been discovered in 2004 [15] that the interface between

LAO and STO becomes metallic when more than 4 unit cells of LAO are piled up on top of

a TiO2-terminated STO substrate. This is unexpected because both LAO and STO are wide

band gap insulators (∆LAO = 5.6 eV and ∆STO = 3.2 eV). The metallic state at this interface

is a 2-dimensional electron gas (2DEG), but contrarily to semi-conductor heterostructures, no

extrinsic donors are to be added in order to create it. Several explanations have been proposed
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to account for the formation of this 2DEG, two of them being the polar catastrophe and

the presence of oxygen vacancies. Both these scenarios rely on a charge transfer between the

topmost surface of LAO and the interface between LAO and STO. Indeed, the LAO part of

the interface is composed of alternating layers of LaO and AlO2, each carrying an opposite

electrostatic charge (+1 for LaO and -1 for AlO2). The stacking of these layers creates a

linearly growing electrostatic potential which overcomes the gap between the two materials

above a certain threshold. In the polar catastrophe scenario, this energy is relaxed by a mere

transfer of electrons from the topmost LAO layer to the TiO2 layer at the interface. It is

computed that the critical thickness of LAO layers triggering the polar catastrophe is of four

unit cells. A different theory to explain the emergence of this 2DEG relates the charge transfer

to the formation of oxygen vacancies in the topmost layer of LAO. These empty oxygen sites

are very common defects in perovskite crystals, and it is proposed that the accumulation of

electrostatic energy thermodynamically favors the formation of these vacancies when there

are more than four unit cells of LAO [69]. The formation of each vacancy is accompanied by

the release of 2 electrons inside the system, to screen the effective charge left by the missing

oxygen atom. The estimated critical thickness in this scenario is also around 4 unit cells of

LAO. In both cases, the transferred charge shall be of 0.5 electron per unit cell to balance

the electrostatic energy

I.3.2 Overview of the LAO/STO interface

The formation of the 2DEG at the interface of LAO and STO is not the end of the

story : this interface hosts very intriguing properties such as superconductivity [70], magneto-

resistance [71] and even ferromagnetism in some samples [56, 72]. Standard techniques in

nanostructures make it possible to pattern Hall bars and to use gate voltages in order to

dope the 2DEG. Its properties strongly varies with electrostatic doping : its superconducting

temperature varies, displaying a dome-like shape analogous to the behavior of high-Tc su-

perconductors [73], with a peak critical temperature of Tc = 300mK. Its magneto-resistance

also depends strongly on temperature and electrostatic doping, displaying signatures of weak

anti-localization which are interpreted as consequences of a gate-tunable Rashba spin-orbit

coupling [52]. Hall effects measurements display nonlinear features typical of the presence

of several types of carriers inside the 2DEG. Multi-band transport can hint at reasons why
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superconductivity and ferromagnetism, which usually are antagonistic, are simultaneously

observed on the same samples [56].

I.4 Organization of the thesis

In Chapter II, we provide microscopic descriptions of the key ingredients we use to

model the STO [001] and [111] interfaces. From their crystalline and chemistry properties,

we derive a multi-orbital tight-binding model describing these interfaces, focusing on non-

conventional terms : the compounded effects of atomic spin-orbit coupling and orbital mixing

(due to surface distortions) induce splittings in the band structure and non-trivial spin-

orbit textures. This model reproduces the ARPES measurements of STO interfaces. Via the

Poisson-Schrodinger approach, we explain the formation of subbands with a spatial extension

related to their orbital character from the presence of a confining potential at the interface.

We use this approach to understand the impact of temperature on the confinement and

features of the electrostatic doping of these interfaces. Electrostatic doping can be done

in two different geometries. For top-gating, the electrostatic doping changes the density of

the 2DEG, and the different subbands are not equally doped. In a back-gating geometry,

the shape of the potential confining the 2DEG changes and differently impacts subbands :

the levels which are less confined are more doped, and there exists a threshold of backgate

voltage above which there can be a leakage of charge outside the well. We model electronic

correlations to understand measurements of non-linear Hall effect in the [001] and [111]

orientation of STO interfaces and investigate the possibility of band inversions due to the

compounded effects of interactions and electrostatic doping.

In Chapter III, we dive into the mathematical framework underlying the concepts of

topology in condensed matter physics. We unveil the key role played by the geometry of

the wavefunctions inside the Brillouin Zone in order to explain the concepts of topological

invariants, with a particular focus on the concept of Berry curvature. To continue our journey,

we turn to more sophisticated topological invariants such as the spin curvature. We discuss

the relation between these geometrical quantities and the experimental probes available to

observe these effects. Eventually, we discuss how these concepts can be applied to metallic

systems, which are our main interest in this work.



Version du 19 novembre 2020, 16:35

8 Chapitre I. Introduction to transition metal oxide heterostructures

The Chapter IV is devoted to the spintronic response of TMO heterostructures. We begin

with a description of two mechanisms of spin-to-charge conversion, namely the Edelstein

Effect and the Spin Hall Effect, and discuss recent measurements in STO-based interfaces

where these effects are found to be very large. Concepts of semi-classical transport allow us

to compute transport properties from tight-binding models for STO-based interfaces and to

fit experiments using realistic parameters. We further push our analysis of the generic model

for STO interfaces and show that the multi-band structure of TMO is fundamental to explain

the variations of the Edelstein response. The behavior of the system can be understood by

a model we call Multiband Interfacial Spin-Orbit (MISO). Using analytical computations,

we isolate the important contributions to the spintronic responses using low-energy models

around special points of the band structure and show that the MISO induces winding spin

textures of two different natures with a distinct effect on the responses. Using perturbation

theory, we detail these two contributions : if the former is analogous to the Rashba-Edelstein

effect, the latter is peculiar to the multi-orbital nature of the conduction band and can be

of the same amplitude. This dichotomy might provide an explanation for phenomena that

are interpreted as a gate-tunable Rashba interaction or even more complex cubic Rashba

interactions.

Chapter V is an ab initio study of the capping problem in LAO/STO heterostructures.

LAO/STO interfaces are known to become metallic above a critical thickness of 4 LAO

layers on top of the STO substrate. It remains difficult to disentangle the respective roles of

chemistry and electrostatics to explain the formation of the 2DEG at this interface. Recent

experiments have shown that the 4 LAO layers can be replaced bym LAO + n STO layers, as

long as m+n ≥ 4. This observation, which is called the "capping problem", might help unveil

the mechanisms underlying the formation of 2DEGs and to understand better the different

effects at play. We use Density Functional Theory to study these capped heterostructures.

After an analysis of the bulk and bare STO surfaces, we systematically try the different

m and n cases. The layer-resolved structure of the Density of States reveals how the Ti

conduction and O valence bands are affected by the chemistry of the heterostructure. The

metallicity criterion is obtained for known cases but fails to be completely explained. We

discuss the introduction of defects in the heterostructures, which has only remained a possible

explanation for this phenomenon.
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heterostructures

The non-physicist finds it hard to believe that really the ordinary

laws of physics, which he regards as the prototype of inviolable

precision, should be based on the statistical tendency of matter to

go over into disorder.

Erwin Schrodinger,

What is Life ?

II.1 Introduction

Transition Metal Oxides (TMO) are a very rich class of materials if only for their bulk

properties, so building heterostructures based on these materials provides a fascinating play-

ground to study new electronic states of matter. The discovery in 2004 [15] that the interface

between the two wide band-gap insulators LaAlO3 (LAO) and SrTiO3 (STO) becomes me-

tallic if more than 4 LAO layers are put on top of an STO substrate opened the way for a

new area of research called oxitronics. The huge progress in the synthesis of these materials

[16] allows to produce devices with mobilities matching the state-of-the-art materials stan-

dards. Furthermore, it is possible to pattern nanostructures with a layer-to-layer accuracy

[15, 17, 18]. New designs such as stacks [19] or superlattices [20, 21] composed with layers

of different oxides and a great regularity allow to tailor the properties of materials in situ,

using each oxide as a building block of artificial material with targeted properties. The laye-

9
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red structure can be used to probe the effects of dimensionality on electronic properties : if

interfaces behave as 2-dimensional objects, stacking enough layers of a material on top of a

substrate can restore bulk properties [22, 23].

In this chapter, we provide the microscopic descriptions of the ingredients we use to

model the STO [001] and [111] interfaces. From their crystalline and chemistry properties,

we derive a multi-orbital tight-binding model describing these interfaces, focusing on non-

conventional terms : the compounded effects of atomic spin-orbit coupling and orbital mixing

(due to surface distortions) induce splittings in the band structure and non-trivial spin-orbit

textures. We explain the main features of the Poisson-Schrodinger approach, which describes

the electrostatic confinement near an interface by solving a self-consistent problem : the

interaction between the spatial density of carriers and the electrostatic potential created by

the interface. The presence of a confining potential creates subbands with a spatial extension

related to its orbital character. Through this approach, we discuss the effects of temperature

on the confinement and study features of the electrostatic doping of 2-dimensional electron

gases (2DEG). Electrostatic doping can be done in two different geometries : top-gating and

backgating. For top-gating, the electrostatic doping changes the density of the 2DEG, and

the different subbands are not equally doped. In a back-gating geometry, the shape of the

potential confining the 2DEG changes and differently impacts subbands : the levels which

are less confined are more doped, and there exists a threshold of backgate voltage above

which there can be a leakage of charge outside the well. We model electronic correlations

to understand measurements of non-linear Hall effect in the [001] and [111] orientations of

STO interfaces, and investigate the possibility of band inversions due to correlations and

electrostatic doping. I thank the group of Andrea Caviglia for the collaboration I had the

chance to take part of through the writing of [74] and the numerous discussions throughout

the thesis.

II.2 Tight-binding modeling of TMO heterostructures

In this section, we detail the different terms of the tight-binding model which is used to

describe the band structure of TMO heterostructures. We use this model to estimate the

electronic spectrum of STO-based interfaces with different crystalline orientations and are
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able to find a nice agreement with experimental results. This is a first step of validation of

the model we use in the following of the thesis and it allows the determination of important

parameters of materials (hopping amplitudes) from experiments.

II.2.1 Linear Combination of Atomic Orbitals and tight-binding approximation

A crystal is a periodic arrangement of atoms and can be represented by a unit cell and

a basis of vectors, the periods of the crystal. This unit cell can contain several atoms and is

repeated in all the directions of the crystal, and additional symmetries (inversions, rotations

or other transformations) impact the electronic and mechanical properties of the crystal. In

the ionic picture, electrons orbit around the nucleus in order to screen the charge of the

nucleus. Electronic states are decomposed on the basis of the atomic levels of each species,

and can be labeled by an index n. Translation invariance along the lattice vectors constrains

the spatial form of the eigenfunctions inside a crystal : the Bloch theorem states they can

be written ψn,k(r) = eikrun(r) where un is a periodic function with the same periods as the

crystal, k is the wavevector and n can be understood as a quantum number for the orbital

or spin character of the electron. In the tight-binding formulation electrons are bound to

atoms, and a natural basis to describe the electronic eigenstates in the crystal consists of

hydrogenoid orbitals. Let us focus on the case of two atoms at a distance d with one electron

each. When they are infinitely far from one another, the two electrons are not affected by

their mutual electrostatic interaction. When they are brought closer, the wavefunctions of

the electrons can overlap and form states that are not localized near only one atom : the

bonding and anti-bonding states ; this model is used to explain chemical bonds in molecules.

A solid consists in a very large number of atoms evenly spaced. If neighboring atoms can form

chemical bonds, new possibilities emerge : in particular the existence of itinerant electrons,

which are called metallic states. Contrarily to core levels or electrons forming covalent bonds,

these metallic states can freely move inside the solid and are responsible for charge transport.

The shape of atomic orbitals impacts the characteristics of the conduction band and of the

chemical bonds. The directionality of the p and d orbitals has dramatic effects on dispersion

relations and orbital ordering of the bands, and depending on the geometry of the crystal,

new energy splittings appear. For graphene, a 2-dimensional honeycomb lattice composed

of carbon atoms, the s and p orbitals forms chemical bonds through sp2 hybridization : the
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a ) b )

c )

Fig. II.1 a) Graphene and sp2 hybridization, from [75]. b) Crystal field theory and d elec-
trons : the eg − t2g splitting, taken from [76]. c) Dispersion of t2g orbitals in the perovskite
crystal structure from [17].

2s orbitals and 2px,y orbitals hybridize to constitute orbitals pointing in the direction of the

neighboring atom to form σ-bonds, as shown in Fig. II.1 a. The remaining 2pz orbitals of each

atom points out of the lattice plane and hence do not form σ- but π-bonds by hybridizing

with other 2pz orbitals, producing bands split in energy from the bands made out of s and

p orbitals. As there are two carbon atoms per unit cell, the 2pz orbitals form two bands

of bonding and anti-bonding states, leading to the peculiar semi-metallic band structure

of graphene and the emergence of the famous Dirac cones. d orbitals in the perovskite

environment are split into two manifolds by a crystal field : this is the eg− t2g splitting. The

t2g orbitals of the transition metal ion do not directly point towards the negative charges

surrounding, contrarily to the eg orbitals as can be seen on Fig. II.1 b. This crystal field
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splitting can be of several eV and determines the orbital nature of the conduction band of

materials such as STO.

II.2.2 Kinetic terms

The conduction band of the system is mainly composed of the t2g electrons of the Ti

atoms, which can hybridize with their neighbor through an oxygen atom. The valence band

of the oxygen is mainly composed of p orbitals. The d − p hybridization is constrained in

terms of orbital character and direction of hopping : to hybridize in the x direction, the p

orbital involved must be either a py or a pz orbital, and the d orbital respectively the dxy
or dxz orbital (see Fig II.1 c). The same argument holds for the y and z directions, with a

cyclic permutation of the x, y, z indices. Hopping between neighboring Ti atoms can also be

direct, though this process is less likely for the overlap is smaller. Using these two principles,

the dxy orbital has a bandwidth t1 in the x and y direction, and a bandwidth t2 << t1 in

the z direction ; this smaller bandwidth means that electrons tend to be more localized. The

dispersion relations of the dxy, dxz, dyz bands in the bulk of STO are

εxy(k) = 2t1 [1− cos(kxa)] + 2t1 [1− cos(kya)] + 2t2 [1− cos(kza)]

εxz(k) = 2t1 [1− cos(kxa)] + 2t2 [1− cos(kya)] + 2t1 [1− cos(kza)]

εyz(k) = 2t2 [1− cos(kxa)] + 2t1 [1− cos(kya)] + 2t1 [1− cos(kza)]

(II.1)

Where a is the unit cell parameter (for STO a = 3.905Å), and the hopping amplitude t is

inversely proportional to the effective mass of the electron mα = ~2

2tαa2 . The fraction of the

effective mass with respect to the bare electron mass is mα
me
≈ 0.25eV

tα
.

a) [001] interface

The presence of an interface has dramatic effects on the band structure : it locally breaks

inversion symmetry and induces an interfacial electric field. The t2g orbitals are not equally

impacted by this electric field which induces an energy splitting inside the t2g manifold. If z is

the name of the [001] direction, the dxy orbital is lower in energy than the dxz/yz orbitals. The

dispersion relations of the t2g orbitals in the plane of the interface are not equivalent : the dxy
orbital has the same dispersion along the x and y directions, while the dxz/yz have anisotropic
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[111]

X

Y
Z

[111]

a )

b )

Fig. II.2 a) Cutting a cubic lattice perpendicularly to the [111] orientation yield a honey-
comb lattice if only two layers are taken into account. b) Extracted from [77]. Left : spectrum
of an AlOx/STO [001] interface with two different polarization and the corresponding Fermi
energy cuts inside the BZ. The Fermi surface for Al/STO [111] interface is shown at the top
right-hand corner while the Al/a-TiO2 interface is shown at the bottom right-hand corner.
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dispersion. This anisotropy stems from the fact that the electrons have a different effective

mass along each of the crystal axis : m1 is called the light mass and m2 the heavy mass. For

this reason, dxy electrons are often called light carriers and dxz/yz electrons heavy carriers.

The interface breaks translation invariance along the z direction, hence the quasi-momentum

kz is no longer a quantum number and states cannot be represented as plane waves in the z

direction. Instead, confined states appear at the interface, forming discrete energy levels. The

difference in bandwidth along the kz direction affects the structure of this discrete spectrum,

which is different for heavy and light orbitals. We make the approximation that this spectrum

is decoupled from the dispersion in the plane of the interface. The discrete energy levels

of heavy and light orbitals are respectively denoted ∆n
xz/yz,∆

n
xy, and the amplitude of this

spectrum is discussed later. The dispersion relation of an interface along the [001] orientation

becomes

εnxy(k) = 2t1 [1− cos(kxa)] + 2t1 [1− cos(kya)] + ∆n
xy

εnxz(k) = 2t1 [1− cos(kxa)] + 2t2 [1− cos(kya)] + ∆n
xz/yz

εnyz(k) = 2t2 [1− cos(kxa)] + 2t1 [1− cos(kya)] + ∆n
xz/yz

(II.2)

With ∆1
xy < ∆1

xz/yz. We often use the notations ∆ = ∆1
xz/yz−∆2

xy and ∆̃ = ∆1
xz/yz−∆1

xy in

the following to denote the energy splitting between the dxy and dxz subbands of the [001]

orientation of the STO surface.

b) [111] interface

The [001] interface is perpendicular to one of the crystal axis, and the plane parallel to

the interface can be described by the two minimal lattice vectors [100] and [010]. However,

crystals can be cut perpendicularly to any of the lattice vectors : for the cubic lattice, the

[111] direction (diagonal of the cube) is interesting because the surface orthogonal to this

orientation will have a trigonal symmetry. Each atom of the bulk can be assigned to a plane

perpendicular to the [111] direction, called [111] planes by simplicity. Fig. II.2 a shows the

Ti atoms belonging to the same [111] planes decorated with the same symbol (circles or

triangles). The two Ti atoms decorated with a square are separated by two [111] planes

(containing the circles and triangles), far from one diagonal of the cube (one [111] vector),
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represented by the full orange arrow. If we focus on the bi-layer composed of the triangle

and the circle atoms, the neighborhood of each atom is the same as in a honeycomb lattice.

The equivalent honeycomb lattice is also depicted, where the green squares are only put as

a guide to the eye (they can be added to build a tri-layer model). The atoms represented

by circles and triangles are not equivalent as they were in graphene because they do not lie

in the same plane. It is possible to build a tight-binding model from this honeycomb lattice

by assuming that electrons stay confined in the layers of the triangles and the circles. If the

atoms are close to a [111] interface, they do not share the same electrostatic environment :

the topmost layer is at the interface while the bottom layer is in contact with another STO

layer. This has important effects at high fillings : at the levels of band crossings, Dirac points

appear in this band structure and are split between the two sites by this energy difference

[39].

Near the interface, we consider this bi-layer model as a two-dimensional tight-binding

model. We build a unit cell with two lattice vectors (linking the neighboring blue triangles

for instance), and define the reciprocal lattice with the dual basis of these vectors. The real

hopping paths are along the x, y and z directions through oxygen atoms as in the bulk and

respect the same orbital symmetries as bulk STO. The effective masses of the three orbitals

are not equal along all crystalline directions : two directions are light and one is heavy. The

details of the complete tight-binding model can be found in Appendix A.2 and [78]. As the

fillings of these interfaces remain low, a low-energy model of the spectrum can be used to

get a grasp on the shape of the Fermi surfaces.

After a rotation of the reciprocal space basis in order to respect the symmetry of the

interface (details in the Appendix A.2), the kinetic energy can be split into the in-plane

part (the corresponding reciprocal space vectors are k1, k2) and the out-of-plane part (k⊥,

parallel to the [111] direction). The effective mass of the three t2g orbitals in the direction

perpendicular to the interface is equal, so that we consider the confinement to be similar for

the three orbitals, as is detailed later. If we focus on the in-plane kinetic energy, a dispersion
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relation for the dxy,xz,yz orbitals at low k is

εyz = t1a
2
(
k1
2 +

√
3k2
2

)2

+ 4
3 t2a

2
(
−
√

3k1
2 + k2

2

)2

εxz = t1a
2
(
k1
2 −

√
3k2
2

)2

+ 4
3 t2a

2
(√

3k1
2 + k2

2

)2

εxy = t1a
2k2

1 + 4
3 t2a

2k2
2

(II.3)

Where k1, k2 are two perpendicular directions of the hexagonal Brillouin Zone. The derivation

of these formulas is given in Appendix A.2, where a tight-binding version is also detailed.

As for the [001] orientation, in the [111] plane the t2g orbitals have a light and a heavy

direction, and the Fermi surface for each of the 3 orbitals can be obtained one from another

via a rotation of 2π
3 . For the [111] orientation, one must add a trigonal crystal field, because

the symmetry of the crystal is different in the vicinity of the interface. In the dyz, dxz, dxy
basis this term can be written

Htrig = ∆tcf


0 1 1

1 0 1

1 1 0

 (II.4)

The eigenvectors and eigenenergies of this operator can be found in Appendix A.3. In the

direction perpendicular to the interface, as explained in the previous paragraph, all the

orbitals have the same effective mass m⊥ = 3m1m2
2m2+m1

≈ 0.9me. Orbitals are not split in

energy by the confinement contrarily to the [001] orientation of the surface, but will be split

by additional terms such as the atomic spin-orbit coupling or the trigonal crystal field. If

the orbital character is changed by these couplings, there is however no orbital dichotomy

on the extension of the states due to a differentiated confinement. Local distortions of the

structure might lead to such an effect but were not studied in this work.

In the following of the thesis, unless this is explicitly specified, we investigate the [001]

orientation of STO interfaces.



Version du 19 novembre 2020, 16:35

18 Chapitre II. Electrostatic doping of TMO heterostructures

II.2.3 Atomic spin-orbit coupling

The spin-orbit coupling is a relativistic interaction of the spin of a particle with its motion

inside a potential. Let us sketch a semi-classical explanation of this phenomenon : in its rest

frame, the electron undergoes an effective magnetic field ~BSO = − 1
c2~v × ~E when it moves

at a velocity ~v around the atom exerting an electric field ~E (c is the speed of light). This

induces a Zeeman-like term HSO = −~m · ~BSO, with ~m the magnetic moment of the electron,

linked to its spin through ~m = −gsµB
~
~S, with gs the g-factor of the electron and µB the Bohr

magneton. If the potential is spherical, the electric field is radial ~E = E
r ~r = dV

rdr~r. Using

~p = me~v, an angular momentum ~L = ~p× ~r emerges, and eventually HSO = 2µB
~mec2

1
r
dV
dr
~L · ~S.

If we replace the semi-classical vectors ~L, ~S with quantum operators acting on the t2g basis,

due to symmetries the spin-orbit coupling Hamiltonian can be written in the (dyz, dxz, dxy)

basis as [79]

HSOCbulk = iλSO


0 σz −σy

−σz 0 σx

σy −σx 0

 (II.5)

Where λSO is the amplitude of the atomic spin-orbit and the σ operators are the Pauli

matrices acting on the spin degree of freedom. This term entangles the spin and orbital

degrees of freedom. The detailed form of the orbital operators ~̂L and the derivation of the

Hamiltonian can be found in Appendix A.1. The eigenvalues and eigenfunctions of this

Hamiltonian can be found in Appendix A.3. The corresponding spin-orbit energy splitting

is equal to ESO = 3λSO ; we chose to write the Hamiltonian using λSO instead of ESO
3 in

the following to simplify the formulas in Chapter IV. The spin-orbit energy of STO is often

taken as ESO ≈ 25 meV, which is consistent with λSO ≈ 8 meV.

II.2.4 Orbital mixing

The interface breaks inversion symmetry, and the interfacial layer has two neighbors

of different nature. Reconstructions of the interface occur in order to relax the constraints

exerted by this difference, possibly through a buckling of the surface due to a tilt in the

bonds between the Ti and O atoms. Instead of having an angle of π for the (Ti-O-Ti) bond,

the Ti atom goes lower in the direction perpendicular to the interface. This distortion and
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the directional nature of the O p and Ti d orbitals allow new hoppings that were previously

forbidden by symmetry. A detailed tight-binding model leads to the appearance of the orbital

mixing term [80, 81, 82], here in the (dyz, dxz, dxy) basis for the [001] orientation

HOM = γOM


0 0 −2i sin(kxa)

0 0 −2i sin(kya)

2i sin(kxa) 2i sin(kya) 0

 (II.6)

Where γOM is the amplitude of the orbital mixing, which can come from two mechanisms :

either an interfacial electric field or atomic displacements in the vicinity of the interface

allow hoppings usually forbidden by symmetry. For low k, it can be rewritten HOM =

γOMa(~L× ~k) · ~z in the [001] orientation. This is analogous to the Rashba Hamiltonian with

the orbital operator replacing the spin operator. If the interface has a [111] orientation, the

orbital mixing has the form HOM = γOMa(~L×~k) · ~u111 for low k (where ~u111 =
√

3
3 [1, 1, 1]).

We do not include the orbital mixing in the spectrum and Fermi surfaces shown in Fig. II.3

c,d because we talk extensively of the effects of the orbital mixing in Chapter IV.

II.2.5 Band structure of the t2g model

Vacuum/STO and of AlOx/STO interfaces have been studied by Angular Resolved

Photo-Emission Spectroscopy (ARPES). This experimental technique studies the emission of

electrons upon irradiation of materials with photons : the angular and energy distributions of

this process make it possible to evaluate the spectral function of a material and its electronic

spectrum. Experimental results taken from [77] for the [001] surface of STO are presented in

Fig. II.2 b, and show that there are two subbands of dxy character split in energy and at least

one group of heavy bands dxy/xz-like orbital with anisotropic dispersion (with a characteristic

flower-like Fermi surface). ARPES spectra of the [111] surface of STO [77, 83] display the 6-

fold symmetry expected from the equivalence of all orbitals. The polarization of the photons

irradiating the sample allows to probe the orbital character of the electrons : selection rules

originating from symmetry considerations impact the amplitude of the ARPES response

through terms called matrix elements. In Fig. II.2 b the Fermi surface in the bottom left

looks isotropic as expected for dxy-like orbitals, while the Fermi surface in the bottom right
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Fig. II.3 a,b) Band structure of the [001] and [111] orientations of the STO surface with
(solid lines) and without spin orbit coupling (black lines). c,d) Corresponding Fermi surfaces
with (solid lines) and without (dashed lines) atomic spin-orbit coupling. The parameters are
t1 = 400 meV, t2 = 30 meV, ∆ = 50 meV, ∆̃ = 100 meV, λSO = 8 meV, ∆tcf = 5 meV and
γOM = γ̃OM = 0. The directions ΓX and ΓM are shown in the Fermi surface plots for the
[001] and [111] orientations. The color code with red blue and green is the same between the
band structure and the Fermi contours.
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is more contrasted in the k010 direction ; this is not due to the absence of states in the k100

direction but to the response of the electrons to the light polarization : these anisotropies are

typical of dxz/yz orbitals. ARPES experiments allow to determine characteristics of electro-

nic systems such as gaps or effective masses, but also the carrier concentration through the

area of the Fermi surfaces. The models presented for the [001] and [111] orientation of STO

surface produce Fermi surfaces with the same symmetries as the ARPES spectrum, so they

provide a good starting point to study these systems. Using polarized light, it is possible to

perform Spin Resolved ARPES (SARPES). Experiments on STO surfaces [84, 85, 86] show

that electronic states display properties of spin polarization consistent with a Rashba-like

coupling. Although the resolution is not good enough to evaluate neither the intensity nor

the exact form of the coupling, it suggests that a breaking of the spin degeneracy occurs.

As we detail in Chapter IV, this Rashba-like coupling is a consequence of the compounded

effect of the atomic spin-orbit coupling and the orbital mixing.

In the absence of spin-orbit coupling, due to the presence of a confinement gap, there

are several band crossings in the band structure of the [001] surface of STO. In the ΓX

(respectively the ΓY) direction, as the dyz (respectively dxz) subbands and the dxy subbands

do not have the same effective mass, they cross at a certain wavevector. The hierarchy

of the subbands is changed before and after this wavevector and has an impact on the

couplings between bands : band crossings are expected to have an important contribution to

the amplitude of the Rashba coupling of STO-based interfaces [82]. Three-band crossings are

also expected in the ΓM direction, where the dxz and dyz subbands have the same effective

mass but a different effective mass as the dxy subbands. These three-band crossings have

been studied in [87, 88], where they are linked to topological properties. The band crossings

for the [001] orientation of STO interfaces are the yellow circles shown in Fig. II.4 a and

c. In the [111] orientation of the STO surface, three-band crossings are also expected, and

come in two configurations, as shown in yellow circles in Fig. II.4 b and d. Near these points,

the multi-orbital character of the conduction band is maximal and the form of the couplings

between orbitals and subbands has a strong influence on the energy splittings and on the

nature of the wavefunctions that emerge. This can lead to special responses in transport and

spin properties of the system as we detail in Chapter IV.
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a )

c )

b )

d )

Fig. II.4 a) The avoided and c) "Topological" band crossings in the band structure of the
[001] orientation of the STO surface. b,d) show the two types of triple crossings possible in
the [111] orientation of STO

II.3 Electrostatic confinement near an interface

Due to electrostatic effects, the 2DEG at the LAO/STO interface is confined in a region

which is a few nanometers thick. Confinement lowers the number of dimensions of the system :

if the bulk of a material can be considered as a three-dimensional object, the electron gas at

the interface behaves as a quasi two-dimensional object. The [001] interface breaks translation

invariance along the z direction, resulting in the emergence of quantized, localized states near

the interface. Eq. II.2 shows that confinement impacts the hierarchy of the bands near the

interface, puts a gap in the spectrum, and determines the spatial extension of the 2DEG.

In this section, we model both the electrostatic confinement and the quantization of
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Fig. II.5 a) Band bending at the interface of LAO/STO. b) Flowchart of the Poisson-
Schrodinger algorithm. c) Wavefunctions and eigenenergies of a triangular quantum well
with an electric field of 300 MV.−1. d) 10th iteration of the Poisson Schrodinger loop for an
electronic density of 0.25 electron per unit cell.

levels near the interface in order to understand the electrostatic doping of these interfaces

and the extension of the 2DEG. We detail the Poisson-Schrodinger approach and the physical

ingredients which composes it. We explain how to estimate physical quantities such as the

spatial extension of the gas from this framework and study the effect of temperature on the

gas from the variation of the dielectric constant of STO upon temperature and electric field.

II.3.1 Electrons in a quantum well

The particle-wave character of electrons has a dramatic effect on its properties when they

are confined : as the electromagnetic modes inside a cavity or the acoustic modes of a pipe,

a confining potential leads to the emergence of discrete modes with quantized energies. The

density ρn(z) = |ψn(z)|2 of the nth mode is the modulus of the wavefunction ψn, solution of
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the Schrodinger equation

− ~2

2m∂2
zψn + V (z)ψn(z) = Enψn (II.7)

Where m is the mass of the particle, En is the energy of the mode and V is the confining

potential of the quantum well. The "particle-in-a-box" problem is a paradigm for quantum

wells, and models the spectrum of a particle of mass m inside a 1-dimensional box of length

L. The potential is defined by V (z) = 0 for 0 < z < L and infinite barriers at the boundary

V (0) = V (L) = ∞, enforcing hard boundary conditions ψ(0) = ψ(L) = 0. The solutions

of this problem are En = ~2π2n2

2mL2 and ψn(z) = π
L sin(nπzL ) (n ≥ 1). Boundary conditions at

each extremity of the box can be loosened by replacing the infinite energy barrier with a

finite value V (z) = V0 for z > L for instance. In this case, there are only a finite number

of solutions determined by the respective values of L and V0. Another simple model of

quantum well is the triangular well with hard boundary conditions at the origin V (0) = ∞

and V (z) = −Fz for positive z, with F the amplitude of the electric field associated to the

potential. This problem can be solved exactly using the Airy function Ai (details can be found

in Appendix A.4), and yields the energies En ≈ cnK, and eigenfunctions ψn(z) ∝ Ai( z−znC )

where K =
(
~2e2F 2

2m

)1/3
, C = 2

3

(
~2

2meF

)1/3
, and zn = En

eF are linked to the zeros of the

Airy function cn ≈
(

3π
2 (n− 1

4)
)2/3

. The typical energy scales like (n2F 2

m )1/3 while the typical

length scales like ( n2

mF 2 )1/3 : the stronger the electric field, the more confined the electrons

are. Electrons with larger masses are more confined by the well, and high-energy levels live

away from the interface. The energies and eigenfunctions of the first modes of a triangular

well with realistic parameters for the [001] STO surface are shown in Fig. II.5 c, and indeed

display the dxy − dxz/yz energy splitting.

II.3.2 The band bending model

The two previous models reveal two important features of electrons in quantum wells :

the former has a finite number of bound states and the latter introduces an electrostatic

potential smoothly varying in space, allowing to define an electric field. However, there is no

notion of screening in these models, making the triangular model unrealistic : the electrostatic

potential grows boundlessly as one goes away from the interface. In reality, the electrostatic
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potential created by the electronic cloud screens the confining potential, leading to a zero

electric field away from the interface : the bulk behaves as in the absence of interface. In

semi-conductor heterostructures this phenomenon is called band bending [89]. The Poisson

equation links the charge density ρ(~r) to the electrostatic potential V (~r) through

−∆V = ρ

ε
(II.8)

The electronic cloud screens the electric field E(z = 0) of the interface over a region located

near the interface. Away from this region, the density of charge and electric field vanish.

Near the interface the bands are bent, meaning their energy is lower than in the bulk, and

the charges are trapped in this area.

II.3.3 The Poisson-Schrodinger approach

The Poisson-Schrodinger approach combines two fundamental equations of physics : the

Poisson equation relates the density of charge to the electrostatic potential and the Schro-

dinger equation allows to find the eigenmodes of particles inside an energy potential. The

Poisson-Schrodinger approach is suitable to compute the properties of particles trapped in an

electrostatic potential : as charged particles create their own potential, they screen the inter-

facial electrostatic potential and impact the amplitude of their confinement. This problem is

solved self-consistently using the algorithm depicted in the flowchart of Fig. II.5 b. We fix the

total density of charge n2D of the 2DEG, thus imposing an initial shape for the electrostatic

potential of the interface. The Schrodinger equation gives the shape of the wavefunctions

and the energies of the states confined by this potential. The Fermi-Dirac distribution and

the knowledge of the total 2D density n2D determine the 3D density ρ(z) of electrons away

from the interface. Plugging this density back into the Poisson equation determines the elec-

trostatic potential created by the 2DEG to screen the potential of the interface. This new

potential is used as a starting point to go back to the first step of the loop. The algorithm is

stopped when a convergence criterion is reached (usually a converged potential profile). This

problem was initially described in [90] to study Si-based interfaces. It is a standard tool to

compute properties of semi-conductor heterostructures [91] and has been used successfully

to model the electronic properties of STO-based heterostructures [92, 93, 94].
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a) Decoupling of the problem

To tackle the screening of the potential by the 2DEG, the Poisson-Schrodinger approach

uses a self-consistent description of the electrostatic potential and the density of the electron

gas. It is approximated that the dispersion in the plane of the interface and the confinement

of the electrons are decoupled, so that the eigenfunctions of the electrons can be factored

ψα
n,~k‖

(~r) = ei
~k‖·~r‖uαn(z) (II.9)

The ‖ index stands for directions in the plane of the interface. The α and n indices denote

respectively the orbital and subband index : for each orbital there are several sublevels

confined in the well. The total energy of an eigenstate |α, n,~k‖〉 is εαn(k‖) = εαkin(~k‖) + εαn.

The n index is analogous to a discrete wavevector in the z direction. The kinetic energy is

independent of the subband index n. It can either be computed using a model of free electrons

like Eq. I.1, a tight-binding approach like Eq. II.2, or even more refined approximations. The

confinement problem can either be solved using a continuum model or a discrete model to

determine the spectrum εαn and eigenfunctions uαn inside the well. From the eigenstates of the

HamiltonianH0 = Hkin+Hconf , we build effective models to include additional contributions

H1 (next-to-nearest neighbor hopping, atomic spin-orbit coupling...). The total Hamiltonian

is Htot = H0 +H1. Its eigenenergies and eigenfunctions are respectively εν(~k‖) and ψ
ν,~k‖

(z).

The ν index has no reason to be of pure orbital or subband character : the eigenfunctions

are now generic spinors in the basis of orbitals, subbands and spin of the model. The orbital,

subband and spin nature of the level designed by ν can vary with k‖, which remains a

quantum number, and is noted k.

b) Density of States (DOS)

The energies and eigenstates determine the ground state of a system of non-interacting

particles. It is mainly composed of the electronic states ν with an energy εν lower than the

Fermi energy EF , and has the following density matrix ρ̂ =
∑
ν,k
fνk(EF )|ν, k〉〈ν, k|, where

fνk(EF ) = 1
1+e(εν (k)−EF )/kBT

is the Fermi Dirac distribution. At T = 0 K, we replace it by the

Heaviside function fνk(EF )T=0 = Θ(EF − εν(k)), and in the ground state is only composed
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of states with an energy less than EF . The mean value of an operator Â is

〈A〉 = Tr(ρ̂Â) (II.10)

Where the trace is taken over the full Hilbert space. The total number of carriers is computed

by taking Â = Î, yielding n2D(EF ) = 1
a2

∑
Eν(k)<EF

1 = N(EF )
a2 , with N(E) the total number of

carriers. In the Poisson-Schrodinger algorithm, we fix the density of carriers n2D. The Fermi

energy is chosen so that it matches this density.

The Density of States (DOS) at the Fermi energy is the derivative of the total number

of states with respect to the Fermi energy D(E) = dN(E)
dE . At T = 0 K, it is D(E) =∑

ν,k
δ(εν(k)− E) with δ the Dirac δ-function. We define the density of states of band ν as

Dν(EF ) =
∑
k

δ (εν(k)− EF ) (II.11)

The Local Density of States (LDOS) is the local version of this quantity Dloc
ν (EF , z) =∑

k
δ (εν(k)− EF ) |ψν,k(z)|2. Integrating the energy gives the spatial profile of the density as

a function of the Fermi energy, noted

ρ(EF , z) =
∑
ν

+∞∫
−∞

Dloc
ν (E, z)f(EF − E)dE (II.12)

Where f(x) = 1
1+e−x/kBT is again the Fermi function. The Fermi energy, the eigenenergies and

the eigenfunctions determine the spatial density of the 2DEG in the direction perpendicular

to the interface.

The DOS can be computed with various levels of approximation : for a 2DEG with a

parabolic dispersion such as Eq. I.1, it is D2DEG(E) = π
√
m∗xm

∗
y

~2 Θ(E − ε0), where m∗x and

m∗y are the effective masses of the gas in the x and y directions, Θ is the Heaviside function

and ε0 the energy of the bottom of the band. For free electrons with a pure orbital character,

this formula is both correct and easy to use ; effects such as atomic-spin orbit coupling mix

the orbital character of bands, and the analytical expression of the dispersion relation no

longer has the parabolic form ε(k) = ~2k2
x

2mx + ~2k2
y

2my : Fermi surfaces in the presence of spin-orbit

coupling are presented in II.3 c,d. At high fillings, tight-binding energy cut-offs appear and
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deform the dispersion relation, leading to Van Hove singularities or other deviations from

D2DEG [95]. To compute the DOS of complicated band structures, one samples the BZ with

a K-mesh, computes the energies and numerically estimates the density function of these

energies. This procedure requires a clever choice of both the density of the K-mesh and of

the energy step used to compute the distribution function. A robust method to compute the

density of states of a 2-dimensional model at low k uses polar coordinates to describe the

Fermi surface with a polar wavevector kF (θ). The total density of electrons is equal to the

area enclosed by the Fermi surface n2d = 1
4π2

2π∫
0
dθ

k2
F (θ)
2 and the density of states is obtained

by differentiating this quantity over EF . The effective mass of a band ν can be defined

by m∗ν = ~2

π Dν , yielding a robust definition for bands with complicated and/or anisotropic

dispersion. This formula can be easier to evaluate in numerical computations.

c) Poisson equation and screening

The Poisson equation relates the electrostatic potential and the density of charge of the

2DEG. For continuous media, the dielectric constant εr(z) can vary with the position, leading

to the following form of the Poisson equation

∂zD(z) = ρ(z)

D(0) = ε0εr(0)E(0) = −en2D

(II.13)

where ~D(z) = ε0εr(z) ~E(z) is the displacement field, ε0 is the dielectric constant and εr the

relative permittivity of the material. The displacement field vanishes away from the interface

in the absence of any residual electric field (the presence of a backgate voltage is discussed

in Section II.4). These two boundary conditions determine the full profile of the potential

V (z) as a function of the spatial profile of the density of the 2DEG [96].

d) Self-consistency

To solve the full problem we start from a triangular profile V (z) = −E0z with E0

fulfilling Eq. II.13. The Schrodinger equation determines the density ρ(z) from the initially

fixed value of n2D. The Poisson equation determines a new electrostatic potential Vnew(z).

We mix this potential with the former version of the potential to get the new starting point



Version du 19 novembre 2020, 16:35

II.3 Electrostatic confinement near an interface 29

for the loop through a process called Anderson mixing [97] to avoid numerical instabilities :

V = (1−ξ)Vanc+ξVnew with ξ = 0.4 for the first steps and ξ = 0.2 when closer to convergence.

The loop stops when the variation of the potential between consecutive iterations is lower

than a chosen threshold.

e) Number of bound states

In the band bending picture, the potential flattens when going away from the interface,

to the point that it is constant in the bulk of the system, as shown by Fig. II.5 d. In the

Poisson-Schrodinger approach, the difference in energy between high-energy levels becomes

negligible, and the states cannot be considered as bound states as they extend very far from

the interface. The tail of the gas is difficult to model for it is not very affected by the presence

of the interface, and its shape depends both on the number of bound states determined at

each step of the Poisson-Schrodinger loop and on the system size. Increasing the number of

levels or the size of the system is detrimental to the simplicity of the numerical computations,

and does not guarantee the accuracy of results. We limit to two or three subbands for each

orbital in order to focus on the properties near the interface, studying levels clearly seen in

the ARPES measurements of the bare surface of STO. We do not try to realistically compute

the shape of the tail of the gas, and make a short discussion about this tail in Section II.4.3.

[98] estimates the decay of the tail using the Thomas-Fermi approximation to treat screening

away from the interface.

II.3.4 Dielectric constant of STO

Eq. II.13 uses a space-varying dielectric constant. STO is a quantum paraelectric : it

behaves as a ferroelectric material with an aborted transition at low temperature due to

quantum fluctuations, and its dielectric constant ranges from 24000 at T = 0K to 300 at

room temperature. It is proposed that it depends on the electric field inside STO. Near

the interface, this electric field can take huge values and have a great impact on the dielec-

tric constant. We use the Landau-Devonshire formalism to model this change of dielectric

constant [99]. It assumes that the free energy associated to the electrostatic polarization P

has the form

F = F0 +A(T )P 2 +B(T )P 4 (II.14)
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Fig. II.6 a) Dielectric permittivity of STO vs temperature. b) Electric field at the origin as
a function of the doping at T = 0 K and T = 300 K. The density of n2D = 0.25 electrons
per uc is put as a guide for the eye. c,d) Variations of the thickness and energies (εν − EF )
of the states with respect to temperature at a fixed density of 0.25 electron per unit cell.

The electric field E is defined by E = ∂PF = 2AP + 4BP 3 and the dielectric susceptibility

χ is defined by 1
χ = ∂PE = 2A + 12BP 2. In the P → 0 limit, χ ≈ 1

2A(T ) only depends on

temperature. For large values of P we get E ≈ 4BP 3 and χ(E) ∝ E−2/3. To interpolate

between these two limits we take the following susceptibility

χLD(E, T ) = χ0(T )[
1 +

(
E

E0(T )

)2
]1/3 (II.15)

With χ0(T ) = 1
2A(T ) and E0(T ) ∝

√
A(T )3

B(T ) . The relative permittivity εr of the material

is εr(E, T ) = 1 + χLD(E, T ). The shape of A(T ) must respect the aborted ferroelectric

transition : a more detailed treatment of the quantum effects involves a quantum-mechanical
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〈z〉 (nm) 〈z〉gas d1
xy d2

xy d1
yz/xz d2

yz/xz

[001] 5 0.7 1.6 3 14
[111] 8 3.9 19 3.9 19

Table II.1 Spatial extension of the wavefunctions of the gas for two different orientations
at a density of 0.25 electron per unit cell, T = 0 K. The column corresponding to 〈z〉gas is
the mean value 〈z〉gas =

∫
dzρ(z)z∫
dzρ(z) with ρ the density of the gas.

treatment of the polarization and can be found in [100], yielding the Barret formula [101]

εr(T,E = 0) = 1 + χ0(T ) = 1 + M
T1
2 coth

(
T1
2T

)
− T0

(II.16)

A good fit for the formula is obtained for M = 8.4× 104, T0 = 14K and T1 = 36K, yielding

εr(T = 0, E = 0) ≈ 24000 and εr(T = 300, E = 0) ≈ 300 as measured in experiments.

If B does not depend on the temperature, we estimate the characteristic field E0(T ) =

E0(T = 0)
(
χ0(T=0)
χ0(T )

)3/2
; [92] uses E0(T = 0) = 80kV.m−1. We assume that the form of

the dielectric constant is the same for the [001] and [111] orientations for simplicity, though

[102] indicates different values at T = 0. The evolution of the electric field at the origin is

depicted on Fig. II.6 b for two temperatures, where it displays a strong non-linearity above a

density threshold depending on the temperature. Fig. II.6 c shows the evolution of the mean

spatial extension of the states and of their energies as a function of temperature extracted

from Poisson-Schrodinger computations with values of χ0, E0 given by Eq. II.16. Only the

levels extending away from the interface feel the change in the dielectric constant : near

the interface, the electric field does not depend on temperature and the first levels are not

affected by the change of temperature.

Using Poisson-Schrodinger computations [103], we compute the spatial extension of each

state in the direction normal to the interface using 〈z〉n = 〈ψn|z|ψn〉
〈ψn|ψn〉 and the mean thickness

of the whole gas 〈z〉gas =
∫
zρ(z)dz∫
ρ(z)dz in the [001] and [111] orientations for the same density

of n2D = 0.25 electrons per unit cell. The results are reported in Table II.1 : the gas is

thicker for the [111] orientation, consistently with the lower out-of-plane effective mass of

the carriers. Experimentally, the thickness of the gas for the [001] orientation has been

estimated to be less than 7 nm by [104] using a conducting-tip atomic force microscope. The

thickness of the gas in the [111] orientation is estimated indirectly through a superconducting
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Fig. II.7 a,b) Top gating doping and the corresponding shape of the electrostatic potential.
c,d) Backgating doping and the corresponding shape of the electrostatic potential.

length and is around 10 nm [105, 106]. In [107] they estimate the thickness of the gas at the

LAO/STO interface at room temperature using inline electron holography : they estimate

the thickness to 1 nm for the [001] orientation and to 3 nm for the [111] orientation ; our

numerical estimations are consistent with experimental results. It has to be noticed that the

thickness of the gas is lower than the thickness of the higher-energy levels because they are

less populated. The mean value 〈z〉 of the gas only describes an average property, but the

multi-band nature of the electron gas implies a non-negligible fraction of the carriers can live

at a further distance away from the interface.

II.4 Electrostatic doping of TMO heterostructures

In this section, we are interested in modeling the doping of the 2DEG in STO-based

interface. For this purpose, we analyze the different geometries which are used in experiments
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and we use the potential-density formulation given by the Poisson Schrodinger framework

in order to investigate the effects of the doping on the band structure and on the extension

of the gas. We also investigate the problem of the leakage of the gas in the back-gating

geometry.

II.4.1 Top- and back-gating geometries

Electrostatic doping is often modeled as a mere shift of the Fermi energy, with the

underlying assumption that doping the system does not affect its band structure. However,

this is not always true : in correlated systems, band structure can change upon doping. In

the experiments presented in Fig. II.9, doping is achieved by electrostatic means, using a

gate voltage. This can be done in two different geometries : the gate can be on top of the

interface, close to the electron gas (as in regular MOS-FET devices), or can be under the

bulk of the substrate, away from the gas. The two geometries and associated potentials are

shown on Fig. II.7. In the top gate geometry, the voltage modifies the electric field at the

origin. This changes the boundary conditions of Eq. II.13 and thus the density of charge of

the electron gas n2D. Fig. II.8 a-b shows the effects of top gating on the band structure and

the spatial extension of the gas. The gaps between subbands change with doping and so does

the population of these bands : the lower energy levels are more affected. The thickness of

the states also diminishes with doping, and this effect is enhanced for states extending away

from the interface.

The backgating geometry is more complicated to model [108]. In this configuration, the

voltage can go up to several hundreds of volts. Depending on the sign of this backgate voltage,

the topology of the electrostatic potential changes. For negative voltages, the slope of the

potential is positive away from the interface, so the confined charges are only in the region

near the interface. For positive backgate voltages the slope of the potential is negative when

going away from the well. In a band bending picture, the charges are not guaranteed to be

confined : the tunnel effect suggests that charges might escape outside of the well. The leakage

of charge affects more the states composing the tail of the 2DEG, which live away from the

interface. Experiments show that there remains a 2DEG under the application of a positive

backgate voltage, though some leaking is indeed likely [93]. We model the application of a

backgate voltage on the potential landscape and the density of the 2DEG using the Poisson-
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Fig. II.8 a,b) Thickness of the gas and energy of the subband minimum as a function of the
density of the gas when doping in a top gating geometry. c) Perturbation of the eigenfunctions
on a backgating configuration, due to bound states (plain lines) or continuum states (dashed
lines). d) Thickness of the gas as a function of the percentage of doping.

Schrodinger approach. Bound states stay confined at least for reasonable gate voltages. We

treat the backgating problem using two complementary approaches : one treats backgating

as a perturbation to the Poisson Schrodinger approach and the other studies the stability of

a 2DEG under the application of a backgating voltage.

II.4.2 Perturbation theory

We model the backgate voltage by adding an extra potential Vg(z) = −Fgz to the poten-

tial of the well. Without it, the well is described by V (z), a total density of the 2DEG n2D,

and levels (Eαn , ψαn). Perturbation theory yields the following corrections to the energies

δEαn = eFg〈z〉α,n (II.17)
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Where 〈...〉α,n denotes the mean value for the state with orbital and subband indices (α, n).

Different orbitals and subbands are not equally affected by the backgate voltage : states

living away from the interface are more impacted is it in term of energies or eigenfunctions.

The variations of eigenstates are

δ|α, n〉 = eFg
∑

(β,m)6=(α,n)

〈β,m|z|α, n〉
Eαn − E

β
m

|β,m〉 (II.18)

Summing over both confined states and unfilled bulk states that belong to the conduction

band. To evaluate the impact of these states, we consider that the states are particles in a

box of length L >> lwell (eigenenergies and eigenfunctions are described in Section II.3.1).

Corrections of the energy and thickness of the states are proportional to the backgate voltage.

Different orbitals and subbands are not affected equally by the electric field, showing that

electrostatic doping is not a mere shift of the Fermi energy, but also affects the band structure

of the 2DEG. A key quantity to streamline this behavior is the mean value of the position

with respect to the interface. The corrections to the wavefunctions are shown in Fig. II.8 c.

For a thickness d = 10 nm, a backgate voltage Vg = 200V and a thickness of the substrate

L = 0.5 mm, the correction in energy is Epert = 200×10−8

5×10−4 eV = 4 meV, while for states with

an extension of around 1 nm the correction is lower than 1 meV. If the Fermi energy remains

constant, the states living away from the interface are more doped by the application of a

backgate. These corrections assume that the additional electric field created by the backgate

voltage is constant over the whole STO part, while it might be changed in the vicinity of the

interface.

For the [001] orientation, we compute the corrections to the wavefunctions from Eq.

II.18 and the corrections for the states d2
xy and d1

xz, which are close in energy. Two types of

terms emerge from perturbation theory : one the one hand, the corrections coming from the

overlap between these two states are shown in dashed line in Fig. II.8 c. On the other hand,

the corrections due to the overlap with bulk states are plotted using solid lines, and have a

similar amplitude to the inter-subband contribution. States living away from the interface

are more affected by states of the continuum. The computations are done for a backgate

voltage of Vg = 200 V : even with this large value, the corrections to the wavefunctions are

weak (the order of magnitude of δψ
2

ψ2 is 10−3). They are significantly enhanced for the highest
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level d2
xz (not shown), to the point that perturbation theory is not valid anymore. The same

situation occurs for the second subband in the [111] orientation, meaning that perturbation

theory is not valid in this setting either.

II.4.3 Stability of the gas

We study the stability of the gas against backgating. The leakage of carriers has been

measured and modeled in [93]. If high-energy levels can indeed flee due to the backgate

voltage, the 2DEG is not emptied from its carriers. From the band bending approach, we

understand that the 2DEG screens the polar imbalance due to the interface. If the backgate

voltage indeed imposes a negative slope of potential away from the interface, the presence of

the 2DEG close to the interface guarantees that the charge is indeed screened. The leakage of

charge due to the shape of the potential is only a first level of approximation : this flee would

be compensated by feedback effects on the gas. Using the parametric form ρ(x) = Qλxe−λx

for the density, we compute the electrostatic energy associated with the presence of the

well (details of the computation can be found in Appendix A.6). The thickness of the gas

increases with electrostatic doping in a controlled way : in Fig. II.8 d we show the evolution

of the thickness as a function of the percentage of excess charge brought by backgating.

It increases smoothly with doping upon reaching the limit of 100 percents doping, where

the gas breaks down and charge completely leaks. For the LAO/STO interface, this process

affects primarily the high-energy levels, which reach the threshold of leakage quicker than

the lower levels which remain in a stability range of doping.

II.5 Hall measurements in STO heterostructures

In this section, we are interested in the interpretation of Hall measurements in TMO

heterostructures, in the light of our previous discussion of the band structure in terms of

subbands and multi-orbital conduction band. We first review the principle of Hall measure-

ments, before explaining the role of quantities such as the mobilities and density of states

in the computation of the longitudinal and Hall resistances. From the estimation of these

quantities in the multi-band case, it is possible to make comparisons with the 2-band mo-

del interpretation of Hall experiments. We try to explain the unusual behavior of the Hall
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a )

b )

c )

Fig. II.9 a) Evolution of the populations of carriers with respect to backgate voltage ex-
tracted from Hall data on the [001] orientation of the LAO/STO interface (taken from [109]).
A Lifshitz transition occurs above a certain threshold. b) Hall data on the [001] orientation
of LAO/STO, top gating, extracted from [94]. c) Hall measurements on the [111] orientation
of LAO/STO, extracted from [74].

measurements in TMO heterostructures upon doping by a discussion on the scattering time

and the multi-orbital character of the conduction band. Another explanation of this unusual

behavior is sketched in the next section and involves interaction at the mean-field level.

II.5.1 Experiments

The Hall Effect is the creation of a transverse current in a conductor under the application

of both a voltage difference and a magnetic field to a material. The Lorentz force exerted by

the magnetic field deviates the trajectory of electrons and induces a transverse conductivity.

In standard Hall Effect experiments, the longitudinal and transverse resistance of a Hall bar

(the geometry is shown in Fig. II.9 c) are measured as a function of an out-of-plane magnetic

field. The variations of these two resistances with the magnetic field can be traced back to
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the number of carriers and to the mobilities of the electrons of a 2DEG using simple models

for the band structure. In a 2DEG, the longitudinal and transverse resistances of a sample

as a function of the magnetic field read

ρxx = 1
nqµ

= 1
σ0

ρxy = B

nq

(II.19)

Where n is the number of carriers, q is the charge of the carriers (positive for holes and

negative for electrons), and µ is the mobility of the carriers, defined by ~v = µ~E. A derivation

of the formulas of this section can be found in Appendix A.5. The slope of the Hall resistance

ρxy(B) = ρH(B) yields an estimation of the number of carriers. Although deviations from a

linear behavior can occur in multiband systems, non-linear signatures in the Hall resistance

can be fitted using a two-band model [92]

ρxx = (σ0
1 + σ0

2) + (σ0
1µ

2
2 + σ0

2µ
2
1)B2

(σ0
1 + σ0

2)2 + (σ0
1µ2 + σ0

2µ1)2B2

ρxy = (σ0
1µ1 + σ0

2µ2) + (σ0
1µ2 + σ0

2µ1)µ1µ2B
2

(σ0
1 + σ0

2)2 + (σ0
1µ2 + σ0

2µ1)2B2 B

(II.20)

Where σ0
i = niqiµi is the conductivity of the band i, populated by ni carriers with a charge

qi and a mobility µi. A simultaneous fit of ρxx(B), ρxy(B) yields the mobilities and number

of carriers of each species. A simpler analysis takes the two limits of small and large magnetic

field : for small magnetic fields, only the high mobility carriers participate to the Hall Effect

while at high magnetic fields, all the carriers are bringing their contributions. The low-

mobility carriers are defined as the difference between results at high and low field.

As the metallic interface is buried below the LAO layers, ARPES measurements of the

LAO/STO interface have a bad resolution and are hard to interpret [110]. Hall measurements

probe the characteristics of the carriers and allow to see whether the t2g model accurately

describes it. The ability to change the number of carriers via electrostatic doping in a Hall

bar configuration gives a knob to probe the system at different fillings. Hall measurements

on the [001] [111, 109, 92, 112, 94] and [111] [74, 106] orientations of the LAO/STO interface

show signatures of multi-band transport. In particular, [109] reports a Lifshitz transition

in the [001] orientation of LAO/STO. Fig. II.9 a shows that the number of carriers as a
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function of backgate voltage changes of behavior above a voltage threshold : the number of

high-mobility carriers is the red curve while the total number of carriers is the blue curve, and

one can see that they move away from one another above a voltage VG ≈ 50V . Measurements

on various samples lead to different voltage thresholds : to compare different samples it is

better to use quantities such as the density of carriers or the sheet conductivity. Similar

measurements for a top gating configuration are shown on Fig. II.9 b and are extracted

from [94]. Experiments on the [111], orientation taken from [74], are shown on Fig. II.9 c.

They also show the emergence of a second species of electrons above a critical voltage in

a backgating configuration. We first apply simple models to match these behaviors, but in

these experiments it seems that the doping of the system with a new type of carriers is

made at the expense of the first population of carriers : the number of high mobility carriers

decreases with doping, which is unexpected as doping the system should only bring new

carriers. For the [001] orientation, the presence of electronic correlations has been suggested

to explain this behavior [113]. We perform a similar analysis for the [111] orientation to try

and understand the measurements of [74].

II.5.2 Mobility of a 2DEG

The electronic mobilities are affected by disorder through a scattering time τ . Mathiessen

rule states that the scattering mechanisms are additive in terms of rate ω = ωdisorder+ωe−e+

ωe−ph + ... meaning 1
τ =

∑
scat

1
τscat

. For random impurities, the Born approximation allows to

estimate the scattering time τ−1 = 2π
~ niV

2
0 D(EF ), with ni the density of impurities, V 2

0 the

square of the amplitude of the disorder potential andD(EF ) the density of states at the Fermi

energy. As the DOS is proportional to the effective mass of the electrons, the scattering time

should be shorter for heavy electrons. This gives a result which is consistent with the Drude

model µ = qτ
m∗ where τ is the scattering time and m∗ is the effective mass of the electron.

Because of the interface, a special form of disorder, called surface roughness, emerges from

the compounded action of disorder and confining potential in the vicinity of the interface. A

simple model for this phenomenon can be found in [114] : the mobilities scale with the inverse

of the square of the mean electric field the states feel. Using the results of Section II.3.1,

mobilities scale like the cube of the mean position of the state, significantly lowering the

mobilities of the lowest subband which lives close to the interface. In the LAO/STO system,
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dxz/yz electrons live away from the interface and have a notoriously longer scattering time.

II.5.3 Numerical results

We compute the band structure of a simplified 6-band t2g model and infer the density

of carriers and mobilities of the bands. In this simplified model, in order to understand

the effects of bands with a different orbital character on the Hall response, we ignore the

contribution of the lower dxy subband : due to disorder, it has a lower mobility and its

contribution is smaller. If the three bands are independent with a single relaxation time, one

gets nν(EF ) = πmν
~2 Θ(EF − εν)(EF − εν) at low fillings, µν = eτν

mν
, with mν =

√
mx
νm

y
ν the

DOS effective mass, εν the bottom of the band ν and τν its scattering time. Unfortunately,

this approximation does not explain the measurements presented in Fig. II.9 since all the

populations increase when doping the system. This model can be refined by adding spin-

orbit coupling and estimating the mobilities using µi = eτν
m∗ν

with m∗ν = ~2

π
dnν
dEF

and a constant

scattering time τν = τ0. This yields the curves in Fig. II.10 a-c for the [001] orientation : the

black curve represents the total quantities (or mean mobility), while the red, blue and green

curves are the first, second and third groups of spin-degenerate bands. Above the Lifshitz

transition, a new species of electrons appears, and the variations of the population of the

red band with Fermi energy changes of slope, corresponding to the enhanced DOS of the

heavy carriers. The mobilities, computed with the constant relaxation time approximation

µν = eτ0
m∗ν

, show that the system switch from high to low mobility because the DOS mass of

the dxz/yz is heavier. It is unclear whether the decrease of the total conductivity above the

Lifshitz transition is a physical characteristic of the system or is revealing flaws of this simple

numerical model. In particular, the scattering time due to surface roughness is expected to

be different for each orbital because they do not live at the same distance from the interface,

and the mobilities shall be changed. Estimating µν is complicated since it involves various

mechanisms and can also be influenced by anisotropy effects : heavy bands have anisotropic

dispersion relations which complicates the computation of scattering time. Interband cou-

plings can also change the total scattering time of a band : the mixed orbital nature of bands

(due to atomic spin-orbit coupling for instance) can mix the scattering time of the orbitals

involved and further complicate the estimation of mobilities.

An analysis involving several types of carriers requires a substantial difference between
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Fig. II.10 a-c) Number of carriers, conductivity and mobilities as a function of the Fermi
energy for a 6-band model of the [001] interface of STO. The red blue green color code is
similar to the colors of the band structure depicted on Fig. II.3 a. d) Computations of the
density of carriers via non linear Hall effect of a simplified 8-band model of the [001] interface
of STO.

the mobilities to precisely observe the transition to the nonlinear regime. The characteristic

magnetic field of this transition verifies Bcµ2 ≈ 1 if µ2 is the lowest mobility. It corresponds

to the transition from the highly diffusive regime Bµ = ωcτ << 1 to a regime in which the

electrons move following cyclotron orbits ωcτ >> 1. The typical order of magnitude used

to describe mobilities is 103cm2V −1s−1, corresponding to a magnetic field of Bc = 10 T.

In systems with several types of carriers, to observe the response of a band, the magnetic

field must exceed this critical field, hindering the observation of very low mobility carriers

and the resolution of fine structure in the distribution of mobilities. It can also be difficult

to interpret measurements in terms of high and low mobility if there are more than two

types of carriers. We discuss other limitations to the interpretations of Hall experiments in

Appendix A.5. [115] partially discusses some corrections for the [111] interface ; the multi-
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orbital nature of the wavefunctions should affect the mobility. In STO, using a scattering

time of order τ = 0.5ps [52] and m∗ = 0.7me gives µ ≈ 120cm2.V −1s−1 for dxy carriers

(Bµ ≈ 0.12 << 1 for B = 10 T), while the mobilities for dxz/yz levels is expected to be

higher by one or two orders of magnitude.

There are known discrepancies between the density of carriers determined by ARPES

and by non-linear Hall experiments. ARPES estimates a density of carriers of around 1.6×

1014cm−2 (0.25 electrons per unit cell [83]), while Hall measurements only yield densities

of several 1013cm−2. This discrepancy is often explained by the presence of frozen carriers

that do not participate in the transport. Surface roughness can explain why the orbital

and subband character of the states affects transport properties. Fig. II.10 d shows the

results for an 8-band model (2 dxy and 1 dxz/yz levels times spin degeneracy) with parabolic

dispersion for each band : the two sets of dxy subbands respectively begin at EF = −100/−50

meV, while the dxz/yz begin at EF = 0 meV. The effective masses are mxy = 0.7me and

mxz/yz =
√

0.7× 14 ≈ 3me, and the corresponding mobilities are µ1
xy = 70cm2V −1s−1,

µ2
xy = 700cm2V −1s−1, µxz/yz = 3× 104cm2V −1s−1. Using formulas from Appendix A.5, we

compute the corresponding Hall conductivity ρxy(EF , B) for B ranging up to 10 T. We then

determine ntot ∝ 1
dRxy
dB

(B = 10T ) (total density) and n1 ∝ 1
dRxy
dB

(B = 0T ) (high mobility

carrier density). n2 = ntot−n1 is the low-mobility carrier density. The results show that the

contributions of new bands with a higher mobility dramatically change the determination

of the total density of carriers. In particular, the density associated with the low mobility

carriers of the lowest dxy subband is vastly underestimated. The situation is similar after

the Lifshitz transition, which can be explained by the values of the mobilities compared to

the maximum magnetic field : for the 2 dxy levels, the criterion µB > 1 is not fulfilled, and

the mobility of the lowest energy level is generally as low as µB << 1. For instance, when

B = 10T, we have µ1
xyB = 7 × 10−2 << 1, µ2

xyB = 7 × 10−1 < 1 and µxz/yzB = 3 >> 1.

This might help explain the discrepancy between ARPES and Hall experiments.

II.6 Electronic interactions in TMO heterostructures

Electron-electron interactions can change the ground state of the system : in a Mott insu-

lator, the ground state goes from metallic to insulating at half-filling, where the correlations
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Fig. II.11 a) Density of dxy (solid lines) and dxz/yz (dashed lines) carriers as a function of
the total density of the gas in the presence and absence of a Hubbard-like interaction U ,
for a [001] orientation of the surface of STO. b) Effect of the introduction of an interband
Hubbard interaction U ′ in the [001] orientation. c) [111] orientation and the effects of a
differentiated interaction U1 = 2U2 on the populations of the subbands. The solid and dashed
lines respectively represents the first and second subbands. d) [111] orientation and the effects
of an interband interaction U ′.

become so strong that it forbids a double occupancy of sites and freezes charge transport.

Mott insulators differs from regular insulators : if the charge sector is completely frozen, fluc-

tuations due to the spin degree of freedom are still allowed. Correlations can induce pairing

of electrons inside the system : forming Cooper pairs, materials become superconducting,

and charge transport occurs without dissipation. Interactions are described as a purely local

on-site effect using the following Hubbard Hamiltonian

Hint = U
∑
i

ni,↑ni,↓ (II.21)



Version du 19 novembre 2020, 16:35

44 Chapitre II. Electrostatic doping of TMO heterostructures

Where niσ is the density operator at site i of spin species σ and U is the Hubbard constant,

which represents the amplitude of the interactions. This Hamiltonian cannot be exactly

solved in realistic problems, and a number of approximations are used to understand its

properties.

In this Section, we focus on a mean field treatment of interactions in order to evaluate

their impact in the LAO/STO interface, because interactions are thought to be weak. The

filling of the systems we consider are very low : 0.5 electron per unit cell is an overestimation

of the highest filling of these systems, and the electronic population is shared by different

subbands and orbitals, so that the individual filling of each band is very low. We consequently

stay at the mean field level in the following treatment of electronic interactions. We do not

include an exchange term J in the following analysis because we do not try to understand

magnetic properties. The effect of the confinement of the wavefunction in the direction

perpendicular to the interface on the amplitude of the interaction is discussed in the Appendix

A.7. This section formulates an interpretation of the experiments of [74] presented in the

previous section under the light of a simplified model of electronic correlations in STO-based

systems.

II.6.1 Interactions in the [001] orientation

It has been proposed in [94, 113] that interactions are responsible for the inversion of the

populations of carriers occurring when doping the system. Using a model the [001] orientation

of STO including take two dxy and one dxz/yz subbands with the confinement gaps and

effective masses of STO, we compute the effects of the electronic correlations on the filling of

the system. We compare the fillings of subbands with and without the addition of a Hubbard

interaction, using parabolic dispersion relations. To do so, we compute the population of each

subband in the absence of interactions n0
ν , add the interaction energy Eintν = Un0

ν to each

band, compute the renormalized Fermi energy EF and corrected populations of the subbands

n1
ν , so that the total population n2D is equal to the one without interactions

∑
ν
n0
ν =

∑
ν
n1
ν .

This procedure must be achieved in a self-consistent manner to get subband densities, so

that the densities nUν in the presence of interactions are consistent with the interaction

energies UnUν ; this is achieved using a self-consistent loop and a Anderson mixing scheme.

Fig. II.11 a shows the effect of a the Hubbard interactions : the solid lines show the density



Version du 19 novembre 2020, 16:35

II.6 Electronic interactions in TMO heterostructures 45

of dxy carriers while the dashed lines show the density of dxz/yz carriers as a function of

the total density of the gas, for U = 0 and U = 1.2. In the presence of correlations, the

dxz/yz subbands are populated earlier, lowering the energy of the Lifshitz transition, and

the renormalization of the slope might be interpreted as a renormalization of the effective

masses of the bands. No decrease in the density of the dxy carriers can be observed with

only an intraband Hubbard term, and the addition of an interband Hubbard term U ′ as in

[113] is necessary to observe a decrease. This model is a variation of the Hubbard-Kanamori

Hamiltonian [116], a multi-orbital version of the Hubbard model whose form is detailed in

Appendix A.7. The presence of this inter-orbital Hubbard term U ′ and the difference in the

effective masses of the orbitals play in concert to induce a decrease of the density of the dxy
band above a certain threshold. The addition of the term U ′ can lead to the decrease in the

density of the dxy orbitals, as shown in Fig II.11 b, and can be explained by a mean field

treatment of the Hubbard-Kanamori Hamiltonian detailed in Appendix A.7.

II.6.2 Interactions in the [111] orientation

[113] assumes that the Hubbard U does not depend either on the orbital nor on the sub-

band index. In Appendix A.7 we derive that interactions can have an orbital and subband

selective effect in quasi-2DEG. States living closer to the interface are more impacted by

electronic correlations than those living away from it : in the [001] orientation of the crystal,

the dxy orbitals are more penalized than the dxz/yz ones. Subbands live at a different dis-

tance from the interface, changing the impact of electronic correlations : the closer the state

lives from it, the more it is penalized by the interaction energy. For the [111] orientation,

the orbitals have the same effective masses and are all equally affected by the electrostatic

confinement. As the amplitude of electronic interactions is affected by the proximity of the

electronic states from the interface, the effects of interactions vary depending on the distance

from the interface. As explained in Appendix A.7, interactions can have a differentiated im-

pact on subbands, since they do not spread over the same distance away from the interface.

Fig. II.11 c shows the effect of interactions with a different Hubbard constant on each sub-

band, taking U2 = U1
2 . This model has two subbands sharing the same effective mass and

split by an energy gap, ignoring the multi-orbital nature of the 2DEG. If U1 = U2, there can

be no inversion of subband populations : the correlations merely change the value of the gap
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between subbands. Taking different values for the Hubbard constant of subbands allows for

an inversion of the population of subbands. However, as in the [001] orientation, one cannot

observe a decrease of the population of the lower subband as in the experiments shown in

II.9 c from [74]. Only the addition of a U ′ term as in [113] can induce a decrease in the

population of the lower subband, as shown in Fig. II.11 d, where we take U1 = 2U2 = 1, and

U ′ takes two different values : for the lowest values, there is no decrease in the populations,

but if it is large enough, a decrease can be observed. Why the inversion involves distinct

values of U1 and U2 is explained in Appendix A.7. If this effective model indeed induces an

inversion of the bands consistent with the experiments, the likelihood of the values of the U

parameters is debatable.

The decrease of the population of the lower subband might also linked with the short-

lived electronic states near the interface : in the highly diffusive regime µB = ωcτ << 1,

the non-linear Hall signature is less clear and the observation of the low-mobility carrier is

blurred by disorder, yielding wrong estimations of transport parameters. The arrival of a

new population of carriers in the experiments can either be due to a new subband or to the

trigonal and spin-orbit split levels inside one of the subbands. In [115], the authors propose

that the [001] orientation is more affected by electronic correlations and that that the unusual

transport properties of the [111] orientation are due to the strong anisotropy of dispersion :

a model of the scattering time in the six-fold symmetric Fermi surface might indeed lead to

very distinct scattering times inside the same confinement level. The factor 5 between the

mobilities of the bands in Fig. II.9 is also consistent with the presence of multiple levels in

the well, using a surface roughness model for the mobilities of the subbands.
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III – Topological properties in

condensed matter

I call our world Flatland, not because we call it so, but to make

its nature clearer to you, my happy readers, who are privileged to

live in Space.

Edwin Abbott Abbott,

Flatland : A Romance in Many Dimensions

III.1 Introduction

The complex interplay between crystalline and orbital degrees of freedom can lead to unu-

sual electronic properties. Far from the ideal picture of the free electron gas, exotic phases can

emerge because of broken symmetries. The Nobel Prize of 2017 has been awarded to Koster-

litz, Thouless and Haldane for the discovery of topological phase transitions [24, 25, 26, 27].

The recent experimental observations of the Quantum Anomalous Hall Effect (QAHE) and

Quantum Spin Hall Effect (QSHE) [28, 29] have shed light on the dramatic effects that the

geometry of the band structure can have on the ground state of a material. The concept of

Topological Insulators (TI) illustrates such a geometry-driven change of nature of the ground

state : at the edges of these bulk insulators, conducting states can emerge and carry a bal-

listic current immune to disorder [30, 31]. These phenomena are a consequence of broken

symmetries and are related to topological invariants of band structures [32, 33]. These new

states of matter are of a great interest for applications because of both their robustness and

47
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their immunity to potential (non-magnetic) disorder. The QSHE is intimately related to non-

trivial spin properties emerging from spin-orbit coupling and inversion symmetry breaking.

In superconductors it is again the interplay between the quasi-particles and the spin-orbit

coupling that may give rise to the emergence of Majorana fermions [34, 35, 36]. Transition

Metal Dichalcolgenides (TMD), which are 2d graphene-like materials with additional cou-

plings, also provide a nice example of systems where topological effects can be expected

[37, 38]. TMO heterostructures gather all the usual suspects leading to topological proper-

ties [39, 40] : inversion symmetry breaking, spin-orbit coupling, multi-orbital properties and

sometimes magnetism or even superconductivity. They should provide a nice platform to

study these topological effects.

First, we describe two of the paradigmatic systems where the topology of band struc-

tures has a dramatic influence on the electronic properties of solids : the Chern insulator

and the Quantum Spin Hall Effect. From these experimental discoveries, we dive into the

mathematical framework underlying the concepts of topology in condensed matter physics.

We unveil the key role played by the geometry of the wavefunctions inside the Brillouin Zone

to explain the concepts of topological invariants, with a particular focus on the concept of

Berry curvature. To continue our journey, we turn to more sophisticated topological inva-

riants such as the spin curvature. We discuss the link between these geometrical quantities

and the experimental probes available to observe these effects. Eventually, we discuss how

these concepts can be applied to the case of metallic systems, which are our main interest in

the rest of the thesis.

III.2 Topological insulators and Quantum Hall Effect

Topological insulators are hard to define since they look like standard insulators : their

bulk is insulating with a finite energy gap separating their valence and conduction bands.

To appreciate what makes them special, topological, one has to consider interfaces between

a topological and a trivial insulator. Something dramatic indeed happens in this case : the

boundaries of the topological insulator (TI) become metallic and host conductive states

behaving as ballistic particles which do not feel disorder. These peculiar states only reside

close to the edges of the sample and quickly decay inside the insulating bulk of the material.
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Fig. III.1 a) Cyclotron and skipping orbits in the case of the QHE. b) Different forms of
Hall Effects from [117].

The Quantum Hall Effect (QHE) is a nice paradigm of this behavior [118]. In the presence

of a strong magnetic field, the bulk of a metal does not conduct anymore as the electrons

move following cyclotrons orbits. However, at the edges of the system electrons can conduct

via skipping orbits [119, 120], shown in Fig. III.1 a. These ballistic channels of conduction

are not impacted by disorder : the skipping orbits bounce forward on scattering centers

as they bounce on walls, and both their size and number are controlled by the strength

of the external magnetic field. Topological Insulators can display the Quantum Anomalous

Hall Effect (QAHE), which is similar to the QHE but in the absence of an external magnetic

field. Electrons experience a pseudo-magnetic field, internal to the material ; for ferromagnetic

insulators, it can be the magnetization [121]. Topological edge states can appear without any

net bulk magnetization inside the material, in the presence of spin-orbit coupling, leading to

an effect called the Quantum Spin Hall Effect (QSHE) : the edge states are named helical

for their spin and momentum are entangled. For a finite 2-dimensional rectangular slab,

the topological states move along the edges in a direction locked to the polarization of

their spin : clockwise for spin up and counterclockwise for spin down without leading to

any charge current at the edges but to a net spin current. The two conduction channels

are protected against potential disorder because spin conservation forbids back-scattering

events. The different versions of the Hall Effects are presented in Fig. III.1 b from [122].
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III.3 Geometry of a band structure

Now that we have reviewed some examples of topological phases of matter, we explain

what topology means in the context of condensed matter physics. In general, topology is

concerned with the properties of a geometric object that are preserved under continuous

transformations, such as stretching, twisting, crumpling and bending, but not tearing and

gluing [123]. If we put on "topological glasses", a soccer and a football look the same, but

not a donut for it possesses a hole. It is possible to define classes of objects with similar

topological properties, which bear the same topological invariants. The topology of simple

objects like a donut or a football explicitly appears to the eyes as it is encoded directly in

their spatial shape. For materials, the topological properties are of a different nature : they

are encoded in the action of the Hamiltonian on the states of the system, and for crystals

the space in which this topology dwells is usually the reciprocal space. In the following, we

build the Berry phase, connection and curvature for a general Hamiltonian. The following

derivations are largely inspired by [124].

III.3.1 Adiabatic evolution and Berry phase

We consider a Hamiltonian H(~R) parameterized by a set of parameters ~R(t) which can

evolve with time, following an adiabatic evolution along a path C in parameter space. For

each value of the parameters, the Hamiltonian can be diagonalized using the eigenenergies

εν(~R) and the eigenvectors |ν(~R)〉 which verify H(~R)|ν(~R)〉 = εν(~R)|ν(~R)〉. The eigenvectors

|ν(~R)〉 are only defined up to an arbitrary phase factor. In a gapped system, the quantum

adiabatic theorem [125] states that a system initially in one of the eigenstates |ν( ~R(0))〉 will

remain an eigenstate of the Hamiltonian H(~R(t)) throughout the process, so that we can

write this eigenstate as

|ψν(t)〉 = eiγν(t)e

i
~

t∫
0
duεν(~R(u))

|ν( ~R(t))〉 (III.1)

The integrated phase in the exponential is named the dynamical phase factor and emerges

from the Schrodinger equation : in a static case, it corresponds to the phase e−
iενt
~ . Inserting

Eq. III.1 into the time dependent Schrodinger equation gives i~∂t|ψν(t)〉 = H(~R(t))|ψν(t)〉.
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Multiplying by 〈ν( ~R(t))| on the left, one gets

γν =
∫
C

d~R · ~Aν(~R) (III.2)

This phase is called the Berry phase and is linked to the integral of the vector field

~Aν(~R) = i〈ν(~R)|∇~R|ν(~R)〉 (III.3)

along the path C. This vector field is called the Berry connection, and changes upon a gauge

transformation ζ of the eigenvector phase |ν(~R)〉 → eiζ(
~R)|ν(~R)〉 according to ~Aν(~R) →

~Aν(~R)−∇~Rζ(~R). If C is a closed path in parameter space, the Berry phase is a gauge-invariant

quantity depending only on the geometrical properties of the band structure, contained

inside the Berry connection. In crystals, the parameters ~R are the quasi momentum ~k of the

electrons, and the curve C is a closed path in the Brillouin Zone.

III.3.2 Berry connection and curvature

The Berry connection is indeed a connection in the sense of differential geometry : it

quantifies the evolution of the direction of the eigenvectors with the parameter ~R due to

the algebraic structure of the Hamiltonian. The concept of Berry connection is analogous to

the vector potential in electromagnetism : it is used to define the derivative operator with

respect to the wavevector (Dk)ν = ∂k − i ~Aν , while the vector potential in electromagnetism

is used to define a corrected momentum Π = ~p − eA. Using r̂ = i∇k, one can see that the

Berry connection can be interpreted as a correction to the position operator. Considering
~Aν(~R) is analogous to the vector potential in electromagnetism, we can define the associated

magnetic field, called the Berry curvature

~Ων(~R) = ∇~R × ~Aν(~R) = i〈∇~Rν(~R)| × |∇~Rν(~R)〉 (III.4)

Where × is the cross-product. Due to the Stokes theorem, γν =
∫
C
d~R · ~Aν =

∫∫
S
d~S ·~Ων , where

S is a surface internal to the curve C, in analogy with formulas involving magnetic fluxes. In

a crystal, the parameter space is the reciprocal space ; as can be shown using perturbation
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theory, in a non-degenerate case the Berry curvature writes

Ων(k) = ~2 ∑
χ 6=ν

Im

[
〈ν|v̂x(k)|χ〉〈χ|v̂y(k)|ν〉 − (x↔ y)

(εν(k)− εχ(k))2

]
(III.5)

Where ν, χ are band indices and v̂α(k) = 1
~∂kαH(k) is the velocity operator in the direction

kα of the BZ. The Berry curvature has the dimensions of the square of a length.

III.3.3 Chern number

In a band insulator, the valence band and the conduction band are split by an energy gap,

and it can be shown that the integral of the Berry curvature of a band over the whole Brillouin

Zone is quantized to 2πC, where C ∈ Z is the Chern number of the band (it is a consequence

of the Gauss-Bonnet theorem and related to the TKNN invariant [126]). A band is said to

be trivial when its Chern number is 0 and topological if it is nonzero. A simple two-band

Hamiltonian yielding a nonzero topological invariant is the Chern insulator HCI = ~h(k) · ~σ,

with σ the 2 × 2 Pauli matrices and ~h = [kx, ky,m]. This model has two energy branches

ε± = ±h = ±
√
k2 +m2 with a finite gap 2|m| between the two bands, and its eigenvectors

are |±〉 = 1√
2h(h−m)

[
m±

√
k2 +m2, kx − iky

]
. The components of its Berry connection are

Ax = − ky
2h(h+m) and Ay = kx

2h(h+m) , and its Berry curvature is Ω = m
2(k2+m2)3/2 . When the

valence band is completely filled and the conduction band is empty, one gets C = ±πsign(m).

This Chern number is half-quantized because of a regularization problem : the model should

be put on a lattice with a tight-binding cut-off in order to get an integer value. Depending

on the sign of the mass the Chern number changes from a constant, quantized value : a

topological phase transition occurs and is associated with a closure of the gap. Between

these two phases, the transverse conductivity changes by a quantized value. If the Fermi

energy lies inside the gap, the transverse conductivity is the integral of the Berry curvature

over filled states, and is proportional to the Chern number. If the Fermi energy is not inside

the gap of the system, the integral of the Berry curvature is no longer quantized : it decays

to zero on a certain energy scale depending on the mass when filling the system.
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III.3.4 Spin Chern number

Unfortunately, the model presented before is not very realistic in terms of materials. In-

deed, the Berry curvature is odd under Time-Reversal Symmetry and even under inversion

symmetry, so that in systems presenting these two symmetries it vanishes for all the wave-

vectors k. It can also be shown that
∑

ν∈band
~Ων(~k) = ~0, so the properties linked to the Berry

curvature critically depend on the filling. The Chern insulator can be seen as a spinless two

orbital model. Its spinful version is the celebrated Bernevig-Hughes-Zhang (BHZ) model [29]

HBHZ =



m Ak− 0 0

Ak+ −m 0 0

0 0 m Ak+

0 0 Ak− −m


(III.6)

Where k± = kx ± iky. This Hamiltonian is composed of two copies of the Chern insulator

Hamiltonian which are time-reversed partners, and the four orbitals composing the basis

can be labeled (A ↑, B ↑, A ↓, B ↓). Due to the global Time-Reversal invariance of the

Hamiltonian the total Chern number of the system is zero. However, each spin species has

a nonzero Chern number of opposite sign : in the language of edge states, the spin up and

the spin down states propagate in opposite directions. The overall charge current cancels

but the overall spin current does not : this is called the Quantum Spin Hall Effect, and it is

associated with the spin Chern number Cz = C↑−C↓
2 . If the Fermi energy lies inside the gap,

the spin Chern number is equal to the spin resolved conductivity because as the z component

of the spin is conserved by the Hamiltonian, the spin Chern number is simply the difference

between the Chern number of the up spin and the one of the down spin. The edge states are

said to be helical : they come by pairs with opposite spin and velocities and like an helix or

a screw, the direction of their propagation is associated with a direction of spin.

III.4 Topology and transport

The topological invariants play an explicit role in transport properties as one can see

through two important examples : the emergence of edge states and the anomalous velocity.
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Fig. III.2 a) Tight-binding model for the Chern insulator. b) Spectrum of a Chern insulator
on a lattice for two values of the massM . ForM = 2, the system is in the topological regime
and has edge states in the gap while for M = 6 there are no states inside the gap. c) local
density of states of a junction between two Chern insulators with opposite masses M = ±2
at the two sides of the junction. Edge states can be observed at the junction and at the
border of the samples. d) Map of the corresponding local transverse conductivity marker at
EF = 0

III.4.1 Edge states

At the interface between materials with distinct topological invariants, topological edge

states can emerge. They have the interesting property of being immune to disorder, ma-

king them interesting for applications, be it to build long lived symmetry protected qubits

or to transport information without dissipation. In a two-dimensional slab of Chern insu-

lator, chiral edge modes develop : they can only propagate in one direction (clockwise or

anti-clockwise) and are protected against back-scattering on disorder because they can only

scatter towards a state with similar energy. As their counterpart lives on the other edge of the

insulator, scattering events are very unlikely (the bulk is insulating), hence their transport
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is ballistic. Fig. III.2 a details the tight-binding from of the Chern insulator Hamiltonian

of Section III.3.3. We put this model in a 21x21 square lattice and show its spectrum for

two different values of the gap in Fig. III.2 b. For M = 2 (topological regime), there is a

continuum of levels inside the gap while for M = 6 (normal regime) there is a gap ; the

topological phase transition of this model occurs at M = 4. We compute the Local Density

of States (LDOS) at EF = 0 in the topological regime (M = 2) of a junction between two

Chern insulators with an opposite mass M on each side. The LDOS, shown in Fig. III.2

c, is zero inside the bulk in both sides of the junction, but peaks at the edges of the slab

and near the junction, at places where the topological phase transition occurs : the interface

between the topological insulator and vacuum (borders) and between topological insulators

of distinct invariants (junction).

III.4.2 Anomalous velocities

Under the application of an electric field ~E and of a magnetic field ~B, the motion of

a charged particle undergoes the Lorentz force ~F = q( ~E + ~v × ~B). Using a wavepacket

description where the position and momentum of the wavepacket are (~rc, ~~kc), one gets

∂t~rc = 1
~
~∂kcεkc − ∂t~kc × ~Ωk

~∂t~kc = −e ~E − e~∇V − e∂t~rc × ~B

(III.7)

Where it appears that the Berry curvature is indeed the analog of a magnetic field for the

position operator, and the anomalous velocity reads ~van = e ~E × ~Ωk.

III.4.3 Kubo formula and Berry curvature

The role of the Berry curvature and the geometry of the wavefunctions can be derived

from a fully quantum-mechanical perspective. In a periodic crystal, the Bloch theorem states

that a single-particle state can be described by a pseudo-momentum k inside the Brillouin

Zone and other internal degrees of freedom, producing n bands of energies. In a single-

particle approach, the Hamiltonian is block-diagonal in the reciprocal space and acts on

this n-dimensional subspace, giving a total Hamiltonian H =
∑
k
Hk. Each of the operator

Hk is hermitian : the spectral theorem states that there exists eigenenergies εν(k) and an



Version du 19 novembre 2020, 16:35

56 Chapitre III. Topological properties in condensed matter

orthonormal basis of eigenvectors |νk〉 such that Hk|νk〉 = εν(k)|νk〉.

Upon the application of an electric field across a sample, the Hamiltonian is no longer

transitionally invariant since a new term HE = −e ~E · ~̂r appears, and the eigenvectors are no

longer the |νk〉. The correction δ|νk〉 of the eigenvectors due to the electric field is δ|νk〉 =∑
χ 6=ν

〈χk|e ~E·~̂r|νk〉
εν(k)−εχ(k) |χk〉. In the wavevector basis, the position operator can be written ~̂r = i~∇k,

and perturbation theory in the non-degenerate case gives 〈χ|∇k|ν〉 = ~ 〈χ|~vk|ν〉
εν(k)−εχ(k) . The mean

value of an operator Â for a band ν under the application of an electric field is obtained

after taking the trace over the occupied states of the band ν

〈A〉ν = ie~ ~E ·
∑
k

∑
χ 6=ν

fνk
〈νk|A|χk〉〈χk|~vk|νk〉

(εν(k)− εχ(k))2 (III.8)

For the transverse conductivity, the operator is A = ev̂y for an electric field ~E = Ex~ux. This

formula relates the Anomalous Hall Conductivity (AHC) to the total Berry curvature of

the filled states σAH = e2

~2
∑
ν

∫
d2kfνkΩν(k) [127]. This approach straightforwardly shows the

emergence of the anomalous term, and that the topological effects concern the filled states.

In a topological insulator, only the valence band is filled, leading to a quantized conductivity

related to the Chern number of the bands. In a semi-classical transport approach, only

scattering events can lead to conductivity, which forbids this topological term : this correction

gives a simple origin for the anomalous term. This approach can also be applied to metals

where the intrinsic terms is computed over the filled states. In a metal, it has no longer any

reason to be quantized. However, scattering processes need to be considered in their entirety

to estimate correctly physical quantities in metals (see Appendix B.6).

III.4.4 Local description of the curvature

Following [128, 129], it is possible to build a local Berry marker to interpret the Berry

curvature in real space tight-binding models. Writing Pk =
∑

εν(k)≤EF
|νk〉〈νk| the projector

on occupied states for the wavevector k, the Berry curvature is Ωαβ = iT r (Pk [∂αPk, ∂βPk]).

This equation can be transformed in real space

Ωxy(r) = i〈r|P
[[
P, X̂

]
,
[
P, Ŷ

]]
|r〉 (III.9)
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Where P =
∑

εν≤EF
|ν〉〈ν| is the projector on occupied states of the real space Hamiltonian and

X̂, Ŷ are the coordinate operators. A color map of this quantity is shown for the previous

simulations in Fig. III.2 d inside the gap of the system ; the response is carried in majority by

the edge states and is opposite for the two sides of the junction. The same observations can

be done for Ωxx(r) = 〈r|P
[
P, X̂

] [
P, X̂

]
|r〉, in analogy with the longitudinal conductivity.

The situation is more complicated for spin currents, where the definitions of the currents

are already ambiguous [130]. Numerical computations of the "local spin curvature" for a 2D

lattice version of a Rashba model on a slab show that the quantity is distributed inside the

slab ; whereas for a 2D lattice version of the BHZ model in the Quantum Spin Hall regime,

the major contribution to this quantity is located at the 1D edges of the slab when the

computation is performed inside the energy gap : the spin Hall signature is carried by the

helical edge states.

III.5 Topology and Transition Metal oxides interfaces

Topological properties of matter usually emerge from symmetry breaking and coupling

between bands of different orbital character. The presence of an interface, the multiband cha-

racter of the conduction band and the atomic spin-orbit coupling suggest that topological

properties can be expected in TMO heterostructures. In [87], a BHZ-like effective Hamilto-

nian is derived near special band crossings of the band structure of the LAO/STO interface.

The exact nature of these crossings and the algebraic form of the splitting are of crucial

importance in order to determine which type of topology can emerge from these couplings.

Since the conduction band of STO is composed of the three t2g orbitals (doubled by a spin

index), geometrical effects involving up to three bands can be expected (even up to six bands

if the spin degree of freedom is taken into account).

In Chapter IV, we focus on the geometry of the in-plane spin vector field and derive the

effect of such a geometry on spintronic responses : one can see the influence of the couplings

of the bands between one another and observe strong multiband effects, and an analogy with

the geometrical tools introduced in this Chapter is made. Since the effective model we use to

describe STO interfaces is Time-Reversal symmetric, we do not expect to observe effects such

as Anomalous Hall Conductivity in these interfaces. We introduce the Kubo-Streda formula
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in Eq. III.8, which is used in the next chapter to describe the Spin Hall Conductivity. If

it is difficult to disentangle the different contributions to this response, which is dominated

by Rashba-like behavior, some of the response can be linked with unusual geometry. The

observation of effects related to the topology of the band structure may be hindered by the

metallicity of the system : the detection of edge states or of unusual transport signatures can

be drowned by scattering processes or large contributions the conductivity.
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IV – Spintronic properties of TMO

heterostructures

At such times I felt something was drawing me away, and I kept

fancying that if I walked straight on, far, far away and reached

that line where the sky and earth meet, there I should find the

key to the mystery, there I should see a new life a thousand times

richer and more turbulent than ours.

Fedor Dostoievski,

The Idiot

IV.1 Introduction

The Quantum Spin Hall Effect (QSHE) belongs to the family of spintronic phenomena,

allowing one to manipulate the spin of the electrons by tuning the charge. The objective of

spintronics is to process information using the spin degree of freedom within microelectronic

chips [42]. It is already a very successful area of research both academically and industrially :

the discovery of Giant MagnetoResistance (GMR) led to the attribution of a Nobel Prize

[43], and Magnetic Random Access Memory (M-RAM) is already produced on an industrial

scale. The possibility to build spintronic devices using antiferromagnetic materials is on the

roadmap of the ITRS (International Technology Roadmap for Semi-conductors) to further

improve the performances of devices [44]. Magnetization dynamics and spin-orbit torques [49,

50] rule how it is possible to write the information. Heavy metals such as Pt [131, 132, 45], W

[47] and Ta [48] host interesting spintronic properties and are thus under active investigation

59
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to understand how to tame and engineer these effects [46, 133]. Devices using Transition

Metal Dichalcogenides (TMD) also exhibit interesting spintronic properties [134] and can be

used to induce spin-orbit coupling in graphene [135]. It is observed that noteworthy spintronic

effects emerge in systems displaying a Rashba spin-orbit coupling [51]. TMO interfaces, in

particular STO-based, exhibit a gate-tunable Rashba interaction [52] and as such are a nice

platform to study these effects. Recent experiments [53, 54, 55] have shown they present

interesting spintronic effects : we explain two spin-to-charge conversion mechanisms and

how these effects can be used to better characterize the multi-orbital characteristics of the

TMO systems in general.

We begin with a description of two mechanisms of spin-to-charge conversion, namely

the Edelstein Effect [136] and the Spin Hall Effect [51], and discuss recent measurements

in STO-based interfaces where these effects are found to be very large. Concepts of semi-

classical transport allow us to compute transport properties from tight-binding models for

STO-based interfaces and to fit experiments using realistic parameters. We further push our

analysis of the generic model for STO interfaces and show that the multi-band structure of

TMO is fundamental to explain the variations of the Edelstein response. The behavior of

the system can be understood by means of a property we call Multiband Interfacial Spin-

Orbit (MISO). Using analytical computations, we isolate the important contributions to the

spintronic responses using low-energy models around special points of the band structure and

show that the MISO induces winding spin textures of two different natures with a distinct

effect on the responses. Using perturbation theory, we detail these two contributions : the

former is analogous to the Rashba-Edelstein effect and the latter is specific to the multi-

orbital nature of the conduction band and can be of the same amplitude. This dichotomy

might provide an explanation for phenomena that are interpreted as a gate-tunable Rashba

interaction or even more complex cubic Rashba interactions. I want to express my gratitude

to Manuel Bibes and his group for letting me participate to the projects of [55] and [54] ;

this whole chapter is build on these two major experimental results regarding the spintronic

responses, and the theoretical work we did on [137], presented in this chapter, was only

possible through a detailed analysis of these two works.
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Fig. IV.1 a) Spin-pumping experiment. b) Spin texture of a Rashba model in equilibrium
and under the application of an electric field in the x direction. c) Amplitude of the IEE
as a function of the gate voltage for AlOx / STO taken from the experiments of [55]. d)
Variations of the amplitude of the EE with electronic density for a 6-band model of STO.
The parameters are t1 = 388 meV, t2 = 30 meV, ∆ = 50 meV, λ = 8 meV and γOM = 20
meV. The results are presented with and without corrections of the band structure relative
to doping.

IV.2 Spin-to-charge conversion

IV.2.1 Experiments

a) The spin-pumping experiment

The Edelstein Effect (EE), or spin-galvanic effect, is the creation of a net spin polarization

inside a material under the application of an electric field [136]. The Inverse Edelstein Effect

(IEE), its counterpart, is the creation of an electric field in a material experiencing a spin

imbalance, for instance via spin injection. Fig. IV.1 a shows the spin-pumping experiment

which allows to detect and measure the IEE. A slab of ferromagnetic material (Permalloy Py
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is another name for alloys of Ni and Fe) is driven towards ferromagnetic resonance via the

application of a static magnetic field H and of a microwave field hrf [138]. The precession

of ferromagnetic moments iside Permalloy induces a DC spin-polarized current which is

pumped into the STO 2-DEG below the LAO spacer and creates a net spin polarization in a

given in-plane direction. The insulating spacer layers allow to inject only spin and to forbid

charge diffusion between the ferromagnet and the 2DEG. This spin polarization creates an

electric field and a charge current inside the 2DEG through the IEE, and the spin-galvanic

response of the material is the ratio between the amplitude of the spin injection and the

electric current.

This effect has been observed in semi-conductors [139, 140], and was recently detected

in LAO/STO [53] and AlOx/STO samples [55], where the response is particularly large

and presents interesting variations with electrostatic doping, which can be reproduced on a

qualitative level using tight-binding models. The non-monotonicity of the IEE with doping

comes from the presence of multiple bands in the system, and the large efficiency of the

conversion makes it very appealing for applications. It is of interest to understand which

parameters impact the amplitude of this conversion in order to choose the best materials to

engineer new devices. In particular, the amplitude of the spin-orbit coupling can be tuned by

using atoms with heavier nuclei : 5d electrons experience a greater atomic spin-orbit coupling

than 3d electrons.

b) Nonlocal voltage measurements

While the Hall Effect is the creation of a transverse charge current under the application

of a charge current, the Spin Hall Effect (SHE) is the creation of a transverse spin current

under the application of a charge current. The SHE can be detected experimentally using

the Hanle effect : measurements of a non-local voltage sensitive to magnetic fields hint

towards the presence of spin currents [141, 142, 143]. The variations of these spin currents

with respect to the direction of the magnetic field can discriminate between different spin-to-

charge conversion mechanisms. The presence of non-local voltage can occur through different

mechanisms ; we focus on two possibilities : one coming from the EE and the other from SHE.

In the first scenario, a charge current Jc along the x direction in one arm of the Hall bar is

converted into a spin accumulation polarized along the y axis due to the EE. Spin diffusion
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inside the material transforms this spin density into a spin-polarized current diffusing towards

another arm of the Hall bar. The second scenario involves a direct conversion from charge

current to spin current through the Spin Hall Effect, and results in this case in the creation

of a transverse spin current polarized in the z direction. At the other arm of the Hall bar the

spin current can be converted back into a charge current through the respective reciprocal

processes, leading to a non-local voltage detection in the set-up presented on Fig. IV.2

a,b. The efficiency of the spin transport between the two arms of the Hall bar determines

the amplitude of the non-local voltage. The spin signal can be reduced by disorder effects

(scattering on magnetic impurities, D’yakonov-Perel and Elliot-Yafet mechanisms), or by the

application of a magnetic field. The relative direction between the magnetic field and the

spin of the electron determines the impact of the magnetic field on the spin transport. A

magnetic field perpendicular to the direction of spin polarization induces the precession of

the spins of the electrons and the signal exhibits a signature proper to the Hanle effect : the

amplitude of the non-local voltage decreases with the magnetic field. This Hanle analysis has

been performed for the two in-plane directions of the magnetic field, and the similarity of the

results in the two directions indicates that the out-of plane component of the spin polarization

is non-zero and drives the non-local voltage. This type of symmetry hints towards a SHE

scenario.

The variations of the non-local resistance with the length of the sample and the ma-

gnetic field can be fitted using formulas relative to the Hanle Effect [54]. This allows to

independently determine the three parameters γ, λs, τs, which are respectively the Spin Hall

angle γ = σSH
σxx

, the spin diffusion length and the spin scattering time. These experiments

are performed at various backgate voltages Vg in order to observe the variations of the non-

local resistance upon electrostatic doping. The variations of the SH angle with Vg are large

and non-monotonic with a peak value of around 40% when Vg ≈ 30V in both directions

of the magnetic field, as shown in Fig. IV.2 c. This value of backgate voltage is consistent

with the occurrence of a non-linearity in the Hall resistance, suggesting the advent of a new

species of carriers, which is most likely the first heavy dxz/yz band. The increasing of λs
and τs with backgate voltage above this threshold is consistent with the high mobility of

heavy bands. The link between the spin scattering time and the mobility is typical of an

Elliot-Yafet mechanism of relaxation [144, 145, 146], which can describe the spin relaxation
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of heavy bands.

IV.2.2 The Rashba model

The Linear Rashba model is a 2-dimensional, 2-band model exhibiting spin-to-charge

conversion properties

HR = ~2k2

2m + αR(~k × ~σ) · ~z (IV.1)

Where m is the effective mass of the electrons and αR is called the Rashba coefficient.

Its spectrum is ε± = ~2k2

2m ± αRk. The two bands, labeled + and −, have circular Fermi

surfaces. A particularity of this model is its winding spin textures as the two bands undergo

spin-momentum locking : the direction of the spin ~S of the electron is perpendicular to the

direction of its wavevector ~k. The textures of the bands labeled as + and − are winding in

opposite directions as shown by Fig. IV.1 b. As the Fermi surface is circular, these textures

do not induce any net spin polarization in equilibrium. Under the application of an in-

plane electric field the two Fermi surfaces are shifted in a common direction and induce a

spin imbalance polarized perpendicularly to the direction of the electric field. This is the

Rashba-Edelstein effect. In a semi-classical approach, the application of a static electric field

changes the wavevector of the electron, and the spin-momentum locking constrains electrons

to perform vertical transitions and to relax producing a transverse spin-polarized current :

this is the universal Intrinsic Spin Hall Effect described in [51].

IV.2.3 Generic band structure

The EE and SHE response of a generic band structure can be computed using the Boltz-

mann and Kubo-Streda formalism [49, 147, 148].

a) Direct and Inverse Edelstein Effect

The Edelstein tensor καβ represents the creation of a spin density along the β axis in

response to an electric field along the α axis, and κxy denotes the Edelstein coefficient in the

following. This spin-galvanic response is due to scattering events and can be evaluated as a
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a ) b )
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Fig. IV.2 a) Nonlocal voltage measurements on a LAO/STO sample, according to [54]. b)
The two possible mechanisms for the creation of this non-local voltage, through Edelstein
Effect of Spin Hall Effect. c) Spin Hall angle as a function of the back-gate voltage. d) Spin
Hall Conductivity (SHC) as a function of the sheet conductivity : comparison of experiments
and results of the tight-binding model of [54].
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response of the Fermi surfaces, similarly to the electrical conductivity [149, 150] :

κxy(EF ) = e

Nka2

∑
k,ν

τν(k)vνx(k)〈Sνy 〉(k)δ(εν(k)− EF ) (IV.2)

where τ is the scattering time, vx the velocity along the x axis, 〈Sy〉 the mean value of

the spin operator along the y axis, δ is the Dirac δ-function and EF is the Fermi energy.

The superscript ν is a band index, k is the wavevector and εν(k) the energy of band ν.
1

Nka2 is a normalization factor for the sum which depends in the size of the K-mesh. Using

the symmetries of the problem and making approximations detailed in Appendix B.2, the

Edelstein response can be rewritten

κ(EF ) = eτ0
h

∑
ν

2π∫
0

kνF (θ)Stν(θ)dθ (IV.3)

Where Stν is the mean value of the projection of the spin on the direction tangential to

the Fermi surface of the band ν, and kνF the Fermi wavevectors defined by the equations

εν(kνF ) = EF . τ0 is the scattering time, assumed equal for all bands. Eq. IV.3 is useful to

determine the Edelstein response : we compute the Fermi wavevectors kνF for angles θj = 2πj
Nθ

with j ∈ [0..Nθ − 1], compute the eigenvectors and the matrix elements, and then sum the

contributions to the angular integral of Eq. IV.3. This method is both more accurate and

faster than the use of an evenly spaced K-mesh because it avoids the problems of a bad

sampling of the Fermi surface. It can however fail in the case of very complicated band

structure with both electron and hole-like carriers. Using the Stokes theorem Eq. IV.3 can

be recast in

κ(EF ) = eτ0
h

∑
ν

∫∫
BZ

d2kfνk(EF )(~∇k × ~Sν) · ~z (IV.4)

With ~Sν the mean value of the spin operator for band ν. This alternative writing shows

that the Edelstein response is a consequence of the spin textures and their vorticity inside

the Brillouin Zone. It is analogous to the Berry curvature framework in the sense that the

formula contains a rotational and that the integral is over a surface, and shows that the

Edelstein Effect is linked to the geometry of the spin vector field. However, it is less useful

for numerical purposes as rotational operators are not numerically stable.
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b) The intrinsic Spin Hall Effect

Various processes can lead to the creation of a Spin Hall response inside a material. Using

Boltzmann’s theory of transport, they can be classified into two broad families : extrinsic

when they emerge from scattering on disorder or intrinsic when they are present even in the

absence of scattering. In the second case, their amplitude does not depend on the amount

of disorder but only on specific quantities linked to the geometry of the eigenvectors and

the band structure. We focus on the intrinsic part to study the SH response of TMO-based

systems since it does not depend on the details of the modeling of disorder. However, as

explained in various references [142, 151, 152, 153, 154], the extrinsic parts of the response,

though only present in the disordered case, can have a contribution independent of the

disorder strength. A full treatment of the extrinsic SHE is very complicated both numerically

and theoretically, and crucially depends on the definition of operators, disorder and quantities

to be observed. We report to Appendix B.6 a discussion of some of the extrinsic terms. The

intrinsic SHE can be computed using Eq. III.8 with A = ~jS the spin current operator. It

is encoded in the spin-curvature of the system, which is determined by coherent processes

involving vertical transitions between bands. The spin curvature of band ν is given by

Ωα
ν (k) = ~2 ∑

χ 6=ν
Im

[
〈ν|v̂αx (k)|χ〉〈χ|v̂y(k)|ν〉 − (x↔ y)

(εν(k)− εχ(k))2

]
(IV.5)

Where |ν〉, |χ〉 are eigenvectors of the Hamiltonian (k is implicit). The velocity operators

are defined by v̂β(k) = 1
~∂kβH(k), and the spin velocity is defined by v̂αβ = 1

2 {v̂β, σ̂α}. The

intrinsic part of the Spin Hall Conductivity (SHC) is obtained by summing this quantity

over the occupied states

σzSH(EF ) = e

~
∑
n

∫
d2kfνk(EF )Ωz

ν(k) (IV.6)

Where EF is the chemical potential and fνk is the Fermi function of band ν. To prevent

numerical divergences, we add a small cut-off η2 to the denominator of Eq. IV.5. This is

useful at points where bands are degenerate, and can be seen as a way to include some

effects of disorder, while removing non-physical divergences of the quantity under scrutiny ;

computations without this cut-off give divergences scaling with the size of the K-mesh,
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Material t1 (meV) t2 (meV) ∆ (meV) λSO (meV) γOM (meV)
STO 338 30 100/50 8 20/20
KTO 580 30 490 123 20
CTO 240 17 90 - 20

Table IV.1 Parameters of the tight-binding model of Chapter II for some Transition Metal
Oxides. For STO the presence of two values for ∆ and γOM correspond to the coefficients
for the lower and upper dxy subbands. For CTO there are no reliable estimations of λSO.

confirming these divergences are mere numerical artifacts. We also take the antisymmetric

part of the tensor in Eq. IV.5 with respect to the index x and y as for the Edelstein Effect.

This is not a necessity for the computation but is interesting in numerics in order to take

advantage of the symmetries of the problem. Indeed, in a four-fold or spherical symmetric

band structure, this removes some of the angular dependence of the effect and avoids the

errors due to the inhomogeneous sampling of the filled states. For numerical computations, we

can switch to polar coordinates d2k = kdθdk. As we are interested in interband transitions, it

is important to sample the wavevectors that are between the bands. To do so, we compute the

Fermi wavevectors for a regular grid of θj and then sample the radial wavevectors between

the different bands so that we have the same number of wavevector in all the intervals

between consecutive bands. This lowers the number of wavevectors necessary to perform the

computation and gives clean numerical results.

IV.2.4 Numerics for STO-based heterostructures

We compute the two aforementioned quantities for the tight-binding model described in

Chapter II. The values of the parameters of the model for several TMO are presented in

Table IV.1. For STO-based systems, the numerical simulations are able to reproduce the

non-monotonicity of the two quantities and reveal that the presence of several bands has a

clear signature on the responses. The variations of the amplitude of the IEE of AlOx/STO

heterostructures with respect to gate voltage are presented in Fig. IV.1 c and are extracted

from [55]. They are compared to numerical computations for a 6-band model of STO yielding

the Edelstein response as a function of the chemical potential EF in Fig. IV.3 d. Changing the

gate voltage or the chemical potential indeed affects the electrostatic doping of the system

by adding new carriers. However, as explained in Section II.4 the two are not equivalent :
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in multi-band systems, backgating can modify the effective chemical potential of the levels

differently, making non-rigid changes in the band structure. In Fig. IV.1 d we estimate the

effects of the change in the band structure on the EE and see that it does not change

qualitatively the results, bringing only minor corrections to the response. The value of the

gate voltage is complicated to interpret for another reason : for the same type of devices the

characteristic voltages can vary depending on extrinsic and sample-specific parameters such

as the amount of disorder, the quality of contacts, the chemical nature of contacts, etc. It is

usual to present the results as a function of the electric conductivity σxx of the sample to

avoid these problems and to allow comparisons.

ARPES spectra show that for the bare surface of STO there are two dxy subbands and

only one of the dyz/xz type. This can be included in the model by adding a second dxy state

with a different confinement gap ∆̃. Fig. IV.3 d shows that the EE variations with EF for

the 8-band model track its counterpart for the 6-band model, using the parameters t1 = 388

meV, t2 = 30 meV, λSO = 8 meV, ∆ = 50 meV, ∆̃ = 100 meV, and γOM = γ̃OM = 20

meV (γ̃ is the amplitude of the orbital mixing between the lower dxy subband and the dxz/yz
subbands). As the two dxy subbands are not coupled, their contributions to the responses

are additive, leading to a vertical shift of the 8-band curves as compared to the 6-band ones.

The same analysis can be applied to the SHE and shows that the contribution of the first dxy
level is merely added to the response of the 6-band model : apart from a shift of 1 unit, the

two results are almost identical. The lowest energy dxy subband lies closest to the interface

and disorder should affect it most, to the point that its contribution to SHC might be washed

out by disorder. For this reason we focus on the 6-band model in the rest of the chapter as

it contains the main features of the phenomena we want to discuss.

IV.3 Spin textures and spin-galvanic response

Eq. IV.3 establishes that the Edelstein coefficient is a direct consequence of spin textures

inside the Brillouin Zone. For a Linear Rashba Model (LRM), these spin textures are simple :

two arrow fields whirling in opposite directions around Γ, with an arrow length independent

of the wavevectors and band index. The total Edelstein coefficient is the sum of the moment

arms of the arrow fields with the Fermi wavevector. As the two arrow fields are of opposite
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direction and of the same length for each orientation of the Fermi wavevector k, the total

Edelstein coefficient is the moment arm of the arrow field times the difference in Fermi

wavevector between the two bands. For a LRM in the regime where the two bands are

occupied, the difference of Fermi wavevector is independent of the Fermi energy and is equal

to δk = 2mαR
~2 , and the Edelstein response is therefore a constant. This is a good toy model

to understand the microscopic origin of the Edelstein response, but is insufficient to describe

STO-based heterostructures, where the amplitude of the response varies with the chemical

potential. The form of Eq. IV.3 is analogous to the computations of a moment arm. In

this analogy, the in-plane spin operator is analogous to a force ~S ≡ ~F , the wavevector to a

position ~k ≡ ~r and the Edelstein response to a torque κ ≡ T . Besides, the Edelstein response

is often considered in the discussions about spin torques [50].

We want to understand the role of the spin textures in the evolution of the EE and SHE

of the TMO interfaces with the Fermi energy. To do so, we come back to the tight-binding

model described in Chapter II and rewrite it in order to explicitly show the presence of

spin-momentum locking and the underlying spin textures. Two different mechanisms lead to

the creation of these spin textures, allowing to decompose them in two parts. In the absence

of orbital mixing, the 6-band model used to describe the physics of the t2g orbitals can be

decomposed into three pairs of bands split by the kinetic energy, the confinement energy

and the atomic spin-orbit coupling. The orbital mixing induces two types of couplings : a

Rashba-like coupling internal to each pair, and terms which couple different sets of bands

through complex inter-orbital terms. These two types of couplings induce spin textures of

different natures that we respectively call intraband and interband. We compute the shape of

these textures at the bottom of each pair of bands and identify their distinct signature in the

evolution of the Edelstein response with the filling of the system. Using perturbation theory,

we can quantitatively evaluate the role of these two types of texture in the Edelstein response

near peculiar points of the band structure. Fig. IV.3 a shows these points : A (•), B ( ) and

C ( ) are located at the bottom of bands L, N and U. D ( ) and E( ) are the avoided and

topological band crossings. At low fillings, the response is dominated by the intraband part,

while the interband part dominates at higher fillings. For one of the bands, the intraband

part can be neglected in front of the interband part, and only emerges due to the anisotropy

of the model. The multi-orbital nature of the system is responsible for the unusual variations
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Fig. IV.3 a) Band structure of the 6-band model for STO. b) Band structure of the 8-band
model of STO. The parameters are t1 = 388 meV, t2 = 30 meV, ∆ = 50 meV, ∆̃ = 100 meV,
λSO = 8 meV and γOM = γ̃OM = 20 meV. c) Edelstein and Spin Hall response as a function
of the Fermi energy. Special points of the band structure are depicted with the same symbols
as in a. A (•), B ( ) and C ( ) are located at the bottom of bands L, N and U. D ( ) and
E( ) are the avoided and topological band crossings. d) Evolution of the Edelstein response
with the Fermi energy in a 6- or 8-band model.

of the response. The emergence of complex spin textures is a common feature to the oxides

and the amplitude of the expected response can be linked to the quantity ζ = ∆
λSO

, the ratio

between the atomic spin-orbit coupling and the confinement gap.

IV.3.1 MISO Hamiltonian

As explained in Chapter II, the Hamiltonian for TMO heterostructures can be split into

four parts :

— Kinetic energy, coming from the tight-binding approximation and including nearest-

neighbor hopping.
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— Electrostatic confinement, splitting the t2g orbitals according to their symmetry with

respect to the interface.

— Atomic spin-orbit coupling, entangling the orbital momentum and the spin of the

electron.

— Orbital mixing, entangling the orbital character and the wavevector of the electron.

The compounded effects of the orbital mixing and of the atomic spin-orbit coupling induce

a spin-momentum locking of the electron : indeed, the orbital character and the spin are

entangled by the atomic spin-orbit coupling, while the orbital character and the wavevector

are entangled by the orbital mixing. The kinetic energy and the confinement gap induce

an orbital polarization of the system and influence the amplitude of the response ; these

quantities change inside the band structure, which is why the properties of the material vary

with filling. In the following, we explain the origin of the spintronic properties of the model.

We start by rewriting the Hamiltonian in a form displaying explicit spin-momentum locking

terms. To do so, we make a low-energy expansion of the Hamiltonian in the vicinity of Γ,

using extensively the low-k expansions 1 − cos(ka) ≈ k2a2

2 and sin(ka) ≈ ka. Near Γ the

eigenenergies and eigenvectors can be analytically determined. We then compute the action

of the orbital mixing and kinetic energy on these states away from Γ.

Because of Time-Reversal Symmetry, there are three doubly degenerate eigenstates at

the Γ point that we label by a band index L, N or U and a spin index ↑, ↓. The eigenenergies

are

εN = −λSO

εL = 1
2

(
−∆ + λSO −

√
∆2 + 2∆λSO + 9λ2

SO

)
εU = 1

2

(
−∆ + λSO +

√
∆2 + 2∆λSO + 9λ2

SO

) (IV.7)

With ∆ the confinement gap and λSO the atomic spin-orbit coupling. We call the basis

of these eigenvectors B0 = (N ↑, N ↓, L ↑, L ↓, U ↑, U ↓). They are explicitly written in

Appendix B.1. The letters N, L and U stand respectively for Neutral, Lower and Upper

bands. For ∆ > −λSO, the L bands are the lowest in energy. We use this basis as an

approximation of the eigenvectors of the full Hamiltonian, and treat the kinetic terms as

a perturbation, splitting them in two parts : an isotropic and an anisotropic part, denoted
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using t0 = t1+t2
2 and δt = t1−t2

2 . The isotropic part of the kinetic energy is (t0 + δt)a2k2

for the dxy orbital and t0a
2k2 for the dxz/yz orbital. The anisotropic part of the kinetic

energy is 0 for the dxy orbital and δta2k2 cos(2θ) (respectively −δta2k2 cos(2θ)) for the dyz
orbital (for the dxz orbital), where θ is the polar angle of the wavevector. The isotropic part

has a diagonal part in the orbital space t0a2k2, and a part that can be integrated in the

confinement gap to produce an effective gap ∆k = ∆− δta2k2. We later discuss the impact

of the k-dependence of ∆ and first neglect its variation, and also neglect the anisotropies in

order to understand the effect of the orbital mixing on the Hamiltonian. The diagonal part

of the dispersion must be kept to get a correct shape for the Fermi surface. In the basis B0,

the Hamiltonian HMISO = Hdiagkin +Hconf +HSO +HOM reads



EN 0 −BLak− 0 0 −BUak−

0 EN 0 BLak+ BUak+ 0

−BLak+ 0 EL −iALak− iCak− 0

0 BLak− iALak+ EL 0 −iCak+

0 BUak− −iCak+ 0 EU −iAUak+

−BUak+ 0 0 iCak− iAUak− EU


(IV.8)

Using the notations BL =
√

1 + 1+ζ
s γOM , BU =

√
1− 1+ζ

s γOM , AL = AU = 4
sγOM and

C =
√

2(ζ+1)
s γOM . The quantity ζ = ∆

λSO
is the ratio between the confinement energy and

the atomic spin-orbit coupling, and s =
√
ζ2 + 2ζ + 9 is the ratio of the gap between the L

and U band at Γ and the atomic spin-orbit coupling. EN , EL, EU are the kinetic energies

of bands N, L and U and contain the energy at Γ given by Eq. IV.7 and E0 = t0a
2k2.

Eq. IV.8 shows that the L and U bands host a Rashba-like coupling, whose intensities are

equal AL = AU . These two sets of bands are also coupled with one another and to the N

bands through terms proportional to the orbital mixing intensity and the wavevector that

can involve a change of the spin character of states. The N bands have no direct coupling

between one another but are coupled to the L and U bands. These two forms of coupling

influence the spin textures : couplings proportional to k± = kx ± iky involving a spin flip

look like Rashba couplings, and are indeed responsible for the spin-momentum locking of the

electrons.
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IV.3.2 Intertwining of spin textures

The complex spin-orbital character of the MISO Hamiltonian given by Eq. IV.8 produces

a superposition of spin textures inside the Brillouin Zone. In the absence of orbital mixing,

there are three energy levels : L, N and U. In order to analytically compute the spin textures,

we approximate that the bands keep the orbital nature they have at Γ with no orbital

mixing nor anisotropy, meaning that Bk = (Lk, Nk, Uk) ≈ B0. This amounts to neglecting

the change of the confinement gap when going away from Γ. The orbital mixing produces

terms that either couple states belonging to the same level (intraband couplings) or states of

distinct levels split in energy (interband couplings). Both these couplings produce winding

spin textures with opposite directions between the bands they couple. If we focus on the

(L,N) manifold, there are four bands to consider (L+, L−, N+, N−). The intraband term for

the L bands induces a relative texture between L+ and L− (winding in an opposite direction

between the two bands), while the terms coupling the L and N bands induce a relative

texture within the subsets (N+, L+) and (N−, L−). The direction of this interband texture

is opposite between the N and L bands, but both the L+ and L− bands have their interband

texture winding in the same direction, creating an overall non-zero interband texture for the

L bands.

To generalize this notion of intraband and interband texture, terms such as the orbital

mixing or the anisotropy are treated as perturbations for low k. A band ν of the total

Hamiltonian keeps a dominant character of one the bands L, N or U. We split the unity

operator into the different band projectors I =
∑

A=L,N,U
PA where PA =

∑
σ=↑,↓

|Aσ〉〈Aσ| and

decompose the expectation value of the spin operator for band ν as

〈~S〉ν = 〈ν|PA~SPA|ν〉+
∑
B 6=A
〈ν|PB ~SPA + PA~SPB|ν〉

+
∑

B,C 6=A
〈ν|PB ~SPC + PC ~SPB|ν〉

(IV.9)

Here A is the dominant band character of ν in the B0 basis. The first term in the sum

is what we call the intraband contribution to the spin and is responsible for the Rashba-

Edelstein effect. The second term takes into account the transitions between A and another

set of bands : it is a first order perturbation on the orbital mixing term, and is related to
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Fig. IV.4 a-c) Intraband and d-f) interband spin textures for the L, N and U pairs of bands
near the bottom of the bands. The scale of the arrow for the interband spin textures has
been magnified compared to the intraband spin textures. The symbols put at the Γ point are
similar to the symbols of Fig. IV.3 a. g-h) length of the intraband and interband spin texture
in the ΓM direction as a function of ζ. i) Depiction of the intraband (κ+−) and interband
(κA) contribution to the Edelstein tensor in a lever arm picture.
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the geometry of the bands relatively to the form of the orbital mixing. The third term is a

second order perturbation of the orbital mixing so we neglect it. To evaluate Eq. IV.9, we

compute the spin operator in the B0 = (N ↑, N ↓, L ↑, L ↓, U ↑, U ↓) basis. Noting ζ = ∆
λSO

and s =
√
ζ2 + 2ζ + 9, we have

Sx =



0 0 iv 0 0 iz

0 0 0 iv iz 0

−iv 0 0 u x 0

0 −iv u 0 0 x

0 −iz x 0 0 y

−iz 0 0 x y 0


(IV.10)

With u = 1
2

(
1 + 1+ζ

s

)
and v =

√
2

2

√
1− 1+ζ

s , x =
√

2
s , y = 1

2

(
1− 1+ζ

s

)
, z =

√
2

2

√
1 + 1+ζ

s .

Sy has a similar form to Sx.

Fig IV.4 a-c show the intraband textures of respectively the L, N and U bands near Γ

while Fig. IV.4 d-f show the interband spin textures of the same bands. For the L bands,

the intraband spin texture is typical of a Rashba-like model, while the interband part can

barely be seen. It is however non-zero in STO and is small because the interband textures of

bands L induced by the bands N and U almost cancel each other for this set of parameters.

For the N bands, the intraband part is smaller than the interband part. The intraband part

varies with the direction of the wavevector, and cancels at the angles ±π
4 ,±

3π
4 , whereas the

interband texture length is more homogeneous with the direction of the wavevector. The

Fermi surface of the N bands is anisotropic and has a diamond-like shape. For the U bands,

the length of the intraband and interband spin texture is comparable, and the Fermi surface

has a square-like shape. The intraband texture presents variations with the direction of the

wavevector, and looks like an anti-vortex with π-domains in the ΓM direction. The L and U

textures wind in the same direction, opposite to the one of the N band. This explains why

the Edelstein response of STO goes either up or down at the arrival of new bands.

Fig. IV.4 g and h show the amplitude the matrix elements of the Sx operator (g for the

intraband and h for the interband) as a function of ζ. In the STO interface, ζ ≈ 12 for the

lower dxy subband and ζ ≈ 6 for the higher dxy level ; the lower subband contributes less to
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the Edelstein response and its effect can be neglected on a qualitative level. The L and U

intraband part have opposite variations. As shown by the spin textures, the interband part

for the L bands nearly cancel due to the almost equal values of the LN and LU interband

part, while this is not the case for the UN/LU interband parts. Using the framework of Eq.

IV.9 and IV.3, the Edelstein response can be rewritten as a sum of two contributions for any

sets of bands

κ = κR + κMB = eτ0
h

∫
dθ
[
δkθFS0(ζ, EF , θ) + kθF δS0(ζ, EF , θ)

]
(IV.11)

Where δkθF is the splitting of the Fermi wavevector between the two bands of the set, kθF
is the mean Fermi wavevector of this set, and S0(ζ, EF , θ), δS0(ζ, EF , θ) are respectively the

intraband and interband part of the spin texture for the set of bands. All these quantities

depend on the polar angle of the wavevector θ. For the L bands the θ-dependence can be

neglected as the system is essentially isotropic : one gets a nice approximation of κ by taking

the value of the integrand corresponding to θ = π
4 (the ΓM direction). The Rashba-Edelstein

response κR is the main contribution very close to A, but it becomes dominated by the

multiband contribution κMB upon increasing the filling even slightly, because then δk << k.

The multiband contribution κMB is a distinctive signature of the MISO term. The Rashba-

like winding textures of S0 that one gets for band L is intraband, and the textures of δS0

resulting from matrix elements between bands L and N , L and U and N and U are interband.

The multi-band response is a feature of the interband couplings and is proportional to kF . Eq.

IV.11 can be explained in the light of the analogy with torques and moment arm developed in

Section IV.3 by decomposing the system into subgroups of bands. The intraband response is

the torque coming from the forces internal to a subset of bands while the interband response

is the torque emerging from forces external to a subset of bands applied to its center of mass.

This principle is depicted in Fig. IV.4 i : the torque κ+− exerted by the orange arrow on the

black dot axis is due to the lever arm separating A+ and A− while the torque κA exerted

by the green arrow is applied to the center of mass of the system A+ /A−.

For a Rashba model, kF ≈
√

2mEF
~2 while δk = mαR

~2 so δk << k only as long as EF <<

mα2
R

~2 = ER, which is typically a small energy scale. However, in such a model the interband

spin texture is zero, explaining why its effects are not usually seen. In physical systems,
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the interband spin texture might be non-zero but still have negligible effects compared to

the intraband response. Using [155, 79], ζ can be estimated for usual semi-conductors :

ζ(AlP ) ≈ 30, ζ(GaAs) ≈ 15, ζ(InSb) ≈ 12, which are bigger than ζ(STO) ≈ 6, so the

aforementioned effects shall be smaller to non-existent.

Contributions due to the couplings of L to N and U are encoded in κMB. Within each

band, spin textures of the time-reversed Kramers branches wind in opposite direction. The

total winding in each branch is a superposition of two patterns : the intraband described

by S0, and the interband described by δS0. For the two Kramers partners, the intraband

pattern winds in opposite directions, while the interband pattern winds in the same direction.

This decomposition of the EE response in two parts is valid for all bands, and also holds in

the presence of several subbands. For EF between A and B, Eq. IV.11 can be analytically

evaluated using an isotropic approximation and cast in the form

κ = eτm∗

~3 γOMag(ζ, EF ) (IV.12)

Where τ is the scattering time, m∗ the effective mass and g(ζ, EF ) is a band structure

dependent factor taking into account both intraband and interband effects. Eq. IV.12 may be

interpreted as the Rashba-Edelstein response of a system with an effective Rashba coefficient

αeff = γOMag(ζ, EF ) that depends on EF . It is commonly stated that the LAO/STO

interface is subject to an effective Rashba coupling, the intensity of which strongly varies

with the chemical potential in the vicinity of avoided crossings in the band structure [82].

This approach points to an alternative explanation where spin textures play a prominent

role, and the spin-orbital structure of the eigenfunctions is critical to explain the variations

of αeff with EF .

IV.3.3 Evolution of the Edelstein effect with filling

a) Before the Lifshitz transition

We study the evolution of the Edelstein response of the system between point A (the

bottom of the L bands) and B (the Lifshitz transition, bottom of the N bands), which is

the region where only two bands are populated. It is often argued that due to the complex

multiband nature of the STO system, its Rashba coefficient varies [52, 156, 157]. Eq. IV.8
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Fig. IV.5 a) Edelstein response of STO estimated from single directions inside the BZ, com-
pared to the full Edelstein response (in red). b) Variation of the amplitude of the Edelstein
value at point A and point B (the Lifshitz transition), as a function of ζ. The parameters are
the same as in Fig. IV.3, only the value of λSO is changed to vary ζ in b and c. c) Amplitude
of the first plateau of the SHE as a function of ζ. Numerical results are compared to the
analytical form derived from Eq. IV.13. d) Angular variation of the SHC near special points
of the band structure.

and IV.10 show that the Rashba-like coupling of the L bands and the expected value of the

Sx operator indeed vary with ζ. To estimate the effects of this varying band structure, we

rewrite ζ → ζ − δtak2

λSO
in order to take into account the distinct dispersion of the t2g orbitals.

We compute the effect of the variation of ζ on the Rashba-like part of the response to gauge

whether it can account for the increase of the EE between A and B. As the L bands mainly

remain of dxy orbital character near Γ, they have a nearly isotropic dispersion relation for

low k. Near A, we perform a low-energy expansion of the Hamiltonian with an isotropic

dispersion and use Eq. IV.11 to analytically evaluate its intraband part. These corrections

are insufficient to reproduce the value of κ at point B as shown by Fig. IV.5 b. The numerical



Version du 19 novembre 2020, 16:35

80 Chapitre IV. Spintronic properties of TMO heterostructures

value κB, displayed in red crosses, is compared to the intraband response at B along ΓM

given by the first part of IV.11 in blue, and to the full multiband response at B along ΓM in

green. The intraband response is not significantly changed between A and B while the full

multiband response reproduces well the response. This seems to indicate that the system

cannot be considered as a Rashba model with a varying Rashba coefficient (which would

correspond to a full intraband response), but rather that multiband terms play a prominent

role in the spin-orbit coupling, as a direct consequence of the form of the MISO. The values of

the Edelstein response at point A and point B depend on ζ and are typical of the amplitude

of the response, and are maximal for low ζ, when the spin-orbit coupling dominates the

confinement energy. The big increase of the Edelstein Effect between A and B for a wide

range of ζ shows that the interband spin texture can be the driving force of the amplitude

of the Edelstein Effect, even though the length of the interband spin texture is small.

b) The N bands and the role of anisotropy

Fig. IV.5 a shows the variations of the Edelstein response with the Fermi energy given

by Eq. IV.11. The full response of STO is compared to the value of the integrand for the

directions ΓX and ΓM : between A and B, the Edelstein response is well described by an

isotropic approximation, but above B the ΓX direction becomes of importance and further

terms of the model have to be taken into account. We understand the Edelstein response for

the N bands using the same approach of low-energy Hamiltonian. The absence of intraband

matrix elements of the Sx operator inside the N levels in Eq. IV.8 seems to contradict the

presence of an intraband spin texture in Fig. IV.4 b. In the ΓM direction the intraband

part is indeed zero, but the intraband texture presents anisotropy, so that the intraband

texture of the N bands is driven by the anisotropy of the band structure. We treat the

anisotropy of the dispersion as a perturbation to the Hamiltonian of Eq. IV.8, and infer a

2-band model for the N bands to compute the intraband contribution to the Edelstein Effect.

After tedious algebra, detailed in Appendix B.3, one finds κintraN ≈ 2zeτ
~a

t2αBU
t30

(EF−EN )2

D2 , where

D = EU − EN is the gap between N and U and tα =
√

2
2

√
1 + 1+ζ

s δt. On the other hand,

the interband part of the spin texture does not depend on the presence of anisotropy and is

driven by transitions to the U bands as hinted by Fig. IV.4 h. Using perturbation theory,

we get δSx = −δSy = δS = −2zBUak
D , and find κinterN ≈ 2zeτ

a~
BU
t0

(EF−EN )
D : the interband part
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dominates the intraband part at low fillings for the N bands. They have a different behavior

from the L bands and are strongly affected by the multi-band nature of the Hamiltonian.

The intraband part of the Edelstein response is zero in the absence of the anisotropy.

c) Higher fillings and band crossings

At higher fillings, the U bands begin to be populated and to add their contribution to

the Edelstein response, which is positive because of the direction in which its texture winds.

The band crossings produce a complicated form of spin-orbit coupling in their vicinity and

impact the spin textures of the bands, at least locally in k-space, explaining why there are

saturating values in their vicinity. As these contributions are localized in k-space it is difficult

to find relevant low-energy models to evaluate their impact on the Edelstein response ; the

interband/intraband language becomes irrelevant as many bands are involved.

IV.4 Intrinsic Spin Hall Effect

IV.4.1 Plateaus of the intrinsic SHE in STO

Fig. IV.3 c shows that the amplitude of the SHE presents important variations in the

vicinity of the special points of the band structure A, B, C, D and E, corresponding to the

symbols of Fig. IV.3 a : A (•), B ( ) and C ( ) are located at the bottom of bands L, N and

U. D ( ) and E( ) are the avoided and topological band crossings. Between these points, the

response smoothly varies. The apparent jumps in the SHC are due to the small energy scale

of its variations : for a Linear Rashba Model (LRM), the SHC reaches a plateau in a scale

of energy ER = mα2
R

~2 ; for STO this energy is of the order of m∗ γ
2
OMa

2

~2 , which is too small

to be resolved compared to the other energy scales of the band structure. Taking m∗ = me,

γOM = 20meV and a = 3.905Å, one gets ER ≈ 0.5meV , a negligible energy compared to the

sensitivity of experiments. Contrarily to the case of the LRM, the value of the first plateau

of the SHC (the response of the L bands around point A) is less than 1 in units of e
h . Fig.

IV.5 c shows the computed SHC for various values of the spin-orbit coupling in order to

track the variations of the SHC with respect to ζ (the other parameters are the same as

STO, detailed in Table IV.1). The amplitude of the plateau can be related to the properties
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of the z component of the spin operator : the Sz operator in the B0 basis reads

Sz =



1 0 0 0 0 0

0 −1 0 0 0 0

0 0 w 0 0 r

0 0 0 −w −r 0

0 0 0 −r w 0

0 0 r 0 0 −w


(IV.13)

With w = 1+ζ
s , r = 2

√
2
s . Fig. IV.5 c shows w as a function of ζ, and matches the numerical

values obtained of the SHC near A. The amplitude of the SHC near A comes from the

incomplete projection of the Sz operator which is due to the form of the spin-orbit coupling.

The Sz operator does not couple the N bands with the L and U bands, while the L and

U bands are coupled between them through a term r. The partial spin projections of the

L and U bands are equal so the amplitude of the jump in SHC at point C is the same as

at point A. For the L and U bands, the mechanism producing the SHC is the same as in a

Rashba model, at least regarding the presence of plateaus. For N bands, the detailed form

of the eigenvectors in the presence of anisotropy and orbital mixing are required in order to

be able and evaluate the height of the plateau, and computations presented in Appendix B.4

show that the value of the plateau associated to the N bands is equal to -1, independently

of the value of ζ, roughly matching with numerics. In the region near the Lifshitz transition,

the band structure becomes very complicated due to the anisotropies and to the presence of

band crossings very close ; as the U bands are close to the N bands in energy, it is hard to

disentangle contributions one from another. The energy scale in which the approximations

are valid is very narrow. The SHC signature around point D and E seem to indicate effects

linked to band crossings. However, as for the EE, it is difficult to build effective models for

these special contributions represent only a small fraction of the BZ, and the complex band

structure produces a very complicated domain for the integration of the Spin curvature.

Fig. IV.5 d shows the angular dependence of the SHC around peculiar points of the band

structure (the parameters are t1 = 388 meV, t2 = 30 meV, ∆ = 50 meV, λSO = 8 meV and

γOM = 20 meV) through the quantity ωz(θ) defined by ωz(θ) =
∑
ν

∫
kdkΩz

νfνk(EF ), with θ
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the direction of the wavevectors ; it is the partial integration of Eq. IV.6 over the bands and

the modulus of the wavevectors. The angular dependence is shown at Fermi energies lying

just above the points A, B and C of the band structure, and is only shown for θ between 0

and π/2 because there is a four-fold symmetry. Around point A the SHC is nearly isotropic,

while strong anisotropic features emerge near B. In particular, the response of the N bands

peaks in the θ = π
4 direction (ΓM), consistently with the analytical computations of the

Appendix B.3. After point C the situation is more complicated, but new contributions are

more homogeneous.

IV.4.2 Extrinsic SHE

The effects of disorder on SHE are still debated in the literature, as they are already

difficult to quantify in the study of the AHE [152, 154, 151]. The two main extrinsic mecha-

nisms with a significant impact on the SHE are the side-jump and the skew-scattering. Both

are linked to scattering events ; however their net contribution can be independent of the

scattering time, while their amplitude is comparable to the intrinsic part. For the Rashba

model, it is expected that the side-jump part is exactly opposite to the intrinsic part and

cancels it. These two mechanisms come from vertex corrections to the current operator. A

scattering event changes the wavevector k0 of an electron to k1 without impacting the other

quantum numbers for a simple scattering potential V̂ diagonal in the band space, and the

resulting eigenstate at wavevector k1 is no longer guaranteed to be an eigenstate of the Ha-

miltonian. The mixed nature of the eigenstates after scattering events produces additional

interband terms to the operators, called the vertex corrections. They depend on the details

of the scattering mechanisms, which are unknown apart from some elementary approxima-

tions. The side-jump contribution comes from the lateral displacement of electrons between

collisions, while the skew-scattering is an effect due to asymmetry in scattering mechanisms

of the electrons. These terms are detailed in Appendix B.6 and they are derived in [158, 151].

In Appendix B.5, we show the role of the presence of a decay rate that in the denominator

of Eq. IV.5 defining the spin curvature, suggesting that that the intrinsic contribution is

diminished by disorder for a Rashba model. For STO-based interfaces, surface roughness

should impact more the states closer to the interface (lower in energy), to the point that the

contribution to SHC of the first dxy band might be washed out by disorder.
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Fig. IV.6 a) Edelstein response as a function of the density of electrons for STO and KTO.
Parameters are taken from Table IV.1. b,c,d) Edelstein, Spin Hall and Anomalous Hall
response of a magnetic STO model as a function of the Fermi energy, the parameters are the
same as in the whole chapter, with the addition of an exchange field Jex.

IV.5 Response of other Transition Metal Oxides

IV.5.1 The case of another oxide : KaTaO3

The same model can be applied to other oxides to see whether the spintronic responses

present the same features. This is useful for applications in order to determine which oxides

can yield the biggest response. Using the values of the parameters detailed in Table IV.1, we

compute the Edelstein response for KaTaO3 (KTO) as a function of the density of carriers

and compare it with the response of STO. KTO is an interesting oxide because it has a

very large spin-orbit coupling. The Edelstein responses of both materials are shown in Fig.

IV.6 a : the response of STO is more tunable, as it can take positive and negative values

in a small regime of doping, while for KTO we only see an increase and the beginning of a
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decrease of the amplitude of the Edelstein response. The amplitudes are similar but this is

partly due to the value of the orbital mixing which is considered equal for STO and KTO (it

is difficult to independently determine this quantity and it is not accurately known). These

results show that the amplitude of the conversion through the mechanism of textures is of

similar amplitude for STO and KTO, though the spin-orbit coupling of KTO is higher by one

order of magnitude. Increasing the orbital mixing would increase mechanically the Edelstein

response.

IV.5.2 Magnetic oxides

We do the same computations for a simple magnetic model to see the effect of a net spin

polarization on the amplitude EE and SHE. For magnetic oxides, the presence of AHE is

also expected. Magnetism is modeled by the addition of an exchange term Hex = Jexσz to

the previous model as in [159]. Exchange fields of Jex = 2.5, 10 meV are added to the model

of STO to see what it changes in term of EE, SHE and AHE, and the results are displayed

in Fig. IV.6 b-d. The Edelstein response is not qualitatively changed by the addition of

this exchange field (the system stays in a weak exchange limit, though Jex = 10 meV is

more than the atomic spin-orbit coupling). AHC is expected as soon as an exchange field

appears : it starts to be non zero above the Lifshitz transition, and it is more stable for a

higher exchange field. The SHC signal is strongly impacted by the presence of an exchange

field, and the shape of the curve is largely deformed with increasing the exchange field : for

Jex = 10 meV, the first plateau of SHC is destroyed.
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V – The capping problem : a DFT

study

To doubt everything or to believe everything, are two equally

convenient solutions ; both dispense with the necessity of

reflection.

Henri Poincaré,

Science and Hypothesis

V.1 Introduction

LAO/STO interfaces are known to become metallic when there are more than four layers

of LAO on top of the STO substrate. However, the respective roles of chemistry and electro-

statics in the formation of the 2DEG at this interface or in other TMO heterostructures are

hard to disentangle. Recent experiments [160, 161] show that the critical thickness of 4 LAO

layers can be reduced with the addition of STO capping layers : if m LAO layers are put

on top of the surface, the addition of n STO layers turns the system metallic provided the

condition m+n ≥ 4 is fulfilled. This observation, which we call the "capping problem", might

help to unveil the mechanisms triggering the formation of 2DEGs at TMO interfaces. Indeed,

the origin of the conductivity in the capped configuration is unclear : the additional STO

capping layers are not polar and should not add any electrostatic field to the one created by

the LAO layers in the polar catastrophe scenario. The oxygen vacancy scenario also fails to

provide a clear explanation : there is no reason why the additional STO layers should favor

87
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the creation of oxygen vacancies, let alone why the number of capping layers should have

an influence. A last scenario which is often invoked to explain the creation of the gas at the

interface is cation intermixing : the interfacial layer could be of mixed chemical composi-

tion, inducing some local defects to the structure which can have an electronic effect. If the

first STO(bulk)/LAO interface is n-type, the topmost interface is p-type (is it LAO or STO

terminated). It is recognized that these p-type interfaces are insulating and only the first

n-type interface is metallic. Can the other interfaces play a role in these heterostructures ?

In all, this problem stands as a good laboratory to test the different scenarios proposed to

explain the formation of the 2DEG.

We address the capping problem using Density Functional Theory (DFT) and model the

capped heterostructures in order to understand this behavior. After an analysis of the bulk

STO and of the bare STO surface, we systematically try the different m and n cases. The

layer-resolved structure of the DOS reveals how the Ti conduction and O valence bands are

affected by the chemistry of the heterostructure. In particular, the LAO layers accumulate

polar energy and the topmost STO layer provide an additional shift of the Fermi energy.

The metallicity criterion is obtained for the 4+0 and 3+1 cases but fails to be explained in

the cases 2+2 and 1+3. Moreover, the role of the number of STO layers is not clear. Lastly,

we discuss the addition of defects in the heterostructures : if they indeed make the system

metallic, they also raise new questions and do not allow us to explain all the features of

this complex system. I would like to thank the group of Jean-Marc Triscone for the nice

discussions about this project and the explanations of the experimental data [160].

V.2 Experiments : the capping problem

Fig. V.1 a is extracted from [67] and shows the evolution of the conductivity and number

of charge carriers of a LAO/STO interface when n layers of LAO are put on top of a TiO2-

terminated STO substrate. The metal-to-insulator transition is clearly observed above the

critical thickness of m = 4 unit cells of LAO, in agreement with the original discovery of [15].

It was also shown that the LAO/STO interface can be made metallic with only three unit

cells of LAO on top of a STO substrate if the top surface is exposed to an additional electric

field : using a tip, it is possible to pattern conductive paths on the top surface of LAO [162].
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a )

b ) c )

Fig. V.1 a) Sheet conductance and number of carriers in a LAO/STO heterostructures
as a function of the number of the LAO layers from [67]. b) Sheet conductance of
STObulk/LAOm/STOn heterostructure as a function of the number n of STO capping layer
for different values of the numberm of LAO layers. The metal-to-insulator transition is repre-
sented by the dashed lines [160]. c) Map of the sheet conductance of STObulk/LAOm/STOn

heterostructure as a function of m and n. The white part corresponds to insulating beha-
vior while the intensity of the red color represents the amplitude of the conductivity of the
metallic state [161].

Additional capping layers of different materials on top of 3 unit cells of LAO can drive the

sample towards a metallic state [163, 164, 165, 166]. In [167] they experimentally observe

the formation of a 2DEG in the 2+2 case, and highlight a significant difference between

the 2+1 and 2+2 case, depending on whether we refer to the experimental data or the DFT

computations. Additional Hall experiments hint at the presence of simultaneous electron and

hole transport, which are interpreted to occur in the different interfaces [167].

Recent experiments [160] shown in Fig. V.1 c reveal that the heterostructures STObulk/LAOm/STOn

become metallic if the criterion n+m ≥ 4 is fulfilled. This result can also be found in [161],

as shown in Fig. V.1 d, where the system is indeed metallic above the n+m ≥ 4 condition.
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If the cases 4 + 0 and 3 + 1 are more or less understood, it is not the case for the 2 + 2 and

3 + 1 cases ; they can reveal the role of chemistry and polarity in the emergence of a me-

tallic phase. New experiments also show that heterostructures involving several LAO/STO

interfaces can host electron gases in different parts of the structure [168]. These capped he-

terostructures thus are an interesting playground to design new devices ; finding out which

mechanism triggers the metallicity can provide interesting insights to understand better the

role of chemistry and polarity in the formation of a 2DEG at these interfaces.

V.3 Ab initio computations

V.3.1 Density Functional Theory

We briefly introduce the Density Functional Theory (DFT) approach that we use in

order to study the capping problem via ab initio computations. Ab initio methods aim at

the prediction of the properties of solids from their chemical formula, modeling individual

atoms and their electronic cloud using electrostatics and quantum physics. The DFT scheme

of approximation comes from the Hohenberg-Kohn theorem [169], which states that the

energy of the ground state of a quantum system is a function of its electronic density, so that

the ground state and its energy are uniquely defined by this density through the minimization

of the energy

E[ρ(r)] = F [ρ(r)] +
∫
drVext(r)ρ(r) (V.1)

Where F denotes the electronic energy coming from both the kinetic energy and the interac-

tions between electrons, and the second term denotes the energy from external potentials in-

cluded in Vext (from atoms, external electromagnetic fields etc). To find the electronic ground

state, one must solve Eq. V.1, which is analogous to solving the many-body Schrodinger equa-

tion. As it is not possible to solve this problem exactly, various schemes of approximations

are proposed in order to obtain numerical results in this framework. They primarily focus on

the use of ansatz for the density functional F , which include both the electron-electron in-

teractions and the kinetic energy. There are dozens of different functionals, among which the

most popular are the Generalized Gradient Approximation (GGA), which can be enriched

with a local Hubbard-like term (GGA+U).
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V.3.2 Methods

The computations presented in this section were performed using the CRYSTAL code

[170, 171], using the exchange functional WCGGA [172] and the correlation functional PBE

[173]. The CRYSTAL code uses local, Gaussian orbitals to do the computations. It is a

LCAO-like approach, contrarily to other software such as the Vienna Ab initio Simulation

Package (VASP) which uses the Projector Augmented Wave (PAW) approach. The LCAO

approach is more suitable to compute properties of insulators while the PAW approach is

better suited for metallic states. The computations presented in this part use the same

functionals as in several studies of LAO/STO heterostructures [174, 175, 110, 176, 177].

It is possible to compute the band structure along a given path in the Brillouin Zone. For

the bulk of STO (which is 3-dimensional), we follow the Γ-X-M-W-Γ path, which represents

all the high-symmetry directions of the Brillouin Zone for a cubic system (Γ = [0,0,0], X

= [1/2,0,0], M = [1/2,1/2,0] and W = [1/2,1/2,1/2] in units of π
a ). Heterostructures are

2-dimensional systems, so we study their band structure along the path Γ-X-M-Γ. The band

structure is computed a posteriori using a finer K-mesh than the one used to compute the

ground state of the system. The shrinking factor used to build the K-mesh of the 1x1 slabs

with the Pack-Monkhorst method is 6, and 12 to determine the Fermi energy of the systems.

It is also possible to compute the Density of States (DOS) and Partial Density of States

(PDOS) of the system. The PDOS is the DOS projected on a single atom, or even a single

orbital of one of the atoms. It is a very interesting quantity to study heterostructures since

it allows to see where the weight of the electronic density is located and to resolve the

orbital nature of the conduction and valence bands. As the heterostructures are modeled as

symmetric slabs, we show the PDOS for positive values of z only.

V.3.3 Previous analysis of the capping problem

The capping problem has been studied using DFT in previous theoretical studies. In

[167, 163] the authors focus on the case of 2 LAO layers and reproduce the metallic transition

when 2 STO capping layers are put on top of the LAO. The addition of a first STO layer

reduces the gap but not enough to induce metallicity, while the addition of a second layer

overcomes the remaining gap and produces metallicity. Their study uses a GGA functional,
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Fig. V.2 a) Geometry of the capping problem with 1 layer of LAO and 3 layers of STO
capping. b) Band structure of the conduction band of the bulk of STO (lateral size 1x1x1)
obtained from DFT. One can observe the eg-t2g split in energy and the tight-binding fit of the
dispersion of the t2g orbitals. The red curve is a cosine fit corresponding to t = 500 meV while
the green fit is with t = 40 meV. The indirect gap is of 3.6 eV. The points forming the path
in the Brillouin Zone are Γ = [0,0,0], X = [1/2,0,0], M = [1/2,1/2,0] and W = [1/2,1/2,1/2]
in units of πa . c) Band structure of the bare surface of STO in a 1x1 configuration.

which is known to underestimate the gap of oxide materials. In [161], they tackle the full

capping problem using again a GGA functional and find the metallicity criterion. However,

the gap of the capped structure linearly scales with the number of STO capping layer, which

is unexpected for the STO layers should not add any polar energy. In [177], the problem

is studied using hybrid functionals and additional oxygen vacancies defects. Though some

interesting insights are gained into the role of the number of LAO layers on the reduction of

the gap, a clear reason for the metallicity criterion is not found.

V.3.4 Geometry of the problem

In order to compute the electronic properties of a structure using DFT, we must specify

the positions of the atoms (atoms are frozen in the Born-Oppenheimer approximation) and

define a unit cell : the computation is extrapolated on an infinite crystal using periodic
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boundary conditions. The unit cell must be tall enough so that it includes the relevant

properties of the crystal. If a one-dimensional chain is known to present dimerization, it is

necessary to put at least two atoms in the unit cell of the chain to observe the dimerization.

Interfaces are not periodic in one of the directions. This is usually taken into account by

adding a certain thickness of vacuum on top of the system. The system is made periodic in

the direction perpendicular to the surface with this additional vaccuum layer : if the free

surfaces are sufficiently far apart, they should not be affected by the presence of periodic

copies, as long as there are no stray electric fields. The CRYSTAL code allows to fully

take into account the 2-dimensional nature of the computation : there is no need for the

additional vacuum. To avoid the presence of such fields in polar structures, it is advisable

to take symmetric slabs of materials in order to cancel them. The positions of the atoms

are fixed at each step of the computations. Once the solution to the electronic problem has

converged, the code can try to modify the positions of the atoms in order to reduce the

mechanical forces internal to the structure. On top of solving the electronic problem, the

system also optimizes the crystal structure. This stage is fundamental for heterostructures

which are not homogeneous systems : junctions between materials with different unit cell

parameters and free surfaces induce distortions of the ideal case.

Fig. V.2 a shows the geometry of the capping problem for STObulk/LAO1/STO3. The bulk

is taken wide enough in order to avoid that the two STObulk/LAO interfaces are influenced

by one another. Fig. V.3 shows the PDOS of heterostructures with various m and n. Far

from the interface, the Partial Density of States (PDOS) is similar through the STO layers,

indicating that there are enough layers of STO to separate the interfaces and to consider

that the middle behaves as the bulk of STO.

V.4 Electrostatics of interfaces

V.4.1 Bulk and surface STO

We first compute the electronic structure of the bulk of STO in order to compare with

the results obtained in heterostructures. STO is cubic at room temperature, the linear size

of its unit cell being a = 3.905Å. The optical gap of STO is ∆ = 3.2eV [178], and its direct

gap is around 3.75 eV. Fig V.2 b shows the band structure obtained for a unit cell of STO.
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Fig. V.3 PDOS of several STObulk/LAOm/STOn capped heterostructures for several values
of m and n. a) bare STO surface (m = 0, n = 0). b) m = 1 LAO layer, n = 0 no capping STO
layer. c) m = 4 LAO layers, n = 0 no capping STO layer. d) m = 1 LAO layer, n = 3 STO
capping layers. The thick horizontal black line represents the interface between the bulk of
STO and LAO, and the PDOS of the atoms belonging to the topmost interface are shown
in dashed lines.

After geometrical optimization, the unit cell parameter is aDFT = 3.88Å and the computed

gap is around 3.6 eV. The computed lattice parameter is lower than in experiments, which

in principle favors metallicity since it increases overlaps between orbitals ; this value is deter-

mined by various factors (the choice of the functional, of the basis and of the optimization

scheme), so it is not surprising that the value slightly differs from the experimental value.

In particular the WCGGA functional is known to underestimate the values of the unit cell

parameter. One can observe the eg/t2g splitting and the t2g structure of the conduction band.

Indeed, the bands are not equivalent in the ΓX direction : two bands have a tight-binding

dispersion with t1 ≈ 500 meV while one band disperses with t2 ≈ 40 meV. It is in agreement

with the tight-binding description of t2g orbitals in a perovskite environment presented in
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m LAO x 0 1 1 1 1 2 2 3 3 4
n STO bulk 0 0 1 2 3 0 2 0 1 0

Gap (eV) 3.5 2.6 3.1 2.2 1.8 1.8 2.3 0.8 1.3 x 0.3

Table V.1 Table of the computed gap values for the different m+ n scenarios.

Chapter II. The corresponding effective masses are 0.5 and 6.2 in units of the electron mass

are consistent with the experimental values determined by ARPES and the values used in

Chapter II and IV. Results obtained with larger unit cells (2x2x2 and 2x2x4) of bulk STO

are similar to the computations for a 1x1x1 unit cell. We did not try to model the tetragonal

distortion of the bulk of STO that should occur below 105 K [179], though this step shall be

important to correctly grasp the band structure of such bigger cells.

Fig. V.2 c shows the band structure of a slab of STO with lateral size 1x1. It is a symmetric

slab of 7 layers of STO with a TiO2 termination on both sides. The band structure displays

an indirect gap of 2.6 eV and a direct gap of 3.4 eV. The cluster of bands at the bottom of the

conduction bands is due to the layered structure of the system : each layer can participate

to the conduction band, and small energy splittings emerge between the bands coming from

each layer. The confinement gap can be estimated between 40 and 50 meV by looking at the

energy levels at the Γ point. Fig. V.3 a shows the layered and atomically resolved PDOS of

the bare surface of STO. Each layer is separated by a constant shift in the vertical axis for

the sake of readability. The color code for each atom shows the alternating nature of SrO

and TiO2 layers in the structure. The conduction band is composed of the electrons of the

Ti atoms while the valence band is composed of the electrons of the O atoms of the topmost

layer. The direct gap matches the PDOS gap of the bulk STO layers of the system.

V.4.2 Varying n and m

We compute the electronic properties of the m + n heterostructures with a 1x1 lateral

size. The central STO part is 7 unit cells thick (2 x 3.5) with a TiO2 termination. m LAO

layers and n STO layers are put on top of the STO bulk (symmetrically on the bottom).

The total slab is then terminated either by a TiO2 free layer (if n 6= 0) or by an AlO2 layer

(if n = 0). A full mechanical relaxation of the structures is allowed during the optimization

process before computing the band structure and the PDOS. The band structure and PDOS
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Fig. V.4 a) Gap of the m+n heterostructures obtained via DFT. The red dots are with at
least one layer of STO capping while the blue are for bare LAO surface. The values of the
gaps are extracted from table V.1. The black dotted lines represent the linear approximation
V.2. b) Atomically and layered resolved DOS for the STObulk/LAO3/STO1, found to be
metallic. The thick horizontal black line represents the interface between the bulk of STO
and LAO, and the PDOS of the atoms belonging to the topmost interface are shown in
dashed lines. The inset shows the PDOS of the oxygen of the topmost layer near the Fermi
energy.

of the heterostructures present a lot of similarities, in particular regarding the properties of

the central STO part. The values of the gap as a function of m and n are reported in the

Table V.1. Fig. V.4 a shows the gaps as a function of the number m of LAO layers. The

points are given two different colors depending on whether there is a capping layer (n 6= 0).

The two black dashed lines are a linear model for the gap as a function of m

Egap = E0 − Esurf −mELAO (V.2)

Where E0 is a constant, Esurf is the energy shift due to the presence of a free STO layer

at the topmost interface and ELAO is the energy shift due to one LAO layer. This linear

model can be understood in the language of the polar catastrophe. Each LAO layer brings

a polar energy of around 0.9 eV to the structure. The presence of a free STO layer on top

gives an additional electrostatic energy. Indeed, the topmost TiO2 layer lying at the free

surface has an asymmetric ionic environment, so that the Ti and O atoms composing it are

not feeling the same electrostatic force from below and above. This can promote distortions

of the unit cell in the topmost layers and create an electric polarization to relax mechanical
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constraints. This electrostatic energy may explain the shift in energy Esurf = 1.4 eV. There

are few differences between the cases n = 1, 2, 3 for m = 1, suggesting that only the free

interface plays a role in the energy shift. The additional STO capping layers do not play a

role (as long as there is at least one) : the polarization induced by the LAO layers is almost

entirely compensated in the first STO layer as shown by Fig. V.3, where the energy shifts

are concentrated in the LAO layer and in the topmost STO layer. This is at odds with the

results of the computations presented in [161] where the energy shift due to the polarization

of LAO seems to continue in the STO layers. We also see that the extrapolating of the dashed

line for the case without any capping layers involves an energy E0 = 4 eV, which is higher

than the computed gap for the bulk of STO ∆STO = 3.6 eV. There might be an additional

energy associated to the creation of the first LAO/STO interface, but it is difficult to extract

more from the data. We estimate this energy to 0.4-0.5 eV, which is also the difference in

energy between the m = 1, n = 1 and the m = 1, n = 2 case. It might be due to mechanical

constraints.

The metallicity criterion is indeed obtained for the 3+1 structure. The 4+0 structure

is not metallic, but the remaining gap is small (0.3 eV), so it can be considered metallic

since its amplitude is close to the energy resolution. The 2+2 and 1+3 structures remain

insulating with a gap which is too high to be interpreted as 0 within numerical accuracy.

There are no substantial differences between the 1+1, 1+2 and 1+3 structures, apart from

a slightly different gap between n = 1 and n = 2, 3. We did these computations with larger

sizes of the lateral unit cell (
√

2×
√

2 and 2× 2) without any significant change in the gaps.

The metallicity of these heterostructures must come from another mechanism than a purely

electrostatic one. Computations performed using the software VASP in GGA+U lead to the

same type of conclusions : the 3+1 structure is metallic while the 1+3 structure is insulating

(neither electron gas at the first LAO/STO interface nor hole gas at the free STO surface) in

the absence of defects in the structure, though the remaining gap is small. The mechanical

relaxation of such heterostructures is very difficult to reach for large lateral size of unit cells

in both types of computations. It can alter the numerical results because distortions impact

the amplitude of polar energy in heterostructures. Accurate estimations of gaps are critical

to accurately determine the metallicity criterion.
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V.4.3 Detail of the PDOS in the heterostructure

The energy shift is not the only effect of the mixed chemistry of the heterostructure and

the presence of a surface. Underlying electronic reconstruction of the density of states also

occurs with the change in the structure. The PDOS of the oxygen and titanium atoms of

the bulk of 3.5 unit cell thick slab of STO are shown on Fig. V.5 a and b. If the Ti PDOS

is roughly similar, the PDOS of the oxygen changes a lot when going towards the surface,

with a displacement of the weight from the peak at -4 eV towards higher energies. This peak

is flattened, and the weight goes to unoccupied states : this results in a lowering of the gap.

The PDOS of the oxygen atoms in a STO(bulk)/LAO(4) heterostructure is shown on

Fig. V.5 c, as a function of the layer. In the STO side, the oxygen are taken inside the SrO

layers, and in the LAO side, they are taken in the LaO layers. The TiO2 and AlO2 version

of this graph displays similar results. An energy shift corresponding to the slope of Eq. V.2

has been applied to the oxygen of the LaO layers for the sake of comparison. It can be noted

that the PDOS of the oxygen in the first LAO layer presents a lot of similarities with the

PDOS in the STO bulk. The shape and width of the peak of the PDOS between -5 eV and

-3 eV is similar, even if a decrease of the amplitude of the peak around -4.5 eV can be noted.

Going further up in the LAO layers results in a progressive deformation of the PDOS, and

it is completely different for the topmost layer of LAO (corresponding to the layer number

7 of the structure). This PDOS of the topmost layer is compared with the PDOS of the

oxygen atom of the valence band of bulk LAO in Fig. V.5 d, and presents similarities. The

bulk computations have been performed for a tetragonal unit cell of LAO with a lateral size

of the unit cell equal to the one of STO a = 3.88Å, and a parameter c = 3.739Å. This

tetragonal distortion takes into account of the adaptation of the LAO unit cell to the lateral

size of the substrate of STO. The PDOS of these two oxygen atoms are roughly similar so

we can conclude that there is indeed a transition of the electronic structure of the valence

band from an STO-like DOS towards a LAO-like DOS.

V.5 Addition of defects : local electrostatics

Oxygen vacancies are known electronic donors in TMO. In particular, the density of

carriers at the bare surface of STO can change upon exposition to UV irradiation because
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Fig. V.5 a) PDOS of the oxygen atoms in a 1x1 slab of STO thick of 3.5 unit cells as a
function of energy and of the layer index (the 0.5 shift is because the atoms are taken in the
TiO2 layers). 0.5 correspond to the center of the sample (bulk-like), while 3.5 correspond
to the free surface layer. b) Corresponding PDOS of the Ti atoms. c) PDOS of the oxygen
atoms in a STO(bulk)/LAO(4) heterostructure as a function of the energy and the layer.
The plain lines are for oxygen atoms belonging to SrO layers while the dashed lines are for
oxygen belonging to the LaO layers. The PDOS of the LAO side of the interface are shifted
by an energy corresponding to the slope found on Fig. V.4 a) in order to have a common
energy reference. d) Comparison of the PDOS of the oxygen atom of the last layer of LaO of
the structure of c) (dashed line) with the one of an oxygen in the bulk of LAO (plain line).
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Fig. V.6 a) Orbitally resolved PDOS of a
√

2 ×
√

2 STObulk/LAO1/STO3 structure. b)
Orbitally resolved PDOS of a 1× 1 STObulk/LAO1/STO3 structure with an oxygen vacancy
in the AlO2 layer. In a) and b) the PDOS of the topmost layer are in dashed lines. The blank
part in the density of states (around 35 in the vertical scale) correspond to the LAO layer,
where there are no Ti atoms. The layered structure corresponding is presented in c) where
we depict the presence of localized eg states above the capping layer. An electron transfer
happens between the vacancy and the LaO-TiO2 interface which leads to a metallic state. d)
Band structure associated with the DOS of the figure in the top right. We can observe the
presence of the 2DEG and the state below which is a vacancy states hybridizing with other
t2g levels. e) Detail of the PDOS of b) around the E − EF = 0. In plain lines the PDOS of
the TiO2 layer just below the LAO layer, in dashed lines the PDOS of the TiO2 layer just
above the LAO layer.
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light can create oxygen vacancies at the surface [77, 180, 181]. The removal of an oxygen

atom from the solid releases 2 free electrons, which screen the effective potential induced

by the absence of the oxygen atom. The balance between electrostatic and kinetic energies

can lead to metallic states. The formation of oxygen vacancies becomes thermodynamically

favorable when more than 4 LAO layers are put on top of the STO substrate [182]. The

addition of oxygen vacancies at the bare surface of STO or at the surface of LAO has been

shown to drive the system towards metallicity [19]. We add defects in the heterostructures

in order to see the impact they have on the metallicity, focusing on the situation with the

largest gap (1+3) for it is the less likely to become metallic. The oxygen vacancies are located

at the second LAO/STO interface, in the AlO2 layer, the closest to the capping layer. This is

motivated experimentally by the synthesis conditions in which oxygen deficiencies are more

likely to occur in the SrO layers. The oxygen-deficient SrO layer captures one of the oxygen

atoms of the neighboring AlO2 layer.

Fig. V.6 a and b show the orbitally resolved PDOS for the ideal 1+3 structure (for a
√

2×
√

2 lateral size) and in the presence of an oxygen vacancy in the AlO2 layer (for a 1×1

lateral size). There is a gap in the ideal structure, and the conduction electrons are located

only below the interface. They are of t2g character, as a consequence of the eg/t2g splitting.

The dxy has a greater weight than the dxz/yz near the lower LaO-TiO2 interface, which is a

consequence of the electrostatic field due to the interface. In the presence of oxygen vacancies,

the system is metallic, presenting a complicated PDOS near the Fermi energy. However, the

nature of the different contributions to the PDOS can be identified : Fig. V.6 e shows a zoom

of the Fig. V.6 b near the Fermi energy. The plain lines are the PDOS of the layer below

the LAO layer, while the dashed lines are for the layer just above the LAO layer. Just below

the Fermi energy, metallic states correspond to the dxy states, and are present in both sides

of the interface. These metallic states extend inside the STO bulk, where they present more

of a dxz/yz character. Further below the Fermi energy, localized states of mixed dz2 − dxz/yz
character appear, corresponding to states located near the oxygen vacancy in AlO2. Vacancy

states can hybridize with the dz2 and dxz/yz orbitals of the Ti atoms at the vertical from the

oxygen vacancy because these orbitals have lobes pointing towards the vacancy. The small

lateral size of the unit cell can induce hybridizations of the vacancy states through the dxz/yz
orbitals and might explain the unexpected dispersion of these states.
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This computation also has been carried out for a
√

2 ×
√

2 lateral size but the results

were difficult to interpret. Though the system is again found metallic, several states cross

the Fermi energy : electron-like states forming a 2DEG as for the 1x1 structure and hole-like

states seemingly coming from the hybridization with states located close to the vacancy.

We wanted to reduce the concentration of oxygen vacancies in the system in order to limit

the unphysical dispersion of these states but the required size of the system exceeded the

possibility of our computational resources. In particular, the mechanical relaxation of the

structure near the vacancy was impossible to reach. We also studied heterostructures where

the vacancy was in the SrO layer above the AlO2 layer. This scenario would result from

the capture of an oxygen atom from the SrO layer towards the oxygen-deficient AlO2 layer

during the synthesis : the interface is again metallic but we observe hole-like states above

the interface, which are vacancy states.

The metallicity in the presence of oxygen vacancies is not the end of the story : the

STObulk/LAO1/STO2 heterostructure is also metallic in the presence of oxygen vacancies,

while experiments suggest that it should not be. This could be explained by the fact that

the formation of vacancies is not thermodynamically favorable with only two layers of STO

capping. However, little to no difference in the energy of formation of the vacancy was found

between the cases n = 2 and n = 3. It was not possible to go to a lower concentration of

vacancies due to limited computing power. This work does not include a systematic treatment

of oxygen vacancies, which the interested reader can find in more details in [177]. This

discrepancy with the experimental results might also be due to the choice of functionals, to a

bad guess for the type of defects likely to form in these structures or even from an effect our

model does not take into account. In all, this problem remains open and is a nice playground

to study the formation of 2DEGs in perovskite heterostructures.
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Conclusion

The man who comes back through the Door in the Wall will never

be quite the same as the man who went out. He will be wiser but

less sure, happier but less self-satisfied, humbler in acknowledging

his ignorance yet better equipped to understand the relationship

of words to things, of systematic reasoning to the unfathomable

mystery which it tries, forever vainly, to comprehend.

Aldous Huxley,

The Doors of Perception

In this thesis, we study electronic and spintronic properties of Transition Metal Oxides

(TMO) heterostructures. The emergence of 2-dimensional electron gases (2DEG) in these

structures has been known for more than a decade, and the discovery that these structures

can host spintronic properties is noteworthy for the conception of new electronic devices

based on these materials. The origin of this gas is still a subject of debates, and we explore

the relative impact of the polarity of the interface and of the presence of oxygen vacancies on

the formation of the 2DEG in Chapter V. The actual mechanism triggering the emergence of

the gas shall influence its behavior under the application of external fields (especially electric).

But this is not the end of the story, as this gas presents a strong multi-orbital character, which

makes it different from gases in usual semi-conductor heterostructures. This orbital degree of

freedom changes the properties of the electronic structure upon doping, and we discuss some

of these effects in Chapter II for the [001] and [111] orientation of STO-based interfaces. This

modification of the electronic structure upon doping deeply impacts the transport properties,

are they topological properties (which we discuss in Chapter III) or spintronic responses (we

focus on the Edelstein Effect and Spin Hall Effect of TMO heterostructures in Chapter IV).
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In Chapter II we tackle the electrostatic doping of STO interfaces, whose properties

are known to be widely gate-tunable. We showed that the electronic spectra of the inter-

faces can be quantitatively reproduced using a tight-binding model enriched with a Poisson-

Schrodinger description of the confinement near the interface. The change in the dielectric

constant of STO with temperature impacts the electrostatic confinement near the interface

and shall affect both the electronic spectrum and the spatial extension of the 2DEG. We

show that the electrostatic doping of the 2DEG in the top and backgating geometry modify

the spectrum by the application of a gate voltage : in the backgating geometry, states living

away from the interface are more impacted by the potential. If a leakage of a fraction of the

charge bound to the interface is expected, overall the gas remains stable, in particular its

lower-lying levels. Hall measurements in the [001] and [111] orientations of the LAO/STO

interface report the advent of a new population of carriers above a voltage threshold, indu-

cing a Lifshitz transition. Above this transition, the density of the new species of carriers

oddly increases at the expense of the first species. We reproduce this behavior introducing

electronic correlations in our model of the interface, as they are considered to be the driving

force for this unusual behavior to explain measurements in the [001] orientation ; an analysis

of electronic correlations at the mean field level in the [111] orientation explains in which

conditions correlations can be held responsible for such a behavior. We suspect that disorder,

in particular emerging from the surface roughness at the interface, might also explain why the

mobilities of the low-lying levels are so low and why their contribution in Hall experiments

is less intense than expected.

If the confining potential has known consequences on the spatial density and on the band

bending near the interface, the interplay of this potential with disorder leaves open questions.

The presence of both surface roughness and sparse oxygen vacancies provides non-equivalent

disorder channels with distinct scattering properties. How orbitals and subbands are affected

by disorder is of critical importance to evaluate their impact on transport properties. The

discrepancy between the number of carriers evaluated in ARPES and in non-linear Hall effect

is often explained by the presence of "frozen carriers" : why some carriers are seemingly muted

in transport signatures is not well understood yet, but the decrease in the mobility due to

the surface roughness near the interface might hinder the observation of a fraction of the

carriers, especially of the ones located near the interface. A detailed treatment of disorder and



Version du 19 novembre 2020, 16:35

V.5 Addition of defects : local electrostatics 105

its interplay with correlations may provide an explanation for the observation of magnetism

in some STO samples [56].

Chapter III explains the effects of the topology of band structures on the electronic

properties of materials. After a reminder of the vocabulary proper to the topology of band

structures, we build quantities such as the Anomalous Hall Conductivity and Spin Hall

Conductivity, which both have been observed in recent experiments. They are intimately

related to broken symmetries and the multi-orbital nature of the conduction and valence

bands of topological insulators or Quantum Spin Hall insulators. In TMO interfaces, these

conditions are fulfilled, so that they might host topological properties. In order to reveal

these properties, it is necessary to find their experimental signatures and to understand

experiments using realistic models. In STO-based systems, the task is difficult for they are

both multi-orbital and metallic, blunting the tools available to analyze topological properties.

In Chapter IV we focus on the spintronic responses of TMO heterostructures, in the light

of recent experiments demonstrating the presence of the Edelstein Effect [53, 55] and the

Spin Hall Effect [54] in STO-based interfaces. We can reproduce experimental results using a

tight-binding model and Linear Response Theory, and we relate the spintronic responses to

non-trivial spin textures in the Brillouin Zone. The Edelstein Effect originates from winding

spin textures which produce two types of response : one is the Rashba-Edelstein effect (the

spin-galvanic response of a Rashba-like model [136]), and the other is a multi-band Edelstein

effect related to interband spin-orbit couplings. Using the tight-binding model of Chapter II,

we build a model for the spin-orbit coupling of STO-based interface that we call Multiband

Interfacial Spin-Orbit coupling (MISO) in order to clarify the presence of both intraband

and interband couplings. These couplings produce a non-trivial winding of the electron spin

in the Brillouin Zone through complex spin-orbital-momentum locking. It is possible to se-

parately compute the spin textures of each band and their impact on the Edelstein response,

and the relative strength of the intraband and interband response is influenced by the orbi-

tal character of the states. Bands emerging at the Lifshitz transition display very peculiar

spin textures that can be explained without the introduction a cubic Rashba spin-orbit in-

teraction. The intrinsic Spin Hall Conductivity of STO-based interfaces can be related to

properties of the z direction of the spin polarization, and display similarities with the res-

ponse of Rashba-like models. The behavior of STO-based systems is shared with other oxides
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and we provide tools and quantities helping to understand how to optimize the spintronic

responses of TMO-based systems, which is of interest for technological applications.

As far as topological and magneto-transport properties are concerned, disorder should

again be of the utmost importance. Indeed, in the Anomalous Hall Effect and Spin Hall

Effect (SHE), disorder scattering produces vertex corrections to current operators through

two mechanisms, called side-jump and skew-scattering, which can be of the same order of

magnitude as the intrinsic contributions : it is acknowledged that the side-jump can cancel the

intrinsic contribution of the SHE of the linear Rashba model. Can the multi-orbital nature of

the conduction band of STO-based interfaces explain a survival of the SHE signal ? The weak

anti-localization and anisotropic magneto-resistance properties of STO interfaces are often

interpreted as the signature of a varying Rashba coupling. The form of the MISO coupling

might add peculiar scattering channels and bear magneto-transport signatures consistent

with the observations of STO-based interfaces. In all, the multi-orbital nature of the 2DEG

in TMO heterostructures is a fundamental ingredient to understand its properties, and the

possibility to switch from single to multi-band transport upon electrostatic doping allows to

nicely observe the signatures of multi-band transport.

In Chapter V, we tackle the capping problem using Density Functional Theory : if nor-

mally 4 LAO layers deposited on top of a STO substrate are needed to observe a metallic

system, recent experiments have shown that the 4 LAO layers can be replaced by m LAO

layers and n STO capping layers on top of the STO substrate, as long as m + n ≥ 4. We

show that the LAO layers accumulate polar energy, and the topmost STO capping layer at

the free surface shifts the Fermi energy, probably due to the local electrostatic environment

of the surface. The gap is indeed reduced in these capped structures, to the point that the

system becomes metallic in the 3+1 structure. However, we find that the 2+2 and 1+3

structures are not found to be metallic in computations since the gap does not vanish, in

contradiction with the experimental results. The presence of defects may explain the origin

of the metallicity but this scenario does not unveil why the number of STO capping layers

matters. The respective roles of chemistry and electrostatics in the creation of the 2DEG at

the interface between TMO remain to be accurately determined, and the capping problem

may help to disentangle the impact of these two factors.

The multi-orbital character of the conduction band is a hallmark of STO-based interfaces,
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and is held responsible for a lot of the unusual transport properties. If the presence of mul-

tiple carriers is a consequence of the chemistry of the TMO and of the d-shell character of the

conduction band, the geometry of heterostructures strongly impacts the electronic properties

of these carriers. The confinement of the 2DEG near the interface as well as the in-plane

electronic transport are different depending on the orbital character of the electrons. Further

properties can present this orbital dichotomy : MISO sheds light on the form of the spin-orbit

coupling at these interfaces, and on the expected signatures of this multi-orbital character

on the responses of the system. The spatial distribution of disorder may also distinguish the

scattering properties, as the electronic states living closer to the interface shall be impacted

more by surface roughness, diminishing their mobilities to the point that some properties of

these carriers may vanish. A detailed model of the local properties near point-like defects

such as oxygen vacancies can also help to understand the doping of these interfaces, and

whether the actual mechanism triggering the emergence of the 2DEG has a proper signa-

ture. The impact of interactions on multi-band electronic systems is also of interest both to

discover new phases of matter and to see whether the presence of multiple channels allows the

coexistence of unusual electronic properties : might it explain the simultaneous observation

of ferromagnetism and superconductivity in some LAO/STO interfaces ?

The presence of multiple bands is also of importance when it comes to topological effects.

If topology is usually thought of in insulating systems, it may also lead to interesting signa-

tures in metallic systems. The presence of band crossings in STO-based interface impacts

the signature of the spin responses, and might have other noteworthy effects. The ability

to control the filling of the 2DEG in STO-based interfaces is of interest to probe the role

of band crossings in electronic properties. The compounded effects of these crossings and of

couplings with specific symmetries can lead to enhanced responses in unusual sectors : if we

tackled the spin responses in this work, the orbital sector is also under scrutiny. The study

of heterostructures made with different oxides may also help to better understand these

properties by changing the amplitude of the couplings, or even by adding couplings with

different symmetries : in magnetic oxides the Time-Reversal symmetry is clearly broken, so

that new signatures can emerge from the band structure such as the Anomalous Hall Effect

or magneto-electric couplings.

To put in a nutshell, Transition Metal Oxide heterostructures are fascinating systems



Version du 19 novembre 2020, 16:35

108 Chapitre V. The capping problem : a DFT study

with exotic transport properties and provide a rich playground to study complex phases

of matter. Their multi-band properties can induce several functionalities inside the same

material, and the ability to tune their properties makes them strong contenders for building

a next generation of electronic devices.
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A.1 Orbital operators restricted to the t2g basis

Using the symmetries of the wavefunctions of the t2g orbitals and or the ~̂L operator, one

gets the following matrices for the three components of the orbital operators restricted to

the t2g basis (dyz, dxz, dxy) :

L̂x =


0 0 0

0 0 i

0 −i 0

 , L̂y =


0 0 −i

0 0 0

i 0 0

 , L̂z =


0 i 0

−i 0 0

0 0 0

 (A.1)

independently of the direction of the spin. These operators verify the three commutation

relations :

[
L̂x, L̂y

]
= −iL̂z[

L̂y, L̂z
]

= −iL̂x[
L̂z, L̂x

]
= −iL̂y

(A.2)

in analogy with the Pauli matrices, but for 3 × 3 matrices. However they do not posses a

closed set of anti-commutation relations ; this complicates a lot the algebraic computations

in the t2g basis. The matrix version of the spin-orbit operator is obtained by making the

tensorial product of the spin operator with these orbital operator. In the (dyz ↑, dyz ↓, dxz ↑
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, dxz ↓, dxy ↑, dxy ↓) basis, it gives :

HSOCbulk = λSO



0 0 i 0 0 −1

0 0 0 −i 1 0

−i 0 0 0 0 i

0 i 0 0 i 0

0 1 0 −i 0 0

−1 0 −i 0 0 0


= iλSO



0 0 1 0 0 i

0 0 0 −1 −i 0

−1 0 0 0 0 1

0 1 0 0 1 0

0 −i 0 −1 0 0

i 0 −1 0 0 0


(A.3)

which can be transformed in the form of Eq. II.5 by using the Pauli matrices.

A.2 Kinetic energy in the [111] orientation

A.2.1 Tight-binding approach

We can build a tight-binding model on the honeycomb lattice of Fig. II.2 a. Using nota-

tions similar to [57], we design by tπ, tσ, tδ respectively the first, second and third nearest-

neighbor hopping. The first and third neighbor hoppings change the layer in which the

electron is while the second neighbor hopping is intra-layer. This produces a model similar

to [39, 77]

ε0,xy(k) = −2tσ cos(
√

3kxã)

ε0,yz(k) = −2tσ cos(−
√

3
2 kxã+ 3

2kyã)

ε0,xz(k) = −2tσ cos(
√

3
2 kxã+ 3

2kyã)

ε1,xy(k) = −tπ cos(
√

3
2 kxã)e−i

3
2ky ã − tδ

ε1,yz(k) = −tπ
[
1 + ei(

√
3

2 kx− 3
2ky)ã

]
− tδe−i(

√
3

2 kx+ 3
2ky)ã

ε1,xz(k) = −tπ
[
1 + e−i(

√
3

2 kx− 3
2ky)ã

]
− tδei(

√
3

2 kx− 3
2ky)ã

(A.4)

Where ã =
√

2
3a is the unit cell parameter projected in the [111] plane, and kx, ky correspond

respectively to the directions [1,−1, 0] and [−1,−1, 2]. As in graphene, we build the tight-
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binding model with a 2x2 Hamiltonian Hν for each orbital ν :

Hν =

 ε0,ν ε1,ν

ε∗1,ν ε0,ν

 (A.5)

Where z∗ designs the complex conjugate of z. This 2x2 Hamiltonian has a bonding and

anti-bonding state with energies ε± = ε0,ν ± |ε1,ν |. It is possible to add an extra potential

difference δV σz to the Hν Hamiltonian to account for electrostatic effects near the interface.

This additional potential lifts the degeneracy of possible Dirac cones.

A.2.2 Low energy expression

We can derive the spectrum of the model in an alternative manner, using the low-energy

development of the kinetic energy and rewriting it in the plane perpendicular to the [111]

interface. For low k, the kinetic part of the Hamiltonian of bulk STO is

Hkin =


t2 t1 t1

t1 t2 t1

t1 t1 t2



k2
x

k2
y

k2
z

 (A.6)

Where the orbital basis is dyz, dxz, dxy. We change the basis of the wavevector to be consistent

with the geometry of the [111] interface : we take (k1, k2, k⊥) with k1 = 1√
2 [1,−1, 0] , k2 =

1√
6 [1, 1,−2] and k⊥ = 1√

3 [1, 1, 1]. k1 and k2 lie in the plane of the interface while k⊥ is the di-

rection perpendicular to the interface. We invert the relation to get kx = 1
6

[
3
√

2,
√

6, 2
√

3
]
, ky =

1
6

[
−3
√

2,
√

6, 2
√

3
]
, kz =

√
3

3

[
0,−
√

2, 1
]
and compute the dispersion relations in this basis.

Plugging back these expressions in the kinetic energy we get :

εyz = t1

(
k1
2 +

√
3k2
2

)2

+ tc

(
−
√

3k1
2 + k2

2

)2

+ t⊥k
2
⊥ − tpk⊥k1 − tqk⊥k2

εxz = t1

(
k1
2 −

√
3k2
2

)2

+ tc

(√
3k1
2 + k2

2

)2

+ t⊥k
2
⊥ + tpk⊥k1 − tqk⊥k2

εxy = t1k
2
1 + tck

2
2 + t⊥k

2
⊥ + 2tqk⊥k2

(A.7)
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With t⊥ = 2t1+t2
3 , tc = t1+2t2

3 , tp =
√

6(t1−t2)
3 , tq =

√
2(t1−t2)

3 . The three orbitals have the

same mass along the ⊥ direction, meaning they are equally affected by the electrostatic

confinement. If we forget about the terms including k⊥, we get the in-plane dispersion which

yields three elliptic Fermi surfaces rotated one from another by 2π
3 and with the two effective

masses t1 and tc. The presence of mixed terms k⊥k1/2 has to be handled with care : we show

in Appendix A.4 that tc → 4
3 t2 due to terms containing k⊥, giving results consistent with the

tight-binding form of the previous paragraph. The parabolic dispersion can be considered as

a low energy version of a simpler tight-binding model replacing (ka)2 → 2(1− cos(ka)).

A.3 Atomic spin-orbit coupling and trigonal crystal field

In the basis (X ↑, X ↓, Y ↑, Y ↓, Z ↑, Z ↓), the eigenvectors of the atomic spin-orbit

coupling defined by Eq. II.5 are :

D1
± = 1√

6
(±iX↑/↓ + Y↑/↓ + 2iZ↓/↑)

D2
± = 1√

2
(±iX↑/↓ − Y↑/↓)

S± = 1√
3

(−iX↑/↓ ∓ Y↑/↓ + iZ↓/↑)

(A.8)

The associated eigenvalues are −λSO for the doublet states D1,2
± and 2λSO for the singlet

states S±. The two groups of eigenstates + and - are time reversal partners. The atomic

spin-orbit energy is often defined as ESO = 2λSO − (−λSO) = 3λSO. We chose to keep λSO
to simplify the writing of some formulas.

The eigenstates of the Hamiltonian of the trigonal crystal field defined by Eq. II.4 are :

DA = 1√
3

(X + Y − 2Z)

DB = 1√
2

(X − Y )

S = 1√
3

(X + Y + Z)

(A.9)

The structure of the Hamiltonian is similar to the atomic spin-orbit coupling, yielding the

eigenvalue −∆tcf for the doublet states and 2∆tcf for the singlet states. The states are of
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pure spin character and are degenerate in energy for both direction of the spin.

A.4 Airy functions

We want to solve the Schrodinger equation of an electron in a triangular well

− ~2

2m∂2
zψn + eFzψn = Enψn (A.10)

Where e is the charge of the electron, m its effective mass and F the amplitude of the

electric field. Rescaling of the problem using u = z−zn
C with C = 2

3

(
~2

2meF

)
, zn = En

eF gives

the differential equation d2y
du2 − uy = 0, whose two solutions are the Airy functions of the two

kinds : Ai(u) = 1
π

∞∫
0

cos( t33 + ut)dt and Bi(u) = 1
π

∞∫
0
e−

t3
3 +ut + sin( t33 + ut)dt. We seek bound

states of the problem ; only solutions corresponding to Ai give decaying solutions for u→∞,

so that they are the only physical solution. Solving the eigenvalue problem is equivalent

to impose that ψn(z = 0) = 0, which can be translated into the transcendental equation

Ai(− zn
a ) = 0. This proves En = cnK with K =

(
~2e2F 2

2meF

)1/3
and cn ≈

(
3π
2 (n− 1

4)
)2/3

.

In the [111] orientation, Eq. A.7 shows that the dispersion in the direction parallel (k1, k2)

and perpendicular k⊥ to the interface are entangled. We transform the dispersion relation

εxy(k) of Eq. A.7 into a Schrodinger equation by making the substitution k⊥ = i∂z, yielding

− t⊥∂2
zψn + i2tqk∂zψ + eFzψn = Enψn (A.11)

If we use the transformation ψ = eiµzφ, we see that φ obeys the triangular well equation but it

adds a kinetic energy t2qk
2

t⊥
≈ −( t13 −

2t2
3 ) (if tqkt⊥ = µ). In the [111] orientation the confinement

is not affected by the in-plane dispersion and only renormalizes the effective masses of the

in-plane dispersion. With this corrections the new effective model at low energy is

εyz = t1

(
k1
2 +

√
3k2
2

)2

+ 4
3 t2

(
−
√

3k1
2 + k2

2

)2

εxz = t1

(
k1
2 −

√
3k2
2

)2

+ 4
3 t2

(√
3k1
2 + k2

2

)2

εxy = t1k
2
1 + 4

3 t2k
2
2

(A.12)
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A.5 Boltzmann equation in a semiclassical approximation

The semi-classical velocity of an electron with wavevector k is given by vk = 1
~
∂εk
∂k . In a

semi-classical approximation, the current is

J =
∫
qvkfk

dk

2d−1πd
(A.13)

Where fk is the distribution function of electrons with wavevector k. In the absence of fields,

fk = f0
k is the Fermi-Dirac distribution. There is no net current in this case. In the presence

of electric and magnetic fields, the system goes towards a stationary states respecting the

Boltzmann equation :

ḟk = ḟkfields + ḟkscaterring + ḟkdiffusion = 0 (A.14)

The contribution due to the fields are

ḟkfields = − q
~

(E + vk ×B) · ∂fk
∂k

(A.15)

The scattering contribution can be written in a Drude-like version, introducing the scattering

time τ(k)

ḟkscaterring = −fk − f
0
k

τ(k) (A.16)

We neglect the diffusion term ḟkdiffusion = −vk · ∂fk∂r which can be important in the presence

of a thermal gradient. The distribution function can be written using perturbation theory in

the electric field fk = f0
k + gk. To the leading order :

ḟkEfield ≈ −
q

~
E · ∂f

0
k

∂k
= −q∂f

0
k

∂εk
E · vk (A.17)

For the magnetic part, the first term vanishes : ḟkBfield ≈ − q
~(vk × B) · ∂f

0
k

∂k = −q ∂f
0
k

∂εk
(vk ×

B) · vk = 0, so one has to consider the further term :

ḟkBfield = − q
~

(vk ×B) · ∂gk
∂k

(A.18)



Version du 19 novembre 2020, 16:35

A.5 Boltzmann equation in a semiclassical approximation 115

Reusing Eq. A.14, one gets :

− q∂f
0
k

∂εk
E · vk =

( 1
τ(k) + q(vk ×B) · ∂

∂k

)
gk (A.19)

This allows to write the correction to the distribution function gk =
[

1
τk

+D
]−1

(−q ∂f∂εkE ·vk),

where D is a differential operator and the inversion must be understood in term of operators.

For low magnetic fields, this can be evaluated via perturbation theory
[

1
τk

+D
]−1

= τk −

τ2
kD + τ3

kD
2 + ... neglecting the change of τk with k. In the effective mass approximation

vk = k
m andD [E · vk] = Bzv

⊥
k ·M−1 ·E whereM−1 = ∂kvk is the effective mass tensor and v⊥k

is the vector (vy,−vx). If the effective mass tensor is constant, one getsD2vk = −B2
zv·M−2·E.

After a resummation we get gk = − qτ
1+q2B2

zτ
2M−2

∂f0
k

∂εk
E · (vk + qτM−1Bzv

⊥
k ). From this we get

the electric conductivity tensor by computing

σ = ~∇E
∫
d2kgk~vk (A.20)

Which gives the formulas for the longitudinal and transverse conductivities

σxx = σyy = 1
1 + µ2B2σ0

σxy = −σyx = µB

1 + µ2B2σ0

(A.21)

Where µ = qτ
m is the electronic mobility and σ0 = nqµ, where n is the density of carriers.

These formulas allow to estimate both the density of carriers and the mobility by low field

and high field measurements. The results are often presented in term of the resistivity tensor

ρ, which is the inverse of the conductivity tensor, ρxx = σxx
σ2
xx+σ2

xy
and ρxy = σxy

σ2
xx+σ2

xy
, giving

ρxx = 1
nqµ and ρxy = B

nq . No magneto-resistance effect is expected in this picture since ρxx
does not depend on B. One can use these formulas to estimate both the number of carriers

and the mobility of a sample from Hall measurements. The slope of the anomalous resistivity

gives the number of carriers. Associated with the value of the longitudinal resistance one can

estimate the mobility. Often, these procedure is done in both the low-field and high-field

limit.

However, these formulas can only be obtained using several approximations. The first



Version du 19 novembre 2020, 16:35

116 Annexe A. Appendix to Chapter 2

approximation is the single-band approximation : if several bands are occupied, the contri-

butions of all bands must be summed up, transforming A.21 into a sum of similar terms with

a mobility and density of carriers which is not the same for each band. The formula is more

involved if the scattering time or the effective mass are not constant inside the Brillouin

Zone and the band dispersion cannot be described by only a mobility : these are anisotropy

effects. The presence of several band can lead to the emergence of more complex structures

linked to the detail of the geometry of the band structure, giving extra scattering processes

which correct the velocity operator (and are called the vertex corrections). Another neglected

contribution is the anomalous velocity correction which we detail in Chapter III.

When several bands are occupied, the conductivity tensor is the sum of each band

contributions, which are parallel channels for conduction. σ =
∑
ν

σν
1+ξ2

ν

 1 ξν

−ξν 1

 with

ξν = µνB. Inverting this tensor gives

ρxx =
∑
χ

1(∑
ν

σν
1+ξ2

ν

)2
+
(∑

ν
ξνσν
1+ξ2

ν

)2

σχ
1 + ξ2

χ

ρxy =
∑
χ

1(∑
ν

σν
1+ξ2

ν

)2
+
(∑

ν
ξνσν
1+ξ2

ν

)2

ξχσχ
1 + ξ2

χ

(A.22)

At very high magnetic fields, ξν >> 1 for all the bands and the transverse resistivity becomes

ρhfxy = B
qn2D

. This gives an estimate of the number of carriers, often called the "high field"

or Hall number of carriers. The slope of ρxy(B) at low field give a number called the "low

field" number of carriers nlf2D =

∑
ν

µνσνnν∑
ν

µνσν
. This is a mean number of carriers pondered by

their relative mobility. It is often considered that this limit reveals the high mobility carriers

while the high field limit gives the total number of carriers.

A.6 Stability of the gas

We study the effect of the backgating on a 2DEG via an electrostatic approach. A 2DEG

described by a density ρ(z), z ≥ 0 screens a charge Q > 0 located at the origin, ie
∫
ρ(z)dz =

−Q. This electronic cloud is screening the potential V0(z) created by the presence of the

charge at the origin. The Poisson equation gives V0(z) = −Q
ε z for z ≥ 0. The 2DEG produces
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the screening potential

Vs(z) = az + b−
z∫

0

du

u∫
0

dv
ρ(v)
ε

(A.23)

a and b are constants to ensure the boundary conditions, and can be chosen to be 0. Far

from the interface, the potential saturates at a constant value Vmax. We want to model the

effects of the addition of a linear potential Vgate(z) = Fz on the density ρ(z). We take the

following form for the density

ρQ,λ(z) = −Qλ2ze−λz (A.24)

This allows to compute the shape of the screening potential and the potential energy of the

gas Epot =
∫
dzρ(z)(Vs(z) + V0(z)) = 5Q2

4ελ . Screening quickly the charge lowers the energy

(the screening length is 1
λ). The fact that in real systems λ 6= 0 is due to quantum effects

linked to the kinetic energy. Taking a LDA-like approximation we can add an additional

term proportional to ρ2 to the energy, leading to an energy Ekin ≈ CQ2λ, where C is a

constant. The balance between this energy and the electrostatic energy gives an equilibrium

value λ0, corresponding to a mean spatial extension z0 = 1
λ0
. We add a backgate potential

to this problem and study how Q and λ vary with respect to their equilibrium values. The

backgate potential changes the total charge Q̃ = −Q− δQ (Q > 0) by δQ = εFg due to the

Gauss theorem, where Fg is the electric field due to the back gate voltage Fg = Vg
d where d

is the macroscopic thickness of the sample, giving a total energy

Epot = 5Q2 − 2QδQ− 3δQ2

4ελ (A.25)

The value of λ the total energy Epot+Ekin is reached for λ2
0 = C 5−2x−3x2

(1+x)2 , where x = δQ
Q is the

percentage of doping of the system. In Fig. II.8 d we plot the associated spatial extension in

arbitrary units to show that the backgating modify the spatial extension of the states inside

the well.

A.7 Mean field treatment of interactions

We rewrite the density operator of an electron at site i with spin σ ni,σ = n̄σ+(ni,σ−n̄σ),

where n̄σ denotes the mean density of the electrons with spin σ. Neglecting the quadratic
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terms in (ni,σ − n̄σ), which are due to quantum fluctuations, we get a mean field form of the

Hubbard Hamiltonian :

HHub = −UNn̄↑n̄↓ + U
∑
i

n̄↑ni,↓ + n̄↓ni,↑ (A.26)

Dropping the first term which only concerns the total energy, we see the emergence of an

additional effective chemical potential for each band σ EF,σ = Un̄σ. The sum of Eq. A.26

can be done over wavevectors k instead of sites i using the identity
∑
i
ni,σ =

∑
k
nk,σ.

For confined states, the z direction is not equivalent to the x, y directions. We use the

same transformation by assigning a specific role to the z coordinate ni,ν = n̄z,ν+(ni,ν−n̄z,ν),

where ν contains the orbital and spin information, i contains the (x, y, z) coordinates, and

n̄z,ν is the mean value of the population of the orbital ν at the coordinate z (it is a mean

value over the corresponding xy plane). Using
∑
i
ni,νf(z) =

∑
k,z
nk,z,νf(z), with k = (kx, ky)

a 2-dimensional wavevector, we get the mean field Hubbard term

∑
i,ν,χ

Uνχniνniχ =
∑
k,ν,χ

Uνχ(n̄zνnkzχ + n̄zχnkzν − n̄zν n̄zχ) (A.27)

If the confinement is decoupled from the in plane dispersion we can write nk,z,ν = |ψν(z)|2nkν .

We interpret that Eq. A.27 states that the ν index can denote the subband index of a

particular orbital, allowing to write n̄zν = pν |ψν(z)|2, where pν is the density of the subband

ν. The sum over z renormalizes the U constant Uνχ → Uνχ
∑
z
|ψν(z)|2|ψχ(z)|2. The levels

which are the more affected by the interactions have the highest density in this framework,

and the interactions between subbands which are not located at the same position in space

is minimal.

A model describing correlations in multi-orbital systems is the Hubbard-Kanamori Ha-

miltonian

HK = U
∑
ν

nν↑nν↓ + U ′
∑
ν 6=χ

nν↑nχ↓ + (U ′ − J)
∑
ν<χ,σ

nνσnχσ

−J
∑
ν 6=χ

c+
ν↑cν↓c

+
χ↓cχ↑ + J

∑
ν 6=χ

c+
ν↑c

+
ν↓cχ↓cχ↑

(A.28)

Where U ′ = U − 2J is an inter-orbital Hubbard coupling and J is the Hund coupling,
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Fig. A.1 The regime where the decrease in the population of the lower subband can happen
is in yellow, as a function of u1 = K1

U ′ , and u2 = K1
U ′

emerging from the exchange. The last two terms can be neglected at a mean field level which

ignores the presence of complex order parameters. Taking the mean field limit, the interaction

energy of a level ν is εintν = U
2 nν + (U ′ − J

2 )
∑
χ 6=ν

nχ. Let us take a minimal model with two

levels including the kinetic energy, described by the effective masses m1,m2, a gap ∆ and an

interaction energy coming from Hubbard-Kanamori terms U1, U2, U
′. The amplitude of the

Hubbard term for each band can be distinct U1 6= U2. By definition the Fermi wavevectors

kFν are such that nν(EF ) = Ck2
Fν , with C = a2

4π2 . Solving εtotν = EF gives

[
~2

2m1C
+ U1

]
n1 + U ′n2 = EF[

~2

2m2C
+ U2

]
n2 + U ′n1 + ∆ = EF

(A.29)

Taking the derivative with respect to EF of both equations, one gets K1
dn1
dEF

= 1 − U ′ dn2
dEF
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and dn2
dEF

=
1−U ′ dn1

dEF
K2

, denoting Kν = ~2

2mνC + Uν . This yields

dn1
dEF

= K2 − U ′

K1K2 − U ′2
(A.30)

There are regimes in which dn1
dEF

< 0 depending on the respective values of U1, U2, U
′,m1,m2.

The model of [113] is in one such range : they take U ′ = 2U1 = 2U2 = 1.6 eV, m2 ≈ 3me >

m1 = 0.7me, giving a point which is in the yellow region of Fig. A.1, which represents the

range of parameters where Eq. A.30 is negative. In the [111] orientation, both masses are

equal, so if U1 = U2 then K1 = K2. Taking U1 6= U2, there are values of U ′ fulfilling dn1
dEF

< 0.
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B.1 Eigenvectors of Hconf +HSO

The total Hamiltonian is composed of 6 bands (3 orbitals times 2 spin degrees of freedom).

At the Γ point the orbital degeneracy is lifted because of the interfacial electric field and of

the atomic spin-orbit coupling. At the Γ point, the Hamiltonian for the (dyz ↑, dxz ↑, dxy ↓)

manifold is

MSODD =


0 iλSO −λSO

−iλSO 0 iλSO

−λSO −iλSO −∆

 (B.1)

Where λSO is the atomic spin-orbit coupling and ∆ > 0 is the confinement gap. Its eigenva-

lues are :−λSO, 1
2

(
−∆ + λSO −

√
∆2 + 2∆λSO + 9λ2

SO

)
, 1

2

(
−∆ + λSO +

√
∆2 + 2∆λSO + 9λ2

SO

)
,

associated with the following eigenvectors in the (dyz ↑, dxz ↑, dxy ↓) basis :

N =
√

2
2 (−i, 1, 0)

L =
(

1
2

√
1− ζ+1

s ,− i
2

√
1− ζ+1

s ,
√

2
2

√
1 + ζ+1

s

)
U =

(
1
2

√
1 + ζ+1

s ,− i
2

√
1 + ζ+1

s ,−
√

2
2

√
1− ζ+1

s

)
Using the notations ζ = ∆

λSO
and s =

√
ζ2 + 2ζ + 9. For the time reversed copy of the

Hamiltonian in the (dyz ↓, dxz ↓, dxy ↑) basis

MSODD =


0 −iλ λ

iλ 0 iλ

λ −iλ −∆

 (B.2)

121
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The eigenvalues of the system are the same and the eigenvectors are :

N =
√

2
2 (i, 1, 0)

L =
(

1
2

√
1− ζ+1

s , i2

√
1− ζ+1

s ,
√

2
2

√
1 + ζ+1

s

)
U =

(
1
2

√
1 + ζ+1

s , i2

√
1 + ζ+1

s ,−
√

2
2

√
1− ζ+1

s

)
The L eigenvectors are almost purely dxy at large ζ > 0 while the U eigenvector are almost

purely dxy at large ζ < 0.

B.2 Antisymmetrized form of the Edelstein Effect

We transform Eq. IV.2 to a Fermi surface integral κxy(EF ) =
∑
ν

∫ d2k
4π2F

ν(k)δ(εν(k)−EF )

with F ν(k) = τν(k)〈vx(k)〉ν〈Sy(k)〉ν . We switch the wavevector to polar coordinates dk2 =

kdkdθ and denote by kνF (θ) the solutions to the equations εν(k) = EF , which are called the

Fermi wavevectors. Assuming τν(k) = τ0, we get κxy(µ) = eτ0
∑
ν

∫
dθ

vνF,x
|vνF |

kνF 〈Sy(kνF )〉ν . For

Time Reversal Symmetric systems, Onsager reciprocity theorem implies that κxy = −κyx.

Thus we focus on the antisymmetric version of the coefficient κ = κxy − κyx

κ(EF ) = eτ0
∑
ν

∫
kνF

(
~uνF × 〈~S(kνF )〉ν

)
· ~zdθ (B.3)

Where ~uνF = ~vνF
|vνF |

is the unit vector normal to the Fermi surface FSν . Denoting by ~wνF = ~z×~uνF
the unit vector tangential to the Fermi surface we obtain Eq. IV.3.

B.3 Anisotropy and Edelstein response of the N bands

The orbital mixing and anisotropy energy are the two possible causes for a splitting of the

L, N and U bands and need to be added inside the perturbation theory scheme in order to

evaluate the EE and SHE around point B. We write the kinetic energy for each of the bands

as εxz/yz = (t0 ± δt cos(2θ))a2k2 and εxy = (t0 + δt)a2k2 −∆ with t0 = t1+t2
2 and δt = t1−t2

2 .

We subtract the diagonal part of the kinetic energy E0 = t0a
2k2 which defines an effective

mass m∗ = 1
2t0a2 . The dxy band is split by an effective confinement gap ∆− δta2k2 ≈ ∆ near

Γ. θ is the polar angle of the wavevector (kx, ky). We compute the effective 2x2 Hamiltonian

of the N bands considering both the orbital mixing and the anisotropy as perturbations ; this
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is valid as long as they are small compared to the gap D between the N and U bands at Γ.

We keep track of the perturbations coming from the U bands up to the second order. We

could add the perturbations due to the L bands : the effects are similar but the computations

including both L and U become more complicated than informative. Moreover, the effects of

the bands L on N are less intense than the effects of the bands U on N. We get the effective

2x2 Hamiltonian

HN = ΛN +DNσz + tnσy (B.4)

Where ΛN = E0 + α2

D a
4k4 + B2

U
D a2k2, DN = −2BUα

D a3k3 cos(2θ), tn = 2αBU
D a3k3 sin(2θ) and

σ designs the Pauli matrices of the 2 band model. They are not the spin operators which

are detailed below. We note αk2 = tα cos(2θ)k2, BU =
√

1− 1+e
s γOM , tα =

√
2

2

√
1 + 1+e

s δt.

The diagonal term EN contains a reminder of the kinetic energy E0 of the band N in the

absence of anisotropy or orbital mixing ; it dominates the term in B2
U . The term in α2k4 is

also smaller but does not have the same symmetry : it is proportional to cos2(2θ) (because

α = tα cos(2θ)), and gives a four-fold symmetric Fermi surface with a pattern of flower

or square depending on its sign. The splitting of the two bands is of order k3. We denote

A = 2αBU
D a3k3. The Hamiltonian becomes HN = EN + A cos(2θ)σz − A sin(2θ)σy. The two

levels are EN ± A and the corresponding eigenvectors are easy to compute. We can rotate

all the operators needed to compute the quantities in the split basis. Inside this two band

model, the spin operators are corrected by perturbation theory

Ŝx = S0
x [sin(5θ)σz − cos(5θ)σx] + δSx sin(θ)

Ŝy = −S0
y [cos(5θ)σz + sin(5θ)σx] + δSy cos(θ)

(B.5)

Where S0
x = S0

y = 2zα
D a2k2 represents the intraband texture and δSx = −2zBU

D ak the NU in-

terband spin texture. We have δSx = −δSy = δS. The intraband term is given by κintraN (θ) =
eτ
~

[
S0
x sin(5θ) sin(θ)− S0

y cos(5θ) cos(θ)
]
δk, yielding κintraN (θ) = κ0

N cos2(2θ)(2 cos2(2θ) − 1)

with κ0
N = 4zeτt2αBU

~D2 m∗a3k4
F . We use

∫
cos4(x) = 3/8 and k2

F = (EF−EN )
a2t0

to find κintraN ≈
2zeτ
a~

t2αBU
t30

(EF−EN )2

D2 . Contrarily to the L bands, there is no sharp increase of the response

when the band begins to be filled ; the intraband response is negligible. We stress that

tαm
∗ =

√
2

2

√
1 + 1+e

s
δt
t0

is linked to the anisotropy of the model. The interband term is gi-

ven by the length of spin δS = 2zBU
D ak with a negative sign multiplied by k. At low filling
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κinterN = eτ
~

2zBU
D ak2

N ≈ 2zeτ
a~

BU
t0

(EF−EN )
D so there is no sudden increase of the response coming

from the interband term either. This term dominates the Edelstein response of the N band

at low filling and does not depend on the anisotropy of the model at the lowest order of

approximation.

B.4 SHC of the N bands

We want to compute the SHC of the N bands in the vicinity of the point B. We use

the perturbation scheme described in the previous section and compute the velocity v̂y and

spin velocity v̂zx, using that Ŝz = σy in the N subspace. We have v̂zx = kx
m∗ Ŝz = k

m∗ cos(θ)σy
where m∗ is the effective mass of the N bands. We are interested only in the anomalous

velocity which allows transitions between the two eigenvectors. There are two sources to

this anomalous part : the anisotropy and the orbital mixing anomalous velocities vaani =

4 tαBUD a3k2 sin(θ) sin(4θ) and vaOM = 2 tαBUD a3k2 cos(2θ) cos(5θ). The energy splitting is A =
2tαBU
D cos(2θ)a3k3. Basic algebra gives δk = k− − k+ = 2m∗Ck2 ≈ 4m∗2Cµ. Computing the

SHC amounts to the integral I(EF ) =
2π∫
0
dθ

k−∫
k+

〈−|vzx|+〉〈+|vy |−〉
D2
N

kdk. The k integrand can be

rewritten

ω(k, θ) = −
k
m∗ cos(θ)

(
4 tαβD k2 sin(θ) sin(4θ) + 2 tαβD k2 cos(2θ) cos(5θ)

)
(2 tαβD )2k6 cos2(2θ)

k = η(θ)
k2 (B.6)

The integration gives η(θ) δk
k2 = η(θ)4m∗tαBU

D a3 cos(2θ). There is no divergence of the response

for low k. The first angular part is cos(θ) sin(θ) sin(4θ)
cos(2θ) = sin2(2θ), giving 1/2 after integration,

the second angular part is cos(4θ)+cos(6θ)
2 , giving 0 after integration. The final result is −1

2×2 =

−1.

B.5 SHC : A model for disorder

By adding a constant damping rate Γ to the denominator of the spin-curvature of a

Rashba modelH = ~2k2

2m I+α(kxσy−kyσx) we get Ωz
±(k) = ∓2i~2 kα sin(θ)2

4mα2k2+m~2Γ2 , where θ is the

polar angle of the wavevector (kx, ky). We compute the integral of the curvature over occupied

states when the two states are occupied, using kmax − kmin = 2αm~2 and k2
max ≈ k2

min ≈ 2mµ~2
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and find

C = e

h

8α2m2µ

8α2m2µ+m~4Γ2 (B.7)

In the absence of disorder C = 1 as expected. Disorder affects the SHC mostly when µ <<

ED = ~4Γ2

8mα2 . It gets reduced with a smaller α, and the filling required to observe a significant

signal also increases ; we expect that the contributions from the lowest subband of an 8-band

model are washed out by disorder because lower subbands have both a lower α due to their

larger confinement gap and a higher Γ due to their proximity to the interface, making them

more sensitive to surface roughness scattering.

B.6 Extrinsic contributions to transport

We decompose the contributions to disorder in the scattering rates depending on the

order of the disorder potential involved ωνχ = ω
(2)
νχ + ω

(3)
νχ + ω

(4)
νχ + .... Following [154], we

can review the different terms emerging in the Spin Hall response of a system in analogy to

what happens for the Anomalous Hall Effect. The total distribution function in the presence

of an electric field ~E can be decomposed into

fν = f0(εν) + gsν + ga1
ν + ga2

ν + gadistν (B.8)

where the gν ’s are non-equilibrium corrections linear in the electric field. They are obtained

solving self-consistent master equations. gsν is the well-known correction to the distribution

function given by

− e ~E · ~v0,ν
∂f0(εν)
∂εν

= −
∑
χ

ω(2)
νχ (gsν − gsχ) (B.9)

If a single band ν is occupied, this amounts to −e ~E · ~v0,ν
∂f0(εν)
∂εν

= −gν
τν
, where 1

τν
=
∑
χ
ω

(2)
νχ

is the total scattering time of band ν associated with the second order processes. This is a

correction due to the energy accumulated by the electron displacement between two collisions

v0,ντν inside the electric field. The side-jump mechanism induces another displacement of the

electrons due to the side-jump velocity ~vsj,ν =
∑
χ
ωνχδ~rνχ, where δ~rνχ is the coordinate shift



Version du 19 novembre 2020, 16:35

126 Annexe B. Appendix to chapter 4

due to the side-jump. The side jump contribution to an operator Â is given by

Asjν (k) = −2π
∑
η,p

Wkpδ(ενk − εηp)Im

∑
χ 6=η

CνηkpAηχ(p)Cχνpk
εηp − εχp

−
∑
χ 6=ν

CηνpkAνχ(k)Cχηkp
ενk − εχk

 (B.10)

With Cνηkp = 〈νk|ηp〉 as a reminder of the evolution of the basis inside the Brillouin Zone, and

Wkp depends on the scattering properties of the disorder potential between the wavevectors

k and p. This produces the anomalous distribution correction

− e ~E · ~vsj,ν
∂f0(εν)
∂εν

= −
∑
χ

ωνχ(gadistν − gadistχ ) (B.11)

The corrections ga1
ν , g

a2
ν are a rewriting of the corrections of the distribution function in

order to account for the higher order perturbation in the disorder
∑
l′
ω

(3)
νχ (gsν−gsχ)+ω(2)

νχ (ga1
ν −

ga1
χ ) = 0 and

∑
χ
ω

(4)
νχ (gsν − gsχ) +ω

(2)
νχ (ga2

ν − ga2
χ ) = 0. We have now all the ingredients to write

the formula for the transverse conductivity :

σxy = σintxy + σadistxy + σsjxy + σsk1
xy + σsk2

xy (B.12)

Let us review these different contributions to the conductivity. σintxy is the intrinsic part of

the conductivity, which is linked to the Berry curvature via

σintxy = e2∑
ν

f0(εν)Ων (B.13)

σadistxy is the effect of the anomalous correction to the distribution and its contribution is

σadistxy =
∑
ν

gadistl
Ex

vy0,ν . It is multiplied by the normal part of the velocity vy0,ν = ∂εν
∂ky

. σsjxy =∑
ν

gsν
Ex
vysj,ν is the side-jump part of the conductivity and is due to the regular correction on

the distribution function multiplied by the side-jump velocity. σsk1/2
xy =

∑
ν

g
a1/2
ν
Ex

vy0,ν are the

skew-scattering contributions and are the effects of higher order processes of scattering on

the external potential in the distribution function ; they involve the regular velocity. Among

these five contributions, [154] discards σa1
xy which depends on the impurity concentrations and

therefore should be negligible for low disorder. The four others are not negligible and can

be of the same order of magnitude. This formalism can be used to compute other response
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functions by replacing the velocity by another operator.
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Titre : Propriétés électroniques et spintroniques des interfaces entre oxydes de métaux de tran-

sition

Mots clés : Oxydes de métaux de transition, transport anormal, surfaces, interfaces

Résumé : Cette thèse porte sur les propriétés de

transport anormal des oxydes de métaux de transi-

tion, en particulier de la surface de SrTiO3 ou de

l’interface entre SrTiO3 et LaAlO3. Dans ces sys-

tèmes on observe l’apparition de gaz d’électrons bi-

dimensionnels. Des mesures d’Effet Hall non linéaire

indiquent que ces gaz sont constitués de plusieurs

sortes de porteurs de charge, et que leurs popula-

tions varient de manière non monotone sous l’ef-

fet du dopage électrostatique. L’effet des propriétés

électrostatiques et des corrélations électroniques sur

ces variations sont discutées.

Celles-ci sont à l’origine de réponses remar-

quables en ce qui concerne la conversion du spin en

charge dans ces systèmes à l’aide d’un modèle de liai-

sons fortes et de la théorie de la réponse linéaire. Les

effets conjoints du spin-orbite atomique et de la bri-

sure de symétrie d’inversion à l’interface verrouille

les nombres quantiques de spin, de caractère orbi-

tal et d’impulsion des électrons, et induit des tex-

tures de spin complexe dans l’espace réciproque. Ces

textures sont responsables de l’apparition des effets

Edelstein et Hall de spin dans ces hétérostructures

et sont caractéristiques de la nature multi-orbitale

de ces systèmes électroniques.

Enfin nous conduirons une étude ab initio des

hétérostructures STO/LAO/STO pour expliquer

les observations expérimentales de nouvelles ma-

nières de former un gaz d’électrons à ces interfaces

d’oxydes. Nous discuterons des rôles respectifs de la

chimie, de l’électrostatique et des défauts dans l’ap-

parition de ce gaz.

Title : Electronic and spintronic properties of the interfaces between transition metal oxides

Keywords : Transition metal oxides, anomalous transport, surfaces, interfaces

Abstract : The anomalous transport properties

of transition metal oxides, in particular the surface

of SrTiO3 or at the interface between SrTiO3 and

LaAlO3 is investigated in this thesis. These systems

host two-dimensional electron gases. Nonlinear Hall

Effect measurements suggest that several species of

carriers are present in these systems, and that their

population is varying on a nontrivial manner upon

electrostatic doping. The role of the electrostatics

properties of the electron gas and of the electronic

correlations are discussed in this light.

Next we discuss the spin to charge conversion

of these systems thanks to tight-binding modeling

and linear response theory. The complex interplay

between atomic spin-orbit coupling and the inver-

sion symmetry breaking at the interface leads to a

complex spin-orbital-momentum locking of the elec-

trons, inducing spin textures. These spin textures

are responsible for the appearance of the Edelstein

and Spin Hall Effect in these heterostructures and

are characteristic of the multi-orbital character of

these electronic systems.

Finally an ab initio study of STO/LAO/STO he-

terostructures is performed to explain experimental

evidence of new ways to produce an electron gas at

this interface. The respective roles of the chemistry,

electrostatics and defects are discussed.
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