N

N

Information k-means, fragmentation and syntax analysis.
A new approach to unsupervised machine learning
Gautier Appert

» To cite this version:

Gautier Appert. Information k-means, fragmentation and syntax analysis. A new approach to un-
supervised machine learning. Machine Learning [stat.ML]. Institut Polytechnique de Paris, 2020.
English. NNT': 2020IPPAGO11 . tel-03015285

HAL Id: tel-03015285
https://theses.hal.science/tel-03015285
Submitted on 19 Nov 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03015285
https://hal.archives-ouvertes.fr

° ,’/:,,/:2
ENSAE :::
\‘\\\:
i DE o n‘\\‘ *
INSTITUT
POLYTECHNIQUE s
DE PARIS '.‘,IP PARIS

on e

Information k-means, fragmentation and
syntax analysis: A new approach to
unsupervised machine learning

) These de doctorat de I'Institut Polytechnique de Paris
préparée a I'Ecole Nationale de la Statistique et de I'’Administration Economique

NNT : 2020IPPAGO011

Ecole doctorale n°574 Ecole doctorale de mathématiques Hadamard (EDMH)
Spécialité de doctorat : Mathématiques appliquées

These présentée et soutenue a Palaiseau, le 29 Octobre 2020, par
GAUTIER APPERT

Composition du Jury :

Sylvain Arlot

Professeur, Université Paris-Saclay Examinateur
Patrice Bertalil

Professeur, Université Paris Nanterre Président du jury
Cristina Butucea

Professeur, ENSAE Paris Examinateur
Olivier Catoni

Directeur de recherche CNRS, ENSAE Paris Directeur de thése

Stéphane Gaiffas
Professeur, Université Paris Diderot Rapporteur

Gabor Lugosi
Professeur, Pompeu Fabra University Rapporteur

fe
—
S,
O
o
5
O
g
©
)
O
- -
I—




INFORMATION k-MEANS, FRAGMENTATION AND SYNTAX ANALYSIS:
A NEW APPROACH TO UNSUPERVISED MACHINE LEARNING

Gautier Appert



Why the awe for the Second Law 7
The Second Law of Thermodynamics
defines the ultimate purpose of life,
mind, and human striving: to deploy
energy and information to fight back
the tide of entropy and carve out

refuges of beneficial order.

Steven Pinker
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General notation

We will use the following notation throughout this document.

On some measurable probability space {2, we will consider various random variables
X:0-=>X,Y:Q =Y, etc. that are nothing but measurable functions. We will also

consider several probability measures on {2, and typically two measures IP and @) € Mi(Q),

where P describes the usually unknown data distribution and () describes an estimation of

IP. Then we will use the short notation Px for the push forward measure Po X ~!. Similarly
we will let Qx = Qo X!, In the same way Pxy € Mi (X xY) will be the joint distribution
of the couple (X,Y’) under P and Py |x the corresponding regular conditional probability

measure of Y knowing X when it exists. We will always work under sufficient hypotheses

to ensure that the decomposition
Pxy =PxPy|x

is valid, meaning that for any bounded measurable function f(X,Y)

JEL /(/ dePYX> aPy.

Moreover, we will use the short notation

/fcuPX,y — Py (),

so that the previous formula becomes

Py y(f) =Px [Py x(f)].
We will often use the Kullback Leibler divergence

d@
UC(Q,]P) _ Q(log<ﬁ>) when @ < P,

+00 otherwise.

We will always be in this memoire in a situation where the decomposition
LEMMA 1

JC(QX,Ya ]PX,Y) = fK(QX, IPX) + Qx [:K(QY|X7 IPY\X)]
= X(Qv, Py) + Qv [K(Qx v, Px|v)]

(1)



is valid.
PROOF. It follows from the decomposition (1). A precise statement and a rigorous proof

dealing with measurability issues can be found in [Cat04, Appendix section 1.7 page 50]. [
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CHAPTER 1

Introduction

Over the last decades, machine learning and statistical models have been used extensively
to treat large amounts of digital data of any type, such as images, speech, and texts ... One
of the main problems faced by data scientists is to predict the value of one specific variable
as a function of others, based on past history, consigned in a training set. The situation is

usually formalized in the following way: we consider a training set
Dn = {(X17 Y1)7 R (Xru Yn)} € (:x: X H)"

consisting in n pairs of independent and identically distributed random variables with un-
known joint distribution Pxy. The goal of the machine learning algorithm is to compute
some function f(X) that can predict the outcome Y associated to X. This framework is
called supervised learning and can be divided into two categories depending on whether Y
is a quantitative or qualitative variable. In the first case, when Y € R, we are dealing with
a regression problem and in the second case when Y belongs to a finite set, we are dealing
with a classification problem. The computation of the function f is usually performed using
an algorithm that minimizes an empirical risk criterion

n

1
inf 2 L(f(X,),Y:)

where F represents a certain class of functions and L(.) some loss function adapted to the
problem. For instance, in the classification setting, one can take L(Y, f(X)) = 1(Y # f(X))
and in the regression framework L(Y, f(X)) = ||Y — f(X)]|3. The set of functions F depends
also on the setting, typically in the regression framework, one can consider the class of linear
predictors F = {f3(X) = X3, B € R?}, whereas in the classification case one can take
F={fs(X) =1(Ps(Y = 1| X) > 1/2), where Pg(Y = 1|X) = 1/(1 + ¢ X"?)}, which
corresponds to the logistic model.

However, beforehand, data scientists have usually to extract features from the variables
(X1,...,X,) on the occasion of an exploratory analysis. It consists in extracting the es-

sential information carried by the explanatory variables and in some cases in reducing the

dimension of the feature space, typically using principal component analysis. This data
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preprocessing step is necessary to learn afterwards a classification function f and obtain a

better classification performance.

This preprocessing step is comparable to the case when the available data set
(X1,...,X,) ~PY"

does not come with attached labels (Yi,...,Y,). The question is then simply to identify
patterns or characteristic structures. Typically, one would like to cluster the data into
meaningful groups, or to extract informative patterns. This task can be viewed as finding a

new representation of the data that highlights its content in a more usable way.

We are touching here on the daunting matter of unsupervised learning, where we do not
even know how to measure the quality of the result. Nonetheless, this is a key issue, as most
of the available data are unlabelled, and as asking human experts to provide labels in order
to train supervised learning algorithms is costly. This need is at the origin of this project,
where we propose new ideas with a focus on digital images. We have a double interest in
clustering and in changing the representation and will follow a simple guideline : use data

compression as a tool for data understanding.

To be more precise, we will describe a series of transformations of the representation of
an i.i.d. sample of digital images (X1, ..., X,) ~ P$", where X; € R%. We will start with a
lossy coding scheme based on labelling image regions, that can be seen as a multiple labels

extension of the k-means algorithm.

This procedure will learn a classification function
C:[1,n] x [1,d] — [1,k]
defined by the family of product sets
(71(4) = A; x B; C [1,n] x [1,d]
and a set of image fragments C; € R%, 1 < j < k where supp(C;) C B;. They define an
approximation Y; of each image X; given by the formula

k
Y, = Z]l i€ A i €[1,n],
7=1

or equivalently by the formula
Y;’s = Oe(i,s),57 1 € [[1,71]], S € ﬂl,d]].

We will consider a coding distribution ¢(#) on the parameter § = (A, B, C), and a measure
D(0) of the distortion of the representation of (Xi,...,X,) by 60, based on an entropy
criterion. We will learn a representation §(X 1, .-, Xy) whose distortion is under a given level
and whose ideal code length — log, (q(@)) is as small as possible. The procedure produces

image fragments C; entering into the description of a set of sample images A; as large as

12



possible. From this perspective, it can be viewed as a block indexing scheme reminiscent of
the Lempel Ziv algorithm. Another interesting feature of our algorithm is that it does not
use the image geometry. Although it has been tested on images, it could have been used
on any vectors of d measurements. It is indeed invariant by any permutation of the pixel
indices and could be without modification applied to other types of digital signals, like rgb
images, stereoscopic images, 3D images, video samples, speech signals etc. Moreover the
image fragmentation algorithm produces a discrete representation that can be augmented

with other discrete descriptors, like text annotations.

Once the fragmentation step is performed, the signal is described as a random set of labels
indexing image fragments. Borrowing ideas from linguistic theory, we then learn rewriting
rules to compress even more the representation. The algorithm searches repeatedly for the
most frequent pair of labels to be reindexed by a single new label. Decoding is then performed
by rewriting the new label into the original pair of labels. Again, this compression scheme
is reminiscent of the Lempel Ziv algorithm. While in the Lempel Ziv algorithm though, a
new indexed block is created by adding one bit to an old block, here a new block is made
from a pair of non overlapping old blocks. This type of procedure learns automatically a
set of rewriting rules, forming a context free grammar. Further compression steps are then
performed by factorizing and compressing again the grammar obtained at the previous step.
We obtain a grammar of the grammar that performs a kind of syntax analysis and defines
syntax labels. The process can then be repeated to obtain a hierarchy of syntax labels

forming a syntax tree (or rather a syntax forest in the general case).

Thus, instead of estimating a statistical model for the data, we learn a grammar through
a compression algorithm. The two approaches are different, although a link can be made,
considering that a lossless compression code defines a sub-probability measure, due to the
Kraft inequality. A good binary code is hard to compress further, so that its distribution is
close to a sequence of i.i.d. Bernoulli random variables with parameter 1/2. For this reason,
this compression approach can be seen as an alternative to the selection and estimation of

a statistical model based on conditional independence properties.

It avoids the difficulty of performing multiple tests of independence that was present in
[Mail4]. It allows to bypass the estimation of conditional probability distributions in high
dimension and overcomes the problem of model selection. To a certain extent, it is able to
circumvent the statistical issues due to the curse of dimensionality. From a practical point
of view, since it computes a simpler (compressed) representation of images, there is hope it

is scalable and can cope with large datasets (although we did not test this yet).

Nevertheless, we will establish a link with the estimation of the joint probability distri-
bution of random sets of labels. In particular, we will provide a sub-propability measure

estimator thanks to the Kraft inequality. Indeed, according to the Kraft inequality, for any

Z2fl(ci) < 1,

i>1

prefix binary code (¢;)i>1

13



where [(¢;) is the length in bits of ¢;.

Then, we will provide an estimation of the law of one single random set using some kind
of Bayesian Shtarkov type estimator [Tril6]. We will provide also an oracle inequality to

measure the quality of this estimation.

Let us conclude this introduction with a presentation of k-means clustering, the algorithm
at the heart of vector quantization and lossy compression that will serve us as a starting

point.

The k-means algorithm was suggested by [L1o06] and it is sometimes referred to as Lloyd’s
algorithm. It provides a partition of a data set D, = {X1,..., X, | X; € R’} ~ P$", into
k distinct non-overlapping clusters by minimizing the k-means criterion or within-cluster

inertia criterion
n

1
inf inf = d( X, o), 1.1
ERIS{L, kY (1, k) EREXE N — ( Hg( )) ( )
where ¢ : RP — {1,...,k} denotes the labeling function or cluster assignment function,

whereas (f1;);ecp,r) are the cluster centers (also called centroids) and df.,.) indicates some
distance or dissimilarity measure. It should be pointed out that criterion (1.1) is the empir-

ical counterpart of the theoretical k-means objective function

inf inf Py |d(X, 21,

LRE—{1,....k} (@1, i) EREXE X[ ( MZ(X)> ]
where Px[.] denotes the expectation with respect to X. Minimizing the previous criterion
(1.1) requires to explore all partitions of {1,...,n} into k groups. However this task rep-
resents a combinatorial optimization problem which is known to be NP-hard and hence

infeasible at a practical level.

As an alternative, the k-means algorithm tries to decrease the value of the objective
function in an iterative fashion by allocating each data point to the cluster with the near-
est centroid and recomputing the center from this partition, see a complete description in
algorithm 1 described below. In this way, the k-means algorithm decreases the value of the

criterion at each step but converges generally to a local minimum.

Besides, the results obtained depend on the initialization of the k-means algorithm, that
is for this reason often randomized. One way to avoid bad clustering due to bad initialization,
is to repeat the operation several times and select the one for which the within-cluster inertia

criterion is the smallest.

By far, the Euclidean distance d(x,y) = ||z — y||2 is the most common choice, which
leads to compute centroids as empirical means inside each cluster. However, the Euclidean
distance can give rise to bad clustering since the empirical mean is not robust. One way
to overcome this point is to employ robust estimators for the mean of a random vector.
For instance, one may use the estimator suggested in [CG18], since the resulting estimator

satisfies tight concentration bounds and is straightforward to compute . An other way to

14



tackle this issue is to consider other distances more robust to noise and outliers, for instance

the L' norm.

Algorithm 1 k-means
Initialization :

Pick at random k individuals in the data set that represent the initial centroids of the k
clusters.

Iterate the following steps until the within-cluster inertia criterion converges :

e Put each individual in the cluster indexed by the closest centroid, that is for all 1 <
1< n
0*(i) = argmin d(z;, 15)*.
JE[LK]
e Compute the centers of gravity of each cluster, that is for all 1 < 5 < k
p; = arg min Z d(z;, j15)°.
M e)

These centers of gravity become the new centroids.

return ((¢7'(5))jepr, (145)jenr)

In what follows we will introduce a fragmentation algorithm that uses a generalization
of the k-means criterion. However, we will propose an algorithm that is very different from
Lloyd’s algorithm. We will indeed keep the criterion under a given level while optimizing
what stands for the number k of centroids. Doing this, we will avoid the difficult question
of the choice of k. We will take this opportunity to prove new dimension free generalization
bounds for the k-means criterion and for the fragmentation criterion. These non asymptotic
bounds decrease like (klog(k)/n) Y4 or like log(n/k)\/klog(k)/n and improve on previously
known ones. They are based on PAC-Bayesian lemmas and some new kind of PAC-Bayesian
chaining. Bounds for fragmentation show what quantity takes the place of the number
k of centroids in this generalized framework: it is the sum of the sizes of the fragments
(normalized by the image size, so that we get back k& when we consider in the original

k-means setting each centroid as a big fragment covering the whole pixel grid).

15
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CHAPTER 2

Overview

2.1. GENERAL IDEAS

In this study, we will make new proposals for the unsupervised classification of signals,

taking the example of digital images.

The aim of unsupervised classification, as we conceive it, is to propose various classifica-
tion functions, with the hope that at least some of them may be useful to solve interesting
tasks.

We will take as a starting point the k-means algorithm with Euclidean distance. Given
(X1,...,X,) € R a training sample, and k centers ¢;, 1 < i < k, the empirical loss of the
k-means algorithm is

n

1 —
Lcy, ... ) = — in | X; —c;|?= inf Px(||X - ?),
(1, cx) ;jgﬂgﬂH Gl =, it Px(1X —eool)

n

where P = — E 0x, is the empirical measure. This empirical loss is related to the expected
n
i=1

loss

inf Px(||X — 4.
edy g PX (X = o)

The first thing we will do, starting from there, is to see what we get if we consider the square
of the FEuclidean norm as a Gaussian Kullback divergence. To make this interpretation, we
add to X € R a second random variable Y such that Py x = N(X, O'zld), where [, is the
identity matrix of size d x d. We get that

|X — cox)ll? = 20°K(Qyv ) x, Py x),

where Qy | x = N(Cg(x),a2ld) = Qy|ux)- It is interesting to consider iK(Qy|X,IPy|X)
rather than iK(]Py| x, Qv X) that are equal in this case, because of the following property.

17



PROPOSITION 2 The Euclidean k-means criterion can be viewed as an information k-means

criterion due to the identity

inf IPX(HX — CE(X)HQ) = 2UQi%fPX [X(Qyu(x),Py\X)].

ClyeeesCh

The important thing here is that we do not have to restrict the infimum to
{Q Qv x = N(CZ(X),UZId)}-

Proor. This is a consequence of Proposition 11 on page 45. [

This proposition shows that the k-means quadratic criterion is a special case of an infor-

mation k-means criterion

inf 'f]P[Jc P }
Z:Rdlg[[l,k}]lg (QY‘Z(X) YlX)

and of its empirical counterpart

inf 'fP[ﬂc P }
E:]Rdlg[[l,k}]l% (@v 100 Prix)

This information k-means criterion broadens the scope of the k-means algorithm from clas-

sifying vectors to classifying distributions. In this case, the data set Xi,..., X, ~ P$" is
replaced with a set of conditional probability measures py,,...,px,. For instance in text-

mining, histograms made of word counts, called bags of words are often used to represent
documents. Similarly in computer vision, images may be represented by histograms of vi-
sual features. It is worth noticing that bag of visual features are often the result of some
clustering algorithm, that may be the k-means algorithm, run on a specific set of image

patches to produce a dictionary of features. For more details, one can refer to [Tsal2].

In the information k-means setting, we try to approximate Py | x by Qy|¢x). This is an

invitation to consider as a variant of the same idea the approximation of the joint distribution
Px,y by Qx,y such that Qy | x = Qy|¢x).-

From the disintegration theorem notice that

JC(QX,Y;IPX,Y) = :K(QX,]PX) + Qx [K(QY|X; IPY\X)]-

Thus, considering the specific model

Q= {QX,Y (Qx = Px, Qvix = Qvx), ((X) € {1,.. -Jf}},

the information k-means can be expressed as an information projection

inf K Pyy) = inf inf P [r}c P ]
Qx,yeQ <QX’Y X’Y) EX=[LE] Qyox)eML(Y) * (QYWX) YlX)

The information projection, also called I-projection [Csi75], consists in projecting a proba-

bility measure P onto a set Q of probability distributions, solving

nf 3(@. P).
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This concept appears also in Sanov’s theorem [Csi84] which provides a bound on the proba-

bility of the empirical measure P,, to belong to a set of probability distributions Q, informally
- log(]P}e}n (P, € Q)> ~n inf K(Q,Py).
Qe
The difference between maximum likelihood estimation, that can be written as

é\MLE € arg min {K(Fn, Qg), (21)
0cO

at least when the state space is finite, and I-projection is due to the fact that the Kullback
Leibler divergence is not symmetric. In particular it is finite only if its first argument
is absolutely continuous with respect to its second argument. In other words, maximum
likelihood estimation tends to over-estimate the support of the data distribution, whereas
I-projection under-estimate it. The difference in terms the support’s estimation is very well
illustrated in the Gaussian case in [Bis06], figure 10.2 and 10.3, chap 10. Besides, one can

see that (2.1) is equivalent to the maximization of the expectation of a loss function
~ —_ d
Ovre € argmax P, (log<&)> ,
9co dv
where v is some dominating measure (Qy < v, for each § € ©), whereas its theoretical

O € argmax P <log(d;Qe>) .
6co dv

conterpart is written as

In the same manner, we will propose a loss function for the estimation of the classifica-
tion parameter ¢ : X — [1, k] equivalent to the minimization of the information k-means
criterion. Indeed, from Lemma 1 on page 9 and Lemma 6 on page 41, one can remark that

inf fK(QX,Y, ]PX,Y) = _log{IPX [eXp<_K(M£(X)7IPY|X>>} }7 JIAS M}F(H)k

Qx,y : Qy | x=Hex)

It shows that the minimization of the information k-means criterion is related to the mini-

mization of the expectation of a loss function 7, ((X)

(,u*,ﬁ*) € arg min Px (’Y#,Z(X)), (2.2)
REML (Y)*, £:X—[1,K]

where 7v,,(X) =1 — exp(—iK(,ug(X),]Pm X)> This loss function is completely observed
dQe

dv

framework. Note that the loss function 7, ,(X) belongs to the unit interval, since the

(we assume that Py|x is known) and plays the role of log( ) in the maximum likelihood

Kullback divergence is non negative. We will study the excess risk

Px (75,7(X)) = Px (e, 0+ (X)),
where

(ﬁ, Z) € arg min Px (’Vux(X)) :
ueM}’_ (Y)k £:X—[1,k]
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Furthermore, information projection appears in many machine learning algorithms, like for
instance in variational Bayes methods (VB) for Bayesian estimation. Indeed, VB methods
try to approximate a posterior distribution by I-projection onto a family of tractable distri-
butions. These methods represent an alternative to slower MCMC approximations of the
posterior distribution. We refer the reader to [Bis06], [BKM17], [AR20] and [ARC16] for
more details on this topic. It turns out that VB methods appear also as an appealing tool for
unsupervised clustering, especially to compute variational autoencoder (VAE), see [Doel6]
for a complete review of the subject. It also emerged in graph variational autoencoders to

perform clustering of nodes in a graph, see [Sal+19b] and [Sal419a].

We should mention that clustering (conditional) probability distributions based on the
Kullback divergence or other information criteria is not a new subject. It has been exten-
sively used in text categorization, especially in word clustering to extract features or reduce
the original space dimension. For instance, [PTL02| introduce what they call distributional
clustering which consists in clustering nouns with respect to the conditional distribution of
the associated verb given the noun. The grouping is performed by measuring the Kullback
divergence between the conditional distribution knowing each noun and its associated cen-
troid distribution. The centroid distribution is set to an intra-cluster average of conditional

distributions that minimizes the average of the Kullback divergence.

However, in the information k-means framework, we follow a different route. We perform
the grouping step by minimizing the Kullback divergence with respect to its first argument,
which leads to very different centroids, computed as geometric means of conditional distri-

butions. This is to the best of our knowledge a new addition to the literature.

The clustering of conditional distributions in [PTL02] is a particular version of a more
general problem called information bottleneck, see [TPB01]. In the sequel, we will see that
information k-means is a particular version of a more general clustering problem called

information fragmentation.

Besides, in [Dhi+03], the authors propose a type of k-means algorithm that decreases a
loss function based on the Jensen-Shannon entropy, written also as a loss of mutual informa-
tion, leading to centers equal to weighted means of conditional distributions. In particular,
they show that their entropy criterion can be expressed as a k-means type criterion using the
Kullback divergence as the distortion. More formally, their criterion reduces to the following
objective problem

k
&le[[flﬂ qll,.I.l.,qu ;iegz;(j) 7 K(pi, ¢5),
where Q is a set of discrete probability distributions and m; > 0 represents some weights
associated with distribution p;. We can notice here that centroids are computed by minimiz-
ing the Kullback divergence with respect to the second argument, so that they are leading
to compute centroids as
* T Pi

g = -
iet=1(4) ZiGé*l(j) T
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with ¢ fixed and compute the best classification function as
¢*(i) = arg min K(p;, ¢;).
JeL.k]

In the same way, [Cao+13] and [Wul2] go further in this direction, studying what they
call Info K-means. In particular, [Cao+13| proposes a new algorithm to deal with the
practical issues of Info- K'means, that arise from computing the Kullback divergence in high
dimension. They apply this algorithm to cluster a sample of digital images presenting
11 different landmarks. They first preprocess images by extracting visual features and
by quantizing those features, in order to consider each image as a bag of visual features.
Then, they cluster images using Info-Kmeans with K = 11 and obtain promising results
by recovering a large portion of the original partition given by the types of landmarks. We
should point out that when we will conduct our experiments, we will not use any kind of
preprocessing step such as feature selection with quantization. We will perform directly the
information fragmentation algorithm on the original digital images and this represents a
strong point of our approach. Besides, we refer also to [Jia+11], who propose a k-medoid
algorithm to decrease a k-means loss based on the Kullback divergence in both the discrete
and continuous cases, and provide in addition an estimator of the Kullback divergence in a

continuous setting.

Following the ideas of [Dhi+03], [BDGO04] presents a general k-means framework based
on the Bregman divergence. The authors show that such criteria can be minimized itera-
tively. The Bregman distance encompasses many traditional similarity measures such as the
Euclidean distance, the Kullback divergence, the logistic loss and many others. However, in
the Kullback case, the minimization is performed with respect to the second argument, and

not the first as in our proposal.

Coming back to information k-means, we have seen that if we choose freely the distribu-
tion Qx instead of setting it to Py, we get the bounded loss function of equation (2.2) on
page 19. In the quadratic case, we get the criterion

1 1
i P [1 = exp (=551 - el | = Px[1 - exp( =575 min IX ")
nf P |1 —exp( — 551X — e x |1 —exp( =55 min [LX — ¢
We will see that we can state a generalization bound for this kind of robust criterion under

weaker hypotheses than for the original criterion.

So far, we have described the extension of k-means to information k-means. The next
extension we would like to discuss is from k-means to fragmentation. In the k-means setting,
we use a center in R? to represent nearby points. This is rather crude from a classification
point of view. We do not really expect whole images (or more generally whole signals) to
correspond to a relevant class. We would rather like to label parts of images. This may be
done by labeling pixels in images with different labels, producing a fragmentation of each

image into various areas. In the usual quadratic k-means setting, we propose to approximate
X by

Y = Z ¢;, where [1,d] = |_| supp(c;).

JEAX JEAX
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Here Ay replaces £(X) and contains the labels of the components of the signal X € R¢.
This framework can be seen as a generalization of the k-means setting that corresponds to
Ax = {{(X)}. The quadratic criterion becomes

Px(]lX = 3 olf).
JEAX

Introducing m;, the orthogonal projection on the vector space spanned by the support of c;,

it can also be written as
2 i 2
Pa( D [[m(X) = el") = Yo Px(1(X € 4))||m () — ¢|[°).
JEAXx j=1
where A; ={z € R? : j € A,}.

To give an information projection description of fragmentation, we have to introduce the
pixel location S as a random variable. More precisely, we replace the representation Y of X
with two random variables S € [1,d] and V' € R, defined by

d
1
IPS\X = c_l 25] and IPV|X,S:]' = N(Xj,O'Q).
j=1

This being put, we can describe the quadratic k-means criterion as
igf Pxs [fK(Qv 1S, 6(X)> IPV|S,X)} :

while the global entropy criterion is

inf K(Qx,s,v,Px,sv)

Q:Qs,v | x=PsQv|s,ex)

~ log sup {Px|exp (~K(Qsv i Psvix) | -

Q:Qs,v | x=PsQv s, ex)

The modification to be made to obtain the quadratic fragmentation criterion is just to make

the classification function ¢ depend on S, the pixel location. We get
igf Px s [fK (Qv s ex.9) Pvx, s)} :
The corresponding global entropy criterion is

inf K(Qx.5,v,Px.s.v)-

Q:Qs,v|x,ex,5=0s, v |ex,s)

It has the following interesting properties.

PROPOSITION 3 (GLOBAL FRAGMENTATION CRITERION) Consider k centers p; € M, (RY),
1 <35 <k. Define
3'2:{BC[[1,I<;]] : piJ_pj,i#jEB},
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the set of (possibly partial) tilings by mutually singular probability measures p;. The partial
MINIMUM
igf K(Qx,s,v,Px,sv)

taken on all probability measures Q, such that for some measurable function £ : R x [1,d] —
[1, k]
Q[wa,v,e(x, s) = pé(X,S)} =L (2.3)

18 equal to

— sgp log Pg (i 1 [ 1] exp |:_:K:(pj7 Py S) — Var,, (XS)/(202)}>

J=1

= —logPg (;g) Zexp[ K(p;,Px|s) — Var,, (Xs)/(202)]>,

jEB
where
by R — [1,k]
x = l(x,s).

For any choice of ¢, and in particular for the optimal one, putting W = ¢(X,S), the optimum

in Qw,s,v s reached when

dQw, s,v

CHPVV,S—@)‘V — Z  exp [—fK(PW, Px|w,s) — Var,, (Xs)/<2a2)i|gg7 o (x5)(V), (2.4)

where Ay is the Lebesgue measure on R and

1 (v —m)?
ggym(v) = oo exp (- T) .

In particular, for the optimal choice of Qw, s, v, Qvis,w = N(pw(XS),O'z) 1s a Gaussian

probability measure and

dQsjw _
dPgw

i exp [~ (pw Px 1w 5) — Vary, (Xs)/(20)].

On the other hand, consider k centers M_(S'J;)V € Mi([[l, d] x ]R), 1 <75 <k such that

s = N(us(vV),0%),  1<j<k

Define
3’1:{AC[[1 k] - uS J_p z#jeA}

the set of tilings by mutually smgular probability measures ,u (07" equivalently by mutually

singular probability measures ,u& V).
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The partial minimum

ing(QX,S,Va]PX,S,V)

taken on all probability measures ) € M}r (Q) such that, for some measurable function

0 R x [1,d] — [L, 4]

Q[Qs,mx,e(x, sy = ug(‘)f(’s))} =1, (2.5)

18 equal to
— sup 10g1Px< k 1 [Méj) <€§<1(j)> = 1}
j=1
< exp{ ~K () s x) — [ (1) (V) — Xs) /(20°)] })
= —logPx (sup Zexp{—%(ug), ]PS‘X) — ug) [(ug)‘s(v) — XS>2/(202)} }> ’
ATy jeA
where

C o [1,d] — [1,K]

s+ l(z,s).

For any wvalue of £, and in particular for the optimal one, considering W = ((X, S), the

minimum i Qx w s reached when

dQx,w

APy v =71 exp{—jC(pJ(SW)7 IPs\X,W) - #(SW) [(MS/I‘/E’;(V) B Xs>2/(202)} } (2.6)

Alternating these two partial optimization steps, we can converge to a local minimum for the

optimization problem
igffK(QX,s,v, Px sv),

where the infimum is taken over probability measures () € Mi (Q) satisfying, for some
measurable classification function ¢ : RY x [1,d] — [1, k],

QQx,s,v|ex,s) = Ox|ex,s) @ Qs,vex, 5)} =1 (2.7)

The proof will be given later, see Proposition 16 on page 56. The second part of the
proposition shows that the entropy criterion can be viewed as an expectation with respect
to Px. This expectation can be estimated by an expectation with respect to the empirical
measure Py. The last part of the proposition describes the pendent of Lloyd’s algorithm

(in the case where we replace the unknown Py by the empirical measure Py ).

Now that we have a criterion for fragmentation, we need an algorithm to compute a

fragmentation based on this criterion.

We will use the criterion
igffK(QX,s,v, Px sv),
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to define a distortion function. Let Xi,..., X, be an i.i.d. training set. We can represent

its content by the distribution

— 1 —
]PI,S,V = (EZ@)IPS,VD(:XI
=1
1 o 1< )
i=1 j=1
1 n d
= @225173 N(Xi’j,O'Q).

i=1 j=1

Here I is a random index ranging in [1,n]. We see immediately that (Xi,...,X,) is a

function of P, since
Xi,s = FV|S:s,[:i(‘/>7 (NS H17n]]7 s € H17d]]

Consider a finite codebook € C R, for instance € = {m27® : m € [0,255]} if we are to
code light intensities ranging in the unit interval [0, 1] on eight bits as is usually the case.

For any classification function
C:[1,n] x [1,d] — [1, k]

defined by
NG =A;x By, 1<j<k,

where (A; x B;,1 < j < k) is a partition of [1,n] x [1,d] and any family of centers
(0,1 < j < k)€ @™ where supp(C;) C B, define a parameter

0 = (A;,B;,C))i,
and the corresponding model
Qy = {QI,S,V e M ([1,n] x [1.d] x R)

Qs v i1, 1,8)e4;x8;, = Ps|sen,N(Cj 5,0%),j € [[Lk?]]},

where we recall that Pg = éZle 0s is known and is the uniform measure on the pixel
locations. To make a connection between Qp and the model (2.5) on page 24 defined in

Proposition 3 on page 22, one can see that Qg is equivalent to impose
Mg) = IPS|Sij and M%)S = N(Cj,s, 02)-
In other words, Qy C Qy, where

Q= {Q[,S,V € Mi([[l,n]] X [L,d] xR) : Qrs,v s = Qrer,s) ® QS,VM(I,S)}-

We define the distortion D(€) of the representation of the sample (X,...,X,) by the

parameter 0 as
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D(0) = Qiélgf)g{fK(QL s,v, Pr, s,v)}

k
— 1 2
= — log IP[ <; ]1([ € Aj)IPS(Bj) eXp{—T.&]Pgwij [(X[,S - }/}75) >:| }) y
according to Proposition 3 on page 22.

Note that it makes sense to optimize in ) € Qy, since the quantization of X, given by

k
Yie=Qvis—si=i(V) =Y 1(€4,)Cjs, 1<i<n, 1<s<d,
j=1
does not depend on ) € Qy, but only on 6. In fact, it does not depend on ()7 s so that, as

a variant, we could have optimized even more in the definition of D(6).

Note that this notion of distortion satisfies

ngéegc(QI,S,V;IPI,S,V) < D(f) < IPI,S[(XI,S — YI,S)Q] = EZHXl - Y12

Given a coding distribution ¢(#) and an acceptable distortion level n > 0, the fragmenta-

tion algorithm will compute a lossy representation 0(Xy, ..., X,,) with distortion D(0) < n
and with an ideal code length — log (q(a)) as small as possible.

We will use a coding distribution of the form

q(0) = 4(A, B,C) = ¢(A) (B, C).

After this fragmentation step leading to the computation of 5, we will perform a syntax
analysis step where we will replace the ideal code ¢(A) by a more efficient code g(A). This
improvement will be obtained using the Bayesian Shtarkov approach. More precisely we will
consider a family ¢,(A) of coding distributions depending on a new parameter « and a prior

coding distribution p(«a), and we will improve on g(A) by considering

q(A) = max p(a)ga(A).

Since

q(A) =) p(e)ga(A)

is a probability measure, ¢ is a subprobability measure and thus a valid coding distribution.
From a Bayesian point of view, g(A) can also be seen as the maximum a posteriori probability
estimate (MAP). Introducing

Q' € arg max u(a)qa(g)y

-~

we see that g(A) = ,u(&)qa(g) and that @ is a function of the sample (X, ..., X,), since
this is the case for A. When we will detail the construction of @ we will see that it performs
some kind of syntax analysis and in particular leads to the computation of a syntax tree for

each image X;, 1 < i <n of the sample.
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2.2. GENERALIZATION BOUNDS FOR FRAGMENTATION

The fragmentation algorithm computes a classification function
O [1,n] x [1,d] — [1, k].
We can deduce from it

O X0, ., X} x [1,d] — [1,K]
(X;,8) — 0(Xy,5) = (i, 5).

A natural question is to extend /(z, s) to z € {X1,..., X, } in some meaningful way. To this

purpose, introduce the set of fragments used to represent X;
A ={jelLk] :ie A}

Remarking that J(y ), Py x) = —log(Ps(B;)) and noticing that ,ung(V) = ()} g, one gets

from Proposition 3 on page 22

D(A, B, C) logIPI<Z Ps(B exp[—zi]PsweB [(Cj,S_XI,S)Z]]>

JEAT

> —logPy (exp [-D(X, B,0)] ) ;

where (A, B,C) = ((A;)h_,, (B;)¥_,, (C;)k_)) for short and where

]:17 j=17

D(X,B,C) = logmax(ZIPs eXp{—QLIPSLS'EB [(Xs—Cj,S)z] })

AeT

and
T={AC[Lk] : BNB;=2,i#j€ A}.

We can see D(X, B, (') as the optimal distortion for a single image when it is represented
by its best approximation in the codebook (B, () of image fragments. An optimal set of

fragments Ay for X is given by the formula

Ay € argmaX(ZIPS exp{—%IPSSEB [(XS—C%S)Z}}), (2.8)

AeT
JEA

It is well defined even when X ¢ {X;,..., X, }.

We can then define the optimal empirical distortion of the codebook (B, C) as
D(B,C) = —log Py (exp[—D(X,B, (J)]) < D(A, B,C)
and ask for its relationship with its expected counterpart

D(B,C) = —log Py (exp [-D(X, B, C)]) .
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For this we need deviation inequalities for
P (exp[-D(X, B,C)])

that are uniform with respect to the parameter (B, C) (here the parameter is the fragments
codebook).

Note that the optimal expected distortion D(B, C') is related to the estimation of the

distribution Px g . Indeed, consider the model

Qpe = {QX,S,V e M (R? x [1,d] x R) :
Qs,vix = Z QS\X(BJ')IPS\SijN(Oj,S,U2)}

JEAX

= {QX,S,V - M}‘_(Rd X Hl,d]] X R) :

Qs v x,7x,5)= = Py sen,N(Cj s,07) },

where Ay, the optimal set of fragments, is defined by equation (2.8) on page 27 and where,
putting A; ={z € R? : j € A,}, € is defined by the formula

——1

Remark that

D(B,C) = Qelgi CfK(QX,S,VJPX,s,V)-

Bounding D(B, C) in terms of D(B, C) thus appears as a generalization bound for some

information k-means algorithm.

We will also derive similar bounds for the more classical k-means algorithms described

above.

Our proofs will be based on PAC-Bayesian lemmas. We will first rewrite the risk (of
information k-means or fragmention) using a mapping to a reproducing kernel Hilbert space.
This will allow to see the risk as the expectation of the minimum of linear functions of
the parameter, in a separable Hilbert space of possibly infinite dimension. We will then
establish dimension free PAC-Bayesian bounds suitable to this situation. Borrowing ideas
from the construction of the isonormal Gaussian process [MPS07, section 3.5], we will use
the distribution of an infinite sequence of shifted Gaussian random variables both for the
prior and the posterior parameter distribution. We will also use arguments from the proofs
of [CG18] and [CG17], concerning the estimation of the mean of a random vector. We
will prove generalization bounds going to zero as klog(k)/n goes to zero, which is better
than other bounds already published. Concerning the speed of decrease of the bounds, we
first prove bounds in (klog(k) / n) Y4 and then, introducing a more sophisticated chaining
argument, bounds in log(n/k)+/klog(k)/n. We will work with weak hypotheses and will

in particular not consider the kind of margin assumptions that are nessary to get bounds
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decreasing faster than \/1/n for a given value of k. See [BDLOS8|, [Fis10], [Lev13],[Lev15]
and [BFL20].

To get a \/1/_n speed as in [BDLO0S8], we take inspiration from the classical chaining
procedure for bounding the expected suprema of sub-Gaussian processes (see section 13.1
in [BLM13]). We create a PAC-Bayesian version of chaining in which the concept of -net
and J-covering is replaced by the use of a sequence of Gaussian perturbations parametrized
by a variance ranging on a logarithmic grid. We combine this PAC-Bayesian chaining with
the use of the influence function ¢ described in [Cat12] to decompose the excess risk into a
sub-Gaussian part and an other part representing extreme values. Doing so, we will recover
the speed 1/4/n proved in [BDLO08], but with a better dependence in k, since we get a non

asymptotic bound of order log(n/k)+/klog(k)/n instead of k/+/n.

2.3. DESCRIPTION OF THE SIGNAL FRAGMENTATION ALGORITHM

To start with, we will devote to each image X; € R? of an i.i.d. trainingset X;, 1 <i<n

a single fragment equal to the whole Xj;.

This means that we will start with £ = n and a classification function /¢,, defined by

égl(j) = An,j X Bn,j = {j} X [[Ld]]

From there, we will iteratively define ¢, for larger values of k setting for some pair Jy, C [[1, k]

of labels

Ap1 k41 = |_| Ak, Apry = Ary, g€ [1,K],
JEJk
Biij \ Bit1g+1, 7 € Ji,
Biiig1 C ﬂ By j, By = ’ .
jed By j, g€ [LE]\ Jk.

These equations define ¢;, from ¢;. We will explain later on how to choose J; and Bjyyq j+1.

In all cases, however, we can readily remark that for any k£ > n,
{Ak,j X Bk,j 1< j < k, BkJ 7é @}

is a partition of [1,n] x [1,d]. Note that this partition may contain less than k& components
(and even less than n components) due to the fact that By ; is decreasing with k£ > j for a

fixed value of j and may become empty. Consider

ny?s,v =P s N(C t1,5), 5, 07).

where
Ck,j,s = argmin{|c—FIUEAM(XLS)! 1 ccE C}, S € Bj,

and choose
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Bitik1 = {5 € m Bk,j . Var(XI’S ’FI\IGAICH,}CH)

Jj€Jk
_ 2
+ Iggg<]PI|I€Ak+l,k+1 (XI,S> - C) < a}' (2'9)
Doing so, we are sure at each step that

(8%
D(AkalﬁCk) < :K:( I, SV’IPI:SvV) < 53

~ 202
Indeed, from the decomposition of the Kullback divergence (see Lemma 1 on page 9) and

the law of iterated expectations, we see that

1

K( ET]T??,V7F1757V) = Q_FLS[(Ck,ek(LS),s — Xs)z}

k
1
- Q_Z s(Ap,j X By, j)Ps|sep,. 7{IPI|I€Ak [(Chjs = vasﬁ}

k
1 _ _
=53 Z s( Ak, jx Bk j)IPS|SeBk [Var(XI,S | IPI|IEA;C,]->+(IPI|IeAk,j(XI,S)_Ok,j,S)Q]-

We have now to discuss the choice of J, = {ix,jx}. Assume that max{n,d,|€|} < 2%, so
that all coordinates in (Ag, By, Cy) can be coded with L bits. In this case (which is an
obvious case of the Kraft inequality),

q(Ak, By, Ck) = 2*L(|Ak|+2|Bk\+3k)’

where |Ag| = Z§:1|Ak,j|7 and |By| = Z§:1|Bk,j|» is a sub-probability measure (the factor
3k comes from the use of a separator, for instance the index 0 that is not used otherwise,
at the end of the enumerations of the sets Ay ;, By ; and Cj ;). Remark now that the code

length decrease is
105 (¢(Ak+1, Bir1, Cra1)) — 1082 (q( Ak, Br, Cr)) = 2L| By i | — Ll Agga k| — 3L.
Maximizing the code length decrease would lead to choose
i = {Jk, 1, Jk,2} € arg H}%X<2|Bk+1,k+1\ — |Ak+1,k+1’)-

This requires to compute Ayt x+1 and By k41 for all possible choices of the pair J,. We

have tested a faster approximation to this minimization, consisting in choosing

)

: 2B, | — | Ay
Jk,leargjrerﬁ%(l kil = 1Ak,

)

and then

Jr2 € argmax  (2|Biiy k| — |Arr,es1l)-
Jk,2€[LEIN{k,1}

This requires to compute Ayi1,5+1 and Byiq 41 only for £ —1 possible values of Ji, namely
for

e {Uinn g} 5 € [LAIN L},
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instead of k(k — 1)/2 possible values if we opt for a full optimization. This heuristic simpli-
fication is based on the fact that

2| Brr1, k1| = |Akst, k1] < 2[Br | — 1Ak i

so that the left-hand side cannot be big if the right-hand side is already small, justifying the
idea of maximizing the right-hand side to choose j;; and then the left-hand side to choose
Jk2-

A natural stopping rule in this framework is to continue as long as we can decrease the

code length, that is as long as

2|Bk+1,k+1| — |Ak+1,k+1| > 3.
2.4. SYNTAX ANALYSIS

Now that we have a mean to represent an i.i.d. sample of images (X7, ..., X,) by sets of

fragments (A, ... A,), drawn from a fragment codebook (B, C), we will carry further the

change of representation by defining a fragment grammar.

Our approach will still be based on compression theory as we have mentioned in the

introduction.

The algorithm we will now describe consists in a sequence of lossless codes for the sample
(Ay,..., A,) made of n random sets of labels ranging in [1,k]. As in the previous section,
our guide will be to decrease the code length at each step. This can be coded to start with

by listing the content of each set, with separators, resulting in the sequence
Wy W1k VAN Wa 1 ... W2y VANRIERIAY Wn,1--- ’LUnﬂnn/\,

where A is a supplementary label used as a separator and where the labels w; ; € [1, k] and
A are coded with a prefix binary code (so that they can for instance either be coded with
a fixed length code or with a prefix binary code for the integers). The syntax of this initial

representation is
{{win}
where we have used {} to denote repetition, as in Extended Backus Naur specifications and

where w < k are inititial labels. From there we will put A4; = Ayp,; and choosing a pair of

labels J; C [1, k] and a new label numbered k + 1, we will define the new sequence of sets

(Ao’i \ Jl) U {k} + 1}, when J; C AO,i,

Ay = |
Ap,i, otherwise.

To recover Agp;, 1 < i <nfrom A;;,1 <i<n,weneed to code also the value of J; = {a, b}.

We obtain in this way a new code. The syntax for this new code is of the form

{{wlp}A}pab
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where p = k + 1 > k is a pair label and where | means or as in Extended Backus Naur
specifications. In order to shrink as much as possible the length of the representation, we

have to choose J; to maximize
n

> (1 C Agy),

i=1
the number of times it appears in the random sets Ag;, 1 <7 < n (at least if we code labels
with a fixed length code, as we will assume for simplicity in all this discussion). We can
repeat this process choosing at each step a most frequent pair, to form new sequences of
random sets

AO,ia---Am,ia]- S 1 S n.

We obtain a new shorter code at each time by concatenating the code for A,,;,1 <i <n
and the list of rewriting rules defining the pairs. The syntax of such a code is thus of the

form
{{wlp}nH{pab}

(We do not need separators in the description of the pairs, since we know they are always
triplets.) Note that w € [1,k], p € [k + 1,k + m] and that a,b € [1,k + m] may be so to
speak either terminal or non terminal indices (or symbols). Note also that we can forget to

represent p explicitly in the {pab} section of the representation, since we can assume that

{pab} = p1a1b17 s 7pmambm7

where p; = k 4 ¢. Doing this, we obtain a code of the type

{{wlp}A}{ab}

Remark that, as long as the chosen pair appears at least three times, we decrease the length
of the representation at each step. This can be taken as a stopping rule. We can also use
a higher threshold to stop earlier (given that the frequency of the most frequent pair is

decreasing).

From an image perspective, this compression step consists in merging two fragments a
and b that are frequently seen together in the image sample (X; ..., X,,). Inside a fixed pair,
elements can be viewed as a context of each other. It is rather a "main” context as it is in a
way the most frequent one. Therefore, this merging operation is twofold : it simplifies the
representation of the set A,,; and determines in the meantime the context of each fragment.
Notice that this procedure is very similar to the fragmentation step and can be seen as its
dual version in the sense that we exchange the role played by the sets A and B. Indeed, in

contrast with fragmentation, here we make A,,; smaller and create a bigger fragment B,.

Prepare now to push the compression of the representation further by performing per-
mutations on the list of pairs

a161 e ambm
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Put a; = ¢;; and b; = ¢; 2. We represent the pairs by the permutation

Fleoywan) (o) - - f(Cotmywomn) f(Cotmypm2) (210)

where the transformation

c, when ¢ € [1, k],
fle) =
k+oYc—k), whencel[k+1k+m],
of the pair indices should also be applied to the first part of the representation, that is to
{{w|p} A}, where p becomes f(p). Introduce the counter

(c) = > 1(ciy = c)
(i,5)€[1,m]x{1,2}
choose

¢ €arg max ¢ (©),

and choose
0(1)7 1/)(17 1)7 w(la 2)7 S 7U(§(C*)))7 ¢(€<C*>7 1)71/}(5(6*)7 2)

in such a way that

Colipiin) = Cr 1 <i<E(c).

Repeat this process on the remaining pairs as many times as needed, until we have chosen
the whole permutation o (i), (i, j). After applying transformation (2.10) to the pairs a;b;,
we see that each possible value of a; comes in succession. Thus we can factorize (2.10) in
the form

albl,l Ce qul N a2b271 R b2,q2 A A CLm/bml,l R bm/7qm,/\,

where the notation is changed and we need some separators but where m’ < m. (With the
new notation ay, ..., a, is a sequence without repetition, whereas in the previous represen-
tation (ay, ..., a,) possibly contained repeated values.) Note that the permutation in (2.10)
was chosen to maximize sequentially q1, ¢, . . ., ¢ We can then put the sequence ay . .. a,,

in front to get
ayp ...Anpn VAN bl,l e bl,th A bg}l Ce bQ,qQ VANRRRIVAY bm’,l e bm/7qm,/\

We don’t lose information here, since we can recover the previous representation by redis-
tributing each a; in front of the sequence of contexts b;;...b;,. The new syntax for the

pairs description is the grammar

G = {a} A {{D}N}

instead of {ab}, so that the syntax for the new sample code is

{wlpnt{a} A {{b}A} (2.11)
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instead of
{{win} (2.12)

(We know in the new code that the description of the random sets ends before separator A
number n and is followed by the description of the pairs.) Let us note that G is represented
as parameter « in section (2) and that pu(a) = 271¢I where |G| represents the number of
bits used to represent G. On the other hand q,(A) = 27/PI where D = {{w|p}A} is
the description of A. We now remark that the end {{b}A} of the new code (2.11) has
the same syntax as the initial code (2.12). We can thus compress it in the same way by
indexing iteratively the most frequent syntax pair Js = {c, d} as long as it appears at least
three times. Here the frequence is computed within the grammar G, or in other words the
frequence is the number of different contexts a; in which fragment ¢ appears along with d
within the list b;1...0; .

This analysis is different from what is usually done in statistics, where frequences are
computed within the data set (Xi,...,X,). Using syntax analysis, we produce a second
level of classification based on a kind of context analysis. This step is necessary if we want
to put a common (syntax) label on fragments that appear in different images at different
locations. To give an example, let us assume that we have some cats (not necessarily the
same) appearing in different images, not in the same place either, but lying on a sofa or on
a bed. In that case, we can say that we have a fixed context the sofa or the bed and that the
cats appear frequently in those two contexts. Then, our syntax analysis will tend to put a
common syntax label cat (or more accurately what appears on beds and sofas) on those lazy

cats sharing the same context.

As a matter of fact, our approach is very close to the modeling of language in which the
syntactic category of a word is usually mainly determined by the type of contexts in which it
occurs. Indeed, it is usually impossible to guess syntactic categories from words morphology.
To draw a parallel with language modeling, one can think of our images (Xi,...,X,) as
sentences (Ai,..., A,) containing sequences of words {{w}A}. However, in our setting the
words w belonging to the set Zj are not ordered as in language modeling, which makes a
major difference. This contextual approach in the case of modeling image patches is not
completely new and has been applied to contextual bags of visual words in [Li+11]. However,
we use compression both to determine the context and the classification with respect to the
context. This differs from classical context modeling that requires to estimate conditional
probability distributions in order to determine the context and to perform a contextual

classification.

The syntax for the new shorter code for {{b}A} becomes

{{bls}A}{cd}

so that the syntax of the new shorter code for the sample becomes

{wlptr{a} A {{bls}AH ed}
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This code is made of two parts. The description D ::= {{w|p}A} of the random sets A,
1 <4 < n using a mixture of terminal symbols of type w € [1,%] and of non terminal

symbols of type p € [k + 1,k + m] and the new grammar

G = {a} N {{b|s}N}{cd} (2.13)

specifying how to rewrite each p into a (unique) sequence of terminal symbols. This grammar

itself has been compressed using non terminal symbols of type s.

Remark now that GG defines a classification function f of its symbols. Let us start with
the definition of f(p), where p € [k + 1,k + m] is a non terminal symbol. The grammar G

contains a (unique) rule p ::= ab and in the compressed representation of the context of a
Co={V :p :=a €G}

either b has been left unchanged, in which case we set f(p) = b, or b is produced by a unique
non terminal syntax label s, in which case we define f(p) = s. When j is a terminal symbol,

that is when j € [1, k], we set f(j) = j. We obtain a classification function
folLk+m] — [Lk+m+1]

where ¢ is the number of syntax pairs cd.

We can now recode the description D using the classification function f. For any j €

1,k + m] we can write
F7HFG)) = {in <da < -+ <ig}
and define h(j) as the solution of the equation j = ip(;). It is easy to see that
g (fG), ). seLk+m]
is one to one. Therefore we can recode the description D in the form
{{/hin}
More precisely we get

D - f1,1h171 . o .fl,?”1h1,’r‘1 /\ st /\ fn71hn71 o e fn,Tnh‘TL,Tn /\ .

Gathering the values of h following the same value of f in each element of the sample we

can factorize the representation of D to obtain a code of type

{ARINIAY

where sample elements are separated by a double sign AA. Namely

D= fiihiaa- haigg, Ao A fimhaen o hagg,, AN
e /\ /\fn,lhn,l,l te h”vLQn,l /\ T /\ fnyrnhnﬂ”n:l e hnyrnanrn /\ /\7
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with a change of indexation. This representation can be split into

HAAH{RIAY

where the values of h corresponding to each value of f have been gathered on the right.

Namely, we get now

D - f171 e flﬂ“l /\ st /\ fn,l N fn,T‘n /\ h17171 N h1717q171 /\ st /\ hn,rn,l e hn,rn,qn,rn /\

In this way, we obtain a new sample code of type

HAAH{RIAYG,

where G is as in (2.13). This code is made of a new description D made of a family
R = {{f}A} of random sets with syntax labels and of a specification {{h}A} describing
the way to rewrite each syntax label. This is followed by a grammar G describing the

meaning of non terminal labels with the help of rewriting rules.

We can now repeat the whole compression process on R to create multiple levels of
syntax analysis, resulting in the estimation of a syntax tree for each initial random set A;,
1<i<n.

new pair labels —
compression {

syntax labels —
syntax analysis {

pair labels —

COIHpI"eSSiOH {

fragment labels —

In the above figure we have represented the set of fragment labels indirectly indexed by
a pair label. This is why there may be more than two fragment labels indexed by a single
pair label. For instance, if the grammar contains p; ::= wyps and py ::= wews, then we see

that p; rewrites to wiwows.

At the end of the syntax analysis stage, we have computed a new shorter binary code T for
(Ay,..., A,). This results in a new lossy code (T, B, C) for the image sample (X1,..., X,,).
The code (T, B,C') defines an approximation (Y3,...,Y},) of the sample (Xi,...,X,) ac-
cording to the formula

;=) C;, 1<i<n,
JEA;
where A; can be computed from 7. We use an algorithm that ensures that the quadratic

distortion is under a given level, namely

Prs[(Xis — Y},S)Q} =n dHX -Y|*<a.
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This is more precisely a property of the fragmentation algorithm, that is maintained after-

wards, since the following steps are lossless compression operations.

In this coding approach we do not estimate nor select from data a statistical model, and
this is precisely what we wanted to avoid, in the hope of obtaining an algorithm that can
lead to meaningful results on smaller samples. This algorithm is very simple as it combines
mainly two actions: grouping and context analysis. For this reason, it could inspire new
biological neuron models describing the way the mammals’ brain is processing perceptive
inputs. Indeed, using short codes for frequently concomitant events is compatible with the
modeling of a Pavlovian or respondent conditioning. Typically we can have in mind the cat

running to eat, as soon as she hears the sound of kibbles falling into her dish.

2.5. RELATION WITH STATISTICAL ESTIMATION

Nonetheless, a link can be made with statistical estimation through the following com-

putations.

The algorithm we described in the previous sections produces a code 0(Xy,...,X,) =
(T, B, C) corresponding to an approximation (Y7,...,Y,) = fo0(Xy,..., X,) = g(X1,..., X,)
of (X1,...,X,). If we assume that T, B and C are coded by binary prefix codes, we get
by concatenation a binary prefix code for § and we can define |f| as the code length of € in
bits. We can then define according to the Kraft inequality a sub-probability measure by the
formula @y = 271°. Since Y = f(6), we get also a sub-probability measure on Y, putting

Qy = Qpo f7.

Consider then the measures Px y v and Qy,y defined by

Px =P, Py |x = dg(x),
Py x,y = N(X,0°L4), Qviy =N(Y,0%Iq).
We see that as previously, V' = (V4,...,V,,) is a noisy version of X and we can raise the

question of the prediction of Py, from the sample (V4,...,V,_1). Note that Py, v, = IP{G}I”
is an i.i.d. sequence of vector valued random variables. Consider the progressive estimator
based on @)y, v and defined as

n

— 1

QVT’L | Vl,...,Vn71 = E : :QVTL | V17"'7‘/’L'71'
=1

Using the convexity of the divergence, the fact that Qy, _y, is exchangeable, and the fact

that Py, v, is i.i.d, we can prove

LEMMA 4

1

_ 1
E]PVL...,V”_1 [K(]Pvavn|vl,...,vn_l)] < @K(th...ymQVL...,VTL)

1
< —K(Py,. v, Qvi,.v,) + < n_:K(IPG’QG) 4 %'

1
nd 202 ~ nd
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Therefore, if we can find a coding distribution )y and a distortion level o depending on
the sample size n such that the right-hand side goes to zero when n goes to infinity, we
obtain a consistent estimator of Py, , the distribution of the random image we sampled from

convoluted with a Gaussian noise.

The interest of this lemma is of course mainly theoretical. The idea is not to compute
@anvl,.u,vnf . in practice, but only to show that in the case where the coding distribution
Qo is sufficiently efficient to make %fK(]Pg, Qp) small, then )y contains enough information
to estimate Py accurately, since @Vn Vi,V 18 a function of Q. This is an indication that
0 is a relevant representation of the information contained in Py, and therefore of at least
some part of the information contained in Py, (since V,, is obtained by adding some noise
to X,,).

PROOF. By convexity,

_ 1 -
IPVh...,Vn,l |:9C (]PVn7 QVn | Vl,...,anl)i| < EIPVh-..,anl (Z JC<IPVTL7 Qvn ‘ Vlw-,Vi—l)) :

i=1
Remark now that

Qv Vi Vis = Qi Vi, Vi

because, () being exchangeable,

QVh---yvi—17Vn = QVL---,Vi'

Moreover, Py, = Py, so that

Py,,..vi, (Z K(Py,,Qv, | Vl,...,w_1)> =Py, . v., (Z K(Py,, Qv vl,...,v,-_1))
i—1 i=1

= Z Py, v, [K(val,...,w,p val,...,vi,l)] =K (P, v, Qvi,..vi)-
i=1
This proves the first inequality of the lemma. To prove the second inequality, remark that

K(Py,Qv) < K(Py,v,Qv,v) = K(Py,Qy) + Py [K(IPV|Y7QV|Y)]

But IPV|Y = ]Px|y(IPv|X7y) = IPx|y(IPv|X). Accordingly,

Py [fK(]PwY,va)} < IPYIPX\Y[:K(IPV\XyQV\Y)] = L]PX,Y(HX —Y|?) < @_

202 202
This proves the second inequality of the lemma. To prove the third, it is enough to note
that, since Y = f(0),

K(Py,Qy) < K(Pgy,Qo,y) = K(Pg, Qp).
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CHAPTER 3

Information k-means and information fragmentation

algorithms

3.1. INFORMATION k-MEANS ALGORITHMS

In this part of our work, we will present and study various extensions of the k-means
algorithm for their own sake. All these variants offer a mean of estimating the distribution
Pp,  of a conditional probability measure Py |y from the observation of an i.i.d. sample
Py | x—x,.These variants include the information fragmentation algorithm forming the first

step of the syntax analysis scheme described in the overview.

Consider a couple of random variables (X,Y) € X x Y, where X and Y are complete
separable metric spaces, so that we can define regular conditional probability measures.
Suppose there exists a reference measure v € Mfr (H) such that P (IPy| x K V) = 1. Define

dPy | x

Px = . We are interested in the case where Py | x is known and represents a bag of
words mogel. This means that each random sample X is described by a random probability
measure Py | x. In the original bag of words model, Y is a set of words, and Py |x is the
distribution of words in a text X drawn at random from some corpus of texts. Here we

include the case where X and Y can be more general measurable spaces.

We consider the following minimization problem also called information k-means problem

inf kIPx( min K(Qj7pX))7

we(ny, o)

where [1,k] = {1,... k}, L} |(v) = {q eL'(v): ¢>0, [qdv = 1} and

[ ajlog(q;/px)dv, [q¢;1(px =0)dv =0,

400, otherwise

fK(CIj,pX) -

is the Kullback divergence between densities. The purpose of this section is to discuss

the general properties of the information k-means problem and to build a mathematical
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framework and algorithms to perform the minimization. As we have seen in the overview,

we chose to study this algorithm rather than the better known k-means divergence algorithm

inf IPX<m1n fK(pX,q)>
ae(t,m)" VA ’

because of Proposition 2 on page 17, showing that our proposal contains the classical Eu-

clidean k-means as a special case.

Let us state some version of the Bayes rule that will be useful in the following discussion.

LEMMA 5 Let Pxy be a joint distribution defined on the product of two Polish spaces. The

following statements are equivalent:

1. There exists a measure pu such that Py x < p, Px almost surely;
2. Py x < Py, Px almost surely,

3. Pxy < Px ®Py;

4. Px |y < Px, Py almost surely.

Moreover, they imply the following identities between Radon—Nikodym derivatives:

dIPX’y :dIPy‘X :dIPx|y
d(Px ® Py) dPy dPy

PROOF. To prove that 1. implies 2., it is sufficient to show that Py x (dIPY = > =0,

Py almost surely. But when 1. is true
dIPY dIPY dIPy | X
P =0 I{—=0 dys.
YX<du ) / (du ) du "
Thus by the Tonelli-Fubini theorem
dIPy dPy dPy | x
Px (P —o) ) = e oy ) Erixy
dPy dPy | x
=[1 =0|Px d
/ < du ) { du |
dPy dPy
—[1 —0) X qu=
/ ( dy O> ap =0
dPy __

Therefore Py | x o =0)= 0, Px almost surely. Obviously 2. implies 1. Now let us show

that 2. implies 3. Let f be a bounded measurable function, we have by Fubini’s theorem

fries= (] e (] 5y e

dIPy|X
_ /fwd(m@dm),
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implying . and that Px almost surely

dPy|x _ dPxy
dPy  d(Px®Py)’

We will show now that 3. implies 2. Let f be a bounded measurable function, we have by

Fubini’s theorem

dPxy
dPp = ———d(P dPp
[Ny ——

-/ </ e )‘“PY) A
Jfrm

showing that Px almost surely Py | x < Py and

dPy | x _ dPxy
dPy  d(Px®Py)’

The equivalence between 3. and 4. is immediate by interchanging the roles of X and Y. [

The following lemma will be useful to optimize the information k-means criterion.

LEMMA 6 Let m € ML (Q) be a probability measure on the measurable space Q. Let h : Q —
R U {+o0} be a measurable function such that

7 = /exp(—h) dr < 0.

Let Texp(—n) be the probability measure whose density with respect to m is proportional to
exp(—h) so that
ATexp(—n) _ exp(=h)
de  Z

The identity

inf (fK(p, )+ /max{h, n} dp) = —log (/ exp(—h) d7r> + K(p, Texp(—n)) € RU {400}

neZ

is satisfied for any p € Mi(Q) and 1mplies that

inf mf( (p,m) —|—/max{h,77} dp) = —log (/ exp(—h) d7r>,
pEML () N€Z

the minimum being reached when p = Texp(—p)-

Note that the lemma could also be written as

K(p, ) +/hdp = —log(/ exp(—h) dﬂ) + I, Tesp(—1))
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if we are willing to follow the convention that

/hdp: inf/max{h,n} dp
nez

and that +o00 — 0o = +o0.

PROOF. See [Cat04, page 159]. Note that the role of € Z in this lemma is only to make
sure that the integrals are always well defined in R U {400} in the sense that the negative
part of the integrand is integrable. When p is not absolutely continuous with respect to 7,
it is also not absolutely continuous with respect to Texp(—n) since m(A) = 0 if and only if
Texp(—h)(A) = 0. In this case K(p, 7) = K(p, Texp(—n)) = +00 and the identity is true, both
sides being equal to +00. When p < 7, then p < Texp(— max{n,n}) and

dp

dﬂ-exp(— max{h,n})

dp
=7 h —
n eXp<maX{ 777})dﬂ_7
where
Zy = /exp(— max{h,n})dr < +oo.
Therefore

™

d
:K:(p7 ﬂexp(—max{h,ﬁ})) = IOg(Zn) + /[max{h,ﬁ} + 10g<dp>:| dP

By the monotone convergence theorem

lim Z, =7 and lim [max{h,n} + log(gﬂ dp = /[h + log(ﬁﬂ dp,

N——00 n——00 dm dm

since we know that

/[log(Z) +h+ log(j—iﬂ Cdp= /log( dp > do ATexp(—n) < exp(—1) < 400

dﬂ_exp(fh) - dﬂ_exp(fh)

/[h+ log(j—iﬂ_dp < +o0.

and therefore that

This proves that
UE{HOOJC(P, Texp(— max{hy})) = 10g(Z) + /[h + 10%(%;)] dp = K(p, Texp(—n))
=log(Z) + %2%/[max{h, n} + 10g<g—7pr>} dp
= log(Z) + %22 (/ max{h,n}dp + /log<%> dp>
~105(2) + jng [ max{h.n}ap + Kpum)),
and therefore that

K (p. o) ~ 08(2) = inf (Klp.r) + [ max{h o} ap)

as stated in the lemma. The second statement of the lemma is a consequence of the fact

that the Kullback divergence is non negative. []
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LEMMA 7 Let Pxy be a joint distribution defined on the product of two Polish spaces.

Assume that Px (]Py|X < IPy) = 1. Consider the normalizing constant

Z =Py (exp[—ﬂc(]PX, ]PX|Y)]>.
Obviously, Z € [0,1]. If Z =0, then

inf IPX [jC(Qy, IPy|X)} = +0Q.
Qy eM(Y)

Otherwise, Z > 0 and for any Qy € Mi('d),
Py [K(Qy,Pyx)] = K(Qy, Q%) + Px[K(Qy, Py x)] = K(Qy,QF) +1log(Z71),
where Q3 < Py is defined by the relation

dQy
dPy

=71 exp{]PX

Z " exp[-K(Px, Pxy)]
log<d(IiP];|/X> } (3.1)

inf  Px[K(Qy,Py|x)] =Px [K(Q}, Py x)] =log(Z7") < oo,
QyGMJr(H)

Consequently

The probability measure ()3 represents the geometric mean of Py | x with respect to Px.

PrROOF. By Lemma 1 on page 9,
Px[XK(Qy,Py|x)] =K(Px ®Qy.Pxy)] = K(Qv.Py) + Qy [X(Px,Pxv)]. (3.2)
Thus, when (3.2) is finite, Qy < Py and
Qv [K(Px. Px|y) < +o0)| =1,

so that
Py [JC(PX,IPXW) < +OO)} >0,

implying that Z > 0. Assuming from now on that (3.2) is finite, introduce
A= {y : gC(IPx,IPx‘y:y) < +OO}

From Lemma 6 on page 41 and (3.2), for any Qy € M. (A),

Py [fK(Qy,]PwX)]
= —log [Py (A)] — log ]PY\YGA{GXP [—:K(]PXJPX\Y)] } +XK(Qv, Q7))

(. S
v~

ox(z-1)

= IPX [:K:(Q;,Pyp()] + jC(CQY7 Q;)

Moreover, when Qy(A) < 1, Qy € @3, so that both members are equal to +00. The

identity (3.1) is a consequence of Lemma 5 on page 40. [
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PROPOSITION 8 The information k-means problem can be expressed as

inf IPX<‘min fK(qj,pX)> = inf inf Py (fK(q@(X),pX)>
qe(mlﬂ(u))k JE[1,K] £:X—[1,k] (qu_“’qk)e(mh(y))k
_ inf inf P (K(gi00,px)
m X z:xgl[[l,k]] X (CM(X) PX)

(@1.a0)e (L, ()

= inf . Px (fK(QE;(X)apX)>
(Q1,---7Qk)€(E#,1(V))

o . *,0
N z:xgl[[fl,k]] Px (fK(qg(X),px)>

o 1
N e:xgl[[f;,k]} Px <10g(Z€(X))>’

where €3+ X +— [1, k] is the best classification function for a fized ¢ = (q1,- .. ,qx) defined as

() = in K(q;,p), e X,
o(v) = arg min K(gj,ps), @
whereas qf’z, e ,qZ’E are the best information k-means centers with respect to (X)) defined

as
¢ =7 exp{Pxio-[loglex)] |, G € LK)

where
Z; = / eXP{]PXw(X):j [log(px)] } dv,

with the convention that q]*-’Z can be given any arbitrary value in the case when Z; = 0, the cor-
responding criterion being in this case infinite. Besides, we have the following Pythagorean
identity

Px <:K(CI€(X)>pX)> =Px (fK(q;(’f;(),px)) + Py (K(QZ(X)7 q;(ﬁg)»

PROOF. This proposition is a straightforward consequence of Lemma 7 applied to Px,y | ¢(x)=;-
O

Let us state the empirical counterpart of the previous proposition.

COROLLARY 9 Let X4,..., X, be an i.i.d sample drawn from Px. Then, the empirical
version of the information k-means problem tries to partition the observations px,,...,px,,

into k-clusters, what is expressed here by

n

1 1
inf — min fK(qj,pXi) = inf inf e ZfK(QK(i);pXi)
i=1

©n L el LT e (1, )

n

1 1
— > K@y, px,) =  inf o Z XK ez Px.)
=1

inf
kL [1n]—[1,k] N i—1 q€<]L1 1(V))
= =+,

n

ko1, -
o : 1 *,0 . . ‘E 1(])‘ -1
- Z:[[l,ri]]n—{[[l,k]] E;j{(qﬁ(i)’pxi) N e;[[1,;1]n—f>[[1,k]] ; n log(Z; ),

44



where £ : X — [1, k] is the best classification function for a fixred ¢ = (q1, ..., qx) defined as
£(0) = arg min K(q;,px.)

whereas qj*-’é,j € [1,k] are the information k-means centers defined as

1/1e=1(9)]
Q;7£ = Zj_l ( H pXL> 5
)

iel—1(

/1671 ()]

i€l=1(j)

where

— 1 —
PRrROOF. Apply the previous proposition to the empirical measure Px = — E 0x, of the
n
i=1

sample Xq,...,X,. O

LEMMA 10 Let us assume that Px <fp§( du) < o0. Then, the optimal centers q;’e defined

in the previous lemma verify q;’e € IL2(v). Furthermore, in this case

inf { Py (jg[ﬁ’r]lg]]iK(qj,pxw D q € (]L_lhl(y)>k }
= inf { IPX< min fK(qj,pX)> L q € (]L}hl(l/) ﬂ]LZ(Z/))k }

JE[L,K]

PrOOF. Apply Jensen’s inequality and the Fubini-Tonelli theorem to obtain that q;’e €
L%(v). Indeed, for any j € [1,k], if Z; = 0, we can pick up any value for q;’g, and in
paticular a value in I.?(v), in the same way if Px(¢(X) = j) = 0, we can make an arbitrary

choice for qj*.’é, otherwise, Z; > 0, and

/(q;,£>2 dv = Z;Q/exp{2IPX|g(X)j [log(px)] } dv
< Zj_2 Px | ox)=; (/pg( dy> < Z]-_QIPX(E(X) :j)_llPX (/pg( dy> < 00

Then according to Proposition 8 on the facing page

P min K(rpx)] = inf P K () )]
X jgﬁ%ﬂfK(q] px) RIS I (qex), px)

> . *,0 ] > . |: . f,f i|
- f:xgl[[fl,kﬂ Px [fK(qg(X),px) - e;xgl[[fl,kﬂ Px jler[mlc]]gc(q" )|

showing that we can restrict the opimization to ¢; € L?(v). O

PROPOSITION 11 Consider the particular case when X =Y = RP and choose as reference

measure the Gaussian measure v = N, (ORP, U2Ip). Choose also Py|x = N, (X, 02]p) where
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o > 0. In this particular setting, the information k-means problem is identical to the classical

euclidian k-means problem. Namely

1 2
it IP<':K" )I'f —IP<X—IP X)
qe(]Llln( ))k x ]gﬁ%ﬂ <qj pX) ﬁ:'xgl[[l,k]] 20‘2 X H X|€(X)( >H2
+,1W
. . 1 )
= g o 00 57 P (IX = o )
1
— inf R, ( . ¥ _ ‘2>'
T erlemxk 202 X jgﬁﬁﬂ | will2

PROOF. In this situation, px is equal to

= PO ) e L (- X1 )}

1
= ep{ (X[, -2"x)}.

According to Proposition 8 on page 44 for a given classification function ¢, the optimal

px(y)

centers in the information k-means problem are given by

g =27 eXP{]PXVz(X):j [log(PXﬂ}? J € [L,K].
Accordingly

AN, (Px ((x)=5(X ), 0°1,)
dv '

X B 1
qj,e<y) =Z; ! exp{—rﬂ]lee(X)q’(HXHz N QyTX>} -

Then, computing the Kullback divergence between two multivariate normal distributions,

we obtain
. 1
K(q;" px) = K (N (P o005 (X0,0°8,), Ny (X, 01,) ) = 55 || = Py o= ()

Thus from Proposition 8 on page 44, the information k-means loss is such that

inf ]PX< min K(qj,px)> = inf Py <9€(q§(’§<),px)>

ac (IL-IF 1(1/))1C JE[L,k] £:X0—[1,k]
. 1 )
= o 292 TX (HX - PXIZ(X)(X)HQ)
Besides,
. ) ) ' ' ,
15y lll«IklngXk P <Jgﬁ%}]HX a Mj” ) B e:xgl[[fl,k]] [ 5eees }Ll;jgmm Px (HX — Hex) Hz)

—  inf inf {]PX<HX — ]PXIK(X)(X)‘E) —I-IPX<HIPX|5(X)(X) _W(X)‘E) }

EX[LE] pa ..o p, ERPXE

B é:xi—1>1[[fl,k}] Px (”X — Pxjex (X)”;)
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We are now going to linearize the information k-means algorithm, using the kernel trick.
Let us introduce the separable Hilbert space H = {(f,z) € L%*(v) x R} equipped with the

inner-product
(h, By = (h1, hi)120) + phe B, h = (hy, hs), b’ = (h, h}) € H,

where p > 0 is a positive real parameter to be chosen afterwards. The associated norm is

H(hl, h2)“ = \/<h1, h1>IL2(1/) + Mh% = \// hj% dv + ,Uh%, h = (hl, h2) € H.
Define for any constant B € R,

@B:{(q,x(q,l)) : qE]Lfﬁ( )NL2(v), [¢? dy<BQ} H,

this definition being justified by the fact that

K(g,1) = /qlog(q) dv <log (/ ¢ dl/) < 400 (3.3)
whenever [ ¢*dv < +o0.

LEMMA 12 Assume that esssup/log(px) dv < oo and ess sup/pX dv < oco. Remark
Jirst that the smallest information ball containing the support of Ppy satisfies

inf esssupK(q,px) < esssupK(1,py)
g€l ;(v) X X

1/2
= esssup/log(le) dv < esssup (/ log(px)? du) < 00.
X X

1/2
Define B = esssup (/ px dz/) exp [ inf  esssup {K(q,px)] < o0 and consider the ran-
X X

quLErJ (v)
dom wvariable

W = (—log(px),n") € H.

The following two minimization problems are equivalent

inf Py ( min iK(q],pX)> = inf IPW< min (9],W> )

jell.k 0cok JElLk]

1/2 1/2

and C' = esssup (/ log(px)? du) . First let us
X

remark that under the hypothesis of the lemma, the information k-means criterion is finite.

Indeed,

PROOF. Let B’ = esssup (/p§{ dy>
X

inf IPX< min fK(qJ,pX)) < Py (fK(l,pX)> =Py (/log(p)_(l) du) < (< 0.

ity w) el
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Now, for any classification function ¢ : X + [1, k] for which the criterion is finite, we know

from Lemma 10 on page 45 that q;’g € IL2(v) and we can remark that
*,0 *,4
:K(qj' 7pX) = <(9j Wn
where 6;’6 = (q]*-’z, fK(qj*»’e, 1)). So, it is sufficient to conclude the proof to show that 9;’6 € Op.

As in the proof of Lemma 10 on page 45,

/@?62 dv < Z]'_Q P x| ox)=; (/pgf dV> < Zj_2 Bl27 j € [1, k.

N—_——
<B?

By Jensen’s inequality, for any j € [1, k],
Zj= sup /qexp{IPXg(X)j [log(px/q)} } dv

QE]L}rJ(V)
> sup exp{lwa(x):j {/qbg(px/@]}
quL_lhl(V)

:exp{— inf PX\Z(X)=j[K(q’pX)]}'

quLi’l(V)

Hence

Zj_1 < exp{ inf esssup fK(q,pX)} < exp(C).
qGJL}nl(V) X

Therefore

1/2
(/(q}k’z)2 du) <B exp[ inf ess supr(q,pX)] = B < B'exp(C) < o0,
X

qe]l‘}k,l(”)
proving that B < oo and that 0]*-’2 = (qj*.’e, fK(q]*.’z, 1)) € ©p, which concludes the proof. O

PROPOSITION 13 Under the hypotheses of the previous lemma there exists an optimal quan-

tizer 0* € ©% minimizing the k-means risk, that is such that

]E( min <€;‘,W)> = inf ]E< min (Hj,W>>.

JE[LK] 96@% JE[Lk]
ProOOF. This follows the proof of Theorem 3.2 in [Fis10]. Remark first that for any w € H,

H' — R

0 — in (0;
jgﬂlﬁﬂ< W)

is weakly continuous, since, by definition of the weak topology of H, § — (#;,w) are, and

taking a finite minimum is a continuous operation. Note that

185 = sup [|6]] < /B + plog(B?)? < +oo,
0cOp
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according to equation (3.3) on page 47. Therefore ©p is weakly relatively compact. Let
(0,)nex be a bounded sequence in H*, converging weakly to #. By the dominated conver-
gence theorem

lim IPW< min (Gn,j,W>) = IPW< lim min <9n7j,W))

n—»00 JE[L,K] n—oo j€[1,k]

= ]PW< min (Qj,W>>,

JE[LK]
since hﬂﬁ%ﬂ(%’wﬂ <Ol IW |loo, where ||V ]| = esssup||W|| < +oc. Thus
]e ’
R:0— Py (Jg[ﬁr’iﬂ (0;,W))

) : —k .
is weakly continuous on the weak closure ©p of the weakly relatively compact set ©%.

. . .. Y =k .
Therefore, it reaches its minimum 6 on © 5. Remark that, since

XK(q,1) = sup /hq dv — log (/ exp(h) dy),
hel?(v)

according to the Donsker Varadhan representation, the function ¢ — ¥K(g, 1) defined on
L2(v)NL; o (v) is weakly lower semicontinuous. Indeed, it is a supremum of weakly continu-
ous function. Accordingly, its epigraph is weakly closed. As ©pg belongs to this epigraph, its
weak closer also belongs to it. This implies that for each j € [1, k], gj belongs to it, so that
0 = ((qj,yj),j € [[1,k]]), where y; > K(g;,1). Let us put 6, = ((qj,fK(qj, 1)),j € ﬂl,k]]).
By monotonicity of R with respect to y;, the corresponding coefficient of W being positive,

inf R(0) = inf R(O) = R(6) > R(0,).
00 9cok,
Since 6, € ©%, the reverse inequality also holds and R(6,) = inf R(6). Note that we used
6ok

the weak topology, since the unit ball of H is not strongly compact when the dimension of
H is infinite. O

3.2. INFORMATION FRAGMENTATION

We are now going to set information k-means into a broader context. This will lead us
to propose modified criteria and more general representations, for bag of words, and more

generally for random signals, observed through a statistical sample.

We consider as in the previous sections a couple of random variables (X,Y) € X x Y
such that IP(]PY x < l/) = 1 for some dominating measure v € Mi (Y). We assume that X

and Y are Polish spaces, so that regular conditional probability measures exist.

3.2.1. RECALL OF THE INFORMATION k-MEANS SETTING. In information k-means, we
were trying to find a random variable W = ¢(X) € [1,k] and a conditional probability

measure (Jy |y minimizing

]PX,W[%(QYW’]PYIX)]
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3.2.2. FIRST GENERALIZATION: ESTIMATING A JOINT DISTRIBUTION. Instead of esti-
mating the conditional probability measure Py |y, we may be willing to estimate the joint
distribution Py y by some simpler measure ()x,y. If we are willing to use the same simpli-

fication as in information k-means, we are led to assume that

Qv x = Qv w, (3.4)

where W = ¢(X) € [1, k] is a measurable function of X. Meanwhile, the first marginal @ x

can be left unconstrained. Note that condition (3.4) implies that
Qx,yviw = Qx|w Qv |w,

since Qx,y|w = Qx|w Qv |x,w and Qy | x,w = Qy|x = Qy|w from (3.4).

If we still want to use an information criterion, we are led to consider the minimization

of
K(QX,Yy]PX,Y)-

From Lemma 1 on page 9, it decomposes into

fK(QX,Y,]PX,Y) = :K(QXaIPX) + Qx [K(QY|X7PY|X)]
=XK(Qx,Px) + Qxw [K(Qv 1w, Py x)].

Remark first that if, instead of leaving () x unconstrained, we let Qx = Px, we get that

Qx,w =Px w (since W = ((X)), and we fall back on the information k-means problem.

Let us see now what happens if we let Qx be free and use the optimal value of this

distribution. From Lemma 6 on page 41, we obtain

gle K(Qx,y.Pxy) = gle{:K (Qx,Px) + Qx [K(QY\E(X%IPYIX)}}
= —log{IPX [eXp<—fK(QY\Z(X),]PY\X)H }7

where the optimal value of (Qx is absolutely continuous with respect to Py, with density

dQx

dIPX = Z_l exp [—K(Qyw(x),IPyp()]. (35)

PROPOSITION 14 Consider the modified k-means criterion
€<€ X = [1,K], py e ML(Y),1<5 < k) = —log{lPX [exp(—ﬂC(uawawx))] }

For a given set of k probability measures j1; € Mfr (H), 1 <3 <k, the optimal classification
function € is

(X) = arg min K (1, Py x).
(X) = arg min Ky, Py x)
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For a given classification function £ : X — [1, k], we can lower the criterion introducing Q x

defined by its density
dQx
dPx

dy _ dPy | x )
- =7 eXP{wa(x):j [log (—dy o l=sjsk

=7 texp [—fK(/M(X)a ]PYIX)]

and

We obtain that

Thus we have a descent algorithm that can reach a local minimum of the criterion and can

play the role that Lloyd’s algorithm plays for the previous information k-means criterion.

3.2.3. INFORMATION FRAGMENTATION. So far, we have made the hypotheses that W =
¢(X) and that

Qv x = Qv w, (3.6)

meaning that under the probability @) the conditional probability measures Qy|x—, are
equal for all z € ¢71(j). In this setting, @ is a good approximation of P when Qy |w—; is a

good approximation of Py | x—, for each z € £71(j).

Moreover, hypothesis (3.6) can equivalently be written in the two following forms:

Qv ix,w = Qy|w, (3.7)

or equivalently  Qx v |w = Qx|w Qv |w-

These two last formulations are equivalent without any hypothesis on W, since it is always
the case that Qx,y|w = @x|w Qy|x,w. On the other hand they may not be equivalent to

(3.6) when W is not assumed to be a measurable function of X.

In the current section, we will relax the constraint on W to W = ¢(X,Y") € [1, k], in other
words we will assume that W is a measurable function of (X,Y), or that (W) C o(X,Y).
This means that, instead of giving a label W to each bag of words X, we now give labels to

each word Y of each bag of words X. In the mean time, we will keep hypothesis (3.7) on Q.

In this new setting,

Qv|x = QW|X(QY|X,W) = QW\X(QY\W)-

This means that under ) the conditional probability measure (Qy| x describing the content
of the signal X is a mixture of k fragments Qy |w—;,1 < j < k. We see therefore that
the power of approximation of this new model is greater than the previous one. While in
the previous model each bag of words Py | x had to be close to a model Qy | taking only
k possible values, in the new model each bag of words Py |x has to be close to a linear

combination of £ fragments Qy |w .
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Another important interpretation of the new model comes from the identity

Qx,y :QW(QX|W®QY\W)-
It shows that we are looking for an approximation of Px y by a mixture of £ product
distributions.

If we were to achieve this with the usual EM algorithm for mixture estimation, we would
try to minimize

I}‘}lcfg X (]PX, Y QX,Y)

(or rather to decrease this criterion iteratively). This would fit into the usual framework
of statistical inference that is to find a model that can predict with the highest possible

probability all observed data configurations.

Here, in connection with the information k-means algorithm, we raise the question of

minimizing the reverse divergence
inf g<< X.Y P X y) .
W, Q Q s L) )

In this framework, instead of looking for a model that can predict all the observations, we
look for a model whose predictions can all be observed with the highest possible probability.
This is closer to what is held for a valid theory in experimental sciences. In physics, for
instance, a model is considered to be valid if all its predictions can be observed. On the
other hand, a model that can predict all observations at the price of also predicting events

that cannot be observed would be considered as false or not relevant.

Let us now state the equivalent of Proposition 14 on page 50, that is let us describe the

generalization of Lloyd’s algorithm to information fragmentation.
PROPOSITION 15 Consider k centers p; € Mi (‘d), 1<j5j<k. Let
T:{Acﬂl,k]] : mL/Lj,i#jEA}
be the set of tilings by mutually singular probability measures ;. The partial minimum
C}E’fy K(QX,}G IPX,Y)

taken on all probability measures QQx vy, such that for some measurable function £ : X xY —
M1, k],
Qxy [QY|X,€(X, Y) = Me(x, Y)] =1 (3.8)

18 equal to

~sup log{IPX (Z 1 (619)) = 1] exp| -3 (1. PY!X)D }
— _logPy (ilé;;{ j;exp =K (115, Py x)| })
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where
ly Y — [1,k]
y = Lz, y).
For any given choice of £, putting W = ((X,Y), the optimum in Qw. x is reached when

dQw, x
CHPV[/7 X

=Z lexp [—JC(MW,IPy|W7X)] (3.9)

Symmetric formulas apply when we exchange the role of X and Y. They describe the opti-

mization on all probability measures Qxy such that
QX,Y [QX|Y,€(X, Y) = PeX, Y)] =1,

where p; € M}r (DC), 1 < j <k are given. Note that in this case, the optimal value of Qw,y

15 given by
dQw,y
d]PW7 Y

and that we can use the identity

=Z texp [—K(pw,]PX\W,Y)]7

dIP
K(pw, Px w,y) = K(pw,Pxw) — pw |log — IR (3.10)
dPy | w

to avoid computing Px |y,w explicitly.
Iterating these two optimization steps, we reach a local minimum for the optimization on
all probability measures Qx.y, such that for some measurable function ¢ : X xY — [1,k]
Qx,v|Qx,yex,y) = Qxex,y)® Qv |ux,y)| = 1.

PROOF. Assume for the moment that the classification function ¢ is fixed. Note that

Qv x,0x,v)= = Qv | x verg ()

Let us set
QY|X,Y€€;(1(]') = Ky

whenever 4;[(5'(j)] = 1, and give it any arbitrary value otherwise. Let us set Quw, x as
described in equation (3.9). This defines Qx,y. Remark that condition (3.8) is satisfied.

Indeed
dQw | x
dPw | x

(j) = Zx exp [_K(Mja ]PY\X7W=]’)],

so that when 11; [0 ()] < 1, K(pj, Py | x,w=j) = K (1, Py x Yeg;(j)) = 400 and therefore
Qwix(j) =Q(UX,Y)=j|X) =0. Thus

Qvix[exyye fimlt () =1} =1,
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implying condition (3.8) according to the construction of Qy | x, ¢(x,v)=;-

From the decomposition formula for the Kullback divergence (Lemma 1 on page 9), any

probability measure Q' y- satisfying condition (3.8) is such that

:K(Q/X,Y7 IPX,Y) = K(QIX,Y,Wa IPX,Y,W) = gC(Q/X,Wa ]PX,W) + CQIXW [:K(MWa IPYIX,W)]

Therefore, according to Lemma 6,

inf K(QyyPxyv) = K(Qx,v, Pxy) = — 1og{]PX,W [exp(—%(uw,]Py|X7W))} }

X, W

Remark that
dPy | x,w B dPw | x,vy

dPy | x  dPw x

so that
_ P -
fK(NWalPY|X,W> = K(NW7PY|X) — pw |log (%)
L Y‘X -
- P :
= K (uw, Py |x) — pw |log — AT
i d]PW‘X ]
Accordingly,

Pw x [eXp<_K(“W’ IPY|X’W)>}

() )

1 [Ime(Gl(j)) > 0} exp [—K(uj, Py |x) + p; [log (1 (£(X,Y) = J)]]

= ]PW|X{GXP{—9<(MW,IPYX) + pw

M-

7=1

i 1 [IPY|X )) > 0} [Mj (6;(10)) = 1] exp [—fK(,uj,IPy‘X)}

=Y 1[50 = 1] exv[-K (5. Py )]

because when p; (ﬁ;(l(j)) = 1 and fK(,uj,IPy‘X) < +00, necessarily p; < Py|x, so that
Py x(¢x'(4)) > 0. Therefore

inf { jC(QX’y7 ]PX7Y) : Qx,y satisfies (3.8) for some E}

<Zk:ﬂ[ ) =1]exp [—K(uj,]PY|X)]>] |

Jj=1

= —suplog|P
¢

For a given classification function ¢, consider

Ax0)={i =m0y =1}
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The measures { Ki, j € A X(E)} being concentrated on disjoint sets, they are by definition
mutually singular, so that Ay (¢) € J. Therefore

(jg’“;q ) = 1] exp [_gquj,m)])]
IPX< Y e [—fx(uj, IPYX)D]

Prwt . (ig{zexp{ x(uj,lex)}})].

jEA

sup log | P
¢

= sup log
¢

< log

On the other hand, when the measures {uj, J € A} are mutually singular, that is when
A € T, we can find disjoint measurable sets { B;(A) C Y, j € A}, such that p;(B;(A)) =
1,j € A, and therefore we can find a measurable function ¢4 : Y — [1,k] such that
i (€5'(5)) =1, for any j € A. Let

A, = arg 1}3;{2 exp [—fK(,uj, IPy|X:$):|, x e X.
jEA
Let us define ¢* by the formula ¢; = ¢4, x € X. Since
v Y e[ Py x-0)]
jEA
is measurable,  — A, is measurable and therefore x +— ¢, _ is measurable, taking its values

in a finite set of measurable functions, implying that ¢* is measurable. Remark that

g | (iﬁ?{j;e}(p[ gc(%]pm)}})] — log | Py (j;:xexp[—fx(ﬂj,IPYIX)}}>]
< log | Py (jzk;n[uj (L) =1] exp[—ﬂc(uj,Ime)])]

= log

Py (;1[% (56 =1] exp[_gc(uj,]p”ﬂ)]
Py (Z 11 (520)) = 1] e [_W,Pm)])] |

Jj=1

< suplog
¢

This proves that

inf{ﬂC(QX7y,IPX7y) : Qx vy satisfies (3.8) for some E}

e ron) )|

—log

To prove identity (3.10), it is enough to remark that
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3.3. SIGNAL FRAGMENTATION

Consider a random signal X : Q — R Let us assume that S : Q — [1,d]and V : Q — R
are such that
Pg v x = Pgx N(Xg, 0%),

where supp (]PS| X) = [1,d] and where ¢ is a positive real parameter. Note that X is a

function of Pg v |x, given by the identity
X =Py x 5= (V), 1<s<d.

In other words, Pg v | x is a lossless representation of the signal X. This representation is not
unique, since we can choose the smoothing parameter o and the site distribution Pg|x as
we please to represent the same X. Usually we will take Pg| x to be the uniform probability

measure on [1,d], this choice being independent from X.

We are looking for labels W = ¢(X, S) € [1, k] and for a probability measure @ € M} (Q)

such that Qx, s viw = Qx|w @s,v|w, @w almost surely, minimizing
K(Qx,s,v,Px,sv).
The process ()x s, v can be understood as a patch process approximating Py g . Indeed,
Qs,vix = QW\X(QS,WW);

meaning that the signal Q5 1| x is a mixture of the & patches Qg vw=;, 1 <j < k.

PROPOSITION 16 (GENERALIZED k-MEANS ALGORITHM) Consider k centers p; € ML (R?),
1 <j <k. Define
‘.Tg:{BC[[l,k]] : piJ_pj,i%jEB},

the set of tilings by mutually singular probability measures p;. The partial minimum
igf K(Qx,s,v,Px,s5v)

taken on all probability measures Q, such that for some measurable function £ : R4 x [1,d] —
[1, k]
Q[wa, V,0(X,S) = pé(X,S)} =1 (3.11)
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15 equal to

— sgp logPg <i 1 [ 1] exp [—gc(ﬂj, IPX\S) — Var,, (XS)/@UQ)})

J=1

BeT,

= —log]Pg<sup Zexp[ iK(pj,IPX|S) — Var,, (XS)/(202)]>,

JjEB
where
(g R — [1,K]
x = l(x,s).

For any choice of £, and in particular for the optimal one, putting W = £(X,S), the optimum

in Qw,s,v 1s reached when

dQw,s,v

‘ﬂPWS—®)‘V — Z  exp [—fK(pW, IPX\W,S) — Var,,, (XS)/(202)]907 owixs) (V) (3.12)

where Ay is the Lebesgue measure on R and

1 (v —m)?
ggym(v) = o 27T exXp (- T) .

In particular, for the optimal choice of Qw,sv, Qv|s,w = N(pW(XS),UZ) 18 a Gaussian

probability measure and

dQ ]
S = 2! exp | <K (pw Px|w.s) — Vary, (Xs)/(20%)].
dPg|w

On the other hand, consider k centers ,ug)v € M}r([[l, d] xR), 1 < j <k such that

s = N(us(V).0%),  1=j<k

Define
71:{AC[[1/€]] ,us J_u 2%]614}

the set of tilings by mutually singular probability measures ug) (or equivalently by mutually

singural probability measures ,LL(J )

The partial minimum
igf K(Qx,s,v,Px,sv)
taken on all probability measures ) € M}r (Q) such that, for some measurable function
0:RYx [1,d] — [1,K]
Q[QS,VlX,Z(X,S) ug(‘),( S))} =1, (3.13)

18 equal to
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~suplog P ( 1 () = 1]

j=1

X exp{—fK(ug), IPS\X) — Hg) [(“8)\5(‘/) - XS>2/(202)} }>

- - smp S {90 Par) < (w0 - ) 2 ).

where

Oy [1,d] — [1,k]

s+ l(z,s).

For any value of £, and in particular for the optimal one, considering W = ((X, S), the

minimum m Qx,w s reached when

dQx,w

APy =zt exp{—ﬂc(/ﬁgw)7 IPS\X,W) — MgW) [(Mg“/?g(‘/) B Xs)2/(202>} } (3.14)

Alternating these two partial optimization steps, we can converge to a local minimum for the

optimization problem

igf%(QX,S,VaPX757V>’

where the infimum is taken over probability measures () € Mi (Q) satisfying, for some
measurable classification function ¢ : RY x [1,d] — [1, k],

QQx,s,v|ex,s) = Ox|ex,5) ® Q57v|g(x7s)} = 1. (3.15)
PrROOF. Assume for the time being that the classification function ¢ is fixed and note that

Qx | S, VX, 8)=5 — QX |S, v, Xets"(5)

Let us set

Qx|5,v,0(x,8)=j = Pj
whenever p;(¢5"(j)) = 1 and give it any arbitrary value otherwise. Set W = ¢(X,S) and
define Qg v.w by equation (B.4) on page 145. This defines Qx, s v. Condition (B.3) on page
145 is satisfied. Indeed,

d@ _
WIS _ Lexp [—:K(PW,IPX\W,S) — Var,,, (Xs)/(20%)].
dPw s

Remark that
Pxsw=; = ]Px|s,xeé§1(j)’

so that Py s w=;((5'(j)) = 1. Therefore, when p;(¢5"(j)) < 1, p; is not absolutely contin-
uous with respect to Px g w—;, JC(pj, ]PX|57W:]-) = +o00 and Qws(j) =0 = Q(E(X, S) =
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j|S). Thus pw (KEI(W)) = 1, @ almost surely, and therefore Qx s v,¢(x,5 = pex,s), @
almost surely, as required by condition (B.3) on page 145.

Let us prove that

d

Qs vw _ Z Vexp [—JC(PW, IPX|S,V,W>]- (3.16)

dPgs v, w

Remark that
[ [ap ]
K(ow, Pxjw,s,v) = K(pw, Pxw.s) — pw |log ﬁ)
[ [ap ]
[ [dp .
= K(pw,Pxw,s) — pw |log ﬁ)], (‘since W' = {(X, 5) ).

Hence

exp [—:]C(,Ow,IP)ﬂS,V,W)]

10g<d1PV|X,S) } Ay
dAy dPy w,s
exp [—fK(pW, Pxw.s) — pw [(V — Xg)?] /(20%) — log(a\/%ﬂ

g

exp K (pw, P ;) = Vary, (Xs)/(20%)| go, 00 (V)- - (317)

= exp {_x(pW7]PX|W,S) + pw

Y
dPyw, s

dA

= Y [ (o, P i) — Vi, (Xs)/(209)]
dPyw, s

dAy

~ dPyw.s

Thus, from the definition of Qg v w,

dQw.s,v Z_ld]PVIWS

AP < @ Mo ~K(pw, P }
leWS@)\V d)\v eXp[ <pW’ X|57V»W) )

proving (3.16).

According to the decomposition formula for the divergence (Lemma 1 on page 9), for any
probability measure Q'y g y satisfying condition (B.3) on page 145, for the same classification

function ¢ as Q,

K(Qs v x-Psv,x) =K(Qs v.w:Psvw) + Qs vw [«‘K(PW, IPX|S,V,W)}7

so that from Lemma 6 on page 41 and from (3.16),

S, V, W

inf K(Qs v x:-Psv,x) = —log{IPS,V,W [eXP [—fK(pW,IPXS,v,W)]] }

29



is reached when Q' ¢y = Qx, s,v. Moreover, from (3.17),

Py s w {exp [—IK(pW, IPXlS,V,W)H = exp [—IK(pW, ]PX|5’W) — Var,,, (XS)/(QUQ)} )

Thus

inf fK(QS VX,]PS VX) = —logPgw {exp(—ﬂC(pW,]Pm&W) — VarpW(XS)/(202)>}

/
QSVX

= —logPg (Z]PW|S )exp[ JC(pj,IPX|57W:j) —Varpj(XS)/(Qaz)]

7j=1

Remark now that whenever Py g(j) > 0,

[ [dp _
K(pjs Pxis,w=5) = K(p;; Px|s) = pj log(Mﬂ

dPx s
=X (p;,Px|s) — pj |log (%)] ;
so that o _
el ] =l
Therefore,

linf K(Q:& V, X IPS’ V,X)

S, V, X

:—logIPS<zk:1[Pw|s ]]l[,o](é 1(]‘)):1}

J=1

X exp [—ZK(pj7 ]Px|s) — Var,, (XS)/<20'2>i|)

—logPg (i 1 [ 1] exp [—fK(pja Px|s) — Var,, (Xs)/(ng)] ) 7

7=1
because Py s(j) = Px|s(¢5'(j)) > 0 when p;(¢5'(j)) = 1 and K(p;, Px|s) < oo and
consequently p; < Py g.

Reasoning as in the proof of Proposition 15 on page 52, we conclude that

irl}f inf K(Qs v xs Ps,v,x)

S, V, X

=— Sip logPg (i 1 [pj (t5'(4)) = 1} exp [—fK(pj, Py|s) — Var,, (Xs)/(202)})

j=1

— —logPg ( sup Y exp [—3‘(1% Px|s) = Var, <XS>]> '
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The proof of the second half of the proposition is in the same spirit. We construct an

optimal solution for a given classification function ¢ setting

Qs, V| X, 0X,8)=j M(])

when u(sj) (¢x'(4)) = 1, and any value otherwise. We complete the defintion of Qx, s v defin-
ing Qx,w as in equation (B.6) on page 146. We then remark that Pg| x,w=; = Pg x, Sez1 ()

so that when 1’ (¢ (4)) < 1, K(ug’, Ps| x w=;) = +00, implying that

Qs ex, 5) =1] =1,
and therefore condition (3.13) on page 57 is satisfied. Let us prove now that

dQx w
dIPX7 w

= Z exp [_K(Mgv\/)aIPS,V|X,W>]- (3.18)
Indeed,

K (s Psvxow) = K(u§" P ) + 8" | K (5, Py s xw)|

K(u, P xw) + ud” IK(MV‘S,]PWS X)} (since W = £(X, S))

= K (", Psixow) + 8" | (1 5(V) = Xs)"/(20%)].

From the decompostion property of the divergence,

K(Qx sv - Px,s,v) = K(Qx.s.v.w - Px.s,v,w)
= K(Q,w:Px.w) + Qxw [K(Q/s,wx,vw IPS,V\X,W)}
- fK(QlX,W7 IPX,W) + le,w |:J<(M,(5“j[/\/)7 IPS,V\X,W)}

so that according to equation (3.18) and Lemma 6 on page 41, ) is optimal for /¢ fixed, and

ig,ij(Q/X,S,Va Py sv)=—logPy w {GXP [—K(MS,QJPS,WX,W)H

N R R )

k
; 2
— ~logPx (Zﬂ 1 (51)) = 1] exp{ =K (1§, Ps )~ | (1] s (V) Xs)*/ (20%)] })7
j=1
where the last identity is proved as in the case of the first half of the proposition. As in the

proof of Proposition 15 on page 52, we conclude that

. . /
inf lcgllf K(Qx.s,v:Px,s,v)

—logPx <sup ZeXp{—fK(ug), Pgx) — [(M(V])\S(V) - Xs)2/(202)} })

A€3'1 ]EA
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CHAPTER 4

PAC-Bayesian bounds for information k-means and

information fragmentation

4.1. A PAC-BAYESIAN BOUND FOR INFORMATION k-MEANS

In this section, we consider the setting described in Section 3.1 on page 39, and more

specifically in Proposition 13 on page 48.

We first derive a non-asymptotic dimension free bound for the representation of the
problem in the separable Hilbert space H. Then, we translate this result to the case of the

original information k-means risk.

Our proofs are based on the following PAC-Bayesian lemma.

LEMMA 17 Consider two measurable spaces T and W, a prior probability measure m €
M (T) defined on T, and a measurable function h: T x W — R. Let W € W be a random
variable and let (W1,...,W,) be a sample made of n independent copies of W. Let X be a

positive real parameter.

]PWh__an{exp[ sup sup{/min{n, —)\Zh(Q’,VVi)
i=1

peML (T) nEN
—nlog []PW exp[—Ah(¢, W)]] } dp(0") — K(p, 71')}] } <1. (4.1)

Consequently, for any 6 €]0,1[, with probability at least 1 — 9,

sup Sup{ /min{n, —)\zn:h(elawi)
i=1

peML (7) nEN

—nlog []PW exp[—Ah(¢, W)]] } dp(0") — K(p, 71')} <log(d71). (4.2)

Note that the role of n in this formula is to give a meaning to the integration with respect

to p in all circumstances.
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PROOF. We follow here the same arguments as in the proof of Proposition 1.7 in [Giul5].

Remark that the supremum in p can be restricted to the case when I(p, ) < oo, and recall

that in this case p < m and K(p, 7) = /log (j—p(0’)> dp(#'). Note also that
m

/ 1(%(9') > o) dp(0') = / 1(3—7’;(9') > o)dd—i(ef) dn(¢) = / dd—f;(e’) dr(@') = 1.

Applying Jensen’s inequality, we get

exp{ sup sup/min{n, —)\Zh(é",Wi)

peM (T) nEN i=1

—nlog [IPW exp[—Ah(¢, W)H } dp(0") — K(p, 7T)}

<sup sup /eXp min{n, —AZh(@',VVi)
neN peMl (T) i=1
K(p,m)<oo

—nlog []PW exp[—Ah(¢, W)H } }3_7[;(9/)_1 dp(6")

=sup sup / exp min{n,
n€EN peMl (7)
K(p,m)<oo

“A zn: h(0', W) — nlog []PW exp[— (@, W)H } }]1 (j—i(e') > o) dr (8

< sup/exp{min{n, - i h(0',W;) — nlog []PW exp|[—Ah(0, W)H } dm(6')

nelN i=1

monotone
convergence

— /exp{—)\ i h(0', W;) — nlog []PW exp|[—Ah(0, W)H } dn(6).

Let us put

Y'= sup sup{ /min{n, —/\Zh(G’,Wi)
=1

peEM? (T) nEN
—nlog []PW exp|[—Ah(f, W)H } dp(0) — K(p, W)} and
y = log/exp{—)\ S W0, W) — nlog [IPW exp[—AA(0, W)H } dr(@).
i=1
We just proved that Y/ <Y. Moreover, Y is measurable, according to Fubini’s theorem for

non-negative functions. Therefore Y is a random variable. Note that we did not prove that

Y” itself is measurable. Remark now that

P, . w, [exp(Y)]
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— Puw, . w, /exp{—)\ i h(8', W) — nlog [IPW exp[—AA(0), W)H } dr (8",

Fubini / Pwi, .. eXP{ —A Zl h(0', W;) — nlog [IPW exp[—Ah(0), W)H } dr (')

= / 1 (PW [exp(—/\h(ﬁ', W))] < +oo) }j ];I:/ [[:iiéiz((jlmmﬁi))]] dr(0') <1,

proving the first part of the lemma. From Markov’s inequality,
P(Y >1og(67")) <6 Py, w, [exp(Y)] <6

Consequently P (Y < log(d _1)) > 1—09. We have proved that the non necessarily measurable
event Y’ < log(6~!) contains the measurable event Y < log(d~!) whose probability is at least
1-46. O

LEMMA 18 Let W be a bounded random wvector in a separable Hilbert space H. Let © C H
be a bounded set of parameters. Define ||| =sup{||0|| : 0 € O} and |W || = esssup||W||.

Assume that
IP(;IG% (0, W) > o) ~1. (4.3)

Let Wy, ..., W, be a statistical sample made of n independent copies of W. Consider
any number of centers k > 2, any sample size n > 8k/log(k) and any probability level
6 > exp(—nlog(k)). With probability at least 1 — 6, for any 6 € OF,

]PW< min <ej,w>) < FW( min <ej,W>) + ( log(07!) (My/j 101 [V ]]oc

je[1,k] je[L,k] 2n n

n

where Py = — E dw, 1s the empirical measure of the sample. In expectation
n
i=1

Buo [ s (P (i ,97) ~ B (i 0,0 ) = (E2E0) oy ..

0cOk jel1, k] J€[L, K]

Note that condition (4.3) is not essential. Its role is only to provide slightly better constants.
PROOF. Let ® : H — f, C RY be an isometry (obtained by considering an orthonormal
basis of H). Let us consider an infinite sequence of normal random variables ¢ ~ N (0, 1)®N ¢
M}F (R]N), independent from the random variable X, and therefore from W. For any two

random variables U,V : Q — RY, let us define the following extension of the inner product

S5—00

lim E U;V;, when limsup E U,V, = lim inf E UV, € R,
S—0Q S$— 00
t=0 =0 t=0

(U, V) = (4.4)

0, otherwise.
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Note that the fact that U and V' are measurable implies that (U, V) :  — R is measurable.
Remark nonetheless that this extension of the inner product is not bilinear, due to the intro-
duction of a condition depending on the existence of the limit. Note that our construction

is related to the Gaussian process

G(f.q9) = (®(f)+ B %, @(g)),  (f.9) € H (4.5)

For any 6 € H, introduce pg = Pgg)p-1/2. € Mfr (]R]N), and put, for any § € H*, py =
®?:1 po; € ML ((]R]N)k>. Note that for any 6,0 € H,

~ 316 — 6]
g{(p07 pg) = Z%(P‘I’(G)Hrﬁ_lp&’ IP<I>(§)Z-+,8—1/261;) - Z 5 [(I)(e)z - @(9)1}2 — %

€N 1€IN

In the same way, for any 0,0 € H*,
B~y e B 7
XK (o, pj) = 52 —0;[° =516 - 0]

We will use a PAC-Bayesian inequality deduced from Lemma 17 on page 63 to be stated
later. It requires to upper bound the following expressions, that can be seen as perturbations

of exponential moments :

M(8,)) = /logIPW [exp(—Ajgﬁ%ﬂw;,@(W»)} dpe(0)),  BeOF A0

Note that M (60, \) being the expectation with respect to py of a non positive random vari-
able is always well defined in R_ U {—oo}. We can use Jensen’s inequality to move the
perturbation inside the logarithm, and Fubini’s theorem for non-negative functions, to move

it inside the expectation, obtaining

M(&,)\)glogIPW{ / exp( A min (0, ® (W)>) dpg(el)}

JE[1,K]

We can then linearize the minimum in j, remarking that

JELK]

exp(—)\ min (9;,@(W)>> < inf (i exp(—&k(G},@(W})))l/a.

Note that

po o (65 =+ (85, 2(W)) ™" = N((6,, W), [W]*/8).
meaning that under the probability measure dpy(¢'), the random variable (¢, ®(W)) (where
we use the extension of the scalar product) is a scalar Gaussian random variable with mean
(0;, W) (where we use the scalar product in H) and variance [|[W|*/3. Using Jensen’s

inequality again and the formula giving the Laplace transform of a Gaussian measure, we
deduce that
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AWJKM@W@KEJ“NﬂN%Mmﬁwmﬂwl

k 2/\2 1/a
— log Py ngfl(E :eXp<—Oz)\<9j,W> Sl )) 1
2\

log(k
< log Py exp( A min (0;, W) + mf HWHQ OgOE ))

jE[1,k]

21
gloglpwexp< A min (6;, ) + A Og(k)uwu)

JE[LE] p
2log(k
< ay ) 2losl )\|W|yoo+1og1PWexp< A min (9],W>>
p JETLA]
28 log(k
under the condition that o = EHO—I/%/(‘Q > 1 almost surely, that is
N [W2%, < 281og(k). (4.6)

Notice that
]PW< A min (0, W) € [-)|©) ||W||oo,o})=1.

JE[1,K]
Therefore, according to Hoeffding’s lemma,

2
log]PWeXp< X\ min <9],w>) §—)\IPW(m1n <9],W>> —H@|\2HW\|§O.

JE[LK] jell.k

Indeed, for any measurable function f such that IP(a < f(W) < b) = 1, a Taylor expansion
with integral remainder of u +— log Py, ( exp (u f (W))) between 0 and 1 gives

oz Py (exp(F07))) = Pur (70V) + [ (1 =) Var, (707 d

where, putting

o) Pl 0)
Wu - IPW(exp[Uf(W)D |

Var, (707)) = Pu | (707) = Pupnf(0)) ] < P [(FO7) — @+ )2) ] < (b—4a)2‘

We refer to [Cat14] for more details concerning the proof of Hoeffding’s lemma and related
bounds. We get

2log(k)
B

Let us apply the PAC-Bayesian inequality of Lemma 17 on page 63 to our problem. Choose

2
M(O.) < ~NPu ( min (0,,W)) + 101 W2 + A

JE[L,k]

Wil (47)

7 = pz for some deterministic value 0 of the parameter (that we will set equal to zero later).
We obtain that with probability at least 1 — ¢,
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n

sup Sup/mln{n, —A min (0}, ®(W;))

9cok neN Jeﬂl k]

—nlog{IPW[exp(—/\ min <9;,<1>(W)>)}}}dp9( )——||9 412 < log(7Y).

JE[LK]

When ¢’ is distributed according to pg, ((0 (W), 7 € [1, k]]) ®N BHWP)

is a Gaussian vector in R* with independent components and it is elementary from this re-

mark to check that H[Hrllc]}<9;’ O(W;)) is integrable with respect to py, for any (fixed) value of
JElL,
W; € H. Therefore, from what we proved already the negative part of

n
AST min (0, (W) — nlo {]P [ex <—)\ min (6, ®(W )]}
D i (¢ 209) = nog{Pu [ (- min 007
is integrable with respect to pg, so that the integral of this expression with respect to py is
well defined in R U {400} and the monotone convergence theorem applied to its positive

part ensures that

n

sup/mln{n, = min (0;,¢(Wi))—nlog{]PW [exp( A min <0;,CI>(W))>} }} dpy(6')

neN T JE[LA] FEL,E]

_ /{_A ’n min (6, (W) — nlog{]PW [exp(—)\ min (6, <I>(W)>)] }} dpe(6')

jE[1,k] JE[1,K]
= —AZ / min (6, ®(1V,)) dpo(0') —n / tog{ Puw [exp A min (5, ®(W) ) | } dpu(#)
Jgﬁgﬂ / )) dpo(0') — / log{le [eXp(—Ajgﬁgﬂw;,@(W»ﬂ}dpe(9’)

=—A ggﬂ%}]w” W;) — /log{]PW [exp(—)\jgﬁgﬂ (05, CI>(W)>)] } dpy(6).

N

— M(6,\)

Thus, combining the upper bound (4.7) on page 67 with Lemma 17 on page 63, we get with
probability at least 1 — ¢, for any 6 € ©F,

1 n
Py (min (6, W) <=3 min (0, W;
WA g 0 WD) < 3 2 iy s W
210g( )

3116 — 0] + 21og(67)
e .

W oe + —

A
+ 18I WIS +

Choose § = 0. We obtain, with probability at least 1 — 4, for any 6 € ©*,

n

1
P ( , )—— 6., W,
wi, gm0 W) =3 ggﬁ%ﬁ 5 Wil
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Ao s 2180 kSO +2log37)

< SlePIwIE + 25 vy 2
2log(k

<\ (k8101 + 21086 ) 01 1V + 225

log(0 \/kﬁH@\P 2log(k)
< (250 4 O o+ 25y

og (ot 0 1/4
g( e (HeE) )u@uuwnoo,

where we have taken

8n log( )

B = [l

and A = [l

8k log(k 210g(5
—2\/\/ ||9|| HW IS

Our computations require condition (4.6) on page 67 that translates as

\/kﬁll@lP +2log(0~1)

le(;g(k;) N log(jl) < log(k) nlc;gk(k)
<= § > exp [—nlog(k) nk;g;{(k) (1 — #g]j(k) >] .

The condition is for example satisfied when k > 2, n > 8k/log(k) and 6 > exp( — nlog(k)).
0J

LEMMA 19 Let W be a bounded random vector in a separable Hilbert space H. Let © C H
be a bounded set of parameters. Define ||©| = sup{||0]| : 6 € ©} and ||W || = esssup||W]||.
Let Wy, ..., W, be a statistical sample made of n independent copies of W. Consider any
number k > 2 of centers, any sample size n > 2k/log(k) and any probability level 6 >

exp(—nlog(k)).

n

Let Py be the expectation with respect to the empirical measure — E ow, -
n
i=1
With probability at least 1 — 68, for any 6 € OF,

Pu i 00 1) = jnt, P (i 0, )

< FW( min (9]-,W>> — inf FW< min <9j,W)>

JE[L,k] 0cOk JE[L,k]
2log(6-1)  (32klog(k)\"*
+ ( T - 1O W]l
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Consequently, if

(W1, ..., Wn) € arg min Py <jgﬁi§ﬂ<9j’ W))

is an empirical minimizer, with probability at least 1 — 0,

IPW< min (6, W) | Wl,...,Wn> < inf ]PW< min <9j,W>)

jE[LH] feor jE[LA]
2log(6—1) 2k log(k)\ "/
v ( 7)o (20 NIV

PROOF. In this proof, we will bound

(Pw —Py) ((min (0, ) — min (0777 ).

n

where Py, is the expectation with respect to the empirical measure — Z dw,, and where
n

i=1

07 € arg min IPW< min (6, W>>,

Qeék je Hlvk]]

where © is the weak closure of ©. We will use the same line of proof as in the case of the

previous proposition. With the same notation, we need to bound the quantities

M(8,)) = /log]PW [exp()\( min (67, W) — min <9;,<1>(W)>))] dpe(0)), 0 €Ok, A>0.

Je[L,k] Je[L,k]

Acting exactly as in the previous proof, we get that

M(0,)\) <log Py exp ()\( min (05, W) — min (%,W)) + A 2lo—g(k)HVVH>

JE[Lk] JE1,k] I5;
2log(k) - :
<\ =W WY . _
<A 5 I ||oo+1og1Pwexp(A<jgﬁ%ﬂ<9j, ) jgﬁgﬂ%W)))

under condition (4.6) on page 67. Remark that Py, almost surely

— < 1 x — mi ; < .
[O111TW o < A( min (65.W) — min (6, W) ) < O] W]

Apply Hoeftding’s inequality to deduce that

2log(k)

)\2
M(0, ) < APy (_min (07, W) — min (6, W) ) + A IW e + SO 7.

Je[1,k] JE[LK]

Operating in the same way as in the previous proof, we obtain that with probability at least
1 — 6 for any 0 € ©F,

oy min, (6, 17)) = Puv (min (65 W) ) =P (i (6, W) ) + P min, (65.71)
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) 21og(k) 0 BIOIP +2log(e ™)

< Mol 2

< J1O17 W, + 228 o SO 2
kB|O|? 4+ 2log(d—t 2log(k

s\/ IO+ 21080 ) o -+ o 22 ..

21 21
28O 0w+ /2 @1+ Og”nwuoo

- < 2log(d-1) +2<2kl<;g(/f))1/4> 1] |W]| .

n
In these inequalities, we have chosen

2n log( )

B = [Cl/

and A=

2k log(k 210g (06—t
\/\/ ||9|| i

Condition (4.6) on page 67 reads

-1
2kl(7)1g(k:) N 210g7§6 ) < 2log(k) 2nl(])€g(k;)

[2n1 /
< § > exp <—n10g ( n og o™ log )

It is satisfied when k > 2, n > 2k/log(k) and § > exp(—nlog(k)).

4.1.1. EXPLICIT BOUND IN THE INFORMATION k-MEANS SETTING. As proved in Lemma 12
on page 47, we can use the previous bounds in the kernel space H to analyze the original

information k-means minimizer.

PROPOSITION 20 Assume that

esssup(/pi( du) < +o00  and esssup(/log(px)2 dl/) < +00.
X X

Consider the information radius

R= inf esssupX(q,px)
qE]L}hl(l/) X

and the bounds

1/2
B = esssup </ % dz/) exp(R)
X
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1/2
and C' = esssup </ log(px)? du) .
X

Note that R < ess supiK(l,pX) < (C.
X
Introduce the parameter space
Qp = {q el ,(v)NL*v) : [¢dv < BQ}.

Gwen (X1,...,X,), a sample made of n independent copies of X, with probability at least
1—96, for any q € Q%,

n

: 1 :
IPX< min fK(qj,pX)> < — min K(g;, px;)

GELLK] n < jelLk]
g0 ) (sklogh)) "
+ ( 8071 | ( 8 )> )(BC’—i—Qlog(B)).
2n n
Consider an empirical risk minimizer (X1, ..., X,) € Q% satisfying

g € arg min P (minﬂ( S >
7€ arg min Px( min, (¢j,px)

With probability at least 1 — 9,

IPX< min K(@px)) < inf IPX< min fK(qj,pX)>

JE[1,k] o (]L1+71(u))k JE[1,K]

) < 2log(d71) | <32 k:log(k‘)> . ) (BC +2108(B)).

n n

PrOOF. The proof consists in applying Lemmas 12 on page 47, 18 on page 65 and 19 on
page 69. Introduce 6 = (q,fK(q, 1)) € Hand W = (— log(px),,u_l) € H. Let

@:{9€H : QGQB}.
Remark that
W% = ess Sup log(px)||2 4+ 1~ and that [|0]]* = |lq[| + 1 K(q, 1)%.

According to Jensen’s inequality,

K(q,1) = /qlog(Q) dv < log</q2dV) = log([lqll?)-
Thus ||©]]% < B? + u log(B?)?. Accordingly

IO IW 1% < (C2+ ') (B* + plog(B?)?)
— B2C? 4+ 1og(B?)? + ' B® + uC?log(B?)? = (BC + 2log(B))?,

B
taking p = C’l—(B’z) The proposition then follows from Lemmas 18 on page 65 and 19 on
0g

page 69, in view of Lemma 12 on page 47. [
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4.1.2. CLASSICAL k-MEANS QUANTIZATION IN A SEPARABLE HILBERT SPACE. In this
section, we investigate how to adapt the previous proofs in the case of the classical k-means
risk in order to obtain non-asymptotic dimension-free bounds. Let us consider a separable
Hilbert space (X, ||.||). Let (X, ..., X,) benindependent copies of a random vector X ~ P
such that || X < B, almost surely with B > 0 and introduce the codebook (or k centers)
= (1, 1x) € X*. In this framework, the k-means risk is given by

IP( in || X — ~2)
x{min X =57,

and its empirical counterpart is

I e— .
=3~ min [1X - >
n

5 JElLA]
Let us consider the closed ball
B={peX:|u| < B},
then we have the following lemma
LEMMA 21

inf IPX< min || X — uj|]2) = inf IP)(( min [|.X — Nj”2)~
I

WLy e EXF JE[L,E] 1o iy €BF JE[L,E]
PROOF. Recall that, for a fixed £ : X — [1, k], we have
Pac (X = e |*) = P (1 = Py ) + Poc ([P 200y (X) = e [|°).

Thus optimal centers p} are given by conditional means Px|yx)=; (X). Notice that, by
IPxe00)= (X)]| < Pxjeco)=; (X)) < B, since Px (| X]| < B) = 1.

Therefore we can restrict the optimization to the case when p; € B. [

Jensen’s inequality,

Remark also that

]P(' X—-2>:IP<' 12 =200, X X2>.
x(min [ X — x( min flgll” = 2, X9 + X

In view of this, we can introduce the new separable Hilbert space H = X x R? endowed

with the inner product
(h, W'Y = 2{h1, W )x + B~*ha hly + B*hy I
Define

0; = (1j, 15117, 1) cOCH
where © = { (s, [|ull*, 1) : p € B}
and W= (=X, B% B?|X|P)  eH.
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We obtain that (8;, W) = || X — p;]|?, so that

inf IPX< min || X — MjH2> = inf IPX< min <9j,W>>,
pnexk JjE1,k] 0cOk JE[L,k]
with (6;, W) > 0. Therefore, we are in a situation where we can apply Proposition 18 on

page 65 and Proposition 19 on page 69.
Remark that

IW* = 2IX[|* + B* + B2|1 X",
01l = 2llull* + B=*||ull* + B2,

so that |0 [|W ]| < 4B2.

PROPOSITION 22 Let X;,1 < i@ < n be a sample made of n independent copies of X.
Assume that k > 2, n > 2klog(k) and § > exp(—n/4). With probability at least 1 — 9, for
any p = (,ula"'a,uk) € 3k}

1 <& log(5—1 kloo(k 1/4
Py (i X = py?) < =37 min |1, — +4B2( 807 (8 o8 >) |
je[1,k] n <= jeli k] 2n n

With probability at least 1 — 8, for any p € BF,
. 2 . . 2
P (min 1 = ll") = inf P (min 1 = ")

< P (in 1 = ) = int P (i | =)

1 1/4
+4BQ< 210g7§(5 )+(32kfg(k)) >

— 1 —
where Px = — Z(SXi' In particular, if
i3

ﬁ(Xl, . ,Xn) S arglltleligl}CFX (]gﬁﬁ]]”X . ,Usz2>,

with probability at least 1 — 9,
. ~ 12 . . 2
IPX( min HX—/JM ) < inf ]PX( min HX—,LLJ'H )

je[[lvkﬂ }Lexk ]eulvk]]
] 1/4
—|—4BZ< 2log(01) N (32klog(k)) )

n n

4.1.3. DISCUSSION ABOUT THE BOUNDS. We get a bound for the excess risk in the classical

k-means setting, and more generally in the information k-means setting, of order

Q) <10g(k)k> " (4.8)

n
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Remark that the information k-means setting is a new extension of the classical k-means
setting, where we minimize the Kullback divergence with respect to its first argument. Mini-
mization with respect to the second argument is done instead in [BDGO04], within the general
framework of Bregman divergence. Besides, [Fis10] develops the approach of [BDG04] using

Bregman divergence and provides a non asymptotic bound for the excess risk of the same

order as in [BDLOS8] , that is
k
o—). 4.9
() .

Moreover, [BFL20] proves also a deviation bound of the same order as in [BDL0S§] in the case
of robust k-means with Bregman divergence. However, the dependence in k is not explicit
and depends on a constant based on the characteristics of the underlying data distribution.

We will prove later on faster bounds of order

R) (log(%) MOTg(k) ) (4.10)

Note that (4.9) goes to zero whenever k? /n goes to zero, whereas (4.10) goes to zero whenever
klog(k) log(log(k)) /n goes to zero and that (4.8) goes to zero whenever klog(k)/n goes to
zero, so that, although (4.8) is slower than (4.10), it provides a slightly better consistency

condition.

In addition, [Lev13] derives a bound of order

(%)
n
with a better dependence in n and a worse dependence in k, under margin conditions.
Margin conditions are beyond the scope of the present study, where we focus on the use
of the k-means criterion as a vector quantization tool, a situation where margin conditions
are unlikely to hold true. In this perspective, equation (4.8) is the most significant bound,

although it is the slowest one with respect to n alone, since it provides the best sufficient

condition for consistency (namely that klog(k)/n tends to zero).

4.2. A BOUNDED CRITERION FOR INFORMATION k-MEANS

In this section, we still consider a couple of random variables (X,Y) : Q@ — X x Y, where
X and Y are two Polish spaces. We assume that for some reference probability measure

v, IP(IPy|X < V) = 1. Remark that the sigma algebra associated with Y is countably
dPy ) x For

any family of probability densities ¢; € ]Liyl, 1 < 7 <k, we consider a classification function

generated, so that I?(v) is separable (see prop 3.4.5 in [Coh]). We let px =

((X) € arg minﬂﬂ((qj,px)

jE€ll,k
and the model

d
Q,= {Q € ML(Q) : Qy|x < v and %YV'X = qg(x)}.
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LEMMA 23 For any family q = (q1,...,q) € (]L}r’l(u))k of k centers, define the bounded

criterion

Clg) =1—exp [_ ngg K(QX,YJPX,Y)]

It can be expressed as

Clg) =1-Pyx (exp[— min fK(qj,pX)D.

JE[LK]

PrOOF. Combining Lemma 1 on page 9 and Lemma 6 on page 41, we get

18 (@ Pacy) = gut {5(@x. Py) + Qx[K(Qv 1. Pr )]

= min {— log P x (exp [—K(CM(X),px)}) } = —logPx (exp [— jgﬁrli] fK(qj,pX)] ) .
This completes the proof. [

From the Aronszajn theorem ([Aro50]), there is a mapping ¥ : L?(v) — H to a separable
Hilbert space H such that

(W(F), W(g))m = exp( [ 59 du), fg € T2(w).

Notice that H is separable since K(f,g) = exp ( [ fg du) is a continuous kernel (see lemma

4.33 in [CS08]). Introduce a positive real parameter u to be chosen afterwards and remark
that

exp(~K (g5, px) ) = (exp(~K(g; 1) W(puqy), (" 10g(px))>H

Accordingly, if we let 6; = exp(—fK(qj, 1)) U(pg;) and W = \If(ﬂ_l log(pX)), we obtain that

Clq) =1-Px (jr&i)éﬂ (05, W>H>
€[0,1]

To proceed, we need the following lemma in kernel space H.

LEMMA 24 Consider a separable Hilbert space H and a random wvector W € H. Let
Wy, ..., W, be a sample made of n independent copies of W and let © C H be a bounded

set of parameters.
Assume that ]PW(<9, W) e[0,1],0 € @) =1.

For any number of centers k > 2, any sample size n > 4k||O||*||W||% /log(k) and any
probability level 6 > exp(— log(k)n/ﬂ), with probability at least 1 — &, for any 0 € OF,

— log(6—1 8k log(k 14
IPw( max <9j,W>> < Pw( max <9j7W>) + é ) + ( - ( )) e [WIi?.

Fe[L,k] Fe[L,k] n
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For any number of centers k > 2, any sample size n > k||©|]?||W |2,/ log(k), any probability
level § > exp(—nlog(k)/ﬂ), any non random family of centers 0* € ©F, with probability
at least 1 — 8, for any 6 € ©F

JE[1,k] jE[1,k] on

og(6—1 0 14
(Puv = Pur) (g (0, 1) = e 65,107 < 2500 (B2R2080) Dy

Consequently if

oWy, ..., W,) € arggrelgflPW (Jrgﬁ%(e W})

with probability at least 1 — 9,
P ( 6. W ) <P ( % )
oot P i O 1) = P g O W0

log(0—1 32 klog(k 14
; ) 4 ( ( )) e IwL.
n n

PrOOF. The proof is almost the same as the proofs of Propositions 18 on page 65 and 19

on page 69. Reasoning in the same way, we see that

210g
log P ! <Ay log P
/Og weXp<A]r€rﬁ?3§]]<9],W dpy (0 IIWlloo+ 0g wexp<A Irﬁ?f]]&/@)

€[0,1]

2108 A2
Og LWl + )\]PW< max. (6 )+ <

under condition (4.6) on page 67. Remarking that moreover

/Fw<max (0}, 2())) dpy(#) > Py max (0,,70)).

JE[1,k] jel1,k]

we deduce that

(Pw—IPW)<maX (0],W>> 2log(k )||W||oo _+k5H@H +2log(0™")

jelL.k] B 8 2n A
2iogd) . [EATOT+ 2log(e )
log(o—1) 8k log(k 1/
<0 N lenewie,
n n
where we have chosen
8n log(k _
5=/ o=,
2 1 9]oe(5-L
1 = o [FPIT+ Zioli )
n

8k log(k 2log(6—1
- 2\/ S8 o) . + 2B
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Accordingly condition (4.6) on page 67 reads

8k log( ) 2log(671) 1 8n log( )
n

1OIHW loo + < 5 log(k) el wile

nlog(k _ _ 2k
<:>5zexp<—nlog<k> 20 1||W|ro;(1—mn@n?uwné)).

Therefore the condition is satisfied when k > 2, n > 4k||©|]?||W 2,/ log(k)
and 6 > exp(—nlog(k) / \/§) This completes the proof of the first part of the lemma. To
prove the second part, remark in the same way that

(Pw — Pw) ( max (0;, W) — max (67, W>>

jelLA] FELK]
€[-1.1]
2log (k) A kBJO]? + 21og(67h)
S\ 5 Wlet3+ Y
210g(k)HWH +\/kﬁ|]@H2+210g(51)
2log (01 32 klog(k
n n
where we have set
21o
5=/ 22 ey
2421 -
and 5 = | FPIOI+ 2185
n

—1
:¢ %ﬂi%@mwm E%gl,

We have also to satisfy condition (4.6) on page 67 that reads

2log (671

) < 2log(k) 2n log(k)

2k log(k)
———10]] W]
50 o) 17 + .

el wils

2n log(k _ _ k
<=>52exp<—mog<k> 2noel e 1||W||o;(1—mn@n?uvvnio)).

It is satisfied when k& > 2, n > k||O|*|W %,/ log(k) and § > exp(—nlog(k)/ﬂ).

We need now an equivalent of Lemma 12 on page 47 for the bounded criterion defined

in Lemma 23 on page 76.

LEMMA 25 Assume that esssupy [ p% dv < +o00 and esssupy [log(px)*dv < 4+o00. Con-

sider the information radius

R= inf esssupXK(q,px)
qE]Lﬁr,l(V) X
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and the bounds

1/2
B = esssup (/p?x du) exp(R),
b

1/2
C = esssup (/ log(px)? du)
X

Note that R < esssupK(1,px) < C < 400, so that B < +oo. Consider the set
X

B={qell,(v): [¢dv< B}

The minimization of the bounded criterion C(q) defined in Lemma 23 on page 76 can be

restricted to B, in the sense that

inf k(‘?(q) = inf C(g).

ae(L1,) acB
PRrROOF. Remark that
inf Clg) = inf 1 —exp|—inf JC(QX,IPX) + Qx| min iK(q-,pX)
q€ (]L}Fg(l/))l€ q€e (]Lﬁr1(l/)>k{ |: 0x ( <]E[[17k]] ’ >>:| }
—1—exp{—nf[X(Qx.Px) + inf _ Qx( min K(.px))]}

q€ (]L1+,1(V))
and apply Lemma 12 on page 47 to restrict the minimization to ¢ € B*. O

We have seen that
Clg) =1- IPX<maX (05, W)H),

JE[LK]

where 0; = exp(—%(g;,1))¥(pq;) and W = ¥ (u ' log(px)). Note that for any ¢ € B”,

1051 < 19 (ug)II* = exp(p?llg;]l7) < exp(u®B?)
and [ W] = exp(u[log(px)I12) < exp(u?C?),
so that ||6;|]*|W||* < exp(p*B* + p~>C?) = exp(2BC),

if we choose u = y/C/B. In view of Lemma 24 on page 76, this leads to

PROPOSITION 26 In the situation described at the beginning of this section, consider a sam-
ple X1,...,X,, made of n independent copies of X. For any family of k probability densities
q € (E}ﬁl(l/))k, consider the bounded criterion C(q) defined in Lemma 23 on page 76 and

its empirical counterpart

Clq) =1—-Px (exp[— min K(qj,pX)D.

JE[1.K]

Assume that k > 2, n > 4k exp(2BC)/log(k) and § > eXp(— log(k)n/\/ﬁ). With probability
at least 1 — 6, for any q € BF,

— o 1/4
C(q) < C(q) + log(0™") + <8k1 g(k)) exp(BC’/2).

2n n
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Let ¢* € BF be a non random family of centers, and assume thatk > 2, n > kexp(2BC)/ log(k),
and 0 > exp(—nlog(k‘)/\/ﬁ). With probability at least 1 — 68, for any q € BF,

C(q) — C(q") < €(q) — C(g") +

2log(6—1) N <32k10g(k¢)

n n

)1/4 exp(BO/2).

Consequently, if
3(X1,...,X,) € arg min €(q),

qeBF

with probability at least 1 — 9,

og(d—1 o 14
C@q) < inf  C(q) + 2log(071) + (M) exp(BC/2).

q€ (Ei@(V))k " "

4.3. A BOUNDED CRITERION FOR THE EUCLIDEAN k-MEANS

In this section we are given a random vector X € R? and a sample X, ..., X,, made
of n independent copies of X. Introduce the random variable Y whose joint distribution
with X is given by Py|x = N(X, J2Id), and consider a family of k centers iy, ..., .
Consider a nearest neighbour classification function ¢ : RY — [1, k] that satisfies therefore
|2 — fte(z) || = minjep gy |le — ;| Consider the conditional probability measure Qy | x defined
as Qy|x = N(W( X)) led). Remark that the k-means Euclidean criterion can be written as

X — 1;]]? = 202K P
min I1X = pyll” = 20°K(Qy 1 x, Py x).

Inspired by this identity, we can introduce another loss function with the help of the model

Q# = {QX,Y : QY|X = N(/M(X);Uzjd)}-

It is based on the identity

Qlélfﬂgc(@x v, Px, Y) = —logPx <_K(QY|X7 IPY\X))

1
logIPxeXp(—z— Ier[ﬁg]]!\X 145 )

In view of this, one may be incited to introduce the loss function

Cu) = 1—exp(— Qiggujc(QmX,]wa)) Px [1 - exp(

.

min X — p5)2)]. (4.11)

202 j¢ €[[1,k]

6[0,1}

It is the expectation of a loss function ranging in the unit interval and the corresponding

empirical risk function is

Cn) = lPx[l—emo(—zL gﬂqr}gﬂ!\X 5] )}
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Observing also that

€)= 1 — max Px (exp (551X — ).

JE[LK]

from the Aronszajn theorem, there is a mapping ¥ : R¢ — H to a separable Hilbert space
H such that
C(u) = 1 — Px(max (¥(X), ¥(uy)))
Jel1,k]
=1-P 0;, W
X(J.relﬁi)’gﬂ( s >)7

where 0; = U(u;) and W = ¥(X). Due to the Gaussian kernel, it is interesting to remark
that U maps the whole Euclidean space R to the unit sphere of H. Therefore, we will not
need any boundedness of even integrability assumption on X to be in a situation to apply

Lemma 24 on page 76.

PROPOSITION 27 Consider any k > 2, anyn > 4k/log(k) and any § > exp(—nlog(k)/V2).
With probability at least 1 — 6, for any p € R,

log(4—)) , <8klog(k;)>1/4_

Cu) <€

(1) < €(u) + o .
Assume now that k > 2, n > k/log(k) and 6 > exp(—nlog(k;)/ﬂ). For any non random
family of centers p* € RY>*, with probability at least 1 — 6, for any p € R,

2log(07) (32k;log(k’))1/4‘

C(u) — C(u*) < C(p) — €(u*) + n n

Consequently, if
A(Xy,...,X,) € arg min C(p),

HGRdX k

with probability at least 1 — 9,

2log(071) <32 k log(k)) v

n

Note that the risk €(u) can be defined by the right-hand side of equation (4.11) in the case
when X belongs to a separable Hilbert space and that in this case also Lemma 24 applies
and Proposition 27 holds true, although in this case the definition of Py |x requires the

construction of a Gaussian process similar to (4.5) on page 66.

4.4. PAC-BAYESIAN BOUNDS FOR INFORMATION FRAGMENTATION

In this section, we consider a random signal X € R? a statistical sample X;,..., X,
made of n independent copies of X and a set of k fragments p; € R% 1 < j < k that we

would like to optimize to get the best possible approximation of X in terms of quantization.
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More precisely, letting B; be the support of j1;, defined as
Bj={se[l,d] : pjs#0}, 1<j<k,
introduce for each K < k the family of subsets
Tox = {Ac [LE] : |A| <K and BN B; = @,i # j eA}.

We are willing to approximate X by Zje 4 1t for the best possible choice of A € T,
depending on X. This can be seen as a structured instance of k-means, where the set of
centers is

S i, ATk

jEA
Some care should be taken though, due to the fact that J, x depends on p and is therefore
not a constant size index set. Besides, we will take advantage of the special structure of this

fragment k-means problem to derive specific generalization bounds.

Let us first address the fact that J, x depends on p. To circumvent this, we will describe
the possible values of T, k first, and then we will describe the range of values of p that
corresponds to each value of J, k. In other words we will condition our description of the

parameter space on the value of T, .

Remark that the value of T, x depends only on the symmetric graph of the intersections
of the supports

9, = {(z’,j) e [L.K]* : B;NB; # @}.

Therefore, we can describe the problem in the following way. Consider the set G of symmetric
and reflexive graphs on the set of vertices [1, k] (we mean by reflexive that the graph contains
the diagonal of [1,%]?). There are 2*:~1/2 guch graphs (there are (§) distinct pairs of

k
vertices, so we can make 9(3) possible connections), so that

k(k—1)

log (IS]) = =

log(2).

For each g € G, and each maximum number of components K < k, introduce the set of

subsets

T, k= {A CLK] : |A| < K and A2Ng = diag(A2)}.

(In other words the set of disconnected subsets of at most K vertices.) Consider the fragment

model

Mg:{uERka ; JMCg}.

We see that Ty x C Tk, that Ty, x = T, k and that u € My,. Therefore

{(ZM,AG%K) : Me]Rdxk} C {(ZM,AG%K) : gGS,uEMg}.

jeA jeA
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Let us now describe possible risk functions for our problem. We assume in the following
discussion that the parameters & and K are fixed. The most obvious risk is the Euclidean

criterion

min HX ZujHQ), g€ G, ueM,.

1
Ci(g,p) = EIPX (AET 2

We normalize by 1/d to scale nicely with the dimension of the signal. Introducing the
representation of the problem by the triplet of random variables (X, S, V'), where Pg| x(s) =
1/d and Py g x = N(Xg,0?), we can rewrite €; as

e =2 i, (05~ X))

SN ¢

= 202 Px [Afffljin IPS(:K:(QviS 7IPV|X»5))}

€Jg. K

=202 inf K P ,
o Qegll(gm (QX,S,V> X,s,v)

where Q%g) = N(Z ,Mj,5702>7

jeA
and where Q4 (g, 1) = {QX,S,V CQx,s =Pxs, Qvix,s = Q(V"[?(X”, A(X) € ng,K}-

Based on this interpretation, we can define smaller risk functions by relaxing the constraint

that Qx ¢ = Px s. For each i € M, and each A € T, k, choose a classification function

EMA : [[l,d]] — A

such that
supp(py) C €, 4(7),  Jj € Al
Note that
Z,uj, ( ) e S € ﬂl,d]].
JEA
Define
M 6LG).  JelLA]
AETgyK
1jEA

and remark that
supp(p;) C By, j € [1,A].
Let us introduce the models
Qs(g, 1) = {QX,S,V Qs x =Ps, Quix,s = QVA|(§ ,A(X) € ng,K}, (Qx is free)
Q3(g, 1) = {QX,S,V D Qs X, 0(u, AX),8)=j = Ps|seB;, Qvix,s= Qﬁ(ﬁ)’”, A(X) € Tg,K},
(Qx,e(u,A(x).5) 1s free)
Qu(g, 1) = {QX,S,V : QS|X< U B) =1, Qv|x,s = Q%(g()’“), A(X) e ‘J'g,K},

JEA(X
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(QXVSISEUjeA(X) B, is free) and the risk functions

(g, :22[1— (— inf K P } te[2,4].
(g, 1) =20 exp Qegtl(g’m (Qx.s,v X,S,V)) [2,4]

LEMMA 28 For any g € G and any p € M,

Ca(g, 1) < Cilg, )

and
64(97 HJ) S (23(97 lu)

When the fragmentation is complete in the sense that

UBi=1ILd, AeT,x

jEA

where

Tk ={AeTyn i AC A eT = A=Al

are the mazimal sets of Ty i, then
Ci(g: 1) < C(g, 1) < €o(g, 1) < Ci(g, ).

PrROOF. When the fragmentation is complete

9 (g, 1) C Qa(g, 1) C s(g, 1) C Qulg, 1),

implying that

Culg, 1) < Cs(g, p) < Ca(g, p) < 207 [1 - exp(— Qegiff(fg u)f’C(Qx,s,VaIPXﬂV))}

< 20? inf K , P =Ci(g, ).
= Qe (o) (QX,S,V X,s,v) 1(9 ,M)

In the general case, the central inclusion Qs(g, 1) C Qs(g, 1) does not hold and we cannot
compare € or Gy with C3 or C4. [

LEMMA 29 For any g € G and any p € M,

€2(9. 1) = 207Px |1 - s exp (——IPS (X5 =" mss) m ,

jeEA

] X 2
Cs(g, ) = 20°Px _1 — max jZ]Ps(Bj)eXP <—@PSSGBJ- [(XS — 15.s) ])1,

i 1
Cu(g, pt) = 20°Px |1 — max Pg (Z]I(S € Bj) exp [—T‘Q(Xs - ,Mj,s)Q])} :

JEA
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We define the empirical counterparts of our three risk functions as

Ci(g,p) = ]PX[AE}TK]PS( XS—ZMJS ﬂ, (4.12)
Co(g, ) =20"Px |1 — max exp (——IPS [(XS - Zu] S) })} , (4.13)
- oK jeA

_ _ T 1 2
Cs(g, 1) = 20°Px |1 — max E ]PS(Bj)exp( 5 ~—Ps|seB; [(Xs—,uj,g) })}, (4.14)
L jEA

_ _ I 1 2
Cu(g, pt) = 20" Py _1 - Arél%}i( Pg (Z 1(S € B;)exp [_TO'Q<XS - p%g) })} : (4.15)

jEA
We put €;(p) = €,(J,, ) and consider the four optimization problems
inf{et(g,u) cg€eG, ne Mg} = inf{@t(u) RS Rka}, 1<t<4,
based on the observation of the sample (X3,...,X,), assuming that the data distribution
Px is unknown to the statistician.

We can readily state generalization bounds for the first two criteria, €; and Cs, using
results for the k-means algorithm for each value of g and taking a union bound. By union
bound, we mean that if B(g,d) denotes an excess risk bound (whether for €; or €,), for a
fixed g € G, such that ]P(‘B (g, 5)) > 1—4. Then, by the union bound we get that

P(() B(g.0/181)) =1~ > P(2\B(0.9/18))) =1~

9€$ geS
where in our case |G| = 2~Fk=1)/2,

Proceeding in this way and using Propositions 22 on page 74 and 27 on page 81 leads to

the following proposition.
PROPOSITION 30 Define C;(u) = €C;(J,,,1). Assume that

Pyx( sup |X,| < B)=1.
s€[1,d]

Consider any k > 2 and any § > exp(—n/4). With probability at least 1 — 0, for any
c [—B, B]dxk}

—1 1/4
el(mSEI(M)+4BQ<\/IC(IC—1)10g(2)—|—210g(5 )+<8|9’M7K|log(|3'u7;<|)> )

4n n

For any non random set of k fragments p* € [—B, B]**, with probability at least 1 — 6, for
any p € [—B, B]™*,

€1 (p) — Ci(p") — Ci(p) + € (p)
< 4B? W k(k = 1)log(2) + 2log(67) (32 Ry 1og<|fru,K|>)1/4>_

n n
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Consequently, if

32 |T x| log(|T . ]) ) e

fie€arg min  C(u)+ 432(
n

MG[—B,B]ka

with probability at least 1 — 6,

1 1/4
e < inf el<m+432<\/’“(’“‘Ulog(?)“log“ Ly (Bl )

T peERdxk n n

PROPOSITION 31 Consider any k > 2 and any § > exp(—n/4). With probability at least
1 -6, for any p € R¥,

—1)lo og(6—1 x| 1o K 1/4
CQWSQ(MHM(\/!C(;C 11 g(jiJer e(0 )+<8|:ru, |1ng(|‘J'M7 |>> )

For any non random set of k fragments p* € R¥¥, with probability at least 1 — &, for any
= Rdxk

Ca(p) — Co(u") — Calp) + Ca(u")
< 252 <\/’f(’f — 1)log(2) +2log(67") (32 [T log(fj'u,KDyM).

n n

Consequently, if

~ . o 2
ji € arg min, Ca(p) + 20

(32 \fru,Krlog<rfm,K|>)”4

n

with probability at least 1 — 9,

—1 1/4
Co(f) < inf Cu(u)+ 202<\/k(k — Dlog(2) +21og(0) (32 ... log(m’f(')) )

pERIXK n n

The previous bounds depend on the factor |J, x|, that is of order 2*, and therefore too large
in many situations. To get rid of this term, we will use the following lemma, that is specific

to the fragmentation setting.

LEMMA 32 Let W = (W;,1 < j < k) be a random vector in the product H*, where H
is a separable Hilbert space (that we can take as being Uy if we want). Consider a sample

(WO, W™) made of n independent copies of W. Consider a bounded parameter set
© C H* and a set T of subsets of [1,k]. Assume that

]PW( > 0, W) €ab], AT, 0 @) =1.
jeA
Consider the risk
6(0) = ]Pw< min <0j7 Wj)), 0 e @,

AT 4
JEA
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and its empirical counterpart

E(@):PW(min <9j,Wj>), heo
Put
k 1/2
K(T) = Al, 6| = 9-2> d |Wlleo = Wil
(7) = max|A], O] glelg(;HgH and |[W|| jrerﬁﬂessslpuvfll ill

Assume that |T| > 3 and that § > exp[—nlog(|T|)/V2]. With probability at least 1 —§, for
any 0 € O,

log(6—")
2n

8K(T) log(|71)

B 1/4
€() <€) + (b—a)+ ( ) 1O (W20 — )2

Consider any non random value of the parameter 6* € ©. With probability at least 1 — 9,
for any 6 € O,

280 ) g (2D 1°g('7'))1/4\!@\11/2uwuié2<b _

Consequently, if
0 in G(f
€ arg min €(0),

with probability at least 1 — 9,

~ 2log(6~" 2K(T)1 1/4
() < jut €0) + 2 - o)+ (ZECLEED) Do - o

In expectation

N\ 32K (T) log(|T)\ /4
Py, w<n>(€(0))§52g)€(9)+( - Gl) 1Bl WL (b — a)'2.

PROOF. The proof follows the same line as Lemma 18 on page 65 and 19 on page 69. To

prove the first part of the lemma, we need to bound

M(O,)) = /log []PW (exp(—)\min <e;,q>(wj)>))} doo(8), €O, A>0.

AT
JEA

and to apply Lemma 17 on page 63. First remark that

M(8,)) < / log Py [(ingl (Z exp(—a)\ S (9, <I>(Wj))>) W} dpe(6)).

AeT jEA

Then use Jensen’s inequality and Fubini’s theorem to move the integration with respect to

py inside to get

Z / eXp<—Oé/\ Zw;, <1>(Wj))> dpe(e')) 1/1

AeT jeA

M0, \) < log Py |:1I;fl(
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a2 )2 ) 1o

—tog Py | inf (S exp(-ad 0, + 55 T E) ) |

AeT jeA jeA
a)?

. o . ) ) - 2
< tog Py [t exp 0s((7) /o gy 301 + KW )|
J

= )\||I/VHOO\/2K<T)lﬂog(’j'D + log Py, [exp(—)\ glelirTl Z<9j’ V[@)ﬂ
jeA

The above inequalities require that o > 1, that is

VK (T)[WIE, < 28105 (1T]). (4.16)

Remembering Hoeffding’s lemma (used in the course of the proof of Lemma 18 on page 65),

we get

2K (T) log(|T1)
p

. A2 ,
— /\IPW (glelgl j€A<9j, W]>> + g(b - (l) .

M(0,7) < AIIWIIOO\/
Thus according to Lemma 17 on page 63, with probability at least 1 — ¢, for any 0 € ©,
Py (rgeigz;ej,vm) < [ By (gaeigz;e;,@(vvm) dpo(®)
JE je

n HWHOO\/QK(:T) 10g(’7|) + é(b _ a)Z i slel? + 210g(§_1).

I5; 8 2nA

Note that
[ B (i S0, 2071 o)
jeA
< Pw (rjlelng/(ej, (W;)) dps (6 )) =DPw (glelg {65, W}>>
jeA €A
Take
BlO|? + 2log(5—1)
A g

n(b— a)?

to obtain

(P = Fw) (3ig 305,10,

< HWHOO\/QK(T) log (|77) —i—(b—a)\/ﬁH@HQ +4210g((5—1)

5 ;
< ||W||oo\/ PREVOMTD (o ayy IO (B
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Then choose

= W]l l©] (b — a) /80K (T) log (|7)

to get

(]PW — FW) (min (0, VVJ>>

AeT

JjEA

log(6—1 8 K (T)log(|T])\ /4
< 20—y (SEDEEDY Dy - o
and

2 WLl [$ KO los() | 2105(5)

= + .

(b—a) (b—a) n n

We have to satisfy condition (4.16) on page 88 that reads

Wllsll©l 8K(7)10g(\7!)+210g(5 10g /8nlog !7\ (b—a)
(b—a) n n HWHooH@H

nlog(lﬂ'l (b—a) DIWIEIel?
5> —nlog(|T b |
—s _exp( nlog(|T1) 2K (T) |W||oo||@|| nlog (171) (b — a)?

The condition is satisfied when |J| > 2,

K(@) W] ]
Log (|71) (b — a)?

and § > exp[—nlog(|7|)/\/§]. When |J| > 3 and condition (4.17) is not satisfied, the
generalization bound is larger than b — a and therefore trivially true. Thus we can drop
condition (4.17) if we assume that |J| > 3.

(4.17)

To prove the second part of the lemma, we have got to study

M(8,)) = /log []PW (exp()\ min >~ (05, W;)=Amin <e;,wj>)>] dpe(0), 0€O,)>0.
JEA

AeT 4
JEA

We can remark that Py, almost surely

<I/I‘161£,l mlnz > l[a—b,b— al

JEA

and proceed as in the first part of the proof to establish that

T) log(|T

JEA

So the situation is the same as in the first part with a variance term increased by a factor

four, and except for this small difference the computations are the same. [
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To apply Lemma 32 on page 86, we need to put the risk functions €;, t € {1,3,4} in a
suitable form, that is to express the different risks in terms of a sum of inner products of
parameters ¢; and random vectors W; belonging to some separable Hilbert space. Let us
notice that we will not be able to express criterion €y in this form, since the summation

over j € A is inside the exponential.

Let us start with €y, assuming that X € [—B, B]¢, so that we can also assume that

u € [—B, B]*** since shrinking u to that range decreases the risk. Remark accordingly that

Ci(g, p) = IPX{AEI%HK [IPS<(Z Mj,S) 2) — 23%215’5 (Xs Mj,s)] } +Px <]PS (X§)>

’ jEA

Moreover, since the supports are disjoint,

2
(Z Mj,s) = Zuis, AeT, k.

jeA jeA
Thus
Ci(g, ) = Px (Amm > (05, W}-)) +Px (Ps(X3)),

GT’K
% jea

where 0; = (u1;, B~ 'Ps(13 5)) € L*(Pg) x R and W; = (—2X, B), in the same space. Note
that

16,117 = Ps (1) + B2Ps(p2s)” < 2B?Pg(supp(;)),
and that||W;||* = 4P (X3) + B*> < 5B

Moreover

— B < —Pg(X3) <) (6;, W)

JEA
2 2
< P |(Xs = D ys) |~ Ps(X3) < Po(x3) +2Ps| (Y pis) | <382
JEA JEA
Consider the model

k

M(8) = {p e [-B, BI"™* . > Py(supp(ny)) < 8}

i=1

and apply Lemma 32 on page 86 to the corresponding parameter set ©. Taking into account
the fact that
10]* < 2B%S,

we obtain

ProPOSITION 33 Consider any k > 3, any K > 1, any 6 > exp(—nlog(k)/\/ﬁ) and any
8 € [1,k]. With probability at least 1 — 0, for any p € M(8),
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€y () — Px [Ps(X3)] < €i(p) — Py [Ps(XF)]
4R’ ( \/ k(k — 1) log(2) + 2log(d71) (5K8 log|T,.x|) ) 1/4> |

4n n

For any non random set of fragments p* € M(8), with probability at least 1 — 9, for any
p e M(8),

n

_ -1 1/4
§4BZ< k(k — 1)log(2) + 2log(o )+(20K810g|3'#,K\)) )
n

Consequently, if

20 KSlog(]‘J'#,KD)IM

S in € 4B?
jrearg min Ciu) + ( "

with probability at least 1 — 6,

neM(8 n n

€ (1) < inf )el(u) L 4RB? (\//f(k — 1)log(2) + 2log(0) | (20 KSlog‘j'MKD)lM).

Let us now turn our attention to the risk function €3. Consider a fix set of subsets
{B; c [1,d] : 1 <j <k}. Define accordingly
T o = {Ac [L&] : |A| < K,B;,NB; =2, (i,j) € Az,z’;&j}.

Consider some separable Hilbert space H (for instance ¢, the space of square integrable real

valued sequences). For each j € [1, k], there is a mapping

U, R — H
such that .
(Uj(z), ¥;(y)) = exp (—T‘Q]Pswefaj [(935 - ys)ﬂ)-

Introduce the model
Mg = {p e R™ : supp(y;) C B;}.

For any (B, p), the risk C3(B, i) can be written as

C3(B, ) = 1+]PX< min Z(GJ,Wj)>,

AG:TB’K

where 0; = Pg(B;)V;(p;) and W; = —VU,;(X). Note that

k k
D167 =D Ps(B;)
=1 j=1

and that
Wl =1,

91



while almost surely

> (6;,W;) € [-1,0].

jEA
Remark also that Cs(p) = Cs(J,, 1) = Cs (Supp(u),u). Applying Lemma 32 on page 86

gives

PROPOSITION 34 Consider the model
k
M(8) = {in € R"™ : Y Ps(supp(y)) < 8, [Ty ic| = 3}
j=1

Assume that § > exp(—nlog(3)/V2) and that 8 € [1,k]. With probability at least 1 —6, for
any p € M(8),

—1 o PINE
83(M)Ség(lu)+202<\/kd10g(2)+10g(6 ), (8K81 8|7 |)> )

2n n

Consider a non random set of fragments p* € M(8). With probability at least 1 — 6, for any
e M(8),

Cs(p) — C3(1*) < Cy(p) — Cs(p*)
< 902 (\/2kdlog(2) + 2log(0-1) . (32 KS 10g(|Tﬂ,K\) ) 1/4>.

n n

Consequently, if

39 KSlog(]TM,KD)lM

1€ in € 20>
ji € arg min s(p) + 0( "

with probability at least 1 — 6,

~ . 2
€ < inf €y(n)+20 W

= e

2kdlog(2) +2log(0") (32 K8log(|T.xl) ) 1/4>

n n

The strong point of this proposition is that we do not have to assume that the signal X or the
fragments y; are bounded. The weak point is that the union bound on B; (that is essentially
on the choice of supp(y;)) introduce a dependence of the bound on the dimension d of the
signal. Accordingly, when X is a digital image of dimension d = 10°® or so, the proposition
is not very meaningful, although it is still interesting within a submodel M(B,8) where B
is fixed and accordingly the term kdlog(2) is not present.

To get a generalization bound that is independent of the dimension d and does not
require boundedness or integrability assumptions on the signal, we can turn to the smaller

and therefore less demanding risk function €.

There is a mapping ¥ : R — H of the real line into a reproducing kernel separable

Hilbert space H such that
1

(@), ¥ = exp(— 55 —2)).  wyeR.
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We can then consider L2 (H [.d] IPS), another separable Hilbert space whose scalar product

is defined as
(f9) = Ps((F($).9(Nu ), fog:[Ld] - H.
Define for any (g, 1) such that g € G and pp € M,

0;(s) = 1(s € B;j) ¥ (pys),
W(s) = —¥(X,), 1<s<d 1<j<k

We see that
Culg, p) = 20° [1 + ]PX< min ZWJ’VV»)}

AeT
9K Gea

—_—
€[-1,0]

Moreover [|0;]|? = Ps(B;) and ||[W;|| = 1. We obtain in view of Lemma 32 on page 86

PROPOSITION 35 Define the model

k
M(S) = {,u c Rk Z]Ps(supp(uj)) <8, ‘TM7K| > 3},

j=1

with 8 € [1,k] and assume that § > exp(—nlog(3)/v/2). With probability at least 1 — 6, for
any p € M(8),

-1 o K 1/4
64(u)Sal(m+202<\/k;(k;—1)log(jr)l—i—210g(6 )+(8K81 i(m, |)> )

Moreover, if u* € M(8) is a non random set of fragments, with probability at least 1 — 9,
for any p € M(8),

*

Cu(p) — Cu(u") — €

Cy(p) + @4(,u
< 202 (

)
k(k —1)log(2) + 2log(6-1) . (32 K81log(|T,.x!) ) 1/4) |

n n

Consequently, if

32 K8 1og(|:rH,K|))1/4

i € arg min Cy(u) + 202(
JUS n

M(8)
with probability at least 1 —

— -1 32 K Slog(|T 1/4
Ci(f) < inf 84(M)+202<\/k<k 1) log(2) + 21og(9 )+( o5(( “’KD) )
HEM(S) n n

We see from this proposition that when we work with the robust risk €4, we can obtain a
dimension free generalization bound that does not require any boundedness or integrability
condition on the signal X, while €4 still carries a meaningful notion of quantization. Another

useful remark to understand the bound is that
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log (|7.x1) <logli( )] <10g[§:k—n:]

m=0 0

m=0

EAK o= K™ ek
< 10%[ (x) X m] . Klog(z<>
Thus the complexity term is bounded by

(32 K?*8log(ek/K) ) 14

n

A second important remark we can make is that the upper bounds we obtained are increasing
with respect to the term 8, which represents the maximum area covered by the fragments. In
that way, if we diminish 8, we obtained a tighter bound. Accordingly, the bounds advocate
to some extent the use of the fragmentation algorithm described in section 2.3 on page 29,

since the fragmentation algorithm decreases 8 at each step.

Besides, one can derive generalization bounds that are uniform with respect to 8, using
a union bound over an appropriate grid containing a geometric progression of 8§ values. This
requires to pay a small cost in the bound.

4.5. FASTER BOUNDS

In this section, we derive faster bounds for the different quantization criteria we developed
so far. To this aim, we will borrow ideas from the classical chaining method used to upper
bound the expected supremum of Gaussian processes (see [BLM13]). However, we will choose
a PAC-Bayesian approach to this chaining technique in the sense that we will use a sequence
of perturbations of the parameter parametrized by a variance ranging in a geometric grid,

which will play the role of the d-covering sets in the classical chaining argument.

4.5.1. FASTER BOUNDS FOR INFORMATION k-MEANS AND CLASSICAL k-MEANS. We can
reach faster speeds than in Lemma 18 on page 65 and the likes through some kind of PAC-

Bayesian chaining.

LEMMA 36 Let W be a random vector in a separable Hilbert space H. Let (Wy,..., W,,) be
a sample made of n independent copies of W. Let © C H* be a bounded set of parameters.
Define

k 1/2
ol =suw{ (Sl0) e e}
j=1

and assume that

Py <jgﬁri]]<9” W) € [a,b] for all § € @) =

For any k > 2, any n > 2k and any 0 €0, 1[, with probability at least 1 — &, for any 6 € O,
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IPW< min <9],W>) < lz min (0;, W)

— JE[1,K]

log(n/k /8log /10g 1elw]
log(2 >

24 1) k(b—a)?+ 2log(ek)||W |2 ||©]> 1
+J(f+ >(< P 2lgeRIVILION) | g,

n 2n

If 0 € © is a non random value of the parameter, with probability at least 1 — 6, for any
0 e 0O,

(IPW — PW> ( min (f;, W) — min (67, W})

JE[1,k] jelL.k]

log n/k /810g /10g lellw]

+J (V2 + 1)(k(b—a>2+2log(ek)||Wllioll9ll2> L [2log(6!

)(b—a).

n n
Therefore in the case when

i P( min (0;, 1)),
€ arg Iopelél ]gﬁr}gﬂ( i, W)

Py (]g[ﬁlllc]]<:9\]’ W>> enelé Py (]Ierﬂli,lllg]]<6j7 W}) satisfies the same bound with the same proba-

bulity.

Moreover, the expected excess risk satisfies

Pw,....w, [IPW (j%wj, W>> — Inf Py (Eﬁﬁﬂ (05, W))]
log( n/k; /8log /10g log(k) 1ol W]
(V2 + 1) (k(b — a)? + 2 log(ek) [W 2. O]
+ - .
PROOF. Let

pojo =Py, p-1/2, ien

be a Gaussian conditional probability distribution with values in M}r (R]N), where €;, 2 € IN
is an infinite sequence of independent standard normal random variables. When 6 and

0" € RN** are made of k infinite sequences of real numbers, let
k
Por|o = ®P9;|9j
j=1
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be the tensor product of the previously defined conditional probability distributions. Let W

be a random vector in the separable Hilbert space £, C RN. Consider the functions

_ : . Nxk N
f(@,w)—jgﬁ%ﬂw],w), e RV weR",

where the scalar product is extended beyond /5 as already explained in a measurable but

not bilinear way (see equation (4.4) on page 65). Let
FO,w) = f(0,w) = Pw (f(0,W)), 6 €R™" weRY,

be the centered loss function. Previously introduced PAC-Bayesian inequalities (see Lemma 17

on page 63) show that

nA(Pw — Pw) (por10 — pirjg) f(0', W)

octk

- ot o (Pu e (A (s 7079 )] - 2| <

Apply Jensen’s inequality and devide by nA to get

Pw,, . .w, {exp sup

Pw,, ... w, {SUP (Pw —Pw) (por10 — pirj9) f(0', W)

ocek

RN {log (]PW [exp (=2 (0000 — pe,,w,)?(e“,w))D] - i”jﬂ } <.

Remark that

<(59/|9 — p9/|9>f(8/, W) = p9/|9<mjin<9j, W> - H1]1n<937 W>)
S p9/|9<mﬁx<9j - 9;, W>> S V 210g(k)/5“WH007

where the last inequality follows from the classical maximal inequality of the expectation of

the maximum of i.i.d Gaussian random variables (see section 2.5 in [BLM13]).

Writing a symmetric inequality for the opposite, we deduce that

(010 = pr1) T(0, )| < 20/2108(R) /B [ W] . (4.18)

Using Hoeffding’s inequality, and considering a closed bounded subset © C /%, we deduce
that

Blol?

_ 4\
a5 (P = Bor) (o = ) S0 )] < oW + 210

0cO

In view of this, choose

.___ #lel
VEnTog(B)[W |«
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and define
F=|Wll®] (4.19)
For any integer h,
IPWl,...,Wn{SUP[(IPW - FW) (ngw - p?ﬁ?)f(ﬁ’, W)} } <F.

0cO

Summing up for h = 0 to H — 1, where H is to be chosen later, and exchanging )", and

supy, we deduce that

Pwl,...,wn{zlengIPW — FW> <P0/|9 — P%e)f(gl, W)] } < HF.

As we are interested in bounding (]PW — FW) f(0, W), there remains to upper bound

(IPW - FW) (610 — por10) f(O', W) (4.20)
and (JPW . ﬁw) 03O, ), (4.21)

or with a change of notation
(Pw = Pu ) oo 10 (0, 7). (4.22)

An almost sure bound for (4.20) is provided by equation (4.18). To bound (4.22), introduce

the influence function

log(1 + z + 2%/2), x>0,

vw) =9 log(1 — 2+ 2/2). <0 (4.23)
and put
fo.w) = so.w) - 20
Decompose (4.22) into
(P = Pw) pur 0 (0, W) =
poio[Pwf (0, W) =P (X AF@ W) (429)
+ por P [N AT W] = J(0 W] (4.25)
In order to bound (4.25), note that from lemma 7.2 in [Cat12]
)
|z — ()| < m r€R. (4.26)

Therefore, from the inequality (a + b)? < 2a® + 2b* and the properties of the variance, Py,
almost surely,

oo\ AT W) = 0 W] < L [T W
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< m [(in0;, 1) = (0 6)/2)? + o (manx(6f, 7).

At this point, it remains to bound the variance term p9/|0<maxj<9;-, W>2> Let us remark
that

porjo o (8 (8, W) " =N (0, [W][*/8).

Next, we need the following maximal inequality.

LEMMA 37 Let (e1,...,€x) be a sequence of Gaussian random variables such that €; ~
N(0,0?). We have
2) < 202
]E(lrgljag{k e7) < 20%log(ke).

PRrOOF.
E(max 52) = IP(maX e? > t) dt
1<j<k 7/ R 1<j<k 7
+

k
g/ min{Z]P(e? > t),l}dt §/ min{ZkIP(el > \ﬁ),l}dt
R+ j=1 R
+oo

t t
< min{k exp(——), 1} dt < 20° log(k —|—/ kexp(——) dt
/R+ 20° ( ) 202 log(k) 207

< 20%log(k) + 20% = 20% log(ke).
U

Accordingly, we obtain Py, almost surely,

po o XU W) - F(O, W)

A ) ) / 2
< m [(Hljln<9j, W) — (a+ b)/2) + p9/|0<mjax(9j, W) ﬂ
A ) )

= m[@ —a)?/4+ 2log(ek) W[5, /B].  (4.27)

The right-hand side of this inequality provides an almost sure upper bound for (4.25). To
bound (4.24), or rather the expectation of an exponential moment of (4.24), we can write a

PAC-Bayesian bound using the influence function 1.
Pw,. . .w, {sup exp [—n)\pgl | oPw </\—1¢ [/\f(e’7 W)] )

— npy | {log(ﬂ)w [exp@[—kf(@'aw)]ﬂ)} - 6”5”1 } <L

Y(z) <log(l+x +2%/2), z € R,

Remarking that

and removing the exponential according to Jensen’s inequality, we obtain
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Py, . w. {sup [p@/ 6 []PW (]7(9/, W)) — Py (A‘lw P\f(gl, W)})}

0c®

)

} _slel”
- 2

Using the same maximal inequality in relation to the maximum of squared Gaussian random

variables, used in the course of equation (4.27) to bound the variance term, we get

Puv {328 Po/10 []PW (f(e’, W)) ~ Py <)r1w [Af(O, W)])] }

@ 2
L Blel

< A| (b= 0)?/4+ 2log(ek) [W1%,/8] + 5

This provides an upper bound for (4.24). Combining it with the upper bound for (4.25)
gives an upper bound for (4.22) that reads

Pw,, .. .w, {Sup <IPW — FW)Pef 0f (¢, W)}

0e©
2
< W2EIN G oy pat togeny v 6] + ALK
Choosing
- \/ TER
(V25 D[(b - a + Slog(eh) [W[E-/B]
gives

Pw,, . .w, {Sllp <]PW - FW) por1of (0, W)}
o

<

| (V2D (B0 = a2+ 8log(ek) W2 ) O]
F(p) & - .

Putting everything together,

Puv,....v, {sup (P = Pw) £(0,W) } < 21/210g(k) [BIW |l + F(2~3) + HF,

00
where F' is defined by equation (4.19) on page 97.
Let us choose 3 = 2n||©||7% and H = |log(n/k)/log(2)], so that

273 < 4k|0| .
We get

Pw,, .. w, {Sup (Pw — Pw) (6, W)}

60
log(n/k) [8log(k)
log(2) n

log(k
Lo og(k)
n

)Il@HIIWHoo
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(V3 -+ 1) (Kb — )2 + 2log(eR) W12 [©]2)

n

_|_

The upper deviations from this mean are controled by the extension of Hoeffding’s bound
called the bounded difference inequality (see section 6.1 and theorem 6.2 in [BLM13]). It
gives with probability at least 1 — ¢

2log(6—1)

sup(Pyw — Pw) f(6, W) < IPW17,__7WH{§1€18(]PW — Pw) f(6, W)} + (b—a).

0cO

This proves the first statement of the lemma. To get the second one, add to the previous
inequality

IPW1,...,Wn{ (FW - IPW>f(0*, W)} =0
to get

Pu, v {sun(Pw — Pow) (£(0,W) - £(0", W))}

60
log(n/k) 810g log(k
< ( B oy 2R oW
g(2

(V2+ 1) (k(b — a)? + 2 log(ek) W |2 ©]1)

n

+

and apply the bounded difference inequality to get the deviations. [

Let us first apply this lemma to the information k-means problem.

PROPOSITION 38 Assume that

esssup(/pg( du) < +o00  and esssup(/log(px)2 du) < +00.
X X

Consider the information radius

R= inf esssupr(q,pX)
qe]L}rJ(V) X

and the bounds
1/2
B = esssup </ Px dz/) exp(R)
X

1/2
and C = esssup </ log(px)? dy> )
X
Introduce the parameter space
ng{qélL}h()HILZ ¢ dy<B2}

Given (X1,...,X,), a sample made of n independent copies of X, with probability at least
1—6, for any q € QF%,
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n

. 1 .
IPX( min fK(qj,px)> < - min K(g;,px,)

JE[LK] n o JElLA]
log(n/k) \/8klog(k) \/klog(k)
+ 24—
log(2) n n

N \/(ﬁ k(3 + 2log(h)) | flog(5 )

n n

) (BC + 2log(B)).
Consider an empirical risk minimizer Q( X1, ..., X,) € Q% satisfying

7 € arg min P (mian : )

4 gqu’fg * JElLk] (q] pX)

With probability at least 1 — 9,

IN

IPX<min fK(Z]\,pX) ‘Xl,...,Xn) inf ]PX(min fK(qj,pX))
JE[LK]

we(ry,o)" VA

. (log(n/k) \/8k;log(k;) +2\/k:10g(k)

log(2) n n

N \/(\/§+ 1) k (3 + 2log(k)) N 2log(6-1)

n n

> (BC + 2log(B)).

PRroOOF. Consider the parametrization used in the proof of Proposition 20 on page 71, that

is 0 = (¢,K(q,1)) € H and W = (—log(px),u~') € H. This puts the information k-

means risk in a suitable form to apply Lemma 36 on page 94. Taking into account that

1Ol|W oo < Vk(BC + 2log(B)) for a suitable choice of i ends the proof. [

We can also apply the previous lemma to the Euclidean k-means algorithm.

PropPOSITION 39 Consider a random wvector X in a separable Hilbert space H. Let

(X1,...,Xn) be a sample made of n independent copies of X. Consider the ball of radius B

B={zecH: |z <B}.
Assume that IP(X € 3) =1 and consider an estimator
s in P ( in [| X — 1, 2).
i € arg min Py jgﬁgﬂll 5]

Assume that n > 2k and k > 2. With probability at least 1 — 9,

Py min X~ ") < inf Py (11X — )
oo (ny [klog(k) [ 6v2 6 1 2(V2+1) (17 + 9log(k))
B log(%> n <log(2) +log(n/k) log(n/k)\/ log(k) )
<12.3
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AR 2log(6—1)

Consequently, with probability at least 1 — 9,

. ~ 112 . 2
P (min X 7 [7) < inf Px(|1X — )
1 2log (6~
416 B2 log(ﬁ>\/—k o8(k) | 4 g2, [210el0"])
k n n

klog(k)

In expectation

n

. ~ 112 . 2 2
Py, x, [P (min X —7[1) | < inf P (11X =) +16 5 log 7

In conclusion a chaining argument yields a dimension free non asymptotic generalization

bound that decreases in expectation as /k/n up to logarithmic factors.

PROOF. Remark that
i€ ‘F( i ~2—2X,«>
ji € arg min P jéﬁﬂHu]H (X, 1)
and apply the lemma to W = (—2X, VB) € HxRand0; = (,ujﬁ_lHlinZB_l). Note that
IWIPN0;]1> < B*(4+~*) (1 +~72) = B (5++* +4777).
Choose the optimal value 7? = 2 to get

Wil < 9kB*

Remark also that
(0;, W) € [-B* +3B?.

This gives the first statement of the proposition, according to Lemma 36 on page 94. Since

4B? is a trivial bound, we have now to prove that for any k > 2 and any n > 2k,

min{&log(E) /~<zlog<l~<r)<6¢§+ 6 1 \/2(\/§+1)(17+910g(k))>}

k n log(2) log(n/k) log(n/k) log(k)
§1610g<%> MOS(M.

V2
Y b=16, p=n/k
1Og(2>7 67 p n/ )

Putting a =

log(k) ’
flp, k) = \/log(kr)/p(a log(p) + n(kr)>
and g(p, k) = by/log(k)/plog(p),

. \/2(\/§+ 1) (17 + 9log(k))
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we have to prove that

min{4, f(p,k)} <glp,k), p>2,k>2.

In other words, we have to prove that, when g(p, k) < f(p, k), then g(p, k) > 4. This can
also be written as

g(p,k) >4,  min{p,k} > 2, g(p,k) < f(p, k).

According to the definitions, this is also equivalent to

log(p) — 210g(log(p)) < 2log(b/4) + log(log(k)), min{p, k} > 2, (b—a)log(p) < n(k).

Since 7 is decreasing and since k — log (log(k:)) is increasing, if the statement is true for

k = 2, it is true for any k£ > 2. Thus we have to prove that

log(p) — 2log(log(p)) < 2log(b/4) +log(log(2)), log(2) <log(p) < n(2)/(b— a).

Putting £ = log(p), we have to prove that

¢ —2log(§) < 2log(b/4) + log(log(2)), log(2) <& < n(2)/(b— a).

Since £ — & — 2log(§) is convex, it is enough to check the inequality at the two ends of
the interval, that is when ¢ € {log(2),n(2)/(b — @)}, which can be done numerically. More
precisely, we have to check that

2log(b/4) + log(log(2))
— max{log(2) - 2log(log(2)), n(2)/(b — a) — 2log [n(2)/(b — a)] } > 0,

and we get numerically that the left-hand side is larger than the minimum of 0.9 and 0.6.

O

4.5.2. FASTER BOUNDS FOR BOTH THE BOUNDED INFORMATION k-MEANS AND THE
BOUNDED k-MEANS CRITERION. Let us derive faster generalization bounds concerning
the bounded information k-means and the bounded k-means criterion, that are defined re-

spectively in section 4.2 on page 75 and 4.3 on page 80.

PROPOSITION 40 Let X4,...,X, be made of n independent copies of X. For any family
of k probability densities q € (E}ml(y))k, consider the bounded criterion €(q) defined in

Lemma 23 on page 76 and its empirical counterpart

Clq)=1-Px (exp[— min fK(qj,pX)D.

JE[LK]

Define the bounds B and C and the set B as in Lemma 25 on page 78. Assume that k > 2
and n > 2k. With probability at least 1 — &, for any q € B*,
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e(q) < (g) + (lolign/k /8k;log /klog )

\/ (VZ+ 1)k [1+2log(eh) exp(2BC)]  [log(6~1)

n 2n

Let ¢* € BF be a non random family of centers, and assume that k > 2 and n > 2k. With
probability at least 1 — &, for any ¢ € B”,

e(q) - €(q") < Elg) — E(q") (ﬁign/k\/m Fosl )

n \/(\/§ + 1) k [1+ 2log(ek) exp(2BC) ]| N Qlog(§fl).

n n

Consequently, if
7(X1,...,X,) € arg min C(q),

qeBF

with probability at least 1 — 9,

e@ < it e(q)+(log(n/k)\/Sklog(k)+2\/klo§(l§))exp(BC)

log(2) n

n \/(\/§ + 1) k [1 + 2log(ek) exp(2BC) ] N 210g((571).

n n

One can get also a similar bound for the expected excess risk.

PROOF. Remember from section 4.2 on page 75 that the risk €(¢) can be expressed as

Clg) =1—-Py (]Ierﬁ?)liﬂw W>> =1+ Py (jgﬁfiﬂ—ej: W>)7

where 0; = exp(—ﬂC(qj,l)) U(pg;) and W = \If(,u’l log(pX)). Therefore we can apply
Lemma 36 on page 94, using the inequality [|6;]*||W||* < exp(2BC). O

Now, let us look at the bounded k-means criterion.

PROPOSITION 41 Consider the same situation as in Proposition 27 on page 81. Consider
any k > 2 and any n > 2k. With probability at least 1 — 6, for any p € RF,

— logn k) 8k;10g k:log
() < 8w +

N \/(\/5 + 1)k (3 + 2log(k)) N 10g((5*1).

n 2n

For any non random family of centers u* € R¥*, with probability at least 1 — 6, for any
= Réxk
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C(u) — C(u*) < C(p) — C(u*) +

log(n/k) \/Sklog(k) s \/klog(k)

log(2) n n

+\/(¢§+ 1)k(3+210g(/€))+ zlog((s—l)_

n n

Consequently, if
A(X1,..., X,) € arg min C(p),

MERka

with probability at least 1 —

N log (n/k) |8k log k log
< f
C(n) Héﬁm C(u) og (2 \/

\/f+ 1) k (3 + 2log(k)) N 210g(5—1)_

n n

PRrROOF. From section 4.3 on page 80, we can express the risk as

€(u) = 1~ P (max (0, )) = 1+ P(_min (0, W),

JE[LK]
where 0; = U(u;) and W = ¥(X), and where ¥ is the feature map associated to the Gaussian

kernel. Accordingly, 6, and W belongs to the unit ball in the corresponding reproducing
kernel Hilbert space H, so that |[W]| <1 and |0 < Vk. O

4.5.3. FASTER BOUNDS FOR INFORMATION FRAGMENTATION. Similarly to what we have
done previously, we can also obtain faster bounds for information fragmentation. How-
ever, we need first to establish the equivalent of Lemma 36 on page 94 for the information

fragmentation risk.

LEMMA 42 Let W = (W;,1 < j < k) be a random vector in the product H*, where H
is a separable Hilbert space (that we can take as being Uy if we want). Consider a sample

(WO W™) made of n independent copies of W. Consider a bounded parameter set
© C H* and a set T of subsets of [1,k]. Assume that

IPW( > 0, W) €ab], AcT, 0 @) =
jeA
Consider the risk
€)= Pu (min > (0, W;)), €0,
jEA
and its empirical counterpart
(‘3(0) = ]Pw< Iilelg_l 16A<0j7 Wj>>, 0 € 0.
J

Put

k 1/2
K(JT) =max|A|, |[|©| =su 0, 2) and ||W s = max esssup ||[W;]|.
@) = max |4, ] %g(gguju Wik = ma esssup W]
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Let 8 be a positive real parameter. Assume that |T| > 2 and that n > 28 K(T). For any
d €]0, 1[, with probability at least 1 — 6, for any 6 € O,

log(n 8§ K(7)™) [SK(@)10g(T]) , , (K@) log(7])
0 VESEL +2Jf>u@uuwnm

C(h) < C(H) + <

) J (V2 + 180~ ) + 2108 TDIWIEIOR)KT) | fiogis)

n 2n

(b—a).

If 0* € O is a non random value of the parameter, with probability at least 1 — 6, for any
0 e 0o,

C(0) — C(6") < €(9) — C(9")
. (1og(n8—1K(:r)1) \/SK(‘.T) log(|T|) +2\/w>”@“”w”m

log(2) n
V24 1)(8(b—a)? + 2log(e|T W2 |02 ) K (T oz (6-1
+J< (B0 2 TINRION) ) | e,

with probability at least 1 — 6,

~ og(n8™* -1 0 o)
6(0)§ggge(e)+<l slnd_XOX) S g“”’ﬁﬁw)n@nnwnm

+J (V2+1)(80 - ) + 210g(eTDIWILIOIR) KO)  friogiaT)

n n

(b—a)

In expectation

< infe(d) + log(n 8 K (7)) \/SK(T)log(l‘-Tl)+2\/w>”@””w’”w

n

n

X J (V24 1) (8 (b — )2 + 2log el T W 2,012 K ()

Proor. We follow here the same arguments as in the proof of Lemma 36 on page 94, so

that we consider the same perturbation

Por 1o = IPOi-i—,B*l/?ai,ie]N)

along with

k
Po’ 1o = ®Pe;|aj,
J=1
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in the case where 0 and @ € RNk,

Taking a basis, we can assume without loss of generality that W = (Wy,..., W) is a

random vector in the separable Hilbert space (Eg)k C R™**. Define the loss function

f(0,w) = 2161;}1 (0;,w;), 0 c RN* w = (wy,...,w) € RN,
jEA

where the scalar product is extended beyond /5 as in equation (4.4) on page 65. Introduce
F(0,w) = f(0,w) — Py (f(O,W)),  0e R we RN
Since
mjnaA — mjnbA < max (aa —ba),

we see that
(59'|9 - Pa/|9>f(9,> W)= Pe/w(gleiglzwav W;) — min > Wj))
jEA jeA

< pewe(rggg > ;- 92-7Wj>)~

jeA
To bound the right-hand side of the previous inequality, we need a maximal inequality,
knowing that

porto© (0= D (0: = 03, Wi) T =N (0, IW51/8).

JjEA JjeEA

LEMMA 43 Let T be a set of subsets of [1,k] and let (5,4)A€7 be a random process with

marginal distributions P., = N(O7 ai), A € T. The expectation of its maximum is bounded

by

< e
P-(gag <a) < \ 207D s

PROOF. By Jensen’s inequality, for any ¢ > 0

1
< =
P (e a) < 3 loaP (mas ()

1 1
< oa( S (o124))) < 4 o (Tl s /)
AeT
< log(|]) E max 0'124.
- t 2 AeT

Minimizing over ¢ ends the proof. [

Applying this lemma in the particular case where 03 = Y ., [[W;|*/8, and remarking
that max o4 < K(M||W]2 /B, we get
€

(310 = por10) SO W) < pr o (max D0, = 8, W)) < /2K @) 1og([T])/BIW |

jEA
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Accordingly, the same bound holding true for the opposite,

[ (310 = P10 ) T8 W) | < 20/ 2K () Tog (TN /BIW o

Following the same line of proof as in Lemma 36 on page 94, we obtain

P / 4\ 5 O|?
Pwi, [Sup (Pw —Pw) (porj0 — p§,|9)f(0 ) W)} < —K(T)log(|TNIW2 + AlIOI .
0co B 2n\
In the same way, choose
plell
~ VBrE (@) og([T]) W
and define
8K (T) log(|T
F = ).y 2T osTD (1.28)

Following the PAC-Bayesian chaining strategy introduced previously, let us consider a se-

quence of measures (Pg/}]g)heﬂo, m-1]- For any integer h € [0, H — 1],

]Pwl,...,wn{SUPK]PW — FW) (ngw PZZ?)JC(Q’, W)} } < F.

0cO

Summing over h, we get

H-1

Py, . Wn{gg@p{ Z()(IPW le) (Pe/w pﬁﬁ?)f(@'aW)H
< Pwl,...,wn{lgzgg[@?w - ?w) (Pﬁfw p§7\+el>f(9'a W)} } < HF.

Hence, simplifying the telescoping sums on the left-hand side yields

]Pwl,...,wn{SUpK]PW - FW) (Poqe — 03/H|9>f(9/, W)] } < HF.

0cO

As in the proof of Lemma 36 on page 94, since we are dealing with (]PW — Pw)f(Q, W), it

remains to bound the following two quantities

<IPW — FW) (8010 — porjo) F(O/, W) (4.29)
and <]PW - FW) AN CALs) (4.30)

For the sake of simplicity, we can rewrite this last quantity as
(Pw = Pw ) pwrjo (0, W), (4.31)

after a change of notation. Using the influence function ¢ introduced in [Cat12] and defined

by equation (4.23) on page 97 to decompose

(IPW - FW)Pefwf(ela W),
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into a sub-Gaussian part and an other part representing extreme values, we get

<IPW — FW)Po/wf(el, W)=
porto [P F(O, W) =P (N0l W)])] @32)
+ oo P [N (O W] = F0 W), (4.33)

where f(6, W) is defined in the same way as in the proof of 36 on page 94 as

Fo.w) = f0.w) - 12

From inequality (4.26) on page 97, the inequality (a + 0)? < 2a? + 20, and the properties of

the variance, we get
o[\ T W] = 70 W)] < 1[0
< A (win 70, 9) — (@ 0)/2)” + g0 (max (00 W) .

" 21+ VR e

Next, we need to bound the expectation of the maximum of the squares of Gaussian random

variables. Consider the following adaptation of Lemma 37 on page 98.

LEMMA 44 Let T be a set of subsets of [1,k] and let (gA)AeiT be a random process with
marginal distributions P., = N(O, ai), A € T. It satisfies

2 < 2 )
E(max £3) <2 (max o) log(|T]e)

PRrROOF. It is similar to Lemma 37 on page 98. Indeed,

t
P. 2) < [ minf (—55)). 1}t
(Iglg;{ 6A) < /R+ min AEG;eXp 202

t
< / min{]‘.ﬂ exp(——Q), 1} dt = 2 (max o%) log(|Te).
- i

O

From this lemma, we obtain, Py almost surely,
poo N AF(O,W)] - FE, W)
< s (0w = o+ 02)” oo (50,9
< g 73 [0~ @A 2 ) ol IWIE /). (434

This gives a bound for (4.33). It remains to derive an upper bound for (4.32). Here, we

just have to follow the same line of reasoning as in the proof of the Lemma 36 on page 94,
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which consists in applying a PAC-Bayesian inequality with influence function 1 combined

with Jensen’s inequality. Using the previous lemma, we are led to

Pwi,.... {2161(1; porto [P (F(0, W) ) = Pur (A0 [0, )] )| }

< A(b—a)*/4+2K(T) log(e| TDIWIIS /8| + ———
2nA
Then, combining this inequality with (4.34), we get
IPwl,...,Wn{SUP (IPW - FW)ﬂ@f\ef(9I7 W)}
60
V2 +1)A ClIE
< DA 2/ 4 2 (3) Lol )W /8] + 2O

At this point, we choose

L \/ TECE
(V2 + 1)[(b— a)? + SK(T) log(elT ) [WIZ /8]’

which leads to

Pw,,...w, {zug <IPW - FW) porof (6, W)}
S

e | V) (B - 02 + 8K (@) og(e TN W) O]
< F(p) - -

Therefore,

P, {sup (P —Po) (6, W) } < 202K 0a(T)/BIW |l + F(2775) + HF,

where F is defined in (4.28). Take

H= Llog (ﬁ) log(2)_1J

271p <AK(T)8|0|7*.

and 3 = 2n||©||72, so that

We obtain

Pw,, .. ,Wn{zlelg (Pw — Pw) f(6, W)}

loa(n8™' K(9)) [SE@)10a(7]) |, (K@) loa(17])
s( S RO, [ +2\/f)||@nnwnw

n

) J (VE+ 1) (80— 2 + 2log(e P W [0]2) K(3)
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Accordingly, from the bounded difference inequality, we get with probability at least 1 — §
sup (IPW - Fw)f(e, W)

fco
log(n8™'K(T)™") [8K(T)log(|T]) K (T)log(|71)
< ( og(2) \/ - + 2\/ - )IIGIIHWIIOO

+J (V2-+ 1) (80 - a)* + 21og(eTDIWILIOIR) KT fiog(sT)

" o (b—a).

In that way, we obtain the first part of the lemma. The other part follows in the same

manner as in the proof of Lemma 36 on page 94. [

At this point, we are in a position to apply previous Lemma 42 on page 105 and get
faster speeds with respect to n than in Propositions 33 on page 90, 34 on page 92 and 35 on
page 93 for the different risks (€;);cq1,34) defined in section 4.4 on page 81.

PROPOSITION 45 Consider the same setting as in Proposition 33 on page 90. Consider the

model

k
M(S) = {u ¢ [-B, B]™* . Z]Pg(supp(uj)) <8, |T, k| > 2}.
j=1
Consider any k > 2, any K > 1, any 8 € [1,k], any n > 28 K, and any § €]0,1]. With
probability at least 1 — 0, for any p € M(8),

Ci(n) — Px[Ps(X2)] < Ci(n) — Px[Ps(X2)]

—17-—1
o g2 [ leen8 KT \/88Klog(m,x|>+2\/8Klog<|%,z<|>
log(2) n n

LB (\/4(& +1)(9+45log(|T,.x|)) 8K N 2\/k(k: —1)log(2) + 2log(6—1) ) |

n n

For any non random set of fragments pu* € M(8), with probability at least 1 — 6, for any
pe M(8),
€1 (p) — Ci(p*) — Ci(p) + €y (p)

—1 —1
_ [losnS'K )\/88Klog(]3'u,K|)+2\/SKlog(]‘.T#,K\) V10 B
log(2) n n

+ B2

A(V2+1) (4 + 5log(e|iT,L,K|))SKB2 . 4\/k(k — 1) log(2) + 2log(6~1)

n n

Consequently, if

—1 -1
g min @)+ (2E08 T SRR, ]) L [SRT,n]) ) i
PEM(S) log(2) n n
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BQ

I

J A(VZ+1) (4 + 5log(e|:7u,K|))5K
_|_

n

with probability at least 1 — 6,

—1 —1
peM(8) log(2) n n

B2

n n

. J A4V2+1) (4 + 510g(e|7u,K|)>SKB2 . 4\/1<;(/<; — 1) log(2) + 2log(61)

PRrROOF. In section 4.4 on page 81, the risk €; has already been written in a suitable form.
Therefore the proof follows from Lemma 42 on page 105 and the bounds ||©] < Bv2S8,
[Wllee < BV5 and K(T) < K, along with b — a < 4B, O

Let us state now the faster bounds related to the risk Cs.

PROPOSITION 46 Consider the model

k
M(S) = {M c Rk ZIPS(supp(,uj)) <8, ﬁT#,K| > 2},
j=1

where 8§ € [1,k]. Assume that n > 28K. For any 0 €)0, 1], with probability at least 1 — 9,
for any p € M(8),

63('“)Ség(ﬂ)+202<log(n8—1[(—l) \/88K10g(!‘3’#,K\)+2\/8K10g(]‘3’#’K\))

log(2) n n

24+ 1)(1+2log(e|T k) |SK -1
+202J (V24 1)(1+ 210g (€l T 1)) +02\/2k:d10g(2)+210g(5 ]

n n

Consider a non random set of fragments p* € M(8). With probability at least 1 — 4§, for any
n € M(8),

Cs(p) — Cs(p*) < C3(p) — C3(u*)

902 log(nS1K—1)\/88K10g(|3'“,;<|) +2\/8K10g(|3'“7;<|)
log(2) n n

n n

2+ 1)1+ 2loglelT, x|) |SK i}
+202J (V2 + )( + 2log(e|T, |)> +202\/2kd10g(2)+210g((5 )

Consequently, if

~ — 1og(ns—1K1)\/88Klog(|:T kl) \/SKlog(|‘_T )
2 My My
[ € arg ugjlvl[?S) Cs(p) + 20 ( og(2) . +2 "
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I

J (V2+1) (1 + 210g(e|TM,K|)>8K
+ 202

n

with probability at least 1 — 6,

o
Cs(n) < ot Cs(u)
o log(n8 ' K1) \/88K10g(|9'u,1<|) s \/SKlogqsrmKD
log(2) n n

n n

. QUZJ (V2+1) (1 + 21og(e|‘-7u,z<l))5K . 202\/2kd10g(2) +2log(5-1).

PrOOF. Considering the formulation of the risk €3 in terms of  and W given in section 4.4
on page 81 and using the fact that ||| =1, b—a = 1 and ||©|| < 82, we conclude from
Lemma 42 on page 105. [J

As discussed in section 4.4, the generalization bounds obtained for the risk €3 depend
on the (possibly high) dimension d of the signal. This is a motivation to consider rather the

risk €4, for which we know how to get dimension free bounds.

PROPOSITION 47 Define the model

k
M(S) = {,u c Rk Z]Pg(supp(uj)) <8, ‘TN7K| > 2},

Jj=1

where 8 € [1, k] and assume that n > 28 K. For any § €]0, 1], with probability at least 1— 9,
for any p € M(8),

log(n 8~ K \/gszmog<|fr,my)+2 \/SKlog(]‘.TH,KD)

Cu(p) < Cy(p) +20° ( oe (@) ” ”

n n

.\ 202\] (V2+1) (1 + 210g(€|‘-TM,KI)>SK . U2\/k;(k; — 1)log(2) +2log(3~")

Moreover, if p* € M(8) is a non random set of fragments, with probability at least 1 — 9,
for any p € M(8),

Cup) — Ca(p*) — Cqlp) + Cy(p*)
§202<log(n8—1[(1) \/gsmog(ﬁrm) Ly \/smogu:rm))

log(2) n n

. QUQJ (V2+1) (1 + 210g(e\7u,z<|))8K . 20_2\/k(k — 1 log(2) +2log(6~")

n n
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Consequently, if

fi€arg min a(p) + 20

(1og<n8—1K—1> (BBl o, [SE 106D ] )

log(2) n n

I

n

J (V2+1) (1 + 210g(e|3’u,K|)>8K
+ 202

with probability at least 1 —

T ueM( log(2) n n

1 g1 K1 K1
Cu() < inf Cul)+ 202< 0g(n 8 )\/88 o8 Tpxcl) | 2\/8 08(|Txcl) )

24+ 1)1+ 2log(e|lT, x|) |SK — 1
+202J (V2 + )( + 2log(e[ T, I)) +202\/k:(k: 1) log(2) +2log(0~1)

n n

PrROOF. We can apply Lemma 42 on page 105 to the risk €4 expressed in terms of # and
W. Let us recall that

Culg.) = 20°[1+ P ( min 3700, W)

€Ty K 4
9K 24

—_—
€[-1,0]

where

We conclude the proof remarking that [|6;||> = Pgs(B;), [[W |« =1, and [|©]| < 82 O

114



CHAPTER 5

Experiment on digital images

In this section, we describe some very preliminary experiment showing what to expect
and hope for. We wrote a program that computes the syntax tree from a training set
(X1,...,X,) € R Each X; is a 300 x 300 greyscale image extracted at random from
two larger greyscale images (we only kept the green channel from the original jpeg images)
and n = 200. In order to play with the different parameters and visualize the experimental
results in an interactive way, we decided to create a graphical user interface with the help of
the rWidgets2 package of the R language. We created two control panes containing several
buttons and sliders to monitor the experiment. A first pane allows to load images and ex-
tract samples from them as square windows of the desired size. The positions of the windows

can be constrained to a grid and are otherwise random. The grey levels are transformed by

f(z) =1log(10° + x), z € [0,1],

the default value for ¢ being —2 as seen on the screen shot. This transform is justified by the
fact that we will use an additive error model whereas we are more sensitive to light intensity

ratios than to light intensity differences. Hence the logarithmic transform.

This is the control pane allowing to pick-up the training set drawn at random from larger

scenes.
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Prepare sample x

Load new image I

199 299

Upper left frame corner : C C

798 1198
Lower right frame corner : O:

Setframe I

image size

300

step size
1l

O

Sample size
100

O

epsilonvalue—————— |
-2

Add to training set

We will show results on a sample drawn from two scenes featuring the same kitten.

Originalimages (ACTIVE) x

Originalimages (inactive) x

The images are drawn from the yellow area of each scene. This is the beginning of the
training sample

The fragmentation and syntax analysis are launched from a second control pane.
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Compute syntax x

Beta Threshold value
0 0.1

MNumber of patches : | 1000

Compute initial patches
Number of merged labels: | 300
MNumber of syntax labels: | 300

Compute next level patches

Syntax level
0

Show patches inimage number
al

Show one patch

1 Show all

Change image

Show patch

E&Quit

The parameter § = Beta is used to compute the fragmentation criterion
2 x 10° | Bj| — | Aj|.
The parameter 7 = Threshold value is used to compute the threshold
o = 7P| Var(Px, , s)]

appearing in equation (2.9) on page 30. Pressing the Compute initial patches button executes
the sample fragmentation into a maximum number of patches prescribed in the text field
Number of patches. Pressing the Compute next level patches button computes the next two
levels of the syntax tree. This means that it computes pair labels and deduces from the
compression of the pair label list a syntax classification f to be applied to pair labels.
Pressing the button many times, we can grow the syntax tree ad libitum, until no new
relabelling is observed. See the figure representing the syntax tree on page 36. The text
fields Number of merged labels and Number of syntax labels specify the maximum number of
labels to be created at each stage. Visualization is performed with the help of the sliders
occupying the second half of the control pane. The first slider, named Syntax level, describes
which level of the syntax tree is displayed. The second slider, titled Show patches in image
number, displays all the patches in a given image (at the syntax level indicated by the

previous slider). The next slider goes through all the patches present in a given image at a
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given level. In other words, it displays one level of the syntax tree of a given image. The last
slider, titled Change image, gathers all the images containing a given patch label at a given
syntax level. The buttons Show all and Show patch toggle between displaying a particular
patch on a green background and displaying all the patches present in one image using a

rainbow of colors.

The experiment can be viewed as a crude vision model where images of two scenes are
acquired by some sensor or retina through random eye saccades. In our experiment, the
sample is shuffled by a random permutation and the locations in each scene of the acquired

images are also random.

This is somehow a stress test for a vision model since there is no structure in the image
acquisition process, by opposition to what we would get for instance if the image sample

was extracted from a video stream.

In this situation, two questions come to mind.

1. Will our unsupervised classification algorithm be able to put the same label on images
that come from the same scene and are overlapping, so that they have some content in
common, but translated. Note that our syntax analysis does not include any explicit
translation model. The algorithm only compares pixel values being at the same pixel
location in different sample images. The algorithm indeed makes no use of pixel
location, that is of the sensor geometry. It is invariant with respect to any arbitrary
permutation of the pixels, as long as the same permutation is applied at the same time
to all sample images. Thus labelling translated patterns is a challenge. What we hope
for is that syntax analysis can solve the problem of invariant pattern classification in a
novel way. Syntax analysis describes the world using a mix of logics and compression
theory, building up relabelling schemes described by rewriting rules and chosen for
there ability to compress information. Chaining rewriting rules can be seen as some
sort of crude logical reasoning. So the question is whether this crude logical reasoning
can produce a flexible solution to the problem of invariant pattern recognition ? The
more classical approach is to model explicitly pattern transformations using geometry
or differential geometry and to pose the question of invariant classification with respect
to a family of transformations in mathematical terms. Unfortunately, this route leads
to daunting mathematical challenges, even in the somehow simplest case of translation

invariance.

2. Will syntax analysis be able to put the same label on images containing related patterns
coming from different scenes 7 For example, in our sample, the kitten’s head is present
in the two scenes, but slightly rotated and on different backgrounds. Will it be possible

to identify those two views of the same head, giving them the same label ?

We will see that the answer to both questions is positive. Although more experiments would

be needed, to see how stable things are and how the algorithm scales with larger data bases,
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this is encouraging.

Let us show first the result of the fragmentation algorithm itself. Visually, when a =
1/10, the coding distortion does not ruin the image content. We give two examples, on the

left we see the patch reconstruction and on the right the original image

We now show two examples of fragment supports (when we use 1000 fragments for the whole
sample). Colors do not match, we use a different rainbow in the two examples, each rainbow

indexing only the fragments present in the corresponding image.
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and then its syntax labels at the highest level (we computed a syntax tree with 2 x 5 levels,
stopping when no new syntax levels are added). The levels are counted as in the diagram on

page 36. Two levels are created each time we press the Compute next level patches button.
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We show all the other images sharing with it a syntax label of the highest level. It turns out
that each label is either specific to the reference image, or shared by two images, except for
one label that is shared by three images. We start with a label shared by an image drawn

from the other scene, since this is maybe the most exciting part of the result

training set (ACTIVE) x

On the left, we can see the patch corresponding to the common label. In this case it has the
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same support on both images, but we will see that it is not always the case (as expected).

Let us see now another patch

training set (ACTIVE) x

This time the patch has the same syntax label, but not the same support in both images. We
can see that the support is somewhat shifted in the direction of the translation. This gives
the impression that the syntax analysis performed on top of the fragmentation algorithm
brings a positive contribution to the detection of translations. Let us see the other patches.

Here again, the patch support changes
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training set (ACTIVE) x

whereas in the next case, it is fixed

training set (ACTIVE) x

so that we do not repeat the original image. It is the same with the next two patches.
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training set (ACTIVE) x

.i -.,-. ﬁ‘l’ 7 e

training set (ACTIVE) x

Finally, we have a syntax label indexing three images, whose support takes two different

values, as shown in the next three pictures.

training set (ACTIVE) x




training set (ACTIVE) x

In conclusion, this small experiment let us hope for much. We have a pattern matching
principle that produces visually interesting results. Moreover, it can be applied directly
on high dimensional data, here we work with a sample of size 200 in R without being
plagued by the curse of dimension. This was predicted at least for the fragmentation part
by our dimension free generalization bounds, and it seems to be also the case in practice.
That does not mean that, if we were to build a more serious vision algorithm, we could not
combine the approach with some preprocessing. Indeed, our algorithm can take as input
any vector of measurements, so we could try to extract first a vector of real valued features,
like for instance wavelet coefficients. A more thoughtful vision model would also presumably
include some sort of multi-scale processing, as well as the use of a retina with a space varying
pixel density. Anyhow we preferred to apply a single general purpose treatment to raw data,

to show that it can manage to deliver results by itself.
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CHAPTER 0

Conclusion

In this thesis, we proposed new algorithms to perform unsupervised clustering and suggested
new ideas for signal modeling, with a special focus on digital images. To this aim, we first
introduced the information k-means algorithm and developed its mathematical analysis. We
showed that it is a generalization of the classical Euclidean k-means criterion and demon-
strated its benefits for the clustering of bag of words. Then, based on the interpretation of
the information k-means setting as a density estimation framework, we introduced alterna-
tive bounded loss functions. Those criteria do not require any integrability assumptions on

the sample, and can be regarded as robust variants of the usual k-means loss function.

We put the information k-means algorithm into a broader context that we called infor-
mation fragmentation. On top of proving generalisation bounds, we justified this algorithm
from a data compression perspective, as it computes shorter indices for large and frequent
data blocks, similarly to the Lempel Ziv algorithm. We described fragmentation for signals
belonging to R?. Although it covers the case of digital images, it is in fact much more
general, since we do not use pixel geometry through any kind of neighboring relations. More
precisely, the same fragments will be computed if we apply any given permutation to the
pixel indices of all the images of a given training sample. Thus, the fragmentation algorithm
can be applied to any kind of signal, color images, 3D images, video streams, speech and so

on.

The fragmentation algorithm is a lossy compression scheme that maps any signal consist-
ing in a vector of real valued measurements to a discrete representation consisting in a set of
fragment labels. This mapping is chosen to optimize the compression of a training sample.

Compression is then pushed further using our next proposal: a syntax analysis algorithm.

It is made of two stages: grouping and context analysis. The grouping stage performs
a lossless compression by merging pairs of labels that appear frequently. This relabeling
scheme produces new non terminal symbols and binary context free rewriting rules that we
can gather into a context free grammar. The signal representation is changed to a new set of
labels, containing non terminal super fragment labels that rewrite each into a unique set of

fragment labels. The context analysis stage consists in compressing the representation of the
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grammar through factoring and grouping of the rewriting rules. It produces a grammar of
the grammar made of new rewriting rules for new syntax labels. These syntax labels perform
some kind of context analysis drawn by a compression criterion. They induce a classification
of the super fragment labels into syntax categories. We get a new signal representation using
syntax categories. Repeating this scheme as long as we can increase the training sample
compression rate, we build a syntax tree producing a hierarchical unsupervised classification
of the content of each signal of the training set. Note that the whole scheme is guided by
a single criterion, the compression rate and uses essentially two ingredients, grouping and

factorization.

This is different from contextual modeling based on conditional probability measures,
whose estimation is a difficult statistical inference issue. The choice of a compression scheme
rather than a statistical model may be a way to avoid the curse of dimension as suggested by
Lemma 4 on page 37. This lemma relates our compression approach to a statistical estimator

whose generalization properties depend on the compression rate of the compression scheme.

The rest of our dissertation is devoted to the mathematical justification of the fragmen-
tation algorithm through generalization bounds. These generalization bounds characterize
the stability of the fragmentation, assessing that fragments computed from one training set
would work almost as well in expectation, and consequently would also work almost as well

to represent another independent training set.

Combining PAC-Bayesian lemmas with the kernel trick, we established dimension-free
non asymptotic bounds on the excess risk of both k-means, information k-means and in-
formation fragmentation. These bounds show that the fragmentation algorithm does not

overfit the data as long as
K?8log(k/K)
n

goes to zero, where k is the number of fragments K the maximum number of fragments used
to represent a single signal, and 8 is the total number of pixels of the fragments divided by

the number of pixels in one image.

We used the same line of proof to obtain generalization bounds of order

O(MO_M)”“

n

for the classical k-means risk in a separable Hilbert space. In order to improve on the 1/4

exponent, we blended the chaining method and the PAC-Bayesian technology to get bounds

o))

for our various flavours of the k-means criterion, including the classical one and improving
k
O =
vn
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proved in [BDLOS].

Finally, we produced experimental results to show what the fragmentation algorithm
combined with syntax analysis is capable of, when applied to digital images. The experi-
ment, although preliminary, was very encouraging. First, we worked with 300 x 300 images,
randomly drawn from two larger scenes, without suffering from the curse of dimension. Sec-
ond, we worked with a sample of size 200, showing that interesting things can be learnt even
from small training sets. Third, the algorithm was able to recognize (that is give the same
label to) patterns present in the two scenes ( a kitten’s head ) as well as translations of the
observation window. This fosters the hope to bring a generic solution to the problem of in-
variant pattern recognition, where invariance with respect to transformations is understood
in a loose sense, without the need to build specific methods dealing with a mathematically

well defined subset of pattern transformations.

All this of course is very preliminary. We wanted to transpose syntax analysis from texts
to signals, making a realistic proposal for unsupervised signal classification that could be
demonstrated on real data. To complete this, we had somehow to stop as soon as we got some
success at each step of our research, in order to keep some time to explore the next step. So
we are pretty sure everything can be improved. For instance, the optimization strategy both
in the fragmentation algorithm and in the syntax analysis is a one pass scheme: we build
smaller and smaller fragments, never coming back on past choices, and then build larger and
larger super fragments in the syntax phase, whereas it could be worth going up and down
more than one time. Also, we presented a batch algorithm, letting open the question of its
sequential pendent. Experimenting how the method scales on bigger data sets would also be
necessary. The relationship between compression and estimation that Lemma 4 on page 37
hints at would deserve a more precise study. The syntax analysis scheme we propose is a
crude first attempt, a more systematic investigation of the use of context free grammars to

build compression schemes should be possible.

The use of chaining in PAC-Bayesian bounds is another technical subject that calls for

further studies.

Further research may also include testing the method on other types of data, such as

speech, or combinations of different types of data, like video streams with sound.

Our agenda also includes coming back to natural language processing to test the pendent
of our syntax analysis algorithm for natural language processing. This would pave the way

to combined data analysis, such as images with textual comments.
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APPENDIX A

Code highlights

The syntax analysis is coded in R and C++, using the interface provided by the Rcpp
package, see [EF11] and [Edd13]. We used the Rcpp.package.skeleton() function, to
create our own R package. The advantage of this approach is that the communication
between R and C++ is made easier and the final code represents a self-contained R package,
thus easy to distribute, see [EF13] for more details concerning the creation of R packages with
Repp. Moreover, the C++ code is parallelized using OpenMP parallelization directives and

makes good use of an eight core processor as shown by the result of the linux htop command.

ocatoni@G560:~/Documents/5-2006/appert/kmeansExp/package

We give the code of the main C++ functions implementing the fragmentation algorithm,
to show how things can be done in practice, when the goal is only to compute the syntax
tree. The implementation of the rest of the syntax tree, that is the computation of the
pair labels and syntax labels, is quite similar. The main loop computeLoop() (line 5) runs
the split() function (line 25), that is defined on line 32. In order to take less memory,
variables and objects are passed to C++ via pointers, and all functions are of type void.

Notice before the definition of the computeLoop function, the typical Repp instruction // [[
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Rcpp :: export ]] that is required to make any compiled C++ function accessible into
the R environment. Besides, we adopt an object oriented programming approach creating
2 classes (similar to the struct data type in C) named Patches and mergeParam. For the
sake of clarity, we omit the description of the corresponding header file initialization.h
containing the declaration of the classes. The class Patches is associated with the fragmen-
tation step whereas the mergeParam is related to the merge and syntax analysis step. For
the purpose of brevity, we will only talk about the class Patches. This class is composed
of several attributes but more importantly contains the method split() that is called in
the critical loop. The first method is called after the instantiation of a Patches object
named parameters in the computeLoop function below. This method is used to initialize
the quantity «, mentioned in the introduction of the experiment. Then, comes the call of
the split () method which tries to find the pair {ji 1, jx2} (noted max_i and max_j in the
code) maximizing the fragmentation criterion, as it is described in section 2.3 on page 29.
This is done essentially by computing the fragmentation criterion for each iteration but in a
parallel manner due to the compiler directive #pragma omp parallel for before the C++
for loop. As we already mentioned, this will distribute the computation of the criterion
over the different processors. We perform first the computation of the index ji; (max_i)
in a first loop and then jio (max_j) in a second loop. As we discussed in section 2.3 on
page 29, this approach avoids the computation of the criterion over all the possible pairs Jj.
It is important to notice that we make use of the compiler directive #pragma omp crit-
ical twice. This compiler directive allows us to execute sequentially a block of code over
the different processors. This means that the block of code can only be executed by one
processor at a time. In our particular case, our critical block of code will be designed to
retrieve the maximum fragmentation criterion (noted max_crit in the code), as well as the
corresponding index ji each processor had to compute in his own set of iterations. This
provides us a way to reduce all the computations, performed separately over the processors,
into one single result. Let us also point out that max_crit as well as max_i and max_j are
global variables whereas my_max_crit, my_max_i and my_max_j are local variables private
to each processor. Then, the remaining of the code is a matter of updating the storage
of the criterion and the pair {ji1,jx2}, along with the matrices A and B representing the
sequences of sets Ay ; and By ;, j € [1, k]. For an in-depth look at the code, the reader may
look at the GitHub repository https://github.com/GautierAppert/PatchProcess

#include "initialization.h"

// [[Rcpp::export]]

void computeLoop (
NumericVector &m,
NumericVector &v,

NumericVector &w,

NumericVector &C,
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IntegerVector &A,
IntegerVector &B,
IntegerVector &Wsx,

List &paramList)

int i, j;

// creates a Patches object to pass parameters from R

Patches parameters(m, v, w, C, A, B, Wsx, paramlList);

parameters.computeBeta () ;

paramList ["thresholdValue"] = parameters.thresholdValue;

// loop on patch index

for ( i = parameters.firstNewLabel- 1; i < parameters.
lastNewLabel; ++i )

{
parameters.split (i) ;
Rcout << "patch number " << i+l-parameters.shift << " computed
\n";
Rcout << "at iteration number " << i+1 << "\n";
}
parameters.output () ;
Rcout << "betaCoeff = " << parameters.betaCoeff << "\n";

void Patches::split(int iter) {

int i,j,s;
double m_buf, v_buf, weight_buf, square_buf, a, double_buf;
double crit, max_crit, Cmax_i, Cmax_j;

int max_i, count, max_j, int_buf;

// computes arg max C
max_crit = -1;
#pragma omp parallel private (i)
{
double my_max_crit = -1;
int my_max_i;
#pragma omp for

for (i=shift; i<iter-shift; ++1i)

{
if ( my_max_crit < C[i] ) {
my_max_crit = C[i]; // selection according to the criterion
my_max_i = 1i;
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}
#pragma omp critical
{
if ( max_crit < my_max_crit ) {
max_crit = my_max_crit;
max_1i = my_max_i;

if (max_crit < 0) {

Rcout << "Nothing to split any more.\nLast split = " << iter-
shift << "\n";
++shift;
return;
b
Rcout << "max_i = " << max_i + 1 << "\n";
// computes C for each j != max_i
max_crit = -1;

#pragma omp parallel private(j, count, s, weight_buf, crit, m_buf

>\

square_buf , v_buf)

double my_max_crit = -1;

int my_max_j;

#pragma omp for

for (j=shift; j<iter-shift; ++j)

{
if (j == max_i) continue; // we are looking for j != max_i
count = 0;
// compute the intersection between B_max_i and B_j.

for (s=0; s<d; ++s)

{

count += B[s+d*max_i] * B[s+dx*j];
}
if (count == 0) continue;

// compute the sum of weights.
weight_buf = wlmax_i] + wl[j];

// compute the criterion for j.

crit = 0;
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// for each pixel do

// compute the criterion using the law of total variance.

for (s=0;

{

s<d; ++s)

// Test if there is an intersection.

if (Bls+d*max_i]#*B[s+dx*j]

0) continue;

// compute the mean of the mean.

m_buf

(wlmax_il*m[s+d*max_1i]

+ wljl*m[s+d*xjl) /weight_buf;

square_buf = m[s+d*max_i]

m_buf ;

// compute the variance of the means.

square_buf *= square_buf;

// compute the means of the variance.

v_buf

wlmax_i] * ( v[s+d*max_i] + square_buf );

square_buf = m_buf - m[s+d*j];

square_buf *= square_buf;

v_buf += w[j] * ( v[s+d*j] + square_buf);
v_buf /= weight_buf;
if (v_buf < thresholdValue) {

crit += 1;

}
crit =

crit -=

betaCoeff;
weight_buf;

if (my_max_crit < crit) {

my_max_crit = crit;

my_max_]j

// get our max_j.

#pragma omp critical

{

if (max_crit < my_max_crit) {

max_crit

max_j

= my_max_crit;

my_max_j;
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178

if (max_crit < 0) {
#pragma omp paral
for (s=0;s<d;++s)

{
double_buf =
m[s+d*xshift]

m[

m[s+d*max_i] =
double_buf =
v[[s+d*shift]

v[s+d*max_i] =

v[

int_buf =
Bls+d*shift] =

lel for private(s,double_buf,int_buf)

s+d*xshift];
m[s+d*max_i];
double_buf;
s+d*xshift];
v[is+d*max_il;
double_buf;

Bls+d*shift];

Bls+d*max_1i];

Bls+d*max_i] = int_buf;

}

double_buf = w(lshift];
wlshift] = wlmax_i];
wlmax_i] = double_buf;
double_buf = C[shift];
Clshift] = Clmax_il];
C[max_i] = double_buf;

#tpragma omp paral
for (i=0;i<n;++1i)
{
int_buf =
Ali+n*shift]
Ali+n*max_i]
}

++shift;

return;

n

Rcout << "max_j
Cliter-shift] =
Cmax_i =
weight_buf = wlmax_
#pragma omp paralle

Cmax_1i,
for (s=0;
{

Cmax_j)

s<d; ++s)

// compute patch

m[s + d*x(iter-shi

lel for private(i,int_buf)

A[i+n*shift];

Ali+n*max_i];

int_buf;

<< max_j + 1 << "\n";

max_crit;

Cmax_j = 0;

il + wlmax_jJ1;

1 for private(s,

// computes patch number iter

mean using mean of m[s,i] and m[s,j].

ft)] =
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216

218 }

+ wlmax_jl*m[s+d*max_j])/weight_buf;

square_buf = m[s + d*max_i] - m[s + d*x(iter-shift)];

square_buf *= square_buf;

vIs+d*x(iter-shift)] = wlmax_i] * ( v[s+d*max_i] + square_buf );
square_buf = m[s+d*max_j] - m[s+d*(iter-shift)];

square_buf *= square_buf;

vIs+d*x(iter-shift)] += wlmax_j] * ( v[s+d*max_j] + square_buf);

v s+d*x(iter-shift)] /= weight_buf;

// Update A and B

// we need to compute the intersection

// and check that the variance is under thresholdValue.

if ( (B[s+d*max_il*B[s+d*max_j] > 0) && (v[s+d*x(iter-shift)]
< thresholdValue) )

{
Bls+d*(iter-shift)] = 1;
B[s+d*max_i] = 0;
B[s+d*max_j] = 0;
} else {
Bls+d*(iter-shift)] = 0;
}
if (B[s+d#*max_i] > 0) {
Cmax_i += 1;
}
if (B[s+d*max_j] > 0) {
Cmax_j += 1;
}
}
Clmax_i] = Cmax_ix*betaCoeff - wlmax_i];
Clmax_j] = Cmax_j*betaCoeff - wlmax_jJ;
wliter-shift] = wlmax_i] + wlmax_j];

#pragma omp parallel for private(i)

for (i=0; i<mn; ++1i)

{

}

Ali+n*(iter-shift)] = A[i+n*max_i] + A[i+n*max_j];

return;
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APPENDIX B

Présentation générale

Dans cette these, nous cherchons a développer de nouveaux algorithmes pour la classification

non supervisée de signaux, en portant un intérét particulier au cas des images numériques.

Le but de la classification non supervisée, telle que nous la concevons, est de proposer
différentes fonctions de classification, dans I’espoir que certaines d’entre elles pourront étre

utiles en pratique.

Nous prendrons comme point de départ I'algorithme des k-means dans un espace Eu-
clidien. Etant donné un échantillon d’apprentissage (Xi,...,X,) € R¥" et k centres

ci, 1 <1 <k, la perte empirique associée a l’algorithme des k-means est donnée par

1 . -
L(cr,...;cr) ==Y min [ X;—¢;|> = inf  Px(|X =),

n < jell i CRA—[1,k]

n

1=

n

— 1
oulP = — E 0x, représente la mesure empirique associée a I’échantillon. La perte empirique
n

i=1
est reliée a la perte théorique

inf  Px(||X — 4.
iy g PX (X = o)

La premiere chose que nous allons entreprendre, a partir de la, est de voir ce que nous
obtenons en considérant le carré de la norme euclidienne comme la divergence de Kullback
de deux gaussiennes. Dans cette interprétation, on ajoute & la variable aléatoire X € RY
une seconde variable aléatoire Y telle que Py |x = N(X , azld) ou I, est la matrice identité
de taille d x d. On obtient que

| X — Cz(X)H2 = 202%(@Y|X7PY|X)7

ol Qy|x = N(CE(X), azld) = Qy|¢x)- 1l est intéressant de considérer iK(Qy|X, ]Py|X) au

lieu de fK(]Py| x, Qv X) qui sont égaux dans ce cas, du fait de la propriété suivante.

PROPOSITION 48 Le critere des k-means euclidiens peut étre considéré comme un critére

du type information k-means en raison de l’identité suivante

Clyenry
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Le point important ici est que nous n’avons pas a restreindre l'infimum a
{Q (Qy | x = N(CZ(X)702Id)}-

PROOF. La preuve est une conséquence directe de la proposition 11 on page 45. [
Cette proposition montre que le critere quadratique des k-means est un cas particulier
du critere de type information k-means

e:mdigf@u,k}] i%f P [fK (Qvex), Py X)i| ;

et de son homologue empirique

inf 'fF[:Jc P }
Z:Rdlg[[l,k]]l% (@viex) Y|X>

Ce critere de type information k-means élargit la portée de 'algorithme des k-means de
la classification de vecteurs a la classification de distributions. Dans ce cas, ’ensemble
de données X1,..., X, ~ PY" est remplacé par un ensemble de mesures de probabilités

conditionnelles px,,...,px,-

Par exemple, dans le domaine de la fouille de textes, les histogrammes représentant la
fréquence des mots, appelés sacs de mots sont souvent utilisés pour représenter des doc-
uments. De méme dans le domaine de la vision par ordinateur les images peuvent étre
représentées par des histogrammes de caractéristiques visuelles. Il convient de noter que
les sacs de mots visuels sont souvent issus du résultat d'un algorithme de clustering util-
isé au préalable, typiquement l'algorithme des k-means appliqué a un ensemble de patches
d’images pour créer un dictionnaire de caractéristiques locales. Pour plus de détails, on peut

se référer a [Tsal2)].

Dans le cadre de 'information k-means, on essaie d’approcher Py |x par Qy | x). Ceci
est une invitation a considérer comme variante de la méme idée ’approximation de la dis-

tribution jointe Px y par Qx vy telle que Qy|x = Qy |¢(x)-

D’apres le théoreme de désintégration, on note que

:K(QX,Y,IPX,Y) = fK(QXJPX) + Qx [K(me, IPY\X)]-

Ainsi, considérant plus spécifiquement le modele

Q= {QX,Y 1 Qx = Px, Qvix = Qvix), ((X)e{l,.. -7k}}7

I'information k-means peut étre exprimé comme une projection appelée information projec-
tion

inf K(Qxy,Pxy) = _inf inf ]P[gc P ]
ineg <QX7Y Xy) Erxgl[[lakﬂ QY\@(}?)HEMHH) * (QYM(X) YlX)

L’information projection, aussi appelée I-projection [Csi75], consiste & projeter une mesure

de probabilités P sur un ensemble Q de distributions de probabilités, en résolvant

nf 3(@. P).
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Ce concept apparait également dans le théoreme de Sanov [Csi84| qui fournit une borne sur
la probabilité que la mesure empirique P,, appartienne & un ensemble de distributions de

probabilités Q, soit de maniere informelle
~1og(PY' (P, € Q)) ~n inf K(Q.Px).
QeQ
La différence entre I’estimation par maximum de vraisemblance, qui peut étre écrite comme

Oy € arg min K(P,, Q), (B.1)
0cO

au moins lorsque I'espace d’états est fini, et la I-projection réside dans le fait que la divergence
de Kullback Leibler n’est pas symétrique. En d’autres termes, I'estimation par maximum
de vraisemblance a tendance a surestimer le support de la distribution des données, tandis
que la I-projection a tendance a la sous-estimer. La différence en termes d’estimation du
support est tres bien illustrée dans le cas gaussien dans [Bis06], figure 10.2 et 10.3, chap 10.

D’ailleurs, on peut voir que (B.1) équivaut a la maximisation de ’espérance d’une fonction

~ _ d
OviLe € argmax P, (log<&)> ,

9o dv

ou v est une mesure dominante (Qp < v, pour tout # € ©), alors que sa contrepartie

de perte

théorique s’écrit
d
g € argmax P <log(&)) :
6co dv
De la méme maniere, nous proposerons une fonction de perte pour I’estimation du parametre

de classification ¢ : XX +— [1, k] équivalant a la minimisation du critere de l'information k-

means. En effet, a partir du lemme 1 et du lemme 6, on peut remarquer que

inf K(Qx,y,Pxy) =—log sup {]Px [exp<_K(QY|€(X)aIPY|X)>] }
Qx,y : Qy | x=Qy|e(x) Qx,v : Qy | x=Qy|¢(x)

Cela montre que la minimisation du critere de I'information k-means est liée a la min-

imisation de 'espérance d’une fonction de perte ~,(X)

0" € argmin Py (7,(X)), (B.2)
£:X—[1,k]

ou Y(X) = 1— exp(—ﬂC(Qyw(x),]PwX)). Cette fonction de perte est completement

R d
observée (nous supposons que Py x est connue) et joue le role de log(—dQe> dans ’approche
v

par maximum de vraisemblance.

Notez que la fonction de perte ,(X) appartient a l'intervalle [0, 1], puisque la divergence

de Kullback est toujours positive. Par la méme occasion, nous étudierons I'exces de risque

Py (74(X)) — Px (7e- (X)),

( € argmin Py (7e(X)).
X~ [1,k]
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De plus, I'information projection apparait dans de nombreux algorithmes d’apprentissage au-
tomatique, notamment dans les méthodes variationnelles bayésiennes (VB) pour l'inférence
bayésienne. En effet, les méthodes VB essaient d’approcher une distribution a posteriori
par I-projection sur une famille donnée de distributions. Ces méthodes représentent une
alternative aux méthodes de Monte Carlo par chaines de Markov qui sont généralement plus
lentes. On pourra se référer a [Bis06], [BKM17], [AR20] et [ARC16] pour plus de détails
sur ce sujet. Il s’avere que les méthodes VB représentent également un outil attrayant pour
le clustering non supervisé, en particulier pour le calcul des auto-encodeurs variationnels
(VAE), voir [Doel6] pour une revue complete sur le sujet. Cela apparait également dans
les auto-encodeurs variationnels pour graphe permettant d’effectuer du clustering de noeuds
dans un graphe, voir [Sal4+19b] et [Sal+19a].

I1 convient de souligner que le clustering de distributions de probabilités (condition-
nelles) utilisant la divergence de Kullback comme mesure de similarités ou d’autres criteres
d’information n’est pas un nouveau sujet. Cela a été tres largement utilisé pour labelliser
des documents, et en particulier pour le clustering de mots permettant d’extraire des car-
actéristiques ou bien de réduire la dimension de I’espace sous-jacent. Par exemple, [PTLO02]
introduit ce qu’il appelle le clustering distributionnel consistant a regrouper les noms d’un
texte par rapport a la distribution conditionnelle du verbe sachant le nom. Le regroupe-
ment est effectué en mesurant la divergence de Kullback entre les distributions condition-
nelles sachant les noms et les centroides des distributions associés. La distribution centroide
est définie comme une moyenne intra-cluster de distributions conditionnelles minimisant la

moyenne de la divergence de Kullback.

Cependant, dans le cas de 'information k-means, nous suivrons une approche différente.
Nous effectuons le regroupement en minimisant la divergence de Kullback par rapport a
son premier argument, ce qui conduit a des centroides tres différents, calculés comme des
moyennes géométriques de distributions conditionnelles. Cela représente a notre connais-

sance une nouveauté par rapport a la littérature existante.

Le regroupement des distributions conditionnelles dans [PTL02| est une version partic-
uliere d’'un probleme plus général appelé information bottleneck, voir [TPBO01]. Dans la suite,
nous verrons que l'information k-means est en fait une variante d’un probleme de clustering

plus général appelé information fragmentation.

Par ailleurs, dans [Dhi+03], les auteurs proposent un algorithme du type k-means qui
diminue une fonction de perte basée sur I’entropie de Jensen-Shannon, exprimée aussi comme
une perte d’information mutuelle, conduisant a des centroides définis comme des moyennes

pondérées de distributions conditionnelles.

En particulier, ils montrent que leur critere d’entropie peut s’exprimer comme un critere

de type k-means utilisant la divergence de Kullback comme mesure de distorsion. Plus
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formellement, leur critere s’écrit sous la forme

inf inf -
GQ—[LE] g1, ,qkz Z v plaq]

=1 iel=1(j)

ol Q est un ensemble de distributions de probabilités discretes et m; > 0 représente certains

poids associés a la distribution p;.

On peut remarquer ici que les centroides sont calculés en minimisant la divergence de
Kullback par rapport au deuxieme argument, de sorte que cela conduit a calculer les cen-
troides comme

* T Pi

¢ = =
ict=1(5) Zief_l(j) P

avec ¢ fixé et calculer la meilleure fonction de classification comme

¢*(i) = arg min K(p;, ¢;).
JELK]
De la méme maniere, [Cao+13] et [Wul2] sont allés plus loin dans cette direction, en étudiant
ce qu'ils appellent Info K-means. En particulier, [Cao+13] propose un nouvel algorithme
pour traiter les problemes computationnels engendrés par 'Info K-means, en particulier les
problemes qui découlent du calcul de la divergence de Kullback en grande dimension. Ils
ont appliqué cet algorithme pour faire du clustering d’images numériques représentant 11
paysages différents. Ils ont préalablement prétraité les images en extrayant des caractéris-
tiques visuelles et en quantifiant ces caractéristiques, afin de considérer chaque image comme
un sac de mots visuels. Ensuite, ils ont regroupé les images en utilisant I'Info- K’ means en
prenant K = 11 et ont obtenu des résultats prometteurs en retrouvant la partition d’origine
donnée par les types de paysages. Il convient de préciser que lorsque nous effectuerons
nos expériences, nous n’utiliserons aucune étape de prétraitement sur 1’échantillon telle que
la sélection de caractéristiques par une méthode de quantification vectorielle. Nous appli-
querons directement 1’algorithme de I'information fragmentation sur les images numériques
originales et cela représente un point fort de notre approche. En outre, on se réferera aussi
a [Jia+11], qui propose un Algorithme de k-médoides pour diminuer une perte du type k-
means avec comme mesure de distorsion la divergence de Kullback dans le cas discret et
continu, et fournit en plus un estimateur de la divergence de Kullback dans le cas continu.
En utilisant les idées de [Dhi+03], [BDGO04] présentent un cadre général des k-means basé
sur la divergence de Bregman. Les auteurs montrent que ces critéres peuvent étre minimisés
de maniere itérative. La distance de Bregman englobe de nombreuses mesures de distor-
sion telles que la distance euclidienne, la divergence de Kullback, la perte logistique et bien
d’autres. Cependant, dans le cas de Kullback, la minimisation est effectuée par rapport au

second argument, et non au premier comme dans notre cas.

Pour en revenir a I'information k-means, nous avons vu que si nous choisissions librement

la distribution () x a la place de Px, nous obtenions la fonction de perte bornée donnée par
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I’équation (B.2). Dans le cas quadratique, on obtient le critere

. 1 2 1 ; 2
inf P [1 = exp (551X — oo )] = B [t~ exp (55 min X —¢[?)].

Nous verrons que nous pourrons établir des bornes de généralisation pour ce type de criteres
robustes sous des hypotheses beaucoup plus faibles que celles imposées par notre premier

critere.

Jusqu’a présent, nous avons décrit ’extension des k-means euclidiens au cadre de 'infor-
mation k-means. La prochaine extension dont nous aimerions parler est celle des k-means
a l'information fragmentation. Dans le cas des k -means, nous utilisons un centre/centroide
dans R? pour représenter des points voisins. Ce type de classification manque de finesse.
On ne s’attend pas vraiment a ce que des images entieres (ou plus généralement des signaux
entiers) soient semblables. On aimerait plutot étiqueter des parties d’images. Cela peut
se faire en étiquetant les pixels de chaque image avec des étiquettes différentes, produisant
une fragmentation de chacune des images en différentes zones. Dans le cadre habituel des

k-means quadratiques, nous proposons d’approcher X par

Y = Z ¢j, ou [1,d] = |_| supp(cj).

JEAX JEAX

Ici Ay remplace £(X) et contient les étiquettes des composantes du signal X € R?. Ce cadre
peut étre vu comme une généralisation des k-means euclidiens classiques correspondant a
Ax = {{(X)}. Le critére quadratique devient

px(lx - ¥ o).
JEAX

En introduisant les projecteurs orthogonaux ; sur le sous-espace vectoriel engendré par le

support de ¢;j, on peut réécrire le critere comme

IPX<.; |5 (X) — cj}|2> = ;]Px (11 (X € 4)[|m(X) — CjH2>7

ond;={zeR?: je A}

Pour décrire I'information fragmentation en terme d’information projection nous devons
introduire une nouvelle variable aléatoire S qui décrit 'emplacement du pixel. Plus précisé-
ment, nous remplagons la représentation Y de X par deux variables aléatoires S € [1,d] et
V € R, définies par

d
Psix =~ d; and Py x5 = N(X;,0%).
j=1

ISHNE

Ceci étant dit, nous pouvons décrire le critere quadratique des k-means comme

igfIPXS [K(Qv\s,e(x),]Pws,X)},
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tandis que le critere d’entropie globale est

inf K(@Qx,sv,Px s v
QR:Qs, v | x=PsQv|s,ex) ( Y T )

~ _log sup {Px[exp(~K(Qs.v 00 Psvix) |}

Q:Qsv | x=PsQv s, ¢x)

Pour obtenir le critere de fragmentation quadratique, on a juste besoin d’étendre la fonction

de classification ¢ en la faisant dépendre aussi de S, 'emplacement du pixel. On obtient
igf Px, s {fK(Qv 15, ¢(x,5), Pv| X,S)} :
Le critere d’entropie globale correspondant est

inf K(Qx,s,v,Px,sv).

Q:Qs,v|x,ex,5=Ws,v|ex,s)

Il possede les propriétés intéressantes suivantes

PROPOSITION 49 (CRITERE DE FRAGMENTATION GLOBAL) Considérons k centres p; €
Mfr (Rd), 1 < j < k. Définissons

‘.Tg:{BC[[l,k:]]:piJ_pj,i#jEB},

Uensemble des pavages (éventuellement partiels) par des mesures de probabilités mutuelle-

ment singulieres p;. Le minimum partiel
igf K(Qx,sv.Px sv)

portant sur toutes les mesures de probabilités @), telles qu’il existe une fonction mesurable

0:REx [1,d] — [1,k] telle que

Q [QX|S, V,0(X,S) = PuX, S)} =1 (B.3)
est €gal a
— sgp log ]PS< 1 [pj (65 (5)) = 1] exp [—fK(pj, Px|s) — Var, (XS>/(20'2)}>
j=1
= —log ]P5<sup Zexp [—fK(pj, ]PX|5) — Var,, (Xs)/(QO'Q)]>,

B€eTo jeB
ot

(g R — [1,K]

x = l(z,s).

Pour tout choiz de {, et en particulier pour le choix optimal, considérant W = ((X,S),

Voptimum en Qw, s, v est atteint quand

dQw, s, _
dIPW,V;/—;‘;\v — Z Vexp [—fK(PW, IPX\W,S) — Var,, (XS)/<2U2>}Qa,pW(Xs)(V)v (B.4)

145



ou \y est la mesure de Lebesque sur R et

o.m(®) = = 1 exp(_ M)

om 202

En particulier, pour le choiz optimal de Qw, s, v, Qv s,w = N(pW(XS), 02) est une mesure
de probabilités gaussienne et

d
Qs |w = 1;/1 exp [—fK(pW,IPX‘W,S) — VarpW(XS)/(QJQ)]
dPgw

D’autre part, considérons k centres [L e M! L([1,d] xR), 1 < j <k tels que

s = N(us(vV),0?),  1<j<k

Définissons

le{AC[[l k] - ,uS J_[L z;«éjeA}

I’ensemble des pavages par des mesures de probabilités mutuellement singuliéres ,u (ou de

maniere équivalente par des probabilités mutuellement singuliéres u(j)

Le minimum partiel

igffK(QX,S,VaPX,&V)

pris sur toutes les mesures de probabilités () € ML(Q) telles que, pour une fonction
mesurable ¢ : RY x [[1,d] — [1, k],

Q[Qs,wx,z(x, 5) = Mg(\)/( S))} 1, (B.5)

est €gal a
~suplog P (Z 1 (6 ) = 1]
j=1
x eXp{—ﬂc(ug), Ps)x) — pf [(Miﬁ)\s(‘/) - Xs)2/(202)} })
—log Py (SUP Zexp{—fK(ug), Ps|x) — 1y [(u(v’)\s(v) - Xs)Q/(2U2)} })
AeT, jeA
o

ly o [1,d] — [1,K]
s+ Ll(z,8).

Pour toute valeur de €, et en particulier pour la valeur optimale, considérant W = 4(X, 5),

le minimum en Qx,w est atteint quand

jgiz — 7 exp{—fK(u(s ' Psixw) — uéw)[(u(vv‘v)s(v) —XS>2/(202)}}, (B.6)
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En alternant ces deux opérations d’optimisation partielle, nous pouvons converger vers un

manimum local du probleme d’optimisation
igffK(QX,s,v, Px sv),

ou linfimum est pris sur les mesures de probabilités @) € Mfr (Q) satisfaisant, pour une
fonction de classification mesurable ¢ : RY x [1,d] — [1, k],

Q|Qx,s,v|ux,s) = @x|ux,s) @ Qs,vex, S)} =1 (B.7)

Pour la preuve, voir la proposition 16. La seconde partie de la proposition montre que
le critere d’entropie peut étre interprété comme l'espérance par rapport a IPx d’un risque.
Cette espérance peut étre estimée par une espérance par rapport a la mesure empirique Py.
La derniere partie de la proposition décrit le pendant de I'algorithme de Lloyd, dans le cas

ou on remplace la mesure inconnue P x par la mesure empirique Px.

Maintenant que nous avons un critere pour la fragmentation, nous avons besoin d'un

algorithme exploitant ce critere.

Nous utiliserons le critere
igffK(QX,s,V, Px sv),

pour définir une fonction de distorsion. Soit Xi, ..., X, un échantillon d’apprentissage i.i.d.

Nous pouvons représenter son contenu par la distribution

_ 1 —
Prsv= (ﬁ 251) Psvix=x,
=1
1< 1<
. -+ ' - ) 2
- (300 (735w
1 n d
= @225%] N(Xiyj,OQ).
i=1 j=1

Ici I est un indice aléatoire a valeurs dans U'intervalle [1,n]. Nous voyons immédiatement

que (X1,...,X,) est une fonction de P, puisque
Xi,s = FV|S=s,I=i(Vv>7 (NS Hlan]]a s € Hlad]]

Considérons un dictionnaire fini € C R, par exemple € = {m2_8 m € [[0,255]]} qui
permet de coder des intensités lumineuses a valeurs dans U'intervalle unité [0, 1] sur huit bits

comme c¢’est souvent le cas. Pour toute fonction de classification
C:[1,n] x [1,d] — [1, k]

définie par
E_l(j):A]XB]a 1§]§k7
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ou (4; x Bj,1 < j < k) est une partition de [1,n] x [1,d] et toute famille de centres
(C;,1<j<k)e CY* on supp(C;) C Bj, définissons le parametre

0= (Aja Bj7 Cj)?:l

et le modele correspondant

Q) = {Q,,S,V e M ([1,n] x [1,d] x R)

: Qs v i1, (1,8)ea;xB; = Psisen,N(Cj 5,0%),7 € Hlvk]]}7

ou nous rappelons que Pg = é Zle 05 est connu et est la mesure uniforme sur ’emplacement
des pixels. Pour faire un parallele entre Qg et le modele (B.5) défini dans la proposition 49,

on peut remarquer que Qy détermine

Ng) = IPs|Sij et N%)S = N(CJ}S’ ‘72)'

En d’autres termes, Qy C Qy, ou
Q, = {Q[,S,V € M}i-([[Ln]] x [1,d] xR) : Qrs,v|er,s) = Qrer,s) @ QS,VlZ([,S)}-

Nous définissons la distorsion D(6) de la représentation de 1’échantillon (X7, ..., X)) par

le parametre # comme

D(0) = 5259{3“@1, s,v, Pr, s,v)}

= —logP; <i 1I(I € Aj)Ps(B;) eXp{_T;PS|S€Bj [(XI,S - 5/1,5)2” }>,

Jj=1
conformément a la proposition 49.

Notons que cela fait sens d’optimiser en () € Qy, puisque la quantification de X;, donnée

par
k

Y;,s = QV|S:5,]:i<V) - Z]l(l c AJ) Cjﬁ, 1 S 1 S n, 1 S S S d,
j=1
ne dépend pas de () € Qp, mais seulement de 0. En fait, elle ne dépend pas de (;,s si bien

que nous aurions pu optimiser encore plus dans la définition de D(#).

Remarquons que cette notion de distorsion satisfait

ngéegc(Ql,S,V;IPI,S,V) < D(f) < IPI,S[(XJ,S - YI,S)Q] = EZHXl — Y|P

Etant donnée une distribution de codage ¢(#) et un niveau de distorsion acceptable n > 0,
'algorithme de fragmentation calcule une représentation avec perte 6(X, ..., X,) dont la
distorsion vérifie D(é) < n et dont la longueur de code idéale —log (q(g)) est aussi faible

que possible.
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Nous utiliserons une probabilité de codage de la forme

q(0) = q(A, B, C) = ¢(A) ¢(B, C).

A la suite de cette étape de fragmentation, conduisant au calcul de 5, nous effectuerons
une analyse syntaxique visant & remplacer le code idéal ¢(A) par un code plus efficace
g(A). Cette amélioration suit ’approche bayésienne de Shtarkov. Plus précisément, nous
considérons une famille g, (A) de distributions de codage dépendant d’un nouveau parametre

a et d'une loi a priori p(a), et nous améliorons g(A) en considérant
¢(A) = max pi(@)ga(A).

Comme

q(A) =) p(e)ga(A)

est une mesure de probabilités, ¢ est une sous-probabilité, et donc une mesure de codage
valide. D’un point de vue bayésien, g(A) peut aussi étre considéré comme un estimateur du

maximum de vraisemblance a posteriori (MAP). Introduisons

a € arg max () ga(A).
(03
Nous voyons que a(A\) = u(a)qa(A\) et que @ est une fonction de ’échantillon (X7, ..., X,),
puisque c’est le cas de A. Quand nous détaillerons la construction de & nous verrons que
nous effectuons une forme d’analyse syntaxique conduisant en particulier au calcul d’un

arbre syntaxique pour chaque image X;, 1 <7 < n de I’échantillon.

149



150



References

[AR20]

[ARC16]

[Aro50]

[BDG04]

[BDLOS]

[Bis06]

[BKM17]

[BLM13]

[BFL20]

Pierre Alquier and James Ridgway. “Concentration of tempered posteriors and of
their variational approximations.” In: Ann. Statist. 48.3 (June 2020), pp. 1475~
1497. por: 10.1214/19-A0S1855. URL: https://doi.org/10.1214/19-
A0S1855.

Pierre Alquier, James Ridgway, and Nicolas Chopin. “On the properties of vari-
ational approximations of Gibbs posteriors.” In: Journal of Machine Learning
Research 17.236 (2016), pp. 1-41. URL: http://jmlr.org/papers/vi7/15-
290.html.

Nachman Aronszajn. “Theory of reproducing kernels.” In: Transactions of the
American mathematical society 68.3 (1950), pp. 337-404.

Arindam Banerjee, Inderjit Dhillon, and Joydeep Ghosh. “Clustering with Breg-
man Divergences.” In: Journal of Machine Learning Research 6 (June 2004).
DOI: 10.1137/1.9781611972740.22.

Gérard Biau, L. Devroye, and G. Lugosi. “On the performance of clustering
in Hilbert spaces.” In: IEEE Transactions on Information Theory 54.2 (2008),
pp- 781-790. URL: https://hal.archives-ouvertes.fr/hal-00290855.

Christopher M. Bishop. Pattern Recognition and Machine Learning (Informa-
tion Science and Statistics). Secaucus, NJ, USA: Springer-Verlag New York,
Inc., 2006. 1SBN: 0387310738.

David M. Blei, Alp Kucukelbir, and Jon D. McAuliffe. “Variational Inference:
A Review for Statisticians.” In: Journal of the American Statistical Association
112.518 (2017), pp. 859-877. DOI: 10.1080/01621459.2017 . 1285773. eprint:
https://doi.org/10.1080/01621459.2017.1285773. URL: https://doi.
org/10.1080/01621459.2017.1285773.

Stéphane Boucheron, Gabor Lugosi, and Pascal Massart. Concentration inequal-

ities: A monasymptotic theory of independence. Oxford university press, 2013.

Claire Brécheteau, Aurélie Fischer, and Clément Levrard. “Robust Bregman
Clustering.” working paper or preprint. Apr. 2020. URL: https://hal.archives-
ouvertes.fr/hal-01948051.

151


https://doi.org/10.1214/19-AOS1855
https://doi.org/10.1214/19-AOS1855
https://doi.org/10.1214/19-AOS1855
http://jmlr.org/papers/v17/15-290.html
http://jmlr.org/papers/v17/15-290.html
https://doi.org/10.1137/1.9781611972740.22
https://hal.archives-ouvertes.fr/hal-00290855
https://doi.org/10.1080/01621459.2017.1285773
https://doi.org/10.1080/01621459.2017.1285773
https://doi.org/10.1080/01621459.2017.1285773
https://doi.org/10.1080/01621459.2017.1285773
https://hal.archives-ouvertes.fr/hal-01948051
https://hal.archives-ouvertes.fr/hal-01948051

[Cao+13]  Jie Cao, Zhiang Wu, Junjie Wu, and Wenjie Liu. “Towards information-theoretic
K-means clustering for image indexing.” In: Signal Processing 93.7 (2013), pp. 2026—
2037.

[Cat04] O. Catoni. Statistical learning theory and stochastic optimization. Ecole d’été
de probabilités de Saint-Flour XXXI-2001. Collection : Lecture notes in math-
ematics n°1851. Springer, 2004, pp. viii-272. URL: https://hal . archives-—
ouvertes.fr/hal-00104952.

[Cat12] Olivier Catoni. “Challenging the empirical mean and empirical variance: A de-
viation study.” In: Ann. Inst. H. Poincaré Probab. Statist. 48.4 (Nov. 2012),
pp. 1148-1185. pOI: 10.1214/11-ATHP4A54. URL: https://doi.org/10.1214/
11-ATHP454.

[Cat14] Olivier Catoni. Lecture notes for the IFCAM Summer School on Applied Math-

ematics, Indian Institute of Science. Bangalore, 2014.

[CG17] Olivier Catoni and Ilaria Giulini. “Dimension-free PAC-Bayesian bounds for ma-
trices, vectors, and linear least squares regression.” In: arXiv preprint arXiv:1712.02747
(2017).

[CG18] Olivier Catoni and Ilaria Giulini. “Dimension-free PAC-Bayesian bounds for the

estimation of the mean of a random vector.” In: arXiv preprint arXiv:1802.04308

(2018).
[CS08] Andreas Christmann and Ingo Steinwart. “Support vector machines.” In: (2008).
[Coh] Donald L Cohn. Measure theory. Springer.
[CsiT5] I. Csiszar. “I-Divergence Geometry of Probability Distributions and Minimiza-

tion Problems.” In: Ann. Probab. 3.1 (Feb. 1975), pp. 146-158. poI: 10.1214/
aop/1176996454. URL: https://doi.org/10.1214/aop/1176996454.

[Csi84] Imre Csiszar. “Sanov Property, Generalized /-Projection and a Conditional Limit
Theorem.” In: Ann. Probab. 12.3 (Aug. 1984), pp. 768-793. DOI: 10.1214/aop/
1176993227. URL: https://doi.org/10.1214/aop/1176993227.

[Dhi+03]  Dhillon, Inderjit S., Mallela, Subramanyam, Kumar, and Rahul Kumar. “A di-

visive information theoretic feature clustering algorithm for text classification.”

In: J. Mach. Learn. Res. 3 (Jan. 2003), pp. 1265—.

[Doel6] Carl Doersch. “Tutorial on Variational Autoencoders.” In: ArXiv abs/1606.05908
(2016).

[Edd13] Dirk Eddelbuettel. Seamless R and C++ Integration with Rcpp. ISBN 978-1-
4614-6867-7. New York: Springer, 2013. DOI: 10.1007/978-1-4614-6868-4.

[EF11] Dirk Eddelbuettel and Romain Francois. “Repp: Seamless R and C++ Integra-
tion.” In: Journal of Statistical Software 40.8 (2011), pp. 1-18. DOI: 10.18637/
jss.v040.108. URL: http://www. jstatsoft.org/v40/1i08/.

152


https://hal.archives-ouvertes.fr/hal-00104952
https://hal.archives-ouvertes.fr/hal-00104952
https://doi.org/10.1214/11-AIHP454
https://doi.org/10.1214/11-AIHP454
https://doi.org/10.1214/11-AIHP454
https://doi.org/10.1214/aop/1176996454
https://doi.org/10.1214/aop/1176996454
https://doi.org/10.1214/aop/1176996454
https://doi.org/10.1214/aop/1176993227
https://doi.org/10.1214/aop/1176993227
https://doi.org/10.1214/aop/1176993227
https://doi.org/10.1007/978-1-4614-6868-4
https://doi.org/10.18637/jss.v040.i08
https://doi.org/10.18637/jss.v040.i08
http://www.jstatsoft.org/v40/i08/

[EF13]

[Fis10]

[Giul5]

[Jia+11]

[Lev13]

[Lev15]

[Li+11]

[L1006]

[Mail4]

[MPS07]

[PTL02]

[Sal+19a)

Dirk Eddelbuettel and Romain Francois. “Writing a package that uses Repp.” In:
(2013). URL: https://cran.r-project.org/web/packages/Rcpp/vignettes/
Rcpp-package.pdf.

Aurélie Fischer. “Quantization and clustering with Bregman divergences.” In:
Journal of Multivariate Analysis 101 (Oct. 2010), pp. 2207-2221. DOI: 10.1016/
j.jmva.2010.05.008.

[laria Giulini. “Generalization bounds for random samples in Hilbert spaces.”

PhD thesis. Paris, Ecole normale supérieure, 2015.

Bin Jiang, Jian Pei, Yufei Tao, and Xuemin Lin. “Clustering uncertain data
based on probability distribution similarity.” In: IEEE Transactions on Knowl-
edge and Data Engineering 25.4 (2011), pp. 751-763.

Clément Levrard. “Non Asymptotic Bounds for Vector Quantization in Hilbert
Spaces.” 30 pages, technical proofs are omitted and can be found in the related
unpublished paper "Margin conditions for vector quantization”. Oct. 2013. URL:
https://hal.archives-ouvertes.fr/hal-00877564.

Clément Levrard. “Nonasymptotic bounds for vector quantization in Hilbert
spaces.” In: Ann. Statist. 43.2 (Apr. 2015), pp. 592-619. po1: 10. 1214 /14~
A0S1293. URL: https://doi.org/10.1214/14-A0S1293.

Teng Li, Tao Mei, Soo-Ok Kweon, and Xian-Sheng Hua. “Contextual Bag-of-
Words for Visual Categorization.” In: IEEE Trans. Circuits Syst. Video Techn.
21 (Apr. 2011), pp. 381-392. DOI: 10.1109/TCSVT.2010.2041828.

S. Lloyd. “Least Squares Quantization in PCM.” In: IEEFE Trans. Inf. Theor. 28.2
(Sept. 2006), pp. 129-137. 1SSN: 0018-9448. pOI: 10.1109/TIT.1982.10564809.
URL: http://dx.doi.org/10.1109/TIT.1982.1056489.

Thomas Mainguy. “Markov Substitute Processes : a statistical model for lin-
guistics.” Theses. Université Pierre et Marie Curie - Paris VI, Dec. 2014. URL:
https://tel.archives-ouvertes.fr/tel-01127344.

Pascal Massart, Jean Picard, and Ecole d’été de probabilités de Saint-Flour.

“Concentration inequalities and model selection.” In: 2007.

Fernando Pereira, Naftali Tishby, and Lillian Lee. “Distributional Clustering Of
English Words.” In: Proceedings of the 31st Annual Meeting on Association for
Computational Linguistics (May 2002). DOI: 10.3115/981574.981598.

Guillaume Salha, Romain Hennequin, Viet Anh Tran, and Michalis Vazirgiannis.
“A Degeneracy Framework for Scalable Graph Autoencoders.” In: 28th Interna-
tional Joint Conference on Artificial Intelligence (IJCAI). 2019.

153


https://cran.r-project.org/web/packages/Rcpp/vignettes/Rcpp-package.pdf
https://cran.r-project.org/web/packages/Rcpp/vignettes/Rcpp-package.pdf
https://doi.org/10.1016/j.jmva.2010.05.008
https://doi.org/10.1016/j.jmva.2010.05.008
https://hal.archives-ouvertes.fr/hal-00877564
https://doi.org/10.1214/14-AOS1293
https://doi.org/10.1214/14-AOS1293
https://doi.org/10.1214/14-AOS1293
https://doi.org/10.1109/TCSVT.2010.2041828
https://doi.org/10.1109/TIT.1982.1056489
http://dx.doi.org/10.1109/TIT.1982.1056489
https://tel.archives-ouvertes.fr/tel-01127344
https://doi.org/10.3115/981574.981598

[Sal+19b]

[TPBO1]

[Tril6]

[Tsal2]

[Wul2]

Guillaume Salha, Stratis Limnios, Romain Hennequin, Viet Anh Tran, and
Michalis Vazirgiannis. “Gravity-Inspired Graph Autoencoders for Directed Link
Prediction.” In: ACM International Conference on Information and Knowledge
Management (CIKM). 2019.

Naftali Tishby, Fernando Pereira, and William Bialek. “The Information Bot-
tleneck Method.” In: Proceedings of the 37th Allerton Conference on Communi-
cation, Control and Computation 49 (July 2001).

Bertrand Clarke Tri Le. Using the Bayesian Shtarkov solution for predictions.
Computational Statistics and Data Analysis, 2016.

Chih-Fong Tsai. “Bag-of-Words Representation in Image Annotation: A Re-
view.” In: International Scholarly Research Notices 2012 (2012), pp. 1-19.

Junjie Wu. Advances in K-means clustering: a data mining thinking. Springer
Science & Business Media, 2012.

154



LY T
?© EC/Y

ECOLE

TU
,91\ T

1
y > | DOCTORALE

7 | DE MATHEMATIQUES
V4V | HADAMARD

bg e

Titre : Information k-means, fragmentation et analyse syntaxique. Une nouvelle approche de I'apprentissage

non supervisé.

Mots clés
Bayésiennes, Chainage, Critere des k-means.

Résumé : Le critére de linformation k-means étend le
critere des k-means en utilisant la divergence de Kull-
back comme fonction de perte. La fragmentation est une
généralisation supplémentaire permettant I'approximation
de chaque signal par une combinaison de fragments.

Nous proposons un nouvel algorithme de fragmentation
pour les signaux numériques se présentant comme un al-
gorithme de compression avec perte.

A lissue de ce traitement, chaque signal est représenté par
un ensemble aléatoires de labels, servant d’entrée a une
procédure d’analyse syntaxique, congue comme un algo-
rithme de compression sans perte.

Cet algorithme, fondé sur deux principes appliqués
itérativement, la factorisation et le réétiquetage de confi-
gurations fréquentes, produit pour chaque signal un arbre
syntaxique fournissant une classification hiérarchique des
composantes du signal.

Nous avons testé la méthode sur des images en niveaux de
gris, sur lesquelles il a été possible de détecter des configu-
rations translatées ou transformées par une rotation. Ceci
donne I'espoir d’apporter une réponse a la reconnaissance
invariante par transformations fondée sur un critere de com-

Apprentissage non supervisé, Classification, Compression de données, bornes PAC-

pression tres général.

D’un point de vue mathématique, nous avons prouvé deux
types de bornes. Tout d’abord, nous avons relié notre al-
gorithme de compression a un estimateur implicite d’'un
modele statistique lui aussi implicite, a travers un lemme,
prouvant que le taux de compression et le niveau de dis-
torsion de I'un sont reliés a I'excés de risque de 'autre. Ce
résultat contribue a expliquer la pertinence de nos arbres
syntaxiques.

Ensuite, nous établissons des bornes de généralisation non
asymptotiques et indépendantes de la dimension pour les
différents criteres des k-means et criteres de fragmenta-
tion que nous avons introduits. Nous utilisons pour cela des
inégalités PAC-Bayésiennes appliquées dans des espaces
de Hilbert a noyau reproduisant.

Par exemple dans le cas des k-means classiques, nous
obtenons une borne en O(klog(k)/n)Y* qui fournit la
meilleure condition suffisante de consistance, a savoir
que l'excés de risque tend vers zéro quand klog(k)/n
tend vers zéro. Grace a une nouvelle méthode de
chainage PAC-Bayésien, nous prouvons aussi une borne

en O(log(n/k) /¥ log(k)/).

Title : Information k-means, fragmentation and syntax analysis. A new approach to unsupervised machine

learning.

Keywords : Unsupervised machine learning, Clustering, Data compression, PAC-Bayesian bounds, Chaining,

k-means criterion

Abstract : Information k-means is a new mathematical fra-
mework that extends the classical k-means criterion, using
the Kullback divergence as a distortion measure. The frag-
mentation criterion is an even broader extension where
each signal is approximated by a combination of fragments
instead of a single center.

Using the fragmentation criterion as a distortion measure,
we propose a new fragmentation algorithm for digital si-
gnals, conceived as a lossy data compression scheme.
Based on the output of the fragmentation algorithm, where
each signal is described as a random set of labels, we des-
cribe a new syntax model, conceived as a lossless data
compression scheme.

Our syntax analysis is based on two principles : factorization
and relabeling of frequent patterns. It is an iterative scheme,
decreasing at each step as much as possible the length of
the representation of the training set. It produces for each
signal a syntax tree, providing a multi-level classification of
the signal components.

We tested the method on grey level digital images, where
it was possible to label successfully translated patterns and
rotated patterns. This lets us hope that transformation inva-

riant pattern recognition could be approached in a flexible
way using a general purpose data compression criterion.
From a mathematical point of view, we derived two kinds
of generalization bounds. First we defined an implicit esti-
mator based on an implicit statistical model, related to our
lossy data compression scheme. We proved a lemma re-
lating the data compression rate and the distortion level of
the compression algorithm with the excess risk of the statis-
tical estimator. This explains why our syntax trees may be
meaningful.

Second, combining PAC-Bayesian lemmas with the kernel
trick, we proved non asymptotic dimension-free generaliza-
tion bounds for the various information k-means and infor-
mation fragmentation criteria we introduced.

For instance, in the special case of the classical k-means
criterion, we get a non asymptotic dimension free generali-
zation bound of order O(klog(k)/n)*/* that gives the best
sufficient consistency condition, namely that the excess risk
goes to zero when klog(k)/n goes to zero. Using a new
kind of PAC-Bayesian chaining, we also proved a bound of

order O(log(n/k)+/klog(k)/n).
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