N
N

N

HAL

open science

Spectral theory of ultradifferentiable hyperbolic
dynamics

Malo Jézéquel

» To cite this version:

Malo Jézéquel. Spectral theory of ultradifferentiable hyperbolic dynamics. Mathematics [math].
Sorbonne Université, 2020. English. NNT: 2020SORUS130 . tel-03096854v1

HAL Id: tel-03096854
https://theses.hal.science/tel-03096854v1

Submitted on 5 Jan 2021 (v1), last revised 2 Jul 2021 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03096854v1
https://hal.archives-ouvertes.fr

Sorbonne Université

LPSM

LABORATOIRE DE PROBABILITES
STATISTIQUE & MODELISATION

Ecole doctorale de sciences mathématiques de Paris centre

THESE DE DOCTORAT

Discipline : Mathématiques

présentée par

Malo JEZEQUEL

Théorie spectrale des dynamiques
hyperboliques ultradifférentiables

dirigée par Viviane BALADI

Soutenue le 9 décembre 2020 devant le jury composé de :

M™¢€ Nalini ANANTHARAMAN  Université de Strasbourg Examinatrice
M™¢€ Viviane BALADI Sorbonne Université Directrice

M. Frédéric NAUD Sorbonne Université Examinateur
M. Stéphane NONNENMACHER  Université Paris-Saclay Examinateur
M. Hans Henrik RuGH Université Paris-Saclay Rapporteur
M. Masato T'SUJII Kyushu University Rapporteur

M. Maciej ZWORSKI University of California, Berkeley FExaminateur






Laboratoire de Probabilités, Statis-
tique et Modélisation. UMR, 8001.
Sorbonne-Université

Campus Pierre et Marie Curie

Boite courrier 158

4 place Jussieu

75252 Paris Cedex 05

Sorbonne Université.

Ecole doctorale de sciences
mathématiques de Paris centre.
Boite courrier 290

4 place Jussieu

75252 Paris Cedex 05



I’ll be waiting in the car
Don’t forget the camera

If you wouldn’t mind, could you find my yellow shoes ?
I think they are under the stairs

Ray Lamontagne, To the sea
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Résumé

Afin d’étudier la validité d’une formule de trace pour les flots d’Anosov C*° proposée
par Dyatlov et Zworski, nous développons des outils qui permettent de comprendre le
spectre de Ruelle des dynamiques hyperboliques infiniment dérivables. Un réle central est
joué dans cette étude par la notion d’ultradifférentiabilité (principalement via le langage
des classes de Denjoy-Carleman). On donne ainsi un analogue ultradifférentiable des
méthodes développées originellement par Ruelle, Rugh et Fried (basées sur les résultats
de Grothendieck sur les opérateurs nucléaires) pour étudier les dynamiques hyperboliques
analytiques. En particulier, une analyse détaillée des opérateurs de transfert associés aux
applications dilatantes du cercle ultradifférentiables est menée. La formule de trace est
ensuite démontrée pour une grande classe de flots d’Anosov ultradifférentiables. Enfin,
une transformée de FBI analytique est utilisée pour prouver que 'ordre du déterminant

dynamique associé & un flot d’Anosov de régularité Gevrey est fini.

Mots-clés

Dynamiques hyperboliques, spectre de Ruelle, formule de trace, déterminant dynamique,

ultradifférentiabilité.



Abstract

In order to study the validity of a trace formula for C*° Anosov flows proposed by
Dyatlov and Zworski, we develop tools that allow us to investigate the Ruelle spectrum
of infinitely differentiable hyperbolic dynamics. The notion of ultradifferentiability (and
in particular the language of Denjoy—Carleman classes) plays a central role in our study.
We give an ultradifferentiable analogue of the methods originally developed by Ruelle,
Rugh and Fried (based on Grothendieck’s results on nuclear operators) to study analytic
hyperbolic dynamics. In particular, a detailed analysis of transfer operators associated to
ultradifferentiable expanding maps of the circle is performed. The trace formula is then
proved for a large class of ultradifferentiable Anosov flow. Finally, an analytic FBI trans-
form is used in order to establish that the order of the dynamical determinant associated

to an Anosov flow of Gevrey regularity is finite.

Keywords

Hyperbolic dynamics, Ruelle spectrum, trace formula, dynamical determinant, ultradiffer-

entiability.
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Introduction

The interest in hyperbolic dynamics goes back at least to the work of Hadamard [Had98]|
on the geodesic flow on negatively curved surfaces. An important milestone in the history
of the study of such systems is the definition by Anosov [Ano67| of the class of flows that
now bear his name. The introduction of this notion by Anosov was motivated by the
study of the dynamical properties of the geodesic flow on the unit tangent bundle of a
Riemannian manifold with negative, a prior:i non-constant, sectional curvature. The sem-
inal work of Anosov was the starting point of a systematic study of Anosov flows, and of
their discrete-time counter parts, Anosov diffeomorphisms. This line of research has been
very active since then, and, while many questions remain unanswered, the understanding
of hyperbolic dynamics has greatly improved since the work of Anosov, due to the devel-
opment of various tools to study those systems: Markov partitions, specification property,

coupling arguments, Young towers, etc.

In this thesis, we focus on a particular way to deal with hyperbolic dynamical systems:
the so-called functional approach. The basic idea behind this approach is simple: in order
to study a dynamical system T, one may study the associated composition operator (also
called Koopman operator): v+ voT. In particular, we expect that the spectral theory of
the Koopman operator contains relevant information concerning the statistical properties
of the system T'. Koopman operator technique goes back to the work of Koopman and Von
Neumann in the early 30’s. However, in the particular case of uniformly hyperbolic systems,

the work of Ruelle [Rue68| [Rue78| plays a founding role that can hardly be overestimated.

We will see that the composition operator associated to a uniformly hyperbolic dynam-
ical system may be used to define a relevant notion of spectrum that enables to describe
the statistical properties of this system: the Ruelle or Ruelle—Pollicott spectrum. The
main focus of this thesis is a fine property of this spectrum: a trace formula for
C> Anosov flows conjectured by Dyatlov and Zworski in [DZ16]. We will develop the idea
that the relevant notion to study this trace formula and related questions is the notion
of ultradifferentiability, that is we will study hyperbolic dynamical systems that belong to
classes of regularity that are intermediate between C* and analytic. This approach orig-
inated in the suggestion by Sébastien Gouézel that something could be said about trace

formulae for Gevrey hyperbolic systems, and we give indeed in the last chapter of this the-

11



12 INTRODUCTION

sis a detailed study of the spectral theory for Gevrey Anosov flows. However, we consider
in this thesis much more general classes of regularity than Gevrey, using the language of
Denjoy—Carleman classes. We give an analogue in this setting of the methods initiated
by Ruelle [Rue76], Rugh [Rug92, Rug96] and Fried [Fri95] to study analytic hyperbolic
dynamics. Their works was based on the use of strong functional analytic tools available
in the real-analytic category, relying in particular on the theory of nuclear operators devel-
oped by Grothendieck [Gro55]. We will see that, going to larger classes of regularity, weaker
versions of these tools may still be constructed. In particular, the trace formula will
be deduced for Anosov flow that satisfy a certain ultradifferentiability condition, while we
do not expect to hold for all C* Anosov flows.

In the remainder of this introduction, we will recall needed facts about the functional
approach to statistical properties of hyperbolic dynamical systems. After that, we will
describe our main results and propose further lines of work. Most of the results from
this thesis may be found in the articles [Jéz20a] (published in Journal of Spectral Theory),
[Jéz19a] (submitted for publication),[Jéz20b| (published in Ergodic Theory and Dynamical
Systems) and [BJ20] (submitted for publication).

Statistical properties of hyperbolic systems

Let us recall that a dynamical systems is said to be hyperbolic if it is expanding in a
direction (the unstable direction) and contracting in a supplementary direction (the stable
direction). Hyperbolic systems are notoriously chaotic: the long-time asymptotic of an
orbit is highly sensitive to initial conditions. While the systems that we study in this
thesis are deterministic, they tend to behave like random systems on large scales of times.
The dynamics of a contracting map is well-known and far from chaotic. Consequently, the
source of chaos in hyperbolic systems should be looked for in the unstable direction, and

it seems natural to try to understand first statistical properties for expanding maps.

Statistical properties for expanding maps of the circle

Expanding maps of the circle are the simplest examples of hyperbolic systems that we con-

sider in this thesis. They are indeed hyperbolic systems, but with trivial stable direction.

Definition 1 (Expanding map of the circle). We say that a C! map T from S! = R/Z to
itself is expanding if there is A > 1 such that, for every x € S, we have |T"(z)| > \. We

say that A is a dilation constant for T

We are interested in these systems precisely because of their simplicity. Indeed, we will
use expanding maps of the circle as a toy model in to illustrate our methods to study
transfer operators associated to ultradifferentiable maps. Considering expanding maps, we

do not need to worry about the geometry of the stable and unstable directions, and we
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can consequently focus on how the regularity of the map and the dilatation contribute to
produce rich statistical properties (and associated spectral theory). In order to understand
how a chaotic behavior can arise from a deterministic system, it is interesting to consider

the most basic example of expanding map.
Example 1. The doubling map x — 2x mod 1 is an expanding map of the circle.

If z and y are two points on S! at distance ~ 27", then after n iterations of the doubling
map, the images of the points x and y are at distance ~ 1. If we were considering the
doubling map on R, the images of x and y would keep diverging under further iterations.
However, since we are looking at the doubling map on the quotient S' = R/Z, it is not
possible for their images to keep diverging after n iterations since their distance has become
similar to the diameter of the circle. Actually, after these first n iterations, the relative
position of orbits of z and y could be almost anything: loosely speaking, they became
independent.

These considerations suggest to apply methods from probability theory to study ex-
panding maps — and more generally hyperbolic systems. The spectral theory of the transi-
tion matrix plays a key role in the study of Markov chains. When studying an expanding
map 7', the analogue of the transition matrix is the already mentioned Koopman operator
v — voT acting on some space of functions or distributions on the circle (the choice of the
space on which the Koopman operator acts is in fact of the utmost importance, as we will
see later). In the particular case of an expanding map of the circle T, it is more convenient

to consider its adjoint, the transfer operator or Ruelle—Perron—Frobenius operator:

1

L=Lr: v+~ Z ‘T,(y)’v(y). (1)

Ty=x

An advantage of the functional approach based on the study of the transfer operator
is that we replaced a potentially complicated non-linear dynamics by a linear one: the
iterations of the linear operator L. It is natural to consider that the long-time asymptotics
of such a linear system should be ruled by the spectral theory of the transfer operator. The
price to pay for this simplification is to replace the finite-dimensional compact manifold
S! by an infinite-dimensional vector space, but we hope that the spectral properties of the
transfer operator are reminiscent in some sense of the finite dimension. The best situation
possible would be for the operator £ to be compact. However, the operator £ acting on
L? (Sl) or C° (Sl) is not compact.

This situation may be improved by changing the space on which £ acts. The most
comfortable situation is when the expanding map T is real-analytic. Indeed, it has been
noticed by Ruelle [Rue76] that, in that case, the operator £ acting on a space of holomor-
phic functions on a complex neighbourhood of S! is not only compact but even nuclear

of order 0. This very powerful property allowed him to use the theory developed by
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Figure 1: Example of spectrum of a quasi-compact operator. The radius of the dashed
disc is the essential spectral radius. The blue dots are eigenvalues of finite multiplicities.

Grothendieck in [Gro55| to study the spectral theory for £. To put it more concretely,
due to Cauchy’s Formula, the operator £ acting on a space of holomorphic functions is
morally an operator with smooth kernel (and hence a compact operator). Analytic expand-
ing maps of the circle have been widely studied using refinements of this method recently
[SBJ17, [SBJ13, BJOS, Naul2, BJS17, BN19.

When T is only C'** for some k > 0, the example of real-analytic maps suggest to
make £ acts on a space of functions as smooth as possible. However, even acting on the
space C*(S!) of C* functions from S' to C, the operator £ is not compact (see for instance
[CL99, Theorem 8.53] or [GLO3]). In order to bypass this difficulty, one may introduce the

notions of essential spectral radius and quasi-compactness.

Definition 2. Let B be a Banach space and £ be a bounded linear operator from B
to itself. The essential spectral radius regs (£) of £ is the infimum of the r’s such that
the intersection of the spectrum o (£) with {z € C: |z| > r} is made of a finite number
of eigenvalues with finite algebraic multiplicities. We say that £ is quasi-compact if the

essential spectral radius of £ is strictly smaller than its spectral radius r (£) — see Figure
Using these notions, one can prove:

Theorem 1 ([Rue89]). Let k > 0 and T be a C*** expanding map of the circle. Then,
the transfer operator induces a bounded operator L on the space C* (Sl). Moreover,
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the spectral radius of L is 1 and its essential spectral radius is less than \™F where X is a

dilation constant for T. In particular, L is quasi-compact.

One of the modern proofs of this theorem is based on a so-called Lasota—Yorke inequal-
ityﬂ combined with an argument due to Hennion [Hen93|, Corollaire 1] based on Nussbaum’s
formula for the essential spectral radius [Nus70]. The intuition behind this proof is very
simple: the transfer operator £ acts like a contraction of factor A=* on the derivative of
order k of a C* function, while the action of the transfer operator on the other derivatives
may be considered as a compact perturbation — that may consequently impact the spectral
radius of £ but not its essential spectral radius. This proof is in fact very general and can
be adapted to prove that £ is quasi-compact on any reasonable space of regular functionﬂ
Here, the word regular can be understood in a very loose sense, including even some kind
of discontinuities (for instance, the transfer operator £ may be proved to be quasi-compact
when acting on the space of functions with bounded variations on S'). See for instance
[Ball8, Part I] and references therein for a comprehensive treatment of this topic.

From the topological mixing of T', we get further information on the spectrum of the
operator £ acting on C* (Sl). We find indeed that 1 is the only eigenvalue of £ on the unit
circle and that its algebraic multiplicity is 1. Moreover, £ has an eigenvector p associated
to the eigenvalue 1 which is everywhere positive. If we normalize p so that its mean (for
the Lebesgue measure) is 1, then the probability measure 4 = pdx on S' is invariant by the
action of T — that is we have p (T~*A) = p (A) for every Borel subset A of S*. Moreover,
it follows from the spectral decomposition for £ that T is exponentially mizing for p: if
f,g:S' — C are Holder functions then

/Sl foTmgdu (/Sl f.du> </§1 g.d,u) (2)

at an exponential rate that only depends on f and g through their Hélder exponent —
see [Rue89| for a proof of this fact. Going slightly further into the study of the transfer
operator £, we may establish even stronger statistical properties for the expanding map T
such as the central limit theorem and the almost sure invariance principle (see for instance
[HKS2]).

Hence, considerations about the peripheral spectrum of the operator £ led to a very fine
understanding of statistical properties for the map 7. One can go further by considering
the deeper part of the spectrum. In particular, it is possible to give a finer asymptotics
for the correlations than in terms of spectral data for the operator £. Indeed, if the

!Since their introduction by Lasota and Yorke to study the existence of absolutely continuous invariant
measures for piecewise expanding map of the interval [LY73], Lasota—Yorke inequalities have become a
very common tool in the study of statistical properties for hyperbolic dynamical systems.

2This is why we consider the transfer operator instead of its adjoint, the Koopman operator. Indeed,
in order to make the Koopman operator quasi-compact, one has to make it act on a space of distributions
of negative order.
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expanding map T is C*T! with dilation constant A, and f, g are C*¥ observables, we can

write for any » > A7 the asymptotic expansion [Rue89, Proposition 5.3

m(z)—1

Lromain 5 XY aufam 106", )

2€0,1 (L) J=0
|z|>r

Here, ocx (L) denotes the spectrum of £ acting on C*, and if z is an eigenvalue for L,
its multiplicity is denoted by m(z). The ¢;.’s are continuous bilinear forms on C*(S')
(the value of co,1 is given by (2)). Notice that, when T is C*°, we get an asymptotic at
any geometric rate r for the correlations of C*° functions. We see here the importance of
the discrete spectrum of the operator L, also called Ruelle spectrum or Pollicott-Ruelle
spectrum.

In this thesis, we are mostly interested in infinitely differentiable hyperbolic dynamics.
If T is a C* expanding map of the circle, then Theorem [ may be applied for any k& > 0,
making the essential spectral radius of £ arbitrarily small. It happens that in that case
the discrete spectrum of £ acting on different spaces are coherent in the following sense:
if z € C belongs to the spectrum of £ acting on C* and |z| > max(ress(£|ck),ress(£|ck,)),
then z also belongs to the spectrum of £ acting on C¥ and the associated generalized
eigenspaces coincide (see Appendix [B| and in particular Lemma and Example .
Consequently, letting & go to infinity, we define a discrete spectrum for £ that we will call

Ruelle spectrum.

Definition 3 (Ruelle spectrum for expanding map). Let T be a C* expanding mapE] of
the circle. We say that z € C is a Ruelle resonance of multiplicity m € N* for T' (or £) if,
for every k large enough, z is an eigenvalue of multiplicity m of the transfer operator (1)
acting on C* (Sl). The associated generalized eigenvectors are called the resonant states

for T or L. The set of Ruelle resonances for £ is called its Ruelle spectrum and is denoted
by or (£).

In view of the importance of the Ruelle spectrum when investigating the statistical
properties of T, it is legitimate to wonder if there is any efficient way to compute it.
Following Ruelle [Rue76], one may tackle this question by introducing the dynamical de-
terminant defined for z € C small enoughﬁ by

< 1 b (pny n
d(z) =dp(z) =exp | — Z ﬁtr (L z", (4)

n=1

*We are mainly interested in this thesis in dynamics that are at least C>, so that we only defined the
Ruelle spectrum in that case. See |[Ball8| Definition 1.1] for a more general definition.

“The convergence of the right-hand side in for z small enough is ensured by classical bounds on the
number of periodic orbits for expanding maps, see for instance [KH95, Theorem 2.46].
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where the “fat trace” of the operator L™ is defined for n € N* by

b(pny . 1
T = X E e g
Here, we take as the definition of the flat trace of £™. This expression is motivated by
a formal integration of the Schwartz kernel of £L" over the diagonal of S! x S'. However,
it is possible to make this computation rigorous and then see as a consequence of a
general definition of the flat trace using distributional considerationsﬂ The definition (4
for the dynamical determinant is motivated by the following computation, valid for any

square matrix A and z € C small enough:

det (I —zA) = det (exp (In (I — zA))) = exp (tr (In (I — zA)))

+o0 1

=e - —tr (A™) 2" | .

xp( Z ntr( )z >
n=1

Hence, formally we have “d(z) = det (I — zL£)".

We already mentioned that when T is real-analytic then the operator £ acting on a
space of holomorphic functions is nuclear of order 0. It implies in particular that £ has
a well-defined Fredholm determinant det (I — z£) and it happens that this determinant is
given for z small enough by the expression {]). Consequently, the dynamical determinant
d(z) has a holomorphic extension to C whose zeros are the inverses of the Ruelle resonances

forﬂ L. This fact can be generalized to C*° expanding map:

Theorem 2 ([Rue90]). Let T' be a C*° expanding map of the circle. Then the dynamical
determinant d(z) has a holomorphic extension to C whose zeros are exactly the inverses of

the Ruelle resonances for T' (counted with multiplicities).

The proof of Theorem P] is based on a precise analysis of the action of the transfer
operator £ on the spaces C¥’s for k > 0. When T is real-analytic, the structure of nuclear
operator for £ implies much stronger results than Theorem [2]in that case. For instance,
Ruelle [Rue76|] proves the following bound on the growth of the dynamical determinant for

analytic expanding maps of the circle: there is C' > 0 such that, for every z € C, we have

d(2)] < Cexp (C (log (1+]2))?) (6)

The estimate (6)) and Jensen’s formula [Boab4l 1.2.1 p.2| implies an upper bound on the

number of Ruelle resonances, that has been proven generically sharp by Bandtlow and

®Basically, since the multipliers associated to the fixed points of 7™ are different from 1, we can check
that it makes sense to integrate the Schwartz kernel of £ on the diagonal of S' x S' using the general
theory from [H6r03} §8.2]. Taking this integral as a definition of the flat trace, a computation yields (5]).

6Tt follows from Lemma that if £ is compact when acting on a reasonable space of holomorphic
functions then its non-zero spectrum on that space coincides with its Ruelle spectrum.
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Naud [BN19]. Another features of nuclear operator of order 0 is that they have a well-
defined trace that coincides with the sum of their non-zero eigenvalues according to the
work of Grothendieck [Grob5l Corollaire 4 p.18 chap.II] (working on a Hilbert space, one
can just use Lidskii’s Trace Theorem). It happens that, when T is real-analytic, for n € N*,

the trace of L™ coincides with its flat trace, so that we have the following trace formula:

(L) = Y A (TFM)
A€o (L)

This formula is the natural analogue for expanding maps of the trace formula
proposed by Dyatlov and Zworski for C*° Anosov flows. While the holomorphic extension
to C of the dynamical determinant remains valid for any C* expanding map of the
circle, it is not clear whether the same is true or not for the trace formula or the
bound @ Notice for instance that there is no reason a priori for the right-hand side of
to converge, since no general bound on the number of Ruelle resonances for a C*
expanding map is known (and we no not expect that there is any). We will study these
questions in Chapters [I] and

Statistical properties for Anosov diffeomorphisms

Let us now explain how the picture from the last section is modified when we replace
the expanding map T by a hyperbolic diffeomorphism, still denoted by T'. For the sake of
simplicity, we will assume in this introduction that T is a transitive Anosov diffeomorphism.
We will need at some point to consider more general hyperbolic diffeomorphisms (including
in particular Smale’s horseshoe [Sma67, §1.5]), but let us ignore this technical subtleties

for now. We start by recalling the definition of an Anosov diffeomorphism.

Definition 4. Let M be a compact manifold and T : M — M be a C' diffeomorphism.
We say that T is an Anosov diffeomorphism if, for every x € M there is a splitting of the

tangent space
T.M =E}® E;,

and there are constants C' > 0, A > 1 and a smooth Riemannian metric on M such that
(i) for every x € M and o € {s,u}, we have DT'(z) (EJ) = EJ;
(ii) for every z € M,v € E¥ and n € N we have |[DT " (z)v| < CA™" |ul;
(iii) for every x € M,v € Ef and n € N we have |DT"(x)v| < CA™" |v|.

Example 2. The most classical examples of Anosov diffeomorphism are the so-called cat
maps. These are the maps on the torus T? = R?/Z? induced by matrices A € SL (2,7)

with no eigenvalue of modulus 1.
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Remark 1. We did not make any regularity assumption on the stable and unstable di-
rections (E" and E®) in Definition [i] It is a well-known fact though that the stable and
unstable directions of a smooth uniformly hyperbolic dynamical systems are automatically
Holder-continuous, and that they integrate into Hélder foliations (called the stable and un-
stable foliations). However, these directions and the associated foliations do not satisfy a
priori any better regularity hypothesis. This is an important feature of hyperbolic systems
since the regularity of the foliations limit the applications of certain tools to study hyper-
bolic systems. One of the main advantages of the functional approach is that it bypasses
this limitation (see Remark [2 for more details). The same remark applies to Anosov flows
defined below (see Definition [6).

If T is a transitive Anosov diffeomorphism, it is convenient to introduce a smooth

weight g : M — C and then define the associated weighted Koopman opemtmﬂ by
L=Lrg:v—guvoT. (7)

In the invertible case, the Koopman operator and its adjoint, the transfer operator, are
very much alike, so that there is no particular reason to consider one or the other.

As in the case of expanding maps, one wants to find a Banach space on which £ defines
a quasi-compact operator — and L? (M) or C° (M) do not fulfill that requirement. However,
the situation is slightly more complicated here due to the coexistence of the stable and
unstable directions. In the expanding case, we saw that composition by a contracting
map had good properties (such as quasi-compactness) as an operator acting on a space
of regular functions. By duality considerations, this fact suggests that the operator of
composition by an expanding map should have a good behavior on a space of distributions
of negative order. Hence, to achieve quasi-compactness for the operator , we are looking
for a space of distributions that are smooth in the stable direction and dual of smooth in
the unstable direction. Such a space is now called a space of anisotropic distributions (see
[Ball7, Deml8]| for surveys on this topic).

The first appearance of spaces of anisotropic distributions in the dynamic literature is
often considered to be in [BKL02]. However, this notion was already implicitly present
in previous work by Rugh [Rug92, Rug96|, Fried [[Ti95] and Kitaev [Kit99bl Kit99al. In
[BKL02], a space on which the transfer operator (the adjoint of (7)) associated to a C?
Anosov map T is quasi-compact is constructed — no weight is considered though, which
amounts to take g =1 in . However, this construction is restricted by the regularity of
the stable and unstable directions of T' (see Remark , so that, even if T is C*°, it does
not provide a scale of spaces on which the essential spectral radius of the transfer operator

is arbitrarily small — as it was the case for expanding maps in Theorem [I}

"We will also denote this operator by £. The convention throughout this thesis is that the operator of
most interest at some point of the text will always be called L.
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After the first construction in [BKL02|, plenty of different spaces of anisotropic distri-
butions have been introduced. In |GL06], Gouézel and Liverani improved the geometric
construction from [BKL02|, lifting in particular the restriction due to the regularity of the
stable and unstable directions. As a consequence, if T is a C*° Anosov map, the essential
spectral radius of the transfer operator (without weight) can be made arbitrarily small on
the spaces from [BKL02|. This fact is reproved by Baladi in [Bal05] using tools from micro-
local analysis under the (very strong) assumption that the stable or unstable foliation of
T is C*°. The case of general hyperbolic basic sets (rather than Anosov diffeomorphisms,
see and of general weights for the Koopman operator is dealt with by Baladi
and Tsujii in [BT07]. As in [Bal05|, the construction from [BT07] is based on tools from
micro-local analysis. However, the analysis from [Bal05| relies on pseudo-differential cal-
culus while [BT(07] rather uses Paley-Littlewood decomposition — a more convenient tool
if one wants to study map of finite differentiability. The case of weighted Koopman opera-
tors associated to hyperbolic sets can also be tackled by geometric constructions of spaces
of anisotropic distributions, see [GLOS|. These results have also been translated in the
language of semi-classical analysis by Faure, Roy and Sjostrand [FRS08]. From all these
constructions, we have in particular the following result — the analogue of Theorem [1] for

Anosov diffeomorphisms.

Theorem 3 ([BT07, (GLO8|). Let T : M — M be a C*> transitive Anosov diffeomorphism
and g : M — C be a C* function. For every € > 0 there is a Banach space B with the

following properties:
(1) B is continuously contained in the space D' (M) of distributions on M ;

(i) the space C*> (M) of C*° functions on M is contained in B, and the inclusion is

continuous with dense image;

(iii) the Koopman operator induces a bounded operator on B with essential spectral

radius less than €.

Hence, the essential spectral radius of the operator £ defined by can be made
arbitrarily small. As in the case of expanding maps of the circle, one may see, using for
instance Lemma|[B.1] that the intersection of the spectrum of £ with {z € C: |z| > €} does
not depend on the choice of the space B in Theorem 3] In this context, the notion of Ruelle

resonance may be defined as follow.

Definition 5 (Ruelle spectrum for Anosov diffeomorphism). Let T': M — M be a C*
transitive Anosov diffeomorphism and g : M — C be a C* function. Let z € C and
m € N*. We say that z is a Ruelle resonance of multiplicity m for (T, g) (or just for the
operator L), if there iﬁ a Banach space B satisfying the points (i)—(iii) from Theorem

8Here, we could replace “there is” by “for any” without changing the definition.
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for some € € )0, |z|[ such that z is an eigenvalue of algebraic multiplicity m for the operator
L defined by acting on B. The associated generalized eigenvectors are called resonant

states for L. The set of Ruelle resonances is called the Ruelle spectrum and denoted by
or (£).

As in the case of expanding maps, the understanding of the spectral theory for the
Koopman (or transfer) operator gives a lot of information on the statistical properties of
T, see for instance [BKL02, [GLO06L [GLO8]. In particular, we get a precise asymptotic for
the correlations associated to Gibbs states for 7', similar to (see |[GLO8, Theorem 1.2]).

Remark 2. A lot was already known on statistical properties of expanding and hyperbolic
maps before the functional approach was developed in the form that we exposed here (based
on Theorems (1| and . For instance, the existence of an invariant measure absolutely
continuous with respect to Lebesgue for smooth expanding maps was proved by Krzyzewski
and Szlenk [KS69). Concerning hyperbolic maps, many results were obtained first by means
of Markov partitions and symbolic dynamicsﬂ (see for instance [Bow70, Rue78]). The main
idea of this approach is to code a hyperbolic dynamical systems in order to replace it by
a one-dimensional lattice that can then be studied using classical notions from statistical
mechanics [Rue6§].

However, the approach based on Markov partitions is restricted by the regularity of the
coding, which is a priori only Holder (this is due to the low regularity of the stable and
unstable foliations, see Remark [I). Hence, it is very unlikely that an asymptotic expansion
at any geometric order for correlations of smooth observables such as may be obtained
by the method of Markov partitions. Indeed, the size of the remainder in is deeply
related with the regularity of both the dynamics and the observables.

We also have a notion of dynamical determinant for the operator £ defined by : the
associated dynamical determinant d(z) = dr4(2) may still be defined by for z € C
small enough@, but the flat traces of the powers of £ are now defined for n € N* by

o [TiZo 9 (TF2)
(€)= ng; |det (kI 0— DT (x))| i

The analogue of Theorem [2]in this context reads:

Theorem 4 (|[LT06, BT08|). Let T : M — M be a C* transitive Anosov diffeomorphism
and g : M — C be a C* function. Then the dynamical determinant d(z) has a holomorphic
extension to C whose zeros are exactly the inverses of the Ruelle resonances for the weighted
Koopman operator L defined by (counted with multiplicities).

9Other tools are available though, such as the specification property, a notion developed by Bowen
[BowT71l, Bow72bl [Bow74] that has been fruitfully revisited recently, see for instance [CT13] [CT14, [CT16].

10The convergence for z small enough is still ensured by classical bound on the number of periodic orbits,
see for instance [Bow71l, Theorem 4.5]
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If T is a small real-analytic perturbation of a cat map, then there is a space [FRO6]
on which the operator £ is nuclear of order 0. As in the case of expanding maps, the
dynamical determinant d(z) coincides then with the Fredholm determinant of £, and a
bound on the growth of the dynamical determinant follows. For the same reasons as in the
case of expanding map, the trace formula holds consequently for small real-analytic
perturbations of cat maps. This fact has been used by Adam to prove the genericity of
the existence of non-trivial resonances among analytic perturbations of a cat map [Adal7].
It follows from results of Rugh [Rug92, Rug96] that the trace formula also holds
for real-analytic Anosov diffeomorphisms in dimension 2. The question of the validity of
for more general Anosov diffeomorphisms will be discussed in Chapters (1| and
However, notice that, as in the case of expanding maps, there is no reason a priori for the
right-hand side of to converge when T is a general C*>° Anosov diffeomorphism.

Statistical properties for Anosov flows

We turn now to the continuous-time analogues of the hyperbolic diffeomorphisms from the

previous section: Anosov flows. As usual, let us start with a definition and an example.

Definition 6 (Anosov flows). Let M be a C*° compact manifold and (¢¢),.g be a C! flow
on M with zero-free generator X. We say that (¢;),cp is Anosov if, for every x € M, there
is a splitting of the tangent space

T.M = E} & E; & By,
and there are constants C' > 0, A > 1 and a smooth Riemannian metric on M such that:
(i) for every z € M,t € R and o € {0, 5,u}, we have D¢y (z) (ET) = EF ;
(ii) for every z € M, the space EY is the span of X (z);
(iii) for every x € M,v € E¥ and t € Ry we have |[D¢_;(z)v] < CX7t o
(iv) for every z € M,v € E$ and t € Ry we have | D¢ (x)v] < CA 7t vl

Example 3. As mentioned above, the example that motivated the definition of Anosov
flows is the geodesic flow on the unit tangent bundle of a compact Riemannian mani-
fold with negative sectional curvature. Other specimens of Anosov flows are obtained by
considering suspensions of Anosov diffeomorphism. Notice also that any small C' pertur-
bation of an Anosov flow is also Anosov (the same is true for expanding maps and Anosov

diffeomorphisms).

Let us consider a C*° Anosov flow (¢¢),cp on a compact manifold. We denote its

generator by X and choose a C* weight V' : M — C. In this context, the Koopman
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operator defines a semi-group of operators:

t
Lt:£§(7V;UH€XP</VO¢TdT>UO¢t (9)
0

for t > 0. Notice that the generator of this semi-group is formally the differential operator

P = X + V: whenever it makes sense we have

% (L) = P (Lav). (10)
For instance, if v € C*° (M) then holds in C* (M). As in the case of expanding maps
or Anosov diffeomorphisms, we replaced the finite-dimensional non-linear dynamics (¢;),cp
by an infinite-dimensional linear dynamics. However, since (¢¢),cg is a continuous-time
dynamical system, we are now studying the linear ODE (10|} rather than the iterations
of a single operator. Consequently, we want to understand the spectral theory of the
differential operator P, hoping that it would allow us to describe the long-time asymptotic
of the solutions of the linear ODE ([10)).

Once again, the (unbounded) operator P does not have discrete spectrum on L2 (M)
or CY (M), and we need consequently to find new spaces on which the spectral theory of
P is better-behaved — the analogues of the spaces from Theorem [3] Adapting ideas from
[BKLO02, [GLO6, IGLO8], Liverani in [Liv04] and then Butterley and Liverani in [BLO7] (with
necessary details provided in [BL13|]) gave geometric constructions of spaces adapted to
Anosov flows. Then, Faure and Sjostrand adapted in [FS11] the semi-classical approach
from [FRS08| to the continuous-time case. A slightly different point of view on this ap-
proach is presented in [DZ16] (using radial estimates and propagation of singularities).
This construction has then been adapted to some open systems (including Axiom A sys-
tems) by Dyatlov and Guillarmou in [DG16, [DG18] and to certain Morse-Smale flows by
Dang and Riviere in [DR20a, [DR20b]. The equivalent of Theorem [3|for Anosov flow reads:

Theorem 5 ([BL07, BL13,[FS11]). Let (¢¢),cr be a C*° Anosov flow on a compact manifold
M with generator X andV : M — C be a C* functior@. Then, for every A > 0, there is
a Banach space B such that

(i) C= (M) C B C D' (M), both inclusions are continuous and the first one has dense

mage;

(1) (L1)ysq, defined by (), induces a strongly continuous semi-group of operator on B

whose generator is P = X + V with its natural domain

D (P)={ue€ B: Puc B};

' Actually, neither [BLO7, BL13| nor [FS11] include the case of weighted Koopman operators. However,
it is clear for specialists that their methods also apply in this case. The general case is dealt with in [DG16].
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(iii) the intersection of the spectrum of P with {z € C:Rez > —A} is a discrete set of
eigenvalues of finite (algebraic) multiplicity.

Figure 2: Spectrum of P acting on the space B from Theorem [5] The abscissa of the green
line is —A. The blue dots depict eigenvalues of finite multiplicity. Their imaginary parts
may be arbitrarily large but their real parts are bounded from above.

The statement of Theorem [5| deserves a little explanation. The point (i) is just a non-
triviality condition: it ensures that the space B is made out of objects that “live” on M.
This first condition can be mitigated in order to allow wilder objects in B than distributions
— this fact will be crucial in Chapters 3| and 4] The point (ii) may seem technical but it is
very important. The fact that (£;),~ is a strongly continuous semi-group makes it possible
to link the spectral theory of P with the long-time asymptotic of (£¢);~o. It implies in
particular that, if the real part of z € C is positive and large enough, tﬂen the resolvent

(z — P)~! of P at z coincides with the Laplace transform of the Koopman operator:

R(z) = /0+OO e *Lydt (11)

where the integral converges in operator norm on B. Finally, the point (iii) implies that
the spectrum of P on B looks as depicted in Figure 2] As in the discrete-time case, the
isolated eigenvalues of finite multiplicity on the right part of the complex plane in Figure
are intrinsically defined by X and V and called Ruelle resonances (see Lemma . The
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definition of the Ruelle spectrum in this context is the following:

Definition 7 (Ruelle spectrum for Anosov flow). Let (¢¢),cp be a C* Anosov flow on a
compact manifold M with generator X and V : M — C be a C* function. Let z € C and
m € N*. We say that z is a Ruelle resonance for (¢;),~, and V' (or just for P = X + V) of
multiplicity m if there is{T_ZI a Banach space B satisfyiig the points (i)-(iii) from Theorem
for some A > — Rez such that z is an eigenvalue of P acting on B with multiplicity
m. The associated generalized eigenvectors are called resonant states for P. As usual, the

Ruelle spectrum is defined as the set of Ruelle resonances, and is denoted by og (P).

Remark 3. The notation og (P) for the Ruelle spectrum of P may be slightly misleading:
in general the Ruelle spectrum of —P is not made of the —\’s where A runs over the Ruelle
resonances of P. This is a matter of convention: the Ruelle resonances of —P describe
the statistical properties of (¢_¢),cp When ¢t — oo rather than those of (¢¢),cr when

t — —oo, hence a sign flip.

Remark 4. Let us mention that there is another (equivalent) definition of the Ruelle
spectrum that is very popular in this context — and maybe slightly easier to manipulate. If
the real part of z € C is positive and large enough, then formula defines an operator
R(z) from C* (M) to D' (M). We saw that R(z) coincides with the resolvent of P acting
on the space B from Theorem [f] Consequently, it follows from Theorem [6] that R(z) has
a meromorphic continuation to C, as an operator from C* (M) to D' (M), with residues
of finite rank. The Ruelle resonances of P are then the poles of R(z), and the multiplicity
of a resonance is given by the rank of the residue of the corresponding poles of R(z) (the

image of this residue is the space of resonant states associated to the resonance).

When considering Anosov flows, the structure of the Ruelle spectrum is slightly more
complicated than in the discrete-time case (it is not a bounded subset of C for instance).
As a consequence, the study of the Ruelle spectrum, and hence of the statistical properties
for the flow (¢¢),cp, is slightly more involved. For instance, it is much trickier to prove
exponential decay of correlations in this context. Consider for example the case V = 0
(that corresponds to the SRB measure), in that case 0 is a Ruelle resonance. Assuming that
(¢t)scr is transitive, then 0 is a simple eigenvalue and there is no other Ruelle resonance
with non-negative real part. However, in order to prove exponential decay of correlation
we need to establish a spectral gap for P: the existence of A > 0 such that the only Ruelle
resonance for P with real part greater than —A is 0 (some additional technical estimates
are required, see [Butl6]). This is tricky because Ruelle resonances with large imaginary
parts could accumulate on the vertical line R without touching it.

Due to the complexity and the importance of the problem of spectral gaps for Anosov

flows, there are a lot of works on that topic. Most proofs of spectral gaps for Anosov flows

12

As in Definition [5] we could replace here “there is” by “for any”.
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are based on some version of Dolgopyat’s argument [Dol98|. Liverani gave a functional
analytic version of this argument |Liv04] that allowed him to prove exponential decay of
correlations for C* contact Anosov flows (for the measure induced by the contact form).
This result has been reproved in the C* case by Tsujii [Tsul(), Tsul2]. Exponential decay
of correlations for C*° contact Anosov flows can also be seen as a consequence of a general
result by Nonnenmacher and Zworski [NZI5| that gives a spectral gap of explicit size.
Faure and Tsujii [F'T13] went further than the spectral gap and stated a band structure
for C*° contact Anosov flows. Giulietti, Liverani and Pollicott also proved exponential
decay of correlations for the measure of maximal entropy of geodesic flows on Riemannian
manifold with negative curvature satisfying a pinching condition |[GLP13]. Exponential
decay of correlations has been proved recently by Tsujii and Zhang for topologically mixing
volume-preserving C* Anosov flows [TZ20] (based on previous work by Tsujii [Tsul8]). Let
us mention that, if the question of the existence of a spectral gap is crucial, there are many
others interesting results regarding the distributions of Ruelle resonances, see for instance
[FS11, IDDZ14, [JZ17, [FT17].

Understanding the distribution of Ruelle resonances for P is consequently both difficult
and very important. As in the discrete-time case, this question can be dealt with by the
introduction of a dynamical determinant. Its definition is slightly more involved in that
case, it is defined for Rez > 1 by[T_g]

# v
T"/ e)’e—zT»y> . (12)

d(z) = dxv(z) = exp <_ Z T, |det (I — P,

The sum in the right-hand side of is over periodic orbits 7 for the flow (¢¢),cp. We
write T’y for the length of v and Tf for its primitive length (that is the shortest length
of a periodic orbit for (¢¢),.p with the same image than 7). The integral of V along v is
defined by f,y V= fOT” V (¢¢(x)) dt for any z in the image of . Finally, P, denotes the
linearized Poincaré map associated to vy, defined by P, := D¢r. () ‘ Fuoms” The definition
of P, depends on the choice of a point = in the image of . However, the conjugacy class
of P, does not, and hence the determinant in the right-hand side of is well-defined.
The intuition behind the definition is that, formally, “d(z) = det (z — P)”. This heuristic
understanding of d(z) will be made rigorous in The equivalent, of Theorems [2| and

in this context is:

Theorem 6 ([GLP13, DZ16|). Let (¢¢),c be a C> Anosov flow, with generator X, on a
compact manifold M. LetV : M — C be a C* functiorpzl. Then the dynamical determinant

'30nce again, classical bounds on the number of periodic orbits justify the convergence for Rez > 1,
such as Margulis’ bound [Mar(4] Theorem 5] or the more elementary estimate [DZ16, Lemma 2.2].

' Actually, [GLP13} [DZ16] do not consider the case of a general weight V. However, it is probably clear
to specialists that their methods — at least those from [DZ16] — apply to the case of general weights — and
even to the case of vector bundles. Theorem @ is proven in a much more general setting in [DGI6].
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d(z) defined by has a holomorphic extension to C whose zeros are exactly the Ruelle
resonances for P = X + 'V (counted with multiplicities).

Remark 5. Dynamical determinants are often outshined by the closely related Ruelle zeta
functions. The most simple example of Ruelle zeta function associated to an Anosov flow
(¢t)ycr 1s given for Rez > 1 by

Cy= I (-e"), (13)

7 primitive

where the product is over primitive periodic orbits of the flow (¢¢),cp. An argument due to
Ruelle [Rue76| allows to write the zeta function as an alternated product of dynamical

determinants, so that Theorem @ implies that ¢ has a meromorphic extensionE] to C.

As in the discrete-time case, when studying dynamical determinants and zeta functions
for Anosov flows, there are functional-analytic tools that are only available in the real-
analytic category. These tools have been developed by Ruelle [Rue76| (under the very
strong assumption that the stable or unstable foliation of the flow is real-analytic, see also
|[Eri86]), Rugh [Rug92, Rug96] (in dimension 3 but without any condition on the stable
or unstable foliation) and Fried [Fri95] (in any dimension). They do not work directly
with the Koopman operator £; or its generator P, but rather with a family of auxiliary
nuclear operators [Gro55| defined using symbolic dynamics. One of the consequences of
their results is that if (¢;),cr and V are real-analytic, then the dynamical determinant
d(z) has finite order (see Definition [1.2)). It is then folklore (see Proposition that the
finite order for d(z) implies a trace formula for the flow (¢¢),.p that reads, in the sense of
distributions on R* ,

At # ef” v
>, = ;Tv m%- (TFF)

)\EO'R(P)

‘This means that for every C* function ¢ € C° (Ri) compactly supported in R* we have

eV
)\GUZR(P) bp () = > Tfmw(ﬂ), (14)

where Lap (¢) denotes the Laplace transform of ¢:

+oo
Lap(p) : 2z — / e Fo(t)dt.
0

The notations on the right-hand side of (TFF]) and are the same as in and we

!5 Actually, Ruelle arguments require an orientability condition on the stable and unstable directions of
(¢t),cr- A strategy to overcome this condition may be found in [BS20], see [BTO08] for the discrete-time
analogue.
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recall that og (P) is our notation for the Ruelle spectrum of P. The trace formula
is a continuous-time analogue of (TFM). Indeed, according to Guillemin’s trace formula,
the right-hand side of is a generalized trace for the Koopman operator @ — see
also [DZ16l Appendix B]. The formula gives consequently a spectral interpretation
for Guillemin’s trace formula in the case of real-analytic Anosov flows.

In [DZ16], Dyatlov and Zworski gave a new proof of Theorem [f] (the first proof being
in [GLP13]). One of their motivations was to investigate the validity of the trace formula
for C* (rather than analytic) Anosov flows. As in the discrete-time case, notice
that in the absence on a general upper bound on the number of Ruelle resonances, there
is no reason for the left-hand side of to converge in any sense. In [JZ17|, Jin and
Zworski proved a “local” version of for C*>° Anosov flow and used it to show that,
for any C*>° Anosov flow, there is a vertical strip that contains an infinite number of Ruelle
resonancesEG] — a bound that has been sharpened by Naud in an appendix to their paper.
This is one of the reasons why trace formulae are interesting: they are one of the only tools
available to prove lower bounds on the number of resonances. The already mentioned work
of Adam [Adal7| also illustrates this idea.

The question asked by Dyatlov and Zworski of the validity of the trace formula
(and of its discrete-time analogue ) beyond real-analytic systems is the main thread

of this thesis. Let us describe now our approach to this problem.

Main results

Maps: Trace formulae and counter-examples (Chapter [1)

Our first line of approach to the problem of the trace formula for C*° Anosov flow
was to consider the discrete-time analogue of this question , where L is either the
transfer operator (|1f) associated to a C* expanding map of the circle or a weighted Koopman
operator associated to an Anosov diffeomorphism. The advantage of considering a
map rather than a flow is that the relationship between trace formulae and dynamical

determinants is much simpler in that case:

Proposition 1 (See Theorem (1.3)). The trace formula (TEM])) holds for n large enough
with absolute convergence of the right-hand side if and only if the dynamical determinant
has finite order.

We will prove a slightly more precise version of this result (Theorem in As
mentioned above, it remains true in the continuous-time setting that finite order for the
associated dynamical determinant implies that the trace formula holds, and we
shall prove an analogue of Proposition [1] for Anosov flows (see Proposition [1.27). However,

16Their argument is written in the case V = 0 but it is not hard to see that it still applies as soon as V
is real-valued.
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the link between these two notions is much more explicit in the discrete-time case. For
instance, in order to produce a counter-example to , one only needs to find a system
for which the dynamical determinant d has infinite order.

In order to construct counter-examples to , we need to consider slightly more
general systems than expanding maps or Anosov flows, namely hyperbolic basic sets. In-
deed, there is much more flexibility when constructing open systems. The picture described
above for transitive Anosov diffeomorphisms adapt without much change to basic hyper-
bolic sets: we have notions of Ruelle spectrum, flat trace, dynamical determinant, etc (see
§L.2.1] for details). In we will construct weights for a Smale’s horseshoe [Sma67, §1.5]
such that the dynamical determinant of the associated Koopman operator is explicit. From

this construction, we will deduce for instance the following result:

Proposition 2 (See Corollary [1.19). Let E be a subset of N*. Then there are a diffeo-
morphism T : S* — S* with hyperbolic basic set K and a smooth function g : S* — R,
positive on K, such that, for every n € N*, the trace formula (TEM)) holds if and only if

n € E (see (1.18)) for the definition of the flat trace).

The relationship between dynamical determinants and trace formulae in the discrete-
time case is so explicit that we will construct counter-examples in §1.2]that are much more
pathological than those of Proposition 2 see Corollary [L.20]

A question that is deeply related to the problem of trace formulae is the existence of
an upper bound on the number of Ruelle resonances. The method that gives Proposition
also proves the following result, that asserts that there is no general upper bound on the

number of resonances for a hyperbolic diffeomorphism.

Proposition 3 (Proof in §1.2.3). Let Ny : R%. — Ry be a locally bounded function. Then
there are a diffeomorphism T : S* — S* with hyperbolic basic set K and a smooth function
g:S* =R, positivcrjl on K, such that, if we define for r € RY

N(r)=#{z€ C:|z| > r and z is a Ruelle resonance associated to (7,¢)},

then No(r) = o(N(r)).

r—0

Denjoy—Carleman classes and compact transfer operator (Chapter [2)

There is a fundamental difference between the trace formulae and and, for
instance, Theorems and @: the formulae and involve the entire Ruelle
spectrum at once, while Theorems [2], ] and [6] are usually proved by analyzing the Ruelle
spectrum little by little.

'"The fact that g is positive on K implies that £ may be used to describe the correlations for the Gibbs
measure for T associated to the potential logg. Consequently, we construct a Gibbs measure for which
there are a lot of terms in the correlations asymptotics.
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This fact is essential because the scales of spaces from Theorems and [5| only unveil
the Ruelle spectrum gradually. Consequently, they are suited to prove statements like
Theorems 2] M] and [6] but they are not the most convenient tools in order to establish a
global formula like (TFF)) or (TFM]). Hence, we want to construct a single space that

unveils the entire Ruelle spectrum. As already mentioned, this had already been done in

certain cases, but always for real-analytic dynamics. We will see that this phenomenon
is not specific to the real-analytic case, and present tools that we developed to study C*
hyperbolic dynamics.

We will start with the simplest example and explain in Chapter 2Jhow one can construct
a space fitted to study a given C*° expanding map of the circle T and its associated transfer
operator . In we will prove the following theorem, which is in some sense the C*

generalization of what Ruelle [Rue76] did for real-analytic expanding maps.

Theorem 7 (See Theorem . Let T be a C*®° expanding map of the circle and denote by
L the associated transfer operator . Then, there is a Hilbert space H such that:

(i) H is continuously contained in the space of C* functions from S! to C;
(ii) H contains the trigonometric polynomials on S' as a dense subspace;

(iii) L induces a compact operator on H whose non-zero spectrum is the Ruelle spectrum

of L.

Theorem [7|is not sufficient to prove the trace formula . Indeed, in order to prove
a trace formula, it seems natural to try to make L trace class rather than compact. An
important difference between these two notions is that being trace class is a quantitative
statement (on the decay of the singular values of £). Consequently, we need to make the
fact that T is C* quantitative. To do so, we will use the language of Denjoy—Carleman
classes or classes of ultradifferentiable functions.

A short introduction to the topic of Denjoy—Carleman classes is given in — the
interested reader may refer to the more complete survey [KMR09| and references therein.
Let us just say for now that this theory provides a general procedure to produce regularity
classes intermediate between C*° and real-analytic. The most famous such classes are
maybe the classes of Gevrey functions that have been introduced by Gevrey in his seminal
paper [Gevl1§| to study the regularity of the solutions of certain PDE. Using the language
of Denjoy—Carleman classes, we will give in a quantitative version, Theorem [2.9] of
Theorem [7| - we will bound the singular values of £ acting on H.

When £ acting on H is trace class, we will see that the trace formula holds. In
particular, in that case the dynamical determinant d(z) defined by coincides with the
Fredholm determinant det (I — zL) of £ — see Proposition[2.19] When £ is not trace class,
we are still able to use the space ‘H from Theorem [7| to study the dynamical determinant

d(z): the nuclear power decomposition from [BTO8| may be implemented on #H. It allows
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us to rewrite the dynamical determinant d(z) as a particular case of Weinstein—Aronszajn

determinant (see [Kat66, IV.§6] and references therein).

Theorem 8 (See Proposition [2.18). Under the assumptions of Theorem@ we may write
L= Ly+ L., where Ly 1s a quasi-nilpotent operator and L. is a nuclear operator of order

0 on H. The dynamical determinant may then be rewritten as
d(z) = det (1 (I — 2Ly cc) .

This statement can also be made quantitative using the language of Denjoy—Carleman
classes — yielding in particular a bound on the growth of the dynamical determinant d(z)
(see Propositions[2.16] [2.17]and [2.18)). Notice that a bound on the growth of the dynamical

determinant immediately implies an upper bound on the number of Ruelle resonances by

Jensen’s inequality [Boab4l, Theorem 1.2.1].

The proofs of Theorems[7]and [§]are given in They are applications of our methods
to work with transfer (or Koopman) operators associated to ultradifferentiable hyperbolic
dynamics. We will also discuss the implication of Theorem [7]in terms of regularity of the
resonant states for £ and of the conjugacy problem (see Corollaries and .

In §2.3] we recall and discuss Theorem [2.27], a result on Koopman operators associated
to Gevrey hyperbolic diffeomorphisms that we obtained by similar methods in [Jéz20al
(before Theorems 7| and . In order to keep the page count reasonable, we will not give
the proof of this result here.

Trace formulae for ultradifferentiable Anosov flows (Chapter (3))

We return to Anosov flows and the question of the validity of the trace formula in
Chapter Our first idea when trying to prove trace formula was to prove that
the dynamical determinant has finite order. Heuristic considerations (involving in
particular Theorem , see Remark let us think that Gevrey classes of regularity
are a natural setting when it comes to finite order of the dynamical determinant. However,
when applying the methods based on Paley—Littlewood decompositions exposed in Chapter
2l we were not able to get a good enough control of the Koopman operator (9 for small
t > 0. Hence, we missed the finite order for the dynamical determinant and needed to find
another way to prove the trace formula (TFF)). The solution that we found was to consider

operators of the form

+oo
/ p(t)Ledt (15)
0

for a test function ¢ € C° (R*Jr), instead of the resolvent . The intuition here is that
is “the Laplace transform of ¢ evaluated at —P” so that, if we can prove that this
operator is trace class, we should be able to deduce the instance of the trace formula
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from Lidskii’s Trace Theorem. Indeed, we expect the trace of to be equal to the
right-hand side of because of Guillemin’s trace formula [Gui77].

The advantage of considering is that, since ¢ is supported away from 0, we do
not need to control the Koopman operator £; for ¢t near 0 (compare for instance with the
expression ([L1))). It turned out that this strategy allows not only to retrieve the trace
formula using Paley-Littlewood like decompositions similar to those of Chapter
but also to work with ultradifferentiable classes that are much larger than Gevrey classes.
Thus, we obtain in Chapter [3

Theorem 9 (See Theorem 3.1 and Corollary . There is a class of regularity, larger
than all Gevrey classes, such that the trace formula (LFE)) holds for Anosov flow (¢¢),cp
and weight V' that belong to this class of reqularity..

The classes of Anosov flows and weights that are allowed in Theorem [9] will be discussed
in §3.1] using the language of Denjoy—Carleman classes. We obtain in Proposition an
estimate on the number of Ruelle resonances (for the allowed ultradifferentiable flows) that
implies that the left hand side of defines a distribution on R .

Finite order of dynamical determinants for Gevrey Anosov flows (Chap-
ter (4

After we established Theorem [0} the question of the finite order of dynamical determinants
associated to Gevrey Anosov flows remained open. With Yannick Guedes Bonthonneau,
we applied methods from analytic and Gevrey micro-local analysis to study this problem.
The tool that turned out to be the most convenient for us is an analytic FBI transform in
the spirit of Helffer and Sjostrand [HS86 [Sj696]. Similar methods have been used recently
by Galkowski and Zworski [GZ19al, [GZ19b, [GZ20a] to deal with certain PDEs problems
in the real-analytic category. Our methods however are not restricted to the real-analytic
regularity, but also apply in the Gevrey category. In particular, we finally prove that the

order of the dynamical determinant associated to a Gevrey Anosov flow is finite.

Theorem 10 (Proof in §4.2). Let s > 1. Let (¢1),cp be an s-Gevrey Anosov flow on an
s-Gevrey manifold. Let V : M — C be an s-Gevrey function. Denote by d(z) the associated
dynamical determinant . Then there is a constant C > 0 such that, for every z € C,

we have
d(2)] < Cexp (C2]™),

where n is the dimension of M. In particular, d(z) has order less than ns.

Gevrey classes are discussed in §4.1.1} Let us just mention for now that Gevrey classes

are nice examples of Denjoy—Carleman classes depending on a parameter s € [1,+4o0].
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When s = 1, we retrieve the class of real-analytic regularity, while for s > 1 the class of
s-Gevrey functions is non-quasianalytic: it contains compactly supported functions.

The methods that we developed with Bonthonneau to study Gevrey Anosov flows are
exposed in Chapter [4] in an abridged version. Indeed, the proof of Theorem [10] requires
technical preparations that are not directly related to our topic. It was thus not possible
to present here the full content of [BJ20] (available on the arXiv) without causing an
inflation in the length of this thesis. Consequently, we give a short introduction to the
FBI transform methods from [BJ20] in §4.1]focusing on the results that are needed for the
proof of Theorem [10] - that we give in Finally, we will mention other applications of
our FBI transform methods to the spectral theory of Gevrey Anosov flows in §4.3]

Content of the appendices

Let us describe briefly the content of the appendices of this thesis. In Appendix [A] we
explain how the results from (in particular Theorems [7|and [§]) extend to more general
transfer operators than . In Appendix |[Bl we give the technical results that prove that
the Ruelle resonances are intrinsically defined. In Appendix [C| we establish a “Hadamard-
like” factorization for the dynamical determinant under the hypotheses of Theorem [9|
In Appendix [D} we discuss the optimality of the regularity hypothesis in Theorem [9] In

Appendix |[E] we detail a heuristic computation that suggests that trace formulae such as

TEM)|) or (TFF] are rather exceptional phenomena in the C* category.
P b gorYy.

Perspectives

This thesis is dedicated to the investigation of the trace formulae and , and
of the related question of the order of the dynamical determinants and (12)). Using the
notion of ultradifferentiability, we design tools fitted to the study of infinitely differentiable
uniformly hyperbolic dynamics. These tools allow us to prove positive results concerning
trace formulae and order of dynamical determinants, such as Theorems [J] and The main
idea behind the proof of these results is that stronger assumptions of ultradifferentiability
lead to better estimates on the singular values of the relevant operator acting on well-suited
spaces. These estimates lead then naturally to bounds on the growth of the dynamical
determinant, the number of Ruelle resonances, etc.

However, while we tend to think that phenomena such as the trace formula are
rather exceptional in the C* category, we lack counter-examples that go beyond those of
Chapter [I] Indeed, the counter-examples from Chapter [I] have at least two flaws in our
opinion. First, these are open systems, it would be much more interesting to construct
expanding maps or Anosov diffeomorphisms for which the trace formula fails, or the
dynamical determinant has infinite order. Indeed, a priori there could be a topological

obstruction for instance that would force the dynamical determinant of an expanding or
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Anosov map to have finite order. The second issue with the counter-examples from Chapter
[]is that there are very particular. Indeed, we tend to think that failure of the trace formula
should be a generic fact. Tt would be nice to be able to prove a result of the following form['%]

Conjecture 1. Let M be a compact C*° manifold. Then the dynamical determinant asso-
ciated to a generic C*° expanding map, Anosov diffeomorphism or Anosov flow on M has

infinite order.

Another reason why we ask for a generic result in Conjecture [I] is that most of the
examples of hyperbolic systems for which we are able to compute more or less explicitly
Ruelle resonances are real-analytic, so that their dynamical determinants have finite order.
Since we are searching for objects with relatively low regularity, it would not be unusual to
rely on Baire category or probabilistic{?] arguments. Moreover, there is a heuristic compu-
tation that suggests that the dynamical determinant associated to a generic perturbation
of the doubling map Example [I] could have infinite order — see Appendix [E]

One could propose stronger conjectures. For instance, the discussions from Chapter
(see in particular Remarks and suggest that the C*° regularity could be
replaced in Conjecture [1| either by any Denjoy—Carleman class that is not closed under
differentiation (in the discrete-time case) or any Denjoy—Carleman class that is larger than
all Gevrey classes (in the continuous-time case). Such a result would be particularly nice
since it would imply that our results (in particular Theorem are somehow sharp. One
could also keep the C*° regularity in Conjecture[I]but replace the finiteness of the order by
any reasonable bound on the growth of the dynamical determinant. This is also suggested
by the computation from Appendix

However, Conjecture[I]is maybe too difficult for our present understanding of the topic,
and it could be reasonable to work on an easier problem. For instance, one could wonder
whether Theorem [10]is sharp in the analytic case.

Conjecture 2. Let M be a compact real-analytic manifold of dimension n. Then the
dynamical determinant associated to a generic real-analytic Anosov flow on M has order

ezactly n.

Let us explain why Conjecture[2]could be easier to approach than Conjecture[l] First of
all, a similar statemenqmj] has been proven by Bandtlow and Naud [BN19] in the case of real-

analytic expanding map of the circle, and their methods could be a source of inspiration.

18We state here a conjecture about the order of the dynamical determinant rather than the trace formula
since it is easier to state. Indeed, considering the trace formula, we always have the issue that the spectral
size could be ill-defined, which makes harder to write down a precise conjecture.

19Considering the probabilistic approach, the work of Gossart [Gos20] could maybe be a source of
inspiration, since it involves flat trace computations for random hyperbolic dynamical systems. However,
the random systems from [Gos20] are almost surely not infinitely differentiable, so that his work cannot
be used directly.

20 Actually, they proved a lower bound on the number of Ruelle resonances, but it turns out that Con-
jecture [2]is equivalent to the fact that the bound on the number of Ruelle resonances from Theorem
is generically sharp.
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Moreover, the real-analytic case is the one for which we have the strongest functional
analytic tools: we construct in Chapter {] a scale of spaces on which the generator of an
Anosov flow behaves like an elliptic operator of order 1. One could then hope that our
tools could be combined with recent methods that have been developed in order to establish
Weyl’s law for random perturbations of non self-adjoint elliptic operators (see [Sj619| and
references therein) in order to approach Conjecture [2|

We also hope that the tools that we developed with Bonthonneau in [BJ20| (briefly
exposed in Chapter [4)) can be used to understand other problems than those discussed in
this thesis for which the Gevrey setting is relevant, maybe beyond dynamical systems. It
seems natural to expect that our methods can be applied to some PDE problems. For
instance, we could probably use our tools to discuss in the Gevrey setting the questions
that have been dealt with by Galkowski and Zworski using similar tools in the real-analytic
category [GZ19b, IGZ20a|. Another possible applications of these FBI transform methods
in the Gevrey setting is also mentioned in [GZ20b, Remark 4].
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Résumé en francais

Cette these est dédiée & I'étude de la théorie spectrale associée aux dynamiques hyper-
boliques C*°. Notre approche se base sur les notions d’ultradifférentiabilité et de classe
de Denjoy—Carleman. On s’intéresse principalement au probléme de la formule de trace
pour les flots d’Anosov, proposées par Dyatlov et Zworski dans [DZ16]. Avant de présenter
cette question, rappelons les bases de ’approche fonctionnelle des propriétés statistiques
des flots d’Anosov.

Soit (¢¢);cr un flot d’Anosov (voir la Définition @ de régularité C* sur une variété
compacte M et V : M — C une fonction C*°. On note X le générateur de (¢¢),cp et on
forme lopérateur P .= X + V. On cherche & décrire 'asymptotique, lorsque t tend vers

400, de la famille d’opérateurs de Koopman définis par

t
Et:u»—>exp</ VongdT)uoqbt. (16)
0

Ici w est par exemple une fonction C*° de M dans C. Pour comprendre cette asymptotique,
on introduit [BLO7, BLI13| [FS11] une notion de spectre pour P, le spectre de Ruelle o (P).
Ce spectre peut étre défini de la maniére suivante. Pour Re z > 1, on définit la résolvante

de P par
+00
R() == / e~ Lydt : € (M) — D' (M).
0

On peut alors montrer que R(z) s’étend en une famille méromorphe sur C d’opérateurs de
C™ (M) dans D' (M), et que ses résidus sont de rang fini. Les poles de R(z) sont alors
appelés résonances de Ruelle de P (la multiplicité de la résonance étant le rang du résidu).
L’ensemble des résonances de Ruelle forment le spectre de Ruelle.

Les résonances de Ruelle contiennent de nombreuses informations sur les propriétés
statistiques du flot (¢¢),cp, il est donc important d’en comprendre la distribution. Pour
cela, on peut introduire suivant Ruelle [Rue76| le déterminant dynamique défini pour
Rez > 1 par

ooV
d(z) = exp ( Z T MG—%) . (17)

37
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La somme en argument de ’exponentielle parcourt les orbites périodiques v du flot (¢¢),cp-
Pour une telle orbite, T, dénote sa longueur, T7ﬁ sa longueur primitive (c’est-a-dire la
longueur de la plus petite orbite périodique de (¢¢),cp de méme image que v). On a aussi
posé f7 V = f )) dt pour z un point de l'image de v, et Py = Dor, () pugps
est ’application de Pomcare linéarisée associée & ~. lIci, E* et E° sont les directions
respectivement stable et instable de (¢),cg et = est toujours un point de I'image de ~y
(I'application P, dépend du choix de x, mais pas sa classe de conjugaison, le déterminant
dans est donc bien défini). Un des intéréts du déterminant dynamique est qu’il
admet un prolongement holomorphe & C dont les zéros sont exactement les résonances de
Ruelle de P [GLP13| [DZ16]. Les déterminants dynamiques sont également des éléments

essentiels de la théorie des fonctions zétas dynamiques.

Lorsque le flot (¢¢),cg et le poids V' sont analytiques réels, certains outils d’analyse
fonctionnelle puissants peuvent étre utilisés pour étudier les propriétés du déterminant
dynamique . Ces outils, qui se basent sur les travaux de Grothendieck sur la théorie
de Fredholm [Grob5|, ont été utilisés d’abord par Ruelle [Rue76|, puis par Rugh [Rug92]
Rug96] et Fried [Fri95]. De ces travaux, il découle en particulier que lorsque (¢¢),cp et
V' sont analytiques réels, alors le déterminant dynamique est d’ordre fini (voir la
Définition . 11 est classique (voir Proposition que cette propriété du déterminant

dynamique implique la formule de trace:

LV
At _ # e
D PR Tk )

)\EO’R(P)

Ici, les notations sont les mémes que dans (17) et 'égalité est & comprendre au sens des
distributions sur RY , c’est-a-dire que si ¢ est une fonction C* a support compact sur R*.

alors

oV

D Lap(e Z T =y P

ou Lap(p) dénote la transformée de Laplace de ¢ définie pour z € C par

+o0o
Lap(e)(2) = /O e p(t)dt.

Le membre de droite dans correspond & une trace généralisée pour 'opérateur de
Koopman ((16]), dont la valeur est donnée par la formule de trace de Guillemin [Gui77| —
voir aussi [DZ16, Appendix B|. Le membre de gauche quant a lui joue le role de la somme
des valeurs propres (le spectre de Ruelle étant ici la notion pertinente pour définir cette
somme). Le formule de trace donne donc une interprétation spectrale de la formule

de trace de Guillemin.
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Dans [DZ16|, Dyatlov et Zworski s’interrogent sur la validité de la formule de trace
lorsque le flot (¢¢),cp et le poids V' ne sont plus supposés analytiques (mais au
moins C*°), toujours dans le but de mieux comprendre la répartition des résonances de
Ruelle. Cette question constitue le fil conducteur de notre thése. Notre point de départ
pour comprendre ce probléme est la suggestion par Sébastien Gouézel de s’y intéresser dans
le contexte de la régularité Gevrey. Rappelons qu’il s’agit d’'une hypothése de régularité
intermédiaire entre C° et analytique, introduite par Gevrey pour étudier la régularité
des solutions de certaines EDP [GevI§|. Cette suggestion nous a amené a développer
des outils d’analyse fonctionnelle adaptés a I’étude de la théorie spectrale des dynamiques
hyperboliques, non seulement de régularité Gevrey, mais aussi dans des classes de régularité
plus générales: les classes de Denjoy—Carleman ou classes de fonctions ultradifférentiables.
Il s’agit également de classes de régularité intermédiaire entre C°° et analytique, plus
variées que les classes de Gevrey, ce qui nous permet d’énoncer des résultats plus précis sur
la validité de la formule de trace . Ces outils que nous développons sont en quelque
sorte la généralisation au cas ultradifférentiable des méthodes mentionnées ci-dessus dans
le cas analytique.

Les quatre chapitres de ce document présentent 1’essentiel de nos travaux autour de la
formule de trace et de questions proches liées a la théorie spectrale des dynamiques
hyperboliques ultradifférentiables. Nous commencgons par expliciter dans le Chapitre [I] les
liens entre formules de traces et déterminants dynamiques. Cette étude est menée pour les
flots d’Anosov, mais aussi pour des systémes hyperboliques a temps discret (des analogues
des questions que nous avons détaillées dans le cas continu se posent également & temps
discret). Les principales relations entre déterminants dynamiques et formules de traces
sont données dans la Proposition m (pour les flots d’Anosov) et dans la Proposition
(pour les systémes & temps discret, voir aussi le Théoréme . Nous utilisons ensuite ces
liens pour construire des exemples de difféomorphisme hyperboliques C*° pour lesquels la
formule de trace est fausse (voir par exemple les Propositions [2] et .

Dans le Chapitre [2| nous rappelons la définition des classes de Denjoy—Carleman et
nous commencons & utiliser cette notion pour étudier la théorie spectrale des dynamiques
hyperboliques. Afin de rendre le plus clair possible le fonctionnement de nos méthodes,
nous nous intéressons tout d’abord a des systémes hyperboliques parmi les plus simples:
les applications dilatantes du cercle. On prouve en particulier le résultat suivant, connu

auparavant uniquement dans le cas analytique [Rue76].

Théoréme A (Voir le Théoréme . Soit T une application dilatante du cercle C* (voir
la Définition . 1l existe un espace de Hilbert H, continiment inclus dans [’espace des

fonctions C*° sur le cercle, sur lequel Uopérateur de transfert

L:ur x+—>z ! u(y) (18)

/
A )
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définit un opérateur compact. De plus, les polynémes trigonométriques forment un sous-

espace dense de H.

L’opérateur joue ici un réle similaire & ’adjoint de dans le cas des flots
d’Anosov. L’espace H permet également d’étudier un déterminant dynamique associé a T,
et de discuter la validité d’une formule de trace pour £ (un analogue & temps discret de
(TFE]). En effet, si £ ne définit en général qu’un opérateur compact sur H, on peut parfois
montrer que £ est en fait un opérateur a trace, et une formule de trace s’en déduit par le
théoréme de Lidskii. Tous ces résultats sont énoncés de maniére quantitative en utilisant
le langage des classes de Denjoy—Carleman (voir en particulier le Théoréme . Nos
méthodes nous permettent également d’établir un résultat sur le probleme de la conjugaison
pour les applications dilatantes ultradifférentiables (le Corollaire .

Enfin, nous cléturons le Chapitre 2] en énoncant un résultat sur la théorie spectrale de
Iopérateur de Koopman de certains difféeomorphismes hyperboliques de régularité Gevrey
que nous avons obtenu par des méthodes similaires & celles détaillées pour les applications
dilatantes du cercle (voir le Théoreme [2.27).

Le Chapitre [3| est consacré a la preuve du résultat principal de cette thése :

Théoréme B (Voir le Théoréme et le Corollaire [3.2). Il existe une grande classe
d’applications ultradifférentiables telle que si M, (¢t),cp et V appartiennent a cette classe
alors la formule de trace (TFF)) est vérifiée.

La classe de régularité en question est décrite en détail dans en utilisant le lan-
gage des classes de Denjoy—Carleman introduit dans le chapitre précédent. Remarquons
juste pour l'instant que cette classe de régularité est plus grande que toutes les classes
de Gevrey. Nous prouvons également une borne sur le nombre de résonances de Ruelle
sous les hypothéses du Théoréme [B| (voir la Proposition qui implique en particulier
que le membre de gauche dans définit bien une distribution sur R%. De maniere
notable, le Théoréme [B|n’est pas obtenu en prouvant que le déterminant dynamique
est d’ordre fini (comme c¢’était le cas pour les flots analytiques). Nous ne nous attendons
d’ailleurs pas & ce que les déterminants dynamiques associés aux flots considérés dans le
Chapitre [3] soient d’ordre fini.

Si les résultats du Chapitre [3| sont relativement satisfaisants en ce qui concerne la
formule des traces, la question de 'ordre du déterminant dynamique nous semblait égale-
ment digne d’intérét. Il s’agit du sujet du quatriéme et dernier chapitre de cette these,
dans lequel nous présentons une version abrégée d’un travail en collaboration avec Yannick
Guedes Bonthonneau. Le principal outil technique dans le Chapitre {4 est une transfor-
mée de FBI analytique dans Desprit de [HS86, [Sj696]. Afin que la taille de cette thése
reste raisonnable, nous admettrons les résultats techniques nécessaires afin d’utiliser cette
transformée de FBI pour étudier les flots d’Anosov de régularité Gevrey (les preuves de

ces résultats sont détaillées dans [BJ20] disponible sur arXiv). Des méthodes similaires
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ont été utilisées récemment par Galkowski et Zworski pour étudier des problémes d’EDP
en régularité analytique [GZ19al, I(GZ19bl, [(GZ20al] (nos résultats s’appliquent a la fois en
régularité Gevrey et analytique). Ces méthodes basées sur la transformée de FBI nous

permettent alors de prouver la borne suivante sur le déterminant dynamique .

Théoréme C (Voir le Théoreme [10). Soit s > 1. Si M, (¢1),cp et V sont s-Gevrey alors
il existe C > 0 tel que pour tout z € C on a

|d(2)| < Cexp (C|z|™).

En particulier, ordre de d est plus petit que ns.

La définition des classes de Gevrey est rappelée dans Rappelons que 1-Gevrey est
un synonyme d’analytique réel, le Théoréme [C] redonne ainsi dans le cas s = 1 une borne
connue sur le déterminant dynamique, obtenue par les méthodes mentionnées ci-dessus
[Rug92l Rug96, Fri95] (aucune borne n’était connue dans la cas s > 1). Notre preuve est
cependant plus directe: nous travaillons directement avec 'opérateur de Koopman (L6)) et
son générateur P = X + V. D’autres applications de la transformée de FBI & I’étude des
flots d’Anosov sont également esquissées a la fin du Chapitre [] nouvelles mémes dans le

cas s = 1.
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Chapter 1

Trace formulae, dynamical

determinants and counter-examples

In this chapter, we explain the complex analytic links between dynamical determinants and
trace formulae for expanding and hyperbolic maps — in — and for Anosov flows — in
—, proving in particular Proposition 1| (and its continuous-time analogue Proposition
[1.27). We use this dictionary to give quite striking counter-examples to the trace formula
in , proving in particular Propositions [2| and .

The results from §1.1| and may be found in [Jéz20al §3 and 4|. The proofs from
were already exposed in [Jéz19al Appendix E|, up to some additional details that we

give here.

1.1 Trace formulae and dynamical determinants for hyper-

bolic maps

We explain now the link between the trace formula and the order of the dynamical
determinant — where L is either the transfer operator associated to an expanding
map of the circle or the weighted Koopman operator associated to an Anosov diffeo-
morphism, and the flat trace tr® (£") is defined by or accordingly. It is convenient

to introduce the following definition.

Definition 1.1. If f is an entire function, we say that (2m),,- is an ordering of the zeros
of fif 29,21,...,2m,... are the zeros of f counted with multiplicities and the sequence

(|2m|) =0 is non-decreasing.

In this section and in §I.2] we will always order the zeros of an entire function in this

way. Recall the following definitions.

43
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Definition 1.2. Let f be an entire function. The order of f may be defined as

log log, (Sup|z|<r |f (Z)\)
lim sup

=400 logr

where log, = logmax (1,z). If f is non-zero and has finite order, let p be the smallest

natural integer such that

> ! s (1.1)

1
m>=0 L+ |Zm|p+

where (2),,50 is an ordering of the zeros of f (the integer p is well-defined thanks to
Jensen’s formula). By Hadamard’s Factorization Theorem [Boab4l, 2.7.1], if mo denotes

the order of 0 as a zero of f, then there is a polynomial @ such that, for all z € C, we have

fz)=2™e? ] E< ) (1.2)

m>=mo

where the function E is the Weierstrass primary factor defined by

p +o0
1 1
E (u,p) = (1 —u)exp ( g kuk> =exp | — g %uk , (1.3)
k=1 k=p+1

where the last expression is only valid when |u| < 1. The genus of f is then defined as

max (deg @, p). We will say that the genus of an entire function of infinite order is infinite.

As explained in Remark [I.4] below, the following theorem is an abstract way to express

the link between trace formula and order of the dynamical determinant.

Theorem 1.3. Let f be an entire function such that f(0) = 1. Let G be a holomorphic
function defined on a neighbourhood of 0 such that G (0) =0 and f (z) = e“@) for z in a
netghbourhood of zero. Write

00 1
= - Z —an2" (1.4)
n=1 n

and denote by (zm)m20 an ordering of the zeros of f. Then for all r > 0 such that f has

no zero of modulus v, we have

an = Z — () (1.5)

|zm \<7

Furthermore, the following properties are equivalent :

(i) the order of f is finite;
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(i) there is a natural integer ng such that for all integers n > ng + 1 the series

1 (1.6)

n
m>=0 """

converges absolutely and its sum is ay,.

If 07‘ holds then the minimal value of ng so that holds is the genus of f.

Remark 1.4. Taking f = d the dynamical determinant (), we have a, = tr” (L"), the
flat trace of £ defined by or according to the context. Recalling Theorems [2| and
, it appears then that the trace formula holds with absolute convergence of the
right-hand side if and only if n > ng + 1, where ng denotes the genus of the dynamical
determinant d. In particular, Proposition [I] follows immediately from Theorems [2| [ and
L3l

In §1.2] we will construct dynamical determinants with arbitrary (finite or infinite)
genus, so that all the behaviours described in Theorem may be realized by dynamical
determinants. Notice also that, as in the continuous-time case, we have a “local” version of

the trace formula: for every r > 0 such that there is no resonance of modulus r we have

tr” (L") = > A"+ O>r™).
" A Ruelle resonance
[A|>r

(1.7)

From Theorem the local trace formula (|1.7)) is in fact just a reformulation of Theorem
or Ml according to the context.

Remark 1.5. As we will see in Proposition [I.6] below, the absoluteness of the convergence
in is essential to get an equivalence. This is quite unfortunate especially as we will
realize the counter-examples from Proposition below as dynamical determinants in
On the other hand, it is very easy to construct an example for which the series
converges to a sum different from a,, (for any chosen values of n): just multiply f by the

exponential of an entire function.

Proof of Theorem [1.3 e To prove ([1.5)), one only needs to notice that the holomorphic

function

“+o0o
1 1
Z 1) = exp —Zf Qp — Z — | 2"
H )\ (1 - z%) n=1 n |zm|<r “m

|Zi|<T

does not vanish on a disc of center 0 and radius a little bigger than r, and so admits

a holomorphic logarithm there.

e Suppose Recall p from Definition and notice that the series (1.6) converges

absolutely for n > p + 1. Let r be a positive real number such that r < |z,,| for all
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m. Then define for [z| < § and m >0
+o00 1 5 k
=% 1 (2] (15)
k=p+1 "

and notice that |f, (z)| < ’Z—ZIW Then, recalling (L.1), the series > -, fm
converges on the disc of center 0 and radius § to a holomorphic function F' and,

recalling ([1.2)), we have for z close enough to 0

¢OE) = f(2) = (QEHFE),

Thus we may identify the coefficients of order greater than deg ) in the expansions
in power series of F' and G, which ends the proof of recalling (1.4) and (L.8)).

e Suppose . Using the hypothesis for n = ng 4+ 1, the infinite product

P =] (mn0>

m>=0

converges on C to a holomorphic function of finite order smaller than ng + 1 and
genus ng (see [Boad4, Theorem 2.6.5]). But since a, =), - 2 forn >ng+1, we
have, recalling the definition (1.3 of E, for z close enough to 0,

—+00

P (z) =exp (— Z :Lanz”>

n=ng+1

and consequently
no 1
_ N Za | Pe).
o) =emn (-3 et (o
Thus, f has finite order smaller than ng 4+ 1 (and genus smaller than ny).
O

We now give two counter-examples that highlight the necessity to ask for absolute

convergence in in Theorem .

Proposition 1.6. (a) There exists an entire function f with f(0) = 1 such that if
(#m)m=0 18 an ordering of the zeros of f (as defined in Definition then for
all n > 1 the series Y, o o converges with sum a, (defined in (L4)) but the con-

vergence is not absolute.

(b) There exists an entire function f with f(0) = 1, an ordering (2m),,>o of the zeros

of f and a permutation o of N such that (za(n))neN 18 an ordering of the zeros of f
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1

and, for alln > 1, the series Y, -, Z% converges with sum ay, but ) - -w— does

not converge.

Remark 1.7. Theorem [I.3]implies that the functions constructed by Proposition [I.6] have

infinite order, while the associated “trace formula” ((1.6)) holds in some weak sense.

To prove Proposition [I.6], we will need the following lemma, whose proof is straightfor-

ward using an Abel transform.

Lemma 1.8. Let (bm)m>0 be a sequence of complex numbers such that there is a constant
M such that, for all{ € N, we have ‘anzo bm) < M. Let (¢m),,>q be a decreasing sequence

of positive real numbers that converges to 0. Then the series Xy,>0bmcm converges, and we

“+o00
§ bmcm
m=0

Proof of Proposition[1.6, We start by proving Choose an irrational real number 6 for

which there is a constant ¢ > 0 such, that for all n € N*, we have ‘1 — 62””9‘ > -5 (almost

have the estimates

g 2MCO.

any real number may be chosen thanks to Borel-Cantelli’s lemma). For every integer n,

400 627l7rm9 n
=3 (om) -

which is well-defined thanks to Lemma [I.8] but the convergence is clearly not absolute.

set

Furthermore, for all integers mg > 2, we have

mo—1 2immO\ T 4 2
an— Y (6 > ‘S — = (1.9)

In (m) ¢ln (mo)”

m=

(take by, = e2m(m+m0)0 and ¢, = (In (m + mg))”~" in Lemma . Now (1.9) with

oo (-1 (5 () ) 7) T (- )

n=1 m=2

implies that the function f defined by f (z) = exp (— oo lanz”), for z in a neighbour-

n=1ln
iTm -1 .
hood of zero, extends to an entire function whose zeros are exactly the (%) . Since
there is only one way to order the zeros of f with increasing moduli, point [@] is proven.
We turn now to the proof of Choose 0 as above and denote by (”k)@o the sequence
of integers defined by ng = 0 and ny = k! for k > 1. Define Iy = {0} and I = [ng+1, ng41]

for k > 1. For every n € N, denote by k (n) the unique integer such that n € I;(,). Then

m=0

set for all integers n > 1
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Then we use Lemma as in the proof of to show that f (z) = exp (— oo Ly om )

n=1ln
extends to an entire function whose zeros are exactly the z,, = (W

62'L"rr'ml9

-1
m)+2)> for m € N.
We will see that there is another way to order the zeros of f, which breaks the convergence

of the series (1.6 for all n > 1, but preserves the monotonicity of the sequence of moduli.

Choose 0 < € < 1 such that for all = € [0,¢] we have Re (¢2"®) > I. Then for every
k € Nand n > 1, denote by N( " the number of those m € Ij; such that mn# € [0, €] mod 1,
(n )

and choose a permutation o, ' of I}, which puts these elements first. Equidistribution of

the mn#, for n fixed and m > 0, implies that

k (n)
_o IV,
SN
Nk41 k—+o00

but Zlg;ol Ne(n) Sng+1 e 0 (ng+1), and thus

LTS
I (k+2) koo O
Now choose ¢ : N — N* such that for all n > 1 the reciprocal image ¢! ({n}) is infinite
(for instance 1,1,2,1,2,3,...) and set

+oo
o= o,
k=0

If n > 1 the series ), o zv— o does not converge. Indeed, for all k such that ¢ (k) = n,

we have

> Re (Sn,_,) + LN (1.10)

Re (S 21n (k +2)

nk71+N,in))
where (Sp),,5 is the sequence of partial sums of the series D, Zin, and (Sp,)ms0 is the
sequence of partial sums of the series » o 77— . . We let k tend to +oo with ¢ (k) = n,
which is possible thanks to our choice of ¢. We saw that the first term in the right-hand
side of converges but the second one tends to 400, and thus the left-hand side of
does not converge. O

In order to realize the counter-examples from Proposition as dynamical determi-

nants in §1.2] we will need the two following, merely technical, lemmas.

Lemma 1.9. For every e > 0 and p > 0, the counter-examples from Proposition may
be realized as entire functions f of the form f:z+—1—2z— 2z (1 —2)h(z), where h is an
entire function such that, for all z € C, we have h(z) = 22':08 apzt, where ay € [—p%, p%]

for all integers £.
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Proof. For all kK > 2 and n > 1 set either

m=k
or
) +oo 627L7rm9 n
o :mzk_2<1n<k<m>+2>> ’

depending on whether you want to get a counter-example of type @] or @ Then set for

all k> 1
“+o00

fr () = exp <— > % (a%'“) + &5{“)) Z"> :
n—
Estimate (and its analogue for the case |(b) of Proposition implies that fj
converges to 1 uniformly on all compact subsets of C as k goes to +oo. Then set
fe 2 — (1 — i) fx (2), where X\, = % Thus we have f; (0) = 1, fr(1) = —1,
and it is easy to check that fi is a counter-example of type|(a)|or|(b), according to the way
the agﬂ) have been defined. We will see that that for large enough k the function fj satisfies

the conditions of Lemma Let hj, be the entire function defined by hy (2) = —%.
We will also need the auxiliary function Hy (z) = % — (fx (1) = 1) which vanishes at

z = 1 and tends to 0 uniformly on all compact subsets of C when k tend to +o00. Then

_ Hi(2) 2\, fe()?-1
_hk(z)_ 12 <1_Ak>+fk(1)

notice that

and write

Hi(2) X,
1—222&2

then we have

o= (0 B == (s 2) 0,

But the sequence (\g);, converges to % and (we may suppose p > 2)

Hj, (2)
— = dz
/D(o,p) (1 —2) 241

which ends the proof, recalling that fk converges to 1 uniformly on all compact subsets of
C as k goes to +o0. O

fu(z)—1

2
< = sup
P~ z|<r

1
|Be| = o

)

Lemma 1.10. Let f(z) be an entire function such that f (0) = 1, and (cx);q be a sequence
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of positive real numbers such that Zk>0 cr < +0o. Then the infinite product

117 (er2) (1.11)

k=0

converges uniformly on all compact subsets of C to an entire function d that has same

genusﬂ than f. Furthermore, if f is one of the counter-example of type 07” con-

structed in Lemma then d also satisfies point or respectively of Proposition
7.6l

Proof. If K is a compact subset of C then, since f (0) = 1, there is a constant C' > 0
such that for all z € K we have |f (z) — 1] < C|z|. Thus for all z € K and k > 0, we
have |f (cxz) — 1] < C'|ek||#]. Hence, the infinite product does converge uniformly
on all compact subsets of C to an entire function d. That d has same genus as f is
straightforward from the Definition and Hadamard’s factorization Theorem (we use
the positivity of the ¢;’s to ensure that no unwanted cancellation happens). Let us point

out that if f(2) = exp (= 3% La,2") then d(2) = exp (— 0% 2a, (2555 ¢7) 2").

Suppose now that f is the counter-example of type @] constructed in Lemma and
denote by (2m),,>q an ordering of its zeros. Let (wm),,, be an ordering of the zeros of d ,

then there is a bijection (¢, ) : N — N? such that for all m € N we have w,, = Z’E—mi, and

for every k € N the sequence (z¢(m)) is an ordering of the zeros of f. Let n > 1.

mey =1 ({k})
It is clear from our construction that f has no more than two zeros of a given modulug?]

and so there is a constant M such that for all £ € N and mg € N we have

> nl < M. (1.12)
m<myg Z‘f)(m)

Y(m)=k

Now, for k£ € N, let u; be the sequence <Z m<mo wln> whose limit is cjla, by
Y(m)=k " mo=0
construction of f. From (1.12)), the sup norm of uy, is smaller than ¢! M, and thus the series

Z,@O ug converges in the space of converging sequences equipped with the sup norm. But

its sum is clearly the sequence of partial sums of > Thus this series converges,

1
m=>20 wn, -

and its sum is a, Y ;o0 €2, as wanted.

We suppose that f is a counter-example of type @] There are two natural partitions

of the zeros of d : the partition Zy, Z1,..., Zk, ... by modulus (Zy contains the element of

'Tf f has non integral order § and > ¢ < 400, then one may show using [Boab4l 2.9.1] that d has also
same order than f.

2That’s where we use that f is precisely the counter-example constructed above. We will not need it
for the case [(b)]
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minimal modulus, the following are in Z1, etc) and the partition Z7, Z), ... defined by

Z,;:{Z:zisazerooff}.
Ck

Both partitions are endowed with the natural notion of multiplicity. Now, we get an
ordering for which holds in the following way : we put first the elements of Zy N Z
in the order which gave for f, then we put the elements of Zp N Z] (according to
the same order), then Zy N Z}, etc, when we are done with Zy (which happens in a finite
number of steps), we do the same with Z7, then Zs, etc. The proof that holds in this
case is as in case |(a)| (in fact a bit easier). To get an ordering for which there is divergence
of the inverse of the zeros of d at any power, we do exactly the same, except that at each

step we put the elements of Z{ in the order which gave the divergence for f. O

We end this section with the two following lemmas, that will be used to prove Propo-

sitions ] and [3] in

Lemma 1.11. Let E be a subset of N*. Then there is an entire function Q such that
QO)=Q(1)=0andifQ: z— +°O w2 then B, = 0 if and only if n € E, and B, € R
for alln € N*. Moreover, for every e > 0 and p > 0, if a > 0 is sufficiently small, then there
is an entire function h: z — 3129 0, 2" such that (1 — 22) Q) =1-22—2 (1 — 2) h(2),
forall z € C, and o, € [ Yy } for alln € N.
Proof. We will construct @ of the form @ : z — z (1 — 2) Z+°° byz". Then we have 31 = by
and Bp11 = by — by_1, for all n > 1. If E contains a final segment of N* then it is easy
to see that there is a polynomial ) with real coefficients that satisfies the first part of
Lemma . If £ does not contain a final segment of N* then the sequence (by), oy may
be recursively defined by

bp=11if 1 ¢ E,0 otherwise;

bp=bp_1ifn>1landn+1¢€E;

1
by, = if 1 and 1¢FE.
min{f}n,€+2¢E}'l n>landntld

The second part of Lemma [I.11| may be proven in a similar way than Lemma [1.9] O

Lemma 1.12. Let Ny : Ry — R be a locally bounded function. Then for every e > 0
and p > 0 there is an entire function h : z — EZ;’B 2" such that for all k € N we have
oy € [—p%, p%} sand if fiz2 = 1—22—2(1—2)h(2) and (zm),,cy 5 an ordering of the
zeros of f then

No(r) = o (# {m EN: |om| < 1;}) (1.13)

r—0
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Proof. Choose a sequence (zm),,cy of non-zero positive real numbers such that zy, —J>r
m—r—+0Q

+o00 and

Notr) =0 (#{meN < i} ). (114)

r—0 16r

Such a sequence exists since Ny is locally bounded. Notice that if |z| < % and p € N then

1 1
B (2,p) = 1] < 5 swp [E (w,p)| < 5
lw|<3

where E is the Weierstrass primary factor from (1.3). Consequently, we can choose an

increasing sequence of integer (pm,),,cy such that p, —'|>‘ +o00 and the infinite product
m—r—+00

Hm>0 E (ﬁ, pm) converges uniformly on all compact subsets of C. For mg large enough,

define an entire function f,,, by

Fon ()= (1= Ag2) T B (o)

zZ
m>mg m

=1—-22—2(1 = 2)hp,(2)

where
1

HmZmo E (ia pm)

Using Cauchy’s formula, it is easy to see that h,,, converges to 1 uniformly on all compact

Amg = 1 +

subsets of C when mo — +o0o. Thus h = hy,, satisfy the first condition when my is large

enough. Moreover, we have for all » > 0

1 1
#{mGN:zm<r}z#{m}mozzmgw}—l—mo, (1.15)

and thus

1
N = = DZm S T
0(r) 5, ° (# {m o 16r}>
with (1.14), and since the right-hand side of (1.15) tends to +oo when r tends to 0. This

ends the proof because the z,,’s are zeros of f. O

1.2 Counter-examples to trace formulae

In this section, we realize a wide class of entire functions as dynamical determinants. In
particular, all the possibilities considered in Theorem as well as the counter-examples
from Proposition will materialize. We will also construct dynamical determinants,
associated with finitely differentiable weights, which cannot be holomorphically continued

to the whole complex plane. Our construction will be based on a well-known example of
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zeta functions for hyperbolic flows which cannot be continued meromorphically to the whole
complex plane (see [Bal92| and [PP90, Example 1 p.165]). The strategy is the following: we
first construct a subshift of finite type and a weight for which the associated zeta function
is explicit, then we use Whitney’s extension theorem [Whi34] as in [Bow72a] to get
a hyperbolic dynamics on a manifold with the same dynamical zeta function, and finally
we show that in this particular case the dynamical determinant may be obtained from the
dynamical zeta function.

However, this construction produces an open system rather than an Anosov diffeomor-
phism, so that we explain first how the picture described in the introduction adapts to

hyperbolic basic sets.

1.2.1 Hyperbolic basic sets

Let us recall the definition of a hyperbolic basic set.

Definition 1.13 (Hyperbolic basic set). Let M be a C* manifold and K be a compact
subset of M. Let T be a C! diffeomorphism from M to itself. We say that K is hyperbolic
for T if for every € K there is a splitting of the tangent space

T.M =E}® E;,
and constants C' > 0, A > 1 and a smooth Riemannian metric on M such that:
(i) for every z € K and o € {u, s}, we have DT(z) (EJ) = E$.;
(ii) for every z € K,v € EY and n € N, we have |DT"(z)v] < CA7"|vl;
(iii) for every x € K,v € Ef and n € N, we have |[DT"(z)v| < CA7"|v|.
We say that K is a hyperbolic basic set for T' if in addition:
e K is T-invariant, that is 771 (K) = K;

e K is isolated, i.e. there is an open neighbourhood U of K such that K =, ., T" (U)
(we say that U is an isolating neighbourhood for K);

o T\ is transitive, that is T has a dense orbit in K.

Example 1.14. If T is a transitive Anosov diffeomorphism on a compact manifold M,
then M is a hyperbolic basic set for T. Another classical example of hyperbolic basic set
is Smale’s horseshoe [Sma67, §1.5]. In this section, we are mainly interested in this last
example because the associated combinatorics is simple (it is exactly conjugated to a full

shift), and it is “thin” (it has small Hausdorff dimension).
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The functional approach of statistical properties for hyperbolic basic sets is very similar
to the case of Anosov diffeomorphisms. Let T : M — M be a C* diffeomorphism with
hyperbolic basic set K. Let g : M — C be a C* weight. Here, we must assume in addition
that g is supported in a small enough isolating neighbourhood U for K. As in the case of

Anosov diffeomorphism, the associated Koopman operator is defined by
L:veguoT. (1.16)

Then, as in Theorem |3 there are Banach spaces on which the essential spectral radius
of £ is arbitrarily small [BT07, IGLO8|. However, these spaces are not intermediate be-
tween C*° (M) and D' (M), but between C° (U) and D., (U), the spaces respectively of C>
functions and of distributions that are compactly supported in U. Definition [5| of Ruelle
resonances, Ruelle spectrum and resonants states adapt then naturally to this case. As
in the case of Anosov diffeomorphisms the Ruelle resonances are the zeros of a dynamical

determinant, the analytic continuation of

d(z) = exp —Z%ub aran (1.17)

n>1

where the flat traces of the powers of £ are now defined by

n—1 k
b pn [li=o9 (T *’L')

tr’ (L") =
L= ) \det (I — DT"(x))| (1.18)
Trrz=x

reK
for n € N*. In particular, the Ruelle resonances of (T, g) only depend on g through its
values on K. Beware that it is not the case of the associated resonant states. Notice that

Proposition [I] also applies in that case, in view of Theorem [I.3]

1.2.2 Symbolic dynamics with explicit weighted zeta functions

Denote by (3, 0) the full (two-sided) shift on two symbols, that is
% =Ao0, 1}Z and o : (i)iez = (Tig1)iez -

For § € ]0,1], define a distance on ¥ by dg (z,y) = 6%, where k is the integer
inf{i e N:x; #y; or x_; # y_;} (with the convention > = 0). Recall that if G: ¥ — C
is a function, the weighted zeta function associated to (o,G) is the formal power series

defined by
+00

(o (2) = exp (Zi ( 3 nﬁG (o’%)) z") . (1.19)

= or=x k=0
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Notice that (51 is the well-known Artin-Mazur zeta function, and that the radius of
convergence of (, g is non-zero as soon as G is bounded. We are going to construct
weights G for which (5 is given by , adapting a construction from [Bal92] and
[PP90, Example 1 p.165].
Proposition 1.15. Let h be a holomorphic function defined on a neighbourhood of 0 and
whose expansions in power series at zero is h (z) = ,j:og apz®. Denote by p its convergence
radius, and assume that for all k € N we have o, # —1. Then there is a function G : X2 — C
such that

oo (2)h=1-22—2(1-2)h(2). (1.20)

Moreover, for every 0 E]%, 1], the function G is Lipschitz for the distance dg and, if oy €
|—1,400[ for all k € N, then G is strictly positive.
Proof. Set B, = 7E%=—if m > 1 and By = 1 + ag and define G : £ — C by

G (2) Bm Hfzg=---=z,-1=0andz,, =1
xr) =
1 frg=-=x;=---=0,

where = (;),.,. An easy computation shows that G is Lipschitz for the distance dy
provided that 6 E]%, 1[. For N > 0 define a (N + 1) x (N + 1) matrix Py by

(PN)o; = Bi fO<i<N-—1
(PN)O,N =1
(PN)iy1:=Bi fo<i<N -1
(PN)N,N =1

the other entries are zero,

that is, ) )
Bo B1 B2 ... Byn-1 1
6o O o 0
Py = 0 pB1 O
0 fBo
... 0
i 0 By-1 1

Then an elementary graph-theoretic argument provides that, for all integers £ > 1 and all
N > k, we have

3 lﬁG (o'z) = tr (Pﬁ,) . (1.21)

ze¥ =0

crkx::r

Using an argument of dominated convergence (it is easy to show that |tr (P]I{})‘ <

2% ||G|IE. by reducing to the positive case), one may then show that, for positive small
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enough z,

k=0 \i=0 1=0
N-1
=(1-2) <1— (1+ak)zk+1> A+ an)
k=0
and thus
+o0
Coc ()T =(1-2) (1 —Z(l—i—ak)zkH) =1-2z2—2(1-2)h(2).
k=0

O

Remark 1.16. We could get a more general expression for (1.20)), for instance by allowing

more than two symbols. However, we will not need this here.

1.2.3 Smooth hyperbolic dynamics with explicit dynamical determi-
nants

We want now to conjugate our symbolic examples to smooth ones. To do so, we use a
method due to Bowen [Bow72al to conjugate a subshift of finite type to a piecewise affine

horseshoe.

Proposition 1.17. There are a C® diffeomorphism T of the sphere S* and a hyperbolic
basic set K for T such that, if h is as in Proposition[1.15 with in addition that p > 1, then
there is a function g : S* — C such that the dynamical determinant d(z) defined by (1.17)

and 1S glven bgﬂ

+oo " w
L
1) =1 (e (552) ) , (1.2)
k=0

where (o 15 from Proposition , Moreover, g is C" for all integers r strictly smaller
than %E—Z, and, if oy € |—1,+oo[ for all integers k, then g is strictly positive on K.

Proof. Let G : ¥ — C be the function given by Proposition [[.T5] We next recall a
construction due to Bowen [BowT72al, in order to check that it has some extra properties
that suit us. Let (e;)o<;<3 be the standard basis in R*. Set R (k) = 0if k > 0 and R (k) = 1

3The infinite product converges for the same reason as in Lemma m
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if £ < 0. Then, for x = (2;);c, € 3, define

I(x)=> 4 Wey | gy
kez

Then one easily checks that for x,y € 3 we have

d d

S| Ut

1 (zy) <d(I(2),1(y) < 3di (2,9), (1.23)

Wl co

where d is the euclidean distance on R*. Thus I induces a homeomorphism on its image
K, which is a compact subset of R*. Define then

3
Vi= {(960,931,332,963) ER*: 1< 2y < 5,0 <z <

for k # 2i}

DO =

and F; = I ({z € ¥ :29=1}) for i = 0,1. It is easy to check that F; is contained in V;.
Define

S O O =~
S O = O
S = O O
= O O O

For x € V;, set F;o = Lx — 4eg; + %621‘4_1 (for i = 0,1). Then, define F' on Vy UV; by
F|\4 = F;. One easily checks that F ol =1 o0. Viewing R? as embedded in S, one may
extend F to a diffeomorphism T of S*, that coincides with F; on a neighbourhood U; of
V; (see for instance [Pal60]). Setting U = Uy UUs one has .z T% (U) = K. Thus K is a
hyperbolic basic set for T" with isolating neighbourhood U.

Inp

Now, define j on K by § = G oI~!. Let r be an integer strictly smaller than -
Choose 6 6]%, 47"[. Next, recalling ([1.23]) and that G is Lipschitz for the distance dy, there

exists a constant C such that for all z,y € K we have

9@ -g@l o2 (@), I ()

— _ rg\m(2,y)
dey L@ iy WY

where m (z,y) is the smallest integer such that I=! (x) and I~! (y) do not coincide at the
position m (z,y) or —m (z,y). Using (1.23) again, one gets

-1 -1
" y):_ln (di (It (2),1 (y))> >_ln(gd(:n,y))
’ In4 In4 ’
and thus ~ ~ a(a75)

d(z,y)"
Consequently, Whitney extension’s theorem [Whi34] ensures that g may be extended to a
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C" function g on S%. If p = 400, then g may be chosen C®. Moreover, up to multiplying
g by a bump function, one may assume that g is supported in U and, if G is positive, that
g is positive on K.

Since I conjugates (0, G) and (7|, g), one has for z small enough

~+o00 n—1
1-22—2(1—2)h(2) = (g (2) ' =exp —Zl Z Hg(Tkaz) 2"
n=1"" \ 2k k=0

Trrx=x

Notice that for all n € N* we have
1 1 =X -4\ 1
det (I — L) WZ(_D k) ank’
k=0

and recall that (—l)k (;4) = w is an integer. Fubini’s theorem gives

+oo
1 [Tio 9 (TFa)
d@@)=ep | =) 0 Z det (1 — D T")\Zn
=1
" T”x T
+o0 1 1 n—1
_ k
= exp fzﬁidet(l_ljn) Z Hg(T x) 2"
n=1 TCZGK k=0
T=x
+00 400 k (—4 n—1
(=1) (k;) k 2 A\"
—exp | =) > — > To(7*) | (52)
n=1 k=0 zeK k=0
Trr=x
too Lo (k+1) (k+2) (k+3)
11 (6oe (55)

O

Remark 1.18. In Proposition the dynamical determinant d(z) is written as an
infinite product involving the weighted zeta function (, c(z) associated to the symbolic
dynamical systems from the last section. As we mentioned it in Remark [ zeta functions
are usually written as alternated product of dynamical determinants. The fact that we can
go here in the other way and deduce the dynamical determinant from the zeta function is

quite exceptional and due to the affine structure of the horseshoe.

We use now the preparatory lemmas from §I.1]to deduce various corollaries from Propo-
sition [I.I7] From Proposition and Lemma [[.11] we deduce the following corollary,

which is a slightly more precise statement than Proposition [2]
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Corollary 1.19. Let E be a subset of N*. Then there are a C* diffeomorphism T of S*,
a hyperbolic basic set K for T, and a C*® function g : S* — R, strictly positive on K, such
that, for any ordering (Am),,~q of the resonances of (T',g), and for all n € N*, the series

> An

m=0

converges absolutely, and its sum is tr® L" (defined by (1.18)) if and only if n € E.

Proposition [3]is an immediate consequence of Proposition and Lemma From
Lemmas [I.9) and [L.10] Proposition also gives:

Corollary 1.20. The counter-examples from Proposition[I.6l may be produced as dynamical

determinants. Namely :

a) There are a C* diffeomorphism T of S*, a hyperbolic basic set K for T, and a C®
function g : S* — R, strictly positive on K, such that for any ordering (M) im0
of the resonances of (T,g) (see Definition we have, for every n > 1, the trace

formula

b ny _ Hk OgT(E n
(L") Z‘det(l DT mZ:OA (1.24)

:EEK

but the convergence of the right-hand side is never absolute.

b) There are a C*® diffeomorphism T of S*, a hyperbolic basic set K for T, a C* function
g : S* = R strictly positive on K, an ordering (Am)mso of the resonances of (T g),
and a permutation o of N such that ()\ (m )) >0 1s an ordering of the resonances of
(T, g) and, for every n > 1, the trace formula (1.24) holds but the series ), - )\g (m)

does not converge.
From Lemma and Proposition [L.17], it also follows that:

Corollary 1.21. The dynamical determinant (1.17) for a C*> diffeomorphism with C*
weight on a hyperbolic basic set may be of any (finite or infinite) genuﬁ.

Recall that Theorem gives a characterization of the genus of the dynamical deter-
minant in terms of the trace formula . Moreover from Corollary and [Grob5l
Corollary 1 p.17, second part of the book|, we deduce that there are dynamical determi-
nants that are not Fredholm determinants of any nuclear operators (and so there is no
“good” Banach space on which the associated Koopman operators are nuclear). Finally, we

notice that Proposition [I.17]can also be used to construct systems without any resonances.

Corollary 1.22. There are a C*® diffeomorphism T of S*, a hyperbolic basic set K for T,
and a C*® function g : S* — C, such that the system (T, g) has no Ruelle resonances.

“And even of any non-integral order according to footnote
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In Corollary it is fundamental that ¢ takes value in C: if g was positive then
elrop(Thlogg—Ju) would be a resonance, where Pyop (T, 1og g — Jy,) is the topological pressure

of logg — J,, (where J, is the unstable Jacobian) with respect to the dynamics T (see

Remark [1.25]).

Proof of Corollary[1.23 The function h : z — 6“:(;7_1;322 continues holomorphically to C

-\l
and may be written as h (2) = Y00 apz® with o, = — S} (”g) — 2. Thus ay # —1 for
every n € N (this is a consequence of the fact that 7 is transcendental). Thus applying
Proposition [1.17] we find (7, g) such that the dynamical determinant

400 ima (k+1) (k+2) (k+3)
a(z) =T (e#2) 7
k=0
does not vanish. Hence, (T, g) has no resonances. O

Remark 1.23. The weight g produced by Corollary [1.19] [L.20] or [L.21] being strictly

positive on K, it is associated to some physically meaningful Gibbs measure p, (see [Ball8|

Chapter 7| for details). For example if g =1 or g = |det (DT'|gu)| ( = 16 in our case ), jig
is respectively the physical measure or the measure of maximal entropy for 7|, (for the T’
we constructed these measures coincide). It may be noticed that the weights produced by
Corollaries [I.19] [1.20] and [1.21] may be chosen arbitrary close to 1 in the C*° topology on
a neighbourhood of K. The proof of this relies on the fact that, according to Lemmas (1.9
and the function h may be taken arbitrarily close to 0 in the topology of the uniform

convergence on all compact subsets of C (but, to actually prove it, an investigation of a

proof of Whitney’s extension theorem is needed).

Remark 1.24. Proposition realizes a lot of entire functions as dynamical determi-

nants, thus we could have stated many variations on Corollaries [1.19] [L.20] and [1.21] For
instance, one may construct a weight g for which the trace formula (1.24)) always holds but

the convergence is absolute only when n is bigger than some fixed integer (replace W

in the expression of a, in the proof of Proposition by m%"" for some a > 0 and then
state analogues of Lemma and Lemma |1.10]).

Remark 1.25. If in Proposition [1.17] we take h (2) = hqp (2) = aln (1 + %), where p > 1

and a > 0 is small, then we get weights g = g, , strictly positive on K. From formulae

(1.20) and (1.22)), we know that the radius of convergence of the associated dynamical

determinant d(z) = dq (%) is exactlyE] peff = 16p. Let r > 2 be an integer, and choose
p such that r < }E—Z, then [BT08), 1.5] predicted a radius of convergence greater than
ppred = €xp (—Piop (10g ga,p — log 16)) 4”71 for d,,. However since g is strictly positive,

[Ball8| Theorem 6.2] and [Ball8, Theorem 7.5] imply that exp (—Piop (108 ga,p — log 16))

"The dynamical determinant d, ,(z) cannot even be continued meromorphically outside the disc of
center 0 and radius 16p.
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is the smallest zero of dg ,(2), which can be made arbitrary close to 3—12 by taking a close
enough to 0. On the other hand, we may chose p arbitrary close to 4. Thus, for all € > 0,

there is a choice of a and p such that

Lefl < 9048 + €.

Ppred
This means that [BT08, Theorem 1.5| described accurately the way the radius of conver-
gence of the dynamical determinant grows when the regularity of the weight grows (up
to a bounded multiplicative constant that could probably be made smaller than 2048 by
adding extra parameters to the construction from Proposition .

Remark 1.26. The Ruelle resonances of the systems constructed in Proposition
comes as infinite families. In particular, Proposition does not allow to construct a
system with a finite non-zero number of resonances. As far as we know, the only known

examples of systems with finitely many resonances have either one or zero resonance.

1.3 Trace formulae and dynamical determinants for Anosov

Hows

We go back to the continuous-time setting and prove the following analogue of Proposition
[l The implication (i) = (ii) in Proposition is folklore, while the implication (i) =
(i) seems to be new. Notice that the condition implies that the left-hand side of
converges to a distribution on R .

Proposition 1.27. Let (¢4),cp be a C*° Anosov flow, with generator X, on a compact
manifold M. Let V : M — C be a C* function and set P = X + V. Then the following

statements are equivalent:
(i) the dynamical determinant d defined by has finite order;

(11) the trace formula (TFE)) holds and there is p > 0 such that

1
Z 1+ [N\ < F00. (1.25)
)\GO'R(P)

We recall that og (P) is our notation for the Ruelle spectrum of P. Moreover, when these

statements hold, the infimum of the p’s such that (1.25) hold is the order of d.

When trying to prove trace formula (TFF)), one can certainly try to apply the implica-
tion (i) = (ii) from Proposition However, if on the contrary one tries to understand
an Anosov flow (¢¢),cp for which the trace formula (TFF) is known to hold, while we do
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not know if the associated dynamical determinant has finite order, then the implica-
tion (ii) = (i) in Proposition becomes interesting. For instance, using only tools from

elementary complex analysis, the following result is obtained.

Corollary 1.28. Let (¢¢),cp be a C*° Anosov flow, with generator X, on a compact man-
ifold M. Let V : M — C be a C* function and set P = X + V. Then, if the trace formula
(TFE)) holds and if there is p € [0,1] such that

1
1.26
Z NG < +00, ( )
)\GO’R(P)

then the dynamical determinant d(z) defined by 15 constant equal to on(ﬁ (in particular,

P has no resonance).

We chose to present Corollary here because its proof is very brief, illustrating the
power of the trace formula. However, when the weight V is real-valued, [JZ17, Theorem
2] gives a better bound on the number of Ruelle resonances, using only the local trace
formula from [JZ17]. The main interests of these results is that they give lower bounds on
the number of Ruelle resonances, which are not very easy to obtain in general. Considering
Ruelle resonances for a constant time suspension of a cat map, we see that the bounds
from Corollary and |[JZ17, Theorem 2| are quite accurate as general lower bounds on
Ruelle resonances. However, we expect that for a generic Anosov flows, there are much

more Ruelle resonances than predicted by those results.

Proof of Proposition[I.27 Let us first recall the folklore proof of (i) = (ii) — see [MPM15]
Theorem 17] for another approach. Let a denote the order of the dynamical determinant
d. The estimate for any p > « is a consequence of Jensen’s formula — see [Boa54]
2.5.12]. Let ¢ € C° (R%) and recall that its Laplace transform is defined for 2z € C by

400
Lap (¢) (2) = /0 e *p(t)dt. (1.27)

Then, choose x > 0 large enough so that the series

—xT-
#_ € 7
T rdet<f—7>y>|exp<[yv> (128)

converges absolutely and > Re (\) + € for all the resonances A of P = X + V and some
€ > 0. It follows from standard integration by parts that for every N > 0 there is Cy > 0

5Notice that when V is real-valued, or when (gf)t)
orbit has the same length, then d is not constant.

e has a periodic orbit v such that no other periodic
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]

S~ |

Figure 1.1: The contour I'p.

such that, for every z € C such that Rez > —x, we have

Cn
[Lap (¢) (2)] € ———x- 1.29
1+ 2|V (1.29)
Then, if 7 is a periodic orbit for (¢¢), g, Laplace Inversion Formula writes
o) =5 [ ETLap(e) (s = 5 e~ Lap (¢) (—2)d=.
K 2im {Rez=—x} 2im {Rez=z}

Thanks to the bound (1.29) and the definition of x, we may apply Fubini’'s Theorem to
find that

ZY: T’#efv deetséj—j)'P,y) - Q'Liﬂ' /{Re z=w} h(Z)Lap (SO) (7’2)(12’ (130)

where h denotes the logarithmic derivative h(z) = Cg((j)) of the dynamical determinant d.

Now, for R > 0, define the contour I'p by
l'r=[z—iR,x+iR]UCRg,
where Cg denotes the half-circle
Cr={z€C:|z—z|=Rand Rez <z}.

By residue’s formula, we have
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[ hE)Lap (o =Y Lan(o

um Jrp

where the sum on the right-hand side runs over Ruelle resonances of P that are enclosed

by the contour I'r. By ((1.30)) and dominated convergence, we see that

1 (1)
— h(z)L —z)d THeV )
2 Sy PO R 2 2T k- Py
Consequently, we only need to prove that
/ h(z)Lap (¢) (—z)dz — 0, (1.31)
Cr,, n—-+00

for a sequence of radii (Rp),cy that tends to 4oo. Letting p be as in , we use
Hadamard Factorization Theorem to write d(z) as . We find then that

ZP
m_ g 1 ()

z Am 1——

m>mg Am

h(z) = Q'(2) +

where (A ),,cn denotes an ordering of the zeros of d (that is of the Ruelle resonances) and
mg is the multiplicity of 0 as a Ruelle resonance. Then, let N be a large enough integer

and write

hz)=Q +7_Z )\N _

m>mg
where @ is the polynomial
N-1 1
A ¢
Q2) = Q'(2) + Z (=) Z et 2
{=p m>mg

Thanks to (L.1), we may find a sequence (R,), oy that tends to +oo such that for every
neN,zeCr, and m > mg we have |z — Apn| > |Am| P~ *. Then it follows that for z € Cg,

we have

MR [QE] + T4 Y S e
m>mg 1\m
and this last sum converges provided that N is large enough. Hence, we see that |h(z)],
for z € Cg,, grows at most polynomially with R,. Since Cg, remains in the domain where
holds, follows.
We prove now the implication (ii) = (i). Let > 0 be as above. Write k = [p] where p
is from ([1.25). Choose z € C such that Re (z) > x. Then, we can find a sequence (¢n),cx
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of C*° functions, compactly supported in R% such that

_ k=2t _
nll)r_ir_loo ig}ge on (t) —tTe 0 (1.32)
and
sup |e ) (t)‘ < +o00. (1.33)
neN
teRY

Then, since the series ((1.28]) converges absolutely, we find with (1.32) that

T# ©n (T'y> . T# e—%1y Tk: v
g ]det(I—Pv)\eXp</v )niw 7 Jdet (T - Py P A '

Now, since the trace formula holds (by assumption), we know that for all n € N we have

Tf‘(ief&(% exp (/7 V> = Z Lap (¢n) (—A) -

)\EO’R(P)

Using (1.32) and the definition (1.27)) of the Laplace transform, we find that for A € C
such that Re A < x we have

(e K
Lap (i2n) (—) n;;m/O themG=VldL = Py

Now, if A € C is non-zero, we have

(=" e ()
Lap (pn) (—A) = B ey (t)dt.
Thus, (1.33), the fact that = > Re(\) + € for A resonance, and the assumption (1.25)

provide a domination of Lap (¢,) (=), so that we have, using the dominated convergence

theorem,
1

> Lap(pa) (<)) oo KLY (o

A€or(P) A resonances (

Finally we have (when Re (2) > 1)

| 1 4 ehTy _ZTVTk
K S o) v
2 g T e = P </7 >

)\EO’p(P)
= (1) (Inag)* Y (2),

where d is the dynamical determinant defined by . Let F' denote the canonical product
of genus k— 1 whose zeros are the Ruelle resonances of P = X +V (well-defined by [Boab4.
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(2.6.4)] thanks to (1.25)). Then we see that, if z is not a Ruelle resonance for P, we have

A ()= (D" E-1)1 > EEYa (1.34)

z
)\EO’R(P)

It follows that (In d)(kﬂ) = (In F)(kH) and consequently there is a complex number a such

that for every z € C that is not a Ruelle resonance for X we have
(InF)® (2) = Ind)® (2) + a.

With assumption (T.25), (T.34) and dominated convergence we see that (In F)® (r) —

r—+400
reR
0. By direct inspection, we see that (In d)(k) (r) 2 0, and consequently a = 0. Thus,
r—400
reR

there is a polynomial @) of degree at most kK — 1 < p such that, for every z € C, we have
d(z) = PP F(2).

It follows that d has order less than p, since F' has order less than p according to [Boab4l
Theorem 2.6.5].
O

We end this section with the short proof of Corollary

Proof of Corollary[I.28, Proposition implies that the dynamical determinant d has
order less than 1. But notice that d is bounded on a line (choose a line parallel to the
imaginary axis corresponding to a large positive real part) and thus has to be constant by
the Phragmén—Lindel6f Theorem [Boab4, Theorem 1.4.1]. Finally, it has to be constant
equal to 1 since d(z) — 1. O

Z—+00
z€R



Chapter 2

Denjoy—Carleman classes and

transfer operators

In this Chapter, we introduce the notion of Denjoy—Carleman classes in Then,
in §2.2] we explain our methods to study transfer or Koopman operators associated to
ultradifferentiable hyperbolic dynamics through one of the most basic examples: expanding
maps of the circle. In particular, the proofs of Theorems [7] and [§] may be found in §2.2)
As we announced it in the introduction, we will in fact prove quantitative versions of these
results (Theorem and Propositions [2.16} [2.17| and [2.18]) using the language of Denjoy—
Carleman classes. Finally, in we recall and discuss Theorem [2.27], one of the first

result that we obtained by applications of our methods to hyperbolic diffeomorphisms.
Most of the contents of and may be found in [Jéz20b| (with the noticeable

exceptions of Proposition and Corollaries and that are new). Theorem [2.27]
from is proved in [Jéz20a].

2.1 Denjoy—Carleman classes

We give here a very brief introduction to the topic of Denjoy—Carleman classes. The
interested reader may refer for instance to [KMR09| and references therein. For a more

historical point of view on this topic, see [Bil82].

The ideas behind the notion of Denjoy—Carleman classes have first been introduced by
Denjoy in [Den21] in order to understand the notion of quasi-analyticity that was proposed
by Borel in [Borl2|. However, it seems that the notion of Denjoy—Carleman classes as we

know it today has been introduced by Carleman in [Car23|. We give now this definition.

Let A = (Ag),ey be an increasing and logarithmically convex sequence of positive real

numbers such that Ag = 1. Recall that the fact that A is logarithmically convex means

67
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that
Vk € N*: Az < Ap_1Apaa. (2.1)

Let us mention for later use that (2.1)) implies that for every ki,...,k, € N we have
n
114 < As, (2.2)
j=1

where kK = k1 + --- + k. This fact may be proved by induction using the fact that the
sequence (Ag41/Ar)ey is increasing.

If U is an open subset of R” and f : U — C is a C* function, we say that f belongs
to the Denjoy—Carleman class C4 if, for every compact subset K of U, there are constants
C, R > 0 such that for every x € K and o € N” we have

0° f(z)| < CR™alA,,. (2.3)

Replacing the modulus in the left-hand side of by a norm, we define what it means
for a function valued in a Banach space to be C4. Parallelizing the circle in the usual way,
this definition is immediately adapted to the case of functions on S': we say that a C*®
function f : S' — C is in the Denjoy—Carleman class C* if there are constants C, R > 0
such that for all ¥ € N and 2 € S! we have

] F® (a:)‘ < CRFEI Ay, (24)

We will say that a map T : S* — S! belongs to the class C4 if its lift from R to R does.
This definition will only be used in Corollary 2.12] We will rather assume when needed
that the derivative 7 : S' — R belongs to the class C4. When the class C# is not closed
under differentiation, it does not imply that T belongs to CA.

Example 2.1. Let s > 1. If A = (k!*"!),cn, then the class of regularity C4 is the class
of s-Gevrey functions, that we will often denote by G° in this thesis. We will give more
detailed information on this class of regularity in §4.1.1] Notice that in the case s = 1,
we retrieve the class of real-analytic functions (this is an easy consequence of Taylor’s and

Cauchy’s Formulae).

Example 2.2. Let x > 0 and v > 1. We denote by C™? the class of regularity obtained
by taking A = (exp (k/kv)),cn. These are not standard classes of regularity. Actually,
we are not aware of any appearance of these particular classes in the literature before our
work, but the ultradifferentiable classes that are used in [T'T17] look a bit alike. However,
the classes C™Y are very interesting when considering hyperbolic dynamics: see but
especially Chapter |3l Indeed, when v < 2, the trace formula holds for Anosov flow



2.1. DENJOY-CARLEMAN CLASSES 69

of regularity C*". See for a more advanced discussion on this classes of regularity
— in particular, we will define what it means for a flow on a compact manifold to be of

regularity C™".

Our use of Denjoy—Carleman classes will be very basic, let us just recall a few well-
known facts for the sake of contextualizing. It follows from the logarithmic convexity of
(A )ken that the class of functions C4 is closed under multiplication and composition —
see [Rud87, Chapter 19]. We say that the class C4 is quasi-analytic if the following holds:
for every function f of class C4 on a connected open subset U of R”, if there is g € U
such that all the derivatives of f vanish at zg then f is identically equal to 0. If the class
C4 is not quasi-analytic, then there are compactly supported functions of regularity C4
and, consequently, C* partitions of unity. The original motivation behind the introduction
of Denjoy—Carleman classes is the Denjoy—Carleman Theorem that characterizes quasi-

analytic classes among them.

Theorem 2.3 ([Den2ll [Car22| [Car23|). Let A = (Ax)ken be an increasing, logarithmically
conver sequence of positive real numbers such that Ag = 1. Then the Denjoy—Carleman

class CA is quasi-analytic if and only if

—+00

Z;:—Foo.

=0 (K!Ag)*

Sl

In Chapters [3]and [, we will mostly be interested in the non-quasi-analytic case — with
the exception of the class of real-analytic functions in Chapter ] However, in the following
section we do not need to distinguish between quasi-analytic and non-quasi-analytic
classes. This is possible thanks to the simple geometry of our context. We think that the

following result can be enlightening considering the question of trace formulae.

Proposition 2.4. Let A = (Ag)ken be an increasing, logarithmically convex sequence of
positive real numbers such that Ay = 1. Then the Denjoy—Carleman class C* is closed

under differentiation if and only if

1
sup (Ak—H) ’ < +o00. (2.5)
keN+ \ A

It is clear that (2.5) is a sufficient condition for C4 to be closed under differentiation.

As noticed in [KMRO09], it is also necessary as a consequence of [Thi0O8, Theorem 1].

Remark 2.5. Let us consider the classes C*" from Example[2.2] For x > 0 and v > 1, we
deduce from Proposition that the class C™" is closed under differentiation if and only
if v < 2. When v < 2, we have the estimate

1
lim <Ak+l)k _1 (2.6)

k—4o0 Ak
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a stronger condition than . We will see in below that, in the case of expanding
maps of the circle, the condition alone ensures that the trace formula is
satisfied by expanding maps of the circle of regularity C4. The case of Denjoy-Carleman
classes for which the weaker condition holds but not is more involved but very
interesting (see Remark [2.22) and §2.2.3).

We tend consequently to think that, when considering the question of trace formulae

in Denjoy—Carleman classes, it is relevant to distinguish classes that are closed under
differentiation or not (and, among those closed under differentiation, that satisfy
or not). We will argue in favor of this approach in Remark see also the examples
from for a more concrete approach of this point. Actually, being closed under
differentiation is a reasonable assumption to make on an ultradifferentiable class if someone
wants to make differential geometry in that class (see [KMRO9| for a discussion of that
fact). Proposition and Corollaries and also reinforce the idea that Denjoy—

Carleman classes closed under differentiation are better-behaved than the others.

Let us now discuss some technical facts that are required for the next section. To the

class C#, we associate the function w = w? on R% defined by

Vo € RY :w(z) = inf 2"k Ay

i ( ) Py k (2.7)
The function w will play a fundamental role in estimates on singular values and norms
of operators appearing in the nuclear power decomposition of the transfer operator. We
are not aware of any reference introducing precisely the function w, but it seems common
to introduce similar objects adapted to a particular problem (see for instance [FNRS20L

(1.1)]). The following lemma lists basic properties of the function w.

Lemma 2.6. Let A = (Ag)ren be an increasing, logarithmically convez sequence of positive

A s continuous and increasing

real numbers such that Ag = 1. Then, the function w = w

from R to itself. Moreover, w vanishes at all orders in 0, i.e. for all o € R we have

zw(z) e 0. If p €]0,1[ then w(pz)/w(zx) e 0. If in addition v > 1 is such that there
T—

s C' > 0 Such that for all k € N we have
(k+1)Ap1 < CY* Ay, (2.8)

then, if p €10,1], there is a constant C' such that for all x > 0 we have

where 6 = —log u/log~y.

Remark 2.7. Let us mention for further reference that it follows from Proposition
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that there is v > 1 such that the condition (2.8)) is satisfied by the sequence (Ag),cy for
every k € N if and only if the class C4 is closed under differentiation.

Proof of Lemma[2.6] Since w is defined as an infimum of increasing functions, w is increas-
ing. Since w(x) is smaller than z*k! Ay, for all k, it is clear that w vanishes at all orders in

0. If x € RY, since P EIA}, i — 400, the infimum in the definition of w(x) is attained by
—+00

a finite number of integers k. Denote by k(z) the largest integer that realizes this infimum.
Notice that if £ < m then the logarithmic derivative of z — zf¢!A, is smaller than that of
x +— z™mlA,,. Consequently, the function = — k(z) is decreasing. Thus if ¢ > 0 then
for all © > x¢ since k(z) < k(xo) we have

= 2" @ k() Ay = i "nlA
w(z) = 2" k(x)! Ag(q) i el A,
and consequently w is continuous on |xg, +00o[. Since zp > 0 is arbitrary, w is continuous
on RY.
Let u be an element of ]0, 1[. Notice that for all z > 0 we have
k
w(px) w(px) (px) (= k(2)! Ag() k(z)

= < = 2.10

and since it is clear that k(x) =, oo, we get that w(ux)/w(x) = 0. Assume now that
T T—
([2-8) holds. Notice that if 0 < z < C~! then

T k(z)+1
(7) (k(2) + 1) Aggay 11 < 25O k() Ay,

and thus we have

k (i‘;) > k(z) + 1.

Now, if 0 < 2 < C~1, letting n be the largest integer such that vz < C~!, we find that

n

k(x)zk@f) >k(y'z)+n>n>—

log x 7
log~y

9

where a = log (yC) /log~. Thus by (2.10) we find that if 0 < 2 < C~! then

w(pa)

< /1,0
w(x) s O,

where C' = p~%. O

We end this section with a lemma that implies that every C*> function on the circle

belongs to some Denjoy—Carleman class. It allows us to deduce Theorems [7] and [§] from
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their quantitative versions Theorem and Propositions[2.16] .17 and [2.18] We omit the

elementary proof.

Lemma 2.8. Let (Ag)ren be a sequence of non-negative real numbers. Then there are a
constant C' > 0 and an increasing and logarithmically convex sequence (By),cn of positive

real numbers such that Bo = 1 and

2.2 Transfer operator for ultradifferentiable expanding maps

of the circle

We are now going to use the notion of Denjoy—Carleman classes in order to prove Theorems
and [8l Let thus T be a C* expanding map of the circle (in the sense of Definition .
Denote by A > 1 a dilation constant for 7. Moreover, let A = (Ag)ren be an increasing,
logarithmically convex sequence of positive real numbers such that Ag = 1, and assume
that T’ : S' — R is of class CA. We recall that the transfer operator £ associated to T is
defined by

L:u— xHZ ! u(y) | - (2.11)

!
A 7))

Using the function w = w? defined by (2.7), we can now state a quantitative version of
Theorem [7

Theorem 2.9. For every 0 € |1, \[ there are constants C, M > 0 and a Hilbert space H
continuously contained in C™ (Sl) and containing trigonometric polynomials as a dense
subspace, such that L defines a compact operator from H to itself. Moreover, if (oy),cy i5

the sequence of singular values of L acting on H then we have

w (Mz)
VkeN':0,<C sup ——*. 2.12
ool w (0)) (2.12)

The proof of Theorem is carried on in §2.2.1] In order to promote our idea that
Denjoy—Carleman classes that are closed under differentiation are much better-behaved

than the others, we will also prove the following:

Proposition 2.10. Assume that the Denjoy—Carleman class C* is closed under differen-
tiation. Then the elements of the Hilbert space H from Theorem [2.9 belong to the Denjoy—

Carleman class CA.

If Proposition does not look that impressing, it admits the two following corollaries

that may be more interesting.
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Corollary 2.11. Assume that the Denjoy—Carleman class C* is closed under differentia-

tion. Then the resonant states of L are of class C*.

Corollary 2.12. Assume that the Denjoy—Carleman class C* is closed under differentia-
tion. Let Ty and Ty be expanding maps of the circle of reqularity CA and assume that they
are C' conjugated. Then the conjugacy is actually of reqularity CA.

Notice that Proposition and Corollaries and are not from [Jéz20b]. Con-
cerning Corollary it is well-known that the resonant states of an expanding map of
the circle T' are C* under the sole assumption that 7" is C* (see Lemma B.1)).

We will then prove Theorem [§] in Actually, this proof will also come with
quantitative estimates — see Propositions 2.16] 2.17] and 2.18 Finally, we will see how
these results specify to the particular classes from Examples 2.1] and 2.2 in

In Appendix [A] we explain how the results from this section can be adapted to study

weighted transfer operators that are more general than (2.11]).

2.2.1 Compactness of the transfer operator

Let us start the proof of Theorem[2.9] Let 6 € |1, \[ be fixed once for all. If n € Z, we write
en, for the function on the circle e, : © — ™. Define the family (), oy of orthogonal

projectors on L2 (Sl) by

(u, €0) €0 ifn=0
Tpll = ]
29"*1§|k|<0" (u,er)r2er  otherwise

In order to give the definition of the space H from Theorem we need to state a technical

but fundamental result.

Lemma 2.13. There are constants C, R > 0 such that for all m,n € N and u € L? (Sl)

such that m > n we have

m

+n
> llmnull e -

R
| TmLrpul 2 < Cw <W> 0

We can now define H = Hg r 4 as the space of u € L? (Sl) such that (R is the constant

from Lemma [2.13]):

R\ 2
Z A—2my, <9m1> | 7mmul72 < +oo. (2.13)
meN

It is easily seen that the square root of the quantity above defines a norm for which H is
a Hilbert space. From Lemma the quantity A\™"w (WL_I)_l tends to infinity faster

than any geometric sequence when m tends to infinity. Consequently, the space H is
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continuously contained in C* (Sl). One can check easily that trigonometric polynomials

form a dense subspace of H.

Before proving Lemma we need another technical result.

Lemma 2.14. There are constants C, R > 0 such that for all k, £ € Z such that |k| > 07! ||

we have

|(Lep,ex) 2] < Cw (@) .

Proof. Define the function ay e : S! — C by ag(z) = W and the differential

operator

Loy, u s (agu).

Then for all m € N we have

<£€Za€k>L2:/ e2i7r(€ka(x))dx:/ e2i7r(€xfkT(x))Lm (1)(x)dac,
st

a
g1 k.l

so that

2,0

[(Lee exral < |22,

[e.9]

In order to bound Lg’ (1), we first investigate the derivatives of axy. By Faa di Bruno’s

formula, for all n € N and z € S! we have

v (x) . Z (_1>m1+...mn nl(my + - +my)!

mil...my!
m1+2ma+--+nmp=n 1 n

1 n (k0D () \ ™
X (k‘T’(:E) _ €)1+m1+"'+mn H j! ’

j=1

Thus, since T belongs to the class C4,

mq!...my!

(n) 1

’ak,f ()| < 5
™
mi1+2ma+--+nmp=n

1 L .
X 1+mi+-+mn H (‘k| CRJA]) ! )
KT () — ¢+ ok

where C,R > 0 are from the definition of C4. Recall (2.2) and notice that we have
|kT'(x) — €] > X|k|—|€] > & |k|, where § = X — 6. Thus, we find (assuming that C' > 1 and
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0 < 1, which is true without loss of generality)

(n) A (CR\" nl(my + - +my)!
‘“kvf(m)‘ = 27r5\k|< 5 > 2 ml. e

mi1+2ma+--+nmp=n

A

Now, notice that

m1! .. .mn! N 2n—1n!

mi1+2mo—+--+nmp=n otherwise

Indeed, as a consequence of Faa di Bruno’s formula, the sum in the left hand side is the

nth derivative at zero of the function

x _ 1
1—2¢ 1-—-%2°

-z

z— 1+

Notice then that for all m € N there are natural integer coefficients that do not depend

on ay ¢ such that

m

= 3 e [[ ol (2.14)
j=1

ni+-+nm=m

Thus, using (2.2) again,

|em| = Y e mmH( ik 27r(5nfjk‘ <QCR> >

oo
ni+--+nm=m

CR \™ A
< Am <7‘(’52|k") Z Cnl,...,nmjl;[lnj!-

ni+-+nm=m

Now replacing ay, ¢ by the function a : = — ﬁ in (2.14) we have that (notice that

LM(1):x @ml__1__ where L, is the differential operator defined by L o(u) = (au)’)

mloam (1 I)Qm)

Z Cny,yeoim ﬁnj! = L™(1)(0) = (Zm)!'

ml2m
ni+--+nm=m j=1

Thus

We only need to notice that (2m)!/m!? grows at most exponentially to end the proof (with
different values of C' and R of course). O

m ()H Sm!Am<2m)!< CR )m

o\ | o m2 \ 2782 |k|

Proof of Lemma[2.13. We will only deal with the case n # 0, the case n = 0 is similar.
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Let us compute (here £* denotes the L?-adjoint of £, that is the Koopman operator):

Imnlmgullze = Y WCmuer)2lP = Y [mau, L) 2l
07n71§|k|<0'm gmflg‘k‘<97n
Slmaulze Yo malrelze

om—1<|k|<om

<lmuulzz > > ULewen)rel

97n71§‘k‘<9m 07L71§‘Z|<97L

Now, if 0™~ < |k| < ™ and 6771 < |¢| < 6™ then we have |k| > ™1 > g7=1 > 91 |¢]
(since m > n) and thus by Lemma we have (recall that w is increasing)

|(Ley,er)r2] < Cw <|]:’> <Cw <0R> .

Qm
Consequently,
OR\ >
HﬂmﬁmeiQg4cﬂanm§2wm-—em—l+1)(wl—en—1+1)UJ<9n>
and the result follows. O

We will need another technical result to prove Theorem 2.9 For N € N, define the

following finite rank operators on H:

Loy = Z Tm L, and Ly v = Z T L. (2.15)

0<n<m<N 0<m<n<N
We will use these finite rank operators to approximate the transfer operator £, to do so

we need the following lemma.

Lemma 2.15. There is a constant C > 0 such that for all M > N > 0 we have

w ()
| Le,n — EQMHLQ—VH < Cnig% m

and

1o — Lol < ¢ sup 2lEm)_
, Mo = R ()

Proof. If u € H then we have

(LC,M - ['C,N) u = Z T LT U

0<n<m<M
N<m
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and thus

2

R -2
||(£cM ‘CCN UHH Z AT 2 < m—l) ﬂ-mﬁ Z Tt

N<m<M

L2

But if N < m < M we have with Lemma [2.13

T L Z Tt < Z | Tm Lrnul| ;2

n<m 2 n<m

< Cw < ) Z 0% ||maul 2

n<m

~ R m
< Cw (mn) 9 /n; |32,

and thus (for some new constant C' that may change from one line to another)

R
I(£er = Len)ully < C sup <w((>> 2 (Z A2m> Il

gm—1 n>0 \m>N
< C sup o Tl
m>N< (em 1)) T;)H n ”L2
2
w (ﬂm) 2
<C N6/ .
< Eg%<w(mﬁd) Jullz2

Before proving the second estimate, let us show that there is a constant C' > 0 such

) —2
on [ R
) < CA Pw <9n—2> . (2.16)

To do so, recall the function k(z) from the proof of Lemma 2.6|and choose mq large enough
so that

that for every integer n we have

Z AT (95—1

0o<m<n

AZ

AT
92k(5ﬁ%:T)

Then, when n is large enough, we may split the sum in (2.16) between the sum over
0 < m < mg and the sum over mg < m < n. The first sum is independent on n, and can

consequently be ignored since the right-hand side of (2.16)) tends to +o0o when n tends to
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400, according to Lemma To bound the second sum, recall (2.10) to see that

? )
)\2”1’(1) <9£2> Z )\_QWw <0i1> < Z )\2(n—m) (em_n_H)Qk(Gm%)

mo<m<n mo<m<n
A2 ‘
< \? g —_— | < +4o0.
Qk(mL)
>0 0 ™0 —1

We turn now to the proof of the second estimate and write for u € ‘H

(Lovr — LyN)u = Z T Lt

0<m<n<M
N<n

from which we get (we use (2.16)) on the fifth line and C' may change from one line to

another)

R _2
I(Lopr — Lon)ully, = A2m( 1) mml > Tau

0<m<M n>max(m,N) 2
9 2
_ R\
<C E A2y g TRl
pm—1
0<m<M n>max(m,N) 12

om [ R \7?
< Y a2 w<9m_1) S el

0<m<M n>max(m,N)

IN

—2m R - 2
cHY | DA w<9m_1> B[

n>N \0<m<n

-2
<o a () Imalls

n>N

2
w( npil) 2
<C — .
<o (o) v

We are now in position to end the proof of Theorem [2.9]

Proof of Theorem[2.9 Lemma implies in particular that the sequence (L¢n)yey 8
a Cauchy sequence of bounded operators from L? to H and thus converges to a bounded
operator L. : L? — H. For the same reason, (‘vaN)NEN converges to a bounded operator

Ly : H — H. By checking the identity on trigonometric polynomials, we see that

L=L.+ Ly (2.17)
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In particular, £ is bounded (and even compact, as a limit of finite rank operators) from H
to itself. The only thing that we still need to check is the bound on singular values
of the operator £ acting on H. If N € N, notice that the operator L.y + £ x has rank
at most 2[0N] + 1. From Lemma (letting M tend to infinity), we deduce that

1€ = (Cos + Lam)lyy < 2C sup (2
= S

and thus (see [GGKO00, Theorem IV.2.5|)

O9roN 142 < 2C sup L(%).
T meNw ()

The result then follows from the fact that the sequence (oy),cy is decreasing. O

We saw that # is continuously contained in C*°. However, when the class C* is closed

under differentiation, we can improve this result and prove Proposition [2.10]

Proof of Proposition[2.10. Let u € H. Since w is C*°, we may write it as the sum of its

Fourier series

U = Z (u, )2 €. (2.18)

kEZ

From the definition of H, we see that for k € Z we have
m R
[{u, ex)] < A"w | o | llullyy (2.19)

where m is such that 6™~ < |k| < 6™ if k # 0 and 0 otherwise. Since w is increasing,

(2.19) implies that
log A OR
< A(|k| +1)Tos0 _— . 2.20
usead] < Ak + DB w () (2.20)

Now, choose L > 0 large and notice that if & € Z and n € N then we have for every z € S':

2 n
]e;”)(x)‘ = (2 |k|)" = < ”L“‘”) (Apn)) ™' L™ A,

I -1
< - L"A,n!.
=" (%maxu,rkr)) !

(2.21)
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From (2.18)), (2.20) and (2.21)), we find that for every n € N and = € S!

log A w (%)
’u(m(x)‘ <D (k|4 1)Rss = L™ Apn! [|ully, -
keZ w (W)

Consequently, in order to prove that f belongs to C*, we only need to see that for L large

enough we have

S (k) + 1R v (i)

L
keZ w 27rmax(1,\k\)>

< +00.

Since C# is closed under differentiation, it follows from Proposition [2.4|that there is v > 0
such that (2.8)) holds for every k € N. Hence, according to Lemma , there is C' > 0 such
that for every k € Z we have

v (i)

w (e

< Cmax(1, [k])~°,

where 6 = —%. Taking L large enough so that
1 log A
log L > log (2n0R~y) + 08708 A
log 6
the lemma is proved. O

We end this section with the proof of Corollaries and of Proposition [2.10]

Proof of Corollary[2.11] Applying Lemma[B.1](as in Example[B.2), we find that the eigen-
vectors associated to non-zero eigenvalues of £ acting on H are in fact the resonant states

for £ in the sense of Definition [3] Hence, the resonant states for £ belong to H and are
thus of regularity C* according to Proposition [2.10] O

Proof of Corollary[2.13 Any expanding map of the circle has at least one fixed point (this
is for instance a consequence of the classical result [KH95, Theorem 2.4.6]). Hence, without
loss of generality, we may assume that 0 is a common fixed point for T and 75. Then, we
let p; and po denote the density of the invariant probability measures absolutely continuous
with respect to Lebesgue, respectively for 17 and T5. For j = 1,2, we define the map Fj
from S! to itself by

Fj(x) :/[0 ]ﬂj(y)dy mod 1.



2.2. ULTRADIFFERENTIABLE EXPANDING MAPS OF THE CIRCLE 81

Since p1 and po are fully supported, we see that the F}’s are diffeomorphisms from St to
itself. Moreover [Rue89, Corollary 5.2|, p1 and py are resonant states associated to the
resonance 1 respectively for 71 and T5. Hence, it follows from Corollary that p; and
p2, and hence F; and Fb, are of class CA. Since the Inverse Function Theorem holds in
regularity C4, the inverses of the diffeomorphisms F; and F, also belong to the class C4
(see [Kom79] or [BM04, Theorem 4.10]). In particular, the map Fy 'o(£F}) is of regularity
CA. However, it follows from the claim on the bottom of the second page of [Art94] that
F2_1 o (+£F}) is the conjugacy map between T and T, (recall that it is unique once its
degree is fixed [KH95, Lemma 2.4.10]). O

2.2.2 Nuclear power decomposition

We saw in the proof of Theorem that the transfer operator £ may be written as the
sum of the operators £, and L.. In this section, we show that this is a nuclear
power decomposition in the spirit of [BT08], and we investigate the consequences of the
existence of such a decomposition, in particular in terms of dynamical determinants (see

Propositions and [2.23)). Thus, we will prove in particular Theorem [8]
We first investigate the operator Ly. To do so, define the function g : N — R% by

w (2
g(N) = sup 0 lom)

2.22
b () 22

and notice that g(N) — 0 by Lemma The operator L, is morally strictly upper
N—+o00

triangular, the following proposition uses the function g to quantify the fact that L is

quasi-nilpotent.

Proposition 2.16. There is a constant C > 0 such that for all n € N* we have

n—1
1£5 139 < C" H g(k).
k=0

In particular, the spectral radius of Ly is zero (i.e. Ly is quasi-nilpotent).

Proof. Notice that if & < N then from the definition of £ y it comes that

(Lon — Log) Lon = (Lon — Lok) (Lon — Logt1) -

Thus if N > n — 1 we have

n—1

pnv =1 Lon = Lok).
k=0
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Letting IV tends to infinity, we get that

n—1
b= H (Ly — Lok)

k=0

and the result follows from Lemma 2.15] O

Then we investigate the operator L. (as an operator from H to itself).

Proposition 2.17. There are constants C, R’ > 0 such that, if we define the function f
for x>0 by

o) =atw (). (223)

xT

where o = log A\/log 0, and if (s¢),cry denotes the sequence of singular values of L. acting
on H, then, for all £ > 1, we have

s < Cf(L). (2.24)
In particular, L. is nuclear of order 0.

Proof. Since L. is continuous from L? to H, we have the following bound on its singular

values as a compact operator from H to itself:

R
Vm € N : syrgm41 < C sup Mw <0p1)

p>

for some constant C' > 0. Since f does not vanish, we only need to prove ({2.24)) for ¢ large.
Thus, let ¢ be large and let m be the largest integer such that ¢ > 2[6™] + 1. Then, we

have

o (OR
s¢ < Sorgmi41 < C sup yw | — ). (2.25)
y>6m Y

Here, we performed the change of variables “y = 6P". Then, notice that 6" > %f—% > 4—196
(provided that ¢ is large enough). Hence, we deduce from (2.25) that, for ¢ large enough,
we have (with the change of variables “z = 46" and taking R’ = 46?R in the definition of

f)

sp < ng[z f(x). (2.26)

Recall the function k(x) from the proof of Lemma and use (2.10) to see that for all
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x > ¢ we have

~—

(2.27)

9

1o ()

~—

f
but if £ is large enough we have k (%) > « and consequently f(z) < f(¢). Hence, for ¢

large enough we have

f(€) = sup f(z), (2.28)

x>0

and (2.24) follows from (2.26)). To see that L. is nuclear of order 0, recall from Lemma
that w vanishes at all orders in 0. Hence, f decays faster than the inverse of any

polynomial and so does the sequence of singular values of L. O

Now, following [BT08|], we want to use the nuclear power decomposition in order to
study the dynamical determinant d defined by and . This is the point of Proposition
2.18] that completes the proof of Theorem [§

Proposition 2.18. If z is small enough then we have
d(z) = det (1 2 (I —2Ly) cc) , (2.29)

where the dynamical determinant d is defined by and ,

Notice in particular that this proposition and Theorem 2]imply that the spectrum of £
acting on H coincides with the Ruelle spectrum of £ from Definition [3| (we already knew
that fact, as this is a consequence of Lemma [B.1]).

Proof of Proposition[2.18 If N € N then the operators £, y and L, are trace class (recall
that £y n, defined by (2.15), has finite rank). Moreover, £ y is nilpotent and thus

det (I — 2 (Lo + Lo)) = det (I — 2Ly ) det (1 — (I — 2Ly )" zc)

— det (I — (I — 2Ly )" cc) (2.30)
-1
N—tI)—oo det (I—z([—zﬁb) £C> ,

and the convergence holds uniformly on all compact subsets of C. Denote by h(z) the entire
function on the right-hand side of (2.29). Since h(0) = 1, there is a sequence (an),~; of

complex numbers such that for |z| small enough we have

h(z) =exp | — Z %z”

n>1
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Then applying Cauchy’s formula, we find for n > 1 (and for € small enough)

1 h'(z)dz
n———— _ = l t ¢ n .
@ A% aD(0,¢) h(Z) zZn N%H}kloo ' ((Lb’N +L ) )

Then notice that, since £y n is nilpotent we have
tr ((Lynv + Le)") = tr (Lyn + Le)" — LY y)

but the operators (Ly N + Lc)" — L}y converge in trace class topology to the operator
L" — L. Thus we have

an =tr (L7 = L)) = > (L™~ L) ex, ex) . (2.31)
keZ
Now, notice that if k € Z and n € N* we have (L}ey, er)2 = 0. Indeed, if k € Z* is such
that 6™~! < |k| < §™, then for every N € N, the image of e by Ly \ belongs to the span
of the e’s such that |¢| < ™~ ". In particular, £} yey is orthogonal to e;. Since, we also
have Ly yeo = 0, we find that, for every k € Z, we have (LﬁNek, er)r2 = 0, and, letting N
tends to infinity, that (Lj'ex,ex)2 = 0. Hence, (2.31)) gives

o= S ek = Y [ BT O

2 = (2.32)
= lim sin ((2m + Vrr(z — T"(2))) ,
m—too Jg1 sin (7 (z — T™(x)))

Finally, we use a partition of unity in the last integral and locally we perform the change of
variable “u, = z — T"(z)”. Then, we recognize the Dirichlet kernel and find a,, = tr° (L"),
where the flat trace is defined by (B]). This proves that h(z) = d(z).

The fact that the zeros of d are exactly the inverses of the non-zero eigenvalues of
L counted with multiplicity follows from [Kur61l, Theorem 3.1]. However, notice that
in our case the situation is simpler than in the general theory of Weinstein—Aronszajn
determinant, and that the correspondence between the zeros of d and the inverses of the
non-zero eigenvalues of £ may be deduced from the convergence . 0

In some cases, it may happen that £ acting on H is trace class, or in some Schatten

class. In these cases, we may simplify Proposition in the following way.

Proposition 2.19. Assume that there is p > 0 such that L acting on H is in the Schatten

class Sp. Then, if m denotes the smallest integer larger than p, we have

1 n
d(z) = dety, (I — zL) exp (— Z tw’ Ef )z"> , (2.33)

n=1
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where the tr’ (L™)’s are defined by and dety, denotes the reqularized determinant of
order m defined in [GGKOO, 1X] (this is the usual Fredholm determinant when m = 1).
In particular, the order of d is less than p and the trace formula (TFM) holds for every
n>p.

Proof. We know that when |z| is small enough we have

det,, (I —zL) =exp | — Z Mz"
n

n>m

Then, the same computation (2.31)-(2.32)) as in the proof of Proposition ensures that
for n > m we have

tr (L") = (L, ex)2 = tr’ (L"), (2.34)

kEZ
and follows. To see that d has order less than p, recall that the since £ belongs to
the Schatten class S, its eigenvalues are p-summable, then apply Lidskii’s Trace Theorem
to recognize that det,, (I — zL£) is a Weierstrass product and hence has order less than p
thanks to [Boab4l, Theorem 2.6.5]. The validity of the trace formula follows then
from Proposition [T} O

Remark 2.20. If the sequence A satisfies (2.8) for some v > 0, then the estimates (2.9)
and (2.12)), respectively from Lemma and Theorem imply that the singular values
of £ acting on H satisfy

1

where ¢ = logf/log~y. Hence, £ acting on H belongs to the Schatten class S, for any
p > 6~ and Proposition implies that the order of d is less than log~/log6. Since 6

may be chosen arbitrarily close to the expanding constant A, the following result follows.

Corollary 2.21. If there is v > 0 such that the sequence A satisfies (2.8), then the order
of the dynamical determinant d is less than log~y/log A and the trace formula (TFM) holds
for every n > log~y/log A.

Remark 2.22. Recall from Remark [2.7) that the validity of (for some value of v > 0)
is equivalent to C# being closed under differentiation. We advertised in Remark that
it was a relevant notion when investigating trace formula, we explain now why.

Notice that implies that taking a derivative in the class C* results in replacing
R by vR in . Composing by a contraction of factor A~! (which is basically what £
does) results in replacing R by A™'R. Thus £ has morally the same regularizing effect in

the class C# as taking log /log A primitives (notice that this number is not necessarily an
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integer). To put it loosely, £ is a smoothing operator from the point of view of the class
CA. Consequently, the decay that we obtain on the singular values of £, and ultimately the
bound on the order of the dynamical determinant, is natural (considering for instance the
case of Sobolev injections) for an operator that “makes a function gain log~y/log A deriva-
tives”. We witness here an interesting phenomenon: the values of n for which Corollary
2.21| ensures that the trace formula holds depend a priori on the dilation factor A
for T.

Now, if the sequence (Ay),cy satisfies (2.6), we see that holds for any v > 1.
Hence, we see from the discussion above that £ is an operator that “makes a function gain an
infinite number of derivatives” in the class C*. To put it more rigorously, Proposition m
implies that £ acting on H is nuclear of order 0, and following the dynamical determinant
d has order zero and trace formula always hold.

See the examples from §2.2.3| for further discussions of these phenomena.

Finally, we will use the nuclear power decomposition (2.17)) with Propositions[2.16],
and in order to bound the growth of the dynamical determinant d. To do so, define
the entire functions F' and G by

400 400 /n—1
F(z)=(1+2) H (14 f(m)z) and G(z) = Z (H g(k)) 2", (2.36)

m=1 n=0 \k=0

where we recall that f and g have been defined respectively in (2.23) and (2.22)). Notice
that F has genus zero. Thus if n(r) denotes the number of integers m such that f(m)=! <r

or m = 0, we have the following estimate [Boa54, Lemma 3.5.1| for » > 0:

log F(r) < /OT @ds + r/+<>0 ij)ds. (2.37)

S S

This bound may be used with Proposition to control the growth of the dynamical
determinant, see §2.2.3] for examples.

Proposition 2.23. There is a constant C' such that for oll z € C we have
[d(z)| < F(Clz|G(C2])).

Proof. Let z € C. Denote by (cg),cy the sequence of singular values of the operator
—2(I — 2Lp) "' L. and by (Ak)pen the sequence of its eigenvalues. By Lidskii’s Theorem

we have

<1+ Y Il

TLZ]. k1<"‘<kn J:1

|d(2)] =

ITa+x

keN
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Then applying [GGKO00L Theorem IV.3.1] we see that

d2) <14+> > [l =0+

Now if (Sk)kzo denotes the sequence of singular values of £, then we have for £ > 1 (replace
f(k) by 1 in the case k = 0)

e <ol =207, sl

(1==L)| ),

for some constant C' > 0, and thus |d(2)] < F (C’|z| H(I—zﬁb)_lHH H). But from
—)
Lemma we get that, up to taking larger C, we have

| —zc)|,  <cCl,

which ends the proof of the proposition. O

Remark 2.24. Assume that the right-hand side of in Theorem is summable.
Then we know that £ acting on H is trace class and Proposition implies that the
order of the dynamical determinant d is less than 1. In particular, d has genus zero, and
when the right-hand side of decays very fast we may want to get a better bound
on d. To do so, we may work as in the proof of Proposition to find that there is a
constant C' > 0 such that for every z € C we have

d=) < (1 +cl) [T <1+C’|zsup w(Mx)> (2.38)

kEN* ey W (0Mz)

The infinite product in the right-hand side of (2.38) may be bounded using [Boab4l
Lemma 3.5.1] as we did for F: just replace n(s) by the number of integer k such that

M 1 -
supxséﬁzs Vin (2.37) or k = 0.

Remark 2.25. Notice that, using Jensen’s formula [Boa54, 1.2.1 p.2], a bound on the
growth of the dynamical determinant immediately gives an upper bound on the asymptotics

of the number of Ruelle resonances outside of (0, €), when € tends to 0.

2.2.3 Examples
Gevrey and analytic dynamics

In this section we take A = k!*~! for some s > 1, that is we study the Gevrey classes of
regularity from Example We still denote by T an expanding map of the circle with

expanding factor at least A > 1, and we assume that 7" is s-Gevrey. In this case, we see
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that for every v > 1, we can find C' > 0 such that for all £ € N the estimate holds.
Thus the dynamical determinant d has order 0. But we can of course get a better bound.

To do so, recall the function k£ from the proof of Lemma Its definition implies that
if x > 0 then

P @ ()18 < PO (k(z) + 1)1°
and thus
1
E(x) >z"s — 1.

Then if 6 € ]0, A\[ and M > 0 is the constant from Theorem [2.9] we have when m > 1

k(OMzx)

w(Mzx) -1,

om <C sup ——% < sup |> < cexp (—c ms) (2.39)
O<z<t w(@Mz) O<z<t

for some constant ¢ > 0. Thus, by [Jéz20al Lemma 2.13] (or Remark , we have that

for some constant ¢ > 0 we have

|d(z)| < cexp (c (log., |z|)1+8) .

Notice that we retrieve the optimal result [BN19] when s = 1, which is also the result of
Ruelle [Rue76].

Remark 2.26. The bound on the singular values of £ acting on H implies that the
transfer operator £ belongs to the exponential class of type (¢~!,071) defined in [Ban08].
Hence, we may apply the results from [Ban08]| to transfer operators associated to Gevrey
expanding maps of the circle. For instance, the resolvent estimates [Ban08, Theorem
3.13] may be used to derive a better (super-exponential) remainder in the asymptotics
expansion for the correlations of Gevrey observables (see [GL08, Theorem 1.2] for the usual
asymptotics of correlation in the case of hyperbolic diffeomorphisms). We could probably
also use [Ban08), Theorem 4.2] to control globally the Ruelle spectrum of a perturbation of
T in the Gevrey category.

The class C*Y

We investigate now the classes from Example [2.2]and illustrate the discussion from Remark
2.22] Recall that these classes will be used in Chapter [3] to define a class of Anosov
flow for which the trace formula . Hence, we choose k > 0 and v > 1 and take
A, = exp(k¥/kv). Recall that according to Proposition the class C™" is closed under
differentiation if and only if v < 2. Moreover, the stronger condition holds if and
only if v < 2. We assume now that 7" belongs to the class C*v.
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Let us deal first with the case 1 < v < 2 (the case in which (2.6) holds), then we see

that for 0 < < 1 and some constants ¢ depending on x we have (k is still from the proof

of Lemma
1 1
k(x) > ¢ " |logz|»-T — ¢, (2.40)

thus if p € ]0,1[, we have for some new constant ¢ > 0 and small z > 0

< cexp (—c_l |logx|ﬁ) . (2.41)

Then, for some new constant ¢ > 0 the estimates on the singular values of £ from Theorem
2.9 becomes (for k > 1)

o < cexp (—c_l (log k)ﬁ> :
Once again, this gives, with Remark [2.24] that, up to taking larger c,

-1 1
d(2)] < TT (1+ elzlexp (—¢ 7 og k)7 7) ). (2.42)
k>1
Using [Boab4l, Lemma 3.5.1] to bound the right-hand side of (2.42) (that is using (2.37)
with the modification described in Remark [2.24)), we get that for some new constant ¢ > 0

and all z € C we have

log, |d(z)| < cexp (c (log, |z|)v_1) . (2.43)

In particular, d has order zero, but this could have been seen as a consequence of Corollary

(see also Remark [2.22)).

Now, if v = 2 (the case in which C*" is closed under differentiation but (2.6) does not
hold) then we have

1
%
lim ((’““)Akﬂ> _ Gk

k—+o00 Ak

Thus, by Corollary the dynamical determinant d has order less than (xlog /\)71_
We have here a very interesting behaviour: the bound on the order of the dynamical
determinant depends on the dilation factor (this implies in particular that trace formula
holds for large n according to Proposition . As pointed out in Remark , it
is not surprising that this behaviour occurs for the value of v that separates classes that
are closed under differentiation and those that are not. As far as we know, it is the first

time that such a behavior is proved and, consequently, it would be particularly interesting
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to know whether our result is sharp or not in that case.

Finally, we deal with the case v > 2, when the class C™" is not closed under differenti-
ation. The estimates (2.40)), and thus (2.41)), remain true. Thus, for some ¢ > 0, we have
for large N (recall that g is defined by (2.22)))

g(N) < cexp (—c_lNﬁ)

and thus, changing the value of ¢,

N-1 L
H g(N) < cexp (—cilNval) .

k=0
Then, in the definition of G, we may split the sum between n < (kcgr)qkl and
n > (@)U_l, to find that for some ¢ > 0 and all » > 0
log, G(r) < c((log, )" +1)
An easy computation shows that for some ¢ > 0 and all m > 1 we have
f(im) < cexp (—0_1 (log m)ﬁ> ,

where f has been defined by (2.23)). Thus reasoning as above in the case v < 2 (that is
using [Boas4, Lemma 3.5.1], which has been stated as (2.37)) in this case), we find that for

somec>0and r >0

log, F(r) < cexp (c (log+ 7“) U:’l> .

And by Proposition we see that there is still a new constant ¢ > 0 such that for all

z € C we have

log, |d(z)| < cexp (c (log, |z|)v_1) . (2.44)

Notice that this is the same estimate than that we established in the case v < 2, and
that it is still true in the case v = 2 (but we have more precise information in this case).
It is very interesting that the bound is true regardless of the value of v while there
is a huge change in the structure of the transfer operator at v = 2. Hence, it seems that
in most cases the nuclear power decomposition contains all the information that we need
on the dynamical determinant. This is indeed a very versatile tool that allows also to deal
with finitely differentiable map [Ball§|, and as we have just seen, it does not seem that

we lose much information by using this method in more favorable cases. Notice however
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that in some very favorable cases (such as Gevrey and analytic dynamics), the nuclear
decomposition does not seem to give the best bound (this is because in this case, the

bounds on the singular values of £ and L. are very similar).

2.3 Koopman operators for Gevrey hyperbolic maps

In [Jéz20a], we applied the strategy exposed in to more complicated dynamics —
hyperbolic basic sets for smooth diffeomorphisms, see §1.2.1] Hence, we were able to prove
the following result. We recall that G° is our abbreviation for s-Gevrey. The spaces G2 (V)
and U (V) and their topologies will be introduced in The latter is a space of linear

functionals on Gevrey functions — or ultradistributions.

Theorem 2.27 ([Jéz20al). Let s > 1. Let M be a G°* manifold and T : M — M a G*
diffeomorphism. Let K be a hyperbolic basic set for T'. Then there exist a compact isolating
netghbourhood V' for K and a separable Hilbert space H such that the following holds

(i) the Hilbert space H is contained in US (V') and the inclusion is continuous;
(i) the Hilbert space H contains G5 (V') and the inclusion is continuous with dense image;

(ii) if g : M — C is a G° function supported in V, the weighted Koopman operator L
defined by (1.16]) extends to a trace class operator from H to itself;

(i) for all n € N* we have tr (L") = t1” (L") — where the flat trace of L™ is defined by
(1.18))—, in particular the dynamical determinant d, defined by (1.17), is the Fredholm
determinant of L, and the trace formula (LFM) holds for every n € N*;

(v) for all B> 24 (s+1)d we have

log, |d(z)] = O<(10g|zy)1+ﬁ)’

|z| =>+o0
in particular d has order zero;

(vi) if N (r) is the number of Ruelle resonances for (T, g) outside of the closed disc of
center 0 and radius v (counted with multiplicity) we have for all 5> 2+ (s+1)d

N(r) = 0 (|1ogr|1+ﬁ) .

Let us discuss a bit Theorem First of all, the strategy to construct the space H
is similar to the one exposed in §2.21 However, following the general philosophy exposed
in the introduction, the space H from Theorem has to be anisotropic. This means
that the elements of H are indeed very smooth in the stable direction (as in but very

irregular in the unstable direction. This is why we end up with a space that is intermediate
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between Gevrey functions and ultradistributions (rather than between C*° function and
distributions as in Theorem [3).

There are certain technical differences between the proofs of Theorems and
There are indeed some additional geometric complications in the proof of Theorem
since we need to control the stable and unstable directions for the hyperbolic map T'. This
is slightly harder than in the C* case, since we need to make the hyperbolicity of T effective
after just one iteration of 7" in order to control the singular values of £. We introduced the
notion of “generalized cone-hyperbolicity” to do so (see [Jéz20al, Definition 7.1]). A similar
notion will be used in Chapter [3] to deal with ultradifferentiable Anosov flows, see §3.3

Another technical difference between the proofs of Theorems and is the kind
of Paley-Littlewood decompositions that we are using. In we introduced a Paley—
Littlewood with blocks of exponential sizes adapted to the hyperbolicity of our map. On the
contrary, in [Jéz20a)] we used a Paley—Littlewood decomposition with blocks of polynomial
size (depending on the regularity of the map). The construction from seems to give
slightly better results (see , and it is likely that they can be adapted to the case of
hyperbolic maps in order to improve Theorem (for instance, one could try to allow
smaller values of 8 in and . However, one have to keep in mind that the excessively
simple geometry of the circle is one of the elements that allowed us to design the spaces
from more carefully than those of [Jéz20a].

Remark 2.28. Theorem suggests that the dynamical determinant associated to
a Gevrey Anosov flow should have finite order. Let us explain why. In general, we expect an
exponential scaling between results for Anosov diffeomorphisms and flows. For instance, if
d denotes the dynamical determinant associated to a transitive Anosov diffeomorphism
T and d the dynamical determinant associated to the time 1 suspension of T', then an
elementary computation ensures that d(z) = d(e?) for every z € C. Under this exponential
scaling, the almost polynomial bound from in Theorem deteriorates into finite
order for the dynamical determinant d.

This is one of the reasons why we think that Gevrey regularity is the good setting
in order to establish finite order for the dynamical determinant associated to an
Anosov flow. Some heuristic computations based on the construction of Hilbert spaces of

anisotropic distributions from [FS11] also support this idea.



Chapter 3

Trace formula for ultradifferentiable

Anosov flows

This chapter is dedicated to the proof of Theorem [9] The contents of this chapter and of
Appendices C and D may also be found in [Jéz19a]. Appendix [B|is written in a slightly
more general way than the corresponding [Jéz19a, Appendix A| in order to cover the
different types of systems that are considered in this thesis.

We will start by discussing a bit further the classes C*V from Example in
Using the notations from we can get a precise version of Theorem [9]

Theorem 3.1. Let k > 0 and v € |1,2[. Let M be a C™" compact manifold, (¢1),cr be a
C*Y Anosov flow on M with generator X and V : M — C a C™Y function. Then for every
to > 0 there is a separable Hilbert space H such that

(i) for every © > v sufficiently close to v, we have C°° (M) C H C D°(M)’, both

inclusions are continuous, and the first one has dense image;
(i) for every t € Ry, the operator L, defined by (9) is bounded on H;

(1it) (L)~ defines a strongly continuous semi-group of operators on H, whose generator
coincides with P = X +V on its domain, which is {u € H : Pu € H};

(iv) the spectrum of P acting on H consists of isolated eigenvalues of finite multiplicity

which coincide with the Ruelle resonances of P (multiplicity taken into account);

(v) if h:R% — C is C* and compactly supported in [tg, +-00] then the operator
+oo
/ B (#) Lodt - H — H (3.1)
0

is trace class and its non-zero spectrum is the intersection of C\ {0} with the image

of the spectrum of P by A\ — Lap (h) (—=\) (multiplicity taken into account, Lap (h)

93
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denotes the Laplace transform of h). Moreover, the trace of the operator (3.1)) is

given by
+oo
tr(/o Etdt> ZV—\detI 7))’exp</wv>,

where the sum on the right-hand side runs over periodic orbits v of the flow (¢¢),cp,
the notations are as in .

This is indeed a more precise version of Theorem [9] since, with Lidskii’s trace theorem
[GGKO0, Theorem 6.1 p.63], the last point of Theorem [3.1implies the following Corollary.

Corollary 3.2 (Trace formula for ultradifferentiable Anosov flows). Under the assumptions
of Theorem|3.1], the trace formula (TFF)) holds. In particular, the right-hand side of (TFE)

defines a distribution.

As a by-product of the proof of Theorem we get the following bound on the number
of Ruelle resonances for ultradifferentiable Anosov flow. Notice that it implies that the
right-hand side of (TFF]) converges indeed to a distribution on R.

Proposition 3.3. Under the assumptions of Theorem for all e > 0, we have

€€ Re(X)

Z dim M +e
reomipy LA

< 400,

where P =X + V.

The bound on the number of resonances given by Proposition is not sufficient
to apply Proposition and get a Hadamard factorization [Boab4, Theorem 2.7.1] for
the dynamical determinant d defined by . However, we will derive in Appendix [C| a
“Hadamard-like” factorization for d.

Finally, although we need v < 2 to prove (TFF]), most of the statements in Theorem
remain true when v > 2. We discuss in Appendix [D] the relevance and necessity of the
condition v < 2 through the simplest possible example: the doubling map on the circle.
Concerning this condition, we also refer to the discussion from Chapter [2| about Denjoy—

Carleman classes that are closed under differentiation (see in particular Remarks and

and the examples from §2.2.3]).

Proposition 3.4. If, in Theorem[3.1, we allow v > 2, then there is still a Hilbert space H
satisfying (1), (i), (ii1) and (). Moreover, under the hypothesis of (v), the operator (3.1)) is

compact and its spectrum can be described as in Theorem in terms of Ruelle resonances.

This chapter is structured as follow. As already mentioned, is dedicated to a
discussion of the classes C*" and associated generalized distributions. Then, in we
construct a “local” version of the space H from Theorem [3.1] In we study the action
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of a local model for the Koopman operator @ on these local spaces. In §3.4], we construct
a first version of the space H from Theorem However, the action of the Koopman
operator (L¢),cp — from (9 — on this first space will not be controlled for small ¢’s, a flaw
that will be fixed in §3.5] proving Theorem as well as Corollary and Propositions
B.3 and 3.4

3.1 The classes C""

In Example 2.2] we defined the classes of regularity C* for k > 0 and v > 1. It is
a well-established fact (see e.g. [KMRO09| and references therein) that the condition (2.1)
implies that the class C*" is closed under multiplication, composition, the Inverse Function
Theorem and solving ODEs. Notice that, according to Proposition the class C*Y is
closed under differentiation if and only if v < 2. Since C®™" is greater than any Gevrey
class (we assume v > 1), it is non-quasi-analytic and thus contains partitions of unity.

The Fourier transform will be a key tool in this paper, it is thus natural to introduce a
suitable class of rapidly decreasing functions and associated spaces of tempered generalized
distributions. This is often done in the literature, in particular when dealing with Gevrey
classes (see for instance [Pil88, [CP92]). Notice that we will use the following convention
for the Fourier transform: if f € L' (R") and & € R" we set

F(f) (&) = F (&) = / ¢~ £ (1) da,

n

For all Kk > 0, v > 1 and f € C*> (R"), define

1o = sup (1 o)™ 0% (o) exp (- 2100,

KU
aeN?
meN
Then define, for v > 1,
s'={fec*®):Vre Ry, |fl,, <+oo}, (3.2)

which is a Fréchet space when endowed with the family of semi-norms |||, , for £ > 0.
Notice that SV is contained in the usual space of Schwartz functions and that the elements
of §V are in the Denjoy—Carleman class C* for every £ > 0. One may also check that SV is
closed under differentiation. We will denote by (Sv) the space of continuous linear forms
on SV endowed with the weak-star topology. This space will play the role of tempered

distributions in our context.

Proposition 3.5. If v > 1, then the Fourier transform from SV to itself is a continuous

1somorphism.
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Proof. We start by proving that the Fourier transform is continuous from SY to itself. Let
0 < k' < k. Let f € 8Y and recall that for all £ € R™ and «, f € N" we haveE]

§0°f () = (i) M [ em#0r (a7 f(2)) da

R”
131
_ (_iylal+18] aﬁ/ o€ -2 f(2)d
= (—i e "y x)dz,
=) %%:a%!w!(ﬁ—w)! Rd (=)
Y228

where v2 = [ means that each coordinate of vs is smaller than the corresponding coordinate
of 5. Then, notice that there is a constant C' > 0 such that, for every vi,72, 8 € N¢ such
that vo =< 3, we have

/ i€ B2 oM f(x)dz

_ 1 v

RU

Moreover, up to making C larger we also have, for every 7o € N,

v
! < Cexp (M> .

RU

Consequently, we find that for every £ € R™ and «, 8 € N”, the quantity §a85f(§) is

smaller than

|/

ol 6] 172l + (18] = |yl + Im| +n+1)°

o D ol 7ol (B — )l P KU

Y1t+rv2=a s ’ ’
Y230

< C? | f |l 2P exp (““‘ +18l+n+1) ) :
’ RU

Using the fact that for £ € N

l

n
20 2 2
€ = 2 lal” ] = > ela)e™,
j=1 |ar|=£
where Zw:gc(a) = n', we see that, for some new constant C > 0, we have for all

meN, £ € R and o, 5 € N

— (3.3)

L+ 1™ |07F ()] < C 1 f o (43/)™ 27 exp <<m + 16| +n+ 2)“) |

Indeed, we can deal first with m even and then argue that (1+ |¢))™ < (1+ [¢))™ "

(r4n+2)" v k=K'
K

Finally, since £’ < k and o~ =

rV, we see that, for some new constant
r—+00

'There is an error in the expression for £29° f (&) in the proof of [Jéz20al Proposition 5.3]. However,
the proof is easily fixed by using the correct formula that we give here.
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C > 0, we have
<C|fll

KU

|4

K,

and the Fourier transform is indeed continuous from S to itself. The same argument gives
that the inverse Fourier transform is also continuous from SV to itself. Moreover, since SV
is included in the space of Schwartz function on R”, the elements of SV satisfy the Fourier
Inversion Formula. Hence, the Fourier transform is indeed a continuous automorphism of

Sv. O

Proposition allows to define the Fourier transform on (SV)" by duality in the usual
way. Since SV is closed by multiplication, for 1) € SV we can define the Fourier multiplier
¥ (D) : (8Y) = (S8¥) by

Vu € (8Y) :4p (D)u=TF"1(¢.4).

It is well-known that the Fourier transform of a C*° compactly supported function decays
faster than the inverse of any polynomial. For functions in the class C™" this statement
is made quantitative in Proposition below. This is the key point that will allow us in
to construct Sobolev-like spaces of anisotropic generalized distributions that are the
pieces from which we will construct the space H from Theorem [3.1]in and

Proposition 3.6. For every R > 0 and v > 1, there are constants C > 0 and k > 0 such
that, for all f € SY and £ € R™, we have

F©] < Ol exp (RO (1+ 1) 7). (3.4

Proof. Choose k > 0 large enough so that

1 v—1
R = ko1

> R.

v

Then apply (3.3) from the proof of Proposition with 8 = 0 to get a constant C' > 0
such that, for all £ € R™ and m € N, we have

4y/n )mexp ((m+n+2)“> ‘

1+¢] e

F@) <l (

When [¢] is small, we bound f(€) by taking m = 0. When |¢] is large enough so that the

following expression makes sense and is non-negative, we take

o) o]
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With this choice of m we have

() oo ()

o () o) n(25)
4y/n

(i
) L))
() T (o)),

and the result follows then from the fact that (recall that R’ > R)

(Z%)M exp (R (In(1+r)oT — R <ln (Z;ﬁr))_l) o0

/q/v 1

o)l

)

O

We need to extend the notion of ultradifferentiability to more general objects than
complex-valued functions in order to make sense of Theorem [3.I] For instance, we will
define what a C"V manifold is. To do it, we follow ideas that may be found in [KMR09],
notice however that when v > 2 the sequence (Ap,),,cy from Example is not a DC-
weight sequence in the sense of [KMR09|, so that we cannot apply most of their results.
Hopefully, it will be clear in the remaining of the section that, whereas the general theory
of our ultradifferentiability classes may not be very satisfactory, this is of no harm in our
pedestrian approach to the problem of the trace formula.

We already defined in what it means for a map from an open subset of R” to a
Banach space to be C*Y. We recall that this class of regularity is closed under composition
and inversion. A C"™" manifold is then defined to be a Hausdorff topological space with
countable basis endowed with a maximal C*" atlas — i.e. a maximal atlas whose change
of charts are C"". As usual, a map f: M — N between two C™" manifolds is said to be
C™v if it is C™Y “in charts”.

We define now topological vector spaces associated to these classes of regularity. If M
is a C"" manifold for some x > 0 and v > 1 then M has a natural C** manifold structure
for all &' > 0 and © > v, so that we may define the class C°" (M) of functions from M
to C that are C*? for all &' > 0. Notice that all "V functions from M to C belong to
CoY (M) if © > v.

Notice that if v > 2 then the class C®V is not closed under differentiation and in
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particular in this case the tangent bundle 7'M has no natural C*" structure. However,
derivatives of "V functions are C*V for all 0 < ' < k. Thus the tangent bundle TM
may be endowed naturally with a C¥ structure, so that it makes sense to talk about a
C¥'% vector field when © > v, or © = v and & < k. Integrating such a vector field gives
rise to a C*'0 ﬂo (¢t)ier> see [KMRO9, Kom80]. A consequence of this fact is that if
X is a C"? vector field on M that does not vanish then X is locally conjugated via C*'-?
charts to a constant vector field on R"™ where n = dim M. This implies in particular that if
v’ > 0 then C> is closed under differentiation with respect to X (this operation is even
continuous with respect to the topology that we define below).

If M is compact, we endow C°? (M) with a structure of Fréchet space in the following
way: if U is an open subset of M and V is an open subset of R?, if ¢ : U — V is a C>?
chart, ¢ is an element of C°? supported in U and x > 0, define the semi-norm (R
by

Vu € C%: lully g5 = sup 0% ((pu) 0 w™1) (2)] exp (— ’:@ ) :

zeV

The topology of C>? (M) is generated by a countable family of these semi-norms: since
M is compact we can cover M by a finite number of domain of charts and take a partition
of unity subordinated to this cover, then we only need to let s runs through the integers.
The completeness of C°*Y (M) is easily verified. One can also check using Leibniz formula
that pointwise multiplication C°% (M) x C*? (M) — C°? (M) is continuous. Notice also
that if IV is another C®" manifold and ¢ : M — N is a C™" local diffeomorphism then the
map C®? (N) 3 u+ uot € C*?Y (M) is continuous.

We will also need the space DY (M) of C°Y densities on M: this is the space of
complex measures of M which are absolutely continuous with respect to Lebesgue and
whose density in any C°>? chart is C*?. We endow D (M) with a Fréchet structure as we
did fo Co? (M). We will denote by D? (M)’ the space of continuous linear functionals
on M on DU (M), that we endow with the weak-star topology. Notice that if u € C°? (M)
then u defines an element of D? (M)’ that we also denote by u, by the formula

Yu € DY (M) : (u, 1) :/ udp.
M

We define in this way an injection of C°? (M) into D” (M)’ that can be shown to be
continuous and to have dense image (by mollifying elements of D® (M)’, by convolution
for instance).

Now, let M be a C*% compact manifold for some x >0 and v > 1 and let n =d+1
denotes the dimension of M. Let (¢),.g be a C™" flow on M (that is, the map M xR >
(z,t) = ¢¢ (x) is C™Y). Then the generator X of the flow (¢¢),cp is a C"'v vector field for

2That is, the map (z,t) — ¢: () is cr?. i
*Notice that these two spaces may be identified by the choice of a particular element of D” (M).
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all ¥ < k. Choose V : M — C a C™" potential. Let © > v and define for all ¢ € R the

continuous operator £; on C°V (M) by

Vu € C°V (M) : Vo € M : Lyu (x) = exp </0tVO¢T(JC)dT>UO¢t($)-

Here, let us notice that the prefactor in the definition of £; is a C™" function (since
this class of regularity is closed under composition). It is convenientﬁ] to extend L; and
P =X +V from D° (M) to itself. To do so, we need to compute their adjoints. Choose
p € DY (M) positive and fully supported, it induces an isomorphism between D (M) and

C=? (M) ,v + . Then notice that W satisfies for all € M and ¢,¢' € R the

du
cocycle equation

d ((Pe4e), 1)
dp

d ((¢1), 1)
dp

(p—v (2)),
so that we have

VmeM:VteR:W(w):exp (—/0 diV(X)O¢_T($)dT>,

where the divergence of X is defined by

Ve e M :div (X) (z) = 7% (W (x))

t=0

Notice that div (X) is a C*¥ function for all k' < k. Then the formal adjoint of £; may
be defined on D (M) by

t d
(L4)* v =exp </0 (V —div(X))o ¢_Td7> £ o¢_rdu

and the formal adjoint of P by

d
Pv=(-X—div(X)+V) —Vd,u.
dp
These two operators are continuous on DY (M), so that P and £; may be extended as
continuous operators on DU (M)’. Notice that P and £; commute.

We will need Lemmas [3.7] and [3.§] to prove Theorem [3.1]
Lemma 3.7. With the notations above, we have:

(i) If u € C°>° (M) then the map R >t = Lyu € C°Y (M) is C* and its derivative is
t*—)EtPU:P,CtU

“Tt makes easier to apply the results from Appendix or to define the norm |-||,, in (3.50)) for instance.



3.1. THE CLASSES C"" 101

(i) If u € DU (M) then the map R 3 t — Lyu € D° (M) is C* and its derivative is
tHEtPu:Pﬁtu

Proof. We only need to prove the first point: the same argument with C°? (M) replaced
by D? (M), and £; and P replaced by their formal adjoints gives the second point.

We start with the case V' = 0. Using the group property of (Lt),cp, we only need to
prove differentiability at ¢ = 0. Then we may cover M by flow boxes, and thus we only

need to show that if u € S is supported in a compact subset K of R*! then

u(-+teqgr1) —u
t th Or i

uin S°, (3.5)

where ey, 1 denotes the last vector of the canonical basis of R¥!1. Up to enlarging K we
may assume that for all ¢ € [—1, 1] the function w (- + tegy1) is supported in K. Then if
r€ K, ac N and t € [-1,1] we have with Taylor’s formula (for any £” > 0):

‘8‘% (x +tear1) —0%u(x) 599

x
t d+1

u ()

0% (z +tegyr) — 0%u () P

— Yram
t +

02,0 o
T1 |t] (la] + 2)
L= t] < 0 [wll,or 5 exp (M :

0%u ()

Thus if &/, k” > 0 and for R > 0 depending only on K, we have for all z € R o € N¢t+!

o220

(Il +2)° _ (m+ \a|>ﬁ> |

and m € N:

0% (x + teap1) — 0%u(z) 509

Td41
t +

(1l u (@)

2]
= 2 Hu”"v”vﬁ R™ exp K0 K'O

Thus if s > 0 and k" > k', then there is a constant C' > 0 (that only depends on K, 0, x/,
and k") such that for all ¢ € [—1, 1] we have

u(-+teqge1) —u i
t Td+1

u KD

<Cltl ]

k', O

which implies (3.5) and thus ends the proof of the lemma in the case V = 0.

In order to deduce the result in the case of a general V from the case V = 0, we only

t — exp </t Vo ngdT) (3.6)
0

need to prove that the map
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is C* from R to C>? (M). Indeed, the multiplication is continuous from the product
CoY (M) x C°% (M) to C°Y (M). The map is easily seen to be C*° from R to
C% (M), and one may notice that its derivatives are valued in C°>? (recall that the classes
of regularity C*?, and hence C>?, are closed by composition) with uniform bounds locally
in t. Then, by successive applications of Taylor’s formula at order 1 with integral remainder,
one gets that the map is C*° from R to C°*Y (M), ending the proof of the lemma (we

use the exact formula for the remainder in order to bound it in C°° (M)). O

Lemma 3.8. Let B be a Banach space such that B C D° (M)/, the inclusion being con-
tinuous. Assume that, for all t € Ry, the operator L; is bounded from B to itself, and
that (£t>t20 is a strongly continuous semi-group of operator of B. Then the generator of

(Lt)y>o coincides with P on its domain which is
{ueB:PueB}.

Proof. Denote for now the generator of (£;),~, by X. Let u € B be in the domain of X,
then the map Ry 3¢t — Liu € B is differentiable at 0 and its derivative at 0 is Xu (by
definition of X). Since the inclusion B C DY (M)’ is continuous, the same is true for the
map Ry 3t — Lyu € DY (M), whose derivative at 0 is Xu according to Lemma|3.7, Thus
Xu=Xu € B.

Reciprocally, if u € B is such that Xu € B, then we may define a C' map ¢: R, — B
by ¢(t) = u + fg L Xudr for all t € Ry. Notice that ¢ (0) = Xwu. Since the inclusion
B C D? (M)’ is continuous, the map c is still C* when seen as a map from Ry to D® (M)’
and we have ¢ (0) = u and ¢ (t) = L Xwu for all t € Ry, so that ¢ (t) = Lyu for all t € Ry,
using Lemma . This proves that u belongs to the domain of X. O

3.2 Local spaces

We define now “local” spaces He o that will be the basic pieces to construct the space H
from Theorem These spaces will depend on the choice of a system of cones ©: this
system encodes the three distinguished directions from Definition [6] of an Anosov flow.
These spaces are Sobolev-like spaces similar to the spaces from [Ball8|, Definition 4.16] or
from [BT07| (for discrete-time systems) or [Adal8bl [Adal8a] (even though the approach
is a bit different, spaces in [F'S11] are also Sobolev-like spaces). As in [BT07, [BT08| Ball8|
Adal8bl [Adal8al, we will use Paley-Littlewood decomposition to study these spaces and
the action of Koopman operators on them. However, as in [Jéz20a], we cannot use the
usual dyadic Paley—Littlewood decomposition since the weights that we use to define our
Sobolev-like spaces have a growth faster than polynomial, so that we will introduce an
adapted Paley—Littlewood-like decomposition. This approach is slightly different from the
strategy exposed in since the annuli that will appear in this decomposition are not of
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exponential size, but the ideas behind are the same (see the discussion in .

First of all, we need to define the systems of cones that we will use. As in [Jéz20al, we
need to consider system of potentially a large number of cones, in order to deal with the
low hyperbolicity of the flow for small times. The interior and the adherence of a subset
Y of a topological space will be denoted respectively by }3 and Y. If C and C’ are two
cones in an Euclidean space, we write C' € C’ for C QCO" U{0}. The dimension of a cone
C in an Euclidean space E is by definition the maximum dimension of a linear subspace

of E contained in C.

Definition 3.9 (System of cones). Let (E,(.,.)) be an Euclidean vector space, e € E and
r > 2 be an integer. A system of r + 2 cones with respect to the direction e is a family
© = (Cy,Cy,...,Cp,Cf) of non-empty closed cones in F such that

(i) CoUCyUCy=E\{0};

(ii) Cy is one-dimensional and there is ¢ > 0 such that for all { € C¢ we have [(§,e)| >

clél;

(iii) there are integers d,, and dg such that d,, +ds+1 = dim F, Cj is ds-dimensional and,

for i € {1,...,7}, the cone C; is d,~dimensional;
(iv) if 1 € {1,...,7“—1} then C;1q € Cj;
(V) C()ﬂCQ:CfﬂCQ:{O}.

Let us fix d € N. The vector space R4 will always be endowed with its canonical
Euclidean structure and system of cones in R%t! will always be with respect to the direction
of eg1 = (0,...,0,1). We will mainly use Definition with F = R4 however, it will
be convenient in the proof of Lemma [3.29]to have at our disposal the definition of a system
of cones in a general Fuclidean space.

If (Co,...,Cr,Cy) is a system of 7 + 2 cones in R4*1 (with respect to the direction
eq+1) then we can choose (po,¢1,...,9r—1,9f) a Gevre partition of unity on S% such
that:

e fori € {0,...,r — 1, f}, the function ¢; is supported in the interior of C; N S%
e if i € {1,...,r — 2} then ¢; vanishes on a neighborhood of S N C; .

Indeed, the interiors of Cp N'S?, (Cf \ C2) N'SY, (C1\ C3) NS, ..., (Croa\ Cr) NS and
C,_1 NS% form an open cover of S%.

Fix a € ]0, 1] for the remaining of the section. Choose a Gevrey function x : R — [0, 1]
such that x (z) = 1if 2 < § and x (z) = 0 if z > 1. Define for all n > 1 and £ € R4,

This ensures that it is C*" for any x > 0 and v > 1, so that all the Fourier multipliers that appear
later are automatically well-defined.
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Xn (§) = x (27" (€]) and xan (§) = X (|§| - 2"a), set also Xn = Xa,n = 0if n < 0. Then set

and
SUPP Yan © {5 e R 97" < ¢ < 201" 4 1}'

In addition, supp 1o and supp ¥, are contained in {f e R ¢ < 5}. Moreover, we
have > <o ¥n =2, 50 Yan = 1. Set

I'=Nx{0,...,r—1,f}.

Define for (n,4) € I' the function g ,; by

bn(©wi () iEn=1,

o) if n.=0,

w@,n,i (5) =

ifie{l,...,r—2,f}, and by

o (€)= (1 — 1 (€)) tan (€) ¢ (é,)

if i € {0, — 1}, so that we have

Z ¢@,n,i =1

(nyg)er

We will give a Sobolev-like definition of the local space He o (Definition by mean
of a weight we , (see ) If this description is convenient to prove the basic properties of
He.o (see Proposition , we will rather use in the following sections a Paley—Littlewood-
like description of the space Hg o (see Proposition [3.13)), for any v € }1, ﬁ [ we have:

Hoo =4 uE (5”)/ : Z <2nﬂi 1Yo n, (D)u||2)2 < 400

(nyg)el

where

60:d+2,,6’r_1:—(d+2),ﬂf:—(d+2) (37)

and
Bi=—(i+1)(d+2) forie {1,...,r—2}. (3-8)

The main idea behind the choice of the (; is that the expected regularity of elements
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of He,n (measured via integrability of the Fourier transform) must decrease under the
action of the linear model of the dynamics (the f; play the role here of an analogue of the
escape function from [F'S11]). The particular choice has been made so that computations
are as easy as possible. Our parameters have been designed in order to make the Paley—
Littlewood description as simple as possible, at the cost of a definition of the weight we o
that may seem a bit heavy. It is defined for £ € R*t! by

wor(©) =to©+(1-w@) | 3 v <é|> e <5ln<1+\€1|>>
ie{0,r—1} (In2)a 59)

r Y we(g)er).

ie{l,..r—2,f}

(&) =\/1+ [¢]? for £ € R,

Definition 3.10. Define the space (for any v € }1, e [)

where

Ho.o = {u €(SY) :aeLd, and /

Rad+1

10 (6) 2 we o (6)2 dE < +oo}

endowed with the scalar product

(o= [ @) won (€)*de.
Recall (3.2) for the definition of S¥ and (3.9) for the definition of we 4.

Proposition 3.11. He o is a separable Hilbert space that does not depend on the choice
ofv. Foralll <v < ﬁ, the space S is continuously contained and dense in He o, and

Ho o is continuously contained in (SV)'.

Proof. The map
A Hoa — L?(RHY)

U — Uwe,q

is clearly an isometry. Choose v < ﬁ, thanks to Propositions and (recall (3.4)),
and since é < Y-, the map u — ﬁ.wéla is continuous from SY to L? (Rd+1). Thus the

o—1>
map B :u+— F! (uwé}a) is continuous from L? (R¥1) to (S¥)". But if u € L* (RH1)
then it is clear that Bu € He o with [|Bullg , = [[ully. Now, since A and B are inverses of
each other, Hg . is isometric to L? (Rd+1) and thus a separable Hilbert space.
Propositionimplies that S is continuously contained in He o and that the inclusion

of He,n in (S”)/ is continuous. Let u € He o be in the orthogonal space to SV. If p is a
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compactly supported element of SY, then, for all v € §Y, we have

/Rd+1 p(§)

Thus the function pﬁwé’ o € L' (R*1) vanishes (take for v a convolution kernel), and so

>

©we.a ()0 () de = (w.F ' (pv))g , = 0.

does u. Consequently, SV is dense in Heg q-

To see that He . does not depend on the choice of v, just notice that, if we use
v E }v, ﬁ { instead of v in the definition of He ., then we obtain another Hilbert space
7?(@70, But then 7:29,0[ C Heo,a, and the inclusion is isometric and has a dense image
(because 7?[@’& contains SY). Since ﬁ@,a and He o are both Hilbert spaces, they must

coincide. O

Remark 3.12. It is clear from the proof that in fact the elements of S¥ whose Fourier

transform is compactly supported form a dense subset of He .

Proposition 3.13. Let 1 <v < ﬁ and u € (8V)". Then u € He o if and only if

S (2% s (D) ully)” < +ov. (3.10)
(nyg)er

Moreover, the square root of this quantity defines an equivalent (Hilbertian) norm on He q-

Proof. First, notice that there is C' > 0 such that, if n € N, ¢ € {1,...,r—2, f} and

§ € supp Yo n,, then
éQnﬁi < <€>5z < 02”@'.

Up to enlarging C, it is also true that if n € N, i € {0,7 — 1} and £ € supp 9o, then

1
L ons; < exp Biln (1 +1 €]) < conbi
c (In2)a~t

Now, using the fact that the intersection number of the support of the g, ; for (n,i) € I'
is finite, we find another constant C' > 0 such that for all £ € R! we have

Swea (€< Y (2000 (6) < Cuea (e (3.11)

C ,
(nyg)el’

From this, we get immediately that if v € Heg o then (3.10) holds. Reciprocally, if
(3.10)) holds, then @ is in L2 . (the sum Z(n,i)EF e i is locally finite) and from (3.11]) we

loc

get that u € He . The equivalence of norms is an immediate consequence of (3.11)). [
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Proposition suggests to define the auxiliary Hilbert space

B— (“n,i)(n,i)er c H 12 (RdJrl) : Z <2nﬁi ||um||2>2 < 400 p. (3.12)
(ny)el (nyg)er

Define the map
Qo : Hea — B

_ 3.13
u = (Yo (D)u)y, per 1

For (n,i) € T define also the natural projection and inclusion

S B L2 (Rd-l-l)
(ue,j)(z,j)er = Un,i
and
b LQ (Rd-‘rl) — B
u = (Wbni=5)) (¢.j)er -

3.3 Local Koopman operator

We are now going to study a local model for the Koopman operator @ associated to an
Anosov flow (¢),cg on a (d + 1)-dimensional manifold M. The main result of this section
is Proposition which is a local version of Theorem

As a local model for a flow, we will consider a family (7;),cp of diffeomorphisms of RA+1
such that if we define F : R? — R by 2+ Tg (z,0) (here we make the identification
R4 ~ R? x R) then we have

VteR:VY(x,y) € REx R~ R T (2,9) = F (2) + yeqr1 + teqyr. (3.14)

We will say that F'is the map associated to the family of diffeomorphisms (7;),cp. Re-
ciprocally, if F: RY — R is an immersion, we define by (3.14) the associated family of
diffeomorphisms (7;),cr (provided they actually are diffeomorphisms).

Remark 3.14. Let us explain why we use such a family of diffeomorphisms as a local
model for a flow. We want to study the flow (¢;),cp in the neighbourhood of a fixed time
to. To do it, we take charts x and &’ for M and we study the family of diffeomorphisms
(T¢)¢cr defined by the formula

7;:[4}0(]5{0_’_?50%/71
Of course, this is not in general a family of diffeomorphisms from R to itself (a priori
the domain of 7; depends on t). However, it is more convenient to deal with diffeomor-

phisms of the whole R and we will consequently provide extensions of the 7; to R4*!
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when applying Proposition in (see Lemma [3.29). These extensions are far from
canonical, but the use of a cutoff function will ensure that none of the objects that we

consider in depend on the choices we will make in a relevant way.

It is natural to ask for x and ’ to be flow boxes, that is, if X is the generator of the flow
(¢1)1crs we require £* (eg41) = X and ™ (eqq1) = X (we identify eqyq with the constant
vector field with value eg441). This requirement implies for small ¢ and y, and, since
we are only interested here in the behaviour of (¢¢),cp locally in both space and time, we
may modify the definition of 7; for large ¢ and design our extension to ensure that
holds (we refer to the proof of Lemma[3.29|for details). Once again, this will be of no harm

in the global analysis thanks to the use of cutoff functions in both time and space.

In this section, we will study such a family with no reference to a particular Anosov
flow. We will need further assumptions to do so. The first one is that F' (or equivalently
To or any T; for t € R) is C*" for some x > 0 and v > 1. The second one is a condition of
hyperbolicity that we will express using cones.

Let r > 2 be an integer and choose two systems of r + 2 cones (with respect to the
direction e441 as usual) © = (Cp,...,Cy,Cf) and O’ = (C’(’), .Gl C’}) We assume that

(T¢),er is cone-hyperbolic from ©' to © in the following sense:

(i) for all z € R4 i€ {1,...,7} and t € R we havd

DT (Cy) < Cr/nin(i+2,7“);

(ii) for all x € R*! and t € R we have

DT (Cy) N Cp = {0}

(iii) there is A > 1 such that for all z € R4*! all € € C_1, and all t € R we have

DTy ()] = Alels

(iv) for the same A > 1, for all z € Rt all € € RY, and all t € R such that D, T;* (¢) €
Cly we have|
| DT (&) < A ]

Remark 3.15. Notice that the definition of the cone-hyperbolicity of the family (7;),cp
only involves the derivatives D, T,;'". However, these derivatives do not depend on ¢ (this
is a consequence of (3.14])). Consequently, one only needs to check that (i)-(iv) hold for

SHere, A*™ denotes the transpose of A.
"Notice that the condition D,7;" (£) € C} implies in particular that £ € Cp, as a consequence of (i)
and (ii).
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t = 0. This fact may be surprising since hyperbolicity is usually a phenomenon that can
only be observed after a small amount of time, but recall Remark [3.14} in the application,
the family (7¢),cp Will only be used to describe the flow (¢¢),cp near some time ¢o. Then,
provided that ¢y > 0, the family (7;),cg will be cone-hyperbolic (see for the details).

Remark 3.16. Notice that if (ﬁl)teR and (ﬁﬂ)teR
as above, then their composition may naturally be defined as (7' o 7)
if there are systems of cones ©, 0" and ©” such that (7;')
to ©” and (77?)
from © to ©".

are two families of diffeomorphisms
teR Moreover,
+er 18 cone-hyperbolic from ©

is cone-hyperbolic from © to © then (7;' o 7#),_, is cone-hyperbolic

teR teR

We will also consider a C* family (Gy),cp of SU functions from R to C, such that
there is a compact subset K of R¥*! such that, if 2 € R\ K and t € R, then G (z) = 0.
In this section, we study the family (L¢),cp of local Koopman operators defined by

Liuw=Gy(uoTy). (3.15)

This definition makes sense for u € S” (for any © > v) and may be extended by duality
to u € (Sﬁ),. The main result of this section is Proposition , which can be seen as a

local version of Theorem [B.11

Proposition 3.17. Let a € ]”Tfl, 1[. For every t € R, the operator Ly defined by (3.15)
is bounded from He o to Her o Moreover, the family (Li),cr is strongly continuous (as a

family of operators from He o to Her o), hence it is measurable.
1
27
supported kth time differentiable function whose kth derivative has bounded variation then

Moreover, if a < if k is a non-negative integer and if h : R — C is a compactly

the operator
/ h(8) Lodt : How — Hora (3.16)
R

is in the Schatten class Sy for all ¢ > 1 such that ¢ > %. Moreover, there 1s a constant

C > 0, which depends on h only through its support, such that

/Rh(t) EtdtHSq < (Ihllgers + ]| ).

where ||-||g, denotes the Sy Schatten class norm and ||-[|gy the bounded variation norm.
Ifk+1>d+1 and © = © we have

_ h(T (x))

poF(z)=x

where p is the orthogonal projection from R to RY ~ R? x {0} and, for x € R?, the
number T'(z) is defined by F(x) = p(F(z)) + (0,—T(x)).



110 CHAPTER 3

Without the hypothesis a < %, it remains true that the operator (3.16) is compact.

Remark 3.18. Since a > “T_l, we may choose ¥ > v such that v < ﬁ Then He o C
(Sﬁ)/ and thus L,u is well-defined as an element of (Sﬁ)/ when t € R and v € He .

Remark 3.19. Notice that the spaces Heo, and Her o depend a priori not only on
© and ©’ (and «) but also on the choice of partitions of unity (¢o,...,¥r—1,%f) and

(@6, e P, go’f) on S% as in However, in view of Proposition |3.17| this choice is

mostly irrelevant and the dependence on © and ©’ is the fundamental point.

The remainder of this section is devoted to the proof of Proposition For this, we
introduce in Lemma a family of auxiliary operators (My),.g acting on the space B
defined in . Then, we prove that the family (M), has the properties that we expect
from (L¢),cp : boundedness and strong continuity is proven in Lemma (with the help
of the preparatory Lemmas [3.21 and [3.22] see §3.3.1), that an operator similar to is
in a Schatten class is proven in Lemma (with the help of Lemmas |3.23] [3.24| and [3.25]
see and the formula for the trace is given in Lemma [3.28| (see §3.3.3)). Finally, we
end the proof of Proposition by showing that (L), inherits these properties from

(Mt)teR'

3.3.1 The auxiliary operators M;.

We will need smooth functions @y, ..., @r—1, and @ : ST — [0, 1] such that
e ific{0,...,r—1, f} then ; is supported in the interior of C; N S%
e if i € {1,...,r — 2} then @; vanishes on a neighborhood of C;,o N S%;
e ific{0,....,r—1,f}, x€S% and ¢; (z) # 0 then @, (x) = 1.

Define then @En = Xn+2 — Xn—1 and @Za,n = Xa,n+b — Xa,n—b for n > 0, where b is chosen

large enough so that for all n € N* we have

o)™ _o(ntb)® 4 1 < % and 2" — 2(n=0)" > 1

If (n,i) € T set
b (€ -
Yo (€) = w” (&) ¢ (m) if n>1,
Yo (£) i =0,

ifie{l,....,r—2, f}, and

@Za,n (&) @i (éj) itn>1,

&@,n,i (g) = -
wa,O (f) ifn= 07
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if i € {0,r —1}. Thus te,;(£) # 0 implies Yo n; (€) = 1. Now if (n,7),(£,7) € T, and
t € R define an operator Sy ; : L? (R¥1) — L? (R¥1) by

Sy i = e ni (D)o Liove; (D). (3.17)
As announced above, we define in Lemma [3.20] a family of auxiliary operators whose

study will take most of the remainder of this section.

Lemma 3.20. For every t € R, the sum

Z Ln,i © Sfﬂ” o Ty j (3.18)
(n,),(€,5)€T

converges in the strong operator topology to an operator My : B — B that depends contin-

wously on t in the strong operator topology.

The proof of Lemma is based on Lemmas and below. In order to prove
Lemma we first define a relation < on I that indexes the transitions (in the frequency
space) that would occur for a linear dynamics, in the spirit of [Adal8bl [Adal8a]. Our local
space has been designed so that it corresponds either to a transition from high regularity to
low regularity (which makes this part of the action smoothing) or to a stationary frequency
in the direction of the flow (we will integrate in this direction, so that it also corresponds
to a smoothing operator). The other transitions do not happen in the linear case, and we
will control this non-linearity using not only the hyperbolicity of the dynamics but also its
high regularity. Choose a > 0 such that for all z € K and ¢t € R we have

a< H(Dxﬁr)fluil.

Choose also v such that 0 < v < %. We define now the relation <. For (¢, j), (n,i) € T,
we say that (¢,7) < (n,4) holds if either of the following conditions is satisfied:

oizijand€2n+Vn1_a;

ei=j=r—1landn>/{+uvil

j=0andie{l,...,r—1,f};

je{l,....r=2,f}i=r—1and £ <n%*+4 —log, a;
e j=fie{l,...,r—2}and n > ¢ —4+log,q;
e i,je{l,....,r—2} withi>j+1and n>{¢—4+log,a;

e i=j = fand [{—n| <10 — log, ¢, where ¢ is such that for all { = (&1,...,8441) €
Cy U O we have [{441] > c[€] (such a constant exists by our definition of a system

of cones).
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In all other cases, we say that (¢, ) ¥ (n,7). Let us list the cases in which (¢, j) % (n,1)

in prevision of the proof of Lemma [3.21}
ei=j=0and /<n+uvn'—%

ei=j=r—1landn</{+vl'~2

i:T—17j€{17"-7T_27f} and£>na+4—log2a;

ie{l,...,r—2},j=fand n <{—4+logyaq;

i,je{l,....,r—2},i>j+1and n < £ —4+logya;
e i=j=fand |l —n|>10—logyc;

e j=fandi=0;

e j=r—landi#r—1;

e je{l,....,r—1}and i € {0,...,75, f}.

Lemma is the main tool to use the hyperbolicity of the dynamics to rule out the

transitions of frequencies that do not occur in the linear picture.

Lemma 3.21. Fori € {0,...,7r—1,f}, seta; =a ifi =0 orr—1, and a; = 1 otherwise.
There are ¢ > 0 and N > 0 such that if ({,7),(n,i) € T' we have: ({,5) — (n,i) or
max (n,f) < N or, for all x € K and t € R,

d (SUPp Ve nis DuT" (Supp @e,e,j)) > ¢ max (2”% : 2Zaj) :

Proof. We will make massive use of the following fact in this proof : if C; and C_ are two
closed cones in R such that C, NC_ = {0} (we say that such cones are transverse)
then for all £ € Cy and n € C_ we have

d(&,m) > pmax (¢, |n]) (3.19)

where © = min (d (C’+ Nse, C_) ,d (C_ N s, C’+)) > 0.

Assume that (n,i),(¢,7) € T are such that (¢,j) ¥ (n,i) and max (n,l) > N for
some large N, and take { € supp Yer n4,1m € supp 1;97“ and t € R. We go through the
different cases in which (¢, 5) ¥ (n,i) as listed above.

e Ifi=75=0and £ <n+wvn'~? there are two possibilities: either D, T (n) & C},
and we can conclude with (3.19)) (since ¢f, is supported in the interior of C{), or
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D, T*™ (n) € Cf, and by cone-hyperbolicity we have

|§| - }szﬁr (n)‘ > on® _ A—1 (2(4-‘1-17)& + 1)
Z 2710‘ _ Afl (2(7‘L+yn1—a+b)a + 1)

> 271“ (1 o 2(n+l/n1*°‘+b)a—log2 A—n® 2—na)
We can then conclude if N is large enough, since

(n+un1_°‘+b)a—log2A—no‘ — av—loga A <0

n—+oo
and

g(n+vn!=)" < cgn®, (3.20)
for some constant C' > 0 that does not depend on n. We used here the asymptotic
expansion (n +vn!=®)" e n® +av+o(1).

eIfi=j=r—1andn < ¢+ v~ then

‘Dxf];tr (77)’ o |€| > AQ(Z—b)a . (2(n+1)a n 1)
> A0 (2(Z+uel—"+1)°‘ I 1)
> ot° (AQ(efb)%Lm _g(ervetmog) e 2fza> '
We can conclude if N is large enough, since

A2(£—b)a—za _ 2(6-&-1]@17&-‘1-1)&—[& _ 2—60‘ N A _ 2&11 > 07
L—+00

and ([3.20) still holds when n is replaced by £.
elfje{l,....t—2,f},i=r—1and £ >n*+4 —log, a, then

‘sz];tr (n)l _ |£‘ > a2€—2 _ (2(n+1)a n 1)
> 2072 o+l g
> 2t73 — 1.

e Ific{l,...,r—2},j=fand n < {—4+logya then

| DT ()] — €] > a2 — 2n

> a2'=3,

e Thecasei,je€ {l,...,r—2},i>j+1and n < {—4+log,a is dealt as the previous
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one.

e Ifi=j=fand |¢ —n| > 10 —log, ¢, then just notice that the d 4+ 1th coordinate of
DT (n) — € is 141 — €ar and consequently

‘sz]?cr (77) - 5‘ > ’nd+1 - §d+1| .

Since in addition we have [£g11| > c|€| and |ng11] > ¢|n|, we can conclude in this

case (discussing whether |£| or |n| is larger).

e The three last cases are dealt with by cone hyperbolicity using (3.19) (the support of
Ve ni and the image of the support of 1;97“ by D, T are contained in transverse

cones).

O

We now use Lemma to control transitions that do not happen in the linear picture.

Lemma 3.22. There is § > 1 such that, for every bounded interval I of R, there is C > 0
such that if (£,7) /> (n,i) for (n,i),(¢,j) €T, then for all t € I we have, recalling (3.17)),

K?j
t,n,

< Cexp <—

max (n, £)°
— ]

L2—L?
Proof. First of all, notice that £; is bounded from L? to L? (uniformly when ¢ € I) and,
since for all (n,7),(¢,j) € T and t € I, we have

L,

(S I 11 P

L2—12

the case of max (n,¢) < N is dealt with by taking C large enough. We consider con-
sequently (n,i),(¢,7) € I and ¢ € I such that (4,j) ¥ (n,i) and max(n,¢) > N. If
ue L? (RdH) then we have, using Plancherel’s formula,

. 2
d g?
(22 || 577 |

o i 2 (3.21)
= Yer n,i (s)Q' / L€ T Mg 4 1 (n) Gy (z) @ (n) dadn]| dE.
Rd+1 (Rd+1)

We are going to bound the inner integral. To do so, define for all 2 € R*! and j €
{1,...,d + 1} the linear form I; (x) on R x R¥L by 1 (x) (&,1) = i (0;T; (z)n — &)).
Define also for all z € R the quadratic form @ (z) on R x R by & (z) (¢,7) =
| DT () — 5‘2. Now for all t € I and k € N we define a kernel K, ; : R xRITLxRIFL —
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C by induction: we set Kot (z,€,n7) = G¢ (x) and for all k € N

ruton) - o ()

Integrating by parts in y we see that the inner integral of (3.21)) is equal, for all k € N, t € T
and £ € RH1 to

/ e T @M e, () Ky (z, €, 1) @ () dady, (3.22)
(Rd+1)2

To bound the kernel K¢, we notice that it is the sum of at most (5 (d + 1))k k! terms of

the form

TG @) gnp O™ (x
(@ (2) (6. Ly () (§,m) Liy (2)(&,m) (323

x "M@ (z)(&m)...0" @ (x) (&),

(z,6,m) — £

where m < k is an integer, ji1,...,Jk € {1,...,d+ 1}, and o,v1, ..., Yk, 1. -, [ are
elements of N%*1 such that |o| + [y1]| + -+ || + |e1] + - - - + || = k (all the derivatives
are with respect to the variable z). In order to bound these terms, notice that Lemma [3.21]
implies that if z € K, if £ € supp Yer,; and if n € supp 1;@’(5,]- then

a2
®(x)(&n) > (c’)2 <max (2" ‘an J))
> cymax (20,27 ) max (|¢] , Inf) = ez max (I¢], o))’
for some positive constants c¢; and cp. Consequently, there is a constant C' > 0 such that

if [ is a linear map from R x R4 — C and if ¢ is a quadratic map R x R — C
then we have, for all x € K,{ € supp Yo, and n € supp 1/;@7“

L(Em) 1] aten
’@(x)(é,n)’— max (20, 20%7) d ‘Mx)(&m‘sc\qll-

The choice of the norms on the spaces of linear and quadratic maps Rt! x R+ — C is
of course irrelevant. Thus for such z,& and 1 any term of the form (3.23) is bounded by

& <5 —k o L L
% (max (27,27 ) ) 107Gl 107 5 L - 04 | 19 @] - 0 ]|

where |[-||, refers to the supremum of the corresponding norm on K. Now, notice that,
since 7 is C™" then for any £’ < k the maps i, ...,lg11 (valued in the space of linear maps
from R4T! x R4 to C) and ® (valued in the space of quadratic maps from R%H! x RO+

to C) are C**V (we can event take ' = r if v < 2). Thus there are constants M, R > 0
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such that for all © € N, we have

v
0@l < MR |pu|l exp ('“' ) ,

K'v

for all v € N® and j € {1,...,d + 1}, we have

107411, < MR |yt exp (7' ) |

K'v

and for all t € T and o € N¢, we have

lo]”

107 Gill, < MRV [ot exp (") |

Kk'v

Thus each term of the form (3.23)) is bounded by

/

CQkM2k+1Rkkk exp <kv> 2—k‘ max(n,ﬂ)a
KU

when x € K,§ € supp e’ pni,n € supp 1[)@7&]‘ and t € I. Consequently, for such x,&,n
and ¢ the kernel Ky 4 (z,£,n) is bounded for all integers k by

o k*
271«) max(n,l) (5 (d + 1))k CZkM2k+1Rkk_2k exp < > . (324)

K'v

Now, choose " > 0 such that ?11} +2< % and pick new values of the constants M and

R so that (3.24) is now smaller than

R " kv
M (2max(n,€)o‘> exp <,€//> :

Now, using this estimate and Cauchy—Schwarz in (3.22)), we bound the inner integral in

(3-21) by .
~ (d+1)¢ R kv
Cll 2 (G ) o0 (55

k
, (L) (d+1) R kY
\2 < Cully2 2 (gmmz)> P <,~@ ‘

1
" R vl
-k ln <2max(n,l)ﬂ‘ )

[

which gives

t,n,

Now take

k:

to get (with new constants and § = *%4 > 1, see the proof of Proposition for a similar
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computation)
0
, (¢4n)(d+1) max (n, ¢
Hsf’,{iu ] < Clully 277 exp <_X()> .
k) I’ 2 C
. . (£+mn)(d+1) .
Finally, we get rid of the factor 27 2 by taking larger C. O

We can now prove Lemma about the family (M), of auxiliary operators.

Proof of Lemma[3.20, Let us split the sum (3.18) into

S meosonmgad Y oSt omy. (3.2
(n,1),(¢,5)€T (n,9),(¢4,5)€T
(£,5) % (n,1) (n,i)—(£,5)

Thanks to Lemma [3.22] the first sum in (3.25) converges absolutely in norm operator
topology. To deal with the second sum in (3.25]), notice that there is some constant C'
depending on [ such that, for all ¢ € I and (n,7),(¢,j) € I', we have

LmiosfiioﬂaﬂgﬁBfECQ"m27wﬁ (3.26)

Then the second sum in (3.25) can be divided into seven sums that correspond to the
different cases in the definition of <. It is elementary, using (3.26)), to see that the first

six converge in norm operator topology. Consequently, we are left with the sum

Z ln,f © Ste,’r{,f Oy ¢ (3.27)

nfeN
In—01<M

for some M > 0. For all N; € N, define the operator

ef
Pyy= Y tngoS;)omy.
0<n <N,
In—t|<M

Pick u = (umk)(m per € B. Then if No > Ny > 0, we have

2
N2
2 —2(d 2
|(Pr, = Pry)ullp 22722 %7 SHT g
n=0 N1 <l<N>
0—n|<M
ol 2 ,  (3.28)
Na
_ 4
+2 D 27 R TS
n=N1+1 0<t<N;

|¢—n|<M 2
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Next, we have by the triangle inequality,

2 2 2
E’f evf
>SSt < | X st | e X el ]
N1 <l< Ny N1 <l< Ny N1 <l< Ny
[—n|<M [—n|<M [—n|<M

2

for some constant C' > 0. Then, from the Cauchy—Schwarz inequality, we get

2 2
_ 0(d+2) —L(d+2
Do lueglly | = DD 202 g
N1<l< Ny N1 <l<Nsg
[6—n|<M [¢—n|<M
<| D N oy, 2
N1<t<N3 N1<t<N3
n|<M [AESY;
< 0/22n(d+2) Z 2—2£(d+2) HWng
N1 <l<N>
en|<M

for another constant €’ > 0. Consequently, we can bound the first sum in ([3.28)

2

No Na
—2n(d+2 4, —20(d+2 2
D2 R Syl pue|| SCCTY 0 3 2 gl
n=0 N1<l<Ny n=0 N1 </<Ny
[6—n|<M 9 |6—n|<M
< C Z 2—2€(d+2) ”W,f |§7
>N1

where in the last line we noticed that, when £ is fixed, there are at most 2M + 1 values of
n for which [¢ —n| < M. Working similarly with the second sum, we see that there is a
constant C such that

- 2
I(Py, — Py)ullz < C > 272602y, )12,
{>N1—M

and thus the sequence (P, u)y, ¢ is Cauchy in B. Consequently, the sequence (Py)ysq
converges in strong operator topology, hence, so does the sum (3.27)). It remains to prove
that My depends continuously on ¢ in the strong operator topology. To do so, just notice

that when w is fixed the sum

l,j
Y mio Sy omu
(n,i),(£,4)eT
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converges uniformly (in ¢ € I) to Myu and each of its terms is continuous with respect to
t (to see this, notice that if (n,7),(¢,j) € I then S %7 s locally uniformly bounded as an

t,n,g

operator from L? to L?, and the continuity is easily proven for smooth w). O

3.3.2 Schatten class properties

Now let h : R% — C be a compactly supported function as in Proposition If
(n,i),(¢,7) € T, then write

1l = [ nosi .
’ R

where we recall that Sf’gi is defined by (3.17). Notice that the sum

E é’]
ani ° Hn,z © Trzmj

(n,3),(4,5)el’

converges in strong operator topology to fR t) M,dt, sincein Lemmathe convergence
is uniform locally in ¢. To prove Proposition [3.17] we want now to prove that this operator
is in a Schatten class (or at least compact), this is the point of Lemma . To do so
we need first to establish a bunch of lemmas: Lemma [3.23] will be used to deal with the
transition of frequencies corresponding to the linear model of the dynamics apart from
the direction of the flow, Lemma [3.24] will settle the problem of frequency transitions
corresponding to the non-linearity, and Lemmas and will be used to deal with

stationary frequencies in the direction of the flow.

Lemma 3.23. There is a constant C > 0 such that, for all (n,i),(¢,j) € T, the trace class
operator norm of H,; b9 L2 =5 L2 s bounded by C’2( g 2<d+12)l = , where a; = a if 1 =0

ori=1r—1 and o; = 1 otherwise.

Proof. Notice that if u € L? then Yol m,i(D)u = F-1 (1/)9/7”72-) xu. Consequently, we haveﬂ

Hﬁi = /KIF_1 (Vermi) (- —y) @ (/Rh () Ge (y) 073 (y) © Yor0,5 (D )dt> dy. (3.29)
And then the result follows from the fact that

(d+1)n i

1
~1
== (Yermi)ll = N [ernill, < €2

and .

(d+1)¢%3
[ 1®6 ) dry 0 By D)at]| < Cffe, < C2“H
R (L2)*
where [|-[| 2y denotes the operator norm on the dual of L? (R, O

8If E, F are Banach spaces, e € F and | € E’, we denote by e ® [ the rank 1 operator defined by
e®l(u) =1l(u).e for u € E.
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Lemma 3.24. There is a constant C > 0 and some 6 > 1 such that, if (£,7) 4 (n,1)
for (n,i),(¢,7) € T, then the trace class operator norm of Hfb’i . L? — L2 is bounded by

C exp (— 7maxg”’£)6 ) .

Proof. We may assume that max (n,¢) > N. Without loss of generality, we may assume
that K C |-, #[*™ and then, if u € L2 (R¥1) write (the sum converges in L?)

Hﬁg’u: S o < /R h(t) Libo s (D)udt) Ve m,i (D) pr,

kezd+1

where p is a function supported in ]—7r,7r[d+1 that takes value 1 on K, the function pg is
defined by pi (z) = p(z) € and if v is supported in |—m, 7[*™! and k € Z*! its kth

Fourier coefficient is denoted by ¢, (v):

1 —ikx
ek (v) = W /]_m[d+1 e "y (x) de.

By requiring that p is s-Gevrey (for some s > 1), we may ensure as in [Jéz20a, Lemma
6.5] that (for some constant C' > 0)

|

o ni (D) pr Scz(d+12)nai exp _d(k:,supp ¢@/,n,i)
Yo m,i (D) prl|, .

Now, if k € Z*! and (£, 5) € T define

0(k,l,j)= jg}gd (k:, D, T <supp @ZNJ@,&]-)> )

Then integrating by parts as in [Jéz20al Lemma 6.7] or as in Lemma we see that if
§(k, 0,5) > 27 (for some arbitrary fixed e > 0) then

< CAH o (Jn (+9 %&j))v—l) |

e o /R h(t) £,dt o e (D)

(L?)"
But now, if (£, ) ¥ (n,4) and max (n,l) > N, then, for all k € Z*! either the distance
d (k:,supp 1/’9’77%1‘) or the distance § (k, ¢, j) is greater than %max (2"%,%%), thanks to

Lemma [3.21) Moreover, if |k| is greater than C2™2("0) (for some large C' > 0), then we
have 6 (k, £, ) > emax(2""*,2¢"7) and d (k,supp verni) > €|k|. Thus, the sum

Hyl = 3" (Yeorni (D) pr) @ (c;cO/Rh(t) Lidt o e ¢ (D)>

kezZd+1

converges in trace class topology, and from the estimates above we see that the announced
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result holds with § = 2% O

v—1°

Lemma 3.25. Assume that h is kth times differentiable and that is kth derivative has

bounded variation. Then there is a constant C > 0 such that for all n,¢ € N we have

< 02—(k+1)él

0.f
el

L2112

Proof. If w € L? (R™!) and x € R%™, then we have,

where the kernel V,, ; is defined by

1

Ve (x,m) = (2 2D

/ . ei(x—z)§+i%(z)neitnd+1 w@’,nhf (6)
(Rd+1) xR (3.30)

x Yo () h(t) Gy (2) dzd€dt.

We can assume that /¢ is large enough (the Hﬁ’l}’s are uniformly bounded on L?), which
ensures that 7441 (the last coordinate of 1) does not vanish on the support of 1/;@757%
Consequently, we can perform k + 1 integrations by parts in ¢ in (3.30) to get

ik—"—l ) ) )
_ e i(o—2)E+iTo ()M itnatn )
Vn,f (;C) 77) (27T)2(d+1) /(RXRd+1)3 (& e + w@ J’Laf (5)
do,r (n) A1
F gt (0 () Ge(2)) dedzde.
N1

Using the Leibniz rule, we see that, if  denotes the measure of total variation of h(¥*1)
the measure % (h (t) Gy (2)) dt may be written as f (¢, z) du (t) for all z € R¥1. More-
over, f has the following properties: it is measurable, f(t,z) = 0 if z € R\ K, and
Jg Sup.egatt |f (t,2)|dp (t) < +00. Then, define the function ¥y : R™ — R by U, (n) =
we’ﬁi’fl(n), the operator Ly : L? (R™') — L% (R™1) by Lyu(z) = f(t,2).(uoT;(z)), and

77d'+1
notice that we have

Hﬁ’,f = Yo/ m,5 (D)o / Ldp (t) o Wy (D).
R

Finally, notice that || W] < C27“*+1) to end the proof. O

Lemma 3.26. Let s > 0 and € > 0. Then there is a constant C' > 0 such that for all
N >0 and n € N with n < N there is an operator F, n : L? (K) — L* (R4 of rank at
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most 20T DN gy ch that for all u € L? (K) we have
[t n,g (D) u— Fpyul|, < €275V,

Proof. The proof is similar to the proof of [BT08), Lemma 4.21]. O]

We are now ready to prove Lemma |3.27]
Lemma 3.27. Under the hypotheses of Lemma and if in addition o < %, the operator

/ b (£) Myt (3.31)
R

belongs to the Schatten class S, for every p > 1 such that p > 4L Moreover, its norm

k+1
in this Schatten class is bounded by C (||h]|gr—r + ||n* where C' depends on h only
through its support.

Without the assumption that o < %, it remains true that the operator defined by (3.31)

1§ compact.

sv)

Proof. We know that

/ h (t) Mydt = Z ln,i © Hf;jl oy j (3.32)
R

(ny3),(4,5)er

where the sum converges in the strong operator topology. From Lemma [3.24] it is clear
that the sum
Y
Z ani ° Hn’é °© 7['[’]

(n,i),(£,4)€T
() 7> (6.5)

converges in the trace class operator topology. We are left with the sum

£7j
Z ani © Hn,z © Trez.]
(n,8),(£,4) €T

(n,d)—=(£,5)
that we can divide, as in the proof of Lemma [3.20] into seven sums corresponding to
the different cases in the definition of <. The first six sums are dealt with by using
Lemma We will only detail the computation corresponding to the first case in the
definition of < (i.e. the case i = j = 0, the case i = j = r — 1 is dealt with in the
same way and the others are easier), in order to highlight where the hypothesis o < % is
used. If n,¢ € N, then the trace class operator norm of ¢, o Hf;% o myo is smaller than

(d+D)n® (d4+1)¢%
02 T o P g(d42ng—(d+2)L Thus, in order to deal with the sum corresponding with
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the case ¢ = j = 0 in the definition of <, we only need to prove that the quantity

(d+1)n®  (d+1)e¢
Z o U o I o (d42)ng—(d+2)¢ (3.33)
£,neN
0/ (n.0)
is finite. Notice that
g-(@rperpes 1 e (2—(d+2)€+7<d+§)éa —2(d+2)(€+1)+7‘d+”(2“”a)
l—too 1 — 27 (d+

so that b
g (d+2)to+ 0

(o3
Z g—(d+2)e+ e
., Lo—+o00 1-— 2_(d+2)
—£0

In particular, there is a constant C' > 0 such that, for all £y € N. We have

3 g (d+2)e+ LD o (d42)0+ TP

>0y

Now if n € N, let £y be the smallest integer such that £y > n+vn'~%, we have then (notice
that ¢y < Bn for some constant B that does not depend on n)

@ @ d+1)e&
Z g (d+2)e U Z o—(d+e+ 0 Co-(d+2)to+ D

eN >4
(£,0)=(n,0)

< O (@ Dmg-(r2ni=e @ e

Thus, we have

(d+1)(Ba+1)na

Z o WP o (LEDE o (d42)ng— (d+2)1 < CZ o= (d+2wn' =g -

¢,neN neN
(€,0)=(n,0)

T (3.34)

and this sum is finite since a < % As explained above, a similar argument allows to
deal with the sum corresponding to any of the six first cases in the definition of —.

Consequently, we are left with the sum

[’
P= 3 goHjomy.
neN
[n—t <M

Choose s > k+ 1 and € > 0, and apply Lemma to define for all N > 0 the operator
Pv= Y tnfoFuy O/ h(t) Lidt o e g5 0w g,
R

0<n <N
In—(|<M
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whose rank is at most N22(0+@+DN Then notice, using Lemma , that we have

||PN - PHB—>B <C Z <HFn,N - ¢®’,n,f (D)HLZ(K)H[Q(RGHI)

nd<N
In—t <M
X || [ h(t) Ledt oo (D
/R () Lo f >L2%2 (3.35)
‘ehf
+c Z HHn’f‘L2~>L2
nt>N
[n—¢|<M

<C <N22—5N i 2—(k+1)N) < g~ HDN
for some constants C,C and C’ that do not depend on N. Letting N tend to infinity, we
see that P is compact. Moreover, if (Sm)mzo denotes the sequence of singular values of P,
we get from ([3.35) and [GGKO00, Theorem 2.5 p.51]

loy—(k+1)N
SN2901+)(@+)N 11 < '~ (kDN

(14+€)(d+1)
k+1

creasing). This ends the proof in the case a < % since € > 0 is arbitrary. Indeed, all the

Thus, the sequence (sm),,>q is in ¢ for all p > (the sequence (sm),,q is de-
terms in the proof are controlled by the L° norm of h, except the one that we bounded
using Lemma that is controlled by |[hl|ge—1 + ||| 5, -

In order to deal with the case o > %, notice that we only used the assumption a < % to
ensure that the series converges. However, if we remove the factor 2M2M
from the sum , this new series converges, just like in the proof of Lemma . That
is, if we consider the operator norm instead of the trace class norm, the sums corresponding
to the first six cases in the definition of — converge, even if o > % Consequently, the
right-hand side of always converges in the operator norm topology, and the left-hand

side of (3.32) is always compact. O

3.3.3 Trace of f0+°° h(t) M;dt and structure of the local Koopman oper-
ator.

Before proving that (£;),cp inherits of the properties of (M;),cg, thus showing Proposi-
tion , we still need to prove that the operator fR h (t) M,dt has the expected trace,

when it makes sense. This is the point of the following lemma.

Lemma 3.28. Under the hypotheses of Proposition if © = 0f a < % and if
k+1>d+1 then

B h(T (x))
tr </Rh(t) ./\/ltdt> = Zx Aot (I —po DT /RGT(:C) (z,y)dy,

poF(x)=
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where p denotes the orthogonal projection on R? ~ R% x {0} and, for x € R?, the number
T(x) is defined by F(z) = p (F(x)) + (0, =T (z)).

Proof. For all N € N write

e?j
Av=" ) mioHJom,

(n,9),(€,5)€T
0<n (<N

and notice that [GGK00, Theorem 11.3 p.89] implies that

tr < /R h(t) /\/ltdt> = i tr(4y).

Moreover, using Lidskii’s trace theorem, we see that for all N € N we have

tr (Ay) = Z tr (Hgf) .

(nyg)er
0<n<N
Now, from (3.29)), we see that
/ / Joumi (D) (B (Yoms) (- — w)) (Ti (w)) dwdt
/ / 1 (oms) (T (w) — w) dwdt.

We used in the second line that if 1g ,; (€) # 0 then te i (€) = 1. Now let M be such that
K C[-M, M]dJrl and h is supported in [~M, M]. Define the map g : R ~ R4 x R —
R¥*! by g (z,t) = F (z) — (z, —t). Notice that for all (z,y) € R and ¢t € R we have

T (z,y) — (z,y) = g (z,t).

Cone-hyperbolicity implies that the Jacobian of g does not vanish. Consequently we can
find a finite family (ps),c4 of compactly supported C*° functions pq : R — [0,1]
such that ) . 4pa (w) = 1 for all w € [-M, M) and for all a € A there is a C®
diffeomorphism g, : R¥1 — R that coincides with ¢ on a neighborhood of the support
of p,. Thus, we find that tr (H;Zf) is equal to

> / MMM t) pa (2,t) Gt (2, y) F' (Yo n) (ga (1)) dzdtdy

acA
Gta(z) (‘Ta (Z) 7y) F-
det Dg;l(z)ga

" (Yon,) (2) dzdy

= z og (2
Z/Rd“x[ MM] ta(2) pac ga” ()

where w = (z,y) and g; ' (2) = (z4(2),ta(2)). Since > (nijer Yon,i = 1 we find that for all
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a € A we have

G ta(2) (xa (Z) 73/) F-

lim / h(tq (= paogcf1
N—+o00 (n;l—‘ R+ x [~ M, M] ( )) ( ) ‘detD _1() .

0<n<N

' (Yoni) (z) dedy

G, 0) (24 (0),9)
[det D1 g

- / h (ta (0)) pa (g5 (0)) day.
[—M,M]

)ga

And thus
_ Gia(0) (24 (0) , )
(/ Mtdt) Z/ ta (0)) pa (95 (0)) 2 dy.
ac AV [=M,M] )det Dg;1(0)ga

Now, notice that g (z,t) = 0 if and only if po F' (z) = z and t = T (x), thus

[ (o @) Ty,
[~ M, M) ‘detD 1y
GT(:v) (]"7 y)
Z / carag " T @I e = o bRy

poF(x

Here we noticed that the Jacobian of g do not depend on the last coordinate. Finally,

summing over a € A we get

B h (T (x))
tr </Rh(t)/\/ltdt> = > et poD.F) Gr(z) (%,y) dy.

poF(z)=x (=M, M]

O

We show Proposition by proving that (£;),.r also satisfies the properties estab-
lished for (My),cp in Lemmas |3.20} |3.27| and [3.28}

Proof of Proposition [3.17. Recall that Qg (defined by (3.13)) induces an isomorphism be-
tween He o and Qg (He o), which is a closed subspace of B. We denote by Qél the inverse
isomorphism (and similarly for Qg/).

Now, if (un)
that u,; # 0) and such that for all (n,i) € T we have u,; € S° (for some © € ]U, e [)
we write u = Z(n,i)eF 1/?@%2- (D) up,; and notice that Liu € S? for all t € R, and thus
Liu € Her o Consequently, M, (um)(m cr = QorLiu is in Qe (’H@/ ) Since such

her is finitely supported (i.c. there are finitely many (n,i) € I' such

(n,

elements are easily seen to be dense in B, it appears that M; sends B into Qe (7—[@/70[).
We can consequently define the operator Qg),l o Mo Qg.
The calculation above also implies that £; and Qé,l oMy o0 Qg coincides on Hg , (since

the element of SU whose Fourier transform is compactly supported are dense in Hoa,
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and He, and Her o are continuously contained in (Sﬁ)/, see Remark [3.12)). Now, since
L He,o — Her o is conjugated to M, : B — B (the conjugacy being independent of ¢), it
inherits of all the relevant properties of M;, which ends the proof of Proposition with
Lemmas [3.20}, [3.27] and [3.28| (for the computation of the trace, use Lidskii’s trace theorem
and the fact that My sends B into Qe (’H@/,a), and not only let this subspace stable). 0O

3.4 Global space: first step

We are now ready to start the proof of Theorem using the tools from and
So let M be a compact d + 1-dimensional C** manifold, let (¢¢),cp be a C™" Anosov flow
on M, and let V : M — C a C™" function. We denote by X the generator of (¢),.p and
write P = X + V. We also denote by (£t),cp the associated Koopman operator, defined
by @ We fix tp > 0 from now on.

We will construct in this section two auxiliary Hilbert spaces H and 7—~[0. The space
7—~[0 almost satisfies the conclusions of Theorem (this is the point of Proposition
but the Koopman operator £; is bounded from Ho to itself only for large values of t a
priors. This problem will be settled in The first thing that we need to do in order to
construct the spaces H and H is to show that, locally in space and for large times, the
action of the flow (¢¢),.p behaves like the local model that we studied in this is the
point of Lemma Indeed, we construct in Lemma [3.29| a system of admissible charts
adapted to the dynamics of (¢¢),.p (this is a continuous-time analogue of [Jéz20al, Lemma
8.1]). We can then glue copies of the local spaces from to define the global spaces H
and 7—70. Finally, we state and prove Proposition m

Lemma 3.29. There are a finite set 2, an integer r and t1 € ]0,to[ such that:
(i) there is no periodic orbit of (¢¢),cr of length less than 3ty;

(1) for all w € Q there is a C*Y chart ky, : U, — V,,, where U, is an open subset of M
and V,, an open subset of ]Rd‘H, such that V,, = Wy, X |—t1,t1] for some open subset

W, of R, and for all x € U, : Dyky, (X (7)) = eqy1;
(#4i) UweQ U,=M;
(i) for all w € Q, there is a system of v + 2 cones Oy = (Co, ..., Crw, Cpy) in RITL

(with respect to the direction eqi1);

(v) for every w,w' € Q and t € [ty,3to] there is a C™Y immersion F, v, : RT — Rt
such that the associated family ( y ’w/’t) " (defined by (3.14) ) is indeed a family of
t'e

diffeomorphisms and is cone-hyperbolic from ©, to O ;

(vi) for all w,w’ € Q,t € [tg,3to] and t' € |—t1,t1], if © € U, is such that ¢,y (x) € Uy

then t 7w,7t o K/w (1‘) = ,‘le [e] ¢t+tl (x)
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Proof. Choose a Mather metric |-|, on M (see [Mat68]). This metric makes the splitting
T,M = E*® ES © RX (z) (3.36)

orthogonal and is Holder-continuous. Moreover, |X (x)|, = 1 for all € M and, for t > 0,
< X tand H Dyd_t|pu|| < A7 (for the induced norm, A > 1). Choose

we have H Dy s
~ > 0 such that
A2t (72 + 1) < 1.

to(i—1)

Then, choose vy €]1/7, /\%0/7[ and define for all ¢ > 2 the number v; = A7~ 2z ;. Now,

let r be large enough so that

)\Qto
——>1
1+~7,

5t

Since 1)\_?0 < 1, we may choose €, > 0 and é; > 0 such that
Yy

- L. - _to

€u > AT 27916 and €5 > YA B €y,

and small enough so that
AT (E 442 4+1) <1
and

A2t0

1“!"}/3_1‘*’6%

Finally, set €, = )\_%%u and e, = )\_%O'és.
Now, for all x € M, if £ € T, M write £ = &, + & + & the decomposition of & with
respect to (3.36)), and define the cones Cy (x) and C; (x), for i € N by

Co(z) ={§ € ToM : |&ul, < vI&l, and [€ol, < &€, ),

_ (i—Dtg
Ci(2) = {€ € LM i [&], < vll, and 6o, <A+ Glal,}  (337)

for 7 € N* and

Cy () ={§ €T, M: ’§0|x > €s ’58‘35 and \fo\w > €y |€u|x}

Notice that all these cones depend Hélder-continuously on x. We will see that our choice
of parameter ensures that if z € M, then © () = (Co () ,...,Cy (z), Cf(x)) is a system
of r + 2 cones with respect to the direction X (z). Indeed:

(i) if £ € T, M \ C¢(x), since yy1 > 1, we have either |&,], < v[&s], or [&sl, < 71 |&ul,-

x?

In the first case, either |§|, < €s|&s|,, in which case £ €Cp (x), or &, > € |&]
o

which implies £ €Cy (z), since €, < & and [, > % |€ul, > €uléul,- Similarly, we
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o o

can see that in the second case either £ €C (x) or £ €Cf (z);

(ii) if £ € Cf () then ||

sional;

which implies that C (z) is one dimen-

> 1
e L3}

(iii) if & € Cp (z) then [€], < /1 +~2 + €2 |&| and thus Cj (x) is ds-dimensional, where dg
is the dimension of E?, for the same reason C; (z) is d,,-dimensional for i € {1,...,r};
i (i-1)

(iv) Cit1(x) € C;(z) for i € {1,...,r — 1} because ;11 < 7; and /\_%Eu < AT 70 €u;
v) Co(z) N Cq(x) = {0} because vy9 < 1 and Cr (z) N Cy () = {0} because we have
(v) Co(x) 7Y f

t, t,
A€y /ey =A% > 1.

Let us set A :== Ao min((€2 +~2_; + 1)_%, (E2+~2+ 1)_%) > 1. Our choice of parameter
ensures that for t > tg and z € M:

e forallie {1,...,7} we have (Dy¢;)"™ (C; (¢¢ (z))) C Cirq (x) because A2y < 7514

_G=Dtg , _ (+3)tg
and A\TIATT 1 /AT 1 < 1

o (D)™ (Cr (91 (z))) N Co (x) = {0} because e\ > €g;
e for all £ € C,_1 (¢ (x)) we have ‘(D:cht)tr (f)}z > A€l g, (3
o if £ € Ty, )M and (Dy¢py)" () € Co (z) then | (D)™ (€)], < A1 €]y, () holds.

Then, for every x € M, we may choose a C*" chart k, : Vy, = Wy = B(0,0,) X |—ts, ta]
such that x, (z) = 0, the map Dk, : T, M — R4 is an isometry and, for every y € V,
we have Dyky (X (y)) = eqy1 (we can require the last two points simultaneously because
| X (z)|, =1). For every € M, choose a system of r +2 cones O, = (Coz,...,Crz, Cra)
such that Dyk (Cr,) € Cf (2),Dek (Coz) € Cp (x), and, for every i € {1,...,7}, we
have (Dxngf)_l (Cit1(2) € Ciy € (D;,;K;gr)_l (C; (z)). Here we recall that the definition
of C;(x) is valid for any ¢ > 1. Up to making V, smaller, we may ensure that for all
y € V, we have

Dyrz (Cra) € Cy (y), Dyt (Cox) € Co(y), (3.38)
for all i € {1,...,r} we have
I -1 I -1
(Dyrz) (Cit1(y) € Ciw € (Dyrg)  (Ci(y)), (3.39)
and, in addition,
IDykzl <1+ € and H(DW)*H >1— (3.40)

where € > 0 is small enough so that

1—¢
1+e€

A>1.
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By compactness of M, there are x1,...,x, such that M is covered by the open sets
m;il (B ( ,%) X }—%6, % D fori =1,...,n. Let t; = min;— __, %6. By cutting the
charts into pieces and translating them, we may assume that for every ¢ = 1,...,n we have

ty; = 100t; (this could make us lose the fact that Dy, k., is an isometry, but this is of no
harm since (3.40) remains true and that is all we need). Notice that for such a ¢; there
is no periodic orbit of (¢¢),.r of length less than 3¢;. If necessary, we reduce the value

of t1 so that t; < tg. Set to = 30t; and let N = {%1 Choose x : R? — [0,1] Gevrey,

compactly supported and such that x (y) =1 if |y| < 1.

521') are such that the point

fi,5€{l,....n},if k€ {0,...,N}, and if y eE(o,

Og ; .
Drotkts (Kz, (y,0)) lies in n;jl (B (0, %)) X [—ta,ta], and n > 0 is small enough define
Fijkyn: RT— R by (here we see RY ~ RY x {0} as a subset of R4*1)

Y

Fijkyn (2) = X ( > Kz; © Qto+kty © K;il (2)

z— _ _
+ <1 - X (U)) (/ia;]- O Dtotkty © ’%il (?J) + Dy (/fzj O Dt tkty © ﬁxil) (2 — Z/))

Notice that F; ., coincides with sy, o dyirt, © /{;il on B(0,7n), and that it can be
made arbitrarily close in the C! topology to the affine map z Ka; © Gtk O n;il (y) +
D, ("‘%j O Dto+kty © /—;;il) (z — y) by taking n = n; j k., small enough. In particular, Fj j kyn
defines a cone-hyperbolic family of diffeomorphisms (ﬂ,j,k,y,n,t’) VeR from O, to O, (the
cone-hyperbolicity follows from the properties of the differential of ¢z, proven above
and the quasi-isometry property of the charts, to see that the 7; ;1 ¢’s are dif-
feomorphisms just notice that they are proper local diffeomorphism and hence covering

of R4 by itself). Define Niy = Ming—q . N M jky (if j is such that ¢y i, (/ﬁ;;} (y, O)) ¢

7j=1,...n

n;jl (B (O, T”)) X [—ta, ta], i.e. there is no allowed transitions from i to j at the considered
time, set 1; jxy = oo and take for F; ., 7 ~any C™" map that defines a cone-hyperbolic

family of diffeomorphismﬂ from O, to O;) .

Notice also that for all (z,2") € B(0,7;,) % |—t2,t2[ and all t,t" € |—t2, t2[ we have

-1 / 1
ij o ¢t0+kt2+t+t/ o K/QB'L (Z, Z ) = ij e} ¢to+kt2+t+t’+z' e} K/zi (2’7 0)
/ /
= Evjvkvyyﬁi,y (Z) + z 6d+1 + (t + t ) €d+1
i A7j7k“7y7t /
- 7?’ (Z7 z ) )
where (ﬁ’j’k’y’t> denotes the family of cone-hyperbolic diffeomorphisms associated

. teR
with Fi’j’k’yﬂﬁ’y + teq41-

9There always is a linear such map.
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By compactness of B ( , 651' ), we may find y;1,...,Yim; € B (O, 6;1') such that

) O i
) Z; ,Yi e
B <O7 2 ) g U B (yi,& 2 > .

(=1

Finally, set
Q=A{(,0):1€{l,...,n}, e {l,..., mi}},

and, for all w = (3,/) € Q,

Ifow = (j,gl) €Qandte [to + kto, to + (k + 1) tQ] let
vawlvt = Fi’jykzyi,l»ﬁi,yi’e + (t - ktg) ed+1'

From what is above, these data satisfy the statement of the lemma. O

Choose a Gevrey partition of unity (ypw),cq subordinated to the open cover (Uy,),,cq-
Fix o € ]”T_l, 1[ (if v < 2, we choose a < %) and choose U € }v, ﬁ [ Then define

/

® : DY(M) =  Buea(SY)
U = ((‘Pwu) © ’{1;1)
and N i
S ¢ Buea (8Y) — D (M)
(uw)weﬂ — ZwEQ (hwuw> O KRy,
where h,, : R — [0, 1] is Gevrey, supported in W,,, and takes value 1 on s, (supp @,,).
Notice that So® is the identity of DU (M)'. Tt can be verified that ® and S are continuous.

We may now define the first version of the global Hilbert space (the final one will be
introduced in §3.5)). Define

Ho = BueaHo,,a

and
H={ueD" (M) :®(u)eHa},

endowed with the norm

lullg = 12 @l = D |(pur) 0w [, -
weN



132 CHAPTER 3

Proposition 3.30. His a separable Hilbert space (equivalently, ® (7—7) is closed in Hq)

that does not depend on the choice of 0. The inclusion ofﬁ in DY (M)" is continuous, and

C7 (M) is continuously contained in .

Proof. To see that ® (ﬁ) is closed in Hgq, just notice that
@(ﬁ) ={ue€Hq: PSu=u},

and that the inclusion of Hq in @,,cq (Sf’)/ is continuous. The inclusion of H in D? (M)’
may be written as the composition of ®, the inclusion of Hq in P (Sf’), and S. It is thus
continuous. Finally, ® sends C°? (M) continuously into D.ca SY, which is continuously

contained in Hq, thus C°? (M) is contained in H, the inclusion being continuous. O

Let Ho be the closur of ¥ (M) in H. Recall from that for each t € R we may
define the operator £, from (9) as an operator from DY (M ) to itself. We start by proving
that, for t > tg, the operator L; is bounded from H to ﬁo.

Proposition 3.31. For all t € [ty, 00| the operator L, is bounded from H to Ho. More-
over, as an operator from H to ﬁo, the operator Ly depends continuously on t € [tg, +00]

in the strong operator topology.

Proof. We only need to prove the result for ¢ € [tg, 3tp], and then use the group property
of (L¢);cr- Recall indeed that Ho is a closed subspace of H. For all t € R define

Ly Q%(sf’)’ - Q%(sf’)’

by Ly = ®oL;08. The operator L may be described via a matrix of operators
(Ew’w,’t> , that is, we have
w,w’ €N

Et (u‘d)weﬂ = (Z Ew,w’,t“w’) . (3.41)
weN

w'eN

Now, if ¢ € [to,3to] and t' € |—t1,¢1[, then the operator Ew7w”t+t’ for w,w’ € Q may be

described as

Zw,w’,t-‘,—t’u (Q?) =, 0 K?;,l (33') e Otﬂ VO¢T(”;1($))dT

X Py © Kt © Qg © K1 () U0 Ky © Py 0 k1 (1) (3.42)

!
= Gw,w’,t,t’ ((L‘) u o wt (1’) )

tl

19T¢ could well be that Ho = ﬁ, see Proposition , but we do not need this fact
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where ( o /Mt)t’eR is the family of diffeomorphisms associated to Fy,,; by (3.14), and

H_t Voz;bf(/-ew (a:))dTh

Gw,w’,t,t’ (l‘) = Pw © Ku_;l (:E) €’0 1 O Ky O ¢t+t/ © H;1 ($)

properly extended by zero. We can then apply Proposition to prove that ijw/,tﬂz is
bounded from Her o to He,,,o- Then Ly, is bounded from Hgq to itself thanks to (3.41).
Notice that if u € @, S then Lippt=® (Lipp o Su) € ® (7—70). Thus, since P, S°
is dense in Hgq, the operator Et+t/ sends Hq into @ (ﬁo) Denote by ¥ : & (7—[0> — 7—[0
the inverse of the isomorphism induced by @, and notice that L4,y coincide on H with
Vo Ztﬂf o ®, and is thus bounded from H to 7:20. Finally, from Proposition we

know that Et+t/ : Ho — Hgq depends continuously on ¢ € |—t1,t1[ in the strong operator
topology, and consequently so does L,y : H— ﬁo. O

We want now to prove Schatten properties for operators defined in term of the £;’s for
t > to. To do so, it is convenient to introduce (v¢),c, a %Z invariant smooth partition of

unity on R (that is, we have ¥, = g ( - E%)) such that 19 is supported in ]—%, % [

Proposition 3.32. Assume v < 2. There is w € R with the following property: if
h:RY — C and k € N satisfy

(i) h is supported in [to, +ool;
(i) h is kth time differentiable and its kth derivatives has bounded variations;

(11i) there is a constant C' > 0 such that for every ¢ € N we have

(
oo (5| (2 (+13))

< Ce =t

— )

BV

Cck—1
then the operator
+o0 - -
/ h(t)Lodt : H — Ho (3.43)
0

is in the Schatten class S, for every p > 1 such that p > Zﬂ Moreover, if k > d and if
we see as an operator from 7—[0 to itself, we have

tr(/t:—oo Ltdt> ZWMeXp</yV>7

where the sum on the right-hand side runs over closed periodic orbitﬂ’y of the flow (¢¢),cp-

"Recall that T, is the length of v, while Tf denotes its primitive length and P, is a linearized Poincaré
map. We will see during the proof of the proposition that this sum converges.
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Finally, if v > 2, it remains true (under the same assumptions) that the operator (3.43)

15 compact.

Remark 3.33. Notice that if h is a C* function supported in [tg, +00[, then h clearly
satisfies the conditions (i)-(iii) from Proposition This will be the main application of
Proposition in order to prove the trace formula (see Lemma . However, we will
also need to consider other functions h in the proof of Lemma [3.43| and in the Appendix

For the sake of the proof, we split Proposition into Lemmas [3.34], [3.35] and [3.36]

Lemma 3.34. Under the assumption of Proposition the operator (3.43)) is in the

Schatten class S, for every p > 1 such that p > gﬂ If v > 2, it remains true that (3.43)

15 compact.

Proof. Let p > 1 be such that p > iﬂ Choose N large enough so that Nt; > tg, and
write for all £ > N

t
/ Ve () b (1) Lot = L, / o (t <t+€§> Loy, dt,

where ¢ = gN + r with ¢,7 € Z and N < r < 2N (notice that ¢ > 0). Applying
Proposition as in the proof of Proposition we see that the operator

/R Yo (£ B (t + et§> Lot (3.44)

is in the Schatten class S, with norm in this class an O (e‘we) (there is a finite number

of possible values for r). Thus the sum

> / e () b (t) Lodt (3.45)

el

converges in S, provided that w is large enough(there are a finite number of non-zero terms
with & < N that are also in S}, thanks to Proposition since h (t) vanishes for ¢ < ).
Now notice that, for every t € R, the sum

D e () h(t) Lo

LeZ

converges in operator norm topology to h (t) £y, and the convergence is uniform in ¢ (pro-
vided that w is large enough), so that the sum (3.45) is in fact the operator

+oo
/ h(t) Lyt
0
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which is consequently in S),.
Finally, when v > 2 it remains true that the operator (3.44) is compact according to
Proposition and the convergence in the operator norm topology ensures that (3.43)

is compact. O

We need now to compute the trace of this operator when k& > d and v < 2. We will
deduce the global formula for the trace from the local formula from Proposition [3.17]

Lemma 3.35. Under the assumptions of Proposition[3.39 and if ¢ € Z we have

tr ( /R Yy (t) h () Etdt> = ;W (T,) exp ( /7 V> m, (3.46)

where the sum runs over periodic orbits v of the flow (¢1),cr. Here, we recall that (Yy),c,
t1

(
18 4 %Z wnwvariant smooth partition of unity on R such that 1g is supported in ]—%, 71

Proof. 1f £ is such that % < to—4 then (3.46)) is immediate: both sides vanish. Otherwise,
choose an integer m > 0 such that % —mty € [to — %, 2t0] (one can for instance take m
% — mt0> .
This ensures that the support of ¢y is contained in mto+t3+]—t1,¢1[ and that t3 € [to, 2to).
For all & = (w1,...,wm) € Q™ define

to be the largest integer such that % —mitg > tg— %) and define t3 = max | to,

Ug = ﬂ P—jto (Uwi) :
j=1

Then choose a refinement (ﬁ;}yw> of (Ugz),ecqm Whose elements are small

(W w)eQmxw
enough such that, if v is a periodic orbit of (¢¢),cp of length T less than t3 + mtg + t1,

and (&, w) € Q™ x W, then the intersection of v with ﬁw,w is an interval (i.e. con-
nected, while possibly empty). This can be done because there are a finite number of

such orbits. Choose a Gevrey partition of unity (93710)(3 w) adapted to the open

eQmx W

cover ((73 of M. For t € t3 + mty + |—t1,t1], recall from the proof of

w) @ w)eQmxW
Proposition the operators £; = ® o L; 05, and Ly, .+, for w,w’ € 2, defined by the

formula,

Lo tu(x) = gaw(ﬁ;1 (x))efot VO‘bT(”Jl(I))dThw/(mw/gbm;l (x))u(/{w/gbt/@;l (x)).

Then write L, as a sum of operators
) b

‘Cw,w’,t = Z Aw,w’,ﬁ,w,t
(W w)eQmxw
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where, for @ = (Woy -+ ywm—1) and w € W,

Aw,w’,ﬁ,w,tu (:E) = eﬁ,w (KJI ($>) 'Cw,w’,tu (I‘)
_ (Gﬁ,ws%) o H;l (.1‘) ef(f Vo¢>r(/€;1(w))d7hw/ 0 Ky © Bt 0 H;l (.7})

Consequently, we can use Proposition to see that A, v 2wt @ Ho o = Hoya 18
bounded (here, we recall that « has been fixed after the proof of Lemma [3.29, when
defining the space ﬁ) Then, working as in the proof of Lemma m the operator

/ Wby (t) b (t) Lydt (3.47)

is trace class, sends Hq into ® <ﬁ0> and the induced operator is conjugated to the operator
defined by (3.47) without the tilde. Consequently, using Lidskii’s trace theorem, we get

( / e (t Etdt> = tr < / Wby (t L‘tdt> > tr ( / W (t wwtdt)

we

- Y w ( /R W(t)h(t)Aw,wﬂ,wytdO.

WER (T ) em x W

Next, we fix w and (&, w) and we compute

tr </R P (t) h(t) Aw,w,yyw’tdt>

using Proposition To do so, recall the family of cone-hyperbolic diffeomorphisms

Tw,ﬁ — mow’ t3 ° Tw,,bfl,wm,to 6.---0 7—0.1170.127150 o Tw,wl,to
t teR t—t3—mio 0 0 0

teR

and denote by F, 3 : RY — R4*1 the associated immersion. By Proposition , we have

tr (/R Y (t) h(t) Aw,w,ﬁ,w,tdt>

h (T, z (%) e (1, 2 (@)
o < \(det,?f —I)DOKD( . )/RG“ﬂ’w,Tw,w(m) (fvay)dy>,

poF,, 5 (z)=x o) |

where, as in Proposition if z € R?, then T,z (z) denotes the opposite of the last
coordinate of F, z (z), and

G Tt () = (03 0p0) 0 K (2) eJo Voor (ki @))dry o bront (),
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properly extended by zero.
Now, denote by Qo the (finite) set of x € R? such that po F,z (r) =z and

h(T,z (@) v (T, (@)

D (@) = ’det (I —po Dwa@?)‘

/RGw,ﬁ,w,Twm»(x) (J}, y) dy 7& Oa

and by @1 the (finite) set of periodic orbits v for (¢;),.g such that

h (TV) (o (T'y) fwg
’det(I—P7)|e /y#eﬁ,w(pw#o

We will construct a bijection x — 7 (x) between @y and @1 such that, for all x € Qo, we
have D (z) = E (7 (z)). This will immediately imply that

AT gy
tr ([ 0080 Auzaatt) = Bt [, 1.

and we can then end the proof by summing over w € 2 and (ﬁ, w) € Q™ x W,
Let z € Qo. Since D (z) # 0, there is § € R such that G, 5 1 (z) (#,7) is non-

E(y) =

zero. Set z = (z,7), and notice that z € V,,, so that x_! (z) make sense. Moreover, since
G @ w,T, 5 () (2) # 0, we must have ¢y, (2) € Uy, for j € {1,....m}, and o1, () (2) €
Us,. In addition, since )y (T,, z (%)) # 0, we know that T,, () € t3+mito+]—t1,1[, and
thus Lemma ensures that

R © ¢Tw‘,?( ) © “;1 (Z) ="/ Twm Lwmsto o g %M""MO o %w,wl,to (2)

t3 mto
Tw T, 5 (x) ( )=F,z @)+ T, 5 (z)ear1 + Jar1€d1

=pol, () —T,z (x)ear1 + T,z () eay1 + Jar1€d41 = 2

Consequently, there is a periodic orbit vy (z) of length T,y = T,, & (v) for (¢),cp passing
through the point x_! (). Notice that, while the point x_! (z) depends on the choice of
7, the orbit v () does not (another choice of § would only change x_ ! (2) into another
point of the orbit v (x)). The map D, - (Z)QST (= 18 conjugated via D w5 (2)lw O D 7'; @)
However, in a base adapted to the decomp051t10n of the tangent space into the stable and

unstable directions and the direction of the flow, the matrix of the map Dn—l( Z)quw(z) is

0 1

Py@) 0 ]

while the matrix of DZT;’g(w) in the canonical basis of R4t is of the form

poDyF,5 0
* 1
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Thus, the linear maps P, ;) and p o DyF, 3 have the same spectrum, which implies
that det (I—Pv(x)) = det (I — D, F,, ) Denote by I, the set of y € R such that
G B w1, o) (%,y) # 0. Then for all y € I, we have

T,z (@)
X 7 o —1 =ex .
ep(/o Voo, (kg (:L‘,y))d7> ep([m)g)

Moreover, the map I, 2 y — k' (2,9) = ¢y—g (/1;1 (z)) is injective (the length of I, is at
most 2t1, and there is no periodic orbit of (¢;),.r of length less than 3t¢1), and its image is

N ﬁ;?’w (thanks to our assumption on the refinement), so that a change of variable gives

/ G 3w, (@) (T,y) dy = exp / 4 / 0% wPuws
R ’ v(z) v# ()

and thus we have F (v (z)) = D (x) # 0, in particular vy(z) € Q1. It remains to prove that
Qo > x +— v (z) € Q1 is a bijection.

If x € Qo then the intersection of v (x) with ﬁ;},w is an interval, and thus the set
Kuw ('y (x)N ﬁw’w) is contained in a line perpendicular to R? x {0} (recall that &, is a flow
box) and this line projects on z € R%. Thus () determines x and consequently the map
x +— v (z) is injective.

Reciprocally, if v € Q1 then v must intersect (7;7710 on a non-empty interval that is sent
by k. into a line perpendicular to R? x {0}, that projects on a point 2 € R%. Choose y € R
such that (z,y) is the image by s, of some point Z € v such that 03, (2) v, (2) # 0.
Working as in the other case, we see that Tj‘ii’w (z,y) = (v,9), and thus po F, 7 (z) = =
and T, = T, ¢ (v). The same calculation as above implies that D (z) = E(y) # 0, so
that © € Q. Finally, it is clear that v = v (x) from the construction of ~y (z): these two
periodic orbits pass through the point Z. Thus, the map = — 7 (x) is surjective, and the

proof is over. O
Lemma 3.36. Under the assumptions of Proposition the series
h(Ty) TY
Z Mefw v (3.48)
converges absolutely and
tr /m h(t)Ledt ) =3 Mefvv
0 ' [det (1 =Py)[
B!

Proof. First, use Lemma and (the proof) of Lemma [3.34] with the weight V' replaced

by ||Re (V)| % replaced by 1+ ||?, to get that (this can also be seen using an estimates
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on the number of periodic orbit for (¢;),cp such as [DZ16, Lemma 2.2]):

|h ()| TF
%;Z;W Jexp (T |[Re (V )Hm)m < +00.

We can then use the Fubini-Tonelli and monotone convergence theorems to get that

#
DO e (Ty) exp (Ty [Re (V )||Oo)w

2.2 det (1 - P,)]
_ h (1) | TF
;%ZZW )exp (T [|[Re (V )||oo)m
_ |h (T)| T3
= ;exp (T [[Re (V) l&) m < +00.

This proves that the sum (3.48)) converges absolutely and provides integrability and domi-

nation which allow us to apply Fubini’s theorem and the dominated convergence theorem

tr< /0 +OO £tdt) Ztr( +Oowg(t)h(t)£tdt>

to get

Lel
zgglbe(Tv)eXp (/7V> m
#
- ([ V)

O

We end this section with the proof of two merely technical lemmas that will be use-
ful in the following section to construct and study the anisotropic Hilbert spaces from
Theorem [B.11

Lemma 3.37. For all u € D°(M)’, the map R > t | Liul| 7 is measurable (with the
convention that ||ull 7 = oo if u ¢ H).

Proof. Let us prove first that the map D% (M) 3 u |ul| 57 is measurable. Since the
inclusion of H in D? (M) is continuous (hence measurable) and |l 7 is continuous on
H, we only need to check that H is a measurable subset of D? (M)'. Keeping track of
the different steps in the definition of ﬁ, we see that it is enough to prove that L120c is a



140 CHAPTER 3

2 .

measurable subset of (Sﬁ)/, which is clear with the following characterization of Lj :

Li.={uc (Sﬁ)/ .V compact K C R4 30 > 0,
Vi € 8% supported in K, [(u, 9)| < C |||}

Finally, recall that, if w € D? (M), the map R > t — Lyu € DY (M)" is measurable
(and even C*°) according to Lemma [3.7| to end the proof. O

Lemma 3.38. There is a continuous semi-norm N on C°° (M) such that for all u €
Co% (M) and t € [—to,to] we have

[£eully < N (u).
The same is true replacing L; by (£L_y)* and C>Y (M) by D (M).

Proof. Since the inclusion of C°? (M) in H is continuous and (Lt)er is a group, we
only need to prove that there is € > 0 such that for every continuous semi-norm N; on
C°Y (M) there is a continuous semi-norm Ny on C*¥ (M) such that for all u € C°° (M),

and ¢ € [—¢, €] we have

N1 (Lyu) < Na(u). (3.49)
In fact, we only need to achieve (3.49) for Ny of the form |||, ., forw € Qand x € R}

(because these semi-norms generate the topology of C>? (M)). But then, it becomes clear
that (3.49) can be achieved, since the k, are flow boxes. The proof for the adjoint is

similar. O

3.5 Global space: second step

In this section, we end the proof of Theorem [3.1] We keep using the notations that we
introduced at the beginning of §3.4]

Given the spaces H and ﬁo and Propositionfrom the previous section, the proofs of
Theorem Proposition and Proposition are now reduced to functional analysis,
and we deal with these proofs in this last section. These proofs are split into several lemmas
as follow: as far as Theorem and Proposition are concerned, (i) is contained in
Lemma [3.40] (ii) is in Lemma [3.41] (iii) is a consequence of Lemma and Lemma
(iv) is in Lemma [3.43] and (v) is in Lemma (with 2ty instead of tp). We end the
section with the proof of Proposition [3.3] First of all, we define the space H.

Definition 3.39. Thanks to Lemma we may define for all u € D° (M),

to
ul, = /0 ol dt, (3.50)
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and then define the space

~

H = {u e D" (M) : |lull, < oo}

endowed with the norm |-|,,. Let H be the closure of C°*¥ (M) in H (for some ¥ €
]v, ﬁ [, where a has been defined in ﬁ we recall in particular that if v < 2 then
a< i)

Lemma 3.40. H and H are separable Hilbert spaces. The inclusion of H and H in DY (M)

are continuous, and C° is contained in H and H, and the inclusion is continuous.

Proof. We only need to prove the lemma for H (the statements for H immediately follows).
Notice that the map
H 12 ([o,to} H)

%
(3.51)
u = (ﬁtu)ogtgto

is an isometry. To show that Hisa separable Hilbert space, we only need to prove that the
image of the map is closed . Let (uy), oy be a sequence in 7 such that the sequence

(Etu”)oﬁtﬁto)neN converges to (v (t))g<;<y, in L? ([0, to] ,ﬁ) Then there is a subset A
of N and a Borel subset B of full measure in [0, ¢y such that, for all ¢ € B, the sequence
(Ltun),ecq converges to v (t) in H (in particular, it converges in D? (M)'). Choose ¢’ € B
and set u = L_pv (t') € D’ (M)'. Then, for all t € B and n € A, we have

Lty = Ly (ﬁtfun) .
Letting n tend to infinity, we have
v(t)=Ly_pv (t') =L (ﬁ,t/v (t')) = Liu.

Since v € L? ([O, to) ,ﬁ), this implies that u € ﬁ, and thus the image of H under the map
(3.51) is closed, so that H is a Hilbert space.

To prove that the inclusion of H in DY (M) is continuous, just notice that if ¢ €

C°Y (M) then

1

(09) = = / (Lo (L) ),

and use Lemma m The continuous inclusion of C>? (M) in # is an immediate conse-
quence of Lemma [3.38] O

We now prove that H has the property that ﬁo missed: the operator £; for ¢ > 0 is
bounded from H to itself.

Lemma 3.41. For every t > 0, the operator Ly is bounded from H to itself. Moreover,

(Lt);>o 18 a strongly continuous semi-group of operators on H.
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Proof. If u € H and t > to then we have

to to
2 2 2 2 2
| Coull?, = / |Cr L% dr = /0 |LoLrulll dr < 1255 Tl

If 0 <t <ty then we have

t to
2 2 2
|Ceull?, = /0 | £ Lrull dr + / | Coul dr
t
2 2
< (1 1ol ) Nl

Thus £, is bounded from # to itself, but since £; sends C°° (M) into €% (M) (and
thus into ), the operator £; induces a bounded operator £; : H — H. Since (L¢),~
is locally uniformly bounded and (L;u),~, depends continuously on t as an element of H
when u € C*? (M) (see Lemma , the semi-group (Lt);s is strongly continuous. [

Notice that, according to Lemma the generator of the semi-group (L)~ is P =
X + V. We prove now a lemma that allows us to go from H to Ho and back, in order to
prove that the properties that we stated for 7—~[0 in Proposition may be extended to H.

Lemma 3.42. For all t > tg, the operator Ly is bounded from H to H. If z € C s such
that Re (z) > 1 then (z — P)™" is bounded from H to H.

Proof. Let u € H then

2 2 2
[Leullzy < sup  [|L |15 lull -
TE[t,t+t0]

Thus £; is bounded from #H to H. Since it sends €7 (M) into itself, £; sends H, into H.
Now, recall [Kat66, Problem 1.15 p.487] that if Re (z) > 1 and u € H then

+o0o
(z—P) lu= / e Loudt.
0

But recall that the norm of w in H is the norm of (Lu)<,<;, in the space L? ([0, to] ,7—7)

Thus, for all n € N, the norm of (['tu)ntogtg(nﬂ)to in the space L? ([O,to] ,7—7) is smaller
than || Ly, |15 [[wlly- Thus if Re (2) > In (|| £ |l4_5), then, by Cauchy-Schwarz inequal-
ity, there is a constant C' > 0 such that the L' norm of ¢ — e *!L;u is smaller than
Cl|ulyy_ypy- Thus (2 — P)7! is bounded from H to H. O

We are now ready to prove that the spectrum of P = X + V acting on H is discrete.

Lemma 3.43. The spectrum of P acting on H is made of isolated eigenvalues of finite

multiplicity and it coincides with the Ruelle spectrum of P (multiplicity taken into account).
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Proof. According to Lemmas and [3.41] it is enough to prove that the spectrum of P
acting on H is made of isolated eigenvalues of finite multiplicity (recall Definition [7| of the
Ruelle spectrum). Let z € C be such that Rez > 1. Since P is the generator of a strongly
continuous semi-group, z belongs to the resolvent set of P. From [Kat66, Problem 6.16
p.177], we see that we only need to prove that the essential spectral radius of (z — P)~! is
zero (see Definition [2)).

To do so, let x : R% — [0,1] be a compactly supported C* function such that x(t) =1
if t < 2ty. Then, according to [Kat66, Problem 1.15 p.487], for all n > 1 we have, provided
that Rez > 1:

( P) -n 1 /+OO _Zttn_1£ dt

z— = e "
— 1!

(n , )" Jo (3.52)

+o00o 1 400
_ —ztyn—1
- 72T /0 N /0 () Cadlt,

where the function h, : RY — C is defined by h,(t) = (1 —x(t)) e *'t""1. Set also
hn(t) = zhn(t +to) + hy(t +to), so that for all t € R we have

t ~
hn(t +to) = 6_Zt/ e“"hy(T)dT.
0

Then, notice that

+oo +o0 +o0o
Eto O/ h ( )£ dTO Z — / / _zth £t0+t+7—dtd7'
0 0 0

/OJFOo (/+OO e Tha(r )‘Cto-i-ud'u) dr
/O+oo ( / zri,m(r)d7> Lopradu  (3.53)

/ to +u £t0+udu
0

_ /U (1) Lot

Moreover, if Rez > 1, then, for every n > 1, the function h., satisfies the assumptions of
Proposition [3.32 and consequently the operator

+oo . -
/ h(t)dt > T
0
is compact. It follows then from (3.53)) and Lemma that the operator

1 oo
(n—1)'/0 ho () Lodt : H — H
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is compact. On the other hand, we see that the operator norm of

1 oo
(n—l)‘/(; X(t)e_Zttn_lﬁtdt H—>H

is less than %{3%? for some constant C' > 0. With (3.52), it follows then from Hennion’s

argument [Hen93| based on Nussbaum formula [Nus70| that the essential spectral radius
of (z — P)~! on H is less than

1
lim inf C2to)" \ " =0.
n—+oo \ (n —1)!

We can now give the proof of the most interesting property of the Hilbert space H.

Lemma 3.44. Let h be a C* function supported on a compact subset of [2tg, +00[. Then

the operator

—+00
/ B (8) Lodt s H — H (3.54)
0

is compact. Ils non-zero spectrum is the intersection of C \ {0} with the image of the

spectrum of P by X\ — Lap(h)(—A\), where Lap denotes the Laplace transform.
If v < 2, the operator (3.54) is trace class and

tr</0+ooh(t)£tdt> :;mexp (LV)

Proof. As in the proof of Lemma define the function h on R% by

h(t)=zh(t+to)+h' (t+to).

Since h is C>° and compactly supported in [tg, +-00], it satisfies the assumption of Propo-
sition [3.32] and, working as in the proof of Lemma [3.43] we see that the operator

+o0 +oo
/ h(t)ﬁtdtzﬁtoo/ h(t)Ledto(z—P) ™ i H - H
0 t

0

is compact.

In order to identify the non-zero spectrum of (3.54), we denote by f the function
defined by f(z) = Lap(h)(—z) and by A the operator (3.54). If A € C denotes by E) the
generalized eigenspace of P associated to A and, if X\ # 0, by F) the generalized eigenspace
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of A associated to \. We want to prove that for all 4 € C\ {0} we have

F,= P E,

f():\e)gu
which is a more precise statement that our claim on the eigenvalues of A. Let A € o (X)
be such that f(A\) # 0. Since P commutes with £; for ¢ > 0, it commutes with A so that
FE) is stable by A. We denote by P and A the endomorphisms of E) induced respectively
by P and A. Since F) is finite-dimensional (according to Lemma , the operator P is

tP

bounded, and we may define for ¢t > 0 the operator e/’ on E\. Then, e*! is nothing else

than the operator induced by £; on F) (they solve the same Cauchy problem). It follows

that we have
o _ N
A:/ h(t)etdt = f (P), (3.55)
0

where f(P) is meant in the sense of the holomorphic calculus of bounded operators (we
may develop e'¥ in power series). Since o(P) = {\} by definition of Ej, it follows that
o(A) = {f(\)}, which gives

ExC Fyon
Reciprocally, let © € o (A) \ {0}. From the equality
“+oo
PA= —/ h'(t)Ldt,
0

we see that the range of A is included in the domain of X. In particular, F, is contained
in the domain of P and thus P induces a bounded operator on the finite dimensional space

F,,. Applying as above the holomorphic calculus of bounded operators, we get that

Fug @ E)\a

AeC
FN)=n

and (3.55)) is proven.

If v < 2, we may replace “compact” by “trace class” in the argument above. Then,
using Lemma we see that the operator

/O T h () Codt

has the same non-zero spectrum when acting on ‘H or on 7:20 and thus, by Lidskii’s trace
theorem, the same trace. This ends the proof with Proposition [3.32] O
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Remark 3.45. As pointed out after the statement of Theorem [3.1] the point (v) of Theo-
rem proves trace formula which was stated as an equality between distributions
on R% . However, it is clear from the proof that the equality in fact holds in the dual of the
space of compactly supported C%*2 functions on R* whose d+ 2th derivative has bounded
variation. In fact, using the same trick as in the proof of Proposition [3.3] we see that trace
formula holds in the dual of the space of compactly supported C¢*! functions on R* whose

d + 1th derivative has bounded variations.

We end this section with the proof of Proposition

Proof of Proposition [3.3 First of all, we need to prove that, when Re (z) > 1, the essential
spectral radius (see Definition [2)) of the operator

+oo

Lo (2= P) ' = / e==(=t0) £, (3.56)
to

acting on H is zero. From the proof of Lemma [3.43] we know that the essential spectral

radius of (z — P)~! is zero. Then if 7 > 0 is such that (z — P)™" has no eigenvalue of

modulus 7 we may define the spectral projection

1 —1 -1
21 Jop(o,r)
Then I — II, has finite rank and the spectral radius of (z — P)™ "I, is less than . Since
Ly, commutes with (z — P)_l, it also commutes with II, and thus the spectral radius of

Lt (z — P) 1, is less than || £y, || 7. Then writing
Liy(z—P) =Ly (z=P) 'L+ Ly (2 —P)" ' (1-11,) (3.57)

and using Hennion’s argument [Hen93|] as in the proof of Lemma [.43] (notice that the
second term of the right-hand side of has finite rank), we see that the essential
spectral radius of Ly, (z — P) ™" is less than || Ly, r. Since 7 > 0 may be chosen arbitrarily
small, the essential spectral radius of Ly, (z — P)f1 is zero. Consequently, using functional
calculus in finite dimension as in the proof of Lemma[3.44] we may prove that the spectrum
of Ly, (z — P)"" is made of the f_oj\ where X runs over the Ruelle spectrum of P.

On the other hand, according to Proposition m (with h the characteristic function
of [to, +oo[ and k = 0), the right-hand side of defines an operator on Ho which is

in the Schatten class S, for any p > d + 1 (in particular it is compact and has essential

spectral radius zero). We may use Lemma to get that the spectrum of this operator
is the same as the spectrum of the operator (3.56) acting on H, that we just described.
Consequently, for all p > d + 1, since the operator acting on 7:20 is in the Schatten class
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Sp, its spectrum is in 7 (see [GGKO00|, Corollary 3.4 p.54]), so that

D

)\EUR(P)

p
< +o0.

e/\to

Z—A

Since tg > 0 and p > d + 1 are arbitrary, Proposition follows.
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Chapter 4

Finite order of the dynamical

determinant for Gevrey Anosov flows

This last chapter is dedicated to the proof of Theorem In §4.1] we gather some facts
about Gevrey classes and analytic FBI transforms. This is basically an abridged version
of Chapters 1 and 2 from [BJ20|. In order to keep the length of this thesis reasonable,
most of the results in §4.1] will be stated without proof. However, we will always give
precise references to [BJ20] where the interested reader can find all the required proofs or
references. The section is dedicated to the detailed proof of Theorem [10] using the tools
introduced in Finally, in we expose some other applications of FBI transforms
method to the study of Anosov flows. For the same reasons as above, we will refer to
[BJ20] for proofs. The content of and correspond to the third chapter of [BJ20].
Mind that in this chapter we will use, as it is common in the semi-classical analysis
literature, an implicit parameter h > 0, thought of as tending to 0. Whenever needed, we

will assume that h is small enough.

4.1 Crash course: Analytic FBI transform and Gevrey dif-

ferential operators

In this first section, we recall the results from the first two chapters of [BJ20] that are
needed for the proof of Theorem

In §4.1.1] we recall some basic facts about Gevrey and analytic classes of regularity.
These results may be found in §1.1 in [BJ20]. We will not need the other results from the
first chapter of [BJ20] since we will not discuss Gevrey pseudo-differential operators here
and because we will admit all the required results from the second chapter of [BJ20] — such
as the existence of a global analytic FBI transform on a compact manifold.

In we define a global analytic FBI transform on a compact analytic manifold.

Admitting that such an object exists, we recall then its basic properties. We also investigate

149
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the notion of complex Lagrangian deformation which is central in [BJ20].

In we explain how a global analytic FBI transform may be used to study differ-
ential operators with Gevrey coefficients, stating the results that will be fundamental in
the proof of Theorem [10]

Remark 4.1. The FBI transform methods that we expose here are extensions of the
work of Helffer and Sjostrand [HS86, [Sj696] in the analytic category. These methods had
already been investigated in the Gevrey category by Lascar and Lascar [LL97|. However,
all these versions of this method contain limitations that we had to overcome in order to
prove Theorem The main problem was that they only consider compactly supported
Lagrangian deformations (which amounts to take G compactly supported in Deﬁnitionm
below). Consequently, an important part of [BJ20] is dedicated to the extension of the
methods of Helffer and Sjéstrand and to the investigation of certain micro-local techniques
in the Gevrey category. For more details, see the introduction of [BJ20].

As we were working on this project, Galkowski and Zworski were elaborating a very
similar extension of the work of Helffer and Sjostrand [GZ19a), [GZ19b]. However, their

work is restricted to the real-analytic case and they only work on tori.

4.1.1 Gevrey functions and ultradistributions on manifolds

In §2.1] we introduced the notion of Gevrey regularity — see in particular Example Let

us now explore a bit further Gevrey classes.

Definitions

Let s > 1 be fixed. Let U be an open subset of R". We recall from Example [2.1] that a
function f : U — C is said to be s-Gevrey (or, for short, G°) if f is C*° and if, for every
compact subset K of U, there are constants C, R > 0 such that, for all @« € N and =z € K,

we have
0% f(z)] < CRI*at®. (4.1)

The constant R in may be interpreted as the inverse of a (Gevrey) radius of con-
vergence. Recall that when s = 1, this describes the class of real-analytic function on
U. When s > 1, the class of G° functions is non-quasi-analytic according to Theorem
it contains compactly supported functions. We will denote by G* (U) the space of G*
functions on U and by G2 (U) the space of compactly supported elements of G* (U). The
non-quasi-analyticity of G® when s > 1 implies in particular that there are G° partitions
of unity.

The definition above extends immediately to the case of Banach valued functions. A
function f from U to some Banach space B is said to be G* if holds with the modulus
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replaced by the norm of B. With this definition, the class of G® functions is closed under
composition, as was proved by Gevrey in his original paper [Gev18|. In fact, the class of G*
functions is very well-behaved and, when s > 1, quite flexible: for instance, it is Cartesian
closed, closed under differentiation, solving ODEs, Implicit Function Theorem, etc, and
there are versions of Borel’s and Whitney’s theorem for G* functions (see [KMR09] and

references therein for details).

Since the class G is stable by composition and inversion, we have a natural definition of
a G° structure on a manifold: a G® manifold is a Hausdorff topological space with countable
basis endowed with a maximal G® atlas. Here, a G° atlas is defined to be an atlas with G*
change of charts (notice that we retrieve the usual notion of real-analytic manifold when
s =1). As usual, if M and N are two G® manifolds, then a map f : M — N is said to
be G* if it is G® “in charts”. Since the class G° satisfies the Implicit Function Theorem,
most elementary results from differential geometry are easily checked to be true in the G°
category. In particular, there is a well-defined notion of G* (vector) bundle, and each usual
bundle associated with M (tangent, cotangent, etc) admits a natural G° structure. As a

consequence, it makes sense to say that a vector field over M is G°.

Remark 4.2. Of course, a real-analytic manifold has a natural structure of G* manifold,
since real-analytic maps are G®. As pointed out in [LL97], all G* manifolds may be described
in this way. Indeed, there is a Gevrey version of the famous Whitney’s Embedding Theorem
[Whi36| : every G° compact manifold is G*-diffeomorphic to a real-analytic submanifold of
an Fuclidean space. The adaptation of the proof of Whitney’s Theorem to our setting is
straightforward. Since the Inverse Function Theorem holds in the G* category, it suffices to
follow the lines of the proof of [Hir94, Theorem 7.1], replacing C* by G° at every step. This

gives an analytic structure on a compact G° manifold, compatible with the G* structure.

We want now to define ultradistributions on a G° manifold M. To do so, we need to
give a structure of topological vector space to the space G (M) of compactly supported
G® functions on M. If (U, k) is a G® chart for M, and K a relatively compact subset of U,
then we define for every R > 0 and function f, infinitely differentiable on a neighbourhood

of K, the semi-norm (n denotes the dimension of M)

_ 0% (for™t) (@)
Hf”s,R,K — xES:(I;() R|o¢\a!s ’ (42)
aeN?

We extend this definition to any relatively compact subset K of M by covering K by a

finite number K7, ..., Ky of compact sets included in some domains of charts and setting

I1/1

S,R,Kj :

N
sri =Y I/
j=1
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Then, if K is a relatively compact subset of M and R > 0, we define E5% (K) to be
the Banach space of functions f € C>(M), supported in K, such that [|f||, p x < +o0,
endowed with the norm ||-||, g - For s = 1, consider this definition as temporary, as we
will give a more practical but equivalent scale of spaces of real analytic functions below.
Notice that these spaces heavily depend on the choices of charts that we made above.

It is, however, not the case of the inductive limit, when U is an open subset of M,

G: (U) = lig lim B>F (K).
KeU R>0

Here, the first limit is taken over compact subsets K of U, and the inductive limit is taken
in the category of locally convex topological vector spaces. Notice that the underlying set
of this limit is indeed the set of compactly supported G° functions on U. In particular,
when s = 1, if U is not compact itself then G (U) is trivial. In the case that M itself is
compact, we will write G*(M) for G5(M).

We define the space U* (U) of ultradistributions on U to be the strong dual of GZ (U).
Then, by [Gro50], we see that U* (U) identifies with the projective limit

U (U) = lim lim (E>% (K))".

o
KeU R>

o

In particular, U* (U) is a Fréchet space. It is a Roumieu-type space of ultradistributions.
More details on Roumieu and Beurling spaces, can be found in [BBMT91|]. The support
of an ultradistribution is defined as in the case of usual distributions, and the spaces of
compactly supported distributions on U is denoted by US (U). The topology of UZ (U)
only matters for Theorem and we can take for instance the weak-star topology. An
element of U (M) or more generally of (El’R(M)), for some large R > 1 will be referred

to as a hyperfunction.

Remark 4.3. The fact that the limit does not depend on the choices of charts in
the definition of the norms |[|-[|,  x follows from the stability by composition of the class
G®. Indeed, if we denote by (]| H;,R7K)R>0 the family of norms that is obtained with another
choice of charts, one sees (applying Faa di Bruno’s formula or adapting the original proof
of Gevrey [Gev18|) that there is a constant C' > 0 such that for every R > 0 we have

/ /
‘s,Cmax(l,R),K <C ||'||5,R,K and ||'Hs,Cmax(1,R),K <C ||'||57R,K : (43)

In particular, when the manifold M is an open subset of R™, we can (and will) choose the
chart x in the definition (4.2) to be the inclusion in R™.

Remark 4.4. Let s > 1. In order to discuss perturbations of G* Anosov flows in we
need to define a topology on the space of G® sections of a G® vector bundle. Let p: FF — M

denote a real G® vector bundle on M (the case of complex vector bundle is similar). Let
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(U, k) be a G* chart for M and (k,¥) : p~' (U) = k(U) x R? be a trivialization for
p: F — M. Then, if K is a relatively compact subset of U and R > 0, we define for every

C section f of F' the semi-norm

_ lo*w (fox71) (@)
”f”&RJ(__mSBEL) Rlalqls ’

aeN?
where ||-|| denotes any norm on R?. Using this semi-norm to replace (4.2)), the case of
sections of the vector bundle F' is dealt with as the case of the trivial line bundle over M.
In particular, when M is a compact manifold, we have a definition the spaces E5 % (M; F),
for R > 0, and a topology on the space G* (M; F') of G® sections of F.

The particular case of real-analytic functions

We want now to rewrite the definitions of the previous paragraph in a way that may be
more intuitive, in the case s = 1. Indeed, it may seem more natural to describe real analytic
functions as restrictions of holomorphic functions. If K is a compact subset of R™, then we
see that a smooth function f defined on a neighbourhood of K such that ||f|[,  x < +00
admits a holomorphic extension to a complex neighbourhood of K of size (CR)™* (for
some C' > 0 that does not depend on R), the L® norm of this extension being bounded
by C'||f ||1 r.x- Reciprocally, if f admits a bounded holomorphic extension to a complex
neighbourhood of size CR™!, then | f1l1, 5 is finite and controlled by the L norm of the
extension (independently on R). We will now explain how this remark generalizes to the
case of compact manifolds.

Let then M be a compact real-analytic manifold of dimension n. By a result of Bruhat
and Whitney [WB59], the manifold M admits a complexification M. That is, M is a
holomorphic manifold of complex dimension n endowed with a real-analytic embedding
M C M, such that M is a totally real submanifold of M. This means that at each pE M,
we have T, MNiT,M = {0}. It follows then that if NV is a complex manifold and f : M — N
is a real-analytic map, then f extends to a holomorphic map from a neighbourhood of M
in M to N. In particular, if M’ is another complexification for M then the identity of M
extends to a biholomorphism between a neighbourhood of M in M and a neighbourhood
of M in M.

Remark 4.5. If M is a complexification for M, let B(M) denote the Banach space of
bounded holomorphic functions on M. Then, we may give a new definition of the space of

real-analytic functions on M by

Here, the inductive limit (in the category of locally convex topological vector spaces) is
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over all the complexificationd| M of M. This coincides with (£1.1) when s = 1. This
definition may be quite appealing because it is very intrinsic. However, we will rather

use a more concrete description of G!'(M), that boils down to choosing a basis of complex
neighbourhoods for M.

We will use particular complexifications of M called Grauert tubes. The notion of
Grauert tube first appeared in [Gra58|, but we will rely on the exposition from [GS91].
First, according to [Mor58|, there is a real-analytic embedding of M into an Euclidean
space. Hence, we may choose a real-analytic Riemannian metric g on M. According
to [WB5J], there exists a complexification M of M endowed with an anti-holomorphic
involution z — Z such that M is the set of fixed point of z — Zz. Then, since the square
of the distance induced by g on M is real-analytic near the diagonal, it extends to a
holomorphic function on a neighbourhood of the diagonal of M x M in M x M. Following
[GS91], we define p on M (up to taking M smaller) by

From |[GS91], we know that p defines a strictly plurisubharmonic function on M such that
M ={z € M : p(z) = 0}. Then, if € > 0 is small, we define the Grauert tube (M), as the

sublevel set of p:
(M), = {z e M:p(z) < 62} . (4.4)

Notice that, since p is strictly plurisubharmonic, the Grauert tube (M), is strictly pseudo-
convex. Moreover, the real (1,1)-form i9dp is Kithler and the associated hermitian form
coincides with g on M. We shall consequently still denote this hermitian form by g.
Using the notion of Grauert tube, we can replace the spaces EL (M) defined above
with a more convenient scale. If R > 0 is large enough, denote by EV® (M) the space
of bounded holomorphic functions on (M), (endowed with the sup norm). The spaces
EVR (M) defined in this way do not need to coincide with the previous version, but they
give rise to the same inductive limit (in the category of locally convex topological vector

spaces):

G' (M) = lim E“(M).
R—400
Hence, we will always assume that we use this definition of the spaces E1F (M) in the case

s = 1. To see that we get the same topology on G' (M) as previously, work as in Remark

4.3| (using Cauchy’s and Taylor’s formulae to prove an estimate similar to (4.3])).

!We get rid of the set-theoretic complications here in the usual way: the cardinal of a complexification
for M is at most 2°.
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Let us point out that there is another way to describe Grauert tubes. Indeed, since
the Riemannian metric g is real-analytic, so is its exponential map. Consequently, if x is
a point in M, the exponential map exp, : T, M — M extends to a holomorphic map, still
denoted by exp,, from a neighbourhood of 0 in T, M ® C to M. Then, the map

(z,v) — exp,(iv) (4.5)

defines a real analytic diffeomorphism between a neighbourhood of the zero section in T'M
and a neighbourhood of M in M. For € > 0 small enough, under the map in (4.5), the
Grauert tube (M), is the image of

{(z,v) € TM : g(v,v) < 62}.

With this description of the Grauert tube (M), we see that the projection TM — M
induces a real-analytic projection from (M), to M, that we shall denote by Re. We define
also the function |Im| : (M) — R4 as the square root of p. We will sometimes, slightly

abusively, write |Im z| instead of [Im| (z).

Since M is compact, we could have chosen any decreasing basis of neighbourhoods for
M in M to define the spaces BT (M). However, we will need to consider real-analytic
functions defined on T*M (for instance symbols) or more generally on products of the
type MM x (T*M )NQ. Since these manifolds are non-compact, the choice of a complex
neighbourhood for T* M becomes non-trivial. Since we want to consider symbols on T* M,
it seems natural to introduce the Grauert tubes for the Kohn-Nirenberg metric gxn.
Recall that grn is defined in the following way. The Levi-Civita connexion associated
with g gives a splitting TT*M =V & H into vertical and horizontal bundles, where both
subbundles are identified with 7'M, so that we can define

1
gKN(‘fBag) = gH(x7§)+ gV(‘rvf)
14 [¢]2
In charts, it is uniformly equivalent to its flat version

de2.

giN = da? +

1+ [¢)?

The curvature of gxn is bounded, and so are all its covariant derivatives, and one can

check that it admits Grauert tubes, that roughly looks like cones at infinity.

More precisely, the cotangent space T*M of M is a complexification of T*M. Notice
that there is a natural inclusion of T*M ® C into T*M and that the anti-holomorphic

involution that fixes T*M is given on T*M ® C by (z,§) — (x,£). As above, we find

a strictly plurisubharmonic function pgn defined on a neighbourhood of T*M in T*M.
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Then, mimicking (4.4]), we set for € > 0 small enough
(T*M), = {a eT*M : prn(a) < 62}.

As in the compact case, |Im «| will denote the square root of pgn(c). To describe these
tubes in more concrete terms, we may examine them in local coordinates. Given a real-
analytic chart for M, it extends holomorphically to a chart for M. Tt hence defines a
holomorphic trivialization for T*M , mapping T*M on T*R"™. If we denote these coordi-
nates by & = x + iy,€ = & + in, then for a point o € T*M that writes (Z,€) in local

coordinates, the quantity |Im «/| is uniformly equivalent to

Inl
(€

This gives a rough but tractable idea of the shape of Grauert tubes in local coordinates.

[ af = Jy| +

Let us discuss some others notations. Since x — g, is a Kéhler metric, the map
a — ga, (0, ag) is real analytic and non-negative. On the other hand, we can consider the
holomorphic extension g of g, so that o — §a, (¢, a¢) is a holomorphic map. With the
determination of the square root positive on the reals, we define for o = (a,, a¢) in T* M

the Japanese brackets

(0) = \/1+ . (0, 0) and. (Ja]) = /1 + ga. (0¢, 0). (46)

Hence, (a) is holomorphic in «, while (|a|) is not. However, notice that on a Grauert
tube (T*M)_, for € > 0 small enough, the positive quantities (||), |[(e)| and Re («) are
uniformly equivalent. Notice also that we may define a Kohn—Nirenberg metric on T*M

(since T*M identifies with the cotangent bundle of M seen as a real-analytic manifold).

Almost analytic extensions

Let (M, g) be a compact real-analytic Riemannian manifold. To study deformations in the
Grauert tube of M (or of T* M), we will make extensive use of almost-analytic extensions
of smooth functions on M. The notion of almost analytic extension was introduced by
Hormander [H6r69| and then by Nirenberg [Nir71]. It has become a very common notion
in microlocal analysis, and are essential for instance in [MST75].

Recall that if f is a C* function on M then an almost-analytic extension for f is a
compactly supported C* functions f on some (M) that coincides with f on M and such
that Of vanishes at all orders on M. It is classical that such a f exists [Zwo12l, Theorem
3.6]. While this is hardly surprising, it will be crucial in our analysis that if f is G° then f
may be chosen G* as well. This will allow us to make the flatness of 0 f near M quantitative
with Lemma below.
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It seems to be folklore that the fact that G° functions admit a G° almost analytic
extension may be deduced from results of Carleson on universal moment problems [Car61].
Since we were not aware of any existing proof in the literature, we provided one in [BJ20L

Lemma 1.1].

Lemma 4.6. Given a Grauert tube (M), D M, for each s > 1, there exists a constant Cy
and a compact subset K C (M), so that for all R > 0, there exists a bounded map f f
from ESB(M) to ECsmax(LR)(K) | such that f is an almost-analytic extension for f.

In order to apply Lemma we need to investigate the way a Gevrey function can be
flat. To do so, we can apply the “sommation au plus petit terme”, a method for regularizing
certain divergent series that is particularly well suited for Taylor series of Gevrey functions.
The interested reader may refer to [Ram93| for details and historical references and to

[BJ20, Lemma 1.3| for a proof of the following lemma.

Lemma 4.7. Let U be an open subset of R™ and K a compact and convex subset of U.
Then for every s > 1, there is a constant C > 0 such that for every R > 1,2 € K and
feC>(U), if the quantity ||f||, p i defined by (4.2)) is finite, and all derivatives of f at

x vanish, then for every y € K we have

)] < C o0 (— S ')_H> - (1.7)

Remark 4.8. Let us explain how Lemmal.7]allows to control the size of an almost analytic
extension of a Gevrey function. Let s > 1 and R > 1. Let M be a compact real-analytic
manifold. According to Lemma , for some € > 0, R’ > 1 and compact subset K C (M),
there is a continuous map f — f from E®% (M) to E>® (K) such that f is an almost
analytic extension for f.

Hence, if f € E*® (M) the 1-form df vanishes at infinite order on M. Then, applying
Lemma in charts, we find that for z € (M)_we have

07()| < Cer I s exp (1) . (48)

1
Cs g |Im z|5-T

Recall that [Im z| has been defined on (M), Here, we use any metric on the cotangent
bundle of (M), to measure the size of 0 f. Moreover, since the derivatives of f are Gevrey
too, one can easily see that can in fact be improved to a Gevrey estimates (in charts).

In G* micro-local analysis, the error terms that are allowed are those that decay like
exp(—1/(Ch)Y/#), for some C > 0, when the small parameter h tends to 0. Hence, we
see that it only makes sense to consider the value of the almost analytic extension of a
G* function at a distance at most C~1h1=1/$ of the real if we do not want to produce

uncontrolled errors.
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Analytic and Gevrey symbols, admissible phase

In order to define an analytic FBI transform in §4.1.2] we need the notion of analytic
symbols on a compact real-analytic manifold M. To do so, we use the notations that we

introduced above.

Definition 4.9. Let M be a compact real-analytic manifold. Let m € R. An analytic
symbol of order m on T*M is a real-analytic function a : T*M — C such that there are
€ > 0 and C' > 0 such that a admits a holomorphic extension to (7™M ), that satisfies for
every o € (T*M),

la(@)] < C (ja))™

We denote by S1™ (T*M) the set of analytic symbols of order m on T*M. We say that
a symbol a € SY™ (T*M) is elliptic in SV™ (T*M) if there is C' > 0 such that for every
a € T*M we have

a(@)] > (o).

Definition of real-analytic symbols extends mutatis mutandis to product of the
form (T*M )N ' x MMz or reasonable subsets of such a product. Since we will not discuss
here Gevrey pseudo-differential operators, we do not need to define the most general Gevrey
symbols. We only need to consider symbols for Gevrey differential operators, that is
polynomials on the fibers of T* M with Gevrey coefficients. More concretely, such a symbol

corresponds to a Gevrey section of the vector bundle

@ (TM ® C)®
k=0

for some m € N, and it has a G® almost analytic extension which is a section of the complex

analytic vector bundle
m
Grire
k=0

where M is a complexification for M. Let us put it in more concrete terms in the case of
differential operators of order 1, our principal interest here. If X is a G® vector field on
M and V : M — C be a G°® function, let P = X + V. Then the principal symbol of the

semi-classical differential operator hP may be defined by

p(e) = iag (X(az))
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for a = (ag,0¢) € T*M. Then X admits a G° almost analytic extension X which is
a section of TM (where we recall that M denotes a complexification for M). Then the

almost analytic extension for p may be defined on T*M by
o) = dog ()?(a@) .

This is a function on T* M , polynomial in every fiber, with G° almost analytic coefficients.

Before being able to define what an analytic FBI transform is, we need a last definition.

Definition 4.10. Let M be a compact real-analytic manifold. A phase on M is a holo-
morphic symbol ® of order 1 defined for (o, y) € (T*M). x (M), with d(ay,y) < 6 (for
some €, > 0) such that

(i) if (a,y) € T*M x M then the imaginary part of ®(c«,y) is non-negative;
(ii) ®(a,ap) =0 for o = (o, o) € T*M;
(iii) for o € T*M, we have d,® (o, az) = —0re.
We say that ® is an admissible phase if it satisfies in addition the coercivity condition:

(iv) there is a constant ¢ > 0 such that if a,y are real and ®(a,y) is defined, then
Im ®(a,y) > ¢ (o) d (az,y)*.

4.1.2 Global analytic FBI transform on a compact manifold
Definition of an FBI transform

We explain now what we mean by a global analytic FBI transform on a manifold and give
a short introduction to the notion of complex Lagrangian deformation of the cotangent
bundle. The interested reader may refer to [BJ20, §2.1] and to the introduction of the
same paper for historical references.

We fix a compact real-analytic manifold M of dimension n € N. Without loss of
generality, we may endow M with a Riemannian metric g, so that the machinery described
in is available. We denote by M a complexification for M. We define now the notion

of analytic FBI transform.

Definition 4.11. An analytic FBI transform is an operator T, from C*>° (M) to D' (T*M),
such that for some C,¢€p, €1, > 0, the Schwartz kernel Kp of T is holomorphic in (M x
T*M)e, and for (x, ) = (x, (oz, o¢)) therein satisfies

(a) if d(x, ap) > €1/2, then |Kp(a,z)| < Ce™ 5",

(b) for d(x,ay) < €,

Kr(a,x) — iR alo,z)| < Ce™ T n | (4.9)
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&7 being an admissible phase (as defined in Definition , and a being a semi-classical
analytic symbol, elliptic in the symbol class ht Sl (with the subtlety that a(a,x) is
maybe only defined for o, and x close to each other). An adjoint analytic FBI transform is
an operator S : C°(T*M) — D(M)’ whose kernel Kg(z, 3) satisfies that (o, z) — Kg(z, o)

is the kernel of an analytic FBI transform.

Remark 4.12. While it does not appear in the notation, the symbol a is allowed to depend
on the small implicit parameter h > 0 (but it has to satisfy estimates uniformly in h). We
say that @ is the phase of T" and that a is its symbol.

Recall that the fact that Kt is the kernel of T means that if v is a smooth function on
M then Tu is defined by the formula

Tu:aw— [ Kr(o,z)u(x)de.
M

Actually, it follows from the holomorphy of Kt that T'u is well-defined as a holomorphic
function on (T*M)

enough.

¢ foru € (EVFo (M))/ provided ep > 0 is small enough and Ry is large

Notice that if T is an analytic FBI transform, its adjoint 7% with respect to the L?
spaces on M and T*M is an adjoint analytic FBI transform, since the kernel of T is given
by (z,a) — Kr(a,x) (the cotangent bundle T*M is endowed with its canonical volume

form).

Due to the holomorphy condition that we impose on the kernel of an FBI transform,
it is not clear that such an object exists on a general compact real-analytic manifold.

However in [BJ20, Lemma 2.3] we prove:

Proposition 4.13. Let M be a compact real-analytic manifold. Then there is an analytic
FBI transform on M.

The proof of Proposition is based on Hormander’s solution to the 0 equation,

following a suggestion by Maciej Zworski.

Complex Lagrangian deformations

As noticed in Remark if w is a hyperfunction on M and T an analytic FBI transform,
then T'u defines not only a function on 7" M but also a holomorphic function on (7*M),, .
At the heart of [HSS86 [Sj696] is the idea to study the restriction of Tu to a well-chosen
submanifold A of (T M)

analysis works, some assumptions on A are necessary.

o — 0 priori different from T*M. However, in order to make the
In order to state the assumptions that we need to make on the manifold A , we need to
recall a few facts on the symplectic geometry of (T*M),,. We let § denotes the complex

canonical 1-form on (T*M)_ and w = df the associated symplectic form. Indeed, recall

€0
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that (7%M),_ may be seen as an open subset in the cotangent bundle T *M of a complex-

ification M of M. Then set wr = Rew and w;y = Imw. Notice that wr and w; are real

€0

symplectic forms on (T%M),,. In local charts with & = = + iy, € = € + in, the expression
for w is given by
w=d{ ANde —dnp Ady +i(dn A dz + dE A dy).

=WR =wr

We can also express the Liouville 1-form:
0=¢-de—n-dy+i(§-dy+n-do).

Following Sjostrand, we will denote with an I objects of symplectic geometric defined
through the use of w;. For example, the I-Hamiltonian (i.e. w.r.t. wy) vector field of a C*

function f is given in the coordinates above by

0 0 0 0
wli - —_— - —_—— - —_— . —_—
Hit = Vof - g0 = Val - 5o+ Vel 50 = Vol - 5.

3 (4.10)

so that df = wI(-,H;‘ﬁ’).
One finds directly that T*M is a I-Lagrangian submanifold of (T*M).,. The idea of

|[HS86] is to replace it by another I-Lagrangian submanifold of (7*M)_. However, we

[

will not work with all I-Lagrangian subspaces of (T*M) ¢o» We shall only consider adapted

I-Lagrangians as we define now.

Definition 4.14. Let s > 1 and 79 > 0. Let A be an I-Lagrangian in (7*M) . We say
that A is a (79, $)-adapted Lagrangian if it takes the form

A = eH&" (T M) (4.11)

Here, we assume that G is a real-valued function so that Go := h~'T1/5@G is a symbol (in
the usual Kohn—Nirenberg class of symbol) on (T*M)

(T*M),, with €; < €. Additionally, we require that (we use the covariant derivatives

o of order 1/s, supported in some

associated to the Kohn-Nirenberg metric to measure the derivatives of Gy)
T (4.12)

Remark 4.15. If G is as in Definition [{.14] then one easily sees that the vector field
H{! is complete, so that we can define a (79, s)-adapted Lagrangian A by the formula
(the manifold A is then I-Lagrangian since exp(H') is an I-symplectomorphism).
Notice also that the assumptions on the symbol G impose that it depends on A, but in a

uniform fashion as h — 0 (in particular, A is uniformly smooth with respect to the Kohn—
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Nirenberg metric when A tends to 0). In the applications, the dependence of G on A will
be fairly explicit since G will be of the form moh'~/*Gy with Gg of order 1 /s satistying
the assumptions of Definition with 79 = 1.

One may notice that if 79 > 71 and s > s then any (79, s)-adapted Lagrangian is also

(11, §')-adapted.

Remark 4.16. Let m € R and 2 be a manifold on which there is a notion of Kohn—
Nirenberg metric and of Japanese bracket (the main examples are T*M, (T*M )eo and
an adapted Lagrangian A), then we define as usual the Kohn-Nirenberg class of symbol
Sy (2) as the space of C* functions a : © — C such that for every k£ € N we have (using

the covariant derivative associated to the Kohn—Nirenberg metric):

o Iy

< +00.
a€e <‘a|>m

For instance, in Definition we ask for Gg € S}gﬁ, ((T*M)EO).

Since the adapted Lagrangians are uniformly smooth submanifolds with respect to the
Kohn—Nirenberg metric, and image of T*M under a uniformly smooth flow, the symbol
class Si2y (A) is well defined, and to check that a € S}, (A), we can compute the deriva-
tives either directly on A, or through the pullback by exp(H '), with covariant derivatives

or with partial derivatives in coordinates.

The notion of (79, s)-adapted Lagrangian is tailored so that it makes sense to restrict the
almost analytic extension of the principal symbol of a differential operator with Gevrey co-
efficients (as defined in see also Remark to a (70, s)-adapted Lagrangians when 79
is small. More precisely, if G is as in Definition [£.14] it follows from the local expression [4.10]
for Hy' that the norm of H¢' for the Kohn-Nirenberg metric is O(moh!~1/* (layt/*~1 )-

This essentially proves

Lemma 4.17. Let s > 1 and T > 0. There is a constant C' > 0 such that, for every
10 € [0,T7], if A is a (10, s)-adapted Lagrangian and o € A then

[Ima| < Croh! =% (Jaf) =~

In particular, for every e > 0, there is a 71 > 0 such that, for every 79 € [0,71], any

(70, 8)-adapted Lagrangian is contained in (T*M)

€

In particular, we see that if 7" is an analytic FBI transform and A is a (79, s)-adapted
Lagrangian manifold with 7y small enough, then, according to Remark [.12] if u is a
hyperfunction on M then Tu is defined on A. We define then the transform T associated
by restriction: Thu = (T'w) .

In order to define weighted L? spaces on adapted Lagrangians, we need to define a
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volume form on such Lagrangians. To do so, we use the following lemma, which is proven

by a perturbative argument (see [BJ20, Lemma 2.2|)

Lemma 4.18. Let s > 1. There exists T > 0 and a constant C' > 0 such that, for every
0 € [0,T], if A is a (70, s)-adapted Lagrangian then the restriction of wr to A (that we

shall also denotes by wr) is symplectic.

From now on, if A is an adapted Lagrangian, we will just denote by da the 2n-form
wi/n!, which induces a volume form on A. We will denote as usual the corresponding

duality pairing
frg)n = /A fg da. (4.13)

Using the volume form da, we may also define adjoint analytic FBI transforms associated
to A. If S is an adjoint analytic transform with kernel Kg and A is a (79, s)-adapted

Lagrangian manifold with 7y small enough, then we define the operator Sy by
Sav(x) = / Kr(z,a)v(a)de,
A

where € M and v is a measurable function on A that decays fast enough — we will extend
later this definition to more general v.
The natural space in our setting will not be L?(A,da) but rather L2(A, esz/hda),

where H is an action associated with A, solving
dH = —Im0),. (4.14)

Since A is [-Lagrangian, we deduce that there are local solutions to this equation. However,
since A is assumed to be of the form (4.11]), we can find an explicit global solution, given
by

H = /01 (e“*UHé’)* (G —ITm O(HE))dr. (4.15)

Analytic FBI transform and Gevrey regularity

Since an FBI transform is some kind of generalization of the Fourier transform, we expect
that regularity of a hyperfunction v on M may be described in terms of decay properties
of the transform T'u. This is indeed true and we explain it now.

Let T be an analytic FBI transform, S be an adjoint analytic transform and A be a
(10, 1)-adapted Lagrangian with 7y small enough. We recall the associated transforms Tx
and Sj that we introduced above. We need spaces to describe the decay or growth of a
function on A. Let s > 1 and r € R. If f is a function from A to C, let

1
s

[ llasr = sup (@) e 140" e Ry U {+o0}.
(eSS
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Then we define F'*" (A) to be the Banach space of continuous function f : A — C such
that Hf”A,s,r < F00.
We define then the following spaces of functions on the Lagrangian A. For s > 1

introduce the space of functions decaying at least exponentially

& (A) = P (),

r<0

and the space of functions diverging slower than any exponential

94 (A) = () F* (D).
>0
These spaces are endowed respectively with the inductive and projective limit structure
(in the category of locally convex topological vector spaces). Notice that &° (A) is dense
in 45 (A) (just multiply by a bump function) and that the L? pairing ([#.13) in A gives
a natural duality bracket between $° (A) and &®(A). The spaces &° (A) and U° (A) are
natural analogues of G° (M) and U*® (M) on the FBI side. Indeed, we have the following

results.

Proposition 4.19 (Proposition 2.1 in [BJ20]). Let s > s > 1 and assume that A is
a (19,8")-Gevrey adapted Lagrangian with 79 small enough. Then, the transform Ty is
continuous from G* (M) to &° (A) and from U* (M) to U° (A).

Proposition 4.20 (Proposition 2.2 in [BJ20]). Let s’ > s > 1 and assume again that A
is a (79,8')-Gevrey adapted Lagrangian with to small enough. Then, the transform Sy is

continuous from &°(A) from G° (M) and admits a continuous extension from U (A) to
Us(M).

If Propositions and give a good idea of the link between regularity on M and
decay on the FBI side, they are not precise enough for what we intend to do. In particular,
when dealing with G® Anosov flows, we want to consider (79, s)-adapted Lagrangians, in
order to get the best results possible. Thus, we need more precise estimates that explains
how (79, s)-adapted Lagrangians relate with G* functions and associated ultradistributions.

We can use for instance the following lemmas.

Lemma 4.21. Let s > 1 and R > 1. Then there is C > 0 such that, if A is a (10, $)-
adapted Lagrangian with 79 small enough and 0 < r < C~'h=Ys then Ty is bounded
from ER (M) to F5>~" (A) and Sa estends continuously to an operator from F*" (A) to
(52 ()

Lemma 4.22. Let s > 1 and € > 0. Then there is R > 0 such that, if A is a (70, s)-adapted
Lagrangian with 7o small enough and v > eh=/% then T} is bounded from (ES’R (M))/ to
F57 (A) and Sy is bounded from F*~" (A) to EST (A).
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While the statements of Lemmas and may seem technical, their proofs are
relatively easy. Lemma follows from bounds on the growth of Gevrey norms of y +—
Kp(a,y) and y — Kg(y,a) when « tends to 400 along A. These bounds may be obtained
for instance by applying Cauchy’s Formula on a polydisc with shrinking radius (see [BJ20,
Lemmas 2.5 and 2.6]). The first point in Lemma may be proved by an application of
Gevrey non-stationary phase method and the second point follows by a duality argument
(see [BJ20, Lemma 2.4 and Proposition 2.2]).

Inversion formula

It follows from Lemmas and that if 7" is an analytic FBI transform and S is
an adjoint analytic FBI transform, then the compositionﬂ ST makes sense as an operator
from (B! (M))' to (B (M))/ for any Rp, and Ry large enough depending on R;. It
would be useful to be able to retrieve an ultradistribution u from its FBI transform Tu —

if possible in an explicit way. We will use the following result to do so.

Proposition 4.23 (Theorem 6 in [BJ20]). Let M be a compact real-analytic manifold and
h > 0 be small enough. Then there is an analytic FBI transform T on M such that T*T
is the identityf)|

The proof of Proposition is given in [BJ20) §2.1.3|. Let us give a short glimpse
of the ideas behind this demonstration. First of all, from Proposition we know that
there is an analytic FBI transform 7y on M. Then, from an application of the stationary
phase method, we may prove that the self-adjoint operator TjjTj is an elliptic analytic
pseudo-differential operator of order 0 (in a sense defined in [BJ20), §1.3]). Then, we apply
a suited functional calculus to construct an inverse square root for TjjTp: this is a self-
adjoint analytic pseudo-differential operator P that satisfies PT{ToP = I (the operator P
is a priori only defined for h small enough). It remains to see by another application of
the holomorphic stationary phase method that T' = Ty P is an analytic FBI transform to
end the proof of Proposition {.23]

From now on, we fix a compact real-analytic manifold M and let T" be an analytic
FBI transform given by Proposition [£.23] - assuming that - > 0 is small enough. We will
also denote by S the adjoint T™ of T'. Using Stokes’ Formula to shift a contour, we may
generalize Proposition to FBI transforms associated to Lagrangian deformations of
M.

Proposition 4.24 (Lemma 2.7 in [BJ20]). Let A be a (70,1)-adapted Lagrangian with

70 small enough. Then, for every Ry large enough, for Ry large enough, the composition

2In order to lighten notations, we sometimes drop the index A when A = T*M. That is we use the
short hand T' = Tr«pr and S = St 1.
3With the notations above, it would be more precise to say that 77 is the inclusion of (EI’RO (M))

in (B (M)

’
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SATy is well-defined from (E-o (M))/ to (E- (M)), and is the inclusion between these

spaces.

Remark 4.25. Beware that Sy is only a left inverse for T). Indeed, the image of T only
contains smooth function and the operator IIj := T Sy is a projector on the image of T}.
The study of this projector and of related operators is the object of [BJ20, §2.2].

Spaces associated to Lagrangian deformation

Let us fix a (79, 1)-adapted Lagrangian A with 79 small enough. We want to associate a
scale of “Sobolev-like” spaces to A. In §4.2] we will see that for a relevant choice of A these
spaces are suited to the spectral analysis of Gevrey Anosov flows. First of all, recalling

the action H on A given by (4.15) and satisfying the equation (4.14]), we define a scale of
weighted L? spaces on A by

LI (M) = L* <A, (o)) e_%doo ,

where k € R and we recall that do denotes the volume form wp/n! on A. Then we define

the associated scale of spaces of hyperfunctions on the manifold by
k= {u e (EVR (M) : Tyu € L2 (A)} : (4.16)

where k € R, and R > 1 is large enough so that Proposition applies. The space ’Hf\

is endowed with the norm

HUHHX = HTAUHLﬁ(A)-
Finally, it is also useful to introduce the notations

0o __ k 9] _ k
HY = m Hx and Hipgr = m HA FRI-
keR kER

Let us now list the basic properties of these spaces.

Proposition 4.26. Let A be a (79, 1)-adapted Lagrangian with 79 small enough. Then, for
every k € R, the space ’H]j{ is a separable Hilbert space and (equivalently) ’Hf\ rp1 18 a closed
subspace of L3 (A).

Proposition 4.27. Let s > 1 and Ry be large enough. Then, if 79 is small enough —
depending on Ry — and A is a (70, s)-adapted Lagrangian, we have for every k € R

Esfo C 4 C (B0, (4.17)
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Under the same assumptions, for 1 < s’ < s and every k € R, we have

!

G* (M) CHE cu (M).
All these inclusions are continuous.

Propositions and are consequences of Proposition (see [BJ20), Corollary
2.2]). Further analysis leads to a density statement.

Proposition 4.28 (Corollary 2.3 in [BJ20]). Assume that 1o is small enough and that A
is a (19, 1)-adapted Lagrangian. Then, assuming that h > 0 is small enough, there is R > 0
such that, for all k € R, the space EYE(M) is dense in HY . Moreover, if u € L? (M)NHE,
there is a sequence (up),cy in BV (M) such that (uy),cy converges to u both in L? (M)
and in ’H]K

It may also be insightful to notice that in the absence of deformations, we just gave an

equivalent definition of the usual (semi-classical) Sobolev spaces.

Proposition 4.29 (Corollary 2.4 in [BJ20]). Let h > 0 be small enough. Then, for every
k € R, the space ’Hlj"l*M is the usual semi-classical Sobolev space of order k on M, with

uniformly equivalent norms as h tends to 0.

Some properties of the undeformed case remain true for general A’s, for instance we

have:

Proposition 4.30 (Lemma 2.24 in [BJ20]). Let A be a (70, 1)-adapted Lagrangian. Assume
that 79 and h are small enough and let k € R. Then, if u € ka and v € ’H]X the pairing

(u,v) = (Tpu, TAU>L(2)(A) (4.18)

is well-defined and induces an (anti-linear) identification between ka and the dual of H

(inducing equivalent, but a priori not equal norms).

Estimates on singular values of certain operators will be crucial in the proof of The-
orem [10] To this end, we will use the following result — which is also reminiscent of the

undeformed case.

Proposition 4.31 (Proposition 2.13 in [BJ20]). Assume that A is a (19,1)-adapted La-
grangian with 79 small enough. Assume that h > 0 is small enough. Let m > 0 and
q € R, then the inclusion of HXHq into HY is compact. In addition, if (ux) ey denotes the

singular values of this inclusion then we have

1
50 © <km) :
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In particular, the inclusion of HTW into H} belongs to the Schatten class S, for every

p>n/m.

4.1.3 Analytic FBI transform and Gevrey differential operators

It is now time to explain how differential operator with Gevrey coefficients acts on the
spaces HK’s that we just define, which is the object of [BJ20] §2.2 and §2.3]. We start by

stating a boundedness result.

Proposition 4.32 (Proposition 2.4 in [BJ20|). Let s > 1. Let P be a (semi-classical)
differential operator of order m € N with G° coefficients. Let A be a (70, s)-adapted La-
grangian with 79 small enough — depending on P. Assume that h > 0 is small enough.
Then, for every k € R the operator P is bounded from 7-[1]“\ to Hf\_m — with uniform bound
when h tends to 0.

Actually, we will rather consider differential operators as unbounded operators on ’HOA7
so that the following result is more suited to our needs. This is a straightforward general-
ization of [BJ20, Lemmas 3.2 and 3.4]

Proposition 4.33. Let s > 1. Let P be a differential operator of order 1 with G° coeffi-
cients. Let A be a (70, s)-adapted Lagrangian with 79 small enough and assume that h > 0

1s small enough. Then the operator P acting on H% with domain
D(P)={ueH} : PucH}}

is a closed operator. Moreover, if u € D (P), there is a sequence (uy) of elements of

neN
HYE such that (up), ey and (Puy), oy converge respectively to u and Pu in HY. The same

approximation property holds when P is replaced by its adjoinﬁ P

Finally, the main tool that we will use to study Anosov flows is the following “multi-

plication formula” [BJ20) Proposition 2.11].

Proposition 4.34 (Multiplication formula). Let s > 1 and P be a differential operator of
order m with G° coefficients. Assume that A is a (70, s)-Gevrey adapted Lagrangian with
To small enough. Let py denotes the restriction to A of a G° almost analytic extension of
the principal symbol of P. Assume that h is small enough. Let f € S’gg;\, (A) be a symbol of
order m’ on A, uniformly in h. Then, if m1, ms € R are such that my +mo =m+m’' —1,
there is a constant C' > 0 such that for any u,v € HY, we have (the scalar product is in

L (A))

|[{(fTAPu, Tav) — (fpaTpu, Tav)| < Ch HUHHTI HU”HTQ . (4.19)

“Here, we consider the adjoint of P with respect to the Hilbert structure on #3 and not its formal
adjoint.
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We recall that the notion of almost analytic extension for the principal symbol of a
differential operators with G° coefficients has been defined in and that the class of
symbols S5y (A) is defined in Remark [4.16

Let us discuss briefly the proof of Proposition f.34] considering that this is one of
the main results from [BJ20] and that it will be a key tool in the proof of Theorem
(see in particular the proof of Lemma . What we expose here rapidly is exposed in
details in [BJ20, §2.2 and 2.3]. Recalling the inversion formula Proposition [4.24] in order
to understand the action of a differential operator P on the spaces 7-[/’“\, one only needs
to understand the action of the operator T) PSS\ on the spaces Li (A). Using the Gevrey
stationary phase method, we are able to identify the kernel of the operator TA PSy. Thanks
to the introduction of the action H in the definition of the space L (A), we see that the
reduced kernel of Th PSp associated to its action on this space is the kernel of a certain
Fourier Integral Operator with complex phase with positive imaginary part. We can then
use Melin—Sjostrand’s versionE] of the stationary phase method with complex phase [MS75|
to study a certain class of Fourier Integral Operators that contains in particular Th PSy.
We prove in particular that the orthogonal projector Bp on the image of T} in L(Q) (A) is
one of these Fourier Integral Operators. The understanding of the algebraic properties of

these operators allow then to prove a formula of the form
BAfTAPS\Bp >~ ByoBy (4.20)

up to negligible operators (this is some kind of Toeplitz representation for the operator P).
Here, o is a symbol on A that coincides at first order with fpa. Proposition follows
then from the representation formula (4.20]).

4.2 Finite order of the dynamical determinant

We turn now to the proof of Theorem From now on, s € [1,4o0[ is fixed, X is a
G*® vector field on a compact G° manifold M that generates an Anosov flow (¢¢),cp, and
V: M — Cis a G® function. We define the differential operator P = X + V, and the
associated Koopman operator is given by @ Without loss of generality, we may assume
that M is endowed with a structure of real-analytic Riemannian manifold (coherent with
its G° structure, see Remark .

The machinery from is then available, in particular we denote by M a complex
neighbourhood for M. According to Proposition there is an analytic FBI transform
T on M such that T*T = I. As above we set S = T*. In order to apply the results
from to the operator P, we need first to find a suitable (79, s)-adapted Lagrangian A.

"The Gevrey regularity assumption on P is only used in order to justify the applications of the stationary
phase method mentioned above. After that, we only need to do C* micro-local analysis on A.
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The Lagrangian A will be defined by where the symbol G is defined by G = 7Gy
where 7 < b1+ and Gy is a so-called escape function. The section is devoted to the
construction of Gy (see Lemma [4.35). In §4.2.2] we will then describe the spectral theory
of P on the related spaces defined in Finally, the proof of Theorem [10]is given in
§4.2.3

4.2.1 Constructing an escape function

Recall that the decomposition TM = E° @ E* @ E° of the tangent bundle from Definition
6] induces a dual decomposition T*M = Ej @ E;; ® E of the cotangent bundle. Here,
E; = (E* @ E%)*, Ef = (E°® E*)* and Ef = (E° @ E*)*. We denote by p: T*M — C
the principal symbol of the semi-classical differential operator hP. We recall that for
a = (ag,a¢) € T*M,

pla) = iag (X (az)) (4.21)

To apply the machinery presented in the previous part, we will need an almost analytic
extension for p. We construct it as in : we take a G° almost analytic extension X
for X, given by Lemma if s > 1 (we just take X=Xifs= 1), and then we set for
a = (ag,a¢) € (T*M),, (for some small ¢y > 0)

Bla) = iag (X (o) - (4.22)

It will be important when constructing the escape function Gy that this almost analytic

extension is linear in ae. We are now ready to construct Go.

Lemma 4.35. Let 6° be a conical neighbourhood of Ej in T*M. Let 6 > 0. Then there
are arbitrariy small g > €1 > 0 and a symbol Gy of order § on (T*M)eo, supported in
(T* M), with the following properties:

€1

(i) the restriction of {Go,Rep} to T*M is negative and classically elliptic of order §
outside of €V, that is, for some C >0 and o € T*M \ €° large enough, we have

{Go,Rep} (@) < ~C(la])’;
(i) there are C, ez > 0 such that {Go,Rep} < C on (T*M),, .
Here, the Poisson Bracket {Go,Rep} is the one associated with the real symplectic form
wr on (T*M),, .

Notice that Lemma is slightly simpler than the corresponding result in [BJ20]
(Lemma 3.1 from the mentioned paper). This is because we focus on Theorem In
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[BJ20], we prove additionally a statement on the Gevrey wave front set of resonant states
(that we recall in see Proposition and we need additional properties on the
escape function Gg to do so.

Before proving Lemma [£.35] let us explain why we need our escape function to satisfy
these properties. The point (i) will be used in the proof of Lemma to deduce the
hypoellipticity of the operator P acting on H{ from the multiplication formula, Proposition
[4.34] The point (ii) will be used in the proof of Proposition to show that the Koopman
operator @ defines a continuous semi-group on ”H%. This property is what ensures that
the spectrum of P on our spaces has a dynamical meaning. Even though point (i) seems
to be the most crucial one, since it is the one that allows us to enter the world of Schatten
operators and finally prove Theorem , the importance of (ii) could not be overestimated.
Finally, notice that, in order to apply Proposition in the most favorable case for us,

it will be natural in the following to choose 6 = 1/s.

Proof of Lemma[{.35. We want to understand {Go, Rep} in order to control how the real
part of p evolves under the flow of Hgg However, since {Go,Rep} = — {Rep, Gp}, we may
understand {Go, Re p} by controlling how G evolves under the flow of —H}! ;- Hence, we
need to understand the dynamics of this flow. To do so, we may multiply X by a bump
function identically equals to 1 near M (since we only claim properties for Gy near 7% M
and we will not use the high regularity of X in this proof). Then, it follows from the
formula that the flow of —Hy/ 5 is complete. We denote this flow by (64),cp and

write

Oi(a) = (Brz(a), Ore(@)) .

Using (4.10), we see that Hy/; is given in coordinates (z + 4y, £ + in) by

D ~ 8 dIm X ORe X )
—HY =Y ReX,— +ImX;— — [ =) =
g = L Re X HIm X <§< oy, ) ”( oy, )) %6,
(e OmX ) (9ReX)) 9
61‘j g 69@ 6nj'

Indeed, it follows from (4.21)) that in such coordinates we have

Rejp— —¢ (Im)“(') —q (Reff) .

From (4.23), we see that the projection ©;, of ©; is in fact given by the formula

@t,:c (a) = ¢t(al‘)7
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where (¢;)ier denotes the flow of X (in particular, the restriction of ¢; to M is ¢;). Then,
we notice that in (4.23), the component of —Hy! 5 along 0/9¢ and 9/9n is linear in (£,7).
It implies that

Ore(a) = Li(az)(ag),

where Li(a;) is a R-linear application from T;IM to T% M (that depends smoothly on

Pt(ow)
t and a;). Now, since X satisfies the Cauchy—Riemann equations and is tangent to M on

M, we find that, for y = 0, in the same system of coordinates than (4.23)), we have

aReX‘__aIm)?_O " dImX OJReX 09X
oy or oy  Oxr Oz’

(4.24)

By uniqueness in the Cauchy-Lipschitz Theorem, we find by plugging in that,
for z € M and t € R we have

Li(z) = (Dgp(z)™)" . (4.25)
Hence, the hyperbolicity of (¢¢),.r will have important consequences on the dynamics of
(©1)ter. Let us “complexify” the bundles Ej, . For x € M, we denote by Eé)c’*,ES’*
and E;C’* the complexification of Efj, E;; and E, considering linear forms valued in C
instead of R. For instance, for x € M, we write E&; for the subspace of T);M @ C
consisting of R-linear maps from T, M to C that vanish on E* & E* (or, under a natural
identification, of C-linear forms on T M that vanish on E* & E?). From the fact that
T.M = E2® E* @ ES is a totally real subspace of maximal dimension of T, M, we deduce
that T;M = EBC”: &) ES; &) Eécx* Since E?, E¥ and E: depends in a Hélder-continuous
fashion on x € M, so does Eg - ES » and E;CJ . Consequently, we may extend continuously
Eg’*, ES’* and E;C’* to M. Then, if M is small enough, we have TQCJT/.? = E(()C; EBES’;Ck EBES;E*
for all z € M. A priori, this decomposition is only invariant under L; for ¢ € R when z
isreal. If 0 € T;M then we write ¢ = og + oy + 05 for the decomposition of o under
T, M = E& e ES;; o> E(gcw* . Then, we put a real Riemannian metric on M and define for
~ > 0 the cone fields CJ and CJ by setting for z € M

Co(@) = {o € TIM  |oo| + o] < Y]oul}
and

C7(z) = {cr € T*M : |oo| + |ou| < 'y|as|} :

5We recall that A" is our notation for the transpose of A.
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Without loss of generality, we may assume that % is closed and does not intersect E @
Er\ {0}. We may also assume that there is a closed conic neighbourhood ¢“° of Eg:’* in
T*M such that €¥C°NT*M = %°. Choose then a small closed conic neighbourhood of C%
of EY ® Ej in T*M.

From and standard arguments in hyperbolic dynamic, there are a large Ty > 0,
small 0 <" <, some A > 1 and a constant ¢ > 0 such that if &« = (o, ) € T*M, and
Ty > T} then:

a. either O, ¢(a) € CF (p, () or O_g; () € CF (b1 () or @ € EC0;

b. if ©_7, ¢(a) € CF (-1, () then Of, ¢(a) € CY (é1, (0)) and we have the bound
01, ¢(@)] = AO_1, ¢(a)l;

c. if O, ¢(@) € CY(¢r, () then © 1, ¢(a) € CY (¢, () and we have the bound
07, ¢(a)] < A ©_1,¢()];

d. if @ € T*M does not belong to €%, then, for ¢ > 0, we have that ©;¢(a) does
not belong to CJ(¢i(ay)), and, for t > Ty, we have ©,¢(a) € CJ/(@(aJC)) and
©e(a)] = clagl.

Since we ask here for z € M, these are consequences of the hyperbolicity of (¢¢),cp, that
is it only relies on the dynamic on M. We want to apply a perturbation argument to show
that b and ¢ remain true on a small complex neighbourhood of M, but we need first to fix
the value of T7. Hence, we fix the value of T, large enough such that we have
I (T - T,
sup 5/ ]@t,g(a)]‘sdt < M. (4.26)
aeT*M\{0} |ag|® J—m, 2
Now that T} is fixed, it follows from a perturbation argument that, up to taking a
smaller \, a smaller v, a larger 7/ and a smaller ¢, the properties b and ¢ above remain true
when a € T* (M), for some small ¢g > 0 (and (4.26) remains true since we asked for a
strict inequality). Then, we choose a symbol m € S (T* (M), ) of order 0 on T*(M ),
valued in [—1, 1], with the following properties:

o if x € (M), and o € T;M\ (Ca(z) U C{(x)) or o is near 0 then m(x,0) = 0;

e there is C' > 0 such that if z € (M), and o € Cg/(:r) satisfies || > C then

m(x,0) =1;

o there is C' > 0 such that if z € (M), and o € C’g/(:c) satisfies || > C then

m(z,0) = —1;

e m is non-positive on C¥ and non-negative on CJ.
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Then, we may define Gg near T*M ® C by the formula

T
Gola) = / m(04(a)) |Ore ()]’ dt. (4.27)

To

We multiply Gg by a bump function to satisfy the claim on the support. It does not change
the value of Gy near T*M and hence it will not interfere with the properties (i) and (ii).
We may consequently use the formula to prove (i) and (ii).

We start by proving (i). To do so we compute

{Go,Rep} = —{Rep, Go} = —Hy! ;Go (4.28)

= m(Or; () 07, £()° = M(O-1,()) [O-7 ()|’

Assuming that o does not belong to €°, we know that O, ¢(a) belongs to ¢l or O_1, ()
belongs to €. Let us assume for instance that O1, ¢(a) belongs to CY (the other case is
symmetric). Then again there are two possibilities: either ©_r, ¢(«) belongs to Cy or it

does not. If it does then (for |ag| large enough)

m(Or, () |07, £(0)|” = m(O 1, () [© 1 () °
< — 101, ¢() + |0 1 ¢(e)°
< - ()\5 - 1) 07, ()]

!
e

AN

’aé‘(sv

for some C' > 0. If ©_1, ¢(a) does not belong to C¥, then the situation is even simpler
since the term —m(©_7,(®)) \G_To’g(a)]‘s is non-positive. Hence, the right-hand side in
is negative and elliptic of order ¢ outside of €°.

It remains to prove (ii). The analysis is based on (4.28) again. Let a € (T*M),,. If
Or (o) € ¢l or O_p,¢(a) € C;Y/, then the analysis from the proof of (ii) applies, and
we see that the right-hand side in is non-positive for a¢ large enough. Otherwise,
O_n,¢(a) ¢ CJ and Op, ¢(a) ¢ CJ and both terms in the right-hand side of are
non-positive. Thus, the right-hand side of is always non-positive when |ag| is large
enough. Hence, by compactness, the right hand side of is bounded from above,
proving (ii). O

Now, that we are equipped with a good escape function, we are in position to apply

the tools from to study the spectral theory of P = X + V.

4.2.2 Spectral theory for the generator of the flow

With the notations of the previous section, we set § = 1/s and let Gy be an escape
function given by Lemma (for arbitrary €°, we only assume that € is closed an
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does not intersect E} @ E* \ {0}). Then we define G = 7Gy and A = e T* M with
T = CTohl_%, where ¢ and 79 are small. Notice that if ¢ is small enough, then A is a
(70, s)-adapted Lagrangian (in the sense of Definition , and hence the results from
will apply to the G® semi-classical pseudor hP. We will not consider the asymptotic
h — 0, and hence we shall assume that h is fixed, small enough so that the results from
apply. We shall also assume that 79 is small enough for the same reason.

We want now to study the spectral theory of the operator P = X +V on the space ’}—[9\
defined by . Notice that, according to Proposition , if h and 7y are small enough,
then the operator AP (and hence P) is bounded from ’Hﬁ to Hﬁ_l for every k € R. From
Proposition we see that P defines a closed operator on ’H%. We will start by proving

that P is the generator of a semi-group.

Proposition 4.36. The operator P is the generator of a strongly continuous semi-group
(Lt)er 0N ’H%, Moreover, ift > 0 andu € ’HRHLQ (M) then Lyu is given by the expression

©).

We will then prove the following key lemma that will be used with Proposition to

prove that the resolvent of P is in a Schatten class.

Lemma 4.37 (Hypo-ellipticity of P). There is a constant C' > 0 such that for every
u € D(P) we have u € HY and

g, < € (Ilullyg + 1 Pullyg )
where we recall that we set § = 1/s.

With Proposition 4.31] we deduce then from Lemma that P has a good spectral
theory on ’H?\. More precisely, we have:

Theorem 4.38. If z is any element in the resolvent set of P, then the resolvent (z—P)™1 :
H% — 7-[9\ s compact and if (Uk)kzo denotes the sequence of its singular values, we have
1
o, = O (kiﬁ) .
k—+o00

In particular, the operator (z — P)™! is in the Schatten class S, for any p > ns. Conse-
quently, P has discrete spectrum on 7—[9\, and this spectrum s the Ruelle spectrum of P.
The eigenvectors of P acting on ”H% are also the resonant states for P. If N(R) denotes
the number of Ruelle resonances of modulus less than R, we have

N(R) = O(R™).

Theorem [10] will then be proved in the following section as a corollary of Theorem
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The key tool in the proof of these results will be the multiplication formula Proposition
4.34] Let us start by proving that P is the generator of a semi-group.

Proof of Proposition[{.360 We will apply Hille-Yosida Theorem to prove that P is the
generator of a strongly continuous semi-group. We denote by pa the restriction to A of the
almost analytic extension p of the principal symbol of hP given by . It follows from
(ii) in Lemma that there is a constant C' > 0 such that Repy < C. Indeed, since Rep
vanishes on T*M, the value of Rep, is obtained by integrating {Go, Rep} on an orbit of
time 7 of the flow of H!.

We see that by Proposition , up to making C' larger (depending on h, that we recall
is fixed), we have for u € HY°

1
h
2
~2C lulfyg

v

Re(—Pu, u)yg (Re paTaPu, Tau) — C |lull3

\%

Hence, if z € C, we have
Re((z — P) u,u}H% > (Rez —20C) Hqu{?\ .
By Cauchy—Schwarz, we find that

1z = P)ullyg lullyg |Gz = P)usudg

1z = P)ullyg =
" il [l 420)
Re((z — P) u, u)y0
L > (Rez - 20) flulg

Fllg

for u € HY®. By Proposition this estimate remains true when u € D(P). This proves
that if Rez > 2C, then the operator z — P is injective and its image is closed. To prove

that the image of z — P is dense, notice that if u € H then
* — i
Re((z — P) u,u>H9\ = Re((z P)u,u)H% ,

and consequently still holds when z — P is replaced by (z — P)* (for u € HY, but it
implies the same result for v € D(P*) by Proposition [£.33)). Hence, (z — P)* is injective,
and thus the image of z — P is closed.

Thus, z — P is invertible and from , we see that

=P < s

for the operator norm on 7—[9\. Hence, the Hille-Yosida Theorem applies (the domain of
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P is dense since it contains E%f), and we know that P is the generator of a strongly
continuous semi-group.

Denote by (Zt)tZO the semi-group generated by P on H{ and (£;),~, the semi-group on
L? (M) defined by (9). We want to prove that for ¢ > 0 and u € ’H%OLE (M) we have Lyu =
Lyu. Thanks to the semi-group property, we only need to prove it for ¢ € [0, to] for some
small to > 0. Then, since elements of L% (M) N ”H% may be simultaneously approximated
in L? (M) and in HY by elements of ELRo (according to Proposition , we only need
to prove the equality for u € EMf . Now, there is a tg > 0 and a R; > 0 such that for
u € BV the curve v : [0,t9] 3t — Lyu is C! in ER with 4/(t) = Py(t). Provided that
70 is small enough, E* is continuously included in 7—[9\ (see Proposition and hence
the curve « has the same property in H3. Consequently, we have y(t) = Liufort € [0, to],
according to [ABHNT11l Proposition 3.1.11], ending the proof of the proposition. O

We turn now to the proof of the hypo-ellipticity of the operator P.

Proof of Lemma[{.537 Assume first that u € HY. Let x4, x— and xo be C* functions
from R — [0,1] such that x4+ + xo0 + x— = 1, and, for some small n > 0, the function xo
is supported in [—n, 7], the function x_ is supported in ]—oo, —g] and the function y is
supported in [g, —i—oo[. Then define for o € {4, —,0} the symbol f, on A by

»fe )
fola) = xo —ZT

Then notice that if « is in the support of f| then we have

Impa(a) = Tmp (¢ 70 () + O (7 (Jal))

(4.30)
n
> 2 (jal),

provided that 7 is small enough (depending on 7). And similarly, if o belongs to the

support of f_ we have

Impp(a) < == (o). (4.31)

N3

If « belongs to the support of fp then we have

Ip (70 ()] < 1 {Jal) < O (Je~ 60 (a)]).

Hence, either e ™60 (@) is small, either it does not belong to €° (provided that 7 is small

enough, we use here the assumption that €° does not intersect E} @ E¥). In the second
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case, we may apply (i) in Lemma to find that

Repa(a) = Rep (¢ (@) + 7 {Go. Rep} + O (7 {|a)) ")
P (4.32)
< —C (la)® + C,

provided that 7 is small enough. Here, we added the constant C' so that (4.32)) remains
true for any « in the support fy. Now, Proposition and (4.32) give that (the constant

C' may vary from one line to another)

~Re{{Jal)’ HTxPu Taw) =~ [ (a)? fole) Repa(a) [Tau(a)da = C fulyg ullg

Y

1
- /A fol@) (o) [Tau(@)]? der — Cllullyg lullygs -

Applying Cauchy—-Schwarz formula, we find then that
5
/ fol@) (Ja) [Tau(@)] dar < C ullyyg (11Pulygg + llullg ) (4.33)
A

Working similarly with (4.32)) replaced by the better estimates (4.30) and (4.31)), we find
that (4.33) still holds when fy is replaced by fi or f_. Summing these three estimates,

we get

s < C lullyy, (1Pullyg + g ) - (4.34)

Since the result is trivial when v = 0, we may divide by HUHWA in (4.34) to end the proof
of the lemma when u € HY.

We deal now with the general case u € D(P). Let (u,), oy be a sequence of elements
of HY® as in Proposition Since we already dealt with the case of elements of H}® we
know that for some C > 0 and all n € N we have

lunllg, < € (ullyg + I Pullyg ) -

In addition, Thu, converges pointwise to Thwu and hence the result follows by Fatou’s

Lemma. O
We are ready to prove Theorem [{.38]

Proof of Theorem[].38 Let z be any element of the resolvent set of P. If u € H} then we
have that

P(z—P)'u=2z2(z—P)"tu—u.
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Hence, (2 — P)~! and P(z — P)~! are both bounded from H{ to itself and, consequently,
Lemma implies that (z — P)_l is bounded from HY to 7—[?\. Hence, Proposition m
implies that (z — P)_l, as an operator from 7—[9\ to itself, is compact, with the announced

estimates on its singular values.

We prove the estimates on the number of eigenvalues of P before proving that these
eigenvalues are indeed the Ruelle resonances. Let z € C be any point in the resolvent
set of P and denote by N(R) the number of eigenvalues of (z — P)~! of modulus larger
than R™'. Then let (p) ey denote the sequence of eigenvalues of (z — P)~! and (0%) ey
the sequence of its singular values, and choose p > 0 such that dp/n < 1. According to
[GGKOO0, Corollary IV.3.4], we have then for every R > 0 that

~ N(R)-1

N(R)-1
Z | |” < Z %
=0

| /\

Z (1+k)”
k=0
N(R)'~

3‘@

| /\

Here, we applied the estimates on singular values that we just proved, and C' may vary
from one line to another. It follows that N(R) < C % R5. The estimates on N (R) follows

since, if (Ag),cn denotes the sequence of eigenvalues of P, we have the relation py =

Z—X
(up to reordering, and recall that § = 1/s). '

It remains to prove that the eigenvalues of P acting on H{ are indeed the Ruelle res-
onances of P. The situation here is a bit complicated due to the use of very irregular
hyperfunctions, so that we cannot rely directly on Lemma [B.3] We detail here the argu-
ment, but the basic ideas are the same than those that we explaln in Appendix [B] Let
Ry > 0 be large enough, and assume that 7 is small enough, so that holds and that
Ebfo is dense in HY (see Proposition . We also assume that Ry is large enough so
that ELRo (M) is denselj in C* (M). Denote by ig the inclusion of EV%0 in #Q and by 4y
the inclusion of HY in (ELRO)/. Then, we define

R(z) =iy 0(z— P) Loig: EVFo — (ELI0)

where (2 — P)™! denotes the resolvent of P on the space H}. We just saw that it is a

meromorphic family of operator on C.

Then, if we denote by i the inclusion of E'f0 into C> (M) and by j the inclusion of

"This is possible since, if A is an analytic Laplacian on M, then £ (M) contains all the eigenvectors
for A when Ry is large enough. See [Zel17| §14.5] and references therein. One can also refer to [BJ20): the
density statement is proved there under the name of Corollary 2.1.
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D' (M) into (ELRO)/, we see that

R(z) =joR(2) 01, (4.35)

where R(z) : C*°(M) — D'(M) is defined by (11)), and admits an analytic continuation
by the usual theory of Banach spaces of anisotropic distributions (see Remark . Indeed,
when Rez is large follows from Proposition since R(z) and R(z) are both
obtained as the Laplace transform of the family of operators @ The equality then
follows for any z by analytic continuation. Integrating on small circles, we see that
is also satisfied by the residues of R(z) and R(z). Since these residues have finite rank
and since EM0 is dense in C* (M), it follows that the eigenvalues of P on H{ (the poles
of R(z)) are the Ruelle resonances of P (the poles of R(z)) counted with multiplicity (the
rank of the associated residues). For the same reason, the resonant spaces (the images of

the residues) also coincide. O

4.2.3 Proof of Theorem [10l

In order to show that the dynamical determinant d(z) given by has finite order (under
our Gevrey assumption), we shall relate it to a regularized determinant associated with the

resolvent of P. This will be based on the following version of the Guillemin trace formula:

Lemma 4.39. If the real part of z is large enough and m is an integer such that m > sn,

then the operator (z — P)™"™ acting on HY is trace class and

—-m\ __ 1 Tfefwv m—1_—2T,
tr ((z—P)™™) = (m—l)!;|det(I—PﬂY)|TV e 1, (4.36)

Here, we use the notations from and (TFF).

The proof of Lemma that we give here differs from the one from [BJ20, Lemma
3.5]. Indeed, in [BJ20], we privileged a proof based on Guillemin’s trace formula because
it was in principle more general. We give here a proof based on the trace formula
for ultradifferentiable Anosov flows, Theorem [9] that we proved in the previous chapter of
this thesis.

Proof. Let b € R and B™" denote the Banach space of C™ function f : Ry — C such that
£(0) == fn=D(0) = 0 and

ebx

fllpms = sup & [P @) < +oc.
ke{0,...,m}

zeR



4.2. FINITE ORDER OF THE DYNAMICAL DETERMINANT 181

If f € B™? then the Laplace transform

+oo
Lap()) = [ e ()
0
is well-defined for Re z > —b. Moreover, successive integration by part ensures that

ILap(f)(Z)l—‘ZmLaP(f V| < 7 5 Re s

Hence, if b is greater than the real part of all Ruelle resonances for P, then, according to
the counting bound in Theorem [4.38] we may define a continuous linear form on B™? by
L:fe Y Lap(f)(=A).

A€o (P)
However, if Rez > b, the function f, : t — % belongs to B™? and, by Lidskii’s

Trace Theorem,

l(fz): Z (Z_/l\)mH:tr ((Z—X)_m_2>.

Ao (P)

Then, since X and V are Gevrey, the global trace formula (TFF)) holds according to
Theorem @: for every f € C° (R’;) we have

D= s

Notice that the right-hand side in (£.37)) defines a continuous linear form on B, provided
that b is large enough (apply for instance Margulis’ bound). Then, if Re z > b, the function
f- belongs to the adherence of C° (R%) in B™® (use the fact that fzm) (0) =0 to see s0).

Hence, an approximation argument provides that, for Rez > b,

d? 1
<4 <m(m+1)tr (G X)m)> =t (2 — X))
T#ehV
- (m+ 'Z |det (I — P, )|e

= d72 Z T# f —szTm—l _
dz2 m+1 ! |det (I — P,) 7

Consequently, there are constants a1, as € C such that for Re z > 1 we have

—2T Tm—l—l

_ el 2Ty =1
tr((z—X)™™" —1'Z\det1 o e T 4 ay + ase. (4.38)
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Thus, we only need to prove that a; = as = 0 to end the proof of the lemma. By dominated
convergence, when z is real and tends to +oo the first term in the right-hand side of (4.38))
tends to 0. Hence, we only need to prove that the trace of (z — X)™" tends to 0 when z

is real and tends to +o00. However, this fact follows from Lidskii’s Trace Formula,
tr((z— X)) = Z ;,
(z =A™
A€o (P)
the counting bound in Theorem and dominated convergence. O

With Lemma [4.39] we are ready to relate the dynamical determinant d(z) defined by
with a regularized determinant. See [GGKO0Q, Chapter XI| for the general theory of

regularized determinants.

Lemma 4.40. Let z be a complex number with large real part and m be the smallest integer

strictly larger than sn. Let Q, be the polynomial of order at most m — 1

m—1 T#ef“* Ve—zT,YTZ—1> (Z . )\)f

- ;:% (; 7ydet (1—7%)7\ 17

Then for every A € C we have
A(\) = dety, (1+ (A= 2) (== P) ") exp (Q=(N)),

where det,, denotes the reqularized determinant of order m.

Proof. By analytic continuation principle, we only need to prove this result for A close to

z. For such a A the regularized determinant is defined by

T —z@;”ﬁr«z_p)—f)

>m

Tev
— _ Tﬁl—zT,y
e (-2 Z‘de” e

>m

T# V Z

e 7 Z —
= exp —; T, |det (I — P, IZ
_ rF Ve (e K= (2= AT
_eXp<_;ﬂ\det(I—P7)| ‘ 7‘; /!

- d()\)e_Qz(A)‘

The applications of Fubini Theorem are justified when Re z > 1 and |z — A| is small enough
by Margulis’ bound. O
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We are now ready to prove Theorem [I0]

Proof of Theorem[1(} Let m be as in Lemma Recall the Weierstrass primary factor

(3)
mfl1 +ool
— ) _ 14
EA,m—1) —(1—)\)exp<; EA) = exp (—; 2/\ ) ,

the second expression being valid when |[A| < 1. Tt follows from Lidskii’s Trace Theorem
that for Rez > 1 and A € C we have

dmmU-wz—M@—Jnl)ziTE<Aiﬂn—1>, (4.39)

where (Ap),cy denotes the sequence of Ruelle resonances of P. We want to use this
expression with Lemma in order to prove Theorem [I0] but let us make an observation

first. If A is a complex number such that

1

‘ A - (4.40)

Z <
R ‘
then we have Re A > || /2. Hence, using the expression and dominated convergence,
we see that when |A| tends to +o0o while satisfying (4.40)), the function d(\) tends to 1. In
particular, d(\) remains bounded when X\ satisfies (4.40). Hence, we may assume in the
following that

(4.41)

Ayt
27

21>
Al ’
and that |A| is large of course. When |)| is large enough, we may apply Lemma with
z = |A|. Then, notice that Q|()) tends to 0 when [A| tends to +oo and thus we may
ignore the factor exp (Q(A)) from Lemma The other factor is given by (4.39) (with
z= A

Notice that if [A\g| > 5|A| then ‘ A—||

A=Al
A=Al >‘ ‘/\—l/\l " +1( Al )m
E ,m—1)<2 <omit (2
(Ak —[Al Ak — [A] Akl = |A|
SN |™
<2(2) |&
- (2> Ak

On the other hand if |A\g| < 5|)|, we have, since we assume (4.41]),

‘ < % and hence

log

(4.42)

> — > .
A — Al T2 Aik_l‘—m

’A—w 11 1
B
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Hence, we have

L

m—1
A=Al )’ ’ A= | 1A= )
log | E ,m—11| <log|l— + -
g‘ <Ak—|A\ i VY ;z e — A
A= RS A=A
< +
Ak — [ Al ; Ak — A
= (4.43)
m—1 m—1
e A=
< 12m =) | S
- (ZZ:% ) Ak — Al
< 12m
- Ak — Al

Then, introduce a constant C' such that Re A\, < C for all £ € N (such a constant exists
because P is the generator of a strongly continuous semi-group) and notice that for ||

large enough, we have

A=A 2 2
P L I Y =e; c §17Q§4.
* M0 -1+ R
And thus, (4.43) becomes:
A=A 48m
log | E 1) < —. 4.44
oole (=)< .

Now, gathering (4.42)) and (4.44)), that are valid respectively when |Ag| > 5|A| and || <
5|A|, we find that

log [dety, (T = (Al = M) (Al = P)71)|

5\ T (4.45)
< — —_— : .
<2x(3) W S B S e Nl <5

Then, from the counting bound in Theorem we see that

#{k e N:|Xg| <5IN}=O(N™), (4.46)
and that,
Yo T =0 (Amm). (4.47)
[Ak[=5A]

We end the proof of Theorem [L0| by plugging (4.46]) and (4.47) in (4.45). O




4.3. FURTHER APPLICATIONS OF THE FBI TRANSFORM 185

4.3 Further applications of the FBI transform

In order to lighten the exposition, we focused in this chapter on the proof of Theorem
[10] However, [BJ20] contains other results on Anosov flows that we sum up now. Let
consequently s > 1 and (¢¢),cg be a G° Anosov flow on a G° compact manifold M of
dimension n. Let also V : M — C be a G° function. It is classical [FS11] that the C*°
wave front sets of the resonant states for P = X +V are contained in the stableﬁ] direction
E? defined in §4.2.1] In [BJ20, Definition 2.3], we define a Gevrey wavefront set for an
ultradistribution, using an analytic FBI transform. With this definition, we are able to

prove the following.

Proposition 4.41 (Proposition 3.2 in [BJ20]). The G° wave front sets of the resonant
states for P = X +V are contained in the stable direction E.

Certain perturbations of the operator P are also studied in [BJ20]. The first kind of

perturbations that we consider are of the form (for € > 0 small)
P, =P+ €A, (4.48)

where A is a self-adjoint elliptic non-positive differentialﬂ operator of order m > 1 with G*
coefficients — for instance the Laplace—Beltrami operator associated to a G° Riemannian
metric. On a dynamical level, the operator appears when studying stochastic per-
turbations of the flow (¢¢),cr- We see that when e > 0 the operator P is elliptic of order
m and has bounded from above real part, so that it has discrete spectrum on L? (M). We
will denote by o2 (Pe) this spectrum. It has been proven by Dyatlov and Zworski [DZ15]
Theorem 1] that o2 (P:) converges to the Ruelle spectrum of P = Fy when € tends to 0.
In our G* context, we are able to give a “global” version of this result. To do so, we need

to introduce a new distance to compare spectrum. If z € C, we define the distance d, on

CU{oo} \{z} by

d,(z,y) =

1 1
2—x z—vy|

Then our result on stochastic perturbations of G° Anosov flow reads:

Proposition 4.42 (Theorem 9 in [BJ20]). Let p > ns and z € Ry be large enough. Then

8Beware that most of the references in the literature, in particular [FS11], do not work with the Koopman
operator @ but with its adjoint, the transfer operator. It amounts to reverse the direction of the time
for the flow (¢:),cp, and consequently the stable and unstable direction are inverted. That is why it is
often stated that the wave front sets of resonant states are contained in the unstable rather than stable
direction.

9 Actually, certain pseudo-differential operators are allowed in [BJ20].
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there is C' > 0 such that for € > 0 small enough we have
d..pi (o8 (P) U {o0}, 072 (P) U{oo}) < Cllne| 7 .

Here, d, i denotes the Hausdorff distance associated to the distance d..

The proof of Proposition [£.42]is based on an investigation of the Schatten properties of
the resolvent of the operator and on resolvent bounds from [Ban04]. The convergence
in Proposition [£.42] seems to be very weak. However, we think that it is not reasonable to
expect too fast a convergence in such a global result. Indeed, when we add the differential
operator A to P in order to form P., since A has higher order, we can expect that the
spectrum of P. looks globally like the spectrum of A, rather than like the Ruelle spectrum
of P. Indeed, the higher order operator will be predominant at higher frequencies — this
fact can be made rigorous looking for instance at the symbol of P, and using the ellipticity
of A. Furthermore, the spectrum of A is contained in R_ while we expect some kind of
vertical structure for the Ruelle spectrum of P (see for instance [JZ17, [F'T13]). Hence, we
may expect or2 (P.) to be some kind of “flattened” version of the Ruelle spectrum of P,
and its global structure is thus very different from the actual Ruelle spectrum of P.

We also consider in [B.J20] deterministic perturbations of the Anosov flow (¢¢),cp — or

linear response. To do so, we consider a perturbation

e— X,

of our vector field X = Xy. Here, the perturbation is defined for € in a neighbourhood
of 0 and is assumed to be (at least) C*> from this neighbourhood of zero to a space of G*
sections of the tangent bundle of M (see Remark . We can also consider a perturbation

€ — V. with the same features and then form for € near zero the operator
P.=X.+V. (4.49)

Let us consider the most simple example: in the C* case, if Py has a simple resonances
Ao, then it will extend to a C*° family of simple resonances € — A (provided that the
perturbation is C*°). However, even if the perturbation € — X, is real-analytic in the
C™> category, then we do not know that the family € — A, is real-analytic (in fact, it is
reasonable to expect that it is not). We shall see below that if the perturbation e — X is
real-analytic in the real-analytic category, then the family € — A, is real-analytic (this is
an immediate consequence of Theorem . Using the notations from we are able

to prove the following result.

Proposition 4.43 (Proposition 3.4 in [BJ20]). Assume that § > 1/2 (i.e. s < 2). Let
¢ € Ry \N. Assume that h and T are small enough. Then for e small enough, the spectrum
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of P. acting on 7—[9\ is the Ruelle spectrum of P.. Moreover, if k = (L +1)6 — ¢ and r is a

large enough positive real number, then the the map
e (r—P)ler (HRH@)

is C' on a neighbourhood of 0.

The interesting point in Proposition is that the loss of regularity when differenti-
ating the resolvent of P, is mitigated by its smoothing property (given by Lemma |4.37)).

This new feature of our high regularity setting is even more striking when s = 1.

Theorem 4.44 (Theorem 11 in [BJ20]). Assume that s = 1 and that the perturbations
€ — X¢ and € — V¢ are real-analytic. Assume that h and T are small enough. Then, for

r € Ry large enough, the map
e (r—P) e L(HR Hy)

1s real-analytic on a neighbourhood of zero.

Theorem allows to apply Kato theory on analytic perturbations of operators
[Kat66]. We can prove in particular the following result, which is hardly surprising, but
we are not aware of any proof in the literature devoted to this subject (see [KKPWS89L

Corollary 1| however for a related statement).

Theorem 4.45 (Theorem 2 in [BJ20]). Let € — X, be a real-analytic family of real-
analytic vector fields on a real-analytic manifold M, defined for € near 0. We assume that
Xo generates an Anosov flow that admits a unique SRB measur@ po- Let pe denote the

unique SRB measure of the Anosov flow generated by X., for € near zero. Then the map
€ pe €U (M)

1s real-analytic on a neighbourhood of zero.

Remark 4.46. In Proposition we need to make the additional assumption s < 2.
This is for technical, but definitely not anecdotal, reasons. A natural first step in the proof
of Proposition would be to prove that Proposition [£.36] and Lemma [4.37] still holds
for € near 0. This is true for Lemma but a priori not for Proposition This is
because unfortunately the property (ii), from Lemma of the escape function Gy is
not stable under small perturbations of the vector field X. This is quite an issue since
Proposition is what ensures that the resolvent set of P acting on 7—[9\ is non-empty

and that its spectrum coincides with the Ruelle spectrum. To prove that the resolvent set

103ee for instance [YouO2| for definition and discussion of the notion of SRB measure.
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of P, remains non-empty when € is near 0, we use another construction of the resolvent of
P, based on an alternative version of Proposition [4.34] (namely [BJ20, Proposition 2.5]).
However, this construction is restricted to the case s < 2, hence the additional assumption
in Proposition To prove that the spectrum of P, on 7—[9\ coincides with its Ruelle
spectrum when e is near 0, we use the characterization of the Ruelle spectrum as limit of
stochastic perturbations [DZI15, Theorem 1].



Appendix A

Weighted transfer operators for
ultradifferentiable expanding maps of

the circle

When studying an expanding map of the circle T, it is sometimes useful to consider more
general transfer operators that the one defined by . We explain here how the methods
from may be adapted to deal with weighted transfer operators.

If ¢ : S — C is a function we may define the weighted transfer operator £, by

Lyp:xr Y 0w o).

A T()]

We will assume in the following that 1) is in C4, the Denjoy—Carleman class from . It
is then easy to see that the analysis above remains true for the operator Ly, so that we

can state:

Proposition A.1. Theorem remains true when L is replaced by Ly. Moreover, we
may also define in this case the nuclear power decomposition (2.17)). This decomposition

satisfies Propositions and[2.17 Propositions and[2.23 and Corollary remain
true as well if we replace the dynamical determinant d, from , by dy which is obtained

from by replacing tr’ (L™) by

t ([’iﬁ) Z ‘1 _ (T")/ (.%')}

xr:Trr=x

To prove Proposition [A.T] notice that the actual definition of £ is only used in the proofs
of Lemma [2.14] and Proposition in the analysis from §2.2] The computation that gives
Proposition [2.1§] can still be carried out and will give the formula that we announced for

the flat trace of the weighted transfer operator. Thus we will only explain how we can

189
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replace the operator £ by Ly in the proof of Lemma [2.14]
Lemma A.2. Lemma remains true when L is replaced by L.

Proof. Recall the differential operator L

notice that for all m € N we have

introduced in the proof of Lemma and

ak,e

(Lyer,ex)pz = /S TETITED () de = /S  mETOLE () (@)da,

and thus we want to bound || L, , g

.14, we notice that there are natural integer coefficients that do not depend on ay ¢ nor ¢
such that

Ly (Qb)H instead of ’ L (1)H . As in the proof of Lemma

m

Lo, )= > et ® a7 (A1)

ni+--+nm+k=m Jj=1

Then, working as in the proof of Lemma and using the fact that 1 is of class C4, we
find constants C, R > 0 that do not depend on m, k or £ such that

m RA™ .
Lakve(w)Hoo <C (m) Y T SR 1 |

ni+---+nm-+k=m 7j=1

As in the proof of Lemma [2.14] we introduce now the operator L, obtained by replacing
the function ag ¢ in the definition of Ly, , by a : z — ﬁ Since the coefficients in (A.1

do not depend on ay ¢ nor 1 we have

@0 = Y cupmsk! [ 0!
j=1

N1+ +nmt+k=m

but direct computation shows that L] (a) : x +— (1_2:)73},&“, and this ends the proof. O
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Ruelle resonances are intrinsic

As pointed out in the introduction, the Banach spaces that appear in Theorems 1], 3] and
are highly non-canonical. Hence, in order to see that the Ruelle spectrum (see Definitions
, and (7)) is a well-defined object, we need a result to compare discrete spectrum of an
operator acting on different spaces. For the discrete time case, we can for instance use
the following lemma (which is slightly more general than [Ball8, Lemma A.3| or [BT08|
Lemma A.1]).

Lemma B.1. Let By and By be Banach spaces. Let B be o Hausdorff topological vector
space. Assume that there are continuous inclusions of By and By into B, and that the
intersection B N By is dense in both By and By. For i = 1,2, let L; denotes a bounded
operator on B;. Assume that the restrictions of L1 and Lo to By N By coincide. Let U be
an unbounded connected open subset of C. Assume that the intersections of the spectra of
L1 and Lo with U only consist of isolated eigenvalues of finite algebraic multiplicities.
Then, the intersection of the spectra of L1 and Lo with U coincide and so do the

associated generalized eigenspaces (that are consequently included in B N Ba).

Proof. Define a norm on By + By by

lellgy sz = nf ol + lolls,
vEB,WEB>

It follows from the fact that B is a Hausdorff topological space that this formula indeed
defines a norm on By + By. Moreover, By + Bs with this norm identifies with the quotient
of By x By by the closed subspace {{u,v} € By x By : w = v}, so that this norm makes
B1 4+ B2 a Banach space. We may consequently replace B by B; + By and assume that
B = B; + By is a Banach space.

Since £1 and Lo coincide on the intersection By N By, we may define an operator £ on
B by setting Lu = L1v + Low if u = v + w (this definition is independent of the choice of

v and w). One easily checks that £ is a bounded operator on B, and induces a bounded
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operator on By N By that we endow with the complete norm

[ullp, s, = llulls, + llulls, -

It follows from the discussion in [Kat66, Chapter III, §5| that for ¢ = 1,2 the resolvent
(z — £,~)71 define a meromorphic family of bounded operators from B; to itself on U, with

residues of finite rank. We define then a meromorphic family on U of operators from B1NBs
to B by

RZ(Z) = jBi,‘—>B © (Z - ﬁi)_l Oj61m62‘—>8i7

where we denote by the letter j inclusion maps. Now, if z € U is such that |z| >

max (|| L], ||L1]], [[£2]]), we can write

. -1 . . —n—1 .
Ri(2) = jg,so (2 = L1)7 0 jainBysi, = JBisB 0 Y2 " LY 0 jBnsyoB,
n>0

—n—1 - . —n—1 .
=> 2" g o LT o jBinBes = 2 "L 0 jB BB
n>0 n>0

= jBysB 0 > 2 "L 0 jminBycsB, = Ra(2).
n>0
Since U is unbounded and connected, it follows then from the analytic continuation prin-
ciple that the meromorphic map R; and Ry coincides on U. Now, let A € U be an element
of the spectrum of £;. By assumption, this is an isolated eigenvalue of finite multiplicity,

so that the associated spectral projector is given by

1 -1
Py1=— - L d
A= 5 7(2’ 1) dz, (B.1)
where 7 is a small enough circle around . We also know that P, ; has finite rank. Replacing
1 by 2 in (B.1)), we define similarly P o, which is the spectral projector associated to A for

Lo if XA belongs to the spectrum of Lo and 0 otherwise. Since R; = Ro, we find that

. . 1 1
JB1sB © Py 10 jB,nBysB; = %LR1(Z)dZ = mLRQ(z)dZ B2)

= JBysB © P)2 0 JB,nBsysBs-

Now, for i = 1,2, let £ ; denotes the generalized eigenspace associated to A for £;, that is
the image of Py ;. Since this is a finite-dimensional space, its topology is unambiguously
defined. By assumption, By N By is dense in B;, so that Py, (B1 N Bz) is dense in E) ;.

However, Py ; (B1 N By) is a subspace of the finite-dimensional vector space E); and is
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thus closed in E) ;, so that
Exi = Px;(B1NBy). (B.3)

The inclusion of By in B induce an inclusion of E) ; in B. Recalling (B.2)), we deduce from

(B.3) that
Ex1 = Pyx1(BiNBy) = P2 (BiNB2) = Eyo.

Consequently, the spectrum of £; in U is contained in the spectrum of £, and the associated
eigenspaces coincide. Since the roles of £1 and L9 are symmetric here, the lemma is

proven. O

Example B.2. Let T be a C* expanding map of the circle and £ denote the associated
transfer operator (I)). Let z € C* and take k, &’ > 0 such that |z| > max(A 7%, A7), where
A is a dilation constant for 7. Recalling Theorem [I} we can then apply Lemma with
By = CF(SY), By = C¥(SY), B=CS") and U = {w € C : |w| > max(A"F \~F)}. It
implies that z is an eigenvalue of £ acting on C*(S') if and only if it is an eigenvalue of £
acting on Ck/(Sl). Moreover, when z is actually an eigenvalue the associated generalized
eigenspaces coincide. This argument justifies Definition [3| and proves that the resonant
states associated to a C* expanding map of the circle are C*°. A similar reasoning can
be made in the case of Anosov diffeomorphism to justify Definition |5| (in that case we will

take a space of distributions for B).

We give now the results that we will use to identify Ruelle resonances for Anosov flows.
This is just an abstract version of the argument based on the meromorphic extension of
the resolvent presented in the introduction. However, since we will be working with non-
standard spaces of ultradifferentiable functions and generalized distributions, it will be
useful to have a general result at our disposal that do not make reference to a particular

class of regularity.

Lemma B.3. Let By and By be Banach spaces. Let B be o Hausdorff topological vector
space. Assume that there are continuous inclusions of By and By into B, and that the
intersection By N By is dense in both By and By. For i = 1,2, let (/Ji,t)t>0 be a strongly
continuous semi-group of operator on B; whose generator is denoted by )E, Assume that
Jor every t > 0 the restrictions of L1 and Loy to By N By coincide. Let U be a connected
open subset of C that contain points with arbitrarily large positive real parts. Assume that
the intersections of the spectra of X1 and Xo with U only contain isolated eigenvalues of
finite algebraic multiplicities.

Then, the intersections of the spectra of X1 and Xo with U coincide and so do the

associated generalized eigenspaces (that are consequently contained in By N Ba).
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Proof. The proof is basically the same as for Lemma The only difference is that we

replace the representation of the resolvent as a power series by the representation as a

Laplace transform
+oo
(Z — XZ')_I = / €_Zt£i7tdt
0

which is valid for ¢ = 1,2 when Rez > 1. O
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Factorization of the dynamical

determinant

We establish here, under the hypotheses of Theorem a Hadamard-like factorization
for the dynamical determinant d(z) defined by (12). We use the same notations as
in and Let tg > 0 be shorter than any periodic orbit of (¢¢),cz. Then, working
as in the proof of Proposition we see that, for Rez > 1, the essential spectral radius
of

Ly, (z — P)~@+2) = (di o /t:oo e #tt0) (¢t — o)L, dt : H — H (C.1)
is zero. Here, as in §3.4] and the operator P = X 4+ V denotes the generator of the
semi-group (L), defined by (9). Then, applying holomorphic functional calculus in finite
dimension as in the proof of Lemma we see that the spectrum of @ is made of the
ﬁ\% for X in the spectrum of P. Then, for Re z > 1, Proposition [3.32|implies that the
right-hand side of defines a trace class operator on 7—~[0. From Lemma , we see
that the spectrum of is the same when acting on ‘H or on ho. Then, using Lidskii’s

Trace Theorem and Proposition [3.32 we see thatE],

e/\to 1 e_Z(T’Y_tO)
_ T# exp </ V) (Ty — to) -
/\e%:(]g) (z—N42 (d+1)! 27: K 5 |det (I —Py)]
For all A € C\ {0} notice that the meromorphic map
e _ € S
2 Z 1€ Y +Z)\n+1€
n>d+1 n=0

!Notice that the trace formula (TFF)) may be deduced from this equality using residue’s formula as in
the proof of Proposition m
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has a unique pole at A whose order is 1 and whose residue is 1. Thus there is an entire
function G4, such that for all z € C

—(z—=XA)to d n
At P At
n>d+1 n=0

G o (z):_ $ 2" =M
Gto (2)

and G 4, (0) = 1. Choose for Gy, any logarithmic primitive of z — e 107 Now, let R > 0

z

and assume that A € og(P) is such that |A| > 2R. Notice that for all z € D (0, R) we have

eRe()\)to

G/)\,to (2)
|)\|d+2

< 2€Rt0Rd+1
G)‘7t0 (Z)

and using the fact that G4, has a logarithm on I (0, R) that vanishes at 0 (since G 4,
vanishes only at \) we get that, for some constant C' depending only on R and all z €

D (0, R),
( ) eRe()\)to

’1 — G)\,to (Z)| S CW

Using Proposition this implies that the infinite product

converges uniformly on all compact subsets of C. Notice that the zeros of d(z) are precisely

the Ruelle resonances of P. Now, we find that

Ao
(% (In Gy (2))) TV = (1) (@4 1)—F—
(=N
and thus, for Rez > 1,
¢ =\ d+1 eMo
(ez 0 <lnd(2)) > = (-1 (d+1)! Z e
reon(p) (F =)
—2z(Ty—to)
_ (L T#exp</V) PRI B e
(=1) Z/: 5 ; (T =10)™ 13 =PIl (o9

_ (d+1)
zto ZT# </ V) e 2T
=|e exp —_—
o V) e @ = 7))

= (e (Ind(2))) ",

where d(z) is the usual dynamical determinant defined by (12). From (C.2)), we deduce
that there are a polynomial F' of degree at most d and p € C such that, for all z € C, we
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have the Hadamard-like factorization

d(z) = uexp( toz H Gt (2) . (C.3)

Aeog (P)

In order to make this factorization more explicit, let us describe the G ,’s. For all
A € C\ {0}, define the polynomial

d d
Kl (tg — A1\
Quig == <me X%

k=0 \n=k

and notice that

(Q)\,to (2) e~ (to— /\)> )\n+1 (z=A)t

Thus we have for all A € C\ {0} and z € C

Gt (2) = (1 — ;) exp (Q)vto (2) e~ (z=Nto _ Qo (O)eAt())

1 e—(zu—)\)to -1
X exp z/ —du | .
0 Zu — A

e—(z=N)tg _ 1

The last factor is a logarithmic primitive of z — —
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Appendix D

About the condition v < 2

In order to discuss the condition v < 2 in Theorem and Corollary let us get
back to the simplest example of hyperbolic systems: the doubling map from Example
[[] The reader may also refer to the discussion about Denjoy—Carleman classes that are
closed under differentiation in Chapter 2] see in particular Remarks [2.5] and [2.22] and the
examples from §2.2.3] Replacing an Anosov flow by the doubling map, an analogue of the
space ‘H from Theorem would then be an isotropic space of the type (here (f(n))nez

denotes the sequence of Fourier coefficient of a function f)
Haﬁ:{fecm (st,C Z‘f ‘ (2 (1Hn)) <+oo}
nez

where >0 and a € ]“T_l, 1[ (this is the same condition as in Proposition , endowed

with the norm

1Fllas = /S| F )] e2smiemn?

nez
Then the transfer operator
f(5)+7 ()
2

L:f—

associated to the doubling map[] may be written as

L= (,em)r2en,

neL

where e, : x — €*™7% (the sum converges in strong operator topology on the space of

continuous endomorphisms of H, g). Thus, the singular values of £ acting on H, g are the

!This is just the transfer operator from when T is the doubling map from Example
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1 1
eﬁ(ln(lﬂn‘)a 71n(1+2'”‘)a> for n € Z. Using the fact that

In2 1_ 1_
— P+ jn)a 1+0(1n(1+|n|)i 2)

[n|—+o0 «

Q=

1
In(14 |n|)e —In(1+2]n|)

we see that £ acting on H, g is trace class when o < % and is not trace class when a > %
(in the case a = % it depends on the value of 3, it corresponds to the case v =2 in .
Thus, we need to chose a < % if we want £ to be nuclear. For general maps, this choice is
possible only when v < 2 (see the condition in Proposition .

Consequently, using our method to prove the trace formula for C*" Anosov flows
would require to construct Hilbert spaces in a totally different way, if v > 2. The case
v = 2 also seems to be tricky, but the results from §2.2] and in particular [2.2.3] suggest

that maybe something interesting can be proven in that case.



Appendix E

Heuristic argument

We detail here an argument that suggests that the dynamical determinant (defined by
and ) associated to a generic perturbation of the doubling map, Example (1} has infinite
order (hence supporting Conjecture . We denote by T' the doubling map and by t — T}
a perturbation of T in the C* topology (such that Ty = T') . We also assume that this
perturbation is C* in t. We denote by L; the transfer operator associated to T and by
dy the associated dynamical determinant . Let us write for z € S*

Fa) = S (1) . (1)

and notice that for n € N and z € S! we have

d . o n—1
Y @)y =2 D Fo T

k=0

Using the Implicit Function Theorem to follow periodic point of T;, we find then that for

n € N* we have

(), =

o« @) (@)% 2 ) foTH(a)
Z (@) (x) —1)*

where we introduced for n € N* the linear form a, defined by

1 A= k
i) = s sz<2n_1).
=0
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Consequently, we find that for z € C we have

d 21171
— (di(2))1yeg = (1 — 2 .
3 (de(2)) im0 = ( >T§1 on—1 (E.2)

=hs(2)

We denote by E the space of C* functions from S' to R with zero average. We endow
FE with the C* topology. Notice that f belongs to F and that all functions in £ may be
realized as by choosing the perturbation ¢ — T;. We will prove that the derivative
is an entire function of the variable z that grows arbitrarily fast for generic f € E.
Since dy(z) = 1 — z, this suggests that for ¢ near 0 the dynamical determinant d;(z) grows

arbitrarily fast for generic X. Indeed, we have
di(2) = (1—2) (1+ths(z) +O)). (E.3)

This asymptotic expansion a priori only holdﬂ uniformly on all compact subsets of C, so
that it cannot be used to investigate the growth of di(z), but it can certainly guide our
intuition.

It follows from Euler-MacLaurin’s formula [Kre98, Corollary 9.27] that for every f € E
the sequence (a,(f)),cy decreases faster than any geometric sequence, so that hy is an
entire function. In order to see that any bound on the growth of hy fails generically, we

only need to prove the following — due to Cauchy’s formula.

Lemma E.1. Let (bn),~; be a sequence of strictly positive real numbers that decays faster
than any geometric sequence. Then there is a G5 dense subset A of E such that for every
f € A we have

lan(f)| > b

for infinitely many n’s.

Proof. We start by constructing a particular element g € E. Let P C N* denotes the set

of prime integers. For every p € P define the function
ep:x—exp(2im (2P —1)x).
Then, notice that for every p,q € P, we have

agr—1 (€q) = Op.q-

'The estimate (E.3) may be established using the methods from [Jéz19b]. We asserted there that there
was an issue in the presence of non-simple resonances, but we realized since then that it was not the case.
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Indeed, if p # ¢, then 2P — 1 and 29 — 1 are relatively prime{ﬂ Then let

g= Z Vbar_1ep.

peEP

Since (\/bn)n>1 decays faster than any geometric sequence, we see that g belongs to E.

Moreover, for every p € P, we have

azp_l(g) =/ bgp_l.

Now, for every m € N*,| we define
By, ={f€eE:Vn>m:l|ay(f)] <bn}.

The B,,’s are closed subsets of E. Letting A = E \ Up,>0B,, we only need to show that
the By,’s have empty interior. The lemma then follows by an application of Baire category
theorem. Let consequently m € N* and f € B,,. Then, for p a prime integer greater than

m and € > 0 we have

lage 1 (f +€g)| > €lazr—1(g)| — aze—1(f)] > €\/bar 1 — baw_1,

and if p is large enough, we have /bar_1 > 2bopr_1 /e, since (by,),~, tends to 0. Hence, for
every € > 0 we have f + eg ¢ B,,, so that B, has empty interior. O

2More generally, if m,n € N*, then the greatest common divisor of 2™ — 1 and 2" — 1 is 2™""

m A n denotes the greatest common divisor of m and n.

— 1, where
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