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Titre : Quelques contributions a des problémes variationnels géométriques impliquant des énergies
non locales

Résumé : Cette these est dédiée a I’étude de deux problemes variationnels géométriques impli-
quant des énergies non-locales : d’une part, la géométrie et les singularités des applications har-
moniques fractionnaires, et d’autre part, un probleme isopérimétrique avec un potentiel intégrable
inspiré du modele de goutte liquide pour le noyau atomique imaginé par Gamow. Concernant le
premier sujet, nous améliorons des résultats de régularité partielle connus pour les applications 1/2-
harmoniques minimisantes dans le cas ou la variété d’arrivée est une sphére, en obtenant une esti-
mation plus précise de la dimension de Hausdorff de I’ensemble singulier, c’est-a-dire I’ensemble des
points de discontinuité. Nous caractérisons également les applications tangentes 1/2-harmoniques
minimisantes de R? dans le cercle unité S', ce qui éclaire le comportement des applications 1/2-
harmoniques minimisantes de R? dans S! prés de leurs singularités. Pour s € ]0, 1[, nous prouvons
enfin des résultats de régularité partielle pour les applications s-harmoniques stationnaires ou
minimisantes, et obtenons des estimées fines sur la dimension de Hausdorff de I’ensemble des sin-
gularités, en fonction de s. Concernant le deuxieme sujet de la these, nous étudions un probleme
de minimisation sur les ensembles de périmetre fini sous contrainte de volume, dans lequel la fonc-
tionnelle est constituée de la somme d’un terme de cohésion (le périmetre) et d’un terme répulsif
donné par un noyau symétrique et intégrable sur R™. Nous montrons que sous des hypothéses
raisonnables sur le comportement pres de 'origine et sur certains des moments de ce noyau — qui
incluent les potentiels de Bessel — le probleme admet des minimiseurs de grande masse (ou volume).
De plus, apreés renormalisation, ces minimiseurs convergent vers la boule unité lorsque la masse
tend vers 'infini. En étudiant la stabilité de la boule, nous montrons que sans ces hypotheses, il
peut y avoir rupture de symétrie, c’est-a-dire qu’il y a des cas pour lesquels le probleme admet des
minimiseurs qui ne sont pas la boule.

Mots-clés : problémes isopérimétriques, applications harmoniques fractionnaires, én-
ergies non locales, singularités, problémes a bord libre, régularité partielle, surfaces
minimales.

Title: Some contributions to geometric variational problems involving nonlocal energies

Abstract: This thesis is dedicated to the study of two separate geometric variational problems
involving nonlocal energies: firstly, the geometry and singularities of fractional harmonic maps,
and secondly, an isoperimetric problem with a repulsive integrable potential inspired by Gamow’s
liquid drop model for the atomic nucleus. On the first topic, we improve already-known results
for minimizing 1/2-harmonic maps when the target manifold is a sphere by reducing the upper
bound on the Haudorff dimension of the singular set, i.e., the set of points of discontinuity. We
also characterize so-called minimizing 1/2-harmonic tangent maps from the plane into the unit
circle St, shedding light on the behavior of minimizing 1/2-harmonic maps from R? into S! near
singularities. Finally, when s € (0,1), we prove partial regularity results for s-harmonic maps
into spheres in the stationary and minimizing case, obtaining sharp estimates on the Hausdorff
dimension of the set of singularities, depending on the value of s. As for the second topic of the
thesis, we study a minimization problem on sets of finite perimeter under a volume constraint,
where the functional is the sum of a cohesive perimeter term and a repulsive term given by a
general integrable symmetric kernel on R™. We show that under reasonable assumptions on the
behavior near the origin and on some of the moments of this kernel — which include physically
relevant Bessel potentials — the problem admits large mass (or volume) minimizers. In addition,
after normalization, those minimizers converge to the unit ball as the mass goes to infinity. By
studying the stability of the ball, we show that without these assumptions, symmetry breaking can
occur, that is, there are cases when the problem admits minimizers which cannot be the ball.

Keywords: isoperimetric problems, fractional harmonic maps, nonlocal energies, sin-
gularities, free boundary problems, partial regularity, minimal surfaces.
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Introduction

In this thesis we present a few contributions to geometric variational problems involving
nonlocal energies. Those contributions may be sorted into two main different topics: the
first one is the geometry and singularities of fractional harmonic maps, and the second one
is an isoperimetric problem with a nonlocal repulsive potential, in particular the study
of its large mass minimizers. Fach chapter is self-contained: Chapter 1 is a submitted
paper written in collaboration with V. Millot, Chapter 2 is a paper to be submitted, in
collaboration with V. Millot and A. Schikorra, and Chapter 3 is a work conducted by myself
in parallel with the other two. Chapters 1 and 2 are devoted to the topic of fractional
harmonic maps, while Chapter 3 is devoted to the aforementioned isoperimetric problem.
In Appendix A, we collect some well-known facts about the fractional laplacian, which we
define in a general, distributional setting which encompasses the functional setting adopted
in Chapters 1 and 2, and give rigorous proofs of elliptic regularity for the distributional
fractional laplacian.

We divide this introductory section into two parts: first, we introduce classical har-
monic maps, their fractional counterparts, and present the main contributions Chapters 1
and 2 add to the field, and secondly we introduce the isoperimetric problem studied in
Chapter 3 and the essential results therein.

I.1 Fractional harmonic maps

In what follows, we assume €2 C R” to be an open subset with Lipschitz boundary in
R”, where n > 1, and N to be a smooth, compact, submanifold without boundary of R%,
d>2.

Before introducing fractional harmonic maps, we recall the definition, equivalent char-
acterizations and some well-known regularity results for classical weakly harmonic maps.
This will make the introduction of their fractional counterpart much more natural, and
allow us to emphasize the strong analogies between them.

Classical harmonic maps

Definition and equivalent characterizations. Weakly harmonic maps can be seen
both as natural generalizations of harmonic functions, replacing the target with a smooth
compact manifold, or of geodesics, by considering a domain of dimension larger than 1.
We recall that a function u : R™ — R is said to be weakly harmonic in € if it satisfies

Au=0 1inQ
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in a weak sense; to be precise, v € H'(2) is harmonic if and only if

/Vu-chdx—O, Vo € 2(9),
Q

where

1
E(u, Q) = 2/Q|Vu]2d:1c

is the usual Dirichlet energy in 2, Z(2) denotes the space of smooth functions compactly
supported in Q, and H'(Q) the Sobolev space of square integrable functions in £ whose
weak partial derivatives are also square integrable. Observing that u is weakly harmonic
in  if and only if it is a critical point of the Dirichlet energy in €2, i.e.,

d
Au=0 weakly in Q <— [dté’(u + to, Q)] =0, VYpe2(Q),
|t=0
it is natural to define harmonic maps into a smooth compact manifold without boundary A/

as critical points of the Dirichlet energy with respect to variations on the target manifold.

Definition I.1.1. Defining
HY (O N) = {u c HY(Q;RY) : u(z) € N for ae. z € Q},
amap u € H'(;N) is said to be a weak harmonic map in  if it satisfies

[SE(HN(u + ty), Q)] =0, Voe2(QRY, (1.1.1)
t |t=0

where Iy denotes the nearest point projection on N.

Here Vu = (Vu!,...,Vu?), where u = (u',...,u?), Vu Vo = Y% Vu' - Vi, and
|Vu|? = Vu - Vu. Note that the nearest point projection on N is well defined and smooth
in a tubular neighborhood of N, since the manifold is smooth and compact, so that
t — IIp(u + tp) is indeed a well-defined, smooth function in a neighborhood of 0. The
harmonicity condition (I.1.1) can in fact be rewritten as

Au L Tan(u, N) (I1.1.2)

in a weak sense, where Tan(p, N') denotes the tangent space of N at p. By weak sense,
here we mean

/Vu'Vgozo, Yo € HY(Q;u*TN),
Q

where H'(Q;u*TN) denotes the space of functions ¢ € H'(Q; R?) compactly supported in
Q such that ¢(x) € Tan(u(x),N) for a.e. z € Q. We can compute explicitly the Lagrange
multiplier in (I.1.2) to get the equivalent formulation

Au+ Ay (Vu,Vu) =0, (I.1.3)

where A, denotes the second fundamental form of N at the point p.

Ezample 1.1.2. In the case n = 1, we see that 7 : (a,b) — N is weakly harmonic into € if
~"-~" =0, thus |4/| is constant, and 7 is a constant-speed geodesic. The converse is true,
so that in dimension 1, weak harmonic maps are given by constant-speed geodesics, which
are known to be smooth.
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This example shows one link between harmonic maps and minimal surfaces. In fact,
when n = 2 and dim(N) > 3 we observe a similar relation between the two notions: any
smooth harmonic map is a branched minimal surface. In fact, in that case, a smooth
conformal map u :  — A is harmonic if and only if it is a branched minimal surface.

In arbitrary dimension, we are often particularly interested in the spherical case.

Ezample 1.1.3. If N = S?!, where d > 2 and S?! denotes the (d — 1)-dimensional unit
sphere in R?, then (I.1.3) takes the simple form

— Au=|Vu|*u inQ (I.1.4)

in the sense of distributions.

Looking at (I.1.4), we see that if u € H'(Q), the term on the right-hand side belongs a
priori only to L(€), so standard elliptic regularity theory does not apply. As the following
example shows, weak harmonic maps may indeed present singularities (discontinuities),
unlike harmonic functions which are known to be smooth.

Ezample 1.1.4. The map u : R — S? defined by u(z) = \%I is a weakly harmonic map
from €2 into S?, for every open set 2 C R3.

In fact, weak harmonic maps may be completely irregular: in [92], T. Riviére proved
the existence of a weak harmonic map from Bj, the open unit ball of R?, into S?, the unit
sphere of R?, which is discontinuous everywhere. In dimension n = 2 however, F. Hélein
proved in [61] that weakly harmonic maps are smooth whenever A/ has dimension at least
2.

Since there is no hope to get any kind of regularity for weak harmonic maps in di-
mension n > 3, we need to look at subclasses of weak harmonic maps. Let us first clarify
what we mean by regularity. In fact, if a weak harmonic map u € H'(Q) is continuous
in €, then the regularity theory for quasilinear elliptic systems shows that u is actually
locally Hoélder continuous in €2, and by a bootstrap procedure we can improve it to locally
Lipschitz, and then C°°; hence continuity implies smoothness, and the issue is always
only to prove continuity of u. Hence we define the singular set of a weak harmonic map
u:Q — N by

sing (u) := {x €  : w is not continuous in any neighborhood of x} .

Minimizing & stationary harmonic maps. We first consider the subclass of so-called
minimizing weak harmonic maps, made of those weak harmonic maps which minimize their
Dirichlet energy with respect to their boundary data.

Definition I.1.5. We say that a map v € H'(Q;N) is a minimizing weak harmonic map
in Q if
E(u, Q) < £(v,9)
for any map v € H'(Q; ) such that u — v is compactly supported in €.
Such maps are easy to build. Indeed, assume that €2 has a Lipschitz boundary, and let

f € HY(Q;N). Then it is easy to see by the direct method of the calculus of variations
that the problem

min{E(u;Q) cue HY (QN) s.t. ujpo = f}

admits a minimizer, and this minimizer is in particular a minimizing weak harmonic map

in Q into V.
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Example 1.1.6. Let By be the open unit ball of R?, and let g € H'(By;S?)NC°(0B;) such
that the topological degree of g5p, is nonvanishing. Then given u € H 1(By,S?) a solution
of

min {S(U; By) : ue€ HY(By;S?) s.t. u(z) = g(,%) on 831} ,

u is obviously a minimizing weak harmonic map in Bj, and for topological reasons it must
have at least one singular point.

Thus minimizing harmonic maps may have singularities, but the singular set of any
minimizing map cannot be too large, in the sense that its Hausdorff dimension is at most
n — 3, as was proven by R. Schoen and K. Uhlenbeck in [103, 104] (when n = 3 we have
the finer result that the singular set is locally finite). Let us remark that without further
assumptions on N, this upper bound is sharp in view of Example 1.1.4. Let us say a few
words on the case 2 C R? and V' = S3, which illustrates once again the tight link between
harmonic maps and minimal surfaces. In that case, it can be shown that sing (u) = ), and
this is due to the famous result proven by F. J. Almgren[l] and E. Calabi[19], that any
minimal 2-dimensional sphere in S? is equatorial. Indeed, if a minimizing harmonic map
u: Q — S? has a singular point z, then by a blowup argument around z, we can build
a nontrivial 0-homogeneous (i.e., invariant under rotations) minimizing harmonic map ¢
from R? into S? which is singular only at the origin. This in turn gives a minimal 2-sphere
in S3, which is necessarily equatorial. Making variations in the orthogonal direction of the
equator, we contradict the minimality of ¢, which proves that the singular set must be
empty.

There is actually a larger class of weak harmonic maps for which we can obtain partial
regularity results, and which includes the minimizing case: the class of stationary harmonic
maps. It is made of those weak harmonic maps which are also critical points for the
Dirichlet energy with respect to variations on the domain. To clarify what we mean by this,
we consider a smooth vector field X € C2°(Q;R™), and its associated flow ®:(z) = ®(¢,x)
defined by

d
—(t,2) = X(D(t,2)

®0,2) ==z
for t € R and x € R".

Definition 1.1.7. We say that a weak harmonic map u € H(Q;N) is stationary if it
satisfies

d
—& ®, Q2 =0
[dt (wo®, )} |t=0 ’
or equivalently
Z (‘VU’Z&J — 26Z-u : 6]11,) &'Xj dx = 0, (1.1.5)

R™ij=1

for every smooth vector field X = (X!,..., X") € C(Q;R?), where ®, is the associated
integral flow.

The essential property which makes stationary harmonic maps so particular is the so-
called monotonicity formula, which can be obtained easily from the stationarity condition
(I.1.5).



Introduction

Proposition 1.1.8 (Monotonicity formula). If u € H'(Q;N) is a stationary harmonic
map in §2, then for every xg € Q, and every 0 < o < p such that p < dist(zg, I2), we have

p2_”/ |Vu|?dz — 02_”/ Vu|*dz = 2/ r* " opul? da,
By (20) Bo (o) By(20)\Bo (o)

where r = |x — xo|, and Oyu = Vu - (|i:£8\)'

In particular, we see that the stationarity assumption implies that the function

r € (0,dist(xg, 09)) — T2”/ |Vu?dz  is nondecreasing
BT(mO)

for every zy € 2. This monotonicity formula is important for proving the following partial
regularity result, due to L. Evans[39] when A/ = S%~!, and generalized by F. Bethuel[9] to
a general target manifold.

Theorem 1.1.9. If n > 2 and u € H'(;;N) is a stationary harmonic maps, then
A" 2(sing (u)) = 0, where "2 denotes the (n — 2)-dimensional Hausdorff measure,
and v € C*(Q \ sing (u)).

How to prove partial regularity. Let us give the main ingredients of the proof by
L. Evans of partial regularity for stationary harmonic maps into spheres.

To obtain partial regularity, the “usual” strategy is to prove an epsilon-regularity
theorem, stating that if the (rescaled) energy of a map w in a ball B,.(z) is small enough,
then wu is actually Holder-continuous in a neighborhood of z.

Theorem 1.1.10 (e-regularity[39]). Let u € H'(Q;S%1) be a stationary harmonic map

in Q, where n > 3 and d > 2. Then there exists g = eo(n) and g = ap(n) such that, for
any B,(x) C Q, if

rQ”/ |Vul|? dz < eo,
By (x)

then u € C%%(Bayr(7)).

It is then well known that for any map v € H'(Q;S%!), the set of points x € Q
such that limsup,_,or?™" [ BT(x)|Vu|2 dz > g¢ is of vanishing (n — 2)-Hausdorff measure.
The proof of this e-regularity theorem in the stationary case relies mainly on the three
following ingredients:

(i) the monotonicity formula;

(ii) a div-curl structure for the right-hand side of the harmonic maps equation (I.1.4);

(iii) Coifman-Lions-Meyer and Semmes’ div-curl Lemma, stating that a div-curl product
lies in the Hardy space H!(R");

(iv) the identification of H!(R™) with the dual of BMO, the space of functions with
bounded mean oscillation, due to C. Fefferman and E. M. Stein[44, 43].

Points (ii) and (iii) were already used by F. Hélein[60] in his proof of full regularity
for harmonic maps when n = 2: in that case, the fact that the right-hand side of (I1.1.4)
belongs to H!(R?) shows that u € I/Vlicl (Q) by Calder6n-Zygmund theory, which gives
continuity by Sobolev embedding. The observation that the right-hand side of (I.1.4) has
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a div-curl structure was made possible by J. Shatah’s discovery[105], that the harmonicity
condition is equivalent to the conservation law

divQ™ =0, Vi,je{l,...,d}

where - o o
QY =u'Vu! — V', Vi je{l,...,d}.

Then F. Hélein’s “trick” was to rewrite (I.1.4) as

d
Au'=>"Q".Vul, Vie{l... d}, (I1.1.6)
j=1

which is specific to the spherical case.

In the minimizing case, the (n — 3) upper bound on the Hausdorff dimension of the
singular set of u also relies on an e-regularity theorem (which was originally proven using
different arguments, relying on the minimality of u, by R. Schoen and K. Uhlenbeck[104]).
One reduces the (n—2) bound to (n —3) by doing blowups around singular points (hinged
on compactness of minimizing harmonic maps), which produces so-called tangent maps,
and by stratification of the singular set (this is Federer’s dimension argument). To be more
precise, one shows that if the Hausdorff dimension of the singular set of some minimizing
harmonic map wu is larger than (n — 3), then one can build a minimizing 0-homogeneous
harmonic map ¢ (a tangent map) from R™ into A/ whose singular set has nonvanishing
(n — 2)-Hausdorff measure, which is a contradiction.

To conclude this brief introduction on classical harmonic maps, we sum up in the
following theorem some of the most well-known partial regularity results.

Theorem I1.1.11. Let u € HY(Q;N) be a weak harmonic map in §, where N is of
dimension d — 1. Then u € C*°(u \ sing (u)) and we have

(i) if n =1, then sing (u) = 0;
(ii) if n =2, then sing (u) is locally finite if d = 2, and sing (u) =0 if d > 2;
(iii) if u is stationary and n > 3, then ™ 2(sing (u)) = 0;

(iv) if u is minimizing, sing (u) is locally finite when n = 3, and dim y sing (u) < n —3
when n > 3,

where dim y sing (u) denotes the Hausdorff dimension of sing (u).

Fractional harmonic maps

In a series of articles [29, 28, 23, 24], F. Da Lio and T. Riviére have introduced and
studied fractional 1/2-harmonic maps from the real line into a manifold. They naturally
appear in several geometric problems such as minimal surfaces with free boundary|[24,
26, 27, 47, 99, 110], and in some Ginzburg-Landau models for supraconductivity (see e.g.
[8] and references therein). The notion of 1/2-harmonic maps has then been extended
in [80, 86] to higher dimensions, and their natural generalization to s-harmonic maps for
any s € (0,1) was studied e.g. in [82] in dimension 1 (in the minimizing case), in [81] in
arbitrary dimension, as the asymptotic limit of solutions to a fractional Allen-Cahn equa-
tion, or in [93], although in a different setting. We introduce below the functional setting,
the regularity issue for fractional harmonic maps and present the main contributions of
Chapters 1 and 2.
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The fractional Laplace operator. Similarly to the standard Laplace operator (—A),
whose Fourier symbol is (27|¢|)?, it is natural to define (—A)® as the operator whose
Fourier symbol is (27[¢[)?*. That is, for any u € .7 (R"), where .#(R") denotes the
Schwartz space of rapidly decreasing functions in R", we define

(—A)*u = FH((27[€])** F ().

It is then well known (see e.g. [34]) that for any u € ., we have the integral representation

(—AYu(z) = Js pov- /R u@) —uly) 4,

n |z =yt

B ’yns/ 2u(z) —u(x + h) + u(x — h)
9 n ‘h‘n+2s

dh,

where 7, s is a constant depending only on n and s € (0,1). There are several ways to
extend this definition to larger classes of functions (or even distributions, see Appendix A)
than .(R™), and we present here the functional setting used in Chapters 1 and 2. Since
we are interested in the action of (—A)*u in €2, we test (—A)*u against maps ¢ € Z2(2),
which gives

s _ Tnys (u(@) —uly)) - (o(2) = ()
O dedy,  (LL7)

2 ’:B _ y’n+2s

hence it is natural to define the fractional s-Dirichlet energy in (2 as

Yn,s ]u(:):) _u(y)P
Eulu, Q) = Tt // [wr) = WYI” 4 . 1.1.8
(. 4) 4 J)@mnxrrn(@exqey |z =y (1.18)

That way, we have the identity

s _[d
Ay e = [gourtoR)]

for all w € (R™) and ¢ € 2(2). In view of (I.1.7) and (I.1.8), it is also natural to
introduce the Hilbert space

HY (O RY) 1= {u € LE(R™RY) : &(u,Q) < +oo},

and for each u € H*(;RY), to define (—A)su € (ﬁS(Q;Rd))/ as the linear form

AV s (u(z) — u(y) - (p(@) = ¢(y))
(=8 va 2 //(Rann)\(QcXQc) |z — y|nt2s dody,

for every ¢ € H $(Q;RY). Let us emphasize the advantage of placing ourselves in a local
setting, i.e., of considering the energy in {2 instead of the whole space. This is essentially
because doing the latter is too restrictive: there are maps which belong to Hs (Q;RY)
for every bounded open set ©, and however do not belong to H*(R™;R%). It is easy for
example to see that C1(R™) N L®(R™) C H*(Q;R?) for every bounded open set  C R”,
thus this local setting allows us in particular to give a meaning to (—A)*u for every
u € CHR™) N L2 (R").

Ezample 1.1.12. Assume n = 1. Then the cosine and sine functions belong to H* (Q) for
every bounded open set 2 C R, and we have (—A)% cos = cos and (—A)% sin = sin.
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Example 1.1.13. Assume n > 2. Let g € C*(S" 1 R?) be nontrivial and u : R" — R? be
the 0-homogeneous extension of g, i.e., u(z) = g(ﬁ) Then u € H*(Bg;R?) for every
R >0, but u ¢ H*(R";RY).

The previous example shows in particular that x — ﬁ € H%(Bg;R™)\ H*(R™;R") for
every n > 2 and every R > 0.

We refer to Chapter 2 for more details on the space H*(€2;R?), and to Appendix A for
a distributional, more general approach of the fractional Laplace operator.

Elliptic regularity. For the standard Laplacian, we know that a solution u of
—Au=f, in{

morally gains 2 derivatives in €2 compared to f by the standard elliptic regularity theory.
In analogy, one can show that solutions to

(=A)Pu=f, inQ

gain 2s “fractional” derivatives in {2 compared to f. We refer to [18], or to Appendix A for
a rigorous statement and detailed proofs of this. In particular, solutions to (—A)%u = 0
in some open set ) are smooth in 2.

Fractional harmonic maps. Fractional harmonic maps are defined similarly to classi-
cal harmonic maps, as critical points of the fractional Dirichlet energy £ with respect to
variations on the target.

Definition I.1.14. A map u € H*(Q; N) is said to be a weak s-harmonic map in € if it
satisfies

d
&My (u + 1), Q) =0, Vye 2(QRY. (1.1.9)
[t=0

The condition of s-harmonicity (1.1.9) can be rewritten as
(—A)%u L Tan(u,N)
in the weak sense:
(=A)*u, )0 =0, Vo€ Hg(QuTN),
where H$(Q;w*TN) is the set of maps in H*(Q; w*TN) vanishing a.e. in Q°.
Ezample 1.1.15. When N = S%1, (1.1.9) takes the simple form

(=A)u = |dsu*u in Q, (1.1.10)

where

s uf?(z) = s / [u(z) —u@)® ,

2 |$ _ y|n+23

Let us remark the strong analogy with Example 1.1.3, where |ds u|? plays the role of the
squared norm of the gradient in the equation of classical harmonic maps into spheres.

As for classical harmonic maps, fractional harmonic maps may always be regular in
low dimension, but we expect that they can be totally irregular starting from dimension
n = 2. For s = 1, it was shown in [29, 28] that weak 1/2-harmonic maps from the real
line are smooth, and another proof in the spirit of F. Hélein’s proof for classical harmonic
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maps in dimension 2 was obtained later in [77] by K. Mazowiecka and A. Schikorra. We
suspect that a construction similar to the one by T. Riviére in [92] could be done to
produce a 1/2-harmonic map from the 2-dimensional disk into S! which is discontinuous
everywhere, but this has yet to be made. If s € (%, 1), by Sobolev embedding we see that
for n = 1, s-harmonic maps are necessarily Holder continuous, and by bootstrapping we
can show that they are smooth (the steps from Holder to Lipschitz continuity and then
from Lipschitz continuity to full regularity is done e.g. in Chapter 2). Still in dimension
1, when s € (0, %), s-harmonic maps may however have singularities.

Since we expect that there is no hope to get any kind of regularity for general fractional
harmonic maps starting from dimension 2, we introduce the minimizing and stationary
subclasses.

Definition 1.1.16. We say that a map u € }AIS(Q;N) is a minimizing s-harmonic map in
Q if
Es(u, Q) < E(v,Q),

for any map v € H 5(2; V) such that u — v is compactly supported in €.

Definition I.1.17. We say that a weak s-harmonic map u € ﬁs(Q;/\/’) is stationary if it
satisfies q

—& Dy, Q2 =0

[dt lwo )} =0
for every smooth vector field X = (X!,..., X") € O®(Q;R?), where ®; is the associated
integral flow.

In [82], the authors prove smoothness of minimizing s-harmonic maps in dimension 1,
but the issue of regularity was still open in the stationary case for s € (0, %) In Chapter 2
we answer partially this question, proving that when s € (0, %) and n = 1, the singular
set of stationary s-harmonic maps is locally finite.

Compared with classical harmonic maps, stationary s-harmonic maps do not necessar-
ily have the property that r — r257"&(u, B,(z)) is monotone, but it was shown in [80,
81] that a monotonicity formula holds for the fractional harmonic extension of u to the
upper half-space, introduced in [18] by L. Caffarelli and L. Silvestre, whose definition we
recall below.

Fractional harmonic extension. From now on we denote by ]Rffl the upper half-
space R" x (0,+00), and for any x = (z,0) € 8Ri+1, we let BE(X) be the open upper
half-ball in ]R?FH of radius R centered at x.
Given u € H $(Q;RY), the fractional harmonic extension of u, denoted by u® : ]RT}F+1 —
R?, is defined by )
S
u(x, 2) == Un,s/ Zuly) —=dy.
R (o —y|? +22) 2

Note that u€ is simply the convolution of u (in y) with the “fractional Poisson kernel”

Z28

Pn,S(ya z) = O0ns™  _ng2so
(Jyl? + 22) 2

where o, s is chosen so that

/ P, s(y,2)dy =1,
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and u° is the unique solution of

div(2*Vu®) =0 in R7*
u® =u on 8R’}r+1 ~ R",

where a :=1—2s. When s = %, u® is simply the harmonic extension of u, i.e., the solution
of

Aut=0  inRYH!

u® =u on 8Rﬁ+1.
It is well known that u® is well-defined on R"™ whenever u € H5(€;R?%) and belongs to a
weighted Sobolev space in G C Rﬁ“, provided G is sufficiently regular and its “trace” on
(‘NRQH is compactly included in 2. Let us point out that, defining the weighted Dirichlet
energy in G C Rfrl by

E;(u®,G) :== % |Vt |? |z|%dx,
2 Ja

with 6, well-chosen we have
[W]30(ny = Bs(u®, RYM),  Vu € H*(R™RY).

On a bounded open set €2, there is no simple equivalent to the above equality, however we
can control the H* seminorm of u in Bg(z) by the energy of u® in Bj,(x), where x = (z,0),
and conversely we can control the energy of u® in B} (x) by Es(u, Bar(z)), so that we
almost have “equivalence” of the energy of u and of its fractional harmonic extension.
The harmonic extension has many interesting properties. First, the fractional Laplacian
is realized as the Dirichlet-to-Neumann operator induced by the extension procedure,
that is, the distributional normal trace of 2Vu® on IR’ ~ R is (—=A)*u (up to a
multiplicative constant), i.e. —3,290, u® = (—=A)*u on IR, When s = 3, this implies

Au® =0, in G
u® e N, on {2
9, u® L Tan(u®, N) on £,

for any 1/2-harmonic map w in 2, where G is a suitable smooth extension of €2 in R?fl,
so that u® is a so-called harmonic map with partially free boundary in N, for which there
is a regularity theory up to the boundary. Taking advantage of this, V. Millot and Y. Sire
obtained in [80] the following partial regularity result.

Theorem 1.1.18 ([80, Theorem 4.18]). If u € HY2(Q;S% 1) is a 1/2-harmonic map in
Q, then u € C*°(Q \ sing (u)), and

(i) if n =1, then sing (u) = (;

(ii) if n > 2 and u is stationary, then " ' (sing (u)) = 0;
(iii) if u is minimizing, then sing (u) is locally finite when n = 2, and dim y sing (u) <

n — 2 whenn > 3.

One of our main results in Chapter 1 refines the upper bound of the previous theorem
on the Hausdorff dimension of the singular set in the minimizing case when the target in
a sphere, and states that minimizing 1/2-harmonic maps into spheres (of dimension larger
than 1) are smooth in dimension n = 2.

10
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A second interesting property of the extension is what we often refer to as the “criti-
cality transfer” property. It states that the fractional harmonic extension of a fractional
harmonic map w is also a critical point of the weighted Dirichlet energy with respect to
a specific type of variations on the target, which we do not detail here. Modulo some
technicalities, the converse holds as well: if the map u® is a critical point of the weighted
Dirichlet energy in sufficiently regular open sets with respect to those variations, then u
is a fractional harmonic map in some open set {2 C R™. Even more interesting, the sta-
tionarity and minimality properties of u are transferred to its extension, and conversely.
In view of these transfer properties and the “equivalence” between the fractional Dirichlet
energy & and the weighted Dirichlet energy E;, in many cases we may chose indifferently
to work either with u or with its extension u®, whichever is more handy.

However, working with the extension has one huge advantage: there is a monotonicity
formula for the extension of stationary harmonic maps (originally proven in [80]). Precisely,
if u is a stationary s-harmonic map in €, then for every x = (z,0) such that x € €, the
function r — r?*""E,(u°, Bf;(x)) is nondecreasing. In analogy with classical harmonic
maps, this allows for the construction of tangent maps, stratification of the singular set,
and the use of Federer’s dimension reduction argument, but also a control of the BMO
seminorm of stationary s-harmonic maps.

Minimizing 1/2-harmonic maps. In Chapter 1, we focus on minimizing 1/2-harmonic
maps into spheres. First we improve Theorem 1.1.18 in the minimizing case when d > 3,
proving the following theorem.

Theorem 1.1.19. Assume that d > 3. Let  C R™ be a smooth bounded open set. If
w € HY2(Q;S41) is a minimizing 1/2-harmonic map in Q, then sing (u) = 0 for n < 2,
sing (u) s locally finite in Q for n = 3, and dim y sing (u) < n — 3 forn > 4.

Using Federer’s dimension reduction argument, proving the theorem amounts to show-
ing that there exists no nontrivial 0-homogeneous minimizing 1/2-harmonic map from R?
into S*~!. As in the classical case, where it was possible to show smoothness for weak
harmonic maps from R? into S? using a geometric argument involving minimal surfaces,
our proof in the setting of 1/2-harmonic maps relies on a geometric result on minimal
surfaces with partially free boundary. To be precise we use the recent result by A. Fraser
and R. Schoen[48], that a minimal disk whose boundary lies in the (d — 1)-dimensional
unit sphere, for d > 3, must be a flat disk through the origin, extending a famous result
of J. C. C. Nitsche[87] for d = 3 to arbitrary spheres. This implies that any 1/2-harmonic
from the real line into S*~! lies in an equator, and as a consequence that any nonconstant
0-homogeneous 1/2-harmonic map from R? into S?~! is equatorial. When can then desta-
bilize this tangent map by doing variations in the orthogonal direction of the equator, and
show that it contradicts its minimality. The contradiction arises from the knowledge of
the sharp constant in a Hardy-type inequality, and the fact that 1/2-harmonic maps into
St are completely described by so-called Blaschke products (see [80]), so that their energy
is necessarily an integer multiple of 7.

Theorem 1.1.20. The map u, : R? — S' given by uy(x) := % is a minimizing 1/2-
harmonic map in R?. Moreover, it is the unique nonconstant 0-homogeneous minimizing

1/2-harmonic map up to an orthogonal transformation.

The second main result of Chapter 1 states that a minimizing 1/2-harmonic map from
a two dimensional domain into S' must have a degree +1 at each singularity, where the
topological degree at a singular point is defined as the degree of the restriction to any
small circle surrounding the point.

11
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Theorem 1.1.21. Let Q C R? be a smooth bounded open set. If u € ﬁ1/2(Q;Sl) s a
minimizing 1/2-harmonic map in Q and a € Q Nsing (u), then deg(u,a) € {+1,—1}.

To prove the minimality of us, we follow a strategy similar to the one employed by H.
Brezis, J.-M. Coron, and E. H. Lieb[13]. Introducing the distributional Jacobian of H'/2
maps via the harmonic extension, we obtain a lower bound on the energy of any minimizing
harmonic map with partially free boundary in S~ ! which agrees with u¢ outside a compact
subset of B]” U (D; x {0}), where Dy denotes the n-dimensional open unit ball in R, and
show that this bound agrees with the energy of u$. Then to prove uniqueness, we take
advantage of the fact that 1/2-harmonic maps from the real line into S! are given by
Blaschke products, so that we explicitly know the form of 0-homogeneous 1/2-harmonic
maps from R? into S'. Direct computations show that u, is the unique minimizer among
0-homogeneous maps with degree 1, up to orthogonal transformations. Then, as in [13],
we exclude maps of higher degree by using suitable competitors, but the construction is
much more technical and in the end relies on the numerical computation of some integrals.

Stationary and minimizing s-harmonic maps. Chapter 2 is essentially devoted to
the study of regularity for stationary and minimizing s-harmonic maps into spheres S%!
of arbitrary dimension, where s € (0,1). We prove partial regularity results for stationary
s-harmonic maps into spheres, which are, to our knowledge, new results, and improve
already-known partial regularity results in the minimizing case when s # % Our main
results are summarized in the following theorems.

Theorem 1.1.22. Assume that n < 2s. Ifu € ﬁs(Q; S1Y is a weakly s-harmonic map
in Q, then u € C*().

Theorem 1.1.23. Assume that n > 2s. If u € ﬁs(Q;Sd_l) is a stationary weakly s-
harmonic map in Q, then uw € C*°(2\ sing (u)) and

(1) for s >1/2 and n > 3, dim sing (u) < n — 2;

(2) for s >1/2 and n =2, sing (u) is locally finite in €;

(3) for s =1/2 and n > 2, #™ (sing (u)) = 0;

(4) for s <1/2 andn > 2, dim sing (u) < n —1;

(5) for s <1/2 and n =1, sing (u) is locally finite in €.
Theorem 1.1.24. Assume that n > 2s. If u € H*(Q;S% 1) is a minimizing s-harmonic
map in 2, then u € C*°(\ sing (u)) and

(1) forn >3, dim sing (u) < n —2;

(2) for n =2, sing (u) is locally finite in Q);

(3) forn =1, sing (u) =0 (i.e., u e C>®(Q)).

Our approach is inspired by the one carried out by L. Evans in [39], where the author
proves that the singular set of any stationary classical harmonic map from Q C R into
S?1 has null (n — 2)-Hausdorff measure. In fact, we almost have access to the same
ingredients described above in the case of classical harmonic maps:

(i) we have a monotonicity formula, through the fractional harmonic extension;

(ii) using the fractional divergence and gradient quantities recently introduced in [77],
the right-hand side of (I.1.10) “almost” has a fractional div-curl structure;

12
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(iii) in [77], K. Mazowiecka and A. Schikorra prove a fractional div-curl lemma similar
to the one by Coifman, Lions, Meyer and Semmes, so that the right-hand side of
(I.1.10) is the sum of an element in H!(R") and of an extra term, which needs to be
carefully examined.

We say that the right-hand side of (I.1.10) “almost” has a fractional div-curl structure,
because, contrary to the classical case, the s-harmonic maps equation cannot be rewritten
as simply as (I.1.6), but an extra term appears. In fact, formally, (I.1.10) may be rewritten
as

d
=Y Q7 odv)+ T, Vie{l,....d}
7j=1

where dg v plays the role of a fractional s-gradient, and Q% and T are defined by
Qi,j(xv y) = ’Uz(m) dS Q}j(x, y) - U](.%') dS ui('rv y)
T(x):= (ds vt @ (v!(2) ds Uj)) ().

Here we do not elaborate on the meaning of the ® product, the idea being that Q% has
vanishing fractional s-divergence, and that 2%/ ® ds v/ has a fractional div-curl structure.
The extra T' term can be handled using a nontrivial embedding between Qp-%-spaces (see
[114]) which is a direct consequence of continuous embeddings between Morrey-Lorentz
flavors of Triebel-Lizorkin spaces proven in [63], as well as identification of those spaces
with Qf-%-spaces in some cases (see [114, 115]). Combining all these tools, we can prove
an e-regularity theorem for stationary s-harmonic maps into spheres. An immediate con-
sequence of the e-regularity theorem is that the singular set of any stationary s-harmonic
map into spheres has null (n — 2s)-Hausdorff measure.

We then improve this result further when s # % by proving compactness of stationary
s-harmonic maps into S*~! with bounded fractional Dirichlet energy and then applying
Federer’s dimension reduction principle. In order to prove compactness of those maps,
we need to improve Holder regularity to Lipschitz regularity away from singular points,
which we do by adapting some proofs by J. Roberts[93], who produced a thorough regu-
larity theory for minimizing fractional harmonic maps in a different setting. In fact, to be
completely exhaustive, we prove that fractional harmonic maps are smooth outside their
singular set, by a rather technical bootstrap procedure based on the fractional harmonic
maps equation. The compactness of stationary s-harmonic maps with bounded fractional
Dirichlet energy when s ;é then follows by Marstrand’s theorem, which states that a
Radon measure p cannot have a positive and finite noninteger density on a set of nonvan-
ishing 1 measure. When s = %, non-compactness is well-known, and we give an example
of a noncompact bounded sequence.

Open questions and perspectives. Let us conclude this summary of our results by
stating a few open questions and perspectives on fractional harmonics maps.

e [t would be interesting to see if a construction similar to the one by Tristian Riviere
is possible for 1/2-harmonic maps, i.e., if it is possible to build a 1/2-harmonic map
from I into S! which is everywhere discontinuous.

e In the case s # 1/2, very few properties are known about minimizing s-harmonic
maps for n > 1, except for partial regularity results. We do not even know if
x/|z| is minimizing in dimension 2, that is, if the approach using the distributional
Jacobian is reproductible in that case. Concerning the characterization of tangent

13
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maps from R? into S', most of the work done for the case s = 1/2 relies on the full
knowledge of 1/2-harmonic maps from the real line, that is, the fact that they are
given by Blaschke products (see [80]). For s # 1/2, we do not know if a similar
characterization can be obtained in dimension 1.

e In the minimizing case, we know that both 1/2-harmonic maps and “classical” har-
monic maps from R? into S?~! are smooth (for d > 3). We have reasons to believe
that, by a compactness argument, we might be able to show that minimizing s-
harmonic maps from R? into S*~! are smooth (for d > 3) when s is close to 1/2 or
close to 1. Then we could investigate whether this is actually true for any s € (1/2,1).
It would in addition immediately allows us to further reduce the dimension of the
singular set for minimizing s-harmonic maps into spheres to n—3 for any s € (1/2,1).

1.2 An isoperimetric problem with a nonlocal repulsive po-
tential

Chapter 3 is dedicated to the study of large mass minimizers of the problem

min P(E)+/ K(x—y)dzdy : |[E|=m,, (P1)
EXE
where m is a positive number and P(E) denotes the perimeter of E, defined by

P(E) :=sup {/ dive @ ¢ € Z(R";R") such that ||| femn) < 1}.
E

Sets whose perimeter is finite are naturally called sets of finite perimeter. Observe that
in Problem (P1), we have a competition between two terms: the (local) perimeter term
constrains the set E to concentrate as much as possible, while the nonlocal term acts as a
repulsive term, forcing F to spread. Indeed, it is known that the perimeter is minimized
by balls under volume constraint, while the nonlocal term is mazimized by balls. Before
stating the assumptions we make on the kernel K, let us say a few words about this
problem for some specific kernels.

The Riesz case. Problems such as (P1) are motivated by a model for the atomic nucleus
introduced by George Gamow in the late 1920s, which is now referred to as Gamow’s liquid
drop model for the atomic nucleus. This denomination is due to the fact that in this simple
model (then refined by Heisenberg, von Wiezséicker and Bohr in the 1930s), the protons
and neutrons inside the atomic nucleus are treated as an incompressible and uniformly
charged fluid. In this model, the atomic nucleus is represented by a set  C R? of volume
m (which we also call the mass), and its energy is given by

1 1
P(Q —|—// dx dy.
) 87 Jaxa | =yl

The perimeter term represents the energy associated with the attractive short-range nu-
clear force, while the Coulombic repulsive term is due to the positively charged protons
pushing themselves away from each other. This model successfully explained the phe-
nomenon of nuclear fission: indeed, there are two critical masses 0 < m; < msy < 0o such
that, below my, the problem admits a minimizer (no fission), and above mg, there is no
minimizer (fission). In fact, there exists another threshold 0 < mgy < m; such that below
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it, the ball is the unique minimizer (up to translation). These results were first rigorously
proven in [66] (see also [67] for the planar case). Many variants and generalizations of this
model have been proposed and extensively studied since then (see e.g. [67, 66, 68, 65, 10,
45]), one of the most natural being to replace the Newton potential ‘ml% in dimension 3
by Riesz potentials in arbitrary dimension n > 2, that is,

1

= — 5
’$|n «

K(x) a € (0,n).

The Newton case o = 2 in dimension n > 3 was treated e.g. in [65], the Riesz cases with

a € (0,n —1) in [10], and the complete Riesz case o € (0,n) in any dimension in [45],

where the perimeter P(F) can also be replaced by fractional perimeters Ps(E), s € (0,1).
In the two following theorems we give a nonexhaustive summary of some results known

in the Riesz case.

Theorem 1.2.1 ([67, 66, 65, 10, 45]). Given n > 2 and o € (0,n), there exists my =
mo(n, ) such that for any m < my the ball of volume m, denoted by [Bln,, is the unique
minimizer, up to translations, of Problem (P1) for K(x) = |z|~"~®. Here [B],, denotes
the unit open ball of volume m in R™, centered at the origin.

There are also some nonexistence results.

Theorem 1.2.2 ([67, 66, 72]). Given n > 2 and o € (n — 2,n), then there exists m; =

mi(n,a) such that for any m > my, Problem (P1l) admits no minimizer for K(x) =
’x|—(n—a)'

We can give clues as to why Problem (P1) admits no large mass minimizers in the
Riesz case. First, observe that without the perimeter term, the problem

1
min // ————dxdy : |E|=m
BxE [T —y["m

admits no minimizer, since it is always better (Riesz kernels being stricly radially decreas-
ing) to split a set E into infinitely many pieces and send them farther from each other
at infinity. Secondly, the relatively slow decay at infinity of the Riesz kernels make them
nonintegrable, which would indicate that the repulsive potential takes over the perimeter
term in Problem (P1) for large masses, and would explain the nonexistence of large mass
minimizers.

As for the thresholds mg, mi, and ms, physical evidence indicate that in dimension
n = 3 at least, they should be equal, but this has yet to be proven.

The Bessel case. Other physically relevant potentials have been suggested (e.g. in [68]),
such as Bessel potentials, which are rapidly decreasing kernels compared with Riesz kernels,
and are in particular integrable at infinity. Bessel kernels are given by the operators
(I —A)~2 for a € (0,n), i.e., the Bessel kernel of order « is the fundamental solution of

(I—A)2f=d,

where dg is the Dirac distribution at the origin. In fact, we can consider the “generalized”
Bessel-type potentials given by (I — I{A)_%, where a, k € (0,400). As far as we know
there is little literature on Problem (P1) when K is a Bessel kernel, and especially on
the asymptotic behavior for large masses. Unlike Riesz kernels (which are fundamental

solutions of (—A)% f = do), Bessel kernels are generally not explicit, in the sense that they
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only have an integral representation, and they do not behave as nicely as Riesz kernels
under scaling. Near the origin, Riesz and Bessel kernels of the same order a behave
similarly, however at infinity Bessel kernels decay much faster: their decay at infinity is
exponential.

For small masses, the similarity between Riesz and Bessel kernels near the origin
suggests that Problem (P1) presents the same kind of behavior whether K is a Riesz or a
Bessel kernel of order «, that is, there exists a critical mass below which, up to translations,
the ball of volume m is the unique minimizer. In this “small volume” case we believe the
approach for the Riesz case in [45] can be adapted without major difficulties, but this is
not the subject of Chapter 3. We are more interested in the case of large volumes. For
Riesz kernels of order o € (n — 2,n), by Theorem 1.2.2 we know that above a critical
mass, Problem (P1) admits no minimizer. Here, as we prove in Chapter 3, the better
integrability of the Bessel kernels changes the asymptotic behavior when the mass goes
to infinity: if x is small enough, Problem (P1) admits large mass minimizers, and up to
translations, any sequence of normalized (to unit mass) minimizers converges to the unit
ball as the mass goes to infinity.

Compactly supported potentials. Since we see that the Riesz and the Bessel cases
present a very different behavior, which we attribute to the faster decay at infinity of the
Bessel kernels, an interesting question is: what happens when the decay is even faster
than exponential, e.g. when K is compactly supported?

Recalling our informal discussion on nonexistence for Riesz potentials, we see that in
the compact support case, sending disjoint pieces of a set F at infinity does not decrease
the energy of the nonlocal term: when the pieces are far enough, they simply have no
interaction between each other. Thus we may imagine that we should be able to build
a minimizing sequence lying in a fixed ball, hence get some compactness and prove the
existence of minimizers by the direct method in the calculus of variations. In dimension
n = 2 this strategy can be implemented quite easily (the advantage being that sets of
finite perimeter are essentially bounded, i.e. included in a ball), but in higher dimension
it is not that simple.

Using the link between minimizers of (P1) and so-called “quasi-minimizers” of the
perimeter (in Chapter 3 we prefer the terminology of “almost-minimizers”), that case was
nonetheless successfully treated by S. Rigot in [88], yielding the following result.

Theorem 1.2.3 ([88]). If K is compactly supported, then Problem (P1) always admits
minimizers. In addition, for any minimizer E, O*E is a Cl’%-hypersurface, and, up to
a renormalization, E has a finite number of connected components N, where N and the
reqularity constant of 0*F can be bounded depending only on K and n.

General assumptions. In Chapter 3, we consider general kernels K satisfying the
following assumptions:

(H1) K € L'(R™) n W (R™\ {0}), and
| K (2) dz < +o0, / VK (2)]|2] dz < oo, / VK ()2 dz < +oo;
R Rn R™
there exists a nonnegative and nonincreasing function k£ : (0,400) — R such that
H2) th i i d i ing fi ion k£ : (0 R h th

K(z) = k(|z|) for £™ —a.e. z € R™;
(H3) K is continuous on (0, +00).
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Sometimes, we add the extra assumption

(H4) K(z) = o(|z|*™1) at infinity, and there exists some a > 0 such that K(x) = o(|z|*™™)
near the origin.

It is easy to see that all four assumptions are satisfied by the generalized Bessel kernels
for all o,k € (0,400). To state our main results, we define

o0
- / oP|0L K (2)| da = n|B1|/ (1) [P
R” 0
for 1 € {0,1} and p € {0, 1,2}, where 0,K is the radial derivative of K, and
Sn—

which does not depend on e € S"~! by symmetry.
One of the keys to study Problem (P1) is to notice that

/ K(m—y)dxdy:mf%o—// K(z —y)dzdy,
ExXE ExEc

since K is integrable, so that Problem (P1) is equivalent to
min {Perg(E) : |E| =m},

where

Per(B)i= [ Ko =y

which should be seen as a “nonlocal perimeter” term. Another key is to write Perg (E) as

peri(E) = [ PEEEXE 0y aay

where xpg is the indicator function of E and n(z) := |z|K(x). We can then use the
results of J. Bourgain, H. Brezis, and P. Mironescu[12] (more precisely its extension to BV
functions obtained in [32]) to show that the nonlocal perimeter I'-converges to a positive
constant C' times the classical perimeter when m goes to infinity. Hence we can hope that
there exists a critical mass above which Problem (P1) admits a minimizer whenever the
constant C' is small enough. This is our first main result.

Theorem 1.2.4. Assume I?(’l < % Then there exists me = me(n, K) such that, for any

m > me, Problem (P1) admits a minimizer, and any minimizer E is, up to a translation,
included in 4[B],, up to a set of vanishing Lebesque measure, where [Bl,, is the ball of
volume m centered at the origin.

The proof of existence is not trivial, the main obstacle for using the direct method
in the calculus of variations being the possibility for a minimizing sequence to have some
mass escape at infinity. We solve this problem of lack of compactness by showing that
for large masses, a minimizing sequence may be constrained inside a ball via a truncation
lemma.

We then study the I'-limit of the rescaled functional of Problem (P1), and show that
if I?(’l is small enough, the I'-limit is a positive multiple of the perimeter. This implies our
second main result.
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Theorem 1.2.5. Assume I?(’l < %ﬂ Let (mg)gen be a sequence of positive real numbers
going to infinity, and for all k € N, let E}, be a minimizer of Problem (P1) of mass my

1
such that fEk xdx = 0. Then letting Fy = (M) " Ey, the sequence (Fj)ren of sets of

mg
finite perimeter of volume |B| converges to the unit ball B centered at the origin w.r.t. to
the L' norm, i.e.,

|F,AB| £22% 0.

Applying results from [88], when I?{’l < %ﬂ, we obtain that minimizers have a C+3
reduced boundary, and we show that they are necessarily connected whenever K is non-
trivial. Then we recall a well-suited notion of stability and show that if I%l is above the
threshold given in the statements of the previous theorems, then for large masses, balls
are not stable, and thus cannot be minimizers of Problem (P1).

Theorem 1.2.6. If I?(’l > ﬁ and K satisfies (H/), there exists m,, such that for any
m > my, the ball [B]y, is not stable for the functional of Problem (P1).

In particular, if I?{’l > %, then balls cannot be minimizers (if one exists) for large
masses. This is particularly interesting in the case where K is compactly supported.
Indeed for such kernels we know that Problem (P1) admits minimizers for all masses, and
for large masses none of them can be a ball, i.e., symmetry breaking occurs.

The proof for the instability of large balls relies essentially on the study of the Jacobi
operator associated with the minimized functional, and on a result similar to the one by
J. Bourgain, H. Brezis, and P. Mironescu in [12] for W12(S"~1), i.e., computation of the

limit,
2
T) — _ .
n—1yx§n—1

where (7¢)e>0 is a family of “(n — 1)-dimensional mollifiers”.

Open questions and perspectives. Here again, we conclude this introductory part
by stating a few open questions and perspectives on this isoperimetric problem.

e As stated in the exploratory Section 3.4.5, it should be possible to improve the
convergence and show that the reduced boundary of rescaled minimizers converge to
the ball w.r.t. the Hausdorff distance, but for this one would need to obtain density
estimates for rescaled minimizers of Problem (P1) uniform in m!/", which has yet
to be done.

e Then we would like to address the question of whether there exists a critical mass
such that for larger masses, the ball is a minimizer, when I?(’l < % For this, a

first step is to study the stability of the ball in the different regimes (small masses,
large masses, and the intermediate case). By Theorem 1.2.6 shown in Chapter 3,
we know that large balls are not stable if I?{’l > %, but we do not know if large

balls can be stable if I?(’l is small enough. We believe stability could be proven by
obtaining uniform upper bounds for the quantity

// ‘f(x>_f(y>‘2’l7($—y)d%n_ld%n_l
Sn—lxsn—1

|z —y?

in terms of [y, |V f|?ds#" ! for f € WH2(S*~1). If large balls are stable for any
I%l small enough, it could be possible to show that they are local minimizers w.r.t.
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L' perturbations, and then perhaps global minimizers, but these are only conjectures
for now.

e [t could also be interesting to make numerical simulations in dimension 2 for different
Bessel potentials, to test whether minimizers exist in the intermediate regime, and
if they are close to balls or not.
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CHAPTER 1

Minimizing 1/2-harmonic maps into
spheres

1.1 Introduction

In a series of articles [29, 28, 23, 24], F. Da Lio & T. Riviére have introduced and
studied fractional 1/2-harmonic maps from the real line into a manifold. Given a compact
smooth submanifold A/ C R™ without boundary, 1/2-harmonic maps into N are defined
as critical points of the so-called 1/2-Dirichlet energy under the constraint to be N-valued.
They naturally appear in several geometric problems such as minimal surfaces with free
boundary, see [24, 26, 27, 47, 99, 110] and Section 1.4.2. They also come into play in
some Ginzburg-Landau models for supraconductivity, see e.g. [8] and references therein.
The Euler-Lagrange equation satisfied by 1/2-harmonic maps is in strong analogy with
the standard harmonic map system. Instead of the usual Laplace operator, the equation
involves the square root Laplacian as defined in Fourier space (i.e., the multiplier operator
of symbol 27|¢|), and it suffers the same pathologies regarding regularity. A main issue was
then to prove the smoothness a priori of weak solutions. It has been achieved in [29, 28],
thus extending the famous regularity result of F. Hélein for harmonic maps from surfaces
[61]. The notion of 1/2-harmonic maps has been extended in [80, 86] to higher dimensions,
and partial regularity for minimizing or stationary 1/2-harmonic maps established (again
in analogy with minimizing/stationary harmonic maps [9, 39, 103]). Before going further,
let us now describe in detail the mathematical framework.

Given a bounded open set 2 C R™, the 1/2-Dirichlet energy in €2 of a measurable map
w: R™ — R™ is defined as

B 2
E1(u, Q) := %// dedy,
4 J)®rxmrep\(@exae) |z —yl™

NI

where Q¢ := R™ \ Q. The normalization constant =y, := 7~ nglf(’%l) is chosen in such a
way that
1
Ei(u, Q) = 2/ |(—A)iu|2dx for every u € 2(Q).
2 n

Following [80, Section 2], we denote by H'/2(Q; R™) the Hilbert space made of all u €
L2 (R™R™) such that 55 (u,Q) < o0, and we set

loc

HY2(QN) = {ue HY2(Q:R™) : w(z) € N for ae. x € R™}.
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Definition 1.1.1. A map u € HY/2(; N) is said to be a weakly 1/2-harmonic map in
with values in NV if

d
[51 (rn(u+10),9)| =0 Vee F(KR™),
dt 2 [t=0

where 7z denotes the nearest point projection on N.

According to [80, Section 4], a weakly 1/2-harmonic map in  satisfies the variational
Euler-Lagrange equation

In (u(@) —u(y) - (p(x) = W) \ o _
2 //(R"XR”)\(QCXQC) j — y[n dedy =0 (1.1.1)

for every ¢ € Hééz(Q;u*TN’). In other words, (1.1.1) holds for every ¢ € HééZ(Q;Rm)
satisfying ¢(x) € Tan(u(z),N) for a.e. x € Q (recall that H&éz(Q) is the completion of
2(Q) in HY2(R™) for the norm topology). This equation is the weak formulation of the
nonlinear system

(—A)%UJ_Tan(u,./\/) in Q, (1.1.2)

where (—A)% is the integro-differential operator given by

(—A)%u(x) ‘= Yp D-V. (/R ulw) = uly) dy) .

n |z -yt

(The notation p.v. means that the integral is taken in the Cauchy principal value sense.)
In the case NV = S™~! (the unit sphere of R™), the Lagrange multiplier relative to the
constraint to be S™~!-valued takes a very simple form, and equation (1.1.2) rewrites (see
[80, Remark 4.3])

—ul)?
(—A)%u(m) = (’7271 /ﬂ Mdy) u(z) in Q. (1.1.3)

|z — y[" !

In this case, it is clear that the right-hand side in (1.1.3) has a priori no better integrability
than L'(Q), and thus linear elliptic theory does not apply to determine the smoothness
of solutions. In [29, 28] and subsequently in [77], the authors have shown that the source
term can actually be rewritten in some “fractional div-curl form". As a consequence,
nonlinear compensations appear and the right-hand side of (1.1.3) belongs in fact to the
Hardy space. In dimension 1, it leads to continuity and then full regularity as it happens
for harmonic maps in dimension 2 [61]. In higher dimensions, we do not expect any kind
of regularity for weakly 1/2-harmonic maps into a general manifold, again by analogy
with weakly harmonic maps in dimensions greater than three [92]. However, some partial
regularity does hold for minimizing (or at least stationary) 1/2-harmonic maps.

Definition 1.1.2. A map u € H'/2(; V) is said to be a minimizing 1/2-harmonic map
in Q with values in N if

€ (U, Q) < g% (’U, Q)

1
2

for every competitor v € H/2(Q; N) such that spt(v — u) C Q.

The result of [80, 86] asserts that a minimizing 1/2-harmonic map u in € belongs to
C>(Q\ sing (u)) where sing (u) is the singular set of u in  defined as

sing (u) :== Q\ {z € Q: u is continuous in a neighborhood of z}, (1.1.4)
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which is a relatively closed subset of Q. Moreover, dim y sing (u) < n — 2 for n > 3,
and sing (u) is locally finite in € for n = 2 (the notation dim - stands for the Hausdorff
dimension), see Corollary 1.3.7.

The main purpose of this article is to improve this general regularity result in the case
of minimizing 1/2-harmonic maps into the sphere S™~1. In a first direction, we prove that
the size of the singular set can be reduced in case of two or higher dimensional spheres.

The(lrem 1.1.3. Assume that m > 3. Let Q C R"™ be a smooth bounded open set. If
w e HY2(Q; 8™ 1Y) is a minimizing 1/2-harmonic map in Q, then sing (u) = 0 for n < 2,
sing (u) s locally finite in Q for n = 3, and dimy sing (u) < n —3 forn > 4.

For m = 2, i.e., in the case of minimizing 1/2-harmonic maps into S!, such improved
regularity cannot hold for topological reasons, even in dimension 2. To illustrate this fact,
let us consider the following variational problem

min {5% (u,D) : uw € HY2(D;SY), u(z) = g(z/|z|) for ae. z € ]D)C},

where D) denotes the open unit disk in R?, and ¢ : S* — S! is a smooth given map of nonva-
nishing topological degree. Existence of minimizers easily follows from the direct method
of calculus of variations, and any minimizer is obviously a minimizing 1/2-harmonic map
in D. On the other hand, the degree condition on g implies that g does not admit a
continuous extension to the whole disk I, and thus any minimizer must have at least one
singular point. In dimension 2, we already know that the set of singularities is locally
finite, and our purpose is to give a description of “their shape". This description relies on
a blow-up analysis near a singular point (see Section 1.5.4), and the study of all possible
blow-up limits, usually called tangent maps. They turn out to be 0-homogeneous and
minimizing 1/2-harmonic maps over the whole space (i.e., minimizing in every ball). Our
next theorem provides the classification of all 0-homogeneous minimizing 1/2-harmonic
maps from R? into S'.

Theorem 1.1.4. The map uy, : R? — S given by u.(z) := ﬁ is a minimizing 1/2-
harmonic map in R%2. Moreover, it is the unique nonconstant 0-homogeneous minimizing
1/2-harmonic map up to an orthogonal transformation. In other words, if u € Hllo/f (R%;S1)
is a nonconstant 0-homogeneous minimizing 1/2-harmonic map in R?, then there erists

A € O(2,R) such that u(x) = us(Az) for every x € R?\ {0}.

As a corollary of Theorem 1.1.4, we obtain that a minimizing 1/2-harmonic map from a
two dimensional domain into S' must have a degree 41 at each singularity. The topological
degree at a singular point is here defined as the degree of the restriction to any small circle
surrounding the point.

Theorem 1.1.5. Let Q@ C R2 be a smooth bounded open set. If u € HY2(Q;SY) is a
minimizing 1/2-harmonic map in Q and a € Q Nsing (u), then deg(u,a) € {+1,—1}.

The results and proofs presented in this note represent fractional H'/2-counterparts of
classical results on minimizing harmonic maps into spheres. First, to prove Theorem 1.1.3,
we show that a 0-homogeneous minimizing 1/2-harmonic maps from R? into S™~! must
be constant if m > 3. This can be seen as the analogue of R. Schoen & K. Uhlenbeck
result [104, Proposition 1.2] about the constancy of 0-homogeneous minimizing harmonic
maps from R? into S3. Their result relies on the fact that a harmonic 2-sphere into S3
must be equatorial, a consequence of a theorem of F.J. Almgren [1] and E. Calabi [19].
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Constancy then follows through a second variation argument, destabilizing nonconstant
maps in the orthogonal direction to the image. In our context, any 1/2-harmonic circle
(see Section 1.4.1) turns out to be the boundary of a minimal disk with free boundary
in S™~!. Recently, A.M. Fraser & R. Schoen [48] proved that such a minimal disk must
be a flat disk through the origin, extending a famous result of J.C.C. Nitsche [87] for
m = 3 to arbitrary spheres. As a consequence, any 1/2-harmonic circle is equatorial
(see Corollary 1.4.6), and we use this fact to destabilize nonconstant 0-homogeneous 1/2-
harmonic maps from R? into S™~! using again variations in the orthogonal direction to
their image (see Proposition 1.4.7). Let us mention that, surprisingly, the same strategy
applies to prove smoothness of minimizing “fractional s-harmonic maps" from the line into
a sphere for s € (0,1/2), see [82].

Concerning Theorem 1.1.4 and Theorem 1.1.5, we have obtained the H'/2-analogue
of a classical result of H. Brezis, J.M. Coron, and E.H. Lieb [13] (see also [2]). In the
spirit of [13], the minimality of x/|z| is obtained by means of sharp energy lower bounds,
which in turn rely on the distributional Jacobian for H'/?-maps into S!, see [11, 79, 91].
To prove the uniqueness part, we use the fact that all 0-homogeneous 1/2-harmonic maps
in R? can be written in terms of finite Blaschke products, which are rational functions
of the complex variable. This fact has been established in [80] (see also [8, 23]). Using
this representation, we prove rigidity among degree +1 maps by domain deformations.
Then we exclude maps with higher degree by suitable constructions of competitors in the
spirit of [13, Proof of Theorem 7.4]. Compared to [13], the construction turns out to be
more involved as it requires additional steps and the numerical evaluation of certain in-
tegrals. Finally, Theorem 1.1.5 is obtained through the aforementioned blow-up analysis
near a singularity. More precisely, we prove that homothetic expansions of a minimiz-
ing 1/2-harmonic map near a singular point converge up to subsequences to a nontrivial
0-homogeneous minimizing 1/2-harmonic map, so that the conclusion follows from The-
orem 1.1.4. Compared to [13] again, we do not know if a minimizing 1/2-harmonic map
u satisfies u(z) ~ A(x — a)/|x — a| near a singular point a € €2 for some A € O(2,R), or
equivalently if uniqueness of the blow-up limits holds. For classical minimizing harmonic
maps (into analytic manifolds), uniqueness of blow-ups (i.e., of tangent maps) at isolated
singularities has been proved in [107, 108]. It rests on the so-called L.ojasiewicz-Simon
inequality, which is not known in our context.

In most of the proofs, we follow the approach of [80] using of the harmonic extension
to the upper half-space Riﬂ given by the convolution with the Poisson kernel. This
allows us to realize the 1/2-Laplacian as the associated Dirichlet-to-Neumann map (see
Section 1.2), and then rephrase the 1/2-harmonic map equation as a harmonic map system
with (partially) free boundary condition, see Section 1.3. In particular, we make use of
the existing regularity and compactness results of R. Hardt & F.H. Lin [58], F. Duzaar &
K. Steffen [37, 38], and F. Duzaar & J.F. Grotowski [36, 35], see Section 1.3.1.

Notation

Throughout the paper, ]RTFI is the open upper half-space R™ x (0,00), and R™ can
be identified with OR"™ = R" x {0}. More generally, a set A C R" can be identified
with A x {0} C OR?™!. Points in R are written x = (z,7,41) with € R" and
ZTnt1 € R. We shall denote by B,(x) the open ball in R™1 of radius r centered at
x = (z,xp41), while D,(z) is the open ball (or disk) in R™ centered at x (and thus
D, (x) x {0} = B, ((x,0)) N (R™ x {0})). If the center is at the origin, we simply write B,
and D, the corresponding balls. In case n = 2, we write D := D;.
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e For an arbitrary set G C R**!, we define
GT=GNRM and 097G :=(0G)" =9GNRL!.
o If G C Rﬁ“ is a bounded open set, we shall say that G is admissible whenever
(i) OG is Lipschitz regular;
(i) the (relative) open set 3°G C R™ x {0} defined by

G = {x € 0GNORT! . Bl (x) C G for some r > ()}

is non-empty and has a Lipschitz boundary in R";
(iii) 0G = 0TG U IG.

According to this definition, an half ball B, is admissible, and 0" B, = D, x {0}.

e The tangent space to a manifold N at a point p € N is denoted by Tan(p,N) (while
the tangent bundle of N is simply denoted by TN).
e We often identify R? with the complex plane C, and if z = (x1,z2) € R?, the complex
variable is written z := 2y 4 izy. Functions taking values into R? are also understood as
complex valued functions. The product of two such functions are thus understood in the
sense of complex multiplication.

Finally, we always denote by C a generic positive constant which may only depend
on the dimension n, and possibly changing from line to line. If a constant depends on
additional given parameters, we shall write those parameters using the subscript notation.

1.2 Harmonic extension & the 1/2-Laplacian

1.2.1 Harmonic extension

For a measurable function v : R — R™, we denote by u°® its extension to the upper
half-space R?fl given by the convolution of u with the Poisson kernel, i.e.,

ITnt+1lU
u®(x) == ’yn/ 2+ (g) m dy for x = (7, 2,11) € R
R (o —y[? +254,) 2

This extension is well defined whenever u belongs to the Lebesgue LP over R™ with respect
n+1

to the finite measure (1 + |x|2)_% dzx for some 1 < p < co. In this case, it is well known

that u® provides an harmonic extension of u to ]RZ‘F'H. In other words, u® solves

Au® =0 in R?_H ,
u®=u  on R =R" x {0}.

Moreover, u¢ € L®(R"") whenever u € L®(R"), and
”ueHLoo(RTrl) < ||U||L°°(Rn)~ (1.2.1)

We shall make use of the following lemma about the harmonic extension. Using the
Fourier transform', its proof is elementary and it is left to the reader.

'Recall that the Fourier transform of the Poisson kernel is given by exp(—2mn+1|€]).
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1.2. Harmonic extension & the 1/2-Laplacian

Lemma 1.2.1. Ifu € L*(R") N LY(R"), then

[ 0t nin) P e <l Vi >0,

and

Cle H”R") Vit > 0
- n n+ )

/ (@, )2 dr <

for a constant C' depending only on n.

n+1

We complete this subsection recalling the classical identity relating the H'/2-seminorm
over R™ with the Dirichlet energy of the harmonic extension:

// ( )|2d dy = 1/ ]Vue|2dx
R7 xR™ |95— [n+ 2 Jpr+t

1 .
= min {2/ IVol2dx :v e HY (R RY), v=uon aRTl} (1.2.2)
R+

for every u in the homogeneous Sobolev space H'/2 (R™; R™).

1.2.2 The 1/2-Laplacian and the Dirichlet-to-Neumann map

Given a smooth bounded open set 2 C R”, the 1/2-Laplacian (—A)% . HY2(Q; R™) —
(H2(0; Rm))/ is defined as the continuous linear operator induced by the quadratic form
£1(-,Q). For u € H/2(Q;R™), the action of (—A)%u on an element ¢ € HY2(Q;R™) is

2

denoted by <(—A)%u, ©)q, and it is given by
1 Vn (u(z) —u(y)) - (p(z) — »(y))
—A)2u, = // dady . 1.2.3
((=8)2u. 0 (Rn xR\ (2 x0<) |z — gy 123

Note that, when restricted to H(%Z (€;R™), the distribution (—A)%u actually belongs to
H2(Q;R™).

It is well known that the fractional Laplacian (—A)% coincides with the Dirichlet-to-
Neumann operator associated with the harmonic extension to RTFI. To be more specific,
if u e HY2(Q;R™), then u® is well defined, and u® € H(G;R™) for every admissible
bounded open set G C Rfrl satisfying 0°G C Q x {0}. Hence, u® admits a distributional
exterior normal derivative d,u® on Q x {0}. By harmonicity of u®, its action on ¢ €
Z(; R™) can be defined as

(O, ) = Vu® - Vo dx, (1.2.4)

n+1
R+

where ® is any smooth extension of ¢ compactly supported in ]RZ’_H U (2 x {0}). By
approximation, the same identity holds for any & € H 1(R1+1; R™) compactly supported

in RT}FH U (2 x {0}). In this way, the distribution 9, u® appears to belong to H&)I/Q(Q; R™),
and the following identity holds (see [80, Lemma 2.9])

1
(0%, 0) = ((~A)7u, ), Ve € Hyb (4 R™). (1.2.5)

All details can be found in [80, Section 2.
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

1.3 1/2-harmonic maps vs harmonic maps with free bound-
ary

1.3.1 Minimizing harmonic maps with free boundary

For an admissible bounded open set G C R’}fl, we consider the Dirichlet energy
Ei(-,G) defined on H'(G;R™) by
2

E.(0,G) ::1/ Vo2 dx. (13.1)
2 2 G

We also consider a given smooth submanifold A' C R™ that we assume to be compact and
without boundary.

Definition 1.3.1. Let G C R’}FH be an admissible bounded open set, and consider a map
v € HY(G;R™) satisfying v(x) € N' #™-a.e. on ’G. We say that v is a minimizing
harmonic map in G with respect to the partially free boundary condition v(0°G) C N if

E%(U,G) gE%(w,G)

for every competitor w € H'(G;R™) satisfying w(x) € N for s#"-a.e. x € "G, and such
that spt(w — v) € G UA°G. In short, we may say that v is a minimizing harmonic map
with free boundary in G.

Using variations supported in the open set GG, one obtains that a minimizing harmonic
map v with free boundary is harmonic in G, i.e.,

Av=0 inG.

In particular, v € C°°(G) by standard elliptic theory. Hence the regularity issue is at the
(partially) free boundary 9°G. As in [37, 58], one obtains from minimality the boundary
condition

ov 0
B 1 Tan(v,N') on 0°G,

which has to be understood in the weak sense, that is
/ Vv -V({dx =0
G

for every ¢ € HY(G;R™) satisfying ((x) € Tan(v(x),N) for #"-a.e. x € 3°G and such
that spt(¢) € G U 3°G.

Assuming that v € L*°(G), one may apply the (partial) regularity results of [37, 58] to
derive the following theorem (see [80, Section 4] or [86]). In its statement, sing (v) denotes
the so-called singular set of v (in 3°G), i.e.,

sing (v) := 0°G'\ {x € 3"G : v is continuous in a neighborhood of x},

which turns out to be a relatively closed subset of 9°G.

Theorem 1.3.2. Let v € HY(G;R™) N L>(G) satisfying v(0°G) C N be a minimizing
harmonic map with free boundary in G. Then v € C*°((G U 8°G) \ sing (v)), sing (v) is
locally finite in O°G for n = 2, and dim_y sing (v) <n —2 forn > 3.
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1.3. 1/2-harmonic maps vs harmonic maps with free boundary

By means of Federer’s dimension reduction principle, the size of the singular set can
be further reduced according to the existence or nonexistence of nontrivial tangent maps.
Those maps are defined as all possible blow-up limits of minimizing harmonic maps with
free boundary at a point of the free boundary 0°G, see [58, Section 3.5]. In our set-

ting, they appear to be 0-homogeneous maps vy € H, (]RT}FH; R™) N L™ (R’}fl) satisfying
Uo(am“) C N which are minimizing harmonic maps with free boundary in BE for every
R > 0. Applying [58, Theorem 3.6] (see also [38, Remark 4.3]), we readily obtain the
following result.

Theorem 1.3.3. Let { = ((N) be the largest integer such that any bounded and 0-
homogeneous minimizing harmonic map with free boundary vy from Rjjl to R™ with
vo(a]Rfl) C N is a constant for each j = 1,...,£. For any minimizing harmonic map v
with free boundary as in Theorem 1.3.2, we have sing (v) = 0 if n < ¢, sing (v) is locally
finite in 0°G if n = £+ 1, and dim_y sing (v) <n—£—1ifn >0+ 2.

Remark 1.3.4. Note that, in applying [58], we use the fact that any bounded and 0-
homogeneous minimizing harmonic map with free boundary vy satisfies the uniform bound

1v0ll oo ity = llvojrs x oyl Loo iy < O

where Cy is (essentially) the width of N (assuming that 0 € N). This estimate follows
from the fact vg is precisely given by the harmonic extension to ]Rfl of its restriction
to R/ x {0}. In other words, if we set ug := Vo|Rix {0}, then vg = (ug)® (the convolution
product of ug with the j-dimensional Poisson kernel). Indeed, the difference vg — (ug)®
is a bounded harmonic function in ]Rfl. Since it vanishes on 8Rf1, it has to vanish

identically by the classical Liouville theorem.

We conclude this subsection with an important compactness result for minimizing
harmonic maps with free boundary (on which Theorem 1.3.2 and Theorem 1.3.3 are based).
It corresponds to a weaker version of a more general compactness theorem obtained in [36,
Theorem 2.2] (see also [35, Theorem 2.2]).

Theorem 1.3.5 (compactness). Let (v;) € HY(G;R™) be a bounded sequence of mini-
mizing harmonic maps in G with respect to the partially free boundary condition vi,(9°G) C
N. There exist a (not relabeled) subsequence and v € H*(G;R™) a minimizing harmonic
map with free boundary in G such that vy — v strongly in Hlloc(G ud’q).

1.3.2 Harmonic extension of minimizing 1/2-harmonic maps

In this subsection, our aim is to prove that minimizing 1/2-harmonic maps and mini-
mizing harmonic maps with free boundary can be made in one-to-one correspondance by
means of the harmonic extension. It has been proven in [80, Proposition 4.9] that the
harmonic extension of a minimizing 1/2-harmonic map returns a minimizing harmonic
map with free boundary in the upper half-space. We shall improve this result showing
that a converse statement holds true. Here again, N’ C R™ denotes a given smooth and
compact submanifold without boundary.

Theorem 1.3.6 (minimality transfer). Let @ C R" be a bounded smooth open set. A
map u € ﬁl/Q(Q;N) is a minimizing 1/2-harmonic map in Q if and only if its harmonic
extension u® is a minimizing harmonic map with free boundary in every admissible bounded
open set G C R such that 09G C Q x {0}.
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

Proof. According to [80, Corollary 2.10 & Proposition 4.9], if u € HY2(Q; N is a mini-
mizing 1/2-harmonic map in €2, then u° is a minimizing harmonic map with free boundary
in every admissible bounded open set G C R’ such that 9°G C Q x {0}. It hence
remains to prove the converse statement. We thus assume that u® is minimizing har-
monic map with free boundary in every admissible bounded open set G C ]RTFI such that
G C Q x {0}.

Step 1. We consider an arbitrary competitor w € HY 2(Q; V), and we assume that h :=
w — v is compactly supported in an open set € C R™ with / C . The map h being
compactly supported in €', it belongs to H30/2(Q; R™)NLY(R™). In view of identity (1.2.2),
its harmonic extension h°® belongs to the homogeneous Sobolev space H 1(R’frl; R™).

We would like to use directly w® as a competitor for u® and use the minimality of u®,
however we cannot do so, since h® = (w—wu)° is not compactly supported in some bounded
open set G C R?fl such that 3°G C Q x {0} (in fact, it is not even necessarily compactly

supported in R 1), Instead, we claim that there exists a sequence (hy) C H' (R R™)
such that each hy, is supported in G U 0°G), for some admissible bounded open set G, C
R satisfying 909Gy, C Q x {0}, hgrax oy = h,

/ \thde—>/ |VRhe|? dx, (1.3.2)
Rt k—oo Rrrl

n+1
+

and we will use u® + hy as competitors for u®. Before proving this claim, we complete the
proof of the theorem.

By assumption u° is a minimizing harmonic map with free boundary in Gj. Since
u® 4 hj is an admissible competitor for the minimality of u® in Gy, we infer that

1

/ |Vhe|? dx +/ Vhy - Vu®dx = E1(u® + hy, G) — E1(u®,Gg) 2 0. (1.3.3)
R1+1 Ri+1 2

1
2

2

On the other hand, (1.2.4) and (1.2.5) yield

Vi Vu dx = (~=A)7u,h),g (1.3.4)
4
since hy = h on R™ x {0}. Letting k — oo in (1.3.3), we deduce from (1.3.2) and (1.3.4)

that )
/ |Vhe|? dx + <(—A)%u, h)g =0. (1.3.5)
2 Ri-Fl

In view of (1.2.2) and (1.2.3), we have

1
/ VR dx = E1(h, Q) = &
2 R’ﬁ'l 2

and since
<(_A)%u? h> = <(_A)%u’ w>Q - <(_A)%U7U>Q = <(_A)%u’w>g - 25% (ua Q) )

inequality (1.3.5) yields

Sé(w,Q)—E (u,Q2) > 0.

1
2

Thus w is indeed a minimizing 1/2-harmonic map in Q.
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1.3. 1/2-harmonic maps vs harmonic maps with free boundary

Ry

! Q x {0} : R"

Figure 1.1: Construction of (hy) s.t. spt hy C Gj U Gy,

Step 2. We now proceed to the construction of the sequence (hy) satisfying (1.3.2), cutting-
off h appropriately (see Figure 1.1). For an integer i > 1, we denote by x; € C*®(R; [0, 1])
a smooth cutoff function satisfying x;(t) = 1 for |t| < i, and x;(t) = 0 for |t| > i + 1, with
|x}] < C for some constant C' independent of i. We first define

WY (x) = Xi(@n 1) hE(x).

By Lemma 1.2.1, hl(-l) € L3R, so that hgl) € HY(R"™;R™). Moreover, hl(l) = h on
R™ x {0}, and

/ 1\Vh§1)\2dx:/ 2| Vhe|? dx
R R+

+2/ Xixghe-ﬁnﬂhedx—i—/ ]Xg|2|he|2dx.
{i<zpy1<i+1} {i<zpy1<i+1}

From Lemma 1.2.1 and Fubini’s theorem, we infer that
112(pe)2 Coe
G R dx < Rl T gy - (1.3.6)
{i<@ni1<i+1} "

Since h® € H'(R"™;R™), it follows by dominated convergence, (1.3.6), and Holder in-
equality, that

/ VA2 dx — IVAhe|? dx .
Ri—&-l 1—00 R1+1

We can thus find an integer i3 > 1 such that

/ ythi)de—/ VRS2 dx
Ri+1 Ri+1

Next we define for an integer j > 1,

<27k2, (1.3.7)

2 1
B (x) = (%)) (%)
Then h§-2) € H'(R"™;R™), and one classically shows (using rY e H' (R R™)) that

i

/ VAP 2 ax — VA ax.
Ri+1 J—0 Ri+1
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

In view of (1.3.7), we can find an integer ji > 1 in such a way that

/ ]Vh(Q)\de/ VRS2 dx
]Ri+1 Ri+1

and Q x {0} C 8°B;, to ensure that h(2) = h(l) = h on R" x {0}.

Let us now fix a small parameter 5 > 0 such that dist(99, ') > 30, and consider a
smooth cutoff function ¢ € C*(R; [0, 1]) satisfying 1(¢) = 0 for |t| < §, and ¢ (t) = 1 for
|t| > 2§. For an integer ¢ > 1, we consider a further cutoff function n, € C*°(R; [0, 1]) such
that ne(t) = 1 for [t| < 27¢ ne(t) = 0 for [t| > 27, and |n)| < C2° for some constant C
independent of ¢. Setting

<27k L (1.3.8)

Co(x) :=1 = np(xni1)y(dist(z, ),

we define
h (x) = GRS (x).

Setting Gy to be the interior of the set
({ dist(z, ) <26, 0 < @pp1 <273 U{maps 2 27) N By,

then Gy is an admissible bounded open set satisfying 0°G, C Q x {0}. The map hf’)
belongs to Hl(R?fl;Rm), it is supported in G, U 0°Gy, and hf) = hﬁ) = h on the

boundary R™ x {0}. Then, we have

(3)2 _ 2 (2)2
/R”“ |Vh, | dx = /R"“ Cg\thk | dx
+ +

+2/n+1 (Ve - vy n? dx—i—/ WPPIVGPdx. (1.3.9)
"

Writing A, := { dist(z, Q) > 6,27 < 241 <27 ) we estimate
|h(2)|2

/ WPV ax < C5 |~ ax. (1.3.10)
+ Ay Tn+i

Since hg-i) = h =0 on {dist(z,Q) > §} x {0}, we infer from Hardy’s inequality that

| (2)

e
\/{dlst x,Y >6}><R+ :En 1 {dlst x, Y >6}><R+

yVh 2|2 dx

VA2 dx.

Rn+l
As a consequence,
’ (2)’2
/ dx — 0,
Ay (IZnJrl {—00

by dominated convergence. In turn, (1.3.10) implies

(2))2 2
/Ri+1 IR IV dx =2 0.
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1.3. 1/2-harmonic maps vs harmonic maps with free boundary

Back to (1.3.9), we deduce (still by dominated convergence and Hélder inequality) that

VA2 dx —» VAP 2 dx .
Ri—‘rl £—00 Tk

n+1
R+

In view of (1.3.8), we may now select a subsequence {{} such that

'/ (VA2 dx —/ VA2 dx| < 27F,
Ri—&-l k Ri—&-l
and the conclusion follows for hy := hé;:’) and G}, := Gy, O

As a consequence of Theorem 1.3.6, we can derive a partial regularity theory for mini-
mizing 1/2-harmonic from the regularity of minimizing harmonic maps with free boundary
(see [80, 86]). Notice that, in applying Theorem 1.3.2 and Theorem 1.3.3, we use that
u® € L®(RY) by (1.2.1) and the fact that u is taking values in the compact manifold N
Recall that sing (u) denotes the singular set of u in © (see (1.1.4)), which is a relatively
closed subset of €.

Corollary 1.3.7 ([86] and [80, Theorem 1.2 & Remark 4.24]). Let 2 C R™ be a bounded
smooth open set. If u € HY?(Q;N) is a minimizing 1/2-harmonic map in Q, then u €
C* (02 \ sing (u)), sing (u) s locally finite in Q for n = 2, and dim y sing (u) < n — 2 for
n > 3.

Exactly as in Theorem 1.3.3, the estimate on the Hausdorff dimension of sing (u) can
be improved according to the existence or nonexistence of 0-homogeneous minimizing

1/2

1/2-harmonic maps, i.e., maps in H,/”(R"; V') which are minimizing in every ball.

Definition 1.3.8. A map ug € Hﬁf(R”;/\/’) is said to be a 0-homogenous 1/2-harmonic

map if ug is 0-homogeneous and a weakly 1/2-harmonic map in every ball of R™. Similarly,
ug is said to be a 0-homogenous minimizing 1/2-harmonic map if it is 0-homogeneous and
a minimizing 1/2-harmonic map in every ball of R".

Corollary 1.3.9. Let { = E(./\f) be the largest integer such that any 0-homogeneous min-
imizing 1/2-harmonic map from R7 into N is a constant for each j = 1,...,0. For any
minimizing 1/2-harmonic map u as in Corollary 1.3.7, we have sing (u) = 0 if n < l,
sing (u) is locally finite in Q if n = £ + 1, and dimp sing(u) < n—L0 —1 ifn > { + 2.
Moreover, £ = £ where { is given by Theorem 1.3.3.

Proof. By Theorem 1.3.6, if ug is a 0-homogeneous minimizing 1/2-harmonic map from
R/ into N, then (ug)® is a bounded minimizing harmonic map with free boundary in
every half ball BE. Since the harmonic extension preserves homogeneity, (ug)¢ is also
0-homogeneous. Hence (u)® is constant whenever j < £ with £ given by Theorem 1.3.3,
and so is ug. This shows that £ < ¢. The other way around, if vy : ]Rfl — R? with
vo(R? x {0}) C N is a bounded and 0-homogeneous minimizing harmonic map with free
boundary, then vo = (vojri xf0})¢ according to Remark 1.3.4. By Theorem 1.3.6, it follows
that vogix oy is a 0-homogeneous minimizing 1 /2-harmonic map from R’ into /. By
definition of ¢, Vo|ri x {0} IS constant whenever j < ¢. Hence vy is constant for j < ¢, which
shows that ¢ < ¢. We have thus proved that ¢ = /.

Now, if u is as in Corollary 1.3.7, then Theorem 1.3.6 tells us that u® is a bounded
minimizing harmonic map with free boundary in every admissible bounded open set G C
Rﬁ“_such that 9°G C Q x {0}. Hence the conclusion follows from Theorem 1.3.2 knowing
that ¢ = ¢. O
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

1.4 Minimizing 1/2-harmonic maps into a sphere

1.4.1 1/2-harmonic circles

The purpose of this first subsection is to recall the notion 1/2-harmonic circle into a
manifold A, and its relation established in [80] with 0-homogeneous 1/2-harmonic maps
from R? into A/. Once again, N is assumed to be a smooth and compact submanifold of
R™ without boundary. Let us start with the definition of a 1/2-harmonic circle into N.
First, the 1/2-Dirichlet energy of a map g € H'/2(S';R™) is defined as

_ 2
&1 (g,Sl) =2 // dedy with 1 = l (1.4.1)
2 sixst |z =yl ™

The choice of the constant ; in (1.4.1) is made in such a way that

1
£:(g,5") = Q/Dng|2da: Vg € HY/2(S'R™), (14.2)

1
2
where w, € H'(D;R™) denotes the (unique) harmonic extension of g to the unit disk D

of the plane R?, i.e., the unique solution of

{Awg =0 inD (1.4.3)

wg=¢g ondD=S
see e.g. [80, Section 4.2].

Definition 1.4.1. A map g € H'/?(S'; NV) is said to be a (weakly) 1/2-harmonic circle
into N if

{d& ( g+t Slﬂ _0 Ve COESLRM),
2 \|g +to|’ |t=0

Remark 1.4.2. Any 1/2-harmonic circle g is smooth, i.e., g € C*°(S'). This follows directly
from the regularity theory for weakly 1/2-harmonic maps in one space dimension of [29,
28] (see also [80, Theorem 4.18 & Remark 4.24]). Indeed, as in [80, Remark 4.29], g €
HY2(SY; N) is weakly 1/2-harmonic if and only if g o R € HY2(R; N) is a weakly 1/2-
harmonic map on R, where € : R2 — D\ {(1,0)} is the (conformal) Cayley transform
(see (1.5.36)) and € : R — S'\ {(1,0)} its restriction to R ~ 9R? . Hence the regularity
result of [29, 28] applies, and it yields g € C*°(S'\ {(1,0)}). On the other hand, the map
g(z) := g(—x) is clearly 1/2-harmonic (by invariance of the energy under the symmetry
x> —x), so that g € C*°(S!'\ {(1,0)}). Thus g is in fact also smooth near (1,0), and the
conclusion follows.

We are interested in 1/2-harmonic circles since they appear as angular profiles of 0-
homogeneous 1/2-harmonic maps on R2. More precisely, we have the following proposition
proved in [80, Proposition 4.30]. (Note that this proposition is stated for N'= S!, but the
proof actually applies to any target manifold N.)

Proposition 1.4.3 ([ ] A map ug € Hllo/c2(R2;N) is a 0-homogeneous 1/2-harmonic
map if and only if uo(x) = g(i%) for some 1/2-harmonic circle g : S* — N

]

Remark 1.4.4. Note that, by Proposition 1.4.3 and Remark 1.4.2, a 0-homogeneous mini-
mizing 1/2-harmonic map on R? is smooth away from the origin.
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1.4. Minimizing 1/2-harmonic maps into a sphere

1.4.2 1/2-harmonic circles into spheres

The goal of this subsection is to establish a crucial classification result for 1/2-harmonic
circles into spheres, a cornerstone in the proofs of both Theorem 1.1.3 and Theorem 1.1.4.
From now on, we restrict ourselves to the case N' = S™=1 with m > 3.

If g : S' — S™!is a 1/2-harmonic circle into S™~! (and thus smooth), then w, defines
a smooth map from the closed unit disk D into the closed unit ball B™ of R™. By the
maximum principle w, maps the open disk D into the unit open ball B™, and of course
wy(OD) C S™~1 = 9B™ by the boundary condition. In terms of wy, the Euler-Lagrange
equation for g being 1/2-harmonic writes (see e.g. [80, Remark 4.29])

gy
ov

It has been (independently) proved in [8, 23, 24, 27], and [80, Lemma 4.27 & Remark 4.29]
that g being 1/2-harmonic implies that w, is (weakly) conformal or anti-conformal, i.e.,
it satisfies

ANwg =0 on JD. (1.4.4)

ouy | _ (0w,
axl N 8.1?2
ouy 0w,
(91’1 6162
In addition, |Vwg| does not vanish near 0D whenever g is not constant (by the Hopf
boundary lemma applied to |w,|?, see e.g. [24, Proof of Theorem 2.7])%. As a consequence,
if g is not constant, then wy is a (branched) minimal immersion of the unit disk up to
the boundary (with branched points only in the interior), and the boundary condition
(1.4.4) tells us that w,(D) meets B™ orthogonally. For m = 3, a celebrated result of
J.C.C. Nitsche [87] says that w,(D) has to be the intersection of B3 with a plane through
the origin. This result has been extended recently to arbitrary dimensions m > 3 in [48,
Theorem 2.1]. In conclusion, if g : S* — S™~! is a nonconstant 1/2-harmonic circle, then
g(Sh) is an equatorial circle of S™~1. By invariance of the energy under rotations on the
image, we can assume that such 1/2-harmonic map g takes values into R? x {0}™~2 C R™,
so that it takes the form g = (g,0) where g : S' — S! is a nonconstant 1/2-harmonic circle.
On the other hand, the classification of all 1/2-harmonic circles into S! has been obtained
in [8, 23, 24, 80]: they are given by finite Blaschke products (see also [84] for a preliminary
result where Blaschke products were first identified). The result can be stated as follows.

inD.

Theorem 1.4.5. A map §: S* — S! is a nonconstant 1/2-harmonic circle if and only if
there exist an integer d > 1, 0 € [0,27], and ai,...,aq € D such that wg or its complex
conjugate equals

Z — O
z»—>e’9H1
—akz

In particular, £1(g,S") = 7d.
2

20One can also prove that 9,wy does not vanish on 9D as follows. Using (1.4.2) and (constrained) outer
variations of 5% (-,S') at g, we can argue as in [80, Remark 4.3] to derive the equation

0y (1) = (721 ; lo(@) — 9@)° dy) g(z) forzes'.

ov |z —yl?

Then, assuming by contradiction that d,w, vanishes at some point xo € S*, this equation implies that g
is equal to the constant g(xo) (since |g| = 1).
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

Gathering the above results, we may now state the following corollary.

Corollary 1.4.6. Assume that m > 3. If g : S' — S™! is a nonconstant 1/2-harmonic
circle, then g(S') is an equatorial circle of ™', and £1(g,S') = wd with d = | deg(g)| €
2

N\ {0}.

1.4.3 Proof of Theorem 1.1.3

We are now ready to prove Theorem 1.1.3. According to Corollary 1.3.9, it is enough
to prove Proposition 1.4.7 below.

Proposition 1.4.7. Assume that m > 3. If ug € Hllo/CQ(Rz;Sm_l) is a 0-homogeneous
minimizing 1/2-harmonic map, then ugy is constant.

Proof. Assume by contradiction that ug is not constant. From Proposition 1.4.3, we know

that
up(x) =g (é) ,

for some nonconstant 1/2-harmonic circle g : S — S™~!. According to Corollary 1.4.6,
g(Sh) is an equatorial circle of S™~! and

E1(g9,S") = md for some integer d > 1.

N

Rotating coordinates in the image if necessary, we may assume without loss of generality
that g(S!) = St x {0}™~2,

Let us now fix an arbitrary radial function ¢ € C°(R?), and define () := ((x)em,
where (eq, ..., e,) denotes the canonical basis of R™. Then ¢ € C°(R?; R™), and consider
a radius R = R({) > 0 such that spt(¢) C Dg. For € € (—1,1), we define

ug + Ep

V14 e[

Note that u. € H1/2(R2; R™), and since ¢(x) - ug(z) = 0 for every = # 0, we actually have

loc

Ue € H1/2(R2; S™=1). By construction we have spt(us — u) C Dg, so that

loc

Ug 1=

E1(ue, DR) > Eé(u, Dg)

1
2

for every ¢ € (—1,1) by minimality of ug. Equality obviously holds at € = 0, and thus

d2
le=0

Straightforward computations yield

U= ( d;)l . =¢ and i:= ( d52€> = —|90|2U0 € H0162(DR§R )
e= le=0

and

d? u(x) —u(y)|?
[“Sé(uaaDR)] = 722// ) (?;y)| dzdy
€ le=0 (R2xR2)\(D$,x D%) lz -yl

12 (uo(z) — uo(y)) - (i(x) — i(y)) .
e //(R%W)\(D%XD;{) 3 dady .

[z —y
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1.4. Minimizing 1/2-harmonic maps into a sphere

Since |¢|? = ¢? and ( is compactly supported in Dg, we obtain

d? _ M2 [¢(z) =<y 12
[d€28;(u5,DR LE ) //R?xRQ |x— TP dedy — ((—A)2uo, ¢ u0>DR. (1.4.6)

Recalling the weak formulation of (1.1.3) (or [80, Remark 4.3]), we have

(—A)2ug(z) = <72 /RZ lup(x) — uo(y)|? dy> wo(x) in H-Y2(Dp).

2 |z —yl3

Using the above equation in (1.4.6) and the fact that |ug| = 1, we deduce from (1.4.5) that

[C(x) — Cy)I” luo(z) — uo(y)?
//R2><R2 W dedy > /]R? </]R? |z — y|3 dy) CQ(m) dz. (1.4.7)

Computing the right-hand side of this inequality in polar coordinates leads to (recall that
¢ is assumed to be radial, i.e., {(z) = ((]z|))

. </R o) — SoF dy) ) do
/ (//51X51 (01) — g(o2)[? [/OOO |al_ppa2|3dp] dgldg2) ar .

By formula [54, GW (213)(5b) p. 326], one has

> P > P
d :/ d
/0 o1 — poal?® P o (1—2poy o9+ p?)3/? P
1 2

- l—01-09 |op— 09

Vo1 # o9 .

Therefore,

|U0(33)—U0(Z/)|2 2(, x_ﬁ 1 > 20 dr = Ao C2 "
/R(/R s dy><(>d —%5;@,8)/0 ¢(r)d —4d/Rz|x|d

and we conclude from (1.4.7) that

— 2 2
//R2 " dedy > 47rd/]R2 ’i‘ dz . (1.4.8)

In view of the arbitrariness of ¢, we conclude that (1.4.8) holds for every radial function
¢ € C(R?). On the other hand, Hardy’s inequality in H'/2(R?) (see e.g. [46, 62]) says

that
2 2
R2 xR2 R2 :C|

lz —y[3

with optimal constant

(3/4)\*
Cy:=8 .
e <r<1/4>>
Moreover, the constant Cj is still sharp when restricting (1.4.9) to radial functions (by
symmetric decreasing rearrangement, see e.g. [48]). In view of (1.4.8), we finally deduce
that
drd < Cy,

2
that is d < 2 (&Mg) < 1, a contradiction. O
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

1.5 Minimizing 1/2-harmonic maps into the circle

The aim of this section is now to prove Theorem 1.1.4 and Theorem 1.1.5. We thus
assume that n = m = 2. In the first subsection, we recall the construction and properties
of the distributional Jacobian in H'/2-spaces (see [11, 91] or [79]). In the spirit of [13], the
distributional Jacobian appears to be the main tool to derive energy lower bounds, and in
particular to prove the minimality of 7, see Section 1.5.2. The uniqueness part of Theo-
rem 1.1.4 is proved in Section 1.5.3. It relies on Theorem 1.4.5 and subtle constructions of
competitors, again in the spirit of [13]. Compared to [13], the argument is more intricate
as it requires a preliminary construction (see Lemma 1.5.8) and the numerical evaluation
of certain integrals. The last subsection is devoted to the proof of Theorem 1.1.5. The
proof here is more classical and it is essentially based on Theorem 1.1.4.

1.5.1 The distributional Jacobian

For a map g € H'/?(0B;{;R?), we define a distribution T(g) € (Lip(B;))’ in the
following way. Consider u € H 1(Bfr ;R?) such that u = g on 831" , and set
H(u) := 2(02u A d3u, d3u A Oyu, Oyu A dou) € LY (B R?),
where A denotes the wedge product on R? (i.e., a A b := det(a, b) for a,b € R?).

For a scalar function ¢ € Lip(0B;") and an arbitrary extension ® € Lip(B]) of ¢ to
the closed half ball B;, we define the action of T'(g) on ¢ by setting
(T(g9),¢):=[ H(u) Vodx.
Bf
Noticing that
div H(u) =0 in 2'(By),
it is routine to check that T'(g) is well defined, i.e., it does not depend on the extensions

u and ®, see e.g. [11, Lemma 3]. In addition, the mapping T" : g — T'(g) is continuous,
see [11, Lemma 9.

Lemma 1.5.1. The mapping T : H'/?(0B];R?) — (Lip(0B;"))’ is strongly continuous.
More precisely, there exists a constant C' such that

(T(g1) = T(92), 2)| < C (9] 20 + 92)arir2082) ) 191 = 92120 [P

for every g1,9o € HY/?(OB];R?) and ¢ € Lip(0B;"), where

2 o lg(x) — 9(3’)|2 2 2
i rzon;) = //8foan x —y[? WAy

and () o(y)
e\X)— oy
ol = sup 12O =2l
x,y€OB] |X—y’
X7y

We shall make use of the following explicit representation of T'(g) for maps g belonging
to the following class of partially regular maps

X = {g € H1/2(8BT;R2) D gpxfo} € Whl(D;S!), ¢ is smooth on 0+ By,
smooth in a neighborhood of 9D x {0},

and smooth away from finitely many points in D x {0}} :
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1.5. Minimizing 1/2-harmonic maps into the circle

For a map g € #Z and a € D a singular point of gpx{o} : D — S!, we shall denote by
deg(g, a) the topological degree of g restricted to any small circle around a (oriented in the
counterclockwise sense). We have the following representation of T'(g) for g in the class

X.

Proposition 1.5.2. Let g € #Z be such that g € C°((D x {0}) \ {a1,...,ax}) for some
distinct points ay,...,ax € D x {0}. If d; :== deg(g,a;), then

K
TG =2 [ det(Vogpdnt® —2m3 diplar) Vo€ Lp@B)),  (151)
0t By i=1

where V.g denotes the tangential gradient® of g on 07 B;.

Proof. By the smoothness assumption on g, we may find an extension u of g which is
smooth in Bf \ {a1,...,ax}. We first claim that

T =2 [

det(VTg)god%”2+/(g/\Vg)-Vﬂpdx—/ (gNO-g)pd#t, (1.5.2)
ot By D oD

where V := (0,,0y,) and V* := (—0,,,0:,) on D, and 9, denotes the tangential deriva-
tion on JD (oriented in the counterclockwise sense). Smoothing u near the als, we can
find a sequence (uy) of smooth maps over F;r such that up = w in a neighborhood of
9% B1, up — u strongly in H'(B%1), and ugpxioy — gpx oy strongly in Wh(D) with
1wk px {0y |l Lo (py < 1. In particular, given an extension ® € Lip(Bi") of ¢, we have

. H(ug) - Vo dx P (T'(g), ) . (1.5.3)
By —00

Since div H (ug) = 0, by the divergence theorem we have

H(uy) V‘I)dx—/

X - H(uk)go ds? — 2/(81uk AN 82uk)<p dx
o0t By

Bt D

= 2/ det(V,g)p ds#? — 2/(81uk A Doug)pde . (1.5.4)
ot By D
Noticing that 201uy A douy, = curl(ux A Vug), a further integration by parts yields

2/(81uk A Qqug)pdr = — / (up A Vug) - Vi dz + / (up A Oyup)p Ao
D D oD
= —/(uk/\Vuk) -Vﬂodx—k/ (g A rg)pds?. (1.5.5)
D oD
Gathering (1.5.3)-(1.5.4)-(1.5.5) and letting k¥ — oo now leads to (1.5.2) by dominated

convergence.
To prove (1.5.1), it is now enough to show that

K
. - xr = 1— T a;) . .O.
/D(gAVg) Vopd /8]])(9/\579)@% 27> o(a;) (1.5.6)

=1

3For x € 9" B; and 71,7 € Tan(m,8+B) such that (71, 72,z) is a direct orthonormal basis of R3, we
have V,g(z) := (0r,9(x), Or,g(x)), and det(V-g(z)) does not depend on the choice of 71 and 73.
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

To this purpose we consider a sequence (i) of Lipschitz functions over D such that ¢y, is
constant in a neighborhood of each a;, pr — ¢ uniformly on D, and Vi, — V¢ weakly*
in L>°(D). In this way,

/(g/\Vg)'VJ‘tpkdx — /(g/\Vg)~VJ‘cpdx.
D k—o0 D

Given k, we consider £ > 0 small enough in such a way that Do, (a;) N Da, (aj) = 0 for
i # j, Dac, (ai) N OD = @ for each i, and ¢y = @i (a;) in Dy, (a;). Then,

/(QAVQ)'VLQPkdx:/ . (gAVg) - Vippda
D D\Uizl Dsk (a;)

:_2/ B (619/\@29)<pkdx+/ (9 A Org)pr 4
D\U,—, De, (ai) oD

K
Lo /8 (g A D,g) A"

D¢, (ai)

K

2/6 (g AOrg)op dtt — 21> " diog(as) . (1.5.7)
D i=1

In the last identity, we have used the fact that 019 A dag = det(Vg) = 0 in the region

D\UZX, D., (a;), since g is S'-valued and smooth in that region. Letting k — oo in (1.5.7)
finally leads to (1.5.6). O

1.5.2 Proof of Theorem 1.1.4, part 1.

By Theorem 1.3.6, to prove the minimality of u,(z) := ﬁ, it is enough to prove that
its harmonic extension is minimizing, and this is the way we proceed. First, we need to
compute explicitly its harmonic extension. To this purpose, it is useful to consider the
inverse stereographic projection & : D — Si given by

2x1 229 1—|z|?
G(x) = 1.5.8

and its inverse &1 : @ — D (which is the stereographic projection from the south pole):

_ T ) T1 + 129
6 (x) = < , ) = . 1.5.9
(X) 1+23 1+ 25 1+ x5 ( )

Let us recall that & is a conformal transformation.

Lemma 1.5.3. The harmonic extension of the map u,(x) := x/|x| is given by

x

ug(x) = ——.
<(x) x| + x3

Proof. Since uy is 0-homogeneous, its harmonic extension uS is also 0-homogeneous. Being
harmonic in sz_, it satisfies

Agzué =0 on SZ,
{ i - (1.5.10)

u$ = uy on 082 =SS! x {0},
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1.5. Minimizing 1/2-harmonic maps into the circle

where Ag> denotes the Laplace-Beltrami operator on S?. Next we define w : D — R? by
setting

where & is the inverse stereographic projection from the closed unit disk into @ defined
in (1.5.8). Since & is conformal, and &(z) = (z,0) for x € 9D, we infer from (1.5.10) that

Aw=0 inD,
w(r) =z on dD.

By uniqueness of the harmonic extension, we deduce that w(z) = x for every x € D, and
consequently

ul(x) = 67 (x) = T for every x = (z,z3) € S2 .
The conclusion follows by 0-homogeneity of us. O
In what follows, we keep the notation u,(z) := x/|z|. In the following lemma, we

provide an approximation result to reduce the class of competitors (to test the minimality
of uy) to the ones belonging to the class Z.

Lemma 1.5.4. Let u € H'/2(D;S') be such that u = u, in a neighborhood of OD. There
exists a sequence (uy) C HY?(D;SY) N WHY(D) such that ux = u, in a neighborhood of
0D, uy is smooth away from finitely many points, and uy — u strongly in H1/2(]D)).

Proof. Identifying R? with the complex plane C, we recall that both H'/2(ID; C) N L> (D)
and WH1(ID; C) N L>°(D) are Banach algebras. If u, denotes the complex conjugate of wuy,
the map w := %,u belongs to H/2(D; S') N W1H1(D), and it is identically equal to one in a
neighborhood of dD. Extending w by the value one outside D, we can apply the method
in [79, Proof of Theorem 2.16] to produce a sequence (wy) C Hllo/cz(Rz;Sl) N Wlicl (R2)
such that wy is smooth outside a finite subset of R?, and wj, — w strongly in Hﬁ)/CQ(Rz).
Using that w equals one near dD, a quick inspection of the construction (which is based
on a convolution argument with a sequence of mollifiers) shows that wy is also equal

to one near JD (at least for k large enough). Therefore, setting uy := u,wy, we have
up € HY2(D;SY) N Wh(D), uy is equal to u, near 0D, uy, is smooth away from a finite
set, and uy, — u, strongly in H/?(D). O

We shall need the following theorem which is a slight generalization of [13, Theo-
rem 7.5]. Since the proof follows closely [13] with only minor modifications, we shall omit
it.

Theorem 1.5.5 ([13]). Let (#,8) be a compact metric space, and p a nonnegative Radon
measure on M satisfying p(A) = 1. Given a closed subset A C .#, N > 1 distinct points
ai,...,any C A, and dy,...,dN € Z satisfying >, d; = 1, define for v =3, d;dq,,

I(v) := sup{///{gpdu— ///{g@du tp € Lip(A), [¢hip < 1},

with [plip = SUpP,4, %. Then,

I 2 i ) x -
(v) min //ﬂ&(x c)du
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

Proof of Theorem 1.1.4: minimality of ux. By Theorem 1.3.6, to prove that wu, is a O-
homogeneous minimizing 1/2-harmonic map, it is enough to show that u¢ is a minimizing
harmonic map with free boundary in every bounded admissible open set G C Ri. In turn,
it reduces to prove that u$ is a minimizing harmonic map with free boundary in BE for
every radius R > 0. By 0-homogeneity of ug, it is enough to show that u$ is a minimizing
harmonic map with free boundary in Bf .

First, we compute using Lemma 1.5.3,

d d?
E1(ui,Bf'):/ "2:/ Lzzw. (1.5.11)
2 Bt (|x] + z3) o+p, (1+x3)

In view of (1.5.11), it is thus enough to show that
Ei(v,Bf)>n (1.5.12)
2

for every map v € H'(B;{; R?) such that v = u$ in a neighborhood of 0+ B; and |v| = 1
on D x {0}.
Let us consider such a map v. From the pointwise inequality |Vov|? > |H (v)|, we first

infer that 1
(v, Bf) > / |H (v)|dx. (1.5.13)
2 Bi

E:

2

Then, consider an arbitrary function ¢ € Lip(0B;) satisfying |¢(x) — ¢(y)| < |x — y]| for

every X,y € GBf' . By the McShane-Whitney extension theorem, we can find a 1-Lipschitz

function ® € Lip(B;) such that ®yp+ = ¢. Since |[V®| < 1 ae. in Bf, we deduce from
1

(1.5.13) that

(B >~ [ H) . vodx = %(T(g),np), (1.5.14)

1
2
2 BT

E

where g := VioBt € H'Y2(OB];R?) is equal to u$ in a neighborhood of 0% Bj.

By Lemma 1.5.4, we can find a sequence (u;) € H'Y2(D;S') N WD) such that
U = Uy in a neighborhood of 9D, uy, is smooth away from finitely many points in I, and
U — gjpx {0} Strongly in H'?(D). Setting

_ fgx) ifxedtBy,
gr(x) = {uk(x) if x = (2,0) € D x {0},

we have g, € Z, g = uS in a neighborhood of % By, and g — g strongly in Hl/z(ﬁBf).
Let us now fix the index k. Since g, € &, we can find distinct points ar,...,an, in D
such that gi is smooth away from the a;’s. In addition, if d; := deg(gx, a;), then

Ny,
> di = deg(gi, D) = deg(uy, D) = 1.4
=1

— —\ %
* Indeed, defining fi : D\ {a1,...,an,} — S' by fr(z) = Hf\r:kl( 24 ) gr(2), then deg(fx,dD) =

[z2—a;|
deg(gx, D) — Zi\g d;, using the well-known properties of the topological degree that deg(fg,dD) =
deg(f, D) + deg(g,dD) and deg(f,0D) = —deg(f,oD) for every f,g € C(0D,S'). In addition,
deg(fx, 0Dy, (a;))) = 0 for some small 1, ...,7rn, € (0,1) by construction, thus there exists fr € c(D,s")
agreeing with fr on D\ (UﬁV:’ﬁID)m (ai)). Since f~k is a continuous map from D into S', it is homotopic
to a point and deg(ﬁ,&D) = 0. Hence 0 = deg(ﬁ,,a]D)) = deg(fx, D) = deg(gr, D) — Zf\i“l d; since

fk\aD = fk|am>~
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1.5. Minimizing 1/2-harmonic maps into the circle

Applying Proposition 1.5.2 to gi and using that det(V, gi) = x - H(u¢) on 0" By yields

1 1 %)
5{T(gr), o) =m (7r /(%Bl m ZdZSO a; ) :

In turn, applying Theorem 1.5.5 with .Z = 8Bf endowed with the Euclidean metric,
A=Dx {0}, p=L(1+a3)2#%L 0" By, and v = Y, d;dy,, yields

1 . |x — ¢| 9
sup 5(T'(gk), ) 2 min / L Y 1.5.15
[ehip<1 2< (1), ¢) cebx {0} Jo+p, (1+x3)? ( )

Next, observe that the minimum value above is achieved at ¢ = 0. Indeed, the function
VizeDw = (Z01 2
ot (L+3)?
is clearly convex, and
x

_ 2 _
vV (0) = /a+31 T =,

Going back to (1.5.15), we have thus proved that

1 1
sup =(T'(gx), ¢ 2/ — _d#*=nr. 1.5.16
[hip<l 3\ Ton). ) o+p, (14 23)? ( )
Now we deduce from Lemma 1.5.1 that
1 1
sup o (T(g),0) = sup (T'(gk), %) = Clg = gl omy) (1.5.17)
[phip<l [phip<1

for a constant C' independent of k. Gathering (1.5.14), (1.5.17), and (1.5.16), we obtain
E%(% By)>m—Clg— gk]H1/2(aB;r) :
Letting k — oo leads to (1.5.12), which completes the proof. ]

1.5.3 Proof of Theorem 1.1.4, part 2.

The goal of this subsection is to prove that u,(z) = f;—‘ is the unique 0-homogeneous

1/2-harmonic map from R? into S!, up to an orthogonal transformation. This is achieved
in two steps. The first one consists in proving that u, is the unique 0-homogeneous
1/2-harmonic map of degree +1 (at the origin), up to an orthogonal transformation (see
Proposition 1.5.7). In the second step, we prove that a 0-homogeneous 1/2-harmonic map
with a degree (at the origin) different from +1 is not minimizing (see Proposition 1.5.9).

Lemma 1.5.6. If ug is a nontrivial 0-homogenous 1/2-harmonic map from R? into S!,
then

uy(x) =wo &~ (X)

x|
where &1 is the stereographic projection (1.5.9), and w is a finite Blaschke product or
the complex conjugate of a finite Blaschke product. In other words,

Z—Oé]

w(z) or w(z) = e H I —az (1.5.18)
for some 6 € [0,2x], d € N\ {0}, and aq,...,aq € D. As a consequence,
E%(ug,Bf) =md. (1.5.19)
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

x
||

harmonic circle g : S' — S!. By Theorem 1.4.5, the harmonic extension w, of g to the
unit disk D (i.e., the solution of (1.4.3)) is of the form (1.5.18). Hence, we only have to
prove that u§(x) = w,0&™? (I—il) The argument is exactly as in the proof of Lemma 1.5.3.
By 0-homogeneity, ug solves

Proof. By Proposition 1.4.3, ug(z) = g(i%) for every x # 0, for some nonconstant 1/2-

Agpu§ =0 on S2,
u§(x) =g ondS% =S x {0}.

As a consequence, ug o & is harmonic in D, and it equals g on OD. In other words,
ug o & = wy, and (1.5.18) follows.
Next, by 0-homogeneity of uf, conformal invariance, (1.4.2), and Theorem 1.4.5,

1 1
Ei(u$, Bf) = / |V ul |2 d? = / |ng\2dz =E1(g,SY) =nd,
2 2 Jo+B, 2 Jp 2
which completes the proof. O

Proposition 1.5.7. Let g : S — S! be a 1/2-harmonic circle such that deg(g) € {+1}.
Assume that ug := g(%) is a 0-homogeneous minimizing 1/2-harmonic map from R? into
St. Then g is an orthogonal transformation, i.e., g(x) = Ax for some A € O(2,R).

Proof. Step 1. By Theorem 1.3.6, u§ is a minimizing harmonic map with free boundary

in Bf". Therefore, u is stationary in B in the sense of [80, Definition 4.10], see [80,
Remark 4.13]. In turn, by [80, Remark 4.11] it implies that

3
/+ (|Vu8|2 div X —2 ) (Oiuf - ajug)ajxi) dx =0 (1.5.20)
By ij=1
for every X := (X1, X2, X3) € C! (E;r; R3) compactly supported in B Ud°B; and such
that X3 =0 on 9°B;".

We now consider a unit vector e € St x {0} and an even function n € C*(R) compactly
supported in (—1,1). Using the vector field X (x) := n(|x|)e in (1.5.20), we obtain

/B+ (‘VUSPX ce—2(e-Vug) - (x- Vug))n’(\x]) E =0. (1.5.21)

On the other hand, since g is 0-homogeneous, ug is also 0-homogeneous. Hence x-Vug =
0, and by Fubini’s theorem, (1.5.21) yields

</8+B1 ]Vu8\2x~ed<%”2> (/01 ' (r) dr) =0,

since Vug is homogeneous of degree —1. By arbitrariness of 7 and e, we conclude that
/ IVu|?x dA? =0 (1.5.22)
o0t By

(recall that x = (x, z3)).

Step 2. Since minimality is preserved under complex conjugation (i.e., W is also a 0-
homogeneous minimizing 1/2-harmonic map), we may assume that deg(g) = 1 (otherwise
we consider g instead of g). Then we infer from Lemma 1.5.6 that

T

ud(x) = wo &1 (X> with  w(z) =

x| 1—az’
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1.5. Minimizing 1/2-harmonic maps into the circle

for some 6 € [0,27[ and a € D (where G~ is the stereographic projection (1.5.9)).
By conformal invariance, we have

2z
|Vug |2z da? = 2/ Vw(z)|" ——dz. (1.5.23)
/a+31 0 D | | 1+ [z
In addition, since w is holomorphic in ID, we have
2 ooz (L= laf?)
Hence, combining (1.5.22), (1.5.23), and (1.5.24) yields
z
dz=0,
/ID (1+|2)[1 — @zt

which in turn implies that & = 0. In other words, g(z) = ez, i.e., g is a rotation. O

Lemma 1.5.8. Let ug be a 0-homogeneous minimizing 1/2-harmonic map from R? into S!.
If uf(x) =wo 6*1(|—§|) with &~ the stereographic projection (1.5.9), and

_eZOH

with d € N\ {0}, and ay,...,aq € D, then

1—a]

d
lw(z)] < (3||»j|‘|—'i_31) for every z € D.
Proof. The case d = 1 is a direct consequence of Proposition 1.5.7, so it remains to consider
the case d > 2. Set § := max; |o;| € [0,1). We may assume without loss of generality
that § = |ay|. Since minimality is preserved under rotations on the image (i.e., Aug is
a 0-homogeneous minimizing 1/2-harmonic map for every A € SO(2,R)), we can also
assume that ay € [0,1), so that § = ag. Then we write

z—0
1—96z

Z—Oé]

w(z) = w(z) with @(z) = e H

1—04]

We aim to prove that
<1/3, (1.5.25)
which immediately leads to the conclusion since

2ol _ leltlagl _ [s148 _3lel+1
1 —ajz| = Jojllz| +1 = 6]z]+1 |z| + 3

for each j and every z € D 2.

ajl |zeii9j—\aj\|
= —%—, where §; =
[1—]aj|ze” 77|

for all z € D and « € (0,1). Taking this inequality

|[z—aj] |z|+]oy]
[1-a5z| = |o¢j|\z\+1

5 We may see that for all z € D, by writing HZ

ajz| T
lz—al  lzlta
M=ozl S alzl1

arg(a;), so that it is enough to show

to the square and writing z = re'® this is equivalent to 1T+:§T2_ 2;;::()5599 < 11::2";2122‘(‘; whose left-hand side
is maximal when cos§ = —1, by studying its variations, which gives the result. In addition the right-hand

side of this last inequality is an increasing function of a.
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

To prove (1.5.25), we shall construct suitable competitors to test the minimality of
u$ in Bf (recall that u§ is a minimizing harmonic map with free boundary in Bj" by
Theorem 1.3.6). Given a parameter ¢ € (0, 1), we consider a smooth function 3 : [0,1] —
[0, 1] such that B(r) = § in a neighborhood of r =1, B(r) < 1 for r > &, and B(r) =1 for
r < e. Next we consider the smooth map on D x [0, 1] given by

" _ 2= B(r)
w(z,r) = = B(r)e

By construction, w(-,r) is a Blaschke product with d factors for r > ¢, and (d — 1) factors
for r < e (more precisely, @(-,r) = w for r < ¢). Setting g, := w(:,7)9p, we then have
deg(gr) = d for r > ¢, and deg(g,) = d — 1 for r < e. From (1.4.2) and Theorem 1.4.5, we
infer that

wd forr > e,

(1.5.26)
m(d—1) forr<e.

1
/ ‘VZ@(Z,T)Ide =&1(g,,S") = {
2 D 2

In addition, since |w| < 1, we have the pointwise estimate

R, (1 +1of2)? - 47
MIEIGEL (T=2B(r)z + B =P)

We define a map v € H'(Bi"; R?) by setting

e e N +
v(x) .-w(@ <|X’>,]x|> for x € Bf".

B'(r)* =

’8@ S18'(r)? (1.5.27)

E(zvr)

Note that |[v| = 1 on "By, and that v = u§ in a neighborhood of " B;. Hence v is an
admissible competitor to test the minimality of ug in Bfr , 1.e.,

Ei(v,Bf) > E; (ug, Bf) =nd, (1.5.28)

1
2

where we have used (1.5.19) in the last equality.
Computing the energy of v in polar coordinates, we obtain

1
E1(U,Bi"):/ ;/ |VTU(7“X)|2d%”2 dr
2 0 ot By

1 2
+/ (7’/ ‘arv(rx)|2d,%”2> dr. (1.5.29)
e \ 2 Jorm,

By conformal invariance, we have

1 1

/ |V7-v(rx)|2d<%”2 = / ‘Vzﬁ(z,r)|2dz. (1.5.30)
2 Jo+B, 2 Jp

Combining (1.5.26), (1.5.29), and (1.5.30) yields

2

Ly
(v, BY") :W(d—€)+/ <2 /a+B |8rv(7"x)]2d,%”2> dr. (1.5.31)

E,
2
Then, recalling that

4
5 dz, (1.5.32)

CRRY I  C R —
‘ (1+]22)
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1.5. Minimizing 1/2-harmonic maps into the circle

we obtain ,
2 O w(z,r

T ‘&«U(rx)|2de%”2 = 2r? 7| o 2)|2
2 ot B, D (1 + ’Z’ )

In turn, this last identity together with (1.5.27) and Lemma 1.A.1 yields

7'22 0,0(rx)|* d? < 2xr? F(B2(r)) |8/ ()| (1.5.33)
0t By
with , , )
(P10t +1 (1—t)%\ #+11t-2
F(t) = ( 1+t >log< 1 ) aA+rep -

Notice that F': [0,1) — R is an increasing function, and that F'(0) = 2 — 2log(2) > 0.
Gathering (1.5.28), (1.5.31), and (1.5.33) leads to

' 2 2 1|2
e < 27r/ r“F(B%(r))|8'(r)|" dr. (1.5.34)

Next we set B(r) =: vy(g/r), so that v : [e,1] — [0, 1] satisfies v(1) =1, v(¢) < 1 for t < 1,
and 7y(¢) = 6 in a neighborhood of ¢t = ¢. Changing variables in (1.5.34), we infer that

1
1< [ FrO)l 0 .

In view of our arbitrary choice of € and =, we conclude that

1< 2/01 F(y2(1)) |y (1)) dt (1.5.35)

for every C'-function ~ : [0, 1] — [0, 1] satisfying v(0) = § and (1) = 1. Setting

G(s) = /OS\/F(t2)dt,

inequality (1.5.35) must hold for v(t) := G™1(G(1)t + G(8)(1 — t)), which returns the
inequality 1 < 2(G(1) — G((S))Q. Therefore,

1< Jé/; VF(2)dt =: J(6).

Since J(1/3) ~ 0.971 < 1, we finally reach the conclusion that § < 1/3. O

Proposition 1.5.9. Let g : S' — S be a 1/2-harmonic circle. If d := |deg(g)| > 2, then
the map ugy := g(ﬁ) is not a 0-homogeneous minimizing 1/2-harmonic map from R? into
St.

Proof. We argue by contradiction assuming that ug is a 0-homogeneous minimizing 1/2-
harmonic map in R%. Once again, it implies that ug is a minimizing harmonic map with
free boundary in Bf by Theorem 1.3.6. By Lemma 1.5.6, uf is of the form (1.5.18), and
without loss of generality we can assume that the map w in (1.5.18) is equal to the right-
hand side of (1.5.18) (otherwise we consider the complex conjugate of wg instead of ug,
which is also minimizing).
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

We shall build competitors to test the minimality of ug, and to this purpose we consider
the extended complex plane C U {oo}. We also identify Ri with the compleluppgr half-
plane C; := {z € C: Jm(z) > 0}. We consider the Cayley transform € : C; — D\ {1}
given by

Z—1
C(z) = 1.5.36
()= 2, (1.5.36)
and its inverse 1
¢ l(z) = Z(l jj’) . (1.5.37)

Note that € maps the real line R x {0} = 9C, into S'\ {1} = 0D\ {1}. In the sequel, we
use the (standard) convention

¢'(1) =00 and €(cc0)=1.
We define a map f: D — Cy U {co} by setting
f(2) = (€ tow)(z). (1.5.38)

As a complex-valued function, f is a rational function of z with poles (exactly) at the finite
set Z) == w=t({1}) C S'. In particular, f is smooth in D\ Z}. In addition, f(D) = Cy,
and f(S'\ Z) =R x {0}.

Given a parameter ¢ € (0,1), we consider a smooth function 8 : [0,1] — [0, 1] such
that 8(r) = 1 in a neighborhood of r = 1, 8(r) > 0 for r > ¢, and 0(r) = 0 for r < e.
Next we define the smooth map on Bj given by

100 = (g > ()

where G~ ! is the stereographic projection (1.5.9). With the convention 0/0 = oo, we
observe that v extends smoothly up to dB; except for finitely many points in 0°Bj".
More precisely, setting Z, := w™'({—1}) C S!, the set Z, is finite, and v is smooth in
Bf \ (¢Z, x {0}). By construction, v = 1 in BF, [v| = 1 on °B{, and v = v® in a
neighborhood of 8" B;. As our computations will show, v € H'(B{";R?) so that v is an
admissible competitor to test the minimality of u$ in By, i.e.,

Ei(v,Bf) > E; (ug, Bf) =nd, (1.5.39)

1
2

where we have used (1.5.19) in the last equality.
To compute the energy of v, it is useful to rewrite v as

w-0(e () ).

where @ is the smooth map defined on D x (g, 1) by

W(z,r):=¢€ (0(1r)€_1(w(z))> =C <0(17“) (z)) .

Notice that for each r € (e, 1), w(-,7) is a Blaschke product with d factors. Indeed, for each
r € (e,1), w(-,r) is clearly holomorphic on D, it is smooth up to 9D, and |w(-,r)| =1 on
0D. By a classical result of Fatou [41], it implies that w(-,r) is a finite Blaschke product.
Since the restriction g, of w(-,r) to OD is an S'-valued function of degree d, it must be
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1.5. Minimizing 1/2-harmonic maps into the circle

a product of precisely d factors. Therefore, we can infer from (1.4.2) and Theorem 1.4.5
that

1
2/ V. 0(z,r)|° dz = Er(grS)=md  Vre(el). (1.5.40)
D

On the other hand, a straightforward computation yields for r € (g, 1),

ow 2 (LN F)P 2
S| =|e (g0 porlee
B 41 (=) 216 (r) 2
(6%(r) +20(r) fo(2) + |f(2)2)° o4y

where fo denotes the imaginary part of f.
Computing the energy of v in polar coordinates, we obtain

L1
E1(U,B1+):/ / |V7v(rx)|2d<%”2 dr
2 &€ 2 8+Bl

1 LQ 9 2
+/E (2 /WBI |Orv(rx)|” do# ) dr. (1.5.42)

Using the conformal invariance of =1 and (1.5.40), we derive

1/ {Vﬂ)(r}()! d#? = / |V.0(z, 7 | dz=md Vre(sl). (1.5.43)
2 Jotp,

Next, (1.5.41) together with (1.5.32) leads to

7"2 9 2 @ 2 7“2
5 . 0rv(rx)|” do#t? = 2/]]) 5 (z,7) (FSEBE dz
|f(2)?0(r)[*r?
=38 dz. (1.5.44
/HD(HQ(T)+29(T)f2(Z)+ )21+ 222 | )

for every r € (g,1).
Combining (1.5.39), (1.5.42), (1.5.43), and (1.5.44), we deduce that

mde ! [f(2)[°16'(r)|*r* )
— < dz | dr. 1.5.45
8 /s </D (6%(r) +20(r) fo(2) + | F(2)[2)*(1 + |2]2)? ( )

=: a(e/r), so that a : [g,1] — [0, 1] satisfies a(1) = 0, a(t) > 0 for
1 in a neighborhood of ¢ = . Changing variables in (1.5.45) gives

Next we set 0(r)
t<1,and a(t) =

/ Hp(a(t))|e ()] dt (1.5.46)
with
/ £ (2)? &
D (a2 + 2afa(2) + | £(2)[2)2 (1 + |2[2)2

In view of (1.5.38), we can rewrite Hy(a) as

[ Ka(w(2)
i = [ T
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

where K, : D — [0,00) is given by

- [E;
Kq(z) = (a2 + 2a¢2_1(z) +le1(2)2)?’

and €5 ! denotes the imaginary part of €1

Since minimality is preserved under rotations on the image, ougp is a minimizing 0-
homogeneous 1/2-harmonic map for each ¢ € S'. As a consequence, (1.5.46) must hold
with f replaced by f, := €~ !(ow) for every o € S!. Averaging the resulting inequalities
over all o € S! yields

wd 1

1 1
s <2 . (/ Hfo(a(t))|a’(t)]2dt> da—/a Ho(a())|od (8)]? dt (1.5.47)

with
1

o K( z)do .

~ _ ( z)) —
Hy(a) = / i+ |z| (ESERE dz and K,(z):=

Then observe that K4 (z) only depends on |z|, i.e., Kq(z) = Ka(]z\) Hence Lemma 1.A.2
tells us that

Raw(2)) = 5= [ Kallu(e)lo) do = J(a u(2)).

where the function A — J(a, \), given by formula (1.A.5), is an increasing function. Using
that d > 2, we infer from Lemma 1.5.8 that

3lz] +1)?
< VzeD,
wel < (1) vee

and as a consequence,

N 1 - 2 r
Hy,(a) < 27r/0 J <a, ((3; :—31))2 ) (NS dr =:2rnFi(a) VYa € (0,1].

Inserting this last inequality in (1.5.47) leads to

/ Fi(a(t)) o (8)]2 dt.

In view of the arbitrariness of £ and a, we conclude that

/ Fi(a(t)|e/ (1) dt (1.5.48)

for every Cl-function a : [0,1] — [0, 1] satisfying a(0) = 1 and «(1) = 0.

Setting
= v/ Fi(a)da
/0 (a)

inequality (1.5.48) must hold for a(t) = G~!(G(1)(1 — t)), which returns the inequality
d/16 < (G(1))2. In other words,

4/01 v/ Fi(a)da. (1.5.49)
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1.5. Minimizing 1/2-harmonic maps into the circle

Now we change variable in this integral setting t = L‘r—g Using formula (1.A.5), we obtain

1/2

4/01 JFi(a)da = 2/01 S dt <2 (/01 By dt) (1.5.50)

with

Fg(t) =

e+ 1D)23r + 1)1 — (612 — 1)(3r + 1)8(r 4 3)*
/0 ( ((r+3)*—=(3r+1)42)3
t2(3r + 1)*(r 4+ 3)8 + (r +3)*2 rdr
((r+3)*—(3r+1)4%2)3 ) (1+7r2)2°

From (1.5.49) and (1.5.50), we conclude that d < 4f01 F5(t) dt. However, a direct (numer-

ical) computation provides the estimate 4 fol F5(t) dt ~ 1.93 < 2, which contradicts d > 2,
and the proof is complete. ]

1.5.4 Proof of Theorem 1.1.5

We complete this section with the proof of Theorem 1.1.5, and to this purpose we
consider v € H'/2(£;S') a minimizing 1/2-harmonic map in a smooth bounded open set
Q) C R2. By Corollary 1.3.7, u is smooth in Q away from a locally finite subset of (.
Assume that a € Q is a singular point of u, and assume without loss of generality that
a =0. Fix R > 0 such that Do C Q and u € C*°(D3g \ {0}). Then,

d := deg(u,0) = deg(ujpp,) Vp € (0,2R). (1.5.51)

By Theorem 1.3.6, u® is a minimizing harmonic map with free boundary in BE. Therefore,
u® is stationary in B} in the sense of [80, Definition 4.10], see [80, Remark 4.13]. In turn,
by [80, Remark 4.11] it implies that

3
/+ (]Vue|2 div X — 2 Z (&-ue . Ojue)ani) dx =0 (1.5.52)
B

R i,j=1

for every X := (X1, X2, X3) € C! (EE;R?’) compactly supported in B U 0°Bj}, and such
that X3 = 0 on 80BE. Arguing as in [80, Proof of Lemma 5.2, Step 2], we infer from

(1.5.52) that
w.Bh = [ 1(/
s t o0t By

(u®, B;}) is nondecreasing, and the limit

ou®
ov

E,(u°,B) — -E

NI

1
2

1 1
r S

2
d,%”2> dt VO<s<r<R.
(1.5.53)

As a consequence, r — %E 1
2

— i 1 e pt+
@.—lq}irg;E%(u,BT)

exists. Since 0 is a singular point of u (and thus of u®), it follows that ® > 0 by e.g. [58,
Theorem 3.4] (recall our discussion before Theorem 1.3.2).

We now consider a sequence py, | 0 with py < R, and we set for x € Do/,

ug(x) == u(prx) .
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Chapter 1. Minimizing 1/2-harmonic maps into spheres

Then, ug € ﬁ[l/z(DgR/pk;Sl), ug(x) = u(ppx), and uj, € Hl(B;rR/pk) is a minimizing

harmonic map with free boundary in B;r R/ Since

1 R
+\ +
E%(UE’BT’ ) = WE%(Ue,Bka) VO <r< E, (1554)

we infer from (1.5.53) that E%(uz, B;) is bounded with respect to k for every r < R/py.

n—1

Recalling that [u$| < 1 (since uy is S*-valued), we can apply Theorem 1.3.5 to find a (not
relabeled) subsequence such that u§ — v strongly in H'(B;}) for every r > 0, where v is
minimizing harmonic map with free boundary in B, for every r > 0. Setting ug := UjoR?

we have uj, — ug strongly in HY/2(D,) for every r > 0. Hence u§, — u§ in L?(B;}) for
every r > 0 by [80, Lemma 2.4], which shows that v = u{. In view of (1.5.54) and the
strong convergence of ug, we have

1 1
+ _ .
m—_lE%(ug,Br ) = klggo WE%

(u$,Bf)=0© Vvr>0. (1.5.55)

In turn, rescaling (1.5.53) yields

T q e |2 1 e |2
/ - / %" 42 dt = tim [ 1 / Qi " 4 at
s t o+ B, 6v k—o00 s t 8+ B, aV
1
— 1 e np+ e p+
- klincgo (’I” 1 E%(ukaBr ) - rn—lE%(u]WBS ))

for every r > s > 0. Therefore, uj is 0-homogeneous, and thus ug is a 0-homogeneous
minimizing harmonic map with free boundary. Since ® > 0, we deduce from (1.5.55)
that uf is not constant. Then ug is a nontrivial 0-homogeneous minimizing 1/2-harmonic
map on R? by Theorem 1.3.6. Then Theorem 1.1.4 tells us that ug(z) = Q—T for some

orthogonal matrix A € O(2,R). In particular,
deg(uojpp,) € {1} Vr>0. (1.5.56)

Now, by the strong H'-convergence of (u$) and Fubini’s theorem, (up to a further sub-
sequence if necessary) we can find r. € (0,1) such that u{ — u§ strongly in H'(0"B,,).
By continuity of the trace operator, we have uj — ug strongly in H'/2 (0D,,). The degree
being continuous with respect to the strong H'/?-convergence (see [14]), we deduce from
(1.5.56) that deg(ug|sp,,) € {£1} for k large enough, that is deg(uwDPkT*) € {£1}. In
view of (1.5.51), we have thus proved that d € {41}, which completes the proof.

Appendix

1.A Detailed computations

We provide in this appendix some details about the computations performed in Sec-
tion 1.5.3.

Lemma 1.A.1. For every v € [0,1),

(14 2|%)? — 422 )
I = d _ F
(7) /]D) (1 _ 2,72;1 + "}’2|Z|2)(1 + |Z’2)2 z s ("/ )

([ —10t+1 (1—t)?\ *+11t—2
F(t):= <W>log< 1 )— O

o1

with




1.5. Minimizing 1/2-harmonic maps into the circle

Proof. Write I(y) = A(vy) — 4B(~) with

1
A = d
”) /]D) (1— 27z + 4222 &

and

2

zZ
B(v) := 1 dz.
”)léu—wa+%m%u+wm ‘

Using polar coordinates, we further rewrite

1 ! r)rd
A(y) = /0 M(vyr)rdr and B(y) = /0 Mdr,
where
[ dé [ cos?(f)
M(a) := /0 (1 —2acos(9) + a?)? and - Na) := /0 (1 — 2acos(f) + a2)? 49

are defined for a € [0,1).
Lengthy but elementary computations yield

14 a2 14 a® 1
M(a):%(lja?)?’ and N(a):2ﬂ<(1ja2)3_2(1—a2)>'

Then we first obtain

1 2.3 2 1
Yre +r r ™
=2 [ W[ﬂ—v%%Jo =27 (A1)

Concerning B(7), we can rewrite it as

B(y) =7(2U(v*) = V(v?)) (1.A2)

with
_ [t Qe _ [ re
U(t) . /0 (1 _ tr2)3(1 —|-1”2)2 dr and V(t) T /0 (1 _ t7‘2)(1 _|_7a2)2 dr.

Once again, elementary computations lead to

1 2 1
V) = g5z o8 (1 —t) T A1+t

and
22— 4t +1 2 1 1

Ut)=————11 —P(t

®) (2(1+t)4>Og(l—t>+8(1—t)2+2 ®),
with

1 1 3 t2 + 2t
P(t) .= —
®) 4(1—t)+4(1+t) 4(1+t)2+(1+t)2(1—t)
t 42 1—t

Q1+8)(1—t) (Q+t)3(1—t) 2(1+1t)3"
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Therefore,
t2—10t+1 2 1 1
20t) = V()= ————— | 1 P(t
o) - v ( 201+ 1)1 ) Og(l—t) taaor PPO Ty
A direct computation shows that
1 4112

Pt) + 4(14+1t)  4(1+1)3

(1.A.3)

(1.A.4)

Gathering (1.A.1)-(1.A.2)-(1.A.3)-(1.A.4) now leads to I(y) = mF(v?) as announced. [J

Lemma 1.A.2. Let € be the Cayley transform (defined in (1.5.36)). For a € (0,1] and

z €D, let
€1 (=)
(a2 + 2a€5 " (2) +[€71(2) )2

Ku(z) :=

)

where 62_1 denotes the imaginary part of €~1. Define for A € (0,1),

1
J(a,\) = — [ K,(\o)do.
<a7 ) 27T Sl ( U) g
Then,
(1+6)* (22 + 1)E200 — (612 — DA + 202 + 1 , 1-
J(a,\) = tht:=
(a.0) = 5 (1— A22)3 v 1+

(1.A.5)

for every X € [0,1]. In addition, X € [0,1] — J(a, \) is increasing for every a € (0,1].

Proof. Recalling that
2

1y 4l
LS =
(U 22

dz,

we change variables to obtain

1 1 [ Ko(A&(2))
= [ K, Lo 2 [ 2oV g,
57 s (A\z)ds? - /R 1722 dx

Next we set
B 1—X

“TI1Fa

c0,1), A=""C B2y

~ l+ac’
to compute

Kqo(A&(2)) = (

By Lemma 1.A.4 below, we have

2 1+ A2 B-2
J(a,\) = —° <+ + )

c? zt+ Ba? +1
(1+ac)* ) (22 + A2)?

(14 ac)t \ 243 2A(A+1)2

In terms of the variables ¢ and p := A? € (0,1), we obtain

L+t (22 + D)2 — (612 — Dp® +2u+1
J(a,A)z( ) (( ) (_ 23) 7
16 (1 — pt?)
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1.5. Minimizing 1/2-harmonic maps into the circle

which is the announced formula. Next, if

(262 4+ 1)t2u — (6t2 — Dp? +t2u + 1

fipe(0,1)—

(1 — ey |
we have ey e ( 22
s A1 = ) 21—t
fp) = 1) >0,
which shows that A — J(a, \) is indeed increasing for every a € (0, 1). O

Remark 1.A.3. Note that the function J(a,\) defined in (1.A.5) can be rewritten as

_ Gt a-np (1 X e
J(a,2) = 3 ((1+)\t)(1—)\t)3+(1+)\t)3(1—)\t)+1_)‘2t2>

From this formula, one easily determines the behavior of J as a ~ 0 and A ~ 1.

Lemma 1.A.4. For A, B > 0, we have

1 x4+ Ba? +1 14 A2 B-2
— dr = . 1.A.
W/R(Hﬂ)(xum)z T=om Taauarye (1.A.6)
Proof. Write X := 22, and observe that
X?+BX+1  2-B 1
(X +1)(X +A2)2  (1-A2)2X +1
AE N
(1—-A%)2) X + A?
A? 1
1-A)+(2-B :
+(( )+ )1—A2>(X+A2)2
On the other hand,
1/ d:v_l 1/ de 1 1/ dx 1
T rpl+x2 7w fga?+ A2 AT o g (22 + A2)2 2437
and (1.A.6) follows. O
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CHAPTER 2

Partial regularity for fractional harmonic
maps into spheres

2.1 Introduction

The theory of fractional harmonic maps into a manifold is quite recent. It is has been
initiated some years ago by F. Da Lio and T. Riviére in [29, 28]. In those first articles,
they have introduced and studied 1/2-harmonic maps from the real line into a smooth
and compact closed submanifold ' C R%. A map u : R — A is said to be a 1/2-harmonic
map into N if it is a critical point of the 1/2-Dirichlet energy

[t L[] @GR
5;(%1&)._2/1&;( AYrultd _47r//m P dady.

among all maps with values into N, or equivalently, if it satisfies the Euler-Lagrange
equation

(—=A)2u L Tan(u, N) (2.1.1)

in the distributional sense. Here (—A)?® denotes the integro-differential (multiplier) opera-
tor associated to the Fourier symbol (27/£])2%, s € (0,1). The notion of 1/2-harmonic map
into A/ appears in several geometrical problems, such as free boundary minimal surfaces
or Steklov eigenvalue problems, see [24] and references therein. The special case N = S%~1
is important for both geometrical and analytical issues. From the analytical point of view,
it enlightens the internal structure of equation (2.1.1). Indeed, the Lagrange multiplier as-
sociated to the constraint to be S¢~!-valued takes a very simple form, and (2.1.1) reduces

to the equation
1 u(z) — u(y)|?
(=A)zu(z) = (;ﬁ/R'(;_y’(Qy)'dy) u(z), (2.1.2)

which is in clear analogy with the equation for usual harmonic maps from a 2d-domain
into the sphere. In particular, there is a similar analytical issue concerning regularity of
solutions since the right-hand side of (2.1.2) has a priori no better integrability than L,
and elliptic linear theory does not apply. In their pioneering work [29], F. Da Lio and
T. Riviere proved complete smoothness of 1/2-harmonic maps through a reformulation of
equation (2.1.2) in terms of algebraic quantities, the “3-terms commutators", exhibiting
some compensation phenomena. In [28] (dealing with arbitrary targets), smoothness of
1/2-harmonic maps follows from a more general compensation result for nonlocal systems
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with antisymmetric potential, in the spirit of [90]. In the same stream of ideas, K. Ma-
zowiecka and A. Schikorra obtained in [77] a new proof of the regularity of 1/2-harmonic
maps, very close to the original argument of F. Hélein [60] to prove smoothness of har-
monic maps from surfaces into spheres (see also [61]). Once again, the key point in [77]
is to rewrite the right-hand side of (2.1.2) to discover a suitable “fractional div-curl struc-
ture". From the new form of the equation, they deduce that (—A)%u belongs (essentially)
to the Hardy space %! by applying their main result [77, Theorem 2.1], a generalization
to the fractional setting of the div-curl estimate of R. Coifman, P.L. Lions, Y. Meyer,
and S. Semmes [21]. Continuity of solutions is then a consequence of Calderén-Zygmund
theory, from which it is possible to deduce C'*°-regularity.

Several generalizations of the regularity result of [29, 28] have been obtained, e.g. for
critical points of higher order or/and p-power type energies (still in the corresponding
critical dimension), see [25, 30, 31, 77, 101, 100, 98]. The regularity theory for 1/2-
harmonic maps into a manifold in higher dimensions has been addressed in [86] and [80]
(see also Chapter 1 and [78]). In higher dimensions, the theory provides partial regularity
(i.e. regularity away from a “small” singular set) for stationary 1/2-harmonic maps (i.e.
critical points for both inner and outer variations), and energy minimizing 1/2-harmonic
maps. It can be seen as the analogue of the partial regularity theory for harmonic maps
by R. Schoen and K. Uhlenbeck [103, 104] in the minimizing case, and by L.C. Evans [39]
and F. Bethuel [9] in the stationary case. In [80], the argument consists in considering
the harmonic extension to the upper half-space in one more dimension provided by the
convolution with the Poisson kernel. The extended map is then harmonic and satisfies a
nonlinear Neumann boundary condition which fits within the (previously known) theory
of harmonic maps with partially free boundary, see [37, 38, 64, 58, 97].

The purpose of this article is to extend the regularity theory for fractional harmonic
maps in arbitrary dimensions to the context of s-harmonic maps, i.e., when the operator
(—A)% is replaced by (—A)® with arbitrary power s € (0,1). As a first attempt in this
direction, we only consider the case where the target manifold A is the standard unit
sphere S4~1 of RY, d > 2. We now describe the functional setting.

Given s € (0,1) and 2 C R™ a bounded open set, the fractional s-Dirichlet energy in
Q of a measurable map u : R” — R? is defined by

_ 2
Es(u, ) = %L’S// Mdmdy, (2.1.3)
4 J)@mrxrrp\(@exqe) T —y|rts

where Q¢ denotes the complement of €, i.e. Q¢ := R™\ Q. The normalization constant
Yn,s > 0, whose precise value is given by (2.2.1), is chosen in such a way that
1

Es(u, Q) = 2/ (—A)2u|®dz  Yue 2(RY).

Following [80, 81], we denote by H*(€;R?) the Hilbert space made of L2 _(R™)-maps u
such that & (u, Q) < oo, and we set

H3 (8471 = {u € H*(;RY) : u(z) € ST for ae. 2 € R”} )
We then define weakly s-harmonic maps in {2 as critical points of £5(u, ) in the (nonlinear)

space ITIS(Q;Sdfl). More precisely, we say that a map u € H*(Q;S?1) is a weakly s-
harmonic map in Q into S if

d u+ty ] d
—& /770 =0 Vo € 2(,RY).
{dt <|U+W| ) |t=0 pel )
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Chapter 2. Partial regularity for fractional harmonic maps

Exactly as (2.1.2), the Euler-Lagrange equation reads

s Tn,s |u(z) —u(y)® . '
(—A)ou(z) = < . / R ) u(e) 7). (2.1.4)
where (—A)® is the integro-differential operator given by

(ayu) = o (e [ D=t qy)

gn | — y[rt2s

and the notation p.v. means that the integral is taken in the Cauchy principal value sense.
We refer to Sections 2.2 and 2.3 for the precise weak (variational) formulation of equation
(2.1.4).

Once again, the right-hand side in (2.1.4) has a priori no better integrability than L',
and linear elliptic theory does not apply to determine the regularity of solutions. However,
in the case n < 2s, that isn =1 and s € [1/2,1), the equation is subcritical. For n = 1
and s = 1/2, this is the result of [29, 28]. For n = 1 and s € (1/2,1), solutions are at
least Holder continuous by the embedding H* < C%*~1/2 and this is to enough to reach
C*°-smoothness by applying Schauder type estimates for the fractional Laplacian.

Theorem 2.1.1. Assume that n = 1 and s € [1/2,1). If u € H*(Q:;S% 1) is a weakly
s-harmonic map in ), then u € C*().

On the other hand, the case n > 2s is supercritical, and by analogy with (usual)
weakly harmonic maps in dimension > 3, we do not expect any regularity without fur-
ther assumptions. Indeed, in his groundbreaking article [92], T. Riviére has constructed a
weakly harmonic map from the 3-dimensional ball into S? which is everywhere discontin-
uous. A natural extra assumption one can add to weakly s-harmonic maps is stationarity,
that is q

[dt&;(u o %Q)} - =0 VX eCHyRM),
where {¢;}icr denotes the integral flow of the vector field X. According to the standard
terminology in calculus of variations, a weakly s-harmonic map in €2 is a critical point of
Es(+, Q) with respect to outer variations (i.e. in the target), a stationary map is a critical
point of &(+, Q) with respect to inner variations (i.e. in the domain), and thus a stationary
weakly s-harmonic map in € is a critical point of &(-, 2) with respect to both inner and
outer variations.

Our second main result provides partial regularity for such maps. In its statement, the
singular set of u in §2 is defined as

sing(u) := Q\ {z € Q : u is continuous in a neighborhood of z},

dim_ denotes the Hausdorff dimension, and ##"~! is the (n — 1)-dimensional Hausdorff
measure.

Theorem 2.1.2. Assume that s € (0,1) and n > 2s. If u € H5(Q; S is a stationary
weakly s-harmonic map in Q, then u € C*°(Q \ sing(u)) and

1. for s> 1/2 and n > 3, dim y sing(u) < n — 2;
2. for s >1/2 and n = 2, sing(u) is locally finite in §2;
3. for s =1/2 and n > 2, #" (sing(u)) = 0;
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2.1. Introduction

4. for s <1/2 and n > 2, dim y sing(u) < n — 1;

5. for s <1/2 and n = 1, sing(u) is locally finite in .

The other common assumption to consider is energy minimality. We say that a map
u € H*(Q;S%1) is a minimizing s-harmonic map in Q if

Es(u, Q) < E(v,Q)

for every competitor v € H $(€;S%1) such that v —u is compactly supported in 2. Notice
that minimality implies criticality with respect to inner and outer variations, so that a
minimizing s-harmonic map in €2 is in particular a stationary weakly s-harmonic map in
Q). However, minimality implies a stronger partial regularity, at least for s € (0,1/2).

Theorem 2.1.3. Assume that s € (0,1) and n > 2s. If u € H*(Q;S% 1) is a minimizing
s-harmonic map in Q, then v € C*(Q \ sing(u)) and

1. for n > 3, dimy sing(u) < n — 2;
2. for n =2, sing(u) is locally finite in §2;
3. forn =1, sing(u) =0 (i.e., u e C®(Q)).

Before describing the way we prove Theorem 2.1.2 and Theorem 2.1.3, let us comment
on the sharpness of the results above.

Remark 2.1.1. In the case s € (0,1/2), essentially no better regularity than the one coming
from the energy space can be expected from a weakly s-harmonic map in 2. Indeed, for an
arbitrary set £ C R" such that the characteristic function xg belongs to H* (€2), consider
the function u := xyg — xge. Identifying R? with the complex plane C, we can see u as a
map from R” into S!, and it belongs to H*(€2;S'). It has been observed in [81, Remark
1.7] that u is a weakly s-harmonic map in Q into S, i.e., it satisfies (2.1.4). For s = 1/2,
we believe that, in the spirit of [92], it should be possible to construct an example of
1/2-harmonic map from the 2-dimensional disk into S which is discontinuous everywhere
using the material in [79]. However, for s € (1/2,1) and n = 2, it remains open whether
or not such a pathological example exists.

Remark 2.1.2. For s € (0,1/2), the partial regularity for stationary weakly s-harmonic
maps is sharp in the sense that the size of the singular set can not be improved. Following
Remark 2.1.1 above and [81, Remark 1.7], for a set E C R™ such that yp € H*(), the
map u = xg — XEe is a weakly s-harmonic map in Q into S!, and

gs(ua Q) = ’Yn,sPQS(Ea Q) ,

where Pys(F, Q) is the fractional 2s-perimeter of F in Q introduced by L. Caffarelli, J.M.
Roquejoffre, and O. Savin [17], and given by

Poy(E,9) (// // +// ) _drdy
En)x(Ben) M (EnaeyxEene) M (Ena)x(Eenaey ) T — y|TEs

Therefore, u is a stationary weakly s-harmonic map in € if and only if E is stationary in
Q for Pas(-,Q) (see [81]). This includes the case where OF is a nonlocal minimal surface
in the sense of [17]. In particular, if F is a half-space, then wu is a stationary weakly
s-harmonic map in @ and sing(u) = dE N Q is an hyperplane.
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Chapter 2. Partial regularity for fractional harmonic maps

Remark 2.1.3. For arbitrary spheres, Theorem 2.1.3 is sharp for s = 1/2. Indeed, we know
from Theorem 1.1.4 ([78, Theorem 1.4]) that the map z/|z| is a minimizing 1/2-harmonic
map into S! in the unit disk D; € R2. The minimality of z/|z| for s # 1/2 is open, but
one can check that it is at least a stationary s-harmonic map into S' in Dy, showing that
Theorem 2.1.2 is sharp also for s € [1/2,1).

For arbitrary s € (0, 1), the following classical example suggests that Theorem 2.1.3
might be sharp anyway. Consider the minimization problem (still in dimension n = 2),

min {Ss(u, D1):ue H*(Dy,SY), u(z) = z/|z| in R?\ Dl} .

Existence of solutions follows easily from the direct method of calculus of variations, and
any solution is obviously a minimizing s-harmonic map in D;. Since z/|x| does not admit
any S'-valued continuous extension to Dp, any solution must have at least one singular
point in Dj.

Remark 2.1.4. For s = 1/2 and d > 3 (i.e., for S? or higher dimensional target spheres),
the size of the singular set of a minimizing 1/2-harmonic map can be reduced. It has been
proved in Theorem 1.1.3 ([78, Theorem 1.3]) that in this case, sing(u) = 0 for n = 2, it is
locally finite for n = 1, and dim ysing(u) < n — 3 for n > 4. It would be interesting to
know if this improvement persists for s # 1/2.

The proof of Theorems 2.1.1, 2.1.2 and 2.1.3 relies on several ingredients that we
now briefly describe. The first one consists in applying the so-called Caffarelli-Silvestre
extension procedure [18] to the open upper half-space R’}fl :=R" x (0, +00). This exten-
sion (which may have originated in the probability literature [85]) allows us to represent
(=A)*® as the Dirichlet-to-Neumann operator associated with the degenerate elliptic op-
erator Ly := —div(2172*V), where z € (0, +0cc) denotes the extension variable. In this
way (after extension), we can reformulate the s-harmonic map equation as a degenerate
harmonic map equation with partially free boundary, very much like in [80, 81]. Under the
stationarity assumption, the extended map satisfies a fundamental monotonicity formula,
which in turn implies local controls in BMO (bounded mean oscillation) of the s-harmonic
map under consideration by its energy.

Probably the main step in the proof is an epsilon-regularity result where we show that
under a (standard) smallness assumption on the energy & in a ball, then the (stationary)
s-harmonic map is Hélder continuous in a smaller ball. The strategy we follow here is
quite inspired from the argument of L.C. Evans [39] making use of the conservation laws
discovered by F. Hélein [60] and the duality 1 /BMO. In our fractional setting, we make
use of the fractional conservation laws together with the “fractional div-curl lemma” of
K. Mazowiecka and A. Schikorra [77]. A main difference with [39] lies in the fact that
an additional “error term” appears when rewriting the s-harmonic map equation in the
suitable form where compensation can be seen. To control this error term in arbitrary
dimensions, we make use of a recent embedding result between Triebel-Lizorkin-Morrey
type spaces [63] and various characterizations of these spaces [96, 114].

Once Holder continuity is obtained, we prove Lipschitz continuity in an even smaller
ball using an adjustment of the classical “harmonic replacement” technique, see [102].
More precisely, using the extension, we adapt an argument due to J. Roberts [93] in the
case of degenerate harmonic maps with free boundary (i.e., with homogeneous - degenerate
- Neumann boundary condition). With Lipschitz continuity in hands, we are then able to
derive C'°-regularity from Schauder estimates for the fractional Laplacian.

To obtain the bounds on the size of the singular set, we follow somehow the usual
dimension reduction argument of Almgren & Federer for harmonic maps (see [107]), which
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is based on the strong compactness of blowups around points. Here compactness (for
s # 1/2) is obtained as in [81], and it is a consequence of the monotonicity formula
together with Marstrand’s Theorem (see e.g. [76]). Finally, in the minimizing case and
s € (0,1/2), we obtain an improvement on the size of the singular set (compared with the
stationary case) from the triviality of the so-called “tangent maps” (i.e. blowup limits), a
consequence of the regularity of minimizing s-harmonic maps in one dimension proved in

82].

Notation

Throughout the paper, R™ is often identified with ORTJ_H =R" x {0}. More generally,
sets A C R” can be identified with A x {0} C OR!. Unlike Chapter 1, points in R"+!
are here written x = (z, 2)! with z € R” and z € R. We shall denote by B,(x) the open
ball in R™™! of radius r centered at x = (z, 2), while D,(z) := B,(x) NR" is the open ball
(or disk) in R™ centered at . For an arbitrary set G C R""! we write

GT=GnR}™ and 9'G:=0GNR}.
If G C R’}fl is a bounded open set, we shall say that G is admissible whenever
e JG is Lipschitz regular;

e the (relative) open set 9°G C R” defined by
G = {X € 0GNORT : B (x) C G for some r > O} ,

is non-empty and has Lipschitz boundary;
e 0G =0TGUIG.

Finally, we usually denote by C a generic positive constant which only depends on
the dimension n and s € (0, 1), and possibly changing from line to line. If a constant de-
pends on additional given parameters, we shall write those parameters using the subscript
notation.

2.2 Functional spaces, fractional operators, and compen-
sated compactness

2.2.1 Fractional H®-spaces

For an open set 2 C R™, the Sobolev-Slobodeckij space H*(£2) is made of all functions
u € L?(2) such that?

Ju(z) — u(y)l®

|JJ _ |n+25

[u]2 dedy < oo, ps:=s2%n12 (2.2.1)

QxQ

'An extra weight is associated with the (n + 1)-th dimension whenever s # 1/2. To emphasize the
particular role played by the (n + 1)-th variable and to simplify notations, we prefer to write z instead of
ZTn+1 in this chapter.

*The normalization constant , s is chosen in such a way that [u]%s@n) = / (27|€))**|ul? d¢ , where
JR"

u denotes the (ordinary frequency) Fourier transform of w.
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Chapter 2. Partial regularity for fractional harmonic maps

It is a separable Hilbert space normed by || - ||12L18(Q) = - ||L2(Q [E{S(Q). The space
H; .(2) denotes the class of functions whose restriction to any relatively compact open
subset ' of © belongs to H*(§Y’). The linear subspace H,(2) C H*(R") is in turn defined
by

Hio() :={ue H*(R") :u=0ae. in R"\ Q}.

Endowed with the induced norm, H{,(2) is also a Hilbert space, and

2 ’YTLS // ”U/( ) ( )’2 d d _ s
s(Rn Yy = 255 u, Q Yu € H Q s
[ ]H (R ) (B xEm)\ (20 %) ’$ _ y’n+23 ( ) 00( )

where &(+, Q) is the s-Dirichlet energy defined in (2.1.3).
If © is bounded and its boundary is smooth enough (e.g. if 02 is Lipschitz regular),
then

Hip(@) = 7() e (2.2.2)

(see [57, Theorem 1.4.2.2]) . The topological dual space of Hj,(€2) is denoted by H ~*(12).

We are mostly interested in the class of functions
H(Q) = {u € LLo(R") : £y(u, Q) < o0} .
The following properties hold for any open subsets Q and €’ of R™:

o H*(9) is a linear space;

o H*(Q) C H5(XY) whenever ' C Q, and &(-, ) < & (-, Q);

e if ' is bounded, then H*(Q) N Hf (R™) C H*(Q);

e if Q is bounded, then H{ (R™) N L®(R"™) C H*(Q).

From Lemma 2.2.1 below, it follows that H*() is a Hilbert space for the scalar product
induced by the Hilbertian norm u — [[ull 7, = (HUH%Q(Q) + Es(u, Q))1/2 (see e.g. [81]

and [80, proof of Lemma 2.1]).

@

Lemma 2.2.1. Let zo € Q and p > 0 be such that D,(xg) C Q. There exists a constant
C, =Cy(n,s) >0, independent of xy, such that

Ju(z)[?
/n (| — mo| + 1)n+2s dz < Cp (55(16, Dp(z0)) + ||U|’%2(Dp(:c0)))

for every u € H5(S).

Remark 2.2.2. From the Hilbertian structure of H *(Q), it follows that any bounded se-
quence {uy} in H*(Q) admits a subsequence converging weakly in H*(Q). In addition,
if up, — w weakly in ﬁIs(Q), then up — wu strongly in L?(Q2) by the compact embed-
ding H*(Q) < L*(©2). In particular, |lug|;2) — lullr2@). Since liminfy HukHﬁs(Q) >

HuHﬁS(Q)’ it follows that lim infy Eg(ug, Q) > Es(u, Q).
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2.2.2 Fractional operators and compensated compactness

Given an open set 2 C R", the fractional Laplacian (—A)® in € is defined as the
continuous linear operator (—A)* : H*(Q) — (H*(Q)) induced by the quadratic form
Es(+, Q). In other words, the (distributional) fractional Laplacian (—A)*u of a given func-
tion u € ﬁs(ﬂ) is defined through its action on H*(€2) by

s - Ynys (u) — u(y)) (¢(2) = ¢(y)) |
(=8)%u, ¢)q = = ﬂ%wwmmwm) = — gl dedy.  (2.2.3)

Notice that the restriction of the linear form (—A)%u to the subspace H,(€2) belongs to
H~*() with the estimate ||(—A)5uH%I,S(Q) < 2&5(u, §2).

Remark 2.2.3. Notice that the operator (—A)® has the following local property: if u €
H?3(Q) and Q' C Q is an open subset, then

<(_A>Su> ‘:0>Q = <(_A)Suv (P>Q/ Vo € HSO(Q/) .

Following [77], we now relate the fractional Laplacian (—A)*® to suitable notions of
fractional gradient and fractional divergence. To this purpose, we first need to recall from
[77] the notion of (fractional) “s-vector field” over a domain. The space of s-vector fields
in 2, that we shall denote by L2;(2) (in agreement with [77]), is defined as the Lebesgue
space of L?-scalar functions over the open set (R™ x R")\ (Q¢ x Q¢) C R?" with respect
to the measure |z — y| "dzdy. In other words,

L24(9) = {F : (R" x R")\ (2 x 2) = R [|F| 12 () < o} ,

with )
|F(z,y)|

F|? ::// —7 dady .
1z 0 (R xR\ (QexQe) [T — y["

We endow L24(Q) with the product operator ® : L2;(€2) x L2,(Q)x — LY(Q) given by

F(z,y)G(z,y) |

no |z =y

F@G@y:/

Note that ® is a continuous bilinear operator thanks to Fubini’s theorem, and it plays
the role of “pointwise scalar product” between two s-vector fields. With this respect, we
define the (pointwise) “squared modulus” of a s-vector field F' € L2,(Q2) by

|IFI? . =FoFcL'YQ). (2.2.4)

The (fractional) s-gradient is defined in [77] as a linear operator from the space of scalar
valued functions H*(2) into the space of s-vector fields over Q2. More precisely, we define
it as the continuous linear operator ds : H*(2) — L24(f) given by

Vs u(z) —uly) (2.2.5)

dsu(z,y) =
Y T

Obviously, one has

||dsu||%c2)d(m = 2&(u, Q) and |||dsu|2||L1(Q) < 285(u, Q)

for every u € H5(1).
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In turn, the (fractional) s-divergence, denoted by divs, is defined by duality as the
adjoint operator to the s-gradient operator restricted to Hg,(€2). To do so, the main
observation is that for F' € L2,(€), we have

Fodap e L'(R™) Vp e Hy(),
with
IF'© dsllpr@ny < IF 2, 0[] ms@n) -

In this way, we can indeed define div, : L2(Q) — H~*(Q) as the continuous linear operator
given by

(div, F, ), == / Fodspdr Vo e Hg(Q),
Rn

which satisfies the estimate ||divsF||g-s(q) < HFHLgd(Q) for all F € L2,(2).
From the definition of ds and divg, it readily follows that

Proposition 2.2.4. We have (—A)* = divs(ds), i.e.,

((=A)u, @), = / dsu © dspdz

for every u € ﬁS(Q) and every ¢ € Hgy(82).

One of the main results in [77] is a compensated compactness result relative to the
s-gradient and s-divergence operators in the spirit of the classical “div-curl” lemma [21].
To present this result, let us recall that the space BMO(R") is defined as the set of all
u € L (R™) such that

loc

(vogen = sup ffu ()] do < +oc.
Dy (y) J Dr(y)

where (u),, denotes the average of u over the ball D,(y). The following theorem corre-
sponds to [77, Proposition 2.4].

Theorem 2.2.1. Let F' € L2(Q) be such that
diveFF=0 in H*(Q).

There exist a universal A > 1 such that for every ball D,(xo) satisfying Dy, (xo) C €,

[ (F o da)ods| < Pz, 00y/E 02 ({elosioae) + 7" el

for every u € H5(Q) and ¢ € 2(D,(x0)), and a constant C = C(n, s).
Remark 2.2.5. In the statement of [77, Proposition 2.4], the s-vector field F' is assumed to

be s-divergence free in the whole R" and v € H*(R™). However, a careful reading of the
proof reveals that only the assumptions in Theorem 2.2.1 on F' and u are used.
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2.2.3 Weighted Sobolev spaces

For an open set G C R™*!| we consider the weighted L?-space
L*(G, |2|%dx) = {v e Li (G):|z2v e L2(G)} with @ ;=1 — 2s,

normed by
[ol22 6 ooy = /G 2[70]? dx.

Accordingly, we introduce the weighted Sobolev space
HY(G,|2]dx) := {v € L*(G, |2|"dx) : Vv € LX(G, |2]"dx)} ,

normed by
vl 51 (cjz12ax) = I0llL2(G,20ax) T IVVI L2(6 ) 210ax) -
Both L?(G, |z|%dx) and H'(G,|z|*dx) are separable Hilbert spaces when equipped with

the scalar product induced by their respective Hilbertian norms.
On H!(G, |z|%dx), we define the weighted Dirichlet energy E4(-,G) by setting

I'(s)

ES(U,G) = 628/G|ZmVU‘2dX with 58 = 225_1m .

(2.2.6)

The relevance of the normalization constant ds > 0 will be revealed in Section 2.2.4 (see
(2.2.16)).

Some relevant remarks about H'(G, |z|°dx) are in order. For a bounded admissible
open set G C R if s € (0,1/2), the space L?(G,|z|%dx) embeds continuously into
LY(G) for every 1 < v < 1 by Holder inequality, and if s € [1/2,1), L*(G, |z|*dx)
obviously embeds continuously into L?(G) since a < 0. In any case,

HY(G, |2|%dx) — W(G) (2.2.7)

continuously for some v > 1. As a first consequence, H'(G, |2|%dx) < L!(G) with compact
embedding. Secondly, for such a v, the compact linear trace operator

NS Wl”Y(G) — v|goG S Ll (GOG) (228)

induces a compact linear trace operator from H'(G,|z|*dx) into L'(9°G), extending the
usual trace of smooth functions. We shall denote by vg¢ the trace of v € H'(G, |2|*dx)
on 9°G, or simply by v if it is clear from the context. We may now recall the following
Poincaré inequality, see e.g. [81, Lemma 2.5].

Lemma 2.2.6. Ifv € HY(B[,|z|%dx), then

n+2s
Jv— (U)THLI(D,) SCr HVUHLQ(B,JI,\dex) )

for a constant C = C(n, s), where (v), denotes the average of v over D,.

The next lemma states that the trace vjgog has actually H*-regularity, at least locally.

Lemma 2.2.7. If v € HY(BJ,,|z|%dx), then the trace of v on "B} ~ D, belongs to
H*(D,), and
[v]%IS(DT) < CES(U’B;;):

for a constant C = C(n, s).
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Proof. The proof follows exactly the one in [82, Lemma 2.3] which is stated only in di-
mension n = 1. We reproduce the proof (in arbitrary dimension) for convenience of the
reader, slightly anticipating a well-known identity presented in Section 2.2.4 (see (2.2.16)).

Rescaling variables, we can assume that r = 1. Moreover, we may assume without loss
of generality that v has a vanishing average over the half-ball By". Let ¢ € C°°(Bxy;[0,1])
be a cutoff function such that ((x) =1 for |x| < 1, {(x) = 0 for |x| > 3/2. The function
v, := Cv belongs to H' (R |z|%dx), and Poincaré inequality in H'(R%™, |z|%dx) (see

g. [40]) yields

/ B 2|V, |* dx < 2E4(v, BY) + C’/+ 2*lv]* dx < CE4(v, BY), (2.2.9)
R By

for a constant C = C((,n,s). On the other hand, it follows from (2.2.16) in Section 2.2.4
below that

|U ’2 // |v* v*(y)|2 )
//DlX’jl [ - y|1+2s RnxR™ |x — gy Y s(0s, RET)
(2.2.10)

Gathering (2.2.9) and (2.2.10) leads to the announced estimate. O

2.2.4 Fractional harmonic extension and the Dirichlet-to-Neumann op-
erator

Let us consider the so-called fractional Poisson kernel P, ; : R’frl — [0, 00) defined by

225 " F(nEQS)
Pn75(x) = On,s W with On,s += 7T75W y (2211)

where x := (r,2) € R := R" x (0, 00). The choice of the constant o, s is made in such a
way that [o, P s(z, z) dz = 1 for every z > 0 (see e.g. the computation in Remark 2.7.11).
As shown in [18] (see also [85]), the function P,, ¢ solves

div(z*VP, ) =0 in RTH
P, s = do on 6RT'1 ,

where &g denotes the Dirac distribution at the origin.

From now on, for a measurable function u defined over R", we shall denote by u® its
extension to the half-space R:ﬁ“ given by the convolution (in the z-variable) of u with
P, ie.,

2s
ul(x, 2) == ams/ Zuly) s dy . (2.2.12)
e (Jz —yl* +22) 2

Notice that u¢ is well defined if u belongs to the Lebesgue space L' over R” with respect
to the probability measure

+2s

mg = Un,s(1 + |y|2)_n 2

dy. (2.2.13)

In particular, u® can be defined whenever u € H *(Q2) for some open set 2 C R"™ by
Lemma 2.2.1. Moreover, if u € L%(R"), then u® € L>®(R"™) and

HueHLoo(RTrl) < HUHLOO(R")- (2.2.14)
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For a function v € L'(R™, m,), the extension u® has a pointwise trace on OR’}FH ~ R"?
which is equal to u at every Lebesgue point. In addition, u® solves the equation

div(z*Vu®) =0 in R},
(V) o (2.2.15)
u® =u on ORI ™.
By analogy with the standard case s = 1/2 (for which (2.2.15) reduces to the Laplace
equation), the map u® is referred to as the fractional harmonic extension of w.

It has been proved in [18] that u® belongs to the weighted space H'(R",|z|%dx)
whenever u € H*(R"). Extending a well-known identity for s = 1/2, the H*-seminorm
of u coincides up to a multiplicative constant with the weighted L?-norm of Vu¢, and u®
turns out to minimize the weighted Dirichlet energy among all possible extensions. In
other words,

[u]%[s(Rn) = Ey(u®, R = inf {ES(U,R’}FH) cv € HY(RTH |2|%dx), v =u on R”}
(2.2.16)
for every u € H*(R™) (thanks to the choice of the normalization factor ds in (2.2.6)).

Ifu e H 5(Q2) for some open set @ C R"™ we have the following estimates on u®,
somehow extending the first equality in (2.2.16) to the localized setting.

Lemma 2.2.8. Let 2 C R"™ be an open set. For every u € ﬁS(Q), the extension u® given
by (2.2.12) belongs to H'(G, |2|*dx)NLE (R |2|%dx) for every bounded admissible open

loc
set G C IR{TFI satisfying 0°G C Q. In addition, for every point xo = (x0,0) € Q x {0} and
r > 0 such that Ds,.(x¢) C €,

||ueHiQ(Br+(x0),|z\adx) <C (TQE:S (Ua D2r($0)) + TQ_QS”UH%Z(DQT(zO))) ) (2217)

and
E; (u®, B (x0)) < C&s(u, Day(z0)) , (2.2.18)

for a constant C = C(n, s).

Proof. Translating and rescaling variables, we can assume that xg = 0 and » = 1. Then
(2.2.17) follows from [81, Lemma 2.10] (which is stated for s € (0,1/2), but the proof is
in fact valid for any s € (0,1)). Denote by u the average of u over Ds. Noticing that
(u—u)® = u® — u, and applying [81, Lemma 2.10] to u — u yields

Ey(u®, BYY) < C(Es(u, D2) + [lu — @l 72(p,)) -
On the other hand, by Poincaré inequality in H*(Ds), we have
lu = @l|72(p,y < Clulips(py) < C&s(u, Da),
and (2.2.18) follows. O

Corollary 2.2.9. Let Q2 C R"™ be an open set, and G C Rf‘r“ a bounded admissible open set

such that °G C Q. The extension operator u — u® defines a continuous linear operator
from H*(Q) into HY(G,|z|*dx).

Proof. Set ¢ := dist(0°G, Q°), and

hi := min {% , inf {dist(x, OR}) : x = (v,2) € G, dist((z,0),0°G) > 5/2}} >0,
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hg 1= sup {dist(x,c?Rf‘fl) x = (z,2) € G} < +00.

We also consider a large radius R > 0 in such a way that G C Di x R, and we define
W= {x € R™ : dist((z,0),9°G) < §/2 } ,

and
Gy = (w X (0, hl]) U (DR X (hl,hg)) .

By construction, G, is a bounded admissible open set satisfying 909G, C and G C G,.
Therefore, it is enough to show that the extension operator is continuous from H?*(2) into
H1(G., |2]*dx). In other words, we can assume without loss of generality that G = G,.

Covering w x (0, h1] by finitely many half-balls B;'/(),(xi) with x; € wx {0}, and applying
Lemma 2.2.8 in those balls, we infer that u¢ € H'(w x (0, h1), |2|*dx), and

H“e||%{1(wx(o,h1),|z|adx) < Ca(Es(u, Q) + H“H%%Q)) )

for a constant Cg = Cg (G, n, s).
On the other hand, one may derive from formula (2.2.12) and Jensen inequality that
Ju(y)|?

uex2+VueX2<CG — 5
(0 + [V (x)| M iy

dy Vx=(x,z) € Dr x (hi,h2).

It then follows from Lemma 2.2.1 that u® € H*(Dg x (hq, ha), |z|%dx) with

141 Dy (b o), o) < Ca(Es(u, Q) + [[ullZ2(q)) 5
which completes the proof. O

Another useful fact about the extension by convolution with P,, 4, is that it preserves
some local Holder continuity. It is very classical and follows from the explicit formula (and
regularity) of P, ;. Details are left to the reader.

Lemma 2.2.10. If u € L®(R") N C%*(Dg) for some 3 € (0,min(1,2s)), then u® €
C’O’ﬁ(BEM), and

R[] o5ty < Co(RP[ulcos(pgy + lulloeqam)) (2.2.19)

R/4
for a constant Cg = Cg(B,n,s).

Let us now assume that @ C R" is a bounded open set with Lipschitz boundary. If
ue H* (€2), the divergence free vector field z*Vu® admits a distributional normal trace on
1, that we denote by A9y, More precisely, we define A9y, through its action on a test
function ¢ € Z(Q) by setting

<A(2s)u, gp>Q = / . 2'Vu® - Vo dx, (2.2.20)
Ry

where @ is any smooth extension of ¢ compactly supported in R’}fl U Q. Note that the
right-hand side of (2.2.20) is well defined by Lemma 2.2.8. By the divergence theorem,
it is routine to check that the integral in (2.2.20) does not depend on the choice of the
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extension ®. It can be thought of as a fractional Dirichlet-to-Neumann operator. Indeed,
whenever v is smooth, the distribution A%y is the pointwise-defined function given by

AP)y(z) = —lim 2°0,u°(z, z) = 25 lim u(z,0) ; w(z,2)
200 zl0 248

at each point x € Q.

In the case Q = R", it has been proved in [18] that A?%) coincides with the distribution
(—A)*®, up to the multiplicative factor d;. In the localized setting, this identity still holds,
see e.g. [81, Lemma 2.12] and [80, Lemma 2.9].

Lemma 2.2.11. If Q C R" is a bounded open set with Lipschitz boundary, then
(=A)* = 8,A%9) on H(Q).
One of the main consequences of Lemma 2.2.11 is a local counterpart of (2.2.16) con-
cerning the minimality of «®. This is the purpose of Corollary 2.2.12 below, inspired from

[17, Lemma 7.2], and taken from [81, Corollary 2.13].

Corollary 2.2.12. Let Q@ C R" be a bounded open set, and G C RT‘l an admissible

bounded open set such that O°G C Q. Let u € ﬁS(Q;Rd), and let u® be its fractional
harmonic extension to R given by (2.2.12). Then,

E;(v,G) — Eg(u®,G) = E(v,Q) — Es(u, Q) (2.2.21)

for all v € H'(G; R, |2|*dx) such that v — u® is compactly supported in G U O°G. In the
right-hand side of (2.2.21), the trace of v on 0°G is extended by u outside °G.

2.2.5 Inner variations, monotonicity formula, and density functions

In this section, our main goal is to present the monotonicity formula satisfied by critical
points of &(-, Q) under inner variations, i.e., by stationary points. We start recalling the
notion of first inner variation, and then give an explicit formula to represent it.

Definition 2.2.13. Let {2 C R" be a bounded open set. Given a map u € ﬁS(Q;Rd)
and a vector field X € C*(R";R") compactly supported in €, the first (inner) variation
of &(-, Q) at v and evaluated at X is defined as

d
(555(u,Q)[X] = &53(110 ¢—t79) |t_0 s

where {¢;}1er denotes the integral flow on R™ generated by X, i.e., for every z € R", the
map t — ¢(x) is defined as the unique solution of the ordinary differential equation

d
o) = X (6:0),
do(x) =2x.

The following representation result for 6&s; was obtained in [81, Corollary 2.14] as a
direct consequence of Corollary 2.2.12. We reproduce here the proof for completeness.
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Proposition 2.2.14. Let Q C R" be a bounded open set, and G C Riﬂ an admissible

bounded open set such that G C Q. For each u € ﬁS(Q;Rd), and each X € C1(R";R")
compactly supported in O°G, we have

n+1
0Es(u, Q)[X] = (S;/Gz“(|Vue|2divX -2 Z (O;u® - 8jue)8jX¢) dx
ij=1
oa

2

/z“—lyweyzxnﬂdx, (2.2.22)
G

where X = (X1,...,X,11) € CYG;R™1Y) is any vector field compactly supported in
G UG, and satisfying X = (X,0) on 0°G.

Proof. Let X € C'(G,R™1) be an arbitrary vector field compactly supported in G U3°G
and satisfying X = (X,0) on 9°G. We consider a compactly supported C'-extension of X
to the whole space R™ ™! still denoted by X, such that X = (X,0) on R” x {0} ~ R". We
define {®;};cr as the integral flow on R"*! generated by X. Observe that ®; = (¢;,0)
on R”, and spt(®; — idgn+1) "R € GUAG. Then, vy :=u o ®_; € H'(G;RY, |2|%dx)
and spt(v; — u®) € G UOG. By Corollary 2.2.12, we have

E;(ve, G) — Eg(u®, G) = E(v4, Q) — Es(u, ) Vi eR. (2.2.23)

Since vy = u o ¢_y on R™, dividing both sides of (2.2.23) by ¢ # 0, and letting ¢ T 0 and
t ] 0 leads to

5E(u, Q) [X] = %Es(ue o®_,,G) . (2.2.24)

d =0
On the other hand, standard computations (see e.g. [107, Chapter 2.2]) show that the
right-hand side of (2.2.24) is equal to the right-hand side of (2.2.22). O

Definition 2.2.15. Let © C R” be a bounded open set. A map u € H*(€;RY) is said to
be stationary in Q if 6&s(u, ) = 0.

As we shall see in the next sections, stationarity is a crucial ingredient in the partial
regularity theory since it implies the aforementioned monotonicity formula. This is the
purpose of the following proposition whose proof follows exactly [81, Proof of Lemma 4.2]
using vector fields in (2.2.22) of the form X = n(|x — xo)(x — xo) with 7(t) ~ xo,(?)-

Proposition 2.2.16. Let 2 C R™ be a bounded open set. If u € ﬁS(Q;Rd) is stationary
in S, then for every xo = (x¢,0) € Q x {0}, the “density function”

1

Tn—2s

r € (0,dist(xg, Q) = O4(u®, xq,r) :=

E,(u*, B, (x0))

is nondecreasing. Moreover,

— . e2
Lolx = x0) - V|

®S(ue7X07T) - ®S(u67X07p) = 68 ’X _ Xo‘n+2_28

dx
B;f (x0)\ By (x0)

for every 0 < p < r < dist(zg, Q).

As a straightforward consequence, we have
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Corollary 2.2.17. Let Q C R"™ be a bounded open set. If u € f[s(Q;Rd) s stationary in
Q, then for every xg € €, the limit

Es(u, zg) = }1_)1% O, (u®, (20,0),7) (2.2.25)

exists, and the function Eg(u,-) : Q@ — [0,00) is upper semicontinuous. In addition, for
every xo = (z9,0) € Q x {0},

ol = x0) - VueP?

@S(ue,xo, 7’) — Es(u, 130) =0 |X _ XO‘TH_Q_QS

dx (2.2.26)
B, (x0)

for every 0 < r < dist(zo, Q2°).

Proof. The existence of the limit in (2.2.25) and (2.2.26) are direct consequences of the
monotonicity formula established in Proposition 2.2.16. Then the function Eg(u, -) is upper
semicontinuous as a pointwise limit of a decreasing family of continuous functions. O

As we previously said, the monotonicity of the density function r — @4(u, x¢,r) is
one of the most important ingredients to obtain partial regularity. We shall see in the next
sections that the density function relative to the nonlocal energy &£, also plays a role. For
u € H5(Q;RY) and a point z € Q, we define the density function r € (0, dist(z, Q°)) —
0s(u, z,7) by setting

0s(u, zo,7) := L(S' (u, Dy(z0)) - (2.2.27)

rn—2s s

Now we aim to show that one density function is small if and only the other one is also
small at a comparable scale. This is the purpose of the following lemma.

Lemma 2.2.18. Let Q C R” be an open set, and v € H¥(Q;RY) N L°(R") be such that
|l oo (mny < M. For everye > 0, there exists 6 = §(n, s, M,e) > 0 and o = a(n, s, M,¢) €
(0,1/4] such that

O, (u®,x0,7) < = Os(u,zp,ar) <e

for every xo = (x0,0) € Q x {0} and r > 0 satisfying D,(zg) C €.

Proof. Without loss of generality, we can assume that xqg = 0. We give ourselves € > 0,
and we shall choose the parameter o € (0,1/4] later on. Using Lemma 2.2.7, we first
estimate

Vn.s Ju(@) — u(y)” Tn,s Ju(@) — u(y)”
E4(u, D <’// 1) = WY 4y + Tt i) = w1 4oy
o Dar) < 74 D,jax D,y 1T = Y[t 2 JIDarxpe,, |z —y[*?s

/2
dzdy
< C1E e,B+ 2M? // _
1 s(u r ) + Tn,s DM><D$/2 |:U — y|n+28

where C; = Cj(n,s) > 0. Observe that for (z,y) € Dqr X Dy 5, we have lz—y| > |ly|—ar >
3lyl, so that

dzdy dzdy _
2771,,8 ﬂ T o n+2s < 2”-1—25-&-1,7”78 ﬂ s = Cganrn 2s :
DarxD¢ [z =y DarxD¢ |yl

where Cy = Cy(n, s) > 0. Consequently,

C1
an—Qs

0s(u,0,ar) < O, (u®,0,7) + CoM3a’* .
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Choosing

a =minq1/4, _° e and 6:= 2 6,
{14 (Gemm) )

provides the desired conclusion. O
Corollary 2.2.19. Let Q CR" be an open set. If u € H*(Q;RY) N L®(R™), then
}ig[l) 0s(u,x9,7) =0 <= 71"1_1% O, (u®,x0,7) =0
for every xo = (x0,0) € Q x {0}.
Proof. By Lemma 2.2.8, we have
O, (u®,x0,7) < COs(u, x0,2r),

for a constant C' > 0 depending only on n and s, and implication = follows. The reverse
implication is a straightforward application of Lemma 2.2.18. O
2.2.6 Energy monotonicity and mean oscillation estimates

In the light of Proposition 2.2.16, the purpose of this section is to show a mean os-
cillation estimate for maps having a nondecreasing density function at every point. For
v € HY(BE;RY, |2|%dx), a point x € 3°B, and r € (0, R — |x|), we keep the notation

O;(v,x0,7) 1=

E, (v, B (x0)) -

rn—2s
The main estimate is the following.

Lemma 2.2.20. Let v € H'(B}; R, |2]%dx) and ¢ € P(Dsp/s) be such that 0 < ¢ < 1,
¢ =1 in Dgy, and V(| < LR for some constant L > 0. Assume that for every

x € "B}, the density function r € (0,R — |x|) — ©O,(v,x,r) is nondecreasing. Then
(Cv)rn belongs to BMO(R™) and

[ColEnogn) < Cr(©(v, 0, B) + B* [0l 72 5t |Ljaas)

for a constant Cr, = C(L,n,s).

Before proving this lemma, let us recall that v € L'(Dg) belongs to BMO(Dg) if

[ulBmo(DR) == sup ][ lu— (u)y,r|dzr < +o0,
Dr(y)gDR r(y)

where (u)y,, denotes the average of u over the ball D,(y). To prove Lemma 2.2.20, we
shall make use of the well-known John-Nirenberg inequality, see e.g. [51, Section 6.3].

Lemma 2.2.21. Let u € BMO(Dg). For every p € [1,00), there exists a constant Cp, =
Cp(n,p) such that

ul? < sup ][ w— (u)y P de < Cylul? .
[ ]BMO(DR) Drepn Jou )’ (w)y,rl ol ]BMO(DR)
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Proof of Lemma 2.2.20. Step 1. Rescaling variables, we may assume that R = 1. Let us
fix an arbitrary ball D,(y) € D1 with y € D75 and 0 < r < 1/8. Using the Poincaré
inequality in Lemma 2.2.6 and the monotonicity assumption on ®g(v,x, -), we estimate

L - )yl dr < 0/@4(0,y.r) < C\/O4(0,y.1/8) < C/@4(0,0.1),
r DT(ZJ)

where y = (y,0) and C' = C(n, s). In particular, UIDy s belongs to BMO(Dy5), and

[v]BMO(D;/5) < €/ Os(v,0,1). (2.2.28)

By the John-Nirenberg inequality in Lemma 2.2.21, inequality (2.2.28), the continuity of
the trace operator (see Section 2.2.3), and Holder inequality, it follows that

D78

< C(lBMo(Dsy) + 10l2(0r)) < C(V/Ou(0,0,1) + [Vl] 2t ujeary) - (2:2:29)

Step 2. Let us now consider a ball D, (y) C D7/g with y € D3/, and 0 < r < 1/8. Since

[Cv = (C0)yr| < €0 = C(0)y, |+ (V) = (CU)yr| < v = (V)yrl +L7“][D o lv[dz on Dy,
r\Y

we can deduce from (2.2.28) and (2.2.29) that

1 -n
7 o |Cv = (Cu)y,r| dz < CL( O,(v,0,1) +r'! ”UHLl(DT(y)))

T»n
< CL(y/Ou(v,0,1) + [Vlln(py ) < Co(y/Os(,0,1) + [0l 2 pojear))

for a constant Cr, = C(L,n, s).
Next, for a ball D,(y) with y & D3/, and 0 <r < 1/8, we have

1
n ‘C’U - (Cv)yﬂ"| dz = 07
Dr(y)

n
r (Y

since ( is supported in Ds/g.
Finally, for a ball D, (y) with r > 1/8, we estimate

1
o |Cv = (C)y,r| da < C/ vl da < Cllvl[pi(py) < CHUHLQ(3+ |2|adx) °
r D (y) Dy v
which completes the proof. ]

Corollary 2.2.22. Let u € H5(Dyp;R%) and ¢ € PD(Dsgyg) be as in Lemma 2.2.20.
Assume that for every x € O°B,, the density function r € (0,2R — |x|) — ©4(u®,x,1) is
nondecreasing. Then Cu belongs to BMO(R™) and

[CulBnomny < CL(0s(u,0,2R) + R™"|[ulZ2(p, ) »
for a constant Cr, = C(L,n,s) > 0.

Proof. Apply Lemma 2.2.20 to u® in BE, and then conclude with the help of Lemma 2.2.8.
O
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2.3 Fractional harmonic maps and weighted harmonic maps
with free boundary

In this section, our goal is to review in details the notion of weakly s-harmonic maps,
the associated Euler-Lagrange equation, and more importantly to present its characteriza-
tion in terms of fractional (nonlocal) conservation laws. We shall also prove at the end of
this section that the fractional harmonic extension of an s-harmonic map satisfies a suit-
able (degenerate) partially free boundary condition, in the spirit of the classical harmonic
map system with partially free boundary.

2.3.1 Fractional harmonic maps into spheres and conservation laws

Definition 2.3.1. Let © C R” be a bounded open set. A map u € H*(Q;S%1) is said to
be a weakly s-harmonic map in 2 (with values in S?~1) if

d u+ty d
—& | ——.0 =0 \ Q:R%).
[dt s(]u—l—tg0|’ )]|t:0 p € Z2(4RY)

If w is also stationary in €2 (in the sense of Definition 2.2.15), we say that u is a stationary
weakly s-harmonic map in ).

Definition 2.3.2. Let © C R” be a bounded open set. A map u € H*(Q;S%1) is said to
be a minimizing s-harmonic map in Q (with values in S?~1) if

Es(u, ) < E(w, N)
for every w € H*(Q;S% 1) such that spt(u — w) is compactly included in €.

Remark 2.3.3. A minimizing s-harmonic map in 2 is obviously a critical point with respect
to both inner and (constrained) outer variations of the energy. In other words, if u is a
minimizing s-harmonic map in 2, then wu is also a stationary weakly s-harmonic map in

Q.

Remark 2.3.4. Ifu € H*(€;S?1) is a weakly s-harmonic map in €2 (stationary, minimizing,
respectively), then u is also weakly s-harmonic in €’ (stationary, minimizing, respectively)
for any open subset ' C Q. It can be directly checked from the definitions, or one can
rely on the Euler-Lagrange equation presented below and Remark 2.2.3.

Proposition 2.3.5. Let Q C R"™ be a bounded open set. A map u € .FAIS(Q; S1) is weakly
s-harmonic in Q) if and only if

for every ¢ € Hy(Q;RY) such that spt(¢) C Q and ¢(x) € Tan(u(z),S¥1) for a.e. z € Q.
FEquivalently,

ulr)—u 2
(~A)u(e) = (2= / ) Ju(z) = u(y) dy)u(x) in 7'(Q). (2.3.2)

2 ’x _ y’n+25

Proof. Let u € ﬁS(Q; Se1), fix ¢ € 2(Q;R?), and notice that

d/u+tp _ R
Luwmﬂ]'to—@ (u-p)u € Hi(%RY).

73



2.3. Fractional harmonic maps and weighted harmonic maps with free boundary

Hence,

d U+t s S
(i )] = (A wehy = 8y e e,

On the other hand, since |u|? = 1, we have

(u(z) = u(y)) - ((u(z) - e(@))u(z) = (u(y) - o (y))u(y))

Sl — u)Pu(e) - o) + Jlul) — uly)Puly) o),

and it follows that

u(x) — u(y)|?
(vn,s/n! (z) — u(y)|

2 |z — y[rt2s

(), (- gy = |

dy)u(a:) ~p(x)de. (2.3.3)
Q

Consequently, u is weakly s-harmonic in €2 if and only if (2.3.2) holds.

By approximation, (2.3.2) also holds for any test function ¢ € Hg,(Q2; R?) N L>(R")
compactly supported in Q. In view of of the right-hand side of (2.3.2), (2.3.1) clearly holds
for every ¢ € Hgy(€;R?) N L®°(R™) compactly supported in Q and satisfying ¢ - u = 0.
By a standard truncation argument, it implies that (2.3.1) holds for every ¢ € Hg,(€;R%)
compactly supported in €2 and satisfying ¢ - u = 0.

The other way around, if (2.3.1) holds, then the map ¢ — (u - ¢)u with ¢ € 2(Q;R%)
is admissible, and (2.3.1) combined with (2.3.3) shows that (2.3.2) holds, i.e., u is weakly
s-harmonic in 2. O

Remark 2.3.6. The variational equation (2.3.1) corresponds to the weak formulation of
the implicit equation

(=A)*u L Tan(u,$%1) in Q,

and in equation (2.3.2), the Lagrange multiplier associated with the S%!_constraint is
made explicit.

Remark 2.3.7. A weakly s-harmonic map u in €2 which is smooth in €2, is stationary in €.
Indeed, if X € C*(£;R"™) is compactly supported in €2, the smoothness of u implies that

6 (u, Q)[X] = ((—A)°u, X - V), .

Since |u|? = 1, we have (X - Vu) - u = 0, and thus §&(u, 2)[X] = 0.

Now we rewrite the Euler-Lagrange equation (2.3.2) in a more compact form using the

fractional s-gradient dsu defined in Section 2.2.2. More precisely, if u =: (u!, ..., u?), then
s [ ful@) —u@)P S~ s [ @) =T OP SN gl
2 . ‘x_y‘,,H_gS y_Jz::l 2 Jn ’x_y’n+25 y_]z:;‘ sW | = ’ sU’ ’

according to (2.2.4) and (2.2.5). We can thus rephrase Proposition 2.3.5 as follows: u €
H*(Q;S%1) is weakly s-harmonic in © if and only if

(—A)*u(z) = |dsu*u  in 2/(Q). (2.3.4)

Our aim is to further rewrite equation (2.3.4), or more precisely its right-hand side, to
reveal the fractional "div-curl structure" of Section 2.2.2 in the spirit of the well known
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Chapter 2. Partial regularity for fractional harmonic maps

div-curl structure hidden in the classical equation for harmonic maps into spheres [60].
Following [77], the starting point is to notice that for each i,j € {1,...,d},

|dgw? |2(z)ul (z) = /n u'(z)dsu! (x,y)dsu! (x,y) ”

|z —y|”

_ / u'(x)dswd (2, y) — o (z)dsu’ (2, y) dew (z, y) dy

|z —y|"

+ (o’ © dgu? ) (z)u! () .

(2.3.5)
Then, since |u|?> = 1, we have
d d J _qyJ J ) .
Z deu’ © dgu?)(z)u? (z Z (u (a:’) . ’Si)gsu @) (u'(z) —u'(y)) dy
_ — r—y
7=1
Tn,s "LL( ) — u(y)\2 i i
_ T, i _ , 2.3.
i [ O ) i ar. @3
We can now introduce for 4,5 € {1,...,d},
QY(z,y) == vl (z)d? (z,y) — v (z)dsu'(z,y) € L24(Q), (2.3.7)
e u(a) - u(y)
i _ Ins ulxr) —uly i i 1
Ty = 2 [ B ) — i) e 1@ (239

to derive from (2.3.5) and (2.3.6) the following reformulation of equation (2.3.4).

Lemma 2.3.8. Let Q C R"™ be a bounded open set. A map u € fAIS(Q;Sd_l) is weakly
s-harmonic in Q if and only if

d
(~Ayw = (Y QU odal) + T in 7(Q) (2.3.9)
j=1

for everyi=1,...,d, where QY and T* are given by (2.3.7) and (2.3.8), respectively.

Remark 2.3.9. The presence of the extra term T* in (2.3.9), compared with the classical
harmonic map equation (see [60]), is essentially due to the fact that the s-gradient dsu is
not tangent to the target sphere.

The fundamental observation made in [77, Lemma 3.1] for = R and s = 1/2 is a
characterization of the 1/2-harmonic map equation in terms of nonlocal conservation laws
satisfied by the Q%’s (thus extending [105] to the fractional setting). In the following
proposition, we slightly generalize this result to a domain of arbitrary dimension and

€ (0,1). The proof remains essentially the same, and we provide it for the reader’s
convenience.

Proposition 2.3.10. Let Q2 C R"™ be a bounded open set with Lipschitz boundary. A map
u € H5(Q;S%71) is weakly s-harmonic in Q if and only if

dive QY =0 in H*5(Q) (2.3.10)

for eachi,j € {1,...,d}, where Q¥ is given by (2.3.7).
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2.3. Fractional harmonic maps and weighted harmonic maps with free boundary

Proof. Step 1. Assume that u is a weakly s-harmonic in €2, and let us compute div, Q%.
For ¢ € 2(2), we have

QY ©dypdr =
Rn
dxdy

lz —yn

// (u(z)dst? (z,y)dsp(z,y) — o/ (z)deu’ (z,y)dsp(z, 1))
(R™xR™)\(Q2cxQ°)

An elementary computation shows

)

{ui(x)dsso(w,y) = d(u'p)(z,y) — @(y)dsu' (z,y)
w! (x)dsp(z,y) = ds(v! @) (2, y) — @(y)dsu (z, y)

so that
/ QU o dgpdr = / dsu! © dy(u'p) dz — / dsu' © ds(w!p) dz .

Since u/ and u’p belong to H{y(Q2), we infer from Proposition 2.2.4 and equation (2.3.4)
that

/ QY o dypde = <(—A)5uj,ui<p>9 — <(—A)Sufl,ujg0>Q (2.3.11)
R
= / |dsu*ufule da —/ |dsul*u'u/pdaz = 0.
Q Q

Therefore divs Q% = 0 in 2/(Q2), and by approximation also in H~%(Q) (see (2.2.2)).

Step 2. We assume that (2.3.10) holds, and we aim to prove that (2.3.4) holds. We fix
0 € P(), and we set P := ¢ — (u- p)u € Hiy(Q;RY), which satisfies ¢ - u = 0 a.e. in R™.
As in the proof of Proposition 2.3.5, proving (2.3.4) reduces to show that

(=A)u,9)g =
Using |u|? = 1, we first observe that
(=A)u, ) =D ((=A)u', ¢y = Y ((=A)u', (@'ul)u!), .
i=1 ij=1

Since Yiu? € H§y(2), we obtain as in (2.3.11),

(), () = ((A)u, W)y~ [ 9@ dy(wind) ds

= ((=A)*, (Yl yu')q
for every i,7 € {1,...,d}, thanks to (2.3.10). Therefore,
d .
(AYu ) = > ((=A)W, (W'l )u') =D ((~ (¥ u!), =0,
ij=1 j=1
and the proof is complete. O
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Chapter 2. Partial regularity for fractional harmonic maps

2.3.2 Weighted harmonic maps with free boundary

Definition 2.3.11. Let G C ]R?fl be a bounded admissible open set. A map v €
HY(G;R?, |z|*dx) satisfying v(x) € S9! is said to be a weighted weakly harmonic map in
G with respect to the partially free boundary condition v(9°G) C S%~1 if

/ 2V - Vo dx =0 (2.3.12)
G

for every ® € H'(G;R?, |z|*dx) such that & = 0 on TG and ®(x) € Tan(v(x),S* 1) for
a.e. x € 9°G. In short, we shall say that v is a weighted weakly harmonic map with free
boundary in G.

Remark 2.3.12. If v € HY(G;R?,|z|%dx) is a weighted weakly harmonic map with free
boundary in G, then (2.3.12) means that v satisfies in the weak sense

div(2*Vv) =0 in G,
(2.3.13)
z“gv 1 Tan(v,S%1) on 8°G.
v

In particular, v is smooth in G by standard elliptic regularity.

In view of Remark 2.3.6, equation (2.3.13) above, and Lemma 2.2.11, it is clear that
weighted weakly harmonic maps with free boundary and weakly s-harmonic maps are
intimately related. This relation is made precise in the following proposition (see [80,
Proposition 4.6]).

Proposition 2.3.13. Let 2 C R" be a bounded open set with Lipschitz boundary. If a map
u € ﬁS(Q; S1Y is a weakly s-harmonic map in Q, then its extension u® given by (2.2.12)
is a weighted weakly harmonic map with free boundary in every bounded admissible open
set G C RZLFH satisfying 9°G C Q.

Proof. Let us first assume that u is a weakly s-harmonic map in 2, and let G C RZ‘F'H be
bounded admissible open set such that 9°G C Q. Let ® € H'(G;R?, |z|*dx) such that
® =0on 0TG, and ® - u = 0 on 3°G. We extend ® by 0 to the whole half-space erfl,
and the resulting map, still denoted by ®, belongs to Hl(RTFI;Rd, |z|*dx). In view of
(2.2.16), Pjpn € HE,y(Q;RY), and spt(@rn) € Q. Since ®gn - u = 0, we conclude from
Lemma 2.2.11 and Proposition 2.3.5 that

1
/ 2'Vu® - Vo dx = / 2°Vu® - Vodx = 67<(_A)Su7 ®|Rn>Q =0.
G S

n+1
RJr

Hence, u® is indeed a weighted weakly harmonic map with free boundary in G. O

2.4 Small energy Holder regularity

In this section, we present the main epsilon-regularity theorem asserting that under a
certain smallness assumption of the energy in a ball, a weakly s-harmonic map satisfying
the monotonicity formula is Holder continuous in a smaller ball. Holder regularity will
be improved to Lipschitz regularity in the next section with an explicit control on the
Lipschitz norm in terms of the energy.
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2.4. Small energy Holder regularity

Theorem 2.4.1. There exist constants €9 = €o(n, s) > 0 and By = So(n, s) € (0,1) such
that the following holds. Let u € H*(Dg;S%1) be a weakly s-harmonic map in Dy such
that the function r € (0, R — |x|) = ©4(u®,x,r) is nondecreasing for every x € °Bf. If

0s(u,0,R) < €9, (2.4.1)
then u € CO’*BO(DR/Z) and

B2 [ulg050p, ) < C0s(u,0, R), (2.4.2)

for a constant C = C(n, s).

For what follows, it is useful to translate the epsilon-regularity theorem above only in
terms of the extension. This is the purpose of the following corollary.

Corollary 2.4.1. There exist three constants €1 = €1(n,s) > 0, k1 = K1(n,s) € (0,1),
81 = Bi(n,s) € (0,1) such that the following holds. Let u € H®(Dagp;S*1) be a weakly
s-harmonic map in Dagr such that the function r € (0,2R — |x|) — O4(u®,x, ) is nonde-
creasing for every x € 8OB;R. If

O,(u°,0,R) < e, (2.4.3)

then u® € CO’Bl(B;FIR) and

R [u; <C,

C’O BI(B+ ) S
for a constant C = C(n, s).

Proof. We consider the constant eg = €g(n,s) > 0 given by Theorem 2.4.1. Since |u| =1,
we obtain from Lemma 2.2.18 the existence of &1 = e1(n,s) > 0 and a = a(n, s) € (0,1/4]
such that the condition @4(u®, 0, R) < €1 implies O5(u, 0, aR) < €9. In turn, Theorem 2.4.1
tells us that u € C%% (Dapry2)- Then Lemma 2.2.10 implies that u® € C’O’ﬂl (B;r1 ) with
f1 :=min(fp, s) and k1 := a/8. Moreover, combining (2.2.19) and (2.4.2) leads to
R* [u]?

< C(RQ’B1 [U]%o,ﬁl ) T 1) < C(Rzﬁo[ ]CO B0 (Dary2) +1)

< C(05(u,0,aR)+1) < C,

oA (B+ r) (Dary2

and the proof is complete. O

Remark 2.4.2. In the case n < 2s, the function r € (0, R — |x|) — ©O4(u®,x,r) is nonde-
creasing for every u € PAIS(DR;Rd). In other words, in the case n < 2s, Theorem 2.4.1
and Corollary 2.4.1 apply to arbitrary weakly s-harmonic maps. Moreover, in the case
n=1and s € (0,1/2) (i.e., n < 2s), the conclusions of Theorem 2.4.1 and Corollary 2.4.1
apply even without the smallness assumptions (2.4.1) or (2.4.3), since it follows from the
classical imbedding H*(R) — C%*~1/2(R). For our purposes, it is convenient to state it
suitably. This is the object of the proposition below, whose proof is postponed to the end
of Section 2.4.1.

Proposition 2.4.3. Assume that n =1 and s € (1/2,1). If u € H5(Dg;R?Y) N L= (R™),
then u € 00*5_1/2(DR/2) and

R 12, ) < C0s(u, 0, R). (2.4.4)

for a constant C' = C(s).
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Chapter 2. Partial regularity for fractional harmonic maps

2.4.1 Proof of Theorem 2.4.1 and Proposition 2.4.3

The key point to prove Theorem 2.4.1 is to obtain a geometric decay of the energy in
small balls. Then Holder continuity follows classically from Campanato’s criterion. The
purpose of the next proposition, very much inspired by [39, Proposition 3.1], is exactly to
show such decay.

Proposition 2.4.4. Assume that n > 2s. There exist two constants €, = €4(n,s) > 0
and 7 = 7(n,s) € (0,1/4) such that the following holds. Let v € H*(D1;S% 1) be a
weakly s-harmonic map in Dy such that the function r € (0,1 — |x|) — Os(u®,x,7) is
nondecreasing for every x € O°Bf . If

ES(U7D1) g Exy

then ] 1
Es(u, D7) < igs(u, Dy).

T
Proof. We fix the constant 7 € (0,1/4) that will be specified later on. We proceed by
contradiction assuming that there exists a sequence {uy} of stationary weakly s-harmonic
maps in Dy satisfying
et = E(up, D1) — 0,
k—o0

and
1

1
mgs(ukw DT) > §5S(Uk, Dl) . (245)

(Note that this later condition ensures that e > 0.) Then we consider the (expanded)
map
wy, 1= -k D01 _;“k)o’l € H*(Dy;;RY) N L=(R"),
k
which satisfies

][ wpder =0 and &g (wg,D1)=1.
Dy

Assumption (2.4.5) also rewrites

1

mé’s(wka Dr) >

(2.4.6)

N | —

By Poincaré inequality in H*(D;), we have
||wk||%2(pl) < C&(wg, Dy) < C.

Therefore {wy} is bounded in H*(D1;R%), so that we can find a (not relabeled) subse-
quence and w € H*(Dy;R?) such that wy, — w weakly in H*(D;) and w, — w strongly
in L?(D;) (see Remark 2.2.2). In particular, |wllz2(p,) < C. By lower semicontinuity of
the energy &(+, D1), we also have E;(w, D1) < 1 (see again Remark 2.2.2).

Recalling that uy satisfies

(=A)up, @), :/D |dsurPur - odz Ve € 2(D1;RY),
1

we obtain in terms of wy,

((—A)*wy, 90>D1 = Ek/ |dswr|?ug - o da Vo € 2(D1;RY). (2.4.7)
Dq
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Since |ug| = 1, it leads to

(=8 wk0) p, | < erlldstonl?l s, I leon
< 2e1€s(wi, D)l (1) = 228l (1) — 0

for every ¢ € 2(D1;R?). On the other hand, the weak convergence in H*(D;) of wy
towards w implies that

(=A)wk, ), — ((A)Y'w, ), Vo€ 2(Dy;RY) .

D1 gsoo

As a consequence, w satisfies
(=A)Pw =0 in H *(Dy). (2.4.8)
By Lemma 2.B.6 in Appendix 2.B, w is (locally) smooth in Dj, and we have the estimate
l0l3e ) + 0]y < C(Exlt0, D) + 0] 22(,) < (2.4.9)

In view of (2.4.9), we have

wiy)l” dzdy n+2—2s
//TXDT |x_y‘n+23 dedy < C b, EEr <Cr ) (2.4.10)

Then, writing

2 _ 2
// L=t ey - // 1) = 2L daay
- x DS |93—Z/| X (D1 /2\D7) |z —y

. 2
+// dedy, (2.4.11)
.,-><Df/2 r—=y

we first estimate, using (2.4.9),

2
// [wl@) =0 44y < 0 // Ay o (2419
D7 x(D1/2\D~) [z —y X (D1 2\D7) |z — y

Next we infer from Lemma 2.2.1 and (2.4.9) that

Jw(z) —w(y)? // z)]? + |w(y)|?
dzd dzd
//TxDC —y\"+28 TS %D, ]x— |n+2s e

1/2
2
< C(/ Iw(I)deJrr”/ Mdy) <OT". (2.4.13)
D, Ds, (

|y‘ + 1)n+25

Gathering (2.4.10), (2.4.11), (2.4.12), and (2.4.13) yields

1
Tn—2$

Es(w, Dy) < CT%. (2.4.14)

By Lemma 2.4.5 — which is postponed at the end of the proof — there exists a universal
constant o € (0, 1) such that

wy, — w strongly in H*(Dy) . (2.4.15)
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In view of (2.4.14), we can choose T (depending only on n and s) in such a way that

1

0<T<0o/2 and Ss(w,DT)gz.

— (2.4.16)

From (2.4.10) and the strong convergence in (2.4.15), we first infer that for £ large enough,

|wi(7) — w(y)] // |w(z) —w(y)]?
dxdy dedy + 7" . (2.4.17)
// - xDar ’37 - y’”“‘s DrxDy ’33 - y’n+25

In the same way, for k large enough, one obtains from (2.4.15),

lwi(z) — wi(y)| // |wi () — wi(y)|?
d dy = dzdy
//,ch |95— |2 ox(Do\Ds) T — ’””S
wi () — wi(y)]?
dzdy
//D,-XDC ’l' - y|n+28
_ 2
<'T"%—17‘ Bﬁ@g——%g%gl—dmdy
Drx(Dg\D7) |z — ‘

lw(z) — wi(y) 2
daedy. (2.4.18
//Mc PR (2418)

Then we estimate by means of Lemma 2.2.1,

|wg(z) — wi(y)[? // |wg ()| + |wi(y)[?
dzd dzd
// D |x—y|n+2s YSZ e r:c—y|"+28 o

<C’(/DT |wk($)|2d$+Tn/Dg(|y||+(1))iiQsdy> g(j(/ Iwk(m)|2dx+r"),

-

Since wy, — w strongly in L?(D;) and in view of (2.4.9), we deduce that for k large enough,

wi () — wi(y)]? / 2
dady < C w(z)]*de +7") < C7T"™. 2.4.19
R (f i ) (2419

Combining (2.4.17), (2.4.18), and (2.4.19) together with (2.4.16), we conclude that for k
large enough,

1
Tn—QS

Es(wy, Dy) < Es(w, D)+ C1% < + o,

4

Tn—2s

Hence, we Can choose 7 € (0,1/4) small enough (depending only on n and s) in such a
way that —= —iss Es(wg, Dr) < 1/2 whenever k is large enough, contradicting (2.4.6). O

As it is transparent from the proof above, Proposition 2.4.4 crucially rests on the strong
convergence stated in (2.4.15) that we now prove.

Lemma 2.4.5. There exists a universal constant o € (0, 1) such that the weakly converging
subsequence {wy} (towards w) actually converges strongly in H*(Dy).

Proof. We choose the constant o as follows:

4 1
o *mln{5A 32}

where A > 1 is the universal constant given by Theorem 2.2.1.
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Step 1. Subtracting (2.4.8) from equation (2.4.7) leads to
((=A)*(wy, — w), <p>D1 =cp /D |dswi>uy - pdz VYo € 2(Dy;RY). (2.4.20)
1

By approximation (see (2.2.2)), this equation also holds for every ¢ € Hg,(D1;R?) N
L*°(D1) compactly supported in D1. Let us now fix a smooth cutoff function ¢ € Z(Ds,/4)
such that 0 < ¢ < 1, ¢ = 1 in D,. Using the test function ¢y, := ((w—w) € Hgy(D1; RN
L*>°(Dy) in (2.4.20) yields

((=A)(wk — w), k), = ek /D |dswg|*up, - op da . (2.4.21)
1
Setting

Li = ((=A) (wg — w),((wp —w)),  and Ry :=ey /D |dow|*ug - pr dz,
1

we claim that

Ly > [wy — w]%ls(Dg) +o(l) ask— o0, (2.4.22)
and
lim Ry, =0. (2.4.23)
k—o0

Identity (2.4.21) rewrites Ly = Ry, and the two claims above will imply that [wp —
w] %{S (Do) 0 as k — oo, whence the conclusion.

Step 2. This step is devoted to the proof of (2.4.22). For simplicity, let us denote
A i=wp —w.

Since ( =1 in Dy, and ¢ = 0 in DS, we have

Lic = [Daliye(p,) + 52 (L) + L + L), (2.4.24)
with
1O (Ax(2) — Biy)) - (C(2)Bw(z) = CW)ARWY)) 4 o
k //(Dl\Dg)X(D1\DU) |$ _ y|’l’L+28 ray ,
1@ ._ (Ag(z) — Ap(y)) - (((2) Ap(r) — C(y) Ar(y)) dud
F 2 //D,x(Dl\Da) |z — y|nt2s e
and

(3)._ (Ap(x) — Dp(y)) - Ag(x) ) da
b= 2//1:>20fo |z — y|nt2s (@) dady,

(1)

Concerning L, ’, we first rewrite

1 (Ak(z) = Ap(y) - Dr(x)) (C(2) = ¢(w))
= //wl\Da)x(Dl\Da)

|z — y[rt2e

+// |Ak(z) — DAg(y)]? C(y) dady
(Di\Do)x(D1\Dy) |7 —y["t2s

(Ag(@) = Dg(y) - Dg()) (((2) = ((¥))
g //(Dl\Da)X(Dl\Da)

|z — y[rt2s

dzdy

dzdy .
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Recalling that
gs(Ak:; Dl) < 255(11)k, Dl) + 285(71)7 Dl) < 4

we estimate by means of Hoélder inequality,

‘ // ((Ba(@) = Br9)) - Mu@) (C@) = CWD)
(D1\Dg)x(D1\Ds)

|z — gyt

/ |A(2)1¢(z) = ¢(y)I? )
< (AN, D dzd
S V&S DY <//(D1\Da)x(D1\Da |z — y|nt2s v

)

1/2
| Ak ()2
<//D \Do)x(D1\Dp) [T = y["+25~ gz ) < ClAm,) -
1 o 1 o

Since || Agllr2(p,) — 0, we conclude that

1/2

LY > 0(1) ask — oo. (2.4.25)
Exactly in the same way, one derives
L >0(1) ask — oo. (2.4.26)

For the last term L,(j'), we use again Holder inequality to derive

Al 9 1/2
¥ < m¢x<ﬁ)D‘;_pﬁjmm> < Cll Akl = o(1)
20 X ¢

(2.4.27)
as k — oco. Gathering now (2.4.24) with (2.4.25), (2.4.26), and (2.4.27) leads to (2.4.22).

Step 3. In order to prove (2.4.23), we need to rewrite Ry in a suitable form. First, we
rewrite

2
Ry =— [ |dsug|“ug - prde,
€k JD,

and we recall from Lemma 2.3.8 that for each i =1,...,d,

deusPuf = (307 @ dyul) + T = & (3 QF © daw]) + 73,
j=1 j=1

where QZJ € L24(Dy) is given by

QY (z,y) = uj(z)d o, (w,9) — ul(2)dsu(z,y),
and
1) =222 [ 1D P ) — ) ay
= e [ Ll = R 4 ) - i)
Hence,

Ry = Z/ QJdek gpkdx)—i—sk/D Tk ppdr =: R,(C)—I—R(),
t,j=1 1
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2.4. Small energy Holder regularity

where we have set

~ WE\T) — W 2
Tie) o= 2o [ D= B ) — ) g

Step 4. We shall now prove that
lim R =0. (2.4.28)

k—o0
First, notice that formula (2.2.12) shows that uf = exwj, + (ug)o,1, which implies that

O,(us,x,7) = e1@,(ws,x,r) for every x € 3B and r € (0,1 — |x]).

As a consequence, our assumption on @, (uj,x,r) tells us that r — O4(wy,x,r) defined
on € (0,1 — |x]|) is nondecreasing for every x € 9°B;".
Applying Corollary 2.2.22 (with R = 2¢), we deduce that

1/2
[Cwk]pmo®n) < C(é’s(wk,4a) + ||wk||%2(D4,)) <C,

for some constant C' depending only on n, s, and (. Since wj, — w strongly in L?(D;)
and ¢ is supported in Ds, /4, we have (w, — (w strongly in L'(R™) (in other words,
l¢kllzt@®ny — 0). By lower semicontinuity of the BMO-seminorm with respect to the
L!-convergence, we deduce that (w € BMO(R™), and then, recalling ¢}, = ((wg — w),

[k]BMOE®RR) < C-
Next, we recall from Proposition 2.3.10 that uj being weakly s-harmonic in D; yields
divs QY =0 in H=*(Dy),

for each 4,j € {1,...,d}. Applying Theorem 2.2.1 (with 29 = 0 and r = 50/4), we infer
that

< CIY 12, (o) V Es(wl D) ([ekroen + 9kl e )

| (@ odaud)pda
Dy
< O 2, (o) -

Since |ug| = 1, we have the pointwise estimate |QZ}7(:1:, y)| < \dsui(x, y)|+|dsul (z,y)| which
leads to [|€2[|3. (Dy) S C&s(ug, D1) = O(e2) for each 4,5 € {1,...,d}. Consequently,
od 1)
R = O(er)
and (2.4.28) is proved.

Step 5. We complete the proof of (2.4.23) showing now that

lim R =0. (2.4.29)

k—o0

Using the fact that ¢y is supported in D5,y C Dy/o9 C Dy/16, we first write

R =2 / T ppde = 223 (I + TTy) (2.4.30)
D,
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Chapter 2. Partial regularity for fractional harmonic maps

with

Wp\T) — W 2
fe = //Dl/lGXDl/w | k|(l' )— ynfgi/” (wk(m) - wk(y)) ’ (P]g(l') dxdy

1 wie(z) — w 2
- 5 //171/16><D1/16 | k|(-T )— y|”f§sy)| (wk(x) - wk(y)) : (on(x) - QOk(y)) dzdy,

and

Wp\T) — W 2
= //Dmow | kl(x)—ylnfggﬂ (wi(2) — wi(y)) - pr(z) dedy . (2.4.31)

1/16

We shall estimate separately the two terms I and Ilj.
Concerning I, we apply Holder inequality to reach

1 — 3 _
1| < // lwi(z) — wi(y) ok (@) — r(Y)] dudy
2 Dy /16X D116

| — y|rt2s
< C[wk]?/[/S/&ﬁ(Dl/lG)[(pk]Hs(Dl/m) ) (2.4.32)

where ['E/VS/?”G(Dl/m) denotes the WS/3’6(D1/16)—seminorm (i.e., of the Sobolev-Slobodeckij

space, see (2.C.9)). Recalling our notation Ay := wy — w and the fact that 0 < { < 1, we

have
2 2 C(x) = C() P Ak(@)
[ka]HS(DUm) <C <[Ak]H5(D1/16) + //D 16 D1, |z — |n+23 dzdy
1/16 1/16
|Ap (@)
([ H Dl/lG D1/16><D1/16 ‘:L, _ ’TL+28 2
< C(&(Dr, Dajrg) + 184132(p, ) < C- (2:4.33)

To estimate [wy]yys /36(Dy 1)) W proceed as follows. First, we fix a further cutoff function
n € Z(Dyg) satisfying 0 < 7 < 1, 7 = 1in Dy, and [Vy| < C. Then we apply
Corollary 2.C.11 (in Appendix 2.C) to nwy to derive

1
2 2 2
[wk]Ws/S’G(Dulﬁ) = [nwk}ws/S,G(Dl/w) < C(D (SL;pRn m [’I’]IU]C]HQ(DT(E))) s (2434)

and it remains to estimate the right-hand side of (2.4.34). To this purpose, we need to
distinguish different types of balls:

Case 1: T € D316 and 0 <7 < 1/16. Arguing as in (2.4.33), we obtain

|wy, () >
[nwk]?{s(pr(@) <C ([wk H*(Dy (7)) // w3 17— |z — y[n+2—2 dzdy

< C([wk}Hs(Dr(i)) +r? HwkHLQ(DT(yE)))'

Applying Holder inequality in the case n > 3, we obtain

O ([wrlire o, oy + " > Nwrllinp, ) i >3

C ([wn]? + 272wy |13 ) ifn<2 e
kIHs (D, (z)) kllL2(Dr(2)) :

[kl (b, (z)) <

N
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2.4. Small energy Holder regularity

Let us now recall that r — Og(w§,x,r) is nondecreasing for every x € By (see Step 4).
By the proof of Lemma 2.2.20, Step 1 (applied to wf,), we have

[wilBMO(D; 1) < Cm Cm (2.4.36)

where we have used Lemma 2.2.8 in the last inequality. In case n > 3, we apply the John-
Nirenberg inequality in Lemma 2.2.21 and use the fact that D,(z) C D7/, to derive

HwkHL”(D,«(i)) < ||wk:”L"(D7/1e) < Hwk - (wk)0,7/16| L™(D+ 1) +C||wkHL1(D7/16)

< C([wklemo(Dy 1) T 1wkl 22D, 1) < O+ (2.4.37)
Back to (2.4.35) and in view of Lemma 2.2.7, we have thus proven that

Wkl Frs o,y < Cwr e (o, 2y + 7" %)
< C(Buuf, B (0) +72) < O (@, (ufx.20) 4 1)

with x := (z,0). Then the monotonicity of r — O (w}, X, 2r) together with Lemma 2.2.8
yields

1 .
m[ﬁwkﬁqs(pr(i)) < O(Os(w, %x,1/8) + 1)

< C(Es(wg, 1/2) +1) < C(&(wy, D1) +1) < C.

Case 2: T ¢ D316 and 0 < r < 1/16. This case is trivial since nwy =0 in D,(Z).

Case 3: x € R™ and r > 1/16. Since nwy, is supported in Dy and 0 < 1 < 1, we have
(recall that n — 2s > 0)

1 S—n
s (w2 (D, zy) < 162" wr] Fro eny

wi()[?
< Cf|nw +// dzdy
([77 k H*(Dq;4) ex \13 ’n+28 )

S C([ka]Hs(D1/4) + ||wk||L2(D1/8)) :
Arguing as in (2.4.33), we obtain
(1wl (D, ) < C(Es(wr, Dija) + llwilZ2(p, )

and thus .

Gathering Cases 1, 2, and 3 above, we have proved that the right-hand side of (2.4.34)
remains bounded independently of k. We can now conclude that [wk]Ws/g,e( Di/16) <C

using (2.4.34). In view of (2.4.32) and (2.4.33), we have thus obtained that
k| < C, (2.4.39)

and it only remains to estimate the term Ij (defined in (2.4.31)).
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First, we trivially have

w w
< |f s = D )
Dy 20X DS —yl

1/16

Iwk( )|
<4// OB | A (2)] dedy
D1/20><D | - y|n+23

1/16
lwi (y)[?
+4// Nk )\ dady.
D1/20><D ‘ - y’n+2s

1/16
(2.4.40)

On the other hand,

w
Il At aray <O [ funta)P10e(e)] da
1)1/20><l)1/16 [z =yl Dr/zo

< Cllwelop, po) 18k 2200y -

Recalling from (2.4.36) that {wy} is bounded in BMO(Dy7,6), we can argue as in (2.4.37)
to infer that {wy} is bounded in L°(Dj /59). Hence,

w
%‘Ak( )l dady < Ol Akllez(py) - (2.4.41)
D1 20x D5 |z — y|"t

1/16

Since |ug| = 1, we have |wg| < 2/eg, and consequently

W) 2po (] Jmor
—|A dady < — dy | |Ak(x)| dx
//D1/20><D | y|n+2s ‘ ( )| £k D20 De |$ _ y|n+25 | ( )’

1/16 1/16
% / |wi (y)? )
< - —————dy | |Ak(z)|dx
Ck D120 ( R™ Oy|+_1)n+25 ’ ( H
C
< a(5S(u;k, D1) + wkl32 (o) )12kl 22Dy
(2.4.42)

where we have used Lemma 2.2.1 in the last inequality. Combining (2.4.40), (2.4.41), and
(2.4.42), we obtain the estimate

11| < Ce M 1Ak L2y = ole ) - (2.4.43)
In view of (2.4.30), (2.4.39), and (2.4.43), we have thus proved that
Rl(f) = O(ER) 5
and thus (2.4.29) holds, which completes the whole proof. O

Proof of Theorem 2.4.1. Rescaling variables, we can assume that R = 2. We need to
distinguish the two cases n > 2s, and n =1 with s € (1/2,1).

Case 1: n > 2s. We choose g( := 2% "e, where &, = g+(n, s) > 0 is the constant provided
by Proposition 2.4.4. We fix an arbitrary point x¢ € D1, and we observe that condition
(2.4.1) implies

Es(u, D1(w0)) < Es(u, Do) = 2" 2%04(u,0,2) < €
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2.4. Small energy Holder regularity

Setting e := Es(u, D7), Proposition 2.4.4 then leads to

€, (1, Dy (o)) < =&, (u, D1 (20)) < ~e, (2.4.44)

Tn—2s 2 2

where 7 = 7(n,s) € (0,1/4). Considering the rescaled map u,(z) := u(Tx + x9), one
realizes from (2.4.44) that u, satisfies Es(ur, D1) < %s*, and thus Proposition 2.4.4 applies.
Unscaling variables, it yields

1 1
7(7%_28)258(% D 2(x0)) = g Es(ur, D)
1 1 1
< igs(uraDl) = Wgs(ua DT(xO)) < Ze-
Arguing by induction, we infer that
Tk(n—?s)
Es(u, Dox(x0)) < —=—e foreach k=10,1,2,3,.... (2.4.45)

2k

Let us now fix an arbitrary r € (0,1), and consider the integer k such that 7+ < r < 7.
From (2.4.45), we deduce that

1 1 725-n ) )
mgs(uyDr(l'O)) < ,,«n72sgs(u’DTk (:L‘O)) < o e <21 5N ﬁ07
with 28y := log(2)/log(1/7). By the Poincaré inequality in H*(D,(xq)), it yields
1 2 C C
747 Do (z0) ‘u - (U)ro,r’ dx < m[uﬁ{s([)r(mo)) < mgs('l%Dr(xo)) < Cer?ﬁo )
r{Z0

In view of the arbitrariness of r and x(, we can apply Campanato’s criterion (see e.g. [73,
Theorem 1.6.1]), and it yields u € C%%0(Dy) with

lu(z) —uly)| < CVelr —yl  Va,ye Dy,

which completes the proof.

Case 2: n =1 and s € (1/2,1). In this case, we simply choose g9 := 1, and we invoke
Proposition 2.4.3 whose proof is given below. O

Proof of Proposition 2.4.5. Rescaling variables, we can assume that R = 1. Without loss
of generality, we can also assume that u has a vanishing average over D;. We consider a
given cutoff function ¢ € Z(D3/4) such that 0 < ¢ < 1 and ¢ = 1 in Dy/5. Arguing as
(2.4.38), we obtain that (u € H*(R;R?) with

[Culpemy < C(Es(u, D1) + [[ullF2(py)) - (2.4.46)

On the other hand, by the continuous embedding H*(R") < C**~1/2(R") (see e.g. [57,
Theorem 1.4.4.1]), we have

[Culo.s-1/2(y < C([CulFrs ) + ICullizw)) < C([Culfsw) + lullZ2(py)) - (2.4.47)

Combining (2.4.47) with (2.4.46) and applying Poincaré inequality in H*(D;), we derive
that

(W20 1/2(py ) < (G020 17202y < C(E(, D1) + [[0l22p,)) < CE(w, 1),

which completes the proof of (2.4.4). O
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Chapter 2. Partial regularity for fractional harmonic maps

2.5 Small energy Lipschitz regularity

In this section, our goal is to improve the conclusion of Theorem 2.4.1 to Lipschitz
continuity, as stated in the following theorem. Higher order regularity will be the object
of the next section.

Theorem 2.5.1. Let 1 = €1(n, s) > 0 be the constant given by Corollary 2.4.1. There ex-
ists a constant kg = ka(n, s) € (0,1) such that the following holds. Let u € H*(Dyp; S*1)
be a weakly s-harmonic map in Dag such that the functionr € (0,2R—|x|) — Os(u®, x,r)
is nondecreasing for every X € 80B;R. If

@,(u,0,R) < ey, (2.5.1)
then u € C%(Dy,r) and
R2||VU”%OO(DK2R) < CVGS(/Ule7 O, R) 5
for a constant C' = C(n, s).
The proof of Theorem 2.5.1 consists in considering the system satisfied by the S%~1-
valued map u®/|u®|. By Corollary 2.4.1, u® is Holder continuous, and therefore |u®| >
1/2 in a smaller half-ball B;*. In particular, v := u®/|u®| is well defined and Hélder

continuous in B;". We shall see that it satisfies in the weak sense the degenerate system
with homogeneous Neumann boundary condition

—div(22p*Vv) = 2%p%|Vv|?>v in B},

o (2.5.2)
z“p2$ =0 on "B,
with Holder continuous weight p? := |[u®|?. Up to the extra weight term p?, this system

fits into the class of degenerate harmonic map systems with free boundary considered in
[93]. Adjusting the arguments in [93] to take care of the extra weight p?, we shall prove
that v is Lipschitz continuous in an even smaller half-ball. Since u® = v on 8°B,, the
conclusion will follow straight away.

2.5.1 Proof of Theorem 2.5.1

The aforementioned Lipschitz estimate on the map u°/|u®| is the object of the following
proposition.

Proposition 2.5.1. Letu € }/\IS(DQR; S 1) be a weakly s-harmonic map in Dog. Assume
that u® € CYP(B}) for some exponent B € (0,1), and that |u®| > 1/2 in Bf. Setting

n:= RP (U)o gy, the map u®/|u| is Lipschitz continuous in EE/:}), and
R

RV (ue/|u) | ) < G pOs(u”,0,R),

2
L°°(B§/3
for a constant Cy g = Cy 5(n, B,n, ).

Before proving this proposition, we need to show that u®/|u®| satisfies system (2.5.2)
in the weak sense.
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2.5. Small energy Lipschitz regularity

Lemma 2.5.2. Let u € ﬁs(DgR;Sd_l) be a weakly s-harmonic map in Dog. Assume
that p = |u®| satisfies p > 1/2 a.e. in BE. Then the map v := u®/p belongs to
HY(B};RY,|2|%dx) and it satisfies

/ 2%p*Vu - Vo dx = / 272 Vo|*v - ¢ dx
B}, B

R R
for every ¢ € HY (B} R%, |2|%dx) N L°(B}) such that ¢ =0 on O' Bg.

Proof. First recall from (2.2.14) and Lemma 2.2.8 that u® belongs to H'(B}; R, |z|%dx) N
LR and consequently, p € H'(B};, |2|%dx) N L®(R:). By assumption p > 1/2,
so that 1/p € HY(B}, |2|%dx) N L®(R"). The space H' (B}, |2|%dx) N L= (R}1) being
an algebra, it follows that v € H'(B}; R, |2|%dx), and by definition |v| = 1 a.e. in Bf.

Let us now fix ® € H(B#; R, |2|%dx) N L>°(B}) such that ® = 0 on " Bg. Again,
HY(BF;R%,|2|%dx) N L>®(B}) being an algebra, 1 := & — (® - v)v € HY(B}; R?, |2]%dx) N
LW(BE). It also satisfies ¢ = 0 on 0" Bg, and by construction, we have v -1 = 0 a.e. in
Bi. Now we consider £ := pyp € HL(Bf;RY, |z|%dx) N L*°(R™), which still satisfies £ = 0
on T Bpg, and u® - £ = 0 in Bf. In particular, u- ¢ =0 on 0°Bj.

By Proposition 2.3.13, the map u® is a weighted weakly harmonic map with free bound-
ary in the half-ball B}, i.e., it satisfies (2.3.12). Hence,

/ 2V - VEdx = 0. (2.5.3)
B}

On the other hand, d;u® = 0;pv + pd;v and 0;§ = 0;py + pdix) in BE fori=1,...,n+ 1.
Then we notice that v - ¢ = 0 implies v - 0;¢ = —d;v - ¢ in BE fori=1,....n+1. In
the same way, the fact that |[v|> =1 leads to v- v =0in Bf fori=1,....,n+1. Asa
consequence,

3iue . 815 = (@;pv + paﬂ}) . (almﬁ + paﬂ,l)) = p28ﬂ} . 821,0 a.e. in BE s

fori=1,...,n+ 1. Inserting this identity in (2.5.3) yields

/B+ 2%p?Vu - Vipdx = 0. (2.5.4)

R

To conclude, we notice that
82‘?./ . aﬂ[} = &-v . (6;1) — (U . @)81'11 — (8{0 -® “+v- 8Z'<I>)U) = 8{[) . 81'(13 — |a¢U|2U -® ae. in BE s
fori=1,...,n+1. Using this last identity in (2.5.4) leads to the announced conclusion. [

As usual, to deal with homogeneous Neumann condition, we extend the equation to
the whole ball by symmetry. In this way, proving estimates up to the boundary reduces
to prove interior estimates.

Corollary 2.5.3. Let u € ﬁs(DQR;Sd_l) be a weakly s-harmonic map in Dog. Assume
that [u®| > 1/2 a.e. in Bf. Then the function p and the map v defined by

x) = ‘ue(a:,z)\ ifx = (sz) c BE
p(x) : {\ue(x, —2)| ifx=(z,2) € By (2.5.5)
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and

o(x) = {ue(x,z)/p(x) ifx=(z,2) € BE (25.6)

u(x, —2)/p(x) ifx=(x,z2) € By
belong to H'(BRg, |2|*dx) N L>(Bg) and H'(Br;R%, |2|*dx) N L>(Bgr) respectively, and

/ |2|%p?Vv - VO dx = / |2|%p% | Vo?v - @ dx (2.5.7)
Br Br

holds for every ® € H'(Bg;R?, |z|*dx) N L= (BR) such that ® =0 on OBg.

Proof. The fact that p and v belong to H'(Bg, |2|*dx)NL>®(Bg) and H'(Bp;R?, |z|*dx)N
L*>°(BpR) respectively follows from Lemma 2.5.2 together with the symmetry with respect
to the hyperplane {z = 0}.

We now consider an arbitrary ® € H'(Bg;RY, |2|%dx) N L>(Bg) satisfying ® = 0 on
0Bpr. We split @ into its symmetric and anti-symmetric parts defined by

O(z,2) + ®(x, —2)
2

O(x,2) — P(x,—2) .

P° =
(@2 g

and @%(x,z) :=

Clearly, ®%,®% € H'(Bgr;RY, |2|%dx) N L>®(Bg) and ®* = ®* = 0 on dBp. By con-
struction, we have ®*(x, —z) = ®%(z, z) and ®%(x,—z) = —P?(x, z), so that 9,P°(z,2) =
—0,9°(x, —2) and 0,9%(z, 2) = 0,9%(x, —z). The map v being symmetric with respect to
{z = 0}, it also satisfies 0,v(x, z) = —9,v(x, —z). Therefore,

(Vo -VO%)(z,z) = (Vv -V®°)(x,—2) and (Vv -V®)(x,z)=—(Vv -V (z,—2).

As a first consequence,

/ |2|%p°Vv - V&4 dx = 0. (2.5.8)
Br
Since (v - ®%)(z, —z) = —(v - P*)(x, ), we also have
/ |12|p?|V|?v - ®¢dx = 0. (2.5.9)
Br

Then we infer from Lemma 2.5.2 that

/ |2|%p?Vv - VO* dx = 2/ 2%p*Vu - VO* dx
Br

+
BR

= 2/ 22| Vo2 - % dx = / |2|p?|V|?v - ®*dx.  (2.5.10)
B, B

R R
Gathering (2.5.8), (2.5.9), and (2.5.10) leads to (2.5.7), and the proof is complete. O

Proof of Proposition 2.5.1. Rescaling variables, we can assume without loss of generality
that R = 1. Throughout the proof, we shall write for a measurable set A C R"*1,

|Alq ::/ |z|* dx,
A

and we notice that for y € R™ x {0},

1Br(¥)la = |Brla = [Bifar™ 272" (2.5.11)
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We start by applying Corollary 2.5.3 to consider the (symmetrized) modulus function p
and the (symmetrized) phase map v defined by (2.5.5) and (2.5.6), respectively. Since u®
belongs to C%#(B}) and |u®| > 1/2 in B}, it follows that v € C%#(Bg), and p € C%?(Bg)
with p > 1/2 in Bg. By Corollary 2.5.3, v satisfies (2.5.7), and from this equation we shall
obtain that v € C%'(Bp/3). We proceed in several steps.

Step 1. Let us fix y € Dy x {0} and r € (0,1/2]. We consider the unique weak solution
w € HY(B,(y);RY, |z|dx) of

{div(!z\“Vw) =0 in B,(y), (2.5.12)

w="v on 0B, (y),
see Appendix 2.A. The map v being continuous in B, (y), it follows from Lemma 2.A.3 that

w € C°(B,(y)). Moreover, since v is symmetric with respect to the hyperplane {z = 0},
Lemma 2.A.2 tells us that w is also symmetric with respect to {z = 0}.

Now we estimate through Minkowski inequality,

1 1/2 1 1/2
( = / |z|ap2|w2dx> < ( = / |z|“p2w|2dx>
1By 2la JB,(5) 1By 2la J B, (5)

1/2

1

+C</ \zl"p2|V(v—w)!2dx> ., (2.5.13)
Br(y)

| Bra

and our first aim is to estimate the two terms in the right-hand side of this inequality.
From the definition of n and the fact that 0 < p < 1, we have

102 (x) — p(y)| < 2nx —y|® < Omp? vx € B,(y). (2.5.14)
Consequently,
/ 227Vl dx < p2(y) / 2]Vl dx + / 2%0% — pP(y) | Vo dx
Br/? y T/Q(y) Br/?(y)
<1+ cmﬁ)/ 2] Vw|? dx . (2.5.15)
Br/2(y)

Since w is symmetric with respect to {z = 0}, we infer from Lemma 2.A.4 and (2.5.11)

that the function 1
2| Vw|? dx
| Btla /Bt<y)

t e (0,r] —

is nondecreasing. Hence,

1 1 p
/ |2|%p? | Vw|? dx < HCUT)/ 2| Vw|* dx
|Br/2’a B2y )

B
<L) [ v ax
B )
1Brla  JB.(y)

where we have used the minimality of w stated in Lemma 2.A.1 in the last inequality.
Using p(y) =1 and p > 1/2, we now estimate as above,

/ |2/ Vo? dx < / 22| Vo dx + / 121%10% — ()| Vo] dx
B (y) B (y) B (y)

<@om?) [ palpvep dx,

Br(y)
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to reach

1
|Br/2‘a

1+ CnrP)?
/ |2|p? | Vw|? dx < (‘FBW“)/ |2]%p? | V| dx . (2.5.16)
By/a(y) 1Brla JB,(y)

Next, we recall that v — w € H'(B,(y);R%, |2|%dx) satisfies v — w = 0 on OB, (y).
Hence, we can apply Corollary 2.5.3 to deduce that

/ 120992V (0 — w)? dx
B (y)

= / 12|%p*Vv - V(v — w) dx — / 12|%p*Vw - V(v — w) dx
Br(y)

Br(y)
:/ 12|02 | V|2 - (v — w) dx—/ 12|%p*Vw - V(v — w) dx.
Br(y) B (y)
(2.5.17)

On the other hand, the equation (2.5.12) satisfied by w yields
/ |z|“p2Vw-V(v—w)\dx:p2(y)/ |z|*Vw - V(v —w)dx
Br(y) Br(y)
# [l - ) Ve V(o - w)dx
Br(y)
= / 12]%(p* — p*(y)) Vw - V(v — w) dx . (2.5.18)
Br(y)

By (2.5.14) and the minimality of w, we have

< cmﬁ/ 2|2 V||V (v — w)| dx
Br(y)

<Cp® [ (Tup + Vo) dx
Br(y)

< Cnrﬁ/ 2% V| dx

rY

< Cnrﬁ/ |2|%p? | V| dx, (2.5.19)

Br(y

where we have used that p > 1/2 in the last inequality. Combining (2.5.17), (2.5.18),
(2.5.19), and using that |v| = 1, we infer that

/B( ERELCEIEE (Hv—wHLm(Br(ywcmﬁ)/ 212 Vol dx. (2.5.20)
rY

Br(y)

Let us now bound [[v — w|[ (B, (y))- First, notice that for x € B, (y),
0() — w(x)| < [0(x) — v(¥)| + W) — ()] < O’ + wix) —o(y)|.  (25.21)

Next we observe that for each i = 1,...,d, the scalar function x — w'(x) — v'(y) in
HY(B,(y), |#|°dx) satisfies in the weak sense

{diV(IZI“V(wi —v'(y))) =0 in By(y),
w' —vi(y) = v' —vi(y) on IB,(y) .
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It then follows from Lemma 2.A.3 that for each i =1,...,d,
[’ = 0 (¥) ]| o (B,y)) < IV = ')l (08,)) < 10 = 0(¥)l| Lo (9B, v)) < Crr”
Back to (2.5.21), we have thus obtained
lw = vl| oo (B, (y)) < Crr” .
Using this estimate in (2.5.20), we derive that

/ 12]p?|V (v — w)|? dx < C’nrﬁ/ |2|%p? | Vu|? dx. (2.5.22)
Br(y)

By (y)

Now, inserting estimates (2.5.16) and (2.5.22) in (2.5.13), and then squaring both sides
of the resulting inequality, we are led to

1 1 B/2
/ ope 2T dx < L) / 2P| Vol dx,
|Br/2|a B, /o(y ()

for a constant C,, = Cy(n, n, s). Iterating this inequality along dyadic radii 7, := 27k with
k > 1, we deduce that

1 F . 1
/ |2|2p%| V|2 dx < (H(1+Cn236/2))/ |2|2p%| V| dx
|B Brp 1 (y ‘31/2“1 Bia(y)

Tlc+1|a jaie
<Cn,ﬁ/ |2|“p?|Vo?dx,  (2.5.23)
By

for a constant C, 3 = C, (1, 5,1, s). Next, for an arbitrary radius r € (0, 1/2], we consider
the integer k > 1 satisfying rp+1 < r < rg, and estimate

1 2n+2—28
B [ P | el ax,
1Brla JB.(y) 1Brila JB,, (v)

to conclude from (2.5.23) and the symmetry of v and p with respect to {z = 0} that

1
/ |2|%p? | V]? dx < Cmﬂ/ |2|9p?| V|2 dx  Vr € (0,1/2].
1Brla /B, (y) Bf

Noticing that |Vu®|? = |Vp|? + p?|Vv|?, and in view of the arbitrariness of y, we have
thus proved that

1
B, /B - 121702 Vol? dx < C /B+ 2% VuPdx  Vy € Dyjo x {0}, Vr € (0,1/2].
ria (Y
1 (2.5.24)

Step 2. Our main goal in this step is to obtain an estimate similar to (2.5.24) for balls
which are not centered at points of {z = 0}. By symmetry of v and p with respect to
{z = 0}, it is enough to consider balls centered at points of ]R’}fl.

Let us fix an arbitrary point y = (y,t) € Bf/3, and notice that Et/Q (y) € Bf . Wealso
consider an arbitrary radius r € (0,¢/2] (so that B,(y) C Bi"). As in Step 1, we introduce
the (weak) solution w € H'(B,(y); R%,|z|%dx) of (2.5.12). Exactly as in (2.5.13), we have

1/2 1/2
2\ n+1 2\ n+1

(() / |z|@p2|w2dx> < (() / |z|“p2|w|2dx>
r B'r/2(y) r BT‘/Q (y)

1/2
1
+C< nﬂ/ \Zl“ﬂQIV(v—w)lzdx> . (2.5.25)
" B (y)
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Chapter 2. Partial regularity for fractional harmonic maps

Arguing precisely as in Step 1, we derive that (2.5.22) still holds. Then, we estimate as in
(2.5.15),

/ 12|p? | Vw|? dx < (p*(y) +Cnrﬁ)/ 2|9 Vw|* dx . (2.5.26)
BT/Q(y) Br/Q(y)

Applying Lemma 2.A.5 with § = ¢/r and then the minimality of w, we obtain

n+1
(2) / 2] Vw|* dx < (1 + C’r)nlﬂ/ 2|9 Vw|* dx
r B, /2(y) t/r Br(y)

Cry 1 a 9

< (Ht)r”“/BT(y) 2] Vo2 dx.  (2.5.27)
Combining (2.5.26) with (2.5.27), and using again the Hoélder continuity of p? (as in
(2.5.14)) together with 1/2 < p < 1, we deduce that

1

2 ”“/ 2 2 8 2 2
— |2|%p" IVl dx < (14+C(pr” +7/t) ) — |z|*p*| V|~ dx.
(T> B2y ( )T 1 B.(y)

(2.5.28)
Inserting (2.5.22) and (2.5.28) in (2.5.25), we infer that

1 1 B2
o [ AV ax s Gl +r/t) [ v ax,
|Brr23) /3, () |B:(v)| B.(y)

for a constant C,, = Cy,(n,n, s). Arguing as Step 1 (using the dyadic radii ry, := 27%¢), the
arbitrariness of r € (0,¢/2] in this latter estimate implies that

1 / 2 2 Cnp 2 2
—_ zZ|%p Vo) dx < — 25— z|p?IVu|“dx  Vr e (0,t/2], (2.5.29
B3] o T S B LYY (0,72 )

for a constant C,, g3 = Cy g(n, 3,n,s). Then, we notice that for every radius r € (0,¢/2],

191+ r/t)% Bu(y)| if s < 1/2,

1Br(y)la < {ta(l —r/t)7|B,(y)| ifs>1/2,

and
t*(1—r/t)*Br(y)| ifs<1/2,

t*(1+r/t)* By (y)| ifs>1/2.
Consequently, dividing (2.5.29) by ¢, we obtain

1 a2 2 < Cnp / a2 2

5T o NS T e Sy 21V X Ve (0 02]
(2.5.30)

Setting ¥ := (y,0) € Dy/3 x {0}, we now observe that By s(y) C B?';/Q(Sf) and 3t/2 < 1/2.

Using the symmetry of v and p with respect to {z = 0} and (2.5.24), we deduce that

|1Br(¥)la > {

1 /‘ 9 9 C 2 2
—_— |z|p%|Vul“ dx < ———— 2" p"[ Vo] dx
By2)la Jp, iy |Bgij2 (e J55,,,)
C / 2 2
<— 2| p"| Vo] dx
1 Bst/2(¥)la /By, »3)
< Cnﬁ/ |2]%Vul|* dx . (2.5.31)
B+

1
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2.6. Higher order regularity

Combining (2.5.30) and (2.5.31), and in view of the arbitrariness of y, we infer that

1

a2 2 a e|2
—_— z|%p%| Vo dx < C, / z|*|Vu®|” dx,
‘BT<Y)’¢1 /Br(y) ‘ ‘ ’ ’ e Bf ‘ ‘ ’ ’

1

for every y = (y,t) € Bf/?) and every r € (0,¢/2]. Still by symmetry of v and p, this
estimate actually holds for every y = (y,t) € By/3 \ {z = 0} and r € (0,[t[/2). By
Lebesgue’s differentiation theorem, we have thus proved that

PVol? < 0,7,5/ 2%V dx ae. in By,
BY

and the conclusion follows from the fact that p > 1/2. O

Proof of Theorem 2.5.1. Once again, rescaling variables, we can assume that R = 1.

Under condition (2.5.1), Corollary 2.4.1 says that u® € Co’ﬁl(B,fl) and [ue]007g1(3+) is
K1

e| —

bounded by a constant depending only on n and s. Since |u |lu| =1 on OOB,J{l, we can

thus find a constant ko = ka(n,s) € (0,1) such that 6ky < k1 and |u®| > 1/2 in B,

Since 81 = Bi(n,s), and (3kz)" [u€] 0,6, (Bf. ) is bounded by a constant depending only
K2
on n and s, Proposition 2.5.1 implies that v := u®/|u| is Lipschitz continuous in E:Z with

+
K2 7

lv(x) — v(y)] < CO(us,0,k2)|x —y| < CO(u°,0,1)|x —y| Vx,yeB

for a constant C' = C(n, s). Since v(x) = u(z) for every x = (z,0) € 8B/, the conclusion
follows. H

2.6 Higher order regularity

We have now reached the final stage of our small energy regularity result where it only
remains to prove that a Lipschitz continuous s-harmonic map is of class C*°. To reach
this result, we shall apply (local) Schauder type estimates for (—A)*. We only refer to

[94] for those estimates as it is best suited to our presentation (see also [106]).

Theorem 2.6.1. Let u € ﬁS(Dl;Sd_l) be a weakly s-harmonic map in D1. If u is
Lipschitz continuous in D1, then u € COO(Dl/Q).

Proof. The proof of Theorem 2.6.1 follows from a bootstrap procedure. The initiation
of the induction consists in passing from Lipschitz regularity to C'“-regularity, and it
is the object of Proposition 2.6.1 in the following subsection. Then we shall prove in
Proposition 2.6.5 that C*“-regularity upgrades to C*Th%regularity for every integer k >
1. In applying this bootstrap argument, we first fix an arbitrary point xg € D;/p and
an integer £ > 1. We translate variables by zg and rescale suitably in order to apply
Proposition 2.6.1 and Proposition 2.6.5, and then conclude that v is C* in a neighborhood
of xQ. ]

2.6.1 Holder continuity of first order derivatives

Proposition 2.6.1. Let u € fAIS(Dg;Sd_l) be a weakly s-harmonic map in Ds. If u is
Lipschitz continuous in Ds, then u € CY*(D,,) for every a € (0,1) and some 1. =

r«(n,s) € (0,1/2).
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Chapter 2. Partial regularity for fractional harmonic maps

One of the main ingredients to obtain an improved regularity is the following elemen-
tary lemma.

Lemma 2.6.2. Let f : D3 — R% be a Lipschitz continuous function, g : Dg — R?% an
Hélder continuous function, and ¢ : D1 — [0,1] a measurable function. Assume that one
of the following items holds:

(i) s € (0,1/2) and g € C%*(D3) for some a € (2s,1];
(ii) s € (0,1/2) and g € C%*(Ds3) for every a € (0,2s);
(iii) s € [1/2,1) and g € C¥%(D3) for every a € (0,1).
Then the function
(f(z+y) — f(@)) - (9 +y) — g(x))

G:l’GDlH |y‘n+23

C(y) dy (2.6.1)
Dy

belongs to
1. C%%(Dy) in case (i);
2. C%¥(Dy) for every o/ € (0,2s) in case (ii);
3. CO(Dy) for every o/ € (0,2 — 2s) in case (iii).

Proof. Step 1. We first claim that G is well defined in all cases. To simplify the notation,
we write

D(z,y) == (flx +y) — f(@)) - (9(x +y) —g(x)). (2.6.2)

Observe that in all cases, we have 1 + o > 2s (it holds for every o € (0,2s) in case (ii),

and we can choose such a € (0,1) in case (iii)). Since |I'(z,y)| < Cf.q.aly/' ™, we have
/131 Wdy < cf,g,oé/D1 WHCZ(M) < Ciga Yz €D,
for a constant Cy g depending only on f, g, a, n, and s.
Step 2, case (i). Fix arbitrary points x,h € D;. Since
Dz + h,y) = T(2,y)| < Crgalh/*yl* ¥y € D1, (2.6.3)
we have
Gl +1) = G(o)] < Crpalhl® | s W S Crgalhl®

for a constant Cy 4, depending only on f, g, a, n, and s.

Step 3, case (ii). Let us fix an arbitrary € € (0,s). We set o := 25 —¢ and f§ := 1 — 2¢.
Since
ID(z+ h,y) = D(z,9)| < D + h,y)| + |D(@,9)] < Crelyl™,

we can use (2.6.3) to obtain

ID(@ + h,y) = T(@,y)] < Craelyl MO0 y|*P = Cp g |y[*F€|n|*? vy € Dy

(2.6.4)
Hence,
1
Gla+ 1) = Gla)| < Craelhl®” [y < Cryelhi®”, (2.65)
1
for a constant Cy 4. > 0 depending only on f, g, €, n, and s.
Step 4, case (iii). Now we fix an arbitrary ¢ € (0,1 — s), and we set o := 1 — ¢ and
f:=2—2s —2¢. Then (2.6.4) still holds, and consequently also (2.6.5). O
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2.6. Higher order regularity

Proof of Proposition 2.6.1. Step 1. We start by fixing a radial cutoff function { € Z(R"™)
such that 0 < ¢ <1, ( =11in Dyp, and ( = 0 in R™\ D3/4. With ¢ in hands, we rewrite
for x € D1,

PRy g UCES EXC Py

|z — y|nt2s |y |2 .
_ |U(l‘ + y) — U(:L’)|2 |U(ZL‘ + y) _ u(a:)]Q B .0.
= f, e | e 0w,
and we set ul | ( )|2
— u(r +y) —ulx
Gul) : /Dl y|nT2s ((y)dy. (2.6.7)

By Lemma 2.6.2 (applied to f = g = u), the function G,, is Lipschitz continuous in D; for
s € (0,1/2), and it belongs to C%®(Dy) for every a € (0,2 — 2s) for s € [1/2,1).

Concerning the second term in the right-hand side of (2.6.6), we use the identity
lu|? = 1 to rewrite it as

u\x —sz —
/c u(z +y) — u(z)| (1—C(y))dy=/w2(1 C(y))dy

|y|nt2s |y[t2s
2(1 —¢(y))
_ (/n Wu(m + ) dy) cu(z). (2.6.8)

In view of (2.6.8), it is convenient to introduce the constant Ls > 0 and the function
Z € C*°(R"™) given by

‘y’n-i-QS - f( ‘.%"TH_QS

1/2

In this way, the right-hand side of (2.6.8) can be written as
Hy(z) :=L¢(1 - Z xu(z) -u(z)) forx e D;. (2.6.9)

Notice that Z « u € C*°(R"), so that H, is Lipschitz continuous in Dj.
Summarizing our manipulations in (2.6.6) and (2.6.8), we have obtained

w(z) — u(y)|?
/nwdyzgu(@+Hu(m) Vr € Dq.

Now we introduce the map F, : D; — R? given by

Fy(w) o= 22

5 (Gu(z) + Hy(x))u(z) . (2.6.10)

Then F, € C%(Dy) for s € (0,1/2), and F, € C%*(Dy) for every a € (0,2 — 2s) for
s€[1/2,1).

Step 2. We consider the map ug : R® — R? given by ug := Cu. Then ug € CO1(R")
and ug = 0 in R® \ Dy. In particular, ug € Hio(D1;R?). A lengthy but straightforward
computation shows that

(C(z) = ) (ulz) —uly)

|z —y["+e

(=A)ug = C(—A)u + (—A)YC)u — s /

n
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Chapter 2. Partial regularity for fractional harmonic maps

in H=(Dq;R%), i.e., in the sense of (2.2.3). Since u is a weakly s-harmonic map in Ds, it
satisfies equation (2.3.2). In view of Step 1, we thus have

(€)= SN =) o).
| — y[rt2s

(2.6.11)
The function (—A)*¢ being smooth over R”, we infer from Step 1 that (F,, + ((—=A)*¢)u
belongs to C%!(Dy) for s € (0,1/2), and to C%¥(Dy) for every o € (0,2 — 2s) for s €
[1/2,1). We now determine the regularity of the last term in the right-hand side of (2.6.11)

arguing as in Step 1. We write it as

[ )=l i)

(=AY'up = CFy+ (=A)°C)tt = Yns /

n

y = I(x) + [I(x),

‘m _ y‘n+2s
with
Ie) = /D (Clz+y) - C%)’m(f ) = ul@)) ) ay,
and
- [ (C@+y)— “ﬁlﬁf 9 @) ey ay
- [ Ll ZuD s gy,

By Lemma 2.6.2, the term I belongs to C%!(D;) for s € (0,1/2), and to C%*(Dy) for
every a € (0,2 —2s) for s € [1/2,1). On the other hand, the function ¢ being smooth and
equal to 1 in Dy, the term I has clearly the regularity of w in Dy, that is CYY(Dy).
Summarizing these considerations, we have shown that ug € H5(R™R%) N L>®(R") is a
weak solution of

(=A)ug = Fy in Dy,

up = 0 in R"\ Dy,

for a right-hand side Fy which belongs to C%!(D;) for s € (0,1/2), and to C%%(D;) for
every a € (0,2 — 2s) for s € [1/2,1). From well-known (by now) regularity estimates for
this equation (see e.g. [94, Section 2] or Theorem A.2.1), the map ug belongs to C1*(Dy /)
for every a € (0, 2s) for s € (0,1/2), and to Cl’“(Dl/g) for every o € (0,1) for s € [1/2,1).
Since ug = w in Dy 9, the proposition is proved in the case s € [1/2,1), and we obtained
u € C1%(Dys) for every a € (0,2s) for s € (0,1/2).

Step 3. We now assume that s € (0,1/2), and it remains to prove that u actually belongs
to C¥(D,,) for every a € (0,1) and a radius r. € (0,1/2) depending only on s. To
this purpose, we rescale u by setting u(z) := wu(z/6), and from Step 3, we infer that
u € CH%(D3) for every a € (0,2s). We shall now make use of the following lemma.

Lemma 2.6.3. Assume that s € (0,1/2). Let f : D3 — R% and g : D3 — R? be two
C'-functions, and ¢ : D1 — [0,1] a measurable function. Assume that one of the following
items holds:

(i) f,g € CH(Ds3) for every a € (0,2s);
(ii) f,g € C1*(D3) for some a € (2s,1);

Then the function G : D1 — R given by (2.6.1) belongs to
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2.6. Higher order regularity

1. CY(Dy) for every o € (0,2s) in case (i);
2. CY(Dy) in case (ii);

and for x € Dy,

&G(x):/D (8if(w+y)—&JET?H’S(Q(H?J)—g(w))g(y)dy
flx+y) — f(z) - (Oig(x +y) — dig(x)
+/Dl( Y )|y’£+298 ! g )C(y)dy, (2.6.12)
fori=1,...,n.

Proof. We keep using notation (2.6.2). First we fix an arbitrary point x € D; and we
claim that G admits a partial derivative 0;G at x. Indeed, for ¢t > 0 small enough, we have

D(z +tei,y) — Tz, y)| < Crglylt vy € Dy,
since f and g are C! over Ds3. Hence,

Pz +tei,y) — T'(z,y)|

1—2s— 1
|y[+2st < Crglyl =" € L' (Dy),

and it follows from the dominated convergence theorem that G admits a partial derivative
0;G at x given by formula (2.6.12).

Next we apply Lemma 2.6.2 to the right-hand side of (2.6.12) to deduce that 9;G is
Hoélder continuous, and the conclusion follows. ]

Proof of Proposition 2.6.1 completed. We consider the function G : D1 — R as defined
in (2.6.7) with @ in place of u. By Lemma 2.6.3 (applied to f = g = @), G; € C"*(Dy)
for every a € (0,2s). On the other hand, the function Hy : D1 — R as defined in (2.6.9)
clearly belongs to C1%(Dy) for every a € (0,2s). Consequently, the map Fr Dy — R? as
defined in (2.6.10) also belongs to C1*(D;) for every a € (0,2s). Since 4 is a rescaling of
u, it is also s-harmonic in Dy, and thus (—=A)*u = F in 2'(D1). Next, we keep arguing
as in Step 2, and we consider the bounded map g := (u. Applying Lemma 2.6.3 again,
we argue as in Step 2 to infer that (—A)%ug = Fy in H~*(Dy; R%), for a right-hand side
Fy € CY*(Dy) for every o € (0,2s). By the results in [94], we have @y € C12(Dy ) for
every o € (0,4s) if 45 < 1, and Gy € CV*(Dyp) for every o € (0,1) if 4s > 1. Once
again, since g = u in D/, we have u € Cl’o‘(Dl/Q) for every a € (0,4s) if 4s < 1, and
u € CH*(Dy p) for every o € (0,1) if 45 > 1.

In the case s € [1/4,1/2), we have thus proved that u € Cl’a(D1/12) for every a € (0, 1).
Hence it remains to consider the case s < 1/4. In that case, we repeat the preceding
argument considering the rescaling @(x) := u(x/6). Following the same notation as above,
Lemma 2.6.3 tells us that G belongs to C1*(Dy) for every a € (0,4s), and hence also
F>. Then, applying the results of [94] to Uy, we conclude that @ € Cl’o‘(Dl/Q) for every
a € (0,6s) if 6s < 1, and @ € CM*(Dy15) for every a € (0,1) if 6s > 1. Therefore, if
s>1/6, then u € C’LO‘(Dl/n) for every o € (0, 1), which is the announced regularity. On
the other hand, if s € (0,1/6), then we repeat the argument. It is now clear that repeating
a finite number £ of times this argument, one reaches the conclusion that u € C1:® (D6)-¢/2)
for every a € (0,1), and ¢ is essentially the integer part of 1/2s.

Before closing this subsection, we provide an analogue of Lemma 2.6.3 in the case
se[1/2,1).
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Chapter 2. Partial regularity for fractional harmonic maps

Lemma 2.6.4. Assume that s € [1/2,1). Let f : D3 — R and g : D3 — R? be two
Ct-functions, and ¢ : D1 — [0,1] a measurable function. If f and g belongs to C1%(Ds)
for every o € (0,1), then the function G : D1 — R given by (2.6.1) belongs to C*' (Dy)
for every o/ € (0,2 — 2s), and (2.6.12) holds.

Proof. We proceed as in the proof of Lemma 2.6.3 using notation (2.6.2). We fix an
arbitrary point z € D and we want to show that G admits a partial derivative 9;G at x.
For t > 0 small, we have

D(z+tei,y)—T'(z,y) = (/0 (0if (z+y+pei) —0; f (x+pe;)) dp)'(9($+y+t6i)*9($+t€i))

t
+(fl@+y) - f(@)) (/ (ig(x +y + pei) — Dig(x + pey)) dp)
0
for every y € D;. Fixing an exponent « € (2s — 1,1), we deduce that
ID(x + tei,y) — (2, y)| < Crgalyl't™t Vye Dr.

Consequently,

T (z +tej,y) — Lz, y)|
|y|nt2st

< nyg7a|y|n+2$—1—o¢ c Ll(Dl) )

As in the proof of Lemma 2.6.3, it now follows that G' admits a partial derivative 0;G at x
given by (2.6.12), and the Holder continuity of the partial derivatives of G is a consequence
of Lemma 2.6.2. O

2.6.2 Holder continuity of higher order derivatives

Proposition 2.6.5. Let u € ﬁS(Dg;Sdfl) be a weakly s-harmonic map in D3. If u €
Ck%(Ds3) for some integer k = 1 and every a € (0,1), then u € C*12(D,.) for every
a € (0,1), where the radius v« € (0,1/2) is given by Proposition 2.6.1.

Proof. We proceed as in Step 1 in the proof of Proposition 2.6.1, and we consider the
function G, : D1 — R given by (2.6.7). We claim that G, € C*®(Dy) for every a € (0,1)
if s € (0,1/2), and that G, € C*%(Dy) for every o € (0,2 — 2s) if s € [1/2,1), together
with the formula

@ﬁGu(x) _ Z (5) /D ("u(z +y) — 0Yu(x)) - (85*”u(x +y)— 8ﬁ71/u($))

ol

C(y)dy

(2.6.13)
for every multi-index 5 € N" of length |3| < k. To prove this claim, we distinguish the
case s € (0,1/2) from the case s € [1/2,1).

Case s € (0,1/2). We proceed by induction. First notice that the fact that G,, € C1*(Dy)
for every a € (0,1) follows from Lemma 2.6.3, as well as (2.6.13) with |3] = 1. Next we
assume that G, € C%*(Dy) for every a € (0,1) for some integer ¢ < k, and that (2.6.13)
holds for every multi-index [ satisfying |3| = ¢. Applying Lemma 2.6.3 to each term in
the right-hand side of (2.6.13), we infer that 9°G,, € CV*(D;) for every a € (0,1) and
each 3 satisfying |3] = ¢, and that (2.6.13) holds for multi-indices 5’ in place of 8 of length
|8’'| = |8| + 1. The claim is thus proved for s € (0,1/2).

Case s € [1/2,1). We proceed exactly as in the previous case but using Lemma 2.6.4
instead of Lemma 2.6.3.

v<pf
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2.7. Partial regularity for stationary and minimizing s-harmonic maps

Now we consider the function H, : D; — R given by (2.6.9) which clearly belongs
to C*(Dy) for every a € (0,1) by our assumption on u. Consequently, the map F, :
D; — R? belongs to C*(Dy) for every a € (0,1) if s € (0,1/2), and to C*(Dy) for every
a € (0,2—2s)if s € [1/2,1). By the results in [94] (together with Lemmas 2.6.3 and 2.6.4),
it implies that the map wg := (u as defined in Step 2, proof of Proposition 2.6.1, belongs to
CktLe(Dy jp) for every a € (0,2s) if s € (0,1/2), and to C¥T12(Dy /) for every a € (0,1)
if s € [1/2,1). Since ug = u in D; /9, the proof is thus complete for s € [1/2,1). In the case
s € (0,1/2), we argue as in the proof of Proposition 2.6.1, Step 3, applying (inductively)
Lemma 2.6.3 to formula (2.6.13) with |3| = k. It leads to the fact that u € C**12(D,.)
for every a € (0, 1), and hence concludes the proof. O

2.7 Partial regularity for stationary and minimizing s-harm-
onic maps

In this section, we complete the proof of Theorems 2.1.1, 2.1.2 and 2.1.3. For n > 2s, we
need to prove compactness of stationary / minimizing s-harmonic map to apply Federer’s
dimension reduction principle. This is the object of the first subsection.

2.7.1 Compactness properties of s-harmonic maps

Theorem 2.7.1. Assume that n > 2s and s # 1/2. Let Q@ C R™ be a bounded open
set with Lipschitz boundary. Let {ur} C fIS(Q;Sd_l) be a sequence of stationary weakly
s-harmonic maps in Q. Assume that supy Es(ug, ) < +oo, and that up — u a.e. in
R". Then u € H3(Q;8%1), uy, — u weakly in H¥(Q;R%), and u is a stationary weakly
s-harmonic map in . In addition, for every open subset w C € and every admissible
bounded open set G C ]RZ‘F'H satisfying @ C Q and 9°G C Q,

(i) u — u strongly in H*(w;RY);
(ii) u§ — u® strongly in H'(G;RY, |z|%dx).

Theorem 2.7.2. Assume that s € (0,1/2). In addition to Theorem 2.7.1, if each wy
is assumed to be a minimizing s-harmonic map in §, then the limit w is a minimizing
s-harmonic map in 2.

Theorem 2.7.3. Let Q C R" be a bounded open set and {up} € HY2(Q;S%1) be a
sequence of minimizing 1/2-harmonic maps in Q). Assume that supy, 5% (ug, Q) < +oo0, and
that up, — u a.e. in R™. Then the conclusion of Theorem 2.7.1 holds and the limit u is a
minimizing 1/2-harmonic map in €.

Remark 2.7.1. In the case s € (1/2,1), we do not know if minimality of the sequence {uy,}
implies minimality of the limit. We believe this is indeed the case, but we won’t need this
fact.

Remark 2.7.2. In the case n = 1 and s € (1/2,1), sequences of (arbitrary) weakly s-
harmonic maps with uniformly bounded energy are relatively compact, i.e., the conclusion
of Theorem 2.7.1 holds. This fact is a consequence of the Lipschitz estimate established
in Theorem 2.5.1 together with Remark 2.4.2. Since we shall not need this, we leave the
details to the reader.
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Chapter 2. Partial regularity for fractional harmonic maps

Remark 2.7.3. In the case s = 1/2, sequences of (stationary or not) 1/2-harmonic maps
are not compact in general, see e.g. [23, 79, 84, 78]. The prototypical example is the
following sequence of smooth 1/2-harmonic maps from R™ into S! C C given by

_kxl—i
_kx1+i’

up(z) = up(z1) : keN,
which is converging weakly but not strongly to the constant map 1 in H'/ 2(D,) for every
r > 0. (Recall that uj being smooth, it is stationary, see Remark 2.3.7.)

Proof of Theorem 2.7.1. Step 1. We fix two arbitrary admissible bounded open sets G, G’
of Rffl such that G C G’ U 0°G’ and satisfying 0°G’ C €. Since v, — u a.e. in R”
and |ug| = 1, we first deduce that |u| = 1 and uy — u strongly in L _(R%R?). Tt
then follows from our assumption that {uy} is bounded in H*(Q;R%). Then we derive
from Remark 2.2.2 that v € H5(Q;S% 1) and u, — u weakly in H5(;R?%). In view of
Corollary 2.2.9, u§ — u® weakly in H'(G’;R%, |2|%dx). Since |u| < 1, we have u§(x) —
u®(x) for every x € G’ by dominated convergence. In turn, we have |uf — u°| < 2, and
it follows by dominated convergence again that u§ — u® strongly in L?(G’;R%, |z|%dx).
Recalling that div(z*Vug) = 0 in G’, we infer from standard elliptic regularity that uf —
u® in CL_(G"). In particular,

ug — u®  strongly in H (G';RY). (2.7.1)

We aim to show that u§ — u® strongly in H'(G;R%,|z|dx). To prove this strong
convergence, we consider the finite measures on G’ U 9°G’ given by

é
g = §ZG|VU2|2$"+1 LG .

Since supy, p (G’ U 0°G’) < +o0, we can find a further (not relabeled) subsequence such
that

E)
pe = 5 2| VUPL™ LG + pising a5 k> o0, (2.7.2)

weakly* as Radon measures on G’ U 9°G’ for some finite nonnegative measure Hsing- In
view of (2.7.1), the defect measure ping is supported by 9°G’.

Since uy, is stationary in 2, it satisfies the monotonicity formula in Proposition 2.2.16,
and thus

pu(Bp(x)) < pur(Br(x)) (2.7.3)

for every x € 9°G’ and 0 < p < r < dist(x,07G’). From the weak* convergence of s,
towards p, we then infer that

1(By(x)) < p(Br(x))
for every x € 9°G’ and 0 < p < r < dist(x,07G’). As a consequence, the (n — 2s)-
dimensional density
B,
@"725(/1,)() -— lim M( (X))

r—50 Tn—2s

exists and is finite at every point x € °G’. More precisely, (2.7.3) implies that

0" % (1, x) < (dist(x, 3+G’))25_n sup E,(uy, G') < 400 Vx € 3°G’.
k

We now consider the “concentration set”

Y= {x € °G’ inf{ligniners_"uk(B,,«(x)) 10 <r <dist(x,07G")} > 61} ;
T —00
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2.7. Partial regularity for stationary and minimizing s-harmonic maps

where the constant €1 > 0 is given by Corollary 2.4.1. From the monotonicity of p and
w together with (2.7.2), we deduce that

Y= {x € 0°G’ : lim lim inf %"y, (B,(x)) > 51}

r—0 k—oo

— 0 . q; 2s—n
_{xeﬁG .}13%7“ ,u(BT(x))>el},
that is

D ={xcdC: 0" H(ux)>e}.

Observing that x € G’ — ©"2%(u,x) is upper semicontinuous, the set ¥ is thus a
relatively closed subset of 9°G’.

We claim that spt(using) € X. To prove this inclusion, we fix an arbitrary point
x0 = (29,0) € G’ \ . Then we can find a radius 0 < r < dist(xg, 9" G’) such that
r257 (B (x0)) < €1 and p(0B.(xg)) = 0. By (2.7.2) and our choice of r, we have
limyg g (Br(x0)) = p(By(x0)). Therefore, 257"y (B,(x0)) < €1 for k large enough, and
we derive from Theorem 2.5.1 that for k large enough, uy is bounded in C%!(Dy,, (7))
(and u € C%Y(Dyg,-(20))), where the constant ko € (0,1) only depends on n and s. It
then follows by dominated convergence that

2
[ug — U]Hs(Dw(zo)) kjo 0.

Setting wy := ur — u, we now estimate

Es(wk, Doyyry3(0)) < C([Uk ~ U (D (20))

_ 2
+// |wi () Z)fgy)’ dady).
D2n2r/3(x0)XD227‘(w0) ’.’1: o y’

Since |wg| < 2 and wy, — 0 a.e. in R™, by dominated convergence we have

_ 2
// [wi (@) fjgf” dzdy — 0. (2.7.4)
Doyyry3(@0) x Dg, - (w0) ‘x - y‘ k—oc0

Hence E(wk, Dagyr3(0)) — 0, and it follows from Lemma 2.2.8 that

ES (UZ — Ue, B':QT/B(XO)) < gs(uk: —Uu, DQHQT‘/3(‘T0)) —0.

Hence, uj, — u® strongly in Hl(B:2r/3(xo), |2|%dx), and thus fising(By,r/3(X0)) = 0. This

shows that xo & spt(ising), and the claim is proved.

Next we claim that (X) = 0. Indeed, assume by contradiction that p(X) > 0. Then
the density ©"2%(u, x) exists, it is positive (greater than 1) and finite, at every point
x € ¥. By Marstrand’s theorem (see e.g. [76, Theorem 14.10]), it implies that n — 2s is
an integer, a contradiction.

Knowing that p(X) = 0, we then deduce that pging(2X) = 0. But piging being supported
by ¥, it implies that png = 0. As a consequence, Eq(uj, G) — E,(u®, G), which combined
with the weak convergence in H*(G;R%, |2|%dx) implies that Eg(u$ —u®, G) — 0. We have
thus proved that u§ — u® strongly in H'(G; R, | z|%dx).

Step 2. We consider in this step an open subset w C 2 such that @ C 2, and our goal is
to prove that uj, — u strongly in H®(w;R?). Set § := idist(w, Q°), and consider a finite
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Chapter 2. Partial regularity for fractional harmonic maps

covering of w by balls (Ds(x;))ier with x; € @. By Lemma 2.2.7 and Step 1, we have for
each ¢ € I,
2 + (v
[k = Wltrs (g () S OBl — u®, Bys(xi)) — 0, (2.7.5)

where x; := (x;,0). Writing again wy, := ux — u, we now estimate

2
s(wp,w C// e (@ wigy)] dxdy
wxR™ ’x_y|n 5
<oy // lwi () — wi(y)]? dudy
icl Ds(xz;)xR™ ’Q? - y’n+25

2
<C W |7 " // [wi(@) = wi(y)] dzdy). (2.7.6
Z ( K] H (D25 (z4)) D () x DS () |z — y|nt2s ) ( )

el

As in (2.7.4), by dominated convergence we have

_ 2

// (@) = ) 44 50 vier. (2.7.7)

Ds(a:)xDSs(z) 1T =Yl k=00

Combining (2.7.5), (2.7.6), and (2.7.7) leads to & (wy,w) — 0, and thus uy — u strongly
in H*(w;R%).
Step 3. Our aim in this step is to show that u is a weakly s-harmonic map in €2, i.e., u
satisfies equation (2.3.2), or equivalently (2.3.4), by Proposition 2.3.5. To this purpose, we
fix an arbitrary ¢ € 2(€;R?%), and we choose an open subset w C € such that spt(¢) C w

and w C . Writing again wy, := ux — u, we have proved in Step 2 that E(wg,w) — 0.
Recalling our notations from Section 2.2.2, we observe that

|dsug|? — |dsul? = |dswi|* + 2dswy, © dsu,
and then estimate

|||d5uk|2 - |d5u|2||L1( |||dswk|2HL1(w) + 2Hd5w’€ © dSuHLl(w)

w) <
< 26, (o) + 2wl g2 otz

< 26(wp, w) + 2v2||dsu] 12 )1/ Es(wr, w)

Therefore |dsug|> — |dsul? in L' (w), and we can find a further (not relabeled) subsequence
and h € L'(w) such that

|dsug|*(z) — |dsul?(z) for ae. 2 € w, and |dsug|*(z) < h(z) for ae. z € w.

Since |ug| = 1 and uy, — u a.e. in w, it follows by dominated convergence that |dsug|?uy
converges to |dsul?u in L!(w). Consequently,

/\dsuk|2uk-cpdm—>/]dsu|2u'<,0dm.
(¢} k—o0 )

On the other hand, since uy, converges to u weakly in H*(Q; R%), we have (=A)*ug, 0)g —
((—=A)*u, cp>Q. Hence,

(=A)%u, @) = lim ((=A)°ug, p), = kli}rgo/ﬂ |dsug |2y, - @ dz = /Q |dsul?u - pdz,

k—o00

105



2.7. Partial regularity for stationary and minimizing s-harmonic maps

so that u is indeed weakly s-harmonic in Q (see (2.3.4)).

Step 4. It now only remains to prove that u is stationary in €2. This is in fact an easy
consequence of the strong convergence of u® established in Step 1. Indeed, let us fix
an arbitrary vector field X € C'(R";R") compactly supported in €. Combining the
strong convergence of uj, established in Step 1 together with the representation of the first
variation 0& stated in Proposition 2.2.14, we obtain that 6&(ug, Q)[X] — 0&(u, Q)[X],
whence 6&;(u, ) = 0. O

Proof of Theorem 2.7.2. In view of Remark 2.3.3 and Theorem 2.7.1, it only remains to
prove that the limiting map v is a minimizing s-harmonic map in 2. We follow here the
argument in [82, Theorem 4.1].

Let us now consider an arbitrary % € H*(€2; S*~!) such that spt(u— @) C Q. We select
an open subset w C  with Lipschitz boundary such that spt(u — @) € w and @ C .

Define
N u(zx ifxew,
uk(x) = (*) :
ug(z) otherwise.

Since s € (0,1/2) and dw is Lipschitz regular, it turns out that @, € H*(Q;S% 1) (see
e.g. [81, Section 2.1]), and spt(ux — @) C . By minimality of ug, we have E(ug,?) <
Es(ug, ). Since uy = vy in R™ \ w, it reduces to

58(”]{:) ) g uka

_ s )|2
dzdy
// ’iU _ |n+2$

On the other hand,

|a(x) — ug(y)[?
’$ _ |n+23

dzdy .

wXwe

|a(x) — ug(y)[? 4
n—+2s < n+2s
|z -yl |z =y

€ L' (w x we),

since w has Lipschitz boundary. Hence, & (g, w) — Es(u,w) by dominated convergence
and the fact that © = v in R"\w. By Fatou’s Lemma, we have lim infj, & (ux, w) > &s(u,w),
and we reach the conclusion that & (u,w) < Es(w,w). Once again, the fact that & = v in
R™ \ w then implies that &s(u, Q) < E(w,?). By arbitrariness of u, we conclude that u is
indeed a minimizing s-harmonic map in Q. O

We now close this subsection with an easy consequence of Theorem 2.7.1 and Theo-
rem 2.7.3 in terms of the pointwise density function E(u,-) defined in (2.2.25).

Corollary 2.7.4. Assume that n > 2s. In addition to Theorem 2.7.1 and Theorem 2.7.3,
if {1} C Q is a sequence converging to x, € ), then

lim sup Eg(ug, ) < Es(u, ) .
k—o0

Proof. Without loss of generality, we can assume that x, = 0. Applying Corollary 2.2.17,
we obtain for r > 0 small enough and 7y := |z,

—_ 1
Bs(ug, xg) < O(uf, xg, 1) < -

QSE (ukaBi&—rk) (278)

where xj, := (x,0). By Theorem 2.7.1 (in the case s # 1/2) and Theorem 2.7.3 (in the
case s = 1/2), u§ — u® strongly in H'(Bj,|2|%dx). Since 1 — 0, we deduce from (2.7.8)
that

limsup Eg(ug, zr) < O(u®,0,7),
k—o00

and the conclusion follows letting » — 0. O
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2.7.2 Tangent maps

We assume throughout this subsection that s € (0,1) and n > 2s. We consider a
bounded open set Q@ C R™ and a map u € H*(; Sdil) that we assume to be

e a stationary weakly s-harmonic map in 2 for s # 1/2;
e a minimizing 1/2-harmonic map in 2 for s = 1/2.

We shall apply the results of Section 2.7.1 to define the so-called tangent maps of u at a
given point. To this purpose, we fix a point of study zg € 2 and a reference radius pg > 0
such that Dy, (z9) € Q. We introduce the rescaled function

Uz, p(2) = u(xo + px),

and we observe that (us,,)®(x) = u(xo + px) = ug ,(x) with xg = (20,0). Rescaling
variables, g, , is a stationary weakly s-harmonic map in (2 — x¢)/p for s # 1/2, or a
minimizing 1/2-harmonic map in (Q — zg)/p for s = 1/2. In addition,

O;(us, ,,0,7) = O4(u,x0,pr) Vr e (0,po/p]. (2.7.9)

(S}
z0,pP’

Together with the monotonicity formula in Proposition 2.2.16 and Lemma 2.2.8, this
identity yields

®s(u 0774) < ®s(ueaX07 PO) < Cpgs_ngs<u7 Q) Vr € (Oa /)0//)] )

€
xo,p?

for a constant C depending only on n and s. In turn, Lemma 2.2.7 implies that
(oo Frs (D) < O 1" 2 E(u, Q) V€ (0, po/ (4p)] -
Using |ug,,,| = 1, we can now estimate for r € (0, po/(4p)],

dzdy _ _
2 n—2s( 2s—n
5s(uw0,p, DT‘) < C([uIQ,P]H‘S(DQr) + //Drngr ‘x _ y‘n+2$) < CT (po (C/'S(ua Q) + 1) .

Given a sequence p; — 0, we deduce from the above estimate that

lim sup Es (U, pp, Dr) < 00 Vr > 0.

k—o0

Applying Theorem 2.7.1, Theorem 2.7.2, and Theorem 2.7.3, we can now find a subse-
quence {p}} and ¢ € H (R™;S%1) such that

Uy, p — p strongly in H*(D,),

20,p
and
u;m% — ¢° strongly in H'(B', |2|%dx) for all » > 0,
where
(i) if s # 1/2: ¢ is a stationary weakly s-harmonic map in D, for all » > 0;

(ii) if s < 1/2 and u minimizing: ¢ is a minimizing s-harmonic map in D, for all » > 0.

Definition 2.7.5. Every function ¢ obtained by this process will be referred to as a
tangent map to u at the point xg. The family of all tangent maps to u at xg is denoted

by Tz, ().
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We now present some classical properties of tangent maps following e.g. [107] or [81,
Section 6].

Lemma 2.7.6. If ¢ € Ty, (u), then
@S(Qpev 07 7’) = ES(SOv 0) = Es(u7 .%'0) vr > 07

and ¢ is positively 0-homogeneous, i.e., p(Ax) = p(x) for every A > 0 and z € R™. In
particular,
Es(p, A\x) = Bs(p,x)  for every x € R™\ {0} and A > 0. (2.7.10)

Proof. From the strong convergence of ug  , to ¢ in HY(B;},|z|%dx) and (2.7.9), we first
P

deduce that
O(¢°%,0,r) = klim Os(u®, %0, pi1) = Es(u, m9) Vr >0.
—00

Then, the constancy of r — @4(¢°, 0,7) together with the monotonicity formula in Propo-
sition 2.2.16 implies that x - V©®(x) = 0 for every x € errﬂ. Hence, ¢° is positively
0-homogeneous, and the homogeneity of ¢ follows. As a consequence, for x € R \ {0}
and A > 0,

O (% Ax, 1) = O4(p°, x,7/\),

where x := (z,0). Letting now r — 0 yields (2.7.10). O
Lemma 2.7.7. If ¢ € Ty (u), then
Es(p,y) < Es(p,0) VyeR".
In addition, the set
S(p) = {y € R" : Byl ) = Bs(p,0) }
is a linear subspace of R™, and ¢(x +y) = p(z) for every y € S(¢) and every x € R™.
Proof. Step 1. By Corollary 2.2.17, we have have for every y € R and p > 0,

Jx—y) - Ve |?
z
‘X _ y|n+2—28

Es(p,y) + 65 dx = O,(¢%,y, p), (2.7.11)

Bf (y)
where y = (y,0). On the other hand, by homogeneity of ¢,

(p+lyh 2 (p+ly)" %
O,(¢°,y,p) < W&(sﬁ&ﬁ lyl) = W:-s(%())-

Combining this inequality with (2.7.11) and letting p — oo yields

V) Vel (x) |2
Lal(x =) VU]
|X_y|n+2—2s

Es(p,y) + 0s x < By(p,0).

R
Step 2. Next, assume that Zs(p,y) = Zs(p,0) for some y # 0. Then (x—y) - Ve®(x) =0
for all x € erfl. By 0-homogeneity of ¢°, we then have y - Vy©(x) = 0 for all x € erfl,
and thus

ol +y)=p(r) VreR". (2.7.12)
The other way around, if (2.7.12) holds for some y # 0, then (x —y) - Ve®(x) = 0 for
all x € R’ (again by homogeneity). We then infer from (2.7.11) and (2.7.12) that for
p >0,

Es(p,y) = Os(¢°%,y,p) = Os(¢°,0,p) = Es(,0),

ie., y € S(p). Hence, (2.7.12) caracterizes S(p), and the linearity of S(p) follows. O
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Ty, (u) such that dim S(¢) = n, then ¢ is clearly
constant, and thus E(u, x0) = Es(p,0) = 0. By Theorem 2.5.1, u is thus continuous in a
neighborhood of g, so that ¢ = u(xg). In other words, T}, (u) = {u(zo)}.

As a consequence, if on the contrary Zs(u, zg) > 0, then all tangent maps ¢ € T, ()
must be nonconstant, and hence satisfy dim S(¢) <n — 1.

Remark 2.7.8. If there exists ¢ €
s(

Lemma 2.7.9. Assume that s € [1/2,1). If ¢ € Ty, (u) is not constant, then
dim S(p) <n—2.

Proof. We proceed by contradiction assuming that there exists a nonconstant tangent map
¢ € Ty, (u) such that dim S(¢) = n — 1. Rotating coordinates if necessary, we can assume
that S(¢) = {0} x R"™!. By Lemma 2.7.7, the map ¢ only depends on the x;-variable,
that is ¢(x) =: ¥ (x1) where ¥ € HE (R;S?1). Since ¢ is positively 0-homogeneous and
nonconstant, the map ) is of the form

a ifz; >0

. (2.7.13)
b ifx; <0,

Y(x1) = {

for some points a,b € S¥~1, a # b. However, the space H; .(R) embeds into C’O 5 1/2(R),
which enforces a = b, a contradiction. O

Lemma 2.7.10. Assume thatn > 2, s € (0,1/2), and that u is a minimizing s-harmonic
map in Q. If ¢ € Ty (u) is not constant, then

dim S(¢) <n—2.

To prove Lemma 2.7.10, we shall make use of the following pleasant computation.
Remark 2.7.11. For n > 2, we have

d /
Qp s 1= / —xms = s . (2714)
rt (L1 [/ s

Indeed, we easily compute in polar coordinates, and then setting ¢ := r2,

/ dz’ _ |Sn—2‘ /+oo 7“"72 |Sn 2‘ /+oo ——1 "
Rnfl (1 + |x/|2)%2.5 0 (1 + TQ)nJEZS 1 + t n+25 .

Recalling the value of v, s given in (2.2.1), we thus have

da’ St m—1 142
n+29 - B( 9 )
re1 (1 2 2 2

+[2'[?)
|Sn 2|F(Tl) ( 14+2s
2 F(n +2s

2 n,s

where B(+,-) denotes the Euler Beta function.

Proof of Lemma 2.7.10. Step 1. We proceed again by contradiction assuming that there
exists a nonconstant tangent map ¢ € T,,(u) such that dim S(¢) = n — 1. Rotating
coordinates if necessary, we can proceed as in the proof of Lemma 2.7.9 to infer that
o(z) =: ¢(z1) where ¢ € H (R;S? 1) is of the form (2.7.13) for some points a,b € S,
a # b. We claim that v is a minimizing s-harmonic map in the interval (—1,1). Once
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the claim is proved (which is the object of the next step), we infer from the regularity
result [82, Theorem 1.2] that ¢ is continuous in (—1,1), which again enforces a = b, a
contradiction.

Step 2. We now prove that v is a minimizing s-harmonic map in (—1,1). To this purpose,
we fix an arbitrary competitor v € H®((—1,1); S 1) such that spt(v — 1) C (—1,1).
Given r > 1, we consider the open set @, C R™ defined by @, := (—1,1) x D/ where

D!, denotes the open ball in R"~! centered at the origin of radius r. We define a map
U € H%(Q,;SY1) by setting for 2 = (z1,2') € R",

_ {v(zl) if || <7,
Up(x) == ]
P(xy) if |2’ = .

Recalling that u is assumed to be minimizing, ¢ is minimizing in every ball. Since spt (v, —
¢) € Qr+1, we thus have

55(@) Qr-{—l) g gs(ﬁrv QT+1) .

Since U, = ¢ in R™ \ @, it reduces to

Es(p, Qr) < Es(vr, Qr) - (2.7.16)
We claim that )
|D7;,| gS(UT? Qr) T?o gS (/Uv (_17 1)) 3 (2717)

where |DL.| denotes the volume of D/ in R"!. Since we could have taken v to be equal to
1, (2.7.17) also holds with ¢ in place of v, and 1 in place of v. Therefore, dividing both
sides of (2.7.16) by |D.| and letting r — oo leads to

58(7/}7 (_17 1)) < gs(“? (_L 1)) )

which proves that 1 is indeed minimizing in (—1,1).
Let us now compute E(v,, Q) to prove (2.7.17). First, by Fubini’s theorem we have

2
// |/U7" v"“2(y)‘ d:l:dy
X Qr |$ - y|
da’dy’
// v(w1) —v(y1)| // Y M) dzidy; .
1,1)2 1xDL (|21 — 1 |? + |2/ — y'|?) 2
Then we observe that a change of variables yields
daz'dy’
2 n+2a
DixDy (o — ] + |2 — o/ ?) 2

da'dy/
= — Ar(lz1 = y1])
n+2s
//D’XR” (Jo1 — g2 + 2 — y'2) "5

n,s| Dy |
= misﬁ — Ar(Jz1 — w1l

where oy, ¢ is given by (2.7.14), and A,(t) is defined for t > 0 by

_// dx'dy/
;X(D;‘)C (t2_|_|x | )n+23 .
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Therefore,

// G Tg(y)‘ dzdy = oy | D, I// <y21)’ dzidy
QrxQr |95—Z/| (—1,1)2 |$1 v

- // lv(z1) — v(y)|? A (|21 — y1]) deydy; . (2.7.18)
(112

Similarly, we compute

~ 0 (|2
// [y (2) Ur2(y)| dudy
Qrx(@e T =1yl

dz'dy’
= // lv(z1) — v(y1)|2(// . Y E ) dzdyy
(~1,1)x(=1,1)¢ " XR™ \:cl yl\ +lz' = y'?)

// — (y1)*Ar(lz1 — 31]) dardys

so that

~ o~ 2 _ 2
// |U7‘(«T) UTQ(Z/)| dl’dy _ an,s‘D” ﬂ ’U(CUl) U(le)‘ dx1dy1
QTX(QT)C ‘:U - y‘ (_171)X(_171)C ’xl - yl‘

+//(_171)2 lv(z1) = ¥(y1)PAr(Jor — y1]) dordys . (2.7.19)

Combining (2.7.18) and (2.7.19) leads to

1
rywr) — C&s ’_1’1 _Ir IIra

Dr & @) = Es(v, (-1, 1) = 1 +
where

Y1,s 2

I = : // v(z1) —v(y)|"Ar(Jz1 — 21]) dzrdys

1D (171)2\( ) — v(y) " Ax(] ) 1

and

L Y1,s // .CL‘ 2
I, = 1) y1)|*Ar(Jx1 — y1]) deidys -
i [ o) = A =

Since |v| = 3| = 1, we have
I + 1, <Cr' ™™ // Ar(|z1 — y1]) dzady
1,1)2

and using Fubini’s theorem again, we estimate

//( e Ar(|lz1 = w1]) dzidy
dzi1d
o ARY ——
DIx(D})e L)xR (Jz1 — ]2+ |2/ —¢'|?) =

dx'dy’
C// - ny 142s
D! x(D!)e 2 — /|

< < COr™ 1- 23.
Therefore,
1 —2s
|D/‘ (’UT’QT) - 3( ( )) +O( 2 )
and the proof is complete. O
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2.7.3 Proof of Theorems 2.1.1, 2.1.2 and 2.1.3

Proof of Theorem 2.1.1. Let us fix an arbitrary point zg € 2, and set rg := %dist(mo, Q°).
Without loss of generality, we can assume that x¢g = 0, so that our aim is to show that
u is smooth in a neighborhood of zg = 0. As noticed in Remark 2.4.2, the function
r € (0,2rg — [x|) = ©4(u,x,7) is nondecreasing for every x € 0"Bj, . Moreover, since
2s—n=2s—12> 0, we have

}%OS(U,O,T) =0.
Then we deduce from Corollary 2.2.19 that

: e B
}%GS(U ,0,7) =0.

As a consequence, we can find 1 € (0,79) such that ©(u®,0,71) < €1, where the constant
g1 is given by Corollary 2.4.1. From Theorem 2.5.1, we infer that u € C%!(Dy,r;) for
a constant ko € (0,1) depending only on s. In turn, Theorem 2.6.1 tells us that u €
COO(szm/2)' O

Proof of Theorem 2.1.2, case s =1/2. Considering the constant €; > 0 given by Corol-
lary 2.4.1, we define

Y= {x €N:Es(u,z) > 51}. (2.7.20)

By Corollary 2.2.17, ¥ is a relatively closed subset of 2. On the other hand, it is well
known that s#"~1(%) = 0, see e.g. [116, Corollary 3.2.3].

We claim that v € C°(Q\ X). Indeed, if 29 € 2\ X, then we can find a radius r €
(0, %dist(l'o, Q°)) such that @(u®,0,r) < e;. Applying Theorem 2.5.1 and Theorem 2.6.1,
we conclude that u € C°°(D,,/2), and the claim is proved.

Obviously, sing(u) C X, and it now only remains to show that sing(u) = ¥. This is in
fact a direct consequence of the regularity result in [64, Theorem 4.1]. Indeed, assume by
contradiction that there is a point ¢ € ¥ \sing(u). Since sing(u) is relatively closed subset
of ©, we can find r > 0 such that Dy, (x9) C Q \ sing(u), i.e., u is continuous in Da, ().
Consequently, u® is continuous in B, (xg) U 0°B;f(xg), where xq = (z¢,0). However, by
Proposition 2.3.13 (with s = 1/2), u® € H'(B;(xq); R?) also solves

/ Vu® - Vedx =0
Br(z0)

for every ® € H'(B,(x¢);RY) such that ® = 0 on 9T B,(x¢) and u - ® = 0 on 3°B,(xo).
Then [64, Theorem 4.1] tells us that u® € Cl’a(B:'/Q(xo)) for every o € (0,1). Conse-
quently, Es(u,z9) =0, i.e., g € X, a contradiction. O

Proof of Theorem 2.1.2, case s # 1/2. We still consider the relatively closed subset 3 of
) defined in (2.7.20). As in the case s = 1/2, it follows from Theorem 2.5.1 and The-
orem 2.6.1 that u € C*°(2\ ¥). In particular, sing(u) € . On the other hand, if u
is continuous in a neighborhood of a point z¢ € Q, then T,,(u) = {u(xo)}, and thus
Bs(u, xg) = 0. Hence, x¢p ¢ ¥, and we conclude that sing(u) = X. In view of Remark 2.7.8
and Lemma 2.7.9, we have

B {xreQ:dimS(p) <n—1VpeTy(u)} ifse(0,1/2);
C \{z e dimS(p) <n—2 Ve Tu(u) ifse(1/2,1).
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We can now apply e.g. [107, Chapter 3.4, proof of Lemma 1] (which only relies on the
upper semicontinuity of Eg stated in Corollary 2.7.4, the strong convergence of blowups
to tangent maps, and the structure results on tangent maps established in Section 2.7.2)
to conclude that dim ¥ < n —1 for s € (0,1/2), dim ¥ < n —2 for s € (1/2,1), and
that ¥ is locally finite in Q if n = 1 with s € (0,1/2) or n = 2 with s € (1/2,1). O

Proof of Theorem 2.1.3. For s € (1/2,1), we simply apply Theorem 2.1.2 (recalling min-
imality implies stationarity). We thus assume that s € (0,1/2]. Since v is minimizing in
), the results in Section 2.7.2 apply. Hence, we can repeat the proof of Theorem 2.1.2 to
derive that u € C>*(Q\ X), sing(u) = X, where ¥ is still given by (2.7.20). In view of
Lemma 2.7.9 and Lemma 2.7.10, we now have

Y={zeQ:dimS(p) <n—2 VoeT,(u)}.

Once again, [107, Chapter 3.4, proof of Lemma 1] shows that dim 3 < n — 2, and that
3} is locally finite in Q if n = 2. O

Appendices

2.A  On the degenerate Laplace equation

In this first appendix, our aim is to recall some of the properties satisfied by weak
solutions of the (scalar) degenerate linear elliptic equation

div(|z|*Vw) =0 in Br(xo), (2.A.1)

with xo = (x0,20) € R""!. Those properties are essentially taken from [93], and we
reproduce here the statements for convenience of the reader. The notion of weak solution
to this equation corresponds to the variational formulation. In other words, we say that
w € HY(Bg(xo), |2|?dx) is a weak solution of (2.A.1) if

/ |z|*Vw - V&dx =0
Bgr

for every ® € H'(Bg(xq), |2|%dx) such that ® = 0 on dBR(xq).

One may complement (2.A.1) with a boundary condition of the form w = v on dBr(x0)
for a given v € H'(Bgr(xo), |2|%dx). This boundary condition is thus interpreted in the
sense of traces. Classically, such a boundary condition uniquely determines the solution
of (2.A.1) which can be characterized by energy minimality.

Lemma 2.A.1. Let v € HY(Bg(xq), |2|%dx). The equation

{div(|z|an) =0 in Br(xo), (2.A.2)

w =7 on 8BR(X0) y

admits a unique weak solution which is characterized by

/ 2|9 Vw|* dx < / 2| V®|* dx
Br(xo) Br(xo)

for every ® € H'(Br(xo), |2|%dx) satisfying ® = v on OBr(xXo).
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2.7. Partial regularity for stationary and minimizing s-harmonic maps

As for the usual Laplace equation, energy minimality can be used to prove that w
inherits symmetries from the boundary condition. In our case, we make use of the following
lemma.

Lemma 2.A.2. Let xg € R" x {0} and v € H'(Bg, |2|%dx). Ifv is symmetric with respect
to {z = 0}, then the weak solution w of (2.A.2) is also symmetric with respect to {z = 0}.

Concerning interior regularity of weak solutions, the issue is of course near the hyper-
plane {z = 0}. Indeed, if the ball Br(xp) is away from {z = 0}, then the operator becomes
uniformly elliptic with smooth coefficients, and the classical elliptic theory tells us that
weak solutions are C* in the interior. For an arbitrary ball, the general results of [40]
about degenerate elliptic equations apply, and they provide at least local Hélder continu-
ity in the interior. Using the invariance of the equation with respect to the z-variables,
the regularity can be further improved (see e.g. [93, Corollary 2.13]). Some boundary
regularity and related maximum principles are also known from the general theory in [59].
We reproduce here the statement in [93, Lemma 2.18].

Lemma 2.A.3. Let v € HY(Bg(xo),|2|%dx) N C°(Bgr(x0)). The weak solution w of
(2.A.2) belongs to C°(Bg(x¢)). Moreover,
min w= min v and max w= max v.
Br(xo) 9BR(xo0) Br(xo) 9BR(xo0)

A further fundamental property of weak solutions of (2.A.1) is an energy monotonicity
in which one has to distinguish balls centered at a point of {z = 0} from balls lying away
from {z = 0}. The two following lemmas are taken from [93, Lemma 2.8] and [93, Lemma
2.17], respectively.

Lemma 2.A.4. Let xg € R" x {0} and w € H'(Bg(xo), |2|%dx) be a weak solution of
(2.A.1). Assume that either s > 1/2, or that s < 1/2 and w is symmetric with respect to
the hyperplane {z = 0}. Then,

v [ VP g [ el Valax
1Y By (x0) r By (x0)

for every 0 < p <r < R.

Lemma 2.A.5. Let w € H'(Bgr(x0),|2|%dx) be a weak solution of (2.A.1). If xg =
(x0,20) € R’frl and R > 0 are such that Br(xg) C ]R’}fl and zg = OR for some 0 > 2,
then

2 n+1/ N C 1 .

- 2|V dx < (14 ) = / 2]Vl dx,
<R) Bpy2(xo0) ( 0 — 1)R i Br(xo)

for a constant C' = C(n).

2.B A Lipschitz estimate for s-harmonic functions

The purpose of this appendix is to provide an interior Lipschitz estimate for weak
solutions w € H*(Dy) of the fractional Laplace equation

(—A)*w=0 in H*(Dy). (2.B.3)

The notion of weak solution is understood here according to the weak formulation of the
s-Laplacian operator, see (2.2.3). Interior regularity for weak solutions is known, and it
tells us that w is locally C*° in D;. The following estimate is probably also well known,
but we give a proof for convenience of the reader.
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Lemma 2.B.6. If w € H*(D,) is a weak solution of (2.B.3), then w € C*(Dy2), and

[wllFoe(py ) + IVl (D, ) < C(Es(w, D1) + [wllF2(p,)) (2.B.4)

for a constant C = C(n, s).

Proof. As we already mentioned, the regularity theory is already known, and we take
advantage of this to only derive estimate (2.B.4). Let us fix an arbitrary point zo € Dy s.

We consider the extension w® which belongs to HI(B;F/4(X0), |z|*dx) with xg := (20, 0) by
Lemma 2.2.8. In view of Lemma 2.2.11, it satisfies

/ 2*Vw® -Vodz =0
By, ,(x0)

for every ® € Hl(Bfr/4(x0),\z|adx) such that ® = 0 on 8+B1+/4(x0). Then we con-
sider the even extension of w® to the whole ball By /4(xo) that we still denote by w® (i.e.
w®(z,z) = w(x,—2)). Then w® € H'(By4(x0),|2|*dx), and arguing as in the proof of
Corollary 2.5.3, we infer that w® is a weak solution of (2.A.1) with R = 1/4. Accord-
ing to [93, Corollary 2.13], the weak derivatives d;uw® belongs to H'(Bys(x0), |2|*dx) for
i =1,...,n, and they are weak solutions of (2.A.1) with R = 1/8. Now, applying [40,
Theorem 2.3.12] to w® and V,w®, we infer that w® € CT*(Bj 14(x¢)) for some exponent

a=a(n,s) € (0,1),

[w¥]coa (B, 150x0)) < CllwllL2(B, 5(x0), 212dx) » (2.B.5)

and
[vzwe]CO’Q(Bl/m(Xo)) < CHwae”L2(Bl/8(xO),‘Z|“dx) 5 (2B6)

for a constant C' = C(n, s).
On the other hand, for every x € By /16(x0), we have (recall our notation in (2.5.11))

1 1
lw®(x)] < ‘we(x) - / |Z|awe(}’)d)” + / |2|*|w®(y)|dy
1B1/16la J B, 16 (x0) 1Bi/16la J B, 16 (0)

< O[]0 (B, 15(x0)) + 10Nl 22(B, 16(x0). 2l0d) ) -
Combining this estimate with (2.B.5) and Lemma 2.2.8 leads to
1w Eoe (8, g 20y < C(Es(w, D1) + wlZap,)) -
The same argument applied to V,w® and using (2.B.6) instead of (2.B.5) yields

Vw70 ) < CIVowlllZ2(s, 4 xo) f2faax) < CEs(w, D1),

B /16(%0)

thanks to Lemma 2.2.8 again. Now the conclusion follows from the fact that w® = w and
V,w® = Vw on 8OBY/16(X0). O

2.C An embedding theorem between generalized Q,-spaces

In this appendix, our goal is to prove one of the crucial estimates used in the proof of
Theorem 2.4.1, Corollary 2.C.11 below. In turns out that this estimate does not explicitly
appear in the existing literature (to the best of our knowledge), but it can be shortly
derived from recent results in harmonic analysis. The purpose of this appendix is thus
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to explain how to combine those results to reach our goal. First, we need to recall some
definitions and notations.

The space ¥ (R™) can be defined as the topological subspace of the Schwartz class
< (R™) made of all functions ¢ such that the seminorm

lillar := sup sup [97BE)|(IEM + |¢]~*)
ly|<M EeRn

is finite for every M € N, where v = (v1,...,7) € N* |y| ;=91 + ... + 7, and 97 :=
9 ... 9. Tts topological dual is denoted by .7, (R™), and it is endowed with the weak
x-topology, see e.g. [112, 114].

The following Q7+?-spaces were introduced in [22, 114], generalizing the notion of Q-
space (see [96, Section 1.2.4] and references therein), in the sense that Q, (R"™) = Q%7 (R™).

n/a

Definition 2.C.7 ([22, 114]). Given a € (0,1), p € (0,00] and ¢ € [1,00), define Q3(R")
as the space made of elements f € .7/ (R™) such that f(z)— f(y) is a measurable function
on R™ x R"™ and

1/q
|f (@) = fy)l
fllocarn —sup Q|\/r—1/a // dady < 400,
11l Q) . ,x_ i

where ) ranges over all cubes of dyadic edge lengths in R"™.

Remark 2.C.8. Endowed with [| - || gg:(gn), the space Q7(R") is a seminormed vector
space, and

1/q
fla) — q
DT(:UO)QR" (20) % Dy (z0) |9C— |

provides an equivalent seminorm.

The following embeddings between Q]‘;’q-spaces hold.

Theorem 2.C.1. [f0< a1 <as <1, 1< g <q <00, and 0 < A < n are such that

A A
Q] —— =02 — —, (2.0.7)
a1 42
then chf‘zéqQ (R™) — Oﬁ};fh (R™) continuously.

As we briefly mentioned at the beginning of this appendix, this theorem actually follows
quite directly from a more general embedding result between some homogeneous Triebel-
Lizorkin-Morrey-Lorentz spaces [63] together with an identification result between various
definitions of homogeneous Triebel-Lizorkin-Morrey type spaces [96], and a characteriza-
tion of the Qf*9-spaces within this scale of spaces [114]. We refer to the monograph [96]
for what concerns the spaces involved here, and we limit ourselves to their basic definition.
To this purpose, we consider a reference bump function ¢ € .#(R™) such that

~ 1 ~ )
st C {6 € R™: 5 < e <2} and [(©)| > C>0for £ <[] < 5

w

(In particular, ¢ € ./ (R™).) For j € Z, we denote by 1; the function defined by

Yi(x) == Qj”w(2jx) )
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Definition 2.C.9. Given p,q € (0,00), s € R, and 7 € [0, 00), the homogeneous Triebel-
Lizorkin space Fj;7(R") is defined to be the set of all f € .7 (R") such that

0 , p/q p
||f||p;:g(Rn = SUP \Q!T (/ < Z (2js|¢j*f(33))q> dx) < 400,

J=iqQ

where () ranges over all cubes of dyadic edge lengths in R”, and jg := —log, £(Q) with
£(Q) the edge length of Q.

Definition 2.C.10. Given 0 < p < u < 00, 0 < g < 00, and s € R, the homogeneous
Triebel-Lizorkin-Morrey space 5]‘; gu(R") is defined to be the set of all f € .7} (R"™) such
that

1/q

] q/p
71y, ey = sup |QP7 /Q(Z<2fwj*f<w>|>”) de| < oo,

JEZ
where ) ranges over all cubes of dyadic edge lengths in R™.

Proof of Theorem 2.C.1. In [63], the author introduced a more refined scale of homoge-
neous Triebel-Lizorkin spaces of Morrey-Lorentz type, denoted by E7 :q (R™). In the case
u = p = q, those spaces coincide with the homogeneous Triebel- leorkln Morrey spaces
above, namely

Fjg’w (R") = gs’pjnp (R™)

for every p € (0,00), A € (0,n], and s € R. More precisely, their defining seminorms are

equivalent (in one case the supremum is taken over all dyadic cubes, while in the other it

is taken over balls). By [63, Theorem 4.1], under condition (2.C.7) the space F O‘z’qzq L(R")
2>

embeds continuously into Fal’q; (R™). In other words,
1A

£ gy (R") = €2 1) (R") (2.C.8)

42,92, q1,91,

continuously. On the other hand, [96, Theorem 1.1] tells us that

. 17 n 2a n
gtilm,%(Rn) - F‘hv‘ﬂ ql (Rn) and goﬁqg,"w (Rn) Fq2 q2 q2 (Rn)

with equivalent seminorms. Finally, by [114, Theorem 3.1] we have

n—A
Fqlff}l"ql (R") = Q2" (R") and  Fiyg/™ (R) = Q23 (R"),
A A
with equivalent seminorms. Hence, the conclusion follows from (2.C.8). O

We are now ready to state the important corollary of Theorem 2.C.1 used in the proof
of Theorem 2.4.1. Given s € (0,1), p € [1,00), and an open set 2 C R", we recall that the
Sobolev-Slobodeckij W*P(2)-seminorm of a measurable function f is given by

Ol
. dzdy . 2.C.9
Moo= [[, 2C9)
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Corollary 2.C.11. Let s € (0,1) and f € L'(R™) with compact support. If

sup rzs—n[f]QHs(DT(m)) < +00, (2010)
D, (z)CR"
then,
2s—n
sup 7 5 [f]3.s, g SO sup P2 s (D)) 5
prign T Wy <C ) sp oo

for a constant C = C(n, s).

Proof. Since f € L'(R™) has compact support, it clearly belongs to .#. (R™). Then, condi-

tion (2.C.10) implies that f € be’/i, (R™). On the other hand, QZ’?S (R") — Q;é 3/S6(R”) con-

tinuously by Theorem 2.C.1. Then the conclusion follows from the definition of Q;{Z ?}SG(R”)
together with Remark 2.C.8. 0
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CHAPTER 9

Large mass minimizers for an
isoperimetric problem with a repulsive
integrable potential

3.1 Introduction

We study a variant of Gamow’s liquid drop model for the atomic nucleus, in which the
repulsive term is given by a general nonnegative and radially nonincreasing kernel. More
precisely, given K : R"™ — [0,4+00) a measurable and nonnegative function, n > 2, we
consider the minimization problem

min{P(E)—i—/EXEK(x—y)dxdy : ]E]:m}, (P1)

where the minimum is taken over all sets of finite perimeter of volume m and P(FE) denotes
the perimeter of F. Except in Section 3.2, we shall always assume that K satisfies the
following general hypotheses:

(1) K € LY(R™) N Wy (R"\ {0}), and
|z| K (x) dz < 400, / VK (z)||z|dz < 400, / VK (z)||z|> dz < +oo;
R" R™ R"

(H2) there exists a nonnegative and nonincreasing function %k : (0,400) — R such that
K(z) = k(|z|) for £" —a.e. z € R™;

(H3) k' is continuous on (0, +00).
Starting from Section 3.5, we add the extra assumption

(H4) K(z) = o(|z|~(™+V) at infinity, and K(z) = o(|z|*™) near the origin, for some
a > 0.

As we will show, the so-called Bessel kernels are natural examples of kernels satisfying
these assumptions. Let us remark that Problem (P1) is a minimization problem where
the two terms compete with each other: the local perimeter term constrains the set E
to concentrate as much as possible, while the nonlocal term acts as a repulsive term,
forcing E to spread. Indeed, it is known that the perimeter is minimized by balls under
volume constraint, while the nonlocal term is mazximized by balls (by Riesz’ symmetric
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rearrangement, using [71, Chapter 3.7] and the fact that K is equal to its symmetric
rearrangement).

We are interested in the asymptotic behavior of this minimization problem for large
masses, and give answers to several natural questions: does Problem (P1) admit mini-
mizers? If so, what do those minimizers look like, are they regular? Can the ball be a
minimizer?

To state our main results, we define

v — / 2P| K (2)] dz = n|Bl|/ O ()P dr
R 0
for 1 € {0,1} and p € {0, 1,2}, where 0,K is the radial derivative of K, and

Kpn ::][ le - zPds 1, (3.1.1)
Sn—l

which does not depend on e € S”! by symmetry. We prove that if I?él is small enough,
then there exists a critical mass above which Problem (P1) admits a minimizer, and that
up to translations and rescaling, any sequence of minimizers converges to the unit ball as
the mass goes to infinity.

Theorem 3.1.1. Assume I?(’l < %ﬂ Then there exists me = me(n, K) such that, for any

m > me, Problem (P1) admits a minimizer, and any minimizer E is, up to a translation,
included in 4By, up to a set of vanishing Lebesgue measure, where [Bl,, denotes the ball
of volume m centered at the origin.

Theorem 3.1.2. Assume I?(’l < % Let (my)ren be a sequence of positive real numbers
going to infinity, and for all k € N, let E}, be a minimizer of Problem (P1) of mass my

such that
/ zdx = 0.
Ey
|B1]

1
Then letting Fj, = (—) " Ey, the sequence (Fy)ren of sets of finite perimeter of volume

mg

|B| converges to the unit ball B centered at the origin w.r.t. to the L' norm, i.e.,
|F,AB| 222 0.

The main obstacle for proving the existence with the direct method in the calculus
of variations is the possibility for a minimizing sequence to have some mass escape at
infinity. We solve this problem of lack of compactness by showing that for large masses
a minimizing sequence may be constrained inside a ball via a truncation lemma. One of
the keys to do so, and to study Problem (P1) in general, is to use the integrability of the
kernel K on R", and to rewrite the nonlocal term as

/ K(x—y)dxdy:ml%o—// K(xz —y)dzdy,
ExE ExE*

so that Problem (P1) is equivalent to
min {P(E) — Perg(E) : |E|=m},

where

Pery (E) = //E K —y)dedy,
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Large mass minimizers for an isoperimetric problem

The functional Perg should be considered as a “nonlocal perimeter”, which behaves in
many ways as a (standard) perimeter term rather than a volume term. The convergence of
rescaled minimizers follows from the computation of the I'-limit of the rescaled functional

of Problem (P1). Applying results from [88], when I?(’l < %, we obtain that minimizers

have a C1'3 reduced boundary, and we show that they are necessarily connected whenever
K is not compactly supported.

Then we recall a well-suited notion of stability (see Section 3.5.1) and show that if I?(’l
is above the threshold of Theorems 3.1.1 and 3.1.2, then for large masses, balls are not
stable, and thus cannot be minimizers of Problem (P1).

Theorem 3.1.3. If I%’l > % and K satisfies (H4) as well, there exists m,, = my(n, K)
such that for any m > my, the ball [B),, is not stable for the functional of Problem (P1).

The proof for the instability of large balls relies essentially on the study of the Jacobi
operator associated with the minimized functional, and on a result similar to the one by
J. Bourgain, H. Brezis, and P. Mironescu in [12] for W12(S"~1)  i.e., computation of the
limit,

2
. T) n— n—
hm//g 1xS 1"]6(‘)_3']:‘(3)’778(1'_3/)61% ld% 17
n—1yS§n—

e—0 T

where (1:)e>0 is a family of “(n — 1)-dimensional mollifiers”, and f € C%(dB).

Outline of the chapter

This chapter is organized as follows. In Section 3.2 we discuss a few variants of Gamow’s
liquid drops model that have already been studied in the literature and motivate the choice
for our assumptions (H1) to (H4). We also recall some well-known results on isoperimetric
inequalities. In Section 3.3 we establish basic prerequisites on nonlocal perimeters, essen-
tially that they behave to some extent similarly to the classical perimeter, and recall the
definition and basic properties of Bessel kernels, which are the typical kernels for which our
results apply. Then in Section 3.4 we prove existence of large mass minimizers, i.e. Theo-
rem 3.1.1. We then compute the I'-limit of the rescaled functional of Problem (P1), and
show that if I%’l is small enough, the I'-limit is a positive multiple of the perimeter, which
implies Theorem 3.1.2, a straightforward consequence of Corollary 3.4.8. We conclude this
section by establishing chs regularity (applying directly results in [88]) and connected-
ness of minimizers, and by giving some ideas and conjectures for deriving uniform density
estimates (w.r.t. the volune) for minimizers of the rescaled problem, which have yet to be
obtained. Eventually, in Section 3.5, we study the stability of the ball, showing that there
is a threshold for I%’l above which large balls are unstable, i.e. Theorem 3.1.3, a direct
consequence of Theorem 3.5.6.

Notation

For any set E € R", we define E° := R™\ E, and we write |E| for its volume. Given two
sets £ and F', we note EAF := (E'\ F)U (F'\ E) their symmetric difference. We say that
two sets E and F' are equivalent if |[EAF| = 0. We denote by B,(z) the n-dimensional
open ball of radius r centered at x. For simplicit;; we write B, when x is the origin, and B

when r = 1. The volume of B is w,, := |B| = , and the area of the unit sphere S?~!

T2
r(1+%)
is #" 1(0B) = nw,. We also denote by S* the k-dimensional unit sphere, and simply
S¥| its area. For any m > 0 and @ € R"™ we let [B];,, be the open ball of volume m
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centered at x, or simply [B],, if x = 0. For any open set ! C R", we denote by BV(Q)
the space of functions with bounded variation in 2, and for any f € BV(Q2) we let |Df|
be its total variation measure, and [f]gy(q) = JoIDf|. For a set of finite perimeter E
in Q, we let xg € BV(2) be its characteristic function (i.e., xg(z) = 1if 2 € F and 0
otherwise), and define its perimeter in Q by P(E;Q) := [,|Dy,|. If Q@ = R" we simply
write P(E) := P(E;R"™). We denote by g the Gauss—Green measure associated with the
set of finite perimeter F and vg(x) the outer unit normal of 9*E at x, where 0*E stands
for the reduced boundary of E.

3.2 DMotivation and context

3.2.1 No repulsion: the Classical Isoperimetric Problem

Let us first say a few words about the simplest case for Problem (P1), that is, when K =
0. In that case, (P1) is the classical isoperimetric problem which consists in minimizing
the perimeter under a volume constraint. It is known that the unique minimizer, up to
translations, is the ball, which gives the classical isoperimetric inequality

P(E) = P([Blm),

for any set of finite perimeter F with volume m, and can be rewritten
1
P(E) > nwi | E|" . (3.2.1)

We also have a relative version of this isoperimetric inequality: there exists C = C(n)
such that, for any set of finite perimeter E in R™, then for every ball B, (x) we have

min(|E N B, (z)|, |E° N B, (x)])!~ % < CP(E; B (x)).

Besides the fact that balls are solutions to the classical isoperimetric problem, we have the
following related question: if the perimeter of a set E of volume m is close to P([B]),
is E close to the ball [B],, in some sense, and if so, is it possible to quantify it? This
question has been answered in [50] (see also [49] for a refinement), and we recall the given
answer below. Given E such that |E| = m, we define the isoperimetric deficit of E by

and its Fraenkel asymmetry by

[EA[Blym|

a(E) = min{ : yeR”}.

m

The sharp quantitative isoperimetric inequality proven in [50] then states that there exists

C = C(n) such that
a(E) < Cy/D(E), (3.2.2)

and that the 1 exponent over D(E) is sharp. In addition to their intrinsic interest,
isoperimetric inequalities are a very useful tool to study related isoperimetric problems,
and we shall often rely on them in this chapter.
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Large mass minimizers for an isoperimetric problem

3.2.2 Slow decay at infinity: Riesz potentials

Problems such as (P1) are essentially inspired by a model for the atomic nucleus
introduced by George Gamow in the late 1920s, which is now referred to as Gamow’s
liquid drop model for the atomic nucleus. This denomination is due to the fact that in
this simple model (then refined by Heisenberg, von Wiezsdcker and Bohr in the 1930s),
the protons and neutrons inside the atomic nucleus are treated as an incompressible and
uniformly charged fluid. In this model, the atomic nucleus is represented by a set Q C R3
of volume m (which we also call the mass), and its energy is given by

// dx dy.
T8 QxQ \37 |z —y]

The perimeter term represents the energy associated with the attractive short-range nu-
clear force, while the Coulombic repulsive term is due to the positively charged protons
pushing themselves away from each other. This model successfully explained the phe-
nomenon of nuclear fission: indeed, there are two critical masses 0 < mq < mgy < 0o such
that, below my, the problem admits a minimizer (no fission), and above mg, there is no
minimizer (fission). In fact, there exists another threshold 0 < my < m; such that, below
it, the ball is the unique minimizer (up to translations) These results were first rigorously
proven in [66] (see also [67] for the planar case). Many variants and generalizations of
this model have been proposed since then, one of the most natural being to replace the
Newton potential MCI% in dimension 3 by Riesz potentials in arbitrary dimension n > 2,

that is
1

—a!
o=

K(z) = € (0,n).
The Newton case a = 2 in dimension n > 3 was treated e.g. in [65], the Riesz cases with
€ (0,n — 1) in [10], and the complete Riesz case o € (0,n) in any dimension in [45],
Where the perimeter P(F) can also be replaced by fractional perimeters Ps(E), s € (0,1).
Let us sum up some of what is known in the Riesz case in the following theorems.

Theorem 3.2.1 ([67, 66, 65, 10, 45]). Given n > 2 and o € (0,n), then there exists
mo = mo(n,a) such that for any m < myg the ball [B),, is the unique minimizer, up to
translations, of Problem (P1) for K(z) = |z|~("=9),

There are also some nonexistence results.

Theorem 3.2.2 ([10, 67, 66, 72]). Given n > 2 and o € (n — 2,n), then there exists

my = mq(n, a) such that for any m > mq, Problem (P1) admits no minimizer for K(z) =
’x|—(n—a)'

These nonexistence results for large masses are in a sense not surprising. Indeed, on
the one hand, note that without the perimeter term the problem

1
min // ————dady : |E|=m
BxE |l =yl

admits no minimizer, since it is always better (Riesz kernels being stricly radially decreas-
ing) to split a set F into infinitely many pieces and send them farther from each other
at infinity. On the other hand, the relatively slow decay at infinity of the Riesz kernels
make them nonintegrable, which would explain why the repulsive potential takes over the
perimeter term in (P1) for large masses, resulting in the nonexistence of minimizers.

As for the thresholds mg, mi, and mso, physical evidence indicate that in dimension
n = 3 at least, they should be equal, but this has yet to be proven.
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3.2.3 Compactly supported potentials

An interesting case is when the potential K has compact support. Recalling our
informal discussion on nonexistence for Riesz potentials, we see that in the compact case,
sending disjoint pieces of a set E at infinity does not decrease the energy of the nonlocal
term: when the pieces are far enough, they simply have no interaction between each other.
Thus we may imagine that we should be able to build a minimizing sequence lying in a fixed
ball, hence get some compactness and prove the existence of minimizers. In dimension
n = 2 this strategy can be implemented quite easily (the advantage being that sets of
finite perimeter are essentially bounded, i.e., included in a ball), but in higher dimension
it is not that simple.

Fortunately, using the link between minimizers of (P1) and “almost-minimizers” of
the perimeter (see Section 3.4.4), that case was successfully treated by S. Rigot in [88],
yielding the following result.

Theorem 3.2.3 ([88]). If K is compactly supported, then Problem (P1) always admits
minimizers. In addition, for any minimizer E, O*FE is a Cl’%—hypersurface, and, up to
a renormalization, E has a finite number of connected components N, where N can be
bounded depending only on K, n and m.

In our case, since the kernels considered are radially symmetric, one can wonder if
minimizers in Theorem 3.2.3 are simply balls. In fact by Theorem 3.1.3, if I%’l > %,
then for large masses this is not the case, and we have the following symmetry-breaking
result.

Corollary 3.2.4. In addition to Theorem 3.2.3, if I?gl > %, none of the minimizers
for Problem (P1) is a ball for m large enough.

3.2.4 In-between: Bessel potentials

Between Riesz kernels, which are slowly decreasing kernels, and compactly supported
kernels, it is natural to wonder what happens in the intermediate case of rapidly decreasing
kernels such as Bessel kernels. Bessel kernels are given by the operators (I — A)_% for
a € (0,n), i.e. the Bessel kernel of order « is the fundamental solution of

(I—A)2f=d,

where d is the Dirac distribution at the origin. In fact, we can consider the “generalized”
Bessel-type potentials given by (I — KA)_%, where a, k € (0,+00). As far as we know
there is little literature on Problem (P1) when K is a Bessel kernel, and especially on the
asymptotic behavior for large masses. Compared with Riesz kernels (which are associated
with the operators (—A)fg), Bessel kernels are generally not explicit, in the sense that
they only have an integral representation, and they do not behave as nicely as Riesz
kernels under scaling. Near the origin, Riesz and Bessel kernels of the same order o
behave similarly, however at infinity Bessel kernels decay much faster. Their decay at
infinity is exponential (in particular, they are integrable), making them an intermediate
case between Riesz kernels and compactly supported kernels. Note that even though Bessel
kernels decay exponentially, the situation is very different from the compact support case:
here, there is always a little interaction between pieces of F, no matter how far they are
to one another, thus we cannot use the strategy implemented in [88] to get compactness
of minimizing sequences, even in dimension n = 2.
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Large mass minimizers for an isoperimetric problem

For small masses, the similarity between Riesz and Bessel kernels near the origin
suggests that Problem (P1) presents the same kind of behavior whether K is a Riesz or a
Bessel kernel of order «, that is, there exists a critical mass below which, up to translations,
the ball of volume m is the unique minimizer. In this “small volume” case we believe the
approach for the Riesz case in [45] can be adapted without major difficulties, but this is
not the subject of this chapter.

We are more interested in the case of large volumes. For Riesz kernels of order o €
(n—2,n), it is known that above a critical mass, Problem (P1) admits no minimizer. Here,
the better integrability of the Bessel kernels changes the asymptotic behavior when the
mass goes to infinity: if k£ is small enough, Problem (P1) admits large mass minimizers,
and up to translations, any sequence of normalized (to unit mass) minimizers converges
to the unit ball as the mass goes to infinity. We end this introductory discussion on Bessel
kernels here, leaving the more technical reminders for Section 3.3.2.

3.3 Preliminaries

3.3.1 Nonlocal perimeters, reformulation of the problem

First, let us make a few remarks on assumptions (H1) to (H4) made on K, and some
of their immediate consequences.

Remark 3.3.1. By (H1) and (H2), k is absolutely continuous on (0,4o00). In addition,
since K is radial and radially nonincreasing, VK (z) - x = k'(|z|)|z| = —|VK (x)||z|, and

|S”_l\/0 E(r)r"tdr = . K(z)dz < oo,

’Sn_l‘/ |k (r) " dr Z/ VK (z)||z|dz < oo,

0 Rn

|S"_1|/ |K' () |7 dr :/ VK (z)||z|* dz < co.
0 R

By (H2) and (H3), VK is also continuous in R™ \ {0}. Furthermore (H1) implies that
K(x) < Clz|~"*) at infinity for some C' > 0. Indeed, we know that if f € L} _(0,+o0)
and f' € L'(0,400), then f has a limit at infinity. Applying this to f(r) := r"T1k(r), we
have f' € L'(0,+00) in view of (H1), thus there exists [ > 0 such that r"*1k(r) — [ which
shows that k(1) < 2lr~(*1) in a neighborhood of infinity. The same reasoning applied to
f(r) = r"k(r) shows that r"k(r) has a limit in 0%, and for  — " 1k(r) to be integrable
near the origin, this limit must vanish, thus k(r) = o(r™") near 0. In addition, we have
the relation

It = Iy’ (3.3.1)
Indeed, integrating (k(r)r™) = k'(r)r"™ 4+ nk(r)r"~! between r and R, we find
R R
E(R)R"™ — k(r)r™ = / K (s)s™ ds + n/ k(s)s" 1 ds,

thus using the fact that k() = o(r~") near the origin and at infinity, letting r go to 0 and
R go to infinity yields
/ K'(s)s" ds = n/ k(s)"!ds,
0 0
hence (3.3.1), since k' < 0.
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Remark 3.3.2. The bounds at the origin and at infinity of K given by (H4) are in fact
required only for the study of the stability of the ball conducted in Section 3.5. The bound
at the origin is required in order to be able to use directly the formula for the second
variation of the nonlocal term computed in [45] (and it may actually be unnecessary),
while the bound at infinity is to ensure that the family of (n — 1)-dimensional mollifiers
given by k satisfies (3.A.5) (which can actually be dropped in dimension larger than 2).

As we mentioned in the introduction, the rest of our study relies on the crucial obser-
vation that Problem (P1) is in fact equivalent to

min (P(E) — Perg(E) : |E| =m), (P2)
where

Perg (F) := //E‘XEC K(zx —y)dzdy

is sometimes called the nonlocal K-perimeter of E (see e.g. [7, 20]). Indeed, for any F
such that |E| = m, using the integrability of the kernel K on R", we have

/ K(z—y)d:pdy:// K(m—y)dxdy—// K(x —y)dzdy
EXE ExR® ExEec (3.3.2)
= m||K||p1(gn) — Perg (E).

Since the ball [B],, of volume m maximizes [[,, p K(z — y)dzdy, this also shows that
[B];, minimizes Perx (E) among sets of volume m. From now on, we set

Fr := P — Perg . (3.3.3)

One of the reasons why Perg can be thought of as a perimeter appears if one imagines
that the kernel K goes to infinity at the origin, and decreases quickly away from it.
Heuristically in that case the part in Perg (FE) that prevails would be when |z — y| < ¢
where € is small, i.e.

Peryc (E) ~ // K(z — ) dzdy,

ExE°
le—y|<e

and (E x E°) N {|z —y| < €} C (e-neighb(dE))?, where e-neighb(9E) denotes an e-
neighborhood of JF, whenever E has a smooth boundary. In our case K may not be
singular at the origin, but we still assume that it is radially decreasing, so that for (z,y) €
E x E°, the closer = and y are to each other (and thus to 0F), the more K (z—y) increases.
In addition, Perg (E) can be controlled by the classical perimeter if 19" = Jgn |2 K () dz
is well defined, using that

1f(h+") = fllrwny < |B[[flBv@®n),  Vf € BV(R"), Vh € R™

Indeed, by Fubini’s theorem we find
1
Perg (E) :// Kz —y)dedy = 2// Ixe(z + h) — xp(z)|K(h)dzdh
ExE° nxR™
1
=5 [ et +) = el K (k) an

1 !
<= | |hPE)K(h)dh =K

(E).

We can even refine the constant in this inequality using the following proposition, inspired
by [12, Theorem 2] (see also [32, Lemma 3]).
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Proposition 3.3.3. Let f € BV(Bg(xg)) for some xg € R™ and R > 0, and let p :
(0,400) — [0,4+00) a measurable function such that / p(|z|)dz = 1. Then
Rﬂ/

J V=L o— pyavay < ki [ 10y, (3:3.4)
BR(xo)XBR(Io) ‘ﬂff - y‘ BR(:L‘Q)
where K1, is defined by (3.1.1). As a consequence, if f € BV(R™) we have
. IO asay <k [ oy, (3:3.5)
RrxRe T =Y R"

Proof. The proof is similar to [32, Proof of Lemma 3], with the difference that we want
to obtain an upper bound involving only the L! norm of the gradient on Bgr(zg). Up
to a translation, without loss of generality we may assume that xg = 0. By density of
C>®(Br)NWHL(Bg) in BV(BRg) we shall assume that f € C*°(Bgr)NW 11 (Bg). Integrating
on lines we have

1
flx+h)— f(z) —/0 Vf(z+th)- hdt,

thus, making the change of variables h = x — y, and noting that h € Bspg, using Fubini’s
theorem we find,

I, Tt otie =iy anay
/ </BQR o1 _yi\(x_h)‘p(\hl)dh> do
Ja

(/ e —h) f<a:>rdm> PR g
A A

)
dx) |h] dh.

(3.3.6)

/1Vf(x—th)-hdt
0

a /BzR </BR(h)ﬂBR

Applying the coarea formula to (3.3.6) and then Cauchy-Schwarz inequality and Fubini’s
theorem gives

J[ M=y asay
BRXBR "1" - y|
2R 1
:/ / (/ / Vf(x—tro) -odt
0 Jsn-1 \UBR(ro)nBg
2R 1
< / / (/ / \Vf(x —tro)-o|dz dt) p(ryr"~t dsen 1 dr.
o Jsn=1 \Jo JBr(ro)nBg

Since x — tro € Bpr whenever x € Bgr(ro) N Br and t € [0,1] (indeed |z — tro| =
[t(x —ro)+ (1 —t)x| < t\af —ro|+(1—t)|xz| < R), a change of variables y = z + tro yields

//BRXBR Iz — y( )|p(lx —y|)dzdy

2R
— / / /|Vf<y>-a\p<r>r“ldyd%“dr.
0 Sn—1 JBpgr
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Using Fubini’s theorem once again and the equality

LIV ol = K VS

from (3.3.7) we obtain

BrXxBpr

|z — |

2R
- / / / VF(y) - olp(r)r doen = dy dr
0 Bgr JSn—1

2R
— SUK, /0 /B IV ()lp(r)r " dy dr
R

2R
=K, </B ‘Vf(y)‘dy> <’Sn_1‘A p<7,)7,n—1 d?“)
<Kin </B \Vf(y)ldy> (/B p(!x\)d:c),

[ pllahdo=1.
Rn
We deduce (3.3.5) by letting R go to infinity in (3.3.4). O

hence (3.3.4), since

Remark 3.3.4. Note that by Proposition 3.3.10 below, the constant K; , is optimal for
(3.3.5).

Corollary 3.3.5. For any E set of finite perimeter, we have

'K
Per (E) < KTL”P(E).
Proof. Setting pg(x) := %, one needs only rewrite Perg (E) as
K

Per(B) =5 || xle) = xs)K (e = ) dedy

Ig' // xe(@) = xe()]
= rx(x —y)dxdy
2 JJrnxRre |z —yl P )

and apply Proposition 3.3.3 to conclude. O

Recall that the classical perimeter is lower semicontinuous with respect to the clas-
sical topology of L'(R™). Here the nonlocal perimeter is in fact continuous for the L'
convergence, as is shown in the following lemma.

Lemma 3.3.6. For any sets E and F with finite Lebesque measure, we have
|Perg (E) — Perg (F)| < I3 |EAF.

In particular if (Ey,)ren is a sequence of sets with finite measure converging to E in L' (R"),
then Perg (Ey) — Perg (F).
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Proof. Let E and F be sets with finite (possibly different) Lebesgue measure. Using

Peri(B) =5 || Ivele) — xe)|K (e —y) dady,
we have
Perie(E) ~ Perc(F) = 5 [ (Ivete) = x| ~ (o) = o)) Kz = 5) dody.

Thus by the reversed triangle inequality,
1
Persc(B) —Perse(F)| < 5 [ (xsta) = xr(a) + e (o) = xe)) Ko —y) dedy
TLX n
1

=3 // (XEaF () + XEAF(Y)) K (2 —y) dedy
R xR™
= IX°|EAF).

The claim of continuity w.r.t. the L! convergence is clear since ||x g —XrFllr@ny = [EAF].
O

One of the nice properties of the classical perimeter is its behavior under scaling. For
any set of finite perimeter E and any A > 0, we obviously have P(AE) = \» "' P(E). This
is unfortunately not the case for such nonlocal perimeters. However just like |[P(AE) —
P(E)| < C|1—\|P(E) for some C not depending of E, when A is close to 1, one can show
that the difference between Perg (AE) and Perg (FE) is controlled by a perimeter term of
the form C|1 — A|P(E).

Lemma 3.3.7. For any set of finite perimeter E, t — Perg (tE) € C*(0,+00), and

1

4 Perg (tE) = n Perg (tE) + - // VK(z—y) - (x—y)dzdy. (3.3.8)
dt t (tE)x (tE)°

In particular, for any t € (%, 2), we have
|Perg (tE) — Perg (E)| < C1]1 — t|P(E), (3.3.9)
for some Cy = Ci(n, I}l{,D’ Ill<’2).

Proof. Up to considering F' := E°, we can assume without loss of generality that |E| <
+00. By scaling we have

F@rK(tE)-—t2”17; () dady (3.3.10)

thus t — Perg(t(E) € C*(0,4+00) if and only if f : ¢t / K(t(z —y))dedy €
ExE®
C1(0,+00), and we have

d
— Perg (tE) = 2nt*" ! // K(t(x —y)) dazdy + 2" f'(t)
dt EXEC

2
:%bmwm+ﬁﬂw
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Let us show that f € C°(0,+00). Since K is CY away from the origin by Remark 3.3.1,
then for #*"-ae. (z,y) € E x E¢, t = K(t(z —y)) € C°(0,+00). In addition, since K is
positive and radially nonincreasing, for any ¢t > ty > 0, we have

(K (t(z —y))| < K(to(z — y))

and (z,y) — K(to(x —vy)) is integrable on E x E°, thus by the theorem of continuity under
the integral, f is continuous on (¢, +00), for all ¢y > 0, hence f € C°(0, +o0).

Given 0 < ty < t; we show that f € C(to,t;) and compute its derivative. Let t € (to,t1),
and hg > 0 so that to < t—hg < t+ho < t1. For any h # 0 such that |h| < hg, integrating
on lines, we write

f(t—i—h // / VK ((t+sh)(z —vy)) - (z —y)dsdz dy. (3.3.11)
ExEc

Given € > 0, we claim that there exists R > 0 such that for any h € [—ho, ho] \ {0}, we
have

1
/0 IVK((t+ sh)(x —y)) - (r —y)|dsdedy < e (3.3.12)

ExE*°
|x—y\<% or [z—y|>R

and
IVK(t(x —y)) - (z —y)|dedy < e. (3.3.13)

ExE®
|x—y\<% or [t—y|>R

Indeed, on the one hand, changing variables we have

// /WK ((t+sh)(z —y)) - (z —y)|dsdzdy

1
sh)~(@nt1) z—vy) (x— T s
< [t smyen | E@--@-yldedya

t+sh)E t+sh)E)°¢
({4 (3.3.14)

1
< / (t+sh)_(2”+1)/ / IVK(z —y) - (x —y)|dedyds
0 (t+sh)E J|z—y|>R/(t+sh)

< |EJthty 2"“)/ VK (z)-z|dzx < e

R

”\

for any R large enough independently of h, since VK () - 2 belongs to L'(R™). On the
other hand, proceeding similarly, we find

// /Olva((tJrsh)(a: — ) (z —y)|dsdzdy

ExE°
e—yl<g (3.3.15)

<IERG®Y [ VK@) el de <
B 3

Rty
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for R large enough as well, hence (3.3.12). Then (3.3.13) follows the same way. Combining
(3.3.11), (3.3.12) and (3.3.13) yields

‘ft+h / VE(t(x —y)) - (x —y)dzdy
ExE°
1
[ [ vrter e -pasasay
G (3.3.16)
z<lz—yl<R

// VE(t(x —y)) - (¢ — y) dedy| + 2e,

ExE°
1/R<|z—y|<R

for some large R independent of h. Since VK (x) -z is continuous away from the origin by
(H3), there exists C' > 0 such that

IVK((t+ sh)(z —y)) - (x —y)| <C, whenever 1/R<|z—y|<R
In addition

1
/0 VE((t+sh)(x — y)) - (& — y) ds "% VE(t(z —y)) - (z )

for £*"-ae. (z,y) € E x E°, and Z*"((E x E°)N{% < |z — y| < R}) < +o0, thus by
dominated convergence

// /Ovi((tJrsh)(x—y)).(x_y)dsdxdy

ExE°
19Kt - - pldea],

+<|z—y|<R
EXE°

#<|z—y|<R

(3.3.17)

Combining (3.3.16) and (3.3.17) eventually yields

ro= [ VK@) @ pdedy

for any t € (to,t1), by the arbitrariness e. Then we show the continuity of f’ in (to,1).
For ty < t < t; and hg as before, for any h € [—ho, ho] \ {0} we write

[t +h) = f ()]

< // IVE((t+h)(x —y)) = VK (t(z —y))l|z — y[dzdy

ExXE°
w<lz—yl<R

T // VE((t+h)(x — 1)) — VE(tHx — y))lla -yl dz dy.

ExE*
|x—y\<% or [z—y|>R

(3.3.18)
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As before, given € > 0, for R large enough we have

VE((t+h)(x — 1) - VE(t@ — )z —yldrdy <e,  (33.19)
ExE°
|:tfy|<% or [z—y|>R

for any h € [—ho, ho]\ {0}, and using the continuity of VK (in particular its boundedness)
away from the origin, by dominated convergence we find

// VE((t+h) (@ — 1) — VE(tz — )|z — yldedy "=% 0. (3.3.20)
ExE°
§<|$—y|<R

Combining (3.3.18), (3.3.19) and (3.3.20) gives the continuity of f’ in (¢g,t1). Hence by
arbitrariness of o and ¢; and (3.3.10), t = Perg (tE) € C1(0, 4+00) with

d
— Perg (tF) = —PerK tE) +t2"// —y)) - (x —y)dady

— PerK(tE) // VK(z —y)- (x —y)dzdy,
t Japyxapy

which gives (3.3.8). There remains to show (3.3.9). Let ¢ € (3,2). Integrating in ¢ and
using (3.3.8), we find

d

|Perg (tE) — Perg (E)| < / P
s

(1.1]
<4n/ Perg (sE)ds (3.3.21)
[1,]

+2/ // VK (x —y)||lz — y| dzdyds.
[1,t] JJ (sE)X(sE)°

By Corollary 3.3.5, we have the estimates

PerK(sE)‘ ds

Perg (sE) < 2 " P(sE)

and
1,2

J VK (z - y)llz — yldzdy < Z 20 p(sp),
(sE)x (sE)° 2

thus with (3.3.21) it follows

[Per(tE) — Pergc (E)| < (201" + I7) P(E) / s"1ds
[1,4

< C|1—t"|P(E)
< C|1 —t|P(E)
for some C' = C(n, I?(’l, 11152). O

In Problem (P2), we may want to work with sets of fixed volume |B| instead of m,
to make the volume constraint appear as a parameter in the functional instead. Thus we
look at the equivalent rescaled problem, defined in the following proposition.
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1

Proposition 3.3.8 (Rescaling). Given m > 0, let X := (;”—n) " let us define the functions

pic P+ (0,400) = [0,400) by pic(r) := i, and picyya(r) = X'pre(A"r). Then
(P2) is equivalent to

min {P(F) — Vg \(F) : |F|=|B|}, (P2')
where
Viea(F // N (A — y)) de dy
FxFc
xr(@ =xr@Wll ) (o~ y) drdy,
R» xR™ ?/|

in the sense that (P2) admits a minimizer zf and only if (P2') does, and E is a minimizer
of (P2) if and only if F := A\"'E is a minimizer of (P2').

1
Proof. Given E such that |E| =m, F = \™'E with \ = (%) " we have |F| = w, = |B|.
Making the change of variables z = A\z’, y = Ay we find

P(E) — Perg (F)

=\l (P(F) — //FXFC AT (N2 — y|) da dy>

_ et ( I |><F xF ()]

nxRn |

pr1a(r —yl)dz dy) 7

which gives the result. O

To study Problems (P1) and (P2) for large volumes, we can thus look instead at
Problem (P2') and its asymptotic behavior when A goes to infinity. Letting ¢ = 1/, we
readily check that the family of functions py y-1 = pk e defined in Proposition 3.3.8 for
all € > 0 is a family of n-dimensional mollifiers, which we define just below.

Definition 3.3.9. For any n > 1 we say that a family of measurable functions (pg)s>0 is
a family of n-dimensional mollifiers if, for all € > 0,

e p.:(0,+00) — [0, +00);

. \S”_ly/ pe(r)yr"tdr = 1;
0

o
e lim pe(r)yr"tdr =0, V5 >0.
e—0 F)
The following proposition will help us explain the behavior of Problem (P2’) when A
goes to infinity.

Proposition 3.3.10 ([32]). Let f € BV(R"), and (p:)e>0, be a family of n-dimensional
mollifiers, then

//ann ng(lw —yl)dzdy =% Ko, /Rn|Df|>

where Ky 5, is defined in Proposition 3.3.5.

Given a set of finite perimeter F, taking f = xpg, this shows that the functional
minimized in Problem (P2') converges pointwise to a multiple of the classical perimeter
when A goes to infinity. Thus we may guess that if this multiple is positive, Problem (P2’)
will reduce to minimizing the classical perimeter under volume constraint when X is large.
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3.3.2 Bessel kernels

For any s and « in (0, +00) we denote by By . the generalized Bessel kernel of order
« in R™, i.e., the fundamental solution of

(I —kA)Z f =0

in R™; or simply B, when k = 1. The following proposition sums up some useful properties
on B, (see e.g. [55, Chapter 1.2.2], [109, Chapter V.3] and [5, Chapter I1.3]).

Proposition 3.3.11. The Bessel kernel of order a € (0,4+00) in R™ is given by

1 1 ﬂx@ t g:gdt

Ba(w):(llﬁ)gr(%)/o e T eTamt T (3.3.22)

The kernel By, is radial, radially nonincreasing, and C' away from the origin. In addition

oo, - URIIUR)

1
r(g) ra+g’ o

=n, and Illgf < —+o00.

The asymptotic behavior of B, is

(e« 1
(ﬂ 2) — fo<a<n
20711 () [l
—log(|z|) :
B x)~ n -
o() o\ o Er (%) ifa=n
F a—n
( 2 ) ifn<a,
2nr2
and !
a—n—1
B (x) nt+a—1 n—1 ‘x’ 2 € Ix‘
~ L (g)
By scaling, the generalized Bessel kernel By o satisfies
B o(z) = —B (x> fi cR" (3.3.23)
() = ZB\ 7 ) or a.e. T , .3.

thus )
0,0 0,1 _ 1.01 1,1
IBK,OA == ]., IBH,a == /{/QIBQ 5 and IBN,D( = n.

Proof. The integral representation (3.3.22) and the asymptotics can be found respectively
in [55] and [5], and the fact that Igf = ||BallL1@ny = 1 is well known, so we detail only the
computations of [, |z|Ba(z) dz, [p.|2||VBa(z)|dz, and the fact that [p,|z[*|VBq(z)| dz
is finite. By (3.3.22), using Fubini’s theorem, we find

1 1 > a=n x|zl
B = [ lbamar= Lot [T ([ e ) F ea
«  Jgn (4m)2 T (5) Jo Rn t

Changing variables, we compute

_lef? t\ 2 [,
lzle”™ "t dx = nwy, | — re” " dr
n ™ 0

(3.3.25)
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Injecting (3.3.25) into (3.3.24) yields

1 = 11 nr<n21>/we4’; a1 df
“ un) T L(E)T+3) Jo
11 (") e 144
“amFErE Ay *(57)
() r()
@) ra+s)

Now we show that B, is C' away from the origin, and compute its gradient. Note that
the integrand of (3.3.22) is C! in z for almost every t € (0,4+00). Let r > 0. For every
r € R"\ B, we have

r

e "Temt T e LY0,400),

‘ 2
thus B, € C°(R™\ B,) by the theorem of continuity under the integral. By arbitrariness of

R, B, is then continuous away from the origin. Now let 0 < r < R. For every x € B\ B,,
we have

d ( _7r|32\2 _t a—n 1) ‘ ‘ 2rx _7"‘1‘2 _t a-n 1
— | e t e 4ant 2 — = |——=e t e 4nt 2 —
dz t t t

2 a—n
<2Re T et T 2 e L0, +00),

thus by the theorem of derivation under the integral, B, € C'(Bgr \ B,), and for every

x € Br\ By,
1 1 o2 mlz|? a—n dt
VBa(z) = aa/ e I (3.3.26)
(4m)z T'(3) Jo t t
By arbitrariness of 7 and R, B, is C! away from the origin, and (3.3.26) holds for any
z € R\ {0}. In view of (3.3.1), if Iy' = [5.]0,Ba(2)|z|dz and Ig* = [.|0,Ba(z)||z[? da
are finite, then B, satisfies (H1) and (H2) and we automatically have

1,1 _ . 700 _
Ig =nlg =mn,

thus we need only prove that the moments [ éij and [ éf are finite, without having to
compute them. For the rest of the proof C denotes a constant, possibly changing from
line to line, depending only on n and «. By Fubini’s theorem, we have

> a—n 2 a2 dt
Ié’l <C B iil < |z|2e™ "7 dm) —. (3.3.27)
@ 0 t R t
Changing variables, we compute
o ol nt2 [0 41 2 1+2
|x|“e” "t dx=Ct 2 r" e dr =Ct 2, (3.3.28)
R” 0

thus injecting (3.3.28) into (3.3.27) yields

o0
Iyl < C/ e~ a3l dt < 4oo.
0
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There remains to show that [ [1;3 is finite. Once again, a use of Fubini’s theorem gives

1 1 o0 a=n 2 7T\1|2 dt
Ié’z < = O[/ et 3 20 (/ lz[3e™ 0 da:> —,
T (4m)2T(5) Jo t n t

and a change of variables shows

_77\1‘\2 n4+3 o0 2 n+t3
/ lz[3e™ "7 dz = Ct 2 / e dr < Ct 2,
n 0

hence - & -
¥ < C/ eIt T = C/ et T dt < +o0,
° 0 t 0
which concludes the proof. O

Remark 3.3.12. The B, kernel can also be expressed in terms of the modified Bessel
functions of the third kind K, : (0, +00) — (0, 4+00), defined for any v € R by

L v,—T e8] 2\ Y72
t 1
K, (r) = (W> A / et =) A, ifr> -2, (3.3.29)
2) 1T (V + %) 0 2 2

and the relation K,, = K_, (see [5, Chapter I1.3]). Then by [5, Chapter I1.4], B, is given
by

BOC(:E) = n+a—2 n 2 n—a
IR (3) ol T
From (3.3.29) and (3.3.30) it is easy to see that when o = n — 1, B, takes the explicit
form

. Vz e R™\ {0}. (3.3.30)

1 67|m|

Pt = G (1) Wl

2
1 eIzl
variables in (3.3.22), one can compute B, explicitly as well. Indeed, in that case,

o0 P
2V 47r/ e_tz_% dt = 2ﬂ;+1 1 ezl
) 0 (4m)"5" T (51

We have the following straightforward corollary of Proposition 3.3.11.

In particular, when n = 3 and o = 2, B,(z) = When o = n + 1, changing
1 1

(4m)"% T (24t

Corollary 3.3.13. For any k € (0,400) and any o € (0,400), the kernel B, o satisfies
assumptions (H1) to (H4).

We can express the constants K,, ,, in terms of the Gamma function as follows, in order
to make the assumptions on I?(’l in Theorems 3.1.1 to 3.1.3 more explicit.

Lemma 3.3.14. For any n € N and p > 0, we have
1
T (%)
=— 77,
VAT (152)
where K, , is given by (3.1.1). In particular

2 (1+ %)
Kl,n -
nyal (14241

Kp’”

1
and Ko 1 = —.
n
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Proof. We may assume e = (0,...,0,1) so that, e -z = x,,. Recall that for every nonneg-
ative s~ l-measurable function g on S"~!, we have (see e.g. [6, Corollary A.6])

1
/ gdﬁf"‘lz/ (1—7:2)”23/ g(V1 —t2x,t) dA" 2 dt. (3.3.31)
Snfl Sn72

-1

This way we compute

! ne (23t
e e I e O )
S§n—1 1

thus

O]

Eventually, Bessel kernels satisfy all the hypotheses of Theorems 3.1.1 to 3.1.3, and us-
ing Lemma 3.3.14 we can translate the conditions / Igja < ﬁ and [ g’:a > ﬁ explicitly
in terms of k and «a. 7 7

Proposition 3.3.15. Let a > 0 and k > 0. Then defining

0,1 2 0,1 2 .- .
we have IB,.;,Q < Kin = K< Ko, and IB,.;,Q > K. &= K> Ko. In addition, since

the Bessel kernels By o satisfy (H1) to (H4), Theorems 3.1.1 to 3.1.83 directly apply.

3.4 Existence and convergence of large mass minimizers

3.4.1 Existence of large mass minimizers

In order to prove the existence of minimizers for large masses, we want to use the
direct method in the calculus of variations, starting from a minimizing sequence. When
I?(’l is small enough, we will see that any minimizing sequence is bounded in BV (R"), but
in order to get compactness in L!(R") and pass to the limit, we need to show that no
mass escapes at infinity. To do so, we will need to establish a few lemmas. First we show
that for large masses, if the energy Fr (E) of some set E is smaller than that of a ball of
same mass, then F is actually close to a ball.

Lemma 3.4.1. Assume that I?(’l < ﬁ Then for any set E of volume m = wp A" such

that

Fr(E) < Fg([Blm),
we have

|[EA[Blym| < mn(X),
for some ball y € R™, where

1
1Ky, :

1) 1= C [ B P(B) ~Viea(B)|

and C = C(n, I%’l). Notice that n(X) goes to 0 as A goes to infinity by Proposition 3.3.10.
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Proof. The inequality
Fr(E) < Fr([Blm)

rewrites

P(E) — P([B]m) < Perg(E) — Perg ([B]m)-
Scaling this inequality with F := A\~'E yields
P(F) — P(B) < Vk\(F) — Vi a(B),
where Vi y is defined in Proposition 3.3.8. By Corollary 3.3.5, this implies

10Ky,
2

_ I1P'K,

2

P(F) — P(B) < P(F) — Vi A(B)

0,1
T Kin

(P(F) - P(B)) + 5=

P(B) = Vka(B),

thus
P(F) ~ P(B) < C1f()) (3.4.1)

19K, ! 0,1
where C7 := (1 — ’(2") depends only on n and I, and

0,1
I Ky,

fN) 5 P(B) — Vi \(B). (3.4.2)

Using the quantitative isoperimetric inequality (3.2.2) and (3.4.1), we find
a(F) < Cay/ f(N)
where Cy = Cs(n, I?gl). Hence there exists By (y) such that

[FAB(y)| < Cay/ f(N),
which gives the result by (3.4.2), and recalling that E = \F. O

We also need a truncation lemma akin to [73, Lemma 29.12] or [45, Lemma 4.5] to

quantify by how much the energy decreases when cutting a set which is already close to a
ball.

Lemma 3.4.2. Assume I?(’l < % There ezist Cy, Cy € (0,+00) depending only

on n and I%l such that the following holds. If E is a set of finite perimeter satisfying

|E\ By,| <1, for some positive constants n and ro, then there exists r € [ro,ro + Cln%]

such that
_IB\B,|

Conn
Proof. Let C1,Cy > 0 to be fixed later, and E be a set of finite perimeter such that |E \
By,| < n. We define u(r) := |E\ B,|, and for now we assume that u(ro+C’1n%) > 0. Since
u is nonincreasing, we have u(r) > 0, for all r € [rg, rg +C’1n%]. Notice that u is absolutely

continuous, and u'(r) = —""1(E N dB,) for £ -almost every r € [ro, 7o + 0177%]. By
contradiction, let us assume that

Fr(ENB,) < Fk(E) (3.4.3)

P(E) — Perg(E) < P(EN B,) — Perg(E N B,.) + £\ {’)7"‘ , (3.4.4)

Conn
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for all r € [ro,ro + C’m%]. Recall that for almost every r € [rg,79 + 0117%] we have
A" HO*E N OB,) = 0 (see e.g. [73, Proposition 2.16]). Given such an r, note that
P(E) = P(E; B,) + P(E;B,°), and P(E N B,) = P(E;B,) + #"(ENdB,) (see e.g.
[73, Lemma 15.12]). Thus

P(E) — P(ENB,) = P(E; B,) + P(E; B,") — P(E; B,) — 2" (EN 0B,)
(E;B,) — A" Y (ENdB,) (3.4.5)

(E\ B,) —2#""Y(ENdB,) = P(E\ B,) + 2u'(r),

P
P

where we also used P(E\ B,) = P(E; B,")+ ™ (ENdB,). On the other hand, noticing
that

PerK(E):// K(x—y)dxdy—i—// K(zx —y)dzdy
(E\By)x E° (ENB,)x E°
:// K(x—y)dxdy—// K(z —y)dzdy
(E\Br)x(E\Br)° (E\B,)x(ENB)
+ // K(x —y)dzdy
(ENB,)x Ee
:PerK(E\BT)—// K(z —y)dzdy
(E\B,)x(ENB,)
+ // K(zx —y)dzdy
(ENB,)xE°

and

PerK(EﬂBT):// K(azy)dxder// K(x —y)dzdy,
(ENB,)x E° (ENB,)x(E\By)

we find

Perg(F) — Perg(EN B,) = Perg(E \ B,) — 2 // K(z —y)dzdy. (3.4.6)
ENB,x ENBE

Injecting (3.4.5) and (3.4.6) into (3.4.4), one gets

P(E\ B;) — Perg(E\ B,) < —2u'(r) — 2// K(z —y)dady + U(T)l
ENB,xENB¢ 0277; (3 A 7)
/ u(r) -
< —2u'(r) + —4,
02775

for almost every r € [rg, 7o+ Cln%}. Note that by Corollary 3.3.5, we know that Perg (E'\

0,1
19Ky,

B,) < "X p(p\ B,), thus

UGSE u(r) 1
1-— KT P(E\ B,) < —2u/(r) + oL’ for a.e. r € [rg,ro + Cinn].  (3.4.8)
2’)’]n

Now by the isoperimetric inequality (3.2.2) we have

1 n—1

P(E\ By) = nwiu(r) = . (3.4.9)
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Since wu is nonincreasing and u(ro) = |E \ By,| < 7, we also know that

1 n—1 1 n—1

u(r) <u(ro)ru(r) = <nnu(r) = . (3.4.10)

Plugging (3.4.9) and (3.4.10) into (3.4.8), we deduce that for a.e. r € [rg, 79 + 0177%],

1 %K n— =
nw’r?i« (1 _ ]{21,7’L> u(/]") 'rLl < —2'1,1//(7') + u<2 5
2

thus
n—1

Csnu(r) = < —u/(r), (3.4.11)

1[ 2 %K, 1
Cyi= = |wp [1 - K2} .

We can choose Cs large enough, depending only on I?(’l and n, so that C3 > 0. Then
(3.4.11) can be rewritten

where

1
(u(r)%)/ = Eu’(r)u(r)%*l < —=C3, fora.e. r€[rg,ro+ 0177%]7

thus integrating between r¢ and rg + Cln%, one gets
1.1 1 1 1
u(’l"o + 01775)E < ’UJ(’I“())5 — (C3Cnn < (1 — 0103)775. (3.4.12)

Choosing C] large enough, depending only on n and Io’l, we get u(r0+0117%)% < 0, which
is a contradiction. Recall that we assumed u(rg + Cln%) > 0, so there are two cases: for
this C large enough, either u(rg + Cln%) > 0, and then as we have seen there exists
r € [ro,m0 + C’m%] such that (3.4.3) holds for some Cy = Ca(n, I?gl), or u(ro+ Cln%) =0,
and then (3.4.3) holds for any Cy with r = rg + Cln%. In any case, (3.4.3) holds. O

We are now able to prove the existence of large mass minimizers.

Proof of Theorem 3.1.1. By (3.3.2), we shall equivalently look at (P2).

Step 1. Let us show that there exists m, > 0 depending only on K and n such that the
following holds. For any set of finite perimeter E of mass m > m, satisfying Fx(E) <
Fr([B]m), up to a translation, there exists F' of mass m satisfying

Fi(F) < F(E) — S [E\ (4[Bly)|  and  F C 4[B],,,

mn

1

for some C > 0 depending only on n. Let m. > 0 to be fixed later, and A, := (:}—:) " By
Lemma 3.4.1, if F satisfies |E| = m > m, and Fg(E) < Fg([B]n), then up to translating
E, we have

|[EAB\| = |[EA[Blm| < mn(X),
where m = w, A" (and in particular, A\ > \.). Using Lemma 3.4.2 with mn()) in place of
n, we can find r < A + Cl)\n()\)% such that
|E\ B, |

]:K(EmBr)g}-K(E)_ :
Commn(A)n

(3.4.13)
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We are going to show that, provided m, (equivalently \.) is large enough, then there exists
F C By such that |F| = |E| and Fx(F) < F(E). Let u := BBl g6 that (3.4.13) can

be rewritten )
e

wn™ A"y

Cz ()
Let us define the rescaled set F':= u(E N B;), where p > 0 is such that |F'| = m, that is,
pw=(1- u)fi, then we have

Fx(ENB,) < Fg(E) - (3.4.14)

P(F) — Perg(F) = p" 'P(EN B,) — Perk (W(E N B,)). (3.4.15)

Note that u < % <n(A\) <1—27" for A\. (equivalently m,.) large enough, depending
only on K and n, since A > A, and n(X\) goes to zero at A goes to infinity. This implies
1 < p < 2. Now by Lemma 3.3.7 we have

Perg (W(E N B,)) > Perg (EN B,) — C3(u — 1)P(E N By) (3.4.16)

for some positive constant C'3 that depends only on n, I?(’l and III(’2. Injecting (3.4.16) into
(3.4.15), we find

Fr(F) <y 'P(ENB,) —Perg(ENB,) + C3(u — 1)P(EN B,)
< (14 Csu)P(ENB,) —Perg(ENB,)+CyuwP(ENB,)
= (1+ Csu)(P(EN B,) — Perg(E N B,)) + CsuPerg (EN B,) (3.4.17)
+ CyuP(EN B;)

= (14 Csu)Fx(ENB,) + CsuPerg(EN B,) + CyuP(EN By).
where we used the fact that u = (1—p~"), and introduced some positive constants Cy and
Cs that depend only on n, I%’l and 1}52, since p € [1,2]. Injecting (3.4.14) into (3.4.17),
and using the fact that Pergx(E N Br) < @P(E N B,) by Corollary 3.3.5, we get

n—1

wn™ APy

C2 (N

Fr(F) < (1+ Csu) (fK(E) - ) + CsuP(EN B,)

nn n—1
< Fi(E)+u (C5P(E) +CsP(ENB,) — “n )\) (3.4.18)

C2 p(A)x

< Fi(E)+u ((05 + Cs)P(E) + C4P(By) — wn” A" ) ,

where Cg depends only on n, I?(’l and III(’Q. Recall that Fr(FE) < Fr([B]m), thus by
Corollary 3.3.5,

(1 — IOKI?”) P(E) < P([B]m) = A" 'P(B), (3.4.19)

which implies P(E) < C7A""! where C7 = Cr(n, I%"). Since 0 < r < A+ CiAp(A)w and
n(\) vanishes at infinity, we can choose A, (recall that A > A.) such that

r< 2, (3.4.20)

thus
P(By) < CgA" !, (3.4.21)
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for some Cg = Cs(n, I?(’l). Plugging (3.4.19) and (3.4.21) into (3.4.18), we reach

n—1
Fr(F) < Fr(E) +ux™" [ (Cs + C6)Cr + CeCs — —— | . (3.4.22)
Con(A)»

Since 7(\) vanishes at infinity, we can choose A, (i.e. m.) even larger depending only on
0,1 1,2
n, I and I2” such that

C C
Fr(F) < Fr(E) = T|E\ Br| < FK(E) = +|E\ Bay| (3.4.23)
for some C' > 0 depending only on n, where we also used the facts that r < 2\ by (3.4.20)
and u = |f>f,’{‘. Recall that ' C B, C Ba, C By, which concludes this step.
1
Step 2. We prove the existence of minimizers. For m > me, A = %)", consider a

minimizing sequence (Ey)ken for Problem (P2). There are two cases: either [B],, is
a minimizer of Fj, and we are done, or [B],, is not a minimizer of Fg, and up to a
subsequence (not relabeled), Fx(Ex) < Fr([B]m). In the latter case, by Step 1 we can
build another minimizing sequence (Fy)ren of sets in Byy such that Fx(Fy) < Fg(FEk),
for all £ € N. Now (xr, )ken is also bounded in BV(R"). Indeed Fi(Fy) < Fr([Blm)
implies

(1 - Ig(f) P(F) < P([Blu),

thus [x £, ]pv(®n) is bounded, and ||x 7, || 11 (gn) = m. By compactness of BV(R™) in Lj_ (R")
and the fact that Fj, C Byy, up to the extraction of a subsequence (still not relabeled),
XF, converges to some function f € BV(R") in L'(R") and almost everywhere. The
almost everywhere convergence implies that f is the indicator function of some set of
finite perimeter F, and the L! convergence ensures |F| = m. Now by lower semicontinuity

of the perimeter w.r.t. the L' convergence, we have

P(F) < limkian(Fk),

and by continuity of the nonlocal perimeter in L!(R"™) shown in Lemma 3.3.6, it follows
Perg (Fy,) — Perg (F).

Hence

Fr(F) < limkinf}—K(Fk),
which shows that F' is a minimizer of Problem (P2), since Fj, is a minimizing sequence.
Step 3. We show that for A, chosen as before, for any A > Ae and m = w, A", a minimizer of
volume m for Problem (P2) is (up to a Lebesgue negligible set) included in Byy. Consider

E such a minimizer, then by minimality, we have Fx (E) < Fi ([B]m), thus applying Step
1 there exists a set F' of mass m such that

Fk(F) < Fr(E) — C|E\ Byl

where C' > 0. By minimality of E, necessarily |E \ Byx| = 0, hence the result. O
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3.4.2 Indecomposability of minimizers

We recall here a measure theoretic notion of connectedness for sets of finite perimeter
(see e.g. [3]), and show that if K is not compactly supported, then minimizers of Prob-
lem (P1) are indecomposable, which means that they are connected in a measure theoretic
sense.

Definition 3.4.3. We say that a set of finite perimeter E is decomposable if there exist
two sets of finite perimeter F; and Fy such that E = E; U Es, |Eq| > 0, |E2| > 0 and
P(E) = P(E1)+ P(E,). Naturally, we say that a set of finite perimeter is indecomposable
if it is not decomposable.

As with the usual topological notion of connectedness, it is possible to partition a set
of finite perimeter E into indecomposable sets (see [3, Theorem 1]) in a unique way (up
to sets of vanishing Lebesgue measure). We call the sets composing this partition the
M-connected components of . We have the following result establishing a link between
the M-connected components of a set of finite perimeter and the topological connected
components.

Theorem 3.4.4 ([3, Theorem 2|). If E is an open set of finite perimeter such that
H"HOE) = A" YHO*E), then the M-connected components of E coincide with its
topological connected components.

Proposition 3.4.5. If K is not compactly supported, then any minimizer E of Prob-
lem (P1) which is included in a ball By for some R > 0 is indecomposable.

Proof. We proceed by contradiction. Assume that there exists a minimizer F C Br and
two sets of finite Ey and Fy such that E = Ey U Es, |Ey| > 0, |E3] > 0 and P(FE) =
P(E1) + P(E3). Defining

Gk (F) ::/ K(zx —y)dzdy
FxF
for any measurable set F', let us write

P(E) + /E EK(fU —y)drdy = P(E1) + P(E2) + Gk (E1) + Gk (E2)

+2// K(z —y)dzdy.
E1><E2

Let M > 0 and h € R™ such that |h| > 2R + M. Since E; and E3 are included in Bpg,
then for any (z,y) € Eq x (E2 + h) we have |z —y| > M. Obviously P(FE3) = P(Es + h)
and G (F2) = Gg(E2 + h) by a change of variables. Now let us define the competitor
Fj, := Ey U (Es + h), which satisfies |Fj,| = |E1| + | E2| = |E|. Since |z —y| > M whenever
(z,y) € E1 x (B3 + h), P(F},) = P(Ey) + P(E2 + h), thus we compute

P(Fp) + // K(z —y)dxdy
FhXFh

= P(E1) + P(Ex + h) + Gk (E1) + Gk (E2 + h) +2// K(x —y)dzdy
E1>< E2+h)

= P(E1) + P(E2) + Gk (E1) + Gi(Es) +2// K(z —y)dzdy
E1>< E2+h)

:P(E)+GK(E)—|—2// K(m—y)dmdy—Z// K(xz —y)dzdy,
EIX(E2+h) E1 ><E2
(3.4.24)
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where we used the fact that P(E) = P(Ey)+ P(E») for the last equality. Since K is radial,
positive and radially nonincreasing, we have

/AK(x)da:>0,

for any set A such that |A| > 0. In particular

//E1><E2 K(z—y)dedy = /E1 ( e K(y) dy> dz >0 (3.4.25)

since |E1| > 0 and |E2| > 0. By a change of variables, we also have

//ENEM)K(:C y) dzdy < /El (/ K(y dy) dz < |Ey| " K(y)dy.  (3.4.26)

Since K € L'(R") ch y) dy goes to zero as M goes to infinity, thus by (3.4.26) and
(3.4.25) we can find some M large enough such that

// K(a:—y)da:dy—Q// K(z—y)dedy <0
E1><(E2+h) E1xE>5

which yields, with (3.4.24),

P(Fh)—l—//F . K(:B—y)dmdy<P(E)—l—/EXEK(m—y)dmdy

and contradicts the minimality of E. O

Remark 3.4.6. In particular, this shows that if I?{’l < %, then any minimizer of Prob-
lem (P1) with m > m, is indecomposable (where m, is given by Theorem 3.1.1), since
it is included in the ball 4][B],,. In fact, we may even drop the assumption £ C Bp for

some R > 0 in Proposition 3.4.5, since it turns out to always be the case, as is recalled in
Section 3.4.4.

3.4.3 TI'-convergence to the classical perimeter

Using the results from Section 3.3.1, we establish a I'-convergence result for the func-
tional of Problem (P2'), and deduce that (rescaled) large mass minimizers converge, up to
translations, to the ball. In view of Proposition 3.3.8, for any A € (0,400), let us define
on L'(R™) the functional

0 1
[op- T [ TSI e

Fralf) = it feBVERY and [ fa)dz—(B, CO*20)
RTL

400 otherwise,

which is well defined and finite whenever [, f(z)dz = |B| and f € BV(R") by Propo-
sition 3.3.3. Fk,\ is obviously defined so that it coincides with P — Vg, when f is a
characteristic function of a set of volume |B|.
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Proposition 3.4.7. Let (\r)ken be a sequence of positive real numbers going to infinity.
If I?(’l < 2/Kip, then the functionals Fi y, defined by (3.4.27) I'-converge w.r.t. the usual
L' topology to the functional

%K, | ) i
Froo(f) i= (1 B K2> /R"’Dﬂ if f € BV(R") and /Rn f(z)dz = |B|

+ o0 otherwise.

(3.4.28)

Proof. We shall prove, in that order, that
I' —limsup Fr ), (f) < Froolf), and Froolf) <T —liminf Fg x, (f),

where

. . . LY(R™
I' — limsup Fx », (f) := min {hmksup}“K,Ak(fk) e M f}

and

1 n
I — liminf g, (f) := min {hmkinf}“K,Ak( fo) s fe 2B, f}

Step 1. Let f € L'(R"). If f ¢ BV(R™) or [g, f(z)dx 75 |B|, Fk,00(f) = 400 so the
inequality is trivial. Let us assume f € BV(R") w1th fRn x)dx = |B|, and consider the
constant sequence fr = f. Then by Proposition 3.3.10 we have

lillcfn Frxn(f) = Froolf),

thus I' — limsup Fg x, (f) < Fr.oo(f)-

Step 2. Given f € L'(R"), consider a sequence fr € L'(R") such that f L—1> f.
Jgn f(z)dz # |B|, then by L' convergence we have [p, fi(x)dz # |B| for any k large
enough, so that Fx x,(fx) = +00, in which case

limkinf Fra (fr) = Froo(f)

is trivial. Thus we may now assume that [, f(z)dz = |B|. By Proposition 3.3.3, we

have o1
I Ki,
Frn (fr) 2 <1 — K21> / D fl,

which holds even if fi, & BV(R") or [g, fi(z)dz # |B|. Since the BV seminorm is lower
semicontinuous with respect to the usual L topology7 and (1 — (I?(IKLR)/Z) > 0, we find

Il,OKl
limkinffK,\k(fk) = (1 — K2’n> / IDf| = Froo(f),
Rn

where we used the fact that [p, f(x)da = |B| for the last equality. This shows that
Fr.oo(f) < T —liminf Fg », (f). O

As usual, the I'-convergence tells us that any converging sequence of minimizers of the
functionals Frx »,, where A\ — 00, necessarily converges to a minimizer of the I'-limit,
which gives the following corollary.

Corollary 3.4.8. Let (A\;)ken be a sequence of positive real numbers going to infinity. If
I?gl < %ﬂ, any sequence of minimizers (Fy)xen of Problem (P2') for A = A\ satisfying
ka zdx = 0 converges to B for the L' norm, i.e.,

k—o0
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Proof. By minimality of F} and Proposition 3.3.3, we have

IY'K,
1-— T’ P(Fk) < P(Fk) — VK,Ak(Fk) < P(B),

which yields
CI'Kia

-1
5 ) P(B), VkeN,

P(Fy) < (1
since I?(’l < % Let Ej, := A\ F}), and my, := wp AL, Then by Proposition 3.3.8, (Ej)ken is
a sequence of minimizers of Problem (P2) under the constraint |Ey| = my, where my, goes
to infinity. For any k large enough, my > m,., where m. is given by Theorem 3.1.1, thus
|Ex \ (4[B]m,)| = 0, i.e. up to subtracting a negligible set we can assume Ej, C 4[B],,, =
By, , hence Fy, C By for all k € N. By compact embedding of BV(R") into L. .(R™), there
exists f € BV(R") and a subsequence (£}, )xen such that (xr,, )ren converges in L' (R™)
and almost everywhere to f € BV(R™). The almost-everywhere convergence shows that
f = xr for some set of finite perimeter F C By, and the L' convergence shows that
|[F| = |B|. In addition, still by L' convergence, we have [,zdz = 0. In view of the
I'-convergence result given by Proposition 3.4.7, xr is a minimizer of the functional Fg o,
which implies that F' is a minimizer of the perimeter functional under the constraint
|F| = |B|. Since the open unit ball centered at the origin is the unique minimizer (up
to a translation) of the perimeter under volume constraint, the facts that |F| = |B| and
Jpxde =0imply F' = B. The L' convergence of y F,, 10 xp simply rewrites

\F, AB| £2% 0.
Since we could have done the same reasoning for any subsequence of (Fj)ren from the
start, the whole sequence (F)ren actually converges to B. O

Note that Theorem 3.1.2 follows immediately from Corollary 3.4.8, by the equivalence
with Problems (P1) and (P2) due to (3.3.2) and Proposition 3.3.8.

3.4.4 Regularity of minimizers

We address here the question of regularity of minimizers of Problem (P1) (equivalently
(P2)). Applying the extensive uniform regularity theory of volume-constrained almost-
minimizers for the perimeter developed in [88] (here we prefer to adopt a terminology
similar to the one in [45, 49], reserving the denomination of quasi-minimizers to another
kind of minimality that we recall below as well), we readily obtain uniform C1-®-regularity
of the boundary of any minimizer of Problem (P1) up to a singular set of Hausdorff
dimension at most (n — 8) (the singular set being empty for n < 7).

Since sets of finite perimeter are defined up to a Lebesgue negligible set, we shall
specify which sense we are giving to the boundary. Here we are not referring to the
reduced boundary of E (which in fact does not have singular points if F is a minimizer
of Problem (P1)), but rather to the support of the Gauss-Green measure of E, which is
given by

sptrvg ={x € R" : 0 < |ENB,(z)| <|Br(x)|,Vr > 0}.

It is known (see e.g. [73, Proposition 12.19]) that for any set of finite perimeter E, there
exists Ey an equivalent representative of E (that is, |EAEp| = 0) such that the topological
boundary of Ey agrees with spt vp = spt vg,. Some authors simply denote spt vg by OF,
but we will refrain from doing so here.
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Let us first elaborate on a few notions of minimality and quasi-minimality for the
perimeter found in the literature, and recall some of the most remarkable related partial
regularity results.

Definition 3.4.9. We say that a set of finite perimeter £ C R" is a local minimizer of
the perimeter if for every ball B,(x) C R™ and for every set of finite perimeter ' C R"
such that EAF CC B, (z), we have

P(E; By(z)) < P(F; By(x)).

It has been shown in [42], through the framework of area minimizing currents, that
for any local minimizer E of the perimeter, spt vg is locally a C1®-hypersurface outside a
set of at most (n — 8) Hausdorfl dimension (it was already proven before in [83], following
[33], that the reduced boundary 9*E of any local minimizer of the perimeter is a C1°-
hypersurface, and that J#" (sptvg \ 0*E) = 0). Similar partial regularity results were
then obtained for sets of finite perimeter with prescribed mean curvature, in a general sense
(see [74, 75]), possibly with a volume constraint (see [52, 53]). They were also extended
to quasi-minimizers of the perimeter, that is, sets of finite perimeter E satisfying

P(E; Br(2)) < (1 4+ w(r))P(F; B (x)),

for every ball B,(x) C R™ and every set of finite perimeter F' such that EAF CC B,(z),
where w : (0, +00) — (0, +00] is an increasing function vanishing in 0.

It was proven in [111] that if w(r) = Cr?® for some C > 0 and « € (0, 3], then the
reduced boundary 0*F of any quasi-minimizer of the perimeter E w.r.t. w is locally a
(n — 1)-dimensional graph of class C1%, and the Hausdorff dimension of spt vg \ 9*F is at
most (n — 8) (if n > 7, the singular set is empty). With no assumption on the function w
other than the fact that it vanishes at 0, it was then proven in [4] that outside a singular
set of dimension at most (n—8), spt vg is a C%“-hypersurface for every a € (0, 1), and that
the singular set is still empty for n < 7. This result however says nothing about the C%*
constant of a quasi-minimizer E, nor does it say at which scales around a point (outside
the singular set) the boundary of E is the graph of a C%® map. Finer, uniform versions
of the results of [4] were then obtained by S. Rigot in [89]. It is in particular shown that
if w(r) = Cr?® for some a € (0, %], for any quasi-minimizer E w.r.t. w, sptvg is locally
a (n — 1)-dimensional graph of class C1® outside a singular set of Hausdorff dimension
at most (n — 8), and its C'*regularity constant can be bounded depending only on n
and w. In addition, when n < 7 there exists rg depending only on n and w such that
for every = € sptvg, sptveg N B.(z) is a (n — 1)-dimensional graph of class C1 for some
r > rg. S. Rigot then studied in [88] regularity of volume-constrained almost-minimizers
of the perimeter (defined just below), and as an application obtained regularity results for
minimizers of Problem (P1). While in [88] the kernel K of Problem (P1) is assumed to be
compactly supported, this assumption is only used to get existence of a minimizer, and
the regularity results essentially rely on the integrability of the kernel on R™. Let us now
recall just a few of those results.

Definition 3.4.10 (Volume-constrained almost-minimizers). Let ¢ : [0, +00) — [0, +00)

be such that g(r) = o(rnT_l) near 0. We say that a set of finite perimeter E of volume
m is an almost-minimizer of the perimeter w.r.t. g under the volume constraint m if
for every ball B,(z) C R™ and every set of finite perimeter F' of volume m such that
EAF CC By(x), we have

P(E; Br(z)) < P(F; By(z)) + g(|EAF]).
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It is shown in [88, Lemma 5.2.1] that any minimizer of Problem (P1) is a volume-
constrained almost-minimizer of the perimeter w.r.t. ¢g(r) = I?(’Or. It is also a direct
consequence of Lemma 3.3.6. Indeed, we see that if a set E of volume m solves Prob-
lem (P1), then for any set of finite perimeter F' such that |F| = m, then

P(E) < P(F) + Perg (E) — Perg (F) < P(F) 4+ I°|EAF).

It is then proven in [88, Proposition 4.3.1] that we can drop the volume-constraint in the
almost-minimality condition, and obtain that any volume-constrained almost-minimizer of
the perimeter w.r.t. g(r) = CrP, for p > ”T_l, is a local quasi-minimizer of the perimeter,
in the following sense.

Definition 3.4.11 (ro-quasi-minimizers of the perimeter). Given ro > 0 and w : (0,79) —

(0, +0o0] an increasing function such that w(r) 129, 0, we say that a set of finite perimeter
is a r9-quasi minimizer of the perimeter w.r.t. w if for every ball B,(z) C R™ such that
r € (0,79) and every set of finite perimeter F' satisfying EAF CC B,(x), we have

P(E; Br(2)) < (1 +w(r))P(F; Br(x)).

Proposition 3.4.12 ([88, Proposition 4.3.1]). If g(r) = C1r? for some p > =1 and E is
a volume-constrained almost-minimizer of the perimeter of volume m w.r.t. g, then there
exist ro = ro(n, C1,p,m) and Cy = Cy(n,C1,p,m) such that E is a ro-quasi-minimizer of

np—(n—1) l) )

the perimeter w.r.t. to w(r) := Cor?®, where o := min("*—5—, §

Remark 3.4.13. We could also apply directly results from [113] to get rid of the volume
constraint. However, the approach differs from the one in [88] and does not give any control
on the radius rg of quasi-minimality, which may depend on the minimizer E considered.

From this are deduced partial C''*regularity results when n > 8 and C'“-regularity
everywhere when n > 7 (see [88, Theorems 1.4.8 & 1.4.9], which are consequences of
[89, Theorems 2.6 & 6.4]; see also [4, Theorems 4.7 & 4.10]), with regularity constants
depending only on n, m and g. In our case, p = 1 and we obtain s regularity. Let us
sum up some of the regularity results we obtain in the end for minimizers of Problem (P1)
or (P2) in the following theorem.

Theorem 3.4.14. Let E be a minimizer ! of Problem (P1) or (P2'). Then 0*FE is locally
a (n — 1)-dimensional graph of class cha. In addition, defining

Ey:={zx € R" : there exists v >0 s.t. |B.(x) N E| = |B.(z)|},

Ey is an open set equivalent to E whose topological connected components coincide with
the M-connected components of E, and it is included in some ball Br, where R depends
only onn, m (or A) and I;)(,o_ If n <7, then OFy = 0*E, making the topological boundary
of Fo a Cl’%—hypersurface, and if n > 8, then dim_»(0Ey \ 0*F) < n — 8. If we assume
that K does not have a compact support, then Ey is connected.

Proof. The fact that Ej is an open set equivalent to F such that 0Fy = sptvg is due to
[88, Proposition 2.2.1] (see also [89, Lemma 3.6]). By Proposition 3.4.12 with g(r) = %’Or
(i.e. p=1), F is a ro-quasi-minimizer of the perimeter w.r.t. to w(r) = Cr for some C and

ro depending only on n, m and I?(’O. Using [111, Theorem 1] (see also [73, Theorem 28.1]),
we know that 0*F is a C’l’%—hypersurface, with dim - (0Ey\ 0*E) < n—8 whenever n > 8,

2
Kin®

LIf one exists, no matter the value of I?gl compared to the threshold
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and 0Ey = 0*E whenever n < 7. By the results of [88, 89] we know that there exists a
singular set ¥(E) (which is defined by a condition of mean-flatness, see [89, Section 6] or
[4, Definition 4.6]) such that 0Ep \ 3(F) is locally made of (n — 1)-dimensional graphs
of class C1'2, where dimy(X(E)) < n—8for n > 8 and X(FE) = 0 for n < 7 (see [4,
Theorem 4.10]). In addition, a look at the proofs in [4] or at [89] shows that the cla-
regularity constants can be bounded depending only on n, m and I?(’O. By definition of
this singular set and 2 regularity of 0*E, we know that ¥(F) C 0Ey \ 0*E, so that the
constant of C'1'3 regularity of 9*E is obviously bounded depending only on n, m and I%’O
as well. Since Fy is open and J#""Y(9Ey) = #""1(0*E), [3, Theorem 2] implies that
the M-connected components of E coincide with the topological connected components
of Ey. The fact that Ey is included in a ball Bg such that R = R(n,m, I?(’O) comes from
the density estimate

|E N Bp(z)| = ¢|Br(z)|, for ¥"-ae. ze E andevery 0 <r <ri, (3.4.29)

where ¢ = ¢(n,m, I?(’O), ry = rl(n,m,I?(’o), which is a consequence of the results in [88].
More precisely, a uniform version of [88, Lemma 2.1.3] is obtained in [88, Section 4.1]
(see in particular paragraph 4.1.3 therein), which readily implies (3.4.29). Eventually, if
K does not have a compact support, by Proposition 3.4.5, E has only one M-connected
component, thus Ej is connected. O

3.4.5 Towards uniform density estimates

In this section we present some results and some ideas which are for now only in the
state of conjectures, the aim being to obtain uniform (in terms of A) volume and perimeter
density estimates for minimizers of Problem (P2’). As was already mentioned, by [88], for
any minimizer E of Problem (P1) or (P2'), we can find lower density estimates, that is,
there exist some ¢ and 71 depending only on n, A and I?(’O such that |[EN B, (x)| > ¢|By(x)|
fora.e. € F and every r € (0,71). While these estimates do not depend on the minimizer,
they still depend on the mass m (for (P1)) or the A parameter (for the rescaled problem
(P2)): it is then possible for the constant ¢ to vanish as A goes to infinity, preventing us
from saying e.g. that all minimizers of Problem (P2) lie in some ball Br independently
of A (however, we already know this fact by Theorem 3.1.1, albeit only for large masses
when I?gl < Ké") Still, such uniform density estimates would be particularly useful to
obtain Hausdorff convergence of the boundary of rescaled minimizers to 9B as A goes to
infinity.

While S. Rigot does not procede that way to obtain density estimates, those can also
be derived from the rp-quasi-minimality of E (as in [73, Theorem 21.11]). By scaling, a
minimizer E of Problem (P2’) is a volume-constrained almost-minimizer of the perimeter
w.r.t. g(r) = )\I?(’Or. Unfortunately, the fact that the constant of quasi-minimality )\I?(’O
goes to infinity as A goes to infinity implies that the density lower bound ¢ we deduce
vanishes as A goes to infinity and prevents us from using this type of almost-minimality if
we want to study the asymptotic behavior of rescaled minimizers.

Instead, we show that any minimizer of Problem (P2) is some type of quasi-minimizer
of the perimeter, where the constant of quasi-minimality is invariant by scaling.

Definition 3.4.15 (Volume-constrained A-quasi-minimizers). Let A > 0. We say that a
set of finite perimeter E of volume m is a volume-constrained A-quasi-minimizer of the
perimeter if, for every ball B,(z) C R™ and every set of finite perimeter F' such that
|F| = |E| and EAF CC By(x), we have

P(E; B, (x)) < AP(F; B, (2)).
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3.4. Existence and convergence of large mass minimizers

We define the following unconstrained analogue.

Definition 3.4.16 ((A,7p)-quasi minimizers). Let A > 0 and o > 0. We say that a set
of finite perimeter E is a (A, rg)-quasi-minimizer for the perimeter if, for every ball B, (x)
such that r € (0,7¢) and for every set of finite perimeter F' satisfying EAF CC B,(z), we
have

P(E; B, (z)) < AP(F; B,(z)).

Note that this would actually correspond to the quasi-minimality defined in Defini-
tion 3.4.11 with g(r) = C (this is however not allowed by the definition, which requires
g(r) = o(1) near 0). We can show that minimizers of Problem (P2) are volume-constrained
A-quasi-minimizers for the perimeter, where A = A(n, I?(’l).

Proposition 3.4.17. Let E be a minimizer of Problem (P2) of mass m. Then for every
ball B, (x) and every set of finite perimeter F such that EAF CC By(z) and |F| = m, we

have o1 o1
I K I K
(1 - K2> P(E; B, (z)) < (1 + K2> P(F; By ()).

. . 70,1 ; . L
In particular, if I} < KL, then E is a volume-constrained A-quasi-minimizer of the
1,n

0,1 0,1 -1
perimeter with A := (1 + @) (1 — @) }

Proof. Without loss of generality, up to a translation we may assume z = 0.
Let E be a minimizer of Problem (P2), and F be a set of finite perimeter such that
|E| = |F| and EAF CC B,. By minimality of F, we have

P(E) — //E K- y)dedy < P(F) - //F K —y)dedy, (3.4.30)

Recall that
P(E) = #""(0"E) = #" (0" EN B,) + 2™ (9"EN By)
= P(E;B,) + 5" (0"E N BY).

Note that the same holds for F, and 0*F N By = 0*E N By since EAF CC B,. Hence
(3.4.30) becomes

P(E;B,) < P(F;B,) + //EXEC K(z —y)dzdy — //Fch K(x —y)dzdy. (3.4.31)

Let us write

//;XECK(x—y)dxdy— //Fch K(z —y)dzdy
=] @) = xp) = xr (@)1 = X)) K@ ) dady,

Enumerating the differents cases x,y € (E\ F),(F \ E),(ENF) and (E°N F°), we infer

(3.4.32)

xe(@)(1 = xey) —xr(@)(1 - xr(y))

1 if (z,y) € (E\ F) x (F\ E))U ((E\ F) x (E°N F°))
U((ENF)x (F\E)) (3.4.33)
—{o1 i@y e (F\E)x (E\ F)U((F\E) x (E° 0 F9)
U((ENF)x (E\F))
0 otherwise.
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Since K is symmetric, we have

// K(x—y)dxdy:// K(x —y)dzdy
(E\F)x(F\E) (F\E)x(E\F)

thus the integrals on (E'\ F') x (F'\ E) and on (E \ F') x (F'\ E) cancel each other, and
(3.4.32) and (3.4.33) yield

// (r —y)dedy — // K(z —y)dzdy
ExEc FxFec
—// K(x — )dxdy+// K(zx —y)dzdy
(E\F)x (E°NF°) ENF)x(F\E)

—// K(m—y)dmdy—// K(x —y)dzdy.
(F\E)x(E°NF*) (ENF)x(E\F)
(3.4.34)

Dismissing the nonpositive terms in (3.4.34) and using that E\ FF C EAF and F'\ E C
EAF, we have

// K(zx —y)dedy — // K(zx —y)dzdy
ExE° FxFe
<J Ko —y)dedy+ [ K(e—y)dedy  (3.4.35)
(EAF)x (E<NFe) (ENF)x(EAF)

:// K(w—y)dazdy—i—// K(x —y)dzdy,
(EAF)x (ENFe) (EAF)x (ENF)

where we used the symmetry of K again for the last equality. Noticing that (EAF)¢ =
(ENF)U(E°NF°), from (3.4.35) and Corollary 3.3.5 it follows

//EXECK(x—y)dxdy—//FXFcK(m—y)dxdy

10K (3.4.36)
<// K(z —y)dedy < K" P(EAF).
(EAF)x(EAF)° 2
Now recall that for any sets of finite perimeter A and B, and any open set U, we have
P(AUB;U)+ P(ANB;U) < P(A;U)+ P(B;U)

and
P(A\ B;U) < P(A4;U) + P(B; U),

thus, using that EAF = (EUF)\ (ENF) and EAF CC By, we find
P(EAF) = P(EAF; B,) < P(EUF; B,)+P(ENF; B,) < P(E; B,)+P(F; B,). (3.4.37)

From (3.4.31), (3.4.36) and (3.4.37) we reach

IO’IK IO,lK
(1 - KQ“‘> P(E;B,) < (1 + KTM P(F;B,)

which concludes the proof. O

By scaling, we have the following immediate corollary.
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Corollary 3.4.18. If I?(’l < %ﬂ, then every minimizer F of Problem (P2') is a volume-
constrained A-quasi-minimizer of the perimeter, where A is given by Proposition 3.4.17.

Without the volume constraint, we can actually obtain scale-invariant density estimates
for (local) quasi-minimizers of the perimeter, but we have yet to deal with the volume
constraint, which will be tackled in a future work.

Proposition 3.4.19 (Density estimates). For any (A, ro)-quasi-minimizer of the perime-
ter, we have
1 _|ENB(@)| _ 1

< <l————— Vrel(o, dL"ae vcE, (3438
L+ Ay Bo(2)| TR r € (0,79) an a.e. T € ( )

and
P(E; By(z))

S 108, (2))

where ¢ depends only on n.

<A, Vre(0,r) and A" -a.e. x € O'E, (3.4.39)

Proof. Let E be a (A, rg)-quasi-minimizer of the perimeter, and let

_ ENB
EM.=lzern . limsupw>0
root |[Br(z)]

be the essential closure of E. We know that |FMAE| = 0, and also that s#""1(0*E \
EM) = 0, thus we may focus on points in EM Letz EM, and define m : (0,79) —
[0,400) by m(s) := |E N Bs(z)|. By definition of EM it is clear that m(r) > 0 for
all r € (0,79). Since E is a set of finite perimeter, m is absolutely continuous, and for
ZLtalmost every s € (0,79), we have m/(s) = #""Y(E N dBs(z)). We know by [73,
Proposition 2.16 & Example 2.17] and [73, Lemma 15.12] that for #!-a.e. r € (0,79), we
have

A" OB () NI*E) =0 (3.4.40)

and
P(ENB.(x)) = #" Y (EN0B.(z)) + P(E; B,(x)). (3.4.41)

Let us consider a radius r € (0,79) such that (3.4.40) and (3.4.41) hold, and s € (r,ro).
Consider the competitor F' = E \ B,(z), so that EAF C B,(x) CC Bs(z). Thus by
(A, 7r9)-quasi minimality of E, we have

P(E; By(z)) < AP(F; By(z)). (3.4.42)

Note that
P(F; By(x)) = P(E; Bs(z) \ By(z)) + 2" Y(EN 3B, (x))

thus by (3.4.42) we find
P(B; By(2)) < A (P(B; By(z) \ B.(2)) + 2" (EN 0B, (x))) (3.4.43)

Observe that

—_ 5 s—rt

P(E; Bs(z) \ Br(z)) = [ve|(Bs(x) \ Br(x)) ——|vel(0B:(z))

(3.4.44)
=" 9" EN OB, (z)) =0
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by our choice of r, thus with (3.4.44), letting s go to r™ in (3.4.43) yields
P(E; B,(z)) < A" Y (EN OB, (x)). (3.4.45)
In particular we find the upper bound in (3.4.39) for #!-a.e. r € (0,79), and hence for
every r € (0,79) by left-continuity of » — P(F; B,(z)). Adding 2" Y(E N 0B,(z)) to
both sides of (3.4.45) and using (3.4.41) we obtain
P(ENB,(z)) < (1+A)#""YENIB,(z)). (3.4.46)

Using the classical isoperimetric inequality (3.2.1), we have

1

1 1
P(ENB,(z)) = nwi |[EN Br(x)\l_% = gy m(r)'™

3=

thus with (3.4.46) it follows

1

nwﬁm(r)l_% < (A + 1)m/(r).
Since m(r) > 0, this implies that for #!-a.e. 7 € (0,79) we have

1/n
A GH =

and integrating between 0 and r gives

|Br|

m(r) > mv

which is the lower bound of (3.4.38). Since E€ is a (A, r¢)-quasi-minimizer of the perimeter
whenever F is a (A, rg)-quasi-minimizer of the perimeter, by symmetry we get the corre-
sponding upper bound of (3.4.38) as well. Finally, by the relative isoperimetric inequality
we have

P(E;By(z)) > Cmin(|E N B.(x)|,|E°N Br(az)|)n771,

for some C' = C(n), hence the lower bound of (3.4.39) by (3.4.38). O

Now let us make some conjectures. We believe that the volume-constraint could be
dropped in such a way that minimizers of Problem (P1) are local (A, rg)-quasi-minimizers
of the perimeter for some ry and A depending only on n and K, although it is not clear
how to do so without adding a volume term, which we would like to avoid in order to get
estimates uniform in A for the rescaled problem. Then looking at the rescaled problem
(P2), one would obtain that minimizers are (A, rg)-quasi-minimizers of the perimeter,
where A and ry depend only on n and K, and use the uniform density estimates of
Proposition 3.4.19 to prove the following: for any sequence of minimizers (E),)ren of
Problem (P2') such that A\ — oo, the boundaries 9*E), converge Hausdorff to 0B.

3.5 Stability of the ball

3.5.1 First and second variations of perimeters

In this subsection we recall formulas for the first and second variations of the classical
and non local perimeters, which can be found e.g. in [45, Section 6]. In all this subsection
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3.5. Stability of the ball

E denotes an open set of finite parameter such that OF is a C? hypersurface. First we
define some terminology.
Given a vector field X € C°(R™;R"™), we define the flow induced by X as the solution

in t € R of the ODEs
O Py(x) = X(P¢(x))
CI)()(Z‘) =2x.

It is well known that ®;(x) is well defined for every t € R and x € R", and that (®;);er
is a one-parameter group of smooth diffeomorphisms on R", i.e. ®; 0 &, = &4, for all
s,t € R, and ®¢ = idjgn. Given ®; a flow induced by X, we define E; := ®;(E).

Definition 3.5.1. A vector field X € C°(R™;R") induces a volume-preserving flow on
E if there exists 6 > 0 such that |E;| = |E| for all |t] < d.

Given a functional F on sets of finite perimeter such that t — F(E;) € C?(—4,6)
for some 6 > 0, we define the first and second variations of F at E in the direction
X € CX(R") by

d2
. OF(B)X]:= ldtQ}'(Et)]

SF(E)X) = | 3 F(E)]

dt ‘tZO ‘tZO

Then we define the notion of volume-constrained stationary sets for a functional.

Definition 3.5.2. We say that E is a volume-constrained stationary set for the functional
F if F(E)[X] = 0 for every X € C°(R") inducing a volume-preserving flow on E.

We are interested in the variations of the classical perimeter P and of the nonlocal
perimeter Perg, which we will deduce from the variations of the nonlocal term

Gk (E) == /E EK(:U —y)dady = |E|Iy" — Perg(E).
X

For the classical perimeter, it is known that ¢ — P(F}) is smooth in (—4,d) whenever E
is a set of finite perimeter, and if F is a C2-hypersurface, the first variation is

SP(E)[X] = . Hpp (da™ ",

where vg is the outer unit normal to F, ( := X -vg, and Hgg is the scalar mean curvature
of OF. The second variation is given by

PPEIX] = [ V. = ot

+ | Hop((div X)¢ — dive(CXr)) dA™ ™,
OF

where C%E is the sum of the squares of the principal curvatures of OF, X, := X — (vg
and V,; and div; denote respectively the tangential gradient and divergence on 0F. In
addition, if F is a volume-constrained stationary set for the perimeter, and X induces a
volume-preserving flow on F, then the second variation of the perimeter takes the simpler
form

§*P(E)[X] = /BE’VT (P — Ay dm. (3.5.1)
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Indeed, the fact that ¢ — |Fy| is constant in a neighborhood of 0 implies

d d2
0= [ !Et!] = [ ¢d#"' and 0= | |E :/ (div X)¢ d#m L.
di =0 Jom dt o Jop

As for the second variation of G ¢, note that K € C*(R"\ {0}), K(z) = o(]x|*"") near the
origin for some a > 0 by (H4), and K (x) = o(|z|~(™+V) at infinity by Remark 3.3.1, thus
K satisfies the assumption of the map G in [45, (6.7)], and we can apply [45, Theorem
6.1], to get

6G K (E) / Hie o ¢ dA" 1,
FoxEX = - || Ke-yl) - P g i [ Gpp i
OEXOE oE

+ / H?(,@E((diVX)C — din(CXT)) d%”*17
OF

(3.5.2)
since E is an open set such that OF is a C%-hypersurface and |E| < +o0, where

Geanla) = [ K@= ylve(a) = vsly) P, Vo € O,

and H}}ﬁ 5, wWhich plays the role of the mean curvature for the nonlocal perimeter Perg,
is defined by

Hi¢ pp(x) = 2/ K(zx —y)dy, Vxe€dE. (3.5.3)

E
Note that all the integrals of (3.5.2) are finite whenever JF is a C%-hypersurface. In-
deed X,, ¢ and vg are C' functions, and if ¢ is C1, we have K(z — y)|p(x) — o(y)|? <
Cliellcrap) |z — y[* K (x — y) which ensures that the integrals converge since r — r"k(r) €
LY(0,400) by (H1). Similarly to the perimeter functional, if F is a volume-constrained
stationary set for G and X induces a volume-preserving flow on E, the fact that t — |Ey|

is constant in a neighborhood of 0 implies that the second variation of Gk is simply given
by

62G _ 2 d%n—l d%n—l
(B //BME —)[C() — ()P At d A

+/ e op CCdm L.
oE

Observe that
Perg (E;) = IV |Ei| — G (Er), Yt e (=4,0),

thus F is a volume-constrained stationary set for G if and only if it is one for Perg, and
in that case, if X induces a volume-preserving flow, |E;| = |E|, thus the second variation
of Perg is given by

6% Perg (F)[X] = —6°Gk(E)[X]

o 2 n—1 n—1
[ K-l - P anrt az -
- | eapctaet
OF

We end this section by recalling the definition of stability in that setting.
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3.5. Stability of the ball

Definition 3.5.3. We say that E is a volume-constrained stable set for a function F if F
is a volume-constrained stationary set for F and

S F(E)X] >0

for any vector field X € C2°(R") inducing a volume-preserving flow on E.

3.5.2 Instability threshold for large balls

1

We are interested in the stability of the ball [B],, for (P1). As before, let A = (%) "

Proposition 3.5.4. The ball [B],, is a volume-constrained stationary set for P + G
(and equivalently P — Perk ), and the unit ball B is a volume-constrained stationary set
for Fxx = P — Vg . In addition, [B],, is a volume-constrained stable set for P+ G
(equivalently P —Perg ) iff B is stable for Fi x. For X € C(R™;R") inducing a volume-
preserving flow on B, the second variation of Fi  is given by

2 Fre(B)[X]

01 2 2

_ |Sn ’ C(?/)| -1 -1

= VC2dam 1 — // =2 2 ea(|lz — y)) doen Tt doer
/aB| | |S” I Mopxos —yl? KAl ) v

+<[|(S‘n1" CKN\OB — CaB>/ ¢

where C%B =n — 1 is the sum of the squares of the principal curvatures of 0B, and where
for all r € (0, +00), we defined

"

m’“zk(r)a nrA(r) == X" (),
I [Sm=]

Nk (r) ==

and

Ch 0B = /BB nx(|z —yl) do) "

Proof. Since balls minimize the perimeter under volume constraint, they are volume-
constrained stationary sets for P. Recall that G is maximized by balls under volume
constraint, while Pery is minimized by balls under volume constraint, thus balls are sta-
tionary sets for Gx and Perg?. By scaling of Perg, the unit ball minimizes Vi under
volume constraint as well. In the end, [B],, is a volume-constrained stationary set for
P + Gk and P — Perg, and B is a stationary set for Fg . By (3.5.4) we already know
that [B], is a volume-constrained stable set for P + G iff it is a stable set for P — Perg.
Applying (3.5.4) to Vi » = Perg, where K)(z) := \""' K (\z), we find

PaBIX] = [ RO )l - P a
opxon (3.5.5)

- // N (A — ) — ()P doer don!
OBx0B

20One can also notice from (3.5.3) that Hi pp is constant by symmetry, which directly gives the sta-
tionarity of B in view of the expression of the first variation of Gk given by (3.5.2).
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for every X € C2°(R™;R™) inducing a volume-preserving flow on B. Scaling back, we see
that

AL 62V A (B)[X]

= // K(z —y)AX(\0) - vop, () — AX(A™'y) - vop, (y) 2 d " dog) ™!
8B>\><83>\
- // K(z — y)lvop, (z) — von, (1) PFAX (A '2) - vop, (2))° d? " do
83/\X83/\
= // K(z = y)l(Xx - vop, ) (@) = (Xx - vop, ) (y)|* d " doty ™!
8B>\><83>\

// K(z —y)|vas, (x) — vos, ()|* (X - vap, ) () dA] " do) !
8BA><8BA

= 5?Gx ([Blm)[Xa],
where X is the vector field defined by X (z) = AX(A~12). Obviously we have
AR P(B)[X] = 62 P([Bln) X,

thus
6%(P — Perg ) ([B]m)[Xa] = \" 162 Fg A(B)[X]. (3.5.6)

Observe that X is a volume-preserving flow on B if and only if X is a volume-preserving
flow on By = [Bl;,. Indeed, the flow induced by X denoted by @) is given by @y (x) =
AP, (A"1z), where @ is the flow induced by X, and it is then easy to see that @, ;(AB) =
A®;(B). Hence with (3.5.6) we see that B is a volume-constrained stable set for Fg y if
and only if [B],, is stable for P — Perg. In addition, we can rewrite (3.5.5) in terms of
nK. by

wvia@x) = [ =y 2k — o
X

[ gl RO — ) o ot
0Bx0B

Ip's"2| // (=) = ¢(y))?
= x—y)dA) A
|Sn=1] OBxOB —y? mxA(® =)

7’3;—

- // nr (@ —y)P(x) dAa! dﬁféf‘_l> :
0Bx0B

Note that
C%(,A,@B = /83 (T —y) dt%ﬂynfl

does not depend on x € 0B, since 7k is invariant by rotations, thus by Fubini’s theorem,
we find

Ip's"? ¢(z) = ¢(y)I?
SV A(B)[X] = K // x —y)dA" " dA!
wA(B)A] |Sn=1] oBxo T —yl? MA@ ) Y

- C%(,Amz/ ¢? dﬁn_l) :
oB

Combining (3.5.5) and (3.5.7) gives the result. O

(3.5.7)
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Remark 3.5.5. In view of the expressions of 2P (B)[X] and §?Vk ,[X], it would be natural
to define the quadratic functionals

oP(u) ::/ IVl dn ! —(n—l)/ (uf2 dn!
0B 0B
and
QVicatw) = [| XK = p)lu(e) - )Pyt oty
0Bx0B
[ RO e = Pl Pt
0Bx0B

on the vector space of functions u € H'(0B) such that faB uds#" 1 =0, since ( = X -vp
is null-averaged on 0B whenever X induces a volume-preserving flow on B. Instead of
defining the stability of the ball by the nonnegativity of the quantity 6%(P — Vi \)(B)[X]
for every X inducing a volume-preserving flow on B, we could have defined it by the non-
negativity of the quadratic functional QP — QV , on null-averaged functions in H'(9B).
In fact, it is interesting to remark that, by the proof of [45, Theorem 7.1], those two notions
of stability coincide.

Let us point out that 7x ) is chosen in such a say that

00 Sn—l o0
\S”_QI/O N (r)r" 2 dr = | 01 | ; rk(r)r"dr = 1.
K

Thus, similarly to Section 3.3.1, we may see that, setting nx ¢ := ng 1/x, (NKe)e>0 18 a
family of (n — 1)-dimensional mollifiers. We wish to pass to the limit, however here we
integrate on the product 9B x dB, so we cannot use Proposition 3.3.10. In [69, Theo-
rem 1.1], an equivalent to Proposition 3.3.10 is given for smooth Riemannian manifolds,
unfortunately the assumptions on the family of mollifiers are too strong to be applicable
here (in particular, the monotonicity of 7., for all e, which we do not assume). In Sec-
tion 3.A we prove the required counterpart to Proposition 3.3.10 on spheres, which allows
us to prove that large balls are unstable in some cases.

Theorem 3.5.6. If I?(’l > %, there exists m,, such that for any m > my,, the ball [B],,

is not a volume-constrained stable set for the functional P — Perg. Equivalently, defining
1

Ay 1= (m“);, the unit ball is not stable for Fr x for any A > A,.

Wn

Proof. As we have seen in Proposition 3.5.4, given m, A > 0 such that w, A" = m, the ball
[B]p, is stable for P — Perg if and only if the unit ball B is stable for P — Vi . Assume
I%’l > %ﬁ, and consider a vector field X € C°(R";R") inducing a volume-preserving
flow on B such that

§2P(B)[X] > 0.

Let ( = X - vp. Let us check that the family (nxc)e>0 defined by setting e = 1/ is a
family of (n — 1)-dimensional mollifiers. Since k is nonnegative, we have ngx . > 0, and we
have already checked

]S"2|/O nKvg(r)r"*Q dr = 1.

In addition, for any R > 0 we have

/ Nice(r)r" 2 dr = Cﬁ k(r)r™ dr =20, 0,
R R
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since r — k() € L*(0,00) by (H1) and (H2). This shows that (nx.c)e>o is a family of
(n — 1)-dimensional mollifiers. Let us check that it also satisfies assumption (3.A.5). Let
K be a compact subset of (0,+00), and a,b > 0 such that L C (a,b). Then for every
s € K, using the monotonicity of k, we have

n+1
NK.e(s) = e (D 2E(e71s) < emHIR2k(e71a) = = HDp? (Z) k (Z)

Recalling that k(s) = o(s~("*Y) at infinity by (H4), we then see that sup,cx 7:(s) goes
to 0 as ¢ goes to 0, i.e. the family of mollifiers satisfies (3.A.5). Thus we can apply
Proposition 3.A.2, which gives

_ 2
L FA FAS S )
OBxdB lz — ] Op

A—00
(3.5.8)
On the other hand, we compute as well

n— 1 n— n—
Ckrop = /83 nra(x —y) dA) " = |S"*1\ //aB - ﬁK,A(fE —y)dA A
X

lz -yl -1 -1
—y)dI T dA"

BxdB |T —
Ko,
soe, |Si”i1,1 | 1wra st =Ko
0B
(3.5.9)

Combining (3.5.8) and (3.5.9), with Proposition 3.5.4 we find

K n sr 2
lim 02Fy A(B)[X] = I?(ILI‘ (/ VAP = ¢ dﬁf”“)
A—00 ‘Sn ’ 9E

01 K2n—1/S"7?
— (1 —1Ip =T 52P(B)[X],

where we used (3.5.1) for the last equality. Now by Lemma 3.3.14 we see that in fact

Ko, 1|S"2 _ Kin
S 2’

thus o1
Ik»I(Ln

lim 6%Fk\(B)[X] = (1 —
A—00 ’ 2

> §*P(B)[X] < 0,

since I ol K— and 62P(B)[X] > 0. This shows that there exists A, > 0 such that for
any A = Ay, the unit ball is unstable, which concludes the proof. ]

Appendix

3.A On fractional Sobolev norms and W2 maps on the sphere

We prove a result similar to Proposition 3.3.10 in the case where B is replaced with
the (n — 1)-dimensional sphere. In [69] the case of a general Riemannian manifold is
considered, yet the monotonicity of the mollifiers is required, which is too strong to be
applied in our case.
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3.5. Stability of the ball

We will often use the following to integrate S"~! on slices (see e.g. [6, Corollary
A. 6]) a A" '-measurable function ¢ is integrable on S"~! if and only (x,t) — (1 —

)7 g(\/l — t2x,t) is integrable on S"~2 x (—1,1) , and in that case we have

1
/Sn_1 gdA" ! = /1(1 — )5 /Sn_z g(V1 —t2x,t) dA 2 dt. (3.A.1)

We will need the following basic lemma.

Lemma 3.A.1. Let f be a continuous nonnegative function from (0,+00) such that

/OO f(r)r”_2 dr < +o0.
0

Then for every R > 0 and every x € OBg, the map F : y — f(|x —y|) belongs to L*(0BR)
for any R > 0, and we have

n—3

V4R =
fllz =y dot) " = S"_QIR/ " (1 - S2> s" 2 f(s)ds
0

OBRr 4R

In addition, if n > 3, we have

V4R
f(lz — ) dr 1 < |S"2R / 2 (s) ds

9BR
and if n = 2,
VR
Flle — ) doty " < 87| / 2 ds + T )
9B \[ L>(v/2R,V/4R)
Proof. Up to a change of variables, we can assume that z = e = (0,...,0,1) is the “north

pole”. Our computations will show that y — f(|Re —y|) € L'(0Bg). Applying (3.A.1) to
y — f(R|e —y|) we find

fiRe —yhdry =Bt [ f(Rle -y dog !
O0BRr 0B

1
= R”l/ (1-— t2)nTi3 /gn—2 f(Rle — (V1 —t%y,1)|) d;%@”*2 dt

-1

n

:R”_l/l (1—t2)53/8n2f( 2R(1 —t)) )2 dt

-1
= [S" 2| /11(1 — "2 f(\/2R(1 — 1)) dt.
Changing variables with s = /2R(1 — t), it follows
e =
cee [P D) ey

n—3

V4R 2
=|S" 2yR/ (1 — 2) s"2f(s)ds
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Large mass minimizers for an isoperimetric problem

There remains to show that the integral on the right-hand side is finite, with the estimates.
When n > 3, we have

n—3

82 2
1-— <17 ’ 4 ’
( 4R> Vs € (0, V4R)

which gives the required estimate and shows that the integral is finite, since

V4R 32 nT_?) o)
/ <1 - 4R> s"2f(s)ds < / §"?k(s) ds < +o0.
0

0
When n = 2, let us split the integral into two parts

VAR 52 -3 V2R s2 -3
/0 <1 - 4R> f(s)ds = /0 (1 - 4R> f(s)ds

VAR 2 -3
+/ 1-— f(s)ds.
V2R ( 4R> )
On the one hand, we have

V2R 82 _% 1 V2R
/0 (1 — 4R> f(s)ds < ﬂ/o f(s)ds, (3.A.3)

and on the other hand

VAR 2 -3 VAR 2 -3
1—-— f(s)ds < || fll o0 / 1—-— ds
[ ( 4R) (945 < Wy mmoam | ( 4R>

1 _1
= |11l o (v vaR) VAR / (1) Fas  BAD
V2

(3.A.2)

TR
= £l oo (vamvam =

hence the required estimate by combining (3.A.2) to (3.A.4). O

We can show a counterpart to Proposition 3.3.10 on the sphere.

Proposition 3.A.2. Let f € C?(0B) and let (1:)e>0 be a family of (n — 1)-dimensional
mollifiers satisfying also

sup 7 =290, for every compact set K C (0, +00). (3.A.5)
K

Then we have

. ) — 2 _ _ —
lim // ’f( ) f(2y)| na(’x_y’)d%n 1d%n 1 —K2,n—1/ ‘va‘Qd%n 1
OBx0B — | oB

e—0 ‘(L‘

Proof. Let 0 < r < % to be fixed later. Let us split into two parts the integral
_ 2
// |f(x) f(Qy)| na(’x_de%nfl d%nfl
0BxdB — Yy

‘x—
= // Mna(’x_y’)d%n*l d%nfl

|z —y[?
OBxdB (3.A.6)
lz—y|<r
f(@)— f(y)]? el o
o P o -y s ave
0Bx0B
lz—y|>r
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3.5. Stability of the ball

Changing variables and using the fact that f € C?(0B), we have

|2 n—1 n—1 n—1
(e —y) AT AT < C ne(le — yl) d,
BB[/8B = y‘z ) ! OB {la—c|>r} Y
lz—y[>r
(3.A.7)

for some C' > 0 not depending on &, where ¢ = (0,...,0,1) € S*"!. Using Lemma 3.A.1
with f = X[r4o0)7e, We find

n—3

2 2 2
/ ne(le — yl) d%n_l = |S"7| (1 - S) s"2n.(s) ds. (3.A.8)
BN {|z—e|>r} r 4

n—3

If n > 3, we have (1 - %)T < 1, thus (3.A.7) and (3.A.8) give

2 00
// 2 ) ne(|lz —yl) dAT doty < C/ s"*n.(s) ds,

yl
OBx0B
|z —y|=r

which goes to 0 as € goes to 0 since 7 is a family (n — 1)-dimensional mollifiers. If n = 2,
by Lemma 3.A.1 we have the estimate

2 §2 =5 1 [vV2 L -
/ <1 — 4) Ne(s) ds < (\/i/ ne(s)s" 2 ds + 2H77€HL°°(\/§,2)> (3.A.9)

which also goes to 0 as € goes to 0 by assumption (3.A.5). Thus for any r € (0,1) we have

. |2 n—1 n—1 __
;1_{% // y|2 = ne(lz —y|) dA T dA T = 0. (3.A.10)
0Bx0B
|x—y|>r
Since f € C%(0B), we have
|f(@) = fy) =V f(x)- (x —y)| < Clz —y|*, Vr,y<cdB, (3.A.11)

for some C' depends only || f[|c2(ap). Let us write

f@) = FWIP = f(x) = fly) =V f(@) - (x—y) + V. f(z) (2 —y)
= |V f(@) (@—y)P+[f(@) = fly) = Vof(z) (x—y)]
2(Vof(z) (=) (f(x) — fly) — Vof(2) - (z—y)).
(3.A.12
(@) (z—y)]? < Cle—y|* and (V. f(z) - (x —y)(f(z) — fly) —

Since |f(x) = f(y) =V
)| < C|x — y|? for every x,y € OB by (3.A. 11) (3.A.12) gives

Vof(z) - (z—y)
Ve f(@)- (@ —y)|* = Clz —yP <|f(x) = f)I <V f(2)- (2= y)? + Clz -y,
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Large mass minimizers for an isoperimetric problem

for every x,y € 0B. Thus

f(@)— f(y)]?
’/I() ()|

_ n—1 n—1

0Bx0B
|lz—y|<r

- \va@)'H’Znau:c—ynd%"ld%“\

| (3.A.13)
OBx0B
l[z—y|<r
< | e sinle = oy -ty
OBx0B
le—y|<r
Observe that
oyl o) dory o < o | n(le — o) dty .
dBN{le—y|<r}
0Bx0B
lz—y|<r

where C' depends only on n and || f||c2(sp), thus integrating on slices with Lemma 3.A.1
yields
| = yln-(|z — y|) dog = doty

0Bx0B
|lz—y|<r

Pl 2\ ) 1 (3.A.14)
< CT/O (1 - 4) Ne(s)s" “dsdA)

< C’r/ n(s)s" 2 ds d%"fl < Cr
0

n—3

2

< 2forallm > 2and s <r <1, and where C

denotes a constant depending only on n and || f||c2(sp)- Once again, let us make a change
of variables and integrate on slices using (3.A.1)

I 7wy

where we used the fact that (1 — %)

2
ne(|lz —yl) dA "t doty

0Bx0B
lz—y|<r
€y 2 n—1 n—1
-/ nlle=ol) [ |Voste)- SL artas
OBN{le—y|<r} OB |€ - y’ (3.A.15)
o\
= 1—— Ne(1/2(1 —s
A\/2(15)<r} Sn—2 < 4) 8( ( ))
(VI = 2 2
/ VTf(x) . € ( S y78> d%nfl d%n72 ds.
OB 2(1—s)
Writing

e— — 52y, s 5 —
) _ Ly i =0+ et
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3.5. Stability of the ball

we find
2
e— (V1 —s2y,s 1+s 1—s
Vef(e) LTI TG ), 0) 4 T V(@) (0, DP
2(1—ys) 2 2
+ V1 =832V f(z)(y,0)(V,f(z) - (Ogn-1,1))
1+s
= =5 Vo f(@) - (4,0 + T(z,5)
(3.A.16)
where T': 0B x (1 — %, 1) — R™ is a continuous function such that
IT(x,8)| < CV1—s<Cr, Vse(l- %, 1), (3.A.17)

for some C' depending only on n and || f||c2(ap), since f € C*(0B) and /2(1 —s) < r. In
view of (3.A.15) to (3.A.17), we have

2
// ‘va(x) : H‘ oo —y|) doA At = I+ 11, (3.A.18)
OBx0B
o yl<r
where
o\ B33
S 2 1+s
I. ::/ (1 - ) ( ) ne(1/2(1 — s))
{vai=s)<r} Jsn- 4 2 (3.A.19)
/8 V(@) (O 4 oty Ras,
and

§2

n-3
2
[I1| < 1—4) ne(y/2(1 = s))

CT/{m«} (

r 82 Q%E
< Cr/ (1 — ) ne(s)s" 2 ds,
0 4

for some C' depending only on n and || f[|c29p). Since r < 1, we have (1 - T)T <2
for any n > 2, thus

.
11| < Cr/ ne(s)s"*ds < Cr,
0

where we used the fact that [S"~2| [ 7z(s)s" 2 ds = 1. Hence given § > 0, with (3.A.14)
we can choose r small enough such that

L] <5 and // & — ylne(|z — y]) dAem " dA <6 (3.4.20)

0Bx0B
le—y|<r

for every € > 0. Recalling (3.A.10), we can then choose £y > 0 such that, for all € < g,
we have

2
xTr) — - n=
[ AR e - st ay < (3.4.20)
0Bx0B
jo—yl>r
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Large mass minimizers for an isoperimetric problem

Combining (3.A.6), (3.A.13) and (3.A.18) to (3.A.21), we find

— 2
N AU LA P

for our choice of r. Then we compute

— 1| <39, Ve <ey,

o /{mq} sn—2 <1 B 842) N (1—58> ne(y2(1 =)

/ Vo f(x) - (y,0)| dot " dot) 2 ds
:/{\/m«}< —‘1) N (1;‘9)%( 21— 5))
/8B/S" vaTf ,0)| doty 2 do ! ds

il ) G

/ IV, f(@)|2 o ds,
0B

(3.A.22)

where we used Fubini’s theorem and the definition of Ks,_;. Changing variables, it

follows
2

+1
O s7\ 2 e
I =Ko 1|V fl720m)S" 2|/0 (1 - 4> 7e(s)s" 2 ds.

Now we could have chosen r small enough such that we have as well

) ) r?y 15+
0 < K1V fllz20mS" 7| (1 - (1 - Z) ) SO

since n — 3+ 2 > 0 for any n > 2, thus

L = Ko 1|V f o) 5" /0 ne(s)s"2 ds

<6,

(3.A.23)

where we used the fact |S"2| fol n:(5)s""2ds = 1. Hence from (3.A.22) and (3.A.23), it

follows

Y RLCE e
OBxOB |z — y|

~ KotV faom 82 [ ne(s)s™ 2 ds| <45, v <0,
0
Notice that for every r € (0, 1),
Sn 2|/v,,7€ n2d8_1 Sn 1/ 776 n2d35—>0

so that letting £ go to 0 in (3.A.24), the arbitrariness of ¢ implies

e—0
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_ 2
lim // |f(x) — f(gy)| 775(’33 _ y|) dt%;;nfl d%nfl — K2,n—1/ ‘Vrf‘Q d%anfl_
oBxoB T =Yl 0B






APPENDIX A

Regularity of s-harmonic functions and
distributions

The main subject of this appendix is to give proofs of full regularity for s-harmonic
functions, i.e., functions satisfying (—A)®*u = 0 in a broad sense, and to derive Cacciopoli-
type estimates, that is, L> bounds on all the derivatives of u in terms on the L? norm of
u. While the regularity of s-harmonic functions is well known, there seems to be a lack of
good reference treating it a broad sense. For example, given u € H #(Q2), the s-Laplacian
of u is defined in Chapters 1 and 2 by duality as

R (u(x) — ulw)) - (¢(x) —oly))
(A) 0, ¢ o= //(RW)\(MQC) Ll dzdy,

for all p € H*(12), so that the equation (—A)*u = 0 in Q is to be understood as
() @b g =0, Vi € Hip(S).

In that functional setting, we ask the following question: is w smooth in Q7?7 We can
find several regularity results in the literature, in several functional settings, but, as far we
know, they do not apply here. For example, [15, Theorem 2.10] implies that, if u € H $(R™)
satisfies
(=APu=0 in By,
{ u=g inR"\ B,

then u € C*°(B,) whenever g € C(R") is integrable with respect to the measure (1 +
|2])~("+29) dz. Unfortunately this does not answer our question. This is not entirely a
trivial question: in [16], where regularity estimates involving the fractional Laplacian in
H* are obtained, the authors make sure to prove that s-harmonic functions are Holder-
continuous. In [106], where it is morally shown that the solution u of (—A)%u = f gains
a 2s “fractional derivatives” compared to f, the proofs use in particular the fact that if
some ¢ satisfies weakly (—A)*p = 0 in a ball, then it is smooth inside that ball (e.g. in
the proof of Proposition 2.8), but this is not justified.

Outline of the appendix

In this appendix, we implement two different strategies to obtain full regularity of
s-harmonic functions. First, in Section A.1, we define the fractional Laplace operator on a
large subspace of tempered distributions, and using this distributional setting and the fact
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that the inverse of the s-Laplacian is given by convolution with the Riesz kernel of order
2s, we prove elliptic regularity results; that is, we prove that distributions 7" satisfying
(—=A)*T = f in a ball are morally “2s-times” more differentiable than f in that ball.
We recover smoothness of s-harmonic distributions by taking f = 0. The caveat of this
strategy is that, for technical reasons that we explain further below (and which can likely
be dealt with), we exclude the case n =1 and s € [1,1).

The second strategy we implement, in Section A.3 to obtain smoothness of weakly
s-harmonic functions is by using the Caffarelli-Silvestre extension to recover a degenerate
but local elliptic equation in R"*!. The caveat here is that the setting is a bit less general,
in the sense that we consider functions instead of distributions, using the functional setting
of Chapters 1 and 2, and we only consider a vanishing source term f = 0. However, we
do not exclude the case n = 1, s € [%, 1), and we derive the Cacciopoli-type estimates
mentioned above.

Notation

In this appendix we shall denote by 2(2) the space of smooth compactly supported
functions in €, by . the Schwartz space of rapidly decreasing functions in R", and we let
F be the Fourier transform in R™, defined by

FUN©) = [ f@)e ™ ear, vf e LR,

For k € N and a € (0,1), We denote by C*%(R") those functions f which are k-times
differentiable, whose derivatives are all bounded in L>°(R™), and such that

Gl — 9
1 flleragn = S 107 flpe@n + 3 ( sup 1274(2) “(y>‘> < 400,

lyI<k pyl=k \TYERT v =yl

where v = (71,...,7) € N is called a multi-index and |y| := 71 + ...+ 7,. Beware that
C*2(R™) is not made of all functions which are k-times differentiable and whose partial
derivatives are a-Holder continuous, since we also require those partial derivatives to be
bounded in L.

For k € (0,400) and p € (1,400), we denote by W¥*P(Q) the usual (possibly fractional)
Sobolev-Slobodeckij space whose norm is given by

1 f e = Y 1107 Fllrey

IvI<k
when k is an integer, and
1
oY o p P
Wl = 3 10+ X (ff PR EI0 0z
v<[k] ly|=Lk] \2xQ Y

when k is not integer, where oo := k — | k| € (0,1). In Sections A.1 and A.2, we denote by

Bpgr(x) the open ball of radius R and centered at z in R", and if x = 0 we write simply

Bpg. In Section A.3 we adopt another convention for balls. We reserve the notation Bg(x)

for the open ball of radius R centered at x = (x,0) € R" x {0} in R*" and Dg(x)

the open ball of radius R centered at z in R". We let R?*" = R™ x (0,+o00), and for
= (7,0) € R""! we define Bj(x) := Br(x) "R} and 9°B};(x) := Dg x {0}.
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Appendix A. Regularity of s-harmonic functions and distributions

A.1 The distributional s-Laplacian

The aim of this section is to give a general defininition of the s-Laplacian on a large
class of tempered distributions. We recall a few definitions and statements from [106] (see
also [70, 55, 15]).

Definition A.1.1. For s € (0,1) and u € C*(R") N L>®(R"), we define (—A)*u by

s _ Tns 2u(x) —u(z + h) —u(x — h)
(-ayu) = 22 [ Pz ah

Al1l
=7 p.v./ 711(33) —u(y) dy | )

’ g |z —y[nt2s

and for s € (0,%) and u € L>(R") N LY(R"),

e u(y) _

(—A)Pu(z) = Yn,—s T dy = u x Irs(x), (A.1.2)
e |2 —y[" 2

for every x € R"™, where s (which may sometimes denote simply by (—A)~* when we

refer to the associated tempered distribution) is the so-called Riesz kernel of order 2s,
given by

 In,—s
IQS({L‘) = ‘x|n—2s'
In any case, the constant v,  is given by
2s,_—12 (% + S) n
Tns = |s]27m 2 7“1 —) Vs € (—5,1).

Remark A.1.2. For s € (0, %), the Riesz kernel Ia4 is the fundamental solution of (—A)?,
that is, (—A)*Ies = dp in ¥ (we will see later the meaning of (—A)* I, since for now
(—A)*f is only defined whenever f € C?(R") N L°(R"), and will justify this equality).

Remark A.1.3. If n =1 and s € [3,1), then (27|¢|)~2* is not integrable near the origin;
in particular, it is not a tempered distribution, so its invert Fourier transform cannot be
defined as a tempered distribution, and even less as a function. In other words, we cannot
define (—A)~* as a tempered distribution if n = 1 and s € [3,1), and since we rely on the
inverse of the s-Laplacian in our proof of regularity, we will often exclude that case. Let us
point out that this restriction is only technical: we could define (—A)™* as a distribution
by using the so-called Lizorkin space and its dual (see e.g. [95, Chapter 2]), which are
better-suited to Riesz kernels, instead of the Schwartz class. Note that if n > 2, (—A)%u
is however defined as a function for all s € (—1,1).

We justify in the proof of the next theorem that (—A)’u is a well-defined function
whenever s € (—,1), and the choice of the constants 7, .

Theorem A.1.4. If s € (0,1) and u € C?*(R"™) N L>®(R™), then (—A)%u is well defined
and continuous. If D*>u also belongs to L™ (R"), then (—A)*u € L>®(R"™), and if D*>u €
LY(R™), then u € LY(R™), and we have

F((=A)*u)(€) = @rle))* F(u)(€), VEeR™ (A.1.3)
If s € (—%,0) and u € L*(R™) N L>®(R™), then (—A)*u is well defined and belongs to
L>®(R™).
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A.1. The distributional s-Laplacian

Proof. Let us first tackle the case s € (0,1). Note that for all h € R™\ {0},

T ’2u(1’) — u(Thﬁfgs_ u(x - h)| € CO(RN).

Since u € L°°(R™) N C?(R™), whenever x belongs to some ball B we can write

|2u(z) — u(x + h) — u(x — h)|
’h’n+2$

1
< Xqnery B2 /0 |D2u( + th)] dt

+ x| A T 2lu(@)] + [u(@ + h)| + [u(e — b))
—(n+2s—2) ||D2

(A.14)
< Cxqn)<1ylhl ul| oo (Bpys)
+ Ox g1y [P~ fu]| ooy € L (R™)
thus the integral in (A.1.1) is defined everywhere and by the theorem of continuity under
the integral (—A)®u is continuous in Br11. Since R is arbitrary, (—A)®u is continuous in
R™. In addition, if D?u € L>°(R"), integrating (A.1.4) we see that

(=A)*u(@)| < O D?ul| e any + C e ), (A.L5)

thus (—A)*u € L®(R"). If D?*u € LY(R"), integrating in = and h, we also have

//|2u ) —ula+h) —ul@=h)|

|h’n+25
g/ / [2u(z) — u(z —|—f2)—u($—h)\ dhde
n J{|nl<1} |h|t2s
n / / |2u(x) — u(x —:_IZQ)S_ u(z — h)| dhde
n J{jh[=1) 7] (A.1.6)

1
1
< |D?u(z + th)| dt —————— dhda
/n /|h|<1}/ |h|nt2s—2

/ / 2Ju(z)| + |u(z + B[ +u(z —B)| o
n J{r=13 |h|nt2s

< CIIDul| 1 gy + Cllull 1 gy < +o00.

By Fubini’s theorem, this shows that (—A)%u is well defined for almost every x € R™ and
that (—A)%u € LY(R"). In fact, this justifies that we can exchange the Fourier operator
and the integrals in (A.1.1), so that

(A.1.7)

Yrs 9 _ e217rh-§ _ 672i7rh-£
= : dh
Flu)©) /R e

(1 —cos(2mh - §))
|h|n+23
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Appendix A. Regularity of s-harmonic functions and distributions

where 7, u is defined by 7, u(z) := u(z + h), Y € R™. Exploiting the invariance of
h +— cos(27h - ) under rotation, after computation we find

/ 2(1 —cos(h-¢€)) dh = / 2(1 — cos([A€]) dh =~ L (27|€])*

|h’n+25 ’h‘n—i—?s

so that (A.1.7) yields
F((=A)*u)(€) = (2mle])**F(u) (). (A.1.8)

The other expression involving the principal value is justified by

/ 2u(x) —u(z + h) —u(x — h) A

|h‘n+25

— lim / 2u(x) — u(x + h) —u(x — h) ah

e—0 c |h|n+2s
s u(x) — u(x + h) u(x) —u(x — h)
= lim </g o[ t2s dh + /g |[h[n+2s dh
u(z) —u(x + h)
=2p.v. /n s dh.

As for the case s € (—%,0), the convolution is well defined since there exists some p > 1

PR
such that Iy, € LP(R") (e.g. any p > 25-), and u € LI(R"), Where 2 =1- l. In
addition

[ Iaps) * w()| < | ool Lo ey |0l Lo

so (—A)*u € L*°(R™) in that case as well. To given a meaning to the identity (A.1.3),
when s is negative, we need to consider the Fourier transform on tempered distributions
rather than on L' or L? (see Theorem A.1.5). O

Note that for every s € (=%, 1), (—A)%u is well defined whenever u € ., but the class
of Schwartz functions is unfortunately not stable under the s-Laplacian. By derivation
under the integral sign, it is easy to see that (—A)*u € C*°(R™) in that case, but it can
have a worse decay at infinity, essentially because |¢|?* is not smooth at the origin. In
particular, with the definition we have for now of the s-Laplacian, we cannot a priori apply
twice a fractional Laplace operator to a function in the Schwartz class.

The following well-known result justifies the definition of (—A)7%.

Theorem A.1.5 ([56, Theorem 2.4.6]). If s € (0,5), then (—A)™% = Iz, belongs to the
class of tempered distributions, and F((—A)~%) = (2n|¢|)~2 in .7, i.e.,

2 F@rrr = [ BOF©ds = [ rchPp9)de, Voe s (A19)

n

We will actually need to apply (A.1.9) to functions ¢ with less regularity that those
in the Schwartz class. First, let us remark that (A.1.9) stands true for any ¢ € L'(R™) N
L?(R™) by approximation provided that s < 1> as shown in the following corollary.

Corollary A.1.6. If s € (0, %), then we have

L m@F@© = [ erth e Voe LE) 1R
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A.1. The distributional s-Laplacian

Proof. Let o € L*(R™) N L?(R™). By density of .# in L'(R") and in L?(R"), we can find
(¢r)ren a sequence of maps in .% converging to ¢ both in L'(R") and in L?(R"). By
applying a smooth cutoff, we may also assume that |pr(z)| < |@(x)| for all & € N and
x € R™. Applying Theorem A.1.5, we have

/n Is(§) F (1) (€) d§ = /Rn(277|§‘)2890k(§) dg, VkeN. (A.1.10)

Note that
(2)) " ler(©)] < @2rlé)"Fle(©)], V¢ e R,

and in addition,

/ (2mle) "2 p(€)| dé = / (2l]) ()] d + / (2rl€]) 2 [(6)] de
R B1 B

1
1
—4s :
< (/B (2m[€]) df) lollLz(my) + llellLr(pey < o0
1

where we used the fact that & — |¢|74 € L'(Bj) since n > 4s. Thus by dominated
convergence we obtain

/"(%Ié\)%k(ﬁ) de 2225 [ (2rle]) 2 p(¢) de. (A.111)

R”

On the other hand, by Cauchy-Schwarz inequality, we have

JRGIL PRI

- /B La(©)|F(pr — 9) ()] dé + /B L&) F(px — 9)(©)] de (A112)
1 1

< sl sy IF (k= Ol Lo (By) + 125l 2By | F (96 — )l L2 (B2

< H[25HL1(31)H% - <PHL1(Rn) + HIQS”L2(B‘1:)H‘PI€ - SOHLZ(Rn),

where we used the continuity of the Fourier transform from L! into L> and from L? into
itself for the last inequality. The fact that n > 4s ensures that I is square integrable at
infinity. Passing to the limit in (A.1.12) then yields

n

| B@F@© s = [ n@F@©
thus combining this with (A.1.10) and (A.1.11) we reach
| mdoF@© = [ i) ds

O

However useful this corollary may be, we do not want to make the assumption that
s € (0,%), and want to allow s to be in (0, ). It is not clear that (A.1.9) still stands true
for any p € L'(R") N L?(R"), but we have the following version, which is enough for our
needs.
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Appendix A. Regularity of s-harmonic functions and distributions

Corollary A.1.7. Let s € (0,%) and ¢ € C"(R") N W™ (R"). Then we have

| m@F@)© s = | (nleh o) ds.

Proof. Let us fix G(x) := e~™l71” the Gaussian in R” with unit L' norm. Then for every
ke N, welet e := 27F mu(r) = n(e,'r) and Gi(r) = £."G(e; 'z). We also give
ourselves a sequence of cutoff functions (n;);en, such that n, € C°(0,1 4+ 1), m(r) € [0,1]
for all , m(r) = 1 for r € [0,1], and |n”|| = < C for all I € N and all j € {1,...,n},
where C' = C(n, j). Then we define ¢;(x) := @(x)n(|z|) and @i (x) := ¥ * Gj. Since iy
is compactly supported, and since Gy, is smooth and all its derivatives decrease at infinity
like a polynomial times e*mz, Yy * G belongs to the class of Schwartz functions, thus by
Theorem A.1.5 we have

| m©F @@= [ erieh e e, (A.1.13)

for all k,1 € N. Recall that G}, is an approximation of the identity, and observe that
(2r|€]) 7 wr = Gi(§)] < 2mlEN > wu(€)],

where the right-hand side belongs to L!(R") since 1; is a continuous, compactly supported
function in R", and s < %, which makes [¢ |=2% integrable near the origin. Thus, using that
W * Gi(x) converges everywhere to ¢;(x) as k goes to infinity, by dominated convergence
we find

—2s k} [e.9] —2s8
| emehonerae 22 [ (arleh e ds (A1.14)
Applying the dominated convergence theorem once again we easily obtain as well
[ el u@ e 2 [ enid) el de (A115)

Let us turn to the left-hand side of (A.1.13). Observe that

Fer)(§) = F (b + Gi)(€) = F () (§) F(Gr)(&) = F (i) (§)G(exs),
since Gi(€) = €, "G(e;, ') and F(G) = G. Thus (A.1.13) rewrites

/n Ios(§)F (1) (§)G (er€) A€ = /Rn(27r‘§|)2860k,l(f) de. (A.1.16)

We want to use the dominated convergence theorem to pass to the limit in & (and then 1)
in the left-hand side. First, notice that

Ls(O)F () (6)Ger€) 225 L () F(Wn)(€), for ae. &.

Since 9;(x) = p(x)n(Jx]), by the assumptions on ¢, we know that v, € C*(R") N L1 (R")
and 9%, € LY(R™) for every multi-index o such that |a| = n. Let i € {1,...,n} and
a € N such that o; = n and o = 0 for every j # . Then we have

| F(0%) (&) = @m|&)"[F () (§)], VEeR,
thus
&1 | F () ()] < CIFO0 ) ()] < CllO“ il 1wy

<C <|I/I31ax HﬁﬁwzHLl(Rn)> , Ve R™\ {0},

|=n
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A.1. The distributional s-Laplacian

for some C' = C(n). Since this is true for every i € {1,...,n}, it follows
sup [¢]"[F(v1)(€)] < C | max 074y gy | -
£ER |Bl=n

Now by using the general Leibniz rule and the fact that n; is constant in B; for every
l € N, we easily find that there exists some C' = C(n) such that

Pz <C S 100 (@) n) 2 (@),
B1+p2=0

hence

|04 ()| <C<max 0% (2 )I)

lal<

for some C' = C(n), by our choice of the sequence 7;. In the end, we obtain

sup [¢["|F (1) (€] < C <|max 10%pl| 1 Rn)> <C (A.1.17)

le|>1 <

where C does not depend on k nor I. Now let us write

Ios ()1 F () ()] < Las(E) Wil 12 rmy < Las(E) ol prrny,  VE € By
and, using (A.1.17),
Ios ()| F () (&) < ClE[T"125(E), V€ € BY,

then notice that Ins € L'(By) and €] 7" I25(€) < C|€]**72" is integrable in B since n > 2s.
Thus we can bound

Du(©)| F (W) (©)|G(ex€) < C (Tasl@)xm, (6) + 617 255 (6)) € L'R),

where C' does not depend on k (nor /) and then use dominated converge to deduce, first,
that

| @7 @60 & = [ oF e i (A118)
and then,
| m@r@©wE =S [ nore©de (A119)

since F(¢1)(€) = F(em)(&) converges to F(¢)(&) everywhere as well, by continuity of the
Fourier transform from L!'(R") to L>(R") and the fact that o obviously converges to ¢
in L'(R"). Passing to the limit in k& then [ in (A.1.16) with (A.1.14), (A.1.15), (A.1.18)
and (A.1.19) eventually gives the result. O

When s € (—%,0), even though the fractional Laplacian of a Schwartz function is
not rapidly decreasing, it still has some good enough decay at infinity, which is why we
introduce the following function spaces.

Definition A.1.8. For every £ € N and every measurable function u we define the
seminorm

[t] s = max sup (1+ [2["2) [0%u(z)|
la|=k zern
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Appendix A. Regularity of s-harmonic functions and distributions

where the maximum is taken over all multi-indices a« = (aq,...,a,) € N" such that
iy 0; =k, and 0% := 0% --- 0“»u. We then define, for any s € (—%,1), the space

Sy ={ueC®R) : Yk eN, [u s < +oo}, (A.1.20)
endowed with the topology induced by the family of seminorms [/] k. We denote by !
its topological dual endowed with the weak-* topology.

Note that the topological dual of .75, ./, is a subspace of ./ which is itself a subspace
of 2'(R™). The following proposition justifies the introduction of those spaces.

Proposition A.1.9. Let s € (0,1). Then for any u € ., (—A)%u € Z5(R"), and for
every k € N and every multi-index o = (a1, ..., ap) € N* with |a] = k, we have
I(—A)u = (—A)°0%u.
More precisely, we have
s (14 [2"+2) [0 (= A) u(w)| < C max (Iseuﬂg (1+ |2"2) [0Pu(@)]),  (A.1.21)
so that (—A)® is a continuous linear operator from .7 into L.

Proof. First let us point out that any u € .¥ obviously satisfies the assumptions of Defi-
nition A.1.1, thus (—A)%u is well defined. First let us justify briefly that we can derivate
under the integral and obtain (—A)*u € C*°(R") with 0%(—A)*u = (—A)*90%u by an easy
recursion. For every multi-index « such that |a] = k, 0% € C*°(R™\ {0}) and for every
v e R\ {0},

[20%u(z) — 0%u(x + h) — 0%u(x — h)|

‘h|n+23 (A ) 22)
x5 (1) was(h) S
< e g, 10%ull ) + G 0%l ey € 11 (RY)

hence we can apply the theorems of continuity and derivation under the integral to obtain
smoothness of (—A)*u in R™. In addition, integrating (A.1.22) in h yields

ol A\S 8 fe%
[0%(=A) ul| oo (rry < C[(\ﬁﬁfﬁ2 107wl oo ) + 1|0 U||L00(Rn)}a (A.1.23)

where C' depends only on n and s. To obtain (A.1.21) there remains only to find an upper
bound on sup |z|"2*|0%(—A)*u(z)|. Given z such that |z| > 1, we write

|z|>1
/ 120%u(z) — 0%u(x + h) — 8%u(z — h)|
n |h|n+25
</ ma /1|85u($+rh)]dr __dh
h {inj<l2l} |/3|:k:i2 0 |h|nt2s—2 (A.1.24)
o a o dh
s )+ e ]+ e W
{In>11} 11|

On the one hand, since u € .¥, we have
' 8 ' dr +2) 198
max OPulx +rh)|dr < / max ( sup (1+ |y|™ 0°u
|ﬂk+2/o 07l ) o 1+ |z+7h|"*? ) |sl=k+2 (yEan( ol ) | (y)’)

< —(n+2) 1 n+2 B
Clal~ "+ max ( sup (1+[41™*) 0°u(y))

(A.1.25)
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A.1. The distributional s-Laplacian

Iw\

for some C' depending only on n and s, where we used the fact that |z+rh| > 5! whenever
r € (0,1) and |h| < |$| , thus, integrating (A.1.25) yields
/ ma /185u(a:+rh)\dr dn
X _n
{in<lzl} \IBl=k+2 Jo [p|t2em2
< Clz>~%|z|~(+2) max (sup (1+ \y|“+2> laﬁu(y)]) (A.1.26)
|B]= yeR”
< Clz|~+2) ma sup (1+ |y["*?) |0°u .
22 max (yeRg (1+ [y™*2) [0%u(y)])
On the other hand, for |h| > %
(2]0%u(z)| + |0%u(x + h)| + [0%u(z — h)])m
{in>121} |h|
1 1
n+2 le'
<2 sup (14 W™ 10°00)) s /B i
Izl (A.1.27)
T —(n+2s) N
+1g [0%ul| L1 ()

< Claf= 02 (sup (1-+ly"*) 10°u(y)1)

for some C' = C(n, s), where we used

1
B e o o

0% ula oy < ( sup (1-+1a2) 0*u(o)]) [

< C( sup (1 + |:E|"+2> |8°‘u(m)])

reR?
Combining (A.1.24), (A.1.26) and (A.1.27), we find

sup (1+[a["*?) [0%u(x))

sup |x’n+25‘80¢(_A)5u(.7})’ <C [( up

lz|>1

o (s (14+1a17) |aﬁu<x>|)]

hence (A.1.21) with (A.1.23). O

Corollary A.1.10. Let s,t € (0,1) such that s+t < 1. Then for any p € ., (=A)5Ttp =
(A ((A)'p) = (=A)((-A)*¢) € St

Proof. Since s and t play the same role, we need only show (—A)*Ttp = (—=A)*((=A)ly).
By Proposition A.1.9, (=A)lp € .7, thus (—A)lp satisfies all the assumptions of Theo-
rem A.1.4. As a consequence (—A)*((—A)ty) is a well-defined function in L!(R™), and we
have

F((-AP((-A)'9)) = @nle)* F(~A)) = @r|e) X F(p) = F((-A) ),

hence
(A ((=A)'p) = (—A)" .
By Proposition A.1.9, (=A)**p € .#;.4, which concludes the proof. O
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Appendix A. Regularity of s-harmonic functions and distributions

We can show that (—A)?® is also a continuous linear operator from .¥ into .%s when
s € (—4%,0), and we can prove this as for the case s € (0,1), by cutting the integral of
(A.1.2) into the two parts {|h| < ‘;ﬂ} and {|h| > %} and using the decay rate of u € .,
thus we shall leave the details to the reader.

Proposition A.1.11. Let s € (—%,0). Then (—A)*® is a continuous linear operator from
< into Sy, and
O*((=A)’u) = (=A)%(9%u)
for every multi-index o« € N,
By Propositions A.1.9 and A.1.11, (—=A)? is in fact a continuous linear operator from

& into .7 for all s € (=%, 1). Now we want to show that the identity (—=A)™%o(—A)® = id
holds in ..

Proposition A.1.12. Let s € (0,min(1, 5)). Then we have (—=A)™*((—=A)*u) = u for
every u € ..

Proof. If uw € ., by Proposition A.1.9, (=A)*u € .7, so that (—A)%u satisfies the as-
sumptions of Definition A.1.1, and (—A)7*((—A)%u) is a well-defined function in L (R"™).
Let ¢ € .. By definition of the convolution, we have

| (B (-8 apta)do = [ afa)(os (CA ) () da (A.1.28)

n

where 3"/ denote the function defined by f(a;) := f(—x). Using the fact that ¢ and
(—A)%u € L*(R™), the identities

F U fxg)=F UHF g and FU)=F(f), VfgeL*R"),

where F~! is the inverse Fourier transform. Notice that ¢ * m € Y, so that
FHp* (=A)*u) € C*(R™) N W™L(R™). Thus by Corollary A.1.7 we have

| B (-ayu)@)ete) de = [ B(OF(For CATw)(E) de

n

_ (A.1.29)
= [ CmehF o (FAFw)(6) d

By Theorem A.1.4, using that (—A)%u € %, we have

F o # (—A)u) = F U @) F H(—A)u) = (2ml€) 2 F(B)F(u) = (2[€) 2 F (P * ),

(A.1.30)

and then

F(@xu)dé = F(@)F(u)dg = F(F(@))ud€ = updz, (A.1.31)

Rn Rn Rn R®
Injecting (A.1.30) and (A.1.31) into (A.1.29), we find
[ (B (-arw)ea)do = [ upds,
which shows that
(=28)7°((=4)u) = u

by arbitrariness of ¢ € .%5. O
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A.2. Elliptic regularity for the distributional s-Laplacian

Remark A.1.13. Again, let us emphasize that (—A)™* is only defined for s € (0, min(1, 5)),
so that the identity (—A)™* o (—A)® has a meaning only in that case.

By Propositions A.1.9 and A.1.11, we can define the s-Laplacian on the subspace of
tempered distributions ./ by duality as follows.

Definition A.1.14. If s € (—%,0) and T € .7, we define (-A)*T € .’ by
(AT, 0) 9.7 = (T,(=A)°0) 71 7,.

Among the distributions T' € ./, we are especially interested in those given by locally
integrable functions.

Definition A.1.15. For s € (—%,1), we define L(R™) := L (R™) N (%), and we have
the equivalent characterization

LY(R" :{ e LL (R :/ @l }
( ) U l( ) Rn1+|x|n+28 X o0

Since Iy, € L; C .7 (—A)*I54 defines a tempered distribution, and we can then give
a meaning to the identity (—A)*Iys = do.

Proposition A.1.16. For s € (0,min(1, §)), we have (—=A)*Ia5 = 6y in 7.
Proof. The fact that Is € LL(R") is clear. Then for ¢ € .% we have

(=A)Lzs, ). 7 = (T2, (=A)°Q) 7,y 7,
- [ B ()¢ ds
— Loy (CA)B) (0) = (8)7* ((-8)° ) (0),

by definition of (—A)~*%, where @(z) := @(—x). Since ¢ € ., by Proposition A.1.12 we
have

thus
(=A)%Izs, 0) 71,7 = ¢(0) = ¢(0) = (do, ) 77,7

which gives the result. O

A.2 Elliptic regularity for the distributional s-Laplacian

Now we want to show that if (—A)*T = f in some open set  C R™, where T is a
tempered distribution in ./, then T' morally gains 2s fractional derivatives in Q compared
to f. In particular, we obtain that s-harmonic distributions in 2 (i.e., distributions T € ./
satisfying (—A)*T = 0 in Q) are smooth in Q. For Sections A.2.2 and A.2.3, we fix an
open set Q C R™ and we always assume {n > 2 and s € (0,1)} or {n =1and s € (0,3)}.
Unfortunately this excludes the case s € [%, 1) in dimension 1.
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A.2.1 Regularizing effect of Riesz operators

We need the following well-known regularizing effect of Riesz operators.

Theorem A.2.1. Let f € C**(R") N LY(R"), where k € N and o € (0,1). Then for any
€ (0,1), defining g := Iasx f, l = | +2s] €{0,1,2} and f = a+2s—|a+2s] € [0,1),
we have

(i) g € CHHHP(R™) if B> 0;
(ii) g € CFH=LI(R™) for every 6 € (0,1) if B =0.

Proof. First, note that by splitting the integral defining g = Ios * f into a part on B
and the other on BY, using Hoélder inequality we easily see that g is well defined and
belongs to L>°(R™). Then the proof relies on the fact that the Riesz operator! Rog : f
(F~'o(2n[¢])~2* o F)(f) maps the homogoneous Besov space B> onto B9 (see e.g.
[112, 5.2.3, Theorem 1]), and the equivalence of the B5™ seminorm with the seminorm
of the Zygmund space € (see [112, 2.2.2/(4)] for the definition of ¥ and [112, 2.5.12,
Theorem & Corollary; 5.2.3, Theorem 2 & Remarks 2 to 4 ] for the equivalence), where
the € seminorm is given by

|07 f(x 4+ h) + 07 f(x — h) — 207 f(x)]

[fla =D 10" fllzeo@ny + Y sup |2 A 7

1<|y|<k h|=k ThER™

where k := |a] and A\ := a — |a]. Tt is known that C** = €*** whenever k € N
and a € (0,1) (since k + « is not an integer, see [109, Chapter 5.4, Proposition 8]).
Here, since f € CF® = €++® the fact that Ros maps €7 onto €712 for every f > 0
shows that [g]grtatzs < 400, where g = I * f, meaning that, if | = |a + 2s| and
f=a+2s—|a+2s] >0,

|07g(x + h) + 37g(x — h) — 207g(x)|

1079l Loe (rm) + sup < +o0
1<|§<:k+l Y ,Y;Hm,hew 1
(A.2.1)
and if 5 =0,
Y Yo(z — h) — 207
Z ||ayg||Loo(Rn) 4 Z sup ’8 g(ﬁ?—i—h) +8 g(‘? h) 20 g(.’E)‘ < 400
1<]y|<k+1-1 ly|=k+1—1 TPER™ A
(A.2.2)
for all 6 € (0,1). Now, we have seen that g € L>°(R") as well, thus we have
Y Yo(z — h) — 207
S Ol ¢ X sup AR Tale =) 2
0<|v|<k+1 |y|=k-1 TRER™ b
(A.2.3)
and if § =0,
Y Yo(z — h) — 207
S el s S sp TIEER g0 2@
0<|y|<k+1-1 y|=k+1—1 TPER™ 7
(A.2.4)

for all 0 € (0,1). Now we apply the results from [109, Chapter V.4] in order to trans-
late (A.2.3) and (A.2.4) in terms of inclusions into C* spaces. By [109, Chapter V.4,
(48), Propositions 8 and 9], (A.2.3) implies v € C*P(R"), and (A.2.4) implies v €
CFH=19(R™) for all 6 € (0,1), which gives the result. O

Ry, is defined on the space of tempered distributions modulo polynomials, see [112, p. 5.1.2].
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A.2. Elliptic regularity for the distributional s-Laplacian

We have the following counterpart on Sobolev spaces.

Theorem A.2.2. Let f € WFP(R™) N L®(By) N LY(BS), where k € (0,+00) and p €
(1,400). Then for any s € (0,1), letting g := I25 % f we have:

i) if k and k + 2s are simultaneously integers or nonintegers, then g € Wk+2sp(R");

(i) if y integ gers, g ;

(ii) if k € N, k425 ¢ N, then g € WFt25P(R") when p € [2,+00), and g € WHP(RP)
for alll € (0,k + 2s) when p € (1,2).

(iii) if k € N, k + 2s € N, then g € WF25P(R™) when p € [1,2], and g € W P(R™) for
all 1 € (0,k + 2s) when p € (2,400).

Proof. First, note that by splitting the integral defining ¢ = Iss x f into a part on B;
and the other on B¢, using Holder inequality and the fact that f € L*°(B;) N L'(BS),
we easily see that g is well defined and belongs to LP(R™). The proof then relies on
the boundedness of the Riesz operators Ras : f +— (F 1o (27]¢])72% o F)(f) (as before,
defined on tempered distributions modulo polynomials) between homogeneous Triebel-

Lizorkin spaces le,fq, embeddings between the corresponding nonhomogeneous spaces and

identification with Sobolev spaces. We recall the following well-known facts:

e Ros maps the homogeneous Triebel-Lizorkin space sz,q onto Flf;% for any p,q €
(1,400) (see [112, Section 5.2.3, Theorem 1]);

° Fﬁp = Wk’p(R") whenever k is not an integer, and F;,f2 = Wk’P(R”) when k is an
integer, with equivalent seminorms (see [112, 5.2.3, Theorem 1 and Remark 4] for
this);

o FF = W"P(R") whenever k is not an integer, and F¥, = W*?(R") when k is an
integer, with equivalent norms (see [112, 2.2.2, Remark 3/(18,19); 2.3.5/(2); 2.5.6,
Theorem; 2.5.7/(9)] for this). In addition Fﬁq = F;f’q N LP(R™) and the norm on inq
is equivalent to [']Fz’iq + 1INl o ()

e we have the continuous embeddings F‘f,ql — Ffm for all p,q1,q2 € (0,+00] such

that ¢1 < ¢9, and F;f;’f — Fz]f’q2 for all p,q1,q2 € (0,400] and € > 0 (see [112, 2.3.2,

Proposition 2]). These do not have homogeneous counterparts.
There are 4 main different cases:

(1) if k and k + 2s are both integers, then we use
Wk,p(Rn) _ F;,:z Ras F;;QS _ Wk+25,p(]Rn)7
thus g € Wkt2s»(R");
(2) if neither k nor k + 2s are integers, then we use
Wk:,p(Rn) _ F]ﬁp Ras Fpk:;?s _ Wk+2s,p(Rn)7

thus g € Whk+2s»(R");

(3) if k € Nand k+2s ¢ N (i.e. s # 1), there are three different cases. When p = 2,
then we use . ' ' '
Wk,Q(Rn) _ F2lc’2 Ras F2k,;—2i-25 _ Wk+2s’2(Rn) (A25)

so g € Wk+25P(R™); when p € (2, 00), then we use

irkpmny _ pk R2s. pk+2s
WHEP(R™) = Fjy — F,5
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Appendix A. Regularity of s-harmonic functions and distributions

S0 g € F;;QS, and
B NLPRY) = 3™ = B = WHEI(R?)

implies that g € W*+25P(R™); when p € (1,2), for any | € (0,k), if | 4 2s is an
integer we use

ik, ny _ pk  Ras. k+2s
WEP(R )_Fp? Fp72

with
BN N LP(R™) = Fri?s o FIE2 = Wi2sp(R),

and if [ + 2s is not an integer we use
WHP(R™) = Ffy < F},, = F}, , N LP(R")

with

F;é,p Ras le),J;ZQs — Wl+2s,p(Rn)
to obtain that g € W 2sP(R") for all I € (0, k);

ifkZNand k+2s € N (i.e. s# %) there are also three different cases. When p = 2
we proceed as in (A.2.5); when p € (1,2), then we use

irkpmny _ pk R2s. pk+2s
w (R ) - Fp’p Fp,p

and
Fpk;;)—?s N Lp(Rn) — F}f‘;—QS N F;;QS — Wk+25,p(Rn);

when p € (2,400), if [ € (0, k) is such that | + 2s is an integer, then we use
ik, _ ok Ras, pkd2
WEP(R™) = F,),  Epp s

with

F]l:;)—Qs N Lp(Rn) — FZIJC,;ZS N FZZ)EQS — V[/vl—|—2s,p(]Rn)7
and if [ + 2s is not an integer,
irkpmny _ pk R2s. pk+2s
w (R)_Fp,p Fp,p

with
Ef? N LP(R™) = Fpt?s — FLE2 = WH2P(R™),

Reorganizing these cases gives the result, since g also belongs to LP(R™), as we have

seen.

O]

Note that in particular, if p = 2, then f x I, € W*+252(R") whenever f € W"2(R™)N
1°°(By) N LM(B).
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A.2. Elliptic regularity for the distributional s-Laplacian

A.2.2 Basic operations and properties of .’/

Since the distributional setting is not entirely standard, we recall that we can define
the convolution of an element of ./ with an element of .%;, and show that it produces a
smooth function on R”. For this we need a few technical lemmas.

Lemma A.2.3. Let f € L'(R"™) with compact support, and g € ./s(R™). Then f*g €
Zs(R™).

Proof. Since f € L'(R") is compactly supported and g € .%,(R™) one can easily derivate
under the integral recursively to show that f *x g € C°°(R™). There remains to see that

sup (14 [2]"2) |0%(f + g) ()] < +00
xER™

for every multi-index a = (o, ..., ) € N. Since 0%(f * g) = f * 0%g, we have

10%(f * 9l zoemny < N F L2 @) 10% gl oo @y < 400 (A.2.6)

f being compactly supported, there exists some ball Br such that f(z) = 0 for almost
every « € B§. Thus for any « such that |z| > 2R, we have

10°(f * g)(@)] < / F0g(x — )| dy

Br

< ( sup (1 + \:L‘]"HS) ]aag(x)‘)/B ( |f(y)]

TER™
A2
< (s (Ve =) 0%@) | %dy (8.27)

< (sup (14 J2"2) 99 (@)]) ( /B £(v) dy> ]2 dy,

z€R™
hence the result, combining (A.2.6) and (A.2.7). O

Lemma A.2.4. Let F € /(R xR), and T € Z}(R). Then x — (T,F(x,-)) s 9, €
C*(R) and OYF = (T, 05F(x,-)) 71 7,, for all k € N.

Proof. The proof follows the standard proof for classical distributions. We show only
that z +— (T, F(z,-)) #1 ., is everywhere differentiable, and its derivative is given by x
(T, 0. F(x,-)) .7 &, The result then follows immediately by induction. By definition of
Fs(RxR), forevery z € R, y > F(z,y) € Ssand y = 0. F(z,y) € Lsso (T, F(x,-)) 71 7,
and (T, 0, F (x,-)) s 7, are both well defined. Given z,y € R and h € [~1,1]. By Taylor’s
theorem we have

1
F(a+ hoy) = Flay) = h0:F(e,y) = 12 [ 0 (a+ thiy)(1 - 1 dt
0

Since y — 0, F(z,y) and y — fol O2F (x + th,y)(1 — t)? dt belong to .%;, we have

(T, F(x+h,-)gt,9, =T, F(x,-)) 71 7, — WT,0.F (x,-)) 71 7,

i (A.2.8)
< h2|<T,/ O2F (x+ th, (1 — )2 dt) 1.5
0
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Appendix A. Regularity of s-harmonic functions and distributions

By definition of ./, there exists m > 0 and C not depending of x and h such that
1
‘<T, / 8§F(m + th, )(1 - t)2 dt>y;’ys‘
0

<C > sup (14 [y"t) |o /Olagp(a:+th,y)(1—t)2dt|] (A.2.9)

o<k<m YER
<C Y s (T [(m ) 0200 F (2, y)| < C.
o<k<m (@.y)ER?

By (A.2.8) and (A.2.9) we see that & — (T, F'(x,-)) s #, is continuous and differentiable
at z, and its derivative is z +— (T, 0, F(, ")) 71 o, . O

Lemma A.2.5. Let T € .. and f € .5, then defining the convolution of T with f by

s

T f(x) = (T, 70 [ r.,

where \f(ac) = f(—z) and 7—, f := f(- — x), we have T x f € C°(R™). In addition, for
any ¢ € Z(R™) we have

[ @ D@ ds = (T, f < oo (A2.10)

Proof. We proceed in two steps.

Step 1. First we show that T'x f is a well-defined smooth function. We shall only show that
T x f € CL(R™) and that 0;(T * f) = T * 0; f, as it is then easy to conclude by induction.
It is clear that 7_, f € s whenever f € .75, so that T x f is well defined. Since for any
a,h € R™, we have

sup (7 (arm) | — T—a ))@)] < IV f]| oo @y,

T (a +h)\f converges uniformly to T_a\f/ as h goes to 0. Similarly, one shows that the

derivatives 0%(7_(q4n) \f/) converge uniformly to 0%(7_, \f/) as h goes to 0, for every multi-
index « € N™. By the topology of .#/, this implies

T fla+h) = (T, 7 anf) o o, 220 T, Do =T * fla),

hence T« f is continuous. By linearity of T, for any a € R", h € R\ {0} and 7 € {1,...,n}
we have

T+ f(a+he) =T # f(a) = (T # the, f)(a) = (T * f)(a) = (T, 7 (asney f = 7a Nsy.s..

thus

T flathe) =T fl@) _ [, ey f =7 f
h S\ h 5. '

Now since f € .7, and \f € .Y,

T—(a+he;) }/(I) — T—a \f(SC))
sup

- hal _av T
sup 3 T-af ()

< [l (max 107 £ <(zn))-

la
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A.2. Elliptic regularity for the distributional s-Laplacian

80 that (T_(q4he;) f — T q ?) /h converges uniformly to T,aa? as h goes to 0. Similarly,

we can show that 0%(7_ (44 he,) f—74 \f) /h converges uniformly to 0%(7_, 52?) as h goes
to 0. Hence by the topology of ./, we have

T+ f(a+he)) =T % f(a) nso
h

ie. 0;(Tx f)(a) =T *0;f(a), Proceeding as for the continuity of f, one shows that T 0; f
is continuous for all i € {1,...,n}, hence T x f € C1(R").

Step 2. We show (A.2.10). By Lemma A.2.3, f xp € Z for any ¢ € Z(R") and f € .,
thus (T, f*p) o1 o, is well defined. We show it only for n = 1, as it is then easy to conclude
by induction. Let ¢ € Z((a,b),R). Then defining

s (T, 7_a0if) = T % 9, f (),

Fa.g) = | "ot f(y — tydt,

we check readily that F' € .%;(R?). By Lemma A.2.4, z — (T, F(,-)) 1 #, € C*(R), and
we have
0T, F(z,-)) 91 7, = (T, 0:F(x,")) 71,7,

Integrating in x between a and b, we find

b
(T, F(b, ) 710, = / (T, 00, F(2, ) 1.0, da

since F'(a,y) = 0 for all y € R. This reads

b b
(T, / PO — ) dt) 1, = / (T, (@) (- — 2)) sy, .

Recalling that ¢ is compactly supported in (a,b), and noting that

b b -
/ (T, (@) (- — )y, i = / o@) (T, 7T )r1 0, da,

it follows
(T % )y, = / o(@)(T * () de,
R

hence the result. O

A.2.3 Elliptic regularity

We will make use of the following technical lemmas. Although we will only use the
next Lemma to estimate the decay at infinity of the derivative of a function f in terms of
the decay of f and f”, we find this more general result nice to state and prove.

Lemma A.2.6. Let r >0, m € [0,4+00), and k,l € N such that k +1 < 1. If f € CY(R™)
satisfies

sup [z[™[0%f(x)| < +oo,

TEQS
for every multi-index o € N™ such that |a| = k or |a] = 1, where Q C R™ is the open cube
10,7[™, then

sup [2]™10% f(2)] < +oo,

TEQS

for every multi-index o such that o € {k,... l}.
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Appendix A. Regularity of s-harmonic functions and distributions

Proof. Up to taking the maximum over all multi-indices « such that |a| = k and |o| = I.
we may assume that there exists some M > 0 such that, for all those multi-indices, we
have

sup |z|™0% f(z)| < M.

|z|>r
We proceed in two steps.
Step 1. Let us first assume that n = 1, and define p :=1—k, g := f*), so that g € CP(R).
Without loss of generality we may assume that z is positive, so that = € (r,+0o0). For
alli € {1,...,p — 1}, we define \; :== -~ and x; = z + \;. Since g € CP(R), by Taylor-

p—1
Lagrange theorem, for each x;, there exists some &; € (x,2;) C (z,2 + 1) such that

9@ 1" D) ®)(¢;)
R A TH T

9(@) = g(x) + Nig' (@) + X} AP,
Passing all the terms in g and ¢ to the right-hand side, and all the others to the left-hand
side, these equalities can be written matricially as

ALAZ e g(;gx)
Aa A2 /\12’—1 97(“*’)
AX = :
' ' 1 (r-1) (5
Ap-1 /\]2) /\271 gpp!( )

x1) —g(x) — AI{%

) — g(x) — ML

g(@p-1) — glz) — L)

We remark that A is a Vandermonde matrix, so it is invertible since the A; are all distincts.
Thus X = A~'Y. Note that since z; and & belong to (z,z + 1) and > r, we have

lg(xa)| < ((sup 2™ |g(a)] )il ™ < Mla] ™™,

|z|>r

and
9P (&) < (supla|™|g® D (@)) &I ™™ < Mle|~™,
|z|>r
as well as (obviously) |g(z)| < M|z|~™, thus |Y| < Clz|™™, where C' depends only on M
and p. Hence we have
X[ < CllAT [,

which shows that

sup |z|™|fD(x)| < C, Vie{k,...,1},

|z|>r
where C depends only on M and p = [ — k, by definition of X and g¢.
Step 2. Now we turn to the case n > 1, and proceed by induction on p = [ — k. If
p = 1 then there is nothing to prove. Assume that the lemma is proven for p > 1. Let
f € CYR") such that

sup |z[™0% f(x)| < M,
2€Qs

185



A.2. Elliptic regularity for the distributional s-Laplacian

for every multi index « such that |a] =k or |o| = [, where | — k = p+ 1. It is enough to
show that for any multi-index « such that |o| = k, we have

sup [a]™[0%0" f(x)| < +oo,
2€Qs

for every 8 € N such that |3| € {1,...,p}. Thus we now fix a and consider g := 9*f.
Let z9 € {0} x R"! be fixed. We define g; € CP*1(R) by g1(t) = g(zo + te1). Then g
satisfies 4

sup ["]gi" (1)) < M

[t|>r

for j =0 and j = p+ 1, thus applying Step 1 we find

sup [t"g (1) < C,

[t|=r

for all j € {0,...,p+ 1}, where C' depends only on M and p. By arbitrariness of zy and
the fact that ggj)(t) = & g(xo, ), this implies

sup || g(z)| < C,
veQs

for all j € {0,...,p+ 1}. Proceeding exactly as above, for i = 2,...,n instead of i = 1,
we show that '

sup [2™(0] g(a)| < C, Vie {1,....n)

TEQS

for all j €{0,...,p+ 1} and some C' = C(M,p). In particular, we have

sup [z™|0; g(z)] < C, Vie{l,...,n},
reQs

which shows, recalling that g = 9%f, that 0;0%f satisfies the assumptions of the lemma for
p (considering 0, | —k — 1 and C' in place of k, [ and M), thus by the induction hypothesis
we find

sup |z|™0%9;0% f(z)| < C, Vie{l,...,n},

zEQS
for every multi-index 8 € N such that || € {0,...,p}, where C = C(M,p), hence the
result for p + 1, by arbitrariness of ¢ € {1,...,n} and « such that |a| = k. O

Lemma A.2.7. Let ¢ € 9(Bag,[0,1]) such that ¢ = 1 in Bg, for some R € (0, %), and
F:=(1—1)lss. Then (—A)*F is a well defined function and belongs .75.

Proof. We proceed in 4 steps.
Step 1. We justify that (—A)*F is well defined, smooth and that all its derivatives belong to
L>°(R™). Note that F' € C*(R")NL>*(R"), so (—A)*F is well defined by Theorem A.1.4.

Since F(z) = Iy for every x > 2R, and F' is smooth in Byg, for every multi-index
a=(aq,...,0ap) € N" such that |a| = k, by derivation we have
sup (1 + |z|"2T%)|0°F(z)| < 4o0. (A.2.11)
T€R™

In particular for all & € N™ such that |a| = 2 we have

sup (1+ |z|""272%)|0*F(z)| < +oo,
rER™
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Appendix A. Regularity of s-harmonic functions and distributions

thus D?F € L*®(R") N L'(R"), hence (—A)*F € L>®(R") N LY(R") N C°(R™) by The-
orem A.1.4. In fact, using (A.2.11) it is easy to see that we can apply the theorem of
derivation under the integral to (—A)*F and show that (—A)*F € C*°(R") with

I*((=A)°F) = (=A)*(0°F). (A.2.12)
Proceeding as in (A.1.4) and (A.1.5) for 0*F we find
10%((=A)*F)[| oo ) < <|!3”‘F\|Loo R+ WA 107 F || o0 en ) (A.2.13)

for every multi-index o € N™. Hence there remains only to prove

sup |z|~("F29)|9%(—A)*F(z)| < 400

|z[>70

for some positive 1y and every o € N” to conclude that (—A)*F € 7.
Step 2. We show that for every multi-index o € N such that |o| = k > 2, we have

sup |z["T25)9% (= A)*F(z)] < +oc. (A.2.14)

|z]>2

Let o be a multi-index such that |a| = k > 2. Derivating under the integral, for = € BS,
we have

0% (— AV F(2)] < / [20°F (x) - 8‘“1727;2};) —°F—h)
120°F(z) — 0“F(x + h) — 9°F(x — h)|
S /{|h<lr} |h|nt2s dh (A.2.15)

dh.

/ |20F(x) — 0°F(x + h) — 0“F(x — h)|
{|h|>|z|} |h|n+23

Integrating on lines, using (A.2.11) and the fact that |z + th| > C|z| for some constant C'

whenever |z| > 2, |h| < |w| and ¢ € (0,1), it follows
20°F (x) — 9°F(x + h) — 0°F (x — h)|
n+2s dh
{ini<l5} 1]
1
S / ( max / IB‘*F(ch)Idt) |n|~ 252
{im< 5} A=z Jo (A.2.16)
<C|ZC|2_25 max Sllp‘:L’|” 28+k+2‘6aF(.%')| |$|_(n_28+k+2)
|Bl= k+2|x|>1

< C|m|7(n+k)

Using (A.2.11) again we find as well

|07 F ()] / 1
dh < C|0F (x —-dh
/{|h|>|2|} |h|n+28 ’ ( )‘ BTI‘ ‘h|n+23
2

< Clo°F ()|~

< C’( sup (1+ ]w\’”k_?s)]@aF(x)\)L
XX 2|32 1+ ‘x’n-i-k—Qs
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Since k > 2, by (A.2.11), 9°F € L*(R"), thus

|0°F (x + h)| + |0°F(z — h Cnt2s) A0 nt2s
/{ - N @ = D] 4y @207 | 1 oy < Ol
>

|h|n+25

(A.2.18)
Hence combining (A.2.15) to (A.2.18) and noticing that n + k > n + 2s for k£ > 2, we find
10%(=A)*F(z)| < Cle|~ "2 v e BS, (A.2.19)

which gives (A.2.14).

Step 3. We show that
sup |z["T25|(=A)*F(z)| < 4oo0. (A.2.20)

|z|>2

Let n € 2(B1;[0,+00)) such that

/nn(x)dx =1.

-1

For any € > 0 we define

—n

Ne(x) :=e "nle ),

so that (7:)e>0 is an approximation of the dirac dyp. Since (—A)*F is continuous, we have
(—A)°F xn.(x) =0 (—A)°F(x), VYzreR™ (A.2.21)
Since (—A)*F and 7. belong to L'(R"), by Theorem A.1.4, we have
F(=A)*F xne) = F((=A)*F)F(ne) = 2nl€)* F(F)F(ne) = F(F * (—=A)*(ne))

thus (=A)*Fxn. = Fx((—A)*n.). Let us define 9. := (—A)*7n., and from now on assume
e < % Let us write

(=AF xn.(x) = F x ()

= / F(y)e(z —y) dy + / F(y)v.(z — y) dy. (A.2.22)
By ¢

Note that . € %5 by Proposition A.1.9, since 7. € ., and observe that for any ¢ < %
and x € BY, we have

2ne(z) —ne(x + h) —n-(z — h)|
|wa /{h<|1 |h|n+25 dh
20 (z) — me(z + h) —ne(z — h)|
|7751‘+h) ne(z — h)|
dh
/{h> ‘} |h‘n+23 ’

since 7. is compactly supported in B1 and z,  + h and = — h belong to B whenever
2 3

x € Bf and |h| < |$\ . Thus from (A.2.23) it follows

e ()] < Cle| =02 e | 1 gy = Cla| =29, va € B, (A.2.24)
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for some C' independent of ¢ and z. For x € BS and y € Bj, we have |z —y| > 1, thus
using (A.2.24) and the fact that F' € L>°(R"), we infer

F W)l — ) dy < Jal =02 ey ( sup o] =429 e ()]
B jo[>1 (A.2.25)

C| :L" n+25
where C' does not depend on € nor x. As for the last term on the right-hand side of

(A.2.22), recall that F = I, in B§, O Bf since R € (0, %), thus

F@blo ~y)dy = | Du(w)iule - ) dy

B
= [ Ble—pay— [ m@ue-ndy (a220)
— (25 0)(@) = [ Bu(w)vle—9)dy.

By

Since 7. € ., by Proposition A.1.12 we have
Iys e = (=A8) 7 ((=A)"ne) = e,
thus for any = € BS, (A.2.26) becomes
| Pt =)y =ne) = [ Iaw)into =)y
1 1

(A.2.27)
_ /B Doy (y)e(z — y) dy,

because 7. is compactly supported in Bi. Then since |z — y| > 7 > 1 whenever |z| > 2
and |y| < 1, using (A.2.24) and (A.2.27) we estimate

IF(y)e(z —y)| dy < / s (9) e (z — )| dy
B¢ B

< C( sup|y|—(n+2s)|7/)s(y)|) (/B |128(y)|dy> ||~ (n+29) (A.2.28)

ly[>1
< C’\x! n+25

Combining (A.2.22), (A.2.25) and (A.2.28), we find
|(=A) F x ()] < Cla| =", v € BS,
thus letting € go to 0, with (A.2.21) we reach
(=A)*F(x)] < Cla|~ 29, va € B,

which gives (A.2.20) and concludes this step.
Step 4. In view of Steps 1 to 3, there remains to show

sup |z|~("29|9;(—A)*F(z)| < +o0 (A.2.29)
|lz|=ro
for all i € {0,...,n}, for some positive ry. We use the interpolation lemma (Lemma A.2.6)

with r = 2 (since By C @2), k = 0 and | = 2 to conclude directly that (A.2.29) holds in
any case for any arbitrary rg such that Q2 C B,,, which concludes the proof in view of
(A.2.13). O
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Corollary A.2.8. Let ¢ € ., and F be as in Lemma A.2.7. Then the convolution
Fx ((—A)%) is well defined and belongs to .

Proof. By Lemma A.2.7, (=A)°F € %, thus ((—A)*F) % ¢ is a well-defined function and
belongs to .7s(R™) by Lemma A.2.3. In addition, since ¢ € .# and F € L'(R"), using
Theorem A.1.4 we have

F(F*((-A)9)) = F(F)F((=A)%p) = (2n[¢)* F(F)F(p)
= F((A)E)F(p) = F(=A)F x ¢),

hence F x (—A)’p = (=A)*F % p € .¥; by Lemma A.2.7. O

We are now ready to prove that solutions to (—A)*T = f in () morally gain 2s
“fractional derivatives”, which immediately gives regularity of s-harmonic distributions.

Theorem A.2.9. Let s € (0,min(1,%)), T € % and f € CH*(Q). If (AT = f in
7'(Q), i.e.,
(AT, p).91,9 = A f@)p(z)dz, Yee 2(),

then for every open bounded open set w such that@w C Q, defining l = | + 2s] € {0,1,2}
and = a+2s — |a+2s] €[0,1), we have

(i) T € CFLB(w) if B> 0;

(ii) T € CF=19(w) for every 6 € (0,1) if B = 0.
Proof. First, let us note that (—A)*T € &/ C () by definition of the distributional
s-Laplacian. We prove that for any Bg(z) such that Bag(z) € Q, R < &, (i) or (ii) holds
for w = Br(x), which gives the result by a standard covering argument. Let Bg(x) such
that Bar(z) C Q, and, up to a translation, let us assume from now on that z = 0. Let

v € 9(BRr), and note that (—A)%p € 5 by Proposition A.1.9. Since ¢ € Z(Bg) C .,
by Proposition A.1.12 we have

= (=A)"°((=A)p) = Las x (=A)%), (A.2.30)
and we can thus write
(T, 0) (7,7 = (T, Ias ¥ (=A)°0)) (7.7,
Now consider ¢ € Z(Bag, [0, 1]) such that ) = 1 in Br. Then we write
Iy = ¢Is + (1 — ) Lo =: F1 + I,

so that
(T, p) 71,9, = (T, (F1 + F2) x ((=A)°0)) 7,y 7,-

Now Fj * ((—A)%p) is a well defined smooth function, since F} is a compactly supported
distribution, and (—A)®p is a smooth function. In fact, since (—A)*p € ¥ and F;
is compactly supported, by Lemma A.2.3, F} % ((—A)%p) belongs to .;. Thus (T, F *
((=A)°9)) (7,7, is well defined. Regarding I, by Corollary A.2.8, Fy*((—A)%p) belongs
to 7, thus (T, Fp x ((—A)°9)) ()., is also well defined. Hence by linearity

(Typ) 71,7, = (T, Frx ((=A)°9)) 1,7, + (T, Fa % ((=4)°9)) 1,7, (A.2.31)
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Appendix A. Regularity of s-harmonic functions and distributions

Note that F} * ¢ € 2(Q) C .7, thus (—A)*(F} * ¢) is a well-defined function, and since
Fy € LY(R"), we have

F(Fux ((A)°9)) = F(F)F((=A)*p) = (2rlé))* F(F1)F(p) = F((=A)*(F1 * ¢))
hence (—A)’(Fy x p) = F1 x ((—A)®p). As a consequence
(T, F1+ ((=A)*¢))sr.7 = (T, (=A)*(FL % ©)) 77,7, (A.2.32)
Now, since ¢ is a smooth function compactly supported in Bg, and Fj is compactly
supported in B, F} *x ¢ € Z(Bar) C 2(2), thus
(T, (-A)(F1*p)) o9 = . f(x)(F1* p)(x) dx (A.2.33)

because (—A)*T = f in 2'(Q). Since F} x ¢ € P(Bag), there exists Ry < 2R such that
Fi ¢ € P(Bpr,). Let us consider another smooth cutoff function ¢ € Z(Byg) such that
1 =1 in Bp,, so that (Fy x¢)f = (F1 * p)f, and let us write

f@)(Frrg)@)de = | F(e)d(@)(Fixp)(x) de = / (Fy#J9) (2)p(x) da. (A.2.34)
R™ R™ R™

Recall that Ios = F1 + F», thus (A.2.33) and (A.2.34) give

(T AP (F s @), = [ (i FO) @) ds (A235)

= (Ios * f, QY 7 — (Fo % b, 0) ..

Since f € C**(Q) and ¢ € 2(Bg,), fo € Ch(R") N L} (R"), and we can apply Theo-

~—

rem A.2.1 to show that Ios % fib morally gains a “fractional” 2s derivative. In addition
F5 % f1) is smooth, as a convolution of a smooth function, F5, with a compactly supported
distribution, fi. Combining (A.2.31) to (A.2.33) and (A.2.35), we find

(T, ) 1.7, = (I2s * T,y am g — (Fox Fib, @) .00 + (T, Fy % (=A)p) o1 7. (A.2.36)
By Lemma A.2.7, (—A)*F; is a well-defined function in .%;, and by Theorem A.1.4
FU((-A)'Fy) = ) = 2m[e))* F(F) F(p) = F(Fa + ((-A)*)),

thus
Fyx((=A)%¢) = ((-A) F2) * . (A.2.37)

Since T € ! and (—A)*F, € ¥, by Lemma A.2.5, T x ((—A)*Fy) defines a smooth

S
function, and we have

(T, (A’ F2) xp).gr.7, = (T x ((—A)°F2), p).71,7..
hence with (A.2.36) and (A.2.37) it follows
(T, ) 1.9, = (I2s * 7o, O g9 — (Fo * fo. ), a + (T *((—A)°F), ) 71,9,

fe. T =1Iyx fth— Fy* fo+T * ((=A)*Fy) in Bgr. Since T * ((—A)*F3) and Fy * f1 are
smooth functions on R”, and fi¢» € C**(R"™), applying Theorem A.2.1 to Iss * f1) shows
that T satisfies (i) or (ii) for w = Bp. O
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We have the immediate Corollary when the source term f vanishes.

Corollary A.2.10 (Regularity of s-harmonic distributions). Let s € (0,min(1, §)) and
T € . such that (—A)T =0 in 2'(Q), i.e.,

(AT, @)9r.9 =0, Vo€ D(Q),
thet T' is a smooth function in €.

If instead of using Theorem A.2.1 to end the proof of Theorem A.2.9, we use its
counterpart on Sobolev spaces, i.e., Theorem A.2.2, we get the following theorem.

Theorem A.2.11. Let s € (0,min(1,%)), T € % and f € WFP(Q). If (~A)*T = f in
2'(Q), then we have

(i) if k and k + 2s are simultaneously integers or nonintegers, then T € V[/{Zj%’p (Q);

(ii) if k €N, k+2s € N, then g € WirT2P(Q) when p € [2,+00), and T € WP (Q) for
alll € (0,k + 2s) when p € (1,2);

(iii) if k €N, k+2s € N, then T € Wy 2P(Q) when p € [1,2], and T € WE(Q) for all

loc

1 €(0,k+2s) when p € (2,+00).

A.3 Regularity of weakly s-harmonic functions

In this section we give another proof of smoothness for functions u satisfying (—A)%u =
0 in a weak sense, but in a more specific functional setting (the one from Chapters 1 and 2),
and we obtain bounds on the L* norm of all the derivatives of u. We recall briefly this
functional setting and how it relates to the distributional setting of .

Definition A.3.1. For s € (0,1), we define the fractional s-energy in a bounded open
subset 2} C R"™

'Yns )‘2 Yn,s ”U,(iL') — u(y)‘Q
E4(u, Q) // de dy + 1ms // ) = WY)I” 4. qy,
axQ \55 - y\"Hs 2 Jaox@ma) |-yt

and the Hilbert space
H?(Q) := {u e L3 (R") : &(u,Q) < —i—oo}

endowed with the norm

lullZ, ) = lulZz(q) + Es(u, Q).

@

Any map u € H 5(£2) defines a tempered distribution in ./, as is shown in the following
proposition.

Proposition A.3.2. For s € (0,1), Q an open subset of R", and u € H5(2), we have

u(z)|
/Rn de < CHUHHs(Q),

for some C' depending only on n, s and Q. In particular ﬁIS(Q) C LY(R™) C .7
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Appendix A. Regularity of s-harmonic functions and distributions

Proof. Let zg € Q and p > 0 such that B,(xo) C 2. Then by [81, Lemma 2.1], we have

Ju(z)|? )
Anu+u—xMM%dx<C@“%Bﬁ )+ 2z, o) < Cllul g

Now for |z| > |z¢|, we have 1 + |z — zo| < 2(1 + |z|), thus

e 1ot Jajnrs 40 He (@)

Then by Jensen inequality, since (1 4 |z|"*2%)~1 dz is a finite measure, we get

1
(@) u@l
fo i< [ mmds) <Oz,

hence the result. O

Remark A.3.3. In Chapter 2, for any u € H?*(), we defined (—A)*u as a linear form on
H*(Q) by

y)) (@) —2y) 4. dy

<( A) U S0>(Hs As N y|n+25

QxQ

(u(z) — u(y)) - (p(x) = #(y))
s //QX(R"\Q) |z — y[r 2 drdy

for all o € H*(S2). It is easy to check that . C H*(), and that, with our distributional
definition of (—A)*u € .’ for u € ., we have

(FA)Yw, 0) oy s = (FA)w90) 71,9,

i.e. both definitions coincide on .¥.

Now we want to give another proof of the fact that any u € H 5(D1) which satisfies
(—A)*u = 0 weakly in (ﬁS(Q))/ is smooth, and obtain Cacciopoli type estimates for the
fractional Laplacian. There are two possibilites for this: we can either prove both the
smoothness and the estimates using the fractional harmonic extension, already-known
Holder regularity results for degenerate elliptics equations and a bootstrap argument, or
we can take a shortcut (except when s € [%, 1) in dimension 1) and use the smoothness
of s-harmonic distributions, which we already know from Section A.2, to apply a shorter
bootstrap argument to get only the estimates. We implement the former strategy, which
does not rely on the regularity results from the previous section, and includes the case
n=1and s € [,1), which were missing from Theorems A.2.9 and A.2.11.

Proposition A.3.4 (Holder-regularity of s-harmonic functions). Let s € (0,1) and u €
H®(Dyg) with R < 1. If (=A)su = 0 in (H*(Dg))', then u € CO’O‘(Dg) for some

a=a(n,s) € (0,1), and we have

R*[ulgo.0(p 5y < CLR¥"7|ul| 7, (A.3.1)

Dp) = B, |z|2dx)

for some Cy = C1(n, s), where u® is the fractional harmonic extension of u.
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A.3. Regularity of weakly s-harmonic functions

Remark A.3.5. If we want to write estimate (A.3.1) without the fractional harmonic ex-
tension, proceeding as in the proof of [80, Lemma 2.7], we can show that

2
st—n_2HueH%2 B zledx < CR28/ IU(‘T)’ n El dx
(Br,|z|*dx) B" (R2 + |z|2) 2

<C (RQS_"SS(U,DR) + R_nHUH%%DR)) )

for some C' = C(n,s).

Proof. Since u € H(Dg), the fractional harmonic extension u® of u is well defined and
belongs to HL (R U B}, |2*dx) N L2 (R, |2/ dx) (see Chapter 2). In the weak
sense, it satisfies

div(2*Vu®) =0 in B,
u® =u on 8°(Bf) ~ D

We also know that

Vue - VO |2|%dx = ((=A)u, Prn) v 7,

n+1
R+

for all ® smooth and compactly supported in B, Ud°Bf,. Since (—A)*u = 01in (ﬁs(DR))/,
we find
Vu® - VO 2%dx =0, Yo e 2(B}Ud"B).

n+1
RY

Thus defining u® on the ball Bg € R™*! by even reflection, we get that u® € H'(Bg, |2|%dx)
satisfies

div(]z|°Vu®) =0  weakly in H'(Bg, |2|%dx),

and using [40, Theorem 2.3.12] we get that u® € C%*(Bg) for some a € (0,1) depending
2
only on n and s, with

1=

C 2
[u]con(r) S 1o <R2S_n_2/ Ju(x)|” |Z|“dX> ,
3 R Br
hence (A.3.1) O

We could probably use a similar strategy to show that any solution to (—A)%u = f
morally gains 2s fractional derivatives which would include the case n =1 and s € [%, 1)
missing from Theorems A.2.9 and A.2.11, but we only focus on the simplest case f = 0.

Theorem A.3.6 (Full regularity for weakly s-harmonic functions). Let s € (0,1) and

u € H*(Dag) with R < 1. If (=A)°u = 0 in (HS(DR))/, then u € C*(Dr), and for all
8

l € N we have

l — —
|R|? leaﬁulliww%) < CR* " 2”“6\|%2(B;,|z|adx)’
|Bl=l

where Cy depends only on I, n and s and u® is the fractional harmonic extension of .
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Appendix A. Regularity of s-harmonic functions and distributions

Proof. This is actually a standard bootstrap argument, albeit a bit technical. By Propo-
sition A.3.4, we know that u® € C%*(Bg) for some a = a(n, s) € (0, 1), with the estimate
2

Rm[ue]%O,a(B ) < CIRQS_N_Q||ueHL2(B;r7|Z‘adx), (A32)

vl

where C' = C(n, s).
Step 1. Let us show that u € C%?(Dg), for some f3 € (%, 1), with the estimate
4

2 2 25s—n—2
R s ,0) < ORIl 2 opoae
4

In fact, we show that there exists some integer k larger than 2 such that, u® € C%P (Dy,.)
for some 8 € [1/2,1), where rj, := (1/4 +47%)R, with the estimate

RQﬁ[ue]%’O,B(BTk) < CR2S_n_2HUEH%2(BE7‘Z|adx)>
for some C' depending only on n, s. Let us take k& = 2 to begin with. If & > 1/2 then
there is nothing to do. If & = 1/2, (A.3.2) is obviously also true for e.g. a = 2/3, so we

continue with this value instead. Thus we assume that a < 1/2. For any nonvanishing
h € Br, consider the map
2

u(x + h) — u®(x)
| ’

wp(x) ==

defined on B Note that r; + 8 ¥R < r,_; and that wy, also satisfies

Th—1°
div(|z|*Vwp) =0
weakly in H'(B,,,|2|%dx), thus by [40, Theorem 2.3.12] we have

R2a[wh]%0!a(3 ) < CRZS_H_QHwhH%Q(Brk_lJZ'adx)’ (A33)

rk+8_kR

where C' depends only n and s. Observe that

2
lwnllze(s,, | jzadx) :/
Bry_4

<CW%M@%¢LVW“ (A.3.4)
R

|u®(x + he;) — ul(x)?
|h|2a

2] dx

—2a),,e(|2
< CR ||u ||L2(B§,\z|“dx)’
for some C' depending only on n and s, where we used (A.3.2). Using (A.3.3) with (A.3.4),
we find

25—n—2

Wh(X) — W Y —
| ( ) ( )‘ <CR 2(1R 5 ”ueHL?(B;,‘szx)’ (A35)

x —y|*
for all x,y € B,, ;s-xrg and any h € Br. In particular, for any x € B, ,16-+p and
2
h € B167kR \ {0}, we have

|wa(x) — wa(x = h)|
||

_9 2s—n—2
< CR aR 2 ”ueHL?(BE,\szx)’

195



A.3. Regularity of weakly s-harmonic functions

thus for all h € Big-«p \ {0}, by definition of wy,

25—n—2

sup  |u(x+h)—2uf(x)+u(x—h)| < CR™**R™ 2 ”ueHL?(B;g,\szx)|h|2a’ (A.3.6)

rp+16—kR

xeB

where C' = C(n,s). Let ¢ € Z(B,, 130-kg,[0,1]) be a cutoff function such that ¢ = 1 in
By, IVellpe@ny < CR™ and [|D? @|| oo (rny < CR™?, where C' depends only on n and
k. Then defining v := ¢u® and

D} v(x) :=v(x + h) — 20(x) + v(x — h),

we claim that

2s—n

< CR20R™3 ||ueHL2(B;,\z|adx)’ (A.3.7)

" ||D}2LU||LOO(Rn)
IA]>0 |72
where C' depends only on k, n and s. To prove (A.3.7), let us first show that

2s—n

[u®| oo (Br) < OR™2 Ul 12(By,|2[edx)- (A.3.8)

For x € Bp, integrating in y over Bp the inequality

| ()] < Jut(x) = u(y)] + [u(y)]

we find
W (x)| < CR™ /

NECEEOER / ()] d

Br

thus, using the a-Holder continuity of u¢, (A.3.2) and Cauchy-Schwarz inequality, it follows

u(x)| < CR™" /

[ 06 )l dy + R / ()| dy

Br

1
2
_ 2s—m—2—2« _ —
<CR™™R 2 / |X — y\o‘dy—l—R ”||ue|]L2(BR’|Z‘adx) </ |Z| adX)
Br Br

2s—n—2—2a 2s—n

SCRTR™ 2 Rl r2pp sjeax) + B2 1[0l r2(pj2jedx)
< CR

2s—n
2 Hue||L2(BR,|z|“dx)7

(A.3.9)
hence (A.3.8). Now since ¢ is compactly supported in Br, with (A.3.9) and by definition
of v, we infer

25—n
2

| Dj; vl oo ey < Al poo(pp) < CR™Z (U]l 2By, 2jadx)

so that, for any h such that |h| > %, we have

||D}QLU||L00 R 2s—nm—4a 25—n—2
W”wfz 5 6| 2B efeax) S CRT 2 [0l 2 (B epeasys  (A.3.10)

where C' = C(n, s, k), since we assumed o € (0,4). Hence to establish (A.3.7) there
remains only look at h such that |h| < %. Now for such an h, DZv is compactly
supported in B, | i5-kp, SO we need only look at x € B, | ,45-+p. By Taylor’s theorem and

our choice of ¢, we have

lp(x 4+ h) — @(x) — Vo(x) - h| < C|h|?R72, Vx € R"M,
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and the same holds for —h, thus for any x € B, | 4-+p and |h| > we have

32k7
| D v(x)| < | Dj u ()] + [h] [V (x) | [u®(x + h) — u®(x — h))]

A3.11
£ CIRER (x4 )| + Ju*(x — ). (A.311)

Using the fact that HV(pHLoo(Rn) < CR™1, (A.3.8) and (A.3.6), from (A.3.11) it follows

_l’_

|Dv(x)| < C (R 2o ) [ uf HL2(3+ |z|adx)

e (A.3.12)

<CR™

forallx € B, i16-kp, [h| < 32k, where we also used the facts that [h|?R™2 < C|h|R™! and

a € (0, ), for some C' depending only on n, s and k. Claim (A.3.7) follows by combining
the cases (A.3.10) and (A.3.11). From (A.3.7), since  := 2a < 1, by [109, Chapter V 4,
(48), Propositions 8 and 9] we get that v € Co’ﬁ(Rn) for § := 2a, with the estimate

[U] 0.8 (R7) S CR

adx)’

where C depends only on n, s and k. In particular, since v = u® in B,,, u® € C*(B,,)
with

R[]0 (p,,) = R**[u)cos (s, ) < C + |zladx)”

There are three possible cases:

e 1/2 < 5 < 1. We are done.
e 0<f<1/2 Now u®is C% in B,,, with the estimate

RB [ue]co,ﬁ(Br ) X C

ol2|*dx)"

We then reapply Step 1 to get that u® is C%28 in By, 1, and so on. Since the Holder
exponent is doubled each time, after a finite number of steps we will find that u is
C%P for some 3 > 1/2 with the estimate

R’ [u]cos(B,,) <

where C' depends only on n, s and the final k. Note that the final & depends only
on n, s and the number of times Step 1 is repeated, which depends on how small «
is, which itself depends only on n and s, so C' depends only on n and s.

wolz|*dx)?

e 5 = 1/2. In particular, u® is Holder continuous with exponent ﬁ’ = %
the right estimate. We treat it like the second case, taking § = , only t
reapplying Step 1 yields u® € CO%/4(B,, 1), and we are also done.

Step 2. Take 8 € (1/2,1) given by Step 1. We show that for all multi-indices v =
(Y1, -+, 0) (note that there is no derivative in z), 97u® is well defined and belongs to
C’O’B(Bl/g), with the estimate

RIHB[a7°) (A.3.13)

COB(Bys) = <C )

where C' depends only on N, s and |vy|. Let us proceed by induction. For [ € N, let
re = R/8+8 DR < g, and assume that 97u® is well defined and belongs to C%%(B,., ),
with

RIHB[g7y° ]COB(BT ) <G

z|adx) (A314)
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for every multi-index v = (71,...,7n,0) such that |y| < [, which has already been proven
for l =0 in Step 1. Let v = (91,...,7n,0) such that |y| =1, and ¢ € {1,...,n}. For any
nonvanishing h € Br \ {0}, consider the map

2

OTu(x + he;) — uc(x
wn(x) == T \h\)ﬁ &),

defined on B,,. Since there is no derivative in z and 9u® € C°(B,, ), wy, satisfies
div(|z|*Vwp) =0

weakly in H!(B,, , |z|%dx), thus proceeding as in Step 1 and using the induction assumption
(A.3.14), we find

[wa(x) — wa(y)
x -yl s¢

p (A.3.15)

for all x,y € BTHﬁg,(Hg)R and any h € Br, where C depends only on n, s and k. Still
2

proceeding as in Step 1, using a cutoff function ¢ € ‘@(Brk+1+16*<k+2)) such that ¢ =1 in
Brk+1+32,(k+2), and letting v := pu®, we get

25— 7L2

| Dfvl| oo
IZRONERY) o p-1-28 p2=3=2 1) 2 e

sup |h|2f8

[h|>0

Now since 5 < B < 1, by [109, Chapter V.4, (48), Propositions 8 and 9] this implies that

v is actually dlfferentlable everywhere in the direction e;, and so is u€ in the ball B
We can then let h go to zero in (A.3.15) to get

Tk41"

007t (x) = B u(y)| _

x —yl|? SCOR

adx) \V/Xa y € Brk+17x ?é y7

meaning that 9;07u® € C%#(B with the estimate

Tk+1)

R1+l+5‘|ai87ue||CO”B(BTk+1) < Dl+1R z|adx)

< Dl+1R ||U ||L2(B+ |z\adx)’

where D;y1 depends only on k, n and s. In view of the arbitrariness of i, taking Cj11 the

maximum of the D;; over all possible multi-indices v = (71, ...,7n,0) such that |y| =1

and all i € {1,...,n}, we get that 97u® € C’O’ﬁ(BrkH) for all multi-indices « such that

|| =1+ 1, with the estimate

Rl+1+5[87ue}00’5(3rk+1) Cl+1R ||U HL2 B+ Jz]adx)’

We have thus proven (A.3.14) for all n € N, and in particular (A.3.13).

Now it is easy to conclude. Proceeding as (A.3.9) to prove (A.3.8), with 97u® instead of

u®, and using the S-Holder continuity of 07u® and estimate (A.3.13), we find as well
R0 ul| oo ) < C

R

8

(A.3.16)

wolz|*dx)?

where C' depends only on |v|, n and s. O
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Using the regularity results already obtained in Section A.2 in the distributional set-
ting, we can in fact drop the assumption that u € H #(2) and assume only that u is square
integrable w.r.t. to the measure (1 + |z|"*2%)~!dz, and still obtain L> estimates of the
derivatives.

Corollary A.3.7. Let s € (0,min(1, %)), and u € L (R™) such that
2
Re (1 + ]:U| ) 2

If (=A)*u = 0 in 2'(DRr) (where (—A)*u is defined as a tempered distribution in Sec-
tion A.2), then u € C*°(Dxr) and we have
16

fu(z)?
|R[21 E H87u|]%oo Doy < Cszs/ ——dx
bt Ca) Re (R2 + |2f2) %

where Cy depends only on I, n and s.
Proof. Note that u belongs to L (R™) by Cauchy-Schwarz inequality, thus its distributional
s-laplacian is well defined. Then by the regularity results of the previous section, we

automatically get that w is smooth in Dg. With this we can now show that u is in
H?*(Dg). Indeed, splitting & (u, Dr) into two parts and using the smoothness of u in Dg,
2 2

we have
_ Ins —u(y )’2 ’Yns —u(y )‘2
Es UDR = // drdy + —= dxdy
( DRXDR ’.'13— ’n+28 DR><DC ‘IL’— ‘n+28
2 _ 2
() - n-(‘r2)5| dz dy :—(&-2)5| dz dy
TR % |.’E— ‘ DRXDC ’.’E— ‘

1
< C||Vul? oo // dzdy
| Le(D3g) DapDip |z — y[rt2s—2
4

2 2
U U
+'7n,s// %dxdy+7n,sﬂ %dxdy.
D%xDCLR ]w—y[ DngCLR |95—Z/\
4

4

(A.3.17)
Since 2s — 2 < n,
1
———dxdy < 4o0. A.3.18
[ w318
2 2
and by Fubini’s theorem and a change of variables, we have,
jua) .
//DRxD o= g 04y = [ull?2(p op) J Ty dy < +oo. (A.3.19)
T T

As for the last term on the right-hand side of (A.3.17), using that |z — y| > Cr(1 + |y|),
for every x € D3r and y € DSy, for some Cr depending only on R, we have
1 T

Ju(y)[? / Ju(y)]?
—————dzdy < DR Cr ————dy < +00, A.3.20
//DRxD | — y|n+2s | | . (1 + |y[)nres ( )

4
thus Combining (A.3.17) to (A.3.20) we see that & (u,Dr) is finite, hence we can use
2
Theorem A.3.6 and Remark A.3.5 to conclude. O
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