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Résumé

Cette these comporte deux parties dans lesquelles nous traitons la quantification vectorielle
gloutonne avec des applications financieres.

Dans la premiere partie, nous nous concentrons sur la quantification vectorielle gloutonne.
Nous commencons par présenter de nouvelles approches théorique et numérique de la quantifi-
cation gloutonne. Nous établissons de nouveaux résultats d’optimalité du taux de convergence
pour une classe plus large de distributions, et nous réalisons une étude numérique approfondie
apportant de nombreuses améliorations dans le domaine de 'intégration numérique basé sur
la quantification gloutonne. Parmi ces études, nous présentons des propriétés numériques in-
téressantes des suites de quantification gloutonne leur permettant de constituer un adversaire
avantageux vis-a-vis les suites utilisées dans d’autres méthodes d’intégration numérique, comme
les suites a discrépance faible dans la méthode quasi-Monte Carlo par exemple. De plus, nous
montrons que, lorsqu’une suite de quantification gloutonne L"-optimale est dilatée ou contractée
de maniere appropriée, elle reste a taux de convergence L®-optimal. Ceci est parfois conditionné
par une hypotheése de moment sur la loi de probabilité sous-jacente.

La deuxieme partie de ce manuscrit est consacrée a ’approximation d’une équation différen-
tielle stochastique rétrograde réfléchie par quantification vectorielle. Nous établissons d’abord
des bornes supérieures de l'erreur dans LP, p € (1,2 + d), induite par la quantification récursive
d’une chaine de Markov générale d’une part, et par une sorte de quantification récursive “hy-
bride”, méthode introduite dans cette these, d’autre part. Ensuite, nous établissons des bornes
d’erreur dans LP, p € (1,2 + d), pour le schéma de discrétisation spatiale basé sur la quantifica-
tion et correspondant a ’équation différentielle stochastique rétrograde réfléchie. Cette méthode
est utilisée pour évaluer les options financieres, principalement les options américaines, et illus-
trée dans plusieurs exemples ol nous comparons le comportement de la quantification récursive
a celui de la quantification gloutonne en termes de précision et de colit en temps. Nous utilisons
également cette technique de discrétisation pour I’évaluation du prix des options barriere.

Mots-clés: Quantification optimale- Quantification gloutonne - Quantification récursive - Dis-
crépance - Equations différentielles stochastiques rétrogrades réfléchies - Intégration numérique
- Taux de convergence optimal - Evaluation des prix d’options - Algorithme de Lloyd.






Abstract

This thesis contains two parts in which we treat greedy vector quantization with some finan-
cial applications.

In the first part, we focus on greedy vector quantization. We start by presenting new the-
oretical and numerical approaches of greedy quantization. We establish new rate optimality
results for a larger class of distributions, and carry out an extensive numerical study bringing
many improvements in the greedy quantization-based numerical integration field. Among these
studies, we present interesting numerical properties of greedy quantization sequences allowing
them to become an advantageous component compared to sequences used in other numerical
integration methods, like the low discrepancy sequences in the quasi-Monte Carlo method for ex-
ample. Furthermore, we show that, when an L"-optimal greedy quantization sequence is dilated
or contracted in an appropriate way, it remains L®-rate optimal. This is sometimes conditioned
by a certain moment assumption on the underlying probability distribution.

The second part of this manuscript is devoted to the approximation of a reflected Backward
Stochastic Differential Equation by vector quantization. First, we establish upper bounds for the
LP-error, p € (1,2+d), induced by recursive quantization of a general Markov chain one the one
hand, and by a kind of “hybrid” recursive quantization, a method introduced in this thesis, on the
other hand. Then, we establish LP-error bounds, p € (1,24 d), for the quantization-based space
discretization scheme corresponding to the reflected Backward Stochastic Differential Equation.
This is used for pricing financial options, mainly American options, and illustrated in several
examples where we compare the behavior of recursive quantization versus greedy quantization in
terms of precision and time cost. We use this discretization technique for the pricing of Barrier
options as well.

Keywords: Optimal quantization - Greedy quantization - Recursive quantization - Discrep-
ancy - Reflected Backward Stochastic Differential Equations - Numerical integration - Rate
optimality - Option pricing - Lloyd’s algorithm.
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Chapter 1

Introduction-Francais

Cette these est divisée en deux parties principales. La premiere partie contient les chapitres
3, 4 et 5 ou nous présentons de nouveaux résultats et aspects théoriques de la quantification
gloutonne, ainsi que quelques études numériques intéressantes. En résumé, nous adoptons une
nouvelle approche pour étendre les résultats d’optimalité du taux de convergence de l’erreur
de quantification gloutonne & une classe plus large de distributions et établir des résultats de
L#-optimalité du taux de convergence pour des suites de quantification gloutonne L"-optimales
dilatées ou contractées. Numériquement, nous réalisons quelques expériences et mettons en
évidence certaines propriétés de la quantification gloutonne qui la rendent avantageuse face a
d’autres méthodes d’approximation (principalement la méthode de quasi Monte Carlo). Dans la
deuxieme partie, composée des chapitres 6 et 7, nous établissons d’abord des bornes supérieures
de l'erreur de quantification récursive dans LP d’une chaine de Markov d-dimensionnelle pour
p € (1,2 4+ d) et, ensuite, nous étendons les bornes d’erreur dans LP induite par les schémas
de discrétisation, basés sur la quantification récursive, des équations différentielles stochastiques
rétrogrades réfléchies.

1.1 Quantification optimale: principe, définitons et principaux
résultats

La quantification vectorielle optimale est une technique qui remonte aux années 1950 (voir [30])
lorsqu’elle a été congue pour la premiere fois dans le domaine du traitement du signal afin de
discrétiser les signaux continus pour leur transmission. Elle a ensuite été étendue a de nombreux
domaines tels que la théorie de I'information, I’analyse de classification non supervisée, etc., et
puis introduite comme outil mathématique dans les années 1990. Elle a d’abord été utilisée
comme formule de quadrature dans le domaine de l'intégration numérique pour le calcul des
espérances (voir [51]), puis, au début des années 2000, pour I'approximation des espérancess
conditionnelles en vue d’applications financieres, principalement 1’évaluation des prix d’options
américaines (voir [3, 4, 5]), des problemes de filtrage non linéaire (voir [53]) et la simulation
d’équations différentielles stochastiques (voir [3, 67]), etc.

Le probléme mathématique de la quantification optimale consiste a trouver la meilleure ap-
proximation, dans un sens & préciser plus tard, d’une distribution de probabilité (éventuellement)
continue par une distribution de probabilité discréte dont le support est de cardinal fini, ou, en
d’autres termes, la meilleure approximation d’une variable aléatoire multidimensionnelle X par



Figure 1.1: Exemple de diagramme de Voronoi dans R? muni de la norme euclidienne.

une variable aléatoire Y prenant un nombre fini n de valeurs. Soit d > 1 et X une variable aléa-
toire d-dimensionnelle définie sur l'espace de probabilité (€2, 4,P) telle que X € L"(P),r > 0,
c’est-a-dire E|X|" < +oo ou |.| désigne & priori toute norme sur R%. On note P = Px la
distribution de probabilité de X. Le but est d’approcher X par ¢(X), ou ¢ est une fonction

Borélienne définie sur R? & valeurs dans une grille d-dimensionnelle T' = {1, ..., z,} de taille n.
Le meilleur choix pour ¢, I' étant fixé, est clairement toute projection Borélienne du plus proche
voisin mp : R? — T' définie par 7r(€) = 3%, zile,r)(§), ot

JFT

est une partition Borélienne de R? appelée diagramme de Voronoi induit par I'. Les ensembles

boréliens C;(I") constituent les cellules de Voronoi de la partition induite par I'. Un exemple de

diagramme de Voronoi dans R? muni de la norme euclidienne est présenté dans la figure 1.1.
Ainsi, la quantification de Voronoi de X est la composition de 7p et X:

-~

)(F = WF(X) = sz]lcz(F)(X)
i=1

Sa distribution est caractérisée par la grille I' = {z1,...,z,} et les poids des cellules de Voronoi
correspondantes donnés, pour chaque ¢ € {1,...,n}, par

(2

PP = P(X" = ;) = P(X € Cy(T)).

Nous noterons souvent, X au lieu de XT pour alléger les notations. L’erreur de quantification
L" associée a une grille I' est définie, pour chaque r € (0, +0o0), par

er(T, X) = | X = ar(X) || = |X = X", = ||dist (X, T)]|, (1.2)

1
ot |Y]|, = (E|Y|")" désigne la norme L"(P) d’un vecteur aléatoire Y (ou quasi-norme si 0 <
r < 1). Nous définissons également la fonction de L"-distorsion G” sur (R?)" par

Gh(z1,...,zn) = e, ({z1,..., 2.}, X)". (1.3)



Cette fonction est différentiable si les (x;)1<i<n sont deux-a-deux distincts ou, de maniére équiv-
alente, si I' = {x1,...,z,} est de taille n, et si les frontieres du diagramme de Voronoi sont
négligeables par rapport a la distribution P de X. Ceci dépend aussi de la différentiabilité de
la norme sous-jacente elle-méme. Son gradient est donné par

r z— X r—
VG (21, @) =7 (E[]IXeCi(F)H‘ﬂ?i - X| 2D

1<i<n
Le probléme de quantification optimale consiste a trouver une grille I' qui minimise I’erreur
de quantification (1.2), c’est-a-dire qui résout le probléeme de minimisation suivant

(X)) =  inf e (T, X). 1.4
er ( ) T, callrg(f‘)gne ( ) ( )

Si X € L, (P), ce probleme admet toujours au moins une solution I' appelée quantifieur op-
timal, ou grille de quantification optimale, de taille n de X ou P, et 'erreur de quantification
correspondante converge vers 0 lorsque la taille n tend vers 'infini. Pour une preuve, nous nous
référons entre autres a [32, 56, 57]. Le taux de convergence de l'erreur de quantification L" vers
0 est donné par deux résultats bien connus exposés dans le théoréme suivant. Le premier est un
résultat asymptotique et le second est universel et non asymptotique.
Theorem 1.1.1. (a) Théoréme de Zador (voir [75]) : Soit r > 0 et X € Ly;"(P), n > 0,
de distribution P tel que dP(§) = p(§)dAg(§) + dv(§) ou Ag est la mesure de Lebesgue sur
(R4, B(R%)). Alors,
1 ~ 1
lim nde,,(X) = Jrallell” - (1.5)

n—+4o00 Lr+d (\y)
ot Jyq = ngf1 n%er,n(U([O, 1]%)) € (0, +00).

(b) Lemme de Pierce étendu (voir [11]): Soit r,n > 0. Il existe une constante Kdrn € (0,+00)
tel que, pour toute variable aléatoire X : (Q, A, P) — RY,

=

Vn>1, e n(X) < KapyOrpn(X)n~ (1.6)

ot, pour p € (0,400), op(X) = inﬂ{d | X —allp, < +o0.
ac

Une propriété importante des quantifieurs quadratiques optimaux (dans L?) est la station-
narité. Une grille de quantification I est dite stationnaire si les frontiéres des cellules de Voronoi
sont P-négligeables et

X' =g (x| X"). (1.7)

En effet, tout quantifieur quadratique optimal (par rapport a la norme euclidienne) a des fron-
tieres P-négligeables (voir la proposition 4.2 dans [32]). Cette propriété est trés importante dans
la plupart des applications, notamment parce que la plupart des algorithmes congus pour con-
struire les quantifieurs optimaux sont basés sur cette propriété de stationnarité, méme si tous les
quantifieurs stationnaires ne sont pas optimaux. Son importance est également soulignée dans
le domaine de l'intégration numérique basé sur la quantification, ce sujet est expliqué en détails
dans ce qui suit.



Les quantifieurs optimaux sont utilisés dans le domaine de l'intégration numérique pour
approcher les espérances de la forme Ef(X) pour une variable aléatoire X et une fonction
continue f. Puisque lerreur de quantification || X — X ||, converge vers 0, alors X" converge
vers X dans L" et donc en loi. On obtient donc une approximation de Ef(X) par

EF(XT) =3 pl flan)
=1

ou pi" =P(X € Cy(T)),i = 1,...,n, sont les poids des cellules de Voronoi correspondants au
quantifieur optimal I' = {z1, ..., x,} de taille n de X. Des bornes supérieures de ’erreur induite
par ce type d’approximation ont été établies pour des quantifieurs optimaux stationnaires, en
fonction de la régularité de la fonction f (voir [42, 56, 57]). Par exemple, si f est une fonction
continue Lipschitzienne de coefficient de Lipschitz [f]ri, et I' est une grille quelconque, alors

IEf(X) —Ef(XD)] < [fluipl X — X 1 < [fluip er(X,T) < [flLip e2(X, T).

Si, en outre, I' est un quantifieur stationnaire pour X ou P, alors, si f est différentiable avec un
gradient V f a-Hélderien, on a (voir [57] par exemple)

~ 1 ~
[Bf(X) —EF(XD)] < 1 [V/lall X = XS
En particulier, si V f est continu Lipschitzien, alors

[Ef(X) —Ef(X")] < SV fuipll X — XT3

DN |

1.1.1 Construction des quantifieurs optimaux

Soit P une loi de probabilité définie sur (R?, B(R?)) et soit X une variable aléatoire de loi P.
La plupart des algorithmes congus pour construire des quantifieurs optimaux (quadratiques) de
X ou de sa distribution P sont basés sur la différentiabilité de la fonction de distorsion et sur
la propriété de stationnarité (1.7). En fait, la proposition suivante constitue le point de départ
des méthodes numériques pour calculer les quantifieurs optimaux dans le cas quadratique.

Proposition 1.1.2. Soit X € L?(P) une variable aléatoire telle que card(supp(P)) > n. Toute
grille T minimisant la fonction de distorsion quadratique G2 associée a X est un quantifieur
stationnaire de X.

En outre, il a été prouvé, dans [39, 73], que si d = 1 et si la fonction de densité de probabilité
de X est log-concave, alors il existe un quantifieur stationnaire unique de X et ce quantifieur
est un minimum global de la fonction de distorsion.

Algorithme de Newton-Raphson Il s’agit d’une procédure déterministe utilisée lorsque la
distribution de probabilité est connue explicitement. Supposons que la distribution P de X
est absolument continue par rapport a la mesure de Lebesgue avec une densité continue . Le
quantifieur L"-optimal est obtenu comme suit : En notant x = (x1,...,x,) la grille & construire,
on a

—1
A = 2l — (V26 2)) v (o)

4



partant de 2% appartenant & I'enveloppe convexe du support de X, ott V2G”(z) est la matrice
Hessienne de G7},. Ceci peut étre amélioré en utilisant ’algorithme de Levenberg-Marquardt

-1
gl = gl (V2Gg(x[l]) + )xlld) var (x)

pour un choix approprié des coefficients d’“amortissement” ;.

Competitive Learning Vector Quantization (CLVQ) Il s’agit d’un algorithme de de-
scente de gradient stochastique utilisé pour le calcul de quantifieurs d-dimensionnels, d > 1,
également connu sous le nom d’algorithme k-means. En dimension supérieure (toujours dans le
cas quadratique), on profite de la représentation de G? sous forme d’espérance et on présente
Palgorithme CLVQ défini par la récursion suivante

[t+1) _ [0 U
z Z ’Yl+1(]1Xeci($([ll)($z X))lgign
partant de z% appartenant a ’enveloppe convexe du support de X, ol (7)1>1 est une suite de
parametres satisfaisant >~ v = +o0 et 375 7E < +o0.

Algorithme de Lloyd 1l s’agit d’une recherche de point fixe basée directement sur la propriété
de stationnarité. Dans le cas unidimensionnel, il s’agit d’une procédure déterministe utilisée
lorsque la distribution de probabilité est connue explicitement et définie par

i1 E(X Ly, @m))
i = )
! P(X € Ci(zlh))

A partir de z[% appartenant & enveloppe convexe du support de X.

Algorithme randomisé de Lloyd En dimension supérieure, la procédure ci-dessus devient
non-enviseagable, on passe donc a l'algorithme aléatoire de Lloyd. Les espérances et les proba-
bilités sont calculées par une simulation Monte Carlo de taille M comme suit

L Z’A’{Zl X"y, eci(@l)
’ card(X™; X™m e C;(zl))

(1.8)

partant de z[% appartenant & I'enveloppe convexe du support de X, ol (X™)1<m<nm sont M
copies i.i.d. de X.

Pour plus de détails sur les procédures ci-dessus, nous renvoyons & [56, 57]. Notez que des
grilles de quantification trés précises de la loi N'(0;1,) pour des dimensions d = 1 & 10 et de
tailles régulierement échantillonnées de N = 1 a 1000 peuvent étre téléchargées sur le site de
quantification www.quantize.maths-fi.com (& des fins non commerciales).

Pour quelques distributions de probabilité uni-dimensionnelles, il existe des formules fermées
ou semi-fermées pour des grilles de quantification optimales. Par exemple, le quantifieur optimal
'), de taille n de la loi Uniforme (][0, 1]) est donné par

rn:{%%;l, zzln}



http://www.quantize.maths-fi.com

et les formules semi-fermées sont données dans [29, 32] pour les lois exponentielle, puissance,
puissance inverse et Laplace.

Dans le cadre bidimensionnel, une approche déterministe pour optimiser les quantifieurs
quadratiques est développée dans [52]. Elle repose sur 'approximation d’intégrales bidimension-
nelles sur des polygones convexes par des formules de quadrature tres efficaces.

Pour les dimensions supérieures, les procédures d’optimisation stochastique peuvent devenir
trop cofiteuses et trop exigeantes en termes de calcul. Lorsque la loi cible est un produit ten-
soriel de ses lois marginales indépendantes, on peut s’appuyer sur la quantification produit au
lieu des procédures multidimensionnelles standards. Ceci consiste a obtenir des quantifieurs
multidimensionnels griace au produit tensoriel des suites unidimensionnelles, déja calculées par
I'un des algorithmes cités ci-dessus.

1.2 Quantification gloutonne

Lorsque la dimension d augmente, la recherche d’une solution au probléme de quantification (1.4)
devient plus compliquée et plus exigeante en terme de calcul. D’oti la nécessité d’ introduire une
solution sous-optimale plus facile & calculer, dont le taux de convergence reste similaire a celui
des quantifieurs optimaux. Cette solution est fournie par la quantification vectorielle gloutonne.

1.2.1 Principe et résultats

Soit X une variable aléatoire de loi P définie sur (R, B(R?)). La quantification vectorielle
gloutonne a d’abord été introduite et étudiée dans [12] pour des distributions P a support
compact (dans un cadre L') comme modele de planification d’expériences & court terme par
rapport a la planification d’expériences a long terme représentée par la quantification réguliere
dans L' & un niveau donné n. Elle a ensuite été réintroduite indépendemment et étudiée
de maniére approfondie dans [15] pour plusieurs classes de lois de probabilité & support non
nécessairement borné. Dans les deux cas, elle consiste & déterminer, pour un vecteur (ou une
distribution) aléatoire de moment d’ordre r fini, une suite (a,)n>1 dans R? qui soit récursivement
L"-optimale étape par étape. En d’autres termes, ayant déja calculé les n premiers points de la
suite a(™ = {ay,...,a,}, on ajoute le (n 4 1)-iéme point de la suite comme étant une solution
a

an+1 € argmingcga er(a™ U {¢}, X), (1.9)

avec a(® = @. Notez que a; est une/la L"-médiane de la loi P de X. Une solution a ce probléme
existe toujours et s’appelle une suite de quantification gloutonne L"-optimale pour X ou sa loi
P. Cependant, cette solution n’est pas nécessairement unique méme si la L"-médiane a; 'est.
Ceci est dii a la dépendance de la quantification gloutonne de la symétrie de la loi P. Cette
existence a été établie en toute généralité dans [15] ou les auteurs ont également montré que
Ierreur de quantification L" correspondante est décroissante en fonction du nombre de points n
de lla suite et qu’elle converge vers 0 lorsque n tend vers 'infini. Le taux optimal de convergence
n~d de lerreur de quantification a également été montré dans [15]. Il repose sur 'intégrabilité
de la fonction b-maximale associée & la suite de quantification gloutonne L"-optimale (ap)p>1



définie, pour b € (0, 3) et £ € RY, par

oo A (B(E,bdist(€,at™)))
W8 = S0P 5 (B, baist(E, a™)))

(1.10)

Le théoreme ci-dessous traite I'optimalité du taux de convergence de I'erreur de quantification
gloutonne dans L".

Theorem 1.2.1. Soit X € L"(P), r € (0,+00) et (an)n>1 une suite de quantification gloutonne
L"-optimale de X. S’il existe b € (0, %) tel que la fonction b-mazimale Uy € Lﬁrd(P), alors

lim sup n%er(a("), X) < +oo.
n
La fonction b-maximale Wy est également utilisée pour montrer que les suites de quantification
gloutonnes satisfont le probléme de mismatch de distorsion, c¢’est-a-dire la propriété que le taux
optimal des quantifieurs L" détient pour les quantifieurs L® pour s > r. Ce probleme a déja
été étudié pour les quantifieurs optimaux dans [33] et ensuite dans [05]. Pour les suites de
quantification gloutonnes, le théoréme suivant, établi dans [15], résout le probleme.

Theorem 1.2.2. Soit s € (r,+00), X € L"(P) et (an)n>1 une suite de quantification gloutonne
L"-optimale de X. Supposons que ¥y, € Lﬁ(P) pour b € (0,3). Alors, X € L*(P) et

lim sup nées(a(”), X) < +o0.

n

Construction des suites de quantification gloutonne

Les suites de quantification gloutonnes sont construites par des variantes d’algorithmes habituels
de construction des quantifieurs optimaux, tels ’algorithme de Lloyd ou 'algorithme CLVQ, mais
de maniere récursive. Cela signifie qu’a chaque itération de l'algorithme, on ajoute un seul point
aux points de la suite déja calculés, puis on met en ceuvre une procédure d’optimisation en gelant
les autres points calculés précédemment. Nous donnons une bréve idée sur cette procédure dans
le cas quadratique lorsque d =1 et d > 2.

Cadre unidimensionnel Lorsque d = 1 et la distribution de X est absolument continue
avec une fonction de densité positive et continue ¢, on peut mettre en ocuvre des procédures
déterministes basées sur la connaissance de la fonction de répartition F'x et de la fonction de
moment de premier ordre Kx de la loi de X. L’idée est la suivante : a la n-iéme itération, nous
gelons les n — 1 points a("~ D = {a1,...,ap—1} de la suite (an),>1 qui ont déja été calculés et
nous les trions par ordre croissant

aﬁ”‘” <. < agn__ll).

Ensuite, nous calculons les inerties locales inter-points données par

(n—1) (n—1)
4l -1 %it1 -1 ;

ot = [ 1l - ePude) + [0 lal - gPud), i=0.n -1,
ai a

itd
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Figure 1.2: Graphe de a; — pj' ou a(™ est une suite de quantification gloutonne L2-optimale de
Laplace(0,1) et (p}')i<i<n sont les poids des cellules de Voronoi correspondants pour n = 100
(gauche) et n = 511 (droite).

ou a(()nfl) = —00, al"™ = 4oo et agiy) est le milieu du segment [agnfl),agiﬁl)]
(n—1) (n—1)
_ _ a; +a, _
a(ln 1) = —0Q, Cl(n 11) . il s a(n 11) = +00.
2 i+3 2 n-3
Nous ajoutons un point aléatoire ag dans la zone interpoint d’inertie locale maximale (agg_l), al(:;ll ))
ou ig est I'indice tel que
2 _ 2
Tip = ogr?gaf—l o;.

Ce point ag est le point de départ de la procédure d’optimisation considérée, qui converge vers
le n-iéme point a, de la suite. Plusieurs procédures sont détaillées dans la premiere partie du
chapitre 4 telles que l'algorithme de Lloyd et 'algorithme CLVQ), et des suites de quantification
gloutonnes de plusieurs lois de probabilité unidimensionnelles sont construites par ’algorithme
de Lloyd. Par exemple, la figure 1.2 représente les poids des cellules de Voronoi des n premiers
points (n = 100,n = 511) d’une suite de quantification gloutonne quadratique de la loi de
Laplace de parametres 0 et 1.

Cadre bidimensionnel Nous étendons la variante déterministe des algorithmes gloutons au
cas bidimensionnel dans le chapitre 4. Nous suivons la méme procédure que pour les lois unidi-
mensionnelles et nous nous appuyons sur une formule de quadrature tres efficace pour calculer
numériquement les intégrales nécessaires a la construction des suites de quantification glou-
tonnes. Dans la figure 1.3, nous observons une suite de quantification gloutonne quadratique
déterministe de la loi Gaussienne standard N (0, I2).



Figure 1.3: Suite de quantification gloutonne de N (0, I3) obtenue par un algorithme de Lloyd
déterministe de tailles n = 6,7,11, 16, 18, 24, 28, 32, 39,51, 86, 100 (a partir du haut a gauche).

Cadre mutlidimensionnel FEn dimension d > 2, les procédures déterministes deviennent
trop exigeantes, on passe donc a des procédures stochastiques ou le calcul des intégrales est
remplacé par des simulations de Monte Carlo couplées de recherches du plus proche voisin. Les
versions gloutonnes de 'algorithme stochastique de Lloyd et de I'algorithme multidimensionnel
CLVQ sont expliquées en détail dans le chapitre 4.

Ces procédures peuvent étre tres cofiteuses en raison des nombreuses intégrales a calculer. Bien
que nous expliquons, dans le chapitre 3, comment la quantification gloutonne permet une réduc-
tion du nombre de calculs a chaque étape, cela ne rend toujours pas les procédures d’optimisation
stochastique faciles a mettre en ceuvre. Une alternative est la quantification gloutonne produit
ou 'on s’appuie sur des suites de quantification gloutonne unidimensionnelles pour calculer des
suites multidimensionnelles lorsque la loi de probabilité s’écrit comme un produit tensoriel de ses
lois marginales. La suite multidimensionnelle est obtenue comme résultat du produit tensoriel
de plusieurs suites unidimensionnelles. Ceci est expliqué en détail dans les chapitres 3 et 4.

1.2.2 Contributions et nouveaux résultats

La premiére contribution de cette theése, dans le chapitre 3, est consacrée a ’extension de certains
résultats théoriques de la quantification gloutonne d’une loi de probabilité P de moment d’ordre
r fini a une classe plus large de distributions, principalement des résultats d’optimalité du taux
de convergence et de mismatch de distorsion. Une étude numérique approfondie est également
menée pour mettre en évidence les avantages des suites de quantification gloutonne, comparées
principalement aux méthodes de Monte Carlo et de quasi-Monte Carlo. Dans le chapitre 5,



des résultats d’optimalité du taux de convergence dans L® des suites dilatées de quantification
gloutonnes L"-optimales sont établis, inspirés par des résultats similaires pour les quantifieurs
optimaux dilatés dans [71].

Optimalité du taux de convergence de l’erreur de quantification (chapitre 3)

Comme déja mentionné dans la section 1.2.1, des résultats sur le taux de convergence de 'erreur
de quantification gloutonne et le probléme de mismatch de distorsion sont établis dans [15]. Ils
sont basés sur I'intégrabilité de la fonction b-maximale ¥;, définie par (1.10). Dans le chapitre 3,
basé sur I'article soumis [24], nous étendons ces résultats & une classe de distributions beaucoup
plus large.

Soit X une variable aléatoire de loi P définie sur (Rd,B(Rd)). Le principal outil de notre
étude est de considérer des distributions de probabilité auxiliaires v satisfaisant le controle
suivant sur les boules par rapport & une L"-médiane a; de P : Supposons qu'il existe gg € (0, 1]
tel que, pour tout & € (0,¢p), il existe une fonction Borélienne g. : R? — [0, +-00] satisfaisant,
pour tout z € supp(P) et tout t € [0,¢el|z — a1]l],

v(B(z,t)) > g (z)Vytd. (1.11)

Cette classe de distributions auxiliaires sera 1’outil principal pour diverses études théoriques des
suites de quantification gloutonnes. En notant que la L"-méediane a; de P appartient a a(™
pour tout n > 1 (par construction de la suite de quantification gloutonne), on obtient une borne
supérieure de la forme

1 é r i
Vnz2 e P) <@V (D) ([atap) -y (1.12)

ou Vj est le volume de la boule unité et ¢,(u) = (3% - u”)ud. La preuve de ce résultat repose

sur une nouvelle micro-macro inégalité impliquant les distributions auxiliaires v.

L’une des principales contributions présentées dans le chapitre 3 est ’extension des résultats
universels non-asymptotiques de type Pierce (1.6) pour le taux de convergence de l'erreur de
quantification L"-gloutonne. Ceci est obtenu en spécifiant la mesure v et la fonction g, satis-
faisant (1.11), dans la borne supérieure (1.12). Par exemple, on cite la borne supérieure suivante
pour l'erreur de quantification dans L : Si [ |z|""9dP(x) < +oco pour § > 0, alors pour tout
n > 2,

er(a, P) < RSP0, 5(P)(n — 1),

. Greedy, Pierce . , . JORY .
olt kg, Y est une constante finie définie dans le théoréme 3.2.4, qui repose sur la mesure

V(dx)7 — Vr.5(2)Ag(dx) on

-1
K., dx

r - : t K r = /— < 5

o) e ( <1v\x|>d<1+f>> i

et la fonction

x) = Ké,r L
e (1\/[(1+6)|x_a1”)d(1+§)’ RS (0,3>.
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Un résultat plus précis, mais moins explicite en termes de constantes, est ensuite énoncé (voir le
théoréme 3.2.4) en se basant sur des lois de probabilités vérifiant une propriété de log-intégrabilité
de la forme [ga |z|"(log*|z|)at2dP(x) < +o0.

Enfin, un résultat hybride Zador-Pierce est démontré pour des densités radiales, c’est-a-dire
une borne supérieure non asymptotique (de type Pierce (1.6)) dépendant de ||h|| _«  comme dans
d+r

le théoreme de Zador (1.5). En d’autres termes, nous établissons une borne supérieure de la
forme )
er(a™), P) < ClJhl|_on
d+r

pour une constante réelle C' ot h est la densité de la composante absolument continue de P,
censée étre radiale. Une fonction f : R? — R, est dite radiale non croissante sur un ensemble
A, telle que supp(P) C A C R?, par rapport & a € A (voir définition 3.2.6), s’il existe une norme
| - |lo sur R et une constante réelle M € (0,1] telle que

fly) > Mf(z)  pourtout z,y€ A\ {a} telsque [y—allo <[z — allo.
Le résultat est obtenu en considérant
d
hae

vV = T d

J h#rdXg

et en se basant sur une borne inférieure de v(B(x,t)), ou B(x,t) est la boule de centre x € RY
et de rayon t > 0, établie dans le Lemme 3.2.10 du chapitre 3.

Le probléme de mismatch de distorsion pour cette classe plus large de lois de probabilités
est également résolu en considérant les mémes distributions auxiliaires définies par (1.11). Les
résultats sont donnés dans la Section 3.3 et on cite 'erreur suivante pour s € (r,d + 7).

d+r—s 1
es(a(”),P) < “dG,ff:dy (/g€d+rs dP) s(d+r) (/g;ddP> d+r (n— 2)_%

Greedy

dre définie plus tard dans le théoréme 3.3.1.

pour n > 3 et une constante positive finie x

Algorithmes et observations numériques

Dans la deuxieme partie du chapitre 3 et dans le chapitre 4, plusieurs expériences numériques
sont réalisées afin de mettre en évidence certaines propriétés intéressantes des suites de quantifi-
cation gloutonnes unidimensionnelles. Entre autres, nous concluons numériquement que, méme
si les suites gloutonnes dans L" ne sont pas optimales a chaque niveau n, elles peuvent néan-
moins étre sous-optimales dans le sens ot il existe des sous-suites de a(™ qui sont elles-mémes
L"-optimales. Cela a été déduit en observant les graphiques représentant les poids des cellules
de Voronoi de ces suites. Nous spécifions ces sous-suites pour les lois N (0,1) et U([0,1]) et
concluons par une conjecture concernant les densités unimodales symétriques par rapport a leur
médiane.

D’un autre point de vue, lorsque 1’on travaille sur le cube unité, il est naturel de comparer des
suites de quantification gloutonnes & des suites a discrépance faible utilisées dans les méthodes
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quasi-Monte Carlo (QMC). En fait, avec I'intégration numérique basée sur la quantification, on
approche des espérances de la forme Ef(X), pour une fonction continue Lipschitzienne f et une

variable aléatoire X, avec un taux de convergence de (’)(n_é). Alors que 'approximation par la

méthode quasi-Monte Carlo donne un taux de convergence de O (bgln), ceci est dit au théoreme
nd
de Proinov (voir [70] ou théoréme 3.4.1 au chapitre 3). Le prix a payer pour ’absence du facteur

(logn) avec la quantification gloutonne est le fait que les poids des cellules de Voronoi correspon-
dants & la suite gloutonne (™ ne sont pas uniformes (c’est-a-dire égal & %) ce qui induit une
plus grande complexité lors de la mise en ceuvre “naive” des formules de quadrature résultantes.
Nous montrons, dans la deuxiéme partie du chapitre 3, que la récursivité de la quantification
gloutonne permet de réduire le nombre de calculs afin que la quantification gloutonne et QMC
deviennent comparables en termes de complexité. De plus, ce caractére permet de conserver
I’atout d’une suite qui est une formule récursive pour les cubatures, faisant ainsi de la quantifi-
cation gloutonne une composante avantageuse face aux méthodes Quasi-Monte Carlo.

Pour étre plus précis, lors de la procédure de construction de la suite gloutonne, on remarque
qu’a chaque itération, on ajoute un seul point a la suite alors que les autres restent gelés. Ainsi,
les cellules de Voronoi, qui sont loin du nouveau point ajouté, restent intactes et inchangées. Cela
signifie que leurs poids, ainsi que 'inertie locale inter-points correspondante, n’ont pas besoin
d’étre calculés a chaque itération. Cette remarque permet d’éviter un grand nombre de calculs
inutiles & chaque itération de l'algorithme. Outre la réduction importante du cofit de calcul,
ce caractere récursif de la quantification gloutonne nous améne a déduire une formule itérative
récursive pour la cubature dans les cadres unidimensionnels et multidimensionnels. Lorsque
d = 1, nous approchons Ef(X) par I,,(f) donné par

L(f) = L) =" () = £al™) = (Fal)y) = F@l)),
(n)

ig—1

(n)
0
inférieur et supérieur a a

ou a et a

est le point ajouté a la suite gloutonne a l'itération n, a E:il sont les points

() et

10
pl = P([af;sz%,afgiﬂ) et  pli= P([afﬁvaﬁ%])

() _ gl Fighy () _ g1 T 0T
io:ﬁ:% - 2

Cette formule est généralisée au cadre multidimensionnel (voir (3.20)) lorsque 'on considére des
suites gloutonnes “produit”, comme expliqué dans le chapitre 3.

ou a il = , avec ag = —o0 et a, = +oo.

Par ailleurs, on note qu’il existe une relation entre la discrépance d’une suite = et 'erreur
de quantification induite par cette suite par rapport a la loi Uniforme. Basée sur le théoréeme
de Proinov (voir [70] et théoreme 3.4.1 dans le chapitre 3), elle est donnée par

e1(Z,U([0,1)%) < D;(2)4

ou D} (E) est la discrépance a l'origine de la suite Z = (&;)1<i<, d’ordre n définie par

n

. 1
D;(E)= sup |- Z L cioue — /\d([O,u]d)‘.
uel0,1)4 11 ;5
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Cela nous conduit a réaliser une étude en vue d’une comparaison entre les suites de quantification
gloutonnes et les suites a discrépance faible. Deux approches principales sont considérées:

e Calculer la discrépance des suites gloutonnes et la comparer a celles des suites a discrépance

faible,

e Traiter les suites & discrépance faible comme des suites de quantification (sous-optimales),
c’est-a-dire leur attribuer un diagramme de Voronoi et des poids non uniformes, afin de
comparer leurs performances avec des suites de quantification gloutonnes.

Plusieurs simulations numériques sont effectuées et certaines conclusions sont tirées et détaillées
a la fin du chapitre 3 et dans le chapitre 4. Disons en bref que, lorsque d = 1, les suites de
quantification gloutonnes peuvent étre utilisées comme suites a discrépance faible, et, elles sont
plus performantes que les suites & discrépance faible traitées comme des suites de quantification.
Cependant, lorsque d > 2, nous n’avons pas des résultats aussi optimistes pour les suites de
quantification gloutonnes standard en termes de discrépance faible.

Taux de convergence L*-optimal des suites de quantification gloutonne L"-optimales
dilatées/contractées

Dans le chapitre 5, nous étudions 'optimalité du taux de convergence dans L® des suites di-
latées/contractées de quantification gloutonne dans L". Cette étude s’inspire de résultats sim-
ilaires obtenus pour les quantifieurs L"-optimaux dans [71], ou les quantifieurs L"-optimaux,
une fois dilatés ou contractés de manieére appropriée, s’averent avoir un taux de convergence L°-
optimal, c’est-a-dire de O(n~ d) pour s > r. Cela a des conséquences importantes en pratique
puisque, généralement, on n’a acces qu’a des quantifieurs quadratiques optimaux (comme pour
la loi N(0,1;), d = 1,...,10, sur le site web de quantification www.quantize.maths-fi.com ou
pour d’autres lois (1D) pour lesquelles des formules semi-fermées sont disponibles (voir [29, 32]
par exemple)). On peut citer, d'une part, le domaine de I'intégration numérique ou les bornes
d’erreur des formules de cubature basées sur la quantification impliquent souvent 'erreur L® de
quantification induite par les quantifieurs L™-optimaux, s > r, qui doit étre traitée. D’autre
part, les quantifieurs L™-optimaux dilatés sont de bons candidats pour 'initialisation des algo-
rithmes de conception des suites de quantification L*-optimales (voir [71] pour plus de détails
sur ce sujet).

Le but du chapitre 5 est d’établir des résultats similaires pour les suites de quantification
gloutonnes L"-optimales. Pour cela, nous nous appuyons sur des distributions auxiliaires, véri-
fiant un critére similaire a celui donné par (1.11). Egalement, nous généralisons les résultats
séminaux de [71] en s’appuyant sur notre nouvelle approche basée sur des fonctions auxiliaires.
Soyons plus précis.

Soit X une variable aléatoire de loi P définie sur (R, B(R?)) et soit a(™ une suite de quan-
tification gloutonne L"-optimale de taille n, » > 1. La suite dilatée ou contractée correspondante
est notée a(g ") et définie, pour tout 6§ > 0 et u € R? par ae = {p+0(a; —p), ;a; € a™}.
De méme, fg u désigne la fonction fy () = f(p + 9(36 — ). Et, si X ~ P = f\g, alors Py,
désigne la loi de la variable aléatoire XT +upetdby, = 64 fo,u-dAg. Nous nous appuyons sur
une inégalité micro-macro impliquant des distributions auxiliaires satisfaisant le contréle (1.11)
sur les boules pour obtenir deux principaux résultats non asymptotiques d’optimalité du taux
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de convergence dans L® en fonction de s.

e Soit s € (r,d+r) et P une loi ayant des moments polynomiaux finis de tout ordre. Supposons

oy
/ (“) " FdAg < oo (1.13)
{r>op \ f
Alors, pour toute fonction Borélienne g, € € (0, 1), vérifiant (1.11) et tout n > 3,
1
s OrcED)
(n) 1+ 4  Greedy,Pierce / (f@,,u) (dtr—s)(r+o—n)—ds -1
es(ay, ,P) <0 sk = d\g oras(P)(n—2)"4d.
5( 0, ) 0, (F>0} f f r+ ( )( )
(1.14)
ollq= g, 4 = %T:Idlql’ P =74 eris(aV, P) = 0,45(P) < 400 et
1
. Lyrgdqy 1y 1 FieE=] 46 d
/%(?}Zeedxplerce = 2d+T+d(1+|(1‘P’)Vd ! (f) " min [(1 + 6)<Pr(5>_é] (/(1 V |a]) o= dx) '
’ d e€(0,3)
e Soit s < r. Supposons
/f 75 fg 0 dAg < +o0.
Alors, pour toute distribution v et toute fonction g. satisfaisant (1.11) et tout n > 3,
~Greedy,Pierce 1+ ¢ s s _1
ea(afl), P) < RGmedyPierceql+ ( [y dAd> ores(PYn—2)"%  (115)

ot e,45(aM, P) = 0,,5(P) < +o0 et

=
=

~ i 1.5 —LryaE . _
ReGreedy,Plerce _ 21+d+rvd d (7> (d+r) min [(1 + E)(,OT(E)
H d e€(0,3)

'3

] (/(1 v yx|)d<1+f>dx>_

Les résultats ci-dessus sont des avatars du Lemme de Pierce (1.6). Une étude particuliére pour
des densités radiales donne des résultats similaires sous une hypothese de moment sur P.

Apres avoir montré qu'une suite dilatée ou contractée de quantification gloutonne L"-optimale
aénlz a un taux de convergence optimal dans L® sous I'une des conditions mentionnées ci-dessus,
en fonction des valeurs de s, nous déterminons ’ensemble des parametres (6, p) qui satisfait ces
conditions. En général, la valeur optimale pour u* est la L"-médiane de la loi P. Quant a 0,
le probleme dépend entierement de la loi P. Nous menons cette étude pour plusieurs lois de
probabilité et déterminons, pour chacune d’entre elles, les valeurs de 6 pour lesquelles la suite
dilatée a un taux de convergence optimal dans L®. De plus, dans certains cas, nous montrons
que la suite ozgf)u satisfait le “théoréme de la mesure empirique” pour une valeur particuliere 6*

de 0 qui sera déterminée. Cette valeur particuliere 6* permet a la borne inférieure (5.6) induite

(n)

par ap. , d’atteindre la constante du théoréme de Zador.

Pour la loi Normale d-dimensionnelle N (m,¥,), cette valeur est 8* = /2% pour les lois
s+d é
r4d

de parametres a, 8 et A, la suitee dilatée/contractée satisfait le théoreme de la mesure empirique
1

hyper exponentielles de parameétres « et A, on obtient 0* = ( et, pour la loi hyper gamma

d+r
d(d+s) "

pour 0% = (%) E, uniquement lorsque g =

14



1.3 Quantification récursive et application aux E.D.S. rétro-
grades réfléchies

1.3.1 Principe et résultats existants

La quantification markovienne et la quantification récursive ont été initialement introduites dans
[59] et [63] pour produire des schémas de discrétisation spatiale des chaines de Markov, typique-
ment des schémas de discrétisation temporelle de processus stochastiques comme les processus
de diffusion. La quantification récursive est une version de la quantification markovienne qui
permet en dimension 1, mais aussi en dimensions moyennes, une “optimisation déterministe”
rapide des grilles de quantification impliquées dans ces schémas numériques. Elle a d’abord été
étudiée en profondeur dans [63] pour la discrétisation d’un schéma d’Euler & valeurs dans R?
d’un processus de diffusion ou les auteurs ont proposé un algorithme rapide pour construire,
de maniére déterministe, I’arbre de quantification dans un cadre unidimensionnel. Dans [51], la
quantification récursive a été étendue & des schémas d’ordre supérieur, toujours dans le cadre
unidimensionnel. Pour les problémes en dimension supérieure, la quantification récursive pro-
duit a été introduite et utilisée dans [15, 28] entre autres.

Considérons un processus de diffusion Brownien (X;)¢>0 & valeurs dans R? et solution de
t t
X = Xp —I—/ b(s, Xs)ds +/ o(s, Xs)dWs, Xo =z € RY, (1.16)
0 0

oit b: [0,T] x R* — RY est le coefficient de dérive, o : [0,7] x R — M(d, q) est le coefficient
de la matrice de diffusion et (W;);>0 est un mouvement Brownien ¢-dimensionnel défini sur
I'espace de probabilité (2,4, P) équipé de sa filtration naturelle augmentée (Fi)i>o ou Fr =
o(Ws,s < t, Np), Np désigne la classe de tous les ensembles P-négligeables de A. Le schéma
d’Euler associé au processus (X)ic[o,7], de maillage uniforme ¢ = kA, k € {0,...,n} et de pas

de temps A = %, est défini récursivement par

Xp = X[+ Ab(ty, XP2) + o (te, X ) Why, — Wiy, X! = Xo =z € R%. (1.17)

La quantification récursive consiste a construire une chaine de Markov a valeurs dans une
grille (ou quantifieur) T'y, de taille Nj du schéma d’Euler discret X;, au temps t;. Notre objectif
est donc d’optimiser les grilles 'y, de manieére récursive, de sorte que cette optimisation est
effectuée “pas a pas” a partir du temps tg = 0 jusqu’au temps t, = T. Premiérement, nous
indiquons par

Fk(x76k‘+l) =T+ Ab(tk,ﬂf) + v AU(tk, $)€k+1
I'opérateur d’Euler de pas de temps A, ol (x)o<k<n €st une suite de variables aléatoires i.i.d.
de loi N(0, I;), en d’autres termes, €j = \/g(Wthrl — W4,). Notez que ce processus est de loi
Normale
Fi(2, ep41) ~ N (mg, Zg)
ou my = x + Ab(ty,z) et ¥ = VAo(tg,z). La quantification récursive (ng)ogkgn de
(th)ogkgn est effectuée par la récursion suivante : A partir de Xto = Xto = xy,

v STk
,)\(tk = Fk—l(thgk—ll’Ek)v (1 ]_8)
ng = Projr, (X4,), Vk=1,...,n )
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ou I'y, est un quantifieur optimal de th de taille Ny pour tout k € {1,...,n}.

Des bornes supérieures de 'erreur de quantification induite par ’approximation de th par
)A(tl;’“ sont établies dans [63] dans le cadre quadratique ou les auteurs ont montré que, sous
certaines hypothéses de continuité Lipschitzienne (en x, uniformément en t € [0, 1]) sur b et o,
on a, pour chaque k € {0,...,n},

=

k
X = Xkl < KD an,
=1

o, . . . . oy s < . I
pour des constantes positives finies K et ¢;. Par souci de simplicité, on note X;, au lieu de th’“.

La construction de quantifieurs récursifs th de th est principalement réduite au calcul des
grilles de quantification optimales I'y, de th de taille Ni. Dans le cadre quadratique, ceci est
effectué par des algorithmes déterministes standards, tels l’algorithme de Lloyd ou le CLVQ.
Dans cette theése, nous utiliserons principalement 1’algorithme de Lloyd pour calculer les grilles

(T'k)1<k<n de maniere récursive. En effet, & U'instant ¢541, la grille 'y = {xlfﬂ, .. ,xf\iil} est
construite en fonction de la grille 'y, = {z¥,. .., xﬂ“’v } déja obtenue a l'instant tg.
k

Le principal avantage de cette approche est la préservation de la propriété de Markov. La loi
de la chaine de Markov (Xy, )o<k<n est entierement caractérisée par la loi initiale et les matrices

de transition P, = (pfj)z.yj, pour tout k& € {1,...,n}, qui constituent un outil trés important
dans plusieurs applications. La probabilité de transition de ()A(tk)ogkgn de wf a 281 entre les

J
temps tj et ty4+1 est donnée par
Pl =P Xy, € Cj(Thin) | Xy € Ci(Tw)) = P (Fila, ep01) € Cj(Thyn))

ot (Ci(T'x)) 1<i< N, est le diagramme de Voronoi associé au quantifieur I'y, & I'instant ¢;. Les poids
des cellules de Voronoi (p?“)lg j<Nj.. sont obtenus par I'équation de Kolmogorov classique

(temps discret). Pour tout j € {1,..., Nk41}, on a

Ng

Pyt =P(Xy,,, € Cj(Tpyr)) = ZP§P<Fk($§75k+1) € Cj(rks+1))'
=1

Dans le cadre unidimensionnel, le calcul des poids de transition pf’j est basé sur la fonction de
répartition de la loi Gaussienne. Lorsque la dimension d augmente, on s’appuie sur les simula-
tions de Monte Carlo pour ces calculs.

Dans le chapitre 7, nous donnons des détails sur le calcul des suites de quantification récursive
de modeles spécifiques dans le cas unidimensionnel, comme le modele de Black-Scholes et le
modele CEV, discrétisés selon un schéma d’Euler ou un schéma de Milstein. Dans la figure
1.4, on illustre les fonctions xf — pf, k=1,...,n, ou (xf)lgigNk est la grille de quantification
récursive d’un processus de diffusion suivant un modele de Black-Scholes et discrétisé suivant
un schéma d’Euler, c’est-a-dire

th+1 = th + TAth + U\/Zth Ek+1 = Fk<th75k+l>
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Figure 1.4: Graphes de z¥ — pF ou (2F)1<;<n, est la grille de quantification récursive, pour
tout k € {1,...,n}, dans un modele de Black-Scholes (* correspond a k = 2 et o correspond a
k =n=30).

On considére n = 30 pas de temps et contruit des grilles de taille Ny = 50, pour tout k €
{1,...,n}. On considére

T=1, Xo=100, r=0.006, o=0.2.

1.3.2 Contributions de cette thése

Dans le chapitre 6, nous établissons des bornes supérieures de 'erreur LP de quantification récur-
sive d’un modele de Markov général de la forme X1 = Fi(Xg, €k41), (€x)1<k<n étant une suite
de variables aléatoires i.i.d. de loi Normale. Nous étendons les résultats obtenus dans un cadre
L? dans [63] et estimons des erreurs dans LP pour p € (1,2+d). Nous considérons que les grilles
Ik, dans (1.18), sont des quantifieurs quadratiques optimaux de th. Ceci est important car
la propriété de stationnarité (1.7) satisfaite par les quantificateurs quadratiques optimaux sera
nécessaire pour notre étude.

Puisque nous estimons des bornes supérieures de 'erreur LP de quantification récursive en
utilisant des quantifieurs L?-optimaux de th, nous nous trouvons dans une position ou nous
devons traiter l'erreur de quantification LP d’'un quantifieur L?-optimal. Pour cela, nous nous
appuyons sur les résultats du probléme de mismatch de distorsion, aussi connu sous le nom de
probleme (L" - L®), rappelé dans le théoreme 6.2.2. De plus, nous montrons et utilisons un
lemme technique qui permet de controler espérance de la forme E|a + AvVAZ|" pour r > 2,
a€RY b >0, A€ M(dqR)et Ze Ly (P) une variable aléatoire a valeurs dans R? tel que
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E[Z] = 0, plus précisemment
Ela + AVAZI" < af (14 20794( = 1)(r = ) + 209 (- ~ DI AEIZ (14 ).

Cette inégalité sera trés utile pour établir plusieurs résultats théoriques permettant d’aboutir a
des bornes d’erreur.

Avec tous les outils nécessaires, nous montrons que l'erreur de quantification récursive dans
LP du schéma d’Euler est bornée par

=

k k
Vk €{0,...,n} 1 X, — Xe, lp < KZClHth — Xy llp < K’ZCZN[
=1 =1

(1.19)

ou NV est la taille du quantifieur I'; de )N(tl et K, K' et C; sont des constantes finies positives a
préciser ultérieurement dans le théoreme 6.2.1 dépendant de p,d, b, o et &i.

Lorsque la dimension d augmente, une technique de substitution intéressante est la quantifi-
cation récursive produit qui, cependant, devient trés exigeante pour les dimensions tres élevées.
Dans le chapitre 6, nous présentons et étudions une alternative, la quantification récursive hy-
bride qui consiste en la quantification du bruit Gaussien dans (1.18) de sorte que la quantification
hybride récursive de Xy, est donnée par le schéma récursif suivant

):(tk = Fk—l(Xtﬁflagk%
Xy, = Projp, (Xy,), Vk=1,...,n.

ol (£x)x est maintenant une suite de quantifieurs optimaux de la loi Normale N (0, ), qui sont
déja calculés et stockés off-line. En se basant sur les mémes outils utilisés pour établir des bornes
supérieures pour la quantification récursive standard, nous établissons des borness d’erreur dans
L? pour la quantification récursive hybride pour p € (1,2 + d), comme suit

=

k k
- > 1 _
X, = Xillp < Ky COx(NX) 74 + K Y Ce(N)

=1 =1

ou N, lX est la taille du quantifieur optimal de th, ; est la taille des quantifieurs optimaux du
vecteur aléatoire Gaussien et K, C'x, C, sont des constantes positives finies. En pratique, puisque
les e, sont des variables aléatoires i.i.d., nous construisons des quantifieurs correspondants &5 de
la méme taille Ny = N¢ pour tout k € {1,...,n}.

1.3.3 Application a la discrétisation des Equations Différentielles Stochas-
tiques Rétrogrades Réfléchies

La quantification récursive est une technique de discrétisation spatiale utilisée dans les applica-
tions financieres. On peut citer le pricing d’options dans un modele de volatilité stochastique
(voir [15]) et le pricing d’un panier d’options (voir [28]). Dans le chapitre 6, nous nous appuyons
sur la quantification récursive pour la discrétisation spatiale de la solution d’une Equation Dif-
férentielle Stochastique Rétrograde Réfléchie (RBSDE). Des approximations de telles équations
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ont déja été établies par plusieurs méthodes. Par exemple, on peut citer les méthodes de régres-
sion avec des simulations de Monte Carlo (voir [9]), les itérations de Picard combinées avec une
décomposition dans le chaos de Wiener (voir [17]) et la quantification optimale (voir [3, 4, 37]).

On considére la RBSDE de maturité T'

T T
Y; = g(Xr) +/ (s, X, Yo, Zo)ds + Kp — K, —/ ZodW,,  telo,T], (1.20)
t t

Y; > h(t,X;) and / — h(s,Xs))dKs = 0.

ou le processus (X¢)e(o,r) est une diffusion donnée par (1.16) et f,g et h sont des fonctions
continues Lipschitziennes. La solution de cette équation est un triplet (Y, Z;, K¢) et une telle
solution existe et est unique comme établi dans [25] sous des hypothéses de Lipschitz appropriées.
Toutefois, cette solution n’admet pas une forme fermée en général. Il faut donc ’approcher par
des schémas de discrétisation spatio-temporelle. Le schéma de discrétisation temporelle (Yt , Ct )
associé & (i, Z;) est basé sur le schéma d’Euler du processus (X¢);e(o,7r)- Plusieurs choix sont
possibles (voir [3, 9, 48]). Notre choix dans ce travail est d’insérer I’espérance conditionnelle
dans le driver f comme suit

?T Q(X )

}/;Z:E( tk+1|‘Ftk)+Af(tk’7 tk7 ( tk+1’ftk) C-:tk)7 ]{5:0’...,”—1’

1

G = B Wiy — W) | F) s B=0,0 =1,

ﬁzznZVh(tk,Xg), k=0,...,n—1.
De tels schémas ont été envisagés pour des BSDE (sans réflexion) dans [65] ou pour les BSDE &
double réflexion dans [37], alors que dans la plupart de la littérature, ’espérance est généralement

appliquée en dehors de la fonction f. Dans certains articles motivés par les options américaines,
f ne dépend pas du processus Z;.

Ce schéma ne peut pas étre simulé a cause des espérances conditionnelles, nous sommes donc
amenés, comme nos prédécesseurs, a effectuer une discrétisation spatiale supplémentaire basée
ici sur la quantification récursive du processus Xy, . Le schéma résultant est le suivant

Y7 ZQ(XT)
Ctk 7E(¥Z+1(Wtk+1_Wtk)‘ftk)’ k‘:O,...,n—l,

¥ = max (h(Xe) B (V2 | Fo) + At X B 1 7o), 80)) 0 k=0, 1,

On établit des bornes supérieures pour les erreurs induites par les discrétisations temporelle
et spatiale mentionnées ci-dessus.

Discrétisation temporelle Pour l'erreur de discrétisation en temps, nous établissons des
bornes supérieures de l'erreur dans L2. A cette fin, nous introduisons un processus continu en
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temps qui étend Ytk, en se basant sur le théoreme de représentation de martingale. Cela conduit
a définir un processus cadlag Y; sur [tg,tx41) et un processus ladcag Y; sur (tx, tg+1], par
le1 _

)7;5 — }_/;t - Ek+1 - (tk‘-‘rl - t)fk(th7E(ﬁk+1 |ftk)7§tk) _/t stWSa (121)

conduisant a la représentation suivante
~ _ T _ _ _ Tt _ _ _
Vi=Vr+ [ fe XoB(T5|F).Qds— [ ZadW, + Kr - K
t t

ou s =ty ets=tgsise€ (tgtrr1), Z; est un processus tel que Esup[oﬂ ]25]2 < 400 et f(tk
est un processus cadlag croissant, nul au temps 0, défini par

k
Ktk = Z (hj(th) - }thk)

i=0 -

et tel que K; = .f(tk pour tout ¢ € (tg,tx+1). Cela conduit a la borne supérieure suivante pour
Perreur de discrétisation temporelle, pour tout k € {1,...,n},

_ T
E[Yy, — }/}/k|2 < Chofh1 (A +/0 E|Zs — ZS|2d5>

ou Cy 4 r,n,1 €st une constante réelle positive. Cela montre classiquement que le taux de conver-
gence du schéma de discrétisation temporelle est régi par la régularité du processus (Zt)te[o,T]
(qui peut étre analysé par les méthodes PDE lorsque b et o sont suffisamment régulieres).

Discrétisation spatiale En ce qui concerne la discrétisation spatiale, on établit des bornes

d’erreur dans LP pour p € (1,2+d) et k € {1,...,n}, comme suit

Hi/%k - Y;fk”p < K” klgla<xn ‘th - th\Hp

ou K est une constante finie positive définie ultérieurement dans le chapitre 6. Les normes
| X:, — Xy, ||p sont des erreurs de quantification récursive déja controlées par (1.19).

De point de vue algorithmique, one montre par récurrence rétrograde qu’il existe des fonc-
tions g : I'y — R,k € {0,...,n}, telles que Yy = yx(X%), pour tout k € {0,...,n}, définies
récursivement par le principe de programmation dynamique rétrograde (BDPP) suivant

/Z/\TL hn
Ur = max (hk, Piii+1 + Afi (., Pellkt,s Qk§k+1)) , k=0,...,n—1,

N

ou

. L . 1.
PeUi1(Xk) = E (Yet1(Xig1) | Fry.) et QrUk+1(Xk) = —=E (U1 (Xpt1)er1 | Fp.)-

VA

De méme, il existe des fonctions z; telles que Zk = Ek()? k), définies par
2k = QrYk+1-
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En s’appuyant sur ces BDPP et sur la quantification récursive )A(Zf de Xy, Ty = {2},.. ., a:?vk},
on approche la solution Yy de la RBSDE & l'instant O par la valeur initale 7y du schéma

{ Un(z]) = hp(z]), 1=1,..., Ny,
k
i

o~

Uk(x¥) = max (hk(xf), ar(xk) + Afy(zF, &k(xf),ﬁk(a:f))) , i=1,..., N,
ou
Nig1 1 N1
~ ~ k =~ ~
ae@h) = 3 Gen@pl et Bl = 5 X Gl
=1 =1
avec

VA _
i = Pk E(Skﬂn{f(kﬂﬂfﬂ,)?Fxf}) - AE(gk“]l{Fk(xfﬁHl)ECj(Fk+1)})'
1

Nous illustrons cette approximation par plusieurs exemples numériques unidimensionnels et

multidimensionnels a la fin du chapitre 6 et dans le chapitre 7. Dans le cadre unidimensionnel,
nous considérons le prix d’une option d’achat américaine sur un marché avec un écart acheteur-
vendeur sur les taux d’intérét et le prix d’une option de vente américaine sous la probabilité
historique, les deux exemples sont considérés a la fois dans un modele Black-Scholes et un modele
CEV. En ce qui concerne le cadre multidimensionnel, nous évaluons le prix d’une option de
change américaine bidimensionnelle dans un modele de Black-Scholes et considérons un exemple
multidimensionnel di a J.F. Chassagneux.
En outre, nous considérons I’évaluation du prix des options de vente américaines pour d = 1 et
d = 2. Nous montrons que les estimations des bornes d’erreur LP induites par la discrétisation
spatiale correspondante peuvent étre obtenues directement. En fait, puisque (th)ggkgn et
()A(tk)ogkgn sont des chaines de Markov, l_/tk et fftk s’écrivent sous forme d’enveloppes de Snell
comme suit: pour tout k € {1,...,n},

Y;, = P-esssup{E (h-(X,) | F;), T € {tx,..., T} Fr-temps d’arrét}

et
Y;, = P-esssup{E (h.(X,)| F,), T € {tg, ..., T} Fr-temps d’arrét}
ou h(z) = max(K — z,0). Par conséquent, on obtient, pour tout k € {1,...,n},

Ve, = Vi llp < [Bluipl| max | Xy, — X[,

Dans tous les exemples, nous comparons les résultats obtenus par quantification récursive a
ceux obtenus par d’autres types de quantification. Si d = 1, nous comparons la quantification
récursive a la quantification optimale, gloutonne et récursive gloutonne. Et, si d > 1, one
adopte la quantification récursive hybride, au lieu de la quantification récursive standard, et
on compare les résultats a ceux obtenus par quantification optimale et gloutonne. Toutes les
méthodes mentionnées sont détaillées dans les chapitres 6 et 7.

21



Chapter 2

Introduction

This thesis is divided into two main parts. The first part contains Chapters 3, 4 and 5 where
we present new theoretical results and aspects of greedy quantization, as well as some numerical
studies. Briefly, we adopt a new approach to extend rate optimality and distortion mismatch
results for greedy quantization to a wider class of distributions and establish L*-rate optimality
results for L"-dilated or contracted greedy quantization sequences. Numerically, we carry out
some experiments and emphasize some properties of greedy quantization that make it advanta-
geous in face of other approximation methods (mainly quasi Monte Carlo). In the second part
consisting of Chapters 6 and 7, we establish, first, LP-error bounds for recursive quantization of
a general d-dimensional Markov model for p € (1,2 + d) and, then, extend error bounds for the
recursive quantization-based discretization schemes of reflected Backward Stochastic Differential
Equations to the LP-framework .

2.1 Optimal quantization: Principle, definitions and main re-
sults

Optimal vector quantization is a technique going back to the 1950’s (see [30]) when it was first
devised in the signal processing field to discretize continuous signals for their transmission. It
was then extended to many domains such as Information theory, cluster analysis, etc., until it
was introduced as a mathematical tool in the 1990’s. It was first used as a quadrature formula
in the numerical integration field for the computation of expectations (see [54]), and then, in the
early 2000’s, for the approximation of conditional expectations in view of financial applications,
mainly pricing of American options (see [3, 4, 5]), of non-linear filtering problems (see [58]) and
simulation of Stochastic Differential Equations (see [3, 67]), etc.

The mathematical problem of optimal quantization consists in finding the best approxima-
tion, in a sense to be specified, of a (possibly) continuous probability distribution by a discrete
probability distribution whose support is of finite cardinal, or, in other words, the best approxi-
mation of a multidimensional random variable X by a random variable Y taking a finite number
n of values. Let d > 1 and X be a d-dimensional random variable defined on the probability
space (92, A, P) such that X € L"(P),r > 0 i.e. E|X|" < 400 where |.| denotes a priori any norm
on R%. We denote P = Py the probability distribution of X. The goal is to approximate X
by q(X), where ¢ is a Borel function defined on R? and having values in a d-dimensional grid
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Figure 2.1: Example of a Voronoi diagram in R? w.r.t. the Euclidean norm.

' = {x1,...,z,} of size n. The best choice for ¢, I" being fixed, is clearly any Borel nearest
neighbor projection 7r : R — T' defined by 7p (&) = S0, rilo,ry(§), where

j#i

is a Borel partition of R? called the Voronoi diagram induced by I'. The Borel sets C;(I") are
called the Voronoi cells of the partition induced by I'. An example of a Voronoi diagram in R?
equipped with the Euclidean norm is presented in Figure 2.1.

Then, the Voronoi quantization of X is the composition of nr and X:

T = 7 (X) = Y il ().
=1

Its distribution is characterized by the grid I' = {1, ..., z,} and the weights of the corresponding
Voronoi cells given, for every ¢ € {1,...,n}, by

p? = P()/(:F = 172) = P(X € C’l(l“))

We will often denote, X instead of XT to alleviate notations. The L"-quantization error associ-
ated to a grid T is defined, for every r € (0, 400), by

er(T, X) = | X = ar(X) || = [|X = X", = [|dist (X, T)]|, (2.2)

1
where [|Y]|, = (E|Y|")" denotes the L"(P)-norm of a random vector Y (or quasi-norm if 0 <
r < 1). We also define the L"-distortion function G7, on (R%)" by

Gr(z1,. . mn) = er ({21, ..., 20}, X)) (2.3)

This function is differentiable if the (x;)1<;<, are pairwise distinct or, equivalently, I' = {x1,...,z,}
has full size n, and the boundaries of the Voronoi diagram are negligible w.r.t. the distribution
P of X, it depends also on the differentiability of the underlying norm itself. Its gradient is

given by
( )

r i - X r—
VGn(l'l, R ,I’n) =7r <E|:]1X601(F)M|xl - X| 2:|>

1<i<n
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Optimal quantization problem consists in finding a grid I' that minimizes the quantization
error (2.2), i.e. solves the following minimization problem

rn(X) = inf r FyX . 2.4
er, ( ) r, call‘gl(l")gne ( ) ( )

If X € Liq (P), this problem always admits at least one solution I' called optimal quantizer of
size n of X or P, and the corresponding quantization error converges to 0 when the size n goes
to +o0o. For a proof, we refer to [32, 56, 57] among others. The rate of convergence of the
L"-quantization error to 0 is given by two well known results exposed in the following theorem.
The first one is a sharp asymptotic result and the second one is universal and non-asymptotic.

Theorem 2.1.1. (a) Zador’s Theorem (see [75]) : Let 7 > 0 and let X € LE@”(P) for some
n > 0, with distribution P such that dP(§) = ¢(§)dAa(§) + dv(§) where \g denotes the Lebesgue
measure on (RY, B(RY)). Then,

) 1 - L
nglfoo nie,n(X) = JT’dHSDHLrld )

(2.5)

where Jy.q = 1r;f1 néenn(U([O, 11%) € (0, +00).

(b) Extended Pierce’s Lemma (see [11]): Let 7,n > 0. There exists a constant kg, € (0,400)
such that, for any random vector X : (Q, A, P) — R,

Vn>1, en(X)< /ﬁd7r,na,«+n(X)n_% (2.6)

where, for every p € (0,+00), 0p(X) = inf | X —al|p is the LP-standard deviation of X .
a€R

An important property shared by quadratic L?-optimal quantizers is stationarity. A quanti-
zation grid I' is said to be stationary iff the boundaries of the Voronoi partitions are P-negligible
and

X' =E(x|X"). (2.7)

In fact, any quadratic optimal quantizer (w.r.t. the Euclidean norm) has P-negligible boundaries
(see Proposition 4.2 in [32]). This property is very important in most applications, especially
because most algorithms devised to compute optimal quantizers are based on this stationarity
property, even if not all stationary quantizers are optimal. Its importance is also emphasized
in the quantization-based numerical integration, this topic is explained in details in the following.

Optimal quantizers are used in numerical integration to approximate expectations of the
form Ef(X) for a random variable X and a continuous function f. Since the L"-quantization
error || X — XT||, converges to 0, then XT converges to X in L” and hence in distribution. So,
one approximates Ef(X) by

Ef(XY) =S pl )
=1

where pI" = P(X € Cy(T')),i = 1,...,n, are the weights of the Voronoi cells corresponding to
the optimal quantizer I' = {z1,...,x,} of size n of X. Upper bounds for the error induced by
this type of approximation have been established for stationary optimal quantizers, depending
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on the regularity of the function f (see [12, 56, 57]). For example, if f is a Lipschitz continuous
function with Lipschitz coefficient [f]r;, and I' is any grid, then

Ef(X) = Ef(X)] < [fuiplX = X5 < [fluip e1(X,T) < [flip e2(X, 1)

If, furthermore, I' is a stationary quantizer for X or P, then, if f is differentiable with an
a-Holder gradient V f, one has (see [77] for example)

EF(X) ~ BARD)| < 1 [V/lallX - RIS,

In particular, if Vf is Lipschitz continuous, then

—_

Ef(X) - Ef(X")] < [V uplX — XT3,

[\

2.1.1 Construction of optimal quantizers

Let P be a probability defined on (R?, B(R?)) and let X be a random variable with distribution
P. Most devised algorithms for designing (quadratic) optimal quantizers of X or its distribution
P are based on the differentiability of the distortion function and on the stationarity property
(2.7). In fact, the following Proposition makes up the starting point of the numerical methods
to compute optimal quantizers in the quadratic case.

Proposition 2.1.2. Let X € L?*(P) be a random variable such that card(supp(P)) > n. Any
grid T minimizing the quadratic distortion function G2 associated to X is a stationary quantizer
of X.

Furthermore, it has been proved, in [39, 73], that if d = 1 and the probability density function
of X is log-concave, then there exists a unique stationary quantizer of X and this quantizer is
a global minimum of the distortion function.

Newton-Raphson zero search algorithm This is a deterministic procedure used if the
probability distribution is known explicitly. Assume that the distribution P of X is absolutely

continuous with respect to the Lebesgue measure with continuous density ¢. The L"-optimal
quantizer is obtained as follows: Denoting = = (x1,...,z,) the grid to build, one has

—1
A =2l — (VG 2)) vy al)

starting at 2% belonging to the convex hull of the support of X, where V2GT (z) is the Hessian
matrix of G},. This can be improved by using the Levenberg-Marquardt algorithm

-1
ol = gl (V2G2(x[l]) + )\lId) var (x)

for an appropriate choice of the “damping” coefficients \;.
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Competitive Learning Vector Quantization (CLVQ) This is a stochastic gradient de-
scent algorithm used for the computation of d-dimensional quantizers for d > 1, also known
as k-means algorithm. In higher dimensions in the quadratic case, one takes advantage of the
representation of G2 as an expectation and switches to the CLVQ algorithm defined by the
following recursion
+1] _ [0 [ _

€T = Yi+1 (]lXeCi(x([l])(:Bi X))lgz‘gn
starting at z[% belonging to the convex hull of the support of X, where (71)i>1 is a sequence of
step parameters satisfying > ;> v = +o00 and )5 712 < 4o00.

Lloyd’s algorithm This is a fixed-point search based directly on the stationarity property.
In the one-dimensional case, it is a deterministic procedure used if the probability distribution
is known explicitly and defined by

i1 E(X Ty, @m))
i = )
! P(X € Cy(zl))

starting at z[9 belonging to the convex hull of the support of X.

Randomized Lloyd’s algorithm In higher dimensions, the procedure above becomes in-
tractable so one switches to the randomized Lloyd’s algorithm. The expectations and probabil-
ities are computed by a Monte Carlo simulation of size M as follows

L Z%:le]leGCi(x[”) (2.8)
i card(Xm; Xm ¢ Cz(x[l]» .

starting at z[% belonging to the convex hull of the support of X, where (X™)1<m<m are M ii.d.
copies of X.

For further details on the above procedures, we refer to [56, 57]. Note that highly ac-
curate quantization grids of N (0;1,) distributions for dimensions d = 1 up to 10 and regu-
larly sampled sizes from N = 1 to 1000 can be downloaded from the quantization website
www.quantize.maths-fi.com (for non-commercial purposes).

For some few scalar probability distributions, there exists closed or semi-closed forms for
optimal quantization grids. For example, the optimal quantizer I';,, of size n of the Uniform
distribution U([0, 1]) is given by

Fn:{%%_zl, zzln}

and semi-closed forms were given in [29, 32] for the exponential, power, inverse power and
Laplace distributions.

In the two-dimensional framework, a deterministic approach to optimize quadratic quantiz-
ers is developed in [52]. It relies on the approximation of two-dimensional integrals over convex
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polygons by very effective numerical quadrature formulas.

For higher dimensions, stochastic optimization procedures may become too expensive and
computationally too demanding. When the target law is a tensor product of its independent
marginal laws, one can rely on product quantization instead of standard multi-dimensional
procedures. It consists in obtaining multi-dimensional quantizers as a result of the tensor product
of one-dimensional sequences, already computed by one of the algorithms cited above.

2.2 Greedy quantization

When the dimension d increases, the search of a solution to the quantization problem (2.4) be-
comes more complicated and computationally too demanding. Therefore, one needs to introduce
a sub-optimal solution which is easier to compute, as long as the rate of convergence remains
similar to that of optimal quantizers. This solution is provided by greedy vector quantization.

2.2.1 Principle and existing results

Let X be a random variable with probability P defined on (Rd, B (Rd)). Greedy vector quanti-
zation has first been introduced and investigated in [12] for compactly supported distributions
P (in a L! sense) as a model of short term experiment planning versus long term experiment
planning represented by regular L'-quantization at a given level n. It has been then reintroduced
independently and studied extensively in [15] for various classes of distributions with possibly un-
bounded support. In both cases, it consists in determining, for a random vector (or distribution)
with finite 7-th moment, a sequence (ay),>1 in R? which is recursively L"-optimal step by step.
In other words, having already computed the first n points of the sequence a™ = {ai,...,an},
one adds the (n 4 1)-the point of the sequence as a solution to

an+1 € argmingcga er(a™ U {€}, X), (2.9)

with a(9) = @. Note that a; is an/the L™-median of the distribution P of X. A solution
to this problem always exists and is called an L"-optimal greedy quantization sequence for X
or its distribution P. However, this solution may not be unique even if the L"-median a; is.
This is due to the dependency of greedy quantization on the symmetry of the distribution P.
This existence has been proved in full generality in [15] where the authors also showed that the
corresponding L"-quantization error is decreasing w.r.t. the 1number n of points of the sequence
and it converges to 0 as n goes to infinity. The optimal n™d-rate of convergence has also been
proved in [45]. It relies on the integrability of the b-maximal function associated to the L’-
optimal greedy quantization sequence (ay,),>1 defined, for every b € (0, %) and every ¢ € R%, by

A (B(&, bdist (€, a™)))
Uy (§) = sup - .
neN P (B(€7 b dlSt(§7 a(n))))
The theorem below deals with the L"-rate optimality of greedy quantization sequences.

(2.10)

Theorem 2.2.1. Let X € L"(P), r € (0,400) and let (an)n>1 be an L"-greedy quantization
sequence of X. If there exists b € (0, %) such that the b-maximal function W, € L7+d(P), then

lim sup n%er(a("), X) < +o0.

n
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The b-maximal function Wy is also used to show that greedy quantization sequences satisfy
the distortion mismatch problem, i.e. the property that the optimal rate of L"-quantizers holds
for L*-quantizers for s > r. This problem was already investigated for optimal quantizers in [33]
and then in [05]. For greedy quantization sequences, the following theorem, established in [15],
solves the problem.

Theorem 2.2.2. Let s € (r,+00), X € L"(P) and (an)n>1 an L"-optimal greedy quantization
sequence of X. Assume that Uy, € Lﬁ(P) for some b € (0,3). Then, X € L*(P) and

lim sup nées(a(”), X) < +o0.

n

How to obtain greedy quantization sequences

Greedy quantization sequences are computed by implementing variants of usual algorithms of
computing optimal quantizers, such as Lloyd’s algorithm or CLVQ algorithm, but in a recursive
way. This means that at each iteration of the algorithm, one adds only one point to the previously
computed points of the sequence, then one implements an optimization procedure keeping in
mind that all the previously computed points are frozen. We give a brief idea on how to build
such greedy sequences in the quadratic case when d = 1 and when d > 2.

One-dimensional setting When d = 1 and the distribution of X is absolutely continuous
with a continuous positive density ¢, one can implement deterministic procedures based on the
knowledge of the cumulative distribution function F'x and the first moment function Kx of the
distribution of X. The implementation is as follows: at the n-th iteration, we freeze the n — 1
points of a1 = {a1,...,a,_1} of the sequence (a,),>1 which have been already computed
and we sort them in an increasing order

agn_1)<...<a -

Then, we compute the inter-point local inertia given by

S
i n—1 n—1 .
/(’ﬂ+12) Z( : §| H dé. + /(n 1) Z(+1 ) §|2N’(d§)7 1= 07 cees T — 17
z+2
where a{" ) = —c0, al "V = 400 and a( Y is the mid-point of [agnfl),agfgl)] :
2
(n 1) (n—1)
a"V = —00, a7V = %’ o™ — .
5 +5 2 n—3
2 2 2

10

We add a random point ag in the inter-point zone with the maximal local inertia (a N
where ig is the index such that

o;, = Imax 02
0 0<i<n—1

This point ag is the starting point of the optimization procedure considered, which converges to
the n-th point a,, of the sequence. Several procedures are detailed in the first part of Chapter
4 such as Lloyd’s algorithm and CLVQ algorithm, and greedy quantization sequences of several
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Figure 2.2: Graph of a; — p}' where a™ is an L?-greedy quantization sequence of Laplace(0,1)
and (p}')1<i<n are the weights of the Voronoi cells for n = 100 (left) and n = 511 (right).

scalar probability distributions are computed by Lloyd’s algorithm. For an example, Figure 2.2
depicts the graph representing the weights of the Voronoi cells of the first n terms (n = 100,n =
511) of an L?-greedy quantization sequence of the Laplace distribution with parameters 0 and
1.

Two-dimensional setting We extend the deterministic variant of greedy algorithms to the
two-dimensional case in Chapter 4. We follow the same procedure as for the scalar distributions
and rely on highly effective quadrature formula to numerically compute the integrals necessary
for the construction of greedy quantization sequences. In Figure 2.3, we observe a deterministic
L?-greedy quantization sequence of the standard Gaussian distribution N(0, I5).

Multi-dimensional case In higher dimensions, deterministic procedures become too demand-
ing so one switches to stochastic procedures where the computation of the integrals is replaced
by large Monte Carlo simulations coupled with a nearest neighbor search. Randomized greedy
Lloyd’s algorithm and multi-dimensional CLVQ algorithm are explained in detail in Chapter 4.
However, these procedures can be very demanding due to the several integrals that need to be
computed. Although we explain, in Chapter 3, how greedy quantization allows a reduction of
the number of computations at each step, this still does not make the stochastic optimization
procedures easy to implement. An alternative is greedy product quantization where one relies on
one-dimensional greedy quantization sequences to compute multi-dimensional sequences when
the probability distribution can be written as a tensor product of its marginal laws. The multi-
dimensional sequence is obtained as a result of the tensor product of multiple one-dimensional
sequences. This is explained deeply in Chapters 3 and 4.
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Figure 2.3: Greedy quantization sequence of N(0, I2) obtained by a deterministic Lloyd’s algo-
rithm of sizes n = 6,7,11,16, 18,24, 28,32,39,51,86, 100 (starting from the upper left corner).

2.2.2 Contributions and new results

The first contribution of this thesis, in Chapter 3, is devoted to extending some theoretical
results of L"-greedy quantization of a distribution P with finite r-th moment to a wider class of
distributions, mainly rate optimality and distortion mismatch results. An extensive numerical
study is also carried out to highlight the advantages of greedy quantization sequences, compared
mostly to the Monte Carlo and quasi-Monte Carlo methods. In Chapter 5, L®-rate optimality
results of L"-dilated greedy quantization sequences are established, inspired by similar results
for dilated optimal quantizers in [71].

Rate optimality and distortion mismatch (Chapter 3)

As already mentioned in Section 2.2.1, results on the rate of convergence of the greedy quan-
tization error and the distortion mismatch problem have been established in [15]. They were
based on the integrability of the b-maximal function Wy defined by (2.10). In Chapter 3, based
on the submitted paper [24], we extend these results to a much larger class of distributions.

Let X be a random variable with probability P defined on (RY, B(R?)). The key in our
study is to consider auxiliary probability distributions v satisfying the following control on balls
with respect to an L"-median a; of P: we assume the existence of gy € (0, 1] such that for every
e € (0,g0), there exists a Borel function g. : R? — [0, +00) satisfying, for every = € supp(P)
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and every t € [0,¢||x — a1],
v(B(,1)) > ge(x) Vg1, (2.11)

This class of auxiliary distributions will be the key tool for various theoretical studies of greedy
quantization sequences. Noting that the L™-median a; of P belongs to a(™ for every n > 1 by
construction of the greedy quantization sequence, we obtain an upper bound of the form

r

1 1
_1 d _r i
Vi >2, er(a™,P) < o)1V, 4 (d> ! (/ga ddp) (n—1)"4 (2.12)

where V is the volume of the hyper-unit cube and ¢, (u) = (3% — u’")ud. The proof of this result

relies on a new micro-macro inequality involving the auxiliary distributions v.

One of the main contributions presented in Chapter 3 is the extension of the non-asymptotic
universal Pierce type results (2.6) for the rate of convergence of the L"-greedy quantization
error to 0. This is achieved by specifying the measure v and the function g., satisfying (2.11),
in the general upper bound (2.12). For example, we can cite the following upper bound for the
L-quantization error: If [ |z|"t9dP(z) < +oco for some & > 0, then for every n > 2,

er(a(n)’ P) < ’{ccl;,g(jfdyfierceo'r-i—é(P) (n— 1)_5’

for a finite constant /igge:dy’ Plerce ¢, he specified in Theorem 3.2.4, which relies on the measure

v(dx) = 7p.5(x)Aa(dx) where

—1
K&r dz

() = : d K, = /— < too,

o) = e M ( uvmw“@J e

and the function

) 1
5(5[)): N € € (0,5)
(V[ +e)lz—a )™
A sharper result, but less explicit in terms of constants, is then stated (see Theorem 3.2.4) based
on distributions satisfying a “log”-integrability property of the form [z |z|"(log™|z|) a9 dP(z) <
+00.

Finally, a hybrid Zador-Pierce result is proved for almost radial non-increasing densities, i.e.
an upper bound that is non-asymptotic (Pierce-type (2.6)) with a controlling bound relying on
IIh||_a_ as in Zador’s Theorem (2.5). In other words, we establish an upper bound of the form

d+r

er(a®™, P) < C|[h_on™

for some real constant C' where h is the density of the absolutely continuous component of P,
supposed to be radial non-increasing. A function f : R — R, is said to be almost radial non-
increasing on a set A, such that supp(P) C A C R, w.r.t. some a € A (see definition 3.2.6), if
there exists a norm || - ||p on R? and a real constant M € (0, 1] such that

fly) > Mf(x) for all z,y€ A\ {a} for which |y —allo < ||z — allo.
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For this purpose, we consider
d
hd+'r'

[hatvdrg

V= Ad

and rely on a lower bound of v(B(x,t)), where B(x,t) is the ball with center 2 € R? and radius
t > 0, established in Lemma 3.2.10 of Chapter 3.

The distortion mismatch problem for this larger class of probability distributions is solved
also by considering the same auxiliary distributions defined in (2.11). The results are given in
Section 3.3 and we cite the following error bound for s € (r,d + r)

d+r—s ) 1
es(a™, P) < k{1 ( o d*”dP) o ( o ddP) -2

for every n > 3 and a finite positive constant /@S’ffdy defined later in Theorem 3.3.1.

Algorithmics and numerical observations

In the second part of Chapter 3 and in Chapter 4, several numerical experiments are carried out
in order to emphasize some interesting properties of one-dimensional greedy quantization se-
quences. Among others, we conclude numerically that, even though L"-greedy sequences cannot
be optimal at each level n, they can still be sub-optimal in the sense that there exist sub-
sequences of a(™ which are L™-optimal themselves. This was deduced by observing the graphs
representing the weights of the Voronoi cells of these sequences. We specify these sub-sequences
for the A(0,1) and the ¢([0,1]) distributions and conclude with a conjecture concerning uni-
modal densities symmetric w.r.t. their L"-median.

From another point of view, when working on the unit cube, it is natural to compare greedy
quantization sequences to sequences with low discrepancy commonly used in quasi-Monte Carlo
(QMC) methods. In fact, with quantization-based numerical integration, one approximates ex-
pectations of the form Ef(X), for a Lipschitz continuous function f and a random variable X,
with an (’)(n‘é) rate of convergence to 0. While the approximation by the quasi-Monte Carlo

method yields an (9(10%) rate of convergence, this is due to Proinov’s Theorem (see [70] or
n

Theorem 3.4.1 in Chaptctler ). The price to pay for the absence of the (logn)-factor with greedy
quantization is the fact that the weights of the Voronoi cells corresponding to the greedy se-
quence a(™ are not uniform (i.e. equal to %) which induces a higher complexity when naively
implementing the resulting quadrature formulas. We show, in the second part of Chapter 3,
how the recursivity of greedy quantization allows to reduce the number of computations so that
greedy quantization sequence and QMC become equivalent in terms of complexity. Moreover,
this character allows us to keep the asset of a sequence which is a recursive formula for cubatures,
hence making of greedy quantization an advantageous component in the face of Quasi-Monte
Carlo methods, since the error bounds are lower by a log(n) factor.

To be more precise, during the procedure of building the greedy sequence, we notice that,

at each iteration, one adds a single point to the sequence while the rest remain frozen. So, the
Voronoi cells, which are far from the new added point, remain untouched and unchanged. This
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means that their weights, as well as the corresponding inter-point local inertia, do not need
to be computed at each iteration. This remark allows to avoid a huge number of unnecessary
computations at each iteration of the algorithm. Besides the dramatic reduction in the com-
putational cost, this recursive character of greedy quantization leads us to deduce an iterative
recursive formula for cubature in the one and multi-dimensional frameworks. When d = 1, we
approximate Ef(X) by I,,(f) given by

L(f) = La(f) =" (el ) = fal)) = i (Flalhy) = F@l)),

(n) (n)

where a; ° is the point added to the greedy sequence at the n-th iteration, a; ", and al(:il are
the points lower and greater than agg) and
_ (n) (n) _ (n) (n)
Pl = P([%O_%’amﬂ]) and  pl = P([amﬂvaiﬁ%])

(n) (n) (n) (n)

) 4l a; +a,;
where ¢ L= Yig Tt o o) = Ziotl L0 1, with ¢g = —o0 and a,, = +00.

iots 2 mil

This formula can be generalized to the multidimensional framework (see (3.20)) when consider-
ing “product” greedy sequences, as explained in Chapter 3.

Moreover, note that there exists a relation between the discrepancy of a sequence = and the
quantization error induced by this sequence with respect to the Uniform distribution. Based on
Proinov’s Theorem (see [70] and Theorem 3.4.1 in Chapter 3), it is given by

e1(Z,U([0,1]%) < Dx(2)a

where D (Z) is the star-discrepancy of the sequence = = (&;)1<i<n at order n defined by

1 n
=3 Leepoup — a0, u))]-

Dy(E) = sup
n =1

u€l0,1]¢

This led us to carry out a study in view of comparison between greedy quantization sequences
and sequences with low discrepancy. Two major directions are followed:

e Computing the discrepancy of greedy sequences and comparing it to that of low dicrepancy
sequences,

e Treating low discrepancy sequences as (sub-optimal) quantization sequences, i.e. assigning
to them a Voronoi diagram and non-uniform weights, in order to compare their perfor-
mance with greedy quantization sequences.

Various numerical simulations are made and some conclusions are drown and detailed in the
end of Chapter 3 and in Chapter 4. Let us say in short that, when d = 1, greedy quantization
sequences can be used as low discrepancy sequences, and, they are better performing than low
discrepancy sequences treated as quantization sequences. However, when d > 2, we don’t have
such optimistic results for standard greedy quantization sequences in terms of low discrepancy.
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L*-rate optimality of dilated/contracted L"-greedy quantization sequences

In Chapter 5, we investigate the L®-rate optimality of dilated/contracted L"-greedy quantiza-
tion sequences. This study is inspired by similar results obtained for L"-optimal quantizers in
[71], where L"-optimal quantizers, once dilated or contracted in an appropriate way, turn out
to remain L®-rate optimal, i.e. having an (’)(n_%) rate of decay, for s > r. This may have
important consequences for practical application since, usually, one has only access to quadratic
optimal quantizers (like for the N(0, I) distribution, d = 1,...,10, on the quantization website
www.quantize.maths-fi.com or for other (1D) distributions for which semi-closed forms are avail-
able (see [29, 32] for example)). One can cite, on one hand, the numerical integration field where
the error bounds of quantization-based cubature formulas often involve the L*-quantization er-
ror induced by L"-optimal quantizers, s > r, which needs to be handled. On the other hand,
the dilated L"-optimal quantizers turn out to be good candidates for the initialization of the
algorithms of designing L*-quantization sequences (see [71] for further details on this topic).

The purpose of Chapter 5 is to establish similar results for L™ greedy quantization sequences.
To do so, we rely on auxiliary distributions, satisfying a similar criteria to (2.11). On our way,
we also generalize the seminal results from [71] taking advantage of our approach based on aux-
iliary functions. Let us be more precise.

Let X be a random variable with probability P defined on (Rd,B(Rd)) and let a(™ be a
corresponding L"-optimal greedy quantization sequence of size n, r > 1. The L"-dilated or

én; defined, for every 6 > 0 and u € R?,

by a((;;z = {p+60(a;—p), a; € a™}. Likewise, fy, denotes the function fy ,(z) = f(u+0(z—p)).
And, if X ~ P = f.\g, then Py, denotes the probability distribution of the random variable
% +pand dPy,, = 64 fo,u-dAg. We rely on a micro-macro inequality involving some auxiliary
distributions and consider auxiliary distributions satisfying the control on balls (2.11) to obtain
two main non-asymptotic L°-rate optimality results depending on the value of s.

contracted greedy quantization sequence is denoted by a

e Let s € (r,d+r) and P be with finite polynomial order at any order. Assume

(d+r)(r+5—mn)

(d+r=s)(r+é—n)—ds
/ (fg“> T FdNg < oo (2.13)
{f>0} /
Then, for every Borel function g., € € (0, %), satisfying (2.11) and every n > 3,
1
(dtr)(r+d—n) Tl @
r ier (d+r—s)(r+6—m)—ds 1
es (agz, P) < 91+§Rgueedy,13 erce Af>0} (fjc,u> n fd)\d s (P) (n B 2) cll_
(2.14)
where ¢ = 7%, ¢ = %{—ZM? p = q,qj, erps(a), P) = 0,,.5(P) < +oo denotes the
L™t_standard deviation of P and
1
. 1, 748 1 1 % r+3 d
st < )T i (0074 (fo v )
€ )3

e Let s < r. Assume .
/ FES f A < +oo.
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Then, for every distribution v, every function g. satisfying (2.11) and every n > 3,

n ~Gree ierce a s s °r _1
es(ayh), P) < Rgreedviiercegits </{f>0}f "~ fon d/\d> Ors(P)(n —2)71 (2.15)

)

where e,,5(aV), P) = 6,,5(P) < 400 and

1

d) @ min [(1 + a)tpr(a)*ﬂ (/(1 V. ’m‘)d(pri)dx)_d .

EGreedy,Pierce 21+ 49 V d(
56(0,%)

0,u

The above results are avatars of Pierce’s Lemma (2.6). A particular study for almost radial
non-increasing densities yields similar results under a particular moment assumption on P.
After showing that an L"-dilated or contracted greedy quantization sequence aé }2 is L®-rate
optimal under one of the conditions mentioned above, depending on the values of s, we deter-
mine the set of parameters (6, ) that satisfies these conditions. In general, the optimal value
for p* is the L"-median of the distribution P. As for 6, this problem depends entirely on the
distribution P. We lead this study for several particular density distributions and determine,
for each one, the values of 8 for which the dilated sequence is L®-rate optimal. Moreover, in
some cases, we show that the sequence aé*)u satisfies the so-called “empirical measure Theorem”
for a particular value 6* of 6 that will be determined. This particular value 6* allows the lower

bound (5.6) induced by oz((,*)u to attain the sharp constant in Zador’s Theorem.

For the multivariate Normal distribution N (m, I3), this value is 6* = /2 + d’ for the hyper
1
exponential distributions with parameters a and A\, we obtain 6* = (%) “ and, for the hyper

gamma distribution with parameters «, 8 and A, the dilated/contracted sequence satisfies the

empirical measure Theorem for * = (%) , only when 8 = de;Ts)

2.3 Recursive quantization and application to reflected BSDEs

2.3.1 Principle and existing results

Markovian quantization and recursive quantization have been originally introduced in [59] and
[63] to produce spatial discretization schemes of Markov chains, typically time discretization
schemes of stochastic processes like diffusion processes. Recursive quantization is a version of
Markovian quantization which allows in dimension 1, but also in medium dimensions, a fast
“embedded deterministic optimization” of the quantization grids involved in these numerical
schemes. It has been first studied deeply in [63] for the discretization of an R%-valued Eu-
ler scheme of a diffusion process where the authors proposed a fast algorithm for building, in
a deterministic way, the quantization tree in a one-dimensional framework. In [51], recursive
quantization was extended to higher order schemes, always in the one-dimensional framework.
For problems in higher dimensions, product recursive quantization has been introduced and used
in [15, 28] among others.
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Let us consider a Brownian diffusion process (X;):>o taking values in R% and solution to
t t
X, = X, +/ b(s, X, )ds +/ o(s, X,)dW,,  Xo =o€ RY, (2.16)
0 0

where b : [0, T] x RY — R? is the drift coefficient, o : [0, T] x R* — M(d, q) is the matrix diffusion
coefficient and (W;);>0 is a g-dimensional Brownian motion defined on the probability space
(Q, A,P) equipped with its augmented natural filtration (F;);>o where F; = o(Ws, s < t, Np),
Np denotes the class of all P-negligible sets of A. The Euler scheme associated to the process
(Xt)telo,77, With the uniform mesh t; = kA, k € {0,...,n} and timestep A = %, is recursively
defined by

Xn

let1

= X[ 4+ Ab(te, X[') + oty XI) (Weyy — Wiy, X' = Xo =9 € R% (2.17)

Recursive quantization (as a Markovian quantization) consists in building a Markov chain
having values into a grid (or quantizer) Ty, of size Ny, of the discrete Euler scheme X;, at time t.
So, our goal is to optimize the grids 'y in a recursive way as a kind of “embedded” procedure.
By “embedded” we mean that this optimization is performed “step by step” starting from time
to = 0 to time t,, = T. First, we denote by

Fio(@,e41) = & + Ab(ty, ) + VA0 (ty, 2)efi1

the Euler operator with step A, where (ej)o<k<p is an i.i.d. sequence of random variables with
distribution N(0, I,), in other words, &j, = \/g(VVtk+1 — W4,). Note that this operator is with
Normal distribution

Fk(m, 5k:+1) ~ N(mk, Ek)
where my = x + Ab(tg,x) and Xy = \/Ka(tk,a:). The recursive quantization (X{,f)ogkgn of

(th)ogkgn is performed via the following recursion: Starting at )A(to = Xto = xy,

o o) A
{ th = Fk—l(thk_11’€k)7 (2 18)

~r e
X;r = Projp, (X)), Vk=1,...,n

where I'y;, is an optimal quantizer of )N(tk of size Ny, for every k € {1,...,n}.

Upper bounds for the quantization error induced by the approximation of )_(tk by X'tl;k have

been established in [63] in the quadratic framework where the authors showed that, under some
Lipschitz assumptions (in z, uniformly in ¢ € [0, 1]) on b and o, one has, for every k € {0,...,n},

=

k
X0, — X5k, < K> aN,
=1

for finite positive constants K and ¢;. For simplicity, we denote th instead of )?tl;’“
The construction of recursive quantizers X’tk of th is mainly reduced to the computation

of optimal quantization grids I';, of X;, of size Ni. In the quadratic framework, it is performed
by standard deterministic algorithms, such as Lloyd’s algorithm or CLVQ. In this thesis, we
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will mainly use the Lloyd algorithm to compute the grids (I'y)i<k<p in a recursive way. In

fact, at time tx11, the grid I'y1q = {ZL‘If—H, ;1:?\7];1 } is computed as a function of the grid
Ty = {zk, ... ,x’ka} already computed at the previous time ¢y.

The main advantage of this approach is the preservation of the Markov property. The
distribution of the Markov chain (X, Jo<k<n is entirely characterized by the initial distribution
and the transition matrices P, = (pfj)i,j, for every k € {1,...,n}, which constitute a very

important tool in various applications. The transition probability of (th)ogkgn from :z:f to
m?“ between times t; and tx1 is given by
ko > ) > ) _ k ,
Pl =P (X, € Cj(Thin) | Xy € CilT0)) = P (Fi(ef p01) € C5(Ths)

where (C;(Tx)) is a Voronoi partition associated to the quantizer I'y at time tz. The

1<i<Nj,
weights of the Voronof cells (p?“)l <j<Ny;, are obtained via the classical (discrete time) forward
Kolmogorov equation. For every j € {1,..., Ny11}, one has

it =P(Xy,, € Cj(Thpn)) Zp (Fk z},eps1) € Cj (Fk+1))

In the one-dimensional setting, the transition weights pfj are computed based on the cumulative
distribution function of the Gaussian distribution. When the dimension d grows, one relies on
Monte Carlo simulations for these computations.

In Chapter 7, we give details on how to compute the recursive quantization of specific
models in the one-dimensional case, like the Black-Scholes model and the CEV model, discretized
following either an Euler scheme or a Milstein scheme. In Figure 2.4, we present the functions
xf — pf, k=1,...,n, where (xf)lgg N, is the recursive quantization grid of a diffusion process
following a Black Scholes model and discretized following an Fuler scheme, i.e.

thJrl = th + TAth + O‘\/Zth Ekt1 = Fk(th75k+1)

We consider n = 30 time steps and design grids of size N = 50, for every k € {1,...,n}. We
consider
T=1 Xo=100, r=0.006, o=0.2.

2.3.2 Contributions of this thesis

In Chapter 6, we establish LP-error bounds for recursive quantization for a general Markov
model of the form Xy, = Fj(Xy, ex+1), (€k)1<k<n being a sequence of i.i.d. random variables.
We extend the results obtained in a L?-framework in [63] and estimate LP-error bounds for

€ (1,2 +d). We consider that the grids I'y, in (2.18), are quadratic optimal quantizers of
th. This is important because the stationarity property (2.7) satisfied by quadratic optimal
quantizers will be necessary in our study.
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Figure 2.4: Representation of 2% +— p¥ where (2F)1<;<y, is the recursive quantization grid, for
every k € {1,...,n}, in a Black-Scholes model (* corresponds to £k = 2 and o corresponds to
k =n=30).

Since we are estimating LP-upper bounds for recursive quantization using L?-optimal quan-
tizers of th, we find ourselves in a position where we need to handle LP-quantization error
of an L?-optimal quantizer. For this, we rely on results on the distortion mismatch problem,
also known as the (L" - L*) problem, recalled in Theorem 6.2.2. Moreover, we prove and use a
technical lemma which makes possible to control the expectation of the form Ela + Av/hZ|" for
somer >2 acRY h>0 Aec M(dqR)and Z¢€ Liq(P) an R%-valued random vector such
that E[Z] = 0, namely

Ela+ AVRZ|" < |af" (142079 (r — 1)(r — 2)R) + 209+ (r — Dh||A|"E| 2] (1 + ;h5‘1> |
This inequality will be of great use in proving several theoretical results to establish error bounds.

Having all the necessary tools, we show that the LP-recursive quantization error of the Euler
scheme is bounded by

_ . k . - k _1
Vke{0,....n} Xy — Xillp S K Y CUlIXy — Xyl < K'Y GIN, (2.19)
=1 =1

where N is the size of the quantizer I'; of )?tz and K, K’ and C) are positive finite constants to
be precised later in Theorem 6.2.1 depending on p,d, b, and &y.

When the dimension d increases, an interesting substituting technique is product recursive
quantization. However, it still becomes very demanding for very high dimensions. We present
and investigate an alternative, in the first part of Chapter 6, which is the hybrid recursive
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quantization. It consists in the quantization of the white Gaussian noise in (2.18) so that the
hybrid recursive quantization of X;, is given by the following recursive scheme

)Etk - Fk—l(thgflagk)v

th = PI‘Oij (th), Vk = ]., R N
where (£)); is now a sequence of optimal quantizers of the Normal distribution N (0, 1), which
are already computed and kept off line. Based on the same tools used to establish upper bounds

for the standard recursive quantization, we establish LP-error bounds for the hybrid recursive
quantization for p € (1,2 + d), namely

=

k k
o . 1 _
1Xe, = Xellp < K Cx(N¥) " + K ) C=(Nf)
1=1 =1

where NZX is the size of the optimal quantizer of th, Ny is the size of the optimal quantizers
of the Gaussian random vector and K, Cx, C. some finite positive constants. In practice, since

the ¢ are i.i.d., we build corresponding quantizers &, of the same size N = N°¢ for every
ke{l,...,n}.

2.3.3 Application to the discretization of Reflected Backward Stochastic Dif-
ferential equations

Recursive quantization is a space discretization technique used in financial applications. We can
cite the pricing in a Stochastic volatility model (see [15]) and the pricing of a Basket of options
(see [28]). In Chapter 6, we rely on recursive quantization for the space discretization of the
solution of a reflected Backward Stochastic Differential Equation (RBSDE). Approximations of
these equations have already been established by several methods. For example, we can cite
the regression methods with Monte Carlo simulations (see [9]), Picard iterates combined with a
decomposition in Wiener chaos (see [17]) and optimal quantization (see [3, 4, 37]).

We consider the RBSDE with maturity T

T T
Y; = g(Xr) +/ s, Xo,Ye, Zo)ds + Kp — K —/ ZodW,,  tel0,T], (2.20)
t t

T
Y, > h(t, X;) and / (Ys — h(s, X,))dK, = 0.
0

where the forward process (X¢)ic[o 7] is a diffusion given by (2.16) and f,g and h are Lipschitz
continuous functions. The solution of this equation is a triplet (Y, Z;, K;) and such a solution
exists and is unique as established in [25] under some appropriate Lipschitz assumptions. How-
ever, this solution does not admit a closed form in general. So, one needs to approximate it by
time-space discretization schemes. The time discretization scheme (Y;*, () associated to (Y3, Z;)
is based on the Euler scheme associated to the forward process (Xt).ejo,r)- Several choices are
possible (see [3, 9, 48]). Our choice in this work is to plug the conditional expectation inside the
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driver f as follows
Y7 = g(X7)
KZ_ ( 1 |]:tk)+Af(tk’ tk7 (}/;fk_._l’]:tk) Ctk)’ kzO""’n_17
1
= (YtkH(WtkH Wi )| Fo) s k=0,...,n—1,
Y;k :Y;k\/h(tk,th), k=0,...,n—1.

Such schemes were considered for BSDE (without reflection) in [65] or for doubly reflected BSDE
in [37], whereas in most papers in the literature, the expectation is usually applied outside the
driver f. In some seminal papers motivated by American options, the driver f does not depend
on the process Z;.

This scheme cannot be simulated due to the presence of conditional expectations, so we are
led, like our predecessors, to perform an additional space discretization based here on a recursive
quantization of the forward process Xy, . The fully discretized resulting scheme reads

v ZQ(XT)
= *E (Vi Woy = W) [ Fo) s k=0,...,n—1,

Vi = max (hy(Xy,), B (V2 | F) + AF (b X BV 1 F), L)) 0 k=0,00m—1,

We establish upper bounds for the error induced by both time and space discretizations
mentioned above.

Time discretization For the time discretization error, we establish L2-upper bounds. To
this end, we introduce a time continuous process which extends ﬁk, based on the martingale
representation Theorem. This leads to defining a cadlag process }7} on [tg,tx+1) and a ladcag
process Y; on (ty, tpr1], by

~ _ _ _ _ _ tey1 _
Vo= Yo = Vi = (s = (Ko BT | 7). G) = [ ZaWe, 221)

leading to the following representation
~ _ T _ _ _ lot1 _ _ _
¥, = ¥r +/ (s, X0 B(V: | Fo), G ds —/ ZdW, + Kr — K,
t ¢

where s =t and § = tgy1 if s € (tg, tps1), Z; is a process such that Esup[ovT] ]25]2 < 400 and

[_(tk is an increasing cadlag process, null at time 0, defined by

k

I_{tk = Z (hj(th) - i;tk)

=0 *

and such that K; = f(tk for every t € (tx,tx+1). This leads to the following upper bound for the
time discretization error, for every k € {1,...,n},

_ T
E|Y:, — Vi, | < Coopnr (A +/0 E|Zs — Zs!2d8>
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where Cy, rn1 is a positive real constant. This shows classically that the convergence rate
of the time discretization scheme is ruled by the pathwise regularity of the process (Zt>te[0,T]
(which can be analyzed by PDE methods when b and o are smooth enough).

Space discretization As concerns space discretization, we establish LP-error bounds for p €
(1,24 d). It is given, for every k € {1,...,n}, by

HYtk - Ytk”p < KH kngllagxn ‘th - th|Hp

for a positive finite constant K defined later in Chapter 6. The quantities || Xt — )A(tal are
recursive quantization errors already upper-bounded in (2.19).

From an algorithmic point of view, one shows by a backward induction that there exists
functions g : I'y — R,k € {0,...,n}, such that Yy, = yp(Xg), for every k € {0,...,n},
recursively defined by the following Backward Dynamic Programming Principle (BDPP)

Un = hy
Yr = max (hk:, P41 + Afi (s Pk, Qk§k+1)> , k=0,...,n—-1,

where
S I - 1 It
Prtk+1(Xk) = E (Grs1 (Xig1) | Frp ) and Qrlk+1(Xg) = ﬁE (U1 (Xkt1)€k1 | Frp)-

Likewise, there exists functions z; such that Ek = Ek()? k), defined by
2k = QrYk+1-

Relying on this BDPP and on the recursive quantization th;k of th, Iy = {af,... ,xlka},
we approximate the solution Y of the RBSDE at time 0 by the initial value gy of the scheme

{ Un(x?) = hp(2]), t=1,..., Ny,

where N N
~ K = k+1\, k 3k 1 k+1\_k
ar(zf) = D G (25 )Pl and Br(xi) = N > k(27
j=1 j=1
with

k _ A —
nhy = E(eenl g maten fimaty) = VAE(enLn 6t e, i)
(2

We illustrate this with several one-dimensional and multi-dimensional numerical examples at
the end of Chapter 6 and in Chapter 7. In the one-dimensional setting, we consider the pricing of
an American call option in a market with bid-ask spread on interest rates and of an American put
option under the historical probability, both examples are considered in both a Black-Scholes
model and a CEV model. As for the multi-dimensional setting, we price a two-dimensional
American exchange option in a Black-Scholes model and consider a multi-dimensional example
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due to J.F. Chassagneux.

Moreover, we consider the pricing of American put options for d = 1 and d = 2. We show
that estimates of the LP-error bounds induced by the corresponding space discretization can be
obtained directly. In fact, since both (Xy, Jo<k<n and (Xy, Jo<k<n are Markov chains, Y;, and
}Aftk can be written as the Snell envelopes: for every k € {1,...,n},

Y;, = P-esssup{E (h-(X,)|F,), 7 € {ts,..., T} Fr-stopping time}

and
f/}k = P-esssup{E (he(X;)| Fyr), 7 € {ty,..., T} Fr-stopping time}

where h(x) = max(K — z,0). Consequently, one has, for every k € {1,...,n},

Ve, = Vi llp < [Aluip|| max | Xy, — X[,

In all the examples, we compare the results obtained by recursive quantization with others
types of quantization. If d = 1, we compare recursive quantization to optimal, greedy and
greedy recursive quantization. And, if d > 1, we rely on hybrid recursive quantization, instead
of standard recursive quantization, and compare the results to those obtained by optimal and
greedy product quantization. All the mentioned methods are detailed in Chapters 6 and 7.
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Chapter 3

New approach to greedy vector
quantization

This chapter corresponds to the paper “New approach to greedy vector quantization” submitted
to Bernoulli journal and accessible on arXiv (http://arxiv.org/abs/2003.14145). It is a joint
work with Harald Luschgy and Gilles Pages.

Abstract We extend some rate of convergence results of greedy quantization sequences already
investigated in 2015. We show, for a more general class of distributions satisfying a certain
control, that the quantization error of these sequences have an optimal rate of convergence and
that the distortion mismatch property is satisfied. We will give some non-asymptotic Pierce type
estimates. The recursive character of greedy vector quantization allows some improvements to
the algorithm of computation of these sequences and the implementation of a recursive formula
to quantization-based numerical integration. Furthermore, we establish further properties of
sub-optimality of greedy quantization sequences.

3.1 Introduction

Let d > 1, r € (0,400) and Lg,(P) (or simply L"(P)) the set of d-dimensional random variables
X defined on the probability space (£, .4, P) such that E|| X ||"” < +oco where ||.|| denotes any norm
on R?. We denote P = Px the probability distribution of X. Optimal vector quantization is a
technique derived from signal processing, initially devised to optimally discretize a continuous
(stationary) signal for its transmission. Originally developed in the 1950s (see [30]), it was
introduced as a cubature formula for numerical integration in the early 1990s (see [51]) and
for approximation of conditional expectations in the early 2000s for financial applications (see
[4, 5]). Tts goal is to find the best approximation of a continuous probability distribution by a
discrete one, or in other words, the best approximation of a multidimensional random vector X
by a random variable Y taking at most a finite number n of values.

Let I' = {x1,...,2,} be a d-dimensional grid of size n. The idea is to approximate X by ¢(X),
where ¢ is a Borel function defined on R¢ and having values in I'. If we consider, for ¢, the
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n
nearest neighbor projection 7r : R? — T' defined by np(§) = Z zilyy,r)(§), where
i=1

Wil) c{¢ €RY: ¢ — il Sminfl§ — )}, i=L..om (3.1)

is the Voronoi partition induced by I', then the Voronoi quantization of X is defined by
R n
X' =7p(X) = @iy, ) (X).
i=1

We will denote, most of the times, X instead of XT when there is no need for specifications.
The L"-quantization error associated to the grid I' is defined, for every r € (0, +00), by

e(T,X) = | X = mp(X)], = | X = X, = || min |X —a

(3.2)
T
where ||.||; denotes the L"(P)-norm (or quasi-norm if 0 < r < 1). Consequently, the optimal
quantization problem comes down to finding the grid I' that minimizes this error. It has been
shown (see [32, 56, 57]) that this problem admits a solution and that the quantization error
converges to 0 when the size n goes to +o0o. The rate of convergence is given by two well known
results exposed in the following theorem.

Theorem 3.1.1. (a) Zador’s Theorem (see [75]) : Let X € LE;"(IF’), n > 0, with distribution
P such that dP(&) = o(&)d (&) + dv(€). Then,
1

) -
lim nie,.,(X) = J,q4l¢l

n—+o0o LTJrLd()\d)

where Jyq = ugf1 néenn(U([O, 1]%) € (0, +o0).

(b) Extended Pierce’s Lemma (sce [11]): Let r,n > 0. There exists a constant Kdrn € (0,400)
such that,
1
Vn>1, e n(X) < KgpnOriqn(X)n"d

where, for every r € (0,+00), o.(X) = inf |X — all, is the L"-standard deviation of X.
acR

However, the numerical implementation of multidimensional optimal quantizers requires the
computation of grids of size N x d which becomes too expensive when N or d increase. Hence,
there is a need to provide a sub-optimal solution to the quantization problem which is easier to
handle and whose convergence rate remains similar (or comparable) to that induced by optimal
quantizers. A so-called greedy version of optimal vector quantization has been developed in [15].
It consists this time in building a sequence of points (an)p>1 in R? which is recursively optimal
step by step, in the sense that it minimizes the L"-quantization error at each iteration. This
means that, having the first n points a(™ = {ai,...,a,} for n > 1, we add, at the (n + 1)-th
step, the point a,+1 solution to

(nt1 € argmingcga e, (a™ U {¢}, X), (3.3)

noting that a(®) = @, so that a; is simply an/the L"-median of the distribution P of X. The
sequence (ay)n>1 is called an L"-optimal greedy quantization sequence for X or its distribution
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P. The idea to design such an optimal sequence, which will hopefully produce quantizers
with a rate-optimal behavior as n goes to infnity, is very natural and may be compared to
sequences with low discrepancy in Quasi-Monte Carlo methods when working on the unit cube
[0,1]¢. In fact, such sequences have already been developed and investigated in an L'-setting
for compactly supported distributions P as a model of short term experiment planning versus
long term experiment planning (see [12]). In [15], the authors investigated independently a
greedy version of vector quantization for L"-random vectors taking values in R?, for numerical
integration purposes. They showed that the problem (6.64) admits at least one solution (ap)n>1
when X is an R%valued random vector (the existence of such sequences can be proved in
Banach spaces but, in this chapter, we only focus on R?). This sequence may not be unique
since greedy quantization depends on the symmetry of the distribution (consider for example
the N(0,1) distribution). However, note that, if the norm ||.|| is strictly convex and r > 1,
then the L"-median is unique. They also showed that the L"-quantization error converges to
0 when n goes to infinity and, if supp(P) contains at least n elements, then the sequence
a™ lies in the convex hull of supp(P), e,(a®, X) is decreasing w.rt. k € {1,...,n} and
P ({f €RY: ||€ — ay]| < minj<i<n ||€ - azH}) > 0. Moreover, the authors showed that these
sequences have an optimal rate of convergence to zero, compared to optimal quantizers, and
that they satisfy the distortion mismatch problem, i.e. the property that the optimal rate of
L"-quantizers holds for L°-quantizers for s > r. The proofs were based on the integrability
of the b-maximal functions associated to an L"-optimal greedy quantization sequence (ap)p>1
given by

A (B(€, bdist(&, a(™)))
d —
VSRS {0 = Bl bdist(e, a)))

In this chapter, we extend those rate of convergence and distortion mismatch results to a much
larger class of functions. Instead of maximal functions, we will rely on a new micro-macro in-
equality involving an auxiliary probability distribution  on R?. When v satisfies an appropriate
control on balls, defined later in section 3.2, we show that the rate of convergence of the L"-
quantization error of greedy sequences is O(nfé), just like the optimal quantizers. Furthermore,
considering appropriate auxiliary distributions v satisfying this control allows us to obtain Pierce
type, and hybrid Zador-Pierce type, L"-rate optimality results of the error quantization, instead
of only Zador type results as given in [15].

(3.4)

A very important field of applications is to use these greedy sequences instead of n-optimal
quantizers in quantization-based numerical integration schemes. In fact, the size of the grids
used in these procedures is large in a way that the RAM storing of the quantization tree may
exceed the storage capacity of the computing device. So, using greedy quantization sequences
will dramatically reduce this drawback, especially since we will show that they behave similarly
to optimal quantizers in terms of convergence rate. One demanding application that we can cite
is the approximation of the solutions of Reflected Backward Stochastic Differential Equations
(RBSDES), including the pricing of American options, in [23], where greedy quantization proves
itself to be quite performing compared to other types of quantization and more generally, to other
usual numerical methods. The computation of greedy quantizers is performed by algorithms,
detailed in [16], allowing also the computation of the weights (pl')i1<i<n of the Voronoi cells of
the sequence a(™. These quantities are mandatory for the greedy quantization-based numerical
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integration to approximate an integral I of a function f on R?% by the cubature formula
- (n)
n
I(f) ~ ZP? (ai )
i=1

Compared to other methods of numerical approximation, such as quasi-Monte Carlo methods
(QMC), the quantization-based methods present an advantage in terms of convergence rate,
log(n+1)
1
nd
ing Lipschitz functions (see [70]) while quantization -based numerical integration produces an

since QMC, for example, is known to induce an (’)( ) convergence rate when integrat-

O(nfé) rate (see [57]). However, it seems to have a drawback which is the computation of
the non-uniform weights (p}')1<i<n, unlike the uniform weights in QMC (equal to %) In this
chapter, we expose how the recursive character of greedy quantization provides several improve-
ments to the algorithm, making it more advantageous. Moreover, this character induces the
implementation of a recursive formula for numerical integration, that can replace the usual cu-
bature formula, reducing the time and cost of the computations. This recursive formula will be
introduced first in the one-dimensional case, and then extended to the multi-dimensional case
for product greedy quantization sequences, computed from one-dimensional sequences, used to
reduce the cost of implementations while always preserving the recursive character.

The chapter is organized as follows. We first show that greedy quantization sequences are rate
optimal in section 3.2 where we extend the results presented in [15]. The distortion mismatch
problem will be solved and extended in section 3.3. In section 3.4, we present the improve-
ments applied to the algorithm of designing the greedy sequences, as well as the new approach
for greedy quantization-based numerical integration. Numerical examples will illustrate the ad-
vantages brought by this new approach in section 3.5. Finally, section 3.6 is devoted to some
numerical conclusions about further properties of greedy quantization sequences such as the
sub-optimality, the convergence of empirical measures, the stationarity (or quasi-stationarity)
and the discrepancy, to see to what extent greedy sequences can be close to optimality.

3.2 Rate optimality: Universal non-asymptotic bounds

In [15], the authors presented the rate optimality of L"-greedy quantizers in the sense of Zador’s
Theorem based on the integrability of the b-maximal function ¥y(&) defined by (3.4). Here, we
present Pierce type non-asymptotic estimates relying on micro-macro inequalities applied to a
certain class of auxiliary probability distributions v. Different specifications of v lead to various
versions of Pierce’s Lemma.

In all this section, we denote Vj = Ag(B(0,1)) w.r.t. the norm || -||. We recall, first, a micro-
macro inequality that will be be used to prove the first result.

Proposition 3.2.1. Assume [ ||z||"dP(x) < +00. Then, for every probability distribution v on
(R4, B(RY)), every c € (0,3) and every n > 1

(I—¢) ="

(n) r_ (n+1) S
er(a\™; P)" —ep(a ,P)" > 1)y

/V (B (m, “Hd(z, a(”))>) d(z, a(”))rdP(af).

Proof. Step 1: Micro-macro inequality
Let I' C R? be a finite quantizer of a random variable X with distribution P and I'; = I'U {y},
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y € R For every c € (0, 3), we have B(y, cd(y,I')) C W, ('), where W, (I'y) is the Voronoi cell
associated centroid y form a Voronoi partition induced by I'y, as defined by (6.11). Hence, for
every & € B(y, cd(y,T), d(z,T) > d(y.T) — |z — yl| > (1 — c)d(y, T). Consequently,

er(T, P)" — e, (T U {y}, P)" = /]R (d(x,TY — d(x. 1)) dP(z)
> /Wm (d(x,T)" ~ |lz — y[") dP(2)
> [ (1 - ) = &)d(y,T) dP(x).
B(y,cd(y,I"))

Finally, we obtain the micro-macro inequality

(I, P)" —ep(TU{y}, P)" 2 (1 —¢)" = )P (B (y,cd (y,1))) d (y,T)" . (3.5)

Step 2: We apply the micro-macro inequality (3.5) to the greedy quantization sequence a™ and
notice that e,(a("*t?, P) < e,(a™ U {y}, P) for every y € R% This yields, for every ¢ € (0, %)
and every y € RY,

er(al, P)" = en (@™, P)" = (1= o) =) P (B (y, cd(y,a™)) ) d(y,a™)".
We integrate this inequality with respect to v to obtain

(@, PY e (@D PY > (1= = &) [ P (B (yed(y.a™)) ) dlg, o)y du(y)

Now, we consider the closed sets Fi = {(z,y) € (R9)?: |z —y| < cd(y,a™)} and F» = {(z,y)
(RY)? : [l — yl| < C+1d(l’,a(”))}, and notice that

Fy € Fyn{(z,y) € RY)? : d(y,a™) > ——d(x,a™)},

c+1

In fact, for (z,y) € Fb,

d(y,a™) = d(z,a™) — &~y = d(z,a™) - %d(% ™) > d(z,a™)

+1 T c+1

and ||z — y|| < -%d(z,a™) < cd(y,a™). Then,

[ Py, cly.a ),y duly) = [ / L (2 y)d(y. o) dv(y)dP(a)

> (c“ //]1F2 (2, y)d(x, o™ dv(y)dP(x)

— (c—&—ll)r/y<B(x’ c%d(x,a(")))>d(x,a("))rdp.

In order to prove the rate optimality of the greedy quantization sequences and obtain a non-
asymptotic Pierce type result, we will consider auxiliary probability distributions v satisfying
the following control on balls with respect to an L"-median a; of P: for every e € (0,¢), for

47



some g¢ € (0, 1], there exists a Borel function g. : R — [0, +00) such that, for every x € supp(P)
and every t € [0,el|z — a1]|],
V(B 1)) > go(a)Vat. (3.6)

Of course, this condition is of interest only if the set {g. > 0} is sufficiently large. Note that
ai € a'™ for every n > 1 by construction of the greedy quantization sequence. We begin by a
technical lemma which will be used in the proof of the next proposition.

Lemme 3.2.2. Let C,p € (0,400) be some real constants and (zp)p>1 be a non-negative se-
quence satisfying, for every n > 1, 11 <z — CxtP. Then for every n > 1,

1
(n— 1)%36” < (C%p> "

Proof. We rely on the following Bernoulli inequalities, for every x > —1,
(1+2)>14px, ifp>1, and (1+2z2)<1+4+pz, fO0<p<Ll

These inequalities can be obtained by studying the function f defined for every z € (—1,+00)

by f(xz) = (1 +x)? — (1 + pz). Assuming that (z,)n>1 is non-increasing and that =, > 0 for
every n > 1, it follows from the assumption made on (x,),>1 that

1 1 1

P > P P o

Ty xh(1—=Cazh)r — zh

If p > 1, the Bernoulli inequalities imply —+— > L (1 4+ Cpaf) = %p + Cp. By induction, one

12
13,n+1 x
obtains

to deduce the result easily. If 0 < p < 1, then —Cpz? > —1 for every n > 1, and the result is
deduced by using the Bernoulli inequality and then reasoning by induction.

Proposition 3.2.3. Let P be such that [ga ||z||"dP(x) < 4+00. For any distribution v and Borel
function g. : R = R, , € € (0, %), satisfying (3.6),

S Sy % _r % 1
Vn>2 e(a™,P) < () iV, @ (d) (/g ddp) (n— 1)~ (3.7)
where ¢ (u) = (3% - u’)ud.

Proof. We may assume that fge_SdP < +00. Assume ¢ € (0,7=] N (0, ) so that —& <

»T—¢ ] &

c

Moreover d(z,a™) < d(z,a;) since a; € al™. Consequently, for any such ¢, d(x,a(")) <
c

+1

ellz — a1]| so that, by (3.6), there exists a function g. such that

d
v (B (m, it d(:c,a(”)))) >Vy (CJ%I) d(z,a™)? g. ().
Then, noting that (1(_12# >4 - (c-ﬁ)r > 0, since ¢ € (0, 3), Proposition 3.2.1 implies that

er(a™, P)" — e, ("), P)" >V (pr((h%l) /gg(:c)d(:z:,a(”))d”dP(x) (3.8)
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where ¢, (u) = (3% — uT) u, u € (0, %) Applying the reverse Holder inequality with the

r

conjugate Holder exponents p = —4 and ¢ =

r4d

yields

er(@™, P)" — e, (™), P)" > Vaoo (557 / g-(x)"4dP(x)) T (er(@™, PY)HT.

Then, applying lemma 3.2.2 to the sequence z,, = e,(a(™, P)" with C = V; ¢, (Cﬁ) (f gg(:r)_ﬁdP(:rD -

d
C—cl)_é (/g;ficua)i (n—1)"4.

and p = £, one obtains, for every ¢ € (0, %),
Since in most applications € — ( [ gs EdP) is increasing on (0,1/3), we are led to study
13

=

1
_1 d
er(a(”),P) <V, 3 (Z’i)d o

_1
¢r(z57) @ subject to the constraint ¢ € (0, 1=2] N (0, 3). r is increasing in the neighborhood of
0 and ¢,(0) = 0, so, one has, for every ¢ € (0, %) small enough, ¢ (;57) < ¢r(¢), for ¢ € (0, 1=].
This leads to specify c as ¢ = 1=, so thath%1 = ¢, to finally deduce the result.
By specifying the measure v and the function g., we will obtain two first natural versions of

the Pierce Lemma.

Theorem 3.2.4 (Pierce’s Lemma). (a) Assume [pa|lz||"dP(x) < 4o00. Let § > 0. Then
er(a1, P) = 0,(P) and

Vn>2, e (a™,P) < kG o s(P)(n—1)"d

)

0 T\ 1tE _d—ds i _1
“(1+3) (/Rd(H:EH\/l) rdx) min (1 + &)en(e) 5.

1
86(073)

=

1
G, P -3 (T
where Ko 5 <V (d)

(b) Assume [ga ||z||"dP(z) < 4+00. Let 6 > 0. Then

S =

V> 2, (o™, P) < ks [ (o = o]V 1) Qog(la — ar]| v ) dP(@)) " (n ~ 1)

1

d_ . 1.8 _1 —d —1-4
where k5, 5 < (=) " min o 1) (1+e)eit o, ()74 ([ (1V o)™ (log(ll2l| ve) ™)
In particular, if [ga ||z (log™|z]))aT0dP(z) < +oc0, then

-

lim sup ni sup{e,«(a("),P) : (ap) L"-optimal greedy sequence for P} < 4o0.
n

Proof. (a) Let 6 > 0 be fixed. We set v(dx) = 7,,5(x)Ag(dx) where

-1
K;, . dz
’ _ ) th  Ks, = o nd(ir )

is a probability density with respect to the Lebesgue measure on R
Let £ € (0,1) and ¢ > 0. For every € R? such that ¢||x — a1|| > t and every y € B(x,1),
ly —aill < lly = 2l + [lv — a1l] < (1 +€)l|lz — aa| so that

K, Vatd
(1V[(1 + )]l — ar |70+

v(B(z,t)) >
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Ké,r
(1V[(1+e)|lz—ay |[) 20+

/ga ~5dP(x <K(;T§/(1\/(1+€)Hx—a1H)T+5dP(x)

Hence, (3.6) is verified with g.(z) =
We have

so we can apply Proposition 3.2.3.

so that, applying L™t9-Minkowski inequality, one obtains

; it s
(/ ge(x) " 1dP(a ) <K (L4 (Lt e)opgs) T

Consequently, by Proposition 3.2.3, for e € (0,1/3),

(n) 1T\ -3 149 _1 1

er(a™, P) <V, (d> Ky (14 (14 €)0nys) 7 pnle) (n— 1) (3.9)
Now, we introduce an equivariance argument. For A > 0, let X := A(X — a1) + a; and

(axn)n>1 = (Man — a1) + a1)n>1. It is clear that (ay,)n>1 is an L"-optimal greedy sequence

for X, and e,(a(™, X) = %eT(aE\n),X)\). Plugging this in inequality (3.9) yields

[

d A
_1 /r 3 ,l
<y, (d> A

1
Finally, one deduces the result by setting A = ——«—
5 (1 + 5)ar+6
(b) Let § > 0 be fixed. We set v(dx) = v, 5(x)Ag(dx) where

C1/pNd 1] .
erla®. P) <V (D) K S (14 (42 A0rs0) 7 r(e) B — 1)

(=2}

1+r _1 _1
T (L) AT 0gs) () (n—1)74

K&r
Yr5(T) = : R (3.10)
1V [lz — ar|)? (log(||z — a1l v e)) ™~
-1
with Ks, = (f (1v||x)d(lo:(g|c|ac\/e))1+dr5) < 400, is a probability density with respect to the

Lebesgue measure on R%.
Let £ € (0,1) and ¢ > 0. For every € R? such that ¢||x — a1|| > t and every y € B(x,1),
ly —aill < lly = 2l + [lz — a1l] < (1 +€)l|lz — aa| so that

KJ,T‘/dtd
v(B(z,t) > )
(VA +e)fz—arl)?(log((1+e)l|zr —arl Ve)

- Ks, Vyt?

= das d
(1+2)de"% (1V [l& - ar]))? (log(||z — ar]| v €)' *

since log(1 + ¢) < e. Hence, (3.6) is verified with

K&r
3 +@7

5($) = ds
! (L+e)de™ ™ (1V |z — arll)? Qog(||lz —ar]| ve) 't
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so we can apply proposition 3.2.3. We have

1

- P (+e)eat
([ glw)idP@)" < -

ﬂm
3=

([ @vie—aily og(lz - aill v e)™ i ap(a) .

Sl

,T
Consequently, one applies Proposition 3.2.3 to deduce the first part. For the second part of the
proposition, we start by noticing that

IV lz —al)” < @+ flfl + far )" < 2079+ ()" + (1 + flaall)")

and
ai][ Ve

a1 Ve
llz|| Ve e

log([lz — a1 v e) <log([lz]| v e) + < log, [lzf + 1+

where log, u = logul,>1, so that

LVl = ar]))" (log([lz = ar]| v €))7 & < 207 DH G (o log, ]| 7+ + Asa”

+A1log,, [[¢] 7 + A 4)

T+6 v
where Aj = (1+ [|a1]))" and Ay = (1 + L2M) T Since log |70 = 1 (5 + 6) log||«]|", then

log, [l = 1 (5 +6) log, [l2]". Moreover, log. ||| < [lz|" — 1 if [lz" > 1 and equal to
zero otherwise so

T 1 T r 1 r
log.[lo% < 7 (5 46) (el = 1+ < 7 (546) @+ ).

r

Consequently,
(1V |z = ar[)" (log(llz — ar| v €))+i < 27 (||al|" log, ]| 7+ + Ajjz]" + A3)

where B = (r —1)4 + (5 +0 —1)4, A) :A2+%(§—|—5)A2 and A, = l(g—i—é)Al—i—AlAg.

T

The result is deduced from the fact that sup{|la1]| : a1 € argmingcgae,({£}, P) < +oc (see [32,
Lemma 2.2]) and k4,5 does not depend on a;.

Remark 3.2.5. One checks that @, attains its mazimum at %
1 1 T
that min_ o 1)(1+€)py () < (1+ %(ﬁ)r)&lﬂ (1+9)
5 3- 1
5 (1+4)d (1+5r.

At this stage, one can wonder if it is possible to have a kind of hybrid Zador-Pierce result
where, if P = h.)\4, one has

1

1)(1—1—5)52+?¢T (e) 4 < (1+ (d+r) >

’3

Y

min_¢

er(a!™, P) < C|lh||_o ni
d+r
for some real constant C'. To this end, we have to consider

hate
U = di.)\d.
[ hadry

This is related to the following local growth control condition of densities.
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Definition 3.2.6. Let A C R?. A function f : R? — R, is said to be almost radial non-
increasing on A w.r.t. a € A if there exists a norm ||.||o on R? and real constant M € (0,1] such
that

Vee A\{a}, fip, (alz—alo)n(a\{a}) = M[(2). (3.11)
If (3.11) holds for M =1, then f is called radial non-increasing on A w.r.t. a.
Remark 3.2.7. (a) (3.11) reads f(y) > M f(x) for allz,y € A\{a} for which ||y—allo < ||x—allo.

(b) If f is radial non-increasing on R? w.r.t. a € R with parameter |.||o, then there exists a
non-increasing measurable function g : (0,+00) — Ry satisfying f(x) = g(||z — allo) for every
T # a.

(¢) From a practical point of view, many classes of distributions satisfy (3.11), e.g. the d-
2

dimensional normal distribution N'(m,cq) for h(y) = (QW)_%det(ad)_%e_yT and density f(z) =
_1
h(||lx—m|o) where ||z|jo = ||o, *x||, and the family of distributions defined by f(x) o ||:U||Ce_““x”b,

a’ In the one

for every x € R% a,b > 0 and ¢ > —d, for which one considers h(u) = ue”
dimensional case, we can mention the Gamma distribution, the Weibull distributions, the Pareto

distributions and the log-normal distributions.

Theorem 3.2.8. Assume P = h.\q with h € Ld%r()\d) and [ga ||z||"dP(z) < +00. Let a; denote
the L"-median of P. Assume that supp(P) C A and aq € A for some A star-shaped and peakless
with respect to ay in the sense that

p(A, . — ar])) == inf { Aa(B(z,t) N A)

Aa(B(z,1))

Assume h is almost radial non-increasing on A with respect to aj in the sense of (3.11). Then,

;meA,0<t§Hx—a1H}>0. (3.12)

=

(n) G.2,P ; 1)
vnz2 el P) < fpircopa—a W1 0 =D

1
203 rd

G,Z,P . _1
where g3 Cop(Al]—ar]) = min e (o,1) Pr(€)” 2.

1 B 1
dd MV tp(A.~a])d
Remark 3.2.9. (a) If A =R%, then p(A,|. —al|) = 1 for every a € R%.

(b) The most typical unbounded sets satisfying (3.12) are convex cones that is cones K C RY of

vertexr 0 with 0 € K (K # @) and such that Az € K for every x € K and A\ > 0. For such
conver cones K with A\g(K) > 0, we even have that the lower bound

p(K) = inf{)\dgf((g’(?;;();xe K, t> 0} = Ad(B(O’Vt) nK) >0

Thus if K = RY, then p(K) =274,
The proof of Theorem 3.2.8 is based on the following lemma.

Lemme 3.2.10. Let v = f.\g be a probability measure on R% where f is almost radial non-
increasing on A€ B(R?) w.r.t. a1 € A, A being star-shaped relative to ay and satisfying (3.12).
Then, for every x€ A and positive t€ (0, ||x — a1]l],

v(B(z,t) = Mp(A, ||. — arl)(2C5) " Vaf (z)t!

1
where Cy € [1,+00) satisfies, for every x € R?, ngHo < |lz|| < Collx]o-
0
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Proof. For every x € A and t > 0,

v(B(x,1)) = fdrg = Mf(x)ra(B(z, t) VAN{f = Mf(z)})

/B(x HNAN{f>M f(z)}

and B(z,t) N (A\ {a1}) N By, (a1, |z — aillo) C B(x,t) N AN{f > Mf(x)}. Now, assume
0 <t < ||z—a1 < Collz —1]lo. Setting z' := (1 — 200”;7(11”0) x+ 200”3;*(11”0011 € A (since A is

. . t t
star-shaped with respect to a;), we notice that, for y € B (:E’, @) C By, (33’, ﬁ)’
ly = 2l < lly = 2/ll + Colle’ ~ 2o < 5+ Co |5 (@ = a1)| = 55+ 2
- - - ———(r—a
4 Y 0 0=2902 T 2C ]z — arllo VI, T 2c?

and [ly — arllo < Ily = 2'llo + lle’ — arllo < 365 + | (1 = segrays ) (@ — a)||, = llz = aillo, so

that, B ( ) C B(z,t) N By, (a1, [lz - a1|]0) Consequently,

V(B(x,1)) > Mf(z)\g (B ( 22{)) n A) .

< % %Hx —a1]] < ||’ — a1]|. Hence, we have

I 202

Moreover, 3 02

M(B(7 552) N A) 2 p(A, ]| — arll)Aa(B(2', 55) ) = p(4. ]l — ar])2C3) " 2a(B(0, 1)).

Proof of theorem 3.2.8. Consider v = h,.\g := th .Aq- Notice that h, is alsmost radial
R+ dAg

non-increasing on A w.r.t. a; with parameter M @+r 74 so that Lemma 3.2.10 yields for every x € A
and te [0, ||z — ay]

v(B(x, 1)) > M p(A, || - —a|]) (2C2)“Vih, (2)t

Consequently, using the fact that [pa hr ddP

, the assertion follows from Proposi-
d
tion 3.2.3. O

Remark 3.2.11. Note that, by applying Holder inequality with the conjugate exponents p = 1+ 7
and g =1+ g, one has

#ir r+0 ﬁ dé. ﬁ
[ @yrtae < ([ moviey ) (/R (1v|£|)d(l+g)> .

d¢ 142

Consequently, since / < +o00, one deduces that HhH s = 0,4

R (1 v [¢])20+D)

We note that Zador Theorem implies lim inf,, néer(a(”), P) > liminf, n%eT,n(P, RY) > QT(P)%.

The next proposition may appear as a refinement of Pierce’s Lemma and Theorem 3.2.8 in the
sense that it gives a lower convergence rate for the discrete derivative of the quantization error,
that is its increment.
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Proposition 3.2.12. Assume [pa ||z||"dP(x) < 4+00. Then,

liminfn!*ta min (er(a(i), P)" — er(a(iﬂ)7 P)T) > 0.

n 1<i<n

Proof. We start by choosing N > 0 such that P(B(0, N)) > 0. Proposition 3.2.1 yields, for

every probability measure v on R, for every n > ng and ¢ € (0, 5)

er(a™, P — e, (a"tY, P
(1-¢)"—c¢ /
> 1/ Bz,
B (C + 1)T B(0,N)Nsupp(P ( C+1

We choose v = U(B(0,N)). Then, for every z € B(O,N), t < N and 2’ = (1 — 55) z, one has
B (', %) € B(z,t) N B(0, N) since, for every y € B (2/, %),
t

,a™))) d(z,a™)"ap.

ly =zl < lly = 2" + |2’ — 2|l < *+*H | <
and

t t t t
< |y -2 <= 1—) <= (1—)N<N.
loll <y =+ o'l < 5+ (1= 5 Y ol < 5+ (1= 5 )V <
Consequently,

Aa(B(', 3))
v(B(z,t)) > ———"2L
B0 25BN
Moreover, we denote C' := sup,,>1 maxX,ep(0,N)nsupp(P) d(x,a(”)) which is finite because a(™ e

conv(supp(P)). Consequently, for every ¢ € (0, %) such that CJ%IC < N and every n > ng,

= (2N) 4,

l—c¢)"=c" d _
(n) pyr _ (n+1) PT>(7 < )\ (9N d/ d (m)d+r g p
er(a™ PY —er(a™ D Py 2 e () QN[ d(e,a®) ()

> () @N) ' P(B(0, N))egir (a™, P(|B(0, N))).
Finally, one deduces the result using that (egf (a(” P(.|B(0, ))))n>1 is nonincreasing and
relying on Zador’s Theorem. -

Remark 3.2.13. For every m,n € N, if we denote Wy(a™) the Voronoi cell associated to the
sequence o™ of centroid b € a™ and use the fact that e (a"tD, X) < e (a™ U {b}, X) for
every b € R?, we deduce

(n) r (n+m) ro_ (n)\r r
e, XY — e, Xy = 3 [ d(,a™) — & —b||") dP
beza:(") Wb(“<”+m))( )
[N CC i ER O R
bEa(n+m)\a(n) Wy (almm))

_ /Wb(amm)) (d(.a™)" — d(,a™ U {b})")dP

bEa("+m>\a<")

<m (er(a(”),X)’" — e, (a™t) X)").
Consequently, since | — e,«(a(l),X) is non-increasing, one considers n =1 and deduces

min (eT(a(i),X)r - eT(a(iH),X)r) > % (er(a(”),X)’" —ep(a™), X)T) .

1<i<n
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3.3 Distortion mismatch

We address now the problem of distortion mismatch, i.e. the property that the rate optimal
decay property of L"-quantizers remains true for L*( P)-quantization error for s € (0, 400). This
problem was originally investigated in [33] for optimal quantizers. If s < r, the monotonicity
of the L*-norm as a function of s ensures that any L"-optimal greedy sequence remains L*-rate
optimal for the L°-norm. The challenge is when s is larger than r. The problem is solved
in [15] for s € (0,+00) relying on an integrability assumption of the b-maximal function W.
Here, we give an additional nonasymptotic result for s € (r,d + r), in the same settings as for
Theorem 3.2.3, considering auxiliary probability distributions v satisfying (3.6).

Theorem 3.3.1. Let P be such that [ga ||z||"dP(x) < +00. Let s € (r,d+r). Let (an) be an
L"-optimal greedy sequence for P. For any distribution v and Borel function g. : R* — R,
e € (0, %), satisfying (3.6), for every n > 3,

d+r—s 1
es(al™, Py < kGreh ( / 9 d*HdP) e ( / 9 ddP) " tn—2)1

1
where kST = 2a (5)@@™ v, 1, ().

d,r.e

Proof. We assume = g € Ld+7‘ d+r—s (P) so that % € Li(P) since p
from the proof of Proposition 3.2.3 still holds, i.e.

d+r
er(a™, P)" — e, (a" V), P) > c/ga ™) dP(a),

with, for every c€ (0, =] N (0, 1/2) C’ =Vipr (?cl) where gor( )= (3% - ur> u?. The reverse
€ (—00,0) yields that

> 2 > . Inequality (3.8)

S

Holder inequality applied with p = € (0,1) and ¢ = — 7=

er(a("), P)" — er(a("ﬂ) P)" > Cles( )dﬂ

—_—Ss _dtr—s
where C; = C ( [ g ““"=*dP)” < . Hence, knowing that k — e,(a*), P) is non-increasing and
summing between n and 2n — 1, we obtain for n > 1

2n—1 2n—1

1 ) 1
nes(a®=Y, Py < Z es(a® Pyt < — Z e (a®, P) — e, (a"V, P)" < Cfer(a("),P)T.

k=n 1 k=n 1

Finally, since 2 [5] — 1 < n, we have e, (™, P) < e (aQ(%w_l, P) and we derive that

Peo(a®, Py < [P o™ Py < [P e, (0213171, PYT < Lo (3], P)"
263( , P) §{2-‘es(a , P) §{2-‘es(a (5] 7P) <Cler(a[21,P>.

Consequently, plugging in C',

_1 -7 s it n
s (a(”), P) < QﬁVd T < j_ 1) o (/ g d”sdP) e N T er (a (ﬂ,P) “r
c

Consequently, one can deduce from Proposition 3.2.3, for n > 3,
- 24y d@rn e o= r T 1 -
o0, P) < ([T =ap) 7 ([ g 7ap) ™ () H -2
Vi data
Hence, the result is owed to the fact that <pr( 1) < ¢r (¢) for ¢ € (0, =]

=
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Corollary 3.3.2. Let s € (r,d +r). Assume that [ HdeﬁTiS(log+|]:nH)d+i*s+5dP(x) < +o0
for § >0, then

lim sup nid sup {es (a(”), P) : (an)L"-optimal greedy sequence for P} < +o0.
n

Proof. The proof is divided in two steps.

STEP 1: Let § > 0 be fixed and 8 =1+ M. We consider v(dz) = ~,5(x)Ag(dx) where
Yr.s(z) is a probability density with respect to the Lebesgue measure on R? defined by (3.10) in
the proof of Theorem 3.2.4(b). The density 7, s is radial non-increasing on the whole R? w.r.t.
ay (and || - |lo = || - ||) so that p(]| - —a1]|) = 1 by Remark 3.2.9(a) and, in turn, Lemma 3.2.10
yields for every z€ R? and t < ||z — a1|

v(B(x,1)) > 27 Vs (@)t
Consequently, Theorem 3.3.1 yields, for n > 3,

1
d+r

ex(a™.P) < Cps ([ (1 o = anl)” (e = ] v )" P (o))
d+r—s

< ([ @Vl = a7 og(le - arll v )57 dP(@)) T (0 -2

r

STEP 2: Just as in the proof of Theorem 3.2.4(b), we have

_1 T _1 8
where Cyp s < 210V, @ (5) T K, min g 1)(1 + £)led ().

1V |z — as]))" (og(llz — as| v €))% < 20D+ Ba=D (Jlz|" log, [l«]?F + Arf|z]|” + Az)
. / _
and, denoting 3" =6 + 7=,

(1V ||z — ar[) T (log(||z — ar]| v €))? < 2@ =D+ D+

<2
ds /
x (Il2]| 7= log, [|2]*" + Bull|" + Bs)

where Ay, A, By and B; are constants depending only on r,d, s,¢ and a;. Since, 77— > 7,
dﬁis > r and § + m > 3%, so that the two above quantities are finite (by the
assumption made in the theorem).The result is deduced from the fact that sup {|lai] : a1 €

argmingcgaer({£}, P)} < 0.

one has

3.4 Algorithmics

An important application of quantization is numerical integration. Let us consider the quadratic
case r = 2 and an L2-optimal greedy quantization sequence a™ for a random variable X with
distribution Px = P. Since we know that ez(a(™, X) = || X — a(™||5 converges to 0 when n goes
to infinity, this means that (™ converges towards X in L? and hence in distribution. So, one
can approximate E[f(X)], for every continuous function f : R? — R, by the following cubature
formula

1(7) = E[f(X)] ~ Y0 f(af”) (3.13)
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where, for every i € {1,...,n}, p! = P(X € W;(a™)) represents the weight of the i*" Voronoi

cell corresponding to the greedy quantization sequence a(™ = {a , ..,a,(ln)}. When the func-
tion f satisfies certain regularities, one establishes error bounds for this quantization-based
cubature formula and obtains an O(n_%) rate of convergence, we refer to [57] for details.
When working on the unit cube [0, l]d, it is natural to compare an optimal greedy sequence
of the Uniform distribution ¢/([0, 1]%) and a uniformly distributed sequence with low discrepancy
used in the quasi-Monte Carlo method (QMC). A [0, 1]%valued sequence & = (&,),>1 is uniformly
distributed if u, = %Zzzr Jd¢, converges weakly to )\dl[o,l] , (where Ay denotes the Lebesgue

measure on (R%, B(R?))). It is well known (see [10] for example) that (£,),>1 is uniformly
distributed if and only if

Dy (§) = sup
uEOl

Z]lé elo,u)d — )\d([O,u]d)‘ — 0 as n— +oo. (3.14)

The above modulus is known as the star-discrepancy of & at order n and can be defined, for
fixed n € N, for any n-tuple (£1,...,&,) whose components &, lie in [0,1]%. There exists many
sequences (Halton, Kakutani, Faure, Niederreiter, Sobol’, see [(, 57] for example) achieving
a O W) rate of decay for their star-discrepancy and it is a commonly shared con-
jecture that this rate is optimal, such sequences are called sequences with low discrepancy.
By a standard so-called Hammersley argument, one shows that if a [0, 1]d_1-valued sequence

Cn)n>1 has low dlscrepancy i.e. there exists a real constant C'(¢) € (0,4o00) such that

= (
Ds(¢) < o(g) )"
(C’“%)g hen satisfies

, for every n > 1, then, for every n > 1, the [0,1]%valued n-tuple

d—1

D (((Ck, f‘)>1§k§n> < oo desn+1)

n

The QMC method finds its gain in the following error bound for numerical integration. Let
(€1,...,&,) be a fixed n-tuple in ([0, 1]¢)", then, for every f : [0,1]¢ — R with finite variation

(in the Hardy and Krause sense, see [53] or in the measure sense see [0, 57]),
1 & N
SS @) - [ Fwdu] < VD€ ). (3.15)
ni: [0,1]4

where V(f) denotes the (finite) variation of f. So a O(W) or O(M) rate of
convergence can be achieved, for this class of functions, depending on the composition of the
sequence. However, the class of functions with finite variation becomes sparser in the space of
functions defined from [0, 1] to R and it seems natural to evaluate the performance of the low-
discrepancy sequences or n-tuples on a more natural space of test functions like the Lipschitz
functions. This is the purpose of Proinov’s Theorem reproduced below.

Theorem 3.4.1. (Proinov, see [70]) Let (R, ||.||o0). Let & = (£1,...,&,) a sequence of [0,1]%.
For every continuous function f : [0,1]% — (R, |.|s0), we define the uniform continuity modulus of

foyw(f,0)= SUD¢ ¢/ €[0,1], |6 ¢ |00 <6 |f(§)—f(&)] where |u|oo = maxi<;<d lui| if u= (u1,...,uq).
Then, for everyn > 1,

-

< Caw(f, Dy(§)4),

1 n
w2 - /W f(x)da
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where Cy is a constant lower than 4 and depending only on the dimension d.
In particular, if f is [f]rip—Lipschitz and & has low discrepancy, one has

LS se) - [ s

i=1 [0,1]¢

< Cy [f]Lipw-

nd

=

< Ca[fluipDy(6)

This suggests that, at least for a commonly encountered class of regular functions, the
curse of d1mens1onahty is more severe with QMC than with quantization due to the extra
(log(n + 1))~ i factor in QMC. This is the price paid by QMC for considering uniform weights

1 .
Pi = 5’2217”"

1

With greedy quantization sequences, we will show that it is possible to keep the n™ 4 rate
of decay for numerical integration but also keep the asset of a sequence which is a recursive
formula for cubatures.

3.4.1 Optimization of the algorithm and the numerical integration in the
1-dimensional case

Quadratic optimal greedy quantization sequences are obtained by implementing algorithms such
as Lloyd’s I algorithm, also known as k-means algorithm, or the Competitive Learning Vector
Quantization (CLVQ) algorithm, which is a stochastic gradient descent algorithm associated
to the distortion function. We refer to [10] (an extended version of [15] on ArXiv) where
greedy variants of these procedures are explained in detail. According to Lloyd’s algorithm, the
construction of the sequences is recursive in the sense that, at the iteration n, we add one point
ap to {ai,...,an—1}, and we denote {a1 ,a%n)} an increasing reordering of {ai,...,a,}

where the new added point is denoted by ag ") Since the other points are frozen, we can notice

that the local inter-point inertia o? defined by

(n—1) (n—1)

i 1 i+l -1 .
—/ff) (n—1) —&?P(dE) + /n N |a§1)1 —&?P(dE), i=0,...,n—1 (3.16)
z+2
(n—1) _ a{" V+alt Y (n-1) _ (n-1) (n—1) (n—1)
(where a; il = 71“ with ay = ag = —ocand a ;' an = +00) remains
2
untouched for every ¢ € {0,...,n — 1} except o7, (the inertia between the point az(»:) added at

(n)

the n-th iteration and the followmg point) and alo 1 (the inertia between a; ~ and the preceding
point). Thus, at each iteration, the computation of n inertia can be reduced to the computation
of only 2, thereby reducing the cost of the procedure. Likewise, the weights p? = P(W;(a(™))
of the Voronoi cells remain mostly unaffected. The only cells that change from one step to

(n)

another are the cell W;, (a(")) having for centroid the new point a; ~ and the two neighboring

cells Wi,—1(a™) and W;,,1(a™). Thus, the online computation of cell weights just needs 3
calculations instead of n (or 2 in case the added point is the first or last point in the reordered
sequence). The utility of the weights of the Voronoi cells is featured in the approximation of
E[f(X)] for f : R — R by the quadrature formula (3.13) using the reordered sequence a(™.
Thus, based on the fact that only 3 Voronoi cells are modified at each iteration, one can deduce
an iterative formula for the approximation of I(f) by I,(f), requiring the storage of only 2
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weights and 2 indices, as follows

L(f) = Loalf) =P fal)y) = o) + (0 +p2) f(a))
= L) —p2(fal)) = F@l) = i (Flals)) = fa),  (3.17)

where

(n)

e a; ' is the point added to the greedy sequence at the n-th iteration, in other words, it is the
point a,,

. a( )1 and 5 J)r are the points lower and greater than az(:), ie. az(:ll < ago) < agoil,
[ ]
(m () _ (n) _(n)
pt = ([ : %,ar:id) and  pf = P([a&l,ai:+%}). (3.18)
(), (n) o™ 4 g
where a( il = % and al(ffi)l — ol 0=l With ag = —oo and a,, = +oo.

Practically, this numerical iterative method can be applied without storing the whole ordered
greedy quantization sequence nor computing the weights of the Voronoi cells, which could appear
as significant drawbacks for quantization. Instead, it requires the possession of 2 indices of 2
particular points of the non-ordered greedy quantization sequence and 2 weights. In fact, one
can start by determining the indices of the points preceding and following a,, in the ordered
sequence, in other words, the indices of the points in the non-ordered sequence corresponding

(n) ()

to a; ~y and a; . Then, it becomes possible to compute the weights p” et p'}.

3.4.2 Product greedy quantization (d > 1)

In higher dimensions, greedy quantization has always the recursive properties, so it gets inter-
esting to apply the same numerical improvements as in the one-dimensional case. However, the
construction of multidimensional greedy quantization sequences is complex and expensive since
it relies on complicated stochastic optimization algorithms. As an alternative, one can use one-
dimensional greedy quantization grids as tools to obtain multidimensional greedy quantization
sequences in some cases.

How to build multi-dimensional greedy product grids

Multidimensional greedy quantization sequences can be obtained as a result of the tensor prod-
uct of one-dimensional sequences, when the target law is a tensor product of its independent
marginal laws. These grids are, of course, not optimal nor asymptotically optimal but they allow
to approach the multidimensional law.

Let X1,...,Xy be d independent L?-random variables taking values in R with respective dis-
tributions pui,..., ug and abm) . qd(na) the corresponding greedy quantization sequences.
By computing the tensor product of these d one-dimensional greedy sequences, we obtain the

d-dimensional greedy quantization grid (") @ ... ®a%™) of the product law = 1 ®. .. ug,
(ﬂ)) = ( 1,(n1) adv(nfi))
J J1<j<n J1 T 1<ji<na,..,1<ja<ng

sponding quantization error is given by

given by (a of size n = [, n;. The corre-

d
er(a"™ @ . @a) X @, .. 0 X,) Z er(a®) X (3.19)
k=1
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The weights p(-n) of the d-dimensional Voronoi cells (W; (™)), _._ are deduced from the one-

i 1<j<n
dimensional Voronoi weights (p?’nk)lgjgn . k=1,...,d, corresponding to the one-dimensional
greedy sequences, via

1 d, . .
pj =Dyt XX Pyt Vik e {l,...,np},Vhk e {1,...,d},Vj € {1,...,n}.

The implementation of d-dimensional grids is not a point-by-point implementation. In fact,
at each iteration n, having the d one-dimensional sequences, one must add a point to one
one-dimensional sequence, generating this way several points of the multidimensional sequence.
One must choose between d possibilities: add one point to only one sequence a® (™) among
the d marginal sequences to obtain (™1 X->™k—1X(nktD)Xnpi1XX1a)  Thege d cases are not
similar since each one produces a different error quantization. So, the implementation is not a
random procedure. To make the right decision, one must compute in each case, using (3.19),
the quantization error Ej obtained if we add a point to a®(™) for a k € {1,...,d}. In other
words, we compute, for k=1,...,d

E) = er(ak’(nk+1)>ﬂk>r + Z er(al,(nl%lul)r'
le{1,....d}\{k}

Then, one chooses the index 4 such that E; = minj<i<q Pk, adds a point to the sequence
a®(M) and obtains the grid q(™*-*ni-1x(ni+1)xnit1x..xn4)  We note that if the marginal laws
W1, ..., g are identical, this step is not necessary and the choice of the sequence to which a
point is added, at each iteration, is systematically done in a periodic manner.

Numerical integration

Similarly to the 1-dimensional case, the majority of the Voronoi cells do not change while passing
from an iteration n to an iteration n+ 1. At the n-th iteration, having nj X ... x ng points in the
sequence, one adds a new point to a(*"). Hence, we will have ny X ...Xn;_1 X Njg1 X ... X Ng NEW
created cells having for centroids the new points added to the d-dimensional sequence (™, and
another 2(ny X ... X nj—1 X niy1 X ... x ng) modified cells, corresponding to all the neighboring
cells of the new added cells. In total, there is 3(n; X ... X nj—1 X nj41 X ... X ng) new Voronoi
cells, while the rest remains unchanged. This leads to an iterative formula for quantization-based
numerical integration (where the same principle as in the one dimensional case is applied) as

follows: we denote, for the sake of simplicity f;, = f( L (nl), .. .,a%(n"ﬂ), csag nd)) fio—1 =
1,(n i,(ni+1 d,(n 1,(n i,(ni+1 d,(n
f(ajl( 1), o aio(_lJr ), e ajd( d)) and fi,+1 = f(ajl( 1), ... ,aiO(HJr ), e ajd( d))
ny,
1,1 k,(n
L1 (f) = Lu(f) = p2 ! Z [T 7" (fio-1 = fio)
=1 k=1,.d
kG{L SAN{i} kA
ny
1,1 k,(n

- plt Z H P50 (Figsr — fio) (3.20)

k=1 d
ke{l, AP\ {4 } k7é'5

Note that in the d-dimensional case, the weights p* (™) k € {1,...,d} \ {i} of the Voronoi cells
of the other marginal sequences obtained at the previous iteration are needed, as well as the
ordered one-dimensional greedy sequences a>(").
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-5 _5
-4 _4

Figure 3.1: Greedy quantization sequences of the distribution N(0, I3) of size N = 153 designed
by Box Miiller method (left) and greedy product quantization (right).

3.5 Numerical applications and examples

3.5.1 Greedy quantization of N (0, [;) via Box-Miiller

The Box-Miiller method allows to generate a random vector with normal distribution A (0, I5),
actually two independent one-dimensional random variables Z; and Zs with distribution N(0, 1)
by considering two independent random variables F and U with respective distributions £(1)
and U([0,1]). Then, 2F ~ £(3) and 27U ~ U([0, 27]), so, the two variables

Z1 = V2FE cos(2nU) et Zy = V2FE sin(2nU)

are independent and with normal distribution A/(0,1).

We use greedy quantization sequences (™) and u("?) of respective distributions £(1) and [0, 1]
to design two N(0, 1)-distributed independent sequences z%n) et zén), of size n = n1 X ng, via
the previous formulas so we can get a greedy sequence z(™ of the two-dimensional normal
distribution A(0, ). The procedure is implemented as described in section 3.4.2. At each
iteration, we must choose the one-dimensional distribution to which we should add a point.
Thus, we compute the error induced if we add a point to u("2)

E, = ea(u™t) 1[0, 27))% + e, (E(’”),E(%))2 = dn2ey (u™ ) U[0,1])% + ey (), £(1))?
and the error induces if we add a point to (™)

E. = e(u™),U[0,27))% + ea(e™ 7+ £(1))? = an?en (u™) 1[0, 1])% 4 den (e HD £(1))?
and we add a point to u(m2) if FE, < E. and a point to em) if . < E,,.

To design sequences in dimension d > 2, one uses several couples (E;, U;) to get several pairs
(Z;, Z;) and uses the wanted number of (Z;);, to obtain multidimensional sequences. In Figure
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3.1, we compare two greedy quantization sequences of the distribution N(0, I3) of size N =
153, one is obtained using the Box-Miiller method based on two greedy exponential sequences
£(1) and two greedy uniform sequences U([0,1]), and the other obtained by greedy product
quantization based on 3 one-dimensional Gaussian greedy sequences. The weights of the Voronoi
cells in both cases are represented by a color scale (growing from blue to red). Note that, even
if the greedy product quantization of a Normal distribution takes the shape of a cube (which is
unusual for such distribution), the low values of the Voronoi weights at the edges of this cube
allow to consider such a sequence as a valid approximation of the Gaussian distribution.

3.5.2 Pricing of a 3-dimensional basket of European call options

We consider a Call option on a basket of 3 positive risky assets, with strike price K and maturity
T, with payoff hy = (Z?:l w; X; — K>+ where (X7, X2, X3) represent the prices of the 3 traded

assets of the market and w; are positive weights such that Z?:l w; = 1. We consider a 3-
dimensional correlated Black-Scholes model where the prices of the assets are given,for every
i€{1,2,3}, by

q
2
X; = Xo;exp ((r — %)t + Z UijWN), t€[0,T]
j=1

where r is the interest rate, o; the volatility of X; and(W;); represent a correlated 3-dimensional
Brownian motion, i.e. (W;, W;) = p;;t with p11 = p12 = p1,3 = 0.5 and all the others p; ;’s are
equal to 0. First, we compute Vy = e "7 E [hr(X1, X2, X3)] by a quadrature formula, according
to (3.13), using a 3-dimensional greedy quantization sequences of N(0, I3) obtained, on one
hand, by the Box-Miiller algorithm explained in the previous section and, on the other hand,
by greedy product quantization of 3 one-dimensional sequences. Then, we estimate Vy by the
recursive formula (3.20) for d = 3 using the greedy product quantization sequence. We build
sequences of size 32 000 and consider the following parameters

r=01,0;=03, X;0=100, T'=1and K = 100.

The reference price is given by a large Monte Carlo simulation with control variate of size
M = 2.10". We consider the control variate

- (62?:1101‘ log(Xi) _ K)+

which is positive and lower than h (owing to the convexity of the exponential). Since e="TEk;
has a normal distribution with mean (r — %E?:l w;o)T and variance wioolwT, it admits a
closed form given by

3 3
e "TEk; = Callgg (H X;fge*%ﬂZi:l wiof—w'ootw) e \fptgat, T) .

i=1

We compare the three methods in Table 3.1 where we expose the errors obtained by each method
for particular number of points. We deduce that the recursive numerical integration gives the
same results as the quadrature formula-based numerical integration making quantization-based
numerical integration less expensive and more advantageous by reducing the cost in time and
storage. Moreover, one notices that the Box-Miiller algorithm is more accurate than the greedy
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Table 3.1: Approximation of a 3-dimensional basket of call options in a BS model by Box-Miiller
with quadrature formula (BM), greedy product quantization with quadrature formula (GPQ)
and with recursive formula (GPI).

n BM GPQ GPI

100 1.72 1.68 1.84

1000 | 0.07 0.42 0.42

8000 | 0.04 0.08 0.08

15000 | 0.07 0.08 0.08

product quantization, this can be explained by the fact that Box-Miiller sequences fill the space
in a way that resembles more to the normal distribution, we can notice a kind of ball different
than the cube observed when implementing greedy product sequences (see Figure 3.1).

3.6 Further properties and numerical remarks

In this section, we present, based on numerical experiments, some properties of the one-dimensional
quadratic greedy quantization sequences. We recall that a(® = {agn), e ,aﬁ[‘)} denotes the re-
ordered greedy sequence of the n first elements {a1,...,a,} of (an)n>1.

3.6.1 Sub-optimality of greedy quantization sequences

The implementation of a greedy quantization sequence (a,)n>1 of a distribution P and the
computation of the corresponding weights p!' of the Voronoi cells Wi(a(”)) fori € {1,...,n}
defined by (3.1) is, in general, not optimal. However, numerical implementations and graphs
representing a; — pf = P(X € W;(a™)) for different number of points n show that, for
certain distributions, the weights of the Voronoi cells converge towards the density curve of the
corresponding distribution when the greedy sequence has a certain number of points.

For the normal distribution, this is observed when n = 2% — 1, for every integer k > 1. So, we
can say that the greedy quantization sequence is sub-optimal since the subsequence

am=a@ Vg pn=2"_1keN (3.21)

is itself optimal. Regarding the Uniform distribution on [0, 1], we can check that there exist two
sub-optimal sequences of the greedy sequence a(™ = a5 for values of k; defined by

ko = 3, ko = 11,

ki =2k;_1+1 ifi=1 (mod 3), ki =2k;_1+1 ifi=1 (mod 3),
k; = 2(]451‘_1 - 2) +1 ifi=2 (mOd 3), ki = Q(k‘,‘_l — 2) +1 ifi=2 (mOd 3),
ki=2(k;_1+2)+1 ifi=0 (mod 3). ki =2(ki—1+2)+1 ifi=0 (mod 3).

Some results for the normal distribution are represented in Figure 3.2 where we observe the
unimodal weights for n = 255 = 28 — 1 and non-unimodal weights for n = 400. Similarly, the
greedy quantization sequence of the Laplace distribution L(0,1) admits optimal subsequences
of the form a(2k*1), k € N*. These observations allow to conjecture the sub-optimality of such
subsequences for symmetrical distributions around 0.
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Figure 3.2: Representation of a; — p}* where (p}')1<i<n denote the Voronoi weights of the greedy
quantization sequence of N'(0,1) for n = 255 (left), n = 400 (right).

3.6.2 Convergence of standard and weighted empirical measures

Sequences of asymptotically optimal n-quantizers (I',),>1 of P satisfy some empirical measure

convergence theorems established in [32] (see Theorem 7.5 p. 96) and [19] and recalled below,
where
R 10 _ n
Po=—3 and Py =Y P(Wy(Iy,))8en
i=1 =1

designate, respectively, the empirical standard measure and the empirical weighted measure
associated to I'y, = {z¥, ...,z }.

Theorem 3.6.1. Assume P is absolutely continuous w.r.t the Lebesque measure on R% with den-
d _
sity f. Let T, be an asymptotically optimal n-quantizer of P. Then, denoting C' = ( [ f &7 (u)du) 1,
one has _ .
p+d
P, o P and P, ol C fr+d (u)du. (3.22)
Due to the existence of suboptimal greedy quantization sequences, detailed previously, we
hope to obtain such results for greedy sequences or, at least, for sub-optimal greedy sequences
defined in the previous section. To this end, we “divide” the two limits mentioned in (3.22),
along the sequence (W;(a(™));<i<, and we obtain that, for every i € {1,...,n}, the limiting
measure of the Voronoi cells of the greedy sequence is given by

fai7 (@)

P(Wi(a!™)) =

(3.23)
In other words, if the greedy sequences satisfy the convergence of the empirical measures, then
the weights of the Voronoi cells, computed using the c.d.f of P, must converge to the limit

weights P,(W;(a™))) given in (3.23).

Numerical experiments were established for the one-dimensional standard Normal, Uniform,
Exponential and Laplace distribution. We observe that the exact weights of the Voronoi cells
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Figure 3.3: Comparison of the exact Voronoi weights (blue) and the limit weights (red) for the
exponential distribution £(1) for n = 645 (left) and n = 1379 (right).

computed online get closer to the limit weights P, when n increases. For the Gaussian distribu-
tion, we observe a more important convergence for the subsequences a?*-1) (as predicted). We
present, in Figure 3.3 the obtained results for the exponential distribution where we compare
the exact weights (blue) and the limit weights (3.23) (red) for different number of points n.

3.6.3 Stationarity and p-quasistationarity

An interesting question is to see if the greedy sequences are stationary i.e. satisfy
al™ = E(X|X € Wi(a™)),i=1,...,n,

or can be close to stationarity, a property shared by quadratic optimal quantizers. Numerical
experiments conducted for several probability distributions yield that, unfortunately, greedy
sequences are not stationary in this sense. In fact, one can prove that the greedy quantization
sequence a™ of a symmetric unimodal distribution is not stationary, expect for n € {1; 3}. A
proof is available in Chapter 4.

However, further different numerical observations show that most greedy quantization se-
quences satisfy a certain criteria that we call p-quasi-stationarity, approaching the stationary
property and defined, for r € {1,2} and p € [0, 1], by

Sam Sam)

Sam Fam\ _ Sa™ 3 l4p
I IR = o2 - XIS

1+p

It is satisfied by greedy sequences for p lower than certain optimal values p; depending on r
and the distribution P. We expose, in Table 3.2, these values of p; for r € {1; 2} for the
Normal, Uniform and exponential distribution. This property is important because it brings
improvements to quantization-based numerical integration. In fact, if f is C' with p-holder
gradient with coeflicient [V f],, the classical error bound is given by (see [56])

Ef(X) —Ef(X")] < [V/]IX - X112,
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Table 3.2: Values of optimal p; for different distributions and for r € {1;2}.
N(0,1) U([0,1]) E(1)

r=1|p=092 p = pL=

r=2|p=047 p = pL=

[CJ[IEINTI
Lol —eolng

However, one has
Sam) Salm) Sam)
Ef(X) -Ef(X*7) <E(VF(X" )X -X*7)

+E [/01 (V(X 1400 = X9)) - VR XGW)dt}

where the second expectation in the right term of the above inequality is bounded by [V f],E| X —
Xa™|ite Jy t'4Pdt and

E(V /(X)X - X)) = B(VA(X)X) - E(V (X)) X)
—E (Vf()?“("))|E(X|Xa‘”’) _ )2&(")) ,

So, if (3.24) is satisfied, then one obtains

Sa(m) Sa(m) Samy  atm Satm 1
Ef(X) = Ef(X)] <IVAX)RIEXX) = X o + 5[V I1X = X711
1

Sa(™ | 1+p
gm[Vf]pHX—X“ 13-

3.6.4 Discrepancy of greedy sequences

The comparison established, in the beginning of section 3.4, between greedy quantization-based
numerical integration and quasi-Monte Carlo methods, showing a gain of log(n)-factor with
greedy quantization in terms of convergence rate, drives us to build a relation, based on Proinov’s
Theorem 3.4.1, between the error quantization and the discrepancy. In fact, for every n-tuple
== (&,...,&) €[0,1]", noticing that a Lipschitz function f has always a finite variation and
considering the function f : w — minj<;<y, |u—§&;| which is 1-Lipschitz (since |min; a; — min; b;| <

1
max; |a; — b;|) and satisfies f(§;) = 0 for every i € {1,...,n} and / f(u)du = e1(X,U([0,1])),
0
one applies the Koksma-Hlawka inequality (3.15) to f to deduce that

e1(E,U([0,1])) < Dy (E). (3.25)

This motivates us to study the discrepancy of greedy sequences hoping that they can be compa-
rable to low discrepancy sequences. We compute this quantity for d € {1, 2,3}, using formulas
given in [20] and deduce that, in the one-dimensional case, greedy sequences can be used as a low
discrepancy sequence. But, when d becomes larger than 1, the situation becomes less convinc-
ing: The discrepancy of pure greedy sequences, designed by implementing Lloyd’s algorithm,
and that of low discrepancy sequences (Niederreiter sequences for example) are comparable, but
the problem that arises is the complexity of the computations making greedy sequences less
practical. On the other hand, if we build greedy product sequences, the computations will be
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Figure 3.4: Comparisons of the star discrepancy of the Niederreiter sequence to a greedy prod-
uct quantization sequence of the Uniform distribution ([0, 1]?) (left) and to a pure greedy
quantization sequence (right) for d = 2.

less expensive but there is no gain in terms of discrepancy. Figure 3.4 shows a comparison of the
discrepancy of a Niederreiter sequence in dimension 2 to that of a product greedy quantization
sequence of U([0,1]%) on the one hand, and to that of pure greedy quantization sequence of
U([0,1)2) on the other hand.

The positive results obtained for d = 1 encourage us to try and manipulate low discrep-
ancy sequences, such as Van der Corput sequences, in order to be able to use them as greedy
quantization sequences. In other words, we will assign to them a Voronoi diagram, compute the
weights of the corresponding Voronoi cells instead of considering uniform weights and observe
the impact this brings to numerical integration. To this end, we consider a basic example where
we compute the price of a European call Cy = E[(Xp — K) | for a maturity T" and a strike price
K where the price of the asset X; at a time ¢ is given by

X; = xgexp ((r — %2)75 + a\/%Zt)

where r is the interest rate, o the volatility and (Z;)o<¢<r is an i.i.d. sequence of random
variables with distribution A'(0,1). We consider

T=1K=9, z9=10, u = 0.06, 0 = 0.1.

The exact price is given by a closed formula known in the Black-Scholes case and is approximately
equal to 1.5429. We compute the price Cy first via a classical quadrature formula using the new
weights p!' assigned to the VdC sequence, then by a classical quasi-Monte Carlo simulation
(using uniform weights of a VdC sequence) and finally by a quantization-based quadrature
formula based on a greedy quantization sequence of ([0, 1]). We compare the errors induced by
these three methods in Figure 3.5 and deduce that the procedure using the greedy quantization
sequence converges faster than the ones using the Van der Corput sequence. Consequently, one
can say that greedy sequences are more advantageous than low discrepancy sequences, even if
we assign to them non-uniform weights.
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Figure 3.5: Price of a European call in a Black-Scholes model via a usual QMC method (blue),
greedy quantization-based quadrature formula (red) and quadrature formula using VdC sequence
with non-uniform weights (logarithmic scale).
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Chapter 4

Greedy vector quantization:
Detailed numerical studies

Let X be a random variable with probability P defined on (R¢ B(R?)). In Chapter 3, we
studied theoretical aspects of greedy vector quantization first developed extensively in [15] and
consisting in building a sequence of points (an)p>1 in R? which is recursively optimal step by
step, in the sense that it minimizes the L"-quantization error at each iteration. In other words,
at each iteration of the implementation, one adds a point a,1 solution to

Up+1 € argmingcga er(a™ U {€}, X). (4.1)

We also presented a new numerical approach and established a new iterative formula for quantization-
based numerical integration, based on the fact that, at each iteration, while adding a new point

to the greedy sequence, most of the Voronoi cells remain untouched.

Furthermore, to study to what extent greedy sequences can be close to optimality, we exposed
some numerical experiments that led us to extend some properties to greedy sequences. Our
interest in this chapter will be to develop what was briefly presented in the first chapter. We
will explain the algorithms that allow to obtain greedy quantization sequences and give further
details and new experimental results related to the properties already deduced in Chapter 3.

Throughout this chapter, we consider a random variable X with distribution P and a(™
a corresponding greedy quantization sequence and we assume that R? is equipped with the
canonical Euclidean norm and that p = 2 (except when mentioned otherwise).

4.1 Algorithms of computation of greedy sequences

Practical computation of an optimal greedy quantization sequence relies on variants of usual al-
gorithms such as CLVQ and Lloyd’s algorithm used for building sequences of optimal quantizers.
For greedy quantization, the implementation is recursive, in the sense that, in order to switch
from the (n — 1)-th to the n-th iteration, one adds, in a way to be specified, a n-th point to the
existing (n — 1)-tuple (a1, ..., a,—1) computed during the first n — 1 iterations of the algorithm.
This way, one possesses the starting n-tuple for the modified CLVQ or Lloyd procedure. One im-
plements these optimization procedures keeping in mind that all formerly computed components
(ai)1<i<n—1 are kept frozen, and only the new added point is moved following the standard rules
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of the algorithm. In other words, the new point added at each iteration of the greedy procedure
is the only centroid updated during the algorithms. Note that the first point of the sequence is
the LP-median of the distribution P, i.e. a1 = E[X].

4.1.1 One-dimensional case

In the one-dimensional case, when the distribution is absolutely continuous with a continuous
positive probability density ¢, deterministic Lloyd and CLVQ algorithms can easily be extended
to greedy versions. We present the details in the following.

Greedy Lloyd’s algorithm As already mentioned, the computation of greedy sequences is

recursive. So, we assume that the first n — 1 points a1,...,a,_1 have been computed and we
compute the n*" point a, according to the following steps.
e Sort the first n — 1 points of the sequence a1, ...,a,_1 in an increasing order:

agn_l) <-e < aq(ln:ll).

e Compute the n inter-point local inertia given by

Gy (n 1)

—/Jff) a;" £|2Pd£+/ al" M —€PP(de), i=0,....n—1  (42)

where a(()n_l) = —00, ai"™ = 400 and ag:l) is the mid-point of [az(n_l), al(»i;l)] :
2
(n—1) (n—1)
. - a; +a -
a(ln D _ —00, a{n 11) =4 ol 11) = 4-o00.
5 Z+§ 2 n—g

e Determine the index ig = ig(n — 1) corresponding to the maximal local inertia, i.e. such that

2 _ 2 (n=1) (n—1)
Tip = (20aX 0 , and choose a random point ag € (a;, ~,a; 11 )-
e Define a recursive sequence a = a,, ;) starting at a, o = ap by

(n—1) (n—1)
o411 top a;, tap
K (P ) — K (o

FX(“EZE)M[!]) _ FX(“§§_1)+“[11) 7

afi4+1) = E(X’X € Wn,l) = [ >0, (4.3)

2 2

where Fx(z) = P((—o0,z]) is the cumulative distribution function of the distribution P of X,
Kx is its cumulative first moment function defined by Kx(z) = [_, ,1§dP(§), « € R and

W, is the Voronoi cell of centroid a,, ;) corresponding to the sequence "YU {a, ) One

((1)(

can easily check that, at each iteration, a, ) € s g, +1)) which makes the procedure well

defined.

Relying on classical arguments called upon in the proofs of the convergence of the standard

Lloyd I procedure (see [11, 39]), one can show that if P = ¢.A\; where ¢ : R — R is a log-concave
function, the sequence a,, ; converges towards the unique solution a, € (al(:_l), aE o+l )) of the

fixed-point equation
a, =E(X|X e W,,)
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where W, is the closed Voronoi cell of centroid a, in the Voronoi diagram corresponding to
(n—1)
a U{an}.

Remark 4.1.1. e The integrals involved in the algorithm can be computed using higher order
quadrature formulas, or, for example for the standard Normal distribution, using the closed form
2

N
for [T Ee = Ny, =
e The log-concave assumption, which implies the uniqueness of the fixed point for equation
(4.3), is satisfied by many families of distributions like the Gaussian distributions N'(m,c?), the
exponential and Laplace distributions, the vy(a, B)-distributions, a > 1, 5 > 0 which are strongly
unimodal.

Greedy CLVQ algorithm Assume P = ¢.\;. This is a gradient descent algorithm, also
known as k-means algorithm, defined by the following recursion

(n=1)
ig+1

1 - 2
ap+1) = ag) — (%+1 A p(a[l])) ﬁ("jmm (ap — &) P(dE) (4.4)

%0

+ap)

where ;41 is a (0, 1)-valued sequence that goes to 0 when [ goes to 400 and such that ;v =
400, and p(a) > 0 is the second derivative of the function a — E(min |X —a;|* A|X —a|?) given
by

(n—1)

(-1 (n-1) )
pla) = P([

: +a,a£:+112)+a}) N a—c;(;ll)go(a—i—a;o )+ ai0+12 —agp(a—i-c;l(-gﬂl )

This recursion is well defined and consistent since it lives in the interval (al(-gfl), aggill )), this
is due to the fact that ;41 € (0,1). Similarly to the Lloyd’s algorithm, the computation of
integrals involved can be performed by higher order quadrature formulas and closed forms of
certain integrals in some cases.

In case P is not absolutely continuous, one has only to replace the term involving the second
derivative with a step 7; satisfying the standard decreasing step assumption that is > ;v = +o0

and ), 712 < 400, provided one can compute the P-integrals of interest.

Greedy quantization of the N(0,1) distribution The symmetry of the one-dimensional
standard Gaussian distribution allows to simplify, in a certain way, the computation of its
quadratic optimal greedy sequence. In other terms, we consider the distribution P = P,
(which is clearly strongly unimodal) and we compute its quadratic optimal greedy sequence
(@, )n>1 by the greedy Lloyd’s procedure starting at a; = 0. Consequently, the sequence given
by

ap =0, asp—1 = Ay, G2 = —ap, n > 1,

is a quadratic optimal greedy sequence for the Gaussian distribution.

In order to proceed with the computation of the greedy sequence, note that the integrals
involved in the algorithms explained above are computed using the following functions

z2

e 2

V2r

P(x) = P((=oc,s) . Kx(a)= [ €aP(E)=-
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and the cumulative second moment function
Lx(z) = /] EPUE) = Fx(a) + 2Kx(2).

At the n-th iteration of the algorithm, the inter-point inertia are given as follows, where we
replace agnfl) by a; for simplicity,

2 2 e
o5 = (a] + 1)Fx(a1) + ali\/ﬂ’

07 = Fx(aip1)(1+afyy) + Fx(a;,1)(af = afyy) = Fx(ai)(1+ a7)
2

a2 a2 “irl
_ it _ 4 _ 2
+ € € +2(a; — ajy1) : 1<i<n-2
o . . _
o Ven YT g T :

o2 1= (1= Fx(an-1)(1+a> 1) = an-1—ee

The Voronoi diagram corresponding to this sequence is given by VVi(a(")) = (al(.f)l , a'
{1,...,n} and the corresponding Voronoi weights are given by

Pt = P(X € Wi(a™)) = Fx(a"™,) — Fx(a™,).

1 .
i+5 =5

We study the convergence of the quadratic quantization error eg(a("),X ) induced by the
greedy quantization of the distribution N(0,1). This error is given by

n

aa® XP = [ min o —ePap© =Y [ ol —ePapE) = ot
i=1 7 Wila™

4 1<i<
R 2sv=n i=1

where 01-2 ;4 =0,...,n — 1 are the inter-point local inertia already computed. We reproduce in
Figure 4.1 the graph representing n — ney(a™, P), n = 4,...,20000, for P = N(0,1) and
observe that

lim inf nes (a'™, A(0,1)) ~ 1.6534 - - > \/jwi = limney n (V(0,1))

and that
3
limsupneg(a("),/\/'(o, 1)) = 1.8921 < 2 x \/;71'411 ~ 3.2611.
n

The real constant in the right hand side of the inequality easily follows from Zador’s Theorem.

Here, we can highlight the fact that the quantization error attains its lowest values when
n = 2F"1 k > 1. This can be explained by the existence, emphasized by numerical experiments
in Section 3.6.1 of Chapter 3, of sub-optimal sequences of the greedy quantization grids of the
standard Gaussian distribution. In fact, the graphs representing the weights of the Voronoi cells
of a greedy quantization sequence a™ of N (0,1) appeared to be uni-modal when the number of
points is n = 2571 k > 1, which led us to conjecture that the sequences a?*=1) are sub-optimal
and thus, produce the lowest values of the quantization error.

72



15 L 1 1 1 1 1 1 L L
o 0.2 0.4 06 08 1 12 14 16 18 2

» 10%

Figure 4.1: Quadratic greedy quantization error n — neg(a("),X ) associated to the Gaussian
distribution A (0,1) for n = 2,...,20000.

Greedy quantization of the U/([0,1]) distribution The computation of a greedy quan-
tization sequence of the Uniform distribution ¢([0,1]) is implemented via the greedy Lloyd’s

algorithm starting at a; = % Then, considering that, at the n‘*-iteration, the n — 1 first points
(n—1) (n—1)

ay ,...,a,_;  are already computed and reordered increasingly, we compute the n — 1 inter-
(n—1)

point inertia given by the following (where we replace a; by a; for every i € {1,...,+o0}

for simplicity)

3
a
o3 =4,
3
(@ir1 —a; 1) (@i —a;1)°
o2 = el _ ¥ , 1=1,...,n—2,
3 3
o2 = (1—an)?
n—1 3 :
Then, the algorithm is implemented as described previously, having in mind that we consider
apg = —oo and a,+1 = 400 even if the support of P is [0, 1]. The Voronoi cells are given by

(n)y — (n)y — (0 — - _
Wi(a )f(O,aH%), Wh(a )f(an_%,l) and  Wi(a )f(ai_%,aﬂr%), 1=2,...,n—1.

The weights of the Voronoi cells are computed easily using the cumulative distribution function
Fx. Figure 4.2 represents the graph of the quadratic quantization error n — nes(a(™, X)
where we observe that

lim inf ney(a™, X) ~ 0.295 > lim negn(X),
n n

and
lim sup ney(a™, X) & 0.32 < 2lim ney,, (X).
n n

Just as in the Gaussian distribution case, we notice that the quantization error induced by the
approximation of the Uniform distribution attains its lowest values for two sub-sequences. As
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Figure 4.2: Quadratic greedy quantization error corresponding to the Uniform distribution
U([0,1]) for n=1,...,10000.

mentioned in Section 3.6.1 of Chapter 3, there exists two optimal sub-sequences for which the
weights of the Voronoi cells approach well the distribution curve and thus allowing to obtain the
lowest values of the quantization error.

Greedy quantization of the £(1) distribution Let X be a random variable with expo-
nential distribution P = £(1). The same procedure as previously is adopted to compute a
greedy quantization sequence a(™ of X. The integrals can be computed relying on the functions
Fx(z) = P(] — o0,z]) and Kx(z) =1 — e ® — ze~*. We start the algorithm at a; = E(X) =1

and, at the n-th iteration, we compute the n inter-point inertia as follows (where we replace
(n—1)

a; by a; for every i € {1,...,+o0} for simplicity)

02 =2—2a; — 27" +a},

o2 =¢ (a;— ai+%)(2 — a; +ai+%) F2(e™ — %) — ¢ (g — ai+%)(2 — aiy1 — ai+%),
1<i<n—-1

02 | =2e 1,

We observe, in Figure 4.3, the quadratic error n neg(a(”),X ) induced by the greedy
quantization of the exponential distribution £(1) for n =4,...,10000 points.

Greedy quantization of the Laplace distribution with parameters a« =0 and g =1

Let X be a random variable with a Laplace distribution with parameters 0 and 1. The
computation of a greedy quantization sequence a(™ of X is implemented via Lloyd’s algorithm
starting at a; = E[X] = 0 and in which the local inter-point inertia at the n-th iteration are
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Figure 4.3: Quadratic greedy quantization error n — nes (a(”) , X) of the exponential distribution
E(1) for n =4,...,10000 points.

given by
eM
=g
Tl 1 - L(q, — Tl oo . _ -1

€ (ai az‘+%)( 5 (a az’+%)) te (aip1 az‘+%) 5 (@it ai+%)

o2 = +e~ % — e i+l ifa;11 <0

v a. 1 a,, 1

e 2 (a; — aH_%)(l + 2(a; — aH_%)) —e 3 (a4 — ai+%)(%(ai+1 - aH_%) + 1)
+editl — i if aj41 > 0,

1=1,...,n—2,
02 | =e 01,
The quantization error thus obtained is illustrated in Figure 4.4 where we represent n
nes(a™, X) for n = 1,...,10000.

4.1.2 Multi-dimensional case

When the dimension becomes higher (d > 2), deterministic greedy Lloyd’s and greedy CLVQ
algorithms become too demanding due to several computations of integrals over the Voronoi
cells of the quantization sequence. So, it becomes necessary to switch to stochastic optimiza-
tion procedures which are adaptations of the stochastic procedures introduced to compute op-
timal n-quantizers. The convergence results of these procedures remain partial, especially if
the distribution P is not compactly supported. For more details about these original stochas-
tic optimization procedures, mostly devised in the 1950’s, we refer e.g. to [, (2] for CLVQ
and [21, 39, 68] for (randomized) Lloyd’s I procedure or more applied textbooks like [22]. In
practice, the computation of integrals on the Voronoi cells is replaced, in both procedures, by
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Figure 4.4: Quadratic greedy quantization error n neg(a("),X ) of the Laplace distribution
with parameters 0 and 1 for n =1,...,10000 points.

repeated nearest neighbor searches among the components of the current n-quantizers. We
present in the following their greedy variants.
Multi-dimensional greedy randomized Lloyd’s procedure

Just as in the one-dimensional case, the greedy Lloyd’s I procedure to compute a,, assuming
that a1 is already known, is defined, in the quadratic case, by the following recursion

anpsn =E(X|XEWnp), an€ R {a" )}, (4.5)

where W), j is the closed Voronoi cell of a,, jj with respect to the quantizer a1y {anp}-

From a practical point of view, the conditional expectations are computed by a Monte Carlo
simulation (provided X can be simulated at a reasonable cost). In other words, by the Strong
Law of Large Numbers

M m
m=1 X ]l{X'mEWn’[l]} P-a.s

Qn,lI+1] = lim M
M—-o00 Zmzl ]]‘{XmEWn’[l]}

where (X™),,>1 is an i.i.d. sequence of copies of X (with distribution P) defined on a probability
space (92, A, P).

The existence of the above limit is given in the proposition below, at least for absolutely con-
tinuous distributions with convex support.

Proposition 4.1.2. Assume the distribution P of X is strongly continuous with a convex sup-
port. Then the sequence (ay,p))i>0 is bounded and there exists £ € [ea(a™, P), ea(a™ D) U
{ag)}, P)] such that the set Ax(ap)) of its limiting points is a connected compact subset of the
set Ay of £-stationary points defined by

Ay = {ae R egn(a™ D U{a}) =0 and a =E(X|Xe€ Wnya)}

76



where W, o denotes the closed Voronoi cell of centroid a induced by the n-quantizer an=1) U{a}.
In particular, e (a(”*l) U {am},X) —{ as |l — +o0.

Furthermore, if the {-stationary set Ay is locally finite (i.e. with a finite trace on compact
sets of Rd), then Qp,[1] @.S. converges to some point in Ay.

In higher dimensions, the equilibrium point is not unique. So, in theory, this limit may be
just a local minimizer and not the solution to our greedy optimization problem. However, in
practice, the results turn out to be satisfying.

Multidimensional Competitive Learning Vector Quantization procedure

This stochastic gradient descent algorithm (zero search algorithm) is defined by the following
recursion
_ I+1 d
a’m[l-‘rl} - a‘n,[l] - ’YH-l]l{leJrl_an’[l]‘ <minaea("_1) |Xl+1—a‘} (aN7[l] - X )? G;l7[0} € R®.
where (;);>1 is a sequence of (0,1)-valued step parameters satisfying the so-called decreasing

step assumption, namely ZW = +oo0 and »; %2 < 4o00.

l
Numerical experiments show that lim;_, | Ap )] = Qn, at least for distributions with compact

convex support. Furthermore, one can speed up the convergence of the procedure by applying
the so-called Ruppert-Polyak principle which consists in choosing a slowly decreasing step of the

form v = 5=, % < a < 1, and averaging the procedure by setting

_ 1
1] = 7(a[n,0] +o At apo), 121,

In other words, it will satisfy a Central Limit Theorem at rate y/n with the lowest possible
asymptotic variance (see e.g. [13, 57] for details).

However, these procedures are very demanding. There is so many integrals that intervene
especially in the computation of the local inter-point inertia needed to decide in which cell we
should add the new point. The improvements applied to the algorithm, as explained in Chapter
3, allow a reduction in the cost of the implementations, but the remaining computations are still
too demanding and expensive. That is why we presented, in Chapter 3, what is called greedy
product quantization consisting in obtaining multi-dimensional greedy sequences by computing
the tensor product of several one-dimensional sequences, when the target law is a tensor product
of its independent marginal laws. We give, in this chapter, one further example of this technique
and compute the greedy product quantization sequence of the Normal distribution P = N(0, I3).
Noting that P = P; ® P, where P, = P, = N(0,1), we use two identical copies of the one-
dimensional greedy quantization sequence a™ of N (0,1) of same size n (already computed and
stocked) and build the two-dimensional sequence (™) of ¥ (0, I3). In Figure 4.5, we expose the
weights of the Voronoi cells of the sequence (™) for n = 170 and n = 127 = 27 — 1, where
we clearly observe the bell curve in the case of n = 127, hence highlighting the existence of
optimal sub-sequences of the form (™) for n = 2k — 1,k € N*, even when we design p2r0duct

2
i )595("2)

i

sequences. This means that, for these sequences, the empirical weighted measure >

approximates best the distribution N(0, I2).
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Figure 4.5: Representation of the Voronoi weights associated to the greedy product quantization
sequence of the Normal distribution A/(0,I5) obtained using two 1-dimensional grids of size
n = 127 (left) and n = 170 (right).

4.2 Deterministic algorithm in the two-dimensional case

We consider a random variable X taking values in R?, with absolutely continuous distribution
P with density ¢ and we work in a quadratic framework. Deterministic variants of greedy
Lloyd and greedy CLVQ can be extended to the two-dimensional framework. When d = 1, the
key to having deterministic procedures is that the Voronoi cells corresponding to the greedy
quantization sequence and the domains over which we need to integrate specific functions are
intervals of R of the form [a,b] which allowed the exact computation of the expectations and
probabilities, in the expression of the local inertias and the recurrence of the algorithm. When
d = 2, the corresponding Voronoi cells and the domains over which we need to integrate are
convex polygonial sets. Integrals over these sets cannot be computed exactly but there exist
numerical techniques able to approach them in a very effective and deterministic way. The idea
is to decompose each (polygonial) domain into several triangles and use quadrature formulas to
integrate the desired functions over these triangles.

The steps to follow for the greedy procedures when d = 2 are the same as in the one-
dimensional case. Starting at ap = E[X] and assuming that a(™ = {ay,...,a,} is already
computed, we add the (n + 1)-th point while the others remain frozen. The procedure is de-
tailed below where we denote by T' = (z,y, z) the triangle whose vertices are the three points
z,y and z of R?,

First note that if the support of X is not compact, we start by truncating it into a bounded
domain. Take, for example, the Gaussian distribution A/(0, I5) whose support is R? but satisfies,
for a certain L > 0 large enough, P(X¢[—L, L] x [-L, L]) = 0, so it is natural to truncate the
support and consider the square [—L, L] x [—L, L] as a workspace.

Computation of the local inter-point inertias

Consider three neighboring points a;, a; and a;, of the sequence a™ and let Ty = (ai,aj,ar) be
a triangle whose vertices are these three points. The local interpoint inertia between them is
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given by

o} = (ai=&)%p(&)dE+ (a;—€)*(€)dé+ (ax—€)%p(€)dE. (4.6)
Wi(a(”))ﬂTg Wj(a<"))ﬂTg Wk(CL("))ﬂTg

To compute these inertias, one needs to handle the computation of integrals of the form [, f(§)d¢

where D is the intersection between T, and the Voronoi cell and takes the form of a convex

quadrilater. Such a problem is solved as follows: Let v,, be the vertice common to the three
cells Wi(a™), W;(a™) and W(a™), i.e.

Om = Wi(a™) N W;(a™) N W (a™).
We denote

Um+41 = Wi(a(n)) Wj(a(n)) \ {vm}

N
vsz = Wia™) 0 Wi(a®™) \ {v,}
vanes = Wi(@™) N Wi(a™) \ ().

Furthermore, we denote ¢p11 = (a;a;) N (VmUm41) the intersection between the line formed by
a; and a; and the line formed by vy, and vy,41, and ¢p42 = (aiar) N (VmUmy2) the intersection
between the line formed by a; and ap and the line formed by v, and v,,12, and ¢pig =
(a;ar) N (VmUm+3) the intersection between the line formed by a; and aj and the line formed by
Um and v,43 (see Figure 4.6).

We start by decomposing each quadrilater D, over which we want to integrate, into 2 triangles
D = t,,, Uty,, which means that the triangle 7} is itself divided in a total of 6 triangles
t1,...,te. For example, D = W;(a™) N T, is divided into 2 triangles t; = (a;,vm, cm41) and
te = (@i, Um, Cm+2), as showed in Figure 4.6.

This way, the integral over D will be of the form

| ree = /tm F(&)de + /tm F(€)de

and the local inter-point inertia is given by the sum of 6 integrals (not necessarily of the same

function), each over a triangle t,,,m € {1,...,6}, which are approximated by
K
| f@dex A, Y s (4.7)
m k=1

where A, is the area of the triangle ¢,,, and the points z;, and the weights wy, are given by the
quadrature formulas over triangles as provided in [69].

When working close to the sides of the square [—L, L] x [—L, L], the vertices of the triangle
T, are no longer three neighboring points of the sequence. Instead, T, takes one of the two
following forms: The first possibility is 7y = (a;, a;, v;,) where a; and a; are two neighboring
centroids at the edge and v, = W;(a™) N W;(a™) N [~L, L]? (see Figure 4.7 (left)). In this
case, the inertia is given by

of = (ai — €)%p(€)d€ + (aj — €)*p(€)dE (4.8)

Wi(a<">)ﬁTg Wj (a(">)ﬁTg
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Figure 4.6: Decomposition of Ty in the center in order to compute the local inter-point inertia.

U Ui Vine1

Figure 4.7: Decomposition of T, at the edge in order to compute the local inter-point inertia.

and the domain D = W; NT; over which we need to integrate is a triangle so there is no need
to divide it. It suffices to denote Ty = t,,, U ¢y, and apply (4.7) twice.

The second possibility is Ty = (as, Vm, Vms1) Where {vm, vmi1} = Wi(a™)N[~L, L]? (see Figure
4.7 (right)). In this case,

of = [ (ai —&)%p(€)d¢ (4.9)

Ty

and the integral over the triangle Ty is performed via (4.7).

Addition of a new point

After computing the local inertias, we proceed by choosing the triangle Tj, having the maximal
inter-point inertia among all the triangles Ty. Then, we add a new point ag to the greedy
quantization sequence as the barycenter of Tj, w.r.t. the underlying probability distribution P,
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Figure 4.8: Decomposition of a Voronoi cell W;(a(™) with s = 6 vertices.

i.e.
B(Xlxer,) _ Iy, o€ o)
" P(XeTy) fTZO p()de |

To compute these integrals, we decompose Ty, in the same way as explained for the computation
of the local inertia and apply (4.7).

Lloyd’s algorithm

The point added in the previous step is the starting point of a fixed-point search defined by the
following recursion: afg = ag given by (4.10) and, for every [ > 1,

E(Xlxew,) me Ep(£)dE

COPXEWn) T (o)

ap

where W is the Voronoi cell of centoid apj in the Voronoi diagram corresponding to the se-

quence a(™ U {am}. This recurrence converges well to the solution afy of the fixed-point search
problem allowing us to obtain the (n + 1)-th point a,; of the greedy quantization sequence.

Since Wm(a(”)) is a convex polygon with s vertices v, ...,vs, s > 3, we proceed as before

to compute the above integrals. We start by dividing the cell W[l](a(")) into s triangles t,, =
(ap), Vm; Um+1), m € {1,..., s}, as shown in Figure 4.8 so that

/Wm PIRIGEEDY /t RIGL

and the integrals over the triangles t,, are computed by (4.7).

In Figure 4.9, we observe the Voronoi diagram of a greedy quantization sequence a(™ of
the Normal distribution N (0, I3) designed by a deterministic Lloyd’s algorithm. We expose the
sequences obtained at several steps of the algorithm, i.e. sequences of different sizes n between
n = 6 and n = 100 to emphasize the recursive dynamic of greedy quatization. The represented
sizes are n = 6,7,11, 16, 18, 24, 28,32, 39, 51, 86, 100.
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Figure 4.9: Greedy quantization sequences of NV(0, I3) obtained by a deterministic Lloyd’s algo-
rithm of sizes n = 6,7,11, 16, 18, 24, 28, 32,39, 51, 86, 100 (starting from the upper left corner).

4.3 Low discrepancy sequences viewed as quantization sequences

In Section 3.6.4 of Chapter 3, we explain the interest in comparing greedy quantization sequences
to low discrepancy sequences. The most important advantage of quantization is the gain of
a log(n)-factor in the rate of convergence of quantization-based numerical integration error.
Furthermore, based on Proinov’s Theorem (3.4.1), we were motivated to notice a link between
the discrepancy of a sequence = and the quantization error induced by this sequence with respect
to the Uniform distribution given by

-

el(Evu([()? 1]d)) < D;(E)

This led us to study the discrepancy of greedy quantization sequences which gave non-drastic
but also non-reliable results (see Section 3.6.4 of Chapter 3). That pushed us to tackle the
opposite problem which is trying to manipulate low discrepancy sequences, such as Van der
Corput, Halton sequences, Niederreiter and others, in order to be able to use them as greedy
quantization sequences. In other words, we assign to these particular sequences a Voronoi
diagram, give weights to the corresponding Voronoi cells, compute the quantization error hence
obtained and observe their behavior. We expose here further details of this study.
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Van der Corput sequence We consider the dyadic Van der Corput (VdC) sequence = =
(&€n)n defined by

'
fnzz% where n=a,2"4+---+ag, a;€{0,1},i=1,...,r
k=0

When d = 1, the Voronoi diagram is trivial and given by (W;)i<i<, where
Wl(E) = [O7£1+%) Wn(E) = [gnfé’ ]‘] m(E) = [€1777 z+ ] I<i<n

where & = %, i € {1,...,n — 1}. We manipulate this sequence as a quantization se-

i+3
quence of the Uniform distribution ¢([0, 1]) and start by studying the corresponding quadratic
quantization error

(X, U(0,1])) = [ min [& —ul du—Z/ e udu

1<i<n

We observe, in Figure 4.10, the graph representing n — nes(Z,U ([0, 1])) where we notice that

1 ~ 3 -
lirr}linf nez(Z,U([0,1])) = —= = J21 and limsupnes(Z,U([0,1])) = —f X Jo1

2V/3
keeping in mind that Jo; = lim, nes,(U([0,1])) = inf, nes,U([0,1])) is the sharp limiting
constant in Zador’s Theorem (1.5). The convergence rate of this error towards 0 is of O(n=1),
similar to that of a real greedy quantization sequence.

The same phenomenons are observed in the L'-case where

1 = 9 9=
liminfne (2,U4([0,1])) == =11 and  limsupne; (Z,U([0,1])) = Ji1
n 4 ’ n 32 8"
where J~171 is as well the constant given by Zador Theorem for p = d = 1. This lim inf is achieved
by sub-sequences of Z of size 2871, k > 1, and the limsup achieved by sub-sequences of Z of
size %.2"’ = 32571 k > 1. This leads us to claim that there exist rate optimal sequences, i.e.

whose corresponding quantizaton error ocnverges to 0 with an O(n_%)—rate of decay, which are
not solutions to the greedy problem (4.1).

From another point of view, we consider, instead of uniform Voronoi weights equal to %, new
weights (easy to compute) given, for every i € {1,...,n}, by

P = dP = P(W;(2)).
Wi(E)
Numerical implementations show that, when the size of the sequence is equal to 2F k > 1,
the weights of the Voronoi cells induced by the VdC sequence are uniform. For comparison
purposes, an example was established in Chapter 3 to study the difference brought by the use of
such weights instead of uniform weights where we consider a basic example of pricing a european
call Cy = E[(X7 — K)4] for a maturity 7" and a strike price K where the price of the asset X;
at a time t evolves following a Black-Scholes model.
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Figure 4.10: Quadratic quantization error of the Van der Corput sequence viewed as a quanti-
zation sequence (logarithmic scale).

Niederreiter sequence in dimension 2 We consider a two-dimensional Niederreiter se-
quence ZE = (&;)1<i<n and we aim to apply the same study already established for the Van der
Corput sequence previously. When d = 2, the corresponding Voronoi cells are harder to define
thus the computation of the quantization error corresponding to = becomes more complicated
and a deterministic computation seems to be impossible, this is due to the integrals appear-
ing in this case. To this end, one needs to do a stochastic computation based on large Monte
Carlo simulations coupled with a nearest neighbor search procedure. We compute the quadratic
quantization error es(Z,U([0, 1]?) and expose it in Figure 4.11 in a logarithmic scale where we
observe an O(n~!)-rate of convergence.

Furthermore, we assign non-uniform weights for the cells of the Voronoi diagram induced by
the 2-dimensional Niederreiter sequence, via Monte carlo simulations. To study the utility of
such non-uniform weights, we consider the example of a European Best-of-Call Vanilla option
of maturity 7" and strike price K given by

_ =T 1 w2y
Vo = e E[(max(Xg, X7) — K) ]

where 7 is the interest rate and X} and X2 are 2 risky assets in a 2-dimensional Black-Scholes
model given as follows

of
—r

Xe=X3=e"T,  X{=Xjexp(( 2)t+aiWZ), i=1,2,

where(W}, W2) is a correlated Brownian motion, i.e. W2 = pW}++/1 — p2 W2 where (W}, W2)
is a standard Brownian motion. We consider

T=1, K=100, Xj=X2=100, p=05, o1=02=02, r=0.1
and we compute the price of V) via a classical quadrature formula using the new weights p}

assigned to the Niederreiter sequence instead of uniform weights. The benchmark is given in
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Figure 4.11: Quadratic quantization error of the two-dimensional Niederreiter sequence viewed
as a quantization sequence for the ([0, 1]?) distribution. (logarithmic scale).

[57]-

We compare, in Figure 4.12, the error induced by this approximation to the one obtained by a
classical quasi-Monte Carlo method (i.e. where we use the uniform weights of the Niederreiter
sequence) and to the one obtained by a quantization-based numerical integration quadrature
formula using a greedy quantization sequence of the U([0, 1])-distribution. We conclude with
the same observations as in the one-dimensional case (see Chapter 3), the convergence of greedy
quantization-based procedures is more important than Niederreiter-based procedures.

4.4 'To what extent are greedy quantization sequences optimal?

Based on the studies established so far in this chapter, one wonders if there is a method to
produce, for any distribution P, a rate optimal sequence for LP-quantization. In fact, one checks
that it is possible by concatenating LP-optimal grids of size 2¢. We consider a sequence (bn)n>1

made up with (L?, P)-optimal quantizers at level 2¢, ¢ > 0 i.e. in a way that {er, ey b2e+1_1}

is an (LP, P)-optimal quantizer at level 2¢. For every n > 1, let k = k(n) be such that 2k 1<
n < 281 5o that, by monotony of the LP-quantization error, one has, for every k > 1,

ep(0™, P) < ;0 "V, P) < ey ({bgr-1, .- bop_1}) = €por1(P)

so that
n n n

. 1 (n) . no\d . 1 1.1
limsupnide,(b'", P) < hmnsup () limnde,,(P)=2dlimnde,,(P).

Numerical observations
o If P =U(]0,1]) and p = 1, one checks by induction that the dyadic VdC sequence can be
obtained as a reordered sequence (by)n,>1 from the LP-optimal quantizers at level n given by
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Figure 4.12: Price of a European Best-of-Call Vanilla option in a Black-Scholes model via a
usual QMC method (blue), greedy quantization-based quadrature formula (red) and quadrature
formula using 2-dimensional Niederreiter sequence with non-uniform weights (logarithmic scale).

{215751, 1<k< n} when n = 2¢, ¢ > 0. In this situation, as seen in the previous section, the

factor 24 = 2 is replaced by % = 1.125 and the L'-optimal greedy quantization sequence keeps

the lead, since we have already seen that

(n)1 p
lim sup e, P)

9
~109< -=~1.125
n 617n(P) 8

o If P =U([0,1]) and p = 2, once again, the quadratic optimal greedy quantization sequence
keeps the lead, since

ez(a™2, P) 3v5

lim sup ~ 1.13401 < e ~ 1.67706 < 2.

n 627n(P>

o If P = N(0,I2) and d = p = 2, numerical experiments suggest for the third time that a
quadratic optimal greedy quantization sequence (or, actually, the sub-optimal sequences) has a

lower constant than 2a x lim, n%egm(/\f(o; L)).

These experiments lead us to wonder if optimal greedy quantization sequences produce the

ep(aN)P, P) 1

lowest value for lim sup na epn (a("), P) or if the strict inequality lim sup < 2d is
n

N ep,N(P)
always satisfied.

4.5 Quasi-stationarity and p-quasi stationarity

Quadratic optimal quantizers share a property called stationarity that is very important in
most applications, especially since most algorithms devised to compute optimal n-quantizers are
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based on this stationarity property. Moreover, its importance is emphasized in the quantization-
based numerical integration. In fact, if X' is an optimal quantizer of X induced by the grid
I, = {a7,...,2}, then it is already known that
J— AF"L —
[ X = X" lp = ep(I'n, X) . 0.
then, we have the convergence of X' towards X in LP(P) when n — 400 and consequently
the convergence in distribution. In particular, if f : R — R is a continuous bounded function,

then one deduces that Ef ()A( In) — Ef(X) when n — +o0o. Consequently, using the weights
(pi)1<i<n of the Voronoi cells corresponding to I';,, one approaches Ef(X) by

Ef(X™) = Zp?f(fv?)' (4.11)

Error bounds induced by this approximation are established for various classes of functions f
and, in most cases, it is mainly due to the stationarity property shared by optimal quadratic
quantizers. For more details, we refer to [50].

It was mentioned in the first chapter that we tried to extend this property to greedy quan-
tizaton sequences, i.e. to see if

ol =E(X|X e Wi(a™)), i=1,..,n.

Unfortunately, numerical experiments computing the error || X al™ _ E(X|X “(TL))Hl under the

standard empirical measure P, = % A 6a(") gave negative results. In fact, we show below

that when the distribution is symmetrical and unimodal, the corresponding greedy quantization
sequence cannot be stationary except for n € {1;3}. For the proof, we rely on a result given in

[39]-

Theorem 4.5.1. (J.C. Kieffer) Let d = 1 and P a probability distribution with log-concave
density. Then, there exists a unique stationary quantizer of P.

Proposition 4.5.2. Let X be a random variable with distribution P which is symmetric and
unimodal (log-concave density) and a™ q corresponding greedy quantization sequence. Then,
for every n € N\ {1,3}, the sequence a(™ is not stationary.

Proof. We suppose that E[X]| = 0 (symmetric around 0). If it is not the case, a translation
gives the same results. We will detail the proof in 3 cases
> For n = 3: Since E[X]| = 0, the first point is a; = 0. A second point is given by
ag = argming gEX2 A (X —a)? = {V4, EX? A (X —ag)? = / . (€ — ag)dP(€) =0}.
Wa(a(®)

Sy (atm) £4P()

Hence, a2 = B (Wa(a™)) is stationary. The third point is a3 = —as by symmetry of P so as
is also stationary. Finally, a; = 0 is also stationary since f;;/; EdP(§) = fa;(;;/ 2 &dP(&) = 0.

Consequently, the sequence a® = {—ag;a1;as} is stationary.
> For n = 2k even: Since P is unimodal, the stationary quantizer is unique, let (™ be
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this quantizer, which is the n-optimal quantizer of P because we know it is stationary. The
symmetry of P lets us know that the quantizer (wﬁl_z)lsz@ of P is also stationary, so, for

(n) (n)

every L€ {1,...,n}, ;" + z, [y, = 0. Since n = 2k is even, we have, in particular,

xl(cn) = _xgil E _"37(;21—% = _9”1(;—217

(n) (n)

(n) (n) et x; 7, are two consecutive terms of the grid, we deduce

so, 7 < 0 < z,/; and, since, z;
that 0 is not an element of z(™, and hence can not be a point of a stationary quantizer. Conse-
quently, the greedy sequence starting at a; = 0 can not be stationary.

> For n = 2k + 1 odd: First, notice that, in the greedy non-stationary sequence a(*), there
exists, at least, two non-stationary Voronoi cells, a first non-stationary cell Wi(a(%)) and its
symmetric cell Wayy1_;(a®%)) which is also non-stationary due to the symmetry of P. To build
the sequence a1 we add a new point in one of the Voronoi cells without modifying the
others. If the new point is added in one of the non-stationary cells, we know that the second one
will remain untouched, having, at least, one non-stationary cell in a2*1) . And, if the new point
is not in these cells, then they will remain untouched and there will be, at least, 2 non-stationary
cells in a(2F+1), O

However, we indicated that greedy quantization sequences satisfy a p-quasi-stationarity prop-
erty approaching the stationary property and defined, for r» € {1,2} and p € [0, 1], by

alm) a(m)
[ X —EXX* )
||)Z'a(“) X||1+p n—+o00

Saln) Sam) Salm) 1
X" —E(XIXT)]|r = o(| X" — X|177)

1+p/0 0. (412)

We detail in the following the study that allowed us to conclude with this conjecture.

We start by evaluating the error between X" and E(X \)A( “(n)) under the weighted empirical
measure P, = > 1" p?dam, hoping that a change of measures will induce positive results. We

compute the quadratic L?(R)-error

1
Salm) G )’
1Xe" ~ E(X|X (sz a") ~B(X|X € Wi(a™)) ) (4.13)
and the L!(R)-error
H)?a(n) B IE(X‘X.a(n) Zp(n) ~E(X|X € Wi(a(”)))’ (4.14)

for the one-dimensional Gaussian A(0, 1), Uniform ¢([0, 1]) and Exponential £(1) distributions.

First numerical observation The conducted experiments allow us to deduce that both
errors (4.13) and (4.14) converge to 0 when n goes to infinity, for the 3 mentioned probability
distributions. This can be explained by the convergence of the quadratic greedy quantization
error towards 0 (that is already a well known result) and by the fact that

Salm) Sam Sam Salm) Salm Sam Salm)
X7 —EXIXY ) < X" —EX[XY )]z = [E(XT = XX )]l < | XY — X2
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Figure 4.13: The errors HX'“W - E(X\)A(a(n))ﬂg and H)?“(n) —E(X\)A(a(n))Hl induced by a greedy
quantization sequence a(™ corresponding to the distribution ([0, 1]) for n = 1,...,1000 (loga-
rithmic scale).

We expose, in Figure 4.13, the convergence of the errors (4.13) and (4.14) induced by the greedy
quantization sequence of the Uniform distribution of size n varying between 1 and 1 000, where we
observe a faster convergence for the optimal sub-sequences of the greedy quantization sequence
of U([0,1]), given in Section 3.6.1 of the previous chapter, than for the greedy quantization
sequence itself.

Based on the above results, one wonders if this convergence affects, in some way, the
quantization-based numerical integration errors, or if maybe one needs to study some differ-
ent (but in a way related) property than (4.13) and (4.14), to achieve improvements. Our
motivation is the following.

Motivation If f:R? — R is a function with a Lipschitz gradient and [V fLip its Lipschitz
coefficient, then, using the same notations as previously and noting (.|.) a scalar product, one
has

FOO) = SR (AR = X = [(R(R o0 X)) - i R)x - X an
Taking the expectation yields

Ef(X) - Ef(X*") — B(Vf(X")[x — X2

=E { /0 1 (VF (X" 44X = X)) = v pE")x - X dt} ,
Since

E(VAX)IX = X) = E(VAE)|X) - E(VAX) X)) =B (VAX)EXIX) - X)),
(4.15)
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and

/01 (v (X 44X = X)) = VX)X = XY dt < [V flupElX - X2 /01 tdt,
then, owing to Minkowski and Cauchy-Schwarz inequalities, one obtains

Bf(X) —EF(X)] < [VAX) 2l EEXX) — Xl + %{mepux - X3 (4.16)
At this stage, one note that, since V f is lipschitz, then

IV X2 < 19 flupl X 2 + 9 £0)],
and, since a(™ is a greedy quantization sequence, then
1X 2 < X = X+ X1 = | i (X = a4 [ X[ < X = 0" 2 + X2

so that .
IV F(X 2 < [V Aip(1X = al™ |2 + X [12) + |V £(0)] < +oc.

Hence, we can hope that, if

IX —E(X X))z = oI X = X|12), (4.17)
then o
. Ef(X) —Ef(X™)| 1
1 — < =Vl
T ey Sl

This result provides an upper bound of the greedy quantization-based numerical integration error
better than the one adopted till now. But this is true only if the sequence a(™ is asymptotically
L2-quasi stationary, i.e. satisfies (4.17).

Remark 4.5.3. It is clear that the sequence a™ satisfies (4.17) if, and only if,
Sal™) Salm) Salm)
X = E(X|X")|l2 = o X = E(X|X*™)|3)- (4.18)
In fact, for every n > 1, one has
1X*" = XI5 = |1X - E(X|X*") + B(X|X") - X3,

Noting that ()Z'“W — E(X\)A(a(n))) € L2(Q,U<Xa(n)>,P) and by definition of the conditional
expectation E(.D?“(n)) as the orthogonal projection in the space generated by the variable )A(a(n),
pythagoras Theorem yields

Salm) Salm) Salm) Salm)
X = X3 = [1X = E(X]X")[3 + [IEXX) - X5,
So, condition (4.17) can also be read as
Sam) oalm) Saln) Salm) Salm)
X —B(X|X) 2 = o (IX - ECXIX™3) + o (E(X|X*™) = X2||5)

which yields (4.18).
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Figure 4.14: The error
forn=1,...,1000.

with a(™) a greedy sequence of the A/(0, 1) distribution

Likewise, one notes that if V f is simply bounded, then equation (4.16) becomes

Salm) Sam Sal Salm 1 Salm
Ef(X) —Ef(X" )] < IVAX" ) lo[E(X[X*T) = X ||1+§[vf]Lip||X_X 13, (4.19)

~

where we can replace ||V f(X lloo = [V flLip since V f is bounded. Then, the same arguments
as previously lead us to hope that

a("))

[ X — XX = oI X" - X]3), (4.20)
in order to obtain the upper bound

v a(™)
Ef(X)-Ef(X®

i up (B0 — E(X)
WX = X3

1
S i[vf]Lip-

Second numerical observation To test if a greedy quantization sequence is asymptotically
LP-quasi-stationary for p € {1;2}, i.e. if it satisfies (4.17) for p = 2 and (4.20) for p = 1, we
compute the ratio
| X" B X))l
v a(n)
| X — X3

p,2 — y p= 1a 2

for the probability distributions studied in this section, and we observe its behavior with respect
to the size n of the sequence. The results show that the ratio does not converge towards 0.
A divergence to 400 is observed for the whole greedy quantization sequence a(™ and for the
optimal sub-sequences as well. Figure 4.14 depicts the behaviour of Rj > for a greedy quantization
sequence a(™ of the Gaussian standard distribution of size n varying between 1 and 1000.
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Motivation Since the previous required result is not achieved, another motivation (different
but somehow similar to the previous one) leads us to set another definition of an asymptotically
quasi-stationary sequence, in the hopes of winning in terms of convergence of quantization-
based numerical integration errors. Let f : R? — R be a function with a continuous gradient.
A Taylor-Young formula yields

OO = JE) = (VIEK - X) = (X - X)e(x - X

where (X — )A(‘l(n)) is a function that converges to 0 when Xa™ converges to X. Taking the
expectation, one has

Ef(X) - Ef(X*") —E(VF(X*")|X - X*") = E[(X - X*")e(x — X))

Since, (X — )A(“(n)) converges to 0, then there exists a small constant ¢ > 0 such that (X —
X2y < ¢. Consequently, using (4.15), one has

Sam) Salm) Salm) Sam) alm)
[EF(X) = Ef(XT ) < IVFAXT ) l2[E(X]XYT) = X o + e X = X"l (421)
Moreover, if V f is bounded, then (4.21) can also be written as
Sam Sa Sam Sa Sam
[Ef(X) = Ef(XT ) < [VAX" )l [E(X[X®T) = X[ + e X = X* Tl (4.22)

Hence, a similar reasoning to the one established in the previous motivation pushes us to hope
that
|X* —EXIX)]], = o[ X — X]h), (4.23)

for p € {1;2}, in order to obtain the following upper error bound

<ec.

val™)
Ef(X)-Ef(X°

i up [ELCX) B
w X = R

Remark 4.5.4. Before we move on to the numerical results, let us note that the constant c in the
upper bound is not controlled. Thus, even if (4.23) is verified, the gain in numerical integration
is not very remarkable, but it would be interesting to study this case to get an additional idea.

Third numerical observation We are interested in the study of the convergence of the ratio

v a(™) va(m)
g, = 1X —EX|Z),
MR X

, for p,q € {1;2}.

Numerical experiments conducted for different distributions give interesting results. When con-
sidering Gaussian and Exponential distributions, the ratio R, 1 converges to 0 with an O(rf%)—
rate of decay when p = 2 and an O(n~!)-rate of decay when p = 1. However, for the Uniform
distribution, similar observations are made only with optimal sub-sequences of the greedy se-
quence. Figures 4.15, 4.16 and 4.17 present some graphs showing the behaviour of R, , with
respect to the size of the greedy quantization sequence a™ in a logarithmic scale, for different
probability distributions.
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Figure 4.15: The ratios Ry et Ro1 where a™ is a greedy quantization sequence of the N(0,1)
distribution for n =1,...,1000 (logarithmic scale).

] T

p=1and q=2
p=2and g=1| _|

Figure 4.16: The ratios Ry et R where a™ is a greedy quantization sequence of the £(1)
distribution for n =1,...,1000 (logarithmic scale).
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p=1and q=2
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-4+ -
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Figure 4.17: The ratios R; 2 et Rg 2 where a™ is a greedy quantization sequence of the ([0, 1])
distribution for n =1,...,1000 (logarithmic scale).

After comparing the various observations presented so far, we wish to put a general definition
of quasi-stationarity satisfied by the majority of the probability distributions. Therefore, we are
now interested in the behaviour of the ratio

oam) Taln)
_EGR) — %9,

. (4.21)
IX — X135
for p € {1;2} and p € [0, 1], to check whether or not
>a(N) Sa(N) >a(V) 11
IEQXIX) = X, = o([1X — X7 1157). (4.25)

We have already seen that, for p = 0, the ratio converges to 0 when the number of points n
increases (see the third numerical observation), while for p = 1, we get the contrary (see the
second numerical observation). Consequently, one wonders if there exists a limit value p; €10, 1],
such that, for p < p;, R, , satisfies the requested criteria, and for p > p;, it does not.

The convergence of the ratio R, , to 0 will cause improvements in the quantization-based
numerical integration, in this case, for p-Holder functions. In fact, if p € [0,1] and f is a
continuous function with p-Holder gradient with Holder coefficient [V f],, one has

FX) = FX) < (VAR X - )
+ /O 1 (VF (X" 44X = X)) = V)X - X0 de.
Taking the expectation yields
Ef(X) - Ef(X*") <E(VA(X)X - X))

+E {/01 (Vf (Xa(n) FUX _Xa(n))) _ Vf(Xa(n))|X _X,a(m) dt] .
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N(O,1) Ju(o,1]) | &)

3 p

=1|p=0.92 =2 =z
p pi pL ] pi 3
=2 | p =047 =2 =z
p pL p=z | =3

Table 4.1: Optimal values p; for which different probability distributions satisfy the p-quasi-
stationarity criterion for p € {1;2}.

At this stage, one notices that
! S S S Sa(m) Sa1tp [

/ (VF (X" 41X = X)) = )X = XY de < [V EX - X0 +p/ et
0 0

and uses (4.15) to obtain

Sa Sal™ Sal™ Salm Salm
Ef(X) = Ef(XT)] < [VAXS ) EX]XTT) = Xl + 77— [Vf] IX — X0

Moreover, if V f is bounded, then the above equation can be rewritten as

Sal Sam Sa(m Salm 1 Sal™
Ef(X) —Ef(X* )] < [VAX" )l [E(X]X"T) — X° me[vf]pllX*X“ 115,

Hence, if (4.25) is satisfied, then, in both cases, on can conclude with a new upper bound to the
error induced by the approximation of E[f(X)] by E[f(X “m))} given by

Salm
limsup!Ef() Ef(xe )l . 1

V£l 4.26
NS T ST 20

We study numerically the behavior of the R, , defined by (4.24) and hope to observe a con-
vergence towards 0, at least for certain values of p. The conducted experiments yield different
results depending on the underlying probability distribution. Let us give some details: For the
Gaussian distribution, R, , converges to 0 for the optimal sub-sequences a2-1) ,k € N*, seen
in Section 3.6.1 of the previous Chapter 3, for certain values of p. In the case of the Unlform
distribution, we observe a convergence of R, , for the optimal sub-sequences, given in Section
3.6.1 of Chapter 3, up to a particular p depending on whether p = 1 or p = 2. The ratio R, ,
remains bounded for the whole greedy sequence for p < 0.1. Finally, the convergence is not very
clear in the case of the exponential distribution, this can be explained by the fact that we did
not find sub-optimal sequences. However, R, , remains bounded for certain values of p.

These particular values are exposed in the two-entries Table 4.1. Moreover, Figure 4.18
represents the convergence of R, 1 for a greedy quantization sequence of N(0, 1) of size n = 400
' 4
(p= i < pr = 0.92). Figure 4.19 shows the divergence of R, 2 for a greedy sequence of U(][0, 1])
'3
of size n = 1000. Finally, we observe consistent results with Table 4.1 in Figure 4.20 where we
illustrate the behaviour of R, 1 for a greedy sequence of £(1) of size n = 1000.

These observations allow us to propose the following definition of a p-quasi stationary se-
quence, that is satisfied by greedy quantization sequences for certain values p; given in Table
4.1.

95



1

0.9

p=1 and rho=0.25
0.8 i

0.7 R

0.6 R

0.5 R

0.4 i

0.3 R

0.2 R

0.1 i

0 | | | | 1 |
0 50 100 150 200 250 300 350 400

Figure 4.18: The behavior of R, 1 for a greedy quantization sequence of the Gaussian distribution
4
N(0,1) of size n = 400.
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Figure 4.19: The behavior of R, 2 for a greedy quantization sequence of the Uniform distribution
’3
U([0,1]) of size n = 1000.
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Figure 4.20: The behavior of R, 1 for a greedy quantization sequence of the exponential distri-
2

bution £(1) of size n = 1000.

Definition 4.5.5. Let p € {1;2}, p € [0,1]. A greedy quantization sequence a™ of a random
variable X is p-quasi-stationary if

Sa(m) Sa(m) Sa(m) 1
X —E(X|IX")[lp = o(IX*" = X1 45),

or, in other words,
valm) Tal™)
[ X —EX]XY )l
v a(n 1+
X=X, v

Remark 4.5.6. (a)Definition 4.5.5 can clearly be extended to greedy quantization sub-sequences.
(b) Although it is interesting to find an optimal value of p common to all the distributions, nu-
merical experiments show that this would not be possible.

(¢) The particular case of p-Hdélder functions is not very practical since this class of functions
is not very frequent. Nevertheless, the positive numerical results obtained are interesting and
should not be overlooked.

4.6 Construction of sequences with minimal L*-discrepancy

In Section 3.6.4 of Chapter 3 and Section 4.3 of this chapter, we studied a relation between greedy
quantization sequences and low discrepancy sequences such as Van der Corput or Niederreiter
sequences. These sequences are known to have a low discrepancy because they present an
O(W)—rat}e of convergence of their star discrepancy D} defined by (3.14) as the L*-norm
of the Uniform distribution of a sequence = = (&;)1<i<n of size N on the unit cube [0, 1]%.
By replacing the L>®-norm by the L?-norm, one obtains another modulus, known as the L*-

discrepancy at the origin defined by

-

1
2 2

s A(E, =) S E 1 Y
LN(:)_[/[UJV (N—)\d(E)> du} = /[o,ud (N;%gu—ul...ud du|
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where A(E,Z) = card{i; & € E}, E = T1%,[0,u;) and u = (uy, ..

In this section, we are interested in searching for sequences with minimal L*-discrepancy.
This study is motivated by the fact that the manipulation of the L*-discrepancy is somehow
simple due to its definition. We start by finding a one point sequence for any dimension d, then
a two points sequence when d = 2 and finally switch the study to a sequence of size larger than

2.

Sy Ug).

4.6.1 One point-sequence with minimal L} discrepancy for d > 1

In this paragraph, the goal is to find a sequence consisting of a single point in any dimension d
that admits the lowest Lj-discrepancy. Clearly, a minimization problem is a problem of resolving
,&€4) the point we are looking for and start by studying

derivatives. Let us denote E = (&1, ...
the continuity of L.

Proposition 4.6.1. Ifd =1, the discrep

ancy Ly at the origin is a continuous function.

Proof. We consider two sequences Z = (£)r>1 and = = (&,)r>1 of the same size N.

* (= * =/ A(E,f) A(Evgl)
rLN@o—zam:>=:M T )| - H5E - ae)
2
A(E, A(E, ¢
< [AEE ) - AL )
2
R N
<522 tasu = 2T o,
Nz = s 9
1
< ¥ |2 e -1
k=1 2
One easily checks that 1¢, <, — ]l£/ u= ]]_£k<u<£/ so that
= o SUSS,
o1&
ILn(E) - LNE)l = ‘ > L cuse!
k=1 2
1 ol 2 \E
< — /
- N /[071]:1 <k1 1§k§u§§k> du
1
1 N , N 2
=N /[0 e (kzl]l[sk,a;](“) +2 ,;l]l[sm;](“)]l[fsj,ég}(“)) d“)
) — k=

Noticing that ﬂ[&,&;}(w ]l[gj,s;}(u) =1

/ 1
Ly(E) — Ly (E <—/
Li(E) N<M_N(mw(

k=1

N
D g () +2

(ﬁk,ﬁj),min(g;wg;)] (u), one obtains

N|=

N

2~ Lmax(en ) minel &) (%)
c]7

_ )
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At this stage, one assumes that there exists u € [0, 1]¢ for which the previous indicator functions
are equal to 1 and deduces that

1
2
1 .

N
ILy(Z) — Ly(2)] % (Z |k — &l + 216k — fk‘du> < \Jc

/

—_ —_
— —
— —

Consequently, the Lj-discrepancy at the origin is a %—Hélder function and, thus, a continuous

function. O

Now that we know that the function is continuous, we proceed to its minimzation. First, we
denote L7 the square of the Li-discrepancy at the origin of a 1 point sequence & = (£1,...,&q)
and we write it explicitly.

L%(f) = /[0 1]d ‘]1£§u1 ...]lgdgud —Uui. ..ud|2du1 .. .dud

1—{1 —QH/ u;du; + (/ %du1>2

1— 2
1 —&) -2 H 25
> When d = 1, the square of the discrepancy is given by

=8¢+

and admits a minimum at £ = % The L*-discrepancy at this point is equal to ,/%.

> When d = 2, the square of the discrepancy is given by

L3(61,6) = (1—&)(1— &) (1 1+ 51)2(1 + 52)) n %

Its derivative with respect to £; is given by

0
&1
and is equal to zero if & = 1 or &;(1 + &) = 1. In symmetry, the derivative with respect to &2

is equal to 0 for & = 0 or &(1 4+ &) = 1. So, on denotes £ = & = & and concludes with the
following condition

Li(6,6)=-(1-&)(1-&4(1+ &)

E1+6)=1 & E46-1=0
—1++5
—

that is satisfied for & =

~1+5 1+\/5> ,
and is

Consequently, the Lj-discrepancy reaches its lowest value at & = < 5 , 5

equal to %/5.
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> When d > 2, the derivative of L? with respect to &, i € {1,...,d} is given by

d d 1 _¢2 d a ]
éz—ﬂ(l—@)w& (Hl 2§]> =110-¢) (1‘2&' (leé))

’ J#i J#i J#i J#i

d
1 .
This derivative is equal to 0 if §; = 1 or 2&-1—[ %ﬁj = 1. So, the point minimizing the
J#i
discrepancy is solution to

d d
in(le(Sj)zl o 2@(11125"):”2&, vi<i<d o (427)

J#i J=1
Setting z; = 13&7 the previous equation takes the form
d
22z — 1) [[zi=2 & 2Qu-1)C=z
i=1

d
where C' = H zi. S0, (4.27) becomes z;(4C' — 1) = 2C which is equivalent to

i=1
2C .
Zi—m, VZG{I,,d}
Then,
2C \“
C—<4C_1> (4.28)

which yields

2C 1
&_2(40—1>_1_40—1'

It is clear that C > % and decreases towards % Now, if we denote K = 4C — 1, we have that

1
& = ® where K satisfies, by (4.28),

K+1 K +1\¢ 1 1\41
d —_— = —_— = —_—— _—
K( 1 ) ( 5 ) & K 5d—2 <1+ ) . (4.29)

At this stage, we try to estimate the value of K or find an explicit form of it. We rely on (4.29)

and we proceed as follows: If d = 1, it is clear that K = 2 and £ = % Otherwise, as soon as
d—1

d becomes larger than 1, the function K (1 + %) is decreasing from +oo to 1, which

means (4.29) admits a single solution K.
1 1
Assume that Ky < 1, then 1 + T > 2 so that K; > WQCIA = 2, which is absurd and,
d
consequently, we can assert that Ky > 1. Now, we assume that there exists an extracted
sub-sequence K such that Ky > 1+ n with n > 0. Then,

1 LS (e
K, 1 =2 —=
d<2d‘2(+1+n> (2)
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1
where p(n) = 1+ 17 €]1;2[, so that K,y — 0 which constitutes a contradiction. Con-

sequently, Kj converges to 1 when d grows to infinity. Furthermore, one checks that, when
d — +00, K4 can be written as follows

2 log?2 1
Ko=1+ 2821502 (4.30)
d d
And the solution to our problem is given by
2 log 2 1
~(1- -). 4.31
fam (1- 2582 +o(p) (4.31)

In conclusion, when the dimension d increases, the point with the lowest L*—discrepancy at the
d—1
origin converges to 1. A Newton algorithm applied to the function K — K — 2d 5 (1 + )

was implemented to find the numerical solution to (4.29) and has given results that are in
accordance with the theoretical results obtained in (4.30) and (4.31).

4.6.2 Two points-sequence with minimal L* discrepancy for d = 2

In this section, our aim is to find the 2 points-sequence having the lowest L3-discrepancy when
the dimension d is equal to 2. We denote = = (£, &2) this sequence where, for ¢ € {1,2}, &
is written (52-(1), §i(2)) with 51‘(1) the abscissa of the point &; and 52(2) its ordinate. We derive the
corresponding discrepancy and find the points at which it is equal to 0. The square of the L*
discrepancy of a 2 points sequence for d = 2 is denoted by L2 and given by

2

W@ gD gu®@

L3(&,&) = /[0 12 |3

2 2
=3 2 (e va?) (-6 ve®) <52 (1= (@) (- (6)) 4

k=1 k=1

Z €D <y =12~ Y

We consider several cases depending on the position of the 2 points in the square [0, 1]2.

Case 1: The points are on the first bisector (f%l) = §§2) and {él) = 552))
In this case, we denote &; := él) = §§2) and & 1= 551) = 52). The discrepancy is given by

1
4

1

1-&) +(1-&)°+2(1-& V) — (1 - (51)2)2 (1 - (52)2)2} +o (4.33)

13(=) = -

Deriving this quantity with respect to each of the components yields

OL2 1
G~ (-8 [ a0 - tosg].
OL2 1
ol RC e

101



At this stage, we assume & > & (the second possibility is the same, we simply change the
indices) and that & and & are different than 0 and 1 so that they are inside the square [0, 1]2.
Hence, the problem is reduced to finding the solution of the following system

51 +&—-5=0
&+&—5=0.
It is clear that the eligible solution is
~1+47 -1+V3
G=—pr  and G- — "

2 2

and the corresponding discrepancy is approximately equal to 0.147.

Case 2: &" #¢”) and &V # /"
The square of the discrepancy is given by

BE =+ (1) (1- ) 2 (1- v e) (1-62 v e) + (1 - ) (1- )

(@) () - (- @) (- @)

The partial derivatives with respect to each of the 4 components are as follows

oLy _ 17 2) @) |, @) O y
aél) T4 __ (1 -& ) -2 (1 —§VE ) 1551)>€£1) + 2§ (1 — ) ,
oL _1f (1) (1) ¢ ) 2
a£§2) i (1 -& ) -2 (1 —&§ V& ) €D 5@ +2¢ (1 — ) ,
OL3 _ 17 2) @ . @ )
B L) ) ( : ) |
2
oLy 17 0 1)y e @

We consider several sub-cases to study all the possibilities induced by Case 2. In all these
situations, we assume that the coordinates are in |0, 1].

o If §§1) > 5&1) and §§2) > §§2): The problem is finding the solutions of

~(1-¢?) -2 (1-&7) + 2" (1 - (552))2> —0 (4.34)
~(1- gD 426 (1 () 2)
() (1- () o

—(1-¢V) =2 (1-¢") +2§(2>( (8
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) ) (4.37)
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To simplify the notations in the following, we denote
2 1 2
a:él) b:é) ng() dzf().

(4.35) yields b = ol and (4.36) gives ¢ = (1+d) We merge both equality in (4.34) and (4.37)

1+a)
respectively to obtain

1
— 2d + 2 — = 0. 4.
324+ 204 5 =0 (4.38)
and )
— 2 2 — = 0. 4.
3420+ 2+ 55 =0 (4.39)
o B 2 V2
This yields a = d so b = ¢ as well. Now, (4.38) gives a = d = %= and (4.35) gives b =c = 1— -
Consequently, the eligible solution is
V2 V2 V2 V2
— . 1 - — 1 _—— — 4.4
§1 ( 9’ 9 and 52 9 ' 9 ’ ( O)
and the L3-discrepancy is approximately equal to 0.1703.
o If 551) < 551) and €§2) > 5%2): The goal is to solve the following system
2 1 2)\ 2
—(1—55))+2§§)<1—(§)))=o (4.41)
1 2 1)) 2
—(1—§§))+2§§)<1—(§))):0 (4.42)
2
-3 (1 ¢ ) +2¢V (1 ( (g§2>) ) ~=0 (4.43)
2
-3 (1- &) + 268 ( — (&8”) ) —0 (4.44)
With the same notations as the previous case, we get, by equation (4.41),
1
_ 4.4
T 1 b) (4.45)
and, by equation (4.42),
1
b= —— 4.46
2(1+a) (4.46)
: : : -1+V3 o :
Merging (4.45) with (4.42), one obtains a = b = — The same reasoning with equations
: —1+V7 : o
(4.43) and (4.44) yields c =d = — Consequently, the 2 points sequence is given by
-1 7T —1 7 -1 3 —1 3
51:< s ;q and @:( e} ;q. (4.47)

and its L3-discrepancy is given by 0.147.

e In all the other situations, we get the same result as in the two detailed situations above.

In conclusion, the 2 points sequence with minimal L3-discrepancy in [0, 1]? is given by (4.47)
and its discrepancy is equal to 0.147.
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4.6.3 4 points sequence with minimal L* discrepancy for d = 2

In order to find a sequence = = (&1, &2,£3,&4) in [0,1]2 which has the minimal Lj-discrepancy,
we start by writing the square of this discrepancy as follows

@ - 5 3 (1-6v ) (-6 v ) - 2 (- () (- (67)) + 5

k=1 k=1
(4.48)
The partial derivatives with respect to the 8 components of the discrepancy are given, for
every i € {1,2,3,4} by

aLzzL :_224:<1_§(2)\/£'(2))]l L L _|_}€(1) 1_(5(2))2 —|—i<1—§(2)) (449)
=B (1) rg 36 (- (@)) ¢ g (-67). @

and

OLj 2 (1), ) 1.2 2\, 1 (1

85(2) -T2 Z (1 =& V§ )]1552)26,22) + Zfl (1 — (fZ ) > + — 12 (1 -& ) . (4.50)
’i :

A first intuition is to partition the unit square into 4 sub-squares (C;)1<i<4 such that C; = [0, %]2

and the others are translations of C. Then, we predict that, for every, i € {1,2,3,4}, & € C;.

Hence, there is 8 conditions to take into consideration:

§§2><£§”, § <f(2> (”<£2 . 3% <§2 s
§ 5(2) 5 5(2) (1) § (1 <§4 _

Under these conditions, the points for which the partial derivatives are equal to 0 satisfy the
following system

(=) [+ 148 -

(1-¢) _—i+£§” (H&émﬂ
o L em = 29 (1 + §§2)) =0
1-— (2)) %4-45(1) (1 +£(2)) ;]15(1)>5(1)} ; (1 — §§ 5(2))

1— (1)) :_411 + &7 (1 + él)): 2 <1 & )) Leersge =0

+ 1 >§<2>*§2 (1+£§1)):0
1 ):—i+§3 (1+g<1>)'_%(1_§§1>> S vel) - (1—§4) L. g =0
1-e) |-+ (1) - S1m, M—;(l—fg vel) =0

Solving this system requires taking a large number of particular cases to try to cover all
the possibilities satisfying the 8 conditions taken at the beginning of this study. Among those
cases, a few admit no solution while the others are very complicated. Solving this system by
direct closed formulae does not yield promising results, that’s why one tends to try and find a
numerical solution to this problem.

(1 —§§2)) L ey =0

1
2
%(1_&&2))_%(1—% f )— (1—§4> 5(1)>§4(11):O

(
(
(
(
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Gradient descent algorithm

A gradient descent algorithm is implemented in order to minimize the L}-discrepancy in the two-
dimensional case. The algorithm was tested for different number of points IV in the sequence.
The derivatives of L3/ (&1,...,&N) are given, by generalizing the derivatives (4.49) and (4.50)
when N = 4, as follows

zg(%lv) = —]éé (1-2veD) 100 + %51(1) <1 _ (£§2>)2> ]32 (%), s
and
sz;}; ) Xi: (1-67 V&) o + %@(2) <1 - (5§1))2> ]ég (1-¢"). (52
102

We consider a sequence of steps v, = 103+

1\ 1
; + (1 - t) — and, after obtaining the sequence,
t2

we compute the corresponding discrepancy via the formulas given above. When N =1 or 2, the
numerical results are identical to the theoretical results already given. However, when N = 4,
complexities appear in the numerical procedure (just like in the theoretical procedure). In
fact, the algorithm gives us only a local minimum of the discrepancy (depending on the initial
sequence starting the algorithm). To find the global minimum, one needs to consider all the
different cases, which is illogical, especially that we will never be able to know if we have really
reached the global minimum. We present some particular cases.

o If we consider

gV <gf?,  V<ed, P <), P <,
the sequence with minimal discrepancy is given by

& = (T2, Sp2), &= (0,7,0,44),
= (0,44
&= (3 +V2 S +V2), b=(0.44,0.7),

and its discrepancy is approximately equal to 0,2315.
e If we consider

g <e’ @V <d)  @¥<e? @<,

We obtain a minimal discrepancy L3 equal to 0,2435.
e If we rely on the 1 point-sequence with minimal discrepancy and consider, for starting point,
its equivalent in each sub-square Cj, i.e. the equivalent of (1 — log(2), 1 — log(2)), which is

(0,3, 0,3) (0,8, 0,3) (0,3, 0,8) (0,8, 0,8),
the minimal discrepancy is approximately equal to 0, 2405.

Remark 4.6.2. Minimization algorithms without derivatives have been implemented to try to
minimize the discrepancy, we can name Generalised Pattern Search, Nelder Mead Simplex, the
Coordiante Search and others. However, these algorithms are not effective because even if one
gets a result when the algorithm stops, it is not necessarily the global minimum desired.
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In conclusion, taking every possible case to find the sequence with the minimal discrepancy is
not really interesting. Thus, constructing such a 4-point sequence is almost impossible. Similarly,
it would be more difficult to find sequences with more than 4 points because of the additional
conditions one has to take.
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Chapter 5

L°-rate optimality of
dilated /contracted L"-optimal and
greedy quantization sequences

Abstract We investigate some L*-rate optimality properties of dilated/contracted L"-optimal
quantizers and L"-greedy quantization sequences (a"),>1 of a random variable X. We establish,
for different values of s, LS-rate optimality results for L"-optimally dilated/contracted greedy
quantization sequences (ag ,)n>1 defined by af , = {u+0(c; —p), o € o™}, We lead a specific
study for L"-optimal greedy quantization sequences of radial density distributions and show
that they are L®-rate optimal for s € (r,r + d) under some moment assumption. Based on the
results established in [71] for L"-optimal quantizers, we show, for a larger class of distributions,
that the dilatation (af ,)n>1 of an L"-optimal quantizer is L°-rate optimal for s < r + d.
We show, for various probability distributions, that there exists a parameter §* for which the
dilated quantization sequence satisfy the so-called L*-empirical measure Theorem and present
an application of this approach to numerical integration.

5.1 Introduction

The aim of this chapter is, on the one hand, to extend some “robustness” results of optimal
quantizers to a much wider class of distributions and, on the other hand, to establish similar
results for greedy quantization sequences introduced in [45] and developed in [24]. Let L, (P)
(or simply L"(P)), r € (0,400), denote the set of d-dimensional random vectors X defined on
the probability space (2,4, P) with distribution P = Px and such that E|X|" < 400 (for any
norm | - | on R%). Optimal vector quantization consists in finding the best approximation of
a multidimensional random vector X by a random variable Y taking at most a finite number
n of values. Consider I' = {z1,...,2,} a d-dimensional grid of size n. The principle is to
approximate X by 7 (X) where mp : R? — T is a nearest neighbor projection defined by

mr(§) = Z zily, 1y (§)
i=1

107



where (W;(I)) is a so-called Voronoi partition of R? induced by I' i.e. a Borel partition

1<i<n
satisfying
Wi(F)C{geRd:|§—wi|Sm;nﬁ—a:j\}, i=1,...,n. (5.1)
JF
Then,
X' =7mp(X) =" 2l ) (X) (5.2)
i=1

is called the Voronoi quantization of X. The L"-quantization error induced when replacing X
by its quantization X! is naturally defined by

er(T, X) = || X = mr(X) | = | X = X"l = (5:3)

min | X — x|
1<i<n

T

where |||, denotes the L"(P)-norm (or quasi-norm if 0 < r < 1). Consequently, the optimal
quantization problem at level n boils down to finding the grid I'" of size n that minimizes this
error, i.e.

ern(X) = " Cai(ril(fr)gner(RX). (5.4)

where card(I") denotes the cardinality of I'. The existence of a solution to this problem and the
convergence of e, ,(X) to 0 at an (’)(n‘é)—rate of convergence when the level (or size) n goes
to +o00 have been shown (see [32, 50, 57] for example). The convergence to 0 of such an error
induced by a sequence (I'"),>1 of L"-optimal quantizers of (the distribution of) X is an easy
consequence of the separability of R%. Tts rate of convergence to 0 is a much more challenging
problem that has been solved in several steps over between 1950’s and the early 2000’s and the
main results in their final form are summed up in Section 5.2.

However, numerical implementation of multidimensional L"-optimal quantizers requires to
optimize grids of size n x d which becomes computationally too costly when n or d increase. So,
a greedy version of optimal vector quantization (which is easier to handle) has been introduced
in [15] as a sub-optimal solution to the quantization problem. It consists in building a sequence
of points (a)n>1 in R? which is recursively L"-optimized level by level, in the sense that it
minimizes the L"-quantization error at each iteration in a greedy way. This means that, having
the first n points a™ = {ay,...,a,} for n > 1, we add, at the (n + 1)-th step, the point a,1
solution to

ant1 € argmingcga er(a™ U {€}, X), (5.5)

noting that a(®) = &, so that a; is simply an/the L"-median of the distribution P of X. The
sequence (an)n>1 is called an L"-optimal greedy quantization sequence for X or its distribution
P. Tt is proved in [15] that the problem (5.5) admits, as soon as X lies in Lpa(PP), a solution
(an)n>1 which may be not unique due to the dependence of greedy quantization on the sym-
metry of the distribution P. The corresponding L"-quantization error er(a(”), X) is decreasing
w.r.t n and converges to 0 when n goes to +00. Greedy quantization sequences have an optimal
convergence rate to 0 compared to optimal quantizers, in the sense that the grids {ai,...,a,}
are L"-rate optimal, i.e. the corresponding quantization error converges with an O(n_%)—rate of
convergence. This was established first in [15] for a rather wide family of absolutely continuous
distribution using some maximal functions approximating the density f of P. Then, it has been
extended in [24] to a much larger class of probability density functions where the authors relied
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on an exogenous auxiliary probability distribution v on (R?, Bor(R?)) satisfying a certain control
on balls, the result is recalled in Section 5.2.

A very important field of applications is quantization-based numerical integration where we
approximate an expectation Eh(X) of a function h on R? by some cubature formulas. The error
bounds induced by such numerical schemes always involve the L®-quantization error induced by
the approximation of X by its (optimal or greedy) quantization usually with s > r. This prob-
lem also appears when we use optimal quantization as a space discretization scheme of ARCH
models, namely the Euler scheme of a diffusion devised to solve stochastic control, optimal
stopping or filtering problems (see [59, 60] for example) where, in order to estimate the upper
error bounds induced by such approximation schemes, one needs to evaluate L°-quantization
errors induced by L"-optimal (or asymptotically optimal) quantizers for s > r. So, one needs
to see whether such quantizers sharing L"-optimality properties preserve their performances in
L#, this is called the distortion mismatch problem and was deeply studied in [33] for sequences
of optimal quantizers. As for greedy quantization sequences, it was first investigated in [15] and
extended later in [24] as already mentioned.

Another approach to this problem was considered in [71] where the author was interested in
the fact that an appropriate dilatation or contraction of a (sequence of) L"-optimal quantizer(s)
(I'™)p>1 remains L®-rate optimal. This study was also motivated by its application to the al-
gorithms of designing L*-optimal quantizers for s # 2. In fact, several stochastic procedures,
like Lloyd’s algorithm or the Competitive Learning Vector Quantization algorithm (CLVQ), are
based on the stationarity property satisfied by optimal quadratic quantizers and designed for
s = 2. However, when s > 2, these procedures become unstable and difficult and their conver-
gence is very dependent on the initialization. So, in order to design L®-optimal quantizers, s > 2,
one can use the L?-dilated quantizers to initialize the algorithms and speed their convergence.

In this chapter, based on the same motivations, we are interested in establishing L*-rate op-
timality results of dilatations/contractions of L"-optimal greedy quantization sequences. More-
over, we extend the original results established for L"-optimal quantizers in [71] to a larger class
of distributions taking advantage of new tools developed in [24] to analyze quantization errors.
These tools are based on auxiliary probability distributions with a certain property of control
on balls. In other words, if (a™),>1 is a sequence of L"-optimal quantizers or an L"-optimal
greedy quantization sequence, then the sequence (Ozg, u)"Zl defined, for every # > 0 and u € R?,
by af , = {p+0(a; — p), a; € a"}, is L-rate optimal for s # r. A lower bound of the L*-

quantization error es(ag ,, P) was given in [71] for L"-optimal quantizers and it also holds for
greedy quantization sequences: If P = f.\g, then for every > 0, 4 € R and n > 1,

o e 1 Inf

lég_‘l_gofndeS(ag“w P) 2 Qr?s (Pv 9) (56)

where

w =

1
m(P.0) = 6" T ( / fdi-dAd> i ( / fé’,uf_dde)\d>
Re {r>0}

: 1
— 0], ( / fdirdAd) ' ( / f_dirdpa,u> (5.7)
R4 {f>o0}
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where J, 4 = H;fl n%es’n(U([O,l}d)) € (0,400) is the constant given in Zador’s Theorem (see
n

(5.8)) and fy ,, denotes the function fy ,(x) = f(u+0(x — p)). Likewise, if X ~ P = f.\g, then
Py ,, denotes the probability distribution of the random variable Xe_ E4pand dPy,, = g4 fo,u-dAg.
Our goal is then to estimate upper bounds of this error. For the L"-dilated/contracted greedy
quantization sequences, we rely on auxiliary probability distributions satisfying a certain control
criterion on balls and establish upper estimates depending on the values of s. We obtain Pierce
type universal non-asymptotic results of L®-rate optimality of a greedy quantization sequence
(o u)"Zl of a distribution P having finite polynomial moments at any order. On another hand,
we lead an interesting study for a particular class of distributions, the radial density probability
distributions, showing that the corresponding L"-greedy quantization sequences are L®-rate op-
timal for s € (r, d+r) under some moment assumption on P and we investigate a particular case,
the Hyper-Cauchy distribution, where the distribution P has finite polynomial moments up to a
finite order. As for the L"-dilated/contracted optimal quantizers, two results are already given
in [71]: one showing that an asymptotically L"-optimal sequence of quantizers is L°-rate optimal
and another restricted to a sequence of (exactly) L"-optimal quantizers and showing that it is
L#-rate optimal for s € (0,400). In this chapter, we change the approach and use auxiliary
probability distributions satisfying a control criterion on balls to extend these results to a larger
class of distributions for L"-optimal quantizers. At this stage, one wonders if the L"-dilated
sequence satisfy the so-called L®-empirical measure Theorem or if there exists a particular set
of parameters (6%, u*) for which it is satisfied, leading to wonder whether the sequence is L*-
asymptotically optimal. This prompts us to consider several particular probability distributions
and establish this study for each distribution. Finally, the application of this study to numerical
integration, introduced in [71], is detailed and illustrated, by numerical examples, for optimal
and greedy quantization.

This chapter will be organized as follows: We start, in Section 5.2, with some results and
tools, mostly from [24], that will be useful in the whole chapter. In Section 5.3, we give upper
bounds for dilated /contracted sequences of L"-greedy quantization sequences of a distribution P
having finite polynomial moments at any order, investigate an example of a not so general case
and lead a specific study for greedy quantization sequences of radial density distributions. Such
error bounds are given for optimal quantizers in Section 5.4. In Section 5.5, we present several
studies concerning the convergence of the empirical measure and the L*-asymptotic optimality
of the L"-dilated/contracted sequence of particular probability distributions. Finally, Section
5.6 is devoted to an application to numerical integration.

5.2 Main tools

In this section, we present some useful results and inequalities which constitute essential tools
needed to achieve desired results in the rest of the chapter. Let X be an R%valued random
variable with distribution P such that E|X|" < 400 for 7 > 0 and a norm | - | on R%. Let
(I'™)n>0 be a sequence of L"-optimal quantizers of X and (ap)n>0 be a corresponding greedy
quantization sequence. We start by giving the result concerning the rate of convergence to 0 of
a sequence of L"-optimal quantizers. The first part of the following theorem is an asymptotic
result and the second part is universal non-asymptotic.
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Theorem 5.2.1. (a) Zador’s Theorem (see [75]) : Let X € LLY"(P), n > 0, with distribution

R4
P such that dP(€) = o(&)d (&) + dv(€). Then,
: 1 - s 1
nglfoondenn(X) =@ (P) = JT’ngDHLWTd(Ad) (5.8)

where Jy.q = 1r;f1 néenn(U([O, 11%) € (0, +o0).

(b) Extended Pierce’s Lemma (see [44, 57]): Letr,n > 0. There exists a constant kq,., € (0,400)
such that, for any random vector X : (Q, A, P) — R,

V> 1, enn(X) < FapyOrpn(X)n (5.9)
where, for every r € (0,+00), 0,(X) = aigand X —all, < +oo.
Note that a sequence of n-quantizers (I'"),,>1 is said to be asymptotically L"-optimal if
limnde, (I, X) = Qu(P)
and L"-rate optimal if

limsupnéeT(F”,X) < 400 or equivalently Vn>1, e.(I'" X) < Cyn~d (5.10)

n—-+o0o
where C is a constant not depending on n.
The L"-rate optimality of greedy quantization sequences has been recently extended in [24].
The authors relied on auxiliary probability distributions v on (R, B(R?)) satisfying the following
control on balls, with respect to an L"-median a; of P: Assume there exists g € (0, 1] such that

for every ¢ € (0,g0), there exists a Borel function g. : R? — [0,400) such that, for every
x € supp(P) and every t € [0,e|x — a1],

v(B(z,t)) > ge(z)Vgt? (5.11)

where V; denotes the volume of the hyper unit ball. Of course, this condition is of interest only
if the set {g. > 0} is sufficiently large with respect to {f > 0} (where f is the density of P).

Theorem 5.2.2. (see [24]) Let P be such that [ga |x|"dP(x) < +00. For any distribution v and
any Borel function g. : R = R, ¢ € (0, %), satisfying (5.11),

1 3 _r %
Vn>2, e (a™,P) < op(e)aV, 4 (;) ’ (/ ge ddP) (n—1)"a (5.12)

1
where o (u) = <3T - uT> u.

Considering appropriate auxiliary distributions v and “companion” functions g. satisfying (5.11)
yields a Pierce type and a hybrid Zador-Pierce type L"-rate optimality results as established in
[24] (Zador type results are established in [15]).
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Now, we give a micro-macro inequality established in [33] (see proof of Theorem 2) to estimate
the increments e, (I, P)" — e, (I, P)" where (I'"),;>1 is a sequence of L"-optimal quantizers
of P. For every n > 1,

4(2" = e, (T, P)" N 4.27Cyn~a

", P) —e (I, P)" < 5.13
r(I", P — eI, P < ol —2 (5.13)
where Cs is a finite constant independent of n.

The following Proposition provides a micro-macro inequality established in [24] for any quan-

tizer I' of X with distribution P.

Proposition 5.2.3. Assume [ |z|"dP(z) < +o0o. Lety € R? and T C RY be a finite quantizer
of a random variable X with distribution P such that card(I') > 1. Then, for every probability
distribution v on (R, B(R?)), every c € (0, 3)

(I—¢) ="

eT(F,P)T—eT(FU{y},P)T > (C—|- 1)7“

C T
/u (B(x, Hld(m,I’))) d(z,T) dP(x).
From this Proposition, one concludes the following either for L"-optimal quantizers or for greedy
sequences:
> Since any sequence of L"-optimal quantizers (I'"),>1 clearly satisfies e, (I, P) < e, (I"™ U
{y}, P) for every y € R?, then

er(I™, P)" — e, (I P)" >e,.(I™, P)" — e, (I" U {y}, P)"

e ) P
>————— [v(B |z, ——=d(z,I") ) | d(z,T")" dP(z). (5.14
> ) v\ B\ @) Jd @ I dP(). (5.14)
> Likewise, since the greedy quantization sequence (ay,),>1 satisfies e, (a1, P) < e,(a(™ U
{y}, P) for every y € R? then

er(a™, P)" — e, (a"*D, P)" > W / v <B (:1:, C—i—%d (x, a(”)>)> d <x,a("))r dP(z).
(5.15)

5.3 Upper estimates for greedy quantizers

This is the main part of this chapter. Let r, s > 0 and let (a,)n>1 be an L"(R%)-optimal greedy
quantization sequence of a random variable X with probability distribution P. We denote
a™ = {ai,...,a,} the first n terms of this sequence. For every u € R? and § > 0, we denote
ag;)t = p+ 0™ —p) = {p+60(a; — p), 1 <i<n}. In this section, we study the L-optimality

(n)

of the sequence a, o

For this, we consider auxiliary probability distributions v satisfying the following control on
balls with respect to an L"-median a; of P: for every ¢ € (0,1), there exists a Borel function
ge : R4 — (0, 4+00) such that, for every = € supp(P) and every t € [0, |z — a1]],

v(B(z,t)) > ga(x)thd. (5.16)
Note that a; € a(™ for every n > 1 by construction of the greedy quantization sequence so that

d(z,a™) < d(z,a) for every z € R%.
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5.3.1 Main results

The following result is an avatar of Pierce’s Lemma for the L*-error es(aé /3, P).

Theorem 5.3.1. Let s € [r,d+7r) and 1 —q = df:is' Let (an)n>1 be an L"(R)-optimal greedy

quantization sequence of an R%*-valued random Uam'able X with distribution P = f.\g such that

E|X|"t0 < +oo for some § > 0 such that v+ 6 > d+,, - Letn € (0,740 — dfd—s) and let
o= Ttlfql . q = %ﬁ—tﬂql > 1 be two conjugate coefficients larger than 1. Assume
fo (1-a)q’
10 fdrg < +o0. (5.17)
{r>0y \ f

Then, for every n > 3,

(1-9)q 'Tal(d+7)
es(a(()n37 P) < o1+, Gireedy Piere (/ (ﬁ}u) fdAd> oris(P)(n —2)"a. (5.18)
’ ’ {r>0}

where e, 5(aM), P) = 0,,.5(P) < 400 denotes the L™ -standard deviation of P and

1

s _1 i) T ¢

+d(1+\q{\%)vd d (S) @) min [(1 + 6)9%(6)_%] (/(1 N ’ﬂ)”ﬁndl‘) i
)

EE(O,%

K Greedy, Pierce _ 9 é +
0,1

When s € (0, 7], notice that

es(ay), P) < e (), P)

O,u

where er(a(gn;,P) is upper bounded as in Theorem 5.3.1. However, we are still interested in

establishing a specific study for s € (0,7) and giving an upper bound for the L’-error in the
following theorem.

Theorem 5.3.2. Let s < r and X be a random variable in R with distribution P = f.\q such
that B|X|"1° < +oo for some § > 0. Assume

“EE T Ay < 400
/{f>0}f i A

Then, for every n > 3,

r—s

calalf), P) < REenPieregiss ( | ded) 7r5(P)(n—2)"
{r>0}

-

(5.19)

where er+5(a(1), P)=0,45(P) < 400 and

., 1
~Greedy,Pze7"ce _ ol+t +T -3 d(d+r) . _1 —d(H—%) d
Rg p =2 v, (d) 53(13,%) [(1 +€)er(e) d} (/(1 Vv |x]) dx) :
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Application to radial densities

In this section, we consider probability distributions with radial densities. In other words, if the
random variable X has distribution P = f.\;, we consider the auxiliary distribution

__ [ —
V= m}\d = fa.)\d

for a € (0,1) where the density function f is radial with non-increasing tails w.r.t. a; € A who
is peakless w.r.t. a1. These two terms are defined as follows

Definition 5.3.3. (a) Let A C R, A function f : R — R, is said to be almost radial non-
increasing on A w.r.t. a € A if there exists a norm ||.||o on R and real constant M € (0,1] such
that

Ve e A\{a}, fip  (@llz—allo) = M[f(z). (5.20)
If (5.20) holds for M =1, then f is called radial non-increasing on A w.r.t. a.
(b) A set A is said to be star-shaped and peakless with respect to ay if
Aa(B(z,t) N A)
Ad(B(z, 1))

p(A, |- —ay]) ::inf{ ;:CEA,0<t<$—a1\}>O (5.21)

for any norm | -| on RY.

Remark 5.3.4. (a) (5.20) reads f(y) > M f(x) for allx,y€ A\{a} for which ||y—allo < |[z—allo-

(b) If f is radial non-increasing on R® w.r.t. a € R with parameter |.||o, then there exists a
non-increasing measurable function g : (0,+00) — Ry satisfying f(x) = g(||lz — allo) for every
T #a.
(¢) From a practical point of view, many classes of distributions satisfy (5.20), e.g. the d-
2
1 .
e

dimensional Normal distribution N'(m,cq) for which one considers h(y) = p

) N (27{')%det(0'd)%
and density f(z) = h(||x — m|lo) where ||z|lo = |0, 2|, and the family of distributions defined
by f(x) x ]x|ce_a|x|b, for every x € R% a,b > 0 and ¢ > —d, for which one considers h(u) =
ufe” ™" . In the one dimensional case, we can mention the Gamma distribution, the Weibull
distributions, the Pareto distributions and the log-Normal distributions.

(d) If A =R?, then p(A, |- —al) =1 for every a € R%.

(e) The most typical unbounded sets satisfying (5.21) are convex cones that is cones K C R? of
vertex 0 with 0 € K (K # @) and such that Az € K for every x € K and A > 0. For such
convex cones K with A\g(K) > 0, we even have that the lower bound

p(K) = inf{)‘df((é’(?;)f{);xe K t> 0} _ Ad(B(O;/t) nK) _,

Thus if K = R%, then p(K) =274

Theorem 5.3.5. Let s € [r,d + 1) and 1 — ¢ = -9 Assume that P = f.\q has finite

d+r—s
polynomial moments of order % for some a € (0,1) and € > 0. Let a; denote the L"-

median of P and assume that supp(P) C A and a1 € A for some A star-shaped and peakless
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with respect to ay and that f is almost radial non-increasing with respect to ay in the sense of
(5.20). Assume

s(1+ d+r
/{ o T LI AN < oo (5.22)

Then, for every n > 3,

es(ay’), P) < wgr 2P o145 IIfIId”HfHd*’

(14a) _dtr FlcE=D .
/ f d+7‘ s fd+7 Sd)\d (n—2)73’
{r>0}

O,u°
here kGAP < 2 tac2 : 1
where “6’# < T mlnee(o,%) or(e) .

11 1 1
ddMdV *p(A,|—a1])d

Remark 5.3.6. Note that the condition (5.22) is more restrictive than the condition (5.17) in
a sense that the set of values of 0 for which (5.22) is satisfied is smaller than the set for which
(5.17) is satisfied. This will be made precise and clear in Section 5.5 for particular distributions.
However, if P has finite polynomial moments of any order r > 0, i.e. the parameter a in
Theorem 5.3.5 being as small as possible (a — 0), then the condition (5.22) yield the same
interval as (5.17).

5.3.2 Proofs
General results

We first state two rather theoretical results based on the auxiliary distribution v and its com-
panion function g. satisfying (5.16). More operating criterions based on moments of P and/or
the radial structure of its densities will appear as consequences of these theorems by specifying
the distribution v (and g.).

Theorem 5.3.7. Let s € [r,d+7) and 1 —q = dﬁfis. Let (an)n>1 be an L™ (RY)-optimal greedy
quantization sequence of an R¥-valued random variable X with distribution P = f.\g such that
E| X[ < 400 for some 6 > 0. Assume there exists an auxiliary distribution v and a Borel

function g. satisfying (5.16) for e € (0, %) such that

/{f>0} (;ZZ)Ql dPy () < +o0.

Then, for every n > 3,

a N\ Fou\ 14 PCasy .
es(aéﬁz,P) < 01+mﬁz$6dy (/ Je ddP) </{f>0} (f;) dP97M(a:)> (n—2)"a (5.23)
€

1

greedy P\ TATT e _1
where g [° = QdV (L)@@ min_ ¢ 1 [gpr<€) d}

Proof. We start by noticing that, for every n > 1,

aeu, /dzaeu (2)dNi(z) = /R min |z — p+6(p —xZ]f YdAa(z).

d g;ea( 1<i<n
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Then, by applying the change of variables = *3# + p, one obtains

s(all), P) 9S+d/ d(z, a™Y f (1 + 0(z — p))dra(z)
—=0° /Rdd z,a™)*dPy ,(x)
=0%es(a™, Py ,)°. (5.24)

Now, let us study es(a™, Pp,,). Consider ¢ € (0,15] N (0,3) so that & < e. Hence, for any

¢ 1 d(z,a'™) < e|x — a1| since a; € a™. Consequently, crlterla (5.16) is satisfied, so

such c,

there exists a function g. such that

v <B <:c, C%—Ll d(ac,a(”)))) >Vy <Cj 1)dd(1‘,a(”))dga(a:).

Then, noticing that % >3- — (25)" >0, since ¢ € (0,3), (5.15) yields

er(a™, PY — e, (a"V), PY > Vo, (—il) /ga(aﬁ)d(m, aMYT AP (z) (5.25)
c

where ¢, (u) = (37« — ur> u?, u e (0, 1). Consequently,

er(a("),P)’" — eT(a("Jrl),P)r > Vaor (c—i—cl) o~ /]Rd ge(w)d(w,a(”))d”f( )f ( )dPy ().

Now, applying the reverse Holder inequality with conjugate exponents p =
4= g <0 ylelds

€ (0,1) and

1

q

c+1

X (/]Rd d(zx, a(”))sdPgﬁ(a:));

c 4 fo 4 i (n) dir
> Vo (c—&-1> 0 </{f>0} (fg/;) (x)dPo,M:l:)) es(a\™, Py, )"
(5.26)

eT(a("),P)r - er(a(”‘H), P)Y" >Vip, <C> o~ </{f>0} (ge(x)f(x)fe_’;(x))qdpa,u(x)>

1

lal q
Consequently, denoting C1 = Vg ¢, (Cj 1) o4 (/{ } (jzg;) (a;)dP97H(a;)> , one obtains
>0 e

er(@™, P) — e, (a"Y, P)" > Creg(a™, Py, )4 (5.27)

At this stage, we know that e,(a(*), P) is decreasing w.r.t k and it is clear that it is the same
for es(a®, Py ), since

1 1
X — B B
es(a®), Py ) = E | min |a; - £ u!s] > E [ min |a; — —uff| = es@ D, By ),

1<i<k 0 - 1<i<k+1 0
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so, one has

1
nes(a® Y, Py )M < S eg(a®, Py )BT < 3 e (aW, P)T = e, (oD, P <
and, since 2 F;—‘ —1<n,

n n d+r n n d+r n 202 —-1 d+r 1 z "
§€s(a( ),Pe,p,) + < ’72“ es(a( )’P67M) + < ’72—‘ €g (a ’72‘| 7P9,u) < —-er (a[2—|>P) .

Consequently, using the result of Theorem 5.2.2

1
n 2 \d+r _ 1 n s
es(a( )>P0,M) < (C) n dtre, (G[Z—l)P) o
1

1
C —d d _r d+r
d(d+7“) r d
( ) o <C+1) o (éd% dP>

v,
lq] Diczo] 1
( ﬁ* ()MﬁA@) (n—2)"4,

1
<924

{f>0} qug

We are led to study ¢, (CJ%J_d subject to the constraint ¢ € (0, t=2] N (0,1). ¢, is increasing

—E

[y

in the neighborhood of 0 and ¢, (0), so, one has, for every ¢ € (0, %) small enough, ¢, (CJ%I) <
¢r(e), for c € (0, ;=;]. This leads to specify ¢ as ¢ = 1=, so that_7 = € which means that one
can use
dl 1
& +r __1
©Or < > < min |pp(e)” @ (5.28)
ctl %@éﬂ }

which yields

1 _r d+r
esla™, Py,) <23V, ¥ (5) T min [pr(e)4)07 ( /R 9 ddP) ”

fa, lal FlcED] s
X</bm<f£) @M%Mug (n—2)1. (5.29)

Finally, one concludes by merging this with (5.24). O

Theorem 5.3.8. Let s < r and X a random variable in R? with distribution P = f.\g and
such that E|X|"T0 < 400 for some & > 0. Assume there exists an auziliary distribution v and a
Borel function g. satisfying (5.16) for every e € (0, %) such that

/dga_adP < 400 and fﬁﬁ;fefsd)\d < 4-00.
R K

{f>0}
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Then, for every n > 3,

. =
(n) 914‘% Greedy (/ _sdP> " / —s sd)\ ° _ 2 —% 530
es(ay L P) < Ko i 9e (550} - f.9 d (n—2) (5.30)
Greedy o141 r I . _1
where kg Y =2 av, (8) @ min ¢ 1 [or(e)7d].

Proof. We start from Equation (5.27) in the proof of Theorem 5.3.7 recalled below

er(a(”), P)" — er(a(”ﬂ), Py > C’les(a("), P97#)d+r

C

9*”5/ 9(2) F9(2) £ () d\ " and g = 0 so that
)07 ([ @00 = i <050 b

1 — ¢ = %" At this stage, follow the lines of the proof of Theorem 5.3.7 to get, for n > 3,
ge, g

T

1
2\ a+r n T
es(a(n)’ P@,M) S (q) d+ (n _ 1)7#67‘ (a ’75“ , P) d+r

1
Greedy -4 1—q lal(d+r) -1
o (/ g dP) / GLf7 L 0dAs (n—2)"4.
{r>0} '

[un

where K/g}reedy 21+dv ( )d(dT+T) minge(oé) [gpr(g)_%]
Now, since s < r, one can apply Holder inequality with the conjugate exponents p’ = % >
1and ¢ = T = W > 1 which yields
1 7
Gpapiagy, = / afi-lfloagp < (/ de) ! / T dA
/{f>0} 98 o A {F>0} 9 ST o P = [ 92 {F>0} e
SO
_ 1 d r—s
i) < (L ([ i)
(>0} 9e 0,1 d = Rd ge (>0} m d
and
1 r o
(n) Greedy - r - s . 1
63(61 7P9,,u> Ko.u 0 (/Rd ge dP) </{f>0} f f9,u dAd) (n 2) 4.
and one deduces the result just as in the proof of Theorem 5.3.7. ([

Proofs of main results

Proof of Theorem 5.3.1. We consider v(dz) = 7, 5(x)\¢(dz) where

—1
K; . dz
(@) = T v K= | [T e
AV fe — ar) 7505 AV Je 5
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is a probability density with respect to the Lebesgue measure on R?. For every z € R% such
that e|lx — aq| > t and every y € B(x,t), one has |y —a1| < |y — x| + |z —a1| < (1 + )|z — a1
so that

Ks, Vytd
v(B(z,t)) > dr¥d

r+46
(1V (1 +e)|z —ay|)7o 7
Hence, (5.16) is satisfied with
K,

)

g€(x) = 448
1V (1+e)|z—ar])o

so we apply Theorem 5.3.7 where one has to handle the term

(o () " ortrst0) ™ -t ([ (5) " a0) ™

where ¢ = 75, < 0 so that 1 —¢ = djl:is. To do this, we apply Hoélder inequality with
the conjugate coefficients p’ = rtlfq_'" > 1 (due to the moment assumption on P) and ¢ =

r+d—n . .
TFo—n—dlq] = 1. This yields

1-q FicE) Py (1-q)d’ q'\q|<1d+r>
/ ga (f&u) dP < (/ gqp dP)p lq|(d+r) / (fé‘,p) dP
{f>0} / >0y \ f
Py (1-q)d’ q/|q\<1d+r>
(/ e dP)pql(d+> (/ ( ,u) fd)\d>
{(r>or \ f

>

so that

( / (gg(:v)f(x)f(;;(:U))qug7M(ﬂc)> < g ( /R dggde> ke

fou (1-9)¢’ q/lq\(1d+r>

Consequently,

1
(1-9)¢’ PUPICE=D] i, 1
(n) 1+— Greedy / (féhu) ( -z )d+r
es(ay /), <46 d\ “agp
( 0,1 ) G,M ( {f>0} f f d Rdg
(a0 ooy

! # r(r+6) i

(/ gaddP) < (/ 1V (1+e)|z—ar])®+=m n)dp>

R4 Rd
1 o
</dgg1”/dP> p’lql(d+r) < </ (1 Y (1 + 5)”1‘ . alu)r—f—d )P |q|(d+r) .
R Rd
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r(r+9)
dir+9d—mn)

r(r+9)
/ (1V (14 8)z — ar]) -7 4P < / 1V (L+8)z —ar]) PdP
R4

At this stage, notice that <r+dsincer+46—n> d+r - > 5. So,

since the function & — a® is increasing w.r.t  for a > 1. Moreover, owing to L"°-Minkowski
inequality,

</R LV (L +e)z—a])d )MH”/) <(1+ (1+e)ar+5(P)):ig(1+m2/)

where 0, 5(P) = inf, || X — al|,4s is the L™ ’-standard deviation of P. Consequently,

Greedy (r+6)(1+1qlp")

1
K (1=q)d' oTal(d+r) (r+6)(1+]alp")
GS(Qé, . P) <ot </{f>0} (@) fd/\d> (1 +(1+ €)UT+5(P)> P (g

Kd

Now, we introduce an equivariance argument. For A > 0, let X, := A(X — a1) + a; and
(aan)n>1 := My —a1) +a1)p>1. It is clear that e, (o™, X) = %er(a&n), X ). Plugging this in
the previous inequality yields

1
(1-q)q’ Tal(d+7)
(1) py < gl+2, Greedy =3 / (M) O\
(ae,u’ ) Ko u o,r <{f>0} f JdXd

(r+8)(1+]qlp")

1 e 1
<5 (1+ A +eAos(P) T (-2,
1
Finally, one deduces the result by setting A = ———. [l
(1+¢e)orts
Proof of Theorem 5.3.2. We consider the function g. defined by
Ks
ge () = .

(1V (1 + )z —a)

—1
dx
where K, = (/ (1\/],@]‘1(”6)) < +00. One has

(/ g ) <K5r (/(1v(1+g)|x_a1|)r+adp>i

so that, applying the L"T9-Minkowski inequality, one obtains

1

; 1 5
</9€ “dP( ) <Ky (1+ (1 +e)os) 't

Then, applying Theorem 5.3.8 yields , for every n > 3,

T—S8
ST

S dAd) (n—2)"
(5.32)

=

_1 [
) < PRI 0 o (L
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Finally, using the equivariance argument introduced in the proof of Theorem 5.3.1, one deduces,
. .. . . . 1

in the same spirit, the result by considering A\ = 5o (P) [l
For the proof of Theorem 5.3.5, we use the following technical lemma (established in [24]).

Lemme 5.3.9. Let v = f.\g be a probability measure on R? where f is almost radial non-
increasing on A € B(R?) w.r.t. a; € A, A being star-shaped relative to a1 and satisfying (5.21).
Then, for every x € A and t € (0, |x — a1]),

v(B(x,1) > Mp(A, | - —a1]) (2C5)~Vaf ()t
1
where Cy € [1,+00) is such that, for every x € R?, ?HLEHO < |z| < Collz||o-
0

Proof of theorem 5.3.5. We consider v = f,d)\y for a € (0,1) where

fo= Ko with Kaz( / f“d)\d>_l.

Note that [ fd)\g < +oc0o. In fact, if we denote f¢ = f@(1+|x|)*(1+|z|)~° where b = (1—a)(d+e),
€ > 0, then, applying Holder’s inequality with the conjugate coefficients % and ﬁ yields

/fa JPhale (/f (Lt faf) = g )>a</(1+\xl) (@+9) gy a ))l_a

where the first factor is finite due to the moment assumption made on P and the second factor
is finite for € > 0.

Let ¢ € (0,%). Since ;7 < 1 and a1 € a™ then, for every z € RY, chLlal(ac,a(”)) <
d(z,a™) < |z — a;|. Moreover, notice that f, is radial non-increasing with parameter M®. So,

merging (5.15) with Lemma 5.3.9, one obtains

er(a™, P)" —e, (a"TV), P)" > gor( )M“ (A,]-—a1])(2C3) vy / fa(@)d(z, ™) dP(2).

+1

Now, denoting C' = ¢, (C+1> Map(A,| - —a1|)(202)~%V; and having in mind that dP = f.d)\g
and dFy, = Gdfg,ﬂ.d)\d, yields
er(a™, P)" — e, (a1, P)" > CO gy @@ fo(@)d(z, o) dP,,(2)

> 007K, fla)t e fy (@) d(a, o ™) d Py, (x).
{f>0} ’

Applying the reverse Holder inequality with the conjugate exponents p = di-i-r € (0,1) and

4= 5= <0 yields

d+r

er(@™), P) = e ("), PY 2 COTK, ( [0, T S @ ) ([, d.a™ydr, (@) °

>0}

. a q
> co K, ( J gy 1 L @ >) es(al™, Py .
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1

At this stage, we denote C; = CO~* qK (f{f>0} f(z)~lall 1Jr“)f Yz)d\g(z ))E, follow the same
steps as in the proof of Theorem 5.3.7 and use the result of Theorem 2.2.8 in [24] to obtain

_1
emﬁk&MS(é)“%n—mdL@@Mlpyw

1

21+l 2p3 dir [al(d+m)
< T min () H0f (/ f(x)'q<1+a>f;,t“s<x)m<x>>
ddeVd p(A,]- —a1|)3 €(0,3) {r>0}

HfH”’”HfHd”( 2)4.

The result is deduced using the same arguments as in the end of the proof of Theorem 5.3.7. [J

5.3.3 Example of distributions with finite polynomial moments up to a finite
order

Theorem 5.3.1 treats the case of a distribution P that has finite polynomial moments at any
order. However, this condition is not always satisfied. The goal of this example is to see what
happens if the distribution P has finite moments up to a finite order r + 9 i.e when there exists
a finite number M such that E|X|™*% < +oo for » + 3§ < M. For this, let us consider the
hyper-Cauchy distribution P = f.\; where

Cm
r=-————
0= W ey
for a finite constant C' > 0 and m > g, this ensures the integrability of f w.r.t. the Lebesgue
measure Ag. This probability distribution has finite moments of order r + d < 2m — d, i.e.
E|X|" 0 < +oo if r +0 < 2m — d.
In order to obtain Pierce type results, one proceeds as in the proof of Theorem 5.3.1. Criterion

(5.16) is verified with
K6,r

r+48
1V (1 + )|z — ay|) =

9e(x) =

and the reasoning is the same until inequality (5.31). At this stage, since P does not have finite
moments of any order, one wonders if the above inequality makes sense, i.e. if the integrals in
the right side are finite. First, it is clear that

—q)¢ (1-q)q'
feu)(l a)q 1+ |z[? m Cm
= fdhg = / —_— —————d)\g < +0 5.33
i (55 R A+ P (0:33)
where 1 — ¢ = d-Cil-J;Ts and q p' are two conjugate coefficients larger than 1, since % is

bounded for 8 > 0 and W € L'()\g) as mentioned previously. Secondly, one notices that,

since Tj_}'fn > 1, then \q]p'drfrfn = |q|dp’ + 1’ for some 1’ > 0. Hence, one can write

‘xquldp’w

+00 ‘yqu\dp +n'+d—1
R (1 + [2[)™

dy < 4o00.
(1+ [y[?)™

/dggp’dP<+oo & —d\g(z) < 400 & /
R
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This is equivalent to

1
2m — (d|gqlp’ + 7' +d—-1)>1 & p' < m@m—d—n') <
At this stage, we note that one can choose p’ as close to 1 as possible, since its conjugate ¢’ can
be chosen as large as possible without affecting (5.33). Hence, the above condition boils down
tod|ql <2m—d << +f_s < chfd. Consequently, in order for this study to have sense, one
must have

s < (1—%)@4—7’)

which is more restrictive than the condition s < d + 7 in the case of distributions with finite
moments of any order.

5.4 Upper estimates for L"-optimal quantizers

Let 7,5 > 0 and (I'™),>1 a sequence of L"(R%)-optimal quantizers of a random vector X with
probability distribution P. For every p € R% and 6 > 0, we denote Iy, =np+ O™ — p) =
{p+0(xi—p), z; €I, 1 <i<n}

In [71], the L*-optimality of the sequence (I'y ,)n>1 was studied. The author provided some
conditions for the L*-rate optimality of this sequence depending on whether I'" is an asymptot-
ically L"-optimal quantizer (study done for s < r) or exactly L"-optimal (for s < r + d). This
study was based on the integrability of the b-maximal functions associated to an L"-optimal
sequence of quantizers (I'"),,>; defined by

) M (B(E,bdist(€,T)))
VEERY (8 = sub B pdist(e, 1))

Throughout this section, we focus on the case where I'" is exactly L"-optimal and 0 < s < r+d
and extend the results established in [71] to a larger class of distributions using tools that
appeared meanwhile in [24]. Instead of maximal functions, our study relies on micro-macro
inequalities using auxiliary probability distributions v satisfying the following control on balls
with respect to an a; € I'™: for every € € (0, 1), there exists a Borel function g. : R — (0, +00)
such that, for every = € supp(P) and every ¢ € [0, e|x — a1]],

v(B(z,t)) > g.(z)Vatd. (5.35)

(5.34)

where V; denotes the volume of the hyper unit ball.

5.4.1 Main results

The case where r < s and (I'™),>0 is a sequence of L"-asymptotically optimal quantizers of P
has been studied in [71] without the use of maximal functions but requiring the couple (6, i) to
be P-admissible, i.e. such that

{f>0}Cu(l—0)+6{f >0}

Note that if supp(P) = R? then every couple (6, ) is P-admissible. This condition is not
needed to establish upper error bounds in this chapter but will be considered in the studies for
s < r in Section 5.5.
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Theorem 5.4.1. Let s € [r,d+71) and 1 —q = =S Let X be an R%-valued random vector

d+r—s-*
with distribution P = f.\g such that E|X|"+% < 400 for some § > 0 such that r + 6 > d-i-s;i—s'
d _ - _ r4é—
Letn € (0,746 — dfr—s)’ p = rd‘q|" and ¢ = #6_777_776”(1' and let (IT"™),>1 be a sequence of

L"(R%)-optimal quantizers of X. Assume

o (1-q)d

Then, for everyn > 1,

=

1
. (1-9)¢’ lala’(d+7)
~ ima d _
es(IG ., P) < ”GO,Zt 191+50r+5(P) </{f>0} (f?u> fd)\d> n

where 0,,5(P) = inf, | X — al|,4s is the L' -standard deviation of P and

1

O 29'=1 /(27 — 1)COT + 27CT\ T 1 _g_rte o=

K/@Oﬁtlmal — Qqp/(d+1) <( ) 1 + 2) min |:(1 + 5)907"(5) di'r:| (/ (1 v |ZL‘|) dr+5—7] dl’) d+
’ Vi c€(0,3) R

d

with C1 and Co are finite constants not depending on n, 6 and u and o, : u — (3% — u”) u®, u €

0, 3)-

1

Remark 5.4.2. One checks that ¢, attains its mazimum at (dir); on (0,1).

Note that, like for greedy quantizeration sequences, the case s < r can be easily treated by

remarking that e (Fau’ P) < eT(FgW P) which is upper bounded in Theorem 5.4.1.

5.4.2 Proof

We start with a general theoretical result based on the auxiliary distribution v and its companion
function g. satisfying (5.35).

Theorem 5.4.3. Lets € (0,d+7) and 1—q = -E—. Let X be an R¥*-valued random vector with

d+r—s-
distribution P = f.\g such that E|X|"+° < 400 for some § > 0 and let (T"™),>1 be a sequence of
L7 (R%)-optimal quantizers of X such that T™ = {x1,...,x,}. Assume there exist a distribution

v and a function g. satisfying (5.35), for e € (0, %), such that

feﬂ)kﬂ
: dPy , < +o0.
/{f>0} <fg€ O

Then, for everyn > 1,

lq[(d+r)

) lal
es(I'y ,, P) < /@Opnmalﬁud%r / <f9’“) z)dPy (T n=d
( 0,u ) —= "o,u (>0} fgs ( ) 67}/4( )

. L _ 1
where kPl — (4(27" - 1)CY —|—4.2TC§> o vV, " mi

1
0.t ) [pr(e)” @ | with Cy and Cy finite

n
EE(O,%

constants not depending on n,0 and p and @, 1 u — (3% — uT) ul, u e (0, %)

124



Proof. First, as in the proof of Theorem 5.3.7, we have for every n > 1,
es(Tg ., P)° = 0%es(I'™, Ppu)° (5.36)

Then, assume that ¢ € (0, 7=] N (0, 3) so that =1 < e Moreover, d(z,I") < |z — a4 for an
ap € I'™. So, ;7d(z,I") < elz — a1 and, hence, v satisfies (5.35) w.r.t. a;. Consequently, there

exists a Borel function g. : R? — (0, 4+00) such that
¢ n ¢ a ny\d
v (B (xa et 1 d(z,T ))) > Vi <c—i—1) d(x,I")* ge().

Then, noticing that (1(_12# > o — (2%)" > 0in (5.14), since ¢ € (0, 3), yields

er (I, P) — e, (I" M P)" >V, (j_ 1) /gg(x)d(:v,l“n)dJrrdP(x)
c

1 T d 1

where @, (u) = g U )ut u € (0,5

quantizers so we follow the same steps as in the proof of Theorem 5.3.7 until we obtain

e (I, P’ — en(I™, PY > Ciey(I™, Py, )"

). This inequality is the version of (5.25) for optimal

1
lal q
where C' = V¢, <Cj 1) 64 <[{f>0} <;0;;) dngu(x)> . At this stage, since (I'"),>1 is a

sequence of L"-optimal quantizers, we use (5.13) to obtain the following upper bound

_1
4(2" — e (T, P)" 4.27"05nd> t

1
™ P ) <C~ T
es(T", Py.) <C ( nt1 nt1

_1
(4= Ve (T P 420 T Vi o (o )9
n+1 n+1 d "\e+1

) </{f>0} (j:egt) ' dpg’“(x)> m

L 1 =
< (42 = 1)Cf +4.27C5) Ty, T cpr< jl) T gats
C

lal FicE)
« ( /{ . (fﬁgﬂ) dpg,#(x)> (5.37)

where we used, in the last inequality, the definition of an L"-optimal quantizer given by (5.10).
Now, we use (5.28) to obtain

1

= 1
es(I™, Pp,p) < (4(2T - 1)CT + 4.2705) d“'n*%Vd T 975 min [or(£) 7]

c€(0,3)
1
] lal(d+r)
x (/ (fe") dPg,u(a:)> .
(f>03 \ f ge

Finally, one deduces the result by injecting this last inequality in (5.36). O
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By specifying the function g. in Theorem 5.4.3, we obtain a universal non asymptotic bound
for the error ey(I'y o P) given in Theorem 5.4.1 which proof is the following.

Proof of Theorem 5.4.1. We consider v(dx) = 7, 5(x)Ag(dx) where

-1
Ks . dx
’yr’é(x) = " p Wlt}h Ké,?’ - (/ (r+6> < +00
r+6—mn

(1V |z — aq])?7Fo—n 1V |z

is a probability density with respect to the Lebesgue measure on R? and | - | denotes any norm
on R?. Similarly as in the proof of Theorem 5.3.1, (5.35) is verified with

K&,r
r4+6
(1v(1+e)z— all)d”“"

ge(x) =

So, we apply Theorem 5.4.3 and use (5.31) to obtain

1 , %
Optimal p1td —— 7= , Tal (@) fo. (1-q)q lald’(a+r)
es(Dh P) < gy 00T S K 1 </Rd 9" dp> </{f>0} (fu> fdra "

where ¢ = J;TS_ S so that 1 —q = d-ﬁis and p’ and ¢’ are two conjugate coefficients larger than

1. By our choice of g. and the L™t% Minkowski inequality,

-

1 L
/ lq|p’ (d+T) ,% ke
( /]R 9% dP) T < KT (1 (L )ars(P)) T

where 0, 5(P) = inf, || X — a||,4s is the L"’-standard deviation of P. Consequently, one has

=

1
. 1 — (1-9)d’ Tala’ (d+7)
n Optimal 51+ ¢ _dir lq|p’ (d+r) fG,M —
es(Th 1, P) < kgPimalglts f, (1 +(1 +5)ar+5(P)) (/{M} (f) fd)\d> n
Now, we introduce an equivariance argument. For A > 0, let X := A(X — a1) + a; and
(aan)n>1 = (M(an —a1) +a1)p>1. It is clear that e, (o™, X) = %er(a&"), X ). Plugging this in
the previous inequality yields

Optimal 1 (1—q)¢’ %
K 1 . a)q lalg’ (d+r)
es( g,,ua P) < 2 1 01+%*<1 +(1+ E)AUH-&(P)) e / (fgu> fdXq n_%
ar A />0y \ f
K(S,r
Finally, one deduces the result by setting A = m. O

5.5 More examples and a dilatation optimization

Let X be a random variable with distribution P = f.Ay. The upper bounds established in
Sections 5.3 and 5.4, induce that the quantizers I'y | and aénz are L®(P)-rate optimal under one

of the following necessary and sufficient conditions depending on the value of s, as follows
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((9"3 is L*(P)-rate optimal iff P has finite moments

/f—%fgfdxd < +00. (5.38)

Note that it is the same condition for I'j | but this case is fully treated in [71].
> If s < r 4+ d, then the L"-dilated greedy sequence agz and the L"-dilated optimal sequence
I'y , are L*(P)-rate optimal iff P has finite moments of order r + ¢ for § > 0 and

> If s < r and (0, u) is P-admissible, then a
of order r + 6 for § > 0 and

f (d+(d+T>)((T:56_n)) d
/ (“‘) T fdAg < 400 (5.39)
{(r>op \ f
where € (0,746 — 3 jf_s). In particular, when f is a radial non-increasing density, the L"-
dilated greedy sequence aénz is L*(P)-rate optimal iff P has finite moments of order 1=%(d + ¢),
e > 0, and
—s(1+a) _dEtr
/ F(@) T [ (2)dAg(z) < +oo (5.40)

where a € (0,1).

This leads to determining the values of (6, ) for which these conditions are satisfied and
hence obtain an interval Ip(6, ) of the parameters for which the L"-dilated sequence is L*-
optimal. Let us denote, for the sake of simplicity, agz both sequences (Fa u)”21 and (aéﬁz)nzl.
Generally, ;1 is chosen to be equal to E[X] in order to ensure that the distribution Py, lies in
the same family of distributions of P, and the values of 6 for which the above conditions are
satisfied depend entirely on the density f of P. So, the problem is to determine the interval
Ip(#) depending on the distribution P. This way, based on L"-optimal or greedy sequences a®,
we obtain sequences aéﬁi that are L*-rate optimal, but not optimal nor even L®-asymptotically
optimal. We will carry out the study for specified families of distributions, like the multivariate
Normal distribution N(m, ), the hyper-exponential, hyper-Gamma and hyper-Cauchy distri-
butions. For each case, we determine the interval Ip(f) and show that the dilated/contracted
sequence does not satisfy the L®-empirical measure Theorem for every 6 € Ip(6). However, the

computations established allow us to determine, for some probability distributions, a particular

(n)

value 0* € Ip(f) for which the sequence . ., satisfies the theorem. Let us first recall this

Theorem.

Theorem 5.5.1 (Empirical measure Theorem). Let P be a L"-Zador distribution, absolutely
continuous w.r.t the Lebesque measure on R with density f. Let T™ be an asymptotically optimal

d
n-quantizer of P. Then, denoting Cy, = / fardAg, one has
Rd

1 1
S b = P=g [ (5.41)
z, €T noreo Cf,r
or, in other words, for every a,b € R,
L card {z; € T" N [a, ]} — FriadA
— card {x; a, v .
n Z Crr Jiat) ‘
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Moreover, for some distributions, the particular value 8* mentioned above allows the lower

bound (5.6) induced by ozgf)u to attain the sharp constant in Zador’s Theorem. This leads to

wonder whether this sequence is L°-asymptotically optimal.

(n)
0,u
is called a dilatation of o™ with scaling parameter 6 and translating number p. Likewise, if
(n)
0,1

Before proceeding with the particular studies, let us precise that, if 8 > 1, the sequence «

6 < 1, the sequence oy is called a contraction of (™ with scaling parameter 6 and translating

number .

5.5.1 The multivariate Gaussian distribution

Let P = N (m,X). We consider i = m so that the distribution Py, lies in the same family of
distributions as P. Since supp(P) = R?, then every couple (0, p) is P-admissible.

> If s < r, the sequence aam is L*-rate optimal iff § € Ip(0) = (\/g, +00). These computations
are carried out in [71] for optimal quantizers and are the same for greedy quantizers.

> If r < s < d+r, welead two studies, relying first on condition (5.39) and then on condition
(5.40)for radial densities and see what link we can make between both of them. Let us start
with the general case, i.e. condition (5.39). For ¢ = -—=2— and every ¢’ > 1, one has

d+r—s
1— ’
J e R e P A
{f>0} f
So, the sequence aé% is L®-rate optimal iff
1
1—-q)d*+(q-1)d +1>0 & #>1—-——
(maa o= 71—

and this for every ¢’ > 1. So, one can consider ¢’ as close to 1 as possible and deduce that (5.39)

is satisfied iff
S
Ip(0) = (\/mﬂ'oo)-

Now, since the Normal distribution is a radial density distribution, it is interesting to see what
the condition (5.40) yields. For every a € (0,1), one has

[ g gtin = (@ryls) [ e lrraoa)emmtE gy,
{f>0} ’

(n)

So, X

is L®-rate optimal iff
s
d+r

and this for every a € (0,1). At this stage, note that the Normal distribution has finite r-th
moment for every r > 0 so the moment assumption made in Theorem 5.3.5 allows us to choose
a as small as possible in a way that, even if % goes to infinity, we can still apply the
theorem. Hence, one chooses ¢ — 07 and the condition made on 6 reads #? > - and the

d+r
interval Ip(#) becomes
B
Ip(6) = (,/—d+r,+oo)

coinciding with the interval deduced from condition (5.39) as explained in Remark 5.3.6.

(1-q)0*+q(1+a)>0 < 6>

(1+a)
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Remark 5.5.2. One should note that choosing a scalar 6* is optimal in the case of radial density
probability distributions but, in the general case, it would be more precise if 0* is a matriz.

Empirical measure Theorem This study relies on the fact that the L"-quantizers them-
selves satisfy the L"-empirical measure Theorem so it is conducted only for L"-dilated optimal
quantizers I'y since greedy quantizers do not satisfy this theorem. In order to conclude whether
the sequence Vljgym satisfies the empirical measure Theorem, we start by determining the “limit
measure” of the empirical measure, i.e. determine the limit of % card {z; € Iy, Nla,bl}. For
every n > 1, it is clear that

{z; €Ty, N[a,b]} = {:1:Z ern [g, g”

So, since I'” satisfies the L"-empirical measure Theorem,

1 1 e 1 z—m =
—card{z; € T'y,, N[a,b]} — / fridAg = 64 f +m dNg
" | Cr J1s.3) o oy G )
where Cf, = [pa fﬁd/\d. For every 6 € Ip(0), one has
d_ _
[ (55 m) P an = (r) T [ bt e mtE g,
ad] "N O .8

and

d
_r _/d 2
ftar = (2l @ ()7
Rd d
So, the limit of the empirical measure is given by
d

d
) (i) 2 i@ [ pEa,
[a,b]

d+r
df?

1
Ecard{xi €y, Nla,b]} — (
1 d
= e f(d+7‘>92 dAd'
Jra AT drg 71at]

With this limit, one clearly does not find the limit needed to satisfy the empirical measure
Theorem for every 6§ € Ip(6). Instead, one can notice that it is possible for a particular value

0* given by
d —92 d d+$
—0 = 0 =4/ .
d+r d+s < d+r

This leads to the following Proposition.

Proposition 5.5.3. Let r,s > 0 and P = N(m,X) be a multivariate Normal distribution.
Assume I'™ is an asymptotically L™ -optimal quantizer of P. Consider

d+ s
0* =
\/ d+r’

then the sequence I'y. . satisfies the L®-empirical measure Theorem, i.e.

1 _d_
- card {z; € TG ,,, N [a,b]} — feradAg.

Crs Jiap)
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This has been shown in [71] in addition to the fact that this particular 6* minimizes the upper
bound of the L®-quantization error es(ng, P) induced by the L"-dilated optimal quantizer of
the Normal distribution. Moreover, the author has showed that, even if the lower bound (5.6)
coincide with the sharp limiting constant in Zador’s Theorem for this value of §*, the sequence
F((;Z?m is still not L®-asymptotically optimal.

5.5.2 Hyper-exponential distributions

Let X ~ P = f.\g where f(z) = e ** for a, A > 0 and |.| denotes a norm on R%. We consider
p = 0 so that the distribution P , lies in the same family of distributions as P. Note that if one
considers the density function f(z) = e *=™% for m € R, the study will be the same since the
quantities considered are invariant by translation. In other words, if I' is an optimal quantizer
of X, then I' —m(1,...,1) is an optimal quantizer for X —m. Moreover, it is clear that every
couple (0, p) is P-admissible.

> If s < r, one has

/fn () o (x )dx_/ -SSR s _/

So ag is L*-optimal iff (5.38) is satisfied which is clearly equivalent to 6 > 2. Hence, the

interval Ip(#) is equal to
1
Ip(0) = ((i)“ ,+oo> .

> For s € (r,d + r), the idea is as follows. Just as for the Normal distribution, the hyper-
Exponential distribution has finite moments of order r for every r > 0 so the moment assumption
made in Theorem 5.3.5 allows us to choose a as small as possible and the condition (5.40)
coincides with condition (5.39) as explained in Remark 5.3.6. Consequently, we will lead the
study relying on (5.39). One has, for ¢ = and every ¢’ > 1, that

_r_ 9&)|x|a

d+r s

1—q)d’
/ (f?o)( " firg = e emadra it gy,

So ap o is L*-optimal iff (5.39) is satisfied which is clearly equivalent to

1
1—q)d0°+(q—1)d+1>0 < 0*>1— ———
(1-q)q (g—1)q 70-0

and this for every ¢’ > 1. Hence, one can choose ¢’ as small as possible, for example ¢ — 1T,

yielding
S \a
Ip() = ((W) ,+oo>.

Empirical measure Theorem As explained in the previous example, this study is conducted
for L"-dilated optimal quantizers. As previously, we start by determining the limit of the
empirical measure

1 / 1 4 T r%d
= 07 [ (5)
Crr 53] Crr it )

1
—card{z; € 'y N [a, ]
n
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where C, = [pa fﬁd/\d. For every 6 € Ip(6),

f(Gfla:)T%dd)\d = / e_Adir97a|z‘a = (x) CET dg.
[a,b] [a,b] [a,b]
Moreover, one uses the fact that
oo - Hoo n_—ax? F(LH)
/Rd f(|z])dz = Vd/o f(ryrdtar and /0 e dr = banl)/b’ (5.42)

where Vy = V(By) is the volume of the hyper-unit ball on R? and T is the Gamma function, to

obtain .
[ o [ v ()
R4 R4 o} d+r

ol

By the same arguments, one deduces that

1

d
(@) g\ = ———
Rd f(ﬂj) d)\ edcfm

so that the limiting measure is

1

1 _d___
—card{z; € T'y,, N[a,b]} - ——F—— / f<d+i>9a dAg.
n Jra FEITT Ny [a,b]

Consequently, we deduce that the sequence Féno) does not satisfy the empirical measure Theorem

for every 6 € Ip(0) except for a particular value 8* given by

1

d _ d d+ s\«
9* a: 0*:

d+r d+s < (d—l—r)

hence leading to the following Proposition

Proposition 5.5.4. Let r,s > 0 and P = f.\g where f(z) = e M" for a, A > 0. Assume T'™
is an asymptotically L"-optimal quantizer of P. Consider

g <d+s>i
S \d+r/)

then the sequence I'y.  satisfies the L*®-empirical measure Theorem, i.e.

1
p card {z; € g« o N [a,b]} — fﬁddd)\d.

Crs Jiap)

Note that 0* does not depend on the parameter A of the distribution, only on «. In the next
proposition, we show that the sequence ag. ; satisfies the lower bound (5.6).

Proposition 5.5.5. Let r,s > 0 and P = f.\g where f(z) = e =" for a, X > 0. Then, the
1

asymptotic lower bound of the L*-error of the sequence ag. o with 6% = (Z—iﬁ) ° satisfies

"5 (P,0%) = Qs(P)
where QR(P.0%) = (0 Toa ([ 15 a)" [ £755 (@) fo (o)
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Proof. Elementary computations based on (5.42) show that
d

F7T () for o(a)da = L and FEEdA = Vy gi o
/ i =ve o (55) / pede)

~a r+ d r -+ d
so that
d 1+% % d+s
o* s+d fd+Td)\d f d+'r f@*Oxde: Vd (a))\ i S+d _ fﬁdkd d
’ d
and hence the result. O

It is interesting to see whether Fgf?o for 6* = ( iig) “ is L*-asymptotically optimal. For this,
we compute the upper bound of the L*-quantization error ey (Fe*’o, P) given in in Corollary 5.4.1
and see if it reaches the sharp constant in Zador’s Theorem for the different values of s. Note
that if o™ is a greedy quantization sequence, one cannot make any interesting conclusions since
it is clear that the sharp Zador constant cannot be attained by our upper bounds.

Let r,s > 0 and I'"™ an L"-optimal quantizer of P. Elementary computations based on

(5.4
show that the upper bounds of the quantization error of P induced by '} 6 0 for 6* = (id) ,
are given by

~1 d d)\ d;»s
o Jrid (J" fd+s d) if s <r,
sup,0* _ 1 4 L
r,s . d a4 ES
’ ~Optimal Vdr(g) S (s+d\se (s+d o
Ko m <a/\a e P itr<s<d+r.

One can easily notice that, for the different values of s, Q4(P) < Q;}gpﬁ*. Consequently, no con-
clusions can be made on the L®-asymptotically optimality of the sequence (Fg* )n>0. However,

1
if we have J s od instead of J* > then one can reach Zador’s sharp constant for » < s and gets
closer to it for se(r,d+r).

5.5.3 Hyper-Gamma distributions

Let X ~ P = f.\g where f(z) = |z|?e=*I" for a, A > 0 and 8 > —d and | - | denotes any norm
on R%. We consider ;1 = 0 so that Py, lies in the same family of distributions as P. In this case,
every couple (0, 1) is P-admissible since supp(P) = R?.

> If s < r, one has
[ @7 e = 07 [ e G0

So oy is L*-optimal iff (5.38) is satisfied which is clearly equivalent to 6 > *. Consequently,

Ip(6) = ((j) ,—i—oo) .

> If s < d+ r, the conditions (5 39) and (5.40) yield the same result as explained in Remark

5.3.6. For q = dJ:T - and every ¢ > 1, one has
(liq)ql /o / %
/(@70) f(@d)\d:/‘x’b’e—)\((l—q)q@ +(g—1)¢'+1)]| d)\g.
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So oy is L*-optimal iff

1
q(1-q)

and this for every ¢’ > 1. Hence, one can choose ¢’ as small as possible, for example ¢ — 1T,

yielding
S \a

Empirical measure Theorem As explained in the previous examples, this study is con-
ducted for L"-dilated optimal quantizers. First, we compute the limit

1—)0°+(q—1)gd+1>0 < #*>1—

1 1 _d_ 1 _ x #dd
—card{z; € 'y, Na,b]} — / frddg = 0~ 7 dAd
n ;0 Ofm [%7 g] Cf,’l‘ [a,b] ( 9)

where Cf, = [ga fﬁdAd. For every 6 € Ip(0),

FO 1) adN, = 0*%/ | e A A g

[a,b] (a,b]

Moreover, using (5.42) yields

dag
F(d“*r)()\ d )i(dﬂ{i‘%)

_d_ 4B A |zl o
fd+7' d\g = |$| d+re “dtr dNg = Vy
R4 Rd « d+r

Likewise, one obtains

Bd(6%—1) d d+ 48
/d |x| 0% (d+r) f(x) (d+m)o% )\ = C'fﬂ,g d+r
R

Consequently, the limiting measure is

Bd(6*—1) d

1 || T @ fT@EeT ).

1
= card{z; € T4,  [a,b]} — e /
n Jia || @ f @GN [a,b]

Hence, in order for the sequence Féng to satisfy the empirical measure Theorem, there are two

conditions to fulfill

d Bd(0* — 1)
d+roc  d+s 0o(d + 1)
This is true for )
. d+r «  [d+s\e
B ~dd+9) and 0 _(d+r) .

So, one can deduce with the following proposition.

Proposition 5.5.6. Let 7,5 > 0 and P = f.\g where f(z) = |z|’e " for a,\ > 0 and
B> —d and | -| is any norm on R%. Assume T is an asymptotically L -optimal quantizer of P.
Consider

d+r

/B:m and 9*:(

d+s>i
d+r) ’
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Normal Distribution Exponential distribution P = f\g with f(z) = z2e=

n Regression coeflicient n Regression coeflicient n Regression coefficient
255 0.9818 373 0.981 255 0.9399
511 0.9855 745 0.988 511 0.9405
1023 0.9945 1489 0.990 1023 0.9406

Table 5.1: Regression coefficients of the optimally L2-dilated greedy sequence on the L3-optimal
greedy sequence for N(0,1), £(1) and P = f.\g with f(z) = z2e~2".

then the sequence I'y.  satisfies the L*-empirical measure Theorem, i.e.

1
- card {z; € ['g. o N [a,b]} — fs%dd)\d.

Cts Jlab)

Note that one obtains the same results for the distribution with density |z — m/|?e=A*=mI"

since it is invariant by translation.

Elementary computations, similar to those established previously, show that one cannot
make any conclusions on the L*-optimality of the L"-dilated sequence considering the values of
B and 0* deduced in the previous proposition. In other words, one cannot know whether the
lower and upper bound of the L*-quantization error induced by g« o are equal or comparable
to the sharp limiting constant Qs(P) in Zador’s Theorem.

5.5.4 Numerical observations

We just showed that, for a particular value 6*, the sequence agf)u satisfies the L*-empirical mea-

sure Theorem and that the lower bound of the L®-quantization error induced by this sequence
attains the sharp constant in Zador’s Theorem, the upper bound only getting close. This pushes
to conjecture that the optimally L"-dilated sequence (ozg*7 u) is asymptotically L*-optimal. Nu-
merical experiments were established in [71] to prove this conjecture numerically for optimal
quantizers. In this section, we implement similar experiments to come to this type of conclu-
sion for optimally L"-dilated greedy quantization sequences. We denote (™ the L-greedy
quantization sequence.

Normal distribution We start with the Normal distribution A(0,1) and compute the cor-
responding L3-optimal greedy quantization sequence a®(™) by a standard Newton Raphson al-
gorithm on one hand, and the optimally L?-dilated greedy quantization sequence az;(:? with
0* = ,/ﬂ—fl = \/% and u = 0, on the other hand. We make a linear regression of the two

resulting sequences for different values of the size n and expose, in table 5.1, the corresponding
regression coefficients.

Exponential distribution We consider the exponential distribution £(1) with parameter
A = 1. In other words, it is the distribution studied in Example 5.5.2 for d =1 and o = 1. We
compute the L3-optimal greedy quantization sequence a*( by a Newton Raphson algorithm and

1
the optimally L2-dilated greedy quantization sequence aﬁ;(z) with 0* = (%‘3) ¢ = % and u = 0.
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The L2-optimal greedy quantization sequence is obtained by a standard Lloyd’s algorithm. We
expose, in table 5.1, the regression coefficients obtained by regressing the L?-dilated sequences
on the L? greedy sequences.

Hyper-Gamma distribution Let d = 1. We consider the Hyper-Gamma probability distri-
bution with parameters A = 1 and o = 8 = 2 so the density is given by

f(z) = 2% .

In example 5.5.3, we showed that the hyper-Gamma distribution satisfy the L*-empirical mea-
sure for a particular parameter 5 and a particular 6* € Ip(f). However, we conduct here the
experiment for different values and see if one always have the same convergence of the regression
coefficients to 1. We compute the L3-optimal greedy quantization sequence a*( by a Newton
Raphson algorithm and the L?-optimal greedy quantization sequence a®(™ by a Lloy(li’s algo-

m)a _ /4
r+d - 3
and pu = 0. Table 5.1 shows the regression coefficients obtained by regressing the L2-dilated
sequences on the L3 greedy sequences where we observe a slower convergence, even a divergence

of the coefficients to 1, hence deducing that this sequence cannot be L*-asymptotically optimal.

rithm. The optimally L?-dilated greedy sequence is given by az;(z) with 6* = (

Conjecture For the Normal and exponential distributions, the regression coefficient converges
to 1 for specific values of n. This leads us to conjecture that there exists a sub-sequence of the
greedy quantization sequence for which the regression coefficient converges to 1, i.e. for which
the sequence is asymptotically L*-optimal.

In fact, this “subsequence” topic has already been investigated in [21] where it has been shown
(numerically) that there exist sub-optimal greedy quantization sequences, in the sense that the
graphs representing the weights of the Voronoi cells converge towards the density curve of the
distribution for certain sizes n of the sequence. For example, the greedy quantization sequence
of N(0,1), and more generally of symmetrical distributions around 0, is sub-optimal and the
optimal sub-sequence is of the form (™) = a1V for k € N*,

Hence, it is natural to conjecture that the optimally L"-dilated sub-sequences of the same size
are asymptotically L*-optimal.

5.6 Application to numerical integration

Optimal quantizers and greedy quantization sequences are used in numerical probability where
one relies on cubature formulas to approximate the exact value of Ef(X), for a continuous
bounded function f and a random variable X with distribution P, by

Ef(X) ~ EF(R™) = 3 pt flad) (5.43)
=1

where o™ designates the optimal or greedy quantization sequence of the random variable X
and pI' = P(X € Wi(a(”))) represents the weight of the i Voronoi cell corresponding to (™
for every i € {1,...,n}. A new iterative formula for the approximation of Ef(X) using greedy
quantization sequences is given in [24], based on the recursive character of greedy quantization.
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Upper error bounds of these approximations have been investigated repeatedly in the literature,
in [24, 56, 57] for example.

In this section, we present what advantages the dilated quantization sequences bring to the
numerical integration field. This application was first introduced in [71] by A. Sagna for optimal
quantizers. Here, we briefly recall his idea and emphasize that it also works with dilated greedy
quantization sequences as well.

Let X € L?,3 € (2,+00) and let f be a locally Lipschitz function, in the sense that, there
exists a bounded constant C' > 0 such that

(@) = f(y)l < Clz = yl(L+ |27+ [y7). (5.44)

For every quantizer (™ (not necessarily stationary), one has, by applying Holder’s inequality
with the conjugate exponents r and ' = =, that

[Bf(X) - EF(X*™)] <E|f(X) - f(X™)] < CB(|1X = X" | (14 |X]771 4 |X")P1))
Salm) 1 (n)
<O lX = X (L 1X UG+ IR 15 )-
(5.45)
In order for this upper bound to make sense, one should have
—1
(ﬁl)r':(ﬁl)rﬁﬁ = r>pB>2. (5.46)
r —

In practice, since most algorithms to optimize quantization (of n-tuples of greedy sequences)
are much easier to implement in the quadratic case, it is more convenient to use such quadratic
optimal or greedy quantizers in this type of applications to approximate expectations of the form
Ef(X). However, if we use L2-quantizers a™ in our case, we obtain upper bounds involving
an L"-quantization error for r» > 2 (see (5.46)) which is not really optimal since the quantizer
used is not L"-optimal for r > 2. So, an idea is to use L?-dilated quantizers ozéng which is itself

L"-rate optimal for given values of # and p depending on the probability distribution P. For

r+d

example, if X ~ N (m,I;), then one chooses = m and 0 = g

) o
Hence, one approximates Ef(X) by Ef(X®w) rather than Ef(X*™) via

o™

X 9# Zp? “f
with pf’“ being the weight of the i*" Voronoi cell corresponding to the quantization sequence
ag,f?“ given by
n ’\a(z) "
P(X € Wilaf),) = / | H@ia) = o | Jr @) = PR € Wial))

(5.47)
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Figure 5.1: Errors of the approximation of Ef(X), where f(z) = x* + sin(z), by quadrature
formulas based on L? quantizers (blue) and dilated L? quantizers (red) for different sizes n.

= o)
where we applied the change of variables z = p + “5#. Then, since || X — X%« converges

faster to 0 than || X — X | for 7 > 2 if we consider an L?*-quantizer o™, one may expect to
observe that .
Salr Sa(m
[Ef(X) = Ef(X"00)| < [Bf(X) —Ef(X*)].

To illustrate this numerically, we consider a one-dimensional example and approximate
Ef(X), where X is a random variable with Normal distribution N'(0,1) and f is defined on
R by f(z) = 2* + sin(z) and satisfies (5.44) with 3 = 5. To satisfy (5.46), we choose r = 5 and
implement the approximation by quadrature formulas based, on the one hand, on L?-optimal

and greedy sequences a(™ and, on the other hand, on the L2-dilated optimal and greedy quan-

tizer agf)o, with 0* = \/gig = /2, which is L"-rate optimal. The exact value of Ef(X) is 3.

In Figure 5.1, we illustrate the errors induced by these approximations and we observe that, for
(n)

a same size n of the quantization sequence, the L?-dilated quantizers Qg+’ give more precise

results than the standard sequences a(™ themselves.
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Chapter 6

Quantization-based approximation of
reflected BSDEs with extended
upper bounds for recursive
quantization

Abstract We establish upper bounds for the LP-quantization error, p € (1,2 + d), induced by the
recursive Markovian quantization of a d-dimensional diffusion discretized via the Euler scheme. We
introduce a hybrid recursive quantization scheme, easier to implement in the high-dimensional framework,
and establish upper bounds of the corresponding LP-quantization error. To take advantage of these
extensions, we propose a time discretization scheme and a recursive quantization-based discretization
scheme associated to a Reflected Backward Stochastic Differential Equation and estimate LP-error bounds
induced by the space approximation. We explain how to numerically compute the solution of the reflected
BSDE relying on recursive quantization and compare it to others types of quantization.

6.1 Introduction

We are interested in the discretization and the computation of the solution of the following reflected
backward stochastic differential equation RBSDE with maturity T’

T T
Y: = g(X7) +/ f(s, Xs,Ys, Zs)ds + Kp — Ky — / Zs.dWs , t€[0,T], (6.1)
t t

T
Y, > h(t,X;) and / (Ys — h(s, X,))dK, = 0. (6.2)
0
(X¢)e>0 is a Brownian diffusion process taking values in R¢ and solution to the SDE
t t
X =X +/ b(s, Xs)ds +/ o(s, Xs)dWy, Xo =1z € RY, (6.3)
0 0

where the drift coefficient b : [0, T]x R? — R? and the matrix diffusion coefficient o : [0, T]xR? — M(d, q)
are Lipschitz continuous in (¢,z) so that b(.,0) and o(.,0) are bounded on [0,7] and satisfy the linear

growth condition
o) + [|o(, 2)]| < Lo (1 + [l]])
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with Ly » = max ([b]Lip, [0]Lip, ||b(., O)HSup, Ha(.,O)Hsup) and || - || denoting any norm on R?. (W,);>q is a
g-dimensional Brownian motion defined on the probability space (€, .4, P) equipped with its augmented
natural filtration (F;)¢>¢ where F; = o(Wy, s < t, Np), Np denotes the class of all P-negligible sets of A.
The solution of this equation is defined as a R x R? x R -valued triplet (Y;, Z;, K;) of Fi-progressively
measurable square integrable processes. K, is continuous, non-decreasing, such that Ky = 0 and grows
exclusively on {t : Y; = h(t, X;)}. The driver f(t,x,y,2):[0,T] x R? x R x R? — R is [f]rip-Lipschitz
continuous with respect to (t,x,y, z), g(Xr) is the terminal condition where g : R? — R is [g]rip-Lipschitz
continuous and h : [0, 7] x R? — R is [h]1ip-Lipschitz continuous such that g > h for every t and . Under
these assumptions on b, o, h, g and f, the RBSDE (6.1) and the SDE (6.3) admit both a unique solution.
The existence of a process (Y3, Z;, Ky), solution of (6.1), was established in [25] where the authors also
showed that this solution satisfies the following property

T
sup. [Yi| \/HKTHQPVH/ ]| <o (6.4)
te[0,T) 2p 0 P

for a finite constant vy (see also [3]). In general, these solutions admit no closed form. Approxima-
tion schemes are needed to approximate them. In the literature, many authors studied different types

of RBSDEs, for example, in [3, 18, 25, 48, 49] and many approximation schemes were investigated:
Feynman-Kac type representation formula were given in [48] for the solutions of RBSDEs, a four step
algorithm was developed in [50] to solve FBSDEs, a random time scheme in [2] and many more. In this

chapter, we start by a time discretization scheme of the forward process (X¢).c[o,7], the Euler scheme,
with the uniform mesh ¢, = kA, k € {0,...,n}, with A = % The discrete time Euler scheme (th)ogkgn
associated to the process (Xi);e[o,7) is recursively defined by

v
th+1

= X;L + Ab(tk,Xﬁ) + O'(tk, X&)AW%_*_N Xtrg =Xop=1x9 € Rd7 (65)

where AW;, = Wy, ., — Wy, for every k € {0....,n—1}. This leads to consider the time discretization
scheme (Y}, (1) associated to (Y3, Z;) given by the following backward recursion

Y = g(X7)
Y = E(Y 1 F0) + AF (e XL EY, 1 F ) Q) s k=0,.n—1,
1

= EIE(YQ’;H(WtkH -Wi) | F), k=0,...,n—1,
Y=Y Vh(ty, X)), k=0,...,n—1.

It is important to notice that, in this scheme, the conditional expectation is applied directly to Ytzﬂ

inside the driver function f depending itself on the process Z; (or 5{;) This is slightly different of what
have been already introduced and investigated in the literature. In fact, such schemes were considered
for BSDE (without reflection) in [65] and for doubly reflected BSDE in [37], whereas in most chapters
in the literature, the expectation is usually applied to the driver f from the outside. In some of these
chapters devoted to time(-space) discretization of RBSDE, the driver does not depend on the process Z;,
(see [3, 4, 9, 48] for example).

After the time discretization, the solution of the scheme (6.6) — (6.7) — (6.8) — (6.9) still admits
no closed form since it involves the computation of conditional expectations which cannot be obtained
analytically. Therefore, we are led to devise a space discretization scheme to approximate it. In the
literature, we can find various approaches: one can cite, among others, regression methods with Monte
Carlo simulations (see [J]), the multi-step schemes methods (see [7]), a hybrid approach combining Pi-
card iterates with a decomposition in Wiener chaos (see [13]), a connection with the semi-linear PDE
associated to the BSDE (see [34]) and Monte Carlo simulations with Malliavin calculus (see [9, 17, 35]).
Another approach is the optimal quantization introduced for RBSDEs in [5] and then developed in a
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series of chapters ([3, 4, 37, 65] for example). In this chapter, we will rely on the recursive quantization
of the time-discretized Euler scheme (X[ )o<k<,. This method, originally introduced in [59] and then
studied deeply in [51] and [63] for one-dimensional diffusions, consists in building a Markov chain having
values into a grid (or quantizer) T') of the discrete Euler scheme X;, at time t;. The grids 'y can be

optimized in a recursive way as a kind of embedded procedure.

In order to explain the principle of this recursive Markovian quantization, let us first recall briefly
what optimal quantization is. Assume that R? is equipped with a norm || - || (usually the canonical
Euclidean norm for our purpose). Let X € L’sz (2, A,P) and let N > 1 be a quantization level. The
aim of LP-optimal quantization is to find the best approximation of X in LP(P) by a random vector ¥
defined on (2, A, P) taking at most N values. As a first step, we may consider the grid (or quantization
grid) IV = Y(Q) = {x1,...,7,} (with possibly repeated elements). One easily checks that, I'V being
fixed, the best possible choice is given by a (Borel) nearest neighbor projection of X on I'V. It is called
a Voronoi quantization of X defined by

-~

N
X = Projon (X) 1= Y @il vy (X) (6.10)
=1

where (C;(I'Y)) L is a Borel partition of R? satisfying

<i<N

V) c{e e R g — il SminflE—wil}, i=1...N. (6.11)

The N-tuple (Ci(FN>)1<i<N
error associated to the grid T'V is defined by

is called the Voronoi partition induced by I'"V. The induced LP-quantization

ep(TV, X) = ||X = X7, (6.12)

where ||.||, denotes the LP(P)-norm. The optimal quantization problem boils down to finding the grid
I'N that minimizes this error i.e. solving the problem

ep,N(X) = - \}ITENQP(F’X).

where |I'| denotes the cardinality of the grid I. A solution to this problem exists, as established in
[32, 56, 57] for example, and is called an LP-optimal quantization grid of (the distribution of) X. The
corresponding quantization error converges to 0 as IV goes to 400 and its rate of convergence is given by
two well known results exposed in the following theorem.

Theorem 6.1.1. (a) Zador’s Theorem (see [75]): Let X € Lfl@'"(P), n > 0, with distribution P such that
dP(&) = o(&)dNa(&) + dv (&) where Ay denotes the Lebesgue measure on (R%, Bor(RY)). Then,

. N 1
li Na X)=J, ’ o, 6.13
Jm Ve, n(X) = Ballel? o (6.13)

where J, 4 = Aifr;fl NéepyN(Z/l([O, 11%) € (0, +00).

(b) Extended Pierce’s Lemma (see [14, 57]): Let p,n > 0. There ezists a constant Kqp, € (0,400) such
that, for any random vector X : (Q, A,P) — R?,

YN >1, epn(X) < KdpyOpin(X)N"1 (6.14)

where, for every p € (0,400), 0,(X) = inf | X — allp is the LP-(pseudo-)standard deviation of X.
a€R
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An important property, shared by quadratic optimal quantizers, is the stationarity property: an L2-
optimal quantizer I'V is said to be stationary if

E(X|X™) = X, (6.15)
Let us now explain what recursive quantization is. If we define the Euler operator with step A by
Er(r,epa1) =2+ Ab(tk, x) + \/Ka(tk, X)Eka1

where (ex)o<k<n is an i.i.d. sequence of random variables with distribution A (0, I;), then the recursive
quantization (X, Jo<k<n of (ch)ogkgn is defined by X, = Xg; =z and

’)\(ka = ‘s‘k—l()(tklC 11a )a (616)
Xk :PFOJFk(th) Vk=1,...,n
where (I'x)o<k<n is a sequence of optimal quantizers of ()N(tk)ogkgn of size Ny, k = 0,...,n. The opti-

mal quantizers (I'y)1<x<n can be either quadratic or LP-optimal quantizers, we will detail the difference
between these two frameworks later in the chapter. The main advantage of this method is that it pre-
serves the Markov property of the Euler scheme with respect to the filtration (F, )o<k<n, the process
th is Fi,-measurable for every k € {0,...,n}. In fact, the transition matrices (ng)1<m< N, Where
pfj = ]P)()?thrl € Ci(Trt1) | )?tk € C’i(Fk)) and the initial distribution characterize the distribution of the

Markov chain ()A(tk)kzo, which was not the case with the optimal quantization in [63] for example. This
Markov property will bring much help to carry on computations of the weights p¥ of the Voronoi cells
and the transition weights pfj, as well as with the quantized scheme of the RBSDE itself.

Going back to our problem, we consider, in this chapter, the recursive quantization scheme associated
0 (6.6)-(6.7)-(6.8)-(6.9) based on the recursive quantization (X¢, Jo<r<n of the Euler scheme (X7 Jo<p<n-
It is defined recursively in a backward way as follows:

v = g(Xr) (6.17)
“n 1
Ctk :ZE( tk+1(Wtk+1 Wtk)"]:tk)? k:O,...,n—l, (618)

Vi = max (h(80) B (Vi 1 Fu) + AF (s Ko BV, 1 F0) G ) o k=0, m =1, (6.19)

where ()A(tk)ogkgn is the recursively quantized Euler scheme associated to (X7')o<k<n given by (6.16).

As a preliminary step, we are interested in estimating the LP-quantization error ||)/€tk — XZ:, |lp, not only
for p = 2 like in [63] but for any p € (1,2+d). The fact that we are limited to p < 2+ d will become clear
later in the chapter, as well as the type of optimal quantizers I'y of )?tk needed to obtain satisfactory
upper bounds for the LP-quantization error. Note that in the quadratic case p = 2, the proof was based
on a Pythagoras property which cannot be applied in a general framework. Furthermore, we introduce
a kind of hybrid recursive quantization where the white noise (ex)o<x<n is replaced by its (already com-
puted) quantized version (€j)o<k<n.-

In a second part, we will proceed with the time and space discretization of the RBSDE (6.1), as
explained briefly before, and give more details about these schemes. We establish a priori estimates for
the time discretization error ||Y;, — ¥;||, in a quadratic case. Although time discretization have already
been studied in the literature (see [3, 9, 48, 65, 76]), our approach is still different mostly because of
the combination of the reflection in the backward SDE and the conditional expectation applied directly
to Y” and Y” inside the driver f depending itself on the process Z; (or its approximations). Likewise,

estimates for the space discretization error ||Ytk - Y[;Hp in L? for p € (1,2 + d) will be established. To
illustrate these theoretical results, we detail the numerical techniques available to compute the recursive
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quantization X—ZZ of X't’;, for every k € {1,...,...n}, their distributions and the corresponding transition
weight matrices. Moreover, we will explain how to compute numerically the solution of the discretized
scheme (6.17)-(6.18)-(6.19) associated to the RBSDE (6.1). These computations will be useful to carry
on numerical tests and experiments illustrating the above error bounds. One of the most important
applications of these quantization-based discretizations is the pricing of American options for which the
driver f is equal to 0, among other examples (with a non-zero driver) that will be presented at the end
of this chapter. This link between BSDEs and the pricing of financial options have been first introduced
in [26].

Throughout this chapter, we will replace, for convenience, the indices t; by k for k € {0,...,n}, ie.
we will use, for example, X}, instead of Xy, . Also, we will replace f(tx,z,y,2) by E(z,y,2), b(ty,.) by
bi(.) and o(ty,.) = ox(.). And, we will omit the n in V', X! |, etc.

This chapter is organized as follows: In section 6.2, we provide some short background on recursive
quantization and establish the new LP-error bounds for p € (1,2 + d), of the recursive quantization error
as well as those of the hybrid recursive quantization error. Section 6.3 is devoted to the time discretization
of the RBSDE and to the estimation of the corresponding error. The space disretization of the RBSDE
will be treated in Section 6.4. In Section 6.5, we will present the numerical techniques to compute the
recursive quantizers and the solution of the RBSDE. Finally, Section 6.6 is devoted to several numerical
examples.

6.2 Recursive Quantization: background, LP-error bounds and
hybrid schemes.

In this section, we study the discretization of the forward process (X;);>o. It is a Brownian diffusion
process taking values in R, solution to the SDE (6.3) given in the introduction and recalled below

t t
X = Xo +/ b(s, Xs)ds +/ o(s, Xs)dWy, Xy =z € R
0 0

First, we start by the time discretization and we present the Euler scheme (th)ogkgm with uniform

mesh t, = kA for k € {0,...,n} and A = %, associated to the process (Xt)e[o,r] Which is recursively
given by - - B - -

th+1 = th + Abk(th) + O'k(th)(Wthrl - Wtk), X() = XO = Xy, (620)
where Wy, ., — Wy, = VAgj 1, for every k € {0,...,n — 1} and (ex)o<k<n is a sequence of i.i.d. random

variables with distribution N'(0,1,). Its continuous counterpart, the genuine Euler scheme, is given by
dX; = b(t, Xp)dt + o(t, X;)dW; (6.21)

where t = t, when ¢ € [tg, tx+1). This process satisfies for every p € (0, +00) and every n > 1, (see [10])

sup Xt
t€[0,T)

sup Xy
t€[0,T]

+sup
P n>1

< Cyr,0(1+x0]) and
P

sup |X; —Xt\H < Cy1.0 \/Z(l +|zo|)
t€[0,T] p

where Cy 1., is a positive constant depending on p,7T,b and o.

After the time discretization, one must proceed with space discterization schemes. As introduced, we
consider in this chapter the approximation of the Euler scheme (X, Jo<k<n by recursive quantization.
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6.2.1 Background

Our aim is to design, for k€ {0,...,n}, optimal quantizers I'y of size N}, of a function of the discrete
Euler scheme (X )o<k<n- S0, the problem is to find the grid I';, that minimizes the LP-distortion function

GY (D) = E[dist (5k,1()_(k,1,5k),F)p} corresponding to Ek,l()zk,l,ak) where

En1(z,e) = 2 + Aby(z) + VAo (2)ek
and (eg)x is an i.i.d. sequence of (0, I,)-distributed random vectors independent from X.

Since Xo = X = g is fixed, its quantizer is given by I'y = {x¢}. Then, we compute X, =F, (X0 JE1)
and we build an optimal quantization grid I'y of size Ny that minimizes G¥ (X1,T) on the set of grids T' of
size N (see Section 6.5). Doing so, we are able to define the quantization of X; by )/(\'F = Projr, (X1).
Repeating this procedure, we define a(n optimized) recursive quantization of (Xx)o<k<n by the following
recursion: XQ = Xo = 2o and

X, =€ te
S o V&), (6.22)
X" ZPTOJFk(Xk) Vk=1,...,n.
In practice, we ask the grids I'y to share some optimality properties, typically to be LP-optimal or in
higher dimension to be a product grid with optimal marginals, etc. For that purpose, the following

identities play a crucial role: the LP-distortion function associated to I'y, = (a}, ... ,xlka) is approximated
by
Ny
Gi(a:lf, .. m?vk) [dlbt(Xk, {xl, . ,a:?vk})p] = ZIE[dist(Sk_l(xf_l,sk), mf)p}P(X};" IS Ci(Fk))
i=1
(6.23)

where IP’()A(};’“ S C’i(l"k)) is the weight of the Voronoi cell of centroid a:f € I',. Note that one can write the
distortion function as a function of the grid 'y, but writing it as a function of an Ng-tuple is needed to be
able to talk of its differentiability. In fact, if the Ny-tuple (z, ..., 2% ) has pairwise distinct components
and the boundaries of the Voronoi diagram (é?C’i(Fk))l <i<n, e negligible w.r.t. the distribution of X ks
then the gradient of the differentiable LP-distortion function is given by

Pk koY _ 1
VG (z],..., 0N, ) = p(E[]leeC (Fk:)( — X))~ ])ISiSNk.
Note that since the grid I'y, has pairwise distinct components for every k € {0,. .., n}, the distribution of
X, exists as soon as oo* is invertible. From now on, we denote X, instead X * for simplicity.

6.2.2 [P-error bounds for recursive quantization

Our aim is to establish LP-upper bounds for the recursive quantization error || X;, —)A(tk I, for p € (1,24d)
and k € {0,...,n}. As explained, the recursive quantization schemes of X;, are based on optimal
quantization sequences of )?tk which can be either quadratic or LP-quantization sequences, p # 2. The
more interesting case is when we rely on L?-optimal quantization because, from an algorithmic point of
view, one has direct access to optimal quadratic quantizers since they are stationary and the algorithms
used to produce optimal quantizers are either directly based on the stationarity property or easier to
manage in a quadratic framework. Nevertheless, establishing an upper bound for the error ||th. — Xt llp
where )A(tk is itself an LP-optimal quantizer of )?tk still seems a natural track to consider.

L?-optimal quantization
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We consider the case where, for every k € {1,...,n}, )?tk is a quadratic optimal quantization of )N(tk, hence
it is stationary in the sense of (6.15) (see [57]). In the following, we assume that A € [0, Amax), Amax > 0.
Note that for the Euler scheme, one can have A . = nT—O if we consider schemes with step A = % and a
number of steps n > ng for some ng > 0.

Theorem 6.2.1. Let p € (1,24 d), (Xk)ogkgn defined by (6.20) and ()?k)ogk<n the correspondz'ng Tre-
cursive quantization sequence defined by (6.22). Assume that, for every k € {0,...,n}, Xk s a stationary
quadratic optimal quantization of X of size Ny, in the sense of (6.15), with Xo =Xy =z € R%. For
every k € {1,...,n} and every § € (0,1],

k
| X5 — Xk”p (KdQ 245,p V Kd2,6 Z [Exl} Lip 02+6baT(Z)2+%Nl
=1

al=

where Kq.2,5 s the constant from Pierce’s Lemma 6.1.1(b),

p(2+43) 1 1

_ 1 L _ (d+2-p)(248) T+d
Kaza1sp < 20007V, 6%7 min [(1+€)ga(e) 7] (/ (Lviel)™ dx)
" ee0,3) R

with Kx . a finite positive constant independent from N, Vy the volume of the hyper-unit ball and pa(u) =
1 2\,.d
(3 —u?)ut,

(1) 4 .(3) s
ExlLip = A lslpre® s ) e (g g)
p 3 P
A(pbluiptel+elh e,y 19100 /7 i pe2+d)
with s =p+1> 2, c =2(=3)+ W and CS)Amax,sHl =2=3)+(p — DE|ej1|P(1 + pAmaX) and

C
C or(l) = etk (C1+C2) 2448 + 3 <etk—1(C1+02) _ 1)
2+65,b,0,7 (1) ol o1 G

where C1,Cs and C5 are defined in Lemma 6.2.4.

Before sharing the proof, we need to present some a priori useful results, mainly the distortion
mismatch problem and two lemmas. We reconsider the notations where we replace the indices t; by k to
alleviate notations.

(L", L*)-PROBLEM OR DISTORTION MISMATCH PROBLEM

Let r, s € (0, +00), the (L", L*)-problem, also called distortion mismatch problem, consists in determining
whether the optimal rate of L"-optimal quantizers holds for L*-quantizers for s # r, i.e. whether an L"-
optimal quantizer 'y of size N of a random vector X has an L®-optimal convergence rate for s # r.
For s < r, it is clear that an L"-optimal quantizer is L*-rate optimal due to the monotony of r — ||.||,.
When s becomes higher than r, we do not have such direct results. This problem was first introduced
and treated in [32, 33] for radial density distributions on R? and then generalized in [65] for all random
vectors satisfying a certain moment condition. In the following theorem, we sum up this result and give
a universal non-asymptotic Pierce type optimality result (in the sense of (6.14)).

Theorem 6.2.2 (Extended Pierce’s Lemma). (a) Let 7 > 0 and X be an R%-valued random vector
such that E|X|" < 400 for some v’ > r. Assume that its distribution Px has a non-zero absolutely
continuous component and let (I'n)n>1 be a sequence of L”-optimal quantizers of X. Then, for every

(d+7)7
gy

-

es(X™ X)) < Ky sop (X)N™ (6.24)
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where o, (X) = inf yega | X — al|, is the L™ -standard deviation of X and

1 _ (dtr—s)r’ ﬁ
Rapyrs < 207070V, B min W (e) (/ @V )y dm)
€€(0,3)

with kx » a finite positive constant independent from N, Vy the volume of the hyper-unit ball and ¥, (u) =
1

(I+u) (5 —ur) T u T

(b) In particular if X has finite polynomial moments at any order, then (6.24) is satisfied for every

se (r,d+r) and v’ > d_f:l_s.

The following lemma is a technical one used repeatedly in the proofs in this chapter. Its proof will
be postponed to the appendix.

Lemme 6.2.3. Letr€ [2,+00) and hg > 0. Let Z€ L}, (P) withEZ =0 and let a€ RY, A€ M(d,q,R).
Then for every he (0, hg),

E|a+ VhAZ|" <la|" (1 +Vn) + ) bl A|'E|Z]" (6.25)

m,ho

where ¢! = 27— 3)+w, (2 =203+ (r —1)(1 + %hg_l) and || Al is the operator norm.

T‘ho

The following lemma is important for the proof of Theorem 6.2.1.

Lemme 6.2.4. Consider (Xk)ogkgn defined by (6.20) and ()A(k)ogkgn its recursive quantization sequence
defined by (6.22). Assume that, for every k € {0,...,n}, X is a stationary quadratic optimal quantization
of Xy of size Ny in the sense of (6.15), with Xo = Xo = zo € RY For every r > 2 and every
ke{l,...,n},

~ CS
E|X,|" < et (CrtCa) | 4 =3 (etH(CﬁCz) - 1) . 6.26
| X5|" < |zo] e (6.26)
where
Or = rhyo + (r — )22+ Y, Cp = 2Ly E|ZIP AL A = Ly 27 ALL P and

max

C3=0Cy + 2’”72L (1 + AT (1 + cs,l)AmaX) with c(l) and 0(2) A deﬁned in Lemma 6.2.3.

Proof. The starting point is to use inequality (6.25) with a = 2 + Ab(¢,z) and A = (¢, ). On the one
hand, we notice that
la| <|z|+ ALy ,(1+ |z]) < |z|(1+ ALp,) + ALy .

Then, using the fact that, for every € > 0,
(a4 B)" <a" +rBla+p) !

<a 422 <(5a)rl sfil + ,BT>

o (r — 1 T
<o +r2 BT+ ea’(r—1) B (Young’s inequality with —*= and r)
r rEr(rfl) r—1
1
o (14 (r = 122" + 27257 (r 4 o o) (6.27)

one has, by considering o = |z|(1 + ALy, ) and § = ALy, that

1
lal” < fa|"(1+ ALyo)" (14 (r = 1)2772e") + 27 2A L}, <7" N 6(—1)) '

On the other hand,
IAll < ALpo(1+[z])  sothat [JA|" < 2"7TATLY (1 + |2[").
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Consequently, Lemma 6.2.3 yields
Ela + AVAZ|" <|a|"(1 + ALy,)" (1+ (r — 1)27 %) (1 + c,éUA) + L2 E|ZP AT, Jal”

+ (1 + c£1>A) 2" 2Ly A" (r + ) + Ly 2" E| 2| AT )

T Amax

1
er(r—1)

At this stage, we are interested in considering a particular value of € to avoid any explosion at infinity
in the rest of the proof. The best choice (up to a multiplicative constant) is

e=Av.
Now, we recall that A € [0, Apax), Amax > 0 and denote

Oy :=Ci(r) =rLy, + (r—1)2""2 4V
Co =0 (r, Ly, Z, Amax) = 2" L} LB Z) Al Py 1= L) 271 AL o)

maxCr A pax maxCr A pax, Z

Cs :=Cs(r, Z,Lb,g,Amax):chrzr—% (1 +7rAT 1)(1+c(1)Amax)

Having 1 4+ x < e” yields
Ela + AVAZ|" < |z| e + A(Calz]" + C3) < |x|reclA(1 + A02€—A01> + ACs < A 14" 4 ACs.
Thus, since E|X;|" = E[Ex_1(Xk_1,2x)|", one can write

E|X.|" < eACOHCIE| X, |" + ACS.

Using the fact that )A(k_l is a stationary quadratic optimal quantization of X r—1 and Jensen inequality
yield R _ R _ R _
E|Xi—1|" = EE(Xi—1|Xk-1)|" <E[E(|Xp-1|"|Xp-1)] < E[Xp_a]"

Therefore, B B
E| X" < eAOHCIR|X, " 4+ ACS.

Finally, it follows by induction that

k—1
Ep}ur SekA(Cr‘rCz)EpZ'Olr + ACy ZejA(C1+Cz)
7=0

e(k—1A(C14+C2) _

<e kA(C14C2) |(£ ‘T+A03

1)
BA(Cl +C2) —

SekA(CH—Cz)le‘T‘_'_ (E=1)A(C1+C2) _ 1)

c +02 (e

The result is obtained by noting that kA = k% = 1. (I

Proof of Theorem 6.2.1. The first step of the proof is to show that the function &(.,ex41) is LP-
lipschitz continuous with Lipschitz coefficient [Ex]Lip for every k € {0,...,n — 1}. We consider two cases
depending on the values of p.

o If p € [2,2 4 d): For every z,2’' € R?,

E|€k(z, er41) — Ex(@’ errn) " = Elz — 2’ + A(bi(z) — bi(@”)) + VAegs1 (o1 (@) — o (a”))[".
Since p > 2, one applies Lemma 6.2.3 with a =z — 2’ + A(by(2) — bx(a’)) and A = o4 (x) — ox(a’). We

have
l? < (o = o/ + Alluiple — o))" <Jz = @' (1+ Abluy)” < fo — o/ P2 e
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and

JAIP < [0,z — [P,
At this stage, reusing the constants ¢\ = 2(P=3)+ W and CS)Amax,skH =20P=3)+ (p—1)Elepp1 [P (1+
2 Afnax) defined in Lemmas 6.2.3 and 6.2.4 yields
ElEx(z,£511) — Ep(@’, )P < (A00+E 4 Aol 00 Y o — P
AlblLip+e (3) — AP te)
< |z — o [PeA PPl >(1+A[ I N L ))
A PSS 3
< |z —2'|Pe (PblLiptc;, )(1 + Alo ]Llpcl()y)Anlaxyak+l)
< |z —2|Pe (P[b]an-i-c(l)-i-[a]L.p N e, 6k+1)
o . . A(plbluiptetD +lol,, e )/p
Consequently, & is LP-lipschitz continuous with [Ex]Lip = € PP Amaxcxt1/ 07 for every

kEe{l,...,n}and p € [2,2+d).
o If 1 < p<2: Consider s=p+ 1> 2so that p— s < 0. One has

E|&k (2, ext1) — Ex(2',en41) [P = B [|Ek (2, exr1) — Ex(@, en41)|* [Ex (2, epp1) — Ex(2’, e 41) P

On the one hand,

_ / p—s
Eu(eons) — s cupn ) < o= (1 At + VLD A )

lo(@)=o ("))
< |l‘ x ‘p Se (p— S)(1+A[b]L-p+\F To—a’] |€k+1|) (since 1+z< ez)

<l|z—2aP° ( since p — s < 0).
On the other hand, one uses inequality (6.71) from the proof of Lemma 6.2.3 (see Appendix) and denotes
a=1x—1 + Albluip(z — 2') and AZ = (o(z) — o(2’))ek1, to obtain
(@, ert1) = Ex(@’ en)* |z — 2 + APJuip(z —2') + VA(o(2) = o(a’))ga|*

<la[*(1 + AcM) + 5 <a|5 12 |AWZ> +A  |AZP.

At this stage, one notices that |a|® < |z —a/|*(1 4+ A[b]Lip)® and that |[AZ|® = [o]
using 1 + x < e”, one deduces

L1p|x x'|%|ek41]%. Then,

|Ek (@, ep41) — Ek(2' ek41)|° g\x—x’|s(1+Ac§1))(1+A[b]Lip)s+s (|a|‘9 1| ||A\FZ)

+ ACS)AMX [U]iip|x —2'|®leps|®

S‘-T _x/|seA(Cgl)+s[b]Lip) + s <|a|s 1 |A\/7Z) +ACSA [ ]L1p|$ _ | |€k 1|

max

Consequently, applying the expectation and keeping in mind that E|AZ| = 0, we obtain

(1) .
E|Ek (2, ent1) — Ei(@, epp1) [P < eBles Felblm) g ’|p+ACgA [0]LiplT — 2'[PElek41[®

max

< |z — af [Pl (e +slblui) (1 + Ac (o) ipElerg[em R (1)+S[b]up))

(ol Elers )

[o1ipElertl®)

< |x T |p6A((/(1)+6[b]Llp)(1 + Ac A

max

< |z — a/pe (D +slbluip+el?

s Amax
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Consequently, & is LP-Lipschitz continuous, for every k € {1,...,n} and p € (1,2), with [Eluip =
A +slbluip+eP) [0l Elerl*) /p.

s;Amax

For the second step, we first note that

[ Xks1 = Xesillp = 1€6(Xp, enr1) — Ek()?k,ekH)Hp
< [EJuinl Xn — Xl
< [Exluipl Xk — Xillp + [Ex]uipl| Xk — Xellp-

Then, we show by induction, since )?0 = )?0, that

Xk = Xellp < D (€I 12X — Xillp-
=1

Consequently,

o

1X5 = Xellp < 1 Xk = Xellp + 1 X6 = Xellp < D _Exlf 1 X0 — Xillp.

Now relying on the fact that )Z'l is an L2-optimal quantizer of X, for every | € {1,...,k}, we distinguish
two cases: one the one hand, if p € (1,2), we use the monotony of p — || - ||, and Pierce’s Lemma (6.14)
to conclude that, for every I € {1,...,k},

-

1X: — Xall, < 1 X0 — Xill2 < Xillo+5N,

for some & > 0, and, on the other hand, if p € [2,2 4+ d), we note that X; = Fl()A(l,hsl) has finite
polynomial moments at any order since the innovations (ex)o<k<n inn the Euler operators are with Gaus-
sian distribution and hence have finite polynomial moments at any order, so one uses section (b) of the
distortion mismatch Theorem 6.2.2 to conclude that the quantlzatlon Xl of Xl is LP-rate optimal for
every p € [2,2 4 d), in other words, we consider 6 > 0 such that ' =2+ 4§ > d+2_p > 2 so that

-

I1X: — Xillp < Kaoo46p Xill2+6N, “.

Hence, for every p € (1,2 +d),

1

k
||Xk_Xk||p (Kd22+5,p\/l€d25 Z Llp 11X lo+s N, .
=1

The result is obtained by plugging (6.26) for » = 2 4+ ¢ > 2 in this last inequality. (]

Remark 6.2.5. In higher dimensions, an approach to obtain the quantization grid of a multidimen-
stonal random variable is by taking the tensor product of one-dimensional quantization grids, that is the
independent marginals of the distribution. The product quantization grid hence obtained by independent
optimal one-dimensional quantizers is stationary and so this problem is solved in the multidimensional
case. However, in most cases, the components of the diffusion X; are not independent so this is not a
very useful technique in practice.

Remark 6.2.6. We assume that )/i\'k is an LP-optimal quantizer of )Z'k for every k € {1,...,n}. What
differs from L?-optimal quantizers is that LP-optimal quantizers are not usually stationary, a property
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that was very useful in the quadratic case. The beginning of the study is exactly similar to the quadratic
framework until we obtain _ R
E|X.|" < eAOHCIR|X, " 4+ ACS.

At this stage, one cannot use the stationarity property. Instead, applying inequality (6.27) yields

- - - - 1
E[Xi—1|" <E(|Xp1 — Xpo1] + [Xeo1])” S E[Xpm1 — Xjoa["e@2 + E| Xy |27~ 2(7"—1- A= 1)

where we took e = A+ and denoted Cy = (r — 1)2"~2. Then,

E| X" < E[Xp_1 — Xp_1| eCrHCatCaa e(cl+02>AE|§k_l|r2r72(r n ) N

1
Arfl

and an induction yields

k
~ 1
E|Xj|" <ekA(C1+C2) {2T2(r+ A’“—lﬂ E|Xo|"

. k
+ Ze(kfi)A(ClJng) <E|)?k—1 _ )?k_1|7‘6(C1+C2+C4)A + ACg) |:27‘2 (,,, + A7«1_1):|
1=0

which clearly diverges as n goes to infinity. The fact that it seems impossible to get rid of the factor i,
without the stationarity property, leads to conclude that we do not obtain satisfactory LP-error bounds
with a non-stationary LP-optimal quantizer Xk of Xk However, this is not really problematic since this
s a very rare situation in practice because, as mentioned previously, one usually uses quadratic optimal
quantizers for numerical purposes.

6.2.3 Hybrid recursive quantization

When the dimension becomes greater than 1, computing the distribution (grids and transition matrices)
of ()A( k)o<k<n Vvia the recursive formulas (6.22) cannot be achieved via closed formulas and deterministic
optimization procedures. Multi-dimensional extensions can be found in [28] based on product quantization
but this approach becomes computationally demanding when the dimension grows, an alternative being
to implement a massive "embedded” Monte Carlo simulation. We propose here a third approach based
on the quantization of the white noise (here a Gaussian one). This quantization can be part of a pre-
processing and kept off line. In the case of a Gaussian noise, highly accurate quantization grids of
N(0; I,) distributions for dimensions d = 1 up to 10 and regularly sampled sizes from N = 1 to 1000 can
be downloaded from the quantization website www.quantize.maths-fi.com (for non-commercial purposes).
In other words, we consider, instead of (6.22), the following recursive scheme

{ ;k —ik—.l(Xk:l,ék), (6.28)
r = Projp, (X&), Vk=1,...,n.
where (£)); is now a sequence of optimal quantizers of the Normal distribution N(0,1,), which are
already computed and kept off line. The main advantage of this approach is that using quantization
grids of small size N;, approaching the Gaussian random vectors ¢, gives the same precision as a Monte
Carlo simulation of much larger size, always having in mind that the optimal quantizers can be computed
offline and called when needed. This is a great gain in cost.
In the following, we establish LP-error bounds of this hybrid recursive quantization scheme, for p €
(1,2 4+ d), in terms of the error between Xk and X and the quantization error between e and &
simultaneously. We recall that A € [0, Apax), Amax > 0.

Theorem 6.2.7. Letp € (1,2+d) and § > 0. Consider (Xk)ogkgn defined by (6.20) and ()A(k)ogkgn its
hybrid recursive quantization sequence defined by (6.28). Assume that, for every k € {0,...,n}, Xj is a
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stationary L?-optimal quantization of X, of size NiX in the sense of (6.15) with )/(\'0 = Xy =20 € R* and
(Ek)o<k<n an LP-optimal quantization sequence of the Gaussian distributed sequence (ey)o<k<n Of size
Ni. For every k € {1,...,n},

k-1

k
k _1 — _1
Xk = Xillp < (Kazatap V Kazs) D_IFE LlplC;IgbaT(NlX) T+ KapnlFElL el (V)
=1 =1

where Kq2,, 1s the constant given by Pierce’s Lemma, Kq2 245, 15 given in Theorem 6.2.2,

Cs
Cortsp,0, = (O 0[P+ 4 (et’“*(cl*c?) - 1)

C1+Cy
with C1,Co and C3 are defined in Lemma 6.2.4,

afl.myp op—1c(2) )
3 (cp +Lyo (pr2r=1e®, ) ifp€(2,2+d)

[FI?]Lip =
A (1)+ Ly o425"1L8 . (2) Ele|® 4222 )
6”( T i (Bl 252) ifpe(1,2)
and 1
Al 2p_1c(2) L P . 9 9 d
: ' P Aumax 00 ifpe2,2+d
[Fk]Lip - . " %

AP (%237163,Amang’U) ifpe (1, 2)

(1)

where s=p+1, ¢y’ and C;%)Amax are defined in Lemma 6.2.3.

Proof. We start by showing that & is Lipschitz continuous with respect to its two variables. For
every z, 2’ € R? and R%valued r.v. € and ¢’ with standard Normal distribution, we consider two cases
depending on the values of p.
o If p € [2,2+ d): Always keeping in mind that A < Ap,.x, Lemma 6.2.3 yields
E|E(z,e) — E(a', )P =E|x — 2’ + A(b(z) — b(a')) + VA(o(x)e — a(z")e") |
<oz —a' + A(b@) = b)) [P (1 + cVA) + APy E|o(z)e — o(a)e|”
<lz— '[P (1 + ApblLip) " (1 + VD A) + AC(Q)

Elo(z)e — o(a')e'[”

Amax

where c( ) and C;Q,)Amax are defined in Lemma 6.2.3. Now, noticing that |o(z)e — o(a’)e’| = |o(x)e —

o(2')e + o(a')e — o(a')e’| and using (a + b)P < 2P~ 1(aP + bP) yield
E|&(x,e) — Ex(2!, )P <]z —2'|P(1 + Alb]Lip)P(1 + cl(jl)A)

+ 27713 A(Elo(a)e — o(a)e'|P +Elo(z)e’ — U(x/)€/|p)

P, Amax
<lo— o' ((1+ ARJup) (1 + D A) + 2 AcE) ol BlE'|?)
_ 2
+27 7 AL loflooEle — €/[P.
Now, using the fact that 1 + x < e® yields
E|&(z,e) — Ex(a’, )P < e“2 |z — 2'|P + ACE|e — £/
where C' = p[bLip + b + 2(p’3)++”*1(p 1)(1 + pAr%gxl)[ JLip and C = 20=3)++p=1(p — 1)(1 +
pA,%ax)HUHoo Then, applying (a + b)v <ar +bv for a,b> 0 and p > 1 yields

[E6(z,2) = E(a’,&)lp < €Tl — 2 [lp + (AC)F || — &l
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Consequently, & is Lipschitz continuous for k € {1 n} and for p € [2,2+d) with Lipschitz coefficients
[FELip < €AC/P and [FE]Lyp < (AC)5.

e If p € (1,2): Consider s =p+ 1> 2 so that p — s < 0. One has
E|&k(z,e) —

Ex(, NP =
On the one hand,

E [|Ex(z,€) — Ex(a’, €)|* €z, €) — E(a,€")[P°] .

_ NI\ P—S
(Ex(,2) = Exa, )P < o — P~ S<1+A[ JLip + H““_‘jﬂ)
<z — $/|pfs€(p—s)(1+A[b]L,p+\FW)
<lo—aP

(since 1+ z <€)
( since p— s < 0).

On the other hand, using inequality (6.71) from the proof of Lemma 6.2.3 (see Appendix), and noting
a=x—1a 4+ AbLip(z — 2') and AZ = o(z)e — o(2’)e’, yields
[ (2,2) = Ex(a’,&)|° <[w — 2’ + Albluip(z — 2) + VA(o(2)e — o (2'))|*

<la]*(1+ AclM) + s (|a|s—1|“|A\/KZ> + AAm) | AZ),
a
At this stage, one notices that |a|® < |z — 2/|*(1 + A[D]Lip)® and that
|AZ| = |o(x)e — o (2

e < lo(a
so that

Je — o (')l + |o(a")e — o(a)e'| < [o]uiplz — @'[le] + |o(2)|e — €]

|AZ] <2271 ([0]iplz — 2')°lel® + [0l ]e — €'1°) -
Hence, since 1 +z < e*

€x(2,€) — Ex(a,e)]* <lo — 2/ (1 + AcD)(L + Ablu)® + s (|as—1@|A¢KZ)
+ ACS)AMX2 — (lo]f

T ([oliple = 2 Plel® + llollSle = €'1°)
S|x _ x/lseA(Cil)“FS[b]Lip) +s <a|s 1 |a| |A\/7Z>
+ A% 2

5,Amax ot ([ ]Llp|x - | |€‘s + ||U||s ‘E - | )
Consequently, applying the expectation and keeping in mind that E|AZ| = 0, we obtain

El&k(z,e) — Er(2, )P < eA(Cgl)Jrs[b]L‘P)IE\x 2'|P

+ Ac(z)

8,Amax

227" ([olpElle — '[P lel*] + [l 13
P

soElle —&'l*lz = 2"[P~7]) .
Using the fact that ¢ is independent of {x, 2’} and applying Young inequality with the conjugate exponents
£ and ;2 to Efle — &'|*|z — 2'[P7°] yields

EJg(r,€) — Ex(a’, )P < Efo — o/ (A +0lum) 4 A

S,Amax2s 1[ ]LlpE|E| )
S
+ A3 2 oIy, (plms 4P

E|x -z p)
p
<Elz— x/|p (EA(C(Sl)+s[b]Lip) 4 Af@l) + ARgEle — €|
< E|£L’ o |p Al )+s[b]L‘p)(1 + ARje”

AP +5[b]Lip) ) —+ ARQ]E|5 - €/|p
< Elx — o/ [PeA ) +slluntR) 4 AR, E|e — &'|P
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where & = ¢y 2% ([ ol Elel* + [lo]|5 22 ) and 7 = ¢’} 27|03, 5. Then,
1
1€k (@, €) = Exla’,€)llp < llz = 2'llpe + lle — €'l A7 2
1
where k1 = (cgl) +s[b]Lip +#1)/p and ke = i3 . Consequently, & is lipschitz continuous for k£ € {1,...,n}
with Lipschitz coefficients [F*]p;, < e2*t and [F&]Lp, < A%k, for p € (1,2).
For the section step, the Lipschitz continuity of & yields
1Xks1 = Xesrlp <IE(Xnsen) — Ex(XnsE0)p
<[FTipll Xe = Xillp + [Fluipller — Ekllp
< TLip 1 Xk = Xellp + [FILip 1 Xk — Xellp + [F=]Lipller — Ekllp-

Then, by induction, one has

k—1
k=l v v k—1 P~
1Xn = Xillp < Y _FIRIX = Xillp + [F1E ller — &l
=1
so that
k k—1
v _ % v _ ¥ 7 ¥ k—1 ~
Xk — Xillp < 1 Xk — Xullp + 1 Xk — Xellp Z (I IX = Xallp + > [FeIb e — &l
=1 =1

Now, since & is an optimal quantization of ¢; of size N}, then Pierce’s Lemma 6.1.1(b) yields

k—1
1% — Xl < Z [P X = Xally + Y o) Kapallellpen (NF) 7. (6.29)
=1

As for the error terms || X; — )?al, one uses the same techniques as in the end of the proof of Theorem
6.2.1, namely the distortion mismatch Theorem 6.2.2 and Lemma 6.2.4, to deduce the result. O

6.3 Time discretization of the RBSDE

We consider the reflected backward stochastic differential equation RBSDE (6.1) with maturity 7" given
in the introduction and recalled below

T T
Y, :g(XT)+/ f(s,XS,YS,ZS)ds—i—KT—Kt—/ Zs.dWs , t € 10,7,
t t

T
Y, > h(t,X,) and / (Vs — h(s, Xo))dK, = 0
0

where (Wi)i>0 is a g-dimensional Brownian motion independent of Xy and (Xy);>o is an R-valued
Brownian diffusion process solution to the SDE (6.3) given in the introduction and recalled below

t t
X, = X +/ b(s, X,)ds +/ o(s, Xs)dW,,  Xg=mz€RY
0 0

As explained, we need to approximate the solutions of these equations by discretization schemes. The time
and space discretization of the forward process (Xt).e[0,r) have already been investigated and detailed
in Section 6.2. We proceed now with the time discretization of the solution of the RBSDE. Plugging
the time-descretized process (X;, Jo<k<n in (6.1) will not make it possible to find an exact solution for
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the RBSDE. Another approximation is needed, in which we discretize the term Z; itself: considering
a sequence (gx)o<k<n of i.i.d. random variables normally distributed, the time discretization scheme
associated to (Y3, Z;) is given by the following backward recursion

Yr = g(X7) (6.30)
Vi, = E(Yip, | Fo) + A& (Xips E(Veprs | F):G) s E=0,...,n—1 (6.31)
_ 1 _

= —FE(Y . exin|Fn), k=0,...,n—1, 6.32
Ctk \/Z ( try1 k+1| tk) ( )
Vi, =Y, Vh(Xy), k=0,...,n—1. (6.33)

As stated previously, this scheme differs from what was previously studied in the literature (see the refer-
ences in the Introduction) since the conditional expectation is applied directly to ?}k .. inside the driver
function which depends itself on the discretization @k of Z;,. That is why it is interesting to establish
a priori estimates for the error induced by the approximation with such a time discretization scheme.
We note that, among others, time discretization errors for RBSDEs with a driver independent of Z;
were establsihed in [3], errors for BSDEs (without reflection) with a driver depending on Z; and on the
conditional expectation of Y; in [65] and those for BSDEs (without reflection) with a driver depending
on Z; but where the conditional expectation is applied to the whole function f were studied in [76].

Since th is a Markov chain, one shows that there exists, for every k € {0,...,n}, Borel functions
Ut Uz, and Zy, such that Yy, = ¢, (X+,), Yz, = 1, (Xy,,) and (¢, = 2, (X4, ) and defined by

6.34)
6.35)

= g(l‘),
Etpr (Er(@,e041)) + A (2, EGiysy (Er(2,6041)), 2, (7))
1

) (
) (

z,. () = TE(%H (5k($a5k:+1))5k:+1) (6.36)
) (

A
() V b (). 6.37)

gtk (‘T = :’J

where & (z,e541) = ¢+ Abg(x) + VAo (z)ep41 and (ex)k>0 are i.i.d random variables with distribution

N(0,1,).

In order to establish error bounds between (V;, Z;) and (Y;,, Z:, ), it is useful to introduce a time
continuous process which extends Y;, . In fact, one notes that since the variable 2;11 Vi, —EYe, | F2)
is square integrable and measurable with respect to the augmented Brownian filtration F3, , then, by the
martingale representation Theorem, it can be considered as the terminal value of a Brownian martingale
fOT Z,dW, where the process Z; is such that E supyo 7y |Z4|? <41 < +oo for a finite constant ;. So,

_ _ trr
Vorrr — E(Vo, | F) :/ Z.dW,  for k=0,...,n—1. (6.38)
123
We note that
. 1 _ 1 1
Ctk = ﬁ]E (}/tk+1€k+1|ftk) = ZE ([ st5|ftk> . (639)
k

Likewise, we define

tet1
/ sts|]-"tk> (6.40)

ty

1
G = AE<

where Z, is the solution of the RBSDE (6.1) and one checks that C is the best approximation of Z; and ¢,
the best approximation of Z; in L?(dP x dt) among F;-measurable processes that are piecewise constant
on the time intervals [tg, tg41].
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Consequently, one may define (by a continuous extension) the cadlag process 37} on [tg, tr+1) and the
ladcag process Y; on (t,tr+1], by

- _ _ _ _ _ Tt _
Y=Y, =Y, — (try1 — )&k (th?]E(Ytk+1 |]:tk)a<tk) —/ ZsdWs, (6.41)
t

and the increasing positive process

k

R =3 (hy(X0) = Vi) |

=0

such that K, = K’tk_ for every t € (tg,tr4+1). Finally, we have the following representation
™ _ T _ _ _ tet1 _ _ _
Yi=Yr+ / f(s, X5, E(Ys | Fs),(s) ds — / ZsdWs + Kp — Kq. (6.42)
t t

where s = t, and 5 =ty if s € (tg,tx11). Note that the introduction of K is mainly due to the fact
that
Y, =Y, v h(tkvth) =Y, + (h(tJ'?th) - Y%k)+ =Yy + Ky — Ky,

In the following, we will denote Yy, Ck, §r, Kk, etc. instead of Ytk,@k,gtml_(tk, etc. to alleviate
notations, as well as E(.) instead of E(.|F;, ). We recall that A € [0, Apax), Amax > 0.

Theorem 6.3.1. Let Y; be the solution of (6.1) and (Yk)ogkgn the corresponding time discretized process
defined by (6.33). Assume that the functions f and h are lipschitz continuous. Then, for every k €

{1,...,n},
B T
E|Yy - Yi? < Coopnr | A +/ E|Zs — Z,|*ds
0

where s =ty if s € [t try1) and Cp o 5 h,1 @5 a real positive constant.
Furthermore, there exists a finite constant C' > 0 such that

T
/ E|Z, — Z,|?ds < CVA.

0

The second part of the theorem is established in [48], see Theorem 6.3. The proof of the first part is
postponed to the appendix (see Appendix B).

6.4 Space discretization of the RBSDE

After the time discretization, we move to the space discretization schemes to approximate the solution of
the RBSDE. We rely on the recursive quantization (Xy, )o<k<n of the time discretized scheme (X¢, Jo<k<n
to obtain the recursive quantization scheme associated to (6.30)-(6.31)-(6.32)-(6.33). If we consider a
sequence (e )o<k<n Of L.i.d. random variables with distribution A'(0, I,), this scheme is defined recursively
by

Yr = Q(XT) (643
—~ 1 ~

G = ﬁEk (Ytk+1€k+1) v k=0..,n—1, (6.44)
¥, = max (hk()?tk) Yy, + A& ()?tk,]EkﬁkH,@k)) C k=0,....n—1 (6.45)
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where ()?tk)ogkgn is the recursively quantized process associated to (X, Jo<k<n given by (6.22) or (6.28).
This quantization scheme is different than the optimal (or marginal) quantization schemes that were usu-
ally applied before in theses situations, in [3, 37, (5] for example. The main difference is that since recur-
sive quantization preserve the Markov property, the process fftk is F,-measurable for every k € {0,...,n}
where F;, = o(Wy,, ..., Wy, Np) which is not the case for optimal quantization. More details on the
utility of this character of recursive quantization will be presented in Section 6.5.

In the following, we will reconsider the notations with the indices k instead of t; for every k €
{0,...,n}, and we establish an upper bound for the quantization error induced by approximating Y by
Y in LP for p € (1,24 d) and k € {1,...,n}. We recall that A € [0, Apax), Amax > 0.

Theorem 6.4.1. Let (Yi)o<p<n be the time discretized process defined by (6.33) and (?k)ogkgn the
corresponding recursive quantized process defined by (6.45). For every p € (1,2 + d) and every k €

{1,...,n},

_ ~ Ko )k itk _ ~
Ve — Vill, < (m(e(T B 1) 4 Tt (gl [h]iip)> | Joax X — Xl|Hp (6.46)

e s flLip+iipel)

s,Amax €41

where k1 = pr+(p—1)2P72, ko = 2P72[f]{, (1+pAP~Y) and k =
(1)

finite constants cs’ and CS)Amax,sHl are defined in Lemmas 6.2.3 and 6.2.4.

S , the positive

Remark 6.4.2. The norms || X; — )?l”p are recursive quantization errors established in Theorems 6.2.1

. 1
and 6.2.7 for p € (1,24 d). We recall that, for every | € {1,...,n}, one has || X; — X;||, = O, ¥)
where Nj is the size of the quantization grid corresponding to X;.

Proof. For every k € {1,...,n}, we use the inequality | max(a,b) — max(a’,b")| < max(|la —d'|,|b —¥|)
and have

V), — Y3| < max <|hk()_(k) — hi (X)), ‘Ek}_fk+1 — B Yo + A(Ee(Xp ExYiy1, &) — Sk()?kaEki}kJrlvgk)) D

We denote By = Eg(Vip1 — Yig1) + A (5k (Xk, B Yes1, &) — &k ()A(k,]Ekf/kﬂ,gk)) and we have

_ ~ ~ = ~ ~ - ~ C
B =Ep(Yiy1 — Y1) + A<Ak(Xk — X3) + BrEr(Yip1 — Yer1) + —

VA

Er((Yis1 — }/}k+1)5k+1))

where ) i i R ) 7
1 5k(Xk,EkYk+1,§k) - Ek(Xk,IEkYk+1,§k)
o X X Xp£X)
Xi — X,
B, — Ek (XkaEk?k+1,gk) — & ()?k,IEk?kH,gk) . )
o E }7 - i} Ek?kJrl?éEYkJrﬁ
k(Yeg1 — Yiq1)
k= - _ o
Ex((Yis1 — Yi1)ekt1) £ 46

It is clear that max (|Ek|, |§k|, |ék|> < [f]Lip, so one has

1Bl < A[f]Lip| Xk — Xkl + Ek‘(l +AB + \/Eékgk+1)(17k+1 - ?k+1)‘~

T

At this stage, we consider two conjugate exponents r € (1,2 A p) and s = I3 > 2 and we apply
conditional Holder’s inequality

1

(Ek|Yk+1 — 37k+1|7") n.

w =

E; (1 + A.Ek + \/Eak5k+1)(}7k+1 — i}kJrl)‘ < (]Ek|1 + AE}C + \/Eak€k+1|s>
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Since s > 2, one can apply Lemma 6.2.3 with a =1+ Aék and A = @k and obtains

Ex|1 + ABy + VACker|” < (1+ Alflnip) (1 + DAY + A[f]5,,c)

LipCs JAmax,Ek41
<e SA[f]Lip+AcV —I—A[f]’ (3)

= LipCs »Amax,Ek+1

< eA(cgnJrs[f]Lip)( 1+ A[f]S e e—A(Cgl)-&-s[f]Lip))

Llp S Amax;5k+1

1 s (3)
= eA(c‘(s )+S[f]Lip+[f]LipcSvAmax,€k+l)

(1)

where ¢; ' and ¢ (3)

5 Amanscrs, AT€ real constants defined in Lemmas 6.2.3 and 6.2.4. Therefore,

1

1B < AlflLipl Xs — Xp| + €™ (Ek|37k+1 - ?kﬂ\T) i

et sl it Rip A s

where k = , and

¥ — Tal? < max (Bl | Xe — Zel?, [8e]7).
Now, using inequality (6.27) yields

. _ r B B 1
|Bul? < eP2 (Ek|Yk+1 - Yk+1|r) (1+ (p = 1)2°7%7) + 2P [f]7,, | Xk — Xk|pAp( m)-

We choose € = A% so that AP (p + o= 1>) = A(1 + pAP~1) and hence

)

|BklP < e (Ek|}7k+l - f//c+1|r) "+ Akg| Xy, — X P

where k1 = prk+ (p—1)2P72 and sy = 2P~ 2[f]Llp(l +pAP~1). Moreover, by our choice of r, we have that
2> 1 so we apply Jensen’s inequality and obtain

1BelP < e AEy|Yir1 — Vi1 |P + Ak Xy — Xi|P
Hence, having in mind that )_(;W )?k, Y,and }A/k are all F;, -measurable processes, one has
Lip

]Ek|}7k — S}k|p S max ([ ] Ek|Xk — Xk|p enlAEk;|Yk+1 S}k+1|p + AHQ]Elek — Xk‘p) (647)

At this stage, we aim to prove that Ej|Yj — ?k|p satisfies the following backward induction

n—1
% % —k)rk1A i—k)k1A % %
Eil Vi — YilP < =058 ([g] v [h]F, ) B Jax. 1X; — Xi|P + Ak ; eURRAR X, — X;|P. (6.48)

First, it is clear that E,|Y, — Y,|? < [g]?
assume that (6.48) is true for k + 1 i.e.

9ILipEn X, — Xn |” so the induction is satisfied for k = n. We

Ep1|Vir1 — Yiga [P < e 0mA (gl v [, Ejyr max [ X — X[

k+1<i<n
n—1 B

+ ARy Y eUTFTUmAR, X, — Xl (6.49)
i=k+1
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and show it for k. In fact, since ExEp11(-) = Ex(+), one has, by merging (6.47) with (6.49), that

Ek|Yk — i}k‘p Smax ([h]{ipEﬂXk - )?k|p 5 GKIAEkEk+1|Yk+1 - i}k+1|p + AKQEk|X}€ — )?k‘p)

n—1
< max ([ ]LlpEk|Xk — Xk|p AKQEHX]@ — Xk|p + Alig Z 6(Z k) HIA]E;@E;C+1|X X ‘p
i=k+1
n—k)rk1 A v %
+ e TRImA (g v [RE ) EREg Qe | X — Xi|p>
< max (Mg, Eal X — Xl e A (gl v (A, B max |X - K7
n—1 B
+ ARy 3 eTmMAR, X, — Xi|p)
i=k

since maxyyi<i<n @; < MaXg<i<pn &; for a; > 0. Furthermore, noticing that

(12| Xk — Xil? < (l9s, V [R2s,) B k@%m — XiP < e mRmA (g v R)EVEy max |X; — X[

Llp Lip k<i<n

because e #5124 > 1 one concludes the induction (6.48). This yields

n—1
Eg|Vi—Y3|P < e(T—th([g]{ip\/[h]Lm)E,c max |X -X; \p—s—Angk max. |X — X[ elimhmA (6.50)
i=k
Finally, since e* — 1 > x for x > 0, one has
n_le(i_k)ﬁlA _ e(n—k)nlA -1 - e(T—tk)Hl -1
4 er1d — 1 - Aﬂl
i=k
and then deduces the result by taking the expectation in (6.50) . (]

6.5 Algorithmics

Our aim is to write (?k,zk), which approximates the solution of the RBSDE (6.1), in a form that
allows us to compute their values. For this, we first note that (Xk)ogkgn and ()?k)ogkgn are both
Fi,-Markov chains where F;, = o(Wy, s < t, Np), for every k € {0,...,n}, with respective transitions
Py(z,dy) = P(Xp41 € dy| Xy, = ) and Py(x,dy) = P(Xj11 € dy| Xy = z). The main advantage of recur-
sive quantization is that it preserves the Markovian property of ()? k)o<k<n With respect to the filtration
(Ftp)o<k<n = (O’(WS, s < tk’NP))nggn‘ Note that, for optimal quantization, the trick was to force the
Markov property by conditioning with respect to the filtration ftk = 0'(5(:0, . ,)A(k) instead of F;, in
(6.44)-(6.45). The price to pay is that the approximations || X}, — )A(k||p, for every k € {1,...,n}, are less
accurate (but not in a drastic way). This point is discussed in details in [65].

For every bounded or non-negative Borel function f, one has Py f(z / f(y)Px(z,dy), so that
E(f(Xir) | Fo) = Pef(Xi)  and  E(f(Xpr) | Fo) = Pof (Xi).

Moreover, we introduce

Qkfu‘fk)=%E(f<)‘<k+1>ek+1|ftk) and ékf()?m:%E(f()?msmﬂk)
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where (g1)o<k<n are i.i.d. with Normal distribution N (0, ;).

Similarly to the functions (¥x)o<k<n defined by (6.37), one shows that there exists Borel functions

(Uk)o<k<n such that Yy, = ﬁk()?k) for every k € {0,...,n}. They are defined recursively by the following
Backward Dynamic Programming Principle (BDPP)

.@\n = hn
~ 5 S A (6.51)
Yr = max (hk, Petis1 + A&k (-, Prlitt, Qkyk+1)) ;o k=0,...,n—1,

This BDPP can also be written in distribution, one can write (Yx)o<k<n as

gn = hn
{ Yr = max (hk, Prijreq1 + Agk(~,Pkgk+17ngk+1)) , k=0,...,n—1,

The fact that Y = 7 (X}) and Y, = ﬁk()?k) can easily be checked by a backward induction relying on
(6.30)-(6.31)-(6.33) and (6.43)-(6.45) respectively. Furthermore, there exists functions z; and Zj such

that Cp = 2k (X)) and Cp = 2 (Xy), defined by
Zk = QrUk+1 and 2k = Q1

In order to compute }?}c and Zk, we first need to compute the optimal (or at least optimized) recursive

quantization X 1 of X, for every k € {0,...,n} and the corresponding transition weights. We will consider
the quadratic case p = 2 for all numerical aspects.

6.5.1 Computation of the recursive quantizers

As defined previously, the recursive quantization of (X}, )o<kr<n is realized via (6.22) (or (6.28)). In a
quadratic framework, the computation of the optimal quantization grids I'y of X, of size Ny, at each
time step tj, is achieved by algorithms such as CLVQ (Competitive Learning Vector Quantization),
Lloyd’s algorithm or Newton-Raphson. These algorithms are presented in details in [61] for example.
Here, we expose a variant of Lloyd’s algorithm for recursive quantization.

For k € {1,...,n}, computing an optimal quantizer )?,5’“ of )?k consists in computing the grid T’y
solution to the minimization problem

I'y € argmin{H)A(,l; — Xi|I3, T c R%, card(T') < Nk}.

The construction of these grids is performed recursively at each step tj in a forward way. It is somehow
an embedded optimization. We suppose that, at time ¢, the grid Iy, = {af, ..., 2z}, } is already computed

(optimized) and that X, has been quantized by X = ZZNZ’H a¥lc,r,) where (C;(T))1<i<n, is the
Voronoi diagram associated to X, and defined by (6.11). Then, at time step tx11, we build the grid T'x41

that minimizes the quadratic distortion G, (T") defined by (6.23) and written as a function of the grid

k+1

e Nk+1}’ then one has, for

Ly = {z%,... ,xlka} computed at the previous step. So, if T'yy; = {x]fﬂ,.
every ] € {17 BERE) Nk+1}7

N,
Sl piE <5k(=’ﬂf7 Ert1) L (g, 2k ersr)eC; (FM)})

k—+1
p;

(6.52)

= E()N(k-&-l | Xi41 € Cj(FkH)) =

Recalling that & (z,ex+1) = = + Abg(x) + \/Zak(x)ekH, it is important to notice that, for every k €
{1,...,nYandi € {1,..., N}, E(xF, epy1) ~ N(mk, ¥F) where mF = 2¥+Abg(2F) and 2F = VAo (2F).
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We are interested in more than just computing the distribution of (Xk)ogkgn, the computation of the

transition matrices P, = (pfj)ij is even more fundamental among the companion parameters in view of

our applications. For every k € {1,...,n} and 4,5 € {1,..., Ny}, the transition probability pfj from ¥

k+1 .

to ;7" is given by

Py =P (Xns1 € Ci(Thin) | Xi € CilTh)) = P (E4(ak, 241) € C(Tisn)) (6.53)

This identity allows the computation of the weights pf“ of the Voronoi cells C;(T'y41), for every j €
{1,..., Ni41}, via the classical (discrete time) forward Kolmogorov equation. They are given by

prrl P(Xk—H S C F}C+1 Zp ((‘:k LUZ ,Ek+1) eC; (Fk+1)) (654)
One-dimensional setting ¢ = d = 1: The transition weights pfj can be computed in a direct way
as follows: for every i € {1,..., Ny} and j € {1,..., Np11}

pfj = ]P’(X'kH < xﬁfé |)/fk = xf) - ]P’()N(kﬂ < xff% |)/(\'k = xf) = éo(xfﬂ) — @O(mfj})

where @ is the cumulative distribution function of the standard Normal distribution N'(0,1) and

Tz — Aby(2F) " gk Aby(2F)
ij-‘rl frn ]+2 and xk+1 = J7§
i, N ij N
" Aak(%) Aak(%)
k41, k+1
. . tx
with 2#t1 = ’7’“, 2"t = —o0 and xk‘H . = 4o00.
J+s 2 3 Nit1—3

General setting: In order to approximate the transition probabilities and the weights of the Voronoi
cells when d > 1, one may proceed with Monte Carlo simulations or rely on Markovian and componentwise
product quantization (see [28]). A very interesting alternative is the hybrid recursive quantization, studied
in Section 6.2.3, where we replaced the white Gaussian noise by its optimal quantization sequences. The
principle on which we rely to design the hybrid recursive quantizers is the same as the one for the standard
recursive quantization. The only difference is with the computation of the expectations and probabilities
n (6.52),(6.53) and (6.54). Instead of resorting to large and slow Monte Carlo simulations, we consider
sequences of optimal quantizers (¢);<;<n. of size N. of the Gaussian distribution N(0, I,), available
on the quantization website www.quantize.maths-fi.com, and compute the sequence and its companion
parameters based on the following formulas

E(Sk(vaEk)]lsk(xf,ak)ecj(rkﬂ)) Zpalgk ;€] )]lé'k(zl,ek)EC (Trsr) (6.55)
=1
and
P(Ex(xf,ex) € Cj(Try1)) Zpal]IEk(x E)EC (Ths) (6.56)

where plgl is the weight of the Voronoi cell of centroid él , also available on the quantization website.

6.5.2 Computation of the quantized solution of the RBSDE

Having already computed the recursive quantization ()? k)o<k<n Of (X' k)o<k<n as described in the previous
section 6.5.1, as well as the corresponding companion parameters (the weights (pf)lgig ~,, of Voronoi cells
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and the transition weights (pf;)1<i<n,,1<j<Ny,,), We proceed with the computation of (i}k)ogkgn and

rely on the BDPP (6.51) allowing us to compute Y, = ﬂk()?k) as a function of the quantizer T'y =
{af,..., 2%, }. Forevery k € {0,...,n—1} and i € {1,..., Ni}, we denote

Ni41 Ni41

~ ~ ~ 1 ~
ar(@f) = Grpr (@ Hpl; and Br(xf) = N > e @ hrl
j=1 j=1
where VA
A
k
ﬂ—ij = pil_ﬂE(€k+1]1{5(\k+1=$?+17)?k=x?}) = \/KE<Ek+1]lSk(wf,5k+1)ECj(F;H_l)) (657)

and & (x,ep41) = x+ Abg(x) + VAo (x)ek+1. Note that the quantities (Wf’j)lgi)jgw
at the same time as the transition weight matrices (pfj)1 <is<n, forevery k€ {0,...,n—1}, so that they

can be stored and used instantly in the computations of the solution of the RBSDE.

are computed online

Therefore, the solution Yy of the RBSDE is approximated by the value 7o at time tg of the following
recursive quantized scheme

@\k(ﬁf) = max (hk(l‘?), ak(;vf)+A£k(xf7ak(xf)73k(xf))) s 7 = 1,...,Nk, (658)

And, the function 25 used to approximate ék is computed via the following sum

Niy1

. 1 N
Zp(zh) = A Z yk+1(x§+1)7rfj.
j=1

Remark 6.5.1. One should mention that, once the recursive quantization grids and the corresponding
companion parameters are computed, the computation of the solution of the RBSDE is almost instanta-
neous, we can even say that its computational cost is negligible.

6.6 Numerical examples

We carry out some numerical experiments to illustrate the rate of convergence of the recursive quantization-
based discretized scheme and to compare its performances with other schemes based on optimal quan-
tization, greedy quantization and greedy recursive quantization. We start by explaining how to obtain
the quantizers and their companions parameters (Voronoi and transition weights) by optimal, greedy and
recursive greedy quantization. Concerning the time discretization, we consider the Euler scheme of the
forward diffusion (X;)o<i<7 defined by (6.20).

6.6.1 Various quantization methods

Quanization tree with optimal marginal quantization

In this section, we aim to build optimal quantizers X ,5 * of X}, for every k € {0,...,n}. At time to,

we start with )?0 = Xo = 9 € R% Then, at each time step t,, we rely on a sequence of optimal
quantizers (2F)1<;<n, of size Nj of the Normal distribution A(0,1;) and we compute the quantizer
Ty = (2f,... 2, ) via

Lbf :xo—l-tkb(xo)—k\/ﬁo(xo)zf R i€ {1,...,Nk}.
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In particular, if (X' k)o,<k<n €volves following a Black-Scholes model with interest rate r and volatility o,
then the quantizers are computed as follows

zF = zgexp ((7“ - ";)tk + U\/Ezf).

The weights of the Voronoi cells are obtained by the forward Kolmogorov equation (6.54). In the one-
dimensional case, they are easily computed relying on the c.d.f. of the Gaussian distribution.

The challenge in this method is the computation of the transition weights pfj, which are mandatory for

our cause. By optimal quantization, ()? k)o<k<n is not a Markov chain so one cannot use its distribution to
compute sz like for recursive quanization. One usually compute them by Monte Carlo simulations, but,
in the one-dimensional case, there exist some closed formulas. In the following, we present such closed
formulas in the case of a Black-Scholes model (the case that interests us the most for our numerical
examples), i.e. a case where, for an the interest rate r and a volatility o, the process is given by

~ ~ 0'2
X, = Xgexp ((r — ?)tk + ax/ﬂak)
where (€)1<k<n is an i.i.d. sequence of random variables with distribution M (0, 1).

Exact computation of the transition weights Assume that the quantizers Ty, = (2F)1<i<n,
of size N, of X, are already computed for every k € {1,...,n} and that the sizes of the grids Ny,
k=1,...,n,are all equal to NV € N. Note that this hypothesis is not optimal but turns out to be optimal
in terms of complexity for a given budget Ny + --- + N,. It is not sharp in terms of error estimates
(up to a multiplicative constant) but remains a good compromise which is convenient in practice for the
implementation. The goal is to compute the transition weights

o - p
Pl = B( X = 2f 7 | K = af) = 5

where R R R
ﬁfj = P(Xk_H = x?“, Xy = J;f) and pf = IP’(X;C = xf)

The weights p¥ are computed via the forward Kolmogorov equation, using the transition weights pfj, as

follows N
°
k+1 szj pz prjv
=1

keeping in mind that the Voronoi weight at time ¢y (i.e. k = 0) is equal to 1 since )?0 = Xy = x9
is deterministic. So, our main concern is the computation of ]Efj for every k € {1,...,n} and ,j €
{1,...,N}. We start by noticing that

)?k;+1 = X}C (1 +rh+ U\/EE]C>

where h = % is the time step of the discretization scheme. Note that highly accurate quantization grids
of N(0,1) for regularly sampled sizes from N = 1 to 1000 are available and can be downloaded from the
quantization website www.quantize.maths-fi.com (for non-commercial purposes). Then, considering two
independent random variables z; and 25 with distribution N(0, 1), one has

ply = B(Rir € [Ih4],2441], Rie 2. ah,,))
_]P<Xk( +Th+0'\/>22) EC (FkJrl 21 € [ f,f ])
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where

1)+ (% =)tk —In(zo) In (zF )+ 2 — )ty — In(xo)
k= )+ (5 )t Y oand 7= <+2) Sl 07 (6.59)

Then, the independence of z; and z; yields

k . 2 dz
= / P(xo(l +rh+ a\/ﬁzg)exp((r — %z)tk + Uﬂz) c {xjié’xﬁéb 5 —
T
z R+ (5 —r)tx—o /T k1 (22—t —o /i
k x._%e( > —T)tk—0 "%z — rhao ‘rj-i-%e( ——T)tk—0 " _ g0 — rhag o

= 1[@ 29 € )
/x’_c ? amox/ﬁ Uaco\m V2T

= [ @) - e ) e 2 (6.60)

=i

where

: 2
1 a’:?jie(%—r)tk—o 2 — 20 — rhag - x;?jrrie(%—r)tk—g Thz
= : and Tt = 2

£j oxoVh J oxoVh

These integrals can be computed via Gaussian quadrature formulas, mainly Gauss-Legendre quadrature
formulas for integrals on closed intervals and Gauss-Laguerre quadrature formulas for integrals on semi-
closed intervals. So, if i = 1 or ¢ = N, one uses Gauss-Laguerre formulas since the Voronoi cells (over
which we are integrating) are of the form (—oo, a) or (a, +00) for some a € R. Otherwise, the Voronoi cells
are closed intervals so one relies on Gauss-Legendre quadrature formula. Let us detail these computations.

— 9 — rhxg
(6.61)

> INTEGRATION ON A CLOSED INTERVAL [a,b]: GAUSS LEGENDRE FOMULA
2

z

Considering f(z) = ((IJO(EI?H) - @0(21”1))6 - ,a = 2F and b = TF, the goal is to compute I =
J J /7

ff f(2)dz. Applying the change of variables z = b’?"x + %rb, I can be written and computed as follows

b—a [! b—a a+b b—a — b—a a+b
1= = . )
2 /lf< 2 Tt )M 2 g;Wf<2 Tt )
1 L%J(fl)k (2n—2k)!

where (;)1<i<;, are the roots of the n'™ Legendre polynomial P, (z) = 5 > ;% TRy T(n—3kT

xn72k
and the weights (w;)1<i<n are given by
2 2(1 — 22)

wi: = L

(L—a3)P) ()2 (n+1)2Poy(x:)?

9

> INTEGRATION ON INTERVALS OF THE FORM [a,+00) OR (—00,a]: GAUSS LAGUERRE QUADRATURE

We consider f(z) = @O(E;”l) - <I>0(§§+1) and distinguish two cases.

e Integration on [a,+00)
z2
The goal is to compute [ = fa+°° f(2)e” T dz where a = xF. Applying the change of variables x = é
= &) yield
xr

and denoting g(x)

+oo +oo 2 [too
I = / @e’zd:p = / g(V2x)e Cdr = e~ T / g (\/m) e “dr
2 2 2 0

2
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where we applied in the last equality the change of variables y = z — % Hence, we use Gauss-Legendre
quadrature formula to obtain

N
I= e_% Zwig (\/2961- + a2>
i=1

where (7;)1<;<n are the roots of the n'" Laguerre polynomial L, (z) = Zzzo(fl)szk and the
weights (w;)1<i<n are given by
1 T

T i DL @) i () (4 D2 L (w0)? (6.62)

e Integration on (—oo, al
k

:r2
The goal is to compute I = ffoo f(x)e™ "z dx where a = T;. Similarly to the previous case, I can be

written as follows

I= /:0" f(—x)‘ff%dx = /a;oo f(\/\;?z) e Fdz = /a;oo 9(V2z)e 7dz = 5 /OJFOO g (\/ 2z + a2) e *dz

f(==)

. Hence, Gauss-Legendre quadrature formula yields

N
I = efé Zwig (\/Qxi + a2)
i=1

where g(z) =

where (x;)1<i<n are the roots of L, (x) and (w;)1<i<n are given by (6.62).

Approximation of the transition weights If the goal is not necessarily the highest level of
precision, then one approximates the transition weights pfj by gj(zz’»C ) where the function g;(z) is defined
by

9(2) = ®o(ETh) — Bo(zh ). (6.63)

and E?H and g?“ are given by (6.61). In fact, based on (6.60) and then applying Taylor-Lagrange
formula, one has

k
Zipl 2
k it _z° z
Pij = / “gi(z)e>
z.

k
dz fird oy, =
+ : : :
N . / g€ S e

i—1 i-1

k
Z.1 2
ky, k k itg ky, — 2
=gk + (D) [ e
z

Since (zf)lgig ~ is a quadratic optimal quantization sequence of the standard Normal distribution, then
it is stationary and the second term of the above inequality is equal to 0. Moreover,

k 1-2 1,.2
/ _ ) —oVilkz—35T; _ ... —o\tpz—5x;
() = 75 (miae - mge J
and
k 1,2 _1=2 _ _1=2 1.2
g//(z): o tke o\/tkz<z_7le 2Z; 7I+16 2a:j)+ 20 tkz< 2 1726 3T 7132 1£2€ ng)
J xO /27_[_ J—3 JT3 :I;O JT3 J J—3 -]

At this stage, one notices that v(z) := exp(—2z — %6_22) < k for every z € R for some finite positive
constant x and that |g7(2)| < & for a finite positive constant 5. Consequently, |pfj - gj(zlk)‘ is bounded.

It is important to note that when we estimate the transition weight by g; (2F), we formally get the
transition weight from xf to 251 obtained by recursive quantization, even though they are not the same

J
grids.
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Remark 6.6.1. For local volatility models (CEV models for example), it becomes more complicated to
establish such closed formulas for the computations of the transition matriz. One tends to approximate
them by Monte Carlo simulations, for example.

Greedy quantization

Another technique is greedy vector quantization introduced in [15] and developed in [24]. It consists
in building a sequence of points (a,),>1 in RY recursively optimal step by step, in the following greedy
sense: having computed the first n points ai,...,a, of the sequence and defining the resulting grid
a™ = {ay,...,a,} for n > 1, we compute the (n+ 1)-th point as a solution to the minimization problem

an+1 € argmingega ep(a™ U {¢}, X), (6.64)

with the convention a(?) = @. Quadratic greedy quantization sequences are obtained by implementing
"freezing" avatars of usual stochastic optimization algorithms used for optimal quantization, these variants
are exposed in details in [46]. In this paragraph, we give a quick idea on the computation of the greedy
quantization sequence of (Xk)ogkgm Starting at )?0 = X, = x, the process X}, can be written, for every
ke{l,...,n}, as follows

Xi, = mo + tib(z0) + VKo (zo)ek

where ¢}, is a random variable with distribution N/ (0, I;). So X, is with Normal distribution N(my, Zk)
where my = xg + txb(z) and X = /txo(xo) and hence this is the distribution that needs to be dis-
cretized by greedy quantization. The transition weights in the one-dimensional case are computed via
Gaussian quadrature formula like explained for the optimal quantization, and the weights of the Voronoi
cells by the forward Kolmogorov equation.

In the high-dimensional framework (d > 1), the computations become too demanding. So, instead of
designing pure greedy quantization sequences, one tends to build greedy product quantization sequences
which are obtained as a result of the tensor product of one-dimensional sequences, when the target law
is a tensor product of its independent marginal laws. We refer to [24] for further details.

Greedy recursive quantization

In the algorithm described in Section 6.5, the recursive quantization scheme (6.22) is based on an optimal
quantization of the sequences (X )o<kr<n at each time step ¢. Here, we consider, as an alternative, greedy
optimal quantization grids X}, of X;. They are designed as follows: At time t;1, assuming that the Ng-

tuple (2%, ... ,x’ka) and its companion parameters are already computed, one needs to build, step by step

by greedy quantization, the Ny -tuple (z¥+1 ... ,x’fv‘:il) which approaches best X; 1 = Ek()?k,ekﬂ).
Since & (¥, er11) ~ N(mk,2F) with mF = zF + Aby(zF) and ©F = VAoy(2F), the first point of
the sequence is z¥ 1 = IE[)?;.C + Abk()?k)] = vaz’“l pF(aF + Aby(z¥)) and then, at each iteration N,
N €{2,..., N1}, one adds one point x’fj‘l following the steps of the greedy variant of Lloyd’s algorithm
detailed in [46]. One should take in consideration that the local interpoint inertia are computed, at each
time step tx41, by

Ny, wk+11,N ) wl;Ill,N ) Ny,
it3 7 § :

O—JZ = E :pf /k+1.2:\7 (6 - I?Jrl)N) P(df) + /k+1,N (€ - xf—tll’N) P(df) = pfsij (6'65)
i=1 Ty Ti+d i=1
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k+1,N |, k+1,N
k+1,N _ T; tz; . k+1,N k+1,N k+1,N k+1,N . .
j—tl, = L ——2— with agt N = 2PN = oo and 2N = xNJr_i = +o00. Likewise, the
2 2 2

recurrence of the algorithm is given by

where x

Nk k
Zi:l pl ]E<€k(x’b ’EkJrl)]l{Sk(1§,€k+1)ecj(r‘k:+1)})

A P?P(&c(w?ﬁkﬂ) € Cj(PkJrl))

Topq = (6.66)

The companion parameters are computed following the same principle as for the standard recrusive
quantization.

6.6.2 Examples

American call option in a market with bid-ask spread on interest rates

We are interested in the valuation of an American call option with maturity 7" in a market with a bid-ask
spread on interest rates with a borrowing rate R and a lending rate » < R. The stock price is represented
by the process (X¢)e[o,7] given by the SDE (6.3) and the dynamics of the portfolio are given by

bt(Xt) -T . Zy
“oxy G (BR=rmin (Yt g 0) dt — Z,dW,

—dY, = (—ry; —
t ( rry Ut<Xt)’

Yr = h(X7) and Y: > g(Xy)
where h(z) = g(z) = max(xz — K,0), K being the strike price.

Black-Scholes model We consider that (X;);c[0,77 evolves following the Black-Scholes dynamics
and is time discretized following the Euler scheme, i.e. for every k € {0,...,n — 1},

Xk+1 ZXk+MAXk+J\/EXk€k+1 (6.67)

where p is the drift and o is the volatility. The space discretization is established via recursive quantization

(RQ), optimal quantization (OQ), greedy quantization (GQ) and greedy recursive quantization (GRQ).

We consider n = 20 time steps and build corresponding quantization grids of size N = 100 and their

companion parameters as explained in the different sections previously in the chapter. Then, we rely on

the backward recursion (6.58) to compute the value Yy of the underlying option. Note that the quantities
k

m;; are computed, for every k € {1,...,n}, as a companion parameter with the diffusion X , via a Monte

Carlo simulation of size 106. We consider the following parameters
Xo=100, T =025, o0=0.2, p=0.05, r=0.01, R=0.06

and we compare the values obtained by the different methods for different values of K varying between
100 and 120. As a benchmark, we will assume that the optimal quantization converges to the exact value
and, under this hypothesis, we consider the fastest and most accurate version of optimal quantization,
which is the quantization-based Richardson-Romberg extrapolation. The idea is the following:

If the goal is to approximate Ef(X) for a function f and a random variable X, one considers two optimal
quantization sequences XM of size N; and XNz of size Ny of the random variable X and hence Ef(X)
is given by

NZEf(XN2) — NPES(XM)

Ef(X) NN

(6.68)

From a practical point of view, one usually considers Ny = N and Ny = % Furthermore, when the
dimension d = 1, the standard quantization error is of the form

ea(X, ) = c1v/n+ ca/nN~!
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and the Romberg-quantization error is of the form

1 1 Cl\/ﬁ
X, p) = — —— | = .
62( ?/"L) C2 n <N1 N2> 2N1

So, by studying the values of this error for different values of n and N7, we realize that the best technique
is to consider a small number of time steps n and a large size N of the quantizer.

In our example, we consider an optimal quantization-based Richardson Romberg extrapolation with
n =5and N = 1000. We observe in Table 6.1 the results and the errors obtained by the various methods.
Here, we emphasize on the computational time of these simulations which are performed on a CPU 2.7

K RQ GRQ 0Q GQ Romberg
Value Error Value Error Value FError Value Error

100 4.719  0.026 4.728 0.017  4.747 0.002 4.704 0.041 | 4.745

105 2.538 0.012 2.548 0.002 2,561 0.011 2.529 0.021 | 2.55

110 1.222  0.003 1.225 0.006 1.234 0.015 1.212 0.007 | 1.219

115 0.526  0.008 0.526 0.008 0.532 0.014 0.518 O 0.518

120 0.203 0.007 0.202 0.006 0.206 0.01 0.198 0.002 | 0.196

Average 0.0112 0.0078 0.0104 0.0142

Table 6.1: Pricing of an American call option in a market with bid-ask spread for interest rates
in a Black-Scholes model by recursive (RQ), greedy recursive (GRQ), optimal (OQ) and greedy
(GQ) quantization.

GHz and 8 GB memory computer. The optimal quantizer and its companion parameters are obtained in
about 40 seconds while the greedy quantization sequence and its companions in about 30 seconds. This
is approximately a 25% gain in time in favor of greedy quantization whose results are comparable (a little
less precise) than optimal quantization. As for the recursive quantization, the standard simulations (RQ)
are obtained in about 2.3 minutes and the greedy simulations (GRQ) in about 2 minutes. Hence, the
greedy character introduced in the recursive algorithm brings a 13% gain in time. The additional cost in
time is compensated by the preservation of the Markovian property and the precision of the results.
Figure 6.1 depicts the convergence of the error induced by the approximation of Yy based on a recursive
quantization of the forward process Xj,. For this illustration, we consider a strike K = 100 and we make
the size N of the grids vary between 10 and 100. The graph is represented in a log-log-scale scale and an
O(N~1) rate of convergence is clearly observed.

CEV model We consider a local volatility model, the CEV model, in which (X;)o<¢<7 evolves fol-
lowing

dX; = pX.dt +9X2dW,,  Xo = zo, (6.69)
for some ¢ € (0,1) and ¥ € (0,9] with 9 > 0. o(x) = 92 is the local volatility function. The discretized
Euler scheme associated to (X¢):epo, 1) is given, for every k € {0,...,n — 1}, by

where (ex)1<k<n is an i.i.d sequence of random variables with distribution A/(0, 1).

The construction of the quantizers and the computation of the companion parameters by recursive and
greedy recursive quantization is similar to what was done for the Black-Scholes model. As for optimal and
greedy quantization, closed forms for the companion parameters are no longer available in this model, we
estimate them by Monte Carlo simulations of size 10° coupled with a nearest neighbor search. We build
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Figure 6.1: Convergence rate of the error induced by the approximation of the Bid-ask spread
Call option in a Black-Scholes model discretized by recursive quantization for different sizes
N =10,...,100.

corresponding quantization grids of size N = 150 and consider n = 15 time steps. The parameters are
the following

Xo=100, T=025, 9=4, 6=05, e=1, p=005 r=001, R=0.06

and we compare the values obtained by the different methods for different values of K between 100 and
120. The benchmark is given by an optimal quantization-based Richardson-Romberg extrapolation (6.68).
We observe in Table 6.2 the results and errors obtained by such comparisons. As for the computation
time, we note that the optimal quantizer and its companion parameters are obtained in about 100
seconds while the greedy quantization sequence and its companions in about 70 seconds. The fact that
these computations take more time for the CEV model than for the Black-Scholes model is due to the
non-existence of closed formulas for the computation of the companion parameters in the CEV model,
the computation of the quantizers themselves is almost instantaneous. Moreover, the recursive quantizer
and its companions are computed in about 3.5 minutes while the greedy recursive quantizers in about 3
minutes.

K RQ GRQ 0oQ GQ Romberg
Value Error Value Error Value FError Value Error

100 8.517 0.074 8524 0.067 8536 0.055 8.593 0.002 | 8.591

105 6.262  0.049 6.272 0.039 6.288 0.023 6.321 0.01 6.311

110 4.479  0.023 4483 0.019 4.498 0.004 4.522 0.02 4.502

115 3.11 0.006 3.113 0.003 3.125 0.009 3.128 0.012 | 3.116

120 2.094 0.003 2.1 0.009 2.109 0.018 2.103 0.012 | 2.091
Average 0.031 0.0274 0.0218 0.0112

Table 6.2: Pricing of an American call option in a market with bid-ask spread for interest rates
in a CEV model by recursive (RQ), greedy recursive (GRQ), optimal (OQ) and greedy (GQ)

quantization.
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Two-dimensional American exchange options

We are interested in pricing an American exchange option with exchange rate p and maturity 7. This
price is given by the value Yy at time ¢y of the solution of the RBSDE (6.1) with driver f = 0 and
hi(z) = gi(z) = max (e"MX}! — pX?,0). X} and X7 are two assets, such that X} is with a geometric
dividend rate A and X7 is without dividend, both following a Black-Scholes model. The discretized Euler
scheme ()_(,i, )_(,f) is given, for every k € {0,...,n — 1}, by

_ _ 2 1
X1 _ Xle(rf%)AJrU\/Aak
Skt k 2

X2 = X2elr=F)Ato VAl tv1-p%0)

where r is the interest rate, o the volatility, p is a correlation coefficient and (Ei, 5%)1Sk§n is a sequence
of i.i.d. random variables with distribution N (0, I).

From a numerical point of view, we discretize in n = 10 time steps, build quantizers of size Nx = 100
and consider the following parameters

Xy =40, T=1, r=0, 0=02, A=005, pu=1.

In high dimensions (d > 1), the implementation of the recursive quantization algorithm is too expensive
and its cost in time is very high. We consider, instead, the hybrid recursive quantization, introduced
in Section 6.2.3 and use sequences of optimal quantizers (éf)lSlSNe of size N® = 1000 to compute the
sequence and the companion parameters as detailed in Section 6.5. We also build optimal quantizers and
greedy product quantization sequences (see Section 6.6.1). We compute the price of the option by these
methods for X3 € {36; 44} and p € {—0.8; 0; 0.8} and compare the results obtained to those computed
by a finite difference algorithm in [74] and expose the errors hence induced in Table 6.3.

Similarly to the one-dimensional Example 6.6.2, a gain in the computation time appears in favor of the

X2 ) 0oQ HRQ GPQ Benchmark
Value Error Value FError Value Error

36 —0.8 | 7.062 0.087 6.979 0.004 6.926 0.049 | 6.975

36 0 5.832 0.186 5.706 0.06 5.763 0.117 | 5.646

36 0.8 4.076  0.076 4.008 0.008 4 0 4

Average error 0.116 0.024 0.055

44 —0.8 | 3.834 0.065 3.741 0.028 3.609 0.16 | 3.769

44 0 2.453 0.117 2.329 0.007 2.042 0.294 | 2.336

44 0.8 0.426 0.067 0.282 0.077 0.401 0.042 | 0.359

Average error 0.083 0.037 0.165

Table 6.3: Pricing of an American exchange option for d = 2 in a BS model by hybrid recursive
(HRQ), optimal (OQ) and greedy product quantization (GPQ).

greedy quantization. In fact, greedy product quantization sequences are obtained in about 55 seconds
whereas optimal and hybrid recursive quantizers in about 70 seconds and 3.75 minutes respectively, and
hence the gain is about 20% compared to optimal quantization and 75% compared to hybrid recursive
quantization. Moreover, we remark that hybrid recursive quantization gives the most precise results while
an expected gain in precision for optimal quantization compared to greedy quantization is observed.
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6.7 Appendix
6.7.1 Appendix A: The proof of Lemma 6.2.3

First note that the function f : u — |u|" satisfies (since r > 2)
Viul" = r|u\7"_1i and  VZ|u|" = rlul""? ((r - 2)|—u|u—| + Id)
u

|ul i

(convention |8—‘ = 0). Consequently, Taylor’s Theorem with Lagrange remainder applied to f reads

flute) = () + (VS ()0} + 507V (Eun)e
for some &, = Ayptt + (1 — Ay ) (U 4+ v), Ay € (0,1). Note that
r—2 ((7‘ _ 2) <U7 fu,v>2

|€u,0]?

owing to Cauchy-Schwartz inequality. Then, noting that |, | < |u| V |u + v| < |u| + |v], we obtain

U*sz(€U,v)U = r‘fu,v

+[0?) < rléunl 2 = D)ol

r r r—1 U T(T_l) r—2
futol" < Jul” + rful™ o w) + === (ful 4 o) fol?
-1
< ‘ulr + <T|U|T_1%,U> + 7‘(7‘2 )2(r—3)+ (|u|r—2 + |’U|r_2)|1}‘2
u
-1
_ ‘u|r+ <r|u|"71|—u|,v> + 7"(7"2 )2(7~73)+(|u|r72|v|2+ |U|T).
u

Applying the above inequality to u = a and v = vVh AZ yields
. ~1 .
la+ AVRZ|" < |a|" + r<|a\7“—1|%‘, AVh Z> +2(r=3)+ %(hwﬁmzﬁ +h2|AZ|").

Applying Young’s inequality (when r > 2) to the product |a|"~?|AZ|? with conjugate exponents r’ =
and s’ = £ yields

. —~1)/h ,
la+AVRZ|" < |a|" + r<|a|’“*1|%|, A\/EZ> + 2(7;3”% (;((r —2)|a|” +2|AZ|") + h® AZ|’”>
< laf” (1 4 o(r=3)+ (r—l)(r—2)h> +r<‘a|r—1i7A\/ﬁz>
2 lal
4208 (p 1)hHAH’“|Z|"(1+ gh*) (6.71)

Finally taking expectation and using that EZ = 0 and h < hg yields the announced result.

6.7.2 Appendix B: Proof of Theorem 6.3.1

To get into the core of the proof of the first part of Theorem 6.3.1, we need to show some properties of

the functions y; and Zz.

Lemme 6.7.1. The functions g, and Zi defined by (6.36)-(6.37) are Lipschitz continuous with [yi|Lip

and [Zg]Lip their respective Lipschitz coefficients given by

[gk]Lip S [h}Lip + Amax(]- + Amax)[f]Lip + e(1+cf+0b’a)Amax [gk—i-l]Lip
and 1
[ZLip < ﬁ[ﬂk—i—l]LiperﬁA

where Cpg =1 + Amax(2[br]Lip + [0k]Lip) + Abax [bk]%ip and Cy = 2[f]Lip + [f]%ip‘
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Proof. STEP 1: We show that g, and gy, are Lipschitz continuous. We rely on a backward induction.
In this part, we denote EF = &, (x,er+1) for every z to alleviate notations. It is clear that [gn]Lip = [¢]Lip-
We assume that 11 I8 [Jx+1]Lip-Lipschitz continuous and show the Lipschitz continuity of g. For every
x,x’, we start by noticing that

5(@) = (@) = (i (&) — Eadien (&) + A(Ar(z = o) + BuBy (51 () = G (65 )
Cr

+ ﬁEk (@kﬂ(‘glf) - gjk+1(5;f/)> Ekﬂ)‘

where

E (4, Br 1 (EF), 2 () — Ex (@', B i1 (EF), 2 ()

Ak = o — 2 ]11:759:’;
Er (2, Er Yo (EF), Zi(2)) — E (2, By, Prr1 (EF), Zk ()
Bk: = — — ’ 1 = T = x! )
E (ykﬂ(gg) — Upt1 (5,? )) Ey, yk+1(5k)75153yk+1(5k )
Er (J:’, E Grr1(EF), Ek(l‘)> — & (2" B a1 (EF), 2 (2))
Cr = Lz (@) # 2 (ar)-

Er (Gk+1(EF) — Ukt (EF ) entr)
It is clear that these quantities are JFy, -measurable and that max (|Ax|, [Byl,|Ck|) < [f]Lip so
[Ge(@) = @) < Alfluiple = o) + Ei | (71 (EF) = Gia (67)) (14 BBy + Cuv/Beran ).

Now, using the inequality (a 4+ b)? < a?(1+ A) + b*(1 + %), one obtains

, 2

(@) = (@) SA%[fRplz -/ P(1+ %) + (1 + A)Ey ’(@kﬂ(&f) —Jk+1(E¢ ) (1+ AB, + Ck\/ZEkH)‘
, 12

< AL+ A)[fRiple = /[ 4+ (1+ A)Ex [t (6F) = G (68| Ew(1+ ABy + Cev/Beyin)”,

Since, (ex)r>0 is a sequence of i.i.d. random variables, then

2
Ey (1+ABy + CovBerin) = (14 [fluipd) + AlfRipBlers|? < 1+ 280 up + Alfy, < e2,

so that

9k (2) = G (@) ? < AQ+ A)[flE |z — 2’ + e THVAE, ‘ﬂkﬂ(&f) — Gr1 (&) i
At this stage, one notes that if a,b > 0, then max(a, b)? < max(a?,b?) so
190(@) = G2 < max ([h(a) = a1 (@) = Gl
< masx (gl — 2% A+ )l — 27 + A0TC0B, |1 (6F) - e (6] )
We use the fact that g1 is Lipschitz continuous and write
Bk |Jk+1(Ex) — §k+1(5§/)‘2 < [Grr1lLipElz — 2’ + A(b(x) — br(2')) + VA(or(z) — ok (2))ersa]?

< [Frerluiple — 2'P(1 4+ AR[bk]Lip + [o%]Lip) + A% b))
< [rs1]uip €0z — 2/ (6.72)
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where Cy » = 2[bi]Lip + [0k]Lip + Amax [bk]%ip. Therefore, one has
9 (@) = Gi(@)? < max ([bEiple — @' A+ A)[fluple — ' + OO G la - ')
Now, since A < Apax, one deduces that g is [yx]rip-Lipschitz continuous with

[GelLip < [M]Lip + Amax (1 + Amax) [flLip + e T T Bmax (g ]

STEP 2: For the Lipschitz continuity of zx, we will use the same property of yiy1, more precisely
inequality (6.72). For every z,z’ € R?,

= ] — x — x 1
1) = 20" < Gn () — Br (| € el luie oo - '

O
Proof of theorem 6.3.1. We denote §V; = V; —V; for any process V. We consider the following stopping
times u
7¢ = inf {u >t / LIsy,>0dKs > O} AT, (6.73)
t
74 = min {tj > t; Loy,<o(hi(Xi) — Vi), > 0} AT (6.74)
and

=7 AT

Keeping in mind that (Y;); is a caglad process (see (6.41)), we use Itd’s formula between t and 7 to write

16Y,|? = \(m|2+2/ mdays+/ 6Z2]ds + Y (8Ya — 6Y,-)?

[t,7) [t,7) t<s<r
= |6V — 2/ §Y,(f(©5) — £(Oy))ds — 2/ §Y,dK, +2/ §Y.dK,
[t,7) [t,7) [t,7)
+/ (Zs = Zs)dw +/ 0Z2]ds + > (Y. — 6Y,-)?
[t.7) [t.7) t<s<T
where O, = (X, Y5, ), é§ = (XS,IE }75,55) s =t;and § = t;41 if s € (¢;,t;41). One notes that
(8Y, — 8Y,- )% = (Y, — Y,)? so that, by the definition of the process K, one has
16Y;|? =|6Y,|% + 2/ §Y (f(@s) — f((:)i))ds + 2/ §YdK, — (Zy — Z5)dW,
t [t,7) [t,7)
= [ s - Y (20000 - T + (- T?) (6.75)
[t.7) t<t;<T
For every t; < 7, we set a; = 20Y; (h;y(X;) —Y;) 4 + (V; —Y;)? for convenience. It can be written as follows
;= Q(Y; - 7z>(hz(Xz) \ i;z - i;z) + (i/z - 2)2
=2(Y; - Y;)(Y; - Vi) + (¥i — ¥)?
=(Y; - Y)? = (Yi - V;)?
(Y - Y3)* - (8Y3)

where we used, in the third line, the equality 2(a — b)(b —¢) + (b —¢)? = (a — ¢)? — (a — b)%.
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Let us evaluate this term a;. For every t; < 7 < 7% we have, by (6.74), two choices: Either
hi()@-) < Y; so that Y; = Y; and hence, 6Y; = Y; —Y; and (0Y;)% = (Y Y) or, 0Y; > 0 so, since Yt <Y,
for every t, we have Y; — Y; < Y; —Y; < 0 and then, (6Y;)? < (V; — Y)

Consequently, for every t; € [t, 7],
ai = (Y = ¥))* - (0%;)°
Moreover, for s € [t, [, s < 7¢ so that, by (6.73), we have 0Y; < 0 dK;-a.e. Hence,

/ 0Y,dK < 0.
[t.7)

This yields
0 |* < |0, [* + 2/ Ys(f(©s) = f(Oy))ds —/ (Zs = Zs)dW — 1027 |ds.
t [t,7) [t,7)

Now, we evaluate |0Y,|?> depending on the value of 7.
o If 7 = 79, then, by (6.74), 8Y, < 0 and h,(X,) > Y,. This means Y, = h,(X,) and, since Y; > hy(X;)

for every ¢ € [0,T], B B B
0< |0V, =Y, — Vs = ho (X)) = Yy < ho(Xy) — ho(X5).

Hence, [6Y,[* < [h)E; | X- — X-[%.
o If 7 = 7¢ | then, by (6.73), 0¥, > 0 and K, changes its value so Y; = h.(X;). Consequently,

0<6Y, =Y, =Y, = h (X;) =Yy < h (X;) — he(X5)

since Y; > hy(X;) for every t € [0,T]. So, [6Y,[* < [h]f,|X- — X, |%.
o If 7 =T, Yy = g(X7) — g(X7) s0 |6Y;]? < [g }Llp|X — X,|?. Consequently, for all the possible values

of 7, we have

10Y7* < Chgp1r.0

where C}, 45,7, is a constant related to the Euler discretization error and depending on h and g. Thus,
taking the conditional expectation with respect to t leads to

E, <|5yt|2+/ |6ZS|2ds> gch%b?TﬁAjLQEt/ 6Y5(f5(@s)—f§((:)§))—1[<3t/ (Zs— Zg)dW,. (6.76)
t t [t.7)

It remains to study the term 2E; [ 6, (fs(0s) — fg(©§))~ As f is Lipschitz continuous, we use
Young’s inequality ab < % + asz and the inequality (a + b+ ¢)? < 3(a? + b? + ¢?) to write

2, /tT Y5 (fs(05) — f5(05)) < 3 lip (/j Ei| X, — X,|*ds + /tT E.|Y, — E,Y5|*ds

(67

+Et/ |Zs—§_s|2ds> —|—oz[f]LipEt/ |6Y |2 ds. (6.77)
t t

On the one hand, - -
Ee| Xs — X|? < 2E4| X5 — Xo|* + 24| X — X, |?

where E;| X, — X;|? is bounded as follows: from (6.3) taken between s and s, we have

E¢| X, — X4)? < 2]Et/ bu(Xu)?du + 2Et/ ou(Xy)?du

S
<4Lj Et/ (14 | X, ) du

<ALP AR, sup (14 |X,[)%
s<u<ls
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Hence, denoting C'x = 4L12w(7' —t),
/ E| Xs — X5|?ds < OxAE, sup (1+ |X,|)? + 2/ Ee| X — X;|ds. (6.78)
t s<u<s t
On the other hand,
B[V — B Vil < 2B, |V, — Vil 4 4B, |V, — Yi|? 4 4B, E,|Y, — V4|2, (6.79)

For every v, v’ such that v < v and |v —v'| < A, (6.41) at v and v’ yields

’

v
Y, =Yy = (v —v)f(v, Xy, B Y, 2)—/ Z,dWs + K, — K,

so that taking the conditional expectations w.r.t. t yields

’

2
Ey|Y, — Yo ? <2(v" = 0)°Ee f(8,)° + 2B ( / stWs> + 2By (Ko — K,)?

’

2
<2A%E,f(0,)* + 2E; (/ ZSdWs> + 2B (K — K,)2.

Since K, > 0 for every v € [0, T], we have -K, < K, so that K,, — K, < K,y + K,,. Then, owing the
fact that K, is non decreasing, K, — K, > 0 so

(BKu — K0)? < (B — Ko) (Ko + Ky) = K2 — K2,

Hence, noting that f(©,) = f(X,, EsYs,(,) is a composition of the functions f, g5 and z, which are all
Lipschitz continuous according to Lemma 6.7.1 and recalling that if a function g is Lipschitz continuous
then it has linear growth i.e. there exists a finite constant Cy such that g(z) < C(1 + |z|), one has

’

2
Ee|Y, — Yy > < 2A%2C0E,(1+ sup |X,|)? + 2K, (/ stWs> + 2R, (K2 — K?2).

v<s<v’

Combining this with (6.79) twice yields

F/A)-1 4, FA-1
/Et\Y ]EY|2ds<2/ E|0Ya[2ds +4 > / EY, — Yal*ds +4 > / E,|Ys — Y,|?ds
‘ i=t/A b N

§2/ B, |5V, 2ds + 8A2Co(r — Ey(1 + sup | Xu])?
t

s<u<s

+8 Z/ E/(K? - K?) + B, (K2 - K?)

i=t/a Ut

(7/A)—1 L+1 (F/8)-1 n+1 B 2
+8 > / (/ Zqu) ds + 8 Z / (/ Zuqu> ds

i=t/A Yt i=t/A Ut

< 2/ E¢|0Y;|?ds + 8A(T — £)Ey| K| + 8A%CoCy (1 — )Er(1 + sup |X,|)?
t

s<u<s
(7/A)—

+38 Z /tt’“ <Et / Zuqu)2+Et(/:Zuqu)2> ds (6.80)
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where we used the fact that K is a non-decreasing positive process so for every t € [0,T7, K, < K7 and
the fact that sup,<, <, @ < SUpy<, <5 .

Thirdly,

(7/A)-1

i+1
/\Z GlPds < > IEt/ |Z, — ,|%ds

i=t/A
(7/A)-1

< E meZ?d s [z —cpasae [ e —cpa
Z t ‘9 §| s+ |§ Ci‘ s+ |Ci <1| S

i=t/A

i t;

By the definitions (6.40) and (6.39) of ¢, and ¢, we have

1 s 2 1 2 1 s )
Zu= 3B | sts‘ - < 3B |2, — Z.|?ds
where the last inequality was obtained by using Cauchy-Schwarz inequality. Hence, we use Fubini’s

Theorem to deduce . -
i+1 S

/ |Zs — ¢sPds < ]Ei/ |Zs — Zs|*ds.
t; s

i

E, / (2.~ 2)

|Z§_ <§|2 =

Likewise,
-Gl =35 [ (7~ 2] < 3E. /|Z Z.Jds
so that _
titv1 _ s _
/ s — Cl?ds < Ei/ |Z, — Z,|*ds.
t; s
Consequently,

]Et/ 1Z, - & ds<8]Et/ |Z—Z|ds+2Et/ \Z. — Z.2ds. (6.81)

At this stage, we merge the 3 equations (6.78), (6.80) and (6.81) with (6.77) and take the expectation
to obtain

) ; ) _ 12[f] -
E(IéYt\z +/ \6Zt|2) SA<Oh,g,b,T,a + M(CX +Co(T—1)E(1+ sup [Xu|)?+ ﬂ(T - E>E|KT‘2)
) o s<u<s o
+ <2a[f]mp+6b;]fip>/ E|§Y, [2ds + mm/ E| X, — X,|ds
¢ t
24[flLip— [T ' 7
+ ME/ \Z, — Z,|%ds + ﬁE/ |Zs — Z|*ds
o - o t
F/A)-1
24{flLip Z / ( /|Z\du+E/ Z|du>ds
=t/n 7t

As stated in (6.4), E|Kr|?> < 7o and by the classical properties of the Euler scheme, we have
E(1 + sup | X,|)? < Cyr.0(1 + |20])? and  E|X; — X,|* < Chro AL+ |20])%

Moreover,
(7/A)— it (7/A)—1 i1 o
> / / | Z.| du—HE/ |Zu|Pdu | ds < Y / 2AE sup |Z,|* < 2A%(F — ).
i=t/A ti i=t/A t; s<u<s
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Hence, if we consider a@ = 6[f]rip and denote C = Chgpro+Cx + (T —1) (2’y0 + Ay Apmax + (1 +
Co)Cpro(1+ |x0|)2) and C =1+ 12[f]%ip, then we obtain

E<5n|2+/ |(5ng> §A6+5/ ]E|6YS|2ds+4E/ |Zs — Z,|*ds
t t t
t _ T _ T _
—|—IE/ |ZS—ZS|2ds+E/ \ZS—ZS|2ds+1E/ |Zs — Z4|?ds.
t t T

Consequently,
E|6Y;|? < 5/ E|6Y,|*ds + K
t
where K = AC+4E [ |Z,— Zs[?ds +E [ | Zs — Z,|?ds +E [T | Zs — Z|?ds. Let us denote f(t) = E|5Y;|>.

This function satisfies

flt) < 5/; f(s)ds + K.

We consider g(t) = f(T — t) which satisfies also
ot
g(t) < C’/ g(s)ds + K.
0

Hence, Gronwall’s Lemma yields g(t) < ¢CtK so that
F(t) < LT

Consequently,
- - ~ T t ~ 7 ~
E|Y; — Y2 <eCT=0 [ AC + 4]E/ |Zs — Zs|*ds +E/ |Zy — Z4|?ds +E/ |Zs — Zs|ds | .
0 t T
In particular, if t =t and 7 = tg/, k, k' € {1,...,n}, then t =t and 7 = 7 so
~ - ~ T
E|Y; — Yi|? < Tt <A0+ 4/ E|Zs — Zs|*ds +0 + 0) :
0

This completes the proof. O
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Chapter 7

Barrier options and details on
recursive quantization

7.1 Introduction

In the first part of this chapter, we detail the numerical section of Chapter 6 and give further details on
the numerical computation of the recursive quantization of a diffusion (X¢).c[o,7] given by

dXt == b(t,Xt)dt+O'(t, Xt)th, XO = 2o, (71)
evolving according to certain models, mainly Black-Scholes model and the CEV model, and discretized
following an Euler scheme with time step A = %, n € N as follows

Koy = Xop +be(Xe)A + 00 (X, ) VA1 = Er( Xy, 141) (7.2)

where (e))1<k<n is a sequence of i.i.d. random variables with distribution N (0, I4). We give more nu-
merical examples in order to illustrate the convergence of a recursive quantization-based discretization
scheme of a reflected BSDE, mainly in the valuation of the price of American options.

In the second part, we attack another application of recursive quantization. We are interested in the
pricing of a class of path-dependent payoffs, the Barrier options. Just like in the previous chapter where
the goal was to approximate the solution of a reflected BSDE with a forward process given by (7.1), we
start with a time discretization to obtain (7.2) and then, we apply a space discretization by recursive
vector quantization to compute the corresponding recursive quantization ()?tk)ogkfn- This technique
was deeply explained in Section 6.2 of the previous chapter and upper error bounds were established in
L? pe (1,24d).

We will replace, most of the times, the indices t; by k, for example, th will be denoted Xj.

7.2 Numerical implementation of specific models

As explained in Section 6.5 of Chapter 6, the recursive quantization of X}, is given by X E= EZVZ’“I .Z',If]lci(rk)

where the grid I'y is the optimal quantizer of X of size N. Assuming that all the grids I'y =

{af,... 2, } are already computed up to time tj, the grid Tjyyq = {x’erl,...,:U’]‘?\,tL} is computed

via

~ “~ ZZN:’HP?]E (5k($§a5k+1)]1{5,(xk,g, YeC,; (T 1)})
I?J'_l =E (Xk—i-l | Xit1 € Cj(Fk_H)) = ) e = . (7.3)
D;
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where E(z,6541) = @ —|— Aby(x )+ fak( Jek+1. For every k € {1,...,n} and i,j € {1,..., Ny}, the

transition probability pw from a: to xk+ is given by
py =P (Xkﬂ € Cj(Tiy1) | X € Ci(rk)> =P (&r(al, ert1) € Ci(Thtr)) - (7.4)
And the weights p?“ of the Voronoi cells Cj(I'y41) are given, for every j € {1,..., Ny41}, via the classical

(discrete time) forward Kolmogorov equation, as follows

pEFL = P(XH € O(Thpn)) Z ka(Ek 2k i) € C; (rkﬂ)) (7.5)

In this section, we give details on the computations of the recursive (and greedy recursive) quantizers of a
process (X k)o<k<n following a Black-Scholes model and a CEV model, and discretized following an Euler
scheme with time step A = %, n > 0. The following closed formulas are available in the one-dimensional
framework and are used in the pricing of American options and Barrier options in the end of this chapter.

7.2.1 Black-Scholes model
Consider a process (X;)o<¢<r evolving following a Black-Scholes model
dX; = rXdt + O'Xtth, Xog=x9 €R,

where r is the interest rate, o the volatility, 7' the maturity and (W;)o<i<7 a standard Brownian motion.
It is discretized following the Euler scheme

Xk+1 ZXk+TAXk+J\/ZXk€k+1 = gk(Xk,EkJrl) (76)
where (£x)1<k<n 18 a sequence of i.i.d. random variables with Normal distribution A/(0, 1).
Relying on the fact that, for every i € {1,...,Ng}, E(zF, exr1) ~ N(mE TF) where mk = zF +

Aby,(z¥) and ©F = \Fak( %), the expectations and probabilities in (7.3), (7.4) and (7.5) are computed,
for every i € {1 . Ni} and je{l,..., N1}, as follows

oVALE () ()’
E<5k($?:5k+1)]1{£k(x§,ek+1)ecj(rk+1)}>= o (6 2 2 )

k k+1 k+1
P AR (20(ah) ~ eo(@ith) ()
and
k k+1 k+1 k+1
P (Exlat,exi1) € CHTMH) = @ (ah5L) — @0 (ak5h) (78)
where ®g is the c.d.f. of N(0,1),
k+1 k k+1 k
—m; ] —m;
k+1 i—% ¢ k41 Jj+s ?
Tiint =~ yr A T = o —
J sh J,sup sh
k1l _ oy el k1 _ k1
and 777 = +——*L with the conventions z% —o0 and x ., = +oo.
Jjt+3 2 3 Niy1+3

Next, we deal with the computation of the quantizers of ()_( k)o<k<n Dy greedy recursive quantization.
The steps to follow in this case are detailed in Section 6.6.1 of Chapter 6. Here, we will present the formulas
needed to compute the local inter-point inertia. Denote mf_l = a:?_l + rAm;?_l and Z;?_l = U\/K.ﬁ?_l,
then, for every i € {1,..., N}, these inertias are computed via

N
o} = Zp?ilsij (7.9)
j=1
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where s;; are given, for every j € {1,..., N}, by

eIfi=0
k k-1 k-1 (af—mi™h?
Ty —my k—1\2 k12 | 2 k—1 2(zF1)2
Sly_(I)O( Fo1 )«xl_mj )+ ()7 + (@t —m;™") ’
=k Ver
o Ifi = Nk —1
(zk mk—l)z

ak, —mht oh1 -kt
SNy—1j = (1 =P (lczk—lj>> ((@h, —m) ™2+ (55)?) = Z=(ak, —mf e 55 7,

e If0<i< N,—1

(aF _mk—1)2 (F  _mE—1y2 G —m;ﬁl)z
skl P nh-1 - skt L
_ k—1 k 2(277 2 J k -1 2(27 72 J : k 2(277 )2
Sij = N (mj~ —xi)e I + (Tip —mji e + (x7 —xit1)e i

ko k-l 2 L —-m
xh m.: 1
k k— k— i+1 it
+ ((@f —mi™)2 + (2571)?) (I)O< 7 Z’?‘lj > o 22’?—1
J J

Then, for implementing Lloyd’s algorithm, one uses the formulas (7.7) and (7.8) to compute the quanti-
zation sequence as well as the companion parameters (transition weights and Voronoi weights).

For an example, we consider
T=1, Xy,=100, r=0.006, o=0.2

discretize in n = 30 time steps and build quantizers of size Ny, = 50 for every k € {1,...,n}. In Figure 7.1,
we observe the functions z¥ — p¥, for every k € {1,...,n} where (x?)lgig N, is the recursive quantization
grid and (p¥);<i<n, are the corresponding Voronoi weights.

7.2.2 CEV model

Consider that the process (X¢)o<t<r evolves following a CEV model, a local volatility model, according
to
dX; = rXtdt + 9XdW,, Xo = zo, (7.10)

for § € (0,1) and ¥ € (0,9], ¥ > 0, where r represents the interest rate and o(z) = ¥° represents the
local volatility function. The corresponding Euler scheme with timestep A = %, n > 0, is given by

Xpy1 = X 4+ rAXy + 90XV Aey, (7.11)

where () is a sequence of i.i.d. random variables with distribution A(0,1).
The recursive and greedy recursive quantization of this process is identical to the Black-Scholes model
framework. The only difference is replacing the constant volatility o with o(x) = ¥2°, especially in the

expressions of m¥ and XF.

In Figure 7.2, we represent the functions ¥ — p¥ for every k € {1,...,n} where (¥);<;<n, is the
recursive quantization grid and (p§)1§k§ N, the corresponding Voronoi weights. From a practical point
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Figure 7.1: Representation of 2% +— p¥ where (2F)1<;<y, is the recursive quantization grid, for

every k € {1,...,n}, in a Black-Scholes model (* corresponds to k = 2 and o corresponds to
k =n = 30).

of view, we build quantizers of size Ny, = 50 for every k € {1,...,n}, discretize in n = 20 time steps and
consider

T=1, X0=100, r=0.15 &6=05 o=A4.

7.3 Optimal quantization of a Brownian motion

In Section 6.6.1 of Chapter 6, we gave exact formulas for the computation of the transition matrices of
an optimal quantization tree corresponding to (X)o<k<n following a Black-Scholes model. Here, our
aim is to establish similar formulas to compute the transition weights of an optimal quantization tree
corresponding to a standard Brownian motion, which is a more general case.

Let (Wi, )o<k<n be a standard Brownian motion (sampled at time ¢;) and (/W\tk)ogkgn its optimal
marginal quantization sequence in the sense that each Wtk is an optimal quadratic quantization of Wy, .
Assume that the size of the grids Ni, k =1,...,n, are all equal to N € N. Note that this hypothesis is
not optimal but turns out to be optimal in terms of complexity for a given budget Ny + ---+ N,. It is
not sharp in terms of error estimates (up to a multiplicative constant) but remains a good compromise
which is convenient in practice for the implementation.

We start by noticing that, at time t5, one has W;, = W, — Wy, = /tyep where (e)o<i<n is a
sequence of i.i.d. random variables with distribution A/(0,1). Hence, the optimal quadratic quantizer
Ty = (zf,...,2%) of W, is obtained by simple dilatation from an optimal quantizer (2%, ..., z%) of the
standard Normal distribution. In other words, one has, for every i € {1,..., N},

oF = ik,

Note that highly accurate quantization grids of N'(0, 1) for regularly sampled sizes from N =1 to 1000
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Figure 7.2: Representation of 2% +— p¥ where (2F)1<;<y, is the recursive quantization grid, for
every k € {1,...,n}, in a CEV model (* corresponds to k = 2 and o corresponds to k = n = 20).

are available and can be downloaded from the quantization website www.quantize.maths-fi.com (for non-
commercial purposes).

Exact computation of the transition weights The goal is to compute the transition weights

—k
p?j = ]P)(Wtk+l = x?—H | W, = SEf) = %
b;
where e e -
ﬁfj = H”(I/Vtk+1 = x?“, W, = mf) and pf = P(Wtk = xf)
The weights pf are equal to the weights of the Voronoi cells induced by the quantizer (zf,... ,21’%) of

the standard Normal distribution and are available with the pre-computed sequences on the quantiza-
tion website. However, they can always be computed via the forward Kolmogorov equation, using the
transition weights pfj, as follows

N N
k+1 _ k k _ ~k
Pyt =D plel = 3
i=1 i=1

keeping in mind that the Voronoi weight at time ¢y (i.e. k = 0) is equal to 1 since )?0 = Xo = x9
is deterministic. So, our main concern is the computation of ﬁfj for every k € {1,...,n} and i,j €
{1,...,N}. We rely on the fact that Wy, = /e and Wy, ., = Wy, + (Wi, — Wi,) = Viker + 1/ Les

where €1 and ¢4 are two independent random variables with distribution N'(0, 1). Hence, denoting A = %,
one obtains

P (\/t>k€1 +VAey € C;(Tr1), Viger € Ci(Fk))

=P (Viger + VA € [Vin 2t Vi ] Vies € [Viek Vil )

=P (52 € [\/k—&— 1zFH Vker, VE+ 1251 — \/Esl}, €1 € {zk_l,zk lD
J—32 i—37 ity

j+3

_
Pij
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where we used in the last inequality the fact that —t’“A* L =k +1and \/% = Vk. Then, the indepen-
dence of €; and &5 yields

zF 1 2

Y Bas- E+1 k1 —z2 0%

piji/zk P(EQE { kJrle_% Vkz, \/k+1zj+% \/EzDe z Nor

- /:1‘+% ((I)O (MZ;“:; — \/Ez) — g (\/m%“fé — ﬁz)) % \;l% (7.12)

These integrals can be computed via Gaussian quadrature formulas as explained in Chapter 6, mainly
Gauss-Legendre quadrature formulas for integrals on closed intervals and Gauss-Laguerre quadrature
formulas for integrals on semi-closed intervals.

Approximation of the transition weights If the goal is not necessarily the highest level of
precision, then one approximates the transition weights pfj by g, (zf) where the function g; is given by

gj(z) = P (\/Ez —Vk+ 1zfii) — ®q (\/Ez —Vk+ 1szi)
2 2

The reasoning is similar to the case of the optimal quantization tree associated to a diffusion evolving

following a Black-Scholes model in Section 6.6.1.

7.4 Further numerical examples

We present further numerical examples illustrating the theoretical results obtained in the previous chapter
on the recursive quantization-based discretization scheme of a reflected BSDE.

7.4.1 American put options under the historical probability

We are interested in the computation of an American put option price with maturity 7" and strike price
K. This (risk-neutral) price is given by the initial value Y of the following RBSDE under the historical
(real world) probability P

. bt (Xt) —-T

Ot (Xt)
Yr = h(X7) and Y: > g(Xy)

where g(z) = h(r) = max(K —z,0) and b;(X¢) and 0;(X¢) are the coefficients of the diffusion (X).e[0,1
representing the stock price.

—dy, = ( —rY, Zt>dt — Z,dW, + dK,

Black-Scholes model We consider that the forward process (X;).c[o,) evolves following the Black-
Scholes dynamics. The corresponding Euler scheme is given by (7.6). We compute the quantizers of X,
for every k € {0, ...,n} by recursive quantization (RQ), optimal quantization (OQ), greedy quantization
(GQ) and greedy recursive quantization (GRQ) as explained in Chapter 6 and in the sections above.
Then, we compute the price of the underlying option Yy via the backward recursion (6.58). We consider
n = 15 time steps and a size N = 150 of the quantizers. The parameters of the model are the following

Xo=40, T=05833, 0=03, pu=0, r=0.0488.

We compute the desired values by the different types of quantization for K € {35; 40; 45} and compare
the results with the prices obtained in [36]. The results and the errors induced by this comparison are
displayed in Table 7.1. Figure 7.3 depicts the convergence of the error induced by the approximation of
Y, based on a recursive quantization of X;. We fix the strike K = 40 and vary the size N of the grids
between 10 and 100. The graph is represented in a log-log-scale and an O(N~1) rate of convergence is
clearly observed.
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K RQ GRQ 0Q GQ Benchmark
Value Error Value Error Value FError Value Error

35 1.228 0.082 1.23 0.0102 1.23 0.0102 1.217 0.0028 | 1.2198

40 3.17 0.0004 3.166 0.0036 3.165 0.0046 3.157 0.0126 | 3.1696

45 6.232 0.0116 6.225 0.0186 6.223 0.0206 6.232 0.0116 | 6.2436

Average 0.0067 0.0108 0.0118 0.009

Table 7.1: Pricing of an American put option under the historical probability in a Black-Scholes
model discretized according to an Euler scheme and recursive (RQ), greedy recursive (GRQ),
optimal (OQ) and greedy (GQ) quantization for different values of K.

-2

-2.5

| |
2 2.5 3 3.5 4 4.5 5

Figure 7.3: Convergence rate of the quantization error for the American put under historical
probability in a Black-Scholes model for different sizes N = 10,...,100.

CEV model Now consider that (X;):c[o,7] evolves following the CEV model, i.e.

dX; = pXdt +9X0dW,,  Xo = w0, (7.13)
for some § € (0,1) and ¥ € (0,9] with J > 0. o(x) = 2° is the local volatility function. The discretized
Euler scheme associated to (X;).cpo, 1) is given, for every k € {0,...,n — 1}, by

Xpp1 = Xp + pAXy, + 90XV A€, (7.14)

where (ex)1<k<n is an i.i.d sequence of random variables with distribution A(0,1). We compute the
quantizers of X}, for every k € {0,...,n} by recursive quantization (RQ), optimal quantization (OQ),
greedy quantization (GQ) and greedy recursive quantization (GRQ) as explained in Chapter 6 and in
the sections above. For this model, the transition weights of the optimal and greedy quantization tree
are computed via Monte Carlo simulations and not with closed formulas. We discretize with n = 15 time
steps, build quantizers of size N = 150 and consider the following parameters

Xo=40, T =05833, 9=2, 6=05, =1, pu=0, r=0.0488.
We compute the price Yj via (6.58) for the different types of quantization for different values of K between

30 and 50. The benchmark in this case is the price obtained by an optimal quantization-based Richardson
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Romberg extrapolation, as explained in section 6.6.2 of Chapter 6, with n = 5 and N = 1000. The results
and the errors hence induced are exposed in Table 7.2.

K RQ GRQ 0Q GQ Romberg
Value Error Value Error Value Error Value Error

30 0.593 0.025 0.597 0.021 0.605 0.013 0.594 0.024 | 0.618

35 1.707  0.023 1.709 0.021 1.726 0.004 1.705 0.025 | 1.73

40 3.76 0.017 3.758 0.019 3.779 0.002 3.756  0.021 | 3.777

45 6.81 0.02 6.806 0.024 6.835 0.006 6.807 0.023 | 6.83

50 10.698 0.042 10.692 0.048 10.722 0.018 10.694 0.046 | 10.74

Average 0.0254 0.0266 0.0084 0.0278

Table 7.2: Pricing of an American put option under the historical probability in a CEV model
discretized according to an Euler scheme and recursive (RQ), greedy recursive (GRQ), optimal
(0OQ) and greedy (GQ) quantization for different values of K.

7.4.2 American put options

The price of an American put option is given by the RBSDE (6.1) with a driver f equal to 0 and
h(z) = g(x) = max(K — x,0). This means that the time discretized backward recursion is given by

Y7 = hp(X7) and Y;, = max (hk()_(tk), Ey }_/;‘/k+1)
and the space discretization backward recursion by
i}T = hT()?T) and ?tk = max (hk()?tk)7 Ep i}thrl)

where ()?k)ogkgn is the recursive quantization sequence associated to (X k)o<k<n SO that Y, and f’k are
both F;, -measurable processes for every k € {1,...,n}. The solutions of these recursions can be written
respectively as the Snell envelopes

V), = P-esssup{E (h-(X;) | F:), 7 € {tk, ..., T} Fr-stopping time}
and R N
Yj, = P-esssup{E (h-(X;) | F;), 7 € {ty,..., T} Fr-stopping time}.

This allows to estimate an upper bound for the LP-space discretization error ||Y}, — Yy || p» as follows

P

1Y = Yillp < [Pl | max 1Xi = Xul[|,, < [hluip (; X1 — Xlﬁ)

where || X; -X ||, is the LP-recursive quantization error estimated in Section 6.2. In fact, by the definitions
of (Yi)o<k<n and (Y )o<k<n, one has, for every k € {0,...,n}

Ve — Y| <P — esssup{Ek |he(X,) — he(X,|, 7 € {k,...,n} Fi,-stopping time}
S [h]LipEk(maX |Xl — 5(:[|>
>k

From a numerical point of view, we proceed like for the previous examples and build quantizers via
recursive, greedy recursive and optimal quantization. Particularly in this example, one does not need to
compute the parameters 7F; since the driver f is equal to 0 and hence they are not needed to implement
the backward recursion (6.58). The quantizers, the weights of the Voronoi cells and the transition weights
matrices are computed similarly to the previous example.
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Black-Scholes model - discretization according to an Euler scheme In this paragraph,
(Xt)teo, 1) evolves following a Black-Scholes model. The corresponding Euler scheme is given by (7.6).
We consider n = 15 time steps, build quantizers of size N = 100 and consider

K=110, T=1, 0=02, pu=0.006.

We compare the prices obtained by the different quantization techniques to a benchmark obtained by a
binomial tree with 7 = 10* time steps. The principle is the following: Starting with X at time tg, one
computes, at time t; = kA = k% the process Xpy1 = (x‘l;+1)1gjgk+1 from X, = (mf)lgign
LR u;vf if the price increases
i 7| dzf if the price decreases
where u = ("= F)A+VA and d = (T F)A-oVA, Then, once we have computed all the values for every
k€ {1,...,n}, we proceed with the valuation of the price of the American put option via a backward
recursion as follows:

{UZ” = hz(2?), i=1,...,Ng,
k
3

of  =max (h(z}), EQ* o)), i=1,...,Ni, k=0,...,n— 1. (7.15)

Note that the transition probability from x¥ to xf“ is equal to p = 0,5 and to xfill is equal to 1 — p.

The results and the errors hence obtained are exposed in Table 7.3 for different values of Xy between 90
and 120.

Xo RQ GRQ 0oQ Binomial tree
Value error Value FError Value Error

90 21.275 0.02  21.256 0.001 21.233 0.022 | 21.255

95 17.378 0.018 17.346 0.014 17.341 0.019 | 17.36

100 13.936 0.022 13.886 0.028 13.902 0.012 | 13.914

105 10.971 0.025 10.915 0.031 10.945 0.001 | 10.946

110 8.483  0.028 8.425 0.03 8.467 0.012 | 8.455

120 4.819 0.028 4.771  0.032 4.825 0.034 | 4.791

Average error 0.024 0.021 0.017

Table 7.3: Pricing of an American put option in a Black-Scholes model discretized according to
an Euler scheme and recursive (RQ), greedy recursive (GRQ) and optimal (OQ) quantization
for different values of Xj.

Furthermore, we are interested, in this example, in comparing the results obtained when the transition
weight matrices of the optimal quantization tree are computed exactly via Gaussian quadrature formulas
versus when they are approximated by the function g; (see Section 6.6.1 of Chapter 6). We observe
the errors induced in Table 7.4 and deduce that using closed formulas or approximating formulas to
compute the transition weights give almost the same results, the differences between the two approaches
are negligible. However, it should be mentioned that the approximating computation is much faster so the
choice depends on the interest of the implementation and on the values of Xy. For comparison purposes,
we compute the difference between the exact transition weights and the approximated transition weights
and observe an error equal to 0.0614 which is more or less significant and mostly due to the differences in
the transition weights of the Voronoi cells at the edges. This interpretation is deduced by the numerical
experiments but it is also intuitive since these cells are of the form [a, +00) or (—o0, a] and their centroids
cannot represent the whole unbounded cell.
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Xo Approximated weights Exact weights
90 0.02 0.022
95 0.019 0.019
100 0.014 0.012
105 0.004 0.001
110 0.008 0.012
120 0.029 0.034
Average error | 0.016 0.017

Table 7.4: Errors induced by the pricing of an American put option in a Black-Scholes model
discretized according to an Euler scheme and optimal quantization with transition weights com-
puted exactly and approximately for different values of Xj.

CEYV model - discretization according to a Milstein scheme We consider that (X¢)¢c[o,7]
evolves following a CEV model and the time discretization is established according to a Milstein scheme
with time step A = L ie.

no

Xk+1 = MkEk+1 + C = U(Xk,ﬁk_H) (7.16)
where ] 1 1
o =X (155 +7A - §h19265(,f(5’1)) L = S AUXE

and ey, is a random variable with distribution x?(1, ,ui) with 1 degree of freedom and
Xl—&
= —E—.
I5VA

Let us first give some details about the computation of the quantizers of (thgkgn in the Milstein
scheme case. For the optimal quantization, the quantizers are obtained as explained previously for the
Euler scheme and the transition weights are computed by Monte Carlo simulations. However, for the
recursive and greedy recursive quantization, one should note some differences.

We start with the computation of the inter-point inertia in the case of greedy recursive quantization
before proceeding with the expectations and probabilities common to both methods. According to (7.9),
these inter-point inertia are given, for every ¢,j € {1,..., N}, by 0.72- = Zf\;l pffl
based on the following formulas:

e The cumulative distribution function of x%(1, u?): F.(z) = ®o(x") — ®o(z7),
e The first order moment of x2(1, 1i?)

s;5 where s;; is computed

M () = (1+ %) (Do (™) — Do(a7)) + <2”+$_>(3_\)é? ~@urah) m ’

e The second order moment of y?(1, u?)

-2

M2(z) = (Bo(at) — Bo(z7)) (“4 + 3% + 3) P (4 + 6p%™ + 4+ o) 42~ 3+
€ 2 \/ﬂ

<4u3 +6p2atT +Ap2+ 2t 2t (34 x+2)> )

— t?
2

V2r

where ®q is the c.d.f of the standard Normal distribution, 2+ = y/z — p and 2~ = —\/T — pu.
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Then, in order to compute the quantizer I'y41 = {x’f“, . ,xlf\,ﬂ

every k € {0,...,n}, we start by denoting

} and its companion parameters for

xkii —c ot — el
J 2 J 2
Tjip = —— 5 and  xji =
My My
k+1 k+1
where oft1 = Zim FTiet gk L4 A LA9265(2F)20-1) and mi = LA925(2*%)20=1. Then
j+i 2 » Yk T M 26 2 i k2 i : )

the expectations and probabilities in (7.3), (7.4) and (7.5) are computed as follows
P (Ui (a7, enr1) € Cj(Trs1)) = Felwjin) — Fe(x-)

and

2
E (uk(zfv 5k+1)]1{£k(m,’§,ek+1)ec](rkﬂ)}) = (cf +mf(1+p)) (Fe(fl?j.,z‘+) - Fe(l’j,i—))

k o2 ot 2
m; _ _ it . _ Yt
+ o= @ e T = 2l e T

i

«F 7 o 2
PR X i — —
2+ e T = (2 g, e T ]

From a practical point of view, we consider n = 25, build quantizers of size N = 100 and consider the
same parameters as previously. We compare the results obtained for different values of K between 90
and 120 to the price obtained by a Richardson-Romberg extrapolation with n = 5 and N = 800. The
induced errors are reported in Table 7.5.

K RQ GRQ 0Q Romberg
Value Error Value FError Value Error

90 6.556  0.042 6.545 0.023 6.564  0.004 | 6.568

95 8.254  0.034 8.246 0.042 8.266 0.022 | 8.288

100 10.251 0.035 10.234 0.052 10.267 0.019 | 10.286

105 12.569 0.05 12.546 0.073 12.579 0.04 | 12.619

110 15.225 0.039 15.202 0.086 15.23 0.05 | 15.288

120 21.674 0.053 21.652 0.072 21.68 0.044 | 21.724

Average error 0.037 0.058 0.031

Table 7.5: Pricing of an American put option in a CEV model discretized according to a Milstein
scheme and recursive (RQ), greedy recursive (GRQ) and optimal (OQ) quantization compared
to a Romberg extrapolation method for different values of K.

7.4.3 Two-dimensional American put options

Our goal is to approximate the price of a multi-dimensional American geometric put option given by the
solution of the RBSDE (6.1) with a driver equal to 0 and g;(z',...,2%) = hy(2',...,2%) = max (K —

|t - xdﬁ,O), K being the strike price. Due to the choice of h and g, this d-dimensional problem can
be reduced to a one-dimensional problem case. The forward process evolves following a Black-Scholes
dynamics and is discretized by a Euler scheme, i.e. for i € {1,...,d}

Xi, = Xi+rAXL +ovVAcL

where r is the interest rate, o the volatility and (52);” a sequence of Normally distributed random
variables. We carry out simulations for d = 2, discretize in n = 10 time steps and build quantizers of
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size Nx = 100 by optimal and hybrid recursive quantization. For the hybrid recursive quantization, we
use optimal quantizers of the standard Normal distribution of size N. = 1450 and the computations are
similar to those in Example 6.6.2 in Chapter 6. The parameters of the example are

X,=100Vi, T=1, r=005, o0=04, p=0.

In Table 7.6, we vary K between 100 and 120 and expose the results obtained by the two methods
and compare them to the benchmark obtained by a two-dimensional binomial tree which consists on the
following: One starts by partitioning the interval [0, T into n sub-intervals [y, t541] where t, = kA = kL
for k € {1,...,n}. At each time tj, the tree has k? nodes representing each the price of the forward
process Xy = (X}, X?) and, at time tj1, this price becomes equal to one of the 4 following possibilities

(X}u, X2u) with probability pyu, (X} d, X}u) with probability pg.,
(X}u, X7d) with probability pyq, (X}d, X2d) with probability pad,

where u = V2 is the factor corresponding to the price raise and d = e~V to the price drop. The
probabilities are given by

oo () e (252)

(o2 g

1
and Pud = Pdu = 1(1 - p)

where p is the correlation coefficient between the two variables. Hence, we start by a forward simulation
to design the tree and then proceed with a backward simulation to compute the price of the American
put via

Pk,i = max (hk(Xl%,mXlz,i)7E(Pk+1|Pk,i)) :

K 0Q HRQ Benchmark
Value Error Value Error

100 10.316 0.14 10.481 0.025 | 10.456

105 13.094 0.186  13.412 0.132 | 13.28

110 16.303 0.126  16.616 0.187 | 16.429

115 19.763 0.114  20.154 0.277 | 19.877

120 23.532 0.066  23.92  0.322 | 23.598

Average error 0.1264 0.1886

Table 7.6: Pricing of a two-dimensional American put option in a BS model discretized according
to an Euler scheme and hybrid recursive (HRQ) and optimal (OQ) quantization for different
values of K.

7.4.4 Multi-dimensional example

We compute the solution of the following RBSDE (example due to J.F. Chassagneuz)

24d
—dYt:(Ztl—&-...—i—Zf)(Yt—%)dt—thWt—det
er €t
Y+ = d Y: > ot
T 1+€T an ti‘p()l—f—et
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2
where e, = Wi+ Wi and o(t) = —%(%) + 1 for a dimension d € {2; 3}. The forward process

(Xt)teo,7) in this example is given by
dX; = dW;

where (Wy)icjo,1) is a d-dimensional standard Brownian motion. The corresponding discretized forward
process is hence given by

Xip1 = Xi + Vg,
where (g4, ...,e¢)1<k<n is a sequence of i.i.d random variables with distribution A(0,1;) and A = % is
the time step parameter and n is the number of time steps.

We consider T' = 0.5 and Xy = 0.5 so that Yy = 0.5. We discretize in n = 10 time steps and build
quantizers by optimal (OQ) and hybrid recursive quantization (HRQ). In this example, we compare the
different values obtained for various sizes Nx of the optimal quantizers and the hybrid recursive quantizers
and different sizes N, of the optimal quantizer of N'(0, I;) used in the hybrid recursive quantization of Xp.
We expose the results in Table 7.7 in the two-dimensional case and in Table 7.8 for the three-dimensional
case.

Nx N, HRQ 0oQ

Value Error Value Error
50 750 | 0.5869  0.0869  0.5225 0.0225
50 1450 | 0.5864  0.0864  0.5225 0.0225
80 750 | 0.5856  0.0856  0.5163 0.0163
80 1450 | 0.58555 0.08555 0.5163 0.0163
100 900 | 0.58552 0.08552 0.514  0.014
100 1450 | 0.5854  0.0854 0.514  0.014
Average error 0.0858 0.0176

Table 7.7: Values of Y| in the two-dimensional framework based on optimal (OQ) and hybrid
recursive quantization (HRQ) for different value of Nx and N..

Nx N, HRQ 0oQ

Value Error Value Error
50 900 | 0.5959 0.0959 0.5566 0.0566
50 1300 | 0.5957 0.0957 0.5566 0.0566
80 900 | 0.5912 0.0912 0.5459 0.0459
80 2000 | 0.5909 0.0909 0.5459 0.0459
Average error 0.0934 0.0512

Table 7.8: Values of Yj in the three-dimensional framework based on optimal (OQ) and hybrid
recursive quantization (HRQ) for different value of Nx and N..

7.5 Application to Barrier options

The goal of this section is the pricing of a class of path-dependent payoffs, i.e. options whose payoff
at maturity 7' depending, not only on the value of the underlying asset, but also on the maximum or
minimum of its price on the interval [0,T]. In other words, the payoff can be written as

hr = ¥(Xrp, sup Xi) or hy = ¥(Xr, Xt).
te[0,7T) t

inf
€[0,T]
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In particular, we consider Barrier options whose payoff is given by
hr = @(X7)Lsup, 1o 1 X, €1 or hr = o(X1)Lint,c 0. X, €1

where I is a subset of R?. Among others, one can name the following examples of Barrier options:
> An Up-and-Out Call option which becomes equal to 0 as soon as the price of the underlying asset
becomes higher than a certain barrier L, and whose payoff is given by

hT(XT) = (XT — K)+]lsupte[0.T] X:<L

where T is the maturity, K the strike price and L the barrier.
> A Down-and-Out Call option which becomes equal to 0 as soon as the price of the underlying asset
becomes lower than a certain barrier L, and whose payoff is given by

hr(X7) = (X1 = K)+ Lint, 0.0y X >L-

7.5.1 Theoretical approach

There exist formulas aiming to approach the prices of the options in this framework. To do so, it is
necessary to handle the distribution of the maximum or the minimum of the Euler scheme associated to
the price of the assets between two discretization steps t; and 41, conditioned w.r.t. its values at times
ti, k € {0,...,n}. This means that one needs to study the diffusion bridges between t; and ;1. Let us
give some details and refer to [31, 57, 72] for example, for further details.

Let W = (Wy)>0 be a standard Brownian motion. We start by presenting some basic properties of a
Brownian diffusion bridge over [0,T]. It is a centered Gaussian process, measurable w.r.t. the filtration
(F)eepo,r) = (0(Ws, s < t7./\/p))t€[0 ) where Np is the class of all P-negligible sets of A, and defined by

t
vV =w, - ZWr. te[0.1]

It is independent from (Wrys)s>0 and its covariance matrix is given by

E()/SW,T}/tW,T) — s At — S?t — (5 A t)(j,z_‘—,i sV t) )

Furthermore, if we consider 0 < Ty < 17, then

L(W)ieiry i | W, s €(To, Th)) = LIW)seiry )| W Wry)-

Hence, (Wy)ie(z,,y) and (Ws) o are independent conditioned to (Wr,, Wr,) and

(To,T1)

t—Tp
T — T,

L(WV)ieiry ) |Wr, =2, Wr, =y) =L (x + (y—x)+ (YtWE[?;I_TO)tG[TO,Tl]> .

Going back to our problem, the Brownian diffusion bridge associated to the genuine Euler scheme of
the diffusion (7.1) is characterized in the following proposition.

Proposition 7.5.1. (i) The processes (X¢)ic[ty tpya] & € {0,...,n—1}, are independent, conditioned to
U(th,k:(),...7n— 1)

(i)

’C((Xt)te[tk,tk+1] ‘ th = Z'I,Z = O) e ,TL) = 'C((Xt)te[tk,tk+1] ‘th = Tk, 'th+1 = xk+1)

n(t—1t
=L ((QTk; + %(ﬂfka}l - -'L'lc) + U(tkaxk)}/tw;ka> ) :
te[tr, trt1]
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Having in hand the conditional distribution of the Euler scheme between t; and tx,1 w.r.t its values
at times tx, k € {0,...,n — 1}, one can deduce the conditional distribution of its maximum or minimum
over [0,T].

Proposition 7.5.2. Let (uk)i=0,....n—1 be a sequence of i.i.d. random variables with Uniform distribution.
Then,

— -1 —1
£ e (X0 | X0 =k = 0,oim) = £, _max | Gl onone )L toron )
and
- . —1 —1
E(tg[lolr;](Xt) | Xe, = xp, k=0, ) = E(k:OI,I.l.l.SL—lFuk (xk,:vk+1)]luk§min(zk,zk+l))
where

oo @u) oo
Gulzy)=(1—e To?(e) and F.(x,y)=e To2(e) (7.17)

At this stage, we are able to give general formulas to approximate the price of Barrier options, in
other words, to compute E W(X7, maxcjo 7 X¢) or EW (X7, mingep,r) X¢).

Proposition 7.5.3. The price of an Up-and-Out option with maturity T and barrier L and whose payoff
s given by the bounded function g is

n

Vo =€ "TE |9(Xn) Lsup,e .1, thL} =e"TE [Q(Xn) H GL(Xk—l,Xk)]lxk,XklgL] .

The price of a Down-and-Out option with maturity T and barrier L and whose payoff is given by the
bounded function g is

Vbo =e¢ "TE [9(X ) Lint,cpop XoL] = eE |g

H 1_F‘L Xp— 17Xk)]le7Xk 1>L)‘|
k=1

where G, and Fr, are the functions defined by (7.17)

To approximate the price of these options, time and space discretization schemes of the diffusion
process (X¢);e[o,r] are mandatory. For the time discretization we consider the Euler scheme (X, Jo<k<n,
with uniform mesh ¢, = kA for k € {0,...,n} and A = -~ associated to the process (X¢)c[o, 7] Which is
recursively given by

Xy = Xop + Ab(Xe,) + 06 (Xe) Wy, — Way), Xo = Xo = o, (7.18)

where Wy, ., —W;, = VAgj 1, for every k € {0,...,n—1} and (ex)o<k<n is a sequence of i.i.d. random
variables with distribution N'(0, ;). Its continuous counterpart, the genuine Euler scheme, is given by

dX; = b(t, X;)dt + o(t, X;)dW, (7.19)

where t = t;, when t € [tg, tx11). This process satisfies for every p € (0,4+00) and every n > 1, (see [10])

SCb,T,a(1+|9C0|) and H sup |Xt—)_(t\

—|—supH sup Xy
t€[0,T]

H sup X;
P n>11ltefo,1)

te[0,T)

< 1o VA(L+ |20])
P

where Cy 1, is a positive constant depending on p,7T’,b and o.
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Concerning the space discretization, we rely on vector quantization, more precisely, recursive vector
quantization which was introduced in [63] and revisited and developed in Chapter 6. A(n optimized)
recursive quantization of (Xj)o<r<n is defined by the following recursion: Xo = Xy = x¢ and

{ X, = 5#10@211781@)7

Xi+ = Projp, (X), Vk=1,...,n. (7.20)

For the high-dimensional framework, the computations by this scheme become very complex so multi-
dimensional extensions are necessary. One can cite the recursive product quantization in [28], a massive
“embedded” Monte Carlo simulation or a more interesting alternative, introduced in Chapter 6, which
is a kind of hybrid recursive quantization where the white noise (ej)o<i<n is replaced by its (already
computed) quantized version (£j)o<k<n. In other words, we consider, instead of (7.20), the following
recursive scheme

(7.21)

)Ek :5k71(5€k:17§k)a
Xk- :PI‘Oij(Xk), szl,...,n.

where (£}) is now a sequence of optimal quantizers of the Normal distribution N(0, I,), which are al-
ready computed and kept off line, they can be found and downloaded from the quantization website
www.quantize.maths-fi.com (for non-commercial purposes). A priori error bounds of these two types of
quantization have been established in LP,p € (1,24 d), when assuming that X  is a stationary quadratic
optimal quantizer of X, for every k € {1,...,n}.

In the following, we detail the approximation of Up-and-Out options, the study for other types of
Barrier options is identical. The recursive quantization scheme allowing the computation of the price of
the Barrier Up-and-Out option Viyo is given by the following Backward Dynamic Programming principle
(BDPP) based on the recursive quantization (Xg)o<p<n of (Xi)o<k<n

~

Lo = g(X)1 and Ly =E (GL()?;C,)?,CH)Z,CHIL )?@Lm) . (7.22)

X,>L

One can define the same BDPP for the non-quantized process:

Ln=9(Xn)lg 51 and L,=E (GL(Xk,XkH)LkH]leZLUTk) . (7.23)

It is clear that Lo = Vyo.

Our aim is to establish upper bounds for the error induced by the approximation of Ly by Ek We
assume that, for every k& € {1,...,n}, the recursive quantization X of X, is computed according to
(7.20) or (7.21) where X}, is a quadratic optimal quantization of X;. It has been shown, in [57] for
example, that a quadratic optimal quantizer X% of X is always a stationary quantizer in the following
sense

E(X|X™) = X1, (7.24)
Before estimating the error bounds, we show that the functions G, (z,y) and Ff,(x,y) are locally Lipschitz
continuous.

Lemme 7.5.4. Let L € R, d,p € (0,+00) and r € (1, 1+ %). Assume that o is uniformly elliptic,

i.e. there exists oo > 0 such that o(x) > oq for every x € R%. Then, for every x,y € RY, Gr(z,y) and
Fy(z,y) are LP-locally Lipschitz, i.e.

IGL(z,y) = G,y )lp < Krip(le = 2'llep + ly = ¥/ lp) L+ 213, = + 19113,

r—1

)

T—1

and

)

1FL(z,y) = Fi(a', ) lp < Kvip(lz = 2'llrp + 1y = 5 1) 1+ 2l =, + [1y'l13,

1 2[0]Lip)' a

where Kiip = %max (

T
r—1

2 3
&) o)
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Proof. The proof is identical for Gz and Fy. For every z,y,2',y’ € R?, the fact that |e* — e?| < |u —v|
for u,v < 0 yields

op =L w=L) op =D =L
‘GL(xvy) - GL($/7y/)| =€ 77 —€ a2
c2|-Dy-L) @D -L)
- T o?(x) o?(z!)
2 1,/
< ild 7Y S (simple change of variables)

T |o2(x+L) o'+ L)
/

~— T |o%2(z+ L) c?(x+ L) o%a'+1L)

<2£ |.Z'Hy—y/|+‘ /‘ T 1 _ 1 + |Z‘—l‘/|
=T |o2z+) VY 2@+ L) o2 +L)) 2+ L)

T |o2(x+ L) o2(x+L) o2%2a' +1L) o2(x' + L) |
Th ti d ields that 1 1 < ! that
e assumption made on o yields that max — so tha
P Y o2(x+ L) o2z’ + L)) ~ o
1 1 L 'YL 20l
_ SQ[U]Lip‘x_fL’/l 0($+ )+0'(m + ) < [U]Lp| x/‘.

o2(x+L) o2(x'+1L) o*(x+L)+o*(a'+L) ~ o}

Hence
Guto) — Gulao) < 5t Py 2himy o+ 22
< 2 max ((j Q[fgip) (I = 2|+ ly — /D) (] + /] + lally/])
< %max <01(2), 2[(;]0;”)) (le =2+ ly— o) (L+ 2>+ |y]?) -

By taking the expectation, applying Holder inequality with the conjugate exponents r an - and then
Minkowski’s inequality, one obtains the result. O

Theorem 7.5.5. Let (Xi)o<k<n be the process defined by (7.18) and let ()?k)OSkgn be its recursive

quantization. Assume that Xy is a stationary quadratic optimal quantization of Xy (in the sense of
(7.24) ), for every k € 0,...,n. Then, forp € (1,+00),

o s S s
| Lr — Lk”p < max (“a CoKLip) HgnHSUP Z X0 — Xa| d T X1 — Xallp”
— p+5
where Cy and k are finite positive constants depending on p, p’ is a finite number larger than 1 and
— 1 2[0]ui
Kyip = % max (;0;, %OL%) )

Proof. We use the previous Lemma to write

1GL( Xk, Xit1) = GL(Xp, Xep 1) lp <KLip (| Xk — Xiellrp + 1 Xe41 — Xerallp) (14 11Xk l5ps + 1 Xk111355)

where s = -5 and r € (1,1 + %). Since )A(;Hl is a quadratic optimal quantization of )?k;_i'_]_, it is also
stationary. This property, combined with Jensen’s inequality, yields

||Xk+1H§ps = ||E(Xk+1|Xk+1||§ps < ||X]€+1||§ps'
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And, using inequality (6.26), one obtains

1
~ _ C- ps
2 tx(C14C2) /2 3 _tr_1(CitC
| X1l < (1 Kollapse (2 *(cw - 2)>

where Cy, Cy and Cj are constants defined in Lemma 6.2.4. This, combined with the fact that X, € L"
for every r € (0, +00) (by a property of the Euler scheme), yields the existence of a finite positive constant
Cy such that 14 || X3, + | Xx+1[13,s < Co. Then,

G L( Xy Xit1) — GL(Xe, Xa1)lp < CoEvip (I Xk — Xnllrp + [ Xkt1 — Xnstlrp)- (7.25)

At this stage, we can proceed with the estimation of the upper bound. For every k € {1,...,n}, one
has

1Ly, — Lill, < HE(GL(Xk7Xk+1)Lk+1]1XkZL - GL()?k7)?k+1)zk+l]l)’(\k2L |-7:k) Hp

< H Gr(Xn, Xpr1) Liprl g, 51 — GL()?k,)A(k+1)Ek+1]1§k>LH
- =Ellp

< HGL(XJC,XIC+1)L1¢+1(]1)2,C>L —lg ) +1g o, (GL(Xkan+1)Lk+1 - GL()A(k,)A(kH)EkH) H
> > > ,

< NG llsup | Lk llp

Gr(Xp, Xis1) L1 — GL()?k,)A(kH)EkHH .
p
(7.26)

It is clear that ||GL|lsup < 1 and || Li+1]lp < ||gnllsup- Moreover,

]leZL B ]lj(\kZL = ﬂmln()?k,)?k)ﬁLSmax(Xk,)/(\k)

so that, by applying Holder’s inequality with the conjugate coefficients p’ and ¢/,

[t —1g,ll= 1

d

min(Xe. Xy) < L<max(%, K0) I

[~

4
7

R B R P q/ q
< </Rd ]lmin(Xk,Xk)SLgmax(Xk,Xk)d/\d> ( Rdf d)‘d)

oy
<Xk = Xillf xC

_ ~ 1
< K| Xk — Xillg

for a finite constant C' and x’ > 0 where the previous-to-last inequality is due to the fact that f €
LP(M\g),p > 1 and that one can choose ¢’ as close to 1 as possible. For convenience, we denote T =
GL(Xk,Xk+1)Lk+1 — GL(Xk,Xk+1)Lk+1. We have

Ty <G (X Ken)(Lior = L) + Lieaa (G (K Kir) = Gu(Zi Ke)) |
NG lwpll s = Lially + sl | Gr(Ki Kisr) = G (R Ki)|
<ILisr = Liesally + gnlsup |G (X, Xi1) = GL(Xn, Kiir) |, (7.27)
Finally, we combine (7.25), (7.26) and (7.27) to obtain
IZ=Ellp < #l9n leupll K= Rl 1L =il lun CoEin (11 = Kl + 1K1 = Kirallr )

To control the errors || X — Xkar, we rely on the distortion mismatch Theorem 3.3. For this, we chose
r=1+ 21 € (17 1+ %) so that pr =p+ g € (p,p + d) and one can handle these error terms.
Finally, a backward induction yields the result. ([
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Remark 7.5.6. The errors || Xy —)?ka and || Xy —)/(\'k” Ld appearing in Theorem 7.5.5 are quantization
pT3

errors. It has been shown that the LP-quantization error | Xy — )?ka induced by the LP-optimal and
1

LP-recursive quantization of a Xy, of size Ny, is of O(N, *) where d is the dimension. However, for what
concerns the errors ||)_(;C — Xkl L their rate of convergence is given by the distortion mismatch property,
pT3

established first in [35] and then developed in [05]. In fact, since p + % € (p,p+ d), this means that one

can apply Theorem 6.2.2 and deduce that the quantization erros are of (’)(N_é) as well. Consequently,
having in mind that Ky, depends on n, one has that

-~ n
1Lk = Lill, = O <11) :
Nd +nNvwd
Hence, to obtain acceptable converging upper bounds and error margins, it suffices to choose n small
enough and N large enough.

7.5.2 Algorithmics

In this section, we expose the numerical technique for the approximation of the price of a Down-and-Out
Barrier option. The computation of the prices of the other Barrier options is identical, with a trivial
change of the functions appearing in the payoff. We consider a Down-and-Out option with maturity T,
strike price K, barrier L and whose payoff is given by

hr(Xr) = g(XT)]linfte[oyT] X >L
where ¢ is a bounded function. Its price is given by
Vpo = e " E [g(Xn) Lint,cpo.ry xo20]) =€ TR | g(Xn) [] (1 = Fr(Xe—1, Xi))
k=1

where (Xk)lgkgn is the Euler scheme corresponding to (X;)o<i<7. As already mentioned, the second
term is based on the theory of Brownian diffusion bridges.

In this chapter, our aim is to approximate these prices by recursive quantization. So, after computing
the recursive quantization sequences (Xx)o<k<n Oof (X)o<k<n as detailed in the previous Chapter 6, the

price Vpo is equal the initial value Ly of the following backward dynamic programming principle

En = g()?n)
" J (7.28)
I :Ek<1—FL(Xk,Xk+1)>, k=0,...n—1

If we denote (},...,x% ) the recursive quantizer of size Nj, of X at time #, it is clear that there exists

a sequence of functions (Zk)ogkgn such that Ek = lAk(Xk) for every k € {0,...,n} and defined by the
following Backward Dynamic Programming Principle (BDPP)

{Zn(x?) :g($?)1x?21§, 1=1,..., Ny,
7 k

. , 7.29
Ih(zF) = Z?’:"flp% lk+1(a:§+1)(1 — FL(x;f,x;?“)), i=1,...,Ny, k=1,...,n. (7.29)

is the transition weight from xf at time ¢ to 21 at time tot1-

where (pfj) J

()

Likewise, the BDPP corresponding to the computation of the price of an Up-and-Out option is given
by the following (with the same notations as for a Down-and-Out option)

lk(.’lif) :Zj:kirl pfj lk+1(x?+1)GL(xf7x§+1), 1= 1,...,Nk, k= 1,...,n.
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7.5.3 Numerical examples

In this section, we give two examples: the pricing of a Down-and-Out call option in a Black-Scholes model
and, the pricing of an Up-and-Out call option in a CEV model. In both cases, the time discretization
is established following an Euler scheme with n time steps and, for the space discretization, we build
quantizers of (X;)o<k<n by standard recursive quantization (RQ), greedy recursive quantization (GRQ)
and optimal quantization (OQ). We also compute the prices by a Monte Carlo simulation with control
variate (MC-VC). The different quantization techniques are already explained in details in the previous
chapter and the MC-VC technique is detailed in the following in the case of a Down-and-Out Call option,
it is the same principle for an Up-and-Out option.

The goal is to compute
CdO:]E[Y]:IE{ Xy - K H (1— Fr(Xe 1an))}

where we denote Y = e~ (X7 — K)4 [T}_; (1 — FL(Xk—1, Xx)). We start by noticing that the sum of
the price of a Down-and-Out Call option and the price of a Down-and-In Call option is the price of a
standard European Call option. In fact,

E[e"(Xr - K +f[ 1= Fo(Xe1, X)) | +E[e™ (X = K)4 (1 ﬁ 1= Fr(Xe1, X)) )|
k=1 k=1

=E[e""(Xr— K)+

=E[(Xo—Ke"),].
This yields that

Cao = E[Y] = E[Y]
where Y/ = (Xo — Ke™"T)y — e~ T(Xp — K) 4 (1 ~TI, (1 - FL(Xk,l,Xk))).
At this stage, we introduce the variable
E=Y Y =T (X7 -K)y — (Xo—Ke ™),
satisfying E[Z] = 0 and Var(Z) > 0. Then, we introduce, for every A € R, Y =Y — A= and notice that
Var(Y?*) = A?Var(Z) — 2ACov(Y, E) 4 Var(Y)

attains its minimum at
Cov(Y, 2) Cov(Y’,E)
Amin = =1+ 3

Var(2) Var(2)

Hence, E[Y*nin] = E[Y] and Var(Y*=i») < Var(Y). Consequently, we approximate the price of the
Down-and-Out call option, with more precision, by

Cyo = E[Y  min].

From a practical point of view, this computation is realized via the following steps

e Start by generating M independent copies (Y, 21 )1<m<nm of (Y, ),
e Compute
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and, then,

e Finally, one has

Thus, by the strong law of large numbers, one has Ay; — Apin and 7;/}” — E[Y] yielding the desired
estimator of the price of the Down-and-Out Call option.

Remark 7.5.7. Another interesting alternative to compute Ay is optimal quantization. Based on the
optimal quantizers T = (x¥)1<;<n, k € {1,...,n}, of (Xk)1<k<n and the corresponding Voronoi weights
pf, the idea is the following: We start by computing

yi=e(@p = K)y [0 = Fo(@f " af) and & =e (@} — K)y - (Xo— Ke™™")5.
k=1

Then, we compute
N n
=y (yf Hzﬁ“) and Vi = Z <€2 HM) :
i=1 k=1 i=1

Finally,

Down-and-Out Call option in a Black-Scholes model Let (X;)o<k<n be a time-discretized
diffusion process defined by (7.6). We consider n = 15 time steps and build quantizers of size Ny = N =
100 for every k € {1,...,n} by the different methods mentioned previously. Then, we estimate the price
of the Down-and-Out Call option via (7.29). The parameters of this example are

K=130, T=1, X,=130, r=015, o=0.07.

For the Monte Carlo simulations with control variate, we use samples of size M = 2.10°. The benchmark
is given by the exact price of a Down-and-Out Call option, given in [27] by the following closed formula

Cur = o) e (i) [ (0 () s m (o ()
(7.31)

where v = r — "72, @ is the c.d.f. of A(0,1) and, for every z,

log (%) +T (r + %2)
oVT

In Table 7.9, we expose the values obtained by the different methods, for barriers L varying between
115 and 130, and the errors induced by the comparison to the benchmark. Furthermore, we compare
the results obtained by optimal quantization when we compute the transition weight matrices exactly
by Gaussian quadrature formulas and the results when we approximate them by a certain function, see
Section 6.5 of Chapter 6 for further details on this topic. The errors are exposed in Table 7.10 where we
deduce that the difference is not in the precision, but rather in the cost of time.

di(x) = and da(z) = dy(x) — oVT.
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L QR GRQ QO MC-VC Exact
Value Error Value Error Value Error Value Error

115 18.069 0.087 18.06 0.096 18.066 0.09 18.091 0.065 | 18.156

120 18.058 0.078 18.039 0.097 18.044 10.092 18.096 0.04 18.136

125 17.226 0.087 17.209 0.0104 17.215 0.098 17.271 0.042 | 17.313

129 7.929 0.05 7937 0.042 7.941 0.038 8.004 0.025 | 7.979

Average 0.085 0.09 0.087 0.043

Table 7.9: Pricing of a Down-and-Out call option in a Black-Scholes model discretized according
to an Euler scheme and recursive (RQ), greedy recursive (GRQ), optimal (OQ) quantization and
Monte Carlo with control Variate (MC-VC) for different values of L.

L Approximated value Exact value
115 0.093 0.09

120 0.094 0.092

125 0.1 0.098

129 0.039 0.038
Average error | 0.088 0.086

Table 7.10: Pricing of a Down-and-Out Call option in a Black-Scholes model by optimal quan-
tization with transition weights computed exactly and approximately for different values of L.

Up-and-Out Call option in a CEV model We consider a process (X;)o<i<r following a CEV
model and discretize it following a Euler scheme, i.e. (Xg)o<k<n is given by (7.11). We consider n = 15
time steps and build quantizers of size N = 100 by the different methods mentioned above. The price of
the option is computed via the recursion (7.30). The parameters of this example are

Xo=100, T=1, 6=05, r=0.15, K=100, o=1.

Note that we are aware that such a level for the interest rate is not realistic but we made this choice
for numerical purposes in order to check the robustness of the method. In this case, the benchmark is
given by a Monte Carlo simulation with control variate (MC-VC) of size 2.105. These results and the
corresponding errors are exposed in Table 7.11. We recall that, in a CEV model, the transition weight
matrices of the optimal quantization tree are obtained by Monte Carlo simulations coupled with a nearest
neighbor search.
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L RQ GRQ 0Q MC-VC
Exact Error Exact Error Exact FError

110 0.433 0.008 0.435 0.006 0.438 0.003 | 0.441

115 1.782 0.018 1.79 0.01 1.803 0.016 | 1.8

120 4.218 0.021 4.216 0.023 4.229 0.01 4.239

125 7.17 0.031 7.188 0.03 7.174  0.011 | 7.201

130 9.943 0.033 9.947 0.03 9.899 0.009 | 9.910

Average Error 0.019 0.014 0.009

Table 7.11: Pricing of an Up-and-Out Call option in a CEV model discretized according to
an Euler scheme and recursive (RQ), greedy recursive (GRQ), optimal (OQ) quantization and
Monte Carlo with control Variate (MC-VC) for different values of L.
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