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■❧ s❡r❛✐t ✐♠♣♦ss✐❜❧❡ ❞❡ ❢❛✐r❡ ✉♥❡ t❤ès❡ t♦✉t s❡✉❧✳ ❏❡ t✐❡♥s ❞♦♥❝ à ❡①♣r✐♠❡r ♠❛ ❣r❛t✐t✉❞❡
à t♦✉t❡s ❝❡❧❧❡s ❡t ❝❡✉① q✉✐ ♠✬♦♥t ❛❝❝♦♠♣❛❣♥é ♣❡♥❞❛♥t ❝❡s q✉❛tr❡ ❞❡r♥✐èr❡s ❛♥♥é❡s✳ ▲❡✉r
s♦✉t✐❡♥✱ ❞❡s ❢♦✐s ♠❛❧❣ré ❧❛ ❞✐st❛♥❝❡✱ ♠✬❛ ❞♦♥♥é ❧❛ ❢♦r❝❡ ❡t ❧❛ ❝♦♥✜❛♥❝❡ ♥é❝❡ss❛✐r❡s ♣♦✉r
ré❛❧✐s❡r ❝❡ ❝❤❡♠✐♥✳ ❈❤❛❝✉♥ ❡t ❝❤❛❝✉♥❡ ❞✬❡✉① ♦♥t ❝♦♥tr✐❜✉é ❞✬✉♥❡ ♠❛♥✐èr❡ ♦✉ ❞✬❛✉tr❡ à
❝❡ tr❛✈❛✐❧✱ ❡t ✐❧ s❡r❛✐t ❞♦♥❝ r❛✐s♦♥♥❛❜❧❡ ❞❡ ♠❡♥t✐♦♥♥❡r t♦✉t❡s ❝❡s ♣❡rs♦♥♥❡s✳ P❛r ❝♦♥tr❡✱
♠❛ ♠❛✉✈❛✐s❡ ♠é♠♦✐r❡ ❡t ❧✬❡♥✈✐❡ ❞✬é❝r✐r❡ ❝❡s r❡♠❡r❝✐❡♠❡♥ts ❡♥ ✉♥❡ ❧♦♥❣✉❡✉r r❛✐s♦♥♥❛❜❧❡
♥❡ ♠❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬❛❜♦r❞❡r ❝❡t ❡①❡r❝✐s❡✳

❏❡ ✈♦✉❞r❛✐s s✉rt♦✉t r❡♠❡r❝✐❡r ♠♦♥ ❞✐r❡❝t❡✉r ❞❡ t❤ès❡ q✉✐✱ ❣râ❝❡ à s♦♥ t❛❧❡♥t ❡t
❡①♣ér✐❡♥❝❡✱ ❛ s✉ ❞✐r✐❣❡r ♠❡s tr❛✈❛✉① ❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞❡ ❞✐s♣♦♥✐❜✐❧✐té ❡t ❣❡♥t✐❧❧❡ss❡✳ ■❧ ♠✬❛
❞♦♥♥é t♦✉❥♦✉rs ❞❡s s✉❥❡ts très ✐♥tér❡ss❛♥ts ❡t ♠✬❛ ❣✉✐❞é ❞✬✉♥❡ ❢❛ç♦♥ très ♣é❞❛❣♦❣✐q✉❡
❡t ❡♥t❤♦✉s✐❛st❡ ♣♦✉r q✉❡ ❥❡ ♣✉✐ss❡ ❧❡s ❛❜♦r❞❡r ❛✈❡❝ s✉❝❝ès✳ ❉❡ ♣❧✉s✱ s❛ ❣r❛♥❞❡ q✉❛❧✐té
♣❡rs♦♥♥❡❧❧❡✱ s❛ ❜♦♥♥❡ ❤✉♠❡✉r ❡t ❧❛ ♣♦s✐t✐✈✐té q✉✬✐❧ tr❛♥s♠❡t ❢❛✈♦r✐s❡♥t t♦✉❥♦✉rs ❧✬❛❝t✐✈✐té✱
❞❡s ❢♦✐s ❛r❞✉❡✱ ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳ ❊♥✜♥✱ ✐❧ ❛ été ✈r❛✐♠❡♥t très ❛❣ré❛❜❧❡ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝
❧✉✐✱ ❡t ❥❡ ❧❡ r❡❝♦♠♠❛♥❞❡r❛✐s ❝♦♠♠❡ ❞✐r❡❝t❡✉r ❞❡ t❤ès❡ à t♦✉t ❥❡✉♥❡ ét✉❞✐❛♥t ✐♥tér❡ssé à
❢❛✐r❡ ✉♥❡ t❤ès❡ ❡♥ éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s✳

❊♥s✉✐t❡✱ ❥❡ ✈♦✉❞r❛✐s ♠❛♥✐❢❡st❡r ♠❛ ❣r❛t✐t✉❞❡ à ▼♦♥s✐❡✉r ❈②r✐❧ ■♠❜❡rt ❡t ▼♦♥s✐❡✉r
❍✐t♦s❤✐ ■s❤✐✐✱ q✉✐ ♦♥t ❡✉ ❧❛ ❣❡♥t✐❧❧❡ss❡ ❞❡ r❛♣♣♦rt❡r ❝❡tt❡ t❤ès❡✳ ❈✬❡st ✉♥ ❣r❛♥❞ ❤♦♥✲
♥❡✉r ♣♦✉r ♠♦✐ q✉❡ ♠♦♥ tr❛✈❛✐❧ s♦✐t ❥✉❣é ♣❛r ♠❛t❤é♠❛t✐❝✐❡♥s ❛✉ss✐ ♣r❡st✐❣✐❡✉①✳ ❏❡ ❞♦✐s
r❡♠❡r❝✐❡r é❣❛❧❡♠❡♥t ❧❡s ♣r♦❢❡ss❡✉rs ●✉② ❇❛r❧❡s✱ ❏❡❛♥ ❉♦❧❜❡❛✉❧t✱ ❚❤♦♠❛s ❉✉②❝❦❛❡rts✱
P❤✐❧✐♣♣❡ ▲❛✉r❡♥ç♦t ❡t ❏♦sé ▼❛③ó♥ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞❡ ♣❛rt✐❝✐♣❡r à ❧❛ s♦✉t❡♥❛♥❝❡ ❞❡
❝❡tt❡ t❤ès❡✳

❯♥ ❣r❛♥❞ ♠❡r❝✐ à t♦✉t ❧❡ ♠♦♥❞❡ ❞✉ ▲❆●❆✱ ✉♥ ❡♥❞r♦✐t ♣❛r❢❛✐t ♣♦✉r ❧❡ tr❛✈❛✐❧ ❡t ❧❡
♣❛rt❛❣❡✳ ❙✉rt♦✉t✱ ❥❡ ✈♦✉❞r❛✐s r❡♠❡r❝✐❡r ❧❡s ❛✉tr❡s t❤és❛r❞s✱ q✉✐ ♠✬♦♥t t♦✉❥♦✉rs ❞♦♥♥é
❢♦r❝❡ ❡t ❡♥✈✐❡ ♣♦✉r ❝♦♥t✐♥✉❡r ❛✈❡❝ ❝❡tt❡ t❤ès❡ ❥✉sq✉✬à ❧❛ ✜♥✳ ❏❡ ✈♦✉❞r❛✐s r❡♠❛rq✉❡r
❛✉ss✐ ❧❡ tr❛✈❛✐❧ ❡✣❝❛❝❡ ❞❡ ❧✬❛❞♠✐♥✐str❛t✐♦♥ ❞✉ ❧❛❜♦ ✭■s❛❜❡❧❧❡✱ ❏❡❛♥✲P❤✐❧✐♣♣❡✱ ❨♦❧❛♥❞❡ ✳✳✳✮✱
t♦✉❥♦✉rs ❞✐s♣♦♥✐❜❧❡s ❡t très s②♠♣❛t❤✐q✉❡s✳ ▼❡r❝✐ ❞❡ ♠✬❛✈♦✐r ❛✐❞é à t♦✉t ♠♦♠❡♥t q✉❡ ❥✬❛✐
❡✉ ❜❡s♦✐♥✳

❏❡ t✐❡♥s à r❡♠❡r❝✐❡r é❣❛❧❡♠❡♥t ♠❡s ❞❡✉① ❝♦❧❧❛❜♦r❛t❡✉rs ❛r❣❡♥t✐♥s ❏✉❧✐♦ ❘♦ss✐ ❡t s♦♥
❥❡✉♥❡ t❤és❛r❞ ✭❞é❥à ❞♦❝t❡✉r✮ P❛❜❧♦ ❇❧❛♥❝✳ ▲❡ ♣r❡♠✐❡r✱ ❥❡ ❧❡ ❝♦♥♥❛✐s ❞❡♣✉✐s q✉❡❧q✉❡s
❛♥♥é❡s✳ ■❧ ❛ été ♠♦♥ ♣r♦❢❡ss❡✉r à ❧✬❯♥✐✈❡rs✐té ❞✬❆❧✐❝❛♥t❡ ❡t ❝✬❡st ❡♥ ♣❛rt✐❡ ❣râ❝❡ à ❧✉✐
q✉❡ ❥✬❛✐ ❝♦♠♠❡♥❝é à ♠✬✐♥tr♦❞✉✐r❡ ♣❡t✐t à ♣❡t✐t ❞❛♥s ❧❡ ♠♦♥❞❡ ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳ ❏❡ ♠❡
s❡♥s très ❝❤❛♥❝❡✉① ❞❡ ❧✬❛✈♦✐r r❡♥❝♦♥tré ❡t ❥❡ ❧✉✐ s♦✉❤❛✐t❡ ♣♦✉r s♦♥ ❛✈❡♥✐r q✉✬✐❧ ❝♦♥t✐♥✉❡
à êtr❡ ❤❡✉r❡✉① ❡t à ❢❛✐r❡ ❞❡s ♠❛t❤s ❛✈❡❝ s❡s ❛♠✐s ❡t ❝♦❧❧è❣✉❡s✳ ❏❡ ✈♦✉❞r❛✐s ❛✉ss✐ ❧✉✐
r❡♠❡r❝✐❡r ❞❡ ♠✬❛✈♦✐r ✐♥✈✐té à ❧✬❯♥✐✈❡rs✐té ❞❡ ❇✉❡♥♦s ❆✐r❡s ♦ù✱ ❣râ❝❡ à s♦♥ ❝❤❛❧❡✉r❡✉①
❛❝❝✉❡✐❧✱ ❥❡ ♠❡ s✉✐s s❡♥t✐ ❝♦♠♠❡ ❝❤❡③ ♠♦✐✳ ❉❛♥s ❝❡ ❢♦r♠✐❞❛❜❧❡ ✈♦②❛❣❡✱ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡
❛✉ss✐ ❞❡ ❝♦♥♥❛îtr❡ P❛❜❧♦ ❇❧❛♥❝✳ ■❧ ❛ été ✉♥ ✈r❛✐ ❤♦♥♥❡✉r ♣♦✉r ♠♦✐ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❡✉①✱
❡t ❥✬❡s♣èr❡ q✉✬♦♥ ♣✉✐ss❡ ❢❛✐r❡ ♣❧✉s ❞❡ ❝♦❧❧❛❜♦r❛t✐♦♥s✳

❏❡ ❞♦✐s r❡♠❡r❝✐❡r ❛✉ss✐ ❧❡s ♠❡♠❜r❡s ❞❡ ❧✬❯♥✐✈❡rs✐té P♦♥t✐✜❝❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❈❤✐❧❡
✭▼❛rt❛ ●❛r❝í❛ ❍✉✐❞♦❜r♦ ❡t ■❣♥❛❝✐♦ ●✉❡rr❛✮ ♣♦✉r ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ très ❝❤❛❧❡✉r❡✉s❡♠❡♥t
❞❛♥s s♦♥ ❧❛❜♦r❛t♦✐r❡✳ ▼❡s r❡♠❡r❝✐❡♠❡♥ts s✬❛❞r❡ss❡♥t ❛✉ss✐ à t♦✉s ❧❡s ♠❛t❤é♠❛t✐❝✐❡♥s
q✉❡ ❥✬❛✐ ♣✉ r❡♥❝♦♥tr❡r ❞❛♥s ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥❢ér❡♥❝❡s ♦ù ❥✬❛✐ ♣❛rt✐❝✐♣é✳ P❛rt❛❣❡r ❞❡s
❝♦♥♥❛✐ss❛♥❝❡s ❛✈❡❝ ❞✬❛✉tr❡s ❝❤❡r❝❤❡✉rs ❡st très ❡♥r✐❝❤✐ss❛♥t ♣♦✉r t♦✉t t❤és❛r❞✳

❆②❛♥t ❜é♥é✜❝✐é ❞✬✉♥ ♠♦♥✐t♦r❛t ♣❡♥❞❛♥t ♠❡s ❛♥♥é❡s ❞❡ ❞♦❝t♦r❛t✱ ❥✬❛✐ ❞é❝♦✉✈❡rt q✉❡
❝❡tt❡ ❛❝t✐✈✐té ♠❡ ♣❧❛ît ❜❡❛✉❝♦✉♣ ❡t✱ ❞❡ ♣❧✉s✱ r❡♣rés❡♥t❡ ✉♥ ❝♦♠♣❧é♠❡♥t ♣❛r❢❛✐t à ❧✬❛❝t✐✈✐té
❞❡ r❡❝❤❡r❝❤❡✳ ❏❡ ✈♦✉❞r❛✐s ❞♦♥❝ r❡♠❡r❝✐❡r t♦✉s ❧❡s ét✉❞✐❛♥ts q✉✐ ♦♥t ❛ss✐sté à ♠❡s sé❛♥❝❡s
❞❡ tr❛✈❛✉① ❞✐r✐❣é✳ ❏✬❡s♣èr❡ q✉❡ ✈♦✉s ❛②❡③ ❛✐♠é s❡s sé❛♥❝❡s ❛✉t❛♥t q✉❡ ❥❡ ❧❡s ❛✐ ❛✐♠é✳
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▼❡r❝✐ ❛✉ss✐ à ❙♦r❜♦♥♥❡ ❯♥✐✈❡rs✐té ❡t ❛✉ ▲❛❜♦r❛t♦✐r❡ ❏❛q✉❡s✲▲♦✉✐s ▲✐♦♥s✱ q✉✐ ♠✬♦♥t
❞♦♥♥é ❧✬♦♣♣♦rt✉♥✐té ❞❡ ❢❛✐r❡ ✉♥❡ ❛♥♥é❡ ❞✬❆❚❊❘ ♣❡♥❞❛♥t ❧❛q✉❡❧❧❡ ❥✬❛✐ ♣✉ ✜♥✐r ❝❡tt❡
t❤ès❡✳

❏❡ ❞♦✐s ♠❡♥t✐♦♥♥❡r ❛✉ss✐ ❧✬✉♥✐✈❡rs✐té ♦ù ❥✬❛✐ ❝♦♠♠❡♥❝é ♠❡s ét✉❞❡s ❡♥ ♠❛t❤é♠❛✲
t✐q✉❡s✱ ❧✬❯♥✐✈❡rs✐té ❞✬❆❧✐❝❛♥t❡✱ q✉❡❧ ❜❡❛✉ ❡♥❞r♦✐t ✦ ❏✬② ✈❛✐s ❡♥❝♦r❡ ♣♦✉r tr❛✈❛✐❧❧❡r à ❧❛
❜✐❜❧✐♦t❤èq✉❡ ♣❡♥❞❛♥t ❧❛ ♣ér✐♦❞❡ ❞❡ ✈❛❝❛♥❝❡s✳ ▼❡r❝✐ ❞❡ ♠✬❛❝❝✉❡✐❧❧✐r ♠ê♠❡ s✐ ❥❡ ♥❡ s✉✐s
♣❧✉s ✉♥ ét✉❞✐❛♥t ❞❡ ❝❡tt❡ ✉♥✐✈❡rs✐té✳ ❏❡ ✈♦✉❞r❛✐s ❡①♣r✐♠❡r ♠❛ ❣r❛t✐t✉❞❡ à ➪♥❣❡❧ ❙❛♥ ❆♥✲
t♦❧í♥✱ q✉✐ à ♣❛rt ❛✈♦✐r ❞✐r✐❣é ♠♦♥ ♠é♠♦✐r❡ ❞❡ ❧✐❝❡♥❝❡ ❡t ♠✬❛✈♦✐r ❞♦♥♥é ❧✬♦♣♣♦rt✉♥✐té ❞❡
♣❛rt✐❝✐♣❡r ❛✉① ❥♦✉r♥é❡s ❞✬❛♥❛❧②s❡ à ❆❧✐❝❛♥t❡✱ ♠✬❛ t♦✉❥♦✉rs ❞♦♥♥é ❞❡s ♣ré❝✐❡✉① ❝♦♥s❡✐❧s✳
❯♥ ❣r❛♥❞ ♠❡r❝✐ ❛✉ss✐ à ♠❡s ❛♠✐s ❡t ❝♦❧❧è❣✉❡s ♣❡♥❞❛♥t ❧❛ ❧✐❝❡♥❝❡✳ ◆♦t❛♠♠❡♥t ❏♦sé❧✉✱
▼❛r✐♦✱ ❏✉❛♥ ❈❛r❧♦s✱ ❱✐❝t♦r ❡t ❋❡r♥❛♥❞♦✳ ❈❡ ❞❡r♥✐❡r ♠ér✐t❡ ❞✬✉♥❡ ♠❡♥t✐♦♥ s♣é❝✐❛❧❡ ❝❛r✱
♠❛❧❤❡✉r❡✉s❡♠❡♥t✱ ✐❧ ♥❡ ♣♦✉rr❛ ♣❛s ❧✐r❡ ❝❡s ♠♦ts✳ ◆é❛♥♠♦✐♥s✱ s♦♥ s♦✉✈❡♥✐r ♠✬❛ ❞♦♥♥é
❜❡❛✉❝♦✉♣ ❞❡ ❢♦r❝❡ ❡t ❝♦✉r❛❣❡ q✉❛♥❞ ❥✬❡♥ ❛✈❛✐s ❜❡s♦✐♥✳ ❏❡ s✉✐s ❝♦♥t❡♥t ❞❡ ❧✬❛✈♦✐r ❝♦♥♥✉
❡t ♦♥ ♥❡ ❧✬♦✉❜❧✐❡r❛ ❥❛♠❛✐s✳

❉❛♥s ❝❡s r❡♠❡r❝✐❡♠❡♥ts✱ ❥❡ ❞♦✐s ✐♠♣ér❛t✐✈❡♠❡♥t ❢❛✐r❡ ré❢ér❡♥❝❡ à ❧❛ ❈✐té ❯♥✐✈❡rs✐t❛✐r❡✳
❈✬❡st ✈r❛✐♠❡♥t ✉♥ ❡♥❞r♦✐t ❞❡ rê✈❡ ♦ù ❥✬❛✉r❛✐s ❜✐❡♥ ❛✐♠é ❤❛❜✐t❡r ♣♦✉r t♦✉t❡ ♠❛ ✈✐❡✳
◆♦t❛♠♠❡♥t ❛✉ ❈♦❧❧è❣❡ ❞✬❊s♣❛❣♥❡✱ ♦ù ❥✬❛✐ r❡♥❝♦♥tré ❞❡s ❣❡♥s ♠❡r✈❡✐❧❧❡✉s❡s q✉✐ ♠✬♦♥t
❛♣♣♦rté ❜❡❛✉❝♦✉♣ ❞❡ ❜♦♥❤❡✉r✳ ▲✬❛♠❜✐❛♥❝❡ ❛❣ré❛❜❧❡ ❡st ✐♥❝♦♠♣❛r❛❜❧❡ ❡t ❝✬❡st✱ à ♠♦♥
❛✈✐s✱ ❧✬❡♥❞r♦✐t ✐❞é❛❧ ♣♦✉r t♦✉t ♥♦✉✈❡❛✉ ❛rr✐✈❛♥t à P❛r✐s✳ ▼❡r❝✐ ❛✉ss✐ à ♠❡s ❛♠✐s ❧❡s ♣❧✉s
♣r♦❝❤❡s q✉✐ ♥❡ s❡ s♦♥t ❥❛♠❛✐s sé♣❛rés ❞❡ ♠♦✐ ✭❥❡ ♥❡ ✈❛✐s ♣❛s ❢❛✐r❡ ✉♥❡ ❧✐st❡ ❝❛r ✐❧s s❛✈❡♥t
très ❜✐❡♥ q✉❡ ❥❡ ♠✬❛❞r❡ss❡ à ❡✉①✮✳ ❖♥ ❛ ✈é❝✉ ❞❡s ❡①♣ér✐❡♥❝❡s ✐♥♦✉❜❧✐❛❜❧❡s ❡t ❥✬❡s♣èr❡
r❡st❡r ♣rès ❞❡ ✈♦✉s ❞❛♥s ❧✬❛✈❡♥✐r✳

P♦✉r ✜♥✐r✱ ❥❡ ✈❛✐s r❡♠❡r❝✐❡r ♠❛ ❢❛♠✐❧❧❡✱ ♠❡s ♣❛r❡♥ts ❏❡sús ❡t ❙❛r♦✱ ❡t ♠❡s ❢rèr❡s ❏❡sús
❡t ❍❡❝t♦r✱ q✉✐ ♠✬♦♥t ❞♦♥♥é t♦✉❥♦✉rs ❧❡ s♦✉t✐❡♥ ❡t ❧✬❛♠♦✉r ❞♦♥t ❥✬❛✈❛✐s ❜❡s♦✐♥✳ ❊t ❜✐❡♥
sûr✱ ♠❡s ❣r❛♥❞s ♣❛r❡♥ts✱ q✉✐ ♥❡ s❛✈❛✐❡♥t ♣❛s très ❜✐❡♥ ❝❡ q✉❡ ❥❡ ❢❛✐s❛✐t ❡♥ ❋r❛♥❝❡✱ ♠❛✐s
q✉✐ ♠✬♦♥t ❜❡❛✉❝♦✉♣ ❛✐♠é ❡t ♠❛♥q✉é✳ ❏✬❡♥ ♣r♦✜t❡ ❛✉ss✐ ♣♦✉r ♠✬❡①❝✉s❡r ❞❡ ♥❡ ♣❛s ❛❧❧❡r
❧❡s ✈✐s✐t❡r ♣❧✉s s♦✉✈❡♥t✳ ➚ ❝❤❛q✉❡ ❢♦✐s q✉❡ ❥✬❛❧❧❛✐s à ❈❛st❛❧❧❛ ❥✬❛✈❛✐s ❡♥✈✐❡ ❞✬② r❡st❡r✳ ❏❡
♥✬❛✐ ♣❛s ❞❡ ♠♦ts ♣♦✉r ❡①♣r✐♠❡r ❧❛ ❣r❛t✐t✉❞❡ q✉❡ ❥✬❛✐ ♣♦✉r ✈♦✉s✳

■❧ ② ❛ ♣r♦❜❛❜❧❡♠❡♥t ❞❡s ❣❡♥s q✉✐ ❞❡✈r❛✐❡♥t êtr❡ ♠❡♥t✐♦♥♥és ❞❛♥s ❧❡s ❧✐❣♥❡s ♣ré❝é❞❡♥t❡s
♠❛✐s q✉❡ ❥✬❛✐ ♦✉❜❧✐é❡s✳ ❏❡ ♣r♦✜t❡ ♣♦✉r ♠✬❡①❝✉s❡r✱ ❡t ❡♥❝♦r❡✱ ♣♦✉r ❧❡s r❡♠❡r❝✐❡r ❞❡ ♥❡ ♣❛s
♣r❡♥❞r❡ ❝❡❝✐ ❡♥ ❝♦♥s✐❞ér❛t✐♦♥✳
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➱t✉❞❡ q✉❛❧✐t❛t✐✈❡ ❞❡ tr♦✐s ♣r♦❜❧è♠❡s ♣❛r❛❜♦❧✐q✉❡s
♥♦♥✲❧✐♥é❛✐r❡s

❘és✉♠é

❈❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡ tr♦✐s ♣r♦❜❧è♠❡s ♣❛r❛❜♦❧✐q✉❡s ♥♦♥ ❧✐♥é❛✐r❡s ✿

Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ s②stè♠❡s ♠✐❝r♦✲é❧❡❝tr♦✲♠é❝❛♥✐q✉❡s
✭▼❊▼❙✮ ❛✈❡❝ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡ ✈❛r✐❛❜❧❡✳ ▲❡ ♠♦❞è❧❡ ❡st ❜❛sé s✉r ✉♥❡ éq✉❛t✐♦♥
♣❛r❛❜♦❧✐q✉❡ ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té s✐♥❣✉❧✐èr❡✱ q✉✐ ❞é❝r✐t ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✬✉♥❡
♣❧❛q✉❡ é❧❛st✐q✉❡ s♦✉s ❧❡s ❡✛❡ts ❞✬✉♥ ♣♦t❡♥t✐❡❧ é❧❡❝tr♦st❛t✐q✉❡✳ ◆♦✉s ét✉❞✐♦♥s ❧❡ ♣❤é♥♦✲
♠è♥❡ ❞❡ t♦✉❝❤❞♦✇♥✱ ♦✉ q✉❡♥❝❤✐♥❣✳ ❆✈❡❝ ❧❡ ❜✉t ❞❡ ❝♦♥trô❧❡r ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥✱
♥♦✉s ❞♦♥♥♦♥s ❞❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ t♦✉❝❤❞♦✇♥✱ ❡♥ t❡r♠❡s ❞✉ ♣r♦✜❧
❞❡ ♣❡r♠✐tt✐✈✐té✳

❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ✉♥❡ éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❛✈❡❝ ❞✐✛✉s✐♦♥ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❛✈❡❝ ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t ♥✉❧❧❡s ❛✉ ❜♦r❞✳ ❖♥
❛♥❛❧②s❡ ❧✬❡①♣❧♦s✐♦♥ ❞✉ ❣r❛❞✐❡♥t ✭●❇❯✮ q✉✐ ♣❡✉t ❛✈♦✐r ❧✐❡✉ s✉r ❧❡ ❜♦r❞ ❞✉ ❞♦♠❛✐♥❡✳ ❉❛♥s
✉♥ ❛rt✐❝❧❡ ♣ré❝é❞❡♥t✱ ✐❧ ❛ été ❞é♠♦♥tré✱ ♣♦✉r ❞❡s ❞♦♠❛✐♥❡s très ♣❛rt✐❝✉❧✐❡rs ✭❞♦♠❛✐♥❡s
❧♦❝❛❧❡♠❡♥t ♣❧❛ts ❡t ❞✐sq✉❡s✮✱ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝♦♥str✉✐r❡ ❞❡s s♦❧✉t✐♦♥s ♣♦✉r ❧❡sq✉❡❧❧❡s
❧✬❡♥s❡♠❜❧❡ ❞❡ ●❇❯ ❡st ré❞✉✐t à ✉♥ s❡✉❧ ♣♦✐♥t✳ ◆♦✉s ❞é♠♦♥tr♦♥s q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡
❝♦♥str✉✐r❡ ❝❡ t②♣❡ ❞❡ s♦❧✉t✐♦♥s ♣♦✉r ✉♥❡ ❧❛r❣❡ ❝❧❛ss❡ ❞❡ ❞♦♠❛✐♥❡s✱ ♦ù ❧❛ ❝♦✉r❜✉r❡ ♥✬❡st
♣❛s ❢♦r❝❡♠❡♥t ❝♦♥st❛♥t❡ ♣rès ❞✉ ♣♦✐♥t ❞❡ ●❇❯✳

❉❛♥s ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥ ❛ss♦❝✐é à
❧❛ j✲è♠❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❍❡ss✐❡♥♥❡✳ ❖♥ ❞é♠♦♥tr❡ t♦✉t ❞✬❛❜♦r❞ ❧✬❡①✐st❡♥❝❡
❞✬✉♥❡ ✭✉♥✐q✉❡✮ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té✱ q✉✐ ♣❡✉t êtr❡ ❛♣♣r♦①✐♠é❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r
❞✬✉♥ ❥❡✉ à ❞❡✉① ❥♦✉❡✉rs ❡t s♦♠♠❡ ♥✉❧❧❡✱ q✉❛♥❞ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❛s ❞✉ ❥❡✉ t❡♥❞ ✈❡rs ✵✳
❖♥ ❞é♠♦♥tr❡ ❡♥s✉✐t❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡s s♦❧✉t✐♦♥s ❞✉ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥
✈❡rs ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡✳ ❋✐♥❛❧❡♠❡♥t✱ ♣♦✉r ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ✭❛✈❡❝ ❞♦♥♥é❡s
❛✉ ❜♦r❞ ❛✣♥❡s✮✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❡♥
t❡♠♣s ✜♥✐✳

▼♦ts ❝❧és ✿

✲ ➱q✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ♣❛r❛❜♦❧✐q✉❡s

✲ ❚♦✉❝❤❞♦✇♥ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞❡ ▼❊▼❙

✲ ➱q✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❞✐✛✉s✐✈❡

✲ ➱✈♦❧✉t✐♦♥ ♣♦✉r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❍❡ss✐❡♥♥❡



✐✈

◗✉❛❧✐t❛t✐✈❡ st✉❞② ♦❢ t❤r❡❡ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
♣r♦❜❧❡♠s

❆❜str❛❝t

❚❤✐s t❤❡s✐s ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤r❡❡ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s ✿

❲❡ st❛rt ✇✐t❤ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢♦r ❛ ♠✐❝r♦✲❡❧❡❝tr♦✲♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✭▼❊▼❙✮
✇✐t❤ ✈❛r✐❛❜❧❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✳ ❚❤❡ ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤
s✐♥❣✉❧❛r ♥♦♥❧✐♥❡❛r✐t② ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝ ❞❡✢❡❝t✐♦♥ ♦❢ ❛♥ ❡❧❛st✐❝ ♣❧❛t❡ ✉♥❞❡r t❤❡
❡✛❡❝t ♦❢ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧✳ ❲❡ st✉❞② t❤❡ t♦✉❝❤❞♦✇♥✱ ♦r q✉❡♥❝❤✐♥❣✱ ♣❤❡♥♦♠❡♥♦♥✳
❲✐t❤ t❤❡ ❛✐♠ ♦❢ ❝♦♥tr♦❧❧✐♥❣ t❤❡ t♦✉❝❤❞♦✇♥ s❡t✱ ✇❡ ❣✐✈❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ t♦✉❝❤❞♦✇♥
❧♦❝❛❧✐③❛t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ st✉❞② ❛ ❞✐✛✉s✐✈❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✐♥
❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ③❡r♦ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ❣r❛❞✐❡♥t
❜❧♦✇✲✉♣ ✭●❇❯✮ t❤❛t s♦❧✉t✐♦♥s ❝❛♥ ❡①❤✐❜✐t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳ ■♥ ❛ ♣r❡✈✐♦✉s
✇♦r❦✱ ✐t ✇❛s s❤♦✇♥ t❤❛t s✐♥❣❧❡✲♣♦✐♥t ●❇❯ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ✈❡r② ♣❛rt✐❝✉❧❛r
❞♦♠❛✐♥s✱ ♥❛♠❡❧②✱ ❧♦❝❛❧❧② ✢❛t ❞♦♠❛✐♥s ❛♥❞ ❞✐s❦s✳ ❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s ❦✐♥❞ ♦❢
s♦❧✉t✐♦♥s ❢♦r ❛ ❧❛r❣❡ ❢❛♠✐❧② ♦❢ ❞♦♠❛✐♥s✱ ❢♦r ✇❤✐❝❤ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❞♦♠❛✐♥ ♠❛② ❜❡
♥♦♥❝♦♥st❛♥t ♥❡❛r t❤❡ ●❇❯ ♣♦✐♥t✳

■♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ j✲t❤
❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✭✉♥✐q✉❡✮ ✈✐s❝♦s✐t②
s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ t✇♦✲♣❧❛②❡r ③❡r♦✲s✉♠
❣❛♠❡ ❛s t❤❡ st❡♣ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❛♠❡ ❣♦❡s t♦ ③❡r♦✳ ❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t s♦❧✉t✐♦♥s t♦ t❤✐s
❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❝♦♥✈❡r❣❡ ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st t♦ t❤❡ ✉♥✐q✉❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ❛s t ❣♦❡s
t♦ ∞✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t ✐♥ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s ✭❢♦r ❛✣♥❡ ❜♦✉♥❞❛r② ❞❛t❛✮ t❤❡ s♦❧✉t✐♦♥
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐♥ ✜♥✐t❡ t✐♠❡✳

❑❡②✇♦r❞s ✿

✲ ◆♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s

✲ ❚♦✉❝❤❞♦✇♥ ❢♦r ❛ ▼❊▼❙ ♠♦❞❡❧

✲ ❉✐✛✉s✐✈❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥

✲ ❊✈♦❧✉t✐♦♥ ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❤❡ss✐❛♥ ♠❛tr✐①



✈

▲✐st❡ ❞❡s ♣✉❜❧✐❝❛t✐♦♥s ✐ss✉❡s ❞❡ ❧❛ t❤ès❡

❬✶❪ ❈✳ ❊st❡✈❡✱ ❙✐♥❣❧❡✲♣♦✐♥t ●r❛❞✐❡♥t ❇❧♦✇✲✉♣ ♦♥ t❤❡ ❇♦✉♥❞❛r② ❢♦r ❉✐✛✉s✐✈❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❊q✉❛t✐♦♥ ✐♥ ❞♦♠❛✐♥s ✇✐t❤ ♥♦♥✲❝♦♥st❛♥t ❝✉r✈❛t✉r❡✳ ❙♦✉♠✐s✳
Pr❡♣r✐♥t ❛r❳✐✈ ✿✶✾✵✷✳✵✸✵✽✵

❬✷❪ P✳ ❇❧❛♥❝✱ ❈✳ ❊st❡✈❡✱ ❏✳ ❉✳ ❘♦ss✐✱ ❆ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❡✈♦❧✉✲
t✐♦♥ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❤❡ss✐❛♥✳ ❙♦✉♠✐s✳
Pr❡♣r✐♥t ❛r❳✐✈ ✿✶✾✵✶✳✵✶✵✺✷

❬✸❪ ❈✳ ❊st❡✈❡✱ P❤✳ ❙♦✉♣❧❡t✱ ◆♦ t♦✉❝❤❞♦✇♥ ❛t ♣♦✐♥ts ♦❢ s♠❛❧❧ ♣❡r♠✐tt✐✈✐t② ❛♥❞ ♥♦♥✲
tr✐✈✐❛❧ t♦✉❝❤❞♦✇♥ s❡ts ❢♦r t❤❡ ▼❊▼❙ ♣r♦❜❧❡♠✳ ❆❞✈❛♥❝❡s ✐♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱
❱♦❧ ✷✹✱ ◆✉♠❜❡r ✼✲✽✭✷✵✶✾✮✱ ✹✻✺✲✺✵✵✳

❬✹❪ ❈✳ ❊st❡✈❡✱ P❤✳ ❙♦✉♣❧❡t✱ ◗✉❛♥t✐t❛t✐✈❡ t♦✉❝❤❞♦✇♥ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ▼❊▼❙
♣r♦❜❧❡♠ ✇✐t❤ ✈❛r✐❛❜❧❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✳ ◆♦♥❧✐♥❡❛r✐t② ✸✶ ✹✽✽✸ ✭✷✵✶✽✮✳
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❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘❡♠❡r❝✐❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐

❘és✉♠é ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✐✐

❆❜str❛❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✈

▲✐st❡ ❞❡s ♣✉❜❧✐❝❛t✐♦♥s ✐ss✉❡s ❞❡ ❧❛ t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈

❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐
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❈❤❛♣✐tr❡ ✶

■♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡

❈❡tt❡ ✐♥tr♦❞✉❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ❧❛ ♣rés❡♥t❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♦❜❥❡ts ❞✬ét✉❞❡ ❞❡ ❝❡tt❡
t❤ès❡✱ rés✉❧t❛ts ♣ré❝é❞❡♥ts✱ ♦❜❥❡❝t✐❢s q✉✐ ♠♦t✐✈❡♥t ♥♦tr❡ r❡❝❤❡r❝❤❡✱ rés✉❧t❛ts ♦❜t❡♥✉s ❡t
q✉❡st✐♦♥s q✉✐ r❡st❡♥t ♦✉✈❡rt❡s✳

▲❛ t❤ès❡ ♣♦rt❡ s✉r ❧✬ét✉❞❡ ❞❡ tr♦✐s ♣r♦❜❧è♠❡s ❞✐✛ér❡♥ts✱ q✉✐ ♣❡✉✈❡♥t êtr❡ tr❛✐tés ❞❡
❢❛ç♦♥ ✐♥❞é♣❡♥❞❛♥t❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❡st ❞✐✈✐sé❡ ❡♥ tr♦✐s s❡❝t✐♦♥s✳

✲ ➱t✉❞❡ q✉❛❧✐t❛t✐✈❡ ❡t q✉❛♥t✐t❛t✐✈❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ s②stè♠❡s ♠✐❝r♦✲é❧❡❝tr♦♠é❝❛♥✐q✉❡s
❛✈❡❝ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡ ✈❛r✐❛❜❧❡✳ ✭✈♦✐r ❈❤❛♣✐tr❡ ✷ ❡t ❈❤❛♣✐tr❡ ✸✮

✲ ❊①♣❧♦s✐♦♥ ❞✉ ❣r❛❞✐❡♥t ♣♦✉r ✉♥❡ éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❞✐✛✉s✐✈❡✳ ✭✈♦✐r ❈❤❛✲
♣✐tr❡ ✹✮

✲ ❯♥❡ ❛♣♣r♦❝❤❡ ❜❛sé❡ s✉r ❧❡s ❚✉❣✲♦❢✲✇❛r ❣❛♠❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥ ❛ss♦❝✐é
❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❤❡ss✐❡♥♥❡✳ ✭✈♦✐r ❈❤❛♣✐tr❡ ✺✮

✶ ➱t✉❞❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ s②stè♠❡s ♠✐❝r♦✲é❧❡❝tr♦♠é❝❛♥✐q✉❡s
✭▼❊▼❙✮ ❛✈❡❝ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡ ✈❛r✐❛❜❧❡

✶✳✶ ■♥térêt ♣❤②s✐q✉❡ ❞✉ ♠♦❞è❧❡

▲❡s s②stè♠❡s ♠✐❝r♦✲é❧❡❝tr♦♠é❝❛♥✐q✉❡s ✭▼❊▼❙ ❡♥ ❛♥❣❧❛✐s✮ ❡♥❣❧♦❜❡♥t ✉♥❡ ❣r❛♥❞❡ ✈❛r✐été
❞❡ ❞✐s♣♦s✐t✐❢s à é❝❤❡❧❧❡ ♠✐❝r♦s❝♦♣✐q✉❡ q✉✐ ❢♦♥t ✉s❛❣❡ ❞❡ ❢♦r❝❡s é❧❡❝tr♦st❛t✐q✉❡s ❞❛♥s ❧❡✉r
❢♦♥❝t✐♦♥♥❡♠❡♥t✳ ❆✉❥♦✉r❞✬❤✉✐✱ ❧❛ ✈❛r✐été ❞❡ ❝❡ t②♣❡ ❞❡ s②stè♠❡s ❡t ❞❡ ❧❡✉rs ❞♦♠❛✐♥❡s ❞✬❛♣✲
♣❧✐❝❛t✐♦♥ ❝r♦ît ❞❡ ❥♦✉r ❡♥ ❥♦✉r✱ ❡t ❛ ❡♥tr❛î♥é ✉♥❡ ré✈♦❧✉t✐♦♥ ❞❛♥s ♥♦♠❜r❡✉s❡s ❜r❛♥❝❤❡s ❞❡
❧❛ t❡❝❤♥♦❧♦❣✐❡✱ ❛✐♥s✐ q✉❡ ❞❛♥s ♥♦tr❡ ✈✐❡ q✉♦t✐❞✐❡♥♥❡✳ ❖♥ ♣❡✉t tr♦✉✈❡r ❞❡s ▼❊▼❙ ❝♦♠♠❡
❝♦♠♣♦s❛♥ts ❞❡ ❝❛♣t❡✉rs ♠♦❞❡r♥❡s✱ ♣❛r ❡①❡♠♣❧❡✱ ❝❡✉① ✉t✐❧✐sés ❞❛♥s ❧❡s ❛✐r❜❛❣s ❞❡s ✈♦✐✲
t✉r❡s✱ ♠❛✐s ❧✬✉s❛❣❡ ❞❡s ▼❊▼❙ ✐♥t❡r✈✐❡♥t ❛✉ss✐ ❞❛♥s ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞♦♠❛✐♥❡s✱ ❛✉ss✐
❞✐✈❡rs q✉❡ ❧✬✐♥❞✉str✐❡ ❜✐♦♠é❞✐❝❛❧❡✱ ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ♦✉ ❧❡s té❧é❝♦♠♠✉♥✐❝❛t✐♦♥s✳
❯♥ ❛♣❡rç✉ ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s ▼❊▼❙ ❡st ❞♦♥♥é ❞❛♥s ❧❡ ❧✐✈r❡ ❬✹✺❪✳

❖♥ ♣❡✉t ✈♦✐r✱ ❞❛♥s ❧❛ ✜❣✉r❡ ✶✳✶✱ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥ ❞❡ ❝❡s ❞✐s♣♦✲
s✐t✐❢s✳ ■❝✐✱ ❧❛ ♣❛rt✐❡ s✉♣ér✐❡✉r❡ ❡st ✉♥❡ ♣❧❛q✉❡ r✐❣✐❞❡ ✜①❡✱ ❛❧♦rs q✉❡ ❧❛ ♣❛rt✐❡ ✐♥❢ér✐❡✉r❡
❡st ✉♥❡ ♣❧❛q✉❡ é❧❛st✐q✉❡✱ ♣♦✉✈❛♥t êtr❡ ❞é❢♦r♠é❡✱ q✉✐ ❡st ✜①é❡ ✉♥✐q✉❡♠❡♥t ❛✉ ❜♦r❞✳ ❈❡s
❞❡✉① ♣❧❛q✉❡s s♦♥t ❝♦♥♥❡❝té❡s à ✉♥ ❝✐r❝✉✐t é❧❡❝tr✐q✉❡✱ ❧❛ ♣❧❛q✉❡ é❧❛st✐q✉❡ ét❛♥t ❢❛❜r✐✲
q✉é❡ à ♣❛rt✐r ❞✬✉♥ ♠❛tér✐❛✉ ❞✐é❧❡❝tr✐q✉❡✳ ◗✉❛♥❞ ✉♥ ✈♦❧t❛❣❡ V ❡st ❛♣♣❧✐q✉é✱ ❧❛ ❞✐✛ér❡♥❝❡

✶
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❡st à ♣♦t❡♥t✐❡❧ 1✱ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ♣♦✉r ψ s♦♥t ❞♦♥♥é❡s ♣❛r

ψ(t, x, y, z) =
1− z

1− u(t, x, y)
, t > 0, (x, y, z) ∈ ∂Ω(u(t)). ✭✶✳✶✳✷✮

▼❛✐♥t❡♥❛♥t✱ ♦♥ ✐♥tè❣r❡ ❧❛ ❢♦r❝❡ ♣r♦❞✉✐t❡ ♣❛r ❝❡ ♣♦t❡♥t✐❡❧ ❞❛♥s ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡s ♣♦✉r
✉♥❡ ♣❧❛q✉❡ é❧❛st✐q✉❡ ❛♠♦rt✐❡✳ ❖♥ ♦❜t✐❡♥t q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❧❛ ♣❧❛q✉❡ é❧❛st✐q✉❡ ❡st
❣♦✉✈❡r♥é❡ ♣❛r ❧✬éq✉❛t✐♦♥

γ2utt + ut −∆u+ β∆2u = λf(x, y)(ε2ψ2
x + ε2ψ2

y + ψ2
z), t > 0, (x, y) ∈ Ω, ✭✶✳✶✳✸✮

❛✈❡❝ ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ❡t ❛✉ ❜♦r❞ ♥✉❧❧❡s ✭♦♥ ❝♦♥s✐❞èr❡ q✉✬à ❧✬✐♥st❛♥t ✐♥✐t✐❛❧ ❧❛ ♣❧❛q✉❡ ❡st
❛✉ r❡♣♦s✮✳ ❱♦✐r ❬✸✶✱ ✸✺❪ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❝❡tt❡ éq✉❛t✐♦♥✳

▲❡ ♣❛r❛♠ètr❡ γ ❞❛♥s ✭✶✳✶✳✸✮ r❡♣rés❡♥t❡ ❧✬✐♠♣♦rt❛♥❝❡ r❡❧❛t✐✈❡ ❞❡s ❡✛❡ts ❞✬✐♥❡rt✐❡ ♣❛r
r❛♣♣♦rt à ❧✬❛♠♦rt✐ss❡♠❡♥t✳ ▲❡ t❡r♠❡ β∆2u ❢❛✐t ré❢ér❡♥❝❡ à ❧❛ ❢♦r❝❡ ❞❡ ✢❡①✐♦♥ ❞✉❡ à ❧❛
r✐❣✐❞✐té ❞❡ ❧❛ ♣❧❛q✉❡ ❡t ❧❡ t❡r♠❡ ∆u ❡st ❞û à ❧❛ t❡♥s✐♦♥ ❞❡ ❧❛ ♣❧❛q✉❡✳ ▲❡ ♣❛r❛♠ètr❡ λ > 0
❡st ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ❝❛rré ❞✉ ✈♦❧t❛❣❡ ❛♣♣❧✐q✉é✱ q✉✐ ❞❛♥s ♥♦tr❡ ♠♦❞è❧❡ ❡st ❝♦♥st❛♥t✳

❋✐♥❛❧❡♠❡♥t✱ ❧❛ ❢♦♥❝t✐♦♥ f(x, y) =
ε0

ε1(x, y)
❝❛r❛❝tér✐s❡ ❧❛ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡ ❞✉

♠❛tér✐❛✉✱ q✉✐ ♥✬❡st ♣❛s ❤♦♠♦❣è♥❡ ❡t ❝✬❡st✱ ❡♥ ❡✛❡t✱ ❧❡ ❞❡❣ré ❞❡ ❧✐❜❡rté q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡
❝♦♥trô❧❡r ❧❛ ③♦♥❡ ❞❡ t♦✉❝❤❞♦✇♥✳ ■❝✐✱ ❧❛ ❝♦♥st❛♥t❡ ε0 r❡♣rés❡♥t❡ ❧❛ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡
❞✉ ✈✐❞❡✱ ❡t ε1(x, y)✱ ❧❛ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡ ❞✉ ♠❛tér✐❛✉✳ ❆❧♦rs✱ ♣♦✉r é✈✐t❡r q✉❡ ❧❡
t♦✉❝❤❞♦✇♥ s❡ ♣r♦❞✉✐s❡ s✉r ✉♥❡ ❝❡rt❛✐♥❡ ré❣✐♦♥ ❞❡ Ω✱ ♦♥ r❡❝♦✉✈r✐r❛ ❝❡tt❡ ③♦♥❡ ❛✈❡❝ ✉♥
♠❛tér✐❛✉ ❛✈❡❝ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡ ε1 ❣r❛♥❞❡✱ ❞♦♥♥❛♥t ❧✐❡✉ à ✉♥ ❝❤❛♠♣ é❧❡❝tr✐q✉❡
♣❡t✐t s✉r ❝❡tt❡ ③♦♥❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❡t s❛♥s r✐sq✉❡ ❞❡ ❝♦♥❢✉s✐♦♥✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s t♦✉❥♦✉rs
❧❛ ❢♦♥❝t✐♦♥ f(x, y) ♣♦✉r ❢❛✐r❡ ré❢ér❡♥❝❡ à ❧❛ ♣❡r♠✐tt✐✈✐té ❞✐é❧❡❝tr✐q✉❡✳

❈♦♠♠❡ ❛♥♥♦♥❝é✱ ♦♥ ✈❛ ❝♦♥s✐❞ér❡r ❧❛ s✐♠♣❧✐✜❝❛t✐♦♥ ❝♦♥♥✉❡ ❝♦♠♠❡ s♠❛❧❧ ❛s♣❡❝t r❛t✐♦✱
q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❢r♦♥t✐èr❡ ❧✐❜r❡ à ❧✬ét✉❞❡ ❞✬✉♥❡ s❡✉❧❡ ❊❉P✳ ❈❡tt❡
s✐♠♣❧✐✜❝❛t✐♦♥ ❝♦♥s✐st❡ à s✉♣♣♦s❡r q✉❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣❧❛q✉❡s ❡st ♥é❣❧✐❣❡❛❜❧❡
♣❛r r❛♣♣♦rt à ❧❛ ❧♦♥❣✉❡✉r ❞✉ ❞✐s♣♦s✐t✐❢✳ ❈✬❡st✲à✲❞✐r❡✱ ♦♥ ✈❛ s✉♣♣♦s❡r ε = 0✳ ❖♥ ✈♦✐t q✉❡
❧❛ s♦❧✉t✐♦♥ ❡①♣❧✐❝✐t❡ ❞❡ ✭✶✳✶✳✶✮✱✭✶✳✶✳✷✮ ❡st

ψ(t, x, y, z) =
1− z

1− u(t, x, y)
,

q✉❡ ❧✬♦♥ ♣❡✉t s✉❜st✐t✉❡r ❞✐r❡❝t❡♠❡♥t ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✶✳✸✮ ♣♦✉r ♦❜t❡♥✐r

γ2u2t + ut −∆u+ β∆2u =
λf(x, y)

(1− u)2
.

▼❛✐♥t❡♥❛♥t ♦♥ ✈❛ s✉♣♣♦s❡r q✉❡ ❧❡ s②stè♠❡ ❡st très ❛♠♦rt✐ ❡t ♦♥ ✈❛ ♥é❣❧✐❣❡r ❧❡s ❡✛❡ts
❞✬✐♥❡rt✐❡✱ ❝✳✲à✲❞✳ γ = 0✳ ❖♥ ♣❡✉t ❢❛✐r❡ ❝❡tt❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧✬é♣❛✐ss❡✉r
❞❡ ❧❛ ♣❧❛q✉❡ é❧❛st✐q✉❡ ❡st ♥✉❧❧❡✳ ❖♥ ✈❛ s✉♣♣♦s❡r ❛✉ss✐ q✉❡ ❧❛ ♣❧❛q✉❡ ♥✬❛ ♣❛s ❞❡ r✐❣✐❞✐té✱
❝✳✲à✲❞✳ β = 0✳

▲✬éq✉❛t✐♦♥ ♦❜t❡♥✉❡ ♣♦✉r ♠♦❞é❧✐s❡r ❧❛ ❞é✈✐❛t✐♦♥ ❞❡ ❧❛ ♠❡♠❜r❛♥❡ ❡st




∂u

∂t
−∆u =

f(x, y)

(1− u)2
, (x, y) ∈ Ω, t > 0,

u(t, x, y) = 0, (x, y) ∈ ∂Ω, t > 0,

u(t, x, y) = 0, (x, y) ∈ Ω.

✭✶✳✶✳✹✮

❖♥ ✈♦✐t q✉❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ t♦✉❝❤❞♦✇♥✱ u = 1 s❡ tr❛❞✉✐t ❞❛♥s ❧❡ ♠♦❞è❧❡ ♠❛t❤é♠❛t✐q✉❡
♣❛r ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ s✐♥❣✉❧❛r✐té ❞❛♥s ❧❛ ♣❛rt✐❡ ❞r♦✐t❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✶✳✹✮✳
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✶✳✷ ■♥térêt ♠❛t❤é♠❛t✐q✉❡ ❡t ❝♦♥t❡①t❡

❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛t❤é♠❛t✐q✉❡✱ ❧❡ ♣r♦❜❧è♠❡ ✭✶✳✶✳✹✮ ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ✉♥ ❡①❡♠♣❧❡
❞✬éq✉❛t✐♦♥ ♣❛r❛❜♦❧✐q✉❡ s❡♠✐✲❧✐♥é❛✐r❡ ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té s✐♥❣✉❧✐èr❡✱ ❡t ❛ été ❧✬♦❜❥❡t ❞❡
♥♦♠❜r❡✉s❡s ét✉❞❡s ♣❡♥❞❛♥t ❧❡s ✈✐♥❣t ❞❡r♥✐èr❡s ❛♥♥é❡s✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ♣❧✉s
❣é♥ér❛❧ 




ut −∆u = f(x)(1− u)−p, x ∈ Ω, t > 0,
u = 0, x ∈ ∂Ω, t > 0,

u(0, x) = 0, x ∈ Ω,
✭Qf ✮

♦ù Ω ❡st ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ R
n✱ n ≥ 1✱ ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r✱ p > 0 ❡t f ∈ E✱ ♦ù

E =
{
f : Ω → [0,∞[; f ❡st ✉♥❡ ❢♦♥t✐♦♥ ❍ö❧❞❡r✐❡♥♥❡

}
.

P❛r ❧❛ t❤é♦r✐❡ st❛♥❞❛r❞ ❞❡s éq✉❛t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✾❪✱ ❧✬éq✉❛t✐♦♥
✭Qf ✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ♣♦✉r t ♣❡t✐t✳ P❛r ❧❡ ♣r✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠✱
❝♦♠♠❡ f ❡st ♣♦s✐t✐✈❡✱ ♦♥ ❛ u ≥ 0 ♣♦✉r t♦✉t x ∈ Ω ❡t t > 0✳ ❖♥ ✈♦✐t ❛✉ss✐ q✉❡ s✐ u
♣r❡♥❞ ❧❛ ✈❛❧❡✉r 1✱ ❧❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❞❡ ❧✬❊❉P ❞❡✈✐❡♥t s✐♥❣✉❧✐❡r✳ ▲❛ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡
♣❡✉t ❞♦♥❝ êtr❡ ♣r♦❧♦♥❣é❡ t❛♥t q✉❡ u < 1 s✉r Ω✳ ❖♥ ❛♣♣❡❧❧❡ T = Tf ∈]0,∞] ❧❡ t❡♠♣s
♠❛①✐♠❛❧ ❞✬❡①✐st❡♥❝❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ u ❞❡ ✭Qf ✮✳ ❆❧♦rs✱ ♦♥ ❞é❞✉✐t q✉❡ s✐ T <∞✱
♦♥ ❛

lim
t↑T

‖u‖∞ = 1.

❈❡ ♣❤é♥♦♠è♥❡ ❡st ❝♦♥♥✉ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❝♦♠♠❡ q✉❡♥❝❤✐♥❣ ♦✉ t♦✉❝❤❞♦✇♥✱ ❡t ❞❛♥s ❧❡
♠♦❞è❧❡ ♣❤②s✐q✉❡ ♣rés❡♥té ♣ré❝é❞❡♠♠❡♥t✱ ❝♦rr❡s♣♦♥❞ ❛✉ ❝♦♥t❛❝t ❡♥tr❡ ❧❡s ❞❡✉① ♣❧❛q✉❡s✳

▲✬❛♣♣❛r✐t✐♦♥ ♦✉ ♥♦♥ ❞❡ t♦✉❝❤❞♦✇♥ ❡st ❞ét❡r♠✐♥é❡ ♣❛r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ st❛✲
t✐♦♥♥❛✐r❡✳ ❙♦✐t f(x) = λg(x)✱ ❛✈❡❝ g ∈ E ❡t λ > 0✱ ❡t ❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❡❧❧✐♣t✐q✉❡
❛ss♦❝✐é à ✭Qf ✮ 




−∆z = λg(x)(1− z)−p, x ∈ Ω,
0 < z < 1, x ∈ Ω,

z = 0, x ∈ ∂Ω.
✭Sλ✮

❖♥ ❞é✜♥✐t ❧❡ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ λ∗ = λ∗(Ω, g) ❝♦♠♠❡

λ∗ = sup{λ > 0 : ✭Sλ✮ ♣♦ssè❞❡ ❛✉ ♠♦✐♥s ✉♥❡ s♦❧✉t✐♦♥}.

❖♥ ♥♦t❡ q✉❡ λ∗ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ❝❛rré ❞✉ ✈♦❧t❛❣❡ ❝r✐t✐q✉❡ V ∗ ❞♦♥t ♦♥ ❛ ♣❛r❧é ❞❛♥s
❧❛ s❡❝t✐♦♥ ✶✳✶✳

❉❛♥s ❧❡ ❝❛s ♦ù ✭Sλ✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥✱ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st ✉♥❡ s✉r✲s♦❧✉t✐♦♥ ❞✉ ♣r♦✲
❜❧è♠❡ ✭Qf ✮✳ ❉❡ ♣❧✉s✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Qf ✮ ❝♦♥✈❡r❣❡ ✈❡rs ❧❛ s❡✉❧❡ s♦❧✉t✐♦♥ ♠✐♥✐♠❛❧❡ ❞❡
✭Sλ✮✳ ❖♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ q✉❡ s✐ ❧❛ s♦❧✉t✐♦♥ ♠✐♥✐♠❛❧❡ ❞❡ ✭Sλ✮ ❡st ✉♥✐❢♦r♠é♠❡♥t ✐♥❢ér✐❡✉r❡
à 1✱ ❛❧♦rs ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥ ✭Qf ✮ ❡st ❣❧♦❜❛❧❡ ❡♥ t❡♠♣s✱ ❝✳✲à✲❞✳ T = ∞✳

■❧ ❡st ❝♦♥♥✉ q✉❡✱ ♣♦✉r t♦✉t g ❡t Ω✱ ♦♥ ❛ 0 < λ∗ < ∞✳ ❉❡s ❡st✐♠❛t✐♦♥s s✉♣ér✐❡✉r❡s
❡t ✐♥❢ér✐❡✉r❡s ♣♦✉r λ∗ s♦♥t ❞♦♥♥é❡s ❡♥ ❬✶✹❪✳ ❖♥ ♣❡✉t rés✉♠❡r ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ♣✉❧❧✲✐♥
✈♦❧t❛❣❡ ❡t ❧✬❛♣♣❛r✐t✐♦♥ ♦✉ ♥♦♥ ❞❡ t♦✉❝❤❞♦✇♥ ❞❛♥s ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿

✲ ❙✐ λ < λ∗✱ ❧❛ s♦❧✉t✐♦♥ ♠✐♥✐♠❛❧❡ ❞❡ ✭Sλ✮ ❡st str✐❝t❡♠❡♥t ♣❧✉s ♣❡t✐t❡ q✉❡ 1 ❡t ❛❧♦rs
❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Qf ✮ ❡st ❣❧♦❜❛❧❡ ❡♥ t❡♠♣s✳

✲ ❙✐ λ > λ∗✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Qf ✮ ♥✬❡st ♣❛s ❣❧♦❜❛❧❡ ❡♥ t❡♠♣s✱ ❝✬❡st✲à✲❞✐r❡✱ ✐❧ ② ❛
t♦✉❝❤❞♦✇♥ ❡♥ t❡♠♣s ✜♥✐✳



✶✳ ▼❖❉➮▲❊ ❉❊ ▼❊▼❙ ❆❱❊❈ P❊❘▼■❚❚■❱■❚➱ ❉■➱▲❊❈❚❘■◗❯❊ ❱❆❘■❆❇▲❊ ✺

▲❡ ❝❛s λ = λ∗ ❡st tr❛✐té ❞❛♥s ❬✶✹❪ ❡t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❡st étr♦✐t❡♠❡♥t ❧✐é à ❧❛ ❞✐♠❡♥s✐♦♥
❞❡ Ω✳ P♦✉r ❝❡ ❝❛s ❝r✐t✐q✉❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ z∗✱ q✉✐ ♣❡✉t êtr❡
♦❜t❡♥✉❡ ❝♦♠♠❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❧❛ ❜r❛♥❝❤❡ ❞❡ s♦❧✉t✐♦♥s ♠✐♥✐♠❛❧❡s zλ ❞❡ ✭Sλ✮ q✉❛♥❞ λ ↑ λ∗✳

■❝✐✱ ♥♦✉s ❛✈♦♥s ❞❡✉① s❝é♥❛r✐♦s ♣♦ss✐❜❧❡s✳ ❉✬✉♥❡ ♣❛rt✱ ♦♥ ♣❡✉t ❛✈♦✐r ✉♥❡ s♦❧✉t✐♦♥
♠✐♥✐♠❛❧❡ ❞❡ (Sλ∗) ré❣✉❧✐èr❡ ✭str✐❝t❡♠❡♥t ✐♥❢ér✐❡✉r❡ à 1✮✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ ❧❛ s♦❧✉t✐♦♥
❞❡ ✭Qf ✮ ❛✈❡❝ f(x) = λ∗g(x) ❡st ❣❧♦❜❛❧❡ ❡♥ t❡♠♣s✳ ❈✬❡st ❧❡ ❝❛s q✉❛♥❞✱ ♣❛r ❡①❡♠♣❧❡✱ n ≤ 7✳
❉✬❛✉tr❡ ♣❛rt✱ s✐ z∗ ♥✬❡st ♣❛s ré❣✉❧✐èr❡✱ ❝✳✲à✲❞✳ s✐ ❧❛ ❜r❛♥❝❤❡ ❞❡ s♦❧✉t✐♦♥s ♠✐♥✐♠❛❧❡s zλ ❞❡
✭Sλ✮ s❛t✐s❢❛✐t

lim
λ↑λ∗

‖zλ‖∞ = 1,

❛❧♦rs ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Qf ✮ ❛✈❡❝ f(x) = λ∗g(x) ❡st ❣❧♦❜❛❧❡ ❡♥ t❡♠♣s ❡t ❝♦♥✈❡r❣❡ ✈❡rs ✉♥
ét❛t st❛t✐♦♥♥❛✐r❡ s✐♥❣✉❧✐❡r✱ ❞♦♥♥❛♥t ❧✐❡✉ ❛✉ t♦✉❝❤❞♦✇♥ ❡♥ t❡♠♣s ✐♥✜♥✐ ✭✈♦✐r ❬✶✹❪ ❡t ❧❡s
ré❢ér❡♥❝❡s ❝✐té❡s✮✳

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♦♥ s✬✐♥tér❡ss❡ ✉♥✐q✉❡♠❡♥t ❛✉ ❝❛s ♦ù ✐❧ ② ❛ t♦✉❝❤❞♦✇♥ ❡♥ t❡♠♣s ✜♥✐✱
❝✳✲à✲❞✳ ♦♥ ❝♦♥s✐❞ér❡r❛ t♦✉❥♦✉rs λ > λ∗✱ ♦✉ ❛✉tr❡♠❡♥t ❞✐t✱ f ∈ E t❡❧❧❡ q✉❡ T <∞✳ ◆♦tr❡
❜✉t s❡r❛ ❞✬ét✉❞✐❡r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❡♥ ❡s♣❛❝❡ ❞❡s ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥✳ ❖♥ ❞é✜♥✐t ✉♥ ♣♦✐♥t
❞❡ t♦✉❝❤❞♦✇♥ ❝♦♠♠❡ x0 ∈ Ω t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ (xn, tn) ∈ Ω×]0, T [ s❛t✐s❢❛✐s❛♥t

tn ↑ T, xn → x0, ❡t u(xn, tn) → 1.

❆✐♥s✐✱ ♦♥ ♣❡✉t ❞é✜♥✐r ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ T = Tf ⊂ Ω ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts
s❛t✐s❢❛✐s❛♥t ❝❡tt❡ ♣r♦♣r✐été✳ ❖♥ ✈♦✐t q✉❡ T ❡st ❢❡r♠é ♣❛r ❞é✜♥✐t✐♦♥✳ ❖♥ r❡♠❛rq✉❡ ❛✉ss✐
q✉❡✱ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥✱ ❧❛ ❝♦♥❞✐t✐♦♥ ♥✉❧❧❡ ❛✉ ❜♦r❞ ♥✬❡①❝❧✉t
♣❛s ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛✈♦✐r ❞❡s ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥ s✉r ❧❡ ❜♦r❞✳

❙✐ ❧✬♦♥ ♣❡♥s❡ ❛✉ ♠♦❞è❧❡ ❞❡ ▼❊▼❙✱ ❧❡ ❝❤❛♠♣ é❧❡❝tr✐q✉❡ s❡r❛ ♣❧✉s ♣❡t✐t ❛✉① ♣♦✐♥ts
♦ù ❧❡ ♣r♦✜❧ f ❡st ♣❡t✐t✱ ❝❡ q✉✐ ✐♥t✉✐t✐✈❡♠❡♥t ♥♦✉s ❛♠è♥❡ à ♣❡♥s❡r q✉❡ ❧❡ t♦✉❝❤❞♦✇♥ ♥❡
s❡ ♣r♦❞✉✐r❛ ♣❛s s✉r ❝❡s ♣♦✐♥ts✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❛ ♣r❡♠✐èr❡ q✉❡st✐♦♥ q✉❡ ❧✬♦♥ ♣❡✉t s❡
♣♦s❡r ❡st

✏♣❡✉t✲♦♥ ❛✈♦✐r t♦✉❝❤❞♦✇♥ ❡♥ ❞❡s ♣♦✐♥ts ♦ù f s✬❛♥♥✉❧❡ ❄✑

❯♥❡ ré♣♦♥s❡ ♥é❣❛t✐✈❡ à ❝❡tt❡ q✉❡st✐♦♥ ❛ été ❞♦♥♥é❡ ❡♥ ✷✵✶✺ ♣❛r ❏✳❙✳ ●✉♦ ❡t P❤✳
❙♦✉♣❧❡t ❞❛♥s ❬✷✽❪ ♣♦✉r ❧❡s ♣♦✐♥ts ✐♥tér✐❡✉rs à Ω✳ ❈❡ rés✉❧t❛t ♥✬❡st ♣❛s tr✐✈✐❛❧ ❝❛r✱ ♣♦✉r
❧❡ ♣r♦❜❧è♠❡ ❛♥❛❧♦❣✉❡ ❞❡ ❜❧♦✇✲✉♣ ut −∆u = f(x)up ❛✈❡❝ f(x) = |x|σ✱ ❞❡s ❡①❡♠♣❧❡s ❞❡
s♦❧✉t✐♦♥s ❡①♣❧♦s❛♥t à ❧✬♦r✐❣✐♥❡ ♦♥t été ❞♦♥♥és ❞❛♥s ❬✶✼✱ ✷✼❪ ♣♦✉r σ > 0✱ p > 1 ❡t ❞❡s
❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ❜✐❡♥ ❝❤♦✐s✐❡s✳

❖♥ r❛♣♣❡❧❧❡ q✉❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ♣❤②s✐q✉❡✱ ❧❛ ♣❡r♠✐tt✐✈✐té ❡st ❝❛r❛❝tér✐sé❡ ♣❛r ❧❛
❢♦♥❝t✐♦♥ f(x) = ε0

ε1(x)
✳ ❆✐♥s✐✱ ❞❛♥s ❧❛ ✈✐❡ ré❡❧❧❡ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞❡ ❝♦♥str✉✐r❡ ✉♥

▼❊▼❙ ♣♦✉r ❧❡q✉❡❧ f s✬❛♥♥✉❧❡✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬❛♠é❧✐♦r❡r ❝❡ rés✉❧t❛t ❡♥ ❞♦♥♥❛♥t
❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s q✉✐ ♥♦✉s ♣❡r♠❡tt❡♥t ❞✬é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ ❛✉① ♣♦✐♥ts ♦ù ❧❛
♣❡r♠✐tt✐✈✐té f ❡st str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡✳

✶✳✸ ❘és✉❧t❛ts ■ ✿ ♥♦♥✲t♦✉❝❤❞♦✇♥ ❛✉① ♣♦✐♥ts ❞❡ ♣❡r♠✐tt✐✈✐té ♣❡✲
t✐t❡

▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞✬❛✉tr❡s ❞ét❛✐❧s ❡t ré❢ér❡♥❝❡s✱
s♦♥t ✐♥❝❧✉s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✷✳

▲❡ ♣r❡♠✐❡r ❜✉t ❞❡ ❧❛ t❤ès❡ ❡st ❞✬❛♠é❧✐♦r❡r ❧❡ rés✉❧t❛t ❞❡ ●✉♦ ❡t ❙♦✉♣❧❡t ❬✷✽❪ ❡♥
❞♦♥♥❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♣❡t✐t❡ss❡ s✉✣s❛♥t❡s ♣♦✉r é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ ❛✉① ♣♦✐♥ts
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♦ù f ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t❡✳ ❈✬❡st ❧❡ ❝♦♥t❡♥✉ ❞✉ t❤é♦rè♠❡ s✉✐✈❛♥t✱ q✉✐ ❛ss✉r❡ ❧✬❡①✐st❡♥❝❡
❞✬✉♥ s❡✉✐❧ str✐❝t❡♠❡♥t ♣♦s✐t✐❢ ♣♦✉r ❝❤❛q✉❡ ♣♦✐♥t ✐♥tér✐❡✉r ❞✉ ❞♦♠❛✐♥❡ ♥♦✉s ♣❡r♠❡tt❛♥t
❞✬é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ ❛✉① ♣♦✐♥ts ♦ù f ❡st ✐♥❢ér✐❡✉r❡ à ❝❡ s❡✉✐❧✳ ■❝✐✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❛
❢♦♥❝t✐♦♥ ❞✐st❛♥❝❡ ❛✉ ❜♦r❞ ❝♦♠♠❡

δ(x) := ❞✐st(x, ∂Ω), x ∈ Ω.

❚❤é♦rè♠❡ ✶✳✶✳ ✭◆♦♥✲t♦✉❝❤❞♦✇♥ ❛✉① ♣♦✐♥ts ✐♥tér✐❡✉rs ❞❡ ♣❡r♠✐tt✐✈✐té ♣❡t✐t❡✮ ❙♦✐t p >
0✱ Ω ⊂ R

n ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r ❡t f ∈ E✳ ❖♥ s✉♣♣♦s❡
{

Tf ≤M, ‖f‖∞ ≤M, f ≥ rχB ,

♦ù M, r > 0 ❡t B ⊂ Ω ❡st ✉♥❡ ❜♦✉❧❡ ❞❡ r❛②♦♥ r✳
✭✶✳✸✳✶✮

■❧ ❡①✐st❡ γ0 > 0 ❞é♣❡♥❞❛♥t ✉♥✐q✉❡♠❡♥t ❞❡ p,Ω,M, r t❡❧ q✉❡✱ ♣♦✉r t♦✉t x0 ∈ Ω✱ s✐

f(x0) < γ0 δ
p+1(x0), ✭✶✳✸✳✷✮

❛❧♦rs x0 6∈ Tf ✳

▼❛✐s ❝❡ rés✉❧t❛t ❛ ✉♥ ❝❧❛✐r ✐♥❝♦♥✈é♥✐❡♥t✳ ▲❡ s❡✉✐❧ ❞❡ ❧❛ ❢♦r♠✉❧❡ ✭✶✳✸✳✷✮ ❞é♣❡♥❞ ❞❡
❧❛ ❢♦♥❝t✐♦♥ ❞✐st❛♥❝❡ ❛✉ ❜♦r❞✱ ❡t ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♣❡t✐t❡ss❡ ♥♦✉s ♣❡r♠❡tt❛♥t ❞✬é❧✐♠✐♥❡r ❧❡
t♦✉❝❤❞♦✇♥ ❞❡✈✐❡♥t ♣❧✉s r❡str✐❝t✐✈❡ ♣♦✉r ❧❡s ♣♦✐♥ts ♣rès ❞✉ ❜♦r❞✳ ❉❡ ♣❧✉s✱ ❝❡ rés✉❧t❛t ♥❡
♣❡r♠❡t ❡♥ ❛✉❝✉♥ ❝❛s ❞✬é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ ❛✉① ♣♦✐♥ts ❞✉ ❜♦r❞✳

❊♥ ❡✛❡t✱ ❧❛ q✉❡st✐♦♥ s✉r ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛✈♦✐r ❞❡s ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥ s✉r ❧❡ ❜♦r❞
r❡st❡ t♦✉❥♦✉rs ♦✉✈❡rt❡✳ ❯♥ rés✉❧t❛t ♣❛rt✐❡❧ s✉r ❝❡ ♣r♦❜❧è♠❡ ❛ été ❞♦♥♥é ❞❛♥s ❬✷✹❪✱ ♦ù ✐❧ ❡st
♣r♦✉✈é✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❛r❣✉♠❡♥t ❞❡ ♠♦✈✐♥❣ ♣❧❛♥❡s✱ q✉❡ ♣♦✉r ❞❡s ❞♦♠❛✐♥❡s ❝♦♥✈❡①❡s✱ s✐
f ❡st ❞é❝r♦✐ss❛♥t❡ ♣rès ❞✉ ❜♦r❞ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧❡✱ ❛❧♦rs ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥
❡st ❝♦♠♣❛❝t ❞❛♥s Ω✳ ❉❛♥s ❬✷✽❪ ●✉♦ ❡t ❙♦✉♣❧❡t ♦♥t ❛♣♣♦rté ❞❡✉① ♥♦✉✈❡❧❧❡s ❝♦♥❞✐t✐♦♥s
s♦✉s ❧❡sq✉❡❧❧❡s ❧❡ t♦✉❝❤❞♦✇♥ ♥❡ s❡ ♣r♦❞✉✐t ♣❛s s✉r ❧❡ ❜♦r❞✳ ❯♥❡ ❝♦♥❞✐t✐♦♥ ❡st ❞❡ s✉♣♣♦s❡r
q✉❡ f ❞é❝r♦ît ♣rès ❞✉ ❜♦r❞ ♣❧✉s r❛♣✐❞❡♠❡♥t q✉❡ δp+1(x)✱ ❡t ❧✬❛✉tr❡ ❡st ❧❡ ❝❛s 0 < p < 1✳

◆♦✉s ❞♦♥♥♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ❝♦♥tr✐❜✉t✐♦♥ ♣❛rt✐❡❧❧❡ à ❝❡ ♣r♦❜❧è♠❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱
❧❡ rés✉❧t❛t s✉✐✈❛♥t ♣r♦✉✈❡ q✉❡ ❧❡ t♦✉❝❤❞♦✇♥ ♣❡✉t êtr❡ ❧♦❝❛❧✐sé ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧ s♦✉s✲
❡♥s❡♠❜❧❡ ❝♦♠♣❛❝t ❞❡ Ω à ❝♦♥❞✐t✐♦♥ q✉❡ f s♦✐t s✉✣s❛♠♠❡♥t ♣❡t✐t❡ ❡♥ ❞❡❤♦rs ❞❡ ❝❡
s♦✉s✲❡♥s❡♠❜❧❡✳ ❈❡ rés✉❧t❛t ❡st ❞♦♥❝ ❞✬✉♥ ❝❛r❛❝tèr❡ ♠♦✐♥s ❧♦❝❛❧ q✉❡ ❝❡❧✉✐ ❞✉ ❚❤é♦rè♠❡
✶✳✶✱ ♠❛✐s ✐❧ ♥♦✉s ♣❡r♠❡t ❞✬é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ s✉r ❧❡ ❜♦r❞ s❛♥s ❢❛✐r❡ ❛✉❝✉♥❡ ❤②♣♦t❤ès❡
❞❡ ♠♦♥♦t♦♥✐❡ s✉r f ♥✐ s✉♣♣♦s❡r q✉❡ f s✬❛♥♥✉❧❡ ❛✉ ❜♦r❞✳

❚❤é♦rè♠❡ ✶✳✷✳ ✭◆♦♥✲t♦✉❝❤❞♦✇♥ s✉r ❧❡ ❜♦r❞ ♣♦✉r ❞❡s ♣❡r♠✐tt✐✈✐tés ♣❡t✐t❡s s✉r ✉♥ ✈♦✐✲
s✐♥❛❣❡ ❞✉ ❜♦r❞✮ ❙♦✐t p > 0✱ Ω ⊂ R

n ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r ❡t f ∈ E✳
❙✉♣♣♦s♦♥s ✭✶✳✸✳✶✮✳ ■❧ ❡①✐st❡ γ0 > 0 ❞é♣❡♥❞❛♥t ✉♥✐q✉❡♠❡♥t ❞❡ p,Ω,M, r t❡❧ q✉❡ ♣♦✉r t♦✉t
ω ⊂⊂ Ω✱ s✐

sup
x∈Ω\ω

f(x) < γ0dist
p+1(ω, ∂Ω), ✭✶✳✸✳✸✮

❛❧♦rs Tf ⊂ ω✳

❈❡s ❞❡✉① t❤é♦rè♠❡s s♦♥t ❝♦♥séq✉❡♥❝❡ ❞❡ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡✱ q✉✐ ✐♠♣❧✐q✉❡ q✉❡
❧❡ t♦✉❝❤❞♦✇♥ à ❧✬✐♥tér✐❡✉r ❞✉ ❞♦♠❛✐♥❡ ❡st ❞❡ t②♣❡ ■✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉❡✱ s✉r ❧❡s ♣♦✐♥ts
✐♥tér✐❡✉rs à Ω✱ ❧❛ s♦❧✉t✐♦♥ ❝r♦ît ❛✉ ♣❧✉s ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬❊❉❖ ❛ss♦❝✐é❡✱ ❝✳✲à✲❞✳
❧✬éq✉❛t✐♦♥ ✭Qf ✮ s❛♥s ❧❡ t❡r♠❡ ∆u✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ✭❊st✐♠❛t✐♦♥ ❞❡ t②♣❡ ■✮ ❙♦✉s ❧✬❤②♣♦t❤ès❡ ✭✶✳✸✳✶✮✱ ❧❛ s♦❧✉t✐♦♥ u ❞✉
♣r♦❜❧è♠❡ ✭Qf ✮ s❛t✐s❢❛✐t

u(t, x) ≤ 1− γδ(x)(T − t)
1

p+1 , ♣♦✉r t♦✉t t ∈ [0, T ) ❡t x ∈ Ω, ✭✶✳✸✳✹✮

♦ù γ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ p,Ω,M, r✳
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❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ δ(x) ❞❛♥s ❧✬❡st✐♠❛t✐♦♥ ✭✶✳✸✳✹✮ ❡st ❧❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡
❧❛ ❞✐st❛♥❝❡ ❛✉ ❜♦r❞ ❛♣♣❛r❛ît ❞❛♥s ❧❡s s❡✉✐❧s ❞❡s ❚❤é♦rè♠❡s ✶✳✶ ❡t ✶✳✷✳

▼♦t✐✈és ♣❛r ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ♣r❛t✐q✉❡s ❛✉ ❞❡s✐❣♥ ❞❡ ▼❊▼❙✱ ✉♥❡ ❢♦✐s ♦❜t❡♥✉❡s ❧❡s
❝♦♥❞✐t✐♦♥s ❞❡ ♣❡t✐t❡ss❡ ❞❡s ❚❤é♦rè♠❡s ✶✳✶ ❡t ✶✳✷ ♥♦✉s ♣❡r♠❡tt❛♥t ❧✬é❧✐♠✐♥❛t✐♦♥ ❞✉ t♦✉✲
❝❤❞♦✇♥ s✉r ❝❡rt❛✐♥❡s ré❣✐♦♥s ❞✉ ❞♦♠❛✐♥❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ét✉❞✐❡r ❧❛ t❛✐❧❧❡ ❞❡s
s❡✉✐❧s ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✳ ❖♥ ❢❡r❛ ❝❡tt❡ ét✉❞❡ ♣♦✉r ❧❡ ❝❛s ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧
❡♥ ❡s♣❛❝❡✱ ♦ù ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❢❛✐r❡ ❧❡s ❝❛❧❝✉❧s ❛♥❛❧②t✐q✉❡s ♣❧✉s ♣ré❝✐sé♠❡♥t✱ ❞♦♥♥❛♥t
❞❡s ❡st✐♠❛t✐♦♥s ❛ss❡③ s❛t✐s❢❛✐s❛♥t❡s ♣♦✉r ❧❡s s❡✉✐❧s✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❧❡ ❝❛s ♣❤②s✐q✉❡ p = 2
❡t s♦✉s ❝❡rt❛✐♥❡s ❤②♣♦t❤ès❡s s✉r f ✱ ♥♦s ♠ét❤♦❞❡s ❞♦♥♥❡♥t ❞❡s s❡✉✐❧s q✉✐ ♥❡ s♦♥t ♣❛s
♣❡t✐ts ♠❛✐s ❞❡ ❧✬♦r❞r❡ ❞❡ 0.3 ❢♦✐s ❧❡ ♠❛①✐♠✉♠ ❞❡ f ✳

✶✳✹ ❘és✉❧t❛ts ■■ ✿ ✉♥❡ ❛♣♣r♦❝❤❡ q✉❛♥t✐t❛t✐✈❡ ❛✉① s❡✉✐❧s ❞❡ ♣❡t✐✲
t❡ss❡ ❡♥ ❞✐♠❡♥s✐♦♥ ✶

▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞✬❛✉tr❡s ❞ét❛✐❧s ❡t ré❢ér❡♥❝❡s✱
s♦♥t ✐♥❝❧✉s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✳

❆✜♥ ❞❡ ❞♦♥♥❡r ❞❡ ❜♦♥♥❡s ❡st✐♠❛t✐♦♥s ❞✉ s❡✉✐❧✱ ♦♥ ❝♦♥s✐❞ér❡r❛ ❞❡✉① s✐t✉❛t✐♦♥s t②✲
♣✐q✉❡s✱ q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ♣r♦✜❧s f ❛✈❡❝ ✉♥❡ ❡t ❞❡✉① ❜♦ss❡s r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❡s
rés✉❧t❛ts ♣♦✉✈❛♥t êtr❡ ét❡♥❞✉s à ❞❡s ♣r♦✜❧s ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❜♦ss❡s✳ ❖♥ ✈❡rr❛ q✉❡
❧❡ t♦✉❝❤❞♦✇♥ ♣❡✉t êtr❡ é❧✐♠✐♥é s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ s✐t✉é ❡♥tr❡ ✉♥❡ ❜♦ss❡ ❡t ❧❡ ❜♦r❞✱ ♦✉
❡♥tr❡ ❞❡✉① ❜♦ss❡s✳

▲✬✐❞é❡✱ ❛✉ ♥✐✈❡❛✉ ♣r❛t✐q✉❡✱ ❡st ❞❡ ❝♦♥s✐❞ér❡r ✉♥❡ ♣❧❛q✉❡ à ♣❡r♠✐tt✐✈✐té ❝♦♥st❛♥t❡ ❡t ❞❡
r❡❝♦✉✈r✐r ❧❡s ③♦♥❡s ♦ù ❧✬♦♥ ✈❡✉t é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ ❞✬✉♥ ♠❛tér✐❛✉ q✉✐ ❢❛✐t q✉❡ ❧❡ ♣r♦✜❧
f s♦✐t s✉✣s❛♠♠❡♥t ♣❡t✐t✳ ◆♦tr❡ ❜✉t ❡st ❞♦♥❝ ❞✬❡st✐♠❡r ❧❡ r❛t✐♦ ❡♥tr❡ ❧❡s ♣❡r♠✐tt✐✈✐tés
❞❡s ❞❡✉① ③♦♥❡s✳ ◆♦s ♠ét❤♦❞❡s ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❝❡ r❛t✐♦ s♦♥t ❜❛sé❡s s✉r ❧✬ét✉❞❡
♠✐♥✉t✐❡✉s❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ Pr♦♣♦s✐t✐♦♥ ✶✳✸✱ ♣♦✉r ❧❛q✉❡❧❧❡ ♦♥ ❛ ❢❛✐t ✉♥ r❛✣♥❡♠❡♥t ❛ss❡③
✐♠♣♦rt❛♥t ❞❡s t❡❝❤♥✐q✉❡s✳ ❊♥s✉✐t❡✱ ♥♦✉s ré❞✉✐s♦♥s ❧❡ ❝❛❧❝✉❧ à ✉♥ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥
❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ ❛✈❡❝ tr♦✐s ♦✉ q✉❛tr❡ ♣❛r❛♠ètr❡s✱ ♦ù ❧❡s ♣❛r❛♠ètr❡s s♦♥t ❧✐és ❛✉① ❝❤♦✐①
❞❡ ❝❡rt❛✐♥❡s ❢♦♥❝t✐♦♥s ❛✉①✐❧✐❛✐r❡s ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ t②♣❡ ■✳

❆✈❛♥t ❞✬é♥♦♥❝❡r ❧❡s rés✉❧t❛ts ♣ré❝✐s✱ ♦♥ ✈❛ ❧❡s ✐❧❧✉str❡r ❛✈❡❝ ❞❡✉① ❡①❡♠♣❧❡s ❝♦♥❝r❡ts✱
♣♦✉r ❧❡ ❝❛s p = 2✱ q✉✐ ♠♦♥tr❡♥t ❞❡✉① s✐t✉❛t✐♦♥s t②♣✐q✉❡s ❞✬❛♣♣❧✐❝❛t✐♦♥✳ ❈❡s ❞❡✉①
❡①❡♠♣❧❡s ❝♦rr❡s♣♦♥❞❡♥t à ✉♥ ♣r♦✜❧ ❛✈❡❝ ✉♥❡ ❡t ❞❡✉① ❜♦ss❡s r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛ s♦❧✉t✐♦♥
❞✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ q✉✐ ♥♦✉s ❞♦♥♥❡ ❧❡ r❛t✐♦ ❛ été ❛♣♣r♦①✐♠é❡ ♥✉♠ér✐q✉❡♠❡♥t
❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❛ss❡③ s✐♠♣❧❡ ✭✈♦✐r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❛♥s ❧❡
❈❤❛♣✐tr❡ ✸✮✱ q✉✐ ❞❡ ♣❧✉s✱ ❛ss✉r❡ q✉❡ ❧✬❡st✐♠❛t✐♦♥ ❞♦♥♥é❡ ❡st ✐♥❢ér✐❡✉r❡ à ❧❛ ✈r❛✐❡ ✈❛❧❡✉r
❞✉ r❛t✐♦✳ ❙✉r ❧❡s ❞❡ss✐♥s✱ ❧❛ ③♦♥❡ ♦ù ❧❡ t♦✉❝❤❞♦✇♥ ♣❡✉t ❛♣♣❛r❛✐tr❡ ❡st ♠❛rq✉é❡ ❡♥ tr❛✐s
é♣❛✐s✳

■❝✐✱ ❧❡ ♣r♦✜❧ f s❛t✐s❢❛✐t

‖f‖∞ ≤ 2.25, f(x) ≥ 2 ❞❛♥s ω, f(x) ≤ 0.42 ❞❛♥s Ω \ ω̃✱

❛✈❡❝ r❡s♣❡❝t✐✈❡♠❡♥t Ω = (−6, 6)✱ ω = (−2, 0)✱ ω̃ = (−2.1, 0.1) ❡t Ω = (−10, 10)✱ ω =
(−1, 1) ∪ (4, 6)✱ ω̃ = (−1.1, 1.1) ∪ (3.9, 6.1)✳ ▲✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ❡st ❛❧♦rs ❝♦♥t❡♥✉
❞❛♥s ω̃✳

❖♥ é♥♦♥❝❡ ❝✐✲❞❡ss♦✉s ❞❡✉① ❞❡ ♥♦s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❝♦♥❝❡r♥❛♥t ❧✬❡st✐♠❛t✐♦♥ q✉❛♥✲
t✐t❛t✐✈❡ ❞❡s s❡✉✐❧s ❞❡ ♣❡t✐t❡ss❡ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ t♦✉❝❤❞♦✇♥✳ ❉✉ ♣r❡♠✐❡r t❤é♦rè♠❡✱
✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❞é❞✉✐r❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ t♦✉❝❤❞♦✇♥ ♣♦✉r ❧❡s ♣r♦✜❧s à ✉♥❡ ❜♦ss❡✱ ❛❧♦rs
q✉❡ ♣♦✉r ❧❡s ♣r♦✜❧s à ❞❡✉① ❜♦ss❡s ♦✉ ♣❧✉s✱ ✐❧ ❢❛✉t ❝♦♠❜✐♥❡r ❧❡s ❞❡✉① t❤é♦rè♠❡s✳ ❖♥
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x60−1

x0

−2−6

f(x)

2.25
2

0.42

❋✐❣✉r❡ ✶✳✷ ✕ ❊①❡♠♣❧❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ t♦✉❝❤❞♦✇♥ ♣♦✉r ✉♥ ♣r♦✜❧ à ✉♥❡ ❜♦ss❡ ❛✈❡❝
p = 2✳
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x10−10 6

x0

41

x1

−1

f(x)

2.25
2

0.42

❋✐❣✉r❡ ✶✳✸ ✕ ❊①❡♠♣❧❡ ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ t♦✉❝❤❞♦✇♥ ♣♦✉r ✉♥ ♣r♦✜❧ à ❞❡✉① ❜♦ss❡s ❛✈❡❝
p = 2✳

r❛♣♣❡❧❧❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬❡rr❡✉r ❞❡ ●❛✉ss q✉✐ ❡st ❞♦♥♥é❡ ♣❛r ❧✬❡①♣r❡ss✐♦♥

❡r❢(x) =
2√
π

∫ x

0

e−t
2

dt.

❖♥ ❞é✜♥✐t ❛✉ss✐ cot s = cot s s✐ 0 < s ≤ π/2✱ ❡t cot s = 0 s✐ s > π/2✳

❚❤é♦rè♠❡ ✶✳✹✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ✭Qf ✮ ❛✈❡❝ p > 0 ❡t Ω = ]−R,R[✳ ❙♦✐t x0 ∈ Ω
❡t s✉♣♣♦s♦♥s

µ > µ1(p) :=
pp

(p+ 1)p+1

π2

2
, d0 := R− |x0| − 1 >

p+ 1√
pµ

cot
[√
pµ
]
. ✭✶✳✹✳✶✮

P♦✉r t♦✉t d ∈ ]0, d0[✱ ✐❧ ❡①✐st❡ ρ = ρ(p, µ, ‖f‖∞, d0, d) ∈]0, 1[ t❡❧ q✉❡✱ s✐ f s❛t✐s❢❛✐t

f ≥ µ ❞❛♥s
]
x0 − 1, x0 + 1

[
❡t f < ρµ ❞❛♥s D := [x0 + 1 + d,R]✱ ✭✶✳✹✳✷✮

❛❧♦rs Tf <∞ ❡t ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥ ❞❛♥s D✳

❉❡ ♣❧✉s✱ ρ ♣❡✉t êtr❡ ❝❤♦✐s✐ ❝♦♠♠❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t ✿

ρ =
1

2
Sup

(τ,β,K)∈A

(
β − d

β

)p+1
S(t0(τ), β)

K + τ−p
min

{
H
(
t0(τ), β

)
, G
(
t0(τ), β,K

)}
✭✶✳✹✳✸✮
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❛✈❡❝

A =

{
(τ, β,K) ∈]0, 1[×]d, d0[×]0,∞[; τ ≥ µ

2µ−µ1
, K ≥ p

µβ2 − 1
p+1 , δ(β,K) ≤ 1

}
.

■❝✐✱ ♦♥ ❝❤♦✐s✐t

t0(τ) =
1−τp+1

(p+1)‖f‖∞
, L = 1 + (p+ 1)K, Γ =

√
(p+1)L
pKµβ2 , A = arctanΓ, α = 1 + p

L

❡t ❧❡s ❢♦♥❝t✐♦♥s S,H,G, δ s♦♥t ❞é✜♥✐❡s ♣❛r

S(t, β) = e
− π2t

4(d0+1)2

[
1− e−

d0(d0−β)
t

]
, δ(β,K) = A(1 +K)

√
p+1
pLKµ ,

H(t, β) = inf
0<x<1

❡r❢
(

1√
t

(
1 + β

2x
))

− ❡r❢
(

β

2
√
t
x
)

(1− x)p+1
,

G(t, β,K) = (Γ2 + 1)−α/2 inf
0<x<1

❡r❢
(

2−(1−x)δ
2
√
t

)
+ ❡r❢

(
(1−x)δ
2
√
t

)

cosα(Ax)
.

✭✶✳✹✳✹✮

❖♥ ✈♦✐t q✉✬❛✈❡❝ ❧❡ ❚❤é♦rè♠❡ ✶✳✹✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ s✉r ✉♥
✐♥t❡r✈❛❧❧❡ ❧♦❝❛❧✐sé ❡♥tr❡ ✉♥❡ ❜♦ss❡ ❡t ❧❡ ❜♦r❞✳ ▲❡ ❚❤é♦rè♠❡ s✉✐✈❛♥t ♥♦✉s ♣❡r♠❡t ❞✬é❧✐♠✐♥❡r
❧❡ t♦✉❝❤❞♦✇♥ s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ ❧♦❝❛❧✐sé ❡♥tr❡ ❞❡✉① ❜♦ss❡s✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❞❡✉①
t❤é♦rè♠❡s ♥♦✉s ♣❡r♠❡t ❞♦♥❝ ❞❡ ❧♦❝❛❧✐s❡r ❧❡ t♦✉❝❤❞♦✇♥ ♣rès ❞❡s ❜♦ss❡s ♣♦✉r ✉♥ ♣r♦✜❧
❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❜♦ss❡s✳

❚❤é♦rè♠❡ ✶✳✺✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ✭Qf ✮ ❛✈❡❝ p > 0 ❡t Ω = ] − R,R[✳ ❙♦✐❡♥t
x0, x1 ∈ Ω t❡❧s q✉❡ |x0| ≥ |x1| ❡t s✉♣♣♦s♦♥s ✭✶✳✹✳✶✮✳ P♦✉r t♦✉t d ∈ ]0, d0[✱ ✐❧ ❡①✐st❡
ρ = ρ(p, µ, ‖f‖∞, d0, d) ∈]0, 1[ t❡❧ q✉❡✱ s✐ x0 − x1 > 2(1 + d) ❡t f s❛t✐s❢❛✐t

f ≥ µ ❞❛♥s
]
x1 − 1, x1 + 1

[
∪
]
x0 − 1, x0 + 1

[
✭✶✳✹✳✺✮

❡t
f < ρµ ❞❛♥s D :=

[
x1 + 1 + d, x0 − 1− d

]
✱ ✭✶✳✹✳✻✮

❛❧♦rs Tf <∞ ❡t ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥ ❞❛♥s D✳ ❉❡ ♣❧✉s✱ ρ ♣❡✉t êtr❡ ❝❤♦✐s✐
❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✹✳✸✮✳

❯♥❡ ❞❡s ❤②♣♦t❤ès❡s q✉❡ ❧✬♦♥ ❢❛✐t ❞❛♥s ❝❡s ❞❡✉① t❤é♦rè♠❡s ❡st µ > µ1 := pp

(p+1)p+1
π2

2 ✳
❈❡tt❡ ❤②♣♦t❤ès❡ ❛ss✉r❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ t♦✉❝❤❞♦✇♥ ❡♥ t❡♠♣s ✜♥✐✳ P❛r ❝♦♥tr❡✱ ❝❡tt❡ ❤②✲
♣♦t❤ès❡ ♣❡✉t êtr❡ ❛♠é❧✐♦ré❡✱ ♥♦✉s ♣❡r♠❡tt❛♥t ❞❡ tr❛✐t❡r ❧❡s ❝❛s ♦ù µ > µ0 := µ1/2✱ ♠❛✐s
❛✉ ❞étr✐♠❡♥t ❞✬✉♥ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣❧✉s ❝♦♠♣❧❡①❡✱ q✉✐ ❛ q✉❛tr❡ ♣❛r❛♠ètr❡s ❛✉
❧✐❡✉ ❞❡ tr♦✐s✳ ❈✬❡st ❧❡ ❝♦♥t❡♥✉ ❞✉ ❚❤é♦rè♠❡ ✷✳✸ ❛✉ ❈❤❛♣✐tr❡ ✸✳ ▲✬✐♥térêt ❞✬❛♠é❧✐♦r❡r ❝❡tt❡
❤②♣♦t❤ès❡ s✉r µ ❡st ❞❡ ♣♦✉✈♦✐r ❛♣♣❧✐q✉❡r ♥♦s rés✉❧t❛ts ❛✉① ❝❛s ♦ù ❧❡ ✈♦❧t❛❣❡ ❡st ♣❡t✐t✱
❝✳✲à✲❞✳ ♣rès ❞✉ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ ✭✈♦✐r ❉✐s❝✉ss✐♦♥ ✶✳✸✭❡✮ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✮✳

❇✐❡♥ sûr✱ ♣♦✉r ❛♣♣❧✐q✉❡r ❧❡s ❚❤é♦rè♠❡s ✶✳✹ ❡t ✶✳✺✱ ♦♥ ♥✬❛ ♣❛s ❜❡s♦✐♥ ❞❡ ❝❛❧❝✉❧❡r ❧❛ s♦✲
❧✉t✐♦♥ ❡①❛❝t❡ ρ ❞✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥✳ ❖♥ ♣❡✉t ✉t✐❧✐s❡r ♥✬✐♠♣♦rt❡ q✉❡❧ ρ ∈ ]0, ρ[ ❛✉
❧✐❡✉ ❞❡ ρ ❞❛♥s ❧❡s ❤②♣♦t❤ès❡s ✭✶✳✹✳✷✮✱✭✶✳✹✳✻✮✳ ■❧ s✉✣t ❞♦♥❝ ❞✬é✈❛❧✉❡r ❧❛ ❢♦♥❝t✐♦♥ ❞✉ s❡❝♦♥❞
♠❡♠❜r❡ ❡♥ ✭✶✳✹✳✸✮ ♣♦✉r ✉♥ tr✐♣❧❡t ❛❞♠✐ss✐❜❧❡ (τ, β,K) ∈ A✳ ❯♥ ❝❤♦✐① ♣❧✉s ♦✉ ♠♦✐♥s ♦♣t✐✲
♠❛❧ ❞❡ ❝❡ tr✐♣❧❡t ♣❡✉t s❡ ❢❛✐r❡ ♣❛r ❡①♣❧♦r❛t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❛❞♠✐ss✐❜❧❡s A✳
❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✱ ♦♥ ♣r♦♣♦s❡ ✉♥❡ ♠ét❤♦❞❡ ♥✉♠ér✐q✉❡ ♣♦✉r ❝❡tt❡ ❡①♣❧♦r❛t✐♦♥✳ ❖♥ ♣❡✉t
tr♦✉✈❡r✱ ❞❛♥s ❧✬❛♣♣❡♥❞✐❝❡ ❆✱ ❧❡s s❝r✐♣ts ✉t✐❧✐sés s✉r ▼❛t❧❛❜ ♣♦✉r ❝❛❧❝✉❧❡r ❧❡s ❡①❡♠♣❧❡s
❞✉ t❛❜❧❡❛✉ ✶✳✶ ❡t ❞✉ ❈❤❛♣✐tr❡ ✸✳
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❉❛♥s ❧❡ t❛❜❧❡❛✉ ✶✳✶✱ ♣♦✉r ❧❡ ❝❛s ♣❤②s✐q✉❡ p = 2 ❡t ♣♦✉r ❞❡s ✈❛❧❡✉rs r❛✐s♦♥♥❛❜❧❡s
❞❡s ♣❛r❛♠ètr❡s µ, ‖f‖∞, d, d0✱ ♦♥ ❞♦♥♥❡ ❞❡s ❡st✐♠❛t✐♦♥s ❞✉ r❛t✐♦ ρ✱ s♦❧✉t✐♦♥ ❞✉ ♣r♦✲
❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✹✳✸✮ ✭✈♦✐r ❝♦❧♦♥♥❡ ρ1✮✳ ❖♥ ✈♦✐t q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s
❡st✐♠❛t✐♦♥s ❥✉sq✉✬à ❧✬♦r❞r❡

ρ ∼ 0.17,

❝❡ q✉✐ ❡st ❛ss❡③ s❛t✐s❢❛✐s❛♥t ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣r❛t✐q✉❡✱ ♦ù ❧✬♦♥ ✈♦✉❞r❛✐t é✈✐t❡r ❧❡ t♦✉✲
❝❤❞♦✇♥ s✉r ❝❡rt❛✐♥❡s ③♦♥❡s s♣é❝✐✜q✉❡s ❞✉ ❞♦♠❛✐♥❡✳ ❉❛♥s ❧❛ ❝♦❧♦♥♥❡ ρ2 ♦♥ ✈♦✐t ❞❡s
❡st✐♠❛t✐♦♥s ❛♠é❧✐♦ré❡s ❞✉ r❛t✐♦✱ q✉✐ ♣❡✉✈❡♥t ❛rr✐✈❡r ❥✉sq✉✬à ❧✬♦r❞r❡

ρ ∼ 0.3.

❈❡s ❡st✐♠❛t✐♦♥s ❛♣♣r♦①✐♠❡♥t ❧❛ s♦❧✉t✐♦♥ ❞✬✉♥ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣❧✉s ❝♦♠♣❧❡①❡✱
q✉✐ ❡st ♣rés❡♥té ❞❛♥s ❧❡s ❚❤é♦rè♠❡s ✷✳✶✲✷✳✷ ❛✉ ❈❤❛♣✐tr❡ ✸✱ ❡t q✉✐ ♣❡r♠❡t ❛✉ss✐ ❞❡ ❝❛❧❝✉❧❡r
❧❡ r❛t✐♦ ρ✳ ❈❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣r♦✈✐❡♥t ❞✬✉♥ r❛✣♥❡♠❡♥t s✉♣♣❧é♠❡♥t❛✐r❡ ❞❡ ❧❛
♠ét❤♦❞❡ ❞❡ ♣r❡✉✈❡ ❞❡ ❧❛ Pr♦♣♦s✐t✐♦♥ ✶✳✸✱ q✉✐ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ♠❡✐❧❧❡✉r❡ ❝♦♥st❛♥t❡
γ ❞❛♥s ❧✬❡st✐♠❛t✐♦♥ ❞❡ t②♣❡ ■ ✭✶✳✸✳✹✮✳ ❖♥ ❛ ❞é❝✐❞é ❞❡ ♥❡ ♣❛s ♣rés❡♥t❡r ❧✬é♥♦♥❝é ❞❡ ❝❡s
t❤é♦rè♠❡s ❞❛♥s ❧✬✐♥tr♦❞✉❝t✐♦♥ à ❝❛✉s❡ ❞❡ ❧❡✉r ❧♦♥❣✉❡✉r ❡t ❞❡ ❧❡✉r ❝♦♠♣❧❡①✐té ❛✉ ♥✐✈❡❛✉
❞❡ ❧❛ ♥♦t❛t✐♦♥✳ ◆é❛♥♠♦✐♥s✱ ❝❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❡st ❞✉ ♠ê♠❡ t②♣❡ q✉❡ ✭✶✳✹✳✸✮
♠❛✐s ❛✈❡❝ q✉❛tr❡ ♣❛r❛♠ètr❡s ❛✉ ❧✐❡✉ ❞❡ tr♦✐s✱ ❡t ❧❛ ♠ét❤♦❞❡ ♣♦✉r ❡st✐♠❡r ❧❛ s♦❧✉t✐♦♥ ❡st
s✐♠✐❧❛✐r❡✳

µ ‖f‖∞ d d0 ρ1 ρ2
✶ ✶✳✶ ✵✳✶ ✺ ✵✳✶✵✺✵ ✵✳✷✷✹✾

✷ ✷✳✷✺ ✵✳✶ ✹ ✵✳✶✶✽✷ ✵✳✷✶✶✶

✸ ✸✳✺ ✵✳✵✶ ✺ ✵✳✶✺✺✹ ✵✳✷✻✾✽

✻ ✻✳✷ ✵✳✵✶ ✶✵ ✵✳✶✻✽✷ ✵✳✷✽✺✻

✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✶✼✸✷ ✵✳✷✾✷✶

❚❛❜❧❡ ✶✳✶ ✕ ❊st✐♠❛t✐♦♥s ✐♥❢ér✐❡✉r❡s ❞✉ r❛t✐♦ ρ ♣♦✉r p = 2✳ ❖♥ ❛ ✉t✐❧✐sé ❧❡s ❚❤é♦rè♠❡s ✶✳✹✲
✶✳✺ ✭❝♦❧♦♥♥❡ ρ1✮ ❡t ❧❡s ❚❤é♦rè♠❡s ✷✳✶✲✷✳✷ ❞✉ ❈❤❛♣✐tr❡ ✸ ✭❝♦❧♦♥♥❡ ρ2✮✳

▲✬é✈❛❧✉❛t✐♦♥ ❞❡ ρ1 ❡t ρ2 ❛ été ❢❛✐t❡ ❛✈❡❝ ❧✬❛✐❞❡ ❞✉ ❧♦❣✐❝✐❡❧ ▼❛t❧❛❜ ✭✈♦✐r ❧✬❛♣♣❡♥❞✐❝❡
❆ ♣♦✉r ❧❡s s❝r✐♣ts ✉t✐❧✐sés✮✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✱ ♦♥ ❞é❝r✐t ❡♥ ❞ét❛✐❧ ❧❡s ♣r♦❝é❞✉r❡s ♥✉♠é✲
r✐q✉❡s ✉t✐❧✐sé❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ✉t✐❧✐s❡ ✉♥❡ ❞✐s❝rét✐s❛t✐♦♥ ♠♦♥♦t♦♥❡ ♣♦✉r é✈❛❧✉❡r ❧❡s
✐♥✜♠❛ ❞❡s ❢♦♥❝t✐♦♥s G ❡t H ❞❛♥s ✭✶✳✹✳✹✮✳ ❈❡❝✐ ❣❛r❛♥t✐t q✉❡ ❧✬❡st✐♠❛t✐♦♥ tr♦✉✈é❡ ♥✬❡st
♣❛s s✉♣ér✐❡✉r❡ à ρ✱ ❡t ❧❡s s❡✉❧❡s s♦✉r❝❡s ❞✬❡rr❡✉r ♣♦ss✐❜❧❡s ❡♥ ❡①❝ès s♦♥t ❝❡❧❧❡s ❧✐é❡s ❛✉①
♣r♦❜❧è♠❡s ❞✬❛rr♦♥❞✐ ❞❡ ❧❛ ♠❛❝❤✐♥❡ ♦✉ ❝❡❧❧❡s ♣r♦❞✉✐t❡s ♣❛r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡
❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❡r❢✳

❉✬❛♣rès ❧❡s rés✉❧t❛ts ♣ré❝é❞❡♥ts✱ ✐❧ ❡st ♥❛t✉r❡❧ ❞❡ s❡ ❞❡♠❛♥❞❡r s✐ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡
♣❡t✐t❡ss❡ ♦❜t❡♥✉❡s ♣♦✉r é✈✐t❡r ❧❡ t♦✉❝❤❞♦✇♥ s♦♥t ✈r❛✐♠❡♥t ♥é❝❡ss❛✐r❡s ♦✉ s✐ ❛✉ ❝♦♥tr❛✐r❡✱
❧❡ t♦✉❝❤❞♦✇♥ ❛✉r❛✐t t♦✉❥♦✉rs ❧✐❡✉ ♣rès ❞❡s ♣♦✐♥ts ♦ù f ❡st ♣❧✉s ❣r❛♥❞❡✳ ❆✉tr❡♠❡♥t ❞✐t✱ ♦♥
s❡ ❞❡♠❛♥❞❡ s✐✱ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s t❤é♦rè♠❡s ✶✳✹ ❡t ✶✳✺✱ ❧❡ rés✉❧t❛t r❡st❡r❛✐t ✈r❛✐
♣♦✉r t♦✉t ρ < 1✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ♦♥ ♠♦♥tr❡ q✉❡ ❝❡ ♥✬❡st ♣❛s ❧❡ ❝❛s✳ ❊♥ ❡✛❡t✱ ♦♥
❞♦♥♥❡ ❞❡s ❡①❡♠♣❧❡s ♦ù ❧❡ t♦✉❝❤❞♦✇♥ s❡ ♣r♦❞✉✐t ❧♦✐♥ ❞❡s ♣♦✐♥ts ❞❡ ♠❛①✐♠✉♠ ❞❡ f ✱ ✈♦✐r
❡♥ ❧✬✉♥✐q✉❡ ♣♦✐♥t ❞❡ ♠✐♥✐♠✉♠✳ ❖♥ ❞é❝r✐t ❛✉ss✐ ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ✐♥tér❡ss❛♥ts ♣♦✉r
❝❡rt❛✐♥❡s ❢❛♠✐❧❧❡s ❞❡ ♣r♦✜❧s✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ♣rés❡♥t❡ ❞❡s s✐t✉❛t✐♦♥s ♦ù ❧✬❡♥s❡♠❜❧❡ ❞❡
t♦✉❝❤❞♦✇♥ ❡st ré❞✉✐t à ✉♥ s❡✉❧ ♣♦✐♥t✱ ♦✉ ❝♦♥t✐❡♥t ❛✉ ♠♦✐♥s ❞❡✉① ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s
❝♦♥❝❡♥tré❡s ❛r❜✐tr❛✐r❡♠❡♥t ♣rès ❞❡ ❞❡✉① ♣♦✐♥ts ❞♦♥♥és✱ ♦✉ ❝♦♥t✐❡♥t ❞❡✉① s♣❤èr❡s ❞❡
❞✐♠❡♥s✐♦♥ n− 1✳
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✶✳✺ ❘és✉❧t❛ts ■■■ ✿ ❊♥s❡♠❜❧❡s ❞❡ t♦✉❝❤❞♦✇♥ ♥♦♥✲tr✐✈✐❛✉① ❡t ♣r♦✲
✜❧s ❡♥ ❢♦r♠❡ ❞❡ ✏▼✑

▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞✬❛✉tr❡s ❞ét❛✐❧s ❡t ré❢ér❡♥❝❡s✱
s♦♥t ✐♥❝❧✉s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✷✳

■❝✐✱ ♦♥ ❝♦♥s✐❞èr❡ à ♥♦✉✈❡❛✉ ❧❡ ❝❛s n−❞✐♠❡♥s✐♦♥♥❡❧ ❡♥ ❡s♣❛❝❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ❡♥ ❞♦♥✲
♥❛♥t ✉♥❡ ❞é✜♥✐t✐♦♥ ❞❡ ❝❡ q✉✬♦♥ ❛♣♣❡❧❧❡ ♣r♦✜❧ ❡♥ ❢♦r♠❡ ❞❡ ✏▼✑✳ ▲✬ét✉❞❡ ❞❡ ❝❡ t②♣❡ ❞❡
♣r♦✜❧ ❛ ✉♥❡ ❞♦✉❜❧❡ ♠♦t✐✈❛t✐♦♥ ✿ ❞✬✉♥❡ ♣❛rt✱ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❡s ♣r♦✜❧s ♣♦✉r ❧❡sq✉❡❧s ❧❡
t♦✉❝❤❞♦✇♥ s❡ ♣r♦❞✉✐t ❧♦✐♥ ❞❡s ♣♦✐♥ts ❞❡ ♠❛①✐♠✉♠ ❞❡ f ✱ ❝❡ q✉✐ ❥✉st✐✜❡ ❧❛ ♥é❝❡ss✐té ❞❡s ❤②✲
♣♦t❤ès❡s ❞❡ ♣❡t✐t❡ss❡ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ t♦✉❝❤❞♦✇♥ ❞❛♥s ❧❡s t❤é♦rè♠❡s ♣ré❝é❞❡♥ts✳
❉✬❛✉tr❡ ♣❛rt✱ ♦♥ ❡st ❝❛♣❛❜❧❡ ❞❡ ❝♦♥✜r♠❡r r✐❣♦✉r❡✉s❡♠❡♥t✱ ♣❛r ❞❡s ❛r❣✉♠❡♥ts ❛♥❛❧②✲
t✐q✉❡s✱ ❝❡rt❛✐♥s ❝♦♠♣♦rt❡♠❡♥ts ✐♥tér❡ss❛♥ts ❝♦♥❝❡r♥❛♥t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡
t♦✉❝❤❞♦✇♥✱ q✉✐ ♦♥t été s✉❣❣érés ♥✉♠ér✐q✉❡♠❡♥t ❞❛♥s ❧❡ ❧✐✈r❡ ❬✶✹✱ ❙❡❝t✐♦♥ ✼✳✹❪ ♣♦✉r ❝❡
t②♣❡ ❞❡ ♣r♦✜❧s✳

P♦✉r ✉♥ ❞♦♠❛✐♥❡ Ω = BR ⊂ R
n (n ≥ 1)✱ ♦ù BR ❡st ❧❛ ❜♦✉❧❡ ❞❡ r❛②♦♥ R ❝❡♥tré❡ à

❧✬♦r✐❣✐♥❡✱ ♦♥ ❛♣♣❡❧❧❡ ♣r♦✜❧ ❡♥ ❢♦r♠❡ ❞❡ ✏▼✑ ✉♥❡ ❢♦♥❝t✐♦♥ f s❛t✐s❢❛✐s❛♥t

f ❡st r❛❞✐❛❧❡✱ ❝r♦✐ss❛♥t❡ ❡♥ |x| s✉r [0, L] ❡t
❞é❝r♦✐ss❛♥t❡ ❡♥ |x| s✉r [L,R]✱ ♣♦✉r ✉♥ ❝❡rt❛✐♥ L ∈ ]0, R[✳

✭✶✳✺✳✶✮

P♦✉r ❝❡ t②♣❡ ❞❡ ❢♦♥❝t✐♦♥s✱ s✐ L = 0 ♦✉ s✐ f(0) = f(L)✱ ❝✬❡st✲à✲❞✐r❡✱ s✐ f ❡st r❛❞✐❛❧❡
❞é❝r♦✐ss❛♥t❡✱ ✐❧ ❡st ❜✐❡♥ ❝♦♥♥✉ q✉❡ ❧❡ t♦✉❝❤❞♦✇♥ ♥❡ ♣❡✉t ❛✈♦✐r ❧✐❡✉ q✉✬à ❧✬♦r✐❣✐♥❡✱ ❝❡ q✉✐
❡st ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❞❡ s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥✱ ✈♦✐r ❬✷✸✱ ✷✹❪✳ ❈♦♠♠❡ ❝♦♥séq✉❡♥❝❡ ❞❡s
❚❤é♦rè♠❡s ✶✳✶ ❡t ✶✳✷✱ ♦♥ ♣❡✉t ❛✈♦✐r ❧❛ s✐t✉❛t✐♦♥ ♦♣♣♦sé❡✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❞❡s ♣r♦✜❧s ❡♥
❢♦r♠❡ ❞❡ ✏▼✑✱ s✐ f(0) ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t✱ ❧✬♦r✐❣✐♥❡ ♥❡ s❡r❛ ♣❛s ✉♥ ♣♦✐♥t ❞❡ t♦✉❝❤❞♦✇♥✱
❡t ♣❛r s②♠étr✐❡ r❛❞✐❛❧❡✱ ♦♥ ♣❡✉t ❛✣r♠❡r q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ❝♦♥t✐❡♥❞r❛ ✉♥❡
s♣❤èr❡ ❞❡ ❞✐♠❡♥s✐♦♥ n− 1✳ ❉❡ ♣❧✉s✱ ❝❡tt❡ s♣❤èr❡ ♣❡✉t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡ ❞✬✉♥❡
s♣❤èr❡ ❝❡♥tré❡ à ❧✬♦r✐❣✐♥❡ ❞❡ r❛②♦♥ ❞♦♥♥é✳

❈♦r♦❧❧❛✐r❡ ✶✳✻✳ ❙♦✐t p > 0✱ Ω = BR ⊂ R
n✳

✭✐✮ ✭❚♦✉❝❤❞♦✇♥ ❝♦♥t❡♥❛♥t ✉♥❡ s♣❤èr❡✮ ❙♦✐t f ∈ E ✉♥ ♣r♦✜❧ ❡♥ ❢♦r♠❡ ❞❡ ✏▼✑✱ ❝✳✲
à✲❞✳ f s❛t✐s❢❛✐t ✭✶✳✺✳✶✮✱ ❡t s✉♣♣♦s♦♥s ✭✶✳✸✳✶✮✳ ❙✐ f(0) ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t ✭❞é♣❡♥❞❛♥t
✉♥✐q✉❡♠❡♥t ❞❡ p, n,R,M, r✮✱ ❛❧♦rs 0 ♥✬❡st ♣❛s ✉♥ ♣♦✐♥t ❞❡ t♦✉❝❤❞♦✇♥✳ ❊♥ ♣❛rt✐❝✉❧✐èr❡✱
Tf ❝♦♥t✐❡♥t ✉♥❡ s♣❤èr❡ ❞❡ ❞✐♠❡♥s✐♦♥ n− 1✳

✭✐✐✮ ✭❚♦✉❝❤❞♦✇♥ ❝♦♥❝❡♥tré ♣rès ❞✬✉♥❡ s♣❤èr❡ ❞♦♥♥é❡✮ ❙♦✐t r > 0 ❡t 0 < ε <
min(r,R− r)✳ ■❧ ❡①✐st❡ ✉♥ ♣r♦✜❧ f ❡♥ ❢♦r♠❡ ❞❡ ✏▼✑ ❛✈❡❝ ❞❡✉① ❜♦ss❡s✱ t❡❧ q✉❡ Tf <∞ ❡t

Tf ⊂ {r − ε < |x| < r + ε}.

P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧ ❡①✐st❡ η,A > 0✱ ❞é♣❡♥❞❛♥t ✉♥✐q✉❡♠❡♥t ❞❡ p,R, r, ε✱ t❡❧s q✉❡ ❧❛
♣r♦♣r✐été ❝✐✲❞❡ss✉s ❡st ✈r❛✐❡ ♣♦✉r t♦✉t ♣r♦✜❧ r❛❞✐❛❧ f ∈ E s❛t✐s❢❛✐s❛♥t

{
f(x) ≥ A, ♣♦✉r |x| ∈ [r − ε/2, r + ε/2],

f(x) ≤ η, ♣♦✉r |x| ∈ [0, r − ε] ∪ [r + ε,R].

❉❛♥s ❧❛ ❋✐❣✉r❡ ✶✳✹✱ ♦♥ ♣❡✉t ✈♦✐r ✉♥❡ ✐❧❧✉str❛t✐♦♥ ❞✉ ❈♦r♦❧❧❛✐r❡ ✶✳✻✳ ▼❛✐♥t❡♥❛♥t✱ ♦♥
✈❛ ré♣♦♥❞r❡ ❧❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡✱ q✉✐ s❡ ♣♦s❡ ♥❛t✉r❡❧❧❡♠❡♥t ✿

▲✬❤②♣♦t❤ès❡ f(0) < f(L)✱ ❡st✲❡❧❧❡ s✉✣s❛♥t❡
♣♦✉r é❧✐♠✐♥❡r ❧❡ t♦✉❝❤❞♦✇♥ à ❧✬♦r✐❣✐♥❡ ❄



✶✷ ❈❍❆P■❚❘❊ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ●➱◆➱❘❆▲❊

........
........
........
........
........
........
........
........
.... ..........................................................................................................

........
........
........
........
........
........
........
........
..............................................................................................................

.....
......
......
.......
........
..........
................
................................................................................. .....

......
......
.......
........
..........

................
.................................................................................

.....................................
......
...

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

xRL0−L−R

f(x)

.....................................................................................................................................
........................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...........................................................................................................

..................................................................................................................................... .......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......

...........................................................................................................

..............

....................
..

..............
..............

........... .........
..

..............

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

.

..

..

.

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

.

..

..

.

..

..

.

xR0−r r−R

f(x)

η

A

❋✐❣✉r❡ ✶✳✹ ✕ ■❧❧✉str❛t✐♦♥ ❞✉ ❈♦r♦❧❧❛✐r❡ ✶✳✻✭✐✮ ❡t ✭✐✐✮ ✕ ❞❛♥s ❝❡tt❡ ✜❣✉r❡✱ ❡t ❝❡❧❧❡s ❞✬❛♣rès✱
❧❡ t♦✉❝❤❞♦✇♥ ❞♦✐t êtr❡ ❝♦♥t❡♥✉ ❞❛♥s ❧❡s ré❣✐♦♥s r❡♣rés❡♥té❡s ❡♥ tr❛✐t é♣❛✐s✳

▲❡ rés✉❧t❛t s✉✐✈❛♥t✱ q✉✐ ♠♦♥tr❡ ❧❛ st❛❜✐❧✐té ❞✉ s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ à ❧✬♦r✐❣✐♥❡ s♦✉s
❞❡ ♣❡t✐t❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ f ✱ ❞♦♥♥❡ ✉♥❡ ré♣♦♥s❡ ♥é❣❛t✐✈❡ à ❝❡tt❡ q✉❡st✐♦♥✳ ■❧ ❡st ❛❧♦rs
♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥s✐❞ér❡r f(0) ♣❧✉s ♣❡t✐t q✉✬✉♥ ❝❡rt❛✐♥ s❡✉✐❧✱ s✐ ❧✬♦♥ ✈❡✉t é❧✐♠✐♥❡r ❧❛ ♣♦ss✐✲
❜✐❧✐té ❞❡ t♦✉❝❤❞♦✇♥ à ❧✬♦r✐❣✐♥❡✳ ❉❡ ♣❧✉s✱ ❝❡❝✐ ♠♦♥tr❡ q✉❡ ❧❡s ♣r♦✜❧s r❛❞✐❛✉① ❞é❝r♦✐ss❛♥ts
♥❡ s♦♥t ♣❛s ❧❡s s❡✉❧s q✉✐ ♣rés❡♥t❡♥t s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ à ❧✬♦r✐❣✐♥❡✱ ❝❡ q✉✐ ❝♦♥✜r♠❡
❧❡s ♣ré❞✐❝t✐♦♥s ♥✉♠ér✐q✉❡s ❞❛♥s ❬✶✹✱ ❘❡♠❛r❦ ✼✳✹✳✷❪✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ♥♦t❡r❛ ‖ · ‖q = ‖ · ‖Lq(Ω) ❡t

µ0(p, n) :=
pp

(p+ 1)p+1
λ1, ✭✶✳✺✳✷✮

♦ù λ1 ❡st ❧❛ ♣r❡♠✐èr❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ −∆ ❞❛♥s H1
0 (B1) ❡t B1 ❡st ❧❛ ❜♦✉❧❡ ✉♥✐té ❞❡ R

n✳

❚❤é♦rè♠❡ ✶✳✼ ✭❙t❛❜✐❧✐té ❞✉ s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ s♦✉s ♣❡rt✉r❜❛t✐♦♥s✮✳
❙♦✐t p > 0✱ Ω = BR ⊂ R

n✱ 1 ≤ q ≤ ∞ ❛✈❡❝ q > n
2 ✱ M > 0✱ ρ ∈ ]0, R[✳ ❙♦✐t f ∈

E ∩ C1(Bρ) ✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡ ❞é❝r♦✐ss❛♥t❡✱ ❛✈❡❝ f(r) > µ0(p, n)ρ
−2 ♦♥ Bρ✳ ■❧ ❡①✐st❡

ε > 0 t❡❧ q✉❡✱ s✐ g ∈ E ∩ C1(Bρ) ❡st r❛❞✐❛❧❡ ❡t s❛t✐s❢❛✐t

‖g‖∞ ≤M,

−M ≤ g′(r) ≤ εr, ♣♦✉r t♦✉t r ∈ [0, ρ],

‖g − f‖q ≤ ε,

❛❧♦rs Tg <∞ ❡t Tg = {0}✳

❯♥❡ ❛✉tr❡ ❝♦♥séq✉❡♥❝❡ s✉r♣r❡♥❛♥t❡ ❞❡ ❝❡ rés✉❧t❛t ❡st ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝♦♥str✉✐r❡ ❞❡s
♣r♦✜❧s str✐❝t❡♠❡♥t ❝♦♥✈❡①❡s ♣♦✉r ❧❡sq✉❡❧s✱ ❧❡ t♦✉❝❤❞♦✇♥ s❡ ♣r♦❞✉✐t ✉♥✐q✉❡♠❡♥t s✉r ❧❡
s❡✉❧ ♣♦✐♥t ❞❡ ♠✐♥✐♠✉♠ ❞❡ f ✳ ❈♦♥s✐❞ér♦♥s✱ ♣❛r ❡①❡♠♣❧❡✱ ✉♥❡ ❢♦♥❝t✐♦♥ fλ(x) ❞é✜♥✐❡ s✉r
Ω = B(0, R) ♣❛r

fλ(x) := µ+ λ
|x|2
R2

, ❛✈❡❝ µ > µ0(p, n)ρ
−2 ❡t λ ≥ 0.

❈♦♠♠❡ q✉❡ f0 ❡st ❝♦♥st❛♥t❡✱ ♦♥ ❛ Tf0 = {(0, 0)}✳ ❖♥ ✈♦✐t q✉❡✱ ♣♦✉r λ > 0 s✉✣s❛♠♠❡♥t
♣❡t✐t✱ fλ s❛t✐s❢❛✐t ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦rè♠❡ ✶✳✼✳ ❆❧♦rs ❧✬♦r✐❣✐♥❡✱ ❝✬❡st✲à✲❞✐r❡✱ ❧❡ s❡✉❧
♣♦✐♥t ❞❡ ♠✐♥✐♠✉♠ ❞❡ f ✱ r❡st❡ ❧❡ s❡✉❧ ♣♦✐♥t ❞❡ t♦✉❝❤❞♦✇♥✳ ❈❡t ❡①❡♠♣❧❡ ré♣♦♥❞ ♥é❣❛✲
t✐✈❡♠❡♥t à ❧❛ q✉❡st✐♦♥ ♦✉✈❡rt❡ ❞❡ ❬✶✹✱ ❙❡❝t✐♦♥ ✼✳✺❪ s✉r ❧❛ ♣♦ss✐❜✐❧✐té q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡
t♦✉❝❤❞♦✇♥ s♦✐t ✉♥❡ s♣❤èr❡ ❞❡ ❞✐♠❡♥s✐♦♥ n− 1 ♣♦✉r t♦✉t ♣r♦✜❧ r❛❞✐❛❧ ❝r♦✐ss❛♥t✳

❉❛♥s ❬✶✹❪✱ ♣♦✉r ❞❡s ♣r♦✜❧s ❡♥ ❢♦r♠❡ ❞❡ ✏▼✑✱ ❞❡s s✐t✉❛t✐♦♥s s✐♠✐❧❛✐r❡s à ❝❡❧❧❡s ❞é❝r✐t❡s
❞❛♥s ❧❡ ❈♦r♦❧❧❛✐r❡ ✶✳✻ ❡t ❧❡ ❚❤é♦rè♠❡ ✶✳✼ ♦♥t été ♦❜s❡r✈é❡s ♥✉♠ér✐q✉❡♠❡♥t✱ ❛✈❡❝ s♦✐t
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xR0−R

f(x)

µ
µ+ λ

•

❋✐❣✉r❡ ✶✳✺ ✕ ■❧❧✉str❛t✐♦♥ ❞✉ ❚❤é♦rè♠❡ ✶✳✼ ❡♥ ❞✐♠❡♥s✐♦♥ ✶ ♣♦✉r ✉♥ ♣r♦✜❧ ❡♥ ❢♦r♠❡ ❞❡
❵▼✑ ❡t ✉♥ ♣r♦✜❧ str✐❝t❡♠❡♥t ❝♦♥✈❡①❡✳

✉♥ ♦✉ ❞❡✉① ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❈♦r♦❧❧❛✐r❡ ✶✳✻✱ ❡♥ r❡✈❛♥❝❤❡✱ ♦♥ ♥✬❡st
♣❛s ❡♥ ♠❡s✉r❡ ❥✉sq✉✬à ♣rés❡♥t ❞❡ ❞ét❡r♠✐♥❡r s✐ ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ❡st ❢♦r♠é
♣❛r ❞❡✉① ♣♦✐♥ts ♦✉ ♣❧✉s✳ ❉❛♥s ❬✶✹✱ ❙❡❝t✐♦♥ ✼✳✹❪✱ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♦♥t s✉❣❣éré
❧✬❡①✐st❡♥❝❡ ❞❡ s✐t✉❛t✐♦♥s ✐♥t❡r♠é❞✐❛✐r❡s ❡♥tr❡ ❝❡❧❧❡ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✹ ❡t ❝❡❧❧❡ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✺✱
♣♦✉r ❧❡sq✉❡❧❧❡s ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ♣♦✉rr❛✐t êtr❡ ❢♦r♠é ♣❛r ✉♥ s❡❣♠❡♥t ❝♦♥t❡♥❛♥t
❧✬♦r✐❣✐♥❡✳ ❈❡tt❡ s✐t✉❛t✐♦♥ s❡♠❜❧❡ ❛❝t✉❡❧❧❡♠❡♥t ❞✐✣❝✐❧❡ à ❝♦♥✜r♠❡r ❛♥❛❧②t✐q✉❡♠❡♥t✳

◆♦tr❡ ❞❡r♥✐❡r ❡①❡♠♣❧❡ ♠♦♥tr❡ q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ♣❡✉t ❛✈♦✐r ❞❡✉① ❝♦♠✲
♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❝♦♥❝❡♥tré❡s ❛r❜✐tr❛✐r❡♠❡♥t ♣rès ❞❡ ❞❡✉① ♣♦✐♥ts ❞♦♥♥és✳ P♦✉r ❧❡ ❝❛s
r❛❞✐❛❧ ❞❛♥s ✉♥❡ ❜♦✉❧❡✱ ✐❧ ❡st ❞♦♥❝ ♣♦ss✐❜❧❡ ❞❡ ❝♦♥str✉✐r❡ ❞❡s ♣r♦✜❧s ♣♦✉r ❧❡sq✉❡❧s ❧✬❡♥✲
s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ❝♦♥t✐❡♥t ❞❡✉① s♣❤èr❡s ❞❡ r❛②♦♥ ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡s ❞❡ ❞❡✉①
r❛②♦♥s ❞♦♥♥és✳

❚❤é♦rè♠❡ ✶✳✽✳ ❙♦✐t p > 0✳ ❙♦✐t Ω ⊂ R
n ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r✳

✭✐✮ ✭❊♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ❝♦♥❝❡♥tré ♣rès ❞❡ ❞❡✉① ♣♦✐♥ts ❞♦♥♥és✮
P♦✉r t♦✉t x1, x2 ∈ Ω ❡t t♦✉t ρ > 0✱ ✐❧ ❡①✐st❡ ❞❡s ♣r♦✜❧s f ∈ E t❡❧s q✉❡

Tf ⊂ B(x1, ρ) ∪B(x2, ρ), Tf ∩B(x1, ρ) 6= ∅, Tf ∩B(x2, ρ) 6= ∅.

✭✐✐✮ ✭❊♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ❝♦♥❝❡♥tré ♣rès ❞❡ ❞❡✉① s♣❤èr❡s ❞♦♥♥é❡s✮
❙♦✐t Ω = BR ⊂ R

n✱ 0 < r1 < r2 < R✱ ρ > 0 ❡t s♦✐t

Ai = {x ∈ R
n; |x| ∈ (ri − ρ, ri + ρ)}.

■❧ ❡①✐st❡ ❞❡s ♣r♦✜❧s r❛❞✐❛✉① f ∈ E t❡❧s q✉❡

Tf ⊂ A1 ∪A2, Tf ∩A1 6= ∅, Tf ∩A2 6= ∅.

▲❛ ❝♦♥str✉❝t✐♦♥ ❞❡s ♣r♦✜❧s ♣♦✉r ❧❡ ❚❤é♦rè♠❡ ✶✳✽✭✐✮ ❡st ❜❛sé❡ s✉r ✉♥ ❛r❣✉♠❡♥t ❧✐♠✐t❡
❛♣♣❧✐q✉é à ✉♥ ♣r♦✜❧ à ❞❡✉① ❜♦ss❡s✱ ♦ù ❧✬♦♥ ❢❛✐t ✈❛r✐❡r ❞❡ ❢❛ç♦♥ ❝♦♥t✐♥✉❡ ❧❛ ❤❛✉t❡✉r ❞❡
❝❤❛q✉❡ ❜♦ss❡✳ P♦✉r ❧❡ ❚❤é♦rè♠❡ ✶✳✽✭✐✐✮✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♠ê♠❡ str❛té❣✐❡ ❛♣♣❧✐q✉é❡ à ❞❡s
♣r♦✜❧s r❛❞✐❛✉①✳ ■❧ ❡st r❡♠❛rq✉❛❜❧❡ q✉❡✱ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥✲❧✐♥é❛✐r❡ ❡♥ ❞✐✲
♠❡♥s✐♦♥ ✶ ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ❝♦♥st❛♥ts✱ ✐❧ ❡st ♣r♦✉✈é ❞❛♥s ❬✹✶❪ q✉❡ ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧
❡♥s❡♠❜❧❡ ✜♥✐ ❞❡ ♣♦✐♥ts✱ ✐❧ ❡①✐st❡ ✉♥❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬❡♥s❡♠❜❧❡ ❞✬❡①♣❧♦s✐♦♥
❝♦ï♥❝✐❞❡ ❛✈❡❝ ❝❡t ❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts✳ ❯♥❡ t❡❧❧❡ ♣r♦♣r✐été r❡st❡ ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt ♣♦✉r
❧❡s ♣r♦❜❧è♠❡s à ❝♦❡✣❝✐❡♥ts ✈❛r✐❛❜❧❡s ✭▼❊▼❙ ♦✉ ❝❤❛❧❡✉r ♥♦♥✲❧✐♥é❛✐r❡✮✳

▲❛ ♣❧✉♣❛rt ❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❞é♣❡♥❞❡♥t ❞❡ ❢❛ç♦♥ ❝r✉❝✐❛❧❡ ❞✉ rés✉❧t❛t
s✉✐✈❛♥t✱ q✉✐ ♣r♦✉✈❡ ❧❛ st❛❜✐❧✐té ❞✉ t❡♠♣s ❡t ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ s♦✉s ❞❡ ♣❡t✐t❡s
♣❡rt✉r❜❛t✐♦♥s ❞✉ ♣r♦✜❧✳
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xR0−r1−r2 r1 r2−R

f(x)

❋✐❣✉r❡ ✶✳✻ ✕ ■❧❧✉str❛t✐♦♥ ❞✉ ❚❤é♦rè♠❡ ✶✳✽✭✐✮ ❡t ✭✐✐✮ ♣♦✉r n = 1✳

❚❤é♦rè♠❡ ✶✳✾✳ ✭❈♦♥t✐♥✉✐té ❞✉ t❡♠♣s ❞❡ t♦✉❝❤❞♦✇♥ ❡t s❡♠✐✲❝♦♥t✐♥✉✐té ✐♥✲
❢ér✐❡✉r❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥✮ ❙♦✐t p > 0 ❡t Ω ⊂ R

n ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é
❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r✳ ❙♦✐t 1 ≤ q ≤ ∞ ❛✈❡❝ q > n

2 ✱ B ⊂ Ω ✉♥❡ ❜♦✉❧❡ ❞❡ r❛②♦♥ r > 0✱
M ≥ µ > µ0(p, n)r

−2 ❡t s♦✐t

Ẽ =
{
f ∈ E; M ≥ f ≥ µχB

}
. ✭✶✳✺✳✸✮

P♦✉r t♦✉t f ∈ Ẽ ❛✈❡❝ Tf ⊂⊂ Ω ❡t t♦✉t σ > 0✱ ✐❧ ❡①✐st❡ ε > 0 t❡❧ q✉❡✱

s✐ g ∈ Ẽ ❡t ‖g − f‖q ≤ ε✱ ❛❧♦rs |Tg − Tf | ≤ σ ❡t Tg ⊂ Tf +B(0, σ)✳

❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ❝♦♥t✐♥✉✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉❝❤❞♦✇♥ ♥✬❡st ♣❛s ✈r❛✐❡ ❡♥ ❣é♥ér❛❧✳
❈♦♥s✐❞ér♦♥s ♣❛r ❡①❡♠♣❧❡ ✉♥ ♣r♦✜❧ à ❞❡✉① ❜♦ss❡s ❝♦♠♠❡ ❝❡❧✉✐ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✻✱ ♣♦✉r ❧❡q✉❡❧
♦♥ ❛ t♦✉❝❤❞♦✇♥ ♣rès ❞❡s ❞❡✉① ♣♦✐♥ts x1 ❡t x2✳ ❊♥s✉✐t❡✱ ♦♥ ❜❛✐ss❡ ❞❡ ❢❛ç♦♥ ❝♦♥t✐♥✉❡ ❧❛
❤❛✉t❡✉r ❞✬✉♥❡ ❞❡s ❞❡✉① ❜♦ss❡s✳ ❈♦♠♠❡ ❝♦♥séq✉❡♥❝❡ ❞✉ ❚❤é♦rè♠❡ ✶✳✶ ❡t ❞✬✉♥ ❛r❣✉♠❡♥t
❧✐♠✐t❡✱ ♦♥ ✈♦✐t q✉✬❛✉ ❞❡ss♦✉s ❞✬✉♥❡ ❝❡rt❛✐♥❡ ✈❛❧❡✉r✱ ❧❡s ♣♦✐♥ts ❞❡ t♦✉❝❤❞♦✇♥ ♣rès ❞❡ ❝❡tt❡
❜♦ss❡ ✈♦♥t ❞✐s♣❛r❛îtr❡ t♦✉t ❞✬✉♥ ❝♦✉♣✳ ❈❡❝✐ ♣r♦✉✈❡ ❧❛ ♥♦♥✲❝♦♥t✐♥✉✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡
t♦✉❝❤❞♦✇♥ ♣❛r r❛♣♣♦rt ❛✉ ♣r♦✜❧ f ✳

✷ ❊①♣❧♦s✐♦♥ ❞✉ ❣r❛❞✐❡♥t ♣♦✉r ✉♥❡ éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❞✐✛✉s✐✈❡

▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡ s❡ s✐t✉❡ ❡♥❝♦r❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s éq✉❛t✐♦♥s ♣❛r❛❜♦✲
❧✐q✉❡s s❡♠✐✲❧✐♥é❛✐r❡s✳ ❈❡tt❡ ❢♦✐s✲❝✐✱ ♥♦✉s ❛❧❧♦♥s ❝♦♥s✐❞ér❡r ✉♥❡ ♥♦♥✲❧✐♥é❛r✐té q✉✐ ❞é♣❡♥❞
❞✉ ❣r❛❞✐❡♥t✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ s✬✐♥tér❡ss❡ à ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ✿

ut −∆u = |∇u|p, ❛✈❡❝ p > 2. ✭❉❍❏✮

❈❡tt❡ éq✉❛t✐♦♥ r❡♣rés❡♥t❡ ✉♥ ♠♦❞è❧❡ t②♣✐q✉❡ ❞❛♥s ❧❛ t❤é♦r✐❡ ❞❡s éq✉❛t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s
♥♦♥✲❧✐♥é❛✐r❡s✱ ét❛♥t ❧❡ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡ ❞✬✉♥❡ ♥♦♥✲❧✐♥é❛r✐té ❞✉ t②♣❡ ❣r❛❞✐❡♥t ❡t ♣❡✉t
êtr❡ ✈✉❡ ❝♦♠♠❡ ❧✬❛♥❛❧♦❣✉❡ ❞❡ ❧✬éq✉❛t✐♦♥

ut −∆u = up, ❛✈❡❝ p > 1,

q✉✐ ❡st ❧❛r❣❡♠❡♥t ét✉❞✐é❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ P❛r ❛✐❧❧❡✉rs✱ ❧✬éq✉❛t✐♦♥ ✭❉❍❏✮ ✐♥t❡r✈✐❡♥t
❞❛♥s ❝❡rt❛✐♥s ♠♦❞è❧❡s ♣❤②s✐q✉❡s✱ ♣❛r ❡①❡♠♣❧❡ ❞❡ ❞é♣ôt ❜❛❧✐st✐q✉❡✱ ♦ù u ❞é❝r✐t ❧❛ ❝r♦✐s✲
s❛♥❝❡ ❞✬✉♥❡ s✉r❢❛❝❡✱ ✈♦✐r ❬✷✾✱ ✸✷✱ ✸✸❪✳ ▲✬éq✉❛t✐♦♥ ✭❉❍❏✮ ❡st ❛✉ss✐ ✉♥❡ éq✉❛t✐♦♥ ❞❡ t②♣❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ q✉✐ ✐♥t❡r✈✐❡♥t ❡♥ t❤é♦r✐❡ ❞✉ ❝♦♥trô❧❡ st♦❝❤❛st✐q✉❡✱ ✈♦✐r ❬✸✼❪✳
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✷✳✶ ❚❤é♦r✐❡ ❞✉ ❝♦♥trô❧❡ st♦❝❤❛st✐q✉❡ ❡t éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❞✐✛✉s✐✈❡

P♦✉r ❞❡✉① ❢♦♥❝t✐♦♥s f : Rn × A −→ R
n ❡t α : [0,∞[−→ A✱ ♦ù A ⊂ R

m✱ ✉♥ ♣♦✐♥t ❞❡
❞é♣❛rt x ∈ R

n ❡t ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s [t, T ] ❞♦♥♥és✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡ s②stè♠❡ ❞②♥❛♠✐q✉❡
❝♦♥trô❧é q✉✐ ❡st ❣♦✉✈❡r♥é ♣❛r ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♦r❞✐♥❛✐r❡ s✉✐✈❛♥t❡ ✿

{
①̇(s) = f(①(s), α(s)), s > t,
①(t) = x,

✭❖❉❊✮

♦ù ①̇(s) = d
ds①(s)✳ ▲✬✐♥❝♦♥♥✉❡ ❡st ❧❛ ❝♦✉r❜❡ ①(·) : [t, T ] → R

n✱ q✉❡ ❧✬♦♥ ♣❡✉t ✐♥t❡r♣rét❡r
❝♦♠♠❡ ❧✬é✈♦❧✉t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✬✉♥ s②stè♠❡ q✉✐ ❛ ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt x à ❧✬✐♥st❛♥t
t > 0✱ ♣❛r ❡①❡♠♣❧❡✱ ❧❡ ♠♦✉✈❡♠❡♥t ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ❧✬❡s♣❛❝❡✳ ❈❡tt❡ ❞②♥❛♠✐q✉❡ ❡st
❞é❝r✐t❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ f ✱ q✉✐ r❡♣rés❡♥t❡ ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ♣❛rt✐❝✉❧❡ à ❝❤❛q✉❡ ✐♥st❛♥t✳ ▲❛
❢♦♥❝t✐♦♥ α(·) ❡st ❛♣♣❡❧é❡ ❝♦♥trô❧❡✱ ❡t ♦♥ ♣❡✉t ❝❤♦✐s✐r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❢♦♥❝t✐♦♥ α(·) ❞❛♥s
❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♥trô❧❡s ❛❞♠✐ss✐❜❧❡s

A := {α(·) : [0,∞[→ A | α(·) ❡st ♠❡s✉r❛❜❧❡}.

❖♥ ✈♦✐t q✉❡ ❧❛ ❝♦✉r❜❡ ①(·) s♦❧✉t✐♦♥ ❞❡ ✭❖❉❊✮ ❞é♣❡♥❞ ❞✉ ♣♦✐♥t ❞❡ ❞é♣❛rt (x, t) ❡t ❞✉
❝❤♦✐① ❞❡ α(·)✳

◆♦tr❡ ❜✉t ❡st ❞❡ ❞ét❡r♠✐♥❡r q✉❡❧ ❡st ❧❡ ❝♦♥trô❧❡ ✏♦♣t✐♠❛❧✑ ♣♦✉r ♥♦tr❡ s②stè♠❡✳ ➚ ❝❡t
❡✛❡t✱ ✐❧ ❝♦♥✈✐❡♥t ❞❡ ❞é✜♥✐r ✉♥ ❝r✐tèr❡ ❞✬♦♣t✐♠❛❧✐té ♦✉ ré❝♦♠♣❡♥s❡✳ P♦✉r ❝❤❛q✉❡ x ∈ R

n

❡t t ∈]0, T ]✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡ ré❝♦♠♣❡♥s❡ t♦t❛❧❡

Px,t[α(·)] =
∫ T

t

r(①(s), α(s))ds+ g(①(T )),

♦ù r : Rn×A→ R ❡t g : Rn → R s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❞♦♥♥é❡s q✉✬♦♥ ❛♣♣❡❧❧❡ r❡s♣❡❝t✐✈❡♠❡♥t
ré❝♦♠♣❡♥s❡ ❝♦✉r❛♥t❡ ❡t ré❝♦♠♣❡♥s❡ t❡r♠✐♥❛❧❡✳ ■❝✐✱ ①(·) ❡st ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭❖❉❊✮ ❛✈❡❝
♣♦✐♥t ❞❡ ❞é♣❛rt ①(t) = x ❡t ❝♦♥trô❧❡ α(·)✳ ▲❡ ♣r♦❜❧è♠❡ r❡✈✐❡♥t ❞♦♥❝ à tr♦✉✈❡r ✉♥ ❝♦♥trô❧❡
α∗(·) ∈ A q✉✐ ♠❛①✐♠✐s❡ ❧❛ ré❝♦♠♣❡♥s❡ t♦t❛❧❡✱ ❝✬❡st✲à✲❞✐r❡✱

P [α∗(·)] ≥ P [α(·)], ♣♦✉r t♦✉s ❧❡s ❝♦♥trô❧❡s α(·) ∈ A. ✭P ✮

▼❛✐♥t❡♥❛♥t✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❝♦♠♠❡

v(x, t) := sup
α(·)∈A

Px,t[α(·)], ♣♦✉r t♦✉t x ∈ R
n, 0 ≤ t ≤ T. ✭✷✳✶✳✶✮

❆✉tr❡♠❡♥t ❞✐t✱ v ❡st ❧❛ ❢♦♥❝t✐♦♥ q✉✐ ♣r❡♥❞ ❧❛ ♣❧✉s ❣r❛♥❞❡ ré❝♦♠♣❡♥s❡ ♣♦ss✐❜❧❡ ♣♦✉r
❝❤❛q✉❡ (x, t) ∈ R

n × [0, T ]✳

❙✉♣♣♦s♦♥s q✉❡ v(x, t)✱ ❞é✜♥✐❡ ❡♥ ✭✷✳✶✳✶✮✱ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ C1,1(Rn × [0, T [)✳ ❆❧♦rs✱ v
s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s s✉✐✈❛♥t❡ ✿

vt(x, t) + sup
a∈A

{f(x, a) · ∇v(x, t) + r(x, a)} = 0, x ∈ R
n, 0 ≤ t < T, ✭❍❏❇✮

❛✈❡❝ ❞♦♥♥é❡ ✜♥❛❧❡ v(x, T ) = g(x)✱ ♣♦✉r t♦✉t x ∈ R
n✳ ❖♥ ♣❡✉t tr♦✉✈❡r ✉♥❡ ♣r❡✉✈❡ ❞❡ ❝❡

rés✉❧t❛t ❞❛♥s ❬✶✺✱ ❙❡❝t✐♦♥ ✶✵✳✸❪✳

▲✬éq✉❛t✐♦♥ ✭❍❏❇✮ ❡st ❛♣♣❡❧é❡ éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❛ss♦❝✐é❡ ❛ ❝❡
♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❡t ♦♥ ♣❡✉t ❧❛ réé❝r✐r❡ ❝♦♠♠❡

vt +H(x,∇v) = 0, x ∈ R
n, 0 ≤ t < T, ✭❍❏❇✮
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♦ù ❧❡ ❍❛♠✐❧t♦♥✐❡♥ H : Rn × R
n → R ❡st ❞é✜♥✐ ♣❛r

H(x, p) := sup
a∈A

H(x, p, a) = sup
a∈A

{f(x, a) · p+ r(x, a)}, ♣♦✉r x, p ∈ R
n. ✭✷✳✶✳✷✮

➱✈✐❞❡♠♠❡♥t✱ ♥♦✉s ♥✬❛✈♦♥s ❥✉st✐✜é ♥✐ ❧✬❡①✐st❡♥❝❡ ♥✐ ❧❛ ré❣✉❧❛r✐té ❞✬✉♥❡ t❡❧❧❡ ❢♦♥❝t✐♦♥✱
q✉✐ s♦♥t s♦✉♠✐s❡s à ❞❡s ❤②♣♦t❤ès❡s s✉r ❧✬❡♥s❡♠❜❧❡ A ❡t ❧❡s ❢♦♥❝t✐♦♥s f ✱ r ❡t g✳ ❖♥
♥❡ r❡♥tr❡r❛ ♣❛s ❞❛♥s ❝❡ ❣❡♥r❡ ❞❡ q✉❡st✐♦♥s✱ ❝❛r ♦♥ ✈❛ ❝♦♥s✐❞ér❡r ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡
❝❡tt❡ éq✉❛t✐♦♥✱ ♣♦✉r ❧❛q✉❡❧❧❡ ♥♦tr❡ ✐♥térêt ❡st ❞✬ét✉❞✐❡r ❞❡s ♣r♦♣r✐étés q✉❛❧✐t❛t✐✈❡s ❞❡ ❧❛
s♦❧✉t✐♦♥✳

❖♥ ✈❛ tr❛✐t❡r ❧❡ ❝❛s ❞✬✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡✱ ♦ù à ❝❤❛q✉❡ ✐♥st❛♥t✱ ♦♥ ♣❡✉t ❝❤♦✐✲
s✐r ❧❡ ✈❡❝t❡✉r ✈✐t❡ss❡ ❞✉ s②stè♠❡✳ ❖♥ ✈❛ ❝♦♥s✐❞ér❡r ✉♥❡ ré❝♦♠♣❡♥s❡ ❝♦✉r❛♥t❡ ♥é❣❛t✐✈❡✱
♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ ♥♦r♠❡ ❞✉ ✈❡❝t❡✉r ❝❤♦✐s✐ ✭♦♥ ♣❡✉t ❧✬❛♣♣❡❧❡r ❛✉ss✐
❝♦ût ❝♦✉r❛♥t✮✳ ❈✬❡st✲à✲❞✐r❡✱ ♦♥ ❝♦♥s✐❞èr❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝♦♥trô❧❡ A = R

n ❡t ❧❡s ❢♦♥❝t✐♦♥s
f(x, a) = a ❡t r(x, a) = −K

β |a|β ✱ ❛✈❡❝ β > 1 ❡t K > 0✳ ❈♦♠♠❡ ré❝♦♠♣❡♥s❡ ✜♥❛❧❡✱ ♦♥
❝♦♥s✐❞ér❡r❛ ✉♥❡ ❢♦♥❝t✐♦♥ g(·) : Rn → R

n✳

❆❧♦rs✱ ♦♥ ❛ ❧❡ s②stè♠❡ ❝♦♥trô❧é
{

①̇(s) = α(s), t < s < T,
①(t) = x,

✭❖❉❊✮

♦ù ❧❡ ❝♦♥trô❧❡ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ α(·) : [0,∞[→ R
n ♠❡s✉r❛❜❧❡✳ P♦✉r ❝❤❛q✉❡ x ∈ R

n ❡t
0 ≤ t ≤ T ✱ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ré❝♦♠♣❡♥s❡ à ♠❛①✐♠✐s❡r ❡st ❞é✜♥✐❡ ♣❛r

Px,t[α(·)] = −
∫ T

t

K

β
|α(s)|βds+ g(①(T )).

P♦✉r tr♦✉✈❡r ❧✬éq✉❛t✐♦♥ ✭❍❏❇✮ ❛ss♦❝✐é❡ à ❝❡ ♣r♦❜❧è♠❡✱ ✐❧ ❢❛✉t ❞ét❡r♠✐♥❡r ❧❡ ❍❛♠✐❧✲
t♦♥✐❡♥ ❞é✜♥✐ ❡♥ ✭✷✳✶✳✷✮✱ ❝✳✲à✲❞✳ ♣♦✉r ❝❤❛q✉❡ x, p ∈ R

n✱ ✐❧ ❢❛✉t ❞ét❡r♠✐♥❡r a∗ ∈ R
n q✉✐

♠❛①✐♠✐s❡ ❧❛ ❢♦♥❝t✐♦♥

H(x, p, a) = p · a− K

β
|a|β .

❖♥ ♣❡✉t ❝❛❧❝✉❧❡r
∇aH = p−K|a|β−2a.

❈♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥H ❡st ❝♦♥❝❛✈❡ ♣❛r r❛♣♣♦rt à a ✭❝❛r β > 1✮✱ ♦♥ ❞é❞✉✐t q✉❡ ❧❡ ♠❛①✐♠✉♠
❣❧♦❜❛❧ ❞❡ H ❡st ❛tt❡✐♥t s✉r ❧❡ s❡✉❧ a q✉✐ ❛♥♥✉❧❡ ∇aH✳ ❆✈❡❝ ✉♥ ❝❛❧❝✉❧ s✐♠♣❧❡✱ ♦♥ ♦❜t✐❡♥t

a∗ = K− 1
β−1 |p|− β−2

β−1 p ❡t |a∗|β = K− β
β−1 |p| β

β−1 ,

❝❡ q✉✐ ❞♦♥♥❡ ❝♦♠♠❡ ❍❛♠✐❧t♦♥✐❡♥ ❧❛ ❢♦♥❝t✐♦♥

H(x, p) =
β − 1

β
K− 1

β−1 |p| β
β−1 .

P♦✉r q > 1✱ ♦♥ ♣❡✉t ❝❤♦✐s✐r β = q
q−1 ❡t K = qq(q−1)✳ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❡st ❞♦♥❝ ❞é✜♥✐ ♣❛r

H(x, p) = |p|q.

❆❧♦rs✱ ❞✬❛♣rès ✭❍❏❇✮✱ ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ❞é✜♥✐❡ ❡♥ ✭✷✳✶✳✶✮ s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐

vt + |∇v|q = 0, 0 ≤ t < T,
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❛✈❡❝ ❝♦♥❞✐t✐♦♥ ✜♥❛❧❡ v(x, T ) = g(x)✳ ❖♥ ♣❡✉t ❞é✜♥✐r ❧❛ ❢♦♥❝t✐♦♥ u(x, t) = v(x, T − t)✱
q✉✐ s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥

ut = |∇u|q, 0 < t ≤ T ✭❍❏✮

❛✈❡❝ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ u(x, 0) = g(x)✳

▲❡ t❡r♠❡ ❞❡ ❞✐✛✉s✐♦♥ ∆u ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭❉❍❏✮ ♣r♦✈✐❡♥t ❞❡ ❧✬❛❥♦✉t ❞✬✉♥ ❜r✉✐t ❜❧❛♥❝
à ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞ét❡r♠✐♥✐st❡ ✭❖❉❊✮✳ ❖♥ ❝♦♥s✐❞èr❡ ♠❛✐♥t❡♥❛♥t✱ ♣♦✉r ❝❤❛q✉❡
x ∈ R

n ❡t 0 ≤ t ≤ T ✱ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ❝♦♥trô❧é❡ s✉✐✈❛♥t❡ ✿
{
❳̇(s) = f(❳(s), α(s)) + σξ(s), 0 ≤ t ≤ T,
❳(t) = x,

✭❙❖❉❊✮

♦ù σ > 0 ❡t ξ(·) ❡st ✉♥ t❡r♠❡ ❞❡ ❜r✉✐t ❜❧❛♥❝✳ ❖♥ ♣❡✉t ♣❡♥s❡r✱ ❛✉ ♠♦✐♥s ❢♦r♠❡❧❧❡♠❡♥t✱
q✉❡ ξ(s) = dW (s)

ds ✱ ♦ù W (·) ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❇r♦✇♥✐❡♥✳

▼❛✐♥t❡♥❛♥t✱ ❧❛ s♦❧✉t✐♦♥ ❳(·) ❞❡ ✭❙❖❉❊✮ ❡st ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡✳ P♦✉r ♥♦tr❡
❡①❡♠♣❧❡ ❛✈❡❝ f(x, a) = a✱ ♦♥ ♣❡✉t ✐♥t❡r♣rét❡r q✉❡✱ à ❝❤❛q✉❡ ✐♥st❛♥t✱ ❧❡ ✈❡❝t❡✉r ✈✐t❡ss❡
❞❡ ♥♦tr❡ s②stè♠❡ ❡st ❞♦♥♥é ♣❛r ✉♥ ✈❡❝t❡✉r a q✉❡ ❧✬♦♥ ♣❡✉t ❝❤♦✐s✐r ❞❛♥s R

n ♣❧✉s ✉♥❡
♣❡rt✉r❜❛t✐♦♥ ❞❡ ❝❡ ✈❡❝t❡✉r ♣r♦❞✉✐t❡ ♣❛r ❧❡ ❜r✉✐t ❜❧❛♥❝ q✉✬♦♥ ❛ ❛❥♦✉té✳ ❖♥ r❡♠❛rq✉❡ q✉❡
♠❛✐♥t❡♥❛♥t✱ ♣♦✉r (x, t) ❞♦♥♥és✱ ♦♥ ♥❡ ♣❡✉t ♣❛s ❞ét❡r♠✐♥❡r ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ s②stè♠❡
❳(·)✳ ■❝✐✱ ❧❡ ❝♦♥trô❧❡ ♦♣t✐♠❛❧ ❝❤❡r❝❤é α∗(·) ♥❡ ❞é♣❡♥❞r❛ ♣❛s ✉♥✐q✉❡♠❡♥t ❞❡ s✱ ♠❛✐s
❛✉ss✐ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ q✉❡ ❧❡ s②stè♠❡ ❛ s✉✐✈✐ ❥✉sq✉✬à ❧✬✐♥st❛♥t s✱ ❝✳✲à✲❞✳✱ ❞❡ ❧❛ ❝♦✉r❜❡
{❳(τ), t ≤ τ < s}✳

▲❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ré❝♦♠♣❡♥s❡ t♦t❛❧❡ ♣♦✉r x ∈ R
n✱ 0 ≤ t ≤ T ❡t ✉♥ ❝♦♥trô❧❡ α(·)✱ ❡st

❞é✜♥✐❡ ♣❛r

Px,t[α(·)] = E

{∫ T

t

r(❳(s), α(s))ds+ g(❳(T ))

}
,

❝✬❡st✲à✲❞✐r❡✱ ❧✬❡s♣ér❛♥❝❡ ❞❡ ❧❛ ré❝♦♠♣❡♥s❡ t♦t❛❧❡✳ ▲❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ♣♦✉r ❝❡ ♣r♦❜❧è♠❡
❡st ❞♦♥❝ ❞é✜♥✐❡ ♣❛r

v(x, t) := sup
α(·)∈A

Px,t[α(·)], ♣♦✉r t♦✉t x ∈ R
n, 0 ≤ t ≤ T.

▲✬éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ q✉✐ ❡st s❛t✐s❢❛✐t❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r v✱
❞❛♥s ❧❡ ❝❛s ♦ù ❡❧❧❡ ❛♣♣❛rt✐❡♥t à C2,1(Rn × [0, T [) ❡st

vt(x, t) +
σ2

2
∆v(x, t) + sup

a∈A
{f(x, a) · ∇v(x, t) + r(x, a)} = 0, x ∈ R

n, t ≥ 0, ✭❍❏❇✮

❛✈❡❝ ❝♦♥❞✐t✐♦♥ ✜♥❛❧❡ v(x, T ) = g(x) ✭✈♦✐r ❬✶✽✱ ❈❤❛♣✐tr❡ ■❱❪ ♣♦✉r ✉♥❡ ♣r❡✉✈❡ ❞❡ ❝❡tt❡
❞ér✐✈❛t✐♦♥✮✳ ❋✐♥❛❧❡♠❡♥t✱ ❛✈❡❝ ❧❡s ❝❤♦✐① ❞❡ f ❡t r q✉✬♦♥ ❛ ❢❛✐ts ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♦❜t✐❡♥t
q✉❡ u(x, t) = v(x, T − t) s❛t✐s❢❛✐t ❧✬éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❞✐✛✉s✐✈❡ ✭❉❍❏✮✱ q✉✐ ❡st
❧✬♦❜❥❡t ❞✬ét✉❞❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ❛✈❡❝ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ u(x, 0) = g(x)✳

✷✳✷ ❈r♦✐ss❛♥❝❡ ❞❡ s✉r❢❛❝❡s ♣❛r ❞é♣♦s✐t✐♦♥ ❜❛❧✐st✐q✉❡

❉❛♥s ❬✸✷❪✱ ❑❛r❞❛r✲P❛r✐s✐✲❩❤❛♥❣ ♦♥t ♣r♦♣♦sé ❧✬éq✉❛t✐♦♥

ht = ν∆h+
λ

2
|∇h|2 + η(x, t) ✭❑P❩✮

♣♦✉r ❞é❝r✐r❡ ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ q✉✐ ❝r♦ît ♣❛r ✉♥ ♣r♦❝❡ss✉s ❞❡ ❞é♣♦s✐t✐♦♥ ❜❛❧✐st✐q✉❡✳
▲❛ ❢♦♥❝t✐♦♥ h(x, t) r❡♣rés❡♥t❡ ❧❛ ❤❛✉t❡✉r ❞❡ ❧❛ s✉r❢❛❝❡ à ❝❤❛q✉❡ ✐♥st❛♥t✳ ▲❡ ♣r❡♠✐❡r
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t❡r♠❡ ❞✉ s❡❝♦♥❞ ♠❡♠❜r❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞é❝r✐t ❧❛ r❡❧❛①❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✉❡ à ❧❛ t❡♥s✐♦♥
s✉♣❡r✜❝✐❡❧❧❡ ν✳ ▲❡ ❞❡✉①✐è♠❡ t❡r♠❡ ❡st ❧❡ t❡r♠❡ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡ ♣❧✉s ♣❡t✐t ♦r❞r❡ q✉✐ ❞é❝r✐t
❧❛ ❞é♣♦s✐t✐♦♥ ❜❛❧✐st✐q✉❡✳ ■❧ ♣❡✉t ② ❛♣♣❛r❛✐tr❡ ❛✉ss✐ ❞❡s t❡r♠❡s ❞✬♦r❞r❡ s✉♣ér✐❡✉r q✉✐✱
❞❛♥s ❧✬❛rt✐❝❧❡ ❞❡ ❑❛r❞❛r✲P❛r✐s✐✲❩❤❛♥❣✱ s♦♥t ♥é❣❧✐❣és✳ ▲❡ ❜r✉✐t η(x, t) ❛ ✉♥❡ ❞✐str✐❜✉t✐♦♥
●❛✉ss✐❡♥♥❡✳

P♦✉r ❥✉st✐✜❡r ❧❡ t❡r♠❡ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡ ❧✬éq✉❛t✐♦♥✱ ♦♥ ❝♦♥s✐❞èr❡ q✉✬à ❝❤❛q✉❡ ❢♦✐s q✉✬✉♥❡
♣❛rt✐❝✉❧❡ ❡st ❞é♣♦sé❡✱ ❧❛ s✉r❢❛❝❡ ❝r♦ît ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧❡ à s♦♥ ♣r♦✜❧✳ ❆❧♦rs✱
❧✬❛❝❝r♦✐ss❡♠❡♥t ❞❡ ❧❛ s✉r❢❛❝❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡ ❡st ❞♦♥♥é ♣❛r

δh =
√
(λδt)2 + (λδt)2|∇h|2,

❞✬♦ù
δh

δt
= λ

√
1 + |∇h|2.

■❝✐✱ λ > 0 ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ ✈✐t❡ss❡ ❞❡ ❞é♣♦s✐t✐♦♥ ❞❡ ♣❛rt✐❝✉❧❡s✳ ❖♥ ❞é❞✉✐t ❛❧♦rs
❧✬éq✉❛t✐♦♥

ht = λ
√
1 + |∇h|2 = λ+

λ

2
|∇h|2 + . . .

❆♣rès ❛✈♦✐r ❢❛✐t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ h̃(x, t) = h(x, t) − λt ❡t ✐♥❝❧✉s ❧❡ t❡r♠❡ ❞❡ ❞✐✛✉s✐♦♥
✭♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r q✉❡ ❧❡s ♣❛rt✐❝✉❧❡s s❡ ❞✐✛✉s❡♥t s✉r ❧❡ ❞♦♠❛✐♥❡✮✱ ♦♥ ♦❜t✐❡♥t ❧✬éq✉❛t✐♦♥
✭❑P❩✮✳

❉❛♥s ❬✸✸❪✱ ❑r✉❣ ❡t ❙♣♦❤♥ ♦♥t ❣é♥ér❛❧✐sé ❧✬éq✉❛t✐♦♥ ✭❑P❩✮ ✭❞ét❡r♠✐♥✐st❡✮ s♦✉s ❧❛
❢♦r♠❡

ut = ν∆u+ λ|∇u|p,
❛✈❡❝ p ≥ 1 ♣♦✉r ét✉❞✐❡r ❧✬❡✛❡t ❞✉ t❡r♠❡ ♥♦♥✲❧✐♥é❛✐r❡✳

✷✳✸ ❈♦♥t❡①t❡ ♠❛t❤é♠❛t✐q✉❡ ❡t ♠♦t✐✈❛t✐♦♥

◆♦tr❡ ✐♥térêt ♣♦✉r ❧✬éq✉❛t✐♦♥ ✭❉❍❏✮ ❡st ♠♦t✐✈é ♣❛r ❧✬❡①♣❧♦s✐♦♥ ❡♥ t❡♠♣s ✜♥✐ ❞✉ ❣r❛❞✐❡♥t✳
❈♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ à ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ❡t ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ s✉✐✈❛♥t ✿





ut −∆u = |∇u|p, x ∈ Ω, t > 0,
u = 0, x ∈ ∂Ω, t > 0,

u(0, x) = u0(x), x ∈ Ω,
✭❉❍❏✮

♦ù Ω ❡st ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❛♥s R2 ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r✱ p > 2 ❡t

u0 ∈ X+ := {v ∈ C1(Ω); v ≥ 0, v|∂Ω = 0}.

P❛r ❧❛ t❤é♦r✐❡ ❝❧❛ss✐q✉❡ ❞❡s éq✉❛t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✾❪✱ ♦♥ s❛✐t q✉❡
❧❡ ♣r♦❜❧è♠❡ ✭❉❍❏✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ♠❛①✐♠❛❧❡ u ∈ C2,1(Ω×]0, T [)∩
C1,0(Ω× [0, T [)✱ ♦ù T = T (u0) ❡st ❧❡ t❡♠♣s ♠❛①✐♠❛❧ ❞✬❡①✐st❡♥❝❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡✳
❉❡ ♣❧✉s✱ ♣❛r ❧❡ ♣r✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠✱ ♦♥ ❞é❞✉✐t q✉❡

0 ≤ u(x, t) ≤ ‖u0‖∞, 0 < t < T, x ∈ Ω.

❈♦♠♠❡ ✭❉❍❏✮ ❡st ❜✐❡♥ ♣♦sé ❞❛♥s X+✱ s✐ T <∞✱ ♦♥ ❛

lim
t→T

‖∇u‖∞ = ∞.

❈❡ ♣❤é♥♦♠è♥❡ ❞✬❡①♣❧♦s✐♦♥ ❞✉ ❣r❛❞✐❡♥t✱ t❛♥❞✐s q✉❡ ❧❛ s♦❧✉t✐♦♥ r❡st❡ ❜♦r♥é❡✱ ❡st ❝♦♥♥✉
❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s♦✉s ❧❡ ♥♦♠ ❞❡ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ✭●❇❯✮✳ ▲✬éq✉❛t✐♦♥ ✭❉❍❏✮ ❛ ❛tt✐ré
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❜❡❛✉❝♦✉♣ ❞✬❛tt❡♥t✐♦♥ ♣❡♥❞❛♥t ❧❡s ✈✐♥❣t ❞❡r♥✐èr❡s ❛♥♥é❡s✳ ■❧ ❡st ❜✐❡♥ ❝♦♥♥✉ q✉❡✱ s✐ p ≤
2 ♦✉ s✐ Ω = R

n✱ t♦✉t❡s ❧❡s s♦❧✉t✐♦♥s s♦♥t ❣❧♦❜❛❧❡s ❡♥ t❡♠♣s✱ ❝✳✲à✲❞✳ T = ∞ ✭✈♦✐r
❬✷✱ ✺✱ ✷✷✱ ✸✹✱ ✺✸❪✮✳ P❛r ❝♦♥tr❡✱ ♣♦✉r ❧❡ ❝❛s p > 2✱ s✐ ❧❡ ❜♦r❞ ❞❡ Ω ♥✬❡st ♣❛s ✈✐❞❡✱ ✐❧ ❡①✐st❡ ❞❡s
s♦❧✉t✐♦♥s ❞♦♥t ❧❡ ❣r❛❞✐❡♥t ❡①♣❧♦s❡ ❡♥ t❡♠♣s ✜♥✐ ✭✈♦✐r ❬✶✱ ✸✱ ✹✱ ✶✷✱ ✶✻✱ ✷✺✱ ✸✻✱ ✺✷✱ ✺✹❪✮✳ ❉❛♥s
❝❡ ❝❛s✱ ♦♥ ♥❡ ♣❡✉t ♣❛s ❝♦♥t✐♥✉❡r ❧❛ s♦❧✉t✐♦♥ ✐♥❞é✜♥✐♠❡♥t ❡♥ t❡♠♣s ❛✉ s❡♥s ❝❧❛ss✐q✉❡✳

❉❛♥s ❬✺✹✱ ❚❤é♦rè♠❡ ✸✳✷❪✱ ✐❧ ❡st ❞é♠♦♥tré q✉❡ ❧❡ ●❇❯ ♥❡ ♣❡✉t ❛✈♦✐r ❧✐❡✉ q✉❡ s✉r ❧❡
❜♦r❞ ❞✉ ❞♦♠❛✐♥❡ ✭✈♦✐r ❛✉ss✐ ❬✶✱ ✸❪✮✳ ❉❡ ♣❧✉s✱ ❧✬❡st✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ❡st ❞♦♥♥é❡ ✿

|∇u| ≤ C1δ
− 1

p−1 (x, y) + C2 s✉r Ω× [0, T [, ✭✷✳✸✳✶✮

♦ù C1 = C1(n, p) > 0 ❡t C2 = C2(p,Ω, ‖u0‖C1) > 0✳ ■❝✐✱ δ(x, y) ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞✐st❛♥❝❡
❛✉ ❜♦r❞ ❞❡ Ω✳

▲✬❡♥s❡♠❜❧❡ ❞❡ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ❡st ❞é✜♥✐ ♣❛r

GBUS(u0) := {x0 ∈ ∂Ω; lim sup
t→T, x→x0

|∇u(x, t)| = ∞}.

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ♦♥ s✬✐♥tér❡ss❡ à ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛✈♦✐r ❞❡s ♣♦✐♥ts ❞❡ ●❇❯ ✐s♦❧és✳
▲❡s s❡✉❧s rés✉❧t❛ts ♣ré❝é❞❡♠♠❡♥t ❝♦♥♥✉s s✉r ❝❡tt❡ q✉❡st✐♦♥ s♦♥t ❝❡✉① ❞❡ ❬✸✻❪✳ ❉❛♥s ❝❡t
❛rt✐❝❧❡✱ ♣♦✉r ❞❡s ❞♦♠❛✐♥❡s très ♣❛rt✐❝✉❧✐❡rs✱ à s❛✈♦✐r✱ ❧❡s ❞✐sq✉❡s ❡t ❧❡s ❞♦♠❛✐♥❡s ❛✈❡❝
✉♥ ♠♦r❝❡❛✉ ❞❡ ❜♦r❞ ♣❧❛t✱ ✐❧ ❡st ♣r♦✉✈é ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❞♦♥t ❧✬❡♥s❡♠❜❧❡ ❞❡ ●❇❯
❡st ré❞✉✐t à ✉♥ s❡✉❧ ♣♦✐♥t✳ ❯♥❡ ❝❛r❛❝tér✐st✐q✉❡ q✉✐ s❡♠❜❧❡ ❡ss❡♥t✐❡❧❧❡ ♣♦✉r ❧❡s ❞♦♠❛✐♥❡s
❝♦♥s✐❞érés ❞❛♥s ❬✸✻❪ ❡st ❧❡ ❢❛✐t q✉❡ ❧❛ ❝♦✉r❜✉r❡ ❞✉ ❜♦r❞ s♦✐t ❝♦♥st❛♥t❡ ♣rès ❞✉ ♣♦✐♥t
❞❡ ●❇❯✳ ◆♦tr❡ ❜✉t s❡r❛ ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ❞✉ ♠ê♠❡ t②♣❡✱ ♠❛✐s q✉✐ s✬❛♣♣❧✐q✉❡♥t
à ✉♥❡ ❧❛r❣❡ ❝❧❛ss❡ ❞❡ ❞♦♠❛✐♥❡s✱ ♣♦✉r ❧❡sq✉❡❧s ❧❛ ❝♦✉r❜✉r❡ ❞✉ ❜♦r❞ ♥✬❡st ♣❛s ❢♦r❝❡♠❡♥t
❝♦♥st❛♥t❡ s✉r ✉♥ ✈♦✐s✐♥❛❣❡ ❞✉ ♣♦✐♥t ❞❡ ●❇❯✳

✷✳✹ ❘és✉❧t❛ts ✿ ❙✐♥❣❧❡✲♣♦✐♥t ●r❛❞✐❡♥t ❇❧♦✇✲✉♣ s✉r ❧❡ ❜♦r❞ ♣♦✉r
❞❡s ❞♦♠❛✐♥❡s à ❝♦✉r❜✉r❡ ♥♦♥✲❝♦♥st❛♥t❡

▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞✬❛✉tr❡s ❞ét❛✐❧s ❡t ré❢ér❡♥❝❡s✱
s♦♥t ✐♥❝❧✉s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✳

◆♦tr❡ str❛té❣✐❡ ♣♦✉r ♣r♦✉✈❡r ❧❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❜❛sé❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥
❞✬✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞ ❞✉ ❞♦♠❛✐♥❡✱ ❝♦♠❜✐♥é❡ ❛✈❡❝ ❞❡s ❢♦♥❝t✐♦♥s
❛✉①✐❧✐❛✐r❡s ❛♣♣r♦♣r✐é❡s ❡t ❞❡s ♣r♦♣r✐étés ❞❡ ♠♦♥♦t♦♥✐❡ ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ▲❛ ❞ér✐✈❛t✐♦♥ ❡t
❧✬❛♥❛❧②s❡ ❞❡s éq✉❛t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s s❛t✐s❢❛✐t❡s ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ❛✉①✐❧✐❛✐r❡s ♥é❝❡ss✐t❡♥t
❞❡s ❝❛❧❝✉❧s ❧♦♥❣s ❡t t❡❝❤♥✐q✉❡s✱ q✉✐ ❢♦♥t ✉s❛❣❡ ❞❡ ❝❡s ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞✳

▼❛✐s✱ ❛✈❛♥t ❞❡ r❡♥tr❡r ❞❛♥s ❧❡s ❞ét❛✐❧s t❡❝❤♥✐q✉❡s ❡t ❞✬✐♥tr♦❞✉✐r❡ ❧❛ ♥♦t❛t✐♦♥ ❞♦♥t ♦♥
❛✉r❛ ❜❡s♦✐♥ ♣❛r ❧❛ s✉✐t❡✱ ♦♥ ✈❛ ❞♦♥♥❡r ✉♥❡ ✐❧❧✉str❛t✐♦♥ s✐♠♣❧❡ ❞❡ ♥♦s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉①
❛✈❡❝ ❧❡s ❞❡✉① t❤é♦rè♠❡s s✉✐✈❛♥ts q✉✐✱ ♣♦✉r ❞❡✉① ❝❧❛ss❡s ❞❡ ❞♦♠❛✐♥❡s t②♣✐q✉❡s✱ ❛ss✉r❡♥t
❧✬❡①✐st❡♥❝❡ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧✬❡♥s❡♠❜❧❡ ❞✬❡①♣❧♦s✐♦♥ ❞✉ ❣r❛❞✐❡♥t ♥❡
❝♦♥t✐❡♥t q✉✬✉♥ s❡✉❧ ♣♦✐♥t✳ ❉❡s rés✉❧t❛ts ♣❧✉s ❣é♥ér❛✉① s♦♥t ❞♦♥♥és ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✺
❝✐✲❞❡ss♦✉s✳ ❖♥ ❝♦♠♠❡♥❝❡ ❛✈❡❝ ❧❡ ❝❛s ❞❡s ❡❧❧✐♣s❡s✳

❚❤é♦rè♠❡ ✷✳✶✳ ❙♦✐t p > 2 ❡t Ω ⊂ R
2 ✉♥❡ ❡❧❧✐♣s❡✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s

u0 ∈ X+ t❡❧❧❡s q✉❡ T (u0) < ∞ ❡t GBUS(u0) ♥❡ ❝♦♥t✐❡♥t q✉✬✉♥ s❡✉❧ ♣♦✐♥t ❞❡ ❝♦✉r❜✉r❡
♠✐♥✐♠❛❧❡✳

P♦✉r ♥♦tr❡ ❞❡✉①✐è♠❡ ❝❧❛ss❡ ❞❡ ❞♦♠❛✐♥❡s✱ ❧❛ ❝❛r❛❝tér✐st✐q✉❡ ♣r✐♥❝✐♣❛❧❡ ❡st q✉❡ ❧❡ ♣♦✐♥t
❞❡ ●❇❯ s♦✐t ✉♥ ♣♦✐♥t ❞✉ ❜♦r❞ ❞♦♥t ❧❡ ❝❡♥tr❡ ❞❡ ❝♦✉r❜✉r❡ ❡st s✐t✉é ❡♥ ❞❡❤♦rs ❞✉ ❞♦♠❛✐♥❡
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❡t ❞❡ ♣❧✉s✱ q✉✬✐❧ s♦✐t ✉♥ ♣♦✐♥t ❞❡ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ♣♦✉r ❧❛ ❝♦✉r❜✉r❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥
s✉♣♣♦s❡ ✿

Ω ❡st s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧✬❛①❡ OY ❡t ❝♦♥✈❡①❡ ❞❛♥s ❧❛
❞✐r❡❝t✐♦♥ x✱

✭✷✳✹✳✶✮

∂Ω ❡st t❛♥❣❡♥t à ❧❛ ❞r♦✐t❡ {y = 0} à ❧✬♦r✐❣✐♥❡ ❡t Ω ⊂ {y > 0}✱ ✭✷✳✹✳✷✮

❧❡ r❛②♦♥ ❞❡ ❝♦✉r❜✉r❡ ❞❡ ∂Ω ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞é❝r♦✐ss❛♥t❡ ❞❡ x✱ ♣♦✉r
x > 0 ♣rès ❞❡ ❧✬♦r✐❣✐♥❡✱ ❡t Ω ⊂ {y < R}✱ ♦ù R ❡st ❧❡ r❛②♦♥ ❞❡
❝♦✉r❜✉r❡ ❞❡ ∂Ω à ❧✬♦r✐❣✐♥❡✱

✭✷✳✹✳✸✮

♣♦✉r t♦✉t X0 ∈ ∂Ω ∩ {x > 0} ♣rès ❞❡ ❧✬♦r✐❣✐♥❡✱ ❧❡ s②♠étr✐q✉❡ ❞❡ ΩX0

♣❛r r❛♣♣♦rt à ΛX0
❡st ❝♦♥t❡♥✉ ❞❛♥s Ω✱ ♦ù ΛX0

❡st ❧❛ ❞r♦✐t❡ ♥♦r♠❛❧❡
à ∂Ω ❡♥ X0✱ ❡t ΩX0

❡st ❧❛ ♣❛rt✐❡ ❞❡ Ω s✐t✉é❡ à ❞r♦✐t❡ ❞❡ ΛX0
✳

✭✷✳✹✳✹✮

▲❛ ❋✐❣✉r❡ ✶✳✼ r❡♣rés❡♥t❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❞♦♠❛✐♥❡ ❞❡ ❝❡tt❡ ❝❧❛ss❡✳

❚❤é♦rè♠❡ ✷✳✷✳ ❙♦✐t p > 2 ❡t s✉♣♣♦s♦♥s q✉❡ Ω ⊂ R
2 ❡st ✉♥ ❞♦♠❛✐♥❡ s❛t✐s❢❛✐s❛♥t

✭✷✳✹✳✶✮✕✭✷✳✹✳✹✮✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s u0 ∈ X+ t❡❧❧❡s q✉❡ T (u0) < ∞ ❡t
GBUS(u0) ♥❡ ❝♦♥t✐❡♥t q✉❡ ❧✬♦r✐❣✐♥❡✳
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X0•

ΛX0

ΩX0

❋✐❣✉r❡ ✶✳✼ ✕ ❊①❡♠♣❧❡ ❞❡ ❞♦♠❛✐♥❡ s❛t✐s❢❛✐s❛♥t ❧❡s ❤②♣♦t❤ès❡s ✭✷✳✹✳✶✮✕✭✷✳✹✳✹✮✳

❖♥ r❡♠❛rq✉❡ q✉❡✱ ♣♦✉r ❧❡s ❞♦♠❛✐♥❡s ❧♦❝❛❧❡♠❡♥t ♣❧❛ts ♣rès ❞❡ ❧✬♦r✐❣✐♥❡ q✉✐ s♦♥t tr❛✐tés
❞❛♥s ❬✸✻❪✱ ❧✬❤②♣♦t❤ès❡ ✭✷✳✹✳✹✮ ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ✭✷✳✹✳✶✮✳ ❖♥ ✈♦✐t q✉❡ ❞❛♥s ❝❡ ❝❛s✲❧à✱
♣♦✉r t♦✉t X0 ♣rès ❞❡ ❧✬♦r✐❣✐♥❡✱ ΛX0 ❡st ♣❛r❛❧❧è❧❡ à ❧✬❛①❡ OY ✳ ▲✬❤②♣♦t❤ès❡ ✭✷✳✹✳✸✮ ❞❡✈✐❡♥t
é❣❛❧❡♠❡♥t tr✐✈✐❛❧❡ ♣♦✉r ❝❡ t②♣❡ ❞❡ ❞♦♠❛✐♥❡s✳

✷✳✺ ❘és✉❧t❛ts ♣❧✉s ❣é♥ér❛✉① ❡t ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞✳

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ✐♥tr♦❞✉✐r❡ ✉♥❡ ❝❧❛ss❡ ❞❡ ❞♦♠❛✐♥❡s✱ ❝♦♥t❡♥❛♥t ❝❡✉① ❞❡s ❚❤é♦rè♠❡s ✷✳✶
❡t ✷✳✷✱ ♣♦✉r ❧❡sq✉❡❧s ♥♦✉s s♦♠♠❡s ❝❛♣❛❜❧❡s ❞❡ ❝♦♥str✉✐r❡ ❞❡s s♦❧✉t✐♦♥s ❞♦♥t ❧✬❡♥s❡♠❜❧❡
❞❡ ●❇❯ ❡st ré❞✉✐t à ✉♥ s❡✉❧ ♣♦✐♥t✳ ❯♥ ♣❛s ✐♠♣♦rt❛♥t ❞❛♥s ♥♦tr❡ str❛té❣✐❡ ❡st ❧✬ét✉❞❡
❞✉ s✐❣♥❡ ❞❡ ❧❛ ❞ér✐✈é❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♣❛r❛❧❧è❧❡ ❛✉ ❜♦r❞✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✐❧ ❡st ♥❛t✉r❡❧
❞✬✉t✐❧✐s❡r ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞✳ ❈❡ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❡st
❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❞❡ ✏❜♦✉♥❞❛r②✲✜tt❡❞✑ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦✉ ✢♦✇ ❝♦♦r❞✐♥❛t❡s✳

P♦✉r ❝♦♠♠❡♥❝❡r✱ ♦♥ ❛ ❜❡s♦✐♥ ❞✬ét❛❜❧✐r ❧❛ ♥♦t❛t✐♦♥ s✉✐✈❛♥t❡✱ q✉✐ s❡r❛ ✉t✐❧✐sé❡ ❞❛♥s ❧❛
s✉✐t❡ ♣♦✉r ❞é❝r✐r❡ ❧❡s ❤②♣♦t❤ès❡s ❞❡ ♥♦s rés✉❧t❛ts✳
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◆♦t❛t✐♦♥ ✷✳✸✳ ✲ ❙♦✐t Ω ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ R
2 ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r ❡t ν = (νx, νy)

❧❡ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ♥♦r♠❛❧ ❡①tér✐❡✉r à ∂Ω✳

✲ ❙♦✐t Γ ⊂ ∂Ω ✉♥ ♠♦r❝❡❛✉ ❝♦♥♥❡①❡ ❞✉ ❜♦r❞ ❛✈❡❝ (0, 0) ∈ Γ ❡t s✉♣♣♦s♦♥s q✉❡

Ω ❡t Γ s♦♥t s②♠étr✐q✉❡s ♣❛r r❛♣♣♦rt à ❧✬❛①❡ OY ✳ ✭✷✳✺✳✶✮

✲ P♦✉r ✉♥ ❝❡rt❛✐♥ s0 > 0✱ s♦✐t ❧✬❛♣♣❧✐❝❛t✐♦♥

γ(s) = (α(s), β(s)), s ∈ [−s0, s0]✱

✉♥❡ ♣❛r❛♠étr✐s❛t✐♦♥ ❞❡ Γ ♣❛r ❧♦♥❣✉❡✉r ❞✬❛r❝ ✭❝✳✲à✲❞✳ α′(s)2 + β′(s)2 = 1✮✱ ❛✈❡❝
γ(0) = (0, 0)✳

✲ ❖♥ ♥♦t❡✱ ♣♦✉r ❝❤❛q✉❡ s ∈ [−s0, s0]✱

T (s) = (α′(s), β′(s)), N(s) = T⊥(s) = (−β′(s), α′(s)).

❖♥ ✈♦✐t q✉❡ T (s) ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ t❛♥❣❡♥t à ∂Ω ❛✉ ♣♦✐♥t γ(s)✳ ❆❧♦rs✱ s❛♥s
❛✉❝✉♥❡ ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té ✭❡♥ r❡♠♣❧❛ç❛♥t ❛✉ ❜❡s♦✐♥ s ♣❛r −s✮✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r
q✉❡

N(s) ❡st ❧❡ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ♥♦r♠❛❧ ✐♥tér✐❡✉r à ∂Ω ❛✉ ♣♦✐♥t γ(s) ✭✷✳✺✳✷✮

❡t q✉❡
γ(0) = (0, 0), T (0) = (1, 0), N(0) = (0, 1).

✲ ▲❛ ❢♦♥❝t✐♦♥ ❝♦✉r❜✉r❡ ❡st ❞♦♥♥é❡ ♣❛r

K(s) := det(γ′, γ′′) = α′β′′ − β′α′′, ♣♦✉r s ∈ [−s0, s0]✳

P❛r ❧❛ ré❣✉❧❛r✐té ❞❡ ∂Ω✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❡st ❜♦r♥é❡ ❡t ré❣✉❧✐èr❡✳

✲ ❖♥ ✐♥tr♦❞✉✐t ❧✬❛♣♣❧✐❝❛t✐♦♥ M := γ + rN ✱ ❝✳✲à✲❞✳

M : [0,∞[×[−s0, s0] −→ R
2

(r, s) 7−→ M(r, s) = γ(s) + rN(s).
✭✷✳✺✳✸✮

P♦✉r ✉♥ ❞♦♠❛✐♥❡ Ω ❡t ✉♥ ♠♦r❝❡❛✉ ❞❡ ❜♦r❞ Γ ❝♦♠♠❡ ❝❡✉① ❞é❝r✐ts ❝✐✲❞❡ss✉s✱ ♥♦tr❡
❜✉t s❡r❛ ❞❡ ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧✬❡♥s❡♠❜❧❡ ❞❡ ●❇❯
❡st ré❞✉✐t à ❧✬♦r✐❣✐♥❡✳ ❆✜♥ ❞✬❛♣♣❧✐q✉❡r ♥♦s ♠ét❤♦❞❡s✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ s✉♣♣♦s❡r q✉❡ Ω ❡st
❧♦❝❛❧❡♠❡♥t ❝♦♥✈❡①❡ ♣rès ❞❡ ❧✬♦r✐❣✐♥❡ ❡t q✉❡ ❧✬♦r✐❣✐♥❡ ❡st ✉♥ ♣♦✐♥t ❞❡ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ♣♦✉r
❧❛ ❢♦♥❝t✐♦♥ ❝♦✉r❜✉r❡ ❞✉ ❜♦r❞✱ ❝✳✲à✲❞✳

K(0) ≥ 0 ❡t K ′(s) ≥ 0 ♣♦✉r t♦✉t s ∈ [0, s0]✱ ✭✷✳✺✳✹✮

❡t
α′(s), β′(s) > 0, ♣♦✉r t♦✉t s ∈]0, s0[. ✭✷✳✺✳✺✮

▲❛ r❛✐s♦♥ ❞❡ ❢❛✐r❡ ❝❡s ❞❡✉① ❤②♣♦t❤ès❡s ✈✐❡♥t ❞❡ ❧❛ ♥é❝❡ss✐té ❞✬❛✈♦✐r ✉♥ s♦✉s✲❞♦♠❛✐♥❡
♦ù ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ✭✷✳✺✳✸✮ s♦✐t ❜✐❡♥ ❞é✜♥✐❡ ❡t ❞❡ ❝♦♥trô❧❡r ❧❡s t❡r♠❡s ❛ss♦❝✐és à ❧❛
❝♦✉r❜✉r❡ ♥♦♥✲❝♦♥st❛♥t❡✱ q✉✐ ❛♣♣❛r❛✐ss❡♥t q✉❛♥❞ ♦♥ ❞ér✐✈❡ ❧❡s ❢♦♥❝t✐♦♥s ❛✉①✐❧✐❛✐r❡s✳ ■❧
❢❛✉t s♦✉❧✐❣♥❡r q✉❡ ❧✬❤②♣♦t❤ès❡ ✭✷✳✺✳✺✮ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ tr❛✐t❡r ❧❡s ❞♦♠❛✐♥❡s ❧♦❝❛❧❡♠❡♥t
♣❧❛ts✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ❞♦♠❛✐♥❡s ❞❡ ❝❡ t②♣❡ ♦♥t ❞é❥à été tr❛✐tés ❞❛♥s ❬✸✻❪✳

❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ❞❡ ❧❛ ◆♦t❛t✐♦♥ ✷✳✸✱ ♦♥ ❞é✜♥✐t

R(s) = 1/K(s) ∈ ]0,∞], s ∈ [0, s0], ✭✷✳✺✳✻✮
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q✉✐ ❡st ❧❛ ❢♦♥❝t✐♦♥ r❛②♦♥ ❞❡ ❝♦✉r❜✉r❡ ❞❡ ∂Ω ❛✉ ♣♦✐♥t γ(s)✳ ❖♥ ❞é✜♥✐t ❛✉ss✐ ❧❡s ré❣✐♦♥s
♥❛t✉r❡❧❧❡s s✉✐✈❛♥t❡s ✿

QΓ =
{
(r, s) ∈ R

2; 0 ≤ r < R(s), 0 ≤ s ≤ s0
}

❡t DΓ =M(QΓ). ✭✷✳✺✳✼✮

❖♥ ✈♦✐t q✉❡ DΓ ❡st ❧❛ ré❣✐♦♥ ❡♥t♦✉ré❡ ♣❛r ❧❡s q✉❛tr❡ ❝♦✉r❜❡s ✿ Γ✱ ❧✬❛①❡ OY ✱ ❧❛ ❞r♦✐t❡
♥♦r♠❛❧❡ à ∂Ω ❡♥ γ(s0)✱ ❡t ♣❛r ❞❡ss✉s✱ ❧❛ ❞é✈❡❧♦♣♣é❡ ❞❡ Γ✱ ❝✳✲à✲❞✳ ❧❡ ❧✐❡✉ ❞❡s ❝❡♥tr❡s ❞❡
❝♦✉r❜✉r❡✱ q✉✐ ❡st ❞♦♥♥é❡ ♣❛r

C(s) = γ(s) +R(s)N(s), ♣♦✉r ❝❤❛q✉❡ s ∈ [0, s0]. ✭✷✳✺✳✽✮

❉❛♥s ❧❛ ❋✐❣✉r❡ ✶✳✽✱ ♦♥ ♣❡✉t tr♦✉✈❡r ✉♥❡ ✐❧❧✉str❛t✐♦♥ ❞❡ ❧❛ ◆♦t❛t✐♦♥ ✷✳✸ ❡t ❞❡ DΓ, C(s)
❞é✜♥✐s ❡♥ ✭✷✳✺✳✼✮✱ ✭✷✳✺✳✽✮ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ✐❧ ❡st ❞é♠♦♥tré q✉❡ ❧❛ ré❣✐♦♥
DΓ ❡st ❜✐❡♥ ♣❛r❛♠étré❡ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ✭✷✳✺✳✸✮✱ ❡t ♣❛r ❝♦♥séq✉❡♥t✱ ♦♥ ♣❡✉t ❞é✜♥✐r us✱
❧❛ ❞ér✐✈é❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♣❛r❛❧❧è❧❡ ❛✉ ❜♦r❞✳
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C(0)

C(s0)
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❋✐❣✉r❡ ✶✳✽ ✕ ❊①❡♠♣❧❡ ❞❡ Γ, γ(s), T (s), N(s) s✉✐✈❛♥t ❧❛ ◆♦t❛t✐♦♥ ✷✳✸ ❡t DΓ, C(s) ❞é✜♥✐s
♣❛r ✭✷✳✺✳✼✮✱ ✭✷✳✺✳✽✮✳

▲❡ rés✉❧t❛t s✉✐✈❛♥t ❛ss✉r❡ q✉❡✱ s♦✉s ❝❡rt❛✐♥❡s ❤②♣♦t❤ès❡s ❞❡ ♠♦♥♦t♦♥✐❡ ❞❡ ❧❛ s♦❧✉t✐♦♥
♣rès ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞✬❡①♣❧♦s✐♦♥ ❞✉ ❣r❛❞✐❡♥t✱ ♦♥ ♥✬❛✉r❛ q✉✬✉♥ s❡✉❧ ♣♦✐♥t ❞❡ ●❇❯✳

❚❤é♦rè♠❡ ✷✳✹✳ ❙♦✐t p > 2 ❡t ❝♦♥s✐❞ér♦♥s Ω,Γ, γ,M ❝♦♠♠❡ ❞❛♥s ❧❛ ◆♦t❛t✐♦♥ ✷✳✸✳
❙✉♣♣♦s♦♥s ✭✷✳✺✳✹✮ ❡t ✭✷✳✺✳✺✮✳ ❙✐ u0 ∈ X+ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧✬❛①❡
OY ✱ t❡❧❧❡ q✉❡ T = T (u0) <∞✱ q✉✐ s❛t✐s❢❛✐t

GBUS(u0) ⊂ γ
(]
− s0

2 ,
s0
2

[)
✭✷✳✺✳✾✮

❡t q✉❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ t0 ∈ (0, T ) ❡t r0 ∈ (0, R(s0))✱ ♦♥ ❛

ux, us < 0 ❞❛♥s ω0× ]t0, T [, ❛✈❡❝ ω0 := Ω ∩M
(
]0, r0[×]0, s0[

)
, ✭✷✳✺✳✶✵✮

❛❧♦rs✱ GBUS(u0) ❝♦♥t✐❡♥t ✉♥✐q✉❡♠❡♥t ❧✬♦r✐❣✐♥❡✳

▲✬❤②♣♦t❤ès❡ ✭✷✳✺✳✾✮ ♥✬❡st ♣❛s ❞✐✣❝✐❧❡ à ❛ss✉r❡r✳ ■❧ s✉✣t✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❡ ❝❤♦✐s✐r ✉♥❡
❢♦♥❝t✐♦♥ u0 à s✉♣♣♦rt ❝♦♥❝❡♥tré ♣rès ❞❡ ❧✬♦r✐❣✐♥❡ ✭✈♦✐r ❬✸✻❪ ❡t ❧❛ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❞❛♥s ❧❡
❈❤❛♣✐tr❡ ✹✮✳ P❛r ❝♦♥tr❡✱ ❧❛ ❝♦♥❞✐t✐♦♥ us < 0 ❞❡ ✭✷✳✺✳✶✵✮ ❡st✱ ❡♥ ❣é♥ér❛❧✱ ♣❧✉s ❞✐✣❝✐❧❡ à
❛ss✉r❡r ❡t ❛ ❜❡s♦✐♥ ❞✬❤②♣♦t❤ès❡s ❞❡ ♥❛t✉r❡ ♣❧✉s ❣❧♦❜❛❧❡✳ ❉❛♥s ❧❡ r❡st❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥
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❞é❝r✐r❛ ❧❡s ❤②♣♦t❤ès❡s s✉✣s❛♥t❡s s♦✉s ❧❡sq✉❡❧❧❡s ♦♥ ❡st ❝❛♣❛❜❧❡ ❞❡ ❝♦♥str✉✐r❡ ❞❡s ❞♦♥♥é❡s
✐♥✐t✐❛❧❡s s❛t✐s❢❛✐s❛♥t ✭✷✳✺✳✶✵✮✳

❖♥ ❝♦♠♠❡♥❝❡ ♣❛r ét❛❜❧✐r ❧❛ ♥♦t❛t✐♦♥ s✉✐✈❛♥t❡✱ q✉✐ ❡st ♠♦t✐✈é❡ ♣❛r ❞❡s ❛r❣✉♠❡♥ts ❞❡
t②♣❡ ♠♦✈✐♥❣ ♣❧❛♥❡s q✉✬♦♥ ✉t✐❧✐s❡r❛ ❞❛♥s ❧❛ ❞é♠♦♥str❛t✐♦♥✳

◆♦t❛t✐♦♥ ✷✳✺✳ P♦✉r ❝❤❛q✉❡ s ∈ [0, s0]

✲ Λs ❡st ❧❛ ❞r♦✐t❡ γ(s) + RN(s)

✲ Ts(·) ❡st ❧❛ s②♠étr✐❡ ♣❛r r❛♣♣♦rt à Λs

✲ Hs ❡st ❧❡ ❞❡♠✐✲❡s♣❛❝❡ s✐t✉é à ❞r♦✐t❡ ❞❡ Λs✱ ❝✳✲à✲❞✳ ✿

Hs = {P ∈ R
2; T (s) · (P − γ(s)) > 0}.

✲ Ωs = Ω ∩Hs✳

❊♥ ✉t✐❧✐s❛♥t ❧❡s ◆♦t❛t✐♦♥s ✷✳✸ ❡t ✷✳✺✱ ♦♥ ❢❛✐t ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

ω0 ⊂ DΓ, ♦ù ω0 := Ω ∩DΓ ∩ {y < y0} ♣♦✉r ✉♥ ❝❡rt❛✐♥ y0 ∈]0,∞]✱ ✭✷✳✺✳✶✶✮

νx ≥ 0 s✉r ∂Ω ∩ {x > 0}✱ ✭✷✳✺✳✶✷✮

νy ≥ 0 s✉r ∂Ω ∩ ∂ω0 ∩ {r > 0}, ✭✷✳✺✳✶✸✮

Ts0(Ωs0) ⊂ Ω, ✭✷✳✺✳✶✹✮

T+(Ω+) ⊂ Ω, ♦ù Ω+ := Ω ∩ {y > y0} ❡t T+(·) ❡st
❧❛ s②♠étr✐❡ ♣❛r r❛♣♣♦rt à ❧❛ ❞r♦✐t❡ y = y0.

✭✷✳✺✳✶✺✮

▲❡s ❡❧❧✐♣s❡s ❡t ❧❡s ❡①❡♠♣❧❡s r❡♣rés❡♥tés ❞❛♥s ❧❡s ❋✐❣✉r❡s ✶✳✼ ❡t ✶✳✾ s♦♥t ❞❡s ❞♦♠❛✐♥❡s
q✉✐ s❛t✐s❢♦♥t ❝❡s ❤②♣♦t❤ès❡s✳ ▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❧❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✷✳✻✳ ❙♦✐t p > 2 ❡t ❝♦♥s✐❞ér♦♥s Ω, γ, s0, Ts,Ωs ❝♦♠♠❡ ❞❛♥s ❧❡s ◆♦t❛t✐♦♥s ✷✳✸
❡t ✷✳✺✳ ❙♦✐t DΓ ❞é✜♥✐ ♣❛r ✭✷✳✺✳✼✮ ❡t s✉♣♣♦s♦♥s ✭✷✳✺✳✹✮✱ ✭✷✳✺✳✺✮✱ ✭✷✳✺✳✶✶✮✕✭✷✳✺✳✶✺✮✳ ❆❧♦rs✱
♦♥ ❛ ✿

✐✳ ■❧ ❡①✐st❡ ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s u0 ∈ X+ t❡❧❧❡s q✉❡ T (u0) <∞ ❡t

u0 ❡st s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ❞r♦✐t❡ x = 0, ✭✷✳✺✳✶✻✮

u0,x ≤ 0 ❞❛♥s Ω ∩ {x > 0} ❡t u0,s ≤ 0 ❞❛♥s ω0, ✭✷✳✺✳✶✼✮

u0(P ) ≤ u0(Ts0(P )) ♣♦✉r t♦✉t P ∈ Ωs0 , ✭✷✳✺✳✶✽✮

u0(P ) ≤ u0(T+(P )) ♣♦✉r t♦✉t P ∈ Ω ∩ {y > y0}. ✭✷✳✺✳✶✾✮

GBUS(u0) ⊂ γ
(]
− s0

2 ,
s0
2

[)
. ✭✷✳✺✳✷✵✮

✐✐✳ P♦✉r ✉♥❡ t❡❧❧❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ u0✱ GBUS(u0) ❝♦♥t✐❡♥t ✉♥✐q✉❡♠❡♥t ❧✬♦r✐❣✐♥❡✳
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Λs0

{y = y0}

ω0

Ts0(Ωs0) Ω+

Ωs0

❋✐❣✉r❡ ✶✳✾ ✕ ❊①❡♠♣❧❡ ❞❡ ❞♦♠❛✐♥❡ s❛t✐s❢❛✐s❛♥t ❧❡s ❤②♣♦t❤ès❡s ✭✷✳✺✳✶✶✮✕✭✷✳✺✳✶✺✮✳

❈♦♠♠❡♥t❛✐r❡s ✿

✐✳ ❙✐ ❧❡ ❞♦♠❛✐♥❡ ❡st s✉✣s❛♠♠❡♥t étr♦✐t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ y✱ ❧❡ ❝❡♥tr❡ ❞❡ ❝♦✉r❜✉r❡ ♥❡
r❡♥tr❡r❛ ♣❛s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ♣♦✉r ❧❡s ♣♦✐♥ts ❞✉ ❜♦r❞ ♣rès ❞❡ ❧✬♦r✐❣✐♥❡✳ ❉❛♥s ❝❡
❝❛s✱ ♦♥ ❛ ❧❡ ❞r♦✐t ❞❡ ♣r❡♥❞r❡ y0 = ∞ ❞❛♥s ✭✷✳✺✳✶✶✮✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡s ❤②♣♦t❤ès❡s
✭✷✳✺✳✶✺✮ ❡t ✭✷✳✺✳✶✾✮ ♥❡ s❡r♦♥t ♣❛s ♥é❝❡ss❛✐r❡s✳ ❈✬❡st ❧❡ ❝❛s✱ ♣❛r ❡①❡♠♣❧❡✱ ❞✉ ❞♦♠❛✐♥❡
r❡♣rés❡♥té ❞❛♥s ❧❛ ❋✐❣✉r❡ ✶✳✼✳

P❛r ❝♦♥tr❡✱ s✐ ❧❡ ❞♦♠❛✐♥❡ ♥✬❡st ♣❛s s✉✣s❛♠♠❡♥t étr♦✐t✱ ✐❧ ❢❛✉❞r❛ ❧❡ tr♦♥q✉❡r ❛✈❡❝
❧❛ ❞r♦✐t❡ y = y0✱ ❛✜♥ ❞❡ ♣♦✉✈♦✐r ❞é✜♥✐r ❧❡s ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞✳ ❈❡♣❡♥✲
❞❛♥t✱ ✐❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡ ❞❡ ♣❛②❡r ❧❡ ♣r✐① ❞❡s ❤②♣♦t❤ès❡s ❞❡ s②♠étr✐❡ ✭✷✳✺✳✶✺✮ ❡t
✭✷✳✺✳✶✾✮✳

✐✐✳ ❈♦♥s✐❞ér♦♥s ✉♥ ❞♦♠❛✐♥❡ Ω ❝♦♠♠❡ ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✳✻ ❡t s♦✐t B+
ρ := Bρ(0, 0) ∩

{x > 0}✱ ❛✈❡❝ ρ > 0✱ t❡❧❧❡ q✉❡

Ω ∩B+
ρ ⊂ ω0, ∂Ω ∩B+

ρ ⊂ γ(]0, s0/2[).

❖♥ ♣❡✉t ❞é❞✉✐r❡ ❞✉ ❚❤é♦rè♠❡ ✷✳✻ ❡t ❧❛ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❛✉ ❈❤❛♣✐tr❡ ✹ q✉❡ T (u0) <
∞ ❡t GBUS(u0) = {(0, 0)} ♣♦✉r t♦✉t u0 ∈ X+ s❛t✐s❢❛✐s❛♥t ✭✷✳✺✳✶✻✮✱ ✭✷✳✺✳✶✼✮ ❡t

supp(u0) ⊂ Ω ∩Bρ/2,
‖u0‖∞ ≤ C2,

inf
B̃ε

u0 ≥ C1ε
k ♦ù B̃ε = Bε/2(0, ε)✱ ❛✈❡❝ ε ∈ (0, ρ/2)✱

♦ù C1(p) > 0 ❡t C2(p,Ω, ρ) > 0✳ ❉❡ ♣❧✉s✱ ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s s❛t✐s❢❛✐s❛♥t ❝❡s
❤②♣♦t❤ès❡s ♣❡✉✈❡♥t s❡ ❝♦♥str✉✐r❡ très ❢❛❝✐❧❡♠❡♥t ✭✈♦✐r ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡
✷✳✻✭✐✮ ❡t ❧❛ ❘❡♠❛rq✉❡ ✷✳✼ ❛✉ ❈❤❛♣✐tr❡ ✹ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✮✳

✐✐✐✳ ❯♥❡ ❤②♣♦t❤ès❡ q✉✐ ❡st ♥é❝❡ss❛✐r❡ ❞❛♥s t♦✉t❡s ♥♦s ♣r❡✉✈❡s ❡st ✭✷✳✺✳✹✮✱ ❝✳✲à✲❞✳✱ s✉♣♣♦✲
s❡r q✉❡ ❧❡ ♣♦✐♥t ❞❡ ●❇❯ ❡st ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦✉r❜✉r❡✳ ❖♥ ♥❡ s❛✐t
♣❛s s✐ ❝❡tt❡ r❡str✐❝t✐♦♥ ❡st ♥é❝❡ss❛✐r❡ ♦✉ s✬✐❧ s✬❛❣✐t ❥✉st❡ ❞✬✉♥❡ ❤②♣♦t❤ès❡ t❡❝❤♥✐q✉❡✳
❈❡tt❡ ❝♦♥❞✐t✐♦♥ ♣r♦✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❛ ❞ér✐✈é❡ ♣❛r r❛♣♣♦rt à s ♥❡ ❝♦♠♠✉t❡ ♣❛s
❛✈❡❝ ❧✬♦♣ér❛t❡✉r ▲❛♣❧❛❝✐❡♥ ❡t ♣❛r ❝♦♥séq✉❡♥t✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ ❝♦♥trô❧❡r ❞❡s t❡r♠❡s
❧✐és à ❧❛ ❝♦✉r❜✉r❡ q✉✐ ❛♣♣❛r❛✐ss❡♥t q✉❛♥❞ ♦♥ ❞ér✐✈❡ ❧❡s ❢♦♥❝t✐♦♥s ❛✉①✐❧✐❛✐r❡s✳ ◆♦✉s
♥✬❛✈♦♥s ♣❛s tr♦✉✈é ❞✬❛✉tr❡s s②stè♠❡s ❞❡ ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞✱ ♦✉ ❞✬❛✉tr❡s
❢♦♥❝t✐♦♥s ❛✉①✐❧✐❛✐r❡s q✉✐ ❝♦♠♠✉t❡♥t ♠✐❡✉① ❛✈❡❝ ❧❡ ▲❛♣❧❛❝✐❡♥✳
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✐✈✳ ❉❛♥s ❧✬❛rt✐❝❧❡ ❬✹✾❪✱ ♣♦✉r 2 < p ≤ 3 ❡t ❞❡s ❞♦♠❛✐♥❡s ❧♦❝❛❧❡♠❡♥t ♣❧❛ts✱ ❧❡ ♣r♦✜❧ ❡①❛❝t
❞❡ ❧❛ s♦❧✉t✐♦♥ ♣rès ❞✬✉♥ ♣♦✐♥t ❞❡ ●❇❯ ✐s♦❧é ❡st ❞é❝r✐t✳ ■❧ ❡st ❞♦♥♥é ♣❛r ✿

uy(x, y, T ) ∼ dp

[
y + C|x|2(p−1)/(p−2)

]−1/(1−p)
, q✉❛♥❞ (x, y) → (0, 0).

❈❡ q✉✐ ❡st ✐♥tér❡ss❛♥t ❡st q✉❡ ❧❡ ♣r♦✜❧ ❡st ❞✐✛ér❡♥t ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ♣❛r❛❧❧è❧❡
❡t ♥♦r♠❛❧❡ ❛✉ ❜♦r❞✳ ▼ê♠❡ s✐ ❧❛ ♣r❡✉✈❡ ❞♦♥♥é❡ ❞❛♥s ❬✹✾❪ ❡st très ❝♦♠♣❧✐q✉é❡ ❡t
♥é❝❡ss✐t❡ ❜❡❛✉❝♦✉♣ ❞❡ ❝❛❧❝✉❧s✱ ❛✈❡❝ ❧❛ ♠❛❝❤✐♥❡r✐❡ ❞❡s ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té❡s ❛✉ ❜♦r❞
q✉✬♦♥ ❛ ❞é✈❡❧♦♣♣é❡✱ ✐❧ s❡♠❜❧❡ ♣♦ss✐❜❧❡ ❞✬❛tt❛q✉❡r ❝❡ ♣r♦❜❧è♠❡ ♣♦✉r ❞❡s ❞♦♠❛✐♥❡s
♣❧✉s ❣é♥ér❛✉①✳ ❈❡❝✐ ❢❡r❛ ❧✬♦❜❥❡t ❞❡ r❡❝❤❡r❝❤❡s ❢✉t✉r❡s✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ ✈♦✐r
s✐ ❧❡ ♣r♦✜❧ ♣rés❡♥t❡ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❛♥✐s♦tr♦♣❡ q✉❡ ❝❡❧✉✐ ❞é❝r✐t ❞❛♥s ❬✹✾❪
♦✉ s✐ ❞❡s ❡✛❡ts ❞❡ ❧❛ ❝♦✉r❜✉r❡ ♣❡✉✈❡♥t êtr❡ ❞é❝❡❧és ❞❛♥s ❧❡ ♣r♦✜❧✳

✸ ▲❡ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥ ❛ss♦❝✐é ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s
❞❡ ❧❛ ♠❛tr✐❝❡ ❤❡ss✐❡♥♥❡

❚r❛✈❛✐❧ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ P❛❜❧♦ ❇❧❛♥❝ ❡t ❏✉❧✐♦ ❉✳ ❘♦ss✐✱
❯♥✐✈❡rs✐❞❛❞ ❞❡ ❇✉❡♥♦s ❆✐r❡s

▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞✬❛✉tr❡s ❞ét❛✐❧s ❡t ré❢é✲
r❡♥❝❡s✱ s♦♥t ✐♥❝❧✉s ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✳

❉❛♥s ❝❡tt❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ à ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ❡t ❝♦♥❞✐t✐♦♥s
❛✉ ❜♦r❞ s✉✐✈❛♥t ✿ 




ut(x, t)− λj(D
2u(x, t)) = 0, ❞❛♥s Ω×]0,∞[,

u(x, t) = g(x, t), s✉r ∂Ω×]0,∞[,
u(x, 0) = u0(x), ❞❛♥s Ω,

✭Pj✮

♦ù Ω ❡st ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ R
N ✱ ❛✈❡❝ N ≥ 1✱ ❡t j ❡st ✉♥ ❡♥t✐❡r ♥❛t✉r❡❧ ❡♥tr❡ 1 ❡t N ✳

P♦✉r ❧❛ ♠❛tr✐❝❡ ❤❡ss✐❡♥♥❡ D2u = (∂2xi,xj
u)ij ✱ ♦♥ ♥♦t❡

λ1(D
2u) ≤ . . . ≤ λN (D2u)

s❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♦r❞♦♥♥é❡s✳ ❖♥ ❝♦♥s✐❞ér❡r❛ q✉❡ u0 ❡t g s❛t✐s❢♦♥t ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡
❝♦♠♣❛t✐❜✐❧✐té g(x, 0) = u0(x) ♣♦✉r t♦✉t x ∈ ∂Ω✳

▲❡ ♣r♦❜❧è♠❡ ✭Pj✮ ❡st ❧❛ ✈❡rs✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❉✐r✐❝❤❧❡t
{
λj(D

2z(x)) = 0, ❞❛♥s Ω,
z(x) = g(x), s✉r ∂Ω,

✭Sj✮

q✉✐ ❛ été ❧❛r❣❡♠❡♥t ét✉❞✐é ❞❛♥s ❬✽✱ ✻✱ ✼✱ ✾✱ ✶✵✱ ✸✵✱ ✹✷✱ ✹✸❪✳ ■❧ ❢❛✉t s♦✉❧✐❣♥❡r q✉❡ λj(D2·) ❡st
✉♥ ♦♣ér❛t❡✉r ❡❧❧✐♣t✐q✉❡✱ ❝♦♠♣❧èt❡♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡ ❡t ❞é❣é♥éré✳ ❉❡s ♦♣ér❛t❡✉rs s✐♠✐❧❛✐r❡s
s♦♥t✱ ♣❛r ❡①❡♠♣❧❡✱

P−
k (D2u) =

k∑

i=1

λi(D
2u) ❡t P+

k (D
2u) =

k∑

i=1

λN+1−i(D
2u),

q✉✐ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s♦♥t ❝♦♥♥✉s s♦✉s ❧❡ ♥♦♠ ❞❡ ▲❛♣❧❛❝✐❡♥s tr♦♥q✉és✳ P♦✉r k = N ✱ ❝❡s
❞❡✉① ♦♣ér❛t❡✉rs ❝♦ï♥❝✐❞❡♥t ❛✈❡❝ ❧❡ ▲❛♣❧❛❝✐❡♥ ♦r❞✐♥❛✐r❡✳ ▲❡s ❧❛♣❧❛❝✐❡♥s tr♦♥q✉és ♦♥t été
✐♥tr♦❞✉✐ts✱ ❞❛♥s ❧❡s ❛♥♥é❡s ✽✵✱ ♣❛r ❙❤❛ ❬✺✵✱ ✺✶❪ ❡t ❲✉ ❬✺✺❪ ❛✜♥ ❞✬ét✉❞✐❡r ❧❡s ✈❛r✐étés ❛✈❡❝
❜♦r❞ k✲❝♦♥✈❡①❡✱ ❝✬❡st✲à✲❞✐r❡✱ ❝❡❧❧❡s ❞♦♥t ❧❛ s♦♠♠❡ ❞❡s k ♣r❡♠✐èr❡s ❝♦✉r❜✉r❡s ♣r✐♥❝✐♣❛❧❡s
à ❝❤❛q✉❡ ♣♦✐♥t ❞✉ ❜♦r❞ ❡st ♣♦s✐t✐✈❡✳ ❉❡ ♠ê♠❡✱ ❧❡s ♣r♦❜❧è♠❡s ✭Pj✮ ❡t ✭Sj✮ ♦♥t ❛✉ss✐ ✉♥
✐♥térêt ❣é♦♠étr✐q✉❡ ✐♠♣♦rt❛♥t✳
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✸✳✶ ■♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭Sj✮

▼♦r❛❧❡♠❡♥t✱ ✉♥❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✭Sj✮ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ q✉✐✱ à ❝❤❛q✉❡ ♣♦✐♥t✱ ❛ ❧❛
j✲è♠❡ ❝♦✉r❜✉r❡ ♣r✐♥❝✐♣❛❧❡ ♥✉❧❧❡ ❡t ❝♦ï♥❝✐❞❡ ❛✈❡❝ g s✉r ❧❡ ❜♦r❞ ❞❡ Ω✱ ❛✈❡❝ g ✉♥❡ ❢♦♥❝t✐♦♥
❞♦♥♥é❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r j = 1 ❡t j = N ✱ ❧❡ ♣r♦❜❧è♠❡ ✭Sj✮ ❡st ❧✬éq✉❛t✐♦♥ ♣♦✉r
❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❡t ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥❝❛✈❡ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❝✳✲à✲❞✳✱ ❧❛ ♣❧✉s ♣❧✉s ❣r❛♥❞❡
❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ✭♣❧✉s ♣❡t✐t❡ ❢♦♥❝t✐♦♥ ❝♦♥❝❛✈❡✮ q✉✐ r❡st❡ ❡♥ ❞❡ss♦✉s ✭❛✉✲❞❡ss✉s✮ ❞❡ ❧❛
❢♦♥❝t✐♦♥ g s✉r ❧❡ ❜♦r❞✱ ✈♦✐r ❬✹✷✱ ✹✸❪✳

◆♦✉s ❞♦♥♥♦♥s ♣❧✉s ❧♦✐♥ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭Sj✮ ♣rés❡♥té❡ ♣❛r
❇❧❛♥❝ ❡t ❘♦ss✐ ❞❛♥s ❬✾❪✳ ▼❛✐s ❞✬❛❜♦r❞✱ ♦♥ ✈❛ ❝♦♥s✐❞ér❡r ❧❡s ❞❡✉① ❝❛s tr✐✈✐❛✉① s✉✐✈❛♥ts ✿

❙✐ ❧✬♦♥ ♣❡♥s❡ ❛✉ ♣r♦❜❧è♠❡ ✭Sj✮ s✉r ✉♥ ❞♦♠❛✐♥❡ Ω = ]a, b[ ❞❛♥s R✱ ♦♥ ♥❡ ♣❡✉t q✉❡
❝♦♥s✐❞ér❡r j = 1 = N ✳ ▲❡ ❣r❛♣❤❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❡st ❞♦♥❝ ❧❡ s❡❣♠❡♥t ❥♦✐❣♥❛♥t ❧❡s ♣♦✐♥ts
(a, g(a)) ❡t (b, g(b))✳ ❈❡❧❧❡✲❝✐ ❡st✱ é✈✐❞❡♠♠❡♥t✱ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ q✉✐ ♣❛ss❡
♣❛r✲❞❡ss♦✉s ❝❡s ❞❡✉① ♣♦✐♥ts ❡t ❛✉ss✐ ❧❛ ♣❧✉s ♣❡t✐t❡ ❢♦♥❝t✐♦♥ ❝♦♥❝❛✈❡ q✉✐ ♣❛ss❡ ♣❛r✲❞❡ss✉s✳
❖♥ ♣❡✉t ❣é♥ér❛❧✐s❡r ❝❡ r❛✐s♦♥♥❡♠❡♥t ❛✉ ❝❛sN ✲❞✐♠❡♥s✐♦♥♥❡❧ s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ❢♦♥❝t✐♦♥
g q✉✐ ❡st ❧❛ r❡str✐❝t✐♦♥ à ∂Ω ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❛✣♥❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s ❡♥✈❡❧♦♣♣❡s ❝♦♥✈❡①❡
❡t ❝♦♥❝❛✈❡✱ q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à j = 1 ❡t j = N r❡s♣❡❝t✐✈❡♠❡♥t✱ s♦♥t ❧❛ ♠ê♠❡ ❢♦♥❝t✐♦♥
❛✣♥❡✳

▼❛✐♥t❡♥❛♥t✱ ♦♥ ✈❛ tr❛✐t❡r ❧❡s ❝❛s ❡①trê♠❡s j = 1 ❡t j = N ✱ q✉✐ s♦♥t ♣❧✉s s✐♠♣❧❡s
à ❝♦♠♣r❡♥❞r❡ ❡t ♥♦✉s s❡r♦♥t ✉t✐❧❡s ♣❧✉s t❛r❞ ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❧❡s ❝❛s ♣❧✉s ❝♦♠♣❧❡①❡s
1 < j < N ✳

▲❡ ❝❛s j = 1 ✿ ❖♥ ❛♣♣❡❧❧❡ H1 ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s v t❡❧❧❡s q✉❡

v ≤ g s✉r ∂Ω,

❡t q✉✐ s❛t✐s❢♦♥t ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿ ♣♦✉r t♦✉t s❡❣♠❡♥t D = ]x1, x2[⊂ Ω✱ ♦♥ ❛

v ≤ z, ❞❛♥s D,

♦ù z ❡st ❧❛ ❢♦♥❝t✐♦♥ ❧✐♥é❛✐r❡ ❞❛♥s D q✉✐ ♣r❡♥❞ ❧❡s ✈❛❧❡✉rs v|∂D s✉r ❧❡ ❜♦r❞ ❞✉ s❡❣♠❡♥t✳
❆✉tr❡♠❡♥t ❞✐t✱ z ❡st ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥❝❛✈❡ ❞❡ v|∂D ❞❛♥s D✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❣r❛♣❤❡ ❞❡ z
❡st ❧❡ s❡❣♠❡♥t ❥♦✐❣♥❛♥t ❧❡s ♣♦✐♥ts (x1, v(x1)) ❡t (x2, v(x2))✳ ❆❧♦rs✱ ♦♥ ❛

v(tx1 + (1− t)x2) ≤ tv(x1) + (1− t)v(x2), ♣♦✉r t♦✉t t ∈]0, 1[.

❖♥ ❞é❞✉✐t q✉❡ H1 ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥✈❡①❡s s✉r Ω q✉✐ s♦♥t ♣❧✉s ♣❡t✐t❡s
q✉❡ g s✉r ∂Ω✳ ▲❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r

u(x) = sup
v∈H1

v(x),

❡st ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞❡ g ❞❛♥s Ω ❡t ❡st ❛✉ss✐ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭S1✮ ❛✉ s❡♥s ❞❡ ✈✐s❝♦s✐té
✭✈♦✐r ❧❛ ❞é✜♥✐t✐♦♥ ✸✳✶✮✳

▲❡ ❝❛s j = N ✿ ❈❡ ❝❛s ❡st très s✐♠✐❧❛✐r❡ ❛✉ ❝❛s ♣ré❝é❞❡♥t✳ ❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ v = −u✱
♦ù u ❡st ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞❡ −g ❞❛♥s Ω✱ ❛❧♦rs v ❡st ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥❝❛✈❡ ❞❡ g ❞❛♥s Ω✳

▲❡ ❝❛s 1 < j < N ✿ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛r r❛♣♣❡❧❡r ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧❛ j✲è♠❡ ✈❛❧❡✉r
♣r♦♣r❡ ❞✬✉♥❡ ♠❛tr✐❝❡ A s②♠étr✐q✉❡ ❞❡ t❛✐❧❧❡ N ×N

λj(A) = inf
❞✐♠(S)=j

sup
v∈S,|v|=1

{〈Av, v〉}. ✭✸✳✶✳✶✮

▼❛✐♥t❡♥❛♥t✱ ♦♥ ✈❛ ❝❛r❛❝tér✐s❡r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❢♦♥❝t✐♦♥s Hj ✱ q✉✐ ❡st ❧✬❛♥❛❧♦❣✉❡ ❞❡ H1

❞é✜♥✐ ❝✐✲❞❡ss✉s✳ ❙♦✐t Hj ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s v t❡❧❧❡s q✉❡

v ≤ g, s✉r ∂Ω,
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❡t s❛t✐s❢♦♥t ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿ ♣♦✉r t♦✉t S ❡s♣❛❝❡ ❛✣♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ j ❡t t♦✉t
s♦✉s✲❞♦♠❛✐♥❡ j✲❞✐♠❡♥s✐♦♥♥❡❧ D ⊂ S ∩ Ω✱ ♦♥ ❛

v ≤ z, ❞❛♥s D,

♦ù z ❡st ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥❝❛✈❡ ❞❡ v|∂Ω ❞❛♥s D✳

❉✬❛♣rès ✭✸✳✶✳✶✮✱ ♦♥ ✈♦✐t q✉❡ Hj ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡ s♦✉s✲s♦❧✉t✐♦♥s ❞❡s ✭Sj✮✳ ▲❛ ❢♦♥❝t✐♦♥
❞é✜♥✐❡ ♣❛r

u(x) = sup
v∈Hj

v(x),

❡st ❧❛ ♣❧✉s ❣r❛♥❞❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❞❡ λj(D2u) = 0 ❡♥ Ω q✉✐ s❛t✐s❢❛✐t u ≤ g s✉r
∂Ω✳ ❉❛♥s ❬✾❪✱ ✐❧ ❡st ♣r♦✉✈é q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❣é♦♠étr✐q✉❡ s✉✐✈❛♥t❡ s✉r Ω ❡st ♥é❝❡ss❛✐r❡ ❡t
s✉✣s❛♥t❡ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ✭Sj✮ ♣♦✉r t♦✉t❡ g ❝♦♥t✐♥✉❡ ✿

P♦✉r t♦✉t y ∈ ∂Ω ♦♥ s✉♣♣♦s❡ q✉❡✱ ♣♦✉r t♦✉t r > 0 ✐❧ ❡①✐st❡ ✉♥ δ > 0 t❡❧ q✉❡✱ ♣♦✉r
t♦✉t x ∈ Bδ(y) ∩ Ω ❡t t♦✉t s♦✉s✲❡s♣❛❝❡ S ⊂ R

N ❞❡ ❞✐♠❡♥s✐♦♥ j✱ ✐❧ ❡①✐st❡ v ∈ S ✉♥✐t❛✐r❡
t❡❧ q✉❡

{x+ tv}t∈R ∩Br(y) ∩ ∂Ω 6= ∅. ✭Gj✮

❖♥ ❞✐t q✉❡ ❧❡ ❞♦♠❛✐♥❡ Ω s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ✭G✮ s✬✐❧ s❛t✐s❢❛✐t ❛✉ ♠ê♠❡ t❡♠♣s ✭Gj✮ ❡t
✭GN−j+1✮✳

▲✬éq✉❛t✐♦♥ ✭Sj✮ ❛ ✉♥❡ s♦❧✉t✐♦♥ ❝♦♥t✐♥✉❡ ♣♦✉r t♦✉t g ❝♦♥t✐♥✉❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ Ω
s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ✭G✮✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ✭G✮✱ ♣♦✉r ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❛✈❡❝ ❜♦r❞ ré❣✉❧✐❡r
✭❛✉ ♠♦✐♥s C2✮✱ ❡st éq✉✐✈❛❧❡♥t❡ à

κj(x) > 0 ❡t κN−j+1(x) > 0, ♣♦✉r t♦✉t x ∈ ∂Ω, ✭✸✳✶✳✷✮

♦ù κ1(x) ≤ κ2(x) ≤ . . . ≤ κn−1(x) s♦♥t ❧❡s ❝♦✉r❜✉r❡s ♣r✐♥❝✐♣❛❧❡s ❞❡ ∂Ω ❡♥ x✳

❖♥ r❡♠❛rq✉❡ q✉❡ u ❡st ✉♥❡ s♦❧✉t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ✭Sj✮ ♣♦✉r g s✐ ❡t s❡✉❧❡♠❡♥t s✐ −u
❡st ✉♥❡ s♦❧✉t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ✭SN−j+1✮ ♣♦✉r −g✳ ❈❡❧❛ ❡①♣❧✐q✉❡ ♣♦✉rq✉♦✐ ✐❧ ❢❛✉t s✉♣♣♦s❡r
✭Gj✮ ❡t ✭GN−j+1✮ ❞❛♥s ❧❛ ❝♦♥❞✐t✐♦♥ ✭G✮✳ P♦✉r ❧❡s ❝❛s ❡①trê♠❡s j = 1 ❡t j = N ✱ ❧❛
❝♦♥❞✐t✐♦♥ ✭G✮ ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛ ❝♦♥✈❡①✐té str✐❝t❡ ❞❡ Ω✳

✸✳✷ ❙♦❧✉t✐♦♥s ❞❡ ✈✐s❝♦s✐té

P♦✉r ❧❡s ♣r♦❜❧è♠❡s ✭Pj✮ ❡t ✭Sj✮✱ ♦♥ ♥❡ ♣❡✉t ♣❛s✱ ❡♥ ❣é♥ér❛❧✱ ❡s♣ér❡r ❛✈♦✐r ✉♥❡ s♦❧✉t✐♦♥
s✉✣s❛♠♠❡♥t ré❣✉❧✐èr❡ ♣♦✉r ❧❛q✉❡❧❧❡ ♦♥ ♣✉✐ss❡ ❝❛❧❝✉❧❡r ❧❛ ♠❛tr✐❝❡ ❤❡ss✐❡♥♥❡ ❛✉ s❡♥s
❝❧❛ss✐q✉❡✳ ❆✐♥s✐✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬✐♥tr♦❞✉✐r❡ ✉♥ t②♣❡ ❞❡ s♦❧✉t✐♦♥ ♣❧✉s ❢❛✐❜❧❡ q✉✐ ♥♦✉s
♣❡r♠❡tt❡ ❞❡ ❝♦♥s✐❞ér❡r ❞❡s s♦❧✉t✐♦♥s q✉✐ ♥❡ s♦♥t ♣❛s ❞❡✉① ❢♦✐s ❞ér✐✈❛❜❧❡s✳

➱♥♦♥ç♦♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té q✉✬♦♥ ✉t✐❧✐s❡r❛ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ✭Pj✮✳
❈❡ t②♣❡ ❞❡ s♦❧✉t✐♦♥s ❡st t②♣✐q✉❡♠❡♥t ✉t✐❧✐sé ♣♦✉r tr❛✐t❡r ❞❡s ♣r♦❜❧è♠❡s ❝♦♠♣❧èt❡♠❡♥t
♥♦♥✲❧✐♥é❛✐r❡s ❡t✴♦✉ ❞é❣é♥érés ✭✈♦✐r ❈r❛♥❞❛❧❧✲■s❤✐✐✲P✳▲✳ ▲✐♦♥s ❬✶✸❪ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s
s✉r ❧❛ t❤é♦r✐❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✈✐s❝♦s✐té✮✳

❉é✜♥✐t✐♦♥ ✸✳✶✳ ❯♥❡ ❢♦♥❝t✐♦♥ u : ΩT := Ω× ]0,∞[→ R ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥

ut − λj(D
2u) = 0

❛✉ s❡♥s ❞❡ ✈✐s❝♦s✐té s✐ ❧❡s ❡♥✈❡❧♦♣♣❡s s❡♠✐✲❝♦♥t✐♥✉❡s s✉♣ér✐❡✉r❡ ❡t ✐♥❢ér✐❡✉r❡ ❞❡ u✱ ❞é✜✲
♥✐❡s r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r

u∗(x, t) = sup
r>0

inf{u(y, s); y ∈ Br(x), |s− t| < r},

u∗(x, t) = inf
r>0

sup{u(y, s); y ∈ Br(x), |s− t| < r},
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s❛t✐s❢♦♥t ✿

✐✳ P♦✉r t♦✉t❡ φ ∈ C2(ΩT ) t❡❧❧❡ q✉❡ u∗ − φ ❛ ✉♥ ♠✐♥✐♠✉♠ str✐❝t ❛✉ ♣♦✐♥t (x, t) ∈ ΩT
❛✈❡❝ u∗(x, t) = φ(x, t)✱ ♦♥ ❛

φt(x, t)− λj(D
2φ(x, t)) ≥ 0.

✐✐✳ P♦✉r t♦✉t❡ ψ ∈ C2(ΩT ) t❡❧❧❡ q✉❡ u∗−ψ ❛ ✉♥ ♠❛①✐♠✉♠ str✐❝t ❛✉ ♣♦✐♥t (x, t) ∈ ΩT
❛✈❡❝ u∗(x, t) = ψ(x, t)✱ ♦♥ ❛

ψt(x, t)− λj(D
2ψ(x, t)) ≤ 0.

P♦✉r ♥♦s rés✉❧t❛ts✱ ♦♥ ♦❜t✐❡♥❞r❛ ❞❡s s♦❧✉t✐♦♥s q✉✐ s♦♥t ❝♦♥t✐♥✉❡s s✉r ΩT ❞❡ s♦rt❡ q✉❡
❧✬♦♥ ♥✬✉t✐❧✐s❡r❛ ♣❛s ❧❛ ♥♦t❛t✐♦♥ u∗ ❡t u∗ ❞❛♥s ❧❛ s✉✐t❡✱ ❝❛r ❧❡s ❞❡✉① ❢♦♥❝t✐♦♥s s♦♥t é❣❛❧❡s✳
❈❡♣❡♥❞❛♥t✱ ♦♥ ♥❡ r❡♥tr❡r❛ ♣❛s ❞❛♥s ❧❡s q✉❡st✐♦♥s ❝♦♥❝❡r♥❛♥t ❧❛ ré❣✉❧❛r✐té ❞❡s s♦❧✉t✐♦♥s✳
P♦✉r ❧✬éq✉❛t✐♦♥ ✭Sj✮✱ ❖❜❡r♠❛♥ ❡t ❙✐❧✈❡str❡ ♦♥t ♣r♦✉✈é ❞❛♥s ❬✹✷❪ q✉❡ ❧❛ ré❣✉❧❛r✐té C1+α

❞❡s ❞♦♥♥é❡s ❛✉ ❜♦r❞ g ✐♠♣❧✐q✉❡ ❧❛ ♠ê♠❡ ré❣✉❧❛r✐té ✉♥✐q✉❡♠❡♥t à ❧✬✐♥tér✐❡✉r✳ ■❧s ♦♥t
❞❡ ♣❧✉s ♦❜t❡♥✉ ✉♥ ❝♦♥tr❡✲❡①❡♠♣❧❡ ♣r♦✉✈❛♥t q✉❡ ❝❡ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐té ✐♥tér✐❡✉r❡ ❡st
♦♣t✐♠❛❧ ❡t ♥❡ ♣❡✉t ♣❛s s✬ét❡♥❞r❡ ❥✉sq✉✬❛✉ ❜♦r❞✳ ❖♥ ❡s♣èr❡ ✉♥ rés✉❧t❛t ❞✉ ♠ê♠❡ t②♣❡
♣♦✉r ✭Pj✮✱ ♠❛✐s ♦♥ ♥❡ ❧✬❛ ♣❛s ❡♥❝♦r❡ ♣r♦✉✈é✳

✸✳✸ ❆♣♣r♦❝❤❡ ❜❛sé❡ s✉r ✉♥ ❥❡✉ ❞❡ t②♣❡ ❚✉❣✲♦❢✲✇❛r ❡t ❡①✐st❡♥❝❡

❖♥ ♣rés❡♥t❡ ✐❝✐ ❧✬❛♣♣r♦❝❤❡ q✉✬♦♥ ❛ ❝❤♦✐s✐❡ ♣♦✉r ❞é♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞✉
♣r♦❜❧è♠❡ ✭Pj✮✳ ❉❛♥s ❬✸✵❪✱ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❞❡ ✭Sj✮ ❡st ❞é♠♦♥tré❡ ❡♥
✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ P❡rr♦♥✳ ❉❛♥s ❬✾❪✱ ✉♥❡ ♣r❡✉✈❡ ❞✐✛ér❡♥t❡ ❡st ❞♦♥♥é❡✱ ♦ù ❧❡s ❛✉t❡✉rs
✐♥tr♦❞✉✐s❡♥t ✉♥ ❥❡✉ ❞❡ t②♣❡ ✏❚✉❣✲♦❢✲✇❛r✑ ❞♦♥t ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ❛♣♣r♦❝❤❡ ❧❛ s♦❧✉t✐♦♥
❞❡ ❧✬❊❉P q✉❛♥❞ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❛s ❞✉ ❥❡✉ t❡♥❞ ✈❡rs ③❡r♦✳ ❱♦✐r ❬✶✶✱ ✸✽✱ ✸✾✱ ✹✵✱ ✹✼✱ ✹✽❪
♣♦✉r ♣❧✉s ❞❡ ré❢ér❡♥❝❡s ❝♦♥❝❡r♥❛♥t ❧❡s ❥❡✉① ❞❡ t②♣❡ ❚✉❣✲♦❢✲✇❛r ❡t ❊❉Ps ❝♦♠♣❧èt❡♠❡♥t
♥♦♥✲❧✐♥é❛✐r❡s✳

P♦✉r ♥♦tr❡ ♣r♦❜❧è♠❡ ♣❛r❛❜♦❧✐q✉❡ ✭Pj✮✱ ✐❧ s❡♠❜❧❡ ♥❛t✉r❡❧ ❞✬✉t✐❧✐s❡r ❧❛ ♠ét❤♦❞❡ ❞❡ P❡r✲
r♦♥ ♣♦✉r ❡ss❛②❡r ❞❡ ❞é♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té✳ ◆é❛♥♠♦✐♥s✱ ♦♥ ❛
❞é❝✐❞é ❞✬✐♥tr♦❞✉✐r❡ ✉♥❡ ✈❡rs✐♦♥ ♣❛r❛❜♦❧✐q✉❡ ❞✉ ❥❡✉ ✉t✐❧✐sé ❡♥ ❬✾❪ ♣♦✉r ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡✳
❈❡tt❡ ❛♣♣r♦❝❤❡ s❡ ré✈è❧❡ ❡♥ ❡✛❡t très ✉t✐❧❡ ♣♦✉r ❡♥s✉✐t❡ ét✉❞✐❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣✲
t♦t✐q✉❡ ❞❡ ❧❛ s♦❧✉t✐♦♥✱ ❝❛r ❧✬✐♥t❡r♣rét❛t✐♦♥ à ❧✬❛✐❞❡ ❞✉ ❥❡✉ ❞♦♥♥❡ ❜❡❛✉❝♦✉♣ ❞✬✐♥t✉✐t✐♦♥✳

❘è❣❧❡s ❞✉ ❥❡✉

■❧ s✬❛❣✐t ❞✬✉♥ ❥❡✉ ❞❡ s♦♠♠❡ ♥✉❧❧❡ à ❞❡✉① ❥♦✉❡✉rs✳ ❖♥ ✜①❡ ε > 0 ❡t ✉♥ ❡♥t✐❡r j ❡♥tr❡
1 ❡t N ✳ ▲❛ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡ ❞✉ ❥❡✉ ❡st ❞ét❡r♠✐♥é❡ ♣❛r ✉♥ ❥❡t♦♥ ♣❧❛❝é s✉r ✉♥ ♣♦✐♥t ❞❡
❞é♣❛rt x0 ∈ Ω à ✉♥ t❡♠♣s ✐♥✐t✐❛❧ ❞♦♥♥é t0 > 0✳ ▲❡ ❏♦✉❡✉r ■✱ q✉✐ ✈❡✉t ♠✐♥✐♠✐s❡r ❧❡ ♣r✐①
✜♥❛❧✱ ❝❤♦✐s✐t ✉♥ s♦✉s✲❡s♣❛❝❡ S ❞❡ ❞✐♠❡♥s✐♦♥ j ❞❛♥s RN ✳ ❊♥s✉✐t❡✱ ❧❡ ❏♦✉❡✉r ■■✱ q✉✐ ✈❡✉t
♠❛①✐♠✐s❡r ❧❡ ♣r✐① ✜♥❛❧✱ ❝❤♦✐s✐t ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ v ∈ S✳ ❆♣rès ✉♥ t✐r❛❣❡ ❛✉ s♦rt✱ ❧❛
♥♦✉✈❡❧❧❡ ♣♦s✐t✐♦♥ ❞✉ ❥❡t♦♥ s❡r❛ (x0 + εv, t0 − ε2/2) ♦✉ (x0 − εv, t0 − ε2/2) ❛✈❡❝ ♠ê♠❡
♣r♦❜❛❜✐❧✐té✳ ➚ ❧❛ ✜♥ ❞✉ ♣r❡♠✐❡r t♦✉r✱ ❧❡ ❥❡✉ ❝♦♥t✐♥✉❡ ❞❡♣✉✐s ❧❛ ♥♦✉✈❡❧❧❡ ♣♦s✐t✐♦♥ (x1, t1)
❛✈❡❝ ❧❡s ♠ê♠❡s rè❣❧❡s✳ ▲❡ ❥❡✉ ✜♥✐t q✉❛♥❞ ❧❡ ❥❡t♦♥ s♦rt ❞✉ ❞♦♠❛✐♥❡ Ω×]0, t0]✳

❯♥❡ ❢♦♥❝t✐♦♥ ♣r✐① h ❡st ❞é✜♥✐❡ ❡♥ ❞❡❤♦rs ❞✉ ❞♦♠❛✐♥❡ Ω×]0,∞[✳ ❈♦♠♣t❡ t❡♥✉ ❞✉
♣r♦❜❧è♠❡ ✭Pj✮✱ ✐❧ ❝♦♥✈✐❡♥t q✉❡ h(x, t) = g(x, t) ♣♦✉r t♦✉t (x, t) ∈ ∂Ω×]0,∞[✱ ❡t q✉❡
h(x, 0) = u0(x) ♣♦✉r t♦✉t x ∈ Ω✳ ❆✉tr❡♠❡♥t ❞✐t✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❝♦♥t✐♥✉❡
❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡ ❡t ❛✉ ❜♦r❞✳ ❖♥ ❛♣♣❡❧❧❡ (xτ , tτ ) ❧❛ ♣♦s✐t✐♦♥ ✜♥❛❧❡ ❞✉ ❥❡✉✱ ❝✬❡st✲à✲❞✐r❡✱
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❧❡ ♣❧✉s ♣❡t✐t τ ∈ N t❡❧ q✉❡ xτ 6∈ Ω ♦✉ tτ ≤ 0✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❡ ♣r✐① ✜♥❛❧ q✉❡ ❧❡ ❏♦✉❡✉r ■
❞♦✐t ♣❛②❡r ❛✉ ❏♦✉❡✉r ■■ ❡st ❞♦♥♥é ♣❛r h(xτ , tτ )✳

❙tr❛té❣✐❡s

➚ ❝❤❛q✉❡ t♦✉r k✱ s✐ xk ∈ Ω ❡t tk > 0✱ ❧❡ ❏♦✉❡✉r ■ ❛ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝❤♦✐s✐r ❧❡ s♦✉s✲
❡s♣❛❝❡ S ❞❡ ❞✐♠❡♥s✐♦♥ j ❞❛♥s ❧❡q✉❡❧ s❡ s✐t✉❡r❛ xk+1✱ s❛❝❤❛♥t ❧❛ ♣♦s✐t✐♦♥ ❛❝t✉❡❧❧❡ ❞✉
❥❡t♦♥ ❡t t♦✉t❡s ❧❡s ♣♦s✐t✐♦♥s ♣ré❝é❞❡♥t❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❝❤♦✐① ❞✉ ❏♦✉❡✉r ■ ❛✉ k✲è♠❡
t♦✉r ❞é♣❡♥❞ ❞❡ (x0, . . . , xk, t0)✳ ❖♥ ✈♦✐t q✉❡✱ ❝♦♠♠❡ ❧❡ ♣❛s ❞❛♥s ❧❛ ✈❛r✐❛❜❧❡ t ❡st ✜①❡✱
♣♦✉r t0 ❞♦♥♥é✱ t♦✉t❡s ❧❡s ♣♦s✐t✐♦♥s tk s♦♥t ❞ét❡r♠✐♥é❡s ♣❛r k✳ ■❧ ❡st ♥é❝❡ss❛✐r❡ ❞♦♥❝ q✉❡
t0 > kε2/2✳ ❙✐♥♦♥✱ ❧❡ ❥❡✉ s❡r❛✐t ✜♥✐ ❛✈❛♥t ❧❡ t♦✉r k✳

P♦✉r ❧❡ ❏♦✉❡✉r ■✱ ✉♥❡ str❛té❣✐❡ SI ❡st ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s SI =
{Sk}∞k=0 ❛✈❡❝

Sk : Ωk+1×]kε2/2,∞[ −→ Gr(j,RN )
(x0, . . . , xk, t0) 7−→ S.

❉❡ ♠ê♠❡✱ ♣♦✉r ❧❡ ❏♦✉❡✉r ■■✱ ✉♥❡ str❛té❣✐❡ SII ❡st ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♠❡s✉✲
r❛❜❧❡s SII = {Sk}∞k=0 ❛✈❡❝

Sk : Ωk+1 ×Gr(j,RN )×]kε2/2,∞[ −→ S

(x0, . . . , xk, S, t0) 7−→ v,

♦ù v ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❞❡ S✳

❋♦♥❝t✐♦♥ ✈❛❧❡✉r

❯♥❡ ❢♦✐s q✉❡ ❧❡s ❞❡✉① ❥♦✉❡✉rs ♦♥t ❝❤♦✐s✐ ❧❡✉rs str❛té❣✐❡s✱ ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧✬❡s♣ér❛♥❝❡
❞✉ ♣r✐① ✜♥❛❧✱ q✉✬♦♥ ❞és✐❣♥❡ ♣❛r

E
x0,t0
SI ,SII

[h(xτ , tτ )].

▲❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ❞✉ ❥❡✉ ♣♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r ❡st ❧❛ ♠❡✐❧❧❡✉r❡ ✈❛❧❡✉r ❡s♣éré❡ ❞✉ ♣r✐① ✜♥❛❧
❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❞❡ s❡s str❛té❣✐❡s r❡s♣❡❝t✐✈❡s ❡t ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧✬❛✉tr❡ ❥♦✉❡✉r ✉t✐❧✐s❡ s❛
♠❡✐❧❧❡✉r❡ str❛té❣✐❡✳ ❈♦♠♠❡ ❧❡ ❏♦✉❡✉r ■ ✈❡✉t ♠✐♥✐♠✐s❡r ❧❡ ♣r✐① ✜♥❛❧ ❡t ❧❡ ❏♦✉❡✉r ■■ ✈❡✉t
❧❡ ♠❛①✐♠✐s❡r✱ ♦♥ ♣❡✉t é❝r✐r❡ ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ❞✉ ❥❡✉ ♣♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r ❝♦♠♠❡

uεI(x0, t0) = inf
SI

sup
SII

E
x0,t0
SI ,SII

[h(xτ , tτ )], ❡t uεII(x0, t0) = sup
SII

inf
SI

E
x0,t0
SI ,SII

[h(xτ , tτ )].

❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ❡s♣ér❛♥❝❡s ❝✐✲❞❡ss✉s s♦♥t ❜✐❡♥ ❞é✜♥✐❡s ❝❛r ❧❡ ❥❡✉ ✜♥✐t ❡♥ ♠♦✐♥s ❞❡
⌈2t0/ε2⌉ t♦✉rs ❛✈❡❝ ♣r♦❜❛❜✐❧✐té 1✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱ ♦♥ ❞é♠♦♥tr❡r❛ q✉❡ ♣♦✉r ❝❡ ❥❡✉ ♦♥ ❛ uεI(x0, t0) = uεII(x0, t0)✳
❆❧♦rs✱ ♦♥ ❞é✜♥✐t ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ❞✉ ❥❡✉ ❝♦♠♠❡

uε(x, t) = uεI(x, t) = uεII(x, t), ✭✸✳✸✳✶✮

♣♦✉r (x, t) ∈ Ω×]0,∞[✳

❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ Pr✐♥❝✐♣❧❡ ❡t ❚❤é♦rè♠❡ ❞✬❡①✐st❡♥❝❡

❖♥ ✈❡rr❛ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ✈ér✐✜❡ ✉♥❡ éq✉❛t✐♦♥ q✉✐ ❡st ❝♦♥♥✉❡
❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s♦✉s ❧❡ ♥♦♠ ❞❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ Pr✐♥❝✐♣❧❡ ✭✈♦✐r ❚❤é♦rè♠❡ ✸✳✷✮✳
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❉❡ ♣❧✉s✱ s♦✉s ✉♥❡ ❤②♣♦t❤ès❡ ❣é♦♠étr✐q✉❡ s✐♠✐❧❛✐r❡ à ✭G✮ q✉✬♦♥ ♣ré❝✐s❡r❛ ❝✐✲❞❡ss♦✉s✱ ❧❛
❢♦♥❝t✐♦♥ uε(x, t) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t ❞❛♥s Ω × [0, T ]✱ ♣♦✉r t♦✉t T > 0✱ ✈❡rs ✉♥❡
❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ u(x, t)✱ q✉✐ ❡st ❧❛ s❡✉❧❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❞✉ ♣r♦❜❧è♠❡ ✭Pj✮✳

▲✬❤②♣♦t❤ès❡ ❣é♦♠étr✐q✉❡ ♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞✉ ❥❡✉ ❡st ❧❛ s✉✐✈❛♥t❡ ✿ P♦✉r t♦✉t
y ∈ ∂Ω✱ ♦♥ s✉♣♣♦s❡ q✉✬✐❧ ❡①✐st❡ r > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t δ > 0 ✐❧ ❡①✐st❡ T ⊂ R

n ✉♥
s♦✉s✲❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ j✱ w ∈ R

n ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡✱ λ > 0 ❡t θ > 0 t❡❧s q✉❡

{x ∈ Ω ∩Br(y) ∩ Tλ : 〈w, x− y〉 < θ} ⊂ Bδ(y) ✭Fj✮

♦ù
Tλ = {x ∈ R

n : ❞✐st(x− y, T ) < λ}.
❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ à ❧❛ ❝♦♥❞✐t✐♦♥ ✭G✮✱ ♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞✉ ❥❡✉ ❛✈❡❝ j✱ ♦♥ s✉♣♣♦s❡r❛ ❧❛
❝♦♥❞✐t✐♦♥ ✭F ✮✱ ❝✳✲à✲❞✳✱ ♦♥ s✉♣♣♦s❡r❛ ✭Fj✮ ❡t ✭FN−j+1✮✳ ❖♥ r❡♠❛rq✉❡ q✉❡ t♦✉t ❞♦♠❛✐♥❡
str✐❝t❡♠❡♥t ❝♦♥✈❡①❡ s❛t✐s❢❛✐t ✭Fj✮ ♣♦✉r t♦✉t j ∈ {1, . . . , N}✱ ♠❛✐s ❞❡s ❞♦♠❛✐♥❡s ♣❧✉s
❣é♥ér❛✉① ♣❡✉✈❡♥t ❛✉ss✐ ✈ér✐✜❡r ❧❛ ❝♦♥❞✐t✐♦♥ ✭F ✮ ❛✈❡❝ 1 < j < N ✱ ✈♦✐r ❬✾❪✳ ❖♥ ❞♦♥♥❡
♠❛✐♥t❡♥❛♥t ❧❡ t❤é♦rè♠❡ ❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ✭Pj✮✳

❚❤é♦rè♠❡ ✸✳✷✳ ■❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ uε ❞é✜♥✐❡ ❡♥ ✭✸✳✸✳✶✮✱ q✉✐ ❡st ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r
❞✉ ❥❡✉ ❞é❝r✐t ❝✐✲❞❡ss✉s✳ ❈❡tt❡ ❢♦♥❝t✐♦♥ ♣❡✉t êtr❡ ❝❛r❛❝tér✐sé❡ ❝♦♠♠❡ ❧❛ s❡✉❧❡ s♦❧✉t✐♦♥ ❞✉
❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ Pr✐♥❝✐♣❧❡ s✉✐✈❛♥t ✿





uε(x, t) = inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
uε(x+ εv, t− ε2

2
) +

1

2
uε(x− εv, t− ε2

2
)

}
,

s✐ x ∈ Ω, t > 0,

uε(x, t) = h(x, t), s✐ x 6∈ Ω, ♦✉ t ≤ 0.

❉❡ ♣❧✉s✱ s✐ Ω s❛t✐s❢❛✐t ❧✬❤②♣♦t❤ès❡ ✭F ✮✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ u ∈ C(Ω × [0,∞[)
t❡❧❧❡ q✉❡

uε → u ✉♥✐❢♦r♠❡♠❡♥t ❞❛♥s Ω× [0, T ],

q✉❛♥❞ ε→ 0 ♣♦✉r t♦✉t T > 0✳ ▲❛ ❧✐♠✐t❡ u ❡st ❧❛ s❡✉❧❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❞❡





ut(x, t)− λj(D
2u(x, t)) = 0, ❞❛♥s Ω×]0,∞[,

u(x, t) = g(x, t), s✉r ∂Ω×]0,∞[,
u(x, 0) = u0(0), ❞❛♥s Ω.

✸✳✹ ❈♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡

▼❛✐♥t❡♥❛♥t✱ ♦♥ s✬✐♥tér❡ss❡ ❛✉ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Pj✮ q✉❛♥❞
t→ ∞✳ ◆♦tr❡ ❜✉t ❡st ❞❡ ❞é♠♦♥tr❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥
✈❡rs ❝❡❧❧❡ ❞✉ ♣r♦❜❧è♠❡ st❛t✐♦♥♥❛✐r❡✳ P♦✉r ❝❡❧❛✱ ♦♥ s❡ ❧✐♠✐t❡ à ét✉❞✐❡r ❧❡ ❝❛s ❞❡s ❞♦♥♥é❡s
❛✉ ❜♦r❞ q✉✐ ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞✉ t❡♠♣s✱ ❝✳✲à✲❞✳✱ ♦♥ ❝♦♥s✐❞èr❡ ♠❛✐♥t❡♥❛♥t ❧❡ ♣r♦❜❧è♠❡





ut(x, t)− λj(D
2u(x, t)) = 0, ❞❛♥s Ω×]0,∞[,

u(x, t) = g(x), s✉r ∂Ω×]0,∞[,
u(x, 0) = u0(x), ❞❛♥s Ω,

✭✸✳✹✳✶✮

♦ù u0 ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞é✜♥✐❡ ❞❛♥s Ω ❡t g = u0|∂Ω✳
➪ ❧✬❛✐❞❡ ❞✬❛r❣✉♠❡♥ts ❞❡ ❝♦♠♣❛r❛✐s♦♥ ♦♥ ♣❡✉t ❞é♠♦♥tr❡r q✉❡ u(x, t) ❝♦♥✈❡r❣❡ ❡①♣♦✲

♥❡♥t✐❡❧❧❡♠❡♥t ✈❡rs ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ st❛t✐♦♥♥❛✐r❡ ❛✈❡❝ ♠ê♠❡ ❞♦♥♥é❡ ❛✉ ❜♦r❞✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ❧❡s ❝❛s j = 1 ❡t j = N ✱ ❝❡ rés✉❧t❛t ❛✣r♠❡ q✉❡ ❧✬♦♥ ♣❡✉t ❛♣♣r♦❝❤❡r
❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ♦✉ ❝♦♥❝❛✈❡ ❞❡ g s✉r Ω ♣❛r ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✬é✈♦❧✉t✐♦♥ ✭Pj✮✳
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❚❤é♦rè♠❡ ✸✳✸✳ ❙♦✐t Ω ⊂ R
N ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é✱ s♦✐t u0 ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞é✜♥✐❡

s✉r Ω ❡t g = u0|∂Ω✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❡s✱ µ > 0 ✭q✉✐ ♥❡ ❞é♣❡♥❞❡♥t
q✉❡ ❞❡ Ω✮ ❡t C ✭q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ u0✮ t❡❧❧❡s q✉❡ ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡
✈✐s❝♦s✐té u ❞❡ ✭✸✳✹✳✶✮ s❛t✐s❢❛✐t

‖u(·, t)− z(·)‖∞ ≤ Ce−µt, ✭✸✳✹✳✷✮

♦ù z ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❞❡ ✭Sj✮✳

❉❛♥s ❧❛ ♣r❡✉✈❡ ❞❡ ❝❡ t❤é♦rè♠❡✱ ❛✜♥ ❞❡ ❝♦♥str✉✐r❡ ❞❡s s✉r✲ ❡t s♦✉s✲s♦❧✉t✐♦♥s ♣♦✉r ❧❡
♣r♦❜❧è♠❡ ✭Pj✮✱ ♦♥ ✉t✐❧✐s❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s ❛ss♦❝✐é ❛✉① ♦♣ér❛t❡✉rs −λ1(D2·)
❡t −λn(D2·)✳ ❈❡ ♣r♦❜❧è♠❡ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s ❛ été ét✉❞✐é ♣ré❝é❞❡♠♠❡♥t ❞❛♥s ❬✻✱ ✼❪✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱ ♦♥ ❞♦♥♥❡ ❛✉ss✐ ✉♥❡ ♣r❡✉✈❡ ❛❧t❡r♥❛t✐✈❡ ❞✉ ❚❤é♦rè♠❡ ✸✳✸ q✉✐
♥✬✉t✐❧✐s❡ q✉❡ ❞❡s ❛r❣✉♠❡♥ts ♣r♦❜❛❜✐❧✐st❡s ❧✐és ❛✉ ❥❡✉ ❞é❝r✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳ ❈❡tt❡
♣r❡✉✈❡ ❡st ❜❛sé❡ s✉r ❧❡ ❢❛✐t q✉❡ s✐ ❧❛ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡ ❞✉ ❥❡✉ s❡ s✐t✉❡ à ✉♥ t❡♠♣s ✐♥✐t✐❛❧
t0 s✉✣s❛♠♠❡♥t ❣r❛♥❞✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ♥❡ ♣❛s s♦rt✐r ❞❡ Ω ❡♥ ♠♦✐♥s ❞❡ ⌈2t0/ε2⌉ ♣❛s
❞❡✈✐❡♥t très ♣❡t✐t❡✳ ❊♥ ❡✛❡t✱ ❝❡tt❡ ♣r♦❜❛❜✐❧✐té ❞é❝r♦ît ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❛✈❡❝ t0✳

❈♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ♣❧✉s ♣ré❝✐s ♣♦✉r ❞❡s ❝❛s s♣é❝✐❛✉①

■❝✐✱ ♦♥ ❞é❝r✐t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❧❛ s♦❧✉t✐♦♥✱ ♣♦✉r ❧❡s ❝❛s ♦ù g ❡st ❧❛ r❡str✐❝t✐♦♥
à ∂Ω ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❛✣♥❡✱ q✉✐ ♣♦ssè❞❡ ❞❡s ♣r♦♣r✐étés s♣é❝✐✜q✉❡s ♣❛r r❛♣♣♦rt ❛✉ ❝♦♠✲
♣♦rt❡♠❡♥t ❞é❝r✐t ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✸✳✸ ♣♦✉r ❧❡s ❞♦♥♥é❡s ❛✉ ❜♦r❞ ♣❧✉s ❣é♥ér❛❧❡s✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ♦♥ ❛rr✐✈❡ à ♠♦♥tr❡r q✉❡✱ ♣♦✉r ❝❡s ❝❛s s♣é❝✐❛✉①✱ ❧✬❡st✐♠❛t✐♦♥ ✭✸✳✹✳✷✮ ♣❡✉t
êtr❡ ❧❛r❣❡♠❡♥t ❛♠é❧✐♦ré❡✳ ❈♦♠♠❡♥ç♦♥s ♣❛r ♣rés❡♥t❡r ❧❛ s✐t✉❛t✐♦♥ ♣♦✉r ❧❡ ❝❛s ❧❡ ♣❧✉s
s✐♠♣❧❡ ❡♥ ❝♦♥s✐❞ér❛♥t j = 1 ❡t g ≡ 0✳ ❖♥ ❛ ❞♦♥❝ ❧❡ ♣r♦❜❧è♠❡





ut(x, t)− λ1(D
2u(x, t)) = 0, ❞❛♥s Ω×]0,∞[,

u(x, t) = 0, s✉r ∂Ω×]0,∞[,
u(x, 0) = u0, ❞❛♥s Ω.

❉❛♥s ❝❡ ❝❛s✱ ♦♥ ❛ z ≡ 0 ❡t✱ ♣❛r ❧❡ ❚❤é♦rè♠❡ ✸✳✸✱ ♦♥ ❞é❞✉✐t q✉✬✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s
µ,C > 0 t❡❧❧❡s q✉❡

−Ce−µt ≤ u(x, t) ≤ Ceµt.

❉❛♥s ❝❡ s❝é♥❛r✐♦✱ ♦♥ ♣❡✉t ❛♠é❧✐♦r❡r ❧✬❡st✐♠❛t✐♦♥ s✉♣ér✐❡✉r❡✳ ❖♥ ❞é♠♦♥tr❡ q✉✬✐❧ ❡①✐st❡
✉♥ t❡♠♣s ✜♥✐ T > 0✱ q✉✐ ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡ Ω✱ t❡❧ q✉❡ u(x, t) ≤ 0 ♣♦✉r t♦✉t t > T ✳
❆✉tr❡♠❡♥t ❞✐t✱ u ❡st ✐♥❢ér✐❡✉r❡ à ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞❡ g ❞❛♥s Ω✱ ♣♦✉r t♦✉t t❡♠♣s ❛✉✲
❞❡❧à ❞❡ T ✳ ❈❡ rés✉❧t❛t ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞✉ ❢❛✐t q✉❡✱ ♣♦✉r t♦✉t Ω ❜♦r♥é✱ ❧❡ ♣r♦❜❧è♠❡
❞❡ ✈❛❧❡✉r ♣r♦♣r❡

− λ1(D
2ϕ(x)) = µϕ(x), ❞❛♥s Ω, ✭✸✳✹✳✸✮

❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ♣♦s✐t✐✈❡ ♣♦✉r t♦✉t µ > 0✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t ❞é❝r✐r❡ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡✲
♠❡♥t ❛s②♠♣t♦t✐q✉❡ s✐ g ❡st ❧❛ r❡str✐❝t✐♦♥ à ∂Ω ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❛✣♥❡✳ ■❧ s✉✣t ❞✬❛♣♣❧✐q✉❡r
❧❡ ♠ê♠❡ ❛r❣✉♠❡♥t à ũ = u− g✳

❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ j = n✱ ❡t g ✉♥❡ ❢♦♥❝t✐♦♥ ❛✣♥❡✱ ♦♥ ♦❜t✐❡♥t ❧❛ s✐t✉❛t✐♦♥ ❛♥❛❧♦❣✉❡✳
❈✬❡st✲à✲❞✐r❡✱ ✐❧ ❡①✐st❡ ✉♥ t❡♠♣s T > 0 ❛✉✲❞❡❧à ❞✉q✉❡❧ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Pj✮ ❡st s✉♣ér✐❡✉r❡
à ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥❝❛✈❡ ❞❡ g ❞❛♥s Ω✳ P❛r ❝♦♥tr❡✱ ❧❛ s✐t✉❛t✐♦♥ ❡st ❞✐✛ér❡♥t❡ ♣♦✉r ❧❡s ❝❛s
1 < j < n✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬éq✉❛t✐♦♥ ✭✸✳✹✳✸✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ♣♦s✐t✐✈❡ ❡t ✉♥❡ ❛✉tr❡
♥é❣❛t✐✈❡ ♣♦✉r t♦✉t µ > 0✱ ❡t ❝♦♠♠❡ ❝♦♥séq✉❡♥❝❡✱ ♦♥ ♣❡✉t ❞é♠♦♥tr❡r q✉❡✱ s✐ g ❡st ✉♥❡
❢♦♥❝t✐♦♥ ❛✣♥❡✱ ✐❧ ❡①✐st❡ T > 0 t❡❧ q✉❡ u(x, t) = z(x) ♣♦✉r t♦✉t t > T ✱ ♦ù z ❡st ❧❛ s♦❧✉t✐♦♥
❞❡ ✭Sj✮✳ ❖♥ r❛ss❡♠❜❧❡ ❝❡s tr♦✐s s❝é♥❛r✐♦s ❞❛♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✳
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❚❤é♦rè♠❡ ✸✳✹✳ ❙♦✐t Ω ⊂ R
n ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é✳ ❙♦✐t g ❧❛ r❡str✐❝t✐♦♥ à ∂Ω ❞✬✉♥❡

❢♦♥❝t✐♦♥ ❛✣♥❡ ❡t u0 ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞❛♥s Ω✳ ❙✐ u(x, t) ❡st ❧❛ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té
❞❡ ✭✸✳✹✳✶✮ ❡t z(x) ❡st ❧❛ ❢♦♥❝t✐♦♥ ❛✣♥❡ q✉✐ ❝♦ï♥❝✐❞❡ ❛✈❡❝ g s✉r ❧❡ ❜♦r❞ ✭❛✉tr❡♠❡♥t ❞✐t✱
❧❛ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❞❡ ✭Sj✮✮✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ T > 0✱ q✉✐ ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡ Ω✱
t❡❧ q✉❡

✐✳ ❙✐ j = 1✱ ❛❧♦rs u(x, t) ≤ z(x)✱ ♣♦✉r t♦✉t t > T ✳

✐✐✳ ❙✐ j = N ✱ ❛❧♦rs u(x, t) ≥ z(x)✱ ♣♦✉r t♦✉t t > T ✳

✐✐✐✳ ❙✐ 1 < j < N ✱ ❛❧♦rs u(x, t) = z(x)✱ ♣♦✉r t♦✉t t > T ✳

■♥t❡r♣rét❛t✐♦♥ ❞✉ rés✉❧t❛t

P♦✉r s✐♠♣❧✐✜❡r ❧✬❡①♣♦sé✱ ♦♥ ✈❛ ❝♦♥s✐❞ér❡r ✉♥✐q✉❡♠❡♥t ❧❡ ❝❛s g ≡ 0✳ ❙✐ ❧✬♦♥ ♣❡♥s❡ ❛✉
❥❡✉ q✉✬♦♥ ❛ ❞é❝r✐t ♣♦✉r ❛♣♣r♦❝❤❡r ❧❡s s♦❧✉t✐♦♥s ❞❡ ✭Pj✮✱ ♦♥ ♣❡✉t ✐♥t❡r♣rét❡r ❝❡ rés✉❧t❛t
❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

P♦✉r ❧❡ ❝❛s j = 1✱ ❧❡ ❏♦✉❡✉r ■ ❛ ✉♥❡ str❛té❣✐❡ q✉✐ ❧✉✐ ♣❡r♠❡t ❞❡ s♦rt✐r ❧❡ ❥❡t♦♥ ❞✉
❞♦♠❛✐♥❡ Ω ❛✈❡❝ ♣r♦❜❛❜✐❧✐té ✶ ❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣❛s✳ ❆❧♦rs✱ ♣♦✉r t0 s✉✣s❛♠♠❡♥t
❣r❛♥❞✱ ♦♥ ♣❡✉t ❛ss✉r❡r q✉❡ ❧❡ ❏♦✉❡✉r ■■ ♥❡ ✈❛ ♣❛s t♦✉❝❤❡r u0(x) ❝♦♠♠❡ ♣r✐① ✜♥❛❧✳

❊♥ ❡✛❡t✱ ❝♦♥s✐❞ér♦♥s ♣❛r ❡①❡♠♣❧❡ ❧❡ ❝❛s ♦ù Ω = B1(0) ❧❛ ❜♦✉❧❡ ✉♥✐té ❞❛♥s R
N ✳ ❙✐

❧❡ ❥❡t♦♥ ♥✬❡st ♣❛s à ❧✬♦r✐❣✐♥❡✱ ❝✳✲à✲❞✳ xk ∈ B1(0) \ {0}✱ ❧❡ ❏♦✉❡✉r ■ ♣❡✉t ❝❤♦✐s✐r ❝♦♠♠❡
s♦✉s✲❡s♣❛❝❡ S = s♣❛♥{v}✱ ♦ù v ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ t❛♥❣❡♥t ❡♥ xk à ❧❛ ❜♦✉❧❡ ❞❡ r❛②♦♥
|xk| ❡t ❝❡♥tr❡ à ❧✬♦r✐❣✐♥❡✳ ■❝✐✱ ❧❡ ❏♦✉❡✉r ■■ ♥❡ ♣❡✉t ❝❤♦✐s✐r ❝♦♠♠❡ ✈❡❝t❡✉r q✉❡ v ♦✉ −v✱
❡t ❡♥ t♦✉t ❝❛s✱ ❛♣rès ❧❡ t✐r❛❣❡ ❛✉ s♦rt✱ ❧❛ ♥♦✉✈❡❧❧❡ ♣♦s✐t✐♦♥ ❞✉ ❥❡t♦♥ s❡r❛ é❧♦✐❣♥é❡ ❞❡
❧✬♦r✐❣✐♥❡ ✉♥❡ ❞✐st❛♥❝❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ε2✳ ❈♦♠♠❡ à ❝❤❛q✉❡ ♣❛s✱ ♦♥ s✬❛♣♣r♦❝❤❡ ❛✉ ❜♦r❞
❞❡ Ω ✉♥❡ ❞✐st❛♥❝❡ ❝♦♥st❛♥t❡✱ ✐❧ ❡①✐st❡ T > 0✱ q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ x0 ♥✐ ❞❡ t0✱ t❡❧❧❡ q✉❡
xk+1 6∈ Ω✱ ♣♦✉r k = ⌈2T/ε2⌉✳ ❆❧♦rs✱ ♣♦✉r t♦✉t t0 > T ✱ ♦♥ ❛ tτ > 0✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡
h(xτ , tτ ) = g(xτ )✳

P❛r ❝♦♥séq✉❡♥t✱ s✐ g ≡ 0✱ ❧❡ ❏♦✉❡✉r ■ ❛ ✉♥❡ str❛té❣✐❡ ❛✈❡❝ ❧❛q✉❡❧❧❡ ❧❡ ♣r✐① ✜♥❛❧ s❡r❛
0 ❛✈❡❝ ♣r♦❜❛❜✐❧✐té 1✳ ❖♥ ❡♥ ❞é❞✉✐t✱ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ✈❛❧❡✉r ❞✉ ❥❡✉ s❡r❛ ♣❧✉s ♣❡t✐t❡ q✉❡ 0
♣♦✉r t♦✉t t0 > T ✳

▲❡ ♠ê♠❡ ♣r✐♥❝✐♣❡ s✬❛♣♣❧✐q✉❡ ❛✉ ❝❛s j = N ✳ ▼❛✐♥t❡♥❛♥t✱ ❝✬❡st ❧❡ ❏♦✉❡✉r ■■ q✉✐ ❛ ✉♥❡
str❛té❣✐❡ ❧✉✐ ♣❡r♠❡tt❛♥t ❞❡ s♦rt✐r ❧❡ ❥❡t♦♥ ❞❡ Ω ❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣❛s✳ ❆❧♦rs✱ s♦♥
♣r✐① ❣❛❣♥é s❡r❛ ❛✉ ♣✐r❡ 0✳ ❉❛♥s ❝❡ ❝❛s✱ ❝♦♠♠❡ ❧❡ ❏♦✉❡✉r ■ ❞♦✐t ❝❤♦✐s✐r ✉♥ s♦✉s✲❡s♣❛❝❡
❞❡ ❞✐♠❡♥s✐♦♥ n✱ ❧❡ s❡✉❧ ❝❤♦✐① ❡st ❞❡ ❝❤♦✐s✐r S = R

N ✱ ❡t ❛❧♦rs✱ ❧❡ ❏♦✉❡✉r ■■ ♣❡✉t ❝❤♦✐s✐r
✉♥ ✈❡❝t❡✉r t❛♥❣❡♥t ❛ ❧❛ ❜♦✉❧❡ ❞❡ r❛②♦♥ |xk| ❡t ❝❡♥tr❡ à ❧✬♦r✐❣✐♥❡✱ q✉✐ ✈❛ r❛♠❡♥❡r ❧❡ ❥❡t♦♥
✈❡rs ❧❡ ❜♦r❞ ❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣❛s✳

P♦✉r ❧❡ ❝❛s 1 < j < N ✱ ♦♥ ❛ ✉♥❡ s✐t✉❛t✐♦♥ s✐♠✐❧❛✐r❡✳ ■❝✐✱ ❧❡s ❞❡✉① ❥♦✉❡✉rs ♦♥t ❞❡s
str❛té❣✐❡s ♣❡r♠❡tt❛♥t ❞❡ s♦rt✐r ❧❡ ❥❡t♦♥ ❞❡ Ω r❛♣✐❞❡♠❡♥t ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧❛ str❛té❣✐❡
❝❤♦✐s✐❡ ♣❛r ❧✬❛✉tr❡ ❥♦✉❡✉r✳ ❊♥ ❡✛❡t✱ s✐ xk ∈ B1(0) \ {0}✱ ❧❡ ❏♦✉❡✉r ■ ♣❡✉t ❝❤♦✐s✐r ✉♥ s♦✉s✲
❡s♣❛❝❡ S ❞❡ ❞✐♠❡♥s✐♦♥ j t❛♥❣❡♥t ❡♥ xk à ❧❛ ❜♦✉❧❡ ❞❡ r❛②♦♥ |xk| ❡t ❝❡♥tr❡ ❧✬♦r✐❣✐♥❡✱ ♠❛✐s
❛✉ss✐✱ q✉❡❧ q✉❡ s♦✐t ❧❡ s♦✉s✲❡s♣❛❝❡ S ❝❤♦✐s✐ ♣❛r ❧❡ ❏♦✉❡✉r ■✱ ❧❡ ❏♦✉❡✉r ■■ ♣❡✉t t♦✉❥♦✉rs
❝❤♦✐s✐r ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ t❛♥❣❡♥t à ❝❡tt❡ ❜♦✉❧❡✳ ❈❡s ❞❡✉① str❛té❣✐❡s ✈♦♥t ✜♥✐r ❧❡ ❥❡✉ ❡♥
✉♥ ♥♦♠❜r❡ ❞❡ ♣❛s✱ ✐♥❞é♣❡♥❞❛♥t ❞❡ t0✳ P❛r ❝♦♥séq✉❡♥t✱ s✐ t0 ❡st s✉✣s❛♠♠❡♥t ❣r❛♥❞✱ ❧❡
♣✐r❡ ♣r✐① ♣♦✉r t♦✉s ❧❡s ❞❡✉① ❥♦✉❡✉rs s❡r❛ ❧❛ ❞♦♥♥é❡ ❛✉ ❜♦r❞✱ q✉✐ ❡st ♥✉❧❧❡✳

❇✐❡♥ q✉❡ ❧❡ ❚❤é♦rè♠❡ ✸✳✹ ✐♠♣❧✐q✉❡ q✉❡ ♣♦✉r ❝❡rt❛✐♥s ❝❛s✱ ❧✬❡st✐♠❛t✐♦♥ ✭✸✳✹✳✷✮ ♥✬❡st
♣❛s ♦♣t✐♠❛❧❡✱ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱ ♦♥ ❞é❝r✐t ❞❡s ❡①❡♠♣❧❡s ✭❛✈❡❝ ❞♦♥♥é❡s ❛✉ ❜♦r❞ q✉✐
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♥❡ s♦♥t ♣❛s ❛✣♥❡s✮ ♣♦✉r ❧❡sq✉❡❧s ❧❛ s♦❧✉t✐♦♥ u ♥❡ ❞❡✈✐❡♥t ❥❛♠❛✐s ♥✐ ♣❧✉s ♣❡t✐t❡ ♥✐ ♣❧✉s
❣r❛♥❞❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ st❛t✐♦♥♥❛✐r❡ ❡♥ t❡♠♣s ✜♥✐✳ ▲❡ rés✉❧t❛t s✉✐✈❛♥t ♣r♦✉✈❡
q✉❡✱ ❡♥ ❣é♥ér❛❧✱ ♦♥ ♥❡ ♣❡✉t ♣❛s ❡s♣ér❡r ✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ ♠❡✐❧❧❡✉r❡ q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡
❡①♣♦♥❡♥t✐❡❧❧❡ ❞✉ ❚❤é♦rè♠❡ ✭✸✳✹✮✳

❚❤é♦rè♠❡ ✸✳✺✳ ❙♦✐t Ω ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ❞❡ R
N ✱ ❡t s♦✐t 1 ≤ j ≤ N ✳ P♦✉r t♦✉t x0 ∈ Ω✱

✐❧ ❡①✐st❡ g ❡t u0 ❞❡✉① ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞❛♥s ∂Ω ❡t Ω r❡s♣❡❝t✐✈❡♠❡♥t✱ s❛t✐s❢❛✐s❛♥t
u0|∂Ω = g✱ t❡❧❧❡s q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✭Pj✮ s❛t✐s❢❛✐t

u(x0, t) ≥ z(x0) + ke−µ1t, ♣♦✉r t♦✉t t > 0,

♦ù µ1, k > 0 s♦♥t ❞❡✉① ❝♦♥st❛♥t❡s ❡t z ❡st ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭Sj✮✳
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❬✶❪ ◆✳❉✳ ❆❧✐❦❛❦♦s✱ P✳❲✳ ❇❛t❡s✱ ❈✳P✳ ●r❛♥t✱ ❇❧♦✇ ✉♣ ❢♦r ❛ ❞✐✛✉s✐♦♥✲❛❞✈❡❝t✐♦♥
❡q✉❛t✐♦♥✳ Pr♦❝❡❡❞✐♥❣ ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ❊❞✐♥❜✉r❣❤✱ ❙❡❝t✐♦♥ ❆ ✶✶✸✱ ♥♦✳ ✸✲✹
✭✶✾✽✾✮ ✿ ✶✽✶✲✾✵✳

❬✷❪ ▲✳ ❆♠♦✉r✱ ▼✳ ❇❡♥✲❆rt③✐✱ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ❞❡❝❛② ❢♦r ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ✸✶ ✭✶✾✾✽✮ ✿ ✻✷✶✲✷✽✳

❬✸❪ ❏✳▼✳ ❆rr✐❡t❛✱ ❆✳ ❘♦❞r✐❣✉❡③✲❇❡r♥❛❧✱ P❤✳ ❙♦✉♣❧❡t✱ ❇♦✉♥❞❡❞♥❡ss ♦❢ ❣❧♦❜❛❧
s♦❧✉t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♣❤❡♥♦♠❡♥❛✳
❆♥♥❛❧✐ ❞❡❧❧❛ ❙❝✉♦❧❛ ◆♦r♠❛❧❡ ❙✉♣❡r✐♦r❡ ❞✐ P✐s❛✱ ❈❧❛ss❡ ❞✐ ❙❝✐❡♥③❡ ✭✺✮✸✱ ♥♦✳ ✶ ✭✷✵✵✹✮ ✿
✶✲✶✺✳

❬✹❪ ●✳ ❇❛r❧❡s✱ ❋✳ ❉❛ ▲✐♦✱ ❖♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧ ❞❡ ▼❛t❤é♠❛t✐q✉❡s P✉r❡s ❡t ❆♣♣❧✐q✉é❡s ✽✸ ✭✷✵✵✹✮ ✿ ✺✸✲✼✺✳

❬✺❪ ❙✳ ❇❡♥❛❝❤♦✉r✱ P❤✳ ▲❛✉r❡♥ç♦t✱ ●❧♦❜❛❧ s♦❧✉t✐♦♥s t♦ ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❡q✉❛t✐♦♥s ✇✐t❤ ✐rr❡❣✉❧❛r ❞❛t❛✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s
✷✹ ✭✶✾✾✾✮ ✿ ✶✾✾✾✲✷✵✷✶✳

❬✻❪ ■✳ ❇✐r✐♥❞❡❧❧✐✱ ●✳ ●❛❧✐s❡✱ ❍✳ ■s❤✐✐✱ ❆ ❢❛♠✐❧② ♦❢ ❞❡❣❡♥❡r❛t❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs ✿
▼❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡s✳ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛r❡ ❈✱ ❆♥❛❧✳ ♥♦♥
❧✐♥é❛✐r❡ ✸✺ ✷ ✭✷✵✶✽✮ ✿ ✹✶✼✲✹✹✶✳

❬✼❪ ■✳ ❇✐r✐♥❞❡❧❧✐✱ ●✳ ●❛❧✐s❡✱ ❍✳ ■s❤✐✐✱ ❚♦✇❛r❞s ❛ r❡✈❡rs❡❞ ❋❛❜❡r✲❑r❛❤♥ ✐♥❡q✉❛❧✐t②
❢♦r t❤❡ tr✉♥❝❛t❡❞ ▲❛♣❧❛❝✐❛♥✳ Pr❡♣r✐♥t ❛r❳✐✈ ✿✶✽✵✸✳✵✼✸✻✷

❬✽❪ ■✳ ❇✐r✐♥❞❡❧❧✐✱ ●✳ ●❛❧✐s❡✱ ❋✳ ▲❡♦♥✐✱ ▲✐♦✈✐❧❧❡ t❤❡♦r❡♠s ❢♦r ❛ ❢❛♠✐❧② ♦❢ ✈❡r② ❞❡❣❡✲
♥❡r❛t❡ ❡❧❧✐♣t✐❝ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ✶✻✶ ✭✷✵✶✼✮ ✿ ✶✾✽✲✷✶✶✳

❬✾❪ P✳ ❇❧❛♥❝✱ ❏✳ ❉✳ ❘♦ss✐✱ ●❛♠❡s ❢♦r ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❍❡ss✐❛♥ ❛♥❞ ❝♦♥❝❛✈❡✴❝♦♥✈❡①
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P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✺✻✭✾✮✱ ✽✽✾✲✽✾✷✭✶✾✽✻✮✳
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❬✸✸❪ ❏✳ ❑r✉❣✱ ❍✳ ❙♣♦❤♥✱ ❯♥✐✈❡rs❛❧✐t② ❝❧❛ss❡s ❢♦r ❞❡t❡r♠✐♥✐st✐❝ s✉r❢❛❝❡ ❣r♦✇t❤✳ P❤②s✳
❘❡✈✳ ❆ ✸✽✱ ✹✷✼✶✲✹✷✽✸ ✭✶✾✽✽✮✳

❬✸✹❪ P❤✳ ▲❛✉r❡♥ç♦t✱ P❤✳ ❙♦✉♣❧❡t✱ ❖♥ t❤❡ ❣r♦✇t❤ ♦❢ ♠❛ss ❢♦r ❛ ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❡q✉❛t✐♦♥✳ ❏♦✉r♥❛❧ ❞✬❆♥❛❧②s❡ ▼❛t❤é♠❛t✐q✉❡ ✽✾ ✭✷✵✵✸✮ ✿ ✸✻✼✲✸✽✸✳

❬✸✺❪ P❤✳ ▲❛✉r❡♥ç♦t✱ ❈❤✳ ❲❛❧❦❡r✱ ❙♦♠❡ s✐♥❣✉❧❛r ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣ ▼❊▼❙✳ ❇✉❧❧✳
❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✺✹ ✭✷✵✶✼✮✱ ✹✸✼✲✹✼✾✳

❬✸✻❪ ❨✳✲❳✳ ▲✐✱ P❤✳ ❙♦✉♣❧❡t✱ ❙✐♥❣❧❡✲P♦✐♥t ●r❛❞✐❡♥t ❇❧♦✇✲✉♣ ♦♥ t❤❡ ❇♦✉♥❞❛r② ❢♦r ❉✐❢✲
❢✉s✐✈❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❊q✉❛t✐♦♥s ✐♥ P❧❛♥❛r ❉♦♠❛✐♥s✳ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳ ✷✾✸
✭✷✵✵✾✮✱ ✹✾✾✲✺✶✼✳

❬✸✼❪ P✳✲▲✳ ▲✐♦♥s✱ ●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ❘❡s❡❛r❝❤ ◆♦t❡s
✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✻✾✳ ❇♦st♦♥✱ ▼❆ ✿ P✐t♠❛♥ ✭❆❞✈❛♥❝❡❞ P✉❜❧✐s❤✐♥❣ Pr♦❣r❛♠✮✱ ✶✾✽✷✳

❬✸✽❪ ❍✳ ▲✉✐r♦✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❊✳ ❙❛❦s♠❛♥✱ ❍❛r♥❛❝❦✬s ✐♥❡q✉❛❧✐t② ❢♦r ♣✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ✈✐❛ st♦❝❤❛st✐❝ ❣❛♠❡s✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✸✽ ✭✷✵✶✸✮✱
♥♦✳ ✶✶✱ ✶✾✽✺✕✷✵✵✸✳

❬✸✾❪ ❏✳ ❏✳ ▼❛♥❢r❡❞✐✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❏✳ ❉✳ ❘♦ss✐✱ ❆♥ ❛s②♠♣t♦t✐❝ ♠❡❛♥ ✈❛❧✉❡ ❝❤❛r❛❝✲
t❡r✐③❛t✐♦♥ ❢♦r ❛ ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s r❡❧❛t❡❞ t♦ t✉❣✲♦❢✲✇❛r ❣❛♠❡s✳
❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ✹✷✭✺✮ ✭✷✵✶✵✮✱ ✷✵✺✽✕✷✵✽✶✳

❬✹✵❪ ❏✳ ❏✳ ▼❛♥❢r❡❞✐✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❏✳ ❉✳ ❘♦ss✐✱ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡
❢♦r t✉❣✲♦❢✲✇❛r ❣❛♠❡s ✇✐t❤ ♥♦✐s❡✳ ❊❙❆■▼✱ ❈♦♥tr♦❧✱ ❖♣t✳ ❈❛❧❝✳ ❱❛r✳ ✶✽ ✭✷✵✶✷✮✱ ✽✶✕✾✵✳

❬✹✶❪ ❋✳ ▼❡r❧❡✱ ❙♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ ❛r❜✐tr❛r✐❧② ❣✐✈❡♥ ❜❧♦✇✉♣
♣♦✐♥ts✳ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳ ✹✵ ✭✶✾✾✷✮✱ ✷✻✸✕✸✵✵✳

❬✹✷❪ ❆✳ ▼✳ ❖❜❡r♠❛♥✱ ▲✳ ❙✐❧✈❡str❡✱ ❚❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡✳
❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✻✸ ✭✷✵✶✶✮✱ ♥♦✳ ✶✶✱ ✺✽✼✶✕✺✽✽✻✳

❬✹✸❪ ❆✳ ▼✳ ❖❜❡r♠❛♥✱ ❚❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r ♦❜st❛❝❧❡
♣r♦❜❧❡♠✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✶✸✺✭✻✮ ✭✷✵✵✼✮✱ ✶✻✽✾✕✶✻✾✹✳

❬✹✹❪ ❏✳❆✳ P❡❧❡s❦♦✱ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙ ✇✐t❤ t❛✐❧♦r❡❞ ❞✐❡✲
❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳ ❙■❆▼ ❏✳ ❆♣♣❧✳ ▼❛t❤✳ ✻✷ ✭✷✵✵✶✴✷✵✵✷✮✱ ♥♦✳ ✸✱ ✽✽✽✲✾✵✽✳

❬✹✺❪ ❏✳❆✳ P❡❧❡s❦♦✱ ❉✳❍✳ ❇❡r♥st❡✐♥✱ ▼♦❞❡❧✐♥❣ ▼❊▼❙ ❛♥❞ ◆❊▼❙✳ ❈❤❛♣♠❛♥ ❍❛❧❧
❛♥❞ ❈❘❈ Pr❡ss✱ ✷✵✵✷✳

❬✹✻❪ ❏✳❆✳ P❡❧❡s❦♦✱ ❆✳❆✳ ❚r✐♦❧♦✱ ◆♦♥❧♦❝❛❧ ♣r♦❜❧❡♠s ✐♥ ▼❊▼❙ ❞❡✈✐❝❡ ❝♦♥tr♦❧✳ ❏✳
❊♥❣r❣✳ ▼❛t❤✳ ✹✶ ✭✷✵✵✶✮✱ ✸✹✺✕✸✻✻✳

❬✹✼❪ ❨✳ P❡r❡s✱ ❨✉✈❛❧✱ ❙✳ ❙❤❡❢❢✐❡❧❞✱ ❚✉❣✲♦❢✲✇❛r ✇✐t❤ ♥♦✐s❡ ✿ ❛ ❣❛♠❡✲t❤❡♦r❡t✐❝ ✈✐❡✇
♦❢ t❤❡ ♣✲▲❛♣❧❛❝✐❛♥✳ ❉✉❦❡ ▼❛t❤✳ ❏✳ ✶✹✺ ✭✷✵✵✽✮✱ ♥♦✳ ✶✱ ✾✶✕✶✷✵✳

❬✹✽❪ ❨✳ P❡r❡s✱ ❖✳ ❙❝❤r❛♠♠✱ ❙✳ ❙❤❡❢❢✐❡❧❞✱ ❉✳ ❲✐❧s♦♥✱ ❚✉❣✲♦❢✲✇❛r ❛♥❞ t❤❡ ✐♥✜♥✐t②
▲❛♣❧❛❝✐❛♥✱ ❏✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✷✷✱ ✭✷✵✵✾✮✱ ✶✻✼✕✷✶✵✳

❬✹✾❪ ❆✳ P♦rr❡tt❛✱ P❤✳ ❙♦✉♣❧❡t✱ ❚❤❡ ♣r♦✜❧❡ ♦❢ ❜♦✉♥❞❛r② ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ❢♦r t❤❡
❞✐✛✉s✐✈❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥✳ ■♥t❡r♥❛t✐♦♥❛❧ ▼❛t❤✳ ❘❡s❡❛r❝❤ ◆♦t✐❝❡s ✶✼ ✭✷✵✶✼✮✱
✺✷✻✵✲✺✸✵✶✳
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❬✺✶❪ ❏✳ P✳ ❙❤❛✱ ❍❛♥❞❧❡❜♦❞✐❡s ❛♥❞ ♣✲❝♦♥✈❡①✐t②✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ✷✺ ✭✶✾✽✼✮✱ ✸✺✸✕
✸✻✶✳
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❬✺✷❪ P❤✳ ❙♦✉♣❧❡t✱ ●r❛❞✐❡♥t ❜❧♦✇✲✉♣ ❢♦r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛✲
t✐♦♥s ✇✐t❤ ❣❡♥❡r❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✶✺✱ ♥♦✳
✷ ✭✷✵✵✷✮ ✿ ✷✸✼✲✺✻✳

❬✺✸❪ P❤✳ ❙♦✉♣❧❡t✱ ❆ r❡♠❛r❦ ♦♥ t❤❡ ❧❛r❣❡✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s ♦❢ ✈✐s❝♦✉s
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ❆❝t❛ ▼❛t❤❡♠❛t✐❝❛ ❯♥✐✈❡rs✐t❛t✐s ❈♦♠❡♥✐❛♥❛❡ ✭◆✳❙✳✮ ✼✻
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❬✺✹❪ P❤✳ ❙♦✉♣❧❡t✱ ◗✳❙✳ ❩❤❛♥❣✱ ●❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❡q✉❛t✐♦♥s✱ ❏✳ ❆♥❛❧✳ ▼❛t❤✳ ✾✾ ✭✷✵✵✻✮✱ ✸✺✺✲✸✾✻✳
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❈❤❛♣t❡r ✷

◆♦ t♦✉❝❤❞♦✇♥ ❛t ♣♦✐♥ts ♦❢ s♠❛❧❧

♣❡r♠✐tt✐✈✐t② ❛♥❞ ♥♦♥tr✐✈✐❛❧

t♦✉❝❤❞♦✇♥ s❡ts ❢♦r t❤❡ ▼❊▼❙

♣r♦❜❧❡♠

❈❛r❧♦s ❊st❡✈❡ ❛♥❞ P❤✐❧✐♣♣❡ ❙♦✉♣❧❡t

❚❤✐s ❛rt✐❝❧❡ ✐s ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❥♦✉r♥❛❧ ❆❞✈❛♥❝❡s ✐♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳

❈✳ ❊st❡✈❡✱ P❤✳ ❙♦✉♣❧❡t✱ ◆♦ t♦✉❝❤❞♦✇♥ ❛t ♣♦✐♥ts ♦❢ s♠❛❧❧ ♣❡r♠✐tt✐✈✐t② ❛♥❞ ♥♦♥tr✐✈✐❛❧
t♦✉❝❤❞♦✇♥ s❡ts ❢♦r t❤❡ ▼❊▼❙ ♣r♦❜❧❡♠✳ ❆❞✈❛♥❝❡s ✐♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ❱♦❧ ✷✹✱
◆✉♠❜❡r ✼✲✽✭✷✵✶✾✮✱ ✹✻✺✲✺✵✵✳

❆❜str❛❝t✳ ❲❡ ❝♦♥s✐❞❡r ❛ ✇❡❧❧✲❦♥♦✇♥ ♠♦❞❡❧ ❢♦r ♠✐❝r♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ✭▼❊▼❙✮
✇✐t❤ ✈❛r✐❛❜❧❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✱ ✐♥✈♦❧✈✐♥❣ ❛ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ s✐♥❣✉❧❛r ♥♦♥❧✐♥✲
❡❛r✐t②✳ ❲❡ st✉❞② t❤❡ t♦✉❝❤❞♦✇♥✱ ♦r q✉❡♥❝❤✐♥❣✱ ♣❤❡♥♦♠❡♥♦♥✳ ❘❡❝❡♥t❧②✱ t❤❡ q✉❡st✐♦♥
✇❤❡t❤❡r ♦r ♥♦t t♦✉❝❤❞♦✇♥ ❝❛♥ ♦❝❝✉r ❛t ③❡r♦ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ f ✱ ✇❤✐❝❤
❤❛❞ ❧♦♥❣ r❡♠❛✐♥❡❞ ♦♣❡♥✱ ✇❛s ❛♥s✇❡r❡❞ ♥❡❣❛t✐✈❡❧② ❢♦r t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r✐♦r ♣♦✐♥ts✳

❚❤❡ ✜rst ❛✐♠ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❣♦ ❢✉rt❤❡r ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❛♠❡ q✉❡st✐♦♥ ❛t ♣♦✐♥ts
♦❢ ♣♦s✐t✐✈❡ ❜✉t s♠❛❧❧ ♣❡r♠✐tt✐✈✐t②✳ ❲❡ s❤♦✇ t❤❛t✱ ✐♥ ❛♥② ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ t♦✉❝❤❞♦✇♥
❝❛♥♥♦t ♦❝❝✉r ❛t ❛♥ ✐♥t❡r✐♦r ♣♦✐♥t ✇❤❡r❡ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ ✐s s✉✐t❛❜❧② s♠❛❧❧✳ ❲❡
❛❧s♦ ♦❜t❛✐♥ ❛ s✐♠✐❧❛r r❡s✉❧t ✐♥ t❤❡ ❜♦✉♥❞❛r② ❝❛s❡✱ ✉♥❞❡r ❛ s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ f

✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s ❛❧❧♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t♦ ❝♦♥str✉❝t f ♣r♦❞✉❝✐♥❣
t♦✉❝❤❞♦✇♥ s❡ts ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r ❛♥② ❣✐✈❡♥ s♣❤❡r❡✳

❖✉r ♥❡①t ❛✐♠ ✐s t♦ ♦❜t❛✐♥ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t♦✉❝❤✲
❞♦✇♥ s❡t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ t♦✉❝❤❞♦✇♥ s❡t ♥❡❡❞ ♥♦t ✐♥ ❣❡♥❡r❛❧ ❜❡ ❧♦❝❛❧✐③❡❞
♥❡❛r t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ f ✳ ■♥ t❤❡ r❛❞✐❛❧ ❝❛s❡ ✐♥ ❛ ❜❛❧❧✱
✇❡ ❛❝t✉❛❧❧② s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s f ❢♦r ✇❤✐❝❤ t❤❡ t♦✉❝❤❞♦✇♥ s❡t
✐s ❧♦❝❛t❡❞ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❢ f ❛♥❞ ✇❡ ❡✈❡♥ ♦❜t❛✐♥ str✐❝t❧② ❝♦♥✈❡①
f ❢♦r ✇❤✐❝❤ t♦✉❝❤❞♦✇♥ ♦❝❝✉rs ♦♥❧② ❛t t❤❡ ✉♥✐q✉❡ ♠✐♥✐♠✉♠ ♣♦✐♥t ♦❢ f ✳ ❚❤❡s❡ r❡s✉❧ts
❣✐✈❡ ❛♥❛❧②t✐❝❛❧ ❝♦♥✜r♠❛t✐♦♥ ♦❢ s♦♠❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❢r♦♠ t❤❡ ❜♦♦❦ ❬P✳ ❊s♣♦s✐t♦✱
◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦✱ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣
❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙✱ ❈♦✉r❛♥t ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✶✵❪ ❛♥❞ s♦❧✈❡ s♦♠❡ ♦❢ t❤❡
♦♣❡♥ q✉❡st✐♦♥s t❤❡r❡✐♥✳ ❚❤❡② ❛❧s♦ s❤♦✇ t❤❛t s♦♠❡ ❦✐♥❞ ♦❢ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ❛s ❛❜♦✈❡
❝❛♥♥♦t ❜❡ ❛✈♦✐❞❡❞ ✐♥ ♦r❞❡r t♦ r✉❧❡ ♦✉t t♦✉❝❤❞♦✇♥ ❛t ❛ ♣♦✐♥t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝♦♥str✉❝t ♣r♦✜❧❡s f ♣r♦❞✉❝✐♥❣ ♠♦r❡ ❝♦♠♣❧❡① ❜❡❤❛✈✐♦rs✿ ✐♥ ❛♥②
❜♦✉♥❞❡❞ ❞♦♠❛✐♥ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ♠❛② ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t✇♦ ❛r❜✐tr❛r✐❧② ❣✐✈❡♥ ♣♦✐♥ts✱

✸✾
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♦r t✇♦ ❛r❜✐tr❛r✐❧② ❣✐✈❡♥ (n−1)✲❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r❡s ✐♥ ❛ ❜❛❧❧✳ ❚❤❡s❡ ❡①❛♠♣❧❡s ❛r❡ ♦❜t❛✐♥❡❞
❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ st❛❜✐❧✐t② r❡s✉❧ts ❢♦r t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ t♦✉❝❤❞♦✇♥ s❡t ✉♥❞❡r s♠❛❧❧
♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡✳

✶ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ ▼❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠ ❛♥❞ ♣❤②s✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠




ut −∆u = f(x)(1− u)−p, t > 0, x ∈ Ω,
u = 0, t > 0, x ∈ ∂Ω,

u(0, x) = 0, x ∈ Ω,
✭✶✳✶✳✶✮

✇❤❡r❡ Ω ✐s ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
n✱ n ≥ 1✱ p > 0 ❛♥❞ f ∈ E✱ ✇❤❡r❡

E =
{
f : Ω → [0,∞); f ✐s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s

}
. ✭✶✳✶✳✷✮

Pr♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p = 2 ✐s ❛ ❦♥♦✇♥ ♠♦❞❡❧ ❢♦r ♠✐❝r♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ❞❡✈✐❝❡s
✭▼❊▼❙✮ ❛♥❞ ❤❛s r❡❝❡✐✈❡❞ ❛ ❧♦t ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ♣❛st ✶✺ ②❡❛rs✳ ❆♥ ✐❞❡❛❧✐③❡❞ ✈❡rs✐♦♥
♦❢ s✉❝❤ ❞❡✈✐❝❡ ❝♦♥s✐sts ♦❢ t✇♦ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡s✱ ❝♦♥♥❡❝t❡❞ t♦ ❛♥ ❡❧❡❝tr✐❝ ❝✐r❝✉✐t✳ ❚❤❡
❧♦✇❡r ♣❧❛t❡ ✐s r✐❣✐❞ ❛♥❞ ✜①❡❞ ✇❤✐❧❡ t❤❡ ✉♣♣❡r ♦♥❡ ✐s ❡❧❛st✐❝ ❛♥❞ ✜①❡❞ ♦♥❧② ❛t t❤❡ ❜♦✉♥❞✲
❛r②✳ ■♥✐t✐❛❧❧② t❤❡ ♣❧❛t❡s ❛r❡ ♣❛r❛❧❧❡❧ ❛♥❞ ❛t ✉♥✐t ❞✐st❛♥❝❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❲❤❡♥ ❛
✈♦❧t❛❣❡ ✭❞✐✛❡r❡♥❝❡ ♦❢ ♣♦t❡♥t✐❛❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❧❛t❡s✮ ✐s ❛♣♣❧✐❡❞✱ t❤❡ ✉♣♣❡r ♣❧❛t❡ st❛rts
t♦ ❜❡♥❞ ❞♦✇♥ ❛♥❞✱ ✐❢ t❤❡ ✈♦❧t❛❣❡ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ✉♣♣❡r ♣❧❛t❡ ❡✈❡♥t✉❛❧❧② t♦✉❝❤❡s t❤❡
❧♦✇❡r ♦♥❡✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t♦✉❝❤❞♦✇♥ ♣❤❡♥♦♠❡♥♦♥✳ ❙✉❝❤ ❞❡✈✐❝❡ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ✐♥st❛♥❝❡
❛s ❛♥ ❛❝t✉❛t♦r✱ ❛ ♠✐❝r♦✈❛❧✈❡ ✭t❤❡ t♦✉❝❤✐♥❣✲❞♦✇♥ ♣❛rt ❝❧♦s❡s t❤❡ ✈❛❧✈❡✮✱ ♦r ❛ ❢✉s❡✳

■♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✱ u = u(t, x) ♠❡❛s✉r❡s t❤❡ ✈❡rt✐❝❛❧ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r
♣❧❛t❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ f(x) r❡♣r❡s❡♥ts t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✇❤✐❝❤✱
❛s ❛ ❦❡② ❢❡❛t✉r❡✱ ♠❛② ❜❡ ♣♦ss✐❜❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ✭❆❝t✉❛❧❧② f ✐s ❛❧s♦ ♣r♦♣♦rt✐♦♥❛❧ t♦
t❤❡ ✕ ❝♦♥st❛♥t ✕ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ u✳
❲❡ ❞❡♥♦t❡ ✐ts ♠❛①✐♠❛❧ ❡①✐st❡♥❝❡ t✐♠❡ ❜② T = Tf ∈ (0,∞]✳ ▼♦r❡♦✈❡r✱ ✉♥❞❡r s♦♠❡
❧❛r❣❡♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ f ✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ u r❡❛❝❤❡s t❤❡ ✈❛❧✉❡ 1
❛t ❛ ✜♥✐t❡ t✐♠❡✱ s♦ t❤❛t u ❝❡❛s❡s t♦ ❡①✐st ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✱ ✐✳❡✳ T < ∞ ✭s❡❡✱ ❡✳❣✳✱
▲❡♠♠❛ ✷✳✷ ❜❡❧♦✇✮✳ ❚❤✐s ♣r♦♣❡rt②✱ ❦♥♦✇♥ ❛s q✉❡♥❝❤✐♥❣✱ ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦✉♥t❡r♣❛rt
♦❢ t❤❡ t♦✉❝❤❞♦✇♥ ♣❤❡♥♦♠❡♥♦♥✳

❆ ♣♦✐♥t x = x0 ∈ Ω ✐s ❝❛❧❧❡❞ ❛ t♦✉❝❤❞♦✇♥ ♦r q✉❡♥❝❤✐♥❣ ♣♦✐♥t ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡
{(tn, xn)} ∈ (0, T )× Ω s✉❝❤ t❤❛t

xn → x0, tn ↑ T ❛♥❞ u(xn, tn) → 1 ❛s n→ ∞.

❚❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ♣♦✐♥ts ✐s ❝❧♦s❡❞✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ t♦✉❝❤❞♦✇♥ ♦r q✉❡♥❝❤✐♥❣ s❡t✱ ❞❡♥♦t❡❞
❜② T = Tf ⊂ Ω✳

▼❊▼❙ ♣r♦❜❧❡♠s✱ ✐♥❝❧✉❞✐♥❣ s②st❡♠ ✭✶✳✶✳✶✮ ❛♥❞ t❤❡ r❡❧❛t❡❞ t♦✉❝❤❞♦✇♥ ✐ss✉❡s✱ ❤❛✈❡
r❡❝❡✐✈❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ♠❛t❤❡✲
♠❛t✐❝❛❧ ❝♦♠♠✉♥✐t✐❡s✳ ❲❡ r❡❢❡r t♦ ❬✻❪✱ ❬✷✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♣❤②s✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✱
❛♥❞ t♦✱ ❡✳❣✳✱ ❬✶✻❪✱ ❬✾❪ ❬✷✽❪✱ ❬✷✹❪✱ ❬✶✵❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✽❪✱ ❬✷✷❪✱ ❬✷✸❪✱ ❬✷✺❪✱ ❬✶✾❪✱ ❬✸✺❪✱ ❬✶✼❪✱ ❬✷✶❪ ❢♦r
♠❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s✳ ❙❡❡ ❛❧s♦ ❬✸✵❪✱ ❬✷✻❪✱ ❬✹❪✱ ❬✶✺❪✱ ❬✼❪✱ ❬✽❪ ❢♦r ❡❛r❧✐❡r ♠❛t❤❡♠❛t✐❝❛❧ ✇♦r❦
♦♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t f ✳
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❆s ❛ q✉❡st✐♦♥ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✱ ✐t ❤❛s ❧♦♥❣ r❡♠❛✐♥❡❞ ♦♣❡♥ ✇❤❡t❤❡r t♦✉❝❤❞♦✇♥
❝♦✉❧❞ ♦❝❝✉r ❛t ③❡r♦ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡✳ ❚❤✐s ❤❛s ❜❡❡♥ ❛♥s✇❡r❡❞ ♥❡❣❛t✐✈❡❧②
✐♥ ❬✷✶❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r✐♦r ♣♦✐♥ts✳ ❚❤✐s ✐s ❜② ♥♦ ♠❡❛♥s ♦❜✈✐♦✉s s✐♥❝❡✱ ❢♦r t❤❡ ❛♥❛❧♦❣♦✉s
❜❧♦✇✉♣ ♣r♦❜❧❡♠ ut −∆u = f(x)up ✇✐t❤ f(x) = |x|σ✱ ❡①❛♠♣❧❡s ♦❢ s♦❧✉t✐♦♥s ❜❧♦✇✐♥❣ ✉♣
❛t t❤❡ ♦r✐❣✐♥ ❤❛✈❡ ❜❡❡♥ ❝♦♥str✉❝t❡❞ ✐♥ ❬✾❪✱ ❬✷✵❪ ❢♦r s✉✐t❛❜❧❡ σ > 0✱ p > 1 ❛♥❞ s✉✐t❛❜❧❡
✐♥✐t✐❛❧ ❞❛t❛ u0 ≥ 0✳

❚♦ ❣♦ ❢✉rt❤❡r✱ ♥❛t✉r❛❧ q✉❡st✐♦♥s ❛r❡ t❤❡♥✿

• ❝❛♥ ♦♥❡ r✉❧❡ ♦✉t t♦✉❝❤❞♦✇♥ ❛t ♣♦✐♥ts ♦❢ ♣♦s✐t✐✈❡ ❜✉t s♠❛❧❧ ♣❡r♠✐tt✐✈✐t②❄

• ❝❛♥ ♦♥❡ ♦❜t❛✐♥ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t♦✉❝❤❞♦✇♥
s❡t❄

❚❤❡s❡ ❛r❡ t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥s ♦❢ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡✳

✶✳✷ ❘❡s✉❧ts ✭■✮✿ ♥♦ t♦✉❝❤❞♦✇♥ ❛t ♣♦✐♥ts ♦❢ s♠❛❧❧ ♣❡r♠✐tt✐✈✐t②

❖✉r ✜rst ♠❛✐♥ r❡s✉❧t s❤♦✇s t❤❛t t♦✉❝❤❞♦✇♥ ❝❛♥♥♦t ♦❝❝✉r ❛t ❛♥ ✐♥t❡r✐♦r ♣♦✐♥t ♦❢ s♠❛❧❧
♣❡r♠✐tt✐✈✐t② f(x0)✱ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❛ s✉✐t❛❜❧❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ✐♥ t❡r♠s ♦❢ f ❛♥❞ x0✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ ❜②

δ(x) := ❞✐st(x, ∂Ω), x ∈ Ω,

t❤❡ ❢✉♥❝t✐♦♥ ❞✐st❛♥❝❡ t♦ t❤❡ ❜♦✉♥❞❛r②✳

❚❤❡♦r❡♠ ✶✳✶ ✭◆♦ t♦✉❝❤❞♦✇♥ ❛t ✐♥t❡r✐♦r ♣♦✐♥ts ♦❢ s♠❛❧❧ ♣❡r♠✐tt✐✈✐t②✮✳ ▲❡t p > 0✱
Ω ⊂ R

n ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ f ∈ E✳ ❆ss✉♠❡
{

Tf ≤M, ‖f‖∞ ≤M, f ≥ rχB ,

✇❤❡r❡ M, r > 0 ❛♥❞ B ⊂ Ω ✐s ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s r✳
✭✶✳✷✳✶✮

❚❤❡r❡ ❡①✐sts γ0 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p,Ω,M, r s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x0 ∈ Ω✱ ✐❢

f(x0) < γ0 δ
p+1(x0), ✭✶✳✷✳✷✮

t❤❡♥ x0 6∈ Tf ✳

❆s ❛ ❞r❛✇❜❛❝❦ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✱ ❜♦✉♥❞❛r② ♣♦✐♥ts ❛r❡ ♥♦t ❝♦✈❡r❡❞✱ ❛♥❞ t❤❡ t❤r❡s❤♦❧❞
✈❛❧✉❡ ✈❛♥✐s❤❡s ✇❤❡♥ x0 ❛♣♣r♦❛❝❤❡s t❤❡ ❜♦✉♥❞❛r②✳ ❆❝t✉❛❧❧②✱ ✐t r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠
✇❤❡t❤❡r t♦✉❝❤❞♦✇♥ ❝❛♥ ♦❝❝✉r ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ✐♥❝❧✉❞✐♥❣ ❛t ❜♦✉♥❞❛r② ♣♦✐♥ts ♦❢ ③❡r♦
♣❡r♠✐tt✐✈✐t②✳ ❙♦♠❡ ♣❛rt✐❛❧ r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✷❪✱ ❬✷✶❪✱ ✇❤❡r❡ f(x) ✐s ❛ss✉♠❡❞
t♦ ❡✐t❤❡r ❜❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ♦r t♦ ✈❛♥✐s❤ s✉✣❝✐❡♥t❧② ❢❛st✱ ❛s x ❛♣♣r♦❛❝❤❡s
t❤❡ ❜♦✉♥❞❛r②✳ ❖✉r s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ❣✐✈❡s ❛♥♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❛t q✉❡st✐♦♥✳
■t s❤♦✇s t❤❛t t♦✉❝❤❞♦✇♥ ❝❛♥ ❜❡ ❧♦❝❛❧✐③❡❞ ✐♥ ❛♥② ❝♦♠♣❛❝t s✉❜❞♦♠❛✐♥ ♦❢ Ω ✉♥❞❡r t❤❡
❛ss✉♠♣t✐♦♥ t❤❛t f ✐s s♠❛❧❧ ❡♥♦✉❣❤ ♦✉ts✐❞❡ t❤✐s s✉❜❞♦♠❛✐♥✳ ■t ✐s t❤✉s ♦❢ ❛ ♠♦r❡ ❣❧♦❜❛❧
♥❛t✉r❡ t❤❛♥ t❤❡ ❧♦❝❛❧ ❝r✐t❡r✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✶ ❢♦r ✐♥t❡r✐♦r ♣♦✐♥ts✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
✐t r✉❧❡s ♦✉t t♦✉❝❤❞♦✇♥ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✇❤❡♥ f ✐s s♠❛❧❧ ❡♥♦✉❣❤ ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢
t❤❡ ❜♦✉♥❞❛r②✳ ❲❡ str❡ss t❤❛t ❢♦r t❤✐s r❡s✉❧t✱ ✉♥❧✐❦❡ ✐♥ ❬✷✷❪✱ ❬✷✶❪✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ ❛♥②
♠♦♥♦t♦♥✐❝✐t② ♦r ❞❡❝❛② ♦❢ f ♥❡❛r ∂Ω✳

❚❤❡♦r❡♠ ✶✳✷ ✭◆♦ t♦✉❝❤❞♦✇♥ ❢♦r s♠❛❧❧ ♣❡r♠✐tt✐✈✐t② ♥❡❛r t❤❡ ❜♦✉♥❞❛r②✮✳ ▲❡t p > 0✱
Ω ⊂ R

n ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ f ∈ E✳ ❆ss✉♠❡ ✭✶✳✷✳✶✮✳ ❚❤❡r❡ ❡①✐sts γ0 > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p,Ω,M, r s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s♠♦♦t❤ ♦♣❡♥ s✉❜s❡t ω ⊂⊂ Ω✱ ✐❢

sup
x∈Ω\ω

f(x) < γ0dist
p+1(ω, ∂Ω), ✭✶✳✷✳✸✮

t❤❡♥ Tf ⊂ ω✳
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■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✱ ✐t ✐s ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✇❤❡t❤❡r s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥s✱
s✉❝❤ ❛s ✭✶✳✷✳✷✮ ❛♥❞ ✭✶✳✷✳✸✮✱ ❛r❡ ❛❝t✉❛❧❧② ♥❡❝❡ss❛r②✱ ♦r ✇❤❡t❤❡r t♦✉❝❤❞♦✇♥ ❝♦✉❧❞ ❜❡ s❤♦✇♥
t♦ ♦❝❝✉r ♦♥❧② ❛t ♦r ♥❡❛r t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ f ✳ ❚❤✐s✱ ❛♠♦♥❣
♦t❤❡r r❡❧❛t❡❞ ✐ss✉❡s✱ ✐s t❤❡ s✉❜❥❡❝t ♦❢ ♦✉r ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❤❡r❡ ❛ ♥✉♠❜❡r ♦❢ r❡s✉❧ts ♦♥
t❤❡ str✉❝t✉r❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ❛r❡ ♦❜t❛✐♥❡❞✳

✶✳✸ ❘❡s✉❧ts ✭■■✮✿ ◆♦♥tr✐✈✐❛❧ t♦✉❝❤❞♦✇♥ s❡ts ❛♥❞ ✏▼✑✲s❤❛♣❡❞ ♣r♦✲
✜❧❡s✳

❲❡ ✇✐❧❧ ♣❛② s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡s✳ ❋♦r Ω =
BR ⊂ R

n ✭n ≥ 1✮✱ ✇❡ ❝❛❧❧ ✏▼✑✲s❤❛♣❡❞ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ ❛ ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t

f ✐s r❛❞✐❛❧❧② s②♠♠❡tr✐❝✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ |x| ♦♥ [0, L]

❛♥❞ ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥ |x| ♦♥ [L,R]✱ ❢♦r s♦♠❡ L ∈ (0, R)✳
✭✶✳✸✳✶✮

■♥ t❤❡ ❜♦♦❦ ❬✻✱ ❙❡❝t✐♦♥ ✼✳✹❪✱ ❢♦r ♣❛rt✐❝✉❧❛r ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s✱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
✇❡r❡ ❝❛rr✐❡❞ ♦✉t✱ ✇❤✐❝❤ s✉❣❣❡st s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣❤❡♥♦♠❡♥❛ r❡❣❛r❞✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ ♦❢
t♦✉❝❤❞♦✇♥ ♣♦✐♥ts✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♥✜r♠ s♦♠❡ ♦❢ t❤❡♠ ❜② r✐❣♦r♦✉s
❛♥❛❧②t✐❝❛❧ ❛r❣✉♠❡♥ts✳ ■♥ t❤✐s ❝♦♥♥❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ❝♦♥str✉❝t ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s✱ ❛♥❞
✈❛r✐❛♥ts t❤❡r❡♦❢✱ ❣✐✈✐♥❣ r✐s❡ t♦ ✈❛r✐♦✉s t②♣❡s ♦❢ t♦✉❝❤❞♦✇♥ s❡ts✿ s✐♥❣❧❡✲♣♦✐♥t✱ t♦✉❝❤❞♦✇♥
s❡t ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r ❛ s♣❤❡r❡✱ ♥❡❛r t✇♦ ♣♦✐♥ts✱ ♥❡❛r t✇♦ s♣❤❡r❡s✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t
s✉❝❤ ♣r♦♣❡rt✐❡s ♠❛② ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♣r❛❝t✐❝❛❧ ❞❡s✐❣♥ ♦❢ ▼❊▼❙ ❞❡✈✐❝❡s✱ ❛t ❧❡❛st ♦♥ ❛
q✉❛❧✐t❛t✐✈❡ ❧❡✈❡❧✳

❚♦ ❜❡❣✐♥ ✇✐t❤✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✶✳✸✳ ▲❡t p > 0✱ Ω = BR ⊂ R
n✳

✭✐✮ ✭❚♦✉❝❤❞♦✇♥ ❝♦♥t❛✐♥✐♥❣ ❛ s♣❤❡r❡✳✮ ▲❡t f ∈ E ❜❡ ❛♥ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡✱ ✐✳❡✳ ✭✶✳✸✳✶✮
❤♦❧❞s✱ ❛♥❞ ❛ss✉♠❡ ✭✶✳✷✳✶✮✳ ■❢ f(0) ✐s s♠❛❧❧ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p, n,R,M, r✮✱ t❤❡♥
0 ✐s ♥♦t ❛ t♦✉❝❤❞♦✇♥ ♣♦✐♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Tf ❝♦♥t❛✐♥s ❛♥ (n− 1)✲❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r❡✳

✭✐✐✮ ✭❚♦✉❝❤❞♦✇♥ ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r ❛ ❣✐✈❡♥ s♣❤❡r❡✳✮ ▲❡t r > 0 ❛♥❞ 0 < ε < min(r,R−
r)✳ ❚❤❡r❡ ❡①✐st t✇♦✲❜✉♠♣✱ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s f s✉❝❤ t❤❛t Tf <∞ ❛♥❞

Tf ⊂ {r − ε < |x| < r + ε}.
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐st η,A > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p,R, r, ε✱ s✉❝❤ t❤❛t t❤✐s ✐s tr✉❡
❢♦r ❛♥② r❛❞✐❛❧❧② s②♠♠❡tr✐❝ f ∈ E s❛t✐s❢②✐♥❣

{
f(x) ≥ A, ❢♦r |x| ∈ [r − ε/2, r + ε/2],

f(x) ≤ η, ❢♦r |x| ∈ [0, r − ε] ∪ [r + ε,R].

❲❤❡♥ Ω ✐s ❛ ❜❛❧❧ ❛♥❞ f ✐s ❝♦♥st❛♥t ♦r r❛❞✐❛❧ ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t
t♦✉❝❤❞♦✇♥ ❝❛♥ ♦❝❝✉r ♦♥❧② ❛t t❤❡ ♦r✐❣✐♥ ✭s❡❡ ❬✹❪✱ ❬✶✺❪✱ ❬✷✷❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s t❤❡ ❝❛s❡
✐❢ ✇❡ t❛❦❡ f(0) = f(L) ✐♥st❡❛❞ ♦❢ f(0) s♠❛❧❧ ✐♥ ❈♦r♦❧❧❛r② ✶✳✸✭✐✮✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s
t❤❡♥✱ ✇❤❡t❤❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✏f(0) s♠❛❧❧ ❡♥♦✉❣❤✑ ✐♥ ❈♦r♦❧❧❛r② ✶✳✸✭✐✮ ❝♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞
❜② f(0) < f(L)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ s❤♦✇s t❤❡ st❛❜✐❧✐t② ♦❢ s✐♥❣❧❡ ♣♦✐♥t
t♦✉❝❤❞♦✇♥ ✉♥❞❡r s✉✐t❛❜❧❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ f ✱ ❛♥s✇❡rs t❤✐s q✉❡st✐♦♥ ♥❡❣❛t✐✈❡❧②✳ ■♥ t❤❡
s❡q✉❡❧ ✇❡ ❞❡♥♦t❡ ‖ · ‖q = ‖ · ‖Lq(Ω) ❛♥❞

µ0(p, n) :=
pp

(p+ 1)p+1
λ1, ✭✶✳✸✳✷✮

✇❤❡r❡ λ1 ✐s t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ♦❢ −∆ ✐♥ H1
0 (B1) ❛♥❞ B1 ✐s t❤❡ ✉♥✐t ❜❛❧❧ ✐♥ R

n✳
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xRL0−L−R

f(x)

❋✐❣✉r❡ ✷✳✶ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✶✳✸✭✐✮ ✕ ✐♥ t❤✐s ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ✜❣✉r❡s✱ t❤❡
t♦✉❝❤❞♦✇♥ s❡t ♠✉st ❜❡ ❛ s✉❜s❡t ♦❢ t❤❡ ❢❛t ❧✐♥❡s

❚❤❡♦r❡♠ ✶✳✹ ✭❙t❛❜✐❧✐t② ♦❢ s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥✮✳ ▲❡t p > 0✱
Ω = BR ⊂ R

n✱ 1 ≤ q ≤ ∞ ✇✐t❤ q > n
2 ✱ M > 0✱ ρ ∈ (0, R)✳ ▲❡t f ∈ E ∩ C1(Bρ) ❜❡

r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇✐t❤ f(r) > µ0(p, n)ρ
−2 ♦♥ Bρ✳ ❚❤❡r❡ ❡①✐sts ε > 0

s✉❝❤ t❤❛t✱ ✐❢ g ∈ E ∩ C1(Bρ) ✐s r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ❛♥❞ s❛t✐s✜❡s

‖g‖∞ ≤M, ✭✶✳✸✳✸✮

−M ≤ g′(r) ≤ εr, ❢♦r ❛❧❧ r ∈ [0, ρ], ✭✶✳✸✳✹✮

‖g − f‖q ≤ ε, ✭✶✳✸✳✺✮

t❤❡♥ Tg <∞ ❛♥❞ Tg = {0}✳

❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✱ t❤❡r❡ ❡①✐st ❣❡♥✉✐♥❡ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s g
✭✐✳❡✳✱ s✉❝❤ t❤❛t g(0) < g(L)✱ ✇✐t❤ g(0) ❝❧♦s❡ t♦ g(L)✮✱ ❢♦r ✇❤✐❝❤ t♦✉❝❤❞♦✇♥ ♦❝❝✉rs ❛t t❤❡
s✐♥❣❧❡ ♣♦✐♥t x = 0 ✭s❡❡ ✜❣✉r❡ ✷✳✸✮✳ ❚❤✐s s❤♦✇s t❤❛t s♦♠❡ ❦✐♥❞ ♦❢ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✱
s✉❝❤ ❛s ✭✶✳✷✳✷✮ ♦r ✭✶✳✷✳✸✮✱ ✐s r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ r✉❧❡ ♦✉t t♦✉❝❤❞♦✇♥ ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥ ♦❢
t❤❡ ❞♦♠❛✐♥✳

■♥ t✉r♥✱ t❤✐s ♣r♦✈✐❞❡s ❡①❛♠♣❧❡s ♦❢ ♣r♦✜❧❡s f ❢♦r ✇❤✐❝❤ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐s ❧♦❝❛t❡❞
❢❛r ❛✇❛② ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❢ f ✳ ■t ❛❧s♦ s❤♦✇s t❤❛t t❤❡ r❛❞✐❛❧ ♥♦♥✐♥❝r❡❛s✐♥❣
♠♦♥♦t♦♥✐❝✐t② ♦❢ f ✐s s✉✣❝✐❡♥t ❜✉t ♥♦t ♥❡❝❡ss❛r② ❢♦r s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ ❛t t❤❡
♦r✐❣✐♥✳ ❚❤✐s ❝♦♥✜r♠s s♦♠❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❢r♦♠ ❬✻❪ ✭s❡❡ ❬✻✱ ❘❡♠❛r❦ ✼✳✹✳✷❪✮✳
❙✉❝❤ ❛ ❜❡❤❛✈✐♦r ♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❡✛❡❝t ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ✭❛♥❞ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✮✱ s✐♥❝❡ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞✐✛✉s✐♦♥ t❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ ✐♠♠❡❞✐❛t❡❧② s❤♦✇s
t❤❛t t♦✉❝❤❞♦✇♥ ♦❝❝✉rs ♦♥❧② ❛t t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❢ f ✳

❆♥♦t❤❡r✱ r❛t❤❡r s✉r♣r✐s✐♥❣✱ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✱ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥✲
str✉❝t✐♥❣ str✐❝t❧② ❝♦♥✈❡① ♣r♦✜❧❡s ♣r♦❞✉❝✐♥❣ s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ ❛t t❤❡ ✉♥✐q✉❡ ♠✐♥✐✲
♠✉♠ ♣♦✐♥t ♦❢ f ✳ ■♥❞❡❡❞✱ ❧❡t fλ(x) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ Ω = B(0, R) ❜②

fλ(x) := µ+ λ
|x|2
R2

, ✇✐t❤ µ > µ0(p, n)ρ
−2 ❛♥❞ λ ≥ 0.

❲❡ s❡❡ t❤❛t f0 ✐s r❛❞✐❛❧❧② ♥♦♥✐♥❝r❡❛s✐♥❣ ❛♥❞✱ ❢♦r λ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ fλ s❛t✐s✜❡s t❤❡
❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❚❤❡♦r❡♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦♥❧② t♦✉❝❤❞♦✇♥ ♣♦✐♥t ✐s t❤❡ ♦r✐❣✐♥✱ ✐✳❡✳ t❤❡
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xR0−r r r + ε−R

f(x)

η

A

❋✐❣✉r❡ ✷✳✷ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✶✳✸✭✐✐✮

✉♥✐q✉❡ ♠✐♥✐♠✉♠ ♣♦✐♥t ♦❢ fλ ✭s❡❡ ✜❣✉r❡ ✷✳✹✮✳ ❚❤✐s s♦❧✈❡s ♥❡❣❛t✐✈❡❧② t❤❡ ♦♣❡♥ q✉❡st✐♦♥
✐♥ ❬✻✱ ❙❡❝t✐♦♥ ✼✳✺❪✱ ♦♥ ✇❤❡t❤❡r t❤❡ t♦✉❝❤❞♦✇♥ s❡t ♠✉st ❝♦♥s✐st ♦❢ ❛♥ (n− 1) ❞✐♠❡♥s✐♦♥❛❧
s♣❤❡r❡ ✇❤❡♥ f(x) = f(|x|) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ |x|✳ ❚❤✐s ❡①❛♠♣❧❡ ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ♠♦♥♦✲
t♦♥✐❝✐t② ♦r ❞❡❝❛② ❤②♣♦t❤❡s❡s ♦♥ f ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ❛r❡ ♥♦t ♥❡❝❡ss❛r② ✐♥ ❣❡♥❡r❛❧ ❢♦r
t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Tf ✳

■♥ ❈♦r♦❧❧❛r② ✶✳✸✭✐✐✮ ✇❡ s❛✇ t❤❛t t❤❡ t♦✉❝❤❞♦✇♥ s❡t ❝❛♥ ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r ❛♥②
(n − 1)✲❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r❡✱ ✇❤❡r❡ f ❛❝❤✐❡✈❡s ✐ts ♠❛①✐♠❛✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ s❤♦✇s t❤❡ st❛❜✐❧✐t② ♦❢ ✉♥❢♦❝✉s❡❞ t♦✉❝❤❞♦✇♥ ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r
t❤❡ ♦r✐❣✐♥✱ ✇❡ ♦❜t❛✐♥ ♣r♦✜❧❡s g ✇❤♦s❡ t♦✉❝❤❞♦✇♥ s❡t ❝♦♥t❛✐♥s ❛♥ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧
s♣❤❡r❡ ❛♥❞ ✐s ❛r❜✐tr❛r✐❧② ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡ ♦r✐❣✐♥✱ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ♠❛①✐♠❛ ♦❢ g✳
❙✉❝❤ g ❝❛♥ t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ❛♥ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡ ✇✐t❤ ❛ ♥❛rr♦✇ ✏✇❡❧❧✑ ♥❡❛r t❤❡ ♦r✐❣✐♥
✭s❡❡ ✜❣✳ ✷✳✺✮✳

❚❤❡♦r❡♠ ✶✳✺ ✭❙t❛❜✐❧✐t② ♦❢ ✉♥❢♦❝✉s❡❞ t♦✉❝❤❞♦✇♥ ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡ ♦r✐❣✐♥✮✳ ▲❡t p >
0✱ Ω = BR ⊂ R

n✱ 1 ≤ q ≤ ∞ ✇✐t❤ q > n
2 ✱ 0 < η < R✳ ▲❡t M,ρ > 0✱ B := B(x0, ρ) ⊂ Ω

❛♥❞ µ > µ0(n, p)ρ
−2✳ ▲❡t f ∈ E ❜❡ r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ♥♦♥✐♥❝r❡❛s✐♥❣✳ ❚❤❡r❡ ❡①✐sts

ε > 0 s✉❝❤ t❤❛t✱ ✐❢ g ∈ E ✐s r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ❛♥❞ s❛t✐s✜❡s

µχB ≤ g ≤M,

g(0) < ε✱

‖g − f‖q ≤ ε,

t❤❡♥ Tg <∞ ❛♥❞ Tg ⊂ Bη\{0}✳ ■♥ ♣❛rt✐❝✉❧❛r Tg ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛♥ (n−1)✲❞✐♠❡♥s✐♦♥❛❧
s♣❤❡r❡✳

■♥ ❬✶✷❪✱ ❢♦r ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ s✐t✉❛t✐♦♥s s✐♠✐❧❛r t♦ ❈♦r♦❧❧❛r②
✶✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✹ ✭❝❢✳ ✜❣✉r❡s ✷✳✶✕✷✳✹✮ ✇❡r❡ ♦❜s❡r✈❡❞ ♥✉♠❡r✐❝❛❧❧②✱ ✇✐t❤ r❡s♣❡❝t✐✈❡❧②
t✇♦ ❛♥❞ ❛ s✐♥❣❧❡ t♦✉❝❤❞♦✇♥ ♣♦✐♥t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❈♦r♦❧❧❛r② ✶✳✸ ✇❡ ❤❡r❡ ❞♦ ♥♦t ❦♥♦✇
✇❤❡t❤❡r t❤❡r❡ ❛r❡ t✇♦ ♣♦✐♥ts ♦r ♠♦r❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r s♦♠❡ ♦t❤❡r ✏▼✑✲s❤❛♣❡❞
♣r♦✜❧❡s ✭r♦✉❣❤❧②✱ ✐♥t❡r♠❡❞✐❛t❡ ❜❡t✇❡❡♥ ✜❣✉r❡ ✷✳✶ ❛♥❞ ✷✳✸✮✱ t♦✉❝❤❞♦✇♥ ♦♥ ❛ ✇❤♦❧❡ ✐♥✲
t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣ 0 ✇❛s ♦❜s❡r✈❡❞ ♥✉♠❡r✐❝❛❧❧②✱ ✇❤✐❝❤ ✇❡ ❛r❡ ♣r❡s❡♥t❧② ✉♥❛❜❧❡ t♦ ❝♦♥✜r♠
❛♥❛❧②t✐❝❛❧❧②✳ ❚❤❡s❡ s❡❡♠ t♦ ❜❡ ❞✐✣❝✉❧t q✉❡st✐♦♥s✳ ■♥ t❤✐s ❝♦♥♥❡❝t✐♦♥✱ ✇❡ str❡ss t❤❛t
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xRρ L0−ρ−L−R

f(x)

•

❋✐❣✉r❡ ✷✳✸ ✕ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✹ ✐♥ ♦♥❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ ❢♦r ❛♥ ✏▼✑✲s❤❛♣❡❞
♣r♦✜❧❡

r❡s✉❧ts ❛ss❡rt✐♥❣ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ s✐♥❣✉❧❛r s❡t ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♦r r❛❞✐❛❧ ♣r♦❜❧❡♠s
✭s❡❡ ❬✸❪✮✱ ❜❛s❡❞ ♦♥ r❡✢❡❝t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❛r❡ ❡ss❡♥t✐❛❧❧② r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t
♦r ♠♦♥♦t♦♥❡ ❝♦❡✣❝✐❡♥ts✳ ❆❧s♦✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬✸✸❪ t❤❛t ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥
✐♥ R

n ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✱ t❤❡ ❜❧♦✇✉♣ s❡t ❤❛s ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st n− 1✱
❜✉t t❤❡ ♠❡t❤♦❞s ✐♥ ❬✸✸❪ ❞♦ ♥♦t s❡❡♠ t♦ ❛♣♣❧② t♦ t❤❡ ♣r❡s❡♥t s✐t✉❛t✐♦♥✳

❖✉r ❧❛st ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❜❡❤❛✈✐♦rs ❝❛♥ ♦❝❝✉r✳ ❚♦ ❜❡ s♣❡❝✐✜❝✱
t❤❡ t♦✉❝❤❞♦✇♥ s❡t ❝❛♥ ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t✇♦ ❛r❜✐tr❛r✐❧② ❣✐✈❡♥ ♣♦✐♥ts✳ ■♥ t❤❡ ❝❛s❡
✇❤❡♥ Ω ✐s ❛ ❜❛❧❧✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ♣r♦✜❧❡s ❢♦r ✇❤✐❝❤ t❤❡ t♦✉❝❤❞♦✇♥
s❡t ✐s ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t✇♦ ❛r❜✐tr❛r✐❧② ❣✐✈❡♥ (n− 1)✲❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r❡s✳

❚❤❡♦r❡♠ ✶✳✻✳ ▲❡t p > 0✳ ▲❡t Ω ⊂ R
n ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳

✭✐✮ ✭❚♦✉❝❤❞♦✇♥ s❡t ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t✇♦ ❛r❜✐tr❛r② ♣♦✐♥ts✳✮
❋♦r ❛♥② x1, x2 ∈ Ω ❛♥❞ ❛♥② ρ > 0✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ♣r♦✜❧❡s f ∈ E s✉❝❤ t❤❛t

Tf ⊂ B(x1, ρ) ∪B(x2, ρ), Tf ∩B(x1, ρ) 6= ∅, Tf ∩B(x2, ρ) 6= ∅.

✭✐✐✮ ✭❚♦✉❝❤❞♦✇♥ s❡t ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t✇♦ ❛r❜✐tr❛r② s♣❤❡r❡s✳✮
▲❡t Ω = BR ⊂ R

n✱ 0 < r1 < r2 < R✱ ρ > 0 ❛♥❞ s❡t

Ai = {x ∈ R
n; |x| ∈ (ri − ρ, ri + ρ)}.

❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡✱ r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ♣r♦✜❧❡s f ∈ E s✉❝❤ t❤❛t

Tf ⊂ A1 ∪A2, Tf ∩A1 6= ∅, Tf ∩A2 6= ∅.

❘❡♠❛r❦ ✶✳✼✳ ✭✐✮ ■♥ ❚❤❡♦r❡♠ ✶✳✻✱ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐♥ ♣❛rt✐❝✉❧❛r ❤❛s ❛t ❧❡❛st t✇♦
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐❢ ρ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭❛t ❧❡❛st ❢♦✉r ✐❢ n = 1✮✳ ❚❤❡ ♣r♦✜❧❡ ✐♥
❚❤❡♦r❡♠ ✶✳✻✭✐✮ ✐s ♦❜t❛✐♥❡❞✱ ❜② ❛ ❧✐♠✐t✐♥❣ ❛r❣✉♠❡♥t✱ ❜② ❝♦♥str✉❝t✐♥❣ ❛ t✇♦✲❜✉♠♣ ♣r♦✜❧❡✱
✇❤❡r❡ ❡❛❝❤ ❜✉♠♣ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ B(x1, ρ)✱ B(x2, ρ) r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ s♠♦♦t❤❧② ✈❛r②✐♥❣
t❤❡ ❤❡✐❣❤t ✐♥ ❡❛❝❤ ❜✉♠♣✳ ❋♦r ✭✐✐✮✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ✐❞❡❛ ❜✉t ❝♦♥s✐❞❡r✐♥❣ r❛❞✐❛❧❧②
s②♠♠❡tr✐❝ ♣r♦✜❧❡s ❛♥❞ r❡♣❧❛❝✐♥❣ ❜❛❧❧s ✇✐t❤ ❛♥♥✉❧✐✳
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xR0−R

f(x)

µ
µ+ λ

•

❋✐❣✉r❡ ✷✳✹ ✕ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✹ ❢♦r ❛ str✐❝t❧② ❝♦♥✈❡① ♣r♦✜❧❡

✭✐✐✮ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣✲
❝✐❡♥ts✱ ❢♦r ❛♥② ♣r❡s❝r✐❜❡❞ ✜♥✐t❡ s❡t✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬✷✼❪ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥✐t✐❛❧ ❞❛t❛
❢♦r ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ❜❧♦✇s ✉♣ ❡①❛❝t❧② ♦♥ t❤✐s s❡t✳ ❙✉❝❤ ❛ ❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t s❡❡♠
❡❛s② t♦ tr❛♥s♣♦s❡ t♦ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮✳

❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞ ♦♥✱ r❛t❤❡r ❞❡❧✐❝❛t❡✱
st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ❛♥❞ t✐♠❡ ✉♥❞❡r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡
♣♦t❡♥t✐❛❧✳ ❲❡ ❤❡r❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ♠❛② ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✳
❋✉rt❤❡r r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ❛♥❞ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳

❚❤❡♦r❡♠ ✶✳✽ ✭❈♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ ✉♣♣❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡
t♦✉❝❤❞♦✇♥ s❡t✮✳ ▲❡t p > 0 ❛♥❞ Ω ⊂ R

n ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ▲❡t 1 ≤ q ≤ ∞ ✇✐t❤
q > n

2 ✱ B ⊂ Ω ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s r > 0✱ M ≥ µ > µ0(p, n)r
−2 ❛♥❞ s❡t

Ẽ =
{
f ∈ E; M ≥ f ≥ µχB

}
. ✭✶✳✸✳✻✮

❋♦r ❛❧❧ f ∈ Ẽ ✇✐t❤ Tf ⊂⊂ Ω ❛♥❞ ❛❧❧ σ > 0✱ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t✱

✐❢ g ∈ Ẽ ❛♥❞ ‖g − f‖q ≤ ε✱ t❤❡♥ |Tg − Tf | ≤ σ ❛♥❞ Tg ⊂ Tf +B(0, σ)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✇✐t❤
r❡s♣❡❝t t♦ f ❢❛✐❧s ✐♥ ❣❡♥❡r❛❧ ✕ s❡❡ Pr♦♣♦s✐t✐♦♥ ✺✳✻✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻✳ ❆❝t✉❛❧❧②✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦✜❧❡ ❝♦♥str✉❝t❡❞ ✐♥ t❤❛t ♣r♦♦❢ ❛♥❞
❞❡♣✐❝t❡❞ ✐♥ ✜❣✳ ✷✳✻ ❢♦r n = 1✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ t♦✉❝❤❞♦✇♥ ♣♦✐♥ts ✐♥ t❤❡ ✐♥♥❡r ❜✉♠♣s
✐♠♠❡❞✐❛t❡❧② ❞✐s❛♣♣❡❛r ❛s s♦♦♥ ❛s t❤❡ ❤❡✐❣❤t ♦❢ t❤✐s ♣❧❛t❡❛✉ ✐s ❞❡❝r❡❛s❡❞✳

❘❡♠❛r❦ ✶✳✾✳ ❋♦r r❡s✉❧ts ♦♥ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡①✐st❡♥❝❡ t✐♠❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜❧♦✇✲✉♣
♣r♦❜❧❡♠s✱ s❡❡ ❬✷❪✱ ❬✶✹❪✱ ❬✸✶❪✱ ❬✸✷❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❋♦r r❡s✉❧ts ♦♥ t❤❡ s❡♠✐✲
❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❜❧♦✇✲✉♣ s❡t✱ s❡❡ ❬✷✼❪✱ ❬✶❪✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❧❛tt❡r ❛r❡ r❡str✐❝t❡❞ t♦
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❡st✐♠❛t❡s ♥❡❛r ❡✈❡r② ♣♦ss✐❜❧❡ ♣♦✐♥t ✐♥ t❤❡
❜❧♦✇✲✉♣ s❡t✳ ❲❡ ❛r❡ ❤❡r❡ ❛❜❧❡ t♦ ❛✈♦✐❞ s✉❝❤ r❡str✐❝t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ q✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠s✱
t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ t✐♠❡ ✐♥t❡❣r❛❜✐❧✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❘❍❙ ♦❢ t❤❡ P❉❊ ✐♥ ✭✶✳✶✳✶✮ ✉♣ t♦
t❤❡ q✉❡♥❝❤✐♥❣ t✐♠❡ ✭s❡❡ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✮✳ ❍♦✇❡✈❡r ✇❡ ❤❛✈❡ t♦
❢❛❝❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t✐❡s ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❛ t②♣❡ ■ ❡st✐♠❛t❡ ✉♣ t♦ t❤❡ ❜♦✉♥❞❛r②✳
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xRL0−L−R

f(x)

❋✐❣✉r❡ ✷✳✺ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✺ ✇✐t❤ t♦✉❝❤❞♦✇♥ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ♠❛①✐♠❛ ♦❢
f ✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❣✐✈❡ s♦♠❡ ❜❛s✐❝
❡st✐♠❛t❡s ❢♦r t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ T ✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ s❡q✉❡❧✳ ❙❡❝t✐♦♥s ✸ ❛♥❞ ✹
❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✱ ❜❛s❡❞ ♦♥ r❡✜♥❡♠❡♥ts ♦❢ t❤❡ ❛♣♣r♦❛❝❤
✐♥ ❬✷✶❪✳ ◆❛♠❡❧②✱ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❡st❛❜❧✐s❤ ❛ t②♣❡ ■ ❡st✐♠❛t❡ ❢♦r t❤❡ t♦✉❝❤❞♦✇♥ r❛t❡
❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ♥♦✲t♦✉❝❤❞♦✇♥ ❝r✐t❡r✐♦♥ ✉♥❞❡r ❛♥
✭♦♣t✐♠❛❧✮ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ♦♥ f ✱ ❛ss✉♠✐♥❣ ❛ ❧♦❝❛❧ t②♣❡ ■ ❡st✐♠❛t❡✳ ❲❡ t❤❡♥ ❝♦♠❜✐♥❡
✐t ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ♣r♦✈❡
r❡s✉❧ts ♦♥ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ t❤❡ s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥
s❡t ✉♥❞❡r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ f ✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ t❤❡♥ ❛♣♣❧②
t❤❡♠✱ ❛❧♦♥❣ ✇✐t❤ ❚❤❡♦r❡♠ ✶✳✶ ❛♥❞ ♦✉r t②♣❡ ■ ❡st✐♠❛t❡✱ t♦ ❡st❛❜❧✐s❤ ❚❤❡♦r❡♠s ✶✳✹✱ ✶✳✺
❛♥❞ ✶✳✻✳

✷ ❇❛s✐❝ ❡st✐♠❛t❡s ❢♦r t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡

❚❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❡st✐♠❛t❡s ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ s❡q✉❡❧✳

▲❡♠♠❛ ✷✳✶ ✭▲♦✇❡r ❡st✐♠❛t❡ ❢♦r T ✮✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✳✶✮✳ ❚❤❡♥✱ T ≥ T∗ :=
1

(p+ 1)‖f‖∞
❛♥❞✱ ❢♦r ❛♥② τ ∈ (0, 1) ✇❡ ❤❛✈❡ ‖u(t0)‖∞ ≤ 1 − τ ✱ ✇❤❡r❡ t0 = t0(τ) =

1− τp+1

(p+ 1)‖f‖∞
✳

Pr♦♦❢✳ ▲❡t y(t) ∈ C1(0, T∗) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠




y′ =
‖f‖∞

(1− y)p
, ❢♦r t > 0,

y(0) = 0.

❲❡ ❤❛✈❡ ∫ t

0

y′(1− y)pdt = ‖f‖∞t
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xR0−r1−r2 r1 r2−R

f(x)

❋✐❣✉r❡ ✷✳✻ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✻✭✐✐✮ ❢♦r n = 1✳

t❤❛t ✐s✱

1

p+ 1
− (1− y(t))p+1

p+ 1
= ‖f‖∞t, ❢♦r ❛❧❧ t ∈ [0, T∗).

❙✐♥❝❡✱ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ T ≥ T∗ ❛♥❞ u(t, x) ≤ y(t) ❢♦r ❛❧❧ (t, x) ∈ [0, T )× Ω✱
✐t ❢♦❧❧♦✇s t❤❛t ‖u(t0(τ))‖∞ ≤ y(t0(τ)) = 1− τ ✳

▲❡♠♠❛ ✷✳✷ ✭❯♣♣❡r ❡st✐♠❛t❡ ❢♦r T ✮✳ ❆ss✉♠❡ t❤❛t B(0, r) ⊂ Ω✱ f ≥ µχB(0,r)✱ ✇✐t❤
µ > µ0(p, n)r

−2✱ ✇❤❡r❡ µ0(p, n) ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✷✮✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠
✭✶✳✶✳✶✮✳ ❚❤❡♥ T <∞ ❛♥❞ T s❛t✐s✜❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞

T ≤ 1

(p+ 1)(µ− µ0(p, n)r−2)
.

Pr♦♦❢✳ ▲❡t ϕ̃ ❞❡♥♦t❡ t❤❡ ✜rst ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ −∆ ✐♥ H1
0 (B(0, r))✱ ✇✐t❤ ‖ϕ̃‖L1 = 1 ❛♥❞

❧❡t λr ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡✱ ✐✳❡ λr = λ1r
−2✳ ❙❡t y(t) =

∫
B(0,r)

u(t)ϕ̃ ❛♥❞ ♥♦t❡
t❤❛t y < 1 ♦♥ [0, T )✳ ▼✉❧t✐♣❧②✐♥❣ ✭✶✳✶✳✶✮ ❜② ϕ̃✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦✈❡r B(0, r) ❛♥❞
✉s✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ✭✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ (1− s)−p✮✱ ✇❡ ♦❜t❛✐♥

y′(t) ≥ µ(1− y(t))−p − λry(t), 0 < t < T.

❆♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t

max
0≤s<1

s(1− s)p = max
0≤X<1

Xp −Xp+1 =
pp

(p+ 1)p+1
.

■t ❢♦❧❧♦✇s t❤❛t

y′(t) ≥
(
µ− pp

(p+ 1)p+1
λr

)
(1− y(t))−p, 0 < t < T.

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❜② ✐♥t❡❣r❛t✐♦♥✳
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✸ ◗✉❛❧✐t❛t✐✈❡ ❚②♣❡ ■ ❡st✐♠❛t❡

❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✷✶❪✱ ❛ ❦❡② ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷
✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡ ■ ❡st✐♠❛t❡ ❢♦r u ❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✭t②♣❡ ■ ❡st✐♠❛t❡✮✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✳✷✳✶✮✱ t❤❡ s♦❧✉t✐♦♥ u ♦❢ ♣r♦❜❧❡♠
✭✶✳✶✳✶✮ s❛t✐s✜❡s

u(t, x) ≤ 1− γδ(x)(T − t)
1

p+1 , ❢♦r ❛❧❧ t ∈ [0, T ) ❛♥❞ x ∈ Ω, ✭✸✳✵✳✶✮

✇❤❡r❡ γ ❞❡♣❡♥❞s ♦♥❧② ♦♥ p,Ω,M, r✳

❆ s✐♠✐❧❛r ❡st✐♠❛t❡ ✐s ❣✐✈❡♥ ✐♥ ❬✷✶✱ ❚❤❡♦r❡♠ ✶✳✷❪✱ ❡①❝❡♣t t❤❛t t❤❡ ❝♦♥st❛♥t γ ❞❡♣❡♥❞s
♦♥ u ✐♥ ❛♥ ✉♥s♣❡❝✐✜❡❞ ✇❛②✳ ❲❡ str❡ss t❤❛t t❤❡ ♣r❡❝✐s❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ γ ✐s ❤❡r❡ ❛ ❦❡②
❢❡❛t✉r❡✱ ♥♦t ♦♥❧② ❢♦r t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✱ ❜✉t ❛❧s♦ ✐♥ ✈✐❡✇ ♦❢ t❤❡ st❛❜✐❧✲
✐t② r❡s✉❧ts ❢♦r t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ s❡t ✐♥ ❙❡❝t✐♦♥ ✺✱ ✇❤✐❝❤ r❡q✉✐r❡ ✉♥✐❢♦r♠ t②♣❡ ■
❡st✐♠❛t❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ f ✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❜②
♠❡❛♥s ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡❞ t♦ ❛♥ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

J(t, x) = ut − εa(x)h(u). ✭✸✳✵✳✷✮

❲❡ ❤❡r❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬✷✶❪✱ ✇❤✐❝❤ ✇❛s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❛ ♠❡t❤♦❞ ❢r♦♠
❋r✐❡❞♠❛♥✲▼❝▲❡♦❞ ✭❬✶✶❪❀ s❡❡ ❛❧s♦ ❬✶✺❪✮✳ ❚❤❡ ♠❛✐♥ ♥❡✇ ✐❞❡❛s ✐♥ ❬✷✶❪ ✇❡r❡ t♦ ❝♦♥str✉❝t
h ❛s ❛ s✉✐t❛❜❧❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ a(x) ❛s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥
✈❛♥✐s❤✐♥❣ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♣r❡❝✐s❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ γ✱ s♣❡❝✐❛❧ ❝❛r❡
✐s ❤❡r❡ ♥❡❝❡ss❛r② ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ a✳

✸✳✶ ❇❛s✐❝ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ J✳

❚❤❡ ❜❛s✐❝ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ J ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳ ❆❧t❤♦✉❣❤
✐t ✐s ❝❧♦s❡ t♦ ❬✷✶✱ ▲❡♠♠❛ ✷✳✶❪✱ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞ ❝♦♠♣❧❡t❡♥❡ss✳

▲❡♠♠❛ ✸✳✷✳ ▲❡t a ∈ C2(Ω) ❜❡ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✳✶✮ ❛♥❞
❧❡t J ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✵✳✷✮ ✐♥ (0, T )× Ω✱ ✇❤❡r❡

h(u) = (1− u)−p + 1, 0 ≤ u < 1. ✭✸✳✶✳✶✮

❚❤❡♥
Jt −∆J − pf(x)(1− u)−p−1J = εΘ ✐♥ (0, T )× Ω✱ ✭✸✳✶✳✷✮

✇❤❡r❡

Θ = pa(x)f(x)(1− u)−p−1 + ah′′(u)|∇u|2 + 2h′(u)∇a · ∇u+ h(u)∆a. ✭✸✳✶✳✸✮

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ h′′(u) > 0 ❢♦r ❛❧❧ u ∈ [0, 1) ❛♥❞

Θ ≥ pa(x)f(x)(1− u)−p−1

︸ ︷︷ ︸
τ1

+h(u)∆a(x)︸ ︷︷ ︸
τ2

− h′2(u)|∇a(x)|2
a(x)h′′(u)︸ ︷︷ ︸

τ3

. ✭✸✳✶✳✹✮

Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡

Jt = utt − εa(x)h′(u)ut,

∇J = ∇ut − ε
(
a(x)h′(u)∇u+ h(u)∇a(x)

)
,

∆J = ∆ut − ε
(
a(x)h′(u)∆u+ a(x)h′′(u)|∇u|2

+2h′(u)∇a(x) · ∇u+ h(u)∆a(x)
)
.
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❙❡tt✐♥❣ g(u) = (1 − u)−p ❛♥❞ ♦♠✐tt✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s x, u ✇✐t❤♦✉t r✐s❦ ♦❢ ❝♦♥❢✉s✐♦♥✱ ✇❡
❣❡t

Jt −∆J = (ut −∆u)t − εah′(ut −∆u)

+ε(ah′′|∇u|2 + 2h′∇a · ∇u+ h∆a)

= fg′ut − εfah′g + ε(ah′′|∇u|2 + 2h′∇a · ∇u+ h∆a).

❯s✐♥❣ ut = J + εah✱ ✇❡ ❤❛✈❡

Jt −∆J − fg′J = εΘ,

✇❤❡r❡
Θ = fa(g′h− h′g) + ah′′|∇u|2 + 2h′(u)∇a · ∇u+ h∆a.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

h′(u) = g′(u) = p(1− u)−p−1, ✭✸✳✶✳✺✮

❤❡♥❝❡
g′h− h′g = h′(h− g) = h′ = p(1− u)−p−1,

✇❤✐❝❤ ②✐❡❧❞s ✭✸✳✶✳✸✮✳ ❆❧s♦✱ ✇❡ ❤❛✈❡

h′′ = p(p+ 1)(1− u)−p−2 > 0. ✭✸✳✶✳✻✮

❋✐♥❛❧❧②✱ s✐♥❝❡ a > 0✱ ✇❡ ♠❛② ✇r✐t❡

Θ = pa(x)f(x)(1− u)−p−1 + h∆a+ ah′′
[
|∇u|2 + 2

h′(u)∇a · ∇u
ah′′

]
.

❙✐♥❝❡ |∇u|2 + 2
h′(u)∇a · ∇u

ah′′
≥ −h

′2|∇a|2
a2(h′′)2

✱ ✐♥❡q✉❛❧✐t② ✭✸✳✶✳✹✮ ❢♦❧❧♦✇s✳

✸✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ a(x)✳

❲❡ s❤❛❧❧ ❛♣♣❧② ▲❡♠♠❛ ✸✳✷✳ ■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ Θ ≥ 0✱ t❤❡ ♥❡❣❛t✐✈❡ t❡r♠ τ3 ♦♥ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✳✹✮ ♠✉st ❜❡ ❛❜s♦r❜❡❞ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥ ❝♦♠✐♥❣ ❡✐t❤❡r
❢r♦♠ t❤❡ t❡r♠ τ1✱ ♣r♦✈✐❞❡❞ f(x) > 0✱ ♦r ❢r♦♠ t❤❡ t❡r♠ τ2✱ ♣r♦✈✐❞❡❞ ∆a(x) > 0✳ ❇✉t
a(x) ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✇❡ r❡q✉✐r❡ t❤❛t ✐t ✈❛♥✐s❤❡s ❛t t❤❡ ❜♦✉♥❞❛r②✱ s♦ ✇❡ ❝❛♥♥♦t ❤❛✈❡
∆a > 0 ❡✈❡r②✇❤❡r❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ a(x) ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✐♥ Ω
❛♥❞ s✉✐t❛❜❧② ❝♦♥✈❡① ❡✈❡r②✇❤❡r❡✱ ❡①❝❡♣t ✐♥ ❛ ❜❛❧❧ B ✇❤❡r❡ f ✐s ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✳
❆ ❦❡② ♣♦✐♥t ✐s ❤❡r❡ t♦ ♦❜t❛✐♥ ❡st✐♠❛t❡s ♦❢ a ✐♥ t❡r♠s ♦❢ t❤❡ r❛❞✐✉s ♦❢ B✱ ❜✉t ✐♥❞❡♣❡♥❞❡♥t
♦❢ ✐ts ❧♦❝❛t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥ a(x)✳ ■♥
✇❤❛t ❢♦❧❧♦✇s ✇❡ s❡t

Ωr := {x ∈ Ω; δ(x) > r}, ωr := {x ∈ Ω; δ(x) < r}.
▲❡♠♠❛ ✸✳✸✳ ▲❡t

h(u) = (1− u)−p + 1. ✭✸✳✷✳✶✮

▲❡t r > 0✱ y ∈ Ω2r ❛♥❞ s❡t B = Br(y)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ a ∈ C2(Ω) ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

hh′′a∆a− h′2|∇a|2 ≥ 0, ❢♦r ❛❧❧ x ∈ Ω \B ❛♥❞ ❛❧❧ 0 ≤ u < 1, ✭✸✳✷✳✷✮

C1δ
p+1(x) ≤ a(x) ≤ C2δ

p+1(x), ❢♦r ❛❧❧ x ∈ Ω, ✭✸✳✷✳✸✮

‖a‖C2(Ω) ≤ C3, ✭✸✳✷✳✹✮

❢♦r s♦♠❡ ❝♦♥st❛♥ts C1, C2, C3 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p,Ω, r ✭❛♥❞ ♥♦t ♦♥ y✮✳
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Pr♦♦❢✳ ❙t❡♣ ✶✳ ❈♦♥str✉❝t✐♦♥ ♦❢ a(x) ✐♥ Ω \ B ❛♥❞ ♣r♦♦❢ ♦❢ ✭✸✳✷✳✷✮✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛
s✉✐t❛❜❧❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ φ = φy✱ t❤❡ ✉♥✐q✉❡ s♠♦♦t❤ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

∆φ = 0, x ∈ Ω \B,
φ = 0, x ∈ ∂Ω,

φ = 1, x ∈ ∂B.





✭✸✳✷✳✺✮

❇② t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❤❛✈❡ 0 < φ < 1 ✐♥ Ω \B✳ ◆♦✇✱ ✇❡ s❡t

a(x) = φp+1(x), x ∈ Ω \B ✭✸✳✷✳✻✮

❛♥❞ ✇❡ ❝♦♠♣✉t❡

∇a = (p+ 1)φp∇φ, ∆a = (p+ 1)pφp−1|∇φ|2 + (p+ 1)φp∆φ︸ ︷︷ ︸
=0

✐♥ Ω \B✳ ■t ❢♦❧❧♦✇s t❤❛t

a∆a = (p+ 1)pφp+1φp−1|∇φ|2 =
p

p+ 1
|∇a|2, ✐♥ Ω \B.

❙✐♥❝❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

hh′′ = p(p+ 1)(1− u)−2p−2 + p(p+ 1)(1− u)−p−2 ≥ p+ 1

p
(h′)2, 0 < u < 1,

❞✉❡ t♦ ✭✸✳✷✳✶✮✱ ♣r♦♣❡rt② ✭✸✳✷✳✷✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ ❯♥✐❢♦r♠ ❡st✐♠❛t❡s ✐♥ Ω \B✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t

a(x) ≥ C1δ
p+1(x) ❢♦r ❛❧❧ x ∈ Ω \B, ✭✸✳✷✳✼✮

❛♥❞
‖a‖C2(Ω\B) ≤ C3, ✭✸✳✷✳✽✮

❢♦r s♦♠❡ ❝♦♥st❛♥ts C1, C3 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p,Ω, r✳

❋♦r ❡❛❝❤ y ∈ Ω2r✱ t❤❡ ❢✉♥❝t✐♦♥ φy(y+·) ✐s ❤❛r♠♦♥✐❝ ✐♥ {r < |z| < 2r} ✇✐t❤ φy(y+·) =
1 ♦♥ {|z| = r}✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(n, r) >
0 s✉❝❤ t❤❛t

‖φy‖C2({r≤|x−y|≤3r/2}) ≤ C, ❢♦r ❛❧❧ y ∈ Ω2r. ✭✸✳✷✳✾✮

❙✐♥❝❡ φy = 1 ♦♥ ∂Br(y)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts σ = σ(n, r) ∈ (0, r/6) s✉❝❤ t❤❛t

φy ≥ 1/2 ✐♥ {r ≤ |x− y| ≤ r + 3σ}✱ ❢♦r ❛❧❧ y ∈ Ω2r. ✭✸✳✷✳✶✵✮

◆❡①t ✇❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t

− ∂φy
∂ν

≥ c ♦♥ ∂Ω✱ ❢♦r ❛❧❧ y ∈ Ω2r. ✭✸✳✷✳✶✶✮

❆ss✉♠❡ ❢♦r ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s yi ∈ Ω2r ❛♥❞ xi ∈ ∂Ω s✉❝❤ t❤❛t

∂φyi
∂ν

(xi) → 0. ✭✸✳✷✳✶✷✮

❲❡ ♠❛② ❛ss✉♠❡ yi → y0 ∈ Ω2r ❛♥❞ xi → x0 ∈ ∂Ω✳ ❙❡t

d = δ(y0)− r − 2σ ≥ r − 2σ > 0.



✺✷ ❈❍❆P❚❊❘ ✷✳ ◗❯❆▲■❚❆❚■❱❊ ❚❖❯❈❍❉❖❲◆ ▲❖❈❆▲■❩❆❚■❖◆

❋♦r ❛❧❧ ❧❛r❣❡ i✱ ✇❡ ❤❛✈❡ δ(yi) > δ(y0)−σ✱ ❤❡♥❝❡ δ(yi)−r > d+σ✱ s♦ t❤❛t φyi ✐s ❤❛r♠♦♥✐❝
✐♥ ωd+σ ⊂ Ω \ Br(yi) ✇✐t❤ φyi = 0 ♦♥ ∂Ω✳ ❆♣♣❧②✐♥❣ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ❛❣❛✐♥✱ ✐t ❢♦❧❧♦✇s
t❤❛t t❤❡r❡ ❡①✐st α ∈ (0, 1) ❛♥❞ C > 0 s✉❝❤ t❤❛t

‖φyi‖C2+α(ωd) ≤ C, ❢♦r ❛❧❧ ❧❛r❣❡ i. ✭✸✳✷✳✶✸✮

❯♣ t♦ ❡①tr❛❝t✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t

φyi → φ ✐♥ C2(ωd)✱ ✭✸✳✷✳✶✹✮

✇❤❡r❡ φ ≥ 0 ✐s ❤❛r♠♦♥✐❝ ✐♥ ωd ❛♥❞ s❛t✐s✜❡s φ = 0 ♦♥ ∂Ω✳ ▼♦r❡♦✈❡r✱ ❜② ✭✸✳✷✳✶✷✮ ✇❡ ❤❛✈❡
∂φ
∂ν (x0) = 0✳ ❇② ❍♦♣❢✬s ▲❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

φ ≡ 0 ✐♥ ωd✳ ✭✸✳✷✳✶✺✮

◆♦✇✱ ❢♦r ❧❛r❣❡ i✱ ✇❡ ❤❛✈❡ δ(yi) < δ(y0) + σ✱ ❤❡♥❝❡ δ(yi)− r − 3σ < d✱ s♦ t❤❛t

{r ≤ |x− yi| ≤ r + 3σ} ∩ ωd 6= ∅.
❇✉t ✭✸✳✷✳✶✹✮ ❛♥❞ ✭✸✳✷✳✶✺✮ t❤❡♥ ②✐❡❧❞ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ✭✸✳✷✳✶✵✮✳ ❚❤❡ ❝❧❛✐♠ ✭✸✳✷✳✶✶✮
❢♦❧❧♦✇s✳

◆♦✇✱ ❛r❣✉✐♥❣ ❛s ❢♦r ✭✸✳✷✳✶✸✮✱ ✇❡ ❤❛✈❡

‖φy‖C2(ωr/2) ≤ C(Ω, r), ❢♦r ❛❧❧ y ∈ Ω2r. ✭✸✳✷✳✶✻✮

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✸✳✷✳✶✶✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts η ∈ (0, r/2) s✉❝❤ t❤❛t

φy(x) ≥
c

2
δ(x), ❢♦r ❛❧❧ x ∈ ωη ❛♥❞ ❛❧❧ y ∈ Ω2r. ✭✸✳✷✳✶✼✮

❙✐♥❝❡ φy ♥♦✇ s❛t✐s✜❡s
∆φy = 0, x ∈ Ωη \Br(y)
φy ≥ cη

2 , x ∈ ∂Ωη,

φy = 1, x ∈ ∂Br(y),





✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t φ ≥ cη
2 ✐♥ Ωη \ Br(y)✳ ❚❤✐s ❛❧♦♥❣ ✇✐t❤

✭✸✳✷✳✶✼✮ ❣✉❛r❛♥t❡❡s ✭✸✳✷✳✼✮✳

❋✐♥❛❧❧②✱ ❢♦r x ∈ Ωη \ B3r/2(y)✱ ✇❡ ♦❜s❡r✈❡ t❤❛t φy ✐s ❤❛r♠♦♥✐❝ ✐♥ Bε(x) ✇✐t❤ ε =
min(η, r/2) ❛♥❞ 0 ≤ φy ≤ 1✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② t❤❛t t❤❛t t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖φy‖C2(Bε/2(x)) ≤ C, ❢♦r ❛❧❧ x ∈ Ωη \B3r/2(y) ❛♥❞ ❛❧❧ y ∈ Ω2r. ✭✸✳✷✳✶✽✮

Pr♦♣❡rt② ✭✸✳✷✳✽✮ ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✷✳✾✮✱ ✭✸✳✷✳✶✻✮ ❛♥❞ ✭✸✳✷✳✶✽✮✳

❙t❡♣ ✸✳ ❊①t❡♥s✐♦♥ t♦ B✳ ❙✐♥❝❡ a ∈ C2(B2r(y) \ Br(y)) ❛♥❞ a s❛t✐s✜❡s ✭✸✳✷✳✽✮✱ ❜②
st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦rs✱ t❤❡ ❢✉♥❝t✐♦♥ a ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ Br(y) t♦
❛ ❢✉♥❝t✐♦♥ ã s✉❝❤ t❤❛t

‖ã‖C2(B2r(y))
≤ C3. ✭✸✳✷✳✶✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ a = 1 ♦♥ ∂Br(y)✱ t❤❡r❡ ❡①✐sts r1 ∈ (0, r) ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ C3

s✉❝❤ t❤❛t
ã(x) ≥ 1/2 ❢♦r r1 ≤ |x− y| ≤ r✳ ✭✸✳✷✳✷✵✮

❋✐① ❛ ❝✉t♦✛ ❢✉♥❝t✐♦♥ ψ ∈ C2([0,∞)) s✉❝❤ t❤❛t 0 ≤ ψ ≤ 1✱ ψ(s) = 0 ❢♦r s ∈ [0, r1] ❛♥❞
ψ(s) = 1 ❢♦r s ∈ [(r + r1)/2, r]✱ ❛♥❞ ❞❡✜♥❡ a ✐♥ Br(y) ❜②

a(x) := 1 + (ã(x)− 1)ψ(|x− y|).
❲❡ t❤✉s ♦❜t❛✐♥ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s ‖a‖C2(Br(y))

≤ C4(p,Ω, r) ❛♥❞ a(x) ≥ 1/2 ✐♥

Br(y)✱ ♦✇✐♥❣ t♦ ✭✸✳✷✳✶✾✮ ❛♥❞ ✭✸✳✷✳✷✵✮✳ ❚❤✐s✱ ❛❧♦♥❣ ✇✐t❤ ✭✸✳✷✳✼✮ ❛♥❞ ✭✸✳✷✳✽✮✱ ❣✉❛r❛♥t❡❡s
✭✸✳✷✳✹✮ ❛♥❞ t❤❡ ❧♦✇❡r ❡st✐♠❛t❡ ✐♥ ✭✸✳✷✳✸✮✳ ❋✐♥❛❧❧②✱ t❤❡ ✉♣♣❡r ❡st✐♠❛t❡ ✐♥ ✭✸✳✷✳✸✮ ❢♦❧❧♦✇s
❢r♦♠ ✭✸✳✷✳✹✮✱ ✭✸✳✷✳✻✮✱ ✭✸✳✷✳✶✻✮ ❛♥❞ φ = 0 ♦♥ ∂Ω✳
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✸✳✸ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶

❲❡ s❤❛❧❧ ❛❧s♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ut✳

▲❡♠♠❛ ✸✳✹✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✳✷✳✶✮✱ ❢♦r ❛ ❣✐✈❡♥ t0 ∈ (0, T )✱ t❤❡ s♦❧✉t✐♦♥ u ♦❢
♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ s❛t✐s✜❡s

ut(t, x) ≥ c0e
−c1tδ(x), ❢♦r ❛❧❧ t ∈ [t0, T ) ❛♥❞ x ∈ Ω,

✇✐t❤ c0 = c0(Ω, r, t0) > 0 ❛♥❞ c1 = c1(Ω) > 0✳

Pr♦♦❢✳ ▲❡t x0 ∈ Ω ❜❡ s✉❝❤ t❤❛t B = B(x0, r)✳ ❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ v = ut
✐s ❛ ✭❝❧❛ss✐❝❛❧✮ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✿





vt −∆v = pf(x)(1− u)−p−1v, ✐♥ (0, T )× Ω,
v = 0, ✐♥ [0, T )× ∂Ω,
v(0, x) = f(x), ✐♥ Ω.

✭✸✳✸✳✶✮

❇② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ✇❡ t❤✉s ❤❛✈❡

ut ≥ et∆Ωf ✐♥ [0, T )× Ω✳ ✭✸✳✸✳✷✮

❇② ✭✶✳✷✳✶✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

ut ≥ r

∫

Ω

GΩ(t, x, y)χB(y) dy.

❍❡r❡✱ et∆Ω ❛♥❞ GΩ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t s❡♠✐❣r♦✉♣ ❛♥❞ ❤❡❛t ❦❡r♥❡❧ ♦❢ Ω✳
■t ✐s ❦♥♦✇♥ ✭s❡❡ ❬✺❪ ❛♥❞ ❛❧s♦ ❬✸✹❪✮ t❤❛t

GΩ(t, x, y) ≥ ce−c1tδ(x)δ(y), t ≥ t0

✇✐t❤ c = c(t0,Ω) > 0 ❛♥❞ c1 = c1(Ω) > 0✳ ❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ δ(x0) ≥ r✱ ✇❡ ❤❛✈❡

ut ≥ cre−c1tδ(x)

∫

B(x0,r/2)

δ(y) dy ≥ cr2

2
|B(0, r/2)|e−c1tδ(x)

❛♥❞ t❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ■t ✐s ❞♦♥❡ ✐♥ t❤r❡❡ st❡♣s✳

❙t❡♣ ✶✿ Pr❡♣❛r❛t✐♦♥s✳ ▲❡t J ❛♥❞ h ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✵✳✷✮ ❛♥❞ ✭✸✳✷✳✶✮✳ ❖✇✐♥❣ t♦
❛ss✉♠♣t✐♦♥ ✭✶✳✷✳✶✮✱ ✉♣♦♥ r❡♣❧❛❝✐♥❣ r ❜② r/2✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts y ∈ Ω
s✉❝❤ t❤❛t δ(y) ≥ 2r ❛♥❞

f ≥ r ♦♥ B := Br(y)✳ ✭✸✳✸✳✸✮

❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ a ∈ C2(Ω) ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✸✳ ❇② ✭✸✳✷✳✸✮✱ ✇❡ ❤❛✈❡

inf
x∈B

a(x) ≥ σ = σ(Ω, p, r) := C1r
p+1. ✭✸✳✸✳✹✮

◆❡①t✱ ❧❡t t0 =
1

2(p+ 1)M
✱ ✇❤❡r❡ M ✐s ❣✐✈❡♥ ❜② ✭✶✳✷✳✶✮✳ ❇② ▲❡♠♠❛ ✷✳✶ ✇❡ ❤❛✈❡ 0 <

t0 < T ❛♥❞
‖u(t, ·)‖∞ ≤ 1− 2−1/(p+1), 0 ≤ t ≤ t0. ✭✸✳✸✳✺✮
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❲❡ s♣❧✐t t❤❡ ❝②❧✐♥❞❡r Σ := (t0, T )× Ω ✐♥t♦ t❤r❡❡ s✉❜r❡❣✐♦♥s ❛s ❢♦❧❧♦✇s✿

Σ1 = (t0, T )× [Ω \B],

Ση2 = {(t, x) ∈ (t0, T )×B; u(t, x) ≥ 1− η} ,
Ση3 = {(t, x) ∈ (t0, T )×B; u(t, x) < 1− η} ,

✭✸✳✸✳✻✮

✇❤❡r❡ η ∈ (0, 1) ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳

❙t❡♣ ✷✿ P❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t② ❢♦r J ✐♥ t❤❡ r❡❣✐♦♥s Σ1 ❛♥❞ Ση2✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ♣r♦♣❡rt✐❡s
✭✸✳✶✳✹✮ ✐♥ ▲❡♠♠❛ ✸✳✷ ❛♥❞ ✭✸✳✷✳✷✮ ✐♥ ▲❡♠♠❛ ✸✳✸✱ ❛❧♦♥❣ ✇✐t❤ a > 0✱ f ≥ 0 ✐♥ Ω✱ ❛♥❞ h′′ > 0✱
t❤❛t

Jt −∆J − pf(x)(1− u)−p−1J ≥ 0 ✐♥ Σ1. ✭✸✳✸✳✼✮

◆❡①t✱ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✷✳✶✮ ❛♥❞ ♣r♦♣❡rt② ✭✸✳✷✳✹✮ ✐♥ ▲❡♠♠❛ ✸✳✸✱ ✇❡ ❤❛✈❡

|h∆a| ≤ C4(1− u)−p, |h′∇a| ≤ C4(1− u)−p−1 ✐♥ Σ,

❢♦r s♦♠❡ C4 = C4(Ω, p, r) > 0✳ ❆❧s♦✱ ❢r♦♠ ✭✸✳✷✳✶✮ ❛♥❞ ✭✸✳✸✳✹✮ ✇❡ ❣❡t

ah′′ ≥ σp(p+ 1)(1− u)−p−2 ✐♥ (0, T )×B.

❈♦♥s❡q✉❡♥t❧②✱ r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✳✶✳✸✮ ♦❢ Θ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✳✹✮✱ ✭✸✳✸✳✸✮✱ ✭✸✳✸✳✹✮
t❤❛t

(1− u)p+1Θ ≥ pf(x)a(x) + h∆a(1− u)p+1 − (h′|∇a|)2
ah′′

(1− u)p+1

≥ prσ − C5(1− u) ≥ prσ − C5η ✐♥ Ση2 ,

❢♦r s♦♠❡ C5 = C5(Ω, p, r) > 0✳ ❈❤♦♦s✐♥❣ η = η(Ω, p, r) ∈ (0, 1) s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ t❤❡♥
❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✳✷✮ t❤❛t

Jt −∆J − pf(x)(1− u)−p−1J ≥ 0 ✐♥ Ση2 . ✭✸✳✸✳✽✮

❙t❡♣ ✸✿ ❈♦♥tr♦❧ ♦❢ J ♦♥ Ση3 ❛♥❞ ❝♦♥❝❧✉s✐♦♥✳ ◆♦✇ t❤❛t η ❤❛s ❜❡❡♥ ✜①❡❞✱ ✉s✐♥❣
▲❡♠♠❛ ✸✳✹ ❛♥❞ ✭✶✳✷✳✶✮✱ ✭✸✳✷✳✶✮✱ ✭✸✳✷✳✸✮✱ ✭✸✳✸✳✺✮✱ ✇❡ ♠❛② ❝❤♦♦s❡ ε = ε(Ω, p, r,M) > 0
s♠❛❧❧ ❡♥♦✉❣❤✱ s✉❝❤ t❤❛t

J ≥ δ(x)
[
c0e

−c1M − 2C2εδ
p(x)(1− u)−p

]

≥ δ(x)
[
c0e

−c1M − 2C2εδ
p(x)η−p

]
≥ 0 ✐♥ Ση3

✭✸✳✸✳✾✮

❛♥❞
J(t0, x) ≥ δ(x)

[
c0e

−c1M − 2C2εδ
p(x)(1− ‖u(t0, ·)‖∞)−p

]

≥ δ(x)
[
c0e

−c1M − 21+
p

p+1C2εδ
p(x)

]
≥ 0 ✐♥ Ω,

✭✸✳✸✳✶✵✮

✇❤❡r❡ c0, c1 ❛r❡ t❤❡ ❝♦♥st❛♥ts ✐♥ ▲❡♠♠❛ ✸✳✹ ❛♥❞ C2 ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✸✳✷✳✸✮✳ ❖❜s❡r✈❡
♥♦✇ t❤❛t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✸✳✾✮ ❛♥❞ Σ = Σ1 ∪ Ση2 ∪ Ση3 ✱ ✇❡ ❤❛✈❡

{(t, x) ∈ Σ; J(t, x) < 0} ⊂ Σ1 ∪ Ση2 . ✭✸✳✸✳✶✶✮

❆❧s♦✱ s✐♥❝❡ a = 0 ♦♥ ∂Ω✱ ✇❡ ❤❛✈❡

J = 0 ♦♥ (t0, T )× ∂Ω. ✭✸✳✸✳✶✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② st❛♥❞❛r❞ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱ ✇❡ ❤❛✈❡

J ∈ C1,2(Σ) ∩ C([t0, T )× Ω).
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■t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✸✳✼✮✱ ✭✸✳✸✳✽✮✱ ✭✸✳✸✳✶✵✮✲✭✸✳✸✳✶✷✮✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✭s❡❡✱ ❡✳❣✳✱
❬✸✷❪✱ Pr♦♣♦s✐t✐♦♥ ✺✷✳✹ ❛♥❞ ❘❡♠❛r❦ ✺✷✳✶✶✭❛✮✮ t❤❛t

J ≥ 0 ✐♥ Σ.

❚❤❡♥✱ ❢♦r t0 < t < s < T ❛♥❞ x ∈ Ω✱ ✇❡ ❤❛✈❡

ut ≥ εa(x)h(u) ≥ εa(x)(1− u)−p

❛♥❞ ❛♥ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ❣✐✈❡s

(1− u(t, x))p+1 ≥ (p+ 1)

∫ s

t

ut(1− u)p ≥ εa(x)(s− t).

▲❡tt✐♥❣ s→ T ✱ ✇❡ ❣❡t

(1− u(t, x))p+1 ≥ (p+ 1)εa(x)(T − t) ✐♥ Σ. ✭✸✳✸✳✶✸✮

■♥ ✈✐❡✇ ♦❢ ✭✸✳✷✳✸✮✱ t❤✐s ✐♠♣❧✐❡s ✭✸✳✵✳✶✮ ✐♥ [t0, T )× Ω ✇✐t❤ γ = γ(Ω, p, r,M) > 0✳ ❉✉❡ t♦
✭✸✳✸✳✺✮✱ ✭✶✳✷✳✶✮✱ t❤❡ ❡st✐♠❛t❡ ✭✸✳✵✳✶✮ ✐s tr✉❡ ✐♥ [0, t0) × Ω ❛s ✇❡❧❧✱ ❢♦r ❛ ♣♦ss✐❜❧② s♠❛❧❧❡r
❝♦♥st❛♥t γ = γ(Ω, p, r,M) > 0✳

✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷

✹✳✶ ◆♦ t♦✉❝❤❞♦✇♥ ❝r✐t❡r✐♦♥ ✉♥❞❡r ❛ ❧♦❝❛❧ t②♣❡ ■ ❡st✐♠❛t❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡♥❛❜❧❡s ♦♥❡ t♦ ❡①❝❧✉❞❡ t♦✉❝❤❞♦✇♥ ❛t ❛ ❣✐✈❡♥ ✐♥t❡r✐♦r ♣♦✐♥t ♦r ♦♥ ❛
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ∂Ω✱ ✉♥❞❡r ❛ s✉✐t❛❜❧❡ t②♣❡ ■ ❡st✐♠❛t❡ ❛♥❞ ❛ s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ f ✳

▲❡♠♠❛ ✹✳✶✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮✳ ▲❡t ❡✐t❤❡r

(i) D = B(x0, b) ⊂⊂ Ω ❛♥❞ Γ = ∂D,

♦r

(ii) D = Ω \ ω ❢♦r s♦♠❡ s♠♦♦t❤ ♦♣❡♥ s✉❜s❡t ω ⊂⊂ Ω ❛♥❞ Γ = ∂ω,

♦r

(iii) Ω = (−R,R), D = (a,R) ❢♦r s♦♠❡ a ∈ (−R,R) ❛♥❞ Γ = {a}.

❆ss✉♠❡
u ≤ 1− k(T − t)

1
p+1 ♦♥ [0, T )× Γ ✭✹✳✶✳✶✮

❢♦r s♦♠❡ k > 0✳ ■❢

‖f‖L∞(D) <
kp+1

p+ 1
, ✭✹✳✶✳✷✮

t❤❡♥ T ∩D = ∅✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ ❝❛s❡ ✭✐✐✮ ✇❡ ❤❛✈❡ T ∩ ∂Ω = ∅✱ ❛♥❞ ✐♥ ❝❛s❡ ✭✐✐✐✮✱ R /∈ T ✳

❘❡♠❛r❦ ✹✳✷✳ ❈♦♥❞✐t✐♦♥ ✭✹✳✶✳✷✮ ✐s ❡ss❡♥t✐❛❧❧② ♦♣t✐♠❛❧✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r✐♥❣ ✭✶✳✶✳✶✮ ✇✐t❤
f(x) ≡ 1 ❛♥❞ ❧❡❛✈✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♣❛rt✱ ✇❡ s❡❡ t❤❛t t❤❡ ❖❉❊ s♦❧✉t✐♦♥

y(t) = 1− [1− (p+ 1)t]1/(p+1) s❛t✐s✜❡s ✭✹✳✶✳✶✮ ✇✐t❤ k = (p+ 1)
1

p+1 ❛♥❞ T = 1/(p+ 1)✱
s♦ t❤❛t ♦♥❡ ❝♦✉❧❞ ♥♦t t❛❦❡ ❛ ❧❛r❣❡r ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥st❛♥t ✐♥ t❤❡ ❘❍❙ ♦❢ ✭✹✳✶✳✷✮✳
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Pr♦♦❢✳ ❲❡ ✉s❡ ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t ❢r♦♠ ❬✷✶❪ ✭✇❤❡r❡ t❤❡ ❝♦♠♣❛r✲
✐s♦♥ ✇❛s ❞♦♥❡ ✇✐t❤ ❛ s❡❧❢s✐♠✐❧❛r s✉♣❡rs♦❧✉t✐♦♥✱ ✐♥st❡❛❞ ♦❢ ❛ s❡♣❛r❛t❡❞ ✈❛r✐❛❜❧❡ s✉♣❡rs♦✲
❧✉t✐♦♥✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❢✉♥❝t✐♦♥

w(t, x) := y(t)ψ(x) ❢♦r (t, x) ∈ [0, T )×D,

✇❤❡r❡ y(t) ✐s ❞❡✜♥❡❞ ❜②

y(t) = 1− k(T − t)
1

p+1 .

❍❡r❡✱ ✐♥ ❝❛s❡ ✭✐✮✱ ψ ✐s ❣✐✈❡♥ ❜②

ψ(x) := 1− σ

(
1− |x− x0|2

b2

)

❢♦r σ ∈ (0, 1) t♦ ❜❡ ❝❤♦s❡♥ ❜❡❧♦✇ ❛♥❞✱ ✐♥ ❝❛s❡ ✭✐✐✮✱ ψ ∈ C2(D) ∩ C(D) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ♣r♦❜❧❡♠ 




∆ψ = 0, x ∈ D,
ψ = 1, x ∈ ∂ω,

ψ = 1− σ, x ∈ ∂Ω.

❖❜s❡r✈❡ t❤❛t
1− σ < ψ(x) < 1, x ∈ D,

❜② t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳ ■♥ ❝❛s❡ ✭✐✐✐✮✱ s✐♠✐❧❛r❧② t♦ ✭✐✐✮✱ ✇❡ s❡t

ψ(x) = 1− σ(x− a)/(R− a) ❢♦r x ∈ [a,R]✳

■♥ ♣❛rt✐❝✉❧❛r✱ ♦✇✐♥❣ t♦ ✭✹✳✶✳✶✮✱ ✇❡ ♥♦t❡ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s✱

w ≥ 0 ✐♥ [0, T )×D. ✭✹✳✶✳✸✮

❲❡ ❝♦♠♣✉t❡✱ ✐♥ (0, T )×D✿

wt −∆w − f(x)(1− u)−p

= y′(t)ψ(x)− y(t)∆ψ(x)− f(x)(1− y(t)ψ(x))−p

≥ k
p+1 (T − t)−

p
p+1ψ(x)− y(t)∆ψ(x)− f(x)(1− y(t))−p

=
(

k
p+1ψ(x)− f(x)k−p

)
(T − t)−

p
p+1 − y(t)∆ψ(x).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ∆ψ = 2σ
b2 ✐♥ B(x0, b) ✐♥ ❝❛s❡ ✭✐✮✱ ❛♥❞ ∆ψ = 0 ✐♥ D ✐♥ ❝❛s❡s ✭✐✐✮ ❛♥❞

✭✐✐✐✮✳ ■♥ ❛❧❧ ❝❛s❡s✱ ✉s✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✹✳✶✳✷✮ ❛♥❞ t❛❦✐♥❣ σ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✐t ❢♦❧❧♦✇s
t❤❛t

wt −∆w − f(x)(1− w)−p ≥
(

k
p+1 (1− σ)− f(x)k−p

)
T− p

p+1 − 2σ
b2 ≥ 0 ✭✹✳✶✳✹✮

✐♥ [0, T )×D✳

❲❡ ♥❡①t ❧♦♦❦ ❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ♦♥ t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ♦❢ [0, T ) × D✳ ❖♥ t❤❡
♦♥❡ ❤❛♥❞✱ ❜② ✭✹✳✶✳✸✮✱ ✇❡ ❤❛✈❡

w(0, x) ≥ 0 = u(0, x) ✐♥ D✳ ✭✹✳✶✳✺✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ψ = 1 ♦♥ Γ ❛♥❞ ✭✹✳✶✳✶✮✱ ✇❡ ❤❛✈❡

w(t, x) = 1− k(T − t)
1

p+1 ≥ u(t, x) ✐♥ [0, T )× Γ✳ ✭✹✳✶✳✻✮
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▼♦r❡♦✈❡r✱ ✐♥ ❝❛s❡ ✭✐✐✮ ✭r❡s♣✳✱ ✭✐✐✐✮✮✱ ✇❡ ❤❛✈❡✱ ❜② ✭✹✳✶✳✸✮✱

w(t, x) ≥ 0 = u(t, x) ✐♥ [0, T )× ∂Ω ✭r❡s♣✳✱ [0, T )× {−R}✮✳ ✭✹✳✶✳✼✮

❇② ✭✹✳✶✳✹✮✕✭✹✳✶✳✻✮ ❛♥❞ ✭✹✳✶✳✼✮ ✭✐♥ ❝❛s❡s ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦♠♣❛r✐s♦♥
♣r✐♥❝✐♣❧❡ ❛♥❞ y(t) ≤ 1 ❢♦r ❛❧❧ t ∈ [0, T )✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

u(t, x) ≤ w(t, x) ≤ ψ(x) ✐♥ (0, T )×D✳ ✭✹✳✶✳✽✮

■♥ ❛❧❧ ❝❛s❡s✱ s✐♥❝❡ ψ ✐s ✉♥✐❢♦r♠❧② s♠❛❧❧❡r t❤❛♥ 1 ✐♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ D✱ ✐t ❢♦❧❧♦✇s
❢r♦♠ ✭✹✳✶✳✽✮ t❤❛t T ∩D = ∅✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t ✐♥ ❝❛s❡ ✭✐✐✮✱ ψ ✐s ✉♥✐❢♦r♠❧② s♠❛❧❧❡r t❤❛♥
1 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ∂Ω✱ s♦ ✇❡ ❝❛♥ r✉❧❡ ♦✉t q✉❡♥❝❤✐♥❣ ❛t t❤❡ ❜♦✉♥❞❛r②✳ ❋♦r t❤❡ ❝❛s❡
✭✐✐✐✮✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s s✐♠✐❧❛r❧②✳

✹✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳

❲❡ s❤❛❧❧ ❛♣♣❧② ❝❛s❡ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✳ ▲❡t γ ❜❡ ❣✐✈❡♥ ❜② ❡st✐♠❛t❡ ✭✸✳✵✳✶✮✱ ❛♥❞ ❛ss✉♠❡

f(x0) <
(γδ(x0))

p+1

p+ 1
.

P✐❝❦ k ∈ (0, γδ(x0)) s✉❝❤ t❤❛t

f(x0) <
kp+1

p+ 1
<

(γδ(x0))
p+1

p+ 1
.

❇② ❡st✐♠❛t❡ ✭✸✳✵✳✶✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f ✱ ❝♦♥❞✐t✐♦♥s ✭✹✳✶✳✶✮ ❛♥❞ ✭✹✳✶✳✷✮
❛r❡ s❛t✐s✜❡❞ ✐♥ D = B(x0, b) ❢♦r b > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♥❝❧✉❞❡ ❢r♦♠

▲❡♠♠❛ ✹✳✶ t❤❛t x0 6∈ T ✱ ✇❤✐❝❤ ♣r♦✈❡s ❚❤❡♦r❡♠ ✶✳✶ ✇✐t❤ γ0 = γp+1

p+1 ✳ �

✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳

▲❡t γ ❜❡ ❣✐✈❡♥ ❜② ❡st✐♠❛t❡ ✭✸✳✵✳✶✮✱ ❛♥❞ ❛ss✉♠❡ ✭✶✳✷✳✸✮ ✇✐t❤ γ0 := γp+1

p+1 ✳ ❆♣♣❧②✐♥❣ ❝❛s❡
✭✐✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶ ✇✐t❤ k = γ dist(ω, ∂Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t T ⊂ ω✳ ❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t
❢♦r ❛♥② x ∈ ∂ω✱ ♦✉r ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s f(x) < γ0δ

p+1(x)✱ s♦ t❤❛t x 6∈ T ❜② ❚❤❡♦r❡♠
✶✳✶✳ ❚❤❡r❡❢♦r❡ T ⊂ ω ❛♥❞ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳ �

✹✳✹ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✸✳

❆ss❡rt✐♦♥ ✭✐✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✶✳ ❆ss❡rt✐♦♥ ✭✐✐✮ ❢♦❧❧♦✇s ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✷✱
❛♥❞ t❤❡♥ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✳ �

✺ ❙t❛❜✐❧✐t② r❡s✉❧ts ❢♦r t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ t♦✉❝❤✲
❞♦✇♥ s❡t

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✹✕✶✳✻ ✐s t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡
t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ t♦✉❝❤❞♦✇♥ s❡t ✉♥❞❡r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ f ✳
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❘❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ✭✶✳✶✳✷✮✱ ✇❡ ❞❡♥♦t❡ ❜② U : E ∋ f 7→ Uf t❤❡ s❡♠✐✢♦✇
❣❡♥❡r❛t❡❞ ❜② ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮✳ ◆❛♠❡❧②✱ u = Uf (t, ·) ✐s t❤❡ ♠❛①✐♠❛❧ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
✭✶✳✶✳✶✮✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐ts ❡①✐st❡♥❝❡ t✐♠❡ ❛♥❞ t♦✉❝❤❞♦✇♥ s❡t ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜②
Tf ∈ (0,∞] ❛♥❞ Tf ⊂ Ω✳ ❲❡ st❛rt ✇✐t❤ ❛ ♠♦r❡ ♦r ❧❡ss st❛♥❞❛r❞ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡
♣r♦♣❡rt② ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐ts❡❧❢ ✇✐t❤ r❡s♣❡❝t t♦ f ✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶ ✭❈♦♥t✐♥✉✐t② ♦❢ U ❢r♦♠ Lq t♦ L∞✮✳ ▲❡t 1 ≤ q ≤ ∞ ✇✐t❤ q > n
2 ✳ ▲❡t

f ∈ E ❛♥❞ ❧❡t 0 < t0 < Tf ✳ ❋♦r ❛❧❧ σ > 0✱ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t

✐❢ g ∈ E ❛♥❞ ‖g − f‖q ≤ ε✱ t❤❡♥ Tg > t0 ❛♥❞ sup
t∈[0,t0]

‖Ug − Uf‖∞ ≤ σ✳

❋♦r t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ❛♥❞ s❡t✱ t❤❡ ❧♦❝❛❧ t②♣❡ ■ ❡st✐♠❛t❡ ✭✸✳✵✳✶✮ ✐♥
Pr♦♣♦s✐t✐♦♥ ✸✳✶ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✳ ❆ ✉♥✐❢♦r♠ ✈❡rs✐♦♥ ✐s ❛❝t✉❛❧❧② ♥❡❡❞❡❞✳ ❚♦ t❤✐s ❡♥❞✱
❢♦r ❣✐✈❡♥ γ > 0✱ ✇❡ s❡t

Eγ =
{
g ∈ E; Tg <∞ ❛♥❞ Ug(t, x) ≤ 1− γδ(x)(Tg − t)

1
p+1

❢♦r ❛❧❧ (t, x) ∈ [0, Tg)× Ω
}
.

Pr♦♣♦s✐t✐♦♥ ✺✳✷ ✭❈♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡✮✳ ▲❡t 1 ≤ q ≤ ∞ ✇✐t❤ q > n
2 ✱

γ > 0 ❛♥❞ ❧❡t f ∈ E ❜❡ s✉❝❤ t❤❛t Tf < ∞ ❛♥❞ Tf ∩ Ω 6= ∅✳ ❋♦r ❛❧❧ σ > 0✱ t❤❡r❡ ❡①✐sts
ε > 0 s✉❝❤ t❤❛t

✐❢ g ∈ Eγ ❛♥❞ ‖g − f‖q ≤ ε✱ t❤❡♥ |Tg − Tf | < σ✳

❚❤❡♦r❡♠ ✺✳✸ ✭❯♣♣❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t✮✳ ▲❡t 1 ≤ q ≤ ∞ ✇✐t❤
q > n

2 ✱ γ,M > 0 ❛♥❞ ❧❡t f ∈ E ❜❡ s✉❝❤ t❤❛t Tf <∞ ❛♥❞ Tf ⊂⊂ Ω✳ ❋♦r ❛❧❧ σ > 0✱ t❤❡r❡
❡①✐st ε, κ > 0 s✉❝❤ t❤❛t✱ ✐❢

g ∈ Eγ ✱ ‖g‖∞ ≤M ❛♥❞ ‖g − f‖q ≤ ε✱

t❤❡♥
Ug(t, x) ≤ 1− κ ✐♥ [0, Tg)×

(
Ω \ (Tf +B(0, σ))

)
,

❤❡♥❝❡ ✐♥ ♣❛rt✐❝✉❧❛r
Tg ⊂ Tf +B(0, σ).

❘❡♠❛r❦ ✺✳✹✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ g ∈ Eγ ✱ ✐✳❡✳ ❡st✐♠❛t❡ ✭✸✳✵✳✶✮ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❝♦♥st❛♥t✱
❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ❜② ❛ss✉♠✐♥❣ µχB ≤ g ≤M ✱ ✇❤❡r❡ M, r > 0, B ⊂ Ω ✐s ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s
r ❛♥❞ µ > µ0(p, n)r

−2 ✭❝❢✳ ▲❡♠♠❛ ✷✳✷✮✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❘❡♠❛r❦ ✺✳✺✳ ✭✐✮ ❚❤❡♦r❡♠ ✺✳✸ ✐♥ ♣❛rt✐❝✉❧❛r ♣r♦✈❡s t❤❛t Tg ✐s ❛❧s♦ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢
Ω✱ ♣r♦✈✐❞❡❞ g ✐s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ f ✐♥ Lq ♥♦r♠✳ ■t ✐s ✉♥❦♥♦✇♥ ✇❤❡t❤❡r t❤❡ ❝♦♠♣❛❝t♥❡ss
❛ss✉♠♣t✐♦♥ ♦♥ Tf ❝❛♥ ❜❡ r❡♠♦✈❡❞✳ ❚❤✐s ✇♦✉❧❞ ❜❡ tr✉❡ ✐❢ ✇❡ ❦♥❡✇ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❡st✐♠❛t❡
✭✸✳✵✳✶✮ ✇✐t❤♦✉t t❤❡ ❢❛❝t♦r ❞✐st❛♥❝❡ t♦ t❤❡ ❜♦✉♥❞❛r②✳

✭✐✐✮ ❚♦ ❡♥s✉r❡ t❤❛t t❤❡ t♦✉❝❤❞♦✇♥ s❡t Tf ✐s ❝♦♠♣❛❝t✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r f s♠❛❧❧ ❡♥♦✉❣❤
♥❡❛r t❤❡ ❜♦✉♥❞❛r② ✭❛♣♣❧② ❚❤❡♦r❡♠ ✶✳✷✮✱ ♦r Ω ❝♦♥✈❡① ❛♥❞ f ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♥❡❛r t❤❡
❜♦✉♥❞❛r② ✐♥ t❤❡ ♦✉t❡r ❞✐r❡❝t✐♦♥ ✭t❤✐s ✐s ♣r♦✈❡❞ ✐♥ ❬✷✷❪ ❜② ❛ ♠♦✈✐♥❣ ♣❧❛♥❡s ❛r❣✉♠❡♥t✮✳
❆❧s♦✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r 0 < p < 1✱ t❤❡♥ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐s ❝♦♠♣❛❝t ❢♦r ❛♥② f ✭s❡❡ ❬✷✶❪✮✳

❲❡ ♥♦t❡ t❤❛t ❚❤❡♦r❡♠ ✶✳✽ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷ ❛♥❞ ❚❤❡♦r❡♠
✺✳✸✱ t♦❣❡t❤❡r ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❚❤❡ s❡♠✐✲❝♦♥t✐♥✉✐t② ♣r♦♣❡rt② ♦❢ Tf ✐♥ ❚❤❡♦r❡♠ ✶✳✽ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

d
(
Tg, Tf

)
→ 0, ❛s g → f ✐♥ Lq✱ g ∈ Ẽ,
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✇❤❡r❡ Ẽ ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✻✮ ❛♥❞

d(A,B) = sup
x∈A

d(x,B) ✭✺✳✵✳✶✮

❞❡♥♦t❡s t❤❡ ✉s✉❛❧ ❍❛✉s❞♦r✛ s❡♠✐✲❞✐st❛♥❝❡✳ ❖✉r ♥❡①t r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ♦❢
t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✇✐t❤ r❡s♣❡❝t t♦ f ❢❛✐❧s ✐♥ ❣❡♥❡r❛❧✳

Pr♦♣♦s✐t✐♦♥ ✺✳✻ ✭◆♦♥ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t✮✳ ▲❡t p > 0 ❛♥❞ Ω = BR ⊂ R
n✳

▲❡t 1 ≤ q < ∞ ✇✐t❤ q > n
2 ✳ ❖♥❡ ❝❛♥ ✜♥❞ B ⊂ Ω ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s r > 0✱ M ≥ µ >

µ0(p, n)r
−2✱ ❛ ❢✉♥❝t✐♦♥ f ∈ Ẽ ✇✐t❤ Tf ⊂⊂ Ω ❛♥❞ ❛ s❡q✉❡♥❝❡ gi ∈ Ẽ✱ s✉❝❤ t❤❛t

gi → f ✐♥ Lq ❛♥❞ lim inf
i→∞

d
(
Tf , Tgi

)
> 0.

Pr♦♣♦s✐t✐♦♥ ✺✳✻ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❛❧♦♥❣ ✇✐t❤ ❚❤❡♦r❡♠ ✶✳✻✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❙❡t h(z) = (1− z)−p✳ ◆♦t❡ t❤❛t✱ ❢♦r ❛♥② 0 < M < 1✱ ✇❡ ❤❛✈❡
0 < h′(z) < L(M) := p(1−M)−p−1 ❢♦r 0 < z < M ✳ ◆♦✇✱ ✜①

M := max
0≤t≤t0

‖Uf (t)‖∞ < 1

❛♥❞ ❞❡✜♥❡

τg := sup

{
t ∈ [0, Tg); ‖Ug(s)‖∞ ≤ 1 +M

2
❢♦r ❛❧❧ s ∈ [0, t]

}
.

■♥ t❤✐s ♣r♦♦❢✱ C1, C2, . . . ✇✐❧❧ ❞❡♥♦t❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳

❇② t❤❡ ✈❛r✐❛t✐♦♥✲♦❢✲❝♦♥st❛♥ts ❢♦r♠✉❧❛ ❛♥❞ t❤❡ Lp✲Lq✲❡st✐♠❛t❡s ❢♦r t❤❡ ❧✐♥❡❛r ❤❡❛t
s❡♠✐❣r♦✉♣✱ ✇❡ ❣❡t

‖(Uf − Ug)(t)‖∞ ≤
∫ t

0

‖e(t−s)∆(f(x)h(Uf )− g(x)h(Ug))‖∞ ds

≤
∫ t

0

(4π(t− s))−
n
2q ‖f(x)h(Uf )− g(x)h(Ug)‖q ds.

◆♦✇✱ ❢♦r ❛❧❧ 0 < t ≤ min{t0, τg}✱ ✇❡ ❤❛✈❡

‖f(·)h(Uf (t, ·))− g(·)h(Ug(t, ·))‖q
= ‖f(·)h(Uf (t, ·))− f(·)h(Ug(t, ·)) + f(·)h(Ug(t, ·))− g(·)h(Ug(t, ·))‖q
≤ ‖f‖q‖h(Uf (t))− h(Ug(t))‖∞ + ‖h(Ug(t))‖∞‖f − g‖q
≤ ‖f‖qL

(
1+M

2

)
‖(Uf − Ug)(t)‖∞ +

(
1−M

2

)−p ‖f − g‖q.

❚❤❡r❡❢♦r❡✱

‖(Uf − Ug)(t)‖∞
≤ (4π)−

n
2q ‖f‖qL

(
1+M

2

) ∫ t

0

(t− s)−
n
2q ‖(Uf − Ug)(s)‖∞ ds

+(4π)−
n
2q ‖f − g‖q

(
1−M

2

)−p ∫ t

0

(t− s)−
n
2q ds

≤ C1

∫ t

0

(t− s)−
n
2q ‖(Uf − Ug)(s)‖∞ ds+ C2‖f − g‖q,

❢♦r ❛❧❧ 0 < t ≤ min{t0, τg}✱ ◆♦✇✱ ❛♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✇❡ ♦❜t❛✐♥

‖(Uf − Ug)(t)‖∞ ≤ C3‖f − g‖q, 0 < t ≤ min{t0, τg}, ✭✺✳✵✳✷✮
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■❢ ✇❡ ❝♦♥s✐❞❡r ε > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡♥✱ ❢♦r ❛❧❧ g s✉❝❤ t❤❛t ‖f − g‖q < ε✱ ✇❡ ❤❛✈❡

‖(Uf − Ug)(t)‖∞ ≤ 1−M

4
, ❢♦r 0 < t ≤ t1 := min{t0, τg}.

❚❤❡r❡❢♦r❡✱ ‖Ug(t1)‖∞ <
1 +M

2
✱ ❤❡♥❝❡ τg > t1✱ ✐✳❡✳ τg > t0✳ ❲❡ ❞❡❞✉❝❡ t❤❛t Tg > t0

❛♥❞ t❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✵✳✷✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚❤❡ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ ✐s ❛ ❝♦♥s❡✲
q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠❛② ❛❧✇❛②s ❛ss✉♠❡ Tg > Tf ✳ ❇② ❛ss✉♠♣t✐♦♥✱
t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s xi ∈ Ω ❛♥❞ ti < Tf s✉❝❤ t❤❛t xi → x0 ∈ Ω✱ ti → Tf ❛♥❞
Uf (ti, xi) → 1✳ ❲❡ ♠❛② ❛ss✉♠❡ δ(xi) ≥ c > 0✳

◆♦✇ ✜① 0 < λ < 1✱ ♣✐❝❦ i s✉❝❤ t❤❛t Uf (ti, xi) ≥ λ ❛♥❞ ♥❡①t t❛❦❡ 0 < α < 1✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t ✐❢ ‖g − f‖q < ε✱ t❤❡♥
Ug(ti, xi) ≥ αλ✳ ❙✐♥❝❡ g ∈ Eγ ✱ ✇❡ ❤❛✈❡

1− αλ ≥ 1− Ug(ti, xi) ≥ cγ(Tg − ti)
1

p+1 ≥ cγ(Tg − Tf )
1

p+1 .

❚❤❡r❡❢♦r❡✱

lim sup
‖g−f‖q→0

Tg ≤ Tf +

(
1− αλ

cγ

)p+1

.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② ❧❡tt✐♥❣ α→ 1 ❛♥❞ t❤❡♥ λ→ 1✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ ♣r♦♦❢ ✐s ♠♦r❡ ❞❡❧✐❝❛t❡✳ ■t ✐s ❜❛s❡❞ ♦♥ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱
❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥ts ❛♥❞ ✉♥✐❢♦r♠ ❍ö❧❞❡r ❡st✐♠❛t❡s ✐♥ t✐♠❡ ❢♦r u ✉♣ t♦ t❤❡ t♦✉❝❤❞♦✇♥
t✐♠❡✳ ❚❤❡ ❧❛tt❡r ❢♦❧❧♦✇ ❢r♦♠ ❛ ❦❡② ✐♥t❡❣r❛❜✐❧✐t② ♣r♦♣❡rt② ✐♥ t✐♠❡ ❢♦r t❤❡ ❘❍❙ ♦❢ t❤❡
P❉❊ ✐♥ ✭✶✳✶✳✶✮ ✭s❡❡ ✭✺✳✵✳✹✮✮✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t②♣❡ ■ ❡st✐♠❛t❡✳

❙t❡♣ ✶✳ ❯♥✐❢♦r♠ ❍ö❧❞❡r ❡st✐♠❛t❡s ✐♥ t✐♠❡✳ ❋♦r ❡❛❝❤ η > 0✱ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥

Ωη := {x ∈ Ω; δ(x) > η} .

❲❡ ❝❧❛✐♠ t❤❛t ❢♦r ❛❧❧ η > 0 ❛♥❞ β ∈ (0, 1/(p+1))✱ t❤❡r❡ ❡①✐sts C(η, β) > 0 s✉❝❤ t❤❛t ❢♦r
❛❧❧ g ∈ Eγ ✇✐t❤ ‖g‖∞ ≤M ✱ ✇❡ ❤❛✈❡

Ug(Tg, x) ≤ Ug(t, x) + C(η, β)(Tg − t)β , 0 < t < Tg, x ∈ Ωη. ✭✺✳✵✳✸✮

❙❡t a =
p

p+ 1
< 1 ❛♥❞ t❛❦❡ η > 0✳ ▲❡t g ∈ Eγ ✇✐t❤ ‖g‖∞ ≤M ✳ ❲❡ ❤❛✈❡

|∂tUg −∆Ug| = g(x)(1− Ug(t, x))
−p

≤ C(η)(Tg − t)−a ✐♥ (0, Tg)× Ωη/2,
✭✺✳✵✳✹✮

✇✐t❤ C(η) > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✷✳✶✱ ✇❡ ❤❛✈❡ Tg ≥ τ0 ✇✐t❤
τ0 ∈ (0, 1) ❞❡♣❡♥❞✐♥❣ ♦♥ M ❜✉t ♥♦t ♦♥ g✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts T γ > 0 s✉❝❤ t❤❛t
Tg ≤ T γ ❢♦r ❛❧❧ g ∈ Eγ ✳

◆♦✇✱ ❢♦r τ ∈ (0, τ0/2)✱ ✇❡ ❞❡✜♥❡ w(t, x) = τaUg(t, x)✱ ✇❤✐❝❤ s❛t✐s✜❡s

|wt −∆w| ≤ C(η) ❛♥❞ 0 ≤ w ≤ 1 ✐♥ (0, Tg − τ)× Ωη/2,

❛❧♦♥❣ ✇✐t❤ w(0, ·) ≡ 0✳ ❇② ✐♥t❡r✐♦r ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t② ✭s❡❡ ❡✳❣✳ ❬✸✷✱ ❚❤❡♦r❡♠ ✹✽✳✶❪✮✱
❢♦r ❛❧❧ r ∈ (1,∞)✱ ♥♦t✐♥❣ t❤❛t τ0/2 ≤ Tg − τ ≤ T γ ✱ ✇❡ ❞❡❞✉❝❡

‖wt‖Lr(Σg,τ ) + ‖∇w‖Lr(Σg,τ ) ≤ C(η, r), ✇❤❡r❡ Σg,τ := (0, Tg − τ)× Ωη,
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✇✐t❤ C(η, r) > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ g ∈ Eγ ❛♥❞ τ ∈ (0, τ0/2)✳ ❯s✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱
✇❡ ♦❜t❛✐♥✱ ❢♦r ❛❧❧ α ∈ (0, 1)✱

‖w‖Cα(Σg,τ )
≤ C(η, r).

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ Tg − τ0
2 < t < s < Tg ❛♥❞ x ∈ Ωη✱ ❝❤♦♦s✐♥❣ τ = Tg − s ∈ (0, τ0/2)✱

✇❡ ♦❜t❛✐♥
Ug(s, x)− Ug(t, x) ≤ C(s− t)α(Tg − s)−a. ✭✺✳✵✳✺✮

❍❡r❡ ❛♥❞ ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ ❙t❡♣ ✶✱ C > 0 ❞❡♥♦t❡s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ η✱ α✱
❜✉t ✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳

◆♦✇✱ ❢♦r ✜①❡❞ Tg − τ0
2 < t < Tg✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡

si = Tg − (Tg − t)2−i, i = 0, 1, 2, . . . ,

✇❤✐❝❤ s❛t✐s✜❡s
si+1 − si = (Tg − t)2−i−1 = Tg − si+1. ✭✺✳✵✳✻✮

❋✐① α ∈ (a, 1)✳ ❋r♦♠ ✭✺✳✵✳✺✮ ❛♥❞ ✭✺✳✵✳✻✮✱ ✇❡ ❤❛✈❡

Ug(si+1, x)− Ug(si, x) ≤ C(si+1 − si)
α(Tg − si+1)

−a

= C(Tg − si+1)
α−a = C[(Tg − t)2−i−1]α−a

❛♥❞ ✐t❡r❛t✐♥❣✱ ✇❡ ♦❜t❛✐♥

Ug(si+1, x)− Ug(t, x) ≤ C(Tg − t)α−a
i∑

j=0

2−(j+1)(α−a).

❈❧❛✐♠ ✭✺✳✵✳✸✮ ❢♦r t ∈
(
Tg − τ0

2 , Tg
)
❢♦❧❧♦✇s ❜② ❧❡tt✐♥❣ i → ∞✳ ❋✐♥❛❧❧②✱ t❛❦✐♥❣ C(η, β) ≥(

τ0
2

)−β
✱ ✇❡ s❡❡ t❤❛t ✭✺✳✵✳✸✮ ✐s s❛t✐s✜❡❞ ❢♦r t ∈

(
0, Tg − τ0

2

]
❛s ✇❡❧❧✳

❙t❡♣ ✷✳ ◆♦ t♦✉❝❤❞♦✇♥ ❛✇❛② ❢r♦♠ Tf ❛♥❞ ❢r♦♠ ∂Ω✳ ▲❡t σ, η > 0✳ ❲❡ ❝❧❛✐♠ t❤❛t
t❤❡r❡ ❡①✐sts κ = κ(σ) > 0 ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ η✮ ❛♥❞ ε = ε(σ, η) > 0✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧
g ∈ Eγ ✇✐t❤ ‖g‖∞ ≤M ✱ ✐❢ ‖g − f‖q ≤ ε✱ t❤❡♥

Ug(Tg, x) ≤ 1− 2κ ✐♥ Ωη \Aσ, ✭✺✳✵✳✼✮

✇❤❡r❡ Aσ := Tf +B(0, σ)✳

❈❤♦♦s❡ ❛♥② β ∈ (0, 1/(p + 1))✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Tf ✱ t❤❡r❡ ❡①✐sts
κ = κ(σ) ∈ (0, 1/5) s✉❝❤ t❤❛t

Uf (t, x) ≤ 1− 5κ ✐♥ [0, Tf )× (Ω \Aσ). ✭✺✳✵✳✽✮

❙❡t t0 = max
(
0, Tf −

(
κ
Cη

)1/β)
✱ ✇❤❡r❡ Cη = C(η, β) ✐s ❣✐✈❡♥ ❜② ✭✺✳✵✳✸✮✳ ❇② Pr♦♣♦s✐t✐♦♥

✺✳✶✱ t❤❡r❡ ❡①✐sts ε = ε(σ, η) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ g ∈ E✱ ✐❢ ‖g − f‖q ≤ ε✱ t❤❡♥

Ug(t0, x) ≤ Uf (t0, x) + κ ≤ 1− 4κ ✐♥ [0, t0]× (Ω \Aσ).

❆♣♣❧②✐♥❣ ✭✺✳✵✳✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

Ug(Tg, x) ≤ Ug(t0, x) + Cη(Tg − Tf )
β + Cη(Tf − t0)

β

≤ 1− 3κ+ Cη(Tg − Tf )
β ✐♥ Ωη \Aσ.
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❚❤❡ ❈❧❛✐♠ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳

❙t❡♣ ✸✳ ◆♦ t♦✉❝❤❞♦✇♥ ♥❡❛r ∂Ω ❛♥❞ ❝♦♥❝❧✉s✐♦♥✳ ❲❡ s❤❛❧❧ ✉s❡ ❛ s✉♣❡rs♦❧✉t✐♦♥
❛r❣✉♠❡♥t t♦ ❡①❝❧✉❞❡ t♦✉❝❤❞♦✇♥ ♦♥ Ω \Ωη ❢♦r g ❝❧♦s❡ t♦ f ❛♥❞ s♦♠❡ η > 0 ✭✐♥❞❡♣❡♥❞❡♥t
♦❢ g✮✳

❙✐♥❝❡ Tf ⊂⊂ Ω✱ ✇❡ ♠❛② ✜① σ0 > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ s✉❝❤ t❤❛t Aσ0 ⊂⊂ Ω✳ ❙❡t
κ = κ(σ0)✱ ❣✐✈❡♥ ❜② ❙t❡♣ ✷✳ ▲❡t W (x) = 1 − 2κ +Kφ(x)✱ ✇❤❡r❡ K = Mκ−p ❛♥❞ φ ✐s
t❤❡ s♦❧✉t✐♦♥ ♦❢ −∆φ = 1 ✐♥ Ω✱ ✇✐t❤ φ = 0 ♦♥ ∂Ω✳ ❲❡ ❝❛♥ ❝❤♦♦s❡ η > 0 s♠❛❧❧ ❡♥♦✉❣❤
s✉❝❤ t❤❛t Kφ(x) < κ ✐♥ Ω \ Ωη✱ s♦ t❤❛t

−∆W = K ≥ M

(1−W )p
✐♥ Ω \ Ωη.

❚❛❦✐♥❣ η > 0 s♠❛❧❧❡r ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ♠❛② ❛❧s♦ ❛ss✉♠❡ ∂Ωη ∩ Aσ0 = ∅✳ ❋♦r ❛❧❧ g ∈ Eγ
✇✐t❤ ‖g‖∞ ≤M ❛♥❞ ‖g− f‖q ≤ ε(σ0, η)✱ ✐t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✵✳✼✮ ❛♥❞ ∂tUg ≥ 0 t❤❛t

Ug(t, x) ≤ 1− 2κ ≤W (x) ♦♥ [0, Tg)× ∂Ωη.

❙✐♥❝❡ W ≥ 0✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ ❛♣♣❧✐❡❞ ♦♥ [0, Tg) × (Ω \ Ωη)✱
t❤❛t

Ug(t, x) ≤W (x) ≤ 1− κ ✐♥ [0, Tg)× (Ω \ Ωη). ✭✺✳✵✳✾✮

❋✐♥❛❧❧② ❝♦♠❜✐♥✐♥❣ ✭✺✳✵✳✾✮ ❛♥❞ ✭✺✳✵✳✼✮ ✇✐t❤ t❤❡ η ❥✉st ❝❤♦s❡♥ ❛♥❞ ❛♥② σ > 0✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t✱ ❢♦r ❛❧❧ g ∈ Eγ ✇✐t❤ ‖g‖∞ ≤M ✱ ✐❢ ‖g − f‖q ≤ min(ε(σ, η), ε(σ0, η))✱ t❤❡♥

Ug(t, x) ≤W (x) ≤ 1− κ ✐♥ [0, Tg)× (Ω \Aσ).
❚❤❡ ❚❤❡♦r❡♠ ❢♦❧❧♦✇s✳

✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✹✱ ✶✳✺ ❛♥❞ ✶✳✻

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳ ❙t❡♣ ✶✳ ❊st✐♠❛t❡s ♦❢ Ug✳ ▲❡t g s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡
❚❤❡♦r❡♠ ❢♦r s♦♠❡ ε > 0✳ ❙✐♥❝❡ Ug ✭❛♥❞ Uf ✮ ✐s r❛❞✐❛❧❧② s②♠♠❡tr✐❝✱ ✇❡ s❤❛❧❧ ✐♥❞✐✛❡r❡♥t❧②
✇r✐t❡ Ug(t, x) ♦r Ug(t, r) ✇✐t❤ r = |x|✳ ■t ✐s ❦♥♦✇♥ ❢r♦♠ ❬✹❪✱ ❬✶✺❪✱ ❬✷✷❪ t❤❛t Tf = {0}✳

❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t✱ t❛❦✐♥❣ ε > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❛ss✉♠♣t✐♦♥s ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✸✳✺✮
❣✉❛r❛♥t❡❡ t❤❛t

g(x) > µ0ρ
−2 ♦♥ Bρ✳ ✭✻✳✵✳✶✮

■♥❞❡❡❞ ❢♦r ❣✐✈❡♥ δ > 0✱ ✇❡ ♠❛② ❝❤♦♦s❡ s0 ∈ (0, (R − ρ)/2] s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ f, δ✮✱ s✉❝❤ t❤❛t

sup
{
|f(r + s)− f(r)|; 0 ≤ r ≤ ρ, 0 ≤ s ≤ 2s0

}
≤ δ/2.

❇② ✭✶✳✸✳✹✮✱ ❢♦r ❛❧❧ r ∈ [0, ρ] ❛♥❞ s ∈ [0, 2s0]✱ ✇❡ t❤❡♥ ❤❛✈❡

g(r) ≥ g(r + s)− εR

≥ f(r)− |f(r + s)− f(r)| − |g(r + s)− f(r + s)| − εR

≥ f(r)− |g(r + s)− f(r + s)| − εR− δ/2.

❆✈❡r❛❣✐♥❣ ✐♥ s ∈ [s0, 2s0] ❛♥❞ ✉s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✶✳✸✳✺✮✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛❧❧
r ∈ [0, ρ]✱

g(r) ≥ f(r)− s−1
0

∫ 2s0

s0

|g(r + s)− f(r + s)| ds− εR− δ/2

≥ f(r)− s−n0

∫ 2s0

s0

|g(r + s)− f(r + s)|(r + s)n−1 ds− εR− δ/2

≥ f(r)− C(n,R, q)s−n0 ‖g − f‖q − εR− δ/2 ≥ f(r)− δ,
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❢♦r ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ■♥ ✈✐❡✇ ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ f ✱ ♣r♦♣❡rt② ✭✻✳✵✳✶✮ ❢♦❧❧♦✇s ❜②
❝❤♦♦s✐♥❣ δ s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❖✇✐♥❣ t♦ ✭✻✳✵✳✶✮✱ ✇❡ ❤❛✈❡ Tg < ∞ ❛♥❞✱ ❜② ❘❡♠❛r❦ ✺✳✹✱ g ∈ Eγ ❢♦r s♦♠❡ γ > 0
✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳ ❆❧s♦✱ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✱ ✇❡ ♠❛② ❛ss✉♠❡ Tg > t0 := Tf/2 ❛♥❞

Ug(t, x) ≤ 1− κ ✐♥ [0, Tg)× {ρ/4 ≤ |x| ≤ R}, ✭✻✳✵✳✷✮

❢♦r s♦♠❡ κ > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳ ❇② ♣❛r❛❜♦❧✐❝ ❡st✐♠❛t❡s✱ ✐t ❢♦❧❧♦✇s t❤❛t

‖Ug‖C1+ν/2,2+ν([0,Tg ]×{ρ/2≤|x|≤R}) ≤ C1. ✭✻✳✵✳✸✮

❢♦r s♦♠❡ C1, ν > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳

◆❡①t ✇❡ ❝❧❛✐♠ t❤❛t✱ ❢♦r ❛♥② ❣✐✈❡♥ t1 ∈ (0, Tf )✱ ✇❡ ❤❛✈❡

Tg > t1 ❛♥❞ Ug(t1, ·) ❝♦♥✈❡r❣❡s t♦ Uf (t1, ·) ✐♥ C2(B(0, ρ/2)) ❛s ε→ 0✳ ✭✻✳✵✳✹✮

❚❤❡ ❢❛❝t t❤❛t Tg > t1 ❢♦r ε > 0 s♠❛❧❧ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚♦ ♣r♦✈❡ t❤❡
❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ✜rst ♥♦t❡ t❤❛t✱ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ✇❡ ❤❛✈❡

sup
t∈[0,t1]

‖Ug(t, ·)− Uf (t, ·)‖∞ → 0, ❛s ε→ 0✳ ✭✻✳✵✳✺✮

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❝❛♥ ❛ss✉♠❡ supt∈[0,t1] ‖Ug(t, ·)‖∞ ≤ c < 1✳ ▼♦r❡♦✈❡r✱ ♦✉r ❛ss✉♠♣t✐♦♥s
❣✉❛r❛♥t❡❡ t❤❛t ‖g‖C1(B(0,ρ)) ≤ C✱ ✇✐t❤ C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ g✳ ■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠
st❛♥❞❛r❞ ♣❛r❛❜♦❧✐❝ ❡st✐♠❛t❡s t❤❛t

‖Ug‖Cν/2,ν([0,t1]×B(0,3ρ/4)) ≤ C

❢♦r s♦♠❡ ν > 0✱ ❛♥❞ ♥❡①t t❤❛t

‖Ug‖C1+ν/2,2+ν([0,t1]×B(0,ρ/2)) ≤ C.

❯s✐♥❣ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ gi s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣✲
t✐♦♥s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✇✐t❤ ε = εi → 0✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ Ugi(t1, ·) ✇❤✐❝❤
❝♦♥✈❡r❣❡s ✐♥ C2(B(0, ρ/2)) t♦ s♦♠❡ ❧✐♠✐t W ✳ ❇② ✭✻✳✵✳✺✮ ✇❡ ♠✉st ❤❛✈❡ W = Uf (t1, ·)
❛♥❞ ♣r♦♣❡rt② ✭✻✳✵✳✹✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ ▼♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ Ug✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t

∂rUf < −c0r ✐♥ [t0, Tf )× (0, ρ], ✭✻✳✵✳✻✮

❢♦r s♦♠❡ ❝♦♥st❛♥t c0 > 0✳

❚♦ ♣r♦✈❡ ✭✻✳✵✳✻✮✱ ✇❡ s❡t B+(0, R) = B(0, R)∩{x1 > 0}✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ♦✉r ❛ss✉♠♣✲
t✐♦♥s t❤❛t z := ∂x1

Uf ≤ 0 ✐♥ (0, Tf ) × B+(0, R)✳ ❘❡❝❛❧❧✐♥❣ t❤❛t f ∈ C1(Bρ) ❛♥❞ ✉s✐♥❣
♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t z ✐s ❛ ✭str♦♥❣✮ s✉❜s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✐♥
Q := (0, Tf )×B+(0, ρ)✱ ♥❛♠❡❧②✿

zt −∆z =
pf(0)z

(1− Uf )p+1
≤ 0 ❛✳❡✳ ✐♥ Q.

❙✐♥❝❡ z = 0 ♦♥ {x1 = 0} ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♥❞ t❤❡ ❍♦♣❢
▲❡♠♠❛ t❤❛t

z(t, x1, 0, · · · , 0) ≤ −c0x1 ❢♦r ❛❧❧ (t, x1) ∈ [t0, Tf )× [0, ρ].

❈❧❛✐♠ ✭✻✳✵✳✻✮ ❢♦❧❧♦✇s ❜② ♦❜s❡r✈✐♥❣ t❤❛t ∂rUf (t, x) = ∂x1
Uf (t, |r|, 0, · · · , 0)✳
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❲❡ ♥❡①t ❝❤♦♦s❡ t1 ∈ (t0, Tf ) s✉❝❤ t❤❛t

C1|Tf − t1|ν/2 ≤ c0ρ

8
, ✭✻✳✵✳✼✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts C1, c0 ❛r❡ ❣✐✈❡♥ ❜② ✭✻✳✵✳✸✮✱ ✭✻✳✵✳✻✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❝❧❛✐♠ t❤❛t ✐❢ ε
✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡♥

∂rUg(t, ρ/2) ≤ −c0ρ
16

, ❢♦r ❛❧❧ t ∈ [t1, Tg)✳ ✭✻✳✵✳✽✮

❚♦ ♣r♦✈❡ ✭✻✳✵✳✽✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❜② ✭✻✳✵✳✻✮ ❛♥❞ ✭✻✳✵✳✹✮✱ ✐❢ ε ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡♥
✇❡ ❤❛✈❡

∂rUg(t1, ρ/2) ≤ ∂rUf (t1, ρ/2) +
c0ρ

4
≤ −c0ρ

4
.

❆♣♣❧②✐♥❣ ✭✻✳✵✳✸✮✱ ✭✻✳✵✳✼✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ✐❢ ε ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧
t❤❡♥✱ ❢♦r ❛❧❧ t ∈ [t1, Tg)✱

∂rUg(t, ρ/2) ≤ ∂rUg(t1, ρ/2) + C1|Tf − t1|ν/2 + C1|Tg − Tf |ν/2

≤ −c0ρ
4

+
c0ρ

8
+ C1|Tg − Tf |ν/2

≤ −c0ρ
4

+
c0ρ

8
+
c0ρ

16
= −c0ρ

16
,

✇❤✐❝❤ ♣r♦✈❡s ✭✻✳✵✳✽✮✳

❚❤❡♥ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c1 > 0 s✉❝❤ t❤❛t✱ ✐❢ ε ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱
t❤❡♥

∂rUg(t1, r) ≤ −c1r, ❢♦r ❛❧❧ r ∈ [0, ρ/2]✳ ✭✻✳✵✳✾✮

❚♦ ♣r♦✈❡ ✭✻✳✵✳✾✮✱ ✇❡ ♥♦t❡ t❤❛t✱ ❜② ✭✻✳✵✳✻✮✱ t❤❡r❡ ❡①✐sts ℓ ∈ (0, ρ) s✉❝❤ t❤❛t ∂2rUf (t1, r) ≤
−c0/2 ❢♦r ❛❧❧ r ∈ [0, ℓ] ❛♥❞ ∂rUf (t1, r) ≤ −c0ℓ ❢♦r ❛❧❧ r ∈ [ℓ, ρ/2]✳ ❇② ♣r♦♣❡rt② ✭✻✳✵✳✹✮✱
✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ ε ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡♥ ∂2rUg(t1, r) ≤ −c0/4 ❢♦r ❛❧❧ r ∈ [0, ℓ]✱ ✇❤✐❝❤✱
❛❢t❡r ✐♥t❡❣r❛t✐♦♥✱ ❣✐✈❡s

∂rUg(t1, r) ≤ −c0
4
r, ❢♦r ❛❧❧ r ∈ [0, ℓ].

❆❧s♦ ❜② ♣r♦♣❡rt② ✭✻✳✵✳✹✮✱ ✐❢ ε ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

∂rUg(t1, r) ≤ −c0ℓ
2

≤ −c0ℓ
ρ
r, ❢♦r ❛❧❧ r ∈ [ℓ, ρ/2].

❍❡♥❝❡✱ ✭✻✳✵✳✾✮ ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ c1 = min
{
c0
4 ,

c0ℓ
ρ

}
✳

❙t❡♣ ✸✳ ❆✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ ❛♥❞ ❝♦♥❝❧✉s✐♦♥✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ♦♠✐tt✐♥❣ t❤❡ s✉❜s❝r✐♣t
g ✇✐t❤♦✉t r✐s❦ ♦❢ ❝♦♥❢✉s✐♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ u = Ug✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞ ✐♥
❬✶✶❪✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥

J(t, r) := w(t, r) + ηa(r)h(u), (t, r) ∈ [t1, Tg)× [0, ρ/2],

✇❤❡r❡ w(t, r) = rn−1ur✱ a(r) = rn✱ h(u) = (1 − u)−γ ❛♥❞ η, γ > 0 ❛r❡ ❝♦♥st❛♥ts t♦ ❜❡
❝❤♦s❡♥ ❧❛t❡r✳

❲❡ ✜rst ❧♦♦❦ ❛t t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ♦❢ [t1, Tg) × (0, ρ/2)✳ ❇② ✭✻✳✵✳✾✮✱ ❢♦r ❛❧❧
r ∈ [0, ρ/2)✱ ✇❡ ❤❛✈❡

J(t1, r) = rn−1ur(t1, r) + η rn

(1−u(t1,r))γ

≤ rn
(
−c1 + η

(1−‖u(t1)‖∞)γ

)
≤ 0,

✭✻✳✵✳✶✵✮
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♣r♦✈✐❞❡❞ η ≤ c1(1 − ‖u(t1)‖∞)γ ✳ ❲❡ ❛❧s♦ ❤❛✈❡ J(t, 0) = 0✱ ❢♦r ❛❧❧ t ∈ [t1, Tg)✱ ❛♥❞ ❜②
✭✻✳✵✳✽✮ ❛♥❞ ✭✻✳✵✳✷✮✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ t ∈ [t1, Tg)✱

J
(
t, ρ/2

)
=

(
ρ
2

)n−1
ur(t, ρ/2) + η (ρ/2)n

(1−u(t,ρ/2))γ

≤
(
ρ
2

)n (− c0
8 + η

κγ

)
≤ 0,

✭✻✳✵✳✶✶✮

♣r♦✈✐❞❡❞ η ≤ c0κ
γ

8
✳

◆❡①t✱ ✇❡ ♥♦t❡ t❤❛t u ❛♥❞ w r❡s♣❡❝t✐✈❡❧② s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s

ut − urr −
n− 1

r
ur = g(r)H(u),

wt − wrr +
n− 1

r
wr = g(r)H ′(u)w + g′(r)rn−1H(u),

✇❤❡r❡ H(u) = (1 − u)−p✳ ❖♠✐tt✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s r ❛♥❞ u ❢r♦♠ ♥♦✇ ♦♥ ✇✐t❤♦✉t r✐s❦ ♦❢
❝♦♥❢✉s✐♦♥✱ ✇❡ ❝♦♠♣✉t❡

Jt = wt + ηah′ut,

Jr = wr + ηa′h+ ηah′ur,

Jrr = wrr + ηa′′h+ 2ηa′h′ur + ηah′′u2r + ηah′urr.

❯s✐♥❣ t❤❡s❡ ✐❞❡♥t✐t✐❡s ❛♥❞ w = J − ηah✱ ✇❡ ♦❜t❛✐♥ ✭❛✳❡✳ ✐♥ [t1, Tg)× (0, ρ/2)✮✿

Jt − Jrr +
n−1
r Jr

= wt − wrr +
n−1
r wr + ηah′

(
ut − urr − n−1

r ur
)

+n−1
r ηa′h− ηa′′h− 2ηa′h′ur − ηah′′u2r + 2ηah′ n−1

r ur

= gH ′w + g′rn−1H + ηah′gH − 2ηh′w − ηah′′u2r

≤ [pg(1− u)−p−1 − 2γη(1− u)−1−γ ]w + γηgrn(1− u)−p−1−γ

+g′rn−1(1− u)−p

= b(t, r)J + rn−1(1− u)−p[g′ − (p− γ)ηgr(1− u)−γ−1

+2γη2r(1− u)p−2γ−1]

= b(t, r)J + rn−1(1− u)−p
[
g′ − ηr(1− u)−γ−1

(
(p− γ)g

−2γη(1− u)p−γ
)]
,

✇❤❡r❡ b ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦♥ (0, ρ/2)× [t1, Tg−τ ] ❢♦r ❡❛❝❤ τ > 0✳ ❋♦r ❛♥② γ ∈ [0, p)✱
✉s✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✶✳✸✳✹✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

Jt − Jrr +
n− 1

r
Jr − b(t, r)J ≤ rn(1− u)−p

[
ε− η(1− u)−γ−1

(
(p− γ)g − 2γη

)]
.

❘❡❝❛❧❧✐♥❣ ❢r♦♠ ❙t❡♣ ✶ t❤❛t g ✐s ✉♥✐❢♦r♠❧② ♣♦s✐t✐✈❡ ✐♥ Bρ✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ η s♠❛❧❧ ❡♥♦✉❣❤
s✉❝❤ t❤❛t

(p− γ)g(r) ≥ 3γη ♦♥ Bρ/2.

❚❛❦✐♥❣ ε ≤ γη2✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

Jt − Jrr +
n− 1

r
Jr − b(t, r)J ≤ rn(1− u)−p

(
ε− γη2

)
≤ 0,

❛✳❡✳ ✐♥ [t1, Tg)× (0, ρ/2)✳
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■♥ ✈✐❡✇ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t②✱ t♦❣❡t❤❡r ✇✐t❤ ✭✻✳✵✳✶✵✮ ❛♥❞ ✭✻✳✵✳✶✶✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t J ≤ 0✱ ❤❡♥❝❡

ur ≤ −ηr(1− u)−γ , ❢♦r ❛❧❧ (t, r) ∈ [t1, Tg)× [0, ρ/2).

❆❢t❡r ✐♥t❡❣r❛t✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✐♥ s♣❛❝❡✱ ✇❡ ♦❜t❛✐♥

(1− u(t, r))γ+1 ≥ γ + 1

2
ηr2, ❢♦r ❛❧❧ (t, r) ∈ [t1, Tg)× [0, ρ/2),

✇❤✐❝❤ ❣✉❛r❛♥t❡❡s Tg = {0}✳

❘❡♠❛r❦ ✻✳✶✳ ✭✐✮ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦❢ t❤❡
✜♥❛❧ t♦✉❝❤❞♦✇♥ ♣r♦✜❧❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♥❡❛r t❤❡ ♦r✐❣✐♥✿

1− u(T, r) ≥ cr
2

p+1+ε, ❛s r → 0,

❢♦r ❛♥② ε > 0 ❛♥❞ c = c(ε) > 0✳ ❋♦r ♠♦r❡ ❛❝❝✉r❛t❡ r❡s✉❧ts r❡❣❛r❞✐♥❣ t❤❡ q✉❡♥❝❤✐♥❣
♣r♦✜❧❡ ✐♥ t❤❡ ❝❛s❡ f = Const.✱ s❡❡ ❬✽❪✳

✭✐✐✮ ❲❡ ♣♦✐♥t ♦✉t t❤❛t ✉♥❞❡r t❤❡ str♦♥❣❡r✱ ❣❧♦❜❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t g ∈ C1(Ω) ❛♥❞
−M ≤ g′(r) ≤ εr ♦♥ [0, R]✱ ✇❡ ❝❛♥ ♣r♦✈❡ s✐♥❣❧❡ ♣♦✐♥t t♦✉❝❤❞♦✇♥ ❛t t❤❡ ♦r✐❣✐♥ ✇✐t❤♦✉t
✉s✐♥❣ t❤❡ s❡♠✐❝♦♥t✐♥✉✐t② ♣r♦♣❡rt② ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t✳ ❚♦ t❤✐s ❡♥❞✱ ✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♦❢✱
♦♥❡ ❝♦♥s✐❞❡rs J ♦♥ t❤❡ ✇❤♦❧❡ ❝②❧✐♥❞❡r [t1, Tg)×(0, R) ❛♥❞ ✉s❡s t❤❡ ❍♦♣❢ ❧❡♠♠❛ t♦ ❡♥s✉r❡
J ≤ 0 ❛t r = R✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦♥❧② ✉s❡ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❤②♣♦t❤❡s✐s
‖g − f‖q ≤ ε✱ t♦ ❡♥s✉r❡ t❤❛t J(t1, ·) ≤ 0 ❛t s♦♠❡ t✐♠❡ t1 < Tg✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺✳ ■t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✱ ❘❡♠❛r❦ ✺✳✹ ❛♥❞ ❚❤❡✲
♦r❡♠ ✶✳✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✻✳ ❲❡ ❥✉st ♥❡❡❞ t♦ ♣r♦✈❡ ❛ss❡rt✐♦♥ ✭✐✮ ♦❢ ❚❤❡♦✲
r❡♠ ✶✳✻✳ ❆ss❡rt✐♦♥ ✭✐✐✮ ❢♦❧❧♦✇s ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❛❞✐❛❧ s②♠♠❡tr②
♦❢ t❤❡ ❞♦♠❛✐♥ ❛♥❞ ♣r♦✜❧❡✳

■♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤✐s ❡①❛♠♣❧❡✱ ✇❡ s❡t Bi = B(xi, 2r)✱ ✇✐t❤ r ∈ (0, ρ/2) ❝❤♦s❡♥
s✉✣❝✐❡♥t❧② s♠❛❧❧ s♦ t❤❛t

min
(
❞✐st(B1, B2), ❞✐st(B1, ∂Ω), ❞✐st(B2, ∂Ω)

)
> r.

❉❡♥♦t❡ B̃i = B(xi, r)✳ ❈❤♦♦s❡ µ > µ0(p, n)r
−2✳ ❇② ▲❡♠♠❛ ✷✳✷✱ ❢♦r ❛♥② g ∈ E s✉❝❤ t❤❛t

g ≥ µχB̃i
✇✐t❤ i = 1 ♦r 2✱ ✇❡ ❤❛✈❡

Tg ≤
1

(p+ 1)(µ− µ0(p, n)r−2)
<∞. ✭✻✳✵✳✶✷✮

❙❡t
Ê =

{
g ∈ E; t❤❡r❡ ❡①✐sts j ∈ {1, 2} s✉❝❤ t❤❛t 2µ ≥ g ≥ µχB̃j

}
.

❇② ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ η = η(p,Ω, µ, r) ∈ (0, µ/2) s✉❝❤
t❤❛t

✐❢ g ∈ Ê ❛♥❞ g ≤ 2η ✐♥ Bi ❢♦r s♦♠❡ i ∈ {1, 2}✱ t❤❡♥ Tg ∩Bi = ∅ ✭✻✳✵✳✶✸✮

❛♥❞
✐❢ g ∈ Ê ❛♥❞ g ≤ 2η ✐♥ Ω \ [B1 ∪B2]✱ t❤❡♥ Tg ⊂ B1 ∪B2. ✭✻✳✵✳✶✹✮



✻✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼❙ ✶✳✹✱ ✶✳✺ ❆◆❉ ✶✳✻ ✻✼

◆♦✇✱ ❢♦r ❛ ✜①❡❞ q ≥ 1 ❛♥❞ n
2 < q < ∞✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ h 7→ fh ❢r♦♠

[η, 2µ] t♦ (Ê, ‖ · ‖q) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳ ❊❛❝❤ fh s❛t✐s✜❡s

fh(x) =





h ❢♦r x ∈ B̃1,

2µ+ η − h ❢♦r x ∈ B̃2,
η ❢♦r x ∈ Ω \ [B1 ∪B2],

t♦❣❡t❤❡r ✇✐t❤
max
Bi

fh = fh(xi), ❢♦r i = 1, 2.

❇② ✭✻✳✵✳✶✷✮✱ ✭✻✳✵✳✶✹✮✱ ✇❡ ❤❛✈❡

Tfh <∞ ❛♥❞ Tfh ⊂ B1 ∪B2, ❢♦r ❛❧❧ h ∈ [η, 2µ]. ✭✻✳✵✳✶✺✮

■♥ ❛❞❞✐t✐♦♥✱ ❜② ✭✻✳✵✳✶✸✮✱ ✭✻✳✵✳✶✹✮✱ ✇❡ ❤❛✈❡

Tfh ⊂ B2, ❢♦r ❛❧❧ h ∈ [η, 2η] ✭✻✳✵✳✶✻✮

❛♥❞
Tfh ⊂ B1, ❢♦r ❛❧❧ h ∈ [2µ− η, 2µ]. ✭✻✳✵✳✶✼✮

◆♦✇✱ ✇❡ ❞❡✜♥❡

h∗ := inf
{
h ∈ [η, 2µ], s✉❝❤ t❤❛t Tfh ∩B1 6= ∅

}
. ✭✻✳✵✳✶✽✮

❇② ✭✻✳✵✳✶✻✮✱ ✭✻✳✵✳✶✼✮✱ ✇❡ ❦♥♦✇ t❤❛t 2η ≤ h∗ ≤ 2µ − η✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ h∗ ❛♥❞
✭✻✳✵✳✶✺✮✱ ✇❡ ❤❛✈❡

Tfh ⊂ B2, ❢♦r ❛❧❧ h ∈ [η, h∗),

❛♥❞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ hi ↓ h∗ s✉❝❤ t❤❛t

Tfhi
∩B1 6= ∅.

❙✐♥❝❡ h 7→ fh ✐s ❝♦♥t✐♥✉♦✉s ✐♥ Lq ✇✐t❤ q ❛s ❛❜♦✈❡✱ ✇❡ ♠❛② ❛♣♣❧② ❚❤❡♦r❡♠ ✶✳✽ ❛♥❞
✭✻✳✵✳✶✺✮ t♦ ❞❡❞✉❝❡ t❤❛t

Tfh∗ ∩B1 6= ∅ ❛♥❞ Tfh∗ ∩B2 6= ∅. ✭✻✳✵✳✶✾✮

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻✳ ❋✐♥❛❧❧②✱ ✐♥ ✈✐❡✇ ♦❢ ✭✻✳✵✳✶✽✮ ❛♥❞ t❤❡ s❡❝♦♥❞
♣❛rt ♦❢ ✭✻✳✵✳✶✾✮✱ Pr♦♣♦s✐t✐♦♥ ✺✳✻ ❢♦❧❧♦✇s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❡q✉❡♥❝❡ gi = fh∗−1/i✳
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t✐♠❡ ❛♥❞ t❤❡ ❜❧♦✇✲✉♣ s❡t ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥s✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧
❙②st❡♠s ✷✻ ✭✷✵✶✵✮✱ ✹✸✕✻✶✳

❬✷❪ P✳ ❇❛r❛s✱ ▲✳ ❈♦❤❡♥✱ ❈♦♠♣❧❡t❡ ❜❧♦✇✲✉♣ ❛❢t❡r Tmax ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s❡♠✐❧✐♥❡❛r
❤❡❛t ❡q✉❛t✐♦♥✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✼✶ ✭✶✾✽✼✮✱ ✶✹✷✕✶✼✹✳

❬✸❪ ❳✳✲❨✳ ❈❤❡♥✱ ❍✳ ▼❛t❛♥♦✱ ❈♦♥✈❡r❣❡♥❝❡✱ ❛s②♠♣t♦t✐❝ ♣❡r✐♦❞✐❝✐t②✱ ❛♥❞ ✜♥✐t❡✲♣♦✐♥t
❜❧♦✇✲✉♣ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❡♠✐❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥s✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✼✽
✭✶✾✽✾✮✱ ✶✻✵✕✶✾✵✳

❬✹❪ ❑✳ ❉❡♥❣✱ ❍✳ ❆✳ ▲❡✈✐♥❡✱ ❖♥ t❤❡ ❜❧♦✇✉♣ ♦❢ ut ❛t q✉❡♥❝❤✐♥❣✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳
❙♦❝✳✶✵✻ ✭✶✾✽✾✮✱ ✶✵✹✾✕✶✵✺✻✳
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❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✼✶ ✭✶✾✽✼✮✱ ✽✽✕✶✵✸✳

❬✻❪ P✳ ❊s♣♦s✐t♦✱ ◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦✱ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣ ❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙✳ ❈♦✉r❛♥t ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✲
❡♠❛t✐❝s✱ ✷✵✳ ❈♦✉r❛♥t ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ◆❡✇ ❨♦r❦❀ ❆♠❡r✐❝❛♥
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❬✶✶❪ ❆✳ ❋r✐❡❞♠❛♥✱ ❇✳ ▼❝▲❡♦❞✱ ❇❧♦✇✲✉♣ ♦❢ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ s❡♠✐❧✐♥❡❛r ❤❡❛t ❡q✉❛✲
t✐♦♥s✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✸✹ ✭✶✾✽✺✮✱ ✹✷✺✕✹✹✼✳

❬✶✷❪ ◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦ ❈❤✶✱ ❖♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦st❛t✐❝
▼❊▼❙ ❞❡✈✐❝❡s✿ st❛t✐♦♥❛r② ❝❛s❡✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ✸✽ ✭✷✵✵✼✮✱ ✶✹✷✸✕✶✹✹✾✳

❬✶✸❪ ◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦✱ ❖♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦st❛t✐❝
▼❊▼❙ ❞❡✈✐❝❡s ■■✿ ❞②♥❛♠✐❝ ❝❛s❡✳ ◆♦♥❧✐♥❡❛r ❉✐✛✳ ❊q♥s✳ ❆♣♣❧✳ ✶✺ ✭✷✵✵✽✮✱ ✶✶✺✕✶✹✺✳

✻✾
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❬✶✹❪ P✳ ●r♦✐s♠❛♥✱ ❏✳ ❘♦ss✐ ❛♥❞ ❍✳ ❩❛❛❣✱ ❖♥ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❜❧♦✇✲✉♣ t✐♠❡
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ ❛ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠✳ ❈♦♠♠✳ P❛rt✐❛❧
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✽ ✭✷✵✵✸✮✱ ✼✸✼✕✼✹✹✳

❬✶✺❪ ❏✳✲❙✳ ●✉♦✱ ❖♥ t❤❡ q✉❡♥❝❤✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
❡q✉❛t✐♦♥✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✶✺✶ ✭✶✾✾✵✮✱ ✺✽✕✼✾✳

❬✶✻❪ ❏✳✲❙✳ ●✉♦✱ ◗✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠ ✐♥ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛✳ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧
❊q✉❛t✐♦♥s ✶✵ ✭✶✾✾✼✮✱ ✶✵✻✺✕✶✵✼✹✳

❬✶✼❪ ❏✳✲❙✳ ●✉♦✱ ❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ♦♥ ❛ ♥♦♥❧♦❝❛❧ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ t❤❡ ♠✐❝r♦✲❡❧❡❝tr♦
♠❡❝❤❛♥✐❝❛❧ s②st❡♠✳ ❚❛♠❦❛♥❣ ❏✳ ▼❛t❤✳ ✹✺ ✭✷✵✶✹✮✱ ✷✷✾✕✷✹✶✳

❬✶✽❪ ❏✳✲❙✳ ●✉♦✱ ❇✳ ❍✉✱ ❈✳✲❏✳ ❲❛♥❣✱ ❆ ♥♦♥❧♦❝❛❧ q✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ ♠✐❝r♦✲
❡❧❡❝tr♦ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✳ ◗✉❛rt❡r❧② ❆♣♣❧✳ ▼❛t❤✳ ✻✼ ✭✷✵✵✾✮✱ ✼✷✺✕✼✸✹✳

❬✶✾❪ ❏✳✲❙✳ ●✉♦✱ ◆✳■✳ ❑❛✈❛❧❧❛r✐s✱ ❖♥ ❛ ♥♦♥❧♦❝❛❧ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ ❡❧❡❝✲
tr♦st❛t✐❝ ▼❊▼❙ ❝♦♥tr♦❧✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✸✷ ✭✷✵✶✷✮✱
✶✼✷✸✕✶✼✹✻✳

❬✷✵❪ ❏✳✲❙✳ ●✉♦✱ ▼✳ ❙❤✐♠♦❥♦✱ ❇❧♦✇✐♥❣ ✉♣ ❛t ③❡r♦ ♣♦✐♥ts ♦❢ ♣♦t❡♥t✐❛❧ ❢♦r ❛♥ ✐♥✐t✐❛❧
❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ❆♥❛❧✳ ✶✵ ✭✷✵✶✶✮✱ ✶✻✶✕✶✼✼✳

❬✷✶❪ ❏✳✲❙✳ ●✉♦✱ P❤✳ ❙♦✉♣❧❡t✱ ◆♦ t♦✉❝❤❞♦✇♥ ❛t ③❡r♦ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡
❢♦r t❤❡ ▼❊▼❙ ♣r♦❜❧❡♠✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧②s✐s ✹✼ ✭✷✵✶✺✮✱ ✻✶✹✕✻✷✺✳

❬✷✷❪ ❨✳ ●✉♦✱ ❖♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙ ❞❡✈✐❝❡s ■■■✿
r❡✜♥❡❞ t♦✉❝❤❞♦✇♥ ❜❡❤❛✈✐♦r✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✹✹ ✭✷✵✵✽✮✱ ✷✷✼✼✕✷✸✵✾✳

❬✷✸❪ ❨✳ ●✉♦✱ ●❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ s✐♥❣✉❧❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ ❡❧❡❝tr♦st❛t✐❝
▼❊▼❙✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✹✺ ✭✷✵✵✽✮✱ ✽✵✾✕✽✹✹✳

❬✷✹❪ ❨✳ ●✉♦✱ ❩✳ P❛♥✱ ▼✳❏✳ ❲❛r❞✱ ❚♦✉❝❤❞♦✇♥ ❛♥❞ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ▼❊▼❙
❞❡✈✐❝❡ ✇✐t❤ ✈❛r②✐♥❣ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳ ❙■❆▼ ❏✳ ❆♣♣❧✳ ▼❛t❤✳ ✻✻ ✭✷✵✵✺✮✱ ✸✵✾✕✸✸✽✳

❬✷✺❪ ◆✳■✳ ❑❛✈❛❧❧❛r✐s✱ ❚✳ ▼✐②❛s✐t❛✱ ❚✳ ❙✉③✉❦✐✱ ❚♦✉❝❤❞♦✇♥ ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s ✐♥
❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙ ❞❡✈✐❝❡ ❡q✉❛t✐♦♥✳ ◆♦♥❧✐♥❡❛r ❉✐✛✳ ❊q♥s✳ ❆♣♣❧✳ ✶✺ ✭✷✵✵✽✮✱ ✸✻✸✕
✸✽✺✳

❬✷✻❪ ❍✳❆✳ ▲❡✈✐♥❡✱ ◗✉❡♥❝❤✐♥❣✱ ♥♦♥q✉❡♥❝❤✐♥❣✱ ❛♥❞ ❜❡②♦♥❞ q✉❡♥❝❤✐♥❣ ❢♦r s♦❧✉t✐♦♥ ♦❢
s♦♠❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❆♥♥✳ ▼❛t✳ P✉r❛ ❆♣♣❧✳ ✶✺✺ ✭✶✾✽✾✮✱ ✷✹✸✕✷✻✵✳

❬✷✼❪ ❋✳ ▼❡r❧❡✱ ❙♦❧✉t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ ❛r❜✐tr❛r✐❧② ❣✐✈❡♥ ❜❧♦✇✉♣
♣♦✐♥ts✳ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳ ✹✵ ✭✶✾✾✷✮✱ ✷✻✸✕✸✵✵✳

❬✷✽❪ ❏✳❆✳ P❡❧❡s❦♦✱ ❆✳❆✳ ❚r✐♦❧♦✱ ◆♦♥❧♦❝❛❧ ♣r♦❜❧❡♠s ✐♥ ▼❊▼❙ ❞❡✈✐❝❡ ❝♦♥tr♦❧✳ ❏✳
❊♥❣r❣✳ ▼❛t❤✳ ✹✶ ✭✷✵✵✶✮✱ ✸✹✺✕✸✻✻✳

❬✷✾❪ ❏✳❆✳ P❡❧❡s❦♦✱ ❉✳❍✳ ❇❡r♥st❡✐♥✱ ▼♦❞❡❧✐♥❣ ▼❊▼❙ ❛♥❞ ◆❊▼❙✳ ❈❤❛♣♠❛♥ ❍❛❧❧
❛♥❞ ❈❘❈ Pr❡ss✱ ✷✵✵✷✳

❬✸✵❪ ❉✳ P❤✐❧❧✐♣s✱ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ q✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠s✳ ❆♣♣❧✐❝❛❜❧❡ ❆♥❛❧✳ ✷✹
✭✶✾✽✼✮✱ ✷✺✸✕✷✻✹✳

❬✸✶❪ P✳ ◗✉✐tt♥❡r✱ ❈♦♥t✐♥✉✐t② ♦❢ t❤❡ ❜❧♦✇✲✉♣ t✐♠❡ ❛♥❞ ❛ ♣r✐♦r✐ ❜♦✉♥❞s ❢♦r s♦❧✉t✐♦♥s ✐♥
s✉♣❡r❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✳ ❍♦✉st♦♥ ❏✳ ▼❛t❤✳ ✷✾ ✭✷✵✵✸✮✱ ✼✺✼✕✼✾✾✳

❬✸✷❪ P✳ ◗✉✐tt♥❡r✱ P❤✳ ❙♦✉♣❧❡t✱ ❙✉♣❡r❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✳ ❇❧♦✇✲✉♣✱ ❣❧♦❜❛❧
❡①✐st❡♥❝❡ ❛♥❞ st❡❛❞② st❛t❡s✳ ❇✐r❦❤ä✉s❡r ❆❞✈❛♥❝❡❞ ❚❡①ts✱ ✷✵✵✼✳
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❬✸✸❪ ❏✳❏✳▲✳ ❱❡❧á③q✉❡③✱ ❊st✐♠❛t❡s ♦♥ t❤❡ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧ ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ♦❢
t❤❡ ❜❧♦✇✲✉♣ s❡t ❢♦r ❛ s❡♠✐❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✹✷ ✭✶✾✾✸✮✱
✹✹✺✕✹✼✻✳

❬✸✹❪ ◗✳❙✳ ❩❤❛♥❣✱ ❚❤❡ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢ ❤❡❛t ❦❡r♥❡❧s ♦❢ ❉✐r✐❝❤❧❡t ▲❛♣❧❛❝✐❛♥s✳ ❏✳
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✶✽✷ ✭✷✵✵✷✮✱ ✹✶✻✕✹✸✵✳

❬✸✺❪ ❉✳ ❨❡✱ ❋✳ ❩❤♦✉✱ ❖♥ ❛ ❣❡♥❡r❛❧ ❢❛♠✐❧② ♦❢ ♥♦♥❛✉t♦♥♦♠♦✉s ❡❧❧✐♣t✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝
❡q✉❛t✐♦♥s✳ ❈❛❧❝✳ ❱❛r✳ ✸✼ ✭✷✵✶✵✮✱ ✷✺✾✕✷✼✹✳
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❈❤❛♣t❡r ✸

◗✉❛♥t✐t❛t✐✈❡ t♦✉❝❤❞♦✇♥

❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ▼❊▼❙

♣r♦❜❧❡♠ ✇✐t❤ ✈❛r✐❛❜❧❡ ❞✐❡❧❡❝tr✐❝

♣❡r♠✐tt✐✈✐t②

❈❛r❧♦s ❊st❡✈❡ ❛♥❞ P❤✐❧✐♣♣❡ ❙♦✉♣❧❡t

❚❤✐s ❛rt✐❝❧❡ ✐s ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❥♦✉r♥❛❧ ◆♦♥❧✐♥❡❛r✐t②✳

❈✳ ❊st❡✈❡ ❛♥❞ P❤✳ ❙♦✉♣❧❡t✱ ◗✉❛♥t✐t❛t✐✈❡ t♦✉❝❤❞♦✇♥ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ▼❊▼❙
♣r♦❜❧❡♠ ✇✐t❤ ✈❛r✐❛❜❧❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✳ ✷✵✶✽ ◆♦♥❧✐♥❡❛r✐t② ✸✶ ✹✽✽✸

❆❜str❛❝t✳ ❲❡ ❝♦♥s✐❞❡r ❛ ✇❡❧❧✲❦♥♦✇♥ ♠♦❞❡❧ ❢♦r ♠✐❝r♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ✭▼❊▼❙✮
✇✐t❤ ✈❛r✐❛❜❧❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✱ ❜❛s❡❞ ♦♥ ❛ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ s✐♥❣✉❧❛r ♥♦♥❧✐♥❡❛r✲
✐t②✳ ❲❡ st✉❞② t❤❡ t♦✉❝❤❞♦✇♥ ♦r q✉❡♥❝❤✐♥❣ ♣❤❡♥♦♠❡♥♦♥✳ ❘❡❝❡♥t❧②✱ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r
♦r ♥♦t t♦✉❝❤❞♦✇♥ ❝❛♥ ♦❝❝✉r ❛t ③❡r♦ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡ f ✱ ✇❤✐❝❤ ❤❛❞ ❧♦♥❣
r❡♠❛✐♥❡❞ ♦♣❡♥✱ ✇❛s ❛♥s✇❡r❡❞ ♥❡❣❛t✐✈❡❧② ✐♥ ❬✶✺❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r✐♦r ♣♦✐♥ts✱ ❛♥❞ ✇❡
t❤❡♥ s❤♦✇❡❞ ✐♥ ❬✷❪ t❤❛t t♦✉❝❤❞♦✇♥ ❝❛♥ ❛❝t✉❛❧❧② ❜❡ r✉❧❡❞ ♦✉t ✐♥ s✉❜r❡❣✐♦♥s ♦❢ Ω ✇❤❡r❡ f

✐s ♣♦s✐t✐✈❡ ❜✉t s✉✐t❛❜❧② s♠❛❧❧✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ t♦✉❝❤❞♦✇♥ ❧♦❝❛❧✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t♦
s❤♦✇ t❤❛t✱ ✐♥ ♦♥❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ q✉✐t❡ q✉❛♥t✐t❛t✐✈❡ ❝♦♥❞✐t✐♦♥s✳ ◆❛♠❡❧②✱
❢♦r ❧❛r❣❡ ❝❧❛ss❡s ♦❢ t②♣✐❝❛❧✱ ♦♥❡✲❜✉♠♣ ❛♥❞ t✇♦✲❜✉♠♣ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡s✱ ✇❡ ✜♥❞ ❣♦♦❞
❧♦✇❡r ❡st✐♠❛t❡s ♦❢ t❤❡ r❛t✐♦ ρ ❜❡t✇❡❡♥ f(x) ❛♥❞ ✐ts ♠❛①✐♠✉♠✱ ❜❡❧♦✇ ✇❤✐❝❤ ♥♦ t♦✉❝❤❞♦✇♥
♦❝❝✉rs ♦✉ts✐❞❡ ♦❢ t❤❡ ❜✉♠♣s✳ ❚❤❡ r❛t✐♦ ρ ✐s r✐❣♦r♦✉s❧② ♦❜t❛✐♥❡❞ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s✉✐t✲
❛❜❧❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✇✐t❤ ❡✐t❤❡r t❤r❡❡ ♦r ❢♦✉r ♣❛r❛♠❡t❡rs✮✱
✇❤✐❝❤ ✐s t❤❡♥ ♥✉♠❡r✐❝❛❧❧② ❡st✐♠❛t❡❞✳ ❘❛t❤❡r s✉r♣r✐s✐♥❣❧②✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ✈❛❧✉❡s ♦❢
t❤❡ r❛t✐♦ ρ ❛r❡ ♥♦t ✏s♠❛❧❧✑ ❜✉t ❛❝t✉❛❧❧② ✉♣ t♦ t❤❡ ♦r❞❡r ∼ 0.3✱ ✇❤✐❝❤ ❝♦✉❧❞ ❤❡♥❝❡ ❜❡
q✉✐t❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r r♦❜✉st ✉s❡ ✐♥ ♣r❛❝t✐❝❛❧ ▼❊▼❙ ❞❡s✐❣♥✳

❚❤❡ ♠❛✐♥ t♦♦❧ ❢♦r t❤❡ r❡❞✉❝t✐♦♥ t♦ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❛ q✉❛♥✲
t✐t❛t✐✈❡ t②♣❡ ■✱ t❡♠♣♦r❛❧ t♦✉❝❤❞♦✇♥ ❡st✐♠❛t❡✳ ❚❤❡ ❧❛tt❡r ✐s ♣r♦✈❡❞ ❜② ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡
❛r❣✉♠❡♥ts✱ ❛♣♣❧✐❡❞ t♦ ❛ ♠✉❧t✐✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ r❡✜♥❡❞✱ ♥♦♥❧✐♥❡❛r ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s
✇✐t❤ ❝✉t✲♦✛✳

✼✸
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✶ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ ▼❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠ ❛♥❞ ♣❤②s✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠




ut − uxx = f(x)(1− u)−p, x ∈ Ω, t > 0,
u = 0, x ∈ ∂Ω, t > 0,

u(0, x) = 0, x ∈ Ω,
✭✶✳✶✳✶✮

✇❤❡r❡ Ω = (−R,R) ⊂ R✱ p > 0 ❛♥❞

f ≥ 0 ✐s ❛ ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐♥ Ω✳ ✭✶✳✶✳✷✮

Pr♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p = 2 ✐s ❛ ❦♥♦✇♥ ♠♦❞❡❧ ❢♦r ♠✐❝r♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ❞❡✈✐❝❡s
✭▼❊▼❙✮ ❛♥❞ ❤❛s r❡❝❡✐✈❡❞ ❛ ❧♦t ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ♣❛st ✶✺ ②❡❛rs✳ ❆♥ ✐❞❡❛❧✐③❡❞ ✈❡rs✐♦♥
♦❢ s✉❝❤ ❞❡✈✐❝❡ ❝♦♥s✐sts ♦❢ t✇♦ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡s✱ ❝♦♥♥❡❝t❡❞ t♦ ❛♥ ❡❧❡❝tr✐❝ ❝✐r❝✉✐t✳ ❚❤❡
❧♦✇❡r ♣❧❛t❡ ✐s r✐❣✐❞ ❛♥❞ ✜①❡❞ ✇❤✐❧❡ t❤❡ ✉♣♣❡r ♦♥❡ ✐s ❡❧❛st✐❝ ❛♥❞ ✜①❡❞ ♦♥❧② ❛t t❤❡ ❜♦✉♥❞✲
❛r②✳ ■♥✐t✐❛❧❧② t❤❡ ♣❧❛t❡s ❛r❡ ♣❛r❛❧❧❡❧ ❛♥❞ ❛t ✉♥✐t ❞✐st❛♥❝❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❲❤❡♥ ❛
✈♦❧t❛❣❡ ✭❞✐✛❡r❡♥❝❡ ♦❢ ♣♦t❡♥t✐❛❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❧❛t❡s✮ ✐s ❛♣♣❧✐❡❞✱ t❤❡ ✉♣♣❡r ♣❧❛t❡ st❛rts
t♦ ❜❡♥❞ ❞♦✇♥ ❛♥❞✱ ✐❢ t❤❡ ✈♦❧t❛❣❡ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ✉♣♣❡r ♣❧❛t❡ ❡✈❡♥t✉❛❧❧② t♦✉❝❤❡s t❤❡
❧♦✇❡r ♦♥❡✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t♦✉❝❤❞♦✇♥ ♣❤❡♥♦♠❡♥♦♥✳ ❙✉❝❤ ❞❡✈✐❝❡ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ✐♥st❛♥❝❡
❛s ❛♥ ❛❝t✉❛t♦r✱ ❛ ♠✐❝r♦✈❛❧✈❡ ✭t❤❡ t♦✉❝❤✐♥❣✲❞♦✇♥ ♣❛rt ❝❧♦s❡s t❤❡ ✈❛❧✈❡✮✱ ♦r ❛ ❢✉s❡✳

■♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✱ u = u(t, x) ♠❡❛s✉r❡s t❤❡ ✈❡rt✐❝❛❧ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r
♣❧❛t❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ f(x) r❡♣r❡s❡♥ts t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✭❛♥❞ ✐s
❛❧s♦ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✕ ❝♦♥st❛♥t ✕ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✮✳ ❆s ❛ ❦❡② ❢❡❛t✉r❡✱ t❤❡ ♣❡r♠✐tt✐✈✐t②
f ♠❛② ❜❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ t❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ tr✐❣❣❡r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡✈✐❝❡✳
❲❡ r❡❢❡r t♦ ❬✶❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r t❤❡ ❢✉❧❧ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧ ❞❡r✐✈❛t✐♦♥✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ u✳
❲❡ ❞❡♥♦t❡ ✐ts ♠❛①✐♠❛❧ ❡①✐st❡♥❝❡ t✐♠❡ ❜② T = Tf ∈ (0,∞]✳ ▼♦r❡♦✈❡r✱ ✉♥❞❡r s♦♠❡
❧❛r❣❡♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ f ✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ u r❡❛❝❤❡s t❤❡ ✈❛❧✉❡ 1 ❛t ❛
✜♥✐t❡ t✐♠❡✱ s♦ t❤❛t u ❝❡❛s❡s t♦ ❡①✐st ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✱ ✐✳❡✳ T < ∞✳ ❚❤✐s ♣r♦♣❡rt②✱
❦♥♦✇♥ ❛s q✉❡♥❝❤✐♥❣✱ ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ ♣❤❡♥♦♠❡♥♦♥✳

❆ ♣♦✐♥t x = x0 ✐s ❝❛❧❧❡❞ ❛ t♦✉❝❤❞♦✇♥ ♦r q✉❡♥❝❤✐♥❣ ♣♦✐♥t ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡
{(xn, tn)} ∈ Ω× (0, T ) s✉❝❤ t❤❛t

xn → x0, tn ↑ T ❛♥❞ u(xn, tn) → 1 ❛s n→ ∞.

❚❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ♣♦✐♥ts ✐s ❝❛❧❧❡❞ t❤❡ t♦✉❝❤❞♦✇♥ ♦r q✉❡♥❝❤✐♥❣ s❡t✱ ❞❡♥♦t❡❞ ❜② T =
Tf ⊂ Ω✳

■♥ t❤❡ ♣❛st ❞❡❝❛❞❡s✱ ▼❊▼❙ ♣r♦❜❧❡♠s✱ ✐♥❝❧✉❞✐♥❣ s②st❡♠ ✭✶✳✶✳✶✮ ❛♥❞ t❤❡ r❡❧❛t❡❞ t♦✉❝❤✲
❞♦✇♥ ✐ss✉❡s✱ ❤❛✈❡ r❡❝❡✐✈❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ ❛s ✇❡❧❧
❛s ✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♠♠✉♥✐t✐❡s✳ ❲❡ r❡❢❡r t♦ ❬✶❪✱ ❬✷✸❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♣❤②s✐❝❛❧
❜❛❝❦❣r♦✉♥❞✱ ❛♥❞ t♦✱ ❡✳❣✳✱ ❬✶✵❪✱ ❬✹❪ ❬✷✷❪✱ ❬✶✽❪✱ ❬✺❪✱ ❬✼❪✱ ❬✽❪✱ ❬✶✷❪✱ ❬✶✻❪✱ ❬✶✼❪✱ ❬✶✾❪✱ ❬✶✸❪✱ ❬✶✶❪✱
❬✶✺❪ ❢♦r ♠❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s✳ ❙❡❡ ❛❧s♦ ❬✷✹❪✱ ❬✷✵❪✱ ❬✾❪✱ ❬✸❪ ❢♦r ❡❛r❧✐❡r ♠❛t❤❡♠❛t✐❝❛❧ ✇♦r❦
♦♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t f ✳

✶✳✷ ▼♦t✐✈❛t✐♦♥

❚❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r ♦r ♥♦t t♦✉❝❤❞♦✇♥ ❝❛♥ ♦❝❝✉r ❛t ③❡r♦ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t②
♣r♦✜❧❡ f ✱ r❛✐s❡❞ ✐♥ ❬✶✼❪✱ ❬✽❪✱ ❬✶✻❪✱ ❬✶❪✱ ✇❛s ❛♥s✇❡r❡❞ ♥❡❣❛t✐✈❡❧② ✐♥ ❬✶✺❪ ❢♦r t❤❡ ❝❛s❡ ♦❢
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✐♥t❡r✐♦r ♣♦✐♥ts✳ ❚❤✐s ✐s ❜② ♥♦ ♠❡❛♥s ♦❜✈✐♦✉s s✐♥❝❡✱ ❢♦r t❤❡ ❛♥❛❧♦❣♦✉s ❜❧♦✇✉♣ ♣r♦❜❧❡♠
ut − ∆u = f(x)up ✇✐t❤ f(x) = |x|σ✱ ❡①❛♠♣❧❡s ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ s✐♥❣❧❡✲♣♦✐♥t ❜❧♦✇✉♣
❛t t❤❡ ♦r✐❣✐♥ ❤❛✈❡ ❜❡❡♥ ❝♦♥str✉❝t❡❞ ✐♥ ❬✹❪✱ ❬✶✹❪ ❢♦r s✉✐t❛❜❧❡ σ > 0✱ p > 1 ❛♥❞ s✉✐t❛❜❧❡
✐♥✐t✐❛❧ ❞❛t❛ u0 ≥ 0✳ ❲❡ t❤❡♥ s❤♦✇❡❞ ✐♥ ❬✷❪ t❤❛t t♦✉❝❤❞♦✇♥ ❝❛♥ ❛❝t✉❛❧❧② ❜❡ r✉❧❡❞ ♦✉t ✐♥
s✉❜r❡❣✐♦♥s ♦❢ Ω ✇❤❡r❡ f ✐s ♣♦s✐t✐✈❡ ❜✉t s✉✐t❛❜❧② s♠❛❧❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❝♦❧❧❡❝ts
t❤❡ t✇♦ s♠❛❧❧♥❡ss ❝r✐t❡r✐❛ ❣✐✈❡♥ ✐♥ ❬✷❪✳

❚❤❡♦r❡♠✳ ▲❡t p > 0✱ Ω ⊂ R
n ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ f ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

✭✶✳✶✳✷✮ ❛♥❞

{
Tf ≤M, ‖f‖∞ ≤M, f ≥ rχB ,

✇❤❡r❡ M, r > 0 ❛♥❞ B ⊂ Ω ✐s ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s r✳

❚❤❡r❡ ❡①✐sts γ0 > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p,Ω,M, r s✉❝❤ t❤❛t✿

✭✐✮ ❋♦r ❛♥② x0 ∈ Ω✱ ✐❢ f(x0) < γ0❞✐st
p+1(x0, ∂Ω)✱ t❤❡♥ x0 ✐s ♥♦t ❛ t♦✉❝❤❞♦✇♥ ♣♦✐♥t✳

✭✐✐✮ ❋♦r ❛♥② ω ⊂⊂ Ω✱ ✐❢ sup
x∈Ω\ω

f(x) < γ0❞✐st
p+1(ω, ∂Ω)✱ t❤❡♥ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐s

❝♦♥t❛✐♥❡❞ ✐♥ ω✳

▼♦t✐✈❛t❡❞ ❜② ♣r❛❝t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ ▼❊▼❙ ❞❡s✐❣♥✱ ♦✉r ❛✐♠ ✐♥ t❤✐s ❛rt✐❝❧❡ ✐s t♦
❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ t♦✉❝❤❞♦✇♥ ❧♦❝❛❧✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t♦ s❤♦✇ t❤❛t ✐♥ ♦♥❡ s♣❛❝❡
❞✐♠❡♥s✐♦♥✱ ✇❤❡r❡ ❛♥❛❧②t✐❝ ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡ ♠♦r❡ ♣r❡❝✐s❡✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ q✉✐t❡
q✉❛♥t✐t❛t✐✈❡ ❝♦♥❞✐t✐♦♥s✳ ◆❛♠❡❧②✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ t❤❡ r❛t✐♦ ρ ❜❡t✇❡❡♥
f ❛♥❞ ✐ts ♠❛①✐♠✉♠✱ ❜❡❧♦✇ ✇❤✐❝❤ ♥♦ t♦✉❝❤❞♦✇♥ ♦❝❝✉rs ♦♥ ❛ s✉❜r❡❣✐♦♥ ♦❢ Ω✳ ❘❛t❤❡r
s✉r♣r✐s✐♥❣❧②✱ ✐t t✉r♥s ♦✉t t❤❛t ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❝❛s❡ p = 2✱ ✉♥❞❡r s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥s ♦♥
f ✱ ♦✉r ♠❡t❤♦❞s ②✐❡❧❞ ✈❛❧✉❡s ♦❢ t❤❡ r❛t✐♦ ρ ✇❤✐❝❤ ❛r❡ ♥♦t ✏s♠❛❧❧✑ ❜✉t ❝❛♥ ❛❝t✉❛❧❧② ❜❡ ✉♣
t♦ t❤❡ ♦r❞❡r ρ ∼ 0.3✱ ✇❤✐❝❤ ❝♦✉❧❞ ❤❡♥❝❡ ❜❡ q✉✐t❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r r♦❜✉st ♣r❛❝t✐❝❛❧ ✉s❡✳

✶✳✸ ❘❡❞✉❝t✐♦♥ t♦ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞
q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts

■♥ ♦r❞❡r t♦ ❣✐✈❡ ❣♦♦❞ ❡st✐♠❛t❡s ♦❢ t❤❡ r❛t✐♦ ρ✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t✇♦ t②♣✐❝❛❧ s✐t✉❛t✐♦♥s✱
✇❤✐❝❤ r♦✉❣❤❧② ❝♦rr❡s♣♦♥❞ t♦ ❛ ✏♦♥❡✲❜✉♠♣✑ ♦r ❛ ✏t✇♦✲❜✉♠♣✑ s❤❛♣❡ ❢♦r t❤❡ ♣r♦✜❧❡ f ✳ ❚❤❡
t♦✉❝❤❞♦✇♥ ✐s r✉❧❡❞ ♦✉t ✐♥ ❛ s✉❜✐♥t❡r✈❛❧ r❡s♣❡❝t✐✈❡❧② ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ ❛ ❜✉♠♣ ❛♥❞ ❛♥
❡♥❞♣♦✐♥t ♦❢ Ω✱ ♦r ❜❡t✇❡❡♥ t✇♦ ❜✉♠♣s✳

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t t❤❡ ♣❧❛t❡ ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ✇✐t❤ t✇♦ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✱
♦♥❡ ✇✐t❤ ❛ ❤✐❣❤ ♣❡r♠✐tt✐✈✐t② ❛♥❞ t❤❡ ♦t❤❡r ✇✐t❤ ❛ ❧♦✇❡r ♣❡r♠✐tt✐✈✐t②✳ ❲❡ t❤❡♥ s❡❡❦
❢♦r ❛ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❡r♠✐tt✐✈✐t✐❡s✱ ❛❧❧♦✇✐♥❣ t♦ r✉❧❡ ♦✉t t♦✉❝❤❞♦✇♥ ✐♥ t❤❡ ❧♦✇
♣❡r♠✐tt✐✈✐t② r❡❣✐♦♥✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♦✉r ♠❡t❤♦❞✱ t❤❡ r❛t✐♦ ρ ✐s r✐❣♦r♦✉s❧② ♦❜t❛✐♥❡❞
❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s✉✐t❛❜❧❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇✐t❤ ❡✐t❤❡r t❤r❡❡ ♦r
❢♦✉r ♣❛r❛♠❡t❡rs✳ ❙✉❝❤ ❦✐♥❞ ♦❢ r❡❞✉❝t✐♦♥ ✐♥ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s ✐s ♥❡✇✱ ❛s ❢❛r ❛s
✇❡ ❦♥♦✇✳ ❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ ♦✉r r❡s✉❧ts ✐s t❤❛t t❤❡② ❛♣♣❧② t♦ ❝❧❛ss❡s ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✱ s♦
t❤❛t ❞❡t❛✐❧❡❞ ♥✉♠❡r✐❝s ♥❡❡❞ ♥♦t ❜❡ ❝❛rr✐❡❞ ♦✉t t♦ ❧♦❝❛❧✐③❡ t❤❡ q✉❡♥❝❤✐♥❣ s❡t ❢♦r ♣❛rt✐❝✉❧❛r
❝❛s❡s✳

■♥ s♣✐t❡ ♦❢ t❤❡ r❛t❤❡r ❛✇❦✇❛r❞ s❤❛♣❡ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✐t t✉r♥s ♦✉t t♦
②✐❡❧❞ q✉✐t❡ r❡❛s♦♥❛❜❧❡ ♣r❛❝t✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦ ρ ✐♥ ❝♦♥❝r❡t❡ ❝❛s❡s✳ ❇❡❢♦r❡
♣r❡s❡♥t✐♥❣ ♦✉r r✐❣♦r♦✉s st❛t❡♠❡♥ts✱ ❧❡t ✉s ✐❧❧✉str❛t❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❝❛s❡
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p = 2 ❜② s♦♠❡ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s✱ t❤❛t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡♠ ❜② ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡
♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭s❡❡ ❛❧s♦
❚❛❜❧❡ ✸✳✶ ❜❡❧♦✇ ❢♦r ♠♦r❡ ❛♣♣❧✐❝❛t✐♦♥s✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✜❣✉r❡s r❡♣r❡s❡♥t s♦♠❡ t②♣✐❝❛❧
♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡s f(x) ❛♥❞ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦✉❝❤❞♦✇♥ s❡ts ✐♥
t❤❡ ♦♥❡✲❜✉♠♣ ❛♥❞ t✇♦✲❜✉♠♣ ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t♦✉❝❤❞♦✇♥ s❡ts ❛r❡ ❧♦❝❛❧✐③❡❞ ✐♥ ❛
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❜✉♠♣s✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢❛t ❧✐♥❡s✱
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x60−1

x0

−2−6

f(x)

2.25
2

0.42

❋✐❣✉r❡ ✸✳✶ ✕ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐♥ t❤❡ ♦♥❡✲❜✉♠♣
❝❛s❡ ❢♦r p = 2
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x10−10 6

x0

41

x1

−1

f(x)

2.25
2

0.42

❋✐❣✉r❡ ✸✳✷ ✕ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐♥ t❤❡ t✇♦✲❜✉♠♣
❝❛s❡ ❢♦r p = 2

❍❡r❡✱ t❤❡ ♣r♦✜❧❡ f s❛t✐s✜❡s

‖f‖∞ ≤ 2.25, f(x) ≥ 2 ✐♥ ω, f(x) ≤ 0.42 ✐♥ Ω \ ω̃✱ ✭✶✳✸✳✶✮

✇✐t❤ r❡s♣❡❝t✐✈❡❧② Ω = (−6, 6)✱ ω = (−2, 0)✱ ω̃ = (−2.1, 0.1) ❛♥❞ Ω = (−10, 10)✱ ω =
(−1, 1) ∪ (4, 6)✱ ω̃ = (−1.1, 1.1) ∪ (3.9, 6.1)✳ ❚❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐s t❤❡♥ ❝♦♥t❛✐♥❡❞ ✐♥ ω̃✳

▲❡t ✉s ♥♦✇ st❛t❡ ♦✉r ✜rst t✇♦ ♠❛✐♥ t❤❡♦r❡♠s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❛❧t❤♦✉❣❤ st❛t❡❞
✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠✱ ❛♣♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t♦ ✏♦♥❡✲❜✉♠♣✑ ♣r♦✜❧❡s✳ ❍❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t
t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

❡r❢(x) =
2√
π

∫ x

0

e−t
2

dt

❛♥❞ ✇❡ ❛❧s♦ s❡t cot s = cot s ✐❢ 0 < s ≤ π/2✱ ❛♥❞ cot s = 0 ✐❢ s > π/2✳
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❚❤❡♦r❡♠ ✶✳✶✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p > 0 ❛♥❞ Ω = (−R,R)✳ ▲❡t x0 ∈ Ω ❛♥❞
❛ss✉♠❡

µ > µ1(p) :=
pp

(p+ 1)p+1

π2

2
, d0 := R− |x0| − 1 >

p+ 1√
pµ

cot
[√
pµ
]
. ✭✶✳✸✳✷✮

❋♦r ❡❛❝❤ d ∈ (0, d0)✱ t❤❡r❡ ❡①✐sts ρ = ρ(p, µ, ‖f‖∞, d0, d) ∈ (0, 1) s✉❝❤ t❤❛t✱ ✐❢ f s❛t✐s✜❡s

f ≥ µ ✐♥
(
x0 − 1, x0 + 1

)
❛♥❞ f < ρµ ✐♥ D := [x0 + 1 + d,R]✱ ✭✶✳✸✳✸✮

t❤❡♥ Tf <∞ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ t♦✉❝❤❞♦✇♥ ♣♦✐♥ts ✐♥ D✳

■♥ ❛❞❞✐t✐♦♥✱ ρ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

ρ =
1

2
Sup

(τ,β,K)∈A

(
β − d

β

)p+1
S(t0(τ), β)

K + τ−p
min

{
H
(
t0(τ), β

)
, G
(
t0(τ), β,K

)}
✭✶✳✸✳✹✮

✇✐t❤

A =

{
(τ, β,K) ∈ (0, 1)× (d, d0)× (0,∞); τ ≥ µ

2µ−µ1
, K ≥ p

µβ2 − 1
p+1 , δ(β,K) ≤ 1

}
.

❍❡r❡ ✇❡ s❡t

t0(τ) =
1−τp+1

(p+1)‖f‖∞
, L = 1 + (p+ 1)K, Γ =

√
(p+1)L
pKµβ2 , A = arctanΓ, α = 1 + p

L

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s S,H,G, δ ❛r❡ ❞❡✜♥❡❞ ❜②

S(t, β) = e
− π2t

4(d0+1)2

[
1− e−

d0(d0−β)
t

]
, δ(β,K) = A(1 +K)

√
p+1
pLKµ ,

H(t, β) = inf
0<x<1

❡r❢
(

1√
t

(
1 + β

2x
))

− ❡r❢
(

β

2
√
t
x
)

(1− x)p+1
,

G(t, β,K) = (Γ2 + 1)−α/2 inf
0<x<1

❡r❢
(

2−(1−x)δ
2
√
t

)
+ ❡r❢

(
(1−x)δ
2
√
t

)

cosα(Ax)
.

✭✶✳✸✳✺✮

❆s ❢♦r t❤❡ ♥❡①t t❤❡♦r❡♠✱ ✐t ❡♥❛❜❧❡s ♦♥❡ t♦ tr❡❛t ✏t✇♦✲❜✉♠♣✑ ♣r♦✜❧❡s✱ ✐♥ ❝♦♠❜✐♥❛t✐♦♥
✇✐t❤ ❚❤❡♦r❡♠ ✶✳✶✳

❚❤❡♦r❡♠ ✶✳✷✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p > 0 ❛♥❞ Ω = (−R,R)✳ ▲❡t x0, x1 ∈ Ω
❜❡ s✉❝❤ t❤❛t |x0| ≥ |x1| ❛♥❞ ❛ss✉♠❡ ✭✶✳✸✳✷✮✳ ❋♦r ❡❛❝❤ d ∈ (0, d0)✱ t❤❡r❡ ❡①✐sts ρ =
ρ(p, µ, ‖f‖∞, d0, d) ∈ (0, 1) s✉❝❤ t❤❛t✱ ✐❢ x0 − x1 > 2(1 + d) ❛♥❞ f s❛t✐s✜❡s

f ≥ µ ✐♥
(
x1 − 1, x1 + 1

)
∪
(
x0 − 1, x0 + 1

)
✭✶✳✸✳✻✮

❛♥❞
f < ρµ ✐♥ D :=

[
x1 + 1 + d, x0 − 1− d

]
✱ ✭✶✳✸✳✼✮

t❤❡♥ Tf <∞ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ t♦✉❝❤❞♦✇♥ ♣♦✐♥ts ✐♥ D✳ ■♥ ❛❞❞✐t✐♦♥✱ ρ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✸✳✹✮✳

❖❢ ❝♦✉rs❡✱ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ✐♥ ♣r❛❝t✐❝❡ t♦
❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ ρ ✐ts❡❧❢✳ ❆♥② ♥✉♠❜❡r ρ < ρ ❝❛♥ ❜❡ ✉s❡❞ ✐♥st❡❛❞ ♦❢ ρ ✐♥ ❛ss✉♠♣t✐♦♥s
✭✶✳✸✳✸✮ ❛♥❞ ✭✶✳✸✳✼✮✳ ■t t❤❡r❡❢♦r❡ s✉✣❝❡s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❘❍❙ ♦❢ ✭✶✳✸✳✹✮
❢♦r s✉✐t❛❜❧❡ ❝❤♦✐❝❡s ♦❢ (τ, β,K) ∈ A✳



✼✽ ❈❍❆P❚❊❘ ✸✳ ◗❯❆◆❚■❚❆❚■❱❊ ❚❖❯❈❍❉❖❲◆ ▲❖❈❆▲■❩❆❚■❖◆

■♥ ❚❛❜❧❡ ✸✳✶✱ ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❝❛s❡ p = 2 ❛♥❞ ♣❤②s✐❝❛❧❧② r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡
♣❛r❛♠❡t❡rs✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ ❧♦✇❡r ❡st✐♠❛t❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦ ρ ✭s❡❡ t❤❡
❝♦❧✉♠♥ ρ1✮✳ ❚❤❡② s❤♦✇ t❤❛t ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ❛❧❧♦✇ t♦ r❡❛❝❤ r❛t✐♦s ✉♣ t♦ t❤❡ ♦r❞❡r ♦❢

ρ ∼ 0.17,

✇❤✐❝❤ s❡❡♠s q✉✐t❡ s❛t✐s❢❛❝t♦r② ✐♥ ✈✐❡✇ ♦❢ r♦❜✉st ♣r❛❝t✐❝❛❧ ❝♦♥❝❡♣t✐♦♥ ♦❢ ▼❊▼❙✱ ✐♥ ✇❤✐❝❤
♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r❡✈❡♥t t♦✉❝❤❞♦✇♥ ✐♥ s♣❡❝✐✜❝ ♣❛rts ♦❢ t❤❡ ❞❡✈✐❝❡ ❜② ♣r♦♣❡r ❞❡s✐❣♥ ♦❢
t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡✳ ❆s ❢♦r t❤❡ r❡s✉❧ts ✐♥ t❤❡ ❝♦❧✉♠♥ ρ2 ♦❢ ❚❛❜❧❡ ✸✳✶✱ t❤❡② ❡✈❡♥ ❣✐✈❡
✈❛❧✉❡s ✉♣ t♦

ρ ∼ 0.3.

❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤♦s❡ ❧❡♥❣t❤②
st❛t❡♠❡♥t ✐s t❤❡r❡❢♦r❡ ♣♦st♣♦♥❡❞ t♦ ❙❡❝t✐♦♥ ✷ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✶✮✳ ❋✐❣✉r❡s ✸✳✶ ❛♥❞ ✸✳✷
❛❜♦✈❡ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✐♥ ❚❛❜❧❡ ✸✳✶ ✭✉s✐♥❣ ρ2 ❛s ❧♦✇❡r ❡st✐♠❛t❡ ❢♦r ρ✮✳ ◆♦t❡
t❤❛t ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✸✳✷✱ ✇❡ ❛r❡ ❛♣♣❧②✐♥❣ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❝r✐t❡r✐❛ ❢r♦♠ t❤❡
t✇♦✲❜✉♠♣ ❛♥❞ ♦♥❡✲❜✉♠♣ ❝❛s❡s ❛t t❤❡ s❛♠❡ t✐♠❡ ✭❜❡t✇❡❡♥ ❛♥❞ ❛t t❤❡ ❡①t❡r✐♦r ♦❢ t❤❡ t✇♦
❜✉♠♣s✮✳

µ ‖f‖∞ d d0 ρ1 ρ2
✶ ✶✳✶ ✵✳✶ ✺ ✵✳✶✵✺✵ ✵✳✷✷✹✾

✷ ✷✳✷✺ ✵✳✶ ✹ ✵✳✶✶✽✷ ✵✳✷✶✶✶

✸ ✸✳✺ ✵✳✵✶ ✺ ✵✳✶✺✺✹ ✵✳✷✻✾✽

✻ ✻✳✷ ✵✳✵✶ ✶✵ ✵✳✶✻✽✷ ✵✳✷✽✺✻

✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✶✼✸✷ ✵✳✷✾✷✶

❚❛❜❧❡ ✸✳✶ ✕ ▲♦✇❡r ❡st✐♠❛t❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦ ρ ❢♦r p = 2✱ ✉s✐♥❣ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷
✭❝♦❧✉♠♥ ρ1✮ ❛♥❞ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷ ✭❝♦❧✉♠♥ ρ2✮✳

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ρ1 ❛♥❞ ρ2 ✐♥ ❚❛❜❧❡ ✸✳✶ ✐s ❞♦♥❡ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t♦♦❧ Matlab✱ ❛♥❞ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ✈❡r② ❣♦♦❞ ❛❝❝✉r❛❝②✳ ❙❡❡ ❙❡❝t✐♦♥ ✻ ❢♦r ❞❡t❛✐❧s ♦♥
t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ str❡ss t❤❛t ✇❡ ✉s❡ ❛ ✏♠♦♥♦t♦♥❡✑ ❞✐s❝r❡t✐③❛t✐♦♥
s❝❤❡♠❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥✜♠❛ ✐♥ ✭✶✳✸✳✺✮✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❞✐s❝r❡t❡ ✐♥✜♠❛ ❛r❡
♥♦t ❧❛r❣❡r t❤❛♥ t❤❡ ❡①❛❝t ♦♥❡s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ s♦✉r❝❡s ♦❢ ❡rr♦rs ✐♥ ❡①❝❡ss ♦♥
ρ ❛r❡ t❤❡ r♦✉♥❞✲♦✛ ♠❛❝❤✐♥❡ ❡rr♦rs ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✐♥ t❤❡ Matlab ❡✈❛❧✉❛t✐♦♥s
✭❢♦r ✐♥st❛♥❝❡ t❤♦s❡ ♦❢ ❡r❢✮✳ ■♥ ♣r✐♥❝✐♣❧❡ t❤✐s ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ✇✐t❤ ❛♥② r❡❛s♦♥❛❜❧②
♣r❡s❝r✐❜❡❞ s❛❢❡t② ♠❛r❣✐♥✳

❉✐s❝✉ss✐♦♥ ✶✳✸✳ ✭❛✮ ■t ✐s ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡ ❛❜♦✈❡ t♦✉❝❤❞♦✇♥ ❧♦❝❛❧✐③❛t✐♦♥
❜❡❤❛✈✐♦r ❝♦✉❧❞ ❜❡ tr✉❡ ✇❤❡♥❡✈❡r ρ < 1 ✐♥ ✭✶✳✸✳✸✮✱ ✭✶✳✸✳✼✮✳ ❆❝t✉❛❧❧②✱ ✇❡ s❤♦✇ ✐♥ ❬✷❪
t❤❛t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■♥❞❡❡❞✱ ❛♠♦♥❣ ♦t❤❡r t❤✐♥❣s✱ ✇❡ ❝♦♥str✉❝t ❡①❛♠♣❧❡s s❤♦✇✐♥❣
t❤❛t✱ ❢♦r s♦♠❡ ❝❧❛ss ♦❢ s②♠♠❡tr✐❝ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡s ✐♥ Ω = (−R,R)✱ ✇❤❡r❡ f(0) ✐s
❧❡ss ❜✉t ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ f ✱ t♦✉❝❤❞♦✇♥ ❞♦❡s ♦❝❝✉r ❛t t❤❡ ♦r✐❣✐♥✱ ❛♥❞
♦♥❧② t❤❡r❡✳ ▼♦r❡♦✈❡r✱ ✐♥t❡r❡st✐♥❣❧②✱ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ✐s t❤❡♥ ❧♦❝❛t❡❞ ❢❛r ❛✇❛② ❢r♦♠
t❤❡ ♣♦✐♥ts ♦❢ ♠❛①✐♠✉♠ ♦❢ f ✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✸✳ ❆❧t❤♦✉❣❤ t❤❡ ❢✉♥❝t✐♦♥
f ✐s ❛❧s♦ ❛ t✇♦✲❜✉♠♣ ♣r♦✜❧❡✱ ✐t ❝❧❡❛r❧② ♣r❡s❡♥ts ❛ r❡✈❡rs❡ s✐t✉❛t✐♦♥ t♦ t❤❛t ❞❡s❝r✐❜❡❞ ✐♥
❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ❛♥❞ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦ ρ
❝❛♥♥♦t ❡①❝❡❡❞ ❛ ❝❡rt❛✐♥ ✈❛❧✉❡ ρ0 ❧❡ss t❤❛♥ 1 ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❛♥❣❡
(ρ0, 1] ✇❤❡r❡ r❡s✉❧ts ♦❢ t❤❡ t②♣❡ ♦❢ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ❝❛♥♥♦t ❤♦❧❞✳

✭❜✮ ❍♦✇❡✈❡r✱ t❤❡ ✈❛❧✉❡s ♦❢ ρ ❢♦✉♥❞ ✐♥ ❚❤❡♦r❡♠s ✶✳✶✱ ✶✳✷✱ ✷✳✶✕✷✳✸ ❛r❡ ♣r♦❜❛❜❧② ♥♦t
♦♣t✐♠❛❧ ❛♥❞ ✇❡ ❤❛✈❡ ♥♦ ✐♥❞✐❝❛t✐♦♥ ✇❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ t❤r❡s❤♦❧❞ ρ s❤♦✉❧❞ ❜❡✳
❚❤✐s s❡❡♠s t♦ ❜❡ ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳
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xR0−R

f(x)

•

❋✐❣✉r❡ ✸✳✸ ✕ ❚♦✉❝❤❞♦✇♥ ♦♥❧② ❛t t❤❡ ♦r✐❣✐♥ ❢♦r ❛♥ ✏▼✑✲s❤❛♣❡❞ ♣r♦✜❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❛♥❣❡ ♦❢ ρ ✭❝❢✳ ❉✐s❝✉ss✐♦♥ ✶✳✸✭❛✮✮✳

✭❝✮ ❋♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✐♥t❡r✈❛❧s ♦❢ r❛❞✐✉s ✶ ✐♥ ❝♦♥❞✐t✐♦♥s
✭✶✳✸✳✸✮✱ ✭✶✳✸✳✻✮✱ ❜✉t ❜② ❛ str❛✐❣❤t❢♦r✇❛r❞ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤✐s ❡♥t❛✐❧s
♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

✭❞✮ ❲❤❡♥ Ω ✐s ❛ ❜❛❧❧ ❛♥❞ f ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ |x|✱ t❤❡
t♦✉❝❤❞♦✇♥ s❡t ✐s r❡❞✉❝❡❞ t♦ t❤❡ ♦r✐❣✐♥ ✭s❡❡ ❬✾❪✱ ❬✶✻❪✮✳ ❲❡ str❡ss t❤❛t ✐♥ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷
✇❡ ❞♦ ♥♦t ♠❛❦❡ ❛♥② ❦✐♥❞ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ♦r s②♠♠❡tr② ❛ss✉♠♣t✐♦♥s ♦♥ f ✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❢♦r ❣❡♥❡r❛❧ ♥♦♥♠♦♥♦t♦♥❡ ♣r♦✜❧❡s f ✱ ✐t r❡♠❛✐♥s ❛♥ ♦♣❡♥ ✕ ❛♥❞ ♣r♦❜❛❜❧② ❞✐✣❝✉❧t
✕ ♣r♦❜❧❡♠ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✜♥❡r str✉❝t✉r❡ ♦❢ t❤❡ t♦✉❝❤❞♦✇♥ s❡t ❜❡②♦♥❞ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥
♣r♦♣❡rt✐❡s ✐♥ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ ❬✶❪ s✉❣❣❡st t❤❛t ✐t ♥❡❡❞ ♥♦t
❝♦♥s✐st ♦❢ ✐s♦❧❛t❡❞ ♣♦✐♥ts ❜✉t ♠✐❣❤t ❝♦♥t❛✐♥ ✐♥t❡r✈❛❧s✳

✭❡✮ ❈♦♥s✐❞❡r t❤❡ r❡❢❡r❡♥❝❡ ❝❛s❡ ✇❤❡♥ Ω = (−1, 1) ❛♥❞ f = k = Const.✱ ❛♥❞ r❡❝❛❧❧
t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥✉♠❜❡r k∗ s✉❝❤ t❤❛t T < ∞ ✐❢ k > k∗ ❛♥❞ T = ∞ ✐❢ k < k∗✳ ❚❤✐s
✐s t❤❡ sq✉❛r❡ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ✭❛❞✐♠❡♥s✐♦♥❛❧✐③❡❞✮ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡✱ ❢♦r ❛ ✉♥✐t ♣r♦✜❧❡ ✭s❡❡
❡✳❣✳ ❬✶❪✮✳ ❲❡ ❤❛✈❡

2pp

(p+ 1)p+1
≤ k∗ ≤ pp

(p+ 1)p+1

π2

4

✭s❡❡ ❬✶✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❛♥❞ ✷✳✷✳✷❪ ❛♥❞ t❤❡✐r ♣r♦♦❢s✮✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r p = 2✱ ✇❡

❤❛✈❡ 0.30 ∼ 8
27 ≤ k∗ ≤ π2

27 ∼ 0.37✱ ✇❤❡r❡❛s ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ r❡q✉✐r❡ µ ≥ 2π2

27 ∼ 0.73.
❆❧t❤♦✉❣❤ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛ ❜✐t ♠♦r❡ r❡str✐❝t✐✈❡✱ ✇❡ ♥♦t❡ t❤❛t 0.73 st✐❧❧ r❡♠❛✐♥s ♦❢ t❤❡
s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ r❡❢❡r❡♥❝❡ sq✉❛r❡❞ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

❚❤❡♦r❡♠ ✷✳✸ ❜❡❧♦✇ ❛♣♣❧✐❡s ✇❤❡♥❡✈❡r µ > pp

(p+1)p+1
π2

4 ✭∼ 0.37 ❢♦r p = 2✮✳

❚❤❡ ❛rt✐❝❧❡ ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t ❢✉rt❤❡r ❧♦❝❛❧✐③❛t✐♦♥
r❡s✉❧ts✱ ❡✐t❤❡r ❣✐✈✐♥❣ ♠♦r❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ♦❢ ρ ✭❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✮✱ ♦r r❡q✉✐r✐♥❣ ✇❡❛❦❡r
❛ss✉♠♣t✐♦♥s ♦♥ µ, d0 ✭❚❤❡♦r❡♠ ✷✳✸✮✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ ❛ t②♣❡ ■ t♦✉❝❤❞♦✇♥
❡st✐♠❛t❡ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✶✮✱ ✇❤✐❝❤ ✐s ❛ ❦❡② ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥
r❡s✉❧ts✳ ❍❡r❡ ✐s ✇❤❡r❡ ♦✉r ❜❛s✐❝✱ ♠✉❧t✐✲♣❛r❛♠❡t❡r ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✱ ✇❤✐❝❤
✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❧❡❛❞ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶✱ ✶✳✷ ❛♥❞
✷✳✸ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ♥♦✲t♦✉❝❤❞♦✇♥ ❝r✐t❡r✐♦♥ ✭▲❡♠♠❛ ✹✳✶✮✱
❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s t②♣❡ ■ ❡st✐♠❛t❡✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✱ ❛s
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❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ t②♣❡ ■ ❡st✐♠❛t❡✱ ♦❜t❛✐♥❡❞ ❜② r❡✜♥✐♥❣ ✈❛r✐♦✉s ✐♥❣r❡❞✐❡♥ts
❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡s
t❤❛t ✇❡ ✉s❡ t♦ ❤❛♥❞❧❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❋✐♥❛❧❧②✱ t❤❡ ❛rt✐❝❧❡ ✐s ❝♦♠♣❧❡t❡❞ ❜②
t✇♦ ❛♣♣❡♥❞✐❝❡s✳ ❚❤❡ ✜rst ♦♥❡ ♣r♦✈✐❞❡s s♦♠❡ ✉s❡❢✉❧ q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ❡st✐♠❛t❡s
❢♦r ❤❡❛t s❡♠✐❣r♦✉♣s✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❞❡✈♦t❡❞ t♦ ❡st❛❜❧✐s❤✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡
❝✉t✲♦✛ ❢✉♥❝t✐♦♥s a(r) ❛♣♣❡❛r✐♥❣ ✐♥ ♦✉r ♣r♦♦❢s ♦❢ ❧♦❝❛❧✐③❛t✐♦♥✳

✷ ❋✉rt❤❡r q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts

✷✳✶ ■♠♣r♦✈❡❞ r❛t✐♦

❆s ❛♥♥♦✉♥❝❡❞ ✐♥ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛❧❧♦✇s ♦♥❡ t♦ ♦❜t❛✐♥ ❜❡tt❡r ❡st✐✲
♠❛t❡s ❢♦r t❤❡ r❛t✐♦ ρ ✭❝❢✳ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✸✳✶✮✱ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❛ ♠♦r❡ ❝♦♠♣❧✐✲
❝❛t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❆❧t❤♦✉❣❤ t❤❡ st❛t❡♠❡♥t ♠❛② s❡❡♠ s♦♠❡✇❤❛t ❧❡♥❣t❤②✱ ✇❡
str❡ss t❤❛t t❤✐s r❡s✉❧t ❛❧❧♦✇s ❢♦r q✉✐t❡ ❣♦♦❞ ❡st✐♠❛t❡s ♦❢ ρ ✭❝❢✳ ❚❛❜❧❡ ✸✳✶✮✳ ❋♦r s✐♠♣❧✐❝✐t②✱
✇❡ ✜rst st❛t❡ t❤❡ r❡s✉❧t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦♥❡✲❜✉♠♣ ♣r♦✜❧❡s ✭❝❢✳ ❋✐❣✳ ✸✳✶✮✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱
✇❡ s❡t

µ0(p) :=
pp

(p+ 1)p+1

π2

4
.

❚❤❡♦r❡♠ ✷✳✶✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p > 0 ❛♥❞ Ω = (−R,R)✳ ❆ss✉♠❡

µ > max

{
µ0(p),

arctan2(
√
p+ 1)

p

}
, 0 < d <

√
p+ 1

pµ
< d0 := R− |x0| − 1. ✭✷✳✶✳✶✮

■❢ f s❛t✐s✜❡s

f ≥ µ ✐♥ J :=
[
x0 − 1, x0 + 1

]
❛♥❞ f < ρµ ✐♥ D := Ω \

(
x0 − 1− d, x0 + 1 + d

)
✱

✭✷✳✶✳✷✮
t❤❡♥ Tf < ∞ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ t♦✉❝❤❞♦✇♥ ♣♦✐♥ts ✐♥ D✳ ❍❡r❡ ρ ✐s ❣✐✈❡♥ ❜② t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

ρ = Sup
(β,K,τ,λ)∈A

min

{

1

2

(

β − d

β

)p+1

S(t0(τ), β)G
∗(τ, t0(τ), β,K, λ),

1

p+ 1

τp+1

(T − t0(τ))µ
, λ

}

✭✷✳✶✳✸✮
✇✐t❤

A =

{

(β,K, τ, λ); β ∈ (d, d0), K ∈ (0, p], τ, λ ∈ (0, 1), Kµβ
2 ≤ p(p+ 2)−K

p
, δ1 + δ2 ≤ 1

}

,

✭✷✳✶✳✹✮

G
∗(τ, t, β,K, λ) = inf

r∈(r0,1+β)

(

1 + pµS(t, β)Λ(t, r)
) erf

(

r+1

2
√
t

)

+ erf
(

1−r

2
√
t

)

Wτ,K,λ(r)aβ,K(r)
, ✭✷✳✶✳✺✮

Λ(t, r) =
1

2

∫ t

0

(

1− Y (s)
)− p

p+1
−1

[

❡r❢

(

r + 1

2
√
t− s

)

+ ❡r❢

(

1− r

2
√
t− s

)]

ds, ✭✷✳✶✳✻✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ S ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮ ❛♥❞ ✇❡ s❡t Y (s) = S(s, 0) ❡r❢
(

1√
s

)

(p+1)µ
2

s✱

Wτ,K,λ(r) = K
(

1− (1− τ)ũ(r)
)

+
(

1− (1− τ)ũ(r)
)−p

, ✭✷✳✶✳✼✮

ũ(r) =
λµ

‖f‖∞
+

(

1− λµ

‖f‖∞

) 1

cosh
(
√

cp‖f‖∞ (r − 1− d)+
) , ✭✷✳✶✳✽✮
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aβ,K(r) =















D1 cos
α
(

A0

√
Kµ(r − r0)

)

, r ∈ [r0, r1),

D2 cos
p+1

(√
Kµ(r − 1) +A3

)

, r ∈ [r1, 1],
(

1− β−1(r − 1)
)p+1

, r ∈ (1, 1 + β],

✭✷✳✶✳✾✮

t0(τ) =
1− τp+1

(p+ 1)‖f‖∞
, T =

1

(p+ 1)(µ− µ0(p))
, cp =

(p+ 1)p+1

pp
, L = p(p+2)−K,

A0 =
√

p(1+K)+KL

p(1+K)2
, A1 = arctan

(

√

p(1+K)
L

+K
)

, A2 = arctan
(√

p

L

)

, A3 = arctan
(

1√
Kµβ2

)

,

δ1(K) =
A1

A0

√
Kµ

, δ2(β,K) =
A3 −A2√

Kµ
, r0 = 1− δ1 − δ2, r1 = 1− δ2, α =

p+ 1

(1 +K)A2
0

,

D2 =

(

1 +
1

Kµβ2

)
p+1
2

, D1 = D2
Dα

11

D
p+1
12

, D11 =
√

1 +K + p(1+K)
L

, D12 =
√

1 + p

L
.

❲❡ ✇✐❧❧ s❡❡ ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s t❤❛t ❢♦r♠✉❧❛ ✭✷✳✶✳✸✮ ✐♥ ♣r❛❝t✐❝❡ s✐♠♣❧✐✜❡s t♦
ρ ≈ 1

2G
∗ ♦♥❝❡ t❤❡ ♣❛r❛♠❡t❡rs τ, β,K, λ ❤❛✈❡ ❜❡❡♥ s❡❧❡❝t❡❞ ✭❝❢✳ ❘❡♠❛r❦ ✻✳✷✱ ❛♥❞ s❡❡

❋✐❣✉r❡ ✸✳✻ ❢♦r ❛ ♣❧♦t ♦❢ t❤❡ ❘❍❙ ♦❢ ✭✷✳✶✳✺✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡r❡❛s✱ ✐♥ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✱ ❡①❝❧✉❞✐♥❣ t♦✉❝❤❞♦✇♥ ♦♥ ❛ s✐♥❣❧❡
✐♥t❡r✈❛❧ r❡q✉✐r❡❞ t❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ t♦ ❜❡ ♦♥❧② ❛ss✉♠❡❞ ✐♥ t❤❛t ✐♥t❡r✈❛❧✱ t❤✐s ✐s
♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ ❤❡r❡✱ ❞✉❡ t♦ ❛❞❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ✭s❡❡ ❘❡♠❛r❦ ✺✳✼✭✐✮
❢♦r ❞❡t❛✐❧s✮✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ t❤✉s ♠❛❞❡ t❤❡ s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ❣❧♦❜❛❧ ❢♦r♠
✭✷✳✶✳✷✮✳

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❧♦❜❛❧ r❡s✉❧t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐✲❜✉♠♣ ♣❡r♠✐tt✐✈✐t②
♣r♦✜❧❡s ✭♥♦t❡ t❤❛t ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ✇❡r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ♠✉❧t✐✲❜✉♠♣ ♣r♦✜❧❡s ❛s ✇❡❧❧✱ ✐♥
✈✐❡✇ ♦❢ t❤❡✐r ❧♦❝❛❧ ❝❤❛r❛❝t❡r✮✳

❚❤❡♦r❡♠ ✷✳✷✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p > 0 ❛♥❞ Ω = (−R,R)✱ ❧❡t −R < xm <
· · · < x0 < R ❢♦r s♦♠❡ m ≥ 1✱ ❛♥❞ ❛ss✉♠❡

d0 := min
0≤i≤m

R− |xi| − 1 > 0, d1 := min
0≤i≤m−1

1
2 |xi − xi+1| − 1 > 0.

❚❤❡♥ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✷✳✶ r❡♠❛✐♥s ✈❛❧✐❞ ✇✐t❤

J :=
⋃

0≤i≤m

[
xi − 1, xi + 1

]
, D := Ω \

⋃

0≤i≤m

(
xi − 1− d, xi + 1 + d

)
,

❛♥❞ d0 r❡♣❧❛❝❡❞ ✇✐t❤ d2 := min(d0, d1) ✐♥ ❢♦r♠✉❧❛s ✭✷✳✶✳✶✮ ❛♥❞ ✭✷✳✶✳✹✮✳

✷✳✷ ❲❡❛❦❡r ❝♦♥❞✐t✐♦♥s ♦♥ µ ❛♥❞ d0

❲❡ ♥❡①t st❛t❡ ❛ ✈❛r✐❛♥t ♦❢ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ✉♥❞❡r ❧❡ss r❡str✐❝t✐✈❡ ❝♦♥❞✐✲
t✐♦♥s ♦♥ µ ❛♥❞ ❢♦r ❛♥② d0 > 0✳ ■t ❛❝t✉❛❧❧② ❛❧❧♦✇s ♦♥❡ t♦ ❤❛♥❞❧❡ ✈❛❧✉❡s ♦❢ µ ✇❤✐❝❤ ❛r❡ ❝❧♦s❡
t♦ t❤❡ r❡❢❡r❡♥❝❡ sq✉❛r❡❞ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ ✭❝❢✳ ❉✐s❝✉ss✐♦♥ ✶✳✸✭❡✮✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡
p = 2✱ ❢♦r ✇❤✐❝❤ t❤❡ r❡❢❡r❡♥❝❡ sq✉❛r❡❞ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ ✐s ❦♥♦✇♥ t♦ ❜❡ ❝♦♠♣r✐s❡❞ ❜❡t✇❡❡♥
8/27 ∼ 0.30 ❛♥❞ π2/27 ∼ 0.37✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦♥❧② r❡q✉✐r❡s µ > π2/27 ∼ 0.37✱
✇❤❡r❡❛s ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ❛♥❞ ✷✳✶✲✷✳✷ r❡s♣❡❝t✐✈❡❧② r❡q✉✐r❡❞ µ > 2π2/27 ∼ 0.73 ❛♥❞
µ > π2/18 ∼ 0.55 ✭❛❧♦♥❣ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s ♦♥ d0✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣✲
t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ρ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ✭❛♥❞ s✐♠♣❧❡r t❤❛♥ ✐♥
❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✮✱ ❜✉t ✐t ♥♦✇ ❤❛s ❢♦✉r ✐♥st❡❛❞ ♦❢ t❤r❡❡ ♣❛r❛♠❡t❡rs✳
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❚❤❡♦r❡♠ ✷✳✸✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ p > 0 ❛♥❞ Ω = (−R,R)✳ ▲❡t ❡✐t❤❡r
x0 ∈ Ω ♦r x0, x1 ∈ Ω ✇✐t❤ |x0| ≥ |x1|✱ ❛♥❞ ❛ss✉♠❡

µ > µ0(p) =
pp

(p+ 1)p+1

π2

4
, d0 := R− |x0| − 1 > 0. ✭✷✳✷✳✶✮

❚❤❡♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ r❡♠❛✐♥ ✈❛❧✐❞✱ ✇❤❡r❡ ρ ❝❛♥ ♥♦✇ ❜❡ ❝❤♦s❡♥ ❛s
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

ρ = Sup
(τ,β,K,η)∈A

min

{
ρ1(τ, β,K, η),

1

p+ 1

τp+1

(T − t0(τ))µ

}
✭✷✳✷✳✷✮

✇❤❡r❡

ρ1(τ, β,K, η) =
1

2

(
β − d

β

)p+1

min

{
S(T , 0)

K + η−p
G(T , β,K, η),

S(t0, β)

K + τ−p
min

[
H
(
t0, β

)
, G
(
t0, β,K, η

)]}
,

A =

{
(τ, β,K, η) ∈ (d, d0)× (0,∞)× (0, 1)2, K ≥ pη

µβ2
− 1

(p+ 1)ηp
, δ(β,K, η) ≤ 1

}
.

✭✷✳✷✳✸✮
❍❡r❡ ✇❡ s❡t

t0(τ) =
1−τp+1

(p+1)‖f‖∞
, T = 1

(p+1)(µ−µ0(p))
, L = 1 + (p+ 1)Kηp,

Γ =
√

(p+1)ηL
pKµβ2 , A = arctanΓ, α = 1 + p

L ,

t❤❡ ❢✉♥❝t✐♦♥ H ❛♥❞ S ❛r❡ ❞❡✜♥❡❞ ❜② ✭✶✳✸✳✺✮ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s G, δ ❛r❡ ❞❡✜♥❡❞ ❜②

δ(β,K, η) = A(1 +Kηp)
√

(p+1)η
pLKµ ,

G(t, β,K, η) = (Γ2 + 1)−α/2 inf
0<x<1

❡r❢
(

2−(1−x)δ
2
√
t

)
+ ❡r❢

(
(1−x)δ
2
√
t

)

cosα(Ax)
.

✭✷✳✷✳✹✮

■♥ ❚❛❜❧❡ ✸✳✷ ❜❡❧♦✇✱ ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❝❛s❡ p = 2✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♥✉♠❡r✐❝❛❧
❧♦✇❡r ❡st✐♠❛t❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦ ρ✱ ❜❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✷✳✸✱ ❢♦r ✈❛❧✉❡s ♦❢ µ ❝❧♦s❡ t♦
t❤❡ r❡❢❡r❡♥❝❡ sq✉❛r❡❞ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ ✭0.37 < µ < 0.73✮✱ ❢♦r ✇❤✐❝❤ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ❛r❡
♥♦t ❛♣♣❧✐❝❛❜❧❡✳

µ ‖f‖∞ d d0 ρ
✵✳✼ ✵✳✽ ✵✳✵✶ ✽ ✵✳✵✽✶✺

✵✳✻ ✵✳✻✺ ✵✳✵✺ ✶✵ ✵✳✵✼✶✹

✵✳✺ ✵✳✻ ✵✳✵✵✶ ✻ ✵✳✵✶✸✼

✵✳✺ ✵✳✺ ✵✳✵✶ ✼ ✵✳✵✷✷✽

❚❛❜❧❡ ✸✳✷ ✕ ❊①❛♠♣❧❡s ❢♦r ❚❤❡♦r❡♠ ✷✳✸ ✇✐t❤ p = 2✳

✸ ❚②♣❡ ■ ❡st✐♠❛t❡ ❛♥❞ ❛✉①✐❧✐❛r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✶✺❪ ❛♥❞ ❬✷❪✱ ❛ ❦❡② ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶✱
✶✳✷ ❛♥❞ ✷✳✶✲✷✳✸ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡ ■ ❡st✐♠❛t❡ ❢♦r u ❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✱ ✇❤✐❝❤ ✇❡
❤❡r❡ r❡✜♥❡ ✐♥ ❛ ♥♦♥tr✐✈✐❛❧ ✇❛② ✐♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❣♦♦❞ q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡s✳
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✸✳✶ ❚❤❡ ❡st✐♠❛t❡ ❛♥❞ t❤❡ ❛✉①✐❧✐❛r② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r
❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t R > 1✱ x0 ∈ Ω = (−R,R) ✇✐t❤ d0 := R − 1 − |x0| > 0✱ ❛♥❞
µ > µ0(p)✳ ❆ss✉♠❡ t❤❛t f s❛t✐s✜❡s

f ≥ µ ✐♥ (x0 − 1, x0 + 1) ✭✸✳✶✳✶✮

❛♥❞ ❧❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮✳ ▲❡t d ∈ (0, d0)✱ τ ∈ (0, 1)✳ ❚❤❡♥ t❤❡
t♦✉❝❤❞♦✇♥ t✐♠❡ T ♦❢ u s❛t✐s✜❡s

T > t0 :=
1− τp+1

(p+ 1)‖f‖∞
✭✸✳✶✳✷✮

❛♥❞ u s❛t✐s✜❡s t❤❡ t②♣❡ ■ ❡st✐♠❛t❡

[
1− u

(
t, x0 ± (1 + d)

)]p+1 ≥ (p+ 1)εµ(T − t) ❢♦r ❛❧❧ t ∈ [t0, T )✱ ✭✸✳✶✳✸✮

✇❤❡r❡

ε = sup
(β,K)∈A1

ε̂(β,K), ε̂(β,K) =
1

2

(
β − d

β

)p+1
S(t0, β)

K + τ−p
min

{
H(t0, β), G(t0, β,K)

}
,

✭✸✳✶✳✹✮

A1 :=

{
(β,K) ∈ (d, d0)× (0,∞), K ≥ p

µβ2
− 1

p+ 1
, δ(β,K) ≤ 1

}
, ✭✸✳✶✳✺✮

❛♥❞ H,G, S, δ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮✳

❘❡♠❛r❦ ✸✳✷✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✭❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✺✳✻ ❜❡❧♦✇✮✱ ❛r❡
♦❢ ❝♦✉rs❡ ✉s❡❢✉❧ ♦♥❧② ✐❢ A1 6= ∅ ✭s✐♥❝❡ ♦t❤❡r✇✐s❡ ε = −∞ ❛♥❞ ✭ ✭✸✳✶✳✸✮✮ ✐s ✈♦✐❞✮✳ ❚❤❡
❝♦♥❞✐t✐♦♥ A1 6= ∅ ✇✐❧❧ ❜❡ ❝❤❡❝❦❡❞ ✇❤❡♥ ✇❡ ❛♣♣❧② t❤❡s❡ ♣r♦♣♦s✐t✐♦♥s ✐♥ t❤❡ ♣r♦♦❢s ♦❢
❚❤❡♦r❡♠s ✶✳✶✱ ✶✳✷ ❛♥❞ ✷✳✶✲✷✳✸✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✭❛♥❞ ♦❢ Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✺✳✻✮✱ ♦✉r str❛t❡❣② ✐s t♦
✉s❡ ❛ ♣❛r❛♠❡tr✐③❡❞ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

J(t, x) = ut − εµaβ,K,η(x− x0)h(u) ✐♥ Σ := [t0, T )× Iβ ✭✸✳✶✳✻✮

h(u) = (1− u)−p +K(1− u)q, ✭✸✳✶✳✼✮

✭❝❢✳ ▲❡♠♠❛ ✸✳✸✮✱ ✇❤❡r❡ Iβ ✐s ❛ s✉❜✐♥t❡r✈❛❧ ♦❢ Ω✱ ♥❛♠❡❧② Iβ := [x0 − 1 − β, x0 + 1 + β]
✇✐t❤ β > d✱ ❛♥❞ aβ,K,η ✐s ❛ s✉✐t❛❜❧❡ ❢❛♠✐❧② ♦❢ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s ✇✐t❤ a(1+ β) = 0 ✭s❡❡ ✐♥
♣❛rt✐❝✉❧❛r ❋✐❣✉r❡ ✸✳✺✮✳ ❲❡ s❤❛❧❧ ❛ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t a ✐s ❛♥ ❡✈❡♥ ❢✉♥❝t✐♦♥✱ ✇✐t❤

a > 0 ❛♥❞ a′ ≤ 0 ♦♥ [0, 1 + β)✳ ✭✸✳✶✳✽✮

❆ ❦❡② ❢❡❛t✉r❡ ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ❣♦♦❞ ✈❛❧✉❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦ ρ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② t♦
♦♣t✐♠✐③❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❛♣♣❡❛r ✐♥ t❤❡ ❢✉♥❝t✐♦♥ J ✱ ♥❛♠❡❧②✿

β, t0, q,K, ε,

❛s ✇❡❧❧ ❛s η✱ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ s✉❜r❡❣✐♦♥s ♦❢ Σ ✐♥ ✭✸✳✸✳✶✵✮✳
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✸✳✷ ❇❛s✐❝ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ J

❚❤❡ ❜❛s✐❝ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ J ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳ ❚❤✐s
❝♦♠♣✉t❛t✐♦♥ ✇❛s ❛❧r❡❛❞② ❞♦♥❡ ✐♥ ❬✶✺❪ ❛♥❞ ❬✷❪ ❢♦r s♣❡❝✐✜❝ ❝❤♦✐❝❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs q
❛♥❞ K ✭❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t ❡❛r❧✐❡r ✈❡rs✐♦♥s ♦❢ ❢✉♥❝t✐♦♥s ♦❢ t②♣❡ J ✱ ✇✐t❤♦✉t ❝✉t✲♦✛ ❛♥❞
♣❡rt✉r❜❛t✐♦♥ t❡r♠s✱ ❣♦ ❜❛❝❦ t♦ ❬✷✻❪✱ ❬✻❪✱ ❬✾❪✮✳ ■♥ t❤✐s ♣❛♣❡r✱ ✈❛r②✐♥❣ t❤❡s❡ ♣❛r❛♠❡t❡rs
✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✶✱ ✹✳✷ ❛♥❞ ✺✳✻✳

▲❡♠♠❛ ✸✳✸✳ ▲❡t ω ❜❡ ❛ s✉❜❞♦♠❛✐♥ ♦❢ Ω ❛♥❞ ❧❡t a ∈ C2(ω) ❜❡ ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✳ ▲❡t u
❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✳✶✮✱ t0 ∈ [0, T )✱ ❛♥❞ ❧❡t J ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✶✳✻✮ ✐♥ (t0, T )× ω✱ ✇❤❡r❡

h(u) = (1− u)−p +K(1− u)q, 0 ≤ u < 1, ✭✸✳✷✳✶✮

✇✐t❤ q ∈ [0, 1] ❛♥❞

0 < K <
p(p+ 1)

q(1− q)
. ✭✸✳✷✳✷✮

❚❤❡♥
Jt − Jxx − pf(x)(1− u)−p−1J = µεΘ ✐♥ (t0, T )× ω✱ ✭✸✳✷✳✸✮

✇❤❡r❡

Θ = (p+ q)Ka(x)f(x)(1− u)−p+q−1 + ah′′(u)u2x + 2h′(u)axux + h(u)axx. ✭✸✳✷✳✹✮

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ h′′(u) > 0 ❢♦r ❛❧❧ u ∈ [0, 1) ❛♥❞

Θ ≥ (p+ q)Ka(x)f(x)(1− u)−p+q−1

︸ ︷︷ ︸
τ1

+h(u)axx(x)︸ ︷︷ ︸
τ2

− h′2(u)a2x(x)

a(x)h′′(u)︸ ︷︷ ︸
τ3

. ✭✸✳✷✳✺✮

Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡

Jt = utt − εa(x)h′(u)ut,

Jx = uxt − εµ
(
a(x)h′(u)ux + h(u)ax(x)

)
,

Jxx = uxxt − εµ
(
a(x)h′(u)uxx + a(x)h′′(u)u2x + 2h′(u)ax(x)ux + h(u)axx(x)

)
.

❙❡tt✐♥❣ g(u) = (1 − u)−p ❛♥❞ ♦♠✐tt✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s x, u ✇✐t❤♦✉t r✐s❦ ♦❢ ❝♦♥❢✉s✐♦♥✱ ✇❡
❣❡t

Jt − Jxx = (ut − uxx)t − εµah′(ut − uxx) + εµ(ah′′u2x + 2h′axux + haxx)

= fg′ut − εµfah′g + εµ(ah′′u2x + 2h′axux + haxx).

❯s✐♥❣ ut = J + εµah✱ ✇❡ ❤❛✈❡

Jt − Jxx − fg′J = εµΘ,

✇❤❡r❡
Θ = fa(g′h− h′g) + ah′′u2x + 2h′(u)axux + haxx.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

h′(u) = p(1− u)−p−1 − qK(1− u)q−1, ✭✸✳✷✳✻✮

❤❡♥❝❡

g′h− h′g = p(1− u)−p−1[(1− u)−p +K(1− u)q]

−(1− u)−p[p(1− u)−p−1 − qK(1− u)q−1]

= (p+ q)K(1− u)−p+q−1,



✸✳ ❚❨P❊ ■ ❊❙❚■▼❆❚❊ ❆◆❉ ❆❯❳■▲■❆❘❨ ❖P❚■▼■❩❆❚■❖◆ P❘❖❇▲❊▼ ✽✺

✇❤✐❝❤ ②✐❡❧❞s ✭✸✳✷✳✹✮✳ ❆❧s♦✱ ♦✇✐♥❣ t♦ ✭✸✳✷✳✷✮✱ ✇❡ ❤❛✈❡

h′′ = [p(p+ 1)− q(1− q)K(1− u)p+q](1− u)−p−2

≥ [p(p+ 1)− q(1− q)K](1− u)−p−2 > 0.
✭✸✳✷✳✼✮

❋✐♥❛❧❧②✱ s✐♥❝❡ a > 0 ✐♥ ω✱ ✇❡ ♠❛② ✇r✐t❡

Θ = (p+ q)Kaf(1− u)−p+q−1 + haxx + ah′′
[
u2x + 2

h′axux
ah′′

]
.

❙✐♥❝❡ u2x + 2
h′axux
ah′′

≥ − h′2a2x
a2(h′′)2

✱ ✐♥❡q✉❛❧✐t② ✭✸✳✷✳✺✮ ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✸✳✹✳ ✭❛✮ ❲❡ ♦❜s❡r✈❡ t❤❛t ♥♦ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ s❡❡♠s t♦ ♦❝❝✉r ❢r♦♠ ✐♥❡q✉❛❧✲
✐t② ✭✸✳✷✳✺✮✳ ■♥❞❡❡❞✱ ❜② ✭✸✳✷✳✹✮✱ t❤✐s ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s ❛♥ ❡q✉❛❧✐t② ❛t ❛♥② ♣♦✐♥t x s✉❝❤

t❤❛t ux+
h′ax
h′′a = 0 ✐✳❡✳✱ [log(ah′(u)]x = 0✳ ❇✉t s✐♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥✲

❝✐♣❧❡ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✭❛♥❞ Pr♦♣♦s✐t✐♦♥s ✹✳✷ ❛♥❞ ✺✳✻ ❜❡❧♦✇✮✱ t❤❡ ❢✉♥❝t✐♦♥
a ✇✐❧❧ ❜❡ r❡q✉✐r❡❞ t♦ ✈❛♥✐s❤ ♦♥ ∂ω✱ s✉❝❤ ♣♦✐♥ts x ♠✉st ❡①✐st ❢♦r ❡❛❝❤ t ∈ (0, T )✳

✭❜✮ ❚❤❡ r❡str✐❝t✐♦♥ q ≤ 1 ✐s ♥❡❝❡ss❛r② t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❦❡② t❡r♠ h′′(u)u2x ✐♥
✭✸✳✷✳✹✮ r❡♠❛✐♥s ♣♦s✐t✐✈❡✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❦❡② t❡r♠ τ1 ✐♥ ✭✸✳✷✳✺✮ ✐♠♣♦s❡s
p+q > 0✳ ❆❧t❤♦✉❣❤ t❤❡ ✈❛❧✉❡s q ∈ (−p, 0) ✇♦✉❧❞ ❜❡ ❛❧s♦ ❛❞♠✐ss✐❜❧❡✱ ✇❡ s❤❛❧❧ ♥♦t ❝♦♥s✐❞❡r
t❤❡♠✳ ■♥❞❡❡❞✱ ✇❤❡♥ ❧♦♦❦✐♥❣ ❢♦r q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡s ✐♥ ❙❡❝t✐♦♥ ✻✱ t❤❡② s❡❡♠ t♦ ❧❡❛❞ t♦
✇♦rs❡ r❡s✉❧ts ❞✉❡ t♦ s♠❛❧❧❡r ❝♦♥st❛♥t p + q ✭❛♥❞ t♦ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❡①♣r❡ss✐♦♥s t❤❛♥
q = 0 ♦r q = 1✮✳

❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❧❡♠♠❛✱ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ s❡q✉❡❧✳

▲❡♠♠❛ ✸✳✺✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✳✶✮✳

✭✐✮ ❲❡ ❤❛✈❡ T ≥ T∗ := 1
(p+1)‖f‖∞

❛♥❞

‖u(t)‖∞ ≤ y(t) := 1−
(
1− (p+ 1)‖f‖∞t

) 1
p+1 , ❢♦r ❛❧❧ t ∈ [0, T∗]. ✭✸✳✷✳✽✮

✭✐✐✮ ❆ss✉♠❡ t❤❛t I := (x0−1, x0+1) ⊂ Ω ❛♥❞ f ≥ µχI ✱ ✇✐t❤ µ > µ0(p) :=
pp

(p+1)p+1
π2

4 ✳

❚❤❡♥

T ≤ T :=
1

(p+ 1)(µ− µ0(p))
<∞.

Pr♦♦❢✳ ❙✐♥❝❡ y(t) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❉❊

y′(t) = ‖f‖∞(1− y(t))−p, t ∈ (0, T∗), ✇✐t❤ y(0) = 0✱ ✭✸✳✷✳✾✮

❛♥❞ T∗ ✐s t❤❡ ♠❛①✐♠❛❧ ❡①✐st❡♥❝❡ t✐♠❡ ❢♦r y(t)✱ ❛ss❡rt✐♦♥ ✭✐✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡
❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✳

❆ss❡rt✐♦♥ ✭✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ s✐♠♣❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥t✱ s❡❡ ❡✳❣✳✱ ▲❡♠♠❛ ✷✳✷
✐♥ ❬✷❪✳

✸✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s a(x) ❛♥❞
♣❛r❛♠❡tr✐③❡❞ t②♣❡ ■ ❡st✐♠❛t❡

❚❤❡ ❢✉♥❝t✐♦♥ J ♥❡❡❞s t♦ s❛t✐s❢② ❛ ❜❛s✐❝ ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t② ✭❝❢✳ ✭✸✳✸✳✶✸✮ ❜❡❧♦✇✮✳ ■♥
♦♥❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ t❤❡ st✉❞② ♦❢ t❤✐s ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ♠❛❞❡ q✉✐t❡ ♣r❡❝✐s❡✳



✽✻ ❈❍❆P❚❊❘ ✸✳ ◗❯❆◆❚■❚❆❚■❱❊ ❚❖❯❈❍❉❖❲◆ ▲❖❈❆▲■❩❆❚■❖◆

■t ❛❝t✉❛❧❧② ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ♥❛t✉r❛❧ ❛♥❞ ♦♣t✐♠❛❧✱ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡
❢✉♥❝t✐♦♥ a(r)✿

a′′(r) ≥ a(r)F
(
r,
a′(r)

a(r)

)
, 0 ≤ r < 1 + β, ✭✸✳✸✳✶✮

✇❤❡r❡

F (r, ξ) =





sup
u∈(0,1)

[
h′2(u)

hh′′(u)

]
ξ2, r > 1,

sup
u∈(1−η,1)

[
h′2(u)

hh′′(u)
ξ2 − (p+ q)Kµ

(1− u)p+1−qh(u)

]
, r < 1.

✭✸✳✸✳✷✮

❚❤✐s ✐s t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❝❤ ❣✐✈❡s ❛ ❢❛♠✐❧② ♦❢ t②♣❡ ■ ❡st✐♠❛t❡s✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ ❛❞♠✐ss✐❜❧❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❲❡ ♥♦t❡ t❤❛t ♦♥❧② t❤❡ ❝❤♦✐❝❡
q = 0 ❛♥❞ η = 1 ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛♥❞ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✳
❖t❤❡r ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs q, η ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷✳

▲❡♠♠❛ ✸✳✻✳ ▲❡t R > 1✱ x0 ∈ Ω = (−R,R) ✇✐t❤ d0 := R− 1−|x0| > 0✱ ❛♥❞ µ > µ0(p)✳
❆ss✉♠❡ t❤❛t f s❛t✐s✜❡s ✭✸✳✶✳✶✮ ❛♥❞ ❧❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮✳ ▲❡t

q ∈ [0, 1], τ ∈ (0, 1), η ∈ (0, 1], β ∈ (0, d0), K > 0 ✭✸✳✸✳✸✮

❛♥❞ ❧❡t h(u) ❜❡ ❞❡✜♥❡❞ ❜② ✭✸✳✶✳✼✮✳ ❙❡t I0 = (x0−1, x0+1)✱ Iβ = (x0−1−β, x0+1+β)
❛♥❞

t0 = t0(τ) =
1− τp+1

(p+ 1)‖f‖∞
.

❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ a ∈ W 2,2([0, 1 + β]) ♦❢ ✭✸✳✸✳✶✮✲✭✸✳✸✳✷✮✱ ✇✐t❤ ✭✸✳✶✳✽✮
❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

a′(0) = 0, a(1 + β) = 0. ✭✸✳✸✳✹✮

❆ss✉♠❡ ❛❧s♦ t❤❛t ε > 0 s❛t✐s✜❡s

ε ≤ ε1 := inf
x∈Iβ

et0∆ΩχI0(x)

h(u(t0, x))a(|x− x0|)
✭✸✳✸✳✺✮

✇❤❡r❡ et∆Ω ❞❡♥♦t❡s t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t s❡♠✐❣r♦✉♣ ♦♥ Ω✱ ❛♥❞

η = 1 ♦r ε ≤ ε2 :=
1

W (q, η,K)
inf

(t,x)∈[t0,T ]×I0

et∆ΩχI0(x)

a(|x− x0|)
, ✭✸✳✸✳✻✮

✇✐t❤ T = 1
(p+1)(µ−µ0(p))

❛♥❞ W (q, ω,K) := sup
u∈(0,1−ω)

h(u)✳ ❚❤❡♥

(1− u(t, x))p+1 ≥ (p+ 1)εµa(|x− x0|)(T − t) ✐♥ [t0, T )× Iβ . ✭✸✳✸✳✼✮

❇② ▲❡♠♠❛ ✸✳✺✭✐✮ ✇❡ ❤❛✈❡ ‖u(t0)‖∞ ≤ 1− τ ✱ s♦ ✇❡ ❝❛♥ ❡st✐♠❛t❡

h(u(t0, x)) ≤W (q, τ,K). ✭✸✳✸✳✽✮

❲❡ ✉s❡ t❤✐s ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠s ✶✳✶✱ ✶✳✷✱ ✷✳✸ ❢♦r s✐♠♣❧✐❝✐t②✳ ❍♦✇❡✈❡r✱ ✐♥ ❚❤❡♦r❡♠s ✷✳✶✲
✷✳✷ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❜❡tt❡r ✉♣♣❡r ❡st✐♠❛t❡ ♦❢ u ❜② t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s♠❛❧❧♥❡ss ❤②✲
♣♦t❤❡s✐s ✐♥ ✭✷✳✶✳✷✮✳

❇② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ h(u)✱ ✇❡ ♥♦t❡ t❤❛t ✐❢ p ≥ qK✱ t❤❡♥

W (q, ω,K) = h(1− ω) = ω−p +Kωq, ω ∈ (0, 1). ✭✸✳✸✳✾✮

❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶✱ ✶✳✷ ❛♥❞ ✷✳✸ s✐♥❝❡ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣
q = 0✳ ❋♦r ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷ ✇❡ ✇✐❧❧ ❛❧s♦ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤✐s ❝❛s❡ ❢♦r s✐♠♣❧✐❝✐t② ❛♥❞
s✐♥❝❡ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ♥✉♠❡r✐❝❛❧❧② t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ K ✐s ❧❡ss t❤❛♥ p✳
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Pr♦♦❢✳ ❙❡t Σ := [t0, T )× Iβ ❛♥❞ ❧❡t

J(t, x) = ut − εµb(x)h(u) ✐♥ Σ✱

✇❤❡r❡
h(u) = (1− u)−p +K(1− u)q, b(x) = a(x− x0).

❲❡ s♣❧✐t t❤❡ ❝②❧✐♥❞❡r Σ ✐♥t♦ t❤r❡❡ s✉❜r❡❣✐♦♥s ❛s ❢♦❧❧♦✇s✿

Σ1 = [t0, T )× (Iβ \ Ī0),
Ση2 = {(t, x) ∈ [t0, T )× Ī0; u(t, x) ≥ 1− η},
Ση3 = {(t, x) ∈ [t0, T )× Ī0; u(t, x) < 1− η}.

✭✸✳✸✳✶✵✮

❇② ▲❡♠♠❛ ✸✳✸ ✭st✐❧❧ ✈❛❧✐❞ ❢♦r a ∈W 2,2([0, 1 + β])✮✱ ✇❡ ❤❛✈❡

Jt − Jxx − pf(x)(1− u)−p−1J ≥ εΘ̃ ❛✳❡✳ ✐♥ (t0, T )× Iβ ✱ ✭✸✳✸✳✶✶✮

✇❤❡r❡

Θ̃ = (p+ q)Kf(x)b(x)(1− u)−p+q−1 + b′′(x)h− |b′(x)|2h′2
b(x)h′′

. ✭✸✳✸✳✶✷✮

❙✐♥❝❡ ♦✉r ♦♥❧② ❧♦✇❡r ❛ss✉♠♣t✐♦♥ ♦♥ f ✐s f ≥ µχI0 t❤❡ ♣r♦♣❡rt② Θ̃ ≥ 0 ❛✳❡✳ ✐♥ Σ1 ✭r❡s♣✳
Ση2✮ ❛♠♦✉♥ts t♦ r❡q✉✐r✐♥❣

(p+ q)Kµχ(−1,1)(r)

(1− u)p+1−qh(u)
+
a′′(r)

a(r)
≥
[
a′(r)

a(r)

]2
h′2(u)

hh′′(u)

❢♦r ❛✳❡✳ (r, u) ∈ (1, 1 + β) × (0, 1) ✭r❡s♣✳✱ [0, 1) × [1 − η, 1)✮✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡❞ t❤❛t a
s♦❧✈❡s ✭✸✳✸✳✶✮✲✭✸✳✸✳✷✮✱ t❤✐s ♣r❡❝✐s❡❧② ❣✉❛r❛♥t❡❡s t❤❛t

Jt − Jxx − pf(x)(1− u)−p−1J ≥ 0 ❛✳❡✳ ✐♥ Σ1 ∪ Ση2 ✳ ✭✸✳✸✳✶✸✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❧❛✐♠ t❤❛t

ut ≥ µet∆ΩχI0 ✐♥ [0, T )× Ω. ✭✸✳✸✳✶✹✮

❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥ v = ut✱ ✇❤✐❝❤
s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠





vt − vxx = pf(x)(1− u)−p−1v, ✐♥ (0, T )× Ω,
v = 0, ✐♥ [0, T )× ∂Ω,
v(0, x) = f(x), ✐♥ Ω

✭✸✳✸✳✶✺✮

✭s❡❡ ▲❡♠♠❛ ✸✳✹ ✐♥ ❬✷❪✮✳ ■♥ ✈✐❡✇ ♦❢ ✭✸✳✸✳✺✮✱ ✭✸✳✸✳✶✹✮✱ ✇❡ ❤❛✈❡

J(t0, x) ≥ µet0∆ΩχI0(x)− εµh(u(t0, x))a(x− x0) ≥ 0 ✐♥ Iβ . ✭✸✳✸✳✶✻✮

◆❡①t ♦❜s❡r✈❡ t❤❛t ✐❢ η = 1✱ t❤❡♥ t❤❡ s✉❜r❡❣✐♦♥ Ση3 ✐s ❡♠♣t②✳ ■❢ η ∈ (0, 1)✱ ✉s✐♥❣
❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✻✮ ❛♥❞ T ≤ T ❜② ▲❡♠♠❛ ✸✳✺✭✐✐✮✱ ✇❡ ❤❛✈❡

J(t, x) = ut−εµb(x)h(u) ≥ µet∆ΩχI0(x)−εµa(x−x0)W (q, η,K) ≥ 0 ✐♥ Ση3 . ✭✸✳✸✳✶✼✮

◆♦✇✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✸✳✶✼✮ ❛♥❞ Σ = Σ1 ∪ Ση2 ∪ Ση3 ✱ ✇❡ ❤❛✈❡

{(t, x) ∈ Σ; J(t, x) < 0} ⊂ Σ1 ∪ Ση2 . ✭✸✳✸✳✶✽✮
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❆❧s♦✱ s✐♥❝❡ b = 0 ♦♥ ∂Iβ ✱ ✇❡ ❤❛✈❡

J ≥ 0 ♦♥ [t0, T )× ∂Iβ . ✭✸✳✸✳✶✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ st❛♥❞❛r❞ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t J ∈ C1
(
[t0, T )×

Iβ
)
✱ ✇✐t❤ Jxx ∈ L2(Σ)✳ ■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✸✳✶✸✮✱ ✭✸✳✸✳✶✻✮✱ ✭✸✳✸✳✶✽✮✱ ✭✸✳✸✳✶✾✮ ❛♥❞ t❤❡

♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✭s❡❡✱ ❡✳❣✳✱ ❬✷✺✱ Pr♦♣♦s✐t✐♦♥ ✺✷✳✽ ❛♥❞ ❘❡♠❛r❦ ✺✷✳✶✶✭❛✮❪✮ t❤❛t

J ≥ 0 ✐♥ Σ.

■♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ✇❡ ♦❜t❛✐♥

(1− u(t, x))p+1 ≥ (p+ 1)εµb(x)(T − t) ✐♥ Σ,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

❖✉r ♥❡①t t❛s❦ ✐s t♦ ✐❞❡♥t✐❢② ❛♣♣r♦♣r✐❛t❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ✭✸✳✸✳✶✮✲
✭✸✳✸✳✷✮✳ ❋✐rst ♦❢ ❛❧❧✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐✲
t✐♦♥

a(1) = 1. ✭✸✳✸✳✷✵✮

■♥❞❡❡❞✱ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✸✳✶✮✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✸✳✸✳✹✮ ❛♥❞ ✭♦✇✐♥❣ t♦ ❛ss✉♠♣✲
t✐♦♥s ✭✸✳✸✳✺✮✱ ✭✸✳✸✳✻✮✮ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✳✼✮ ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ a ❜② ❛
♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

◆♦✇✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✽✳✶✮ t❤❛t✱ ❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s ♦❢
✭✸✳✸✳✶✮✱ ✭✸✳✸✳✷✮✱ ✭✸✳✸✳✹✮✱ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ✐s t♦ ❛❝t✉❛❧❧② ❧♦♦❦ ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❖❉❊✿

a′′(r) = a(r)F
(
r,
a′(r)

a(r)

)
, r0 ≤ r < 1 + β, ✭✸✳✸✳✷✶✮

❢♦r s♦♠❡ r0 ∈ [0, 1)✱ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

a′(r0) = 0, a(1 + β) = 0, ✭✸✳✸✳✷✷✮

❛♥❞ t♦ ❡①t❡♥❞ ✐t t♦ ❜❡ ❝♦♥st❛♥t ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ✐♥t❡r✈❛❧✿

a(r) = a(r0), 0 ≤ r ≤ r0. ✭✸✳✸✳✷✸✮

■♥❞❡❡❞✱ Pr♦♣♦s✐t✐♦♥ ✽✳✶ s❤♦✇s t❤❛t✱ ✜①✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ✐♥ ✭✸✳✸✳✷✵✮✱ t❤❡ r❛t✐♦s ε1, ε2
✐♥ ✭✸✳✸✳✺✮✱ ✭✸✳✸✳✻✮ ❛r❡ ❧❛r❣❡st ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ a(r) ✐s ❝❤♦s❡♥ ✐♥ t❤✐s ✇❛②✳ ■♥ ♦r❞❡r ♥♦t
t♦ ✐♥t❡rr✉♣t t❤❡ ♠❛✐♥ ❧✐♥❡ ♦❢ ❛r❣✉♠❡♥t✱ Pr♦♣♦s✐t✐♦♥ ✽✳✶ ❛♥❞ ✐ts ♣r♦♦❢ ❛r❡ ♣♦st♣♦♥❡❞ t♦
❆♣♣❡♥❞✐① ✷✳

◆❡①t✱ ✐t t✉r♥s ♦✉t t❤❛t✱ ❢♦r t❤❡ s♣❡❝✐❛❧ ✈❛❧✉❡s q = 0 ❛♥❞ q = 1✱ t❤❡ s♦❧✉t✐♦♥ ♦❢
✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞ ✇❤❡♥❡✈❡r ✐t ❡①✐sts✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡
q = 0 ✭❦❡❡♣✐♥❣ η ∈ (0, 1] ❢♦r ❢✉t✉r❡ ✉s❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✮ ❆s ❢♦r t❤❡ ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞ ❝❛s❡ q = 1✱ ✐t ✇✐❧❧ ❜❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✳

▲❡♠♠❛ ✸✳✼✳ ▲❡t β > 0✱ q = 0✱ η ∈ (0, 1]✱ K > 0 ❛♥❞ ❛ss✉♠❡

K ≥ pη

µβ2
− 1

(p+ 1)ηp
✭✸✳✸✳✷✹✮

▲❡t h, F ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✶✳✼✮✱ ✭✸✳✸✳✷✮ ❛♥❞ s❡t

m =
p

(p+ 1)(1 +Kηp)
, M =

pKµ

η(1 +Kηp)
, δ0 =

arctan
(
p+1
β

√
1−m
M

)

√
M(1−m)

.
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R−R
x0x0−1 x0+1x0−1−β x0+1+β

x0−r0 x0+r0
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❋✐❣✉r❡ ✸✳✹ ✕ ❚❤❡ ❢✉♥❝t✐♦♥ aβ,K,η(x− x0)✳

❚❤❡r❡ ❡①✐st r0 ∈ [0, 1) ❛♥❞ ❛ s♦❧✉t✐♦♥ a ∈W 2,2([0, 1 + β]) ♦❢ ✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮✱ ✭✸✳✶✳✽✮ ✐❢
❛♥❞ ♦♥❧② ✐❢ δ0 ≤ 1✳ ❚❤❡ ❝♦✉♣❧❡ (r0, a) ✐s t❤❡♥ ✉♥✐q✉❡ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

aβ,K,η(r) =





D, r ∈ [0, r0),

D cos
1

1−m
(√

M(1−m)(r − r0)
)
, r ∈ [r0, 1],(

1 + β − r

β

)p+1

, r ∈ (1, 1 + β],

✭✸✳✸✳✷✺✮

✇❤❡r❡ r0 = 1− δ0 ❛♥❞ D =
[
1 + 1−m

M

(
p+1
β

)2] 1
2(1−m)

✳

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ a ✐♥ [1, 1 + β]✳ ❙✐♥❝❡

hh′′ = p(p+ 1)(1− u)−2p−2
[
1 +K(1− u)p

]
, h′2 = p2(1− u)−2p−2,

✇❡ ❤❛✈❡

sup
u∈(0,1)

[
h′2(u)

hh′′(u)

]
=

p

p+ 1
. ✭✸✳✸✳✷✻✮

❲❡ ❛r❡ t❤✉s ❧❡❢t ✇✐t❤ t❤❡ ❖❉❊
aa′′ =

p

p+ 1
a′

2
,

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s a(1) = 1✱ a(1 + β) = 0✳ ■t ✐s ❡❛s② t♦ s♦❧✈❡ t❤✐s ❜② s❡tt✐♥❣
φ = a1−σ✱ σ = p/(p+ 1) ∈ (0, 1)✱ ❤❡♥❝❡ φ′ = (1− σ)a−σa′ ❛♥❞

φ′′ = (1− σ)a−σ−1[aa′′ − σ(a′)2] = 0.

❚❤✐s ❧❡❛❞s t♦ φ(r) = (1+β−r)/β✱ ❤❡♥❝❡ a(r) = φp+1(r) ❣✐✈❡♥ ❜② t❤❡ ❧❛st ♣❛rt ♦❢ ✭✸✳✸✳✷✺✮✳

❙t❡♣ ✷✿ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ a ✐♥ [0, 1] ❛♥❞ ❡①✐st❡♥❝❡ ❝♦♥❞✐t✐♦♥✳ ❋♦r r ∈ [0, 1]✱ ✇❡
❝♦♠♣✉t❡

F (r, ξ) = sup
u∈(1−η,1)

[
h′2(u)

hh′′(u)
ξ2 − pKµ

(1− u)p+1h(u)

]

= sup
y∈(0,η)

[
pξ2

(p+ 1)
(
1 +Kyp

) − pKµ

y
(
1 +Kyp

)
]

= sup
y∈(0,η)

Z(ξ, y), ✇❤❡r❡ Z(ξ, y) =
( ξ2

p+ 1
− Kµ

y

) p

1 +Kyp
.

❈♦♠♣✉t✐♥❣
∂Z

∂y
=
Kµ

y2
p

1 +Kyp
−
( ξ2

p+ 1
− Kµ

y

) p2Kyp−1

(1 +Kyp)2
,
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✇❡ s❡❡ t❤❛t

∂Z

∂y
≥ 0 ⇔ µ(1 +Kyp)

y
≥
( ξ2

p+ 1
− Kµ

y

)
pyp ⇔ ξ2 ≤ (p+ 1)µ

py

[ 1

yp
+K(p+ 1)

]
.

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r r ∈ [0, 1]✱ ✇❡ ❤❛✈❡

F (r, ξ) =
( ξ2

p+ 1
− Kµ

η

) p

1 +Kηp
, ❢♦r ξ2 ≤ (p+ 1)µ

pη

[ 1

ηp
+K(p+ 1)

]
. ✭✸✳✸✳✷✼✮

❋✉rt❤❡r♠♦r❡✱ ♦✇✐♥❣ t♦ ✭✸✳✸✳✷✮ ❛♥❞ ✭✸✳✸✳✷✻✮✱ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✸✳✷✶✮ ♦♥ s♦♠❡ ✐♥t❡r✈❛❧
[r0, 1] ✇✐t❤ a > 0 ❛♥❞ a′ ≤ 0 ♠✉st s❛t✐s❢②

(a′
a

)′
=
a′′

a
−
(a′
a

)2
≤ 0

❤❡♥❝❡✱ ❜② t❤❡ C1 ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥s

a(1−) = 1, a′(1−) = a′(1+) = −p+ 1

β
, ✭✸✳✸✳✷✽✮

✇❡ ♠✉st ❤❛✈❡ ∣∣∣a
′(r)

a(r)

∣∣∣ ≤
∣∣∣a

′(1)

a(1)

∣∣∣ = p+ 1

β
, r0 ≤ r ≤ 1. ✭✸✳✸✳✷✾✮

❇② ✭✸✳✸✳✷✼✮✱ ✭✸✳✸✳✷✾✮ ❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✸✳✸✳✷✹✮✱ ✇❡ ❛r❡ t❤✉s ❧❡❢t ✇✐t❤ t❤❡ ❖❉❊

aa′′ = ma′
2 −Ma2, r ≤ 1, ✭✸✳✸✳✸✵✮

✇✐t❤

m =
p

(p+ 1)(1 +Kηp)
∈ (0, 1), M =

pKµ

η(1 +Kηp)
.

❙❡tt✐♥❣ φ = a1−m✱ ✭✸✳✸✳✸✵✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

φ′′ = (1−m)a−m−1[aa′′ −m(a′)2] = −(1−m)Mφ. ✭✸✳✸✳✸✶✮

❙✐♥❝❡ ❛❧❧ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✸✳✸✶✮ ❛r❡ ❣✐✈❡♥ ❜② ❝♦s✐♥❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ s✐♥❝❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r
❛ s♦❧✉t✐♦♥ φ s✉❝❤ t❤❛t φ′(1) < 0✱ φ′ ♠✉st ❤❛✈❡ ❛ ✜rst ③❡r♦ ♦♥ t❤❡ ❧❡❢t ♦❢ r = 1✳ ❙✐♥❝❡ ✇❡
❛❧s♦ ✐♠♣♦s❡ φ > 0✱ φ′ ≤ 0 ♦♥ [r0, 1] ❛♥❞ φ′(r0) = 0✱ t❤✐s ✜rst ③❡r♦ ♠✉st ❝♦✐♥❝✐❞❡ ✇✐t❤ r0
❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♠✉st ❜❡ ♦❢ t❤❡ ❢♦r♠

φ(r) = D0 cos
[√

(1−m)M(r − r0)
]
, ✭✸✳✸✳✸✷✮

❢♦r s♦♠❡ D0 > 0✱ ❛♥❞ ✇❡ ♠✉st ❤❛✈❡
√
(1−m)M(1− r0) < π/2. ✭✸✳✸✳✸✸✮

❚❤✐s✱ ❛❧♦♥❣ ✇✐t❤ ✭✸✳✸✳✷✽✮✱ ②✐❡❧❞s

1 = φ(1) = D0 cos
[√

(1−m)M(1− r0)
]

✭✸✳✸✳✸✹✮

❛♥❞

−(1−m)(p+ 1)β−1 = φ′(1) = −D0

√
(1−m)M sin

[√
(1−m)M(1− r0)

]
,

❤❡♥❝❡

tan
[√

(1−m)M(1− r0)
]
=
p+ 1

β

√
1−m

M
. ✭✸✳✸✳✸✺✮
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■t ❢♦❧❧♦✇s t❤❛t

1− r0 = δ0 :=
1√

M(1−m)
arctan

(
p+ 1

β

√
1−m

M

)
✭✸✳✸✳✸✻✮

✭✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r ❣✉❛r❛♥t❡❡s ✭✸✳✸✳✸✸✮✮ ❛♥❞✱ ❜② ✭✸✳✸✳✸✹✮✱ ✭✸✳✸✳✸✺✮✱ ✇❡ ❤❛✈❡

D0 =
1

cos
[√

(1−m)M(1− r0)
] =

√
1 + tan2

[√
(1−m)M(1− r0)

]
,

❤❡♥❝❡

D0 =

√
1 +

1−m

M

(
p+ 1

β

)2

. ✭✸✳✸✳✸✼✮

❋r♦♠ t❤❡ ❛❜♦✈❡✱ ✇❡ s❡❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮✱ ✭✸✳✶✳✽✮ ❢♦r
s♦♠❡ r0 ∈ [0, 1) ✐s ❡q✉✐✈❛❧❡♥t t♦ δ0 ≤ 1✳ ❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✸✳✸✷✮
❛♥❞ ✭✸✳✸✳✸✼✮ t❤❛t a(r) ✐s ❣✐✈❡♥ ❜② ✭✸✳✸✳✷✺✮✳ ▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✸✳✸✻✮✱ t❤❡ ❝♦✉♣❧❡
(r0, a) ✐s t❤❡♥ ✉♥✐q✉❡✳ ❚❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

✸✳✹ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✐t ❡ss❡♥t✐❛❧❧② r❡♠❛✐♥s t♦ ❡①♣r❡ss t❤❡ ✐♥✜♠❛ ✐♥
✭✸✳✸✳✺✮ ❛♥❞ ✭✸✳✸✳✻✮ ✐♥ t❡r♠s ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥✳

❚❤✐s r❡❧✐❡s ♦♥ q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t s❡♠✐❣r♦✉♣s✱
❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✶✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✽✳ ❉❡♥♦t❡ ❜② et∆R t❤❡ ❤❡❛t s❡♠✐❣r♦✉♣ ♦♥ R✳ ▲❡t t❤❡ ❢✉♥❝t✐♦♥s G,H, δ ❜❡
❞❡✜♥❡❞ ❜② ✭✶✳✸✳✺✮✳ ▲❡t β,K > 0 s❛t✐s❢② K ≥ p

µβ2 − 1
p+1 ❛♥❞ δ(β,K) ≤ 1✱ ❛♥❞ ❧❡t a(x)

❜❡ ❞❡✜♥❡❞ ❜② ✭✸✳✸✳✷✺✮ ✇✐t❤ η = 1✳ ❲❡ ❤❛✈❡

inf
0<r<1

et∆Rχ(−1,1)(r)

a(r)
=

1

2
G(t, β,K) ✭✸✳✹✳✶✮

❛♥❞

inf
1<r<1+β

et∆Rχ(−1,1)(r)

a(r)
=

1

2
H(t, β), t > 0. ✭✸✳✹✳✷✮

▼♦r❡♦✈❡r✱
t 7→ G(t, β,K) ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ❢♦r t > 0✳ ✭✸✳✹✳✸✮

Pr♦♦❢✳ ❉❡♥♦t❡ ❜② L1 t❤❡ ▲❍❙ ♦❢ ✭✸✳✹✳✶✮✳ ❲❡ ♥♦t❡ t❤❛t a(r) ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ✐♥t❡r✈❛❧
[0, r0)✳ ❙✐♥❝❡ et∆Rχ(−1,1)(r) ✐s ❡✈❡♥ ❛♥❞ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❢♦r r > 0✱ ✇❡ t❤✉s
♥❡❡❞ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r✈❛❧ [r0, 1)✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a(r) ✐♥ t❤✐s ✐♥t❡r✈❛❧ ❛♥❞
t❤❡ ❤❡❛t ❦❡r♥❡❧ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ ✇❡ ♦❜t❛✐♥

L1 =
1√
4πt

inf
r0<r<1

1

a(r)

∫ 1

−1

e−
(r−y)2

4t dy.

❆❢t❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ Z = r−y
2
√
t
✱ ❛♥❞ t❤❡♥ x = r−r0

1−r0 ✱ ✇❡ ♦❜t❛✐♥

L1 =
1√
π

inf
r0<r<1

1

a(r)

∫ r+1

2
√

t

r−1

2
√

t

e−Z
2

dZ =
1

2
inf

0<x<1

❡r❢
(

1+r0+(1−r0)x
2
√
t

)
+ ❡r❢

(
1−r0−(1−r0)x

2
√
t

)

a((1− r0)x+ r0)
.
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❈♦♠♣❛r✐♥❣ ✭✸✳✸✳✷✺✮✱ ✇❤❡r❡ η = 1✱ ✇✐t❤ ✭✶✳✸✳✺✮✱ ✇❡ ❞❡❞✉❝❡

L1 =
1

2
inf

0<x<1

❡r❢
(

2−(1−x)δ0
2
√
t

)
+ ❡r❢

(
(1−x)δ0

2
√
t

)

D cosα(Ax)
=

1

2
G(t, β,K).

◆♦✇ ❞❡♥♦t❡ ❜② L2 t❤❡ ▲❍❙ ♦❢ ✭✸✳✹✳✷✮✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a(r) ✐♥ t❤✐s ✐♥t❡r✈❛❧
❛♥❞ t❤❡ ❤❡❛t ❦❡r♥❡❧ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ ✇❡ ✜♥❞

L2 =
1√
4πt

inf
1<r<1+β

(
β

1 + β − r

)p+1 ∫ 1

−1

e−
(r−y)2

4t dy.

❆❢t❡r t❤❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s X =
r − 1

β
✱ Y =

y − 1

β
✱ ❛♥❞ t❤❡♥ Z =

β(Y −X)

2
√
t

✱ ✇❡

♦❜t❛✐♥

L2 =
1√
4πt

inf
0<X<1

β

∫ 0

− 2
β

e−
(X−Y )2

4t β2

dY

(1−X)p+1
=

1√
π

inf
0<X<1

∫ ( 2
β+X) β

2
√

t

X β

2
√

t

e−Z
2

dZ

(1−X)p+1

=
1

2
inf

0<X<1

❡r❢
(
( 2β +X) β

2
√
t

)
− ❡r❢

(
X β

2
√
t

)

(1−X)p+1
=

1

2
H(t, β).

▲❡t ✉s ✜♥❛❧❧② ✈❡r✐❢② ✭✸✳✹✳✸✮✳ ❋♦r ❛♥② t > 0 ❛♥❞ x ∈ [−1, 1]✱ ✉s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡s x− y = z

√
4t✱ ✇❡ ♦❜t❛✐♥

et∆Rχ(−1,1)(x) =
1√
4πt

∫ 1

−1

e−
(x−y)2

4t dy =
1√
π

∫ x+1√
4t

x−1√
4t

e−z
2

dz.

❙✐♥❝❡ x−1 ≤ 0 ≤ x+1✱ t❤✐s q✉❛♥t✐t② ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ❛s t ✐♥❝r❡❛s❡s ❛♥❞ ♣r♦♣❡rt② ✭✸✳✹✳✸✮
t❤❡♥ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✹✳✶✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t d ∈ (0, d0)✱ τ ∈ (0, 1) ❛♥❞ ❧❡t (β,K) ∈ A1✱ η = 1✳ ❊st✐✲
♠❛t❡ ✭✸✳✶✳✷✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✺✭✐✮✳ ❲❡ ♠❛② ❛♣♣❧② ▲❡♠♠❛ ✸✳✻ ❢♦r q = 0, η = 1 ✇✐t❤
t❤❡ ❢✉♥❝t✐♦♥ a(r) ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✼❀ s❡❡ ❋✐❣✉r❡ ✸✳✺✳
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xR−R

f(x)
‖f‖∞

µ

x0

x0−1 x0+1
x0−1−d x0+1+d

x0−1−β x0+1+β

a(x−x0)

1
D
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❋✐❣✉r❡ ✸✳✺ ✕ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ a ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐✲
t✐♦♥ ✸✳✶ ✭d ✐s ✜①❡❞ ❛♥❞ β ✐s ♦♥❡ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✮✳

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✸✳✼✮ ❛♥❞ ✭✸✳✸✳✷✺✮ ❢♦r η = 1 t❤❛t✱ ❢♦r ❛❧❧ t ∈ [t0, T )✱

[
1− u

(
t, x0 ± (1 + d)

)]p+1 ≥ (p+ 1)

(
β − d

β

)p+1

ε µ(T − t), ✭✸✳✹✳✹✮
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✇❤❡r❡ ε = ε1✱ ❣✐✈❡♥ ✐♥ ✭✸✳✸✳✺✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ss✉♠✐♥❣ x0 ≥ 0 ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ S ✐♥ ✭✶✳✸✳✺✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t
s❡♠✐❣r♦✉♣ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✶ t❤❛t✱ ❢♦r ❛❧❧ λ ∈ [1, R− x0]✱

(
et∆ΩχI0

)
(x) ≥ e

− π2

4(R−x0)2

[
1− e−(R−x0−1)(R−x0−λ)/t

] (
et∆RχI0

)
(x)

= S(t, λ− 1)
(
et∆RχI0

)
(x) ❢♦r ❛❧❧ x ∈ [x0 − λ, x0 + λ]✳

❚❤✐s ❛❧♦♥❣ ✇✐t❤ ❡st✐♠❛t❡ ✭✸✳✸✳✽✮ ❣✉❛r❛♥t❡❡s t❤❛t

inf
|x−x0|≤λ

[et0∆ΩχI0 ](x)

h(u(t0, x))a(|x− x0|)
≥ S(t0, λ− 1)

W (0, τ,K)
inf

|x−x0|≤λ

[et0∆RχI0 ](x)

a(|x− x0|)
=
S(t0, λ− 1)

W (0, τ,K)
inf

|y|≤λ

[et0∆Rχ(−1,1)](y)

a(|y|) .

✭✸✳✹✳✺✮

❆♣♣❧②✐♥❣ ✭✸✳✹✳✺✮ ✇✐t❤ λ = 1 + β✱ ✭✸✳✸✳✾✮✱ ✭✸✳✹✳✶✮ ❛♥❞ ✭✸✳✹✳✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

ε1 ≥ 1

2

S(t0, β)

K + τ−p
min{G(t0, β,K), H(t0, β)}. ✭✸✳✹✳✻✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✹✳✹✮ ❛♥❞ ✭✸✳✹✳✻✮✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❡♥ ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r
(β,K) ∈ A1✳

❘❡♠❛r❦ ✸✳✾✳ ✭❛✮ ❚❤❡ ❝❤♦✐❝❡ η = 1 ❛❧❧♦✇s ♦♥❡ t♦ ❣❡t r✐❞ ♦❢ ❝♦♥❞✐t✐♦♥ ε ≤ ε2 ✐♥ ✭✸✳✸✳✻✮✱
❧❡❛❞✐♥❣ t♦ ❛♥ ✐♠♣♦rt❛♥t s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ε̂ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

✭❜✮ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s✉❜r❡❣✐♦♥s ✐♥ ✭✸✳✸✳✶✵✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐t ✇♦✉❧❞
♥♦t ❜❡ ♦❢ ❛♥② ✉s❡ t♦ s❡♣❛r❛t❡ t❤❡ ❝❛s❡s 1 − u ≥ η ❛♥❞ 1 − u < η ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧
I0 = (x0 − 1, x0 + 1)✳ ■♥❞❡❡❞✱ t❤✐s ✇♦✉❧❞ ♥♦t ❧❡❛❞ t♦ ❛ ❜❡tt❡r ❢✉♥❝t✐♦♥ a(x) ♦✉ts✐❞❡ I0✱
s✐♥❝❡ t❤❡ s✉♣r❡♠✉♠ ✐♥ ✭✸✳✸✳✷✻✮ ✐s ❛❝❤✐❡✈❡❞ ❢♦r u ∼ 1✳

✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶✱ ✶✳✷ ❛♥❞ ✷✳✸

❚❤❡ ♣r♦♦❢s ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦✲t♦✉❝❤❞♦✇♥ ❝r✐t❡r✐♦♥✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ♦♥❡ t♦ ❡①❝❧✉❞❡
t♦✉❝❤❞♦✇♥ ♦♥ ❛ ❣✐✈❡♥ s✉❜✐♥t❡r✈❛❧ D ♦❢ Ω✱ ✉♥❞❡r ❛ t②♣❡ ■ ❡st✐♠❛t❡ ♦♥ ∂D ❛♥❞ ❛ s✉✐t❛❜❧❡
s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ f ✐♥ D✳

▲❡♠♠❛ ✹✳✶✳ ▲❡t Ω = (−R,R)✱ τ ∈ (0, 1) ❛♥❞ u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮✳ ▲❡t
❡✐t❤❡r

(i) D = (x0 − b, x0 + b) ⊂⊂ Ω ❛♥❞ Γ = ∂D,

♦r

(ii) D = (a,R) ❢♦r s♦♠❡ a ∈ (−R,R) ❛♥❞ Γ = {a}.

▲❡t τ ∈ (0, 1)✱ t0 = t0(τ) =
1−τp+1

(p+1)‖f‖∞
❛♥❞ ❛ss✉♠❡ t❤❛t

(1− u)p+1 ≥ k(T − t) ♦♥ [t0, T )× Γ ✭✹✳✵✳✶✮

❢♦r s♦♠❡ k > 0✳ ■❢

‖f‖L∞(D) <
1

p+ 1
min

{
k,

τp+1

T − t0

}
, ✭✹✳✵✳✷✮

t❤❡♥ T ∩D = ∅✳ ■♥ ❛❞❞✐t✐♦♥✱ R /∈ T ✐♥ ❝❛s❡ ✭✐✐✮✳
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❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s ❣✐✈❡♥ ✐♥ ❬✷❪ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ t②♣❡ ■ ❡st✐♠❛t❡ ✭✹✳✵✳✶✮
✐s s❛t✐s✜❡❞ ✐♥ t❤❡ ✇❤♦❧❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T )✳ ❍❡r❡✱ ✇❡ ♠❛❦❡ ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡
♣r♦♦❢ ✐♥ ♦r❞❡r t♦ ✉s❡ Pr♦♣♦s✐t✐♦♥s ✸✳✶✱ ✹✳✷✱ ✺✳✻✱ ✇❤❡r❡ t❤❡ q✉❛♥t✐t❛t✐✈❡ t②♣❡ ■ ❡st✐♠❛t❡
♦♥❧② ❤♦❧❞s ✐♥ t❤❡ ✐♥t❡r✈❛❧ [t0, T )✳

Pr♦♦❢✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❢✉♥❝t✐♦♥

w(t, x) := y(t)ψ(x) ❢♦r (t, x) ∈ [t0, T )×D,

✇❤❡r❡ y(t) ✐s ❞❡✜♥❡❞ ❜②

y(t) = 1−A(T − t)
1

p+1 , ✇✐t❤ A = min

{
k

1
p+1 ,

τ − σ

1− σ
(T − t0)

− 1
p+1

}

❢♦r s♦♠❡ σ ∈ (0, τ) t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ❛♥❞ ψ(x) ✐s ❣✐✈❡♥ ❜② ψ(x) := 1−σ
(
1− (x− x0)

2

b2

)

✐♥ ❝❛s❡ ✭✐✮✱ ❛♥❞ ❜② ψ(x) := 1− σ
R−a (x− a) ✐♥ ❝❛s❡ ✭✐✐✮✳

❈♦♥s✐❞❡r✐♥❣ σ s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥✱ ✐♥ (t0, T )×D

wt − wxx − f(x)(1− w)−p ≥
(

A

p+ 1
(1− σ)− f(x)A−p

)
T− p

p+1 − ψ′′(x) ≥ 0, ✭✹✳✵✳✸✮

♥♦t✐♥❣ t❤❛t ‖f‖L∞(D) <
Ap+1

p+1 ❜② ✭✹✳✵✳✷✮ ❢♦r σ s♠❛❧❧ ❡♥♦✉❣❤✳

❲❡ ♥❡①t ❧♦♦❦ ❛t t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ♦❢ [t0, T ) × D✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜②
▲❡♠♠❛ ✸✳✺✭✐✮✱ ✇❡ ❤❛✈❡

w(t0, x) ≥ (1−A(T − t0)
1

p+1 )(1− σ) ≥ 1− τ ≥ u(t0, x) ✐♥ D. ✭✹✳✵✳✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ψ = 1 ♦♥ Γ ❛♥❞ A ≤ k
1

p+1 ✱ ✇❡ ❛♣♣❧② ✭✹✳✵✳✶✮ t♦ ♦❜t❛✐♥

w(t, x) = 1−A(T − t)
1

p+1 ≥ 1− k
1

p+1 (T − t)
1

p+1 ≥ u(t, x) ✐♥ [t0, T )× Γ✳ ✭✹✳✵✳✺✮

■♥ ❝❛s❡ ✭✐✐✮✱ ✇❡ ❛❧s♦ ♥♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ u✱ ✇❡ ❤❛✈❡

w(t, x) ≥ 0 = u(t, x) ✐♥ [t0, T )× {R}✳ ✭✹✳✵✳✻✮

❇② ✭✹✳✵✳✸✮✱ ✭✹✳✵✳✹✮✱ ✭✹✳✵✳✺✮ ❛♥❞ ✭✹✳✵✳✻✮ ✭✐♥ ❝❛s❡ ✭✐✐✮✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥✲
❝✐♣❧❡ ❛♥❞ y(t) ≤ 1 ❢♦r ❛❧❧ t ∈ [0, T )✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

u(t, x) ≤ w(t, x) ≤ ψ(x) ✐♥ (0, T )×D✳ ✭✹✳✵✳✼✮

■♥ ❜♦t❤ ❝❛s❡s✱ s✐♥❝❡ ψ ✐s ✉♥✐❢♦r♠❧② s♠❛❧❧❡r t❤❛♥ 1 ✐♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ D✱ ✐t ❢♦❧❧♦✇s
❢r♦♠ ✭✹✳✵✳✼✮ t❤❛t T ∩D = ∅✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t ✐♥ ❝❛s❡ ✭✐✐✮✱ ψ ✐s ✉♥✐❢♦r♠❧② s♠❛❧❧❡r t❤❛♥
1 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ {R}✱ s♦ ✇❡ ❝❛♥ r✉❧❡ ♦✉t t♦✉❝❤❞♦✇♥ ❛t t❤✐s ♣♦✐♥t✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✳ ▲❡t ρ,A ❜❡ ❣✐✈❡♥ ❜② ✭✶✳✸✳✹✮✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t A ✐s
♥♦♥❡♠♣t②✱ s♦ t❤❛t ρ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ♣♦s✐t✐✈❡✳ ❲❡ ♥♦t✐❝❡ t❤❛t✱ ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥
µ > µ1(p)✱ t❤❡r❡ ❡①✐sts τ s✉❝❤ t❤❛t

µ

2µ− µ1(p)
≤ τ < 1. ✭✹✳✵✳✽✮

◆❡①t ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ δ(β,K) ≤ 1 ✐s ❡q✉✐✈❛❧❡♥t t♦

φ1(K) := arctan

[√
p+ 1

pµβ2
(K−1 + p+ 1)

]
≤
√
pµK(K + θ)

(1 +K)2
=: φ2(K), ✭✹✳✵✳✾✮
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✇❤❡r❡ θ = (p+ 1)−1 ∈ (0, 1)✳ ❲❡ ❤❛✈❡

∂

∂K

[
K(K + θ)

(1 +K)2

]
=

(2K + θ)(1 +K)− 2K(K + θ)

(1 +K)3
>

2(1− θ)K

(1 +K)3
> 0,

s♦ t❤❛t φ2(K) ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0,∞)✳ ▼♦r❡♦✈❡r✱ φ1(K) ✐s ♠♦♥♦t♦♥✐❝❛❧❧②
❞❡❝r❡❛s✐♥❣ ♦♥ (0,∞)✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts K > 0 s❛t✐s❢②✐♥❣ ✭✹✳✵✳✾✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

lim
K→∞

φ2(K) > lim
K→∞

φ1(K) ⇐⇒ √
pµ > arctan

[ p+ 1

β
√
pµ

]
⇐⇒ β >

p+ 1√
pµ

cot
[√
pµ
]
.

❇② ❛ss✉♠♣t✐♦♥ ✭✶✳✸✳✷✮✱ ✇❡ ♠❛② t❤✉s ✜♥❞ β ∈ (d, d0] s❛t✐s❢②✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥✳ ▼♦r❡♦✈❡r✱
✭✹✳✵✳✾✮ ✐s t❤❡♥ tr✉❡ ❢♦r ❛♥② s✉✣❝✐❡♥t❧② ❧❛r❣❡ K > 0✳ ■t ❢♦❧❧♦✇s t❤❛t A ✐s ♥♦♥❡♠♣t②✳

◆❡①t s❡t
{

D = (x0 + 1 + d,R), Γ = {x0 + 1 + d} ✐❢ f s❛t✐s✜❡s ✭✶✳✸✳✸✮,

D = (x1 + 1 + d, x0 − 1− d), Γ = ∂D ✐❢ f s❛t✐s✜❡s ✭✶✳✸✳✻✮✳

❇② ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ f ✱ ✇❡ ♠❛② s❡❧❡❝t (τ, β,K) ∈ A s✉❝❤ t❤❛t

‖f‖L∞(D) ≤ µε̂(β,K), ✭✹✳✵✳✶✵✮

✇✐t❤

ε̂(β,K) =
1

2

(
β − d

β

)p+1
S(t0, β)

K + τ−p
min

{
H(t0, β), G(t0, β,K)

}

❛♥❞

t0 = t0(τ) =
1− τp+1

(p+ 1)‖f‖∞
.

❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✳✸✳✸✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶ t❤❛t

(1− u)p+1 ≥ (p+ 1)µε̂(β,K)(T − t) ♦♥ [t0, T )× Γ✳ ✭✹✳✵✳✶✶✮

▼♦r❡♦✈❡r✱ ✭✹✳✵✳✶✶✮ r❡♠❛✐♥s tr✉❡ ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✳✸✳✻✮✳ ■♥❞❡❡❞✱ ✇❡ ♠❛② ❛♣♣❧② Pr♦♣♦✲
s✐t✐♦♥ ✸✳✶ ✇✐t❤ x0 r❡♣❧❛❝❡❞ ❜② x1✱ r❡❝❛❧❧✐♥❣ |x1| ≤ |x0| ❛♥❞ ♥♦t✐❝✐♥❣ t❤❛t S(t, β) ✐♥ ✭✶✳✸✳✺✮✱
❤❡♥❝❡ ε̂ ❞❡♣❡♥❞s ♦♥ d0 = R− 1− |x0| ✐♥ ❛ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✇❛②✳

◆♦✇✱ ✐♥ ✈✐❡✇ ♦❢ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶✱ ✇❡ ❝❧❛✐♠ t❤❛t

(p+ 1)µε̂(β,K) ≤ τp+1

T − t0
. ✭✹✳✵✳✶✷✮

■♥❞❡❡❞✱ s✐♥❝❡ H(t0, β) ≤ ❡r❢
(

1√
t0

)
≤ 1 ❜② ✭✶✳✸✳✺✮✱ K > 0 ❛♥❞ S(d0 + 1, t0, d0 − β) ≤ 1✱

✇❡ ❤❛✈❡ ε̂ ≤ τp

2 ✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✹✳✵✳✽✮✱ µ1(p) = 2µ0(p) ❛♥❞ (p + 1)(µ − µ0(p))T ≤ 1
❜② ▲❡♠♠❛ ✸✳✺✭✐✐✮✱ ✇❡ ♦❜t❛✐♥

(p+ 1)µε̂(β,K) ≤ 2(p+ 1)(µ− µ0(p))τ ε̂(β,K) ≤ 2ε̂(β,K)τ

T
≤ τp+1

T − t0
.

❇② ▲❡♠♠❛ ✹✳✶✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❛t T ∩ D = ∅✱ ❛♥❞ t❤❛t R 6∈ T ✐♥ ❝❛s❡ ♦❢ ✭✶✳✸✳✸✮✳
❋✐♥❛❧❧②✱ ❧❡t ✉s s❤♦✇ t❤❛t T ∩ Γ = ∅✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f ✱ ❛ss✉♠♣t✐♦♥s ✭✶✳✸✳✸✮
❛♥❞ ✭✶✳✸✳✻✮ r❡♠❛✐♥ tr✉❡ ❢♦r s♦♠❡ d̃ < d ❝❧♦s❡ t♦ d✳ ❆❧s♦✱ s✐♥❝❡ t❤❡ s❡t A ❛♥❞ t❤❡

q✉❛♥t✐t②
(
β−d
β

)p+1
✐♥❝r❡❛s❡ ❛s d ❞❡❝r❡❛s❡s✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ s✉♣r❡♠✉♠ ✐♥ ✭✶✳✸✳✹✮ ✐s ❛

♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ d ∈ (0, d0)✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t T ∩ Γ = ∅✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡
♣r♦♦❢✳
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■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t❛t✐✈❡
t②♣❡ ■ ❡st✐♠❛t❡✱ ✇❤✐❝❤ ✐s ❛ ✈❡rs✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇✐t❤ t❤❡ t❤r❡❡ ♣❛r❛♠❡t❡rs (β,K, η)
✐♥st❡❛❞ ♦❢ (β,K)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ u s❛t✐s✜❡s t❤❡ t②♣❡ ■
❡st✐♠❛t❡ ✭✸✳✶✳✸✮ ✇❤❡r❡ ♥♦✇

ε = sup
(β,K,η)∈Â

ε̂(β,K, η), ✭✹✳✵✳✶✸✮

✇✐t❤

ε̂(β,K, η) = 1
2

(
β−d
β

)p+1
min

{
S(T ,0)
K+η−pG(T , β,K, η),

S(t0,β)
K+τ−p min

[
H(t0, β), G(t0, β,K, η)

]}
,

✭✹✳✵✳✶✹✮

Â = A2 :=
{
(β,K, η) ∈ (d, d0)× (0,∞)× (0, 1], K ≥ pη

µβ2 − 1
(p+1)ηp , δ(β,K, η) ≤ 1

}
,

✇❤❡r❡ T = 1
(p+1)(µ−µ0(p))

✱ t❤❡ ❢✉♥❝t✐♦♥s S,H ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮ ❛♥❞ G, δ ❛r❡ ❞❡✜♥❡❞

✐♥ ✭✷✳✷✳✹✮✱

Pr♦♦❢✳ ▲❡t d ∈ (0, d0) ❛♥❞ τ ∈ (0, 1)✳ ▲❡t (β,K, η) ∈ A2 ❛♥❞ ❧❡t a(r) = aβ,K,η(r) ❜❡
❣✐✈❡♥ ❜② ✭✸✳✸✳✷✺✮✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ s❤❛❧❧ r❡❧② ♦♥ ▲❡♠♠❛ ✸✳✻ ✇✐t❤
q = 0✱ ❛♥❞ ✇❡ ✜rst ❡①♣r❡ss t❤❡ ✐♥✜♠❛ ✐♥ ✭✸✳✸✳✺✮ ❛♥❞ ✭✸✳✸✳✻✮ ✐♥ t❡r♠s ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥✳
❉❡♥♦t❡ ❜② et∆R t❤❡ ❤❡❛t s❡♠✐❣r♦✉♣ ♦♥ R✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✽ ✇❡ ❤❛✈❡

inf
0<r<1

et∆Rχ(−1,1)(r)

a(r)
=

1

2
G(t, β,K, η), t > 0, ✭✹✳✵✳✶✺✮

❛♥❞

inf
1<r<1+β

et∆Rχ(−1,1)(r)

a(r)
=

1

2
H(t, β), t > 0. ✭✹✳✵✳✶✻✮

▼♦r❡♦✈❡r✱
t 7→ S(t, β), G(t, β,K, η) ❛r❡ ♥♦♥✐♥❝r❡❛s✐♥❣ ❢♦r t > 0✳ ✭✹✳✵✳✶✼✮

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ✐s t❤❡♥ ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ❛♣✲
♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✻ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ a(r) ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✼✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s
t❤❛t✱ s✐♥❝❡ ♥♦✇ η ♠❛② ❜❡ ❧❡ss t❤❛♥ 1✱ ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ε = min(ε1, ε2) ✐♥ ▲❡♠♠❛ ✸✳✻✳
❚♦ ❡st✐♠❛t❡ ε2✱ ✇❡ ✉s❡ ✭✸✳✸✳✻✮✱ ✭✸✳✸✳✾✮✱ ✭✸✳✹✳✶✮✱ ✭✸✳✹✳✺✮ ✇✐t❤ λ = 1✱ ❛♥❞ ✭✹✳✵✳✶✺✮ t♦ ❞❡❞✉❝❡

ε2 =
1

W (0, η,K)
inf

(t,x)∈[t0,T ]×I0

et∆ΩχI0(x)

a(|x− x0|)

≥ 1

2

1

η−p +K
inf

t∈[t0,T ]
S(t, 0)G(t, β,K, η) =

1

2

S(T , 0)

η−p +K
G(T , β,K, η).

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r (β,K, η) ∈ A2✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳ ▲❡t A ❜❡ ❣✐✈❡♥ ❜② ✭✷✳✷✳✸✮✳ P✐❝❦✐♥❣ ❛♥② τ ∈ (0, 1)✱ β ∈ (d, d0)✱
K > 0 ❛♥❞ t❤❡♥ η ∈ (0, 1) s♠❛❧❧✱ ✇❡ s❡❡ t❤❛t A ✐s ♥♦♥❡♠♣t②✱ s♦ t❤❛t ρ ✐s ✇❡❧❧ ❞❡✜♥❡❞
❛♥❞ ♣♦s✐t✐✈❡✳

◆♦✇ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ s❡❝♦♥❞ ♣❛r❛❣r❛♣❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✱ ✇❡ ♠❛②
s❡❧❡❝t (τ, β,K, η) ∈ A s❛t✐s❢②✐♥❣ ✭✹✳✵✳✶✵✮ ❛♥❞ ✭✹✳✵✳✶✶✮✱ ✇❤❡r❡ ε̂ = ε̂(β,K, η) ✐s ♥♦✇ ❣✐✈❡♥
❜② ✭✹✳✵✳✶✹✮ ❛♥❞ t0 ✐s ❣✐✈❡♥ ❜② ✭✷✳✶✮✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✹✳✶ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❜❡❢♦r❡✱ ✇❡
✜♥❛❧❧② ❝♦♥❝❧✉❞❡ t❤❛t T ∩D = ∅✳
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✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷

■t ✐s ❜❛s❡❞ ♦♥ r❡✜♥❡♠❡♥ts ♦❢ ✈❛r✐♦✉s ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✳
◆❛♠❡❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ a(x)✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❤♦✐❝❡
q = 1 ✐♥ t❤❡ ❢✉♥❝t✐♦♥ h ✭❝❢✳ ✭✸✳✶✳✼✮ ❛♥❞ ▲❡♠♠❛ ✸✳✻✮✳ ❲❡ ❛❧s♦ ✉s❡ ❛♥ ✐♠♣r♦✈❡❞ ❧♦✇❡r
❡st✐♠❛t❡ ♦♥ ut ✭s❡❡ ▲❡♠♠❛ ✺✳✸✮✱ ❛♥❞ ❛♥ ✉♣♣❡r ❡st✐♠❛t❡ ♦❢ u ❢♦r t s♠❛❧❧ ❛t ♣♦✐♥ts ♦❢
s♠❛❧❧ ♣❡r♠✐tt✐✈✐t② ✭s❡❡ ▲❡♠♠❛ ✺✳✺✮✳

✺✳✶ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s a(r) ✐♥ t❤❡ ❝❛s❡
q = 1

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠ ✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮ ✐♥
t❤❡ ❝❛s❡ q = 1 ❛♥❞ η = 1✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
▲❡♠♠❛ ✺✳✶ ✐s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ▲❡♠♠❛ ✸✳✼ ❢♦r q = 0✳ ❲❡ s❡❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ a ✐♥
✭✺✳✶✳✷✮ ✐s s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ❢♦r q = 0✳ ❆s ❢♦r t❤❡ ❝❤♦✐❝❡s ♦❢ q ∈ [0, 1]
♦t❤❡r t❤❛♥ q = 0 ♦r q = 1✱ t❤❡② s❡❡♠ q✉✐t❡ ❞✐✣❝✉❧t t♦ ✐♥✈❡st✐❣❛t❡ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ❧❡❢t ♦✉t
♦❢ t❤✐s st✉❞②✳

▲❡♠♠❛ ✺✳✶✳ ▲❡t µ, β,K > 0✱ q = 1✱ η = 1 ❛♥❞ ❧❡t h, F ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✶✳✼✮✱ ✭✸✳✸✳✷✮✳
❆ss✉♠❡

Kµβ2 ≤ p(p+ 2)−K

p
✭✺✳✶✳✶✮

❛♥❞ ❧❡t

A0 =

√
p(1 +K) + (p(p+ 2)−K)K

p(1 +K)2
, A1 = arctan

(√
p(1 +K)

p(p+ 2)−K
+K

)
,

A2 = arctan

(√
p

p(p+ 2)−K

)
, A3 = arctan

(
1√
Kµβ2

)
,

δ1(K) =
A1

A0

√
Kµ

, δ2(β,K) =
A3 −A2√

Kµ
≥ 0.

❆ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t δ1 + δ2 ≤ 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐st r0 ∈ [0, 1) ❛♥❞ ❛ s♦❧✉t✐♦♥
a ∈ W 2,2([0, 1 + β]) ♦❢ ✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮✱ ✭✸✳✶✳✽✮✳ ❚❤❡ ♣❛✐r (r0, a) ✐s t❤❡♥ ✉♥✐q✉❡ ❛♥❞ ✐t
✐s ❣✐✈❡♥ ❜②

aβ,K(r) =





D1, r ∈ [0, r0),

D1 cos
α
(
A0

√
Kµ(r − r0)

)
, r ∈ [r0, r1),

D2 cos
p+1

(√
Kµ(r − 1) +A3

)
, r ∈ [r1, 1],(

1 + β − r

β

)p+1

, r ∈ (1, 1 + β],

✭✺✳✶✳✷✮

✇❤❡r❡ r0 = 1− δ1 − δ2✱ r1 = 1− δ2✱

α =
p+ 1

(1 +K)A2
0

, D2 =

(
1 +

1

Kµβ2

) p+1
2

, D1 = D2
Dα

11

Dp+1
12

,

D11 =

√
1 +K +

p(1 +K)

p(p+ 2)−K
, D12 =

√
1 +

p

p(p+ 2)−K
.
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■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶✱ ✇❡ ✜rst ❝♦♠♣✉t❡ t❤❡ ❢✉♥❝t✐♦♥ F ✐♥ ✭✸✳✸✳✷✮✳

▲❡♠♠❛ ✺✳✷✳ ▲❡t µ, β,K > 0✱ q = 1✱ η = 1 ❛♥❞ ❧❡t h, F ❜❡ ❣✐✈❡♥ ❜② ✭✸✳✶✳✼✮✱ ✭✸✳✸✳✷✮✳
❆ss✉♠❡ ✭✺✳✶✳✶✮ ❛♥❞ s❡t

m1 =
(p−K)2

p(p+ 1)(1 +K)
, M1 =

(p+ 1)Kµ

1 +K
, m2 =

p

p+ 1
, M2 = (p+ 1)Kµ.

❚❤❡♥ ✇❡ ❤❛✈❡

0 < M1 < M2, 0 ≤ m1 < m2 < 1, ✭✺✳✶✳✸✮

F (r, ξ) =
p

p+ 1
, r > 1, ✭✺✳✶✳✹✮

❛♥❞

F (r, ξ) =

{
m1ξ

2 −M1 ✐❢ |ξ| < ξ0

m2ξ
2 −M2 ✐❢ |ξ| ≥ ξ0,

0 ≤ r < 1, ✭✺✳✶✳✺✮

✇❤❡r❡

ξ0 :=

√
M2 −M1

m2 −m1
= (p+ 1)

√
pKµ

p(p+ 2)−K
. ✭✺✳✶✳✻✮

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ F (r, ξ) ❢♦r r > 1✳ ■♥ t❤✐s st❡♣✱ ✇❡ ❦❡❡♣ q ∈ (0, 1]✱ s✐♥❝❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥ r❡q✉✐r❡s t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ❡✛♦rt✳ ❙✐♥❝❡ K < p(p+ 2) ❜② ✭✺✳✶✳✶✮✱ ✇❡
❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r

K ≤ p(p+ q + 1)

q
. ✭✺✳✶✳✼✮

❲❡ ❝❧❛✐♠ t❤❛t✱ ✉♥❞❡r ❝♦♥❞✐t✐♦♥ ✭✺✳✶✳✼✮✱ ✇❡ ❤❛✈❡

sup
u∈(0,1)

[
h′2(u)

hh′′(u)

]
=

h′2(1)

hh′′(1)
=

p

p+ 1
, ✭✺✳✶✳✽✮

✇❤✐❝❤ ✐♠♠❡❞✐❛t❡❧② ②✐❡❧❞s ✭✺✳✶✳✹✮✳

❚♦ s❤♦✇ ✭✺✳✶✳✽✮✱ ✇❡ ❝♦♠♣✉t❡

hh′′ = (1− u)−2p−2
[
1 +K(1− u)q+p

][
p(p+ 1) +Kq(q − 1)(1− u)q+p

]

❛♥❞
h′2 = (1− u)−2p−2

[
p−Kq(1− u)q+p

]2
,

❤❡♥❝❡
h′2

hh′′
=

[
p−Kq(1− u)q+p

]2
[
1 +K(1− u)q+p

][
p(p+ 1) +Kq(q − 1)(1− u)q+p

] . ✭✺✳✶✳✾✮

◆♦✇ s❡tt✐♥❣ X = K(1− u)q+p✱ ✇❡ s❡❡ t❤❛t ✭✺✳✶✳✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

Q(X) := p(1 +X)[p(p+ 1) + q(q − 1)X]− (p+ 1)(p− qX)2 ≥ 0 ❢♦r ❛❧❧ X ∈ [0,K]✳

❙✐♥❝❡

Q(X) =
[
pq(q − 1) + p2(p+ 1) + 2(p+ 1)pq

]
X −

[
pq(1− q) + (p+ 1)q2

]
X2

= p
[
q2 + p2 + 2pq + p+ q

]
X − q(p+ q)X2 = (p+ q)X

[
p(p+ q + 1)− qX

]

❛♥❞ 0 ≤ X ≤ K✱ ❝❧❛✐♠ ✭✺✳✶✳✽✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✳✼✮✳
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❙t❡♣ ✷✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ F (r, ξ) ❢♦r r < 1✳ ■♥ ✈✐❡✇ ♦❢ ✭✺✳✶✳✶✮✱ ♣r♦♣❡rt✐❡s ✭✺✳✶✳✸✮ ❛♥❞
✭✺✳✶✳✻✮ ❢♦❧❧♦✇ ❢r♦♠

M2 −M1 =
(p+ 1)K2µ

1 +K
> 0, m2 −m1 =

(p(p+ 2)−K)K

p(p+ 1)(1 +K)
. ✭✺✳✶✳✶✵✮

◆❡①t✱ t❛❦✐♥❣ q = 1 ❛♥❞ s❡tt✐♥❣ y = (1− u)p+1✱ ✇❡ ❤❛✈❡

F (r, ξ) = sup
y∈(0,1)

F̂ (ξ, y), F̂ (ξ, y) :=
(p−Ky)2

p(p+ 1)(1 +Ky)
ξ2 − (p+ 1)Kµ

1 +Ky
.

❙❡tt✐♥❣ s = 1
1+Ky ✱ ✐✳❡✳✱ Ky = s−1 − 1✱ ✇❡ ♠❛② r❡✇r✐t❡

F̂ (ξ, y) =
s(s−1 − p− 1)2

p(p+ 1)
ξ2 − (p+ 1)Kµs = C1(ξ)s+ C2(ξ) + ξ2

s−1

p(p+ 1)
.

❙✐♥❝❡✱ ❢♦r ❡❛❝❤ ✜①❡❞ ξ✱ F̂ ✐s ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ♦❢ s✱ ✐t ❢♦❧❧♦✇s t❤❛t supy∈[0,1] F̂ (ξ, y) ✐s
❛❝❤✐❡✈❡❞ ❢♦r y = 0 ♦r 1✳ ❈♦♥s❡q✉❡♥t❧②✱

F (r, ξ) = max
{
m1ξ

2 −M1, m2ξ
2 −M2

}
, ✭✺✳✶✳✶✶✮

✇❤✐❝❤ ✐♠♠❡❞✐❛t❡❧② ②✐❡❧❞s ✭✺✳✶✳✺✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥ t❤r❡❡ st❡♣s✳

❙t❡♣ ✶✿ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ξ(r)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st r0 ∈ [0, 1)
❛♥❞ ❛ s♦❧✉t✐♦♥ a ∈ W 2,2([0, 1 + β]) ♦❢ ✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮✱ ✭✸✳✶✳✽✮✳ ❲❡ ♥♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r
t❤❛t a ∈ C1([r0, 1 + β])✳ ❲❡ s❤❛❧❧ s❤♦✇ t❤❛t a ✐s ♥❡❝❡ss❛r✐❧② ❣✐✈❡♥ ❜② ✭✺✳✶✳✷✮✳ ■t ✇✐❧❧
t❤❡♥ ❜❡ ❛ s✐♠♣❧❡ ♠❛tt❡r t♦ s❤♦✇ t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ ❛ s♦❧✉t✐♦♥✳

❋✐rst✱ ✐♥ ✈✐❡✇ ♦❢ ✭✺✳✶✳✹✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✼ t❤❛t a ✐s ♥❡❝❡ss❛r✐❧②
❣✐✈❡♥ ❜② ✭✺✳✶✳✷✮ ♦♥ [1, 1 + β]✳

❲❡ ♥❡①t ❝❧❛✐♠ t❤❛t

ξ(r) :=
a′(r)

a(r)
≤ 0 ✐s ❛ ♠♦♥♦t♦♥❡ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ r ∈ [r0, 1]✳ ✭✺✳✶✳✶✷✮

■♥❞❡❡❞ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ✭❛✳❡✳✮

ξ′(r) =
a′′(r)

a(r)
−
(
a′(r)

a(r)

)2

= F (r, ξ(r))− ξ2(r)

= max
{
(m1 − 1)ξ2(r)−M1, (m2 − 1)ξ2(r)−M2

}
< 0,

❜② ✭✺✳✶✳✶✶✮ ❛♥❞ ✭✺✳✶✳✸✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ✭✺✳✶✳✶✮ ❛♥❞ ✭✺✳✶✳✻✮✱ ✇❡ ❤❛✈❡
ξ(1) = −p+1

β ≤ −ξ0✳ ❇② ✭✺✳✶✳✶✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r1 ∈ (r0, 1] s✉❝❤
t❤❛t ξ(r1) = −ξ0✱ ✇✐t❤

{
ξ(r) > −ξ0 ❢♦r ❛❧❧ r ∈ [r0, r1),

ξ(r) < −ξ0 ❢♦r ❛❧❧ r ∈ (r1, 1],
✭✺✳✶✳✶✸✮

❛♥❞ t❤❛t r1 < 1 ✉♥❧❡ss ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ✐♥ ✭✺✳✶✳✶✮✳

❙t❡♣ ✷✿ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ r1 ❛♥❞ ♦❢ a ✐♥ [r1, 1]✳ ■❢ ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ✐♥ ✭✺✳✶✳✶✮✱ t❤❡♥
ξ(1) = −ξ0 ❛♥❞ ✇❡ ❣♦ ❞✐r❡❝t❧② t♦ ❙t❡♣ ✸✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s st❡♣✱ ✇❡ t❤✉s ❛ss✉♠❡ t❤❛t
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t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ✭✺✳✶✳✶✮ ✐s str✐❝t✱ ❤❡♥❝❡ r1 < 1✳ ❇② ✭✺✳✶✳✺✮✱ ✭✺✳✶✳✶✸✮✱ ❙t❡♣ ✶ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t a ∈ C1([r0, 1 + β])✱ ✐t ❢♦❧❧♦✇s t❤❛t a s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠

a′′(r)

a(r)
= m2

(
a′(r)

a(r)

)2

−M2, ❢♦r r1 < r < 1, a(1−) = 1, a′(1−) = −p+ 1

β
.

✭✺✳✶✳✶✹✮
❙✐♠✐❧❛r❧② ❛s ❢♦r ✭✸✳✸✳✸✵✮✱ s❡tt✐♥❣ φ2(r) = a1−m2(r)✱ t❤❡ ❖❉❊ ✐♥ ✭✺✳✶✳✶✹✮ ✐s r❡❞✉❝❡❞ t♦
t❤❡ ❡q✉❛t✐♦♥

φ′′2 = (1−m2)a
−m2−1[aa′′ −m2(a

′)2] = −(1−m2)M2φ2. ✭✺✳✶✳✶✺✮

❚❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✳✶✳✶✺✮ ✐s ♦❢ t❤❡ ❢♦r♠

φ2(r) = D1−m2
2 cos

(√
M2(1−m2)(r − 1) + θ

)
= D1−m2

2 cos
(√

Kµ(r − 1) + θ
)
,

✭✺✳✶✳✶✻✮
❢♦r s♦♠❡ ❝♦♥st❛♥t θ ∈ [0, 2π)✳ ❙✐♥❝❡ φ2 > 0 ❛♥❞ φ′2 < 0 ♦♥ [r1, 1]✱ t❤✐s ✐♠♣♦s❡s

[√
Kµ(r1 − 1) + θ, θ

]
⊂
(
0,
π

2

)
,

t❤❛t ✐s✱

r1 > 1− θ√
Kµ

, θ <
π

2
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

ξ(r) =
1

1−m2

φ′2(r)

φ2(r)
= −

√
M2

1−m2
tan

(√
Kµ(r − 1) + θ

)
, r1 < r < 1. ✭✺✳✶✳✶✼✮

❇② ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ✭✺✳✶✳✶✹✮ ❣✐✈❡

θ = arctan
(
p+1
β

√
1−m2

M2

)
= A3 ∈

(
0, π2

)
,

D1−m2
2 =

√
1 + 1−m2

M2

(
p+1
β

)2
=
√
1 + 1

Kµβ2 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✺✳✶✳✶✸✮✱ ✇❡ ❤❛✈❡ ξ(r1) = −ξ0✳ ❇② ✭✺✳✶✳✶✼✮✱ ξ(r1) = −ξ0 ❛♥❞
✭✺✳✶✳✶✵✮✱ ✇❡ ❞❡❞✉❝❡

tan
(√

Kµ(r1 − 1) + θ
)
=

√
(M2 −M1)(1−m2)

(m2 −m1)M2
=

√
p

p(p+ 2)−K

❤❡♥❝❡✱

r1 = 1− 1√
Kµ

[
arctan

(√
1

Kµβ2

)
− arctan

(√
p

p(p+ 2)−K

)]
= 1− δ2.

❙✐♥❝❡ ✇❡ ❛ss✉♠❡ δ1 + δ2 ≤ 1✱ ❤❡♥❝❡ 0 ≤ δ2 < 1✱ ✇❡ ♥♦t❡ t❤❛t ✇❡ ❞♦ ❤❛✈❡ 0 < r1 ≤ 1✳

❙t❡♣ ✸✿ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ r0 ❛♥❞ ♦❢ a ✐♥ [r0, r1] ❛♥❞ ❝♦♥❝❧✉s✐♦♥✳ ❇② ✭✺✳✶✳✺✮✱ ✭✺✳✶✳✶✸✮✱
❙t❡♣ ✷ ❛♥❞ t❤❡ ❢❛❝t t❤❛t a ∈ C1([r0, 1 + β])✱ ✐t ❢♦❧❧♦✇s t❤❛t a s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠





a′′(r)

a(r)
= m1

(
a′(r)

a(r)

)2

−M1, ❢♦r r0 < r < r1,

a(r1−) = a(r1+), a′(r1−) = a′(r1+).

✭✺✳✶✳✶✽✮
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❙✐♠✐❧❛r❧② ❛s ❜❡❢♦r❡✱ s❡tt✐♥❣ φ1(r) = a1−m1(r)✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤

φ′′1 = (1−m1)a
−m1−1[aa′′ −m1(a

′)2] = −(1−m1)M1φ1,

✇❤♦s❡ s♦❧✉t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠

φ1(r) = D1−m1
1 cos

(√
M1(1−m1)(r − θ0)

)
,

❢♦r s♦♠❡ ❝♦♥st❛♥t θ0 ∈ R✳ ❙✐♥❝❡ φ1 > 0 ❛♥❞ φ′1 < 0 ♦♥ (r0, r1]✱ t❤✐s ✐♠♣♦s❡s ✭♠♦❞✉❧♦ 2π✮
(√

M1(1−m1)(r0 − θ0),
√
M1(1−m1)(r1 − θ0)

]
⊂
(
0,
π

2

)
.

❙✐♥❝❡ θ0 = r0 ♦✇✐♥❣ t♦ φ′1(r0) = 0✱ ✇❡ t❤✉s ❤❛✈❡
(
0,
√
M1(1−m1)(r1 − r0)

]
⊂
(
0,
π

2

)
.

◆♦✇✱ ✇❡ ✉s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ a′(r1−) = a′(r1+) t♦ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ♦❢ r0✳
❙✐♥❝❡

a′(r1−) =
1

1−m1

[
φ′1φ

m1
1−m1
1

]
(r1) = −D1

√
M1

1−m1

[
sin cos

m1
1−m1

](√
M1(1−m1)(r1−r0)

)

❛♥❞

a′(r1+) = −ξ0a(r1+) = −
√
M2 −M1

m2 −m1
a(r1)

= −
√
M2 −M1

m2 −m1
D1 cos

1
1−m1

(√
M1(1−m1)(r1 − r0)

)
,

r0 ✐s ❞❡t❡r♠✐♥❡❞ ❜②

tan
(√

M1(1−m1)(r1 − r0)
)
=

√
(M2 −M1)(1−m1)

(m2 −m1)M1
✭✺✳✶✳✶✾✮

❤❡♥❝❡✱

r0 = r1 −
1√

M1(1−m1)
arctan

(√
(M2 −M1)(1−m1)

(m2 −m1)M1

)
= r1 − δ1,

✇❤❡r❡ ✇❡ ✉s❡❞ ✭✺✳✶✳✶✵✮ ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t②✳

❋✐♥❛❧❧②✱ t♦ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ♦❢ D1 ✇❡ ✉s❡ a(r1−) = a(r1+)✳ ❯s✐♥❣

a(r1−) = D1 cos
1

1−m1

(√
M1(1−m1)(r1 − r0)

)

= D1 cos
1

1−m1

(
arctan

√
(M2 −M1)(1−m1)

(m2 −m1)M1

)
,

a(r1+) = D2 cos
p+1

(√
Kµ(r1 − 1) + θ

)

= D2 cos
p+1

(
arctan

√
(M2 −M1)(1−m2)

(m2 −m1)M2

)
,

✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r D1 ✐♥ t❤❡ st❛t❡♠❡♥t ❛❢t❡r ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥✳

❲❡ ❤❛✈❡ t❤✉s ♣r♦✈❡❞ t❤❛t (r0, a) ✐s ♥❡❝❡ss❛r✐❧② ❣✐✈❡♥ ❜② ✭✺✳✶✳✷✮✳ ❈♦♥✈❡rs❡❧②✱ ❛♥
✐♠♠❡❞✐❛t❡ ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♦❢ s❤♦✇s t❤❛t ✭✺✳✶✳✷✮ ❞♦❡s ❞❡✜♥❡ ❛ s♦❧✉t✐♦♥ a ∈
W 2,2([0, 1 + β]) ♦❢ ✭✸✳✸✳✷✵✮✲✭✸✳✸✳✷✸✮✱ ✭✸✳✶✳✽✮✳
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✺✳✷ ■♠♣r♦✈❡❞ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ut

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✐♠♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ut ✉s❡❞ ✐♥ ✭✸✳✸✳✶✹✮ ❢♦r Pr♦♣♦s✐t✐♦♥s ✸✳✶✱
✹✳✷✱ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ✐♥ ✭✸✳✸✳✶✺✮✳ ❚❤✐s ✇✐❧❧
❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✳

▲❡♠♠❛ ✺✳✸✳ ▲❡t x0 ∈ Ω = (−R,R) ✇✐t❤ R̃ := R− |x0| > 1✳ ❙❡t Iβ = (x0 − 1− β, x0 +
1 + β) ⊂ Ω ❢♦r β ≥ 0✳ ❆ss✉♠❡ t❤❛t f s❛t✐s✜❡s

f ≥ µ > 0 ✐♥ I0✳

❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ u ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ s❛t✐s✜❡s

ut(t, x) ≥
(
1 + pµΛ0(t, x)

)
µet∆IβχI0 ✐♥ (0, T )× Iβ , ✭✺✳✷✳✶✮

✇❤❡r❡ Λ0(t, x) ✐s ❣✐✈❡♥ ❜②

Λ0(t, x) =

∫ t

0

(
1− (p+ 1)µKss

)− p
p+1 e(t−s)∆Iβ

[
χI0

1− (p+ 1)µϕ(s, ·)

]
ds. ✭✺✳✷✳✷✮

❍❡r❡

Ks = inf
0<τ<s

(
eτ∆IβχI0

)
(x0 + 1), ϕ(s, ·) =

∫ s

0

eτ∆IβχI0dτ,

✇❤❡r❡ 1− (p+ 1)µKss > 0 ❢♦r s ∈ (0, T )✱ ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐♥ ✭✺✳✷✳✷✮ ✐s ♣♦s✐t✐✈❡ ✐♥
(0, T )× Iβ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡

Λ0(t, x) ≥
∫ t

0

(
1− (p+ 1)µKss

)− p
p+1−1

e(t−s)∆IβχI0ds ≥ ϕ(t, x) ✐♥ (0, T )× Iβ .

✭✺✳✷✳✸✮

Pr♦♦❢✳ ❙t❡♣ ✶✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t

(1− u)p+1 ≤ 1− (p+ 1)µ

∫ t

0

(
es∆IβχI0

)
ds ✐♥ (0, T )× Iβ , ✭✺✳✷✳✹✮

✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐♥ ✭✺✳✷✳✷✮ ✐s ♣♦s✐t✐✈❡ ✐♥ (0, T )× Iβ
❛♥❞ 1− (p+ 1)µKss > 0 ❢♦r s ∈ (0, T )✳

■♥❞❡❡❞✱ ❧❡t w = 1−(1−u)p+1

p+1 ≥ 0. ❲❡ ❝♦♠♣✉t❡

wt = (1− u)put, wx = (1− u)pux, wxx = (1− u)puxx − p(1− u)p−1u2x.

❍❡♥❝❡✱
wt − wxx ≥ f(x) ≥ µχI0 , ✇✐t❤ w|∂Iβ ≥ 0, w|t=0 = 0.

❚❤❡r❡❢♦r❡✱ w ≥ µ

∫ t

0

(
e(t−s)∆IβχI0

)
ds = µ

∫ t

0

(
es∆IβχI0

)
ds✱ ❛♥❞ ✭✺✳✷✳✹✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ ▲❡t v := ut✳ ❲❡ ❝❧❛✐♠ t❤❛t

v(t) ≥ µet∆IβχI0 +pµ

∫ t

0

e(t−s)∆Iβ

[
χI0v(s, ·)

1− (p+ 1)µ
∫ s
0
(eτ∆IβχI0)dτ

]
ds ✐♥ (0, T )× Iβ .

✭✺✳✷✳✺✮



✺✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼❙ ✷✳✶✲✷✳✷ ✶✵✸

❇② ✭✸✳✸✳✶✺✮ ❛♥❞ ✭✺✳✷✳✹✮✱ v s❛t✐s✜❡s

vt − vxx = p(1− u)−p−1f(x)v ≥ pµχI0v

1− (p+ 1)µ
∫ t
0
(es∆IβχI0)ds

✐♥ (0, T )× Iβ .

❚❤❡r❡❢♦r❡✱ ✭✺✳✷✳✺✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❝♦♥st❛♥ts ❢♦r♠✉❧❛✳

❙t❡♣ ✸✳ ❲❡ ♥❡①t ❝❧❛✐♠ t❤❛t

v(t) ≥ µγ(t)et∆IβχI0 ✐♥ (0, T )× I0, ✭✺✳✷✳✻✮

✇✐t❤ γ(s) =
(
1− (p+ 1)µKss

)− p
p+1 ✳ ❙✐♥❝❡

es∆IβχI0 ✐s s②♠♠❡tr✐❝ ✇✳r✳t✳ x0 ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ |x− x0|✱ ✭✺✳✷✳✼✮

✇❡ ❤❛✈❡
∫ s
0

(
eτ∆IβχI0

)
(x)dτ ≥ sKs ❢♦r ❛❧❧ 0 < s < T ❛♥❞ ❛❧❧ x ∈ I0✳ ❙✐♥❝❡ t❤❡ ♥✉♠❡r❛t♦r

♦❢ t❤❡ ❜r❛❝❦❡t ✐♥ ✭✺✳✷✳✺✮ ✐s s✉♣♣♦rt❡❞ ✐♥ I0✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✳✺✮ t❤❛t

v(t) ≥ µet∆IβχI0 + pµ

∫ t

0

θ(s)
(
e(t−s)∆Iβ (χI0v(s, ·))

)
ds ✐♥ (0, T )× Iβ ,

✇❤❡r❡ θ(s) = (1− (p+ 1)µKss)
−1. ■♥ ♣❛rt✐❝✉❧❛r✱ φ := χI0v s❛t✐s✜❡s

φ(t) ≥ µχI0e
t∆IβχI0 + pµχI0

∫ t

0

θ(s)
(
e(t−s)∆Iβφ(s)

)
ds ✐♥ (0, T )× Iβ . ✭✺✳✷✳✽✮

❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ψ(t) = µγ(t)χI0e
t∆IβχI0 ✐s ❛ s✉❜s♦❧✉t✐♦♥ ♦❢ ✭✺✳✷✳✽✮✳ ❚❤✐s ✐s

❡q✉✐✈❛❧❡♥t t♦

µγ(t)χI0e
t∆IβχI0 ≤ µχI0e

t∆IβχI0

+pµ2χI0

∫ t

0

θ(s)γ(s)e(t−s)∆Iβ

(
χI0e

s∆IβχI0

)
ds ✐♥ (0, T )× Iβ .

✭✺✳✷✳✾✮

◆❡①t✱ ❢♦r ❛♥② s > 0✱ ✉s✐♥❣ ✭✺✳✷✳✼✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✼✳✸ t❤❛t✱ ❢♦r ❛❧❧ t > s✱

e(t−s)∆Iβ
[
χI0e

s∆IβχI0
]

≥
(
e(t−s)∆IβχI0

)(
e(t−s)∆Iβ

[
es∆IβχI0

])

=
(
e(t−s)∆IβχI0

)(
et∆IβχI0

)
✐♥ Iβ ✳

❚❤❡r❡❢♦r❡✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ✭✺✳✷✳✾✮ ✐s ❣✐✈❡♥ ❜②

µγ(t)χI0e
t∆IβχI0 ≤

[
1 + pµ

∫ t

0

θ(s)γ(s)
(
e(t−s)∆IβχI0

)
ds

]
µχI0e

t∆IβχI0 ✐♥ (0, T )× Iβ ,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

γ(t) ≤ 1 + pµ

∫ t

0

θ(s)γ(s)
(
e(t−s)∆IβχI0

)
(x)ds ✐♥ (0, T )× I0.

❋♦r t❤✐s✱ ❜② ✭✺✳✷✳✼✮✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❤❛✈❡

γ(t) ≤ 1 + pµKt

∫ t

0

θ(s)γ(s)ds ❢♦r ❛❧❧ t ∈ (0, T )✳ ✭✺✳✷✳✶✵✮

◆♦t❡ t❤❛t Kt ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥✐♥❝r❡❛s✐♥❣ ✇✳r✳t✳ t > 0✳ ◆♦✇✱ ❢♦r ❡❛❝❤ 0 < t ≤ τ < T ✱
✇❡ s❡t

γτ (t) = [1− (p+ 1)µKτ t]
− p

p+1 , θτ (t) = [1− (p+ 1)µKτ t]
−1
,
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✇❤✐❝❤ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❜② ❙t❡♣ ✶ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ Kt✳ ❲❡ ❤❛✈❡ γ′τ (t) =
pµKτθτ (t)γτ (t)✱ ❤❡♥❝❡

γτ (t) ≤ 1 + pµKτ

∫ t

0

θτ (s)γτ (s) ds, 0 < t ≤ τ < T.

▲❡tt✐♥❣ τ → t ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ ♠♦♥♦t♦♥✐❝✐t② ♦❢ Kt✱ ✇❡ ♦❜t❛✐♥

γ(t) ≤ 1 + pµKt

∫ t

0

θt(s)γt(s) ds ≤ 1 + pµKt

∫ t

0

θ(s)γ(s) ds, 0 < t < T.

❚❤❡r❡❢♦r❡✱ ✭✺✳✷✳✶✵✮✱ ❤❡♥❝❡ ✭✺✳✷✳✾✮✱ ✐s s❛t✐s✜❡❞✳ Pr♦♣❡rt② ✭✺✳✷✳✻✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ✭✐♥ ✈❛r✐❛t✐♦♥ ♦❢ ❝♦♥st❛♥ts ❢♦r♠✮✳

❙t❡♣ ✹✿ ❙✐♥❝❡✱ ❢♦r ❛♥② s > 0✱
(
1− (p+ 1)µ

∫ s
0
(eτ∆IβχI0)dτ

)−1

χI0 ✐s s②♠♠❡tr✐❝

✇✳r✳t✳ x0 ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ |x− x0|✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✼✳✸ t❤❛t✱ ❢♦r ❛❧❧ t > s✱

e(t−s)∆Iβ

[
χI0v(s, ·)

1− (p+ 1)µ
∫ s
0
(eτ∆IβχI0)dτ

]
≥

≥ µγ(s)e(t−s)∆Iβ

[
χI0e

s∆IβχI0

1− (p+ 1)µ
∫ s
0
(eτ∆IβχI0)dτ

]

≥ µγ(s)
(
et∆IβχI0

)
e(t−s)∆Iβ

[
χI0

1− (p+ 1)µ
∫ s
0
(eτ∆IβχI0)dτ

]
.

❊st✐♠❛t❡ ✭✺✳✷✳✶✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✳✺✮ ❛♥❞ ✭✺✳✷✳✻✮✳ ❋✐♥❛❧❧②✱ t❤❡ ✜rst ♣❛rt ♦❢ ❡st✐♠❛t❡
✭✺✳✷✳✸✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✳✼✮✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t 0 < γ(s) ≤
1✳

▲❡♠♠❛ ✺✳✹✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✸✱ t❤❡ s♦❧✉t✐♦♥ u ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮
s❛t✐s✜❡s

ut(t, x) ≥
(
1 + pµΛ̃(t, x)

)
µS(t, β)et∆RχI0 ✐♥ (0, T )× Iβ , ✭✺✳✷✳✶✶✮

✇❤❡r❡ S ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮ ❛♥❞ Λ̃(t, x) ✐s ❣✐✈❡♥ ❜②

Λ̃(t, x) = S(t, β)

∫ t

0

(
1− Y (s)

)− p
p+1 e(t−s)∆R

[
χI0

1− (p+ 1)µS(t, 0)ψ(s, ·)

]
ds, ✭✺✳✷✳✶✷✮

✇✐t❤ Y (s) = S(s, 0) ❡r❢
(

1√
s

)
(p+1)µ

2 s ❛♥❞ ψ(s, ·) =
∫ s

0

eτ∆RχI0dτ.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡

Λ̃(t, x) ≥ S(t, β)

∫ t

0

(
1− Y (s)

)− p
p+1−1

e(t−s)∆RχI0ds ✐♥ (0, T )× Iβ . ✭✺✳✷✳✶✸✮

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❜② ❝♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✺✳✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✼✳✶✱ ✉s✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r

(
es∆IβχI0

)
(x0 + 1) ≥ S(s, 0)

(
es∆Rχ(−1,1)

)
(1) ≥ S(s, 0)√

4πs

∫ 1

−1

e−
(1−y)2

4s dy

=
S(s, 0)√

π

∫ 1√
s

0

e−z
2

dz =
S(s, 0)

2
❡r❢

(
1√
s

)
.
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✺✳✸ ❈♦♥tr♦❧ ♦❢ u ❛t t = t0(τ) ❢♦r ♣♦✐♥ts ♦❢ s♠❛❧❧ ♣❡r♠✐tt✐✈✐t②

❖✉r ❣♦❛❧ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ✐♥ ✭✷✳✶✳✷✮
t♦ ✐♠♣r♦✈❡ t❤❡ ✉♣♣❡r ❡st✐♠❛t❡ ✭✸✳✷✳✽✮ ♦❢ u t❤❛t ✇❛s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✶
❛♥❞ ✹✳✷✳ ❊st✐♠❛t❡ ✭✸✳✷✳✽✮ ❢♦❧❧♦✇❡❞ ❢r♦♠ ❛ ♠❡r❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❖❉❊
♣r♦❜❧❡♠ y′(t) = ‖f‖∞(1−y(t))−p ❛♥❞ t❤✉s ❞✐❞ ♥♦t t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ s♠❛❧❧❡r
✈❛❧✉❡s ♦❢ f ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈✐❞❡s ❛ ♠♦r❡ ♣r❡❝✐s❡ ❝♦♥tr♦❧ ♦❢ h(u(t0, ·))✱ ✇❤✐❝❤ ✇✐❧❧
❛❧❧♦✇ ❛ ❜❡tt❡r ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ t❤❡ r❛t✐♦ ε1 ✐♥ ✭✸✳✸✳✺✮ ✭❝❢✳ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✻✮✳

▲❡♠♠❛ ✺✳✺✳ ▲❡t I ⊂ Ω = (−R,R)✱ N ∈ (0, ‖f‖∞] ❛♥❞ ❛ss✉♠❡ t❤❛t

f ≤ N ✐♥ I✳ ✭✺✳✸✳✶✮

❚❤❡♥ ✇❡ ❤❛✈❡
u(t, x) ≤ y(t)θN (x) ✐♥ [0, T∗)× Ω, ✭✺✳✸✳✷✮

✇❤❡r❡ cp =
(p+1)p+1

pp ✱ T∗ := 1
(p+1)‖f‖∞

≤ T ❛♥❞

y(t) = 1−
(
1− (p+ 1)‖f‖∞t

) 1
p+1 ,

θN (x) = N
‖f‖∞

+
(
1− N

‖f‖∞

) 1

cosh
[√

cp‖f‖∞dist(x,Ω \ I)]
.

✭✺✳✸✳✸✮

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✺✭✐✮✱ ✇❡ ❤❛✈❡ T∗ ≥ T ✱ ❛s ✇❡❧❧ ❛s u(t, x) ≤ y(t) ✐♥ [0, T∗)✳ ■t s✉✣❝❡s
t♦ s❤♦✇ t❤❛t✱ ✐❢ z0 ∈ Ω ❛♥❞ δ > 0 ❛r❡ s✉❝❤ t❤❛t

f(x) ≤ N ❢♦r ❛❧❧ x ∈ [z0 − δ, z0 + δ] ∩ [−R,R], ✭✺✳✸✳✹✮

t❤❡♥

u(t, z0) ≤ y(t)

[
N

‖f‖∞
+

(
1− N

‖f‖∞

)
1

cosh
[√

cp‖f‖∞δ
]
]

❢♦r ❛❧❧ t ∈ [0, T∗). ✭✺✳✸✳✺✮

❚♦ ♣r♦✈❡ ✭✺✳✸✳✺✮✱ ✇❡ ❧♦♦❦ ❢♦r ❛ s✉♣❡rs♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✐♥ Q := [0, T∗) ×
((z0 − δ, z0 + δ) ∩ Ω)✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❢✉♥❝t✐♦♥

v(t, x) := y(t)ψ(x), ❢♦r (t, x) ∈ Q̃ := [0, t0(τ)]× [z0 − δ, z0 + δ],

✇❤❡r❡ ψ ✐s ❛ ❢✉♥❝t✐♦♥ t♦ ❜❡ ❝❤♦s❡♥✱ s❛t✐s❢②✐♥❣ 0 ≤ ψ ≤ 1✱ ψ(z0 ± δ) = 1 ❛♥❞ ψ′′ ≥ 0✳ ❇②
✭✸✳✷✳✾✮✱ ✭✺✳✸✳✹✮ ❛♥❞ ✉s✐♥❣ 0 ≤ ψ(x) ≤ 1 ❛♥❞ 0 ≤ y(t) < 1✱ ✇❡ ❤❛✈❡

Pv := vt − vxx −
f(x)

(1− v)p
= y′(t)ψ(x)− y(t)ψ′′(x)− f(x)

(1− y(t)ψ)p

≥ ‖f‖∞ψ(x)−N

(1− y(t))p
− y(t)ψ′′(x).

❙✐♥❝❡ ψ′′ ≥ 0✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❣✉❛r❛♥t❡❡ Pv ≥ 0 ✐♥ Q̃ ✐s t❤✉s

‖f‖∞ψ(x)− ψ′′(x) max
t∈[0,T )

y(t)(1− y(t))p ≥ N.

❆♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t

max
0≤s≤1

s(1− s)p = max
0≤X≤1

Xp −Xp+1 =
pp

(p+ 1)p+1
,
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s♦ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ❢♦r ψ✿

− ψ′′(x)

cp‖f‖∞
+ ψ(x) ≥ N

‖f‖∞
.

❙♦❧✈✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❖❉❊✱ s②♠♠❡tr✐❝❛❧❧② ✐♥ [z0− δ, z0+ δ]✱ ✇❡ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥

ψ(x) =
N

‖f‖∞
+B cosh

[√
cp‖f‖∞(x− z0)

]
,

✇❤❡r❡ B ✐s ❛ ❝♦♥st❛♥t✳ ❋r♦♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ψ(z0 ± δ) = 1✱ ✇❡ ✜♥❛❧❧② ❣❡t

ψ(x) =
N

‖f‖∞
+

(
1− N

‖f‖∞

)
cosh

[√
cp‖f‖∞(x− z0)

]

cosh
[√

cp‖f‖∞δ
] , x ∈ [z0 − δ, z0 + δ],

❛♥❞ ✇❡ s❡❡ t❤❛t t❤❡ r❡q✉✐r❡♠❡♥ts 0 ≤ ψ ≤ 1 ❛♥❞ ψ′′ ≥ 0 ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ Pv ≥ 0
✐♥ Q̃✳

◆♦✇✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ♦❢ Q✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ✇❡ ❤❛✈❡ y(0) = 0✱
s♦ v(0, x) = u(0, x) = 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② ♣♦✐♥t (t, x) ♦♥ t❤❡ ❧❛t❡r❛❧ ❜♦✉♥❞❛r②
♦❢ Q✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r x = ±R ♦r x = z0 ± δ✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ v(t, x) = y(t) ≥
0 = u(t, x)✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ s✐♥❝❡ y(t) ✐s ❛ s✉♣❡rs♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✳✶✮ ♦♥ [0, t0(τ)]× Ω✱
✇❡ ❤❛✈❡ v(t, x) = y(t) ≥ u(t, x)✳

❲❡ t❤✉s ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ t❤❛t u ≤ v ✐♥ Q✱ ❛♥❞ t❤❡ ❧❡♠♠❛
❢♦❧❧♦✇s✳

✺✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷

❲❡ ✜rst ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t❛t✐✈❡ t②♣❡ ■ ❡st✐♠❛t❡✱ ✇❤✐❝❤ ✐s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢
Pr♦♣♦s✐t✐♦♥s ✸✳✶ ❛♥❞ ✹✳✷✳

Pr♦♣♦s✐t✐♦♥ ✺✳✻✳ ❈♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✳✶✮ ✇✐t❤ Ω = (−R,R) ❛♥❞ ❧❡t ξ ∈ Ω s❛t✐s❢②
|ξ| < R − 1✳ ▲❡t 0 < d < d0 := R − 1− |ξ|✱ µ > µ0(p)✱ e ∈ (d,∞] ❛♥❞ τ, λ ∈ (0, 1)✳ ❙❡t
Iℓ = (ξ − 1− ℓ, ξ + 1 + ℓ) ❛♥❞ ❛ss✉♠❡ t❤❛t

f ≥ µ ✐♥ I0 ❛♥❞ f < λµ ✐♥ (Ω ∩ Ie) \ Id✳ ✭✺✳✹✳✶✮

❚❤❡♥ t❤❡ t♦✉❝❤❞♦✇♥ t✐♠❡ T ✈❡r✐✜❡s T > t0 := 1−τp+1

(p+1)‖f‖∞
❛♥❞ u s❛t✐s✜❡s t❤❡ t②♣❡ ■

❡st✐♠❛t❡

[
1− u

(
t, ξ ± (1 + d)

)]p+1 ≥ (p+ 1)εµ(T − t) ❢♦r ❛❧❧ t ∈ [t0, T )✱ ✭✺✳✹✳✷✮

✇✐t❤

ε = sup
(β,K)∈Â

ε̂(β,K), ε̂(β,K) =
1

2

(
β − d

β

)p+1

S(t0, β)G
∗
1(τ, t0, β,K, λ), ✭✺✳✹✳✸✮

Â = A3 :=
{
(β,K) ∈ (d, d̄)× (0, p], Kµβ2 ≤ p(p+2)−K

p , δ1(K) + δ2(β,K) ≤ 1
}
,

✭✺✳✹✳✹✮
✇❤❡r❡ d̄ = min

[
d0, (d+ e)/2

]
✱ S ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮ ❛♥❞ G∗

1, δ1, δ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦✲
r❡♠ ✷✳✶✳
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Pr♦♦❢✳ ▲❡t (β,K) ∈ A3 ❛♥❞ ❧❡t a(r) = aβ,K(r) ❜❡ ❣✐✈❡♥ ❜② ✭✺✳✶✳✷✮✳ ❇② t❤❡ ♣r♦♦❢
♦❢ ▲❡♠♠❛ ✸✳✻ ✇✐t❤ q = 1✱ η = 1✱ ✉s✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✺✳✷✳✶✶✮✱ ✭✺✳✷✳✶✸✮ ❢♦r ut ✐♥
▲❡♠♠❛ ✺✳✹✱ ✐♥st❡❛❞ ♦❢ ✭✸✳✸✳✶✹✮✱ ✇❡ ❤❛✈❡

(1− u(t, x))p+1 ≥ (p+ 1)εµa(|x− ξ|)(T − t) ✐♥ [t0, T )× Iβ ,

✇✐t❤

ε = S(t0, β) inf
x∈Iβ

(
1 + pµΛ̃(t0, x)

) et0∆RχI0(x)

h(u(t0, x))a(|x− ξ|) . ✭✺✳✹✳✺✮

■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ✭✺✳✶✳✷✮✱ ✇❡ ❤❛✈❡

[
1− u

(
t, ξ ± (1 + d)

)]p+1 ≥ (p+ 1)

(
β − d

β

)p+1

ε µ(T − t), ❢♦r ❛❧❧ t ∈ [t0, T )✳

❲❡ ♥♦✇ ❡st✐♠❛t❡ ε ❢r♦♠ ❜❡❧♦✇✳ ❘❡❝❛❧❧✐♥❣

et∆Rχ(−1,1)(r) =
1√
4πt

∫ 1

−1

e−
(r−y)2

4t dy =
1√
π

∫ r+1

2
√

t

r−1

2
√

t

e−Z
2

dZ

=
1

2

[
erf
(r + 1

2
√
t

)
+ erf

(1− r

2
√
t

)] ✭✺✳✹✳✻✮

❛♥❞ s❡tt✐♥❣ r = |x− ξ|✱ ✇❡ ❤❛✈❡

Λ̃(t, x) ≥ 1

2
S(t, β)

∫ t

0

(
1− Y (s)

)− p
p+1−1

[
❡r❢

(
r + 1

2
√
t− s

)
+ ❡r❢

(
1− r

2
√
t− s

)]
ds

= S(t, β)Λ(t, r),

✇❤❡r❡ Λ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳

❲❡ ♥❡①t ♣r♦❝❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❢❛❝t♦r h(u(t0, x)) ✐♥ ✭✺✳✹✳✺✮ ❢r♦♠ ❛❜♦✈❡✳ ❲❡ r❡❝❛❧❧
❢r♦♠ ✭✸✳✸✳✾✮ t❤❛t✱ s✐♥❝❡ K ≤ p✱ t❤❡ ❢✉♥❝t✐♦♥ h ✐s ♠♦♥♦t♦♥❡ ✐♥❝r❡❛s✐♥❣ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ u✳
❍❡♥❝❡✱ ✇❡ s❤❛❧❧ ✉s❡ t❤❡ ✉♣♣❡r ❡st✐♠❛t❡ ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✺✳✺ ✐♥ I =

(
ξ + 1 + d,min(ξ +

1 + e,R)
)
✇✐t❤ N = λµ✳ ❋♦r t❤✐s✱ ✇❡ ♥♦t❡ t❤❛t✱ ❢♦r ❛❧❧ x ∈ [ξ, ξ + 1 + β]✱ ✇❡ ❤❛✈❡

dist(x,Ω\I) = (x−ξ−1−d)+ ✐❢ R ≤ ξ+1+e✱ ❛♥❞ t❤❛t t❤✐s ✐s st✐❧❧ tr✉❡ ✐❢ R > ξ+1+e
❞✉❡ t♦ β < d̄ ≤ (d+ e)/2✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✸✳✷✮ t❤❛t✱ ❢♦r ❛❧❧ x ∈ [ξ, ξ + 1+ β]✱ ✇❡ ❤❛✈❡

u(t0, x) ≤ y(t0)θλµ(x) = (1− τ)ũ(|x− ξ|),
❤❡♥❝❡

h(u(t0, x)) ≤W (|x− ξ|), ✭✺✳✹✳✼✮

✇❤❡r❡ ũ ❛♥❞W =Wτ,K,λ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥ ❜② ✭✷✳✶✳✽✮ ❛♥❞ ✭✷✳✶✳✼✮✳ ▼♦r❡♦✈❡r✱ ✭✺✳✹✳✼✮
r❡♠❛✐♥s tr✉❡ ❢♦r ❛❧❧ x ∈ Iβ ✭❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✺✳✺ ✐♥ I =

(
max(ξ−1− e,−R), ξ−1−d

)
)✳

❙✐♥❝❡ et∆Rχ(−1,1)(r) ❛♥❞ Λ(t, r) ❛r❡ ❡✈❡♥ ❛♥❞ ♥♦♥✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ r > 0
❛♥❞ a(r) ✐s ❡✈❡♥ ❛♥❞ ❝♦♥st❛♥t ♦♥ [0, r0]✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✹✳✼✮ t❤❛t

ε ≥ S(t0, β) inf
r∈(r0,1+β)

(
1 + pµS(t0, β)Λ(t0, r)

) et0∆Rχ(−1,1)(r)

W (r)a(r)
.

❚❤✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✺✳✹✳✻✮ ②✐❡❧❞s

ε ≥ 1

2
S(t0, β) inf

r∈(0,1+β)

(
1 + pµS(t0, β)Λ(t0, r)

)erf
(
r+1
2
√
t

)
+ erf

(
1−r
2
√
t

)

W (r)a(r)

=
1

2
S(t0, β)G

∗
1(τ, t0, β,K, λ).

❚❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❡♥ ❢♦❧❧♦✇s ❜② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r (β,K) ∈ A3✳
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✳ ❙♦ ❛s t♦ ♣r♦✈❡ ❜♦t❤ r❡s✉❧ts ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ s❡t m = 0✱
d2 = d0 ❛♥❞ d1 = ∞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ♥♦
t♦✉❝❤❞♦✇♥ ♣♦✐♥ts ✐♥ D✱ ✇❤❡r❡ ❡✐t❤❡r✿

✭✐✮ D = (xi+1 + 1 + d, xi − 1− d) ❢♦r s♦♠❡ i ∈ {1, . . . ,m− 1} ✭✐♥ ❚❤❡♦r❡♠ ✷✳✷✮✱ ♦r

✭✐✐✮ D = (x0 + 1 + d,R) ✭t❤❡ ❝❛s❡ D = (−R, xm − 1− d) ✐s s✐♠✐❧❛r✮✳

❲❡ s❡t Γ = ∂D ✐♥ ❝❛s❡ ✭✐✮ ❛♥❞ Γ = {x0 + 1 + d} ✐♥ ❝❛s❡ ✭✐✐✮✳

▲❡t A ❜❡ ❣✐✈❡♥ ❜② ✭✷✳✶✳✹✮✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t A ✐s ♥♦♥❡♠♣t②✱ s♦ t❤❛t ρ ✐s ✇❡❧❧ ❞❡✜♥❡❞
❛♥❞ ♣♦s✐t✐✈❡✳ ◆♦t❡ t❤❛t ✐❢ ✇❡ t❛❦❡

β2 =
p(p+ 2)−K

µKp
,

t❤❡♥ δ2(β,K) = 0✳ ◆♦✇✱ ✇❡ ❝❛♥ ♣✐❝❦ K = p ❛♥❞ β =
√

p+1
pµ ∈ (d, d2)✳ ❋♦r t❤✐s ❝❤♦✐❝❡ ♦❢

K,β✱ ✇❡ ❤❛✈❡

δ1(K) =
arctan(

√
p+ 1)√

pµ
< 1,

♣r♦✈✐❞❡❞ µ > arctan2(
√
p+1)

p ✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳

◆❡①t✱ ❜② ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ f ✱ ✇❡ ♠❛② s❡❧❡❝t (β,K, τ, λ) ∈ A s✉❝❤ t❤❛t

‖f‖L∞(D) < µ min

{
ε̃(β,K, τ, λ),

1

p+ 1

τp+1

(T − t0(τ))µ
, λ

}

✇✐t❤

ε̃(β,K, τ, λ) =
1

2

(
β − d

β

)p+1

S(t0(τ), β)G
∗(τ, t0(τ), β,K, λ).

▲❡t j ∈ {i, i+ 1} ✐♥ ❝❛s❡ ✭✐✮ ❛♥❞ j = 0 ✐♥ ❝❛s❡ ✭✐✐✮✳ ❲❡ s❤❛❧❧ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✺✳✻ ✇✐t❤
ξ = xj ❛♥❞ e = 2d1 − d ≥ 2d2 − d > d✳ ❇② ❛ss✉♠♣t✐♦♥ ✭✷✳✶✳✷✮✱ ✇❡ ❤❛✈❡

f < λµ ♦♥
(
[xj − 1− e, xj − 1− d]∪ [xj + 1+ d, xj + 1+ e]

)
∩Ω = (Ie ∩Ω) \ Id ⊂ D.

❙✐♥❝❡ d̄ = min(R−1−|ξ|, d1) ≥ min(d0, d1) = d2 > β > d✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✹✳✷✮✲✭✺✳✹✳✹✮
t❤❛t

(1− u)p+1 ≥ (p+ 1)µε̃(β,K, τ, λ)(T − t) ♦♥ [t0, T )× Γ✳

❆s ‖f‖L∞(D) < min
{
µε̃(β,K, τ, λ), 1

p+1
τp+1

T−t0(τ)
}
✱ ✇❡ ♠❛② ❛♣♣❧② ▲❡♠♠❛ ✹✳✶✱ t♦ ❞❡❞✉❝❡

t❤❛t T ∩ D = ∅✳
❋✐♥❛❧❧②✱ ❧❡t ✉s s❤♦✇ t❤❛t T ∩ Γ = ∅✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f ✱ ❛ss✉♠♣t✐♦♥ ✭✶✳✸✳✸✮

r❡♠❛✐♥s tr✉❡ ❢♦r s♦♠❡ d̃ < d ❝❧♦s❡ t♦ d✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ λµ < µ ≤ ‖f‖∞ ❛♥❞ s✐♥❝❡
h(u) = K(1 − u) + (1 − u)−p ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ♦♥ [0, 1) ❞✉❡ t♦ K ≤ p✱ t❤❡ ❢✉♥❝t✐♦♥
Wτ,K,λ(r) ❞❡✜♥❡❞ ❜② ✭✷✳✶✳✼✮✱ ✭✷✳✶✳✽✮ ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ d > 0✳ ■t ❢♦❧❧♦✇s t❤❛t
t❤❡ s✉♣r❡♠✉♠ ✐♥ ✭✶✳✸✳✹✮ ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ d ∈ (0, d2)✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t
T ∩ Γ = ∅✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✺✳✼✳ ✭✐✮ ❉✉❡ t♦ t❤❡ s❡❛r❝❤ ❢♦r ❛ ♠♦r❡ ♣r❡❝✐s❡ ❝♦♥tr♦❧ ♦❢ h(u(t0, ·)) t♦ ✐♥❝r❡❛s❡
ε ✐♥ ✭✺✳✹✳✺✮✱ ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ ❛ s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ f ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❜✉♠♣ ✐♥
Pr♦♣♦s✐t✐♦♥ ✺✳✻ ✭❝❢✳ ✭✺✳✹✳✶✮✮✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❡①❝❧✉❞✐♥❣ t♦✉❝❤❞♦✇♥ ♦♥ ❛ s✐♥❣❧❡ ✐♥t❡r✈❛❧
✐♥ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷ ✇♦✉❧❞ r❡q✉✐r❡ ❛ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ♦♥ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥t❡r✈❛❧s✱
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✉♥❧✐❦❡ ✐♥ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❤❛✈❡ r❡❢r❛✐♥❡❞ ❢r♦♠ ❣✐✈✐♥❣ s✉❝❤ ❛ ❢♦r✲
♠✉❧❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷ ❛♥❞ ❤❛✈❡ r❡str✐❝t❡❞ ♦✉rs❡❧✈❡s t♦ ❛ ♠♦r❡ ❣❧♦❜❛❧ st❛t❡♠❡♥t✳

✭✐✐✮ ❲❡ ❝♦✉❧❞ ✉s❡ t❤❡ ♠♦r❡ ♣r❡❝✐s❡ ❢♦r♠✉❧❛ ✭✺✳✷✳✶✷✮ ✐♥st❡❛❞ ♦❢ ✭✺✳✷✳✶✸✮✳ ❍♦✇❡✈❡r✱
♥✉♠❡r✐❝❛❧ t❡sts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❡①tr❡♠❡❧② s♠❛❧❧✱ ✇❤✐❧❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t✐♠❡ ✐s ❝♦♥s✐❞❡r❛❜❧② ❧❛r❣❡r✳

✻ ◆✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡s

✻✳✶ ■t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ t❤❛t ✇❡ ✉s❡ t♦ ✜♥❞ ❛♥ ❛❝❝✉r❛t❡ ❧♦✇❡r
❡st✐♠❛t❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✸✳✹✮ ❣✐✈✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ρ ✐♥
❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ♦❢ t❤r❡❡ st❡♣s✿

❙t❡♣ ✶✿ ❋✐rst ❡①♣❧♦r❛t✐♦♥✳ ❲❡ ✜rst ✉s❡ ❛ s✐♠♣❧❡ ❞✐s❝r❡t✐③❡❞ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐✲
♠✐③❛t✐♦♥ s❡t A ❢♦r (τ, β,K)✳ ❋♦r t❤✐s✱ ✇❡ ✐t❡r❛t❡ ✐♥ β, τ ❛♥❞ K ❛s ❢♦❧❧♦✇s✿

• ❲❡ ✐♥✐t✐❛❧✐③❡ β ❜② s❡tt✐♥❣

β0 = min

(
1 + d,

d0 + d

2

)
.

❚❤❡♥✱ ❢♦r ❛ ❝❤♦s❡♥ ✈❛❧✉❡ εβ ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ β✱ ✇❡ ✐♥❝r❡♠❡♥t β ✐♥
t❤❡ ✐♥t❡r✈❛❧ (d, d0)✱ ✜rst ✐♥❝r❡❛s✐♥❣❧② ✭✐✳❡✳✱ βi+1 = βi + εβ✮ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s✐♥❣❧② ✭✐✳❡✳✱
βj+1 = βj − εβ✮✳ ◆♦t❡ t❤❛t ❛❞❞✐t✐♦♥❛❧ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜❡❧♦✇✳

• ❋♦r ❡❛❝❤ β✱ ✇❡ ✐♥✐t✐❛❧✐③❡ K ❜② s❡tt✐♥❣

K0 = max

(
p

µβ2
− 1

p+ 1
, εK

)
,

✇❤❡r❡ εK ✐s ❛ ❝❤♦s❡♥ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ K✱ ❛♥❞ t❤❡♥ ✐♥❝r❡♠❡♥t K
✐♥❝r❡❛s✐♥❣❧②✱ ✐✳❡✳ Ki+1 = Ki + εK ✳

• ❋♦r ❡❛❝❤ ❝♦✉♣❧❡ (β,K)✱ ✇❡ ❝♦♠♣✉t❡ δ(β,K) ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮✳ ■❢ ✐t ✐s ❧❡ss t❤❛♥
♦r ❡q✉❛❧ t♦ 1✱ ✇❡ t❤❡♥ ✐t❡r❛t❡ ✐♥ τ ✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ♣✐❝❦✐♥❣ nτ ❡q✉✐❞✐st❛♥t ♣♦✐♥ts ✐♥
t❤❡ ✐♥t❡r✈❛❧

(
µ

2µ−µ0
, 1
)
✱ ✇❤❡r❡ nτ ✐s ❛ ❝❤♦s❡♥ ♥✉♠❜❡r ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts✳ ✭❚❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ετ ✐s t❤✉s
(
1− µ

2µ−µ0

)
/nτ ✳✮

• ❋♦r ❡❛❝❤ s✉❝❤ (β,K, τ)✱ ✇❡ t❤❡♥ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ρ✱ ❣✐✈❡♥ ❜②

ρ̃ :=
1

2

(
β − d

β

)p+1 S
(
t0(τ), β

)

K + τ−p
min

{
H̃
(
t0(τ), β

)
, G̃
(
t0(τ), β,K

)}
, ✭✻✳✶✳✶✮

✇❤❡r❡ H̃(t, β) ✭r❡s♣✳✱ G̃(t, β,K)✮ ✐s ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢H(t, β) ✭r❡s♣✳✱ G(t, β,K)✮✱
❛♥❞ S(t, β) ✐s ❣✐✈❡♥ ✐♥ ✭✶✳✸✳✺✮✳ ❚♦ ❞❡✜♥❡ G̃✱ H̃✱ ✇❡ s❡t

NH(x) = ❡r❢

(
1√
t

(
1 +

βx

2

))
− ❡r❢

(
βx

2
√
t

)
, DH(x) = (1− x)p+1,

NG(x) = ❡r❢

(
2− (1− x)δ

2
√
t

)
+ ❡r❢

(
(1− x)δ

2
√
t

)
, DG(x) = (Γ2 + 1)

α
2 cosα(Ax)

✭✻✳✶✳✷✮
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❛♥❞ r❡❝❛❧❧ t❤❛t

H(t, β) = inf
0<x<1

NH(x)

DH(x)
, G(t, β,K) = inf

0<x<1

NG(x)

DG(x)
,

✇❤❡r❡ δ = δ(β,K),Γ, A, α ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✺✮✳ ❲❡ t❤❡♥ s❡t

H̃(t, β) := min
0≤i≤nx

NH(xi)

DH(xi)
, G̃(t, β,K) := min

0≤i≤nx

NG(xi)

DG(xi)
, ✭✻✳✶✳✸✮

✇❤❡r❡ xi = i/nx ❢♦r i = 0, 1, · · · , nx✱ ❛♥❞ nx ✐s t❤❡ ❝❤♦s❡♥ ♥✉♠❜❡r ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥
♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❋♦r ❡❛❝❤ i✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉♦t✐❡♥ts ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣
t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ♣r♦✈✐❞❡❞ ❜② Matlab✳

• ❲❡ ❞❡✜♥❡ t❤❡ ✈❛r✐❛❜❧❡s ρopt ❛♥❞ β∗
1 ,K

∗
1 , τ

∗
1 ✱ ✇❤✐❝❤ r❡s♣❡❝t✐✈❡❧② st❛♥❞ ❢♦r t❤❡ ❧❛r❣❡st

✈❛❧✉❡ ♦❢ ρ̃ ♦❜t❛✐♥❡❞ s♦ ❢❛r✱ ❛♥❞ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs β,K, τ ✳
❚❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ ✉♣❞❛t❡❞ ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥✳

• ❚♦ ❛✈♦✐❞ ✉♥♥❡❝❡ss❛r② ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ ✭❞②♥❛♠✐❝❛❧❧②✮
❢✉rt❤❡r r❡str✐❝t t❤❡ r❛♥❣❡s ♦❢ β,K, τ ✱ ❛s ❢♦❧❧♦✇s✿

β ≥ d

1− (2ρopt)1/(p+1)
, K ≤ 1

2ρopt
− 1, τ ≥ (2ρopt)

1/p. ✭✻✳✶✳✹✮

■♥❞❡❡❞✱ s✐♥❝❡ (
β−d
β

)p+1 ≤ 1, S(t0(τ), β) ≤ 1 ✭✻✳✶✳✺✮

❛♥❞

H(t, β) ≤ NH(0)

DH(0)
= ❡r❢

( 1√
t

)
≤ 1, G(t, β,K) ≤ NH(1)

DH(1)
= ❡r❢

( 1√
t

)
≤ 1, ✭✻✳✶✳✻✮

✇❡ ❤❛✈❡

ρ̃ ≤ 1

2
min

[(
1− d

β

)p+1

,
1

K + 1
, τp
]
,

s♦ t❤❛t ❛♥② ❝❤♦✐❝❡ ♦❢ (K,β, τ) ✈✐♦❧❛t✐♥❣ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✻✳✶✳✹✮ ✇✐❧❧ ❧❡❛❞
t♦ ✈❛❧✉❡s ρ̃ < ρopt✳

❙t❡♣ ✷✿ ❘❡✜♥❡❞ ❡①♣❧♦r❛t✐♦♥✳ ❲❡ ♠❛❦❡ ❛ ✜♥❡r s❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ♥❡❛r t❤❡ ♣❛r❛♠❡t❡rs
β∗
1 ,K

∗
1 ❛♥❞ τ∗1 ♦❜t❛✐♥❡❞ ✐♥ ❙t❡♣ ✶✳ ❚❤✐s ✐s ❞♦♥❡ ❜② r❡♣❡❛t✐♥❣ ❙t❡♣ ✶ ♦♥ t❤❡ ♥❡✇ r❛♥❣❡s

[β∗
1 − εβ , β

∗
1 + εβ ], [K∗

1 − εK ,K
∗
1 + εK ], [τ∗1 − ετ , τ

∗
1 + ετ ], ✭✻✳✶✳✼✮

t❛❦✐♥❣ ❛ ❝❤♦s❡♥ ♥✉♠❜❡r ♦❢ ❡q✉✐❞✐st❛♥t ♣♦✐♥ts ✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧✳ ❚❤❡ ✈❛❧✉❡s ♦❢ β,K, τ
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛r❣❡st ρ̃ ♦❜t❛✐♥❡❞ ❛r❡ ❞❡♥♦t❡❞ β∗,K∗, τ∗✳

❙t❡♣ ✸✿ ▲♦✇❡r ❡st✐♠❛t❡ ♦❢ ρ✳ ❋✐♥❛❧❧②✱ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs (β∗,K∗, τ∗) s❡❧❡❝t❡❞ ✐♥ ❙t❡♣
✷✱ ✇❡ r❡❝♦♠♣✉t❡ ❛ ✏s❛❢❡r✑ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s✉♣r❡♠✉♠ ρ ❜② ❧♦♦❦✐♥❣ t❤✐s t✐♠❡ ❢♦r ❛
❧♦✇❡r ❡st✐♠❛t❡✳ ❚❤✐s ✐s ❞♦♥❡ ❜② s❡tt✐♥❣

ρ :=
1

2

(
β∗ − d

β∗

)p+1 S
(
t0(τ

∗), β
)

K∗ + τ∗−p
min

{
H
(
t0(τ

∗), β∗), G
(
t0(τ

∗), β∗,K∗)}, ✭✻✳✶✳✽✮

✇❤❡r❡H(t, β) ✭r❡s♣✳✱ G(t, β,K)✮ ✐s ♥♦✇ ❛ s✉✐t❛❜❧② ❛❝❝✉r❛t❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢H(t, β) ✭r❡s♣✳✱
G(t, β,K)✮✳

❚♦ ❝♦♠♣✉t❡ G✱ H✱ t❤✐s t✐♠❡ ✇❡ ❝❤♦♦s❡ ❛♥♦t❤❡r ✭❧❛r❣❡r✮ ♥✉♠❜❡r nx ♦❢ ❡q✉✐❞✐st❛♥t
❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ ✇❡ ❞❡♥♦t❡ xi = i/nx ❢♦r i = 0, 1, · · · , nx✱ ❛♥❞
t❤❡♥ s❡t

H(t, β) := min
0≤i≤nx−1

NH(xi+1)

DH(xi)
, G(t, β,K) := min

0≤i≤nx−1

NG(xi+1)

DG(xi)
, ✭✻✳✶✳✾✮
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✇❤❡r❡ NH , DH , NG, DG ❛r❡ ❣✐✈❡♥ ❜② ✭✻✳✶✳✷✮✳ ❋♦r ❡❛❝❤ i✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉♦t✐❡♥ts
❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ♣r♦✈✐❞❡❞ ❜② Matlab✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s
NH(x), DH(x)✱ NG(x), DG(x)✮ ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ [0, 1] ✭♦✇✐♥❣ t♦ A ∈
(0, π/2) ❛♥❞ δ ∈ (0, 1] ❢♦r (β, τ,K) ∈ A✮✳ ❈♦♥s❡q✉❡♥t❧②✱

inf
xi≤x≤xi+1

NH(x)

DH(x)
≥ NH(xi+1)

DH(xi)
, inf

xi≤x≤xi+1

NG(x)

DG(x)
≥ NG(xi+1)

DG(xi)
,

❤❡♥❝❡
H(t, β) ≥ H(t, β), G(t, β,K) ≥ G(t, β,K). ✭✻✳✶✳✶✵✮

▼♦r❡♦✈❡r✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜②

H −H ≤ NH(xi0)−NH(xi0+1)

DH(xi0)
, G−G ≤ NG(xi1)−NG(xi1+1)

DG(xi1)
,

✇❤❡r❡ i0, i1 ❛r❡ t❤❡ ✐♥❞✐❝❡s ❢♦r ✇❤✐❝❤ t❤❡ r❡s♣❡❝t✐✈❡ ♠✐♥✐♠❛ ✐♥ ✭✻✳✶✳✾✮ ❛r❡ ❛❝❤✐❡✈❡❞✱ s♦
t❤❛t nx ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ❣✉❛r❛♥t❡❡ ❛ s❛t✐s❢❛❝t♦r② ❡rr♦r ❧❡✈❡❧ ✭s❛②✱ 10−4✮✳

❘❡♠❛r❦ ✻✳✶✳ ✭✐✮ ■♥ ❙t❡♣ ✸✱ ✐t ✐s ❝♦♥s✐st❡♥t t♦ ❝❤♦♦s❡ ❛ ❧❛r❣❡r nx ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❣♦♦❞
❧♦✇❡r ❡st✐♠❛t❡s ♦❢ H,G✱ ✇❤✐❧❡ ✐♥ ❙t❡♣s ✶ ❛♥❞ ✷ ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ❝♦❛rs❡r ♣❛rt✐t✐♦♥s ♦❢
t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ ♠❡t❤♦❞ ✇✐t❤✐♥ ❢❡❛s✐❜❧❡
❧✐♠✐ts✳

✭✐✐✮ ■♥ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ s♦✉r❝❡s ♦❢ ❡rr♦rs ✐♥ ❡①❝❡ss ♦♥ ρ ❛r❡
t❤❡ r♦✉♥❞✲♦✛ ♠❛❝❤✐♥❡ ❡rr♦rs ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ✐♥ t❤❡ Matlab ❡✈❛❧✉❛t✐♦♥s ✭❢♦r
✐♥st❛♥❝❡ t❤♦s❡ ♦❢ ❡r❢✮✳ ■♥ ♣r✐♥❝✐♣❧❡ t❤✐s ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ✇✐t❤ ❛♥② r❡❛s♦♥❛❜❧② ♣r❡s❝r✐❜❡❞
s❛❢❡t② ♠❛r❣✐♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ ❢♦r p = 2 ❛♥❞ ❡❛❝❤ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ µ, ‖f‖∞, d, d0 ❝♦♥s✐❞✲
❡r❡❞ ✐♥ ❚❛❜❧❡ ✸✳✶✱ ✇❡ ❣✐✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs
τ∗, β∗,K∗ ❢♦✉♥❞ ❜② t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❧♦✇❡r ❜♦✉♥❞s H(t0(τ

∗), β∗),
G(t0(τ

∗), β∗,K∗) ❢♦r H,G ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s❡♠✐❣r♦✉♣ ❝♦♠♣❛r✐s♦♥ ❝♦♥st❛♥t
S
(
t0(τ

∗), β∗)✳

p µ ‖f‖∞ d d0 τ∗ β∗ K∗ H G S ρ
✷ ✶ ✶✳✶ ✵✳✶ ✺ ✵✳✼✾✵✹ ✶✳✼✹✵✵ ✶✳✹✼✽✼ ✵✳✾✷✷✵ ✵✳✾✶✹✵ ✵✳✽✹✺✷ ✵✳✶✵✺✵

✷ ✶✳✷✺ ✶✳✸ ✵✳✶ ✸ ✵✳✽✵✾✹ ✶✳✺✻✵✵ ✶✳✶✶✶✼ ✵✳✽✽✵✼ ✵✳✽✼✺✹ ✵✳✼✹✷✾ ✵✳✶✵✶✵

✷ ✷ ✷✳✷✺ ✵✳✶ ✹ ✵✳✽✶✶✶ ✶✳✷✷✵✵ ✵✳✼✶✽✹ ✵✳✼✻✷✾ ✵✳✼✻✺✵ ✵✳✽✾✻✻ ✵✳✶✶✽✷

✷ ✷ ✷✳✷✺ ✵✳✵✺ ✹ ✵✳✽✷✵✶ ✶✳✶✾✵✵ ✵✳✽✷✷✽ ✵✳✼✽✷✺ ✵✳✼✽✻✾ ✵✳✾✵✵✹ ✵✳✶✸✹✶

✷ ✸ ✸✳✺ ✵✳✵✶ ✺ ✵✳✽✵✸✻ ✵✳✾✾✵✵ ✵✳✼✹✵✷ ✵✳✼✼✺✼ ✵✳✼✼✶✵ ✵✳✾✺✶✵ ✵✳✶✺✺✹

✷ ✹ ✹✳✶ ✵✳✵✺ ✺ ✵✳✽✵✵✶ ✵✳✾✶✵✵ ✵✳✼✹✵✼ ✵✳✽✷✶✶ ✵✳✽✶✽✷ ✵✳✾✺✼✹ ✵✳✶✹✸✻

✷ ✹ ✹✳✶ ✵✳✵✶ ✺ ✵✳✽✷✽✻ ✵✳✽✼✵✵ ✵✳✻✼✵✺ ✵✳✼✺✽✷ ✵✳✼✺✶✼ ✵✳✾✻✷✸ ✵✳✶✻✹✸

✷ ✹ ✼ ✵✳✵✶ ✺ ✵✳✼✾✵✺ ✵✳✼✸✵✵ ✵✳✾✸✽✺ ✵✳✼✶✸✼ ✵✳✼✶✸✷ ✵✳✾✼✸✾ ✵✳✶✸✶✸

✷ ✻ ✻✳✷ ✵✳✵✶ ✶✵ ✵✳✽✵✻✸ ✵✳✼✸✵✵ ✵✳✼✽✼✾ ✵✳✽✷✺✷ ✵✳✽✷✷✸ ✵✳✾✾✶✼ ✵✳✶✻✽✷

✷ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✽✵✸✼ ✵✳✺✽✺✵ ✵✳✻✸✸✶ ✵✳✼✼✾✹ ✵✳✼✽✸✷ ✵✳✾✾✹✽ ✵✳✶✼✸✷

✶✳✺ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✼✹✻✶ ✵✳✺✽✺✵ ✵✳✻✷✾✽ ✵✳✽✸✾✵ ✵✳✽✸✸✺ ✵✳✾✾✸✷ ✵✳✶✽✺✼

✶ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✻✻✶✶ ✵✳✺✽✺✵ ✵✳✻✵✵✵ ✵✳✽✻✹✸ ✵✳✽✻✹✸ ✵✳✾✾✵✾ ✵✳✶✾✾✷

✵✳✺ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✺✼✷✹ ✵✳✺✽✺✵ ✵✳✹✽✵✵ ✵✳✼✾✼✷ ✵✳✼✾✾✶ ✵✳✾✽✼✼ ✵✳✷✶✺✼

❚❛❜❧❡ ✸✳✸ ✕ ◆✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①❛♠♣❧❡s ❢♦r ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✳

■♥ ♣r❛❝t✐❝❡ ✇❡ ✉s❡ εβ = εK = 0.1, nτ = 10 ❢♦r ❙t❡♣ ✶✱ ✇❤❡r❡❛s ❢♦r ❙t❡♣ ✷ ✇❡ t❛❦❡ ✶✵
❡q✉✐❞✐st❛♥t ♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡r✈❛❧s ✭✻✳✶✳✼✮✳ ❆s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ H,G ✇❡ t❛❦❡
nx = 20 ✐♥ ❙t❡♣s ✶ ❛♥❞ ✷✳ ❋♦r t❤❡ ❧♦✇❡r ❡st✐♠❛t❡s ✐♥ ❙t❡♣ ✸ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ nx = 50000
t♦ ❝♦♠♣✉t❡ H ❛♥❞ nx = 2000 t♦ ❝♦♠♣✉t❡ G✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s ❛♥ ❡rr♦r ❧❡✈❡❧ ♥♦ ❧❛r❣❡r
t❤❛♥ 10−4✳



✶✶✷ ❈❍❆P❚❊❘ ✸✳ ◗❯❆◆❚■❚❆❚■❱❊ ❚❖❯❈❍❉❖❲◆ ▲❖❈❆▲■❩❆❚■❖◆

✻✳✷ ◆✉♠❡r✐❝❛❧ ❧♦✇❡r ❡st✐♠❛t❡s ❢♦r ❚❤❡♦r❡♠ ✷✳✸

❚❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❙❡❝t✐♦♥ ✻✳✶✱ t❤✐s t✐♠❡ ❢♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✭✷✳✷✳✷✮✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ✐t❡r❛t❡ ✐♥ t❤❡ ♣❛r❛♠❡t❡r
η ∈ (0, 1) ❢♦r ❡❛❝❤ ❝♦✉♣❧❡ (β,K)✳ ❆s ❜❡❢♦r❡✱ ✐❢ δ(β,K, η) ≤ 1✱ ✇❡ t❤❡♥ ✐t❡r❛t❡ ✐♥ τ ✱ ❜✉t
♥♦✇ ✐♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ (0, 1)✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ ❢♦r p = 2 ❛♥❞ ❡❛❝❤ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ µ, ‖f‖∞, d, d0 ❝♦♥s✐❞✲
❡r❡❞ ✐♥ ❚❛❜❧❡ ✸✳✷✱ ✇❡ ❣✐✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs
τ∗, η∗, β∗,K∗ ❢♦✉♥❞ ❜② t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❧♦✇❡r ❜♦✉♥❞s H(t0(τ

∗), β∗),
G(t0(τ

∗), β∗,K∗, η∗)✱ G(T̄ , β∗,K∗, η∗) ❢♦r H,G ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s❡♠✐❣r♦✉♣ ❝♦♠✲
♣❛r✐s♦♥ ❝♦♥st❛♥ts S

(
t0(τ

∗), β∗)✱ S
(
T̄ ), β∗)✳ ❲❡ ❛❧s♦ ❣✐✈❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ♠✐♥✐✲

♠✉♠ ✐♥ ✭✷✳✷✳✷✮✿

ρ2(τ
∗) :=

1

p+ 1

τp+1

(T − t0(τ∗))µ
. ✭✻✳✷✳✶✮

■♥ ♣r❛❝t✐❝❡✱ t❤✐s t❡r♠ ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ ✜rst ♦♥❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❜❡❡♥
✉♥❛❜❧❡ t♦ ✜♥❞ ❛ ♣r♦♦❢ ♦❢ t❤✐s ✇✐t❤♦✉t ❛ss✉♠✐♥❣ τ ≥ µ

2µ−µ1
✱ ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❡①tr❛

❤②♣♦t❤❡s✐s µ > µ1 ✭❝❢✳ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷✮✳

µ ‖f‖∞ d d0 τ∗ η∗ β∗ K∗ G(T ) H(t0) G(t0) S(T ) S(t0) ρ2(τ) ρ
✵✳✼ ✵✳✽ ✵✳✵✶ ✽ ✵✳✺✽✵✵ ✵✳✽✵✵✵ ✷✳✼✶✵✵ ✵✳✽✵✵✵ ✵✳✻✸✺✷ ✵✳✼✸✷✷ ✵✳✾✹✻✺ ✵✳✻✶✺✷ ✵✳✽✹✾✷ ✵✳✶✹✵✺ ✵✳✵✽✶✺

✵✳✻ ✵✳✻✺ ✵✳✵✺ ✶✵ ✵✳✺✻✵✵ ✵✳✽✹✵✵ ✸✳✵✺✵✵ ✶✳✵✵✵ ✵✳✺✼✼✵ ✵✳✼✷✸✵ ✵✳✾✸✶✶ ✵✳✻✷✽✾ ✵✳✽✼✶✷ ✵✳✵✾✼✼ ✵✳✵✼✶✹

✵✳✺ ✵✳✻ ✵✳✵✵✶ ✻ ✵✳✸✽✵✵ ✵✳✽✽✵✵ ✸✳✽✵✶✵ ✶✳✶✵✵✵ ✵✳✹✽✷✹ ✵✳✸✹✹✵ ✵✳✾✸✷✸ ✵✳✶✸✺✼ ✵✳✻✺✺✶ ✵✳✵✶✽✼ ✵✳✵✶✸✼

✵✳✺ ✵✳✺ ✵✳✵✶ ✼ ✵✳✹✹✵✵ ✵✳✽✹✵✵ ✹✳✵✶✵✵ ✵✳✾✵✵✵ ✵✳✹✾✵✼ ✵✳✹✵✻✽ ✵✳✽✾✽✸ ✵✳✷✶✻✼ ✵✳✻✽✻✺ ✵✳✵✸✵✹ ✵✳✵✷✷✽

❚❛❜❧❡ ✸✳✹ ✕ ◆✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①❛♠♣❧❡s ❢♦r ❚❤❡♦r❡♠ ✷✳✸✳

✻✳✸ ◆✉♠❡r✐❝❛❧ ❧♦✇❡r ❡st✐♠❛t❡s ❢♦r ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷

❲❡ ✉s❡ ❛ s✐♠✐❧❛r ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ t❤❛t ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✱ t❤✐s t✐♠❡ ❢♦r t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✶✳✸✮✳ ❆s ❛ ❞✐✛❡r❡♥❝❡✱ t❤❡ r❛♥❣❡ ❢♦r K ✐s ♥♦✇

εK ≤ K ≤ min
(
p,
p(p+ 2)

1 + pµβ2

)
. ✭✻✳✸✳✶✮

❆❧s♦✱ ✇❡ ♥❡❡❞ t♦ t❡st t❤❡ ❝♦♥❞✐t✐♦♥ δ1(K) + δ2(β,K) ≤ 1 ✐♥st❡❛❞ ♦❢ δ(β,K) ≤ 1✳
▼♦r❡♦✈❡r✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✻✳✶✳✹✮ ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❍♦✇❡✈❡r✱
✉♥❧✐❦❡ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✱ t❤✐s ✐s ♥♦t ❡ss❡♥t✐❛❧ s✐♥❝❡ t❤❡ r❛♥❣❡ ❢♦r K ✐s ❛❧r❡❛❞② ❜♦✉♥❞❡❞✱
♦✇✐♥❣ t♦ ✭✻✳✸✳✶✮✳

❲❡ ❛❧s♦ ♥❡❡❞ t♦ ✐t❡r❛t❡ t❤❡ ♣r♦❝❡❞✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r λ✳
◆❛♠❡❧②✱ ✇❡ ❝❛rr② ♦✉t t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r λ ✐♥ ❛ ❝❡rt❛✐♥ s✉❜✐♥t❡r✈❛❧ ♦❢
(0, 1) ❢♦r ❡❛❝❤ ✜①❡❞ ❛❞♠✐ss✐❜❧❡ (β,K, τ)✳ ❚♦ r❡str✐❝t t❤❡ r❛♥❣❡ ♦❢ λ✱ ❧❡t ✉s ✜rst r❡✇r✐t❡
✭✷✳✶✳✸✮ ✉♥❞❡r t❤❡ ❢♦r♠ ρ = min(ρ̂, λ) ❛♥❞ ♦❜s❡r✈❡ t❤❛t G∗ ✐♥ ✭✷✳✶✳✸✮ ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥ ♦❢ λ ∈ (0, 1) ✭❞✉❡ t♦ ✭✷✳✶✳✼✮✱ ✭✷✳✶✳✽✮✮✳ ❙✐♥❝❡ ♦✉r ♥✉♠❡r✐❝❛❧ t❡sts r❡✈❡❛❧ t❤❛t
t❤❡ ♠❡t❤♦❞ ❞♦❡s ♥♦t ♣r♦❞✉❝❡ ✈❛❧✉❡s ♦❢ ρ̂ ❧❛r❣❡r t❤❛♥ 0.3 ❢♦r p = 2✱ ✇❡ ✐♥t✐t✐❛❧✐③❡ ✇✐t❤
λ0 = 0.3✳ ❲❡ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ ρ̂✳ ❆s ❧♦♥❣ ❛s ρ̂i < λi✱
✇❡ ✐t❡r❛t❡ ❜② s❡tt✐♥❣ λi+1 = λi − 0.01✳ ❖♥❝❡ ρ̂i ≥ λi✱ ✇❡ st♦♣ ❛♥❞ r❡t❛✐♥ t❤❡ ❧❛r❣❡st
❜❡t✇❡❡♥ ρi = min(ρ̂i, λi) ❛♥❞ ρi−1 = min(ρ̂i−1, λi−1)✳ ❚❤❡ ✈❛❧✉❡s ♦❢ λ t❤❛t ✇❡ ✉s❡❞ ✐♥
♣r❛t✐❝❡ r❡♠❛✐♥ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0.2, 0.3] ✭❢♦r p = 2✮ ❛♥❞ t❤❡ st❡♣ ∆λ = 0.01 t✉r♥s ♦✉t t♦
❜❡ s✉✣❝✐❡♥t s✐♥❝❡ t❤❡ r❡s✉❧ts ❛r❡ ♥♦t ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ λ✳
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▲❡t ✉s t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ♠❛✐♥ t❡r♠ ✐♥ ✭✷✳✶✳✸✮✱ t❤❛t ✇❡ r❡✇r✐t❡ ❛s

G∗ = inf
r∈(r0,1+β)

G(r), ✇✐t❤ G(r) =
(
1 + pµS(t, β)Λ(t, r)

) erf
(
r+1
2
√
t

)
+ erf

(
1−r
2
√
t

)

Wτ,K,λ(r)aβ,K(r)
✭✻✳✸✳✷✮

✭❢♦r ✜①❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs τ, t, β,K, λ✮✱ ✇❤❡r❡

Λ(t, r) =
1

2

∫ t

0

(
1− Y (s)

)− p
p+1−1

[
❡r❢

(
r + 1

2
√
t− s

)
+ ❡r❢

(
1− r

2
√
t− s

)]
ds ✭✻✳✸✳✸✮

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s S,W, a, Y ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳

❆s ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛❧ ✐♥ Λ(t, r)✱ ✐♥ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♣r♦❝❡ss ✇❡ ✉s❡ ❛ ❝♦❛rs❡r ♣❛rt✐t✐♦♥
♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, t] ❛♥❞ t❤❡ ❙✐♠♣s♦♥ ♠❡t❤♦❞✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❤✐❧❡
❦❡❡♣✐♥❣ ❛ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❧❛st st❡♣✱ ♦♥❝❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥
t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs (τ, β,K, λ)✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦♥♦t♦♥✐❝✐t②
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥t❡❣r❛♥❞ ❛♥❞ t❤❡ r❡❝t❛♥❣❧❡ r✉❧❡ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ s❛❢❡ ❧♦✇❡r ❡st✐♠❛t❡
♦❢ t❤❡ r❛t✐♦ ρ✳

❋✐rst✱ ❛❧t❤♦✉❣❤ Y (s) ✐s ♥♦t ♠♦♥♦t♦♥❡ ✐♥ ❣❡♥❡r❛❧✱ ✇❡ ❤♦✇❡✈❡r ♥♦t❡ t❤❛t✱ s✐♥❝❡ S(s, 0)
❞❡❝r❡❛s❡s ✇✐t❤ s✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡

Y (s) ≥ Ỹ (t, s) = S(t, 0) ❡r❢

(
1√
s

)
(p+ 1)µ

2
s, 0 < s < t. ✭✻✳✸✳✹✮

❲❡ ✇✐❧❧ s❡❡ ♥✉♠❡r✐❝❛❧❧② ✐♥ ❚❛❜❧❡ ✸✳✺ t❤❛t S(t0, β)✱ ✇❤✐❝❤ s❛t✐s✜❡s S(t0, β) ≤ S(t0, 0) ≤ 1✱
✐s ♦❢ t❤❡ ♦r❞❡r ∼ 0.99 ✐♥ ♦✉r ❡①❛♠♣❧❡s✱ s♦ t❤❛t t❤❡ ❧♦ss ❢r♦♠ ❢r♦♠ ❡st✐♠❛t❡ ✭✻✳✸✳✹✮ ✐s
q✉✐t❡ s♠❛❧❧✳ ◆♦✇✱ ✇❡ ♦❜s❡r✈❡ t❤❛t Ỹ (t, s) ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦
s ∈ (0, t)✱ ❞✉❡ t♦

∂

∂s

[√
π ❡r❢

(
1√
s

)
s

]
= 2

∫ 1√
s

0

e−t
2

dt− e−
1
s√
s

≥ 2
e−

1
s√
s

− e−
1
s√
s
> 0.

❋♦r ✜①❡❞ (t, r)✱ ❧❡t {[tj , tj+1], j ∈ J} ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, t]✱ ❛♥❞ s❡t τj = tj
✐❢ r ≤ 1 ❛♥❞ τj = tj+1 ✐❢ r > 1✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❡st✐♠❛t❡ Λ(t, r) ✐♥ ✭✻✳✸✳✸✮ ❜②

Λ(t, r) ≥ 1

2

∑

j∈J
(tj+1 − tj)(1− Ỹ (t, tj))

− p
p+1−1

[
❡r❢
( r + 1

2
√
t− tj

)
+ ❡r❢

( 1− r

2
√
t− τj

)]
+
.

✭✻✳✸✳✺✮
❙✐♥❝❡ ✇❡ ❛r❡ ❝♦♠♣✉t✐♥❣ ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦♥❧② ✐♥ t❤❡ ❧❛st st❡♣✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛ ♠✉❝❤
✜♥❡r ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, t]✱ s♦ ❛s t♦ ❦❡❡♣ ❡♥♦✉❣❤ ❛❝❝✉r❛❝② ✐♥ t❤❡ r❡❝t❛♥❣❧❡ r✉❧❡✳
❋♦r t❤❡ ❡①❛♠♣❧❡s ♦❢ ❚❛❜❧❡ ✸✳✺ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ ♣❛rt✐t✐♦♥ ♦❢ [0, t] ✐♥ ✶✵✵ ❡q✉❛❧ s✉❜✐♥t❡r✈❛❧s✱
✇❤✐❧❡ ❢♦r t❤❡ ❡①♣❧♦r❛t✐♦♥ ♣r♦❝❡ss✱ ✇❡ ❤❛✈❡ ✉s❡❞ ♦♥❧② ✶✵✳

❋✐♥❛❧❧②✱ ✇❡ ♦❜s❡r✈❡ ✐♥ ✭✻✳✸✳✸✮ t❤❛t Λ(t, r) ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ r > 0✱ ❛s ✇❡❧❧ ❛s t❤❡ ❢✉♥❝t✐♦♥ Wτ,β,K ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✳✼✮ ✭♦✇✐♥❣ t♦ K ≤ p✮✳ ❚❤❡r❡✲
❢♦r❡✱ ❧✐❦❡ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✱ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞
❞❡♥♦♠✐♥❛t♦r ♦❢ G(r) ✐♥ ✭✻✳✸✳✷✮ ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❛s ❢✉♥❝t✐♦♥s ♦❢ r✳ ❍❡♥❝❡✱
❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ str❛t❡❣② ❛s ✐♥ ❙❡❝t✐♦♥ ✻ ✭❝❢✳ ✭✻✳✶✳✾✮✲✭✻✳✶✳✶✵✮✮ ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✻✳✸✳✺✮
❛t t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts r = ri✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛ s❛❢❡ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ t❤❡ ✐♥✜♠✉♠
G∗ ✐♥ ✭✻✳✸✳✷✮ ♦♥❝❡ t❤❡ ♣❛r❛♠❡t❡rs β,K, τ ❛r❡ ❝❤♦s❡♥✳ ❋♦r t❤❡ ❡①❛♠♣❧❡s ✐♥ ❚❛❜❧❡ ✸✳✺ ✇❡
✉s❡❞ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✺✵✵✵ s✉❜✐♥t❡r✈❛❧s✱ ✇❤✐❧❡ ✐♥ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♣r♦❝❡ss✱ ✇❡ ✉s❡❞ ♦♥❧② ✷✵✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛❜❧❡ ✸✳✸ ✐s t❤❡ ❛♥❛❧♦❣✉❡ ❢♦r ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷ ♦❢ ❚❛❜❧❡ ✸✳✸✱ ✉s✐♥❣ t❤❡
♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t✱ ❞✉❡ t♦ t❤❡ ✜♥❡r ♠❡s❤ ✐♥ t❤❡
✜♥❛❧ st❡♣✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡r ❡st✐♠❛t❡ ρ(τ∗, β∗,K∗) ❛♥❞ t❤❡ ❡①♣❧♦r❡❞ ✈❛❧✉❡
ρ̃(τ∗, β∗,K∗) ✐s ♥♦ ❧❛r❣❡r t❤❛♥ 10−3 ❢♦r ❛♥② ♦❢ t❤❡s❡ ❡①❛♠♣❧❡s✳
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p µ ‖f‖∞ d d0 τ β K G∗ S(t0, β) ρ2(τ) λ ρ
✷ ✶ ✶✳✶ ✵✳✶ ✺ ✵✳✽✵✵✵ ✶✳✻✻✵✵ ✵✳✻✽✵✵ ✵✳✺✹✼✹ ✵✳✾✽✾✾ ✵✳✹✺✷✶ ✵✳✷✸ ✵✳✷✷✹✾

✷ ✶✳✷✺ ✶✳✸ ✵✳✶ ✸ ✵✳✽✵✵✵ ✶✳✺✹✵✵ ✵✳✺✻✵✵ ✵✳✺✼✸✺ ✵✳✾✽✵✾ ✵✳✺✹✷✸ ✵✳✷✹ ✵✳✷✷✾✾

✷ ✷ ✷✳✷✺ ✵✳✶ ✹ ✵✳✽✵✵✵ ✶✳✶✹✵✵ ✵✳✻✷✵✵ ✵✳✺✻✵✶ ✵✳✾✾✷✾ ✵✳✻✹✽✷ ✵✳✷✷ ✵✳✷✶✶✶

✷ ✷ ✷✳✷✺ ✵✳✵✺ ✹ ✵✳✼✽✵✵ ✶✳✷✸✵✵ ✵✳✺✵✵✵ ✵✳✺✼✶✷ ✵✳✾✾✷✸ ✵✳✻✷✼✷ ✵✳✷✻ ✵✳✷✺✵✷

✷ ✸ ✸✳✺ ✵✳✵✶ ✺ ✵✳✽✵✵✵ ✵✳✾✸✵✵ ✵✳✻✹✵✵ ✵✳✺✺✾✶ ✵✳✾✾✻✽ ✵✳✼✶✵✻ ✵✳✷✽ ✵✳✷✻✾✽

✷ ✹ ✹✳✶ ✵✳✵✺ ✺ ✵✳✼✽✵✵ ✵✳✾✶✵✵ ✵✳✹✷✵✵ ✵✳✺✾✸✵ ✵✳✾✾✼✶ ✵✳✽✵✼✶ ✵✳✷✻ ✵✳✷✹✾✺

✷ ✹ ✹✳✶ ✵✳✵✶ ✺ ✵✳✼✷✵✵ ✶✳✵✶✵✵ ✵✳✸✷✵✵ ✵✳✺✼✷✻ ✵✳✾✾✻✺ ✵✳✼✻✸✶ ✵✳✷✽ ✵✳✷✼✻✾

✷ ✹ ✼ ✵✳✵✶ ✺ ✵✳✼✹✵✵ ✵✳✼✼✵✵ ✵✳✻✻✵✵ ✵✳✹✻✺✸ ✵✳✾✾✽✶ ✵✳✺✸✷✼ ✵✳✷✸ ✵✳✷✷✸✷

✷ ✻ ✻✳✷ ✵✳✵✶ ✶✵ ✵✳✼✽✵✵ ✵✳✼✸✵✵ ✵✳✹✻✵✵ ✵✳✺✾✺✼ ✵✳✾✾✾✹ ✵✳✽✺✷✾ ✵✳✷✾ ✵✳✷✽✺✻

✷ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✽✵✵✵ ✵✳✺✹✺✵ ✵✳✺✷✵✵ ✵✳✻✵✵✼ ✵✳✾✾✾✼ ✵✳✾✸✶✵ ✵✳✸ ✵✳✷✾✷✶

✶✳✺ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✼✹✵✵ ✵✳✺✹✺✵ ✵✳✸✽✵✵ ✵✳✻✸✹✾ ✵✳✾✾✾✻ ✵✳✾✵✼✹ ✵✳✸✷ ✵✳✸✶✵✶

✶ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✻✽✵✵ ✵✳✺✷✺✵ ✵✳✸✵✵✵ ✵✳✻✼✻✷ ✵✳✾✾✾✺ ✵✳✽✼✺✺ ✵✳✸✹ ✵✳✸✸✶✺

✵✳✺ ✶✵ ✶✵ ✵✳✵✵✺ ✶✵ ✵✳✻✷✵✵ ✵✳✹✻✺✵ ✵✳✷✻✵✵ ✵✳✼✺✵✸ ✵✳✾✾✾✸ ✵✳✽✷✸✶ ✵✳✸✼ ✵✳✸✻✽✾

❚❛❜❧❡ ✸✳✺ ✕ ◆✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①❛♠♣❧❡s ❢♦r ❚❤❡♦r❡♠s ✷✳✶✲✷✳✷✳

❋✐❣✉r❡ ✸✳✻ ✕ ❚❤❡ ❢✉♥❝t✐♦♥ G(r) ✐♥ ✭✻✳✸✳✷✮ ❢♦r p = 2✱ µ = ‖f‖∞ = 10✱ d = 0.005✱ d0 = 10✳

❘❡♠❛r❦ ✻✳✷✳ ✭✐✮ ❲❡ ♦❜s❡r✈❡ ❢r♦♠ ❚❛❜❧❡s ✸✳✸ ❛♥❞ ✸✳✺ t❤❛t✱ ✐♥ ♦✉r ❡①❛♠♣❧❡s✱ t❤❡ ❢❛❝t♦rs(
β−d
β

)p+1
❛♥❞ S = S(t0, β) ✐♥ ❢♦r♠✉❧❛❡ ✭✶✳✸✳✹✮ ❛♥❞ ✭✷✳✶✳✸✮ ❛r❡ ❝❧♦s❡ t♦ 1 ❛♥❞ ❤❛✈❡ ♦♥❧②

s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ρ✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t t❤❡ q✉❛♥t✐t② ρ2(τ) ✐♥ ✭✻✳✷✳✶✮ ❞♦❡s ♥♦t
❛✛❡❝t ρ ✭✐♥❞❡❡❞✱ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✷✳✶✳✸✮✱ ❛♥❞ t✉r♥s ♦✉t t♦ ❜❡ ❧❛r❣❡r
t❤❛♥ t❤❡ ✜rst t❡r♠✮✳ ■t ❢♦❧❧♦✇s t❤❛t ρ ≈ 1

2G
∗ ✐♥ ✭✷✳✶✳✸✮✱ ♦♥❝❡ t❤❡ ♦♣t✐♠❛❧ ♥✉♠❡r✐❝❛❧

♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ s❡❧❡❝t❡❞✳

✭✐✐✮ ❘❡❝❛❧❧ t❤❛t G∗ ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ G(r) ✐♥ ✭✻✳✸✳✷✮✳ ❆
♣❧♦t ♦❢ G(r) ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✻ ✭❢♦r t❤❡ ❧❛st ❡①❛♠♣❧❡ ✇✐t❤ p = 2 ✐♥ ❚❛❜❧❡ ✸✳✺✱ ❛♥❞
❢♦❧❧♦✇✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t G(r) ❛♣♣❡❛rs t♦ ❜❡
♥❡✐t❤❡r ♠♦♥♦t♦♥❡ ♥♦r ❝♦♥✈❡①✳

✭✐✐✐✮ ❚❤❡ q✉❛♥t✐t② G∗ ❝♦✉❧❞ ♣♦ss✐❜❧② ❜❡ ✐♥❝r❡❛s❡❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡♥❤❛♥❝✐♥❣
❡✛❡❝t ♦♥ ut ♦❢ t❤❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ f ♦✉ts✐❞❡ t❤❡ ✐♥t❡r✈❛❧ I0 = (x0 − 1, x0 +1)✱ s♦ ❛s t♦
✐♠♣r♦✈❡ ❡st✐♠❛t❡ ✭✺✳✷✳✶✶✮ ❛♥❞ t❤❡ r❛t✐♦ ✐♥ ✭✺✳✹✳✺✮✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢
❧♦✇❡r ❛ss✉♠♣t✐♦♥s ♦♥ f ✐♥ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ ✇❡ ✇❛♥t t♦ r✉❧❡ ♦✉t t♦✉❝❤❞♦✇♥✳ ❲❡ ❤❛✈❡
♥♦t ♣✉rs✉❡❞ t❤✐s ❢✉rt❤❡r✱ s✐♥❝❡ t❤✐s ✇♦✉❧❞ ❞❡✈✐❛t❡ t♦♦ ♠✉❝❤ ❢r♦♠ t❤❡ ♠❛✐♥ ❧✐♥❡ ♦❢ t❤❡
❛rt✐❝❧❡✳



✼✳ ❆PP❊◆❉■❳ ✶✿ ❈❖▼P❆❘■❙❖◆ ❊❙❚■▼❆❚❊❙ ❋❖❘ ❚❍❊ ❍❊❆❚ ❙❊▼■●❘❖❯P ✶✶✺

✼ ❆♣♣❡♥❞✐① ✶✿ ❈♦♠♣❛r✐s♦♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❤❡❛t s❡♠✐✲
❣r♦✉♣

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❤❡❛t s❡♠✐✲
❣r♦✉♣✱ t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❡①♣r❡ss t❤❡ ✐♥✜♠❛ ✐♥ ✭✸✳✸✳✺✮ ❛♥❞ ✭✸✳✸✳✻✮ ✐♥ t❡r♠s ♦❢
t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥✳ ❍❡r❡ et∆Ω ❛♥❞ et∆R r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t s❡♠✐❣r♦✉♣
♦♥ Ω ❛♥❞ t❤❡ ❤❡❛t s❡♠✐❣r♦✉♣ ♦♥ R✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ▲❡t Ω = (−R,R) ❛♥❞ ❛ss✉♠❡ t❤❛t I0 := (x0 − 1, x0 + 1) ⊂⊂ Ω✳ ▲❡t
φ ∈ L∞(R) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✱ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ x0✱ ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥
|x− x0| ❛♥❞ s✉♣♣♦rt❡❞ ✐♥ I0✳ ❚❤❡♥✱ ❢♦r ❛❧❧ t > 0✱ ✇❡ ❤❛✈❡

(
et∆Ωφ

)
(x) ≥ e−λℓt

[
1− e−d1(R−x)/t

] (
et∆Rφ

)
(x), x0 ≤ x ≤ R, ✭✼✳✵✳✶✮

❛♥❞

(
et∆Ωφ

)
(x) ≥ e−λℓt

[
1− e−d2(R+x)/t

] (
et∆Rφ

)
(x), −R ≤ x ≤ x0, ✭✼✳✵✳✷✮

✇❤❡r❡ ℓ = R− |x0|✱ d1 = R− x0 − 1✱ d2 = R+ x0 − 1 ❛♥❞ λℓ =
( π
2ℓ

)2
✳

❘❡♠❛r❦ ✼✳✷✳ ✭✐✮ ❲❡ ♥♦t❡ t❤❛t s✐♠✐❧❛r q✉❛❧✐t❛t✐✈❡ r❡s✉❧ts ❢♦❧❧♦✇ ❢r♦♠ ❦♥♦✇♥ ❡st✐♠❛t❡s
♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t ❦❡r♥❡❧ ❡st✐♠❛t❡s ❢r♦♠ ❬✷✼❪✿

G(t, x, y) ≥ c1 min

[
1,
δ(x)δ(y)

t

]
(4πt)−n/2e−c2|x−y|

2/t, 0 < t < T. ✭✼✳✵✳✸✮

❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✼✳✵✳✸✮ ✐s ✈❛❧✐❞ ✐♥ ❛♥② s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R
n ❛♥❞

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣♣❡r ❜♦✉♥❞ ✐s ❛❧s♦ tr✉❡✳ ❆❧t❤♦✉❣❤ ❡st✐♠❛t❡ ✭✼✳✵✳✸✮ ✐s q✉✐t❡ ♣♦✇❡r❢✉❧
✭❛♥❞ r❡q✉✐r❡s s♦♣❤✐st✐❝❛t❡❞ ♠❡t❤♦❞s✮✱ ✐t ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ♦✉r ♥❡❡❞s✱ s✐♥❝❡ t❤❡ ❝♦♥st❛♥ts
c1, c2, T > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ Ω ✐♥ ❬✷✼❪ ❛r❡ ♥♦t q✉❛♥t✐t❛t✐✈❡❧② ❡st✐♠❛t❡❞✳

✭✐✐✮ ❆♥♦t❤❡r ❦❡② ❢❡❛t✉r❡ ♦❢ ❡st✐♠❛t❡s ✭✼✳✵✳✶✮✲✭✼✳✵✳✷✮ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠s ✶✳✶✲✶✳✷ ✐s
t❤❛t t❤❡② ✐♠♣❧② (

et∆ΩχI0
)
(x)

(et∆RχI0) (x)
→ 1, ❛s t/δ(x) → 0, ✭✼✳✵✳✹✮

✇✐t❤ q✉❛♥t✐t❛t✐✈❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❤❡r❡❛s ✭✼✳✵✳✹✮ ❞♦❡s ♥♦t ❢♦❧❧♦✇ ❢r♦♠ ✭✼✳✵✳✸✮✳
◗✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s s✐♠✐❧❛r t♦ ✭✼✳✵✳✹✮✱ ✈❛❧✐❞ ❛❧s♦ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ ✇❡r❡ ♦❜t❛✐♥❡❞
✐♥ ❬✷✶❪ ❜② ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✼✳✸✳ ▲❡t Ω = (x0 − ℓ, x0 + ℓ) ❛♥❞ φ1, φ2 ∈ L∞(R) ❜❡ ♥♦♥♥❡❣❛t✐✈❡✱ s②♠♠❡tr✐❝
✇✐t❤ r❡s♣❡❝t t♦ x0 ❛♥❞ ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥ |x− x0|✳ ❚❤❡♥ ✇❡ ❤❛✈❡

et∆Ω(φ1φ2) ≥
(
et∆Ωφ1

) (
et∆Rφ2

)
≥
(
et∆Ωφ1

) (
et∆Ωφ2

)
✐♥ (0,∞)× Ω✳ ✭✼✳✵✳✺✮

Pr♦♦❢✳ ❆ss✉♠❡ x0 = 0 ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛♥❞ s❡t

v(t, ·) = et∆Ωφ1, w(t, ·) = et∆Rφ2, ϕ(t, x) = v(t, x)w(t, x), t > 0, x ∈ Ω.

◆♦t❡ t❤❛t ❢♦r ❡❛❝❤ t > 0✱ t❤❡ ❢✉♥❝t✐♦♥s x 7→ v(t, x) ❛♥❞ x 7→ w(t, x) ❛r❡ ❡✈❡♥ ✐♥ x ❛♥❞
♥♦♥✐♥❝r❡❛s✐♥❣ ❢♦r x ∈ [0, ℓ]✳ ❚❤❡r❡❢♦r❡✱

ϕ
t
− ϕ

xx
= v(wt −wxx) +w(vt − vxx)− 2vxwx = −2vxwx ≤ 0, t > 0, x ∈ (−ℓ, ℓ).
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❙✐♥❝❡ ϕ(0, ·) = φ1φ2 ❛♥❞ ϕ(t,±ℓ) = 0✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t
et∆Ω(φ1φ2) ≥ ϕ ✐♥ [0,∞)× (−ℓ, ℓ)✱ ✐✳❡✳ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐♥ ✭✼✳✵✳✺✮✳ ❚❤❡ s❡❝♦♥❞ ❢♦❧❧♦✇s
❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ ✭✼✳✵✳✶✮ ✭❝❤❛♥❣✐♥❣ x t♦ −x✮✳ ▲❡t v(t, x) =(
et∆Ωφ

)
(x) ❛♥❞ ❧❡t w ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠





wt − wxx = 0, t > 0, x ∈ (−∞, R),
w(t, R) = 0, t > 0,
w(0, x) = φ(x), x ∈ (−∞, R).

❙❡t Ω1 = (x0 − ℓ, x0 + ℓ) ⊂ Ω✳ ❇② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♥❞ ✭✼✳✵✳✺✮✱ ✇❡ ❤❛✈❡

v ≥ et∆Ω1φ ≥
(
et∆Ω1χΩ1

) (
et∆Rφ

)
. ✭✼✳✵✳✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❡tt✐♥❣ ϕ(x) = cos
(π(x− x0)

2ℓ

)
✱ ✇❡ ❤❛✈❡

et∆Ω1χΩ1 ≥ et∆Ω1ϕ = e−λℓtϕ. ✭✼✳✵✳✼✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✵✳✻✮✱ ✭✼✳✵✳✼✮ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t

v(t, x0) ≥ e−λℓt
(
et∆Rφ

)
(x0) ≥ e−λℓtw(t, x0).

❋♦r ❡❛❝❤ t > 0✱ ✇❡ t❤✉s ❤❛✈❡

v(s, x0) ≥ e−λℓtw(s, x0), 0 < s ≤ t.

■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ❛♣♣❧✐❡❞ t♦ z(s, x) := v(s, x)− e−λℓtw(s, x)
♦♥ [0, t]× [x0, R] ❢♦r ❡❛❝❤ t > 0✱ t❤❛t

v(t, x) ≥ e−λℓtw(t, x), t > 0, x0 ≤ x ≤ R. ✭✼✳✵✳✽✮

◆♦✇✱ w ❛❞♠✐ts t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

w(t, x) =

∫ x0+1

x0−1

K(t, x, y)φ(y) dy,

✇❤❡r❡
K(t, x, y) = (4πt)−1/2e−(x−y)2/4t

[
1− e−(R−x)(R−y)/t

]

✐s t❤❡ ❉✐r✐❝❤❧❡t ❤❡❛t ❦❡r♥❡❧ ♦❢ t❤❡ ❤❛❧❢✲❧✐♥❡ (−∞, R)✳ ❋♦r ❛❧❧ t > 0 ❛♥❞ x ∈ [x0, R)✱ ✇❡
❤❛✈❡

w(t, x) ≥
[
1− e−(R−x0−1)(R−x)/t

] ∫ x0+1

x0−1

(4πt)−1/2e−(x−y)2/4tφ(y) dy

=
[
1− e−(R−x0−1)(R−x)/t

] (
et∆Rφ

)
(x).

❚❤✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✼✳✵✳✽✮ ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡✳

✽ ❆♣♣❡♥❞✐① ✷✿ ❖♣t✐♠❛❧✐t② ♦❢ t❤❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s a(r)

❲❡ ❤❡r❡ ❥✉st✐❢② t❤❡ ❝❧❛✐♠✱ ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ❛❜♦✉t t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s a(r)
✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♠❛✐♥ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥❛❧ J ❢r♦♠ ✭✸✳✶✳✻✮✱ ❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s ♦❢
t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t② ✭✸✳✸✳✶✮✳
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Pr♦♣♦s✐t✐♦♥ ✽✳✶✳ ▲❡t q ∈ [0, 1]✱ η ∈ (0, 1]✱ R1 > 1✱ K > 0✱ ✇✐t❤ K ≤ (p + q + 1)p/q
✐❢ q > 0✳ ▲❡t h = h(u) ❛♥❞ F = F (r, ξ) ❜❡ ❞❡✜♥❡❞ ❜② ✭✸✳✶✳✼✮ ❛♥❞ ✭✸✳✸✳✷✮✳ ❆ss✉♠❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ a ∈W 2,2([0, R1]) ♦❢

a′′(r) ≥ a(r)F
(
r,
a′(r)

a(r)

)
, 0 ≤ r < R1, ✭✽✳✵✳✶✮

a′(0) = 0, a(1) = 1, a(R1) = 0, ✭✽✳✵✳✷✮

a > 0 ❛♥❞ a′ ≤ 0 ✐♥ [0, R1)✳ ✭✽✳✵✳✸✮

✭✐✮ ❚❤❡♥ t❤❡r❡ ❡①✐st r0 ∈ [0, 1)✱ β > 0 ✇✐t❤ 1 + β ≤ R1✱ ❛♥❞ ❛ s♦❧✉t✐♦♥ ā ∈
W 2,2([r0, 1 + β]) ♦❢





ā′′(r) = ā(r)F
(
r,
ā′(r)

ā(r)

)
, ❢♦r ❛✳❡✳ r ∈ (r0, 1 + β)✱

ā′(r0) = 0, ā(1) = 1, ā(1 + β) = 0,

✭✽✳✵✳✹✮

s✉❝❤ t❤❛t
0 < ā ≤ a ❛♥❞ ā′ ≤ 0 ✐♥ [r0, 1 + β).

✭✐✐✮ ▲❡t ā ❜❡ ❡①t❡♥❞❡❞ ❜② s❡tt✐♥❣ ā(r) = ā(r0) ♦♥ [0, r0]✳ ❚❤❡♥ ā ∈ W 2,2([0, 1 + β])
❛♥❞ ā ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✵✳✶✮✲✭✽✳✵✳✸✮ ✇✐t❤ R1 r❡♣❧❛❝❡❞ ❜② 1+ β✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② ♦♣❡♥
✐♥t❡r✈❛❧ Ω ❝♦♥t❛✐♥✐♥❣ (−1− β, 1 + β)✱ ❛♥② ℓ ∈ [1, 1 + β] ❛♥❞ ❛♥② t > 0✱ ✇❡ ❤❛✈❡

inf
x∈(−ℓ,ℓ)

et∆Ωχ(−1,1)(x)

ā(|x|) ≥ inf
x∈(−ℓ,ℓ)

et∆Ωχ(−1,1)(x)

a(|x|) . ✭✽✳✵✳✺✮

Pr♦♦❢✳ ✭✐✮ ❙t❡♣ ✶✳ Pr❡❧✐♠✐♥❛r✐❡s✳ ❙❡t

F1(X) = sup
u∈(1−η,1)

f1(u,X), f1(u,X) = m1(u)X
2 −M1(u), ✭✽✳✵✳✻✮

✇❤❡r❡

m1(u) =
h′2(u)

hh′′(u)
, M1(u) =

(p+ q)Kµ

(1− u)p+1−qh(u)
. ✭✽✳✵✳✼✮

❲❡ ❝❧❛✐♠ t❤❛t
F1 ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ R✳ ✭✽✳✵✳✽✮

❲❡ ❤❛✈❡ m1 ∈ C([0, 1])✱ ♦✇✐♥❣ t♦ ✭✺✳✶✳✾✮ ❛♥❞ ✉s✐♥❣ K ≤ (p + q + 1)p/q ≤ p(p +
1)/q(1 − q) ✐❢ q ∈ (0, 1)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ q ∈ [0, 1)✱ t❤❡♥ M1 ∈ C([0, 1)) ❛♥❞
limu→1M1(u) = +∞✱ ✇❤❡r❡❛s M1 ∈ C([0, 1]) ✐❢ q = 1✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❢♦r ❛❧❧ X ∈ R✱
t❤❡r❡ ❡①✐sts u(X) ∈ [1− η, 1] s✉❝❤ t❤❛t F1(X) = f1(u(X), X) ✭✇✐t❤ u(X) ∈ [1− η, 1) ✐❢
q ∈ [0, 1)✮✳ ❚❤✐s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✽✳✵✳✻✮ ❛♥❞ ✭✽✳✵✳✼✮✱ ②✐❡❧❞s

F1(X)− F1(Y ) = f1(u(X), X)− f1(u(Y ), Y ) ≤ f1(u(X), X)− f1(u(X), Y )

= m1(u(X))(X2 − Y 2) ≤ ‖m1‖∞(|X|+ |Y |)|X − Y |.

❊①❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡s ♦❢ X,Y ✱ ❝❧❛✐♠ ✭✽✳✵✳✽✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ ❘❡s♦❧✉t✐♦♥ ♦❢ ✭✽✳✵✳✹✮ ❢♦r r < 1 ❛♥❞ ❝♦♠♣❛r✐s♦♥✳ ❙❡t F̂1(φ) := F1(φ) − φ2.
▲❡t ψ ❜❡ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠

ψ′ = F̂1(ψ), r < 1, ✇✐t❤ ψ(1) = a′(1).
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❉❡♥♦t❡ ❜② r∗ ∈ [0, 1) t❤❡ ❡♥❞♣♦✐♥t ♦❢ ✐ts ✐♥t❡r✈❛❧ ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ s❡t

ā(r) = exp
[∫ r

1

ψ(τ) dτ
]
> 0.

❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts r0 ∈ [0, 1) s✉❝❤ t❤❛t ā ∈ C2([r0, 1])✱

ā′′

ā
= F1(ψ), r0 < r < 1, ā′(r0) = 0, ā(1) = 1 ✭✽✳✵✳✾✮

❛♥❞
ā ≤ a ❛♥❞ ā′ ≤ 0 ♦♥ [r0, 1]✳ ✭✽✳✵✳✶✵✮

❯s✐♥❣ ψ = ā′

ā ✱ ✇❡ ❤❛✈❡
ā′′

ā = ψ′+ψ2 = F̂1(ψ)+ψ
2 = F1(ψ) ❢♦r ❛❧❧ r ∈ (r∗, 1)✳ ❙❡tt✐♥❣

φ = (log a)′ = a′

a ≤ 0✱ ❜② ✭✽✳✵✳✶✮✱ ✇❡ ❤❛✈❡ φ′ = a′′

a − φ2 ≥ F̂1(φ) ❢♦r ❛❧❧ r ∈ (0, 1)✱ ❛♥❞
φ(1) = a′(1) < 0✳ ❯s✐♥❣ ✭✽✳✵✳✽✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t φ, ψ ❛r❡ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ♦♥ (r∗, 1]✱ ❢♦r
❡❛❝❤ r2 ∈ (r∗, 1)✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts L > 0 s✉❝❤ t❤❛t

(φ− ψ)′+(r) ≥ [F̂1(φ(r))− F̂1(ψ(r))]χ{φ>ψ} ≥ −L(φ− ψ)+ ❛✳❡✳ ✐♥ (r2, 1)✳

❙✐♥❝❡ (φ− ψ)(1) = 0✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (φ− ψ)+ = 0 ♦♥ (r∗, 1]✱ ❤❡♥❝❡

φ(r) ≤ ψ(r), r∗ < r < 1. ✭✽✳✵✳✶✶✮

■t ❢♦❧❧♦✇s t❤❛t

a(r) = exp
[∫ r

1

φ(τ) dτ
]
≥ exp

[∫ r

1

ψ(τ) dτ
]
= ā(r), r∗ < r < 1.

◆♦✇ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥

r∗ = 0 ❛♥❞ ψ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]✳ ✭✽✳✵✳✶✷✮

❚❤❡♥✱ s✐♥❝❡ ψ(0) ≥ φ(0) = 0 ❛♥❞ ψ(1) < 0✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❧❛r❣❡st r0 ∈ [0, 1)
s✉❝❤ t❤❛t ψ(r0) = 0✳

◆❡①t ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ ✭✽✳✵✳✶✷✮ ✐s ♥♦t tr✉❡✳ ❚❤❡♥ ✇❡ ♠✉st ❤❛✈❡ limr→r∗ |ψ(r)| =
∞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ m1(u) ≤ 1 ❜② ✭✸✳✸✳✷✻✮ ❛♥❞ ✭✺✳✶✳✽✮✱ ✇❡ ❤❛✈❡ ψ′ = F̂1(ψ) =
F1(ψ) − ψ2 ≤ 0 ♦♥ (r∗, 1]✳ ■t ❢♦❧❧♦✇s t❤❛t limr→r∗ ψ(r) = +∞ ❛♥❞ t❤❡r❡ ❛❣❛✐♥ ❡①✐sts ❛
❧❛r❣❡st r0 ∈ (r∗, 1) s✉❝❤ t❤❛t ψ(r0) = 0✳

■♥ ❜♦t❤ ❝❛s❡s ✇❡ ❤❛✈❡ ā ∈ C2([r0, 1])✱ ✭✽✳✵✳✾✮ ❛♥❞ ✭✽✳✵✳✶✵✮✳

❙t❡♣ ✸✳ ❘❡s♦❧✉t✐♦♥ ♦❢ ✭✽✳✵✳✹✮ ❢♦r r > 1 ❛♥❞ ❝♦♠♣❛r✐s♦♥✳ ❇② ✭✸✳✸✳✷✻✮✱ ✭✺✳✶✳✽✮✱ ✇❡
❤❛✈❡

F (r,X) = F2(X) :=
p

p+ 1
X2, r > 1.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ a′′(r) ≥ 0 ❞✉❡ t♦ ✭✽✳✵✳✶✮✳ ❙✐♥❝❡ a(R1) = 0 < a(1)✱ ✐t ❢♦❧❧♦✇s t❤❛t
a′(1) < 0✳ ◆♦✇ s❡t

ā(r) =
(1 + β − r

β

)p+1

, 1 ≤ r ≤ 1 + β ✇❤❡r❡ β = −p+ 1

ā′(1)
> 0.

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t

ā′′

ā
= F2

( ā′
ā

)
, 1 < r < 1 + β. ✭✽✳✵✳✶✸✮
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▼♦r❡♦✈❡r✱ ā′(1) = −(p + 1)/β = a′(1) ❛♥❞ ā ∈ W 2,2(1, 1 + β)✳ ◆♦✇ ❞❡✜♥❡ F̂2(X) =

F2(X)−X2 = − X2

p+1 ✱ ❛❧♦♥❣ ✇✐t❤

φ =
a′

a
, 1 ≤ r < R1 ❛♥❞ ψ(r) =

ā′(r)

ā(r)
= − p+ 1

1 + β − r
, 1 ≤ r < 1 + β.

❯s✐♥❣ ✭✽✳✵✳✶✮ ❛♥❞ ✭✽✳✵✳✶✸✮✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ φ′ ≥ F̂2(φ), 1 ≤ r < R1✱ ❛♥❞ ψ′ =
F̂2(ψ), 1 ≤ r < 1 + β, ✇✐t❤ ψ(1) = φ(1)✳ ❆♣♣❧②✐♥❣ t❤❡ ❛r❣✉♠❡♥t ❧❡❛❞✐♥❣ t♦ ✭✽✳✵✳✶✶✮✱
t❤✐s t✐♠❡ ❢♦r r > 1✱ ✇❡ ♦❜t❛✐♥ φ(r) ≥ ψ(r) ❢♦r ❛❧❧ r ∈ (1,min(R1, 1 + β))✱ ❤❡♥❝❡

a(r) = exp
[∫ r

1

φ(τ) dτ
]
≥ exp

[∫ r

1

ψ(τ) dτ
]
= ā(r) > 0, 1 < r < min(R1, 1 + β).

✭✽✳✵✳✶✹✮
❙✐♥❝❡ a(R1) = 0✱ ✐t ❢♦❧❧♦✇s t❤❛t R1 ≥ 1 + β✳

❋✐♥❛❧❧②✱ s✐♥❝❡ ā ∈ C2([r0, 1])✱ ā ∈ W 2,2([1, 1 + β]) ❛♥❞ ā′−(1) = a′(1) = ā′+(1)✱ ✇❡
❤❛✈❡ ā ∈ W 2,2([r0, 1 + β])✳ ■♥ ✈✐❡✇ ♦❢ ✭✽✳✵✳✾✮✱ ✭✽✳✵✳✶✵✮✱ ✭✽✳✵✳✶✸✮✱ ✭✽✳✵✳✶✹✮✱ ❛♥❞ ♥♦t✐♥❣
t❤❛t ā(1 + β) = 0✱ t❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❛ss❡rt✐♦♥ ✭✐✮✳

✭✐✐✮ ❙✐♥❝❡ ā ∈ W 2,2([r0, 1 + β]) ❛♥❞ ā′+(r0) = 0✱ ✇❡ ❤❛✈❡ ā ∈ W 2,2([0, 1 + β])✳

❇② ✭✸✳✸✳✷✮✱ ❢♦r ❛❧❧ r ∈ (0, r0)✱ ✇❡ ❤❛✈❡ F (r, 0) ≤ 0✱ ❤❡♥❝❡ ā′′(r) = 0 ≥ F (r, 0) = F (r, ā
′

ā )✳
❚❤✐s ❛❧♦♥❣ ✇✐t❤ ❙t❡♣s ✷ ❛♥❞ ✸ ❣✉❛r❛♥t❡❡s t❤❛t ā ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✵✳✶✮✲✭✽✳✵✳✸✮ ✇✐t❤ R1

r❡♣❧❛❝❡❞ ❜② 1 + β✳

◆❡①t✱ s✐♥❝❡ a(r) ≥ a(r0) ≥ ā(r0) = ā(r) ♦♥ [0, r0] ❞✉❡ t♦ a′ ≤ 0✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
✭✽✳✵✳✶✵✮✱ ✭✽✳✵✳✶✹✮ t❤❛t 0 < ā ≤ a ✐♥ [0, 1 + β) ❛♥❞ ♣r♦♣❡rt② ✭✽✳✵✳✺✮ ❢♦❧❧♦✇s✳
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ P✳ ❊s♣♦s✐t♦✱ ◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦✱ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠♦❞❡❧✐♥❣ ❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙✳ ❈♦✉r❛♥t ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✲
❡♠❛t✐❝s✱ ✷✵✳ ❈♦✉r❛♥t ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ◆❡✇ ❨♦r❦❀ ❆♠❡r✐❝❛♥
▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✷✵✶✵✳ ①✐✈✰✸✶✽ ♣♣✳

❬✷❪ ❈✳ ❊st❡✈❡✱ P❤✳ ❙♦✉♣❧❡t✱ ◆♦ t♦✉❝❤❞♦✇♥ ❛t ♣♦✐♥ts ♦❢ s♠❛❧❧ ♣❡r♠✐tt✐✈✐t② ❛♥❞ ♥♦♥✲
tr✐✈✐❛❧ t♦✉❝❤❞♦✇♥ s❡ts ❢♦r t❤❡ ▼❊▼❙ ♣r♦❜❧❡♠✳ ❆❞✈❛♥❝❡s ✐♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱
❱♦❧ ✷✹✱ ◆✉♠❜❡r ✼✲✽✭✷✵✶✾✮✱ ✹✻✺✲✺✵✵✳

❬✸❪ ▼✳ ❋✐❧❛✱ ❍✳❆✳ ▲❡✈✐♥❡✱ ❏✳▲✳ ❱á③q✉❡③✱ ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ♦❢ ✇❡❛❦❧② s✐♥❣✉✲
❧❛r q✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠s✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✶✾ ✭✶✾✾✸✮✱ ✺✺✺✕✺✺✾✳

❬✹❪ ❙✳ ❋✐❧✐♣♣❛s✱ ❆✳ ❚❡rt✐❦❛s✱ ❖♥ s✐♠✐❧❛r✐t② s♦❧✉t✐♦♥s ♦❢ ❛ ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ ❛
♥♦♥❤♦♠♦❣❡♥❡♦✉s ♥♦♥❧✐♥❡❛r✐t②✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✶✻✺ ✭✷✵✵✵✮✱ ✹✻✽✕✹✾✷✳

❬✺❪ ●✳ ❋❧♦r❡s✱ ●✳ ▼❡r❝❛❞♦✱ ❏✳❆✳ P❡❧❡s❦♦✱ ◆✳ ❙♠②t❤✱ ❆♥❛❧②s✐s ♦❢ t❤❡ ❞②♥❛♠✐❝s
❛♥❞ t♦✉❝❤❞♦✇♥ ✐♥ ❛ ♠♦❞❡❧ ♦❢ ❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙✳ ❙■❆▼ ❏✳ ❆♣♣❧✳ ▼❛t❤✳ ✻✼ ✭✷✵✵✼✮✱
✹✸✹✕✹✹✻✳

❬✻❪ ❆✳ ❋r✐❡❞♠❛♥✱ ❇✳ ▼❝▲❡♦❞✱ ❇❧♦✇✲✉♣ ♦❢ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ s❡♠✐❧✐♥❡❛r ❤❡❛t ❡q✉❛✲
t✐♦♥s✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✸✹ ✭✶✾✽✺✮✱ ✹✷✺✕✹✹✼✳

❬✼❪ ◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦✱ ❖♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦st❛t✐❝
▼❊▼❙ ❞❡✈✐❝❡s✿ st❛t✐♦♥❛r② ❝❛s❡✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ✸✽ ✭✷✵✵✼✮✱ ✶✹✷✸✕✶✹✹✾✳

❬✽❪ ◆✳ ●❤♦✉ss♦✉❜✱ ❨✳ ●✉♦✱ ❖♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦st❛t✐❝
▼❊▼❙ ❞❡✈✐❝❡s ■■✿ ❞②♥❛♠✐❝ ❝❛s❡✳ ◆♦♥❧✐♥❡❛r ❉✐✛✳ ❊q♥s✳ ❆♣♣❧✳ ✶✺ ✭✷✵✵✽✮✱ ✶✶✺✕✶✹✺✳

❬✾❪ ❏✳✲❙✳ ●✉♦✱ ❖♥ t❤❡ q✉❡♥❝❤✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
❡q✉❛t✐♦♥✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✶✺✶ ✭✶✾✾✵✮✱ ✺✽✕✼✾✳

❬✶✵❪ ❏✳✲❙✳ ●✉♦✱ ◗✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠ ✐♥ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐❛✳ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧
❊q✉❛t✐♦♥s ✶✵ ✭✶✾✾✼✮✱ ✶✵✻✺✕✶✵✼✹✳

❬✶✶❪ ❏✳✲❙✳ ●✉♦✱ ❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ♦♥ ❛ ♥♦♥❧♦❝❛❧ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ t❤❡ ♠✐❝r♦✲❡❧❡❝tr♦
♠❡❝❤❛♥✐❝❛❧ s②st❡♠✳ ❚❛♠❦❛♥❣ ❏✳ ▼❛t❤✳ ✹✺ ✭✷✵✶✹✮✱ ✷✷✾✕✷✹✶✳

❬✶✷❪ ❏✳✲❙✳ ●✉♦✱ ❇✳ ❍✉✱ ❈✳✲❏✳ ❲❛♥❣✱ ❆ ♥♦♥❧♦❝❛❧ q✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ ♠✐❝r♦✲
❡❧❡❝tr♦ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✳ ◗✉❛rt❡r❧② ❆♣♣❧✳ ▼❛t❤✳ ✻✼ ✭✷✵✵✾✮✱ ✼✷✺✕✼✸✹✳

❬✶✸❪ ❏✳✲❙✳ ●✉♦✱ ◆✳■✳ ❑❛✈❛❧❧❛r✐s✱ ❖♥ ❛ ♥♦♥❧♦❝❛❧ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠ ❛r✐s✐♥❣ ✐♥ ❡❧❡❝✲
tr♦st❛t✐❝ ▼❊▼❙ ❝♦♥tr♦❧✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✸✷ ✭✷✵✶✷✮✱
✶✼✷✸✕✶✼✹✻✳
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❬✶✹❪ ❏✳✲❙✳ ●✉♦✱ ▼✳ ❙❤✐♠♦❥♦✱ ❇❧♦✇✐♥❣ ✉♣ ❛t ③❡r♦ ♣♦✐♥ts ♦❢ ♣♦t❡♥t✐❛❧ ❢♦r ❛♥ ✐♥✐t✐❛❧
❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ❆♥❛❧✳ ✶✵ ✭✷✵✶✶✮✱ ✶✻✶✕✶✼✼✳

❬✶✺❪ ❏✳✲❙✳ ●✉♦✱ P❤✳ ❙♦✉♣❧❡t✱ ◆♦ t♦✉❝❤❞♦✇♥ ❛t ③❡r♦ ♣♦✐♥ts ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♣r♦✜❧❡
❢♦r t❤❡ ▼❊▼❙ ♣r♦❜❧❡♠✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧②s✐s ✹✼ ✭✷✵✶✺✮✱ ✻✶✹✕✻✷✺✳

❬✶✻❪ ❨✳ ●✉♦✱ ❖♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙ ❞❡✈✐❝❡s ■■■✿
r❡✜♥❡❞ t♦✉❝❤❞♦✇♥ ❜❡❤❛✈✐♦r✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✹✹ ✭✷✵✵✽✮✱ ✷✷✼✼✕✷✸✵✾✳

❬✶✼❪ ❨✳ ●✉♦✱ ●❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ s✐♥❣✉❧❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ ❡❧❡❝tr♦st❛t✐❝
▼❊▼❙✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✹✺ ✭✷✵✵✽✮✱ ✽✵✾✕✽✹✹✳

❬✶✽❪ ❨✳ ●✉♦✱ ❩✳ P❛♥✱ ▼✳❏✳ ❲❛r❞✱ ❚♦✉❝❤❞♦✇♥ ❛♥❞ ♣✉❧❧✲✐♥ ✈♦❧t❛❣❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ▼❊▼❙
❞❡✈✐❝❡ ✇✐t❤ ✈❛r②✐♥❣ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳ ❙■❆▼ ❏✳ ❆♣♣❧✳ ▼❛t❤✳ ✻✻ ✭✷✵✵✺✮✱ ✸✵✾✕✸✸✽✳

❬✶✾❪ ◆✳■✳ ❑❛✈❛❧❧❛r✐s✱ ❚✳ ▼✐②❛s✐t❛✱ ❚✳ ❙✉③✉❦✐✱ ❚♦✉❝❤❞♦✇♥ ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s ✐♥
❡❧❡❝tr♦st❛t✐❝ ▼❊▼❙ ❞❡✈✐❝❡ ❡q✉❛t✐♦♥✳ ◆♦♥❧✐♥❡❛r ❉✐✛✳ ❊q♥s✳ ❆♣♣❧✳ ✶✺ ✭✷✵✵✽✮✱ ✸✻✸✕
✸✽✺✳

❬✷✵❪ ❍✳❆✳ ▲❡✈✐♥❡✱ ◗✉❡♥❝❤✐♥❣✱ ♥♦♥q✉❡♥❝❤✐♥❣✱ ❛♥❞ ❜❡②♦♥❞ q✉❡♥❝❤✐♥❣ ❢♦r s♦❧✉t✐♦♥ ♦❢
s♦♠❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❆♥♥✳ ▼❛t✳ P✉r❛ ❆♣♣❧✳ ✶✺✺ ✭✶✾✽✾✮✱ ✷✹✸✕✷✻✵✳

❬✷✶❪ ❨✳ ▼❛rt❡❧✱ P❤✳ ❙♦✉♣❧❡t✱ ❙♠❛❧❧ t✐♠❡ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s ♦❢ ♣❛r❛❜♦❧✐❝
❡q✉❛t✐♦♥s ✇✐t❤ ♥♦♥❝♦♠♣❛t✐❜❧❡ ❞❛t❛✳ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳ ✭✾✮ ✼✾ ✭✷✵✵✵✮✱ ✻✵✸✕✻✸✷✳

❬✷✷❪ ❏✳❆✳ P❡❧❡s❦♦✱ ❆✳❆✳ ❚r✐♦❧♦✱ ◆♦♥❧♦❝❛❧ ♣r♦❜❧❡♠s ✐♥ ▼❊▼❙ ❞❡✈✐❝❡ ❝♦♥tr♦❧✳ ❏✳
❊♥❣r❣✳ ▼❛t❤✳ ✹✶ ✭✷✵✵✶✮✱ ✸✹✺✕✸✻✻✳

❬✷✸❪ ❏✳❆✳ P❡❧❡s❦♦✱ ❉✳❍✳ ❇❡r♥st❡✐♥✱ ▼♦❞❡❧✐♥❣ ▼❊▼❙ ❛♥❞ ◆❊▼❙✳ ❈❤❛♣♠❛♥ ❍❛❧❧
❛♥❞ ❈❘❈ Pr❡ss✱ ✷✵✵✷✳

❬✷✹❪ ❉✳ P❤✐❧❧✐♣s✱ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ q✉❡♥❝❤✐♥❣ ♣r♦❜❧❡♠s✳ ❆♣♣❧✐❝❛❜❧❡ ❆♥❛❧✳ ✷✹
✭✶✾✽✼✮✱ ✷✺✸✕✷✻✹✳

❬✷✺❪ P✳ ◗✉✐tt♥❡r✱ P❤✳ ❙♦✉♣❧❡t✱ ❙✉♣❡r❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✳ ❇❧♦✇✲✉♣✱ ❣❧♦❜❛❧
❡①✐st❡♥❝❡ ❛♥❞ st❡❛❞② st❛t❡s✳ ❇✐r❦❤ä✉s❡r ❆❞✈❛♥❝❡❞ ❚❡①ts✱ ✷✵✵✼✳
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❆♥❛❧✳ ✼✺ ✭✶✾✽✵✮✱ ✶✷✼✕✶✹✺✳

❬✷✼❪ ◗✳❙✳ ❩❤❛♥❣✱ ❚❤❡ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r ♦❢ ❤❡❛t ❦❡r♥❡❧s ♦❢ ❉✐r✐❝❤❧❡t ▲❛♣❧❛❝✐❛♥s✳ ❏✳
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❈❤❛♣t❡r ✹

❙✐♥❣❧❡✲♣♦✐♥t ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♦♥

t❤❡ ❜♦✉♥❞❛r② ❢♦r ❞✐✛✉s✐✈❡

❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✐♥

❞♦♠❛✐♥s ✇✐t❤ ♥♦♥✲❝♦♥st❛♥t

❝✉r✈❛t✉r❡✳

❈❛r❧♦s ❊st❡✈❡

Pr❡♣r✐♥t ❛r❳✐✈✿✶✾✵✷✳✵✸✵✽✵✳ ❙✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥

❆❜str❛❝t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐✛✉s✐✈❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ut − ∆u = |∇u|p ✐♥ ❛
❜♦✉♥❞❡❞ ♣❧❛♥❛r ❞♦♠❛✐♥ ✇✐t❤ ③❡r♦ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ■t ✐s ❦♥♦✇♥ t❤❛t✱ ❢♦r
p > 2✱ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❡①❤✐❜✐t ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ✭●❇❯✮ ❛t t❤❡ ❜♦✉♥❞❛r②✳
■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡ ●❇❯ s❡t ❜❡✐♥❣ r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡ ♣♦✐♥t✳
■♥ ❛ ♣r❡✈✐♦✉s ✇♦r❦ ❬❨✳✲❳✳ ▲✐✱ P❤✳ ❙♦✉♣❧❡t✱ ✷✵✵✾❪✱ ✐t ✇❛s s❤♦✇♥ t❤❛t s✐♥❣❧❡ ♣♦✐♥t ●❇❯
s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ✈❡r② ♣❛rt✐❝✉❧❛r ❞♦♠❛✐♥s✱ ✐✳❡✳ ❧♦❝❛❧❧② ✢❛t ❞♦♠❛✐♥s ❛♥❞ ❞✐s❦s✳
❍❡r❡✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✐♥❣❧❡ ♣♦✐♥t ●❇❯ s♦❧✉t✐♦♥s ✐♥ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❞♦♠❛✐♥s✱ ❢♦r
✇❤✐❝❤ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♠❛② ❜❡ ♥♦♥❝♦♥st❛♥t ♥❡❛r t❤❡ ●❇❯ ♣♦✐♥t✳

❖✉r str❛t❡❣② ✐s t♦ ✉s❡ ❛ ❜♦✉♥❞❛r②✲✜tt❡❞ ❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ❝♦♠❜✐♥❡❞ ✇✐t❤
s✉✐t❛❜❧❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s ❛♥❞ ❛♣♣r♦♣r✐❛t❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡
❞❡r✐✈❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s s❛t✐s✜❡❞ ❜② t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s
♥❡❝❡ss✐t❛t❡ ❧♦♥❣ ❛♥❞ t❡❝❤♥✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❜♦✉♥❞❛r②✲✜tt❡❞ ❝♦♦r❞✐♥❛t❡s✳

✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ✜rst r❡s✉❧ts

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❞✐✛✉s✐✈❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛✲
t✐♦♥ 




ut −∆u = |∇u|p, x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

✭✶✳✵✳✶✮

✇❤❡r❡ Ω ✐s ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
2✱ p > 2 ❛♥❞

u0 ∈ X+ := {v ∈ C1(Ω); v ≥ 0, v|∂Ω = 0}.

✶✷✸
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❊q✉❛t✐♦♥ ✭✶✳✵✳✶✮ ✐s ❛ t②♣✐❝❛❧ ♠♦❞❡❧✲❝❛s❡ ✐♥ t❤❡ t❤❡♦r② ♦❢ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛✲
t✐♦♥s✱ ❜❡✐♥❣ t❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ♦❢ ❛ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ♥♦♥❧✐♥❡❛r✐t② ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ■t ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ♣❛st t✇❡♥t② ②❡❛rs
❛♥❞ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐❢ p ≤ 2 ♦r ✐❢ Ω = R

n✱ t❤❡♥ ❛❧❧ s♦❧✉t✐♦♥s ❡①✐st ❣❧♦❜❛❧❧② ✐♥ t❤❡
❝❧❛ss✐❝❛❧ s❡♥s❡✱ s❡❡ ❬✸❪✱ ❬✼❪✱ ❬✽❪✱ ❬✾❪✱ ❬✶✹❪✱ ❬✶✺❪✱ ❬✷✶❪✱ ❬✷✾❪✱ ❬✸✶❪✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❢♦r t❤❡ ❝❛s❡
♦❢ s✉♣❡rq✉❛❞r❛t✐❝ ❣r♦✇t❤ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✱ ✐✳❡✳ p > 2✱ ✇✐t❤ Ω 6= R

n✱ s♦❧✉t✐♦♥s ❡①❤✐❜✐t
s✐♥❣✉❧❛r✐t✐❡s ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥✐t✐❛❧ ❞❛t❛✳ ❚❤❡ ♥❛t✉r❡ ♦❢ t❤✐s s✐♥❣✉❧❛r✐t② ✐s ♦❢ ❣r❛❞✐❡♥t
❜❧♦✇✲✉♣ t②♣❡✱ ❛♥❞ ♦❝❝✉rs ♦♥ s♦♠❡ s✉❜s❡t ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✱ s❡❡ ❬✶❪✱ ❬✷❪✱ ❬✹❪✱
❬✻❪✱ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✻❪✱ ❬✶✽❪✱ ❬✷✷❪✱ ❬✷✾❪✱ ❬✸✵❪✱ ❬✸✷❪✱ ❬✸✸❪✳

■♥ ❛❞❞✐t✐♦♥✱ ❡q✉❛t✐♦♥ ✭✶✳✵✳✶✮ ❛r✐s❡s ✐♥ st♦❝❤❛st✐❝ ❝♦♥tr♦❧ t❤❡♦r② ❬✷✸❪✱ ❛♥❞ ✐s ✐♥✈♦❧✈❡❞ ✐♥
❝❡rt❛✐♥ ♣❤②s✐❝❛❧ ♠♦❞❡❧s✱ ❢♦r ❡①❛♠♣❧❡ ♦❢ ❜❛❧❧✐st✐❝ ❞❡♣♦s✐t✐♦♥ ♣r♦❝❡ss❡s✱ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥
❞❡s❝r✐❜❡s t❤❡ ❣r♦✇t❤ ♦❢ ❛♥ ✐♥t❡r❢❛❝❡✱ s❡❡ ❬✶✼❪✱ ❬✶✾❪✱ ❬✷✵❪✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❝❧❛ss✐❝❛❧ t❤❡♦r②✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✷✱ ❚❤❡♦r❡♠ ✶✵✱ ♣✳ ✷✵✻❪✱ t❤❛t
♣r♦❜❧❡♠ ✭✶✳✵✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧✱ ♥♦♥♥❡❣❛t✐✈❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ u ∈ C2,1(Ω ×
(0, T )) ∩ C1,0(Ω × [0, T ))✱ ✇❤❡r❡ T = T (u0) ✐s t❤❡ ♠❛①✐♠❛❧ ❡①✐st❡♥❝❡ t✐♠❡✳ ❇② t❤❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ❢♦r ♣r♦❜❧❡♠ ✭✶✳✵✳✶✮ ✇❡ ❤❛✈❡

‖u(t)‖∞ ≤ ‖u0‖∞, 0 < t < T.

❙✐♥❝❡ ✭✶✳✵✳✶✮ ✐s ✇❡❧❧ ♣♦s❡❞ ✐♥ X+✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ✐❢ T <∞✱ t❤❡♥

lim
t→T

‖∇u(t)‖∞ = ∞.

❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ♦❢ ∇u ❜❧♦✇✐♥❣ ✉♣ ✇✐t❤ u r❡♠❛✐♥✐♥❣ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐s ❦♥♦✇♥ ❛s
❣r❛❞✐❡♥t ❜❧♦✇✲✉♣✳ ❚❤❡ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ s❡t ♦❢ u ✐s ❞❡✜♥❡❞ ❜②

GBUS(u0) = {x0 ∈ ∂Ω; lim sup
t→T, x→x0

|∇u(x, t)| = ∞}.

❲❡ ❝❛❧❧ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♣♦✐♥t ✭●❇❯ ♣♦✐♥t ❢♦r s❤♦rt✮ ❛♥② ♣♦✐♥t ✐♥ GBUS(u0)✳ ❚❤❡
s♣❛❝❡ ♣r♦✜❧❡ ❛t t = T ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✶✵❪✱ ❬✹❪✱ ❬✸✸❪✱ ❬✶✻❪✱ ❬✷✹❪✳ ❋♦r r❡s✉❧ts ♦♥ t❤❡
●❇❯ r❛t❡✱ ✇❡ r❡❢❡r t♦ ❬✶✵❪✱ ❬✶✻❪✱ ❬✸✹❪✱ ❬✷✻❪✳ ❆❧s♦✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ❛ ✇❡❛❦
❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛❢t❡r ●❇❯ ❛r❡ st✉❞✐❡❞ ✐♥ ❬✶✶❪✱ ❬✻❪✱ ❬✷✼❪✱ ❬✷✺❪✱ ❬✷✽❪✳

❋r♦♠ ❬✸✸✱ ❚❤❡♦r❡♠ ✸✳✷❪✱ ✐t ❢♦❧❧♦✇s t❤❛t ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ❝❛♥ ♦♥❧② ♦❝❝✉r ❛t t❤❡
❜♦✉♥❞❛r② ✭s❡❡ ❛❧s♦ ❬✷❪✱ ❬✹❪✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✐s ❣✐✈❡♥✿

|∇u| ≤ C1δ
− 1

p−1 (x, y) + C2 ✐♥ Ω× [0, T ), ✭✶✳✵✳✷✮

✇❤❡r❡ C1 = C1(n, p) > 0 ❛♥❞ C2 = C2(p,Ω, ‖u0‖C1) > 0✳ ❍❡r❡✱ δ(x, y) ✐s t❤❡ ❞✐st❛♥❝❡
❢✉♥❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r②✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❤❛✈✐♥❣ ✐s♦❧❛t❡❞ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣
♣♦✐♥ts ❛t t❤❡ ❜♦✉♥❞❛r②✳ ❯♣ t♦ ♥♦✇✱ t❤❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ r❡s✉❧ts ♦❢ t❤✐s ❦✐♥❞✱ ❡♥s✉r✐♥❣
s✐♥❣❧❡✲♣♦✐♥t ●❇❯ ❢♦r s✉✐t❛❜❧❡ ✐♥✐t✐❛❧ ❞❛t❛✱ ❛r❡ t❤♦s❡ ❢r♦♠ ❬✷✷❪✱ ❛♥❞ t❤❡② ❛r❡ r❡str✐❝t❡❞
t♦ ✈❡r② ♣❛rt✐❝✉❧❛r ❞♦♠❛✐♥s✱ ♥❛♠❡❧② ❞✐s❦s ❛♥❞ ❧♦❝❛❧❧② ✢❛t ❞♦♠❛✐♥s ✇✐t❤ s♦♠❡ s②♠♠❡tr②
❛ss✉♠♣t✐♦♥s ✭s❡❡ ❛❧s♦ ❬✺❪ ❢♦r ❛ r❡❧❛t❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ♥♦♥❧✐♥❡❛r ❞✐✛✉s✐♦♥ ✐♥ ❧♦❝❛❧❧② ✢❛t
❞♦♠❛✐♥s✮✳

❆s ✐t t✉r♥s ♦✉t✱ ❛ ❦❡② ❢❡❛t✉r❡ ✐♥ t❤❡ ♣r♦♦❢s ✐♥ ❬✷✷❪✱ ❬✺❪ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝✉r✈❛t✉r❡
♦❢ t❤❡ ❜♦✉♥❞❛r② ✐s ❝♦♥st❛♥t ♥❡❛r t❤❡ ●❇❯ ♣♦✐♥t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ❛❜❧❡ t♦ s❤♦✇ t❤❛t
t❤✐s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❛❜❧② r❡❧❛①❡❞ ❛♥❞ ✇❡ ❝♦✈❡r ❧❛r❣❡ ❝❧❛ss❡s ♦❢ ❞♦♠❛✐♥s✳

■♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ ❣♦♦❞ ✐❧❧✉str❛t✐♦♥ ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts ✇✐t❤♦✉t ❡♥t❡r✐♥❣ ✐♥t♦ t♦♦
♠✉❝❤ t❡❝❤♥✐❝❛❧✐t②✱ ❧❡t ✉s r✐❣❤t ❛✇❛② ❢♦r♠✉❧❛t❡ ❛ s✐♥❣❧❡ ♣♦✐♥t ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ r❡s✉❧t ❢♦r
t✇♦ t②♣✐❝❛❧ ❝❧❛ss❡s ♦❢ ❞♦♠❛✐♥s✳ ▼♦r❡ ❣❡♥❡r❛❧ r❡s✉❧ts ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❲❡ ✜rst
tr❡❛t t❤❡ ❝❛s❡ ♦❢ ❡❧❧✐♣s❡s✳
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❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t p > 2 ❛♥❞ Ω ⊂ R
2 ❜❡ ❛♥ ❡❧❧✐♣s❡✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ✐♥✐t✐❛❧ ❞❛t❛

u0 ∈ X+ s✉❝❤ t❤❛t T (u0) < ∞ ❛♥❞ GBUS(u0) ❝♦♥t❛✐♥s ♦♥❧② ❛ ❜♦✉♥❞❛r② ♣♦✐♥t ♦❢
♠✐♥✐♠❛❧ ❝✉r✈❛t✉r❡✳

❋♦r ♦✉r s❡❝♦♥❞ ❝❧❛ss ♦❢ ❞♦♠❛✐♥s✱ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ✐s t❤❛t t❤❡ ●❇❯ ♣♦✐♥t ❤❛s ✐ts
❝❡♥t❡r ♦❢ ❝✉r✈❛t✉r❡ ❧②✐♥❣ ♦✉ts✐❞❡ Ω ❛♥❞ ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❝✉r✈❛t✉r❡✱ ❛❧♦♥❣ ✇✐t❤
s✉✐t❛❜❧❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s✳ ◆❛♠❡❧②✱ ✇❡ ❛ss✉♠❡✿

Ω ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡ x = 0 ❛♥❞ ❝♦♥✈❡① ✐♥
t❤❡ x✲❞✐r❡❝t✐♦♥✱

✭✶✳✵✳✸✮

∂Ω ✐s t❛♥❣❡♥t t♦ t❤❡ ❧✐♥❡ y = 0 ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ Ω ⊂ {y > 0}, ✭✶✳✵✳✹✮

❚❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ R(x) ♦❢ ∂Ω ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥
❢♦r x > 0 s♠❛❧❧ ❛♥❞ Ω ⊂ {y < R(0)}, ✭✶✳✵✳✺✮

❋♦r ❛❧❧ X0 ∈ ∂Ω ∩ {x > 0} ❝❧♦s❡ t♦ t❤❡ ♦r✐❣✐♥✱ t❤❡ s②♠♠❡tr✐❝ ♦❢ ΩX0

✇✐t❤ r❡s♣❡❝t t♦ ΛX0
✐s ❝♦♥t❛✐♥❡❞ ✐♥ Ω✱ ✇❤❡r❡ ΛX0

✐s t❤❡ ♥♦r♠❛❧
❧✐♥❡ t♦ ∂Ω ❛t X0✱ ❛♥❞ ΩX0 ✐s t❤❡ ♣❛rt ♦❢ Ω t♦ t❤❡ r✐❣❤t ♦❢ ΛX0 ✳

✭✶✳✵✳✻✮

❙❡❡ ❋✐❣✉r❡ ✹✳✶ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❞♦♠❛✐♥ s❛t✐s❢②✐♥❣ t❤❡s❡ ❤②♣♦t❤❡s❡s✳ ❲❡ ♣♦✐♥t ♦✉t
t❤❛t t❤❡ ❢✉♥❝t✐♦♥ R(x) ✐♥ ✭✶✳✵✳✺✮ ✐s ✈❛❧✉❡❞ ✐♥ (0,∞]✳

❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t p > 2 ❛♥❞ s✉♣♣♦s❡ Ω ⊂ R
2 ✐s ❛ ❞♦♠❛✐♥ s❛t✐s❢②✐♥❣ ✭✶✳✵✳✸✮✕✭✶✳✵✳✻✮✳

❚❤❡♥✱ t❤❡r❡ ❡①✐st ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ X+ s✉❝❤ t❤❛t T (u0) < ∞ ❛♥❞ GBUS(u0) ❝♦♥t❛✐♥s
♦♥❧② t❤❡ ♦r✐❣✐♥✳

❘❡♠❛r❦ ✶✳✸✳ ✐✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧♦❝❛❧❧② ✢❛t ❞♦♠❛✐♥s st✉❞✐❡❞ ✐♥ ❬✷✷❪✱
❝♦♥❞✐t✐♦♥ ✭✶✳✵✳✻✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✶✳✵✳✸✮✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ❛♥② X0 ∈ ∂Ω∩{x >
0} ♥❡❛r t❤❡ ♦r✐❣✐♥✱ ΛX0 ✇✐❧❧ ❜❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❧✐♥❡ x = 0✳ ❆❧s♦ ❤②♣♦t❤❡s✐s ✭✶✳✵✳✺✮
✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❜② ❧♦❝❛❧❧② ✢❛t ❞♦♠❛✐♥s✳

✐✐✳ ❆❧t❤♦✉❣❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ✐♥✐t✐❛❧ ❞❛t❛ ❢♦r ✇❤✐❝❤ t❤❡ ●❇❯ s❡t ✐s ❛r❜✐tr❛r✐❧②
❝♦♥❝❡♥tr❛t❡❞ ❝❧♦s❡ t♦ ❛♥② ❣✐✈❡♥ ❜♦✉♥❞❛r② ♣♦✐♥t ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✮✱ ✐t ✐s ♣r❡s❡♥t❧②
❛ ✭♣r♦❜❛❜❧② ❞✐✣❝✉❧t✮ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r s✐♥❣❧❡ ♣♦✐♥t ●❇❯ ♠❛② ♦❝❝✉r ♦♥ ♣♦✐♥ts
♦t❤❡r t❤❛♥ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢ t❤❡ ❝✉r✈❛t✉r❡✳
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X0•

ΛX0

ΩX0

❋✐❣✉r❡ ✹✳✶ ✕ ❊①❛♠♣❧❡ ♦❢ ❞♦♠❛✐♥ s❛t✐s❢②✐♥❣ ❤②♣♦t❤❡s❡s ✭✶✳✵✳✸✮✕✭✶✳✵✳✻✮✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❣✐✈❡ s✐♥❣❧❡ ♣♦✐♥t ●❇❯ r❡s✉❧ts ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ❚❤❡♦r❡♠s ✶✳✶
❛♥❞ ✶✳✷✱ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ♠♦r❡ t❡❝❤♥✐❝❛❧ st❛t❡♠❡♥ts ✭s❡❡ ❚❤❡♦r❡♠s ✷✳✸ ❛♥❞ ✷✳✺✮✳ ❚❤❡
t❡❝❤♥✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ st❛t❡♠❡♥ts ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ t❤❡
❤②♣♦t❤❡s❡s ✐♥✈♦❧✈❡❞✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛❞❛♣t❡❞ t♦ t❤❡ ❜♦✉♥❞❛r②
♥❡❛r t❤❡ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♣♦✐♥t ✭❛♥❞ ❛❝t✉❛❧❧② t❤✐s ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ❝r✉❝✐❛❧❧② ✉s❡❞
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r r❡s✉❧ts✮✳



✶✷✻ ❈❍❆P❚❊❘ ✹✳ ●❇❯ ❋❖❘ ❉■❋❋❯❙■❱❊ ❍❆▼■▲❚❖◆✲❏❆❈❖❇■ ❊◗✳

✷ ●❡♥❡r❛❧ r❡s✉❧ts

❲❡ ✐♥tr♦❞✉❝❡ ❛ ❝❧❛ss ♦❢ s②♠♠❡tr✐❝ ❞♦♠❛✐♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡ x = 0✱ ❝♦♥t❛✐♥✐♥❣
t❤♦s❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠s✱ ❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♥str✉❝t s✐♥❣❧❡✲♣♦✐♥t
●❇❯ s♦❧✉t✐♦♥s✳ ❆ ✜rst st❡♣ ♦❢ ♦✉r str❛t❡❣② ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ u ✐s ♠♦♥♦t♦♥❡
✐♥ t❤❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ●❇❯ ♣♦✐♥t✳ ■t ✐s
t❤❡r❡❢♦r❡ ♥❛t✉r❛❧ t♦ ✐♥tr♦❞✉❝❡ ❛ ❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛❞❛♣t❡❞ t♦ t❤❡ ❞♦♠❛✐♥✱
❛❧❧♦✇✐♥❣ ✉s t♦ st✉❞② t❤❡ s✐❣♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥ t♦
t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✏❜♦✉♥❞❛r②✲✜tt❡❞✑ ❝♦♦r❞✐♥❛t❡
s②st❡♠ ♦r ✏✢♦✇ ❝♦♦r❞✐♥❛t❡s✑✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ✉s❡ ♦❢ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❜r✐♥❣s
s♦♠❡ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s✱ ❛♥❞ t❤❛t ❧♦♥❣ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ q✉✐t❡ ❞❡❧✐❝❛t❡ ❛r❣✉♠❡♥ts
❛r❡ r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ t❤❡ t❡r♠s r❡❧❛t❡❞ t♦ t❤❡ ♥♦♥✲❝♦♥st❛♥t ❝✉r✈❛t✉r❡ ✭✉♥❞❡r
❛♣♣r♦♣r✐❛t❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥✮✳ ❍♦✇❡✈❡r✱ ♦✉r ❛tt❡♠♣ts t♦ ♣r♦✈❡ s✉❝❤ r❡s✉❧ts✱
♦♥ s✐♥❣❧❡✲♣♦✐♥t ●❇❯ ✐♥ ❞♦♠❛✐♥s ✇✐t❤ ♥♦♥❝♦♥st❛♥t ❝✉r✈❛t✉r❡✱ ❜② ♠❡r❡❧② ✉s✐♥❣ ❝❛rt❡s✐❛♥
❝♦♦r❞✐♥❛t❡s ♦r ❧♦❝❛❧ ❝❤❛rts ❤❛✈❡ t✉r♥❡❞ ♦✉t t♦ ❜❡ ✉♥s✉❝❝❡ss❢✉❧✳

◆❡①t✱ ✇❡ s❡t t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡
❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❙❡❡ ❋✐❣✉r❡ ✹✳✷ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤✐s
♥♦t❛t✐♦♥✳

◆♦t❛t✐♦♥ ✷✳✶✳

• Ω ✐s ❛ s♠♦♦t❤❧② ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ R2 ❛♥❞ ν = (νx, νy) ❞❡♥♦t❡s t❤❡ ✉♥✐t ♥♦r♠❛❧
♦✉t✇❛r❞ ✈❡❝t♦r t♦ ∂Ω✳

• Γ ⊂ ∂Ω ✐s ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r② ♣✐❡❝❡✱ ✇✐t❤ (0, 0) ∈ Γ✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t

Ω ❛♥❞ Γ ❛r❡ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡ x = 0✳ ✭✷✳✵✳✶✮

• ❋♦r ❣✐✈❡♥ s0 > 0✱ t❤❡ ♠❛♣

γ(s) = (α(s), β(s)), s ∈ [−s0, s0]✱

✐s ❛♥ ❛r❝❧❡♥❣t❤ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ Γ ✭✐✳❡✳ α′(s)2 + β′(s)2 = 1✮✱ ✇✐t❤ γ(0) = (0, 0)✳

• ❲❡ ❞❡♥♦t❡

T (s) = (α′(s), β′(s)), N(s) = T⊥(s) = (−β′(s), α′(s)), ❢♦r ❛❧❧ s ∈ [−s0, s0]✳

❲❡ s❡❡ t❤❛t T (s) ✐s ❛ ✉♥✐t t❛♥❣❡♥t ✈❡❝t♦r t♦ ∂Ω ❛t t❤❡ ♣♦✐♥t γ(s) ❛♥❞✱ ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② ✭r❡♣❧❛❝✐♥❣ s ❜② −s ✐❢ ♥❡❝❡ss❛r②✮✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

N(s) ✐s t❤❡ ✐♥✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r t♦ ∂Ω ❛t t❤❡ ♣♦✐♥t γ(s) ✭✷✳✵✳✷✮

❛♥❞ t❤❛t
γ(0) = (0, 0), T (0) = (1, 0), N(0) = (0, 1).

• ❲❡ ❞❡♥♦t❡ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❜②

K(s) := det(γ′, γ′′) = α′β′′ − β′α′′, ❢♦r ❛❧❧ s ∈ [−s0, s0]✳

❇② t❤❡ r❡❣✉❧❛r✐t② ♦❢ ∂Ω✱ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❛♥❞ s♠♦♦t❤✳

• ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣ M := γ + rN ✱ ✐✳❡✳

M : [0,∞)× [−s0, s0] −→ R
2

(r, s) 7−→ M(r, s) = γ(s) + rN(s).
✭✷✳✵✳✸✮



✷✳ ●❊◆❊❘❆▲ ❘❊❙❯▲❚❙ ✶✷✼

❋♦r ❛ ❣✐✈❡♥ ❞♦♠❛✐♥ Ω ❛♥❞ ❛ ❜♦✉♥❞❛r② ♣✐❡❝❡ Γ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶✱ ♦✉r ❣♦❛❧ ✇✐❧❧ ❜❡
t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ❢♦r ✇❤✐❝❤ t❤❡ ●❇❯ s❡t ✐s r❡❞✉❝❡❞ t♦ t❤❡ ♦r✐❣✐♥✳
❯s✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡s ❣✐✈❡♥ ❜② t❤❡ ♠❛♣ M ✱ ✇❡ ✇✐❧❧ ✉s❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s t♦ ❡st✐♠❛t❡
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ s✳ ❚❤❡♥✱ ❛♥ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ❝♦♦r❞✐♥❛t❡ ❝✉r✈❡s
♣❛r❛❧❧❡❧ t♦ t❤❡ ❜♦✉♥❞❛r② ✇✐❧❧ ❣✐✈❡ ❛♥ ✉♣♣❡r ❡st✐♠❛t❡ ♦♥ u ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❛♣♣❧②
❛ ♥♦♥❞❡❣❡♥❡r❛❝② r❡s✉❧t ✭s❡❡ ▲❡♠♠❛ ✹✳✶ ❜❡❧♦✇✮ ❢♦r ❡❛❝❤ s > 0✱ ♣r♦✈✐♥❣ t❤❛t ❣r❛❞✐❡♥t
❜❧♦✇✲✉♣ ❝❛♥ ♦♥❧② t❛❦❡ ♣❧❛❝❡ ❛t t❤❡ ♦r✐❣✐♥✳

■♥ ♦r❞❡r t♦ ❛♣♣❧② ♦✉r ♠❡t❤♦❞s✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ s♦♠❡ ❡①tr❛ ❣❡♦♠❡tr✐❝ ❛ss✉♠♣t✐♦♥s
♦♥ t❤❡ ❞♦♠❛✐♥✳ ◆❛♠❡❧②✱ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ t❤❛t Ω ✐s ❧♦❝❛❧❧② ❝♦♥✈❡① ♥❡❛r t❤❡ ♦r✐❣✐♥ ❛♥❞
t❤❛t t❤❡ ♦r✐❣✐♥ ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ✐✳❡✳

K(0) ≥ 0 ❛♥❞ K ′(s) ≥ 0 ❢♦r ❛❧❧ s ∈ [0, s0]✱ ✭✷✳✵✳✹✮

❛❧♦♥❣ ✇✐t❤
α′(s), β′(s) > 0, ❢♦r ❛❧❧ s ∈ (0, s0). ✭✷✳✵✳✺✮

❲❡ ♥♦t❡ t❤❛t ✭✷✳✵✳✹✮ ✐♠♣❧✐❡s K(s) ≥ 0 ❢♦r s ∈ (0, s0]✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t ❝♦♥❞✐t✐♦♥
✭✷✳✵✳✺✮ ❡①❝❧✉❞❡s ❞♦♠❛✐♥s ✇❤✐❝❤ ❛r❡ ✢❛t ♥❡❛r t❤❡ ♦r✐❣✐♥✱ ❜✉t t❤✐s ❝❛s❡ ✐s ❝♦♠♣❛r❛t✐✈❡❧②
❡❛s✐❡r ❛♥❞ ✇❛s tr❡❛t❡❞ ✐♥ ❬✷✷❪✳ ❍②♣♦t❤❡s❡s ✭✷✳✵✳✹✮ ❛♥❞ ✭✷✳✵✳✺✮ ❛r❡ ♥❡❝❡ss❛r② ❢♦r t✇♦
r❡❛s♦♥s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡② ❛r❡ ♥❡❡❞❡❞ t♦ ❞❡✜♥❡ ❛ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥
M ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ ❞❡r✐✈✐♥❣ t❤❡ ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t✐❡s s❛t✐s✜❡❞
❜② t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s✱ t❤❡② ❛r❡ ♥❡❡❞❡❞ t♦ ❝♦♥tr♦❧ s♦♠❡ t❡r♠s ❝♦♠✐♥❣ ❢r♦♠ t❤❡
♥♦♥✲❝♦♥st❛♥t ❝✉r✈❛t✉r❡✳

❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s✱ ❧❡t ✉s ❞❡♥♦t❡

R(s) = 1/K(s) ∈ (0,∞], s ∈ [0, s0], ✭✷✳✵✳✻✮

t❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ ∂Ω ❛t γ(s)✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ♥❛t✉r❛❧ r❡❣✐♦♥s

QΓ =
{
(r, s) ∈ R

2; 0 ≤ r < R(s), 0 ≤ s ≤ s0
}

❛♥❞ DΓ =M(QΓ). ✭✷✳✵✳✼✮

❲❡ ♦❜s❡r✈❡ t❤❛t DΓ ✐s t❤❡ r❡❣✐♦♥ ❜♦r❞❡r❡❞ ❜② t❤❡ ❢♦✉r ❝✉r✈❡s✿ Γ✱ t❤❡ y✲❛①✐s✱ t❤❡ ♥♦r♠❛❧
❧✐♥❡ ❛t γ(s0) ❛♥❞✱ ❢r♦♠ ❛❜♦✈❡✱ t❤❡ ❡✈♦❧✉t❡ ♦❢ Γ✱ ✐✳❡✳ t❤❡ ❧♦❝✉s ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ❝❡♥t❡rs

C(s) = γ(s) +R(s)N(s). ✭✷✳✵✳✽✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ r❡❣✐♦♥ DΓ ✐s ✇❡❧❧ ♣❛r❛♠❡tr✐③❡❞ ❜② M ❛♥❞✱
❝♦♥s❡q✉❡♥t❧②✱ t❤❛t ♦♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡ us✱ ✐♥ t❤❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡
❜♦✉♥❞❛r②✳ ❆❧t❤♦✉❣❤ t❤✐s ❢❛❝t ✐s ♠♦r❡ ♦r ❧❡ss st❛♥❞❛r❞✱ ✇❡ ❣✐✈❡ ❛ ♣r♦♦❢ ✐♥ ❙❡❝t✐♦♥ ✸ ❢♦r
❝♦♥✈❡♥✐❡♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ▲❡t Ω,Γ, γ,M ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶ ❛♥❞ ❛ss✉♠❡ ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮✳

✭✐✮ ❚❤❡♥✱ t❤❡ ♠❛♣ M ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ QΓ t♦ DΓ✳

✭✐✐✮ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛♥② s♦❧✉t✐♦♥ u ♦❢ ✭✶✳✵✳✶✮✱ t❤❡ ❞❡r✐✈❛t✐✈❡

us :=
∂

∂s

[
u(M(r, s), t)

]

✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ (Ω ∩DΓ)× [0, T (u0))✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡♥s✉r❡s t❤❛t s✐♥❣❧❡✲♣♦✐♥t ●❇❯ ♦❝❝✉rs ❢♦r s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s
s❛t✐s❢②✐♥❣ ❛ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ ♥❡❛r t❤❡ ♦r✐❣✐♥✳
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❋✐❣✉r❡ ✹✳✷ ✕ ❊①❛♠♣❧❡ ♦❢ Γ, γ(s), T (s), N(s) ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶ ❛♥❞ DΓ, C(s) ❞❡✜♥❡❞ ✐♥
✭✷✳✵✳✼✮✱ ✭✷✳✵✳✽✮✳

❚❤❡♦r❡♠ ✷✳✸✳ ▲❡t p > 2✱ ❧❡t Ω,Γ, γ,M ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶ ❛♥❞ ❛ss✉♠❡ ✭✷✳✵✳✹✮✱
✭✷✳✵✳✺✮✳ ▲❡t u0 ∈ X+ ❜❡ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡ x = 0✱ s✉❝❤
t❤❛t T = T (u0) <∞✳ ❙✉♣♣♦s❡ t❤❛t

GBUS(u0) ⊂ γ
(
− s0

2 ,
s0
2

)
✭✷✳✵✳✾✮

❛♥❞ t❤❛t✱ ❢♦r s♦♠❡ t0 ∈ (0, T )✱ r0 ∈ (0, R(s0))✱ ✇❡ ❤❛✈❡

ux, us < 0 ✐♥ ω0 × (t0, T ), ✇✐t❤ ω0 := Ω ∩M
(
(0, r0)× (0, s0)

)
. ✭✷✳✵✳✶✵✮

❚❤❡♥✱ GBUS(u0) ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ♦r✐❣✐♥✳

❍②♣♦t❤❡s✐s ✭✷✳✵✳✾✮ ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❣✉❛r❛♥t❡❡✳ ■t ✐s ✐♥ ❢❛❝t s❛t✐s✜❡❞ ✇❤❡♥❡✈❡r u0
✐s s✉✣❝✐❡♥t❧② ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡ ♦r✐❣✐♥ ✭❝❢✳ ❬✷✷❪ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❜❡❧♦✇✮✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ t❤❡ ❤②♣♦t❤❡s✐s us < 0 ✐♥ ✭✷✳✵✳✶✵✮ ✐s ✐♥ ❣❡♥❡r❛❧ ♠♦r❡ ❞✐✣❝✉❧t t♦ ✈❡r✐❢②✱ ❛♥❞
r❡q✉✐r❡s ❛ss✉♠♣t✐♦♥s ♦❢ ♠♦r❡ ❣❧♦❜❛❧ ♥❛t✉r❡✳

❚❤❡ ❛ss✉♠♣t✐♦♥ ux < 0 ✐♥ ✭✷✳✵✳✶✵✮ ✐s r❡q✉✐r❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r
❞♦❡s ♥♦t ❝♦♠♠✉t❡ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ s−❞✐r❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥tr♦❧
❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ ur✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✇r✐t✐♥❣ ur ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ux ❛♥❞
us✱ s❡❡ ❢♦r♠✉❧❛ ✭✸✳✵✳✶✵✮✳ ❚❤❡ t❡r♠ ux ✐s ♦❜✈✐♦✉s❧② ♠♦r❡ tr❛❝t❛❜❧❡ s✐♥❝❡ t❤❡ x−❞❡r✐✈❛t✐✈❡
❞♦❡s ❝♦♠♠✉t❡ ✇✐t❤ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❚❤✐s r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ t✇♦ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s
J ❛♥❞ J̄ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❚❤❡♦r❡♠ ✭s❡❝t✐♦♥ ✺✮✱ t❤❡ ✜rst t♦ ❝♦♥tr♦❧ us ❛♥❞ t❤❡ s❡❝♦♥❞
t♦ ❝♦♥tr♦❧ ux✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s s❛t✐s✜❡❞ ❜② J
❛♥❞ J̄ ♥❡❝❡ss✐t❛t❡ ❧♦♥❣ ❛♥❞ t❡❝❤♥✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❜♦✉♥❞❛r②✲✜tt❡❞ ❝♦♦r❞✐♥❛t❡s✳
❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s❡❝t✐♦♥ ✺✱ ✇❡ ❣✐✈❡ ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸ ✇❤✐❝❤
s✉♠♠❛r✐③❡s t❤❡ ♠❛✐♥ ♣♦✐♥ts ♦❢ t❤❡ ♣r♦♦❢ ❛♥❞ ♠❛❦❡s ❝❧❡❛r ♦✉r str❛t❡❣②✳

❲❡ ♥❡①t ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♦♠❡tr✐❝ ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ❞♦♠❛✐♥ Ω ✉♥❞❡r ✇❤✐❝❤ ✇❡ ❛r❡
❛❜❧❡ t♦ ❝♦♥str✉❝t s♦❧✉t✐♦♥s s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✷✳✵✳✶✵✮✳ ❚♦ t❤✐s ❡♥❞ ✇❡ s❡t t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉rt❤❡r ♥♦t❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② ♠♦✈✐♥❣ ♣❧❛♥❡ ❛r❣✉♠❡♥ts t❤❛t ✇❡ r❡❧② ♦♥✳

◆♦t❛t✐♦♥ ✷✳✹✳ ❋♦r ❡❛❝❤ s ∈ [0, s0]✱ ✇❡ ❞❡♥♦t❡

• Λs t❤❡ ❧✐♥❡ γ(s) + RN(s)

• Ts(·) t❤❡ s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ Λs
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• Hs t❤❡ ❤❛❧❢✲♣❧❛♥❡ ❛t t❤❡ r✐❣❤t ♦❢ t❤❡ ❧✐♥❡ Λs✱ ✐✳❡✳✿

Hs = {P ∈ R
2; T (s) · (P − γ(s)) > 0}.

• Ωs = Ω ∩Hs✳

❯s✐♥❣ ◆♦t❛t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✹✱ t❤❡ ❤②♣♦t❤❡s❡s t❤❛t ✇❡ s❤❛❧❧ ❛ss✉♠❡ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

ω0 ⊂ DΓ, ✇❤❡r❡ ω0 := Ω ∩DΓ ∩ {y < y0}✱ ❢♦r s♦♠❡ y0 ∈ (0,∞]✱ ✭✷✳✵✳✶✶✮

νx ≥ 0 ♦♥ ∂Ω ∩ {x > 0}✱ ✭✷✳✵✳✶✷✮

νy ≥ 0 ♦♥ ∂Ω ∩ ∂ω0 ∩ {r > 0}, ✭✷✳✵✳✶✸✮

Ts0(Ωs0) ⊂ Ω, ✭✷✳✵✳✶✹✮

T+(Ω+) ⊂ Ω, ✇❤❡r❡ Ω+ := Ω ∩ {y > y0},
❛♥❞ T+(·) ✐s t❤❡ s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡ y = y0.

✭✷✳✵✳✶✺✮

❙❡❡ ❋✐❣✉r❡ ✹✳✶ ✐♥ s❡❝t✐♦♥ ✶ ❛♥❞ ❋✐❣✉r❡s ✹✳✸ ❛♥❞ ✹✳✹ ✐♥ s❡❝t✐♦♥ ✻ ❢♦r ❡①❛♠♣❧❡s ♦❢ ❞♦♠❛✐♥s
s❛t✐s❢②✐♥❣ t❤❡s❡ ❤②♣♦t❤❡s❡s✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ ❛ss✉♠♣t✐♦♥ ✭✷✳✵✳✶✶✮ ❡♥s✉r❡s t❤❛t
us ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ ω0✳ ❚❤❡ ♥❡❝❡ss✐t② ♦❢ ❝♦♥str✉❝t✐♥❣ s♦❧✉t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ♠♦♥♦✲
t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✵✳✶✵✮ ♣r❡✈❡♥ts ✉s ♦❢ ✉s✐♥❣ ♣✉r❡❧② ❧♦❝❛❧ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✷✳✸✱ ✇❤❡r❡ ✭✷✳✵✳✶✵✮ ✐s ❛ss✉♠❡❞✳ ❍❡♥❝❡✱ ✇❡ ♥❡❡❞ ❤❡r❡ t♦ s❡t t❤❡ ❜♦✉♥❞❛r②✲✜tt❡❞
❝♦♦r❞✐♥❛t❡s ✐♥ ❛ r❡❣✐♦♥ s✉✣❝✐❡♥t❧② ❜✐❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♥t✐r❡ ❞♦♠❛✐♥ Ω ✭s❡❡ ❘❡♠❛r❦
✷✳✻ ✐✳✮✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ ✉s✐♥❣ ♠♦✈✐♥❣ ♣❧❛♥❡s ❛r❣✉♠❡♥ts✳ ❖✉r r❡s✉❧t r❡❛❞s ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t p > 2 ❛♥❞ ❧❡t Ω, γ, s0, Ts,Ωs ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✹✳ ▲❡t DΓ

❜❡ ❞❡✜♥❡❞ ❜② ✭✷✳✵✳✼✮ ❛♥❞ ❛ss✉♠❡ ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮✱ ✭✷✳✵✳✶✶✮✕✭✷✳✵✳✶✺✮✳

✐✳ ❚❤❡r❡ ❡①✐st ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ X+ s✉❝❤ t❤❛t T (u0) <∞ ❛♥❞

u0 ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡ x = 0, ✭✷✳✵✳✶✻✮

u0,x ≤ 0 ✐♥ Ω ∩ {x > 0} ❛♥❞ u0,s ≤ 0 ✐♥ ω0, ✭✷✳✵✳✶✼✮

u0(P ) ≤ u0(Ts0(P )) ❢♦r ❛❧❧ P ∈ Ωs0 , ✭✷✳✵✳✶✽✮

u0(P ) ≤ u0(T+(P )) ❢♦r ❛❧❧ P ∈ Ω ∩ {y > y0}. ✭✷✳✵✳✶✾✮

GBUS(u0) ⊂ γ
(
− s0

2 ,
s0
2

)
. ✭✷✳✵✳✷✵✮

✐✐✳ ❋♦r ❛♥② s✉❝❤ u0✱ GBUS(u0) ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ♦r✐❣✐♥✳

❘❡♠❛r❦ ✷✳✻✳ ✐✳ ■❢ t❤❡ ❞♦♠❛✐♥ Ω ✐s s✉✣❝✐❡♥t❧② t❤✐♥ ✐♥ t❤❡ y✲❞✐r❡❝t✐♦♥✱ t❤❡♥ t❤❡
❝❡♥t❡r ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧✐❡s ♦✉ts✐❞❡ Ω ❢♦r ❛❧❧ s ∈ [0, s0]✳ ■♥ t❤❛t
❝❛s❡ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r y0 = +∞ ✐♥ ✭✷✳✵✳✶✶✮ ❛♥❞ ❝♦♥❞✐t✐♦♥s ✭✷✳✵✳✶✺✮ ❛♥❞ ✭✷✳✵✳✶✾✮
❞✐s❛♣♣❡❛r✳ ❲❤❡♥ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ✇❡ ❝❛♥ r❡str✐❝t ω0 t♦ {y < y0}✱ ❢♦r s♦♠❡
y0 > 0✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ❜♦✉♥❞❛r②✲✜tt❡❞ ❝♦♦r❞✐♥❛t❡s✳ ❍♦✇❡✈❡r✱ ✇❡
t❤❡♥ ❤❛✈❡ t♦ ♣❛② t❤❡ ♣r✐❝❡ ♦❢ ❛ss✉♠✐♥❣ t❤❡ r❡✢❡❝t✐♦♥ ❛ss✉♠♣t✐♦♥ ✭✷✳✵✳✶✺✮✱ ✇❤✐❝❤
❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ uy ≤ 0 ♦♥ Ω ∩ {y = y0} ❜② ❛ ♠♦✈✐♥❣ ♣❧❛♥❡s ❛r❣✉♠❡♥t✳

✐✐✳ ❍②♣♦t❤❡s✐s ✭✷✳✵✳✶✷✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❞♦♠❛✐♥ ✐s ❝♦♥✈❡① ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥✱ ❛♥❞ t❤✐s✱
t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✵✳✶✮✱ ❛❧❧♦✇s ♦♥❡ t♦ ❝♦♥str✉❝t s♦❧✉t✐♦♥s s✉❝❤ t❤❛t ux ≤ 0 ✐♥ Ω∩{x >
0}✳
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✐✐✐✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❤②♣♦t❤❡s❡s ✭✷✳✵✳✶✸✮ ❛♥❞ ✭✷✳✵✳✶✹✮ ❛r❡ ✉s❡❢✉❧ t♦ ❝♦♥str✉❝t s♦❧✉✲
t✐♦♥s s✉❝❤ t❤❛t us < 0 ✐♥ ω0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✸✮ ✐♠♣❧✐❡s t❤❛t ♦♥
t❤❡ ✉♣♣❡r ♣✐❡❝❡ ♦❢ ∂ω0 ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ∂Ω✱ us r❡♣r❡s❡♥ts t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ❛
❞✐r❡❝t✐♦♥ ♣♦✐♥t✐♥❣ ♦✉ts✐❞❡ Ω✱ ❛♥❞ t❤❡r❡❢♦r❡ us ≤ 0✳ ❚❤❡♥✱ ✇❡ ♣r♦✈❡ t❤❛t us ≤ 0 ♦♥
Λ∩ ∂ω0 ❜② ❛ ♠♦✈✐♥❣ ♣❧❛♥❡s ❛r❣✉♠❡♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥❧② ✉♥❞❡r ❤②♣♦t❤❡s✐s
✭✷✳✵✳✶✹✮✳

✐✈✳ ❖♥ ∂ω0 ∩ {y = y0}✱ ✇❡ ♣r♦✈❡ us ≤ 0 ❜② ❡①♣r❡ss✐♥❣ ✐t ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢
ux ❛♥❞ uy✱ t❤❛t ✇❡ ❝❛♥ ♣r♦✈❡ t♦ ❜❡ ♥❡❣❛t✐✈❡✱ s❡❡ ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♥ t❤✐s r❡♠❛r❦✳

❖❜s❡r✈❡ t❤❛t ✐♥ ✜❣✉r❡ ✹✳✶ t❤❡ ❞♦♠❛✐♥ ✐s s✉✣❝✐❡♥t❧② t❤✐♥ s♦ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r
y0 = +∞✳ ❊❧❧✐♣s❡s ✇✐t❤ ♥♦♥✲③❡r♦ ❡❝❝❡♥tr✐❝✐t②✱ ✐✳❡✳ ❡❧❧✐♣s❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❞✐s❦s✱ ❛r❡ ❛❧s♦
❡①❛♠♣❧❡s ♦❢ ❞♦♠❛✐♥s ✇❤❡r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② t❤✐s r❡s✉❧t✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ❝❤♦♦s❡
y0 s✉❝❤ t❤❛t t❤❡ ❧✐♥❡ {y = y0} ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❛❥♦r ❛①✐s ♦❢ t❤❡ ❡❧❧✐♣s❡✳ ❚❤❡ ❝❛s❡ ♦❢
❛ ❞✐s❦ ✐s ❡①❝❧✉❞❡❞ s✐♥❝❡✱ ✐♥ ♦r❞❡r t♦ s❛t✐s❢② ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✺✮✱ ✇❡ ♠✉st ❝♦♥s✐❞❡r ❛♥ y0
❜✐❣❣❡r ♦r ❡q✉❛❧ t❤❛♥ t❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❞✐s❦✱ ❜✉t t❤❡♥✱ ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✶✮
❝❛♥♥♦t ❤♦❧❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐s❦ ❝❛♥ ❜❡ tr❡❛t❡❞ ✉s✐♥❣ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ✭s❡❡
❬✷✷❪✮✳

❘❡♠❛r❦ ✷✳✼✳ ▲❡t p > 2 ❛♥❞ Ω ❜❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✺✱ ❞❡♥♦t❡ B+
ρ := Bρ(0, 0) ∩ {x > 0}

❛♥❞ ❧❡t ρ > 0 ❜❡ s✉❝❤ t❤❛t

Ω ∩B+
ρ ⊂ ω0, ∂Ω ∩B+

ρ ⊂ γ(0, s0/2).

■t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❜❡❧♦✇ t❤❛t T (u0) <∞ ❛♥❞ GBUS(u0) =
{(0, 0)} ✇❤❡♥❡✈❡r u0 ∈ X+ ❢♦r ✐♥st❛♥❝❡ s❛t✐s✜❡s ✭✷✳✵✳✶✻✮✱ ✭✷✳✵✳✶✼✮ ❛♥❞

supp(u0) ⊂ Ω ∩Bρ/2,
‖u0‖∞ ≤ C2,

inf
B̃ε

u0 ≥ C1ε
k ✇✐t❤ B̃ε = Bε/2(0, ε)✱ ❢♦r s♦♠❡ ε ∈ (0, ρ/2)✱

✇❤❡r❡ C1(p) > 0 ❛♥❞ C2(p,Ω, ρ) > 0✳ ▼♦r❡♦✈❡r✱ ✐♥✐t✐❛❧ ❞❛t❛ s❛t✐s❢②✐♥❣ t❤❡s❡ ❛ss✉♠♣t✐♦♥s
❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♥str✉❝t❡❞✳ ❙❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✭✐✮ ❢♦r ❞❡t❛✐❧s✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡ ❣✐✈❡ s♦♠❡ ❜❛s✐❝
❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥ ♦♥ t❤❡ ✏❜♦✉♥❞❛r②✲✜tt❡❞✑ ❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞
✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ■♥ s❡❝t✐♦♥ ✹ ✇❡ ❣✐✈❡ s♦♠❡ ✉s❡❢✉❧ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✱
❝♦♥❝❡r♥✐♥❣ ♥♦♥❞❡❣❡♥❡r❛❝② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ ●❇❯ ❛s ✇❡❧❧ ❛s ❛ ❙❡rr✐♥ t②♣❡ ❝♦r♥❡r ❧❡♠♠❛✳
❚❤❡♦r❡♠s ✷✳✸ ❛♥❞ ✷✳✺ ❛r❡ r❡s♣❡❝t✐✈❡❧② ♣r♦✈❡❞ ✐♥ s❡❝t✐♦♥s ✺ ❛♥❞ ✻✳ ❋✐♥❛❧❧② ✐♥ s❡❝t✐♦♥ ✼✱
✇❡ ❞❡❞✉❝❡ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✺✳

✸ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ■✿ ❜❛s✐❝ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❜♦✉♥❞❛r②✲
✜tt❡❞ ❝✉r✈✐❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ s♦♠❡ ❜❛s✐❝ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❣✐✈❡♥ ❜② t❤❡
♠❛♣M ✐♥ ✭✷✳✵✳✸✮✳ ❍❡r❡ Ω ❛♥❞ Γ ❛r❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶ ❛♥❞ ✇❡ ❛ss✉♠❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✵✳✹✮
❛♥❞ ✭✷✳✵✳✺✮✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ t❤❛t ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✱ M ✐s ❛
❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ QΓ t♦ DΓ✱ ✇❤❡r❡ QΓ ❛♥❞ DΓ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✷✳✵✳✼✮✳ ❚♦ ❢❛❝✐❧✐t❛t❡
t❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ✇❡ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❛♥❞
❝♦♥✈❡♥t✐♦♥s✳
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◆♦t❛t✐♦♥ ✸✳✶✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ ψ(x, y) ❞❡✜♥❡❞ ♦♥ ✭❛ ♣❛rt ♦❢✮ DΓ✱ ✇❡ ❡①♣r❡ss ψ ✐♥
t❡r♠s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s (r, s) ❜② s❡tt✐♥❣

ψ̃ := ψ ◦M,

✐✳❡✳ ψ̃(r, s) = ψ(M(r, s)) ❢♦r (r, s) ∈ QΓ✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡s
(r, s) ♦❢ ❛ ❢✉♥❝t✐♦♥ ψ = ψ(x, y) ∈ C1(DΓ) ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❜②

ψr := ψ̃r, ψs := ψ̃s. ✭✸✳✵✳✶✮

❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ(r, s) ❞❡✜♥❡❞ ♦♥ ✭❛ ♣❛rt ♦❢✮ QΓ✱ ✇❡ ❞❡♥♦t❡

ϕ̂ = ϕ ◦M−1.

■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥s ψ = ψ(x, y) ❛♥❞ ϕ = ϕ(r, s)✱ ✇❤❡♥ ♥♦ r✐s❦ ♦❢
❝♦♥❢✉s✐♦♥ ❛r✐s❡s✱ ✇❡ ✇✐❧❧ ❞r♦♣ t❤❡ t✐❧❞❡ ❛♥❞ t❤❡ ❤❛t ❛♥❞ ✇✐❧❧ ❥✉st ✇r✐t❡ ψ(r, s) ✐♥ ♣❧❛❝❡ ♦❢
ψ̃(r, s) ❛♥❞ ϕ(x, y) ✐♥ ♣❧❛❝❡ ♦❢ ϕ̂(x, y)✳

❆❧s♦✱ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦rs ✇✐❧❧ ❛❧✇❛②s ❜❡ ✉♥❞❡rst♦♦❞ ❛s

∇ψ = (ψx, ψy)

❛♥❞

∆ψ = div(∇ψ) = ψxx + ψyy,

❡✐t❤❡r ❛s ❢✉♥❝t✐♦♥s ♦❢ (x, y)✱ ♦r ❛s ❢✉♥❝t✐♦♥s ♦❢ (r, s) ✭✐✳❡✳✱ ✐♠♣❧✐❝✐t❧② ❝♦♥s✐❞❡r✐♥❣ (∇ψ)◦M
❛♥❞ (∆ψ) ◦M✮✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛✐♥ r✉❧❡✱ ✇❡ ❤❛✈❡

ψr = ∇ψ(M(r, s)) ·N(s) ❛♥❞ ψs = ∇ψ(M(r, s)) · (γ′(s) + rN ′(s)). ✭✸✳✵✳✷✮

❯s✐♥❣ ✭✸✳✵✳✼✮ ❛♥❞ ✭✸✳✵✳✽✮✱ ✇❡ ♦❜t❛✐♥

N ′(s) = −K(s)(α′(s), β′(s)) = −K(s)T (s),

❛♥❞ t❤❡♥✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✸✳✵✳✷✮ ❛s

ψr = ∇ψ ·N(s) ❛♥❞ ψs = (1− rK(s))∇ψ · T (s). ✭✸✳✵✳✸✮

◆♦t❡ t❤❛t
1− rK(s) > 0 ✐♥ DΓ ✭✸✳✵✳✹✮

♦✇✐♥❣ t♦ ✭✷✳✵✳✻✮✱ ✭✷✳✵✳✼✮✳ ❙✐♥❝❡ t❤❡ ✈❡❝t♦rs N(s) ❛♥❞ T (s) ❛r❡ ♦rt❤♦♥♦r♠❛❧✱ ✇❡ t❤❡♥
❤❛✈❡

∇ψ(r, s) ≡ (∇ψ) ◦M = ψrN(s) +
ψs

1− rK(s)
T (s), ✭✸✳✵✳✺✮

❛s ✇❡❧❧ ❛s

∇ψ · ∇ϕ = ψrϕr +
ψsϕs

(1− rK)2
. ✭✸✳✵✳✻✮

❲❡ ♥❡①t r❡❝❛❧❧ t✇♦ ❛❧t❡r♥❛t✐✈❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②
K(s)✳ ❙✐♥❝❡ γ(s) = (α(s), β(s)) ✐s ❛♥ ❛r❝❧❡♥❣t❤ ♣❛r❛♠❡tr✐③❛t✐♦♥✱ ✇❡ ❤❛✈❡

α′(s)α′′(s) + β′(s)β′′(s) =
(α′(s)2 + β′(s)2)′

2
= 0,



✶✸✷ ❈❍❆P❚❊❘ ✹✳ ●❇❯ ❋❖❘ ❉■❋❋❯❙■❱❊ ❍❆▼■▲❚❖◆✲❏❆❈❖❇■ ❊◗✳

❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ α′(s)α′′(s) = −β′(s)β′′(s)✳ ❯s✐♥❣ t❤✐s ✐❞❡♥t✐t②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

K(s) = α′(s)β′′(s)− β′(s)α′′(s) = α′(s)β′′(s) +
β′(s)β′′(s)

α′(s)
=
β′′(s)

α′(s)
, ✭✸✳✵✳✼✮

❛♥❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ r❡❝❛❧❧✐♥❣ ✭✷✳✵✳✺✮✱ ✇❡ ♦❜t❛✐♥

K(s) = −α
′′(s)

β′(s)
, s 6= 0. ✭✸✳✵✳✽✮

◆♦✇✱ ✇❡ ❣✐✈❡ s♦♠❡ ❢✉rt❤❡r ✐❞❡♥t✐t✐❡s r❡❧❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥ ❜♦✉♥❞❛r②✲✜tt❡❞ ❝♦✲
♦r❞✐♥❛t❡s ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥ ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ♦✉r ♣r♦♦❢s✱
✇❡ ❤❛✈❡ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐♥ ❡①♣r❡ss✐♥❣✱ ✇❤❡♥ ♣♦ss✐❜❧❡✱ ψr ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢
ψx ❛♥❞ ψs✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s✱ ❛♥❞ ✇✐t❤♦✉t r✐s❦ ♦❢ ❝♦♥❢✉s✐♦♥✱ ✇❡ ♦♠✐t t❤❡
❞❡♣❡♥❞❡♥❝❡ ♦♥ s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s K,α′, β′✳ ■♥ ✈✐❡✇ ♦❢ ✭✸✳✵✳✸✮✱ ✇❡ ❤❛✈❡

ψr = −β′ψx + α′ψy,

ψs
1− rK

= α′ψx + β′ψy.
✭✸✳✵✳✾✮

❚❤❡♥✱ r❡❝❛❧❧✐♥❣ ✭✷✳✵✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐❞❡♥t✐t②

ψr = − 1

β′ψx +
α′

β′
ψs

1− rK
, s 6= 0. ✭✸✳✵✳✶✵✮

❲❡ ♥♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡ ψr ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ψx ❛♥❞ ψs ♦♥❧② ✇❤❡♥
β′(s) 6= 0 ✭✐✳❡✳✱ s 6= 0✮✳ ❚❤✐s ♠❛❦❡s s❡♥s❡ s✐♥❝❡✱ ✐❢ β′(s) = 0✱ t❤❡♥ ψx = ψs ❛♥❞ ψr ✐s t❤❡
❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ y ❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ x ❛♥❞ s ❞✐r❡❝t✐♦♥s✳

❚❤❡ ♥❡①t r❡s✉❧t ✐s ❛ ✈❡r② ✉s❡❢✉❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✐♥ ✢♦✇ ❝♦♦r❞✐♥❛t❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ✭✐✮ ▲❡t ψ = ψ(x, y) ∈ C2(DΓ)✳ ❲❡ ❤❛✈❡

∆ψ ≡ (∆ψ) ◦M = ψrr −
K

1− rK
ψr +

1

(1− rK)2
ψss +

rK ′

(1− rK)3
ψs, (r, s) ∈ QΓ.

✭✸✳✵✳✶✶✮
✭✐✐✮ ■❢ ϕ = ϕ(r, s) ∈ C2(QΓ)✱ t❤❡♥ ∆ϕ ≡ [∆(ϕ◦M−1)]◦M ✐s ❛❧s♦ ❣✐✈❡♥ ❜② ✭✸✳✵✳✶✶✮ ✇✐t❤
ψ r❡♣❧❛❝❡❞ ❜② ϕ✳

Pr♦♦❢✳ ✭✐✮ ❋♦r ϕ = ϕ(r, s) r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ ϕ̂ = ϕ̂(x, y) := ϕ ◦M−1✳ ❋♦r ❛♥② ψ =
ψ(x, y) ∈ C2(DΓ)✱ ✉s✐♥❣ ✭✸✳✵✳✺✮✱ ✇❡ ♦❜t❛✐♥

∇ψ = ψ̂r N̂ +
ψ̂s

1− r̂K̂
T̂ ✐♥ DΓ✳

■t ❢♦❧❧♦✇s t❤❛t

∆ψ = ❞✐✈(∇ψ) = ∇(ψ̂r) · N̂ + ψ̂r ❞✐✈ N̂ +
1

1− r̂K̂
∇(ψ̂s) · T̂

+ψ̂s∇
(

1

1− r̂K̂

)
· T̂ +

1

1− r̂K̂
ψ̂s ❞✐✈ T̂ .

✭✸✳✵✳✶✷✮

❇② ✭✸✳✵✳✺✮✱ ✇❡ ❤❛✈❡

[(∇ϕ) ◦M ] ·N = ϕr ❛♥❞ (1− rK)[(∇ϕ) ◦M ] · T = ϕs,
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❤❡♥❝❡

∇ϕ · N̂ = ϕ̂r ≡ (ϕ ◦M)r ◦M−1 ❛♥❞ (1− r̂K̂)(∇ϕ · T̂ ) = ϕ̂s ≡ (ϕ ◦M)s ◦M−1.

❯s✐♥❣ t❤✐s ✇✐t❤ ϕ = ψ̂r✱ ✇❡ ❝❛♥ t❤✉s ✐❞❡♥t✐❢②

∇(ψ̂r) · N̂ ≡ ∇((ψ ◦M)r ◦M−1) · N̂ = (ψ ◦M)rr ◦M−1 ≡ ψrr ◦M−1, ✭✸✳✵✳✶✸✮

(1− r̂K̂)∇(ψ̂s) · T̂ ≡ (1− r̂K̂)∇((ψ ◦M)s ◦M−1) · T̂ = (ψ ◦M)ss ◦M−1 ≡ ψss ◦M−1

✭✸✳✵✳✶✹✮
❛♥❞

∇
(

1

1− r̂K̂

)
· T̂ =

1

1− r̂K̂

[
1

1− rK

]

s

◦M−1 =
rK ′

(1− rK)3
◦M−1. ✭✸✳✵✳✶✺✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ N(s) = −β′(s)(1, 0) + α′(s)(0, 1)✱ ✇❡ ❤❛✈❡

❞✐✈(N̂) = −∇β̂′ · (1, 0) +∇α̂′ · (0, 1).

❆♣♣❧②✐♥❣ ✭✸✳✵✳✺✮ ✇✐t❤ ψ = β̂′ ❛♥❞ ψ = α̂′✱ ✇❡ ♦❜t❛✐♥

[❞✐✈(N̂)] ◦M = − β′′

1− rK
T (s) · (1, 0) + α′′

1− rK
T (s) · (0, 1)

= − β′′α′

1− rK
+

α′′β′

1− rK
= − K

1− rK
. ✭✸✳✵✳✶✻✮

❙✐♠✐❧❛r❧②✱ s✐♥❝❡ T (s) = α′(s)(1, 0) + β′(s)(0, 1)✱ ❤❡♥❝❡

❞✐✈(T̂ ) = ∇α̂′ · (1, 0) +∇β̂′ · (0, 1),

✇❡ ❤❛✈❡

[❞✐✈(T̂ )] ◦M =
α′′

1− rK
T (s) · (1, 0) + β′′

1− rK
T (s) · (0, 1)

=
α′′α′

1− rK
+

β′′β′

1− rK
=

(α′2 + β′2)′

2(1− rK)
= 0. ✭✸✳✵✳✶✼✮

❋✐♥❛❧❧②✱ ♣❧✉❣❣✐♥❣ ✭✸✳✵✳✶✸✮✕✭✸✳✵✳✶✼✮ ✐♥ ✭✸✳✵✳✶✷✮✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✵✳✶✶✮✳

✭✐✐✮ ■t s✉✣❝❡s t♦ ❛♣♣❧② ❛ss❡rt✐♦♥ ✭✐✮ t♦ ψ := ϕ ◦M−1✱ ✉s✐♥❣ ✭✸✳✵✳✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
ψ̃ ≡ ψ ◦M = ϕ✳

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ■t s✉✣❝❡s t♦ s❤♦✇ ❛ss❡rt✐♦♥ ✭✐✮✳ ❲❡ ✜rst ❡st❛❜❧✐s❤ t❤❡ ✐♥❥❡❝✲
t✐✈✐t② ♦❢ M ♦♥ QΓ✳ ▲❡t C(s) = γ(s) + R(s)N(s) ❜❡ t❤❡ ❝❡♥t❡r ♦❢ ❝✉r✈❛t✉r❡✳ ❲❡ ♥♦t❡
t❤❛t DΓ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ✉♥✐♦♥ ♦❢ ❤❛❧❢✲♦♣❡♥ s❡❣♠❡♥ts✿

DΓ =
⋃

s∈[0,s0]

Σ(s), ✇❤❡r❡ Σ(s) = [γ(s), C(s))✳

❚♦ s❤♦✇ t❤❡ ✐♥❥❡❝t✐✈✐t②✱ ✐t s✉✣❝❡s t♦ ✈❡r✐❢② t❤❛t ❢♦r ❛♥② 0 ≤ s1 < s2 ≤ s0✱ t❤❡ s❡❣♠❡♥ts
Σ(s1) ❛♥❞ Σ(s2) ❞♦ ♥♦t ✐♥t❡rs❡❝t✳ ❚❤✐s ❛♠♦✉♥ts t♦ s❤♦✇✐♥❣ t❤❛t Σ(s2) ❧✐❡s ❡♥t✐r❡❧② ✐♥
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t❤❡ ♦♣❡♥ ❤❛❧❢✲♣❧❛♥❡ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❧✐♥❡ Λs1 ✱ ❞❡✜♥❡❞ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✹✱ ✇❤✐❝❤ ✐s t❤❡
❧✐♥❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡❣♠❡♥t Σ(s1)✳ ❚❤✐s ❤❛❧❢✲♣❧❛♥❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ✐♥❡q✉❛❧✐t②

T (s1) · (x− γ(s1)) > 0, ✇✐t❤ x ∈ R
2.

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡①tr❡♠❡s ♦❢ t❤❡ s❡❣♠❡♥t Σ(s2)✱ t❤✐s ✐s t❤✉s ❡q✉✐✈❛❧❡♥t t♦

T (s1) · (γ(s2)− γ(s1)) > 0 ❛♥❞ T (s1) · (C(s2)− γ(s1)) ≥ 0. ✭✸✳✵✳✶✽✮

❚♦ s❤♦✇ ✭✸✳✵✳✶✽✮✱ ✉s✐♥❣ γ′(s) = T (s) ❛♥❞ ✭✷✳✵✳✺✮✱ ✇❡ ✜rst ❝♦♠♣✉t❡

d

ds

(
T (s1) · (γ(s)− γ(s1))

)
= T (s1) · T (s) > 0, s1 < s ≤ s0,

❤❡♥❝❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐♥ ✭✸✳✵✳✶✽✮ ❢♦❧❧♦✇s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣N ′(s) = −K(s)T (s)✱
✭✷✳✵✳✹✮ ❛♥❞ ✭✷✳✵✳✺✮✱ ✇❡ ❣❡t

d

ds

(
T (s1) ·N(s)

)
= −K(s)T (s1) · T (s) ≤ 0,

❙✐♥❝❡ T (s1) ·N(s1) = 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

T (s1) ·N(s) ≤ 0, s1 < s ≤ s0. ✭✸✳✵✳✶✾✮

❆❧s♦✱ ✉s✐♥❣ γ′(s) = T (s) ❛♥❞ N ′(s) = −K(s)T (s)✱ ✇❡ ❤❛✈❡

C ′(s) = (1−K(s)R(s))T (s) +R′(s)N(s) = R′(s)N(s).

❙✐♥❝❡ R′(s) ≤ 0 ❞✉❡ t♦ ✭✷✳✵✳✹✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✵✳✶✾✮ t❤❛t

d

ds

(
T (s1) · (C(s)− C(s1))

)
= R′(s)T (s1) ·N(s) ≥ 0, s1 < s ≤ s0,

❤❡♥❝❡✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ γ(s1) = C(s1)−R(s1)N(s1) t❤❛t

T (s1) · (C(s2)− γ(s1)) = T (s1) · (C(s2)− C(s1)) ≥ 0,

✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐♥ ✭✸✳✵✳✶✽✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡
✐♥❥❡❝t✐✈✐t②✳

❚♦ ♣r♦✈❡ t❤❛t M ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r♦♠ QΓ t♦ DΓ = M(QΓ)✱ ✐t t❤✉s s✉✣❝❡s t♦
s❤♦✇ t❤❛t t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ M ❞♦❡s ♥♦t ✈❛♥✐s❤ ✐♥ QΓ✳ ❋♦r ❛❧❧ (r, s) ∈ QΓ✱ ✉s✐♥❣ γ′ = T
❛♥❞ N ′ = −KT ❛❣❛✐♥✱ ✇❡ ❝♦♠♣✉t❡

JacM (r, s) = det
(∂M
∂r

,
∂M

∂s

)
= det

(
N, (1−Kr)T

)
= K(s)r − 1 < 0,

s✐♥❝❡ r < R(s) = 1/K(s)✱ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

✹ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ■■✿ ◆♦♥❞❡❣❡♥❡r❛❝② ❛♥❞ ❧♦❝❛❧✐③❛✲
t✐♦♥ ♦❢ ●❇❯ ❛♥❞ ❝♦r♥❡r ❧❡♠♠❛

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤r❡❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts t❤❛t ✇❡ ✉s❡ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s
✷✳✸ ❛♥❞ ✷✳✺✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❞❡❣❡♥❡r❛❝② ❧❡♠♠❛✱ ♣r♦✈❡❞ ✐♥ ❬✷✷❪✱ ✇❤✐❝❤
✐♠♣❧✐❡s t❤❛t✱ ❛t ❛♥② ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♣♦✐♥t✱ t❤❡ ❡st✐♠❛t❡ ✭✶✳✵✳✷✮ ✐s ❡ss❡♥t✐❛❧❧② ♦♣t✐♠❛❧
✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r②✳
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▲❡♠♠❛ ✹✳✶✳ ▲❡t Ω ∈ R
2 ❜❡ ❛ s♠♦♦t❤❧② ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ x0 ∈ ∂Ω✳ ❚❤❡r❡ ❡①✐sts

c0 = c0(p) s✉❝❤ t❤❛t✱ ✐❢

u ≤ c0δ
(p−2)/(p−1)(x, y) ✐♥ (Bρ(x, 0) ∩ Ω)× [0, T ),

❢♦r s♦♠❡ ρ > 0✱ t❤❡♥ x0 ✐s ♥♦t ❛ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♣♦✐♥t✳

❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ▲❡♠♠❛✱ ✐❢ x0 ∈ ∂Ω ✐s ❛ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣
♣♦✐♥t✱ t❤❡♥ ✇❡ ♠✉st ❤❛✈❡

lim sup
x→x0,t→T

u(x, y, t)δ−(p−2)/(p−1)(x, y) ≥ c0(p),

■♥ ✈✐❡✇ ♦❢ ✭✶✳✵✳✷✮✱ ✐t ❢♦❧❧♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t

lim sup
x→x0,t→T

uν(x, y, t)δ
1/(p−1)(x, y) ∈ (0,∞).

✇❤❡r❡ uν ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ u ✐♥ t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r②✳

❚❤❡ s❡❝♦♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ u0 ✉♥❞❡r ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ❜❧♦✇s ✉♣✱ ✇✐t❤ ●❇❯ s❡t
❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r ❛♥ ❛r❜✐tr❛r② ❣✐✈❡♥ ♣♦✐♥t✳ ❚❤❡ ✐❞❡❛ ♦❢ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❛t ♦❢ ❬✷✷✱
❚❤❡♦r❡♠ ✶✳✶❪✱ ✇❤❡r❡ ❛ ♠♦r❡ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✇❛s ❣✐✈❡♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ▲❡t p > 2✱ Ω ⊂ R
2 ❜❡ ❛ s♠♦♦t❤❧② ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ❧❡t x0 ∈ ∂Ω

❛♥❞ ρ > 0✳ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C1(p) > 0 ❛♥❞ C2(p,Ω, ρ) > 0 ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt②✿

■❢ ❢♦r s♦♠❡ ε > 0 s✉❝❤ t❤❛t B̃ε := B(x0 + εν(x0), ε) ⊂ Ω✱ u0 ∈ X+ s❛t✐s✜❡s

supp(u0) ⊂ Ω ∩B(x0, ρ/2), ✭✹✳✵✳✶✮

‖u0‖∞ ≤ C2, ✭✹✳✵✳✷✮

inf
B̃ε/2

u0 ≥ C1ε
k, ✇✐t❤ B̃ε/2 := B(x0 + εν(x0), ε/2)✱ ✭✹✳✵✳✸✮

✇❤❡r❡ k = (p− 2)/(p− 1)✱ t❤❡♥

T (u0) <∞ ❛♥❞ GBUS(u0) ⊂ Bρ(x0) ∩ ∂Ω✳

Pr♦♦❢✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ st❡♣s✳

❙t❡♣ ✶✿ ∇u ❜❧♦✇s ✉♣ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡ ✐❞❡❛ ❤❡r❡ ✐s t♦ ✉s❡ t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥
✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✷❪ ❛s s✉❜s♦❧✉t✐♦♥✳ ▲❡t ϕ ∈ C∞([0,∞)) ❜❡ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

ϕ′ ≤ 0, ϕ(r) = 1, ❢♦r r ≤ 1/4, ϕ(r) = 0, ❢♦r r ≥ 1/2.

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

vt −∆v = |∇v|p, x ∈ B1(0), t > 0,
v(x, t) = 0, x ∈ ∂B1(0), t > 0,

v(x, 0) = φ(x) := C1ϕ(|x|), x ∈ B1(0).
✭✹✳✵✳✹✮

❇② ❬✷✾✱ ❚❤♠ ✹✳✷❪ ✭s❡❡ ❛❧s♦ ❬✸✸✱ Pr♦♣✳ ✼✳✶❪✮✱ t❤❡r❡ ❡①✐sts C0 = C0(p) s✉❝❤ t❤❛t✱ ✐❢
‖φ‖1 ≥ C0✱ t❤❡♥ T (φ) < ∞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ T (φ) < ∞ ✇❤❡♥❡✈❡r C1 ✐s ❜✐❣❣❡r t❤❛♥
s♦♠❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ p✳ ❲❡ ♥♦✇ ✉s❡ t❤❡ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ◆❛♠❡❧②
✇❡ ❝♦♥s✐❞❡r t❤❡ r❡s❝❛❧❡❞ ❢✉♥❝t✐♦♥

vε(x, t) = εkv
(
ε−1|x− x̃0|, ε−2t

)
,
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✇❤❡r❡ x̃0 = x0 + εν(x0)✳ ❚❤❡♥ vε s♦❧✈❡s ✭✹✳✵✳✹✮ ✐♥ B̃ε ⊂ Ω✳

❙✐♥❝❡ ✇❡ ❤❛✈❡

vε(x, 0) = εkC1ϕ(ε
−1|x− x̃0|) ≤ εkC1 ✐♥ B̃ε/2,

❛♥❞ vε(x, 0) = 0 ✐♥ B̃ε \ B̃ε/2✱ ✇❡ ❝❛♥ ✉s❡ ✭✹✳✵✳✸✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡
t♦ ❣❡t

u ≥ vε ✐♥ B̃ε × (0, T̃ ), ✇❤❡r❡ T̃ = min(T (u0), Tε) ❛♥❞ Tε = ε2T (φ).

◆♦✇ ✇❡ ♦❜s❡r✈❡ t❤❛t B̃ε ✐s t❛♥❣❡♥t t♦ ∂Ω ❛t x0✱ s♦ ✇❡ ❞❡❞✉❝❡

−∂u
∂ν

(x0, t) ≥ −∂vε
∂ν

(x0, t), 0 < t < T̃ .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡❞ t♦ ∇v ✭s❡❡ ❡✳❣✳
❬✷✾✱ Pr♦♣✳ ✹✵✳✸❪✮✱ ✇❡ ❦♥♦✇ t❤❛t

max
t∈[0,τ ]

‖∇v(·, t)‖∞ = max

(
‖∇v(·, 0)‖∞, max

∂B1(0)×[0,τ ]

(
−∂v
∂ν

))
, 0 < τ < T (φ).

❙✐♥❝❡ v ✐s r❛❞✐❛❧❧② s②♠♠❡tr✐❝✱ ✐t ❢♦❧❧♦✇ t❤❛t

lim sup
t→Tε

∂vε
∂ν

(x0, t) = ∞,

❤❡♥❝❡ T (u0) ≤ Tε <∞✳

❙t❡♣ ✷✿ ◆♦ ●❇❯ ♦♥ ∂Ω \ Bρ(x0)✳ ❋♦r ρ > 0✱ ❝♦♥s✐❞❡r ❛ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ h ∈
C∞([0,∞)) s❛t✐s❢②✐♥❣

h′ ≤ 0, h(r) = 1, ❢♦r r ≤ ρ/2, h(r) = 0, ❢♦r r ≥ 3ρ/4.

◆♦✇✱ ❧❡t hx0
❜❡ t❤❡ ❢✉♥❝t✐♦♥ ✐♥ Ω ❞❡✜♥❡❞ ❜②

hx0
(x) := h(|x− x0|).

▲❡t ψ = ψx0
❜❡ t❤❡ ✉♥✐q✉❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠

{
−∆ψ(x) = 1, x ∈ Ω,

ψ(x) = hx0(x), x ∈ ∂Ω.
✭✹✳✵✳✺✮

❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts c1 > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ x0✱ s❛t✐s❢②✐♥❣

ψ(x) ≥ c1, ❢♦r ❛❧❧ x ∈ Ω ∩B(x0, ρ/2).

❲❡ ❝❛♥ ♣r♦✈❡ t❤✐s ❝❧❛✐♠ ❜② ✉s✐♥❣ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛♥❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✳ ❙✉♣♣♦s❡
t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {xi}i∈N ⊂ ∂Ω s✉❝❤ t❤❛t

min
Ω∩B(xi,ρ/2)

ψxi
(x) → 0, ❛s i→ ∞, ✭✹✳✵✳✻✮

✇❤❡r❡ ψxi
✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✵✳✺✮ ✇✐t❤ ❜♦✉♥❞❛r② ❞❛t❛ hxi

✳ ❙✐♥❝❡ ∂Ω ✐s ❝♦♠♣❛❝t✱ ✇❡
❝❛♥ s✉♣♣♦s❡✱ ❜② ❡①tr❛❝t✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ t❤❛t xi ❝♦♥✈❡r❣❡s t♦ s♦♠❡ x∞ ∈ ∂Ω✳

◆♦✇ ✜① s♦♠❡ α ∈ (0, 1) ❛♥❞ ♦❜s❡r✈❡ t❤❛t✱ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ hx0
❛❜♦✈❡✱ t❤❡r❡ ❡①✲

✐sts C > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ i✱ s✉❝❤ t❤❛t ‖hxi
‖C2+α(Ω) ≤ C✱ ❛♥❞ t❤❡r❡❢♦r❡ ‖ψxi

‖C2+α(Ω) ≤



✹✳ ❈❖❘◆❊❘ ▲❊▼▼❆ ✶✸✼

C ′(C,Ω) ❜② ✐♥t❡r✐♦r✲❜♦✉♥❞❛r② ❡❧❧✐♣t✐❝ ❙❝❤❛✉❞❡r ❡st✐♠❛t❡s ✭s❡❡ ❚❤❡♦r❡♠ ✹✼✳✷ ✭✐✐✮ ✐♥ ❬✷✾❪✮✳
❍❡♥❝❡✱ ❛s hxi

❝♦♥✈❡r❣❡s t♦ hx∞ ✐♥ C2+α(Ω)✱ ❜② ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣s ❛♥❞ ✉♥✐q✉❡♥❡ss
❢♦r ♣r♦❜❧❡♠ ✭✹✳✵✳✺✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ψxi

❝♦♥✈❡r❣❡s t♦ ψx∞ ✐♥ C2(Ω)✳ ■t t❤❡♥ ❢♦❧❧♦✇s
❢r♦♠ ✭✹✳✵✳✻✮ t❤❛t ψx∞ ✈❛♥✐s❤❡s s♦♠❡✇❤❡r❡ ✐♥ Ω ∩B(x∞, ρ/2)✳

❙✐♥❝❡ hx∞(x) = 1 ✐♥ B(x∞, ρ/2)✱ ❛♥❞ t❤❡♥ ψx∞(x) = 1 ✐♥ ∂Ω∩B(x∞, ρ/2)✱ ✇❡ ❞❡❞✉❝❡
t❤❛t ψx∞ ✈❛♥✐s❤❡s s♦♠❡✇❤❡r❡ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ Ω✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ str♦♥❣ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡✳ ❚❤❡ ❝❧❛✐♠ ✐s t❤❡♥ ♣r♦✈❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♣♣❧②✐♥❣ ❡❧❧✐♣t✐❝ ❡st✐♠❛t❡s ❛❣❛✐♥✱ t❤❡r❡ ❡①✐sts C̃ = C̃(ρ,Ω) > 0

s✉❝❤ t❤❛t ‖∇ψ‖∞ ≤ C̃✳ ❈❤♦♦s✐♥❣ c2 = C̃−p/(p−1)✱ ✇❡ t❤❡♥ ❤❛✈❡ ‖∇ψ‖−p/(p−1)
∞ ≥ c2✱

❤❡♥❝❡
−∆(c2ψ) = c2 ≥ |∇(c2ψ)|p, ✐♥ Ω.

❆♥❞ ❜② ✭✹✳✵✳✷✮ ✇✐t❤ C2 = c1c2✱ ✇❡ ❤❛✈❡

c2ψ ≥ c2c1 ≥ u0, ✐♥ B(x0, ρ/2),

❤❡♥❝❡✱ ✉s✐♥❣ ✭✹✳✵✳✶✮✱ ✇❡ ❣❡t c2ψ ≥ u0 ✐♥ Ω✳ ❇② t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ ✐t ❢♦❧❧♦✇s t❤❛t
u ≤ c2ψ ✐♥ Ω× (0, T (u0))✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ ψ = 0 ♦♥ ∂Ω \B3ρ/4(x0)✱ ✇❡ ❤❛✈❡

0 ≤ −∂u
∂ν

≤ −c2
∂ψ

∂ν
≤ C, ♦♥ (∂Ω \B3ρ/4(x0))× (0, T (u0)).

❚❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✶✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ ♣❛r❛❜♦❧✐❝ ✈❡rs✐♦♥ ♦❢ ✏❙❡rr✐♥✬s ❝♦r♥❡r ▲❡♠♠❛✑✱ ❛❞❛♣t❡❞
t♦ ♦✉r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠ ❛♥❞ ❞♦♠❛✐♥✳

▲❡♠♠❛ ✹✳✸✳ ▲❡t p > 2 ❛♥❞ u0 ∈ X+✱ ❧❡t Ω,Γ, γ,M ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶✳ ❛♥❞ ❛ss✉♠❡
✭✷✳✵✳✹✮ ❛♥❞ ✭✷✳✵✳✺✮✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐st t0 ∈ (0, T )✱ s1 ∈ (0, s0)✱ r0 > 0 ❛♥❞ c1 > 0
s✉❝❤ t❤❛t

ω0 :=M((0, r0)× (0, s0)) ⊂ Ω ∩DΓ,

ux < 0 ✐♥ ω0 × (t0, T ) ✭✹✳✵✳✼✮

❛♥❞
ux ≤ −c1r ♦♥ (0, r0)× {s1} × (t0, T ). ✭✹✳✵✳✽✮

❚❤❡♥✱ ❢♦r ❛♥② ✜①❡❞ r1 ∈ (0, r0) ❛♥❞ t1 ∈ (t0, T )✱ t❤❡r❡ ❡①✐sts c̃1 > 0 s✉❝❤ t❤❛t

ux(r, s, t1) ≤ −c̃1rs ✐♥ ω1,

✇❤❡r❡ ω1 :=M((0, r1)× (0, s1)).

Pr♦♦❢✳ ❲❡ ✜① ❛ ♥♦♥tr✐✈✐❛❧ s♠♦♦t❤ ❢✉♥❝t✐♦♥ φ ≥ 0 ♦♥ [0, r0]✱ ✇✐t❤ s✉♣♣(φ) ⊂⊂ (0, r0)
❛♥❞ ❛♥♦t❤❡r s♠♦♦t❤ ❢✉♥❝t✐♦♥ ψ ♦♥ [0, s1] s✉❝❤ t❤❛t

ψ = 0 ♦♥
[
0,
s1
2

]
, ψ(s1) = 1, ψ′, ψ′′ ≥ 0.

❋✐① ❛ ❝♦♥st❛♥t M > 0 s✉❝❤ t❤❛t

M ≥ K

1− rK
+ p|∇u|p−1, M ≥ rK ′

(1− rK)3
+
p|∇u|p−1

1− rK
, ✐♥ ω0 × (t0, t1]✳ ✭✹✳✵✳✾✮

◆❡①t✱ ✜① t2 ∈ (t0, t1) ❛♥❞ ❧❡t v, V ❜❡ t❤❡ r❡s♣❡❝t✐✈❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢

vt − vrr = −M |vr|, r ∈ (0, r0), t > t2,

v(0, t) = v(r0, t) = 0, t > t2,

v(r, t2) = φ(r), r ∈ [0, r0],
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❛♥❞
Vt − Vss = −MVs, s ∈ (0, s1), t > t2,

V (0, t) = 0, V (s1, t) = 1, t > t2,

V (s, t2) = ψ(s), s ∈ [0, s1].

✭✹✳✵✳✶✵✮

❇② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✇❡ ❤❛✈❡ v ≥ 0✱ 0 ≤ V ≤ 1✱ ❛♥❞ Vs ≥ 0✳ ❆❧s♦✱ ❜② ✭✹✳✵✳✶✵✮✱ ✇❡
❞❡❞✉❝❡ t❤❛t Vss(s, t) ≥ 0✱ ❢♦r s ∈ {0, s1} ❛♥❞ t > t2✳ ❙✐♥❝❡ ψ′′ ≥ 0✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❤❛t Vss ≥ 0✱ ❢♦r s ∈ (0, s1)✱ t > t2✳ ▼♦r❡♦✈❡r✱ ❜② ❍♦♣❢✬s ❧❡♠♠❛✱
❢♦r s♦♠❡ c0 > 0✱ ✇❡ ❤❛✈❡

v(r, t1) ≥ c0r ✐♥ (0, r1), V (s, t1) ≥ c0s ✐♥ (0, s1). ✭✹✳✵✳✶✶✮

▲❡t t❤❡♥ z(r, s, t) = v(r, t)V (s, t)✳ ❲❡ ❝♦♠♣✉t❡

zt − zrr −
1

(1− rK)2
zss = V (vt − vrr) + v

(
Vt −

1

(1− rK)2
Vss

)

≤ −M |zr| −M |zs|.
❍❡♥❝❡✱ ✉s✐♥❣ ✭✸✳✵✳✺✮✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ M ✐♥ ✭✹✳✵✳✾✮✱ ✇❡ ♦❜t❛✐♥

zt −∆z = zt − zrr +
K

1− rK
zr −

1

(1− rK)2
zss −

rK ′

(1− rK)3
zs

≤ −
(
M − K

1− rK

)
|zr| −

(
M − rK ′

(1− rK)3

)
|zs|

≤ p|∇u|p−2∇u · ∇z.

✭✹✳✵✳✶✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱W := −ux s❛t✐s✜❡s

Wt −∆W = p|∇u|p−2∇u · ∇W. ✭✹✳✵✳✶✸✮

❋♦r µ ∈ (0, 1) s♠❛❧❧ ❡♥♦✉❣❤✱ ❞✉❡ t♦ ✭✹✳✵✳✼✮✱ t♦❣❡t❤❡r ✇✐t❤ s✉♣♣(φ) ⊂⊂ (0, r0) ❛♥❞
ψ ≡ 0 ✐♥ [0, s1/2]✱ ✇❡ ❤❛✈❡

−ux(r, s, t2) ≥ µφ(r)ψ(s) = µz(r, s, t2) ✐♥ ω1.

▼♦r❡♦✈❡r✱ ❢♦r ♣♦ss✐❜❧② s♠❛❧❧❡r µ > 0✱ ✉s✐♥❣ ✭✹✳✵✳✽✮✱ ✇❡ s❡❡ t❤❛t

−ux(r, s1, t) ≥ c1r ≥ µv(r, t) = µz(r, s1, t), r ∈ (0, r0), t ∈ [t2, t1].

❙✐♥❝❡ z = 0 ♦♥ t❤❡ r❡st ♦❢ t❤❡ ❧❛t❡r❛❧ ❜♦✉♥❞❛r② ♦❢ ω1 × [t2, t1] ✭✐✳❡✳ ❢♦r r ∈ {r0, 1} ♦r
s = 0✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✵✳✶✷✮✱ ✭✹✳✵✳✶✸✮✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❛♥❞ ✭✹✳✵✳✶✶✮ t❤❛t

−ux(r, s, t1) ≥ µv(r, t1)V (s, t1) ≥ c̃1rs ✐♥ ω1,

✇✐t❤ c̃1 = µc20✳

✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸

❚❤❡♦r❡♠ ✷✳✸ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❜② ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✷❪✱ t❤❛t ✇❡ ❤❡r❡ ❤❛✈❡
t♦ ♠♦❞✐❢② ✐♥ ❛ ♥♦♥tr✐✈✐❛❧ ✇❛② ✐♥ ♦r❞❡r t♦ ❛❞❛♣t t❤❡ ♠❡t❤♦❞ t♦ t❤❡ ❜♦✉♥❞❛r② ✇✐t❤ ♥♦♥
❝♦♥st❛♥t ❝✉r✈❛t✉r❡✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ❜❛s❡❞ ♦♥ ❛ ❋r✐❡❞♠❛♥✲▼❝▲❡♦❞✲t②♣❡ ❛r❣✉♠❡♥t
❬✶✸❪✱ ✇❤✐❝❤ ✐s ✈❡r② ✉s❡❢✉❧ ❢♦r s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ♠♦♥♦t♦♥❡ ✐♥ s♦♠❡ s❡♥s❡✳ ■♥ ♦✉r ❝❛s❡✱
t❤✐s ♠♦♥♦t♦♥✐❝✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✵✮✳

❙✐♥❝❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s r❛t❤❡r ❧♦♥❣ ❛♥❞ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛r❡ s♦♠❡t✐♠❡s
❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ J ❛♥❞ J̄ ✱ ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✳✶✮ ❛♥❞ ✭✺✳✶✳✷✮ r❡s♣❡❝t✐✈❡❧②✱
✇❡ ❣✐✈❡ ❤❡r❡ ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢✱ t❤❛t ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ ♠❛❦❡ ❝❧❡❛r ♦✉r str❛t❡❣②✳
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❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢✿

✐✳ ❚❤❡ ❜❛s✐❝ ❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❙t❡♣ ✶ ♦❢ s❡❝t✐♦♥ ✺✳✷✿ ✐❢ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t
t❤❡ ✜rst ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ J ✐s ♥♦♥✲♣♦s✐t✐✈❡ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ t❤❡ ♦r✐❣✐♥ ✭t❤❛t ✐s✱ ❢♦r ❛♥② s > 0✮✱ t❤❡♥ ❛♥ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡
❝♦♦r❞✐♥❛t❡ ❝✉r✈❡s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜♦✉♥❞❛r② ✭✐✳❡✳ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ s ✈❛r✐❛❜❧❡✮✱ ❣✐✈❡s
❛♥ ✉♣♣❡r ❡st✐♠❛t❡ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❛♣♣❧② ▲❡♠♠❛ ✹✳✶ ❢♦r ❛♥② s > 0✱ ♣r♦✈✐♥❣
t❤❛t ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ❝❛♥ ♦♥❧② t❛❦❡ ♣❧❛❝❡ ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢
❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣✱ ❜② ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛r❣✉♠❡♥t✱ t❤❛t J ✐s ♥♦♥✲♣♦s✐t✐✈❡ ✐♥
❛ s✉✐t❛❜❧❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♥❡❛r t❤❡ ♦r✐❣✐♥✳

✐✐✳ ■♥ st❡♣ ✷✱ ✇❡ ✉s❡ ▲❡♠♠❛ ✺✳✷ t♦ ♣r♦✈❡ t❤❛t✱ ❛❢t❡r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs
γ ❛♥❞ r1✱ t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ J s❛t✐s✜❡s PJ ≤ 0✱ ♣r♦✈✐❞❡❞ t❤❡ s❡❝♦♥❞ ❛✉①✐❧✐❛r②
❢✉♥❝t✐♦♥ J̄ ✐s ♥♦♥✲♣♦s✐t✐✈❡ ✭s❡❡ ✭✺✳✷✳✶✸✮✮✱ ✇❤❡r❡ t❤❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r P ✐s ❞❡✜♥❡❞
✐♥ ✭✺✳✶✳✺✮✳ ❚❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♥❡❡❞❡❞ t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ❛r❣✉♠❡♥t ❛r❡ ♣♦st♣♦♥❡❞ t♦ st❡♣ ✹✳

✐✐✐✳ ■♥ st❡♣ ✸ ✇❡ ♣r♦✈❡ t❤❛t✱ ❢♦r k > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❤❛✈❡ J̄ ≤ 0✱ ❛♥❞ t❤❡♥ ✇❡
❝❛♥ ❞❡❞✉❝❡ t❤❡ ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t② PJ ≤ 0✳ ❚♦ ♣r♦✈❡ J̄ ≤ 0✱ ✇❡ ✉s❡ ❛ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ t♦ ♣r♦✈❡ J ≤ 0✳ ❋✐rst✱ ✇❡ ❛❧s♦ ❛♣♣❧②
❛ ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t② ❢r♦♠ ▲❡♠♠❛ ✺✳✷✱ t❤✐s t✐♠❡ ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r P̄
❞❡✜♥❡❞ ✐♥ ✺✳✶✳✻✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱ s✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡ x−❞✐r❡❝t✐♦♥
❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ s✐♠♣❧❡r ❛♥❞ t❤❡ s✐❣♥ ♦❢
P̄J̄ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ♦t❤❡r ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s✳ ❋♦r t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ ✇❡ ✉s❡ ❛ ♣❛r❛❜♦❧✐❝ ✈❡rs✐♦♥ ♦❢ ❙❡rr✐♥✬s ❝♦r♥❡r ▲❡♠♠❛ ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✮
t❤❛t ✇❡ ♣r♦✈❡ ✐♥ s❡❝t✐♦♥ ✹✳

✐✈✳ ■♥ st❡♣ ✹✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ❜② ♣r♦✈✐♥❣ t❤❛t✱ ❢♦r k ♣♦ss✐❜❧②
s♠❛❧❧❡r ❛♥❞ ❞❡♣❡♥❞✐♥❣ ♦♥ s✱ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❛♣♣❧② t❤❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛r❣✉♠❡♥t t♦ J ❛r❡ s❛t✐s✜❡❞✳ ■♥ t❤✐s st❡♣✱ ✇❡ ✉s❡ ▲❡♠♠❛ ✺✳✶✱
✇❤✐❝❤ ❣✐✈❡s t❤❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② t❤❡ ✜rst ♣❛rt ♦❢ J ✳ ❚❤✐s r❡s✉❧t
✐s ❛❧s♦ ✉s❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ t❛♥❣❡♥t✐❛❧ ♠♦♥♦t♦♥✐❝✐t② ♦❢ s♦❧✉t✐♦♥s✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✷✳✺ ✐♥ s❡❝t✐♦♥ ✻✮ ❛♥❞ ❛s ❛ ♣❛rt ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✺✳✷✳

✺✳✶ ❆✉①✐❧✐❛r② ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t✐❡s

❘❡❝❛❧❧ ◆♦t❛t✐♦♥ ✸✳✶ ❛♥❞ ✭✸✳✵✳✹✮✳ ▲❡t σ ∈
(
0, 1

2(p−1)

)
❜❡ ✜①❡❞✳ ❋♦r ❣✐✈❡♥ η ∈ (0, s0/2)✱

✇❡ ❝♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s

J =
us

1− rK(s)
+ c(s)d(r)F (u) ✭✺✳✶✳✶✮

❛♥❞
J̄ = ux + c̄(s)d(r)F (u), ✭✺✳✶✳✷✮

❞❡✜♥❡❞ ✐♥ (DΓ ∩ Ω)× (0, T )✱ ✇❤❡r❡ DΓ ✐s ❣✐✈❡♥ ✐♥ ✭✷✳✵✳✼✮ ❛♥❞

F (u) = uq, 1 < q < 2,

d(r) = r−γ , γ = (1− 2σ)(q − 1),

c(s) = k(s− η), k ∈ (0, 1),

c̄(s) = ks,

✭✺✳✶✳✸✮

✇❤❡r❡ k, γ ✇✐❧❧ ❜❡ t❛❦❡♥ s♠❛❧❧ ✭✐✳❡✳✱ q ❝❧♦s❡ t♦ 1✮✳
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❲❡ st❛rt ✇✐t❤ ❛ ▲❡♠♠❛ ❣✐✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② t❤❡ ✜rst ♣❛rt ♦❢ J ✳

▲❡♠♠❛ ✺✳✶✳ ▲❡t Ω,Γ, γ,M ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶ ❛♥❞ ❛ss✉♠❡ ✭✷✳✵✳✹✮✱✭✷✳✵✳✺✮✳ ❚❤❡♥✱

t❤❡ ❢✉♥❝t✐♦♥ w =
us

1− rK
s❛t✐s✜❡s

wt−∆w = aww+ bw ·∇w+
K ′

(1− rK)3
1

β′ux ✐♥ (DΓ∩{s > 0}∩Ω)× (0, T ), ✭✺✳✶✳✹✮

✇✐t❤

aw =
K2

(1− rK)2
− pK

1− rK
|∇u|p−2ur −

K ′

(1− rK)3
α′

β′ ,

bw = p|∇u|p−2∇u− 2K

1− rK
N(s).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❝♦♥t❛✐♥s t❤❡ ❦❡② ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❡♥❛❜❧❡ ♦♥❡ t♦ ❛♣♣❧② t❤❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t♦ t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s J ❛♥❞ J̄ ✳

▲❡♠♠❛ ✺✳✷✳ ▲❡t Ω,Γ, γ,M ❜❡ ❛s ✐♥ ◆♦t❛t✐♦♥ ✷✳✶ ❛♥❞ ❛ss✉♠❡ ✭✷✳✵✳✹✮✱✭✷✳✵✳✺✮✳ ▲❡t J, J̄
❜❡ t❤❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✳✶✮✱ ✭✺✳✶✳✷✮ ❛♥❞ ❞❡✜♥❡ t❤❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦rs

PJ := Jt −∆J − aJ − b · ∇J ✭✺✳✶✳✺✮

❛♥❞

P̄J̄ := J̄t −∆J̄ − āJ̄ − b̄ · ∇J̄ , ✭✺✳✶✳✻✮

✇✐t❤

a = − pK

1− rK
|∇u|p−2ur −

p

1− rK
c′dF |∇u|p−2 +

K2

(1− rK)2

− K ′

(1− rK)3
α′

β′ −
2

1− rK
c′dF ′,

b = p|∇u|p−2∇u− 2K

1− rK
N(s),

ā = −α′ p

1− rK
c̄′dF |∇u|p−2 − 2α′

1− rK
c̄′dF ′,

b̄ = p|∇u|p−2∇u.

❚❤❡♥ ✇❡ ❤❛✈❡✱

PJ
cdF

≤ Θ(A) +
K ′

(1− rK)3
1

β′cdF
J̄, ✐♥ (DΓ ∩ {s > η} ∩ Ω)× (0, T )✱ ✭✺✳✶✳✼✮

❛♥❞
P̄J̄
c̄dF

≤ Θ(Ā), ✐♥ (DΓ ∩ {s > 0} ∩ Ω)× (0, T )✱ ✭✺✳✶✳✽✮

✇✐t❤

Θ(A) = −(p− 1)q
|∇u|p
u

+
pk

1− rK

uq|∇u|p−2

rγ
+ p

|∇u|p−1

r
A

−q(q − 1)
|∇u|2
u2

+
2q

r

|∇u|
u

A+
2qk

1− rK

uq−1

rγ
− γ(γ + 1)

r2
,

✭✺✳✶✳✾✮

❛♥❞ A = A(r, s) = γ +
rK

1− rK
✱ Ā = Ā(r, s) = γ +

τr

1− rK
✱ ❢♦r s♦♠❡ τ = τ(Ω) > 0✳
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■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t L = L(p,Ω, ‖u0‖C1) > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ r❡❛❧
♥✉♠❜❡rs X > 0✱ ✇❡ ❤❛✈❡

Θ(X) ≤
[
kB
(
pLq+p−2 + 2qLq−1

)
+

q

q − 1
X2 +

σ

2
X − γ(γ + 1)

]
1

r2

+

(
p2X

2σ
Lp−1 − (p− 1)q

) |∇u|p
u

,

✭✺✳✶✳✶✵✮

✇❤❡r❡ B = B(r, s) =
r(q−1)(2σ− 1

p−1 )+2

1− rK(s)
✳

❙✐♥❝❡ t❤❡ ♣r♦♦❢s ♦❢ t❤❡s❡ t✇♦ ▲❡♠♠❛s r❡q✉✐r❡ ❧♦♥❣ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ♣♦st♣♦♥❡ t❤❡♠
❛❢t❡r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳

✺✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸

❙t❡♣ ✶✿ Pr❡♣❛r❛t✐♦♥s✳ ❋✐① ❛♥② η ∈ (0, s0/2) ❛♥❞ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛✉①✐❧✐❛r②
❢✉♥❝t✐♦♥ J ❣✐✈❡♥ ✐♥ ✭✺✳✶✳✶✮

J =
us

1− rK
+ c(s)d(r)F (u) =

us
1− rK

+ k(s− η)r−γuq ✐♥ ω0 × (t0, T ),

✇✐t❤ 1 < q < 2✱ γ = (1 − 2σ)(q − 1) > 0✱ ✇❤❡r❡ σ ∈
(
0, 1

2(p−1)

)
✐s ✜①❡❞✱ ❛♥❞ k ∈ (0, 1)

❛♥❞ γ ✇✐❧❧ ❜❡ t❛❦❡♥ s♠❛❧❧ ✭✐✳❡✳✱ q ❝❧♦s❡ t♦ 1✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❜② t❛❦✐♥❣ r0 > 0
♣♦ss✐❜❧② s♠❛❧❧❡r✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t

ω0 =M((0, r0)× (0, s0)) ⊂ Ω,

✇❤❡r❡ M ✐s t❤❡ ❝♦♦r❞✐♥❛t❡ ♠❛♣ ❞❡✜♥❡❞ ✐♥ ✭✷✳✵✳✸✮✳

❖❜s❡r✈❡ t❤❛t✱ ❢♦r ❡❛❝❤ t0 < T ′ < T ✱ ✇❡ ❤❛✈❡

u ≤ Cr ✐♥ ω0 × [t0, T
′], ✭✺✳✷✳✶✮

❢♦r s♦♠❡ C = C(T ′) > 0✳ ❙✐♥❝❡ γ < q✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r

J ∈ C(ω0 × [0, T )) ∩ C2,1(ω0 × (0, T )). ✭✺✳✷✳✷✮

❋✐① t1 = t0+T
2 ✱ s1 = 3

4s0 ❛♥❞ s❡t K1 = max
[0,s0]

K(s)✳ ❖✉r ❛✐♠ ✐s t♦ ✉s❡ t❤❡ ♠❛①✐♠✉♠

♣r✐♥❝✐♣❧❡ t♦ ♣r♦✈❡ t❤❛t
J ≤ 0 ✐♥ ω1,η × (t1, T ), ✭✺✳✷✳✸✮

✇❤❡r❡
ω1,η :=M((0, r1)× (η, s1)),

❢♦r r1 ∈
(
0,min(r0,

1
2K1

)
)
t♦ ❜❡ ❝❤♦s❡♥ ❜❡❧♦✇✳

◆♦t❡ t❤❛t s✐♥❝❡ 1− rK ≥ 1/2 ✐♥ ω1,η✱ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✸✮ ✐♠♣❧✐❡s

us ≤ −(1− rK)cdF ≤ −k
2 (s− η)r−(1−2σ)(q−1)uq. ✭✺✳✷✳✹✮

❍❡♥❝❡✱ ✐❢ ✭✺✳✷✳✸✮ ✐s ♣r♦✈❡❞✱ t❤❡♥ ✐♥t❡❣r❛t✐♥❣ ✭✺✳✷✳✹✮ ♦✈❡r t❤❡ ❝✉r✈❡

{γ(θ) + rN(θ); θ ∈ [η, s)}
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❢♦r η < s < s1✱ 0 < r < r1 ❛♥❞ t1 < t < T ✱ ✇❡ ❣❡t

u ≤ C(s− η)−
2

q−1 r1−2σ ≤ C(s− η)−
2

q−1 δ1−2σ(x, y) ✐♥ ω1,η × (t1, T ),

❢♦r s♦♠❡ ❝♦♥st❛♥t C = C(η) > 0✳ ❚❤❡♥✱ s✐♥❝❡ 1−2σ > (p−2)/(p−1)✱ ✐t ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠
▲❡♠♠❛ ✹✳✶ ❛♥❞ s②♠♠❡tr② t❤❛t GBUS(u0) ⊂ γ

(
[−η, η]

)
✳ ❙✐♥❝❡ η ✐s ❛r❜✐tr❛r✐❧② s♠❛❧❧✱

✇❡ ✇✐❧❧ ❝♦♥❝❧✉❞❡ t❤❛t GBUS(u0) = {(0, 0)}✳
❙t❡♣ ✷✿ P❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t② ❢♦r J ✳

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✳✼✮ ❛♥❞ ✭✺✳✶✳✶✵✮ ✐♥ ▲❡♠♠❛ ✺✳✷ t❤❛t✱ ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r P
❞❡✜♥❡❞ ✐♥ ✭✺✳✶✳✺✮✱ ✇❡ ❤❛✈❡

PJ
cdF

≤
[
kB(pLq+p−2 + 2qLq−1) +

q

q − 1
A2 +

σ

2
A− γ(γ + 1)

]
1

r2
✭✺✳✷✳✺✮

+

(
p2A

2σ
Lp−1 − (p− 1)q

) |∇u|p
u

+
K ′

(1− rK)3
1

β′cdF
J̄, ✐♥ ω1,η × (t0, T )✱

✇✐t❤ L = L(p,Ω, ‖u0‖C1) > 0✳ ❆t t❤✐s ♣♦✐♥t ✇❡ ✜① γ ❛♥❞ r1 s❛t✐s❢②✐♥❣

0 < γ < σmin
(1
4
,

1

p2Lp−1

)
< 1 ✭✺✳✷✳✻✮

❛♥❞

0 < r1 < min
[
r0, 1,

γ2

2K1
,
γ2

2τ
,

3γ2

2(pLq+p−2 + 2qLq−1)

]
, ✭✺✳✷✳✼✮

✇❤❡r❡ τ = τ(Ω) > 0 ✐s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✺✳✷ ✭s♦♠❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✺✳✷✳✻✮✱ ✭✺✳✷✳✼✮
✇✐❧❧ ❜❡ ✉s❡❞ ♦♥❧② ✐♥ ❙t❡♣ ✸✮✱ ❛♥❞ ✇❡ s❡t

ω1 :=M((0, r1)× (0, s1)).

■t ❢♦❧❧♦✇s✱ ❢r♦♠ r1 <
1

2K1
✱ t❤❛t

1− rK ≥ 1/2 ✐♥ ω1✱ ✭✺✳✷✳✽✮

❤❡♥❝❡

A = γ +
rK

1− rK
≤ γ(γ + 1) ✐♥ ω1✱ ✭✺✳✷✳✾✮

B =
r(q−1)(2σ− 1

p−1 )+2

1− rK
≤ 2r1 ✐♥ ω1✱ ✭✺✳✷✳✶✵✮

✇❤❡r❡ ✇❡ ✉s❡❞ (q − 1)
(
2σ − 1

p−1

)
+ 2 ≥ 1✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ 1 < q < p✳ ❆s ❛

❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✺✳✷✳✻✮ ❛♥❞ ✭✺✳✷✳✾✮✱ ✉s✐♥❣ p > 2 ❛♥❞ q > 1✱ ✇❡ ✜rst ❣❡t

p2A

2σ
Lp−1 − (p− 1)q ≤ p2γ

σ
Lp−1 − 1 ≤ 0 ✐♥ ω1✳ ✭✺✳✷✳✶✶✮

◆❡①t✱ s✐♥❝❡ γ = (1− 2σ)(q − 1)✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✺✳✷✳✻✮ ❛♥❞ ✭✺✳✷✳✾✮ t❤❛t

q

q − 1
A2 +

σ

2
A− γ(γ + 1) ≤ γ(γ + 1)

(
(1− 2σ + γ)(γ + 1) +

σ

2
− 1
)

= γ(γ + 1)

(
[γ + 2(1− σ)]γ − 3σ

2

)

≤ 3γ(γ + 1)
(
γ − σ

2

)
≤ −3γ2 ✐♥ ω1✳
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■♥ ✈✐❡✇ ♦❢ ✭✺✳✷✳✼✮✱ ✭✺✳✷✳✶✵✮✱ ❛♥❞ r❡❝❛❧❧✐♥❣ k ∈ (0, 1)✱ ✇❡ ♦❜t❛✐♥

kB(pLq+p−2 + 2qLq−1) +
q

q − 1
A2 +

σ

2
A− γ(γ + 1)

≤ 2r1(pL
q+p−2 + 2qLq−1)− 3γ2 ≤ 0 ✐♥ ω1✳

✭✺✳✷✳✶✷✮

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✳✺✮✱ ✭✺✳✷✳✶✶✮✱ ✭✺✳✷✳✶✷✮ t❤❛t✱ ❢♦r ❛❧❧ k ∈ (0, 1)✱

PJ ≤ K ′

β′(1− rK)3
J̄ ✐♥ ω1,η × (t0, T ). ✭✺✳✷✳✶✸✮

▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮✱ ✭✺✳✷✳✶✮ ❛♥❞ ✭✺✳✷✳✽✮✱ t❤❡ ❝♦❡✣❝✐❡♥t a ✐♥ P s❛t✐s✜❡s

sup
ω1,η×(t0,T ′)

|a| <∞, ❢♦r ❛♥② T ′ < T. ✭✺✳✷✳✶✹✮

❙t❡♣ ✸✿ ❈♦♥tr♦❧ ♦❢ J̄ ✳

❲❡ ❝❧❛✐♠ t❤❛t ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭✺✳✷✳✻✮✱ ✭✺✳✷✳✼✮✱ t❤❡r❡ ❡①✐sts k̃ ∈ (0, 1) s✉❝❤ t❤❛t✱
❢♦r ❛❧❧ k ∈ (0, k̃]✱

J̄ = ux + c̄dF = ux + ksr−γuq ≤ 0 ✐♥ ω1 × (t1, T ), ✭✺✳✷✳✶✺✮

❤❡♥❝❡
PJ ≤ 0 ✐♥ ω1,η × (t1, T ). ✭✺✳✷✳✶✻✮

❇② ✭✺✳✶✳✽✮ ❛♥❞ ✭✺✳✶✳✶✵✮ ✐♥ ▲❡♠♠❛ ✺✳✷✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝
♦♣❡r❛t♦r P̄ ❞❡✜♥❡❞ ✐♥ ✭✺✳✶✳✻✮✿

P̄J̄
c̄dF

≤
[
kB
(
pLq+p−2 + 2qLq−1

)
+

q

q − 1
Ā2 +

σ

2
Ā− γ(γ + 1)

]
1

r2

+

(
p2Ā

2σ
Lp−1 − (p− 1)q

) |∇u|p
u

, ✐♥ ω1 × (t0, T ),

✇❤❡r❡

Ā = γ +
τ(Ω)r

1− rK
❛♥❞ B =

r(q−1)(2σ− 1
p−1 )+2

1− rK
.

▼♦r❡♦✈❡r✱ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭✺✳✷✳✻✮✱ ✭✺✳✷✳✼✮ ✭✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r ❣✉❛r❛♥t❡❡ Ā ≤ γ(γ+1)
✐♥ ω1✮✱ t❤❡ ❛r❣✉♠❡♥t ❧❡❛❞✐♥❣ t♦ ✭✺✳✷✳✶✶✮✱ ✭✺✳✷✳✶✷✮ ②✐❡❧❞s✿

p2Ā

2σ
Lp−1 − (p− 1)q ≤ 0 ✐♥ ω1✱

❛♥❞
kB(pLq+p−2 + 2qLq−1) +

q

q − 1
Ā2 +

σ

2
Ā− γ(γ + 1) ≤ 0 ✐♥ ω1✳

❋♦r ❛♥② k ∈ (0, 1)✱ ✇❡ t❤✉s ♦❜t❛✐♥

P̄J̄ ≤ 0, ✐♥ ω1 × (t0, T ). ✭✺✳✷✳✶✼✮

❇② ✭✷✳✵✳✾✮✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

|∇u| ≤ C ✐♥ (ω0 \M ((0, r1/2)× (0, θ1)))× (t0, T ),
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❢♦r θ1 ∈
(
s0
2 , s1

)
✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ♣❛r❛❜♦❧✐❝ ❡st✐♠❛t❡s✱ u ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❢✉♥❝t✐♦♥

s✉❝❤ t❤❛t

u,∇u ∈ C2,1(Q̃) ✇❤❡r❡ Q̃ =
(
ω0 \M

((
0, 3r14

)
× (0, θ2)

))
× (t0, T ], ✭✺✳✷✳✶✽✮

✇✐t❤ θ2 ∈ (θ1, s1)✳ ❋✐① ❛♥② t2 ∈ (t0, t1) ❛♥❞ r2 ∈
(
r1,min(r0,

1
2K1

)
)
✳ ❙✐♥❝❡ w = ux

s❛t✐s✜❡s
wt −∆w = p|∇u|p−2∇u · ∇w ✐♥ ω0 × (t0, T ),

❜② ❍♦♣❢✬s ▲❡♠♠❛✱ ✭✺✳✷✳✶✽✮ ❛♥❞ ✭✷✳✵✳✶✵✮✱ t❤❡r❡ ❡①✐st c1, c2 > 0 s✉❝❤ t❤❛t

ux ≤ −c1r ♦♥ (0, r2)× {s1} × (t2, T ), ✭✺✳✷✳✶✾✮

ux ≤ −c1s ♦♥ {r1} × (0, s1)× (t2, T ), ✭✺✳✷✳✷✵✮

u ≤ c2r ♦♥ (0, r1)× {s1} × (t2, T ). ✭✺✳✷✳✷✶✮

▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✵✳✶✵✮✱ ✭✺✳✷✳✶✾✮✱ ❛♥❞ s✐♥❝❡M ((0, r2)× (0, s0)) ⊂ Ω✱ ✇❡ ❝❛♥ ❛♣♣❧②
▲❡♠♠❛ ✹✳✸ t♦ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ c̃1 > 0 s✉❝❤ t❤❛t

ux(r, s, t1) ≤ −c̃1rs ✐♥ (0, r1)× (0, s1). ✭✺✳✷✳✷✷✮

◆♦✇✱ ♦♥ t❤❡ ❧❛t❡r❛❧ ❜♦✉♥❞❛r② ♦❢ ω1 × (t1, T )✱ ✇❡ ❤❛✈❡

J̄(0, s, t) = 0 ♦♥ {0} × (0, s1)× (t1, T ), ✭✺✳✷✳✷✸✮

J̄(r, 0, t) ≤ 0 ♦♥ (0, r1)× {0} × (t1, T ), ✭✺✳✷✳✷✹✮

J̄(r1, s, t) ≤ −c1s+ ksr−γ1 ‖u0‖q∞ ≤ 0 ♦♥ {r1} × (0, s1)× (t1, T ), ✭✺✳✷✳✷✺✮

J̄(r, s1, t) ≤ −c1r + ks1c
q
2r
q−γ ≤ 0 ♦♥ (0, r1)× {s1} × (t1, T ), ✭✺✳✷✳✷✻✮

❢♦r ❛♥② 0 < k ≤ k̃ ✇✐t❤ k̃ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❤❡r❡ ✇❡ ✉s❡❞ q > γ + 1✳ ❆♥❞ ❛t t❤❡
✐♥✐t✐❛❧ t✐♠❡ t = t1✱ ❢♦r ❛♥② 0 < k ≤ k̃ ✇✐t❤ ♣♦ss✐❜❧② s♠❛❧❧❡r k̃ > 0✱ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✷✷✮
❣✉❛r❛♥t❡❡s

J̄(r, s, t1) ≤ −c̃1rs+ kscq2r
q−γ ≤ 0 ✐♥ (0, r1)× (0, s1). ✭✺✳✷✳✷✼✮

▼♦r❡♦✈❡r✱ ♦✇✐♥❣ t♦ ✭✺✳✷✳✶✮ ❛♥❞ ✭✺✳✷✳✽✮✱ ✇❡ ❤❛✈❡

sup
ω1×(t0,T ′)

ā <∞, ❢♦r ❛♥② T ′ < T. ✭✺✳✷✳✷✽✮

❚❤❡♥✱ ❢♦r ❛♥② 0 < k ≤ k̃✱ ❝❧❛✐♠ ✭✺✳✷✳✶✺✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✳✶✼✮✱ ✭✺✳✷✳✷✸✮✕✭✺✳✷✳✷✽✮ ❛♥❞
t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡❞ t♦ J̄ ✐♥ ω1 × (t1, T ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✺✷✳✹ ✐♥ ❬✷✾❪✮✳ ◆♦t❡
t❤❛t t❤❡ ✉s❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐s ❥✉st✐✜❡❞ ✐♥ ✈✐❡✇ ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt②
✭✺✳✷✳✷✮✱ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ❛❧s♦ ❛♣♣❧✐❡s ❢♦r J̄ ✳ ❋✐♥❛❧❧②✱ ✭✺✳✷✳✶✻✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮✱
✭✺✳✷✳✶✸✮ ❛♥❞ ✭✺✳✷✳✶✺✮✳

❙t❡♣ ✹✿ ■♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r J ✳

▲❡t w =
us

1− rK
✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✺✳✶✱ ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮ ❛♥❞ ✭✷✳✵✳✶✵✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

wt −∆w − aww − bw · ∇w =
K ′

(1− rK)3
1

β′ux ≤ 0, ✐♥ ω0 × (t0, T )✱

✇✐t❤

aw =
K2

(1− rK)2
− pK

1− rK
|∇u|p−2ur −

K ′

(1− rK)3
α′

β′ ,

bw = p|∇u|p−2∇u− 2K

1− rK
N(s).
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◆♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t β′(s) ❛♥❞ 1− rK ❛r❡ ✉♥✐❢♦r♠❧② ♣♦s✐t✐✈❡ ❢♦r s ∈ [η, s1] ❜② ✭✷✳✵✳✺✮
❛♥❞ ✭✺✳✷✳✽✮✳ ■♥ ✈✐❡✇ ♦❢ ✭✷✳✵✳✶✵✮ ❛♥❞ ✭✺✳✷✳✶✽✮✱ ✇❡ ♠❛② t❤✉s ❛♣♣❧② t❤❡ str♦♥❣ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ❛♥❞ ❍♦♣❢✬s ▲❡♠♠❛ t♦ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ c3, c4, c5 > 0 ✭♣♦ss✐❜❧② ❞❡♣❡♥❞✐♥❣
♦♥ η✮ s✉❝❤ t❤❛t

us ≤ −c3r ♦♥ (0, r1)× {s1} × (t1, T ), ✭✺✳✷✳✷✾✮

us ≤ −c4 ♦♥ {r1} × (η, s1)× (t1, T ), ✭✺✳✷✳✸✵✮

us ≤ −c3r ✐♥ ω1,η × {t1}, ✭✺✳✷✳✸✶✮

❛s ✇❡❧❧ ❛s
u ≤ c5r, ♦♥ (0, r1)× {s1} × (t1, T ).

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♠❛② ❝❤♦♦s❡ k̃ > 0 s♠❛❧❧ ❡♥♦✉❣❤ ✭♣♦ss✐❜❧② ❞❡♣❡♥❞✐♥❣ ♦♥ η✮ s✉❝❤
t❤❛t✱ ❢♦r ❛♥② 0 < k ≤ k̃✱ ♦♥ t❤❡ ❧❛t❡r❛❧ ❜♦✉♥❞❛r② ♦❢ ω1,η × (t1, T )✱ ✇❡ ❤❛✈❡

J(0, s, t) = 0 ♦♥ {0} × (η, s1)× (t1, T ), ✭✺✳✷✳✸✷✮

J(r, η, t) ≤ 0 ♦♥ (0, r1)× {η} × (t1, T ), ✭✺✳✷✳✸✸✮

J(r1, s, t) ≤ −c4 + ks1r
−γ
1 ‖u0‖q∞ ≤ 0 ♦♥ {r1} × (η, s1)× (t1, T ), ✭✺✳✷✳✸✹✮

J(r, s1, t) ≤ −c3r + ks1c
q
5r
q−γ ≤ 0 ♦♥ (0, r1)× {s1} × (t1, T ), ✭✺✳✷✳✸✺✮

✇❤❡r❡ ✇❡ ✉s❡❞ q > γ + 1✱ ❛♥❞ ❛t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ t = t1✱

J(r, s, t1) ≤ −c3r + ks1c
q
4r
q−γ ≤ 0, ✐♥ ω1,η. ✭✺✳✷✳✸✻✮

❚❤❡♥ ✭✺✳✷✳✸✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✷✳✶✹✮✱ ✭✺✳✷✳✶✻✮✱ ✭✺✳✷✳✸✷✮✕✭✺✳✷✳✸✻✮ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥✲
❝✐♣❧❡ ❛♣♣❧✐❡❞ t♦ J ✐♥ ω1,η × (t1, T ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✺✷✳✹ ✐♥ ❬✷✾❪✮✳ ◆♦t❡ t❤❛t t❤❡ ✉s❡ ♦❢
t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐s ❥✉st✐✜❡❞ ✐♥ ✈✐❡✇ ♦❢ ✭✺✳✷✳✷✮✳

■♥ ✈✐❡✇ ♦❢ ❙t❡♣ ✶✱ t❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠✳

✺✳✸ Pr♦♦❢ ♦❢ ❛✉①✐❧✐❛r② ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t✐❡s ✭▲❡♠♠❛s ✺✳✶ ❛♥❞
✺✳✷✮

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶✳ ▲❡t w =
us

1− rK
✱ ❛♥❞ ❝♦♠♣✉t❡✱ ✐♥ (DΓ ∩ {s > 0} ∩ Ω)× (0, T )✱

wr =
urs

1− rK
+

K

(1− rK)2
us,

wrr =
urrs

1− rK
+ 2

Kurs
(1− rK)2

+ 2
K2

(1− rK)3
us,

ws =
uss

1− rK
+

rK ′

(1− rK)2
us,

wss =
usss

1− rK
+ 2

rK ′

(1− rK)2
uss + 2

r2K ′2

(1− rK)3
us +

rK ′′

(1− rK)2
us.

❚❤❡♥✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✷ ✇❡ ❣❡t

∆w = wrr −
K

1− rK
wr +

1

(1− rK)2
wss +

rK ′

(1− rK)3
ws

=
1

1− rK
urrs +

K

(1− rK)2
urs +

1

(1− rK)3
usss +

K2

(1− rK)3
us

+3
rK ′

(1− rK)4
uss +

rK ′′

(1− rK)4
us + 3

r2K ′2

(1− rK)5
us

✭✺✳✸✳✶✮
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❛♥❞ ❛❧s♦

(∆u)s
1− rK

=
1

1− rK
urrs −

K

(1− rK)2
urs +

1

(1− rK)3
usss + 3

rK ′

(1− rK)4
uss

+
rK ′′

(1− rK)4
us + 3

r2K ′2

(1− rK)5
us −

K ′

(1− rK)2
ur −

rKK ′

(1− rK)3
ur

= ∆w − 1

(1− rK)2

(
K ′

1− rK
ur + 2Kurs +

K2

1− rK
us

)
,

❛♥❞ r❡♣❧❛❝✐♥❣ urs = (1− rK)wr −
K

1− rK
us ❛♥❞ ✉s✐♥❣ ✐❞❡♥t✐t② ✭✸✳✵✳✶✵✮✱ ✇❡ ♦❜t❛✐♥

∆w =
(∆u)s
1− rK

+
2K

1− rK
wr −

(
K2

(1− rK)2
− K ′

(1− rK)3
α′

β′

)
w

− K ′

(1− rK)3
1

β′ux.

✭✺✳✸✳✷✮

◆♦t❡ t❤❛t t❤❡ ✉s❡ ♦❢ ✭✸✳✵✳✶✵✮ ✐s ❥✉st✐✜❡❞ s✐♥❝❡ s > 0✱ ❛♥❞ t❤❡♥ β′ > 0✳ ❚❤❡♥ ✇❡ ❣❡t

wt −∆w =
(|∇u|p)s
1− rK

− 2K

1− rK
wr +

(
K2

(1− rK)2
− K ′

(1− rK)3
α′

β′

)
w

+
K ′

(1− rK)3
1

β′ux.

✭✺✳✸✳✸✮

◆♦✇✱ ✇❡ ✇r✐t❡
(|∇u|p)s = p|∇u|p−2∇u · (∇u)s, ✭✺✳✸✳✹✮

❛♥❞ ✉s✐♥❣ ✭✸✳✵✳✻✮✱ ✇❡ ♦❜t❛✐♥

∇u · (∇u)s =

(
urN(s) +

us
1− rK

T (s)

)
·
(
ursN(s) +

uss
1− rK

T (s) + ur(N(s))s

+
rK ′

(1− rK)2
usT (s) +

us
1− rK

(T (s))s

)
,

✇❤❡r❡ T (s) ❛♥❞ N(s) ❛r❡ ❞❡✜♥❡❞ ✐♥ ◆♦t❛t✐♦♥ ✷✳✶✳

❲❡ ♦❜s❡r✈❡ t❤❛t

N(s) · (N(s))s = T (s) · (T (s))s = 0,

N(s) · (T (s))s + T (s) · (N(s))s = (N(s) · T (s))s = 0,

s♦ ✇❡ ❤❛✈❡

∇u · (∇u)s = ∇u · ∇(us) +
rK ′

(1− rK)3
u2s

= (1− rK)∇u · ∇w − w∇u · ∇(rK) + w
rK ′

(1− rK)2
us

= (1− rK)∇u · ∇w −Kurw.

P❧✉❣❣✐♥❣ t❤✐s ✐♥ ✭✺✳✸✳✹✮✱ ✇❡ ♦❜t❛✐♥

(|∇u|p)s
1− rK

= p|∇u|p−2∇u · ∇w − pK

1− rK
|∇u|p−2urw, ✭✺✳✸✳✺✮

❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✺✳✸✳✸✮✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✶✳✹✮✳



✺✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼ ✷✳✸ ✶✹✼

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷✳

Pr♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✶✳✼✮✿ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✷ ❛♥❞ ✭✺✳✸✳✷✮✱ ✇❡ ❝♦♠♣✉t❡✱ ✐♥ (DΓ ∩
{s > η} ∩ Ω)× (0, T )✱

Jt =
uts

1− rK
+ cdF ′ut,

∆J = ∆w + cdF ′∆u+ cdF ′′|∇u|2 + 2

1− rK
c′dF ′w

+2cd′F ′ur + cd′′F − K

1− rK
cd′F +

rK ′

(1− rK)3
c′dF

=
(∆u)s
1− rK

−
(

K2

(1− rK)2
− K ′

(1− rK)3
α′

β′ −
2

1− rK
c′dF ′

)
w

+
2K

1− rK
wr + cdF ′∆u+ cdF ′′|∇u|2 − K

1− rK
cd′F

+cd′′F +
rK ′

(1− rK)3
c′dF + 2cd′F ′ur −

K ′

(1− rK)3
1

β′ux.

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s t❤❛t

Jt −∆J =
(|∇u|p)s
1− rK

+

(
K2

(1− rK)2
− K ′

(1− rK)3
α′

β′ −
2

1− rK
c′dF ′

)
w

− 2K

1− rK
wr + cdF ′|∇u|p − cdF ′′|∇u|2 + K

1− rK
cd′F

−cd′′F − rK ′

(1− rK)3
c′dF − 2cd′F ′ur +

K ′

(1− rK)3
1

β′ux,

❛♥❞ ♣❧✉❣❣✐♥❣ ✭✺✳✸✳✺✮ ❤❡r❡✱ ✇❡ ❣❡t

Jt −∆J =

(
− pK

1− rK
|∇u|p−2ur +

K2

(1− rK)2
− K ′

(1− rK)3
α′

β′ −
2

1− rK
c′dF ′

)
w

+p|∇u|p−2∇u · ∇w − 2K

1− rK
wr + cdF ′|∇u|p − cdF ′′|∇u|2 − 2cd′F ′ur

+
K

1− rK
cd′F − cd′′F − rK ′

(1− rK)3
c′dF +

K ′

(1− rK)3
1

β′ux.

◆♦✇✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s✿

w = J − cdF,

wr = N(s) · ∇J − cdF ′ur − cd′F,

∇u · ∇w = ∇u · ∇J −∇u · ∇(cdF ),

❛♥❞

∇u · ∇(cdF ) = ur(cd
′F + cdF ′ur) +

us
(1−Kr)2

(c′dF + cdF ′us)

= cdF ′|∇u|2 + cd′Fur + c′dF
us

(1− rK)2
,

✭✺✳✸✳✻✮

❤❡♥❝❡

∇u · ∇w = ∇u · ∇J − 1

1− rK
c′dFJ − cdF ′|∇u|2 − cd′Fur +

1

1− rK
cc′d2F 2,
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t♦ ♦❜t❛✐♥

Jt −∆J =

(
− pK

1− rK
|∇u|p−2ur +

K2

(1− rK)2
− K ′

(1− rK)3
α′

β′ −
2

1− rK
c′dF ′

− p

1− rK
c′dF |∇u|p−2

)
J +

(
p|∇u|p−2∇u− 2K

1− rK
N(s)

)
· ∇J

−(p− 1)cdF ′|∇u|p + p

1− rK
cc′d2F 2|∇u|p−2

−pcd′F |∇u|p−2ur +
pK

1− rK
cdF |∇u|p−2ur − cdF ′′|∇u|2

+
2K

1− rK
cdF ′ur − 2cd′F ′ur +

3K

1− rK
cd′F − cd′′F

+
2

1− rK
cc′d2FF ′ − rK ′

(1− rK)3
c′dF − K2

(1− rK)2
cdF

+
K ′

(1− rK)3
1

β′ (ux + α′cdF ) .

▲❡t PJ := Jt−∆J −aJ − b ·∇J ✱ ✇❤❡r❡ a, b ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ▲❡♠♠❛✳
❯s✐♥❣ K,K ′ ≥ 0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ c, d, F ✱ ❛❧♦♥❣ ✇✐t❤ β′ > 0✱ 0 < α′ ≤ 1 ❛♥❞
0 < c ≤ c̄✱ ✇❡ t❤❡♥ ❤❛✈❡✱ ✐♥ (DΓ ∩ {s > η} ∩ Ω)× (0, T )✿

PJ
cdF

= −(p− 1)
F ′

F
|∇u|p + p

1− rK
c′dF |∇u|p−2 − p

d′

d
|∇u|p−2ur

+
pK

1− rK
|∇u|p−2ur −

F ′′

F
|∇u|2 + 2K

1− rK

F ′

F
ur − 2

d′F ′

dF
ur

+
3K

1− rK

d′

d
− d′′

d
+

2

1− rK
c′dF ′ − rK ′

(1− rK)3
c′

c
− K2

(1− rK)2

+
K ′

(1− rK)3
1

β′cdF
(ux + α′cdF )

≤ −(p− 1)q
|∇u|p
u

+
pk

1− rK

uq|∇u|p−2

rγ
+ p

|∇u|p−1

r

(
γ +

rK

1− rK

)

−q(q − 1)
|∇u|2
u2

+
2q

r

|∇u|
u

(
γ +

rK

1− rK

)
+

2qk

1− rK

uq−1

rγ
− γ(γ + 1)

r2

+
K ′

(1− rK)3
1

β′cdF
(ux + c̄dF )

t❤❛t ✐s✱ ✭✺✳✶✳✼✮✳
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Pr♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✶✳✽✮✿

■♥ ❛ s✐♠✐❧❛r ❜✉t s✐♠♣❧❡r ✇❛② ❛s ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❢♦r J ❛♥❞ ✉s✐♥❣ ✭✸✳✵✳✾✮✱ ✇❡
❝♦♠♣✉t❡✱ ✐♥ (DΓ ∩ {s > 0} ∩ Ω)× (0, T )✱

J̄t = utx + c̄dF ′ut,

∆J̄ = (∆u)x + c̄dF ′′|∇u|2 + c̄F

(
d′′ − K

1− rK
d′
)
+

rK ′

(1− rK)3
c̄′dF

+2c̄d′F ′ur +
2

(1− rK)2
c̄′dF ′us + c̄dF ′∆u

= (∆u)x + c̄dF ′′|∇u|2 + c̄F

(
d′′ − K

1− rK
d′
)
+

rK ′

(1− rK)3
c̄′dF

+
2α′

1− rK
c̄′dF ′ux + 2c̄d′F ′

(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
+ c̄dF ′∆u.

❚❤❡♥ ✇❡ ♦❜t❛✐♥

J̄t −∆J̄ = (|∇u|p)x + c̄dF ′|∇u|p − 2

1− rK
α′c̄′dF ′ux − c̄dF ′′|∇u|2

−2c̄d′F ′
(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
− rK ′

(1− rK)3
c̄′dF − c̄F

(
d′′ − K

1− rK
d′
)
.

■♥ ✈✐❡✇ ♦❢ ux = J̄ − c̄dF ✱ ❛♥❞ ✉s✐♥❣ ✭✸✳✵✳✾✮ ❛♥❞ ✭✺✳✸✳✻✮✱ ✇❡ ❝♦♠♣✉t❡

(|∇u|p)x = p|∇u|p−2∇u · ∇ux
= p|∇u|p−2∇u · ∇J̄ − p|∇u|p−2∇u · ∇(c̄dF )

= p|∇u|p−2∇u · ∇J̄ − pc̄dF ′|∇u|p − α′ p

1− rK
c̄′dF |∇u|p−2ux

−pc̄d′F |∇u|p−2

(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
.

■t t❤❡♥ ❢♦❧❧♦✇s t❤❛t

J̄t −∆J̄ = āJ̄ + b̄ · ∇J̄ − (p− 1)c̄dF ′|∇u|p + α′ p

1− rK
c̄c̄′d2F 2|∇u|p−2

−pc̄d′F |∇u|p−2

(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
− c̄dF ′′|∇u|2

−2c̄d′F ′
(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
+

2α′

1− rK
c̄c̄′d2FF ′

− rK ′

(1− rK)3
c̄′dF − c̄F

(
d′′ − K

1− rK
d′
)
,

✭✺✳✸✳✼✮

✇❤❡r❡

ā = −α′ p

1− rK
c̄′dF |∇u|p−2 − 2α′

1− rK
c̄′dF ′, b̄ = p|∇u|p−2∇u.

■♥ ✈✐❡✇ ♦❢ t❤❡ s②♠♠❡tr② ♦❢ Ω ❛♥❞ Γ ✭❛ss✉♠♣t✐♦♥ ✭✷✳✵✳✹✮✮✱ ✇❡ ❤❛✈❡ β′(0) = 0✳ ❇②
t❤❡ r❡❣✉❧❛r✐t② ♦❢ ∂Ω✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts τ = τ(Ω) > 0 s✉❝❤ t❤❛t

β′(s) ≤ τs, ∀s ∈ [0, s0].

▲❡t P̄J̄ := J̄t − ∆J̄ − āJ̄ − b̄ · ∇J̄ ✱ ✇❤❡r❡ ā, b̄ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡
▲❡♠♠❛✳ P❧✉❣❣✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ c̄, d, F ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✸✳✼✮✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❛❜♦✈❡
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✐♥❡q✉❛❧✐t②✱ K ′ ≥ 0 ❛♥❞ α′ ≤ 1✱ ✇❡ ♦❜t❛✐♥

P̄J̄
c̄dF

= −(p− 1)
F ′

F
|∇u|p + α′ p

1− rK
c̄′dF |∇u|p−2

−pd
′

d
|∇u|p−2

(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
− F ′′

F
|∇u|2

−2
d′F ′

dF

(
ur + β′ uy

1− rK

c̄′d

c̄d′

)
+

2α′

1− rK
c̄′dF ′

− rK ′

(1− rK)3
c̄′dF − d′′

d
+

K

1− rK

d′

d

≤ −(p− 1)q
|∇u|p
u

+
pk

1− rK

uq|∇u|p−2

rγ
+ p

|∇u|p−1

r

(
γ +

τr

1− rK

)

−q(q − 1)
|∇u|2
u2

+
2q

r

|∇u|
u

(
γ +

τr

1− rK

)
+

2qk

1− rK

uq−1

rγ
− γ(γ + 1)

r2
.

Pr♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✶✳✶✵✮✿

❯s✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛♥② X > 0✱

2q

r

|∇u|
u

X ≤ q(q − 1)
|∇u|2
u2

+
q

q − 1

X2

r2
,

❛♥❞

p
|∇u|p−1

r
X ≤ σ

2r2
X +

p2

2σ
X|∇u|2p−2,

❤❡♥❝❡✱

2q

r

|∇u|
u

X − q(q − 1)
|∇u|2
u2

− γ(γ + 1)

r2
≤
(

q

q − 1
X2 − γ(γ + 1)

)
1

r2
, ✭✺✳✸✳✽✮

❛♥❞

−(p− 1)q
|∇u|p
u

+ p
|∇u|p−1

r
X

≤
(
p2X

2σ
u|∇u|p−2 − (p− 1)q

) |∇u|p
u

+
σ

2r2
X.

✭✺✳✸✳✾✮

❯s✐♥❣ ✭✶✳✵✳✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

uq|∇u|p−2

rγ
≤ Lq+p−2r(q−1) p−2

p−1−γ = Lq+p−2r(q−1)(2σ− 1
p−1 ), ✭✺✳✸✳✶✵✮

uq−1

rγ
≤ Lq−1r(q−1) p−2

p−1−γ = Lq−1r(q−1)(2σ− 1
p−1 ), ✭✺✳✸✳✶✶✮

u|∇u|p−2 ≤ Lp−1, ✭✺✳✸✳✶✷✮

✇❤❡r❡ L = L(p,Ω, ‖u0‖C1) > 0✳ ❈♦♠❜✐♥✐♥❣ ✭✺✳✸✳✽✮✲✭✺✳✸✳✶✷✮✱ ✇❡ ♦❜t❛✐♥

Θ(X) ≤
[
k
(
pLq+p−2 + 2qLq−1

) r(q−1)(2σ− 1
p−1 )+2

1− rK
+

q

q − 1
X2 +

σ

2
X − γ(γ + 1)

]
1

r2

+

(
p2X

2σ
Lp−1 − (p− 1)q

) |∇u|p
u

,

❤❡♥❝❡ ✭✺✳✶✳✶✵✮✳
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✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺

Pr♦♦❢✳ ✭✐✮ ❲❡ s❤❛❧❧ ♣r♦❞✉❝❡ s✉✐t❛❜❧❡ ✐♥✐t✐❛❧ ❞❛t❛ ❜② ♠❡❛♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❋✐① φ ∈
C∞([0,∞)) s✉❝❤ t❤❛t φ = 1 ♦♥ [0, 1]✱ φ = 0 ♦♥ [3/2,∞) ❛♥❞ φ′ ≤ 0✳ ❚❛❦❡ ρ > 0 s♦ s♠❛❧❧
t❤❛t

Bρ(0, 0) ∩ ∂Ω ⊂ γ
(
−s0

2
,
s0
2

)
. ✭✻✳✵✳✶✮

▲❡t C1, C2 ❜❡ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ ♣✐❝❦ ❛♥② ε ∈ (0, ρ/4) s✉❝❤ t❤❛t C1ε
k < C2 ❛♥❞

s❡t

u0(x, y) = C2φ

(√
x2 + (y − ε)2)

ε/2

)
.

❚❤❡♥ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❤❛✈❡ ✭✹✳✵✳✷✮ ❛♥❞ supp(u0) ⊂ Bε(0, ε) ⊂ Bρ/2(0, 0)✳ ❆❧s♦✱ ❜② t❛❦✐♥❣
ε > 0 ♣♦ss✐❜❧② s♠❛❧❧❡r✱ ✇❡ ❣❡t Bε(0, ε) ⊂ Ω✱ ❤❡♥❝❡ ✭✹✳✵✳✶✮ ❛♥❞ ✭✹✳✵✳✸✮✳ ■t t❤✉s ❢♦❧❧♦✇s
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷ t❤❛t T (u0) < ∞ ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ✭✻✳✵✳✶✮✱ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✳✵✳✷✵✮ ✐s
s❛t✐s✜❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✷✳✵✳✶✻✮✱ ❛♥❞ t❤❡♥ u0,x ≤ 0 ✐♥ ✭✷✳✵✳✶✵✮✱ ❛r❡ ❝❧❡❛r❧② s❛t✐s✜❡❞✳
▼♦r❡♦✈❡r✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ε > 0 ♣♦ss✐❜❧② s♠❛❧❧❡r✱ t❤❡ r❡✢❡❝t✐♦♥ ♣r♦♣❡rt✐❡s ✭✷✳✵✳✶✽✮ ❛♥❞
✭✷✳✵✳✶✾✮ ❤♦❧❞ tr✐✈✐❛❧❧②✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ u0,s ≤ 0 ✐♥ ✭✷✳✵✳✶✵✮✱ ✇❡ ❝❛♥ ✉s❡ ❢♦r♠✉❧❛ ✭✸✳✵✳✾✮
t♦ ♦❜t❛✐♥

u0,s
1− rK

=
2C2

ε
φ′
(√

x2 + (y − ε)2

ε/2

)
α′x+ β′(y − ε)√
x2 + (y − ε)2

.

❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ φ′ ≤ 0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s ♠❛♣ (x, y) =
M(r, s) = γ(s)+rN(s)✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t (γ′, γ+rN−εe2) ≥ 0 ❢♦r ❛❧❧ s✉✣❝✐❡♥t❧②
s♠❛❧❧ ε, s > 0✳ ❚♦ ❞♦ t❤✐s✱ ❧❡t ✉s ✇r✐t❡ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s

γ′(s) = e1 + sR1(s), γ(s) = se1 + s2R2(s), ❢♦r ❛❧❧ s > 0 s♠❛❧❧,

✇❤❡r❡ |R1|, |R2| ≤ C3 ❢♦r s♦♠❡ ❝♦♥st❛♥t C3 > 0✳ ❯s✐♥❣ ❛❧s♦ N ⊥ γ′✱ ✐t ❢♦❧❧♦✇s t❤❛t

(γ′, γ+ rN − εe2) =
(
e1 + sR1(s), s(e1 + sR2(s))− εe2

)
≥ s(1−C3ε− 2C3s−C2

3s
2) ≥ 0

❢♦r ❛❧❧ s✉✣❝✐❡♥t❧② s♠❛❧❧ ε, s > 0✳

✭✐✐✮ ❚❤❡ ❛ss❡rt✐♦♥ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳ ❋♦r t❤✐s ✐t s✉✣❝❡s
t♦ ❡st❛❜❧✐s❤ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ✭✷✳✵✳✶✵✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ t✇♦ st❡♣s✳

❙t❡♣ ✶✿ P❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t②✳ ❈♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥

w =
us

1− rK
✐♥ QT := ω0 × [0, T ).

■♥ ✈✐❡✇ ♦❢ ✭✺✳✶✳✹✮✱ w s❛t✐s✜❡s

wt −∆w = aww + bw · ∇w +
K ′

(1− rK)3
1

β′(s)
ux, ✭✻✳✵✳✷✮

✇✐t❤

aw =
K2

(1− rK)2
− pK

1− rK
|∇u|p−2ur −

K ′

(1− rK)3
α′(s)

β′(s)
,

bw = p|∇u|p−2∇u− 2K

1− rK
N(s).

❋♦r ❛♥② T ′ ∈ (0, T )✱ ✇❡ ❤❛✈❡ supQT ′
|∇u| < ∞✳ ❆❧s♦✱ ❜② ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✶✮✱ 1− rK ✐s

❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0 ✐♥ ω0✳ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ K ′ ≥ 0, α′, β′ > 0✱ ✐♠♣❧✐❡s

sup
QT ′

aw <∞. ✭✻✳✵✳✸✮
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❙✐♥❝❡ u0 ≥ 0 ✐♥ Ω✱ ❜② t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✇❡ ❤❛✈❡ u > 0 ✐♥ Ω × (0, T )✳
❚❤❡r❡❢♦r❡✱ ❜② ❍♦♣❢✬s ❧❡♠♠❛ ✇❡ ❣❡t

uν < 0 ♦♥ ∂Ω× (0, T )✱ ✭✻✳✵✳✹✮

✇❤❡r❡ uν ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ u ✐♥ t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r②✳ ❆s
❝♦♥s❡q✉❡♥❝❡✱ ❜② ✭✷✳✵✳✶✷✮✱ ✇❡ ❤❛✈❡

ux = νxuν ≤ 0 ♦♥ (∂Ω ∩ {x > 0})× (0, T ).

❇② t❤❡ s②♠♠❡tr② ♦❢ u0 ❛♥❞ Ω✱ ✇❡ ❛❧s♦ ❤❛✈❡

ux = 0 ♦♥ [Ω ∩ {x = 0}]× (0, T ).

◆♦✇✱ ✇❡ s❡❡ t❤❛t v = ux s❛t✐s✜❡s

vt −∆v = p|∇u|p−2∇u · ∇v ✐♥ [Ω ∩ {x > 0}]× (0, T ).

❚❤❡♥✱ ❛❢t❡r ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✼✮ ❛♥❞ t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❤❛✈❡

ux < 0 ✐♥ [Ω ∩ {x > 0}]× (0, T ). ✭✻✳✵✳✺✮

❙✐♥❝❡ ω0 ⊂ Ω ∩ {x > 0}✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✵✳✷✮✱ ✭✻✳✵✳✺✮ ❛♥❞ K ′ ≥ 0, β′ > 0 t❤❛t

wt −∆w − aww − bw · ∇w ≤ 0 ✐♥ QT . ✭✻✳✵✳✻✮

❙t❡♣ ✷✿ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝♦♥❝❧✉s✐♦♥✳ ❲❡ s♣❧✐t t❤❡ ❜♦✉♥❞❛r② ♦❢ ω0 ✐♥ ✜✈❡
♣❛rts✿

Γ1 = {(α(s), β(s)); 0 < s < s0},
Γ2 = Ω ∩ {x = 0},
Γ3 = ∂Ω ∩ ∂ω0 ∩ {r > 0},
Γ4 = Ω ∩ Λs0 ,

Γ5 = Ω ∩DΓ ∩ {y = y0}.

❙❡❡ ❋✐❣✉r❡s ✹✳✸ ❛♥❞ ✹✳✹ ❢♦r ✐❧❧✉str❛t✐♦♥s ♦❢ s✉❝❤ ♣❛rt✐t✐♦♥s✳ ◆♦t❡ t❤❛t Γ3 ❛♥❞✴♦r Γ5 ♠❛②
❜❡ ❡♠♣t②✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ♥❡❡❞ ♥♦t t♦ ❝❛r❡ ❛❜♦✉t t❤❡♠✳
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Γ1

Γ2 Γ4

Λs0

{y = y0}

Γ5

ω0

❋✐❣✉r❡ ✹✳✸ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ ∂ω0✳ ■♥ t❤✐s ❝❛s❡ Γ3 = ∅✳

❙✐♥❝❡ u = 0 ♦♥ ∂Ω✱ ✇❡ ❤❛✈❡

us = 0 ♦♥ Γ1 × [0, T )✳ ✭✻✳✵✳✼✮
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ΛX0

Γ4Γ2

ω0

Γ1

Γ3

❋✐❣✉r❡ ✹✳✹ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ ∂ω0 ✇❤❡♥ y0 = ∞✳ ■♥ t❤✐s ❝❛s❡ Γ5 = ∅✳

❇② t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❞♦♠❛✐♥✱ ❛♥❞ ✉s✐♥❣ ✭✸✳✵✳✾✮✱ ✇❡ ❤❛✈❡ us = (1− rK)ux ♦♥ Γ2✱ ❛♥❞
❜② ✭✷✳✵✳✶✻✮✱ ✇❡ ❞❡❞✉❝❡

us = 0 ♦♥ Γ2 × [0, T )✳ ✭✻✳✵✳✽✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✻✳✵✳✹✮✱ ✭✷✳✵✳✶✷✮ ❛♥❞ ✭✷✳✵✳✶✸✮✱ ✇❡ ❤❛✈❡

ux = νxuν ≤ 0, uy = νyuν ≤ 0 ♦♥ Γ3 × [0, T )✳

◆♦✇✱ ✇❡ r❡❝❛❧❧ ❢r♦♠ ✭✸✳✵✳✾✮

us = (1− rK)(α′(s)ux + β′(s)uy) ✭✻✳✵✳✾✮

❚❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✵✳✺✮ t❤❛t

us ≤ 0 ♦♥ Γ3 × [0, T ). ✭✻✳✵✳✶✵✮

◆❡①t✱ ✇❡ s❤❛❧❧ ♣r♦✈❡ ❜② ❛ ♠♦✈✐♥❣ ♣❧❛♥❡s ❛r❣✉♠❡♥t t❤❛t

us ≤ 0 ♦♥ Γ4 × [0, T )✳ ✭✻✳✵✳✶✶✮

❲❡ ❞❡✜♥❡ ✐♥ Ωs0 × (0, T ) t❤❡ ❢✉♥❝t✐♦♥s

u1(x, y, t) = u(x, y, t), u2(x, y, t) = u(Ts0(x, y), t),

✇❤❡r❡ Ωs0 ❛♥❞ Ts0 ❛r❡ ❞❡✜♥❡❞ ✐♥ ◆♦t❛t✐♦♥ ✷✳✹✳ ❲❡ ♥♦t❡ t❤❛t u2 ✐s ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡ ❜②
❝♦♥❞✐t✐♦♥ ✭✷✳✵✳✶✹✮✱ Ts0(x, y) ∈ Ω✱ ❢♦r ❛❧❧ (x, y) ∈ Ωs0 ✳ ❇♦t❤ ❢✉♥❝t✐♦♥s u1, u2 s❛t✐s❢② t❤❡
❡q✉❛t✐♦♥

ui,t −∆ui = |∇ui|p ✐♥ Ωs0 × (0, T ),

❢♦r i = 1, 2✳ ❇② ❝♦♥❞✐t✐♦♥ ✭✷✳✵✳✶✽✮✱ ✇❡ ❤❛✈❡

u1(x, y, 0) ≤ u2(x, y, 0) ✐♥ Ωs0 .

❚❤❡ ❜♦✉♥❞❛r② ♦❢ Ωs0 ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rts✿

Γs01 := ∂Ω ∩ ∂Ωs0 , Γs02 := Λs0 ∩ Ω.

❖♥ Γs01 ✇❡ ❤❛✈❡ u1(x, y, t) = 0 ❛♥❞ u2(x, y, t) ≥ 0 s✐♥❝❡ u ≥ 0 ✐♥ Ω× (0, T )✳ ❖♥ Γs02 ✇❡
❤❛✈❡ u1(x, y, t) = u2(x, y, t)✱ s✐♥❝❡ Ts0(x, y) = (x, y)✱ ❢♦r ❛❧❧ (x, y) ∈ Λs0 ✳ ❙♦ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t u1(x, y, t) ≤ u2(x, y, t) ♦♥ ∂Ωs0 × [0, T )✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥
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♣r✐♥❝✐♣❧❡✱ ✇❡ ❣❡t u1 ≤ u2 ✐♥ Ωs0 × [0, T )✳ ▲❡tt✐♥❣ (x, y) ❣♦ t♦ Λs0 ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥
t♦ Λs0 ✱ ✇❡ ❞❡❞✉❝❡ ✭✻✳✵✳✶✶✮✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t
us ≤ 0 ♦♥ Γ5 × [0, T )✱ ✭✻✳✵✳✶✷✮

✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✵✳✶✺✮✱ ✭✷✳✵✳✶✾✮ ❛♥❞ ♦❢ ❛ s✐♠✐❧❛r ♠♦✈✐♥❣ ♣❧❛♥❡s
❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ Γ4✱ ✇❡ ❤❛✈❡

uy ≤ 0 ✐♥ (Ω ∩ {y = y0})× [0, T )✳ ✭✻✳✵✳✶✸✮

Pr♦♣❡rt② ✭✻✳✵✳✶✷✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✵✳✺✮✱ ✭✻✳✵✳✾✮✱ ✭✻✳✵✳✶✸✮ ❛♥❞ ✭✷✳✵✳✺✮✳

❚❤❡♥✱ s✐♥❝❡ ∂ω0 = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4 ∪ Γ5✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✵✳✼✮✱ ✭✻✳✵✳✽✮✱ ✭✻✳✵✳✶✵✮✲
✭✻✳✵✳✶✷✮ t❤❛t

us ≤ 0 ♦♥ ∂ω0 × (0, T ). ✭✻✳✵✳✶✹✮

■♥ ✈✐❡✇ ♦❢ ✭✻✳✵✳✸✮✱ ✭✻✳✵✳✻✮✱ ✭✻✳✵✳✶✹✮✱ ✭✷✳✵✳✶✼✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ str♦♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡
t❤❛t

us < 0 ✐♥ ω0 × (0, T ).

❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✻✳✵✳✺✮ ❛♥❞ ✭✷✳✵✳✷✵✮✱ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✸✱ ❛♥❞ t❤❡ ❝♦♥✲
❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

✼ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷

❍❡r❡ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷ ❛s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳ ❲❡
s❤❛❧❧ ✈❡r✐❢② t❤❛t t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✷✳✺ ❤♦❧❞ ❢♦r ❡❧❧✐♣s❡s ❛♥❞ ❢♦r t❤❡ ❞♦♠❛✐♥s
s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳ ❲❡ ♦♥❧② ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r ❡❧❧✐♣s❡s ✇✐t❤ ♣♦s✐t✐✈❡ ❡❝❝❡♥tr✐❝✐t②✳ ❋♦r
❞✐s❦s✱ s❡❡ ❬✷✷❪✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐♥♦r ❛①✐s ♦❢ t❤❡ ❡❧❧✐♣s❡
✐s ♦♥ t❤❡ ❤❛❧❢✲❧✐♥❡ {x = 0; y ≥ 0} ❛♥❞ t❤❛t t❤❡ ❧♦✇❡r ❝♦✲✈❡rt❡① ✐s ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡♥✱
❛ss✉♠♣t✐♦♥ ✭✷✳✵✳✶✷✮ ❤♦❧❞s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r Γ ❛ ❝♦♥♥❡❝t❡❞ ❜♦✉♥❞❛r② ♣✐❡❝❡ ❝♦♥t❛✐♥✐♥❣ t❤❡
♦r✐❣✐♥ ❛♥❞ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ x = 0✱ ✇❡ ❝❛♥ ✉s❡ ◆♦t❛t✐♦♥ ✷✳✶✳

◆♦✇✱ t❛❦❡ y0 > 0 s✉❝❤ t❤❛t t❤❡ ♠❛❥♦r ❛①✐s ♦❢ t❤❡ ❡❧❧✐♣s❡ ✐s ♦♥ t❤❡ ❧✐♥❡ y = y0✳
❍②♣♦t❤❡s✐s ✭✷✳✵✳✶✺✮ ✐s t❤❡♥ s❛t✐s✜❡❞✳ ▼♦r❡♦✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡❧❧✐♣s❡✱
✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❝❡♥t❡r ♦❢ ❝✉r✈❛t✉r❡ ❛t ❛♥② ♣♦✐♥t ♦❢ ∂Ω ∩ {y < y0} ❧✐❡s ✐♥ t❤❡
❤❛❧❢✲♣❧❛♥❡ {y > y0}✳ ❈♦♥s✐❞❡r✐♥❣ s0 > 0 s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t Γ ⊂ {y < y0}✱ ✐t ❢♦❧❧♦✇s
t❤❛t ❝♦♥❞✐t✐♦♥s ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮✱ ✭✷✳✵✳✶✶✮ ❛♥❞ ✭✷✳✵✳✶✸✮ ❛r❡ s❛t✐s✜❡❞✳

◆♦✇ ❧❡t ✉s ✈❡r✐❢② t❤❛t ✭✷✳✵✳✶✹✮ ❛❧s♦ ❤♦❧❞s ❢♦r t❤✐s ❝❤♦✐❝❡ ♦❢ Γ✳ ❍❡r❡✱ ✇❡ r❡❝❛❧❧ t❤❡
❞❡✜♥✐t✐♦♥s ♦❢Hs0 ❛♥❞ Λs0 ✐♥ ◆♦t❛t✐♦♥ ✷✳✹✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t t❤❡ s②♠♠❡tr✐❝ ♦❢ ∂Ω∩Hs0

✇✐t❤ r❡s♣❡❝t t♦ Λs0 ❧✐❡s ✐♥ Ω✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s ✭✷✳✵✳✶✹✮ ❜② ❝♦♥✈❡①✐t②✳

▲❡t ∂Ω ❜❡ t❤❡ ♦r✐❣✐♥❛❧ ❡❧❧✐♣s❡ ❛♥❞ Ts0(∂Ω) ✐ts s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡
Λs0 ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ t✇♦ ❡❧❧✐♣s❡s ✐♥t❡rs❡❝t ✐♥ ❛t ❧❡❛st t✇♦ ♣♦✐♥ts✱ ✇❤✐❝❤ ❛r❡ t❤❡
t✇♦ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ♦❢ ∂Ω ✇✐t❤ Λs0 ✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t ❛♥② t✇♦ ❡❧❧✐♣s❡s ✐♥t❡rs❡❝t ✐♥
❛t ♠♦st ❢♦✉r ♣♦✐♥ts✱ ❝♦✉♥t✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝✐t②✳ ❙✐♥❝❡ Λs0 ✐s ♥♦r♠❛❧ t♦ ∂Ω ❛t γ(s0)✱ t❤❡
t✇♦ ❡❧❧✐♣s❡s ∂Ω ❛♥❞ Ts0(∂Ω) ❛r❡ t❛♥❣❡♥t t♦ ❡❛❝❤ ♦t❤❡r ❛t t❤❛t ♣♦✐♥t✱ ✇❤✐❝❤ ✐s t❤❡♥ ❛♥
✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ ♠✉❧t✐♣❧✐❝✐t② ❛t ❧❡❛st ✷✳

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❝❛♥ ❜❡ ❛t ♠♦st ♦♥❡ ♦t❤❡r ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡❧❧✐♣s❡s✳
❇② ❝♦♥✈❡①✐t②✱ ✐t ❝❛♥♥♦t ❜❡ ♦♥ t❤❡ s❡❣♠❡♥t Λs0 ∩ Ω✱ ❛♥❞ ❜② s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦
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t❤❡ ❧✐♥❡ Λs0 ✱ ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦♥ ♦♥❡ s✐❞❡ ♦❢ Λs0 ✱ t❤❡r❡ ♠✉st ❜❡ ❛♥♦t❤❡r
♦♥❡ ♦♥ t❤❡ ♦t❤❡r s✐❞❡✳ ❍❡♥❝❡✱ t❤❡ t✇♦ ❡❧❧✐♣s❡s ♦♥❧② ✐♥t❡rs❡❝t ✐♥ t✇♦ ♣♦✐♥ts✳

❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ∂Ω ✐♥❝r❡❛s❡s ❢r♦♠ t❤❡ ♦r✐❣✐♥ ✉♣ t♦ t❤❡ r✐❣❤t ✈❡rt❡①✱
♥❡❛r γ(s0)✱ t❤❡ s②♠♠❡tr✐❝ ♦❢ ∂Ω ∩Hs0 ❧✐❡s ✐♥ Ω✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥✱ ✐t ❞♦❡s ♥♦t ✐♥t❡rs❡❝t
❛❣❛✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ✉♥t✐❧ t❤❡ ♦t❤❡r ✐♥t❡rs❡❝t✐♦♥ ♦❢ Λs0 ✇✐t❤ ∂Ω✳ ❚❤❡r❡❢♦r❡✱ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t Ts0(∂Ω ∩Hs0) ⊂ Ω✳ ❍❡♥❝❡✱ Ω s❛t✐s✜❡s ❛❧❧ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✷✳✺✱
❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳ ❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ Ω ✐s ♥♦t ❧♦❝❛❧❧② ✢❛t ❛t t❤❡
♦r✐❣✐♥✳ ❚❤❛t ✐s✱ ✐♥ ❛ss✉♠♣t✐♦♥ ✭✶✳✵✳✹✮ ∂Ω ♦♥❧② t♦✉❝❤❡s y = 0 ❛t t❤❡ ♦r✐❣✐♥✳ ❋♦r ❧♦❝❛❧❧②
✢❛t ❞♦♠❛✐♥s✱ s❡❡ ❬✷✷❪✳

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✱ ✇❡ s❤❛❧❧ ✈❡r✐❢② t❤❛t ❛❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✷✳✺
❤♦❧❞✳ ■♥ ✈✐❡✇ ♦❢ ❛ss✉♠♣t✐♦♥s ✭✶✳✵✳✸✮ ❛♥❞ ✭✶✳✵✳✹✮✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛ s✉✐t❛❜❧❡ ❜♦✉♥❞❛r②
♣✐❡❝❡✱ ✇❡ ❝❛♥ ✉s❡ ◆♦t❛t✐♦♥ ✷✳✶✱ ❛♥❞ ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✷✮ ✐s s❛t✐s✜❡❞✳ ❇② t❛❦✐♥❣ ❛ s♠❛❧❧❡r
Γ ✐❢ ♥❡❝❡ss❛r②✱ ❤②♣♦t❤❡s❡s ✭✷✳✵✳✹✮✱ ✭✷✳✵✳✺✮ ❛♥❞ ✭✷✳✵✳✶✹✮ ❛r❡ ❣✉❛r❛♥t❡❡❞ ❜② ❛ss✉♠♣t✐♦♥s
✭✶✳✵✳✺✮ ❛♥❞ ✭✶✳✵✳✻✮✳

❚❤❡ ❛ss✉♠♣t✐♦♥ Ω ⊂ {y < R(0)} ✐♥ ✭✶✳✵✳✺✮✱ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❡♥t❡r ♦❢ ❝✉r✈❛t✉r❡ ♦❢
t❤❡ ❜♦✉♥❞❛r② ❛t t❤❡ ♦r✐❣✐♥ ✐s ❛t ♣♦s✐t✐✈❡ ❞✐st❛♥❝❡ ♦❢ Ω ✭♣♦ss✐❜❧② ❛t ✐♥✜♥✐t②✮✳ ❙✐♥❝❡ t❤❡
❝✉r✈❛t✉r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞✉❡ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ❝♦♥s✐❞❡r✐♥❣
❛ s♠❛❧❧❡r Γ ✐❢ ♥❡❝❡ss❛r②✱ t❤❡ ❡✈♦❧✉t❡ ♦❢ Γ ✐s ❛❧s♦ ❛t ♣♦s✐t✐✈❡ ❞✐st❛♥❝❡ ♦❢ Ω✳ ❚❤❡r❡❢♦r❡✱
❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✶✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ y0 = +∞✱ ❛♥❞ t❤❡♥ ✭✷✳✵✳✶✺✮ ✐s tr✐✈✐❛❧✳

❆s ❢♦r ❤②♣♦t❤❡s✐s ✭✷✳✵✳✶✸✮✱ ✇❡ ♥♦t❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ ✭✶✳✵✳✸✮ ❛♥❞ s✐♥❝❡ Ω ✐s s♠♦♦t❤ ❛♥❞
❝♦♥♥❡❝t❡❞✱ Ω ∩ {x = η} ✐s ❛ s❡❣♠❡♥t ❢♦r ❛❧❧ η > 0 s♠❛❧❧✳ ❚❤❡r❡❢♦r❡✱ ✭✷✳✵✳✶✸✮ ❤♦❧❞s ❜②
❝♦♥s✐❞❡r✐♥❣ ❛ ♣♦ss✐❜❧② s♠❛❧❧❡r Γ✳
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ◆✳ ❆❧❛❛✱ ❲❡❛❦ s♦❧✉t✐♦♥s ♦❢ q✉❛s✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ♠❡❛s✉r❡s ❛s ✐♥✐t✐❛❧
❞❛t❛✳ ❆♥♥❛❧❡s ▼❛t❤é♠❛t✐q✉❡s ❇❧❛✐s❡ P❛s❝❛❧ ✸✱ ♥♦✳ ✷ ✭✶✾✾✻✮✿ ✶✲✶✺✳

❬✷❪ ◆✳❉✳ ❆❧✐❦❛❦♦s✱ P✳❲✳ ❇❛t❡s✱ ❈✳P✳ ●r❛♥t✱ ❇❧♦✇ ✉♣ ❢♦r ❛ ❞✐✛✉s✐♦♥✲❛❞✈❡❝t✐♦♥
❡q✉❛t✐♦♥✳ Pr♦❝❡❡❞✐♥❣ ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ❊❞✐♥❜✉r❣❤✱ ❙❡❝t✐♦♥ ❆ ✶✶✸✱ ♥♦✳ ✸✲✹
✭✶✾✽✾✮✿ ✶✽✶✲✾✵✳

❬✸❪ ▲✳ ❆♠♦✉r✱ ▼✳ ❇❡♥✲❆rt③✐✱ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ❞❡❝❛② ❢♦r ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ✸✶ ✭✶✾✾✽✮✿ ✻✷✶✲✷✽✳

❬✹❪ ❏✳▼✳ ❆rr✐❡t❛✱ ❆✳ ❘♦❞r✐❣✉❡③✲❇❡r♥❛❧✱ P❤✳ ❙♦✉♣❧❡t✱ ❇♦✉♥❞❡❞♥❡ss ♦❢ ❣❧♦❜❛❧
s♦❧✉t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♣❤❡♥♦♠❡♥❛✳
❆♥♥❛❧✐ ❞❡❧❧❛ ❙❝✉♦❧❛ ◆♦r♠❛❧❡ ❙✉♣❡r✐♦r❡ ❞✐ P✐s❛✱ ❈❧❛ss❡ ❞✐ ❙❝✐❡♥③❡ ✭✺✮✸✱ ♥♦✳ ✶ ✭✷✵✵✹✮✿
✶✲✶✺✳

❬✺❪ ❆✳ ❆tt♦✉❝❤✐✱ P❤✳ ❙♦✉♣❧❡t✱ ❙✐♥❣❧❡ ♣♦✐♥t ❣r❛❞✐❡♥t ❜❧♦✇✲✉♣ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❢♦r
❛ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✇✐t❤ p✲▲❛♣❧❛❝✐❛♥ ❞✐✛✉s✐♦♥✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳
✸✻✾ ✭✷✵✶✼✮✱ ✾✸✺✲✾✼✹✳

❬✻❪ ●✳ ❇❛r❧❡s✱ ❋✳ ❉❛ ▲✐♦✱ ❖♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧ ❞❡ ▼❛t❤é♠❛t✐q✉❡s P✉r❡s ❡t ❆♣♣❧✐q✉é❡s ✽✸ ✭✷✵✵✹✮✿ ✺✸✲✼✺✳

❬✼❪ ❙✳ ❇❡♥❛❝❤♦✉r✱ ●✳ ❑❛r❝❤✱ P❤✳ ▲❛✉r❡♥ç♦t✱ ❆s②♠♣t♦t✐❝ ♣r♦✜❧❡s ♦❢ s♦❧✉t✐♦♥s t♦
✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧ ❞❡ ▼❛t❤é♠❛t✐q✉❡s P✉r❡s ❡t ❆♣♣❧✐q✉é❡s
✽✸ ✭✷✵✵✹✮✿ ✶✷✼✺✲✸✵✽✳

❬✽❪ ❙✳ ❇❡♥❛❝❤♦✉r✱ P❤✳ ▲❛✉r❡♥ç♦t✱ ●❧♦❜❛❧ s♦❧✉t✐♦♥s t♦ ✈✐s❝♦✉s ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❡q✉❛t✐♦♥s ✇✐t❤ ✐rr❡❣✉❧❛r ❞❛t❛✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s
✷✹ ✭✶✾✾✾✮✿ ✶✾✾✾✲✷✵✷✶✳

❬✾❪ ▼✳ ❇❡♥✲❆rt③✐✱ P❤✳ ❙♦✉♣❧❡t✱ ❋✳❇✳ ❲❡✐ss❧❡r✱ ❚❤❡ ❧♦❝❛❧ t❤❡♦r② ❢♦r ✈✐s❝♦✉s
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s ✐♥ ▲❡❜❡s❣✉❡ s♣❛❝❡s✳ ❏♦✉r♥❛❧ ❞❡ ▼❛t❤é♠❛t✐q✉❡s P✉r❡s
❡t ❆♣♣❧✐q✉é❡s ✭✾✮ ✽✶✱ ♥♦✳ ✹ ✭✷✵✵✷✮✿ ✸✹✸✲✼✽✳

❬✶✵❪ ●✳❘✳ ❈♦♥♥❡r✱ ❈✳P✳ ●r❛♥t✱ ❆s②♠♣t♦t✐❝s ♦❢ ❜❧♦✇✉♣ ❢♦r ❛ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥
❡q✉❛t✐♦♥ ✇✐t❤ ❝♦♥s❡r✈❛t✐♦♥✳ ❉✐✛❡r❡♥t✐❛❧ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ✾ ✭✶✾✾✻✮✱ ✼✶✾✲✼✷✽✳

❬✶✶❪ ▼✳ ❋✐❧❛✱ ●✳▼✳ ▲✐❡❜❡r♠❛♥✱ ❉❡r✐✈❛t✐✈❡ ❜❧♦✇✲✉♣ ❛♥❞ ❜❡②♦♥❞ ❢♦r q✉❛s✐❧✐♥❡❛r
♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ✼✱ ♥♦✳ ✸✲✹ ✭✶✾✾✹✮✿ ✽✶✶✲✷✶✳

❬✶✷❪ ❆✳ ❋r✐❡❞♠❛♥✱ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ♣❛r❛❜♦❧✐❝ t②♣❡✳ ❊♥❣❧❡✇♦♦❞ ❝❧✐✛s✱
◆❏✿ Pr❡♥t✐❝❡✲❍❛❧❧✱✶✾✻✹✳

❬✶✸❪ ❆✳ ❋r✐❡❞♠❛♥✱ ❇✳ ▼❝▲❡♦❞✱ ❇❧♦✇✲✉♣ ♦❢ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ s❡♠✐❧✐♥❡❛r ❤❡❛t ❡q✉❛✲
t✐♦♥s✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✸✹ ✭✶✾✽✺✮✱ ✹✷✺✲✹✹✼✳

✶✺✼
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❬✶✹❪ ❇✳❍✳ ●✐❧❞✐♥❣✱ ❚❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ut = ∆u + |∇u|q✱ ❧❛r❣❡✲t✐♠❡ ❜❡❤❛✈✐♦✉r✳
❏♦✉r♥❛❧ ❞❡ ▼❛t❤é♠❛t✐q✉❡s P✉r❡s ❡t ❆♣♣❧✐q✉é❡s ✭✾✮ ✽✹✱ ♥♦✳ ✻ ✭✷✵✵✺✮✿ ✼✺✸✲✽✺✳

❬✶✺❪ ❇✳❍✳ ●✐❧❞✐♥❣✱ ▼✳ ●✉❡❞❞❛✱ ❘✳ ❑❡rs♥❡r✱ ❚❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ut = ∆u +
|∇u|q✳ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✷✽✹ ♥♦✳ ✷ ✭✷✵✵✸✮✿ ✼✸✸✲✺✺✳
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❈❤❛♣t❡r ✺

❚❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞

✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❍❡ss✐❛♥

P❛❜❧♦ ❇❧❛♥❝✱ ❈❛r❧♦s ❊st❡✈❡ ❛♥❞ ❏✉❧✐♦ ❉✳ ❘♦ss✐

Pr❡♣r✐♥t ❛r❳✐✈✿✶✾✵✶✳✵✶✵✺✷✳ ❙✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠






ut(x, t)− λj(D
2u(x, t)) = 0, ✐♥ Ω× (0,+∞),

u(x, t) = g(x, t), ♦♥ ∂Ω× (0,+∞),
u(x, 0) = u0(x), ✐♥ Ω,

✇❤❡r❡ Ω ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
N ✭t❤❛t ✈❡r✐✜❡s ❛ s✉✐t❛❜❧❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥ ♦♥ ✐ts

❜♦✉♥❞❛r②✮ ❛♥❞ λj(D
2u) st❛♥❞s ❢♦r t❤❡ j−t❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① D2u✳ ❲❡

❛ss✉♠❡ t❤❛t u0 ❛♥❞ g ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ u0(x) =
g(x, 0)✱ x ∈ ∂Ω✳

❲❡ s❤♦✇ t❤❛t t❤❡ ✭✉♥✐q✉❡✮ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ❡①✐sts ✐♥ t❤❡ ✈✐s❝♦s✐t② s❡♥s❡ ❛♥❞ ❝❛♥
❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ t✇♦✲♣❧❛②❡r ③❡r♦✲s✉♠ ❣❛♠❡ ❛s t❤❡ ♣❛r❛♠❡t❡r
♠❡❛s✉r✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ st❡♣ t❤❛t ✇❡ ♠♦✈❡ ✐♥ ❡❛❝❤ r♦✉♥❞ ♦❢ t❤❡ ❣❛♠❡ ❣♦❡s t♦ ③❡r♦✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❤❡♥ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✱ g(x, t) = g(x)✱ ✇❡ s❤♦✇
t❤❛t ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s t♦ t❤✐s ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ st❛❜✐❧✐③❡ ❛♥❞ ❝♦♥✈❡r❣❡ ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st
t♦ t❤❡ ✉♥✐q✉❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ❛s t → ∞✳ ❋♦r j = 1✱ t❤❡ ❧✐♠✐t ♣r♦✜❧❡ ✐s ❥✉st t❤❡ ❝♦♥✈❡①
❡♥✈❡❧♦♣❡ ✐♥s✐❞❡ Ω ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ g✱ ✇❤✐❧❡ ❢♦r j = N ✱ ✐t ✐s t❤❡ ❝♦♥❝❛✈❡ ❡♥✈❡❧♦♣❡✳ ❲❡
♦❜t❛✐♥ t❤✐s r❡s✉❧t ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✿ ✇✐t❤ P❉❊ t♦♦❧s ❛♥❞ ✇✐t❤ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧
❛r❣✉♠❡♥ts✳ ▼♦r❡♦✈❡r✱ ✐♥ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s ✭❢♦r ❛✣♥❡ ❜♦✉♥❞❛r② ❞❛t❛✮ ✇❡ ❝❛♥ s❤♦✇ t❤❛t
s♦❧✉t✐♦♥s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐♥ ✜♥✐t❡ t✐♠❡ ✭t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ Ω ❛♥❞
♥♦t ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0✮✳

✶ ■♥tr♦❞✉❝t✐♦♥

❈♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠




ut(x, t)− λj(D
2u(x, t)) = 0, ✐♥ Ω× (0,+∞),

u(x, t) = g(x, t), ♦♥ ∂Ω× (0,+∞),
u(x, 0) = u0(x), ✐♥ Ω.

✭✶✳✵✳✶✮

❤❡r❡✱ Ω ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
N ✱ ✇✐t❤ N ≥ 1 ❛♥❞ λj(D

2u) st❛♥❞s ❢♦r t❤❡ j−t❤
❡✐❣❡♥✈❛❧✉❡ ♦❢ D2u = (∂2xi,xj

u)ij ✱ ✇❤✐❝❤ ✐s t❤❡ ❤❡ss✐❛♥ ♠❛tr✐① ♦❢ u✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡

✶✻✶



✶✻✷ ❈❍❆P❚❊❘ ✺✳ ❊❱❖▲❯❚■❖◆ ❊◗✳ ❋❖❘ ❊■●❊◆❱❆▲❯❊❙ ❖❋ ❚❍❊ ❍❊❙❙■❆◆

❢r♦♠ ♥♦✇ ♦♥ t❤❛t u0 ❛♥❞ g ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥
u0(x) = g(x, 0)✱ x ∈ ∂Ω✳

Pr♦❜❧❡♠ ✭✶✳✵✳✶✮ ✐s t❤❡ ❡✈♦❧✉t✐♦♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠
{
λj(D

2z(x)) = 0, ✐♥ Ω,
z(x) = g(x), ♦♥ ∂Ω,

✭✶✳✵✳✷✮

✇❤✐❝❤ ✇❛s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ ❬✶✱ ✻✱ ✹✱ ✺✱ ✼✱ ✽✱ ✶✷✱ ✶✸✱ ✷✸✱ ✷✹❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r j = 1
❛♥❞ j = N ✱ ♣r♦❜❧❡♠ ✭✶✳✵✳✷✮ ✐s t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦♥✈❡① ❛♥❞ ❝♦♥❝❛✈❡ ❡♥✈❡❧♦♣❡ ♦❢ g ✐♥
Ω✱ r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✳✱ t❤❡ s♦❧✉t✐♦♥ z ✐s t❤❡ ❜✐❣❣❡st ❝♦♥✈❡① ✭s♠❛❧❧❡st ❝♦♥❝❛✈❡✮ ❢✉♥❝t✐♦♥ u✱
s❛t✐s❢②✐♥❣ u ≤ g ✭u ≥ g✮ ♦♥ ∂Ω✱ s❡❡ ❬✷✸✱ ✷✹❪✳

■♥ ❬✼❪✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ❢♦r ✭✶✳✵✳✷✮ ✐s ♣r♦✈❡❞ ✉♥❞❡r
❛ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❞♦♠❛✐♥✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ r❡s✉❧ts ✐♥ ❬✶✷❪✱ ❛
❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❤♦❧❞s ❢♦r ✈✐s❝♦s✐t② s✉❜ ❛♥❞ s✉♣❡rs♦❧✉t✐♦♥s ♦❢ ✭✶✳✵✳✷✮✳ ❯s✐♥❣ t❤✐s
❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❝♦♥❝❛✈❡✴❝♦♥✈❡① ❡♥✈❡❧♦♣❡s ♦❢
t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ g ❢♦r s♦❧✉t✐♦♥s t♦ ✭✶✳✵✳✷✮✱ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥
❬✼❪ t✉r♥s ♦✉t t♦ ❜❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❢♦r t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss ♦❢ t❤✐s ♣r♦❜❧❡♠ ✐♥
t❤❡ ✈✐s❝♦s✐t② s❡♥s❡✳ ■♥ ♦✉r ♣❛r❛❜♦❧✐❝ s❡tt✐♥❣✱ ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ✐❞❡❛s ❢r♦♠ ❬✶✵❪✱ ♦♥❡ ❝❛♥
s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛❧s♦ ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✳ ❍❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥
❢♦❧❧♦✇s✳ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✶✳✵✳✷✮ ✇❛s s❤♦✇♥ ✐♥ ❬✶✷❪ ✉s✐♥❣ P❡rr♦♥✬s ♠❡t❤♦❞✳ ❆
❞✐✛❡r❡♥t ❡①✐st❡♥❝❡ ♣r♦♦❢ ✇❛s ❣✐✈❡♥ ✐♥ ❬✼❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ✐♥tr♦❞✉❝❡ ❛ t✇♦✲♣❧❛②❡r ③❡r♦✲
s✉♠ ❣❛♠❡ ✇❤♦s❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ P❉❊ ❛s t❤❡ s✐③❡ ♦❢ t❤❡
❣❛♠❡ st❡♣ ❣♦❡s t♦ ③❡r♦✳

❋♦r ♦✉r ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ✈✐s❝♦s✐t② s♦❧✉✲
t✐♦♥ ✐t s❡❡♠s ♥❛t✉r❛❧ t♦ tr② t♦ ✉s❡ P❡rr♦♥✬s ♠❡t❤♦❞ r❡❧②✐♥❣ ♦♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✳
❍♦✇❡✈❡r✱ ✇❡ ♣r❡❢❡r t♦ t❛❦❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✳ ❲❡ ♣r♦✈✐❞❡ ❛♥ ❡①✐st❡♥❝❡ ♣r♦♦❢ ✉s✐♥❣ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ ❣❛♠❡ t❤❡♦r② ✭t❤✐s ❛♣♣r♦❛❝❤ ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ s✐♥❝❡ ✐t ❛❧❧♦✇s ✉s
t♦ ❣❛✐♥ s♦♠❡ ✐♥t✉✐t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢
t❤❡ s♦❧✉t✐♦♥s✮✳ ❋♦r r❡❢❡r❡♥❝❡s ❝♦♥❝❡r♥✐♥❣ ❣❛♠❡s ✭❚✉❣✲♦❢✲❲❛r ❣❛♠❡s✮ ❛♥❞ ❢✉❧❧② ♥♦♥❧✐♥❡❛r
P❉❊s ✇❡ r❡❢❡r t♦ ❬✸✱ ✾✱ ✶✹✱ ✶✺✱ ✶✼✱ ✶✽✱ ✷✵✱ ✷✶✱ ✷✷✱ ✷✺✱ ✷✻✱ ✷✼❪ ❛♥❞ t♦ ❬✶✶✱ ✶✾❪ ❢♦r ♣❛r❛❜♦❧✐❝
✈❡rs✐♦♥s✳ ❍❡r❡ ✇❡ ♣r♦♣♦s❡ ❛ ♣❛r❛❜♦❧✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼❪ ✐♥ ♦r❞❡r
t♦ s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✶✮✳ ▲✐❦❡ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠✱ ✐t ✐s
❛ t✇♦✲♣❧❛②❡r ③❡r♦✲s✉♠ ❣❛♠❡✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛ t♦❦❡♥
♣❧❛❝❡❞ ❛t s♦♠❡ ♣♦✐♥t x0 ∈ Ω ❛♥❞ ❛t s♦♠❡ t✐♠❡ t0 > 0✳ P❧❛②❡r ■✱ ✇❤♦ ✇❛♥ts t♦ ♠✐♥✐♠✐③❡
t❤❡ ✜♥❛❧ ♣❛②♦✛✱ ❝❤♦♦s❡s ❛ s✉❜s♣❛❝❡ S ♦❢ ❞✐♠❡♥s✐♦♥ j ✐♥ R

N ❛♥❞ t❤❡♥✱ P❧❛②❡r ■■✱ ✇❤♦
✇❛♥ts t♦ ♠❛①✐♠✐③❡ t❤❡ ✜♥❛❧ ♣❛②♦✛✱ ❝❤♦♦s❡s ❛ ✉♥✐t❛r② ✈❡❝t♦r v ∈ S✳ ❚❤❡♥✱ ❢♦r ❛ ✜①❡❞
ε > 0✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t♦❦❡♥ ✐s ♠♦✈❡❞ t♦ (x0+ εv, t0− ε2/2) ♦r t♦ (x0− εv, t0− ε2/2)
✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❆❢t❡r t❤❡ ✜rst r♦✉♥❞✱ t❤❡ ❣❛♠❡ ❝♦♥t✐♥✉❡s ❢r♦♠ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥
(x1, t1) ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❛♠❡ r✉❧❡s✳ ◆♦t✐❝❡ t❤❛t ✇❡ t❛❦❡ t1 = t0−ε2/2✱ ❜✉t x1 = x0±εv
❞❡♣❡♥❞s ♦♥ ❛ ❝♦✐♥ t♦ss✳ ❚❤❡ ❣❛♠❡ ❡♥❞s ✇❤❡♥ t❤❡ t♦❦❡♥ ❧❡❛✈❡s t❤❡ ❞♦♠❛✐♥ Ω× (0, T ]✳

❆ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ h ✐s ❞❡✜♥❡❞ ♦✉ts✐❞❡ t❤❡ ❞♦♠❛✐♥✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ ❝❤♦♦s❡
h t♦ ❜❡ s✉❝❤ t❤❛t h(x, t) = g(x, t) ❢♦r x ∈ ∂Ω ❛♥❞ t > 0✱ ❛♥❞ h(x, 0) = u0(x) ❢♦r x ∈ Ω✳
❚❤❛t ✐s✱ h ✐s ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞❛t❛✳ ❲❡ ❞❡♥♦t❡ ❜② (xτ , tτ ) t❤❡
♣♦✐♥t ✇❤❡r❡ t❤❡ t♦❦❡♥ ❧❡❛✈❡s t❤❡ ❞♦♠❛✐♥✱ t❤❛t ✐s✱ ❡✐t❤❡r xτ 6∈ Ω ✇✐t❤ tτ > 0✱ ♦r tτ ≤ 0✳
❆t t❤✐s ♣♦✐♥t t❤❡ ❣❛♠❡ ❡♥❞s ❛♥❞ t❤❡ ✜♥❛❧ ♣❛②♦✛ ✐s ❣✐✈❡♥ ❜② h(xτ , tτ )✳ ❚❤❛t ✐s✱ P❧❛②❡r ■
♣❛②s P❧❛②❡r ✷ t❤❡ ❛♠♦✉♥t ❣✐✈❡♥ ❜② h(xτ , tτ )✳

❋♦r P❧❛②❡r ■✱ ✇❡ ❞❡♥♦t❡ ❜② SI ❛ str❛t❡❣②✱ ✇❤✐❝❤ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣s
SI = {Sk}∞k=0✱ ✇❤❡r❡ ❡❛❝❤ ♠❛♣♣✐♥❣ ❤❛s t❤❡ ❢♦r♠

Sk : Ωk+1 ×
(
kε2/2,+∞

)
−→ Gr(j,RN )

(x0, . . . , xk, t0) 7−→ S,
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✇❤❡r❡ S ✐s ❛ s✉❜s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ j ✭❤❡r❡ Gr(j,RN ) ❞❡♥♦t❡s t❤❡ j−●r❛s♠❛♥✐❛♥✱ t❤❛t
✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s✉❜s♣❛❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ j✮✳ ❋♦r P❧❛②❡r ■■✱ ❛ str❛t❡❣② SII ✐s ❛
❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣s SII = {Sk}∞k=0✱ ✇❤❡r❡ ❡❛❝❤ ♠❛♣♣✐♥❣ ❤❛s t❤❡ ❢♦r♠

Sk : Ωk+1 ×Gr(j,RN )×
(
kε2/2,+∞

)
−→ S

(x0, . . . , xk, S, t0) 7−→ v,

✇❤❡r❡ v ✐s ❛ ✉♥✐t❛r② ✈❡❝t♦r ✐♥ S✳

❖♥❝❡ ❜♦t❤ ♣❧❛②❡rs ❤❛✈❡ ❝❤♦s❡♥ t❤❡✐r str❛t❡❣✐❡s✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡
❢♦r t❤❡ ✜♥❛❧ ♣❛②♦✛✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜②

E
x0,t0
SI ,SII

[h(xτ , tτ )].

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ❢♦r ❡❛❝❤ ♣❧❛②❡r ✐s t❤❡ ❜❡st ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ✜♥❛❧ ♣❛②♦✛ ✉s✐♥❣
♦♥❡ ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ str❛t❡❣✐❡s✳ ❙✐♥❝❡ P❧❛②❡r ■ ✇❛♥ts t♦ ♠✐♥✐♠✐③❡ t❤❡ ✜♥❛❧ ♣❛②♦✛ ❛♥❞
P❧❛②❡r ■■ ✇❛♥ts t♦ ♠❛①✐♠✐③❡ ✐t✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ❢♦r ❡❛❝❤ ♣❧❛②❡r ❛s
❢♦❧❧♦✇s✳

uεI(x0, t0) = inf
SI

sup
SII

E
x0,t0
SI ,SII

[h(xτ , tτ )], uεII(x0, t0) = sup
SII

inf
SI

E
x0,t0
SI ,SII

[h(xτ , tτ )].

❖❜s❡r✈❡ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥s ❛❜♦✈❡ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ♦❢ t❤❡
❣❛♠❡ ✐s ❛t ♠♦st ⌈2t0/ε2⌉✱ ❛♥❞ t❤❡r❡❢♦r❡✱ t❤❡ ❣❛♠❡ ❡♥❞s ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s ✇✐t❤
♣r♦❜❛❜✐❧✐t② ✶✳ ❋♦r t❤✐s ❣❛♠❡ ✐t ❤♦❧❞s t❤❛t uεI(x0, t0) = uεII(x0, t0)✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ❛s

uε(x0, t0) = uεI(x0, t0) = uεII(x0, t0).

■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❣❛♠❡ ❤❛s ❛ ✈❛❧✉❡ uε(x, t) t❤❛t ✈❡r✐✜❡s ❛♥ ❡q✉❛t✐♦♥
✭❝❛❧❧❡❞ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ Pr✐♥❝✐♣❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✮ ❛♥❞ t❤❛t uε(x, t) ❝♦♥✈❡r❣❡s
✉♥✐❢♦r♠❧② ✐♥ Ω × [0, T ] ❢♦r ❡✈❡r② T > 0 t♦ ❛ ❢✉♥❝t✐♦♥ u(x, t)✱ ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞
✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✵✳✶✮✳ ❚❤✐s ✐s t❤❡ ❝♦♥t❡♥t ♦❢ ♦✉r ✜rst
r❡s✉❧t✱ s❡❡ ❚❤❡♦r❡♠ ✶✳✶ ❜❡❧♦✇✳ ❋♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ uε(x, t) ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ ❛
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❞♦♠❛✐♥ t❤❛t ✇❡ ✐♠♣♦s❡ ❢r♦♠ ♥♦✇ ♦♥ ❛♥❞ r❡❛❞s ❛s ❢♦❧❧♦✇s✿ ❋♦r ❡✈❡r②
y ∈ ∂Ω✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts r > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② δ > 0 t❤❡r❡ ❡①✐sts T ⊂ R

N

❛ s✉❜s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ j✱ w ∈ R
N ♦❢ ♥♦r♠ ✶✱ λ > 0 ❛♥❞ θ > 0 s✉❝❤ t❤❛t

{x ∈ Ω ∩Br(y) ∩ Tλ : 〈w, x− y〉 < θ} ⊂ Bδ(y) ✭Fj✮

✇❤❡r❡
Tλ = {x ∈ R

N : d(x− y, T ) < λ}.

❆s ✐♥ ❬✼❪✱ ❢♦r ♦✉r ❣❛♠❡ ✇✐t❤ ❛ ❣✐✈❡♥ j✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t Ω s❛t✐s✜❡s ❜♦t❤ ✭Fj✮ ❛♥❞
✭FN−j+1✮✳ ◆♦t✐❝❡ t❤❛t ❛ ✉♥✐❢♦r♠❧② ❝♦♥✈❡① ❞♦♠❛✐♥ ✈❡r✐✜❡s t❤✐s ❝♦♥❞✐t✐♦♥ ❢♦r ❡✈❡r②
j ∈ {1, .., N}✱ ❜✉t ♠♦r❡ ❣❡♥❡r❛❧ ❞♦♠❛✐♥s ❛❧s♦ s❛t✐s❢② t❤✐s ❤②♣♦t❤❡s✐s✱ s❡❡ ❬✼❪✳

❚❤❡♦r❡♠ ✶✳✶✳ ❚❤❡r❡ ✐s ❛ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❣❛♠❡ ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✱ uε✳ ❚❤✐s ✈❛❧✉❡
❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❜❡✐♥❣ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❉✐♥❛♠✐❝ Pr♦❣r❛♠✐♥❣
Pr✐♥❝✐♣❧❡ ✭❉PP✮





uε(x, t) = inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
uε(x+ εv, t− ε2

2
) +

1

2
uε(x− εv, t− ε2

2
)

}
,

✐❢ x ∈ Ω, t > 0,

uε(x, t) = h(x, t), ✐❢ x 6∈ Ω, ♦✉ t ≤ 0.
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▼♦r❡♦✈❡r✱ ✐❢ Ω s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭Fj✮ ❛♥❞ ✭FN−j+1✮✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ u ∈
C(Ω× [0,+∞) s✉❝❤ t❤❛t

uε → u ✉♥✐❢♦r♠❧② ✐♥ Ω× [0, T ],

❛s ε→ 0 ❢♦r ❡✈❡r② T > 0✳ ❚❤✐s ❧✐♠✐t u ✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦





ut(x, t)− λj(D
2u(x, t)) = 0, ✐♥ Ω× (0,+∞),

u(x, t) = g(x, t), ♦♥ ∂Ω× (0,+∞),
u(x, 0) = u0(0), ✐♥ Ω.

❖♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡✐r ❛s②♠♣✲
t♦t✐❝ ❜❡❤❛✈✐♦✉r ❛s t → ∞✳ ❲❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❜♦✉♥❞❛r②
❞❛t✉♠ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✱ t❤❛t ✐s✱





ut(x, t)− λj(D
2u(x, t)) = 0, ✐♥ Ω× (0,+∞),

u(x, t) = g(x), ♦♥ ∂Ω× (0,+∞),
u(x, 0) = u0(x), ✐♥ Ω,

✭✶✳✵✳✸✮

✇❤❡r❡ u0 ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Ω ❛♥❞ g = u0|∂Ω✳
❯s✐♥❣ P❉❊ t❡❝❤♥✐q✉❡s✱ ❛ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t ✇✐t❤ s✉♣❡r ❛♥❞ s✉❜ s♦❧✉t✐♦♥s ❝♦♥✲

str✉❝t❡❞ ✉s✐♥❣ ❛♥ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t u(x, t) ❝♦♥✈❡r❣❡s
❡①♣♦♥❡♥t✐❛❧❧② ❢❛st t♦ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ j = 1 ✭♦r j = N✮
t❤✐s r❡s✉❧t ♣r♦✈✐❞❡s ✉s ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ ✭♦r t❤❡ ❝♦♥❝❛✈❡
❡♥✈❡❧♦♣❡✮ ♦❢ ❛ ❜♦✉♥❞❛r② ❞❛t✉♠ ❜② s♦❧✉t✐♦♥s t♦ ❛ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t Ω ⊂ R
N ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ ❛♥❞ ❧❡t u0 ❜❡ ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Ω ❛♥❞ g = u0|∂Ω✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ µ > 0
✭❞❡♣❡♥❞✐♥❣ ♦♥ Ω✮ ❛♥❞ C ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0✮ s✉❝❤ t❤❛t t❤❡ ✉♥✐q✉❡
✈✐s❝♦s✐t② s♦❧✉t✐♦♥ u ♦❢ ✭✶✳✵✳✸✮ ✈❡r✐✜❡s

‖u(·, t)− z(·)‖∞ ≤ Ce−µt, ✭✶✳✵✳✹✮

✇❤❡r❡ z ✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✷✮✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛❧s♦ ❞❡s❝r✐❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥s✳ ▲❡t ✉s ♣r❡s❡♥t
♦✉r ✐❞❡❛s ✐♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ j = 1 ✇✐t❤ g ≡ 0✱ t❤❛t ✐s✱
✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠





ut(x, t)− λ1(D
2u(x, t)) = 0, ✐♥ Ω× (0,+∞),

u(x, t) = 0, ♦♥ ∂Ω× (0,+∞),
u(x, 0) = u0, ✐♥ Ω.

◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ z ≡ 0 ❛♥❞ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷ ✇❡ ❤❛✈❡ t❤❛t u(x, t) → 0 ❡①♣♦✲
♥❡♥t✐❛❧❧② ❢❛st✱ −Ce−µt ≤ u(x, t) ≤ Ce−µt✳ ■♥ t❤✐s s❝❡♥❛r✐♦ ✇❡ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ✉♣♣❡r
❜♦✉♥❞✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ T > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✱ s✉❝❤ t❤❛t
t❤❡ s♦❧✉t✐♦♥ s❛t✐s✜❡s u(x, t) ≤ 0✱ ❢♦r ❛♥② t > T ✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

− λ1(D
2ϕ(x)) = µϕ(x), ✐♥ Ω, ✭✶✳✵✳✺✮

❛❞♠✐ts ❛ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ❢♦r ❛♥② µ > 0 ✇❤❡♥❡✈❡r Ω ✐s ❜♦✉♥❞❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s
r❡s✉❧t s❛②s t❤❛t✱ ❢♦r g ≡ 0 ❛♥❞ j = 1✱ t❤❡r❡ ❡①✐sts T > 0 s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✶✮
✐s ❜❡❧♦✇ t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ ♦❢ g ✐♥ Ω ❢♦r ❛♥② t✐♠❡ ❜❡②♦♥❞ T ✳ ■♥ ❢❛❝t✱ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥
♦❝❝✉rs ✇❤❡♥ g ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✭✇❡ ❥✉st ❛♣♣❧② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t t♦ ũ = u − g✮✳
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❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r j = N ❛♥❞ ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ g✱ ✇❡ ❤❛✈❡ t❤❡ ❛♥❛❧♦❣♦✉s ❜❡❤❛✈✐♦r✱ ✐✳❡✳
t❤❡r❡ ❡①✐sts T > 0 s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✶✮ ✐s ❛❜♦✈❡ t❤❡ ❝♦♥❝❛✈❡ ❡♥✈❡❧♦♣❡ ♦❢
g ✐♥ Ω ❢♦r ❛♥② t✐♠❡ ❜❡②♦♥❞ T ✳ ❍♦✇❡✈❡r✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ✇❤❡♥ ♦♥❡ ❝♦♥s✐❞❡rs
1 < j < N ✳ ■♥ t❤✐s ❝❛s❡✱ ❡q✉❛t✐♦♥ ✭✶✳✵✳✺✮ ❛❞♠✐ts ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r
❛♥② µ > 0✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ T > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧②
♦♥ Ω✱ s✉❝❤ t❤❛t u(x, t) = z(x)✱ ❢♦r ❛♥② t > T ✱ ✇❤❡r❡ z ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✷✮✳ ❲❡ s✉♠
✉♣ t❤❡s❡ r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✳✸✳ ▲❡t Ω ⊂ R
N ✱ ✇✐t❤ N ≥ 2✱ ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ▲❡t g ❜❡ t❤❡

r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ t♦ ∂Ω ❛♥❞ u0 ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐♥ Ω✳ ■❢ u(x, t) ✐s
t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✸✮ ❛♥❞ z(x) ✐s t❤❡ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✭t❤❛t t✉r♥s ♦✉t t♦ ❜❡ t❤❡
✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✷✮✮✱ t❤❡♥ t❤❡r❡ ❡①✐sts T > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✱ s✉❝❤ t❤❛t

✐✳ ■❢ j = 1✱ t❤❡♥ u(x, t) ≤ z(x)✱ ❢♦r ❛♥② t > T ✳

✐✐✳ ■❢ j = N ✱ t❤❡♥ u(x, t) ≥ z(x)✱ ❢♦r ❛♥② t > T ✳

✐✐✐✳ ■❢ 1 < j < N ✱ t❤❡♥ u(x, t) = z(x)✱ ❢♦r ❛♥② t > T ✳

◆♦t✐❝❡ t❤❛t ✭✐✐✐✮ s❛②s t❤❛t ❢♦r 1 < j < N ❛♥❞ ❛♥ ❛✣♥❡ ❜♦✉♥❞❛r② ❞❛t✉♠ ✇❡ ❤❛✈❡
❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐♥ ✜♥✐t❡ t✐♠❡✳

❆❧t❤♦✉❣❤ t❤✐s r❡s✉❧t ✐♠♣❧✐❡s t❤❛t ❢♦r s♦♠❡ s✐t✉❛t✐♦♥s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❣✐✈❡♥ ✐♥
❚❤❡♦r❡♠ ✶✳✷ ✐s ♥♦t s❤❛r♣✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡s❝r✐❜❡ s♦♠❡ ♦t❤❡r s✐t✉❛t✐♦♥s ✭✇✐t❤ ❜♦✉♥❞❛r②
❞❛t❛ t❤❛t ❛r❡ ♥♦t ❛✣♥❡ ❢✉♥❝t✐♦♥s✮ ❢♦r ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ u(x, t) ❞♦❡s ♥♦t ❢❛❧❧ ❜❡❧♦✇ ♦r
❛❜♦✈❡ t❤❡ ❝♦♥✈❡① ♦r ❝♦♥❝❛✈❡ ❡♥✈❡❧♦♣❡ ✐♥ ✜♥✐t❡ t✐♠❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✺✮✳

■♥ t❤❡ ✜♥❛❧ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❛❧s♦ ❧♦♦❦ ❛t t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ✈❛❧✉❡s
♦❢ t❤❡ ❣❛♠❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛♥❞ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts µ > 0✱ ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ Ω✱ ❛♥❞ C ✐♥❞❡♣❡♥❞❡♥t ♦❢ ε s✉❝❤ t❤❛t

‖uε(·, t)− zε(·)‖∞ ≤ Ce−µt,

❜❡✐♥❣ uε t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❣❛♠❡ ❛♥❞ zε ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ t♦ ✭❉PP✮✳ ◆♦t❡
t❤❛t ❢r♦♠ ❤❡r❡✱ ✇❡ ❝❛♥ ♣r♦✈✐❞❡ ❛ ❞✐✛❡r❡♥t ♣r♦♦❢ ✭✉s✐♥❣ ❣❛♠❡s✮ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳ ❲❡
❛❧s♦ ♣r♦✈✐❞❡ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸ ✉s✐♥❣ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧ ❛r❣✉♠❡♥ts✳ ❲✐t❤ t❤❡s❡
t❡❝❤♥✐q✉❡s ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ s✐♠✐❧❛r r❡s✉❧t ✐♥ t❤❡ ❝❛s❡ t❤❛t g ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛♥ ❛✣♥❡
❢✉♥❝t✐♦♥ ✐♥ ❛ ❤❛❧❢✲s♣❛❝❡✳

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛♥ s❤♦✇ ❛ ♠♦r❡ ❜✐③❛rr❡
❜❡❤❛✈✐♦✉r ✐♥ ❛ s✐♠♣❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ut = λN−1(D

2u)✱
❢♦r N ≥ 2✳ ▲❡t Ω ❜❡ ❛ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✱ Ω = BR ⊂ R

N ✱ ❛♥❞ ❝❛❧❧ (x′, xN ) ∈
R
N−1 × R✳ ❆ss✉♠❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ ✐s ❣✐✈❡♥ ❜② t✇♦ ❛✣♥❡ ❢✉♥❝t✐♦♥s ✭❢♦r

❡①❛♠♣❧❡✱ t❛❦❡ g(x′, xN ) = |xN |✱ ❢♦r (x′, xN ) ∈ R
N \ Ω✮ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s

str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥s✐❞❡ Ω✱ u0 > 0✳ ❋♦r t❤✐s ❝❤♦✐❝❡ ♦❢ g✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥ s❛t✐s✜❡s z(x′, xN ) = 0 ✐♥ Ω ∩ {xN = 0}✳ ■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✇❡
❤❛✈❡ t❤❛t ❢♦r ❡✈❡r② ♣♦✐♥t x0 ✐♥ t❤❡ s❡❝t✐♦♥ {xN = 0} ∩ Ω✱ ✇❡ ❤❛✈❡

u(x0, t) > 0 = z(x0)

❢♦r ❡✈❡r② t > 0✳ ❍♦✇❡✈❡r✱ ❢♦r ❛♥② ♣♦✐♥t x0 ♦✉ts✐❞❡ t❤❡ s❡❝t✐♦♥ {x′′ = 0}∩Ω✱ t❤❡r❡ ❡①✐sts
❛ ✜♥✐t❡ t✐♠❡ t0 ✭❞❡♣❡♥❞✐♥❣ ♦♥ x0✮ s✉❝❤ t❤❛t

u(x0, t) = z(x0)

❢♦r ❡✈❡r② t > t0✳
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❚❤❛t ✐s✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❡✈❡♥t✉❛❧❧② ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥ ♦✉ts✐❞❡ t❤❡ s❡❝t✐♦♥ {xN = 0}∩Ω✱ ❜✉t t❤✐s ❢❛❝t ❞♦❡s ♥♦t ❤❛♣♣❡♥ ✐♥ t❤✐s s❡❝t✐♦♥✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ s❡❝t✐♦♥ ✷ ✇❡ ❝♦❧❧❡❝t s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s ❛♥❞ ✇❡
✉s❡ t❤❡ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ ♦❜t❛✐♥ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s❀ ✜♥❛❧❧②✱ ✐♥ s❡❝t✐♦♥ ✸
✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♦❧✉t✐♦♥s✳

✷ ●❛♠❡s

✷✳✶ Pr❡❧✐♠✐♥❛r✐❡s ♦♥ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥✲
❝✐♣❧❡

❲❡ ❜❡❣✐♥ ❜② st❛t✐♥❣ t❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✶✮✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆ ❢✉♥❝t✐♦♥ u : ΩT := Ω× (0,+∞) → R ✈❡r✐✜❡s

ut − λj(D
2u) = 0

✐♥ t❤❡ ✈✐s❝♦s✐t② s❡♥s❡ ✐❢ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s ❡♥✈❡❧♦♣❡s ♦❢ u ❣✐✈❡♥ r❡s♣❡❝✲
t✐✈❡❧② ❜②

u∗(x, t) = sup
r>0

inf{u(y, s); y ∈ Br(x), |s− t| < r},

u∗(x, t) = inf
r>0

sup{u(y, s); y ∈ Br(x), |s− t| < r},

s❛t✐s❢②

✐✳ ❢♦r ❡✈❡r② φ ∈ C2(ΩT ) s✉❝❤ t❤❛t u∗−φ ❤❛s ❛ str✐❝t ♠✐♥✐♠✉♠ ❛t t❤❡ ♣♦✐♥t (x, t) ∈ ΩT
✇✐t❤ u∗(x, t) = φ(x, t)✱ ✇❡ ❤❛✈❡

φt(x, t)− λj(D
2φ(x, t)) ≥ 0.

✐✐✳ ❢♦r ❡✈❡r② ψ ∈ C2(ΩT ) s✉❝❤ t❤❛t u∗ −ψ ❤❛s ❛ str✐❝t ♠❛①✐♠✉♠ ❛t t❤❡ ♣♦✐♥t (x, t) ∈
ΩT ✇✐t❤ u∗(x, t) = ψ(x, t)✱ ✇❡ ❤❛✈❡

ψt(x, t)− λj(D
2ψ(x, t)) ≤ 0.

❋r♦♠ ♦✉r r❡s✉❧ts ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ t❤❛t ✐s ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ ✇❤♦❧❡ ΩT ❛♥❞
❤❡♥❝❡ ✇❡ ❝❛♥ ❛✈♦✐❞ t❤❡ ✉s❡ ♦❢ u∗ ❛♥❞ u∗ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳

❈♦♠♣❛r✐s♦♥ ❤♦❧❞s ❢♦r ♦✉r ❡q✉❛t✐♦♥✱ s❡❡ ❚❤❡♦r❡♠ ✽✳✷ ❢r♦♠ ❬✶✵❪✳ ▲❡t u ❜❡ ❛ s✉♣❡rs♦✲
❧✉t✐♦♥✱ t❤❛t ✐s✱ ✐t ✈❡r✐✜❡s





ut(x, t)− λj(D
2
xu(x, t)) ≥ 0, ✐♥ Ω× (0,+∞),

u(x, t) ≥ g(x, t), ♦♥ ∂Ω× (0,+∞),
u(x, 0) ≥ u0(x), ✐♥ Ω,

✭✷✳✶✳✶✮

❛♥❞ u ❜❡ ❛ s✉❜s♦❧✉t✐♦♥✱ t❤❛t ✐s✱




ut(x, t)− λj(D
2
xu(x, t)) ≤ 0, ✐♥ Ω× (0,+∞),

u(x, t) ≤ g(x, t), ♦♥ ∂Ω× (0,+∞),
u(x, 0) ≤ u0(x), ✐♥ Ω.

✭✷✳✶✳✷✮

◆♦t✐❝❡ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t✐❡s ut(x, t)−λj(D2
xu(x, t)) ≥ 0 ❛♥❞ ut(x, t)−λj(D2

xu(x, t)) ≤ 0
❛r❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ✈✐s❝♦s✐t② s❡♥s❡ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✮✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✐♥❡q✉❛❧✐t✐❡s
✭t❤❛t ✐♥✈♦❧✈❡ ❜♦✉♥❞❛r②✴✐♥✐t✐❛❧ ❞❛t❛✮ ❛r❡ ✉♥❞❡rst♦♦❞ ✐♥ ❛ ♣♦✐♥t✇✐s❡ s❡♥s❡✳



✷✳ ●❆▼❊❙ ✶✻✼

▲❡♠♠❛ ✷✳✷✳ ▲❡t u ❛♥❞ u ✈❡r✐❢② ✭✷✳✶✳✶✮ ❛♥❞ ✭✷✳✶✳✷✮ r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥

u(x, t) ≥ u(x, t)

❢♦r ❡✈❡r② (x, t) ∈ Ω× (0,+∞)✳

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✉♥✐q✉❡♥❡ss ♦❢ ❝♦♥t✐♥✉♦✉s ✈✐s❝♦s✐t② s♦❧✉✲
t✐♦♥s t♦ ♦✉r ♣r♦❜❧❡♠ ✭✶✳✵✳✶✮ ❢♦❧❧♦✇s✳

✷✳✷ ❊①✐st❡♥❝❡ ✉s✐♥❣ ❣❛♠❡s

▲❡t Ω ⊂ R
N ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ❛♥❞ T > 0✳ ❲❡ ❞❡✜♥❡ ΩT = Ω× (0, T ]✳ ❚✇♦ ✈❛❧✉❡s✱

ε > 0 ❛♥❞ j ∈ {1, . . . , N}✱ ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ❣❛♠❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❛ t✇♦✲♣❧❛②❡r
③❡r♦✲s✉♠ ❣❛♠❡ t❤❛t ✐s ♣❧❛②❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥ ΩT ✳ ■♥✐t✐❛❧❧②✱ ❛ t♦❦❡♥ ✐s ♣❧❛❝❡❞ ❛t s♦♠❡
♣♦✐♥t (x0, t0) ∈ ΩT ✳ P❧❛②❡r ■ ❝❤♦♦s❡s ❛ s✉❜s♣❛❝❡ S ♦❢ ❞✐♠❡♥s✐♦♥ j ❛♥❞ t❤❡♥ P❧❛②❡r ■■
❝❤♦♦s❡s ❛ ✉♥✐t❛r② ✈❡❝t♦r v ✐♥ t❤❡ s✉❜s♣❛❝❡ S✳ ❚❤❡♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t♦❦❡♥ ✐s ♠♦✈❡❞
t♦ (x0 ± εv, t0 − ε2

2 ) ✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❆❢t❡r t❤❡ ✜rst r♦✉♥❞✱ t❤❡ ❣❛♠❡ ❝♦♥t✐♥✉❡s
❢r♦♠ (x1, t1) ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❛♠❡ r✉❧❡s✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ②✐❡❧❞s ❛ s❡q✉❡♥❝❡ ♦❢ ❣❛♠❡
st❛t❡s

(x0, t0), (x1, t1), . . .

✇❤❡r❡ ❡✈❡r② xk ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡ ❣❛♠❡ ❡♥❞s ✇❤❡♥ t❤❡ t♦❦❡♥ ❧❡❛✈❡s ΩT ✳ ❆t t❤✐s
♣♦✐♥t✱ t❤❡ t♦❦❡♥ ✇✐❧❧ ❜❡ ✐♥ t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② str✐♣ ♦❢ ✇✐❞t❤ ε ❣✐✈❡♥ ❜②

ΓεT =

(
Γε ×

[
−ε

2

2
, T

])
∪
(
Ω×

[
−ε

2

2
, 0

])

✇❤❡r❡

Γε = {x ∈ R
N \ Ω : dist(x, ∂Ω) ≤ ε}.

❲❡ ❞❡♥♦t❡ ❜② (xτ , tτ ) ∈ ΓεT t❤❡ ✜rst ♣♦✐♥t ✐♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❣❛♠❡ st❛t❡s t❤❛t ❧✐❡s ✐♥
ΓεT ✱ s♦ t❤❛t τ r❡❢❡rs t♦ t❤❡ ✜rst t✐♠❡ ✇❡ ❤✐t ΓεT ✳ ❆t t❤✐s t✐♠❡ t❤❡ ❣❛♠❡ ❡♥❞s ✇✐t❤ t❤❡
✜♥❛❧ ♣❛②♦✛ ❣✐✈❡♥ ❜② h(xτ , tτ )✱ ✇❤❡r❡ h : ΓεT → R ✐s ❛ ❣✐✈❡♥ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t❤❛t
✇❡ ❝❛❧❧ ♣❛②♦✛ ❢✉♥❝t✐♦♥✳ P❧❛②❡r ■ ❡❛r♥s −h(xτ , tτ ) ✇❤✐❧❡ P❧❛②❡r ■■ ❡❛r♥s h(xτ , tτ ) ✭r❡❝❛❧❧
t❤❛t t❤✐s ❣❛♠❡ ✐s ❛ ③❡r♦✲s✉♠ ❣❛♠❡✮✳ ❋♦r ♦✉r ♣✉r♣♦s❡s ✇❡ ❝❤♦♦s❡

h(x, t) =

{
g(x, t), x ∈ ∂Ω, t > 0,
u0(x), x ∈ Ω, t = 0.

✭✷✳✷✳✶✮

❆ str❛t❡❣② S■ ❢♦r P❧❛②❡r ■✱ t❤❡ ♣❧❛②❡r s❡❡❦✐♥❣ t♦ ♠✐♥✐♠✐③❡ t❤❡ ✜♥❛❧ ♣❛②♦✛✱ ✐s ❛ ❢✉♥❝t✐♦♥
❞❡✜♥❡❞ ♦♥ t❤❡ ♣❛rt✐❛❧ ❤✐st♦r✐❡s t❤❛t ❛t ❡✈❡r② st❡♣ ♦❢ t❤❡ ❣❛♠❡ ❣✐✈❡s ❛ j−❞✐♠❡♥s✐♦♥❛❧
s✉❜s♣❛❝❡ S

S■(t0, x0, x1, . . . , xk) = S ∈ Gr(j,RN ).

❆ str❛t❡❣② S■■ ❢♦r P❧❛②❡r ■■✱ ✇❤♦ s❡❡❦s t♦ ♠❛①✐♠✐③❡ t❤❡ ✜♥❛❧ ♣❛②♦✛✱ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✲
✜♥❡❞ ♦♥ t❤❡ ♣❛rt✐❛❧ ❤✐st♦r✐❡s t❤❛t ❛t ❡✈❡r② st❡♣ ♦❢ t❤❡ ❣❛♠❡ ❣✐✈❡s ❛ ✉♥✐t❛r② ✈❡❝t♦r ✐♥ ❛
♣r❡s❝r✐❜❡❞ j−❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ S

S■■(t0, x0, x1, . . . , xk, S) = v ∈ S.

❲❤❡♥ t❤❡ t✇♦ ♣❧❛②❡rs ✜① t❤❡✐r str❛t❡❣✐❡s SI ❛♥❞ SII ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❡❞
♦✉t❝♦♠❡ ❛s ❢♦❧❧♦✇s✿ ❣✐✈❡♥ t❤❡ s❡q✉❡♥❝❡ (x0, t0), (x1, t1), . . . , (xk, tk) ✐♥ ΩT ✱ t❤❡ ♥❡①t ❣❛♠❡
♣♦s✐t✐♦♥ ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t②

πS■,S■■
((x0, t0), (x1, t1), . . . , (xk, tk), A) =

1

2
δ
(xk+εv,tk− ε2

2 )
(A) +

1

2
δ
(xk−εv,tk− ε2

2 )
(A),



✶✻✽ ❈❍❆P❚❊❘ ✺✳ ❊❱❖▲❯❚■❖◆ ❊◗✳ ❋❖❘ ❊■●❊◆❱❆▲❯❊❙ ❖❋ ❚❍❊ ❍❊❙❙■❆◆

❢♦r ❛❧❧ A ⊂ ΩT ∪ ΓεT ✱ ✇❤❡r❡ v = S■■(t0, x0, x1, . . . , xk, S■(t0, x0, x1, . . . , xk))✳ ❇② ✉s✐♥❣
t❤❡ ♦♥❡ st❡♣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ ❑♦❧♠♦❣♦r♦✈✬s ❡①t❡♥s✐♦♥ t❤❡♦r❡♠✱ ✇❡ ❝❛♥ ❜✉✐❧❞
❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P

x0,t0
S■,S■■

♦♥ t❤❡ ❣❛♠❡ s❡q✉❡♥❝❡s ❢♦r ✇❤✐❝❤ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✐s
(x0, t0)✱ t❤❛t ✇❡ ❝❛❧❧ H∞✳ ❚❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛✱ ✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ (x0, t0) ❛♥❞ ✉s✐♥❣
t❤❡ str❛t❡❣✐❡s S■, S■■✱ ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ♣r♦❜❛❜✐❧✐t② ❛s

E
x0,t0
S■,S■■

[h(xτ , tτ )] =

∫

H∞

h(xτ , tτ ) dP
x0,t0
S■,S■■

. ✭✷✳✷✳✷✮

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ❢♦r P❧❛②❡r ■ ✐s ❞❡✜♥❡❞ ❛s

uε
■
(x0, t0) = inf

S■

sup
S■■

E
x0,t0
S■,S■■

[h(xτ , tτ )]

✇❤✐❧❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ❢♦r P❧❛②❡r ■■ ❛s

uε
■■
(x0, t0) = sup

S■■

inf
S■

E
x0,t0
S■,S■■

[h(xτ , tτ )] .

■♥t✉✐t✐✈❡❧②✱ t❤❡ ✈❛❧✉❡s uε
■
(x0, t0) ❛♥❞ uε■■(x0, t0) ❛r❡ t❤❡ ❜❡st ❡①♣❡❝t❡❞ ♦✉t❝♦♠❡ t❤❛t ❡❛❝❤

♣❧❛②❡r ❝❛♥ ❡①♣❡❝t ✇❤❡♥ t❤❡ ❣❛♠❡ st❛rts ❛t (x0, t0)✳ ■❢ t❤❡s❡ t✇♦ ✈❛❧✉❡s ❝♦✐♥❝✐❞❡✱ uε■ = uε
■■
✱

✇❡ s❛② t❤❛t t❤❡ ❣❛♠❡ ❤❛s ❛ ✈❛❧✉❡✳

▲❡t ✉s ♦❜s❡r✈❡ t❤❛t t❤❡ ❣❛♠❡ ❡♥❞s ❛❢t❡r ❛t ♠♦st ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✱ ✐♥ ❢❛❝t✱ ✇❡
❤❛✈❡

τ ≤
⌈
2T

ε2

⌉
.

❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❝♦♠♣✉t❡❞ ✐♥ ✭✷✳✷✳✷✮ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

❚♦ s❡❡ t❤❛t t❤❡ ❣❛♠❡ ❤❛s ❛ ✈❛❧✉❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r uε✱ ❛ ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s t❤❡
❉②♥❛♠✐❝ Pr♦❣r❛♠✐♥❣ Pr✐♥❝✐♣❧❡ ✭❉PP✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❣❛♠❡✱ t❤❛t ✐s ❣✐✈❡♥ ❜②




uε(x, t) = inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
uε(x+ εv, t− ε2

2
) +

1

2
uε(x− εv, t− ε2

2
)

}
,

✐❢ (x, t) ∈ ΩT ,

uε(x, t) = h(x, t), ✐❢ (x, t) 6∈ ΩT .

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❞❡✜♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❜❛❝❦✇❛r❞s ✐♥ t✐♠❡✳
■♥ ❢❛❝t✱ ❣✐✈❡♥ h(x, t) ✇❡ ❝❛♥ ❝♦♠♣✉t❡ uε(x, t) ❢♦r 0 < t < ε2

2 ✉s✐♥❣ t❤❡ ✭❉PP✮ ❛♥❞ t❤❡♥

❝♦♥t✐♥✉❡ ✇✐t❤ uε ❢♦r ε2

2 ≤ t < 2 ε
2

2 ✱ ❡t❝✳

◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t ❛ ❢✉♥❝t✐♦♥ t❤❛t ✈❡r✐✜❡s t❤❡ ✭❉PP✮ uε✱ ✐s ✐♥ ❢❛❝t t❤❡ ✈❛❧✉❡
♦❢ t❤❡ ❣❛♠❡✱ t❤❛t ✐s✱ ✐t ❤♦❧❞s t❤❛t uε = uε

■
= uε

■■
✳ ❲❡ ❦♥♦✇ t❤❛t uε

■■
≤ uε

■
✱ t♦ ♦❜t❛✐♥ t❤❡

❡q✉❛❧✐t②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t uε ≤ uε
■■
❛♥❞ uε

■
≤ uε✳

●✐✈❡♥ uε ❛ ❢✉♥❝t✐♦♥ t❤❛t ✈❡r✐✜❡s t❤❡ ✭❉PP✮ ❛♥❞ η > 0✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ str❛t❡❣②
S0

■■
❢♦r P❧❛②❡r ■■ t❤❛t ❛t ❡✈❡r② st❡♣ ❛❧♠♦st ♠❛①✐♠✐③❡

uε(xk + εv, tk −
ε2

2
) + uε(xk − εv, tk −

ε2

2
).

❚❤❛t ✐s✱
S0

■■
(t0, x0, x1, . . . , xk, S) = w ∈ S

s✉❝❤ t❤❛t

1

2
uε(xk + εw, tk −

ε2

2
) +

1

2
uε(xk − εw, tk −

ε2

2
) ≥

sup
v∈S,|v|=1

{
1

2
uε(xk + εv, tk −

ε2

2
) +

1

2
uε(xk − εv, tk −

ε2

2
)

}
− η2−(k+1)



✷✳ ●❆▼❊❙ ✶✻✾

❲❡ ❤❛✈❡

E
x0,t0
S■,S0

■■

[uε(xk+1, tk+1)− η2−(k+1)|x0, . . . , xk]

≥ inf
S,dim(S)=j

sup
v∈S,|v|=1

{
1

2
uε(xk + εv, tk −

ε2

2
) +

1

2
uε(xk − εv, tk −

ε2

2
)

}

− η2−(k+1) − η2−(k+1)

≥ uε(xk, tk)− η2−k,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❡st✐♠❛t❡❞ t❤❡ str❛t❡❣② ♦❢ P❧❛②❡r ■ ❜② inf ❛♥❞ ✉s❡❞ t❤❛t uε s❛t✐s✜❡s t❤❡
✭❉PP✮✳ ❚❤✉s

Mk = uε(xk, tk)− η2−k

✐s ❛ s✉❜♠❛rt✐♥❣❛❧❡✳ ◆♦✇✱ ✇❡ ❤❛✈❡

uε
■■
(x0, t0) = sup

S■■

inf
S■

E
x0,t0
S■,S■■

[h(xτ , tτ )]

≥ inf
S■

E
x0,t0
S■,S0

■■

[h(xτ , tτ )]

≥ inf
S■

E
x0,t0
S■,S0

■■

[Mτ ]

≥ inf
S■

E
x0,t0
S■,S0

■■

[M0] = uε(x0, t0)− η,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t❤❡♦r❡♠ ❢♦r Mk✳ ❙✐♥❝❡ η ✐s ❛r❜✐tr❛r② s♠❛❧❧✱ t❤✐s
♣r♦✈❡s t❤❛t uε

■■
≥ uε✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ str❛t❡❣② S0

I ❢♦r P❧❛②❡r ■ t♦ ♣r♦✈❡
t❤❛t uε ≥ uε

■
✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❣❛♠❡ ❤❛s ❛ ✈❛❧✉❡ t❤❛t ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡

s♦❧✉t✐♦♥ t♦ t❤❡ ✭❉PP✮✳

❖✉r ♥❡①t ❛✐♠ ✐s t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❣❛♠❡

uε → u

❛s ε→ 0 ❛♥❞ ♦❜t❛✐♥ ✐♥ t❤✐s ❧✐♠✐t ♣r♦❝❡ss ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✶✮✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❆r③❡❧❛✲❆s❝♦❧✐ t②♣❡ ❧❡♠♠❛✱ t♦ ♦❜t❛✐♥ ❛ ❝♦♥✈❡r❣❡♥t s✉❜s❡✲
q✉❡♥❝❡ uε → u✳ ❋♦r ✐ts ♣r♦♦❢ ✇❡ r❡❢❡r t♦ ▲❡♠♠❛ ✹✳✷ ❢r♦♠ ❬✷✶❪✳

▲❡♠♠❛ ✷✳✸✳ ▲❡t {uε : Ω× [0, T ] → R, ε > 0} ❜❡ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

✐✳ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t |uε(x, t)| < C ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ❡✈❡r② (x, t) ∈
Ω× [0, T ]✱

✐✐✳ ❣✐✈❡♥ η > 0 t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts r0 ❛♥❞ ε0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ε < ε0 ❛♥❞ ❛♥②
x, y ∈ Ω ✇✐t❤ |x− y| < r0 ❛♥❞ ❢♦r ❡✈❡r② t, s ∈ [0, T ] ✇✐t❤ |t− s| < r0 ✐t ❤♦❧❞s

|uε(x, t)− uε(y, s)| < η.

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ u : Ω× [0, T ] → R ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡
st✐❧❧ ❞❡♥♦t❡❞ ❜② {uε} s✉❝❤ t❤❛t

uε → u ✉♥✐❢♦r♠❧② ✐♥ Ω× [0, T ],

❛s ε→ 0✳



✶✼✵ ❈❍❆P❚❊❘ ✺✳ ❊❱❖▲❯❚■❖◆ ❊◗✳ ❋❖❘ ❊■●❊◆❱❆▲❯❊❙ ❖❋ ❚❍❊ ❍❊❙❙■❆◆

❙♦✱ ♦✉r ❣♦❛❧ ♥♦✇ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❢❛♠✐❧② uε s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s
❧❡♠♠❛✳ ❋✐rst✱ ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t

minh ≤ uε(x, t) ≤ maxh

❢♦r ❡✈❡r② (x, t) ∈ Ω × [0, T ]✳ ❚♦ ♣r♦✈❡ t❤❛t uε s❛t✐s✜❡s t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ ▲❡♠♠❛
✷✳✸ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ♠❛❦❡ s♦♠❡ ❣❡♦♠❡tr✐❝ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥✳ ❆s ✐♥ ❬✼❪✱ ❣✐✈❡♥
y ∈ ∂Ω ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts r > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② δ > 0 t❤❡r❡ ❡①✐sts T ⊂ R

N

❛ s✉❜s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ j✱ w ∈ R
N ♦❢ ♥♦r♠ ✶✱ λ > 0 ❛♥❞ θ > 0 s✉❝❤ t❤❛t

{x ∈ Ω ∩Br(y) ∩ Tλ : 〈w, x− y〉 < θ} ⊂ Bδ(y) ✭Fj✮

✇❤❡r❡
Tλ = {x ∈ R

N : d(x− y, T ) < λ}.
❋♦r ♦✉r ❣❛♠❡ ✇✐t❤ ❛ ✜①❡❞ j ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t Ω s❛t✐s✜❡s ❜♦t❤ ✭Fj✮ ❛♥❞ ✭FN−j+1✮✳
❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♦❜s❡r✈❡ t❤❛t ❡✈❡r② str✐❝t❧② ❝♦♥✈❡① ❞♦♠❛✐♥ ✈❡r✐✜❡s
✭Fj✮ ❢♦r ❛♥② 1 ≤ j ≤ N ✳

❚❤❡ ❦❡② ♣♦✐♥t t♦ ♦❜t❛✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡q✉✐❝♦♥t✐♥✉✐t② r❡q✉✐r❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐✲
t✐♦♥ ✐♥ ▲❡♠♠❛ ✷✳✸ ✐s t♦ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞ ❢♦r (x, t) ∈ ΩT ❛♥❞ (y, s) ∈ ΓεT ✳ ❋♦r t❤❡ ❝❛s❡
(x, t), (y, s) ∈ ΓεT t❤❡ ❜♦✉♥❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ h ✐♥ ΓεT ✳ ❋♦r t❤❡ ❝❛s❡
(x, t), (y, s) ∈ ΩT ✇❡ ❛r❣✉❡ ❛s ❢♦❧❧♦✇s✳ ❲❡ ✜① t❤❡ str❛t❡❣✐❡s S■, S■■ ❢♦r t❤❡ ❣❛♠❡ st❛rt✲
✐♥❣ ❛t (x, t)✳ ❲❡ ❞❡✜♥❡ ❛ ✈✐rt✉❛❧ ❣❛♠❡ st❛rt✐♥❣ ❛t (y, s) ✉s✐♥❣ t❤❡ s❛♠❡ r❛♥❞♦♠ st❡♣s
❛s t❤❡ ❣❛♠❡ st❛rt✐♥❣ ❛t (x, t)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣❧❛②❡rs ❛❞♦♣t t❤❡✐r str❛t❡❣✐❡s S■, S■■

❢r♦♠ t❤❡ ❣❛♠❡ st❛rt✐♥❣ ❛t (x, t)✱ t❤❛t ✐s✱ ✇❤❡♥ t❤❡ ❣❛♠❡ ♣♦s✐t✐♦♥ ✐s (yk, sk) ❛ ♣❧❛②❡r
♠❛❦❡ t❤❡ ❝❤♦✐❝❡s t❤❛t ✇♦✉❧❞ ❤❛✈❡ t❛❦❡♥ ❛t (xk, tk) ✇❤✐❧❡ ♣❧❛②✐♥❣ t❤❡ ❣❛♠❡ st❛rt✐♥❣ ❛t
(x, t)✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ t❤✐s ✇❛② ✉♥t✐❧ ❢♦r t❤❡ ✜rst t✐♠❡ ♦♥❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥s ❧❡❛✈❡ t❤❡
♣❛r❛❜♦❧✐❝ ❞♦♠❛✐♥✱ t❤❛t ✐s✱ ✉♥t✐❧ (xk, tk) ∈ ΓεT ♦r (yk, sk) ∈ ΓεT ✳ ❆t t❤❛t ♣♦✐♥t ✇❡ ❤❛✈❡
|(xk, tk) − (yk, sk)| = |(x, t) − (y, s)|✱ ❛♥❞ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♦♥❡ ❢♦r
xk, yk ∈ Γε ✭✐♥ t❤❡ ❝❛s❡ t❤❛t ❜♦t❤ ♣♦s✐t✐♦♥s ❧❡❛✈❡ t❤❡ ❞♦♠❛✐♥ ❛t t❤❡ s❛♠❡ t✉r♥✱ k✮ ♦r
xk ∈ Ω✱ yk ∈ Γε ✭✐❢ ♦♥❧② ♦♥❡ ❤❛✈❡ ❧❡❛✈❡❞ t❤❡ ❞♦♠❛✐♥✮✳

❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❝❛s❡ (x, t) ∈ ΩT ❛♥❞ (y, s) ∈ ΓεT ✳ ❲❡ ❝❛♥ ❛ss✉♠❡
t❤❛t (y, s) ∈ ∂PΩT ✳ ■❢ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞ ❢♦r t❤♦s❡ ♣♦✐♥ts ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ❢♦r ❛
♣♦✐♥t (y, s) ∈ ΓεT ❥✉st ❜② ❝♦♥s✐❞❡r✐♥❣ (z, u) ∈ ∂PΩT ❝❧♦s❡ t♦ (x, t) ❛♥❞ (y, s)✳ ■❢ s < 0✱
✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♣♦✐♥t (x, 0) ❛♥❞ ❢♦r y 6∈ Ω ✇❡ ❝❛♥ ❝♦♥s✐❞❡r (z, t) ✇✐t❤ z ∈ ∂Ω ❛ ♣♦✐♥t
✐♥ t❤❡ ❧✐♥❡ s❡❣♠❡♥t t❤❛t ❥♦✐♥s x ❛♥❞ y✳

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦ ❤❛♥❞❧❡ t✇♦ ❝❛s❡s✳ ■♥ t❤❡ ✜rst ♦♥❡ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t |uε(x, t)−
uε(x, 0)| < η ❢♦r x ∈ Ω ❛♥❞ 0 < t < r0✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t
|uε(x, t)− uε(y, t)| < η ❢♦r x ∈ Ω✱ y ∈ ∂Ω s✉❝❤ t❤❛t |x− y| < r0 ❛♥❞ 0 < t ≤ T ✳

■♥ t❤❡ ✜rst ❝❛s❡ ✇❡ ❤❛✈❡
uε(x, 0) = u0(x),

✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ ❣❛♠❡ st❛rt✐♥❣ ❛t (x, t) ✇✐❧❧ ♥♦t ❡♥❞ t♦♦ ❢❛r ❛ ✇❛② ❢r♦♠ (x, 0)✳
❲❡ ❤❛✈❡ − ε2

2 < tτ < t✱ s♦ ✇❡ ❤❛✈❡ t♦ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ❢♦r |x − xτ |✳ ❚♦ t❤✐s ❡♥❞ ✇❡
❝♦♥s✐❞❡r Mk = |xk − x|2 − ε2k✳ ❲❡ ❤❛✈❡

E
x,t
SI ,SII

[|xk+1 − x|2 − ε2(k + 1)|x, x1, . . . , xk]

=
|xk + εvk − x|2 + |xk − εvk − x|2

2
− ε2(k + 1)

= |xk − x|2 + ε2|vk|2 − ε2(k + 1)

=Mk.

✭✷✳✷✳✸✮



✷✳ ●❆▼❊❙ ✶✼✶

❍❡♥❝❡✱ Mk ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥

E
x,t
SI ,SII

[|xτ − x|2] = ε2Ex,tSI ,SII
[τ ] ≤ ε2

⌈
2t

ε2

⌉
≤ ε2

⌈
2r0
ε2

⌉
≤ ε2 + 2r0 ≤ ε20 + 2r0 ✭✷✳✷✳✹✮

❍❡♥❝❡✱ ✉s✐♥❣

E
x,t
SI ,SII

[|xτ − x|2] ≥ P(|(xτ , tτ )− (x, 0)| ≥ δ)δ2,

✇❡ ♦❜t❛✐♥

P(|(xτ , tτ )− (x, 0)| ≥ δ) ≤ ε20 + 2r0
δ2

.

❲✐t❤ t❤✐s ❜♦✉♥❞✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ❛s ❢♦❧❧♦✇s✿

|uε(x, t)− h(x, 0)| ≤ P(|(xτ , tτ )− (x, 0)| < δ)× sup
(xτ ,tτ )∈Bδ(x,0)

|h(xτ , tτ )− h(x, 0)|

+ P(|(xτ , tτ )− (x, 0)| ≥ δ))2max |h|

≤ sup
(xτ ,tτ )∈Bδ(x,0)

|h(xτ , tτ )− h(x, 0)|+ (ε20 + 2r0)2max |h|
δ2

< η

✭✷✳✷✳✺✮

✐❢ δ✱ ε0 ❛♥❞ r0 ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✳

◆♦✇ ✇❡ ♠♦✈❡ t♦ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❤❛✈❡ uε(y, s) = g(y, s)✱ ❍❡r❡✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡
t❤❡ ❣❡♦♠❡tr✐❝ ❛ss✉♠♣t✐♦♥s ✭Fj✮ ❛♥❞ ✭FN−j+1✮ ♦♥ ∂Ω✳ ■♥ t❤✐s ♣❛r❛❜♦❧✐❝ ❣❛♠❡ ✇❡ ❤❛✈❡
❛♥ ❡①tr❛ ❞✐✣❝✉❧t② ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡❧❧✐♣t✐❝ ❝❛s❡ tr❡❛t❡❞ ✐♥ ❬✼❪✱ ✇❡ ❤❛✈❡ t♦ ♠❛❦❡ ❛♥
❡①tr❛ ❡✛♦rt t♦ ❜♦✉♥❞ t❤❡ ❛♠♦✉♥t ♦❢ t✐♠❡ t❤❛t ✐t t❛❦❡s ❢♦r t❤❡ ❣❛♠❡ t♦ ❡♥❞✳

❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡ j = 1✱ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❛ss✉♠❡ ✭FN ✮✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ r❡❛❞s ❛s
❢♦❧❧♦✇s✿ ❋♦r ❡✈❡r② y ∈ ∂Ω ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts r > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② δ > 0
t❤❡r❡ ❡①✐sts w ∈ R

N ♦❢ ♥♦r♠ ✶ ❛♥❞ θ > 0 s✉❝❤ t❤❛t

{x ∈ Ω ∩Br(y) : 〈w, x− y〉 < θ} ⊂ Bδ(y). ✭✷✳✷✳✻✮

▲❡t ✉s ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ v ❛t ❡✈❡r② st❡♣ ✇❡ ❤❛✈❡
t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✱ xn✱ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛ ✜①❡❞ ✉♥✐t❛r②
✈❡❝t♦r w✱ t❤❛t ✐s✱

〈xn − y, w〉 ,
✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❲❡ ✜① r > 0 ❛♥❞ ❝♦♥s✐❞❡r τ̃ ✱ t❤❡ ✜rst t✐♠❡ x ❧❡❛✈❡s Ω ♦r Br(y)✳ ❍❡♥❝❡

E 〈xτ̃ − y, w〉 ≤ 〈x− y, w〉 ≤ d(x, y) < r0. ✭✷✳✷✳✼✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r w ❣✐✈❡♥ ❜② t❤❡ ❣❡♦♠❡tr✐❝ ❛ss✉♠♣t✐♦♥ ♦♥ Ω✱ ✇❡ ❤❛✈❡ t❤❛t

〈xn − y, w〉 ≥ −ε.

❚❤❡r❡❢♦r❡✱ ✭✷✳✷✳✼✮ ✐♠♣❧✐❡s t❤❛t

P

(
〈xτ̃ − y, w〉 > r

1/2
0

)
r
1/2
0 −

(
1− P

(
〈xτ̃ − y, w〉 > r

1/2
0

))
ε < r0.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ✭❢♦r ❡✈❡r② ε > ε0 s♠❛❧❧ ❡♥♦✉❣❤✮

P

(
〈xτ̃ − y, w〉 > r

1/2
0

)
< 2r

1/2
0 .
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❚❤❡♥✱ ✭✷✳✷✳✻✮ ✐♠♣❧✐❡s t❤❛t ❣✐✈❡♥ δ > 0 ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

P(d(xτ̃ , y) > δ) < 2r
1/2
0 .

❜② t❛❦✐♥❣ r0 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ w✳

❍❡♥❝❡✱ d(xτ̃ , y) ≤ δ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ♦♥❡✱ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♣♦✐♥t xτ̃ ✐s
❛❝t✉❛❧❧② t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ♣r♦❝❡ss ❤❛s ❧❡❛✈❡❞ Ω✱ t❤❛t ✐s τ̃ = τ ✳ ❲❤❡♥ d(xτ , y) ≤ δ✱ ❜②
t❤❡ s❛♠❡ ♠❛rt✐♥❣❛❧❡ ❛r❣✉♠❡♥t ✉s❡❞ ✐♥ ✭✷✳✷✳✹✮✱ ✇❡ ♦❜t❛✐♥

E[t− tτ ] = E

[
ε2

2
τ

]
=

E[|xτ − x|2]
2

≤ δ2

2
.

❍❡♥❝❡✱

P(t− tτ > δ) ≤ δ

2

❛♥❞ t❤❡ ❜♦✉♥❞ ❢♦❧❧♦✇s ❛s ✐♥ ✭✷✳✷✳✺✮✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ j✱ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ■♥ ♦r❞❡r
t♦ ❜❡ ❛❜❧❡ t♦ ✉s❡ ❝♦♥❞✐t✐♦♥ (Fj)✱ ✇❡ ❤❛✈❡ t♦ ❛r❣✉❡ t❤❛t t❤❡ ♣♦✐♥ts xn ✐♥✈♦❧✈❡❞ ✐♥ ♦✉r
❛r❣✉♠❡♥t ❜❡❧♦♥❣ t♦ Tλ✳ ❋♦r r0 < λ ✇❡ ❤❛✈❡ t❤❛t x ∈ Tλ✱ s♦ ✐❢ ✇❡ ❡♥s✉r❡ t❤❛t ❛t ❡✈❡r②
♠♦✈❡ v ∈ T ✇❡ ✇✐❧❧ ❤❛✈❡ t❤❛t t❤❡ ❣❛♠❡ s❡q✉❡♥❝❡ ✇✐❧❧ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ x+ T ⊂ Tλ✳

❘❡❝❛❧❧ t❤❛t ❤❡r❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t ❜♦t❤ ✭Fj✮ ❛♥❞ ✭FN−j+1✮ ❛r❡ s❛t✐s✜❡❞✳ ❲❡ ❝❛♥
s❡♣❛r❛t❡ t❤❡ ❛r❣✉♠❡♥t ✐♥t♦ t✇♦ ♣❛rts✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❛t uε(x, t) −
g(y, s) < η ❛♥❞ ♦♥ t❤❡ ♦t❤❡r t❤❛t g(y, s) − uε(x, t) < η✳ ❋♦r t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✇❡ ❝❛♥
♠❛❦❡ ❝❤♦✐❝❡s ❢♦r t❤❡ str❛t❡❣② ❢♦r P❧❛②❡r ■✱ ❛♥❞ ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❡ ❝❛♥ ❞♦ t❤❡ s❛♠❡
❢♦r str❛t❡❣✐❡s ♦❢ P❧❛②❡r ■■✳

❙✐♥❝❡ Ω s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭Fj✮✱ P❧❛②❡r ■ ❝❛♥ ♠❛❦❡ s✉r❡ t❤❛t ❛t ❡✈❡r② ♠♦✈❡ t❤❡ ✈❡❝t♦r
v ❜❡❧♦♥❣s t♦ T ❜② s❡❧❡❝t✐♥❣ S = T ✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞ uε(x, t)− g(y, s) < η✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ Ω s❛t✐s✜❡s ✭FN−j+1✮✱ P❧❛②❡r ■■ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ s❡❧❡❝t v ✐♥ ❛
s♣❛❝❡ S ♦❢ ❞✐♠❡♥s✐♦♥ j ❛♥❞ ❤❡♥❝❡ ❤❡ ❝❛♥ ❛❧✇❛②s ❝❤♦♦s❡ v ∈ S ∩ T s✐♥❝❡

dim(T ) + dim(S) = N − j + 1 + j = N + 1 > N.

❚❤✐s s❤♦✇s t❤❡ ❧♦✇❡r ❜♦✉♥❞ g(y, s)− uε(x, t) < η✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ❆r③❡❧❛✲❆s❝♦❧✐ t②♣❡ ❧❡♠♠❛✱ ▲❡♠♠❛ ✷✳✸✱
❛r❡ s❛t✐s✜❡❞✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ uε✳

▲❡♠♠❛ ✷✳✹✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
N s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭Fj✮ ❛♥❞ ✭FN−j+1✮✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ uε t❤❛t ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧②✳ ❚❤❛t ✐s✱

uεj → u, ❛s εj → 0,

✉♥✐❢♦r♠❧② ✐♥ Ω× [0, T ]✱ ✇❤❡r❡ u ✐s ❛ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

◆♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ❛♥② ♣♦ss✐❜❧❡ ✉♥✐❢♦r♠ ❧✐♠✐t ♦❢ uε ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ t❤❡
❧✐♠✐t P❉❊ ♣r♦❜❧❡♠✳ ❚❤✐s r❡s✉❧t s❤♦✇s ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ✉♣ t♦ t❤❡ ❜♦✉♥❞❛r②
s♦❧✉t✐♦♥ ❞❡✜♥❡❞ ✐♥ Ω × [0, T ] ❢♦r ❡✈❡r② T > 0✳ ❯♥✐q✉❡♥❡ss ♦❢ t❤✐s ✈✐s❝♦s✐t② s♦❧✉t✐♦♥
❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ st❛t❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷✳

❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t u ❜❡ ❛ ✉♥✐❢♦r♠ ❧✐♠✐t ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❣❛♠❡ uε✳ ❚❤❡♥ u ✐s ❛
✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✶✮✳
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Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t s✐♥❝❡ uε = g ♦♥ ∂Ω×(0, T ) ❛♥❞ uε(x, 0) = u0(x) ❢♦r x ∈ Ω✱
✇❡ ♦❜t❛✐♥✱ ❢r♦♠ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡✱ t❤❛t u = g ♦♥ ∂Ω× (0, T ) ❛♥❞ u(x, 0) = u0(x)
❢♦r x ∈ Ω✳ ❆❧s♦✱ ♥♦t✐❝❡ t❤❛t ▲❡♠♠❛ ✷✳✸ ❣✐✈❡s t❤❛t t❤❡ ❧✐♠✐t ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s✳

❚♦ ❝❤❡❝❦ t❤❛t u ✐s ❛ ✈✐s❝♦s✐t② s✉♣❡rs♦❧✉t✐♦♥ t♦ λj(D2u) = 0 ✐♥ Ω✱ ❧❡t φ ∈ C2(ΩT ) ❜❡
s✉❝❤ t❤❛t u−φ ❤❛s ❛ str✐❝t ♠✐♥✐♠✉♠ ❛t t❤❡ ♣♦✐♥t (x, t) ∈ ΩT ✇✐t❤ u(x, t) = φ(x, t)✳ ❲❡
♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t

φt(x, t)− λj(D
2φ(x, t)) ≥ 0.

❆s uε → u ✉♥✐❢♦r♠❧② ✐♥ Ω × [0, T ] ✇❡ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t✇♦ s❡q✉❡♥❝❡s xε✱ tε s✉❝❤
t❤❛t xε → x✱ tε → t ❛s ε→ 0 ❛♥❞

uε(z, s)− φ(z, s) ≥ uε(xε, tε)− φ(xε, tε)− ε3

✭r❡♠❛r❦ t❤❛t uε ✐s ♥♦t ❝♦♥t✐♥✉♦✉s ✐♥ ❣❡♥❡r❛❧✮✳ ❙✐♥❝❡ uε ✐s ❛ s♦❧✉t✐♦♥ t♦

uε(x, t) = inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
uε
(
x+ εv, t− ε2

2

)
+

1

2
uε
(
x− εv, t− ε2

2

)}

✇❡ ♦❜t❛✐♥ t❤❛t φ ✈❡r✐✜❡s

φ(xε, tε)− φ
(
xε, tε − ε2

2

)
≥ inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
φ
(
xε + εv, tε −

ε2

2

)
+

+
1

2
φ
(
xε − εv, tε − ε2

2

)
− φ

(
xε, tε − ε2

2

)}
− ε3.

✭✷✳✷✳✽✮

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ φ ✭t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ✇❡
♦♠✐t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t ❤❡r❡✮

φ(y) = φ(x) +∇φ(x) · (y − x) +
1

2
〈D2φ(x)(y − x), (y − x)〉+ o(|y − x|2)

❛s |y − x| → 0✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡

φ(x+ εv) = φ(x) + ε∇φ(x) · v + ε2
1

2
〈D2φ(x)v, v〉+ o(ε2)

❛♥❞

φ(x− εv) = φ(x)− ε∇φ(x) · v + ε2
1

2
〈D2φ(x)v, v〉+ o(ε2).

❯s✐♥❣ t❤❡s❡ ❡①♣❛♥s✐♦♥s ✇❡ ❣❡t

1

2
φ(xε + εv) +

1

2
φ(xε − εv)− φ(xε) =

ε2

2
〈D2φ(xε)v, v〉+ o(ε2).

P❧✉❣❣✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✳✽✮ ❛♥❞ ❞✐✈✐❞✐♥❣ ❜② ε2/2✱ ✇❡ ♦❜t❛✐♥

φ(xε, tε)− φ

(
xε, tε −

ε2

2

)

ε2/2
≥ inf
dim(S)=j

sup
v∈S,|v|=1

{
〈D2φ(xε, tε − ε2/2)v, v〉+ 2

o(ε2)

ε2

}
−2ε.

❚❤❡r❡❢♦r❡✱ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s ε→ 0 ✐♥ ✭✷✳✷✳✽✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

φt(x, t) ≥ inf
dim(S)=j

sup
v∈S,|v|=1

{
〈D2φ(x, t)v, v〉

}
.
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✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

φt(x, t) ≥ λj(D
2φ(x))

❛s ✇❡ ✇❛♥t❡❞ t♦ ♣r♦✈❡✳

❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ψ t❤❛t t♦✉❝❤❡s u ❢r♦♠ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
t❤❡ r❡✈❡rs❡ ✐♥❡q✉❛❧✐t② ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❘❡♠❛r❦ ✷✳✻✳ ❋r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s t♦ t❤❡ ❧✐♠✐t ♣r♦❜❧❡♠ ✭r❡❝❛❧❧
t❤❛t ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❤♦❧❞s✮ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ ❢❛♠✐❧②
uε✳ ❚❤❛t ✐s✱

uε → u

✉♥✐❢♦r♠❧② ❛s ε→ 0 ✭♥♦t ♦♥❧② ❛❧♦♥❣ s✉❜s❡q✉❡♥❝❡s✮✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❝♦♠♣❧❡t❡❞ t❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✶✳✶✳

✸ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r

❆❧♦♥❣ t❤✐s s❡❝t✐♦♥ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ t✐♠❡✱ t❤❛t ✐s✱





ut(x, t)− λj(D
2
xu(x, t)) = 0, ✐♥ Ω× (0,+∞),

u(x, t) = g(x), ♦♥ ∂Ω× (0,+∞),
u(x, 0) = u0(0), ✐♥ Ω.

✇❤❡r❡ u0 ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Ω ❛♥❞ g = u0|∂Ω✳
❲❡ ✇❛♥t t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ❛s t→ ∞ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥✳ ❲❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ✇❡
✉s❡ ♣✉r❡ P❉❊ ♠❡t❤♦❞s ✭❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥ts✮ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ✉s❡ ♦✉r ❣❛♠❡
t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤✳

✸✳✶ P❉❊ ❛r❣✉♠❡♥ts

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ −λN (D2u)✳ ❋♦r ❡✈❡r② str✐❝t❧② ❝♦♥✈❡①
❞♦♠❛✐♥ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ µ1✱ ✇✐t❤ ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ψ1 t❤❛t ✐s ♣♦s✐t✐✈❡ ✐♥s✐❞❡
Ω ❛♥❞ ❝♦♥t✐♥✉♦✉s ✉♣ t♦ t❤❡ ❜♦✉♥❞❛r② ✇✐t❤ ψ1|∂Ω = 0 s✉❝❤ t❤❛t

{
−λN (D2ψ1) = µ1ψ1, ✐♥ Ω,
ψ1 = 0, ♦♥ ∂Ω.

✭✸✳✶✳✶✮

❚❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✇❛s st✉❞✐❡❞ ✐♥ ❬✹✱ ✺❪✳ ◆♦t✐❝❡ t❤❛t ϕ1 = −ψ1 ✐s ❛ ♥❡❣❛t✐✈❡
s♦❧✉t✐♦♥ t♦ {

−λ1(D2ϕ1) = µ1ϕ1, ✐♥ Ω,
ϕ1 = 0, ♦♥ ∂Ω.

✭✸✳✶✳✷✮

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✶✳ ❋♦r ❛♥② t✇♦ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s A✱ B✱ ✐t ❤♦❧❞s t❤❛t

λ1(A) + λj(B) ≤ λj(A+B) ≤ λN (A) + λj(B). ✭✸✳✶✳✸✮
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Pr♦♦❢✳ ●✐✈❡♥ ❛ s✉❜s♣❛❝❡ S ♦❢ ❞✐♠❡♥s✐♦♥ j✱ ✇❡ ❤❛✈❡

sup
v∈S,|v|=1

〈Bv, v〉+ inf
|v|=1

〈Av, v〉 ≤ sup
v∈S,|v|=1

〈(A+B)v, v〉 ≤ sup
v∈S,|v|=1

〈Bv, v〉+ sup
|v|=1

〈Av, v〉.

❍❡♥❝❡✱ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠

λj(A+B) = inf
dim(S)=j

sup
v∈S,|v|=1

〈(A+B)v, v〉

≤ inf
dim(S)=j

sup
v∈S,|v|=1

〈Bv, v〉+ sup
|v|=1

〈Av, v〉

= λN (A) + λj(B)

❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❢r♦♠

λj(A+B) = inf
dim(S)=j

sup
v∈S,|v|=1

〈(A+B)v, v〉

≥ inf
dim(S)=j

sup
v∈S,|v|=1

〈Bv, v〉+ inf
|v|=1

〈Av, v〉

= λ1(A) + λj(B).

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✸✳✷✳ ▲❡t u0 ❜❡ ❝♦♥t✐♥✉♦✉s ✇✐t❤ u0|∂Ω = g✳ ▲❡t ψR ❛♥❞ ϕR ❜❡ t❤❡ ❡✐❣❡♥❢✉♥❝✲
t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ µR t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ❢♦r ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ✐♥ ❛ ❧❛r❣❡ str✐❝t❧②
❝♦♥✈❡① ❞♦♠❛✐♥ ΩR s✉❝❤ t❤❛t Ω ⊂⊂ ΩR✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C1, C2✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0✱ s✉❝❤ t❤❛t

z(x) + C1e
−µRtϕR(x) ≤ u(x, t) ≤ z(x) + C2e

−µRtψR(x), ✭✸✳✶✳✹✮

✇❤❡r❡ z ✐s t❤❡ ✉♥✐q✉❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❲❡ ❥✉st ♦❜s❡r✈❡ t❤❛t u(x, t) = z(x) + C1e
−µRtϕR(x) ✇✐t❤ C1 ❧❛r❣❡ ❡♥♦✉❣❤ ✐s ❛

s✉❜s♦❧✉t✐♦♥ t♦ ♦✉r ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✐♥ Ω✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡

ut(x, t) = −µRC1e
−µtϕR(x)

❛♥❞
λj(D

2u(x, t)) = λj(D
2z(x) + C1e

−µRtD2ϕR(x))

≥ λj(D
2z(x)) + C1e

−µRtλ1(D
2ϕR(x)) = −µC1e

−µRtϕR(x).

❆♥ ❛♥❛❧♦❣♦✉s ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t u(x, t) = z(x)+C2e
−µRtψR(x) ✐s ❛ s✉♣❡rs♦❧✉t✐♦♥✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t

u(x, t) ≤ g(x) ≤ u(x, t), x ∈ ∂Ω, t > 0,

❛♥❞ ❢♦r C1✱ C2 ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ u0✮

u(x, 0) = z(x) + C1ϕR(x) ≤ u0(x) ≤ u(x, 0) = z(x) + C2ψR(x), x ∈ Ω.

◆♦t✐❝❡ t❤❛t ❤❡r❡ ✇❡ ❛r❡ ✉s✐♥❣ t❤❛t ϕR ❛♥❞ ψR ❛r❡ str✐❝t❧② ♥❡❣❛t✐✈❡ ❛♥❞ str✐❝t❧② ♣♦s✐t✐✈❡
r❡s♣❡❝t✐✈❡❧② ✐♥s✐❞❡ ΩR✳

❋✐♥❛❧❧② ✇❡ ❛♣♣❧② t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ✐♥ Ω t♦ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥

z(x) + C1e
−µRtϕR(x) ≤ u(x, t) ≤ z(x) + C2e

−µRtψR(x).
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❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ t❤❛t s♦❧✉t✐♦♥s t♦ ♦✉r ❡✈♦❧✉t✐♦♥
♣r♦❜❧❡♠ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧② t♦ t❤❡ ✉♥✐q✉❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❚❤✐s ♣r♦✈❡s ❚❤❡♦r❡♠ ✶✳✷✳

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t µ ✐s t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ❢♦r −λN (D2u) ✐♥ t❤❡
❧❛r❣❡r ❞♦♠❛✐♥ ΩR✳ ◆♦✇✱ ♦✉r ❛✐♠ ✐s t♦ ♦❜t❛✐♥ ❛ s❤❛r♣❡r ❜♦✉♥❞ ✭✐♥✈♦❧✈✐♥❣ µ1 t❤❡ ✜rst
❡✐❣❡♥✈❛❧✉❡ ✐♥ Ω✮✳ ❚♦ t❤✐s ❛✐♠ ✇❡ ❤❛✈❡ t♦ ❛ss✉♠❡ t❤❛t u0 ✐s C1(Ω) ✇✐t❤ u0|∂Ω = g ❛♥❞
t❤❛t t❤❡ s♦❧✉t✐♦♥ z ♦❢ ✭✶✳✵✳✷✮ ✐s C1(Ω)✳ ❚❤✐s r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✷✮ ✉♣ t♦ t❤❡
❜♦✉♥❞❛r② ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ ❬✷✸❪ ✭t❤❡r❡ ♦♥❧② ✐♥t❡r✐♦r r❡❣✉❧❛r✐t② ❢♦r t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ ✐s
s❤♦✇♥✮✳ ❯♥❞❡r t❤❡s❡ ❤②♣♦t❤❡s❡s ♦♥ u0 ❛♥❞ z t❤❡ ❞✐✛❡r❡♥❝❡ u0−z ✐s C1(Ω) ❛♥❞ ✈❛♥✐s❤❡s
♦♥ ∂Ω✳ ◆♦t✐❝❡ t❤❛t ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✐❢ t❤❡r❡ ✐s ❛ r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t ❢♦r ♦✉r ❡✈♦❧✉t✐♦♥
♣r♦❜❧❡♠✳ ❚❤❛t ✐s✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✐❢ ❢♦r ❛ s♠♦♦t❤ ❜♦✉♥❞❛r② ❞❛t✉♠ ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ t❤❡ s♦❧✉t✐♦♥ ✐s s♠♦♦t❤ ✐♥ Ω ❢♦r ❛♥② ♣♦s✐t✐✈❡ t✐♠❡ t ✭❛s ❤❛♣♣❡♥s ✇✐t❤
s♦❧✉t✐♦♥s t♦ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✮✳

❆s ❛ ♣r❡✈✐♦✉s st❡♣ ✐♥ ♦✉r ❛r❣✉♠❡♥ts✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❤❛✈❡ ❛
✧♥❡❣❛t✐✈❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡✧✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❡✐❣❡♥❢✉♥❝t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥
❬✹❪ ❢♦r str✐❝t❧② ❝♦♥✈❡① ❞♦♠❛✐♥s✳ ❆❧t❤♦✉❣❤ t❤✐s ❤②♣♦t❤❡s✐s ✐s s✉✣❝✐❡♥t ❜✉t ♥♦t ♥❡❝❡ss❛r②
✭s❡❡ ❬✺❪ ❢♦r ❝♦♥str✉❝t✐♦♥ ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ r❡❝t❛♥❣❧❡s✮✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ ✐t ❤❡r❡ s✐♥❝❡
t❤❡ ♦♣t✐♠❛❧ ❤②♣♦t❤❡s❡s ❢♦r ❡①✐st❡♥❝❡ ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛r❡ ✉♥❦♥♦✇♥ ✭❛s ❢❛r ❛s ✇❡ ❦♥♦✇✮✳
■♥ t❤❡ ♥❡①t t✇♦ r❡s✉❧ts ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❞♦♠❛✐♥ Ω ❤❛s s♦♠❡ ❡①tr❛ r❡❣✉❧❛r✐t②
✭✐t ❤❛s ❛♥ ✐♥t❡r✐♦r t❛♥❣❡♥t ❜❛❧❧ ❛t ❡✈❡r② ❜♦✉♥❞❛r② ♣♦✐♥t✮✳

▲❡♠♠❛ ✸✳✸✳ ❆ss✉♠❡ t❤❛t Ω ✐s str✐❝t❧② ❝♦♥✈❡① ❛♥❞ ❤❛s ❛ ✉♥✐❢♦r♠ ✐♥t❡r✐♦r t❛♥❣❡♥t ❜❛❧❧
❛t ❡✈❡r② ♣♦✐♥t ♦❢ ✐ts ❜♦✉♥❞❛r②✳ ▲❡t ϕ1 ❛♥❞ ψ1 ❜❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ µ1

t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ❢♦r ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ✐♥ Ω✳ ❆ss✉♠❡ t❤❛t t❤❡② ❛r❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤
‖ψ‖∞ = ‖ϕ‖∞ = 1✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t

ψ1(x) ≥ C dist(x, ∂Ω) ❛♥❞ ϕ1(x) ≤ −C dist(x, ∂Ω),

❢♦r x ∈ Ω✳

Pr♦♦❢✳ ❚❛❦❡ x0 ∈ ∂Ω✳ ▲❡t Br(y) ❜❡ ❛ ❜❛❧❧ ✐♥s✐❞❡ Ω✱ t❛♥❣❡♥t t♦ ∂Ω ❛t x0✳ ■♥ Br/2(y)
t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ψ1 ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c s✉❝❤ t❤❛t

µ1ψ1(x) ≥ c, x ∈ Br/2(y).

◆♦✇✱ ✇❡ t❛❦❡ a(x) t❤❡ s♦❧✉t✐♦♥ t♦

{ −λN (D2a(x)) = cχBr/2(y)(x), ✐♥ Br(y),
a(x) = 0, ♦♥ ∂Br(y).

✭✸✳✶✳✺✮

❚❤✐s ❢✉♥❝t✐♦♥ a ✐s r❛❞✐❛❧ a(x) = a(|x− y|) ❛♥❞ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡❞✳ ■♥ ❢❛❝t✱

a(x) =





c1(r − |x− y|), ✐♥ Br(y) \Br/2(y),

c2 −
c

2
|x− y|2, ✐♥ Br/2(y)

✇✐t❤ c1✱ c2 s✉❝❤ t❤❛t c1 = cr/2 ✭❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛t r/2✮ ❛♥❞ c1r/2 =
c2 − c/2(r/2)2 ✭❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛t r/2✮✳

❚♦ ❝♦♥❝❧✉❞❡ ✇❡ ✉s❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t ❢♦r ✭✸✳✶✳✺✮ t♦ ♦❜t❛✐♥ t❤❛t

a(x) ≤ ψ1(x) x ∈ Br(y).

❚❤✐s ✐♠♣❧✐❡s t❤❛t
ψ1(x) ≥ C dist(x, ∂Ω).
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❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t s❤♦✇s t❤❛t

ϕ1(x) ≤ −C dist(x, ∂Ω).

❚❤❡♦r❡♠ ✸✳✹✳ ❆ss✉♠❡ t❤❛t Ω ✐s str✐❝t❧② ❝♦♥✈❡① ❛♥❞ ❤❛s ❛ ✉♥✐❢♦r♠ ✐♥t❡r✐♦r t❛♥❣❡♥t ❜❛❧❧
❛t ❡✈❡r② ♣♦✐♥t ♦❢ ✐ts ❜♦✉♥❞❛r②✳ ▲❡t g ❜❡ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ z ♦❢ ✭✶✳✵✳✷✮ ✐s C1(Ω) ❛♥❞
❧❡t u0 ❜❡ C1(Ω) ✇✐t❤ u0|∂Ω = g ❛♥❞ ❧❡t µ1 t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ❢♦r ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ✐♥
Ω✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0✮ s✉❝❤
t❤❛t

z(x) + C1e
−µ1tϕ1(x) ≤ u(x, t) ≤ z(x) + C2e

−µ1tψ1(x). ✭✸✳✶✳✻✮

Pr♦♦❢✳ ❲❡ ❥✉st ♦❜s❡r✈❡ t❤❛t t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ❛❧s♦ ✇♦r❦
❤❡r❡ s✐♥❝❡ ✇❡ ❝❛♥ ✜♥❞ t✇♦ ❝♦♥st❛♥ts C1 ❛♥❞ C2 s✉❝❤ t❤❛t

z(x) + C1ϕ1(x) ≤ u0(x) ≤ z(x) + C2ψ1(x), x ∈ Ω. ✭✸✳✶✳✼✮

❍❡r❡✱ ✇❡ ❛r❡ ✉s✐♥❣ t❤❛t u0 − z ✐s C1(Ω) ✇✐t❤ (u0 − z)|∂Ω = 0 t♦ ❣❡t t❤❛t t❤❡r❡ ✐s ❛
❝♦♥st❛♥t C s✉❝❤ t❤❛t

−C dist(x, ∂Ω) ≤ (u0 − z)(x) ≤ C dist(x, ∂Ω),

❛♥❞ ♦❜s❡r✈❡ t❤❛t ❢r♦♠ ♦✉r ♣r❡✈✐♦✉s ▲❡♠♠❛ ✸✳✸ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✳✼✮✳

❲❡ ♥❡①t ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✱ ✇❤✐❝❤ ✐s ❛ r❡✜♥❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛s②♠♣✲
t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✶✮ ✇❤❡♥ t❤❡ ❜♦✉♥❞❛r② ❞❛t✉♠ g ❝♦♠❡s ❢r♦♠ t❤❡
r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ t♦ ∂Ω✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ j = 1✱ ✐t
s❤♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ T > 0 ❜❡②♦♥❞ ✇❤✐❝❤ t❤❡ ✉♣♣❡r ❡st✐♠❛t❡ ✐♥ ✭✸✳✶✳✹✮
❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ z(x)✱ t❤❡ λj−❡♥✈❡❧♦♣❡ ♦❢ g ✐♥s✐❞❡ Ω✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✭❛ ♣❧❛♥❡ ✐❢ ✇❡ ❛r❡ ✐♥
t❤❡ ❝❛s❡ N = 2✮ π s✉❝❤ t❤❛t g = π|∂Ω✳ ■♥ t❤✐s ❝❛s❡ t❤❡ λj−❡♥✈❡❧♦♣❡ z ♦❢ g ✐♥s✐❞❡ Ω ✐s
❣✐✈❡♥ ❜②

z(x) = π(x).

❍❡♥❝❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r

û(x, t) = u(x, t)− z(x) = u(x, t)− π(x).

❚❤✐s ❢✉♥❝t✐♦♥ û ✐s t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦




ût − λj(D
2û) = 0, ✐♥ Ω× (0,+∞),

û = 0, ♦♥ ∂Ω× (0,+∞),
û(x, 0) = u0(x)− z(x), ✐♥ Ω.

✭✸✳✶✳✽✮

❋♦r 1 ≤ j ≤ N − 1✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧❛r❣❡ ❜❛❧❧ BR ✇✐t❤ Ω ⊂ BR✳ ■♥s✐❞❡ t❤✐s ❜❛❧❧ ✇❡
t❛❦❡

w(x, t) = eR
2µe−µte−µ

r2

2 .

❍❡r❡ ❛♥❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s r = |x|✳ ❋♦r ❧❛r❣❡ µ✱ t❤✐s ❢✉♥❝t✐♦♥ w ✈❡r✐✜❡s




wt − λj(D
2w) = −µeR2µe−µte−µ

r2

2 + µeR
2µe−µte−µ

r2

2 = 0, ✐♥ Ω× (0,+∞),
w > 0, ♦♥ ∂Ω× (0,+∞),

w(x, 0) = eR
2µe−µ

r2

2 ≥ u0(x)− z(x), ✐♥ Ω.
✭✸✳✶✳✾✮
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❍❡♥❝❡✱ w ✐s ❛ s✉♣❡rs♦❧✉t✐♦♥ t♦ ✭✸✳✶✳✽✮ ❛♥❞ t❤❡♥✱ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❣❡t

û(x, t) ≤ w(x, t) = eR
2µe−µte−µ

r2

2 ,

❢♦r ❡✈❡r② µ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② t > T = R2/2 ✇❡ ❣❡t

û(x, t) ≤ lim
µ→∞

eR
2µe−µte−µ

r2

2 = 0.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✇❤❡♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❛✣♥❡
❢✉♥❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r②✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ T s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❧✐❡s ❜❡❧♦✇ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ z✱ r❡❣❛r❞❧❡ss t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
u0✱ t❤❛t ✐s✱ ✐t ❤♦❧❞s t❤❛t

u(x, t) ≤ z(x)

❢♦r ❡✈❡r② x ∈ Ω ❛♥❞ ❡✈❡r② t < T ❢♦r 1 ≤ j ≤ N − 1✳

❋♦r 2 ≤ j ≤ N t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♣r♦✈❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ T s✉❝❤
t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❧✐❡s ❛❜♦✈❡ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❍❡♥❝❡
❢♦r 2 ≤ j ≤ N − 1 t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ T s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡✈♦❧✉t✐♦♥
♣r♦❜❧❡♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❚❤✐s ♣r♦✈❡s ❚❤❡♦r❡♠ ✶✳✸✳

❖❜s❡r✈❡ t❤❛t ❢♦r j = 1✱ u(x, t) = e−µ1tϕ1(x) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ t❤❛t ❞♦ ♥♦t
❜❡❝♦♠❡ ③❡r♦ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r u(x, t) = e−µ1tψ1(x) ❢♦r j = N ✳ ❖✉r
♥❡①t r❡s✉❧t s❤♦✇s t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ✇❡ ❝❛♥ ♥♦t ❡①♣❡❝t t❤❛t ❛❧❧ s♦❧✉t✐♦♥s ❧✐❡ ❜❡❧♦✇ z ✐♥
t❤❡ ✇❤♦❧❡ Ω ✐♥ ✜♥✐t❡ t✐♠❡✳

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
N ✱ ❛♥❞ ❧❡t 1 ≤ j ≤ N ✳ ❋♦r ❛♥②

x0 ∈ Ω✱ t❤❡r❡ ❡①✐st g ❛♥❞ u0 ❝♦♥t✐♥✉♦✉s ✐♥ ∂Ω ❛♥❞ Ω r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ u0|∂Ω = g✱ s✉❝❤
t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✵✳✶✮ s❛t✐s✜❡s

u(x0, t) ≥ z(x0) + ke−µ1t, ❢♦r ❛❧❧ t > 0,

✇❤❡r❡ µ1, k > 0 ❛r❡ t✇♦ ❝♦♥st❛♥ts ❛♥❞ z ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✵✳✷✮✳

❲❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t ❢♦r t❤❡ ✐♥❡q✉❛❧✐t②

u(x0, t) ≤ z(x0)− ke−µ1t.

Pr♦♦❢✳ ❈♦♥s✐❞❡r✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t x0 ∈ Ω ✐s t❤❡ ♦r✐❣✐♥✳ ❚❛❦❡ r > 0 s♠❛❧❧
❡♥♦✉❣❤ s✉❝❤ t❤❛t t❤❡ ❜❛❧❧ Br ♦❢ r❛❞✐✉s r ❛♥❞ ❝❡♥t❡r ❛t t❤❡ ♦r✐❣✐♥ s❛t✐s✜❡s Br ⊂⊂ Ω✳

■♥ t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ RN = R
j ×R

N−j ✱ ❛♥❞ ✇❡ ✇✐❧❧ ✇r✐t❡ ❛♥② ♣♦✐♥t
✐♥ R

N ❛s x = (x′, x′′) ∈ R
j × R

N−j ✳

❈♦♥s✐❞❡r Bjr = Br ∩ {x′′ = 0}✳ ❲❡ ♦❜s❡r✈❡ t❤❛t Bjr ✐s ❛ j−❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧✳ ❚❤❡r❡✲
❢♦r❡✱ ❛s ✐t ✐s ♣r♦✈❡♥ ✐♥ ❬✹❪✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ µ1✱ ✇✐t❤ ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥
ψ1 ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s ✉♣ t♦ t❤❡ ❜♦✉♥❞❛r②✱ s✉❝❤ t❤❛t





−λj(D2ψ1) = µ1ψ1 ✐♥ Bjr ,
ψ1 = 0 ♦♥ ∂Bjr ,
ψ1 > 0 ✐♥ Bjr .

❈♦♥s✐❞❡r g ❛ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ∂Ω s✉❝❤ t❤❛t

g(x′, x′′) ≥ ψ1(x
′), ❢♦r ❛❧❧ (x′, x′′) ∈ ∂Ω, ✇✐t❤ x′ ∈ Bjr , ✭✸✳✶✳✶✵✮
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❛♥❞
g(x′, 0) = 0 ❢♦r ❛❧❧ (x′, 0) ∈ ∂Ω ∩ {x′′ = 0}. ✭✸✳✶✳✶✶✮

❲❡ ♥♦t❡ t❤❛t t❤✐s ❝❤♦✐❝❡ ♦❢ g ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ s✐♥❝❡✱ ✐❢ x′ ∈ Bjr ✱ t❤❡♥ (x′, 0) ∈ Br✱ ❛♥❞
s✐♥❝❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ Br ⊂⊂ Ω✱ ✇❡ ❞❡❞✉❝❡ (x′, 0) 6∈ ∂Ω✳

❋♦r t❤✐s ❝❤♦✐❝❡ ♦❢ g✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✵✳✷✮ s❛t✐s✜❡s

z(x′, x′′) = 0, ✐♥ Ω ∩ {x′′ = 0}.

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s ❝❧❛✐♠✱ ✇❡ ✉s❡ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥s t♦ ♣r♦❜✲
❧❡♠ ✭✶✳✵✳✷✮ ❣✐✈❡♥ ✐♥ ❬✼❪✳ ❈♦♥s✐❞❡r t❤❡ j−❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ {x′′ = 0}✱ ❛♥❞ t❤❡
j−❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ D := Ω ∩ {x′′ = 0}✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❬✼❪✱ t❤❡ s♦❧✉t✐♦♥
z ♦❢ ✭✶✳✵✳✷✮ ♠✉st s❛t✐s❢②

z ≤ zD, ✐♥ D,

✇❤❡r❡ zD ✐s t❤❡ ❝♦♥❝❛✈❡ ❡♥✈❡❧♦♣❡ ♦❢ g ✐♥ D = Ω ∩ {x′′ = 0}✳ ❇② t❤❡ ❝❤♦✐❝❡ ♦❢ g✱ ✉s✐♥❣
✭✸✳✶✳✶✶✮✱ ✐t ❢♦❧❧♦✇s t❤❛t zD ≡ 0✳ ❚❤❡ ❝❧❛✐♠ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱
s✐♥❝❡ g ≥ 0 ✐♥ ∂Ω✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

z(0) = 0.

◆♦✇✱ t❛❦❡ u0 ❛ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐♥ Ω s❛t✐s❢②✐♥❣ u0|∂Ω = g ❛♥❞

u0(x
′, x′′) ≥ ψ1(x

′) ❢♦r ❛❧❧ (x′, x′′) ∈ Ω, ✇✐t❤ x′ ∈ Bjr . ✭✸✳✶✳✶✷✮

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤❡ s✉❜❞♦♠❛✐♥ Q :=
(
Ω ∩ {x′ ∈ Bjr}

)
×

[0,+∞)✿
u(x′, x′′, t) := ψ1(x

′)e−µ1t.

❲❡ ❤❛✈❡
ut(x

′, x′′, t) = −µ1ψ1(x
′)e−µ1t,

λj(D
2u(x′, x′′, t)) = −µ1ψ1(x

′)e−µ1t,

u(x′, x′′, t) ≤ ψ1(x
′),

✐♥ Q✳ ❇② ✭✸✳✶✳✶✵✮ ❛♥❞ ✭✸✳✶✳✶✷✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❣❡t

u(x′, x′′, t) ≤ u(x′, x′′, t), ✐♥ Q,

❛♥❞ s✐♥❝❡ z(0) = 0✱ ✇❡ ❤❛✈❡

u(0, t) ≥ z(0) + ψ1(0)e
−µ1t, ❢♦r ❛❧❧ t > 0.

✸✳✷ Pr♦❜❛❜✐❧✐st✐❝ ❛r❣✉♠❡♥ts

❍❡r❡ ✇❡ ✇✐❧❧ ❛r❣✉❡ r❡❧❛t✐♥❣ t❤❡ ✈❛❧✉❡ ❢♦r ♦✉r ❣❛♠❡ ❛♥❞ t❤❡ ✈❛❧✉❡ ❢♦r t❤❡ ❣❛♠❡ ❛ r❛♥❞♦♠
✇❛❧❦ ❢♦r λj ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼❪✳ ❲❡ ❝❛❧❧ zε(x0) t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝❛s❡
✭s❡❡ ❬✼❪✮ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ x0 ❛♥❞ ❛ ❧❡♥❣t❤ st❡♣ ♦❢ ε✳ ❚❤✐s ❣❛♠❡ ✐s t❤❡ s❛♠❡
❛s t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❜✉t ♥♦✇ ✇❡ ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t✐♠❡✱ t❤❛t
✐s✱ ✇❡ ❞♦ ♥♦t st♦♣ ✇❤❡♥ tk < 0 ✭❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②s
✐s ❛ ♣r✐♦r✐ ❜♦✉♥❞❡❞ ❜②

⌈
2T/ε2

⌉
✮✳ ❲❡ ✇✐❧❧ ❝❛❧❧ xτ 6∈ Ω t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t♦❦❡♥✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ❣❛♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❛s t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡
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✇❤✐❧❡ ✇❤❡♥ ✇❡ ❞✐sr❡❣❛r❞ t✐♠❡ ✇❡ r❡❢❡r t♦ t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❡❧❧✐♣t✐❝ ❉PP
✐s ❣✐✈❡♥ ❜②





vε(x) = inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
vε
(
x+ εv

)
+

1

2
vε
(
x− εv

)}
x ∈ Ω,

vε(x) = g(x) x 6∈ Ω.

❙♦❧✉t✐♦♥s t♦ t❤✐s ❉PP ❛r❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ✭s♦❧✉t✐♦♥s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✮ ❢♦r t❤❡
❉PP t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡✳ ▲❡t ✉s r❡❝❛❧❧ ✐t ❤❡r❡✱




uε(x, t) = inf
dim(S)=j

sup
v∈S,|v|=1

{
1

2
uε(x+ εv, t− ε2

2
) +

1

2
uε(x− εv, t− ε2

2
)

}
,

✐❢ (x, t) ∈ ΩT ,

uε(x, t) = h(x, t), ✐❢ (x, t) 6∈ ΩT .

❍❡r❡ ✇❡ ❝❤♦♦s❡ h ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t ✭✇❡ ❝❛♥ ❞♦ t❤✐s s✐♥❝❡ ✇❡
❛r❡ ❛ss✉♠✐♥❣ t❤❛t g ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✮✳

❖✉r ❣♦❛❧ ✇✐❧❧ ❜❡ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts µ✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧②
♦♥ Ω✱ ❛♥❞ C✱ ❞❡♣❡♥❞✐♥❣ ♦♥ u0✱ ❜✉t ❜♦t❤ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ε✱ s✉❝❤ t❤❛t

‖uε(·, t)− vε(·)‖∞ ≤ Ce−µt.

❋♦r t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡✱ t❤❡ str❛t❡❣✐❡s ❛r❡ ❞❡♥♦t❡❞ ❜② S̃■ ❛♥❞ S̃■■✳ ●✐✈❡♥ t✇♦ str❛t❡❣✐❡s
❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡✱ ✇❡ ❝❛♥ ♣❧❛② t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡ ❛❝❝♦r❞✐♥❣ t♦ t❤♦s❡ str❛t❡❣✐❡s ❜②
❝♦♥s✐❞❡r✐♥❣✱ ❢♦r ❛❧❧ t0 > 0✱

S■(t0, x0, x1, . . . , xk) = S̃■(x0, x1, . . . , xk)

S■■(t0, x0, x1, . . . , xk, S) = S̃■■(x0, x1, . . . , xk, S).
✭✸✳✷✳✶✮

❲❤❡♥ ✇❡ ❛tt❡♠♣t t♦ ❞♦ t❤❡ ❛♥❛❧♦❣♦✉s ❝♦♥str✉❝t✐♦♥✱ ❜✉✐❧❞✐♥❣ ❛ str❛t❡❣② ❢♦r t❤❡
❡❧❧✐♣t✐❝ ❣❛♠❡ ❣✐✈❡♥ ♦♥❡ ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡✱ ✇❡ r❡q✉✐r❡ t❤❛t t❤❡ ❣❛♠❡ s❡q✉❡♥❝❡s ❛r❡
♥♦t t♦♦ ❧♦♥❣ s✐♥❝❡ t❤❡ str❛t❡❣✐❡s ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡ ❛r❡ ♦♥❧② ❞❡✜♥❡❞ ❢♦r tk > 0
✭✇❤❡♥ tk ≤ 0 t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡ ❡♥❞s✮✳ ❍♦✇❡✈❡r✱ ❢♦r ❛♥② t > 0✱ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡
❣❛♠❡ ❡♥❞s ✐♥ ❧❡ss t❤❛♥

⌈
2t/ε2

⌉
st❡♣s✱ ✐✳❡✳ τ <

⌈
2t/ε2

⌉
✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥

str❛t❡❣✐❡s ❢♦r t❤❡ t✇♦ ❣❛♠❡s t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❣❛♠❡
❤✐st♦r✐❡s (x0, x1, . . . , xτ )✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ❡♥s✉r❡s t❤❛t✱ ✐♥ t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ✜♥❛❧
♣❛②♦✛ ❜❡✐♥❣ ❣✐✈❡♥ ❜② t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❣♦❡s t♦ 0 ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ✇❤❡♥ t → +∞✳ ■♥
❛❞❞✐t✐♦♥✱ ✇❡ ❛❧s♦ ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡✱ tr❛❥❡❝t♦r✐❡s t❤❛t t❛❦❡ t♦♦ ❧♦♥❣ t♦ ❡①✐t
t❤❡ ❞♦♠❛✐♥ ❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧ ♣r♦❜❛❜✐❧✐t②✳

▲❡♠♠❛ ✸✳✻✳ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ SI , S■■ t✇♦ str❛t❡❣✐❡s ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡
❛♥❞ S̃I , S̃II t✇♦ str❛t❡❣✐❡s ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛♥② t > 0✱

P
x0,t
SI ,S■■

[tτ ≤ 0] ≤ Ce−µt ❛♥❞ P
x0

S̃I ,S̃II

[
ε2τ

2
≥ t

]
≤ Ce−µt

✇❤❡r❡ µ > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω ❛♥❞ C ✐s ❛♥♦t❤❡r ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t
♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ st❡♣s✱ ε✳ ❲❡ r❡❝❛❧❧ t❤❛t τ ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ✉♥t✐❧ t❤❡ ❣❛♠❡
❡♥❞s✳

Pr♦♦❢✳ ❚❛❦❡ BR(x) s✉❝❤ t❤❛t Ω ⊂ BR(x)✳ ❲❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❡ ❡st✐♠❛t❡ ❢♦r t❤❡
❡❧❧✐♣t✐❝ ❣❛♠❡✳ ▲❡t S̃I , S̃II ❜❡ t✇♦ str❛t❡❣✐❡s ❢♦r t❤✐s ❣❛♠❡✳ ❆s ❝♦♠♣✉t❡❞ ✐♥ ✭✷✳✷✳✸✮✱

Mk = |xk − x|2 − ε2k
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✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥

ε2Ex0

S̃I ,S̃II
[τ ] = E

x0

S̃I ,S̃II
[|xτ − x|2] ≤ R2.

❍❡♥❝❡✱ ✇❡ ❣❡t

E
x0

S̃I ,S̃II

[
ε2τ

2

]
≤ R2

2

❛♥❞ ✇❡ ❝❛♥ s❤♦✇ t❤❡ ❜♦✉♥❞

P
x0

S̃I ,S̃II

[
ε2τ

2
≥ t

]
≤ R2

2t
.

❋♦r n ∈ N ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❛rt✐♥❣❛❧❡ st❛rt✐♥❣ ❛❢t❡r n st❡♣s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

P
x0

S̃I ,S̃II

[
ε2τ

2
≥ ε2

2
n+ t

∣∣∣ε
2τ

2
≥ ε2

2
n

]
≤ R2

2t
.

❍❡♥❝❡✱ ❢♦r n, k ∈ N✱ ❛♣♣❧②✐♥❣ t❤✐s ❜♦✉♥❞ ♠✉❧t✐♣❧❡ t✐♠❡s ✇❡ ♦❜t❛✐♥

P
x0

S̃I ,S̃II

[
ε2τ

2
≥ ε2

2
nk

]
= P

x0

S̃I ,S̃II

[
ε2τ

2
≥ ε2

2
nk
∣∣∣ε

2τ

2
≥ ε2

2
n(k − 1)

]

× P
x0

S̃I ,S̃II

[
ε2τ

2
≥ ε2

2
n(k − 1)

∣∣∣ε
2τ

2
≥ ε2

2
n(k − 2)

]

× · · · × P
x0

S̃I ,S̃II

[
ε2τ

2
≥ ε2

2
n

]

≤
(

R2

2( ε
2n
2 )

)k
.

❋♦r ε < ε0 = 1 ✇❡ ❝♦♥s✐❞❡r

δ =
R2

2e−1
+

1

2
.

❲❡ ❤❛✈❡

P
x0

S̃I ,S̃II

[
ε2τ

2
≥ t

]
≤ P

x0

S̃I ,S̃II

[
ε2τ

2
≥ ε2

2

⌊
δ2

ε2

⌋⌊
t

δ

⌋]
.

❇② t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t ✇❡ ♦❜t❛✐♥

P
x0

S̃I ,S̃II

[
ε2τ

2
≥ t

]
≤
(

R2

2
⌊
δ2
ε2

⌋
ε2

2

)⌊ t
δ ⌋

≤
(

R2

2(δ − ε20
2 )

) t
δ−1

= e−
t
δ+1.

❲❡ ❤❛✈❡ s❤♦✇♥

P
x0

S̃I ,S̃II

[
ε2τ

2
≥ t

]
≤ Ce−µt

❢♦r C = e ❛♥❞ µ = 1
δ ✳ ❚❤❡ s❛♠❡ ❜♦✉♥❞ ❤♦❧❞s ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ str❛t❡❣✐❡s ❣✐✈❡♥ ✐♥ ✭✸✳✷✳✶✮✳ ❚❤❛t ✐s✱

P
x0,t
SI ,S■■

[tτ ≤ 0] = P
x0,t
SI ,SII

[
ε2τ

2
≥ t

]
= 1− P

x0,t
SI ,SII

[
τ <

2t

ε2

]

= 1− P
x0

S̃I ,S̃II

[
τ <

2t

ε2

]
≤ Ce−µt.

❚❤❡ ✉s❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✭✸✳✷✳✶✮ ❜❡t✇❡❡♥ str❛t❡❣✐❡s ♦❢ t❤❡ t✇♦ ❣❛♠❡s ✐s ❥✉st✐✜❡❞ ❜❡❝❛✉s❡
✇❡ ❛r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ❜❡✐♥❣ ❧❡ss t❤❛♥

⌈
2t/ε2

⌉
✳
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❯s✐♥❣ ▲❡♠♠❛ ✸✳✻✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t✱ ❛s ❤❛♣♣❡♥s ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ P❉❊ ✭s❡❡
t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✮✱ ❛❧s♦ ✐♥ t❤❡ ❣❛♠❡ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s t ❣♦❡s t♦ ✐♥✜♥✐t② ✐s ❣✐✈❡♥ ❜② t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡ ✭t❤❛t ✐s✱
❜② t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✮✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤ ✇❡
♦❜t❛✐♥ ❛ ❜♦✉♥❞ ❢♦r ‖u(·, t)− z(·)‖∞ ♦❢ t❤❡ ❢♦r♠ C‖u0‖∞e−µt✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡
t❤❛t µ ❝♦♠❡s ❢r♦♠ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❜✉t ❢r♦♠ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❜♦✉♥❞s ♦❜t❛✐♥❡❞ ✐♥
▲❡♠♠❛ ✸✳✻✳

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❚❤❡r❡ ❡①✐sts µ > 0✱ ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✱ ❛♥❞ C > 0
❞❡♣❡♥❞✐♥❣ ♦♥ u0✱ s✉❝❤ t❤❛t

‖uε(·, t)− vε(·)‖∞ ≤ Ce−µt,

✇❤❡r❡ uε ❛♥❞ vε ❛r❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ♣❛r❛❜♦❧✐❝ ❛♥❞ t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡✱ r❡s♣❡❝✲
t✐✈❡❧②✳

▼♦r❡♦✈❡r✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ u
♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✵✳✶✮ ❛♥❞ t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ z(x) ♦❢ g ✐♥ Ω s❛t✐s❢②

‖u(·, t)− z(·)‖∞ ≤ Ce−µt.

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ h ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✳✶✮✱ ❤❡r❡ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t✳ ❋♦r ❛♥②
(x0, t0) ∈ Ω× (0,+∞) ✜①❡❞✱ ✇❡ ❤❛✈❡

uε(x0, t0) = inf
SI

sup
S■■

E
x0,t0
SI ,S■■

[
h(xτ , tτ )

]

= inf
SI

sup
S■■

{
E
x0,t0
SI ,S■■

[
g(xτ )|tτ > 0

]
P
x0,t0
SI ,S■■

(tτ > 0)

+ E
x0,t0
SI ,S■■

[
u0(xτ )|tτ ≤ 0

]
P
x0,t0
SI ,S■■

(tτ ≤ 0)
}

≤ inf
SI

sup
S■■

E
x0,t0
SI ,S■■

[
g(xτ )|tτ > 0

]
+ (‖g‖∞ + ‖u0‖∞) sup

S■,S■■

P
x0,t0
SI ,S■■

(tτ ≤ 0)

✭✸✳✷✳✷✮
❛♥❞

uε(x0, t0) ≥ inf
SI

sup
S■■

E
x0,t0
SI ,S■■

[
g(xτ )|tτ > 0

]
− (‖g‖∞ + ‖u0‖∞) sup

S■,S■■

P
x0,t0
SI ,S■■

(tτ ≤ 0).

✭✸✳✷✳✸✮

◆♦✇✱ ❧❡t zε(x0) ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❣❛♠❡ ❝♦♥s✐❞❡r✐♥❣ ❛s ♣❛②♦✛ ❢✉♥❝t✐♦♥ t❤❡
s❛♠❡ ❢✉♥❝t✐♦♥ g ❛s ❜❡❢♦r❡✳ ❲❡ ❤❛✈❡

zε(x0) = inf
S̃I

sup
S̃■■

{
E
x0

S̃I ,S̃■■

[
g(xτ )|τ < 2t0/ε

2
]
P
x0

S̃I ,S̃■■

(τ < 2t0/ε
2)

+ E
x0

S̃I ,S̃■■

[
g(xτ )|τ ≥ 2t0/ε

2
]
P
x0

S̃I ,S̃■■

(τ ≥ 2t0/ε
2)
}

≤ inf
S̃I

sup
S̃■■

E
x0

S̃I ,S̃■■

[
g(xτ )|τ < 2t0/ε

2
]
+ ‖g‖∞ sup

S̃I ,S̃■■

P
x0

S̃I ,S̃■■

(τ ≥ t0/ε
2).

✭✸✳✷✳✹✮
❛♥❞

zε(x0) ≥ inf
S̃I

sup
S̃■■

E
x0

S̃I ,S̃■■

[
g(xτ )|τ < 2t0/ε

2
]
− ‖g‖∞ sup

S̃I ,S̃■■

P
x0

S̃I ,S̃■■

(τ ≥ t0/ε
2).

✭✸✳✷✳✺✮

●✐✈❡♥ t0 > 0 ✐♥ t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡✱ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t τ < 2t0/ε
2 ✐♥ ❜♦t❤ ❣❛♠❡s✱

✇❡ ❤❛✈❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ str❛t❡❣✐❡s ♦❢ ❜♦t❤ ❣❛♠❡s✱ r❡❣❛r❞❧❡ss ✇❤❛t ❤❛♣♣❡♥s
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❛❢t❡r st❡♣
⌊
2t0/ε

2
⌋
✳ ❚❤❛t ✐s✱

inf
S̃I

sup
S̃■■

E
x0

S̃I ,S̃■■

[
g(xτ )|τ < 2t0/ε

2
]
= inf

SI

sup
S■■

E
x0,t0
SI ,S■■

[
g(xτ )|tτ > 0

]
.

◆♦✇✱ ❝♦♠❜✐♥✐♥❣ ✭✸✳✷✳✷✮✱ ✭✸✳✷✳✸✮✱ ✭✸✳✷✳✹✮ ❛♥❞ ✭✸✳✷✳✺✮✱ ✇❡ ♦❜t❛✐♥

|uε(x0, t0)− zε(x0)| ≤ 2‖u0‖∞
(

sup
S̃I ,S̃■■

P
x0

S̃I ,S̃■■

(τ ≥ 2t0/ε
2) + sup

S■,S■■

P
x0,t0
SI ,S■■

(tτ ≤ 0)

)
.

✭✸✳✷✳✻✮

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✻✱ ❢♦r ε < ε0 = 1✱ ✇❡ ❤❛✈❡

|uε(x0, t0)− zε(x0)| ≤ 4‖u0‖∞Ce−µt0 ,

❢♦r s♦♠❡ µ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✳ ▲❡tt✐♥❣ ε → 0 ❛♥❞ ✉s✐♥❣ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
uε(x0, t0) ❛♥❞ zε(x0) t♦ u(x0, t0) ❛♥❞ z(x0)✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ♦❜t❛✐♥

|u(x0, t0)− z(x0)| ≤ 4‖u0‖∞Ce−µt0 .

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

◆♦✇✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ π s✉❝❤ t❤❛t g = π ❢♦r x 6∈ Ω✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t π(xk) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❍❡♥❝❡✱ ✉♥❞❡r ❛ str❛t❡❣② t❤❛t ❢♦r❝❡s t❤❡ ❣❛♠❡
t♦ ❡♥❞ ♦✉ts✐❞❡ Ω✱ ✇❡ ♦❜t❛✐♥ t❤❛t Ex0,t0

SI ,S■■
[h(xτ , tτ )] = π(x0)✳

❙✉♣♣♦s❡ 1 ≤ j ≤ N − 1✱ Ω ⊂ BR(x) ❛♥❞ g ≡ π✳ P❧❛②❡r I ❝❛♥ ❝❤♦♦s❡ S ❛t ❡✈❡r② st❡♣
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ✐s ♥♦r♠❛❧ t♦ x− xk✱ ❤❡♥❝❡ v ∈ S ✐s ♥♦r♠❛❧ t♦ x− xk✱ ✇❡ ❤❛✈❡

|x− xk+1|2 = |x− xk − vε|2 ≥ |vε|2 + |x− xk|2 = ε2 + |x− xk|2.

■❢ P❧❛②❡r I ♣❧❛②s ✇✐t❤ t❤✐s str❛t❡❣②✱ ✇❡ ♦❜t❛✐♥ |x − xk|2 = kε2 + |x − x0|2✳ ❙✐♥❝❡
Ω ⊂ BR(x)✱ |x− xk|2 ≤ R2 ❢♦r ❡✈❡r② xk ∈ Ω✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❣❛♠❡ ❡♥❞s ❛❢t❡r ❛t ♠♦st

R2 − |x− x0|2
ε2

t✉r♥s✳ ❍❡♥❝❡✱ ✐t ❤♦❧❞s t❤❛t
u(x, t) ≤ π(x)

❢♦r ❡✈❡r② x ∈ Ω ❛♥❞ ❡✈❡r② t > T = 2R2✳

❆♥❛❧♦❣♦✉s❧②✱ ✐❢ 2 ≤ j ≤ N ✱ P❧❛②❡r ■■ ❝❛♥ ❝❤♦♦s❡ v ∈ S s✉❝❤ t❤❛t v ✐s ♥♦r♠❛❧ t♦ x−xk
✭❜❡❝❛✉s❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ S ❛♥❞ t❤❡ N − 1 ❞✐♠❡♥s✐♦♥❛❧ ♥♦r♠❛❧ s♣❛❝❡ t♦ x− xk ✐s ♥♦t
❡♠♣t②✮✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ❜❡❢♦r❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t

u(x, t) ≥ π(x)

❢♦r ❡✈❡r② x ∈ Ω ❛♥❞ ❡✈❡r② t > T = 2R2✳

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❢♦r 2 ≤ j ≤ N − 1

u(x, t) = π(x)

❢♦r ❡✈❡r② x ∈ Ω ❛♥❞ ❡✈❡r② t > T = 2R2✳ ◆♦t❡ t❤❛t t❤✐s ❛r❣✉♠❡♥t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s
❛ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸ ❜❛s❡❞ ♦♥ t❤❡ ❣❛♠❡ str❛t❡❣✐❡s✳



✶✽✹ ❈❍❆P❚❊❘ ✺✳ ❊❱❖▲❯❚■❖◆ ❊◗✳ ❋❖❘ ❊■●❊◆❱❆▲❯❊❙ ❖❋ ❚❍❊ ❍❊❙❙■❆◆

w

h = πy·

❋✐❣✉r❡ ✺✳✶ ✕ ❍❡r❡ ∂Ω ✐s ✐♥ r❡❞ ❛♥❞ ∂Br(ξ) ✐♥ ❜❧✉❡✳

❲❡ ❝❛♥ ♦❜t❛✐♥ ❛ s✐♠✐❧❛r r❡s✉❧t ✇❤❡♥ g = π ✐♥ ❛ ❤❛❧❢✲s♣❛❝❡✳ ❙✉♣♣♦s❡ t❤❛t h = π ❢♦r
❡✈❡r② x ∈ {x ∈ Ωc : x ·w > θ} ❢♦r ❛ ❣✐✈❡♥ w ∈ R

N ♦❢ ♥♦r♠ ✶ ❛♥❞ θ ∈ R✳ ●✐✈❡♥ y ∈ {x ∈
Ω : x · w > θ} ✇❡ ❝❛♥ ❝❤♦♦s❡ ξ ∈ R

N ❛♥❞ r > 0 s✉❝❤ t❤❛t {x ∈ Ω : x · w ≤ θ} ⊂ Br(ξ)
❛♥❞ y 6∈ Br(ξ) ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳

◆♦✇✱ ❛r❣✉✐♥❣ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❜❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ str❛t❡❣✐❡s t❤❛t ❣✐✈❡ ❛
✈❡❝t♦r v ♥♦r♠❛❧ t♦ xk − ξ✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ 1 ≤ j ≤ N − 1 ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t

u(x, t) ≤ π(x)

❢♦r ❡✈❡r② y ∈ {x ∈ Ω : x · w > θ} ❛♥❞ ❡✈❡r② t ❧❛r❣❡ ❡♥♦✉❣❤ ✭❢♦r ✐♥st❛♥❝❡ ✇❡ ❝❛♥ t❛❦❡
t > 2r2 ✇❤❡r❡ r ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❜❛❧❧ ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✱ t❤❛t ❞❡♣❡♥❞s ♦♥ x✮✳ ◆♦t❡ t❤❛t
t❤❡ ❝❧♦s❡r ✐s y t♦ t❤❡ ❤②♣❡r♣❧❛♥❡ x · w = θ✱ t❤❡ ❧♦♥❣❡r ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ✇❛✐t ❢♦r ❤❛✈✐♥❣
t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✳

■♥ t❤❡ ❝❛s❡ 2 ≤ j ≤ N ✱ ✇✐t❤ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥ ❛❧s♦ s❤♦✇ t❤❛t ✇❡ ❤❛✈❡
t❤❡ r❡✈❡rs❡ ✐♥❡q✉❛❧✐t②✱ t❤❛t ✐s✱

u(x, t) ≥ π(x)

❢♦r ❡✈❡r② x ∈ {x ∈ Ω : x · w > θ} ❛♥❞ ❡✈❡r② t ❧❛r❣❡ ❡♥♦✉❣❤✳

◆❡①t✱ ✇❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❡①❤✐❜✐ts t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❚❤❡♦r❡♠
✸✳✺ ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛♥ ❤②♣❡r♣❧❛♥❡ ✇✐t❤ Ω ✭✐✳❡✳ u(x, t) > z(x) ❢♦r ❛❧❧ t > 0✮✱ ✇❤✐❧❡
✐♥ t❤❡ t✇♦ ❤❛❧❢✲s♣❛❝❡s s❡♣❛r❛t❡❞ ❜② t❤✐s ❤②♣❡r♣❧❛♥❡✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡
♦♥❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✭✐✳❡✳ u(x, t) = z(x) ✐♥ ✜♥✐t❡ t✐♠❡✮✳

❊①❛♠♣❧❡ ✸✳✽✳ ❈♦♥s✐❞❡r t❤❡ ♣❛r❛❜♦❧✐❝ ❣❛♠❡ ❢♦r λN−1 ✐♥ ❛ ❜❛❧❧ BR ❝❡♥t❡r❡❞ ❛t t❤❡
♦r✐❣✐♥✱ ❛♥❞ t❛❦❡ ❛s ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❞❛t❛ t✇♦ ❢✉♥❝t✐♦♥s u0(x

′, xN ) ❛♥❞ g(x′, xN )✱
✇✐t❤ (x′, xN ) ∈ R

N−1 × R✱ s✉❝❤ t❤❛t

u0 > 0, ✐♥ Ω, ❛♥❞ g(x′, xN ) = |xN |, ❢♦r ❛❧❧ (x′, xN ) ∈ R
N \ Ω.

❋♦r t❤✐s ❝❤♦✐❝❡ ♦❢ g✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✳✵✳✷✮ s❛t✐s✜❡s

z(x′, xN ) = 0, ✐♥ Ω ∩ {xN = 0}.

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s ❝❧❛✐♠✱ ✇❡ ✉s❡ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠
✭✶✳✵✳✷✮ ❣✐✈❡♥ ✐♥ ❬✼❪✳ ❈♦♥s✐❞❡r t❤❡ (N − 1)−❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ {xN = 0}✱ ❛♥❞ t❤❡
(N − 1)−❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ D := Ω ∩ {xN = 0}✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❬✼❪✱ t❤❡
s♦❧✉t✐♦♥ z ♦❢ ✭✶✳✵✳✷✮ ♠✉st s❛t✐s❢②

z ≤ zD, ✐♥ D,
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✇❤❡r❡ zD ✐s t❤❡ ❝♦♥❝❛✈❡ ❡♥✈❡❧♦♣❡ ♦❢ g ✐♥ D = Ω ∩ {xN = 0}✳ ❇② t❤❡ ❝❤♦✐❝❡ ♦❢ g✱ ✐t
❢♦❧❧♦✇s t❤❛t zD ≡ 0✳ ❚❤❡ ❝❧❛✐♠ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ s✐♥❝❡ g ≥ 0
♦♥ ∂Ω✳

◆♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ❢♦r ❛♥② x0 ∈ Ω ∩ {xN = 0} ❛♥❞ t0 > 0✱ ✇❡ ❤❛✈❡

uε(x0, t0) = inf
SI

sup
S■■

E
x0,t0
SI ,S■■

[
h(xτ , tτ )

]
> 0.

▲❡t x0 ∈ Ω ∩ {xN = 0}✳ ❙✐♥❝❡ u0 ≥ 0✱ ✐❢ uε(x0, t0) = 0✱ P❧❛②❡r ■ s❤♦✉❧❞ ❤❛✈❡ ❛
str❛t❡❣② s✉❝❤ t❤❛t ✇❤❛t❡✈❡r P❧❛②❡r ■■ ❞♦❡s✱ t❤❡ ✜♥❛❧ ♣❛②♦✛ ✐s 0 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✳ ❙✐♥❝❡
u0 ✈❛♥✐s❤❡s ♦♥❧② ♦♥ ∂Ω ∩ {xN = 0}✱ P❧❛②❡r ■ ♥❡❡❞s t♦ ♠❛❦❡ s✉r❡ t❤❛t xk r❡❛❝❤❡s t❤✐s
s❡t ❜❡❢♦r❡ t❤❡ ❣❛♠❡ ❝♦♠❡s t♦ ❡♥❞✳

❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ♦♥❧② str❛t❡❣② P❧❛②❡r ■ ❝❛♥ ❢♦❧❧♦✇ ✐s t♦ ❝❤♦♦s❡ t❤❡ (N−1)−❞✐♠❡♥s✐♦♥❛❧
s✉❜s♣❛❝❡ {xN = 0} ❛t ❡✈❡r② st❡♣✳ ■♥❞❡❡❞✱ ✐❢ ❛t s♦♠❡ st❡♣✱ xk ❧❡❛✈❡s t❤✐s s✉❜s♣❛❝❡✱ t❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ♥❡✈❡r ❝♦♠✐♥❣ ❜❛❝❦✱ ❛♥❞ t❤❡♥ t❤❡ ✜♥❛❧ ♣❛②♦✛ ❜❡✐♥❣ ♥♦♥✲③❡r♦✱ ✐s ♣♦s✐t✐✈❡✳

❖♥❝❡ P❧❛②❡r ■ ❤❛s ✜①❡❞ t❤✐s ♦♥❧② ♣♦ss✐❜❧❡ str❛t❡❣② t♦ ♦❜t❛✐♥ ③❡r♦ ❛s ✜♥❛❧ ♣❛②♦✛✱ P❧❛②❡r
■■ ❝❛♥ ❝❤♦♦s❡ ❛♥② ✉♥✐t❛r② ✈❡❝t♦r ✐♥ t❤❡ s✉❜s♣❛❝❡ {xN = 0}✱ ❛♥❞ ♣❧❛② ❛❧✇❛②s ✇✐t❤ t❤❡
s❛♠❡ ✈❡❝t♦r✳ P❧❛②✐♥❣ ✇✐t❤ t❤❡s❡ str❛t❡❣✐❡s✱ t❤❡ ❣❛♠❡ ✐s r❡❞✉❝❡❞ t♦ ❛ r❛♥❞♦♠ ✇❛❧❦ ✐♥ ❛
s❡❣♠❡♥t✱ ❛♥❞ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❢♦r t❤✐s ♣r♦❝❡ss✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♥♦t r❡❛❝❤✐♥❣ t❤❡
❡①tr❡♠❡s ♦❢ t❤❡ s❡❣♠❡♥t ✐♥ ❧❡ss t❤❛♥

⌈
2t0/ε

2
⌉
st❡♣s ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛♥② t0 > 0✳

❙✐♥❝❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✈❡r✐✜❡s u0 > 0 ✐♥ Ω✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡ ✐s
❛❧s♦ str✐❝t❧② ♣♦s✐t✐✈❡ ❛t (x0, t0)✱ ❢♦r ❛♥② x0 ∈ Ω∩{xN = 0} ❛♥❞ t0 > 0✳ ❚❤❡♥✱ uε(x0, t0)✱
❛♥❞ ❤❡♥❝❡ ✐ts ❧✐♠✐t ❛s ε → 0✱ u(x0, t0)✱ ❞♦❡s ♥♦t ❧✐❡ ❜❡❧♦✇ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ z ✐♥
✜♥✐t❡ t✐♠❡✳

❋✐♥❛❧❧②✱ ♥♦t✐❝❡ t❤❛t ❢r♦♠ ♦✉r ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛♥② ♣♦✐♥t x0 ∈
Ω \ {xN = 0} t❤❡r❡ ✐s ❛ ✜♥✐t❡ t✐♠❡ t0 ✭t❤❛t ❞❡♣❡♥❞s ♦♥ x0✮ s✉❝❤ t❤❛t uε(x0, t) = z(x0)
❢♦r ❡✈❡r② t ≥ t0✳
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❬✶❪ ❆✳ ❉✳ ❆❧❡①❛♥❞r♦❢❢✱ ❆❧♠♦st ❡✈❡r②✇❤❡r❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐✛❡r❡♥t✐❛❧
♦❢ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ❛♥❞ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥✈❡① s✉r❢❛❝❡s ❝♦♥♥❡❝t❡❞ ✇✐t❤ ✐t✳
▲❡♥✐♥❣r❛❞ ❙t❛t❡ ❯♥✐✈✳ ❆♥♥❛❧s ▼❛t❤✳ ❙❡r✳ ✻ ✭✶✾✸✾✮✳ ✸✕✸✺✳

❬✷❪ ❙✳ ◆✳ ❆r♠str♦♥❣ ❛♥❞ ❈✳ ❑✳ ❙♠❛rt✱ ❆♥ ❡❛s② ♣r♦♦❢ ♦❢ ❏❡♥s❡♥✬s t❤❡♦r❡♠ ♦♥ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ ✐♥✜♥✐t② ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❈❛❧❝✳ ❱❛r✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛✲
t✐♦♥s✱ ✸✼✭✸✲✹✮ ✭✷✵✶✵✮✱ ✸✽✶✕✸✽✹✳

❬✸❪ P✳ ❇❧❛♥❝✱ ❏✳ P✳ P✐♥❛s❝♦ ❛♥❞ ❏✳ ❉✳ ❘♦ss✐✱ ▼❛①✐♠❛❧ ♦♣❡r❛t♦rs ❢♦r t❤❡
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❬✹❪ ■✳ ❇✐r✐♥❞❡❧❧✐✱ ●✳ ●❛❧✐s❡✱ ❍✳ ■s❤✐✐✱ ❆ ❢❛♠✐❧② ♦❢ ❞❡❣❡♥❡r❛t❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs✿
▼❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡s✳ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛r❡ ❈✱ ❆♥❛❧✳ ♥♦♥
❧✐♥é❛✐r❡ ✸✺ ✷ ✭✷✵✶✽✮✿ ✹✶✼✲✹✹✶✳

❬✺❪ ■✳ ❇✐r✐♥❞❡❧❧✐✱ ●✳ ●❛❧✐s❡✱ ❍✳ ■s❤✐✐✱ ❚♦✇❛r❞s ❛ r❡✈❡rs❡❞ ❋❛❜❡r✲❑r❛❤♥ ✐♥❡q✉❛❧✐t②
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❬✻❪ ■✳ ❇✐r✐♥❞❡❧❧✐✱ ●✳ ●❛❧✐s❡✱ ❋✳ ▲❡♦♥✐✱ ▲✐♦✈✐❧❧❡ t❤❡♦r❡♠s ❢♦r ❛ ❢❛♠✐❧② ♦❢ ✈❡r②
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❬✽❪ ▲✳ ❈❛❢❢❛r❡❧❧✐✱ ▲✳ ◆✐r❡♥❜❡r❣✱ ❏✳ ❙♣r✉❝❦✱ ❚❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ♥♦♥❧✐♥❡❛r
s❡❝♦♥❞✲♦r❞❡r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ■■■✳ ❋✉♥❝t✐♦♥s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❍❡ss✐❛♥✳
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❬✾❪ ▲✳ ❈♦❞❡♥♦tt✐✱ ▼✳ ▲❡✇✐❝❦❛✱ ❏✳ ❏✳ ▼❛♥❢r❡❞✐✱ ❉✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡
❞♦✉❜❧❡✲♦❜st❛❝❧❡ ♣r♦❜❧❡♠ ❛♥❞ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♦❢ t✉❣✲♦❢✲✇❛r ❣❛♠❡s✳ ❚r❛♥s✳ ❆♠❡r✳
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s♣❛t✐❛❧ ❛♥❞ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡✳ ❉✐✛❡r❡♥t✐❛❧ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ✷✼ ✭✷✵✶✹✮✱ ♥♦✳ ✸✲✹✱
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❬✶✸❪ ❋✳❘✳ ❍❛r✈❡②✱ ❍✳❇✳ ❏r✳ ▲❛✇s♦♥✱ p−❝♦♥✈❡①✐t②✱ p−♣❧✉r✐s✉❜❤❛r♠♦♥✐❝✐t② ❛♥❞ t❤❡
▲❡✈✐ ♣r♦❜❧❡♠✳ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✻✷ ✭✷✵✶✸✮✱ ✶✹✾✕✶✻✾✳
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❬✶✹❪ ❏✳ ❍❡✐♥♦✱ ❯♥✐❢♦r♠ ♠❡❛s✉r❡ ❞❡♥s✐t② ❝♦♥❞✐t✐♦♥ ❛♥❞ ❣❛♠❡ r❡❣✉❧❛r✐t② ❢♦r t✉❣✲♦❢✲✇❛r
❣❛♠❡s✳ ❇❡r♥♦✉❧❧✐ ✷✹ ✭✷✵✶✽✮✱ ♥♦✳ ✶✱ ✹✵✽✕✹✸✷✳

❬✶✺❪ P✳ ❏✉✉t✐♥❡♥✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❏✳❉✳ ❘♦ss✐✱ ❉✐s❝♦♥t✐♥✉♦✉s ❣r❛❞✐❡♥t ❝♦♥str❛✐♥ts
❛♥❞ t❤❡ ✐♥✜♥✐t② ▲❛♣❧❛❝✐❛♥✳ ■♥t✳ ▼❛t❤✳ ❘❡s✳ ◆♦t✳ ✷✵✶✻✭✽✮ ✱ ✭✷✵✶✻✮✱ ✷✹✺✶✕✷✹✾✷✳

❬✶✻❪ P✳ ▲✐♥❞q✈✐st✱ ❏✳ ❏✳ ▼❛♥❢r❡❞✐✱ ❖♥ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♣r♦♣❡rt② ❢♦r t❤❡ p−▲❛♣❧❛❝❡
❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣❧❛♥❡✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✹✹ ✭✷✵✶✻✮✱ ♥♦✳ ✶✱ ✶✹✸✕✶✹✾✳

❬✶✼❪ ❍✳ ▲✉✐r♦✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❊✳ ❙❛❦s♠❛♥✱ ❍❛r♥❛❝❦✬s ✐♥❡q✉❛❧✐t② ❢♦r ♣✲❤❛r♠♦♥✐❝
❢✉♥❝t✐♦♥s ✈✐❛ st♦❝❤❛st✐❝ ❣❛♠❡s✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✸✽ ✭✷✵✶✸✮✱
♥♦✳ ✶✶✱ ✶✾✽✺✕✷✵✵✸✳

❬✶✽❪ ❏✳ ❏✳ ▼❛♥❢r❡❞✐✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❏✳ ❉✳ ❘♦ss✐✱ ❆♥ ❛s②♠♣t♦t✐❝ ♠❡❛♥ ✈❛❧✉❡
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ♣✲❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✸✽ ✭✷✵✶✵✮✱
♥♦✳ ✸✱ ✽✽✶✕✽✽✾✳

❬✶✾❪ ❏✳ ❏✳ ▼❛♥❢r❡❞✐✱ ▼✳ P❛r✈✐❛✐♥❡♥✱ ❏✳ ❉✳ ❘♦ss✐✱ ❆♥ ❛s②♠♣t♦t✐❝ ♠❡❛♥ ✈❛❧✉❡
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ❛ ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s r❡❧❛t❡❞ t♦ t✉❣✲♦❢✲✇❛r
❣❛♠❡s✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ✹✷✭✺✮ ✭✷✵✶✵✮✱ ✷✵✺✽✕✷✵✽✶✳
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❆♣♣❡♥❞✐① ❆

❙❝r✐♣ts ❢♦r ♥✉♠❡r✐❝❛❧ ❧♦✇❡r

❡st✐♠❛t❡s ❢♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠s ✐♥ ❈❤❛♣t❡r ✸

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ✐♥❝❧✉❞❡ t❤❡ ▼❛t❧❛❜ s❝r✐♣ts t❤❛t ✇❡ ❤❛✈❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❡r✲
✐❝❛❧ ❧♦✇❡r ❡st✐♠❛t❡s ❣✐✈❡♥ ✐♥ t❤❡ ❚❛❜❧❡ ✶✳✶ ♦❢ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ t❤❡ ♦t❤❡r ❡①❛♠♣❧❡s
❣✐✈❡♥ ✐♥ ❈❤❛♣t❡r ✸✳ ❆♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ str❛t❡❣② ❛♥❞ s❝❤❡♠❡s ✉s❡❞ ❢♦r ❡❛❝❤ ♦♣t✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈❤❛♣t❡r ✸✱ s❡❝t✐♦♥ ✻✳

✶ ❙❝r✐♣ts ❢♦r t❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷

❲❡ st❛rt ✇✐t❤ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s❡t A ✐♥ ♦r❞❡r t♦ ✜♥❞ ❛ s✉✐t❛❜❧❡ tr✐♣❧❡t
♦❢ ♣❛r❛♠❡t❡rs (τ, β,K) t♦ ❡✈❛❧✉❛t❡ t❤❡ ❘❍❙ ♦❢ ✭✶✳✸✳✹✮ ✐♥ ❈❤❛♣t❡r ✸✳ ❙❡❡ ❈❤❛♣t❡r ✸✱
s❡❝t✐♦♥ ✻ ❢♦r ❞❡t❛✐❧s ♦♥ t❤❡ ✜rst ❡①♣❧♦r❛t✐♦♥✱ s❡❝♦♥❞ ✜♥❡r ❡①♣❧♦r❛t✐♦♥ ❛♥❞ t❤❡ st♦♣♣✐♥❣
❝♦♥❞✐t✐♦♥s✳

❙❝r✐♣t ❢♦r t❤❡ ❡①♣❧♦r❛t✐♦♥✿

✪✪✪ ❊①♣❧♦r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷

❢✉♥❝t✐♦♥ ❬t❛✉♦♣t✱❜❡t❛♦♣t✱❑♦♣t✱r❤♦❴♦♣t❪ ❂ ❡①♣❧♦r❡✭♠✉✱❢♠❛①✱❞✱❞✵✱♣✮

r❤♦❴♦♣t ❂ ✵❀

♠✉✶ ❂ ♣❫♣✯♣✐❫✷✴✭✹✯✭♣✰✶✮❫✭♣✰✶✮✮❀

t❛✉✵ ❂ ♠✉✴✭✷✯♠✉✲♠✉✶✮❀

✪✪✪ ❋✐rst ❡①♣❧♦r❛t✐♦♥ ✪✪✪

t❛✉❴st❡♣ ❂ ✭✶✲t❛✉✵✮✴✶✵❀

t❛✉❴❧✐st ❂ t❛✉✵✿t❛✉❴st❡♣✿✶❀

✪ ❙t♦♣♣✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ❜❡t❛ r❡s♣❡❝t✐✈❡❧②✳

✪ ■t ✇✐❧❧ ❦❡❡♣ ✐t❡r❛t✐♥❣ ❛s ❢❛r ❛s ✐t ❡q✉❛❧s ✵✳

st♦♣❴❜❡t❛✵ ❂ ✵❀

st♦♣❴❜❡t❛✶ ❂ ✵❀

✶✽✾
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✪ ■♥ t❤❡ ❢✐rst ✐t❡r❛t✐♦♥ ❜❡t❛❴❧✐st ❤❛s ❧❡♥❣t❤ ✶✳

✪ ❚❤❡♥✱ ✇❡ ✐♥❝r❡❛s❡ ❛♥❞ ❞❡❝r❡❛s❡ ✐t ❛♥❞ ✐t ❤❛s ❧❡♥❣t❤ t✇♦

✪ ✉♥t✐❧ ❛♥② ♦❢ t❤❡ st♦♣♣✐♥❣ ♣❛r❛♠❡t❡rs ❜❡❝♦♠❡s ✶✳

❜❡t❛❴❧✐st ❂ ♠✐♥✭✶✰❞✱✭❞✵✰❞✮✴✷✮❀

✇❤✐❧❡ st♦♣❴❜❡t❛✵✯st♦♣❴❜❡t❛✶ ❂❂ ✵

❢♦r ❜❡t❛ ❂ ❜❡t❛❴❧✐st

t✵ ❂ ❅✭①✮ ✭✶✲①✳❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯❢♠❛①✮❀

❍❴t❛✉ ❂ ❅✭①✮ ❍❴❧♦✇❴❡st✭t✵✭①✮✱❜❡t❛✱✷✵✱✵✱♣✮❀

❑ ❂ ♠❛①✭♣✴✭♠✉✯❜❡t❛❫✷✮✲✶✴✭♣✰✶✮✱✵✮❀

st♦♣❴❑✶ ❂ ✵❀

✇❤✐❧❡ st♦♣❴❑✶ ❂❂ ✵

▲ ❂ ✶✰✭♣✰✶✮✯❑❀

●❛♠♠❛ ❂ sqrt✭✭♣✰✶✮✯▲✴✭♣✯❑✯♠✉✯❜❡t❛❫✷✮✮❀

❆ ❂ ❛t❛♥✭●❛♠♠❛✮❀

❞❡❧t❛ ❂ ❆✯✭✶✰❑✮✯sqrt✭✭♣✰✶✮✴✭♣✯▲✯❑✯♠✉✮✮❀

✐❢ ❞❡❧t❛❁❂✶

❢♦r t❛✉ ❂ t❛✉❴❧✐st

t ❂ t✵✭t❛✉✮❀

❍ ❂ ❍❴t❛✉✭t❛✉✮❀

❙t✵ ❂ ❡①♣✭✲✹✯♣✐❫✷✯t✴✭❞✵✰✶✮❫✷✮✯✭✶✲❡①♣✭✲❞✵✯✭❞✵✲❜❡t❛✮✴t✮✮❀

● ❂ ●❴❧♦✇❴❡st✭t✱♠✉✱❜❡t❛✱❑✱✷✵✱✵✱♣✮❀

r❤♦ ❂ ✵✳✺✯✭✭❜❡t❛✲❞✮✴❜❡t❛✮❫✭♣✰✶✮✯❙t✵✯♠✐♥✭❍✱●✮✴✭❑✰t❛✉❫✭✲♣✮✮❀

✐❢ r❤♦❃r❤♦❴♦♣t

r❤♦❴♦♣t ❂ r❤♦❀

❑♦♣t ❂ ❑❀

❜❡t❛♦♣t ❂ ❜❡t❛❀

t❛✉♦♣t ❂ t❛✉❀

❡♥❞

❡♥❞

❡♥❞

✐❢ ❑ ❃ ✵✳✺✴r❤♦❴♦♣t ✲ ✶

st♦♣❴❑✶ ❂ ✶❀

❡❧s❡

❑❂❑✰✵✳✶❀

❡♥❞

❡♥❞

❡♥❞

✐❢ ♠✐♥✭❜❡t❛❴❧✐st✮❁❂❞✴✭✶✲✭✷✯r❤♦❴♦♣t✮❫✭✶✴✭♣✰✶✮✮✮ ⑤⑤ ♠✐♥✭❜❡t❛❴❧✐st✮✲✵✳✶❁❞

st♦♣❴❜❡t❛✵ ❂✶❀

❡♥❞

✪✪✪ ❊①tr❛ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ❜❡t❛✳

✪✪✪ ❲❡ ❝❛♥ ❛❧s♦ ✉s❡ ♦♥❧② t❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ❜❡t❛ ❃ ❞✵✳

❍❴❧✐st ❂ ❬❪❀

❢♦r t❛✉ ❂ t❛✉❴❧✐st

❍❴❧✐st ❂ ❬❍❴❧✐st✱❍❴t❛✉✭t❛✉✮❪❀

❡♥❞

✪✪✪✪

✐❢ ✵✳✺✯♠❛①✭❍❴❧✐st✮ ❁❂ r❤♦❴♦♣t ⑤⑤ ❜❡t❛✰✵✳✶ ❃ ❞✵

st♦♣❴❜❡t❛✶ ❂ ✶❀

❡♥❞
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✐❢ st♦♣❴❜❡t❛✵ ✰ st♦♣❴❜❡t❛✶ ❂❂ ✵

❜❡t❛❴❧✐st ❂ ❬♠✐♥✭❜❡t❛❴❧✐st✮✲✵✳✶✱ ♠❛①✭❜❡t❛❴❧✐st✮✰✵✳✶❪❀

❡❧s❡✐❢ st♦♣❴❜❡t❛✵ ❂❂ ✵

❜❡t❛❴❧✐st ❂ ♠✐♥✭❜❡t❛❴❧✐st✮✲✵✳✶❀

❡❧s❡✐❢ st♦♣❴❜❡t❛✶ ❂❂ ✵

❜❡t❛❴❧✐st ❂ ♠❛①✭❜❡t❛❴❧✐st✮✰✵✳✶❀

❡♥❞

❡♥❞

✪✪✪ ❙❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✪✪✪

✪✪✪ ❲❡ ✐t❡r❛t❡ ❜❡t❛ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥

❜❡t❛✵ ❂ ♠❛①✭❜❡t❛♦♣t ✲ ✵✳✶✱❞✮❀

❜❡t❛✶ ❂ ♠✐♥✭❜❡t❛♦♣t ✰ ✵✳✶✱❞✵✮❀

❜❡t❛❴st❡♣ ❂ ✭❜❡t❛✶✲❜❡t❛✵✮✴✶✵❀

✪✪✪ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐♥t❡r✈❛❧ ❢♦r ❑ ✐s ✵✳✶ ❝❧♦s❡ t♦ t❤❡

✪✪✪ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst ❡①♣❧♦r❛t✐♦♥✳

❑✵ ❂ ❑♦♣t ✲ ✵✳✶❀

✪✪✪ ❲❡ ✐t❡r❛t❡ t❛✉ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥

t❛✉✵ ❂ ♠❛①✭t❛✉♦♣t ✲ t❛✉❴st❡♣✱t❛✉✵✮❀

t❛✉✶ ❂ ♠✐♥✭t❛✉♦♣t ✰ t❛✉❴st❡♣✱✶✮❀

t❛✉❴st❡♣ ❂ ✭t❛✉✶✲t❛✉✵✮✴✶✵❀

❢♦r ❜❡t❛ ❂ ❜❡t❛✵✿❜❡t❛❴st❡♣✿❜❡t❛✶

t✵ ❂ ❅✭①✮ ✭✶✲①✳❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯❢♠❛①✮❀

❍❴t❛✉ ❂ ❅✭①✮ ❍❴❧♦✇❴❡st✭t✵✭①✮✱❜❡t❛✱✷✵✱✵✱♣✮❀

❑♠✐♥ ❂ ♠❛①✭♣✴✭♠✉✯❜❡t❛❫✷✮✲✶✴✭♣✰✶✮✱✵✮❀

✪✪✪ ❲❡ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐♥t❡r✈❛❧ ❢♦r

✪✪✪ ❑ s❛t✐s❢✐❡s t❤❡ r❡str✐❝t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡ ❡♥✉♥❝✐❛t❡ ♦❢ t❤❡ ❚❤❡♦r❡♠✳

❑✵✵ ❂ ♠❛①✭❑♠✐♥✱❑✵✮❀

✪✪✪ ❲❡ ❡①♣❧♦r❡ ❑ ✐♥ ❛ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ ✵✳✷ s✐♥❝❡ ✐♥ t❤❡

✪✪✪ ❢✐rst ❡①♣❧♦r❛t✐♦♥

✪✪✪ ✇❡ ❝❤♦s❡ ❛ st❡♣ ♦❢ ✵✳✶✳

❑✶✶ ❂ ❑✵✵✰✵✳✷❀

❑❴st❡♣ ❂ ✭❑✶✶✲❑✵✵✮✴✶✵❀

❢♦r ❑ ❂ ❑✵✵✿❑❴st❡♣✿❑✶✶

▲ ❂ ✶✰✭♣✰✶✮✯❑❀

●❛♠♠❛ ❂ sqrt✭✭♣✰✶✮✯▲✴✭♣✯❑✯♠✉✯❜❡t❛❫✷✮✮❀

❆ ❂ ❛t❛♥✭●❛♠♠❛✮❀

❞❡❧t❛ ❂ ❆✯✭✶✰❑✮✯sqrt✭✭♣✰✶✮✴✭♣✯▲✯❑✯♠✉✮✮❀

✐❢ ❞❡❧t❛❁❂✶

❢♦r t❛✉ ❂ t❛✉✵✿t❛✉❴st❡♣✿t❛✉✶

t ❂ t✵✭t❛✉✮❀

❍ ❂ ❍❴t❛✉✭t❛✉✮❀

❙t✵ ❂ ❡①♣✭✲✹✯♣✐❫✷✯t✴✭❞✵✰✶✮❫✷✮✯✭✶✲❡①♣✭✲❞✵✯✭❞✵✲❜❡t❛✮✴t✮✮❀



✶✾✷ ❆PP❊◆❉■❳ ❆✳ ❙❈❘■P❚❙ ❋❖❘ ❈❍❆P❚❊❘ ✸

● ❂ ●❴❧♦✇❴❡st✭t✱♠✉✱❜❡t❛✱❑✱✷✵✱✵✱♣✮❀

r❤♦ ❂ ✵✳✺✯✭✭❜❡t❛✲❞✮✴❜❡t❛✮❫✭♣✰✶✮✯❙t✵✯♠✐♥✭❍✱●✮✴✭❑✰t❛✉❫✭✲♣✮✮❀

✐❢ r❤♦❃r❤♦❴♦♣t

r❤♦❴♦♣t ❂ r❤♦❀

❑♦♣t ❂ ❑❀

❜❡t❛♦♣t ❂ ❜❡t❛❀

t❛✉♦♣t ❂ t❛✉❀

❡♥❞

❡♥❞

❡♥❞

❡♥❞

❡♥❞

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛❧❣♦r✐t❤♠s ❣✐✈❡ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s H
❛♥❞ G r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❛ s❛❢❡r ❧♦✇❡r ❡st✐♠❛t❡ ✐❢ ✇❡ ❝❤♦♦s❡ t❤❡
✐♥♣✉t ❧♦✇❡r ❂ ✶✳ ■t ✐s t❤❡ ❝❛s❡ ✇❤❡♥ ✇❡ ❡✈❛❧✉❛t❡ ρ ✐♥ t❤❡ ✜♥❛❧ st❡♣✳ ❍❡r❡✱ ✇❡ ❞✐✈✐❞❡ t❤❡
✐♥t❡r✈❛❧ [0, 1] ✐♥ n s✉❜✐♥t❡r✈❛❧s✱ ✇✐t❤ n ❜✐❣ ❡♥♦✉❣❤✱ ❡♥s✉r✐♥❣ ❛♥ ❡rr♦r ♦❢ ♦r❞❡r ♥♦ ❧❛r❣❡r
t❤❛♥ 10−4✳ ■♥ ♣r❛❝t✐❝❡ ✇❡ ✉s❡❞ ♥❂✷✵✵✵ t♦ ❝♦♠♣✉t❡ H ❛♥❞ ♥❂✺✵✵✵✵ t♦ ❝♦♠♣✉t❡ G✳ ❙❡❡
❈❤❛♣t❡r ✸✱ s❡❝t✐♦♥ ✻ ❢♦r t❤❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♠♦♥♦t♦♥❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧s ❢♦r
t❤❡ ❧♦✇❡r ❡st✐♠❛t❡✳ ❍♦✇❡✈❡r✱ ❞✉r✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❡ ❝❛♥♥♦t ✉s❡ s✉❝❤ ❛
✜♥❡ ♣❛rt✐t✐♦♥ ♦❢ [0, 1] s✐♥❝❡ ✇❡ ♥❡❡❞ t♦ ❡✈❛❧✉❛t❡ H ❛♥❞ G ♠❛♥② t✐♠❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡
✉s❡❞ ❛ ♣❛rt✐t✐♦♥ ✐♥ ♥❂✷✵ s✉❜✐♥t❡r✈❛❧s ❢♦r H ❛♥❞ G✳ ❋♦r s✉❝❤ ❛ ❝♦❛rs❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡
✐♥t❡r✈❛❧✱ ✐t ❤❛♣♣❡♥s t♦ ❜❡ ❜❡tt❡r ♥♦t t♦ ✉s❡ ❧♦✇❡r ❡st✐♠❛t❡s✱ ✇❤✐❝❤ ❣✐✈❡ ❜✐❣❣❡r ❡rr♦rs✳

❙❝r✐♣t ❢♦r H✿

✪✪✪ ❈♦♠♣✉t❡s ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ ❍ ❢♦r

✪✪✪ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✳

❢✉♥❝t✐♦♥ ❬❍✱❡rr♦r❍❪ ❂ ❍❴❧♦✇❴❡st✭t✱❜❡t❛✱♥✱❧♦✇❡r✱♣✮

✪✪✪ ❧♦✇❡r ❂ ✶ ❢♦r ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ ❍ ❛♥❞ ●✳

✪✪✪ ❧♦✇❡r ✦❂ ✶ ❢♦r ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥✳

❡rr♦r❍ ❂ ✶❀

♥✉♠❍ ❂ ❅✭①✮ ❡r❢✭✭✶✰❜❡t❛✯①✴✷✮✳✴sqrt✭t✮✮✲❡r❢✭❜❡t❛✯①✳✴✭✷✯sqrt✭t✮✮✮❀

❞❡♥❍ ❂ ❅✭①✮ ✭✶✲①✮✳❫✭♣✰✶✮❀

✐❢ ❧♦✇❡r ❂❂ ✶

✪ ▲❡t✬s ❞✐✈✐❞❡ t❤❡ ✐♥t❡r✈❛❧ ❬✵✱✶❪ ✐♥ ♥ ✐♥t❡r✈❛❧s✳

✪ ①✶ ✐s t❤❡ ❢✐♥❛❧ ♣♦✐♥t ♦❢ ❡❛❝❤ ✐♥t❡r✈❛❧✳

✪ ①✷ ✐s t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ♦❢ ❡❛❝❤ ✐♥t❡r✈❛❧✳

①✷ ❂ ✵✿✶✴♥✿✶✲✶✴♥❀

✪ ♥✉♠❍ ❛♥❞ ❞❡♥❍ ❛r❡ ❜♦t❤ ❞❡❝r❡❛s✐♥❣ ✐♥ ❬✵✱✶❪

❍ ❂ ✶✵❀

❢♦r ① ❂ ①✷

①✶ ❂ ① ✰ ✶✴♥❀

❍① ❂ ♥✉♠❍✭①✶✮✴❞❡♥❍✭①✮❀

✐❢ ❍① ❁ ❍

❍ ❂ ❍①❀

❡rr♦r❍ ❂ ✭♥✉♠❍✭①✮✲♥✉♠❍✭①✶✮✮✴❞❡♥❍✭①✮❀

❡♥❞

❡♥❞



✶✳ ❙❈❘■P❚❙ ❋❖❘ ❚❍❊❖❘❊▼❙ ✶✳✶ ❆◆❉ ✶✳✷ ✶✾✸

❡❧s❡

① ❂ ✵✿✶✴♥✿✶❀

❍ ❂ ♠✐♥✭♥✉♠❍✭①✮✳✴❞❡♥❍✭①✮✮❀

❡♥❞

❙❝r✐♣t ❢♦r G✿

✪✪✪ ❈♦♠♣✉t❡s ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ ● ❢♦r

✪✪✪ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✳

❢✉♥❝t✐♦♥ ❬●✱❡rr♦r●❪ ❂ ●❴❧♦✇❴❡st✭t✱♠✉✱❜❡t❛✱❑✱♥✱❧♦✇❡r✱♣✮

✪✪✪ ❧♦✇❡r ❂ ✶ ❢♦r ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ ❍ ❛♥❞ ●✳

✪✪✪ ❧♦✇❡r ✦❂ ✶ ❢♦r ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥✳

❡rr♦r● ❂ ✶❀

▲ ❂ ✶✰✭♣✰✶✮✯❑❀

●❛♠♠❛ ❂ sqrt✭✭♣✰✶✮✯▲✴✭♣✯❑✯♠✉✯❜❡t❛❫✷✮✮❀

❆ ❂ ❛t❛♥✭●❛♠♠❛✮❀

❛❧♣❤❛ ❂ ✶✰ ♣✴▲❀

❞❡❧t❛ ❂ ❆✯✭✶✰❑✮✯sqrt✭✭♣✰✶✮✴✭♣✯▲✯❑✯♠✉✮✮❀

♥✉♠● ❂ ❅✭①✮ ❡r❢✭✭✶✲❞❡❧t❛✯✭✶✲①✮✴✷✮✴sqrt✭t✮✮✰❡r❢✭✭✶✲①✮✯❞❡❧t❛✴✭✷✯sqrt✭t✮✮✮❀

❞❡♥● ❂ ❅✭①✮ ✭❝♦s✭❆✯①✮✮✳❫✭❛❧♣❤❛✮❀

✐❢ ❧♦✇❡r ❂❂ ✶

✪ ▲❡t✬s ❞✐✈✐❞❡ t❤❡ ✐♥t❡r✈❛❧ ❬✵✱✶❪ ✐♥ ♥ ✐♥t❡r✈❛❧s✳

✪ ①✶ ✐s t❤❡ ❢✐♥❛❧ ♣♦✐♥t ♦❢ ❡❛❝❤ ✐♥t❡r✈❛❧✳

✪ ①✷ ✐s t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ♦❢ ❡❛❝❤ ✐♥t❡r✈❛❧✳

①✷ ❂ ✵✿✶✴♥✿✶✲✶✴♥❀

✪ ♥✉♠● ❛♥❞ ❞❡♥● ❛r❡ ❜♦t❤ ❞❡❝r❡❛s✐♥❣ ✐♥ ❬✵✱✶❪

● ❂ ✶✵❀

❢♦r ① ❂ ①✷

①✶ ❂ ① ✰ ✶✴♥❀

●① ❂ ✭●❛♠♠❛❫✷✰✶✮❫✭✲❛❧♣❤❛✴✷✮✯♥✉♠●✭①✶✮✴❞❡♥●✭①✮❀

✐❢ ●① ❁ ●

● ❂ ●①❀

❡rr♦r● ❂ ✭●❛♠♠❛❫✷✰✶✮❫✭✲❛❧♣❤❛✴✷✮✯✭♥✉♠●✭①✮ ✲ ♥✉♠●✭①✶✮✮✳✴❞❡♥●✭①✮❀

❡♥❞

❡♥❞

❡❧s❡

① ❂ ✵✿✶✴♥✿✶❀

● ❂ ✭●❛♠♠❛❫✷✰✶✮❫✭✲❛❧♣❤❛✴✷✮✯♠✐♥✭♥✉♠●✭①✮✳✴❞❡♥●✭①✮✮❀

❡♥❞

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❝r✐♣t ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❧♦✇❡r ❡st✐♠❛t❡s ❢♦r t❤❡ t❤r❡s❤♦❧❞ r❛t✐♦
ρ ❢♦r t❤❡ ❝❤♦s❡♥ ✈❛❧✉❡s ♦❢ µ, ‖f‖∞, d, d0 ✐♥ ❡❛❝❤ ❡①❛♠♣❧❡✳ ■♥ t❤❡ ♦✉t♣✉t t❛❜❧❡✱ t❤❛t ✇❡
❝❛❧❧ ❇✱ ✇❡ ✐♥❝❧✉❞❡✱ ❛ ♣❛rt ♦❢ t❤❡ ♣❛r❛♠❡t❡rs τ, β,K ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❘❍❙ ♦❢ ❢♦r♠✉❧❛
✭✶✳✸✳✹✮ ✐♥ ❈❤❛♣t❡r ✸✱ t❤❡ ❧♦✇❡r ❡st✐♠❛t❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s H ❛♥❞ G✱ ❛s ✇❡❧❧ ❛s ❛♥ ❡st✐♠❛t❡
❢♦r t❤❡ ❡rr♦r✳ ❲❡ ❤❛✈❡ ♥♦t ✐♥❝❧✉❞❡❞ t❤✐s ❡rr♦r ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✸ ♦❢ ❈❤❛♣t❡r ✸ ❜❡❝❛✉s❡ ✐t
✐s ❛❧✇❛②s ♦❢ ♦r❞❡r ♥♦ ❧❛r❣❡r t❤❛♥ 10−4✳
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❙❝r✐♣t ❢♦r t❤❡ ❡①❛♠♣❧❡s ✐♥ ❈❤❛♣t❡r ✸✱ s❡❝t✐♦♥ ✻

✪✪✪✪✪✪ ❚❆❇▲❊ ❖❋ ❊❳❆▼P▲❊❙ ❢♦r ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷ ✪✪✪✪

❝❧❡❛r

♣❂✷❀

♠✉✶ ❂ ♣❫♣✯♣✐❫✷✴✭✷✯✭♣✰✶✮❫✭♣✰✶✮✮❀

✪✪✪ ❊❛❝❤ ✈❡❝t♦r ❝♦♥t❛✐♥s t❤❡ ✈❛❧✉❡s ❬♠✉❀ ❢♠❛①❀ ❞❀ ❞❴✵❪ ❢♦r ❡❛❝❤ ❡①❛♠♣❧❡✳

✈✶ ❂ ❬✶❀✶✳✶❀✵✳✶❀✺❪❀

✈✷ ❂ ❬✶✳✷✺❀✶✳✸❀✵✳✶❀✸❪❀

✈✸ ❂ ❬✷❀✷✳✷✺❀✵✳✶❀✹❪❀

✈✹ ❂ ❬✷❀✷✳✷✺❀✵✳✵✺❀✹❪❀

✈✺ ❂ ❬✸❀✸✳✺❀✵✳✵✶❀✺❪❀

✈✻ ❂ ❬✹❀✹✳✶❀✵✳✵✺❀✺❪❀

✈✼ ❂ ❬✹❀✹✳✶❀✵✳✵✶❀✺❪❀

✈✽ ❂ ❬✹❀✼❀✵✳✵✶❀✺❪❀

✈✾ ❂ ❬✻❀✻✳✷❀✵✳✵✶❀✶✵❪❀

✈✶✵ ❂ ❬✶✵❀✶✵❀✵✳✵✵✺❀✶✵❪❀

❱ ❂ ❬✈✶✱✈✷✱✈✸✱✈✹✱✈✺✱✈✻✱✈✼✱✈✽✱✈✾✱✈✶✵❪❀

❇❂❬❪❀

❢♦r ✈❂❱

❬t❛✉✱❜❡t❛✱❑❪ ❂ ❡①♣❧♦r❡✭✈✭✶✮✱✈✭✷✮✱✈✭✸✮✱✈✭✹✮✱♣✮❀

t ❂ ✭✶✲t❛✉❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯✈✭✷✮✮❀

❬❍✱❡rr♦r❍❪ ❂ ❍❴❧♦✇❴❡st✭t✱❜❡t❛✱✺✵✵✵✵✱✶✱♣✮❀

❬●✱❡rr♦r●❪ ❂ ●❴❧♦✇❴❡st✭t✱✈✭✶✮✱❜❡t❛✱❑✱✷✵✵✵✱✶✱♣✮❀

❙t✵ ❂ ❡①♣✭✲✹✯♣✐❫✷✯t✴✭✈✭✹✮✰✶✮❫✷✮✯✭✶✲❡①♣✭✲✈✭✹✮✯✭✈✭✹✮✲❜❡t❛✮✴t✮✮❀

r❤♦ ❂ ✵✳✺✯✭✭❜❡t❛✲✈✭✸✮✮✴❜❡t❛✮❫✭♣✰✶✮✯❙t✵✯♠✐♥✭❍✱●✮✴✭❑✰t❛✉❫✭✲♣✮✮❀

❇ ❂ ❬❇❀❬✈✭✶✮✱✈✭✷✮✱✈✭✸✮✱✈✭✹✮✱t❛✉✱❜❡t❛✱❑✱❍✱❡rr♦r❍✱●✱❡rr♦r●✱❙t✵✱r❤♦❪❪❀

❡♥❞

❇

✷ ❙❝r✐♣ts ❢♦r t❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷

❙❝r✐♣t ❢♦r t❤❡ ❡①♣❧♦r❛t✐♦♥s✿

✪✪✪ ❊①♣❧♦r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷

❢✉♥❝t✐♦♥ ❬t❛✉♦♣t✱❜❡t❛♦♣t✱❑♦♣t✱❧❛♠❜❞❛❴♦♣t✱r❤♦❴♦♣t❪ ❂ ❡①♣❧♦r❡✭♠✉✱❢♠❛①✱❞✱❞✵✱♣✮

r❤♦❴♦♣t ❂ ✶❡✲✻❀

✪✪✪ ❋✐rst ❡①♣❧♦r❛t✐♦♥ ✪✪✪

t❛✉❴st❡♣ ❂ ✶✴✶✵❀
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t❛✉❴❧✐st ❂ ✵✳✶✿t❛✉❴st❡♣✿✶❀

❢♦r t❛✉ ❂ t❛✉❴❧✐st

t✵ ❂ ✭✶✲t❛✉❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯❢♠❛①✮❀

❜❡t❛ ❂ ❞✰✵✳✶❀

✇❤✐❧❡ ❜❡t❛ ❁ ❞✵ ✫✫ ❜❡t❛ ❁ ✷

❙❴t❴❜❡t❛ ❂ ❡①♣✭✲♣✐❫✷✯t✵✴✭✹✯✭❞✵✰✶✮❫✷✮✮✯✭✶✲❡①♣✭✲❞✵✯✭❞✵✲❜❡t❛✮✴t✵✮✮❀

❑ ❂ ✵✳✶❀

✇❤✐❧❡ ❑ ❁❂ ♠✐♥✭♣✯✭♣✰✷✮✴✭♣✯♠✉✯❜❡t❛❫✷✰✶✮✱♣✮

✪✪✪ ❚❤❡ ❝♦♥❞✐t✐♦♥ ❞❡❧t❛✶✰❞❡❧t❛✷ ❁ ✶ ✐s ❝❤❡❝❦❡❞ ✐♥ t❤❡

✪✪✪ ❢✉♥❝t✐♦♥ r❤♦❴❡①♣❧♦r❡✳

❬r❤♦✱❧❛♠❜❞❛❪ ❂ r❤♦❴❡①♣❧♦r❡✭t✵✱t❛✉✱❜❡t❛✱❑✱♠✉✱❢♠❛①✱❞✱❞✵✱❙❴t❴❜❡t❛✱✳✳✳

✳✳✳♣✱r❤♦❴♦♣t✱✶✵✱✷✵✮❀

✐❢ r❤♦❃r❤♦❴♦♣t

r❤♦❴♦♣t ❂ r❤♦❀

❑♦♣t ❂ ❑❀

❜❡t❛♦♣t ❂ ❜❡t❛❀

t❛✉♦♣t ❂ t❛✉❀

❧❛♠❜❞❛❴♦♣t ❂ ❧❛♠❜❞❛❀

❡♥❞

❑ ❂ ❑ ✰ ✵✳✶❀

❡♥❞

❜❡t❛ ❂ ❜❡t❛ ✰ ✵✳✶❀

❡♥❞

❡♥❞

✪✪✪✪✪ ❙❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✪✪✪✪✪

✪✪✪ ❲❡ ✐t❡r❛t❡ ❜❡t❛ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥✳

❜❡t❛✵ ❂ ♠❛①✭❜❡t❛♦♣t ✲ ✵✳✶✱❞✮❀

❜❡t❛✶ ❂ ♠✐♥✭❜❡t❛♦♣t ✰ ✵✳✶✱❞✵✮❀

❜❡t❛❴st❡♣ ❂ ✭❜❡t❛✶✲❜❡t❛✵✮✴✶✵❀

✪✪✪ ❚❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐♥t❡r✈❛❧ ❢♦r ❑ ✐s ✵✳✶ ❝❧♦s❡ t♦ t❤❡

✪✪✪ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst ❡①♣❧♦r❛t✐♦♥ ❛♥❞ s♠❛❧❧❡r t❤❛♥ ♣✳

❑✶ ❂ ♠✐♥✭❑♦♣t ✰ ✵✳✶✱♣✮❀

✪✪✪ ❲❡ ✐t❡r❛t❡ t❛✉ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥

t❛✉✵ ❂ ♠❛①✭t❛✉♦♣t ✲ t❛✉❴st❡♣✱✵✳✶✮❀

t❛✉✶ ❂ ♠✐♥✭t❛✉♦♣t ✰ t❛✉❴st❡♣✱✶✮❀

t❛✉❴st❡♣ ❂ ✭t❛✉✶✲t❛✉✵✮✴✶✵❀

❢♦r t❛✉ ❂ t❛✉✵✿t❛✉❴st❡♣✿t❛✉✶

t✵ ❂ ✭✶✲t❛✉❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯❢♠❛①✮❀

❢♦r ❜❡t❛ ❂ ❜❡t❛✵✿❜❡t❛❴st❡♣✿❜❡t❛✶

❙❴t❴❜❡t❛ ❂ ❡①♣✭✲♣✐❫✷✯t✵✴✭✹✯✭❞✵✰✶✮❫✷✮✮✯✭✶✲❡①♣✭✲❞✵✯✭❞✵✲❜❡t❛✮✴t✵✮✮❀

✪✪✪ ❲❡ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❢♦r ❑



✶✾✻ ❆PP❊◆❉■❳ ❆✳ ❙❈❘■P❚❙ ❋❖❘ ❈❍❆P❚❊❘ ✸

✪✪✪ s❛t✐s❢✐❡s t❤❡ r❡str✐❝t✐♦♥✳

❑✶✶ ❂ ♠✐♥✭❑✶✱♣✯✭♣✰✷✮✴✭♣✯♠✉✯❜❡t❛❫✷✰✶✮✮❀

✪✪✪ ❲❡ ✐t❡r❛t❡ ❑ ✐♥ ❛ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ ✵✳✷ s✐♥❝❡ t❤❡ ✈❛❧✉❡

✪✪✪ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst ❡①♣❧♦r❛t✐♦♥ ✐s ✵✳✶ ❝❧♦s❡ t♦ t❤❡ r❡❛❧

✪✪✪ ♦♣t✐♠✉♠✳

❑✶✵ ❂ ♠❛①✭❑✶✶✲✵✳✷✱✵✳✶✮❀

❑❴st❡♣ ❂ ✭❑✶✶✲❑✶✵✮✴✶✵❀

❢♦r ❑ ❂ ❑✶✵✿❑❴st❡♣✿❑✶✶

✪✪✪ ❚❤❡ ❝♦♥❞✐t✐♦♥ ❞❡❧t❛✶✰❞❡❧t❛✷ ❁ ✶ ✐s ❝❤❡❝❦❡❞ ✐♥ t❤❡

✪✪✪ ❢✉♥❝t✐♦♥ r❤♦❴❡①♣❧♦r❡✳

❬r❤♦✱❧❛♠❜❞❛❪ ❂ r❤♦❴❡①♣❧♦r❡✭t✵✱t❛✉✱❜❡t❛✱❑✱♠✉✱❢♠❛①✱❞✱❞✵✱❙❴t❴❜❡t❛✱✳✳✳

✳✳✳♣✱r❤♦❴♦♣t✱✶✵✱✷✵✮❀

✐❢ r❤♦❃r❤♦❴♦♣t

r❤♦❴♦♣t ❂ r❤♦❀

❑♦♣t ❂ ❑❀

❜❡t❛♦♣t ❂ ❜❡t❛❀

t❛✉♦♣t ❂ t❛✉❀

❧❛♠❜❞❛❴♦♣t ❂ ❧❛♠❜❞❛❀

❡♥❞

❡♥❞

❡♥❞

❡♥❞

❙❝r✐♣t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ρ ❞✉r✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♣r♦✲

❝❡❞✉r❡✿

✪✪✪ ❋♦r ✭t❛✉✱ ❜❡t❛✱ ❑✮ ❢✐①❡❞✱ t❤✐s ❢✉♥❝t✐♦♥ ❝♦♠♣✉t❡s ❛ ♥✉♠❡r✐❝❛❧

✪✪✪ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ r❤♦ ❛♥❞ ❧❛♠❜❞❛ ❜② ✐t❡r❛t✐♥❣ ❧❛♠❜❞❛✱ ❢r♦♠

✪✪✪ ❛♥ ✉♥❛tt❛✐♥❛❜❧❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r r❤♦ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐t✳

✪✪✪ ❲❡ ❛❧s♦ ✐♥♣✉t r❤♦❴♦♣t s♦ t❤❛t ✇❡ st♦♣ t❤❡ ✐t❡r❛t✐♦♥

✪✪✪ ♦❢ ❧❛♠❜❞❛ ✐❢ ✐t ✐s s♠❛❧❧❡r t❤❛♥ r❤♦❴♦♣t ♦❜t❛✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s

✪✪✪ ❡①♣❧♦r❛t✐♦♥s ❢♦r ♦t❤❡r ♣❛r❛♠❡t❡rs ✭t❛✉✱ ❜❡t❛✱ ❑✮✳

✪✪✪ ❍❡r❡✱ ♥❴t ✐s t❤❡ ♥✉♠❜❡r ♦❢ s✉❜✐♥t❡r✈❛❧s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ t✐♠❡

✪✪✪ ✐♥t❡❣r❛❧ t♦ ❝♦♠♣✉t❡ ▲❛♠❜❞❛✭t✵✱r✮✳

✪✪✪ ♥r ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇❤❡r❡ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❢✉♥❝t✐♦♥ ●

✪✪✪ ✐♥ ❡❛❝❤ s✉❜✐♥t❡r✈❛❧ ❬r✵✱r✶❪✱ ❬r✶✱✶❪ ❛♥❞ ❬✶✱✶✰❜❡t❛❪✳

✪✪✪ ❙❝r✐♣t ❢♦r ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷✳

❢✉♥❝t✐♦♥ ❬r❤♦✱❧❛♠❜❞❛❪ ❂ r❤♦❴❡①♣❧♦r❡✭t✵✱t❛✉✱❜❡t❛✱❑✱♠✉✱❢♠❛①✱❞✱❞✵✱❙❴t❴❜❡t❛✱✳✳✳

✳✳✳♣✱r❤♦❴♦♣t✱♥❴t✱♥r✮

✪✪✪ ■♥✐t✐❛❧ ❧❛♠❜❞❛✳ ❲❡ ❝❛♥ ✐♥❝r❡❛s❡ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ❝❛s❡s ♣❃✷ s✐♥❝❡

✪✪✪ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❛❝❤ ✈❛❧✉❡s ❢♦r r❤♦ ❜✐❣❣❡r t❤❛♥ ✵✳✸✳

❧❛♠❜❞❛ ❂ ✵✳✸❀

❝♣ ❂ ✭♣✰✶✮❫✭♣✰✶✮✴♣❫♣❀

♠✉✵ ❂ ♣✐❫✷✴✭✹✯❝♣✮❀

❚ ❂ ✶✴✭✭♣✰✶✮✯✭♠✉✲♠✉✵✮✮❀

r❤♦ ❂ ✵❀
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❆✵ ❂ sqrt✭✭♣✯✭✶✰❑✮✰✭♣✯✭♣✰✷✮✲❑✮✯❑✮✴✭♣✯✭✶✰❑✮❫✷✮✮❀

❆✶ ❂ ❛t❛♥✭sqrt✭♣✯✭✶✰❑✮✴✭♣✯✭♣✰✷✮✲❑✮✰❑✮✮❀

❆✷ ❂ ❛t❛♥✭sqrt✭♣✴✭♣✯✭♣✰✷✮✲❑✮✮✮❀

❆✸ ❂ ❛t❛♥✭✶✴sqrt✭❑✯❜❡t❛❫✷✯♠✉✮✮❀

❞❡❧t❛✶ ❂ ❆✶✴✭❆✵✯sqrt✭❑✯♠✉✮✮❀

❞❡❧t❛✷ ❂ ✭❆✸✲❆✷✮✴sqrt✭❑✯♠✉✮❀

✪✪✪ ❲❡ ❢✐rst ❝❤❡❝❦ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ❞❡❧t❛✶ ✰ ❞❡❧t❛✷ ❃ ✶ ✐s s❛t✐s❢✐❡❞

✐❢ ❞❡❧t❛✶ ✰ ❞❡❧t❛✷ ❃ ✶

r❤♦ ❂ ✵❀

❡❧s❡

r✵ ❂ ✶✲❞❡❧t❛✶✲❞❡❧t❛✷❀

r✶ ❂ ✶✲❞❡❧t❛✷❀

✪✪✪ ❙✐♥❝❡ ▲❛♠❜❞❛✭r✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❧❛♠❜❞❛✱ ✇❡ ❝♦♠♣✉t❡ ✐t ❢✐rst ✐♥

✪✪✪ t❤❡ t❤r❡❡ s✉❜✐♥t❡r✈❛❧s ❛♥❞ st♦❝❦ ✐t ✐♥ ✈❡❝t♦rs t❤❛t ✇❡ ✇✐❧❧ ✉s❡

✪✪✪ ❧❛t❡r✳

r❴✐♥t ❂ r✵✿✭r✶✲r✵✮✴♥r✿r✶❀

▲❛♠❜❞❛❴r❴✐♥t ❂ ❬❪❀

❢♦r r ❂ r❴✐♥t

▲❛♠❜❞❛❴r❴✐♥t ❂ ❬▲❛♠❜❞❛❴r❴✐♥t✱ ▲❛♠❜❞❛❴❙✐♠♣s♦♥✭t✵✱r✱♥❴t✱♠✉✱❞✵✱♣✮❪❀

❡♥❞

r❴♠✐❞ ❂ r✶✿✭✶✲r✶✮✴♥r✿✶❀

▲❛♠❜❞❛❴r❴♠✐❞ ❂ ❬❪❀

❢♦r r ❂ r❴♠✐❞

▲❛♠❜❞❛❴r❴♠✐❞ ❂ ❬▲❛♠❜❞❛❴r❴♠✐❞✱ ▲❛♠❜❞❛❴❙✐♠♣s♦♥✭t✵✱r✱♥❴t✱♠✉✱❞✵✱♣✮❪❀

❡♥❞

r❴❡①t ❂ ✶✿❜❡t❛✴♥r✿✶✰❜❡t❛❀

▲❛♠❜❞❛❴r❴❡①t ❂ ❬❪❀

❢♦r r ❂ r❴❡①t

▲❛♠❜❞❛❴r❴❡①t ❂ ❬▲❛♠❜❞❛❴r❴❡①t✱ ▲❛♠❜❞❛❴❙✐♠♣s♦♥✭t✵✱r✱♥❴t✱♠✉✱❞✵✱♣✮❪❀

❡♥❞

❛❧♣❤❛ ❂ ✭♣✰✶✮✴✭✭✶✰❑✮✯❆✵❫✷✮❀

❉✶✶ ❂ sqrt✭✶✰❑✰♣✯✭✶✰❑✮✴✭♣✯✭♣✰✷✮✲❑✮✮❀

❉✶✷ ❂ sqrt✭✶✰♣✴✭♣✯✭♣✰✷✮✲❑✮✮❀

❉✷ ❂ ✭✶✰✶✴✭❑✯♠✉✯❜❡t❛❫✷✮✮❫✭✭♣✰✶✮✴✷✮❀

❉✶ ❂ ❉✷✯❉✶✶❫❛❧♣❤❛✴❉✶✷❫✭♣✰✶✮❀

❛✶ ❂ ❅✭①✮ ❉✶✯❝♦s✭❆✵✯sqrt✭❑✯♠✉✮✯✭①✲r✵✮✮✳❫❛❧♣❤❛❀

❛✷ ❂ ❅✭①✮ ❉✷✯❝♦s✭sqrt✭❑✯♠✉✮✯✭①✲✶✮✰❆✸✮❫✭♣✰✶✮❀

❛✸ ❂ ❅✭①✮ ✭✶✲✭①✲✶✮✴❜❡t❛✮✳❫✭♣✰✶✮❀

✪✪✪ ● ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❧❛♠❜❞❛ ✐♥ t❤❡ ✐♥t❡r✈❛❧ ❬✵✱✶❪✱ s♦ ✇❡ ❢✐rst

✪✪✪ ❝♦♠♣✉t❡ ●✐♥t✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ● ✐♥ ❬✵✱✶❪✳

●✐♥t ❂ ✶✵❀

❥ ❂ ✶❀
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❢♦r r❥ ❂ r❴✐♥t

♥✉♠✶ ❂ ✶✰♣✯♠✉✯❙❴t❴❜❡t❛✯▲❛♠❜❞❛❴r❴✐♥t✭❥✮❀

♥✉♠✷ ❂ ❡r❢✭✭r❥✰✶✮✴sqrt✭✹✯t✵✮✮✰❡r❢✭✭✶✲r❥✮✴sqrt✭✹✯t✵✮✮❀

●✐♥t ❂ ♠✐♥✭ ●✐♥t✱ ♥✉♠✶✯♥✉♠✷✴✭✭❑✯t❛✉ ✰ t❛✉❫✭✲♣✮✮✯❛✶✭r❥✮✮✮❀

❥ ❂ ❥✰✶❀

❡♥❞

❥ ❂ ✶❀

❢♦r r❥ ❂ r❴♠✐❞

♥✉♠✶ ❂ ✶✰♣✯♠✉✯❙❴t❴❜❡t❛✯▲❛♠❜❞❛❴r❴♠✐❞✭❥✮❀

♥✉♠✷ ❂ ❡r❢✭✭r❥✰✶✮✴sqrt✭✹✯t✵✮✮✰❡r❢✭✭✶✲r❥✮✴sqrt✭✹✯t✵✮✮❀

●✐♥t ❂ ♠✐♥✭ ●✐♥t✱ ♥✉♠✶✯♥✉♠✷✴✭✭❑✯t❛✉ ✰ t❛✉❫✭✲♣✮✮✯❛✷✭r❥✮✮✮❀

❥ ❂ ❥✰✶❀

❡♥❞

✪✪✪ ❲❡ ✐t❡r❛t❡ ❧❛♠❜❞❛✳ ❋♦r ❡❛❝❤ ❧❛♠❜❞❛✱ ✇❡ ❝♦♠♣✉t❡ ● ✐♥ t❤❡ ✐♥t❡r✈❛❧

✪✪✪ ❬✶✱✶✰❜❡t❛❪ ❛♥❞ r❡t❛✐♥ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤✐s ❛♥❞ ●✐♥t✳

✇❤✐❧❡ r❤♦ ❁ ❧❛♠❜❞❛ ✫✫ ❧❛♠❜❞❛ ❃ r❤♦❴♦♣t

● ❂ ●✐♥t❀

✉❴t✐❧❞❡ ❂ ❅✭①✮ ❧❛♠❜❞❛✯♠✉✴❢♠❛① ✰ ✳✳✳

✳✳✳✰ ✭✶✲❧❛♠❜❞❛✯♠✉✴❢♠❛①✮✴❝♦s❤✭sqrt✭❝♣✯❢♠❛①✮✯✭①✲✶✲❞✮✮❀

❲ ❂ ❅✭①✮ ✭①❁❂✶✰❞✮✳✯✭❑✯t❛✉ ✰ t❛✉❫✭✲♣✮✮ ✰ ✳✳✳

✳✳✳✰ ✭①❃✶✰❞✮✳✯✭❑✯✭✶✲✭✶✲t❛✉✮✯✉❴t✐❧❞❡✭①✮✮ ✰ ✭✶✲✭✶✲t❛✉✮✯✉❴t✐❧❞❡✭①✮✮❫✭✲♣✮✮❀

❥❂✶❀

❢♦r r❥ ❂ r❴❡①t

♥✉♠✶ ❂ ✶✰♣✯♠✉✯❙❴t❴❜❡t❛✯▲❛♠❜❞❛❴r❴❡①t✭❥✮❀

♥✉♠✷ ❂ ❡r❢✭✭r❥✰✶✮✴sqrt✭✹✯t✵✮✮✰❡r❢✭✭✶✲r❥✮✴sqrt✭✹✯t✵✮✮❀

● ❂ ♠✐♥✭●✱ ♥✉♠✶✯♥✉♠✷✴✭❲✭r❥✮✯❛✸✭r❥✮✮✮❀

❥❂❥✰✶❀

❡♥❞

r❤♦ ❂ ♠✐♥✭❬✵✳✺✯✭✭❜❡t❛✲❞✮✴❜❡t❛✮❫✭♣✰✶✮✯❙❴t❴❜❡t❛✯●✱ ✳✳✳

✳✳✳t❛✉❫✭♣✰✶✮✴✭✭♣✰✶✮✯✭❚✲t✵✮✯♠✉✮✱❧❛♠❜❞❛❪✮❀

❧❛♠❜❞❛ ❂ ❧❛♠❜❞❛ ✲ ✵✳✵✶❀

❡♥❞

✪✪✪ ❲❡ ❛❞❞ ✵✳✵✶ s✐♥❝❡ ✇❡ ❤❛✈❡ s✉❜tr❛❝t❡❞ ✐t ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧♦♦♣✳

❧❛♠❜❞❛ ❂ ❧❛♠❜❞❛ ✰ ✵✳✵✶❀

❡♥❞

❙❝r✐♣t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Λ(t, r) ❞✉r✐♥❣ t❤❡ ❡①♣❧♦r❛t✐♦♥

♣r♦❝❡❞✉r❡✿

✪✪✪ ◆✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ▲❛♠❜❞❛ ✉s✐♥❣ t❤❡ ❙✐♠♣s♦♥ ♠❡t❤♦❞ ❛♥❞ ❛

✪✪✪ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ✐♥ ♥❴t s✉❜✐♥t❡r✈❛❧s✳

✪✪✪ ■♥ ❡❛❝❤ s✉❜✐♥t❡r✈❛❧✱ ✇❡ ❡✈❛❧✉❛t❡ ▲❛♠❜❞❛ ❛t t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❢✐♥❛❧

✪✪✪ ♣♦✐♥ts✱ ❛♥❞ ❛t t❤❡ ♠✐❞♣♦✐♥t✳

✪✪✪ ❋♦r ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷

❢✉♥❝t✐♦♥ ▲❛♠❜❞❛ ❂ ▲❛♠❜❞❛❴❙✐♠♣s♦♥✭t✱r✱♥❴t✱♠✉✱❞✵✱♣✮

❛❂✲♣✴✭♣✰✶✮✲✶❀

❙❴t❴✵ ❂ ❡①♣✭✲♣✐❫✷✯t✴✭✹✯✭❞✵✰✶✮❫✷✮✮✳✯✭✶✲❡①♣✭✲❞✵❫✷✳✴t✮✮❀



✷✳ ❙❈❘■P❚❙ ❋❖❘ ❚❍❊❖❘❊▼❙ ✷✳✶ ❆◆❉ ✷✳✷ ✶✾✾

❨ ❂ ❅✭①✮ ✵✳✺✯✭♣✰✶✮✯♠✉✯❙❴t❴✵ ✯ ❡r❢✭✶✴sqrt✭①✮✮✳✯①❀

t♠✐♥ ❂ ✵✳✵✵✵✶✯t❀

t♠❛① ❂ ✵✳✾✾✾✾✯t❀

t❴st❡♣ ❂ ✭t♠❛①✲t♠✐♥✮✴♥❴t❀

t❴♠❡s❤ ❂ t♠✐♥✰t❴st❡♣✿t❴st❡♣✿t♠❛①❀

▲❛♠❜❞❛ ❂ ✵❀

✪✪✪✪▲❛♠❜❞❛ ❡♥ t✵

t❥ ❂ t♠✐♥❀

▲❛♠❜❞❛✶ ❂ ✵✳✺✯✭✶✲❨✭t❥✮✮❫❛ ✯✭❡r❢✭✭r✰✶✮✴✭✷✯sqrt✭t✲t❥✮✮✮✰✳✳✳

✳✳✳✰ ❡r❢✭✭✶✲r✮✴✭✷✯sqrt✭t✲t❥✮✮✮✮❀

❢♦r t❥ ❂ t❴♠❡s❤

t❥✶✷ ❂ t❥✲t❴st❡♣✴✷❀

▲❛♠❜❞❛✷ ❂ ✵✳✺✯✭✶✲❨✭t❥✶✷✮✮❫❛ ✯✭❡r❢✭✭r✰✶✮✴✭✷✯sqrt✭t✲t❥✶✷✮✮✮✰✳✳✳

✳✳✳✰ ❡r❢✭✭✶✲r✮✴✭✷✯sqrt✭t✲t❥✶✷✮✮✮✮❀

▲❛♠❜❞❛✸ ❂ ✵✳✺✯✭✶✲❨✭t❥✮✮❫❛ ✯✭❡r❢✭✭r✰✶✮✴✭✷✯sqrt✭t✲t❥✮✮✮✰✳✳✳

✳✳✳✰ ❡r❢✭✭✶✲r✮✴✭✷✯sqrt✭t✲t❥✮✮✮✮❀

▲❛♠❜❞❛ ❂ ▲❛♠❜❞❛ ✰ t❴st❡♣✯✭▲❛♠❜❞❛✶ ✰ ✹✯▲❛♠❜❞❛✷ ✰ ▲❛♠❜❞❛✸✮✴✻❀

▲❛♠❜❞❛✶ ❂ ▲❛♠❜❞❛✸❀

❡♥❞

❙❝r✐♣t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ ρ ✐♥ t❤❡ ✜♥❛❧ st❡♣✿

✪✪✪ ❋♦r ✭t❛✉✱ ❜❡t❛✱ ❑✱❧❛♠❜❞❛✮✱ t❤✐s ❢✉♥❝t✐♦♥ ❝♦♠♣✉t❡s ❛ ❧♦✇❡r

✪✪✪ ❡st✐♠❛t❡ ♦❢ r❤♦✳

✪✪✪ ❙❝r✐♣t ❢♦r ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷✳

✪✪✪ ■t ❛❧s♦ ♣❧♦ts t❤❡ ❢✉♥❝t✐♦♥ ●st❛r✳

❢✉♥❝t✐♦♥ ❬r❤♦✱●st❛r✱r✵❪ ❂ r❤♦❴❢✐♥❛❧✭t✵✱t❛✉✱❜❡t❛✱❑✱❧❛♠❜❞❛✱♠✉✱❢♠❛①✱❞✱❞✵✱✳✳✳

✳✳✳❙❴t❴❜❡t❛✱♣✮

✪✪✪ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛❧ ✐♥ ▲❛♠❜❞❛✭t✵✱r✮

♥❴t ❂ ✷✵✵❀

✪✪✪ P❛rt✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❬r✵✱✶✰❜❡t❛❪✳ ❲❡ ✉s❡ ♠♦♥♦t♦♥✐❝✐t②

✪✪✪ ♣r♦♣❡rt✐❡s t♦ ❝♦♠♣✉t❡ ❛ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ ●st❛r ✐♥ ❡❛❝❤ s✉❜✐♥t❡r✈❛❧✳

♥r ❂ ✺✵✵✵❀

❝♣ ❂ ✭♣✰✶✮❫✭♣✰✶✮✴♣❫♣❀

♠✉✵ ❂ ♣✐❫✷✴✭✹✯❝♣✮❀

❚ ❂ ✶✴✭✭♣✰✶✮✯✭♠✉✲♠✉✵✮✮❀

❆✵ ❂ sqrt✭✭♣✯✭✶✰❑✮✰✭♣✯✭♣✰✷✮✲❑✮✯❑✮✴✭♣✯✭✶✰❑✮❫✷✮✮❀

❆✶ ❂ ❛t❛♥✭sqrt✭♣✯✭✶✰❑✮✴✭♣✯✭♣✰✷✮✲❑✮✰❑✮✮❀

❆✷ ❂ ❛t❛♥✭sqrt✭♣✴✭♣✯✭♣✰✷✮✲❑✮✮✮❀

❆✸ ❂ ❛t❛♥✭✶✴sqrt✭❑✯❜❡t❛❫✷✯♠✉✮✮❀

❞❡❧t❛✶ ❂ ❆✶✴✭❆✵✯sqrt✭❑✯♠✉✮✮❀

❞❡❧t❛✷ ❂ ✭❆✸✲❆✷✮✴sqrt✭❑✯♠✉✮❀

r✵ ❂ ✶✲❞❡❧t❛✶✲❞❡❧t❛✷❀

r✶ ❂ ✶✲❞❡❧t❛✷❀



✷✵✵ ❆PP❊◆❉■❳ ❆✳ ❙❈❘■P❚❙ ❋❖❘ ❈❍❆P❚❊❘ ✸

❛❧♣❤❛ ❂ ✭♣✰✶✮✴✭✭✶✰❑✮✯❆✵❫✷✮❀

❉✶✶ ❂ sqrt✭✶✰❑✰♣✯✭✶✰❑✮✴✭♣✯✭♣✰✷✮✲❑✮✮❀

❉✶✷ ❂ sqrt✭✶✰♣✴✭♣✯✭♣✰✷✮✲❑✮✮❀

❉✷ ❂ ✭✶✰✶✴✭❑✯♠✉✯❜❡t❛❫✷✮✮❫✭✭♣✰✶✮✴✷✮❀

❉✶ ❂ ❉✷✯❉✶✶❫❛❧♣❤❛✴❉✶✷❫✭♣✰✶✮❀

❛✶ ❂ ❅✭①✮ ❉✶✯❝♦s✭❆✵✯sqrt✭❑✯♠✉✮✯✭①✲r✵✮✮✳❫❛❧♣❤❛❀

❛✷ ❂ ❅✭①✮ ❉✷✯❝♦s✭sqrt✭❑✯♠✉✮✯✭①✲✶✮✰❆✸✮✳❫✭♣✰✶✮❀

❛✸ ❂ ❅✭①✮ ✭✶✲✭①✲✶✮✴❜❡t❛✮✳❫✭♣✰✶✮❀

❛ ❂ ❅✭①✮ ✭①❁r✵✮ ✰ ✭①❃❂r✵✮✳✯✭①❁r✶✮✳✯❛✶✭①✮ ✰ ✭①❃❂r✶✮✳✯✭①❁✶✮✳✯❛✷✭①✮ ✰ ✳✳✳

✳✳✳ ✰ ✭①❃❂✶✮✳✯✭①❁❂✶✰❜❡t❛✮✳✯❛✸✭①✮❀

r❴st❡♣ ❂ ✭✶✰❜❡t❛✲r✵✮✴♥r❀

r❴♠❡s❤ ❂ r✵✿r❴st❡♣✿✶✰❜❡t❛✲r❴st❡♣❀

●st❛r ❂ ✶✵❀

✉❴t✐❧❞❡❂❅✭①✮❧❛♠❜❞❛✯♠✉✴❢♠❛①✰✭✶✲❧❛♠❜❞❛✯♠✉✴❢♠❛①✮✴❝♦s❤✭sqrt✭❝♣✯❢♠❛①✮✯✭①✲✶✲❞✮✮❀

❲❂❅✭①✮ ✭①❁❂✶✰❞✮✯✭❑✯t❛✉✰t❛✉❫✭✲♣✮✮✰✭①❃✶✰❞✮✯✭❑✯✭✶✲✭✶✲t❛✉✮✯✉❴t✐❧❞❡✭①✮✮ ✰✳✳✳

✳✳✳✰ ✭✶✲✭✶✲t❛✉✮✯✉❴t✐❧❞❡✭①✮✮❫✭✲♣✮✮❀

✪✪✪ ❚❤❡ ✈❡❝t♦r t♦ ♣❧♦t ●

●st❛rr❂ ❬❪❀

❢♦r r❥ ❂ r❴♠❡s❤

✪✪✪ ◆✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❛r❡ ❜♦t❤ ❞❡❝r❛s✐♥❣ ✇✐t❤ r✳

✪✪✪ r❥ ✐s t❤❡ ❧♦✇❡r ❧✐♠✐t ♦❢ ❡❛❝❤ s✉❜✐♥t❡r✈❛❧✱ ❛♥❞ r❥✶ t❤❡ ✉♣♣❡r ❧✐♠✐t✳

r❥✶ ❂ r❥✰r❴st❡♣❀

▲❛♠❜❞❛ ❂ ▲❛♠❜❞❛❴❡st✭t✵✱r❥✶✱♥❴t✱♠✉✱❞✵✱♣✮❀

♥✉♠✶ ❂ ✶ ✰ ♣✯♠✉✯❙❴t❴❜❡t❛✯▲❛♠❜❞❛❀

♥✉♠✷ ❂ ❡r❢✭✭r❥✶✰✶✮✴sqrt✭✹✯t✵✮✮ ✰ ❡r❢✭✭✶✲r❥✶✮✴sqrt✭✹✯t✵✮✮❀

●st❛r ❂ ♠✐♥✭●st❛r✱ ♥✉♠✶✯♥✉♠✷✴✭❲✭r❥✮✯❛✭r❥✮✮✮❀

●st❛rr ❂ ❬●st❛rr✱♥✉♠✶✯♥✉♠✷✴✭❲✭r❥✮✯❛✭r❥✮✮❪❀

❡♥❞

✪✪✪ ❲❡ ❞♦ ♥♦t ♣❧♦t t❤❡ ✶✵✵✵ ❧❛st ♣♦✐♥ts s✐♥❝❡ ● ❜❡❝♦♠❡s t♦♦ ❜✐❣

♣❧♦t✭r❴♠❡s❤✭✶✿♥r✲✶✵✵✵✮✱ ●st❛rr✭✶✿♥r✲✶✵✵✵✮✮

r❤♦ ❂ ♠✐♥✭❬✵✳✺✯✭✭❜❡t❛✲❞✮✴❜❡t❛✮❫✭♣✰✶✮✯❙❴t❴❜❡t❛✯●st❛r✱ ✳✳✳

✳✳✳ t❛✉❫✭♣✰✶✮✴✭✭♣✰✶✮✯✭❚✲t✵✮✯♠✉✮✱ ❧❛♠❜❞❛❪✮❀

❙❝r✐♣t ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❧♦✇❡r ❡st✐♠❛t❡ ♦❢ Λ(r, s) ✐♥ t❤❡ ✜♥❛❧ st❡♣✿

✪✪✪ ▲♦✇❡r ❡st✐♠❛t❡ ♦❢ ▲❛♠❜❞❛ ✉s✐♥❣ t❤❡ r❡❝t❛♥❣❧❡s r✉❧❡ ✇✐t❤ ❛

✪✪✪ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ✐♥ ♥❴t s✉❜✐♥t❡r✈❛❧s✳ ❲❡ ✉s❡ t❤❡

✪✪✪ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ ❡❛❝❤ t❡r♠✳

✪✪✪ ❋♦r ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷

❢✉♥❝t✐♦♥ ▲❛♠❜❞❛ ❂ ▲❛♠❜❞❛❴❡st✭t✱r✱♥❴t✱♠✉✱❞✵✱♣✮

❛❂✲♣✴✭♣✰✶✮✲✶❀



✷✳ ❙❈❘■P❚❙ ❋❖❘ ❚❍❊❖❘❊▼❙ ✷✳✶ ❆◆❉ ✷✳✷ ✷✵✶

❙❴t❴✵ ❂ ❡①♣✭✲♣✐❫✷✯t✴✭✹✯✭❞✵✰✶✮❫✷✮✮✳✯✭✶✲❡①♣✭✲❞✵❫✷✳✴t✮✮❀

❨ ❂ ❅✭①✮ ✵✳✺✯✭♣✰✶✮✯♠✉✯❙❴t❴✵ ✯ ❡r❢✭✶✴sqrt✭①✮✮✳✯①❀

✪✪✪ ❲❡ ❝✉t t❤❡ ✐♥t❡❣r❛❧ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ s✐♥❣✉❧❛r✐t✐❡s

t♠✐♥ ❂ ✵✳✵✵✵✶✯t❀

t♠❛① ❂ ✵✳✾✾✾✾✯t❀

t❴st❡♣ ❂ ✭t♠❛①✲t♠✐♥✮✴♥❴t❀

t❴♠❡s❤ ❂ t♠✐♥✿t❴st❡♣✿t♠❛①✲t❴st❡♣❀

▲❛♠❜❞❛ ❂ ✵❀

❢♦r t❥ ❂ t❴♠❡s❤

✪✪✪ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ▲ ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ s ✇❤❡♥ r❃✶✱

✪✪✪ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❡❧s❡✳

t❥✶ ❂ t❥ ✰ t❴st❡♣✯✭r❃✶✮❀

▲ ❂ ❡r❢✭✭r✰✶✮✴✭✷✯sqrt✭t✲t❥✮✮✮ ✰ ❡r❢✭✭✶✲r✮✳✴✭✷✯sqrt✭t✲t❥✶✮✮✮❀

▲❛♠❜❞❛ ❂ ▲❛♠❜❞❛ ✰ ✵✳✺✯t❴st❡♣✯✭✶✲❨✭t❥✮✮❫❛✯▲✳✯✭▲❃✵✮❀

❡♥❞

❙❝r✐♣t ❢♦r t❤❡ ❡①❛♠♣❧❡s ✐♥ ❈❤❛♣t❡r ✸✱ s❡❝t✐♦♥ ✻

✪✪✪✪✪✪ ❚❆❇▲❊ ❖❋ ❊❳❆▼P▲❊❙ ❙❊❈❚■❖◆ ✻ ❢♦r ❚❤❡♦r❡♠ ✷✳✶ ❛♥❞ ✷✳✷ ✪✪✪✪

❝❧❡❛r

♣❂✷❀

♠✉✵ ❂ ♣❫♣✯♣✐❫✷✴✭✹✯✭♣✰✶✮❫✭♣✰✶✮✮❀

✪✪✪ ❊❛❝❤ ✈❡❝t♦r ❝♦♥t❛✐♥s t❤❡ ✈❛❧✉❡s ❬♠✉❀ ❢♠❛①❀ ❞❀ ❞❴✵❪ ❢♦r ❡❛❝❤ ❡①❛♠♣❧❡✳

✈✶ ❂ ❬✶❀✶✳✶❀✵✳✶❀✺❪❀

✈✷ ❂ ❬✶✳✷✺❀✶✳✸❀✵✳✶❀✸❪❀

✈✸ ❂ ❬✷❀✷✳✷✺❀✵✳✶❀✹❪❀

✈✹ ❂ ❬✷❀✷✳✷✺❀✵✳✵✺❀✹❪❀

✈✺ ❂ ❬✸❀✸✳✺❀✵✳✵✶❀✺❪❀

✈✻ ❂ ❬✹❀✹✳✶❀✵✳✵✺❀✺❪❀

✈✼ ❂ ❬✹❀✹✳✶❀✵✳✵✶❀✺❪❀

✈✽ ❂ ❬✹❀✼❀✵✳✵✶❀✺❪❀

✈✾ ❂ ❬✻❀✻✳✷❀✵✳✵✶❀✶✵❪❀

✈✶✵ ❂ ❬✶✵❀✶✵❀✵✳✵✵✺❀✶✵❪❀

❱ ❂ ❬✈✶✱✈✷✱✈✸✱✈✹✱✈✺✱✈✻✱✈✼✱✈✽✱✈✾✱✈✶✵❪❀

❇❂❬❪❀

❢♦r ✈❂❱

❬t❛✉♦♣t✱❜❡t❛♦♣t✱❑♦♣t✱❧❛♠❜❞❛❴♦♣t✱r❤♦❴❡①♣❧♦r❡❞❪ ❂ ✳✳✳

✳✳✳ ❂ ❡①♣❧♦r❡✭✈✭✶✮✱✈✭✷✮✱✈✭✸✮✱✈✭✹✮✱♣✮❀

t✵ ❂ ✭✶✲t❛✉♦♣t❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯✈✭✷✮✮❀

❚ ❂ ✶✴✭✭♣✰✶✮✯✭✈✭✶✮✲♠✉✵✮✮❀

❙❴t❴❜❡t❛ ❂ ❡①♣✭✲♣✐❫✷✯t✵✴✭✹✯✭✈✭✹✮✰✶✮❫✷✮✮✯✳✳✳

✳✳✳✯✭✶✲❡①♣✭✲✈✭✹✮✯✭✈✭✹✮✲❜❡t❛♦♣t✮✴t✵✮✮❀

❬r❤♦✱●st❛r❪ ❂ r❤♦❴❢✐♥❛❧✭t✵✱t❛✉♦♣t✱❜❡t❛♦♣t✱❑♦♣t✱❧❛♠❜❞❛❴♦♣t✱✳✳✳

✳✳✳✈✭✶✮✱✈✭✷✮✱✈✭✸✮✱✈✭✹✮✱❙❴t❴❜❡t❛✱♣✮❀



✷✵✷ ❆PP❊◆❉■❳ ❆✳ ❙❈❘■P❚❙ ❋❖❘ ❈❍❆P❚❊❘ ✸

r❤♦✷ ❂ t❛✉♦♣t❫✭♣✰✶✮✴✭✭♣✰✶✮✯✭❚✲t✵✮✯✈✭✶✮✮❀

❇ ❂ ❬❇❀❬✈✭✶✮✱✈✭✷✮✱✈✭✸✮✱✈✭✹✮✱t❛✉♦♣t✱❜❡t❛♦♣t✱❑♦♣t✱●st❛r✱❙❴t❴❜❡t❛✱r❤♦✷✱✳✳✳

✳✳✳❧❛♠❜❞❛❴♦♣t✱r❤♦❴❡①♣❧♦r❡❞✱r❤♦❪❪❀

❡♥❞

❇

✸ ❙❝r✐♣ts ❢♦r ❚❤❡♦r❡♠ ✷✳✸

❙❝r✐♣t ❢♦r t❤❡ ❡①♣❧♦r❛t✐♦♥✿

✪✪✪ ❊①♣❧♦r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❚❤❡♦r❡♠ ✷✳✸✳

❢✉♥❝t✐♦♥ ❬t❛✉♦♣t✱❜❡t❛♦♣t✱❑♦♣t✱❡t❛♦♣t✱r❤♦❴♦♣t❪ ❂ ❡①♣❧♦r❡✭♠✉✱❢♠❛①✱❞✱❞✵✱♣✮

r❤♦❴♦♣t ❂ ✵❀

♠✉✵ ❂ ♣❫♣✯♣✐❫✷✴✭✹✯✭♣✰✶✮❫✭♣✰✶✮✮❀

❚ ❂ ✶✴✭✭♣✰✶✮✯✭♠✉✲♠✉✵✮✮❀

✪✪✪ ❋✐rst ❡①♣❧♦r❛t✐♦♥ ✪✪✪

t❛✉❴st❡♣ ❂ ✶✴✶✵❀

t❛✉❴❧✐st ❂ ✵✳✶✿t❛✉❴st❡♣✿✶❀

❡t❛❴st❡♣ ❂ ✶✴✶✵❀

❡t❛❴❧✐st ❂ ✵✳✶✿❡t❛❴st❡♣✿✶❀

st♦♣❴❜❡t❛✵ ❂ ✵❀

st♦♣❴❜❡t❛✶ ❂ ✵❀

❜❡t❛❴❧✐st ❂ ♠✐♥✭✶✰❞✱✭❞✵✰❞✮✴✷✮❀

✇❤✐❧❡ st♦♣❴❜❡t❛✵✯st♦♣❴❜❡t❛✶ ❂❂ ✵

❢♦r ❜❡t❛ ❂ ❜❡t❛❴❧✐st

t✵ ❂ ❅✭①✮ ✭✶✲①✳❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯❢♠❛①✮❀

❍❴t❛✉ ❂ ❅✭①✮ ❍❴❧♦✇❴❡st✭t✵✭①✮✱❜❡t❛✱✷✵✱✵✱♣✮❀

❢♦r ❡t❛ ❂ ❡t❛❴❧✐st

❑ ❂ ♠❛①✭♣✯❡t❛✴✭♠✉✯❜❡t❛❫✷✮✲✶✴✭✭♣✰✶✮✯❡t❛❫♣✮✱✵✮❀

st♦♣❴❑✶ ❂ ✵❀

✇❤✐❧❡ st♦♣❴❑✶ ❂❂ ✵

▲ ❂ ✶✰✭♣✰✶✮✯❑✯❡t❛❫♣❀

●❛♠♠❛ ❂ sqrt✭✭♣✰✶✮✯▲✯❡t❛✴✭♣✯❑✯♠✉✯❜❡t❛❫✷✮✮❀

❆ ❂ ❛t❛♥✭●❛♠♠❛✮❀

❞❡❧t❛ ❂ ❆✯✭✶✰❑✯❡t❛❫♣✮✯sqrt✭✭♣✰✶✮✯❡t❛✴✭♣✯▲✯❑✯♠✉✮✮❀

✐❢ ❞❡❧t❛❁❂✶

❢♦r t❛✉ ❂ t❛✉❴❧✐st

t ❂ t✵✭t❛✉✮❀

❍ ❂ ❍❴t❛✉✭t❛✉✮❀

❙t✵ ❂ ❡①♣✭✲✹✯♣✐❫✷✯t✴✭❞✵✰✶✮❫✷✮✯✭✶✲❡①♣✭✲❞✵✯✭❞✵✲❜❡t❛✮✴t✮✮❀

❙❚ ❂ ❡①♣✭✲✹✯♣✐❫✷✯❚✴✭❞✵✰✶✮❫✷✮✯✭✶✲❡①♣✭✲❞✵❫✷✴❚✮✮❀

●t✵ ❂ ●❴❧♦✇❴❡st✭t✱♠✉✱❜❡t❛✱❑✱❡t❛✱✷✵✱✵✱♣✮❀



✸✳ ❙❈❘■P❚❙ ❋❖❘ ❚❍❊❖❘❊▼ ✷✳✸ ✷✵✸

●❚ ❂ ●❴❧♦✇❴❡st✭❚✱♠✉✱❜❡t❛✱❑✱❡t❛✱✷✵✱✵✱♣✮❀

r❤♦✶ ❂ ✵✳✺✯✭✭❜❡t❛✲❞✮✴❜❡t❛✮❫✭♣✰✶✮✯♠✐♥✭❙❚✯●❚✴✭❑✰❡t❛❫✭✲♣✮✮✱✳✳✳

✳✳✳❙t✵✯♠✐♥✭❍✱●t✵✮✴✭❑✰t❛✉❫✭✲♣✮✮✮❀

r❤♦ ❂ ♠✐♥✭r❤♦✶ ✱ t❛✉❫✭♣✰✶✮✴✭✭♣✰✶✮✯✭❚✲t✮✯♠✉✮✮❀

✐❢ r❤♦❃r❤♦❴♦♣t

r❤♦❴♦♣t ❂ r❤♦❀

❑♦♣t ❂ ❑❀

❜❡t❛♦♣t ❂ ❜❡t❛❀

t❛✉♦♣t ❂ t❛✉❀

❡t❛♦♣t ❂ ❡t❛❀

❡♥❞

❡♥❞

❡♥❞

✐❢ ❑ ❃ ✵✳✺✴r❤♦❴♦♣t ✲ ✶

st♦♣❴❑✶ ❂ ✶❀

❡❧s❡

❑❂❑✰✵✳✺❀

❡♥❞

❡♥❞

❡♥❞

❡♥❞

✐❢ ♠✐♥✭❜❡t❛❴❧✐st✮❁❂❞✴✭✶✲✭✷✯r❤♦❴♦♣t✮❫✭✶✴✭♣✰✶✮✮✮ ⑤⑤ ♠✐♥✭❜❡t❛❴❧✐st✮✲✵✳✷❁❞

st♦♣❴❜❡t❛✵ ❂ ✶❀

❡♥❞

✪✪✪ ❊①tr❛ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ❜❡t❛

✪✪✪ ❲❡ ❝❛♥ ❥✉st ✉s❡ t❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ❜❡t❛ ❃ ❞✵✳

❍❴❧✐st ❂ ❬❪❀

❢♦r t❛✉ ❂ t❛✉❴❧✐st

❍❴❧✐st ❂ ❬❍❴❧✐st✱❍❴t❛✉✭t❛✉✮❪❀

❡♥❞

✐❢ ✵✳✺✯♠❛①✭❍❴❧✐st✮ ❁❂ r❤♦❴♦♣t ⑤⑤ ❜❡t❛✰✵✳✺ ❃ ❞✵

st♦♣❴❜❡t❛✶ ❂ ✶❀

❡♥❞

✐❢ st♦♣❴❜❡t❛✵ ✰ st♦♣❴❜❡t❛✶ ❂❂ ✵

❜❡t❛❴❧✐st ❂ ❬♠✐♥✭❜❡t❛❴❧✐st✮✲✵✳✷✱ ♠❛①✭❜❡t❛❴❧✐st✮✰✵✳✺❪❀

❡❧s❡✐❢ st♦♣❴❜❡t❛✵ ❂❂ ✵

❜❡t❛❴❧✐st ❂ ♠✐♥✭❜❡t❛❴❧✐st✮✲✵✳✷❀

❡❧s❡✐❢ st♦♣❴❜❡t❛✶ ❂❂ ✵

❜❡t❛❴❧✐st ❂ ♠❛①✭❜❡t❛❴❧✐st✮✰✵✳✺❀

❡♥❞

❡♥❞

✪✪✪✪✪ ❙❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✪✪✪✪✪

✪✪✪ ❲❡ ✐t❡r❛t❡ ❜❡t❛ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥

❜❡t❛✵ ❂ ♠❛①✭❜❡t❛♦♣t ✲ ✵✳✺✱❞✮❀

❜❡t❛✶ ❂ ♠✐♥✭❜❡t❛♦♣t ✰ ✵✳✺✱❞✵✮❀

❜❡t❛❴st❡♣ ❂ ✭❜❡t❛✶✲❜❡t❛✵✮✴✶✵❀

✪✪✪ ❚❤❡ ❧♦✇❡r ❧✐♠✐t ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐♥t❡r✈❛❧ ❢♦r ❑ ✐s ✵✳✶ ❝❧♦s❡
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✪✪✪ t♦ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst ❡①♣❧♦r❛t✐♦♥✳

❑✵ ❂ ❑♦♣t ✲ ✵✳✺❀

✪✪✪ ❲❡ ✐t❡r❛t❡ t❛✉ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥

t❛✉✵ ❂ ♠❛①✭t❛✉♦♣t ✲ t❛✉❴st❡♣✱✵✳✶✮❀

t❛✉✶ ❂ ♠✐♥✭t❛✉♦♣t ✰ t❛✉❴st❡♣✱✶✮❀

t❛✉❴st❡♣ ❂ ✭t❛✉✶✲t❛✉✵✮✴✶✵❀

✪✪✪ ❲❡ ✐t❡r❛t❡ ❡t❛ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢✐rst

✪✪✪ ❡①♣❧♦r❛t✐♦♥

❡t❛✵ ❂ ♠❛①✭❡t❛♦♣t ✲ ❡t❛❴st❡♣✱✵✳✶✮❀

❡t❛✶ ❂ ♠✐♥✭❡t❛♦♣t ✰ ❡t❛❴st❡♣✱✶✮❀

❡t❛❴st❡♣ ❂ ✭❡t❛✶✲❡t❛✵✮✴✶✵❀

❢♦r ❜❡t❛ ❂ ❜❡t❛✵✿❜❡t❛❴st❡♣✿❜❡t❛✶

t✵ ❂ ❅✭①✮ ✭✶✲①✳❫✭♣✰✶✮✮✴✭✭♣✰✶✮✯❢♠❛①✮❀

❍❴t❛✉ ❂ ❅✭①✮ ❍❴❧♦✇❴❡st✭t✵✭①✮✱❜❡t❛✱✷✵✱✵✱♣✮❀

❢♦r ❡t❛ ❂ ❡t❛✵✿❡t❛❴st❡♣✿❡t❛✶

✪✪✪ ❲❡ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❑ s❛t✐s❢✐❡s t❤❡ r❡str✐❝t✐♦♥✳

❑♠✐♥ ❂ ♠❛①✭♣✯❡t❛✴✭♠✉✯❜❡t❛❫✷✮✲✶✴✭✭♣✰✶✮✯❡t❛❫♣✮✱✵✮❀

❑✵✵ ❂ ♠❛①✭❑♠✐♥✱❑✵✮❀

✪✪✪ ❲❡ ❡①♣❧♦r❡ ❑ ✐♥ ❛ ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ ✶ s✐♥❝❡ ✇❡ ❛r❡ ✶ ❝♦❧s❡ t♦

✪✪✪ t❤❡ r❡❛❧ ♦♣t✐♠❛❧ ✈❛❧✉❡✳

❑✶✶ ❂ ❑✵✵✰✶❀

❑❴st❡♣ ❂ ✭❑✶✶✲❑✵✵✮✴✶✵❀

❢♦r ❑ ❂ ❑✵✵✿❑❴st❡♣✿❑✶✶

▲ ❂ ✶✰✭♣✰✶✮✯❑✯❡t❛❫♣❀

●❛♠♠❛ ❂ sqrt✭✭♣✰✶✮✯▲✯❡t❛✴✭♣✯❑✯♠✉✯❜❡t❛❫✷✮✮❀

❆ ❂ ❛t❛♥✭●❛♠♠❛✮❀

❞❡❧t❛ ❂ ❆✯✭✶✰❑✯❡t❛❫♣✮✯sqrt✭✭♣✰✶✮✯❡t❛✴✭♣✯▲✯❑✯♠✉✮✮❀

✐❢ ❞❡❧t❛❁❂✶

❢♦r t❛✉ ❂ t❛✉✵✿t❛✉❴st❡♣✿t❛✉✶
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