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.vM�KB[m2b bTQMi�Mû2b 2M +�Hû7�+iBQM
h?ĕb2 /2 /Q+iQ`�i /2 HǶAMbiBimi SQHvi2+?MB[m2 /2 S�`Bb

T`ûT�`û2 ¨ HǶú+QH2 TQHvi2+?MB[m2

ú+QH2 /Q+iQ`�H2 M◦eke AMbiBimi SQHvi2+?MB[m2 /2 S�`Bb UAS S�`BbV
aTû+B�HBiû /2 /Q+iQ`�i , S?vbB[m2 /2b HB[mB/2b

h?ĕb2 T`ûb2Miû2 2i bQmi2Mm2 ¨ S�`Bb- H2 Rd /û+2K#`2 kyRN- T�`

�K#`2 "QmBHH�Mi

*QKTQbBiBQM /m Cm`v ,

úHBb�#2i? *?�`H�Bt
1Mb2B;M�Mi +?2`+?2m`- lMBp2`bBiû :`2MQ#H2 �HT2b S`ûbB/2Mi2 /m Dm`v
C�++Q aMQ2BD2`
S`Q72bb2m`- lMBp2`bBiv Q7 hr2Mi2 _�TTQ`i2m`
6`�MÏQBb :�HH�B`2
S`Q72bb2m`- 1S6G _�TTQ`i2m`
aB/M2v L�;2H
S`Q72bb2m`- *?B+�;Q lMBp2`bBiv 1t�KBM�i2m`
*?`BbiQT?2 *H�M2i
.B`2+i2m` /2 `2+?2`+?2- ú+QH2 TQHvi2+?MB[m2 .B`2+i2m` /2 i?ĕb2
.�pB/ Zmû`û
.B`2+i2m` /2 `2+?2`+?2- 1aS*A S�`Bb % SaG .B`2+i2m` /2 i?ĕb2





_2K2`+B2K2Mib

*Ƕ2bi �p2+ mM2 ûKQiBQM MQM /BbbBKmHû2 [m2 D2 KǶ�TT`āi2 ¨ TQb2` H2 TQBMi }M�H ¨ +2b
i`QBb �MMû2b /2 i?ĕb2X G2 /Q+mK2Mi [mB bmBi `2H�i2 KQM �p2Mim`2 b+B2MiB}[m2 2M +QKT�;MB2
/2 ;Qmii2b /Ƕ2�m U2Mi`2 �mi`2V DQm�Mi bm` /2b bm`7�+2b +?�m/2bX hQmi27QBb- BH QK2i iQmi2b H2b
`2M+QMi`2b [m2 DǶ�B 7�Bi 2M +?2KBM- 2bb2MiB2HH2b �m `û+BiX CǶ�B T�bbû i`QBb �MMû2b 7Q`KB/�#H2b
/�Mb mM 2MpB`QMM2K2Mi 2t+2TiBQMM2H- #B2Mp2BHH�Mi 2i +?�H2m`2mt- [mB �- b�Mb HǶQK#`2 /ǶmM
/Qmi2- +QMi`B#mû ¨ KQM ûT�MQmBbb2K2Mi- T`Q72bbBQMM2H +QKK2 T2`bQMM2HX CǶ�BK2`�Bb B+B
`2K2`+B2` iQmb +2mt [mB QMi +QMi`B#mû ¨ `2M/`2 +2ii2 �p2Mim`2 mMB[m2X

hQmi /Ƕ�#Q`/- D2 iB2Mb ¨ `2K2`+B2` H2b K2K#`2b /2 Dm`vX J2`+B ¨ 6`�MÏQBb :�HH�B`2 2i
¨ C�++Q aMQ2BD2` /Ƕ�pQB` �++2Tiû /2 `�TTQ`i2` +2 i`�p�BH- /m +Qm`�;2 /QMi pQmb �p2x 7�Bi
T`2mp2 TQm` �HH2` �m #Qmi /m K�Mmb+`Bi 2i /2 M2 T�b �pQB` `2MQM+û ¨ p2MB` K�H;`û H2b
;`ĕp2bX oQb v2mt �B;mBbûb 2i pQb +QKK2Mi�B`2b QMi H�`;2K2Mi �KûHBQ`û +2 K�Mmb+`Bi 2i D2
pQmb 2M bmBb i`ĕb `2+QMM�Bbb�Mi2X J2`+B ¨ úHBb�#2i? *?�`H�Bt /Ƕ�pQB` T`ûbB/û +2 Dm`v 2i TQm`
b� #B2Mp2BHH�M+2 2i ¨ aB/M2v L�;2H /2 KǶ�pQB` 7�Bi HǶ?QMM2m` /2 T�`iB+BT2` ¨ HǶûp�Hm�iBQM /2
+2 i`�p�BH- K�H;`û H� #�``Bĕ`2 /2 H� H�M;m2 2i H� /Bbi�M+2 5

oB2Mi �HQ`b H2 iQm` /2 K2b /2mt /B`2+i2m`bX G2b T2`bQMM2b [mB K2 +QMM�Bbb2Mi b�p2Mi
[m2 DǶ�B /m K� ¨ 7�B`2 mM +?QBt- /m THmb BMbB;MB}�Mi �m THmb /ûi2`KBM�MiX .�Mb H2 +?QBt /2
H� i?ĕb2- D2 MǶ�B T�b 2m mM2 QM+2 /Ƕ?ûbBi�iBQMX *2ii2 ûpB/2M+2 i`�?Bi HǶ�/KB`�iBQM T`Q7QM/2
[m2 DǶ�B TQm` pQi`2 T2Mbû2X 1M +Qm`b Qm �m +Qm`b /m T2iBi T`QD2i /2 J�bi2` �m b2BM /2 H�
*QKT�;MB2 /2b AMi2`7�+2b- DǶ�B iQmi /2 bmBi2 ~�B`û H� b�p2m` 2i HǶûHû;�M+2 /2 pQi`2 �TT`Q+?2X
.�pB/- i� Tû/�;Q;B2- iQM ;Qȿi TQm` HǶûTm`2- 2i i� 7�+mHiû ¨ 2K#2HHB` iQmi2 B/û2 KǶQMi ûMQ`@
KûK2Mi �TT`Bb T2M/�Mi +2b j �MMû2bX aB DǶ�B `ûmbbB ¨ KǶBKT`û;M2` M2 b2`�Bi +2 [m2 /2 RyW
/2 iQM �TT`Q+?2- K2`+B 5 1i TmBb BH v � i� +�T�+Biû ¨ �K2M2` BMûHm+i�#H2K2Mi H� /Bb+mbbBQM
bm` /Ƕ�mi`2b i2``�BMb /2 D2m [m2 H2 i2``�BM b+B2MiB}[m2XXX h2b �M2+/Qi2b +QMiû2b MQM b�Mb
?mKQm` 2i [mB BMpBi�B2Mi i`ĕb bQmp2Mi HǶ�`i 2i H� HBiiû`�im`2 QMi 7�Bi /2 MQb 2Mi`2pm2b /2b
`û+`û�iBQMbX *?`BbiQT?2- K2`+B TQm` i� +m`BQbBiû- iQM i2KTb 2i i� ;ûMû`QbBiûX JāK2 bB im
iǶ2b iQm`Mû p2`b H� T?vbB[m2 /m bTQ`i- im �b iQmDQm`b i`Qmpû H2 i2KTb ¨ MQb /Bb+mbbBQMbX C2
iǶ2M bmBb 2ti`āK2K2Mi `2+QMM�Bbb�Mi2X h� T�bbBQM 2i iQM /ûbB` /2 +QKT`2M/`2 bQMi +QMi�@
;B2mt 5 CǶ�/KB`2 p`�BK2Mi H� T2`bûpû`�M+2 [mB i2 T2`K2i /2 iǶ�ii�[m2` ¨ iQmi T`Q#HĕK2X
J2`+B ¨ iQmb H2b /2mt TQm` pQi`2 +QM}�M+2 2i TQm` H� HB#2`iû [m2 pQmb KǶ�p2x �++Q`/û2X
J2`+B �mbbB ¨ *�`Q TQm` i� #B2Mp2BHH�M+2- i� ;ûMû`QbBiû- 2i HǶ2Mi`�BM [m2 im +QKKmMB[m2b
�mt ;2Mb [mB iǶ2MiQm`2MiX
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J� i?ĕb2 �m b2BM /2 H� *QKT�;MB2 /2b AMi2`7�+2b- Q`;�MBb�iBQM #B+ûT?�H2- � ûiû +QM/mBi2
2Mi`2 /2mt H�#Q`�iQB`2b , H2 G�/>vs 2i H2 SJJ>X *2b i`QBb �MMû2b /2 i?ĕb2 MǶ�m`�B2Mi T�b
ûiû H2b KāK2b b�Mb H2b `2M+QMi`2b [m2 DǶ�B Tm v 7�B`2X 1HH2b MǶ�m`�B2Mi T2mi āi`2 D�K�Bb pm H2
DQm` b�Mb �M�śb- *�`QHBM2- S?BHBTT2 2i hBKQi?û2X oQmb KǶ�p2x �++m2BHHB b�Mb `2i2Mm2 HQ`b /2
KQM bûDQm` �m +Qm`b /2 KQM K�bi2` 2i pQmb KǶ�p2x pû`Bi�#H2K2Mi i`�MbKBb H2 ;Qȿi TQm` H�
`2+?2`+?2X J2`+B 5 CǶ�BK2`�Bb û;�H2K2Mi `2K2`+B2` H2b K2K#`2b +QMi2KTQ`�BMb /2 HǶû[mBT2-
2M +QKK2MÏ�Mi T�` H2 THmb pB2mt U5V- J�`iBM TQm` MQb +QBM+?2b 2M~�KKû2b- iQM ?mKQm`
Hû;2` K�Bb �mbbB TQm` H2b /Bb+mbbBQMb 2tBbi2MiB2HH2b THmb T`Q7QM/2b- SB2``2 TQm` i� ;ûMû`QbBiû
2i MQb T�bbBQMb +QKKmM2b UbTQ`i- `�M/Qb- T?QiQ;`�T?B2- ;�bi`QMQKB2XXXV- _QK�BM TQm` iQM
#QM pBp�MiBbK2 2i i2b K�BMb 2M Q`- pû`Bi�#H2 T`Q/B;2 /m #`B+QH�;2 ¨ H� +`û�iBpBiû /û#`B/û2-
:B} �p2+ i2b B/û2b /2 ;ûMB2 2i b� ;2MiBHH2bb2 BMû;�H�#H2- �`K2HH2 TQm` i� ;2MiBHH2bb2 2i i�
bBM+û`Biû- J�`BM2 TQm` iQM ?mKQm` [m2H[m27QBb /ûbi�#BHBb�Mi- CQ�+?BK 2Mi?QmbB�bi2 BM+QM@
/BiBQMM2H- ¨ HǶûM2`;B2 /û#Q`/�Mi2- [m2 H2b i2MMBb K�iBM�mt Qm H2b bQ`iB2b MQ+im`M2b MǶQMi
T�b �``āiû- h?B#�mHi- TQm` i� +�K�`�/2`B2 2i i� +QMM�Bbb�M+2 /2b i`ûbQ`b uQmim#B2Mb [m2
im �b T�`i�;û �p2+ MQmb- *�HBTB2``Qi TQm` iQM ;Qȿi TQm` H2 T�`i�;2- iQM b2+QM/ /2;`û 2i i�
/ûi2`KBM�iBQM- hQK TQm` i� #QMM2 ?mK2m` 2i iQM ?mKQm`- CmDm- �ii2MiBp2 2i ;ûMû`2mb2XXX
H2b KQib K2 7QMi /û7�mi TQm` i2 /B`2 ¨ [m2H TQBMi D2 i2 `2K2`+B2 /Ƕ�pQB` û;�vû K� /2`MBĕ`2
�MMû2XXX J2`+B �mbbB ¨ a�m`�#? TQm` i� +QMM�Bbb�M+2 /2 H� HBiiû`�im`2 b+B2MiB}[m2 U[mB
KǶBKT`2bbBQMM2V 2i i2b �M2+/Qi2b- "2MQŗi TQm` H2b /Bb+mbbBQMb ?v#`B/2b 2Mi`2 �`i 2i b+B2M+2
2i TQm` H2b #Bĕ`2b T�`i�;û2b- �/Biv� TQm` H� +�K�`�/2`B2 [mB bǶ2bi /ûp2HQTTû2 T2M/�Mi K�
`û/�+iBQM , DǶ�B /û+Qmp2`i UmM T2m i�`/V i� ;ûMû`QbBiû 2i i� b2MbB#BHBiû- "2MD�KBM TQm` HǶ�`@
`Bĕ`2 7QM/ KmbB+�H [mǶQM �BK2 #B2M K�H;`û iQmi- .�MB2H- b�Mb Qm#HB2` H2b MQmp2HH2b `2+`m2b ,
*?�`HB2 2i �MiQBM2 c 2i H2b �M+B2Mb , SB2``2@"`B+2- LB+QH�b- >ûHĕM2XXX aǶ�DQmi2Mi ¨ +2ii2 HBbi2
H2b SQbi@/Q+b /2 T�bb�;2 �m G�/>vs , J2`+B "�+Qi TQm` i2b �TT�`BiBQMb BM�ii2M/m2b 2M }M
/2 bQB`û2 UbvM+?`QMBbû2b �p2+ .2bT�+BiQV- aiûT?�M2 TQm` H2b /Bb+mbbBQMb b+B2MiB}[m2b- :`�@
?�K TQm` iQM /vM�KBbK2- i� +m`BQbBiû 2i i� ;HQmiQMM2`B2- o2`QMB+� TQm` iQM b�M; +?�m/XXX
�BMbB [m2 H2b �M+B2Mb , 1HBM2- 1mMQF UD2 bmBb �``Bpû2 [m2H[m2b KQBb �T`ĕb iQM /ûT�`i K�Bb
D2 bmBb `�pB2 [m2 H2b +QM7û`2M+2b 2i mM T`QD2i +QKKmM MQmb �B2Mi Qz2`i /Ƕ�mi`2b Q++�bBQMb
/2 b2 +QMM�ŗi`2V- 2i *vT`B2M UMQi`2 �KBiBû � H�`;2K2Mi /ûT�bbû H2 +�/`2 /m H�#Q`�iQB`2 5VXXX

Pmi`2 HǶ�K#B�M+2 7�KBHB�H2 2Mi`2 K2K#`2b MQM@T2`K�M2Mib- DǶ�B #ûMû}+Bû �m G�/>vs
/ǶmM 2MpB`QMM2K2Mi i`ĕb bvKT�i?B[m2X C2 `2K2`+B2 /�Mb mM T`2KB2` i2KTb iQmi2 HǶû[mBT2
i2+?MB[m2 b�Mb [mB H2 [mQiB/B2M b2`�Bi #B2M /Bzû`2MiX .�MB2H :mv TQm` bQM 2{+�+Biû `2/Qm@
i�#H2- .2HT?BM2 bm` [mB QM T2mi iQmDQm`b +QKTi2`- a�M/`BM2 TQm` H2b MQK#`2mb2b KBbbBQMb
/QMi im iǶ2b Q++mTû2b- *�`QHBM2 6`Qi [m2 D2 `2K2`+B2 T�`iB+mHBĕ`2K2Mi TQm` bQM �B/2 2i
iQmi H2 i2KTb [m2 im �b +QMb�+`û ¨ H� 7�#`B+�iBQM /2b bm`7�+2b- J�;�HB 2i .Q *?B hQ�ś
omX C2 `2K2`+B2 *?`BbiQT?2 *H�M2i TQm` HǶûM2`;B2 [m2 im /ûTHQB2b TQm` `2M/`2 H2 [mQiB/B2M
/2b /Q+iQ`�Mib 2i TQbi@/Q+iQ`�Mib /m H�#Q THmb �;`û�#H2X �p2+ H2b i�`i�Ƕi2�K- H� ;�H2ii2-
H2b #Bĕ`2b /m p2M/`2/B 2i H� i�#H2 /2 TBM;@TQM;- QM �m`�Bi T`2b[m2 2MpB2 /2 bǶBMbi�HH2` bm`
H2 TH�i2�mX 1i 2Mi`2 +2b HQM;m2b ?2m`2b ¨ K�MBT2`- `B2M /2 KB2mt [m2 /2 b2 `2i`Qmp2` 2M
b�HH2 +�7û TQm` /û#�ii`2- +QKTHQi2`- T`Q+`�biBM2` Qm BK�;BM2` H2 MQmp2�m #�`#2+m2 /2 i�#H2
U[mB M2 /ûi`ƬM2`� D�K�Bb HǶ�+im2H 7Qm` ¨ TBxx�VX J2`+B ¨ E2pBM- �H2t�M/`�- PH;�- 6û/û`B+Q-
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�MiQBM2- :�#`B2H- JB+?�ďH- *�KBHH2- aQT?B2- "H�Bb2- CmHB2M- 1`M2biQ c J2`+B ¨ _2M�M *mxQM
TQm` H2b BMi2`Hm/2b KBHBi�B`2b c �BMbB [mǶ¨ 1KK�Mm2H- Gmix- aû#�biB2M 2i *?`BbiQT?2 CQbb2@
`�M/ TQm` H2b /Bb+mbbBQMb b+B2MiB}[m2b [mǶQM � Tm �pQB` +2b j /2`MBĕ`2b �MMû2bX *?`BbiQT?2-
im �b iQmDQm`b 2m H� TQ`i2 ;`�M/2 Qmp2`i2 TQm` /Bb+mi2` 2i KǶ�B;mBHH2`X C2 iǶ2M bmBb i`ĕb
`2+QMM�Bbb�Mi2 2i DǶ2bTĕ`2 [mǶQM �m`� HǶQ++�bBQM /2 TQm`bmBp`2 +2b /Bb+mbbBQMbX CǶ�B �mbbB 2m
H2 T`BpBHĕ;2 /Ƕ2Mb2B;M2` H2b KQ/mH2b 2tTû`BK2Mi�mt �mt +Ƭiûb /2 *�KBHH2- "2MQŗi- 1iB2MM2-
J�i?BH/2 2i *�`Q- �BMbB [m2 /�Mb H2 "�+?2HQ` /2 HǶs �p2+ *?�`H2b 2i aQT?B2X oQi`2 Tû/�@
;Q;B2 2i /ûbB` /2 i`�MbK2ii`2 KǶQMi ûMQ`KûK2Mi �TT`BbX CǶ�B 2m �mbbB TH�BbB` ¨ bmT2`pBb2`
/2 THmb Qm KQBMb HQBM H2b T`QD2ib /2 `2+?2`+?2 /Ƕ�K�m`v- �#?BD22i 2i "�TiBbi2X J2`+B ¨
pQmb TQm` pQi`2 +QM}�M+2X C2 `2K2`+B2 �mbbB *ûHB�- mM2 i`ĕb #2HH2 `2M+QMi`2 �m /ûiQm` /ǶmM
T`QD2i �`ia+B2M+2X

G� /Qm#H2 �{HB�iBQM ¨ HǶ1aS*A 2i K2b Q`B;BM2b S*L KǶQMi M�im`2HH2K2Mi �iiB`û p2`b
H2 SJJ>X CǶ�B H¨ �mbbB i`Qmpû mM H�#Q`�iQB`2 i`ĕb �++m2BHH�Mi- �p2+ /2b ;2biBQMM�B`2b ?Q`b@
T�B` , 6`2/ 2i *H�m/2ii2X J2`+B ¨ S?BHBTT2 2i ¨ .�KB2M /2 KǶ�pQB` iQmDQm`b `2Ïm �p2+
H2 bQm`B`2X J2`+B ¨ CQbû- "2MQŗi- 1iB2MM2- G�m`2Mi- J�`+ 2i �MiQMBM TQm` H2b û+?�M;2b
i`ĕb biBKmH�MibX 1i TmBb BH v � H2b /Q+iQ`�Mib [mB QMi pBi2 ûiû THmb [m2 /2b +QHHĕ;m2b ,
1KK�Mm2H- Gm+B2- :�#`B2H- J�MQM- C2�M- J�`B2- CQ�+?BK 2i #B2M /Ƕ�mi`2bX LQb bûDQm`b �m
JQmHBM /Ƕ�M/û- H2b TiBi /2DǶ 2i H2b MQK#`2mb2b bQB`û2b QMi `2M/m +2b j �MMû2b 7Q`KB/�#H2bX

1i TQm` }MB`- D2 b�BbBb HǶQ++�bBQM TQm` `2K2`+B2` H2b �KBb /2 THmb HQM;m2 /�i2 , /2 HǶû+QH2
T`BK�B`2 ¨ HǶû+QH2 /ǶBM;ûMB2m`X AHb bQMi #B2M i`QT MQK#`2mt TQm` āi`2 iQmb MQKKûb K�Bb M2
K2bm`2Mi T�b +QK#B2M D2 H2m` /QBbX lM2 bBKTH2 K2MiBQM UT�` bQm+Bb /2 +QM+BbBQMV ¨ �/`B2M-
G�`�- �mt wQmxB2b 2i �mt RjR- ¨ Gm+B2- .QmMB�- >QH;2`- *vT`B2M- :�#`B2H- �mt LBKQŗb2b-
J�tBK2- 2i iQmb +2mt [m2 DǶQm#HB2XXX 1i TQm` }MB`- K2`+B ¨ H� 7�KBHH2- [mB- b�Mb i`QT b�pQB`
/�Mb [mQB D2 KǶ2K#�`[m�Bb- KǶ� iQmDQm`b bQmi2Mm- 2i � K�MB72biû /2 HǶBMiû`āi TQm` +2 [m2
D2 7�Bb�Bb- pQB`2 KāK2 /2 H� }2`iû H2 DQm` /2 H� bQmi2M�M+2X J2`+B ¨ K2b 7`ĕ`2 2i bƾm`b- ¨
�K�M/BM2- �`M�m/ 2i b� 7�KBHH2 UG�m`2Mi TQm` �pQB` Hm 2M 2MiB2` +2 K�Mmb+`Bi 55V- ¨ J�`B2-
2i 1`B+ 2i ¨ K� Kĕ`2- MQi�KK2Mi TQm` H2 TQi /2 i?ĕb2- [m2 D2 M2 bmBb T�b T`āi2 /ǶQm#HB2`X
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AMi`Q/m+iBQM

S�`iQmi �miQm` /2 MQmb /2b HB[mB/2b bQMi 7�ÏQMMûb- 2Mp�?Bbb2Mi H2m` 2MpB`QMM2K2Mi-
bǶû+QmH2Mi- +Q�H2b+2Mi 2i bǶûT�M/2Mi TQm` 7Q`K2` /2b pQHmK2b /BbDQBMib �TT2Hûb ;Qmii2bX
*2b 7Q`K2b- b+mHTiû2b �m ;`û /2b +B`+QMbi�M+2b T2mp2Mi +?�M;2` /Ƕ�bT2+i /m iQmi �m iQmi ,
bB HǶ2�m- p2`bû2 /�Mb mM p2``2- ûTQmb2 H� 7Q`K2 /2 bQM `û+2Ti�+H2- mM2 ;Qmii2 /2 THmB2
bǶ�``QM/Bi 2i- T�` THmB2 #�ii�Mi2- bǶûi�H2 bQmb 7Q`K2 /2 ~�[m2X

aB H2b ;Qmii2b QMi mM2 7Q`K2 bT?û`B[m2 HQ`b[mǶ2HH2b #�B;M2Mi /�Mb HǶ�B`- 2HH2b M2 +QMb2`p2Mi
T�b +2ii2 7Q`K2 HQ`b[mǶ2HH2b `2M+QMi`2Mi mM bQHB/2X lM2 ;Qmii2 TQbû2 bm` mM2 bm`7�+2 v 2bi
;ûMû`�H2K2Mi TBû;û2 , mM2 #mû2 Qm mM2 ;Qmii2 /2 THmB2- `2bi2Mi 2M ;ûMû`�H +QHHû2b bm` mM2
bm`7�+2 /2 p2``2- �mbbB BM+HBMû2 bQBi@2HH2X AH 2tBbi2 Mû�MKQBMb /2b bm`7�+2b- /Bi2b bmT2`?v/`Q@
T?Q#2b- bm` H2b[m2HH2b HǶ2�m M2 KQmBHH2 T�b /QMi H� M�im`2 Qz`2 mM `ûT2`iQB`2 i`ĕb 7Qm`MBX
*BiQMb T�` 2t2KTH2 H2b 72mBHH2b /2 HQimb- bm` H2b[m2HH2b H� THmB2 Qm H2b û+H�#Qmbbm`2b 7QMi
/2b T2`H2b mHi`�@KQ#BH2b- [mB- 2M ;HBbb�Mi- H�Bbb2Mi H2 bm#bi`�i b2+ iQmi 2M H2 M2iiQv�Mi /2
b2b TQmbbBĕ`2bX *2b bBim�iBQMb BHHmbi`2Mi HǶBM~m2M+2 /2b BMi2`�+iBQMb 2Mi`2 H2 HB[mB/2 2i bQM
bm#bi`�i bm` b� +�T�+Biû ¨ H2 KQmBHH2` 2i �/?û`2`X _2TQmbb2` 2i ûp�+m2` /2b HB[mB/2b T`û@
b2Mi2- ¨ #B2M /2b û;�`/b- /2b BMiû`āib T`�iB[m2bX *2H� T2`K2i /2 T`ûb2`p2` H2b T`QT`Bûiûb /2
i`�MbT�`2M+2b /2b pBi`2b- T�`2@#`Bb2 Qm HmM2ii2b- ûpBi2 HǶBKT`û;M�iBQM /2b i2tiBH2b Qm H� +Q`@
`QbBQM /ǶmM Kûi�HX SQm` 7�+BHBi2` H2 KQmp2K2Mi /2b ;Qmii2b- mM2 bi`�iû;B2 2{+�+2 +QMbBbi2
¨ BbQH2` H2 HB[mB/2 /2 bQM bm#bi`�i 2M BMi2`+�H�Mi mM2 T?�b2 BMi2`Kû/B�B`2 Hm#`B}�Mi2X

*2ii2 i?ĕb2 bǶBMiû`2bb2 ¨ mM2 bBim�iBQM [mB Qz`2 +2b T`QT`Bûiûb /2 MQM@KQmBHH�;2 2i
/Ƕ2ti`āK2 KQ#BHBiû , H� +�Hû7�+iBQM- Qm 2z2i G2B/2M7`QbiX lM2 ;Qmii2 /Ƕ2�m- KBb2 �m +QMi�+i
/ǶmM bm#bi`�i +?�mzû #B2M �m@/2H¨ /2 bQM TQBMi /Ƕû#mHHBiBQM- 2M;2M/`2 mM }HK /2 p�T2m`
bm` H2[m2H 2HH2 HûpBi2 T�BbB#H2K2MiX LQmb �/QTiQMb /�Mb mM2 T`2KBĕ`2 T�`iB2 mM TQBMi /2 pm2
[m�bB@bi�iB[m2- 2M MQmb TH�Ï�Mi ¨ HǶû+?2HH2 /2 i2KTb Qɍ HǶûp�TQ`�iBQM MǶ�z2+i2 T�b +2b ;HQ@
#mH2bX *2 bvbiĕK2 2bi /û+`Bi ¨ HǶ�mM2 /2b MQK#`2mb2b ûim/2b [mB H2 +QM+2`M2Mi- �m;K2Miû2b
/2 MQb Q#b2`p�iBQMb 2i /2 MQb BMi2`T`ûi�iBQMb U+?�TBi`2 RVX SmBb- /�Mb H� /2mtBĕK2 T�`iB2-
MQmb HB#û`QMb +2b Q#D2ib- TQm` H2m` H�Bbb2` 2tT`BK2` iQmi2 H2m` KQ#BHBiûX LQmb p2``QMb [m2
H� pB2 /ǶmM2 ;Qmii2 2bi `vi?Kû2 T�` /2b /vM�KB[m2b p�`Bû2b /B+iû2b T�` H2 +QM}M2K2MiX
LQmb /Bb+miQMb �BMbB H� bi�#BHBiû 2i HǶ�TT�`BiBQM +v+HB[m2 /2b +?2KBMû2b /2 G2B/2M7`Qbi U+?�@
TBi`2 kV- H� ;2Mĕb2 bTQMi�Mû2 /2 7Q`K2b ûiQBHû2b U+?�TBi`2 jV- 2i H� KQ#BHBiû bT2+i�+mH�B`2
[mǶ�+[mBĕ`2Mi H2b ;Qmii2H2ii2b- 2M /2bbQmb /ǶmM2 +2`i�BM2 i�BHH2 U+?�TBi`2 9VX 1M}M- /�Mb
mM2 i`QBbBĕK2 T�`iB2- MQmb T`QTQbQMb /2mt bi`�iû;B2b /2 +QMi`ƬH2 /2 +2b ;HQ#mH2b 7m;�+2b 2i

8



BMb�BbBbb�#H2b BMbTB`û2b /2b i`�p�mt MQK#`2mt 2i `û+2Mib `2H�iB7b ¨ HǶ�miQT`QTmHbBQM /2 +2b
HB[mB/2b bm` /2b bm`7�+2b +Qmp2`i2b /2 /2Mib �bvKûi`B[m2bX G2 KQmp2K2Mi /B`2+iBQMM2H b2`�
7Q`+û T�` HǶ�TTHB+�iBQM /ǶmM ;`�/B2Mi i?2`KB[m2 H2 HQM; /m bm#bi`�i U+?�TBi`2 8V Qm T�` H�
i2tim`�iBQM ;`�/m2HH2 /2 H� bm`7�+2 U+?�TBi`2 eVX

e



h�#H2 /2b K�iBĕ`2b

A ai�iB[m2 N

R ai�iB[m2 /2b ûi�ib +�Hû}ûb RR
RXR JQmBHH�;2 2i i2KTû`�im`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

RXk úi�i bT?û`Qś/�H 2i 7Q`K2 HB[mB/2 X X X X X X X X X X X X X X X X X X X X X X X X X Re
RXj G2 +QmbbBM /2 p�T2m` X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k8
RX9 am` H2b Q`B;BM2b /m b2mBH /2 G2B/2M7`Qbi X X X X X X X X X X X X X X X X X X X X X 9k

AA .vM�KB[m2b bTQMi�Mû2b 8j

k *?2KBMû2b 2M û`mTiBQM 88

kXR úi�i /2 HǶ�`i , H2b HB[mB/2b T2`+ûb ¨ DQm` X X X X X X X X X X X X X X X X X X X X X 8e
kXk .2b+`BTiBQM 2tTû`BK2Mi�H2 /2b +?2KBMû2b +�Hû}û2b X X X X X X X X X X X X X X X eR
kXj h2KTb +�`�+iû`BbiB[m2b /m /ƬK2 X X X X X X X X X X X X X X X X X X X X X X X X X e3
kX9 .vM�KB[m2b 2t+Biû2b T�` H2b +?2KBMû2b X X X X X X X X X X X X X X X X X X X X X dN

j JQ`T?Q;ûMĕb2 /2b ûiQBH2b /2 G2B/2M7`Qbi 3N
jXR S`ûb2Mi�iBQM /2b ;Qmii2b ûiQBHû2b X X X X X X X X X X X X X X X X X X X X X X X X Ny
jXk oB#`�iBQMb bTQMi�Mû2b /2 H� p�T2m` X X X X X X X X X X X X X X X X X X X X X X X Nd
jXj 1t+Bi�iBQM T`ûHBKBM�B`2 /ǶQM/2b /2 bm`7�+2 �tBbvKûi`B[m2b X X X X X X X X X X RR8
jX9 1t+Bi�iBQM bm#bû[m2Mi2 /2b KQ/2b ûiQBHûb X X X X X X X X X X X X X X X X X X X Rkd

9 �miQT`QTmHbBQM R9R
9XR JBb2 2M ûpB/2M+2 /ǶmM2 KQ#BHBiû BM?�#Bim2HH2 X X X X X X X X X X X X X X X X X X R9k
9Xk _ûpûH�iBQM /2 HǶ2tBbi2M+2 /ǶmM2 /vM�KB[m2 BMi2`M2 X X X X X X X X X X X X X X R9N
9Xj Jû+�MBbK2 /Ƕ�miQT`QTmHbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X Rek

AAA .vM�KB[m2b 7Q`+û2b Rdd

úi�i /2 HǶ�`i /2 H� T`QTmHbBQM /ǶQ#D2ib +�Hû}ûb RdN

d



8 S`QTmHbBQM bm` ;`�/B2Mi i?2`KB[m2 R3d
8XR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X R33
8Xk Jû+�MBbK2 /2 T`QTmHbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X RNj
8Xj 6Q`+2 i?2`KQT?Q`ûiB[m2 /2 HB[mB/2b X X X X X X X X X X X X X X X X X X X X X X X RNN
8X9 SBĕ;2 i?2`KB[m2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky3

e S`QTmHbBQM bm` ;`�/B2Mib /2 i2tim`2 kRR
eXR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X kRk
eXk JQi2m` /m KQmp2K2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kRd
eXj S`QTmHbBQM /2 HB[mB/2 bm` mM ;`�/B2Mi /2 i2tim`2b X X X X X X X X X X X X X X X kkk



S`2KBĕ`2 T�`iB2

ai�iB[m2

N





*?�TBi`2 R

ai�iB[m2 /2b ûi�ib +�Hû}ûb

LQmb +QKK2MÏQMb T�` };2` H� /vM�KB[m2 /2 +2b Q#D2ib 2M �/QTi�Mi mM TQBMi /2 pm2
[m�bB@bi�iB[m2 TQm` /û+`B`2 H� bBim�iBQM /2 +�Hû7�+iBQM- Qm 2z2i G2B/2M7`QbiX

aQKK�B`2
RXR JQmBHH�;2 2i i2KTû`�im`2 X X X X X X X X X X X X X X X X X X X X X X X Rk

RXRXR úp�TQ`�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RXRXk ú#mHHBiBQM Mm+Hû2 X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RXRXj ú#mHHBiBQM 2M }HK X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj
RXRX9 GûpBi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

RXk úi�i bT?û`Qś/�H 2i 7Q`K2 HB[mB/2 X X X X X X X X X X X X X X X X X X X Re
RXkXR 6Q`K2 /2b ;Qmii2b X X X X X X X X X X X X X X X X X X X X X X X X X X Re
RXkXk .2b+`BTiBQM H� #�b2 /2 H� ;Qmii2 X X X X X X X X X X X X X X X X X X X kk

RXj G2 +QmbbBM /2 p�T2m` X X X X X X X X X X X X X X X X X X X X X X X X X X k8
RXjXR *�`�+iû`Bb�iBQM /m }HK X X X X X X X X X X X X X X X X X X X X X X X k8
RXjXk ú+?�M;2b i?2`KB[m2b /m bm#bi`�i ¨ H� ;Qmii2 X X X X X X X X X X X ke
RXjXj �û`Q/vM�KB[m2 /m +QmbbBM /2 p�T2m` X X X X X X X X X X X X X X X jy
RXjX9 "BH�M /ǶûM2`;B2 `2Ïm2 T�` H2 HB[mB/2 X X X X X X X X X X X X X X X X X jN

RX9 am` H2b Q`B;BM2b /m b2mBH /2 G2B/2M7`Qbi X X X X X X X X X X X X X X X 9k
RX9XR .û}MBiBQM /2 H� i2KTû`�im`2 TL /2 G2B/2M7`Qbi X X X X X X X X X X 9k
RX9Xk S�`�Kĕi`2b BM~m2MÏ�Mi TL X X X X X X X X X X X X X X X X X X X X X X 9j
RX9Xj h2Mi�iBp2 /2 T`û/B+iBQM X X X X X X X X X X X X X X X X X X X X X X X 9e

RR



*>�SAh_1 RX JPlAGG�:1 1h h1JSú_�hl_1

RXR JQmBHH�;2 2i i2KTû`�im`2

6�BbQMb �TT2H ¨ mM2 2tTû`B2M+2 /2 H� pB2 /2 iQmb H2b DQm`bX PM b2 T`QTQb2 /2 `2;�`/2`
�p2+ �ii2MiBQM H2 +QKTQ`i2K2Mi /ǶmM2 ;Qmii2 /Ƕ2�m- TQbû2 bm` mM2 TQāH2 /2 +mBbBM2X

T = 20∘C T = 70∘C T = 120∘C T = 170∘C T > 180∘C

(a) (b) (c) (d) (e)

6B;m`2 RXR Ĝ :Qmii2 /Ƕ2�m KBHHBKûi`B[m2 bm` mM2 ;�H2ii2 /2 bBHB+BmK TQ`iû2 ¨ /Bzû`2Mi2b i2K@
Tû`�im`2b T = 20�* U�V- 70�* U#V- 120�* U+V- 170�* U/V 2i bmTû`B2m`2 ¨ 180�* U2V- BHHmbi`�Mi H2b
+QKTQ`i2K2Mib p�`Bûb /2 HǶ2�m �p2+ H� i2KTû`�im`2X G2b T?QiQb bQMi T`Bb2b T�` S?BHBTT2 "Qm``B�MM2-
[m2H[m2b KBHHBb2+QM/2b �T`ĕb H2 /ûTƬi /m HB[mB/2 (R)X

RXRXR úp�TQ`�iBQM

GQ`b[mǶmM2 ;Qmii2 /Ƕ2�m `2TQb2 bm` mM2 bm`7�+2 [m2H+QM[m2 ¨ i2KTû`�im`2 �K#B�Mi2-
2HH2 bǶûp�TQ`2 H2Mi2K2Mi- 2i /BbT�`�ŗi �m #Qmi /2 [m2H[m2b KBMmi2bX SQm` mM2 i2KTû`�im`2
`�BbQMM�#H2 /2 bm`7�+2- 7�B#H2 /2p�Mi H� i2KTû`�im`2 /Ƕû#mHHBiBQM /m HB[mB/2 T#- HǶûp�TQ`�@
iBQM 2bi +BMûiB[m2K2Mi HBKBiû2 T�` H� /BzmbBQM /2b KQHû+mH2b /Ƕ2�m ¨ HǶûi�i /2 p�T2m` /�Mb
HǶ�B` �K#B�Mi (k)X G2b p�T2m`b b�im`2Mi HǶ�B` 2i HBKBi2Mi HǶ2{+�+Biû /m T`Q+2bbmbX .Ƕ�mi`2b
T�`�Kĕi`2b `2Mi`2Mi 2M D2m i2Hb [m2 HǶ?mKB/Biû BMBiB�H2- H� T`ûb2M+2 /2 KQmp2K2Mib +QMp2+@
iB7b /�Mb H� T?�b2 ;�x2mb2 K�Bb �mbbB 2i bm`iQmi H� i2KTû`�im`2 2i H� KQmBHH�#BHBiû /m
bm#bi`�iX G2 HB[mB/2- `2TQb�Mi bm` +2ii2 bm`7�+2- T`2M/ HǶ�TT�`2M+2 /ǶmM2 H2MiBHH2 HB[mB/2-
BHHmbi`û2 bm` H� };m`2 RXRU�VX GǶ�{MBiû `2H�iBp2 /2b T?�b2b 2M T`ûb2M+2 UHB[mB/2- bQHB/2 2i
;�x2mb2V /û}MBi mM �M;H2 /2 +QMi�+i U/2 HǶQ`/`2 /2 ey� /�Mb MQi`2 2t2KTH2V 2i mM `�vQM
/2 +QMi�+i- [m�MiB}�Mi HǶ�B`2 KQmBHHû2 T�` H2 HB[mB/2X

�m;K2MiQMb �HQ`b H� i2KTû`�im`2 T /2 MQi`2 TQāH2- T�` 2t2KTH2 ¨ dy�*X G� 7Q`K2
/2 H2MiBHH2 2bi BM+?�M;û2 U};m`2 RXRU#VV c HǶûp�TQ`�iBQM 2bi bBKTH2K2Mi �++ûHû`û2 [m�M/
H� i2KTû`�im`2 b2 `�TT`Q+?2 /m TQBMi /Ƕû#mHHBiBQM /2 HǶ2�m T#X G2 i2KTb Mû+2bb�B`2 ¨ H�
p�TQ`Bb�iBQM iQi�H2- BX2X Qm i2KTb /2 pB2 ⌧ /2 H� ;Qmii2- /BKBMm2 �p2+ T X

RXRXk ú#mHHBiBQM Mm+Hû2

SQm` mM2 i2KTû`�im`2 T bmTû`B2m`2 Qm û;�H2 ¨ T#- H� ;Qmii2 b2 K2i ¨ #QmBHHB` pBp2K2MiX
PM pQBi bm` H� };m`2 RXRU+V H� 7Q`K�iBQM /2 #mHH2b [mB 2M;2M/`2Mi /2b T`QD2+iBQMb pBQH2Mi2b
/2 HB[mB/2 , QM 2Mi`2 /�Mb H2 `û;BK2 /Ƕû#mHHBiBQMX

GQ`b[mǶQM +?�mz2 mM +QMi2M�Mi `2KTHB /Ƕ2�m- QM 7�pQ`Bb2 bQM ûp�TQ`�iBQMX § HǶû[mB@

Rk



HB#`2- H� `ûT�`iBiBQM 2M K�bb2 /2b T?�b2b 2bi }tû2 T�` H� i?2`KQ/vM�KB[m2X �m /2H¨ /2 H�
i2KTû`�im`2 /Ƕû#mHHBiBQM T#- H� T?�b2 HB[mB/2 MǶ2bi THmb bi�#H2 2i b2 i`�Mb7Q`K2 2M p�T2m`
bmBp�Mi /2mt KQ/2b , T�` ûp�TQ`�iBQM �m MBp2�m /2 HǶBMi2`7�+2 HB#`2 2i HǶû#mHHBiBQM bm` H2b
T�`QBb /m `û+BTB2MiX 1M ;ûMû`�H- H2b #mHH2b Mm+Hû2Mi �m MBp2�m /2b ?ûiû`Q;ûMûBiûb /m bQHB/2X
*Ƕ2bi 2M 2z2i H2 +�b /�Mb HǶû#mHHBiBQM Ǵ¨ 7`QB/Ǵ [mB � HB2m /�Mb mM2 ~ȿi2 /2 +?�KT�;M2- ;`2@
Mm2 ¨ HǶû+?2HH2 KB+`QKûi`B[m2X *Ƕ2bi �mbbB H2 +�b Ǵ¨ +?�m/Ǵ +QKK2 HǶBHHmbi`2 H� };m`2 RXkU�V
KQMi`�Mi mM2 bT?ĕ`2 +?�m/2- THQM;û2 /�Mb mM #�BM K�BMi2Mm ¨ mM2 i2KTû`�im`2 T`Q+?2
/2 T# , H2b #mHH2b �TT�`�Bbb2Mi bm` H2 Kûi�H 2i MQM T�b /�Mb H2 HB[mB/2 2MpB`QMM�MiX

(a) (b)

6B;m`2 RXk Ĝ "BHH2b /Ƕ�+B2` ?v/`QT?BH2 U�V 2i bmT2`?v/`QT?Q#2 U#V- THQM;û2b /�Mb mM #�BM /Ƕ2�m
i?2`KQbi�iû ¨ 100�*X G� p�T2m`- T`Q/mBi2 /�Mb H2b /2mt +�b- Mm+Hû2 bm` H2 bm#bi`�i ?v/`QT?BH2
U`û;BK2 /Ƕû#mHHBiBQM Mm+Hûû2V i�M/Bb [mǶ2HH2 2M`Q#2 /2 K�MBĕ`2 bi�#H2 H� bT?ĕ`2 bmT2`?v/`QT?Q#2
U`û;BK2 /Ƕû#mHHBiBQM 2M }HKVX AK�;2b iB`û2b /2 o�F�`2HbFB 2i �HX (j)X

.�Mb H2 +�b /ǶmM2 ;Qmii2- HǶû#mHHBiBQM HmB 2bi 7�i�H2 , 2HH2 b2 7`�;K2Mi2 2i /BbT�`�ŗi 2M mM2
7`�+iBQM /2 b2+QM/2X *2 +QKTQ`i2K2Mi ûT?ûKĕ`2 T2`/m`2 �m@/2bbmb /2 T#- Dmb[mǶ¨ Rdy�*
U};m`2 RXRU/VVX

RXRXj ú#mHHBiBQM 2M }HK

1M �m;K2Mi�Mi /�p�Mi�;2 H� i2KTû`�im`2 /2 H� TH�[m2- H2b #mHH2b HQ+�HBbû2b �m pQBbB@
M�;2 /m bm#bi`�i ;`QbbBbb2Mi 2i +QKK2M+2Mi ¨ BMi2`�;B` 2Mi`2 2HH2bX �m /2H¨ /ǶmM2 +2`i�BM2
i2KTû`�im`2- 2HH2b 7mbBQMM2Mi 2i `2+Qmp`2Mi +QMiBMȿK2Mi H� T�`QBX PM 2Mi`2 /�Mb H2 `û;BK2
/Ƕû#mHHBiBQM 2M }HKX *2 `û;BK2 2bi BHHmbi`û bm` H� };m`2 RXkU#VX G� p�T2m`- �B/û2 T�` mM
i`�Bi2K2Mi bmT2`?v/`QT?Q#2- /QM+ �û`QT?BH2 2M bm`7�+2- 2M`Q#2 H� TBĕ+2 +?�m/2X G� bT?ĕ`2
bǶBbQH2 /m HB[mB/2 ;`�+2 ¨ +2 b+�T?�M/`2 bQmTH2 /2 p�T2m`- [mB bǶ�/�Ti2 ¨ b� ;ûQKûi`B2X

_2p2MQMb �m +�b /ǶmM2 ;Qmii2- Qɍ H2 bm#bi`�i 2bi ?Q`BxQMi�HX aB QM �m;K2Mi2 H� i2KTû@
`�im`2 �m@/2H¨ /ǶmM +2`i�BM b2mBH- mM +QKTQ`i2K2Mi bBKBH�B`2 �TT�`�ŗiX G� ;Qmii2 +?�M;2
+QKTHĕi2K2Mi /Ƕ�HHm`2 , 2HH2 M2 #Qmi THmb 2i /2pB2Mi [m�bB@bT?û`B[m2- +QKK2 QM H2 pQBi bm`
H� };m`2 RXRU2V Q#i2Mm2 TQm` mM2 i2KTû`�im`2 /2 bm#bi`�i T > 180�*X *2i ûi�i T2`bBbi2

Rj



*>�SAh_1 RX JPlAGG�:1 1h h1JSú_�hl_1

¨ THmb ?�mi2 i2KTû`�im`2- T�` 2t2KTH2 ¨ 350�* bm` H� };m`2 RXjU#VX *2 +QKTQ`i2K2Mi-
/û+`Bi TQm` H� T`2KBĕ`2 7QBb 2M Rdj9 T�` >2`K�M "Q2`?��p2 ¨ G2B/2M- � ûiû ûim/Bû 2M
/ûi�BH 2M Rd8e T�` CQ?�MM :QiHQ# G2B/2M7`Qbi (9)X G2B/2M7`Qbi MQi2 /�Mb +2ii2 bBim�iBQM-
HǶ�#b2M+2 /Ƕû#mHHBiBQM- HǶûp�TQ`�iBQM H2Mi2- 2i H� 7Q`K2 bT?û`B[m2 /m HB[mB/2- +QM7û`�Mi �mt
;Qmii2b mM2 ;`�M/2 KQ#BHBiû RX G� }M2bb2 /2 b2b Q#b2`p�iBQMb HmB QMi p�Hm /2 /QMM2` bQM
MQK ¨ +2 T?ûMQKĕM2 , HǶ2z2i G2B/2M7`Qbi- �mbbB �TT2Hû +�Hû7�+iBQMX *2Mi �Mb �T`ĕb +2b

(c)(b)

(a)

6B;m`2 RXj Ĝ U�V a+?ûK� /2 HǶ2tTû`B2M+2 /2 G2B/2M7`Qbi TQm` K2ii`2 2M ûpB/2M+2 HǶ2tBbi2M+2 /ǶmM2
+Qm+?2 /2 p�T2m` bQmb H� ;Qmii2- BHHmbi`û2 T�` CQ?M hvM/�HH (8)X U#V S?QiQ;`�T?B2 `û�HBbû2 ¨ H�
+�Kû`� `�TB/2 /ǶmM2 ;Qmii2 /Ƕ2�m KBHHBKûi`B[m2 ~Qii�Mi �m@/2bbmb /ǶmM bm#bi`�i +?�mzû ¨ 350�*X
U+V wQQK bm` H� #�b2 /2 H� ;Qmii2X GǶBMi2`biB+2 #`BHH�Mi 2Mi`2 H� ;Qmii2 2i b� `û~2tBQM `ûpĕH2 H�
T`ûb2M+2 /ǶmM }HK /2 p�T2m` /Ƕ2MpB`QM ky µK /ǶûT�Bbb2m`X

û+`Bib- SQ;;2M/Q`z /ûKQMi`2 H2b T`QT`Bûiûb /ǶBbQH�iBQM ûH2+i`B[m2 2Mi`2 mM2 ;Qmii2 /Ƕ2�m
b�Hû2 Ui2Mm2 T�` mM2 ûH2+i`Q/2V 2i bQM bm#bi`�i U+QM/m+i2m`V +?�m/ , H2 +Qm`�Mi ûH2+iB[m2
M2 T�bb2 T�b (e)X aQM `ûbmHi�i 2bi `2M7Q`+û T�` H2b Q#b2`p�iBQMb /2 "QmiB;Mv- [mB KQMi`2 [m2
/2b ;Qmii2b /Ƕ�+B/2 7Q`i- +Q``QbBp2b- H�Bbb2Mi BMi�+i2b /2b TH�[m2b /2 +mBp`2 +?�mzû2b (d)-
Qm T�` hvM/�HH- [mB `2K�`[m2 [m2 H� HmKBĕ`2- T`Qp2M�Mi /ǶmM2 #Qm;B2 TH�+û2 /2``Bĕ`2 H�
;Qmii2- T�bb2 �m MBp2�m /2 b� #�b2 (8) U2tTû`B2M+2 BHHmbi`û2 T�` H� };m`2 RXjU�VVX G2b BK�;2b
/2 H� };m`2 RXjU#@+V `ûpĕH2Mi mM2 +Qm+?2 BbQH�Mi2 /2 p�T2m` /Ƕ2MpB`QM ky µK /ǶûT�Bbb2m`
bǶBMi2`+�H2 /QM+ 2Mi`2 H2 bQHB/2 2i H2 HB[mB/2X

RXRX9 GûpBi�iBQM

*2ii2 +Qm+?2 /2 ;�x T2`K2i ¨ H� ;Qmii2 /2 ~Qii2` T�BbB#H2K2Mi bm` mM bm#bi`�i +?�m/
2i �bbm`2 mM /Qm#H2 `ƬH2X G� p�T2m`- +QMMm2 TQm` b2b T`QT`Bûiûb 7�B#H2b /2 +QM/m+iBQM- BbQH2
H2 HB[mB/2 i?2`KB[m2K2Mi- T2`K2ii�Mi �mt ;Qmii2b /2 bm`pBp`2 T2M/�Mi [m2H[m2b KBMmi2b

RX G2B/2M7`Qbi û+`Bi /�Mb bQM h`�Biû bm` H2b T`QT`Bûiûb /2 HǶ2�m +QKKmM2 , ǴH2 ;HQ#mH2 /Ƕ2�m `2bi2`�
+�HK2 2i b�Mb KQmp2K2Mi �TT�`2Mi- b�Mb �m+mM2 #mHH2- +H�B` +QKK2 mM ;HQ#2 +`Bbi�HHBM- iQmDQm`b bT?û`B[m2-
MǶ�/?û`�Mi �m+mM2K2Mi ¨ H� +mBHHĕ`2 (XXX) +2ii2 ;Qmii2 bǶûp�TQ`2 i`ĕb H2Mi2K2MiXǴ

R9



bm` mM bmTTQ`i i`ĕb +?�m/X 1HH2 DQm2 �mbbB H2 `ƬH2 /ǶmM BbQH�Mi Kû+�MB[m2- 2M T`ûp2M�Mi H2
+QMi�+i 2Mi`2 H2 HB[mB/2 2i H2 bQHB/2X GǶû#mHHBiBQM- 7�+BHBiû2 T�` H� T`ûb2M+2 UBMûpBi�#H2V /2
bBi2b /2 Mm+Hû�iBQM bm` mM bm#bi`�i- 2bi �HQ`b 2KTā+?û2X G2b ;Qmii2b HûpBi2MiX 1HH2b /û}2Mi
H2m` T`QT`2 TQB/b- 2i +2- iQmi �m HQM; /2 H2m` ûp�TQ`�iBQMX lM �mi`2 �bT2+i `2K�`[m�#H2 2bi
H2m` 7Q`K2 [m�bB@bT?û`B[m2- [mB- 2M `�TT2H�Mi +2HH2 [mǶ�/QTi2Mi H2b ;Qmii2b bm` /2b bm`7�+2b
bmT2`?v/`QT?Q#2b- i`�?Bi HǶ�#b2M+2 /2 +QMi�+iX G� +�Hû7�+iBQM T`Q/mBi mM2 bBim�iBQM BMû/Bi2
/2 MQM@KQmBHH�;2- Qɍ H2 HB[mB/2 b2 i`Qmp2 2M+2`+Hû T�` mM2 T?�b2 p�T2m`X G2b T`QT`Bûiûb /2
MQM@�/?ûbBQM [mB 2M /û+QmH2Mi +QM7ĕ`2Mi ¨ +2b ;Qmii2b mM2 i`ĕb ;`�M/2 KQ#BHBiûX .ûTQbû2b
bm` mM2 TQāH2 +?�m/2- 2HH2b b2 +QKTQ`i2Mi +QKK2 /2b �û`Q;HBbb2m`bX

*2ii2 2tTû`B2M+2 bBKTH2- K�ŗi`Bbû2 T�` iQmi +mBbBMB2` 2tTû`BK2Miû- BHHmbi`2- /�Mb +2ii2
;�KK2 /2 i2KTû`�im`2- H� `2H�iBQM MQM KQMQiQM2 2Mi`2 �/?ûbBQM 2i i2KTû`�im`2X
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RXk úi�i bT?û`Qś/�H 2i 7Q`K2 HB[mB/2

6B;m`2 RX9 Ĝ *Qmp2`im`2 /m i`�Biû û+`Bi T�` SB2``2 >BTTQHvi2 "QmiB;Mv- ¨ T`QTQb /2 +2 [mǶBH +`QBi
āi`2 mM MQmp2H ûi�i /2 H� K�iBĕ`2 , HǶûi�i aT?û`Qś/�H (d)X

.�Mb +2 +?�TBi`2- MQmb /Bb+miQMb H2b 7Q`K2b /Ƕû[mBHB#`2 [m2 T`2MM2Mi H2b HB[mB/2b +�Hû}ûbX
GǶ�bT2+i bT?û`B[m2 /2 +2b ;HQ#mH2b- KBb 2M ûpB/2M+2 bm` H� };m`2 RXjU#V- +QMi`�bi2 �p2+ H�
7Q`K2 /2 ;Qmii2b 2M ûp�TQ`�iBQM U};m`2b RXRU�@#VV 2i /2 +2HH2b Q#i2Mm2b THmb ;ûMû`�H2K2Mi
bm` /2b bm`7�+2b KQmBHH�Mi2bX SQm` "QmiB;Mv- BH bǶ�;Bi H¨ /ǶmM MQmp2H ûi�i /2 H� K�iBĕ`2- H2
[m�i`BĕK2- [mǶBH MQKK2 Ǵûi�i bT?û`Qś/�HǴ /�Mb bQM i`�Biû /2 R39d (d) U+Qmp2`im`2 ¨ HǶ�TTmB
bm` H� };m`2 RX9VX AH b2 +QMb�+`2 ¨ HǶûim/2 /m +QKTQ`i2K2Mi /2 HB[mB/2b pQH�iBHb bm` /2b
TH�[m2b +?�m/2b- T2`bm�/û , Ŀ (Ę) [m2 H� /û+Qmp2`i2 /2 HǶûi�i bT?û`Qś/�H Qmp`2 mM2 MQmp2HH2
2i H�`;2 pQB2 ¨ H� T?vbB[m2 2i ¨ H� +?BKB2 2tTû`BK2Mi�H2b- 2i [m2 H� /û+Qmp2`i2 /ǶmM [m�i`BĕK2
ûi�i T?vbB[m2 /2b +Q`Tb KQ/B}2`� T`Q7QM/ûK2Mi THmbB2m`b i?ûQ`B2b +QMbB/û`û2b +QKK2 p`�B2b
2i bm{b�Mi2b /�Mb HǶûi�i �+im2H /2b b+B2M+2b ŀX *2ii2 B/û2 bmb+Bi2 H� +QMi`Qp2`b2 T2M/�Mi
THmb /ǶmM bBĕ+H2X 1HH2 b2`� +QK#�iim2 2i +QMi`2/Bi2 ¨ THmbB2m`b `2T`Bb2b T�` HǶB/û2 [mǶmM }HK
/2 p�T2m` bǶBMi2`+�H2 2Mi`2 H� ;Qmii2 2i H2 bm#bi`�i- b+ûM�`BQ [mB MǶ� MmH #2bQBM /ǶBMpQ[m2`
mM [m�i`BĕK2 ûi�i /2 H� K�iBĕ`2X

RXkXR 6Q`K2 /2b ;Qmii2b

AM~m2M+2 /m pQHmK2

G2b Q#b2`p�iBQMb T`ûb2Miû2b /�Mb +2 i`�Biû M2 K�M[m2Mi iQmi27QBb T�b /2 }M2bb2X "QmiB@
;Mv KQMi`2 [m2 +2i ûi�i T2mi āi`2 BM/mBi �p2+ /Ƕ�mi`2b HB[mB/2b- 2i K2bm`2 mM2 i2KTû`�im`2
/2 NeX8�* ¨ HǶBMiû`B2m` /ǶmM2 ;Qmii2 /Ƕ2�m +�Hû}û2- Hû;ĕ`2K2Mi BM7û`B2m`2 ¨ H� i2KTû`�im`2
/Ƕû#mHHBiBQMX AH +QKK2Mi2 û;�H2K2Mi HǶBM~m2M+2 /m pQHmK2 bm` H� 7Q`K2 /2b ;HQ#mH2b- 2M
T�`iB+mHB2` H2 +?�M;2K2Mi /2 KQ`T?QHQ;B2 BHHmbi`û bm` H2b T?QiQ;`�T?B2b /2 H� };m`2 RX8X

Re



.2b T2iBib pQHmK2b HB[mB/2b T`2MM2Mi HǶ�TT�`2M+2 /2 bT?ĕ`2- �HQ`b [mǶ�m@/2H¨ /ǶmM +2`i�BM
pQHmK2- H2 HB[mB/2 bǶûi�H2 bQmb 7Q`K2 /2 ~�[m2- [m2 "QmiB;Mv [m�HB}2 /Ƕûi�i 2HHBTbQś/�HX

(a) (b)

6B;m`2 RX8 Ĝ 6Q`K2b /2 ;Qmii2b /Ƕ2�m 2M +�Hû7�+iBQM HûpBi�Mi bm` mM2 ;�H2ii2 /2 bBHB+BmK `û~û+?Bb@
b�Mi2 +?�mzû2 ¨ jyy�*X U�V lM2 ;Qmii2 KBHHBKûi`B[m2 �/QTi2 mM2 7Q`K2 [m�bB@bT?û`B[m2X (#) lM2
~�[m2 +2MiBKûi`B[m2 2bi û+`�bû2 T�` H� T2b�Mi2m`X GǶû+?2HH2- +QKKmM2 �mt /2mt T?QiQ;`�T?B2b-
BM/B[m2 k KKX *`û/Bib , .�M aQiQ 2i _�T?�ďH2 h?ûp2MBMX

*2ii2 7Q`K2- b2MbB#H2 �m pQHmK2 +QMbB/û`û- `ûbmHi2 /ǶmM2 +QKTûiBiBQM 2Mi`2 H2b /2mt
7Q`+2b [mB bǶ2t2`+2Mi bm` H� ;Qmii2 , H� +�TBHH�`Biû 2i H� ;`�pBiûX 1M 2z2i- mM HB[mB/2 2bi mM
ûi�i /2 H� K�iBĕ`2 +Q?ûbB7X GǶ2tBbi2M+2 /ǶmM2 BMi2`7�+2 2bi �bbQ+Bû2 ¨ mM +Qȿi ûM2`;ûiB[m2-
T`QTQ`iBQMM2H ¨ H� i2MbBQM /2 bm`7�+2 � /m HB[mB/2 2i ¨ HǶ�B`2 S [mB /ûHBKBi2 bQM pQHmK2X
G� +�TBHH�`Biû � i2M/�M+2 ¨ `2M/`2 H2b ;Qmii2b bT?û`B[m2b- TQm` KBMBKBb2` H2m` ûM2`;B2 /2
bm`7�+2 �SX G� ;`�pBiû �- [m�Mi ¨ 2HH2- i2M/�M+2 ¨ �TH�iB` H2b Q#D2ib- TQm` KBMBKBb2` H2m`
ûM2`;B2 TQi2MiB2HH2 ⇢gR

4- Qɍ ⇢ /ûbB;M2 H� K�bb2 pQHmKB[m2 /m HB[mB/2 2i g HǶ�++ûHû`�iBQM
/2 H� T2b�Mi2m`X �BMbB- ¨ pQHmK2 /QMMû- H� 7Q`K2 /2b ;Qmii2b 2M +�Hû7�+iBQM 2bi +2HH2 [mB
KBMBKBb2 HǶûM2`;B2 iQi�H2- bQBi H� bQKK2 /2 HǶûM2`;B2 /2 T2b�Mi2m` 2i /2 HǶûM2`;B2 /2 bm`7�+2X
SQm` mM2 ;Qmii2 UbQBi S ⇠ R

2V- +2b /2mt ûM2`;B2b bQMi /m KāK2 Q`/`2 HQ`b[m2 bQM `�vQM
R /2pB2Mi +QKT�`�#H2 ¨ H� HQM;m2m` +�TBHH�B`2 ,


�1 =

r
�

⇢g
URXkXRV

*2ii2 HQM;m2m`- 2M ;ûMû`�H KBHHBKûi`B[m2- p�mi 
�1 = 2.5 KK TQm` HǶ2�m- ¨ mM2 i2K@

Tû`�im`2 T`Q+?2 /2 H� i2KTû`�im`2 /Ƕû#mHHBiBQMX G� 7Q`K2 /2b ;Qmii2b 2bi /QM+ TBHQiû2
T�` +2ii2 HQM;m2m`X .�Mb H� HBKBi2 +�TBHH�B`2 R < 

�1- H2b ;Qmii2b bQMi �BMbB bT?û`B[m2b
U};m`2 RX8U�VVX 1M `2p�M+?2- /�Mb H� HBKBi2 ;`�pBi�B`2 R > 

�1- H2b ;Qmii2b bQMi �TH�iB2b
U};m`2 RX8U#VVX 1HH2b T`2MM2Mi H� 7Q`K2 /2 ~�[m2bX aB QM MQi2 h H2m` ?�mi2m` 2i R H2m` `�vQM
û[m�iQ`B�H- H2 b�mi /2 T`2bbBQM /2 G�TH�+2- HBû �mt +Qm`#m`2b /�Mb H2 TH�M p2`iB+�H 2i /�Mb
H2 TH�M ?Q`BxQMi�H /2 HǶBMi2`7�+2- bǶû+`Bi P� = �(2/h+ 1/R) ⇠ 2�/h- 2M bmTTQb�Mi h < RX
*2ii2 T`2bbBQM 2bi û[mBHB#`û2 T�` H� T`2bbBQM ?v/`Qbi�iB[m2 ¨ KB@?�mi2m` Pg = ⇢gh/2X .�Mb
+2ii2 HBKBi2 /2b ;`Qbb2b ;Qmii2b- H� ?�mi2m` h 2bi /QM+ HBKBiû2 ¨ H� p�H2m` h ⇡ 2�1X

Rd



*>�SAh_1 RX 6P_J1a ah�hAZl1a

S`û/B+iBQM /2b 7Q`K2b /2 ;Qmii2b +�Hû}û2b

z r

R

α

s0

h

6B;m`2 RXe Ĝ a+?ûK� /ǶmM2 ;Qmii2 +�Hû}û2X PM `2Tĕ`2 H� 7Q`K2 ¨ HǶ�B/2 /2 HǶ�#b+Bbb2 +m`pBHB;M2 s-
/m `�vQM ?Q`BxQMi�H r 2i /2 HǶ�HiBim/2 zX PM MQi2 R H2 `�vQM û[m�iQ`B�H 2i h H� ?�mi2m` /2 H� ;Qmii2X

PM b2 T`QTQb2 /Ƕû+`B`2 HǶû[mBHB#`2 /2 K�MBĕ`2 HQ+�H2 TQm` /û+`B`2 H� 7Q`K2 /2 +2b ;Qmii2b
/2 K�MBĕ`2 THmb [m�MiBi�iBp2X PM +QMbB/ĕ`2 mM2 ;Qmii2 ¨ HǶû[mBHB#`2- bmTTQbû2 bvKûi`B[m2
T�` `Qi�iBQM �miQm` /2 HǶ�t2 zX GǶBMi2`7�+2 HB[mB/2 2bi `2Tû`û2 T�` bQM û+�`i r ¨ HǶ�t2 /2
`ûpQHmiBQM /2 H� ;Qmii2 2i T�` b� ?�mi2m` z- +QKK2 bm` H2 b+?ûK� RXeX G� 7QM+iBQM r(z)

/û+`Bi H� 7Q`K2 �/QTiû2 T�` H2 HB[mB/2X PM b2 TH�+2 /�Mb mM T`2KB2` i2KTb ¨ HǶ�HiBim/2 zX
G2 b�mi /2 T`2bbBQM �P (z) ¨ H� i`�p2`bû2 /2 HǶBMi2`7�+2 bmBp�Mi mM2 HB;M2 ?Q`BxQMi�H2 (r, z)

2bi HBû ¨ H� +Qm`#m`2 HQ+�H2 C(z)X AH p�mi �P (z) = �C(z)X *2ii2 T`2bbBQM T2mi û;�H2K2Mi
āi`2 2biBKû2 2M i`�p2`b�Mi HǶBMi2`7�+2 �B`@HB[mB/2 T�` H2 bQKK2i /2 H� ;Qmii2- 2M T�`i�Mi /2
H� TQbBiBQM (r, z) = (0, 0)X G2 b�mi /2 T`2bbBQM 2bi /ȿ ¨ H� +Qm`#m`2 �m bQKK2i /2 H� ;Qmii2
C0 K�Bb �mbbB ¨ H� T`2bbBQM ?v/`Qbi�iB[m2 `û;M�Mi ¨ H� ?�mi2m` z , �P (z) = �C0 + ⇢gzX 1M
û;�H�Mi +2b T`2bbBQMb- QM i`Qmp2 �HQ`b HǶû[m�iBQM /2 H� +Qm`#m`2 HQ+�H2 C(z) /2 HǶBMi2`7�+2 ,

C(z) = C0 + z/�2 URXkXkV

G� 7Q`K2 /2b ;Qmii2b 2bi /QM+ #B2M }tû2 T�` H� HQM;m2m` +�TBHH�B`2 2i T�` H� +Qm`#m`2 �m
bQKK2i C0X PM +?�M;2 �HQ`b /2 `2Tĕ`2X aQB2Mi s HǶ�#b+Bbb2 +m`pBHB;M2 2i ↵ HǶ�M;H2 i�M;2Mi ¨
HǶBMi2`7�+2 U/û}MB bm` H� };m`2 RXeV- HǶû[m�iBQM RXkXk T2mi āi`2 `û+`Bi2 /2 H� K�MBĕ`2 bmBp�Mi2 ,

/↵
/s +

bBM↵

r
= C0 + z

2 URXkXjV

GǶBMiû;`�iBQM MmKû`B[m2 /2 HǶû[m�iBQM RXkXj TQm` mM �M;H2 ↵ p�`B�Mi /2 y ¨ ⇡- T2`K2i /2
T`û/B`2 H2b 7Q`K2b /2 ;Qmii2b kX PM `2T`ûb2Mi2 bm` H� };m`2 RXdU�V H2b bQHmiBQMb Q#i2Mm2b TQm`
/Bzû`2Mib +Qm`#m`2b �m bQKK2i UTQm` C0�1 û+?2HQMMû 2Mi`2 yX8 2i RyV /QM+ TQm` /Bzû`2Mib
pQHmK2b U+QKT`Bb 2Mi`2 9 2i kdk µGVX *2b 7Q`K2b i?ûQ`B[m2b bQMi +QKT�`û2b �p2+ H2b 7Q`K2b
2M i`�Bib TQBMiBHHûb- Q#i2Mm2b 2tTû`BK2Mi�H2K2Mi TQm` /2b ;Qmii2b /2 KāK2 pQHmK2- i2Mm2b
T�` mM2 �B;mBHH2 /2 /B�Kĕi`2 /2 250 µK- T2iBi /2p�Mi RX G2b 7Q`K2b /2b ;Qmii2b M2 bQMi
[m�bBK2Mi T�b �z2+iû2b T�` H� T`ûb2M+2 /2 HǶ�B;mBHH2 b2`p�Mi ¨ HǶBKKQ#BHBb�iBQM /m HB[mB/2 j

kX PM T2mi ;ûMû`�HBb2` HǶ�M�Hvb2 �mt +�b /2 ;Qmii2b KQmBHH�Mi2b- [mB 7Q`K2Mi mM �M;H2 /2 +QMi�+i ✓ �p2+
H2 bm#bi`�i ?Q`BxQMi�HX AH bm{i /ǶBMiû;`2` 2Mi`2 ↵ = 0 2i ↵ = ✓X

jX GǶ�B;mBHH2 2t2`+2 mM2 7Q`+2 f ⇠ �⇡d +Qb ✓- Qɍ d 2bi bQM /B�Kĕi`2 2ti2`M2 Ukjy µKV 2i ✓ ⇠ 60� HǶ�M;H2

R3



2i 2HH2b bQMi #B2M T`û/Bi2b T�` HǶû[mBHB#`2 HQ+�H /2 T`2bbBQMb +�TBHH�B`2 2i ?v/`Qbi�iB[m2X
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4
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h
(m

m
)

2R
h

Rκ

(b)(a)

4 μL
7 μL
12 μL
28 μL
69 μL
272 μL

-5 0 5
0

2

4

6B;m`2 RXd Ĝ U�V 6Q`K2 /2 ;Qmii2b MQM@KQmBHH�Mi2b Q#b2`pû2b TQm` /Bzû`2Mib pQHmK2b
U⌦ = 4 , 7 , 12 , 28 , 69 , 272 µGVX G2b 7Q`K2b 2M i`�Bib TH2BMb- Bbbm2b /2 bBKmH�iBQMb MmKû`B[m2b- bQMi
+QKT�`û2b �mt 7Q`K2b 2ti`�Bi2b /2 pm2b /2 +Ƭiû `2T`ûb2Miû2b 2M TQBMiBHHûb TQm` /2b ;Qmii2b i2Mm2b
T�` mM2 �B;mBHH2 /ǶmM /B�Kĕi`2 /2 kjy µKX U#V úpQHmiBQM /m `�TTQ`i /Ƕ�bT2+i 2R/h 2M 7QM+iBQM /m
`�vQM û[m�iQ`B�H R- MQ`K�HBbû T�` H� HQM;m2m` +�TBHH�B`2 

�1X G2b /QMMû2b 2tTû`BK2Mi�H2b- i`�+û2b
2M `Qm;2 bmBp2Mi H� T`û/B+iBQM i?ûQ`B[m2 U[mB iB2Mi +QKTi2 /2 H� +Q``2+iBQM �ii2M/m2 T�` HǶ�B;mBHH2VX

G� KQ`T?QHQ;B2 /2b ;Qmii2b 2M +�Hû7�+iBQM 2bi i`ĕb b2MbB#H2 ¨ H2m` pQHmK2X 1M T�`iB+mHB2`-
2i +QKK2 H2 KQMi`2 H� };m`2 RXdU#V- H2 `�TTQ`i /Ƕ�bT2+i A = 2R/h /ûT2M/ /m `�vQM
û[m�iQ`B�H R- MQ`K�HBbû T�` H� HQM;m2m` +�TBHH�B`2X am` +2ii2 +Qm`#2 QM i`�+2 2M i`�Bi
TH2BM MQB` H2b T`û/B+iBQMb i?ûQ`B[m2b- /û/mBi2b /2 HǶû[m�iBQM RXkXj- 2i 2M `Qm;2- H2b `�TTQ`ib
/Ƕ�bT2+ib K2bm`ûb 2tTû`BK2Mi�H2K2MiX PM `2K�`[m2 bm` +2ii2 +Qm`#2 [m2 A /BKBMm2 [m�M/
R /û+`Qŗi 2i i2M/ p2`b H� HBKBi2 �bvKTiQiB[m2 A = 1 HQ`b[m2 R < 0.5X PM � /QM+ mM
+?�M;2K2Mi �M�iQKB[m2 HQ`b /2 H� i`�MbBiBQM 2Mi`2 H2b `û;BK2b ;`�pBi�B`2 2i +�TBHH�B`2X

rκ

zκ

rκ

zκ

(a) (b)

6B;m`2 RX3 Ĝ AM~m2M+2 /2 H� i�BHH2 bm` H� TH�MûBiû /2 HǶBMi2`7�+2 HB[mB/2@p�T2m` bQmb@D�+2Mi2X U�V
6Q`K2b /2 ;Qmii2b /2 pQHmK2 p�`B�#H2- `2T`ûb2Miû2b /�Mb H2 TH�M UrzV 2i Q#i2Mm2b T�` bBKmH�iBQMb
MmKû`B[m2b T�` aMQ2BD2` 2i �HX (3)X GǶ2M+�`i �KTHB}2 H2b p�`B�iBQMb bT�iB�H2b /2 HǶBMi2`7�+2 bQmb@
D�+2Mi2X G� #�b2 /2b ;Qmii2b 2bi /Ƕ�mi�Mi THmb #QK#û2 [m2 H� ~�[m2 2bi ûi2M/m2X (#) lM2 ;Qmii2
/2 `�vQM R ⇡ 3�1 +Qmp2 mM2 TQ+?2 /Ƕ�KTHBim/2 ⇠ 

�1X

/2 +QMi�+iX G� ?�mi2m` /2 H� ;Qmii2 2bi +Q``B;û2 T�` mM 7�+i2m` (1 + �⇡d +Qb ✓/2h)- H2 `�vQM û[m�iQ`B�H T�`
(1� �⇡d +Qb ✓/2h) 2i H2 `�TTQ`i /Ƕ�bT2+i 2R/h 2bi T`û+û/û T�` (1� 3�⇡d +Qb ✓/2h)- T`Q+?2b /2 RX

RN



*>�SAh_1 RX 6P_J1a ah�hAZl1a

_û;BK2 /2 +?2KBMû2b

SQm` /2b `�vQMb /2 ;Qmii2 i`ĕb bmTû`B2m`b ¨ H� HQM;m2m` +�TBHH�B`2 
�1- H2b 2z2ib ;`�@

pBi�B`2b- 2M THmb /Ƕ�TH�iB` H2 HB[mB/2 ¨ mM2 ?�mi2m` 2�1- /û7Q`K2Mi HǶBMi2`7�+2 BM7û`B2m`2X
�m@/2H¨ /2 H� HBKBi2 R & 4�1- bQBi ivTB[m2K2Mi Ry KK TQm` HǶ2�m- H� p�T2m` bǶ�++mKmH2
2i +`2mb2 bQmb H2 HB[mB/2 mM2 pQȿi2- /QMi H� 7Q`K2 `ûbmHi2 /ǶmM2 +QKTûiBiBQM 2Mi`2 i2MbBQM
/2 bm`7�+2 2i ;`�pBiûX aMQ2BD2` 2i �HX QMi `û�HBbû mM2 �M�Hvb2 KmHiB@û+?2HH2 �}M /2 T`û/B`2
H2b 7Q`K2b [m�bB@bi�iB[m2b /2b ~�[m2b U};m`2 RX3U�VVX GǶ2M+�`i /2 H� };m`2 RX3U�V `ûpĕH2 H2
bQmHĕp2K2Mi /2 HǶBMi2`7�+2 /QMi HǶ�KTH2m` �m;K2Mi2 �p2+ H2 pQHmK2 /2 H� ~�[m2 +QMbB/û@
`û2X G� };m`2 RX3U#V KQMi`2 2M T�`iB+mHB2` [mǶmM2 ;Qmii2 /2 `�vQM R ⇡ 3�1 �++m2BHH2 mM2
pQȿi2 /ǶmM2 �KTHBim/2 /Ƕ2MpB`QM 

�1X

(a) (b) (c) (d)
rκ

zκ

6B;m`2 RXN Ĝ *`QBbb�M+2 /ǶmM2 +?2KBMû2 �m b2BM /ǶmM2 ~�[m2 +�Hû}û2X (�) S`û/B+iBQM i?ûQ`B[m2
Q#i2Mm2 T�` aMQ2BD2` 2i �HX (3)X *?2KBMû2b 2M û`mTiBQM pm2b /2 +Ƭiû (#) 2i /2 /2bbmb U+-/VX G�
TQ+?2 /2 p�T2m` T2`7Q`2 H� ~�[m2 �m +2Mi`2 /�Mb H2 `û;BK2 ¨ mM2 +?2KBMû2 (+) 2i /2 K�MBĕ`2
`û;mHBĕ`2K2Mi 2bT�+û2 /�Mb H2 `û;BK2 ¨ THmbB2m`b +?2KBMû2bX S?QiQ;`�T?B2b T`Bb2b T�` .�M aQiQ-
_�T?�ďH2 h?ûp2MBM 2i �MM2@G�m`2 "B�M+2 2ti`�Bi2b /2 (N)X

GǶBMi2`7�+2 b2 /ûbi�#BHBb2 bmBp�Mi mM2 BMbi�#BHBiû /vM�KB[m2 ¨ H� _�vH2B;?@h�vHQ` (Ry)X
"QmiB;Mv /û+`Bi /ĕb R39d H2b Ŀ#Qmzû2b /2 p�T2m` [mB- M2 TQmp�Mi b2 /û;�;2` [m2 /B{+B@
H2K2Mi +QMi`2 H2b T�`QBb (/m bm#bi`�i)- i`�p2`b2Mi HǶ2�mŀX *QKK2 HǶBHHmbi`2 H� };m`2 RXNU�V-
H� TQ+?2 ;`QbbBi 2i 2Mp�?Bi H2 HB[mB/2 bm` iQmi2 b� ?�mi2m` Dmb[mǶ�m �ii2BM/`2 bQM bQKK2iX
lM2 +?2KBMû2 �TT�`�ŗi +QKK2 H2 KQMi`2Mi H2b pm2b /2 +Ƭiû U};m`2 RXNU#VV 2i /2 /2bbmb
U};m`2 RXNU+VVX *2+B +QM/mBi i`�MbBiQB`2K2Mi ¨ H� 7Q`K�iBQM /ǶmM }HK KBM+2- [mB 7�Bi mM
/ƬK2 ¨ H� bm`7�+2 /2 H� ~�[m2- /QMi H� bi�#BHBiû b2`� /Bb+miû2 �m +?�TBi`2 kX GQ`b[mǶmM2
~�[m2 2bi 2M+Q`2 THmb ûi2M/m2- QM pQBi �TT�`�ŗi`2 mM `ûb2�m /2 +?2KBMû2b `û;mHBĕ`2K2Mi
2bT�+û2b- T�` 2t2KTH2- i`QBb +?2KBMû2b bm` H� };m`2 RXNU/V- /QMi mM2 2M pQB2 /2 /BbT�`B@
iBQMX *Ƕ2bi H2 `û;BK2 /2 +?2KBMû2b KmHiBTH2bX G� /Bbi�M+2 2Mi`2 +?2KBMû2b bǶB/2MiB}2 ¨ H�
HQM;m2m` /ǶQM/2 � /2 HǶBMbi�#BHBiû /2 _�vH2B;?@h�vHQ` 9 2i /QMM2 mM +`Biĕ`2 /Ƕ�TT�`BiBQM
/2b +?2KBMû2b bBKTH2bX G2 +�H+mH `B;Qm`2mt T`û/Bi � ⇡ 3.95�1 (3)- 2M �++Q`/ �p2+ H� p�H2m`
i`Qmpû2 T�` HǶ2tTû`B2M+2 2i 2M HQB /Ƕû+?2HH2 (Ry- Rk)X *2b +?2KBMû2b KmHiBTH2b b2 `ûQ`;�MBb2Mi
bT�iB�H2K2Mi 2i M2 7Q`K2Mi T�b mM KQiB7 };ûX

9X aB HǶQM KQ/mH2 HǶBMi2MbBiû /2 H� T2b�Mi2m` 2M +2Mi`B7m;2�Mi H2 HB[mB/2- QM Q#b2`p2 [m2 HǶ2bT�+2K2Mi �
bmBi mM2 T`Q;`2bbBQM 2M 1/

p
g (RR)X

ky



o�`B�iBQMb �miQm` /2 H� 7Q`K2 bi�iB[m2

G� 7Q`K2 /2 H� ;Qmii2 /ûpB2 Mû�MKQBMb Hû;ĕ`2K2Mi /m T`Q}H i?ûQ`B[m2X am` H� };m`2 RXRyU�V-
QM +QMbi�i2 mM û+�`i 2Mi`2 H� 7Q`K2 `û2HH2 2i H2 T`Q}H +�H+mHû- T�`iB+mHBĕ`2K2Mi �m MBp2�m
/2 H2m` �T2t 2i 2M Tû`BT?û`B2 /2 H2m` #�b2X

(a) (b)

6B;m`2 RXRy Ĝ U�V ú+�`i 2Mi`2 7Q`K2 i?ûQ`B[m2 Ui`�+û2 2M #H�M+V 2i 2tTû`BK2Mi�H2- TQm` mM2 ~�[m2
~Qii�Mi bm` bQM +QmbbBM /2 p�T2m`X G� #�``2 /Ƕû+?2HH2 BM/B[m2 k KKX (#) a+?ûK� iB`û /2 (Rj)- /ǶmM2
H2MiBHH2 HB[mB/2- KQmBHH�Mi bQM bm#bi`�iX 1M bǶûp�TQ`�Mi- /2b /Bzû`2M+2b /2 i2KTû`�im`2 �TT�`�Bbb2Mi
2M bm`7�+2X .2b û+QmH2K2Mib /2 J�`�M;QMB /û7Q`K2Mi H� ;Qmii2 2i HǶû+�`i2Mi /m T`Q}H i?ûQ`B[m2
bi�iB[m2X GB;M2b /2 MBp2�m /ǶmM2 ;Qmii2 b2bbBH2 /2 >61@dRyy- Q#i2Mm2 ¨ ;`�+2 ¨ mM BMi2`7û`QKĕi`2
J�+?@w2?M/2`X GǶBK�;2 /2 /`QBi2 +Q``2bTQM/ ¨ H� T2Mi2 HQ+�H2 /2 HǶBMi2`7�+2- BM/B[mû2 2M /2;`ûb- 2i
/û/mBi2 /2 H� };m`2 /ǶBMi2`7û`2M+2X

lM i2H û+�`i �m T`Q}H bi�iB[m2 � ûiû Q#b2`pû bm` /2b ;Qmii2b KQmBHH�Mi2b 2M i`�BM /2
bǶûp�TQ`2` (Rj)X hbQmKT�b 2i �HX KQMi`2Mi [mǶmM2 ;Qmii2 ûi�Hû2 bm` mM bm#bi`�i K�BMi2Mm
¨ H� i2KTû`�im`2 Tw- +QKK2 bm` H� };m`2 RXRyU#V- b2 #QK#2 Hû;ĕ`2K2Mi �+iBQMMû2 T�`
û+QmH2K2Mib J�`�M;QMB- BM/mBib T�` H2 `27`QB/Bbb2K2Mi ûp�TQ`�iB7 /m HB[mB/2X .2 i2Hb û+Qm@
H2K2Mib TQm``�B2Mi T`2M/`2 TH�+2 �m b2BM /m HB[mB/2 2i 2tTHB[m2` H� /ûpB�iBQM Hû;ĕ`2 2Mi`2 H�
7Q`K2 Q#b2`pû2 2i H� 7Q`K2 i?ûQ`B[m2X GǶ2tBbi2M+2 /2 /Bzû`2M+2b /2 i2KTû`�im`2 �m b2BM /m
HB[mB/2 b2`� T`Qmpû2 �m +?�TBi`2 9X .Ƕ�mi`2 T�`i- QM pQBi �m MBp2�m /2 H� #�b2 /2b ;Qmii2b
[mǶBH 2tBbi2 mM �M;H2 /2 +QMi�+iX *2+B TQm``�Bi bǶ2tTHB[m2` T�` mM2 /Bzû`2M+2 /2 i2MbBQM /2
bm`7�+2 2Mi`2 H2 HB[mB/2 2i HǶ�B`- �`a 2i 2Mi`2 H2 HB[mB/2 2i b� p�T2m`- �`vX PM i`Qmp2 /�Mb
H� HBiiû`�im`2 [mǶ¨ i2KTû`�im`2 û;�H2- H� i2MbBQM /2 bm`7�+2 2�m@�B` /BKBMm2 /Ƕ2MpB`QM 5W
HQ`b[mǶQM �m;K2Mi2 HǶ?mKB/Biû /2 Ry ¨ 100W (R9- R8)X G2 HB[mB/2 TQm``�Bi `2bb2MiB` /2b /B7@
7û`2M+2 /2 i2MbBQM /2 bm`7�+2 U�`v < �`aV 2i b2 /û7Q`K2`X *2i û+�`i- i`ĕb 7�B#H2 b2`� Mû;HB;û
T�` H� bmBi2X G2b ;Qmii2b T`2MM2Mi /QM+ HǶ�bT2+i /2 H2MiBHH2b ~Qii�Mi bm` H2m` T`QT`2 p�T2m`-
+2 [m2 MQmb �HHQMb /û+`B`2 THmb }M2K2MiX

kR
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RXkXk .2b+`BTiBQM H� #�b2 /2 H� ;Qmii2

LQmb �pQMb pm �p2+ HǶ2t2KTH2 /2b +?2KBMû2b [m2- H� #�b2 /m HB[mB/2 TQmp�Bi āi`2 �z2+iû2
T�` H2b p�T2m`b bQmb@D�+2Mi2bX PM �TT2HH2 `- HǶûi2M/m2 /2 H� #�b2- +Ƕ2bi@¨@/B`2 H2 /B�Kĕi`2
/2 +QMi�+i /2b ;Qmii2b- #B2M [mǶQM M2 TmBbb2 T�b `B;Qm`2mb2K2Mi T�`H2` /2 +QMi�+iX am` H�
};m`2 RXdU�V- QM `2K�`[m2 [m2 HǶ�B`2 bm` H�[m2HH2 H2b ;Qmii2b bQMi �TH�iB2b /ûT2M/- mM2 7QBb
2M+Q`2- /m pQHmK2 +QMbB/û`ûX

GBKBi2 ;`�pBi�B`2

.�Mb H2 `û;BK2 R >> 1- QM /û+`B`� H2b ~�[m2b +QKK2 /2b /Bb[m2b /2 `�vQM R 2i /2
?�mi2m` h ⇡ 2�1X G� #�b2 bǶûi2M/ bm` mM2 /Bbi�M+2 +�`�+iû`BbiB[m2 ` ⇠ 2RX G2b #Q`/b
H�iû`�mt 7Q`K2Mi Mû�MKQBMb mM #Qm``2H2iX GǶ�TT`QtBK�iBQM +vHBM/`B[m2 T2mi āi`2 +Q``B;û2
T�` H� ;ûQKûi`B2 b+?ûK�iBbû2 +B /2bbQmb U};X RXRRU�VV- bQBi mM /Bb[m2 /2 `�vQM (R � r)-
2M+2`+Hû T�` mM #Qm``2H2i /2 `�vQM r 2i /2 ?�mi2m` 2�1X

r

2κ−1

R

ℓ

R

ℓ

δ

(a) (b)

6B;m`2 RXRR Ĝ �M�iQKB2 /2 HB[mB/2b +�Hû}ûbX U�V G2b ~�[m2b ;`�pBi�B`2b UR > 1V- /2 `�vQM û[m�@
iQ`B�H R bQMi +QMbB/û`û2b +QKK2 /2b /Bb[m2b /2 `�vQM (R� r)- 2M+2`+Hûb T�` mM #Qm``2H2i /2 `�vQM
r- 2i /2 ?�mi2m` 2�1X G2m` #�b2 bǶûi2M/ bm` ` = 2(R � r)X (#) G2b ;Qmii2H2ii2b UR < 1V bQMi /2b
bT?ĕ`2b /2 `�vQM R- �TH�iB2b �m MBp2�m /2 H2m` #�b2 bm` mM2 /Bbi�M+2 ` ⇡ 1.63R2

X

GǶûi2M/m2 /m Ǵ+QMi�+iǴ 2bi /QM+ ,

` ⇡ 2(R� r) URXkX9V

�p2+ +2b MQi�iBQMb- H� ;ûQKûi`B2 /2 /Bb[m2- miBHBbû2 /�Mb H� K�DQ`Biû /2b ûim/2b [mB
+QM+2`M2Mi +2b ~�[m2b- 2bi Q#i2Mm2 TQm` r = 0X G2 /B�Kĕi`2 2r /m #Qm``2H2i M2 T2mi
2t+û/2` H� ?�mi2m` /2 H� ~�[m2 2�1- }tû2 T�` H2 TH�i2�m +2Mi`�H bB #B2M [m2 r 2bi /�Mb
HǶBMi2`p�HH2 [ 0 , �1 ]X G� H�`;2m` r T2mi �HQ`b āi`2 Q#i2Mm2 2M +QMbB/û`�Mi [m2 +2b ;Qmii2b
T`2MM2Mi bm` H2b #Q`/b H� 7Q`K2 /2 KûMBb[m2b 8X

1M miBHBb�Mi H2b +QMp2MiBQMb /2 H� };m`2 RXRk 2i 2M BMiû;`�Mi HǶû[mBHB#`2 HQ+�H /2b T`2bbBQMb

8X G� ?�mi2m` /ǶmM KûMBb[m2 2bi /û+`Bi T�` HǶû[m�iBQM /2 H� H2KMBb+�i2 , z = �1
p

2(1 + +Qb↵)
/Ƕ�T`ĕb (Re)

kk



z
R

α

0

h

x
r

M
A

6B;m`2 RXRk Ĝ *Q``2+iBQM ;ûQKûi`B[m2 2i T`û/B+iBQM /2 H� i�BHH2 /m #Qm``2H2i rX G2b #Q`/b /2 H�
~�[m2 T`2MM2Mi H� 7Q`K2 /ǶmM KûMBb[m2- /û+`Bi T�` HǶû[m�iBQM /2 H� H2KMBb+�i2X

/2 2Mi`2 J U↵ = ⇡/2 - z = 2�1V 2i � U↵ = 0 - z =
p
2�1V +QKK2 bm` H� };m`2 RXRk- BH

pB2Mi , Z ⇡/2

0

+Qb↵p
1 + +Qb↵

/↵ =

p
2

↵
r URXkX8V

GǶBMiû;`�H2 /2 ;�m+?2 b2 +�H+mH2 MmKû`B[m2K2Mi 2i p�mi yXd89X PM i`Qmp2 �HQ`b [m2 H2
#Qm``2H2i 2bi /2 H�`;2m` ,

r ⇡ 0.526�1 URXkXeV

GǶûi2M/m2 /m HB[mB/2 2bi /QM+ ,

` ⇡ 2(R� 0.526�1) URXkXdV

GBKBi2 +�TBHH�B`2

SQm` /2b pQHmK2b THmb 7�B#H2b- H� +�TBHH�`Biû HǶ2KTQ`i2X G� ;Qmii2 � mM2 7Q`K2 bT?û`B[m2-
b�m7 �m MBp2�m /2 b� #�b2 Qɍ 2HH2 bǶ�TH�iBi T�` bQM TQB/bX GǶ�z�Bbb2K2Mi b2 7�Bi bm` H� H�`;2m`
?Q`BxQMi�H2 MQiû2 ` UBHHmbi`û2 bm` H� };m`2 RXRRU#VV- T`û/Bi2 2M HQB /Ƕû+?2HH2 T�` J�?�/2p�M
2i SQK2�m (Rd)- 2i bm` H� ?�mi2m` �X GǶû[mBHB#`2 2Mi`2 H2 TQB/b /2 H� ;Qmii2 ⇢gR

3 2i H� 7Q`+2
+�TBHH�B`2 2M;2M/`û2 T�` H� /û7Q`K�iBQM /2 b� #�b2 �� /QMM2- 2M HQB /Ƕû+?2HH2 � ⇠ 

2
R

3X
G2b /Bbi�M+2b bQMi HBû2b T�` H� `2H�iBQM ;ûQKûi`B[m2 R

2 = (R � �)2 + (`/2)2 Ui?ûQ`ĕK2 /2
Svi?�;Q`2V- [mB- /�Mb H� HBKBi2 R >> ` >> �- b2 bBKTHB}2 2M `

2 ⇡ 8R�X PM Q#iB2Mi [m2 H2b
;Qmii2H2ii2b bǶ�TH�iBbb2Mi bm` mM2 H�`;2m` ,

` ⇡
r

8

3
R

2
 URXkX3V

PM i`Qmp2 2M T`�iB[m2 [m2 H2 /B�Kĕi`2 /2 H� #�b2 /2b ;Qmii2H2ii2b T2mi āi`2 Hû;ĕ`2K2Mi
�KQBM/`B HQ`b[mǶ2HH2b bQMi i2Mm2b T�` mM2 �B;mBHH2X PM i`�+2 bm` H� };m`2 RXRj H� HQM;m2m`
` TQm` mM2 ;Qmii2 /2 `�vQM R KK BKKQ#BHBbû2 T�` mM2 �B;mBHH2- TQm` /Bzû`2Mi2b i2KTû@
`�im`2b T /2 bm#bi`�iX GǶBM/ûT2M/�M+2 /2 ` pBb@¨@pBb /2 H� i2KTû`�im`2- BKTHB+Bi2 /�Mb

kj



*>�SAh_1 RX 6P_J1a ah�hAZl1a

HǶû[m�iBQM RXkX3 2bi pû`B}û2X G� +Qm`#2 2M TQBMiBHHû +Q``2bTQM/ ¨ H� p�H2m` i?ûQ`B[m2 Uû[m�@
iBQM RXkX3VX ` 2bi B+B bm`2biBKû2 ¨ +�mb2 /2 HǶ�HHĕ;2K2Mi /m TQB/b T�` H� 7Q`+2 2t2`+û2 T�`
HǶ�B;mBHH2X
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6B;m`2 RXRj Ĝ úi2M/m2 ` /2 H� #�b2 /2 ;Qmii2H2ii2b /2 `�vQM R = 1 KK- BKKQ#BHBbû2b T�` mM2
�B;mBHH2 bm` mM bm#bi`�i +?�mzû ¨ T X G2b TQBMiBHHûb BM/B[m2Mi H� p�H2m` i?ûQ`B[m2 /2 HǶû[m�iBQM RXkX3X

G2b bQHmiBQMb ` bQMi i`�+û2b bm` H� };m`2 RXR9 2M 7QM+iBQM /m `�vQM /2 H� ;Qmii2 /�Mb
H2b HBKBi2b �bvKTiQiB[m2b ;`�pBi�B`2 U#H2m 7QM+ûV 2i +�TBHH�B`2 Up2`i 7QM+ûVX PM bmT2`TQb2
H2b /QMMû2b Bbbm2b /2 H� `ûbQHmiBQM MmKû`B[m2 /2 HǶû[m�iBQM RXkXj Up2`i +H�B`VX .�Mb H2

R (mm)

r = 0
r = 0.526κ−1

ℓ ≈ 8
3 R2κ

ℓ = 2(R − r)

num

Rκ < 1

Rκ > 1

0 2 4 6 8 10
0

5

10

15

20

6B;m`2 RXR9 Ĝ úi2M/m2 /2 H� #�b2 ` 2M 7QM+iBQM /m `�vQM û[m�iQ`B�H RX G� HQM;m2m` +�TBHH�B`2 2bi
`2Tû`û2 T�` H� HB;M2 p2`iB+�H2 ;`Bb2X G2b TQBMib p2`ib +H�B`b- Q#i2Mmb T�` `ûbQHmiBQM MmKû`B[m2 /2
HǶû[m�iBQM RXkXj [mB ;Qmp2`M2 H� 7Q`K2 /2b ;Qmii2b- bQMi +QKT�`ûb �mt p�H2m`b �ii2M/m2b /�Mb H2b
HBKBi2b +�TBHH�B`2 R < 1 Uû[m�iBQM RXkX3V 2i ;`�pBi�B`2 R > 1 Uû[m�iBQM RXkX9VX .�Mb +2 /2`MB2`
`û;BK2- QM +QMbB/ĕ`2 H2b ~�[m2b +QKK2 /2b /Bb[m2b /2 `�vQM (R � r)- 2M+2`+Hûb T�` mM #Qm``2H2i
/2 H�`;2m` rX PM i`�+2 �HQ`b ` TQm` r = 0 Ui`�Bib TH2BMbV 2i H� p�H2m` �ii2M/m2 r = 0.526�1 Ui`�Bib
TQBMiBHHûbVX

`û;BK2 ;`�pBi�B`2- HǶûi2M/m2 ` /2 H� #�b2 /2 ;Qmii2b +�Hû}û2b 2bi HBMû�B`2 2M R 2i bmBi
` ⇡ 2(R� 0.526�1)X .�Mb H2 `û;BK2 +�TBHH�B`2- H� /ûT2M/�M+2 2M R 2bi [m�/`�iB[m2- /QM+
/2 b2MbB#BHBiû �++`m2X *2ii2 /Bbi�M+2 2bi 2bb2MiB2HH2 TmBb[m2 +Ƕ2bi bm` +2ii2 xQM2 [m2 H2b
û+?�M;2b i?2`KB[m2b 2i /2 K�bb2 �m`QMi HB2m 2Mi`2 H2 bm#bi`�i +?�m/ 2i H2 HB[mB/2X

k9



RXjX G1 *PlaaAL .1 o�S1l_

RXj G2 +QmbbBM /2 p�T2m`

PM +?�M;2 /ûbQ`K�Bb /2 TQBMi /2 pm2 2M b2 TH�Ï�Mi /�Mb H2 }HK /2 p�T2m` [mB bmTTQ`i2
H2 HB[mB/2X AH +QMbiBim2 pû`Bi�#H2K2Mi H2 HB2m /Ƕû+?�M;2 2Mi`2 H2 HB[mB/2 2i H2 bm#bi`�iX lM2
/2b+`BTiBQM /2 +2 }HK 2bi Mû+2bb�B`2 TQm` �TT`û?2M/2` H2b T`QT`Bûiûb /2 MQM@�/?ûbBQM-
HǶ�#b2M+2 /2 7`B+iBQM 2i /Ƕû#mHHBiBQMX

RXjXR *�`�+iû`Bb�iBQM /m }HK

úT�Bbb2m` KQv2MM2

G2b T`2KBĕ`2b K2bm`2b /ǶûT�Bbb2m` QMi ûiû Q#i2Mm2b T�` "B�M+2 2i �HX- [mB /û/mBb2Mi
/2 H� };m`2 /2 /Bz`�+iBQM /ǶmM 7�Bb+2�m H�b2` ¨ i`�p2`b H2 }HK /2 p�T2m`- mM2 ûT�Bbb2m`
KQv2MM2 " ⇠ 10 � 100 µKX G2 KQMi�;2 2tTû`BK2Mi�H 2bi BHHmbi`û bm` H� };m`2 RXR8U�VX G2
`�vQM R /2 H� ;Qmii2 2bi }tû 2M +QKT2Mb�Mi H2b T2`i2b T�` ûp�TQ`�iBQM T�` mM �TTQ`i /2
HB[mB/2 (Ry)X

ε (
μm

)

R (mm)

(b)(a)

6B;m`2 RXR8 Ĝ U�V J2bm`2 /2 HǶûT�Bbb2m` " /m }HK /2 p�T2m` T�` /Bz`�+iBQM (Ry)X (#) úT�Bbb2m` "

KQv2MM2 /m }HK /2 p�T2m` 2M 7QM+iBQM /m `�vQM R /ǶmM2 ;Qmii2 HûpBi�Mi bm` mM bm#bi`�i TQ`iû ¨
k8y�*X G2 b+?ûK� /m /BbTQbBiB7 [mB � T2`KBb H� K2bm`2 2bi `2T`ûb2MiûX G2b /`QBi2b +Q``2bTQM/2Mi
�mt ûT�Bbb2m`b i?ûQ`B[m2b- �bbQ`iB2b /ǶmM 7�+i2m` MmKû`B[m2 yX9 (R)X

GǶûT�Bbb2m` " /m }HK � ûiû K2bm`û2 THmb i�`/ T�` S?BHBTT2 "Qm``B�MM2 2M pBbm�HBb�Mi
/B`2+i2K2Mi H� #�b2 /2 H� ;Qmii2 (R) U};m`2 RXR8U#VVX 1HH2 p�`B2 2Mi`2 8 2i 8y µK 2i �m;K2Mi2
�p2+ RX PM `2i`Qmp2 bm` +2ii2 +Qm`#2 /2mt `û;BK2b , H2 `û;BK2 /2b ~�[m2b TQm` R & 1.5 KK
2i H2 `û;BK2 /2b ;Qmii2b bT?û`B[m2b TQm` R . 1.5 KKX

hQTQ;`�T?B2 /2 HǶBMi2`7�+2

GǶûT�Bbb2m` /m }HK HB#`2 MǶ2bi +2T2M/�Mi T�b mMB7Q`K2X *�`�+iû`Bb2` H2 `2HB27 bQmb mM2
;Qmii2 +�Hû}û2 BKTHB[m2 /2 K2bm`2` /2b /Bzû`2M+2b /2 ?�mi2m` /2 [m2H[m2b /Bx�BM2b /2

k8
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KB+`QMbX G2b i2+?MB[m2b /ǶBMi2`7û`QKûi`B2 bǶ�pĕ`2Mi �HQ`b T�`iB+mHBĕ`2K2Mi T2`iBM2Mi2bX 1M
Q#b2`p�Mi ¨ i`�p2`b H2 bm#bi`�i +?�m/- THmbB2m`b �mi2m`b bQMi T�`p2Mmb ¨ T`Q/mB`2 /2b
BMi2`7û`2M+2b bQmb mM2 ;Qmii2 2M +�Hû7�+iBQM bm` mM bm#bi`�i i`�MbT�`2Mi 2i +QM/m+i2m`
Ub�T?B` Qm [m�`ixVX .2 H� HmKBĕ`2 ûKBb2 T�` 2M /2bbQmb 2bi `û~û+?B2 T�` HǶBMi2`7�+2 2i BMi2`@
7ĕ`2 �p2+ mM `�vQM /2 `û7û`2M+2X *2+B +QM/mBi ¨ HǶ�TT�`BiBQM /2 7`�M;2b /Ƕû;�H2b ûT�Bbb2m`
U};m`2 RXReV- /QMi HǶ2bT�+2K2Mi /QMM2 H� T2Mi2 HQ+�H2 /2 HǶBMi2`7�+2X G� +Qm`#m`2 /2 HǶBM@
i2`7�+2 T2mi āi`2 /û/mBi2 +QKK2 bm` H� };m`2 RXReU�VX SQm` mM2 ;Qmii2 /2 i�BHH2 THmb T2iBi2
UKBHHBKûi`B[m2V- QM T2mi iB`2` /2 HǶBK�;2 RXReU#V H� /ûMBp2Hû /2 HǶBMi2`7�+2X PM pQBi �HQ`b
�TT�`�ŗi`2 mM2 KQ/mH�iBQM bT�iB�H2 /2 HǶûT�Bbb2m` /2 p�T2m` /2 [m2H[m2b KB+`QMbX

ε (
μm

)

x (μm)

ε (
μm

)

r (mm)

(b)

(a) (c)

6B;m`2 RXRe Ĝ *�`�+iû`Bb�iBQM bT�iB�H2 /m }HK /2 p�T2m`X U�V oBbm�HBb�iBQM T�` 2M /2bbQmb /2
HǶBMi2`7�+2 HB[mB/2@p�T2m` T�` BMi2`7û`2M+2bX (#) G2 T`Q}H `2H�iB7 /2 H� #�b2 /2b ;Qmii2b 2bi /û/mBi /2 H�
};m`2 /ǶBMi2`7û`2M+2- `ûpûH�Mi H� TQ+?2 +2Mi`�H2 2i H2 `2bb2``2K2Mi 2M Tû`BT?û`B2 /2 H� ;Qmii2 (R3- RN)X
(+) úT�Bbb2m` /m }HK K2bm`û2 HQ`b /2 HǶBKT�+i /ǶmM2 ;Qmii2 bm` mM2 bm`7�+2 +?�m/2 2M HmKBĕ`2
#H�M+?2 (ky)X 6B;m`2 BMbTB`û2 /2 (R)X

*2ii2 i2+?MB[m2 2bi HBKBiû2 ¨ /2b /Bzû`2M+2b /2 ?�mi2m` /2 Ry µK ¨ +�mb2 /2 H� T2`i2
/2 +Q?û`2M+2 /2b BMi2`7û`2M+2b U+7X xQM2 +2Mi`�H2- i`QT #QK#û2- /2 H� };m`2 RXReU�VV 2i /m
`2+Qmp`2K2Mi /2b /Bzû`2Mi2b 7`�M;2b 2M HmKBĕ`2 MQM KQMQ+?`QK2X *2ii2 Kûi?Q/2 �- T�`
2t2KTH2- T2`KBb /ǶQ#i2MB` H2 T`Q}H bQmb mM2 ;Qmii2 +�Hû}û2 2M BKT�+i U+7X xQM2 +2Mi`�H2-
i`QT #QK#û2- /2 H� };m`2 RXReU+VVX

RXjXk ú+?�M;2b i?2`KB[m2b /m bm#bi`�i ¨ H� ;Qmii2

JQ/2b /2 i`�Mb72`ib i?2`KB[m2b

G2 }HK /2 p�T2m` 2bi mM HB2m /Ƕû+?�M;2X *Ƕ2bi T`BM+BT�H2K2Mi ¨ i`�p2`b HmB [m2 H2
bm#bi`�i 7Qm`MBi b� +?�H2m` �m HB[mB/2X LQmb /Bb+miQMb B+B H2b /Bzû`2Mib KQ/2b /2 i`�Mb72`ib
i?2`KB[m2b bmb+2TiB#H2b /ǶBMi2`p2MB`X PM /ûMQK#`2 i`QBb KQ/2b /2 i`�Mb72`i /2 +?�H2m`X

ke



G� +QM/m+iBQM i?2`KB[m2 2bi mM i`�Mb72`i /2 T`Q+?2 2M T`Q+?2 /ǶûM2`;B2 bQmb 7Q`K2
/2 +?�H2m` �m b2BM /ǶmM KBHB2m K�iû`B2HX G2 ~mt /2 +?�H2m`- 2bi Q`B2Miû /m +?�m/ p2`b
H2 7`QB/X *2 KQ/2 /2 T`QT�;�iBQM /2 T`Q+?2 2M T`Q+?2 2bi H� THmT�`i /m i2KTb 2{+�+2
/�Mb H2b T?�b2b +QM/2Mbû2b- K�Bb T2m Q#b2`pû /�Mb H2b K�iû`B�mt +QKK2 H� H�BM2 /2 p2``2-
H2 TQHvbiv`ĕM2 Qm H2b ;�x- [m�HB}ûb /2 K�mp�Bb +QM/m+i2m`b Qm BbQH�Mib i?2`KB[m2bX �BMbB
H� +QM/m+iBpBiû i?2`KB[m2 /m H�BiQM U�b ⇡ 100 q/K/EV 2bi bmTû`B2m`2 /Ƕ2MpB`QM [m�i`2
Q`/`2b /2 ;`�M/2m` T�` `�TTQ`i ¨ +2HH2 /2 H� p�T2m` /Ƕ2�m U�v ⇡ 30 Kq/K/EVX

G� +QMp2+iBQM i?2`KB[m2- HBû2 �m KQmp2K2Mi /m ~mB/2 UHB[mB/2 Qm ;�xV- /QM+ ¨ mM
i`�MbTQ`i /2 K�iBĕ`2X 1HH2 T2mi āi`2 M�im`2HH2- HQ`b[m2 H2 ~mB/2 +?�m/ b2 /BH�i2 2i bǶûHĕp2
T�` TQmbbû2 /Ƕ�`+?BKĕ/2- Qm 7Q`+û2- HQ`b[m2 H2 KQmp2K2Mi 2bi BKTQbû T�` mM û+QmH2K2MiX

G2 `�vQMM2K2Mi i?2`KB[m2- +Q``2bTQM/�Mi ¨ HǶûKBbbBQM /2 `�vQMM2K2Mi ûH2+i`QK�@
;MûiB[m2 T�` mM +Q`Tb +?�m/X *2 KQ/2 � H� T�`iB+mH�`Biû /2 b2 T`QT�;2` /�Mb H2 pB/2
U`�vQMM2K2Mi bQH�B`2VX GǶûM2`;B2 `2Ïm2 T�` H2 bvbiĕK2 2bi �#bQ`#û2 2i +QMp2`iB2 2M +?�H2m`X

*QMi`B#miBQMb +QKT�`û2b , H2b MQK#`2b �/BK2MbBQMM2Hb 2M `2M7Q`i

.�Mb H� HBiiû`�im`2- H2b û+?�M;2b i?2`KB[m2b 2Mi`2 H� ;Qmii2 2i bQM bm#bi`�i bQMi bmT@
TQbûb /2 M�im`2 /BzmbBp2X *2 KQ/2 /2 i`�Mb72`i /ǶûM2`;B2 bǶ�pĕ`2 TQm`i�Mi T2m 2{+�+2
/�Mb H2b ~mB/2bX S`2MQMb HǶ2t2KTH2 /ǶmM +�7û +?�m/X G2 i2KTb +�`�+iû`BbiB[m2 �bbQ+Bû �m
`27`QB/Bbb2K2Mi T�` /BzmbBQM 2bi /QMMû T�` H2 i2KTb ⌧i? ⇠ L

2/Di? Qɍ L /ûbB;M2 H2b /B@
K2MbBQMb /2 H� i�bb2 UL ⇡ 5 +KV 2i Di? H2 +Q2{+B2Mi /2 /BzmbBQM i?2`KB[m2 /2 HǶ2�m
UDi? ⇡ 10�7 Kk/bVX aǶBH MǶv �p�Bi [m2 H� /BzmbBQM i?2`KB[m2- MQi`2 +�7û b2 `27`QB/B`�Bi
2M ivTB[m2K2Mi mM2 ?2m`2X 1M T`�iB[m2- H� +QMp2+iBQM M�im`2HH2 �p2+ HǶ�B` 2i H� +QMp2+iBQM
7Q`+û2 2M bQm|�Mi MQmb T2`K2ii2Mi /2 #QB`2 MQi`2 +�7û +?�m/ �m #Qmi /2 [m2H[m2b KBMmi2bX
PM +?2`+?2 /QM+ ¨ pû`B}2` MQb ?vTQi?ĕb2b 2M +QKT�`�Mi H� +QMi`B#miBQM /2 H� /BzmbBQM �mt
�mi`2b KQ/2b /Ƕû+?�M;2 /ǶûM2`;B2 bmb+2TiB#H2b /ǶBMi2`p2MB` 2M 7�Bb�Mi �TT2H �mt MQK#`2b
�/BK2MbBQMM2HbX PM b2 /2K�M/2 2M T�`iB+mHB2` bB H� +QMp2+iBQM 7Q`+û2 T�` HǶû+QmH2K2Mi /2
p�T2m`- [mB bǶû+QmH2 ¨ H� pBi2bb2 U = 0.1� 1 K/b /�Mb H2 }HK 2bi ¨ T`2M/`2 2M +QKTi2X

*QMp2+iBQM 7Q`+û2 G2 MQK#`2 /2 Sû+H2i `2T`ûb2Mi2 H2 `�TTQ`i 2Mi`2 H2b i2KTb +�`�+iû@
`BbiB[m2b /2b i`�Mb72`ib T�` +QMp2+iBQM 2i T�` /BzmbBQMX G� +QM/m+iBQM i?2`KB[m2 ¨ i`�p2`b
H2 }HK /2 p�T2m` /ǶûT�Bbb2m` "- /Bzmb2 bm` mM i2KTb +�`�+iû`BbiB[m2 ⌧/B77 = "

2/Di?- Qɍ
Di? = �v/⇢vcpv `2T`ûb2Mi2 H� /BzmbBpBiû i?2`KB[m2 /2 H� p�T2m`- �p2+ cpv H� +�T�+Biû i?2`@
KB[m2 K�bbB[m2 /2 H� p�T2m`X *2 i2KTb- [mB 2bi /2 HǶQ`/`2 /2 H� KB+`Qb2+QM/2 UTQm` mM
}HK /ǶûT�Bbb2m` ky µKV 2bi ¨ +QKT�`2` �m i2KTb �bbQ+Bû �m i`�MbTQ`i T�` +QMp2+iBQM T�`
HǶû+QmH2K2Mi `/U X AH pB2Mi �HQ`b ,

Pe =
⇢vcpvU"

2

�v`
URXjXRV

SQm` mM û+QmH2K2Mi /2 yXR ¨ R Kfb- ûi2M/m bm` mM2 /Bbi�M+2 ` KBHHBKûi`B[m2 QM � Pe ⇡ 10�4X
§ HǶû+?2HH2 /m }HK /2 p�T2m`- H2b û+?�M;2b i?2`KB[m2b bQMi +BMûiB[m2K2Mi /QKBMûb T�` H�

kd
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/BzmbBQMX G� +QMp2+iBQM 2bi K�H;`û +2H� mM KQ/2 i`ĕb 2{+�+2 /2 i`�Mb72`i /ǶûM2`;B2X AH 7�mi
/QM+ +QKT�`2` H2b ~mt BKTHB[mûb /�Mb +2b /2mt KQ/2b /2 i`�Mb72`i /ǶûM2`;B2X PM BMi`Q/mBi
�HQ`b H2 MQK#`2 /2 Lmbb2Hi- [mB +QKT�`2 H2m` 2{+�+BiûX AH /ûT2M/ /ǶmM +Q2{+B2Mi h+QMp
/Ƕû+?�M;2 i?2`KB[m2 [mB KQ/ûHBb2 H2 ~mt û+?�M;û T�` +QMp2+iBQM j+QMp = h+QMp(T# � T )

¨ i`�p2`b mM2 BMi2`7�+2 [mB 2bi H2 bBĕ;2 /ǶmM û+QmH2K2Mi- Qɍ T# /ûbB;M2 H� i2KTû`�im`2 �m
MBp2�m /2 HǶBMi2`7�+2 2i T /�Mb H2 ~mB/2 [mB bǶû+QmH2X G2 MQK#`2 /2 Lmbb2Hi bǶû+`Bi �HQ`b ,

Nu =
h+QMp"

�v
URXjXkV

aQM ûp�Hm�iBQM 2bi +QKTHB[mû2 ¨ +�mb2 /m +�`�+iĕ`2 b2KB@2KTB`B[m2 /m +Q2{+B2Mi h+QMpX
G2 +Q2{+B2Mi /Ƕû+?�M;2 p�mi ivTB[m2K2Mi h+QMp ⇡ 100 q/Kk/E /�Mb /2b T`Q#HĕK2b /2
+QMp2+iBQM 7Q`+û2 �p2+ /2 HǶ�B`X AH /ûT2M/ /2 H� pBi2bb2 /m ~mB/2- /2 b2b T`QT`Bûiûb /2
/BzmbBQM i?2`KB[m2 2i +BMûK�iB[m2- /2 HǶûi�i /2 bm`7�+2 2i /Ƕ�mi`2b T�`�Kĕi`2bX PM i`Qmp2
�HQ`b mM MQK#`2 /2 Lmbb2Hi ivTB[m2 Nu ⇡ 10�2- 2M #QM �++Q`/ �p2+ H2b p�H2m`b i�#mHû2b eX
G2b i`�Mb72`ib ûM2`;ûiB[m2b /m bm#bi`�i +?�m/ ¨ H� ;Qmii2 b2 7QMi /QM+ T�` /BzmbBQM ¨
i`�p2`b H2 }HK /2 p�T2m`X

*QMp2+iBQM M�im`2HH2 G� /Bzû`2M+2 /2 i2KTû`�im`2 /�Mb H2 }HK T2mi û;�H2K2Mi BM/mB`2
/2b KQmp2K2Mib p2`iB+�mt /2 +QMp2+iBQM M�im`2HH2X G� p�T2m` +?�m/2 b2 /BH�i2 2i KB;`2 T�`
TQmbbû2 /Ƕ�`+?BKĕ/2X *2 KQmp2K2Mi �b+2MbBQMM2H T2mi i`�MbTQ`i2` H� +?�H2m` 2i KQ/B}2`
H2 +?�KT /2 i2KTû`�im`2X G2 i2KTb +�`�+iû`BbiB[m2 /ǶmM i2H KQmp2K2Mi bǶ2tT`BK2 2M
+QKT�`�Mi H� TQmbbû2 /Ƕ�`+?BKĕ/2- KQi`B+2- ⇢vg�v�T"

3- Qɍ �v +Q``2bTQM/ �m +Q2{+B2Mi
/2 /BH�i�iBQM i?2`KB[m2 /m ;�x U�v = 1/T TQm` mM ;�x T�`7�Bi- Qɍ T 2bi H� i2KTû`�im`2
KQv2MM2 /m ;�xV- 2i H� 7Q`+2 pBb[m2mb2X *2ii2 /2`MBĕ`2 `ûbBbi2 ¨ H� KBb2 2M KQmp2K2Mi /m
;�x ¨ mM2 pBi2bb2 U bm` H� ?�mi2m` /m }HKX G2 `�TTQ`i "/U T2`K2i /QM+ /Ƕ2tT`BK2` mM
i2KTb- [mB- `�TTQ`iû �m i2KTb /2 /BzmbBQM /û}MBi H2 MQK#`2 /2 _�vH2B;? ,

Ra =
⇢
2
vcpvg�T"

3

⌘v�v
URXjXjV

1M miBHBb�Mi H2b p�H2m`b /m i�#H2�m RXR- QM i`Qmp2 Ra ⇡ 10�5- i`ĕb T2iBi /2p�Mi HǶmMBiûX G�
+QMp2+iBQM M�im`2HH2 M2 i`�MbTQ`i2 T�b 2{+�+2K2Mi H� +?�H2m` �m b2BM /m }HKX G2 +?�KT
/2 i2KTû`�im`2 b�iBb7�Bi /QM+ #B2M HǶû[m�iBQM RXjX9X

1i H2 `�vQMM2K2Mi \ G2 /2`MB2` KQ/2 /2 i`�Mb72`i /2 +?�H2m` 2bi H2 `�vQMM2K2MiX
G2 ~mt `�/B�iB7 bm`7�+B[m2 2bi /û}MB T�` er�T

4- �p2+ er HǶûKBbbBpBiû /m +Q`Tb 2i � =

5.67 .10�8 q/Kk/E9X PM +?2`+?2 ¨ +QKT�`2` HǶ�KTHBim/2 /2b û+?�M;2b `�/B�iB7b �mt i`�Mb@
72`ib T�` +QM/m+iBQMX PM ûp�Hm2 /QM+ H2 `�TTQ`i Nur ⇠ "er�T

4
�
�v�T - �M�HQ;m2 /m

MQK#`2 /2 Lmbb2Hi- K�Bb TQm` /2b û+?�M;2b `�/B�iB7bX 1M T`2M�Mi mM2 ûKBbbBpBiû /2 HǶ2�m
er = 1- QM i`Qmp2 ivTB[m2K2Mi Nur ⇠ 10�2X �mt i2KTû`�im`2b +QMbB/û`û2b- H2b i`�Mb@
72`ib `�/B�iB7b bQMi /QKBMûb T�` H2b i`�Mb72`ib /BzmbB7b /2 +?�H2m`X G� /ûT2M/�M+2 /m ~mt
`�vQMMû pBb@¨@pBb /2 H� i2KTû`�im`2 T2mi Mû�MKQBMb /QMM2` /2 HǶBKTQ`i�M+2 ¨ +2 KQ/2- ¨

eX SQm` mM û+QmH2K2Mi H�KBM�B`2 �m /2bbmb /ǶmM2 TH�[m2 +?�m/2 `2+i�M;mH�B`2- H2 Lmbb2Hi KQv2M p�mi
Nu = 0.664Pr1/3Re1/2(kR)- Qɍ Pr 2bi H2 MQK#`2 /2 S`�M/Hi 2i Re H2 MQK#`2 /2 _2vMQH/bX

k3



i`ĕb ?�mi2 i2KTû`�im`2X

G2b MQK#`2b �/BK2MbBQMMûb TH�B/2Mi /QM+ 2M 7�p2m` /Ƕû+?�M;2b /2 +?�H2m`b /QKBMûb T�`
H� /BzmbBQM ¨ i`�p2`b H2 }HK /2 p�T2m`X

úi�#HBbb2K2Mi /m +?�KT /2 i2KTû`�im`2 /�Mb H� p�T2m`

G2b û+?�M;2b i?2`KB[m2b bQMi /QM+ T`BM+BT�H2K2Mi /2 M�im`2 /BzmbBp2X PM T2mi �HQ`b
ûi�#HB` H2 +?�KT /2 i2KTû`�im`2 T (z) /�Mb H2 }HK /ǶûT�Bbb2m` KQv2MM2 "- bQmKBb /ǶmM2 T�`i
¨ mM2 i2KTû`�im`2 T (z = 0) = Tb- BKTQbû2 T�` H� TH�[m2- 2i /Ƕ�mi`2 T�`i ¨ T (z = ") = T#
�m MBp2�m /2 HǶBMi2`7�+2 HB[mB/2@p�T2m`X 1M bi�iBQMM�B`2- H2 +?�KT /2 i2KTû`�im`2 T (z) �m
b2BM /2 H� p�T2m` pû`B}2 HǶû[m�iBQM /2 G�TH�+2 Ur2

T (z) = 0VX AH pB2Mi 2M BMiû;`�Mi ,

T (z) = Tb ��Tz/" URXjX9V

G� i2KTû`�im`2 /BKBMm2 HBMû�B`2K2Mi 2M bǶûHQB;M�Mi /2 H� TH�[m2X .�Mb H2 }HK- T p�`B2 /2
kyy�* bm` mM2 ?�mi2m` /2 20 µKX G2b T`QT`Bûiûb /2 H� p�T2m` bQMi T`Bb2b ¨ H� i2KTû`�im`2
KQv2MM2 (Tb + T#)/2- bQBi ivTB[m2K2Mi ¨ kyy�*- 2i bQMi `ûbmKû2b /�Mb H2 i�#H2�m RXRX

:`�M/2m` o�H2m`
S?�b2 ;�x2mb2 (v)

h2KTû`�im`2 KQv2MM2 T kyy�*
J�bb2 pQHmKB[m2 ⇢v yX8 F;/Kj

oBb+QbBiû /vM�KB[m2 ⌘v 20 µS�.b
*QM/m+iBpBiû i?2`KB[m2 �v jy Kq/K/E
*�T�+Biû i?2`KB[m2 K�bbB[m2 cpv k FC/F;/E

S?�b2 HB[mB/2 (`)
h2KTû`�im`2 T# Ryy�*
J�bb2 pQHmKB[m2 ⇢ N83 F;/Kj

oBb+QbBiû /vM�KB[m2 ⌘ 200 µS�.b
h2MbBQM /2 bm`7�+2 � 83 KL/K
*?�H2m` H�i2Mi2 L kkyy FCfF;

h�#H2 RXR Ĝ :`�M/2m`b i?2`KQ/vM�KB[m2b UiB`û2b /2b ai�M/�`/ _272`2M+2 .�i�V /2 HǶ2�m /�Mb b�
T?�b2 ;�x2mb2 2i /�Mb b� T?�b2 HB[mB/2 T`Bb2b �mt i2KTû`�im`2b KQv2MM2b `2bT2+iBp2b T 2i T#X

_2K�`[m2 , G� pBb+QbBiû /ǶmM HB[mB/2- �m +QMi`�B`2 /m ;�x- /BKBMm2 �p2+ H� i2KTû`�im`2X
G2 `�TTQ`i ⌘/⌘v MǶ2bi [m2 /2 Ry �mt i2KTû`�im`2b +QMbB/û`û2b- mM `�TTQ`i �bb2x BM?�#Bim2H-
[mB TQm``�Bi 2tTHB[m2` HǶ2{+�+Biû /2 HǶ2Mi`�ŗM2K2Mi /m HB[mB/2 T�` H� p�T2m`X

*QmTH�;2 i?2`KQ?v/`Q/vM�KB[m2

G� /2b+`BTiBQM Tm`2K2Mi i?2`KB[m2 �/QTiû2 Dmb[mǶ¨ T`ûb2Mi QK2i H2b +QMbB/û`�iBQMb
?v/`Q/vM�KB[m2b- Qm THmiƬi �û`Q/vM�KB[m2b- /m T`Q#HĕK2- TQm`i�Mi 2bb2MiB2HH2bX SQm`
2biBK2` HǶBKTQ`i�M+2 `2bT2+iBp2 /2 +2b +QMi`B#miBQMb- QM BMi`Q/mBi H2 MQK#`2 /2 S`�M/Hi-

kN
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[mB +QKT�`2 H� `�TB/Biû /2b T?ûMQKĕM2b i?2`KB[m2b 2i /2b T?ûMQKĕM2b ?v/`Q/vM�KB[m2b
/�Mb mM ~mB/2X AH 2bi +QMbi`mBi +QKK2 H2 `�TTQ`i 2Mi`2 H� /BzmbBpBiû +BMûK�iB[m2 bm` H�
/BzmbBpBiû i?2`KB[m2- 2i 2bi /QM+ BM?û`2Mi �m ~mB/2 +QMbB/û`ûX

Pr =
⌘cp

�
URXjX8V

.�Mb H2 +�b Qɍ Pr << 1- HǶûT�Bbb2m` i?2`KB[m2 2bi THmb ;`�M/2 [m2 HǶûT�Bbb2m` /vM�KB[m2 ,
H2 ~mB/2 2bi #QM +QM/m+i2m` /2 H� +?�H2m`X 1M `2p�M+?2- bB Pr >> 1- H2 T`Q}H /2 i2KTû`�im`2
/�Mb H2 ~mB/2 2bi 7Q`i2K2Mi BM~m2M+û T�` H2 T`Q}H /2 pBi2bb2X .�Mb H2 +�b /2b p�T2m`b /2
G2B/2M7`Qbi U2M miBHBb�Mi H2b /QMMû2b TXkNV- QM � Prv ⇠ 1X G2b û+QmH2K2Mib /�Mb H2 }HK /2
p�T2m` b2 +QmTH2Mi �mt û+?�M;2b i?2`KB[m2b 2i MQmb �HHQMb H2b +QMbB/û`2`X

RXjXj �û`Q/vM�KB[m2 /m +QmbbBM /2 p�T2m`

G� pBi2bb2 /Ƕû+?�TT2K2Mi /2 H� p�T2m` ¨ i`�p2`b H2 }HK 2bi 2biBKû2 ¨ yXk Kfb (Ry)X
GǶmiBHBb�iBQM /Ƕ�+ûiQM2- [mB �#bQ`#2 /�Mb H2b lo- T2`K2i mM2 pBbm�HBb�iBQM /B`2+i2 /2 +2i
û+?�TT2K2MiX PM TH�+2 mM2 HmKBĕ`2 lo /2``Bĕ`2 mM2 ;Qmii2 /Ƕ�+ûiQM2X G� T?QiQ;`�T?B2
/2 H� };m`2 RXRdU�V `ûpĕH2 H� T`Q/m+iBQM 2i HǶû+?�TT2K2Mi /2 p�T2m`bX GǶûp�TQ`�iBQM � HB2m
T`BM+BT�H2K2Mi T�` H� #�b2 /2 H� ;Qmii2X

αu

α u
(∘ )

-1

100

101

102

Rej

(a) (c)(b)

αu

ε

U

6B;m`2 RXRd Ĝ U�V S?QiQ;`�T?B2 /2 +Ƭiû /ǶmM2 ;Qmii2 KBHHBKûi`B[m2 /Ƕ�+ûiQM2 û+H�B`û2 T�` /2``Bĕ`2
T�` mM2 H�KT2 loX G2b p�T2m`b /Ƕ�+ûiQM2- �#bQ`#�Mi /�Mb HǶlo- bǶû+?�TT2Mi T`BM+BT�H2K2Mi T�`
H� #�b2 /2 H� ;Qmii2 2M 7�Bb�Mi mM �M;H2 ↵uX (#) AKT�+i /ǶmM D2i /2 `�vQM 9yy µK /Ƕ?mBH2 i`ĕb
pBb[m2mb2 +QMi2M�Mi /2b i`�+2m`bX G� bmT2`TQbBiBQM /2 THmbB2m`b BK�;2b /2bbBM2 H2 KQmp2K2Mi /2b
T�`iB+mH2b �/p2+iû2b T�` HǶû+QmH2K2MiX G� 7`QMiBĕ`2 2Mi`2 H2 HB[mB/2 BMD2+iû 2i H2 #�BM /û}MBi mM �M;H2
↵uX (+) *Q``2bTQM/�M+2 2Mi`2 H2 /2KB@�M;H2 /ǶQmp2`im`2 /m D2i �m MQK#`2 /2 _2vMQH/b Rej �bbQ+Bû
¨ HǶû+QmH2K2Mi �/�Tiû (kk)X

lM D2i /2 p�T2m` bǶBKK2`;2 /�Mb HǶ�B` 2MpB`QMM�Mi 2M 7�Bb�Mi mM �M;H2 ↵u ⇡ 17� �p2+
HǶ?Q`BxQMi�H2X .Ƕ�T`ĕb H2b i`�p�mt /Ƕ1iB2MM2 _2vbb�i bm` HǶûp�b2K2Mi /2 D2ib BKK2`;ûb-
BHHmbi`û T�` H2b };m`2b RXRdU�V 2i U#V- HǶ�M;H2 /ǶQmp2`im`2 /m D2i /ûT2M/ /2b +�`�+iû`BbiB[m2b
/2 HǶû+QmH2K2Mi �p�Mi ûp�b2K2Mi (kk)- 2tTHB+Biû2b bm` H� };m`2 RXRdU+VX GǶûH�`;Bbb2K2Mi /m
D2i /2 p�T2m` 2bi /B`2+i2K2Mi HBû2 ¨ b� pBi2bb2X GǶ�M;H2 2tT`BK2 H� +QKTûiBiBQM 2Mi`2 bQM
BM2`iB2 2i 7`2BM�;2 pBb[m2mtX PM BMi`Q/mBi H2 MQK#`2 /2 _2vMQH/b Rej = ⇢vU"/⌘vX SQm` H�
;Qmii2 KBHHBKûi`B[m2 /Ƕ�+ûiQM2 T?QiQ;`�T?Bû2 2M RXRdU�V- HǶQmp2`im`2 Q#b2`pû2 +Q``2bTQM/

jy



¨ mM MQK#`2 Rej ⇠ 3X PM T2mi �BMbB 2biBK2` H� pBi2bb2 /Ƕû+?�TT2K2Mi 2M bQ`iB2 /2 +QmbbBM
/ǶûT�Bbb2m` Ry ¨ ky µK- ¨ U ⇠ y.R�R K/b- 2M �++Q`/ �p2+ (N- Ry)X .�Mb +2ii2 T�`iB2- MQmb
MQmb BMiû`2bbQMb T`û+BbûK2Mi ¨ +2i û+QmH2K2Mi `�TB/2X

6Hmt /2 K�bb2 ¨ û+?�M;2`

GǶ�TTQ`i +QMbi�Mi /ǶûM2`;B2 T2`K2i mM2 T`Q/m+iBQM +QMiBMm2 /2 p�T2m`X PM bmTTQb2
[m2 H2 bm#bi`�i 7Qm`MBi bQM ûM2`;B2 T�` /BzmbBQM ¨ i`�p2`b H2 +QmbbBM /2 p�T2m`- /ǶûT�Bbb2m`
KQv2MM2 " 2i ûi2M/m bm` H� bm`7�+2 S = ⇡`

2/4X GǶ?vTQi?ĕb2 /ǶmM i`�Mb72`i /2 M�im`2
/BzmbBp2 b2`� /Bb+miû2 THmb HQBM UTXkeVX PM /`2bb2 H2 #BH�M /ǶûM2`;B2 , HǶûM2`;B2 `2Ïm2 T�` H2
HB[mB/2 T�` mMBiû /2 i2KTb T2`K2i H� T`Q/m+iBQM /ǶmM2 [m�MiBiû /m /2 p�T2m` ,

L/m =
�v�T

"
S/t URXjXeV

Qɍ L 2bi H� +?�H2m` H�i2Mi2 /2 p�TQ`Bb�iBQM /2 HǶ2�m 2i �T H� /Bzû`2M+2 /2 i2KTû`�im`2
�TTHB[mû2 �mt #Q`M2b /m }HKX 1M bi�iBQMM�B`2- H� p�T2m` M2 bǶ�++mKmH2 T�b bQmb H� M�TT2
HB[mB/2X G� [m�MiBiû /2 ;�x T`Q/mBi2 /m bǶû+?�TT2 `�/B�H2K2Mi ¨ H� pBi2bb2 U X lM #BH�M /2
[m�MiBiû /2 K�iBĕ`2 +QM/mBi ¨ ,

/m = ⇢v2⇡`"U/t URXjXdV

G� +QK#BM�BbQM /2b û[m�iBQMb RXjXe 2i RXjXd /QMM2 mM2 pBi2bb2 KQv2MM2 ,

U =
�v�T `

8⇢vL"2
URXjX3V

PM +?2`+?2 ¨ 2tT`BK2` THmb 2tTHB+Bi2K2Mi +2 [m2 p�mi +2ii2 pBi2bb2X

ú+QmH2K2Mi Hm#`B}û

PM bmTTQb2 [m2 HǶûT�Bbb2m` /m }HK /2 p�T2m` " 2bi mMB7Q`K2X 1M T�`iB+mHB2`- QM Mû;HB;2
H2b ~m+im�iBQMb bT�iB�H2b- BM/mBi2b T�` 2t2KTH2 T�` H� T`ûb2M+2 H� TQ+?2 /2 p�T2m` Qm
/ǶQM/2b /2 bm`7�+2- bmTTQbû2b /Ƕ�KTHBim/2 Mû;HB;2�#H2b /2p�Mi "X GǶû+QmH2K2Mi /2 p�T2m`
2bi +�`�+iû`Bbû T�` mM MQK#`2 /2 _2vMQH/b- [mB +QKT�`2 H2b 2z2ib BM2`iB2Hb ⇢vU

2
`" ¨ H�

/BbbBT�iBQM pBb[m2mb2 ⌘v
U
" `

2 ,

Re =
⇢vU"

2

⌘v`
URXjXNV

1M T`2M�Mi mM2 pBi2bb2 U +QKT`Bb2 2Mi`2 yXR 2i R Kfb- 2i 2M miBHBb�Mi H2b +�`�+iû`BbiB[m2b
T?vbB[m2b /2 H� p�T2m` /Ƕ2�m- T`Bb2b ¨ b� i2KTû`�im`2 KQv2MM2 Ui�#H2�m RXR ¨ H� T�;2 kNV-
QM i`Qmp2 Re = 10�3

<< 1X G� p�T2m` +`ûû2 T�` ûp�TQ`�iBQM- bQmi2Mm2 T�` /BzmbBQM /2
H� +?�H2m` /2 H� TH�[m2 ¨ i`�p2`b H2 }HK- bǶû+?�TT2 /2 K�MBĕ`2 H�KBM�B`2X 1M bmTTQb�Mi
+2i û+QmH2K2Mi BMp�`B�Mi T�` `Qi�iBQM �miQm` /2 HǶ�t2 p2`iB+�H- QM /û+QKTQb2 H� pBi2bb2 �!

u

2M Uur- uzV b2HQM H2b /B`2+iBQMb Ur- zVX GǶû[m�iBQM /2 +QMiBMmBiû ;�`�MiBi �HQ`b [m2 r�!
u =

@rur + @zuz = 0X .�Mb H� /B`2+iBQM r- H2b ;`�M/2m`b p�`B2Mi bm` H� HQM;m2m` +�`�+iû`BbiB[m2

jR
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`- i`ĕb ;`�M/2 /2p�Mi H� HQM;m2m` +�`�+iû`BbiB[m2 "- /2 p�`B�iBQM bmBp�Mi zX G� ;ûQKûi`B2
ûiB`û2 7Q`+2 /QM+ mM û+QmH2K2Mi `�/B�HX G2 +?�KT /2 pBi2bb2 `2+?2`+?û 2bi /2 H� 7Q`K2 �!

U =
�!
ur(r, z)X aQmb +2b ?vTQi?ĕb2b- [mB /û}MBbb2Mi H2 +�/`2 /2 HǶ�TT`QtBK�iBQM /2 H� Hm#`B}+�iBQM-
QM Q#iB2Mi- 2M T`QD2i�Mi `�/B�H2K2Mi 2i p2`iB+�H2K2Mi- H2b û[m�iBQMb bi�iBQMM�B`2b ,

8
>><

>>:

@
2
ur

@z2
=

1

⌘v

@P

@r

@P

@z
= 0

URXjXRyV

AH bm{i /ûbQ`K�Bb /2 b2 KmMB` /2 /2mt +QM/BiBQMb �mt HBKBi2b TQm` TQmpQB` BMiû;`2`X G�
T`2KBĕ`2 +QM/BiBQM +QMbBbi2 ¨ T`2M/`2 mM2 pBi2bb2 MmHH2 �m MBp2�m /2 H� TH�[m2 BKKQ#BH2X
G� /2mtBĕK2 +QM/BiBQM- `2H�iBp2 ¨ HǶBMi2`7�+2 HB[mB/2@p�T2m` 2bi THmb +QKTH2t2X .�Mb mM
T`2KB2` i2KTb U2i +QKK2 QM i`Qmp2 /�Mb H� HBiiû`�im`2 (Ry)V- QM +QMbB/ĕ`2 mM2 +QM/BiBQM
/Ƕ�MMmH�iBQM /2 H� pBi2bb2 2M z = "X GǶû[m�iBQM RXjXRy /QMM2- �T`ĕb BMiû;`�iBQM- mM T`Q}H
/2 SQBb2mBHH2 ,
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G2 ;`�/B2Mi /2 T`2bbBQM `�/B�H- KQi2m` /2 HǶû+QmH2K2Mi- `2bi2 ¨ 2tTHB+Bi2`X PM /BbiBM;m2
TQm` +2H� H2 `û;BK2 ;`�pBi�B`2- /m `û;BK2 +�TBHH�B`2X

_û;BK2 /2 ~�[m2 R > 1 G� T`2bbBQM P (r)- 2t2`+û2 T�` H� p�T2m` bm` H� bm`7�+2 S /QBi
bmTTQ`i2` H2 TQB/b /2 H� ~�[m2X PM bmTTQb2 [m2 H� ~�[m2 � mM2 ;ûQKûi`B2 +vHBM/`B[m2- /2
`�vQM RX GǶû[mBHB#`2 b2 i`�/mBi �HQ`b T�` ,
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U7�B#H2V /m }HK �p2+ H� i2KTû`�im`2 2i �p2+ H2 `�vQM /2 H� ~�[m2 dX

dX aB HǶQM p2mi āi`2 THmb T`û+Bb- QM +Q``B;2 HǶ�B`2 /2 H� #�b2 T�` S = ⇡(R � 0.526�1)2- 2M T�`iB+mHB2`
HQ`b[m2 R ⇠ 1- +2 [mB � i2M/�M+2 ¨ /BKBMm2` "X
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_û;BK2 /2 ;Qmii2H2ii2b R < 1 G� T`2bbBQM P (r) � mM2 Q`B;BM2 +�TBHH�B`2X G� +QM/BiBQM
/Ƕû[mBHB#`2 b2 i`�/mBi T�` HǶû[m�iBQM ,
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G� 7Q`KmH2 /QMM2 �mbbB mM }HK /ǶmM2 pBM;i�BM2 /2 KB+`QMb- [mB bǶûT�BbbBi HQ`b[m2 H� i2K@
Tû`�im`2 T 2i H2 `�vQM R �m;K2Mi2Mi- �p2+ mM2 b2MbB#BHBiû �++`m2 T�` `�TTQ`i �mt ~�[m2bX

*QM/BiBQM HBKBi2 ¨ HǶBMi2`7�+2 HB#`2 HB[mB/2@p�T2m` G2b Q`/`2b /2 ;`�M/2m` [mǶQM
Q#iB2Mi T�` +2b HQBb /Ƕû+?2HH2b bm`2biBK2Mi H2b ûT�Bbb2m`b K2bm`û2b bm` H� };m`2 RXR8U#VX J�Bb
H� +QM/BiBQM �mt HBKBi2b T`Bb2 /�Mb HǶBMiû;`�iBQM /m T`Q}H /2 pBi2bb2 2bi /Bb+mi�#H2X G2 HB[mB/2
bǶûp�TQ`2 �m MBp2�m /2 HǶBMi2`7�+2 HB#`2 2i /2b û+QmH2K2Mib ¨ HǶBMiû`B2m` /m HB[mB/2 T2mp2Mi
�pQB` HB2m UMQmb /Bb+mi2`QMb H2m` 2tBbi2M+2 �m +?�TBi`2 9VX G� +QM/BiBQM /2 +QMiBMmBiû /2b
pBi2bb2b MǶ2bi /QM+ T�b `B;Qm`2mb2X PM T`QTQb2 /Ƕ2t�KBM2` H� bi`m+im`2 /2 HǶû+QmH2K2Mi
Q#i2Mm2 2M +QMbB/û`�Mi mM2 +QM/BiBQM /Ƕû;�HBiû /2b +QMi`�BMi2b i�M;2MiB2HH2b ¨ HǶBMi2`7�+2 ,
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G2 ;HBbb2K2Mi ¨ HǶBMi2`7�+2 p�T2m`f2�m 2M;2M/`2 mM2 ûp�+m�iBQM THmb �Bbû2 2i /QM+ mM2
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URXjXRNV

G� /ûT2M/�M+2 pBb@¨@pBb /2b T�`�Kĕi`2b 2tTû`BK2Mi�mt 2bi BM+?�M;û2 K�Bb H2 7�+i2m`
MmKû`B[m2 [mB bQ`i /2 HǶBMiû;`�iBQM /m +?�KT /2 pBi2bb2 2bi KQ/B}ûX G2b ûT�Bbb2m`b Q#@
i2Mm2b �p2+ +2ii2 +QM/BiBQM �mt HBKBi2b p�H2Mi 4�1/4 ⇡ 0.7 7QBb +2HH2b �MMQM+û2b T�` H2b
HQBb RXjXRe 2i RXjXR9- +2 [mB T2mi 2tTHB[m2` H� bm`2biBK�iBQM /2b ûT�Bbb2m`b `�TTQ`iû2X PM b2
T`QTQb2 /2 K2bm`2` HǶûT�Bbb2m` /m +QmbbBM bQmb mM2 ;Qmii2- 2M HûpBi�iBQM �m@/2bbmb /ǶmM2
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;�H2ii2 /2 bBHB+BmK +?�m/2 2i `û~û+?Bbb�Mi2X PM KQMi2 bm` mM2 +�Kû`� `�TB/2 mM Q#D2+iB7 /2
KB+`Qb+QT2 ⇥4- T�`+Qm`m T�` mM2 }#`2 QTiB[m2 �}M /Ƕ�+?2KBM2` H� HmKBĕ`2X PM `2T`ûb2Mi2
bm` H� };m`2 RXR3U�V mM 2t2KTH2 /ǶBK�;2- Qɍ HǶQM pQBi H� #�b2 /2 H� ;Qmii2 2i b� `û~2tBQM
/�Mb H2 bm#bi`�iX PM Q#b2`p2 �p2+ mM Hû;2` �M;H2 U⇡ 2�V T�` `�TTQ`i ¨ HǶ?Q`BxQMi�H2- +2 [mB
T2`K2i UTQm` /2b ;Qmii2b /2 i�BHH2 `�BbQMM�#H2V /2 pBbm�HBb2` H� /û7Q`K�iBQM /2 H� TQ+?2
+2Mi`�H2 /2 p�T2m`X G2 T`Q}H 2bi `2+QMbi`mBi U};m`2 RXR3U#VVX PM /û}MBi �HQ`b H� `û;BQM /m
M2+F- +Ƕ2bi@¨@/B`2 HǶ2M+QHm`2 Tû`BT?û`B[m2 /2 H� #�b2- Qɍ HǶûT�Bbb2m` /m }HK /2 p�T2m` 2bi
KBMBK�H2 "n = KBM(")- 2i H� `û;BQM /2 H� TQ+?2- �m +2Mi`2- Qɍ HǶûT�Bbb2m` 2bi K�tBK�H2X
PM MQi2 �HQ`b "p HǶ�KTHBim/2 /2 H� TQ+?2 i2HH2 [m2 ("n + "p) = K�t(")X
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6B;m`2 RXR3 Ĝ U�V "�b2 /ǶmM2 ;Qmii2H2ii2 KBHHBKûi`B[m2 UR = 1.1 KKV +�Hû}û2 bm` mM bm#bi`�i
¨ j8y�*X GǶBK�;2- T`Bb2 ¨ H� +�Kû`� `�TB/2- û[mBTû2 /ǶmM Q#D2+iB7 /2 KB+`Qb+QT2 ⇥4 2i /ǶmM2
}#`2 QTiB[m2 `ûpĕH2 /2mt `û;BQMb , H� +QMbi`B+iBQM Tû`BT?û`B[m2 /2 H� #�b2 Up2`iV- Qɍ HǶûT�Bbb2m`
/m }HK "n 2bi KBMBK�H2- 2i H� `û;BQM +2Mi`�H2 /2 H� TQ+?2 /2 p�T2m` U#H2m2V- /ǶûT�Bbb2m` ("n +
"p) U�p2+ "p HǶ�KTHBim/2 /2 H� TQ+?2V 2bi K�tBK�H2X (#) S`Q}H `2+QMbi`mBi /2 HǶBMi2`7�+2 HB[mB/2@
p�T2m`X (+) úT�Bbb2m`b "n 2i ("n + "p) 2M 7QM+iBQM /m `�vQM R K2bm`ûb bm` mM bm#bi`�i +?�mzû ¨
j8y�*X (/) úT�Bbb2m`b Q#i2Mm2b bm` mM bm#bi`�i +?�mzû ¨ 9jy�*X G2b /QMMû2b bQMi +QKT�`û2b ¨
HǶûT�Bbb2m` �ii2M/m2 �p2+ mM2 +QM/BiBQM ǴMQ bHBTǴ Uû[m�iBQM RXjXReV Qm ǴMQ bi`2bbǴ Uû[m�iBQM RXjXRNV
¨ HǶBMi2`7�+2X

PM TQ`i2 �HQ`b bm` H� };m`2 RXR3U+V HǶûT�Bbb2m` /m }HK K2bm`û2 bm` mM bm#bi`�i ¨
j8y�* 2i �m MBp2�m /m M2+F Up2`iV 2i +2HH2 �m MBp2�m /2 H� TQ+?2 +2Mi`�H2 U#H2mVX G�
;�KK2 /2 `�vQMb 2tTHQ`ûb 2bi HBKBiû2 TmBb[mǶBH 2bi /B{+BH2 /ǶQ#b2`p2` bQmb /2b ~�[m2b
THmb ûi2M/m2bX PM bmT2`TQb2 �HQ`b H2b ûT�Bbb2m`b �ii2M/m2b /�Mb +2 `û;BK2 UR < 1V
/�Mb H2 +�b Qɍ HǶQM +QMbB/ĕ`2 H� +QM/BiBQM /2 MQM ;HBbb2K2Mi ¨ HǶBMi2`7�+2 HB[mB/2@p�T2m`
UiB`2ib #H2mb- û[m�iBQM RXjXReV 2i H� +QM/BiBQM /2 +QMiBMmBiû /2b +QMi`�BMi2b i�M;2MiB2HH2b ¨
HǶBMi2`7�+2 HB#`2 UTQBMiBHHûb p2`ib- û[m�iBQM RXjXRNVX G� /BKBMmiBQM /2 ` BM/mBi2 T�` HǶ�B;mBHH2-
[mB b2`i ¨ HǶBKKQ#BHBb�iBQM /m HB[mB/2 2i [mB �HHĕ;2 H2 TQB/b /2 H� ;Qmii2- 2bi T`Bb2 2M
+QKTi2 U};m`2 RXRjVX PM +QMbi�i2 [m2 H2b T`û/B+iBQMb /QMMû2b T�` H� +QM/BiBQM /2 MQM
;HBbb2K2Mi bm`@2biBK2Mi H2b ûT�Bbb2m`b- T�`iB+mHBĕ`2K2Mi HǶûT�Bbb2m` Tû`BT?û`B[m2 "nX G�
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+QM/BiBQM /Ƕû;�HBiû /2b +QMi`�BMi2b /QMM2- [m�Mi ¨ 2HH2- mM2 ûT�Bbb2m` +QKT`Bb2 2Mi`2 H2b
ûT�Bbb2m`b K2bm`û2b �m MBp2�m /m M2+F "n 2i /2 H� TQ+?2 ("n + "p)X GǶ2tTû`B2M+2 +QM/mBi2
¨ 9jy�* KĕM2 �mt KāK2b +QM+HmbBQMb U};m`2 RXR3U/VVX G� +QM/BiBQM /2 +QMiBMmBiû /2b
+QMi`�BMi2b ¨ HǶBMi2`7�+2 HB#`2 �TT�`�ŗi /QM+ THmb `û�HBbi2 2i b2`� +QMbB/û`û2 /�Mb H� bmBi2 /2
+2 K�Mmb+`BiX PM TQ`i2 bm` H� };m`2 RXRN HǶûpQHmiBQM i?ûQ`B[m2 /2 HǶûT�Bbb2m` " 2M 7QM+iBQM
/2 R T`û/Bi2 TQm` /2b `�vQMb bǶû+?2HQMM�Mi /2 y ¨ Ry KKX PM i`�+2 H2b T`û/B+iBQMb Q#i2Mm2b
�p2+ H� +QM/BiBQM i`�/BiBQMM2HH2 /2 MQM ;HBbb2K2Mi UTQBMiBHHûb #H2mbV 2i MQb T`û/B+iBQMb-
Q#i2Mm2b 2M T`û7û`�Mi H� +QM/BiBQM /2 +QMiBMmBiû /2b +QMi`�BMi2b i�M;2MiB2HH2b ¨ HǶBMi2`7�+2-
2i 2M +Q``B;2�Mi HǶ�B`2 S `û2HH2 /2 +QMi�+i Uû[m�iBQM RXkXdVX
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6B;m`2 RXRN Ĝ U�V úT�Bbb2m` KQv2MM2 " 2M 7QM+iBQM /m `�vQM R /2 H� ;Qmii2X G2b i`�Bib TQBMiBHHûb
#H2mb +Q``2bTQM/2Mi �mt T`û/B+iBQMb /2 H� HBiiû`�im`2 UQ#i2Mm2b �p2+ mM2 +QM/BiBQM /2 MQM ;HBbb2K2Mi
¨ HǶBMi2`7�+2 HB[mB/2@p�T2m`V c H� +Qm`#2 p2`i2 +Q``2bTQM/ ¨ MQb T`û/B+iBQMb UQ#i2Mm2b �p2+ mM2
+QM/BiBQM /Ƕû;�HBiû /2b +QMi`�BMi2b i�M;2MiB2HH2b ¨ HǶBMi2`7�+2 HB#`2 2i 2M +Q``B;2�Mi HǶûi2M/m2 /2 H�
#�b2 /2b ;Qmii2b T�` HǶû[m�iBQM RXkXdVX

LQmb �pQMb 7�Bi p�`B2` H� i2KTû`�im`2 /m bm#bi`�i bm` mM bT2+i`2 THmb H�`;2 /2 i2K@
Tû`�im`2b U};m`2 RXkRVX GǶûT�Bbb2m` /m }HK /2 p�T2m` �m;K2Mi2 �p2+ T X AH 2bi BMiû`2bb�Mi
/2 `2K�`[m2` [m2 HǶ�KTHBim/2 /2 H� TQ+?2 /2 p�T2m` "p- [mB +Q``2bTQM/ ¨ HǶû+�`i 2Mi`2 H2b
/2mt +Qm`#2b- �m;K2Mi2 THmb `�TB/2K2Mi [m2 "n �p2+ T X
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/m bm#bi`�i +?�mzûX G2 `�vQM /2 H� ;Qmii2 p�mi R = 1.0± 0.3 KKX
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JQ`T?QHQ;B2 /m +QmbbBM /2 p�T2m` 2i û[m�iBQM /m }HK KBM+2

G2 +QmbbBM /2 p�T2m` T`ûb2Mi2 mM ûT�BbbBbb2K2Mi �m MBp2�m /2 H� TQ+?2 [m2 MQmb �pQMb
Mû;HB;û Dmb[mǶ¨ T`ûb2Mi 2M bmTTQb�Mi [m2 HǶBMi2`7�+2 HB[mB/2@p�T2m` ûi�Bi TH�M2 2i T�`�HHĕH2
�m bm#bi`�i +?�m/X .2 H� p�T2m` b2 7Q`K2 bQmb H2b ;Qmii2b 2i b2K#H2 +`2mb2` HQ+�H2K2Mi
HǶBMi2`7�+2X G2b /û7Q`K�iBQMb BM/mBi2b- ¨ T2BM2 pBbB#H2b bQmb mM2 T2iBi2 ;Qmii2 U};m`2 RXR3U�@
#VV- bQMi /Ƕ�mi�Mi THmb K�`[mû2b [m2 H� ~�[m2 2bi ûi2M/m2 U};m`2 RX3V- H2 +�b 2ti`āK2 ûi�Mi
+2HmB /2b +?2KBMû2b U};m`2 RXNV- Q#b2`pû2b /�Mb H� HBKBi2 R & 4�1X GǶ�TT`QtBK�iBQM /ǶmM2
ûT�Bbb2m` /2 }HK ?QKQ;ĕM2 2bi `2KBb2 2M +�mb2X

LQmb ûi�#HBbbQMb B+B H2b û[m�iBQMb HQ+�H2b [mB ;Qmp2`M2Mi HǶûT�Bbb2m` /m }HK /2 p�T2m`
"(r, t)X PM `2T`2M/ HǶ2tT`2bbBQM /2 H� pBi2bb2 /�Mb H2 }HK /2 p�T2m` U2[XRXjXR3VX G2 ~mt
pQHmKB[m2 /2 p�T2m` /�Mb H2 }HK U2M bmTTQb�Mi [m2 H� pBi2bb2 /m ;�x bQBi MmHH2 2M z = 0

2i HǶû;�HBiû /2b +QMi`�BMi2b i�M;2MiB2HH2b ¨ HǶBMi2`7�+2 z = "(r, t)V 2bi /û}MB T�` ,
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PM +QK#BM2 H2b û[m�iBQMb RXjXky 2i RXjXkRX G� /vM�KB[m2 /m }HK KBM+2 2bi /QMMû2 T�` ,
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*2ii2 û[m�iBQM T2`K2i /QM+ /Ƕ2biBK2` H2 i2KTb +�`�+iû`BbiB[m2 ⌧t /m `û;BK2 i`�MbBiQB`2
/Ƕûi�#HBbb2K2Mi /m }HKX .�Mb H� T?�b2 /2 7Q`K�iBQM /m }HK- H2b ûT�Bbb2m`b bQMi 7�B#H2b
bB #B2M [m2 H2 i2`K2 +2Mi`�H2 /2 Hm#`B}+�iBQM 2bi Mû;HB;2�#H2X G2b i2`K2b /QKBM�Mi /2
HǶû[m�iBQM RXjXkk bQMi H2 i2`K2 BMbi�iBQMM�B`2 2i H2 i2`K2 /2 ~mt i?2`KB[m2X GǶûT�Bbb2m` "

bmBi �HQ`b mM2 HQB /BzmbBp2 2M
p
tX 1M +QKT�`�Mi +2b /2mt i2`K2b 2M HQB /Ƕû+?2HH2- QM i`Qmp2

[mǶmM }HK /ǶûT�Bbb2m` }M�H2 " ⇡ 20 µK b2 7Q`K2 2M ivTB[m2K2Mi ⌧t ⇠ ⇢vL"2
�
�v�T ⇡ 50 µb

U2M T`2M�Mi H2b /QMMû2b /m i�#H2�m RXRVX

S�bbû +2 /ûH�B- H2 i2`K2 BMbi�iBQMM�B`2 /2 HǶû[m�iBQM RXjXkk T2mi āi`2 Mû;HB;ûX PM b2
TH�+2 ¨ T`ûb2Mi 2M `û;BK2 bi�iBQMM�B`2X AH `2bi2 /QM+ ¨ 2tTHB+Bi2` H� T`2bbBQM /�Mb H2 }HK /2
p�T2m`X G2 b�mi /2 T`2bbBQM ¨ HǶBMi2`7�+2 HB[mB/2 p�T2m` +QKTi2 mM2 +QMi`B#miBQM +�TBHH�B`2-
HBû2 ¨ H� +Qm`#m`2 HQ+�H2 /2 HǶBMi2`7�+2- MQiû2 (r)- 2i mM2 +QMi`B#miBQM ;`�pBi�B`2- HBû2 ¨ H�
T`2bbBQM ?v/`Qbi�iB[m2 2t2`+û2 T�` H� +QHQMM2 /2 ~mB/2 bmTTQ`iû2 T�` H2 }HK- /2 ?�mi2m`
(h(r) � "(r))- �p2+ h(r) H� ?�mi2m` HQ+�H2 /2 H� ;Qmii2X SQm` mM2 ?�mi2m` mMB7Q`K2 UT�`
2t2KTH2 TQm` mM2 ~�[m2V- 2i TQm` /2b T2Mi2b 7�B#H2b- @"/@r << 1- H2 ;`�/B2Mi /2 T`2bbBQM
bmBp�Mi r bǶû+`Bi , @rP = �⇢g@r"(r)��@rrr"(r) UQɍ H� MQi�iBQM @rp /ûbB;M2 H� /û`Bpû2 p

BĕK2
.

je



T�` `�TTQ`i ¨ rVX PM i`Qmp2 /QM+ HǶû[m�iBQM HQ+�H2 [mB ;Qmp2`M2 HǶûT�Bbb2m` /m }HK ,

⇢v

3⌘v

1

r

@

@r

✓
"
3(r)

✓
⇢g

@"(r)

@r
+ �

@
3
"(r)

@r3

◆◆
� �v�T

L"(r) = 0 URXjXkjV

GǶûT�Bbb2m` HQ+�H2 "(r) 2bi /B+iû2 T�` H2 ;`�/B2Mi HQ+�H /2 T`2bbBQM ?v/`Qbi�iB[m2- H2
;`�/B2Mi /2 T`2bbBQM /2 G�TH�+2 2i T�` H2 i2`K2 /2 T`Q/m+iBQM /2 p�T2m`X

ai�#BHBiû /m }HK KBM+2

PM T2mi b2 /2K�M/2` [m2HH2 2bi H� bi�#BHBiû /ǶmM i2H }HKX 1M 2z2i- H� p�T2m`- KQBMb
/2Mb2- /QBi bmTTQ`i2` /m HB[mB/2X *2ii2 bBim�iBQM 2bi BMbi�#H2 �m b2Mb /2 _�vH2B;?@h�vHQ`X
aQmb HǶ�+iBQM /2 H� ;`�pBiû- H2 ~mB/2 bmTû`B2m`- THmb /2Mb2- /û7Q`K2 HǶBMi2`7�+2X G2b 7Q`+2b /2
i2MbBQM /2 bm`7�+2 bǶQTTQb2Mi Mû�MKQBMb ¨ +2b /û7Q`K�iBQMb 2i `�T2HH2Mi +2ii2 BMi2`7�+2X §
HǶBMi2`7�+2- �TT�`�Bbb2Mi /2b QM/mH�iBQMb /QMi H� HQM;m2m` /ǶQM/2 2bi /QMMû2 T�` HǶû[mBHB#`2
2Mi`2 H� T`2bbBQM /2 G�TH�+2 2i H� T`2bbBQM ?v/`Qbi�iB[m2 , 2M �tBbvKûi`B[m2- +2ii2 HQM;m2m`
/ǶQM/2 bǶû+`Bi �_h ⇡ 7.6�1 2i p�mi ivTB[m2K2Mi ky KK /�Mb H2 +�b /2 HǶ2�m ¨ Ryy�*X PM
T2mi �BMbB +QMbB/û`2` [m2 TQm` /2b ;Qmii2b �TH�iB2b bm` mM2 /Bbi�M+2 ` < �_h �m MBp2�m /2
H2m` #�b2- HǶBMi2`7�+2 `2bi2 bi�#H2 �m b2Mb /2 +2ii2 BMbi�#BHBiûX

(a) (b)
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(c)

6B;m`2 RXkR Ĝ U�V S`Q}Hb bBKTHB}ûb /2b pBi2bb2b �m pQBbBM�;2 /ǶmM2 BMi2`7�+2 bi`�iB}û2 2i +Bb�BHHû2X
G2 ~mB/2 bmTû`B2m`- /2 /2MbBiû ⇢- 2bi �MBKû /2 H� pBi2bb2 V - i�M/Bb [m2 H2 ~mB/2 BM7û`B2m`- /2 /2MbBiû
⇢v- bǶû+QmH2 ¨ H� pBi2bb2 U X G2b /2mt ~mB/2b- MQM KBb+B#H2b bQMi +�`�+iû`Bbûb T�` mM2 i2MbBQM /2
bm`7�+2 �X (#) �HHm`2 [m�HBi�iBp2 /2 H� +Qm`#2 /2 bi�#BHBiû K�`;BM�H2 U U/�Mb mM2 mMBiû �`#Bi`�B`2V
2M 7QM+iBQM /m MQK#`2 /ǶQM/2 k- MQ`K�HBbû T�` kc =  TQm` V = 0X G2 /QK�BM2 bmTû`B2m` `Qm;2
+Q``2bTQM/ ¨ mM2 bBim�iBQM /2 +Bb�BHH2K2Mi BMbi�#H2- H2 /QK�BM2 #H2m 2bi bi�#H2X (+) úpQHmiBQM /m
+�``û /m i�mt /2 +`QBbb�M+2 �

2 /2 HǶBMbi�#BHBiû U/�Mb mM2 mMBiû �`#Bi`�B`2V 2M 7QM+iBQM /2 k/kcX G2b
i`QBb +Qm`#2b- Q#i2Mm2b TQm` /2b pBi2bb2b U /Bzû`2Mi2b BHHmbi`2Mi H2 +�b bi�#H2 UTQBMiBHHû #H2mV- H2 +�b
+`BiB[m2 Ui`�Bi TH2BM #H2mV 2i H2 +�b K�`;BM�H2K2Mi BMbi�#H2 Ui`�Bi TH2BM `Qm;2VX

GQ`b[m2 H2 p2Mi bQm|2 bm` mM H�+ T�` 2t2KTH2- /2 T2iBi2b `B/2b T2mp2Mi �TT�`�ŗi`2X

jd
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*Ƕ2bi HǶBMbi�#BHBiû /2 +Bb�BHH2K2Mi /Bi2 /2 E2HpBM@>2HK?QHix U+QM};m`�iBQM BHHmbi`û2 bm` H�
};m`2 RXkRU�VVX G� /Bzû`2M+2 /2 pBi2bb2 2Mi`2 H� p�T2m` 2i H2 HB[mB/2 T2mi /ûbi�#BHBb2`
HǶBMi2`7�+2 HB[mB/2@p�T2m` T�` mM Kû+�MBbK2 bBKBH�B`2X G2 HB[mB/2 bmTû`B2m`- bmTTQbû �m
`2TQb UV = 0V- 2bi +Bb�BHHû T�` H� p�T2m` ¨ H� pBi2bb2 U X PM MQi2 k H2 MQK#`2 /ǶQM/2
Uk = 2⇡/�V �bbQ+Bû �mt QM/2b 2M;2M/`û2b ¨ HǶBMi2`7�+2X GǶ�M�Hvb2 /2 bi�#BHBiû /2 +2ii2
bBim�iBQM /QMM2 H2b +QM/BiBQMb /2 bi�#BHBiû /2 HǶBMi2`7�+2- `2T`ûb2Miû2b bm` H2 /B�;`�KK2
U = f(k/kc) bm` H� };m`2 RXkRU#VX GǶBMbi�#BHBiû b2 /ûp2HQTT2 bB H� pBi2bb2 U /2 H� p�T2m`
2t+ĕ/2 mM2 +2`i�BM2 p�H2m` (kj) ,

U
2
>

⇢
2
v � ⇢

2

⇢⇢v

g

k

�
1� (k/kc)

2
�

URXjXk9V

�p2+ kc = 1/�1 2i �c = 2⇡/kc ⇡ 15.7 KKX G� };m`2 RXkRU+V /QMM2 HǶ�HHm`2 /m i�mt
/2 +`QBbb�M+2 �m +�``û �

2 2M 7QM+iBQM /2 k/kc TQm` /Bzû`2Mi2b pBi2bb2b U /2 H� p�T2m`X
*2ii2 BMbi�#BHBiû /2 +Bb�BHH2K2Mi pBb[m2mt 2bi bmb+2TiB#H2 /2 /ûbi�#BHBb2` HǶBMi2`7�+2 HB[mB/2@
p�T2m`- K�Bb H2b HQM;m2m`b /ǶQM/2 [mB H� +�`�+iû`Bb2Mi bQMi i`ĕb ;`�M/2b ¨ HǶû+?2HH2 /ǶmM2
;Qmii2X LQmb �pQMb +?2`+?û ¨ pû`B}2` bB HǶBMi2`7�+2 HB[mB/2 p�T2m` 2bi +QM+2`Mû2 T�` +2ii2
BMbi�#BHBiûX

(b)(a) (c)

U

ε

λ

20 mm 20 mm

λ

6B;m`2 RXkk Ĝ U�V a+?ûK�iBb�iBQM /2 HǶ2tTû`B2M+2 , mM +vHBM/`2 +?�mzû ¨ 9yy�* 2bi BMi`Q/mBi /�Mb
mM #�BM /Ƕ2�m UT`û+?�mzûVX lM TH�bi`QM /2 p�T2m` /ǶûT�Bbb2m` " b2 7Q`K2- 2i �++m2BHH2 mM û+QmH2K2Mi
¨ H� pBi2bb2 U X (#) om2 /2 +Ƭiû 2M `ûi`Qû+H�B`�;2 /m +vHBM/`2X GǶBMi2`7�+2 HB[mB/2@p�T2m` �++m2BHH2
/2b QM/2b [mB T`Q;`2bb2Mi p2`b H2 ?�miX (+) om2 2M û+H�B`�;2 /B`2+i /2 H� bm`7�+2 /m +vHBM/`2X lM
KQiB7 `û;mHB2` /2 HQM;m2m` /ǶQM/2 � = 16.2 ± 0.5 KK �TT�`�ŗi- T`Q;`2bb�Mi ¨ H� pBi2bb2 /2b QM/2b
+�TBHH�B`2bX 1tTû`B2M+2 `û�HBbû2 �p2+ CQ�+?BK .2H�MMQvX

SQm` +2 7�B`2- MQmb �pQMb +QMbB/û`û mM bvbiĕK2 /2 /BK2MbBQMb bmTû`B2m`2b ¨ �cX PM
+?�mz2 ¨ 2MpB`QM 9yy�* mM +vHBM/`2 /2 ky KK /2 `�vQM 2i /2 Ryy KK /2 ?�mi- b+?ûK�iBbû
bm` H� };m`2 RXkkU�VX G2 +vHBM/`2 2bi �HQ`b BMi`Q/mBi /�Mb mM #�BM K�BMi2Mm ¨ mM2 i2KTû`�@
im`2 T`Q+?2 /2 H� i2KTû`�im`2 /Ƕû#mHHBiBQM /m HB[mB/2X lM }HK /2 p�T2m` bǶBMi2`+�H2 2Mi`2
H2 +vHBM/`2 2i H2 HB[mB/2X 1M Q#b2`p�Mi ¨ H� +�Kû`� `�TB/2- QM Q#b2`p2 H� T`ûb2M+2 /ǶQM/2b

j3



/2 bm`7�+2 2bT�+û2b /2 � = 16.2 ± 0.5 KK URXkkU#@+VV- +QKT�`�#H2 ¨ H� p�H2m` �c T`û/Bi2
U2i #B2M bmTû`B2m`2 �mt `�vQMb /2 ;Qmii2b mbm2HbVX

_2K�`[m2 , *2ii2 /Bb+mbbBQM bm` H� bi�#BHBiû /m }HK M2 T`2M/ T�b 2M +QKTi2 HǶûp�TQ`�@
iBQMX G2 bB;M2 [mB };m`2 /2p�Mi H2 i2`K2 /Ƕûp�TQ`�iBQM /2 HǶû[m�iBQM RXjXkk bm;;ĕ`2 [mǶ2HH2
DQm2 mM `ƬH2 bi�#BHBb�MiX G2b 2t+`QBbb�M+2b bQMi Ǵû`Q/û2bǴ- +2 [mB HBKBi2 � T`BQ`B H2b /û7Q`@
K�iBQMbX G2 +�b /ǶmM +Bb�BHH2K2Mi pBb[m2mt bm` mM2 BMi2`7�+2 HB[mB/2@p�T2m` BMbi�#H2K2Mi
bi`�iB}û2 2i bQmKBb2 ¨ mM û+QmH2K2Mi /2 p�T2m` H2 HQM; /2 HǶBMi2`7�+2 bǶûp�TQ`�Mi � ûiû
2MpBb�;û i?ûQ`B[m2K2Mi T�` �/?�K@E?Q/�T�`�bi 2i �HX (k9)X *2b �mi2m`b KQMi`2Mi [m2 bB
HǶûp�TQ`�iBQM bi�#BHBb2 HǶBMbi�#BHBiû _�vH2B;? h�vHQ`- 2HH2 2bi /û7�pQ`�#H2 �m b2Mb /2 HǶBMbi�@
#BHBiû /2 E2HpBM@>2HK?QHixX

RXjX9 "BH�M /ǶûM2`;B2 `2Ïm2 T�` H2 HB[mB/2

GQB /2 /û+`QBbb�M+2 R(t)

PM b2 T`QTQb2 /2 +�`�+iû`Bb2` HǶûpQHmiBQM /m `�vQM /ǶmM2 ;Qmii2 +�Hû}û2X PM K2bm`2 bQM
`�vQM R �m +Qm`b /m i2KTbX G� ;Qmii2 2bi TH�+û2 �m +`2mt /ǶmM TmBib 2M H�BiQM 2i }HKû2 ¨
H� +�Kû`� `�TB/2 T�` H2 +ƬiûX PM T`Q+ĕ/2 /2 K�MBĕ`2 bvbiûK�iB[m2 2M /ûTQb�Mi mM pQHmK2
BMBiB�H }tû- +Q``2bTQM/�Mi ¨ mM `�vQM BMBiB�H R0 = 6 KKX PM i`�+2 bm` H� };m`2 RXkjU�V H2
`�vQM R �m +Qm`b /m i2KTb TQm` /Bzû`2Mi2b i2KTû`�im`2b /2 bm#bi`�iX R /BKBMm2 Dmb[mǶ¨
ûp�TQ`�iBQM iQi�H2 /m HB[mB/2 [mB K�`[m2 H� }M /2 H� pB2 /2 H� ;Qmii2X G� ;Qmii2 bm`pBi
T2M/�Mi mM i2KTb ⌧ /2 [m2H[m2b KBMmi2b- [mB /BKBMm2 HQ`b[mǶQM �m;K2Mi2 H� i2KTû`�im`2
/m bm#bi`�iX PM +?2`+?2 ¨ T`û/B`2 H� HQB /2 /û+`QBbb�M+2 /m `�vQMX "B�M+2 2i �HX QMi ûi�#HB
H� HQB R(t) K�Bb HǶûT�Bbb2m` /m }HK /2 p�T2m` +QMbB/û`û2 2bi bm`2biBKû2- +2 [mB H2b +QM/mBi ¨
/2b i2KTb /2 pB2 i`ĕb bm`2biBKûbX LQmb T`QTQbQMb B+B /2 +Q``B;2` H2m` +�H+mH �p2+ HǶûT�Bbb2m`
i?ûQ`B[m2 Q#i2Mm2 2M T`2M�Mi mM2 +QM/BiBQM /2 +QMi`�BMi2 MmHH2 ¨ HǶBMi2`7�+2 HB[mB/2@p�T2m`X
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R
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6B;m`2 RXkj Ĝ U�V .û+`QBbb�M+2 /m `�vQM R �m +Qm`b /m i2KTb t TQm` /Bzû`2Mi2b i2KTû`�im`2b
/m bm#bi`�iX G2 `�vQM BMBiB�H 2bi /2 R0 = 6.0 ± 0.4 KKX G2b /QMMû2b bQMi �Dmbiû2b ¨ H� HQB
R(t) = R0

�
1� t/⌧

�2 /QMi QM /û/mBi H2 i2KTb /2 pB2 ⌧ X (#) h2KTb ⌧ 2M 7QM+iBQM /2 H� i2KTû@
`�im`2 T /m bm#bi`�iX G� +Qm`#2 2M i`�Bi TH2BM +Q``2bTQM/ �mt T`û/B+iBQMb �ii2M/m2b T�` RXjXkd
Ui`�+û2 b�Mb T�`�Kĕi`2b �Dmbi�#H2bVX

PM `2T`2M/ HǶ�M�Hvb2 /2 H� T�;2 jRX aQmb H2b KāK2b ?vTQi?ĕb2b 2i /�Mb H� HBKBi2 R > 1
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Qɍ H� K�bb2 bǶû+`Bi m = 2⇡⇢R2

�1- H2 #BH�M /ǶûM2`;B2 /2 HǶû[m�iBQM RXjXe /QMM2 ,

4⇡�1
⇢LR/R

/t =
�v�T

"
⇡R

2 URXjXk8V

P` " 2bi mM2 7QM+iBQM /2 RX 1M +QK#BM�Mi HǶû[m�iBQM RXjXk8 �p2+ HǶû[m�iBQM RXjXRj- 2i 2M
BMiû;`�Mi 2Mi`2 HǶBMbi�Mi t = 0 Qɍ H2 `�vQM p�mi R0 2i mM BMbi�Mi t- QM i`Qmp2 ,

R(t) = R0
�
1� t/⌧

�2 URXjXkeV

Qɍ ⌧ 2bi H2 i2KTb /2 pB2- +Ƕ2bi@¨@/B`2 H2 KQK2Mi Qɍ H� ;Qmii2 bǶ2bi +QKTHĕi2K2Mi ûp�TQ`û2 ,

⌧ = 2
⇣4⇢�1L

��T

⌘3/4⇣ 3⌘v
16⇢vg

⌘1/4
R

1/2
0 URXjXkdV

PM `2i`Qmp2 [m2 H2 i2KTb /2 pB2 �m;K2Mi2 �p2+ H2 `�vQM BMBiB�H R0 /2 H� ~�[m2 2i /BKBMm2
HQ`b[mǶQM �m;K2Mi2 H� i2KTû`�im`2 T /m bm#bi`�iX SQm` mM2 ;Qmii2 /2 `�vQM R = 6 KK H�
7Q`KmH2 RXjXkd /QMM2 ⌧ = 280 bX PM �Dmbi2 H2b /QMMû2b /2 H� };m`2 RXkjU�V ¨ H� HQB RXjXk3X
G2b /QMMû2b 2tTû`BK2Mi�H2b bmBp2Mi #B2M H2b T`û/B+iBQMb i?ûQ`B[m2b- �p2+ iQmi /2 KāK2 mM
Hû;2` û+�`i HQ`b[m2 R /2pB2Mi BM7û`B2m` ¨ k KKX PM 2ti`�Bi /2 +2i �Dmbi2K2Mi H2 i2KTb /2 pB2
⌧ /2b ;Qmii2b- [m2 HǶQM i`�+2 2M 7QM+iBQM /2 H� i2KTû`�im`2 /m bm#bi`�i T X G2 i2KTb /2 pB2
K2bm`û 2bi +QKT�`û �mt T`û/B+iBQMb /2 HǶû[m�iBQM RXjXkdX PM i`Qmp2 mM #QM �++Q`/- �p2+
iQmi27QBb mM2 Hû;ĕ`2 bm`2biBK�iBQM T�` H� i?ûQ`B2X PM /QBi 2M 2z2i +Q``B;2` +2ii2 p�H2m` 2M
T`2M�Mi +QKTi2 H� }M /2 pB2 /2b ;Qmii2bX 1M 7`�M+?Bbb�Mi H� HBKBi2 R = 

�1- QM +?�M;2 /2
`û;BK2 /Ƕûp�TQ`�iBQMX PM `2T`2M/ H2 +�H+mH �p2+ m = 4⇡/3⇢R3X 1M T`2M�Mi S = 2⇡/3R4


2-

" /2 HǶû[m�iBQM RXjXRN- H� HQB /2 /û+`QBbb�M+2 R(t) T`2M/ mM2 �mi`2 7Q`K2 ,

R(t) = R0
�
1� t/⌧

�4 URXjXk3V

PM T`û/Bi �BMbB mM2 /û+`QBbb�M+2 �++ûHû`û2 2M }M /2 pB2X

�++mKmH�iBQM /2 p�T2m`b
GǶ?vTQi?ĕb2 bi�iBQMM�B`2 b2K#H2 p�HB/2 /�Mb H� HBKBi2 R . 4- bQBi 2M /2?Q`b /m `û;BK2 /2b
+?2KBMû2bX .�Mb H2 +�b Qɍ H� p�T2m` bǶ�++mKmH2- H2 #BH�M /2 K�bb2 /QBi āi`2 2M iQmi2 `B;m2m`
KQ/B}ûX GǶûM2`;B2 7Qm`MB2 T�` H2 bm#bi`�i /QM+ H� [m�MiBiû /2 p�T2m` T`Q/mBi2 �m;K2Mi2
�p2+ RX �m@/2H¨ /ǶmM2 +2`i�BM2 i�BHH2- H2b p�T2m`b M2 T�`pB2MM2Mi THmb ¨ āi`2 ûp�+mû2b T�`
H2 }HK KBM+2X G� K�bb2 /Ƕ2�m nm` [mB bǶûp�TQ`2 T�` mMBiû /2 i2KTb � /2mt bQ`ib TQbbB#H2b ,
bǶû+?�TT2` ¨ i`�p2`b H2 }HK bQmb@D�+2Mi nmv

2+? Qm #B2M bǶ�++mKmH2` bQmb H� ;Qmii2 nmv
�++X G2

#BH�M /2 K�bb2 ûi�#HB /2 HǶû[m�iBQM RXjXd /QBi āi`2 +Q``B;û ,

nm` = nmv
2+? + nmv

�++ URXjXkNV

G2 }HK 2bi /QM+ mM û+?�M;2m` K�bbB[m2 /QMi HǶ2{+�+Biû T2mi āi`2 K2bm`û2 T�` H2 `�TTQ`i
⌅ = nmv

2+?/ nm`X �BMbB- ⌅ = 1 /�Mb H2 +�b Qɍ iQmi2 H� p�T2m` i`Qmp2 bQM +?2KBM ¨ i`�p2`b H2
}HK 2i ⌅ < 1 bBMQMX aB H2b û+?�M;2b i?2`KB[m2b `2bi2Mi /QKBMûb T�` H� /BzmbBQM- HǶ2tT`2bbBQM
/2 nm` `2bi2 p�HB/2X GǶ2t+û/�Mi /2 K�bb2 [mB M2 T�`pB2Mi T�b ¨ āi`2 ûp�+mû T�` mMBiû /2
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i2KTb bǶû+`Bi ,
nmv

�++ =
⇡�v�T `

2

4L" � ⇡`"⇢vU URXjXjyV

1tTû`B2M+2 /2 H� ;Qmii2 MQm``B2

GǶûp�TQ`�iBQM b2 [m�MiB}2 û;�H2K2Mi T�` HǶ2tTû`B2M+2 /2 ;Qmii2b MQm``B2bX lM2 ;Qmii2-
�HBK2Miû2 ¨ HǶ�B/2 /ǶmM2 �B;mBHH2 +QMM2+iû2 ¨ mM TQmbb2 b2`BM;m2- �/QTi2 �m #Qmi /2 [m2H[m2b
KBMmi2b mM `�vQM /Ƕû[mBHB#`2 (Ry)X G2 b+?ûK� +Q``2bTQM/�Mi ¨ +2 KQMi�;2 2bi `2T`ûb2Miû
bm` H� };m`2 RXk9U�VX G2 `�vQM R �ii2BMi �m #Qmi /ǶmM2 KBMmi2 2bi +2HmB TQm` H2[m2H HǶ�TTQ`i
2M 2�m +QKT2Mb2 H2b T2`i2b T�` ûp�TQ`�iBQMX SQm` T`2M/`2 2M +QKTi2 +2i �TTQ`i /2 HB[mB/2-
QM +Q``B;2 H2 #BH�M /2 K�bb2 2M �DQmi�Mi H2 i2`K2 bQm`+2 ⇢D (Ry)X *2ii2 �bim+2 T2`K2i /2
`2M/`2 bi�iBQMM�B`2 +2 T`Q#HĕK2 [mB p�`B2 H2Mi2K2Mi /�Mb H2 i2KTbX

(b)

0 1 2 3
0

5

10

D (μL/s)

R
(m

m
)

(a)

6B;m`2 RXk9 Ĝ U�V a+?ûK� /ǶmM2 ~�[m2 MQm``B2 T�` /û#Bi DX �m #Qmi /2 k KBMmi2b 2MpB`QM- H� ~�[m2
�ii2BMi mM `�vQM R /Ƕû[mBHB#`2- K2bm`û T�` mM2 pm2 /2 /2bbmbX (#) _�vQM R �ii2BMi 2M 7QM+iBQM /m
/û#Bi D bm` mM bm#bi`�i +?�mzû jd8�*X G� +Qm`#2 ;`Bb2 2bi Q#i2Mm2 T�` `û;`2bbBQM HBMû�B`2X
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RX9 am` H2b Q`B;BM2b /m b2mBH /2 G2B/2M7`Qbi

GǶûi�i /2 +�Hû7�+iBQM Mû+2bbBi2 /2 b2 TH�+2` /�Mb mM `û;BK2 /2 i2KTû`�im`2 #B2M T�`iB@
+mHB2`- ¨ b�pQB` �m@/2H¨ /2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi TLX .2 MQK#`2mb2b ûim/2b- i�Mi
i?ûQ`B[m2b [mǶ2tTû`BK2Mi�H2b- QMi i2Miû /2 +QKT`2M/`2 HǶQ`B;BM2 /2 +2 b2mBHX 1HH2 b2K#H2
āi`2 mM2 +�`�+iû`BbiB[m2 /m +QmTH2 HB[mB/2@bQHB/2 +QMbB/û`ûX 1M bǶBMbTB`�Mi /2 H� `2pm2 #B@
#HBQ;`�T?B[m2 `û�HBbû2 2M RNNN T�` "2`M�`/BM 2i Jm/�r�` (k8) 2i /2b ûim/2b [mB HmB QMi
bm++û/û- MQmb MQmb T`QTQbQMb /2 /û+`B`2 HǶBM~m2M+2 /2b /Bzû`2Mib T�`�Kĕi`2b bm` TLX �m
`2;�`/ /2 +2b BM~m2M+2b- MQmb /Bb+miQMb H2b Q`B;BM2b /2 +2 b2mBHX

RX9XR .û}MBiBQM /2 H� i2KTû`�im`2 TL /2 G2B/2M7`Qbi

G� /û}MBiBQM 2i H� +�`�+iû`Bb�iBQM /2 H� i2KTû`�im`2 b2mBH TL `2TQb2 bm` H� K2bm`2 /m
i2KTb /2 pB2 /ǶmM2 ;Qmii2 /2 pQHmK2 /QMMû- 2M 7QM+iBQM /2 H� i2KTû`�im`2 /m bm#bi`�iX
PM /ûTQb2 H2 pQHmK2 /2 HB[mB/2 bm` mM bm#bi`�i +?�m/ 2i QM K2bm`2 H2 i2KTb /2 pB2 ⌧ �T`ĕb
H2[m2H H2 pQHmK2 bǶ2bi iQi�H2K2Mi ûp�TQ`û- [m2 HǶQM TQ`i2 2M 7QM+iBQM /2 H� i2KTû`�im`2
Tb /m bm#bi`�iX G� };m`2 RXk8U�V K2i 2M 2t2`;m2 H2b /Bzû`2Mib `û;BK2b /Ƕûp�TQ`�iBQM /m
HB[mB/2 U/Bb+miûb �m +?�TBi`2 RXRV
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6B;m`2 RXk8 Ĝ *�`�+iû`Bb�iBQM /2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi TLX U�V h2KTb /2 pB2 /ǶmM2 ;Qmii2
/2 pQHmK2 }tû TQbû2 bm` mM2 TH�[m2 2M H�BiQM- TQ`iû2 ¨ H� i2KTû`�im`2 TbX GǶû#mHHBiBQM 2i H2b
i2KTû`�im`2b /2 LmFBv�K� 2i /2 G2B/2M7`Qbi �TT�`�Bbb2MiX (#) 6Hmt /2 +?�H2m` bm`7�+B[m2 q 7Qm`MB
�m HB[mB/2 2M 7QM+iBQM /2 H� i2KTû`�im`2 /m bm#bi`�iX PM /BbiBM;m2 /2 ;�m+?2 ¨ /`QBi2 H2 `û;BK2
/Ƕûp�TQ`�iBQM- Qɍ H2b i`�Mb72`ib i?2`KB[m2b bQMi �bbm`ûb T�` +QMp2+iBQM M�im`2HH2- HǶû#mHHBiBQM Mm+Hû2
2i HǶû#mHHBiBQM 2M }HK- ¨ b�pQB` HǶûi�i +�Hû}ûX

� úp�TQ`�iBQM TQm` Tb < T# , ⌧ /BKBMm2 [m�M/ Tb �m;K2Mi2X
� ú#mHHBiBQM TQm` T# < Tb < TL , H2 HB[mB/2 b2 p�TQ`Bb2 [m�bB@BKKû/B�i2K2Mi /m 7�Bi /2

HǶû#mHHBiBQMX ⌧ 2bi �HQ`b BM7û`B2m` ¨ H� b2+QM/2X
� *�Hû7�+iBQM TQm` Tb > TL , H2 i2KTb /2 pB2 ⌧ `2i`Qmp2 /2b p�H2m`b ûH2pû2b- bmTû`B2m`2b ¨

H� KBMmi2X *2ii2 �m;K2Mi�iBQM bQm/�BM2 2bi �bbQ+Bû2 ¨ HǶûi�#HBbb2K2Mi /m }HK /2 p�T2m`
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2Mi`2 H� ;Qmii2 2i H� TH�[m2X �m@/2H¨ /2 TL- H2 i2KTb /2 pB2 /BKBMm2 ¨ MQmp2�m- K�Bb
+2ii2 7QBb- i`ĕb H2Mi2K2Mi- +2 [mǶQM BMi2`T`ĕi2 +QKK2 mM2 +QMbû[m2M+2 /2b T`QT`Bûiûb
/ǶBbQH�iBQM i?2`KB[m2 /2 H� p�T2m`X G� i2KTû`�im`2 [mB K�tBKBb2 H� /m`û2 /2 pB2 /m
HB[mB/2 /û}MBi H2 b2mBH /2 G2B/2M7`Qbi TLX

PM `2T`ûb2Mi2 bm` H� };m`2 RXk8U#V HǶ�HHm`2 [m�HBi�iBp2 /m ~mt /2 +?�H2m` q û+?�M;û ¨ H�
T�`QB bQHB/2 2M 7QM+iBQM /2 b� i2KTû`�im`2 TbX PM `2TQ`i2 bm` +2b +Qm`#2b H� i2KTû`�im`2
/Ƕû#mHHBiBQM T#- Qɍ H2b T`2KBĕ`2b #mHH2b /2 p�T2m`b M�Bbb2Mi ¨ H� bm`7�+2- [mB �DQmi2Mi /2
H� +QMp2+iBQM 2i T�` +QMbû[m2Mi- �m;K2Mi2Mi H2 ~mt /2 +?�H2m` û+?�M;û c H� i2KTû`�im`2
/2 LmFBv�K� TN - [mB +Q``2bTQM/ ¨ H� +`Bb2 /Ƕû#mHHBiBQM- Qɍ H2b #mHH2b 2Mp�?Bbb2Mi iQmi2 H�
bm`7�+2 2i +`û2Mi /2b `2KQmb [mB K�tBKBb2Mi q c 2i H� i2KTû`�im`2 /2 G2B/2M7`Qbi TL �m
/2bbQmb /2 H�[m2HH2 H2 bm#bi`�i- `2+Qmp2`i /ǶmM }HK KBM2 /2 p�T2m`- b2 i`Qmp2 BbQHûX G2 ~mt
q �/K2i mM KBMBKmKX

LmFBv�K� ûim/B2 +2b /Bzû`2Mib `û;BK2b /Ƕû#mHHBiBQM (ke)X AH miBHBb2 mM }H +QM/m+i2m`
T�`+Qm`m T�` mM +Qm`�Mi ûH2+i`B[m2 I- +?�mz�Mi H2 HB[mB/2 T�` 2z2i CQmH2X �m@/2H¨ /ǶmM2
+2`i�BM2 BMi2MbBiû IN UbQBi /ǶmM2 +2`i�BM2 i2KTû`�im`2 TN V- H2 }H b2 `QKTi #`mi�H2K2MiX G2
}HK /2 p�T2m` bǶBMi2`TQb2 2Mi`2 H2 HB[mB/2 2i H2 }H- 2i 2M;2M/`2 mM2 �m;K2Mi�iBQM i`ĕb `�TB/2
/2 H� i2KTû`�im`2 /m Kûi�H- H2 7�Bb�Mi �HQ`b +û/2`X AH Q#b2`p2 Mû�MKQBMb mM2 ?vbiû`ûbBb , bB
H2 Kûi�H `ûbBbi2 ¨ +2ii2 ?�mbb2 /2 i2KTû`�im`2- BH 7�mi �HQ`b 7Q`i2K2Mi `û/mB`2 HǶBMi2MbBiû /m
+Qm`�Mi U#B2M 2M /2Ï¨ /2 IN 2i /QM+ /2 TN V TQm` `2i`Qmp2` H2 `û;BK2 /Ƕû#mHHBiBQM Mm+Hû2X
G2b /û}MBiBQMb /2 +2b i2KTû`�im`2b T2mp2Mi /QM+ p�`B2` b2HQM bB QM 2tTHQ`2 H� +Qm`#2 /2
;�m+?2 ¨ /`QBi2 U+?�mz2V Qm /2 /`QBi2 ¨ ;�m+?2 U`27`QB/Bbb2K2MiVX

RX9Xk S�`�Kĕi`2b BM~m2MÏ�Mi TL

LQmb /`2bbQMb B+B H� HBbi2 /2b T�`�Kĕi`2b [mB KQ/B}2Mi H� i2KTû`�im`2 TLX

AM~m2M+2b /m HB[mB/2

� G2b T`QT`Bûiûb i?2`KB[m2b /m HB[mB/2- 2M T�`iB+mHB2` bQM TQBMi /Ƕû#mHHBiBQMX G2b b2mBHb
/2 G2B/2M7`Qbi bQMi /QMMûb TQm` [m2H[m2b HB[mB/2b 2i �m;K2Mi2Mi �p2+ H� i2KTû`�im`2
/2 p�TQ`Bb�iBQM U};m`2 RXkeU�VVX GǶû+�`i 2Mi`2 H2b i2KTû`�im`2b- KBb 2M ûpB/2M+2 bm` H�
};m`2 RXkeU#V- 2bi +QKT`Bb 2Mi`2 Ryy 2i kyy�*- 2t+2Tiû TQm` H2b +Q`Tb KQBMb pQH�iBHb i2Hb
[m2 H2b Kûi�mt HB[mB/2bX G2 b2mBH /2 G2B/2M7`Qbi 2bi Mû�MKQBMb mM2 7QM+iBQM /Ƕ�mi`2b
T�`�Kĕi`2bX AH 2bi /QM+ /B{+BH2 /2 +QM+Hm`2 [mQB [m2 +2 bQBi ¨ T�`iB` /2 +2b MQK#`2mb2b
ûim/2b- `û�HBbû2b /�Mb /2b +QM/BiBQMb p�`B�#H2bX
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6B;m`2 RXke Ĝ U�V a2mBHb /2 G2B/2M7`Qbi TL 2M 7QM+iBQM /2b i2KTû`�im`2b /2 p�TQ`Bb�iBQM T#
TQm` +2`i�BMb HB[mB/2b 2i TQm` H� +�`#Q;H�+2X .QMMû2b 2tT`BKû2b 2M U�*V- iB`û2b /2 (Ry- k8)X (#) G�
/Bzû`2M+2 /2 i2KTû`�im`2 2bi /2 HǶQ`/`2 /2 Ryy�*- b�m7 �MQK�HB2bX

GǶûp�TQ`�iBQM 2bi mM T`Q+2bbmb 2M/Qi?2`KB[m2X SHmb H� +?�H2m` H�i2Mi2 /2 p�TQ`Bb�iBQM
/m HB[mB/2 +QMbB/û`û 2bi ;`�M/2- THmb H2 HB[mB/2 `27`QB/Bi HQ+�H2K2Mi H2 bm#bi`�i- `Bb[m�Mi
/2 +QKT`QK2ii`2 bQM ûi�i /2 +�Hû7�+iBQMX G2 `27`QB/Bbb2K2Mi ûp�TQ`�iB7 /m bm#bi`�i �
`û+2KK2Mi ûiû KBb 2M ûpB/2M+2 T�` (kd)- +QKK2 H2 KQMi`2Mi H2b T`Q}Hb /2 i2KTû`�im`2
bBKmHûb 2i `ûpûHûb T�` BMi2`7û`QKûi`B2 /2 H� };m`2 RXkdX .2b ;Qmii2b /Ƕûi?�MQH `27`QB@
/Bbb2Mi H2m` bm#bi`�i /2 Ry ¨ 8y�*- K2ii�Mi ¨ K�H H� +QM/BiBQM /2 HûpBi�iBQMX G2 +?QBt
/2 HǶûi?�MQH MǶ2bi T�b �MQ/BM- TmBb[m2 HǶûp�TQ`�iBQM /2 +2 HB[mB/2 TmBb2 [m�i`2 7QBb THmb
/ǶûM2`;B2 �m bm#bi`�i [m2 HǶ2�m UL1iP> = 846 FC/F;VX

� .2 H� i2KTû`�im`2 BMBiB�H2 /2 HB[mB/2X LQmb �pQMb /ûTQbû /2b ;Qmii2b /2 i2KTû`�im`2
p�`B�#H2b U/2 8 ¨ Ny�*V 2i Q#b2`pû [m2- /�Mb H2 +�b Qɍ H2 HB[mB/2 2bi T`û+?�mzû- H2 b2mBH
2bi Hû;ĕ`2K2Mi �#�Bbbû 2i KB2mt /û}MBX PM û+QMQKBb2 /�Mb +2 +�b HǶûM2`;B2 Mû+2bb�B`2 ¨
H� i?2`K�HBb�iBQM /m HB[mB/2- bQBi mcp`�T - m ûi�Mi H� K�bb2 /2 H� ;Qmii2- /2 +�T�+Biû
i?2`KB[m2 K�bbB[m2 cp` - [m2 HǶQM `û+?�mz2 /2 b� i2KTû`�im`2 BMBiB�H2 ¨ 2MpB`QM T#X *2ii2
ûM2`;B2 2bi T`Bb2 �m bm#bi`�i +?�m/ �m KQK2K2Mi /2 H� KBb2 2M Ǵ+QMi�+iǴ 2i +�mb2 bQM
`27`QB/Bbb2K2Mi i`�MbBiQB`2X

� .m pQHmK2 BMBiB�HX G2b +Qm`#2b i2KTb /2 pB2 ⌧ 2M 7QM+iBQM /2 H� i2KTû`�im`2 /m bm#bi`�i
Tb b2 /û+�H2Mi p2`b /`QBi2 2M �m;K2Mi�Mi H2 pQHmK2 BMBiB�H /2 H� ;Qmii2X *2 T`QD2i �
ûiû K2Mû T�` �#?BD22i aBM;? *?�m/?�`v 2M T�`�HHĕH2 /2 bQM J�bi2`X GǶûM2`;B2 BMBiB�H2
¨ /ûTHQv2` TQm` Ǵi?2`KQbi�i2`Ǵ H2 HB[mB/2 ¨ T# �m;K2Mi2 �p2+ H2 pQHmK2- +2 [mB 2bi
+Q?û`2Mi ¨ mM2 �m;K2Mi�iBQM /2 b2mBHX hQmi27QBb- H� +Qm+?2 /2 p�T2m`- BbQH�Mi2- �m;K2Mi2
�p2+ H2 pQHmK2- +2 [mB p� /�Mb H2 b2Mb /ǶmM2 �m;K2Mi�iBQM /2 i2KTb /2 pB2X

� .2 H� pBi2bb2 V ¨ H�[m2HH2 2bi /ûTQbû H2 HB[mB/2- H2 +�b 2ti`āK2 ûi�Mi HǶBKT�+iX G2 `2@
#QM/ /ǶmM2 ;Qmii2 2M +�Hû7�+iBQM MǶ2bi Q#b2`pû [mǶ�m@/2H¨ /ǶmM2 i2KTû`�im`2 /vM�KB[m2
TL(V )- bmTû`B2m`2 ¨ TL(0)- b2HQM bB H� ;Qmii2 � H2 i2KTb /2 `27`QB/B` Qm MQM bQM bm#@
bi`�i (k3)X
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(a) (b) (c)

Bi < < 1

Bi ∼ 1

Rκ = 0.9 Rκ = 1.8 Ts (∘C)

6B;m`2 RXkd Ĝ _27`QB/Bbb2K2Mi /m bm#bi`�i UiB`û /2 (kd)VX U�V :Qmii2H2ii2 /Ƕûi?�MQH UR =
0.9V TQbû2 bm` mM bm#bi`�i /2 +QM/m+iBpBiû i?2`KB[m2 }MB2X G2b bBKmH�iBQMb 2i K2bm`2b T�`
BMi2`7û`QKûi`B2 J�+?@w2?M/2` K2ii2Mi 2M ûpB/2M+2 H2 `27`QB/Bbb2K2Mi /2 bm`7�+2 /2 Ry ¨ 8y�*X
(#) 6H�[m2 UR = 1.8V `27`QB/Bbb�Mi bQM bm#bi`�iX U+V a+?ûK� `ûbmK�Mi HǶBM~m2M+2 /m MQK#`2 /2
"BQi BiX G2 `27`QB/Bbb2K2Mi MǶ2bi Q#b2`pû [mǶ¨ 7�B#H2 Bi- [m�M/ H2 K�iû`B�m � mM2 +QM/m+iBpBiû
i?2`KB[m2 }MB2 UQm [m2 H2 +Q2{+B2Mi /Ƕû+?�M;2 i?2`KB[m2 2bi MQM Mû;HB;2�#H2VX GǶûp�TQ`�iBQM-
2M/Qi?2`KB[m2- 2ti`�Bi /2 H� +?�H2m` �m bm#bi`�i- 2i T2mi /û+�H2` H2 b2mBH /2 G2B/2M7`Qbi TLX

AM~m2M+2b /m bQHB/2

� G2b T`QT`Bûiûb i?2`KB[m2b /m bm#bi`�iX G2 b2mBH TL �m;K2Mi2 �p2+ H� /BzmbBpBiû i?2`@
KB[m2 /m K�iû`B�m (kN)X G� bBim�iBQM /2 +�Hû7�+iBQM TQKT2 /2 HǶûM2`;B2 �m bm#bi`�i- [mB
MǶ2bi T�b mM i?2`KQbi�i T�`7�BiX AH b2 `27`QB/Bi HQ+�H2K2Mi U};XRXkdV- THmb Qm KQBMb `�TB@
/2K2Mi bmBp�Mi H� p�H2m` /m MQK#`2 /2 "BQi 3 (kd)- /2 b� +QM/m+iBpBiû 2i /2 b� +�T�+Biû
i?2`KB[m2X *2ii2 /ûT2M/�M+2 MǶ� Tm āi`2 KQ/ûHBbû2 [m2 /2 K�MBĕ`2 2KTB`B[m2 TQm` /2b
bm#bi`�ib p�`B�#H2b UTv`2t- �HmKBMBmK- +mBp`2- iû~QM- TH�iBM2- �+B2` BMQtv/�#H2V (jy)X

� GǶûi�i /2 bm`7�+2 /m bQHB/2X .2 MQK#`2mb2b ûim/2b 2tTû`BK2Mi�H2b KQMi`2Mi [m2- TQm`
mM2 +?BKB2 /2 bm#bi`�i 2i mM HB[mB/2 /QMMûb- H2 b2mBH TL �m;K2Mi2 �p2+ H� `m;QbBiûX
G2 b2mBH b2 /û+�H2 /ǶmM2 +2Mi�BM2 /2 /2;`ûb 2M �m;K2Mi�Mi H� `m;QbBiû /m bm#bi`�i U/2
bm#KB+`QMB[m2 ¨ [m2H[m2b KB+`QMbV (k8- jR)- THmb Qm KQBMb bmBp�Mi H� 7Q`K2 UTQBMim2 Qm
HBbb2V /2b i2tim`2b (jR)X § HǶBMp2`b2- HǶ2tTû`B2M+2 `û�HBbû2 T�` J�[m2i 2i �HX /2 +�Hû7�+iBQM
bm` mM #�BM HB[mB/2 KQMi`2 [m2 H2 b2mBH 2bi +QMbB/û`�#H2K2Mi �#�Bbbû (jk) /�Mb H2 +�b 2t@
i`āK2 /ǶmM2 BMi2`7�+2 HB[mB/2- HBbb2 ¨ HǶû+?2HH2 KQHû+mH�B`2X .2b ;Qmii2b /Ƕûi?�MQH- TH�+û2b
bm` mM #�BM /Ƕ?mBH2 /2 bBHB+QM2 HûpBi2Mi HQ`b[m2 +2HmB@+B 2bi i?2`KQbi�iû [m2H[m2b /2;`ûb
�m@/2bbmb /2 H� i2KTû`�im`2 /Ƕû#mHHBiBQM /m HB[mB/2X J�Bb bB H� T`ûb2M+2 /2 i2tim`2b
�m;K2Mi2 bvbiûK�iB[m2K2Mi TL- +2ii2 ûHûp�iBQM MǶ2bi T�b KQMQiQM2 �p2+ HǶû+?2HH2 /2 H�
i2tim`�iBQM (jR)- TmBb[m2 +2H� KQ/B}2 ¨ H� 7QBb HǶû+QmH2K2Mi /2 p�T2m` bQmb H� ;Qmii2- H�
bm`7�+2 2z2+iBp2 ¨ i`�p2`b H�[m2HH2 H2b û+?�M;2b i?2`KB[m2b b2 7QMi 2i H2b T`QT`Bûiûb /2
KQmBHH�;2 /m HB[mB/2X

� G� KQmBHH�#BHBiû /m bm#bi`�iX G� i2KTû`�im`2 TL 2bi �m;K2Miû2 /�Mb H2 +�b /2 bm#@
3X G2 MQK#`2 /2 "BQi +QKT�`2 H2b `ûbBbi�M+2b �m i`�Mb72`i i?2`KB[m2 ¨ HǶBMiû`B2m` 2i ¨ H� bm`7�+2 /ǶmM

+Q`TbX aB Bi << 1- H� i2KTû`�im`2 �m b2BM /m +Q`Tb p�`B2 T2m 2i H2b û+?�M;2b i?2`KB[m2b �p2+ HǶ2tiû`B2m`
bQMi Mû;HB;2�#H2bX aB Bi ⇠ 1- H2 bvbiĕK2 2i bQM KBHB2m 2MpB`QMM�Mi û+?�M;2Mi /2 HǶûM2`;B2 2i H� i2KTû`�im`2
2bi BM~m2M+û2 T�` H� ;Qmii2X
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bi`�ib ?v/`QT?BH2b `m;m2mtX "Qm``B�MM2 2i �HX QMi KQMi`û [m2- /�Mb H2 +�b ?v/`QT?Q#2-
H� T`ûb2M+2 /2 i2tim`2b /BKBMm2 H2 b2mBH 2M i2KTû`�im`2 ¨ 2MpB`QM Rjy�* (jj)- `ûpûH�Mi
HǶBM~m2M+2 /2 H� KQmBHH�#BHBiû /m bQHB/2X G2b ~m+im�iBQMb /2 HǶûT�Bbb2m` /m }HK /2 p�@
T2m` UBM/mBi2b T�` /2b QM/2b /2 bm`7�+2 Qm HQ`b /2 H� 7Q`K�iBQM /m }HKV bQMi 7�i�H2b
/�Mb H2 +�b /ǶmM bm#bi`�i ?v/`QT?BH2 TmBb[m2 H2 +QMi�+i /û+H2M+?2 /B`2+i2K2Mi H� +`Bb2
/Ƕû#mHHBiBQMX 1M `2p�M+?2- 2HH2b QMi /2b +QMbû[m2M+2b KQBM/`2b bm` /2b `2pāi2K2Mib bm@
T2`?v/`QT?Q#2b , H2 +QMi�+i MǶ� HB2m [mǶ�p2+ H2 bQKK2i /2b `m;QbBiûb 2i H2 HB[mB/2 `2bi2
�m +QMi�+i T`BM+BT�H2K2Mi �p2+ /2 H� p�T2m`X

� G� TQ`QbBiû /m K�iû`B�mX TL �m;K2Mi2 �p2+ H� TQ`QbBiû- THmb Qm KQBMb bmBp�Mi bB H�
p�T2m` TûMĕi`2 Qm MQM ¨ i`�p2`b H2 K�iû`B�m (j9- j8)X

AM~m2M+2 /2 H� T`2bbBQM �K#B�Mi2

AH � ûiû KQMi`û `û+2KK2Mi [mǶmM2 �m;K2Mi�iBQM /2 H� T`2bbBQM �K#B�Mi2 /û+�H2 H�
i2KTû`�im`2 /2 G2B/2M7`Qbi /vM�KB[m2 p2`b /2b i2KTû`�im`2b THmb ?�mi2b (je)X .2b BKT�+ib
/2 ;Qmii2b bQMi `û�HBbûb bm` /2b bm#bi`�ib +?�m/b /�Mb mM2 +?�K#`2 T`2bbm`Bbû2X G2b `2#QM/b
M2 bQMi Q#b2`pûb [mǶ�m@/2H¨ /ǶmM2 i2KTû`�im`2 [mB T�bb2 /2 k8y�* ¨ 9yy�* 2M �m;K2Mi�Mi
H� T`2bbBQM /2 R #�` ¨ k8 #�`bX

RX9Xj h2Mi�iBp2 /2 T`û/B+iBQM

�TT`Q+?2 i?2`KQ/vM�KB[m2

PM b2 /2K�M/2 /�Mb mM T`2KB2` i2KTb bB H2 b2mBH /2 G2B/2M7`Qbi � mM2 Q`B;BM2 i?2`@
KQ/vM�KB[m2X PM +?2`+?2 /QM+ ¨ û+`B`2 [m2HH2 b2`�Bi H� i2KTû`�im`2 `2[mBb2 TQm` [m2 H�
p�T2m` TmBbb2 bQmi2MB` H2 TQB/b /ǶmM2 ;Qmii2X G� `2H�iBQM 2Mi`2 H� T`2bbBQM /2 p�T2m` b�@
im`�Mi2 Pb�i 2i H� i2KTû`�im`2 T /2 +?�M;2K2Mi /Ƕûi�i /ǶmM +Q`Tb Tm`- 2M û[mBHB#`2 2Mi`2
THmbB2m`b T?�b2b- 2bi /QMMû2 T�` H� 7Q`KmH2 /2 *H�T2v`QMX G� p�`B�M+2- [mB +Q``2bTQM/
�m MQK#`2 /2 T�`�Kĕi`2b BMi2MbB7b BM/ûT2M/�Mib [mB /û}MBbb2Mi HǶûi�i /ǶmM bvbiĕK2- 2bi
û;�H2 ¨ R /�Mb H2 +�b /ǶmM2 ;Qmii2 /2 HB[mB/2 Tm` 2M û[mBHB#`2 �p2+ b� p�T2m`X PM T2mi
/QM+ 7�B`2 p�`B2` bQBi H� T`2bbBQM- bQBi H� i2KTû`�im`2 K�Bb T�b H2b /2mt BM/ûT2M/�KK2MiX
�mi`2K2Mi /Bi- bB H� ;Qmii2 2bi 2M û[mBHB#`2- 2M }t�Mi H� i2KTû`�im`2 bQmb H� ;Qmii2- QM
}t2 BMûpBi�#H2K2Mi H� T`2bbBQM T�` H� `2H�iBQM /2 *H�T2v`QMX PM b2 /2K�M/2 �HQ`b bB H�
T`2bbBQM BKTQbû2 T�` H� i2KTû`�im`2 /2 H� TH�[m2 bm{i ¨ bmTTQ`i2` H2 HB[mB/2X

PM +QMbB/ĕ`2 mM ûi�i /Ƕû[mBHB#`2 �TT2Hû �- `2Tû`û bm` H2 /B�;`�KK2 /2 *H�T2v`QM /2
H� };m`2 RXk3 T�` H2b +QQ`/QMMû2b UT�, Pb�i(T�)VX PM +QMbB/ĕ`2 mM ûi�i /Ƕû[mBHB#`2 pQBbBM
�Ƕ /2 +QQ`/QMMû2b UT + dT, Pb�i + dPb�i)V- �TT�`i2M�Mi- +QKK2 �- ¨ H� +Qm`#2 /Ƕû[mBHB#`2
HB[mB/2@p�T2m`X GǶû[mBHB#`2 2Mi`2 H2b T?�b2b 2bi û+`Bi TQm` H2b /2mt ûi�ib � 2i 2M �Ƕ /�Mb
H2 7Q`K�HBbK2 /2b TQi2MiB2Hb +?BKB[m2b µ ,

(
µl(T, Pb�i) = µg(T, Pb�i)

µl(T + dT, Pb�i + dPb�i) = µg(T + dT, Pb�i + dPb�i)
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Psat (Bars)

T (∘C)

VapeurLiquideSolide

C

LTTb

L
Psat (T )

Psat (Tb)
E

T

L

A

A′�

6B;m`2 RXk3 Ĝ .B�;`�KK2 /2 T?�b2 /2 HǶ2�m Tm`2 /�Mb HǶ2bT�+2 UP, T V /2 HǶ2�m Tm`2X G� 7Q`KmH2 /2
*H�T2v`QM /QMM2 HǶ2tT`2bbBQM /2 H� T2Mi2 /2b 7`QMiBĕ`2b [mB K�`[m2Mi HǶû[mBHB#`2 2Mi`2 H2b T?�b2bX
GǶû[mBHB#`2 HB[mB/2@p�T2m` 2bi /ûHBKBiû T�` H2 TQBMi i`BTH2 h 2i H2 TQBMi +`BiB[m2 *X PM MQi2 1
HǶû[mBHB#`2 BKTQbû T�` H2b +QM/BiBQMb �iKQbT?û`B[m2b URXyRj "�`- Ryy�*V- 2i L HǶû[mBHB#`2 BKTQbû
T�` HǶûi�i /2 +�Hû7�+iBQM UPL, TLVX

Qɍ H2 TQi2MiB2H +?BKB[m2 /m +Q`Tb Tm` +QMbB/û`û /�Mb H� T?�b2 i UHB[mB/2 (`) Qm p�T2m` (v)V
2bi /û}MB T�` µi(T, Pb�i) = vidPb�i � sidT - �p2+ vi 2i si H2 pQHmK2 2i HǶ2Mi`QTB2 K�bbB[m2
/m +Q`Tb /�Mb H� T?�b2 iX PM Q#iB2Mi �BMbB HǶû;�HBiû ,

(sv � s`) = (vv � v`)
dPb�i
dT

URX9XRV

PM B/2MiB}2 /�Mb HǶû[m�iBQM RX9XR HǶ2Mi?�HTB2 /2 p�TQ`Bb�iBQM- �mbbB �TT2Hû2 +?�H2m` H�i2Mi2
/2 i`�MbBiBQM /2 T?�b2 L = T (sv � s`)X �BMbB- iQmi �m HQM; /2 H� +Qm`#2 /Ƕû[mBHB#`2 2Mi`2
H� T?�b2 p�T2m` 2i H� T?�b2 HB[mB/2- QM T2mi û+`B`2 H� `2H�iBQM /Bi2 /2 *H�T2v`QM ,

L = T (sv � s`) = T (vv � v`)
dPb�i
dT

URX9XkV

PM 7�Bi �HQ`b H2b ?vTQi?ĕb2b bmBp�Mi2b ,

� G2 pQHmK2 Q++mTû T�` mM ;�x 2bi #B2M bmTû`B2m` ¨ +2HmB Q++mTû T�` b� T?�b2 HB[mB/2-
+QM/2Mbû2- vv >> v`X

� G� p�T2m` /Ƕ2�m 2bi �bbBKBHû2 ¨ mM ;�x T�`7�BiX G2b ;`�M/2m`b 2ti2MbBp2b /m bvbiĕK2
bQMi /QM+ HBû2b T�` H� `2H�iBQM /Ƕûi�i Pb�ivvM>kP = R:ST - Qɍ M>kP H� K�bb2 KQH�B`2
/m ;�x +QMbB/û`û 2i R:S H� +QMbi�Mi2 /2b ;�x T�`7�BibX

G� 7Q`KmH2 RX9Xk b2 `û/mBi /QM+ ¨ ,

L =
R:ST

2

Pb�iM>kP

dPb�i
dT

URX9XjV

PM bûT�`2 H2b p�`B�#H2b 2i QM BMiĕ;`2 HǶû[m�iBQM RX9Xj 2Mi`2 HǶûi�i (Pb�i, T ) 2i mM ûi�i /2
`û7û`2M+2 , H2 TQBMi /Ƕû#mHHBiBQM /2 HǶ2�m /�Mb H2b +QM/BiBQMb /2 T`2bbBQM �iKQbT?û`B[m2
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UTQBMi 1 /m /B�;`�KK2 RXk3VX

HM
⇣
Pb�i(T )

Pb�i(T#)

⌘
=

M>kPL
R:S

⇣ 1

T#
� 1

T

⌘
URX9X9V

P`- TQm` T2`K2ii`2 ¨ H� ;Qmii2 /2 HûpBi2`- H� T`2bbBQM /�Mb H2 }HK /2 p�T2m` Pb�i(T ) /QBi
�m KQBMb û[mBHB#`2` H2 TQB/b mg /2 H� ;Qmii2- `�TTQ`iû ¨ H� bm`7�+2 /2 b� #�b2 SX *2+B
BMi`Q/mBi /QM+ mM b2mBH P ⇤

b�i �m@/2H¨ /m[m2H H� HûpBi�iBQM 2bi T2`KBb2X

P
⇤
b�i = P0 +

mg

S URX9X8V

GǶ2tBbi2M+2 /ǶmM b2mBH 2M T`2bbBQM P
⇤
b�i DmbiB}2 HǶ2tBbi2M+2 /ǶmM b2mBH 2M i2KTû`�im`2 [m2

HǶQM B/2MiB}2 ¨ TLX
TL =

T0

1� R:ST0

M>kPL
HM
✓
P0S +mg

Pb�i(T#)S

◆ URX9XeV

G2 [mQiB2Mi
�
R:ST0

�
/
�
M>kPL

�
- b�Mb /BK2MbBQM- 2bi i`ĕb 7�B#H2- BH p�mi 2MpB`QM yXRX SQm`

Pb�i(T#) = 1, 013 "�` 2i T# = 100�*- HǶ�TTHB+�iBQM MmKû`B[m2 /QMM2 TL ⇡ T# , G� +QM/BiBQM
/2 HûpBi�iBQM [mB /û+QmH2 /2 +2 `�BbQMM2K2Mi 2bi #2�m+QmT KQBMb `2bi`B+iBp2 [mǶ2HH2 M2
HǶ2bi 2M T`�iB[m2- +2 [mB bm;;ĕ`2 [m2 +2 b2mBH MǶ2bi T�b }tû T�` H� i?2`KQ/vM�KB[m2X PM
`2K�`[m2 Mû�MKQBMb H2 b2mBH TL /2 i2KTû`�im`2 [mB T2`K2i /2 bQmi2MB` H� ;Qmii2 2bi mM2
7QM+iBQM 7�B#H2K2Mi +`QBbb�Mi2 /2 m Uû[m�iBQM RX9XeVX �mi`2K2Mi /Bi BH 2bi /Ƕ�mi�Mi THmb
/B{+BH2 /2 K2ii`2 2M HûpBi�iBQM mM2 ;Qmii2 [m2 +2ii2 /2`MBĕ`2 2bi HQm`/2X

G� i2KTû`�im`2 /QMMû2 T�` HǶû[m�iBQM RX9Xe 2bi i`ĕb 7�B#H2 /2p�Mi H2b p�H2m`b /2 TL Q#b2`pû2b
2M T`�iB[m2X 1HH2 2bi iQmi27QBb +QKT�`�#H2 �m b2mBH i`Qmpû bm` mM bm#bi`�i HB[mB/2X GǶûi�i
+�Hû}û T2mi āi`2 BM/mBi 2M i?2`KQbi�i�Mi mM #�BM ¨ b2mH2K2Mi [m2H[m2b /2;`ûb �m /2bbmb
/2 H� i2KTû`�im`2 /Ƕû#mHHBiBQM (jk)X G� `m;QbBiû /m bm#bi`�i [m�bB MmHH2- 2i H2 +�`�+iĕ`2
/û7Q`K�#H2 /2 HǶQ#D2i T�` `�TTQ`i �m bm#bi`�i bm` H2[m2H BH HûpBi2 �bbm`2Mi mM2 T`Q#�#BHBiû
/2 Mm+Hû�iBQM 2i /ǶmM +QMi�+i 2M T`BM+BT2 MmHH2X G� T`û/B+iBQM /2 TL T�` HǶ�TT`Q+?2 i?2`@
KQ/vM�KB[m2 û+?Qm2 /ĕb HQ`b [mǶmM2 T?�b2 bQHB/2 2bi 2M D2mX G� Mm+Hû�iBQM ?ûiû`Q;ĕM2
U/�Mb H2b /û7�mib /m bQHB/2bV- H2b +QMi�+ib /QKK�;2�#H2b 2Mi`2 H� ;Qmii2 2i bQM bm#bi`�i
2i H2b T`QT`Bûiûb /2 i?2`KB[m2b /m bQHB/2 b2K#H2Mi /QM+ BKTHB[mûb /�Mb HǶQ`B;BM2 /2 TLX
hQmi b2 T�bb2 +QKK2 bB +2 MǶûi�Bi T�b mM2 i2KTû`�im`2 +`BiB[m2 K�Bb THmiƬi mM2 ûT�Bbb2m`
/2 }HK +`BiB[m2X lM2 ~m+im�iBQM /ǶûT�Bbb2m` " UBM/mBi2 T�` H� `m;QbBiû /m bm#bi`�i Qm H2
+�`�+iĕ`2 /û7Q`K�#H2 /2 HǶBMi2`7�+2V +QKT`QK2i HǶû[mBHB#`2X

a2mBH /2 HûpBi�iBQM �p2+ mM bQHB/2

G� +QM/BiBQM /Ƕû[mBHB#`2 /2 HûpBi�iBQM � ûiû i`�/mBi2 T�` mM #BH�M /ǶûM2`;B2X LQmb �pQMb
ûi�#HB HǶûT�Bbb2m` " /m }HK KBM+2 `2[mBb2- 2M Mû;HB;2�Mi b2b p�`B�iBQMb i�Mi bT�iB�H2b [m2
i2KTQ`2HH2bX P` H� #�b2 /2b ;Qmii2b T`ûb2Mi2 mM2 TQ+?2 [mB KQ/mH2 bT�iB�H2K2Mi HǶûT�Bbb2m`
"X G2 +�`�+iĕ`2 /û7Q`K�#H2 /2 HǶBMi2`7�+2 +QKTHB[m2 H� /Bb+mbbBQMX PM b2 T`QTQb2 /Ƕ2t�KBM2`
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HǶûT�Bbb2m` /Ƕû[mBHB#`2 TQm` mM Q#D2i BM/û7Q`K�#H2X GǶûi�i /2 +�Hû7�+iBQM MǶ2bi T�b BM?û`2Mi
�mt HB[mB/2bX G2 /BQtv/2 /2 +�`#QM2 bQHB/2 U*P2UbVV b2 bm#HBK2 ¨ �79�* b�Mb T�bb2` T�`
mM2 T?�b2 HB[mB/2X AH 2bi T�`7QBb �TT2Hû- ¨ Dmbi2 iBi`2- ;H�+2 bĕ+?2X SQbû bm` mM bm#bi`�i
+?�m/- +2 bQHB/2 ~Qii2 bm` mM +QmbbBM /2 p�T2m` 2i T2`K2i /2 `2T`Q/mB`2 H� bBim�iBQM /2
G2B/2M7`Qbi �p2+ mM +Q`Tb BM/û7Q`K�#H2X .�Mb H2 +�b /ǶmM #HQ+ bQHB/2 /2 `�vQM R 2i /2
?�mi2m` H- QM T2mi ûi�#HB` /�Mb H2 KāK2 2bT`Bi [m2 TQm` H2 HB[mB/2 HǶûT�Bbb2m` KQv2MM2
/m }HK /2 p�T2m` [mB T2`K2i HǶû[mBHB#`2 +�Hû}ûX PM i`Qmp2 ,

"i? =

✓
3⌘v�v

2⇡⇢vL⇢sg

◆1/4⇣
R

2

H

⌘1/4�
�T

�1/4 URX9XdV

GǶûT�Bbb2m` "2tT 2bi K2bm`û2 bm` mM bm#bi`�i /2 `m;QbBiû KBMBK�H2 , /2b ;�H2ii2b /2 bBHB+BmKX
GǶûT�Bbb2m` /m }HK 2bi Q#i2Mm2 T�` pBbm�HBb�iBQM /B`2+i2 ¨ H� +�Kû`� `�TB/2- KmMB2 /ǶmM
Q#D2+iB7 /2 KB+`Qb+QT2X PM +QKT�`2 bm` H� };m`2 RXkNU#V HǶûT�Bbb2m` "2tT K2bm`û2 TQm`
/2b #HQ+b /2 +�`#Q;H�+2- T`ûb2Mi�Mi /2b T�`�Kĕi`2b ;ûQKûi`B[m2b UR 2i HV /Bzû`2Mib 2M
7QM+iBQM /2 "i? T`û/Bi T�` H� HQB RX9XdX

ε = ( 3ηvλv

2πρvLρsg )
1/4

( R2

H )
1/4

(ΔT)1/4

0 50 100 150
0

50

100

150

εexp = εth − ε*

ε*

εexp = εth

ε* ≈ 35 μm

(b)(a)

R

H ε e
xp

(μ
m

)

εth (μm)

Ts
2εexp

6B;m`2 RXkN Ĝ U�V "HQ+ /2 +�`#Q;H�+2 /2 `�vQM R /2 ?�mi2m` H 2M +�Hû7�+iBQM bm` mM2 ;�H2ii2 /2
bBHB+BmK +?�mzû2 ¨ H� i2KTû`�im`2 TbX GǶû+?2HH2 BM/B[m2 j KKX S?QiQ;`�T?B2 T`Bb2 T�` :mBHH�mK2
.mT2mtX (#) úT�Bbb2m` KQv2MM2 "2tT K2bm`û2 ¨ HǶ�B/2 /ǶmM2 +�Kû`� `�TB/2 û[mBTû2 /ǶmM Q#D2+iB7 /2
KB+`Qb+QT2 U⇥4V 2M 7QM+iBQM /2 HǶûT�Bbb2m` "i? T`û/Bi2 T�` HǶû[m�iBQM RX9Xd TQm` H2 D2m /2 T�`�Kĕi`2b
R- H 2i TbX G� /`QBi2 ;`Bb2 +Q``2bTQM/ ¨ HǶû[m�iBQM "2tT = "i?X G2b /QMMû2b bmBp2Mi HǶû[m�iBQM
"2tT = "i? � "

⇤ �p2+ "
⇤ ⇡ 35 µmX

PM +QMbi�i2 [m2 HǶûT�Bbb2m` K2bm`û2 2bi /û+�Hû2 T�` `�TTQ`i �mt T`û/B+iBQMb Uû[mB@
HB#`2 RX9XdV , QM K2bm`2 mM2 ûT�Bbb2m` THmb 7�B#H2 [m2 +2HH2 [mǶQM �ii2M/X G2b /QMMû2b
bmBp2Mi HǶû[m�iBQM "2tT = "i? � "

⇤ �p2+ "
⇤ ⇡ 35 µmX AH M2 bǶ�;Bi T�b /ǶmM2 2``2m` /�Mb H2

T`û7�+i2m` K�Bb /ǶmM /û+�H�;2X hQmi b2 T�bb2 +QKK2 bB H2 T�H2i /2p�Bi bǶ�TT`Q+?2` /2 "
⇤

/m bm#bi`�i TQm` 2M iB`2` HǶûM2`;B2 `2[mBb2 T�` HǶû[mBHB#`2 /2 HûpBi�iBQMX *2+B bm;;ĕ`2 /QM+
[m2 H2 T�H2i M2 `2ÏQBi T�b `û2HH2K2Mi H2 ~mt ji? = �v�T/"i? û+`Bi THmb ?�miX *2ii2 Q#b2`@
p�iBQM T2mi bǶBMi2`T`ûi2` +QKK2 mM2 +QMbû[m2M+2 /m +�`�+iĕ`2 }MB /2 H� +QM/m+iBpBiû /m
K�iû`B�m Qm T�` /2b /ûT2`/BiBQMb ûM2`;ûiB[mb2- +QKK2 T�` 2t2KTH2 H� +QMp2+iBQM 7Q`+û2
T�` HǶû+QmH2K2MiX

9N



*>�SAh_1 RX a1lAG .1 G1A.1L6_Pah

*QM/m+iBpBiû i?2`KB[m2 }MB2 /m K�iû`B�m

LQmb 2t�KBMQMb H2 b+ûM�`BQ Qɍ +2 bQMi H2b T`QT`Bûiûb /2 +QM/m+iBQM i?2`KB[m2 /m K�@
iû`B�m [mB 7QMi /û7�miX .�Mb H� HBiiû`�im`2- BH 2bi +QKKmMûK2Mi �/KBb [m2 H2 bm#bi`�i � mM2
+QM/m+iBpBiû BM}MB2- b� +QM/m+iBpBiû i?2`KB[m2 �b ûi�Mi i`ĕb ;`�M/2 /2p�Mi H� +QM/m+iBpBiû
i?2`KB[m2 /2 H� p�T2m` U� ⇡ 100 q/K/E TQm` H2 H�BiQM +QMi`2 �v ⇡ 20 Kq/K/E TQm` H�
p�T2m`VX AH � TQm`i�Mi ûiû KQMi`û [m2 HǶBKT�+i /2 ;Qmii2 TQmp�Bi `27QB/B` H2 bm#bi`�i (k3)X
lM �#�Bbb2K2Mi /2 H� i2KTû`�im`2 /m bm#bi`�i KQ/B}2 HǶû[mBHB#`2 /2b ~mt i?2`KB[m2bX

GǶBM~m2M+2 /2 HǶûT�Bbb2m` /m bm#bi`�i bQHB/2- MQiû2 Hb 2bi 2t�KBMû2X .2b ;�H2ii2b /2
bBHB+BmK /2 KāK2 ûi�i /2 bm`7�+2 2i /ǶûT�Bbb2m` Hb p�`B�Mi /2 yXky KK ¨ Ry KK QMi ûiû
i2biû2bX PM K2bm`2 �HQ`b TQm` /2b ;Qmii2b /Ƕ2�m /2 i�BHH2 }tû2 HǶûT�Bbb2m` " KQv2MM2 /m }HK
/2 p�T2m`X *2b ûT�Bbb2m`b bQMi i`�+û2b bm` H� };m`2 RXjy 2M 7QM+iBQM /2 T

1
b TQm` /Bzû`2Mi2b

ûT�Bbb2m`b /2 bm#bi`�i HbX GǶûT�Bbb2m` /m +QmbbBM /2 p�T2m` �m;K2Mi2 �p2+ HǶûT�Bbb2m` /m
bm#bi`�iX

200 250 300 350 400 450
0

50

100

150

6B;m`2 RXjy Ĝ úT�Bbb2m` /m }HK /2 p�T2m` 2M 7QM+iBQM /2 H� i2KTû`�im`2 /2 H� ;�H2ii2 /2 bBHB+BmK
TQm` /Bzû`2Mi2b ûT�Bbb2m`b Hb /m bm#bi`�i U0.20 KK- 0.62 KK- 1.70 KK 2i 10.0 KKVX GǶ�m;K2M@
i�iBQM /2 " �p2+ Hb iûKQB;M2 /2 HǶBM~m2M+2 /2b T`QT`Bûiûb /2 +QM/m+iBQM /m bQHB/2X G2 b2mBH TL b2
/û+�H2 p2`b /2b p�H2m`b bmTû`B2m`2b [m�M/ QM �KBM+Bi H2 bm#bi`�i HbX

G2 bm#bi`�i MǶ2bi T�b mM +QM/m+i2m` T�`7�BiX PM BMi`Q/mBi �b b� +QM/m+iBpBiû i?2`KB[m2X
PM bmTTQb2 [mǶBH b2 `27`QB/Bi 2M bm`7�+2 2i QM MQi2 Tb b� i2KTû`�im`2 2M z = 0- BM7û`B2m`2
/2 [m2H[m2b /2;`ûb T�` `�TTQ`i ¨ T

1
b - H� i2KTû`�im`2 BKTQbû2 T�` H� TH�[m2 2M z = �HbX

G2 T`Q#HĕK2- BHHmbi`û bm` H� };m`2 RXjR- 2bi bmTTQbû bi�iBQMM�B`2 2i Tm`2K2Mi /BzmbB7X G�
;Qmii2 M2 pQBi THmb mM bm#bi`�i ¨ mM2 i2KTû`�im`2 T

1
b - K�Bb mM bm#bi`�i `27`QB/B ¨ H�

i2KTû`�im`2 Tb < T
1
b X G� TmBbb�M+2 `2Ïm2 T�` H� ;Qmii2 2bi +Q``B;û2X 1M i2M�Mi +QKTi2

/m ~mt ¨ i`�p2`b H2 bm#bi`�i- HǶû;�HBiû /2b ~mt 2M z = 0 Uû[m�iBQM RXjXeV bǶû+`Bi ,

L/m =
�v(Tb � T#)

"
S/t+ �b(Tb � T

1
b )

Hb
S/t URX9X3V

lM i2`K2 /2 T2`i2 �TT�`�ŗi TQm` mM bm#bi`�i /2 +QM/m+iBpBiû i?2`KB[m2 }MB2X *QKK2
Tb < T

1
b - +2 i2`K2 2bi Mû;�iB7X lM2 /BKBMmiBQM /2 Hb /BKBMm2 H2 ~mt /2 +?�H2m` `2Ïm

T�` H2 HB[mB/2X SQm` K�BMi2MB` HǶû[mBHB#`2 /2 HûpBi�iBQM- H� ;Qmii2 /QBi b2 `�TT`Q+?2` /m
bm#bi`�i- +2 [mB BKTHB[m2 /2 /BKBMm2` HǶûT�Bbb2m` /m }HK /2 p�T2m`X *2i û[mBHB#`2 T2`K2i
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6B;m`2 RXjR Ĝ a+?ûK� /2b û+?�M;2b i?2`KB[m2b 2Mi`2 H� TH�[m2 2i mM2 ;Qmii2 /2 `�vQM RX G�
TH�[m2 +?�mz�Mi2 BKTQb2 2M z = �Hb H� i2KTû`�im`2 T

1
b /m bm#bi`�iX *2HmB@+B- /ǶûT�Bbb2m` Hb-

� mM2 +QM/m+iBpBiû i?2`KB[m2 �bX AH /Bzmb2 bQM ûM2`;B2 ¨ H� ;Qmii2 ¨ i`�p2`b H2 +QmbbBM /2 p�T2m`-
/ǶûT�Bbb2m` " 2i /2 +QM/m+iBpBiû i?2`KB[m2 �vX G� i2KTû`�im`2 Tb 2M z = 0 2bi bmTTQbû2 BM7û`B2m`2
¨ T

1
b X

/2 +QKT`2M/`2 HǶBM~m2M+2 /2 HǶûT�Bbb2m` Hb /m bm#bi`�i bm` HǶûT�Bbb2m` /m }HK "- `ûpûHû2
T�` H� };m`2 RXjyX

*2 `�BbQMM2K2Mi 2bi �mbbB +QKT�iB#H2 �p2+ H2 /û+�H�;2 "
⇤ i`Qmpû TQm` H� +�`#Q;H�+2

U};m`2 RXkNVX S�` +2ii2 7Q`KmH2- QM T`û/Bi [m2 TQm` mM bm#bi`�i /ǶûT�Bbb2m` Hb = 3 KK-
2M T`2M�Mi mM2 +QM/m+iBpBiû i?2`KB[m2 �v ⇡ 50 Kq/K/E TQm` H2b p�T2m`b /2 *P2 2i
�b ⇡ 100 q/K/E TQm` H2 bBHB+BmK- HǶûT�Bbb2m` /m }HK /2 p�T2m` /QBi āi`2 /BKBMmû2 /Ƕ2M@
pB`QM jy KB+`QMb- 2M #QM �++Q`/ �p2+ H2b /QMMû2b /2 H� };m`2 RXkNX

G� };m`2 RXjk- bQmHB;M2 /Ƕ�BHH2m`b HǶBM~m2M+2 /m T�`�Kĕi`2 Hb bm` H2 b2mBH /2 G2B/2M7`QbiX
PM +QKT�`2 HǶ�HHm`2 /ǶmM2 ;Qmii2 /Ƕ2�m /2 KāK2 `�vQM- 2M +�Hû7�+iBQM bm` mM bm#bi`�i
/ǶûT�Bbb2m` U�V Hb = 1.70 KK 2i U#V Hb = 0.20 KK- TQm` mM2 i2KTû`�im`2 BKTQbû2 ¨
jyy�*X GǶûi�i T�BbB#H2 /�Mb H2[m2H b2 i`Qmp2 H� ;Qmii2 bm` H2 bm#bi`�i ûT�Bb U�V +QMi`�bi2
�p2+ H2 +QKTQ`i2K2Mi /2 H� ;Qmii2 bm` H2 bm#bi`�i KBM+2X J�H;`û H2 7�Bi [m2 H� i2KTû`�im`2
bQBi #B2M �m /2bbmb /2b i2KTû`�im`2b /2 G2B/2M7`Qbi mbm2HH2b UTQm` /2b bm#bi`�i HBbb2bV-
H� ;Qmii2 2Mi`2 2M û#mHHBiBQM- iûKQB;M�Mi /B`2+i2K2Mi /2 HǶBM~m2M+2 /2 HǶûT�Bbb2m` HbX G2
bm#bi`�i KBM+2 b2 `27`QB/Bi +2 [mB K2i ¨ K�H H� +�Hû7�+iBQM /2 H� ;Qmii2X *2b Q#b2`p�iBQMb-
[mB 7Q`iB}2Mi +2HH2b /2 (k3)- KQMi`2Mi H2b HBKBi2b /2 HǶ?vTQi?ĕb2 /ǶmM bm#bi`�i +QM/m+i2m`
T�`7�Bi 2i HǶBM~m2M+2 /m `27`QB/Bbb2K2Mi /2 bm`7�+2 bm` H2 b2mBH /2 G2B/2M7`QbiX

*2ii2 /Bb+mbbBQM bm` H2b Q`B;BM2b /2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi TL `ûpĕH2 [mǶBH M2
bǶ�;Bi T�b i�Mi /ǶmM2 i2KTû`�im`2 b2mBH K�Bb THmiƬi /ǶmM ~mt /ǶûM2`;B2 +`BiB[m2 ¨ 7Qm`MB`
TQm` bmTTQ`i2` H2 TQB/bX *2 ~mt 2bi i`ĕb b2MbB#H2 ¨ HǶûT�Bbb2m` /m }HK /2 p�T2m`- +2 [mB
TQm``�Bi MQi�KK2Mi 2tTHB[m2` H� b2MbB#BHBiû /2 TL pBb@¨@pBb /2 H� `m;QbBiû /m bm#bi`�iX
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Hs = 1.70 mm

t = 0 t = 208 ms t = 240 ms

t = 300 ms t = 325 ms t = 500 ms

Hs = 0.20 mm

(b)(a)

6B;m`2 RXjk Ĝ *QKT�`�BbQM /m +QKTQ`i2K2Mi /ǶmM2 ;Qmii2 /Ƕ2�m bm` mM bm#bi`�i +?�mzû ¨ jyy�*-
/ǶûT�Bbb2m` U�V Hb = 1.70 KK- U#V Hb = 0.20 KKX G� ;Qmii2 2Mi`2 2M û#mHHBiBQM bm` H2 bm#bi`�i
KBM+2- �HQ`b [mǶ2HH2 2bi +�Hû}û2 bm` H2 THmb ûT�BbX G� #�``2 /Ƕû+?2HH2 BM/B[m2 k KKX

8k



.2mtBĕK2 T�`iB2

.vM�KB[m2b bTQMi�Mû2b

8j





*?�TBi`2 k

*?2KBMû2b 2M û`mTiBQM

GQ`b[mǶQM /ûTQb2 mM ;`�M/ pQHmK2 /2 HB[mB/2 UR & 4�1V bm` mM bm#bi`�i +?�m/- QM
�bbBbi2 ¨ mM T?ûMQKĕM2 bTû+B}[m2 �mt ;Qmii2b +�Hû}û2b (3- Ry)X G� p�T2m`- T`Q/mBi2 b�Mb
`2H�+?2- bǶ�++mKmH2 �m MBp2�m /2 H2m` #�b2X lM2 TQ+?2 /2 ;�x b2 +?�`;2 2i T`Q;`2bb2 T�`
TQmbbû2 /Ƕ�`+?BKĕ/2 2M /û7Q`K�Mi H2 HB[mB/2X G� /vM�KB[m2 /Ƕ2tT�MbBQM /2 H� TQ+?2 /2
p�T2m` 2bi }tû2 T�` H2b û+?�M;2b i?2`KB[m2b /BzmbB7b 2Mi`2 H2 bm#bi`�i 2i H2 HB[mB/2- K�Bb
HBKBiû2 T�` H� /û7Q`K�iBQM K�tBK�H2 2M/Qbb�#H2 T�` H� ;Qmii2X �BMbB H� TQ+?2 +Qmpû2 T�`
H2 HB[mB/2 2Mi`2 2M û`mTiBQM HQ`b[m2 b� ?�mi2m` /2pB2Mi +QKT�`�#H2 ¨ +2HH2 /2 H� ~�[m2X lM2
7QBb ûpB/û- H2 HB[mB/2 T`2M/ H� 7Q`K2 /ǶmM �MM2�m HB[mB/2X G� i2MbBQM /2 bm`7�+2 +?2`+?2
�HQ`b ¨ KBMBKBb2` H� bm`7�+2 /2 H� ~�[m2- +2 [mB `272`K2 HǶQmp2`im`2 +2Mi`�H2 /�Mb mM /ûH�B
[mB /ûT2M/ /2 H� +Q?ûbBQM /m HB[mB/2 2i /2 bQM BM2`iB2X lM2 7QBb `2KBb2 /2 +2b ûpûM2K2Mib
i`�mK�iBb�Mib- H� ~�[m2 2M;2M/`2 mM2 MQmp2HH2 +?2KBMû2X .2b +v+H2b /2 7Q`K�iBQMf`mTim`2
T2`/m`2Mi Dmb[mǶ¨ R ⇡ 4�1X

(a) (b) (c)

(d) (e) (f)

6B;m`2 kXR Ĝ om2 THQM;2�Mi2 bm` mM2 ~�[m2 +�Hû}û2 /�Mb mM TmBib +QMB[m2 +?�mzû ¨ jyy�*X
lM2 TQ+?2 /2 p�T2m` ;`QbbBi bQmb H2 HB[mB/2 U�@/V 2i }MBi T�` T2`+2` H� ~�[m2X G� `ûi`�+iBQM U2V
bǶ�++QKT�;M2 /2 HǶû`mTiBQM /ǶmM D2i p2`iB+�H U7VX
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aQKK�B`2
kXR úi�i /2 HǶ�`i , H2b HB[mB/2b T2`+ûb ¨ DQm` X X X X X X X X X X X X X X X 8e
kXk .2b+`BTiBQM 2tTû`BK2Mi�H2 /2b +?2KBMû2b +�Hû}û2b X X X X X X X X eR

kXkXR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2 X X X X X X X X X X X X X X X X X X X X X eR
kXkXk ai�iB[m2 /ǶmM2 +?2KBMû2 X X X X X X X X X X X X X X X X X X X X X X X ej
kXkXj .vM�KB[m2 /ǶmM2 +?2KBMû2 X X X X X X X X X X X X X X X X X X X X X e8
kXkX9 .2b+`BTiBQM /ǶmM +v+H2 /2 7Q`K�iBQMf`mTim`2 X X X X X X X X X X X X ed

kXj h2KTb +�`�+iû`BbiB[m2b /m /ƬK2 X X X X X X X X X X X X X X X X X X X e3
kXjXR h2KTb /2 7Q`K�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X e3
kXjXk h2KTb /2 pB2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy

kX9 .vM�KB[m2b 2t+Biû2b T�` H2b +?2KBMû2b X X X X X X X X X X X X X X X dN
kX9XR *B+�i`Bb�iBQM /m iQ`2 X X X X X X X X X X X X X X X X X X X X X X X X X dN
kX9Xk G� p�T2m` T`2M/ H� 7mBi2 X X X X X X X X X X X X X X X X X X X X X X X 3R
kX9Xj úHQM;�iBQMb Tû`BQ/B[m2b 2Mi`2i2Mm2b T�` H� p�T2m` X X X X X X X X 3R
kX9X9 oB#`�iBQMb /2 H� p�T2m` +Qmpû2 T�` H2b +?2KBMû2b X X X X X X X X X 3e

.�Mb +2ii2 T�`iB2- MQmb /Bb+miQMb H� bi�#BHBiû /2b ~�[m2b +�Hû}û2b 2i H2m` /vM�KB[m2-
2M MQmb BMiû`2bb�Mi 2M T`2KB2` HB2m ¨ H� 7Q`K�iBQM- H� T2`bBbi�M+2 2i HǶ2zQM/`2K2Mi /ǶmM
/ƬK2 HB[mB/2 2M72`K�Mi mM2 +�pBiû /2 p�T2m`X

kXR úi�i /2 HǶ�`i , H2b HB[mB/2b T2`+ûb ¨ DQm`

.�Mb HǶ2z2i G2B/2M7`Qbi- H2 HB[mB/2 2bi BbQHû /m 7�Bi /2 HǶû+QmH2K2Mi +QMiBMm /2 p�T2m` ¨
i`�p2`b H2 }HK KBM+2- /ǶûT�Bbb2m` "- [mB H2 bûT�`2 /m bm#bi`�i +?�m/X G� p�T2m` b+mHTi2 mM2
TQ+?2 2i BM/mBi /2b p�`B�iBQMb bT�iB�H2b /ǶûT�Bbb2m` "- /QMi HǶ�KTHBim/2 /ûT2M/ /2 K�MBĕ`2
+`BiB[m2 /m pQHmK2 /m HB[mB/2X

AM~m2M+2 /2 H� ;ûQKûi`B2 /m bm#bi`�i

G� ;ûQKûi`B2 /m bm#bi`�i T2mi 7�pQ`Bb2` Qm MQM HǶ�TT�`BiBQM /2b +?2KBMû2b 2M �B/�Mi
HǶ�++mKmH�iBQM /2 p�T2m` Qm 2M 7`�v�Mi mM +?2KBM H�iû`�H 7�pQ`�#H2 TQm` H� p�T2m`X S`2MQMb
/2b 2t2KTH2b /2 ;ûQKûi`B2b 2MpBb�;û2b /�Mb H� HBiiû`�im`2X

:ûQKûi`B2 +QMB[m2 1M THmb /2 T2`K2ii`2 HǶBKKQ#BHBb�iBQM /m HB[mB/2- HǶmiBHBb�iBQM /2
+mp2ii2b +QMB[m2b `2TQmbb2 HǶBMbi�#BHBiû /2b +?2KBMû2b ¨ /2b pQHmK2b /2 ~�[m2 THmb ûH2@
pûbX 1HH2 bi�#BHBb2 HǶBMi2`7�+2 BM7û`B2m`2 (Ry- j3) bQmKBb2 ¨ HǶBMbi�#BHBiû /2 _�vH2B;?@h�vHQ`X
>B/�H;Q@*�#�HH2`Q 2i �HX b2 bQMi BMi2`2bbûb ¨ HǶBM~m2M+2 /2 HǶ�M;H2 /m TmBib bm` H2b û+?�M;2b
i?2`KB[m2b /ǶmM2 ~�[m2 /2 pQHmK2 V - TQbû2 bm` mM +ƬM2 /ǶQmp2`im`2 ✓X .2mt Kû+�MBbK2b
/Ƕ2tTmHbBQM /2 H� p�T2m` bQMi Q#b2`pûb , mM û+?�TT2K2Mi H�iû`�H- ¨ i`�p2`b H2 }HK /2 p�T2m`-
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kXRX úh�h .1 GǶ�_h

(a) (b) (c)

6B;m`2 kXk Ĝ U�V a+?ûK� /2 T`BM+BT2 2i T?QiQ;`�T?B2 /2 HǶ2tTû`B2M+2 `û�HBbû2 T�` >B/�H;Q@*�#�HH2`Q
2i �HXX lM2 ~�[m2 2bi /ûTQbû2 �m +`2mt /ǶmM TmBib +QMB[m2 +?�m/ /ǶQmp2`im`2 �M;mH�B`2 ✓X (#) .B�@
;`�KK2 /2 T?�b2 KQMi`�Mi HǶBM~m2M+2 /m pQHmK2 V 2i /2 HǶ�M;H2 ✓ bm` H2b T?ûMQKĕM2b Q#b2`pûbX
G2b +?2KBMû2b- BM/B[mû2b T�` H2b `�vm`2b `Qm;2b- �TT�`�Bbb2Mi 2M /2bbQmb /ǶmM �M;H2 HBKBi2 (jd) 2i
�m@/2bbmb /ǶmM2 +2`i�BM2 i�BHH2X (+) a+?ûK� /2 T`BM+BT2 2i T?QiQ;`�T?B2 /2 HǶ2tTû`B2M+2 `û�HBbû2 T�`
S2``�`/ 2i �HXX SB[mû2 �m +2Mi`2- H� ~�[m2 H�Bbb2 bǶû+?�TT2` H2b p�T2m`bX

2i mM2 ûp�+m�iBQM p2`iB+�H2 ¨ i`�p2`b H2 HB[mB/2- /QMM�Mi M�Bbb�M+2 �mt +?2KBMû2b (jd)X G�
};m`2 kXkU#V /QMM2 H2 /B�;`�KK2 /2 T?�b2 ûi�#HB T�` +2b �mi2m`b- KQMi`�Mi H2b `û;BK2b
Q#b2`pûb 2M 7QM+iBQM /m pQHmK2 /2 H� ~�[m2 2i /2 HǶ�M;H2 /m bm#bi`�iX G� xQM2 `Qm;2 /QMM2
H2b �M;H2b 2i pQHmK2b TQm` H2b[m2Hb H2b +?2KBMû2b b2 K�MB72bi2Mi- bQBi TQm` ✓ . 9 � 12�X
�m@/2H¨ /2 +2ii2 HBKBi2- H� p�T2m` T`Q/mBi2 bQmb H2b ;Qmii2b T�`pB2Mi ¨ b2 7`�v2` mM +?2KBM
H�iû`�H- [mǶ2HH2 T`û7û`2`� �m +?2KBM p2`iB+�H ¨ i`�p2`b H2 HB[mB/2X

am#bi`�i iQ`Qś/�H S2``�`/ 2i �HX QMi KQMi`û [mǶBH ûi�Bi TQbbB#H2 /2 bǶ�z`�M+?B` /2 HǶBM@
bi�#BHBiû /2 +?2KBMû2 2M miBHBb�Mi /2b bm#bi`�ib iQ`Qś/�mt U};m`2 kXkU+VVX S2`+û2 �m +2Mi`2-
H� ~�[m2 T`Q/mBi /2b p�T2m`b [mB 7mB2Mi T�` H2b #Q`/b BMi2`M2b 2i 2ti2`M2bX AH MǶv � T�b /Ƕ�+@
+mKmH�iBQM /2 p�T2m` [mB +QM/mB`�Bi ¨ /2b û`mTiBQMb Tû`BQ/B[m2bX .2b KQiB7b TQHv;QM�mt
�TT�`�Bbb2Mi �HQ`b �m MBp2�m /m Tû`BKĕi`2 BMi2`M2- HB#`2 (jN)X

:Qmii2b bû[m2bi`û2b SHmbB2m`b ûim/2b /Bb+mi2Mi H� bi�#BHBiû /2 ;HQ#mH2b HB[mB/2b BMi`Q@
/mBib /�Mb mM2 +2HHmH2 /2 >2H2 a?�rX *2b ~�[m2b +�Hû}û2b bǶ�KBM+Bbb2Mi TmBb b2 T2`+2Mi
2M H2m` +2Mi`2X G2 iQ`2 �BMbB +`ûû bǶQmp`2 �HQ`b Dmb[mǶ¨ b2 /2bi�#BHBb2` 2M mM +?�T2H2i /2
;Qmii2H2ii2b (9yĜ9k)X G� bvKûi`B2 Qz2`i2 T�` +2ii2 bBim�iBQM /2 #B+�Hû7�+iBQM �KTHB}2 H2b
2z2ib /Ƕ�KBM+Bbb2K2MiX G2 HB[mB/2 T2`7Q`û bǶûT�M/ 2i b2 /ûbi�#BHBb2 2M mM +?�T2H2i /2 ;Qmi@
i2H2ii2bX *2H2biBMB 2i �HX +QMbB/ĕ`2Mi [m2 HǶQmp2`im`2 /m i`Qm- BHHmbi`û2 T�` H� };m`2 kXj-
� mM2 bvKûi`B2 p2`iB+�H2- TH�B/�Mi 2M 7�p2m` /ǶmM Kû+�MBbK2 �û`Q/vM�KB[m2 Qɍ +Ƕ2bi H2
D2i /2 p�T2m` +QMi`2 H2b Km`b- [mB- BM/ûT2M/�KK2Mi /2 bQM Q`B2Mi�iBQM- 2bi ¨ HǶQ`B;BM2 /2
HǶ�KBM+Bbb2K2Mi (9y- 9k)X

_�mt 2i �HX T`QTQb2Mi mM Kû+�MBbK2 /ǶQmp2`im`2 /Bzû`2Mi 2i [mB- +QKK2 HǶBHHmbi`2 H�
};m`2 kX9- `QKTi H� bvKûi`B2 p2`iB+�H2X G� 7Q`K�iBQM /m iQ`2 HB[mB/2 2bi BM/mBi2 T�` H�

8d
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(a) (b)

6B;m`2 kXj Ĝ :Qmii2 /Ƕ2�m 2M b�M/rB+? /�Mb mM2 +2HHmH2 /ǶûT�Bbb2m` d < 2�1X (�) aû[m2M+2
/ǶBK�;2b pm2b /2 /2bbmb BHHmbi`�Mi HǶ�KBM+Bbb2K2Mi +2Mi`�H- H� Mm+Hû�iBQM /ǶmM i`Qm 2i bQM Qmp2`im`2X
(#) �KBM+Bbb2K2Mi +2Mi`�H K2M�Mi ¨ HǶBMbi�#BHBiû Q#b2`pû2 (9y)X

TQmbbû2 �b+2MbBQMM2HH2 /Ƕ�`+?BKĕ/2X SmBb H� p�T2m` TQmbb2 B``ûbBbiB#H2K2Mi H2b #Qm``2H2ib-
+2 [mB 7�Bi +`Qŗi`2 HǶ�MM2�m HB[mB/2 Dmb[mǶ¨ b� 7`�;K2Mi�iBQM }M�H2X �m +QMi`�B`2 /ǶmM2
~�[m2 +�Hû}û2- HǶBMbi�#BHBiû MǶ2bi T�b +v+HB[m2X GǶ�MM2�m HB[mB/2 b2 T`QT�;2 `�/B�H2K2Mi
Dmb[mǶ¨ b� 7`�;K2Mi�iBQM B``ûp2`bB#H2X

2R

ε

6B;m`2 kX9 Ĝ :Qmii2 /ǶQtv;ĕM2 HB[mB/2 #B+�Hû}û2 /�Mb mM2 +2HHmH2 +QM}Mû2 /ǶûT�Bbb2m` H < 2�1
Pk

X
aû[m2M+2 /ǶBK�;2b pm2b /2 /2bbmb BHHmbi`�Mi HǶ�KBM+Bbb2K2Mi +2Mi`�H- H� Mm+Hû�iBQM /ǶmM i`Qm +QM/mB@
b�Mi ¨ HǶQmp2`im`2 /m }HK HB[mB/2 2M �MM2�m TmBb ¨ H� /2bi�#BHBb�iBQM /2 +2i �MM2�m 2M mM +?�T2H2i
/2 ;Qmii2H2ii2b- b+?ûK�iBbû �m@/2bbmb (9R)X

S?ûMQKĕM2b +QMM2t2b

hQ`2b HB[mB/2b 1M /ûTBi /2 H2m` +�`�+iĕ`2 BMbi�#H2- H2b iQ`2b HB[mB/2b T2mp2Mi �TT�`�ŗi`2
bmBi2 ¨ H� T2`7Q`�iBQM /2 ~�[m2bX GǶQ++m``2M+2 /2 +2b 7Q`K2b 2bi ûi�vû2 T�` H� HBiiû`�im`2X
.2b +?2KBMû2b �TT�`�Bbb2Mi T�` 2t2KTH2 bm` /2b ;Qmii2b +QM}Mû2b- bQmKBb2b ¨ mM2 /Bzû@
`2M+2 /2 i2KTû`�im`2 /2 [m2H[m2b /2;`ûbX S`�#?�F�`�M 2i �HX QMi `û�HBbû /2b 2tTû`B2M+2b
/�Mb H� +QM};m`�iBQM BMi`BMbĕ[m2K2Mi BMbi�#H2 b+?ûK�iBbû2 bm` H� };m`2 kX8U�VX lM2 +2HHmH2
�HHQM;û2- T`2bbm`Bbû2 U2MpB`QM jy #�`bV- 2i /2 ?�mi2m` +QKT�`�#H2 ¨ H� HQM;m2m` +�TBHH�B`2
2bi +QMbB/û`û2X G� TH�[m2 BM7û`B2m`2- 2M `Qm;2- 2bi TQ`iû2 �m@/2bbmb /m TQBMi /Ƕû#mHHBiBQM
/m HB[mB/2 +QMbB/û`û U/2 HǶ?2t�~mQ`m`2 /2 bQm7`2- a6eV- i�M/Bb [m2 H� TH�[m2 bmTû`B2m`2 2bi
K�BMi2Mm2 THmb 7`QB/2X

G� };m`2 kX8U#V KQMi`2 [m2 TQm` mM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 9�*- /2b +?2KB@

83



kXRX úh�h .1 GǶ�_h

(a)

(b) (c)

0 0.32 0.68 1.18 1.80 s

6B;m`2 kX8 Ĝ U�V a+?ûK� /2 HǶ2tTû`B2M+2 /2 S`�#?�F�`�M 2i �HX (9j) , mM HB[mB/2- a6e- 2bi T`Bb
2M b�M/rB+? 2Mi`2 /2mt TH�[m2b ?Q`BxQMi�H2b 2bT�+û2b /ǶmM2 /Bbi�M+2 +QKT�`�#H2 ¨ H� HQM;m2m`
+�TBHH�B`2X G� TH�[m2 bmTû`B2m`2 2bi TQ`iû2 ¨ H� i2KTû`�im`2 Ti = 36�* < TSF6 �HQ`b [m2 H�
TH�[m2 BM7û`B2m`2 2bi +?�mzû2 ¨ T# = 40�* > Ta6e- Qɍ TSF6 2bi H� i2KTû`�im`2 /2 +?�M;2K2Mi
/Ƕûi�i HB[mB/2 p�T2m` /2 a6e ¨ H� T`2bbBQM P +QMbB/û`û2X (#) wQQK bm` HǶ�TT�`BiBQM /ǶmM2 +?2KBMû2
TQm` P = 31 "�`bX G� #�``2 /Ƕû+?2HH2 BM/B[m2 k KKX (+) om2b ;HQ#�H2b /2 /2bbmb /m `ûb2�m /2
;Qmii2H2ii2b T`Q/mBi T�` HǶBMbi�#BHBiû /2 _�vH2B;?@h�vHQ`X § ;�m+?2 , Ti = 36�* 2i P = 31 "�`bX §
/`QBi2 , T# = 40�*- P = 32 "�`bX G� #�``2 /Ƕû+?2HH2 BM/B[m2 Ry KKX

Mû2b KBHHBKûi`B[m2b b2 7Q`K2MiX lM KQiB7 `û;mHB2` �TT�`�ŗi KāK2 ¨ HǶû+?2HH2 /2 H� +2HHmH2
U6B;XkX8U+V ;�m+?2VX �m@/2bbmb /ǶmM2 +2`i�BM2 i�BHH2- +2b ~�[m2b bQMi T2`7Q`û2b T�` /2b
+?2KBMû2b KmHiBTH2bX G2b TQ+?2b /2 p�T2m` T2mp2Mi ¨ H2m` iQm` 7mbBQMM2`X G2 `�vQM /Ƕ�T@
T�`BiBQM /2 HǶBMbi�#BHBiû 2bi rc ⇡ 5.1�1 (9j)X

.2b ;Qmii2b K�BMi2Mm2b 2M HûpBi�iBQM T�` mM ~mt /Ƕ�B` �b+2M/�Mi b2 /ûbi�#BHBb2Mi �mbbB
T�` mM Kû+�MBbK2 b2K#H�#H2 (99- 98)X �m@/2bbmb /m /û#Bi /Ƕ�B` KBMBK�H T2`K2ii�Mi H�
KBb2 2M HûpBi�iBQM /m HB[mB/2- 2i �m@/2H¨ /ǶmM `�vQM +`BiB[m2 R & 3.8�1- H2 HB[mB/2 �/QTi2
mM2 7Q`K2 bBKBH�B`2 �mt +?2KBMû2bX G� 7Q`K2 bi�iB[m2 2i H2 `�vQM +`BiB[m2 /Ƕ�TT�`BiBQM /2
HǶBMbi�#BHBiû TQm` +2b ;Qmii2b pBb[m2mb2b bQm|û2b bQMi T`û/Bib i?ûQ`B[m2K2Mi (9e- 9d)X

PM T2mi- /2 K�MBĕ`2 û[mBp�H2Mi2- 2MpBb�;2` mM2 ;Qmii2 2M i`�BM /2 iQK#2` /�Mb HǶ�iKQ@
bT?ĕ`2X .�Mb H2 `û7û`2MiB2H HBû �m HB[mB/2- H� ;Qmii2 2bi bQmKBb2 ¨ mM û+QmH2K2Mi �b+2M/�Mi
[mB HǶ�TH�iBi- pQB`2 HǶ�KBM+Bi �m +2Mi`2 Dmb[mǶ¨ H� T2`+2`X GǶBM2`iB2 /m ~mB/2 2MpB`QMM�Mi
/û7Q`K2 +2b Q#D2ib TQm` 7Q`K2` /2b T�`�+?mi2b- [mB b2 /ûbBMiĕ;`2Mi `�TB/2K2Mi 2M ;Qmii2@
H2ii2b (93)X

oQȿi2b HB[mB/2b GǶQmp2`im`2 /2b ~�[m2b +�Hû}û2b 2bi M2ii2K2Mi KQBMb pBQH2Mi2 [m2 +2HH2
/2b ;Qmii2b bQm|û2b Qm /2b T�`�+?mi2b- 2i- �m +QMi`�B`2 /2 +2b /2`MBĕ`2b- T`ûb2Mi2 mM
+�`�+iĕ`2 +v+HB[m2X S`2bbû T�` H� TQ+?2 /2 ;�x ;`QbbBbb�Mi2- H2 HB[mB/2 bǶ�KBM+Bi 2i }MBi T�`
7Q`K2` mM }HK KBM+2 ¨ H� bm`7�+2 /2 H� ~�[m2X G2b #mHH2b ~Qii�Mi ¨ H� bm`7�+2 /2 HB[mB/2b
QMi 7�Bi HǶQ#D2i /2 MQK#`2mb2b ûim/2b- i�Mi 2tTû`BK2Mi�H2b [m2 i?ûQ`B[m2b (9NĜ8k)X am` H�
};m`2 kXeU�V QM `2T`ûb2Mi2 HǶ�b+2MbBQM /ǶmM2 #mHH2 /Ƕ�B` 2ti`�Bi2 /2 (8R)X

G� bi�#BHBiû /2 #mHH2b 7Q`Kû2b ¨ T�`iB` /2 HB[mB/2b Tm`b 2i pBb[m2mt- ~Qii�Mi �mt BM@
i2`7�+2b- 2bi }tû2 T�` H� /vM�KB[m2 /2 /`�BM�;2X GǶ�#b2M+2 /2 +QMi`�BMi2b �mt BMi2`7�+2b
�bbm`2 mM û+QmH2K2Mi #Qm+?QM �m b2BM /m }HK HB#`2X 6Q`+û2 T�` H� ;`�pBiû- H� #mHH2 ?ûKB@
bT?û`B[m2 /2 `�vQM /2 +Qm`#m`2 Rc U};m`2 kXeV- bǶ�KBM+Bi �m MBp2�m /2 bQM �T2tX aB QM

8N



*>�SAh_1 kX *>1JALú1a 1L ú_lShAPL

(b)

Rc

θe

R

6B;m`2 kXe Ĝ �b+2MbBQM /ǶmM2 #mHH2 /Ƕ�B` /2 `�vQM R /�Mb mM #�BMX G2 #mHH2 +Qm`#2 HǶBMi2`7�+2
bmTû`B2m`2 �p2+ mM `�vQM Rc- 2i 7Q`K2 mM }HK KB+`QKûi`B[m2 /ǶûT�Bbb2m` e- [mB }MBi T�` û+H�i2` �m
bQKK2i (8R)X

bmTTQb2 mM /`�BM�;2 ¨ H� pBi2bb2 #Qm+?QM V - 7`2BMû T�` H� pBb+QbBiû- H� 7`B+iBQM pBb[m2mb2
bǶ2t2`+2 bm` iQmi2 H� #mHH2X 1HH2 bǶû+`Bi 2M HQB /Ƕû+?2HH2 ⌘V /R2

c - 2i /QBi āi`2 +QKT�`û2 ¨ H�
;`�pBiû ⇢g U2M Mû;HB;2�Mi H2b p�`B�iBQMb /Ƕ�M;H2 HQ+�H ✓- /û}MB bm` H� };m`2VX PM Q#iB2Mi
�HQ`b mM2 pBi2bb2 mMB7Q`K2 ,

V ⇠ ⇢gR
2
c/⌘ UkXRXRV

G� /vM�KB[m2 /Ƕ�KBM+Bbb2K2Mi pBb[m2mt bǶQ#iB2Mi �HQ`b T�` HǶû[m�iBQM /2 +QMb2`p�iBQM /m
~mt Q /�Mb H2 }HK /ǶûT�Bbb2m` e(t)- /2 `�vQM /2 +Qm`#m`2 Rc 2i Q`B2Miû b2HQM ~e✓X .�Mb H2
TH�M /m T�TB2`- QM û+`Bi ,

@e(t)

@t
= � 1

Rc

@Q

@✓
⇠ � V

Rc
e(t) UkXRXkV

1M +QK#BM�Mi H2b û[m�iBQMb kXRXR 2i kXRXk- QM i`Qmp2 HǶû[m�iBQM /Bzû`2MiB2HH2 [mB `û;Bi
HǶûT�Bbb2m` /m }HK pBb[m2mt �m +Qm`b /m i2KTb ,

@e(t)

@t
⇠ �⇢gRc

⌘
e(t) UkXRXjV

GǶ�KBM+Bbb2K2Mi bmBi /QM+ mM2 2tTQM2MiB2HH2 /û+`QBbb�Mi2 e(t) ⇠ e0e
�t/⌧ Ue0 +Q``2b@

TQM/�Mi ¨ HǶûT�Bbb2m` BMBiB�H2V- +2 [mB MQmb T2`K2i /Ƕ2biBK2` mM i2KTb /Ƕ�KBM+Bbb2K2Mi
⌧ ⇠ ⌘/⇢gRcX *2 i2KTb /B+i2 H2 i2KTb /2 pB2 /2 +2b }HKbX SQm` mM2 #mHH2 /2 `�vQM
Rc = 5 KK- 2i TQm` /2b #mHH2b 7�Bi2b ¨ T�`iB` /2 HB[mB/2b mHi`�@pBb[m2mt UmM 7QM/m /2
TQHv/BKûi?vHbBHQt�M2- S.Ja- /2 pBb+QbBiû ⌘ = 103 S�.bV- .û#`û;2�b 2i �HX i`Qmp2Mi /2b
i2KTb /2 pB2 /2 HǶQ`/`2 /2 H� KBMmi2 (9N)X G2b #mHH2b [m2 MQmb +QMbB/û`QMb bQMi 7�Bi2b /Ƕ2�m
Tm`2- [mB THmb 2bi- +?�m/2X G� pBb+QbBiû 2bi ⌘ ⇡ 2.10�4 S�.b- bQBi THmb /ǶmM KBHHBQM /2 7QBb
KQBMb pBb[m2mb2b [m2 +2HH2b +QMbB/û`û2b T�` +2b �mi2m`bX PM �ii2M/`�Bi- T�` +2 Kû+�MBbK2-
mM i2KTb /2 pB2 /2 HǶQ`/`2 /2 Ryy µb- i`ĕb +Qm`i /2p�Mi H2 i2KTb /2 pB2 /2b #mHH2b ~Qii�Mi
bm` H2b ~�[m2b +�Hû}û2b- [mB- MQmb H2 p2``QMb- 2bi /2 [m2H[m2b b2+QM/2bX 1M HǶ�#b2M+2 /2 7`2BM
pBb[m2mt- +Ƕ2bi H� +?mi2 HB#`2X G2 i2KTb /2 +?mi2 HB#`2 ⌧ ⇠

p
Rc/g- [mB p�mi 2MpB`QM jy Kb-

M2 MQmb T2`K2i T�b MQM THmb /2 +QKT`2M/`2 H� bi�#BHBiû /2b }HKb HB[mB/2b [mB 2MpQȿi2Mi
mM2 +?2KBMû2 /2 G2B/2M7`QbiX

G?mBbbB2` 2i �HX QMi KQMi`û (8j) [m2 /2b #mHH2b- 7�Bi2b ¨ T�`iB` /Ƕ2�m /m `Q#BM2i- /QM+
+QMi�KBMû2b T�` H� T`ûb2M+2 /2 bm#bi�M+2b i2MbBQ�+iBp2b- T2`bBbi2Mi T2M/�Mi /2b i2KTb

ey
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ûiQMM2K2Mi HQM;bX AHb KQMi`2Mi [m2 H2 /`�BM�;2 2bi �bb2`pB T�` /2b û+QmH2K2Mib /2 J�@
`�M;QMB- +QKK2 BHHmbi`û bm` H� };m`2 kXdX G� 7Q`K�iBQM /ǶmM2 BMi2`7�+2 /BHm2 HǶBMi2`7�+2 2M
i2MbBQ�+iB7 UT�` `�TTQ`i �m #�BMV- 2i �m;K2Mi2 /QM+ H� i2MbBQM /2 bm`7�+2 ¨ HǶ�T2t /2 H�
#mHH2X G2b KQmp2K2Mib bQMi �BMbB Q`B2Miûb /2 H� #�b2 /2 H� #mHH2- +QMM2+iû2 �m #�BM TQH@
Hmû- p2`b bQM TQBMi +mHKBM�MiX G2b bi`m+im`2b /2 +QMp2+iBQM- [mB `�TT2HH2Mi H2b T�M�+?2b
Q#b2`pûb /�Mb HǶBMbi�#BHBiû /2 `û;ûMû`�iBQM K�`;BM�H2 (89)- KQ/mH2Mi HǶûT�Bbb2m` /m }HK 2i
/ûbi�#BHBb2Mi HQ+�H2K2Mi H� #mHH2X G2 }HK M2 `QKTi �HQ`b THmb Mû+2bb�B`2K2Mi ¨ bQM �T2t-
K�Bb bm` H2b +ƬiûbX

(a) (b)

6B;m`2 kXd Ĝ U�V JBb2 2M ûpB/2M+2 /2 T�M�+?2b +QMp2+iB7b /�Mb mM2 #mHH2 /Ƕ2�m /m `Q#BM2i /2 `�vQM
R = 5 KK ~Qii�Mi bm` mM #�BM /Ƕ2�mX G2b 7`�M;2b /ǶBMi2`7û`2M+2b- `ûpûH�Mi H2b HB;M2b /2 KāK2
ûT�Bbb2m`- bQMi Q#i2Mm2b ;`�+2 ¨ mM û+H�B`�;2 KQMQ+?`QK�iB[m2X U#V .2b T�M�+?2b �b+2M/�Mib bQMi
Q#2`pûb �mt TB2/b /2 H� #mHH2X AK�;2 2ti`�Bi2 /2 (8j)X

PM b2 /2K�M/2 /�Mb +2 +?�TBi`2 [m2HH2 2bi HǶQ`B;BM2 /2 H� bi�#BHBiû /m }HK HB[mB/2 [mB
+Qmp`2 H2b +?2KBMû2b /2 G2B/2M7`QbiX PM /û+`Bi /�Mb mM T`2KB2` i2KTb H� 7Q`K2 /2 H�
TQ+?2 /2 p�T2m` bQmb H2 HB[mB/2 2i H� /vM�KB[m2 /2 b� 7Q`K�iBQMX 1M +`2mb�Mi H2 HB[mB/2-
H� p�T2m` �KBM+Bi HQ+�H2K2Mi H2 HB[mB/2 [mǶ2HH2 bmTTQ`i2- /QMM�Mi M�Bbb�M+2 ¨ mM2 �`+?2
HB[mB/2X PM TQb2 �HQ`b H� [m2biBQM /2 H� bi�#BHBiû /2 +2 }HK KBM+2X SmBb- H2 }HK- 2M +û/�Mi-
H�Bbb2 HǶ�MM2�m HB[mB/2 /�Mb mM ûi�i 2t+Biû 2i BMbi�#H2- /2 T�` HǶ2t+û/2Mi /ǶûM2`;B2 /2 bm`7�+2
[mǶBH T`ûb2Mi2X PM /Bb+mi2`� H2 `2iQm` p2`b mM2 7Q`K2 THmb bi�#H2X GǶ�TT�`BiBQM +v+HB[m2 /2b
+?2KBMû2b H2b /BbiBM;m2 /2 H2m`b �M�HQ;m2b 2i 2M;2M/`2 /2b /vM�KB[m2b `B+?2b 2i Q`B;BM�H2bX

kXk .2b+`BTiBQM 2tTû`BK2Mi�H2 /2b +?2KBMû2b +�Hû}û2b

kXkXR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2

.2b ~�[m2b /2 `�vQM û[m�iQ`B�H R & 4�1 bQMi /ûTQbû2b �m +`2mt /2 bm`7�+2b +QMB[m2b
+?�m/2b- mbBMû2b ¨ H� KB+`Q7`�Bb2mb2 /�Mb /m H�BiQM T�` *�`QHBM2 6`QiX .�Mb +2ii2 T�`iB2-
MQmb miBHBbQMb mM TmBib /ǶmM2 Qmp2`im`2 /2 8y K`�/- mM �M;H2 �bb2x ûH2pû TQm` ;�`/2` H�
;Qmii2 +�TiBp2- K�Bb bm{b�KK2Mi 7�B#H2 TQm` M2 T�b i`QT T2`im`#2` HǶBMi2`7�+2 HB[mB/2@
p�T2m` 2i HǶû+QmH2K2Mi [mB H� bmTTQ`i2X *QKK2 QM HǶ� /Bi T`û+û/2KK2Mi- H� M�TT2 HB[mB/2
2bi /û7Q`Kû2 T�` b� T`QT`2 p�T2m`X G� TQ+?2 ;`�M/Bbb�Mi2 7�ÏQMM2 H2 HB[mB/2 2M HmB /QMM�Mi
HǶ�TT�`2M+2 /ǶmM ƾm7 �m TH�i [mǶ2HH2 }MBi T�` T2`+2`X

G2b /û7Q`K�iBQMb HB[mB/2b bQMi +�`�+iû`Bbû2b ¨ H� +�Kû`� `�TB/2 ;`�+2 ¨ /2b pm2b H�@

eR
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iû`�H2b- /QMM�Mi �++ĕb �m `�vQM /2 H� ~�[m2 2i ¨ H� /û7Q`K�iBQM /2 HǶBMi2`7�+2 bmTû`B2m`2
BM/mBi2 T�` H� #mHH2 ~Qii�Mi2- 2i T�` /2b pm2b �û`B2MM2b [mB +QKTHĕi2Mi H� pm2 T`û+û/2Mi2
2M /QMM�Mi H� bvKûi`B2 /2 H� ~�[m2 7Q`Kû2X *2b /2mt pm2b T2mp2Mi /Ƕ�BHH2m`b āi`2 +QMDm@
;mû2b 2M bvM+?`QMBb�Mi H2b +�Kû`�bX .2b pm2b THQM;2�Mi2b QMi T�`7QBb ûiû +QMbB/û`û2b
U};XkXRVX *QKK2 bQmp2Mi- HǶQ#b2`p�iBQM ¨ H� +�Kû`� `�TB/2 2bi HBKBiû2 2M HmKBMQbBiûX SQm`
+QMiQm`M2` +2ii2 HBKBi2- THmbB2m`b i2+?MB[m2b /Ƕû+H�B`�;2 QMi ûiû miBHBbû2bX GǶû+H�B`�;2 /B`2+i
T�` mM T�MM2�m G1.- [mB T2`K2i /Ƕ2M`2;Bbi`2` ¨ THmb ?�mi2 7`û[m2M+2 2i �p2+ bm{b�KK2Mi
/2 HmKBĕ`2 H� /vM�KB[m2 /2b ~�[m2b i2HH2 [mǶQM HǶQ#b2`p2 ¨ HǶƾBH Mm- T2mi āi`2 +QmTHû ¨
mM `ûi`Q@û+H�B`�;2- [mB �++2Mim2 H2b BMi2`7�+2bX lM �MM2�m HmKBM2mt 2bi BMbi�HHû �m@/2bbmb-
2i b� `û~2tBQM- b2MbB#H2 ¨ HǶQ`B2Mi�iBQM /2 HǶBMi2`7�+2- 2M bQmHB;M2 H2b /û7Q`K�iBQMb 2i H�
+Qm`#m`2X .2b pm2b bvM+?`QMBbû2b /2 /2bbmb 2i /2 +Ƭiû bQMi /QMMû2b bm` H� bû[m2M+2 /2 H�
};m`2 kX3- BHHmbi`�Mi mM +v+H2 /2 `mTim`2 /2 H� TQ+?2 /2 p�T2m`X

6B;m`2 kX3 Ĝ om2b bvM+?`QMBbû2b /2 H� `mTim`2 /ǶmM2 +?2KBMû2 +�Hû}û2 bm` mM TmBib +QMB[m2 TQ`iû
¨ j8y�*X G2 }HK HB[mB/2 +ĕ/2 �m MBp2�m /2 bQM �T2tX 1Mi`2 H2b BK�;2b (�) 2i U#V- H� `û~2tBQM /ǶmM
�MM2�m HmKBM2mt- T2iBi 2i �m +2Mi`2 /2 H� #mHH2- /BbT�`�ŗiX G2 }HK b2 `ûi`�+i2 2i `2DQBMi H� ~�[m2
U+VX G2 iQ`2 HB[mB/2 2Mi�K2 bQM `2THB U/@;V Dmb[mǶ¨ 7Q`K2` mM D2i �b+2M/�Mi U;@?VX

AH 2bi BMiû`2bb�Mi /Ƕ�++û/2` ¨ H� +�`i2 i?2`KB[m2 /ǶmM i2H û/B}+2X LQmb �pQMb TQm` +2H�
miBHBbû mM2 +�Kû`� i?2`KB[m2 U6GA_ �e88b+VX G� +�Kû`� i?2`KB[m2 2bi +�HB#`û2 bm` H�
;�KK2 /2 i2KTû`�im`2 /2 �40�* ¨ R8y�*- �}M /2 }Hi`2` H2b `�vQMM2K2Mib �A_ ûKBb T�`
H2 bm#bi`�i +?�m/X �BMbB- QM M2 pQBi [m2 H2 HB[mB/2 2i T�b H� TH�[m2 +?�m/2- [mB �{+?2
mM2 i2KTû`�im`2 2``QMû2- THmb 7�B#H2X GǶ2�m 2bi 2bb2MiB2HH2K2Mi QT�[m2 �mt BM7`�`Qm;2bX
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GQ`b[m2 H� +Qm+?2 HB[mB/2 BK�;û2 2bi THmb ûT�Bbb2 [m2 H� T`Q7QM/2m` /2 TûMûi`�iBQM /2b
BM7`�`Qm;2b /�Mb H2 HB[mB/2 U[m2H[m2b 7QBb �A_ bQBi 2Mi`2 Ry 2i k8 µKV- H2 `�vQMM2K2Mi
i?2`KB[m2 2bi T`BM+BT�H2K2Mi `û~û+?B T�` HǶBMi2`7�+2X PM �++ĕ/2 �HQ`b ¨ H� i2KTû`�im`2 /2
bm`7�+2X lM 2t2KTH2 /2b BK�;2b T`Bb2b /2 /2bbmb 2bi /QMMû bm` H� };m`2 kXNX

90

100

110

T (∘C)

(a) (b) (c) (d)

t ≈ − 2 s t = 0 ms t = 40 ms t = 100 ms

6B;m`2 kXN Ĝ *?�KT /2 i2KTû`�im`2 `2H2pû ¨ H� +�Kû`� BM7`�`Qm;2 U6GA_ �e88b+ � k8 7Tb �
Q#D2+iB7 /2 7Q+�H2 f = 24.6 KKV ¨ H� bm`7�+2 /ǶmM2 ~�[m2 /2 `�vQM R = 15 KK 2M HûpBi�iBQM bm`
mM TmBib 2M H�BiQM TQ`iû ¨ jyy�*X G2b +QmH2m`b BM/B[m2Mi H� i2KTû`�im`2 /2 bm`7�+2- bTû+B}û2 bm` H�
T�H2ii2 /2 /`QBi2X G� +�HB#`�iBQM /2 H� +�Kû`� }Hi`2 H2 `�vQMM2K2Mi i?2`KB[m2 ûKBb T�` H� TH�[m2
�}M /2 M2 pQB` [m2 +2HmB ûKBb T�` HǶ2�mX G� TQ+?2 /2 p�T2m` �TT�`�ŗi THmb +?�m/2 [m2 H� ~�[m2 U�VX
1M /`�BM�Mi- 2HH2 /2pB2Mi i`�MbT�`2Mi2 �mt BM7`�`Qm;2b 2i /2pB2Mi ¨ T2BM2 pBbB#H2 U#VX _QKTm2 2M
(+)- 2HH2 b2 `27Q`K2`� TQm` /QMM2` mM2 MQmp2HH2 ;ûMû`�iBQM /2 #mHH2X

am` HǶBK�;2 U�V- QM `2K�`[m2 [m2 H� TQ+?2 /2 p�T2m` +2Mi`�H2- 2M TH2BM2 7Q`K�iBQM-
�TT�`�ŗi THmb +?�m/2 [m2 H2 HB[mB/2 2MpB`QMM�MiX 1M bǶ�KBM+Bbb�Mi U2M /2bbQmb /2 Ry ¨
k8 µKV- H2 }HK /2pB2Mi BMpBbB#H2 �mt BM7`�`Qm;2b +QKK2 bm` H2 U#VX AH `QKTi 2M U+V 2i
/BbT�`�Bi bm` HǶBK�;2 U/V- H� ~�[m2 bǶûi�Mi `272`Kû2X G� i2KTû`�im`2 b2K#H2 �HQ`b THmb
?QKQ;ĕM2 2i H2 `2bi2`� Dmb[mǶ¨ HǶ�++mKmH�iBQM /ǶmM2 MQmp2HH2 TQ+?2 /2 p�T2m`X PM �++ĕ/2
�BMbB ¨ H� i2KTû`�im`2 bmT2`}+B2HH2 /2 K�MBĕ`2 MQM BMi`mbBp2 2i /vM�KB[m2 U¨ ivTB[m2K2Mi
k8 BK�;2b T�` b2+QM/2bVX G� H2+im`2 /B`2+i2 /2b i2KTû`�im`2b 2bi iQmi27QBb ¨ T`2M/`2 �p2+
T`û+�miBQMb , H� +Qm`#m`2 /2 HǶBMi2`7�+2 T2mi KQ/B}2` bQM ûKBbbBpBiûX PM /Bb+mi2`� /QM+ H2b
/Bzû`2M+2b /2 i2KTû`�im`2 THmiƬi [m2 H2b i2KTû`�im`2b �#bQHm2bX *2b pm2b b2`QMi miBHBbû2b
THmb HQBM TQm` 7Qm`MB` /2b `2Mb2B;M2K2Mib i?2`KB[m2b HQ`b /2 H� 7Q`K�iBQM /2 H� TQ+?2 2i
/2 HǶ�KBM+Bbb2K2Mi /m }HK HB[mB/2 U};m`2b kXRe 2i kXkjVX

kXkXk ai�iB[m2 /ǶmM2 +?2KBMû2

G� };m`2 kXRyU�V KQMi`2 mM2 pm2 /2 /2bbmb /ǶmM2 ~�[m2 UR >> 1V 2M HûpBi�iBQM bm`
mM TmBib ¨ j8y�* 2i T2`+û2 �m +2Mi`2 T�` mM2 TQ+?2 /2 p�T2m`X *2 ivT2 /2 pm2 /QMM2 �++ĕb
�m `�vQM û[m�iQ`B�H R /2 H� ~�[m2- �BMbB [mǶ�m `�vQM Rc /2 H� TQ+?2 /2 p�T2m` [mǶ2HH2
�++m2BHH2X

LQmb �pQMb +?2`+?û ¨ +QKT`2M/`2 +2 [mB }t2 H� i�BHH2 /2 +2b #mHH2bX SQm` +2 7�B`2-
HǶ2tTû`B2M+2 2bi `2T`Q/mBi2 �p2+ /Ƕ�mi`2b HB[mB/2bX PM �++ĕ/2 ;`�+2 �mt pm2b /2 /2bbmb �m
`�vQM Rc /2 H� #mHH2 +2Mi`�H2- [m2 HǶQM i`�+2 2M 7QM+iBQM /2 H� ?�mi2m` /2 H� ~�[m2- }tû2
T�` H� HQM;m2m` +�TBHH�B`2 ¨ ⇡ 2�1 bm` H� };m`2 kXRyU#VX G� HQM;m2m` +�TBHH�B`2 /2b HB[mB/2b

ej
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(a)

2R

2Rc

2κ−1

(b)

2 4 6
1

2

3

4

5

6

H20

EtOH
N2

isoP
Acetone

R c
(m

m
)

2κ−1 (mm)
(c)

6B;m`2 kXRy Ĝ 6Q`K2 [m�bB@bi�iB[m2 /ǶmM2 +?2KBMû2X U�V om2 /2 /2bbmb /ǶmM2 +?2KBMû2 /2 G2B/2M@
7`Qbi- /QMM�Mi �++ĕb �m `�vQM /2 H� ~�[m2 R 2i /2 H� #mHH2 RcX G� #�``2 /Ƕû+?2HH2 BM/B[m2 Ry KKX
(#) _�vQM Rc /2 H� #mHH2 +2Mi`�H2 UKQv2MMû bm` ky ¨ 8y +?2KBMû2bV 2M 7QM+iBQM /2 H� ?�mi2m` /2
H� ~�[m2 /m HB[mB/2 +QMbB/û`û 2i }tû2 T�` HǶû[mBHB#`2 ;`�pBiQ@+�TBHH�B`2 ¨ 2�1 �p2+ 

�1 =
p

�/⇢gX
(+) AHHmbi`�iBQM /ǶmM2 +?2KBMû2 /2 +ƬiûX G� p�T2m` +`2mb2 mM2 pQȿi2 ?ûKBbT?û`B[m2 [mB TH�7QMM2 ¨
2�1- 2i }t2 bQM `�vQM ¨ 2MpB`QM Rc ⇡ 2�1X

+QMbB/û`ûb- KQBMb +Q?ûbB7b [m2 HǶ2�m- 2bi THmb 7�B#H2X LQmb �pQMb T�`7QBb K2bm`û Rc /�Mb
H2 `û;BK2 /2b +?2KBMû2b KmHiBTH2b- bm` /2b pm2b b2K#H�#H2b ¨ +2HH2 /2 H� };m`2 RXNU/VX PM
i`Qmp2 [m2 Rc ⇡ 

�1X PM b+?ûK�iBb2 �HQ`b +2ii2 �`+?Bi2+im`2 HB[mB/2 bm` H� };m`2 kXRyU+VX
LQmb T`QTQbQMb mM2 BMi2`T`ûi�iBQM ;ûQKûi`B[m2 , H� ~�[m2 2bi +`2mbû2 T�` b� p�T2m`- 2i
7Q`K2 mM /ƬK2 [mB TH�7QMM2 ¨ H� ?�mi2m` /2 H� ~�[m2- bQBi 2�1X a� ?�mi2m` }t2 �HQ`b bQM
`�vQM Rc ⇡ 2�1- /QMM�Mi �m /ƬK2 mM2 ;ûQKûi`B2 ?ûKBbT?û`B[m2X

G� pm2 /2 +Ƭiû /2 H� };m`2 kXRR- `û�HBbû2 2M `ûi`Q@û+H�B`�;2- K2i 2M ûpB/2M+2 H� /û7Q`@
K�iBQM /2 HǶ�`+?2 HB[mB/2X G� TQ+?2 /2 p�T2m`- ;`QbbBbb�Mi2- 7Q`+2 HǶ�KBM+Bbb2K2Mi /ǶmM
}HK HB[mB/2 /ǶûT�Bbb2m` eX aQmKBb ¨ mM2 bm`T`2bbBQM- BH b2 /û~û+?Bi /2 �h- /Ƕ2MpB`QM R KK-
b�Mb KQ/B}2` H� ;ûQKûi`B2 /m /ƬK2 URc +QMbi�MiVX

(b)(a)

2R

2Rc

2R

2Rc

2κ−1

δh
e

6B;m`2 kXRR Ĝ U�V om2 H�iû`�H2- `û�HBbû2 2M `ûi`Q@û+H�B`�;2 /ǶmM2 +?2KBMû2 /2 G2B/2M7`QbiX G� #�``2
/Ƕû+?2HH2 BM/B[m2 8 KKX (#) a+?ûK�iBb�iBQM /2 H� ~�[m2 2i /2 bQM /ƬK2 /2 p�T2m`X G2 }HK [mB
+?�T2�mi2 H� TQ+?2 /2 p�T2m`- 2bi ûiB`û p2`b H2 ?�mi /ǶmM2 /Bbi�M+2 �hX G2b `�vQMb R 2i Rc- /2 H�
~�[m2 2i /2 H� TQ+?2 /2 p�T2m`- bQMi `2T`ûb2MiûbX
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PM T2mi û;�H2K2Mi i2bi2` HǶBM~m2M+2 /2 H� i2KTû`�im`2 /m bm#bi`�iX G� };m`2 kXRk
KQMi`2 H2b p�`B�iBQMb /m `�vQM Rc /2b +?2KBMû2b 2M 7QM+iBQM /m `�vQM /2 H� ~�[m2 R �m
7m` 2i ¨ K2bm`2 /2 H2m` �TT�`BiBQM- TQm` THmbB2m`b i2KTû`�im`2b /2 bm#bi`�iX G� i�BHH2 /2
H� TQ+?2 2bi [m�bBK2Mi BM/ûT2M/�Mi2 /2 H� i2KTû`�im`2 /m bm#bi`�iX

R c
(m

m
)

R (mm)
10 15 20

0

5

10

2 3 4 5
2

3

4

5

H20

EtOH
N2

isoP
Acetone

300∘C
250∘C

350∘C
375∘C

6B;m`2 kXRk Ĝ _�vQM KQv2M /2 H� #mHH2 +2Mi`�H2 Rc T�` `�TTQ`i �m `�vQM /2 H� ~�[m2 R TQm`
/Bzû`2Mi2b i2KTû`�im`2b /2 bm#bi`�iX G2b pm2b /2 /2bbmb T2`K2ii2Mi /2 K2bm`2` H2 `�vQM KQv2M
/2b #mHH2b [mB b2 bm++ĕ/2Mi Dmb[mǶ¨ HǶû+HQbBQM /2 H� /2`MBĕ`2 +?2KBMû2X

_2K�`[m2 , G2 ;`�T?B[m2 /2 H� };m`2 kXRk K2i T�` �BHH2m`b 2M ûpB/2M+2 HǶBM~m2M+2 /2
H� i2KTû`�im`2 bm` H2 `�vQM 2M /2bbQmb /m[m2H H2b +?2KBMû2b Tb2m/Q@bi�#H2b M2 bQMi THmb
Q#b2`pû2bX AH 2bi /2 HǶQ`/`2 /2 Ry KK- +QM7Q`KûK2Mi �mt T`û/B+iBQMb i?ûQ`B[m2b ⇡ 4�1

K�Bb �m;K2Mi2 Hû;ĕ`2K2Mi �p2+ H� i2KTû`�im`2 T X § HǶ�TT`Q+?2 /2 H� HBKBi2 R ⇡ 4�1- BH
/2pB2Mi /B{+BH2 TQm` H� ~�[m2 /2 M2mi`�HBb2` H� #mHH2 [mǶ2HH2 `2+Qmp`2- /Ƕ�mi�Mi THmb [m2
H2 ~mt /2 p�T2m` �m;K2Mi2X G2 HB[mB/2- T2`im`#û- M2 T�`pB2Mi THmb ¨ û`B;2` mM2 TQ+?2 /2
p�T2m` bi�#H2X

G� 7Q`K2 /2 +2ii2 #mHH2 ~Qii�Mi2 2bi /QM+ �bbBKBH�#H2 ¨ mM2 +�HQii2 ?ûKBbT?û`B[m2 /2
`�vQM /2 +Qm`#m`2 }tû T�` H� ?�mi2m` /2 H� ~�[m2 , Rc ⇡ 2�1X 1HH2 T2`bBbi2 T2M/�Mi
[m2H[m2b b2+QM/2b- mM i2KTb ûiQMM2K2Mi HQM; TQm` +2 }HK /ǶûT�Bbb2m` e /2 HǶQ`/`2 /2
10 µK- +2 [m2 MQmb /Bb+mi2`QMb THmb HQBMX PM bǶBMiû`2bb2 /ûbQ`K�Bb ¨ +2 [mB b2 T�bb2 HQ`b[m2
+2 }HK iQK#2X

kXkXj .vM�KB[m2 /ǶmM2 +?2KBMû2

GǶ�`+?Bi2+im`2 HB[mB/2 /û+`Bi2 +B@/2bbmb 2bi Tb2m/Q@bi�#H2X PM TQ`i2 bm` H� };m`2 kXRjU�V
H2b ûpQHmiBQMb i2KTQ`2HH2b /m `�vQM R /2 H� ~�[m2 U2M Q`�M;2V 2i /m `�vQM Rc /2 H� TQ+?2
/2 p�T2m` U#H2m 7QM+ûV bm` 2MpB`QM Ry b2+QM/2bX PM `2i`Qmp2 #B2M [m2 H2 /ƬK2 �``āi2 b�
+`QBbb�M+2 ¨ Rc ⇡ 2�1 = 5 KKX G� #mHH2- mM2 7QBb 7Q`Kû2- T2`bBbi2 T2M/�Mi 2MpB`QM
⌧s ⇡ 3 b- TmBb 2HH2 /BbT�`�ŗi- �p�Mi /2 `û�TT�`�ŗi`2 2M KQBMb /ǶmM2 b2+QM/2- 2i +2- /2
K�MBĕ`2 +v+HB[m2X aB HǶQM `2;�`/2 H2b p�`B�iBQMb /2 `�vQMb bm` mM2 û+?2HH2 /2 i2KTb THmb
HQM;m2- bm` [m2H[m2b KBMmi2b +QKK2 bm` H� };m`2 kXRjU#V- QM T2mi pQB` H2 `�vQM R /2 H�
~�[m2 H2Mi2K2Mi /BKBMm2`X SQm` �mi�Mi- �m ;`û /2 HǶûp�TQ`�iBQM /m HB[mB/2 2i /2b +v+H2b
/2 7Q`K�iBQMf`mTim`2- H2 `�vQM /2 H� #mHH2 b�im`2 iQmDQm`b ¨ Rc ⇡ 2�1X
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R
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)
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R
(m

m
)
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τf τs

R

Rc

R
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6B;m`2 kXRj Ĝ U�V _�vQMb /2 H� ~�[m2- R U2M Q`�M;2V- 2i /2 H� TQ+?2 [mǶ2HH2 +Qmp2- Rc U2M #H2mV- �m
+Qm`b /m i2KTb tX G2b TQBMib #H2mb 7QM+ûb /ûbB;M2Mi H� T?�b2 /2 bi�#BHBiû /m /ƬK2- /2 /m`û2 ⌧s- +2mt
2M #H2m +H�B` /ûbB;M2Mi H� `mTim`2 2i `27Q`K�iBQM /2 H� TQ+?2 /2 p�T2m`- /2 /m`û2 ⌧f X (#) úpQHmiBQM
+QKT�`û2 /2 Rc 2i R +QMbB/û`û2 bm` mM2 û+?2HH2 /2 i2KTb THmb HQM;m2X

G2b +?2KBMû2b b2 bm++ĕ/2Mi /2 K�MBĕ`2 `û;mHBĕ`2 Dmb[mǶ¨ H� /BbT�`BiBQM /2 H� /2`MBĕ`2
+?2KBMû2 2M/Qbb�#H2 T�` H� ~�[m2- �m #Qmi /2 [m2H[m2b KBMmi2bX PM TQ`i2 bm` H� };m`2 kXR9
H� /m`û2 /2b T?�b2b Tb2m/Q@bi�#H2b ⌧s U#H2mV 2i H� /m`û2 /2 7Q`K�iBQM /2 H� TQ+?2 ⌧f UQ`�M;2V
K2bm`û2b bm` /2b bm#bi`�ib +?�mzûb ¨ k8y�* U�V 2i ¨ jyy�* U#VX G2 i2KTb Mû+2bb�B`2 ¨ H� 7Q`@
K�iBQM 2bi /Ƕ2MpB`QM kyy Kb- i�M/Bb [m2 H� /m`û2 /2 pB2 /2 H� #mHH2 p�mi 2MpB`QM j b2+QM/2bX
*2b /2mt i2KTb bQMi `2T`Q/m+iB#H2b 2i BHb b2K#H2Mi T2m BM~m2M+ûb T�` H� i2KTû`�im`2 T /m
bm#bi`�iX G� `û/m+iBQM /2 i�BHH2 /2 H� ~�[m2 UBM/mBi2 T�` ûp�TQ`�iBQMV }MBi Mû�MKQBMb T�`
/ûbi�#BHBb2` H2b +?2KBMû2bX PM Q#b2`p2 [mǶ¨ HǶ�TT`Q+?2 /2 H� HBKBi2 R ⇠ 4�1- ⌧s /BKBMm2X
*Ƕ2bi H2 `û;BK2 Qɍ H� ~�[m2 M2 T�`pB2Mi THmb ¨ +Qmp2` H� #mHH2X G� p�T2m` 7mBi T�` H2b #Q`/b-
T2`im`#�Mi H2 HB[mB/2 U⌧s /BKBMm2V- 2i K2i THmb /2 i2KTb ¨ û/B}2` b� +�pBiû U⌧f �m;K2Mi2VX
G� /2`MBĕ`2 #mHH2 �TT�`�ŗi HQ`b[m2 ⌧s ⇡ ⌧f X
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6B;m`2 kXR9 Ĝ h2KTb /2 7Q`K�iBQM ⌧f U`Qm;2V 2i /m`û2 /2 pB2 ⌧s U#H2mV /2b +?2KBMû2b [mB b2
bm++ĕ/2Mi bm` mM bm#bi`�i TQ`iû ¨ (�) k8y�*- (#) jyy�*X
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ee
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kXkX9 .2b+`BTiBQM /ǶmM +v+H2 /2 7Q`K�iBQMf`mTim`2

PM /û+QKTQb2 +?�[m2 +v+H2 2M 8 ûi�T2b T`BM+BT�H2b- b+?ûK�iBbû2b bm` H� };m`2 kXR8- Qɍ
HǶQM `2TQ`i2 �mbbB H2 /B�;`�KK2 bT�iBQ@i2KTQ`2H Q#i2Mm 2M +QM+�iûM�Mi HǶûpQHmiBQM /ǶmM2
HB;M2 T`Bb2 H2 HQM; /ǶmM /B�Kĕi`2 /2 H� ~�[m2 +B`+mH�B`2- pm2 /2 /2bbmbX G2 i2KTb +`Qŗi /2
;�m+?2 ¨ /`QBi2X

76.8 Hz 220 ms

e Vo

vr vc

6B;m`2 kXR8 Ĝ G2b 8 ûi�T2b /ǶmM +v+H2 /Ƕ�TT�`BiBQMf/BbT�`BiBQM /ǶmM2 +?2KBMû2 /2 G2B/2M7`Qbi-
i2HH2b [m2 HǶBHHmbi`2 H2 /B�;`�KK2 bT�iBQ@i2KTQ`2H /ǶmM2 ~�[m2 /Ƕ2�m bm` mM bm#bi`�i ¨ jyy�*X G�
#mHH2- BMBiB�H2K2Mi 2M TH�+2- b2 T2`+2 �m #Qmi /2 [m2H[m2b b2+QM/2bX G2 }HK bǶQmp`2 2i b2 `ûi`�+i2
2M ivTB[m2K2Mi R KBHHBb2+QM/2X G2 iQ`2 HB[mB/2 bǶûiB`2 TmBb- `�TT2Hû T�` H� +�TBHH�`Biû- +B+�i`Bb2X G�
+QHHBbBQM +`ûû mM D2i p2`iB+�H- TmBb H2 HB[mB/2 `2i`Qmp2 bQM �bT2+i /2 ~�[m2X G� p�T2m` M2 +2bb�Mi
/Ƕāi`2 T`Q/mBi2 �m +Qm`b /2 +2 +v+H2- b2 K�MB72bi2 ¨ MQmp2�m 2M 2MpB`QM kky Kb TQm` /QMM2`
M�Bbb�M+2 ¨ mM2 MQmp2HH2 +?2KBMû2X G� #�``2 /Ƕû+?2HH2 i2KTQ`2HH2 U?Q`BxQMi�H2V BM/B[m2 kyy Kb 2i
H� #�``2 p2`iB+�H2 BM/B[m2 Ry KKX

S?�b2 Tb2m/Q@bi�#H2 .�Mb +2ii2 T?�b2- /Bb+miû2 /�Mb H� T�`iB2 T`û+û/2Mi2- H� TQ+?2
/2 p�T2m` TH�7QMM2 ¨ H� ?�mi2m` Rc = 2�1 2i �KBM+Bi H2 }HK HB[mB/2 bmb@D�+2Mi- /QMi H�
T`ûb2M+2 2bi �ii2biû2 T�` H� `û~2tBQM #`BHH�Mi2 /2 HǶ�MM2�m HmKBM2mt T`QD2iû T�` �m@/2bbmbX
*2 `û;BK2 /ǶQ#b2`p�iBQM /2b +?2KBMû2b HB[mB/2b /m`2 [m2H[m2b b2+QM/2bX

_mTim`2 /m }HK HB[mB/2 aTQMi�MûK2Mi- H2 }HK +ĕ/2- 2i bǶQmp`2 ¨ mM2 pBi2bb2 VQ /2
HǶQ`/`2 /m Kĕi`2 T�` b2+QM/2X PM /2pBM2 [m2 H2 }HK- 2M /`�BM�Mi- bǶ�KBM+Bi- T2`K2ii�Mi ¨
mM i`Qm /2 bǶQmp`B`X *2 }HK- Kûi�bi�#H2 +QKTi2 i2Mm /2 bQM +Qȿi ûM2`;ûiB[m2- HB#ĕ`2 �HQ`b
bQM ûM2`;B2 BMi2`7�+B�H2 bQmb 7Q`K2 /ǶûM2`;B2 +BMûiB[m2 2i bǶ�;`�M/BiX

ed
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Pmp2`im`2 /m iQ`2 HB[mB/2 G� +QHHBbBQM /m }HK HQ`b /2 bQM `2THB2K2Mi /ûbi�#BHBb2 H2
iQ`2 HB[mB/2X G2 }HK +QKKmMB[m2 b� [m�MiBiû /2 KQmp2K2Mi ¨ HǶ�MM2�m HB[mB/2- [mB bǶûiB`2
�HQ`b `�/B�H2K2Mi /Ƕ2MpB`QM R KK ¨ mM2 pBi2bb2 ivTB[m2 vr ⇠ 0.2 KfbX

*B+�i`Bb�iBQM /m iQ`2 HB[mB/2 G2 iQ`2 T`ûb2Mi2 mM 2t+û/2Mi /2 bm`7�+2X AH ûpQHm2 p2`b
mM2 7Q`K2 ûM2`;ûiB[m2K2Mi THmb 7�pQ`�#H2 , H� ~�[m2X *2 KQmp2K2Mi /2 72`K2im`2 b2 T�bb2
¨ mM2 pBi2bb2 vc ivTB[m2 /2 yXk KfbX GǶûM2`;B2 /2 bm`7�+2 ;�;Mû2 HQ`b /2 H� +B+�i`Bb�iBQM
/2 HǶ�MM2�m HB[mB/2 2bi �HQ`b +QMp2`iB2 2M ûM2`;B2 +BMûiB[m2- 2i H� 7Q+�HBb�iBQM /ǶûM2`;B2 �m
+2Mi`2 /2 H� ~�[m2 T`Q/mBi H2 D2i �b+2M/�Mi pBbB#H2 bm` H� };m`2 kXRX

S?�b2 /Ƕ�++mKmH�iBQM /2 H� p�T2m` G� ~�[m2 K2i [m2H[m2b b2+QM/2b ¨ b2 `2K2ii`2
/2 +2b Tû`BTûiB2bX lM2 7QBb H2b /û7Q`K�iBQMb /BbbBTû2b- H� ;Qmii2 T2mi +Qmp2` mM2 MQmp2HH2
TQ+?2 /2 p�T2m`X a� #�b2 b2 +`2mb2 2M ⇡ 100 Kb 2i mM MQmp2�m +v+H2 bǶ2M;�;2X

*2b /Bzû`2Mi2b ûi�T2b BKTHB[m2Mi /2b û+?2HH2b /2 i2KTb p�`Bû2b- [m2 MQmb �HHQMb +�`�+iû`Bb2`X

kXj h2KTb +�`�+iû`BbiB[m2b /m /ƬK2

kXjXR h2KTb /2 7Q`K�iBQM

PM bǶBMiû`2bb2 /�Mb mM T`2KB2` i2KTb ¨ H� T?�b2 i`�MbBiQB`2 /Ƕ�++mKmH�iBQM /2 H�
p�T2m`X G2 i2KTb /2 7Q`K�iBQM /2 H� TQ+?2 2bi �bb2x /B{+BH2 ¨ K2bm`2` ¨ +�mb2 /2b /û7Q`@
K�iBQMb BM/mBi2b T�` H� `mTim`2 /2 H� +?2KBMû2 /2 H� ;ûMû`�iBQM T`û+û/2Mi2 2i 2M `�BbQM
/2 b� ;ûQKûi`B2X PM T`Q+ĕ/2 ¨ /2b `2H2pûb i?2`KB[m2b ¨ HǶ�B/2 /ǶmM2 +�Kû`� BM7`�`Qm;2X G�
i2KTû`�im`2 /2 HǶ2�m M2 T2mi 2t+û/2` Ryy�*- �m +QMi`�B`2 /2 H� p�T2m`- [mB T2mi bǶû+?�mz2`
b�Mb KQ/û`�iBQMX G2b p�T2m`b /2 G2B/2M7`Qbi- 2M bǶ�++mKmH�Mi- T`Q;`2bb2Mi p2`b H2 ?�mi /2
H� ~�[m2 2i `û+?�mz2Mi H2 HB[mB/2 bQmH2pû- /Ƕ�mi�Mi THmb 2{+�+2K2Mi [m2 H2 }HK HB[mB/2
2bi KBM+2X .2b pm2b /2 /2bbmb- `2TQ`iû2b bm` H� };m`2 kXRe- T2`K2ii2Mi /QM+ /ǶQ#b2`p2` H�
p�T2m` �m +2Mi`2 /2 H� ~�[m2X G� T`2KBĕ`2 BK�;2 KQMi`2 H2 iQ`2 HB[mB/2- �T`ĕb 2tTHQbBQM
/2 H� +?2KBMû2 T`û+û/2Mi2X PM pQBi �HQ`b ;`�/m2HH2K2Mi �TT�`�ŗi`2 mM2 MQmp2HH2 TQ+?2 /2
p�T2m`- [mB- 2M ;`QbbBbb�Mi- ûHĕp2 H� i2KTû`�im`2 /m +ƾm` /�Mb mM /ûH�B ⌧f ⇡ 250 Kb-
+QKT�`�#H2 �m i2KTb K2bm`û 2Mi`2 H2b +v+H2b bm` H� };m`2 kXRjU�V

PM +QmTH2 �HQ`b +2b K2bm`2b i?2`KB[m2b ¨ /2b pBbm�HBb�iBQMb /B`2+i2b- 2M bvM+?`QMBb�Mi
+QKK2 bm` H� };m`2 kX3 mM2 +�Kû`� bBimû2 �m@/2bbmb �p2+ mM2 +�Kû`� bm` H2 +ƬiûX PM
pQBi [m2 HǶBMi2`7�+2 BM7û`B2m`2 b2 #QK#2 T2m ¨ T2m Dmb[mǶ¨ 7Q`K2` mM2 #mHH2 ~Qii�Mi ¨ H�
bm`7�+2X G� /m`û2 ⌧f /2 H� T?�b2 /Ƕ�++mKmH�iBQM /2 H� p�T2m`- 2bi K2bm`û2 TQm` /Bzû`2Mi2b
i2KTû`�im`2b T /m bm#bi`�i 2i i`�+û2 bm` H� };m`2 kXRd 2M 7QM+iBQM /2 1/�T Qɍ �T = T�T#
2i T#- H2 TQBMi /Ƕû#mHHBiBQM /2 HǶ2�mX G2 i2KTb ⌧f /2 7Q`K�iBQM /2 H� TQ+?2 /BKBMm2 �p2+
H� i2KTû`�im`2 /m bm#bi`�iX AMimBiBp2K2Mi- 2M �m;K2Mi�Mi T - QM �m;K2Mi2 H� [m�MiBiû /2
p�T2m` T`Q/mBi2- /QM+ H� 7Q`+2 �p2+ H�[m2HH2 2HH2 b+mHTi2 H2b +?2KBMû2bX

e3
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90

100

110

T (∘C)
t = 40 mst = 0 ms t = 120 ms t = 240 ms

t = 280 ms t = 480 mst = 360 ms t = 760 ms

6B;m`2 kXRe Ĝ *?�KT /2 i2KTû`�im`2 `2H2pû ¨ H� +�Kû`� BM7`�`Qm;2 U6GA_ �e88b+ � k8 7TbV ¨
H� bm`7�+2 /ǶmM2 ~�[m2 /2 `�vQM R = 15 KK `2TQb�Mi bm` mM +ƬM2 2M H�BiQM TQ`iû ¨ jyy�*X G�
+QmH2m` /QMM2 H� i2KTû`�im`2 2M bm`7�+2 /m HB[mB/2 ;`�+2 ¨ H� T�H2ii2 /2 /`QBi2X G� +�HB#`�iBQM /2
H� +�Kû`� }Hi`2 H2 `�vQMM2K2Mi i?2`KB[m2 ûKBb T�` H� TH�[m2 �}M /2 M2 pQB` [m2 +2HmB ûKBb T�` H�
;Qmii2X G� TQ+?2 /2 p�T2m` +?�m/2- `QKTm2 bm` H� T`2KBĕ`2 BK�;2- b2 `27Q`K2 2M ⌧f ⇡ 250 KbX
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τ f
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1/ΔT (∘C)−1

6B;m`2 kXRd Ĝ J2bm`2 /2 H� /m`û2 i`�MbBiQB`2 /Ƕ�++mKmH�iBQM /2 H� p�T2m`- /m`�Mi H�[m2HH2 Rc(t)
T�bb2 /2 y ¨ 2�1- 2M 7QM+iBQM /2 1/�T - HǶBMp2`b2 /2 H� /Bzû`2M+2 2Mi`2 H2b i2KTû`�im`2b /m bm#bi`�i
/Ƕû#mHHBiBQM /2 HǶ2�mX G� /m`û2 /m `û;BK2 i`�MbBiQB`2 /2 7Q`K�iBQM /2 H� TQ+?2 /BKBMm2 �p2+ �T 2M
bmBp�Mi H� /`QBi2 /Ƕû[m�iBQM 42.8/�T

G2b p�T2m`b bQMi T`Q/mBi2b ;`�+2 �m i`�MbTQ`i /2 +?�H2m` /BzmbB7 ¨ i`�p2`b H2 }HK
BbQH�Mi- [mB bǶ2z2+im2Mi bm` mM i2KTb +�`�+iû`BbiB[m2 ⌧/B77 ⇠ ⇢vcp"

2/�vX 1M T`2M�Mi H2b
p�H2m`b i?2`KQ/vM�KB[m2b /�Mb H2 i�#H2�m RXR /2 H� T�;2 kN 2i 2M +QMbB/û`�Mi /2b û+?�M;2b
¨ i`�p2`b mM }HK /ǶûT�Bbb2m` " = 50 µK- +2 i2KTb p�mi 2MpB`QM 50 µb , BH 2bi /QM+ i`ĕb
+Qm`iX 1M `û�HBiû- H2 }HK /2 p�T2m`- 2M T`2M�Mi /2 HǶ�KTH2m`- /2pB2Mi /2 THmb 2M THmb BbQH�Mi
2i H2b û+?�M;2b i?2`KB[m2b- /2 KQBMb 2M KQBMb 2{+�+2bX G2 i2KTb /2 /BzmbBQM ¨ i`�p2`b
H� +�pBiû /2 ?�mi2m` ⇡ 2�1 2bi /2 HǶQ`/`2 /2 H� b2+QM/2- THmiƬi +QKT�`�#H2 �mt i2KTb /2
pB2 [mǶ�m i2KTb /2 7Q`K�iBQM /2b +?2KBMû2bX SQm` K2ii`2 2M TH�+2 mM /ƬK2 /2 pQHmK2
⌦v bQmb H2 HB[mB/2- H2 bm#bi`�i /QBi /ûTHQv2` HǶûM2`;B2 ⇢v⌦vLX *2ii2 ûM2`;B2 2bi �TTQ`iû2
T�` +QM/m+iBQM i?2`KB[m2 ¨ i`�p2`b mM }HK BbQH�Mi- bǶûT�BbbBbb�Mi /2 "(t = 0) = "0 ¨

eN
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"(t = ⌧f ) = 2�1X 1M Mû;HB;2�Mi H� T�`i /2 H� p�T2m` [mB bǶû+?�TT2 H�iû`�H2K2Mi 2i M2
bǶ�++mKmH2 T�b- QM � ,

⇢v⌦vL ⇠
Z ⌧f

0

�v�TS
"(t)

/t UkXjXRV

Qɍ S +Q``2bTQM/ ¨ H� bm`7�+2 ¨ i`�p2`b H�[m2HH2 H2b û+?�M;2b 2M ûM2`;B2 QMi HB2m- bmTTQ@
bû2 +QMbi�Mi2X PM 7�Bi �HQ`b HǶ?vTQi?ĕb2 /ǶmM2 p�`B�iBQM /ǶûT�Bbb2m` 2tTQM2MiB2HH2 "(t) =

2�1
�
1�e

�t/⌧f
�
+"0- [mB `2M/ +QKTi2 /2 H� 7Q`K�iBQM /2 KQBMb 2M KQBMb `�TB/2 ¨ K2bm`2

[m2 H2 }HK bǶûT�BbbBiX S�` bQm+Bb /2 bBKTHB+Biû- QM H� bBKTHB}2 2M , "(t) = "0 + 2�1
t/⌧f X

GǶBMiû;`�iBQM /2 HǶû[m�iBQM kXjXR +QM/mBi �HQ`b ¨ H� HQB ,

⌧f ⇠ 4⇢v�2L

�v�T HM
⇣
1 +

2�1

"0

⌘ UkXjXkV

GǶ�TTHB+�iBQM MmKû`B[m2 TQm` mM }HK /2 p�T2m` /ǶûT�Bbb2m` BMBiB�H2 "0 = 50 µK /QMM2
⌧f ⇡ 500 Kb- 2M �++Q`/ �p2+ MQb K2bm`2b 2tTû`BK2Mi�H2bX GǶû[m�iBQM kXjXk K2i 2M 2t2`;m2
H� T`Q;`2bbBQM 2M 1/�T bQmHB;Mû2 T�` H2b /QMMû2b 2tTû`BK2Mi�H2b /2 H� };m`2 kXRdX G�
/ûpB�iBQM ¨ `2H�iBp2K2Mi #�bb2 i2KTû`�im`2 U2M /2bbQmb /2 k3y�*V 2bi b�Mb /Qmi2 �ii`B@
#m�#H2 ¨ H� /ûT2M/�M+2 �HQ`b �++`m2 /2 "0 pBb@¨@pBb /2 �T X G2b û+?�M;2b i?2`KB[m2b- [mB
bǶ�K2MmBb2Mi ¨ K2bm`2 [m2 H2 }HK /2 p�T2m` bǶûT�BbbBi- bQMi +BMûiB[m2K2Mi HBKBi�MibX *2H�
TQm``�Bi 2tTHB[m2` TQm`[mQB- mM2 7QBb [mǶ2HH2 �ii2BMi H2 ?�mi /2 H� ~�[m2 HB[mB/2- H� TQ+?2
/2 p�T2m` �``āi2 /2 +`Qŗi`2- 2i 7Q`K2 mM /ƬK2 /2 i�BHH2 +QMbi�Mi2X

kXjXk h2KTb /2 pB2

lM2 +?2KBMû2 /2 G2B/2M7`Qbi 2bi +?�T2�miû2 T�` mM }HK i`ĕb KBM+2 bQmKBb ¨ HǶûp�@
TQ`�iBQM 2i �m /`�BM�;2- +2 [mB /2p`�Bi HmB +QM7û`2` mM2 /m`û2 /2 pB2 +Qm`i2X LQmb MQmb
/2K�M/QMb +QKK2Mi mM i2H }HK bm`pBi T2M/�Mi /2b b2+QM/2b 2M +QKK2MÏ�Mi T�` K2bm`2`
bQM ûT�Bbb2m`X

ai�#BHBiû ûiQMM�Mi2 /2b #mHH2b +�Hû}û2b

.ûi2`KBM�iBQM /2 HǶûT�Bbb2m` /m }HK

Zm�M/ HǶ�`+?2 HB[mB/2 +ĕ/2- H2 }HK b2 T2`+2X G� i2MbBQM /2 bm`7�+2 � i2M/�M+2 ¨ ûH�`;B`
H2 i`QmX GǶBM2`iB2 /m HB[mB/2 2i H� /BbbBT�iBQM pBb[m2mb2 pQMi �HQ`b bǶQTTQb2` ¨ H� `ûi`�+iBQM
/m HB[mB/2X SQm` /2b }HKb T2m pBb[m2mt- 2i /ǶûT�Bbb2m` eQ mMB7Q`K2- H� pBi2bb2 /ǶQmp2`im`2
/m i`Qm VQ 2tT`BK2 HǶû[mBHB#`2 2Mi`2 H� 7Q`+2 +�TBHH�B`2- KQi`B+2- 2i H� `ûbBbi�M+2 BM2`iB2HH2
¨ H� `ûi`�+iBQM /2 H� K�bb2 ,

VQ =

r
2�

⇢eQ
UkXjXjV

*2ii2 pBi2bb2- Q`B;BM2HH2K2Mi +�H+mHû2 T�` h�vHQ` (88) 2i *mHB+F (8e)- T`û/Bi /QM+ mM2

dy
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pBi2bb2 /ǶQmp2`im`2- /B`2+i2K2Mi HBû2 ¨ bQM ûT�Bbb2m` eQ �m KQK2Mi Qɍ BH bǶQmp`2X 1M T�`@
iB+mHB2`- TQm` mM2 ûT�Bbb2m` +QMbi�Mi2- H� pBi2bb2 /ǶQmp2`im`2 2bi +QMbi�Mi2X PM bmBi H�
/vM�KB[m2 /ǶQmp2`im`2 /2b #mHH2b ~Qii�Mi bm` H2b ~�[m2b +�Hû}û2b ¨ H� +�Kû`� `�TB/2X PM
QTi2 TQm` /2b pm2b /2 /2bbmb bBKBH�B`2b ¨ +2HH2b /2b };m`2b kXR3 2i kXkyX G� };m`2 kXR3
/QMM2 mM 2t2KTH2 /2 `mTim`2X G2 }HK T2`7Q`û �m +2Mi`2 bǶQmp`2 2M k KBHHBb2+QM/2b U¨
[m2H[m2b Kĕi`2b T�` b2+QM/2bVX

ro

6B;m`2 kXR3 Ĝ 1t2KTH2 /2 Mm+Hû�iBQM /ǶmM2 #mHH2 +�Hû}û2 �m MBp2�m /2 bQM �T2tX GǶQmp2`im`2 2bi
}HKû2 T�` /2bbmb ¨ H� +�Kû`� `�TB/2 U2M }HK�Mi ¨ 9yyy BK�;2bfbVX G� i2KTû`�im`2 /m bm#bi`�i 2bi
jd8�*- HǶBMi2`p�HH2 /2 i2KTb 2Mi`2 +?�[m2 BK�;2 2bi yXk8 Kb 2i H� #�``2 /Ƕû+?2HH2 BM/B[m2 8 KKX

PM bmBi �HQ`b H2 `�vQM rQ /m i`Qm �m +Qm`b /m i2KTbX G� };m`2 kXRNU�V /QMM2 /2mt
2t2KTH2b /2 /vM�KB[m2 rQ(t) /ǶQmp2`im`2 /2 }HKX GǶQmp2`im`2 `�/B�H2 /m i`Qm 2bi HBMû�B`2
2M i2KTbX G� pBi2bb2 /ǶQmp2`im`2 VQ 2bi /QM+ +QMbi�Mi2X G� p�H2m` VQ 2bi /û/mBi2 /2 H� T2Mi2
/2 +2b /`QBi2bX GǶ2tTû`B2M+2 2bi `2T`Q/mBi2 TQm` /Bzû`2Mi2b i2KTû`�im`2b T /m bm#bi`�iX
PM K2bm`2 VQ 2M 7QM+iBQM /2 T U};m`2 kXRNU#VVX GǶûT�Bbb2m` /m }HK Dmbi2 �p�Mi `mTim`2-
/û/mBi2 /2 H� 7Q`KmH2 kXjXj- 2bi i`�+û2 bm` H� };m`2 kXRNU+VX

(a) (b)
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6B;m`2 kXRN Ĝ U�V SQbBiBQM /m #Qm``2H2i HB[mB/2 2M TH2BM2 Qmp2`im`2 �m +Qm`b /m i2KTbX PM /BbiBM;m2
2M Q`�M;2 H2 +�b Qɍ H� #mHH2 2bi T2`+û2 �m MBp2�m /2 bQM �T2t 2i 2M #H2m- +2HmB Qɍ H� Mm+Hû�iBQM �
HB2m �m MBp2�m /2 H� #�b2X G� T2Mi2 /2 +2b /`QBi2b /QMM2 H� pBi2bb2 +QMbi�Mi2 /ǶQmp2`im`2 /m }HK-
VQX (#) o�`B�iBQMb /2 VQ �p2+ H� i2KTû`�im`2 /m bm#bi`�i T X (+) úT�Bbb2m` /m }HK eQ /û/mBi2 /2 b�
pBi2bb2 /ǶQmp2`im`2- pB� H� HQB /2 h�vHQ` *mHB+F- 2M 7QM+iBQM /2 H� i2KTû`�im`2X

dR
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G� `mTim`2 T�` H2 bQKK2i MǶ2bi +2T2M/�Mi T�b bvbiûK�iB[m2X LQmb �pQMb Q#b2`pû [m2-
/2 K�MBĕ`2 [m�bB@û[mBT`Q#�#H2- H2 }HK +ĕ/2 �mbbB �m TB2/ /2 H� #mHH2X G� };m`2 kXky KQMi`2
mM2 bû`B2 /ǶBK�;2b Qɍ HǶQmp2`im`2 bǶBMBiB2 2M Tû`BT?û`B2X G2b +QMiQm`b /m i`Qm QMi ûiû `2M@
7Q`+ûb T�` /2b TQBMiBHHûb #H�M+bX *2ii2 Q#b2`p�iBQM 2bi �bb2x BM?�#Bim2HH2 , H� THmT�`i /m
i2KTb- H2b #mHH2b Qm H2b }HKb KBM+2b b2 /ûbBMiĕ;`2Mi �m MBp2�m /2 H2m` bQKK2i TmBb[m2
7`�;BHBbûb T�` ;`�pBiûX G� #mHH2 2bi B+B 7`�;BHBbû2 T�` /2mt Kû+�MBbK2b /BbiBM+ib , H2 /`�BM�;2
K�Bb �mbbB HǶ�bTB`�iBQM +�TBHH�B`2 �mt #Q`/b /2 TH�i2�m- `�TT2H�Mi H2b `2;ûMû`�iBQMb K�`;B@
M�H2b (89)- [mB +`û2Mi mM �KBM+Bbb2K2Mi THmb HQ+�H 2i 2tTHB[m2Mi [m2 H2 }HK +ĕ/2 �m MBp2�m
/2 b� #�b2X

6B;m`2 kXky Ĝ 1t2KTH2 /2 Mm+Hû�iBQM /ǶmM2 #mHH2 /2 G2B/2M7`Qbi �m MBp2�m /2 b� #�b2X G� i2K@
Tû`�im`2 /m bm#bi`�i 2bi jyy�*- HǶBMi2`p�HH2 /2 i2KTb 2Mi`2 +?�[m2 BK�;2 2bi yXk8 Kb 2i H� #�``2
/Ƕû+?2HH2 BM/B[m2 8 KKX

G� /vM�KB[m2 /ǶQmp2`im`2 2bi +QKT�`û2 �m +�b Qɍ H� `mTim`2 � HB2m �m bQKK2iX am` H�
};m`2 kXRN- QM /BbiBM;m2- 2M Q`�M;2- H2b /QMMû2b +Q``2bTQM/�Mi ¨ /2b Qmp2`im`2b ¨ HǶ�T2t
2i 2M #H2m- ¨ /2b Qmp2`im`2b 2M Tû`BT?û`B2 /2 H� #mHH2X PM MQi2 [m2 H� pBi2bb2 /ǶQmp2`im`2
2bi mMB7Q`K2 �m +Qm`b HǶQmp2`im`2- 2i- THmb `2K�`[m�#H2 2M+Q`2- [mǶ2HH2 M2 +?�M;2 T�b
bB;MB}+�iBp2K2Mi 2M 7QM+iBQM /2 HǶ2M/`QBi Qɍ H2 TQBMi /2 Mm+Hû�iBQM �TT�`�ŗiX *2b /2mt
Q#b2`p�iBQMb `2M7Q`+2Mi MQi`2 ?vTQi?ĕb2 /ǶmM2 ûT�Bbb2m` eQ +QMbi�Mi2 2i /2 HǶQ`/`2 /2 Ry
µK TQm` H2 }HKX G2b û+�`ib `�`2b /�Mb H2b ûT�Bbb2m`b /2 `mTim`2 bǶ2tTHB[m2Mi T�` H� T`ûb2M+2
/2 TQmbbBĕ`2b bm` H� #mHH2X G� `mTim`2 2bi /û+H2M+?û2 �p�Mi i2`K2 HQ`b[m2 HǶûT�Bbb2m` /2pB2Mi
+QKT�`�#H2 �p2+ H� i�BHH2 /2 HǶBKTm`2iûX

úT�Bbb2m` /2 HǶ�`+?2 HB[mB/2

lM2 ûT�Bbb2m` mMB7Q`K2 /2 HǶQ`/`2 /2 H� /Bx�BM2 /2 KB+`QKĕi`2b +Q``2bTQM/ ¨ HǶûT�Bb@
b2m` ivTB[m2 /ǶmM }HK HB[mB/2 2ti`�Bi ¨ pBi2bb2 +QMbi�Mi2 T�` mM2 TH�[m2 ?Q`b /ǶmM #�BMX
*2ii2 2tTû`B2M+2- BHHmbi`û2 T�` H� };m`2 kXkR- � ûiû ûim/Bû2 /�Mb H2b �MMû2b RN9y T�` G�M@
/�m- G2pB+? 2i .2`D�`;mBM- [mB QMi T`QTQbû mM KQ/ĕH2 TQm` `2M/`2 +QKTi2 /2 HǶûT�Bbb2m`
2Mi`�ŗMû2 (8d- 83)X G2 KQi2m` /2 HǶ2Mi`�ŗM2K2Mi 2bi H� 7Q`+2 pBb[m2mb2 ¨ H�[m2HH2 bǶQTTQb2
H2b 7Q`+2b +�TBHH�B`2bX GǶûT�Bbb2m` e /ûTQbû2 bm` H2 bQHB/2 2bi +QMbi�Mi2X *2 }HK b2 `�++Q`/2

dk
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g sin(θ)⃗eθ

⃗ez

e
V

LLLD Vγ Vγ
LF

e

(a) (b)

V = 0

6B;m`2 kXkR Ĝ 1ti`�+iBQM /ǶmM }HK HB[mB/2 T�` mM Kû+�MBbK2 /2 G�M/�m@G2pB+?@.2`D�`;mBM UGG.VX
U�V lM2 T�`QB bQHB/2- iB`û2 /ǶmM #�BM HB[mB/2 ¨ H� pBi2bb2 V - 2Mi`�ŗM2 mM }HK /ǶûT�Bbb2m` eX G2 Kû@
MBb[m2 HB[mB/2- /QMi H� TQbBiBQM BMBiB�H2 2bi `2T`ûb2Miû2 2M #H2m- b2 /û7Q`K2 bm` mM2 HQM;m2m` +�`�+@
iû`BbiB[m2 LGG.X (#) lM2 BMi2`7�+2- `B;B/B}û2 T�` H� T`ûb2M+2 /2 +QMi`�BMi2b i�M;2MiB2HH2b BM/mBi2b
T�` 2z2i J�`�M;QMB T2mi �mbbB 2Mi`�BM2` mM }HK HB[mB/2X

�m KûMBb[m2 bi�iB[m2-`2T`ûb2Miû 2M #H2m bm` H� };m`2 kXkRU�V 2i /ǶmM2 ?�mi2m` /2 HǶQ`/`2
/2 

�1- pB� mM KûMBb[m2 /vM�KB[m2 /2 ?�mi2m` LGG. 2i /2 +Qm`#m`2 U7�B#H2V e/L2
GG.

U};m`2 kXkRU�VVX .�Mb H2 7Q`K�HBbK2 /2 H� Hm#`B}+�iBQM- H� 7Q`K�iBQM /m }HK i`�/mBi H�
+QKTûiBiBQM 2Mi`2 7Q`+2b pBb[m2mb2b ⌘V /e2- KQi`B+2b /2 HǶ2Mi`�ŗM2K2Mi- 2i 7Q`+2b +�TBHH�B`2b
2M;2M/`û2b T�` H2b ;`�/B2Mib /2 +Qm`#m`2 �e/L3

GG.X G2 `�++Q`/ /2b +Qm`#m`2b bi�iB[m2 2i
/vM�KB[m2 7Qm`MBi mM2 `2H�iBQM bmTTHûK2Mi�B`2- ¨ b�pQB`- 2M HQB /Ƕû+?2HH2 , e/L3

GG. ⇠ 1/�1X
1M +QK#BM�Mi +2b /2mt `2H�iBQMb- QM 2bi �HQ`b 2M K2bm`2 /2 T`û/B`2 HǶûT�Bbb2m` e 2Mi`�ŗMû2 ,

e ⇠ 
�1

Ca
2/3 UkXjX9V

Qɍ Ca = ⌘V /� 2bi H2 MQK#`2 +�TBHH�B`2- [mB +QKT�`2 H2b 2z2ib pBb[m2mt �mt 2z2ib +�TBH@
H�B`2bX GǶûim/2 /2 .2`D�;mBM +QKTHĕi2 +2ii2 ûim/2 2M +QMbB/û`�Mi H2 `û;BK2 ;`�pBi�B`2 (83)X
G� HQB kXjX9 2bi p�H�#H2 TQm` Ca < 10�3X �m /2H¨- BH 7�mi T`2M/`2 2M +QKTi2 H� ;`�pBiû bm`
H2 /`�BM�;2X

6`�MF2H bǶ2bi BMiû`2bbû TQm` b� T�`i ¨ HǶûT�Bbb2m` i?ûQ`B[m2 /ǶmM }HK HB#`2 b�pQMM2mt
2Mi`�ŗMû ¨ pBi2bb2 +QMbi�Mi2 V /2TmBb mM #Q`/ /2 SH�i2�mX G2 T`Q#HĕK2 2bi i`ĕb bBKBH�B`2
¨ +2HmB i`�Biû T�` G�M/�m@G2pB+?@.2`D�`;mBM UGG.V- ¨ +2+B T`ĕb [mǶmM i2H }HK TQbbĕ/2
/2mt BMi2`7�+2b HB[mB/2@�B`- /2mt KûMBb[m2b QTû`�Mi mM2 bm++BQM +�TBHH�B`2 /Qm#H2- 2i [mǶ2M
T`ûb2M+2 /2 i2MbBQ�+iB7b- H2b BMi2`7�+2b HB#`2b bQMi `B;B/B}û2bX 6`�MF2H � HǶB/û2 /2 +QMbB/û`2`
[mǶ2HH2b b2 +QKTQ`i2Mi +QKK2 /2b TH�[m2b `B;B/2b- 2Mi`�ŗMû2b ¨ H� pBi2bb2 V X GǶû[mBHB#`2 /2b
7Q`+2b 2bi BM+?�M;û 2i H2 `�++Q`/ /2b KûMBb[m2b 2bi 7�Bi /�Mb H2 KāK2 2bT`BiX S�` bvKûi`B2
/2b û+QmH2K2Mib- 2tTHB+Biû2 bm` H� };m`2 kXkk 2i TmBb[m2 H2 +2Mi`2 /m }HK /QBi b�iBb7�B`2 H�
+QM/BiBQM /ǶmM2 +QMi`�BMi2 MmHH2 U+QKK2 mM2 BMi2`7�+2 HB#`2V- HǶûT�Bbb2m` 2Mi`�ŗMû2 2bi 2t�+@
i2K2Mi û;�H2 �m /Qm#H2 /2 +2HH2 T`ûpm2 /�Mb H2 T`Q#HĕK2 GG.X G� T`ûb2M+2 /2 +QMi`�BMi2b

dj
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BMi2`7�+B�H2b T2`K2i /QM+ /Ƕ2Mi`�ŗM2` /�p�Mi�;2 /2 HB[mB/2 , H2 }HK b�pQMM2mt 2bi THmb
ûT�Bb [m2 H� p�H2m` T`û/Bi2 T�` H� HQB kXjX9 ,

e6 = 2eGG. UkXjX8V

u(θ, z)

e

Vγ Vγ

e(θ)

V

V

u(θ, z)

(a) (b)

⃗eθ

⃗ez

6B;m`2 kXkk Ĝ *QKT�`�BbQM /2b û+QmH2K2Mib �m b2BM /2b }HKb HB[mB/2b 2Mi`�ŗMûbX U�V *�b /ǶmM2
TH�[m2 bQHB/2 2ti`�Bi2 /ǶmM #�BM HB[mB/2X (#) *�b /ǶmM2 #mHH2 bQmKBb2 ¨ mM2 /Bzû`2M+2 /2 i2KTû`�im`2
p2`iB+�H2X G2 HB[mB/2 2bi 2Mi`�ŗMû T�` 2z2i J�`�M;QMB +QMi`�Mi HǶû+QmH2K2Mi /2 /`�BM�;2X

PM b2 /2K�M/2 �HQ`b bB mM i2H Kû+�MBbK2 /2 bûH2+iBQM /ǶûT�Bbb2m` bi�#BHBb2 HǶ�`+?2
HB[mB/2 [mB bm`KQMi2 H2b +?2KBMû2b /2 G2B/2M7`QbiX *2 }HK HB[mB/2 2bi Tm`- �m +QMi`�B`2
/2 HǶ2tTû`B2M+2 /2 6`�MF2HX PM �ii2M/ /QM+ mM û+QmH2K2Mi #Qm+?QMX G� b2mH2 K�MBĕ`2
/Ƕ2Mi`�ŗM2` H2 HB[mB/2 /�Mb H2 }HK 2bi /ǶBMi`Q/mB`2 /2b /Bzû`2M+2b /2 i2KTû`�im`2X 1M 2z2i-
HQ`b[mǶQM �TTHB[m2 mM ;`�/B2Mi /2 i2KTû`�im`2 ¨ mM2 BMi2`7�+2- QM 2M;2M/`2- T�` 2z2i
J�`�M;QMB- /2b KQmp2K2Mib /2 HB[mB/2 /2b xQM2b /2 7�B#H2 i2MbBQM /2 bm`7�+2 � p2`b H2b
xQM2b /2 THmb ?�mi2 i2MbBQM /2 bm`7�+2X P` � 2bi mM2 7QM+iBQM /û+`QBbb�Mi2 /2 H� i2KTû`�im`2
T X �BMbB- 2M T`ûb2M+2 /2 /Bzû`2M+2b /2 i2KTû`�im`2 /2 [m2H[m2b /2;`ûb- mM û+QmH2K2Mi T`ĕb
/2 HǶBMi2`7�+2 bǶûi�#HBi /m +?�m/ p2`b H2 7`QB/X G� T2`bT2+iBp2 /Ƕ2Mi`�ŗM2` /2b }HKb HB#`2b Tm`b
/ǶûT�Bbb2m` +QMi`ƬHû2 ;`�+2 ¨ /2b ;`�/B2Mib i?2`KB[m2b � ûiû 2MpBb�;û2 ¨ THmbB2m`b `2T`Bb2b-
/�Mb H� +QM};m`�iBQM GG. (8N) 2i /�Mb H� +QM};m`�iBQM /2 }HK HB#`2- /2 6`�MF2H (ey-
eR)X a+?2B/ 2i �HX ûim/B2Mi +2ii2 TQbbB#BHBiû /ǶmM TQBMi /2 pm2 i?ûQ`B[m2X lM }HK HB[mB/2
HB#`2- `2iB`û /ǶmM #�BM ¨ pBi2bb2 +QMbi�Mi2- 2bi bQmKBb ¨ mM ;`�/B2Mi /2 i2KTû`�im`2X G2b
�mi2m`b KQMi`2Mi [mǶmM }HK +QMiBMm T2mi �HQ`b āi`2 2ti`�Bi- THmb ûT�Bb [mǶ2M HǶ�#b2M+2
/2 ;`�/B2Mi /2 i2KTû`�im`2 (ek)X *2 `ûbmHi�i MǶ� +2T2M/�Mi- ¨ MQi`2 +QMM�Bbb�M+2- D�K�Bb
ûiû KQMi`û 2tTû`BK2Mi�H2K2MiX G� bi�#BHBb�iBQM i?2`KQ+�TBHH�B`2 /2 }HKb KBM+2b bǶ�pĕ`2
TQm`i�Mi T�`iB+mHBĕ`2K2Mi T2`iBM2Mi2 /�Mb /2b T`Q+û/ûb /2 7QM/2`B2- Qɍ /2b Kûi�mt 7QM/mb
bQMi K�MBTmHûb �}M /2 7Q`K2` /2b }HKb KBM+2b 2i /2b KQmbb2b �mt T2`7Q`K�M+2b ?Q`b
MQ`K2b 2M i2`K2 /ǶBbQH�iBQM i?2`KB[m2- /2 T?QMB[m2- /2 Kû+�MB[m2- 2i /2 /2MbBiûX

PM bmTTQb2 [m2 H2 ?�mi /2 H� #mHH2 2bi THmb 7`QB/ [m2 b� #�b2 /2 �T#mHH2 ⇡ 10�*X

d9
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*2ii2 ?vTQi?ĕb2 b2`� /Bb+miû2 2tTû`BK2Mi�H2K2Mi THmb i�`/- K�Bb b2K#H2 Hû;BiBK2 TmBb[m2
H2 bQKK2i /2 H� #mHH2 2bi THmb ûHQB;Mû /2 H� TH�[m2X PM MQi2 �HQ`b V� H� pBi2bb2 �b+2M/�Mi2
BM/mBi2 T�` 2z2i J�`�M;QMB bm` +2 }HK HB#`2X G2 }HK /ǶûT�Bbb2m` e 2bi �HQ`b +Bb�BHHû T�` +2i
û+QmH2K2Mi /2 bm`7�+2 /2 H� #�b2 +?�m/2- 2M /B`2+iBQM /m bQKK2i 7`QB/X 1M û;�HBb�Mi H2b
+QMi`�BMi2b pBb[m2mb2b /�Mb H2 }HK ⌘V�/e �p2+ H2b +QMi`�BMi2b bmT2`}+B2HH2b BM/mBi2b T�` H2
;`�/B2Mi /2 i2KTû`�im`2 �m b2BM /m }HK HB[mB/2 ��/Rc QM 2biBK2 V� ,

V� =
��e

⌘Rc
UkXjXeV

SQm` +2b p�`B�iBQMb KQ/2bi2b /2 i2KTû`�im`2- �� = ��T#mHH2- �p2+ @T� = �0.17 KL/K/EX
SQm` mM2 #mHH2 /ǶûT�Bbb2m` e = 5 µK 2i /2 `�vQM /2 +Qm`#m`2 Rc = 5 KK- +mHKBM�Mi ¨ �h

�m /2bbmb /2 H� ~�[m2 U/m KāK2 Q`/`2 [m2 RcV- HǶû+QmH2K2Mi �b+2M/�Mi /2 J�`�M;QMB b2
7�Bi ¨ mM2 pBi2bb2 V� ⇡ 5 KK/bX G2 MQK#`2 +�TBHH�B`2 p�mi �BMbB Ca ⇠ ��e/�Rc ⇡ 3.10�5X
G2 }HK- +QMi`�BMi �mt BMi2`7�+2b- 2bi 2Mi`�ŗMû p2`b H2 ?�miX PM 2bi /QM+ /�Mb mM2 +QM}@
;m`�iBQM b2K#H�#H2 ¨ +2HH2 /2 6`�MF2H- BHHmbi`û2 bm` H� };m`2 kXkkU#V 2i Qɍ H2 KûMBb[m2
bi�iB[m2 2bi +�`�+iû`Bbû T�` mM2 +Qm`#m`2 1/�1X G2 KQmp2K2Mi �b+2MbBQMM2H /2 J�`�M@
;QMB bûH2+iBQMM2 HǶûT�Bbb2m` /m }HKX 1M +QK#BM�Mi HǶû[m�iBQM kXjX9 ¨ HǶû[m�iBQM kXjX8- 2i 2M
bm#biBim�Mi HǶ2tT`2bbBQM /m MQK#`2 +�TBHH�B`2- �p2+ Rc ⇡ 2�1- HǶûT�Bbb2m` e b2 bBKTHB}2 ,

e ⇠ 2�1

✓
��

�

◆2

UkXjXdV

GǶûT�Bbb2m` e M2 /ûT2M/ [m2 /m ;`�/B2Mi /2 i2KTû`�im`2 �TTHB[mû �mt 2ti`ûKBiûb /m
}HKX lM2 /Bzû`2M+2 /2 i2KTû`�im`2 �T#mHH2 ⇡ 10�* T2`K2i /2 +QMi`2` HǶ�KBM+Bbb2K2Mi
HB[mB/2 2M `2MQmp2H�Mi H2 }HK +QMbi�KK2MiX PM i`Qmp2 mM2 ûT�Bbb2m` /2 }HK /2 8 µKX PM
+?2`+?2 /QM+ ¨ KQMi`2` HǶ2tBbi2M+2 /2 ;`�/B2Mib /2 i2KTû`�im`2 bm` mM2 #mHH2 ~Qii�Mi ¨ H�
bm`7�+2 /ǶmM2 +?2KBMû2 +�Hû}û2X

JBb2 2M ûpB/2M+2 2tTû`BK2Mi�H2 /2 ;`�/B2Mib /2 i2KTû`�im`2

PM `û�HBb2 /QM+ /2b `2H2pûb i?2`KB[m2b ¨ H� bm`7�+2 /2b #mHH2bX PM T`ûb2Mi2 bm` H�
};m`2 kXkj H2b BK�;2b T`Bb2b /2 /2bbmb ¨ H� +�Kû`� i?2`KB[m2 ¨ /Bzû`2Mib BMbi�Mib /2 H�
pB2 /ǶmM2 +?2KBMû2- �p�Mi [m2 H� #mHH2 M2 +ĕ/2X *QKK2 MQmb HǶ�pQMb pm T`û+û/2KK2Mi- H�
TQ+?2 /2 p�T2m` +2Mi`�H2 �TT�`�ŗi THmb +?�m/2 [m2 H� ~�[m2 [mB HǶ2MiQm`2X 1HH2 2bi TQ`iû2 ¨
mM2 i2KTû`�im`2 +QKT`Bb2 2Mi`2 H� i2KTû`�im`2 /m bm#bi`�i 2i H� i2KTû`�im`2 /Ƕû#mHHBiBQM
/2 HǶ2�mX GǶ�`+?2 HB[mB/2 bBimû2 �m@/2bbmb /2 +2ii2 TQ+?2 b2 `û+?�mz2- 2i /Ƕ�mi�Mi KB2mt
[m2 +2HH2@+B 2bi KBM+2X G2b BK�;2b /2 H� };m`2 kXkj `ûpĕH2Mi T�` �BHH2m`b HǶ2tBbi2M+2 /2
/Bzû`2M+2b /2 i2KTû`�im`2 /2 HǶQ`/`2 /2 8 ¨ Ry�* 2Mi`2 H� #�b2 /2 H� #mHH2 +2Mi`�H2 2i bQM
TQBMi +mHKBM�MiX

GǶ2tBbi2M+2 /2 i2HH2b /Bzû`2M+2b /2 i2KTû`�im`2 bǶBMi2`T`ĕi2 +QKK2 mM2 +QMbû[m2M+2 /2
H� /û+`QBbb�M+2 /2 H� i2KTû`�im`2 /�Mb HǶ�B` 2i /�Mb H� TQ+?2 /2 p�T2m`- 2M bǶûHQB;M�Mi /m
bm#bi`�iX GǶBMi2`7�+2 HB[mB/2 bBimû2 ¨ H� ?�mi2m` " /2 H� TH�[m2 /2 i2KTû`�im`2 T 2bi i?2`@

d8
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90

100

110

T (∘C)
t = 0.6 st = 0 s

t = 1.96 s

t = 1.32 s

t = 1.84 s t = 1.92 s

6B;m`2 kXkj Ĝ *�`�+iû`Bb�iBQM /vM�KB[m2 /2 HǶ�KBM+Bbb2K2Mi /m }HK HB[mB/2 ¨ H� +�Kû`� BM7`�@
`Qm;2X G� #mHH2 +2Mi`�H2- pm2 /2 /2bbmb- T`ûb2Mi2 /2b /Bzû`2M+2b /2 i2KTû`�im`2 /2 HǶQ`/`2 /2 Ry�*
2Mi`2 H� #�b2 2i H2 TQBMi +mHKBM�Mi /2 H� #mHH2X G2 }HK /`�BM2 2i /2pB2Mi bm` H� /2`MBĕ`2 BK�;2-
ǴMQB`Ǵ- +Ƕ2bi@¨@/B`2 THmb }M [m2 H� HQM;m2m` /ǶQM/2 miBHBbû2 UivTB[m2K2Mi Ry µKVX

KQbi�iû2 ¨ T2 = 100�*X 1M bmTTQb�Mi mM +�`�+iĕ`2 /BzmbB7 TQm` H2b û+?�M;2b i?2`KB[m2b-
BH bǶûi�#HBi mM ;`�/B2Mi /2 i2KTû`�im`2 p2`iB+�H û;�H ¨ (T �T2)/"X .�Mb H2 +�b /2 +?2KBMû2b-
H2 }HK /2 HB[mB/2 bǶûHĕp2 /2 H� [m�MiBiû �h 2Mi`2 b� #�b2- KBHHBKûi`B[m2 2i +QKT�`�#H2 ¨
RcX *2b p�`B�iBQMb /Ƕ�HiBim/2 BM/mBb2Mi /2b /Bzû`2M+2b /2 i2KTû`�im`2 �mt #Q`M2b /m }HK
/Ƕ2MpB`QM Ry�* 2Mi`2 H2 bQ+H2 2i HǶ�T2t /ǶmM2 #mHH2 +mHKBM�Mi ¨ H� ?�mi2m` �h = 1 KK
�m@/2bbmb /ǶmM2 ~�[m2 HB[mB/2- bûH2+iBQMM2 mM2 ûT�Bbb2m` /2 8 ¨ Ry µKX *2H� +QśM+B/2 #B2M
�p2+ HǶûT�Bbb2m` /m }HK HB[mB/2 [mB 2MpQȿi2 H� p�T2m` /2b +?2KBMû2b /2 G2B/2M7`QbiX

1M Q#b2`p�Mi /2 THmb T`ĕb 2i /2 +Ƭiû H� #�b2 /2 +2b #mHH2b- QM pQBi T�` �BHH2m`b /2b
KQmp2K2Mib �b+2M/�Mib- bQmb 7Q`K2b /2 T�M�+?2b ûT�Bb U/2 HǶQ`/`2 /2 Ryy µK /ǶûT�Bbb2m`V-
T`ûb2Miûb bm` H� };m`2 kXk9X .2b H�`K2b bQMi 2MpQvû2b bm` H2 /ƬK2 ¨ mM2 pBi2bb2 /2 HǶQ`/`2
/2 Ry KKfb- +2 [mB bm;;ĕ`2 #B2M H� T`ûb2M+2 /ǶmM û+QmH2K2Mi �b+2MbBQMM2HX lM2 BMbi�#BHBiû
BMi2`7�+B�H2 �TT�`�ŗi iQmi27QBb 2i +`ûû /2b KQiB7b `û;mHBĕ`2K2Mi 2bT�+ûb /2 ⇠ 1.5 KKX *2b
H�`K2b- i`QT HQm`/2b- M2 KQMi2Mi T�b ¨ THmb /2 �z ⇡ 1 KK bm` H� #mHH2X *QMi`�BMi2b T�`
;`�pBiû- 2HH2b `2iQK#2Mi 2M mM i2KTb ivTB[m2 /QMMû T�` H2 i2KTb /2 +?mi2 HB#`2

p
�z/g ⇠ 10

KbX *2b KQmp2K2Mib 7QMi T2Mb2` �mt KQmp2K2Mib Q#b2`pûb ¨ H� bm`7�+2 /2 #mHH2b 7�Bi2b ¨
T�`iB` /Ƕ2�m /m `Q#BM2i T�` G?mBbbB2` 2i �HX U};m`2 kXdVX

.2b û+QmH2K2Mib /2 J�`�M;QMB QMi ûiû KBb 2M ûpB/2M+2X AHb 2Mi`�BM2Mi /m HB[mB/2 p2`b
H2 ?�mi 2i bǶQTTQb2Mi ¨ bQM �KBM+Bbb2K2MiX

de



kXjX ah�"AGAhú .1a *>1JALú1a

2 mm

6B;m`2 kXk9 Ĝ �TT�`BiBQM /2 T�M�+?2b �m MBp2�m /2 H� #mHH2 ¨ /Bzû`2Mib BMbi�MibX .2b pm2b /2
+Ƭiû 2M `ûi`Qû+H�B`�;2 `ûpĕH2Mi /2b KQmp2K2Mib �b+2M/�Mib ¨ mM2 pBi2bb2 /2 HǶQ`/`2 /2 Ry KKfb-
bǶQTTQb�Mi �m /`�BM�;2X G2 }HK 2bi ûT�BbbB HQ+�H2K2MiX

.vM�KB[m2 /Ƕ�KBM+Bbb2K2Mi 2M T`ûb2M+2 /Ƕ2z2ib J�`�M;QMB

PM b2 T`QTQb2 /Ƕûi�#HB` H2b +QM/BiBQMb /2 bi�#BHBiû /ǶmM }HK HB[mB/2- 2Mi`�BMû T�` 2z2i
J�`�M;QMB ¨ mM2 pBi2bb2 V� X PM bǶBMiû`2bb2 ¨ H� /vM�KB[m2 /2 /`�BM�;2 BHHmbi`û2 bm` H�
};m`2 kXk8U�V , mM }HK /2 HB[mB/2 Tm` /2 `�vQM Rc 2bi /û~û+?B bm` mM2 ?�mi2m` �hX 1M
HǶ�#b2M+2 /2 bm`7�+i�Mi 2i /Ƕ2z2i J�`�M;QMB- H2b BMi2`7�+2b bQMi KQ#BH2b U+QMi`�BMi2 MmHH2V ,
HǶû+QmH2K2Mi /�Mb H2 }HK 2bi mM û+QmH2K2Mi #Qm+?QM U+?�KT /2 pBi2bb2 /2 H� };m`2 kXk8U#VVX

1M `2p�M+?2- HǶ2Mi`�ŗM2K2Mi ¨ H� pBi2bb2 V� �mt BMi2`7�+2b 2M;2M/`2 /m +Bb�BHH2K2MiX G2
+?�KT /2 pBi2bb2 �m b2BM /m }HK 2bi KQ/B}û 2i `2T`ûb2Miû bm` H� };m`2 kXk8U+VX lM ;`�/B2Mi
/2 T`2bbBQM rP bǶûi�#HBi H�iû`�H2K2Mi TQm` �MMmH2` H� +QMi`�BMi2 BMi2`7�+B�H2 BKTQbû2 T�`
HǶû+QmH2K2MiX PM MQi2 ~u H� pBi2bb2 /m HB[mB/2 /�Mb H2 }HKX .�Mb H� HBKBi2 /2 #�b _2vMQH/b 2i
TmBb[m2 Rc >> e- H� /vM�KB[m2 /2 /`�BM�;2 2bi ;Qmp2`Mû2 T�` HǶû[m�iBQM /2 H� Hm#`B}+�iBQMX
GǶû+QmH2K2Mi 2bi Q`i?Q`�/B�H ~u = u✓(z, ✓)~e✓- �p2+ z HǶû+�`i 2Mi`2 H� +QQ`/QMMû2 [mB `2Tĕ`2
HǶBMi2`7�+2 2i H2 `�vQM Rc /2 H� TQ+?2 T`Bb T�` +QMp2MiBQM MmH �m +2Mi`2 /m }HKX G� pBi2bb2
i�M;2MiB2HH2 u✓(z, ✓) pû`B}2 �HQ`b ,

0 = ⌘
@
2
u✓

@z2
�r✓P UkXjX3V

Qɍ ⌘ 2bi H� pBb+QbBiû /vM�KB[m2 /m HB[mB/2X G2 KQi2m` /2 HǶû+QmH2K2Mi 2bi mM ;`�/B2Mi /2
T`2bbBQM- [mB /�Mb H2 `û;BK2 ;`�pBi�B`2 bǶû+`Bi r✓P = �⇢gz bBM ✓X *2ii2 û[m�iBQM 2bi BMiû;`û2
�p2+ mM2 +QM/BiBQM /2 +QMi`�BMi2 i�M;2MiB2HH2 MmHH2 �m +2Mi`2 /m }HK 2i mM ;HBbb2K2Mi �mt
BMi2`7�+2b- BKTQbû T�` HǶû+QmH2K2Mi bmT2`}+B2H /2 J�`�M;QMB i?2`KB[m2X G2 +?�KT /2

dd
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Rc

δh
θ

z
e(θ, t)

(a) (b)
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e
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⃗eθ

− e
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aireauvap

e
2

⃗eθ

− e
2 0
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(c)

6B;m`2 kXk8 Ĝ U�V AHHmbi`�iBQM /ǶmM2 ~�[m2 +Qmp�Mi mM2 TQ+?2 /2 p�T2m` /2 `�vQM RcX G2 }HK
/2 HB[mB/2- ûiB`û /2 �h 2i /ǶûT�Bbb2m` e- /`�BM2X (#) GǶû+QmH2K2Mi ;`�pBi�B`2 [mB bǶûi�#HBi �m MBp2�m
/2 HǶ�`+?2 2bi- TQm` mM HB[mB/2 Tm`- mM û+QmH2K2Mi #Qm+?QM U+QMi`�BMi2b MmHH2b �mt BMi2`7�+2b 2i
�m +2Mi`2- T�` bvKûi`B2VX (+) GǶ�TT�`BiBQM /ǶmM ;HBbb2K2Mi �mt BMi2`7�+2b +Bb�BHH2 H2 }HK HB[mB/2 2i
`2i�`/2 HǶ�KBM+Bbb2K2MiX

pBi2bb2 bmBi mM û+QmH2K2Mi /2 SQBb2mBHH2 ,

u✓(z, ✓) =
⇣
� ⇢g

2⌘

⇣
z
2 �

⇣
e

2

⌘2⌘
+ V�

⌘
bBM ✓ UkXjXNV

PM KQv2MM2 H� p�H2m` /2 +2ii2 pBi2bb2 i�M;2MiB2HH2 bm` HǶûT�Bbb2m` /m }HK ,

u✓(✓) =
1

e

Z e/2

�e/2
u✓(z, ✓) /z =

⇣
V� �

⇢ge
2

12⌘

⌘
bBM ✓ UkXjXRyV

S�` �BHH2m`b- H2b p�`B�iBQMb bT�iB�H2b /m ~mt �m b2BM /m }HK KBM+2 bQMi HBû2b �mt p�`B�iBQMb
i2KTQ`2HH2b /2 HǶûT�Bbb2m` /m }HK T�` H� +QMb2`p�iBQM /2 H� K�bb2- bQBi /�Mb H2 7Q`K�HBbK2
+vHBM/`B[m2 ,

@e

@t
+

1

Rc bBM ✓

@

@✓

�
bBM ✓ e u✓(✓)

�
= 0 UkXjXRRV

1M `2KTH�Ï�Mi �HQ`b H� pBi2bb2 KQv2MM2 /2 HǶû+QmH2K2Mi 2i 2M 2t�KBM�Mi +2ii2 û[m�iBQM ¨
HǶ2M/`QBi H2 THmb +`BiB[m2- +Ƕ2bi@¨@/B`2 �m MBp2�m /2 HǶ�T2t /2 H� TQ+?2 /2 p�T2m` UQɍ ✓ = 0V-
QM Q#iB2Mi HǶû[m�iBQM /Bzû`2MiB2HH2 `û;Bbb�Mi H� /vM�KB[m2 /Ƕ�KBM+Bbb2K2Mi �m bQKK2i /2
H� #mHH2 e(t) ,

@e

@t
+

⇢ge
3

6⌘Rc
� 2eV�

Rc
= 0 UkXjXRkV

*2ii2 û[m�iBQM /QMM2 /QM+ H2b +QM/BiBQMb /Ƕ�KBM+Bbb2K2Mi 2i /Ƕ�++mKmH�iBQM /m HB[mB/2X
1M 2z2i- TQm` mM2 /Bzû`2M+2 /2 i2KTû`�im`2 BKTQbû2 U/2 Ry�*V- HǶû[m�iBQM T`û+û/2Mi2 �
mM2 bQHmiBQM bi�iBQMM�B`2 ,

ec ⇠ 12��/⇢gRc ⇡ 50 µm UkXjXRjV

GQ`b[m2 e > ec- H2 HB[mB/2 bǶ�++mKmH2 2i /`�BM2X *Ƕ2bi +2 [mǶQM � Tm Q#b2`p2` bm` H�

d3
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};m`2 kXk9 , H2b H�`K2b- i`QT ûT�Bbb2b- `2iQK#2Mi i`ĕb `�TB/2K2MiX GQ`b[m2 e < ec- +Ƕ2bi
H2 i2`K2 /2 J�`�M;QMB [mB HǶ2KTQ`i2X G2 }HK 2bi `2MQmp2Hû T�` mM û+QmH2K2Mi �b+2M/�MiX
PM T2mi �mbbB +QMbB/û`2` [mǶ¨ ûT�Bbb2m` /QMMû2- BH 2tBbi2 mM2 /Bzû`2M+2 /2 i2KTû`�im`2
KBMBK�H2 TQm` [m2 H2b û+QmH2K2Mib J�`�M;QMB T�`pB2MM2Mi ¨ +QMi`2` H2 /`�BM�;2 ,

V� >
⇢ge

2

12⌘
, �T >

⇢geRc

12@T�
UkXjXR9V

GǶ�TTHB+�iBQM MmKû`B[m2 TQm` mM }HK /ǶûT�Bbb2m` 8 µK KQMi`2 [mǶmM2 /Bzû`2M+2 /2 yXR�*
2bi bm{b�Mi2 TQm` +QMi`2` HǶ�KBM+Bbb2K2Mi ;`�pBi�B`2X

G� /vM�KB[m2 /2 /`�BM�;2 /2b +?2KBMû2b /2 G2B/2M7`Qbi 2bi /QM+ +QMi`û2 T�` /2b û+Qm@
H2K2Mib i?2`KQ@BM/mBibX lM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 HǶQ`/`2 /2 Ry�* 2Mi`2 H2 TB2/
2i H2 bQKK2i /2 H� #mHH2 2tTHB[m2 HǶûiQMM�Mi2 bi�#BHBiû /m /ƬK2 HB[mB/2X lM û+QmH2K2Mi
bmT2`}+B2H �b+2M/�Mi b2 K2i 2M TH�+2 �mt BMi2`7�+2bX *2i û+QmH2K2Mi bûH2+iBQMM2 T�` mM
Kû+�MBbK2 /2 6`�MF2H HǶûT�Bbb2m` /m }HK HB[mB/2 ¨ ivTB[m2K2Mi Ry µKX G2 }HK }MBi iQm@
i27QBb T�` b2 `QKT`2X AH b2K#H2 /QM+ [m2 H2 KQi2m` i?2`KB[m2 +2bb2 �m #Qmi /2 [m2H[m2b
b2+QM/2b- +2 [mB +QM/mBi ¨ mM �KBM+Bbb2K2Mi 2i ¨ HǶQmp2`im`2 /m /ƬK2X

kX9 .vM�KB[m2b 2t+Biû2b T�` H2b +?2KBMû2b

kX9XR *B+�i`Bb�iBQM /m iQ`2

GǶ�`+?2 HB[mB/2 /ǶûT�Bbb2m` e /2 HǶQ`/`2 /2 Ry µK b2 `ûi`�+i2 ¨ ;`�M/2 pBi2bb2 VQ ⇠
5 K/bX G2 `2THB2K2Mi /m }HK 2M;2M/`2 H� 7Q`K�iBQM /ǶmM2 QM/2 2i 2t+Bi2 H� ~�[m2- +QKK2
bm` H� };m`2 kXkeX G2 HB[mB/2 2bi �HQ`b T2`im`#û- 2i p� bm#B` mM2 bm++2bbBQM /ǶûpûM2K2Mib
/ûi�BHHûb /2 K�MBĕ`2 2t?�mbiBp2 bm` H2 /B�;`�KK2 bT�iBQ@i2KTQ`2H /2 H� };m`2 kXkd UQ#i2Mm
H2 HQM; /ǶmM /B�Kĕi`2 /ǶmM2 +?2KBMû2 �miQm` /2 HǶ2tTHQbBQM /2 H� #mHH2VX

6B;m`2 kXke Ĝ PM/2 /2 +?Q+ 2M bm`7�+2 /ǶmM2 ~�[m2 +�Hû}û2b- BM/mBi2 T�` HǶû+H�i2K2Mi /2 H� #mHH2X
G� i2KTû`�im`2 /m bm#bi`�i 2bi j8y�*X GǶBMi2`p�HH2 2Mi`2 +?�[m2 BK�;2 2bi /2 kX8 Kb 2i H� #�``2
/Ƕû+?2HH2 BM/B[m2 8 KKX G2b QM/2b /2 bm`7�+2 b2 T`QT�;2Mi ¨ H� pBi2bb2 /2 0.38± 0.08 K/b

PM pQBi /�Mb mM T`2KB2` i2KTb �TT�`�ŗi`2 /2b `B/2b [mB bQMi H� bB;M�im`2 /ǶmM2 QM/2 /2

dN
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+?Q+X GQ`b[mǶQM T2`im`#2 mM2 BMi2`7�+2 HB[mB/2 �m +QMi�+i /2 HǶ�B`- QM 2t+Bi2 /2b QM/2b /2
bm`7�+2X *2ii2 BMi2`7�+2- bQmKBb2 �mt 7Q`+2b 2tiû`B2m`2b [m2 bQMi H� ;`�pBiû 2i H� +�TBHH�`Biû-
�++m2BHH2 /2b QM/2b /QMi H2b T�`�Kĕi`2b bQMi HBûb T�` H� `2H�iBQM /2 /BbT2`bBQM /2b QM/2b
;`�pBiQ@+�TBHH�B`2bX SQm` mM2 BMi2`7�+2 2�mf�B`- +2b QM/2b b2 T`QT�;2Mi bm` H2 HB[mB/2 ¨ mM2
pBi2bb2 [mB p�mi yXk8 KfbX *QKK2 HǶBHHmbi`2 H� };m`2 kXke- H2b QM/2b /2 bm`7�+2 ûKBb2b
T`Q;`2bb2Mi ¨ H� pBi2bb2 Vs = 0.38 K/bX G2 #Qm``2H2i HB[mB/2- 2M `2DQB;M�Mi H� ~�[m2-
BM/mBi mM2 T2`im`#�iBQM [mB b2 /ûTH�+2 ¨ mM2 pBi2bb2 bmTû`B2m`2 ¨ +2HH2 /2b QM/2b ;`�pBiQ@
+�TBHH�B`2bX AH v � �BMbB ûKBbbBQM /ǶmM2 QM/2 /2 +?Q+ bBKBH�B`2 ¨ +2HH2 Q#b2`pû2 HQ`b /m
/ûKQmBHH�;2 BM2`iB2H T�` LQ#HBM 2i �HX (ej)X

e Vo

vr vc

10 mm

20 ms
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6B;m`2 kXkd Ĝ U�V .B�;`�KK2 bT�iBQ@i2KTQ`2H i`�+û H2 HQM; /ǶmM /B�Kĕi`2 KQMi`�Mi H2b KmHiBTH2b
/vM�KB[m2b BM/mBi2b T�` HǶû+H�i2K2Mi /2 H� #mHH2 ~Qii�Mi bm` mM2 ~�[m2 +�Hû}û2X G� i2KTû`�im`2 /m
bm#bi`�i 2bi j8y�*X GǶû+?2HH2 i2KTQ`2HH2 U?Q`BxQMi�H2V BM/B[m2 ky Kb 2i HǶû+?2HH2 bT�iB�H2 Up2`iB+�H2V
KQMi`2 Ry KKX G� #mHH2 û+H�i2 ¨ H� pBi2bb2 /QMMû2 T�` H� T2Mi2 /2 H� HB;M2 i`�+û2 2M `Qm;2 VQ =
6 K/bX 1HH2 `2DQBMi H� ~�[m2 2i 2t+Bi2 /2b QM/2b /2 bm`7�+2 b2 T`QT�;2�Mi ¨ H� pBi2bb2 0.38±0.08 K/bX
G2 iQ`2 HB[mB/2 bǶûi2M/ ¨ mM2 pBi2bb2 vr = 0.27 K/bX �T`ĕb mM /ûH�B /2 Ry Kb- H2 iQ`2 b2 `ûi`�+i2
2i +B+�i`Bb2X (#) oBi2bb2 /2 72`K2im`2 /2b iQ`2b HB[mB/2b 2M;2M/`ûb T�` HǶQmp2`im`2 Tû`BQ/B[m2 /2b
+?2KBMû2bX G� pBi2bb2 vc /2 HǶQ`/`2 /2 vc = 0.25 ± 0.3 K/b �m;K2Mi2 /2 K�MBĕ`2 [m�bBbi�iB[m2
¨ K2bm`2 [m2 H� ~�[m2 bǶûp�TQ`2 2i [m2 HǶBM2`iB2 /2 H� ~�[m2 UT`QTQ`iBQMM2HH2 ¨ RV /BKBMm2X lM
�Dmbi2K2Mi HBMû�B`2 /QMM2 vc = 0.213 + 0.00134t K/bX

SmBb H2 `2THB2K2Mi /m }HK KBM+2 T2`im`#2 H� ~�[m2 2M HmB +QKKmMB[m�Mi b� [m�MiBiû /2
KQmp2K2MiX G2 }HK- /2 K�bb2 ⇢⇡R

2
ce �``Bp2 �p2+ mM2 pBi2bb2 VQ bm` H� ~�[m2 ?Q`BxQMi�H2

2M 7�Bb�Mi mM �M;H2 �X AH i`�MbK2i �BMbB b� [m�MiBiû /2 KQmp2K2Mi ⇢⇡R
2
ceVQ +Qb�X G�

~�[m2- /2 K�bb2 #B2M bmTû`B2m`2 2⇢⇡R2

�1- bǶ�MBK2 �HQ`b /ǶmM2 pBi2bb2 `�/B�H2 vrX PM

T2mi 2biBK2` � ;ûQKûi`B[m2K2Mi , i�M� = �h/Rc U�p2+Rc = 2�1VX G� +QMb2`p�iBQM /2 H�
[m�MiBiû /2 KQmp2K2Mi- /QMM2 H� pBi2bb2 +QKKmMB[mû2 �m #�BM vr = 4�1

� +Qb�/⇢R2
VQ-

/2 HǶQ`/`2 /m KBHHBKĕi`2 T�` b2+QM/2X *2ii2 p�H2m`- #B2M 2M /2bbQmb /2 H� pBi2bb2 K2bm`�#H2
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bm` H� };m`2 kXkdU�V- bm;;ĕ`2 mM2 �mi`2 Q`B;BM2 TQm` +2ii2 T?�b2 /ǶQmp2`im`2 /m iQ`2X G2b
QM/2b ;`�pBiQ@+�TBHH�B`2b b2K#H2Mi āi`2 2M +�mb2X 1HH2 i`�MbTQ`i2Mi H2 HB[mB/2 `�/B�H2K2MiX
GǶ�MM2�m HB[mB/2 bǶQmp`2 �HQ`b ¨ H� pBi2bb2 vr ⇠ VsX

G2 iQ`2 `2bi2 Qmp2`i T2M/�Mi mM2 /Bx�BM2 /2 KBHHBb2+QM/2bX G� T2Mi2 2bi [m�bBK2Mi
MmHH2 bm` H� };m`2 kXkdU�VX GǶ�MM2�m }MBi �HQ`b T�` b2 `ûi`�+i2` �}M /2 `2+Qmp`B` b� 7Q`K2
THmb bi�#H2 /2 ~�[m2X *2 KQmp2K2Mi /2 +B+�i`Bb�iBQM b2K#H2 /ûK�``2` HQ`b[m2 H2b QM/2b /2
bm`7�+2 �ii2B;M2Mi H2b #Q`/b /2 H� ~�[m2X AH 2bi `�TB/2 ¨ i2KTb i`ĕb +Qm`i TmBb b2 T`Q/mBi
¨ mM2 pBi2bb2 vc [m�bBK2Mi +QMbi�Mi2 +QKK2 H2 bm;;ĕ`2 H� T2Mi2 K�`[mû2 2M p2`i bm` H2
/B�;`�KK2X *2ii2 pBi2bb2 2bi K2bm`û2 �m +Qm`b /m i2KTb bm` THmbB2m`b +v+H2b /2 7Q`K�iBQM@
`mTim`2 /2 +?2KBMû2X G� };m`2 kXkdU#V KQMi`2 [m2 vc �m;K2Mi2 Hû;ĕ`2K2Mi �p2+ H2 i2KTb-
/QM+ [m�M/ H2 pQHmK2 HB[mB/2 /BKBMm2X G� M�TT2 HB[mB/2 b2 72`K2 2M mM2 pBM;i�BM2 /2
KBHHBb2+QM/2b 2i �++m2BHH2 b�Mb i�`/2` mM2 MQmp2HH2 TQ+?2 /2 p�T2m`X

kX9Xk G� p�T2m` T`2M/ H� 7mBi2

G2b +v+H2b /Ƕ�TT�`BiBQM � /BbT�`BiBQM T2`bBbi2Mi Dmb[mǶ¨ +2 [m2 H� ;Qmii2 �ii2B;M2 mM
`�vQM +`BiB[m2 /Ƕ2MpB`QM R ⇠ 4�1X 1M `ûi`û+Bbb�Mi- BH /2pB2Mi /2 THmb 2M THmb +Qȿi2mt 2M
ûM2`;B2 TQm` H� ~�[m2 /2 bû[m2bi`2` mM2 bB ;`�M/2 TQ+?2 /2 p�T2m`X am` H� };m`2 kXk3- QM
KQMi`2 ¨ t = 0 Kb mM2 TQ+?2 2M TH2BM2 2tT�MbBQMX 1HH2 2Mp�?Bi H� ~�[m2 Dmb[mǶ¨ �ii2BM/`2
bQM `�vQM /Ƕû[mBHB#`2 Rc = 5 KK Ut = 45 KbVX G� p�T2m` T�`pB2Mi �HQ`b ¨ bǶû+?�TT2`
2M T`2M�Mi H� 7mBi2 ¨ i`�p2`b H2 }HK 2i THmb T`û+BbûK2Mi T�` H2 #Q`/ H2 THmb +Qm`i U~ĕ+?2
`Qm;2V- H¨ Qɍ H� `ûbBbi�M+2 2bi H� THmb 7�B#H2X G� #mHH2 bǶ2zQM/`2 bm` 2HH2@KāK2X G� bvKûi`B2
2bi �HQ`b #`Bbû2X PM pQBi bm` H2b BK�;2b ¨ t = 101 Kb 2i t = 116 Kb H� #mHH2 b2 `ûi`�+i2` /�Mb
H� /B`2+iBQM QTTQbû2 ¨ +2HH2 2KT`mMiû2 T�` H� p�T2m` HQ`b /2 b� 7mBi2X G� #mHH2 BKTHQb2X G�
+QHHBbBQM /2b #Qm``2H2ib HB[mB/2b +`û2 �HQ`b mM D2i HB[mB/2 [mB b2 7`�;K2Mi2 2M ;Qmii2H2ii2b-
pBbB#H2b ¨ t = 148 KbX

*2ii2 /vM�KB[m2 MǶ�TT�`�ŗi Mû�MKQBMb [mǶ�m@/2H¨ /ǶmM2 +2`i�BM2 i2KTû`�im`2 /2 bm#@
bi`�iX AH 7�mi /QM+ mM ~mt /2 p�T2m` bm{b�Mi TQm` 2t+Bi2` +2 KQ/2- Qm #B2M [m2 H2 }HK
/2 p�T2m` bQBi bm{b�KK2Mi ûT�Bb TQm` [m2 H� p�T2m` T�`pB2MM2 ¨ b2 7`�v2` mM +?2KBM �m
i`�p2`bX lM2 7QBb BMBiBû- +2 KQ/2 T2`bBbi2- b�Mb KāK2 H�Bbb2` H2 i2KTb ¨ H� p�T2m` /2 +`2mb2`
H� ~�[m2 bm` H� ?�mi2m` 2�1X

kX9Xj úHQM;�iBQMb Tû`BQ/B[m2b 2Mi`2i2Mm2b T�` H� p�T2m`

SQm` /2b ~�[m2b /2 `�vQM +`BiB[m2 R ⇠ 4�1- QM i`�MbBi2 /m `û;BK2 /Ƕû+?�TT2K2Mi
/2 H� p�T2m` p2`iB+�H2K2Mi ¨ i`�p2`b H2 HB[mB/2 �m `û;BK2 /Ƕû+?�TT2K2Mi `�/B�H ¨ i`�p2`b
H2 }HK /2 p�T2m`X .�Mb +2i ûi�i- H2 HB[mB/2 2bi THmb KQ/2bi2K2Mi T2`im`#û T�` H� p�T2m`
K�Bb H� /2`MBĕ`2 +?2KBMû2 H�Bbb2 /2``Bĕ`2 2HH2 H2 HB[mB/2 /�Mb mM ûi�i 2t+BiûX

.2b Qb+BHH�iBQMb bQMi �HQ`b �KQ`+û2bX G2 HB[mB/2 2bi ûiB`û /2 K�MBĕ`2 �bvKûi`B[m2 /�Mb
H2 TH�M ?Q`BxQMi�H 2M 7Q`K�Mi /2b H�M;m2b /2 `�TTQ`i /Ƕ�bT2+i TQmp�Mi �ii2BM/`2 kX *2b
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t = 0 ms t = 45 ms t = 101 ms

t = 148 mst = 124 mst = 116 ms

6B;m`2 kXk3 Ĝ .ûbi�#BHBb�iBQM /2 H� TQ+?2 /2 p�T2m`X G� TQ+?2 +2Mi`�H2 +`Qŗi Dmb[mǶ¨ �ii2BM/`2
b� i�BHH2 HBKBi2 Rc ⇡ 5 KKX G� ~�[m2- /2 `�vQM R ⇡ 10 KK � /m K�H ¨ M2mi`�HBb2` H� TQ+?2X G�
p�T2m` T`2M/ H� 7mBi2 T�` H2b #Q`/b H2b THmb +Qm`ib U~ĕ+?2 `Qm;2 ¨ t = 45 KbV- H¨ Qɍ H� `ûbBbi�M+2 ¨
HǶû+QmH2K2Mi 2bi H� THmb 7�B#H2X 1M b2 /ûp2`b�Mi- H� TQ+?2 /2 p�T2m` `ûi`�+i2 H2 iQ`2 HB[mB/2 U~ĕ+?2b
#H2m2b ¨ t = 101 KbVX G� +QHHBbBQM /m HB[mB/2 +`û2 �HQ`b mM D2i H�iû`�H- [mB 2M;2M/`2 /2b ;Qmii2H2ii2b
U~ĕ+?2b #H2m2b ¨ t = 124 KbVX G� #�``2 /Ƕû+?2HH2 BM/B[m2 Ry KKX

Qb+BHH�iBQMb bQMi BHHmbi`û2b +B@/2bbQmb- bm` H� };m`2 kXkNX G� /2`MBĕ`2 #mHH2 U�V /BbT�`�Bi
2i H�Bbb2 TH�+2 ¨ /2b Qb+BHH�iBQMbX G2 HB[mB/2 2bi ûiB`û /�Mb H2 TH�M ?Q`BxQMi�HX AH bǶûi2M/
Tû`BQ/B[m2K2Mi /�Mb /2b /B`2+iBQMb Q`i?Q;QM�H2bX PM `2T`ûb2Mi2 H2b ûHQM;�iBQMb K�tBK�H2b
2M U#V- TmBb 2M U+V- mM2 /2KB@Tû`BQ/2 THmb i�`/X

(a) (b) (c)

6B;m`2 kXkN Ĝ úHQM;�iBQMb HB[mB/2bX (�) .2`MBĕ`2 +?2KBMû2 bi�#H2 Q#i2Mm2 bm` mM bm#bi`�i +?�mzû ¨
T = 250�* Upm2 /2 /2bbmbVX G� #mHH2 ?û#2`;û2 T�` H2 HB[mB/2 T2`+2 2i �KQ`+2 /2b Qb+BHH�iBQMb H2Mi2b
/ǶûHQM;�iBQM KQMi`û2b 2M (#) 2i U+V- ¨ mM2 /2KB@Tû`BQ/2 /ǶBMi2`p�HH2X G� #�``2 /Ƕû+?2HH2 BM/B[m2 Ry
KKX

*2 +QKTQ`i2K2Mi b2 `2i`Qmp2 2M +?�mz�Mi /�p�Mi�;2 H2 bm#bi`�iX 1M +QM/mBb�Mi H�
KāK2 2tTû`B2M+2 ¨ T = 300�* U6B;X kXjyV 2i T = 400�* U6B;X kXjRV QM `2i`Qmp2 H2b
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KāK2b 7Q`K2bX PM MQi2 Mû�MKQBMb mM2 �m;K2Mi�iBQM /2b /û7Q`K�iBQMb �p2+ H� i2KTû`�@
im`2X GǶûHQM;�iBQM K�tBK�H2 /2 H� ~�[m2 /2pB2Mi bT2+i�+mH�B`2 TQm` HǶ2tTû`B2M+2 `û�HBbû2 ¨

(a) (b) (c)

6B;m`2 kXjy Ĝ úHQM;�iBQMb HB[mB/2b ¨ T = 300�*X (�) .2`MBĕ`2 #mHH2 bi�#H2X U#@+V .û7Q`K�iBQMb
2t+Biû2b KQMi`û2b ¨ mM2 /2KB@Tû`BQ/2 /ǶBMi2`p�HH2X G� #�``2 /Ƕû+?2HH2 BM/B[m2 Ry KKX

T = 400�* Qɍ H2 HB[mB/2 T`2M/ HǶ�bT2+i /ǶmM2 H�M;m2ii2 /2 `�TTQ`i /Ƕ�bT2+i bmTû`B2m` ¨ kX

(a) (b) (c)

6B;m`2 kXjR Ĝ úHQM;�iBQMb HB[mB/2b ¨ T = 400�*X (�) .2`MBĕ`2 #mHH2 bi�#H2X U#@+V .û7Q`K�iBQMb
2t+Biû2b KQMi`û2b ¨ mM2 /2KB@Tû`BQ/2 /ǶBMi2`p�HH2X G� #�``2 /Ƕû+?2HH2 BM/B[m2 Ry KKX

PM T2mi K2bm`2` H2b p�`B�iBQMb /m `�vQM /2 H� ~�[m2 R �m +Qm`b /m i2KTb +QKK2 bm`
H� };m`2 kXjkU�V U`2bTX 6B;XkXjjU�VV �bbQ+Bû2b ¨ HǶ2tTû`B2M+2 +QM/mBi2 bm` H2 TmBib +?�mzû ¨
T = 250�* U`2bTX T = 300�*VX *2b Qb+BHH�iBQMb bQMi KBb2b 2M ûpB/2M+2 T�` H2 xQQK /m U#VX
G2m` 7`û[m2M+2- /Ƕ2MpB`QM k >x +Q``2bTQM/ �m KQ/2 /2 _�vH2B;? 2i G�K# /2 7`û[m2M+2
(�/⇢R3)1/2 2M T`2M�Mi R ⇡ 10 KK (e9)X

1M bǶûp�TQ`�Mi- H� ~�[m2 `ûi`û+Bi 2i H2b Qb+BHH�iBQMb bǶ�KQ`iBbb2Mi- THmb Qm KQBMb 2{+�@
+2K2Mi b2HQM H� i2KTû`�im`2X G2 i2KTb Mû+2bb�B`2 ¨ H� /BbbBT�iBQM iQi�H2 /2b T2`im`#�iBQMb
2bi /2 8y ¨ Ryy b2+QM/2bX AH 2bi /QM+ i`ĕb HQM; /2p�Mi H� Tû`BQ/2 /2 +2b Qb+BHH�iBQMbX 1M
bmTTQb�Mi [m2 HǶûM2`;B2 bQBi /BbbBTû2 T�` pBb+QbBiû- +2 i2KTb bǶ2biBK2- TQm` H2 KQ/2 n = 2-
¨ ⇢R

2/⌘ bQBi 2MpB`QM Ryy b TQm` R = 10 KK (e9)X am` +2ii2 û+?2HH2 /2 i2KTb- HǶûp�TQ`�iBQM
MǶ2bi T�b Mû;HB;2�#H2X *Ƕ2bi T`Q#�#H2K2Mi +2ii2 `û/m+iBQM /2 i�BHH2 [mB 2tTHB[m2 H2 7�Bi [m2
HǶ�KQ`iBbb2K2Mi /2b /û7Q`K�iBQMb bǶ�++ûHĕ`2 �m +Qm`b /m i2KTb U};m`2 kXjjU+VVX

GǶ�KTHBim/2 K�tBK�H2 /2b HQ#2b 2M 7QM+iBQM /m i2KTb 2bi 2ti`�Bi2 2M /ûi2+i�Mi H2b
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6B;m`2 kXjk Ĝ amBpB /2b /û7Q`K�iBQMb Q#i2Mm2b ¨ T = 250�*X (�) _�vQM /2 H� ~�[m2 2t+Biû2
2M 7QM+iBQM /m i2KTb �m +Qm`b /2 bQM ûp�TQ`�iBQMX (#) wQQK bm` H2b Qb+BHH�iBQMb /2 H� ~�[m2
�miQm` /m `�vQM KQv2M RX G2b K�tBKmKb (RK�t � R) bQMi /ûi2+iûb 2i i`�+ûb 2M U+VX �KTHBim/2
/2b Qb+BHH�iBQMb �m +Qm`b /m i2KTbX G2 i2KTb /Ƕ�KQ`iBbb2K2Mi 2bi /Ƕ2MpB`QM 8y bX U/V aT2+i`2 /2b
Qb+BHH�iBQMb Q#i2Mm T�` i`�Mb7Q`Kû2 /2 6Qm`B2` /m bB;M�H R(t) � RX G2b Qb+BHH�iBQMb bQMi Q#b2`pû2b
¨ H� 7`û[m2M+2 2.5 ± 0.2 >xX

K�tBKmKb T`Bb T�` R(t)X PM `2TQ`i2 bm` H� };m`2 kXjkU+V U`2bTX 6B;XkXjjU+VV H� [m�MiBiû
(RK�t � R) �m +Qm`b /m i2KTbX PM `2K�`[m2 [m2 H2b Qb+BHH�iBQMb /ûK�``2Mi Hû;ĕ`2K2Mi
THmb iƬi UTQm` mM R Hû;ĕ`2K2Mi THmb ;`�M/V ¨ 300�* [mǶ¨ T = 250�* K�Bb bm`iQmi [m2 H2
i2KTb Mû+2bb�B`2 ¨ H2m` �KQ`iBbb2K2Mi 2bi /2mt 7QBb THmb HQM; ¨ 300�* [mǶ¨ T = 250�*X *2b
Qb+BHH�iBQMb bQMi bQmi2Mm2b ;`�+2 ¨ mM �TTQ`i /ǶûM2`;B2 bQmb 7Q`K2 /2 +?�H2m` [mB +QKT2Mb2
H� /BbbBT�iBQM- 2i +2 /Ƕ�mi�Mi THmb [m2 H� i2KTû`�im`2 /m bm#bi`�i 2bi ûH2pû2X

G� K2bm`2 ¨ THmb ?�mi2 i2KTû`�im`2 2bi +QKT`QKBb2 +�` H2b ~�[m2b 2Mi`2Mi /�Mb mM
ûi�i BMbi�#H2X �m@/2H¨ /ǶmM2 +2`i�BM2 i2KTû`�im`2- H2 i2KTb Mû+2bb�B`2 ¨ H� /BbbBT�iBQM
/2b /û7Q`K�iBQMb BM/mBi2b T�` HǶû+H�i2K2Mi /2 H� #mHH2 2bi i`QT HQM; +QKT�`û �m i2KTb
/2 `27Q`K�iBQM /ǶmM2 TQ+?2 /2 p�T2m`X G� TQ+?2 2bi �HQ`b BMbi�#H2X G� };m`2 kXj9 KQMi`2
U�V H� TQ+?2 +2Mi`�H2- /B{+BH2K2Mi +QMi2Mm2 bQmb H� M�TT2 HB[mB/2X *2HH2@+B 2t+Bi2 H2 KQ/2
+�`�+iû`Bbû T�` n = 2 HQ#2b- pBbB#H2 bm` H� };m`2 kXj9U#V 2i U+V 2i /Bb+miû +B@/2bbmbX GǶ�|mt
ûH2pû /2 p�T2m` �;Bi2 H� ~�[m2 /QMi H2b +QMiQm`b bQMi 7Q`i2K2Mi T2`im`#ûb U2M +QKT�`�BbQM
/2b H�M;m2ii2b /2b };m`2b kXkN- kXjy 2i kXjRVX

G� p�T2m`- /Ƕ�mi�Mi THmb BMbi�#H2 [m2 H� i2KTû`�im`2 /m bm#bi`�i 2bi ûH2pû2 2i [m2
H� i�BHH2 /2 H� ~�[m2 2bi T`Q+?2 /2 H� p�H2m` +`BiB[m2 R ⇡ 4�1- 7�ÏQMM2 H� ~�[m2 [mǶ2HH2
bmTTQ`i2 2i HǶ�KĕM2 ?Q`b û[mBHB#`2X G2 HB[mB/2 MǶQ#b2`p2 T�b b� 7Q`K2 /Ƕû[mBHB#`2X .2b
7Q`K2b �mbbB 2tQiB[m2b [m2 +2HH2b KQMi`û2b bm` H� };m`2 kXj8 bm`;Bbb2MiX
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6B;m`2 kXjj Ĝ amBpB /2b /û7Q`K�iBQMb Q#i2Mm2b ¨ T = 300�*X (�) _�vQM /2 H� ~�[m2 2t+Biû2 2M
7QM+iBQM /m i2KTb �m +Qm`b /2 bQM ûp�TQ`�iBQMX (#) wQQK bm` H2b Qb+BHH�iBQMb /2 H� ~�[m2 �miQm`
/m `�vQM KQv2M RX G2b K�tBKmKb (RK�t � R) bQMi /ûi2+iûb 2i i`�+ûb 2M U+VX �KTHBim/2 /2b
Qb+BHH�iBQMb �m +Qm`b /m i2KTbX G2 i2KTb /Ƕ�KQ`iBbb2K2Mi 2bi /Ƕ2MpB`QM Ryy bX U/V aT2+i`2 /2b
Qb+BHH�iBQMb Q#i2Mm T�` i`�Mb7Q`Kû2 /2 6Qm`B2` /m bB;M�H R(t) � RX G2b Qb+BHH�iBQMb bQMi Q#b2`pû2b
¨ H� 7`û[m2M+2 2.8 >x U+QKT`Bb2 /�Mb HǶBMi2`p�HH2 [2.4; 4.0] >xVX

(a) (b) (c)

6B;m`2 kXj9 Ĝ úHQM;�iBQMb HB[mB/2b ¨ T = 450�*X (�) �TT�`BiBQM /2 #mHH2 bQmb mM HB[mB/2 2t+BiûX
(# � +) .û7Q`K�iBQMb `2T`ûb2Miû2b ¨ mM2 /2KB@Tû`BQ/2 /ǶBMi2`p�HH2X GǶû+?2HH2 BM/B[m2 Ry KKX

lM �mi`2 KQ/2 /2 /ûbi�#BHBb�iBQM � ûiû Q#b2`pûX .�Mb +2`i�BMb +�b- H� TQ+?2 /2 p�T2m`
�/QTi2 mM KQmp2K2Mi /2 T`û+2bbBQM �miQm` /2 HǶ�t2 p2`iB+�HX *2ii2 bBim�iBQM 2bi BHHmbi`û2
bm` H� bû`B2 /ǶBK�;2 /2 H� };m`2 kXjeX G� TQ+?2 /2 p�T2m`- pBbB#H2 bm` +2ii2 pm2 THQM;2�Mi2
iQm`M2 2i K2i 2M `Qi�iBQM H2 i`BHQ#2 HB[mB/2X *2ii2 bBim�iBQM MǶ2KTā+?2 T�b H� #mHH2 /2 +û/2`X
G� +?2KBMû2 bǶQmp`2 bm` H� };m`2 U/V 2i H� +B+�i`Bb�iBQM /m iQ`2 HB[mB/2 bǶ�++QKT�;M2 /2
H� 7Q`K�iBQM /ǶmM D2i HB[mB/2 p2`iB+�H- +QKK2 pm T`û+û/2KK2MiX
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6B;m`2 kXj8 Ĝ 6Q`K2b 2tQiB[m2b 2i �bvKûi`B[m2b Upm2b /2 /2bbmbV �TT�`�Bbb�Mi bTQMi�MûK2Mi TQm`
/2b ~�[m2b +�Hû}û2b bm` mM bm#bi`�i +?�m/ UT = 400�*V TQm` R ⇡ 4�1X G� p�T2m` 2t+Bi2 T�TBHHQM-
MQmMQm`b- b�#HB2` 2i TH�M2m`X

(a) (b) (c) (d) (e)

6B;m`2 kXje Ĝ P#b2`p�iBQM THQM;2�Mi2 /ǶmM2 ~�[m2 i`BHQ#2 +�Hû}û2 bm` mM TmBib +QMB[m2 +?�mzû
¨ jyy�*X G� TQ+?2 /2 p�T2m` ;`QbbBi bQmb H2 HB[mB/2 U�V 2i (#) 2i }MBi T�` T2`+2` H� ~�[m2 T�`
�m@/2bbmb U+VX G� `ûi`�+iBQM U/V bǶ�++QKT�;M2 /2 H� 7Q`K�iBQM /ǶmM D2i p2`iB+�H U2VX

kX9X9 oB#`�iBQMb /2 H� p�T2m` +Qmpû2 T�` H2b +?2KBMû2b

1M}M- /�Mb H2 `û;BK2 Qɍ H� TQ+?2 /2 p�T2m` 2bi 2M TH�+2- QM T2mi �mbbB Q#b2`p2` mM �mi`2
KQ/2 /2 pB#`�iBQM /2 H� TQ+?2 /2 p�T2m`X 1M �/QTi�Mi H2 TQBMi /2 pm2 /2 H� };m`2 kXjdU�V-
QM pQBi H� TQ+?2 /2 p�T2m` +2Mi`�H2 /�Mb H2 `û;BK2 Tb2m/Q@bi�#H2X PM i`�+2 bm` H2 /B�;`�KK2
bT�iBQ@i2KTQ`2H �bbQ+Bû /2 H� };m`2 kXjdU#V HǶûpQHmiBQM /2 H� HB;M2 TQBMiBHHû2 #H2m2 �m +Qm`b
/m i2KTb U2M �#b+Bbb2V U#VX PM v /BbiBM;m2 /2b pB#`�iBQMb /Ƕ�KTHBim/2 ¨ T2BM2 pBbB#H2 ¨
HǶƾBH Mm 2i /QMi H� 7`û[m2M+2 /û}2 H� T2`bBbi�M+2 `ûiBMB2MM2 5 PM +QKTi2 �HQ`b H2 MQK#`2
/ǶQb+BHH�iBQMb n bm` H2 U+V- +2 [mB T2`K2i /2 /ûi2`KBM2` mM2 7`û[m2M+2 /2 HǶQ`/`2 /2 3y >xX

*2ii2 pBbm�HBb�iBQM `ûpĕH2 �m �mi`2 KQ/2 /2 /ûbi�#BHBb�iBQM /2 H� p�T2m`X GǶ�++ĕb �mt
/û7Q`K�iBQMb /2 H� TQ+?2 2bi +QKTHB[mû T�` H� ;ûQKûi`B2 /2 H� #mHH2X G2 KQmp2K2Mi /2
pB#`�iBQM TQm``�Bi iQmi27QBb BM/mB`2 /m KûH�M;2- ?QKQ;ûMûBb2` H� i2KTû`�im`2 2M bm`7�+2
/2 H� #mHH2 2i �BMbB ûi2BM/`2 H2 KQi2m` /2 HǶ2Mi`�ŗM2K2Mi bi�#BHBb�MiX

3e
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0 20 40
0

0.2

0.4

0.6

f = 80 ± 3 Hz

(a) (b) (c)

6B;m`2 kXjd Ĝ lM2 ~�[m2 /2 `�vQM BMBiB�H R = 12.0 KK 2bi /ûTQbû2 �m +2Mi`2 /ǶmM2 bm`7�+2
7�B#H2K2Mi +Qm`#û2 2i +?�mzû2 ¨ j8y�*X U�V om2 /2 /2bbmb /2 H� +�pBiû 7Q`Kû2 T�` HǶ�++mKmH�@
iBQM /2 H� p�T2m` +QMi2Mm2 �m +2Mi`2 /2 H� ~�[m2X G� #�``2 ?Q`BxQMi�H2 BM/B[m2 HǶû+?2HH2 /2 8 KKX
(#) .B�;`�KK2 bT�iBQ@i2KTQ`2H Q#i2Mm 2M bmBp�Mi HǶûpQHmiBQM /2 H� HB;M2 2M TQBMiBHHû #H2m 2M 7QM+@
iBQM /m i2KTbX PM /BbiBM;m2 H2b #Q`/b /2 H� ~�[m2- bm`HB;Mûb 2M #H�M+ �BMbB [m2 H2b #Q`/b /2 H�
TQ+?2 /2 p�T2m`X .2b pB#`�iBQMb ?�mi2b 7`û[m2M+2b �TT�`�Bbb2MiX (+) PM MQi2 H2 i2KTb t �m[m2H bm`@
pB2MM2Mi H2b Qb+BHH�iBQMbX PM +QKTi2 �BMbB 9y Qb+BHH�iBQMb 2M mM T2m THmb /2 yX8 b- bQBi mM2 7`û[m2M+2
f = 80 ± j >xX

*QM+HmbBQMb bm` H2b +?2KBMû2b

G2 }HK /2 p�T2m` [mB bmTTQ`i2 H2b HB[mB/2b +�Hû}ûb- 2M THmb /Ƕāi`2 K�mp�Bb +QM/m+i2m`
i?2`KB[m2- 2bi mM TBĕi`2 û+?�M;2m` K�bbB[m2X G2b p�T2m`b bǶ�++mKmH2Mi 2i +`2mb2Mi HǶBMi2`@
7�+2 BM7û`B2m`2 /m HB[mB/2 [mǶ2HH2b bmTTQ`i2MiX G2 `ûbmHi�i 2bi û/B}�Mi- 2HH2b b+mHTi2Mi mM2
pQȿi2 /QMi H� ?�mi2m` �ii2BMi 2M mM2 7`�+iBQM 2M b2+QM/2 H� ?�mi2m` /2 H� M�TT2 2�1X G�
TQ+?2 �/QTi2 mM2 7Q`K2 /2 /ƬK2 /2 `�vQM Rc ⇡ 2�1- BM/ûT2M/�KK2Mi /2 H� i2KTû`�im`2
2i /2 H� M�im`2 /m HB[mB/2X G� p�T2m`- KQBMb /2Mb2 [m2 H2 HB[mB/2- 7Q`+2 HǶ�KBM+Bbb2K2Mi
/2 +2ii2 pQȿi2X G2 }HK �BMbB 7Q`Kû- /ǶûT�Bbb2m` /2 [m2H[m2b /Bx�BM2b /2 KB+`QMb- `ûbBbi2
[m2H[m2b b2+QM/2b �m /`�BM�;2 2i ¨ HǶûp�TQ`�iBQM 2i BH 2bi /Qmû /ǶmM2 bi�#BHBiû BM�ii2M@
/m2X .2b û+QmH2K2Mib �b+2M/�Mib /2 J�`�M;QMB BM/mBib T�` /2b /Bzû`2M+2b /2 i2KTû`�im`2
2Mi`2 H� #�b2 /2 H� #mHH2 2i bQM �T2t QMi ûiû KBb 2M ûpB/2M+2X *2b +QMi`�BMi2b �mt BMi2`7�+2b
2Mi`�ŗM2Mi H2 HB[mB/2- bǶQTTQb�Mi ¨ HǶ�KBM+Bbb2K2Mi /m }HK- 2i bûH2+iBQMM2Mi bQM ûT�Bbb2m`
T�` mM Kû+�MBbK2 /2 G�M/�m@G2pB+?@.2`D�`;mBMX G� #mHH2 }MBi iQmi27QBb T�` û+H�i2`X GǶQm@
p2`im`2- Q#b2`pû2 �mbbB #B2M �m bQKK2i [mǶ�m TB2/ /2 H� #mHH2- bmBi mM2 /vM�KB[m2 /2
h�vHQ`@*mHB+FX G2 `2THB2K2Mi /m #Qm``2H2i bm` H� ~�[m2 2t+Bi2 HǶ�MM2�m HB[mB/2- [mB +?2`+?2
¨ +B+�i`Bb2` TQm` `2i`Qmp2` mM2 7Q`K2 ûM2`;ûiB[m2K2Mi 7�pQ`�#H2- 2i H� M�TT2 HB[mB/2- mM2
7QBb `2KBb2 /2 +2b Tû`BTûiB2b- �++m2BHH2 �HQ`b mM2 MQmp2HH2 TQ+?2 /2 p�T2m`X .2b +?2KBMû2b
b2 bm++ĕ/2Mi bmBp�Mi +2 +v+H2 /2 7Q`K�iBQMf`mTim`2 Dmb[mǶ¨ +2 [m2 H� ~�[m2 M2 TmBbb2 THmb
bǶ�++QKKQ/2` /ǶmM2 #mHH2- HQ`b[m2 bQM `�vQM p�mi R ⇡ 4�1X �HQ`b H� p�T2m` 7Q`+2 H2
+?2KBM ¨ i`�p2`b H2 }HK 2i 2t+Bi2 H� ~�[m2- /QMM�Mi �m HB[mB/2 /2b 7Q`K2b 2tQiB[m2bX
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*?�TBi`2 j

JQ`T?Q;ûMĕb2 /2b ûiQBH2b /2
G2B/2M7`Qbi

.�Mb +2ii2 T�`iB2- QM bǶBMiû`2bb2 ¨ HǶ�TT�`BiBQM bTQMi�Mû2 /2 7Q`K2b ûiQBHû2b Qb+BHH�Mi2b
/�Mb H2 T?ûMQKĕM2 /2 G2B/2M7`QbiX *QKK2 HǶBHHmbi`2 H� };m`2 jXR- H2 HB[mB/2- TQ`iû T�` b�
p�T2m`- �/QTi2 mM2 7Q`K2 /ǶûiQBH2 �bvKûi`B[m2- /QMi H� bm`7�+2 MǶ2bi THmb KBMBK�H2X

(d) (e)

(f) (g)

(c)

(h)

(a)

αc

L

R

(b)
t (s)

R
(m

m
)

6B;m`2 jXR Ĝ U�V a+?ûK� /2 HǶ2tTû`B2M+2 , mM2 ;Qmii2 /Ƕ2�m pm2 /2 /2bbmb 2bi TBû;û2 �m +`2mt
/ǶmM TmBib 2M H�BiQM /2 /B�Kĕi`2 L = 60 KK 2i +?�mzû ¨ 9yy�*X lM ?�HQ HmKBM2mt 2bi T`QD2iû bm`
HǶBMi2`7�+2 TQm` 2M `ûpûH2` H2b /û7Q`K�iBQMbX G� ;Qmii2- BMBiB�H2K2Mi /2 `�vQM R = 8 KK- `ûi`û+Bi
H2Mi2K2Mi 2i �ii2BMi mM `�vQM /2 R = 4 KK 2M [m2H[m2b KBMmi2bX U#VX AMBiB�H2K2Mi �tBbvKûi`B[m2
2i �m `2TQb U+V- HǶBMi2`7�+2 2bi T2`im`#û2 U/VX .2b QM/2b +B`+mH�B`2b �TT�`�Bbb2Mi 2M bm`7�+2 U2VX
G� bvKûi`B2 b2 #`Bb2 TQm` /QMM2` bTQMi�MûK2Mi M�Bbb�M+2 �mt ûiQBH2b /2 G2B/2M7`Qbi ¨ U7V n = 8-
U;V n = 6 2i U?V n = 4 HQ#2bX

3N
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PM /`2bb2 /�Mb mM T`2KB2` i2KTb mM ûi�i /2 HǶ�`i /2b bBim�iBQMb Qɍ +2b 7Q`K2b ûiQBHû2b
b2 `2M+QMi`2MiX .�Mb mM /2mtBĕK2 i2KTb- MQmb ûim/BQMb HǶQ`B;BM2 /2 +2b Qb+BHH�iBQMb 2M
+?2`+?�Mi H� bQm`+2 /Ƕ2t+Bi�iBQM 2i 2M 2t?B#�Mi b2b +�`�+iû`BbiB[m2bX LQmb /û+`BpQMb 2M@
bmBi2 H2b /Bzû`2Mib KQ/2b 2t+Biûb 2M KQMi`�Mi MQi�KK2Mi HǶBKTHB+�iBQM /ǶQM/2b /2 bm`7�+2
�tBbvKûi`B[m2b [mB �TT�`�Bbb2Mi 2M Tû`BT?û`B2 /2 ;Qmii2 2i [mB K2ii2Mi +2ii2 +�pBiû HB[mB/2
2M `ûbQM�M+2X lM KQ/ĕH2 2tTHB[m�Mi H2 +QmTH�;2 2Mi`2 KQ/2b �tBbvKûi`B[m2b /2 bm`7�+2- 2i
KQ/2b �xBKmi�mt 2bi }M�H2K2Mi T`QTQbûX AH T2`K2i /2 +QKT`2M/`2 H� [m�MiB}+�iBQM /2b
`�vQMb /Ƕ�TT�`BiBQM /2b ûiQBH2b 2i H2b KQ/2b bûH2+iBQMMûbX

aQKK�B`2
jXR S`ûb2Mi�iBQM /2b ;Qmii2b ûiQBHû2b X X X X X X X X X X X X X X X X X X X Ny

jXRXR lM Qb+BHH�i2m` TQHvKQ`T?2 X X X X X X X X X X X X X X X X X X X X X X Ny
jXRXk oQB2b /Ƕ2t+Bi�iBQM /2b ûiQBH2b X X X X X X X X X X X X X X X X X X X X NR
jXRXj �TTHB+�iBQMb TQi2MiB2HH2b 2i 2tTHQ`û2b X X X X X X X X X X X X X X X X N8
jXRX9 *�`�+iû`BbiB[m2b /ǶûiQBH2b HB[mB/2b X X X X X X X X X X X X X X X X X X Ne

jXk oB#`�iBQMb bTQMi�Mû2b /2 H� p�T2m` X X X X X X X X X X X X X X X X X Nd
jXkXR avbiĕK2 KQ/ĕH2 /ǶmM bQHB/2 /2 G2B/2M7`Qbi X X X X X X X X X X X X X Nd
jXkXk JBb2 2M ûpB/2M+2 i?ûQ`B[m2 /2b pB#`�iBQMb X X X X X X X X X X X X X Ryj
jXkXj JBb2 2M ûpB/2M+2 2tTû`BK2Mi�H2 /2b pB#`�iBQMb /2 HB[mB/2b +�Hû}ûb RRy
jXkX9 .BbDQM+iBQM /2b 7`û[m2M+2b 2i MQM@HBMû�`Biû X X X X X X X X X X X X X RR9

jXj 1t+Bi�iBQM T`ûHBKBM�B`2 /ǶQM/2b /2 bm`7�+2 �tBbvKûi`B[m2b X X X RR8
jXjXR úi�i /2 HǶ�`i bm` H2 KQ/2 bmT2`}+B2H �tBbvKûi`B[m2b X X X X X X X X RR8
jXjXk .2b KQ/2b bi�iBQMM�B`2b �tBbvKûi`B[m2b 2M T`û�K#mH2 X X X X X X RR8
jXjXj PM/2b +�TBHH�B`2b ¨ H� bm`7�+2 /ǶmM2 ;Qmii2 X X X X X X X X X X X X X RRN
jXjX9 *QM/BiBQMb /2 `ûbQM�M+2 X X X X X X X X X X X X X X X X X X X X X X X Rk9

jX9 1t+Bi�iBQM bm#bû[m2Mi2 /2b KQ/2b ûiQBHûb X X X X X X X X X X X X X X Rkd
jX9XR *QM/BiBQMb /Ƕ2t+Bi�iBQM X X X X X X X X X X X X X X X X X X X X X X X Rkd
jX9Xk *�`�+iû`BbiB[m2b /2b KQ/2b X X X X X X X X X X X X X X X X X X X X X Rkd
jX9Xj *QmTH�;2 2Mi`2 H2b KQ/2b X X X X X X X X X X X X X X X X X X X X X X RjR
jX9X9 JQ`T?Q;ûMĕb2 /ǶûiQBH2b /�Mb HǶ2z2i G2B/2M7`Qbi X X X X X X X X X X Rj9
jX9X8 .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rje

jXR S`ûb2Mi�iBQM /2b ;Qmii2b ûiQBHû2b

jXRXR lM Qb+BHH�i2m` TQHvKQ`T?2

GǶQb+BHH�iBQM /2 ;HQ#mH2b HB[mB/2b 2bi mM T?ûMQKĕM2 T?vbB[m2 [mB /ûT�bb2 H�`;2K2Mi H2
+�/`2 /2 H� +�Hû7�+iBQMX § HǶû[mBHB#`2- mM2 ;Qmii2 �/QTi2 H� 7Q`K2 �``QM/B2 [mB KBMBKBb2 bQM
ûM2`;B2X *2ii2 `ĕ;H2 /2 KBMBKBb�iBQM /2b BMi2`7�+2b T2mi āi`2 +QMi`�`Bû2 /2 K�MBĕ`2 bT2+@
i�+mH�B`2 bQmb HǶ�+iBQM /2 +QMi`�BMi2b 2tiû`B2m`2bX .2b /û7Q`K�iBQMb bB;MB}+�iBp2b T2mp2Mi
āi`2 2M;2M/`û2b- T�` 2t2KTH2 HQ`b /2 HǶBKT�+i /ǶmM2 ;Qmii2 bm` mM bm#bi`�i bQHB/2- Qm
KāK2 BM/mBi2 T�` H� T`ûb2M+2 /2 +?2KBMû2b- T`ûb2Miû2b �m +?�TBi`2 kX GQ`b[mǶmM2 ;Qmii2

Ny



jXRX úh�h .1 GǶ�_h

2bi û+�`iû2 /2 bQM ûi�i /Ƕû[mBHB#`2- 2HH2 b2 K2i ¨ Qb+BHH2`X GQ`/ _�vH2B;? (e8) 2i >Q`�+2
G�K# (e9) +QMb�+`2Mi mM2 ûim/2 i?ûQ`B[m2 ¨ +2b Qb+BHH�iBQMb 2i /û`Bp2Mi H2b 7`û[m2M+2b
T`QT`2b /2b ;Qmii2b- [mB /ûT2M/2Mi /2b T�`�Kĕi`2b HB[mB/2b- +QKK2 H� i2MbBQM /2 bm`7�+2 �

2i H� /2MbBiû ⇢- /m `�vQM /2 H� ;Qmii2 R- 2i /2 b� 7Q`K2- /Bb+`BKBM�Mi �BMbB H2b ;Qmii2b UMQM
KQmBHH�Mi2bV bT?û`B[m2b UR < 1V /2b ~�[m2b �TH�iB2b UR > 1V RX 1M MQi�Mi n HǶBM/B+2 /m
KQ/2 2t+Biû- H2 +�H+mH +QM/mBi �mt 2tT`2bbBQMb ,

8
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TQm` R > 1

SQm` mM ;HQ#mH2 KBHHBKûi`B[m2- +2b 7`û[m2M+2b T`QT`2b bQMi /2 HǶQ`/`2 /2 8y >xX GǶ2t+B@
i�iBQM /m KQ/2 T`QT`2 fn /QMM2 �m ;HQ#mH2 HB[mB/2 HǶ�TT�`2M+2 /ǶmM2 ûiQBH2 ¨ n HQ#2b- [mB
bǶ�Hi2`M�Mi 2M [mBM+QM+2X �m@/2H¨ /m bT2+i�+H2 [mǶ2HH2b Qz`2Mi- +2b Qb+BHH�iBQMb Q`+?2bi`û2b
bm`T`2MM2Mi +�` 2HH2b b2K#H2Mi /û}2` H2b HQBb /2 H� +�TBHH�`Biû 2M T`ûb2Mi�Mi mM2 bm`7�+2 MQM
KBMBK�H2X G2b ;Qmii2b TmBb2Mi H2m` ûM2`;B2 /�Mb mM 7Q`Ï�;2 2tiû`B2m`X .�Mb H2 T?ûMQKĕM2
/2 G2B/2M7`Qbi- +2b 7Q`K2b bi2HH�B`2b �TT�`�Bbb2Mi bTQMi�MûK2Mi 2i /2 K�MBĕ`2 ûTBbQ/B[m2-
b�Mb 7Q`Ï�;2 Tû`BQ/B[m2 2tTHB+Bi2X G� HBiiû`�im`2 `2+2Mb2 mM MQK#`2 BKTQ`i�Mi /Ƕûim/2b
+QMb�+`û2b ¨ H� /2b+`BTiBQM /2 +2b ;Qmii2b +�Hû}û2b TQHvKQ`T?2b (jd- 9y- 9jĜ98- edĜ3y)X PM
BHHmbi`2 bm` H� };m`2 jXk H2b KQiB7b Qb+BHH�Mib /ǶBM/B+2 n = 2 ¨ 13 Q#i2Mmb TQm` /2b ~�[m2b
/Ƕ2�m 2M +�Hû7�+iBQM bm` mM2 bm`7�+2 +?�m/2- Hû;ĕ`2K2Mi +Qm`#û2 (d9)X

SQm` +QKT`2M/`2 HǶQ`B;BM2 /2b ûiQBH2b /2 G2B/2M7`Qbi- QM b2 iQm`M2 /Ƕ�#Q`/ p2`b H�
HBiiû`�im`2- i`ĕb /Q+mK2Miû2- bm` H2b Qb+BHH�iBQMb /2 ;Qmii2b /�Mb /2b +QMi2ti2b p�`BûbX

jXRXk oQB2b /Ƕ2t+Bi�iBQM /2b ûiQBH2b

.�Mb H� ;`�M/2 K�DQ`Biû /2b ûim/2b- H2b Qb+BHH�iBQMb /2 ;HQ#mH2 HB[mB/2 M2 bQMi T�b
bTQMi�Mû2b K�Bb THmiƬi bQmi2Mm2b T�` mM �TTQ`i ûM2`;ûiB[m2 2tiû`B2m` +QMi`ƬH�#H2X PM
/BbiBM;m2 /2mt bBim�iBQMb ,

} G2b ;Qmii2b HB#`2b- bmbT2M/m2b /�Mb HǶ�B`- Qɍ b2mH2b /2mt T?�b2b +Q2tBbi2Mi , H2 HB[mB/2
2i H2 ;�x 2MpB`QMM�MiX G� 7Q`K2 /m HB[mB/2 M2 /ûT2M/ [m2 /2 HǶû[mBHB#`2 /2b 7Q`+2b [mB
bǶ2t2`+2Mi bm` HmBX G� b2mH2 7Q`+2 [mB bǶQTTQb2 ¨ H� KBb2 2M TH�+2 /2 +2b Qb+BHH�iBQMb 2bi
H� /BbbBT�iBQM pBb[m2mb2 2M pQHmK2X

} G2b ;Qmii2b HBû2b �m bm#bi`�i bm` H2[m2H 2HH2b `2TQb2Mi- K2ii�Mi 2M D2m mM2 i`QBbBĕK2
T?�b2- bQHB/2- [mB +QMi`�BMi ;ûQKûi`B[m2K2Mi H2 bvbiĕK2 2i +QM/BiBQMM2 H� KBb2 2M TH�+2
/m KQmp2K2MiX G2 +?�KT /2 7Q`+2 �TTHB[mû /QBi 7Qm`MB` mM2 ûM2`;B2 bmTû`B2m`2 ¨ HǶ�/?û@

RX G2b ~�[m2b bQMi �TT`QtBKû2b T�` /2b +QHQMM2b +vHBM/`B[m2b /2 ?�mi2m` 2�1 2i /2 `�vQM R � �1-
2MiQm`û2b T�` mM #Qm``2H2i /2 H�`;2m` �1X *2ii2 +Q``2+iBQM ;ûQKûi`B[m2 T�` `�TTQ`i ¨ H� ;ûQKûi`B2 +vHBM@
/`B[m2- KQ/B}2 H2b 7`û[m2M+2b T`QT`2b (ee)X

NR
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6B;m`2 jXk Ĝ G2b /Bzû`2Mi2b 7�+2ii2b /ǶmM2 ;Qmii2 +�Hû}û2- `ûpûHû2b T�` (d9)X G2b KQ/2b /2 ~�[m2b
2M +�Hû7�+iBQM bm` mM2 bm`7�+2 +Qm`#û2 UT2`+û2 �m +2Mi`2 �}M /ǶBMbû`2` mM +�Ti2m` /2 T`2bbBQMV
+?�mzû2 ¨ j8y�* /ǶBM/B+2 /2 n = 2 ¨ n = 13 bQMi BHHmbi`ûb T�` /2b pm2b /2 /2bbmbX G2b KQiB7b
`ûpĕH2Mi mM2 HQM;m2m` /ǶQM/2 �xBKmi�H2 +QMbi�Mi2 /2 HǶQ`/`2 /2 RXk +KX

bBQM 2i ¨ H� /BbbBT�iBQM [mB � HB2m MQM b2mH2K2Mi /�Mb H2 HB[mB/2 K�Bb �mbbB T`ĕb /2 H�
HB;M2 /2 +QMi�+iX

GǶ2z2i G2B/2M7`Qbi T`Q/mBi mM2 bBim�iBQM ?v#`B/2 Qɍ H� ;Qmii2 b2Mi H2 bm#bi`�i +?�m/ T�`
HǶBMi2`Kû/B�B`2 /m +QmbbBM /2 p�T2m`- b�Mb �HH2` Dmb[mǶ¨ 2Mi`2` 2M +QMi�+i �p2+ +2 /2`MB2`X
.2 MQK#`2mb2b pQB2b /Ƕ2t+Bi�iBQM QMi ûiû 2tTHQ`û2bX

} G� pQB2 Kû+�MB[m2X G2 bm#bi`�i bm` H2[m2H `2TQb2 H� ;Qmii2 2bi KBb 2M pB#`�iBQMX G�
;Qmii2- MQM Qm 7�B#H2K2Mi KQmBHH�Mi2- Qb+BHH2 �HQ`b Tû`BQ/B[m2K2Mi bQmb `ûb2`p2 [m2 HǶ�K@
THBim/2 /2b pB#`�iBQMb +QKT2Mb2 H� 7Q`+2 pBb[m2mb2 (99) 2i HǶ�/?ûbBQM ûp2Mim2HH2 �p2+ H2
bm#bi`�iX LQ#HBM 2i �HX QMi ûim/Bû H� /vM�KB[m2 /2 HB[mB/2b KQmBHH�Mib U✓ . 90�V bm`
/2b bm`7�+2b ¨ 7�B#H2 ?vbiûbBb /Ƕ�M;H2 /2 +QMi�+i (3R)X G2b Qb+BHH�iBQMb +?�M;2Mi �HQ`b
/2 M�im`2 TmBb[m2 +Ƕ2bi H� HB;M2 i`BTH2 [mB 2M/m`2 H2b /û7Q`K�iBQMb TQm` 7Q`K2` /2b
Ŀi`BTHQMbŀX GǶûM2`;B2 �TTQ`iû2 Kû+�MB[m2K2Mi T�` H2b pB#`�iBQMb /QBi p�BM+`2 HǶ�/?û@
bBQM �p2+ H2 bm#bi`�i 2i /ûb�M+`2` H� HB;M2 i`BTH2X _û/mB`2 HǶ�/?ûbBQM 2M +QMbB/û`�Mi mM
bm#bi`�i ?v/`QT?Q#2 UT�` 2t2KTH2 /m iû~QM- ✓ & 120� (3k)V- 2M `2M/�Mi H2 bm#bi`�i
bmT2`?v/`QT?Q#2 Qm 2M 2M`Q#�Mi H� ;Qmii2 /ǶmM2 TQm/`2 ?v/`QT?Q#2 (99)- �#�Bbb2 H2
b2mBH /Ƕ�TT�`BiBQM 2i 7�+BHBi2 HǶQ#b2`p�iBQM /2b ûiQBH2bX G2b KQ/2b bûH2+iBQMMûb 2i H2m`
BMi2MbBiû /ûT2M/2Mi /2 H� 7`û[m2M+2 /2 7Q`Ï�;2 T�` `�TTQ`i �mt 7`û[m2M+2b T`QT`2b /2
H� ;Qmii2 jXRXRX

Nk



jXRX úh�h .1 GǶ�_h

(a) (b)

6B;m`2 jXj Ĝ U�V JQMi�;2 2tTû`BK2Mi�H +QMbB/û`û T�` LQ#HBM 2i �HX (3R)X lM2 ;Qmii2 KBHHBKû@
i`B[m2- KQmBHH�Mi H2 bm#bi`�i bm` H2[m2H 2HH2 `2TQb2- 2bi KBb2 2M pB#`�iBQM T�` mM ?�mi@T�`H2m`X
(#) aû[m2M+2 /ǶBK�;2b Upm2b /2 /2bbmbV Q#i2Mm2b TQm` mM2 2t+Bi�iBQM /Ƕ�KTHBim/2 KQ/û`û2 Qɍ
H� HB;M2 /2 +QMi�+i `2bi2 �M+`û2 UT`2KBĕ`2 HB;M2V- K�BMi2M�Mi HǶ�tBbvKûi`B2 /2b /û7Q`K�iBQMbX
�m@/2H¨ /ǶmM2 �KTHBim/2 /2 pB#`�iBQM- H� HB;M2 /2 +QMi�+i 2bi ~Qii�Mi2 Ub2+QM/2 HB;M2VX G2b
/û7Q`K�iBQMb bQMi �HQ`b �bvKûi`B[m2bX

} S�` �TTHB+�iBQM /ǶmM +?�KT ûH2+i`B[m2X G� /Bzû`2M+2 /2 TQi2MiB2H 2Mi`2 mM2 ;Qmii2
/ǶûH2+i`QHvi2 2i H2 bm#bi`�i +QM/m+i2m`- bûT�`ûb T�` mM2 +Qm+?2 BbQH�Mi2- KQ/B}2 H2b
T`QT`Bûiûb /2 KQmBHH�;2 2i T`QpQ[m2 HǶûi�H2K2Mi /2 H� ;Qmii2 (3j)X aQHHB+Biû2 T�` mM
+?�KT �Hi2`M�iB7 Tû`BQ/B[m2- HǶBMi2`7�+2 Qb+BHH2X .2b QM/2b bi�iBQMM�B`2b b2 /ûp2HQTT2Mi
2M 7Q`K�Mi mM KQiB7- /QMi HǶ�KTHBim/2 `ûbQM2 TQm` +2`i�BM2b 7`û[m2M+2b- [mB Qb+BHH2Mi ¨
H� 7`û[m2M+2 KQBiBû /2 H� 7`û[m2M+2 2t+Bi�i`B+2 (39)X

(a) (b)

f = 95 Hz f = 190 Hz f = 285 Hz

6B;m`2 jX9 Ĝ U�V JQMi�;2 2tTû`BK2Mi�H `û�HBbû T�` P? 2i �HX lM2 ;Qmii2 /ǶûH2+i`QHvi2
U>kP-L�*HV 2bi TQbû2 bm` mM bm#bi`�i 2M/mBi /ǶmM2 +Qm+?2 BbQH�Mi2 2i ?v/`QT?Q#2X 1HH2 2bi
2t+Biû2 T�` mM +?�KT ûH2+i`B[m2 �Hi`2M�iB7X (#) om2b /2 +Ƭiû /2b Qb+BHH�iBQMb- Bbbm2b /2 (39)X

} S�` pQB2 K�;MûiB[m2X *2ii2 bi`�iû;B2 BKTQb2 �m HB[mB/2 /Ƕāi`2 /Qmû /2 T`QT`Bûiûb K�@
;MûiB[m2bX 6�mi`2HH2 2i �HX (38) QMi KQMi`û [mǶ�m@/2H¨ /ǶmM +2`i�BM b2mBH- HǶ�TTHB+�iBQM
/ǶmM +?�KT K�;MûiB[m2 KQ/mHû 2M 7`û[m2M+2 UR ¨ Ry >xV BM/mBi /2b /û7Q`K�iBQMb �xB@
Kmi�H2b- Qb+BHH�Mi ¨ H� 7`û[m2M+2 KQBiBû /2 H� 7`û[m2M+2 /Ƕ2t+Bi�iBQMX 1M /2Ï¨ /2 +2 b2mBH-
H2b /û7Q`K�iBQMb `2bi2Mi �tBbvKûi`B[m2bX

Nj
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(a) (b)

6B;m`2 jX8 Ĝ U�V JQMi�;2 2tTû`BK2Mi�H `û�HBbû T�` 6�mi`2HH2 2i �HXX lM2 ;Qmii2 +2MiBKûi`B[m2
/2 K2`+m`2 2bi TQbû2 �m +`2mt /ǶmM +ƬM2 2i bQmKBb2 ¨ mM +?�KT K�;MûiB[m2 Qb+BHH�MiX (#) S?Q@
iQ;`�T?B2b /2 /2bbmb /2b KQ/2b ûiQBHûb �xBKmi�mtX AK�;2b iB`û2b /2 (38)X

.�Mb H2 KāK2 2bT`Bi- C�KBM 2i �HX KQMi`2Mi [mǶmM2 ;Qmii2 /2 72``Q~mB/2 /ûTQbû2 bm`
mM bm#bi`�i bmT2`?v/`QT?Q#2 pB#`û2 p2`iB+�H2K2Mi 2i bQHHB+Biû2 T�` mM +?�KT K�;Mû@
iB[m2 2tiû`B2m` T`ûb2Mi2 /2b HQ#2b Qb+BHH�Mib Tû`BT?û`B[m2bX G2b �mi2m`b MQi2Mi û;�H2K2Mi
HǶ2tBbi2M+2 /ǶmM KQ/2 �tBbvKûi`B[m2- THmb 7�+BH2 ¨ 2t+Bi2`- /ǶQM/2b bi�iBQMM�B`2b ¨ H� Tû@
`BT?û`B2 /2 H� ;Qmii2 (3e)X

(a) (b)

6B;m`2 jXe Ĝ U�V JQMi�;2 2tTû`BK2Mi�H `û�HBbû T�` C�KBM 2i �HX (3e)X lM2 ;Qmii2 /2 72``Q~mB/2
UM�MQT�`iB+mH2b 72``QK�;MûiB[m2b /BbT2`bû2b /�Mb HǶ2�mV 2bi TQbû2 bm` mM bm#bi`�i bmT2`?v/`Q@
T?Q#2 2Mi`2 /2mt #Q#BM2b /ûHBp`�Mi mM +?�KT K�;MûiB[m2 Qb+BHH�MiX (#) S?QiQ;`�T?B2b /2 /2bbmb
/2b KQ/2b �xBKmi�mt /ǶBM/B+2 n +`QBbb�MiX

} S�` pQB2 �+QmbiB[m2X GǶmiBHBb�iBQM /ǶQM/2b UmHi`�VbQMQ`2b T2`K2i /2 TBû;2` /2b ;Qmii2b
�m MBp2�m /2b MQ2m/b /ǶmM2 +�pBiû �+QmbiB[m2 `ûbQM�Mi2- T`Q/mBb�Mi mM2 bBim�iBQM /2
HûpBi�iBQMX a?2M 2i �HX QMi KQMi`û [m2 H� KQ/mH�iBQM /2 +2 +?�KT mHi`�bQMQ`2 T�` mM
+?�KT #�bb2 7`û[m2M+2 UivTB[m2K2Mi ky ¨ R8y >xV T2`K2i /Ƕ2t+Bi2` H2b KQ/2b Qb+BHH�@
iQB`2b �tBbvKûi`B[m2b [mB- TQm` +2`i�BM2b 7`û[m2M+2b- i`�MbBi2Mi p2`b /2b KQ/2b �bvKû@
i`B[m2b 2M 7Q`K2 /ǶûiQBH2 (3dĜ3N)X G� 7`û[m2M+2 /m KQ/2 Q#b2`pû 2bi bQmb@?�`KQMB[m2X

N9



jXRX úh�h .1 GǶ�_h

(a) (b)

6B;m`2 jXd Ĝ U�V 1tTû`B2M+2 `û�HBbû2 T�` a?2M 2i �HXX lM2 ;Qmii2 2bi KBb2 2M HûpBi�iBQM /�Mb
mM2 +�pBiû `ûbQM�Mi2X G� KQ/mH�iBQM Tû`BQ/B[m2 /m +?�KT �+QmbiB[m2 T2`K2i HǶ2t+Bi�iBQM /2b
;Qmii2bX (#) G2b KQ/2b 2t+Biûb- Q#b2`pûb T�` 2M /2bbQmb bQMi �xBKmi�mtX AK�;2b iB`û2b /2 (3d- 33)X

} S�` pQB2 �û`Q/vM�KB[m2X G2b pB#`�iBQMb bQMi 7Q`+û2b T�` mM ~mt /Ƕ�B` ûK�M�Mi T�` H�
#�b2 /2 H� ;Qmii2X G2 b2mBH /Ƕ�TT�`BiBQM 2bi /Ƕ�mi�Mi THmb ûH2pû [m2 H� ;Qmii2 �/?ĕ`2 ¨
bQM bm#bi`�i 2i [mǶ2HH2 2bi pBb[m2mb2 (98)X *2ii2 �/?ûbBQM 2bi bmTT`BKû2 2M bQm|�Mi HǶ�B`
¨ i`�p2`b mM bm#bi`�i TQ`2mt i`�Biû bmT2`?v/`QT?Q#2 (Ny)- Qm 2M 2M`Q#�Mi H� ;Qmii2 T�`
mM2 TQm/`2 bmT2`?v/`QT?Q#2 (99)X G2 ~mt /Ƕ�B` T2mi āi`2 TmHbû (NR) Qm #B2M- ¨ HǶBMbi�`
/2 H� +�Hû7�+iBQM- +QMiBMm (99- 98)- +Ƕ2bi@¨@/B`2 b�Mb 7Q`Ï�;2 Tû`BQ/B[m2 2tTHB+Bi2 5

(a) (b)

6B;m`2 jX3 Ĝ U�V JQMi�;2 2tTû`BK2Mi�H `û�HBbû T�` "Qmr?mBb 2i �HXX lM2 ;Qmii2 2bi bmbT2M/m2
;`�+2 ¨ mM D2i /Ƕ�B` +QMiBMm �b+2M/�Mi bQm|û ¨ i`�p2`b H2 bm#bi`�i bmT2`?v/`QT?Q#2 TQ`2mt (98)X
(#) Pb+BHH�iBQMb /ǶBM/B+2 n +`QBbb�Mi Q#b2`pû2b TQm` /2b ;Qmii2b Upm2b /2 /2bbmbV bQm|û2b +QMiB@
Mm2K2MiX AK�;2b iB`û2b /2 (98)X

jXRXj �TTHB+�iBQMb TQi2MiB2HH2b 2i 2tTHQ`û2b

*2b Qb+BHH�iBQMb- +QM/BiBQMMû2b T�` H2b T�`�Kĕi`2b /Ƕ2t+Bi�iBQM T2`K2ii2Mi /2 bQM/2` H2b
T�`�Kĕi`2b /m HB[mB/2 2i /m bm#bi`�i- 2i T2mp2Mi āi`2 2tTHQBiû2b /�Mb /Bp2`b2b �TTHB+�iBQMbX

oBb+QbBKĕi`2 2i `?ûQKĕi`2 HB[mB/2X G� +�`�+iû`Bb�iBQM /2 H� `ûTQMb2 /2 ;Qmii2b ¨
/2b pB#`�iBQMb 2tiû`B2m`2b T2`K2i /2 bQM/2` /2b T�`�Kĕi`2b T?vbB[m2bX 1M T�`iB+mHB2`-
HǶûim/2 /2 H� `ûbQM�M+2- H2b 7`û[m2M+2b T`QT`2b- H2 b2mBH /Ƕ�TT�`iBiBQM /2b Qb+BHH�iBQMb- 2i H�

N8
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/BbbBT�iBQM mM2 7QBb H2 7Q`Ï�;2 �``āiû- /QMM2Mi �++ĕb bBKmHi�MûK2Mi ¨ H� i2MbBQM /2 bm`7�+2
/m HB[mB/2 � (Nk)- 2i ¨ H� pBb+QbBiû ⌘ (NR- Nk) MQi�KK2Mi TQm` H2b Kûi�mt HB[mB/2b- /B{+BH2b
¨ K�MBTmH2` (Nj- N9)X lM2 B/û2 /�Mb H� KāK2 p2BM2 [m2 +2HH2 /Bb+miû2 /�Mb H� i?ĕb2 /2 LB2Hb
"Q?` bm` H2b D2ib HB[mB/2bX

*�`�+iû`Bb�iBQM /2 HǶ�/?ûbBQMX G2 b2mBH /Ƕ2t+Bi�iBQM [m�MiB}2 H� `ûbBbi�M+2 /2 H� ;Qmii2
¨ b� KBb2 2M KQmp2K2MiX AH 2bi HBû �mt T`QT`Bûiûb /2 KQmBHH�;2 /m HB[mB/2 (3R)X

JûH�M;2X G2b Qb+BHH�iBQMb 2t+Biû2b T2mp2Mi b2 +QmTH2` �mt KQmp2K2Mib BMi2`M2b 2i +QM/mB`2
�BMbB ¨ /m KûH�M;2X *2 +QM+2Ti � ûiû 2tTHQBiû �p2+ HǶ�+iBQMM2K2Mi T�` ûH2+i`QKQmBHH�;2 (N8-
Ne) K�Bb TQm``�Bi āi`2 ûi2M/m ¨ /Ƕ�mi`2b pQB2b /Ƕ2t+Bi�iBQMX

h`�MbTQ`iX lM2 `ûbQM�M+2 T2mi /û7Q`K2` H2b ;Qmii2b /2 K�MBĕ`2 �bvKûi`B[m2- 2i T2`@
K2ii`2 /2 K�MQ2mp`2` /2b ;Qmii2b bm` mM2 bm`7�+2 bQHB/2 (Nd- N3)X

GBKBi2b /�Mb +2`i�BM2b �TTHB+�iBQMbX .ǶmM TQBMi /2 pm2 �TTHB+�iB7- H2b /û7Q`K�iBQMb
HB[mB/2b BMi2`pB2MM2Mi /�Mb MQK#`2 /2 T`Q+û/ûbX G� +�`�+iû`Bb�iBQM /2 H� `ûTQMb2 /2 +2b
Qb+BHH�i2m`b `2pāi �BMbB mM BMiû`āi +�TBi�H /�Mb /2b �TTHB+�iBQMb i2HH2b [m2 HǶBKT`2bbBQM ¨ D2i
/Ƕ2M+`2- H� K�MBTmH�iBQM /2 ;Qmii2b /�Mb /2b +�M�mt KB+`Q~mB/B[m2b- 2i 2M QTiQ~mB/B[m2
Qɍ H2b ;Qmii2b bQMi miBHBbû2b +QKK2 /2b H2MiBHH2b /vM�KB[m2b /2 7Q+�H2 `û;H�#H2 T�` ûH2+i`Q@
KQmBHH�;2X *BiQMb û;�H2K2Mi mM �mi`2 2t2KTH2- [mB `2MpQB2 /�p�Mi�;2 �m T?ûMQKĕM2 /2
G2B/2M7`Qbi- ¨ b�pQB` H� K�MBTmH�iBQM /2 p2``2 7QM/m- [mB- TQm` ûpBi2` iQmi +QMi�+i �p2+ H2
`û+BTB2Mi- 2bi `û�HBbû2 ¨ +?�m/ 2M bQm|�Mi ¨ i`�p2`b mM KQmH2 TQ`2mtX

jXRX9 *�`�+iû`BbiB[m2b /ǶûiQBH2b HB[mB/2b

G2b TQBMib +QKKmMb 2Mi`2 iQmb H2b bvbiĕK2b Qɍ /2b Qb+BHH�iBQMb ûiQBHû2b bQMi Q#b2`pû2b
MQmb T2`K2ii2Mi /Ƕ2M /2bbBM2` H2b +�`�+iû`BbiB[m2b ;ûMû`�H2bX

} lM 7Q`Ï�;2 2tiû`B2m` Tû`BQ/B[m2 b2K#H2 UT`2b[m2V iQmDQm`b `2[mBbX

} G� 7`û[m2M+2 /Ƕ2t+Bi�iBQM 2bi mM T�`�Kĕi`2 /2 +QMi`ƬH2X G� `ûTQMb2 /2 H� ;Qmii2 2bi
H�`;2K2Mi �KTHB}û2 TQm` /2b 7`û[m2M+2b /2 `ûbQM�M+2 2i bûH2+iBQMM2 H2 KQiB7 Q#b2`pûX

} .�Mb H� THmT�`i /2b +�b- H� 7`û[m2M+2 /2b Qb+BHH�iBQMb BM/mBi2b 2bi bQmb@?�`KQMB[m2-
mM i`�Bi T�`i�;û �p2+ #2�m+QmT /ǶBMbi�#BHBiûb T�`�Kûi`B[m2bX

} *2b Qb+BHH�iBQMb �TT�`�Bbb2Mi �m@/2H¨ /ǶmM +2`i�BM b2mBH /2 7Q`Ï�;2- [mB /Bzĕ`2 b2HQM bB
H� ;Qmii2 2bi /ûi�+?û2 Qm T�b /2 bQM bm#bi`�iX

*2b +�`�+iû`BbiB[m2b bQMi- TQm` H� THmT�`i- T�`i�;û2b T�` H2b ûiQBH2b /2 G2B/2M7`QbiX
G2 Kû+�MBbK2 [mB bQmb@i2M/ H2m` �TT�`BiBQM bTQMi�Mû2 2bi TQm`i�Mi BM+QKT`BbX 1M T�`iB@
+mHB2`- HǶQ`B;BM2 /2 HǶ2t+Bi�iBQM- HǶQ`/`2 /Ƕ�TT�`BiBQM 2i HǶûpB+iBQM /2 +2`i�BMb KQ/2b- H2m`b
7`û[m2M+2b /ǶQb+BHH�iBQM- H� bmT2`TQbBiBQMfBMi2`�+iBQM /2 KQ/2b- 2i H2b ;ûQKûi`B2b [mB 7�pQ@
`Bb2Mi H2m` Q#i2MiBQM `2bi2Mi ¨ +QKT`2M/`2X G� [m2biBQM 2bi /QM+ /2 b�pQB` /ǶQɍ 2HH2b TmBb2Mi
H2m` ûM2`;B2 2i [m2Hb bQMi H2b Kû+�MBbK2b `2bTQMb�#H2b /2 H� [m�MiB}+�iBQM /2 KQ/2b Q#@
b2`pû2X LQmb 2t�KBMQMb /�Mb mM T`2KB2` i2KTb H2b Q`B;BM2b /2 HǶ2t+Bi�iBQM bTQMi�Mû2X

Ne
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jXk oB#`�iBQMb bTQMi�Mû2b /2 H� p�T2m`

lM2 ;Qmii2 +�Hû}û2 2bi- /m TQBMi /2 pm2 /2 H� i?2`KQ/vM�KB[m2- mM bvbiĕK2 Qmp2`i
Qɍ H2 bm#bi`�i +?�m/ bQmb@D�+2Mi +`û2 mM �TTQ`i +QMiBMm /ǶûM2`;B2X *Ƕ2bi +2 [mB 2tTHB[m2
[mǶ¨ HǶBKT�+i- H2b ;Qmii2b bQMi `û~û+?B2b �p2+ mM +Q2{+B2Mi /2 `2biBimiBQM i`ĕb T`Q+?2 /2
HǶmMBiûX G2 bm#bi`�i 2M;2M/`2 û;�H2K2Mi mM �TTQ`i +QMiBMm /2 p�T2m`X .2 +2 TQBMi /2 pm2 H2
bvbiĕK2 2bi T`Q+?2 /2 +2HmB +QMbB/û`û T�` "Qmr?mBb 2i �HX Qɍ /2b ;Qmii2b bQMi bmbT2M/m2b
2i 2t+Biû2b T�` mM ~mt /Ƕ�B` +QMbi�Mi �b+2M/�Mi (98)X _2TQb2` �BMbB bm` mM2 T?�b2 ;�x2mb2
2M û+QmH2K2Mi T2mi +QM/mB`2 ¨ /2b BMbi�#BHBiûb /ǶûT�Bbb2m` Qm /2 7Q`K2 ¨ HǶBMi2`7�+2 HB#`2X
PM T2mi �HQ`b BK�;BM2` [m2 +2b BMbi�#BHBiûb bQMi 2M +�mb2 /�Mb HǶ2t+Bi�iBQM /2b Qb+BHH�iBQMb
/2 ;Qmii2 HûpBi�Mi2X .�Mb +2ii2 T�`iB2- MQmb +?2`+?QMb ¨ /û+`B`2 H� /vM�KB[m2 /m }HK /2
p�T2m` 2M MQmb 7Q+�HBb�Mi bm` HǶBMi2`7�+2 bQmb@D�+2Mi2 /2 HǶQ#D2i +�Hû}ûX

jXkXR avbiĕK2 KQ/ĕH2 /ǶmM bQHB/2 /2 G2B/2M7`Qbi

SQm` /BbbQ+B2` H2b /Bzû`2Mib 2z2ib TQmp�Mi �/p2MB` ¨ H� #�b2 /ǶmM2 ;Qmii2 +�Hû}û2- MQmb
2MpBb�;2QMb mM bQHB/2 /2 G2B/2M7`Qbi- TQm` H2[m2H H� THmT�`i /2b /2;`ûb /2 HB#2`iû bQMi
;2Hûb , mM i2H bQHB/2 #Qm;2 2M #HQ+ 2i M2 T2mi �++m2BHHB` /2b Qb+BHH�iBQMb +�TBHH�B`2b �m MBp2�m
/2 b� #�b2 T�` bQM +�`�+iĕ`2 BM/û7Q`K�#H2X SQm` +2 7�B`2- MQmb +QMbB/û`QMb mM #HQ+ /2
M2B;2 +�`#QMB[m2 *P2UbV Qm +�`#Q;H�+2- [mB b2 bm#HBK2 ¨ �79�* b�Mb T�bb2` T�` mM2 T?�b2
HB[mB/2X § HǶBMbi�` /ǶmM HB[mB/2 pQH�iBH- TQbû bm` mM bm#bi`�i +?�m/- BH ~Qii2 bm` bQM +QmbbBM
/2 p�T2m`X *2 /ûiQm` 2tTû`BK2Mi�H T2`K2i /2 `2T`Q/mB`2 H� bBim�iBQM /2 G2B/2M7`Qbi �p2+
mM +Q`Tb BM/û7Q`K�#H2X

JBb2 2M ûpB/2M+2 QTiB[m2 /2 pB#`�iBQMb Tû`BQ/B[m2b

LQmb MQmb BMiû`2bbQMb ¨ H� /vM�KB[m2 /2 H� #�b2 /2 +2b Q#D2ibX lM T�H2i /2 +�`#Q;H�+2
/2 ?�mi2m` H = 5.2 KK 2i /2 #�b2 2HHBTiB[m2 URx = 26 KK- Ry = 12 KKV 2bi KBb 2M
HûpBi�iBQM �m@/2bbmb /ǶmM bm#bi`�i ¨ H� i2KTû`�im`2 T = 100�*X lM Q#D2+iB7 /2 KB+`Qb+QT2
⇥Ry- KQMiû bm` H� +�Kû`� `�TB/2 2i �bbBbiû T�` mM2 HmKBĕ`2 +QHHBK�iû2 7Qm`MB2 T�` mM2
}#`2 QTiB[m2- T2`K2i /2 b2 7Q+�HBb2` bm` HǶBMi2`7�+2 bQHB/2@p�T2m` BM7û`B2m`2X G2 /B�;`�KK2
bT�iBQ@i2KTQ`2H /2 H� };m`2 jXNU#V- +QMbi`mBi T�` +QKTBH�iBQM /ǶmM2 HB;M2 p2`iB+�H2 �m +Qm`b
/m i2KTb- KQMi`2 H2 T�H2i U0 < z < "V 2i b� `û~2tBQM U�" < z < 0VX PM /û/mBi HǶûT�Bbb2m`
/m }HK /2 p�T2m` " = 65 ± 4 µKX PM pQBi û;�H2K2Mi H2b 7`QMib /2 bm#HBK�iBQM ;`�+2 �mt
BKTm`2iûb 2M72`Kû2b /�Mb H� ;H�+2 UTHmb #`BHH�Mi2bV [mB T`Q;`2bb2Mi ¨ H� pBi2bb2 /2 45 µK/bX
PM /BbiBM;m2 p�;m2K2Mi /2b pB#`�iBQMb �miQm` /2 H� 7`û[m2M+2 fv ⇠ 150>xX

GǶQ#b2`p�iBQM /B`2+i2 /2 H� #�b2 /2b bQHB/2b +�Hû}ûb bm;;ĕ`2 /QM+ HǶ2tBbi2M+2 /ǶmM KQm@
p2K2Mi p2`iB+�H Tû`BQ/B[m2 H� 7`û[m2M+2 fv b2K#H2 i`QT T`Q+?2 /2 H� 7`û[m2M+2 /Ƕû+?�MiBHHQM@
M�;2 2i bQM �KTHBim/2 2bi i`QT 7�B#H2 TQm` T2`K2ii`2 /Ƕ2M T`û+Bb2` H2b +�`�+iû`BbiB[m2bX

Nd
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H
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6B;m`2 jXN Ĝ (�) a+?ûK� /2 T`BM+BT2 /2 HǶ2tTû`B2M+2X G� #�b2 /m #HQ+ /2 *Pk 2bi Q#b2`pû2 T�` H2
+Ƭiû- ¨ H� +�Kû`� `�TB/2 û[mBTû2 /ǶmM Q#D2+iB7 /2 KB+`Qb+QT2 }#`ûX (#) .B�;`�KK2 bT�iBQ@i2KTQ`2H
Q#i2Mm TQm` mM /Bb[m2 ¨ #�b2 2HHBTiB[m2 /2 +�`#Q;H�+2 /2 `�vQMb Rx = 26 KK 2i Ry = 12 KK- 2i
/2 ?�mi2m` H = 5.2 KK 2M HûpBi�iBQM ¨ " = 65± 4 µK �m@/2bbmb /ǶmM bm#bi`�i +?�m/ T = 100�*X
.2b Qb+BHH�iBQMb �TT�`�Bbb2Mi /Ƕ�KTHBim/2 i`ĕb 7�B#H2- +QKTHB[m�Mi H� K2bm`2 /2 H� 7`û[m2M+2X G2b
7`QMib /2 bm#HBK�iBQM T`Q;`2bb2Mi ¨ 45 µK/bX

S2bû2 /vM�KB[m2 /ǶQ#D2ib HûpBi�Mi

SQm` +QMiQm`M2` +2ii2 HBKBi2 /2 b2MbB#BHBiû- MQmb MQmb bQKK2b iQm`Mûb p2`b mM �mi`2
/BbTQbBiB7 2tTû`BK2Mi�H- TQm` K2bm`2` /B`2+i2K2Mi H� TQmbbû2 2t2`+û2 T�` H2 T�H2i bm` bQM
bm#bi`�iX *QM+`ĕi2K2Mi- HǶ2tTû`B2M+2 +QMbBbi2 2M mM2 T2bû2 /vM�KB[m2X

6B;m`2 jXRy Ĝ a+?ûK� /2 T`BM+BT2 /2 H� T2bû2 /ǶmM KQ`+2�m /2 +�`#Q;H�+2X lM #HQ+ /2 *Pk (b)
2bi TH�+û bm` mM2 #�H�M+2 TQm` U�V T < TL- /QMM�Mi �++ĕb ¨ b� K�bb2 m0X (#) SQm` T > TL
HǶQ#D2i HûpBi2 ¨ mM2 ?�mi2m` " }tû T�` HǶû[mBHB#`2 2Mi`2 H� 7Q`+2 /2 Hm#`B}+�iBQM FL 2i H2 TQB/b m0gX
(+) J2bm`2 /vM�KB[m2 /2 H� 7Q`+2 FL 2t2`+û2 T�` mM T�H2i- TQbû bm` mM2 TH�i27Q`K2 /2 i2KTû`�im`2
T - 2i BMbi`mK2Miû2 T�` mM +�Ti2m` /2 7Q`+2X

S`BM+BT2 /2 H� K2bm`2 1M /2bbQmb /2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi- mM KQ`+2�m /2
+�`#Q;H�+2 2bi 2M +QMi�+i �p2+ bQM bm#bi`�iX PM T2mi /QM+ K2bm`2` b� ?�mi2m` H- HǶ�B`2 /2
b� #�b2 S = RxRy 2i b� K�bb2 m0 U};X jXRyU�VVX 1M `2p�M+?2- bB QM TQ`i2 H2 bm#bi`�i ¨ mM2

N3
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i2KTû`�im`2 �m@/2bbmb /m b2mBH /2 G2B/2M7`Qbi TL- H2b `ûbmHi�ib M2 bQMi THmb ;�`�MiBbX G2
#HQ+ /2 +�`#Q;H�+2 2Mi`2 2M HûpBi�iBQM Ub+?ûK� /2 H� };m`2 jXRyU�VVX G2 bvbiĕK2 2bi bQmKBb
¨ bQM TQB/b m0g 2i ¨ H� T`2bbBQM /2 Hm#`B}+�iBQM PL- BMiû;`û2 bm` b� #�b2 SX G2 +�Ti2m` /2
7Q`+2 K2bm`2 /QM+ Fc = PLS T�` T`BM+BT2 /2b �+iBQMb `û+BT`Q[m2bX § HǶû[mBHB#`2- +2b /2mt
7Q`+2b b2 +QKT2Mb2MiX

P`- +QKK2 MQmb HǶ�pQMb pm /�Mb H� T`2KBĕ`2 T�`iB2- H� T`2bbBQM /2 Hm#`B}+�iBQM 2bi
2ti`āK2K2Mi b2MbB#H2 ¨ HǶûT�Bbb2m` /m }HK /2 p�T2m` "X lM2 p�`B�iBQM /ǶûT�Bbb2m` +QK@
T`QK2i HǶû[mBHB#`2X SQm` KQ/ûHBb2` H2b 2z2ib /2 +2b p�`B�iBQMb- QM bmTTQb2 [m2 HǶûT�Bbb2m`
/m }HK �/K2i /2b p�`B�iBQMb /2 H� 7Q`K2 z(t) = " + �z +Qb(2⇡fvt)- Qɍ fv 2bi H� 7`û[m2M+2
/ǶQb+BHH�iBQM /2 H� #�b2 /2 HǶQ#D2i +�Hû}ûX G� 7Q`+2 /2 Hm#`B}+�iBQM bǶû+`Bi �HQ`b ,

Fc(t) =
3⌘v�v�TR

4

2⇡L⇢vz(t)4
UjXkXRV

GǶûi�i +�Hû}û M2 T2`K2i T�b /2b p�`B�iBQMb /ǶûT�Bbb2m` �z /2 HǶQ`/`2 /2 "X .�Mb +2ii2 HBKBi2
�z/" << 1- QM T2mi HBMû�`Bb2` HǶ2tT`2bbBQM /2 Fc(t)X G� K�bb2 /vM�KB[m2 M(t) = Fc(t)/g-
K2bm`û2 �m +�Ti2m` /2 7Q`+2 bǶû+`Bi ,

8
>><

>>:

M(t) = m0

⇣
1� 4�z/" +Qb(!vt)

⌘

m0 =
3⌘v�v�TR

4

2⇡L⇢v"4

G� 7QM+iBQM M(t) `2~ĕi2 /QM+ /B`2+i2K2Mi H� /vM�KB[m2 /2 H� p�T2m` 2i /QMM2 �++ĕb ¨ b�
7`û[m2M+2 T`QT`2 fvX GǶ2tTQb�Mi 9 bm` HǶûT�Bbb2m` /m }HK z �KTHB}2 H� K2bm`2- T2`K2ii�Mi
/Ƕ�++û/2` �mt +�`�+iû`BbiB[m2b /2 +2b Qb+BHH�iBQMb [m�bB@BKT2`+2TiB#H2bX

.BbTQbBiB7 2tTû`BK2Mi�H G2 KQMi�;2 +QMbB/û`û 2bi `2T`ûb2Miû bm` H� };m`2 jXRyU+VX
lM +�Ti2m` /2 7Q`+2 /2 T`û+BbBQM U6lh1E Ga"kyy 6a>yj3d9 /2 +?�`;2K2Mi K�tBK�H
2.3 F;� 2i b2MbB#BHBiû 2 KofoVX lM #HQ+ /2 +`�B2 BbQH�Mi2 2bi �HQ`b KQMiû bm` H2 +�Ti2m` 2i
bm`KQMiû /ǶmM r�72` /2 bBHB+BmKX G2 r�72` 2bi +?�mzû ¨ HǶ�B/2 /2 i�TBb +?�mz�Mib U7Qm`MBb
T�` _�/BQaT�`2 @ i�TBb 2M bBHB+QM2 +Qmp`�Mi 25 ⇥ 50 KK 2i /2 TmBbb�M+2 RXk8 qV +QHHûb
2M Tû`BT?û`B2 bmTû`B2m`2 /m bm#bi`�iX G2 T�H2i /2 +�`#Q;H�+2 2bi TQbû �m +2Mi`2 /2 H�
xQM2 +?�mzû2X AH 2bi ;mB/û T�` mM2 ;�BM2 bmbT2M/m �m@/2bbmb /m KQMi�;2 TQm` ûpBi2` [m2
HǶ�û`Q;HBbb2m` M2 MQmb û+?�TT2X GǶ�+[mBbBiBQM 2bi `û�HBbû2 ¨ mM2 7`û[m2M+2 Ry >x ¨ ky F>xX

*�HB#`�iBQM /m +�Ti2m` /2 7Q`+2
1M �KTHBim/2 , LQmb �pQMb +�HB#`û H� `ûTQMb2 2M i2MbBQM /m +�Ti2m` �p2+ /2b K�bb2b
+QMMm2b /�Mb H� ;�KK2 [mB MQmb BMiû`2bb2X G2 bB;M�H U - 2tT`BKû 2M oQHi- 2bi +QMp2`iB 2M
mM bB;M�H /2 7Q`+2 Fc- MQ`K�HBbû2 T�` g- T2`K2ii�Mi HǶ�+[mBbBiBQM /2 H� K�bb2 /vM�KB[m2
M(t) = Fc(t)/gX G� `ûTQMb2 2M i2MbBQM /m +�Ti2m` 2bi #B2M HBMû�B`2 U};X jXRRU�VVX G2 bB;M�H
K2bm`û M(t) b2 K2i bTQMi�MûK2Mi ¨ Qb+BHH2` /�Mb H2 i2KTbX a� p�H2m` KQv2MM2 M +QśM+B/2
�p2+ H� K�bb2 /2b #HQ+b /2 +�`#Q;H�+2 m0- Q#i2Mm2 T�` mM2 T2bû2 ¨ 7`QB/ U6B;X jXRkU+VVX

NN
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6B;m`2 jXRR Ĝ *�HB#`�iBQM 2M �KTHBim/2 /m +�Ti2m` /2 7Q`+2X U�V G2 bB;M�H K2bm`û- 2M pQHib- 2bi
+�HB#`û T�` /2b K�bb2b +QMMm2bX G2 `û;BK2 /2 `ûTQMb2 /m +�Ti2m` 2bi #B2M HBMû�B`2X (#) *�HB#`�iBQM
2M 7`û[m2M+2 /m +�Ti2m`X _ûTQMb2 BKTmHbBQMM2HH2 M(t) U2M ;`�KK2V 2M 7QM+iBQM /m i2KTb t- bQHHB+Biû
T�` HǶBKT�+i /ǶmM2 #BHH2 /2 p2``2X G2b `2#QM/b bm++2bbB7b- [mB b2 K�MB72bi2Mi T�` /2b TB+b `2Tû`ûb
2M #H2m- QMi mM2 �KTHBim/2 /û+`QBbb�Mi2 2i bQMi /2 THmb 2M THmb `2bb2``ûbX (+) aT2+i`2 /m bB;M�H
M(t) Q#i2Mm T�` i`�Mb7Q`Kû2 /2 6Qm`B2`X .2mt TB+b bQMi Q#b2`pûb- mM ¨ #�bb2 7`û[m2M+2- �bbQ+Bû �m
`2#QM/b /2 H� #BHH2- HǶ�mi`2- �miQm` /2 Nyy >x �bbQ+Bû ¨ H� `ûTQMb2 /m +�Ti2m`X

1M 7`û[m2M+2 , G2 +�Ti2m` 2bi +QMbiBimû /ǶmM `2bbQ`i- [mB- /Ƕ�T`ĕb H2 7Qm`MBbb2m`- � mM2
7`û[m2M+2 T`QT`2 fcX SQm` bǶ�bbm`2` /2 K2bm`2` H� 7`û[m2M+2 T`QT`2 /2 H� p�T2m` 2i MQM
T�b +2HH2 /m +�Ti2m`- MQmb +�`�+iû`BbQMb b� `ûTQMb2 BKTmHbBQMM2HH2X lM2 #BHH2 /2 p2``2 /2
/B�Kĕi`2 N KK 2bi H�+?û2 bm` H2 +�Ti2m`X G2 bB;M�H i2KTQ`2H 2i bQM bT2+i`2 /2 6Qm`B2`
bQMi T`ûb2Miûb bm` H� };m`2 jXRRU#@+VX G� #BHH2 2z2+im2 /2b `2#QM/b bm++2bbB7b [mB bQHHB+Bi2Mi
H2 +�Ti2m` 2M 7Q`K�Mi /2b TB+b /QMi HǶ�KTHBim/2 K�tBK�H2 U/ûi2+iû2 2M #H2mV /BKBMm2
¨ +?�[m2 `2#QM/X G2b `2#QM/b- /2 THmb `2bb2``ûb /�Mb H2 i2KTb- i`�MbT�`�Bbb2Mi bm` H2
bT2+i`2 /2 6Qm`B2` U6B;XjXRRU+VV bQmb 7Q`K2 /ǶmM TB+ +2Mi`û �miQm` /2 Ryy >xX lM2 H�`;2
#Qbb2 2bi Q#b2`pû2 2Mi`2 dyy 2i Ryyy >x- +Q``2bTQM/�Mi ¨ H� 7`û[m2M+2 /2 `2H�t�iBQM /m
+�Ti2m`X +2HH2@+B 2bi /û+�Hû2 T�` `�TTQ`i ¨ +2HH2 �MMQM+û2 T�` H2 +QMbi`m+i2m` ¨ +�mb2 /m
+?�`;2K2MiX § pB/2- H2 +�Ti2m` /2 K�bb2 m

0
c = 9 ; `ûTQM/ ¨ H� 7`û[m2M+2 f

0
c = 1900 >xX

a� `�B/2m` p�mi /QM+ kc = 1.28 106 L/KX �HQm`/B T�` H2 KQMi�;2 2i H� #BHH2 T�` mM2
K�bb2 m0 ⇡ 50 ;- H� 7`û[m2M+2 2bi �HQ`b fc = f

0
c

q
m0

c
m0+m0

c
X GǶ�TTHB+�iBQM MmKû`B[m2 /QMM2

fc = 830± 10>x +QśM+B/2 #B2M �p2+ HǶQ`/`2 /2 ;`�M/2m` f
0
c ⇡ 900 >xX G2 TB+ 2bi H�`;2K2Mi

ûH�`;B- T`Q#�#H2K2Mi ¨ +�mb2 /2 H� K�bb2 2i HǶBM2`iB2 �DQmiû2b /2 H� #BHH2 /2 p2``2X

_ûbmHi�ib 2i BMi2`T`ûi�iBQM /2b bB;M�mt PM TQb2 mM T�H2i /2 +�`#Q;H�+2 /2 K�bb2
m0 bm` H� TH�i27Q`K2 TQ`iû2 ¨ T > TLX G2 bB;M�H K2bm`û �m +�Ti2m` /2 7Q`+2 2i `2T`Q/mBi
bm` H� };m`2 jXRk `ûpĕH2 H2 +�`�+iĕ`2 /vM�KB[m2 /2 H� K�bb2 2z2+iBp2 M(t)X G2 K�bb2 /m
T�H2i Qb+BHH2 �miQm` /2 b� p�H2m` KQv2MM2 M = 6 ;- [mB +QśM+B/2 #B2M �p2+ H� K�bb2 T2bû2
�m T`û�H�#H2 ¨ 7`QB/ m0 = 6.2 ;

*QKK2 H2 KQMi`2 H2 bB;M�H M(t) /2 H� };m`2 jXRkU�V- û+?�MiBHHQMMû bm` 9y Kb- /2b
Qb+BHH�iBQMb #B2M /û}MB2b ¨ mM2 7`û[m2M+2 /2 220 >x �TT�`�Bbb2Mi bTQMi�MûK2MiX G� p�H2m`
KQv2MM2- ûi�#HB2 T2M/�Mi iQmi2 H� /m`û2 /2 HǶ�+[mBbBiBQM- bQBi R ¨ Ry b2+QM/2b- �{+?2
M = 6 ;X *2ii2 p�H2m` +QśM+B/2 #B2M �p2+ H� K�bb2 K2bm`û2 T`û�H�#H2K2Mi bm` mM2 #�H�M+2

Ryy
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303

6B;m`2 jXRk Ĝ U�V aB;M�H M(t) ivTB[m2 Q#i2Mm TQm` mM T�H2i /2 +�`#Q;H�+2 /2 K�bb2 m0 TQbû bm`
mM2 TH�i27Q`K2 ¨ T = 75�*X G2b T?�b2b ¨ M > m0 +Q``2bTQM/2Mi �mt T?�b2b /Ƕ�TT`Q+?2 /m T�H2i-
/QM+ /2 bQHHB+Bi�iBQM K�tBK�H2X G2b T?�b2b ¨ M < m0 +Q``2bTQM/2Mi �mt T?�b2b /2 `ûi`�+iBQM ,
H2 T�H2i 2bi bm{b�KK2Mi HQBM TQm` [m2 H2 +�Ti2m` M2 H2 b2Mi2 THmb- BH `2H�t2 ¨ b� 7`û[m2M+2 T`QT`2
fcX (#) h`�Mb7Q`Kû2 /2 6Qm`B2` /m bB;M�HX G2 T`2KB2` TB+ +Q``2bTQM/ ¨ H� 7`û[m2M+2 T`QT`2 /2 H�
p�T2m` fv = 303± 5 >x- �++QKT�;Mû /2 b2b ?�`KQMB[m2b bmTû`B2m`bX (+) *Q``2bTQM/�M+2 2Mi`2 H�
K�bb2 /m T�H2i Q#i2Mm2 ¨ 7`QB/ 2i H� KQv2MM2 /m bB;M�H /vM�KB[m2 M Q#i2Mm2 TQm` /2b T�H2ib
/2 ;ûQKûi`B2 p�`B�#H2 bm` /2b bm#bi`�ib /2 i2KTû`�im`2 T p�`B�#H2X G2 /û;`�/û /2 ;`Bb BM/B[m2 H�
i2KTû`�im`2 /2 i`�p�BH- H� +QmH2m` bǶBMi2MbB}�Mi �p2+ H� i2KTû`�im`2 /2 H� TH�[m2X

7`QB/2 m0 = 6.2 ± 0.2 ;X *2ii2 +QM+Q`/�M+2 2Mi`2 H� K�bb2 T2bû2 ¨ 7`QB/ 2i H� p�H2m`
KQv2MM2 /m bB;M�H Qb+BHH�Mi 2bi +QM}`Kû2 bm` HǶ2Mb2K#H2 /2b T�biBHH2b /2 *P2 miBHBbû2b-
+QKK2 H2 KQMi`2 H� };m`2 jXRkU+VX G2 /û;`�/û /2 ;`Bb BM/B[m2 H� i2KTû`�im`2 /m bm#bi`�i
/2 HǶ2tTû`B2M+2 +QMbB/û`û2X G2 bB;M�H M(t) U6B;XjXRkU�VV T`ûb2Mi2 T�` �BHH2m`b mM2 +2`i�BM2
/BbbvKûi`B2X G2b TB+b /2 H� `û;BQM M > m0 +Q``2bTQM/2Mi ¨ H� T?�b2 /Ƕ�TT`Q+?2 /m T�H2i-
Qɍ H2 +�Ti2m` 2bi BMi2MbûK2Mi bQHHB+BiûX SQm` M < m0- H2 T�H2i bǶûHQB;M2X G2 +�Ti2m` M2 b2Mi
THmb H2 #HQ+ T2b�Mi , H� K�bb2 2z2+iBp2 K2bm`û2 T`2M/ /2b p�H2m`b T`Q+?2b /2 xû`QbX 1Mi`2
/2mt BKT�+ib bm++2bbB7b /m T�H2i- QM Q#b2`p2 2M Qmi`2 /2b T2iBi2b Qb+BHH�iBQMb /m bB;M�H ¨
mM2 7`û[m2M+2 fc ⇡ 1000 >xX 1HH2b +Q``2bTQM/2Mi ¨ H� `2H�t�iBQM /m +�Ti2m` ¨ b� 7`û[m2M+2
T`QT`2 fc /û+�Hû2 T�` H2 +?�`;2K2Mi /2 K�bb2 m0 = 37 ;X G� 7`û[m2M+2 /m bB;M�H M(t)

2bi Q#i2Mm2 T�` i`�Mb7Q`Kû2 /2 6Qm`B2`X G2 bT2+i`2 Q#i2Mm- `2T`ûb2Miû bm` H� };m`2 jXRkU#V
`ûpĕH2 mM TB+ 7QM/�K2Mi�H ¨ jyj >x 2i b2b ?�`KQMB[m2bX

�KTHB}+�iBQM bTQMi�Mû2 /2 H� 7Q`+2 1M THmb /Ƕ�TT�`�ŗi`2 bTQMi�MûK2Mi 2i /2 bǶ�miQ@
2Mi`2i2MB`- H2b Qb+BHH�iBQMb bǶ�KTHB}2MiX *2i 2z2i- HQBM /Ƕāi`2 K�`;BM�H- 2bi 7�pQ`Bbû ¨ THmb
#�bb2 i2KTû`�im`2X lM T�H2i /2 +�`#Q;H�+2 /2 K�bb2 BMBiB�H2 m0 ⇡ 6.3 ± 0.32 g 2bi TQbû
bm` H� TH�i27Q`K2 ¨ k8�*X

PM `2K�`[m2 bm` H� };m`2 jXRjU�V [m2 H2 bB;M�H M(t)- /2 7Q`+2 MQ`K�HBbû2 T�` HǶ�++û@
Hû`�iBQM /2 H� T2b�Mi2m`- +`Qŗi /2 K�MBĕ`2 bT2+i�+mH�B`2 /2 d ¨ RR ; �p�Mi /2 /û+`Qŗi`2 2M
ivTB[m2K2Mi yXk bX .2b #Qmzû2b bBKBH�B`2b BMi2`pB2MM2Mi ¨ THmbB2m`b BMbi�Mib bm` H� /m`û2
iQi�H2 /2 HǶ�+[mBbBiBQM bQBi 2MpB`QM Ry bX hQmi b2 T�bb2 +QKK2 bB HǶ�KTHBim/2 /2b Qb+BHH�iBQMb
M2 TQmp�Bi 2t+û/2` mM2 +2`i�BM2 p�H2m`X G� 7`û[m2M+2 /2b pB#`�iBQMb `2bi2 +2T2M/�Mi i`ĕb
#B2M /û}MB2 K�H;`û +2b p�`B�iBQMb /Ƕ�KTHBim/2 UpQB` };XjXR9VX
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6B;m`2 jXRj Ĝ U�V 1t2KTH2 /2 bû[m2M+2 /Ƕ�KTHB}+�iBQM /m bB;M�H M(t) TQm` mM2 T�biBHH2 TQbû2
bm` H� TH�i27Q`K2 TQ`iû2 ¨ T = 25�*X GǶ�KTHBim/2 /2b Qb+BHH�iBQMb U`2Tû`û2 T�` H2b TQBMib #H2mbV
�m;K2Mi2 bQmb 7Q`K2 /2 #Qmzû2b 2bT�+û2b /ǶmM2 /Bx�BM2 /2 b2+QM/2bX am` mM BMi2`p�HH2 /2 HǶQ`/`2 /2
H� b2+QM/2- M bǶ�KTHB}2- TmBb- /û+`QBi 2M 2MpB`QM yXk bX (#) aT2+i`2 /m bB;M�H /û/mBi T�` i`�Mb7Q`Kû2
/2 6Qm`B2`X G2 TB+ +Q``2bTQM/�Mi �mt Qb+BHH�iBQMb 2bi i`ĕb ûi`QBi- bm;;û`�Mi mM2 7�B#H2 BM~m2M+2 /2
HǶ�KTHBim/2 bm` H� 7`û[m2M+2 /2 pB#`�iBQMX

AM~m2M+2 /2 H� 7`û[m2M+2 bm` HǶ�KTHBim/2 am` H2 bB;M�H T`ûb2Miû bm` H� };m`2 jXR9U�V-
QM +QMbi�i2 [m2 HǶ�KTHBim/2 bm#Bi /2b b�mib T�` KQ`+2�mtX 1M BbQH�Mi H2b BMi2`p�HH2b Qɍ
HǶ�KTHBim/2 2bi +QMbi�Mi2- 2i 2M K2bm`�Mi H� 7`û[m2M+2 T�` i`�Mb7Q`Kû2 /2 6Qm`B2`- MQmb
�pQMb 2t�KBMû /2 THmb T`ĕb HǶBM~m2M+2 /2 HǶ�KTHBim/2 /2b Qb+BHH�iBQMb bm` H� 7`û[m2M+2 /m
bB;M�H fvX PM i`�+2 2M jXR9U#V H� 7`û[m2M+2 fv 2M 7QM+iBQM /2 HǶ�KTHBim/2 K�tBK�H2 /2b
Qb+BHH�iBQMb Fm = Mmg U/ûi2+iBQM T�` +`āi2 +QKK2 bm` HǶ2t2KTH2 /2 H� };m`2 jXRkVX PM
+QMbi�i2 bm` H� };m`2 jXR9U#V [m2 H� 7`û[m2M+2 fv /BKBMm2 HBMû�B`2K2Mi �p2+ FmX G2b TB+b
T`ûb2Mib /�Mb H2 bT2+i`2 /2 HǶ2M+�/`û /2 H� };m`2 jXR9U�V bQMi /Ƕ�BHH2m`b Hû;ĕ`2K2Mi ûi�Hûb
p2`b H2b #�bb2b 7`û[m2M+2bX
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6B;m`2 jXR9 Ĝ U�V �KTHB}+�iBQM bTQMi�Mû2 /2b `2#QM/b /ǶmM T�H2i /2 +�`#Q;H�+2 TQm` T = 120�*X
GǶ2M+�/`û BMiû`B2m` /QMM2 H2 bT2+i`2 /2 6Qm`B2` /m bB;M�HX (#) 6`û[m2M+2 /ǶQb+BHH�iBQM K2bm`û2 T�`
KQ`+2�mt bm` /2b BMi2`p�HH2b Qɍ HǶ�KTHBim/2 b2 +QMb2`p2 ¨ mM2 p�H2m` FmX G� 7`û[m2M+2 /BKBMm2
HBMû�B`2K2Mi �p2+ HǶ�KTHBim/2 FmX G2b /QMMû2b bQMi �TT`Q+?û2b T�` mM2 HQB fv = f

0
v (1 � ⇠Fm/g)-

Qɍ f
0
v = 245 >x- 2i ⇠ = 8.1 F;�1X

lM bQHB/2 +�Hû}û pB#`2 /QM+ bTQMi�MûK2Mi ¨ mM2 7`û[m2M+2 fv +QKT`Bb2 2Mi`2 Ryy 2i jyy >xX
�p�Mi /2 bǶBMi2``Q;2` TQm` b�pQB` bB +2ii2 Qb+BHH�iBQM T2mi �;B` +QKK2 bQm`+2 /Ƕ2t+Bi�iBQM
/2b ûiQBH2b /2 G2B/2M7`Qbi- MQmb MQmb /2K�M/QMb +2 [mB TQm``�Bi H2b 2M;2M/`2`X

Ryk
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jXkXk JBb2 2M ûpB/2M+2 i?ûQ`B[m2 /2b pB#`�iBQMb

�M�HQ;B2 �p2+ H2 T2M/mH2 bBKTH2

G2b /Bp2`b2b bBim�iBQMb /2 HûpBi�iBQM `2M+QMi`û2b 2M T?vbB[m2 `2TQb2Mi bm` mM2 +QM/BiBQM
/2 bi�#BHBiûX .�Mb H2 T?ûMQKĕM2 /2 G2B/2M7`Qbi- HǶû[mBHB#`2 2tB;2 mM2 +QKT2Mb�iBQM /m
TQB/b T�` H� T`2bbBQM /2 Hm#`B}+�iBQM- BMiû;`û2 bm` H� #�b2 /2 HǶQ#D2iX *2i û[mBHB#`2 }t2
HǶûT�Bbb2m` bi�iB[m2 " /m }HK /2 p�T2m`- +QKK2 MQmb HǶ�pQMb pm /�Mb H2 +?�TBi`2 RXRXjXjX
AK�;BMQMb /ûbQ`K�Bb [m2 H� ?�mi2m` /2 HûpBi�iBQM bQBi T2`im`#û2 � T�` 2t2KTH2 [m2 HǶQ#D2i
HûpBi�Mi bǶ�TT`Q+?2 /m bm#bi`�i +?�m/ ¨ mM2 ?�mi2m` z < "X G� T`2bbBQM /2 Hm#`B}+�iBQM
PL / z

�4 �m;K2Mi2- +2 [mB � TQm` 2z2i [m�bB@BKKû/B�i /2 `2TQmbb2` H� ;Qmii2 UQm H2
T�H2i /2 +�`#Q;H�+2VX § +�mb2 /2 bQM BM2`iB2 2i /2 H� 7�B#H2 /BbbBT�iBQM- H� ;Qmii2- 2M
`2KQMi�Mi- /ûT�bb2 b� TQbBiBQM /Ƕû[mBHB#`2X z /2pB2Mi bmTû`B2m` ¨ "- H� T`2bbBQM PL /2pB2Mi
�HQ`b /û}+Bi�B`2 bm` H2 TQB/b , 2HH2 `2/2b+2M/X aǶ2MbmBi mM KQmp2K2Mi Qb+BHH�Mi �miQm` /2 H�
TQbBiBQM /Ƕû[mBHB#`2 T2`KBb T�` mM û+?�M;2 2Mi`2 ûM2`;B2 TQi2MiB2HH2 2i ûM2`;B2 +BMûiB[m2X
G� ;Qmii2 b2 +QKTQ`i2 /QM+ +QKK2 mM T2M/mH2 Qb+BHH�MiX

�M�Hvb2 /2 bi�#BHBiû HBMû�B`2 /m T`Q#HĕK2

PM b2 T`QTQb2 /Ƕûi�#HB` H2b û[m�iBQMb /m KQmp2K2Mi /ǶmM +Q`Tb +�Hû}ûX G2 bvbiĕK2
+QMbB/û`û 2bi mM2 ;Qmii2 UQm mM T�H2i /2 +�`#Q;H�+2V /2 K�bb2 m0- 2M HûpBi�iBQM �m@/2bbmb
/ǶmM bm#bi`�i +?�m/- ¨ mM2 ?�mi2m` z(t)X G2 bvbiĕK2 2bi Qmp2`iX G� ;Qmii2- /2 K�bb2 m(t)-
bǶûp�TQ`2 /2 /m T2M/�Mi /t- 2M HûpBi�iBQM ¨ mM2 /Bbi�M+2 z(t) /ǶmM2 TH�[m2 +?�mzû2X vgaz
/ûbB;M2 H� pBi2bb2 /Ƕû+?�TT2K2Mi /2 H� p�T2m` /�Mb H2 `û7û`2MiB2H �bbQ+Bû ¨ +2HmB /2 H�
;Qmii2- �MBKû2 /ǶmM2 pBi2bb2 /z

/t X PM `û�HBb2 mM #BH�M /2 [m�MiBiû /2 KQmp2K2Mi 2Mi`2 H2b
BMbi�Mib t 2i t+ dtX G� p�`B�iBQM /2 [m�MiBiû /2 KQmp2K2Mi bǶû+`Bi ,

/p
/t = m

/v
/t � /m

/t vgaz

G� /vM�KB[m2 ¨ H�[m2HH2 QM bǶBMiû`2bb2 2bi i`ĕb `�TB/2 /2p�Mi H2 i2KTb +�`�+iû`BbiB[m2
/Ƕûp�TQ`�iBQM- H� K�bb2 m p�`B2 H2Mi2K2Mi 4 m(t) ⇡ m0X G� ;Qmii2 2bi �HQ`b bQmKBb2 ¨
bQM TQB/b �m0; 2i ¨ H� 7Q`+2 /2 T`2bbBQM /2 Hm#`B}+�iBQM FL = (PL � P0)S- [mB `ûbBbi2 ¨
HǶ�KBM+Bbb2K2Mi /m }HKX *2ii2 7Q`+2 /ûT2M/ /2 HǶûT�Bbb2m` /m }HK 2i /QM+ BKTHB+Bi2K2Mi
/m i2KTbX G2 T`BM+BT2 7QM/�K2Mi�H /2 H� /vM�KB[m2 T2`K2i /Ƕû+`B`2 ,

m
/v
/t � /m

/t vgaz = �mg + (PL � P0)S

P`- T�` +QKTQbBiBQM /2b pBi2bb2b- H� pBi2bb2 /Ƕû+?�TT2K2Mi /2 H� p�T2m` bǶû+`Bi +QKK2 H�
bQKK2 /2 H� pBi2bb2 /Ƕûp�TQ`�iBQM 2i H� pBi2bb2 /2 HǶBMi2`7�+2 BM7û`B2m`2 `2Tû`û2 T�` z ,

/2
z

/t2 � /m
/t

1

m
(v2p +

/z
/t ) =

(PL � P0)S

m
� g

Ryj



*>�SAh_1 jX JP_S>P:úLĔa1 .ǶúhPAG1a

PM miBHBb2 H2b `ûbmHi�ib /m +?�TBi`2 RXRXjXk �}M /2 bTû+B}2` v2p 2i H2 i�mt /Ƕûp�TQ`�iBQM
/m
/t ,

8
>><

>>:

/m
/t = ��v�TS

Lz

v2p = ��v�T

⇢vLz

1M bm#biBim�Mi +2b 2tT`2bbBQMb 2i H� bm`T`2bbBQM /2 Hm#`B}+�iBQM PL � P0- ûi�#HB2 /�Mb H2
+?�TBi`2 RXRXjXj- HǶû[m�iBQM /Bzû`2MiB2HH2 [mB `û;Bi HǶ�HiBim/2 z bǶû+`Bi ,

/2
z

/t2 � �v�TS

mLz
/z
/t �

⇣
�
2
v�T

2
S

⇢vmL2

⌘ 1

z2
�
⇣3⌘v�v�TR

4

2⇢vLm

⌘ 1

z4
+ g = 0 UjXkXkV

G2 i2`K2 2M 1/z2 /2 TQmbbû2 BM/mBi2 T�` HǶûD2+iBQM /2 ;�x 2bi- TQm` mM }HK /ǶûT�Bbb2m`
20 µK- i`QBb Q`/`2b /2 ;`�M/2m` 2M /2bbQmb /m i2`K2 +QMbi�Mi gX AH 2bi /QM+ i`ĕb 7�B#H2 T�`
`�TTQ`i �mt �mi`2b i2`K2bX PM 2M /û/mBi /B`2+i2K2Mi H� bQHmiBQM bi�iBQMM�B`2- [mB /QMM2
HǶûT�Bbb2m` /Ƕû[mBHB#`2 ,

" =

✓
3⌘v�v�TS

2

2⇢vmLg

◆1/4

UjXkXjV

_2p2MQMb ¨ HǶû[m�iBQM jXkXkX G2 i2`K2 /2 /û`Bpû2 T`2KBĕ`2- `2T`ûb2Mi2 i`�/BiBQMM2HH2K2Mi
H2 i2`K2 /Ƕ�KQ`iBbb2K2Mi /2 HǶQb+BHH�i2m`- 2bi B+B �bbQ`iB /ǶmM +Q2{+B2Mi Mû;�iB7- [mB 2M
7�Bi mM i2`K2 /Ƕ�KTHB}+�iBQMX "B2M [m2 i`ĕb T2iBi /2p�Mi H2b �mi`2b i2`K2b- +2ii2 TQmbbû2
T2mi 2tTHB[m2` TQm`[mQB H2b `2#QM/b bǶ2Mi`2iB2MM2Mi UpQB`2 bǶ�KTHB}2MiV- ûi�Mi /QMMû2 H�
b2MbB#BHBiû /2 +2b bvbiĕK2b- 2t2KTi /2 7`B+iBQM- ¨ H� KQBM/`2 7Q`+2X

PM T2`im`#2 /ûbQ`K�Bb H� TQbBiBQM p2`iB+�H2 /2 H� ;Qmii2 2i QM `2+?2`+?2 /2b bQHmiBQMb bQmb
H� 7Q`K2 z(t) = "+ �z(t)- Qɍ |�z(t)| << |"|X AH pB2Mi ,

/2�z
/t2 � �v�TS

mL"
/�z
/t +

✓
6⌘v�v�TR

4

⇢vmL"5

◆
�z = 0

PM `2+QMM�Bi mM2 û[m�iBQM /Bzû`2MiB2HH2 /m b2+QM/ Q`/`2 [mB �/K2i /2b bQHmiBQMb Qb+BHH�Mi2b
¨ H� 7`û[m2M+2 T`QT`2 ,

!v =

✓
6⌘v�v�TR

4

⇢vmL"5

◆1/2

UjXkX9V

1M bm#biBim�Mi HǶ2tT`2bbBQM /2 " /QMMû2 T�` HǶû[m�iBQM jXkXj- HǶ2tT`2bbBQM /2 H� 7`û[m2M+2
b2 `û/mBi ¨ ,

!v = 2

r
g

"
, fv =

1

⇡

r
g

"
UjXkX8V

G� 7`û[m2M+2 [m2 MQmb p2MQMb /2 K2ii`2 2M ûpB/2M+2 `�TT2HH2 H� 7`û[m2M+2 T`QT`2 /ǶmM
T2M/mH2 Qb+BHH�Mi �miQm` /2 b� TQbBiBQM /Ƕû[mBHB#`2 UB+B "VX 1HH2 M2 /ûT2M/ [m2 /2 HǶûT�Bbb2m`
/m }HK /2 p�T2m`X SQm` mM2 ûT�Bbb2m` /2 }HK /2 p�T2m` /2 ky µK- 2HH2 p�mi kky >x- [mB
+QśM+B/2 �p2+ H2b 7`û[m2M+2b K2bm`û2b T�` 2t2KTH2 bm` H� };m`2 jXRkX

Ry9



jXkX oA"_�hAPLa .l 6AGJ

o�HB/�iBQM /m KQ/ĕH2

LQmb +?2`+?QMb ¨ pû`B}2` [m2 MQi`2 bvbiĕK2 KQ/ĕH2- H� +�`#Q;H�+2- pB#`2 ¨ H� 7`û[m2M+2
fvX SQm` b2 7�B`2- QM iB`2 T`Q}i /2 H� /ûT2M/�M+2 /2 HǶûT�Bbb2m` /2 }HK " pBb@¨@pBb /2 H�
i2KTû`�im`2 �T = T �T

*Pkb 2i /2b T�`�Kĕi`2b ;ûQKûi`B[m2b R 2i H- /ûT2M/�M+2 +�HB#`û2
T�;2 9NX PM Tĕb2 2i K2bm`2 H2b /BK2MbBQMb /2 #HQ+b /2 +�`#Q;H�+2 �p�Mi /2 H2b TH�+2` bm` H�
+2HHmH2 /2 +?�`;2K2MiX lM2 7QBb bm` H� TH�i27Q`K2- QM 7�Bi HǶ�+[mBbBiBQM /m bB;M�H M(t)X G�
i`�Mb7Q`Kû2 /2 6Qm`B2` /m bB;M�H /QMM2 �++ĕb ¨ H� 7`û[m2M+2 T`QT`2 /2b Qb+BHH�iBQMb fvX PM
i`�+2 �HQ`b bm` H� +Qm`#2 };m`2 jXR8 H� 7`û[m2M+2 7QM/�K2Mi�H2 /2 pB#`�iBQM fv 2M 7QM+iBQM
/2 HǶûT�Bbb2m` /2 }HK " +�HB#`û2 TQm` H2 i`BTH2i /2 T�`�Kĕi`2b {R,H, T}X

0 25 50 75
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6B;m`2 jXR8 Ĝ 6`û[m2M+2 /2 pB#`�iBQM /2b p�T2m`b /2 *P2 2M 7QM+iBQM /2 HǶûT�Bbb2m` "(R,H, T )-
+�HB#`û 2tTû`B2K2Mi�H2K2Mi 2i BM/ûT2M/�KK2Mi U};XRXkN /2 H� T�;2 9NVX G2b /QMMû2b 2K#`�bb2Mi
H� +Qm`#2 i?ûQ`B[m2 `2T`ûb2Miû2 2M #H2m +H�B` 2i +2- b�Mb T�`�Kĕi`2 �Dmbi�#H2X

PM pû`B}2 /QM+ �p2+ mM i`ĕb #QM �++Q`/ 2i b�Mb T�`�Kĕi`2 �Dmbi�#H2 H� T`û/B+iBQM
i?ûQ`B[m2 fv = 1/⇡

p
g/" �p2+ MQi`2 bvbiĕK2 KQ/ĕH2X G2b p�T2m`b /2 G2B/2M7`Qbi bQMi

BMi`BMbĕ[m2K2Mi /vM�KB[m2bX

.Bb+mbbBQMb bm` H2b 7`û[m2M+2b Q#i2Mm2b

G� +Qm`#2 jXR8 K2i 2M ûpB/2M+2 /2b 7`û[m2M+2b +QM+2Mi`û2b /�Mb HǶBMi2`p�HH2 [150; 300] >xX
1M i2`K2 /ǶûT�Bbb2m` /2 }HK- +2H� +Q``2bTQM/ ¨- " +QKT`Bb /�Mb HǶBMi2`p�HH2 [10; 50] µKX G2b
7`û[m2M+2b ûim/Bû2b /ûT2M/�Mi i`ĕb 7�B#H2K2Mi /2b T�`�Kĕi`2b 2tTû`BK2Mi�mtX PM i`�+2 bm`
H� };m`2 jXRe H� 7`û[m2M+2 fv 2M 7QM+iBQM /2b T�`�Kĕi`2b /2 7Q`K2 R 2i H TQm` /Bzû`2Mi2b
i2KTû`�im`2b /m bm#bi`�iX PM T`û/Bi mM2 7`û[m2M+2 fv +QKT`Bb2 2Mi`2 Ryy 2i jyy >x- [mB
p�`B2Mi 7�B#H2K2Mi �p2+ H2b T�`�Kĕi`2b ;ûQKûi`B[m2b 2i H� i2KTû`�im`2 +QMbB/û`û2X

S`ûb2M+2 /Ƕ?�`KQMB[m2b bmTû`B2m`b PM Q#b2`p2 T�`7QBb mM /Qm#H2K2Mi /2 7`û[m2M+2X
*2ii2 i2M/�M+2 �TT�`�ŗi T�`iB+mHBĕ`2K2Mi ¨ #�bb2 i2KTû`�im`2X G2 bB;M�H i2KTQ`2H M(t) /2
H� };m`2 jXRd KQMi`2 [mǶ2M bǶ�KTHB}�Mi- H2b pB#`�iBQMb b2 K2ii2Mi ¨ Qb+BHH2` ¨ H� 7`û[m2M+2
/Qm#H2 2i H2b ?�`KQMB[m2b bmTû`B2m`b ;�;M2Mi /2 HǶBKTQ`i�M+2 /�Mb H2 bT2+i`2 /m bB;M�HX
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6B;m`2 jXRe Ĝ .ûT2M/�M+2b /2 H� 7`û[m2M+2 /2 pB#`�iBQM fv pBb@¨@pBb /2 H� i2KTû`�im`2 /2 H� TH�[m2
2M 7QM+iBQM U�V /m `�vQM /m T�H2i +vHBM/`B[m2 U2M T`2M�Mi H� ?�mi2m` KQv2MM2 /2b T�H2ib +QMbB/û`ûb
H = 28.2 KKV c 2M 7QM+iBQM /2 H� ?�mi2m` H U2M T`2M�Mi R = 6 KKVX
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6B;m`2 jXRd Ĝ .Qm#H2K2Mi /2 7`û[m2M+2 Q#i2Mm TQm` H2b Qb+BHH�iBQMb �KTHB}û2b /ǶmM T�H2i /2
+�`#Q;H�+2 /2 K�bb2 m = 6.1±0.2 ;- TQbû bm` mM2 bm`7�+2 ¨ T = 25�*X G2 #HQ+ pB#`2 ¨ f = 380 >xX
GǶ�KTHBim/2 /2b ~m+im�iBQMb /2 H� 7Q`+2 �m;K2Mi2 2i H� 7`û[m2M+2 /Qm#H2X

*2i 2z2i- 7�pQ`Bbû �m@/2bbmb /ǶmM2 �KTHBim/2 /2 pB#`�iBQM- TmBb2 bQM Q`B;BM2 /�Mb H�
7Q`K2 /2 H� 7Q`+2 K2bm`û2X G2 bB;M�H M(t) bmBi H2b p�`B�iBQMb /2 H� 7QM+iBQM t 7�!

�
1 +

✏ +Qb(2⇡fvt)
��4 /QMi H2 bT2+i`2 /2 7`û[m2M+2 �{+?2 THmbB2m`b TB+b- H2b ?�`KQMB[m2b bmTû@

`B2m`bX 1M �m;K2Mi�Mi HǶ�KTHBim/2 `2H�iBp2 �z- T�` 2t2KTH2- 2M `û/mBb�Mi H� i2KTû`�im`2
/m bm#bi`�i- QM �KTHB}2 H2b ?�`KQMB[m2b bmTû`B2m`bX GǶBMi2`T`ûi�iBQM /2b bT2+i`2b 2i H�
K2bm`2 /2 fv b2 +QKTHB[m2X GǶ�+[mBbBiBQM 2bi `û�HBbû2 bm` R ¨ Ry bX PM `2Tĕ`2 bm` iQmi2 H�
bû[m2M+2 H� 7`û[m2M+2 7QM/�K2Mi�H2 2i QM }Hi`2 2MbmBi2 H2b KmHiBTH2b /2 +2HH2@+BX

Rye
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_2iQm` bm` HǶ�M�HQ;B2 �p2+ H2 T2M/mH2 GǶ�M�HQ;B2 �p2+ H2 T2M/mH2 bBKTH2 � b2b HB@
KBi2b , HǶû[m�iBQM `û;Bbb�Mi H2b Qb+BHH�iBQMb /2 H� ;Qmii2 �miQm` /2 b� TQbBiBQM /Ƕû[mBHB#`2
7�Bi �TT�`�ŗi`2 mM i2`K2 bQm`+2X AH v � /QM+ mM �TTQ`i +QMbi�Mi /ǶûM2`;B2 [mB 2Mi`2iB2Mi H2b
Qb+BHH�iBQMbX S�` �BHH2m`b- HǶQb+BHH�i2m` 2bi T�`�Kûi`B[m2X G2b T�`�Kĕi`2b T?vbB[m2b /QMi /û@
T2M/ b� 7`û[m2M+2 T`QT`2 bQMi KQ/mHûb /�Mb H2 i2KTb bm` /2b û+?2HH2b /2 i2KTb /BbiBM+i2b ,
+2HH2 �bbQ+Bû2 �mt pB#`�iBQMb- 1/fv- 2i +2HH2 �bbQ+Bû2 ¨ HǶ�K2MmBb2K2Mi /2 H� ;Qmii2- mM2
7`�+iBQM /2 ⌧ - H2 i2KTb /2 pB2 /2 H� ;Qmii2X am` HǶû+?2HH2 /2 i2KTb �bbQ+Bû2 �mt pB#`�iBQMb-
+Ƕ2bi HǶBM2`iB2 /m HB[mB/2 [mB 2bi KQ/mHû2X am` HǶû+?2HH2 /2 i2KTb �bbQ+Bû2 ¨ HǶûp�TQ`�iBQM- H�
;Qmii2 `ûi`û+Bi- 2i HǶûT�Bbb2m` " /m +QmbbBM [mB H� bmTTQ`i2 /BKBMm2XPM +QKT`2M/ �HQ`b [m2
H2b Qb+BHH�iBQMb TmBbb2Mi āi`2 �KTHB}û2b U};X jXR9U�VVX G2b p�`B�iBQMb `2K�`[m�#H2b /Ƕ�KTHB@
im/2 �z2+i2Mi `2H�iBp2K2Mi T2m H2b 7`û[m2M+2b K2bm`û2b U};X jXR9U#VVX

AMi2`T`ûi�iBQM T?vbB[m2 G� p�T2m` `ûbBbi2 ¨ HǶBM2`iB2 /2 HǶQ#D2i /2 K�bb2 m0X *2ii2
`ûbBbi�M+2 HmB /QMM2- T�` �M�HQ;B2 �p2+ H2 bvbiĕK2 K�bb2@`2bbQ`i- mM2 `�B/2m` ,

kv =
4m0g

"
UjXkXeV

[m2 MQmb +?2`+?QMb ¨ K2bm`2`X G� K�bb2 ~Qii�Mi2 M(t) b2 /û+QKTQb2 bQmb H� 7Q`K2
M(t) = m0 + Fm +Qb(!vt)/g- Qɍ Fm `2T`ûb2Mi2 HǶ�KTHBim/2 K�tBK�H2 /2b Qb+BHH�iBQMbX
G� 7`û[m2M+2 /2 +2i Qb+BHH�i2m`- fv =

�
kv/M(t)

�1/2- b2 /û+�H2 T�` 2z2i /2 K�bb2 Tû`BQ/B@
[m2K2Mi �DQmiûf`2i`�M+?û2X .�Mb H� HBKBi2 Fm

m0g
<< 1- QM � ,

fv ⇠
r

kv

m0

�
1� Fm

2m0g
+Qb(!vt)

�

lM2 `û;`2bbBQM HBMû�B`2 /2b /QMMû2b /2 H� +Qm`#2 fv 2M 7QM+iBQM /2 Fm /2 H� };m`2 jXR9 bQmb
H� 7Q`K2 fv = f

0
v (1� ⇠Fm/g)- �p2+ f

0
v =

p
kv/m0- +QM/mBi- T�` B/2MiB}+�iBQM- ¨ H� `�B/2m`

/m }HK /2 p�T2m` kv = 2(⇡f0
v )

2
��

⇠g
2
�
X PM i`Qmp2 kv ⇡ 11.5±0.5 FL/K- [mB +QśM+B/2 �p2+

H� T`û/B+iBQM /2 HǶû[m�iBQM jXkXe , 2M +QMbB/û`�Mi mM T�H2i /2 K�bb2 m0 ⇡ 10 ; bm` mM }HK
/ǶûT�Bbb2m` " ⇡ 30 µK- H� `�B/2m` 2bi kv ⇡ 10.0± 0.5 FL/KX

AM~m2M+2 /2 H� M�im`2 /2 HǶQ#D2i +�Hû}û GǶBM~m2M+2 /2 H� ;ûQKûi`B2 /2 HǶQ#D2i 2M
ûi�i /2 G2B/2M7`Qbi 2bi BKTHB+Bi2 2i BMiû;`û2 /�Mb H2 i2`K2 " /2 HǶ2tT`2bbBQM /2 fvX PM
/BbiBM;m2 �HQ`b H2b Q#D2ib HB[mB/2b /û7Q`K�#H2b /2b bQHB/2b BM/û7Q`K�#H2bX

G2b bQHB/2b- BM/û7Q`K�#H2bX GǶ�M�Hvb2 /2 bi�#BHBiû HBMû�B`2 /m }HK /2 p�T2m` /2 *Pk- T`û/Bi
mM2 ûT�Bbb2m` /Ƕû[mBHB#`2 2i mM2 7`û[m2M+2 /2 pB#`�iBQM ,

8
>>>><

>>>>:

" =

 
3⌘v�v

2⇢vL⇢sg

!1/4⇣
R

2

H

⌘1/4�
�T

�1/4

fv =
1

⇡

r
g

"
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SQm` H2b HB[mB/2b- QM � �HQ`b /2mt +�b HBKBi2b ,
� G2 `û;BK2 /2b ~�[m2b �TH�iB2b UR > 1V- �bbBKBHû2b ¨ /2b /Bb[m2b /2 bm`7�+2 S ⇠ ⇡R

2 2i
/2 ?�mi2m` +QMbi�Mi2 2�1X G� K�bb2 bǶû+`Bi m = 2⇢`⇡R2


�1X AH pB2Mi �HQ`b ,

8
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>>>>>:

" =

 
3⌘v�v�TR

2

4⇢vL⇢g�1

!1/4

fv =
1

2⇡

✓
3⌘v�v�TR

2

⇢v⇢
�1L"5

◆1/2

� G2 `û;BK2 /2b ;Qmii2H2ii2b [m�bB@bT?û`B[m2b T�` +�TBHH�`Biû- Mû�MKQBMb �TH�iB2b ¨ H2m` #�b2
bm` mM2 /Bbi�M+2 +�`�+iû`BbiB[m2 ` = 2

p
2/3R2

X 1M û+`Bp�Mi H� K�bb2 m = 4⇡/3⇢R3-
HǶûT�Bbb2m` /Ƕû[mBHB#`2 `2i`Qmp2 bQM 2tT`2bbBQM /QMMû2 T�` HǶû[m�iBQM RXjXR9 2i H� 7`û[m2M+2
T`QT`2 fv- +2HH2 /2 HǶû[m�iBQM jXkX8X

G2 +`B /2 H� +�`#Q;H�+2 AH 2bi BMiû`2bb�Mi /2 `2K�`[m2` [m2 +2b 7`û[m2M+2b �TT�`@
iB2MM2Mi �m bT2+i`2 �m/B#H2 [ky; kyyyy] >xX P`- H2 T?ûMQKĕM2 /2 G2B/2M7`Qbi bǶ�++QKT�;M2
bQmp2Mi /2 HǶûKBbbBQM /ǶmM bQM- [m2 +2 bQBi TQm` mM HB[mB/2 Qm mM bQHB/2X G2 bQM T`Q/mBi
TQm``�Bi p2MB` /2b p�`B�iBQMb /2 T`2bbBQM /�Mb H2 }HK- BM/mBi2b T�` +2b Qb+BHH�iBQMbX GQ`b@
[mǶQM K�MBTmH2 /2b T�H2ib /2 *Pk(b)- QM 2Mi2M/ i`ĕb bQmp2Mi mM +`Bbb2K2Mi /ûb�;`û�#H2-
`�TT2H�Mi H2b #`mBi�;2b miBHBbûb /�Mb /2b }HKb /Ƕ?Q``2m`X G2 bQHB/2 7`QB/- +QMi`�`Bû /Ƕāi`2
KBb �m +QMi�+i /ǶmM Q#bi�+H2 bB +?�m/ ûK2i mM bQMX am` H� };m`2 jXR3U�V- QM i`�+2 2M û+?2HH2
HQ;�`Bi?KB[m2 H2b 7`û[m2M+2b T`QT`2b fv 2M 7QM+iBQM /2 HǶûT�Bbb2m` "X G2b 7`û[m2M+2b ûKBb2b
bQMi +H�bbB}û2b b2HQM i`QBb KQ/2b TQbbB#H2b- BHHmbi`ûb bm` H� };m`2 jXR3U#V ,

F
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6B;m`2 jXR3 Ĝ U�V 6`û[m2M+2b /2 pB#`�iBQM /2 H� p�T2m` 2M 7QM+iBQM /2 HǶûT�Bbb2m` /m }HK i`�+û2b
2M û+?2HH2 b2KB@HQ;�`Bi?KB[m2 U2[XjXkX8VX (#) .Bzû`2Mib KQ/2b Q#b2`p�#H2b- /2 7`û[m2M+2b #B2M /Bb@
bQ+Bû2b , UBV mM2 #�bb2 7`û[m2M+2- H2 KQ/2 /2 #�b+mH2K2Mi /ȿ ¨ H� MQM TH�MûBiû /m T�H2i c UBBV mM2
7`û[m2M+2 BMi2`Kû/B�B`2- +Q``2bTQM/�Mi �mt pB#`�iBQMb BMi`BMbĕ[m2b /2 H� p�T2m` 2i UBBBV mM2 ?�mi2
7`û[m2M+2- TQbbB#H2K2Mi BM/mBi2 2M +QMi`�B;M�Mi H2 T�H2i �p2+ mM2 7Q`+2 F X

UBV lM KQ/2 #�bb2 7`û[m2M+2- �bbQ+Bû ¨ mM #`mBi /2 K�`iĕH2K2Mi- [mB +Q``2bTQM/ �m
KQmp2K2Mi /2 #�b+mH2K2Mi /�Mb H2 +�b Qɍ H2 #HQ+ M2 T`ûb2Mi2 T�b mM2 bm`7�+2
TH�M2X aB C 2bi H� +Qm`#m`2 /2 H� #�b2 /m bQHB/2- +2 KQ/2 Qb+BHH2 ¨ H� 7`û[m2M+2

Ry3
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p
gC /2⇡ ⇠ 1� 10 >xX *2ii2 +Qm`#m`2 b2`� Mû�MKQBMb ;QKKû2 T�` û`QbBQMX *2 KQ/2

M2 T2`bBbi2 /QM+ T�b K�Bb HǶ�KTHBim/2 /m bQM T`Q/mBi 2bi /2 HQBM H� THmb bT2+i�+mH�B`2X
UBBV lM KQ/2 +�`�+iû`Bbû T�` mM2 7`û[m2M+2 p�`B�Mi /2 Ryy ¨ 8yy >x- /Bb+miû2 B+B- [mB

+Q``2bTQM/ �mt pB#`�iBQMb bTQMi�Mû2b TQm` /2b ûT�Bbb2m`b /2 }HK bǶû+?2HQMM�Mi 2Mi`2
100 µK ¨ 4 µK U2[X jXkX8VX

UBBBV .2b KQ/2b THmb ?�mi 2M 7`û[m2M+2- BM/mBib ¨ HǶû+?2HH2 /2b `m;QbBiûb bm#@KB+`QMB[m2b
Qm 2M 7Q`Ï�Mi mM �KBM+Bbb2K2Mi /m }HK /2 p�T2m` T�` +QMi`�BMi2 2tiû`B2m`2X

LQmb TQmbbQMb MQi`2 �T�`iû bQMQ`2 2M û+Qmi�Mi H� +�`#Q;H�+2X G2 bQM T`Q/mBi /ǶmM2
T�`i TQm` mM #HQ+ H�Bbbû HB#`2 bm` mM2 bm`7�+2 ¨ i2KTû`�im`2 �K#B�Mi2 T & TL(*Pk)

U};m`2 jXRNU�VV- 2i- /Ƕ�mi`2 T�`i- TQm` mM #HQ+ +QMi`�BMi- bm` H2[m2H QM �TTmB2 �p2+ mM2
TBM+2 Kûi�HHB[m2 U};m`2 jXRNU#VV 2bi 2M`2;Bbi`û 2i �M�HvbûX PM +QMbi�i2 [m2 H2 T�H2i HB#`2
T`Q/mBi mM bQM �bb2x ;`�p2- /ǶmM2 ;`�M/2 Tm`2iûX G2 bT2+i`2 �{+?2 mM T`2KB2` TB+ ¨ j3R
>x 2i H2b i`QBb ?�`KQMB[m2b bmBp�MibX *2ii2 7`û[m2M+2 +Q``2bTQM/ ¨ mM2 ûT�Bbb2m` /2 }HK
/2 " ⇡ 21 µK- i`ĕb T`Q+?2 /2b ûT�Bbb2m`b K2bm`û2b bm` /2 H� };m`2 RXkNX G2 T�H2i T`2bbû
T`Q/mBi- [m�M/ ¨ HmB- /2mt bQMb i`ĕb �B;mb- H2 T`2KB2` �miQm` /2 e3yy >x 2i H2 b2+QM/ ¨
2MpB`QM N9yy >xX G� T`ûb2M+2 /2 /2mt TB+b 2i H2m`b ?�mi2m`b bǶBMi2`T`ĕi2Mi T�` H� T`ûb2M+2
/2 /2mt xQM2b +QMi`�BMi2bX PM 7Q`+2 H2 }HK /2 p�T2m` �m MBp2�m /2 HǶQmiBH /ǶmM2 T�`i- 2i
�m MBp2�m /m bm#bi`�i bm` H2[m2H `2TQb2 H2 T�H2i- /Ƕ�mi`2 T�`iX G2 bB;M�H 2i bQM bT2+i`2
bQMi Mû�MKQBMb �bb2x #`mBiûb- /2 T�`i H2 K�M[m2 /2 +QMi`ƬH2 /�Mb H� 7Q`+2 �TTHB[mû2X *2ii2
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6B;m`2 jXRN Ĝ *?�Mi /ǶmM T�H2i /2 +�`#Q;H�+2X U�V �KTHBim/2 2M 7QM+iBQM /m i2KTb 2i HǶ�M�Hvb2
bT2+i`�H2 �bbQ+Bû2 /m bQM T`Q/mBi T�` mM T�H2i TQbû bm` mM bm#bi`�i ¨ i2KTû`�im`2 �K#B�Mi2X
(#) úim/2 /m +`Bbb2K2Mi /ǶmM T�H2i T`2bbû T�` mM2 TBĕ+2 Kûi�HHB[m2X G� 7`û[m2M+2 /Ƕû+?�MiBHHQMM�;2
2bi /2 j39yyy >xX

2tTû`B2M+2 T`Qmp2 2M+Q`2 HǶ2tBbi2M+2 /ǶmM2 7`û[m2M+2 T`QT`2 ¨ H� p�T2m` /QMi H� 7`û[m2M+2
�m;K2Mi2 2M /BKBMm�Mi "X

ZmǶ2M /Bb2Mi H2b ;Qmii2b \ .�Mb H2 +�b /2 ;Qmii2b +�Hû}û2b- H2b ûT�Bbb2m`b ivTB[m2b /2
}HK bQMi /m KāK2 Q`/`2 U" ⇡ 20 µKV- /QM+ � T`BQ`B �m/B#H2bX LQmb �pQMb +?2`+?û ¨ û+Qmi2`
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H2b HB[mB/2b /�Mb mM2 +?�K#`2 �Mû+?Qś[m2X G2b bB;M�mt K2bm`ûb �m KB+`QT?QM2 MǶQMi T�b
T2`KBb /ǶBbQH2` /2b bQMb �bbQ+Bûb �mt pB#`�iBQMb /2 H� p�T2m`- T`Q#�#H2K2Mi ¨ +�mb2 /2 bQM
�KTHBim/2X 1M `2p�M+?2- HQ`b[mǶQM H�+?2 mM2 ;Qmii2 /ǶmM2 +2`i�BM2 ?�mi2m`- +QKK2 bm` H2
b+?ûK� /2 H� };m`2 jXkyU�V- QM 2Mi2M/ mM bQM �bb2x �B;Ƀ- /Ƕ�mi�Mi THmb ?�mi 2M 7`û[m2M+2
[m2 H� pBi2bb2 /ǶBKT�+i /2 H� ;Qmii2 2bi ;`�M/2X G� /ûbi�#BHBb�iBQM THmb 2ti`āK2 /m }HK
/2 p�T2m` T2`K2i 2M 2z2i /Ƕ2Mi2M/`2 H� p�T2m`X G2 bT2+i`2 /m bQM T`Q/mBi T�` HǶBKT�+i
/ǶmM2 ;Qmii2 KBHHBKûi`B[m2- H�+?û2 ¨ [m2H[m2b +2MiBKĕi`2b �m@/2bbmb /ǶmM bm#bi`�i +?�mzû
¨ j8y�*- 2bi i`�+û bm` H� };m`2 jXkyU#VX AH �{+?2 mM TB+ i`ĕb H�`;2 +2Mi`û �miQm` /2 R8 F>x-
[mB +Q``2bTQM/`�Bi ¨ mM2 ûT�Bbb2m` /2 }HK /ǶmM2 /Bx�BM2 /2 M�MQKĕi`2bX *2ii2 ûT�Bbb2m`
+QśM+B/2 �p2+ H2b ûT�Bbb2m`b ivTB[m2b /2 H� +Qm+?2 /Ƕ�B` Q#b2`pû2 HQ`b /ǶBKT�+ib /2 ;Qmii2b
bm` /2b bm#bi`�ib bQHB/2b (NN)X

6B;m`2 jXky Ĝ U�V :Qmii2 /2 `�vQM R- BKT�+i�Mi mM bm#bi`�i +?�m/ UT = 350�*V ¨ H� pBi2bb2
V c GǶ2tTû`B2M+2 2bi +QM/mBi2 2M +?�K#`2 �Mû+?Qś[m2X G2 bQM T`Q/mBi ¨ HǶBKT�+i 2bi û+Qmiû �m
KB+`QT?QM2X (#) �M�Hvb2 bT2+i`�H2 /m bQM T`Q/mBi- T`ûb2Mi�Mi mM TB+ ûH�`;B +2Mi`û bm` 15 F>xX

*2ii2 2tTû`B2M+2- +QM/mBi2 /�Mb /2b +QM/BiBQMb 2ti`āK2b- bm;;ĕ`2 HǶ2tBbi2M+2 /2 pB#`�@
iBQMb bBKBH�B`2b /�Mb H2 +�b /2 HǶ2�mX LQmb +?2`+?QMb ¨ pû`B}2` [m2 H2b ;HQ#mH2b HB[mB/2b /2
G2B/2M7`Qbi bQMi 2t+Biûb T�` H2 KāK2 Kû+�MBbK2X

jXkXj JBb2 2M ûpB/2M+2 2tTû`BK2Mi�H2 /2b pB#`�iBQMb /2 HB[mB/2b +�Hû}ûb

*QKTHB+�iBQMb ;ûQKûi`B[m2b

G� 7`û[m2M+2 T`QT`2 /m }HK /2 p�T2m` � Tm āi`2 pû`B}û2 bm` H2b #HQ+b /2 +�`#Q;H�+2
/QMi H� ;ûQKûi`B2 2bi #B2M +QMi`ƬHû2X 1M T�`iB+mHB2`- H� TH�MûBiû /2 H2m` #�b2 �bbm`2 HǶmMB@
+Biû /2 HǶûT�Bbb2m` /2 }HK 2i /QM+ mM2 7`û[m2M+2 /2 pB#`�iBQM [m�bBK2Mi KQMQ+?`QK�iB[m2X
.Ƕ�mi`2 T�`i- H� +QM/BiBQM �mt HBKBi2b miBHBbû2 /�Mb HǶBMiû;`�iBQM /2 HǶû+QmH2K2Mi /2 SQB@
b2mBHH2- T`ĕb /2 HǶBMi2`7�+2 bQHB/2@p�T2m`- 2bi KQBMb �K#B;Ƀ2 [m2 TQm` mM HB[mB/2X 1M}M- +2b
Q#D2ib BM/û7Q`K�#H2b `ûTQM/2Mi 2M #HQ+ , H2 +QmTH�;2 2Mi`2 H2b 2z2ib 2i H2b +�mb2b [mB H2m`
QMi /QMMû M�Bbb�M+2 MǶ2bi T�b T2`KBbX

LQmb �pQMb pm �m +?�TBi`2 k [m2- /�Mb H� HBKBi2 �bvKTiQiB[m2 /2b +?2KBMû2b- H� TQ+?2
/2 p�T2m` pB#`2 ¨ 2MpB`QM 3y >x U};XkXjdVX *2ii2 7`û[m2M+2 bm;;ĕ`2 mM2 ûT�Bbb2m` /2 }HK
/2 150 µK- [mB +Q``2bTQM/ �mt Q`/`2b /2 ;`�M/2m` /m }HK KBM+2 /2 p�T2m` �miQm` /2 H�
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#mHH2 (N- Ryy)X PM +?2`+?2 ¨ pû`B}2` H� 7`û[m2M+2 /2 pB#`�iBQM TQm` /2b ~�[m2b /2 i�BHH2 THmb
`�BbQMM�#H2 UR < 4VX G2 +�b /m HB[mB/2 T�`�ŗi THmb T`Q#HûK�iB[m2X G2 }HK /2 p�T2m`- HB#`2
2i /û7Q`K�#H2- 2bi THmb }M bm` H2b #Q`/b [mǶ�m MBp2�m /2 H� TQ+?2 /2 p�T2m`X PM �ii2M/ mM2
7`û[m2M+2 ûi�Hû2- [mB /ûT2M/ BKTHB+Bi2K2Mi /m `�vQM /2 H� ;Qmii2 RX 1M 2z2i- HǶûT�Bbb2m`
KQv2MM2 " +`Qŗi �p2+ H2 `�vQM /2 H� ~�[m2 U};m`2 RXRN- T�;2 j8VX G2b ~�[m2b ;`�pBi�B`2b
HûpBi2Mi bm` mM +QmbbBM /2 p�T2m` /ǶûT�Bbb2m` +QKT`Bb2 2Mi`2 ky 2i 8y µKX G� 7`û[m2M+2
/2p`�Bi- 2M p2`im /2 HǶû[m�iBQM jXkX8- āi`2 +QKT`Bb2 2Mi`2 R9y 2i kky >xX G2b p�`B�iBQMb 2M
"
�1/2 bm;;ĕ`2Mi /2b pB#`�iBQMb 2M+Q`2 THmb `�TB/2b /�Mb H� HBKBi2 +�TBHH�B`2X

_ûTQMb2 /2b ;Qmii2b �TH�iB2b

G� K�bb2 /2b ;Qmii2b /Ƕ2�m [m2 MQmb +QMbB/û`QMb- /2 HǶQ`/`2 /m KBHHB;`�KK2- 2bi #B2M
THmb 7�B#H2 [m2 H� K�bb2 ivTB[m2 /2b T�H2ib /2 +�`#Q;H�+2- /2 HǶQ`/`2 /m ;`�KK2X G2b bB;M�mt
Q#i2Mmb �m +�Ti2m` /2 7Q`+2 bQMi /Ƕ�KTHBim/2 +QKT�`�#H2 ¨ H� b2MbB#BHBiû /m +�Ti2m`- /QM+
2ti`āK2K2Mi #`mBiûbX GǶ2tTû`B2M+2 /2 T2bû2 /vM�KB[m2 MǶ� T�b Tm āi`2 2MpBb�;û2 TQm`
K2bm`2` H� 7`û[m2M+2 /2 pB#`�iBQM /2 ;Qmii2b HB[mB/2bX

LQmb +?�M;2QMb �HQ`b /2 TQBMi /2 pm2 2M QTi�Mi TQm` /2b pm2b H�iû`�H2b- 7Q+�HBbû2b bm`
HǶBMi2`7�+2 BM7û`B2m`2 /2 ~�[m2bX G2 HB[mB/2 2bi K�BMi2Mm 2M HûpBi�iBQM �m +`2mt /2 TmBib
Kûi�HHB[m2b +?�m/b Uj8y�*V- `û~û+?Bbb�MibX G� /vM�KB[m2 /m }HK 2bi 2M`2;Bbi`û2 ¨ HǶ�B/2
/ǶmM2 +�Kû`� `�TB/2 û[mBTû2 /ǶmM Q#D2+iB7 K�+`Q- +QmTHû2 �p2+ mM `ûi`Q@û+H�B`�;2- �}M
/Ƕ�m;K2Mi2` H2 +QMi`�bi2 �mt BMi2`7�+2bX

z

0

z

t
(a) (b)
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z z

t
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0

6B;m`2 jXkR Ĝ U�V om2 /2 +Ƭiû /ǶmM2 ~�[m2 /2 `�vQM R = 5.4 KK U2i /2 b� `û~2tBQMV 2M `ûi`Qû+H�B@
`�;2X (#) .B�;`�KK2b bT�iBQ@i2KTQ`2Hb Q#i2Mmb 2M +QM+�iûM�Mi H� HB;M2 p2`iB+�H2 #H2m2 i`�+û2 bm`
HǶBK�;2 U�VX G� #�b2 /2 H� ;Qmii2- BMBiB�H2K2Mi �m `2TQb- pQBi �TT�`�ŗi`2 /2b pB#`�iBQMb p2`iB+�H2b
[mB T2`bBbi2Mi �m KQBMb Dmb[mǶ¨ +2 [mǶ2HH2 �ii2B;M2 mM `�vQM /2 HǶQ`/`2 j KKX

G2b BK�;2b bQMi T`Bb2b 2M `�7�H2 , 9yy BK�;2b T`Bb2b ¨ mM2 +�/2M+2 /2 kyyy 7Tb bQMi
+�Tim`û2b ¨ BMi2`p�HH2 `û;mHB2`- iQmi �m HQM; /2 H� pB2 /2 H� ;Qmii2X PM T2mi �BMbB 2i b�Mb
HBKBi�iBQM /Ƕ�+[mBbBiBQM- bQM/2` /2 K�MBĕ`2 /Bb+`ĕi2 H2b pB#`�iBQMb ¨ `2H�iBp2K2Mi ?�mi2
7`û[m2M+2X lM2 ~�[m2- /2 `�vQM BMBiB�H R = 10 KK 2bi bmBpB2 T2M/�Mi THmb /2 9 KBMmi2b-
Dmb[mǶ¨ �ii2BM/`2 mM `�vQM /2 9 KKX G� };m`2 jXkRU�V BHHmbi`2 mM 2t2KTH2 /2b BK�;2b Q#@
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i2Mm2bX GǶûi�i /2 HûpBi�iBQM 2bi i`�?B T�` HǶ2bT�+2 MQB` 2Mi`2 H� ;Qmii2 2i b� `û~2tBQM /�Mb H2
bm#bi`�iX *2i 2bT�+2 +Q``2bTQM/�Mi �m +QmbbBM /2 p�T2m`- /ǶûT�Bbb2m` 20 µKX G2 /B�;`�KK2
bT�iBQi2KTQ`2H Q#i2Mm H2 HQM; /ǶmM2 HB;M2 p2`iB+�H2 2bi `2TQ`iû bm` H� };m`2 jXkRU#VX .2b
Qb+BHH�iBQMb ¨ H� #�b2 b2 K2ii2Mi bTQMi�MûK2Mi 2M TH�+2- /2 7`û[m2M+2 2MpB`QM û;�H2 ¨ kyy
>xX *2b pB#`�iBQMb bǶ�++QKT�;M2Mi /ǶQM/2b [mB 7QMi bm`7�+2 TQm` mM `�vQM R ⇡ 7 KKX
1HH2b bǶ�KTHB}2Mi- TmBb bǶ�iiûMm2Mi 2i b2 `û�KTHB}2Mi ¨ MQmp2�m TQm` +2`i�BMb `�vQMb #B2M
T�`iB+mHB2`bX

G� 7`û[m2M+2 /2 pB#`�iBQM /2 H� #�b2 /2b ;Qmii2b 2bi 2ti`�Bi2 /2b /B�;`�KK2b i`�+ûb ¨
BMi2`p�HH2b `û;mHB2`b /QM+- BKTHB+Bi2K2Mi- �p2+ H� /BKBMmiBQM [m�bB@bi�iB[m2 /m `�vQM R /2
H� ;Qmii2X PM `2TQ`i2 �HQ`b +2ii2 7`û[m2M+2 fv 2M 7QM+iBQM /m `�vQM R bm` H� };m`2 jXkkX
G� #�b2 /2b ~�[m2b- /2 `�vQM BMBiB�H R ⇡ 10 KK- pB#`2 bTQMi�MûK2Mi ¨ H� 7`û[m2M+2
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6B;m`2 jXkk Ĝ U�V 6H�[m2 +�Hû}û2 bm` mM bm#bi`�i +?�m/- /2 /B�Kĕi`2 û[m�iQ`B�H 2R 2i /2 #�b2
ûi2M/m2 bm` H� /Bbi�M+2 `X (b) 6`û[m2M+2 /2 pB#`�iBQM fv /2 H� #�b2 /2b ;Qmii2b 2M 7QM+iBQM /m `�vQM
RX fv 2bi 2ti`�Bi2 /2b /B�;`�KK2b bT�iBQ@i2KTQ`2Hb- Q#i2Mmb +QKK2 bm` H� };m`2 jXk8 2M }HK�Mi
T�` BMi2`p�HH2b U9yy BK�;2b T`Bb2b iQmi2b H2b 9 b ¨ H� +�/2M+2 kyyy 7TbV bm` 2MpB`QM k8y b2+QM/2bX G2b
+Qm`#2b 2M i`�Bi TH2BM +Q``2bTQM/2Mi �mt T`û/B+iBQMt i?ûQ`B[m2b U2[XjXkX8V- Q#i2Mm2b 2M T`2M�Mi
HǶûT�Bbb2m` /QMMû2 T�` HǶû[m�iBQM U2[XRXjXR9V 2M BMiû;`�Mi bm` H2 `�vQM R U;`BbV Qm bm` H� H�`;2m` /2
H� #�b `X G� xQM2 ;`Bbû2 BM/B[m2 HǶBMi2`p�HH2 /2 7`û[m2M+2b +Q``2bTQM/�Mi �mt ûiQBH2b /2 _�vH2B;?X

fv = 171 ± 5 >xX �HQ`b [m2 HǶûp�TQ`�iBQM `ûi`û+Bi H� ;Qmii2- " /BKBMm2 2i fv �m;K2Mi2-
+QM7Q`KûK2Mi �mt T`û/B+iBQMb i?ûQ`B[m2b /2 H� +Qm`#2 jXkkX GǶQ`/`2 /2 ;`�M/2m` /2 fv 2i H2b
p�`B�iBQMb `2H�iBp2b �m `�vQM +QM}`K2Mi HǶ2tBbi2M+2 /2 pB#`�iBQMb BMi`BMbĕ[m2b /2 HǶBMi2`7�+2
HB[mB/2@p�T2m`X PM Q#b2`p2 /2b b�mib /Bb+`2ib /2 fv ¨ fv/2X G2m` Q`B;BM2 T2mi āi`2 �ii`B#mû2
bQBi ¨ mM �`i27�+i 2tTû`BK2Mi�H- Qɍ HǶQM K2bm`2 H� 7`û[m2M+2 /2b 2z2ib BM/mBib UH2b QM/2b
/2 bm`7�+2V 2i MQM /2b +�mb2b UH2b pB#`�iBQMb /2 H� p�T2m`V c �m +�`�+iĕ`2 MQM@?QKQ;ĕM2 /2
HǶûT�Bbb2m` /m }HK /2 p�T2m` U" +QMM�ŗi /2b p�`B�iBQMb bT�iB�H2bV c Qm ¨ mM +QmTH�;2 2Mi`2
H2b 2z2ib 2i H2b +�mb2b [mB H2m` QMi /QMMû M�Bbb�M+2 , +2b pB#`�iBQMb 2M;2M/`2Mi /2b QM/2b
[mB T2mp2Mi `ûi`Q@�;B` bm` H� 7`û[m2M+2 /2 pB#`�iBQM /2 H� p�T2m`X

*QM7`QMiQMb /ûbQ`K�Bb H2b 7`û[m2M+2b K2bm`û2b- 2i H2b 7`û[m2M+2b i?ûQ`B[m2b- i`�+û2b
bm` H� };m`2 jXkk 2M i`�Bib TH2BMb- T`û/Bi2b 2M miBHBb�Mi H� HQB "(R) U2[XRXjXR9V- 2M +Q``B;2�Mi
U#H2mV Qm MQM U;`BbV HǶ�B`2 /2 H� #�b2X G� 7`û[m2M+2 fv �ii2M/m2 /û+`QBi �p2+ H2 `�vQM R

/2 K�MBĕ`2 bBKBH�B`2 �mt /QMMû2b 2tTû`BK2Mi�H2bX lM /û+�H�;2 2Mi`2 H2b TQBMib 2tTû`BK2M@
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i�mt 2i H� i?ûQ`B2 p2`b H2b `�vQMb THmb 7�B#H2b 2bi Mû�MKQBMb Q#b2`pûX lM û+�`i /Ƕ2MpB`QM
RX8 KK bm#bBbi2 bB HǶQM +Q``B;2 HǶûT�Bbb2m` /m }HK 2M BMiû;`�Mi H� T`2bbBQM /2 Hm#`B}+�iBQM
bm` H� /Bbi�M+2 ` +Q``B;û2 T�` HǶû[m�iBQM RXkXd U2i MQM T�b bm` RVX LQmb HǶBMi2`T`ûiQMb [m�@
HBi�iBp2K2Mi +QKK2 mM2 +QMbû[m2M+2 /m +�`�+iĕ`2 KQm /2 HǶBMi2`7�+2- 2i ¨ H� /û}MBiBQM
�K#B;mď /2 HǶûT�Bbb2m` /m }HK /2 p�T2m` , " p�`B2 bT�iB�H2K2MiX .2b û+�`ib /2 HǶQ`/`2 /2
" HmB@KāK2 bQMi ¨ MQi2` 2Mi`2 HǶûT�Bbb2m` �m +2Mi`2- K�tBK�H2- 2i HǶûT�Bbb2m` �m MBp2�m /2
H� +QMbi`B+iBQM Tû`BT?û`B[m2 /m }HK /2 p�T2m`X G2b 7`û[m2M+2b K2bm`û2b bQMi Hû;ĕ`2K2Mi
bmTû`B2m`2b �mt 7`û[m2M+2b T`û/Bi2b- +2 [mB bm;;ĕ`2 [m2 H2b pB#`�iBQMb bQMi /QKBMû2b T�`
H� `û;BQM H� THmb ûi`QBi2 , T`ĕb /m M2+FX

_2K�`[m2 , *2 Kû+�MBbK2 TQm``�Bi �mbbB 2tTHB[m2` /Ƕ�mi`2b +�b Qɍ /2b bvbiĕK2b +�Hû}ûb
bǶ�MBK2Mi /2 KQmp2K2Mi p2`iB+�HX *BiQMb T�` 2t2KTH2 H2b �`iB+H2b `û+2Mib +QM+2`M�Mi ,

Bz

t (s)

z

(a)

(b)

6B;m`2 jXkj Ĝ U�V _2#QM/b /Ƕ?v/`Q;2Hb ûH�biB[m2b bm` mM2 TH�[m2 TQ`iû2 �m@/2H¨ /2 H� i2KTû`�im`2
/2 G2B/2M7`QbiX G� bû[m2M+2 /ǶBK�;2b 7Q+�HBbû2 bm` H� #�b2 /2 H� bT?ĕ`2 KQMi`2 mM +v+H2 /ǶQmp2`im`2
� 72`K2im`2 /m }HK /2 p�T2m` ¨ mM2 7`û[m2M+2 /2 HǶQ`/`2 /2 2 � 3 F>x 2i ¨ mM2 ?�mi2m` #B2M
/û}MB2 (RyR)X (#) S`BM+BT2 /2 HǶ2tTû`B2M+2 , mM2 ;Qmii2 /2 72``Q~mB/2 �[m2mt 2bi KBb2 2M ûi�i /2
+�Hû7�+iBQM bm` mM bm#bi`�i `û~û+?Bbb�Mi- T`ĕb /ǶmM �BK�MiX .B�;`�KK2 2bT�+2@i2KTb- i`�+û bmBp�Mi
HǶ�t2 p2`iB+�HX G� ;Qmii2 `2#QM/Bi 2i- }M�H2K2Mi- /û+QHH2 /m bm#bi`�iX

} G2b `2#QM/b /Ƕ?v/`Q;2Hb bm` /2b TH�[m2b +?�m/2b (RyRĜRyj)X .2b #BHH2b /Ƕ?v/`Q;2H
ûH�biB[m2b- +QMbiBimû2b ¨ THmb /2 NdW /Ƕ2�m- +`û2Mi- �m +QMi�+i /ǶmM bm#bi`�i +?�m/- mM
~mt /2 p�T2m` +�T�#H2 /2 H2b bmTTQ`i2`X lM ?v/`Q;2H +2MiBKûi`B[m2 HûpBi2 �BMbB bm` mM
+QmbbBM /2 p�T2m` /ǶûT�Bbb2m` ivTB[m2 /2 100 MKX *2 bvbiĕK2 Q`B;BM�H `2#QM/Bi ¨ mM2
?�mi2m` +QMbi�Mi2- T`2b+`Bi2 T�` HǶû[mBHB#`2 2Mi`2 H2b T2`i2b 2i HǶûM2`;B2 BMD2+iû2 ¨ +?�[m2
`2#QM/ T�` H2 bm#bi`�i +?�m/X q�BimF�BiBb 2i �HX QMi K2bm`û H� 7`û[m2M+2 /2b `2#QM/b 2i
�M�Hvbû H2 bQM ûKBbX PM `2T`Q/mBi bm` H� };m`2 jXkjU�V H� 7`û[m2M+2 K2bm`û2- +QKT`Bb2
2Mi`2 2 � 3 F>xX 1HH2 +QśM+B/2 �p2+ H� 7`û[m2M+2 �ii2M/m2 T�` H� HQB 1

⇡

r
g

"
- 2M T`2M�Mi

HǶûT�Bbb2m` " ⇠ 100 MKX .2b QM/2H2ii2b bmT2`}+B2HH2b bQMi T�` �BHH2m`b 2t+Biû2b ¨ +?�[m2
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*>�SAh_1 jX JP_S>P:úLĔa1 .ǶúhPAG1a

`2#QM/- `�TT2H�Mi H2b QM/2b pBbB#H2b bm` H� };m`2 jXkRU�VX

} .2b 72``Q~mB/2b �[m2mt 2M +�Hû7�+iBQM bm` mM2 TH�[m2 �BK�Miû2 U�BK�Mi T2`K�M2Mi
bBimû ¨ mM2 /Bbi�M+2 d /m bm#bi`�iVX .Ƕ�M;2HQ 2i �HX Q#b2`p2Mi [m2 H2b ;Qmii2H2ii2b
b2 K2ii2Mi bTQMi�MûK2Mi ¨ `2#QM/B`- �p2+ mM2 �KTHBim/2 2i mM2 7`û[m2M+2 B``û;m@
HBĕ`2b (Ry9)X 1Mi`2 H2b `2#QM/b- H2b i`�D2+iQB`2b /2b ;Qmii2H2ii2b bQMi /2b T�`�#QH2b- [m2
H2b �mi2m`b KQ/ûHBb2Mi +QKK2 /2b T?�b2b /2 +?mi2 HB#`2 ¨ mM2 ;`�pBiû 2z2+iBp2 g277 < g-
[mB /ûT2M/ MQi�KK2Mi /2 HǶBMi2MbBiû /m +?�KT �TTHB[mû 2i /2 H� ?�mi2m` /m pQHX GǶ�m;@
K2Mi�iBQM bm#Bi2 /2 HǶ�KTHBim/2 bǶ�++QKT�;M2 /ǶmM2 /BKBMmiBQM /2 7`û[m2M+2- +QKK2
H2 bm;;ĕ`2 H2 /B�;`�KK2 /2 H� };m`2 jXkjU#VX G� ;Qmii2 }MBi T�` /û+QHH2` /m bm#bi`�iX

jXkX9 .BbDQM+iBQM /2b 7`û[m2M+2b 2i MQM@HBMû�`Biû

G� p�T2m` pB#`2 bTQMi�MûK2Mi ¨ mM2 7`û[m2M+2 #B2M /û}MB2 U2[X jXkX8VX *2ii2 pB#`�iBQM
TQm``�Bi 2M;2M/`2` H2 7Q`Ï�;2 Mû+2bb�B`2 �mt ûiQBH2b /2 G2B/2M7`QbiX PM +QMbi�i2 Mû�MKQBMb
mM û+�`i 2Mi`2 H2b 7`û[m2M+2b /Ƕ2t+Bi�iBQM /2 H� p�T2m` UivTB[m2K2Mi Ryy@jyy >xV 2i H2b 7`û@
[m2M+2b /2 _�vH2B;? /ǶQb+BHH�iBQMb /2b ûiQBH2b U+QKT`Bb2b 2Mi`2 Ry 2i 8y >xVX úim/BQMb H� `û@
TQMb2 M�im`2HH2 /ǶmM2 ~�[m2 /2 `�vQM R0 2i /2 ?�mi2m` h0 = 2�1

< R0 ¨ +2b pB#`�iBQMbX G�
;Qmii2 `2TQb2 ¨ HǶû[mBHB#`2 bm` mM +QmbbBM /ǶûT�Bbb2m` "X aQHHB+Biû2 Tû`BQ/B[m2K2Mi- H� ?�m@
i2m` /2 HǶBMi2`7�+2 BM7û`B2m`2 /m HB[mB/2 bmBi H2b p�`B�iBQMb i2KTQ`2HH2b z(t) = "+�z +Qb(2⇡fvt)
Qɍ �z /ûbB;M2 HǶ�KTHBim/2 /2b Qb+BHH�iBQMbX GǶûT�Bbb2m` /2 HB[mB/2 h(t) 2bi KQ/mHû2 T�` i`�Mb@
H�iBQM /2 HǶBMi2`7�+2 BM7û`B2m`2- /2 H� [m�MiBiû �zX h Qb+BHH2 �HQ`b 2M T?�b2 ¨ H� 7`û[m2M+2 fv ,
h(t) = h0 + �z +Qb(2⇡fvt)X *2ii2 BMi2`7�+2- HB#`2 2M �TT�`2M+2- 2bi 2M `û�HBiû +QMi`�BMi2 T�`
+QMb2`p�iBQM /m pQHmK2 [mǶ2HH2 /ûHBKBi2 , R2(t)h(t) = R

2
0h0X G2b /û7Q`K�iBQMb p2`iB+�H2b-

[m�MiB}û2b T�` h(t)- b2 +QmTH2Mi �BMbB �mt /û7Q`K�iBQMb `�/B�H2b- [m�MiB}û2b T�` R(t)X G�
;Qmii2 Qb+BHH2 �mbbB `�/B�H2K2Mi , R(t) = R0

�
1 + �z/h0 +Qb(2⇡fvt)

��1/2X

SmBb[m2 H2b p�`B�iBQMb /ǶûT�Bbb2m` bQMi #Q`Mû2b T�` HǶûT�Bbb2m` /m }HK- �z << " << h0 =

2�1- QM T2mi HBMû�`Bb2` +2ii2 2tT`2bbBQMX .�Mb +2 +�b- H� 7`û[m2M+2 �bbQ+Bû2 �m KQmp2K2Mi
`�/B�H 2bi �mbbB fvX *2ii2 �M�Hvb2- HBMû�B`2- M2 T2`K2i T�b /Ƕ2tTHB[m2` HǶ�++`Q+?�;2 /2
KQ/2 /2 7`û[m2M+2b THmb 7�B#H2b- ¨ b�pQB` H2b KQ/2b /2 _�vH2B;?- /2 7`û[m2M+2 +QKT`Bb2
2Mi`2 Ry ¨ 8y >xX G� HBMû�`Biû /QBi āi`2 #`Bbû2X SQm` /2b �KTHBim/2b �z/h0 ⇠ 1- H2 KQ/2 bQmb@
?�`KQMB[m2 ¨ fv/2 2bi `2M7Q`+ûX .�Mb H2 +�b Qɍ �z/h0 = 1- QM � R(t) = R0/

�p
2| +Qb(⇡fvt)|

�
X

*2ii2 HBKBi2 MǶ2bi T�b T?vbB[m2X GǶ�KTHBim/2 /2b pB#`�iBQMb M2 T2mi T�b āi`2 /2 HǶQ`/`2
/2 ;`�M/2m` /2 +2HH2 /2 H� ?�mi2m` /2 H� ~�[m2X 1HH2 M2 bm{i /Ƕ�BHH2m`b T�b ¨ +QK#H2` HǶû+�`i
2Mi`2 H2b 7`û[m2M+2b 2t+Bi�i`B+2b 2i H2b KQ/2b T`QT`2b /2 ;Qmii2bX AH v � Mû+2bb�B`2K2Mi mM
Kû+�MBbK2 MQM@HBMû�B`2 BKTHB[mû /�Mb H2 +QmTH�;2 2Mi`2 H� p�T2m` 2i H2 HB[mB/2 [mǶ2HH2
bmTTQ`i2X G� };m`2 jXkR K2ii�Bi 2M ûpB/2M+2 H� T`ûb2M+2 /2 /û7Q`K�iBQMb bmT2`}+B2HH2bX PM
+?2`+?2 ¨ pQB` bB +2b QM/2b /2 bm`7�+2 bQMi BKTHB[mû2b /�Mb HǶ2t+Bi�iBQM /2b ûiQBH2bX
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jXjX 1s*Ah�hAPL S_úGAJAL�A_1 .ǶPL.1a .1 al_6�*1 �sAauJúh_AZl1a

jXj 1t+Bi�iBQM T`ûHBKBM�B`2 /ǶQM/2b /2 bm`7�+2 �tBbvKûi`B[m2b

jXjXR úi�i /2 HǶ�`i bm` H2 KQ/2 bmT2`}+B2H �tBbvKûi`B[m2b

GǶBKTHB+�iBQM /ǶQM/2b /2 bm`7�+2 /�Mb H2b Qb+BHH�iBQMb ûiQBHû2b 2bi ûi�vû2 T�` H� HBi@
iû`�im`2X *2`i�BMb �mi2m`b `�TTQ`i2Mi [m2 H� ;Qmii2 T`ûb2Mi2 mM /2mtBĕK2 ivT2 /2 `û@
TQMb2 , bmBp�Mi /2b KQ/2b �tBbvKûi`B[m2b HBûb ¨ H� T`ûb2M+2 /ǶQM/2b +B`+mH�B`2b 2M bm`@
7�+2 (3R- 3d- Ry8- Rye)X G2b BK�;2b /2 H� };m`2 jXk9 �TTmB2Mi +2b Q#b2`p�iBQMb U+QM/BiBQMb
/ǶQ#i2MiBQM /û+`Bi2b �m T�`�;`�T?2 jXRXkVX

(a)

(b)

(c)

6B;m`2 jXk9 Ĝ P#b2`p�iBQM /2 KQ/2b �tBbvKûi`B[m2b bm` /2b ;Qmii2b 2t+Biû2b Tû`BQ/B[m2K2MiX
(�) 6H�[m2 T�`iB2HH2K2Mi KQmBHH�Mi2 bm` mM bm#bi`�i [mB pB#`2X Zm�M/ H2b pB#`�iBQMb bQMi KQ/û@
`û2b- H� HB;M2 /2 +QMi�+i M2 b2 /ûb�M+`2 T�b 2i H2b /û7Q`K�iBQMb /2 bm`7�+2 bQMi �tBbvKûi`B[m2b (3R)X
(#) JQiB7 /2 bm`7�+2 �tBbvKûi`B[m2 �TT�`�Bbb�Mi bm` mM2 ;Qmii2 /2 K2`+m`2 2t+Biû2 T�` mM +?�KT
K�;MûiB[m2 Tû`BQ/B[m2 /Ƕ�KTHBim/2 `�BbQMM�#H2 (Ry8)X (+) PM/2b �tBbvKûi`B[m2b �TT�`�Bbb�Mi 2M
bm`7�+2 /ǶmM2 ;Qmii2 2M HûpBi�iBQM �+QmbiB[m2 2i 2t+Biû2 T�` mM +?�KT /2 T`2bbBQM #�bb2 7`û@
[m2M+2 (3d)X

*2b KQ/2b �tBbvKûi`B[m2b �TT�`�Bbb2Mi /�Mb H2 KāK2 +QMi2ti2 [m2 +2HmB Qɍ /2b ûiQBH2b
HB[mB/2b bQMi Q#b2`pû2b- 2i b2K#H2Mi KāK2 +QM/BiBQMM2` H2m` 2t+Bi�iBQMX G2b �mi2m`b �T@
TQ`i2Mi [m2 H� `ûTQMb2 /m HB[mB/2 ¨ 7�B#H2 �KTHBim/2 /2 7Q`Ï�;2 +QMb2`p2 HǶ�tBbvKûi`B2 2i
+�`�+iû`Bb2Mi H2 b2mBH ¨ 7`�M+?B` TQm` #`Bb2` H� bvKûi`B2 TQm` 2M;2M/`2` /2b ûiQBH2b HB[mB/2bX
PM T�`i /QM+ ¨ H� `2+?2`+?2 /2 /û7Q`K�iBQMb bmT2`}+B2HH2b �tBbvKûi`B[m2b bm` /2b ;Qmii2b
+�Hû}û2bX

jXjXk .2b KQ/2b bi�iBQMM�B`2b �tBbvKûi`B[m2b 2M T`û�K#mH2

G2 KQMi�;2 2tTû`BK2Mi�H 2MpBb�;û 2bi +2HmB miBHBbû /�Mb HǶûim/2 /2b +?2KBMû2b U*?�TX kVX
lM2 ~�[m2 2bi /ûTQbû2 �m +`2mt /ǶmM TmBib 2M H�BiQM +QMB[m2 TQ`iû ¨ H� i2KTû`�im`2
T > TLX G� /vM�KB[m2 /2 H� ;Qmii2 2bi �HQ`b Q#b2`pû2 2M �/QTi�Mi /2mt TQBMib /2 pm2X
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*>�SAh_1 jX JP_S>P:úLĔa1 .ǶúhPAG1a

JBb2 2M ûpB/2M+2 /2b /û7Q`K�iBQMb BMi2`7�+B�H2b

S�` H2 +Ƭiû- 2M miBHBb�Mi mM `ûi`Qû+H�B`�;2 bBKBH�B`2 ¨ +2HmB [mB MQmb � T2`KBb /ǶQ#i2MB`
H2b BK�;2b /2b };m`2b jXkR 2i jXk8U�VX lM T�MM2�m G1. 2bi TH�+û /2``Bĕ`2 H� ;Qmii2X G�
HmKBĕ`2 /B`2+i2 2bi }Hi`û2 TQm` �++2Mim2` H2b #Q`/b /2 H� ;Qmii2X PM � �HQ`b �++ĕb �mt
pB#`�iBQMb /2 H� #�b2- �BMbB [mǶ¨ H� `ûTQMb2 /2 H� ;Qmii2 /�Mb H2 TH�M p2`iB+�HX *2b pm2b /2
+Ƭiû M2 bQMi Mû�MKQBMb THmb T2`iBM2Mi2b TQm` +�`�+iû`Bb2` H2b /û7Q`K�iBQMb �bvKûi`B[m2b
/2b ûiQBH2b- 2HH2b bQMi /QM+ +QKTHûiû2b T�` mM2 pBbm�HBb�iBQM �û`B2MM2 bvM+?`QMBbû2X

S�` �m@/2bbmb- +QKK2 bm` H� };m`2 jXk8U#VX G� bm`7�+2 /2 H� ;Qmii2 2bi Q#b2`pû2 T�`
�m@/2bbmb ¨ H� +�Kû`� `�TB/2X lM �MM2�m HmKBM2mt +B`+mH�B`2 }tû bm` HǶQ#D2+iB7 2bi �HQ`b
T`QD2iû bm` +2b ;Qmii2b 2i T2`K2i /Ƕ�++û/2` �mt /û7Q`K�iBQMb bmT2`}+B2HH2b- TmBb[m2 H�
HmKBĕ`2 b2 i`Qmp2 T�`iB+mHBĕ`2K2Mi `û~û+?B2 T�` H2b BMi2`7�+2b +Qm`#û2b- `ûpûH�Mi �BMbB H2b
TQBMib Qɍ H� /û7Q`K�iBQMb 2bi K�tBK�H2X PM pQBi bm` +2ii2 pm2 mM KQiB7 QM/mH�Mi /2 Tû`BQ/2
bT�iB�H2 �- Qɍ H2b +2`+H2b #`BHH�Mib- +Q``2bTQM/�Mi �mt K�tBKmK 2i KBMBKmK /Ƕ�KTHBim/2-
bQMi bûT�`ûb /2 �/2X

(b)

t = 0 t = T
4 t = T

2

0

z

t

0

z

r

t

r

(a) (b)

(c) (d)

50 ms

2
m

mh

h

50 ms

5
m

m

6B;m`2 jXk8 Ĝ P#b2`p�iBQMb bvM+?`QMBbû2b /ǶmM2 ~�[m2 /2 `�vQM R = 7.3 KK TQbû2 bm` mM TmBib
+?�mzû ¨ j8y�*X (�) om2b /2 +Ƭiû ¨ i`QBb BMbi�Mib bûT�`ûb /Ƕ2MpB`QM j Kb- +Q``2bTQM/�Mi ¨ mM
[m�`i /2 Tû`BQ/2 T/4X (#) om2 /2 /2bbmb- `ûpûH�Mi H2 +�`�+iĕ`2 �tBbvKûi`B[m2 /2b /û7Q`K�iBQMbX
U+V .B�;`�KK2 bT�iBQ@i2KTQ`2H i`�+û H2 HQM; /2 H� HB;M2 p2`iB+�H2 D�mM2 /2 H� pm2 H�iû`�H2 U�VX
(/) .B�;`�KK2 i`�+û H2 HQM; /m /B�Kĕi`2 K�iû`B�HBbû 2M TQBMiBHHûb #H2m bm` H� };m`2 U#VX
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jXjX JP.1a .1 al_6�*1 �sAauJúh_AZl1a

�TT�`BiBQM /ǶQM/2b bi�iBQMM�B`2b

*QKK2 HǶBHHmbi`2 H� };m`2 jXkeU�V- /2b /û7Q`K�iBQMb bmT2`}+B2HH2b �tBbvKûi`B[m2b- �+@
+2Mimû2b T�` HǶû+H�B`�;2- T`2MM2Mi TH�+2- 7Q`K�Mi mM KQiB7 `û;mHB2`X G� T?QiQ;`�T?B2 /2 H�
};m`2 jXkeU#V- T`Bb2 bm` mM i2KTb HQM; T�` `�TTQ`i ¨ H� Tû`BQ/2 /2b QM/2b- `ûpĕH2 /QM+
H2b TH�Mb /ǶQM/2 �tBbvKûi`B[m2b `û;mHB2`b bm` mM2 ;Qmii2 /2 `�vQM R = 7.3 KKX G2 /B�@
;`�KK2 bT�iBQ@i2KTQ`2H /2 H� };m`2 jXkeU+V- i`�+û H2 HQM; /ǶmM /B�Kĕi`2- `2M/ +QKTi2 /2
H� Tû`BQ/B+Biû i�Mi bT�iB�H2 [m2 i2KTQ`2HH2 /2b /û7Q`K�iBQMbX

R = 7.30 mm
T = 400∘C

f = 166.0 Hz

(a) (c)

5 mm

100 ms5 mm

(b)

6B;m`2 jXke Ĝ om2 /2 /2bbmb /ǶmM2 ~�[m2 /2 `�vQM R = 7.3 KK HûpBi�Mi �m@/2bbmb /ǶmM TmBib
+?�mzû ¨ 9yy�*X U�V �TT�`BiBQM /2 /û7Q`K�iBQMb �tBbvKûi`B[m2b /2 bm`7�+2 `ûpûHû2b T�` HǶû+H�B`�;2X
(#) amT2`TQbBiBQM /2 8yy BK�;2b bm++2bbBp2b T`Bb2b �p2+ mM2 +�/2M+2 /2 Ryyy 7Tb KQMi`�Mi H2 +�`�+@
iĕ`2 bi�iBQMM�B`2 /2 H� /û7Q`K�iBQMX (+) .B�;`�KK2 bT�iBQi2KTQ`2H i`�+û H2 HQM; /ǶmM /B�Kĕi`2 /2
H� ;Qmii2 [mB bm;;ĕ`2 HǶ�TT�`BiBQM /ǶQM/2b Tû`BQ/B[m2b- �mbbB #B2M bT�iB�H2K2Mi [m2 i2KTQ`2HH2K2MiX

G� HQM;m2m` /ǶQM/2 � �bbQ+Bû2 ¨ +2b QM/2b bi�iBQMM�B`2b- K2bm`û2 bm` H� };m`2 jXke- 2bi
+QKT`Bb2 2Mi`2 � 2 [2; 4] KKX G� +Qm`#m`2 /2 HǶBMi2`7�+2 2i /2 HǶûT�Bbb2m` /2 H� `û~2tBQM
[mB K�`[m2 H2b TH�Mb /ǶQM/2b �Hiĕ`2Mi +2T2M/�Mi H� T`û+BbBQM /2 H� K2bm`2X *2ii2 pm2
�û`B2MM2 2bi +QKTHûiû2 T�` H� pm2 /2 +Ƭiû Q#i2Mm2 T�` mM2 +�Kû`� `�TB/2 bvM+?`QMBbû2X
G� };m`2 jXk8U�V `ûpĕH2 HǶ2tBbi2M+2 /2 /û7Q`K�iBQMb `û;mHBĕ`2b 2M bm`7�+2- `2T`ûb2Miû2b ¨
t = 0, T/4, T/2X G� pm2 /2 /2bbmb +Q``2bTQM/�Mi2 U};m`2 jXk8U#VV �bbm`2 H2 +�`�+iĕ`2
�tBbvKûi`B[m2 /2 +2b QM/2bX

.û/Qm#H2K2Mi /2 7`û[m2M+2b

G2 i`�+û /2b /B�;`�KK2b bT�iBQ@i2KTQ`2Hb �bbQ+Bû2b �mt pm2b H�iû`�H2 2i �û`B2MM2 `2b@
T2+iBp2K2Mi bm` H2b BK�;2b /2 H� };m`2 jXk8U+V 2i U/V KQMi`2 [m2 +2b QM/2b bi�iBQMM�B`2b
�tBbvKûi`B[m2b QMi mM2 Tû`BQ/B+Biû i�Mi bT�iB�H2 [m2 i2KTQ`2HH2X .2 K�MBĕ`2 THmb bm`@
T`2M�Mi2 2M+Q`2- QM +QMbi�i2 bm` H2 /B�;`�KK2 (+) [m2 H� #�b2 /2 H� ;Qmii2 Qb+BHH2 ¨ H�
7`û[m2M+2 /Qm#H2 /2b QM/2b /2 bm`7�+2X

G� 7`û[m2M+2 /2 pB#`�iBQM /2 HǶBMi2`7�+2 HB[mB/2@p�T2m`- K2bm`û2 �m +Qm`b /2 H� pB2 /2
H� ;Qmii2 ;`�+2 ¨ +2b pm2b H�iû`�H2b 2bi `2T`ûb2Miû2 bm` H� };m`2 jXkkX G2b ~�[m2b /2 `�vQM
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R ⇡ 10 KK bQMi /QM+ 2t+Biû2b ¨ H� 7`û[m2M+2 fv = 170 ± 5 >xX *2 7Q`Ï�;2 2M;2M/`2 /2b
QM/2b /2 bm`7�+2 U�tBbvKûi`B[m2bV ¨ H� 7`û[m2M+2 fv/2 U2i [m2H[m27QBb fvVX

JBb2 2M TH�+2 /2b /û7Q`K�iBQMb

(a) (b)

100 ms

2 mm

5 mm

6B;m`2 jXkd Ĝ U�V AK�;2 T`Bb2 Dmbi2 �p�Mi HǶ�TT�`BiBQM /2b /û7Q`K�iBQMb /2 bm`7�+2 KQMi`�Mi H�
`û~2tBQM /2 HǶ�MM2�m G1. bm` H� ;Qmii2 U/ûbB;Mû2 2M #H2m T�H2V 2i bQM BK�;2 ¨ i`�p2`b H2 /BQTi`2
HB[mB/2 U/ûbB;Mû2 T�` H� ~ĕ+?2 Q`�M;2VX (#) .B�;`�KK2 bT�iBQ@i2KTQ`2H KQMi`�Mi HǶûpQHmiBQM /2
H� HB;M2 TQBMiBHHû2 �m +Qm`b /m i2KTbX G2b BK�;2b `û~û+?B2 2i `û7`�+iû2 bQMi 2M KQmp2K2Mi `2H�iB7-
T`û+BbûK2Mi 2M QTTQbBiBQM /2 T?�b2 ¨ mM2 7`û[m2M+2 f = 104± 1 >xX

G� };m`2 jXkdU�V KQMi`2 mM2 pm2 /2 /2bbmb /ǶmM2 ~�[m2 �m `2TQb /2 `�vQM R = 7.3 KKX
G� bm`7�+2 `2bi2 HBKTB/2 2i BKT�bbB#H2X GǶ�MM2�m 2bi `û~û+?B b�Mb āi`2 /û7Q`Kû 2i b2 7Q+�HBb2
/�Mb H2 HB[mB/2 ¨ mM2 /Bbi�M+2 D

0 /m ?�mi /2 H� ;Qmii2- �++2bbB#H2 T�` /2b pm2b /2 +Ƭiû kX D0

`2bi2 +QMbi�Mi2 HQ`b[m2 H� ;Qmii2 2bi �m `2TQbX G2 T�bb�;2 /ǶmM2 QM/2 #`QmBHH2 H� `û~2tBQM /2
HǶ�MM2�m 2i bQM BK�;2 ¨ i`�p2`b H2 HB[mB/2X *2b /2mt BK�;2b- BMBiB�H2K2Mi };û2b- b2 /BbbQ+B2Mi
T`Q;`2bbBp2K2MiX am` H� T?QiQ;`�T?B2 /2 H� };m`2 jXkdU�V 2i H2 /B�;`�KK2 bT�iBQ@i2KTQ`2H
�bbQ+Bû U#V- QM pQBi [m2 +2b /2mt ?�HQb HmKBM2mt Qb+BHH2Mi 2M QTTQbBiBQM /2 T?�b2 j ¨
mM2 7`û[m2M+2 f = 104 ± 1 >x �HQ`b KāK2 [m2 H2b #Q`/b /2 H� ;Qmii2 `2bi2Mi iQmi ¨
7�Bi BKKQ#BH2bX G� KBb2 2M TH�+2 /ǶQb+BHH�iBQMb û+�`i2 +2b /2mt BK�;2bX G2b /û7Q`K�iBQMb-
BKT2`+2TiB#H2b 2M 7Q+�HBb�Mi bm` H2b #Q`/b /2 H� ;Qmii2- bQMi T�` +2ii2 i2+?MB[m2 �++2Mimû2bX
.2b QM/2b M�Bbb2Mi 2M bm`7�+2 2i bǶ�KTHB}2MiX

*QKK2 H2 +QM}`K2Mi H2b pm2b /2 +Ƭiû- /2b QM/2b /2 bm`7�+2 b2 T`QT�;2Mi /QM+ ¨
HǶBMi2`7�+2X PM pQBi bm` H2b bT�iBQ@i2KTQ`2Hb /2 H� };m`2 jXk3 MQi�KK2Mi ¨ t = 0 b 2i
t = 45 b [m2 /2b QM/2b T`Q;`2bbBp2b �TT�`�Bbb2Mi /2 K�MBĕ`2 i`�MbBiQB`2X 1HH2b b2 7Q`K2Mi ¨

kX lM2 ;Qmii2 �m `2TQb- T�` b� +Qm`#m`2 bmTû`B2m`2 C- �;Bi +QKK2 mM2 H2MiBHH2 +QMp2`;2Mi2X G� `2H�iBQM
/2 +QMDm;�BbQM /QMM2 b� 7Q+�H2 f 0 , f 0 = DD0/(D �D0) ⇡ D0X G� +Qm`#m`2 û[mBp�H2Mi2 p�mi C = ne/f

0X
1M T`2M�Mi ne = 1.33- D = 36 +K- 2i D0 = 1.87 ± 0.23 KK- QM `2i`Qmp2 H� +Qm`#m`2 �m bQKK2i C =
2⇢g�1/� ⇡ 700 K�RX

jX GǶ�+iBQM /2 H� ;Qmii2 bm` H� HmKBĕ`2 BM+B/2Mi2 2bi /Bb+`BKBM�Mi2 , 2HH2 �;Bi +QKK2 mM KB`QB` +QM+�p2
/Bp2`;2Mi 2M `û~2tBQM 2i +QKK2 mM2 H2MiBHH2 +QMp2`;2Mi2 pBb@¨@pBb /2 H� `û7`�+iBQMX
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H� #�b2 /2b ;Qmii2b 2i b2 T`QT�;2Mi p2`b H2 ?�mi- TmBb }MBbb2Mi T�` bǶûp�MQmB` ¨ t = 175 b-
TQm` H�Bbb2` TH�+2- [m2H[m2b b2+QM/2b THmb i�`/ Ut > 200 bV ¨ /2b QM/2b bi�iBQMM�B`2bX

t = 0 s t = 40 s t = 45 s

t = 175 s t = 200 s t = 270 s

0

z

h

t

0

z

h

100 ms

5 mm

6B;m`2 jXk3 Ĝ _2T`ûb2Mi�iBQM /2b bT�iBQ@i2KTQ`2Hb ¨ /Bzû`2Mi BMbi�Mib /2 H� pB2 /ǶmM2 ~�[m2-
BMBiB�H2K2Mi �m `2TQb Ut = 0 bVX 1HH2 2bi bTQMi�MûK2Mi T2`im`#û2 T�` /2b QM/2b /2 bm`7�+2 Ut = 40 bV-
[mB b2 T`QT�;2Mi /2 #�b 2M ?�mi 2i bǶ�KTHB}2Mi H2 HQM; /2 HǶBMi2`7�+2 Ut = 45 bVX 1HH2b /BbT�`�Bbb2Mi
TQm` t = 175 b- K�Bb H�Bbb2Mi TH�+2 [m2H[m2b b2+QM/2b THmb i�`/ ¨ /2b Qb+BHH�iBQMb bi�iBQMM�B`2b-
`û;mHBĕ`2b 2M i2KTb 2i 2M 2bT�+2X

1tBbi2M+2 /ǶmM b2mBH

AH 2tBbi2 û;�H2K2Mi mM +`Biĕ`2 2M i2KTû`�im`2 /2 bm#bi`�i [mB +QM/BiBQMM2 HǶ�TT�`BiBQM
/2b QM/2b bi�iBQMM�B`2bX 1M `2T`Q/mBb�Mi +2ii2 2tTû`B2M+2 bm` /2b bm#bi`�ib /2 i2KTû`�im`2
T p�`B�#H2- MQmb �pQMb Q#b2`pû [m2 H2b QM/2b /2 bm`7�+2 MǶûi�B2Mi Q#b2`pû2b [mǶ�m@/2H¨ /ǶmM2
+2`i�BM2 i2KTû`�im`2X SQm` T < 350�*- H2b QM/2b /2 bm`7�+2 M2 bQMi T�b bvbiûK�iB[m2K2Mi
2t+Biû2b- 2i- /�Mb H2 +�b Qɍ 2HH2b bQMi Q#b2`pû2b- 2HH2b �TT�`�Bbb2Mi TQm` mM `�vQM THmb 7�B#H2-
2i M2 /QMM2Mi THmb bvbiûK�iB[m2K2Mi M�Bbb�M+2 ¨ /2b ûiQBH2bX 1M `2p�M+?2- /�Mb H� HBKBi2
T > 350�*- H2b KQ/2b �tBbvKûi`B[m2b /2 bm`7�+2 bQMi Q#b2`pûb 2i +QM/mBb2Mi [m2H[m2b
b2+QM/2b THmb i�`/ ¨ HǶ2t+Bi�iBQM /2b KQ/2b �xBKmi�mtX

jXjXj PM/2b +�TBHH�B`2b ¨ H� bm`7�+2 /ǶmM2 ;Qmii2

LQmb 2t�KBMQMb B+B THmb 2M /ûi�BH +2 KQ/2 /2 /û7Q`K�iBQM �tBbvKûi`B[m2 [mB �TT�`�ŗi
+QKK2 T`û+m`b2m` /�Mb H2b Qb+BHH�iBQMb ûiQBHû2bX
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6B;m`2 jXkN Ĝ _�vQM /Ƕ�TT�`BiBQM /2b /û7Q`K�iBQMb 2M 7QM+iBQM /2 H� i2KTû`�im`2 /m TmBib +QMB[m2X
G2b +`QBt 2MiQm`û2b 2M ;`Bb /ûbB;M2Mi H2b +�b Qɍ H2b QM/2b /2 bm`7�+2 M2 bQMi T�b 2t+Biû2b- +QMi`�bi�Mi
�p2+ H2b TQBMib #H2mb Qɍ /2b /û7Q`K�iBQMb �tBbvKûi`B[m2b �TT�`�Bbb2Mi- [mB b2 /BbbBT2Mi b�Mb /QMM2`
bmBi2 ¨ /2b ûiQBH2b UTQBMib 2MiQm`ûb D�mM2bV Qm 2M /QMM�Mi HB2m ¨ /2b ûiQBH2b UûiQBH2b 2MiQm`û2bVX

G2b QM/2b ;`�pBiQ@+�TBHH�B`2b

"B2M [m2 /�Mb HǶ2z2i G2B/2M7`Qbi- H2b ;Qmii2b M2 bQB2Mi T�b ¨ T`QT`2K2Mi T�`H2` TQbû2b
bm` H2m` bm#bi`�i- H� bBim�iBQM 2bi T`Q+?2 /2 +2HH2 /2 ;Qmii2b b2bbBH2b �TH�iB2b ûim/Bû2b T�`
LQ#HBM 2i �HX (3R- Ryd) TQm` /2b ;Qmii2b /Ƕ2�m T�`iB2HH2K2Mi KQmBHH�Mi2b- 2i /2 C�KBM 2i
�HX (3e- Rye) /�Mb H2 +QMi2ti2 /2 ;Qmii2b /2 72``Q~mB/2X § H� K�MBĕ`2 /2 +2b �mi2m`b- QM T2mi
BMi2`T`ûi2` +2b KQ/2b �tBbvKûi`B[m2b T�` HǶ�TT�`BiBQM /ǶQM/2b bi�iBQMM�B`2b ¨ H� bm`7�+2
/2 H� ;Qmii2X *2b QM/2b bQMi +�`�+iû`Bbû2b T�` H2m` TmHb�iBQM !- H2m` p2+i2m` /ǶQM/2 k

U�p2+ k = 2⇡/�V- [mB pû`B}2Mi H� `2H�iBQM /2 /BbT2`bBQM /2b QM/2b ;`�pBiQ@+�TBHH�B`2bX *2ii2
`2H�iBQM bǶû+`Bi /�Mb H� +QM};m`�iBQM b+?ûK�iBbû2 bm` H� };m`2 jXjy- /ǶmM2 BMi2`7�+2 /2
i2MbBQM /2 bm`7�+2 �- 2Mi`2 /2mt ~mB/2b MQM KBb+B#H2b bi`�iB}ûb U/2 /2MbBiû ⇢1 2i ⇢2V ,
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6B;m`2 jXjy Ĝ U�V a+?ûK� /2 HǶBMi2`7�+2 2Mi`2 /2mt ~mB/2b bmT2`TQbûb /2 /2MbBiû ⇢1 2i ⇢2X GǶBM@
i2`7�+2- +�`�+iû`Bbû T�` H� i2MbBQM bmT2`}+B2HH2 � 2bi T2`im`#û2 T�` /2b QM/2b ;`�pBiQ@+�TBHH�B`2bX
(#) _2T`ûb2Mi�iBQM /2b BMi2`7�+2b T`ûb2Miû2b T�` mM2 ;Qmii2 +�Hû}û2X GǶmiBHBb�iBQM /2 +QmH2m`b /Bb@
iBM+i2b T2`K2i /2 `2Tû`2` H2b /Bzû`2Mi2b T?�b2b 2M T`ûb2M+2X
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G� ;ûQKûi`B2 /2 ~�[m2 [m2 MQmb +QMbB/û`QMb T`ûb2Mi2 /2b BMi2`7�+2b [mǶBH +QMpB2Mi /2
/Bb+2`M2`X LQmb T`Q+û/QMb ¨ mM /û+QmT�;2 2M i`QBb `û;BQMb ,

} GǶBMi2`7�+2 bmTû`B2m`2 2�m@�B`- [mB TH�7QMM2 ¨ � ?�mi2m` h = 2�1 UR > 1VX

} GǶBMi2`7�+2 BM7û`B2m`2 2Mi`2 HǶ2�m 2i b� p�T2m`- �TH�MB2 T�` H2 bm#bi`�i +?�m/X

} G2b #Q`/b H�iû`�mt /2 H� ;Qmii2- `2+Qm`#ûb- xQM2 /2 `�++Q`/ /2b /2mt `û;BQMbX

.�Mb H2 +�b Qɍ H2b QM/2b �TT�`�Bbb2Mi bm` H� T�`iB2 bmTû`B2m`2 /2 H� ;Qmii2- QM B/2MiB}2
H2 ~mB/2 R ¨ HǶ�B` 2MpB`QMM�Mi U⇢1 = ⇢aV 2i H2 ~mB/2 k ¨ H� ;Qmii2 U⇢2 = ⇢VX h1 2bi /QM+ BM}MB
2i h2 HBKBiû T�` H� ;`�pBiû ¨ h2 ⇡ 2�1X 1M bmTTQb�Mi 2M THmb [m2 ⇢a << ⇢- HǶû[m�iBQM jXjXR
b2 `û/mBi ¨ ,
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UjXjXkV

.�Mb H2 +�b Qɍ H2b QM/2b �TT�`�Bbb2Mi �m MBp2�m /2 HǶBMi2`7�+2 HB[mB/2@p�T2m` BM7û`B2m`2-
QM B/2MiB}2 H2 ~mB/2 R �m HB[mB/2 U⇢1 = ⇢V 2i H2 ~mB/2 k ¨ H� p�T2m` U⇢2 = ⇢vVX G2 KBHB2m
2bi BMbi�#H2K2Mi bi`�iB}ûX h1 2bi HBKBiû ¨ 2�1 2i h2 bǶB/2MiB}2 ¨ HǶûT�Bbb2m` /m }HK "X 1M
bmTTQb�Mi [m2 ⇢v << ⇢- 2i [m2 k" << 1- HǶû[m�iBQM jXjXR T`2M/ H� 7Q`K2 ,
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1M bm#biBim�Mi f = !/2⇡ 2i � = 2⇡/k /�Mb +2b `2H�iBQMb- QM i`�+2 bm` H� };m`2 jXjR H2b
`2H�iBQMb /2 /BbT2`bBQMb /QMMû2b T�` H2b û[m�iBQMb jXjXk 2i jXjXjX
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6B;m`2 jXjR Ĝ U�V _2H�iBQM /2 /BbT2`bBQM HB�Mi H� 7`û[m2M+2 /Ƕ2t+Bi�iBQM f ¨ H� HQM;m2m` /ǶQM/2 /m
KQiB7 bi�iBQMM�B`2 [mB �TT�`�ŗi ¨ HǶBMi2`7�+2X GǶû+?2HH2 2bi HQ;�`Bi?KB[m2X PM /BbiBM;m2 2M `Qm;2- H�
bQHmiBQM TQm` HǶBMi2`7�+2 bmTû`B2m`2 2�m@�B` 2i 2M #H2m H� bQHmiBQM [mB +QM+2`M2 HǶBMi2`7�+2 BM7û`B2m`
2Mi`2 HǶ2�m 2i b� p�T2m`X (#) wQQK 2M û+?2HH2 HBMû�B`2 bm` H� ;�KK2 /2 7`û[m2M+2 2i /2 HQM;m2m`
/ǶQM/2 T2`iBM2Mi2b /�Mb H2 +�b /2 ;Qmii2b +�Hû}û2bX

1M +2 [mB +QM+2`M2 HǶBMi2`7�+2 bmTû`B2m`2 2�m@�B` U`2T`ûb2Miû2 2M `Qm;2V- QM /BbiBM;m2 H2
`û;BK2 ;`�pBi�B`2- Qɍ k > kc 2i H2 `û;BK2 +�TBHH�B`2 k < kc- Qɍ H� HQM;m2m` /ǶQM/2 +`BiB[m2
+Q``2bTQM/�Mi2 p�mi �c = 2⇡�1 bQBi �c = 15.7 KKX G� i�BHH2 /2b ;Qmii2b M2 T2mi 2t+û/2`
H2 `�vQM +`BiB[m2 Rc ⇡ 4�1- bQmb T2BM2 /2 7Q`K2` /2b +?2KBMû2bX PM b2 `2bi`2BMi �m `û;BK2
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+�TBHH�B`2X G2b /û7Q`K�iBQMb bmT2`}+B2HH2b /2 HǶBMi2`7�+2 bmTû`B2m`2 bQMi T2m b2MbB#H2b �mt
p�`B�iBQMb /2 ?�mi2m`X *2H� MQmb �miQ`Bb2 /2 i`�Bi2` H2b #Q`/b �#�Bbbûb /2 H� ;Qmii2 +QKK2
mM2 BMi2`7�+2 ?Q`BxQMi�H2X _2bi2 iQmi /2 KāK2 HǶ2z2i /2 H� +Qm`#m`2- Mû;HB;û Dmb[m2 H¨-
K�Bb /B{+BH2 ¨ T`2M/`2 2M +QKTi2X

1M +2 [mB +QM+2`M2 HǶBMi2`7�+2 BM7û`B2m`2 2�m@p�T2m`- `2T`ûb2Miû2 2M #H2m bm` H� };m`2 jXjRU�V-
H2b ~mB/2b ûi�Mi /�Mb mM2 +QM};m`�iBQM BMbi�#H2K2Mi bi`�iB}û2- BH 2tBbi2 mM2 7`û[m2M+2 bT�@
iB�H2 /2 +QmTm`2 , kc =  TmBb[m2 H2 `û;BK2 ;`�pBi�B`2 +QM/mB`�Bi ¨ mM2 BMbi�#BHBiû /2 ivT2
_�vH2B;?@h�vHQ`X GǶ�TT�`BiBQM /ǶQM/2b bi�#H2b 2bi bQmKBb2 ¨ H� +QM/BiBQM � < �c = 2⇡�1-
pû`B}û2 /�Mb H� HBKBi2 

�1
< R < 4�1X .�Mb +2ii2 HBKBi2- KBb2 2M p�H2m` bm` H2 xQQK

2M û+?2HH2 HBMû�B`2 /2 H� };m`2 jXjRU#V- H2b `2H�iBQMb /2 /BbT2`bBQM +QM+2`M�Mi HǶBMi2`7�+2
bmTû`B2m`2 2i BM7û`B2m`2 /2 H� ;Qmii2 T`2MM2Mi `2bT2+iBp2K2Mi H� 7Q`K2 ,
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G� };m`2 jXjRU#V KQMi`2 [m2 TQm` mM2 7`û[m2M+2 /Ƕ2t+Bi�iBQM /2 Ryy >x- H� HQM;m2m`
/ǶQM/2 �ii2M/m2 TQm` HǶBMi2`7�+2 bmTû`B2m`2 U+Qm`#2 `Qm;2V 2bi /Ƕ2MpB`QM jX3 KK 2i +2HH2
�bbQ+Bû2 ¨ HǶBMi2`7�+2 BM7û`B2m`2 U+Qm`#2 #H2m2V 2bi 2MpB`QM RX3 KKX am` H2b pm2b /2 /2bbmb /2
H� };m`2 jXjk- QM T2mi K2bm`2` H� HQM;m2m` /ǶQM/2 /2b /û7Q`K�iBQMbX G2b TH�Mb HmKBM2mt-
/Bbi�Mib /2 �/2 UH� HmKBĕ`2 ûi�Mi `û~û+?B2 T�` H2b +`2mt 2i H2b #Qbb2b /2b /û7Q`K�iBQMbV
T2`K2ii2Mi /2 K2bm`2` mM2 HQM;m2m` /ǶQM/2 � ⇡ 3�4 KKX 1HH2 +QśM+B/2 �p2+ +2HH2 /QMMû2
T�` H� `2H�iBQM /2 /BbT2`bBQMX

(a) (c)

5 mm

(b)

λ /2

λ /2

6B;m`2 jXjk Ĝ aû[m2M+2b /ǶBK�;2b T`Bb2b ¨ t = 0 c T/4 c 2i T/2 �p2+ T = 12 ± 2 Kb K2ii�Mi 2M
ûpB/2M+2 H� Tû`BQ/B+Biû bT�iBQ@i2KTQ`2HH2X G� /Bbi�M+2 2Mi`2 H2b TH�Mb /ǶQM/2b HmKBM2mt +Q``2bTQM/
¨ �/2 UH� HmKBĕ`2 ûi�Mi `û~û+?B2 T�` H2b +`2mt 2i H2b #Qbb2b /2b /û7Q`K�iBQMbVX § t = T/4- H2b
/û7Q`K�iBQMb bǶ�TH�MBbb2MiX

Rkk
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AMbi�#BHBiû /2 6�`�/�v

GQ`b[mǶQM bQmK2i mM #�BM HB[mB/2 ¨ mM2 �++ûHû`�iBQM p2`iB+�H2 �(t) = �0 +Qb(2⇡fvt)-
HǶBMi2`7�+2 b2 /ûbi�#BHBb2X 6�`�/�v 7mi H2 T`2KB2` ¨ bǶBMi2`2bb2` ¨ HǶ2z2i /2 pB#`�iBQMb Q`i?Q@
;QM�H2b bm` /2b BMi2`7�+2b HB[mB/2b (Ry3)X .�Mb b2b i`�p�mt /2 R3jR- BH +QMbi�i2 2M T�`iB+mHB2`
[mǶ�m@/2H¨ /ǶmM2 �++ûHû`�iBQM b2mBH- �c

0- /2b QM/2b bi�iBQMM�B`2b �TT�`�Bbb2Mi bTQMi�MûK2Mi
¨ HǶBMi2`7�+2X PM b�Bi /2TmBb- [m2 H� KQ/mH�iBQM /2 H� ;`�pBiû 2z2+iBp2 `2bb2MiB2 T�` H2 HB[mB/2
T`QpQ[m2 H2 7Q`Ï�;2 T�`�Kûi`B[m2 /2b QM/2b +�TBHH�B`2bX G2b Qb+BHH�iBQMb- 7Q`+û2b Tû`BQ/B[m2@
K2Mi- bǶ�KTHB}2Mi /2 K�MBĕ`2 bT2+i�+mH�B`2 TQm` +2`i�BM2b +�`�+iû`BbiB[m2b /2 7Q`Ï�;2 (RyN)X
aB fv 2bi H� 7`û[m2M+2 BKTQbû2- H� 7`û[m2M+2 /2 +2b QM/2b- /Bi2b /2 6�`�/�v- 2bi mM KmHiBTH2
/2 f = fv/2X G� HQM;m2m` /ǶQM/2 � /m KQiB7 7Q`Kû 2bi /QMMû2 T�` H� `2H�iBQM /2 /BbT2`bBQM
�p2+ f = fv/2 U2i ûp2Mim2HH2K2Mi H2b ?�`KQMB[m2b bmTû`B2m`bVX

G2b +QM/BiBQMb /ǶQ#b2`p�iBQM /2 +2ii2 BMbi�#BHBiû `�TT2HH2Mi +2HH2b /2 MQi`2 2tTû`B2M+2X
G� p�T2m`- BMi`BMbĕ[m2K2Mi BMbi�#H2- 2t+Bi2 p2`iB+�H2K2Mi H2 HB[mB/2 [mǶ2HH2 bmTTQ`i2X .2b
QM/2b �TT�`�Bbb2Mi bm` HǶBMi2`7�+2 HB#`2 Ǵ72`Kû2ǴX *2b QM/2b bQMi bi�iBQMM�B`2b 2i QMi H�
7`û[m2M+2 KQBiBû /2 +2HH2 /m }HK /2 p�T2m` UT�`�;`�T?2 jXjVX S�` �BHH2m`b- 2HH2b `ûbQMM2Mi
TQm` +2`i�BM2b i�BHH2b /2 +�pBiûX G� ;Qmii2 2bi /QM+ H2 bBĕ;2 /ǶmM2 BMbi�#BHBiû T�`�Kûi`B[m2
MQM@HBMû�B`2 /2 ivT2 6�`�/�v +2 [mB 2tTHB[m2 H2 /û/Qm#H2K2Mi /2 7`û[m2M+2 Q#b2`pûX

AMi2`T`ûi�iBQM [m�HBi�iBp2 G2 b+?ûK� /2 H� };m`2 jXjj- �/�Tiû /2 (RRy)- T2`K2i /2
+QKT`2M/`2 [m�HBi�iBp2K2Mi HǶ2t+Bi�iBQM bm#?�`KQMB[m2 /2b QM/2b /2 bm`7�+2X § t = 0- H2
}HK /2 p�T2m`- BMBiB�H2K2Mi �KBM+B- `2KQMi2X *2 KQmp2K2Mi �b+2M/�Mi +?�bb2 H� p�T2m`
bm` H2b +Ƭiû U~ĕ+?2b `Qm;2bV 2i +`2mb2 �HQ`b HǶBMi2`7�+2 HB[mB/2@p�T2m` bmb@D�+2Mi2 Ut = Tv/4VX
G2 }HK /2 p�T2m` 2bi �BMbB THmb ûT�Bb [m2 "- bQM ûT�Bbb2m` /Ƕû[mBHB#`2X AH `2/2b+2M/- H�Bbb�Mi
/2``Bĕ`2 mM2 /û7Q`K�iBQM /2 HǶBMi2`7�+2X GQ`b[mǶBH `2KQMi2 ¨ MQmp2�m- H2b /û7Q`K�iBQMb
BM/mBi2b +QKT2Mb2Mi +2HH2b 2M TH�+2 2i �TH�MBbb2Mi HǶBMi2`7�+2 Ut = Tv/2VX 1M `2/2b+2M/�Mi-
H2b bBHHQMb +`2mt /2pB2MM2Mi /m `2HB27 2i `û+BT`Q[m2K2Mi- H2 +v+H2 /2 H� p�T2m` bǶ�+?ĕp2 �HQ`b
[m2 HǶBMi2`7�+2 MǶ2bi 2bi [mǶ¨ mM2 /2KB@Tû`BQ/2- /ǶQɍ H2 /û/Qm#H2K2Mi /2 Tû`BQ/2X

6B;m`2 jXjj Ĝ aû[m2M+2 /2b KQmp2K2Mib HB[mB/2b `2bT2+iBp2K2Mi ¨ +2mt /2 H� p�T2m` pB#`�Mi
p2`iB+�H2K2Mi ¨ H� 7`û[m2M+2 fv =

1

Tv
- �/�Tiû2 /2 (RRy)X G2 +QKTQ`i2K2Mi 2bi BHHmbi`û �mt BMbi�Mib

t = 0 ; Tv
4 ; Tv

2 ; 3Tv
4 2i K2i 2M ûpB/2M+2 H2 +�`�+iĕ`2 bQmb ?�`KQMB[m2 /2b QM/2b 2t+Biû2bX

Rkj



*>�SAh_1 jX JP_S>P:úLĔa1 .ǶúhPAG1a

ú[m�iBQM T�`�Kûi`B[m2 /2 J�i?B2m *QKK2 HǶQMi T`QTQbû "2MD�KBM 2i l`b2HH- HǶ�+@
+ûHû`�iBQM /m bm#bi`�i U/�Mb MQi`2 +�b- /2 H� #�b2 /2b ;Qmii2bV T2mi āi`2 /BbbBKmHû2 /�Mb
H� ;`�pBiû- KQ/mHû2 Tû`BQ/B[m2K2Mi ¨ H� 7`û[m2M+2 fv /2 7Q`Ï�;2 (RyN)X G2b QM/2b Q#b2`pû2b
�m T�`�;`�T?2 jXj +Q``2bTQM/2Mi ¨ /2b KQ/2b bi�iBQMM�B`2b /2 H� bm`7�+2 HB#`2X G2b /û7Q`@
K�iBQMb /2 bm`7�+2- MQiû2b ⇣- b2 /û+QmTH2Mi 2M i2KTb 2i 2M 2bT�+2 +QKK2 ⇣ = a(t)&(r)-
Qɍ a(t) /ûbB;M2 HǶ�KTHBim/2 /2b Qb+BHH�iBQMb 2i &(r) H2b p�`B�iBQMb bT�iB�H2b /m KQiB7X a(t)
b�iBb7�Bi HǶû[m�iBQM /ǶmM Qb+BHH�i2m` , @tta(t) + !

2
a(t) = 0- �p2+ ! [mB pû`B}2 H� `2H�iBQM

/2 /BbT2`bBQM jXjXjX GǶ2t+Bi�iBQM T�`�Kûi`B[m2 +QMbBbi2 ¨ KQ/mH2` /�Mb H2 i2KTb mM /2b
i2`K2b BMi2`p2M�Mi /�Mb HǶû[m�iBQMX G2 KQmp2K2Mi /ǶQb+BHH�iBQM p2`iB+�H2- ¨ H� 7`û[m2M+2
fv = 2⇡/!v- KQ/mH2 H� ;`�pBiû `2bb2MiB2 T�` H2 HB[mB/2X GǶ�KTHBim/2 /2b Qb+BHH�iBQMb bmBi
�HQ`b HǶû[m�iBQM /Bzû`2MiB2HH2 /2 J�i?B2m , @tta(t)+!

2(1+2e +Qb(!vt))a(t) = 0- Qɍ e `2T`û@
b2Mi2- bQmb b� 7Q`K2 �/BK2MbBQMMû2- HǶ�KTHBim/2 /2b QM/2bX G2b bQHmiBQMb /2 +2ii2 û[m�iBQM
`ûbQMM2Mi HQ`b[m2 ! = p!v/2- Qɍ p 2 NX G2 T`2KB2` KQ/2 BMbi�#H2 +Q``2bTQM/ /QM+ �m
KQ/2 /û/Qm#Hû- Qb+BHH�Mi ¨ H� 7`û[m2M+2 KQBiBû f = fv/2X S?vbB[m2K2Mi- +2H� BKTHB[m2 [m2
H� p�T2m` /QM+ �++QKTHB` /2mt +v+H2b +QKTH2ib /2 pB#`�iBQM TQm` `2i`Qmp2` b� TQbBiBQM
BMBiB�H2X

a2mBH /Ƕ�TT�`BiBQM G2b QM/2b /2 6�`�/�v Qb+BHH2Mi ¨ mM2 7`û[m2M+2 KmHiBTH2 /m KQ/2
bQmb@?�`KQMB[m2X SQm` b�pQB` [m2H KmHiBTH2 2bi 2t+Biû- QM bǶBMiû`2bb2 �m b2mBH 2M 7Q`Ï�;2
/2 HǶBMbi�#BHBiûX *2 b2mBH +Q``2bTQM/ ¨ HǶûM2`;B2 ¨ �TTQ`i2` TQm` +QKT2Mb2` H2b /BbbBT�iBQMb
T�` pBb+QbBiû /�Mb H2 HB[mB/2X AH �m;K2Mi2 /QM+ �p2+ H2 MQK#`2 /ǶQM/2 k- TmBb[m2 mM2
�m;K2Mi�iBQM /2 7`û[m2M+2 `û/mBi H� i�BHH2 /m KQiB7 UpQB` };m`2 jXjRV 2i �KTHB}2 H2b 2z2ib
pBb[m2mtX aQM 2tT`2bbBQM 2bi 2M HQB /Ƕû+?2HH2 �4k4⌘2/⇢2 (RRy- RRR)X G2 KQ/2 H2 THmb 7�+BH2 ¨
2t+Bi2` 2bi /QM+ H2 KQ/2 bQmb@?�`KQMB[m2 fv/2- bmBpB ûp2Mim2HH2K2Mi T�` H2 KQ/2 BbQ+?`QM2
¨ fvX

jXjX9 *QM/BiBQMb /2 `ûbQM�M+2

.2b /û7Q`K�iBQMb BKTQ`i�Mi2b �TT�`�Bbb2Mi bTQMi�MûK2Mi 2M bm`7�+2 /2 ;Qmii2b +�Hû@
}û2b TQm` /2b `�vQMb T�`iB+mHB2`bX 1HH2b bm;;ĕ`2Mi HǶBMi2`p2MiBQM /ǶmM T?ûMQKĕM2 /2 `ûbQ@
M�M+2X G2b QM/2b bQMi bi�iBQMM�B`2b , 2t+Biû2b 2M bm`7�+2 T�` H� p�T2m`- 2HH2b b2 i`Qmp2Mi
`û~û+?B2b /�Mb H� +�pBiû 72`Kû2 [m2 +QMbiBim2 H� ;Qmii2X PM B/2MiB}2 9 TQBMib +QMi`�BMib-
BHHmbi`ûb bm` H� };m`2 jXj9U�V , HǶ�T2t � 2i H2 +mHQi " /2 H� ;Qmii2- TQBMib Qɍ H� bm`T`2bbBQM
2bi K�tBK�H2- 2i H2b TQBMib * 2i . �m MBp2�m /2 HǶ2M+QHm`2 /2 H� #�b2- TQBMib /2 `�++Q`/ 2M
T`2bbBQM bQBi /2b Mƾm/b /2 bm`T`2bbBQMX .2b QM/2b /2 bm`7�+2- �tBbvKûi`B[m2b- 2Mi`2Mi 2M
`ûbQM�M+2 /ĕb HQ`b [m2 H� +�pBiû T2mi b�iBb7�B`2 H2b [m�i`2 +QM/BiBQMb HBKBi2bX G2b +QM/BiBQMb
BKTQbû2b 2M * 2i 2M . M2 bQMi T�b iQmDQm`b +QKT�iB#H2b �p2+ +2HH2b `2[mBb2b 2M � 2i "- 2i
`û+BT`Q[m2K2MiX *QKK2 H2b QM/2b �z2+i2Mi iQmi2 H� Tû`BT?û`B2 /2 H� ;Qmii2- QM +QMbB/ĕ`2
[m2 H� +QM/BiBQM H� THmb 7Q`i2 2bi +2HH2 BKTQbû2 2Mi`2 � 2i "X

*QKK2 +Ƕ2bi bQmp2Mi H2 +�b /�Mb H2b T?ûMQKĕM2b /2 `ûbQM�M+2- H� i�BHH2 L /2 H� +�pBiû-
+QM/BiBQMM2 2i [m�MiB}2 H� `ûTQMb2 /m `ûbQM�i2m`X PM +?2`+?2 /QM+ ¨ T`û/B`2 L 2i ¨ H�
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6B;m`2 jXj9 Ĝ U�V a+?ûK� /ǶmM2 ;Qmii2 2t+Biû2 T�` /2b QM/2b �tBbvKûi`B[m2bX PM MQi2 R H2 `�vQM-
p H2 Tû`BKĕi`2 TQH�B`2- 2i ` HǶûi2M/m2 /2 H� #�b2X .2b QM/2b /2 bm`7�+2 b2 `û~û+?Bbb2Mi 2M � 2i
" Up2Mi`2b /2 bm`T`2bbBQMV Qm 2M * 2i . UMƾm/bV- +QM/mBb�Mi �m KQiB7 bi�iBQMM�B`2 /2 HQM;m2m`
/ǶQM/2 �X (#) .Bbi�M+2b 2Mi`2 H2b /Bzû`2Mib TQBMib +QMi`�BMib �- "- * 2i . Q#i2Mm2b T�` BMiû;`�iBQM
MmKû`B[m2 /2 HǶû[m�iBQM /Bzû`2MiB2HH2 HQ+�H2 RXkXj 2M 7QM+iBQM /2 RX PM /BbiBM;m2 H� HQM;m2m` /2
HǶBMi2`7�+2 bmTû`B2m`2 �. U#H2m +H�B`V- HǶûi2M/m2 /2 H� #�b2 *. UD�mM2V 2i H2 Tû`BKĕi`2 iQi�H /2 H�
;Qmii2 U#H2m 7QM+ûVX

+QKT�`2` ¨ H� HQM;m2m` /ǶQM/2 � /2b QM/2b /2 6�`�/�vX am` H� };m`2 jXj9U#V- QM i`�+2
H2b /Bbi�M+2b 2Mi`2 H2b TQBMib +QMi`�BMib- Q#i2Mm2b T�` BMiû;`�iBQM MmKû`B[m2 /2 HǶû[m�@
iBQM RXkXj /2 H� 7Q`K2 /2b ;Qmii2bX G� HQM;m2m` �" /2 H� +�pBiû- [mB +Q``2bTQM/ ¨ p/2-
H2 /2KB@Tû`BKĕi`2 TQH�B`2 /2 H� ;Qmii2- 2bi /2 HǶQ`/`2 /2 jy KK- bQBi [m2H[m2b 7QBb H� HQM@
;m2m` /ǶQM/2 �X S�` �M�HQ;B2 �p2+ H2 T`Q#HĕK2 /2 H� +Q`/2 pB#`�Mi2- H� `ûbQM�M+2 � HB2m
[m�M/ H� +�pBiû T2mi �++m2BHHB` mM KmHiBTH2 /2KB@2MiB2` /2 �X G� };m`2 jXj9U#V 2tTHB+Bi2
H2b p�`B�iBQMb /m Tû`BKĕi`2 TQH�B`2 p �p2+ H2 `�vQM û[m�iQ`B�H RX 1M bǶûp�TQ`�Mi- H� +�pBiû
`ûi`û+Bi /2 K�MBĕ`2 +QMiBMm2X G2 Kû+�MBbK2 /2 `ûbQM�M+2 T`û/Bi �HQ`b mM2 [m�MiB}+�iBQM
/2b `�vQMb /Ƕ�TT�`BiBQM /2b /û7Q`K�iBQMb [mB b2 bm++ĕ/2MiX PM +?2`+?2 /QM+ ¨ pû`B}2` +2H�X
PM 2t�KBM2 H2b /û7Q`K�iBQMb [mB �TT�`�Bbb2Mi bm` ~�[m2- Q#b2`pû2 T�` H2 +Ƭiû 2M miBHBb�Mi
mM `ûi`Qû+H�B`�;2X SQm` +�`�+iû`Bb2` +2b /û7Q`K�iBQMb- QM b2 TH�+2 /�Mb H2b +QM/BiBQMb Qɍ
H2b QM/2b /2 bm`7�+2b �tBbvKûi`B[m2b bQMi Q#b2`pû2b b�Mb /QMM2` M�Bbb�M+2 �mt ûiQBH2bX 1M
2z2i- H2b KQ/2b �tBbvKûi`B[m2b bQMi- �m@/2H¨ /ǶmM2 i2KTû`�im`2 /2 bm#bi`�i- bvbiûK�iB[m2@
K2Mi `2KTH�+ûb T�` H2b KQ/2b �xBKmi�mt UpQB` };m`2 jXkNVX G� i2KTû`�im`2 /m bm#bi`�i
2bi /QM+ }tû2 ¨ jyy�*X PM T`ûb2Mi2 bm` H� };m`2 jXj8- H2b /û7Q`K�iBQMb �tBbvKûi`B[m2b 2M
bm`7�+2 �m 7m` 2i ¨ K2bm`2 /2 bQM ûp�TQ`�iBQMX

PM `2K�`[m2 bm` +2b BK�;2b- T`Bb2b ¨ /Bzû`2Mib BMbi�Mib /2 H� pB2 /ǶmM2 KāK2 ;Qmii2-
[m2 H2b /û7Q`K�iBQMb �tBbvKûi`B[m2b bǶ�KTHB}2Mi TQm` /2b `�vQMb i`ĕb T�`iB+mHB2`b- +2 [mB
`ûpĕH2 /QM+ H2 +�`�+iĕ`2 [m�MiB}û /2 H� `ûTQMb2 /m HB[mB/2X 1Mi`2 +2b `�vQMb- H� ;Qmii2
`2;�;M2 mM ûi�i BKT2`im`#û- /ûbB;Mû T�` H2 bvK#QH2 ?X PM /û/mBi T�` �BHH2m`b /2 +2b
BK�;2b mM2 HQM;m2m` /ǶQM/2 � = 3.6± 0.4 KKX GǶBM+2`iBim/2 bm` H2 K2bm`2 2bi �ii`B#m�#H2
¨ H� +Qm`#m`2 /2 HǶBMi2`7�+2X *2ii2 p�H2m` +QśM+B/2 �p2+ H� p�H2m` K2bm`û2 T�` /2b pm2b /2
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6B;m`2 jXj8 Ĝ _ûbQM�M+2 [m�MiB}û2 T�` R /2b KQ/2b �tBbvKûi`B[m2b bm` H2 Tû`BKĕi`2 TQH�B`2 p

/ǶmM2 ;Qmii2X G� ;Qmii2 HûpBi2 bm` mM bm#bi`�i +?�mzû ¨ jyy�* 2i bǶûp�TQ`2 H2Mi2K2MiX G2b p�`B�iBQMb
/2 `�vQM HmB 7QMi 2tTHQ`2` /2b KQ/2b �tBbvKûi`B[m2b /ǶBM/B+2 m /û+`QBbb�MiX 1Mi`2 H2b `�vQMb [mB
K2ii2Mi 2M `ûbQM�M+2 +2b QM/2b- H� ;Qmii2 `2;�;M2 mM ûi�i T�BbB#H2 U?VX G� HQM;m2m` /ǶQM/2 � /m
KQiB7 bi�iBQMM�B`2 p�`B2 T2m 2i p�mi � = 3.6± 0.4 KKX G� #�``2 /Ƕû+?2HH2 BM/B[m2 8 KKX

/2bbmb U};XjXjkV 2i +2HH2 /QMMû2 T�` H� `2H�iBQM /2 /BbT2`bBQMX 1HH2 p�`B2 `2K�`[m�#H2K2Mi
T2m �p2+ H� `û/m+iBQM /2 i�BHH2 /2 H� ;Qmii2X

3

2 4 6 8
0

5

10

m

R (mm)

6B;m`2 jXje Ĝ AM/B+2 m /m KQ/2 �bbQ+Bû �mt /û7Q`K�iBQMb bi�iBQMM�B`2b �tBbvKûi`B[m2b- i`�+û 2M
7QM+iBQM /m `�vQM R �mt[m2HH2b 2HH2b �TT�`�Bbb2MiX 1Mi`2 H2b KQ/2b- H� ;Qmii2 `2i`Qmp2 b� 7Q`K2
/Ƕû[mBHB#`2X

PM b2 /2K�M/2 �HQ`b [m2HH2 2bi H� +QM/BiBQM /2 `ûbQM�M+2 /�Mb +2ii2 ;ûQKûi`B2X PM
i`�+2 bm` H� };m`2 jXje HǶBM/B+2 m /m KQ/2 U/û}MB bm` H� };m`2 jXj8V 2M 7QM+iBQM /m `�vQM
û[m�iQ`B�H /2 H� ;Qmii2 R TQm` H2[m2H BH �TT�`�ŗiX m /BKBMm2 �p2+ R �m 7m` 2i ¨ K2bm`2
[m2 H� ;Qmii2 bǶûp�TQ`2X GǶ�HHm`2 /2 H� +Qm`#2 `�TT2HH2 H� /ûT2M/�M+2 /m Tû`BKĕi`2 TQH�B`2
p �m `�vQM û[m�iQ`B�H R /2 H� };m`2 jXj9U#V 2i bm;;ĕ`2 mM2 `2H�iBQM /2 T`QTQ`iBQMM�HBiû
2Mi`2 m 2i pX G� `ûbQM�M+2 b2K#H2 +QM/BiBQMMû2 T�` H� `2H�iBQM ,

m =
p

2�
UjXjX9V

Rke
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G2b QM/2b �tBbvKûi`B[m2b /2 bm`7�+2 2Mi`2Mi �BMbB 2M `ûbQM�M+2 HQ`b[m2 H� ;Qmii2 T2mi �+@
+m2BHHB` mM MQK#`2 2MiB2` /2 HQM;m2m`b /ǶQM/2 H2 HQM; /2 bQM Tû`BKĕi`2 TQH�B`2 pX *2ii2
+QM/BiBQM bûH2+iBQMM2 H2b `�vQMb /Bb+`2ib TQm` H2b[m2Hb H2 HB[mB/2 `ûTQM/ /2 K�MBĕ`2 �K@
THB}û2 ¨ HǶ2t+Bi�iBQM T�` H� p�T2m` UpB� mM Kû+�MBbK2 /2 6�`�/�vVX aB HǶQM `2T`Q/mBi +2ii2
2tTû`B2M+2 bm` mM bm#bi`�i THmb +?�m/- +2b QM/2b 2M;2M/`2Mi /2b ûiQBH2bX

jX9 1t+Bi�iBQM bm#bû[m2Mi2 /2b KQ/2b ûiQBHûb

G2 +�`�+iĕ`2 �tBbvKûi`B[m2 /2b /û7Q`K�iBQMb /Bb+miû2b +B@/2bbmb M2 T2`K2i T�b /2
+QM+Hm`2 bm` HǶQ`B;BM2 /2b ûiQBH2b /�Mb H2 T?ûMQKĕM2 /2 G2B/2M7`QbiX PM +?2`+?2 �HQ`b ¨
+QKT`2M/`2 H2 +QmTH�;2 /2 +2b KQ/2b- 2i 2M T�`iB+mHB2`- H2 Kû+�MBbK2 /2 bûH2+iBQM /2b
KQ/2b �xBKmi�mt T�` H2b KQ/2b /2 bm`7�+2X

jX9XR *QM/BiBQMb /Ƕ2t+Bi�iBQM

G2b KQ/2b ûiQBHûb bQMi bvbiûK�iB[m2K2Mi �MMQM+ûb T�` H2b KQ/2b �tBbvKûi`B[m2bX �m
/2H¨ /ǶmM b2mBH 2M i2KTû`�im`2- H2b KQ/2b �tBbvKûi`B[m2b M2 bm#bBbi2Mi T�b- QM �bbBbi2 �HQ`b
U2M KQBMb /2 Ry b2+QM/2bV ¨ mM +?�M;2K2Mi /2 /B`2+iBQM /2b /û7Q`K�iBQMb /2 H� ;Qmii2-
[mB 7�Bi T2`/`2 HǶ�tBbvKûi`B2 /m T`Q#HĕK2X G� `û+BT`Q[m2 MǶ2bi TQm`i�Mi T�b pû`B}û2 UpQB`
};X jXkNV- +2 [mB bm;;ĕ`2 HǶBKTHB+�iBQM /2b KQ/2b �tBbvKûi`B[m2b /2 bm`7�+2 /�Mb HǶ2t+Bi�iBQM
/2 +2b KQ/2bX �p�Mi /2 /Bb+mi2` /m +QmTH�;2 2Mi`2 +2b /2mt KQ/2b /2 `ûTQMb2 /ǶmM2 ~�[m2
+�Hû}û2- MQmb +QKK2MÏQMb T�` mM2 /2b+`BTiBQM /2 +2b KQ/2bX

jX9Xk *�`�+iû`BbiB[m2b /2b KQ/2b

G2b pm2b /2 /2bbmb 7Qm`MBbb2Mi /2b BM7Q`K�iBQMb bm` H2b KQ/2b [mB �TT�`�Bbb2Mi bTQMi�@
MûK2MiX G� };m`2 jXjd `2+2Mb2 H2b KQ/2b /ǶBM/B+2b n +H�bbûb T�` Q`/`2 /û+`QBbb�Mi- 2i /QMi
H2b +�`�+iû`BbiB[m2b U`�vQM R- 7`û[m2M+2 fn 2i �KTHBim/2 /2b /û7Q`K�iBQMb �R /m KQ/2 n

+QMbB/û`ûV bQMi `ûbmKû2b /�Mb H2 i�#H2�m +B@/2bbQmbX

UBV n R UKKV fQ U>xV �R UKKV
U�V 3 eX9 ± yXk 9yXy ± k yXj ± yXR
U#V d dXy ± yXR 9jX8 ± kX8 yXk ± yXR
U+V e eX8 ± yXy8 keXj ± k yXk ± yXR
U/V 9 8XN8 ± yXy8 RdXN ± k kXd ± yXk
U2V j eX8 ± yXk8 RRXy± RXy kXe8 ± yXk8
U7V k 8XR ± yXk NXe ± RX8 kXy ± yXk

h�#H2 jXR Ĝ *�`�+iû`BbiB[m2b /2b KQ/2b BbQHûb /2 H� };m`2 jXjdX GǶBM/B+2 n- H2 `�vQM R- H� 7`û[m2M+2
fQ 2i HǶ�KTHBim/2 �R bQMi K2bm`ûbX

P`/`2 /2b KQ/2b § 7`û[m2M+2 /2 7Q`Ï�;2 +QMbi�Mi- bQBi 2M b2 #�H�/�Mi ?Q`BxQMi�H2K2Mi
/�Mb H� +Qm`#2 /2 H� };m`2 jX9y- mM2 /BKBMmiBQM /2 R T2`K2i HǶ2tTHQ`�iBQM /2 KQ/2b
/ǶBM/B+2 n /û+`QBbb�MiX .2 KāK2 [m2 TQm` H2b KQ/2b �tBbvKûi`B[m2b /2 bm`7�+2- HǶBM/B+2 /m

Rkd
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n = 6

n = 3

n = 4
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6B;m`2 jXjd Ĝ AbQH�iBQM /2b KQ/2b /ǶBM/B+2 n /û+`QBbb�Mi bûH2+iBQMMûb TQm` /2b ;Qmii2b /Ƕ2�m /2
`�vQM R Qb+BHH�Mi bTQMi�MûK2Mi bm` mM2 +mp2ii2 +?�mzû2 ¨ jd8�*X G2b bû[m2M+2b +Q``2bTQM/2Mi ¨
t = 0 c T/4 c T/2 c 3T/4 2i T X G� #�``2 /Ƕû+?2HH2 BM/B[m2 8 KK 2i H2b +�`�+iû`BbiB[m2b �bbQ+Bû2b ¨
+?�[m2 KQ/2 bQMi `ûbmKû2b /�Mb H2 i�#H2�m +B /2bbQmbX

KQ/2 /û+`Qŗi �p2+ H2 `�vQM /2 H� ;Qmii2X G� bû[m2M+2 /2 H� };m`2 jXj3 BHHmbi`2 H2b KQ/2b
[mB �TT�`�Bbb2Mi bm#Bi2K2Mi 2i bm++2bbBp2K2Mi TQm` mM2 ~�[m2 +QMi2Mm2 /�Mb mM TmBib
+?�mzû ¨ 9yy�*X 1M bǶûp�TQ`�Mi- H� ;Qmii2 �++`Q+?2 H2b KQ/2b n = 8- n = 6- TmBb n = 4X

_2K�`[m2b , LQmb �pQMb T�`7QBb Q#b2`pû /2b �MQK�HB2b � T�` 2t2KTH2 mM KQ/2 /ǶBM/B+2
n = 3 2t+Biû TQm` mM2 ~�[m2 /2 `�vQM �bb2x H�`;2X *2b KQ/2b- 2t+2TiBQMM2Hb- Qb+BHH2Mi
¨ mM2 7`û[m2M+2 THmb 7�B#H2X G� 7`û[m2M+2 /Ƕ2t+Bi�iBQM fv 2bi bmTTQbû2 +QMbi�Mi2 /�Mb +2
`�BbQMM2K2Mi K�Bb T2mi p�`B2`X

Rk3
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f8 = 46.1 Hz f6 = 26.8 Hz f4 = 23.2 Hz

(a) (b) (c)

6B;m`2 jXj3 Ĝ 6`û[m2M+2 /ǶQb+BHH�iBQM /2b KQ/2b �xBKmi�mt U�V n = 8 UR = 7.2�7.0KKV- U#V n = 6
UR = 6.9�6.0KKV 2i (+) n = 4 UR = 5.0�4.2KKV- K2bm`û2b bm` H2b /B�;`�KK2b bT�iBQ@i2KTQ`2Hb
Q#i2Mmb H2 HQM; /ǶmM /B�Kĕi`2 /2 H� ;Qmii2 2i `2T`ûb2Miûb bm` H� /2mtBĕK2 HB;M2X

aûH2+iBQM /2 KQ/2b *2`i�BMb KQ/2b bQMi /QM+ 2t+HmbX .�Mb HǶ2tTû`B2M+2 /2 H� };m`2 jXj3-
MQmb MǶ�pQMb T�` 2t2KTH2 Q#b2`pû [m2 H2b KQ/2b n = 8- n = 6- 2i n = 4X 1M T�`iB+mHB2`- H2b
KQ/2b n = 7 2i n = 5 QMi ûiû b�miûbX 1Mi`2 H2b KQ/2b- H� ;Qmii2 b2 K2i ¨ T`û+2bb2` �miQm`
/2 bQM �t2 p2`iB+�H- `2;�;M2 bQM +�HK2- TmBb 2Mi`2 ¨ MQmp2�m 2M `ûbQM�M+2X .2 K�MBĕ`2
THmb ;ûMû`�H2- +2`i�BMb KQ/2b M2 bQMi D�K�Bb Qm `�`2K2Mi Q#b2`pûbX *BiQMb MQi�KK2Mi H2b
KQ/2b n > 8 U+�` /Ƕ�KTHBim/2b i`ĕb 7�B#H2V- n = 5 2i n = 3X

GǶBM/B+2 /m KQ/2 �xBKmi�H Q#b2`pû /Bzĕ`2 /2 HǶBM/B+2 m /2 H� `ûbQM�M+2 /m KQ/2 �tBbv@
Kûi`B[m2 UK2bm`û �p�Mi H� #`Bbm`2 /2 bvKûi`B2 Qm /û/mBi /2 H� +QM/BiBQM /2 `ûbQM�M+2X(a) (b)
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6B;m`2 jXjN Ĝ JQ/2b 2i 7`û[m2M+2b �++`Q+?ûb T�` /2b ;Qmii2b /Ƕ2�m /2 `�vQM R 2M HûpBi�iBQM /�Mb
mM TmBib +?�mzû ¨ jd8 � 9yy�*X G2b 2tTû`B2M+2b- BM/ûT2M/�Mi2b- bQMi `û�HBbû2b /�Mb H2b KāK2b
+QM/BiBQMbX

RkN
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6B;m`2 jX9y Ĝ _2T`ûb2Mi�iBQM /2b 7`û[m2M+2b /2b KQ/2b /2 _�vH2B;? /ǶBM/B+2 n- BM/2tû /2 y ¨ Ry-
2M 7QM+iBQM /m `�vQM /2 H� ;Qmii2 RX G� 7Q`KmH2 iB2Mi +QKTi2 /2 H� 7Q`K2 /2 H� ;Qmii2 U�TH�iB2
TQm` R > 1- �``QM/B2 TQm` R < 1- �p2+ 

�1 = 2.5 KK- H� HQM;m2m` +�TBHH�B`2X

6`û[m2M+2 PM `2K�`[m2 [m2 H2b 7`û[m2M+2b K2bm`û2b bQMi +QKT`Bb2b 2Mi`2 Ry 2i 8y >x
Ui�#H2�m jXRX PM i`�+2 bm` H� };m`2 jX9y H2b 7`û[m2M+2b /2b KQ/2b �xBKmi�mt 2M 7QM+iBQM
/m `�vQM RX G2b 7`û[m2M+2b K2bm`û2b +Q``2bTQM/2Mi #B2M �mt 7`û[m2M+2b �bbQ+Bû2b �mt
KQ/2b /2 _�vH2B;?X SQm` mM `�vQM /QMMû- H2 KQ/2 ûiQBHû [mB �TT�`�ŗi bTQMi�MûK2Mi Qb+BHH2
#B2M ¨ H� 7`û[m2M+2 i?ûQ`B[m2 i`�+û2 bm` H� };m`2 jX9yX *2b 7`û[m2M+2b bQMi BM7û`B2m`2b
�mt 7`û[m2M+2b [mB +�`�+iû`Bb2Mi H2b KQ/2b �tBbvKûi`B[m2b- [mB Qb+BHH2Mi ¨ H� 7`û[m2M+2 /2
6�`�/�v fv/2 UpQB`2 fvV- bQBi ¨ 2MpB`QM Ryy >xX

PM `2K�`[m2 /2 THmb- [m2 HQ`b[mǶmM KQ/2 n 2bi �++`Q+?û- 2i i�Mi [mǶQM `2bi2 /�Mb H� #�M/2
T�bb�Mi2 [mB T2`K2i /2 HǶ2t+Bi2`- H� 7`û[m2M+2 ¨ H�[m2HH2 BH Qb+BHH2 �m;K2Mi2 2M bmBp�Mi H�
+Qm`#2 T`û/Bi2 T�` _�vH2B;? ¨ K2bm`2 [m2 R /BKBMm2 UpQB` };m`2 jXjNVX AH bǶûp�MQmBi
iQmi27QBb �bb2x pBi2- /ĕb HQ`b [mǶQM bQ`i /2 H� #�M/2 T�bb�Mi2 [mB T2`K2i /2 HǶ2t+Bi2`X

�KTHBim/2 G2b /û7Q`K�iBQMb �xBKmi�H2b �R- [m�bB@bi�iB[m2b- bQMi K2bm`û2b bm` THm@
bB2m`b Tû`BQ/2bX PM TQ`i2 bm` H� +Qm`#2 jX9RU#V HǶ�KTHBim/2 `2H�iBp2 �R/R 2M 7QM+iBQM /m
KQ/2 n +Q``2bTQM/�MiX GǶBMi2MbBiû /2 H� `ûbQM�M+2- [m�MiB}û2 T�` �R/R /BKBMm2 �p2+ HǶBM@
/B+2 /m KQ/2 bûH2+iBQMMû nX G� TmBbb�M+2 /BbbBTû2 2M pQHmK2 bm` mM2 Tû`BQ/2 /ǶQb+BHH�iBQM
bǶû+`Bi- 2M HQB /Ƕû+?2HH2- < P >1/fn⇠ ⌘f

2
n⌦

�
�R/R

�2 (RRk)- �p2+ ⌘ H� pBb+QbBiû /m HB[mB/2
2i ⌦ bQM pQHmK2X § HǶû[mBHB#`2 [m�bB@bi�iB[m2- +2ii2 TmBbb�M+2 2bi +QKT2Mbû2 T�` HǶûM2`;B2
BMD2+iû2 �m bvbiĕK2 � T`BQ`B +QMb2`pû2X G2 T`Q/mBi f

2
n⌦

�
�R/R

�2 b2 +QMb2`p2X G� 7`û[m2M+2
fn ûi�Mi mM2 7QM+iBQM +`QBbb�Mi2 /2 n- HǶ�KTHBim/2 `2H�iBp2 �R/R /BKBMm2 �p2+ n U};XjX9RVX

*2b �KTHBim/2b bQMi #B2M bmTû`B2m`2b ¨ +2HH2b /2b KQ/2b �tBbvKûi`B[m2b /2 bm`7�+2X

�+mBiû /2b `ûbQM�M+2b .2 KāK2 [m2 TQm` H2b KQ/2b �tBbvKûi`B[m2b- H� `ûTQMb2 /2
H� ;Qmii2 2bi [m�MiB}û2X a2mHb +2`i�BMb `�vQMb �KTHB}2Mi H� `ûTQMb2 /2 H� +�pBiû HB[mB/2 2i
2M;2M/`2Mi /2b ûiQBH2bX lM2 7QBb mM KQ/2 n �++`Q+?û- QM Q#b2`p2 [mǶBH T2`bBbi2Mi K�H;`û H2b

Rjy
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6B;m`2 jX9R Ĝ U�V 6`û[m2M+2b 2t+Biû2b fn 2i (#) �KTHBim/2 `2H�iBp2 �R/R /2b /û7Q`K�iBQMb 2M
7QM+iBQM /m KQ/2 n TQm` /2b ;Qmii2b /Ƕ2�m /2 `�vQM R 2M HûpBi�iBQM /�Mb mM TmBib +?�mzû ¨
375� 400�*X

p�`B�iBQMb /2 `�vQM R UBM/mBi2b T�` HǶûp�TQ`�iBQM +QMiBMm2VX S�` 2t2KTH2- bm` H� };m`2 jXjN-
QM +QMbi�i2 [m2 TQm` H2 KQ/2 n = 6- H� `ûbQM�M+2 /2 +2 KQ/2 2bi Q#b2`pû2 bm` mM2 ;�KK2
/2 `�vQMb p�`B�Mi /2 6.5 ¨ 5.2 KKX G� 7`û[m2M+2 /2 +2 KQ/2 bmBi H2b p�`B�iBQMb T`û/Bi2b
T�` _�vH2B;? pBb@¨@pBb /2 RX aB HǶQM +QMbB/ĕ`2 [m2 H� 7`û[m2M+2 /2 7Q`Ï�;2 2bi }tû2- H2 `�vQM
[mB T2`K2i /Ƕ�++`Q+?2` mM KQ/2 n 2bi /û}MB /�Mb mM BMi2`p�HH2 2M R- mM2 #�M/2 T�bb�Mi2-
[mB 2bi ûH�`;B2 /�Mb H2 +�b /ǶmM2 +�pBiû /BbbBT�iBp2X

AM2`iB2 /2 KQ/2b G2 T�bb�;2 /ǶmM KQ/2 n ¨ mM �mi`2- � T`BQ`B H2 KQ/2 (n � 1)- 2bi
/û+H2M+?û T�` H2 +QM}M2K2MiX G2 KQ/2 n bǶûp�MQmBi 2i H�Bbb2 b� TH�+2 ¨ mM �mi`2 KQ/2
2M ivTB[m2K2Mi Ry b2+QM/2bX *2 i2KTb `2M/ +QKTi2 /m i2KTb Mû+2bb�B`2 TQm` T�bb2` T�`
ûp�TQ`�iBQM /m `�vQM /Ƕ�++`Q+?�;2 /m KQ/2 n �m `�vQM b�BbBbb�Mi H2 KQ/2 (n � 1)X 1M
T`�iB[m2- H� ;Qmii2 /QBi /BbbBT2` H2b Qb+BHH�iBQMb 2M TH�+2X G2 /ûH�B 2Mi`2 /2mt KQ/2b /QBi
i2MB` +QKTi2 /m i2KTb /2 /BbbBT�iBQM pBb[m2mb2- +2 [mB TQm``�Bi 2tTHB[m2` [m2 +2`i�BMb
KQ/2b bQMi b�miûb- 2i [m2- #B2M bQmp2Mi- H� ;Qmii2 T�bb2 /m KQ/2 n �m KQ/2 n� 2X

jX9Xj *QmTH�;2 2Mi`2 H2b KQ/2b

G2b KQ/2b /2 bm`7�+2- �tBbvKûi`B[m2b- /ǶmM2 T�`i- 2i �xBKmi�mt- /Ƕ�mi`2 T�`i- /Bzĕ`2Mi
T�` H2m` bvKûi`B2- T�` HǶ�KTHBim/2 2i H� /B`2+iBQM /�Mb H�[m2HH2 bQMi +QMi2Mm2b H2b /û7Q`K�@
iBQMb- K�Bb �mbbB T�` H2m` 7`û[m2M+2X PM b2 /2K�M/2 �HQ`b +QKK2Mi +2b KQ/2b b2 +QmTH2Mi
2i bB H2b KQ/2b �tBbvKûi`B[m2b T2mp2Mi 2t+Bi2` ¨ H2m` iQm` H2b KQ/2b �xBKmi�mtX

LQmb �pQMb pm [m2 H2b QM/2b /2 bm`7�+2b Qb+BHH2Mi ¨ mM2 7`û[m2M+2 f =
�
fv/2 ; fv ; ...

 
X

1HH2b 2Mi`2Mi 2M `ûbQM�M+2 TQm` /2b `�vQMb R [m�MiB}ûb- [mB +QśM+B/2Mi �p2+ H2b `�vQMb
/Ƕ�TT�`BiBQM /2b KQ/2b �tBbvKûi`B[m2b- 2i i2Hb [m2 H2 Tû`BKĕi`2 TQH�B`2 /2 H� ;Qmii2 p

�++m2BHH2 mM MQK#`2 2MiB2` m /2 HQM;m2m`b /ǶQM/2 �X
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lM2 BMbi�#BHBiû /Qm#H2

G� ;Qmii2 2bi mM2 +�pBiû +QMi`�BMi2 72`Kû2X 1M p2`im /2 H� +QMb2`p�iBQM /m pQHmK2 ⌦-
H2b /û7Q`K�iBQMb bmT2`}+B2HH2b BM/mBi2b /�Mb mM2 i`�M+?2 p2`iB+�H2 b2 +QmTH2Mi �mt /û7Q`@
K�iBQMb `�/B�H2bX aQBi H H� ?�mi2m` /2 H� ~�[m2- H2 T`Q/mBi ⌦(t) = ⇡R(t)2H(t) 2bi +QMb2`pû
U¨ HǶû+?2HH2 /2 i2KTb /2b Qb+BHH�iBQMbVX G2b #Q`/b H�iû`�mt /2 H� ;Qmii2 b2 i`Qmp2Mi �++ûHû`ûb
`�/B�H2K2MiX PM +?2`+?2 /�Mb mM T`2KB2` i2KTb ¨ û+`B`2 HǶ�++ûHû`�iBQM `�/B�H2 /2 HǶBMi2`7�+2
BKTQbû2 T�` H2b KQ/2b �tBbvKûi`B[m2b- Qb+BHH�Mi ¨ H� 7`û[m2M+2 f = fv/2X *2b Qb+BHH�iBQMb
�++ûHĕ`2Mi `�/B�H2K2Mi HǶBMi2`7�+2 HB#`2- bQmK2ii�Mi H2b #Q`/b H�iû`�mt /2 H� ;Qmii2 ¨ mM2
�++ûHû`�iBQM Qb+BHH�Mi2- [mǶQM û+`Bi bQmb H� 7Q`K2 /ǶmM2 ;`�pBiû 2z2+iBp2 `�/B�H2 ,

gr ⇡ 4⇡2
f
2
�R +Qb(2⇡fmt) UjX9XRV

*2ii2 �++ûHû`�iBQM `2bb2MiB2 2bi TQ`iû2 `�/B�H2K2Mi 2i Q`B2Miû2 �Hi2`M�iBp2K2Mi p2`b HǶ2t@
iû`B2m` 2i HǶBMiû`B2m` /m HB[mB/2X SQm` mM2 T2`im`#�iBQM /Ƕ�KTHBim/2 �R = 0.1 KK /2
HǶBMi2`7�+2 H�iû`�H2- 2i mM2 7`û[m2M+2 f = 100 >x- +2ii2 �++ûHû`�iBQM Qb+BHH�Mi2 p�mi 2M@
pB`QM 2M MQ`K2 |gr| ⇡ 20 K/bkX G� bQHHB+Bi�iBQM /�Mb mM2 /B`2+iBQM Q`i?Q;QM�H2 /2 +2ii2
BMi2`7�+2 T2mi āi`2 ûim/Bû2 �m i`�p2`b /2 /2mt TQBMib /2 pm2 û[mBp�H2Mib U¨ H� K�MBĕ`2 /2
J�`KQKii�Mi 2i �HX (RRj)VX

SQBMi /2 pm2 /2 _�vH2B;?@h�vHQ` G� KQ/mH�iBQM /2 HǶ�++ûHû`�iBQM `�/B�H2 BM/mBi mM2
;`�pBiû �`iB}+B2HH2 TQ`iû2 bmBp�Mi ~er , ~gr = ar bBM(⇡fv)~er- Qɍ ~er 2bi H2 p2+i2m` `�/B�H mMBi�B`2X
1HH2 2bi /QM+ �Hi2`M�iBp2K2Mi /B`B;û2 p2`b H2 ;�x 2i H2 HB[mB/2X GQ`b[m2 HǶBMi2`7�+2 H�iû`�H2
�++ûHĕ`2 p2`b H2 HB[mB/2- HǶ�B`- KQBMb /2Mb2- `2TQmbb2 H2 HB[mB/2X G� bBim�iBQM 2bi BMbi�#H2 �m
b2Mb /2 HǶBMbi�#BHBiû /2 _�vH2B;? h�vHQ`X *QKK2 MQmb HǶ�pQMb pm THmb ?�mi- H� `2H�iBQM /2
/BbT2`bBQM 7�Bi �TT�`�ŗi`2 mM2 7`û[m2M+2 /2 +QmTm`2 kc = X G2 KQ/2 H2 THmb BMbi�#H2 2bi
+�`�+iû`Bbû T�` mM2 HQM;m2m` /ǶQM/2 +2MiBKûi`B[m2 � = 2⇡

p
3�1X *2ii2 BMbi�#BHBiû +QM/mBi

¨ /2b /B;Bi�iBQMb HB[mB/2b HQ`b[m2 H� TmHb�iBQM ! 2bi BK�;BM�B`2 Tm`2 bQBi k < kc , � >

2⇡�1X G2b QM/2b 2t+Biû2b 2M bm`7�+2 /2b ;Qmii2b- KBHHBKûi`B[m2b- bQMi /QM+ i`QT T2iBi2b
TQm` T2`K2ii`2 ¨ +2ii2 BMi2`7�+2 BMbi�#H2 /2 b2 /û7Q`K2`X G� +Qm`#m`2 /2 HǶBMi2`7�+2- Mû;HB;û2
/�Mb +2 `�BbQMM2K2Mi- Kû`Bi2`�Bi /Ƕāi`2 T`Bb2 2M +QKTi2X

SQBMi /2 pm2 /2 6�`�/�v PM �bbBKBH2 +2b ;Qmii2b ¨ /2b /Bb[m2bX G2b #Q`/b H�iû`�mt /2
H� ;Qmii2 �TH�iB2 bQMi �++ûHû`ûb `�/B�H2K2Mi U/QM+ Q`i?Q;QM�H2K2MiV ¨ H� 7`û[m2M+2 fv/2

UT�` H2 T`2KB2` 6�`�/�vVX *2ii2 bBim�iBQM 2bi +2HH2 /2 HǶBMbi�#BHBiû /2 6�`�/�v 2i MQmb �KĕM2
¨ +QMbB/û`2` mM2 BMbi�#BHBiû T�`�Kûi`B[m2 b2+QM/�B`2X �m@/2H¨ /ǶmM b2mBH 2M �KTHBim/2 /2
7Q`Ï�;2- /2b QM/2b bi�iBQMM�B`2b /2 HQM;m2m` /ǶQM/2 �n- Qb+BHH�Mi ¨ H� 7`û[m2M+2 KQBiBû /m
7Q`Ï�;2 ¨ fv/2 UbQBi fv/4V- bǶûi�#HBbb2Mi H2 HQM; /m Tû`BKĕi`2 û[m�iQ`B�H /2 H� ;Qmii2- /2
HQM;m2m` 2⇡RX .2 KāK2 [m2 TQm` H2b KQ/2b �tBbvKûi`B[m2b- HǶ�KTHBim/2 /2b /û7Q`K�iBQMb
2bi �KTHB}û2 HQ`b[m2 H� HQM;m2m` /2 H� +�pBiû `ûbQM�Mi2 T2mi �++m2BHHB` mM MQK#`2 2MiB2` /2
HQM;m2m` /ǶQM/2 bQBi bǶBH 2tBbi2 mM 2MiB2` n i2H [m2 2⇡R = n�X *QMi`�B`2K2Mi �m +�b bBKTH2
/ǶmM2 +Q`/2- H2 7�Bi /Ƕ�pQB` mM2 BMi2`7�+2 #Qm+Hû2 bm` 2HH2@KāK2 2t+Hmi H2b MQK#`2b /2KB@
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2MiB2`b /2 HQM;m2m` /ǶQM/2 TQm` /2b `�BbQMb /2 +QMiBMmBiû /2 H� T2Mi2 /2b /û7Q`K�iBQMbX
G2b KQ/2b T�B`b [mB �TT�`�Bbb2Mi bTQMi�MûK2Mi 2tB;2Mi TQm` /2b `�BbQMb /2 bvKûi`B2 H�
+QM/BiBQM ⇡R = n�X

*2 Kû+�MBbK2 /2 /Qm#H2 `ûbQM�M+2 2bi i2biû 2M T`2M�Mi TQm` 2t2KTH2 H� bû[m2M+2
/2 H� };m`2 jXj3 /ǶmM2 ~�[m2 /Ƕ2�m- /ûTQbû2 bm` mM bm#bi`�i TQ`iû ¨ 9yy�*X 1HH2 b2 K2i
bTQMi�MûK2Mi ¨ Qb+BHH2` 2i ¨ 7Q`K2` /2b ûiQBH2b ¨ n = 8- n = 6 TmBb n = 4X PM +?2`+?2 �HQ`b
¨ T`û/B`2 H2 `�vQM /Ƕ�TT�`BiBQM /2b QM/2b �tBbvKûi`B[m2b- H2 KQ/2 �xBKmi�H �++`Q+?û �BMbB
[m2 b� 7`û[m2M+2X G2 `�TTQ`i 2Mi`2 H2 Tû`BKĕi`2 TQH�B`2 p /2 H� ;Qmii2 2i H� HQM;m2m` /ǶQM/2
� /2b QM/2b /2 bm`7�+2- +QM/BiBQMM2 H� `ûbQM�M+2 /2b KQ/2b �tBbvKûi`B[m2b 2i bûH2+iBQMM2
H2 KQ/2 m Uû[m�iBQM jXjX9VX PM i`�+2 2M #H2m 7QM+û bm` H� };m`2 jXj9 H2 `�TTQ`i m = p/2�

2M 7QM+iBQM /m `�vQM û[m�iQ`B�H R /2 H� ;Qmii2X PM +QMbi�i2 [m2 H2b `�vQMb TQm` H2b[m2Hb
BH T`2M/ /2b p�H2m`b 2MiBĕ`2b T`û/Bb2Mi H2b `�vQMb Qɍ H2b /û7Q`K�iBQMb �TT�`�Bbb2Mi UTQBMib
#H2mbVX LQmb �pQMb bmT2`TQbû 2M p2`i U};m`2 jX9jV H2 /2KB@Tû`BKĕi`2 û[m�iQ`B�H- MQ`K�HBbû
T�` H� HQM;m2m` /ǶQM/2 TQm` H2b KQ/2b bm#?�`KQMB[m2b Ui`�Bib ûT�BbV 2i ?�`KQMB[m2b
Ui`�Bib }MbVX �HQ`b H2b `�vQMb TQm` H2b[m2Hb H2 `�TTQ`i ⇡R/� BH T`2M/ /2b p�H2m`b 2MiBĕ`2b
/QMM2Mi H2b `�vQMb TQm` H2b[m2Hb H2b ûiQBH2b �TT�`�Bbb2MiX GǶ2MiB2` T`Bb T�` +2 `�TTQ`i /QMM2
/B`2+i2K2Mi HǶBM/B+2 n /m KQ/2 �xBKmi�H 2t+Biû UH2 MQK#`2 /2 HQ#2bVX

*�b+�/2 /û+`QBbb�Mi2 /2b 7`û[m2M+2b �++`Q+?û2b

G2b 7`û[m2M+2b �bbQ+Bû2b �mt KQ/2b n = 8- n = 6- n = 4 bm++2bbBp2K2Mi �++`Q+?ûb TQm`
/2b `�vQMb R /û+`QBbb�Mib- bQMi bmT2`TQbû2b �mt T`û/B+iBQMb /2 _�vH2B;? bm` H� +Qm`#2 /2 H�
};m`2 jX9kX PM i`�+2 û;�H2K2Mi H2b 7`û[m2M+2b /Ƕ2t+Bi�iBQM fv /2 H� p�T2m` 2M 7QM+iBQM /2 R

�BMbB [m2 H2b bQmb@KmHiBTH2b /2 +2ii2 7`û[m2M+2 , fv/2 H� 7`û[m2M+2 bQmb@?�`KQMB[m2 2t+Biû2
pB� mM Kû+�MBbK2 /2 6�`�/�v T`BK�B`2- fv/4 H� 7`û[m2M+2 �ii2M/m2 T�` H2 Kû+�MBbK2
/2 6�`�/�v b2+QM/�B`2 `�/B�H- 2i fv/8X G2b 7`û[m2M+2b /ǶQb+BHH�iBQM /2b ûiQBH2b �++`Q+?û2b
b2K#H2Mi bmBp`2 mM2 +�b+�/2 , H2 KQ/2 n = 8 Qb+BHH2 fv/4 i�M/Bb [m2 H2b KQ/2b n = 6- n = 4

Qb+BHH2Mi ¨ ⇡ fv/8X

G2b KQ/2b n �++`Q+?ûb Qb+BHH2Mi ¨ /2b 7`û[m2M+2b bQmb@?�`KQMB[m2b /2 H� 7`û[m2M+2
T`QT`2 /2 H� p�T2m` fvX G2b pB#`�iBQMb p2`iB+�H2b /2 H� p�T2m` 2t+Bi2Mi /2b QM/2b /2 bm`@
7�+2b �tBbvKûi`B[m2b 2i Qb+BHH�Mi ¨ H� 7`û[m2M+2 fv/2X G� +QMb2`p�iBQM /m pQHmK2 ¨ HǶû+?2HH2
/2 i2KTb /2b Qb+BHH�iBQMb +QmTH2 +2b /û7Q`K�iBQMb p2`iB+�H2b �mt /û7Q`K�iBQMb `�/B�H2bX
G2b QM/2b /2pB2MM2Mi H� bQm`+2 b2+QM/�B`2 /2b KQ/2b �xBKmi�mt 2i 2t+Bi2Mi `�/B�H2K2Mi
H� ~�[m2- ¨ H� 7`û[m2M+2 fv/2X �m /2H¨ /ǶmM +2`i�BM b2mBH 2M �KTHBim/2 U7`�M+?B HQ`b[m2
H2b +QM/BiBQMb /2 H� `ûbQM�M+2 /2 HǶû[m�iBQM jXjX9 bQMi b�iBb7�Bi2bV- HǶBMi2`7�+2 H�iû`�H2 /2
H� ~�[m2 b2 /ûbi�#BHBb2 bmBp�Mi mM Kû+�MBbK2 /2 ivT2 6�`�/�vX G2b QM/2b `ûbQMM2Mi �HQ`b
HQ`b[m2 H2 Tû`BKĕi`2 û[m�iQ`B�H 2⇡R T2mi �++m2BHHB` mM MQK#`2 2MiB2` UT�B`V /2 HQM;m2m`
/ǶQM/2X G2b /û7Q`K�iBQMb BM/mBi2b Qb+BHH2Mi �HQ`b ¨ fv/4X G2b 2z2ib T2mp2Mi 2M}M b2 +Qm@
TH2` �mt +�mb2b [mB HmB QMi /QMMû M�Bbb�M+2 2i `ûi`Q�;B` bm` H2b 7`û[m2M+2b /2 7Q`Ï�;2b
TQm` +QM/mB`2 ¨ /2b KQ/2b /2 7`û[m2M+2 2M+Q`2 THmb 7�B#H2X .�Mb HǶBMbi�#BHBiû /2 6�`�/�v-
H2 b2mBH /Ƕ2t+Bi�iBQM /BKBMm2 �p2+ H� 7`û[m2M+2 /m KQ/2 �++2bbB#H2X G2b KQ/2b /2 THmb
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6B;m`2 jX9k Ĝ *�b+�/2 /û+`QBbb�Mi2 /2b 7`û[m2M+2b �++`Q+?û2bX G2b 7`û[m2M+2b T`QT`2b i?ûQ`B[m2b
/2 ;Qmii2b bQMi i`�+û2b 2M +QmH2m` 2M 7QM+iBQM /2 R 2M /BbiBM;m�Mi H2 `û;BK2 ;`�pBi�B`2 /m `û;BK2
+�TBHH�B`2X G� 7`û[m2M+2 T`QT`2 i?ûQ`B[m2 /2 H� p�T2m` 2i b2b bQmb ?�`KQMB[m2b bQMi bmT2`TQbûb 2M
Mm�M+2b /2 ;`BbX G2b 7`û[m2M+2b 2i `�vQMb TQm` H2b[m2Hb H2b KQ/2b QMi ûiû �++`Q+?ûb bQMi BM/B[mûb
T�` H2b ûiQBH2bX

#�bb2 7`û[m2M+2 bQMi /QM+ THmb 7�+BH2K2Mi 2t+Bi�#H2b- +2 [mB TQm``�Bi 2tTHB[m2` H� +�b+�/2
/û+`QBbb�Mi2 /2b 7`û[m2M+2b �++`Q+?û2bX

1t+Bi�iBQM /2 HǶBMbi�#BHBiû b2+QM/�B`2 +QM/BiBQMMû2

G2b /2mt KQ/2b /Ƕ2t+Bi�iBQM U�tBbvKûi`B[m2 2i �xBKmi�H2V bQMi Bbbmb /ǶmM2 BMbi�#BHBiû
T�`�Kûi`B[m2X AH bǶ�;Bi /ǶmM2 `ûbQM�M+2 MQM@HBMû�B`2- �p2+ 2M T�`iB+mHB2` mM b2mBH 2M �K@
THBim/2 /Ƕ2t+Bi�iBQM [mB +QM/BiBQMM2 H2m` Q#b2`p�iBQMX GǶ�TT�`BiBQM bm#bû[m2Mi2 2i [m�bB@
BMbi�Mi�Mû2 /2b HQ#2b `�/B�mt /QMM2 TQm`i�Mi ¨ T2Mb2` [m2 H2 b2mBH /2 +2ii2 BMbi�#BHBiû
b2+QM/�B`2 +�mb�Mi H� #`Bbm`2 /2 bvKûi`B2 2bi 7�B#H2 2i [mǶBH 2bi T`2b[m2 bvbiûK�iB[m2K2Mi
7`�M+?B T�` H2b /û7Q`K�iBQMb BM/mBi2b T�` H2b QM/2b /2 bm`7�+2 �tBbvKûi`B[m2b U;`�+2 �m
+QmTH�;2 T2`KBb T�` H� +QMb2`p�iBQM /m pQHmK2VX GǶBMi2`7�+2 b2 pQBi �HQ`b �++ûHû`û2 �m
T�bb�;2 /2b QM/2b /2 bm`7�+2X 1HH2 2bi /QM+ T2`im`#û2 Q`i?Q;QM�H2K2Mi T�` H2 T�bb�;2 /2
HǶQM/2X GǶ�++ûHû`�iBQM ¨ 7`�M+?B` TQm` Q#b2`p2` +2ii2 BMbi�#BHBiû b2+QM/�B`2 2bi i`ĕb 7�B#H2
TmBb[m2 H2b /û7Q`K�iBQMb QMi HB2m /�Mb mM TH�M Q`i?Q;QM�H ¨ ~gX GǶ2t+Bi�iBQM /2 HǶBMbi�#BHBiû
/2 6�`�/�v T`BK�B`2 ;�`�MiBi �HQ`b HǶ2t+Bi�iBQM bm#bû[m2Mi2 /2 HǶBMbi�#BHBiû b2+QM/�B`2X

jX9X9 JQ`T?Q;ûMĕb2 /ǶûiQBH2b /�Mb HǶ2z2i G2B/2M7`Qbi

G� p�T2m` ¨ HǶQ`B;BM2 /m 7Q`Ï�;2 LQmb �pQMb KQMi`û [m2 H� p�T2m` [mB bǶ�++mKmH2 ¨
H� #�b2 /2b ;Qmii2b 2bi BMi`BMbĕ[m2K2Mi BMbi�#H2 UT�`�;`�T?2 jXkVX 1HH2 pB#`2 p2`iB+�H2K2Mi
¨ H� 7`û[m2M+2 fv `�TT2Hû2 B+B ,

fv =
1

⇡

r
g

"

*2ii2 7`û[m2M+2- ûi�#HB2 i?ûQ`B[m2K2Mi- � Tm āi`2 pû`B}û2 URV /�Mb H2 +�b /m bvbiĕK2
KQ/ĕH2 /m T�H2i /2 +�`#Q;H�+2- BM/û7Q`K�#H2 c UkV /�Mb H2 +�b /2 HǶ2�m- 2M �/QTi�Mi /2b
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6B;m`2 jX9j Ĝ úpQHmiBQM /2b ?ûKB@Tû`BKĕi`2b TQH�B`2- p/2� U2M #H2mV 2i û[m�iQ`B�H U2M p2`iV-
⇡R- MQ`K�HBbûb T�` H2b HQM;m2m`b /ǶQM/2 /2b /2mt T`2KB2`b KQ/2b /2 6�`�/�v Ubm#?�`KQMB[m2
�(fv/2) = 3.6 KK 2M i`�Bi ûT�Bb 2i ?�`KQMB[m2 �(fv) = 2.4 KK 2M i`�Bib }MbV 2M 7QM+iBQM /m
`�vQM R /2 H� ;Qmii2X G� HQM;m2m` p 2bi Q#i2Mm T�` BMiû;`�iBQM MmKû`B[m2 /2 HǶû[m�iBQM /Bzû`2MiB2HH2
/QMM�Mi H� 7Q`K2 bi�iB[m2 /2b ;Qmii2b 2M MQM KQmBHH�;2X G2b `�vQMb R TQm` H2b[m2Hb H2b KQ/2b 3
UD�mM2V- e Up2`iV 2i 9 U#H2mV bQMi �++`Q+?ûb bQMi BM/B[mûb T�` /2b +2`+H2b [mB +QśM+B/2Mi �p2+ H2b
`�vQMb Qɍ H2 Tû`BKĕi`2 TQH�B`2 �++m2BHH2 mM MQK#`2 2MiB2` /2 HQM;m2m`b /ǶQM/2X G2 KQ/2 �++`Q+?û
2bi [m�Mi ¨ HmB /QMMû T�` H� p�H2m` 2MiBĕ`2 T`Bb2 T�` H2 `�TTQ`i ⇡R/�X

pm2b /2 +ƬiûX G2b p�`B�iBQMb bT�iB�H2b /ǶûT�Bbb2m` 2i H2 +�`�+iĕ`2 /û7Q`K�#H2 /2 HǶBMi2`7�+2
+QKTH2tB}2 H� `ûTQMb2 /2 HǶQ#D2i +�Hû}ûX *2b pB#`�iBQMb �TT�`�Bbb2Mi +QKK2 H� bQm`+2
/Ƕ2t+Bi�iBQM /2b ûiQBH2b /2 G2B/2M7`QbiX G� 7`û[m2M+2 2bi iQmi27QBb /2 HǶQ`/`2 /2 [m2H[m2b
7QBb H� 7`û[m2M+2 [mB +�`�+iû`Bb2 H2b ûiQBH2bX lM2 ;Qmii2 �TH�iB2 U};m`2 jX99U�VV /�Mb H2
`û;BK2 [m2 MQmb +QMbB/û`QMb UR >> 1V 2bi T�` 2bb2M+2 �bvKûi`B[m2X *2H� MQmb �KĕM2 ¨
/BbiBM;m2` /2mt ivT2b /2 KQ/2b , H2b Qb+BHH�iBQMb `�/B�H2b U};m`2 jX99U#VV 2i H2b Qb+BHH�iBQMb
�xBKmi�H2b U};m`2 jX99U+VVX
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h
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h
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6B;m`2 jX99 Ĝ AHHmbi`�iBQMb /2b /2mt ivT2b /2 /û7Q`K�iBQMb TQmp�Mi āi`2 bQHHB+Biû2bX U�V 6H�[m2
MQM KQmBHH�Mi2 ¨ HǶû[mBHB#`2 /2 `�vQM R >> 1- �TH�iB2 ¨ H� ?�mi2m` hX (#) �TT�`BiBQM /2 KQ/2b
�tBbvKûi`B[m2b m 2M bm`7�+2X (+) �TT�`BiBQM /2 KQ/2b �bvKûi`B[m2b �xBKmi�mt nX
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JQ/2b bmT2`}+B2Hb , Zm�MiB}+�iBQM /m `�vQM G� T`2KBĕ`2 `ûTQMb2 /2 H� ;Qmii2 �m
7Q`Ï�;2 T�` H� p�T2m` 2bi bmT2`}+B2HH2 , /2b QM/2b /2 bm`7�+2 bQMi 2t+Biû2b 2i `û~û+?B2b bm`
H� +�pBiû HB[mB/2 pB� mM Kû+�MBbK2 /2 6�`�/�vX 1HH2b bQMi bi�iBQMM�B`2b 2i bm#?�`KQMB[m2b-
2i H2m` �KTHBim/2 b2 i`Qmp2 �++`m2 T�` `ûbQM�M+2- TQm` H2b `�vQMb i2Hb [m2 H2 Tû`BKĕi`2
TQH�B`2 T2mi �++m2BHHB` mM MQK#`2 2MiB2` /2 HQM;m2m`b /ǶQM/2X *2+B 2tTHB[m2 H2 +�`�+iĕ`2
bTQ`�/B[m2 /2 +2b /û7Q`K�iBQMbX

JQ/2b pQHmKB[m2b , bûH2+iBQM /2 KQ/2 G� ;Qmii2 2bi mM2 +�pBiû 72`Kû2X G2b /û7Q`@
K�iBQMb p2`iB+�H2b b2 +QmTH2Mi �mt /û7Q`K�iBQMb `�/B�H2bX GǶBMbi�#BHBiû T`BK�B`2 T�`�Kû@
i`B[m2 Qb+BHH2 ¨ H� 7`û[m2M+2 fv/2 7Q`+2 ¨ bQM iQm` mM2 BMbi�#BHBiû b2+QM/�B`2 bm#?�`KQMB[m2X
G2b /û7Q`K�iBQMb �xBKmi�H2b Qb+BHH2Mi �HQ`b ¨ fv/4 UQm mM bQmb KmHiBTH2bV 2i b2 i`Qmp2Mi
�KTHB}û2b ¨ H2m` iQm` TQm` H2b `�vQMb i2Hb [m2 H2 Tû`BKĕi`2 û[m�iQ`B�H 2⇡R T2mi �++m2BHHB`
mM MQK#`2 2MiB2` /2 HQM;m2m`b /ǶQM/2X GǶ2MiB2` 2⇡R/2� +Q``2bTQM/ ¨ HǶBM/B+2 /m KQ/2
bûH2+iBQMMûX

*2 b+ûM�`BQ- K2ii�Mi 2M D2m mM2 BMbi�#BHBiû /Qm#H2 /2 6�`�/�v- T2`K2i /QM+ /Ƕ2tTHB[m2`
RV H� [m�MiB}+�iBQM /2b `�vQMb /Ƕ�TT�`BiBQM /2b /û7Q`K�iBQMb- T�` H� `ûbQM�M+2 /2b KQ/2b
/2 bm`7�+2 �tBbvKûi`B[m2b- 2t+Biû2b T�` H� p�T2m` pB� mM Kû+�MBbK2 /2 6�`�/�v c kV GǶ2t+B@
i�iBQM bm#bû[m2Mi2 /2b ûiQBH2b- 2M DmbiB}�Mi H2 +?�M;2K2Mi /2 /B`2+iBQM 2i /2 bvKûi`B2 c jV
G� bûH2+iBQM /2 KQ/2 /ǶBM/B+2 n c 9V GǶ�++`Q+?�;2 7`û[m2MiB2H /2 KQ/2b ¨ #�bb2 7`û[m2M+2
�p2+ mM 7Q`Ï�;2 ¨ `2H�iBp2K2Mi ?�mi2 7`û[m2M+2X

jX9X8 .Bb+mbbBQMb

1t+HmbBQM /2 KQ/2b

*QKK2 MQmb HǶ�pQMb K2MiBQMMû ¨ THmbB2m`b `2T`Bb2b- +2`i�BMb KQ/2b M2 bQMi T�b Q#b2`@
pûbX G2b p�`B�iBQMb +QMiBMm2b /2 R BM/mBi2b T�` ûp�TQ`�iBQM M2 T2`K2ii2Mi T�b HǶ�++`Q+?�;2
/2 iQmb H2b KQ/2b T`QT`2bX SHmbB2m`b `�BbQMb T2mp2Mi āi`2 �p�M+û2b ,

ě GǶBM2`iB2 /ǶmM KQ/2 2M TH�+2 , G2 i2KTb Mû+2bb�B`2 TQm` T�bb2` /m `�vQM Rn Qɍ H2 KQ/2
n 2bi �++`Q+?û �m `�vQM Rn�1 +Q``2bTQM/�Mi �m KQ/2 n 2bi /2 [m2H[m2b /Bx�BM2b /2
b2+QM/2bX 1M bmTTQb�Mi H� 7`û[m2M+2 /2 7Q`Ï�;2 BM+?�M;û2 TQm` +2ii2 p�`B�iBQM KQ/2bi2
/2 `�vQM- QM +QMM�Bi 2M 2z2i HǶû+�`i (Rn�1�Rn)X G� +Qm`#2 R(t) /2 H� };m`2 jXR /QMM2
mM2 2biBK�iBQM /m i2KTb Mû+2bb�B`2 �m T�bb�;2 /ǶmM KQ/2 ¨ mM �mi`2X *2 i2KTb /QBi
āi`2 bmTû`B2m` �m i2KTb Mû+2bb�B`2 ¨ H� /BbbBT�iBQM /2b /û7Q`K�iBQMb 2M TH�+2 /QMMû-
TQm` mM2 ;Qmii2 bT?û`B[m2- T�` HǶ2tT`2bbBQM ⌧⌘(n) =

⇢R2

⌘
1

(n�1)(2n+1) (RR9)X
1M T`2M�Mi n = 6- R = 6 KK- H2b /û7Q`K�iBQMb bQMi �KQ`iB2b �p2+ mM /ûH�B ⌧⌘(n) /2
ivTB[m2K2Mi R@Ry b2+QM/2bX *2b KQ/2b T2mp2Mi Mû�MKQBMb b2 bmT2`TQb2` (RR8)X

ě G2b KQ/2b �bvKûi`B[m2b T2mp2Mi +QM/mB`2 ¨ /m KQmp2K2Mi (NR) 2i T2`im`#2` H� TQbBiBQM
/2 H� ;Qmii2 /�Mb H2 TmBib 2i /ûbi�#BHBb2` H� TQ+?2 /2 p�T2m`X 1Mi`2 /2mt KQ/2b �++`Q+?ûb-
H� TQ+?2 /2 p�T2m` bǶ2bi T�b bi�#H2X GǶ�bvKûi`B2 /2b KQ/2b 2bi iQmi27QBb `2H�iBp2 , bm`
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mM2 Tû`BQ/2- H� bi`m+im`2 KQv2MM2- ;2M`2 /Ƕ?v#`B/2 /2 `ûbQM�M+2- 2bi bvKûi`B[m2 5 *2+B
bm;;ĕ`2 HǶ2tBbi2M+2 /ǶmM Kû+�MBbK2 `B;Qm`2mt /2 bûH2+iBQMX

ě G2b `�vQMb TQm` H2b[m2Hb H2b KQ/2b i`�Mbp2`b�mt `ûbQMM2Mi M2 +QśM+B/2Mi T�b �p2+ H2b
`�vQMb TQm` H2b[m2Hb H2b KQ/2b HQM;Bim/BM�mt `ûbQMM2MiX

G2b KQ/2b n = 8- n = 7 2i n = 5 QMi ûiû Q#b2`pûb ¨ [m2H[m2b `2T`Bb2b �p2+ mM2
T`Q#�#BHBiû #B2M THmb 7�B#H2X G2m` �KTHBim/2- i`ĕb 7�B#H2- H�Bbb2 T2Mb2` [m2 HǶ�++`Q+?�;2 /2
+2b KQ/2b 2bi BM/mBi T�` mM2 `ûbQM�M+2 bBKTH2 /2b KQ/2b �xBKmi�mt 2i MQM T�b /ǶmM2
`ûbQM�M+2 /Qm#H2 /2b KQ/2b �tBbvKûi`B[m2b 2i /2b KQ/2b �xBKmi�mtX G2m` 7`û[m2M+2 /ǶQb@
+BHH�iBQM �TTmB2 +2ii2 ?vTQi?ĕb2 TmBb[m2 +2b KQ/2b Qb+BHH2Mi ¨ mM2 7`û[m2M+2 bmTû`B2m`2 ¨
+2HH2 Q#b2`pû2b TQm` H2b KQ/2b n = 6 2i n = 4X G� `ûbQM�M+2 T�`�Kûi`B[m2 /2b QM/2b /2
bm`7�+2 M2 b2K#H2 T�b KBb2 2M D2m /�Mb HǶ2t+Bi�iBQM /2b KQ/2b /Bb+`2ib 2M �KTHBim/2X

_2iQm` bm` HǶBM~m2M+2 /2 H� ;ûQKûi`B2

PM +?2`+?2 ¨ pû`B}2` [m2 MQb Q#b2`p�iBQMb T2`bBbi2Mi bm` /Ƕ�mi`2b ;ûQKûi`B2bX G� ;ûQ@
Kûi`B2 +QMbB/û`û2 T2`K2i HǶBKKQ#BHBb�iBQM /m HB[mB/2X GǶ�M;H2 /m +ƬM2 BM~m2M+2 H2b KQ/2b
Q#b2`pûb 2i H2m` bi�#BHBiû (jd)X G2 /B�;`�KK2 /2 H� };m`2 kXk `2+2Mb2 H2b 2z2ib Q#b2`pûb
U+?2KBMû2b- ûiQBH2b- bm`7�+2 BMbi�#H2XXXV 2M 7QM+iBQM /m pQHmK2 HB[mB/2 2i /2 HǶ�M;H2 bQHB/2X
G� T`QT2MbBQM /2b ;Qmii2b ¨ Qb+BHH2`- �TT`û+B�#H2 T�` H2 MQK#`2 /2 KQ/2b �++2bbB#H2b- /B@
KBMm2 �p2+ HǶ�M;H2X �m /2H¨ /ǶmM +2`i�BM �M;H2- H� p�T2m` T`Q/mBi2 i`Qmp2 H� bQ`iB2 2i H2b
pB#`�iBQMb bQMi `û/mBi2bX G2b KQ/2b �xBKmi�mt b2`QMi /QM+ /Ƕ�mi�Mi THmb 7�+BH2 ¨ 2t+Bi2`
[m2 H� p�T2m` b2`� BMbi�#H2X

LQmb �pQMb 2MpBb�;û HǶ2tTû`B2M+2 bm` mM bm#bi`�i TH�iX G2b ;Qmii2b bQMi i2Mm2b 2i MQm`@
`B2b ¨ HǶ�B/2 /ǶmM2 �B;mBHH2- +QMM2+iû2 ¨ mM TQmbb2 b2`BM;m2 +QKK2 bm` H� };m`2 RXk9U�VX
G2 `�vQM R �ii2BMi �m #Qmi /ǶmM2 KBMmi2 2bi +2HmB TQm` H2[m2H HǶ�TTQ`i 2M 2�m +QKT2Mb2
H2b T2`i2b T�` ûp�TQ`�iBQMX R 2bi 2tTHQ`û /2 K�MBĕ`2 [m�bB@bi�iB[m2 2M BKTQb�Mi H2 /û#Bi
D /m TQmbb2 b2`BM;m2 U+�HB#`�iBQM /2 H� };m`2 RXk9U#VVX .2b BK�;2b- pm2b /2 /2bbmb- /2b
ûiQBH2b 2t+Biû2b TQm` /2b /û#Bib #B2M T�`iB+mHB2`b- bQMi `2T`Q/mBi2b bm` H� };m`2 jX98U�VX G2b
7Q`K2b Q#i2Mm2b bm` bm#bi`�i TH�i 2i TQm` mM2 ;Qmii2 i2Mm2 T�` mM2 �B;mBHH2 U6B;XjX98U�VV
bQMi b2K#H�#H2b ¨ +2HH2 Q#i2Mm2b /�Mb H2 +ƬM2 U6B;XjX98U#VVX G� TH�MûBiû /m bm#bi`�i 2i H�
T`ûb2M+2 /2 HǶ�B;mBHH2 MǶ2KTā+?2Mi T�b H2m` Q#b2`p�iBQMX G2 7Q`Ï�;2 T�` H� p�T2m` T2`bBbi2
/QM+ bm` mM bm#bi`�i TH�iX a2mHb +2`i�BMb /û#Bib D +QM/mBb2Mi �mt KQ/2b �tBbvKûi`B[m2b Qm
�mt KQ/2b �xBKmi�mt- iûKQB;M�Mi ¨ MQmp2�m /2 H� [m�MiB}+�iBQM /2b `�vQMb /2 `ûbQM�M+2X

�mi`2b /û7Q`K�iBQMb Q#b2`pû2b

AH 2tBbi2 Mû�MKQBMb mM �mi`2 KQ/2 /2 /û7Q`K�iBQM Qɍ H� TQ+?2 /2 p�T2m` 2Mi`2 2M
T`û+2bbBQM +B`+mH�B`2 /�Mb H2 TH�M ?Q`BxQMi�HX *2b QM/2b +B`+mH�B`2b bQMi b2K#H�#H2b �mt
QM/2b bQHBi�B`2b bi�iBQMM�B`2b Q#i2Mm2b /�Mb /2b +2HHmH2b +QM}Mû2b 2t+Biû2b T�`�Kûi`B[m2@
K2Mi (RRe)- Qm ¨ HǶBMi2`B2m` /ǶmM iQ`2 HB[mB/2 +�Hû}û (jN- RRd)X G2b ~�[m2b bQMi Q#b2`pû2b
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6B;m`2 jX98 Ĝ U�V lM2 ;Qmii2 2bi i2Mm2 T�` mM2 �B;mBHH2- [mB 7Qm`MBi T�` �BHH2m`b mM /û#Bi +QMbi�Mi
D 2M 2�m- �m@/2bbmb /ǶmM2 ;�H2ii2 /2 bBHB+BmK TH�M2X 1HH2 �ii2BMi bQM `�vQM /Ƕû[mBHB#`2 U+�HB#`û bm`
H� };m`2 RXk9U#VVX JQ/2b �tBbvKûi`B[m2b 2i �xBKmi�mt Q#i2Mm2b TQm` /Bzû`2Mib `�vQMb /2 ;Qmii2bX
(#) JQ/2b Q#i2Mm2b /�Mb H� +mp2ii2 2M H�BiQM /Ƕ�M;H2 8y K`�/X

T�` /2bbmb- �p2+ mM û+H�B`�;2 [mB T2`K2i /2 /Bb+2`M2` H� TQ+?2 /2 p�T2m` +Qm`#û2X PM pQBi
bm` H� };m`2 jX9e [m2 H� ;Qmii2 +QMb2`p2 bQM �bvKûi`B2X G� TQ+?2 [mǶ2HH2 `2M72`K2 2bi 2M
i`�MbH�iBQM +B`+mH�B`2 /�Mb H2 TH�M /m bm#bi`�iX

6B;m`2 jX9e Ĝ :Qmii2 /2 `�vQM R ⇡ 5.3 KK HûpBi�Mi bm` mM TmBib +QMB[m2 +?�mzû ¨ jd8�*X �m
HB2m /2 pB#`2` p2`iB+�H2K2Mi- H� TQ+?2 /2 p�T2m` bǶ�MBK2 /ǶmM KQmp2K2Mi /2 `Qi�iBQM /�Mb H2 TH�M
?Q`BxQMi�HX

.�Mb H2 +�b /2 ~�[m2b THmb ûi2M/m2b- H� ;Qmii2 T2`/ bQM �tBbvKûi`B2- 2i +2 bQMi H2b
HQ#2b HB[mB/2b [mB b2 K2ii2Mi ¨ iQm`M2` �miQm` /2 HǶ�t2 p2`iB+�HX G� };m`2 jX9d BHHmbi`2 mM
KQ/2 j 2M `Qi�iBQMX

G� p�T2m` � /QM+ mM �mi`2 KQ/2 TQbbB#H2 /2 /ûbi�#BHBb�iBQM [m2 H2 KQ/2 p2`iB+�HX

Rj3
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10 mm

6B;m`2 jX9d Ĝ 6H�[m2 2M T`û+2bbBQM /�Mb mM TmBib +QMB[m2 +?�mzû ¨ j8y�*X G� bû`B2 /ǶBK�;2b
BHHmbi`2 H2 KQmp2K2Mi /2 `Qi�iBQM �m +Qm`b /ǶmM2 /2KB Tû`BQ/2- H� Tû`BQ/2 ûi�Mi /2 yXN bX

*QM+HmbBQM

GǶQ`B;BM2 /m 7Q`Ï�;2 /2b ûiQBH2b /2 G2B/2M7`Qbi 2bi �BMbB ûHm+B/û2X G� 7`û[m2M+2 T`QT`2
/2b p�T2m`b bQmb H� ;Qmii2b 2bi /ûi2`KBMû2X G� #�b2 /2b ;Qmii2b b2 K2i bTQMi�MûK2Mi ¨
pB#`2`- 2i b2b pB#`�iBQMb 2t+Bi2Mi H� #�b2 /2b ;Qmii2bX .2b QM/2b bi�iBQMM�B`2b /2 bm`7�+2
�TT�`�Bbb2Mi bmBp�Mi mM2 BMbi�#BHBiû /2 6�`�/�vX 1HH2b Qb+BHH2Mi ¨ H� 7`û[m2M+2 KQBiBû /2 H�
7`û[m2M+2 /2 7Q`Ï�;2 2i 7Q`K2Mi mM KQiB7 bi�iBQMM�B`2 /2 HQM;m2m` /ǶQM/2 }tû2X aB H� +�pBiû
[m2 +QMbiBim2 H� ;Qmii2 T2mi �++m2BHHB` mM MQK#`2 2MiB2` /2 HQM;m2m`b /ǶQM/2 UbmBp�Mi bQM
Tû`BKĕi`2 TQH�B`2V- +2b KQ/2b �tBbvKûi`B[m2b 2Mi`2Mi 2M `ûbQM�M+2X G� +QM/BiBQM /2 `ûbQ@
M�M+2 DmbiB}2 �HQ`b H� [m�MiB}+�iBQM /2b `�vQMb /Ƕ�TT�`BiBQM /2b /û7Q`K�iBQMbX G� ;Qmii2-
HB#`2 2M bm`7�+2- 2bi +QMi`�BMi2 2M pQHmK2X G2b #Q`/b H�iû`�mt bQMi �++ûHû`ûb `�/B�H2K2Mi-
+2 [mB BM/mBi mM2 BMbi�#BHBiû b2+QM/�B`2 /2 ivT2 6�`�/�vX lM2 /2mtBĕK2 +QM/BiBQM /2 `ûbQ@
M�M+2 �TT�`�ŗi �HQ`b- 2i TQ`i2 +2ii2 7QBb@+B- bm` H2 Tû`BKĕi`2 û[m�iQ`B�H /2 H� ;Qmii2X 1HH2
bûH2+iBQMM2 H2 KQ/2 �xBKmi�H �++`Q+?ûX

RjN
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�miQT`QTmHbBQM

aQKK�B`2
9XR JBb2 2M ûpB/2M+2 /ǶmM2 KQ#BHBiû BM?�#Bim2HH2 X X X X X X X X X X X R9k

9XRXR G� bmT`ûK�iB2 /2b ;Qmii2b KBHHBKûi`B[m2b X X X X X X X X X X X X X R9k
9XRXk .2b �û`Q;HBbb2m`b BMb�BbBbb�#H2b X X X X X X X X X X X X X X X X X X X R9j
9XRXj �TT�`BiBQM bTQMi�Mû2 /2 KQmp2K2Mi MQM@/ûi2`KBMBbi2 X X X X X X R99

9Xk _ûpûH�iBQM /2 HǶ2tBbi2M+2 /ǶmM2 /vM�KB[m2 BMi2`M2 X X X X X X X X R9N
9XkXR .BbTQbBiB7b 2tTû`BK2Mi�mt X X X X X X X X X X X X X X X X X X X X X X R9N
9XkXk JQ`T?QHQ;B2 /2b û+QmH2K2Mib BMi2`M2b X X X X X X X X X X X X X X X R8R
9XkXj P`B;BM2b /2b û+QmH2K2Mib Q#b2`pûb X X X X X X X X X X X X X X X X X R89
9XkX9 "`Bbm`2 /2 bvKûi`B2 bTQMi�Mû2 X X X X X X X X X X X X X X X X X X X X R8N

9Xj Jû+�MBbK2 /Ƕ�miQT`QTmHbBQM X X X X X X X X X X X X X X X X X X X X X Rek
9XjXR lM2 `Qm2 HB[mB/2 \ X X X X X X X X X X X X X X X X X X X X X X X X X X Rek
9XjXk *�`�+iû`Bb�iBQM /m }HK /2 p�T2m` X X X X X X X X X X X X X X X X X X Re9
9XjXj *QMbû[m2M+2 /2 HǶ�bvKûi`B2 /2 H� #�b2 /2b ;Qmii2b X X X X X X X X Re3
9XjX9 am` H2b Q`B;BM2b /2 HǶBM+HBM�BbQM /2 H� #�b2 X X X X X X X X X X X X X Rdj
9XjX8 _Q#mbi2bb2 /2 HǶ�miQT`QTmHbBQM X X X X X X X X X X X X X X X X X X X Rd9

G� i�BHH2 2i H2 +QM}M2K2Mi /B+i2Mi pû`Bi�#H2K2Mi H2 +QKTQ`i2K2Mi /2b ;Qmii2b 2M ûi�i /2
+�Hû7�+iBQMX LQmb �pQMb 2M T�`iB+mHB2` pm /�Mb H2b +?�TBi`2b AXRXkXR 2i AAXk@j [m2 H� bvKûi`B2
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/2b ;Qmii2b 2bi bûH2+iBQMMû2 T�` H2m` `�vQM RX *2b ;Qmii2b- HB#`2b 2M �TT�`2M+2- bQMi 2M
`û�HBiû bQmb +QMi`�BMi2 ¨ H� 7QBb 2M pQHmK2- T�` H� ;`�pBiû- 2i 2M bm`7�+2 T�` H2b T?ûMQKĕM2b
+�TBHH�B`2bX LQmb �pQMb 2t?B#û /2mt û+?2HH2b T2`iBM2Mi2b /m bvbiĕK2 , H� HQM;m2m` +�TBHH�B`2

�1 = 2.5 KK- 2i H� HQM;m2m` /ǶQM/2 � ⇡ 3.6 KK /2b QM/2b b2 T`QT�;2�Mi �mt BMi2`7�+2bX

GǶQ`B;BM�HBiû /2 +2 bvbiĕK2 `ûbB/2 /�Mb b2b p�`B�iBQMb [m�bB@bi�iB[m2b /2 i�BHH2 �m +Qm`b /m
i2KTbX �HQ`b [m2 HǶûp�TQ`�iBQM bǶ�++QKTHBi- H� HQM;m2m` /2 HǶBMi2`7�+2 HB#`2 2i H2 pQHmK2
HB[mB/2 [mǶ2HH2 `2M72`K2 /BKBMm2MiX G� ;Qmii2 2tTû`BK2Mi2 /QM+ THmbB2m`b T?�b2b /2 pB2-
/2 H� +?2KBMû2 �mt KmHiBTH2b ûiQBH2bX .�Mb +2ii2 T�`iB2- QM bǶBMiû`2bb2 ¨ H� HBKBi2 Qɍ H�
i�BHH2 /2 H� ;Qmii2 /2pB2Mi +QKT�`�#H2 pQB`2 BM7û`B2m`2 ¨ +2b /2mt û+?2HH2b- +Ƕ2bi@¨@/B`2 ¨
/2b û+?2HH2b Qɍ H� +�TBHH�`Biû �``QM/Bi H2 HB[mB/2 2i Qɍ H2b KQ/2b Qb+BHH�iQB`2b /2pB2MM2Mi
BM�++2bbB#H2b +�` i`QT ?�mib 2M 7`û[m2M+2X

9XR JBb2 2M ûpB/2M+2 /ǶmM2 KQ#BHBiû BM?�#Bim2HH2

9XRXR G� bmT`ûK�iB2 /2b ;Qmii2b KBHHBKûi`B[m2b

G� HBKBi2 Qɍ H� i�BHH2 /2b ;Qmii2b 2bi +QKT�`�#H2 ¨ H� HQM;m2m` +�TBHH�B`2 2i ¨ H� HQM;m2m`
/ǶQM/2 ;`�pBiQ@+�TBHH�B`2 MǶ2bi T�b K�`;BM�H2X

.û}MBiBQM /ǶmM2 ;Qmii2 *2 [mǶQM �TT2HH2 +QKKmMûK2Mi ;Qmii2 /ûbB;M2 mM2 T2iBi2
[m�MiBiû /2 HB[mB/2 TQm` H�[m2HH2 H� i2MbBQM /2 bm`7�+2 2bi BKTQ`i�Mi2- T�` QTTQbBiBQM
�mt ~�[m2b- bQmKBb2b T`BM+BT�H2K2Mi ¨ H� T2b�Mi2m` 2ifQm ¨ HǶ�/?ûbBQM bm` mM2 bm`7�+2X
*2ii2 /û}MBiBQM ûi�#HBi mM2 HBKBi2 ?�mi2 2M `�vQM ¨ mM2 ¨ /2mt 7QBb H� HQM;m2m` +�TBHH�B`2
bQBi [m2H[m2b KBHHBKĕi`2bX G2b ;Qmii2b [mB MQmb 2MiQm`2Mi QMi /Ƕ�BHH2m`b bQmp2Mi mM2 i�BHH2
K�tBK�H2 #B2M /û}MB2X .�Mb H2 +�b /2 H� THmB2- H� /Bbi`B#miBQM /2 H� i�BHH2 /2b ;Qmii2b- /Bi2
/2 J�`b?�HH@S�HK2` (RR3)- `ûbmHi2 /2 H� +QKTûiBiBQM 2Mi`2 i`QBb T`Q+2bbmb /2 +`QBbb�M+2 ,
H� +QM/2Mb�iBQM /2 H� p�T2m` /Ƕ2�m bm` mM2 ;Qmii2 �m b2BM /ǶmM Mm�;2- HǶ�++`ûiBQM /2
T2iBi2b ;Qmii2b bm` /2b THmb ;`Qbb2b 2i /2 H� +Q�H2b+2M+2 2Mi`2 ;Qmii2b /2 i�BHH2b bBKBH�B`2bX
1M 7QM+iBQM /2 H2m` ?BbiQB`2- H2b ;Qmii2b QMi mM2 i�BHH2 [mB p�`B2 /2 [m2H[m2b /Bx�BM2b /2
KB+`QKĕi`2b ¨ [m2H[m2b KBHHBKĕi`2bX �m@/2H¨ /ǶmM2 i�BHH2 +`BiB[m2- H� +Q?ûbBQM /m HB[mB/2
2bi KBb2 ¨ /û7�miX 1M iQK#�Mi- H2b ;`Qbb2b ;Qmii2b- /û7Q`Kû2b T�` H2 7`Qii2K2Mi /2 HǶ�B`-
b2 7`�;K2Mi2Mi 2M ;Qmii2b THmb T2iBi2b Dmb[mǶ¨ �ii2BM/`2 mM2 i�BHH2 #B2M /û}MB2- +2HH2 /2b
7`�;K2Mib (93)X G2 `û;BK2 �m[m2H MQmb MQmb BMiû`2bbQMb /�Mb +2 +?�TBi`2 2bi /QM+ BKTHB+Bi2
HQ`b[mǶQM T�`H2 /2 ;Qmii2bX 1M b2 +QM+2Mi`�Mi bm` H2b i`�p�mt T�`mb �m +Qm`b /2b R8 /2`MBĕ`2b
�MMû2b- HǶBKTQ`i�M+2 /2 +2 `û;BK2 �TT�`�ŗi +H�B`2K2MiX 6QMi 7QB H2b MQK#`2mb2b i?ĕb2b 2i
�`iB+H2b `2H�iB7b ¨ HǶ2z2i G2B/2M7`Qbi- `ûbmKûb T�` HǶ�`iB+H2 /2 `2pm2 (N)X *2ii2 HBKBi2 /2 i�BHH2
2bi 2bb2MiB2HH2- TmBb[mǶBH bǶ�;Bi- b�m7 �++B/2Mi- /2 HǶûi�T2 �mbbB BMûHm+i�#H2 [m2 }M�H2 /2 H�
pB2 /ǶmM2 ;Qmii2 2M +�Hû7�+iBQMX 1HH2 `2pāi û;�H2K2Mi /ǶBMiû`āi T`�iB[m2X

�TTHB+�iBQM +mHBM�B`2b , G2 i2bi /2 H� ;Qmii2 hQmi +mBbBMB2` 2tTû`BK2Miû b�Bi- b+B2K@
K2Mi Qm BM+QMb+B2KK2Mi- [mǶmM2 TQāH2 ¨ +`āT2b 2bi T`āi2 ¨ HǶ2KTHQB [m�M/ H2b ;Qmii2b
/Ƕ2�m [mǶQM v D2ii2 ;HBbb2Mi +QKK2 /2b T2iBi2b #BHH2bX G2 +QKTQ`i2K2Mi /m HB[mB/2 2bi i`ĕb
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b2MbB#H2 ¨ H� i2KTû`�im`2X 1M /2bbQmb /2 Ryy�*- H� ;Qmii2 KQmBHH2 H� bm`7�+2 2i v `2bi2
+QHHû2X 1M b2 `�TT`Q+?�Mi /m TQBMi /Ƕû#mHHBiBQM /m HB[mB/2- H� ;Qmii2 b2 K2i ¨ #QmBHHB` pBQ@
H2KK2Mi 2i /BbT�`�ŗi 2M mM2 7`�+iBQM /2 b2+QM/2X 1M `2p�M+?2- bB H� TQāH2 +?�mzû2 �m@/2H¨
/m b2mBH TL- H2 HB[mB/2 HûpBi2 bm` b� p�T2m`- [mB HmB +QM7ĕ`2 mM2 KQ#BHBiû b�Mb T�`2BHH2X *2b
;Qmii2b KBHHBKûi`B[m2b DQm2Mi /QM+ T`2b[m2 H2 `ƬH2 /2 i?2`KQKĕi`2 2M 2t?B#�Mi mM2 /vM�@
KB[m2 bB /Bzû`2Mi2 2M 7QM+iBQM /2 H� i2KTû`�im`2X *QKT`2M/`2 2i K�ŗi`Bb2` H2 KQmp2K2Mi
BMi`BMbĕ[m2 /2 +2b �û`Q;HBbb2m`b �m@/2bbmb /ǶmM2 +2`i�BM2 i2KTû`�im`2 � mM BMiû`āi T`�iB[m2X

�TTHB+�iBQMb +QMM2t2b .2 K�MBĕ`2 THmb p�bi2- �m@/2H¨ /2b �TTHB+�iBQMb /B`2+i2b- H� +�@
Hû7�+iBQM 2bi �mbbB mM KQv2M /2 T`Q/mB`2 mM2 bBim�iBQM KQ/ĕH2 Qɍ H2 HB[mB/2 2bi /ûi�+?û
/2 bQM bmTTQ`iX GǶûim/2 /2 +2i 2t2KTH2 +�MQMB[m2 `ûpĕH2 H2b Kû+�MBbK2b T?vbB[m2b [mB
bQmb@i2M/2Mi H� T?vbB[m2 /m KQmBHH�;2- Qm THmiƬi /m MQM@KQmBHH�;2X *QKK2Mi 7�B`2 T�`
2t2KTH2 TQm` `2TQmbb2` mM2 ;Qmii2 /2 THmB2- 2i TQm` [mǶmM HB[mB/2 ;HBbb2 bm` mM2 bm`7�+2
b�Mb H�Bbb2` /2 i`�+2 \ G� +�Hû7�+iBQM MQmb 2Mb2B;M2 [mǶBH 7�mi K�BMi2MB` mM }HK /2 ;�x 2Mi`2
H2 HB[mB/2 2i H2 bQHB/2X

9XRXk .2b �û`Q;HBbb2m`b BMb�BbBbb�#H2b

*QKK2 MQmb HǶ�pQMb pm /�Mb H2b +?�TBi`2b T`û+û/2Mib- HǶ�#b2M+2 /2 +QMi�+i 2Mi`2 H2
HB[mB/2 2i H2 bQHB/2 +QM7ĕ`2 ¨ +2b Q#D2ib mM2 KQ#BHBiû b�Mb T�`2BHH2X .ĕb Rd8e- G2B/2M7`Qbi
+QMbB;M2 /�Mb bQM h`�Biû bm` H2b T`QT`Bûiûb /2 HǶ2�m +QKKmM2 (9)- [mǶmM HB[mB/2 pQH�iBH-
p2`bû bm` mM2 bm`7�+2 +?�m/2- T`2M/ H� 7Q`K2 /ǶmM ;HQ#mH2 b+BMiBHH�Mi b2K#H�#H2 �m K2`+m`2
HB[mB/2- /ûbB;Mû ¨ HǶûTQ[m2 T�` ĿpB7 �`;2MiŀQm Ŀ�`;2Mi pBp�MiŀX *2 `�TT`Q+?2K2Mi 2bi HBû
�m +�`�+iĕ`2 /vM�KB[m2 /2 +2b bvbiĕK2bX G� 7`B+iBQM bm` +2b bvbiĕK2b ûi�Mi [m�bB@MmHH2-
+2b ;Qmii2b bQMi i`ĕb b2MbB#H2b �mt T2`im`#�iBQMb 2tiû`B2m`2bX G� KQBM/`2 7Q`+2- mM2 7�B#H2
T2Mi2 Qm mM +Qm`�Mi /Ƕ�B`- bm{i ¨ 2M;2M/`2` /m KQmp2K2MiX

*2b Q#D2ib- /vM�KB[m2b T�` 2bb2M+2- û+?�TT2Mi /QM+ ¨ +2HmB [mB pQm/`�Bi H2b ûim/B2`X
.�Mb H2b MQK#`2mb2b ûim/2b [mB H2b +QM+2`M2Mi- /Bp2`b bi`�i�;ĕK2b bQMi 2KTHQvûb �}M /2
TBû;2` H2b ;Qmii2bX *BiQMb /2 K�MBĕ`2 MQM 2t?�mbiBp2 H2b 2t2KTH2b bmBp�Mib ,

} G2b TBĕ;2b ;`�pBi�iBQMM2Hb- Qɍ H2b ;Qmii2b bQMi i2Mm2b +�TiBp2b /�Mb mM TmBib /2 TQ@
i2MiB2H- 2M miBHBb�Mi T�` 2t2KTH2 /2b bmTTQ`ib +QM+�p2b- ¨ HǶBMbi�` /2 G2B/2M7`Qbi- [mB
i`�p�BHH�Bi �p2+ /2b +mBHHĕ`2b +?�m/2b(9)X G2b ;Qmii2b T2mp2Mi û;�H2K2Mi āi`2 2KKm`û2b
T�` mM �MM2�m +?�m/ U¨ H� i2KTû`�im`2 /m bm#bi`�i TQm` [m2 H2 HB[mB/2 MǶ2Mi`2 T�b 2M
û#mHHBiBQM ¨ bQM +QMi�+iV +QKK2 T`QTQbû T�` S?BHBTT2 "Qm``B�MM2(R)X G2 HB[mB/2 `ûbB/2
�m +2Mi`2 /2 HǶ�MM2�m bQmb `ûb2`p2 [m2 H� #�``Bĕ`2 ûM2`;ûiB[m2 �bbQ+Bû2 �m 7`�M+?Bbb2K2Mi
/2b T�`QBb bQBi bmTû`B2m`2 ¨ HǶûM2`;B2 /2 H� ;Qmii2X

} G2b TBĕ;2b +�TBHH�B`2b- Qɍ H2b ;Qmii2b bQMi `2i2Mm2b T�` mM2 �B;mBHH2- ¨ i`�p2`b H� 7Q`+2
[mǶ2HH2 2t2`+2 bm` H2 HB[mB/2 (Ry)X

} G2b TBĕ;2b �û`Q/vM�KB[m2bX am` /2b bm`7�+2b i2tim`û2b /2 K�MBĕ`2 �bvKûi`B[m2- H�
p�T2m` bǶû+?�TT�Mi bQmb H� ;Qmii2 2bi `2+iB}û2 (RRN)X *QmbBMb 2i �HX QMi �BMbB KQMi`û [mǶBH
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ûi�Bi TQbbB#H2 /2 TBû;2` /2b ;Qmii2b 2M +�Hû7�+iBQM 2M ;`�p�Mi /2b i2tim`2b �bvKûi`B[m2b
+QM+2Mi`B[m2b- [mB `�TT2HH2Mi H2 HB[mB/2 p2`b H2 +2Mi`2 /m KQiB7 (Rky)X

} G2b TBĕ;2b ûH2+i`QK�;MûiB[m2b- /�Mb H2 +�b T�`iB+mHB2` /2 HB[mB/2b ûH2+i`B[m2K2Mi
+QM/m+i2m`bX PM i`Qmp2 /�Mb H� HBiiû`�im`2 [m2H[m2b 2t2KTH2b Qɍ H2b �mi2m`b K�MBTmH2Mi
/2b ;Qmii2b +?�`;û2b 2M ûH2+i`QHvi2 ¨ HǶ�B/2 /2 +?�KTb ûH2+i`B[m2b (RN- RkR- Rkk)X

} G2b TBĕ;2b K�;MûiB[m2bX GǶ�TT`Q+?2 /ǶmM �BK�Mi T2`K2i /2 `2i2MB` /2 HǶQtv;ĕM2 HB@
[mB/2- mM HB[mB/2 T�`�K�;MûiB[m2 +`vQ;ûMB[m2 2M +�Hû7�+iBQM ¨ i2KTû`�im`2 �K#B�Mi2 (Rkj)X
.�Mb H� KāK2 p2BM2- .Ƕ�M;2HQ 2i �HX QMi KQMi`û `û+2KK2Mi [m2 HǶ�TTHB+�iBQM /ǶmM
+?�KT K�;MûiB[m2 T2`K�M2Mi ¨ /2b ;Qmii2b /2 72``Q~mB/2 �[m2mt T2`K2ii�Bi mM2 bi�@
#BHBb�iBQM /2 H2m` TQbBiBQM ?Q`BxQMi�H2 (Ry9)X

§ iQmi2b +2b T�`�/2b- MQmb �pQMb T`û7û`û /2b TmBib /2 7�B#H2 +Qm`#m`2 Qm #B2M /2b
�B;mBHH2bX PM `2T`2M/ HǶ2tTû`B2M+2 K2Mû2 �mt +?�TBi`2b k 2i j- BHHmbi`û2 T�` H� };m`2 9XRU�V
TQm` b2 +QM+2Mi`2` /ûbQ`K�Bb bm` H� }M /2 pB2 /2 H� ;Qmii2X lM2 ~�[m2 /Ƕ2�m /2 `�vQM BMBiB�H
R0 = 12.0 KK 2bi /ûTQbû2 b�Mb pBi2bb2 BMBiB�H2 �m +`2mt /ǶmM2 +mp2ii2 +QMB[m2- +?�mzû2
¨ 9yy�*X GǶ�M;H2 /ǶQmp2`im`2 /m +ƬM2 2bi 7�B#H2 U↵p = 50 K`�/VX G2 `�vQM û[m�iQ`B�H
R /2 H� ;Qmii2 2i b� i`�D2+iQB`2 /�Mb H2 TH�M ?Q`BxQMi�H bQMi K2bm`ûb 2M }HK�Mi T�` �m@
/2bbmb Dmb[mǶ¨ ûp�TQ`�iBQM iQi�H2X G2 `�vQM R 2i H� TQbBiBQM xy bQMi TQ`iû 2M 7QM+iBQM
/m i2KTb bm` H2b };m`2b 9XRU#V 2i U+VX G� /Bbi�M+2 T�` `�TTQ`i �m +2Mi`2 /2 H� +mp2ii2
r 2bi /û/mBi2 2i i`�+û2 bm` H� };m`2 9XRU/VX G2 /û;`�/û /2 +QmH2m` T2`K2i /Ƕ�TT`û+B2`
HǶûpQHmiBQM i2KTQ`2HH2 +QM+QKBi�Mi2 �p2+ H� /BKBMmiBQM /m `�vQM RX PM `2K�`[m2 [m2 H�
~�[m2 Qb+BHH2 �miQm` /2 b� TQbBiBQM /Ƕû[mBHB#`2 U+2Mi`2 /2 H� +�pBiûV �p2+ mM2 �KTHBim/2 [mB
/BKBMm2 H2Mi2K2Mi �p2+ R- TmBb- bm#Bi2K2Mi- H� ;Qmii2 �+[mB2`i mM2 KQ#BHBiû [mB HmB T2`K2i
/Ƕû+?�TT2` �m TBĕ;2 [mB HmB � ûiû i2M/mX 1HH2 bǶû+�`i2 MQi�#H2K2Mi /m +2Mi`2 /2 H� +mp2ii2-
2i �m #Qmi /2 [m2H[m2b Qb+BHH�iBQMb U�p2+ mM2 Tû`BQ/2 /2 [m2H[m2b b2+QM/2b- +QKT�`�#H2
¨ Tû`BQ/2 /ǶmM T2M/mH2 ⇠ 1/

p
gC Qɍ C 2bi H� +Qm`#m`2 /m TBĕ;2V- `ûmbbBi ¨ `2KQMi`2` H�

T2Mi2X 1M `ûTûi�Mi +2ii2 2tTû`B2M+2- MQmb �pQMb Tm +QM}`K2` +2ii2 i2M/�M+2 , 2M /2bbQmb
/ǶmM2 +2`i�BM2 i�BHH2- H2b ;Qmii2H2ii2b +?2`+?2Mi ¨ bǶû+?�TT2` 2M 2KT`mMi�Mi /2b /B`2+iBQMb
p�`B�#H2b /ǶmM2 2tTû`B2M+2 ¨ HǶ�mi`2X

LQmb MQmb bQKK2b BMi2``Q;ûb bm` HǶ2bbQ` /2 +2b ;Qmii2H2ii2b 2i HǶ�TT�`BiBQM bTQMi�Mû2
/ǶmM2 7Q`+2 H2m` T2`K2ii�Mi /2 bǶû+?�TT2`X G� ;`�M/2 /B{+mHiû- TQm` M2 T�b /B`2 H2 T�`�@
/Qt2- 2bi [mǶ2M +?2`+?�Mi ¨ ûim/B2` H� /vM�KB[m2 /2 +2b Q#D2ib- MQmb bQvQMb +QMi`�BMib /2
H2b TBû;2`- 2i [m2 +2 7�Bb�Mi- MQmb H2b 2KTā+?QMb /Ƕ2tT`BK2` H2m` KQ#BHBiû BMi`BMbĕ[m2 @ HǶQ#@
D2i KāK2 /2 MQi`2 ûim/2 5 LQmb 2t�KBMQMb /�Mb +2 +?�TBi`2 H2 +QKTQ`i2K2Mi /2 ;Qmii2b
/2 `�vQM +QMi`ƬHû UTmBb[m2 H� };m`2 9XR bm;;ĕ`2 mM2 BM~m2M+2 /m `�vQM RV 2i HB#û`û2b b�Mb
pBi2bb2 BMBiB�H2X

9XRXj �TT�`BiBQM bTQMi�Mû2 /2 KQmp2K2Mi MQM@/ûi2`KBMBbi2

LQmb bQKK2b /QM+ T�`iBb /2 HǶ2tTû`B2M+2 BHHmbi`û2 T�` H2 b+?ûK� /2 H� };m`2 9XkU�V- Qɍ
mM2 ;Qmii2 2bi /ûTQbû2 b�Mb pBi2bb2 BMBiB�H2 bm` mM2 bm`7�+2 TH�M2X PM miBHBb2 mM2 ;�H2ii2
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6B;m`2 9XR Ĝ U�V a+?ûK� /2 HǶ2tTû`B2M+2 , mM2 ;Qmii2 /Ƕ2�m /2 `�vQM R 2bi i2Mm2 +�TiBp2 /�Mb mM2
+mp2ii2 +QMB[m2 U↵p = 50 K`�/V +?�mzû2 ¨ 9yy�*X G� ;Qmii2- 2M HûpBi�iBQM- bǶûp�TQ`2 H2Mi2K2MiX
(#) G2 `�vQMR /BKBMm2 HBMû�B`2K2Mi 2i T2mi āi`2 �TT`QtBKû T�` mM2 HQB R = R0

�
1 � t

⌧

�
Qɍ R0 =

12 KK `2T`ûb2Mi2 H2 `�vQM BMBiB�H 2i ⌧ = 391 b H2 i2KTb /2 pB2X (+) G� TQbBiBQM /m +2Mi`2 /2 K�bb2
/2 H� ;Qmii2 /�Mb H2 TH�M ?Q`BxQMi�H xy 2bi �++2bbB#H2 2M }HK�Mi /2 /2bbmbX G2 /û;`�/û /2 +QmH2m`
T2`K2i /Ƕ�TT`û+B2` bQM ûpQHmiBQM i2KTQ`2HH2X U/V G� /Bbi�M+2 r �m +2Mi`2 Qb+BHH2 H2Mi2K2Mi �miQm`
/m +2Mi`2 /2 H� +mp2ii2- K�Bb /Bp2`;2 bm#Bi2K2Mi- TQm` mM `�vQM R /2 HǶQ`/`2 /2 RXk KKX

/2 bBHB+BmK TH�i2- /2 i2KTû`�im`2 }tû2 ¨ j8y�*- /2 /B�Kĕi`2 L 2i /QMi HǶ?Q`BxQMi�HBiû
2bi �Dmbiû2 �p2+ mM MBp2�m /2 T`û+BbBQMX G2 /ûTƬi b2 7�Bi ¨ HǶ�B/2 /ǶmM2 �B;mBHH2 }tû2 ¨
mM2 ?�mi2m` H /m bm#bi`�i +?�m/X G� ;Qmii2- BMBiB�H2K2Mi i2Mm2 T�` HǶ�B;mBHH2- bǶûp�TQ`2-
2i }MBi T�` bǶ2M /ûi�+?2` HQ`b[m2 b� ?�mi2m` h /2pB2Mi +QKT�`�#H2 ¨ HX G� ?�mi2m` H

/2 HǶ�B;mBHH2 2bi �BMbB mM T�`�Kĕi`2 /2 +QMi`ƬH2 /m `�vQM R /2 H� ;Qmii2 �m KQK2Mi /m
/ûi�+?2K2MiX G2 KQmp2K2Mi /2 H� ;Qmii2 HB#û`û2 2bi bmBpB ¨ H� +�Kû`� `�TB/2X

G� +?`QMQT?QiQ;`�T?B2 /2 H� };m`2 9XkU#V KQMi`2- T�` mM2 pm2 /2 +Ƭiû- H2b TQbBiBQMb
bm++2bbBp2b /ǶmM2 ;Qmii2 KBHHBKûi`B[m2 mM2 7QBb HB#û`û2 /2 HǶ�B;mBHH2 [mB � b2`pB ¨ H� T`Q/mB`2-
bQBi [m�M/ H� ?�mi2m` h /2 H� ;Qmii2 /2pB2Mi +QKT�`�#H2 ¨ H� /Bbi�M+2 H [mB bûT�`2
HǶ�B;mBHH2 /m bm#bi`�iX *2+B `ûpĕH2 H2 KQmp2K2Mi bTQMi�Mû 2i �++ûHû`û- TmBb[m2 HǶû+�`i 2Mi`2
H2b TQbBiBQMb bm++2bbBp2b /2 H� ;Qmii2 +`QŗiX

G� TQbBiBQM x /2 +2ii2 ;Qmii2 �T`ĕb /ûi�+?2K2Mi /2 HǶ�B;mBHH2 2bi 2ti`�Bi2 /2 +2ii2
pm2 /2 +Ƭiû 2i i`�+û2 bm` H� };m`2 9XjU�VX 1M /û`Bp�Mi bm++2bbBp2K2Mi xUtV- QM /û/mBi H�
pBi2bb2 v �BMbB [m2 HǶ�++ûHû`�iBQM a BMbi�Mi�Mû2b /m ;HQ#mH2 U};m`2b 9XjU#V 2i U+VVX �T`ĕb mM
`û;BK2 i`�MbBiQB`2 /Ƕ2MpB`QM Ryy Kb- HǶ�++ûHû`�iBQM �ii2BMi mM2 p�H2m` [mB ~m+im2 �miQm`
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(b)

H

L

R

(a)

6B;m`2 9Xk Ĝ U�V lM2 ;Qmii2 /Ƕ2�m /2 `�vQM R 2bi /ûTQbû2 ¨ HǶ�B/2 /ǶmM2 �B;mBHH2 bBimû2 ¨ mM2
/Bbi�M+2 H bm` mM2 ;�H2ii2 /2 bBHB+BmK `û~û+?Bbb�Mi2 /2 /B�Kĕi`2 L >> R TQ`iû2 ¨ H� i2KTû`�im`2
T > TLX .2b i`�+2m`b KB+`QKûi`B[m2b bQMi /BbT2`bûb /�Mb H2 HB[mB/2 �}M /2 pBbm�HBb2` b� /vM�KB[m2
BMi2`M2X G2 KQmp2K2Mi /2b ;Qmii2b 2bi 2M`2;Bbi`û 2M }HK�Mi /2 +Ƭiû Qm /2 /2bbmb ¨ HǶ�B/2 /2 +�Kû`�b
`�TB/2bX (#) *?`QMQT?QiQ;`�T?B2 KQMi`�Mi H2b TQbBiBQMb bm++2bbBp2b- pm2b /2 T`Q}H- /ǶmM2 ;Qmii2
/2 `�vQM _ 4 RXRy KK- BKKQ#BHBbû2 T�` HǶ�B;mBHH2 �ii2M�Mi2X GǶBMi2`p�HH2 /2 i2KTb 2Mi`2 +?�[m2
BK�;2 2bi jey KbX 1M bǶûp�TQ`�Mi- H� ?�mi2m` /2 H� ;Qmii2 /2pB2Mi +QKT�`�#H2 ¨ HX G� ;Qmii2 b2
HB#ĕ`2 2i bǶ�MBK2 bTQMi�MûK2Mi /�Mb mM2 /B`2+iBQMX GǶû+?2HH2 bT�iB�H2 BM/B[m2 R KKX

/2 a = 74.6 ± 2.5 KK/bk- Qɍ H2b ~m+im�iBQMb bQMi �ii`B#m�#H2b �mt `2#QM/b p2`iB+�mt /2
H� ;Qmii2b 2t+Biûb HQ`b /m /ûi�+?2K2Mi /2 HǶ�B;mBHH2X 1M 2z2i- H2m` 7`û[m2M+2- /2 HǶQ`/`2 /2
98 >x 2bi +QKT�`�#H2 ¨ H� 7`û[m2M+2 T`QT`2 �bbQ+Bû2 ¨ +2 KQ/2 (3�

�
4⇡⇢R3)1/2 ⇡ 9y >xX

GǶ�KTHBim/2 /2b ~m+im�iBQMb 2M �++ûHû`�iBQM U⇡ 5 KK/bkV ûi�Mi 7�B#H2 /2p�Mi H� p�H2m`
KQv2MM2- BH 2bi `�BbQMM�#H2 /2 +QMbB/û`2` [m2 +2b ;Qmii2b bQMi mMB7Q`KûK2Mi �++ûHû`û2bX
G� TQbBiBQM x T2mi /QM+ āi`2 �TT`Q+?û2 T�` H� HQB x = a

2 (t � t0)2- Qɍ t0 +Q``2bTQM/ �m
KQK2Mi Qɍ H� ;Qmii2 b2 /ûi�+?2 2i a HǶ�++ûHû`�iBQM KQv2MM2 a = 75.9 KK/bkX

G� /B`2+iBQM 2KT`mMiû2 T�` H2 HB[mB/2 2bi +�`�+iû`Bbû2 T�` /2b pm2b /2 /2bbmbX G�
};m`2 9X9 +QHH2+i2 H2b i`�D2+iQB`2b TQm` /2b ;Qmii2b /2 i�BHH2b /Bzû`2Mi2b bm` mM r�72` /2 bBHB@
+BmK +?�mzû ¨ j8y�*X G2 +QKTQ`i2K2Mi Q#b2`pû 2bi i`ĕb b2MbB#H2 �m `�vQMX G� };m`2 9X9U�V
Qɍ bQMi bmT2`TQbû2b H2b i`�D2+iQB`2b /2 Ryy ;Qmii2b U/BbbQ+B�#H2b T�` HǶmiBHBb�iBQM /2 +Qm@
H2m`b /BbiBM+i2bV /2 `�vQM R = 1.0 KK- `ûpĕH2 H2 +�`�+iĕ`2 BbQi`QT2 /2 HǶ�miQT`QTmHbBQM
/2 ;Qmii2b KBHHBKûi`B[m2bX lM2 7QBb HB#û`û2b /2 HǶ�B;mBHH2- +2b ;Qmii2H2ii2b +?QBbBbb2Mi mM2
/B`2+iBQM �Hû�iQB`2 2i b2 K2ii2Mi 2M KQmp2K2Mi 2M T2`bûpû`�Mi /�Mb +2ii2 /B`2+iBQM- `2+@
iBHB;M2K2MiX *2 +QKTQ`i2K2Mi +QMi`�bi2 �p2+ +2HmB Q#b2`pû TQm` /2b ;Qmii2b THmb ;`Qbb2bX
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a 
(m
m
/s
2 )

t (s)t (s)

x 
(m
m
)

t (s)

v 
(m
m
/s
)

(a) (b) (c)

6B;m`2 9Xj Ĝ h`�D2+iQB`2 /ǶmM2 ;Qmii2 /2 `�vQM R = R.R KKX U�V G� TQbBiBQM x /2 H� ;Qmii2 bmBi
mM2 HQB [m�/`�iB[m2 2M i2KTb x = a

2 (t� t0)2- Qɍ t0 +Q``2bTQM/ �m KQK2Mi Qɍ H� ;Qmii2 b2 /ûi�+?2
/2 HǶ�B;mBHH2 b�Mb pBi2bb2 BMBiB�H2X G� /û`Bp�iBQM /2 x(t) +QM/mBi ¨ H� pBi2bb2 BMbi�Mi�Mû2 v(t) /2 H�
;Qmii2 U#V- TmBb ¨ bQM �++ûHû`�iBQM a(t) U+VX G2 KQmp2K2Mi �T`ĕb /ûi�+?2K2Mi b2 /û+QKTQb2 2M /2mt
T?�b2b , mM2 T?�b2 i`�MbBiQB`2- Qɍ HǶ�++ûHû`�iBQM �m;K2Mi2 /2 0 KK/bk ¨ 2MpB`QM 75 ± 2.5 KK/bk

2M ⇠ Ryy Kb 2i mM `û;BK2 T2`K�M2Mi Qɍ HǶ�++ûHû`�iBQM b2 bi�#BHBb2 �miQm` /2 75± 2.5 KK/bk- �p2+
iQmi27QBb /2b Qb+BHH�iBQMb Tû`BQ/B[m2b /2 7`û[m2M+2 2MpB`QM û;�H2 ¨ 45 >x- �ii`B#m�#H2b �mt `2#QM/b
/2 H� ;Qmii2 �T`ĕb /ûi�+?2K2MiX

SQm` mM `�vQM R = 2.0 KK- H2b i`�D2+iQB`2b /2 9y ;Qmii2b HB#û`û2b /�Mb /2b +QM/BiBQMb
bi`B+i2K2Mi B/2MiB[m2b- T`ûb2Miû2b bm` H2 /B�;`�KK2 };m`2 9XjU+V- bQMi iQmi2b Q`B2Miû2b
p2`b H2 TƬH2 bm/X *2ii2 /B`2+iBQM bǶBMi2`T`ĕi2 +QKK2 +2HH2 /2 H� T2Mi2 `ûbB/m2HH2 2i BMûpB@
i�#H2 /2 H� bm`7�+2X G� KāK2 2tTû`B2M+2 `û�HBbû2 TQm` /2b ;Qmii2b /2 `�vQM R = 1.5 KK
KQMi`2 mM +QKTQ`i2K2Mi BMi2`Kû/B�B`2 @ mM2 bQ`i2 /2 b+?BxQT?`ûMB2 @ Qɍ H2b ;Qmii2b mM2
7QBb /ûHBû2b- bǶ�MBK2Mi 2M /B`2+iBQM /m TƬH2 bm/- TmBb- #`mb[m2K2Mi- `2#`Qmbb2Mi +?2KBM 2i
bǶ�miQT`QTmHb2Mi `2+iBHB;M2K2Mi /�Mb mM2 /B`2+iBQM [mB b2K#H2 �Hû�iQB`2 U};m`2 9X9U#VVX

30 mm

(a) (b) (c)

6B;m`2 9X9 Ĝ *QHH2+iBQM /ǶmM2 +2Mi�BM2 /2 i`�D2+iQB`2b Q#i2Mm2b TQm` /2b ;Qmii2b /ûTQbû2b b�Mb
pBi2bb2 BMBiB�H2 bm` mM r�72` /2 bBHB+BmK +?�mzû ¨ T 4 j8y�*X U�V SQm` R = R.y KK- mM2 7QBb HB#û`û2b
T�` HǶ�B;mBHH2- H2b ;Qmii2b bǶ�miQT`QTmHb2Mi /�Mb /2b /B`2+iBQMb �Hû�iQB`2bX (#) SQm` R = R.8 KK- H2b
;Qmii2b T�`i2Mi /�Mb mM2 /B`2+iBQM /QMMû2 UH2 TƬH2 bm/V K�Bb `2#`Qmbb2Mi bm#Bi2K2Mi +?2KBM TQm`
2KT`mMi2` /2b /B`2+iBQMb MQM /ûi2`KBMBbi2bX (+) SQm` R = k.y KK H2b ;Qmii2b T`2MM2Mi iQmi2b H2
H�`;2 p2`b H2 TƬH2 bm/X GǶû+?2HH2- +QKKmM2 �mt i`QBb /B�;`�KK2b- `2T`ûb2Mi2 jy KKX G� xQM2 ;`Bbû2
+Q``2bTQM/ ¨ H� T�`iB2 `2M/m2 BM�++2bbB#H2 T�` HǶ2M+QK#`2K2Mi �m@/2bbmb /m KQMi�;2X

.�Mb H2 +�b /2 i`�D2+iQB`2b `2+iBHB;M2b- H� TQbBiBQM x /2 H� ;Qmii2 mM2 7QBb �z`�M+?B2 /2
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HǶ�B;mBHH2 2bi 2ti`�Bi2 /2 +2b pm2b /2 /2bbmb TQm` /Bzû`2Mi2b i�BHH2b /2 ;Qmii2X G2 `�vQM R 2bi
+QMi`ƬHû 2M DQm�Mi bm` H� ?�mi2m` /2 HǶ�B;mBHH2 HX G� };m`2 9X8U�V /QMM2 [m�i`2 2t2KTH2b ,
H2b i`�D2+iQB`2b /û+`Bp2Mi mM2 T�`�#QH2 x = a

2 (t� t0)2 /QMi H2 +Q2{+B2Mi a 2bi i`ĕb b2MbB#H2
�m `�vQM RX lM �Dmbi2K2Mi /2b /QMMû2b T�` H� HQB [m�/`�iB[m2 U2M T`2M�Mi t0 HǶBMbi�Mi
Qɍ H� ;Qmii2 b2 /ûi�+?2V T2`K2i /Ƕ2ti`�B`2 HǶ�++ûHû`�iBQM a 2M 7QM+iBQM /m `�vQM R /2 +2b
;Qmii2bX am` H� +Qm`#2 /2 H� };m`2 9X8U#V KQMi`�Mi HǶ�++ûHû`�iBQM a 2M 7QM+iBQM /m `�vQM-
QM `2i`Qmp2 /2 K�MBĕ`2 mMBpQ[m2 /2mt `û;BK2b /2 KQmp2K2Mi ,

G2 `û;BK2 ;`�pBi�B`2 ¨ ;`�M/ `�vQM UR & RX8 KKV Qɍ H2b ;Qmii2b ;HBbb2Mi bmBp�Mi H�
7�B#H2 T2Mi2 ↵0 U[mB +Q``2bTQM/ ¨ H� T`û+BbBQM /m MBp2�m ¨ #mHH2 bQBi 2MpB`QM û;�H2 ¨ yXk
K`�/V �p2+ mM2 �++ûHû`�iBQM ↵0g /2 HǶQ`/`2 /2 k KKfb2 c

G2 `û;BK2 �miQT`QTmHbû [mB +QM+2`M2 H2b `�vQMb THmb 7�B#H2b UR . RX8 KKV Qɍ H2b ;Qmii2b
bǶ�MBK2Mi /�Mb /2b /B`2+iBQMb �Hû�iQB`2b �p2+ mM2 �++ûHû`�iBQM Dmb[mǶ¨ 8y 7QBb bmTû`B2m`2
¨ ↵0gX G� p�H2m` ivTB[m2 /2 a 2i H� /B`2+iBQM 2KT`mMiû2 bm;;ĕ`2 HǶ2tBbi2M+2 /ǶmM2 7Q`+2
[mB T2`K2i ¨ +2b ;Qmii2b /2 `2KQMi2` H� T2Mi2 `ûbB/m2HH2 ↵0X G� +Qm`#2 KQMi`2 mM2 p�`B�@
iBQM MQM KQMQiQM2 /2 HǶ�++ûHû`�iBQM �p2+ RX PM T2mi Mû�MKQBMb +QMbi�i2` mM2 /BbT2`bBQM
BKTQ`i�Mi2 /2b /QMMû2b [mB b2 K�MB72bi2 T�` HǶûH�`;Bbb2K2Mi /2b #�``2b /Ƕ2``2m`X

R (mm)

a 
(m
m
/s
2 )

t (s) 

(a)

R = 0.9 mm 
R = 1.2 mm 
R = 1.7 mm 
R = 2.3 mm

! (
m

m
/s

2 )
 

R (mm)

(b)

" (
m

m
)

#0 g

(b)(a)

6B;m`2 9X8 Ĝ U�V SQbBiBQM x 2M 7QM+iBQM /m i2KTb 2ti`�Bi2 /2 pm2b /2 /2bbmb TQm` /Bzû`2Mib
`�vQMb /2 ;Qmii2 RX G2b T�`�#QH2b 2M i`�Bib TH2BMb �Dmbi2Mi H2b TQBMib 2tTû`BK2Mi�mt bmBp�Mi H�
HQB x = a

2 (t � t0)2- Qɍ a `2T`ûb2Mi2 HǶ�++ûHû`�iBQM /2 H� ;Qmii2- 2i t0 HǶBMbi�Mi Qɍ H� ;Qmii2 b2
HB#ĕ`2 /2 HǶ�B;mBHH2- b�Mb pBi2bb2 BMBiB�H2X (#) �++ûHû`�iBQM a 2M 7QM+iBQM /m `�vQM R /2 H� ;Qmii2
/2 kdy 2tTû`B2M+2bX *?�[m2 TQBMi /QMM2 H� KQv2MM2 T�` BMi2`p�HH2 /2b �++ûHû`�iBQMb /û/mBi2b /2
HǶ�Dmbi2K2Mi [m�/`�iB[m2X G2b #�``2b /Ƕ2``2m` BM/B[m2Mi HǶû+�`i@ivT2- `2~2i /2 H� /BbT2`bBQM /2b
/QMMû2bX SQm` R > 1.5 KK- HǶ�++ûHû`�iBQM /2pB2Mi BM/ûT2M/�Mi2 /2 R 2i /2pB2Mi +QKT�`�#H2 ¨
HǶ�++ûHû`�iBQM ;`�pBi�B`2 ↵0g UBM/B[mû2 2M TQBMiBHHû #H2mV- /2 HǶQ`/`2 /2 k KKfb2 TQm` mM2 T2Mi2
`ûbB/m2HH2 /2 yXk K`�/X SQm` R < 1.5 KK- `û;BK2 +Q``2bTQM/�Mi ¨ HǶ�miQT`QTmHbBQM BbQi`QT2-
HǶ�++ûHû`�iBQM �m;K2Mi2 /2 K�MBĕ`2 +`BiB[m2 2i /2pB2Mi Dmb[mǶ¨ 8y 7QBb bmTû`B2m`2 ¨ ↵0gX

SQm` +�`�+iû`Bb2` 2i +QKT�`2` H� /BbT2`bBQM /2 HǶ�++ûHû`�iBQM a /�Mb +2b /2mt `û;BK2b
/BbiBM+ib- MQmb i`�ÏQMb bm` H� };m`2 9Xe H� /Bbi`B#miBQM /2b �++ûHû`�iBQMb K2bm`û2b bm` H2b
2tTû`B2M+2b BHHmbi`û2b T�` H2b i`�D2+iQB`2b /2 H� };m`2 9X9X *2b 2tTû`B2M+2b QMi ûiû K2Mû2b
2i `ûTûiû2b mM ;`�M/ MQK#`2 /2 7QBb TQm` H2b j `�vQMb R = 1.0 KK- R = 1.5 KK 2i
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R = 2.0 KK U± 0.1 KKV BKTQbûb 2M }t�Mi H� ?�mi2m` HX
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(a) (b) (c)

6B;m`2 9Xe Ĝ .Bbi`B#miBQMb /2b �++ûHû`�iBQMb a Q#i2Mm2b 2M �Dmbi�Mi H2b i`�D2+iQB`2b xUiV +Q``2bTQM@
/�Mi2b ¨ H� };m`2 9X9 T�` mM2 HQB [m�/`�iB[m2X U�V SQm` R = 1.0 KK- HǶ�++ûHû`�iBQM Q#i2Mm2 bm` Ryy
2tTû`B2M+2b 2bi /2 a 4 9RX8 ± ReXj KKfb2X (#) SQm` R 4 RX8 KK- HǶ�Dmbi2K2Mi bm` 9y i`�D2+iQB`2b
/QMM2 mM2 �++ûHû`�iBQM a 4 RjXk ± eXj KKfb2X (+) SQm` R 4 kXy KK- HǶ�++ûHû`�iBQM K2bm`û2 bm`
9y 2tTû`B2M+2b 2bi /2 a 4 jXe ± yXN KKfb2X

PM +QMbi�i2 [m2 H2b �++ûHû`�iBQMb K2bm`û2b bQMi THmb /BbT2`bû2b /�Mb H2 `û;BK2 �m@
iQT`QTmHbû [m2 /�Mb H2 `û;BK2 ;`�pBi�B`2X *2i /BbT2`bBQM MǶ2bi T�b b2mH2K2Mi /m2 �mt
p�`B�iBQMb /2 T2Mi2b `2bb2MiB2b 2M T`2M�Mi mM2 /B`2+iBQM �Hû�iQB`2- [mB- +QKK2 H2 bm;;ĕ`2
H� };m`2 9XeU+V b2`�Bi /2 HǶQ`/`2 /2 Ry KKfs2X 1HH2 b2`� /Bb+miû2 mHiû`B2m`2K2Mi U�m T�`�@
;`�T?2 9XjXkVX

1M /2bbQmb /ǶmM `�vQM +`BiB[m2- H2b ;Qmii2b bǶ�MBK2Mi /QM+ bTQMi�MûK2Mi /�Mb mM2
/B`2+iBQM �Hû�iQB`2 �p2+ mM2 �++ûHû`�iBQM �MQ`K�H2K2Mi ûH2pû2X *2ii2 Q#b2`p�iBQM bm;;ĕ`2
HǶ2tBbi2M+2 /ǶmM2 7Q`+2 [mB H2m` +QM7ĕ`2 H2m` 2ti`�Q`/BM�B`2 KQ#BHBiûX

9Xk _ûpûH�iBQM /2 HǶ2tBbi2M+2 /ǶmM2 /vM�KB[m2 BMi2`M2

SQm` ûHm+B/2` HǶQ`B;BM2 /2 +2 ǴKQi2m`Ǵ [mB H2m` T2`K2i /2 `2KQMi2` H2b T2Mi2b- MQmb
MQmb �HHûb `2;�`/2` +2 [mǶBH b2 T�bb2 ¨ HǶBMiû`B2m` /m HB[mB/2X GǶ2tBbi2M+2 /ǶmM2 /vM�KB[m2
BMi2`M2 MǶ2bi T�b /Bb+miû2 /�Mb H� HBiiû`�im`2X G2b i`�+2m`b /BbbûKBMûb /�Mb H2 HB[mB/2 /�Mb
HǶ2tTû`B2M+2 T`ûb2Miû2 };m`2 9Xk `ûpĕH2Mi /2b KQmp2K2MibX

9XkXR .BbTQbBiB7b 2tTû`BK2Mi�mt

oBbm�HBb�iBQM /2b û+QmH2K2Mib BMi2`M2b

LQmb �pQMb +?QBbB /Ƕûim/B2` THmb [m�MiBi�iBp2K2Mi H� /vM�KB[m2 BMi2`M2 �mt ;Qmii2b
+�Hû}û2b T�` pûHQ+BKûi`B2- +Qm`�KK2Mi �TT2Hû2 SAo US�`iB+H2 AK�;BM; o2HQ+BK2i`vVX G2
T`BM+BT2 +QMbBbi2 ¨ bmBp`2 H2 KQmp2K2Mi /ǶmM ~mB/2 2M miBHBb�Mi /2b T�`iB+mH2b- [mB bmBp2Mi
HǶû+QmH2K2Mi b�Mb H2 T2`im`#2`X G2b T�`iB+mH2b /QBp2Mi �BMbB �pQB` mM2 i�BHH2 �/�Tiû2 U[m2H[m2b
KB+`QMbV 2i mM2 /2MbBiû T`Q+?2 /2 +2HH2 /m HB[mB/2- TQm` M2 T�b bû/BK2Mi2`X LQmb �pQMb
QTiû TQm` /2b bT?ĕ`2b /2 p2``2 +`2mb2b /2 /2MbBiû RXR 2i /2 /B�Kĕi`2b +2Mi`ûb bm` Rk µK 2i
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/Bbi`B#mûb 2Mi`2 8 2i k8 µKX G2 HB[mB/2- 2Mb2K2M+û �m T`û�H�#H2- 2bi �HQ`b i2Mm BKKQ#BH2
�m@/2bbmb /ǶmM bm#bi`�i +?�m/- i`�p2`bû T�` mM2 M�TT2 G�b2` p2`iB+�H2 Qm ?Q`BxQMi�H2 UG�@
b2` >2@L2 h?Q`H�#b /2 TmBbb�M+2 Ry Kq- /2 HQM;m2m` /ǶQM/2 � = 633 MK 2i /ǶûT�Bbb2m`
8yy µKV +QKK2 HǶBHHmbi`2Mi `2bT2+iBp2K2Mi H2b };m`2b 9Xd 2i 9X3X G2b T�`iB+mH2b- 2M T�b@
b�Mi ¨ i`�p2`b +2 `B/2�m /2 HmKBĕ`2- �TT�`�Bbb2Mi +QKK2 /2b TQBMib #`BHH�MibX lM2 +�Kû`�
`�TB/2- 7Q+�HBbû2 /�Mb H2 TH�M û+H�B`û- T2`K2i /Ƕ2M`2;Bbi`2` H2m` KQmp2K2MiX G2b BK�;2b /2b
};m`2b 9XNU#V 2i 9X3U#V- T`Bb2b �p2+ mM HQM; i2KTb /Ƕ2tTQbBiBQM UbmT2`TQbBiBQM /ǶBK�;2b
+QMbû+miBp2bV- `ûpĕH2Mi #B2M HǶ2tBbi2M+2 /2 KQmp2K2Mib BMi2`M2b 2i `2Mb2B;M2Mi bm` H2m`
T?vbBQMQKB2X

(a) (b) (c)

6B;m`2 9Xd Ĝ U�V .BbTQbBiB7 2tTû`BK2Mi�H T2`K2ii�Mi /ǶBK�;2` H2b KQmp2K2Mib /�Mb mM2 i`�M+?2
p2`iB+�H2 /ǶmM2 ;Qmii2- BKKQ#BHBbû2 T�` mM2 �B;mBHH2X GǶûT�Bbb2m` /2 H� i`�M+?2 û+H�B`û2 T�` H� M�TT2
H�b2` 2bi ⇡ 500 µKX (#) JQmp2K2Mib BMi2`M2b /�Mb mM2 ;Qmii2 /2 `�vQM R = 1.15±0.05 KK HûpBi�Mi
bm` H2 r�72` `û~û+?Bbb�Mi TQ`iû ¨ jyy�*X G2 i2KTb /Ƕ2tTQbBiBQM /2 jyy Kb `ûpĕH2 H� `Qi�iBQM BMi2`M2
/2 M�im`2 �bvKûi`B[m2X (+) *?�KT /2 /ûTH�+2K2Mi Q#i2Mm T�` SAo /�Mb mM2 +QmT2 i`�Mbp2`b�H2
/ǶmM2 ;Qmii2 UR = 1.25 ± 0.05 KKVX G2 +?�KT /2 pBi2bb2- KQv2MMû bm` Ryy BK�;2b bm++2bbBp2b
UT`Bb2b ¨ Ryyy 7TbV- /QMM2 mM2 pBi2bb2 Tû`BT?û`B[m2 /2 j8 ± 8 KKfb- +2 [mB +Q``2bTQM/ ¨ mM2
pBi2bb2 �M;mH�B`2 /2 kd ± 9 `�/fbX

G2 +?�KT /2 /ûTH�+2K2Mi 2bi �HQ`b Q#i2Mm THmb T`QT`2K2Mi 2M `û�HBb�Mi H� +Q``ûH�iBQM
2Mi`2 H2b BK�;2b bm++2bbBp2b /2 H� bû[m2M+2- /QMM�Mi �++ĕb �m +?�KT /2 pBi2bb2 /2b i`�+2m`b
2i /QM+ ¨ +2HmB /m HB[mB/2X GǶ�H;Q`Bi?K2 /2 SAo miBHBbû TQm` i`�Bi2` H2b /QMMû2b 2bi H2 KQ/mH2
SAoH�# /ûp2HQTTû bm` J�iH�#X *2ii2 Kûi?Q/2 T2`K2i H� K2bm`2 /2 /ûTH�+2K2Mib /2 HǶQ`/`2
/2 8y µK bm` mM2 û+?2HH2 /2 i2KTb /2 HǶQ`/`2 /2 H� KBHHBb2+QM/2X G� };m`2 9XdU+V KQMi`2 [m2
H� ;Qmii2 2bi H2 bBĕ;2 /ǶmM KQmp2K2Mi BMi2`M2 �bvKûi`B[m2 2i H2b pBi2bb2b bQMi /2 HǶQ`/`2
/2 30 KK/bX

*2ii2 pBbBQM 2bi +QKTHûiû2 T�` /2b pBbm�HBb�iBQMb T�` 2M /2bbQmb ¨ i`�p2`b mM b�T?B`
i`�MbT�`2Mi +?�mzû �m@/2bbmb /2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi U};m`2 9X3U#VVX

*2 MQmp2H �M;H2 /ǶQ#b2`p�iBQM bm;;ĕ`2 �mbbB H� T`ûb2M+2 /ǶmM KQmp2K2Mi /2 `QmH2K2Mi-
�p2+ mM2 pBi2bb2 ¨ H� #�b2 /2b ;Qmii2b /2 HǶQ`/`2 /2 30 KK/bX

S`û+�miBQMb /�Mb HǶBMi2`T`ûi�iBQM /2b BK�;2b Q#i2Mm2b

G� ;Qmii2 T`ûb2Mi2 mM2 +Qm`#m`2 [mB HmB +QM7ĕ`2 /2b T`QT`Bûiûb QTiB[m2b b2K#H�#H2b
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(b(a) (b) (c)

6B;m`2 9X3 Ĝ U�V .2b+`BTiBQM /m KQMi�;2X G� i`�D2+iQB`2 /2 i`�+2m`b 2bi Q#b2`pû2 /�Mb mM2 i`�M+?2
?Q`BxQMi�H2 /ǶmM2 ;Qmii2 /Ƕ2�m /2 `�vQM R = 1.8 ± 0.1 KK- M2mi`�HBbû2 T�` mM2 �B;mBHH2X (#) G�
T`ûb2M+2 2i T?vbBQMQKB2 /2b û+QmH2K2Mib BMi2`M2b 2bi `ûpûHû2 2M miBHBb�Mi mM i2KTb /Ƕ2tTQbBiBQM /2
ky Kb- û+?2HH2 bm` H�[m2HH2 H� ;Qmii2 2bi [m�bB@bi�iB[m2X (+) *?�KT /2 /ûTH�+2K2Mi Q#i2Mm T�` SAo
bm` mM2 ;Qmii2 /2 `�vQM R = 1.7± 0.2 KK- /QMM�Mi mM2 pBi2bb2 BMi2`M2 /2 k8 ¨ 9y KKfbX

¨ +2HH2b /2b H2MiBHH2b +QMp2MiBQMM2HH2b U2z2i �KQBM/`B HQ`b[mǶQM Q#b2`p2 T�` 2M /2bbQmb ¨
i`�p2`b H� #�b2 �TH�iB2 /2 H� ;Qmii2VX 1HH2 2bi 2M T�`iB+mHB2` +�T�#H2 /2 /ûpB2` H2b `�vQMb
[mB H� i`�p2`b2- `2M/�Mi /B{+BH2 HǶBMi2`T`ûi�iBQM /2 HǶBK�;2 Q#i2Mm2X LQmb �pQMb +?2`+?û
¨ +Q``B;2` HǶ2z2i /2 H2MiBHH2 ¨ H� K�MBĕ`2 /2 E�M; 2i �HX (Rk9)X LQi`2 i2Mi�iBp2 � �pQ`iû
¨ +�mb2 /m +�`�+iĕ`2 /vM�KB[m2 /2 HǶ2tTû`B2M+2 , 2M bǶûp�TQ`�Mi- H� ;Qmii2 KQ/B}2 b�
+Qm`#m`2 2i /QM+ b� 7Q+�H2X § +2ii2 T`2KBĕ`2 HBKBi�iBQM bǶ�DQmi2 H� /B{+mHiû /ǶQ#i2MB` /2b
M�TT2b HmKBM2mb2b /ǶûT�Bbb2m` BM7û`B2m`2 ¨ kyy µKX GǶûT�Bbb2m` /2 H� i`�M+?2 BHHmKBMû2 2bi
/2 HǶQ`/`2 /2 8yy µK- +2 [mB �m;K2Mi2 HǶBM+2`iBim/2 bm` H� pBi2bb2 K2bm`û2- T`QD2iû2 bm`
H� i`�M+?2 û+H�B`û2X 1M}M- H� i`�M+?2 û+H�B`û2 2bi /ǶûT�Bbb2m` +QKT�`�#H2 ¨ H� T`Q7QM/2m`
/2 +?�KT /2 H� +�Kû`�X G2b i`�+2m`b û+H�B`ûb ?Q`b@+?�KT �TT�`�Bbb2Mi ûH�`;Bb T�` 2z2i
"QF2?- �K2MmBb�Mi H� [m�HBiû /2 HǶBK�;2X aB +2b HBKBi�iBQMb MQmb 7Q`+2Mi ¨ āi`2 T`m/2Mib
bm` H2b K2bm`2b [m�MiBi�iBp2b- 2HH2b M2 +?�M;2Mi T�b MQb +QM+HmbBQMb THmb [m�HBi�iBp2b bm`
H� KQ`T?QHQ;B2 /2b û+QmH2K2Mib Q#b2`pûbX

9XkXk JQ`T?QHQ;B2 /2b û+QmH2K2Mib BMi2`M2b

.vM�KB[m2 BMi2`M2

:`�+2 ¨ +2b i2+?MB[m2b /2 pBbm�HBb�iBQM- MQmb �pQMb Tm +�`iQ;`�T?B2` H2b û+QmH2K2Mib
�m b2BM /2b ;Qmii2b +�Hû}û2bX G2 +?�KT /2 pBi2bb2- BM/ûT2M/�Mi /2 H� i2+?MB[m2 miBHBbû2
TQm` BKKQ#BHBb2` +2b ;Qmii2b- 2bi `2T`Q/mBi bm` H� };m`2 9XN TQm` mM2 ~�[m2 U�V 2i TQm`
mM2 ;Qmii2 U#VX G� KQ`T?QHQ;B2 /2b û+QmH2K2Mib Q#b2`pûb /ûT2M/ /2 H� i�BHH2 , �HQ`b [m2
H2b ~�[m2b- �TH�iB2b T�` H� ;`�pBiû- �++m2BHH2Mi k +2HHmH2b /2 +QMp2+iBQM /�Mb H2 TH�M Kû/B�M
ûim/Bû- H2b T2iBi2b ;Qmii2b MǶ2M QMi THmb [mǶmM2X AH v � /QM+ mM2 #`Bbm`2 /2 bvKûi`B2 Qɍ
H� ;Qmii2 T�bb2 /2 KQmp2K2Mib �TT�`2KK2Mi bvKûi`B[m2b ¨ mM KQmp2K2Mi �bvKûi`B[m2
�bbBKBH�#H2 ¨ mM2 `Qi�iBQM bQHB/2X G� pBi2bb2 +`Qŗi [m�bB@HBMû�B`2K2Mi /m +2Mi`2 /2 H� ;Qmii2
¨ b� Tû`BT?û`B2 7�Bb�Mi T2Mb2` ¨ mM2 `Qm2X
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(a) (b)

6B;m`2 9XN Ĝ U�V *?�KT /2 pBi2bb2 Q#i2Mm T�` pûHQ+BKûi`B2 /�Mb mM2 i`�M+?2 Kû/B�M2 /ǶmM2 ;Qmii2
/2 `�vQM R = 2.45 ± 0.05 KK BKKQ#BHBbû2 /�Mb mM TmBib 2M H�BiQM +?�mzû ¨ jyy�*X G2b i`�+2m`b
BMbûKBMûb /�Mb H2 HB[mB/2 `ûpĕH2Mi /2mt +2HHmH2b /2 +QMp2+iBQMb +QMi`2@`Qi�iBp2b /�Mb H2 TH�M û+H�B`û
U� V- �p2+ /2b pBi2bb2b �b+2M/�Mi2b 2M #Q`/ /2 ;Qmii2 /2 HǶQ`/`2 /2 R +KfbX (#) SQm` mM2 ;Qmii2
/2 `�vQM R = 1.15 ± 0.05 KK- H� bvKûi`B2 /2b û+QmH2K2Mib BMi2`M2b 2bi #`Bbû2X G� ;Qmii2H2ii2
MǶ�++m2BHH2 /ûbQ`K�Bb [mǶmM2 +2HHmH2 mMB[m2 /2 `QmH2K2Mi- BMûHm+i�#H2K2Mi �bvKûi`B[m2 U� Qm  VX
G2b #�``2b /Ƕû+?2HH2 bT�iB�H2 2i 2M pBi2bb2 BM/B[m2Mi `2bT2+iBp2K2Mi R KK 2i 8 +KfbX

.vM�KB[m2 Tû`BT?û`B[m2 2i 7`B+iBQM /2 T2�m

G2b pm2b /2 +Ƭiû /QMM2Mi �++ĕb ¨ /2b pBi2bb2b 2M Tû`BT?û`B2 /2 ;Qmii2 /2 HǶQ`/`2 30 KKfb
[mB +Q``2bTQM/2Mi ¨ /2b pBi2bb2b �M;mH�B`2b ivTB[m2b ⌦ /2 ky ¨ 8y `�/fbX *2b p�H2m`b ûH2pû2b
/2 pBi2bb2 QMi �iiB`û MQi`2 �ii2MiBQMX G� ;Qmii2 2z2+im2 2M 2z2i mM2 pBM;i�BM2 /2 iQm`b bm`
2HH2 KāK2 2M mM2 b2+QM/2X G2 MQK#`2 /2 _2vMQH/b- [mB +QKT�`2 H2b 2z2ib BM2`iB2Hb ⇢V

2
R

2

�mt 2z2ib pBb[m2mt ⌘
�
V /R

�2
R

3 �bbQ+Bûb ¨ +2i û+QmH2K2Mi T`2M/ H� 7Q`K2 Re = ⇢R
2⌦/⌘ 2i

p�mi /�Mb H� ;Qmii2 Re ⇡ 102�103X G� ;Qmii2 b2 i`Qmp2 /�Mb H2 `û;BK2 /2 7`B+iBQM /2 T2�m
Qɍ H2 +Bb�BHH2K2Mi pBb[m2mt MǶ�z2+i2 HǶû+QmH2K2Mi [m2 bm` mM2 +Qm+?2 /2 ~mB/2 /ǶûT�Bbb2m`
� �m pQBbBM�;2 /2 HǶBMi2`7�+2X � pû`B}2 �/R = Re

�1/2 2i p�mi /QM+ 2MpB`QM Ryy µKX 1M
2t�KBM�Mi /2 THmb T`ĕb H2b BK�;2b Q#i2Mm2b T�` pûHQ+BKûi`B2 `2T`Q/mBi2b bm` H2b };m`2b
9XRyU#V 2i U+V- QM +QM}`K2 H� T`ûb2M+2 /ǶmM2 xQM2 +Bb�BHHû2 bm` � ⇡ 100 µKX 1M /2?Q`b /2
+2ii2 xQM2- HǶû+QmH2K2Mi 2bi �bbBKBH�#H2 ¨ mM2 `Qi�iBQM bQHB/2X

_2iQm` bm` H� 7Q`K2 /2b ;Qmii2b G� 7Q`K2 /2 ;Qmii2b MQM@KQmBHH�Mi2b- ûi�#HB2 �m
+?�TBi`2 RXRXkXR- M2 T`2M/ 2M +QKTi2 [m2 H� +�TBHH�`Biû 2i H� ;`�pBiû- /QMi H2b +QMi`B#m@
iBQMb `2bT2+iBp2b bQMi +QKT�`û2b T�` H2 MQK#`2 /2 "QM/ Bo = ⇢gR

2/� = R
2

2X *2ii2

pBbBQM bi�iB[m2 T2mi Mû�MKQBMb āi`2 �z2+iû2 T�` H� /vM�KB[m2 BMi2`M2X PM b2 /2K�M/2
bB H2b 7Q`+2b /2 i2MbBQM bmT2`}+B2HH2 bQMi +�T�#H2b /2 `ûbBbi2` �mt /û7Q`K�iBQMb BKTQbû2b
T�` HǶû+QmH2K2MiX G2 MQK#`2 /2 q2#2`- [mB +QKT�`2 HǶBM2`iB2 /m ~mB/2 ⇢⌦2

R
4 �mt 2z2ib

+�TBHH�B`2b �R- bǶû+`Bi We = ⇢⌦2
R

3/�X AH p�mi We ⇡ 10�2 /�Mb MQi`2 +�b- +2 [mB �bbm`2
[m2 H2 `QmH2K2Mi MǶ�z2+i2 T�b H� 7Q`K2 /2b ;Qmii2bX G� /û7Q`K�iBQM BM/mBi2 T�` `Qi�iBQM
MǶ2bi Q#b2`p�#H2 [m2 TQm` /2b pBi2bb2b �M;mH�B`2b bmTû`B2m`2b ¨ ⌦c =

q
�
�
⇢R3 ⇠ 250 `�/fb-

�m@/2bbmb /2 +2HH2b [m2 MQmb K2bm`QMbX
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(b)(a)

δ

R
Ω

6B;m`2 9XRy Ĝ U�V *?�KT /2 pBi2bb2 Q#i2Mm T�` pûHQ+BKûi`B2 /�Mb mM2 ;Qmii2 /2 `�vQM
R = 1.10 ± 0.05 KK i2Mm2 T�` mM2 �B;mBHH2 bm` mM r�72` +?�mzû ¨ jyy�*X (#) S`Q}H /2 pBi2bb2
p2`iB+�H �m b2BM /ǶmM2 ;Qmii2X G2 KQmp2K2Mi BMi2`M2 bǶ�bbBKBH2 ¨ mM2 `Qi�iBQM bQHB/2X lM2 xQM2 /2
+Bb�BHH2K2Mi /ǶûT�Bbb2m` � ⇡ 100 µK b2 /ûp2HQTT2 �m pQBbBM�;2 /2 H� #�b2 /2 H� bT?ĕ`2X

.vM�KB[m2 bmT2`}+B2HH2

PM bǶBMiû`2bb2 �mt û+QmH2K2Mib 2M bm`7�+2X PM miBHBb2 TQm` +2 7�B`2 /2b i`�+2m`b [mB
QMi mM2 �{MBiû TQm` H2b BMi2`7�+2b UHv+QTQ/2b Qm T�`iB+mH2b ?v/`QT?Q#2bVX GQ`b[mǶQM T`û@
/BbT2`b2 /2b #BHH2b /2 p2``2 +`2mb2b T`û+û/2KK2Mi miBHBbû2b /�Mb /2 HǶ2�m- QM +QMbi�i2 [mǶmM2
7`�+iBQM /2 +2b i`�+2m`b `2bi2 ¨ HǶBMi2`7�+2 2�m@�B`- T`Q#�#H2K2Mi ¨ +�mb2 /ǶmM /û7�mi /2
KQmBHH�;2 Qm /2 7Q`K2X LQmb H2b �pQMb `û+mTû`ûb 2M û+mK�Mi HǶBMi2`7�+2 2i BMi`Q/mBib bm`
MQb ;Qmii2bX G� /vM�KB[m2 bmT2`}+B2HH2 T2mi �HQ`b āi`2 `ûpûHû2X G2b pm2b /2 /2bbmb /2
H� };m`2 9XRR KQMi`2Mi H� T?vbBQMQKB2 /2b û+QmH2K2Mib 2M bm`7�+2 [mB 2bi b2MbB#H2 ¨ H�
i�BHH2 /2 H� ;Qmii2X G2b i`�+2m`b ?v/`QT?Q#2b `ûT�M/mb bm` mM2 ~�[m2 /2 `�vQM BMBiB�H
R = 3.5 KK `ûpĕH2Mi /2b KQmp2K2Mib 2M �TT�`2M+2 +?�QiB[m2bX PM /Bb+2`M2 iQmi27QBb bm`
H� };m`2 9XRRU�V e +2HHmH2b /2 +QMp2+iBQMX �HQ`b [m2 H2 `�vQM `ûi`û+Bi- H2b +2HHmH2b ûpQHm2Mi
`�TB/2K2Mi 2i b2 `ûQ`;�MBb2Mi , H2 MQK#`2 /2 +2HHmH2b T�bb2 /2 e ¨ 9- +QKK2 QM H2 pQBi bm`
H� };m`2 9XRRU#V TmBb ¨ mM2 +2HHmH2 mMB[m2 /2 `QmH2K2Mi U+VX G2 +QM}M2K2Mi /m bvbiĕK2
bûH2+iBQMM2 H� bvKûi`B2 /2b û+QmH2K2Mib BMi2`M2bX

_2K�`[m2b ,
} am` H2b }HKb `û�HBbûb- QM T�bb2 /B`2+i2K2Mi /2 e +2HHmH2b ¨ 9 +2HHmH2b /2 +QMp2+iBQMX LQmb

MǶ�pQMb D�K�Bb Q#b2`pû /Ƕûi�ib �p2+ mM MQK#`2 BKT�B` n > 1 /2 +2HHmH2bX *2+B bm;;ĕ`2
[m2 +2b ûi�ib bQMi KQBMb bi�#H2b [m2 H2b ûi�ib Q#b2`pûbX AH 2bi û;�H2K2Mi TQbbB#H2 [m2 H2m`
�bvKûi`B2 H2m` +QKKmMB[m2 mM2 pBi2bb2 2i /QM+ T2`im`#2 H2m` TQbBiBQM /�Mb H2 +mp2ii2X

} am` HǶBK�;2 9XRRU+V- QM `2K�`[m2 [m2 H2b i`�+2m`b 2M bm`7�+2 QMi KB;`û p2`b H2b #Q`/bX *2i
2z2i- �bb2x +QKKQ/2 TQm` B/2MiB}2` H� /B`2+iBQM /m `QmH2K2Mi- bǶBMi2`T`ĕi2 +QKK2 mM2
K�MB72bi�iBQM /2 H� 7Q`+2 +2Mi`B7m;2X G2b i`�+2m`b- Hû;ĕ`2K2Mi THmb /2Mb2b [m2 H2 HB[mB/2
KB;`2Mi H2 HQM; /2 HǶ�t2 /m `QmH2K2MiX .Ƕ�mi`2 T�`i- QM +QMbi�i2 mM2 xQM2 /2 /ûTHûiBQM
2i [m2 H� xQM2 +2Mi`�H2 2bi �TT�mp`B2 2M i`�+2m`bX LQmb BMi2`T`ûiQMb +2i 2z2i bQBi T�`
H� ;ĕM2 biû`B[m2 /2b i`�+2m`b , +2b /2`MB2`b b2 i`Qmp2Mi +QM}Mûb bm` mM }HK /ǶûT�Bbb2m`
/2 HǶQ`/`2 /2 8y µK �HQ`b [mǶBHb bQMi 2mt@KāK2 /2 /B�Kĕi`2 ⇠ 12 µK U2i [mǶBHb QMi
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(a) (b) (c)

6B;m`2 9XRR Ĝ om2b �û`B2MM2b /ǶmM2 ;Qmii2 2M +�Hû7�+iBQM /�Mb mM2 +mp2ii2 2M H�BiQMX .2b i`�+2m`b
?v/`QT?Q#2b bQMi miBHBbûb �}M /2 pBbm�HBb2` H2b û+QmH2K2Mib 2M bm`7�+2 USZ >QHHQr aT?2`2b- aT?2@
`B+2H RRyS3 ?v/`QT?Q#2bVX lM2 ~�[m2 /2 `�vQM BMBiB�H R ⇡ 4 KK bǶûp�TQ`2X G2b û+QmH2K2Mib 2M
bm`7�+2b +?�M;2Mi /2 KQ`T?QHQ;B2X U�V SQm` R = 3.5 KK- H2b i`�+2m`b `ûpĕH2Mi /2b +2HHmH2b +QMp2+@
iBp2b `û;mHBĕ`2K2Mi `ûT�`iB2b bm` H� bm`7�+2 iQmi 2M ûpQHm�Mi /vM�KB[m2K2MiX (#) SQm` R = 2.5 KK-
H� bm`7�+2 /2 H� ;Qmii2 b2 i`Qmp2 T�pû2 T�` 9 +2HHmH2b /2 +QMp2+iBQM bvKûi`B[m2b /2 i�BHH2 2i /Ƕ2bT�@
+2K2Mi bBKBH�B`2 �m U�VX (+) SQm` R < 1.8 KK- H� bvKûi`B2 /2b û+QmH2K2Mib b2 #`Bb2 2i H� ;Qmii2 b2
K2i ¨ `QmH2` �miQm` /ǶmM �t2 ?Q`BxQMi�H MQM /ûi2`KBMBbi2X

i2M/�M+2 ¨ bǶ�;;HQKû`2`V c bQBi ûp2Mim2HH2K2Mi ¨ +�mb2 /2 KQmp2K2Mib �b+2M/�Mib- /QMi
HǶQ`B;BM2 TQbbB#H2 2bi /Bb+miû2 B+BX

9XkXj P`B;BM2b /2b û+QmH2K2Mib Q#b2`pûb

L�im`2HH2K2Mi- MQmb MQmb bQKK2b /2K�M/ûb [m2HH2 TQmp�Bi āi`2 HǶQ`B;BM2 /2 +2b û+Qm@
H2K2Mib BMi2`M2bX SHmbB2m`b 2z2ib b2K#H2Mi b2 +QMDm;m2`- 2i MQi`2 T`2KBĕ`2 BMimBiBQM � ûiû
/Ƕ2MpBb�;2` mM b+ûM�`BQ i?2`KB[m2X

a+ûM�`BQb i?2`KB[m2b

JBb2 2M ûpB/2M+2 /ǶmM2 /Bzû`2M+2 /2 i2KTû`�im`2 G2 +?�M;2K2Mi /Ƕûi�i /ǶmM
+Q`Tb Tm` ¨ T`2bbBQM +QMbi�Mi2 b2 7�Bi Mû+2bb�B`2K2Mi ¨ i2KTû`�im`2 +QMbi�Mi2X *Ƕ2bi 2M
p2`im /2 +2 T`BM+BT2 [m2 H� i2KTû`�im`2 ¨ HǶBMiû`B2m` /2b ;Qmii2b 2M G2B/2M7`Qbi 2bi +QK@
KmMûK2Mi +QMbB/û`û2 ?QKQ;ĕM2 2i û;�H2 ¨ Ryy�*X _�`2b bQMi H2b ûim/2b [mB +QMi`2/Bb2Mi
+2ii2 ?vTQi?ĕb2X *BiQMb iQmi /2 KāK2 hQFm;�r� 2i �HX (dy) U[mB BMpQ[m2 /2b /Bzû`2M+2b /2
i2KTû`�im`2 �m b2BM /m HB[mB/2 +QKK2 +�mb2 /Ƕ�TT�`BiBQM /2b ûiQBH2bV �BMbB [m2 HǶ2tT2`B2M+2
K2Mû2 T�` S?BHBTT2 "Qm``B�MM2 (R) /QMi H2b `ûbmHi�ib bQMi `2T`Q/mBib bm` H� };m`2 9XRkU�@#VX
G� i2KTû`�im`2 T` /�Mb mM2 ~�[m2 TQbû2 bm` mM bm#bi`�i bmT2`?v/`QT?Q#2 +?�mzû ¨ Tp

2bi K2bm`û2 U};m`2 9XRkU�VV 2i +QKT�`û2 ¨ H� i2KTû`�im`2 /Bzmbû2 T�` H� TH�[m2 /�Mb HǶ�B`
U};m`2 9XRkU#VVX lM i?2`KQ+QmTH2 2bi BMi`Q/mBi ¨ mM2 ?�mi2m` z /2 H� bm`7�+2X G� i2KTû`�@
im`2 T` /�Mb H2 HB[mB/2 2bi mM2 7QM+iBQM +`QBbb�Mi2 /2 Tp K�Bb b�im`2 ¨ Ryy�*- 2i /BKBMm2 2M
bǶûHQB;M�Mi /m bm#bi`�i U[m�M/ z i2M/ p2`b 8 KK- H� ?�mi2m` /2 H� ~�[m2 MQM@KQmBHH�Mi2VX
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§ Tp /QMMû- /2b /Bzû`2M+2b /2 i2KTû`�im`2 /2 Ry ¨ ky�* bǶûi�#HBbb2Mi /�Mb H2 HB[mB/2X

z /h

T ℓ
(∘ C)

Tp(∘C) Tp(∘C)

T ℓ
(∘ C)

T a
ir(

∘ C)
(a) (b) (c)

6B;m`2 9XRk Ĝ U�V h2KTû`�im`2 T` �m b2BM /ǶmM2 ~�[m2 2M 7QM+iBQM /2 H� i2KTû`�im`2 Tp /m
bm#bi`�i bmT2`?v/`QT?Q#2 2i ¨ /Bzû`2Mi2b ?�mi2m`b zX T` �m;K2Mi2 �p2+ Tp 2i 2M bǶ�TT`Q+?�Mi /m
bm#bi`�i K�Bb b�im`2 p2`b H� i2KTû`�im`2 /Ƕû#mHHBiBQMX (#) 1tTû`B2M+2 iûKQBM- K2Mû2 /�Mb HǶ�B` 2M
HǶ�#b2M+2 /2 ;Qmii2 U2ti`�Bi /2 (R)VX (+) h2KTû`�im`2 �m b2BM /ǶmM2 ;Qmii2 +�Hû}û2- bQM/û2 ¨ HǶ�B/2
/ǶmM i?2`KQ+QmTH2 /2 yXk KK /2 /B�Kĕi`2- THQM;û /�Mb H2 HB[mB/2 ¨ H� /Bbi�M+2 z /2 H� TH�[m2-
MQ`K�HBbû2 T�` H� ?�mi2m` /2 H� ;Qmii2 hX

GǶ2z2i G2B/2M7`Qbi T`Q/mBi �mbbB mM2 bBim�iBQM T�` 2bb2M+2 �bvKûi`B[m2 , H� #�b2 /2
H� ;Qmii2- ¨ T`QtBKBiû /2 H� bQm`+2 /2 +?�H2m`- 2bi � T`BQ`B THmb +?�m/2 [m2 H2 `2bi2 /2
H� ;Qmii2X LQmb �pQMb +?2`+?û ¨ K2bm`2` H� i2KTû`�im`2 �m b2BM /2 ;Qmii2b T` 2M ûi�i
G2B/2M7`QbiX lM i?2`KQ+QmTH2- /2 /B�Kĕi`2 kyy µK 2bi BKK2`;û ¨ H� ?�mi2m` z /�Mb mM2
;Qmii2 +�Hû}û2 /2 `�vQM R = 1.7 KK 2i /2 ?�mi2m` h = 2.8 KKX § K2bm`2 [m2 H� bQM/2
i?2`KB[m2 bǶ2M7QM+2 /�Mb H2 HB[mB/2- H� i2KTû`�im`2 �m;K2Mi2- HBMû�B`2K2Mi- +QM7Q`KûK2Mi
�mt T`û/B+iBQMb /2 HǶû[m�iBQM /2 G�TH�+2 r2

T` = 0X G� i2KTû`�im`2 �m b2BM /ǶmM2 ;Qmii2
KBHHBKûi`B[m2 2M HûpBi�iBQM bm` mM bm#bi`�i ¨ T = 300�* 2bi BM?QKQ;ĕM2 U};m`2 9XRkU+VVX AH
bǶûi�#HBi mM2 /Bzû`2M+2 /2 i2KTû`�im`2 2Mi`2 H2 ?�mi /2 H� ;Qmii2 /2 33X8 ± 0.5�* 2M z = h

¨ NkX8 ± 0.5�* 2M z/h ⇡ 0.4 UH� #�b2 ûi�Mi T`Bb2 TQm` z = 0VX G2 +QMi�+i i?2`KB[m2 TQm`
z/h < 0.4 2bi Mû�MKQBMb T2`/m , /2b #mHH2b Mm+Hû2Mi bm` H2 i?2`KQ+QmTH2 2i 7�mbb2Mi H�
K2bm`2X GǶ2ti`�TQH�iBQM /2b /QMMû2b T�` mM2 HQB HBMû�B`2 /QMM2 mM2 i2KTû`�im`2 ¨ H� #�b2
/2 H� ;Qmii2 z/h = 0 /2 HǶQ`/`2 /2 N9X8 ± 0.5�*X *2ii2 p�H2m` 2bi Hû;ĕ`2K2Mi 2M /2bbQmb
/m TQBMi /Ƕû#mHHBiBQM /2 HǶ2�mX *2i û+�`i bǶBMi2`T`ĕi2 T�` H2 +�`�+iĕ`2 2M/Qi?2`KB[m2 /2
HǶûp�TQ`�iBQM- [mB /BKBMm2 H� i2KTû`�im`2 ¨ HǶBMi2`7�+2 HB[mB/2@p�T2m`- 2i T�` H� /ûpB�iBQM
T�` `�TTQ`i �mt T`û/B+iBQMb /2 G�TH�+2- TmBb[m2 T`ĕb /2 HǶBMi2`7�+2- H2 bvbiĕK2 /2pB2Mi
Qmp2`iX

GǶBMi`Q/m+iBQM /ǶmM i?2`KQ+QmTH2 �m b2BM /2 H� ;Qmii2 2bi +2T2M/�Mi BMi`mbBp2X LQmb
�pQMb +QKTHûiû H� +�`�+iû`Bb�iBQM /m +?�KT i?2`KB[m2 BMi2`M2 T�` BK�;2`B2 i?2`KB[m2-
[mB- HǶ2�m ûi�Mi QT�[m2 �mt BM7`�`Qm;2b- /QMM2 �++ĕb ¨ H� i2KTû`�im`2 bmT2`}+B2HH2 /2
K�MBĕ`2 /vM�KB[m2 b�Mb T2`im`#2` H� ;Qmii2 T2M/�Mi H� K2bm`2X G� };m`2 9XRj /QMM2 H�
+�`i2 i?2`KB[m2 ¨ /Bzû`2Mib BMbi�Mib t /ǶmM2 ;Qmii2 bǶûp�TQ`�Mi bm` mM TmBib 2M H�BiQM
+?�mzû ¨ jyy�*X

} AMBiB�H2K2Mi Ut = 0 b- R0 = 3.5 KKV- H� i2KTû`�im`2 T`Bb2 H2 HQM; /2 HǶ�t2 p2`iB+�H z
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UK�iû`B�HBbû 2M #H�M+V /BKBMm2 [m�M/ H� /Bbi�M+2 �m bm#bi`�i z �m;K2Mi2- 2M bmBp�Mi H�
i2M/�M+2 HBMû�B`2 T = Ɛ3.75z + 97.0X G� i2KTû`�im`2 2bi /QM+ K�tBK�H2 �m MBp2�m /2
H� #�b2 /2 H� ;Qmii2 U2M z = 0V 2i �ii2BMi Tmax = 97.0�*X AH `ĕ;M2 /QM+ mM2 /Bzû`2M+2
/2 i2KTû`�im`2 /2 HǶQ`/`2 /2 Ry�* 2Mi`2 H2 #�b 2i H2 ?�mi /2 H� ;Qmii2X

} *2 T`Q}H HBMû�B`2 2M i2KTû`�im`2 b2 +QM}`K2 +QKK2 2M �ii2bi2 H� K2bm`2 ¨ t = 16 b
TQm` R = 3.0 KK Qɍ T = Ɛ3.53z + 97.0X G2 ;`�/B2Mi /BKBMm2 H2Mi2K2Mi- 2M bmBp�Mi H�
/BKBMmiBQM /2 H� ?�mi2m` /2 H� ~�[m2X G� ;Qmii2 b2 K2i 2MbmBi2 ¨ pB#`2`X

} lM2 7QBb H2b pB#`�iBQMb �KQ`iB2b- MQmb `2T`2MQMb H� K2bm`2 Ut = 78 b bQBi TQm` R =

1.8 KKVX G� i2KTû`�im`2 T �m b2BM /2 H� ;Qmii2 /2pB2Mi ?QKQ;ĕM2- 2MpB`QM û;�H2
T = 87�*X G2b pB#`�iBQMb 2i H2 `QmH2K2Mi BMi2`M2 QMi T2`KBb mM KûH�M;2 2{+�+2 /2 H�
;Qmii2X

} 1M /2Ï� /m `�vQM +`BiB[m2- H� ;Qmii2 `QmH2- HǶ�t2 /m `QmH2K2Mi ûi�Mi +QM7QM/m �p2+
HǶ�t2 /ǶQ#b2`p�iBQMX G2b TQm`iQm`b /2 H� ;Qmii2- `2+QM/mBib T`ĕb /m bm#bi`�i +?�m/ �p2+
mM2 Tû`BQ/2 T = 2⇡/⌦- �TT�`�Bbb2Mi THmb +?�m/b [m2 H2 +2Mi`2- Qɍ H� i2KTû`�im`2 2bi
?QKQ;ûMûBbû2 ¨ 2MpB`QM 3y�*X *2ii2 p�H2m`- �MQ`K�H2K2Mi #�bb2 +QKT�`û2 �m TQBMi
/Ƕû#mHHBiBQM /2 HǶ2�m bǶBMi2`T`ĕi2 T�` HǶBMi2MbB}+�iBQM /2 HǶûp�TQ`�iBQM UQM `2Mi`2 /�Mb H2
`û;BK2 /û+`Bi T�` "B�M+2 2i �HX (Ry) Qɍ HǶûp�TQ`�iBQM MǶ� THmb b2mH2K2Mi HB2m ¨ i`�p2`b H2
}HK /2 p�T2m`- K�Bb T`2M/ �mbbB TH�+2 T�` H2b #Q`/b bmTû`B2m`bV- 2i T�` bQM +�`�+iĕ`2
2M/Qi?2`KB[m2X

} G2 `2H2pû /2 i2KTû`�im`2 H2 HQM; /2 HǶ�t2 p2`iB+�H 2M t = 134 b- Qɍ R = 0.5 KK BM/B[m2
/2b i2KTû`�im`2b [mB bmBp2Mi T = Ɛ3.23z + 78.8X G2b ;`�/B2Mib bQMi �z�B#HBb T�` H2
`QmH2K2Mi 2i H� i2KTû`�im`2 KQv2MM2 /BKBMm2- /2b bmBi2b /2 H� `û/m+iBQM /2 H� #�b2 /2
H� ;Qmii2 ¨ i`�p2`b H�[m2HH2 QMi HB2m H2b i`�Mb72`ib i?2`KB[m2bX

*QMp2+iBQM /2 _�vH2B;?@"ûM�`/ G2b ;`�/B2Mib /2 /2MbBiû �m b2BM /2 HB[mB/2b 7QMi
M�ŗi`2 /2b 7Q`+2b `ûbB/m2HH2b /2 TQmbbû2 /Ƕ�`+?BKĕ/2- bmb+2TiB#H2b /Ƕ2M;2M/`2` /2b û+QmH2@
K2Mib +QMp2+iB7b p2`iB+�mtX .�Mb /2b ;ûQKûi`B2b 72`Kû2b- H2 +QmTH�;2 2Mi`2 H2b +?�KTb /2
i2KTû`�im`2 2i /2 pBi2bb2 /m ~mB/2 /QMM2 M�Bbb�M+2 ¨ /2b };m`2b ;ûQKûi`B[m2b ûiQMM�Mi2b-
�TT2Hû2b +2HHmH2b /2 _�vH2B;?@"ûM�`/X

G2b /Bzû`2M+2b /2 i2KTû`�im`2 p2`iB+�H Q#b2`pû2b /�Mb mM2 ;Qmii2 +�Hû}û2 T2mp2Mi
BM/mB`2 /2b p�`B�iBQMb /2 K�bb2 pQHmKB[m2 bmBp�Mi H� HQB HBMû�B`2 ⇢(T ) = ⇢0[1� �(T � T0)]

�p2+ ⇢0- H� K�bb2 pQHmKB[m2 /m ~mB/2 ¨ H� i2KTû`�im`2 /2 `û7û`2M+2 T0- 2i �- H2 +Q2{+B2Mi
/2 /BH�i�iBQM i?2`KB[m2X *2+B 2M;2M/`2`�Bi mM KQmp2K2Mi p2`iB+�H �b+2M/�Mi /2TmBb H�
#�b2X aB H� T�`iB+mH2 /2 ~mB/2 M2 b2 `27`QB/Bi T�b i`QT pBi2 HQ`b /2 b� KQMiû2- bQM +QMi`�bi2
/2 /2MbBiû �m;K2Mi2 �p2+ H2 ~mB/2 2MpB`QMM�Mi U/2 THmb 2M THmb 7`QB/V 2i BMi2MbB}2 H�
+QMp2+iBQMX G2 +ƾm` /2 H� ;Qmii2- BbQHû- b2 `27`QB/Bi KQBMb pBi2 [m2 H2b #Q`/bX GǶ�b+2MbBQM
2bi /QM+ � T`BQ`B THmb K�`[mû2 �m +2Mi`2 [m2 bm` H2b #Q`/bX PM T`û/Bi T�` +2 Kû+�MBbK2
/2b KQmp2K2Mib BMi2`M2b iQ`Qś/�mt K�`[mûb T�` mM2 `2KQMiû2 +2Mi`�H2 2i mM2 `2/2b+2Mi2
H2 HQM; /2 HǶBMi2`7�+2- /QM+ /�Mb H2 b2Mb +QMi`�B`2 �m b2Mb Q#b2`pû UT�` 2t2KTH2 bm` H�
};m`2 9XNU�VVX 1M +QKT�`�Mi H� TQmbbû2 /Ƕ�`+?BKĕ/2 UKQi`B+2V ⇢g��TR3 ¨ HǶBM2`iB2 /m
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R0 = 3.5 mm R1 = 3.0 mm R2 = 1.8 mm R3 = 1.2 mm R4 = 0.5 mm

6B;m`2 9XRj Ĝ U�V AK�;2b T`Bb2b ¨ H� +�Kû`� BM7`�`Qm;2 U6GA_ �eyy b2`B2bV /ǶmM2 ;Qmii2 /2 `�vQM
R bǶûp�TQ`�Mi bm` mM TmBib 2M H�BiQM TQ`iû ¨ jyy�*X G2b +QmH2m`b BM/B[m2Mi H� i2KTû`�im`2 2M
bm`7�+2 /2 H� ;Qmii2 pB� H� Hû;2M/2 bQmb +?�[m2 BK�;2X G� +�Kû`� 2bi B+B +�HB#`û2 bm` H� ;�KK2 /2
i2KTû`�im`2 /2 @9y�* ¨ R8y�*- +2 [mB T2`K2i /2 M2 pQB` [m2 H� ;Qmii2 2i T�b H� TH�[m2 +?�m/2X
(#) S`Q}Hb p2`iB+�mt /2 i2KTû`�im`2 2M 7QM+iBQM /2 H� /Bbi�M+2 z 2ti`�Bi2 ¨ H� +�Kû`� A_ TQm`
/Bzû`2Mib `�vQMbX

~mB/2 ⇢V
2
R

2- HǶû+QmH2K2Mi BM/mBi BKTQb2 mM û+QmH2K2Mi ¨ mM2 pBi2bb2 V ⇠
�
�g�TR

�1/2

[mB p�mi- TQm` mM2 ;Qmii2 KBHHBKûi`B[m2 bQmKBb2 ¨ �T = 10�*- V ⇡ 25 KK/bX

GǶBMbi�#BHBiû /2b `QmH2�mt M2 b2 /û+H2M+?2 2M ;ûMû`�H [m2 bB H2b Kû+�MBbK2b bi�#BHBb�Mib ,
H� /BzmbBpBiû i?2`KB[m2 Di? 2i H� pBb+QbBiû +BMûK�iB[m2 ⌫ bQMi Mû;HB;2�#H2b /2p�Mi H2 KQi2m`
/m KQmp2K2Mi- BX2X bB H2 MQK#`2 /2 _�vH2B;? Ra = ��TgR3

�
⌫Di? /ûT�bb2 mM2 p�H2m`

+`BiB[m2 RacX G� p�H2m` Rac /ûT2M/ /2 H� ;ûQKûi`B2 , BH p�mi Rac = 1707 2Mi`2 /2mt
TH�[m2b T�`�HHĕH2b- 2i Rac = 3091 TQm` mM2 bT?ĕ`2 bQmKBb2 ¨ mM +?�KT `�/B�H (Rk8)X .�Mb
MQi`2 ;ûQKûi`B2- HǶ2tBbi2M+2 /2 `û;BQMb TQm` H2b[m2HH2b H� i�M;2Mi2 ¨ H� bm`7�+2 HB#`2 bǶ�HB;M2
�p2+ H� /B`2+iBQM /2 H� ;`�pBiû /ûbi�#BHBb2 HǶû+QmH2K2Mi 2i /2p`�Bi /BKBMm2` RacX SQm` mM2
;Qmii2 KBHHBKûi`B[m2- bQmKBb2 ¨ mM2 /Bzû`2M+2 /2 i2KTû`�im`2 �T = 1�* +QM/mBi ¨ Ra ⇡
jyyyX "B2M [m2 H2b ;Qmii2b 2M +�Hû7�+iBQM b2K#H2Mi +QM+2`Mû2b T�` +2ii2 BMbi�#BHBiû- H2b
KQmp2K2Mib BMi2`M2b [m2 HǶQM �ii2M/ bQMi 2M b2Mb BMp2`b2 /2b KQmp2K2Mib Q#b2`pûbX

ú+QmH2K2Mi /2 J�`�M;QMB G2b /Bzû`2M+2b /2 i2KTû`�im`2 Q#b2`pû2b BM/mBb2Mi û;�H2@
K2Mi /2b ;`�/B2Mib /2 i2MbBQM bmT2`}+B2HH2 2i /QM+ /2b +QMi`�BMi2b 2M bm`7�+2 bmb+2TiB#H2b
/2 K2ii`2 2M KQmp2K2Mi H2 ~mB/2X *2i 2z2i T`û/Bi /2b û+QmH2K2Mib Tû`BT?û`B[m2b /2 H� #�b2
+?�m/2 p2`b H2 bQKK2i 7`QB/ /2 H� ;Qmii2X G� pBi2bb2 V BM/mBi2 2tT`BK2 mM û[mBHB#`2 2Mi`2
H� T`2bbBQM /2 J�`�M;QMB �0(T )�T/R 2i H� T`2bbBQM [mB `ûbBbi2- BM2`iB2HH2 URe ⇠ 102 � 103V
bQBi ⇢V

2X G� pBi2bb2 BM/mBi2 p�mi 2M HQB /Ƕû+?2HH2 V ⇠
⇣
@T�

�
⇢R

⌘1/2
X G2b 2z2ib J�`�M;QMB

R8d
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T`û};m`2Mi /2b û+QmH2K2Mib �b+2MbBQMM2Hb bm` H2b #Q`/b- +QM7Q`KûK2Mi ¨ MQb Q#b2`p�iBQMb-
�tBbvKûi`B[m2b- �p2+ mM2 pBi2bb2 Tû`BT?û`B[m2 V /2 HǶQ`/`2 /2 9y KKfbX

a+ûM�`BQ ?v/`Q/vM�KB[m2

1Mi`�ŗM2K2Mi pBb[m2mt T�` H� p�T2m` Hm#`B}û2 G� p�T2m` T`Q/mBi2 T�` mM2 ;Qmii2
/2 `�vQM R bǶû+?�TT2 T�` b� #�b2 /2 /B�Kĕi`2 ` ¨ i`�p2`b mM }HK KBM+2 /ǶûT�Bbb2m` " ¨
pBi2bb2 U X *2i û+QmH2K2Mi- BHHmbi`û bm` H� };m`2 RXRd- +Bb�BHH2 H2 HB[mB/2 bmb@D�+2Mi 2i H2 K2i
2M KQmp2K2Mi ¨ H� pBi2bb2 V X

u(z)
δ

V
v(z)

R

ℓ

ε

6B;m`2 9XR9 Ĝ AHHmbi`�iBQM /m Kû+�MBbK2 pBb[m2mt /Ƕ2Mi`�BM2K2Mi /ǶmM2 ;Qmii2 /2 `�vQM R T�` H�
p�T2m` bQmb@D�+2Mi2X G� p�T2m` bǶû+?�TT2 ¨ mM2 pBi2bb2 uUzV bmBp�Mi mM û+QmH2K2Mi /2 SQBb2mBHH2-
/QMi H� KQv2MM2 bT�iB�H2 bm` HǶûT�Bbb2m` /m }HK " 2bi MQiû2 U =

1

"

Z "

0
u(z)/zX *2i û+QmH2K2Mi

+Bb�BHH2 H2 HB[mB/2 bm` mM2 /Bbi�M+2 ` 2i bm` mM2 ûT�Bbb2m` � 2i H2 K2i 2M KQmp2K2Mi ¨ H� pBi2bb2
vUzVX �m@/2H¨ /2 H� +Qm+?2 HBKBi2- H� pBi2bb2 p�mi V X

G� +QMiBMmBiû /2b +QMi`�BMi2b pBb[m2mb2b ¨ HǶBMi2`7�+2 HB[mB/2@p�T2m` �bbm`2 H� `2H�iBQM
⌘vU/" ⇠ ⌘V /r Qɍ r /ûbB;M2 H� /Bbi�M+2 +Bb�BHHû2 /�Mb H2 ~mB/2 [mB `2bi2 ¨ 2tTHB+Bi2`X §
H� HmKBĕ`2 /2 +2 [mB T`û+ĕ/2 U2M T�`iB+mHB2` /2 H� };m`2 9XRyV- H2 +Bb�BHH2K2Mi BKTQbû T�`
HǶû+QmH2K2Mi /2 p�T2m` MǶ�z2+i2 H2 HB[mB/2 [m2 bm` H� +Qm+?2 HBKBi2 /ǶûT�Bbb2m` +�`�+iû@
`BbiB[m2 �- [mB bǶû+`Bi � ⇠

r
⌘R

⇢V
X G2 T`Q/mBi �

2
V M2 /ûT2M/ [m2 /2 R- ⇢ 2i ⌘X SQm` /2b

;Qmii2b /2 `�vQM }tû- H� [m�MiBiû 2bi +QMb2`pû2X PM T2mi �BMbB H� bm#biBim2` /�Mb HǶû;�HBiû
/2b +QMi`�BMi2b pBb[m2mb2b TQm` 2t?B#2` H� pBi2bb2 o ,

V ⇠
✓
⌘vU

"

◆2/3✓
R

⇢⌘

◆1/3

U9XkXRV

G� p�T2m` +QKKmMB[m2 �m HB[mB/2 mM2 pBi2bb2 V ⇠ jy KK/b- �b+2M/�Mi2 bm` H2b #Q`/b-
+QM7Q`KûK2Mi ¨ MQb Q#b2`p�iBQMb TQm` H2b ~�[m2bX *2i 2z2i- /m KāK2 Q`/`2 /2 ;`�M/2m`-
bǶ�/DQBMi �mt 2z2ib i?2`KB[m2bX G2b û+QmH2K2Mib BMi2`M2b b2K#H2Mi /QM+ 2M;2M/`ûb T�`
2Mi`�ŗM2K2Mi /2 H� p�T2m` bQmb@D�+2Mi2 /ǶmM2 T�`i 2i T�` H� +QMp2+iBQM BM/mBi2 T�` H�
Hû;ĕ`2 /Bzû`2M+2 /2 i2KTû`�im`2 [mB 2tBbi2 2Mi`2 H2 #�b U+?�m/V 2i H2 ?�mi UTHmb 7`QB/V /2b
;Qmii2bX

R83
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9XkX9 "`Bbm`2 /2 bvKûi`B2 bTQMi�Mû2

GǶ2tBbi2M+2 /ǶmM2 /vM�KB[m2 BMi2`M2 i`ĕb pBp2- /ûKQMi`û2 2tTû`BK2Mi�H2K2Mi- b2K#H2
�pQB` /2b Q`B;BM2b KmHiBTH2b [mB QMi 2M +QKKmM /Ƕāi`2 �tBbvKûi`B[m2bX P`- H� bvKûi`B2 /2 +2b
û+QmH2K2Mib b2 `QKTi bTQMi�MûK2Mi HQ`b /2 HǶûp�TQ`�iBQMX PM /Bb+mi2 �HQ`b H2b +?�M;2K2Mib
/2 bvKûi`B2 Q#b2`pûb- MQi�KK2Mi H2 T�bb�;2 /2 HǶûi�i /ûbQ`/QMMû U6B;X 9XRRU�VV ¨ mM ûi�i
�miQ@Q`;�MBbû bvKûi`B[m2 U6B;X 9XRRU#VV �m `QmH2K2Mi �bvKûi`B[m2 U6B;X 9XRRU+VVX R b2
/û;�;2 /QM+ M�im`2HH2K2Mi +QKK2 H2 T�`�Kĕi`2 /2 +QMi`ƬH2 2i /ǶQ`/`2 /2 +2ii2 i`�MbBiBQM
p2`b HǶûi�i �miQT`QTmHbûX

S`BM+BT2 /2 *m`B2

G� K�MBĕ`2 /QMi mM2 BMbi�#BHBiû ?v/`Q/vM�KB[m2 b2 /ûp2HQTT2 /ûT2M/ /2b bvKûi`B2b
2i /m +QM}M2K2Mi /m bvbiĕK2X .�Mb mM2 +QM};m`�iBQM b2K#H�#H2 ¨ H� MQi`2- .�b? 2i
�HX /Bb+mi2Mi HǶBM~m2M+2 /m `�TTQ`i /Ƕ�bT2+i bm` H� KQ`T?QHQ;B2 /2b û+QmH2K2Mib i?2`KQ@
BM/mBib Ui?2`KQ;`�pBi�B`2b Qm i?2`KQ+�TBHH�B`2bV /2 ;Qmii2b bǶûp�TQ`�Mi bm` mM bm#bi`�i
iBĕ/2 UT = 50�*VX am` mM2 bm`7�+2 ?v/`QT?Q#2- H� ;Qmii2 2bi 2M KQmBHH�;2 T�`iB2H 2i �/QTi2
mM `�TTQ`i /Ƕ�bT2+i /2 HǶQ`/`2 /2 kX lM û+QmH2K2Mi iQ`Qś/�H b2 K2i 2M TH�+2 �miQm` /2
HǶ�t2 /2 bvKûi`B2 /2 H� ;Qmii2X am` mM bQHB/2 bmT2`?v/`QT?Q#2- H� ;Qmii2 2bi [m�bBK2Mi
bT?û`B[m2 2i HǶû+QmH2K2Mi BK�;û T�` .�b? 2i �HX 2bi iQi�H2K2Mi �bvKûi`B[m2 , H� ;Qmii2
`QmH2 2M #HQ+ (Rke)X *2i 2t2KTH2 BHHmbi`2 #B2M [m2- /�Mb H2b KāK2b +QM/BiBQMb QTû`�iQB`2b-
H2 +QM}M2K2Mi T2mi BM/mB`2 mM2 #`Bbm`2 /2 bvKûi`B2 2Mi`2 H2b 2z2ib 2i H2b +�mb2b [mB H2m` QMi
/QMMû M�Bbb�M+2X G2 T`BM+BT2 /2 *m`B2 [mB �{`K2 [m2 Ŀ HQ`b[m2 +2`i�BM2b +�mb2b T`Q/mBb2Mi
+2`i�BMb 2z2ib- H2b ûHûK2Mib /2 bvKûi`B2b /2b +�mb2b /QBp2Mi b2 `2i`Qmp2` /�Mb H2b 2z2ib
T`Q/mBib ŀ R- MǶ2bi /QM+ TQm` �mi�Mi T�b pBQHû TmBb[m2 [m2 H2 ;`QmT2 /2 bvKûi`B2 Q#b2`pû-
[mB `2;`QmT2 iQmi2b BbQKû`B2b bQmb H2b[m2HH2b HǶQ#D2i 2bi BMp�`B�Mi- 2bi mM bQmb@;`QmT2 /m
;`QmT2 /2 bvKûi`B2 /2b +�mb2bX

GǶ2z2i G2B/2M7`Qbi /�Mb H� +QM};m`�iBQM Qɍ MQmb HǶ�pQMb 2MpBb�;û 2bi T�` 2bb2M+2 �tB@
bvKûi`B[m2X G2b bvKûi`B2b /2b û[m�iBQMb 2i +QM/BiBQMb �mt HBKBi2b [m2 T`ûb2Mi2 mM2 ;Qmii2
/2 `�TTQ`i /Ƕ�bT2+i A = 2R/h +?�mzû2 T�` b� #�b2- bQMi BMp�`B�Mi2b T�` `Qi�iBQM �miQm`
/2 HǶ�t2 p2`iB+�H 2i T�` H2b `û~2tBQMb T�` `�TTQ`ib �mt TH�Mb p2`iB+�mt +QMi2M�Mi +2i �t2X
PM �ii2M/ /QM+ /2b KQmp2K2Mib �tBbvKûi`B[m2b iQ`Qś/�mt [mB ;�`/2Mi H� bvKûi`B2 T�`
`û~2tBQM T�` `�TTQ`i �mt TH�Mb p2`iB+�mt- +QKK2 BHHmbi`û T�` H� };m`2 9XR8U�VX

"B7m`+�iBQM /m KQ/2 �tBbvKûi`B[m2 �m KQ/2b �xBKmi�mt

G2 KQ/2 �tBbvKûi`B[m2 m = 0 U6B;X 9XR8U�VV b2 /ûbi�#BHBb2 +2T2M/�Mi- 2i 2M;2M/`2 /2b
KQ/2b TQm` H2b[m2Hb HǶBMp�`B�M+2 T�` `Qi�iBQM 2bi T2`/m2X PM �bbBbi2 �HQ`b ¨ H� bûH2+iBQM
/2 KQ/2b �xBKmi�mt m- /QMi H2b /2mt T`2KB2`b bQMi BHHmbi`ûb bm` H� };m`2 9XR8U#@+V [mB

RX iB`û /2 HǶ�`iB+H2 Ŀ am` H� bvKûi`B2 /2b T?ûMQKĕM2b T?vbB[m2b ŀ- Tm#HBû /�Mb H2 CQm`M�H /2 T?vbB[m2
2M R3N9
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b+?ûK�iBb2 H2b û+QmH2K2Mib pmb /2 /2bbmb `2TQ`iûb bm` H� };m`2 9XRRX G2 KQ/2 m = 1 U/û}MB
¨ mM2 `Qi�iBQM T`ĕbV +QMb2`p2 H� bvKûi`B2 /2 `û~2tBQM T�` `�TTQ`i ¨ mM TH�M p2`iB+�HX G2
KQ/2 m = 2 +QMb2`p2 /2mt bvKûi`B2b /2 `û~2tBQM T�` `�TTQ`i ¨ /2mt TH�Mb p2`iB+�mt
T2`T2M/B+mH�B`2bX

(c)(b)(a)

m = 0 m = 1 m = 2

6B;m`2 9XR8 Ĝ a+?ûK�iBb�iBQM /2b û+QmH2K2Mib Upmb /2 /2bbmbV /ǶmM2 ;Qmii2 /2 G2B/2M7`Qbi U2M
`û7û`2M+2 �mt û+QmH2K2Mib /2 bm`7�+2 `ûpûHûb bm` H� };m`2 9XRRVX G� /ûT2M/�M+2 b2HQM HǶ�M;H2 �xB@
Kmi�H � T2mi āi`2 2tT`BKû2 bQmb H� 7Q`K2 e

im�X U�V JQ/2 m = 0 �tBbvKûi`B[m2X (#) JQ/2 m = 1
2i (+) KQ/2 m = 2- TQm` H2b[m2Hb HǶ�tBbvKûi`B2 2bi #`Bbû2X G2 MQK#`2 m /ûMQK#`2 H2b TH�Mb /2
bvKûi`B2 p2`iB+�mt Qm H2 MQK#`2 /2 TH�Mb /Ƕ�MiB@bvKûi`B2 Q`i?Q;QM�mtX

1M T`�iB[m2- H� bQHmiBQM �tBbvKûi`B[m2 m = 0 2bi i`ĕb /B{+BH2 ¨ Q#b2`p2`X G� bQHmiBQM
[m�/`BTQH�B`2 m = 2 U6B;X 9XR8U+VV Qm /BTQH�B`2 m = 1 U6B;X 9XR8U#VV bQMi Q#b2`pû2b
U6B;X 9XRRU#V 2i U+VV bm++2bbBp2K2Mi �m +Qm`b /2 H� pB2 /ǶmM2 ;Qmii2- ¨ K2bm`2 [m2 H2 `�vQM
R /BKBMm2X �M�b 1H :�HH�7 2i �HX 7QMi /2b Q#b2`p�iBQMb b2K#H�#H2b bm` /2b +vHBM/`2b +?�mzûb
T�` H2 #�b (Rkd)X G� bi�#BHBiû /2b û+QmH2K2Mib i?2`KQ+QMp2+iB7b /ûT2M/ /m `�TTQ`i /Ƕ�bT2+i
2i /2b MQK#`2b /2 _�vH2B;? 2i /2 J�`�M;QMBX

a2mBH /2 /û+H2M+?2K2Mi /2 HǶBMbi�#BHBiû

AH 2tBbi2 mM b2mBH ¨ T�`iB` /m[m2H H2 ~mB/2 b2 /ûbi�#BHBb2- [mB b2 i`Qmp2 T�` �M�Hvb2
/2 bi�#BHBiû (Rk8)X .�Mb H� +QM};m`�iBQM /2 1H :�HH�7 2i �HX- H2 b2mBH /2 /û+H2M+?2K2Mi /2
+2ii2 BMbi�#BHBiû MǶ2bi T�b H2 KāK2 bmBp�Mi H2 KQ/2 m +QMbB/û`û 2i b2HQM H� p�H2m` /Ƕ�mi`2b
T�`�Kĕi`2b /m T`Q#HĕK2X AH /û}MBi H� +`BiB+�HBiû C- [mB [m�MiB}2 HǶû+�`i /m MQK#`2 /2
_�vH2B;? Ra BKTQbû �m _�vH2B;? +`BiB[m2 Rac 2ifQm /m MQK#`2 /2 J�`�M;QMB Ma �m
J�`�M;QMB +`BiB[m2 MacX C /ûT2M/M�mbbB /m MQK#`2 /2 "BQi Bi- [mB +QKT�`2 HǶ2{+�+Biû
/2b i`�Mb72`ib i?2`KB[m2b 2M +ƾm` 2i 2M bm`7�+2- 2i /m `�TTQ`i /Ƕ�bT2+i A /2 H� +2HHmH2-
bQmHB;M�Mi HǶ2z2i /m +QM}M2K2Mi bm` H� M�Bbb�M+2 /2 H� +QMp2+iBQM (Rkd)X amBp�Mi H2b p�H2m`b
/2b MQK#`2b Ma 2i Ra- BH Q#b2`p2 /2b +QKTQ`i2K2Mib /Bzû`2Mib ,

} SQm` C(m,A, Bi) > 0- H2 b2mBH /2 /û+H2M+?2K2Mi MǶ2bi T�b �ii2BMi , H2 bvbiĕK2 2bi bi�#H2X
} SQm` C(m,A, Bi) < 0- H2 bvbiĕK2- TQ`iû �m@/2H¨ /2 bQM TQBMi /2 bi�#BHBiû- #B7m`[m2X

am` H� };m`2 9XRe- �/�Tiû2 /2 (Rkd)- QM pQBi H2b b2mBHb /2 /û+H2M+?2K2Mi Rac `2bT2+iB7b

Rey
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�mt KQ/2b m = {0, 1, 2} 2M 7QM+iBQM /m `�TTQ`i /Ƕ�bT2+i /2 H� +�pBiû +vHBM/`B[m2 TQm`
H2b MQK#`2b Ma = 500 2i Bi = 1X S�` �M�HQ;B2- mM2 ;Qmii2 /2 `�TTQ`i /Ƕ�bT2+i A-
bQmKBb2 �m ;`�/B2Mi /2 i2KTû`�im`2 +QMbi�Mi p2`iB+�H- KBb 2M ûpB/2M+2 bm` H� };m`2 9XRj �
mM2 bi�#BHBiû K�`;BM�H2 �++m2BHH2 /2b KQmp2K2Mib BMi2`M2b /QMi H� KQ`T?QHQ;B2 /ûT2M/ /m
`�TTQ`i /Ƕ�bT2+iX

aûH2+iBQM /2 bi`m+im`2

G2b b2mBHb Rac ûpQHm2Mi /2 K�MBĕ`2 MQM KQMQiQM2 �p2+ m 2i �p2+ AX �mi`2K2Mi /Bi-
¨ MQK#`2 /2 _�vH2B;? Ra }tû T�` HǶ2tTû`B2M+2 2i TQm` mM `�TTQ`i /Ƕ�bT2+i A /QMMû- QM
T2mi T`û/B`2 H2 KQ/2 [m2 HǶQM /û+H2M+?2X

!

Rac

①③ ②④

6B;m`2 9XRe Ĝ a2mBHb Rac /2b i`QBb T`BM+BT�mt KQ/2b �xBKmi�mt Um = 0- m = 1 2i m = 2V 2M
7QM+iBQM /m `�TTQ`i /2 7Q`K2 A bBKmHû TQm` mM2 +�pBiû +vHBM/`B[m2 �p2+ mM2 bm`7�+2 HB#`2 +?�mzû2
T�` 2M #�b TQm` mM MQK#`2 /2 "BQi mMBi�B`2 Ui`�Mb72`ib i?2`KB[m2b /Ƕ2{+�+Biû +QKT�`�#H2 2M
bm`7�+2 �m b2BM /2 H� +�pBiûV 2i mM MQK#`2 /2 J�`�M;QMB Ma = 500 U2i Pr 4 RV �/�Tiûb /2 (Rkd)X

.�Mb H2b +�b /2 ;Qmii2 2M G2B/2M7`Qbi- H2 MQK#`2 /2 _�vH2B;? 2bi /2 HǶQ`/`2 /2 Ra ⇡ 3000

2i H2 MQK#`2 /2 "BQi- T`Q+?2 /2 HǶmMBiûX PM 2bi [m�bBK2Mi iQmDQm`b �m@/2bbmb /m b2mBH
Rac(m,A)X § H� HmKBĕ`2 /2 H� +Qm`#2 /2 H� };m`2 9XRe- QM T2mi [m�HBi�iBp2K2Mi �{`K2`
[m2 ,

R SQm` A 2
⇥
1.71; 2

⇤
- H2b KQ/2b m = 0 2i m = 2 QMi /2b b2mBHb /2 /û+H2M+?2K2Mi i`ĕb

T`Q+?2bX G2b /2mt bQHmiBQMb bQMi � T`BQ`B Q#b2`p�#H2bX
k SQm` A 2

⇥
1.45; 1.71

⇤
- H2 b2mBH �bbQ+Bû �m KQ/2 m = 2 T�bb2 �m@/2bbmbX PM bǶ�ii2M/ ¨

pQB` mM û+QmH2K2Mi [m�/`BTQH�B`2X
j SQm` A 2

⇥
1.20; 1.45

⇤
- H2 KQ/2 m = 2 `2bi2 �m@/2bbmb- K�Bb H2 KQ/2 R T�bb2 �m@/2bbmb

/m KQ/2 �tBbvKûi`B[m2 m = 0X
9 SQm` A 2

⇥
1.00; 1.20

⇤
- +Ƕ2bi H� bQHmiBQM m = 1 [mB 2bi �ii2M/m2X

G� HBKBi2 A < 1 MǶ2bi T�b �++2bbB#H2 +�` H2 `�TTQ`i /Ƕ�bT2+i /2b ;Qmii2b M2 T2mi T�b
/2b+2M/`2 2M /2Ï¨ /2 RX

ReR
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AM~m2M+2 /m +QM}M2K2Mi

1M bǶûp�TQ`�Mi- H2 `�vQM R /ǶmM2 ;Qmii2 bmBi mM2 /BKBMmiBQM [m�bB@bi�iB[m2X G2 `�TTQ`i
/2 7Q`+2 2Mi`2 +�TBHH�`Biû 2i H� ;`�pBiû 2bi KQ/B}û 2i KāK2 BMp2`bû- BM/mBb�Mi mM +?�M;2K2Mi
/2 ;ûQKûi`B2 /B+iû T�` AX *QKK2 MQmb HǶ�pQMb ûi�#HB �m T�`�;`�T?2 RXkXR- TQm` R >


�1- H2 HB[mB/2 bǶ�TH�iBi bQmb HǶ2z2i /2 H� ;`�pBiû i�M/Bb [m2 TQm` R < 

�1 H2 HB[mB/2 2bi
K�BMi2Mm bT?û`B[m2X G� 7Q`K2 ûpQHm2 /QM+ ¨ K2bm`2 [m2 H� ;Qmii2 `ûi`û+Bi U};m`2 RXdU�VVX
G� };m`2 RXdU#V- KQMi`2 HǶûpQHmiBQM /m `�TTQ`i /Ƕ�bT2+i A = 2R/h �p2+ H2 `�vQM û[m�iQ`B�H
R- MQ`K�HBbû T�` H� HQM;m2m` +�TBHH�B`2X am` +2ii2 +Qm`#2 QM pQB` �TT�`�ŗi`2 i`ĕb +H�B`2K2Mi
mM2 i`�MbBiBQM TQm` R ⇡ 0.5X G2 `�TTQ`i /Ƕ�bT2+i A +`Qŗi �p2+ R HQ`b[m2 h b�im`2 bQBi
TQm` R & 0.5- K�Bb /2pB2Mi BM/ûT2M/�Mi /2 R 2i û;�H ¨ R TQm` R . 0.5X G� ;ûQKûi`B2
/m bvbiĕK2 2bi KQ/B}û2 �m +Qm`b /2 HǶ2tTû`B2M+2X G2b /QK�BM2b /2 T`ûTQM/û`�M+2 /2b
KQ/2b m 2M 7QM+iBQM /m `�TTQ`i /Ƕ�bT2+i U/2bbBMûb bm` H� };m`2 9XReV /û}MBbb2Mi /Bzû`2Mib
`û;BK2b ,

R G2 `û;BK2 MQM Q`;�MBbû TQm` A > 1.7- +Q``2bTQM/�Mi ¨ R & 4 KK- Qɍ H2b b2mBHb Rac bQMi
+QKT�`�#H2b TQm` /Bzû`2Mib mX SHmbB2m`b KQ/2b bQMi � T`BQ`B Q#b2`p�#H2b- +QśM+B/�Mi
�p2+ H2b KQmp2K2Mib /ûbQ`;�MBbûb /2 H� };m`2 9XRRU�VX

k GǶ2M+H2M+?2K2Mi /m `û;BK2 [m�/`BTQH�B`2 m = 2 TQm` A 2
⇥
1.45; 1.71

⇤
- +Q``2bTQM/�Mi

¨ R 2
⇥
2.5; 3.5

⇤
KK Q#b2`p�#H2 bm` H� };m`2 9XRRU#VX

j G� T2`bûpû`�M+2 /m KQ/2 [m�/`BTQH�B`2 m = 2 K�Bb H� KQMiû2 /m KQ/2 �bvKûi`B[m2
m = 1 TQm` A 2

⇥
1.20; 1.45

⇤
+Q``2bTQM/�Mi ¨ R 2

⇥
1.8; 2.5

⇤
KKX

9 G2 `û;BK2 �miQT`QTmHbû TQm` A 2
⇥
1.00; 1.20

⇤
- bQBi R . 1.8 KK- +QM7Q`KûK2Mi �mt

Q#b2`p�iBQMb /2 H� };m`2 9XRRU+V- Qɍ HǶQM T2mi pQB` mM +?�KT /BTQH�B`2 �bvKûi`B[m2X

G2b 2z2ib i?2`KQ;`�pBi�B`2 2i i?2`KQ+�TBHH�B`2 b2 +QK#BM2Mi /QM+ TQm` /QMM2` M�Bb@
b�M+2 ¨ /2b `QmH2�mt i?2`KQ+QMp2+iB7b- /QMi H� bvKûi`B2 2bi T`2b+`Bi2 T�` H2 `�TTQ`i /Ƕ�b@
T2+i AX G� ;Qmii2- 2M bǶûp�TQ`�Mi- 7`�M+?Bi H� #�``Bĕ`2 7�iB/B[m2 /2 R ⇡ 1.8 KK 2i MǶ�+@
+m2BHH2 THmb [mǶmM2 +2HHmH2 /2 +QMp2+iBQMX 1HH2 b2 K2i bTQMi�MûK2Mi ¨ `QmH2` ¨ H� K�MBĕ`2
/ǶmM2 `Qm2 HB[mB/2 +QKK2 H2 bm;;ĕ`2 H� };m`2 9XkX _2bi2 ¨ +QKT`2M/`2 +QKK2Mi +2ii2 `Qm2
�p�M+2 b�Mb KāK2 TQmpQB` iB`2` T�`iB /m +QMi�+i �p2+ bQM bmTTQ`i- +QKK2 H2 72`�Bi mM2
`Qm2 +H�bbB[m2X

9Xj Jû+�MBbK2 /Ƕ�miQT`QTmHbBQM

9XjXR lM2 `Qm2 HB[mB/2 \

6`Qii2K2Mi 2i HQ+QKQiBQM .�Mb H2 T?ûMQKĕM2 /2 G2B/2M7`Qbi- H2b ;Qmii2b bQMi TQ`iû2b
T�` H2m` +QmbbBM /2 p�T2m`X GǶ�#b2M+2 /2 +QMi�+i T2`KBb T�` HǶû[mBHB#`2 /2 HûpBi�iBQM Qz`2
mM2 `û/m+iBQM `2K�`[m�#H2 /2 H� 7`B+iBQM 2Mi`2 H2 HB[mB/2 2i H2 bm#bi`�iX S�`�/Qt�HH2K2Mi- bB
2M ;û`û`�H H2 7`Qii2K2Mi bǶQTTQb2 �m KQmp2K2Mi `2H�iB7 2Mi`2 /2mt bvbiĕK2b- BH 2bi TQm`i�Mi

Rek
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i`ĕb bQmp2Mi BM/BbT2Mb�#H2 TQm` 2M;2M/`2` /m KQmp2K2Mi (Rk3)X SQm` bǶ2M +QMp�BM+`2-
T`2MQMb HǶ2t2KTH2 /ǶmM2 `Qm2 [mB T�iBM2 /�Mb H2 pB/2X *2 KQmp2K2Mi /2 `Qi�iBQM T2`Tûi`û
/�Mb HǶ�B` MǶ2M;2M/`2 �m+mM /2 KQmp2K2MiX .�Mb /2 MQK#`2mt 2t2KTH2b /2 HQ+QKQiBQM-
H2 7`Qii2K2Mi- 2M bǶQTTQb�Mi �m ;HBbb2K2Mi- 2bi T`û+BbûK2Mi +2 [mB MQmb T2`K2i /Ƕ�p�M+2`X
lM2 `Qm2 iB`2 MQi�KK2Mi T`Q}i /2b 7`Qii2K2Mib UbQHB/2b Qm Hm#`B}ûbV �p2+ H2 bQH bm` H2[m2H
2HH2 `2TQb2 TQm` i`�Mb7Q`K2` +2 KQmp2K2Mi `Qi�iQB`2 2M i`�MbH�iBQMX

!P ≠ 0!P = 0

ω ω
v v

(b)(a)

6B;m`2 9XRd Ĝ *QKT�`�BbQM +BMûK�iB[m2 2Mi`2 mM2 `Qm2 bQHB/2 2i H2b `Qm2b /2 G2B/2M7`QbiX

G2 `QmH2K2Mi b2 /û}MBi +QKK2 H� +QK#BM�BbQM /ǶmM2 `Qi�iBQM 2i /ǶmM2 i`�MbH�iBQMX G�
`Qm2 `2T`ûb2Miû2 bm` H� };m`2 9XRdU�V 2bi 2M +QMi�+i TQM+im2H �p2+ H2 bQH- BKKQ#BH2X

h`B#QHQ;B2 /ǶmM +QMi�+i ¨ /Bbi�M+2 LQmb MQmb BMiû`2bbQMb B+B �mt 7Q`+2b bmb+2TiB#H2b
/ǶBMi2`p2MB` 2Mi`2 H� ;Qmii2 2i H2 bm#bi`�i bQHB/2 bm` H2[m2H 2HH2 HûpBi2- �MBKûb /2 KQmp2K2Mi
`2H�iB7X .�Mb H2 T?ûMQKĕM2 /2 G2B/2M7`Qbi- HǶ�#b2M+2 /2 +QMi�+i �MMB?BH2Mi H2b 7`Qii2K2Mib
2Mi`2 H� ;Qmii2 2i bQM bm#bi`�i K�Bb 2KTā+?2 H� +QMp2`bBQM +BMûK�iB[m2 2Mi`2 H� `Qi�iBQM
2i H� i`�MbH�iBQM ,

*QMi�+i B/û�H G2 KQmp2K2Mi /2 `QmH2K2Mi 2bi bQmp2Mi 2t�KBMû 2M bmTTQb�Mi HǶ�#b2M+2
/2 ;HBbb2K2MiX *2ii2 +QM/BiBQM HBKBi2 QTiBKBb2- ¨ pBi2bb2 /2 `Qi�iBQM /QMMû2- H� pBi2bb2 /2
i`�MbH�iBQMX 1M HǶ�#b2M+2 /2 ;HBbb2K2Mi- H� pBi2bb2 /m TQBMi HQ+�HBbû �m MBp2�m /m +QMi�+i
ûi�Mi MmHH2- H2 KQmp2K2Mi /2 `Qi�iBQM ¨ H� pBi2bb2 ⌦ BM/mBi mM2 i`�MbH�iBQM ¨ H� pBi2bb2
v = R⌦X SQm` mM2 bT?ĕ`2 bQHB/2 /2 `�vQM R = 1 KK `QmH�Mi ¨ H� pBi2bb2 ⌦ = 30 `�//b-
QM i`Qmp2 /�Mb H2 K2BHH2m` /2b +�b mM2 pBi2bb2 /2 i`�MbH�iBQM /2 jy KKfbX 1M T`ûb2M+2 /2
;HBbb2K2Mi- H2 +QMi�+i 2bi 2Mi`�BMû 2i H� pBi2bb2 /2 i`�MbH�iBQM- 2bi KQ/B}û2 2i /ûT2M/ /2
H� /B`2+iBQM /m ;HBbb2K2Mi `2H�iBp2K2Mi ¨ +2HH2 /m KQmp2K2MiX

*QMi�+i `û2H 1M T`�iB[m2 H2b 7`Qii2K2Mib /BbbBT2Mi HǶûM2`;B2 2i bǶQTTQb2Mi �m KQmp2@
K2Mi /2 H� `Qm2X S�` �BHH2m`b- H2b +QMi�+ib KQmb Qm Hm#`B}ûb bQMi bQmp2Mi /û}+Bi�B`2b bm`
H2m`b �M�HQ;m2b `B;B/2b 2i b2+bX lM2 T�`iB2 /2 HǶûM2`;B2 2bi 2M 2z2i T2`/m2 T�` ûH�biB+BiûfpBb@
+QbBiûX
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a�Mb +QMi�+i G2b ;Qmii2b +�Hû}û2b QMi /2b pBi2bb2b /2 HǶQ`/`2 /2 ky KKfbX *Ƕ2bi /QM+ i`ĕb
T`Q+?2 /2 HǶQ`/`2 /2 ;`�M/2m` T`û/Bi TQm` mM2 bT?ĕ`2 `B;B/2 `QmH�Mi bm` mM bQH b�Mb ;HBbb2`
2i 2t2KTi2 /2 7`Qii2K2MiX *2b �û`Q;HBbb2m`b T�`pB2MM2Mi /QM+ ¨ �ii2BM/`2 /2b pBi2bb2b �bb2x
BM�ii2M/m2b b�Mb KāK2 āi`2 2M +QMi�+i �p2+ H2m` bm#bi`�i 5 1M 2t�KBM�Mi H� };m`2 9XjU#V-
QM pQBi KāK2 [m2 H2m` pBi2bb2 �m;K2Mi2 [m�bB@HBMû�B`2K2Mi �m +Qm`b /m KQmp2K2Mi 2i [m2
H2 KQmp2K2Mi 2bi mMB7Q`KûK2Mi �++ûHû`ûX *2+B bm;;ĕ`2 /QM+ HǶ2tBbi2M+2 /ǶmM Kû+�MBbK2
Q`B;BM�H /2 T`QTmHbBQM [mB /û}2 H2b HQBb /2 H� i`B#QHQ;B2X

9XjXk *�`�+iû`Bb�iBQM /m }HK /2 p�T2m`

LQmb +?�M;2QMb /2 TQBMi /2 pm2 2i MQmb BKKBbÏQMb bQmb H2b ;Qmii2b �}M /2 pQB` bB HǶ�bv@
Kûi`B2 /2b û+QmH2K2Mib BMi2`M2b 2bi /ǶmM2 [m2H+QM[m2 K�MBĕ`2 +QmTHû2 �p2+ mM2 �bvKûi`B2
/2 HǶBMi2`7�+2 HB[mB/2@p�T2m`X

oBbm�HBb�iBQM T�` BMi2`7û`QKûi`B2

LQmb �pQMb /QM+ +?2`+?û ¨ pBbm�HBb2` H� #�b2 /2b ;Qmii2b T�` BMi2`7û`QKûi`B2X *2ii2
i2+?MB[m2 � ûiû KBb 2M Q2mp`2 /�Mb H2 T�bbû TQm` +�`�+iû`Bb2` H� KQ`T?QHQ;B2 /2 HǶBMi2`7�+2
HB[mB/2@p�T2m` /2 ;Qmii2b +�Hû}û2b- 2M T�`iB+mHB2` H� #Qbb2 +`2mbû2 T�` H� p�T2m` (R3Ĝky)X
G2 T`BM+BT2 +QMbBbi2 ¨ 7�B`2 BMi2`7û`2` H2 `�vQM `û~û+?B T�` HǶBMi2`7�+2 HB[mB/2@p�T2m` /ǶmM2
;Qmii2 UBKKQ#BHBbû2 T�` mM +�TBHH�B`2V- 2i mM `�vQM /2 `û7û`2M+2- +QKK2 b+?ûK�iBbû bm` H�
};m`2 9XR3U�VX AH �TT�`�ŗi �HQ`b /2b 7`�M;2b /ǶBMi2`7û`2M+2X

PM Q#b2`p2 H� ;Qmii2 ¨ i`�p2`b mM bQHB/2 i`�MbT�`2Mi [mB +QM/mBi #B2M H� +?�H2m`X SQm`
+2 7�B`2- MQmb miBHBbQMb mM b�T?B` i`�MbT�`2Mi- 2M+�bi`û /�Mb mM bQ+H2 2M H�BiQM T2`7Q`û T�`
/2b +�`iQm+?2b +?�mz�Mi2b U_�/BQbT�`2b ¨ k8y q�iibVX G2 b�T?B` �ii2BMi /2b i2KTû`�im`2b
/Ƕ2MpB`QM jyy�*X G� };m`2 /ǶBMi2`7û`2M+2 2bi BK�;û2 T�` 2M /2bbQmb ¨ HǶ�B/2 /ǶmM2 +�Kû`�
`�TB/2- +�T�#H2 /2 T`2M/`2 /2 k8y ¨ Ryyy BK�;2b T�` b2+QM/2b- KQMiû2 bm` mM KB+`Qb+QT2
BMp2`bû- û[mBTû /ǶmM Q#D2+iB7 ;`QbbBbb�Mi ⇥4X G2 `�vQM `û~û+?B T�` HǶBMi2`7�+2 HB[mB/2@p�T2m`
T�`+Qm`i mM2 /Bbi�M+2 [mB /Bzĕ`2 /m `�vQM /2 `û7û`2M+2 /2 2�" 2MpB`QMX 1M bmTTQb�Mi H2b
�KTHBim/2b û;�H2b UMQiû2b AV- HǶBMi2MbBiû I `ûbmHi�Mi /2 HǶBMi2`�+iBQM /2 +2b /2mt `�vQMb b2
`û/mBi ¨ I = 2A2

�
1 � +Qb(4⇡�"/�)

�
X AH v � mM2 /Bzû`2M+2 /2 ?�mi2m` /2 �" = �/2 2Mi`2

/2mt 7`�M;2b #`BHH�Mi2b bm++2bbBp2b- `ûpûH�Mi H2b HB;M2b /2 MBp2�m bQmb H� ;Qmii2X

AKTHûK2Mi�iBQM /2 H� Kûi?Q/2 bm` mM bvbiĕK2 +QMi`ƬHû

�}M /2 p�HB/2` H� i2+?MB[m2 2tTû`BK2Mi�H2- MQmb miBHBbQMb +QKK2 `û7û`2M+2 mM2 H2MiBHH2
TH�MQ@+QMp2t2 /2 7Q+�H2 f = 30.0 KK 2i /2 /B�Kĕi`2 D = 6.0 KK /Bbi`B#mû2 T�` h?Q`H�#b
/QMi H2b +�`�+iû`BbiB[m2b bQMi T`ûb2Miû2b bm` H� };m`2 9XRNX SQm` +2ii2 bm`7�+2 +QMMm2-
QM Q#iB2Mi mM T`Q}H /ǶBMi2`7û`2M+2 �tBbvKûi`B[m2 U};m`2 9XRNU�VV- [mB- �T`ĕb �M�Hvb2 2i
`2+QMbi`m+iBQM- +QM/mBi �m T`Q}H /2 H� H2MiBHH2 U};m`2 9XRNU#VVX G2 T`Q}H 2tTû`BK2Mi�H U2M
`Qm;2V b2 bmT2`TQb2 �p2+ H2 T`Q}H i?ûQ`B[m2 U2M #H2mVX *2ii2 +�HB#`�iBQM �bbm`2 [m2 H� bQm`+2
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v

v

v

v

White 
lightFilter

Lumière 
blancheFiltre

ℓ

ε

ε(x)

x

(a) (b)

6B;m`2 9XR3 Ĝ S`BM+BT2 /2 H� +�`�+iû`Bb�iBQM BMi2`7û`QKûi`B[m2 /2 HǶBMi2`7�+2 HB[mB/2 p�T2m` bQmb@
D�+2Mi2X (�) G� };m`2 /ǶBMi2`7û`2M+2 2bi T`Q/mBi2 T�` HǶBMi2`�+iBQM 2Mi`2 H2b `�vQMb BM+B/2Mib 2i H2b
`�vQMb `û~û+?Bb T�` HǶBMi2`7�+2 p�T2m`@2�mX(#) JQMi�;2 2tTû`BK2Mi�H miBHBbû /�Mb HǶûHm+B/�iBQM /m
T`Q}H /m }HK /2 p�T2m` bQmb D�+2MiX G� ;Qmii2- BKKQ#BHBbû2 ¨ HǶ�B/2 /ǶmM2 �B;mBHH2- 2bi TQbû2 bm`
mM b�T?B` 2M+�bi`û /�Mb mM2 TH�[m2 2M H�BiQM +?�mz�Mi2X lM2 H�KT2 6HmQ`2b+2Mi2 #H�M+?2 }Hi`û2
�miQm` /2 H� HQM;m2m` /ǶQM/2 � = 475 ± 15 MK 2bi miBHBbû2 TQm` û+H�B`2` H� #�b2 /2 H� ;Qmii2
�}M /ǶQ#i2MB` /2b BMi2`7û`2M+2bX lM2 +�Kû`� `�TB/2 KQMiû2 bm` mM KB+`Qb+QT2 BMp2`bû T2`K2i /2
/Ƕ2M`2;Bbi`2` /vM�KB[m2K2Mi H� };m`2 /ǶBMi2`7û`2M+2X

HmKBM2mb2 2bi #B2M +2Mi`û2 bm` HǶ�t2 MQ`K�H �m bm#bi`�iX PM 2biBK2 �HQ`b HǶBM+2`iBim/2 /2 H�
K2bm`2 ¨ 2MpB`QM yXk µK- T`BM+BT�H2K2Mi �ii`B#m�#H2 ¨ HǶ2ti2MbBQM bT2+i`�H2 /2 H� H�KT2-
Q++�bBQMM�Mi mM ûH�`;Bbb2K2Mi /2b 7`�M;2bX
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A

A
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SECTION A-A

1:1 ISOMETRIC VIEW FOR
REFERENCE ONLY

5 4 3 2 1

MATERIAL:

PART  NO.

PROPRIETARY AND CONFIDENTIAL

DRAWN
ENG APPR.
MFG APPR.

NAME
TITLE:

SIZE
A

REV.

SCALE: 8:1 SHEET 1 OF 1

3231-E01

THE INFORMATION CONTAINED IN THIS
DRAWING IS THE SOLE PROPERTY OF
THORLABS, INC.  ANY REPRODUCTION 
IN PART OR AS A WHOLE WITHOUT
THE WRITTEN PERMISSION OF
THORLABS, INC. IS PROHIBITED.

DWG.  NO.

DATE
THORLABS INC. PO BOX 366

NEWTON NJ

ALL DIMENSIONS ARE IN THE FORM 
[in]
mm.

THIS DRAWING IS FOR INFORMATION ONLY
NOT INTENDED FOR MANUFACTURING

WD 11/19/2009 D=6.0 F=30.0 N-BK7 PLANO 
CONVEX LENS

N-BK7

LA1700

NOTES/SPECIFICATIONS:
DESIGN WAVELENGTH: 587.6nm1.
FOCAL LENGTH: f=29.9mm ± 1%2.
BACK FOCAL LENGTH(REF): bf=28.7mm3.
CLEAR APERTURE: >90%4.
SURFACE QUALITY: 40-20 SCRATCH-DIG5.
CENTRATION: <3arcmin6.
DIAMETER TOLERANCE: +0.0/-0.1mm7.
THICKNESS TOLERANCE: ±0.1mm8.
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6B;m`2 9XRN Ĝ U�V 6B;m`2 /ǶBMi2`7û`2M+2 Q#i2Mm2 ¨ 7`QB/ TQm` mM2 H2MiBHH2 QTiB[m2 /2 /B�Kĕi`2
D = 6.0 KK 2i /2 7Q+�H2 f = 30 KK- miBHBbû2 +QKK2 `û7û`2M+2X G2 b+?ûK� /m +QMbi`m+i2m`
Uh?Q`H�#V 2bi /QMMû ¨ ;�m+?2X SQbû2 TQM+im2HH2K2Mi bm` b� 7�+2 +QMp2t2 bm` H2 b�T?B`- 2HH2 /QMM2
/2 7`�M;2b +B`+mH�B`2b /ǶBMi2`7û`2M+2 �tBbvKûi`B[m2- ;�`�MiBbb�Mi H� +QM/BiBQM /ǶBM+B/2M+2 MQ`K�H2
/2 H� HmKBĕ`2X (#) G� ?�mi2m` /2 HǶBMi2`7�+2 �B`@p2``2 U`Qm;2V /û/mBi2 /2 U�V bmBi #B2M H� ?�mi2m`
i?ûQ`B[m2 U#H2mVX
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G2+im`2 /2b T`Q}Hb /ǶBMi2`7û`2M+2

G� 7QM+iBQM "(x) MǶ2bi T�b KQMQiQM2X G2b p�`B�iBQMb /2 HǶBMi2`7`�M;2 /QMM2Mi H2b +?�M@
;2K2Mib /2 KQMQiQMB2 /2 "(x)X SmBb[m2 �" 2bi KBMBK�H2 �mt 2ti`ûKBiûb x = 0 2i x = `- QM
T2mi /û/mB`2 H2 T`Q}H /2 ?�mi2m` `2H�iB7X am` H2b };m`2b 9XkyU�V@U+V- QM T2mi Q#b2`p2` H2b
HB;M2b /2 MBp2�mt bQmb /2b ;Qmii2b +�Hû}û2b /2 `�vQMb R = 1.0 KK; R.R8 KK; R.j KKX R
2bi p�`Bû H T�` H� /Bbi�M+2 H 2Mi`2 H� TQBMi2 /2 HǶ�B;mBHH2 2i H2 b�T?B`- /2 0.8 KK ¨ 1.5 KKX

200 µm

xxx

R  = 1.00 mm R  = 1.15 mm R  = 1.27 mm

!!!

(a) (b) (c)

(d) (e) (f)

δε
(μ

m
)

x (μm)

δε
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m
)

x (μm)

δε
(μ

m
)

x (μm)

6B;m`2 9Xky Ĝ 1t2KTH2b /2 };m`2b /ǶBMi2`7û`2M+2 2i /2 T`Q}Hb `2+QMbi`mBib Q#i2Mmb T�` BMi2`7û`Q@
Kûi`B2 TQm` /2b ;Qmii2b /Ƕ2�m 2M HûpBi�iBQM bm` mM b�T?B` +?�mzû ¨ T = 300 �*X G2b `�vQMb BHHmbi`ûb
bQMi /2 ;�m+?2 ¨ /`QBi2 R = 1.0 KK- R = 1.15 KK 2i R = 1.27 KKX

PM T2mi �HQ`b /û/mB`2 H2b T`Q}Hb �bbQ+Bûb �"(x) H2 HQM; /2 HǶ�t2 UPxV K�iû`B�HBbû 2M `Qm;2
bm` H2b };m`2b 9XkyU/@7VX PM v pQBi i`ĕb +H�B`2K2Mi H� T`ûb2M+2 /ǶmM2 TQ+?2 /2 p�T2m` [mB
bBHHQMM2 HǶBMi2`7�+2X *2ii2 TQ+?2 2bi +2T2M/�Mi Hû;ĕ`2K2Mi /û+�Hû2- 2i QM `2K�`[m2 mM û+�`i
/2 [m2H[m2b KB+`QMb 2Mi`2 H2b /2mt #Q`/b /2 ;Qmii2X GǶ�tBbvKûi`B2 2bi T2`/m2X G2 +QmbbBM
bm` H2[m2H `2TQb2 H� ;Qmii2 2bi BM+HBMû /ǶmM �M;H2 ↵- `2T`ûb2Miû bm` H� };m`2 9Xky- [mB p�`B2
/2 K�MBĕ`2 MQM KQMQiQM2 �p2+ RX aB QM `2T`2M/ /Ƕ�BHH2m`b H2b T`Q}Hb /ǶBMi2`7û`2M+2 Q#i2Mmb
/�Mb H� HBiiû`�im`2- QM pQBi i`ĕb +H�B`2K2Mi [m2 H� #�b2 /2 +2b ;Qmii2b 2bi �bvKûi`B[m2b UpQB`
T�` 2t2KTH2 H2 T`Q}H RXReU#V /2 H� T�;2 keVX

GǶBM+HBM�BbQM /2 H� #�b2- [m�MiB}û2 T�` HǶ�M;H2 ↵ 2bi K2bm`û2 �m +Qm`b /m i2KTb
U6B;X9XkRU�VV 2i +�`�+iû`Bbû2 2M 7QM+iBQM /2 H� i�BHH2 /2b ;Qmii2b U6B;X9XkRU#VVX AH �TT�@
`�ŗi ¨ HǶ�mM2 /2 +2b K2bm`2b H2 +�`�+iĕ`2 [m�bB@bi�iB[m2 /2 ↵- 2i b� b2MbB#BHBbû ¨ HǶû;�`/ /2
H� i�BHH2 /2b ;Qmii2bX PM +QMbi�i2 [m2 HǶBM+HBM�BbQM MǶ�TT�`�ŗi [mǶ2M /2bbQmb /ǶmM +2`i�BM
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`�vQM +`BiB[m2 /2 HǶQ`/`2 /2 R = 1.5 KK- [mǶ2HH2 �m;K2Mi2 2MbmBi2 ¨ K2bm`2 [m2 R bǶ�T@
T`Q+?2 /2 H� p�H2m` R = 1.1 KK- Qɍ 2HH2 �ii2BMi bQM K�tBKmK- T`Q+?2 /2 Ry K`�/- TmBb
`2/BKBMm2 THmb H2Mi2K2MiX SQm` R . 0.6 KK- HǶ�M;H2 � [m�bBK2Mi /BbT�`mX

R (mm) 

! 
(m

ra
d)

 

t (s) 

! 
(m

ra
d)

 

(a) (b)

6B;m`2 9XkR Ĝ U�V o�`B�iBQMb i2KTQ`2HH2b /2 HǶ�M;H2 /ǶBM+HBM�BbQM ↵ /2 H� #�b2 /ǶmM2 ;Qmii2 /2 `�vQM
R = 0.90 ± 0.05 KK i2Mm2 T�` mM2 �B;mBHH2 U/QMi 2HH2 }MBi T�` b2 /ûi�+?2`V bm` H2 b�T?B` +?�mzû
¨ jyy�*X G� K2bm`2 BMi2`7û`QKûi`B[m2- `û�HBbû2 bm` mM i2KTb bm{b�KK2Mi +Qm`i TQm` TQmpQB`
Mû;HB;2` H2b p�`B�iBQMb 2M R- `ûpĕH2 H2 +�`�+iĕ`2 [m�bB@bi�iB[m2 /2 ↵X (#) GǶBM+HBM�BbQM 2bi K2bm`û2
TQm` /Bzû`2Mib `�vQMb RX G2b TQBMib `Qm;2 2i p2`i `2T`ûb2Mi2Mi `2bT2+iBp2K2Mi H2b TQBMib 2ti`�Bib
/2 SQK2�m 2i �HX (Rk) 2i "m`iQM 2i �HX (R3)X

GBKBi�iBQMb /2 H� i2+?MB[m2

� *2ii2 i2+?MB[m2 M2 T2`K2i [m2 /2 K2bm`2` H2b p�`B�iBQMb bT�iB�H2b `2H�iBp2b /2 ?�mi2m`bX
�" K2bm`û MǶ2bi [m2 `2H�iB7 c

� G� /Bzû`2M+2 /2 K�`+?2 �" /QBi āi`2 BM7û`B2m`2 Qm /2 HǶQ`/`2 /2 H� HQM;m2m` /2 +Q?û`2M+2
/2 H� HmKBĕ`2 , �2

0/�� ⇡ 15 µK- Qɍ �� 2bi HǶ2ti2MbBQM bT2+i`�H2 /2 H� H�KT2X G2b ?�mi2m`b
`2H�iBp2b K�tBK�H2b �++2bbB#H2b bQMi /2 HǶQ`/`2 /2 �" ⇡ 8 µKX

� .2b /Bzû`2M+2b /2 ?�mi2m`b `2H�iBp2b i`QT BKTQ`i�Mi2b +QM/mB`�B2Mi �m #`QmBHH�;2 2Mi`2 H�
n
ime 7`�M;2 �bbQ+Bû2 ¨ H� HQM;m2m` /ǶQM/2 #�bb2 �min 2i H� (n+ 1)ime 7`�M;2 �bbQ+Bû2 ¨ H�

HQM;m2m` /ǶQM/2 �max- HBKBi�Mi HǶ�M�Hvb2 /2 H� };m`2 /ǶBMi2`7û`2M+2X

.2b û+m2BHb QMi ûiû `2M+QMi`ûb HQ`b /2 +2b K2bm`2b- 2i bQMi H2b bmBp�Mib ,

� G2b T2iBi2b ;Qmii2b `2KQMi2Mi HǶ�B;mBHH2 HQ`b[m2 H� 7Q`+2 +�TBHH�B`2 /2pB2Mi +QKT�`�#H2 �m
TQB/b /2 H� ;Qmii2X G� xQM2 �TH�iB2 2bi /QM+ T2`/m2X
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� G� TQ+?2 /2 p�T2m` bQmb H2b ~�[m2b +`Qŗi �p2+ R- 2M
?�mi2m` 2i 2M H�`;2m`X G2 /ûMBp2Hû- i`QT ;`�M/- BM/mBi
mM #`QmBHH�;2 2Mi`2 H2b 7`�M;2b- 2i H� #�b2 /2 H� ;Qmii2
bQ`i /2 H� 72Māi`2 /ǶQ#b2`p�iBQMX am` H2 T`Q}H +B@+QMi`2-
HǶ�bvKûi`B2 � /BbT�`mX

6B;m`2 9Xkk Ĝ S`Q}H /ǶBMi2`7û`2M+2 Q#i2Mm TQm` mM2 ~�[m2
/2 `�vQM R = 2.0 ± y.j KKX GǶ�bvKûi`B2 /2b T`Q}Hb /2
H� };m`2 9Xky /BbT�`�ŗiX G2 #`QmBHH�;2 2Mi`2 H2b 7`�M;2b M2
T2`K2i THmb mM2 `2+QMbi`m+iBQM /m T`Q}H /ǶBMi2`7û`2M+2X

200 µm

� GǶ2M+QK#`2K2Mi /m KQMi�;2 UBHHmbi`û T�` H� };m`2 9XR3U#VV [mB M2 T2`K2i T�b /2 +�`�+iû@
`Bb2` H� i`�D2+iQB`2 /2 H� ;Qmii2 mM2 7QBb HB#û`û2X

� G� /B{+mHiû /2 +?�mz2` 2i /2 K�BMi2MB` H� i2KTû`�im`2 /m b�T?B` i`�MbT�`2MiX

9XjXj *QMbû[m2M+2 /2 HǶ�bvKûi`B2 /2 H� #�b2 /2b ;Qmii2b

Jû+�MBbK2 /2 T`QTmHbBQM

LQmb �pQMb Tm K2ii`2 2M ûpB/2M+2 HǶBM+HBM�BbQM KQv2MM2 /2 H� #�b2 /2 +2b �û`Q;HBbb2m`b-
`2T`Q/mBi2 bm` H� };m`2 9XkjU�VX G� T`ûb2M+2 /ǶmM i2H �M;H2 ↵- �mbbB 7�B#H2 bQBi BH- KQ/B}2
HǶû[mBHB#`2 /2b 7Q`+2b (RkN- Rjy)X G2 b+?ûK� /2 H� };m`2 9XkjU#V BHHmbi`2 H� bBim�iBQMX GǶû[mB@
HB#`2 /2 HûpBi�iBQM 2tB;2 mM2 +QKT2Mb�iBQM 2Mi`2 H2 TQB/b /2 H� ;Qmii2 mg 2i H� T`2bbBQM
/2 Hm#`B}+�iBQM ⇧X *2ii2 `ûbBbi�M+2- BMiû;`û2 bm` H� #�b2 /2 H� ;Qmii2- 2bi Q`i?Q;QM�H2 ¨ H�
7�+2 �TH�iB2 /2 H� ;Qmii2X .�Mb H2 `û;BK2 �miQT`QTmHbû- H� ;Qmii2 #�b+mH2 2i H� 7Q`+2 ⇧ b2
/û+QKTQb2 bmBp�Mi /2mt +QKTQb�Mi2b , mM2 +QKTQb�Mi2 p2`iB+�H2- [mB +QKT2Mb2 H2 TQB/b
�}M /2 K�BMi2MB` HǶû[mBHB#`2 /2 HûpBi�iBQM- 2i mM2 +QKTQb�Mi2 ?Q`BxQMi�H2 [mB TQmbb2 H2
HB[mB/2 2i K2i 2M KQmp2K2Mi H� ;Qmii2X
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(a)

(c)

(b)

(d)

6B;m`2 9Xkj Ĝ U�V S`Q}H /ǶmM2 ;Qmii2 /Ƕ2�m /2 `�vQM R = 1.27 KK i2Mm2 bm` mM bm#bi`�i +?�mzû
¨ jyy�* Q#i2Mm T�` BMi2`7û`2M+2X GǶ�M;H2 ↵ bQmb H� ;Qmii2 2bi �TT`û+Bû T�` H� /Bzû`2M+2 /2 ?�mi2m`
2Mi`2 H2b /2mt #Q`/bX (#) a+?ûK� /2b 7Q`+2b bǶ2t2`Ï�Mi bm` H� ;Qmii2X GǶBM+HBM�BbQM /2 H� #�b2
/û+QKTQb2 H� 7Q`+2 /2 T`2bbBQM bmBp�Mi /2mt /B`2+iBQMb , p2`iB+�H2- TQm` `ûbBbi2` �m TQB/b mg /2 H�
;Qmii2 c 2i ?Q`BxQMi�H2 TQm` T`QTmHb2` H� ;Qmii2 �p2+ mM2 �++ûHû`�iBQM a /�Mb H� /B`2+iBQM xX

G� T`QD2+iBQM /m T`BM+BT2 7QM/�K2Mi�H /2 H� /vM�KB[m2- /�Mb H� HBKBi2 /2b T2iBib �M;H2b
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2i 2M Mû;HB;2�Mi H� 7`B+iBQM pBb[m2mb2 /�Mb H2 }HK /2 p�T2m`- +QM/mBi �m bvbiĕK2 ,
(

0 = ⇧�mg

ma = ⇧↵
,

(
⇧ = mg

a = ↵g

GǶ�++ûHû`�iBQM /2 +2b ;Qmii2b 2bi /B`2+i2K2Mi T`QTQ`iBQMM2HH2 ¨ HǶBM+HBM�BbQM /2 H2m` #�b2 ,
a ⇠ ↵g- 2i +QM/mBi ¨ mM2 7Q`+2 /2 T`QTmHbBQM F ⇠ m↵gX

*QKT�`�BbQM 2Mi`2 HǶ�++ûHû`�iBQM a 2i ↵g

�}M /2 +QM7`QMi2` +2 KQ/ĕH2 ¨ H� `û�HBiû- MQmb K2bm`QMb bBKmHi�MûK2Mi HǶ�M;H2 ↵ /ǶBM@
+HBM�BbQM /2 H� #�b2 T�` BMi2`7û`QKûi`B2 2i HǶ�++ûHû`�iBQM a Q#i2Mm2 2M bmBp�Mi H� i`�D2+iQB`2
/2 H� ;Qmii2 T�` mM2 pm2 /2 /2bbmb �T`ĕb /ûi�+?2K2MiX *2ii2 2tTû`B2M+2 2bi +QKTHB[mû2
T�` HǶ2M+QK#`2K2Mi /m KQMi�;2X 1M 2z2i- H� T`ûb2M+2 /2 HǶ�B;mBHH2 [mB b2`i ¨ /ûTQb2` H2b
;Qmii2b bm`+?�`;2 H2 /2bbmb /m KB+`Qb+QT2X G� +�Kû`� `�TB/2- /2biBMû2 ¨ 2M`2;Bbi`2` H� i`�@
D2+iQB`2 T�` �m@/2bbmb 2bi /QM+ BM+HBMû2 T�` `�TTQ`i ¨ H� p2`iB+�H2X G� /B`2+iBQM 2KT`mMiû2
T�` H2b ;Qmii2b- �Hû�iQB`2- û+?�TT2 /QM+ [m�bB@bvbiûK�iB[m2K2Mi �m TH�M /2 pBbm�HBb�iBQMX
LQmb bQKK2b T�`p2Mmb ¨ Q#b2`p2` j /ûT�`ib /2 ;Qmii2 /�Mb H2 TH�MX GǶ�++ûHû`�iBQM a 2t@
i`�Bi2 /2 +2b pm2b 2bi #B2M T`QTQ`iBQMM2HH2 ¨ HǶ�bvKûi`B2 /2 H� #�b2- K2bm`û2 Dmbi2 �p�Mi
[m2 H� ;Qmii2 M2 b2 HB#ĕ`2 /2 HǶ�B;mBHH2- H2 +Q2{+B2Mi /2 T`QTQ`iBQMM�HBiû ûi�Mi bBKTH2K2Mi
g +QKK2 HǶBHHmbi`2 H� };m`2 9Xk9U�VX
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6B;m`2 9Xk9 Ĝ U�V J2bm`2 bBKmHi�Mû2 /2 HǶ�++ûHû`�iBQM UQ#i2Mm2 T�` /2b pm2b /2 /2bbmbV 2i /2 HǶBM+HB@
M�BbQM /2 H� #�b2 U+�`�+iû`Bbû2 T�` BMi2`7û`QKûi`B2VX G� ;Qmii2 2bi BMBiB�H2K2Mi BKKQ#BHBbû2 T�` mM2
�B;mBHH2 bm` mM b�T?B` +?�m/ ¨ i`�p2`b H2[m2H bQMi Q#b2`pû2b H2b BMi2`7û`2M+2bX SmBb- T�` ûp�TQ`�iBQM-
2HH2 b2 HB#ĕ`2 2i b2 T`QTmHb2 ¨ HǶ�++ûHû`�iBQM a- /B`2+i2K2Mi T`QTQ`iBQMM2HH2 ¨ ↵X (#) *QKT�`�BbQM
/2b /ûT2M/�M+2b /2 HǶ�++ûHû`�iBQM a- UMQ`K�HBbû2 T�` gV 2i /2 HǶBM+HBM�BbQM /2 H� #�b2 ↵ pBb@¨@pBb /m
`�vQM R- UMQ`K�HBbû T�` H� HQM;m2m` +�TBHH�B`2 

�1VX G2b K2bm`2b- BM/ûT2M/�Mi2b- b2 bmT2`TQb2Mi
`2K�`[m�#H2K2Mi- KQMi`�Mi mM2 +Q``ûH�iBQM 2Mi`2 ↵ 2i a/gX

GǶ�bvKûi`B2 /2 H� #�b2- [m�MiB}û2 T�` ↵- 2bi b2MbB#H2 �m `�vQM R+QKK2 H2 bm;;ĕ`2Mi H2b
T`Q}Hb /2 H� };m`2 9Xky 2i H� +Qm`#2 ↵(R) /2 H� };m`2 9XkRU#VX LQmb K2bm`QMb /2 K�MBĕ`2
BM/ûT2M/�Mi2 HǶ�++ûHû`�iBQM a 2i HǶ�bvKûi`B2 /2 H� #�b2 ↵ 2M 7QM+iBQM /2 +2 T�`�Kĕi`2 +`B@
iB[m2 RX G2 TB+ /Ƕ�++ûHû`�iBQM UMQ`K�HBbû2 T�` gV 2i /2 HǶ�bvKûi`B2 /2 H� #�b2 ↵- +�`�+iû`Bbû2
T�` BMi2`7û`QKûi`B2 2M 7QM+iBQM /m MQK#`2 R- b2 bmT2`TQb2Mi 2i bQMi +QKT�`�#H2b i�Mi
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2M H�`;2m` [mǶ2M �KTHBim/2 U};m`2 9Xk9U#VV- +2 [mB +QM7Q`i2 ¨ MQmp2�m MQi`2 KQ/ĕH2X

oû`B}+�iBQM /2b ?vTQi?ĕb2b

AMiû;`�iBQM /m T`Q}H bQmb H� ;Qmii2 G� /û}MBiBQM /2 HǶ�M;H2 ↵ [mB +�`�+iû`Bb2 HǶ�bv@
Kûi`B2 T2mi T�`�ŗi`2 �`#Bi`�B`2X lM2 /û}MBiBQM THmb `B;Qm`2mb2 +QMbBbi2`�Bi ¨ BMiû;`2` H2

T`Q}H bQmb H� ;Qmii2 TQm` 2M i`Qmp2` HǶ�M;H2 KQv2M ↵ =
1

`

`/2Z

0

2⇡r
@"

@r
/rX GǶ�TT`QtBK�iBQM

/2b T2iBib �M;H2b- 7�Bi2 HQ`b /2 H� T`QD2+iBQM /2b 7Q`+2b- 2bi B+B #B2M pû`B}û2- TmBb[m2 +2b
�M;H2b bQMi /2 HǶQ`/`2 /2 10�2 `�/ bQBi /2 HǶQ`/`2 /2 0.5�X

(a) (b)

! αε0

6B;m`2 9Xk8 Ĝ U�V S`Q}H /2 pBi2bb2 /2 HǶû+QmH2K2Mi /2 p�T2m`X .�Mb H2 +�b /ǶmM +QmbbBM /2 p�@
T2m` /ǶûT�Bbb2m` +QMbi�Mi2- HǶû+QmH2K2Mi /2 p�T2m` bmBi mM û+QmH2K2Mi /2 ivT2 SQBb2mBHH2@*Qm2ii2X
(#) GǶBM+HBM�BbQM /2 H� #�b2 /BbbvKûi`Bb2 H� bBim�iBQM , H� pBi2bb2 /Ƕû+?�TT2K2Mi /2 H� p�T2m` �m;@
K2Mi2 /�Mb H� /B`2+iBQM /Ƕ�KBM+Bbb2K2Mi /m }HK bQBi bmBp�Mi H2b x +`QBbb�MibX

6`B+iBQMb pBb[m2mb2b /�Mb H2 }HK GǶû+QmH2K2Mi H�KBM�B`2 /2 p�T2m` bQmb H� ;Qmii2
+Bb�BHH2 HǶBMi2`7�+2 HB[mB/2@p�T2m` 2i 7�Bi M�ŗi`2 mM2 7Q`+2 F⌘X G� /B`2+iBQM /2 +2ii2 7Q`+2
MǶ2bi T�b i`BpB�H2X G2 T`Q}H /2 pBi2bb2 u(z) /�Mb mM }HK KBM+2 /ǶûT�Bbb2m` +QMbi�Mi2 "0 �
ûiû ûi�#HB �m +?�TBi`2 AXRXjX LQmb MQiQMb U0 b� p�H2m` KQv2MMû2 bm` H� ?�mi2m` /m }HK
TH�iX PM +?2`+?2 ¨ b�pQB` +QKK2Mi H2 +?�KT /2 pBi2bb2 2bi KQ/B}û HQ`b[m2 H2 }HK KBM+2
bǶBM+HBM2X LQmb `û�HBbQMb mM #BH�M /2 K�bb2 �m MBp2�m /ǶmM2 BMi2`7�+2 BM+HBMû2 /ǶmM �M;H2 ↵

2i +QKT`Bb2 2Mi`2 x 2i x+ /xX G� p�T2m` 2bi BMD2+iû2 ¨ H� pBi2bb2 �v�T
��

⇢vL"
�

¨ i`�p2`b
+2ii2 BMi2`7�+2 2i bǶû+QmH2 /�Mb mM2 +QM/mBi2 KBM+2 /ǶûT�Bbb2m` " ûp�bû2 /�Mb H� /B`2+iBQM
/2b x /û+`QBbb�Mib /2 i2HH2 bQ`i2 [m2 "(x) = "0 � ↵xX S�` +QMb2`p�iBQM /2 H� K�bb2 QM � ,

@("U)

@ x
⇡ �v�T

⇢vL"

.�Mb H2 +�b /2 T2iBi2b BM+HBM�BbQMb- QM T2`im`#2 H� pBi2bb2 U /2 H� p�T2m` 2M BMi`Q/mBb�Mi
�1U 2i �2U , U(x) = U0 + �1Ux/` + �2Ux

2
�
(2`2)X PM bm#biBim2 �HQ`b "(x) = "0 � ↵x 2i

Rdy
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U(x) 2i 2M HBMû�`Bb�Mi- BH pB2Mi T�` B/2MiB}+�iBQM ,
8
>>>>>>><

>>>>>>>:

U0 =
�v�T `

⇢vL"20

�1U = U0

⇣
1 +

↵`

"0

⌘

�2U =
3↵`

"0
U0

⇣
1 +

2↵`

3"0

⌘

G2b p�`B�iBQMb bT�iB�H2b /ǶûT�Bbb2m` /2 }HK /2 p�T2m` BM/mBb2Mi /2b p�`B�iBQMb bT�iB�H2b /2
pBi2bb2X G� p�T2m` bǶû+?�TT2 THmb pBi2 2M bǶ2M;Q`;2�Mi /�Mb H� T�`iB2 �KBM+B2 /m }HKX G�
+QMi`�BMi2 pBb[m2mb2 ⌘vU(x)/"(x)- BMiû;`û2 bm` H� #�b2 /2 H� ;Qmii2- � /QM+ mM2 `ûbmHi�Mi2
MQM MmHH2 /�Mb H� /B`2+iBQM xX 1M T`2M�Mi U ⇠ 0.1 K/b- " ⇠ 10 µK 2i ` ⇠ 700 µm- +2ii2
7Q`+2 2bi /2 HǶQ`/`2 /2 ;`�M/2m` /2 10�8 L- bQBi 2MpB`QM mM2 /Bx�BM2 /2 7QBb BM7û`B2m`2 ¨ H�
7Q`+2 /2 T`QTmHbBQM m↵g 2biBKû2 ¨ 9X10�8LX G� `ûbmHi�Mi2 bmBp�Mi x 2bi /QM+ /Ƕ�mi�Mi THmb
Mû;HB;2�#H2X GǶ2Mi`�BM2K2Mi pBb[m2mt T�` H� p�T2m` 2M;2M/`2 mM2 7Q`+2 /�Mb H� /B`2+iBQM
/2 T`QTmHbBQM- /Ƕ�KTHBim/2 i`ĕb 7�B#H2 /2p�Mi H� 7Q`+2 /Ƕ�miQT`QTmHbBQMX

J2bm`2 BKTHB+Bi2 /�Mb /2b +mp2ii2b T�`�#QHB[m2b

LQmb �pQMb i2Miû /2 K2bm`2` BKTHB+Bi2K2Mi HǶBM+HBM�BbQM /2 H� #�b2 TQm` +QMiQm`M2`
H2b /B{+mHiû 2tTû`BK2Mi�H2b `2M+QMi`û2b HQ`b /2b K2bm`2b T�` BMi2`7û`QKûi`B2X lM2 +mp2ii2
T�`�#QHB[m2 � ûiû mbBMû2 ¨ H� KB+`Q7`�Bb2mb2 T�` *�`QHBM2 6`QiX a2b +�`�+iû`BbiB[m2b- BHHmb@
i`û2b bm` H� };m`2 9Xke bQMi /QMMû2b T�` HǶû[m�iBQM h(r) = ↵m

�
(2Rp)r2 Qɍ ↵m 2bi HǶ�M;H2

K�tBK�H /2 H� bm`7�+2 �ii2BMi 2M #Q`/ /2 +QmTQH2 2i Rp H2 `�vQM /m TmBib- }tû ¨ jy KKX
G2 `QmH2K2Mi BMi2`M2 p� /2 T�B` �p2+ HǶBM+HBM�BbQM /2 H� #�b2X G2b ;Qmii2b bǶ�miQT`QTmHb2Mi
2i `2KQMi2Mi H� bm`7�+2 /2 THmb 2M THmb T2Mim2 U↵p(r) = ↵mr/RpV- Dmb[mǶ¨ bǶ�``āi2` 2M
r = r

⇤- HQ`b[m2 H� T2Mi2 /2 H� +QmTQH2 +QKT2Mb2 HǶBM+HBM�BbQM /2 H� #�b2X

GǶû+�`i K�tBK�H r⇤ 2bi K2bm`û T�` /2b pm2b /2 /2bbmb- 2i T2`K2i mM2 2biBK�iBQM BKTHB@
+Bi2 /2 HǶ�M;H2 bQmb H� #�b2 /ǶmM2 ;Qmii2 +�Hû}û2 /2 `�vQM R- 2i /QM+ B/û�H2K2Mi /Ƕ2tTHQ`2`
/2 K�MBĕ`2 [m�bB@/Bb+`ĕi2 H2b p�`B�iBQMb /ǶBM+HBM�BbQM 2M 7QM+iBQM /2 RX PM i`�+2 bm` H�
};m`2 9Xkd H� i`�D2+iQB`2 /�Mb H2 TH�M ?Q`BxQMi�H U�V 2i HǶûpQHmiBQM /2 r 2M 7QM+iBQM /m
i2KTb U#VX aTQMi�MûK2Mi- H� ;Qmii2H2ii2 bǶû+�`i2 /m +2Mi`2 /m bm#bi`�i K�Bb bǶ�``āi2 2M
r
⇤ TQm` mM2 BM+HBM�BbQM ↵p ⇡ 7 K`�/X G� K2bm`2 2bi +2T2M/�Mi #`mBiû2 ¨ +�mb2 /2b Qb+BH@

H�iBQMb /2 H� ;Qmii2 /�Mb H� +mp2ii2 T�`�#QHB[m2- /2 Tû`BQ/2 Tp = 2⇡/
p
Cg Qɍ C /ûbB;M2 H�

+Qm`#m`2 HQ+�H2- /û}MB2 T�` ,

C(r) = h](r)
(1 + h0(r)2)3/2

=
↵mR

2
p

(R2
p + (↵mr)2)3/2

U9XjXRV

1M KQv2MM2- C ⇠ ↵m/Rp ⇡ 0.5 K�RX AH pB2Mi Tp ⇡ 2.8 b- +QM7Q`KûK2Mi ¨ MQb Q#b2`p�iBQMbX

G� +Qm`#2 ↵ = f(R) MǶ� TQm`i�Mi T�b Tm āi`2 Q#i2Mm2 bB 7�+BH2K2MiX G� ;Qmii2 �
2M 2z2i /2 HǶBM2`iB2 , mM2 7QBb H2 KQmp2K2Mi 2K#`�vû- H� ;Qmii2 bǶûHQB;M2 /2 H� TQbBiBQM

RdR
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6B;m`2 9Xke Ĝ U�V liBHBb�iBQM /2 TmBib T�`�#QHB[m2b TQm` 2biBK2` H� 7Q`+2 /Ƕ�miQT`QTmHbBQMX (#) S`Q@
}H T�`�#QHB[m2 h /2 H� bm`7�+2 2M H�BiQM mbBMû2X G� ;Qmii2- BMBiB�H2K2Mi bi�#BHBbû2 �m +2Mi`2 /2 H�
+mp2ii2- bǶ�MBK2 bTQMi�MûK2Mi /ǶmM KQmp2K2Mi 2i bǶû+�`i2 /2 H� TQbBiBQM /Ƕû[mBHB#`2X
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6B;m`2 9Xkd Ĝ U�V om2 /2 /2bbmb /2 H� i`�D2+iQB`2 /ǶmM2 ;Qmii2 /Ƕ2�m KBHHBKûi`B[m2 bm` mM TmBib
+?�mzû ¨ 9yy�*X G� ;Qmii2 2tTHQ`2 /2b TQbBiBQMb �miQm` /m +2Mi`2 /2 H� +QmTQH2 TmBb bm#Bi2K2Mi
;�;M2 2M KQ#BHBiû 2i T�`i 2tTHQ`2` /2b TQbBiBQMb THmb HQBMi�BM2bX (#) SQbBiBQM r �m +Qm`b /m i2KTb t

�m;K2Mi2 bQm/�BM2K2Mi 2i bǶ�``āi2 ¨ H� p�H2m` r⇤- [m�M/ HǶBM+HBM�BbQM /2 b� #�b2 +QKT2Mb2 HǶ�M;H2 /m
bm#bi`�i ↵⇤ = ↵mr

⇤/Rp- 2biBKû ¨ ↵
⇤ = 7.1±1.5 K`�/- 2M �++Q`/ �p2+ H� K2bm`2 BMi2`7û`QKûi`B[m2X

.2b Qb+BHH�iBQMb /2 H� ;Qmii2 /�Mb H� +mp2ii2 T�`�#QHB[m2 /2 Tû`BQ/2 T ⇡ 2.6 b bQMi K2bm`�#H2bX

/Ƕû[mBHB#`2 /2 H� +mp2ii2X GǶ�M;H2 /2 b� #�b2 MǶ� T�b H2 i2KTb /2 bǶ�/�Ti2` �m +?�M;2K2Mi
/2 T2Mi2- 2i HǶ�``āi MǶ2bi T�b BMbi�Mi�MûX G2 HB[mB/2 7`2BM2 mM T2m THmb HQBM [m2 H� TQbBiBQM
r TQm` H�[m2HH2 HǶ�M;H2 /2 H� #�b2 2bi û[mBHB#`û T�` H� T2Mi2 HQ+�H2X GǶ�M;H2 BKTHB+Bi2K2Mi
Q#i2Mm 2bi /2 HǶQ`/`2 /2 [m2H[m2b KBHHB`�/B�Mb U�t2 /2 /`QBi2 /2 H� };m`2 9XkdU#VV- 2M
2t+2HH2Mi �++Q`/ �p2+ H2b �M;H2b Q#i2Mmb T�` BMi2`7û`QKûi`B2 U};X9XkRVX *2ii2 i2+?MB[m2 2bi
/QM+ T�`iB+mHBĕ`2K2Mi T`QK2ii2mb2 TQm` +�`�+iû`Bb2` HǶ�bvKûi`B2 /2 /Bzû`2Mib HB[mB/2b 2i ¨
/Bzû`2Mi2b i2KTû`�im`2b- K�Bb MQmb MǶ�pQMb T�b Tm HǶ2tTHQ`2` /�p�Mi�;2X

Rdk
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9XjX9 am` H2b Q`B;BM2b /2 HǶBM+HBM�BbQM /2 H� #�b2

GǶBM+HBM�BbQM /2 H� #�b2 bǶBMi2`T`ĕi2 +QKK2 mM2 +QMbû[m2M+2 /m `QmH2K2Mi BMi2`M2 �bv@
Kûi`B[m2X PM +QMbB/ĕ`2 mM2 ;Qmii2 +�Hû}û2- BHHmbi`û2 T�` H� };m`2 9Xk3U�V- `QmH�Mi �m /2bbmb
/ǶmM +QmbbBM /2 p�T2m` BM+HBMû /ǶmM �M;H2 ↵X G� T`ûb2M+2 /ǶmM �M;H2 bǶBMi2`T`ĕi2 +QKK2
mM2 +QMbû[m2M+2 /2 H� `Qi�iBQMX PM MQi2 V H� pBi2bb2 2M Tû`BT?û`B2 /2 ;Qmii2X G2 HB[mB/2
2Mi`�ŗM2 mM2 +Qm+?2 /Ƕ�B` ¨ H� pBi2bb2 ivTB[m2 V X *2 ~mt /Ƕ�B` T2`im`#2 HǶûp�+m�iBQM /2b
p�T2m`bX S�` +QKTQbBiBQM /2b pBi2bb2b- H� pBi2bb2 /2 H� p�T2m`- U - 2bi �z�B#HB2 ¨ ǴHǶ2Mi`û2Ǵ
/2 H� 72Mi2- UUBM �m TQBMi . /2 H� };m`2 9Xk3U�VV [mǶ¨ H� ǴbQ`iB2Ǵ UUQmi �m TQBMi *VX

LQmb BMi`Q/mBbQMb /2b i`�+2m`b /�Mb H2 HB[mB/2 �m +Qm`b /2b 2tTû`B2M+2b /ǶBMi2`7û`QKû@
i`B2 U+�`�+iû`Bb�iBQM /2 HǶBM+HBM�BbQM /2 H� #�b2 /2b ;Qmii2bV �}M /2 pû`B}2` [m2 H2b i`�+2m`b
QMi mM KQmp2K2Mi �HB;Mû �p2+ HǶ�t2 /2 bvKûi`B2 x /2 H� };m`2 /ǶBMi2`7û`2M+2- [mB 2bi �mbbB
H� /B`2+iBQM /2 T`QTmHbBQM- +QKK2 H2 KQMi`2 HǶBK�;2 /2 H� };m`2 9Xk3U#VX PM pBbm�HBb2
bBKmHi�MûK2Mi H� };m`2 /ǶBMi2`7û`2M+2 /2 H� xQM2 �TH�iB2 U2MiQm`û2 2M TQBMiBHHûb `Qm;2bV- 2i
H2 KQmp2K2Mi /2b i`�+2m`b T�bb�Mi T`ĕb /2 HǶBMi2`7�+2 HB[mB/2@p�T2m`X G2 KQmp2K2Mi /2b
i`�+2m`b- bmBpB K�Mm2HH2K2Mi- /QMM2 �++ĕb �mt pBi2bb2b 2M �KQMi UVBM 2M #H2mV 2i +2HH2b
K2bm`û2b 2M �p�H UVQmi 2M `Qm;2V /2 H� xQM2 �TH�iB2X PM pQBi [mǶ2M 2z2i- H� pBi2bb2 2bi
THmb ûH2pû2 2M ǴbQ`iB2Ǵ /2 }HK [mǶ�m MBp2�m /2 HǶ2Mi`û2X G� /Bbi`B#miBQM /2b pBi2bb2b- Q#@
i2Mm2 bm` Rky i`�+2m`b- 2bi i`�+û2 bm` H� };m`2 9Xk3U+VX 1HH2 `ûpĕH2 mM2 /Bzû`2M+2 ivTB[m2
(VQmi �VBM) ⇡ 1 +K/b- +QKT�`�#H2 ¨ V X G� pBi2bb2 /�Mb H2 }HK /2 p�T2m` 2bi `û�Dmbiû2 T�`
H2b û+QmH2K2Mib /�Mb HǶ�B` BM/mBib T�` H2 `QmH2K2MiX

N

10 cm/s

ℓc

R

V (cm/s) 
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! 
ℓ
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C D
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R
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6B;m`2 9Xk3 Ĝ U�V _2T`ûb2Mi�iBQM /ǶmM2 ;Qmii2H2ii2 /�Mb H2 `û;BK2 �bvKûi`B[m2 /Ƕ�miQT`QTmHbBQMX
GǶû+QmH2K2Mi BM/mBi T�` H2 `QmH2K2Mi BMi2`M2 b2 +QmTH2 �p2+ HǶû+QmH2K2Mi /2 p�T2m`X (#) *�`�+iû@
`Bb�iBQM bBKmHi�Mû2 /2 HǶBM+HBM�BbQM /2 H� #�b2 T�` BMi2`7û`QKûi`B2 2i /2 HǶû+QmH2K2Mi BMi2`M2X G�
;Qmii2 /Ƕ2�m 2bi BMbûKBMû2 �p2+ /2b T�`iB+mH2b /2 p2``2 +`2mb2b /2 Rk µK /2 /B�Kĕi`2 [mB BM/B[m2Mi
mM /ûTH�+2K2Mi /2 HǶQ`/`2 /2 8 +KfbX (+) .Bbi`B#miBQM /2 pBi2bb2 /2b i`�+2m`b- b2Kûb /�Mb H2 HB[mB/2-
K2bm`û2 2M �KQMi VBM 2i 2M �p�H VQmi /2 H� xQM2 �TH�iB2 UK�iû`B�HBbû2 2M TQBMiBHHûb `Qm;2V K2ii�Mi
2M ûpB/2M+2 mM2 /Bzû`2M+2 /2 pBi2bb2 /2 HǶQ`/`2 /m +Kfb 2Mi`2 HǶ2Mi`û2 2i H� bQ`iB2 /2 H� #�b2X G2b
HB;M2b TH2BM2b +Q``2bTQM/2Mi �m TB+ ;�mbbB2M [mB bǶ�TT`Q+?2 H2 KB2mt /2b /QMMû2bX

GǶû+QmH2K2Mi /2 p�T2m` ûi�Mi pBb[m2mt- H� /Bzû`2M+2 /2 pBi2bb2 UBM < UQmi 2M;2M/`2
mM2 /Bzû`2M+2 /2 T`2bbBQM �P = p* � p.- [mB bǶû+`Bi 2M HQB /Ƕû+?2HH2 ⌘vV /"2 2i bQmHĕp2

Rdj
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H� xQM2 /2 bQ`iB2X GǶ�KTHBim/2 �" /m bQmHĕp2K2Mi 2bi Q#i2Mm2 2M û[mBHB#`�Mi �P �p2+ H�
T`2bbBQM /2 G�TH�+2 U/QKBM�Mi2 ¨ +2ii2 û+?2HH2V ��"/`2X P` HǶBM+HBM�BbQM 2bi /û}MB2 T�`
↵ = �"/`X PM Q#iB2Mi �HQ`b 2M HQB /Ƕû+?2HH2 ,

↵ ⇠ ⌘vV `
2

�"2
U9XjXkV

PM i`Qmp2 mM2 BM+HBM�BbQM bi�iBQMM�B`2 [mB- TQm` H2b T�`�Kĕi`2b /2 MQi`2 2tTû`B2M+2- 2bi
+QKT`Bb2 2Mi`2 R 2i Ry K`�/- 2M �++Q`/ �p2+ H2b /QMMû2b 2tTû`BK2Mi�H2b /2 H� };m`2 9XkRX

PM T2mi /QM+ +QM+Hm`2- H� #`Bbm`2 /2 bvKûi`B2 /2b û+QmH2K2Mib BMi2`M2b- BM/mBi2 T�` +QM}@
M2K2Mi ûp�TQ`�iB7 b2 +QmTH2 ¨ HǶBMi2`7�+2 HB#`2 HB[mB/2@p�T2m`X *2ii2 /2`MBĕ`2 2bi �HQ`b
b+mHTiû2 /2 K�MBĕ`2 �bvKûi`B[m2 2i bi�iBQMM�B`2X G� #�b2 bǶBM+HBM2 /ǶmM �M;H2 KQv2M /2
[m2H[m2b KBHHB`�/B�Mb- [mB 2M;2M/`2Mi H2 KQmp2K2Mi /2b ;Qmii2H2ii2b /�Mb H� /B`2+iBQM /m
`QmH2K2MiX

9XjX8 _Q#mbi2bb2 /2 HǶ�miQT`QTmHbBQM

AM~m2M+2 /2 H� i2KTû`�im`2 /2 H� TH�[m2

LQmb �pQMb +?2`+?û ¨ i2bi2` H� `Q#mbi2bb2 /2 HǶ�miQT`QTmHbBQM pBb@¨@pBb /2 +2`i�BMb T�`�@
Kĕi`2bX PM b2 /2K�M/2 MQi�KK2Mi bB +2i 2z2i `ûbBbi2 ¨ /2b p�`B�iBQMb /2 i2KTû`�im`2b /m
bm#bi`�iX GǶ2tTû`B2M+2 b+?ûK�iBbû2 bm` H� };m`2 9Xk 2bi /QM+ `2T`Q/mBi2 TQm` /Bzû`2Mi2b
i2KTû`�im`2 /m bm#bi`�iX GǶ�M�Hvb2 /2b i`�D2+iQB`2b- 2ti`�Bi2b T�` /2b pm2b /2 /2bbmb-
T2`K2i /2 K2bm`2` HǶ�++ûHû`�iBQM a 2M 7QM+iBQM /m `�vQM R /2b ;Qmii2b TQm` /Bzû`2Mi2b
i2KTû`�im`2b /2 TH�[m2 T X *QKK2 HǶBHHmbi`2 H� };m`2 9XkNU�V- H2 +QKTQ`i2K2Mi T2`bBbi2X
1M /2bbQmb /ǶmM +2`i�BM `�vQM +`BiB[m2- HǶ�++ûHû`�iBQM /2pB2Mi bQm/�BM2K2Mi bB;MB}+�iBp2-
2i H2b ;Qmii2b T�`i2Mi /�Mb iQmi2b H2b /B`2+iBQMbX

a2mBH /Ƕ�TT�`BiBQM /2 HǶ�miQT`QTmHbBQM G2 `�vQM R
⇤ 2M /2bbQmb /m[m2H +2 +QKTQ`i2@

K2Mi bBM;mHB2` �TT�`�ŗi b2K#H2 M2 /ûT2M/`2 [m2 /2b T�`�Kĕi`2b ;ûQKûi`B[m2b /2 H� ;Qmii2
2i /m +QM}M2K2Mi- TBHQiû T�` H� HQM;m2m` +�TBHH�B`2X AH 2bi /QM+ � T`BQ`B BMb2MbB#H2 �mt p�`B�@
iBQMb /2 i2KTû`�im`2 /2 bm#bi`�i T X G2 `�vQM R

⇤ /Ƕ�miQT`QTmHbBQM 2bi K2bm`û 2M 7QM+iBQM
/2 �T - H� /Bzû`2M+2 /2 i2KTû`�im`2 2Mi`2 H2 bm#bi`�i 2i H2 TQBMi /Ƕû#mHHBiBQM /2 HǶ2�mX am`
H� };m`2 9XkNU#V- QM +QMbi�i2 [m2 R

⇤ �m;K2Mi2 i`ĕb Hû;ĕ`2K2Mi �p2+ H� i2KTû`�im`2 /m
bm#bi`�iX

LQmb BMi2`T`ûiQMb +2ii2 KQ/2bi2 p�`B�iBQM +QKK2 mM2 +QMbû[m2M+2 /2 HǶûT�BbbBbb2K2Mi
/m }HK /2 p�T2m` �p2+ H� i2KTû`�im`2 /m bm#bi`�i U" / �T

1/4V 2i /2 HǶBMi2MbB}+�iBQM
/2 HǶû+QmH2K2Mi /2 p�T2m` [mB bǶû+?�TT2 ¨ i`�p2`b H2 }HK /2 p�T2m`X G� i`�MbKBbbBQM
/m KQmp2K2Mi BMi2`M2 ¨ HǶ�bvKûi`B2 /m }HK 2bi �KûHBQ`û2- 2i H� #`Bbm`2 /2 bvKûi`B2 2bi
�MiB+BTû2X 1HH2 � HB2m TQm` /2b `�vQMb Hû;ĕ`2K2Mi THmb ûH2pûbX
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6B;m`2 9XkN Ĝ U�V �++ûHû`�iBQM a /2 ;Qmii2b T`QTmHbû2b bm` mM r�72` /2 bBHB+BmK TQ`iû ¨ H� i2KTû@
`�im`2 T > TL 2M 7QM+iBQM /m `�vQM R /2 H� ;Qmii2X G2b ;Qmii2b bQMi BMBiB�H2K2Mi i2Mm2b +�TiBp2b
T�` HǶ�B;mBHH2 �p2+ H�[m2HH2 2HH2b QMi ûiû /ûTQbû2bX 1HH2b bQMi HB#û`û2b HQ`b[m2 T�` ûp�TQ`�iBQM- H2m`
?�mi2m` /2pB2Mi 2MpB`QM û;�H2 ¨ HX (#) _�vQM +`BiB[m2 R

⇤ 2M /2Ï¨ /m[m2H H2b ;Qmii2b bǶ�miQT`Q@
TmHb2Mi 2M 7QM+iBQM /2 H� i2KTû`�im`2 T /2 H� TH�[m2X G� i`�MbBiBQM 2Mi`2 H2 `û;BK2 #B�Bbû ;`�pBi�B`2
2i H2 `û;BK2 �miQT`QTmHbû � HB2m TQm` /2b ;Qmii2b /2 `�vQM Rc [mB �m;K2Mi2 b2MbB#H2K2Mi �p2+ H�
i2KTû`�im`2 /2 H� TH�[m2X

�KTHBim/2 /2b �++ûHû`�iBQMb Q#b2`pû2b am` H� ;�KK2 /2 i2KTû`�im`2 2tTHQ`û2-
H2 +QKTQ`i2K2Mi /2b ;Qmii2b 2bi i`ĕb bBKBH�B`2X G2b �++ûHû`�iBQMb K�tBK�H2b a K2bm`û2b
bQMi /m KāK2 Q`/`2 /2 ;`�M/2m`X G� 7Q`+2 /Ƕ�miQT`QTmHbBQM b2K#H2 BM/ûT2M/�Mi2 /2 H�
i2KTû`�im`2 /2 H� TH�[m2 T - `2M7Q`Ï�Mi HǶB/û2 [m2 +2ii2 7Q`+2 /ûT2M/ T`BM+BT�H2K2Mi /2b
T`QT`Bûiûb /m HB[mB/2- 2M T�`iB+mHB2` /2 b� T`QT2MbBQM ¨ b2 /û7Q`K2` 2i ¨ �++m2BHHB` mM2
/vM�KB[m2 BMi2`M2X

AM~m2M+2 /2 HǶûi�i /2 bm`7�+2 /m bm#bi`�i

LQmb MQmb bQKK2b û;�H2K2Mi /2K�M/ûb bB HǶ�miQT`QTmHbBQM T2`bBbi2 bm` /2b bm`7�+2b
THmb `û2HH2bX .�Mb mM2 �MM2t2- MQmb K2iiQMb ¨ HǶûT`2mp2 H2b ;Qmii2b bm` /2b bm`7�+2b `m@
;m2mb2bX G2b T`QT`Bûiûb /2 KQmBHH�;2 /ǶmM bm#bi`�i UT2M+?�Mi ?v/`QT?BH2 Qm ?v/`QT?Q#2
/ǶmM K�iû`B�mV bQMi 2t�+2`#û2b T�` H� T`ûb2M+2 /2 `m;QbBiûX LQmb �pQMb i2biû /2b bm`@
7�+2b `m;m2mb2b ?v/`QT?Q#2b U/Bi2b bmT2`?v/`QT?Q#2bV- /2b bm`7�+2b `m;m2mb2b ?v/`QT?BH2b
U/Bi2b bmT2`?v/`QT?BH2bV- �BMbB [m2 /2b bm#bi`�ib bi`Bûb THmb ;`QbbBĕ`2K2Mi- 2M 7�Bb�Mi p�`B2`
HǶQ`B2Mi�iBQM /2b bi`B2bX GǶ�miQT`QTmHbBQM T2`bBbi2 /QM+ bm` /2b bm#bi`�ib `m;m2mt Dmb[mǶ¨
/2b û+?2HH2b /2 HǶQ`/`2 /2 Ry µK- [mǶBHb bQB2Mi ?v/`QT?BH2b Qm ?v/`QT?Q#2bX GǶmiBHBb�iBQM
/ǶmM `2pāi2K2Mi bmT2`?v/`QT?Q#2 T2`K2i /Ƕûi2M/`2 H� ;�KK2 /2 i2KTû`�im`2 /ǶQ#b2`p�@
iBQM /2 +2 T?ûMQKĕM2- MQi�KK2Mi T`ĕb pQB`2 2M /2Ï¨ /2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi TL-
TQm`pm [m2 H� 7Q`+2 /Ƕ�miQT`QTmHbBQM bQBi bmTû`B2m`2- 2M �KTHBim/2- ¨ HǶ�/?ûbBQM ;`�M/Bb@
b�Mi2 ¨ HǶ�TT`Q+?2 /2 TLX
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*QM+HmbBQM bm` HǶ�miQT`QTmHbBQM

LQmb �pQMb KQMi`û [mǶ2M /2bbQmb /ǶmM2 +2`i�BM2 i�BHH2- H2 HB[mB/2 b2 /Qi2 /ǶmM2 KQ#BHBiû
BM�ii2M/m2X 1M ûim/B�Mi H� /vM�KB[m2 BMi2`M2 �m HB[mB/2- MQmb �pQMb KQMi`û [mǶmM2 ;Qmii2
+�Hû}û2 2bi �MBKû2 /2 KQmp2K2Mib BMi2`M2b i`ĕb `�TB/2b- BM/mBib T�` /2b 2z2ib i?2`KQ+QM@
p2+iB7b- �mt[m2Hb pB2Mi bǶ�/DQBM/`2 HǶ2Mi`�ŗM2K2Mi pBb[m2mt T�` H� p�T2m`X *2b û+QmH2K2Mib
+?�M;2Mi /2 M�im`2 ¨ K2bm`2 [m2 H� ;Qmii2 bǶûp�TQ`2- 2i /2pB2MM2Mi �bvKûi`B[m2bX G�
;Qmii2 b2 K2i /QM+ ¨ `QmH2`- +2 [mB `2+iB}2 H2b û+QmH2K2Mib �miQm` /Ƕ2HH2 /2 K�MBĕ`2 �bv@
Kûi`B[m2X G� #�b2 /2 H� ;Qmii2 bǶBM+HBM2- /QMM�Mi M�Bbb�M+2 ¨ mM2 7Q`+2 ?Q`BxQMi�H2 +�T�#H2
/2 T`QTmHb2` H2 HB[mB/2 /�Mb H� /B`2+iBQM +?QBbB2 U�`#Bi`�B`2K2MiV T�` H2 `QmH2K2MiX

�BMbB- mM2 ;Qmii2 2M +�Hû7�+iBQM M2 iB`2 T�b b2mH2K2Mi b� KQ#BHBiû Hû;2M/�B`2 /2 HǶ�#b2M+2
/2 7`B+iBQM Qm /2 H� b2MbB#BHBiû �mt 7Q`+2b 2tiû`B2m`2b- K�Bb THmb 2bb2MiB2HH2K2Mi /2 b�
+�T�+Biû ¨ bǶ�miQT`QTmHb2`X

Rde



h`QBbBĕK2 T�`iB2

.vM�KB[m2b 7Q`+û2b

Rdd





úi�i /2 HǶ�`i /2 H� T`QTmHbBQM
/ǶQ#D2ib +�Hû}ûb

.�Mb H2 T?ûMQKĕM2 /2 G2B/2M7`Qbi- H2 +QmbbBM /2 p�T2m` DQm2 H2 `ƬH2 /2 Hm#`B}�Mi , BH
T`ûpB2Mi iQmi Ǵ;`BTT�;2Ǵ 2Mi`2 H2 HB[mB/2 2i H2 bm#bi`�iX G� bmTT`2bbBQM [m�bBK2Mi iQi�H2
/2 H� 7`B+iBQM +QM7ĕ`2 �mt ;Qmii2b H2m` 2ti`āK2 KQ#BHBiûX �BMbB- /2b ;Qmii2b D2iû2b bm` MQb
TQāH2b +?�m/2b T�`i2Mi /�Mb iQmb H2b /B`2+iBQMb 2i bQMi BMb�BbBbb�#H2bX *QMi`ƬH2` H2m` KQm@
p2K2Mi `2Hĕp2 T`2b[m2 /2 HǶBKTQbbB#H2X *Ƕ2bi �BMbB [mǶ2bi Mû2 HǶB/û2 /2 7Q`+2` HǶ�bvKûi`B2-
�}M /2 +QMi`ƬH2` /2b Q#D2ib 2M +�Hû7�+iBQMX .�Mb +2ii2 T�`iB2- MQmb 2MpBb�;2QMb /2mt pQB2b
BMû/Bi2b T2`K2ii�Mi H� KBb2 2M KQmp2K2Mi /m HB[mB/2 , HǶmiBHBb�iBQM /ǶmM +?�mz�;2 BM?Q@
KQ;ĕM2 U+?�TBi`2 8V �BMbB [m2 /2b i2tim`2b /2 T`Q7QM/2m` +`QBbb�Mi2U+?�TBi`2 eVX �p�Mi /2
T`ûb2Mi2` +2b bi`�iû;B2b 2M /ûi�BH- MQmb T�bbQMb 2M `2pm2 H2b /Bzû`2Mib i`�p�mt Tm#HBûb /�Mb
+2 /QK�BM2X

am#bi`�ib �bvKûi`B[m2b

(a) (b)

Vλ Λ − λ

ζ

ℓ

6B;m`2 9Xjy Ĝ a+?ûK� /ǶmM2 bm`7�+2 2M iQBi /ǶmbBM2X G2b i2tim`2b QMi mM2 T`Q7QM/2m` ⇣ /2 [m2H[m2b
+2Mi�BM2b /2 KB+`QKĕi`2b 2i bQMi `ûTûiûb �p2+ mM T�b ⇤ = 1.5 KKX PM MQi2 � HǶûi2M/m2 ?Q`BxQMi�H2
/2 H� xQM2 H� THmb T2Mim2X

GBMF2 2i �HX QMi ûiû H2b T`2KB2`b ¨ 2tTHQBi2` +2ii2 bi`�iû;B2 (RRN)X G2b �mi2m`b Q#b2`p2Mi
[mǶmM HB[mB/2 +�Hû}û- TH�+û bm` mM bm#bi`�i +?�m/ +Qmp2`i /2 /2Mib �bvKûi`B[m2b- `2T`ûb2Miû
bm` H� };m`2 9Xjy- 2bi �miQK�iB[m2K2Mi T`QTmHbû /�Mb H� /B`2+iBQM /2b /2Mib /2b+2M/�Mi2bX
GQ`b[m2 H� bm`7�+2 2bi �bb2x +?�m/2 TQm` 2M;2M/`2` mM ûi�i /2 G2B/2M7`Qbi- H� ;Qmii2
`2KQMi2 bTQMi�MûK2Mi H2 p2`b�Mi `�B/2 /2b K�`+?2b /2 HǶQ`/`2 /2 j +KfbX AHb KQMi`2Mi
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KāK2 [mǶmM2 ;Qmii2 H�M+û2 ¨ +QMi`2@b2Mb `2#`Qmbb2 +?2KBM 2i b2 T`QTmHb2 /�Mb H2 b2Mb /2
H� T2Mi2X

§ ~mt /2 +?�H2m` 7Qm`MB +QMbi�Mi- H� T`ûb2M+2 /2 i2tim`2b MǶ2Mi`�p2 T�b HǶû[mBHB#`2
/2 HûpBi�iBQMX *2ii2 `m;QbBiû KQ/B}2 iQmi27QBb HǶû+QmH2K2Mi bQmb@D�+2Mi /2 H� p�T2m`X aB-
bm` mM2 bm`7�+2 HBbb2 H� p�T2m` bǶû+QmH2 /2 K�MBĕ`2 H�KBM�B`2 2i BbQi`QT2- +2i û+QmH2K2Mi
b2 i`Qmp2 KQ/B}û T�` H2b i2tim`2b ;`�pû2b 2M bm`7�+2 /m bQHB/2X *QKK2 HǶQ#D2i 2bi /ûi�@
+?û /2 bQM bm#bi`�i- BH 2bi 2ti`āK2K2Mi KQ#BH2 , /2 iQmi2b T2iBi2b 7Q`+2b bm{b2Mi TQm`
2M;2M/`2` mM KQmp2K2MiX GǶ�TTHB+�iBQM /2 KQiB7b �bvKûi`B[m2b `2+iB}2 H� 7�ÏQM /QMi H�
p�T2m` bǶû+?�TT2 bQmb HǶQ#D2i- 2i H2 T`QTmHb2X PM pQBi bm` H� +?`QMQT?QiQ;`�T?B2 /2 H�
};m`2 9XjRU�V- [m2 H� ;Qmii2 T`Q;`2bb2 p2`b H� /`QBi2X

(a) (b)

(a) (b)

6B;m`2 9XjR Ĝ U�V SQbBiBQMb bm++2bbBp2b /ǶmM2 ;Qmii2 /2 `�vQM R = 2 KK- 2M +�Hû7�+iBQM bm` mM
bm#bi`�i i2tim`û /2 K�MBĕ`2 �bvKûi`B[m2- T`ûb2Mi�Mi HǶ2tTû`B2M+2 /2 GBMF2 UT?QiQb /2 J�`B2 G2
J2``2`VX G2b /2Mib QMi mM2 T`Q7QM/2m` ⇣ = 200 µK 2i mM2 H�`;2m` ⇤ = 1.5 KKX GǶBMi2`p�HH2 2Mi`2 H2b
T?QiQb 2bi /2 9y KbX (#) SQbBiBQMb /ǶmM T�H2i /2 +�`#Q;H�+2 +2MiBKûi`B[m2 2M KQmp2K2Mi bTQMi�Mû
bm` mM2 bm`7�+2 2M iQBi /ǶmbBM2 TQ`iû2 ¨ T = 350�*X G2b BK�;2b- 2ti`�Bi2b /2 (RjR)- bQMi bûT�`û2b
/2 jyy KbX G� bi`m+im`2 +`û2 mM2 7Q`+2 /2 T`QTmHbBQM [mB T`QK2mi HǶQ#D2i +�Hû}û p2`b H� /`QBi2X

G� T2`bT2+iBp2 /ǶBM/mB`2 /m KQmp2K2Mi MǶ2bi T�b `2bi`2BMi2 �m +�b /2b HB[mB/2b +�Hû}ûbX
1M +?�mz�Mi H2 bm#bi`�i- BH 2bi TQbbB#H2 /ǶBM/mB`2 mM ûi�i /2 G2B/2M7`Qbi bQHB/2 TQm` mM T�H2i
/2 +�`#Q;H�+2X G2 #HQ+- [mB b2 bm#HBK2 ¨ �79�* U¨ T`2bbBQM �iKQbT?û`B[m2V b�Mb T�bb2`
T�` mM2 T?�b2 HB[mB/2- HûpBi2 bm` mM +QmbbBM /2 p�T2m` /2 Ryy µK /ǶûT�Bbb2m`X G�;m#2�m
2i �HX QMi KQMi`û- [m2 /2b #HQ+b /2 +�`#Q;H�+2 bQMi- ¨ HǶBMbi�` /2b HB[mB/2b- bTQMi�MûK2Mi
KBb 2M KQmp2K2Mi bm` +2b bm#bi`�ib 2M 7Q`K2 /2 iQBi /ǶmbBM2 (RjR)X PM pQBi bm` H� bû`B2 /2
T?QiQ;`�T?B2b /2 H� };m`2 9XjRU#V [m2 +2b #HQ+b bQHB/2b 2KT`mMi2Mi H2 KāK2 +?2KBM [m2
H2 HB[mB/2X

G� ;ûQKûi`B2 /m bm#bi`�i T2mi /Ƕ�BHH2m`b āi`2 �/�Tiû2X GǶmiBHBb�iBQM /2 /2Mib �bvKû@
i`B[m2b +QM+2Mi`B[m2b T`ûb2Miû2b bm` H� };m`2 9XjkU�V- � ûiû 2tTHQBiû2 T�` *QmbBMb 2i �HX /�Mb
H� +QM+2TiBQM /2 TBĕ;2b HB[mB/2b (Rky)X G� ;Qmii2 2bi `�TT2Hû2 p2`b H2 +2Mi`2 /m bm#bi`�iX G�
i`�D2+iQB`2- `2T`Q/mBi2 bm` H� };m`2 9XjkU#V- 2bi b2K#H�#H2 ¨ +2HH2 /ǶmM +Q`Tb +ûH2bi2 bQmKBb
¨ mM2 7Q`+2 +2Mi`�H2X

q2HHb 2i �HX QMi û;�H2K2Mi 2tTHQBiû H� `m;QbBiû TQm` K2ii`2 2M `Qi�iBQM mM #HQ+ /2
+�`#Q;H�+2X G2b `�BMm`2b �bvKûi`B[m2b U6B;X9XjjU�VV bQMi `ûT�`iB2b /2 K�MBĕ`2 Q`i?Q`�/B�H2
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(a) (b)

(c)

(a) (b)

6B;m`2 9Xjk Ĝ U�V a+?ûK� /m bm#bi`�i- T`ûb2Mi�Mi /2b i2tim`2b +B`+mH�B`2b +QM+2Mi`B[m2b- miBHBbû
TQm` TBû;2` /2b HB[mB/2b +�Hû}ûbX (#) SQbBiBQMb bm++2bbBp2b- 2bT�+û2b /2 R8 Kb 2i /2 +QmH2m` ûi�Hû2
2Mi`2 H2 `Qm;2 2i H2 ;`Bb- /ǶmM2 ;Qmii2 TH�+û2 bm` mM i2H bm#bi`�iX G� #�``2 /Ƕû+?2HH2 BM/B[m2 8 +KX
AK�;2b 2ti`�Bi2b /2 (Rky)X

bm` H2 bQHB/2 U#VX G� p�T2m`- 2M bǶû+?�TT�Mi `�/B�H2K2Mi- 2M;2M/`2 mM +QmTH2 KQi2m` (Rjk)X
�BMbB- +QKK2 HǶBHHmbi`2 H� };m`2 9XjjU+V- H2 #HQ+ /2 +�`#Q;H�+2 TQbû bm` +2 bQHB/2 +?�m/ b2
K2i ¨ iQm`M2`X

(a) (b)

(c)

(a) (b)

6B;m`2 9Xjj Ĝ lM T�H2i /2 +�`#Q;H�+2 /ûTQbû bm` /2b bBHHQMb Q`i?Q`�/B�mt �bvKûi`B[m2b 2bi KBb 2M
`Qi�iBQM bm` HmB@KāK2X AK�;2 2ti`�Bi2 /2 (Rjk)X

G2b i2tim`2b ¨ H� bm`7�+2 /m bm#bi`�i +?�m/ T2mp2Mi āi`2 +?QBbB2b TQm` T2`K2ii`2 /QM+
iQmi2 mM2 ;�KK2 /2 KQmp2K2Mib ¨ mM Q#D2i +�Hû}û- /ǶQ`/BM�B`2 /B{+BH2 ¨ +QMi`ƬH2`X *2ii2
bi`�iû;B2 /ûT�bb2 H� TQ`iû2 /m T?ûMQKĕM2 /2 +�Hû7�+iBQM 2i � BMbTB`û /Ƕ�mi`2b i2+?MB[m2b
/2 T`QTmHbBQMX aQm|2` bQmb mM Q#D2i- HB[mB/2 Qm bQHB/2- T2mi BM/mB`2 mM ûi�i /2 HûpBi�iBQMX
1M bQm|�Mi ¨ i`�p2`b /2b bm#bi`�ib T2`7Q`ûb �bvKûi`B[m2b- QM KQ/B}2 HǶû+QmH2K2Mi /Ƕ�B`
+2 [mB 2M;2M/`2 mM2 7Q`+2 ?Q`BxQMi�H2 2i T`QTmHb2 HǶQ#D2i HûpBi�Mi (Rjj)X
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Jû+�MBbK2b /2 T`QTmHbBQM

.2 MQK#`2mb2b ûim/2b b2 bQMi +QMb�+`û2b ¨ ûHm+B/2` HǶQ`B;BM2 /2 H� TQmbbû2 /B`2+iBQMM2HH2
Q#b2`pû2X SHmbB2m`b b+ûM�`BQb QMi ûiû T`QTQbûbX *BiQMb T�` 2t2KTH2 ,
} G2b b+ûM�`BQb i?2`KB[m2b [mB iB2MM2Mi H2 T`Q}H �bvKûi`B[m2 /2 i2KTû`�im`2 �m b2BM /2

+?�[m2 /2Mi TQm` `2bTQMb�#H2 /2 H� `2+iB}+�iBQM /2 HǶû+QmH2K2Mi /2 p�T2m` (Rj9)X
} G2b b+ûM�`BQb K2ii�Mi 2M D2m H2 +�`�+iĕ`2 /û7Q`K�#H2 /2 HǶBMi2`7�+2- BMpQ[m�Mi /2b 2z2ib

J�`�M;QMB HBûb �mt /Bzû`2M+2b /2 i2KTû`�im`2 ¨ H� bm`7�+2 /2 H� ;Qmii2 (Rj8)X
} G2b b+ûM�`BQb [mB K2ii2Mi 2M +�mb2 H2b Qb+BHH�iBQMb bTQMi�Mû2b /2b ;Qmii2b 2M +�Hû7�+@

iBQM (dk) 2i H2 i`�MbTQ`i /2 K�iBĕ`2 /2 HǶ�``Bĕ`2 p2`b HǶ�p�Mi /2 H� ;Qmii2 T�` /2b QM/2b
/2 bm`7�+2X

} G2b b+ûM�`BQb ?v/`Q/vM�KB[m2b BMpQ[m�Mi H� `2+iB}+�iBQM /2 HǶû+QmH2K2Mi /2 p�T2m`
bQmb H� ;Qmii2X G� +QMi`�BMi2 pBb[m2mb2- BMiû;`û2 bm` H� #�b2 /2 H� ;Qmii2 � �HQ`b mM2
`ûbmHi�Mi2 ?Q`BxQMi�H2 MQM MmHH2 (Rky- RjR- Rje- Rjd)X
>�`/i 2i �HX QMi KQMi`û MmKû`B[m2K2Mi [m2 HǶQ`B;BM2 i?2`KB[m2- ¨ b�pQB` H� `ûT�`iB@

iBQM MQM ?QKQ;ĕM2 /m ~mt i?2`KB[m2 +QMi`B#m2 /2 K�MBĕ`2 �M2+/QiB[m2 ¨ H� T`QTmHbBQM
Q#b2`pû2 (Rj3)X G� 7Q`+2 /2 T`QTmHbBQM 2bi /QM+ /QKBMû2 T�` H2b 2z2ib ?v/`Q/vM�KB[m2b
Uû+QmH2K2Mib 2M;2M/`ûb T�` T`2bbBQM /�Mb H2 }HKV Qm T�` H2b 2z2ib [mB `2TQb2Mi bm` H2 +�@
`�+iĕ`2 ǴKQmǴ /2 HǶBMi2`7�+2X G2b 2tTû`B2M+2b +QM/mBi2b T�` G�;m#2�m 2i �HX bm` /2b #HQ+b
/2 +�`#Q;H�+2 T2`K2ii2Mi �HQ`b /2 H2p2` HǶBM/ûi2`KBM�iBQM }M�H2 (RjR)X *2b bQHB/2b- [mB b2
T`QTmHb2Mi bTQMi�MûK2Mi- K2ii2Mi ¨ K�H iQmb H2b b+ûM�`BQb [mB `2TQb2Mi bm` H� M�im`2 HB@
[mB/2 /2 HǶBMi2`7�+2 Ub� /û7Q`K�#BHBiû- b� +�T�+Biû ¨ 2M/m`2` /2b +QMi`�BMi2b bmT2`}+B2HH2b
BM/mBi2b T�` 2t2KTH2 T�` 2z2i J�`�M;QMB (Rj8)- b� T`QT2MbBQM ¨ Qb+BHH2` (dk) Qm ¨ �++m2BHHB`
/2b QM/2b /2 bm`7�+2VX G2 +QKTQ`i2K2Mi Q#b2`pû `2TQb2 /QM+ Mû+2bb�B`2K2Mi bm` HǶû+QmH2@
K2Mi Hm#`B}û /2 p�T2m`X

.mT2mt 2i �HX QMi KQMi`û [m2 +2i û+QmH2K2Mi bQmb@D�+2Mi 2bi- 2M 2z2i- KQ/B}û T�` H2
`2HB27 �bvKûi`B[m2 /m bm#bi`�iX 1M /BbbûKBM�Mi /2b #BHH2b /2 p2``2 KB+`QKûi`B[m2b bm` H2
bm#bi`�i- 2i 2M �/QTi�Mi /2b pm2b H�iû`�H2 2i �û`B2MM2 bBKmHi�Mû2b- +2b �mi2m`b bQMi T�`@
p2Mmb ¨ /`2bb2` H� +�`iQ;`�T?B2 /2 HǶû+QmH2K2Mi /2 p�T2m` 2Mi`2 mM T�H2i +�Hû}û 2i mM
bm#bi`�i +`ûM2HûX G2b #BHH2b- �/p2+iû2b T�` H� p�T2m` [mB bǶû+?�TT2 bQmb H� ;Qmii2- 2K@
T`mMi2Mi mM +?2KBM bmBp�Mi H� T2Mi2 /2b+2M/�Mi2 /2b +`āi2bX lM2 7QBb /�Mb H2b bBHHQMb- 2HH2b
bQMi /ûpBû2b T�` H� /2Mi bmBp�Mi2- TmBb `2/B`B;û2b /�Mb HǶ�t2 /2b `�BMm`2b- +Ƕ2bi@¨@/B`2 /�Mb
H� /B`2+iBQM i`�Mbp2`b2 �m KQmp2K2Mi /2 H� ;Qmii2X G� p�T2m` bǶû+QmH2 /QM+ H2 HQM; /2 H�
T2Mi2 /2b /2Mib /m iQBi /ǶmbBM2 c TmBb 7mBi T�` H2b #Q`/b- H2 HQM; /2b `�BMm`2bX G� `ûbmHi�Mi2
/2b +QMi`�BMi2b pBb[m2mb2b BMiû;`û2b bm` H� #�b2 /2 HǶQ#D2i HûpBi�Mi 2bi +2`i2b i`ĕb 7�B#H2 2M
�KTHBim/2- K�Bb H� +QMi`B#miBQM /2 +?�[m2 bi`B2 b2 bQKK2 2i /QMM2 mM2 7Q`+2 bm{b�Mi2
TQm` K2ii`2 2M KQmp2K2Mi +2b �û`Q;HBbb2m`b /�Mb H� /B`2+iBQM T`BpBHû;Bû2 /2 HǶû+?�TT2K2Mi
/2 p�T2m`X G� ;Qmii2 bmBi �HQ`b H� KāK2 /B`2+iBQM [m2 H� p�T2m` (Rje)X

*Ƕ2bi /QM+ H� /B`2+iBQM /m ~mt /2 p�T2m`- BKTQbû2 T�` H� iQTQ;`�T?B2 /2 bm`7�+2-
�bvKûi`B[m2- [mB 2bi i2Mm TQm` `2bTQMb�#H2 /2 H� TQmbbû2 `2bb2MiB2 T�` +2b Q#D2ib- 2i 2M@
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;2M/`2 H2m` KQmp2K2MiX *2 Kû+�MBbK2 T2`K2i �mbbB /2 +QKT`2M/`2 +QKK2Mi H� `û/m+iBQM
/Ƕû+?2HH2 /2b i2tim`2b �m;K2Mi2 HǶ2{+�+Biû /2 H� T`QTmHbBQM (RjN)X

_2K�`[m2 , G� T`ûb2M+2 /2 /2Mib �bvKûi`B[m2b Tû`BQ/B[m2b +?�M;2 H� ;ûQKûi`B2 /m +Qmb@
bBM /2 p�T2m`- 2i BM/mBi /2b p�`B�iBQMb /2 T`2bbBQM bQmb HǶQ#D2iX PM 2MpBb�;2 B+B mM b+ûM�`BQ
[mB `2TQb2 MQM THmb bm` HǶ2Mi`�BM2K2Mi �bvKûi`B[m2 /2 H� p�T2m` K�Bb bm` H� T2Mi2 2z2+iBp2
↵ pm2 T�` HǶQ#D2i +�Hû}ûX PM /ûbB;M2 x H� /B`2+iBQM /2 T`QTmHbBQM 2i QM `2Tĕ`2 T�` zb H�
TQbBiBQM p2`iB+�H2 /m bm#bi`�iX 1M bmTTQb�Mi [m2 H� ;Qmii2- /Ƕûi2M/m2 ` +Qmp`2 N KQiB7b
U` = N⇤V- 2i 2M miBHBb�Mi H2b MQi�iBQMb `2H�iBp2b ¨ mM2 bi`B2 /2 H� };m`2 9XjyU�V- HǶ�M;H2
KQv2M /m bm#bi`�i p�mi ,
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i
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⇣
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PM ûp�Hm2 +2i �M;H2 TQm` mM2 ;Qmii2 `2+Qmp`�Mi- +QKK2 /�Mb HǶ2tTû`B2M+2 /2 GBMF2
U};X9XjyV- N = 2 i2tim`2b- /Ƕ2bT�+2K2Mi `û;mHB2` ⇤ = 1 KK U� = 0 KKV 2i /2 T`Q7QM/2m`
⇣ = 250 µKX GǶ�M;H2 `2bb2MiB �ii2M/m 2bi /2 HǶQ`/`2 /2 ↵ = ⇣/⇤ = 0.1 `�/X 1M T`ûb2M+2
/ǶmM i2H �M;H2 ↵- H� 7Q`+2 /2 T`2bbBQM- /QMi H� +QKTQb�Mi2 p2`iB+�H2 +QKT2Mb2 H2 TQB/b /2
HǶQ#D2i- �+[mB2`i mM2 +QKTQb�Mi2 ?Q`BxQMi�H2 [mB BM/mBi mM2 �++ûHû`�iBQM ↵g = 1 K/bkX a�Mb
KāK2 �pQB` ¨ T�`H2` /2 `2+iB}+�iBQM /2 HǶû+QmH2K2Mi- HǶ�M;H2 �TT�`2Mi /ǶmM2 i2HH2 bm`7�+2
T2mi 2tTHB[m2` ¨ HmB b2mH H� T`QTmHbBQM i`ĕb 2{+�+2 /2b HB[mB/2b 2i /2b bQHB/2b +�Hû}ûbX PM
i`Qmp2 /2b �++ûHû`�iBQMb i`ĕb ;`�M/2bX GǶ�M;H2 2bi 2M 2z2i bm`@2biBKû TmBb[mǶQM � bmTTQbû
H� 7�+2 KQMi�Mi2 /2b +`ûM2�mt p2`iB+�H2 � = 0X .2 THmb- H2 HB[mB/2- /û7Q`K�#H2- HBbb2 +2i
�M;H2 2i `2bb2Mi mM2 T2Mi2 THmb 7�B#H2X 1M}M- /�Mb H2 +�b /2b HB[mB/2b- H� 7`B+iBQM HBKBi2 +2
KQmp2K2Mi 2i 2tTHB[m2 [m2 H� pBi2bb2 M2 TmBbb2 T�b 2t+û/2` [m2H[m2b /Bx�BM2b /2 +KfbX

P#D2ib �bvKûi`B[m2b

G� bBim�iBQM T2mi āi`2 BMp2`bû2 2M +QMbB/û`�Mi H2 +�b /2 bQHB/2b �bvKûi`B[m2b 2M HûpBi�@
iBQM bm` /2b bm#bi`�ib HBbb2b 2i ?Q`BxQMi�mtX *QKK2 QM H2 pQBi bm` H� };m`2 9Xj9U�V- 2ti`�Bi2
/2 (Rjy)- HǶ�bvKûi`B2 /2 HǶQ#D2i HmB@KāK2 T2`K2i H� `2/B`2+iBQM /2 H� p�T2m` 2i BM/mBi b�
T`QTmHbBQMX G2b �mi2m`b KQMi`2Mi- �mbbB #B2M 2tTû`BK2Mi�H2K2Mi [m2 i?ûQ`B[m2K2Mi- [mǶBH
2bi TQbbB#H2 /ǶBM/mB`2 bTQMi�MûK2Mi /m KQmp2K2Mi 2M `2M/�Mi �bvKûi`B[m2 /2b T�H2ib /2
+�`#Q;H�+2 ¨ HǶ�B/2 /ǶmM T2iBi TQB/b 2t+2Mi`ûX *2ii2 �bvKûi`B2 b2 [m�MiB}2 T�` HǶBM+HBM�BbQM
↵ /2 H� bm`7�+2 BM7û`B2m`2 /2 HǶQ#D2iX G2b 7Q`+2b /2 T`2bbBQM /m2b ¨ HǶû+QmH2K2Mi /2 p�T2m`
2M;2M/`2Mi mM2 7Q`+2 ?Q`BxQMi�H2 /Ƕ2MpB`QM mg↵ [mB T`QTmHb2 H2 T�H2iX hQmi b2 T�bb2 +QKK2
bB H2 T�H2i i`�MbTQ`i�Bi bQM iQBi /ǶmbBM2X *2ii2 2tTû`B2M+2 `2M7Q`+2 HǶB/û2 b2HQM H�[m2HH2 H�
T`QTmHbBQM TmBb2 bQM Q`B;BM2 /�Mb H2 +�`�+iĕ`2 MQM ?QKQ;ĕM2 /2 H� T`2bbBQM /�Mb H2 }HKX

aB- TQm` mM bQHB/2- H� 7Q`K2 2i HǶBM+HBM�BbQM /2 H� #�b2 bQMi /2b T�`�Kĕi`2b �Dmbi�#H2b-
[m2 HǶQM T2mi 7Q`+2` /2 K�MBĕ`2 [m�bB@T2`K�M2Mi2 T�` H� `ûT�`iBiBQM /m TQB/b- BH T�`�ŗi THmb
/B{+BH2 /2 7Q`+2` HǶ�bvKûi`B2 /ǶmM HB[mB/2X a� M�im`2 /û7Q`K�#H2 HmB T2`K2i /2 bǶ�/�Ti2`
¨ H� 7Q`K2 /m bm#bi`�iX G2 +?�TBi`2 9 � iQmi27QBb KQMi`û [m2 HǶBMi2`7�+2 b2 /û7Q`K2 bTQM@
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*>�SAh_1 9X úh�h .1 GǶ�_h

(a) (b)

(a) (b)

6B;m`2 9Xj9 Ĝ S`QTmHbBQM /ǶQ#D2ib �bvKûi`B[m2bX U�V SQbBiBQMb bm++2bbBp2b UbûT�`û2b /2 yXj bV
/ǶmM T�H2i /2 +�`#Q;H�+2 +2MiBKûi`B[m2 /2 K�bb2 m = 2.8 ;- H2biû T�` mM2 T2iBi2 #BHH2 /2 THQK#-
b2 T`QTmHb�Mi bm` mM2 bm`7�+2 +?�m/2X *2ii2 bm`K�bb2 BM+HBM2 H� #�b2 /m bQHB/2 /ǶmM �M;H2 yXj�-
/QMM�Mi M�Bbb�M+2 ¨ mM2 `ûbmHi�Mi2 ?Q`BxQMi�H2 MQM MmHH2 /2b 7Q`+2b /2 T`2bbBQM (Rjy)X U#V SQbBiBQMb
bm++2bbBp2b /ǶmM2 ;Qmii2H2ii2 KBHHBKûi`B[m2 �miQT`QTmHbû2 bm` mM bm#bi`�i TH�MX G2b û+QmH2K2Mib
BMi2`M2b /QMi 2HH2 2bi H2 bBĕ;2- �bvKûi`B[m2b- b2 +QmTH2Mi �p2+ HǶBMi2`7�+2 BM7û`B2m`2X G� #�b2 /2b
;Qmii2b bǶBM+HBM2 �HQ`b- +2 [mB 2M;2M/`2 mM2 7Q`+2 ?Q`BxQMi�H2 `2bTQMb�#H2 /2 H� KBb2 2M KQmp2K2Mi
/2 +2b `Qm2b HB[mB/2bX

i�MûK2Mi- HQ`b[m2 H� bvKûi`B2 /2b û+QmH2K2Mib BMi2`M2b b2 #`Bb2 (R9y)X G� #�b2 /m HB[mB/2
2bi �HQ`b b+mHTiû2 /2 K�MBĕ`2 �bvKûi`B[m2 b�Mb [m2 HǶQM TmBbb2 H� +QMi`ƬH2`X PM Q#b2`p2
[m2 H� ;Qmii2 bǶ�miQT`QTmHb2 ?Q`BxQMi�H2K2Mi- +QKK2 HǶBHHmbi`2 H� bû[m2M+2 /ǶBK�;2b /2 H�
};m`2 9Xj9U#VX

6`B+iBQM bm` /2b +`ûM2�mt

G2b /2mt bBim�iBQMb [m2 MQmb �pQMb T`ûb2Miû2b- ¨ b�pQB` HǶQ#D2i �bvKûi`B[m2 Qm H2 bm#@
bi`�i �bvKûi`B[m2- M2 bQMi T�b iQmi ¨ 7�Bi û[mBp�H2Mi2b /m TQBMi /2 pm2 /2 H� 7`B+iBQMX PM
Q#b2`p2 bm` H� };m`2 9XjR [m2 H� ;Qmii2 �ii2BMi b� pBi2bb2 i2`KBM�H2X G� 7`B+iBQM- HBû2 �mt
BKT�+ib KQmb /m HB[mB/2 bm` H2b +`ûM2�mt- HBKBi2 H� pBi2bb2 /2 T`QTmHbBQMX 1M HǶ�#b2M+2
/2 +`ûM2�mt- H� 7`B+iBQM ¨ H�[m2HH2 2bi bQmKBb2 H� ;Qmii2 2bi i`ĕb 7�B#H2 UHBû2 ¨ HǶû+QmH2K2Mi
/2 HǶ�B` 2MpB`QMM�MiVX G� ;Qmii2- ;HBbb2 H2 HQM; /ǶmM2 T2Mi2 BM}MB2- 2i T`Q;`2bb2 �HQ`b ¨
�++ûHû`�iBQM [m�bB@+QMbi�Mi2 U};m`2 9Xj9U+VVX

*2b ;Qmii2b- [mB bQMi /ǶQ`/BM�B`2 [m�bBK2Mi 2t2KTiû2b /2 7`B+iBQM bm` /2b bm`7�+2b
HBbb2b- �ii2B;M2Mi TQm`i�Mi mM2 pBi2bb2 i2`KBM�H2 /2 HǶQ`/`2 /2 Ry +KfbX G� T`ûb2M+2 /2b
+`ûM2�mt �m;K2Mi2 /QM+ H� /BbbBT�iBQMX G2 `ûb2�m /2 bi`B2b T`QTmHb2 MQM b2mH2K2Mi H�
;Qmii2- K�Bb BH 2bi û;�H2K2Mi `2bTQMb�#H2 /ǶmM2 7`B+iBQM bTû+B�H2 [mB /B+i2 H� pBi2bb2 /2
T`QTmHbBQMX G2 J2``2` 2i �HX QMi ûim/Bû H� 7`B+iBQM bm` +2b bm`7�+2b- 2M +QMbB/û`�Mi /2b
+`ûM2�mt bvKûi`B[m2b- [mB MǶBM/mBb2Mi /QM+ T�b /2 KQmp2K2Mi bTQMi�MûX 1M K2bm`�Mi H�
/û+ûHû`�iBQM /2b ;Qmii2b 2M /ûp�H2K2Mi- H2b �mi2m`b QMi bQmHB;Mû H2 +�`�+iĕ`2 bTû+B�H /2 H�
7`B+iBQM bm` +2b bm`7�+2b- TmBb[mǶ2HH2 i`Qmp2 bQM Q`B;BM2 /�Mb H2b BKT�+ib KQmb /m HB[mB/2
bm` H2b K�`+?2bX
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�TTHB+�iBQM �m +QMi`ƬH2 /2 ;Qmii2b

G2 +QMi`ƬH2 /2 +2b Q#D2ib BMb�BbBbb�#H2b T2mi āi`2 �TT`û+B�#H2 ¨ THmbB2m`b û;�`/bX G�
+�Hû7�+iBQM b2`i /2 K�MBĕ`2 ;ûMû`�H2 /2 bvbiĕK2 KQ/ĕH2 TQm` /û+`B`2 H� T?vbB[m2 /m MQM@
KQmBHH�MiX G2b +QM+2Tib TQm``�B2Mi āi`2 ûi2M/mb �mt bm`7�+2b bmT2`?v/`QT?Q#2b- Qɍ H�
+QK#BM�BbQM /2 H� ;`�M/2 KQ#BHBiû /2 ;Qmii2b MQM KQmBHH�Mi2b �p2+ mM2 7Q`+2 �bvKûi`B[m2
T2mi 2M;2M/`2` /2b �TTHB+�iBQMb i`ĕb `B+?2b- +QKK2 HǶûp�+m�iBQM /2 TQHHm�Mi- HB[mB/2 +QKK2
bQHB/2- /ǶmM2 bm`7�+2 7�B#H2K2Mi KQmBHHû2X

lM2 �mi`2 T2`bT2+iBp2 2bi /2 iB`2` T`Q}i /2b T`QT`Bûiûb i?2`KB[m2b /2 +2b HB[mB/2bX
GǶûp�TQ`�iBQM 2bi mM T`Q+2bbmb 2M/Qi?2`KB[m2 , H� ;Qmii2 TQKT2 /2 HǶûM2`;B2 �m bm#bi`�iX
a� KBb2 2M KQmp2K2Mi- bQmb `ûb2`p2 [mǶQM H�Bbb2 H2 i2KTb �mt û+?�M;2b i?2`KB[m2b /2 b2
7�B`2- T2`K2i �HQ`b /2 `û�HBb2` mM +�HQ/m+X *2+B TQm``�Bi āi`2 KBb ¨ T`Q}i TQm` i`�MbTQ`i2`
/2 HǶûM2`;B2- MQi�KK2Mi /�Mb /2b +B`+mBib /Ƕ�BH2ii2b /2 `27`QB/Bbb2K2MiX *2ii2 �TTHB+�iBQM
T�`�ŗi iQmi27QBb `āpû2 TQm` +2i û+?�M;2m` i?2`KB[m2 Kû/BQ+`2X

*2ii2 bi`�iû;B2 /2 +QMi`ƬH2 /2 HB[mB/2 MQM@KQmBHH�Mi � ûiû �m +ƾm` /2 MQK#`2mb2b ûim/2b
+2b [mBMx2 /2`MBĕ`2b �MMû2bX GǶBM~m2M+2 /2 H� i2KTû`�im`2 /m bm#bi`�i- /2 H� M�im`2 /m
HB[mB/2- �BMbB [m2 /2 H� ;ûQKûi`B2 2i /2 HǶû+?2HH2 /2b i2tim`2b QMi ûiû /Bb+miû2bX :`QmM/b
2i �HX QMi ûim/Bû 2M T�`iB+mHB2` HǶBM~m2M+2 /m `�TTQ`i /Ƕ�bT2+i /2 i2tim`2b /m bm#bi`�i
bm` H� 7Q`+2 /2 T`QTmHbBQM (R9R)X aB H� i`�D2+iQB`2 /2b ;Qmii2b 2bi `2+iBHB;M2 bm` H2b iQBib
/ǶmbBM2 KBHHBKûi`B[m2b- H� bm`@i2tim`�iBQM ¨ HǶû+?2HH2 KB+`QKûi`B[m2 BM+m`p2 H� i`�D2+iQB`2
/2b ;Qmii2bX G2 b2Mb 2i HǶ�KTHBim/2 /2 +2ii2 /ûpB�iBQM /ûT2M/2Mi /2 H� i2KTû`�im`2 /2 H�
bm`7�+2X G2b �mi2m`b BMi2`T`ĕi2Mi +2 7�Bi +QKK2 mM2 +QMbû[m2M+2 /2 HǶ�TT�`BiBQM Qm MQM /2
TQBMib HQ+�mt 2i �M;mH�B`2b /Ƕû#mHHBiBQM UKBb 2M ûpB/2M+2 2M 2M`2;Bbi`�Mi H2 bQM T`Q/mBi HQ`b
/2 H� T`QTmHbBQMVX G� i2KTû`�im`2 �TT�`�ŗi /QM+ āi`2 mM MQmp2�m T�`�Kĕi`2 /2 +QMi`ƬH2
/m KQmp2K2Mi /2b ;Qmii2b- [mǶQM b2 T`QTQb2 /Ƕ2tTHQBi2` /�Mb H2 +?�TBi`2 bmBp�MiX
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*?�TBi`2 8

S`QTmHbBQM bm` ;`�/B2Mi i?2`KB[m2

.�Mb H2b bi`�iû;B2b T`ûb2Miû2b T`û+û/2KK2Mi- HǶ�bvKûi`B2 /�Mb HǶû+QmH2K2Mi /2 p�T2m`
ûi�Bi BM/mBi2 /2 K�MBĕ`2 T2`K�M2Mi2 2M ;`�p�Mi H2 bm#bi`�i Qm 2M b2 `2bi`2B;M�Mi ¨ /2b
Q#D2ib �bvKûi`B[m2bX PM 2MpBb�;2 B+B /Ƕ�TTHB[m2` mM +?�mz�;2 BM?QKQ;ĕM2 �m bm#bi`�iX
*2ii2 bi`�iû;B2 � ûiû 2MpBb�;û2 /ǶmM TQBMi /2 pm2 Tm`2K2Mi i?ûQ`B[m2 T�` aQ#�+ 2i �HX 2M
T�`�HHĕH2 /2 MQi`2 ûim/2 2tTû`BK2Mi�H2 (R9k)X G2b �mi2m`b /Bb+mi2Mi H� TQbbB#BHBiû /ǶBM/mB`2
/2 HǶ�bvKûi`B2 2i /m KQmp2K2Mi bm` /2b ;`�/B2Mib i?2`KB[m2bX G2m` ûim/2 T`û/Bi mM2 �miQ@
T`QTmHbBQM p2`b H2 7`QB/X AHb +QM+Hm2Mi Mû�MKQBMb 2M /Bb+mi�Mi HǶBM~m2M+2 /2 H� i2KTû`�im`2
bm` H2b T�`�Kĕi`2b T?vbB+Q@+?BKB[m2b `2H�iB7b ¨ H� p�T2m`- [mB b2K#H2`�Bi bǶQTTQb2` ¨ H� KBb2
2M KQmp2K2Mi /2b ;Qmii2bX

G2 KQmp2K2Mi bTQMi�Mû /2 bQHB/2b +�Hû}ûb � ûiû ûim/Bû T�` "�TiBbi2 G�7Qmt �m +Qm`b
/2 bQM T`QD2i 2M H�#Q`�iQB`2 /�Mb H2 +�/`2 /m J�bi2` k /2 Jû+�MB[m2 /2b 6HmB/2b UJ66�VX

aQKK�B`2
8XR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2 X X X X X X X X X X X X X X X X X X X X X R33

8XRXR .2b+`BTiBQM /m /BbTQbBiB7 X X X X X X X X X X X X X X X X X X X X X X X R33
8XRXk *�`�+iû`Bb�iBQM /2b ;`�/B2Mib i?2`KB[m2b BKTQbûb X X X X X X X X X R3N
8XRXj _ûbmHi�ib 2i +QKTQ`i2K2Mi i?2`KQT?Q#2 X X X X X X X X X X X X X RNy

8Xk Jû+�MBbK2 /2 T`QTmHbBQM X X X X X X X X X X X X X X X X X X X X X X X RNj
8XkXR Jû+�MBbK2b 2MpBb�;2�#H2b X X X X X X X X X X X X X X X X X X X X X X RNj
8XkXk 1tTû`B2M+2 KQ/ĕH2 X X X X X X X X X X X X X X X X X X X X X X X X X X RN9
8XkXj �`iû7�+ib ûp2Mim2Hb /2 HǶ2tTû`B2M+2 X X X X X X X X X X X X X X X X X RNd

8Xj 6Q`+2 i?2`KQT?Q`ûiB[m2 /2 HB[mB/2b X X X X X X X X X X X X X X X X X RNN
8XjXR .Bzû`2MiB�iBQM /2 HǶû[m�iBQM /2 Hm#`B}+�iBQM X X X X X X X X X X X X kyy
8XjXk S`û/B+iBQM /2 HǶBM+HBM�BbQM /2 H� #�b2 X X X X X X X X X X X X X X X X kyR
8XjXj 1tT`2bbBQM /2 H� 7Q`+2 X X X X X X X X X X X X X X X X X X X X X X X X kyk
8XjX9 .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kye

8X9 SBĕ;2 i?2`KB[m2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky3

R3d
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8XR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2

8XRXR .2b+`BTiBQM /m /BbTQbBiB7

SQm` �TTHB[m2` mM ;`�/B2Mi /2 i2KTû`�im`2 +QMi`ƬHû- MQmb MQmb bQKK2b BMbTB`ûb /m
#�M+ Eƺ~2`- i`�/BiBQMM2HH2K2Mi miBHBbû 2M +?BKB2 TQm` K2bm`2` H2 TQBMi /2 7mbBQM /ǶmM
+Q`Tb Tm`X LQmb �pQMb miBHBbû mM #�``2�m `2+i�M;mH�B`2 /2 HQM;m2m` L = 40 +K- /2 H�`;2m`
l = 4 +K 2i /ǶûT�Bbb2m` p = 2 +K 2M H�BiQM- +QMMm TQm` āi`2 mM #QM +QM/m+i2m` 2i
[mB T�` �BHH2m`b b2 /BH�i2 T2mX G2b �t2b T2`K2ii�Mi b� /2b+`BTiBQM bQMi bTû+B}ûb bm` H�
};m`2 8XRU�VX SQm` HBKBi2` H2 /ûTH�+2K2Mi /2b ;Qmii2b /�Mb H� /B`2+iBQM /m ;`�/B2Mi- mM2
`B;QH2 T�`�#QHB[m2 � ûiû +`2mbû2 ¨ H� KB+`Q7`�Bb2mb2 T�` *�`QHBM2 6`Qi /�Mb H� /B`2+iBQM
i`�Mbp2`b2 U};m`2 8XRU#VVX GǶ�M;H2 K�tBK�H /2 H� `B;QH2 �ii2BMi 2M #Q`/m`2 Uy = ±l/2V p�mi
⇡ 100 K`�/X

(a) (b)

R

ℓ

H

Ts (x = 0) Ts (x = L)

x
z

z

y

y

6B;m`2 8XR Ĝ a+?ûK� /m /BbTQbBiB7 2tTû`BK2Mi�HX U�V lM2 `B;QH2 2M H�BiQM BM+m`pû2 /�Mb H2 TH�M
i`�Mbp2`b2 UyzV 2bi +?�mzû2 /2 K�MBĕ`2 ?ûiû`Q;ĕM2X a2b 2ti`ûKBiûb 2M x = 0 2i x = L bQMi `2bT2+@
iBp2K2Mi TQ`iû2b �mt i2KTû`�im`2b Tb(0) 2i Tb(L) �p2+ Tb(0) > Tb(L)X (#) lM2 ;Qmii2 /2 `�vQM
R- BMBiB�H2K2Mi BKKQ#BHBbû2 T�` mM2 �B;mBHH2 bBimû2 ¨ H� ?�mi2m` H- 2bi /ûTQbû2 bm` +2ii2 `�KT2
i?2`KB[m2X

G2b 2ti`ûKBiûb /m #�``2�m bQMi TQbû2b 2M x = 0 2i x = L bm` /2mt TH�[m2b +?�mz�Mi2b
+QMi`ƬHû2b 2M i2KTû`�im`2- �bbBbiû2b T�` /2b +�`iQm+?2b +?�mz�Mi2b 2M+�bi`û2b /�Mb H2 Kû@
i�HX G2b û+?�M;2b i?2`KB[m2b �m b2BM /ǶmM bQHB/2 bQMi /QKBMûb T�` H� /BzmbBQMX GǶ2ti`ûKBiû
+?�m/2 /Bzmb2 b� +?�H2m` p2`b HǶ2ti`ûKBiû 7`QB/2- ûi�#HBbb�Mi mM ;`�/B2Mi i?2`KB[m2 G bmB@
p�Mi HǶ�t2 xX PM BMi`Q/mBi ⇢s H� K�bb2 pQHmKB[m2- �s H� +QM/m+iBpBiû i?2`KB[m2 2i cs H�
+�T�+Biû i?2`KB[m2 K�bbB[m2 /m #�``2�m UbmTTQbû2b mMB7Q`K2bVX GǶû[m�iBQM [mB `û;Bi H2
+?�KT /2 i2KTû`�im`2 H2 HQM; /m bQHB/2 2bi HǶû[m�iBQM /2 H� /BzmbBQM R ,

@Tb
@t

=
�s

⇢scs

@
2
Tb

@x2
U8XRXRV

G� bQHmiBQM bi�iBQMM�B`2 Tb(x) b�iBb7�Bi HǶû[m�iBQM /2 G�TH�+2- [mB �T`ĕb BMiû;`�iBQM-
2M T`2M�Mi +QKK2 +QM/BiBQMb HBKBi2b H2b i2KTû`�im`2b BKTQbû2b �mt 2ti`ûKBiûb x = 0 2i

RX 1HH2 bǶQ#iB2Mi T�` mM #BH�M ûM2`;ûiB[m2 ¨ mM2 /BK2MbBQM 2i 2M �TTHB[m�Mi H� HQB /2 6Qm`B2`X

R33
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x = L- +QM/mBi �m +?�KT bi�iBQMM�B`2 ,

Tb(x) =
Tb(L)� Tb(0)

L
x+ Tb(0) U8XRXkV

GǶ�TTHB+�iBQM /ǶmM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 T�`i 2i /Ƕ�mi`2 /m #�``2�m ûi�#HBi /QM+-
2M T`BM+BT2- mM ;`�/B2Mi G = (Tb(L)� Tb(0))/LX

8XRXk *�`�+iû`Bb�iBQM /2b ;`�/B2Mib i?2`KB[m2b BKTQbûb

LQmb �pQMb 2z2+imû /2b `2H2pûb ¨ H� +�Kû`� i?2`KB[m2 �}M /2 +�`iQ;`�T?B2` H� i2KTû@
`�im`2 H2 HQM; /m #�``2�mX G� +�Kû`� b2MbB#H2 �mt BM7`�`Qm;2b 2bi 7Q+�HBbû2 bm` H� i`�M+?2
H�iû`�H2 /2 H� `�KT2- 2M/mBi2 �m T`û�H�#H2 /2 T�i2 i?2`KB[m2 �}M /Ƕ2M �m;K2Mi2` HǶûKBb@
bBpBiûX *�HB#`û2 bm` H� ;�KK2 /2 i2KTû`�im`2 T 2 (R8y c j8y)�*- H� +�Kû`� /QMM2 mM �++ĕb
/vM�KB[m2 ¨ Tb(x, t)X PM `2T`ûb2Mi2 bm` H� };m`2 8XkU�V mM 2t2KTH2 /2b BK�;2b T`Q/mBi2bX

_û;BK2 ûi�#HB

G2 T`Q}H Tb(x) �ii2BMi �T`ĕb mM HQM; i2KTb /2 +?�mz2 UivTB[m2K2Mi jy KBMmi2bV 2bi
�HQ`b 2ti`�Bi H2 HQM; /m #�``2�m 2i T`ûb2Miû bm` H� };m`2 8XkU#VX G� i2KTû`�im`2 Tb /BKBMm2

300350 250 150200 100

x0 L

0 10 20 30
100

150

200

250

300

350

5.6°C/cm

100
150
200
250
300

350

0 10 20 30

G

(a) (b)

Ts (∘C)

x (cm)

T s
(∘ C)

6B;m`2 8Xk Ĝ *�`�+iû`Bb�iBQM /m ;`�/B2Mi /2 i2KTû`�im`2 �TTHB[mû �m bm#bi`�iX U�V om2 /2 +Ƭiû /2
H� `�KT2 `û�HBbû2 ¨ H� +�Kû`� i?2`KB[m2 U6GA_ �eyy b2`B2bV mM2 7QBb H2 `û;BK2 T2`K�M2Mi �ii2BMiX
G� i`�M+?2 2bi 2M/mBi2 /2 T�i2 i?2`KB[m2- pBbB#H2 �mt BM7`�`Qm;2bX GǶ2ti`ûKBiû 2M x = 0 2bi TQ`iû2
¨ mM2 i2KTû`�im`2 Tb(0) = 350�* +QMi`2 Tb(L) = 150�* ¨ HǶ�mi`2 2ti`ûKBiûX (#) G2 +?�KT /2
i2KTû`�im`2 Tb(x) 2bi �HQ`b 2ti`�BiX G2 ;`�/B2Mi /2 i2KTû`�im`2 H2 HQM; /2 H� `�KT2 2bi +QMbi�Mi-
û;�H ¨ G ⇡ 0.6�*/KKX

#B2M [m�bB@HBMû�B`2K2MiX 1M +?�mz�Mi ¨ 350�* /ǶmM2 T�`i 2i 150�* /Ƕ�mi`2 T�`i- BH bǶûi�#HBi
bm` iQmi2 H� HQM;m2m` /m #�``2�m mM ;`�/B2Mi /2 i2KTû`�im`2- /QMMû T�` H� T2Mi2 /2 H�
/`QBi2 Tb(x) [mB p�mi ivTB[m2K2Mi G ⇡ 0.6�*/KKX

_û;BK2 i`�MbBiQB`2

GǶûi�#HBbb2K2Mi /m ;`�/B2Mi i?2`KB[m2 MǶ2bi +2T2M/�Mi T�b BMbi�Mi�Mû 2i b2 7�Bi 2M mM
i2KTb ⌧ ⇠ L

2/Di? U�p2+ Di? = �s/⇢scs H� /BzmbBpBiû i?2`KB[m2 /m K�iû`B�mVX .�Mb H2

R3N
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+�b /ǶmM #�``2�m /2 HQM;m2m` L = 30 +K 2i /2 /BzmbBpBiû i?2`KB[m2 Di? ⇡ 10�4 Kk/b-
H2 `û;BK2 i`�MbBiQB`2 /m`2 ⌧ ⇡ 10 KBMmi2bX *2i Q`/`2 /2 ;`�M/2m` 2bi +QM}`Kû T�` MQb

(a) (b)

t (min)

x (cm)

T s
(∘ C)

4020100
0

100

200
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0
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G∂ x
T s

(∘ C/
m

m
)

t (min)
0 5 10 15 20 25

-1

-0.5

0

0.5

1

15 20100 5 25
-1.0

1.0

0

-0.5

0.5

L

6B;m`2 8Xj Ĝ _û;BK2 i`�MbBiQB`2 /Ƕûi�#HBbb2K2Mi /m ;`�/B2Mi i?2`KB[m2 H2 HQM; /2 H� `�KT2X GǶ2t@
i`ûKBiû 2M x = 0 2bi TQ`iû2 ¨ mM2 i2KTû`�im`2 Tb(0) = 325�* +QMi`2 Tb(L) = 150�* ¨ HǶ�mi`2
2ti`ûKBiûX U�V h2KTû`�im`2 Tb- K2bm`û2 ¨ H� +�Kû`� i?2`KB[m2 U6GA_ �eyy b2`B2bV H2 HQM; /2 HǶ�t2
xX (#) AMBiB�H2K2Mi MmH- H2 ;`�/B2Mi /2 i2KTû`�im`2 @xTb bǶûi�#HBiX aQM ûpQHmiBQM- �TT`û+B�#H2 T�`
H2 /û;`�/û /m #H2m �m D�mM2- KQMi`2 mM2 b�im`�iBQM ¨ mM2 p�H2m` /2 HǶQ`/`2 /2 G ⇡ 0.6�*/KK �m
#Qmi /ǶmM2 /Bx�BM2 /2 KBMmi2bX

K2bm`2b /2 +?�KT /2 i2KTû`�im`2 Tb(x) 2i /2 b� /û`Bpû2 bT�iB�H2 @xTb bmBp�Mi x- i`�+ûb
bm` H� };m`2 8XjX lM ;`�/B2Mi G +QMbi�Mi bǶûi�#HBi bmBp�Mi xX aQM BMi2MbBiû 2bi +QMi`ƬHû2
2M BKTQb�Mi H� i2KTû`�im`2 �mt 2ti`ûKBiûb /m #�``2�mX GǶ�KTHBim/2 ivTB[m2 2tTHQ`û2-
/QMMû2 T�` H� T2Mi2 KQv2MM2 UT`Bb2 HQBM /2b bQm`+2bV- 2bi +QKT`Bb2 2Mi`2 @R 2i R �*fKKX
AH `ĕ;M2 �HQ`b �m MBp2�m /2 H� #�b2 /2 ;Qmii2b /2 /B�Kĕi`2 ivTB[m2 Ry KK mM2 /Bzû`2M+2
/2 i2KTû`�im`2 /2 R ¨ Ry�*X

8XRXj _ûbmHi�ib 2i +QKTQ`i2K2Mi i?2`KQT?Q#2

0 2 4 86 10
t (s)

6B;m`2 8X9 Ĝ *?`QMQT?QiQ;`�T?B2 `2T`ûb2Mi�Mi H� ;Qmii2 pm2 /2 /2bbmb ¨ /Bzû`2Mib BMbi�Mib- /B7@
7û`2MiBûb T�` HǶmiBHBb�iBQM /2 +QmH2m`b /BbiBM+i2b 2i bûT�`ûb /2 yX9 bX G� ;Qmii2- [mB b2 /ûi�+?2 /2
HǶ�B;mBHH2 U2M ;`BbV TQm` mM `�vQM R = 2.6 KK- b2 K2i 2M KQmp2K2Mi p2`b H2 7`QB/X 1HH2 �++ûHĕ`2 bmB@
p�Mi x Dmb[mǶ¨ �ii2BM/`2 H� TQbBiBQM i2HH2 [m2 Tb(x) < TL- Qɍ 2HH2 2Mi`2 2M û#mHHBiBQM 2i b2 pQH�iBHBb2
2M mM2 7`�+iBQM /2 b2+QM/2X G� #�``2 2M ?�mi ¨ ;�m+?2 BM/B[m2 mM2 û+?2HH2 /2 ky KKX

1M �/QTi�Mi /2b pm2b /2 /2bbmb- MQmb �pQMb bmBpB H� i`�D2+iQB`2 /2 ;Qmii2b /ûTQbû2b b�Mb

RNy



8XRX S_úa1Lh�hAPL .1 GǶ1sSú_A1L*1

pBi2bb2 BMBiB�H2 bm` +2ii2 `�KT2 i?2`KB[m2X G� +?`QMQT?QiQ;`�T?B2 /2 H� };m`2 8X9 UT�;2
RNyV KQMi`2 H2b TQbBiBQMb bm++2bbBp2b /2 H� ;Qmii2- HB#û`û2 /2 HǶ�B;mBHH2 HQ`b[m2 b� ?�mi2m` h
/2pB2Mi +QKT�`�#H2 ¨ H- H� ?�mi2m` /2 HǶ�B;mBHH2X G2b /Bzû`2Mib BMbi�Mib- bûT�`ûb /2 yX9 b-
bQMi `2Tû`ûb ;`�+2 ¨ HǶmiBHBb�iBQM /2 +QmH2m`b /BbiBM+i2b- /Bbi`B#mû2b /m D�mM2 �m pBQH2iX G2
HB[mB/2 bǶ�MBK2 bTQMi�MûK2Mi /ǶmM KQmp2K2Mi �++ûHû`û- 2M /B`2+iBQM /2 HǶ2ti`ûKBiû 7`QB/2X
AH T�`+Qm`i mM2 pBM;i�BM2 /2 +2MiBKĕi`2b 2M Ry b2+QM/2b- û+?2HH2 /2 i2KTb Qɍ HǶûp�TQ`�iBQM
2bi Mû;HB;2�#H2- �p�Mi /2 bm#Bi2K2Mi /BbT�`�ŗi`2 2M mM2 7`�+iBQM /2 b2+QM/2X

*2ii2 i2M/�M+2 bmB+B/�B`2 ¨ T`û7û`2` H2 7`QB/ 2bi +QM}`Kû2 2M `2T`Q/mBb�Mi +2ii2 2t@
Tû`B2M+2 mM ;`�M/ MQK#`2 /2 7QBbX PM bmT2`TQb2 bm` H� };m`2 8X8U�V pBM;i i`�D2+iQB`2b
pm2b /2 /2bbmb /2 ;Qmii2b BMBiB�H2K2Mi �m `2TQb [mB b2 /B`B;2Mi bTQMi�MûK2Mi p2`b H2 #Q`/
7`QB/X G� i2KTû`�im`2 2bi BM/B[mû2 2M /2bbQmb /m /B�;`�KK2 T�` HǶBK�;2 7�Bi2 ¨ H� +�@
Kû`� i?2`KB[m2 /2 H� i`�M+?2 H�iû`�H2 /m bm#bi`�iX 1M BMp2`b�Mi H2 bB;M2 /m ;`�/B2Mi- QM
BMp2`b2 H� /B`2+iBQM /2 /ûT�`i /2b ;Qmii2b U};m`2 8X8U#VVX *2ii2 2tTû`B2M+2 `ûpĕH2 /QM+ H2
+QKTQ`i2K2Mi i?2`KQT?Q#2 /2 ;Qmii2b +�Hû}û2b- 7�i�H TmBb[mǶ2M T�bb�Mi 2M /2bbQmb /2 H�
i2KTû`�im`2 /2 G2B/2M7`Qbi- 2HH2b 2Mi`2Mi 2M û#mHHBiBQM 2i /BbT�`�Bbb2MiX

6B;m`2 8X8 Ĝ amT2`TQbBiBQM /2 pBM;i i`�D2+iQB`2b /2 ;Qmii2b /2 `�vQM R = 2.6 KK- HB#û`û2b b�Mb
pBi2bb2 BMBiB�H2 2M x0 UQɍ BH `ĕ;M2 mM2 i2KTû`�im`2 KQv2MM2 Tb(x0) = 285�*V 2i �miQT`QTmHbû2b bm`
H� `�KT2 i?2`KB[m2 Tb(x) = G(x� x0) + Tb(x0) Qɍ G = �0.6�*/KK U�V 2i Qɍ G = Y 0.6�*/KK
U#VX *?�[m2 +QmH2m` /ûbB;M2 mM2 2tTû`B2M+2 BM/ûT2M/�Mi2X

GǶ�Dmbi2K2Mi /2 H- H� /Bbi�M+2 2Mi`2 HǶ�B;mBHH2 2i H2 bm#bi`�i- T2`K2i mM +QMi`ƬH2 bm`
H� i�BHH2 /2b ;Qmii2b ¨ HǶBMbi�Mi Qɍ 2HH2b b2 HB#ĕ`2MiX LQmb �pQMb bmBpB H� TQbBiBQM x(t) TQm`
/Bzû`2Mib `�vQMb /2 ;Qmii2 RX G� };m`2 8XeU�V /QMM2 [m�i`2 2t2KTH2b TQm` /2b `�vQMb
[mB bǶû+?2HQMM2Mi 2Mi`2 k 2i eX8 KKX G� K2bm`2 TQm` /2b ;Qmii2H2ii2b /2 `�vQM R . 1-
�``QM/B2b T�` H� +�TBHH�`Biû- 2bi 2M 2z2i +QKT`QKBb2 T�` H� KBb2 2M TH�+2 /m KQmp2K2Mi
/2 `QmH2K2Mi BMi2`M2 UpQB` +?�TBi`2 9V- [mB BM/mBi mM2 7Q`+2 /Ƕ�miQT`QTmHbBQM ?Q`BxQMi�H2
/ǶQ`B2Mi�iBQM �Hû�iQB`2X *2ii2 HBKBi2 b2`� /Bb+miû2 mHiû`B2m`2K2Mi �m T�`�;`�T?2 8XjXjX G2
`û;BK2 /2b +?2KBMû2b UR & 4V MǶ� T�b ûiû 2tTHQ`ûX G2b +Qm`#2b x(t) Q#i2Mm2b bQMi /2b
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T�`�#QH2bX G2b ;Qmii2b bQMi /QM+ mMB7Q`KûK2Mi �++ûHû`û2b- +2 [mB `ûpĕH2 HǶ2tBbi2M+2 /ǶmM2
7Q`+2 i?2`KQT?Q`ûiB[m2 ?Q`BxQMi�H2 /B`B;û2 /m +?�m/ p2`b H2 7`QB/X G2b /QMMû2b bQMi �T@
T`Q+?û2b T�` mM2 HQB [m�/`�iB[m2 x =

a

2
(t � t0)2- Qɍ H2 i2KTb /2 /ûi�+?2K2Mi t0 /2 H�

;Qmii2 2i HǶ�++ûHû`�iBQM a bQMi �DmbiûbX am` H� };m`2 8XeU#V QM TQ`i2 +2ii2 �++ûHû`�iBQM a 2M
7QM+iBQM /2 H� i�BHH2 /2 H� ;Qmii2 R , QM Q#b2`p2 [m2 a 2bi mM2 7QM+iBQM +`QBbb�Mi2 /2 RX G�
b2MbB#BHBiû /2 a pBb@¨@pBb /2 R BMp�HB/2 H2b +�mb2b ;`�pBi�B`2b /m KQmp2K2Mi 2i bm;;ĕ`2 mM2
Q`B;BM2 i?2`KB[m2 ¨ H� 7Q`+2 T`QTmHbBp2X
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6B;m`2 8Xe Ĝ .vM�KB[m2b /2 ;Qmii2b +�Hû}û2b bm` mM2 bm`7�+2 +?�mzû2 /2 K�MBĕ`2 MQM ?QKQ;ĕM2X
U�V 1t2KTH2b /2 i`�D2+iQB`2b x = f(t) Q#i2Mm2b TQm` /2b ;Qmii2b /Ƕ2�m /2 `�vQM R p�`B�Mi /2
k KK ¨ Ry KKX lM �Dmbi2K2Mi /2b /QMMû2b ¨ H� HQB [m�/`�iB[m2 x =

a

2
(t� t0)2 T2`K2i /Ƕ2ti`�B`2

HǶ�++ûHû`�iBQM aX (#) úpQHmiBQM /2 HǶ�++ûHû`�iBQM a �p2+ H2 `�vQM R /2b ;Qmii2bX

LQmb �pQMb bQmHB;Mû ¨ THmbB2m`b `2T`Bb2b H� b2MbB#BHBiû /2 HǶû+QmH2K2Mi /2 p�T2m` bQmb
H� ;Qmii2 ¨ HǶûT�Bbb2m` /m }HK "X *2 }HK bǶûT�BbbBi HQ`b[m2 H� i2KTû`�im`2 /m bm#bi`�i
�m;K2Mi2 U7�B#H2K2Mi- ûi�Mi /QMMû [m2 " / �T

1/4VX PM +?2`+?2 �HQ`b ¨ pQB` HǶBM~m2M+2 /2
H� i2KTû`�im`2 HQ+�H2 /m bm#bi`�i bm` HǶ�++ûHû`�iBQM aX G� /Bzû`2M+2 �T = Tb(x) � Te 2bi
2tTHQ`û2 2M 7�Bb�Mi p�`B2` H� TQbBiBQM BMBiB�H2 x ¨ H�[m2HH2 bQMi /ûTQbû2b H2b ;Qmii2b- 2i 2M
;�`/�Mi H2 ;`�/B2Mi i?2`KB[m2 G +QMbi�MiX *QKK2 BHHmbi`û bm` H� };m`2 8Xd- HǶ�++ûHû`�iBQM
2bi b2MbB#H2 ¨ �T X SQm` �T . 200�*- QM `2K�`[m2 [m2 HǶ�++ûHû`�iBQM a �m;K2Mi2 HQ`b[m2
H� i2KTû`�im`2 /m bm#bi`�i /BKBMm2- mM2 i2M/�M+2 Q#b2`pû2 bm` H2b `�i+?2ib T�` (RjN- R9R-
R9j)- [mB bm;;ĕ`2 mM2 Q`B;BM2 i?2`KB[m2 �m +QKTQ`i2K2Mi Q#b2`pûX 1M /BKBMm�Mi �T - QM
/BKBMm2 HǶûT�Bbb2m` /m }HK /2 p�T2m` "X G� ;Qmii2 b2Mi �HQ`b /�p�Mi�;2 HǶ2z2i /m ;`�/B2Mi
/2 i2KTû`�im`2 [mB HmB 2bi �TTHB[mûX �m@/2H¨ /ǶmM +2`i�BM b2mBH �T & 200�*- H2 +QmbbBM /2
p�T2m` bǶûT�BbbBi 2i HǶ�++ûHû`�iBQM /2pB2Mi BM/ûT2M/�Mi2 /2 �T X

G� 7Q`+2 i?2`KQT`QTmHbBp2 �m;K2Mi2 /QM+ �p2+ ` U/QM+ 2M �m;K2Mi�Mi R- +7 };m`2 8XeU#VV
2i HQ`b[mǶQM /BKBMm2 H� i2KTû`�im`2 KQv2MM2 Tb(x0) `2bb2MiB2 bQmb H2b ;Qmii2b U+7 };m`2 8XdV-
[mB /BKBMm2 HǶûT�Bbb2m` KQv2MM2 " /m }HK /2 p�T2m`X *2b Q#b2`p�iBQMb T`BpBHû;B2Mi H� TBbi2
/Ƕ2z2ib i?2`KB[m2bX
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a
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6B;m`2 8Xd Ĝ �++ûHû`�iBQM /2 ;Qmii2b KBb2b 2M KQmp2K2Mi bm` /2b ;`�/B2Mib i?2`KB[m2b Q#i2Mm2
T�` �Dmbi2K2Mi /2b i`�D2+iQB`2b ¨ H� HQB [m�/`�iB[m2 x =

a

2
(t � t0)2 TQm` /Bzû`2Mi2b i2KTû`�im`2b

`2bb2MiB2bX G� TQbBiBQM x0 = x(t0) ¨ H�[m2HH2 bQMi /ûTQbû2b H2b ;Qmii2b T2`K2i /2 7�B`2 p�`B2` H�
i2KTû`�im`2 /m bm#bi`�i `2bb2MiB2 2M KQv2MM2 bQmb H� ;Qmii2 `2H�iBp2K2Mi �m TQBMi /Ƕû#mHHBiBQM /m
HB[mB/2 �T = Tb(x0)� TeX

8Xk Jû+�MBbK2 /2 T`QTmHbBQM

LQmb +?2`+?QMb ¨ +QKT`2M/`2 H� K�MBĕ`2 /QMi H2 ;`�/B2Mi i?2`KB[m2 QTĕ`2 TQm` +QM/mB`2
¨ /2 H� T`QTmHbBQMX G2b Q`B;BM2b /m KQmp2K2Mi bTQMi�Mû /ǶmM2 ;Qmii2 2M +�Hû7�+iBQM bm`
mM2 bm`7�+2 ;`�/m2HH2K2Mi +?�mzû2 T2mp2Mi āi`2 KmHiBTH2bX

8XkXR Jû+�MBbK2b 2MpBb�;2�#H2b

} .2b b+ûM�`BQb ?v/`Q/vM�KB[m2b BKTHB[m�Mi H� /û7Q`K�#BHBiû /2 HǶBMi2`7�+2 2i H� /v@
M�KB[m2 BMi2`M2 �m HB[mB/2X LQmb �pQMb pm �m +?�TBi`2 9 [m2 /2b û+QmH2K2Mib i`ĕb pB7b /2
ivT2 J�`�M;QMB Qm _�vH2B;?@"ûM�`/ T`2MM2Mi TH�+2 �m b2BM /m HB[mB/2X *2b û+QmH2K2Mib-
+QmTHûb ¨ H� ;ûQKûi`B2 /2 H� ;Qmii2- T2mp2Mi BM/mB`2 /2b /û7Q`K�iBQMb /2 HǶBMi2`7�+2X G�
;Qmii2 `2bb2Mi mM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 HǶQ`/`2 /2 G` bmBp�Mi HǶ�t2 /m ;`�/B2MiX
G2b û+QmH2K2Mib i?2`KQ@+QMp2+iB7b �b+2M/�Mi /m +Ƭiû +?�m/ bQMi BMi2MbB}ûb- 7�pQ`Bb�Mi mM
KQmp2K2Mi /2 `QmH2K2Mi p2`b H2 7`QB/X *2ii2 #`Bbm`2 /2 bvKûi`B2 T2mi #�b+mH2` H� #�b2 /2b
;Qmii2bX

} .2b b+ûM�`BQb i?2`KB[m2b `2TQb�Mi bm` HǶûp�TQ`�iBQM �bvKûi`B[m2 /2 H� #�b2 /2 H�
;Qmii2 2ifQm H2b p�`B�iBQMb /2b T�`�Kĕi`2b /2 H� p�T2m` �p2+ H� i2KTû`�im`2 (R9k)X GǶBMi2`@
7�+2 HB[mB/2@p�T2m` 2bi �HQ`b `2KQ/2Hû2 /2 K�MBĕ`2 �bvKûi`B[m2X aQM BM+HBM�BbQM KQv2MM2
7�Bi M�ŗi`2 mM2 7Q`+2 M2ii2 [mB BM/mBi /m KQmp2K2MiX G2b ;`�/B2Mib �TTHB[mûb +Q``2bTQM/2Mi
¨ mM2 /Bzû`2M+2 /2 i2KTû`�im`2 ivTB[m2 /2 T�`i 2i /Ƕ�mi`2 /2 H� #�b2 /2b ;Qmii2b /2 8�*X

GǶ2{+�+Biû ;`�M/Bbb�Mi2 /2 H� 7Q`+2 i?2`KQT?Q`ûiB[m2 7�+2 �mt /BKBMmiBQMb /2 H� i2K@
Tû`�im`2 KQv2MM2 `2bb2MiB2 T�` H� ;Qmii2- U6B;X 8XdV bQmHB;M2 HǶBM~m2M+2 /2 HǶûT�Bbb2m` /m
}HK /2 p�T2m` 2i `2M7Q`+2 H2 b+ûM�`BQ i?2`KB[m2X .2 THmb- H� 7�B#H2 /Bzû`2M+2 /2 i2KTû`�im`2
�m MBp2�m /2 H� #�b2 /2 H� ;Qmii2 H�Bbb2 T2Mb2` [m2 +Ƕ2bi H2 Kû+�MBbK2 /Ƕû`QbBQM@BM+HBM�BbQM
[mB 2tTHB[m2 H2 KQmp2K2Mi Q#b2`pû 2i MQM T�b H2b p�`B�iBQMb /2b T�`�Kĕi`2b T?vbB[m2bX
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SQm` ûHm+B/2` `B;Qm`2mb2K2Mi HǶQ`B;BM2 /2 H� 7Q`+2 i?2`KQT?Q`ûiB[m2- MQmb `2+Qm`QMb- ¨ H�
K�MBĕ`2 /2 G�;m#2�m 2i �HX (RjR)- ¨ /2b bQHB/2b +�Hû}ûb- T2m 2M+HBMb ¨ b2 /û7Q`K2` 2i /QMi
H� /vM�KB[m2 BMi2`M2 2bi bmTT`BKû2X

8XkXk 1tTû`B2M+2 KQ/ĕH2

*QKTQ`i2K2Mi i?2`KQT?Q#2

GǶ2tTû`B2M+2 i2bi [m2 MQmb `û�HBbQMb +QMbBbi2 /QM+ ¨ K2ii`2 2M HûpBi�iBQM /2b #HQ+b /2
+�`#Q;H�+2 bm` mM2 `�KT2 2M H�BiQM ;`�/m2HH2K2Mi +?�mzû2X AHb bQMi `2M/mb bvKûi`B[m2b
�m T`û�H�#H2 2M ;QKK�Mi H2m`b �bTû`Biûb 2i /û7�mib �m +QMi�+i /ǶmM KQmH2 ¨ i2KTû`�im`2
�K#B�Mi2X G2b #HQ+b bQMi K�BMi2Mmb b�Mb pBi2bb2 ¨ HǶ�B/2 /ǶmM im#2 bmbT2M/m �m@/2bbmb /m
bm#bi`�iX lM2 7QBb H2 im#2 bm`ûH2pû- H2 T�H2i 2bi HB#û`ûX G� };m`2 8X3U�V KQMi`2 H2b TQbBiBQMb
pm2b /2 /2bbmb T`Bb2b ¨ BMi2`p�HH2 `û;mHB2` UyX3 b 2Mi`2 +?�[m2 BK�;2- /Bzû`2MiB�#H2b T�` H2m`b
+QmH2m`bV /ǶmM T�H2i /2 +�`#Q;H�+2 /ûTQbû bm` mM #�``2�m 2M H�BiQM THmb +?�m/ ¨ ;�m+?2
U⇠ 400�*V [mǶ¨ /`QBi2 U⇠ 150�*VX G2 #HQ+- BMBiB�H2K2Mi �m `2TQb- bǶ�MBK2 /ǶmM KQmp2K2Mi
�++ûHû`ûX a� TQbBiBQM /�Mb H2 TH�M (xy) 2bi �HQ`b 2ti`�Bi2 2i i`�+û2 bm` H� };m`2 8X3U#VX G2
#HQ+ b2 /B`B;2 bmBp�Mi x- /�Mb H2 b2Mb QTTQbû ¨ +2HmB /m ;`�/B2Mi i?2`KB[m2- +Ƕ2bi@¨@/B`2
p2`b H2 7`QB/X PM i`�+2 H� +QQ`/QMMû2 x �m +Qm`b /m i2KTb t U6B;X 8X3U+VVX AH 7�mi KQBMb /2
bBt b2+QM/2b �m T�H2i TQm` [mBii2` H2 bm#bi`�iX
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6B;m`2 8X3 Ĝ U�V *?`QMQT?QiQ;`�T?B2 /û;`�/û2 KQMi`�Mi H2b TQbBiBQMb bm++2bbBp2b /ǶmM #HQ+ /2
+�`#Q;H�+2 /2 K�bb2 m = 3.6 ; �++ûHû`�Mi p2`b H2 +Ƭiû 7`QB/X G2 ;`�/B2Mi /2 i2KTû`�im`2 BKTQbû
bmBp�Mi x 2bi G = 0.7�*/KKX (#) SQbBiBQM /�Mb H2 TH�M xy 2ti`�Bi2 /2 H� pm2 /2 /2bbmbX (+) G2
T�H2i- H�+?û b�Mb pBi2bb2 BMBiB�H2 2bi `2Tû`û T�` H� TQbBiBQM x- [m�/`�iB[m2 2M i2KTbX

*2ii2 2tTû`B2M+2 `ûpĕH2 H2 KāK2 +QKTQ`i2K2Mi i?2`KQT?Q#2 TQm` H2b bQHB/2b [m2 TQm`
H2b HB[mB/2b +�Hû}ûbX GǶ2bT�+2K2Mi +`QBbb�Mi /2b TQbBiBQMb bm++2bbBp2b /2 HǶQ#D2i bm` H� +?`Q@
MQT?QiQ;`�T?B2 U};m`2 8X3U�VV- bQmHB;M2 HǶ�++ûHû`�iBQM MQM MmHH2 /m T�H2i /2 +�`#Q;H�+2X
G� TQbBiBQM x- i`�+û2 bm` H� };m`2 8X3U+V bmBi 2M 2z2i /2b p�`B�iBQMb [m�/`�iB[m2b 2M i2KTbX
GǶ2tTû`B2M+2 2bi `ûTûiû2 2M miBHBb�Mi /2b #HQ+b /2 ;ûQKûi`B2 p�`B�#H2 2i 2M BMp2`b�Mi H2 bB;M2
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/m ;`�/B2MiX PM TQ`i2 bm` H� };m`2 8XN mM2 pBM;i�BM2 /2 i`�D2+iQB`2b- Q#i2Mm2b TQm` /2b
#HQ+b /2 i�BHH2 p�`B�#H2b- [mB b2 /B`B;2Mi iQmb p2`b HǶ2ti`ûKBiû 7`QB/2 /m bm#bi`�i U¨ /`QBi2
U�V 2i ¨ ;�m+?2 U#V bmBp�Mi H2 bB;M2 /m ;`�/B2MiVX

6B;m`2 8XN Ĝ h2M/�M+2 i?2`KQT?Q#2 /2 bQHB/2b /2 G2B/2M7`QbiX U�V *QHH2+iBQM /ǶmM2 pBM;i�BM2 /2
i`�D2+iQB`2b pm2b /2 /2bbmb /2 T�H2ib /2 *PkUbV bǶ�miQT`QTmHb�Mi p2`b H2 +Ƭiû 7`QB/X G2 ;`�/B2Mi
/2 i2KTû`�im`2 BKTQbû bmBp�Mi x 2bi G = �0.7�*/KKX (#) h`�D2+iQB`2b Q#i2Mm2b 2M BKTQb�Mi
G = +0.7�*/KKX (+) SQbBiBQMb x 2M 7QM+iBQM /m i2KTb TQm` /2b T�H2i- HB#û`ûb b�Mb pBi2bb2 BMBiB�H2-
2M T`QTmHbBQM p2`b H2 7`QB/X

G� TQbBiBQM x �m +Qm`b /m i2KTb 2bi 2ti`�Bi2 /2 +2b pm2b /2 /2bbmb U};m`2 8XNU+VVX PM
`2i`Qmp2 HǶ�HHm`2 /2 T�`�#QH2 TQm` x(t)X PM �Dmbi2 �HQ`b H2b /QMMû2b T�` x(t) =

a

2
(t� t0)2

�}M /Ƕ2ti`�B`2 HǶ�++ûHû`�iBQM a [m�bB@+QMbi�Mi2 /m T�H2iX *2ii2 �++ûHû`�iBQM- /2 HǶQ`/`2 /2
10 KK/bk- 2bi b2MbB#H2 �mt +QM/BiBQMb BMBiB�H2b- 2i 2M T�`iB+mHB2`- �m i2KTb /2 `ûbB/2M+2
/m T�H2i �p�Mi b� HB#û`�iBQM- TmBb[mǶmM2 7QBb /ûTQbû bm` H� `�KT2 i?2`KB[m2- bQM û`QbBQM
/Bzû`2MiB2HH2 +QKK2M+2X .�Mb iQmi2b H2b 2tTû`B2M+2b- HǶ�+[mBbBiBQM /ûK�``2 KQBMb /2 /2mt
b2+QM/2b �T`ĕb H2 /ûTƬiX

LQmb �pQMb pm �m +?�TBi`2 9 [mǶmM2 �++ûHû`�iBQM mMB7Q`K2 2bi H� bB;M�im`2 /2 HǶBM+HBM�B@
bQM /2 H� #�b2X GǶ�M;H2 BM/mBi /�Mb H2 `û;BK2 �miQT`QTmHbû /2b T2iBi2b ;Qmii2b /2 HǶQ`/`2
/2 ↵ ⇠ 5 K`�/ �++ûHĕ`2 H2 HB[mB/2 /2 ↵g ⇠ 50 KK/bk- /m KāK2 Q`/`2 /2 ;`�M/2m` [m2 H2b
�++ûHû`�iBQMb K2bm`û2b bm` H2b ;`�/B2Mib i?2`KB[m2bX

ε+ ε−
x

6B;m`2 8XRy Ĝ JQ/ĕH2 /2 #�b2 #�b+mHû2X G2 }HK /2 p�T2m` 2bi THmb ûT�Bb /m +Ƭiû +?�m/ [m2 /m +Ƭiû
7`QB/X G2 T�H2i HûpBi2 bm` mM +QmbbBM BM+HBMû- ¨ HǶQ`B;BM2 /2 H� 7Q`+2 i?2`KQT?Q`ûiB[m2 ?Q`BxQMi�H2-
/B`B;û2 2M /B`2+iBQM /m 7`QB/X

*2b bQHB/2b b2 T`QTmHb2Mi p2`b H2 7`QB/ ¨ �++ûHû`�iBQM [m�bB@+QMbi�Mi2- 2i +2 7�Bb�Mi-
BMp�HB/2Mi H2b TBbi2b `2TQb�Mi bm` H2 +�`�+iĕ`2 /û7Q`K�#H2 /2 HǶBMi2`7�+2 BM7û`B2m`2 Qm bm` H�
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T`ûb2M+2 /ǶmM2 /vM�KB[m2 BMi2`M2X AH b2K#H2 [m2 H� #�b2 /m #HQ+ bQBi BM+HBMû2 /ǶmM �M;H2
↵T [mB TQm``�Bi T`Qp2MB` /2 HǶû`QbBQM /Bzû`2MiB2HH2 /2 H� #�b2 /m bQHB/2- +QKK2 BHHmbi`û T�`
H2 b+?ûK� /2 H� };m`2 8XRyX GǶBMi2`7�+2 bǶû`Q/2 THmb /m +Ƭiû +?�m/ UD�mM2V [m2 /m +Ƭiû
7`QB/ U`Qb2VX *2+B TQm``�Bi 2tTHB[m2` H� T`ûb2M+2 /ǶmM �M;H2 ↵T /ǶBM+HBM�BbQM /2 H� #�b2 2i
/2 HǶ2tBbi2M+2 /ǶmM2 7Q`+2 ?Q`BxQMi�H2 T`QTmHbBp2X

6Q`+2 /2 T`QTmHbBQM /ǶmM bQHB/2 /2 G2B/2M7`Qbi

SQm` ûi�#HB` HǶQ`B;BM2 /m KQmp2K2Mi p2`b H2 7`QB/- MQmb MQmb BMiû`2bbQMb �m ~mt /2
p�T2m` bQmb mM T�H2i /2 +�`#Q;H�+2 BKKQ#BH2X G� /B`2+iBQM x ?Q`BxQMi�H2 UbmBp�Mi HǶ�t2
/m ;`�/B2MiV 2bi i`ĕb ûi2M/m2 /2p�Mi H� /B`2+iBQM z p2`iB+�H2X GǶ�mi`2 /B`2+iBQM y- bmBp�Mi
H�[m2HH2 MQmb MǶQ#b2`pQMb T�b /2 KQmp2K2Mi 2bi Mû;HB;û2 TQm` HBKBi2` H2 T`Q#HĕK2 ¨ /2mt
/BK2MbBQMbX PM b2 i`Qmp2 ¨ MQmp2�m /�Mb H2 +�/`2 /2 HǶ�TT`QtBK�iBQM /2 H� Hm#`B}+�iBQM
URe = ⇢v"

2
U/R⌘v << 1V- /ûi�BHHû2 ¨ H� T�;2 jRX 1M bmTTQb�Mi mM û+QmH2K2Mi bi�iBQMM�B`2-

TQ`iû bmBp�Mi x- 2Mi`2 /2mt T�`QBb bQHB/2b U/QM+ /2 pBi2bb2 MmHH2- /�Mb H2 +�b /m T�H2iV QM
i`Qmp2 mM T`Q}H /2 pBi2bb2 /2 ivT2 SQBb2mBHH2- [mB- KQv2MMû bmBp�Mi z- +QM/mBi ¨ H� T`2bbBQM
/2 Hm#`B}+�iBQM �P �bbQ+Bû2 ¨ HǶû+QmH2K2Mi /2 H� p�T2m` /�Mb H2 }HK ,

�P ⇠ ⌘v�v�TR
2

⇢vL"4
U8XkXRV

G� +QM/BiBQM /2 HûpBi�iBQM �P ⇠ ⇢gH }t2 �HQ`b HǶûT�Bbb2m` /Ƕû[mBHB#`2 " /m #HQ+ ¨ ,

" ⇠
✓
�v�T⌘vR

2

⇢vL⇢H

◆1/4

U8XkXkV

GǶûT�Bbb2m` /m }HK /ûT2M/ /2 H� i2KTû`�im`2 /m bm#bi`�iX P`- HǶQ#D2i 2bi bQmKBb ¨ /2b
p�`B�iBQMb /2 i2KTû`�im`2 bmBp�Mi HǶ�t2 x , Tb(x) = T0+GxX SQm` mM ;`�/B2Mi +QMbi�Mi G /2
HǶQ`/`2 /2 1�*/KK- H2 ~mt /Ƕûp�TQ`�iBQM 2bi `2M/m �bvKûi`B[m2X G� #�b2 /2 HǶQ#D2i bǶû`Q/2
+2 [mB � TQm` 2z2i /2 HǶBM+HBM2` /ǶmM �M;H2 ↵T = @x" = @�T "G Qɍ �T = Tb(x) � T*Pk X
1M /Bzû`2MiB�Mi HǶ2tT`2bbBQM 8XkXk- BH pB2Mi �HQ`b- 2M �/QTi�Mi mM2 7Q`K2 THmb +QKT�+i2 ,
↵T = G"/�T X SQm` mM }HK /ǶûT�Bbb2m` /2 HǶQ`/`2 /2 Ryy µK- 2i T*Pk = �78�*- QM
bǶ�ii2M/ ¨ mM �M;H2 ↵T /2 HǶQ`/`2 /2 yX8 K`�/X *QKK2 MQmb HǶ�pQMb pm T`û+û/2KK2Mi
2i /�Mb H� HBKBi2 ↵T << 1- mM i2H �M;H2 2M;2M/`2 mM2 �++ûHû`�iBQM ?Q`BxQMi�H2 ↵T g /2
HǶQ`/`2 /2 8 KKfb2- 2i mM2 7Q`+2 i?2`KQT?Q`ûiB[m2 [mB bǶû+`Bi- bB m 2bi H� K�bb2 /m T�H2i
FT ⇠ mgG"/�T X

_2K�`[m2 , GǶ�++ûHû`�iBQM K2bm`û2 2bi +2T2M/�Mi bQmp2Mi bmTû`B2m`2- +2 [mB p`�Bb2K#H�@
#H2K2Mi T`QpB2Mi /m 7�Bi [m2 HǶ�M;H2 +`Qŗi �p2+ H2 i2KTb /2 `ûbB/2M+2 /m #HQ+ /�Mb H2 im#2
b2`p�Mi ¨ bQM BKKQ#BHBb�iBQMX
.Ƕ�mi`2 T�`i- H2 `�BbQMM2K2Mi bmTTQb2 [m2 H2 T�H2i 2bi BKKQ#BH2X lM2 7QBb 2M KQmp2K2Mi-
H2b û[m�iBQMb /2 H� Hm#`B}+�iBQM /QBp2Mi āi`2 `2KTH�+û2b T�` H2b û[m�iBQMb /Bi2b /2 _2vMQH/b
2M T`2M�Mi mM2 pBi2bb2 /2 ;HBbb2K2Mi /�Mb HǶBMiû;`�iBQM /m T`Q}H /2 SQBb2mBHH2X aB H2 T�H2i
T`Q;`2bb2 ¨ H� pBi2bb2 V bmBp�Mi x- H� p�T2m` pQBi /QM+ mM û+QmH2K2Mi ¨ H� pBi2bb2 �V X P`-
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H2 #�b+mH2K2Mi /2 H� #�b2 `2+iB}2 HǶû+QmH2K2Mi /2 p�T2m` , H2 ;�x bǶû+?�TT2 T`û7û`2MiB2H@
H2K2Mi T�` H2 #Q`/ H2 THmb +QM}MûX G� pBi2bb2 /m ;�x- +Q``B;û2 T�` HǶû+QmH2K2Mi /Ƕ�B` ¨ H�
pBi2bb2 �V 2bi THmb 7�B#H2 /m +Ƭiû Qɍ H2 }HK 2bi THmb KBM+2X PM � pm ¨ H� T�;2 9XjX9 [m2
/2 i2HH2b /Bzû`2M+2b /2 pBi2bb2b �m b2BM /m }HK bQmHĕp2Mi H� #�b2 /2b ;Qmii2bX S�` H2 KāK2
`�BbQMM2K2Mi QM T`û/Bi �HQ`b [m2 HǶBM+HBM�BbQM /QM+ HǶ�++ûHû`�iBQM bǶ�KTHB}2Mi �m 7m` 2i ¨
K2bm`2 /2 H� T`QTmHbBQMX

LQmb �pQMb K2bm`û HǶ�++ûHû`�iBQM a 2M +QMbB/û`�Mi /2b #HQ+b /2 ;ûQKûi`B2 p�`B�#H2 2i
2M DQm�Mi bm` H� i2KTû`�im`2 HQ+�H2 Tb(x)X PM K2bm`2 /2b �++ûHû`�iBQMb /2 8 ¨ 50 KK/bk-
+QM7Q`KûK2Mi ¨ MQb T`û/B+iBQMb i?ûQ`B[m2bX hQmi27QBb- H� /ûT2M/�M+2 �mt T�`�Kĕi`2b 2t@
Tû`BK2Mi�mt 2bi 7�B#H2- 2i HǶBM~m2M+2 /m i2KTb BMBiB�H /2 `ûbB/2M+2 bm` H� `�KT2 i?2`KB[m2
�KTHB}2 HǶ�M;H2 /2 H� #�b2X lM bQHB/2 /2 G2B/2M7`Qbi- TH�+û bm` mM bm#bi`�i ;`�/m2HH2K2Mi
+?�mzû- bǶ�miQT`QTmHb2 /QM+ p2`b H2 7`QB/ T�` mM Kû+�MBbK2 i?2`KB[m2 /Ƕû`QbBQM �bvKû@
i`B[m2 /2 b� #�b2X

8XkXj �`iû7�+ib ûp2Mim2Hb /2 HǶ2tTû`B2M+2

§ +2b 2z2ib K2MiBQMMûb �m T�`�;`�T?2 8XkXR- T2mp2Mi ûp2Mim2HH2K2Mi bǶ�/DQBM/`2 /2b
�`iû7�+ib 2tTû`BK2Mi�mtX PM +?2`+?2 ¨ pû`B}2` [m2 +2b /2`MB2`b MǶBMi2`7ĕ`2Mi T�b /�Mb H2
+QKTQ`i2K2Mi Q#b2`pûX

"B�Bb ;`�pBi�B`2

LQmb �pQMb pm �m +?�TBi`2 9- [m2 /�Mb H2 `û;BK2 /2 ;Qmii2 ;`�pBi�B`2- H2 HB[mB/2 ;HBbb2
bmBp�Mi H� T2Mi2 ↵0 /m bm#bi`�i �p2+ mM2 �++ûHû`�iBQM ↵0gX G� T�`iB+mH�`Biû /2 +2ii2 �+@
+ûHû`�iBQM 2bi [mǶ2HH2 M2 /ûT2M/ T�b /2 R- +2 [mB +QMi`2/Bi H2b Q#b2`p�iBQMb `2TQ`iû2b bm`
H� };m`2 8XeU#VX GǶû+�`i ¨ HǶ?Q`BxQMi�HBiû ↵0 T2mi āi`2 ûp�Hmû 2M K2bm`�Mi HǶ�++ûHû`�iBQM
KQv2MM2 /2 ;Qmii2b /2 i�BHH2 /QMMû2 bm` mM2 `�KT2 i?2`KB[m2- 2i 2M H� +QKT�`�Mi �p2+
+2HH2 Q#i2Mm2 /�Mb H2b +QM/BiBQMb B/2MiB[m2b bm` mM ;`�/B2Mi i?2`KB[m2 /2 bB;M2 QTTQbûX
G� };m`2 8XRR T`ûb2Mi2 H2b /Bbi`B#miBQMb /2b �++ûHû`�iBQMb K2bm`û2b �p�Mi U�V 2i �T`ĕb U#V
BMp2`bBQM /m bB;M2 /m ;`�/B2MiX

*2b /Bbi`B#miBQMb bQMi �TT`Q+?û2b T�` /2b HQBb bi�iBbiB[m2b U/2 ivT2 �VX GǶû+�`i 2Mi`2
H2b TB+b +Q``2bTQM/ ¨ HǶ�++ûHû`�iBQM ;`�pBi�B`2 `ûbB/m2HH2 2↵0gX PM 2M /û/mBi [m2 H� T2Mi2
↵0 2bi /QM+ /2 HǶQ`/`2 /2 yXy8 K`�/X G� p�H2m` /2 +2ii2 T2Mi2 `ûbB/m2HH2 2bi bmTû`B2m`2
¨ H� T2Mi2 ivTB[m2 [m2 MQmb �pBQMb 2biBKû2 /�Mb H2b 2tTû`B2M+2b /m +?�TBi`2 9 `2H�iB7 ¨
HǶ�miQT`QTmHbBQM /2b ;Qmii2H2ii2bX AH 2bi 2M 2z2i THmb /B{+BH2 /2 `û/mB`2 HǶBM+HBM�BbQM /m
bm#bi`�i bm` H� /Bbi�M+2 L 2i /Ƕ�pQB` mM2 TH�MûBiû T�`7�Bi2 ¨ +2ii2 û+?2HH2 bm` mM2 bm`7�+2
mbBMû2X
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N a

N a
6B;m`2 8XRR Ĝ
.Bbi`B#miBQM /2b �++ûHû`�iBQMb
a /2 ;Qmii2b i?2`KQT`QTmH@
bû2b bm` mM bm#bi`�i +?�mzû
/ǶmM2 T�`i ¨ 150�* 2i /2
HǶ�mi`2 ¨ 350�*X G2 ;`�/B2Mi
i?2`KB[m2 BKTQbû 2bi 2M U�V
G = �0.56 �*/KK BM/mBb�Mi
mM2 �++ûHû`�iBQM KQv2MM2 a =
4.16 ± 1.42 KK/bk c 2M U#V
G = +0.56 �*/KK TQm` H2@
[m2H QM K2bm`2 a = 4.61 ±
0.83 KK/bkX GǶû+�`i 2Mi`2
H2b �++ûHû`�iBQMb +Q``2bTQM/ ¨
HǶ�++ûHû`�iBQM ;`�pBi�B`2 2↵0g-
+QM/mBb�Mi ¨ mM2 2biBK�iBQM
/2 ↵0 /2 HǶQ`/`2 /2 yXy8 K`�/X

"B�Bb BM/mBi T�` /BH�i�iBQM i?2`KB[m2 /m bm#bi`�i

aQmb HǶ2z2i /ǶmM2 p�`B�iBQM /2 i2KTû`�im`2- mM +Q`Tb /2 pQHmK2 BMBiB�H V0 = L⇥ l ⇥ d

b2 /û7Q`K2X *Ƕ2bi H2 T?ûMQKĕM2 /2 /BH�i�iBQM i?2`KB[m2X �BMbB- mM bQHB/2- BMBiB�H2K2Mi
¨ H� i2KTû`�im`2 T0 2i û+?�mzû /2 �T pQBi b2b /Bbi�M+2b bǶûi2M/`2 /2 K�MBĕ`2 � T`BQ`B
BbQi`QT2- +2 [mB +QM/mBi ¨ mM2 2tT�MbBQM /m pQHmK2 /2 V0 ¨ V = V0(1 + 3��T )X G2
;`�/B2Mi /2 i2KTû`�im`2 bmBp�Mi x T2mi /û7Q`K2` H2 #�``2�m 2i HmB +QKKmMB[m2` mM �M;H2
↵/X GǶ�++ûHû`�iBQM BM/mBi2 ↵/g 2bi BM/ûT2M/�Mi2 /2 H� i�BHH2 /2b ;Qmii2b- T`2KBĕ`2 BM/B+�iBQM
[m2 +2i 2z2i MǶ2bi T�b `2bTQMb�#H2 /m +QKTQ`i2K2Mi Q#b2`pûX *2 #B�Bb �M;mH�B`2 /ûT2M/
/2 G 2i /2 H� T`QT2MbBQM /m K�iû`B�m +QMbB/û`û ¨ b2 /û7Q`K2`- [m�MiB}û2 T�` �X SQm` /m
H�BiQM- H2 +Q2{+B2Mi /Ƕ2tT�MbBQM i?2`KB[m2 2bi /2 HǶQ`/`2 /2 � = 10�5 (E�R)X GǶ�TTHB+�iBQM
/ǶmM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 200�* BM+HBM2 #�``2�m /ǶmM �M;H2 ↵/ = �d�T/L /2
HǶQ`/`2 /2 yXy8 K`�/X

SQm` bǶ2M +QMp�BM+`2- QM `û�HBb2 HǶ2tTû`B2M+2 bmBp�Mi2 , mM2 M�TT2 H�b2` `�b�Mi2 2bi
`û~û+?B2 2M x = L/2 bm` H� bm`7�+2 Kûi�HHB[m2 2i T`QD2iû2 [m2H[m2b Kĕi`2b THmb HQBM bm` mM
û+`�MX PM K2bm`2 �HQ`b H� TQbBiBQM /2 H� `û~2tBQM T�` H2 bm#bi`�i +?�m/X PM /û+QKTQb2
�`iB}+B2HH2K2Mi H2b /û7Q`K�iBQMb bm#B2b T�` H2 bm#bi`�iX PM +QMbB/ĕ`2 [m2 H2 bQHB/2 2bi /�Mb
mM T`2KB2` i2KTb TQ`iû ¨ b� i2KTû`�im`2 KQv2MM2 Tb(L/2) = (Tb(0) + Tb(L))/2 c TmBb-
[mǶQM HmB �TTHB[m2- /�Mb mM b2+QM/ i2KTb- mM2 /Bzû`2M+2 /2 i2KTû`�im`2 ¨ b2b 2ti`ûKBiûb
;�m+?2 2i /`QBi2 (Tb(L/2)�Tb(0)) 2i (Tb(L/2)�Tb(L)) `2bT2+iBp2K2MiX G� T`2KBĕ`2 ûi�T2
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x

ze

x0

αi αr
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ze
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αi αr

0x

ze

d

δx

x0

αi

0 t (min)

Δz
(m

m
)

τr τ

6B;m`2 8XRk Ĝ U�V 1z2i /ǶmM2 �m;K2Mi�iBQM ?QKQ;ĕM2 /2 i2KTû`�im`2X (#) 1z2i /2 HǶ�TTHB+�iBQM
/ǶmM ;`�/B2Mi i?2`KB[m2 �m #�``2�m Kûi�HHB[m2X (+) J2bm`2 /2 H� ?�mi2m` ¨ H�[m2HH2 b2 `û~û+?Bi
H� M�TT2 H�b2` bm` mM û+`�M bBimû ¨ 2MpB`QM j Kĕi`2b 2M 7QM+iBQM /m i2KTbX G2b ~m+im�iBQMb bQMi
BKTmi�#H2b ¨ HǶ2z2i KB`�;2 �m@/2bbmb /2 H� TH�[m2X

+Q``2bTQM/ ¨ mM2 2tT�MbBQM mMB7Q`K2 , HǶBK�;2 /2 H� M�TT2 b2 i`�MbH�i2 U};m`2 8XRkU�VV kX
aQmb HǶ�TTHB+�iBQM /ǶmM2 /Bzû`2M+2 /2 i2KTû`�im`2 �miQm` /2 H� TQbBiBQM +2Mi`�H2- H2 #�``2�m
bǶBM+HBM2 U};m`2 8XRkU#VVX G� `û~2tBQM /2 H� M�TT2 b2 /û+�H2 /ǶmM2 [m�MiBiû [mǶQM MQi2
�z- bm`@2biBKû2 TmBb[mǶ2HH2 bQKK2 H� +QMi`B#miBQM /m ;QM~2K2Mi ?QKQ;ĕM2 2i +2HH2 /m
;QM~2K2Mi /Bzû`2MiB2HX �z 2bi K2bm`û bm` mM û+`�M bBimû ¨ 2MpB`QM j Kĕi`2b THmb HQBM �m
+Qm`b /m i2KTb 2i i`�+û bm` H� };m`2 8XRkU+VX AH �ii2BMi mM2 p�H2m` +QMbi�Mi2 /2 yXj KK-
[mB +Q``2bTQM/ ¨ mM2 T2Mi2 ↵/ BM7û`B2m`2 ¨ yXR K`�/X PM `2K�`[m2 T�` �BHH2m`b [m2 H2
#�``2�m K2i 2MpB`QM 9 KBMmi2b ¨ `ûTQM/`2 ¨ HǶQ`/`2 /2 +?�mz�;2 2i [mǶBH K2i Rk KBMmi2b
¨ �ii2BM/`2 H2 `û;BK2 T2`K�M2MiX

G2 #B�Bb �M;mH�B`2 ¨ H� #�b2 /2b ;Qmii2b T2mi āi`2 THmb Qm KQBMb ;`�M/ bmBp�Mi bB H�
T2Mi2 `ûbB/m2HH2 bǶ�DQmi2 Qm +QKT2Mb2 H2 #B�Bb BM/mBi T�` /BH�i�iBQM /m bm#bi`�iX lM �M;H2
BM7û`B2m` ¨ yXR K`�/- MǶ2tTHB[m2 T�b H2 +QKTQ`i2K2Mi Q#b2`pûX

8Xj 6Q`+2 i?2`KQT?Q`ûiB[m2 /2 HB[mB/2b

GǶQ`B;BM2 /2 H� 7Q`+2 /2 i?2`KQT?Q`ĕb2 � /QM+ ûiû `ûpûHû2 TQm` H2 +�b B/û�H /2 #HQ+b
BM/û7Q`K�#H2bX PM +?2`+?2 ¨ pû`B}2` bB H2 KāK2 Kû+�MBbK2 /Ƕû`QbBQM /2 H� #�b2 2bi `2bTQM@
b�#H2 /m +QKTQ`i2K2Mi i?2`KQT?Q#2 Q#b2`pû TQm` H2b ;Qmii2bX G2 +�`�+iĕ`2 /û7Q`K�#H2
/2b BMi2`7�+2b KQ/B}2 HǶ2tT`2bbBQM /2 H� 7Q`+2 2i MQmb TQmbb2 ¨ �/QTi2` mM2 pBbBQM HQ+�H2
/2 HǶBMi2`7�+2 HB[mB/2@p�T2m`X LQmb `2T`2MQMb HǶû[m�iBQM /Bzû`2MiB2HH2 [mB `û;Bi HǶûT�Bbb2m`
"(x) Uû[m�iBQM RXjXkk- TXjeVX

kX G� TQbBiBQM Q#i2Mm2 TQm` /Bzû`2Mi2b i2KTû`�im`2b /2 bm#bi`�i UT�` `�TTQ`i ¨ H� TQbBiBQM Q#i2Mm2 ¨
7`QB/V /QMM2 mM2 2biBK�iBQM /m +Q2{+B2Mi HBMû�B`2 /2 /BH�i�iBQM /m #HQ+ /2 H�BiQM � = 5.10�5 (E�R)- [mB
+QśM+B/2 �p2+ H� p�H2m` i�#mHû2X
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8XjXR .Bzû`2MiB�iBQM /2 HǶû[m�iBQM /2 Hm#`B}+�iBQM

LQmb `2T`2MQMb H2b û[m�iBQMb /2 Hm#`B}+�iBQM /�Mb H2 +�b /ǶmM2 BMi2`7�+2 KQHH2X lM2
;Qmii2- /2 i2MbBQM /2 bm`7�+2 �- 2bi bQmi2Mm2 T�` b� p�T2m`- /2 /2MbBiû ⇢v- /2 pBb+QbBiû
⌘v 2i /2 +QM/m+iBpBiû i?2`KB[m2 �vX G� p�T2m` 2bi T`Q/mBi2 ;`�+2 ¨ mM �TTQ`i /2 +?�H2m`
T�` H� TH�[m2- K�BMi2Mm2 ¨ H� i2KTû`�im`2 Tb �p2+ mM2 +?�H2m` H�i2Mi2 /2 p�TQ`Bb�iBQM
LX G� #�b2- /Ƕûi2M/m2 `- 2bi bQmKBb2 �m ;`�/B2Mi /2 i2KTû`�im`2 GX GǶûT�Bbb2m` 2bi �HQ`b
KQ/B}û2 HQ+�H2K2MiX LQmb `2T`2MQMb �HQ`b HǶ�M�Hvb2 HQ+�H2 /2 H� T�;2 je �}M /Ƕûi�#HB`
HǶû[m�iBQM /Bzû`2MiB2HH2 [mB `û;Bi H2b p�`B�iBQMb bT�iB�H2b /ǶûT�Bbb2m` " /m }HK /2 p�T2m`X
*2ii2 û[m�iBQM /ûMQK#`2 THmbB2m`b +QMi`B#miBQMb /ǶQ`B;BM2 i?2`KB[m2 �p2+ mM i2`K2 /2
T`Q/m+iBQM +QM/mBi2 T�` i`�Mb72`i /2 +?�H2m` /BzmbB7- +�TBHH�B`2- HBû ¨ H� +Qm`#m`2 HQ+�H2 -
;`�pBi�B`2 `2M/�Mi +QKTi2 /2 H� T`2bbBQM HQ+�H2 2t2`+û2 T�` H� +QHQMM2 HB[mB/2 /2 ?�mi2m`
h � "(x) bm` H2 }HK UbQBi ⇢g(h � "(x)) Qɍ h /ûbB;M2 H� ?�mi2m` /2 H� ~�[m2V 2i- /�Mb H2
+�b Qɍ HǶQ#D2i 2bi 2M KQmp2K2Mi ¨ H� pBi2bb2 Ux bmBp�Mi x- /ǶmM i2`K2 /Ƕ�/p2+iBQM [mB
T2mi āi`2 T`Bb 2M +QKTi2 /�Mb HǶBMiû;`�iBQM /m +?�KT /2 pBi2bb2 `2H�iB7 ¨ HǶû+QmH2K2Mi /2
H� p�T2m`X

ℓ

ε+
ε−

x

6B;m`2 8XRj Ĝ a+?ûK� BHHmbi`�Mi HǶû`QbBQM /Bzû`2MiB2HH2 /2 H� #�b2 /ǶmM2 ;Qmii2- +�mb�Mi mM2 /Bzû@
`2M+2 /ǶûT�Bbb2m` KQv2MM2 /m }HK /2 p�T2m` "

+ � "
� 2Mi`2 H2 +Ƭiû +?�m/ 2i H2 +Ƭiû 7`QB/- bûT�`û

/2 H� /Bbi�M+2 `X G� #�b2 b2 i`Qmp2 �HQ`b BM+HBMû2 /ǶmM �M;H2 ↵T ⇠ ("+ � "
�)/`X

PM bmTTQb2 [m2 H2 HB[mB/2 bm#Bi mM2 i`�MbH�iBQM 2M #HQ+ ¨ H� pBi2bb2 Ux- H2b +QM/BiBQMb
�mt HBKBi2b T`Bb2b /�Mb HǶBMiû;`�iBQM bǶû+`Bp2Mi- /�Mb H2 `û7û`2MiB2H HBû ¨ H� ;Qmii2 ,

8
<

:
ux(z = 0) = �Ux

@zux(z = ") = 0

PM Q#iB2Mi- +QKK2 ¨ H� T�;2 je U�p2+ H2 i2`K2 /2 ;HBbb2K2Mi 2M THmbV- H2 /û#Bi pQHmKB[m2
qv T�` BMiû;`�iBQM /2 ux 2Mi`2 z = 0 2i z = " �p2+ H2b +QM/BiBQMb HBKBi2b +B@/2bbmbX AH MQmb
7�mi 2tTHB+Bi2` H2 ;`�/B2Mi @P

@x
/2 T`2bbBQM /�Mb H2 }HKX G2 b�mi /2 T`2bbBQM ¨ HǶBMi2`7�+2

HB[mB/2@p�T2m` iB2Mi +QKTi2 ¨ H� 7QBb /2 H� +QMi`B#miBQM +�TBHH�B`2- HBû2 ¨ H� +Qm`#m`2 /2
HǶBMi2`7�+2 (x) 2i H� +QMi`B#miBQM ;`�pBi�B`2- /m2 ¨ H� T`2bbBQM ?v/`Qbi�iB[m2 /2 H� +QHQMM2
HB[mB/2 /2 ?�mi2m` H = (h�"(x)) �m /2bbmb /m }HKX AH bǶû+`Bi �HQ`b HQ+�H2K2Mi P (x) = P0�

kyy
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�(x) + ⇢g(h� "(x))- �p2+ (x)- H� +Qm`#m`2 HQ+�H2 [mB- TQm` /2b T2iBib �M;H2b U@x" << 1V
bǶ�TT`QtBK2 ¨ (x) ⇠ @xx"X 1M bm#biBim�Mi qv 2i @P

@x
/�Mb HǶû[m�iBQM /2 +QMb2`p�iBQM /2

H� K�bb2- QM Q#iB2Mi HǶû[m�iBQM HQ+�H2 /QMM�Mi H2b p�`B�iBQMb /2 "(x) ,

@

@x

✓
� ⇢v"

3

3⌘v

✓
�
@
3
"

@x3
+ ⇢g

@"

@x

◆
+ Ux"

◆
+

�v�T

L" = 0 U8XjXRV

8XjXk S`û/B+iBQM /2 HǶBM+HBM�BbQM /2 H� #�b2

G2b KQ/mH�iBQMb /ǶûT�Bbb2m` /2 }HK BM/mBb2Mi mM �M;H2 KQv2M ↵T ,

↵T =
1

S

Z Z

S

@"

@x
/S U8XjXkV

Qɍ S = ⇡`
2/4 2bi HǶ�B`2 /2 H� #�b2 /2b ;Qmii2bX PM b2 `2bi`2BMi �mt p�`B�iBQMb bmBp�Mi x-

↵T ⇠ 1

`

Z `

0

✓
@"

@x

◆
/x =

1

`

Z `

0

✓
@"

@T

◆ ✓
@T

@x

◆

| {z }
⌘G

/x U8XjXjV

*2ii2 û[m�iBQM 2bi ûp�Hmû2 �m MBp2�m /2 HǶ2M+QHm`2 Tû`BT?û`B[m2 /2 H� #�b2 /2 H� ;Qmii2X
1M 2z2i- HǶBMi2`7�+2 HB[mB/2@p�T2m` 2bi #QK#û2 �m +2Mi`2X GǶ�TT`QtBK�iBQM /2 }HK KBM+2 2i
HǶû[mBHB#`2 /2 7Q`+2 /2 HǶû[m�iBQM 8XjXR bQMi KBb ¨ K�HX am` H2b #Q`/b- HǶûT�Bbb2m` /m }HK /2
p�T2m` 2bi KBMBK�H2 2i H� /û7Q`K�iBQM 2bi K�tBK�H2X 1M +QKT�`�Mi H2b i2`K2b /QKBM�Mib
/2 HǶû[m�iBQM 8XjXR ¨ b�pQB`- H2 i2`K2 +�TBHH�B`2 �p2+ H2 i2`K2 /ǶQ`B;BM2 i?2`KB[m2- QM Q#iB2Mi
mM2 HQB /Ƕû+?2HH2 TQm` "X

" ⇠
⇣3�v�T⌘v

�⇢vL

⌘1/5
`
4/5 U8XjX9V

PM /Bzû`2MiB2 +2ii2 2tT`2bbBQM T�` `�TTQ`i ¨ H� i2KTû`�im`2 /2 H� TH�[m2 Tb = �T + TbX
PM Q#iB2Mi �HQ`b mM2 HQB /Ƕû+?2HH2 TQm` HǶBM+HBM�BbQM ,

↵T ⇠ G

5

⇣
�v⌘v

�⇢vL

⌘1/5
`
4/5�T

�4/5 U8XjX8V

*2ii2 HQB K2i 2M 2t2`;m2 H� /ûT2M/�M+2 /2 HǶ�M;H2 i?2`KQ@BM/mBi pBb@¨@pBb /2b /Bzû`2Mib
T�`�Kĕi`2b /m T`Q#HĕK2X 1M T�`iB+mHB2`- ↵T /BKBMm2 HQ`b[m2 H� #�b2 /2 H� ;Qmii2 `ûi`û+Bi
2i �m;K2Mi2 �p2+ HǶBMi2MbBiû /m ;`�/B2Mi i?2`KB[m2X G2 T�`�Kĕi`2 [mB b2K#H2 ;Qmp2`M2`
HǶBM+HBM�BbQM 2bi /QM+ H� /Bzû`2M+2 /2 i2KTû`�im`2 �TTHB[mû2 �mt 2ti`ûKBiûb /2 H� #�b2 /2
H� ;Qmii2X S�` �BHH2m`b- ↵T 2bi b2MbB#H2 ¨ �T = Tb �T# ¨ H� TmBbb�M+2 �4/5X GǶ2{+�+Biû /2
H� T`QTmHbBQM 2bi /Ƕ�mi�Mi THmb ;`�M/2 [m2 H� i2KTû`�im`2 /2 H� TH�[m2 Tb 2bi T`Q+?2 /m
TQBMi /Ƕû#mHHBiBQMX

kyR
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8XjXj 1tT`2bbBQM /2 H� 7Q`+2

LQmb �pQMb pm �m +?�TBi`2 9 [m2 HǶBM+HBM�BbQM /2 H� #�b2 /ǶmM �M;H2 ↵T 2M;2M/`2
mM2 �++ûHû`�iBQM a ⇠ ↵T g UpQB` ReNVX G� K2bm`2 T�` BMi2`7û`QKûi`B2 /2 HǶBM+HBM�BbQM /2
H� #�b2 MǶ2bi T�b 2MpBb�;2�#H2X LQmb K2bm`QMb /QM+ +2i �M;H2 BM/B`2+i2K2Mi 2M K2bm`�Mi
HǶ�++ûHû`�iBQM /2b ;Qmii2b a- MQ`K�HBbû2 T�` HǶ�++ûHû`�iBQM /2 H� ;`�pBiû gX *2ii2 [m�MiBiû 2bi
+QKT�`û2 ¨ HǶ�M;H2 T`û/Bi T�` H� HQB /Ƕû+?2HH2 8XjX8 bm` mM2 bm`7�+2 T`ûb2Mi�Mi mM ;`�/B2Mi
/2 i2KTû`�im`2 G }tûX PM 7�Bi p�`B2` H� i2KTû`�im`2 `2bb2MiB2 T�` H� ;Qmii2 Tb(x) 2M DQm�Mi
bm` H� TQbBiBQM BMBiB�H2 /2 /ûTƬi x U/QMMû2b 2M #H2m /2 H� };m`2 8XR9V c �BMbB [m2 HǶûi2M/m2
/2 H� #�b2 ` /2 H� ;Qmii2- +QMi`ƬHû 2M DQm�Mi bm` H� ?�mi2m` /2 HǶ�B;mBHH2 U/QMMû2b 2M `Qm;2
/2 H� };m`2 8XR9VX

a/
g

(m
ra

d)

αT (mrad)
0 0.2 0.4 0.6
0

0.2

0.4

0.6

6B;m`2 8XR9 Ĝ �++ûHû`�iBQM a /2 ;Qmii2 �miQT`QTmHbû2b bm` /2b ;`�/B2Mib i?2`KB[m2b MQ`K�HBbû2
T�` g 2M 7QM+iBQM /2 HǶ�M;H2 ↵T ⇠ G/5

�
�v⌘v)/(�⇢vL)

�1/5
`
4/5�T

�4/5 �ii2M/m TQm` H2b T�`�Kĕi`2b
2tTû`BK2Mi�mt +QMbB/û`ûbX G� TQbBiBQM BMBiB�H2 x ¨ H�[m2HH2 bQMi /ûTQbû2b H2b ;Qmii2b /2 `�vQMb
B/2MiB[m2b T2`K2i /2 7�B`2 p�`B2` H� i2KTû`�im`2 /m bm#bi`�i bQmb H� ;Qmii2 `2H�iBp2K2Mi �m TQBMi
/Ƕû#mHHBiBQM /m HB[mB/2 �T = (Tb(x) � Te) U2M #H2mV i�M/Bb [m2 H� TQbBiBQM p2`iB+�H2 /2 HǶ�B;mBHH2
/QMM2 H2 +QMi`ƬH2 bm` H2 `�vQM R /QM+ HǶûi2M/m2 /2 H� #�b2 ` /2 H� ;Qmii2 HB#û`û2 U2M `Qm;2VX G2b
�++ûHû`�iBQMb- MQ`K�HBbû2b T�` g bQMi i`�+û2b /2 K�MBĕ`2 /BK2MbBQMMû2 2M 7QM+iBQM /2 �T 2i /2 R

2M miBHBb�Mi H� HQB /Ƕû+?2HH2 8XjX8X

.�Mb HǶBMi2`p�HH2 2tTHQ`û- H2b /QMMû2b /2 H� };m`2 8XR9 bǶ�HB;M2Mi H2 HQM; /2 H� /`QBi2
a = ↵T g /2 K�MBĕ`2 +QMp�BM+�Mi2X 1M T`ûb2M+2 /ǶmM ;`�/B2Mi i?2`KB[m2 G- H� #�b2 /2b
;Qmii2b b2K#H2 bǶBM+HBM2` /ǶmM �M;H2 ↵T - p�HB/�Mi �BMbB H2 Kû+�MBbK2 i?2`KB[m2 [mB `2TQb2
bm` H2 +�`�+iĕ`2 �bvKûi`B[m2 /m i�mt /Ƕûp�TQ`�iBQM ¨ H� #�b2 /2b ;Qmii2bX G� pû`B}+�iBQM
/2 +2ii2 HQB `2bi2 Mû�MKQBMb HBKBiû2 T�` H2b p�`B�iBQMb H2Mi2b /2 ↵T �p2+ H2b T�`�Kĕi`2b
2tTû`BK2Mi�mtX AH MǶ2bi T�b TQbbB#H2 /2 7�B`2 p�`B2` Tb bm` THmbB2m`b Q`/`2b /2 ;`�M/2m`b-
2i HǶ2tTHQ`�iBQM /2b p�`B�iBQMb 2M R 2bi #Q`Mû2 T�` HǶ�TT�`BiBQM /2b +?2KBMû2b- 2i T�` H2
`û;BK2 �miQT`QTmHbû /2b ;Qmii2b [m�bB@bT?û`B[m2bX

GǶ�Dmbi2K2Mi �{M2 /2b /QMMû2b Q#i2Mm2b TQm` H2b 2tTû`B2M+2b BM/ûT2M/�Mi2b `ûpĕH2
H� T`ûb2M+2 /2 7�B#H2b Q`/QMMû2b ¨ HǶQ`B;BM2X G� bû`B2 2M `Qm;2 Ua/g K2bm`û 2M 7QM+iBQM
/2 RV BMi2`+2Ti2 HǶ�t2 /2b �#b+Bbb2b TQm` mM2 p�H2m` ↵

0
T = 5.7 .10�5 `�/X *2ii2 p�H2m`

+Q``2bTQM/ ¨ H� T2Mi2 `ûbB/m2HH2 /m bm#bi`�i- ¨ H�[m2HH2 bǶ�/DQBMi H� T2Mi2 BM/mBi2 T�`
/BH�i�iBQM i?2`KB[m2 U/QMi HǶQ`B2Mi�iBQM 2bi T`ûpBbB#H2VX G2b /QMMû2b 2M #H2m- +Q``2bTQM/�Mi

kyk
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�mt 2tTû`B2M+2b Qɍ H� i2KTû`�im`2 `2bb2MiB2 T�` H� ;Qmii2 p�`B2- bm;;ĕ`2Mi HǶ2tBbi2M+2 /ǶmM
b2mBH 2M i�BHH2 2i 2M i2KTû`�im`2 ¨ T�`iB` /m[m2H H� 7Q`+2 i?2`KQT?Q`ûiB[m2 2bi +�T�#H2 /2
bm`KQMi2` H2 T2Mi2 UBMûpBi�#H2V /2 H� `�KT2- TQm` T2`K2ii`2 H� T`QTmHbBQM /2 H� ;Qmii2
Ua/g > 0VX G� +Qm`#2 a/g /2 H� };m`2 8XR9 BMi2`+2Ti2 HǶ�t2 /2b �#b+Bbb2b TQm` mM2 p�H2m`
Mû;�iBp2 ↵

0
T = �4.3 .10�4 `�/X PM `2i`Qmp2 TQm` +2b /2mt 2tTû`B2M+2b BM/ûT2M/�Mi2b

HǶû+�`i ¨ HǶ?Q`BxQMi�HBiû �ii2M/m U�m[m2H bǶ�DQmi2 HǶ�M;H2 BM/mBi T�` /BH�i�iBQM i?2`KB[m2V ,
/2 HǶQ`/`2 /2 yXR K`�/X

_û;BK2 /2b ~�[m2b ;`�pBi�B`2b

PM b2 +QM+2Mi`2 K�BMi2M�Mi bm` H2 `û;BK2 /2 ~�[m2b �TH�iB2b T�` H� ;`�pBiûX PM Mû;HB;2
H� /vM�KB[m2 BMi2`M2 �m HB[mB/2X PM û+`Bi H� 7Q`+2 i?2`KQT?Q`ûiB[m2 /�Mb +2ii2 HBKBi2 /2
i�BHH2 2i TQm` mM2 BM+HBM�BbQM BM/mBi2 T�` û`QbBQM /Bzû`2MiB2HH2 /2 HǶBMi2`7�+2X 1M bmTTQb�Mi
[m2 ` ⇠ 2R- QM � �HQ`b ,

FT =
2⇡

5
⇢g

�1
⇣48�v⌘v

�⇢vL

⌘1/5
GR

14/5�T
�4/5 U8XjXeV

G� /Bzû`2M+2 /2 i2KTû`�im`2 `2bb2MiB2 �m MBp2�m /2 H� #�b2 T2mi Mû�MKQBMb T2`im`#2`
H� /vM�KB[m2 BMi2`M2 �m HB[mB/2X LQmb �pQMb Q#b2`pû 2M BMi`Q/mBb�Mi /2b i`�+2m`b �m b2BM
/m HB[mB/2 H� /vM�KB[m2 BMi2`M2 /2b ;Qmii2b U+7 T�`�;`�T?2 9XkXkVX aB QM BMi`Q/mBi /2b
i`�+2m`b /�Mb mM2 ~�[m2 2M HûpBi�iBQM bm` H2 ;`�/B2Mi /2 i2KTû`�im`2- QM Q#b2`p2 [m2 H�
#`Bbm`2 /2 bvKûi`B2- BM/mBi2 2M i2KTb MQ`K�H T�` H2 +?�M;2K2Mi /2 `�TTQ`i /Ƕ�bT2+i /2 H�
;Qmii2- 2bi B+B T`ûK�im`û2 U};m`2 8XR8VX lM KQmp2K2Mi /2 `QmH2K2Mi- 2MpB`QM /Bt 7QBb THmb
H2Mi [m2 /�Mb H2 `û;BK2 �miQT`QTmHbû- T`2M/ TH�+2- �HQ`b KāK2 [m2 bQM `�TTQ`i /Ƕ�bT2+i
2bi bmTû`B2m` ¨ R UTQm` R > Rc ⇡ 1.5 KK /Ƕ�T`ĕb H2 +?�TBi`2 9VX

T+ T−

6B;m`2 8XR8 Ĝ _QmH2K2Mi �bvKûi`B[m2 2i H2Mi TQm` mM2 ;Qmii2 �TH�iB2 T�` H� ;`�pBiûX G� T?QiQ@
;`�T?B2 2bi Q#i2Mm2 2M bmT2`TQb�Mi Ryyy BK�;2b T`Bb2b �p2+ mM2 +�/2M+2 /2 Ryyy 7TbX G2b i`�+2m`b
7QMi �HQ`b 2MpB`QM j iQm`b T�` b2+QM/2X G� #�``2 /Ƕû+?2HH2 BM/B[m2 k KKX

kyj
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G� /Bzû`2M+2 /2 i2KTû`�im`2 [mB `ĕ;M2 �m MBp2�m /2 H� #�b2 /2b ;Qmii2b 2bi bm{b�Mi2
TQm` BM/mB`2 /2b KQmp2K2Mib i?2`KQ@+QMp2+iB7b �b+2M/�Mib THmb BMi2Mb2b /m +Ƭiû +?�m/X
GǶû+QmH2K2Mi /2 #�b2- bvKûi`B[m2- 2bi T2`im`#û 2tTHB[m�Mi H� #`Bbm`2 /2 bvKûi`B2 BHHmb@
i`û2 T�` HǶBK�;2 /2 H� };m`2 8XR8- T`Bb2 �p2+ mM i2KTb /Ƕ2tTQbBiBQM /ǶmM2 b2+QM/2X *2
KQmp2K2Mi /2 `QmH2K2Mi BMi2`M2 �bvKûi`B[m2 T2mi �HQ`b b2 +QmTH2` �mt /û7Q`K�iBQMb /2
HǶBMi2`7�+2 2i BM/mB`2 /m KQmp2K2Mi 2M /B`2+iBQM /m #Q`/ 7`QB/ /m bm#bi`�iX

_û;BK2 �miQT`QTmHbû

LQmb �pQMb û;�H2K2Mi 2tTHQ`û H� HBKBi2 /2b ;Qmii2b [m�bB@bT?û`B[m2bX LQmb �pQMb pm
�m +?�TBi`2 9 [mǶ2M /2Ï¨ /ǶmM `�vQM /2 HǶQ`/`2 /2 RX8 KK- H2b ;Qmii2b- H�+?û2b b�Mb pBi2bb2
BMBiB�H2 bm` mM bm#bi`�i ?Q`BxQMi�H b2 K2ii2Mi bTQMi�MûK2Mi 2M KQmp2K2Mi /�Mb /2b /B`2+@
iBQMb �Hû�iQB`2bX G2 +?�M;2K2Mi /2 `�TTQ`i /Ƕ�bT2+i BMbi�m`2 mM `QmH2K2Mi BMi2`M2 �miQm`
/ǶmM �t2 ?Q`BxQMi�H- BbQi`QT2- [mB `2+iB}2 HǶBMi2`7�+2 BM7û`B2m`2 /2 H� ;Qmii2 2i 2M;2M/`2 mM2
7Q`+2 /Ƕ�miQT`QTmHbBQMX 1M T`ûb2M+2 /ǶmM ;`�/B2Mi /2 i2KTû`�im`2 �m MBp2�m /m bm#bi`�i-
+2ii2 7Q`+2 ?Q`BxQMi�H2- TQ`iû2 /�Mb mM2 /B`2+iBQM �Hû�iQB`2- p� /QM+ bǶ�DQmi2` ¨ H� 7Q`+2
i?2`KQT?Q`ûiB[m2- TQ`iû2 bmBp�Mi H� /B`2+iBQM /m ;`�/B2Mi /2 i2KTû`�im`2 BKTQbûX

LQmb MQmb bQKK2b BMiû`2bbûb �mt /B`2+iBQMb 2KT`mMiû2b T�` H2 HB[mB/2 /�Mb H2 `û;BK2
+�TBHH�B`2X .2b ;Qmii2b /2 `�vQM R bQMi �HQ`b H�+?û2b b�Mb pBi2bb2 BMBiB�H2 bm` H� `�KT2
i?2`KB[m2X G� ;QmiiBĕ`2 2M H�BiQM- `2T`ûb2Miû2 bm` H� };m`2 8XReU�V 2bi TQ`iû2 ¨ ;�m+?2 ¨
2MpB`QM j8y�* 2i ¨ /`QBi2- ¨ R8y�*X lM ;`�/B2Mi [m�bBK2Mi +QMbi�Mi bǶûi�#HBi H2 HQM; /2
HǶ�t2 xX G2b i`�D2+iQB`2b- �bbBKBH�#H2b ¨ /2b /`QBi2b- Q#i2Mm2b T�` /2b pm2b /2 /2bbmb bQMi
+QHH2+iû2b bm` H� };m`2 8XRe 2M U#V- TQm` /2b ~�[m2b �TH�iB2b T�` H� ;`�pBiû UR & 2 KKV 2i
2M (+) TQm` /2b ;Qmii2b `2M/m2b bT?û`B[m2b T�` H� +�TBHH�`Biû UR . 2 KKVX

G2b ;Qmii2b- BMBiB�H2K2Mi �m `2TQb- b2 K2ii2Mi bTQMi�MûK2Mi 2M KQmp2K2MiX G� /B@
`2+iBQM 2KT`mMiû2 /ûT2M/ +QKK2 �m +?�TBi`2 9 /2 H� i�BHH2 /2 H� ;Qmii2X G2b ;Qmii2b /2
`�vQM bmTû`B2m` ¨ 2 KK T�`i2Mi iQmi2b bmBp�Mi x- 2M /B`2+iBQM /m #Q`/ 7`QB/ UMQiQMb iQmi
/2 KāK2 mM 7�mt /ûT�`i p2`b H2 +?�m/ K�Bb H� ;Qmii2 `2#`Qmbb2 }M�H2K2Mi +?2KBMVX G2
+QMi`�bi2 2bi b�BbBbb�Mi �p2+ H2 +QKTQ`i2K2Mi /2 ;Qmii2H2ii2bX am` H� };m`2 8XReU+V- QM pQBi
[m2 +2b /2`MBĕ`2b T�`i2Mi /�Mb iQmi2b H2b /B`2+iBQMb- 2i i2Mi2Mi KāK2 /2 `2KQMi2` H2b #Q`/b
BM+m`pûb /2 H� `B;QH2X PM `2Tĕ`2 T�` +2b pm2b /2 /2bbmb HǶ�M;H2 �- K2bm`�Mi HǶû+�`i 2Mi`2 H�
/B`2+iBQM T`Bb2 �m KQK2Mi Qɍ H� ;Qmii2 b2 /ûi�+?2 /2 HǶ�B;mBHH2 2i HǶ�t2 xX GǶ?BbiQ;`�KK2
/2 H� };m`2 8XRdU�V KQMi`2 H� /Bbi`B#miBQM /2b /B`2+iBQMb /2 T`QTmHbBQM Q#b2`pû2b � 2M
/BbiBM;m�Mi H2b `û;BK2b /2 i�BHH2b R & 2 KK U2M `Qm;2V 2i R = 1 KK U2M #H2mVX G2b ;`Qbb2b
;Qmii2b T�`i2Mi iQmi2b p2`b H2 7`QB/ U� = 0V �HQ`b [m2 H2b T2iBi2b ;Qmii2b T�`i2Mi /�Mb /2b
/B`2+iBQMb BbQi`QT2b U� /BbT2`bûVX

�m /2bbmb /m `�vQM R & 2 KK- H� T`QTmHbBQM /m HB[mB/2 2bi bQmb +QMi`ƬH2 i?2`KQT?Q`û@
iB[m2- 2i /QM+ /B`2+iBQMM2HH2X G� /Bzû`2M+2 /2 +QKTQ`i2K2Mi Q#b2`pû2 TQm` H2b ;Qmii2H2ii2b
[m�bB@bT?û`B[m2b bǶBMi2`T`ĕi2 T�` H� KBb2 2M TH�+2 /ǶmM `QmH2K2Mi BMi2`M2- [mB 2M;2M/`2 mM2
7Q`+2 bmTTHûK2Mi�B`2 , H� 7Q`+2 /Ƕ�miQT`QTmHbBQMX aQM +�`�+iĕ`2 BbQi`QT2 ûi�H2 H2b /B`2+iBQMb

ky9
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6B;m`2 8XRe Ĝ U�V a+?ûK� /2 HǶ2tTû`B2M+2X lM2 ;Qmii2 /2 `�vQM R 2bi /ûTQbû2 b�Mb pBi2bb2 BMBiB�H2
bm` mM2 `B;QH2 /Ƕ�t2 xX G2 bm#bi`�i T`ûb2Mi2 mM ;`�/B2Mi /2 i2KTû`�im`2 /Ƕ2MpB`QM yX3�*fKKX �-
[mB `2Tĕ`2 HǶû+�`i �M;mH�B`2 2Mi`2 H� /B`2+iBQM T`Bb2 T�` H� ;Qmii2 2i +2HH2 H2 /m ;`�/B2Mi i?2`KB[m2-
2bi �++2bbB#H2 T�` mM2 pm2 �û`B2MM2X (#) *QHH2+iBQM /2b i`�D2+iQB`2b Q#i2Mm2b TQm` /2b ;Qmii2b /2
`�vQM R & 2 KKX (+) *QHH2+iBQM /2b i`�D2+iQB`2b Q#i2Mm2b TQm` /2b ;Qmii2H2ii2b R = 1 KKX

/2 T`QTmHbBQM Q#b2`pû2b U2M #H2mVX PM +QMbi�i2 Mû�MKQBMb mM Hû;2` #B�Bb TQm` H� /B`2+iBQM
� = 0 bQBi H2 HQM; /m ;`�/B2Mi /2 i2KTû`�im`2 xX *2+B bm;;ĕ`2 [m2 H� 7Q`+2 /Ƕ�miQT`QTmH@
bBQM HǶ2KTQ`i2 2M �KTHBim/2 bm` H� 7Q`+2 /2 i?2`KQT?Q`ĕb2 U[mB /BKBMm2 `�TB/2K2Mi �p2+
R /Ƕ�T`ĕb HǶû[m�iBQM 8XjXeV- K�Bb [m2 +2b /2mt 7Q`+2b bQB2Mi /m KāK2 Q`/`2 /2 ;`�M/2m`X

N a

a (mm/s2)

N β

β(∘)

R = 1 mm
R = 2 mm

(a) (b)

6B;m`2 8XRd Ĝ U�V >BbiQ;`�KK2 /2b /B`2+iBQMb T`Bb2b T�` /2b ;Qmii2b /2 `�vQM R & 2 KK U2M `Qm;2V
2i R = 1 KK U2M #H2mV `2Tû`û2b T�` HǶ�M;H2 �X (#) >BbiQ;`�KK2 /2b �++ûHû`�iBQMb +Q``2bTQM/�Mi2bX

am` H� };m`2 8XRdU#V QM `2T`ûb2Mi2 H� `ûT�`iBiBQM /2b �++ûHû`�iBQMb K2bm`û2b 2M `Qm;2
TQm` /2b ~�[m2b UR & 2 KKV 2i 2M #H2m TQm` /2b ;Qmii2H2ii2b UR = 1 KKVX G2b �++ûHû`�@

ky8
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iBQMb bQMi THmb ûH2pû2b /�Mb H2 `û;BK2 +QMi`ƬHû T�` HǶ�miQT`QTmHbBQM- +2 [mB +QM}`K2 #B2M
[m2 H� 7Q`+2 BM/mBi2 T�` H2 `QmH2K2Mi BMi2`M2 2bi bmTû`B2m`2 2M �KTHBim/2 ¨ H� 7Q`+2 BM/mBi2
T�` H2 ;`�/B2Mi /2 i2KTû`�im`2X G2b �++ûHû`�iBQMb K2bm`û2b TQm` H2b T2iBi2b ;Qmii2 bQMi
2M+Q`2 THmb /BbT2`bû2b [m2 +2HH2b K2bm`û2b bm` mM bm#bi`�i TH�i U+?�TBi`2 9V- b�Mb /Qmi2
¨ +�mb2 /2 H� +Qm`#m`2 T�`�#QHB[m2 /m bm#bi`�i 2i /2 H� 7Q`+2 i?2`KQT?Q`ûiB[m2 /B`B;û2
bmBp�Mi xX

8XjX9 .Bb+mbbBQMb

AM~m2M+2 /2b i2`K2b Qm#HBûb /2b û[m�iBQMb /2 Hm#`B}+�iBQM

G2 i2`K2 /2 T`2bbBQM ?v/`Qbi�iB[m2 `2M7Q`+2 HǶ2z2i /Bb+miûX 1M 2z2i- +2 /2`MB2` b2
`�DQmi2 �m i2`K2 +�TBHH�B`2X .�Mb H� HBKBi2 ` ⇡ 

�1- H2 T`û7�+i2m` (1 + (`)2)�1/5 KQ/B}2
b2MbB#H2K2Mi H� HQB /Ƕû+?2HH2 Q#i2Mm2 TQm` ↵T X G� +Q``2+iBQM ¨ �TTQ`i2` ¨ HǶ�M;H2 `2bi2 i`ĕb
KQ/2bi2X SQm` mM2 ;Qmii2 /2 `�vQM R = 6 KK- /QMi H� #�b2 2bi ûi2M/m2 bm` mM2 /Bbi�M+2
` ⇡ 10 KK- +2 T`û7�+i2m` p�mi 17�1/5 ⇡ 0.5X

.�Mb +2 [mB T`û+ĕ/2- MQmb �pQMb +QMbB/û`û mM KQmp2K2Mi mMB7Q`KûK2Mi �++ûHû`ûX G2
HB[mB/2 bǶ�MBK2 /QM+ /ǶmM2 pBi2bb2 Ux [mB +`Qŗi HBMû�B`2K2Mi �p2+ H2 i2KTb tX P`- H2b û[m�@
iBQMb /2 H� Hm#`B}+�iBQM bQMi KQ/B}û2b T�` H� KBb2 2M KQmp2K2Mi /ǶmM2 /2b BMi2`7�+2b [mB
/ûHBKBi2Mi HǶû+QmH2K2MiX LQmb /Bb+miQMb B+B HǶ2z2i �miQ@BM/mBi /2 H� KBb2 2M KQmp2K2Mi /2
HǶQ#D2i [mB T`Q;`2bb2 bmBp�Mi HǶ�t2 xX SQm` mM KQmp2K2Mi `2+iBHB;M2 mMB7Q`KûK2Mi �++ûHû`û
Ua +QMbi�MiV- H� pBi2bb2 �m;K2Mi2 �p2+ x , Ux =

p
2ax �p2+ a = ↵T gX G2 i2`K2 @x(Ux")

/2 HǶû[m�iBQM 8XjXR T`2M/ /2 HǶBKTQ`i�M+2 �m 7m` 2i ¨ K2bm`2 /2 H� T`QTmHbBQMX AH bǶû+`Bi
TQm` x > 0- @x(Ux") =

p
↵T g/2x(" + 2x↵T )X *2 i2`K2 2bi TQbBiB7- +2 [mB � i2M/�M+2 ¨

�m;K2Mi2` HǶ�bvKûi`B2 /m }HK �m 7m` 2i ¨ K2bm`2 [m2 Ux �m;K2Mi2X § +2i 2z2i ?v/`Q/vM�@
KB[m2- pB2Mi bǶ�/DQBM/`2 /2b 2z2ib i?2`KB[m2bX G2b p�`B�iBQMb /2 i2KTû`�im`2 `2bb2MiB2b �m
+Qm`b /m KQmp2K2Mi QMi ûiû T�bbû2b bQmb bBH2M+2X LQmb �pQMb TQm`i�Mi pm [m2 HǶ2{+�+Biû
/2 H� T`QTmHbBQM �m;K2Mi2 2M /BKBMm�Mi H� i2KTû`�im`2 /m bm#bi`�i UpQB` 6B;X 8XdVX lM2
T`QTmHbBQM p2`b H2 7`QB/ �m`�Bi � T`BQ`B i2M/�M+2 ¨ �m;K2Mi2` HǶ�++ûHû`�iBQM- /Ƕ�mi�Mi [m2
iQmi T`ĕb /2b #Q`/b- HǶBMi2MbBiû 2M p�H2m` �#bQHm2 /m ;`�/B2Mi G �m;K2Mi2X aB QM `2;�`/2
/2 K�MBĕ`2 THmb �ii2MiBp2 H� i`�D2+iQB`2 /2 ;Qmii2b /ûi�BHHû2 bm` H� };m`2 8XR3- QM `2K�`[m2
[mǶ2M 2z2i HǶ�++ûHû`�iBQM (+) �m;K2Mi2 Hû;ĕ`2K2Mi �p2+ xX

SQm` `û/mB`2 HǶ2``2m` +QKKBb2 bm` HǶ�++ûHû`�iBQM- MQmb MQmb bQKK2b +QM+2Mi`ûb bm` H2b
T`2KB2`b BMbi�Mib /2 H� T`QTmHbBQMX PM M2 H�Bbb2 �BMbB T�b H2 i2KTb �m }HK Hm#`B}û /2
bǶ�/�Ti2` ¨ H� KBb2 2M KQmp2K2Mi p2`b H2 7`QB/X GǶ�++ûHû`�iBQM K2bm`û2 2M `2bi`2B;M�Mi
HǶ�Dmbi2K2Mi /2b /QMMû2b ¨ mM2 HQB [m�/`�iB[m2 bm` +2i BMi2`p�HH2 T2mi āi`2 +QMbB/û`û2
+QMbi�Mi2X

kye
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6B;m`2 8XR3 Ĝ h`�D2+iQB`2 /ǶmM2 ;Qmii2 KBHHBKûi`B[m2 i?2`KQT`QTmHbû2 p2`b H2 7`QB/ bm` mM2 `�KT2
i?2`KB[m2 G = �0.7�*fKKX U�V G� TQbBiBQM x /2 H� ;Qmii2 bmBi mM2 HQB [m�/`�iB[m2 2M i2KTb
x = a

2 (t � t0)2- Qɍ t0 +Q``2bTQM/ �m KQK2Mi Qɍ H� ;Qmii2- BMBiB�H2K2Mi �m `2TQb- b2 /ûi�+?2 /2
HǶ�B;mBHH2X G� /û`Bp�iBQM /2 x(t) +QM/mBi ¨ H� pBi2bb2 BMbi�Mi�Mû2 Ux(t) /2 H� ;Qmii2 U#V- TmBb ¨ bQM
�++ûHû`�iBQM a(t) U+VX �T`ĕb mM2 T?�b2 i`�MbBiQB`2 Qɍ HǶ�++ûHû`�iBQM �m;K2Mi2 /2 0 KK/bk ¨ 2MpB`QM
45 ± 2.5 KK/bk H� ;Qmii2 b2 /Qi2 /ǶmM2 �++ûHû`�iBQM [mB �m;K2Mi2 Hû;ĕ`2K2Mi ¨ K2bm`2 [mǶ2HH2
T`Q;`2bb2 p2`b H2 7`QB/X

AM~m2M+2 /2 H� i2KTû`�im`2 bm` H2b T`QT`Bûiûb /2 H� p�T2m`

PM +?2`+?2 ¨ bǶ�bbm`2` [m2 H2b p�`B�iBQMb /2 i2KTû`�im`2 H2 HQM; /m +QmbbBM /2 p�@
T2m` MǶ�z2+i2Mi [m2 H2 i�mt /Ƕûp�TQ`�iBQM 2i T�b H2b +QMbi�Mi2b i?2`KQ/vM�KB[m2bX G2b
T`QT`Bûiûb T?vbB+Q@+?BKB[m2b /2 H� p�T2m`- +QMbB/û`û2b Dmb[mǶ¨ T`ûb2Mi +QKK2 +QMbi�Mi2b-
bQMi /2b 7QM+iBQMb /2 H� i2KTû`�im`2X G2m` p�H2m` 2bi T`Bb2 ¨ H� i2KTû`�im`2 KQv2MM2 /m
}HK (Tb +T#)/2- mM2 ?vTQi?ĕb2 �bb2x 7Q`i2- TmBb[m2 H2 }HK 2M+�Bbb2 /2b p�`B�iBQMb /2 i2K@
Tû`�im`2 /2 HǶQ`/`2 /2 250�* bm` KQBMb /2 Ryy µKX GǶ2z2i /m ;`�/B2Mi /2 i2KTû`�im`2
?Q`BxQMi�H 2bi � T`BQ`B /QKBMû T�` HǶ2z2i /m ;`�/B2Mi p2`iB+�H bm` H2b T�`�Kĕi`2b i?2`KQ@
/vM�KB[m2b `2H�iB7b ¨ H� p�T2m`X G� 7Q`+2 `2bTQMb�#H2 /2 H� KB;`�iBQM /2b ;Qmii2b p2`b H2
7`QB/ K2i 2M T�`iB+mHB2` 2M D2m H� /2MbBiû /2 H� p�T2m` ⇢v- b� pBb+QbBiû /vM�KB[m2 ⌘v- 2i b�
+QM/m+iBpBiû i?2`KB[m2 �vX LQmb /Bb+miQMb B+B H2m` b2MbB#BHBiû pBb@¨@pBb /ǶmM2 p�`B�iBQM /2
i2KTû`�im`2 �T = G` H2 HQM; /m }HKX

} .�Mb HǶ�TT`QtBK�iBQM /2b ;�x T�`7�Bib- H� /2MbBiû /ǶmM ;�x bǶû+`Bi ⇢v =
PM>kP

R:ST
- Qɍ

P - M>kP - R:S 2i T `2T`ûb2Mi2Mi H� T`2bbBQM- H� K�bb2 KQH�B`2 �iQKB[m2- H� +QMbi�Mi2 /2b
;�x T�`7�Bib 2i H� i2KTû`�im`2X lM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 �T ¨ H� #�b2 /ǶmM2 ;Qmii2
BM/mBi �HQ`b mM2 /Bzû`2M+2 /2 /2MbBiû ,

�⇢v

⇢v
=

�G`

T
U8XjXdV

} G� pBb+QbBiû /vM�KB[m2 ⌘v [m�Mi ¨ 2HH2 bmBi /2b p�`B�iBQMb 2M i2KTû`�im`2 /QMMû2b
T�` HǶû[m�iBQM b2KB@2KTB`B[m2 /Bi2 /2 ami?2`H�M/X 1M T`2M�Mi HǶûi�i ¨ H� i2KTû`�im`2 T

+QKK2 `û7û`2M+2- 2i 2M BMi`Q/mBb�Mi H� +QMbi�Mi /2 ami?2`H�M/ S = 357�*- H2b p�`B�iBQMb

kyd
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`2H�iBp2b bǶû+`Bp2Mi bQmb H� 7Q`K2 ,

⌘v(T +G`) = ⌘v(T )
⇣

T + S

T +G`+ S

⌘⇣
T +G`

T

⌘3/2
bQBi �⌘v

⌘v
⇠

G`<<T

G`<<T+S

G`

T

T + 3S

2T + 2S

U8XjX3V
} G� +QM/m+iBpBiû i?2`KB[m2 /ǶmM ;�x �v 2bi �mbbB 7QM+iBQM +`QBbb�Mi2 /2 H� i2KTû`�im`2
[mB- 2M bmTTQb�Mi H� +�T�+Biû i?2`KB[m2 K�bbB[m2 /2 H� p�T2m` cpv +QMbi�Mi2 2i /Ƕ�T`ĕb H�
7Q`KmH2 b2KB@2KTB`B[m2 /Ƕ1m+F2M- bmBi H2b p�`B�iBQMb /2 H� pBb+QbBiû ⌘v ,

�v = ⌘v
�
cpv +

5

4

R:S

M>kP

�
bQBi ��v

�v
⇠

G`<<T

G`<<T+S

G`

T

T + 3S

2T + 2S
U8XjXNV

GǶBM~m2M+2 /2 H� i2KTû`�im`2 bm` H� 7Q`+2 /2 T`QTmHbBQM bǶ2biBK2 2M ;`�+2 ¨ H� /Bzû`2M@
iB2HH2 HQ;�`Bi?KB[m2 Q#i2Mm2 TQm` " Uû[m�iBQM 8XjX9VX G2 /ûMBp2Hû �" /2 H� #�b2 bǶû+`Bi ,

�"

"
=

1

5


��v

�v
+

�⌘v

⌘v
� 4

G`

�T
� �⇢v

⇢v

�
U8XjXRyV

PM bm#biBim2 �HQ`b H2b +QMi`B#miBQMb /2 +?�+mM /2b i2`K2b ,

�"

"
=

G`

5


2S

T (T + S)
� 4

�T

�
U8XjXRRV

*2 [mB +QM/mBi T�` /û}MBiBQM /2 ↵T ¨ ,

↵T =
G"

5


2S

T (T + S)| {z }
T`QT`Bûiûb p�T.

� 4

�T| {z }
i�mt ûp�T.

�
U8XjXRkV

1M �M�Hvb�Mi H2b bB;M2b /2b i2`K2b /2 HǶû[m�iBQM 8XjXRk- QM +QMbi�i2 [m2 H2b p�`B�iBQMb
/2b T�`�Kĕi`2b i?2`KQ/vM�KB[m2b /2 H� p�T2m` �p2+ H� i2KTû`�im`2 U12` i2`K2- [mB � H2
bB;M2 /2 GV 2M;2M/`2`�B2Mi mM2 T`QTmHbBQM p2`b H2 +?�m/- bQBi /�Mb H� /B`2+iBQM QTTQbû2
/2 +2HH2 Q#b2`pû2 2tTû`BK2Mi�H2K2Mi 2i /2 +2HH2 T`û/Bi2 T�` H2 i2`K2 BM/mBi T�` H2 i�mt
/Ƕûp�TQ`�iBQM �bvKûi`B[m2 U2ĕK2 i2`K2VX PM T2mi ûp�Hm2` mM Q`/`2 /2 ;`�M/2m` , T`2KB2`
i2`K2 2bi 2MpB`QM +BM[ 7QBb BM7û`B2m` �m i2`K2 /Ƕû`QbBQM �bvKûi`B[m2 /2 H� #�b2X *2+B BMp�HB/2
H� TBbi2 ûpQ[mû2 T�` aQ#�+ 2i �HX (R9k) 2i 7Q`iB}2 MQi`2 Kû+�MBbK2 `2TQb�Mi bm` HǶû`QbBQM
/2 H� #�b2X

8X9 SBĕ;2 i?2`KB[m2

*QMM�Bbb�Mi /ûbQ`K�Bb H2 T2M+?�Mi M�im`2H /2 +2b ;Qmii2b TQm` H2 7`QB/ 2i b2b HBKBi2b
U/2 i�BHH2V- QM T2mi �HQ`b `û�HBb2` mM TBĕ;2 i?2`KB[m2 2M BKTQb�Mi mM ;`�/B2Mi i?2`KB[m2
bvKûi`B[m2X PM TQ`i2 H2b /2mt 2ti`ûKBiûb /m #�``2�m ¨ H� i2KTû`�im`2 T

+ = 350�* iQmi
2M H�Bbb�Mi H2 +2Mi`2 7`QB/- ¨ 2MpB`QM 250�*X AH bǶûi�#HBi �HQ`b �T`ĕb mM2 i`2Mi�BM2 /2 KBMmi2b
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mM2 /Bzû`2M+2 /2 i2KTû`�im`2 /2 HǶQ`/`2 /2 Ryy�* 2Mi`2 H2 +2Mi`2 2i H2b 2ti`ûKBiûb- /Bbi�Mib
/2 R8 +KX GQ`b[mǶQM /ûTQb2 /2b ;Qmii2b b�Mb pBi2bb2 BMBiB�H2 /�Mb mM2 i2HH2 +QM};m`�iBQM-
QM `û�HBb2 mM TBĕ;2 i?2`KB[m2X am` H� };m`2 8XRNU�V- QM bmT2`TQb2 H2b i`�D2+iQB`2b pm2b
/2 /2bbmb 2i HǶûpQHmiBQM i2KTQ`2HH2 /2 H� TQbBiBQM x /2 H� ;Qmii2 �bbQ+Bû2 (+) /�Mb H�
+QM};m`�iBQM bvKûi`B[m2 /2 TBĕ;2X G2b `ûbmHi�ib bQMi +QKT�`ûb ¨ HǶ2tTû`B2M+2 iûKQBM Qɍ
H2 ;`�/B2Mi 2bi �bvKûi`B[m2 2i Q`B2Miû bmBp�Mi H2b x /û+`QBbb�MibX G2b i`�D2+iQB`2b +QHH2+iû2b
2i pm2b /2 /2bbmb bQMi T`ûb2Miû2b bm` H� };m`2 8XRNU#V- �mt[m2HH2b QM 7�Bi +Q``2bTQM/`2 H2b
+Qm`#2b x(t) U/VX

6B;m`2 8XRN Ĝ U�V *QHH2+iBQM /2b i`�D2+iQB`2b pm2b /2 /2bbmb /2 ;Qmii2b HB#û`û2b b�Mb pBi2bb2b
BMBiB�H2b �m TQBMi 7`QB/ /ǶmM TBĕ;2 i?2`KB[m2 U`�KT2 +?�mzû2 /2 K�MBĕ`2 bvKûi`B[m2VX G2b ;Qmii2b
T�`i2Mi �m #Qmi /ǶmM2 /Bx�BM2 /2 b2+QM/2b û[mBTBT`Q#H2K2Mi ¨ ;�m+?2 Qm ¨ /`QBi2 /2 H� TQbBiBQM
BMBiB�H2X (#) *QHH2+iBQM /2b i`�D2+iQB`2b iûKQBMb bm` mM2 `�KT2 +?�mzû2 /2 K�MBĕ`2 �bvKûi`B[m2X
�mbbBiƬi HB#û`û2b- H2b ;Qmii2b [mBii2Mi H2m` TQbBiBQM BMBiB�H2 2M b2 /B`B;2�Mi iQmi2b p2`b H2 #Q`/ 7`QB/
U¨ /`QBi2V `Bb[m�Mi HǶû#mHHBiBQM HQ`b[m2 Tb < TLX (+) h`�+ûb /2 H� TQbBiBQM x 2M 7QM+iBQM /m i2KTb
+Q``2bTQM/�Mib �mt i`�D2+iQB`2b /m U�VX GǶBMb2`i K2i 2M ûpB/2M+2 H2b Qb+BHH�iBQMb /2 x �miQm` /m
TQBMi 7`QB/X U/V *Qm`#2b x 2M 7QM+iBQM /m i2KTb bm` HǶ2tTû`B2M+2 iûKQBM /m U#VX

PM +QMbi�i2 bm` H� };m`2 8XRN [m2 H2b ;Qmii2b- mM2 7QBb HB#û`û2b �m +2Mi`2 `2H�iBp2K2Mi
7`QB/ /m bm#bi`�i ¨ HǶ�B/2 /ǶmM2 �B;mBHH2- ;�`/2Mi H2m` TQbBiBQM mM2 /Bx�BM2b /2 b2+QM/2b K�Bb
}MBbb2Mi T�` v û+?�TT2` 2M b2 /B`B;2�Mi /2 K�MBĕ`2 û[mBT`Q#�#H2 ¨ ;�m+?2 Qm ¨ /`QBi2 /m
bm#bi`�iX *QKK2 H2 K2i 2M ûpB/2M+2 HǶ2M+�`i /2 H� };m`2 8XRNU+V- H2b ;Qmii2b Qb+BHH2Mi �miQm`
/m TQBMi `2H�iBp2K2Mi 7`QB/ �p2+ mM2 Tû`BQ/2 /2 HǶQ`/`2 /2 H� b2+QM/2- [mB +Q``2bTQM/ ¨ H�
Tû`BQ/2 1/(2⇡)(Cg)�1/2- Qɍ C = ↵T /` 2bi H� +Qm`#m`2 i?2`KQ@BM/mBi2- �p2+ ↵T ⇡ 0.1 K`�/X

kyN
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PM i`Qmp2 #B2M mM Q`/`2 /2 ;`�M/2m` +Q?û`2Mi �p2+ H2b �M;H2b K2bm`ûb bm` H� };m`2 8XR9-
b�+?�Mi [m2 /�Mb +2ii2 +QM};m`�iBQM bvKûi`B[m2- G 2bi THmb 7�B#H2X GǶ�KTHBim/2 /2 +2b
Qb+BHH�iBQMb MǶ2bi T�b �KQ`iB2- K�Bb bǶ�KTHB}2X lM2 ;Qmii2 2bi H�+?û2 b�Mb pBi2bb2 BMBiB�H2
�m MBp2�m /m TQBMi 7`QB/ /m bm#bi`�i UHû;ĕ`2K2Mi /û+�Hû2VX 1HH2 2bi `�TT2Hû2 p2`b +2 TQBMi
7`QB/X *QKK2 BH v � i`ĕb T2m /ǶBM2`iB2 TQm` 7`2BM2` bQM KQmp2K2Mi- HǶQ#D2i /ûT�bb2 bQM ûi�i
/Ƕû[mBHB#`2 2i H2b Qb+BHH�iBQMb T2`/m`2MiX �m #Qmi /ǶmM +2`i�BM i2KTb- H� ;Qmii2 T�`pB2Mi ¨
7`�M+?B` H� #�``Bĕ`2 /2 TQi2MiB2H 2i û+?�TT2 �m TBĕ;2 i?2`KB[m2 [mB HmB � ûiû i2M/m- �mbbB
#B2M T�` H� ;�m+?2 x < 0 [m2 T�` H� /`QBi2 x > 0 U};m`2 8XRNU�VVX GǶûM2`;B2 �TTQ`iû2 TQm`
7�B`2 bQ`iB` H� ;Qmii2 /2 +2 TmBib /2 TQi2MiB2H T2mi /Ƕ�BHH2m`b T`Qp2MB` /2 HǶ�KTHB}+�iBQM
/2 HǶ�M;H2 HQ`b /2 H� KBb2 2M KQmp2K2Mi /2 HǶQ#D2i ¨ H� pBi2bb2 Ux U/Bb+miû T�;2 kyeVX *2
+QKTQ`i2K2Mi +QMi`�bi2 T�`iB+mHBĕ`2K2Mi �p2+ +2HmB Q#i2Mm TQm` HǶ2tTû`B2M+2 iûKQBM /2 H�
};m`2 8XRNU#VX GǶ2tTû`B2M+2 bm` mM bm#bi`�i TQ`iû ¨ H� i2KTû`�im`2 T

+ ¨ ;�m+?2 2i H�Bbbû
¨ H� i2KTû`�im`2 T

� ¨ /`QBi2 KQMi`2 [m2 H2b ;Qmii2b- mM2 7QBb HB#û`û2b- b2 /B`B;2Mi b�Mb
/ûH�B p2`b H2 #Q`/ 7`QB/ /m bm#bi`�iX

LQmb �pQMb +?2`+?û ¨ `û�HBb2` mM TBĕ;2 i?2`KB[m2 2M �iiB`�Mi H2 HB[mB/2 p2`b mM TQBMi
7`QB/ /m bm#bi`�iX GǶBM2`iB2 i`ĕb 7�B#H2 2i HǶ�KTHB}+�iBQM /2 HǶ�M;H2 /ǶBM+HBM�BbQM /2 H� #�b2
¨ K2bm`2 [m2 H� pBi2bb2 /2 T`QTmHbBQM �m;K2Mi2 2i �KTHB}2 H2b Qb+BHH�iBQMb /2 H� ;Qmii2
+�Hû}û2b �miQm` /m TQBMi 7`QB/ /m bm#bi`�iX G2 ;Qmii2 T�`pB2Mi }M�H2K2Mi ¨ 7`�M+?B` H�
#�``Bĕ`2 ûM2`;ûiB[m2 2i ¨ û+?�TT2` �m TBĕ;2 [mB HmB 2bi i2M/mX

*QM+HmbBQM bm` H� T`QTmHbBQM bm` ;`�/B2Mib i?2`KB[m2b

LQmb �pQMb KBb 2M ûpB/2M+2 H2 +QKTQ`i2K2Mi i?2`KQT?Q#2 /�Mb H2 T?ûMQKĕM2 /2 G2B@
/2M7`QbiX 1M miBHBb�Mi /2b bQHB/2b BM/û7Q`K�#H2b- MQmb �pQMb /ûKQMi`û HǶQ`B;BM2 i?2`KB[m2
/2 +2 +QKTQ`i2K2Mi , H� #�b2 /2 HǶQ#D2i 2M HûpBi�iBQM bǶû`Q/2 /2 K�MBĕ`2 /Bzû`2MiB2HH2 2i
�bvKûi`B[m2- BM+HBM�Mi H2 +QmbbBM /2 p�T2m` /ǶmM �M;H2 ↵T bmBp�Mi HǶ�t2 /m ;`�/B2Mi /2
i2KTû`�im`2 BKTQbûX AH 2M `ûbmHi2 mM2 7Q`+2 T`QTmHbBp2 ?Q`BxQMi�H2X *2ii2 i2M/�M+2 ¨ T`û@
7û`2` H2 7`QB/ T�`�ŗi iQmi27QBb T�`�/Qt�H2 2i bmB+B/�B`2 , 2M +?2`+?�Mi H2b xQM2b 7`QB/2b- mM
;Qmii2 `Bb[m2 bQM û#mHHBiBQM 2i /2 `û/mB`2 /2 K�MBĕ`2 /`�K�iB[m2 bQM i2KTb /2 pB2X

G� /û+Qmp2`i2 /2 +2 +QKTQ`i2K2Mi i?2`KQT?Q#2 2i H� +QKT`û?2MbBQM /2b Kû+�MBbK2b
bm` H�[m2H BH `2TQb2 Qmp`2 H� pQB2 ¨ /2 MQmp2�mt bvbiĕK2bX PM T2mi 2M T�`iB+mHB2` BK�;BM2`
TBû;2` /2b ;Qmii2b 2M T�p�Mi H2 bm#bi`�i /2 xQM2b `2H�iBp2K2Mi 7`QB/2b UT�i+?b Qm #�M/2bV
bm` H2b[m2HH2b H2 HB[mB/2 bǶûp�TQ`2 THmb `�TB/2K2Mi- Qm KāK2 +QM+2pQB` mM +B`+mBi 7`QB/ �}M
/2 +QMi`ƬH2` H� i`�D2+iQB`2 /2b ;Qmii2bX

kRy
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S`QTmHbBQM bm` ;`�/B2Mib /2
i2tim`2

.�Mb +2ii2 T�`iB2- QM 2MpBb�;2 mM2 MQmp2HH2 bi`�iû;B2 T2`K2ii�Mi /2 T`QTmHb2` H2b HB@
[mB/2b /2 K�MBĕ`2 +QMi`ƬHû2X PM `2KTH�+2 H2b ;`�/B2Mib /2 i2KTû`�im`2 /m +?�TBi`2 T`û@
+û/2Mi T�` /2b ;`�/B2Mib /2 i2tim`2 2i QM 2t�KBM2 H2 +QKTQ`i2K2Mi /2 ;Qmii2b TQbû2b bm`
/2b bm#bi`�ib /QMi H2b i2tim`2b bQMi /2 THmb 2M THmb T`Q7QM/2bX G� [m2biBQM [m2 HǶQM b2 TQb2
2bi /2 b�pQB` bǶBH 2bi TQbbB#H2 /Ƕ2M;2M/`2` /m KQmp2K2Mi bm` /2 i2HH2b bm`7�+2bX

*2ii2 B/û2 2bi Mû2 /ǶmM2 /Bb+mbbBQM �p2+ *mMDBM; Gp- /2 HǶmMBp2`bBiû /2 .�HB�M 2M
*?BM2X G2b bm`7�+2b miBHBbû2b QMi ûiû 7�#`B[mû2 T�` *�`QHBM2 6`QiX GǶ�miQT`QTmHbBQM /2
;Qmii2b bm` +2b bm`7�+2b � ûiû ûim/Bû2 T�` �K�m`v "�``�H �m +Qm`b /2 bQM T`QD2i /2
`2+?2`+?2 /2 jBĕK2 �MMû2 ¨ HǶ1+QH2 TQHvi2+?MB[m2X

aQKK�B`2
eXR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2 X X X X X X X X X X X X X X X X X X X X X kRk

eXRXR ai`�iû;B2 /2 KBb2 2M KQmp2K2Mi X X X X X X X X X X X X X X X X X X kRk

eXRXk .2b+`BTiBQM /m /BbTQbBiB7 2tTû`BK2Mi�H X X X X X X X X X X X X X X X kRk

eXRXj _ûbmHi�ib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR9

eXk JQi2m` /m KQmp2K2Mi X X X X X X X X X X X X X X X X X X X X X X X X X kRd

eXkXR *�mb2b 2MpBb�;2�#H2b X X X X X X X X X X X X X X X X X X X X X X X X X kRd

eXkXk a+ûM�`BQ /2 T`QTmHbBQM i?2`KB[m2 X X X X X X X X X X X X X X X X X X kR3

eXkXj 1tTû`B2M+2 KQ/ĕH2 �p2+ mM bQHB/2 X X X X X X X X X X X X X X X X X X kRN

eXj S`QTmHbBQM /2 HB[mB/2 bm` mM ;`�/B2Mi /2 i2tim`2b X X X X X X X X kkk

eXjXR .û7Q`K�iBQM ¨ HǶû+?2HH2 /ǶmM2 bi`B2 X X X X X X X X X X X X X X X X X kkk

eXjXk 6`B+iBQM bm` H2b bm`7�+2b ¨ ;`�/B2Mi /2 i2tim`2 X X X X X X X X X X X kk9

eXjXj _2iQm` bm` H2b 7Q`K2b �HHQM;û2b X X X X X X X X X X X X X X X X X X X kk8

kRR
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eXR S`ûb2Mi�iBQM /2 HǶ2tTû`B2M+2

eXRXR ai`�iû;B2 /2 KBb2 2M KQmp2K2Mi

.�Mb H� [māi2 /2 +QMi`ƬH2 /2 H� /vM�KB[m2 /2b �û`Q;HBbb2m`b- �m +2Mi`2 /2 +2ii2 T�`iB2-
QM b2 iQm`M2 ¨ MQmp2�m p2`b H� HBiiû`�im`2X GǶmiBHBb�iBQM /2 bm`7�+2b +?�m/2b U/2 i2KTû`�im`2
bmTû`B2m`2b �m b2mBH /2 G2B/2M7`Qbi TLV T`ûb2Mi�Mi /2b i2tim`2b MQM mMB7Q`KûK2Mi `ûT�`iB2b
� /ûD¨ KQMi`û bQM 2{+�+Biû TQm` HǶûp�+m�iBQM /2 ;Qmii2b (R99)X .�Mb +2ii2 ûim/2 `û+2Mi2-
H2b �mi2m`b KQMi`2Mi [m2 /2b ;Qmii2b +�Hû}û2b- BKT�+i�Mi bm` /2b bm#bi`�ib [mB T`ûb2Mi2Mi
/2b i2tim`2b /Ƕ2bT�+2K2Mi +`QBbb�Mi- bQMi /ûpBû2b T�` `�TTQ`i ¨ HǶ�t2 p2`iB+�HX *?2M 2i
�HX 2tTHQBi2Mi /2b ;`�/B2Mib /2 ǴKQmBHH�;2Ǵ TQm` K2ii`2 2M KQmp2K2Mi /2b ;Qmii2H2ii2b
+�Hû}û2b (R98) , H2b ;Qmii2b bQMi /ûTQbû2b bm` /2b bm`7�+2b T`ûb2Mi�Mi /2b KB+`QTBHB2`b /Ƕ�B`2
bmTû`B2m`2 +`QBbb�Mi2X *2b TBHB2`b QMi mM T�b 2i mM2 ?�mi2m` +QMbi�Mi2b 2i bQMi Q`;�MBbûb
bmBp�Mi mM `ûb2�m +�``ûX G� H�`;2m` /2b TBHB2`b �m;K2Mi2 /2 jy µK ¨ eyy µK bmBp�Mi HǶ�t2 x-
�}M /2 T�p2` /2 THmb 2M THmb /2MbûK2Mi H� bm`7�+2X SQbû2 bm` mM2 i2HH2 bm`7�+2- mM2 ;Qmii2
bǶ�miQT`QTmHb2 bmBp�Mi x- /�Mb H� /B`2+iBQM [mB K�tBKBb2 HǶ�B`2 +Qmp2`i2 T�` H2b TBHB2`bX aB
HǶQM i2Mi2 /Ƕ�M�Hvb2` +2 `ûbmHi�i 2tTû`BK2Mi�H /ǶmM TQBMi /2 pm2 i?2`KB[m2- H2 HB[mB/2 b2
T`QTmHb2 /2b xQM2b Qɍ BH `2ÏQBi KQBMb /2 +?�H2m` �mt xQM2b Qɍ `2ÏQBi mM ~mt K�tBK�HX
*2 +QKTQ`i2K2Mi- i?2`KQT?BH2- +QMi`2/Bi H2b `ûbmHi�ib /m +?�TBi`2 T`û+û/2Mi 2i bm;;ĕ`2
HǶBMi2`p2MiBQM /ǶmM �mi`2 Kû+�MBbK2- TQbbB#H2K2Mi HBû ¨ H� M�im`2 /û7Q`K�#H2 /m HB[mB/2X
aQiQ 2i �HX QMi 2M 2z2i KQMi`û- [mǶmM2 ;Qmii2- TQbû2 bm` mM bm#bi`�i +`ûM2Hû- bǶ2KT�H2
T�`iB2HH2K2Mi /�Mb +?�[m2 +QKT�`iBK2MiX G2b /û7Q`K�iBQMb bQmb mM2 ;Qmii2 bQMi pBbB#H2b
bm` H� pm2 /Ƕ2Mb2K#H2 /2 H� };m`2 eXRU�V 2i �;;`�M/B2b 2M U#VX G2 #Qm``2H2i bǶ2M7QM+2 /ǶmM2
[m�MiBiû �- b2MbB#H2 �m T�b /2b i2tim`2b �- K�Bb [mB M2 /ûT2M/ T�b /2 H2m` ?�mi2m` H U/2b
i2tim`2bV (R9e)X

PM b2 T`QTQb2 /QM+ /2 +QM+2pQB` /2b bm`7�+2b T`ûb2Mi�Mi /2b i2tim`2b �MBbQi`QT2b- [mB
+QMb2`p2Mi H2 T�b � U/QM+ �V K�Bb /2 T`Q7QM/2m` H +`QBbb�Mi2X

eXRXk .2b+`BTiBQM /m /BbTQbBiB7 2tTû`BK2Mi�H

G2b bm#bi`�ib miBHBbûb bQMi `2T`ûb2Miûb bm` H2 b+?ûK� eXkX AHb T`ûb2Mi2Mi /2b i2tim`2b
`û;mHBĕ`2b- BMp�`B�Mi2b bmBp�Mi H� /B`2+iBQM yX G� H�`;2m` /2b bi`B2b- MQiû2 �- 2bi K�BMi2Mm2
+QMbi�Mi2 K�Bb H� T`Q7QM/2m` p�`B2 bmBp�Mi HǶ�t2 xX G2b bi`B2b QMi ûiû +`2mbû2b ¨ H� KB+`Q@
7`�Bb2mb2 T�` *�`QHBM2 6`Qi bm` mM2 TH�[m2 2M H�BiQM /2 HQM;m2m` L = 50 KK 2i H�`;2m`
l = 20 KKX PM T`2M/- T�` +QMp2MiBQM- x 4 y �m MBp2�m /2 H� T`2KBĕ`2 bi`B2 +Ƕ2bi@¨@/B`2
H� KQBMb T`Q7QM/2X G� T`Q7QM/2m` 7`�Bbû2 2bi BM+`ûK2Miû2 T�` T�b +QMbi�Mi- /2 HǶQ`/`2 /2
20 µK- Dmb[mǶ¨ �ii2BM/`2 H� T`Q7QM/2m` K�tBK�H2 HK�t 2M #Qmi /2 `�KT2 Ux = LVX PM
/û}MBi H2 ;`�/B2Mi /2 T`Q7QM/2m` ↵�TT = HK�t/L [mB +Q``2bTQM/ ¨ HǶ�M;H2 7�Bi T�` H2 7QM/
/2b i2tim`2bX AH 2bi /2 HǶQ`/`2 /2 Ry ¨ 8y K`�/X

kRk
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2κ−1 r
δ

λ

R

λ

(a) (b)

H

6B;m`2 eXR Ĝ U�V :Qmii2 /Ƕ�+ûiQM2 pm2 /2 +Ƭiû 2M HûpBi�iBQM bm` mM bm#bi`�i +`ûM2Hû +?�m/ Uj8y�*VX
oBbm�HBb�iBQM /2b /û7Q`K�iBQMb /2 ;Qmii2 2KT�Hû2 /�Mb /2b bi`B2b /Ƕ2bT�+2K2Mi � p�`B�#H2- THmb
`2bb2``û �m KBHB2m [mǶ�mt #Q`/b /2 H� ;Qmii2- +2 [mB 2tTHB[m2 [m2 H� T`Q7QM/2m` /Ƕ2KT�H2K2Mi p�`B2X
G2b +`ûM2�mt miBHBbûb bQMi /`QBibX (#) .û7Q`K�iBQM HQ+�H2 bm` mM +`ûM2�m /2 H�`;2m` � = 1 KKX G2b
/Bbi�M+2b +�`�+iû`Bb�Mi H2 #Qm``2H2i HB[mB/2 2KT�Hû /2 � 2i /2 `�vQM /2 +Qm`#m`2 r bQMi /û}MB2bX
AK�;2b �/�Tiû2b �p2+ H2b MQi�iBQMb miBHBbû2b /�Mb +2 K�Mmb+`Bi (R9e)

(a)

(b)

λ

Hmax

R

x

x

y

z

6B;m`2 eXk Ĝ a+?ûK� 2tTû`BK2Mi�H /2 H� TH�[m2 T`ûb2Mi�Mi /2b bi`B2b /2 T`Q7QM/2m` +`QBbb�Mi2X
U�V om2 H�iû`�H2 /�Mb H2 TH�M (xz)X G� TH�[m2- +?�mzû2 ¨ j8y�*- 2bi bi`Bû2 `û;mHBĕ`2K2Mi U� 4 eyy
µKV �p2+ mM2 T`Q7QM/2m` BM+`ûK2Miû2 /2 �H 2Mi`2 +?�[m2 bi`B2 U�H ⇡ 20 µKV /�Mb H2 b2Mb /2b x

+`QBbb�MibX lM2 ;Qmii2 2bi /ûTQbû2 ¨ HǶ�B/2 /ǶmM2 �B;mBHH2 �m /2bbmb /2 +2 bm#bi`�iX (#) om2 /2 /2bbmb
/2 HǶ2tTû`B2M+2 U/�Mb H2 TH�M xyVX lM2 7QBb HB#û`û2 T�` HǶ�B;mBHH2- H� ;Qmii2 bǶ�MBK2 bTQMi�MûK2Mi
/ǶmM KQmp2K2Mi [m2 HǶQM `2Tĕ`2 T�` H2b +QQ`/QMMû2b x 2i yX G� H�`;2m` Ly /m bm#bi`�i pû`B}2
Ly >> R >> �X

PM `2T`ûb2Mi2 bm` H� };m`2 eXk mM2 pm2 H�iû`�H2 /2 HǶ2tTû`B2M+2 U�V- 2i mM2 pm2 xûMBi?�H2
U#VX G� bm`7�+2 2bi +?�mzû2 ¨ mM2 i2KTû`�im`2 T >> TL �}M /ǶûpBi2` HǶû#mHHBiBQMX lM2
;Qmii2 /Ƕ2�m /2 `�vQM R 2bi /ûTQbû2 ¨ HǶ�B/2 /ǶmM2 �B;mBHH2 ¨ H� TQbBiBQM BMBiB�H2 x0X 1M
bǶûp�TQ`�Mi- H� ;Qmii2 b2 HB#ĕ`2X PM bmBi �HQ`b H2b +QQ`/QMMû2b x 2i y �m +Qm`b /m i2KTbX
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6B;m`2 eXj Ĝ *?`QMQT?QiQ;`�T?B2 +QHQ`û2- KQMi`�Mi H2b TQbBiBQMb bm++2bbBp2b /ǶmM2 ;Qmii2 bm` mM2
bm`7�+2 ;`�/m2HH2K2Mi i2tim`û2X

eXRXj _ûbmHi�ib

JQmp2K2Mi /B`2+iBQMM2H
PM 2t�KBM2 H2 +QKTQ`i2K2Mi /ǶmM2 ;Qmii2- /ûTQbû2 bm` mM2 bm#bi`�i +?�mzû ¨ j8y�*
2i /QMi H2 7QM/ /2b i2tim`2b T`ûb2Mi2 mM �M;H2 �TT�`2Mi ↵�TT = 10 K`�/X G2 HB[mB/2
+�Hû}û- H�+?û bm` mM2 i2HH2 bm`7�+2 b2 K2i bTQMi�MûK2Mi 2M KQmp2K2MiX PM pQBi bm` H�
+?`QMQT?QiQ;`�T?B2 /2 H� };m`2 eXj [mǶBH [mBii2 b� TQbBiBQM BMBiB�H2 2M /B`2+iBQM /2b bi`B2b
THmb T`Q7QM/2bX lM2 pm2 /2 /2bbmb +QM}`K2 [m2 H2 KQmp2K2Mi 2bi TQ`iû bmBp�Mi HǶ�t2 x-
T2`T2M/B+mH�B`2 ¨ HǶ�t2 /2b bi`B2bX PM T`ûb2Mi2 bm` H� };m`2 eX9U�V- H2b i`�D2+iQB`2b x(t)

Q#i2Mm2b TQm` mM2 i`2Mi�BM2 /2 ;Qmii2 /2 `�vQMb R = 1.2 ± 0.3 KK- H�+?û2b b�Mb pBi2bb2
BMBiB�H2 ¨ H� TQbBiBQM BMBiB�H2 x0 ⇡ RX

(a) (b)
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6B;m`2 eX9 Ĝ amT2`TQbBiBQM /2b i`�D2+iQB`2b Q#i2Mm2b TQm` /2b ;Qmii2b /2 `�vQM R = 1.2±0.3 KK-
H�+?û2b b�Mb pBi2bb2 BMBiB�H2 ¨ H� TQbBiBQM x0 ⇡ 0- bm` mM bm#bi`�i ;`�/m2HH2K2Mi i2tim`û ↵�TT =
10 K`�/- +?�mzû ¨ j8y�*X U�V SQbBiBQMb x /2 ;Qmii2b �m +Qm`b /m i2KTbX (#) oBi2bb2b BMbi�Mi�Mû2b-
Q#i2Mm2b 2M /û`Bp�Mi H� TQbBiBQM xX G2b +QmH2m`b /ûbB;M2Mi /2b 2tTû`B2M+2b BM/ûT2M/�Mi2bX

*�`�+iû`Bb�iBQM /2b i`�D2+iQB`2b
G2b i`�D2+iQB`2b /2 H� };m`2 eX9U�V bQMi /2b T�`�#QH2b �mt i2KTb +Qm`ibX 1M /û`Bp�Mi H2
bB;M�H /2 TQbBiBQM 2M 7QM+iBQM /m i2KTb- QM Q#iB2Mi H� pBi2bb2 v BMbi�Mi�Mû2- i`�+û2 bm`
H� };m`2 eX9U#VX PM `2K�`[m2 /2mt +QKTQ`i2K2MibX .�Mb mM T`2KB2` i2KTb- H� pBi2bb2
�m;K2Mi2 HBMû�B`2K2Mi �p2+ t- TmBb ¨ T�`iB` /ǶmM +2`i�BM `�M;- H� ;Qmii2 /û+ûHĕ`2X G� pBi2bb2

kR9



eXRX S_úa1Lh�hAPL .1 GǶ1sSú_A1L*1

+`Qŗi THmb H2Mi2K2Mi 2i b2K#H2 HBKBiû2 ¨ [m2H[m2b +2MiBKĕi`2b T�` b2+QM/2X

PM `2T`Q/mBi H� KāK2 2tTû`B2M+2- 2M }t�Mi THmb }M2K2Mi H2 `�vQM /2 H� ;Qmii2 R = 1.3± 0.1 KK-
2i 2M 7�Bb�Mi p�`B2` b� TQbBiBQM BMBiB�H2 x0X PM Q#b2`p2 [m2 H� T`QTmHbBQM p2`b H2b x +`QBb@
b�Mib T2`bBbi2 HQ`b[m2 H2 /ûTƬi � HB2m /�Mb HǶBMi2`p�HH2 , 0 . x0 . 15KK U2M iQmi2 `B;m2m`
H� #Q`M2 BM7û`B2m` 2bi û;�H2 �m `�vQM /2 H� ;Qmii2VX am` H� };m`2 eX8- QM T2mi pQB` [m2 /�Mb
+2ii2 HBKBi2- H2b i`�D2+iQB`2b Q#i2Mm2b bQMi û;�H2K2Mi /2b T�`�#QH2b U�mt i2KTb +Qm`ibVX

0 0.5 1 1.5
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6B;m`2 eX8 Ĝ amT2`TQbBiBQM /2b i`�D2+iQB`2b Q#i2Mm2b TQm` /2b ;Qmii2b /2 `�vQM R = 1.3±0.1 KK-
/ûTQbû2b ¨ mM2 TQbBiBQM x0 p�`B�#H2 bm` mM bm#bi`�i T`ûb2Mi�Mi mM ;`�/B2Mi /2 i2tim`2b ↵�TT =
10 K`�/- +?�mzû ¨ j8y�*X G� TQbBiBQM x(t) /û+`Bi mM2 T�`�#QH2X

G2b ;Qmii2b bQMi /QM+- /�Mb mM T`2KB2` i2KTb- �++ûHû`û2b mMB7Q`KûK2MiX G� TQbBiBQM
x 2bi �Dmbiû2 ¨ H� HQB [m�/`�iB[m2 x = a

2 (t � t0)2- �}M /Ƕ2M 2ti`�B`2 HǶ�++ûHû`�iBQM a Ut0
`2T`ûb2Mi2 HǶQ`B;BM2 /2b i2KTb Qɍ H� ;Qmii2 2bi HB#û`û2 /2 HǶ�B;mBHH2VX PM TQ`i2 bm` H� +Qm`#2
/2 H� };m`2 eXeU�V- HǶ�++ûHû`�iBQM a- ¨ x0 +QMbi�Mi- K2bm`û2 TQm` /Bzû`2Mib `�vQMb RX GǶ�+@
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6B;m`2 eXe Ĝ �++ûHû`�iBQM a- Q#i2Mm2 T�` �Dmbi2K2Mi /2b /QMMû2b x(t) ¨ H� HQB [m�/`�iB[m2 x =
a
2 (t � t0)2 TQm` /Bzû`2Mi2b i�BHH2b /2 ;Qmii2b R U�V Qm /Bzû`2Mi2b TQbBiBQMb BMBiB�H2b x0 U#VX G2
bm#bi`�i 2bi +?�mzû ¨ j8y� 2i T`ûb2Mi2 mM ;`�/B2Mi /2 i2tim`2b ↵�TT = 10 K`�/X

+ûHû`�iBQM a /2b ;Qmii2b /ûT2M/ /2 H2m` `�vQM RX GQ`b[mǶBH /BKBMm2 2i /2pB2Mi +QKT�`�#H2
¨ H� H�`;2m` /2b i2tim`2b U�V- HǶ�++ûHû`�iBQM /û+`Qŗi TmBb bǶ�MMmH2X G2b ;Qmii2b bǶ2M7QM+2Mi
/�Mb H2b i2tim`2b 2i M2 bǶ�miQT`QTmHb2Mi THmbX 1M `2p�M+?2- HQ`b[m2 H2b ;Qmii2b `2+Qmp`2Mi
THmbB2m`b bi`B2b- QM Q#b2`p2 [m2 HǶ�++ûHû`�iBQM a T`2M/ /2b p�H2m`b /2 HǶQ`/`2 /2 9y KKfb2X
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lM2 i2HH2 �++ûHû`�iBQM `ûpĕH2 HǶ2tBbi2M+2 /ǶmM2 7Q`+2 T`QTmHbBp2 /2 yXR ¨ R µL U/m KāK2
Q`/`2 [m2 H� 7Q`+2 /Ƕ�miQT`QTmHbBQM- pQB` +?�TBi`2 9VX PM +QMbi�i2 Mû�MKQBMb [m2 +2ii2
7Q`+2 � i2M/�M+2 ¨ /BKBMm2` �p2+ H2 `�vQM RX �m /2H¨ /ǶmM +2`i�BM `�vQM- H� ;Qmii2 2Mi`2
2M û#mHHBiBQM �p2+ H2 bm#bi`�iX

.Bbi�M+2 /Ƕ�``āi 2i T2`i2 /2 T`QTmHbBQM
*2ii2 �++ûHû`�iBQM a 2bi T�` �BHH2m`b b2MbB#H2 ¨ H� TQbBiBQM x0 ¨ H�[m2HH2 H2b ;Qmii2b bQMi
/ûTQbû2bX G� };m`2 eXeU#V- K2i 2M ûpB/2M+2 H� /BKBMmiBQM /2 a �p2+ H� TQbBiBQM BMBiB�H2 x0-
Q#i2Mm2 2M ;�`/�Mi H2 `�vQM /2b ;Qmii2b +QMbi�Mi- û;�H ¨ R = 1.3±0.1 KKX GǶ�++ûHû`�iBQM
a /BKBMm2 /2 9y KK/s2 ¨ Ry KK/s2 2M /û+�H�Mi H� TQbBiBQM BMBiB�H2 x0 2M /B`2+iBQM /2b
bi`B2b THmb T`Q7QM/2bX G� /BKBMmiBQM bmBi +2HH2 /2 H� /`QBi2 /Ƕû[m�iBQM a = a0 � b0x0- Qɍ
a0 = 30.8 KK/bk 2i b0 = 2.3 b�kX G2b 2z2ib /2 T`QTmHbBQM bǶ2biQKT2Mi , ¨ T�`iB` /ǶmM
+2`i�BM `�M; U�m@/2H¨ /ǶmM2 +2`i�BM2 TQbBiBQM x0V- H� 7Q`+2 /2 T`QTmHbBQM bǶ�MMmH2 2i H2b
;Qmii2b M2 bǶ�miQT`QTmHb2Mi T�b /�Mb H� /B`2+iBQM xX GǶ2ti`�TQH�iBQM /2b /QMMû2b /2 H�
};m`2 eXeU#V T`û/Bi [m2 H2b 2z2ib +2bb2Mi ¨ T�`iB` /2 H� TQbBiBQM +`BiB[m2 x

†
0 = a0/b0 ⇡

15 KKX aB QM /ûTQb2 H� ;Qmii2 �m@/2H¨ /2 H� TQbBiBQM x
†
0- QM bǶ�ii2M/ ¨ M2 THmb pQB` /2

KQmp2K2Mi bmBp�Mi xX G� };m`2 eXd +QKT�`2 H2b i`�D2+iQB`2b Q#i2Mm2b 2tTû`BK2Mi�H2K2Mi
TQm` mM /ûTƬi 2M �KQMi Qm 2M �p�H /2 H� TQbBiBQM +`BiB[m2 x

†
0X

6B;m`2 eXd Ĝ h`�D2+iQB`2b Q#i2Mm2b x(t) TQm` mM /ûTƬi `û�HBbû 2M �KQMi U�V Qm 2M �p�H U#V /2 H�
HBKBi2 x

†
0X G2 bm#bi`�i 2M H�BiQM- +?�mzû ¨ j8y�*- T`ûb2Mi2 mM ;`�/B2Mi /2 i2tim`2b ↵�TT = 10 K`�/X

GQ`b[m2 x0 < x
†
0- H2b i`�D2+iQB`2b- +QHH2+iû2b bm` H� };m`2 eXdU�V- bQMi iQmi2b /B`B;û2b /�Mb

H� /B`2+iBQM /2b bi`B2b +`QBbb�Mi2b Ux > 0VX G2b +Qm`#2b x(t) KQMi`2Mi mM2 T`2KBĕ`2 T?�b2
¨ �++ûHû`�iBQM mMB7Q`K2 Ux(t) /2bbBM2 mM2 T�`�#QH2V TmBb mM2 T?�b2 ¨ pBi2bb2 +QMbi�Mi2X G2
+QKTQ`i2K2Mi /2 +2b ;Qmii2b /Bzĕ`2 HQ`b[mǶ2HH2b bQMi /ûTQbû2b �m@/2H¨ /ǶmM +2`i�BM `�M;
x0 > x

†
0X am` H� };m`2 eXdU#V- QM pQBi [m2 H2b ;Qmii2b T�`i2Mi iQmDQm`b bmBp�Mi HǶ�t2 x

K�Bb +2ii2 7QBb@+B- �mbbB #B2M /�Mb H� /B`2+iBQM /2b T`Q7QM/2m`b /2 bi`B2b +`QBbb�Mi2b [m2
/û+`QBbb�Mi2bX
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eXkX JPh1l_ .l JPlo1J1Lh

AM~m2M+2 /m ;`�/B2Mi
LQmb �pQMb 7�Bi p�`B2` H2b +�`�+iû`BbiB[m2b /2b bm#bi`�ib- MQi�KK2Mi HǶ�M;H2 �TT�`2Mi ↵�TT
/2b bi`B2b 2M +?�M;2�Mi H� ?�mi2m` K�tBK�H2 HK�t �ii2BMi2 T�` H� /2`MBĕ`2 bi`B2 TQm`
mM2 KāK2 HQM;m2m` /2 TH�[m2X G2b +�`�+iû`BbiB[m2b UHK�t-↵�TTV /2b /Bzû`2Mib bm#bi`�ib
+QMbB/û`ûb /�Mb +2ii2 ûim/2 bQMi T`ûb2Miû2b /�Mb H2 i�#H2�m eXRXjX

HK�t UKKV ↵�TT UK`�/V x
†
0 UKKV

yX8 Ry 15± 3

RXy ky 6.5± 2.3

kX8 8y 2.6± 2.2

8 Ryy ?

G� /Bbi�M+2 x
†
0- �m@/2H¨ /2 H�[m2HH2 H� T`QTmHbBQM M2ii2 bmBp�Mi x MǶ2bi THmb Q#b2`pû2-

2bi K2bm`û2 bm` +?�+mM2 /2 +2b bm`7�+2b 2i `2TQ`iû2 bm` H2 i�#H2�m eXRXj , QM Q#b2`p2 [m2 x
†
0

/BKBMm2 [m�M/ ↵�TT �m;K2Mi2X GǶBM+2`iBim/2 bm` +2ii2 K2bm`2 2bi ;`�M/2- 2i �ii`B#m�#H2
¨ HǶBM2`iB2 /2 H� ;Qmii2 , mM2 7QBb H� TQbBiBQM x

†
0 7`�M+?B2- H� ;Qmii2 M2 bǶ�``āi2 T�b bTQMi�@

MûK2MiX .2 THmb- x†0 2bi /û}MB2 ¨ R T`ĕbX 1M �m;K2Mi�Mi HǶ�M;H2 �TT�`2Mi ↵�TT /2 Ry 2i
Ryy K`�/- QM /BKBMm2 x

†
0 /2 R8 KK ¨ mM2 p�H2m` BM7û`B2m`2 �m /B�Kĕi`2 /2 H� ;Qmii2 UpQB`

i�#H2�m eXRXjVX SQm` H� bm`7�+2 /Ƕ�M;H2 �TT�`2Mi ↵�TT = 100 K`�/- H2 ;`�/B2Mi /2 i2tim`2b
MǶ� THmb �m+mM 2z2i bm` H� ;Qmii2X PM M2 T2mi �HQ`b THmb /û}MB` /2 /Bbi�M+2 x

†
0X

GǶûpQHmiBQM /2 x
†
0 �p2+ ↵�TT bm;;ĕ`2 [m2 +Ƕ2bi 2M 7�Bi ¨ T�`iB` /ǶmM2 T`Q7QM/2m` +`BiB[m2

[m2 H2b 2z2ib +2bb2MiX G� T`Q7QM/2m` /2b `�BMm`2b ûi�Mi BM+`ûK2Miû2 ¨ +?�[m2 bi`B2- H

2bi mM2 7QM+iBQM +`QBbb�Mi2 /2 xX �m /2H¨ /ǶmM +2`i�BM `�M;- x†0- H2b ;`�/B2Mib /2 i2tim`2b
b2K#H2Mi M2 THmb āi`2 `2bb2MiBb T�` H� ;Qmii2X PM MQi2 H

† = H(x†0) +2ii2 ?�mi2m` +`BiB[m2X

�HHQM;2K2Mi /2b ;Qmii2b
PM `2K�`[m2 T�` �BHH2m`b [m2 H2b ;Qmii2b bǶ�HHQM;2Mi /�Mb H� /B`2+iBQM /2 H2m` KQmp2K2Mi
UT2`T2M/B+mH�B`2 �mt bi`B2b-V +QKK2 bB 2HH2b +?2`+?�B2Mi ¨ K�tBKBb2` H2 MQK#`2 /2 bi`B2b
`2+Qmp2`i2bX G� +?`QMQT?QiQ;`�T?B2 /2 H� };m`2 eX3 BHHmbi`2 +2b /û7Q`K�iBQMbX G� ;Qmii2-
Q#b2`pû2 T�` �m /2bbmb- 2bi H�+?û2 b�Mb pBi2bb2 BMBiB�H2 bm` H� bm`7�+2 bi`Bû2X 1M T`Q;`2b@
b�Mi bmBp�Mi HǶ�t2 x- 2HH2 bǶûiB`2 /�Mb +2ii2 KāK2 /B`2+iBQMX *2ii2 /û7Q`K�iBQM MǶ2bi T�b
i`�MbBiQB`2X 1HH2 T2`bBbi2 /m`�Mi iQmi2 H2 KQmp2K2MiX

.2b Q#b2`p�iBQMb bBKBH�B`2b QMi ûiû `2TQ`iû2b T�` G2 J2``2` 2i �HX- [mB +QMbB/û`�B2Mi H2
+�b /2 ;Qmii2b H�M+û2b bm` /2b bm`7�+2b +`ûM2Hû2b `û;mHBĕ`2K2Mi (R9d)X

eXk JQi2m` /m KQmp2K2Mi

eXkXR *�mb2b 2MpBb�;2�#H2b

G2b +�mb2b /2 H� T`QTmHbBQM Q#b2`pû2 bQMi +H�bbB}û2b 2M i`QBb ;`QmT2b ,
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x
6B;m`2 eX3 Ĝ *?`QMQT?QiQ;`�T?B2 /ǶmM2 ;Qmii2 KBHHBKûi`B[m2 UR = 1.9 KKV bǶ�HHQM;2�Mi T2m ¨
T2m 2M T`Q;`2bb�Mi p2`b H2b bi`B2b /2 THmb 2M THmb T`Q7QM/2b U/2 ;�m+?2 ¨ /`QBi2VX GǶBMi2`p�HH2 /2
i2KTb 2Mi`2 +?�[m2 BK�;2 2bi 8y KbX G� #�``2 /Ƕû+?2HH2 BM/B[m2 8 KKX

} G2b 2z2ib i?2`KB[m2b , H� +?�H2m` 2z2+iBp2 7Qm`MB2 �m HB[mB/2 2bi BMp2`b2K2Mi T`QTQ`@
iBQMM2HH2 ¨ H� /Bbi�M+2 2Mi`2 H2 bm#bi`�i UH2 7QM/ /2b bi`B2bV 2i H2 HB[mB/2X G2 i�mt /Ƕûp�@
TQ`�iBQM 2bi `2M/m �bvKûi`B[m2 bm` +2b bm`7�+2b- TmBb[m2 H2 7QM/ /2b bi`B2b bǶûHQB;M2
[m�M/ x �m;K2Mi2X *2+B TQm``�Bi BM/mB`2- T�` mM Kû+�MBbK2 bBKBH�B`2 ¨ +2HmB T`QTQbû
�m +?�TBi`2 T`û+û/2Mi- /m KQmp2K2Mi /�Mb H� /B`2+iBQM /2b bi`B2b H2b THmb T`Q7QM/2bX

} G2b 2z2ib +�TBHH�B`2b , H� ;Qmii2- /û7Q`Kû2 T�` H2b bi`B2b- TQm``�Bi 2HH2@KāK2 /2p2MB`
�bvKûi`B[m2 2M BM+HBM�Mi 2M KQv2MM2 b� #�b2X *2i �M;H2 /QMM2`�Bi �HQ`b M�Bbb�M+2 ¨
mM2 `ûbmHi�Mi2 /2b 7Q`+2b MQM MmHH2 bmBp�Mi x- mM Kû+�MBbK2 [mB BKTHB[m2 [m2 H2 HB[mB/2
b2Mi2 H2 bQmb@bQH �bvKûi`B[m2 /m bm#bi`�iX

} G2b 2z2ib ?v/`Q/vM�KB[m2b , HǶû+QmH2K2Mi bQmb H� ;Qmii2 2bi `2+iB}û T�` H� T`ûb2M+2
/2 i2tim`2b �bvKûi`B[m2b- +2 [mB KQ/B}2 H� 7Q`+2 /Ƕ2Mi`�ŗM2K2Mi pBb[m2mt T�` H� p�T2m`X
P`- H� p�T2m` T`Q/mBi2 2KT`mMi2 T`BM+BT�H2K2Mi HǶ�t2 /2b +�M�mt- +2 [mB 2Mi`�BM2- 2M
T`BM+BT2- HǶQ#D2i /�Mb +2ii2 KāK2 /B`2+iBQM- Q`i?Q;QM�H2 ¨ H� /B`2+iBQM /m KQmp2K2Mi
Q#b2`pûX *2i 2z2i T`û/Bi /QM+ mM KQmp2K2Mi bmBp�Mi HǶ�t2 y- �mbbB #B2M T�` H� ;�m+?2
y > 0 [m2 T�` H� /`QBi2 y < 0 /m +QmHQB`X *2ii2 7Q`+2 bi�#BHBb2 +2`i�BM2K2Mi H2 KQmp2K2Mi
bmBp�Mi x K�Bb M2 +QMi`B#m2 T�b ¨ H� T`QTmHbBQM bmBp�Mi xX PM 2t+Hmi /QM+ iQmi /2 bmBi2
+2ii2 ?vTQi?ĕb2X

SQm` +QKT`2M/`2 HǶQ`B;BM2 /2 HǶ�miQT`QTmHbBQM bm` +2b bm`7�+2b- QM bǶBMiû`2bb2 /�Mb mM
T`2KB2` i2KTb �mt 2z2ib BM/mBib T�` H� T`ûb2M+2 /ǶmM2 bi`B2 bBKTH2X

eXkXk a+ûM�`BQ /2 T`QTmHbBQM i?2`KB[m2

GǶûi�i /2 HûpBi�iBQM 2bi T2`KBb T�` HǶû[mBHB#`2 2Mi`2 H� T`2bbBQM /2 Hm#`B}+�iBQM /2
H� p�T2m` T`Q/mBi2 T�` ûp�TQ`�iBQM bQmb H� ;Qmii2 2i H� T`2bbBQM ?v/`Qbi�iB[m2X am` mM2
bm`7�+2 TH�M2- HǶû;�HBiû /2 +2b T`2bbBQMb bûH2+iBQMM2 mM2 ûT�Bbb2m` KQv2MM2 /m }HK- [m2 HǶQM
MQi2 "yX 1M `2T`2M�Mi H2b MQi�iBQMb BMi`Q/mBi2b �m T�`�;`�T?2 RXjXj UTXjRV 2i 2M MQi�Mi h

H� ?�mi2m` /2 HǶQ#D2i +�Hû}û- QM � ,

⌘v�v�TS

⇢vL"4y
⇠ ⇢gh UeXkXRV

kR3
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PM +QMbB/ĕ`2 /ûbQ`K�Bb mM bm#bi`�i `m;m2mtX G2 ~mt i?2`KB[m2 2bi i`ĕb b2MbB#H2 �mt
p�`B�iBQMb HQ+�H2b /ǶûT�Bbb2m` " /m +QmbbBM /2 p�T2m` H2 HQM; /2 HǶ�t2 xX GǶû[mBHB#`2 /2
HǶû[m�iBQM eXkXR 2bi KQ/B}ûX PM bmTTQb2 [m2 H� 7QM+iBQM x 7�! "(x) 2bi mMB7Q`K2 �m b2BM
/2 +?�[m2 bi`B2- 2i [mǶ2HH2 bm#Bi /2b b�mib T�` T�b � `û;mHB2`bX PM MQi2 "bmT HǶûT�Bbb2m`
�ii2M/m2 �m@/2bbmb /2b i2tim`2b 2i "BM7 +2HH2 �m 7QM/ /2b bBHHQMbX G� T`ûb2M+2 /ǶmM2 bi`B2
/û+QKTQb2 H2 ~mt /Ƕûp�TQ`�iBQM 2M /2mt +QMi`B#miBQMb , +2HH2 �m bQKK2i /2b bi`B2b- 2i +2HH2
�m 7QM/ /2b bi`B2bX PM MQi2 � H� /2MbBiû bmT2`}+B2HH2 /2b bi`B2b- HǶû[mBHB#`2 /2 HûpBi�iBQM 2bi
K�BMi2Mm bB 2i b2mH2K2Mi bB ,

⌘v�v�TS

⇢vL


(1� �)

"4bmT
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"
4
BM7

�
⇠ ⇢gh UeXkXkV

§ Q#D2i +�Hû}û B/2MiB[m2- TQm` [m2 HǶQ#D2i HûpBi2- HǶûM2`;B2 7Qm`MB2 UbQmb 7Q`K2 /2 +?�@
H2m`- ¨ i`�p2`b mM +QmbbBM /2 p�T2m`V bm` H� bm`7�+2 `m;m2mb2 /QBi āi`2 û;�H2 ¨ HǶûM2`;B2
7Qm`MB2 bm` mM2 bm`7�+2 TH�i2X *2ii2 +QM/BiBQM BKTHB[m2 HǶû;�HBiû 2Mi`2 H2b û[m�iBQMb eXkXR
2i eXkXkX G2b ûT�Bbb2m`b "bmT 2i "BM7 �ii2M/m2b `2bT2+iBp2K2Mi �m /2bbmb Qm �m 7QM/ /2b
bBHHQMb /QBp2Mi pû`B}2` HǶû[m�iBQM ,


(1� �)

"4bmT
+

�

"
4
BM7

�
=

1

"
4
y

UeXkXjV

�p2+ "y- HǶûT�Bbb2m` ?vTQi?ûiB[m2 [m2 H2 }HK �m`�Bi bB H� bm`7�+2 ûi�Bi HBbb2X *2ii2 7Q`KmH2
bm;;ĕ`2 [m2 THmb H2b bi`B2b bQMi T`Q7QM/2b- THmb H2 HB[mB/2 /QBi bǶ2M7QM+2` /�Mb H2b i2tim`2b
TQm` K�BMi2MB` H2 ~mt +?�H2m` `2[mBb T�` HǶûi�i /2 HûpBi�iBQMX G� T`ûb2M+2 /2 `m;QbBiû
BKTHB[m2 /QM+ mM2 /BKBMmiBQM HQ+�H2 /2 HǶûT�Bbb2m` /m }HKX .�Mb MQi`2 +�b- H� H�`;2m` �m
7QM/ /2b bi`B2b 2bi û;�H2 ¨ H� H�`;2m` 2M bm`7�+2 , � = 1/2X AH pB2Mi �HQ`b HǶû[m�iBQM /2
+QMb2`p�iBQM ,

"
�4
bmT + "

�4
BM7 = 2"�4

y UeXkX9V

*2 Kû+�MBbK2 T`û/Bi /QM+ [m2 bB H� /Bbi�M+2 2Mi`2 H2 HB[mB/2 2i H2 bm#bi`�i 2bi THmb
;`�M/2 �m MBp2�m /2b bi`B2b THmb T`Q7QM/2b- ¨ b�pQB` bB "BM7 2bi bmTû`B2m` ¨ H� p�H2m` /2
`û7û`2M+2 bm` mM bm#bi`�i HBbb2 U"BM7 > "yV- �HQ`b H2 }HK /2 p�T2m` 2bi THmb KBM+2 [m2 H�
p�H2m` /2 `û7û`2M+2 �m /2bbmb /2b i2tim`2b U"bmT < "yVX

eXkXj 1tTû`B2M+2 KQ/ĕH2 �p2+ mM bQHB/2

.�Mb +2 b+ûM�`BQ- H2b /û7Q`K�iBQMb HB[mB/2b M2 bQMi T�b `2[mBb2bX SQm` b2 +QMp�BM+`2- QM
T2mi `û�HBb2` HǶ2tTû`B2M+2 �p2+ mM bQHB/2 +�Hû}ûX *QKK2 MQmb HǶ�pQMb pm ¨ THmbB2m`b `2T`Bb2b
/�Mb +2 K�Mmb+`Bi- mM #HQ+ /2 +�`#Q;H�+2 2bi +�T�#H2 /2 HûpBi2` bm` b� T`QT`2 p�T2m`X
aQM +�`�+iĕ`2 BM/û7Q`K�#H2 ûHBKBM2 H2b 2z2ib +�TBHH�B`2b U/û7Q`K�iBQMb- û+QmH2K2MibV 2i
MQmb T2`K2i /2 i2bi2` HǶQ`B;BM2 Tm`2K2Mi i?2`KB[m2 /m T?ûMQKĕM2 ûim/BûX .2b #HQ+b bQMi
/QM+ /ûTQbûb bm` H2 #Q`/ H2 KQBMb `m;m2mt /2 +2b bm`7�+2b Ux0 ⇡ 0VX AMBiB�H2K2Mi `2i2Mmb
T�` /2b Km`b- BHb bQMi HB#û`ûb b�Mb pBi2bb2 BMBiB�H2 bm` +2b bm`7�+2bX PM Q#b2`p2 bm` H�

kRN
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+?`QMQT?QiQ;`�T?B2 /2 H� };m`2 eXNU�V H2b TQbBiBQMb bm++2bbBp2b 2KT`mMiû2b T�` H� T�biBHH2-
`2T`ûb2Miû2b /m D�mM2 �m #H2mX *QKK2 TQm` H2b ;Qmii2b- HǶQ#D2i b2 K2i 2M KQmp2K2Mi 2M
/B`2+iBQM /2b bi`B2b T`Q7QM/2bX GǶû+�`i 2Mi`2 H2b TQbBiBQMb �m;K2Mi2- +2 [mB bm;;ĕ`2 mM2
�++ûHû`�iBQM a > 0X PM `2Tĕ`2 �HQ`b H� TQbBiBQM x /2 +2i Q#D2iX
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6B;m`2 eXN Ĝ U�V *?`QMQT?QiQ;`�T?B2 +QHQ`û2- KQMi`�Mi H2b TQbBiBQMb bm++2bbBp2b /ǶmM #HQ+ /2
+�`#Q;H�+2 bm` mM2 bm`7�+2 ;`�/m2HH2K2Mi i2tim`û2- TQ`iû2 ¨ j8y�*X G2 T�H2i K2bm`2 Rp = 9 KK /2
`�vQM 2i Hp = 13 KK /2 ?�mi- 2i Tĕb2 RXe ;X GǶBMi2`p�HH2 /2 i2KTb 2Mi`2 +?�[m2 BK�;2 +Q``2bTQM/
¨ 8yy KbX (#) SQbBiBQM x 2M 7QM+iBQM /m i2KTb tX G2 T�H2i- [mB bǶBM+HBM2 ¨ pm2 /ǶƾBH- b2 K2i 2M
KQmp2K2Mi p2`b H2b bi`B2b THmb T`Q7QM/2b �p2+ mM2 �++ûHû`�iBQM a = 14 ± 1 KK/bk- 2ti`�Bi2 2M
�TT`Q+?�Mi H2b /QMMû2b T�` H� HQB x = a

2 (t� t0)2X

GǶûpQHmiBQM /2 x- 2ti`�Bi2 /2 H� pm2 /2 +Ƭiû- 2bi `2T`ûb2Miû2 bm` H� };m`2 eXNU#VX G�
i`�D2+iQB`2 2bi T�`�#QHB[m2 UiQmi �m HQM; /m KQmp2K2MiVX 1M �Dmbi�Mi H2b /QMMû2b 2tTû`B@
K2Mi�H2b ¨ mM2 HQB [m�/`�iB[m2- QM �++ĕ/2 ¨ HǶ�++ûHû`�iBQM a- mMB7Q`K2X GǶ2M+�`i /2 +2ii2
};m`2 KQMi2 H� /ûT2M/�M+2 HBMû�B`2 /2 H� pBi2bb2 v �p2+ H2 i2KTbX GǶ2tTû`B2M+2- pm2 T�`
/2bbmb- 2bi `2T`Q/mBi2 TQm` /2b T�H2ib /2 +�`#Q;H�+2 /2 ;ûQKûi`B2b p�`B�#H2bX am` H� +Qm`#2
/2 H� };m`2 eXRy- QM Q#b2`p2 [m2 H2b #HQ+b bQMi bvbiûK�iB[m2K2Mi T`QTmHbûb p2`b H2 7QM/
/2b i2tim`2bX G� TQbBiBQM x bmBi mM2 HQB [m�/`�iB[m2 2M i2KTbX GǶ�++ûHû`�iBQM +Q``2bTQM@
/�Mi2- 2ti`�Bi2 /2 HǶ�Dmbi2K2Mi �mt /QMMû2b 2tTû`BK2Mi�H2b /2 H� };m`2 eXRy- 2bi /Ƕ2MpB`QM
R8 KKfb2X
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6B;m`2 eXRy Ĝ SQbBiBQMb x(t) /2 #HQ+b /2 +�`#Q;H�+2 /2 ;ûQKûi`B2b p�`B�#H2b URp = 8 ¨ 12 KK 2i
Hp = 20 ¨ jy KK TQbûb bm` mM2 bm`7�+2 ;`�/m2HH2K2Mi i2tim`û2- TQ`iû2 ¨ j8y�*X GǶ�M;H2 �TT�`2Mi
/m bQmb@TH�M+?2` 2bi /2 Ry K`�/X G2b i`�D2+iQB`2b bQMi /2b T�`�#QH2bX

PM +?2`+?2 �HQ`b ¨ T`û/B`2 H� +QMi`B#miBQM i?2`KB[m2 /m ;`�/B2Mi /2 T`Q7QM/2m` /2b

kky
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bi`B2bX GǶ�++ûHû`�iBQM mMB7Q`K2 bm;;ĕ`2 H� T`ûb2M+2 /ǶmM2 BM+HBM�BbQM /2 H� #�b2- BM+HBM�BbQM
[mǶQM T2`ÏQBi bm` H� +?`QMQT?QiQ;`�T?B2 /2 H� };m`2 eXNU�VX PM +?2`+?2 /QM+ ¨ 2biBK2`
H2b p�`B�iBQMb /2 ?�mi2m` /m }HK bmBp�Mi xX 1M /Bzû`2MiB�Mi H� +QMb2`p�iBQM /2 H� [m�MiBiû
"
�4
bmT + "

�4
BM7 Uû[m�iBQM eXkX9V- T�` `�TTQ`i ¨ x- BH pB2Mi ,

@"bmT
@x

= �@"BM7
@x

✓
"bmT
"BM7

◆5

UeXkX8V

GǶûT�Bbb2m` /m }HK �m bQKK2i /QMMû2 T�` HǶû[m�iBQM eXkXj T2mi āi`2 `ûû+`Bi2 ,

"bmT
"BM7

=

✓
2

✓
"BM7
"y

◆�4

� 1

◆�1/4

UeXkXeV

.�Mb H2 +�b /ǶmM Q#D2i BM/û7Q`K�#H2- HǶûT�Bbb2m` �m 7QM/ /2b i2tim`2b 2bi BKTQbû2 T�`
H� /Bbi�M+2 /2b K�`+?2b ¨ HǶBMi2`7�+2 BM7û`B2m`2 /2 HǶQ#D2i +�Hû}ûX PM û+`Bi "BM7 = "y+↵�TTx-
�p2+ ↵�TT HǶ�M;H2 /m bQmb TH�M+?2`X �p2+ +2ii2 /û}MBiBQM- QM `2i`Qmp2 #B2M [m2 "BM7 = "y
HQ`b[m2 x = 0 Qm bm` mM bm#bi`�i HBbb2 ↵�TT = 0X PM bm#biBim2 �HQ`b "BM7 /�Mb HǶû[m�iBQM eXkX8X
GǶûT�Bbb2m` "bmT /2pB2Mi �HQ`b ¨ bQM iQm` mM2 7QM+iBQM /2 xX

@"bmT
@x

= �↵�TT
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↵�TTx

"y
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UeXkXdV

.2mt +�b HBKBi2b bQMi �HQ`b 2t�KBMûbX .�Mb H� HBKBi2 Qɍ ↵�TTx << "y- QM T2mi HBMû�`Bb2`
HǶû[m�iBQM eXkXN- /QMM�Mi �HQ`b ,

@"bmT
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↵�TTx

"y
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UeXkX3V

.�Mb +2ii2 HBKBi2- HǶ�M;H2 /ǶBM+HBM�BbQM KQv2M �m /2bbmb /2b i2tim`2b +?�M;2 /2 bB;M2
HQ`b[m2 ↵�TTx = "y/10- K�Bb HǶBMi2`p�HH2 /2b x [mB `2M/ p�HB/2 +2ii2 HBKBi2 2bi +QKT`Bb
2Mi`2 y 2i "y/↵�TT ⇡ 1 KK UTQm` ↵�TT = 10 K`�/ 2i "y ⇡ 10 µKVX SQm` /2b #HQ+b /2
i�BHH2 +2MiBKûi`B[m2- +2ii2 HBKBi2 MǶ2bi T�b Q#b2`pû2X PM bmTTQb2 /QM+ [m2 ↵�TTx >> "yX
GǶ2tT`2bbBQM /m ;`�/B2Mi ?Q`BxQMi�H /ǶûT�Bbb2m` /2 }HK 2M ?�mi /2b i2tim`2b p�mi /QM+ ,
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GǶ�M;H2 KQv2M MQiû ↵bmT /2 H� #�b2 /2 HǶQ#D2i /2 `�vQM R 2i TH�+û 2M x0 >> R p�mi ,

↵bmT =
1

2R

Z x0+R

x0�R
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/x ⇠
x0>>R
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↵4�TTx
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UeXkXRyV

.�Mb H2 +�b /2b bQHB/2b +�Hû}ûb- HǶ�m;K2Mi�iBQM /2 H� T`Q7QM/2m` /2b bi`B2b bmBp�Mi x

BM/mBi /QM+ mM2 /BKBMmiBQM ;`�/m2HH2 /2 HǶûT�Bbb2m` /m }HK- BM+HBM�Mi H� #�b2 /ǶmM �M;H2
KQv2M ↵bmTX *2i �M;H2 2bi K2bm`û BM/B`2+i2K2Mi 2M K2bm`�Mi HǶ�++ûHû`�iBQM /m #HQ+- TmBb[m2

kkR
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↵bmT ⌘ a/gX G2 `�TTQ`i a/g 2bi �HQ`b i`�+û UTQBMib #H2mbV bm` H� };m`2 eXRR 2M 7QM+iBQM /2 H�
TQbBiBQM BMBiB�H2 x0 /m T�H2iX *2i �M;H2 /ǶBM+HBM�BbQM ↵bmT 2bi i`ĕb b2MbB#H2 �mt p�`B�iBQMb /2
x0X AH p�mi 8 K`�/ TQm` x0 ⇡ 10 +K K�Bb /BKBMm2 `�TB/2K2Mi ¨ yXk K`�/ TQm` x0 = 20 KKX
PM K2bm`2 /2b �++ûHû`�iBQMb /Ƕ2MpB`QM ky KKfb2- [mB bmBp2Mi H2b p�`B�iBQMb `2H�iBp2b ¨ x0

T`û/Bi2b T�` HǶû[m�iBQM eXkXRy 2i i`�+û2b 2M #H2m bm` H� };m`2 eXRRX0 1 2 3
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6B;m`2 eXRR Ĝ AM+HBM�BbQM /2 H� #�b2 /ǶmM #HQ+ /2 +�`#Q;H�+2X G2 T�H2i +?2`+?2 ¨ b2 `�TT`Q+?2` /m
bm#bi`�i /m +Ƭiû Qɍ H2b bi`B2b bQMi H2b THmb T`Q7QM/2b- �}M /2 `2+2pQB` H2 ~mt /ǶûM2`;B2 Mû+2bb�B`2 ¨
b� HûpBi�iBQMX GǶ�M;H2 2bi K2bm`û T�` HǶ2tTû`B2M+2 /2 K�MBĕ`2 BM/B`2+i2 2M K2bm`�Mi HǶ�++ûHû`�iBQM
/m T�H2i- MQ`K�HBbû2 T�` gX G� +Qm`#2 2M i`�Bib TH2BMb /QMM2 H� T`û/B+iBQM i?ûQ`B[m2 2tT`BKû2 T�`
HǶû[m�iBQM eXkXRyX

SQm` mM Q#D2i /2 K�bb2 m ⇡ 10 K;- QM 2biBK2 H� 7Q`K2 T`QTmHbBp2 F ⇠ m↵bmTg ¨
2MpB`QM 8 µLX *2ii2 2tTû`B2M+2 T`Qmp2 [m2 H� 7Q`+2 [mB �miQT`QTmHb2 H2b Q#D2ib bm` mM2
bm`7�+2 ¨ ;`�/B2Mi /2 i2tim`2b M2 `2TQb2 T�b bm` H2 +�`�+iĕ`2 /û7Q`K�#H2 /2 H� #�b2 /2b
Q#D2ib +�Hû}ûb K�Bb THmiƬi bm` mM Kû+�MBbK2 i?2`KB[m2X GǶû[mBHB#`2 /2 HûpBi�iBQM /QBi
āi`2 b�iBb7�Bi HQ+�H2K2MiX GǶ�m;K2Mi�iBQM /2 H� T`Q7QM/2m` /2b i2tim`2b /BKBMm2 H2 ~mt /2
+?�H2m` û+?�M;û 2Mi`2 H2 bm#bi`�i 2i HǶQ#D2i +�Hû}û ¨ i`�p2`b H2 +QmbbBM /2 p�T2m`X GǶûT�Bbb2m`
/m }HK /BKBMm2 �HQ`b TQm` �bbm`2` HǶû[mBHB#`2X am` /2b i2tim`2b ;`�/m2HH2K2Mi i2tim`û2b- H�
#�b2 /2 HǶQ#D2i bǶBM+HBM2 bmBp�Mi HǶ�t2 x- /�Mb H� /B`2+iBQM /2b bi`B2b /2 T`Q7QM/2m` +`QBbb�Mi2X

eXj S`QTmHbBQM /2 HB[mB/2 bm` mM ;`�/B2Mi /2 i2tim`2b

G2 +�b HB[mB/2 2bi Mû�MKQBMb THmb +QKTH2t2X G� /Bbi�M+2 2Mi`2 HǶBMi2`7�+2 HB[mB/2@p�T2m`
2i H2 7QM/ /2b bi`B2b MǶ2bi T�b BKTQbû2 T�` H� iQTQ;`�T?B2 /m bm#bi`�iX aQM +�`�+iĕ`2
/û7Q`K�#H2 T2mi BMi2`p2MB` /�Mb H2 Kû+�MBbK2 /2 T`QTmHbBQMX

eXjXR .û7Q`K�iBQM ¨ HǶû+?2HH2 /ǶmM2 bi`B2

PM +?2`+?2 ¨ T`ûpQB` H� /Bbi�M+2 2Mi`2 HǶBMi2`7�+2 HB[mB/2 2i H2 7QM/ /2b bi`B2b 2i ¨
+QKT`2M/`2 +QKK2Mi H2 HB[mB/2 bǶ�/�Ti2 HQ+�H2K2Mi �m b2BM /ǶmM2 bi`B2X G� };m`2 eXRk
BHHmbi`2 H2b /û7Q`K�iBQMb HQ+�H2b 2i H2b MQi�iBQMb T2`K2ii�Mi H2m` /2b+`BTiBQMX G� bi`B2- /2
T`Q7QM/2m` H 2i /2 H�`;2m` �- 2bi /ûHBKBiû2 T�` /2b T�`QBb p2`iB+�H2b /2 H�`;2m` wX G2b bi`B2b
TH�7QMM2Mi iQmi2b ¨ H� KāK2 ?�mi2m`X G2 KQiB7 2bi ;`�pû Tû`BQ/B[m2K2Mi bmBp�Mi HǶ�t2 x-
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bm` iQmi2 b� H�`;2m` Ly UbmBp�Mi y- Q`i?Q;QM�H2 ¨ xVX Ly ûi�Mi i`ĕb ;`�M/2 /2p�Mi w 2i �-
QM Mû;HB;2 H2b p�`B�iBQMb /2 +Qm`#m`2 bmBp�Mi +2ii2 /B`2+iBQMX G� ;Qmii2- �bbBb2 bm` +2ii2
i2tim`2- bǶ2M7QM+2 /ǶmM2 /Bbi�M+2 � /�Mb H2b bBHHQMb U};m`2 eXRV [mB /ûT2M/ /2 H� ;ûQKûi`B2
/2 H� `�BMm`2 , � b2`� T2iBi2 bm` /2b bi`B2b `2bb2``û2b 2i +QKT�`�#H2 ¨ H� T`Q7QM/2m` H

HQ`b[m2 HǶ2bT�+2K2Mi � 2bi /2 HǶQ`/`2 /m `�vQM /2 H� ;Qmii2 UH2 +�b HBKBi2 ûi�Mi +2HmB Qɍ H�
;Qmii2 bǶ2KT�H2 +QKTHĕi2K2Mi HQ`b[m2 � > 2RV X

λ

r

δ
H(x)

ε

λw
x

6B;m`2 eXRk Ĝ wQQK bm` H� #�b2 /ǶmM2 ;Qmii2 KBb2 �m +QMi�+i /ǶmM2 bm`7�+2 ¨ ;`�/B2Mi /2 T`Q7QM@
/2m`X G2b +�`�+iû`BbiB[m2b ;ûQKûi`B[m2b /2 H� bm`7�+2 bQMi /û}MB2b 2M `Qm;2X

AH 2tBbi2 /QM+ mM2 /û7Q`K�iBQM K�tBK�H2 � ¨ T�`iB` /2 H�[m2HH2 H2 HB[mB/2 M2 T2mi
THmb bǶ2M7QM+2` /�p�Mi�;2 /�Mb H� bi`B2X .�Mb H2 +�b Qɍ HǶ2M7QM+2K2Mi � ⇡ H- UKQ/mHQ
HǶûT�Bbb2m` ivTB[m2 /m }HK /2 p�T2m`V- H2 HB[mB/2 b2Mi H2 7QM/ /2b i2tim`2b , "BM7 2bi �z2+iû
T�` H2b û+?�M;2b i?2`KB[m2bX .�Mb H2 +�b +QMi`�B`2 Qɍ H >> �- H� /Bbi�M+2 2Mi`2 H2 7QM/ /2b
i2tim`2b 2i HǶBMi2`7�+2 HB[mB/2@p�T2m` "BM7 MǶ2bi THmb BKTQbû2 T�` HǶû[mBHB#`2 /2 HûpBi�iBQM
K�Bb THmiƬi T�` H� iQTQ;`�T?B2 /m bQmb@bQH U¨ � T`ĕbVX GǶ�M�Hvb2 +QM/mBi2 TQm` H2 T�H2i /2
+�`#Q;H�+2 2bi ¨ T`2KBĕ`2 pm2- p�HB/2X "BM7 /2pB2Mi i`ĕb ;`�M/ /2p�Mi "bmTX G� ;Qmii2 M2 T2mi
THmb +QKTi2` bm` H� +QMi`B#miBQM i?2`KB[m2 /m 7QM/ /2b bi`B2b TQm` K�BMi2MB` HǶû[mBHB#`2
/2 HûpBi�iBQMX

PM +?2`+?2 ¨ 2biBK2` +2ii2 /Bbi�M+2 /Ƕ2KT�H2K2Mi �X G2b /û7Q`K�iBQMb HB[mB/2b �m
b2BM /ǶmM2 i2tim`2 `2~ĕi2Mi mM û[mBHB#`2 2Mi`2 +�TBHH�`Biû 2i ;`�pBiûX GǶBMi2`7�+2 HB[mB/2-
+Qm`#û2 HQ+�H2K2Mi 2Mi`2 H2b /2mt Km`b- /Bbi�Mib /2 � U};XeXRkV- 2bi bQmKBb2 ¨ H� T`2bbBQM
/2 G�TH�+2X PM MQi2 r 2bi H2 `�vQM /2 +Qm`#m`2 /2 H� /û7Q`K�iBQM bmBp�Mi HǶ�t2 x- � H�
i2MbBQM /2 bm`7�+2 2i 

�1 :
p
�/⇢g H� HQM;m2m` +�TBHH�B`2X SmBb[m2 � << 2R < Ly- H�

T`2bbBQM ¨ HǶBMi2`7�+2 �/r- 2bi û[mBHB#`û2 T�` H� T`2bbBQM ?v/`Qbi�iB[m2 /2 H� +QHQMM2 HB[mB/2
[mB H� bm`KQMi2- ⇢g(2�1 + �)X PM Q#iB2Mi �HQ`b mM2 T`2KBĕ`2 `2H�iBQM ,

r =

�2

2�1 + �
UeXjXRV
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G2b /Bbi�M+2b bQMi T�` �BHH2m`b HBû2b ;ûQKûi`B[m2K2Mi T�` H� `2H�iBQM ,

2r� = �
2 + �

2/4 UeXjXkV

.�Mb H� HBKBi2 Qɍ � << � 2i � << 
�1- QM i`Qmp2 �HQ`b [m2 H� /û7Q`K�iBQM K�tBK�H2

/m HB[mB/2 /�Mb H2b i2tim`2b 2bi � ⇡ �
2/(4�1)X SQm` /2b bm`7�+2b i2HH2b [m2 � = 300 µK-

QM i`Qmp2 � ⇡ 10 µK- mM2 p�H2m` BM7û`B2m`2 �mt T`Q7QM/2m`b /2b bi`B2b K�Bb +QKT�`�#H2
�mt ûT�Bbb2m`b /2 }HK /2 p�T2m`X § T�`iB` /ǶmM +2`i�BM `�M; x- H� ?�mi2m` H(x) /m bQmb@
TH�M+?2` /2pB2Mi i`ĕb bmTû`B2m`2 ¨ �X *QKK2 MQmb HǶ�pQMb KQMi`û /�Mb H2 +�b /m bQHB/2
BM/û7Q`K�#H2- H2 #Qm``2H2i HB[mB/2 M2 b2Mi THmb /2 7QM/ /2b i2tim`2bX G� T`QTmHbBQM bmBp�Mi x
2bi T2`/m2X G� TQbBiBQM x

†
0- KBb2 2M ûpB/2M+2 bm` H� };m`2 eXd bǶBMi2`T`ĕi2 [m�HBi�iBp2K2Mi

+QKK2 HǶ�#b+Bbb2 x TQm` H�[m2HH2 H� T`Q7QM/2m` H /2pB2Mi i`ĕb bmTû`B2m`2 ¨ H� /Bbi�M+2
2Mi`2 H2 7QM/ /2b i2tim`2b 2i H2 HB[mB/2 , H(x†0) >> �X

aB QM `2;�`/2 /Ƕ�BHH2m`b H� #�b2 /2 +2b ;Qmii2b /2 THmb T`ĕb �p2+ mM Q#D2+iB7 /2 KB+`Qb+QT2
UKQMiû bm` H� +�Kû`� `�TB/2 2i i`�p2`bû T�` mM2 }#`2 QTiB[m2 TQm` �+?2KBM2` H� HmKBĕ`2V-
QM bǶ�T2`ÏQBi [m2 H2 HB[mB/2 b2 /û7Q`K2 T2m /�Mb H2b bi`B2bX G� };m`2 eXRj KQMi`2 [m2 H2
HB[mB/2 bǶ2MHBb2 /Ƕ2MpB`QM Ry µK /�Mb H2b bBHHQMbX GǶBMi2`7�+2 �TT�`�ŗi BM+HBMû2 /ǶmM �M;H2
KQv2M /Ƕ2MpB`QM R� bQBi ⇡ 15 K`�/X

6B;m`2 eXRj Ĝ �bvKûi`B2 /2 H� #�b2 /2b ;Qmii2b bm` /2b bm`7�+2b ¨ ;`�/B2Mi /2 i2tim`2bX G2b
/û7Q`K�iBQMb HB[mB/2b /�Mb H2b i2tim`2b b�im`2Mi ¨ mM2 ?�mi2m` /Ƕ2MpB`QM Ry µKX GǶûT�Bbb2m` /m }HK
/2 p�T2m`- �KQBM/`B2 T�` `�TTQ`i �m +�b /ǶmM2 bm`7�+2 HBbb2- 2bi KQ/mHû2 bm` +2 `2HB27 �bvKûi`B[m2X
G� #�``2 /Ƕû+?2HH2 BM/B[m2 jyy µKX

G� #�b2 /m HB[mB/2 2bi /QM+ `2M/m2 �bvKûi`B[m2 ¨ HǶ�TT`Q+?2 /2 +2b bm#bi`�ibX G2b
/û7Q`K�iBQMb- i`ĕb KQ/2bi2b- /2 HǶBMi2`7�+2 HB[mB/2@p�T2m`- 7Q`iB}2Mi MQi`2 b+ûM�`BQ i?2`@
KB[m2 , ¨ HǶBMbi�` /2b bQHB/2b +�Hû}ûb- H� #�b2 /2b ;Qmii2b bǶBM+HBM2 TQm` K�BMi2MB` HǶû[mBHB#`2
/2 HûpBi�iBQM /m +Ƭiû Qɍ H2 ~mt /2 +?�H2m` 2bi /BKBMmûX

eXjXk 6`B+iBQM bm` H2b bm`7�+2b ¨ ;`�/B2Mi /2 i2tim`2

�mbbB #B2M H2 bQHB/2 [m2 H2 HB[mB/2 +�Hû}û b2 i`Qmp2Mi T`QTmHbûb bm` +2b bm`7�+2bX aB
QM +QMbB/ĕ`2 H2b i`�D2+iQB`2b Q#i2Mm2b TQm` /2b /ûTƬib i2Hb [m2 H� TQbBiBQM x0 < x

†
0- T�`
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2t2KTH2 +2HH2b /2 H� };m`2 eX9- QM Q#b2`p2 [m2 H2 HB[mB/2 /û+ûHĕ`2 ¨ T�`iB` /ǶmM +2`i�BM `�M;
x ⇡ 15 KKX *2 +QKTQ`i2K2Mi /Bzĕ`2 /2 +2HmB Q#b2`pû TQm` H2b #HQ+b /2 +�`#Q;H�+2 +QKK2
H2 KQMi`2 HǶ2M+�`i /2 H� +Qm`#2 eXNU#V- +2 [mB bm;;ĕ`2 HǶBMi2`p2MiBQM /ǶmM2 7`B+iBQM bTû+B�H2
/�Mb H2 +�b HB[mB/2X

G� b�im`�iBQM /2 H� pBi2bb2 2bi H� bB;M�im`2 /2 T?ûMQKĕM2b /BbbBT�iB7bX SQm` +QKT`2M/`2
+2b T?ûMQKĕM2b- QM bǶBMiû`2bb2 ¨ HǶû+QmH2K2Mi /2 HB[mB/2 /�Mb H� ;Qmii2 2Mi`2 H2b K�`+?2bX
G2 MQK#`2 /2 _2vMQH/b �bbQ+Bû ¨ +2i û+QmH2K2Mi 2bi Re = ⇢v�/⌘- Qɍ ⇢ 2bi H� K�bb2
pQHmKB[m2 /m HB[mB/2- ⌘- b� pBb+QbBiû- � H� T`Q7QM/2m` /2 TûMûi`�iBQM /m HB[mB/2 2i v H�
pBi2bb2 /2 T`QTmHbBQM /m HB[mB/2X G2b pBi2bb2b �ii2BMi2b bm` H� };m`2 eX8U#V bQMi /2 HǶQ`/`2
/2 jy +Kfb- � /2 HǶQ`/`2 /2 Ry µK- QM � /QM+ Re ⇡ 10 � 100X GǶBM2`iB2 /QKBM2 H2b 2z2ib
pBb[m2mtX PM T2mi /QM+ BK�;BM2` mM Kû+�MBbK2 bBKBH�B`2 ¨ +2HmB T`QTQbû T�` .mT2mt 2i
�HX (R93)X GQ`b /2 bQM KQmp2K2Mi- H� ;Qmii2 7`�TT2 H2 +Ƭiû /2b K�`+?2b- +2 [mB 2M;2M/`2 /2
H� 7`B+iBQMX 1M T`Q;`2bb�Mi ¨ H� pBi2bb2 v- H2 #Qm``2H2i HB[mB/2- 2M7QM+û /2 �- 2t2`+2 bm` H2b
K�`+?2b mM2 T`2bbBQM /vM�KB[m2 ⇢v

2X G� b2+iBQM H�iû`�H2 bm` H�[m2HH2 bǶ�TTHB[m2 +2ii2 7Q`+2
2bi T`QTQ`iBQMM2HH2 ¨ R�X G� 7Q`+2 2t2`+û2 T�` mM2 bi`B2 bm` H� ;Qmii2 bǶû+`Bi /QM+ ⇢v

2
R�X

�BMbB- H� 7Q`+2 2t2`+û2 T�` HǶ2Mb2K#H2 /2b bi`B2b `2+Qmp2`i2b T�` H2 HB[mB/2 2bi ¨ KmHiBTHB2`
T�` H2 MQK#`2 /2 K�`+?2b R/� bQmb mM2 ;Qmii2X G� 7Q`+2 /2 7`B+iBQM FF iQi�H2 bǶû+`Bi �HQ`b ,

FF ⇠ ⇢v
2
R

2 �

�
UeXjXjV

*2ii2 7Q`+2 /2 7`B+iBQM �m;K2Mi2 [m�/`�iB[m2K2Mi �p2+ H� pBi2bb2 vX 1M T`2M�Mi mM
`�vQM R = 1 KK- H2b 7`Qii2K2Mib bǶ�KTHB}2Mi TQm` �ii2BM/`2 mM2 p�H2m` ivTB[m2 FF ⇡
10�7 L- +QKT�`�#H2 ¨ H� 7Q`+2 /2 T`QTmHbBQMX PM T2mi /Ƕ�BHH2m`b 2biBK2` H� pBi2bb2 i2`KBM�H2
2M û[mBHB#`�Mi H� 7`B+iBQM ¨ H� 7Q`+2 /2 T`QTmHbBQM- ↵g⇢R3- [mB +QM/mBi ¨ ,

v ⇠
r

↵gR�

�
UeXjX9V

1M T`2M�Mi R = 1.5 KK- a = ↵g = 30 KK/bk- � = 600 µK 2i � ⇡ 10 µK- QM i`Qmp2
mM2 pBi2bb2 i2`KBM�H2 V ⇡ 4 +K/b- [mB b2K#H2 āi`2 2M i`ĕb #QM �++Q`/ �p2+ H� b�im`�iBQM
BKKBM2Mi2 [mǶQM /2pBM2 bm` H� };m`2 eX8U#VX

eXjXj _2iQm` bm` H2b 7Q`K2b �HHQM;û2b

LQmb �pQMb `2K�`[mû [m2 H2b ;Qmii2b bǶ�HHQM;2Mi T2m ¨ T2m ¨ K2bm`2 /2 H2m` T`Q;`2bbBQM
bm` +2b bm`7�+2b bi`Bû2b U};XeX3VX *2 +QKTQ`i2K2Mi bǶBMi2`T`ĕi2 T�` HǶ�+iBQM +QMDQBMi2 /2
HǶBM2`iB2 2i /2 HǶ2Mi`�BM2K2Mi pBb[m2mt T�` H� p�T2m`X 1M 2z2i- bQmb HǶ�+iBQM T`2bb�Mi2 /2
H2m` TQB/b- +2b ;Qmii2b bǶ2M7QM+2Mi /�Mb H2b bi`B2bX lM2 7QBb 2MHBbû /�Mb H2b i2tim`2b- H2
HB[mB/2 � /m K�H ¨ 2M bQ`iB`X AH v � /QM+ mM2 +2`i�BM2 BM2`iB2 �m KQmp2K2Mi /2 b� #�b2X §
+2i 2z2i- T2mi bǶ�/DQBM/`2 H� T2`i2 /2 HǶ2Mi`�BM2K2Mi pBb[m2mt T�` H� p�T2m` �m 7QM/ /2b
bi`B2bX G� p�T2m`- [mB bǶû+?�TT2 T`BM+BT�H2K2Mi bmBp�Mi HǶ�t2 y- +Bb�BHH2 H2 HB[mB/2 [mǶ2HH2
bmTTQ`i2- 2i +2- /Ƕ�mi�Mi THmb 2{+�+2K2Mi [m2 H2 }HK 2bi KBM+2X SmBb[m2 HǶûT�Bbb2m` /m }HK
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/2 p�T2m` 2bi THmb H�`;2 �m 7QM/ /2b bi`B2b [mǶ�m MBp2�m /2 H2m` bQKK2i- H� +QMi`B#miBQM /2
HǶ2Mi`�BM2K2Mi pBb[m2mt 2bi �z�B#HB2 �m 7QM/ /2b bi`B2b- /QM+ bmBp�Mi y , H2 HB[mB/2 bǶ�HHQM;2
bmBp�Mi xX

*QM+HmbBQM

LQmb p2MQMb /2 pQB` [mǶmM2 ;Qmii2 +�Hû}û2- /ûTQbû2 b�Mb pBi2bb2 BMBiB�H2- �++ûHĕ`2 mMB@
7Q`KûK2Mi /�Mb H� /B`2+iBQM /2b bi`B2b H2b THmb T`Q7QM/2b- 2M bmBp�Mi H� T2Mi2 7�Bi2 T�`
H2 bQmb@TH�M+?2`X SHmbB2m`b Q`B;BM2b QMi ûiû 2MpBb�;û2bX G2b 2tTû`B2M+2b +QM/mBi2b �p2+ /2b
#HQ+b /2 +�`#Q;H�+2 +�Hû}ûb BM/û7Q`K�#H2b- BMp�HB/2Mi H2b +�mb2b ?v/`Q/vM�KB[m2b UKQm@
p2K2Mib BMi2`M2bV 2i +�TBHH�B`2bX G2 Kû+�MBbK2 /Ƕ2Mi`�ŗM2K2Mi T�` pBb+QbBiû T`û/Bi [m�Mi
¨ HmB /m KQmp2K2Mi H2 HQM; /2b bi`B2b- +?2KBM T`û7û`2MiB2H 2KT`mMiû T�` H2b p�T2m`b- bQBi
/�Mb H� /B`2+iBQM T2`T2M/B+mH�B`2 /2 +2HH2 Q#b2`pû2X lM Kû+�MBbK2 `2TQb�Mi bm` HǶ�bvKûi`B2
/�Mb H2 ~mt /2 +?�H2m` `2Ïm T�` H� ;Qmii2 � }M�H2K2Mi ûiû T`QTQbûX GǶQ#D2i +�Hû}û- bQHB/2
Qm HB[mB/2- /QBi- TQm` K�BMi2MB` bQM ûi�i /Ƕû[mBHB#`2 b2 `�TT`Q+?2` /m bm#bi`�i /m +Ƭiû Qɍ
H2 bm#bi`�i bǶûHQB;M2 /2 HmBX *2i 2z2i 2M;2M/`2 /QM+ mM2 BM+HBM�BbQM KQv2MM2 /2 H� #�b2
2i /QM+- /m KQmp2K2Mi- /QMi HǶ2{+�+Biû /BKBMm2 2M �m;K2Mi�Mi H� T`Q7QM/2m` /2b bi`B2b-
TmBb[m2 H� b2MbB#BHBiû /m ~mt i?2`KB[m2 /BKBMm2 �p2+ H� T`Q7QM/2m` /2 H� bi`B2X PM Q#b2`p2
mM2 7`B+iBQM bTû+B�H2 /�Mb H2 +�b /ǶmM HB[mB/2 [mB HBKBi2 H� pBi2bb2 /2 T`QTmHbBQM ¨ [m2H[m2b
+2MiBKĕi`2b T�` b2+QM/2bX

kke



*QM+HmbBQMb 2i T2`bT2+iBp2b

LQmb MQmb bQKK2b BMiû`2bbûb- /�Mb +2ii2 i?ĕb2- ¨ H� +�Hû7�+iBQMX .2 HǶ2�m- KBb2 �m
+QMi�+i /ǶmM bm#bi`�i +?�m/ HûpBi2 T�BbB#H2K2Mi bm` mM }HK KBM+2 /2 p�T2m`- +QMiBMȿK2Mi
`2MQmp2HûX *2ii2 +Qm+?2 /2 p�T2m` DQm2 H2 `ƬH2 /ǶBbQH�Mi i?2`KB[m2 2i T2`K2i �m HB[mB/2
/2 bm`pBp`2 mM i2KTb `2K�`[m�#H2K2Mi HQM;X GǶûi�i /2 HûpBi�iBQM � /Ƕ�mi`2b +QMbû[m2M+2bX
AH 2KTā+?2 H2 +QMi�+i 2Mi`2 H2 HB[mB/2 2i bQM bm#bi`�i- /QMM�Mi ¨ HǶ2�m mM2 7Q`K2 /2 T2`H2
MQM@KQmBHH�Mi2- /QMi HǶûi�H2K2Mi 2bi }tû T�` H� +QKTûiBiBQM 2Mi`2 +�TBHH�`Biû 2i T2b�Mi2m`-
+2 [mB T`Q/mBi �mbbB mM2 bBim�iBQM 2t2KTi2 /2 7`B+iBQMX 1M Qmi`2- HǶû#mHHBiBQM- [mB M�ŗi
2M ;ûMû`�H �m MBp2�m /2b ?ûiû`Q;ûMûBiûb /m bQHB/2- 2bi 2KTā+?û2- mM2 �mi`2 `�BbQM TQm`
+QKT`2M/`2 H2 i2KTb /2 pB2 HQM; /ǶmM2 HB[mB/2 +�Hû}ûX aB H� /û+Qmp2`i2 /2 +2i 2z2i T�`
G2B/2M7`Qbi- /2p2Mm ûTQMvK2- /�i2 /2 Rd8e- BH MQmb `ûb2`p2 2M+Q`2 #B2M /2b bm`T`Bb2bX *2H�
iB2Mi b�Mb /Qmi2 ¨ H� M�im`2 THm`B/Bb+BTHBM�B`2 /m T?ûMQKĕM2X GǶ2z2i G2B/2M7`Qbi T2mi āi`2
�TT`Q+?û /m TQBMi /2 pm2 /2 H� i?2`KB[m2- /�Mb H2 7Q`K�HBbK2 /2b T`Q#HĕK2b `2H�iB7b �mt
+?�M;2K2Mib /2 T?�b2- T�` HǶ?v/`Q/vM�KB[m2 /�Mb H2 HB[mB/2- T�` HǶ�û`Q/vM�KB[m2 /�Mb
H2 }HK /2 p�T2m`- 2i T�` mM2 �TT`Q+?2 iQm+?�Mi H� T?vbB[m2 /2b BMi2`7�+2b 2i /m KQmBHH�;2X
*2b /Bzû`2Mi2b 7�+2ii2b QMi i`Qmpû BHHmbi`�iBQM /�Mb +2 K�Mmb+`BiX LQmb /û;�;2QMb /2 +2
i`�p�BH H2b `ûbmHi�ib [m2 MQmb T2MbQMb T`BM+BT�mt- H2m`b T2`bT2+iBp2b- 2i H2b [m2biBQMb [mǶBHb
bQmHĕp2MiX

AM~m2M+2 /2b T`QT`Bûiûb /2 +QM/m+iBQM i?2`KB[m2 /m bm#bi`�i bm` TL

LQmb �pQMb Q#b2`pû [m2 H� i2KTû`�im`2 /2 G2B/2M7`Qbi �m;K2Mi�Bi 2M /BKBMm�Mi HǶûT�Bbb2m`
/m bm#bi`�iX *2 `ûbmHi�i bQmHB;M2 H2b HBKBi2b /2 HǶ?vTQi?ĕb2 /ǶmM bQHB/2 +QM/m+i2m` T�`7�BiX
G2 ~mt /ǶûM2`;B2 +`BiB[m2 �m HB[mB/2 TQm` T2`K2ii`2 b� HûpBi�iBQM- b2MbB#H2 �mt ûT�Bbb2m`b
/2 K�iû`B�mt i`�p2`bû2b- T2mi āi`2 T`Bb 2M +QKTi2 2i TQm``�Bi 2tTHB[m2` H2b BM~m2M+2b /2
H� `m;QbBiû- /2 H� M�im`2 2i /2 H� TQ`QbBiû /m bm#bi`�i bm` TLX G2b û+?�M;2b /2 +?�H2m` �m
b2BM /m HB[mB/2 Kû`Bi2Mi /QM+ mM2 THmb ;`�M/2 �ii2MiBQMX

6Q`K�iBQM 2i bi�#BHBiû /m }HK HB[mB/2 /2b +?2KBMû2b +�Hû}û2b
�m /2H¨ /ǶmM2 +2`i�BM2 i�BHH2- H2b p�T2m`b bǶ�++mKmH2Mi 2i b+mHTi2Mi mM2 pQȿi2 TH�7QMM�Mi
¨ H� ?�mi2m` /2 H� M�TT2 2�1X lM /ƬK2 /2 HB[mB/2 /2 [m2H[m2b /Bx�BM2b /2 KB+`QMb
/ǶûT�Bbb2m` b2 7Q`K2X AH 2bi /Qmû /ǶmM2 bi�#BHBiû BM�ii2M/m2X .2b û+QmH2K2Mib /2 J�`�M;QMB-
BM/mBib T�` /2b /Bzû`2M+2b /2 i2KTû`�im`2 bm` H� #mHH2- bǶQTTQb2Mi ¨ bQM �KBM+Bbb2K2Mi 2i
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bûH2+iBQMM2Mi mM2 ûT�Bbb2m` bi�iBQMM�B`2 T�` mM Kû+�MBbK2 /2 G�M/�m@G2pB+?@.2`D�`;mBMX
G2 }HK HB[mB/2 }MBi T�` +û/2` �m #Qmi /2 [m2H[m2b b2+QM/2b- b�Mb /Qmi2 ¨ +�mb2 /ǶmM2
?QKQ;ûMûBb�iBQM /2 H� i2KTû`�im`2 KQi2m` Qm T�` HǶ�KBM+Bbb2K2Mi BM/mBi T�` ûp�TQ`�iBQM-
mM b+ûM�`BQ [mB `2bi2 ¨ /ûKQMi`2`X SHmb ;ûMû`�H2K2Mi- mM }HK /2 HB[mB/2 Tm` /2p`�Bi āi`2
bi�#BHBbû T�` HǶ�TTHB+�iBQM /ǶmM ;`�/B2Mi /2 i2KTû`�im`2 2M DQm�Mi H2 `ƬH2 /2 i2MbBQ�+iB7bX

JQ`T?Q;ûMĕb2 bTQMi�Mû2 /ǶûiQBH2b HB[mB/2b
GǶ�TT�`BiBQM bTQMi�Mû2 /2 7Q`K2b ûiQBHû2b Qb+BHH�Mi2b +�Hû}û2b- K�H;`û HǶ�#b2M+2 �TT�`2Mi2
7Q`Ï�;2 Tû`BQ/B[m2- TQb2 H� [m2biBQM /2 H2m` Q`B;BM2X LQi`2 i`�p�BH D2ii2 mM2 HmKBĕ`2 MQmp2HH2
bm` H2 Kû+�MBbK2 /Ƕ2t+Bi�iBQM /2b ûiQBH2b /2 G2B/2M7`QbiX G� #�b2 /ǶmM Q#D2i +�Hû}û � mM2
7`û[m2M+2 T`QT`2 [mB T2mi 2t+Bi2` H2 HB[mB/2 bmBp�Mi mM Kû+�MBbK2 /ǶBMbi�#BHBiû /2 ivT2
6�`�/�vX .2b QM/2b bi�iBQMM�B`2b /2 6�`�/�v 2Mi`2Mi 2M `ûbQM�M+2 HQ`b[m2 H� ;Qmii2 T2mi
bǶ�++QKKQ/2` /ǶmM MQK#`2 2MiB2` /2 HQM;m2m`b /ǶQM/2- 2tTHB[m�Mi H� [m�MiB}+�iBQM /2b
`�vQMb TQm` H2b[m2Hb +2b 7Q`K2b bQMi Q#b2`pû2bX lM2 7QBb +2ii2 +QM/BiBQM /2 `ûbQM�M+2
b�iBb7�Bi2- H� +�pBiû- HB#`2 2M bm`7�+2 K�Bb +QMi`�BMi2 2M pQHmK2 2bi 2t+Biû2 `�/B�H2K2MiX
G2b /û7Q`K�iBQMb �xBKmi�H2b T`2MM2Mi H2 `2H�Bb 2i mM2 b2+QM/2 +QM/BiBQM /2 `ûbQM�M+2
�TT�`�ŗi- +2ii2 7QBb bm` H2 Tû`BKĕi`2 û[m�iQ`B�H /2 H� ;Qmii2X 1HH2 bûH2+iBQMM2 HǶBM/B+2 /m
KQ/2 �xBKmi�H 2i HǶ�KTHB}2X *2`i�BM2b [m2biBQMb [m2 MQmb MQmb bQKK2b TQbû2b `2bi2Mi
Mû�MKQBMb 2M bmbT2Mb- +QKK2 T�` 2t2KTH2 H2 Kû+�MBbK2 /2 +QmTH�;2 2Mi`2 H2b KQ/2b
�tBbvKûi`B[m2b �xBKmi�mt /2 H� ;Qmii2X .Ƕ�mi`2b M2 bQMi [m2 T�`iB2HH2K2Mi +QKT`Bb2b ,
+2`i�BMb KQ/2b- MQi�KK2Mi H2b KQ/2b n BKT�B`b- bQMi i`ĕb `�`2K2Mi Q#b2`pûb c 2i H2b ûiQBH2b
[mB b2 bm++ĕ/2Mi Qb+BHH2Mi ¨ mM2 7`û[m2M+2 [mB bmBi mM2 +�b+�/2 /û+`QBbb�Mi2 /2 H� 7`û[m2M+2
/2 7Q`Ï�;2X

�miQT`QTmHbBQM
LQmb �pQMb +?2`+?û ¨ KB2mt +QKT`2M/`2 H� KQ#BHBiû Hû;2M/�B`2 /2b ;Qmii2b 2M +�Hû7�+@
iBQM- [mB M2 iB2Mi T�b bBKTH2K2Mi ¨ HǶ�#b2M+2 /2 7`B+iBQM 2i ¨ H2m` b2MbB#BHBiû �mt 7Q`+2b
2tiû`B2m`2bX .ûTQbû2b b�Mb BM2`iB2- BKKQ#BH2b- bm` mM2 bm`7�+2 T�`7�Bi2K2Mi ?Q`BxQMi�H2-
+2b ;Qmii2b bQMi �miQT`QTmHbû2b +QKK2 bB 2HH2b +�+?�B2Mi 2M 2HH2b mM KQi2m` BMi2`M2X LQmb
�pQMb KQMi`û [m2 /2b û+QmH2K2Mib BMi2`M2b `�TB/2b T`2MM2Mi TH�+2 �m b2BM /m HB[mB/2- û+Qm@
H2K2Mib /QMi H� bvKûi`B2 2bi /B+iû2 T�` H2 +QM}M2K2Mi , 2M /2bbQmb /ǶmM2 +2`i�BM2 i�BHH2- H�
;Qmii2 b2 K2i ¨ `QmH2` /2 K�MBĕ`2 �bvKûi`B[m2X *2 `QmH2K2Mi BM+HBM2 H2m` #�b2 2i 2M;2M/`2
mM2 7Q`+2 /Ƕ�miQT`QTmHbBQM /�Mb H� /B`2+iBQM U�`#Bi`�B`2V /m `QmH2K2MiX *2 i`�p�BH TQb2 H�
[m2biBQM /2 H� bvKûi`B2 2i H� bi�#BHBiû /2b û+QmH2K2Mib BMi2`M2bX .2 THmb- HǶ�`;mK2Mi 2M HQB
/Ƕû+?2HH2 T`QTQbû2 TQm` 2tTHB[m2` HǶBM+HBM�BbQM /2 H� #�b2 Kû`Bi2`�Bi /Ƕāi`2 i2biûX

S`QTmHbBQM 7Q`+û2 bm` /2b ;`�/B2Mib /2 i2KTû`�im`2
G2 +�`�+iĕ`2 i?2`KQT?Q#2 /m T?ûMQKĕM2 /2 G2B/2M7`Qbi � ûiû KBb 2M ûpB/2M+2X .2b ;Qmii2b-
TH�+û2b bm` mM bm#bi`�i +?�mzû /2 K�MBĕ`2 BM?QKQ;ĕM2- b2 /B`B;2Mi p2`b H2 7`QB/X *2i 2z2i
i`Qmp2 bQM Q`B;BM2 /�Mb HǶû`QbBQM �bvKûi`B[m2 /2 H� #�b2 /2b ;Qmii2b UQm /ǶmM T�H2i /2
+�`#Q;H�+2VX AH 2M `ûbmHi2 mM2 7Q`+2 T`QTmHbBp2 ?Q`BxQMi�H2 p2`b H2 7`QB/X G� /û+Qmp2`i2 /2
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+2 +QKTQ`i2K2Mi i?2`KQT?Q#2 2i H� +QKT`û?2MbBQM /2b Kû+�MBbK2b bm` H2[m2H BH `2TQb2
Qmp`2Mi H� pQB2 ¨ /2 MQmp2�mt bvbiĕK2bX PM T2mi 2M T�`iB+mHB2` BK�;BM2` TBû;2` /2b ;Qmii2b
2M T�p�Mi H2 bm#bi`�i /2 T�i+?b Qm #�M/2b `27`QB/B2b- 2i +QM+2pQB` mM +B`+mBi 7`QB/ TQm`
+QMi`ƬH2` +2b ;Qmii2bX *QMi`�B`2K2Mi �mt bm`7�+2b i2tim`û2b /2 K�MBĕ`2 �bvKûi`B[m2- +2ii2
bi`�iû;B2 /2 +QMi`ƬH2 MǶBKTQb2 T�b /2b /û7Q`K�iBQMb T2`K�M2Mi2b �m bm#bi`�iX

�BMbB- +2ii2 i?ĕb2 ûim/B2 H2b /vM�KB[m2b bTQMi�Mû2b [mB `vi?K2Mi H� pB2 /ǶmM2 ;Qmii2
+�Hû}û2X *2b /vM�KB[m2b- Q`+?2bi`û2b T�` H2 +QM}M2K2Mi- BHHmbi`2Mi H� `B+?2bb2 /2 +2 bvbiĕK2
Qɍ 2z2ib i?2`KB[m2b- �û`Q/vM�KB[m2b 2i ?v/`Q/vM�KB[m2b +QMbTB`2Mi TQm` 2M;2M/`2` /2b
T`QT`Bûiûb BMû/Bi2b 2i 2tTHQBi�#H2b- `ûMQp�Mi �BMbB H2b Q#b2`p�iBQMb /2 G2B/2M7`QbiX
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(R) "Qm``B�MM2 SX- kyReX LQM@KQmBHH�Mi 2i i2KTû`�im`2 �TTHB+�iBQM �mt `2pāi2K2Mib
+mHBM�B`2bX S?X.X i?2bBbX *Biû T�;2b Rk- k8- ke- R9j- R89- 2i R88X

(k) *�x�#�i �XJX �M/ :mûM� :X- kyRyX 1p�TQ`�iBQM Q7 K�+`Qb+QTB+ b2bbBH2 /`QTH2ibX
aQ7i J�ii2`- pQHmK2 e- T�;2b k8NRĜkeRkX *Biû T�;2 RkX

(j) o�F�`2HbFB AXlX- S�i�MF�` LX�X- J�`biQM CXPX- *?�M .XuX*X- �M/ h?Q`Q//b2M aXhX-
kyRkX ai�#BHBx�iBQM Q7 G2B/2M7`Qbi p�TQm` H�v2` #v i2tim`2/ bmT2`?v/`QT?Q#B+ bm`@
7�+2bX L�im`2- pQHmK2 93NX *Biû T�;2 RjX

(9) G2B/2M7`Qbi CX:X- Rd8eX .2 �[m�2 *QKKmMBb LQMMmHHBb Zm�HBi�iB#mb h`�+i�imbX
Pp2MBmb- .mBb#m`; URd8eV c i`�MbHX q�`2b- *X PM i?2 }t�iBQM Q7 r�i2` BM /Bp2`b2 }`2X
AMi2`M�iBQM�H CQm`M�H Q7 >2�i �M/ J�bb h`�Mb72`- pQHmK2 N- T�;2b RR8jĜRRee URNeeVX
*Biû T�;2b R9 2i R9jX

(8) hvM/�HH CX- R3e3X >2�i *QMbB/2`2/ �b � JQ/2 Q7 JQiBQMX *Biû T�;2 R9X

(e) SQ;;2M/Q`z *X- R39RX �MM�H2M /2` S?vbBF mM/ *?2KB2X �MMX S?vbX- pQHmK2 8k- MQX
9NdX *Biû T�;2 R9X

(d) "QmiB;Mv SX>X- R39dX LQmp2HH2 #`�M+?2 /2 T?vbB[m2 , úim/2b bm` H2b +Q`Tb ¨ HǶûi�i
bT?û`Qś/�HX *Biû T�;2b R9 2i ReX

(3) aMQ2BD2` CX>X- "`mM2i SX- �M/ 1;;2`b CX- kyyNX J�tBKmK bBx2 Q7 /`QTb H2pBi�i2/ #v
�M �B` +mb?BQMX S?vbB+�H _2pB2r 1 @ ai�iBbiB+�H- LQMHBM2�`- �M/ aQ7i J�ii2` S?vbB+b-
pQHmK2 dN- MQX j- T�;2b RĜRjX *Biû T�;2b RN- ky- 2i 88X

(N) Zmû`û .X- kyRjX G2B/2M7`Qbi .vM�KB+bX �MMm�H _2pB2r Q7 6HmB/ J2+?�MB+b- pQ@
HmK2 98- MQX R- T�;2b RNdĜkR8X *Biû T�;2b ky- jR- RRR- 2i R9kX

(Ry) "B�M+2 �XGX- *H�M2i *X- �M/ Zmû`û .X- kyyjX G2B/2M7`Qbi /`QTbX S?vbB+b Q7 6HmB/b-
pQHmK2 R8- MQX e- T�;2b RejkĜRejdX *Biû T�;2b ky- k8- jy- jR- jk- 9R- 99- 88- 8e- R9j-
2i R8eX

(RR) J�[m2i GX- "`�M/2M#Qm`;2` JX- aQ#�+ "X- "B�M+2 �XGX- *QHBM2i SX- �M/ .Q`#QHQ aX-
kyR8X G2B/2M7`Qbi /`QTb , 1z2+i Q7 ;`�pBivX 1m`QT?vbB+b G2ii2`b- pQHmK2 RRy- MQX kX
*Biû T�;2 kyX

(Rk) SQK2�m uX- G2 "2``2 JX- *2H2biBMB 6X- �M/ 6`Bb+? hX- kyRkX h?2 G2B/2M7`Qbi 2z2+i ,
6`QK [m�bB@bT?2`B+�H /`QTH2ib iQ Tm//H2bX *QKTi2b _2M/mb @ J2+�MB[m2- pQHmK2 j9y-
MQX RR@Rk- T�;2b 3edĜ33RX *Biû T�;2b ky 2i RedX

(Rj) hbQmKT�b uX- .2?�2+F aX- _2/MBFQp �X- �M/ *QHBM2i SX- kyR8X 1z2+i Q7 J�`�M@
;QMB 6HQrb QM i?2 a?�T2 Q7 h?BM a2bbBH2 .`QTH2ib 1p�TQ`�iBM; BMiQ �B`X G�M;KmB`-
pQHmK2 jR- MQX 9N- T�;2b Rjjj9ĜRjj9yX *Biû T�;2 kRX

(R9) SQ`im;m2x 1X- �HxBM� �X- JB+?�m/ SX- Pm/D2/B JX- �M/ aKBi? �X- kyRdX 1pQHmiBQM
Q7 � q�i2` S2M/�Mi .`QTH2i , 1z2+i Q7 h2KT2`�im`2 �M/ _2H�iBp2 >mKB/BivX L�im`�H
a+B2M+2- pQHmK2 yN- MQX yR- T�;2b RĜkyX *Biû T�;2 kRX

kjR
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(R8) Sû`2x@.ő�x CXGX- �Hp�`2x@o�H2Mxm2H� JX�X- �M/ :�`+ő�@S`�/� CX*X- kyRkX h?2 2z2+i
Q7 i?2 T�`iB�H T`2bbm`2 Q7 r�i2` p�TQ` QM i?2 bm`7�+2 i2MbBQM Q7 i?2 HB[mB/ r�i2`@
�B` BMi2`7�+2X CQm`M�H Q7 *QHHQB/ �M/ AMi2`7�+2 a+B2M+2- pQHmK2 j3R- MQX R- T�;2b
R3yĜR3kX *Biû T�;2 kRX

(Re) _QK�M "X- :�v *X- �M/ *H�M2i *X- kyyRX S2M/mHmK - .`QTb �M/ _Q/b , � T?vbB+�H
�M�HQ;vX lM/2` +QMbB/2`�iBQM 7Q` CX 6HmB/ J2+?X *Biû T�;2 kkX

(Rd) J�?�/2p�M GX �M/ SQK2�m uX- RNNNX _QHHBM; /`QTH2ibX S?vbB+b Q7 6HmB/b- pQHmK2 RR-
MQX N- T�;2b k99NĜk98jX *Biû T�;2 kjX

(R3) "m`iQM CX*X- a?�`T2 �XGX- o�M .2` o22M _X*X�X- 6`�M+Q �X- �M/ L�;2H aX_X- kyRkX
:2QK2i`v Q7 i?2 p�TQ` H�v2` mM/2` � G2B/2M7`Qbi /`QTX S?vbB+�H _2pB2r G2ii2`b-
pQHmK2 RyN- MQX d- T�;2b RĜ9X *Biû T�;2b ke- Re9- 2i RedX

(RN) *2H2biBMB 6X �M/ EB`bi2ii2` :X- kyRkX 1z2+i Q7 �M 2H2+i`B+ }2H/ QM � G2B/2M7`Qbi
/`QTH2iX *Biû T�;2b ke 2i R99X

(ky) h`�M hX- ai��i >XCXCX- S`QbT2`2iiB �X- amM *X- �M/ GQ?b2 .X- kyRkX .`QT BKT�+i QM
bmT2`?2�i2/ bm`7�+2bX S?vbB+�H _2pB2r G2ii2`b- pQHmK2 Ry3- MQX j- T�;2b RĜ8X *Biû
T�;2b ke 2i Re9X

(kR) G�;`û2 SX- kyRdX h`�Mb72`ib i?2`KB[m2b /�Mb H2b ~mB/2bX *Biû T�;2 k3X

(kk) _2vbb�i úX- kyydX :Qmii2b- }HKb 2i D2ib , [m�M/ H2b û+QmH2K2Mib KQ/ĕH2Mi H2b BMi2`@
7�+2bX S?X.X i?2bBb- lMBp2`bBiû S�`Bb@.B/2`Qi @ S�`Bb oAAX *Biû T�;2 jyX

(kj) :mvQM 1X- >mHBM CXSX- �M/ S2iBi GX- kyyRX >v/`Q/vM�KB[m2 T?vbB[m2X "`Q+?û 2/BiBQMX
*Biû T�;2 j3X

(k9) �/?�K@E?Q/�T�`�bi EX- E�r�DB JX- �M/ �Mi�` "XLX- RNN8X h?2 _�vH2B;?@h�vHQ`
�M/ E2HpBM@>2HK?QHix bi�#BHBiv Q7 � pBb+Qmb HB[mB/@p�TQ` BMi2`7�+2 rBi? ?2�i �M/ K�bb
i`�Mb72`X S?vbB+b Q7 6HmB/b- pQHmK2 d- MQX k- T�;2b j8NĜje9X *Biû T�;2 jNX

(k8) "2`M�`/BM CX.X �M/ Jm/�r�` AX- RNNNX h?2 G2B/2M7`Qbi SQBMi , 1tT2`BK2Mi�H aim/v
�M/ �bb2bbK2Mi Q7 1tBbiBM; JQ/2HbX CQm`M�H Q7 >2�i h`�Mb72`- pQHmK2 RkR- MQX 9-
T�;2 3N9X *Biû T�;2b 9k- 99- 2i 98X

(ke) LmFBv�K� aX- RNj9X h?2 K�tBKmK �M/ KBMBKmK p�Hm2b Q7 i?2 ?2�i Z i`�MbKBii2/
7`QK K2i�H iQ #QBHBM; r�i2` mM/2` �iKQbT?2`B+ T`2bbm`2X CQm`M�H Q7 i?2 C�T�M aQ+B2iv
Q7 J2+?�MB+�H 1M;BM22`b- pQHmK2 jd- MQX kye- T�;2b jedĜjd9X *Biû T�;2 9jX

(kd) o�M GBK#22F JX�X- EH2BM a+?��`b#2`; JX>X- aQ#�+ "X- _2/MBFQp �X- amM *X- *QHBM2i
SX- �M/ GQ?b2 .X- kyRdX G2B/2M7`Qbi /`QTb +QQHBM; bm`7�+2b , h?2Q`v �M/ BMi2`72`Q@
K2i`B+ K2�bm`2K2MiX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 3kdǶ- T�;2b eR9ĜejNX *Biû
T�;2b 99 2i 98X

(k3) o�M GBK#22F JX�X- a?B`Qi� JX- aH2mi2H SX- amM *X- S`QbT2`2iiB �X- �M/ GQ?b2 .X-
kyReX o�TQm` +QQHBM; Q7 TQQ`Hv +QM/m+iBM; ?Qi bm#bi`�i2b BM+`2�b2b i?2 /vM�KB+ G2B@
/2M7`Qbi i2KT2`�im`2X AMi2`M�iBQM�H CQm`M�H Q7 >2�i �M/ J�bb h`�Mb72`- pQHmK2 Nd-
T�;2b RyRĜRyNX *Biû T�;2b 99- 8y- 2i 8RX

(kN) EmMB?B/2 JX �M/ Ai�`m JX- RN39X h?2 #2?�pBQ` Q7 � r�i2` /`QTH2i QM ?2�i2/ bm`7�+2bX
AMi2`M�iBQM�H CQm`M�H Q7 >2�i �M/ J�bb h`�Mb72`- pQHmK2 kd- MQX 8- T�;2b d3RĜdNRX
*Biû T�;2 98X

(jy) "�mK2Bbi2` EXCX �M/ aBKQM 6X6X- RNdjX G2B/2M7`Qbi h2KT2`�im`2ěAib *Q``2H�iBQM
7Q` GB[mB/ J2i�Hb- *`vQ;2Mb- >v/`Q+�`#QMb- �M/ q�i2`X CQm`M�H Q7 >2�i h`�Mb72`-
pQHmK2 N8- MQX k- T�;2 ReeX *Biû T�;2 98X

(jR) E`mb2 *X- �M/2`bQM hX- qBHbQM *X- wm?HF2 *X- �H2t�M/2` .X- :Q;Qb :X- �M/ L/�Q
aX- kyRjX 1ti`�Q`/BM�`v b?B7ib Q7 i?2 H2B/2M7`Qbi i2KT2`�im`2 7`QK KmHiBb+�H2 KB@
+`QfM�MQbi`m+im`2/ bm`7�+2bX G�M;KmB`- pQHmK2 kN- MQX jR- T�;2b NdN3ĜN3yeX *Biû
T�;2 98X

kjk
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(jk) J�[m2i GX- aQ#�+ "X- .�`#QBb@h2tB2` "X- .m+?2bM2 �X- "`�M/2M#Qm`;2` JX- _2/MBFQp
�X- *QHBM2i SX- �M/ .Q`#QHQ aX- kyReX G2B/2M7`Qbi /`QTb QM � ?2�i2/ HB[mB/ TQQHX
S?vbX _2pX 6HmB/b- pQHmK2 R- T�;2 y8jNykX *Biû T�;2b 98 2i 93X

(jj) "Qm``B�MM2 SX- Gp *X- �M/ Zmû`û .X- kyRNX h?2 +QH/ G2B/2M7`Qbi `2;BK2X a+B2M+2
�/p�M+2b- pQHmK2 8- MQX e- T�;2b RĜeX *Biû T�;2 9eX

(j9) �p2/BbB�M *X �M/ EQTHBF CX- RN3dX G2B/2M7`Qbi #QBHBM; Q7 K2i?�MQH /`QTH2ib QM
?Qi TQ`Qmbf+2`�KB+ bm`7�+2bX AMi2`M�iBQM�H CQm`M�H Q7 >2�i �M/ J�bb h`�Mb72`-
pQHmK2 jy- MQX k- T�;2b jdNĜjNjX *Biû T�;2 9eX

(j8) G2rBM :X- RNNeX h?2 2z2+i Q7 bm`7�+2 QM T`2bbm`2X o�+mmK- pQHmK2 9d- MQX Ry- T�;2
Rk9jX *Biû T�;2 9eX

(je) "m+?KɃHH2` AX- kyR9X AM~m2M+2 Q7 T`2bbm`2 QM G2B/2M7`Qbi 2z2+iX S?X.X i?2bBbX *Biû
T�;2 9eX

(jd) >B/�H;Q@*�#�HH2`Q aX- 1b+Q#�`@P`i2;� uX- �M/ S�+?2+Q@o�x[m2x 6X- kyReX G2B/2M@
7`Qbi T?2MQK2MQM QM +QMB+�H bm`7�+2bX S?vbB+�H _2pB2r 6HmB/b- pQHmK2 R- MQX 8- T�;2
y8RNykX *Biû T�;2b 8d- NR- 2i RjdX

(j3) J� sX �M/ "m`iQM CX*X- kyR3X a2H7@Q`;�MBx2/ Qb+BHH�iBQMb Q7 G2B/2M7`Qbi /`QTbX
CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 39e- MQX 62#`m�`v- T�;2b kejĜkNRX *Biû T�;2 8eX

(jN) S2``�`/ aX- *Qm/2` uX- 6Q`i 1X- �M/ GBK�i GX- kyRkX G2B/2M7`Qbi H2pBi�i2/ HB[mB/
iQ`BX 1m`QT?vbB+b G2ii2`b- pQHmK2 Ryy- MQX 8- T�;2b RĜ8X *Biû T�;2b 8d 2i RjdX

(9y) *2H2biBMB 6X- 6`Bb+? hX- *Q?2M �X- _�m7�bi2 *X- .m+?2KBM GX- �M/ SQK2�m uX- kyR9X
hrQ /BK2MbBQM�H H2B/2M7`Qbi /`QTH2ib BM � >2H2@a?�r +2HHX S?vbB+b Q7 6HmB/b- pQ@
HmK2 ke- MQX j- T�;2b jkRyjĜRejkX *Biû T�;2b 8d- 83- 2i NRX

(9R) _�mt SXaX- .mT2mt :X- *H�M2i *X- �M/ Zmû`û .X- kyR8X am++2bbBp2 BMbi�#BHBiB2b Q7
+QM}M2/ G2B/2M7`Qbi Tm//H2bX 1m`QT?vbB+b G2ii2`b- pQHmK2 RRk- MQX k- T�;2 keyykX
*Biû T�;2 83X

(9k) _�m7�bi2 *X- *2H2biBMB 6X- "�`xvF �X- �M/ 6`Bb+? hX- kyR8X >QH2 ;`Qri? /vM�KB+b
BM � irQ /BK2MbBQM�H G2B/2M7`Qbi /`QTH2iX S?vbB+b Q7 6HmB/b- pQHmK2 kd- MQX jX *Biû
T�;2 8dX

(9j) S`�#?�F�`�M SX- E`2F?Qp �X- "Q/2Mb+?�ix 1X- �M/ q2Bbb aX- kyRNX G2B/2M7`Qbi
S�ii2`M 6Q`K�iBQM �M/ "QBHBM;X CQm`M�H Q7 ai�iBbiB+�H S?vbB+b- pQHmK2 Rd8- MQX j@9-
T�;2b 8N3ĜeReX *Biû T�;2b 8N 2i NRX

(99) "`mM2i SX �M/ aMQ2BD2` CX>X- kyRRX ai�`@/`QTb 7Q`K2/ #v T2`BQ/B+ 2t+Bi�iBQM �M/ QM
�M �B` +mb?BQM @ � b?Q`i `2pB2rX 1m`QT2�M S?vbB+�H CQm`M�H , aT2+B�H hQTB+b- pQHmK2
RNk- MQX R- T�;2b kydĜkkeX *Biû T�;2b 8N- Nk- 2i N8X

(98) "Qmr?mBb qX- qBMF2Hb EX:X- S2i2`b AX_X- "`mM2i SX- o�M .2` J22` .X- �M/ aMQ2BD2`
CX>X- kyRjX Pb+BHH�iBM; �M/ bi�`@b?�T2/ /`QTb H2pBi�i2/ #v �M �B`~QrX S?vbB+�H
_2pB2r 1 @ ai�iBbiB+�H- LQMHBM2�`- �M/ aQ7i J�ii2` S?vbB+b- pQHmK2 33- MQX k- T�;2b
RĜRRX *Biû T�;2b 8N- NR- N8- 2i NdX

(9e) .l*>1JAL GX- GAah1_ CX_X- �M/ G�L:1 lX- kyy8X ai�iB+ b?�T2b Q7 H2pBi�i2/
pBb+Qmb /`QTbX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 8jj- T�;2b ReRĜRdyX *Biû T�;2 8NX

(9d) GBbi2` CX_X- h?QKTbQM �X"X- S2``BQi �X- .m+?2KBM GX- �M/ CP>L _X GAah1_-
�GA*1 "X h>PJSaPL- �LhPAL1 S1__APh GX.X- kyy3X a?�T2 �M/ bi�#BHBiv
Q7 �tBbvKK2i`B+ H2pBi�i2/ pBb+Qmb /`QTbX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 eRd-
T�;2b RedĜR38X *Biû T�;2 8NX

(93) oBHH2`K�mt 1X �M/ "Qbb� "X- kyyNX aBM;H2@/`QT 7`�;K2Mi�iBQM /2i2`KBM2b bBx2 /Bb@
i`B#miBQM Q7 `�BM/`QTbX L�im`2 S?vbB+b- pQHmK2 8- MQX N- T�;2b eNdĜdykX *Biû T�;2b
8N 2i R9kX
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(9N) .2#`û;2�b :X- /2 :2MM2b SX:X- �M/ "`Q+?�`/@qv�`i 6X- RNN3X h?2 GB72 �M/ .2�i?
Q7 Ǵ"�`2Ǵ oBb+Qmb "m##H2bX a+B2M+2- pQHmK2 kdN- MQX J�`+?- T�;2b Rdy9ĜRdydX *Biû
T�;2b 8N 2i eyX

(8y) EQÍ�`FQp� >X- _Qmv2` 6X- �M/ SB;2QMM2�m 6X- kyRjX 6BHK /`�BM�;2 Q7 pBb+Qmb HB[mB/
QM iQT Q7 #�`2 #m##H2 , AM~m2M+2 Q7 i?2 "QM/ MmK#2`X S?vbB+b Q7 6HmB/b- pQHmK2 k8-
MQX kX LQi +Bi2/X

(8R) L;mv2M *XhX- :QMM2`K�MM >XJX- *?2M uX- >m#2` *X- J�BQ`�MQ �X�X- :QmH/biQM2
�X- �M/ .m72F CX- kyRjX 6BHK /`�BM�;2 �M/ i?2 HB72iBK2 Q7 #m##H2bX :2Q+?2KBbi`v-
:2QT?vbB+b- :2Qbvbi2Kb- pQHmK2 R9- MQX N- T�;2b jeReĜjejRX *Biû T�;2b 8N 2i eyX

(8k) *?�KTQm;Mv GX- _Q+?û JX- .`2M+F?�M qX- �M/ _BQ 1X- kyReX GB72 �M/ /2�i? Q7 MQi
bQ Ǵ#�`2Ǵ #m##H2bX aQ7i J�ii2`- pQHmK2 Rk- MQX k9- T�;2b 8kdeĜ8k39X *Biû T�;2 8NX

(8j) G?mBbbB2` >X �M/ oBHH2`K�mt 1X- kyRkX "m`biBM; #m##H2 �2`QbQHbX CQm`M�H Q7 6HmB/
J2+?�MB+b- pQHmK2 eNe- T�;2b 8Ĝ99X *Biû T�;2b ey 2i eRX

(89) Jvb2Hb EXCX- RNe3X .vM�KB+ T`Q+2bb2b BM bQ�T }HKbX h?2 CQm`M�H Q7 ;2M2`�H T?v@
bBQHQ;v- pQHmK2 8k- MQX RX *Biû T�;2b eR 2i dkX

(88) :2Qz`2v AM;`�K h�vHQ`- RN8NX h?2 /vM�KB+b Q7 i?BM b?22ib Q7 ~mB/X AAAX .BbBM@
i2;`�iBQM Q7 ~mB/ b?22ibX S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv Q7 GQM/QMX a2`B2b �X
J�i?2K�iB+�H �M/ S?vbB+�H a+B2M+2b- pQHmK2 k8j- MQX Rkd9- T�;2b jRjĜjkRX *Biû
T�;2 dyX

(8e) *mHB+F 6X1X*X- RNeyX *QKK2Mib QM � _mTim`2/ aQ�T 6BHKX CQm`M�H Q7 �TTHB2/
S?vbB+b- pQHmK2 jR- MQX e- T�;2b RRk3ĜRRkNX *Biû T�;2 dyX

(8d) G�M/�m GX �M/ G2pB+? "X- RN9kX .`�;;BM; Q7 � HB[mB/ #v � KQpBM; TH�i2X �+i�
S?vbB+Q+?BKB+� lX_XaXaX- pQHmK2 Rd- MQX R@k- T�;2b 9kĜ89X *Biû T�;2 dkX

(83) .2`D�;mBM "X- RNNjX PM i?2 i?B+FM2bb Q7 i?2 HB[mB/ }HK �/?2`BM; iQ i?2 r�HHb Q7
� p2bb2H �7i2` 2KTivBM;X S`Q;`2bb BM am`7�+2 a+B2M+2- pQHmK2 9j- MQX R@9- T�;2b
Rj9ĜRjdX *Biû T�;2b dk 2i djX

(8N) 6�MiQM sX- *�x�#�i �XJX- �M/ Zmû`û .X- RNNeX h?B+FM2bb �M/ b?�T2 Q7 }HKb /`Bp2M
#v � K�`�M;QMB ~QrX G�M;KmB`- pQHmK2 Rk- MQX k9- T�;2b 83d8Ĝ833yX *Biû T�;2 d9X

(ey) a+?2B/ "X- LB2`QT 1X�XoX- �M/ aiQM2 >X�X- kyRyX h?2`KQ+�TBHH�`v@�bbBbi2/ TmHHBM;
Q7 i?BM }HKb , �TTHB+�iBQM iQ KQHi2M K2i�HbX - MQX CmHv kyR9- T�;2b RĜ9X *Biû T�;2 d9X

(eR) a+?2B/ "X- p�M LB2`QT 1X�X- �M/ aiQM2 >X�X- kyRkX h?2`KQ+�TBHH�`v@�bbBbi2/ TmHHBM;
Q7 +QMi�+i@7`22 HB[mB/ }HKbX S?vbB+b Q7 6HmB/b- pQHmK2 k9- MQX jX *Biû T�;2 d9X

(ek) Pm _�K/�M2 PX �M/ Zmû`û .X- RNNdX h?B+F2MBM; 7�+iQ` BM J�`�M;QMB +Q�iBM;X
G�M;KmB`- pQHmK2 Rj- MQX RR- T�;2b kNRRĜkNReX *Biû T�;2 d9X

(ej) LQ#HBM sX- "m;mBM �X- �M/ "`Q+?�`/@qv�`i 6X- kyyeX *�b+�/2 Q7 b?Q+Fb BM BM2`iB�H
HB[mB/@HB[mB/ /2r2iiBM;X S?vbB+�H _2pB2r G2ii2`b- pQHmK2 Ne- MQX R8- T�;2b RĜ9X *Biû
T�;2 3yX

(e9) G�K# >X �M/ *�~Bb+? _X- RNNjX >v/`Q/vM�KB+bX *�K#`B/;2 J�i?2K�iB+�H GB#`�`vX
*�K#`B/;2 lMBp2`bBiv S`2bbX *Biû T�;2b 3j 2i NRX

(e8) _�vH2B;? GX- R3dNX PM i?2 +�TBHH�`v T?2MQK2M� Q7 D2ibX S`Q+22/BM;b Q7 i?2 _Qv�H
aQ+B2iv Q7 GQM/QM- pQHmK2 kN- T�;2b dRĜNdX *Biû T�;2 NRX

(ee) S2`2x JX- "`2+?2i uX- a�HpQ GX- S�TQmH�` JX- �M/ am2`v JX- RNNNX Pb+BHH�iBQM Q7
HB[mB/ /`QTb mM/2` ;`�pBiv , AM~m2M+2 Q7 b?�T2 QM i?2 `2bQM�M+2 7`2[m2M+vX 1m`Q@
T?vbB+b G2ii2`b- pQHmK2 9d- MQX k- T�;2b R3NĜRN8X *Biû T�;2 NRX

(ed) >QHi2` LXCX �M/ :H�bb+Q+F qX_X- RN8kX oB#`�iBQMb Q7 1p�TQ`�iBM; GB[mB/ .`QTbX
CQm`M�H Q7 i?2 �+QmbiB+�H aQ+B2iv Q7 �K2`B+�- pQHmK2 k9- MQX e- T�;2b e3kĜe3eX *Biû
T�;2 NRX
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(e3) �/�+?B EX �M/ h�E�EA _X- RN39X oB#`�iBQM Q7 6H�ii2M2/ .`QTX RX P#b2`p�iBQMX
CQm`M�H Q7 S?vbB+�H aQ+B2iv C�T�M- pQHmK2 8j- MQX Rk- T�;2b 9R39Ĝ9RNRX LQi +Bi2/X

(eN) �/�+?B EX- RN38X oB#`�iBQM Q7 � 6H�ii2M2/ .`QTX AAX LQ`K�H JQ/2 �M�HvbBbX CQm`M�H
Q7 i?2 S?vbB+�H aQ+B2iv Q7 C�T�M- pQHmK2 89- MQX d- T�;2b k9ekĜk9eNX LQi +Bi2/X

(dy) hQFm;�r� LX �M/ h�F�FB _X- RNN9X J2+?�MBbK Q7 a2H7@AM/m+2/ oB#`�iBQM Q7 � GB[mB/
.`QT "�b2/ QM i?2 am`7�+2 h2MbBQM 6Hm+im�iBQMX *Biû T�;2 R89X

(dR) ai`B2` .X1X- .m�`i2 �X�X- 62``�`B >X- �M/ JBM/HBM :X"X- kyyyX LBi`Q;2M bi�`b , JQ`@
T?Q;2M2bBb Q7 � HB[mB/ /`QTX S?vbB+� � , ai�iBbiB+�H J2+?�MB+b �M/ Bib �TTHB+�iBQMb-
pQHmK2 k3j- MQX R- T�;2b keRĜkeeX LQi +Bi2/X

(dk) aM2x?FQ �X- "2M C�+Q# 1X- �`�MbQM AXaX- C�+Q# "X- �M/ �`�MbQM AXaX- kyy3X SmHb�@
iBM;Ĝ;HB/BM; i`�MbBiBQM BM i?2 /vM�KB+b Q7 H2pBi�iBM; HB[mB/ MBi`Q;2M /`QTH2ibX L2r
CQm`M�H Q7 S?vbB+b- pQHmK2 Ry- MQX y9jyj9- T�;2 y9jyj9X *Biû T�;2 R3kX

(dj) *�b�H SX �M/ :QmBM >X- kyy3X oB#`�iBQMb Q7 HB[mB/ /`QTb BM }HK #QBHBM; T?2MQK2M� ,
i?2 K�i?2K�iB+�H KQ/2HX pQHmK2 jk- MQX RNN9- T�;2 RRX LQi +Bi2/X

(d9) J� sX- GBûiQ`@a�MiQb CXCX- �M/ "m`iQM CX*X- kyR8X h?2 K�Mv 7�+2b Q7 � G2B/2M7`Qbi
/`QTX S?vbB+b Q7 6HmB/b- pQHmK2 kd- MQX N- T�;2b kyRjĜkyR8X *Biû T�;2b NR 2i NkX

(d8) S�mH :X- .�b SXEX- �M/ J�MM� AX- kyR8X .`QTH2i Qb+BHH�iBQM �M/ T�ii2`M 7Q`K�@
iBQM /m`BM; G2B/2M7`Qbi T?2MQK2MQMX 1tT2`BK2Mi�H h?2`K�H �M/ 6HmB/ a+B2M+2-
pQHmK2 ey- MQX CmM2- T�;2b j9eĜj8jX LQi +Bi2/X

(de) h�F�FB _X- kyR8X a2H7@BM/m+2/ oB#`�iBQM Q7 � .`QTX 6Q`K�- T�;2b 3RĜ38X LQi +Bi2/X

(dd) J� sX- GBûiQ`@a�MiQb CXCX- �M/ "m`iQM CX*X- kyRdX ai�`@b?�T2/ Qb+BHH�iBQMb Q7 G2B@
/2M7`Qbi /`QTbX S?vbB+�H _2pB2r 6HmB/b- pQHmK2 k- MQX j- T�;2 yjReykX LQi +Bi2/X

(d3) "`mM2i SX- kyR3X h?2 +`�+FHBM; bQmM/ Q7 G2B/2M7`Qbi bi�`bX CQm`M�H Q7 6HmB/ J2+?�@
MB+b- pQHmK2 38y- MQX Zmû`û kyRj- T�;2b RĜ9X LQi +Bi2/X

(dN) J� sX �M/ "m`iQM CX*X- kyR3X a2H7@Q`;�MBx2/ Qb+BHH�iBQMb Q7 G2B/2M7`Qbi /`QTbX
CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 39e- MQX 62#`m�`v- T�;2b kejĜkNRX LQi +Bi2/X

(3y) "2`;2M CX1X- kyR3X AMi`BMbB+ :2QK2i`B+�H *QMbi`�BMib Q7 aTQMi�M2QmbHv 1t+Bi2/
G2B/2M7`Qbi .`QTbX *Biû T�;2 NRX

(3R) LQ#HBM sX- "m;mBM �X- �M/ "`Q+?�`/@qv�`i 6X- kyy8X h`BTHQM KQ/2b Q7 Tm//H2bX
S?vbB+�H _2pB2r G2ii2`b- pQHmK2 N9- MQX Re- T�;2 ReeRykX *Biû T�;2b Nk- Nj- Ne- RR8-
2i RkyX

(3k) uQb?Bv�bm LX- J�ibm/� EX- �M/ h�F�FB _X- RNNeX a2H7@AM/m+2/ oB#`�iBQM Q7 � q�i2`
.`QT SH�+2/ QM �M Pb+BHH�iBM; SH�i2X CQm`M�H Q7 i?2 S?vbB+�H aQ+B2iv Q7 C�T�M-
pQHmK2 e8- MQX d- T�;2b kye3ĜkydRX *Biû T�;2 NkX

(3j) Jm;2H2 6X �M/ "�`2i CX*X- kyy8X 1H2+i`Qr2iiBM; , 6`QK #�bB+b iQ �TTHB+�iBQMbX
CQm`M�H Q7 S?vbB+b *QM/2Mb2/ J�ii2`- pQHmK2 Rd- MQX k3X *Biû T�;2 NjX

(39) P? CXJX- EQ aX>X- �M/ E�M; EX>X- kyy3X a?�T2 Qb+BHH�iBQM Q7 � /`QT BM �+ 2H2+i`Q@
r2iiBM;X G�M;KmB`- pQHmK2 k9- MQX R8- T�;2b 3jdNĜ3j3eX *Biû T�;2 NjX

(38) 6�mi`2HH2 uX- 1i�v CX- �M/ .�m;�M aX- kyy8X 6`22@bm`7�+2 ?Q`BxQMi�H r�p2b ;2M2`�i2/
#v HQr@7`2[m2M+v �Hi2`M�iBM; K�;M2iB+ }2H/bX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2
8kd- T�;2b k38ĜjyRX *Biû T�;2b Nj 2i N9X

(3e) C�KBM hX- .D�K� uX- "�+`B CX*X- �M/ 6�H+QM 1X- kyReX hmMBM; i?2 `2bQM�Mi 7`2[m2M@
+B2b Q7 � /`QT #v � K�;M2iB+ }2H/X S?vbB+�H _2pB2r 6HmB/b- pQHmK2 R- MQX k- T�;2
kRNyRX *Biû T�;2b N9 2i RkyX

kj8



"A"GAP:_�S>A1

(3d) a?2M *XGX- sB2 qXCX- �M/ q2B "X- kyRyX S�`�K2i`B+ `2bQM�M+2 BM �+QmbiB+�HHv H2@
pBi�i2/ r�i2` /`QTbX S?vbB+b G2ii2`b- a2+iBQM � , :2M2`�H- �iQKB+ �M/ aQHB/ ai�i2
S?vbB+b- pQHmK2 jd9- MQX kj- T�;2b kjyRĜkjy9X *Biû T�;2b N9- N8- 2i RR8X

(33) a?2M *XGX- sB2 qXCX- �M/ q2B "X- kyRyX S�`�K2i`B+�HHv 2t+Bi2/ b2+iQ`B�H Qb+BHH�iBQM
Q7 HB[mB/ /`QTb ~Q�iBM; BM mHi`�bQmM/X S?vbB+�H _2pB2r 1 @ ai�iBbiB+�H- LQMHBM2�`-
�M/ aQ7i J�ii2` S?vbB+b- pQHmK2 3R- MQX 9- T�;2b RĜeX *Biû T�;2 N8X

(3N) GBM SX*X �M/ A GX- kyReX �+QmbiB+�HHv H2pBi�i2/ /�M+BM; /`QTb , a2H7@2t+Bi2/ Qb+BHH�iBQM
iQ +?�QiB+ b?2//BM;X S?vbX _2pX 1- pQHmK2 Nj- MQX k- T�;2 kRRyRX *Biû T�;2 N9X

(Ny) >2`pB2m 1X- *Qmi`Bb LX- �M/ "QB+?QM *X- kyyRX Pb+BHH�iBQMb Q7 � /`QT BM �2`Q/vM�KB+
H2pBi�iBQMX Lm+H2�` 1M;BM22`BM; �M/ .2bB;M- pQHmK2 ky9- MQX R- T�;2b RedĜRd8X *Biû
T�;2 N8X

(NR) S�TQmH�` JX �M/ S�`�v`2 *X- RNNdX :�b@6BHK G2pBi�i2/ GB[mB/b , a?�T2 6Hm+im�iBQMb
Q7 oBb+Qmb .`QTbX S?vbX _2pX G2iiX- pQHmK2 d3- MQX RR- T�;2b kRkyĜkRkjX *Biû T�;2b
N8- Ne- 2i RjeX

(Nk) a?2M *X- sB2 qX- �M/ q2B "X- kyRyX .B;Bi�H BK�;2 T`Q+2bbBM; Q7 b2+iQ`B�H Qb+BHH�iBQMb
7Q` �+QmbiB+�HHv H2pBi�i2/ /`QTb �M/ bm`7�+2 i2MbBQM K2�bm`2K2MiX a+B2M+2 *?BM� ,
S?vbB+b- J2+?�MB+b �M/ �bi`QMQKv- pQHmK2 8j- MQX Rk- T�;2b kkeyĜkke8X *Biû T�;2 NeX

(Nj) 6`�b2` JX1X- Gm qXEX- >�KB2H2+ �X1X- �M/ Jm`�`F� _X- RNdRX am`7�+2 i2MbBQM
K2�bm`2K2Mib QM Tm`2 HB[mB/ B`QM �M/ MB+F2H #v �M Qb+BHH�iBM; /`QT i2+?MB[m2X J2@
i�HHm`;B+�H h`�Mb�+iBQMb- pQHmK2 k- MQX j- T�;2b 3RdĜ3kjX *Biû T�;2 NeX

(N9) S`xv#Q`QrbFB JX- >B#Bv� hX- 1;m+?B JX- �M/ 1;`v AX- RNN8X am`7�+2 i2MbBQM K2�@
bm`2K2Mi Q7 KQHi2M bBHB+QM #v i?2 Qb+BHH�iBM; /`QT K2i?Q/ mbBM; 2H2+i`QK�;M2iB+
H2pBi�iBQMX CQm`M�H Q7 *`vbi�H :`Qri?- pQHmK2 R8R- MQX R@k- T�;2b eyĜe8X *Biû T�;2 NeX

(N8) Jm;2H2 6X- "�`2i CX*X- �M/ ai2BM?�mb2` .X- kyyeX JB+`Q~mB/B+ KBtBM; i?`Qm;?
2H2+i`Qr2iiBM;@BM/m+2/ /`QTH2i Qb+BHH�iBQMbX �TTHB2/ S?vbB+b G2ii2`b- pQHmK2 33-
MQX kyX *Biû T�;2 NeX

(Ne) J�HF _X- 6QmBHH2i uX- �M/ .�pQmbi GX- kyRRX _Qi�iBM; ~Qr rBi?BM � /`QTH2i �+im�i2/
rBi? �* 1qP.X a2MbQ`b �M/ �+im�iQ`b- " , *?2KB+�H- pQHmK2 R89- MQX k- T�;2b
RNRĜRN3X *Biû T�;2 NeX

(Nd) "`mM2i SX- 1;;2`b CX- �M/ .22;�M _X.X- kyyNX JQiBQM Q7 � /`QT /`Bp2M #v bm#bi`�i2
pB#`�iBQMbX 1m`QT2�M S?vbB+�H CQm`M�H , aT2+B�H hQTB+b- pQHmK2 Ree- MQX R- T�;2b
RRĜR9X *Biû T�;2 NeX

(N3) "`mM2i SX- "�m/QBM JX- J�i�` PX"X- �M/ wQm2b?iB�;? 6X- kyRyX .2TH�+2K2Mi /2
;Qmii2b T�` QM/2b /2 bm`7�+2b �+QmbiB[m2bX T�;2b RkĜReX *Biû T�;2 NeX

(NN) CQbb2`�M/ *X �M/ h?Q`Q//b2M aX- kyReX .`QT AKT�+i QM � aQHB/ am`7�+2X �MMm�H
_2pB2r Q7 6HmB/ J2+?�MB+b- pQHmK2 93- MQX R- T�;2b je8ĜjNRX *Biû T�;2 RRyX

(Ryy) "B�M+2 �XGX- kyyjX AMi2`7�+2b 2M ;`�M/2 /û7Q`K�iBQM , Qb+BHH�iBQMb- BKT�+ib- bBM;m@
H�`BiûbX S?X.X i?2bBbX *Biû T�;2 RRRX

(RyR) q�BimF�BiBb aX_X- wmB/2`rBDF �X- aQmbHQp �X- *QmH�Bb *X- �M/ o�M >2+F2 JX- kyRdX
*QmTHBM; i?2 G2B/2M7`Qbi 2z2+i �M/ 2H�biB+ /27Q`K�iBQMb iQ TQr2` bmbi�BM2/ #QmM@
+BM;X L�im`2 S?vbB+b- pQHmK2 Rj- MQX RR- T�;2b RyN8ĜRyNNX *Biû T�;2 RRjX

(Ryk) S?�K CXhX- S�p2M JX- qQQ? aX- E�DBv� hX- "mii >XCX- �M/ oQHHK2` .X- kyRdX aTQM@
i�M2Qmb DmKTBM;- #QmM+BM; �M/ i`�KTQHBMBM; Q7 ?v/`Q;2H /`QTb QM � ?2�i2/ TH�i2X
L�im`2 *QKKmMB+�iBQMb- pQHmK2 3- MQX R- T�;2b RĜNX LQi +Bi2/X

(Ryj) q�BimF�BiBb aX- >�`i? EX- �M/ o�M >2+F2 JX- kyR3X 6`QK "QmM+BM; iQ 6HQ�iBM; ,
h?2 G2B/2M7`Qbi 1z2+i rBi? >v/`Q;2H aT?2`2bX S?vbB+�H _2pB2r G2ii2`b- pQHmK2 RkR-
MQX 9- T�;2 93yyRX *Biû T�;2 RRjX

kje
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(Ry9) .Ƕ�M;2HQ *X- _�m7�bi2 *X- Emx?B` SX- �M/ *2H2biBMB 6X- kyRNX 62``Q~mB/ G2B/2M7`Qbi
/`QTH2ibX aQ7i J�ii2`X *Biû T�;2b RR9 2i R99X

(Ry8) 6�mi`2HH2 uX- 1i�v CX- �M/ .�m;�M aX- kyy8X 6`22@bm`7�+2 ?Q`BxQMi�H r�p2b ;2M2`�i2/
#v HQr@7`2[m2M+v �Hi2`M�iBM; K�;M2iB+ }2H/bX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2
8kd- T�;2b k38ĜjyRX *Biû T�;2 RR8X

(Rye) C�KBM hX- kyReX AMi2`�+iBQMb 2Mi`2 QM/2b /2 bm`7�+2 2i û+QmH2K2Mib ?v/`Q/vM�KB[m2bX
S?X.X i?2bBbX *Biû T�;2b RR8 2i RkyX

(Ryd) LQ#HBM sX- kyy8X JQmBHH�;2 2i /ûKQmBHH�;2 BM2`iB2H , i`BTHQMb- ~�[m2b pB#`û2b - QM/2b
/2 +?Q+bX S?X.X i?2bBbX *Biû T�;2 RkyX

(Ry3) 6�`�/�v JX- R3jRX PM � S2+mHB�` *H�bb Q7 �+QmbiB+�H 6B;m`2b c �M/ QM *2`i�BM 6Q`Kb
�bbmK2/ #v :`QmTb Q7 S�`iB+H2b mTQM oB#`�iBM; 1H�biB+ am`7�+2bX S`Q+22/BM;b Q7 i?2
_Qv�H aQ+B2iv Q7 GQM/QM- pQHmK2 j- MQX C�Mm�`v- T�;2b 9NĜ8RX *Biû T�;2 RkjX

(RyN) "2MD�KBM hX"X �M/ l`b2H 6X- RN89X h?2 bi�#BHBiv Q7 i?2 TH�M2 7`22 bm`7�+2 Q7 � HB[mB/
BM p2`iB+�H T2`BQ/B+ KQiBQMX S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv Q7 GQM/QMX a2`B2b �-
J�i?2K�iB+�H �M/ S?vbB+�H a+B2M+2b- pQHmK2 kk8- MQX RRej- T�;2b 8y8Ĝ8R8X *Biû T�;2b
Rkj 2i Rk9X

(RRy) .Qm�/v aX- RNNyX 1tT2`BK2Mi�H bim/v Q7 i?2 6�`�/�v BMbi�#BHBivX CQm`M�H Q7 6HmB/
J2+?�MB+b- pQHmK2 kkR- MQX @R- T�;2 j3jX *Biû T�;2b Rkj 2i Rk9X

(RRR) EmK�` EX �M/ hm+F2`K�Mi GXaX- RNN9X S�`�K2i`B+ AMbi�#BHBiv Q7 i?2 AMi2`7�+2 "2i@
r22M irQ 6HmB/bX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 kdN- T�;2b 9NĜe3X *Biû T�;2 Rk9X

(RRk) S2`2x JX- a�HpQ GX- amû`v JX- "`û+?2i uX- �M/ S�TQmH�` JX- kyyyX *QMi�+iH2bb
pBb+QbBiv K2�bm`2K2Mi #v Qb+BHH�iBQMb Q7 ;�b@H2pBi�i2/ /`QTbX S?vbB+�H _2pB2r 1 @
ai�iBbiB+�H S?vbB+b- SH�bK�b- 6HmB/b- �M/ _2H�i2/ AMi2`/Bb+BTHBM�`v hQTB+b- pQHmK2 eR-
MQX j- T�;2b keeNĜked8X *Biû T�;2 RjyX

(RRj) J�`KQii�Mi SX- kyyjX �iQKBb�iBQM /ǶmM D2i HB[mB/2 T�` mM +Qm`�Mi ;�x2mtX S?X.X
i?2bBbX *Biû T�;2 RjkX

(RR9) S`QbT2`2iiB �X- RN3yX 6`22 Qb+BHH�iBQMb Q7 /`QTb �M/ #m##H2b , i?2 BMBiB�H@p�Hm2 T`Q@
#H2KX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 Ryy- MQX k- T�;2b jjjĜj9dX *Biû T�;2 RjeX

(RR8) "2`;2M CX1X- "�bbQ "X*X- �M/ "QbirB+F CX"X- kyRNX G2B/2M7`Qbi /`QT /vM�KB+b ,
1t+BiBM; /Q`K�Mi KQ/2bX S?vbX _2pX 6HmB/b- pQHmK2 9- T�;2 y3jeyjX *Biû T�;2 RjeX

(RRe) _�D+?2M#�+? CX- G2`Qmt �X- �M/ *H�KQM/ .X- kyRRX L2r bi�M/BM; bQHBi�`v r�p2b BM
r�i2`X S?vbB+�H _2pB2r G2ii2`b- pQHmK2 Ryd- MQX k- T�;2b RĜ9X *Biû T�;2 RjdX

(RRd) Gm/m �X �M/ _�;?�p2M/`� �X- kyR3X _Qi�iBM; ?QHHQr T�ii2`Mb BM ~mB/bX �TTHB2/
LmK2`B+�H J�i?2K�iB+b- pQHmK2 R- T�;2b RĜR3X *Biû T�;2 RjdX

(RR3) J�`b?�HH- CX aX �M/ S�HK2` JX- RN93X h?2 bBx2 /Bbi`B#miBQM Q7 `�BM/`QTbX CQm`M�H Q7
J2i2Q`QHQ;v- pQHmK2 8- T�;2b Re8ĜReeX *Biû T�;2 R9kX

(RRN) GBMF2 >X- �H2K�M "XCX- J2HHBM; GX.X- h�Q`KBM� JXCX- 6`�M+Bb JXCX- .Qr@>v;2HmM/
*X*X- L�`�v�M�M oX- h�vHQ` _XSX- �M/ aiQmi �X- kyyeX a2H7@T`QT2HH2/ H2B/2M7`Qbi
/`QTH2ibX S?vbB+�H _2pB2r G2ii2`b- pQHmK2 Ne- MQX R8- T�;2b kĜ8X *Biû T�;2b R9j 2i RdNX

(Rky) *QmbBMb hX_X- :QH/bi2BM _X1X- C�rQ`bFB CXqX- �M/ S2b+B �XAX- kyRkX � `�i+?2i i`�T
7Q` G2B/2M7`Qbi /`QTbX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 eNe- T�;2b kR8ĜkkdX *Biû
T�;2b R99- R3y- R3R- 2i R3kX

(RkR) EB`bi2ii2` :X- kyR9X *QMi`ƬH2 2i /vM�KB[m2 /ǶQ#D2ib +�TBHH�B`2b , BKT�+i /ǶmM D2i bm`
mM }HK HB[mB/2 2i 2z2i /ǶmM +?�KT ûH2+i`B[m2 bm` mM2 ;Qmii2 2M +�Hû7�+iBQMX S?X.X
i?2bBbX *Biû T�;2 R99X

kjd
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(Rkk) qBH/2K�M aX �M/ amM *X- kyReX 1H2+i`B+ }2H/ K�F2b G2B/2M7`Qbi /`QTH2ib i�F2 �
H2�TX aQ7i J�ii2`- pQHmK2 Rk- MQX 93- T�;2b NekkĜNejkX *Biû T�;2 R99X

(Rkj) SB`QB`/ EX- *H�M2i *X- �M/ Zmû`û .X- kyRkX J�;M2iB+ +QMi`QH Q7 G2B/2M7`Qbi /`QTbX
S?vbB+�H _2pB2r 1- pQHmK2 38- MQX 8- T�;2b RyĜRjX *Biû T�;2 R99X

(Rk9) E�M; EX>X- G22 aXCX- G22 *XJX- �M/ E�M; AXaX- kyy9X Zm�MiBi�iBp2 pBbm�HBx�iBQM
Q7 ~Qr BMbB/2 �M 2p�TQ`�iBM; /`QTH2i mbBM; i?2 `�v i`�+BM; K2i?Q/X J2�bm`2K2Mi
a+B2M+2 �M/ h2+?MQHQ;v- pQHmK2 R8- MQX e- T�;2b RRy9ĜRRRkX *Biû T�;2 R8RX

(Rk8) *?�M/`�b2F?�` aX- RNeRX >v/`Q/vM�KB+ �M/ ?v/`QK�;M2iB+ bi�#BHBivX *Qm`B2` *Q`@
TQ`�iBQMX *Biû T�;2b R8d 2i ReyX

(Rke) .�b? aX- *?�M/`�KQ?�M �X- q2B#2H CX�X- �M/ :�`BK2HH� aXoX- kyR9X "mQv�M+v@
BM/m+2/ QM@i?2@bTQi KBtBM; BM /`QTH2ib 2p�TQ`�iBM; QM MQMr2iiBM; bm`7�+2bX S?vbB+�H
_2pB2r 1 @ ai�iBbiB+�H- LQMHBM2�`- �M/ aQ7i J�ii2` S?vbB+b- pQHmK2 Ny- MQX e- T�;2b
RĜ3X *Biû T�;2 R8NX

(Rkd) 1H :�HH�7 �X- hQmB?`B _X- >2M`v .X- �M/ "2M >�/B/ >X- kyyNX AMbi�#BHBiB2b �M/
#B7m`+�iBQMb /m2 iQ #mQv�M+v BM � +vHBM/`B+�H +QMi�BM2` ?2�i2/ 7`QK #2HQr rBi? �M/
rBi?Qmi � 7`22 bm`7�+2X *QKTi2b _2M/mb @ J2+�MB[m2- pQHmK2 jjd- MQX RR@Rk- T�;2b
dReĜdkRX *Biû T�;2b Rey 2i ReRX

(Rk3) _�/?�F`Bb?M�M oX- RNN3X GQ+QKQiBQM , .2�HBM; rBi? 7`B+iBQMX *m``2Mi a+B2M+2-
pQHmK2 d9- MQX Ry- T�;2b 3keĜ39yX *Biû T�;2 RejX

(RkN) :�mi?B2` �X- "B`/ CX*X- *H�M2i *X- �M/ Zmû`û .X- kyReX �2`Q/vM�KB+ G2B/2M7`Qbi
2z2+iX S?vbB+�H _2pB2r 6HmB/b- pQHmK2 R- MQX 3X *Biû T�;2 Re3X

(Rjy) .mT2mt :X- "�B2` hX- "�+Qi oX- >�`/i aX- *H�M2i *X- �M/ Zmû`û .X- kyRjX a2H7@
T`QT2HHBM; mM2p2M G2B/2M7`Qbi bQHB/bX S?vbB+b Q7 6HmB/b- pQHmK2 k8- MQX 8- T�;2b RĜdX
*Biû T�;2b Re3- R3j- 2i R39X

(RjR) G�;m#2�m :X- G2 J2``2` JX- *H�M2i *X- �M/ Zmû`û .X- kyRRX G2B/2M7`Qbi QM �
`�i+?2iX L�im`2 S?vbB+b- pQHmK2 d- MQX 8- T�;2b jN8ĜjN3X *Biû T�;2b R3y- R3k- 2i RN9X

(Rjk) q2HHb :X:X- G2/2bK�@�;mBH�` _X- J+>�H2 :X- �M/ a2}�M2 EX- kyR8X � bm#HBK�iBQM
?2�i 2M;BM2X L�im`2 *QKKmMB+�iBQMb- pQHmK2 e- T�;2b RĜdX *Biû T�;2 R3RX

(Rjj) aQiQ .X- /2 J�H2T`�/2 >X- *H�M2i *X- �M/ Zmû`û .X- kyRdX �B`@H2pBi�i2/ TH�i2H2ib ,
7`QK i�F2 Qz iQ KQiBQMX CQm`M�H Q7 6HmB/ J2+?�MB+b- pQHmK2 3R9- T�;2b 8j8Ĝ89eX
*Biû T�;2 R3RX

(Rj9) qɃ`;2` �X- kyRRX G2B/2M7`Qbi ;�b `�i+?2ib /`Bp2M #v i?2`K�H +`22TX S?vbB+�H _2pB2r
G2ii2`b- pQHmK2 Ryd- MQX ReX *Biû T�;2 R3kX

(Rj8) L�;v SXhX �M/ L2Bix2H :XSX- kyy3X PTiB+�H H2pBi�iBQM �M/ i`�MbTQ`i Q7 KB+`Q/`Q@
TH2ib , S`QQ7 Q7 +QM+2TiX S?vbB+b Q7 6HmB/b- pQHmK2 ky- MQX Ry- T�;2b RĜ8X *Biû
T�;2 R3kX

(Rje) .mT2mt :X- G2 J2``2` JX- G�;m#2�m :X- *H�M2i *X- >�`/i aX- �M/ Zmû`û .X- kyRRX
oBb+Qmb K2+?�MBbK 7Q` G2B/2M7`Qbi T`QTmHbBQM QM � `�i+?2iX 1m`QT?vbB+b G2ii2`b-
pQHmK2 Ne- MQX 8- T�;2 83yyRX *Biû T�;2 R3kX

(Rjd) "�B2` hX- .mT2mt :X- >2`#2`i aX- >�`/i aX- �M/ Zmû`û .X- kyRjX S`QTmHbBQM K2+?�@
MBbKb 7Q` G2B/2M7`Qbi bQHB/b QM `�i+?2ibX S?vbB+�H _2pB2r 1 @ ai�iBbiB+�H- LQMHBM2�`-
�M/ aQ7i J�ii2` S?vbB+b- pQHmK2 3d- MQX kX *Biû T�;2 R3kX

(Rj3) >�`/i aX- hBr�`B aX- �M/ "�B2` hX- kyRjX h?2`K�HHv /`Bp2M ~Qrb #2ir22M � G2B/2M@
7`Qbi bQHB/ �M/ � `�i+?2i bm`7�+2X S?vbB+�H _2pB2r 1 @ ai�iBbiB+�H- LQMHBM2�`- �M/ aQ7i
J�ii2` S?vbB+b- pQHmK2 3d- MQX e- T�;2b RĜ8X *Biû T�;2 R3kX
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(RjN) PF CXhX- GQT2x@PƢ� 1X- LBFBiQTQmHQb .X1X- qQM; >X- �M/ S�`F aX- kyRRX S`QTmHbBQM
Q7 /`QTH2ib QM KB+`Q@ �M/ bm#@KB+`QM `�i+?2i bm`7�+2b BM i?2 G2B/2M7`Qbi i2KT2`�im`2
`2;BK2X JB+`Q~mB/B+b �M/ L�MQ~mB/B+b- pQHmK2 Ry- MQX 8- T�;2b Ry98ĜRy89X *Biû T�;2b
R3j 2i RNkX

(R9y) "QmBHH�Mi �X- JQmi2`/2 hX- "Qm``B�MM2 SX- G�;�`/2 �X- *H�M2i *X- �M/ Zmû`û .X-
kyR3X G2B/2M7`Qbi r?22HbX L�im`2 S?vbB+b- - MQX a2Ti2K#2`- T�;2b RĜkX *Biû T�;2 R39X

(R9R) :`QmM/b �X- aiBHH _X- �M/ h�F�b?BM� EX- kyRkX 1M?�M+2/ /`QTH2i +QMi`QH #v i`�MbB@
iBQM #QBHBM;X a+B2MiB}+ _2TQ`ib- pQHmK2 k- MQX +- T�;2b RĜ8X *Biû T�;2b R38 2i RNkX

(R9k) aQ#�+ "X- _2/MBFQp �X- .Q`#QHQ aX- �M/ *QHBM2i SX- kyRdX a2H7@T`QT2HH2/ G2B/2M7`Qbi
/`QTb QM � i?2`K�H ;`�/B2Mi , � i?2Q`2iB+�H bim/vX S?vbB+b Q7 6HmB/b- pQHmK2 kNX *Biû
T�;2b R3d- RNj- 2i ky3X

(R9j) J�`őM �X:X- �`M�H/Q /2H *2``Q .X- _ƺK2` :X_X"X1X- S�i?B`�D "X- >mBb AMǶi o2H/ �X-
�M/ GQ?b2 .X- kyRkX *�TBHH�`v /`QTH2ib QM G2B/2M7`Qbi KB+`Q@`�i+?2ibX S?vbB+b Q7
6HmB/b- pQHmK2 k9- MQX Rk- T�;2b RĜNX *Biû T�;2 RNkX

(R99) w?�Q .X- amM uX- GBm *X- w?�M >X- q�M; JX- GBm CX- �M/ GBm uX- kyR3X h2KT2`�im`2@
`2;mH�i2/ /B`2+iBQM�H #QmM+2 Q7 BKT�+iBM; /`QTH2ib QM ;`�/B2Mi ;`QQp2bX am`7�+2 �M/
*Q�iBM;b h2+?MQHQ;v- pQHmK2 j8e- MQX a2Ti2K#2`- T�;2b RjkĜRjdX *Biû T�;2 kRkX

(R98) v�Q *?2M JX- ?�B CB� wX- w?�M; hX- vm�M 62B uX- v�Q *?2M JX- ?�B CB� wX- w?�M;
hX- �M/ vm�M 62B uX- kyR3X a2H7@T`QTmHbBQM Q7 G2B/2M7`Qbi /`QTH2ib QM KB+`QTBHH�`2/
?Qi bm`7�+2b rBi? ;`�/B2Mi r2ii�#BHBivX �TTHB2/ am`7�+2 a+B2M+2- pQHmK2 9jj- T�;2b
jjeĜj9yX *Biû T�;2 kRkX

(R9e) aQiQ .X- G�;m#2�m :X- *H�M2i *X- �M/ Zmû`û .X- kyReX am`}M; QM � ?2``BM;#QM2X
S?vbB+�H _2pB2r 6HmB/b- pQHmK2 R- MQX R- T�;2 yRjNykX *Biû T�;2b kRk 2i kRjX

(R9d) G2 J2``2` JX- kyRyX .BbbBT�iBQM �mt BMi2`7�+2b , +�Hû7�+iBQM- bBHH�;2b- }H�K2Mib
pBb[m2mtX S?X.X i?2bBbX *Biû T�;2 kRdX

(R93) .mT2mt :X- G2 J2``2` JX- *H�M2i *X- �M/ Zmû`û .X- kyRRX h`�TTBM; G2B/2M7`Qbi
/`QTb rBi? +`2M2H�iBQMbX S?vbB+�H _2pB2r G2ii2`b- pQHmK2 Ryd- MQX RR- T�;2b RĜ9X *Biû
T�;2 kk8X
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hBi`2 , .vM�KB[m2b bTQMi�Mû2b 2M +�Hû7�+iBQM
JQib +Hûb , :Qmii2b- *�Hû7�+iBQM- 1z2i G2B/2M7`Qbi- S`QTmHbBQM- 6BHKb KBM+2b- Pb+BHH�iBQMb
_ûbmKû , *2ii2 i?ĕb2 bǶBMiû`2bb2 ¨ H� +�Hû7�+iBQM- Qm
HǶ2z2i G2B/2M7`QbiX lM2 ;Qmii2 /Ƕ2�m TH�+û2 bm` mM bm#@
bi`�i +?�m/ HûpBi2 bm` mM }HK KBM+2 /2 p�T2m`X *2ii2
+Qm+?2 BMi2`+�H�B`2 /2 ;�x- +QMiBMȿK2Mi `2MQmp2Hû2-
BbQH2 Kû+�MB[m2K2Mi 2i i?2`KB[m2K2Mi H� ;Qmii2- HB@
KBi�Mi �BMbB bQM ûp�TQ`�iBQM 2i bmTT`BK�Mi HǶû#mHHB@
iBQMX GǶûi�i /2 HûpBi�iBQM � /Ƕ�mi`2b +QMbû[m2M+2b bm`
H2 HB[mB/2- +QKK2 /2 HmB 2KTā+?2` /2 KQmBHH2` bQM bm#@
bi`�i- /QMM�Mi ¨ H� ;Qmii2 mM2 7Q`K2 /2 T2`H2- 2i /2
T`Q/mB`2 mM2 bBim�iBQM 2t2KTi2 /2 7`B+iBQM- HmB +QM7û@
`�Mi b� ;`�M/2 KQ#BHBiûX
LQmb /Bb+miQMb /�Mb T`2KB2` i2KTb H2b +QM/BiBQMb [mB
T2`K2ii2Mi ¨ mM2 ;Qmii2 /2 HûpBi2` bm` b� T`QT`2 p�T2m`
2i H� i2KTû`�im`2 b2mBH �m /2H¨ /2 H�[m2HH2 +2 T?ûMQ@
KĕM2 �TT�`�ŗiX .�Mb mM /2mtBĕK2 i2KTb- MQmb 2MpB@
b�;2QMb +2ii2 bBim�iBQM /ǶmM TQBMi /2 pm2 /vM�KB[m2
2M /ûi�BHH�Mi i`QBb T?�b2b /2 H� pB2 /ǶmM2 ;Qmii2X �m@
/2bbmb /ǶmM2 +2`i�BM2 i�BHH2- H� p�T2m` bǶ�++mKmH2 2i
û`B;2 mM /ƬK2 HB[mB/2X lM }HK /2 HB[mB/2 Tm` i`ĕb KBM+2
b2 7Q`K2- /Qiû /ǶmM2 bi�#BHBiû `2K�`[m�#H2X .2b /Bzû@
`2M+2b /2 i2KTû`�im`2 BM/mBb2Mi /2b û+QmH2K2Mib bm@
T2`}+B2Hb �b+2MbBQMM2Hb [mB bûH2+iBQMM2Mi bQM ûT�Bbb2m`
2i bǶQTTQb2Mi ¨ bQM �KBM+Bbb2K2Mi- 2tTHB[m�Mi [mǶBH
bm#bBbi2 [m2H[m2b b2+QM/2bX SQm` /2b `�vQMb THmb `�B@

bQMM�#H2b /2 ~�[m2- /2b Qb+BHH�iBQMb BMi2`KBii2Mi2b �T@
T�`�Bbb2Mi- /QMM�Mi �m HB[mB/2 H� 7Q`K2 /ǶûiQBH2X GǶQ`B@
;BM2 /2 +2 T?ûMQKĕM2 2bi ûHm+B/û2 , H2 +QmbbBM /2 p�T2m`
TQbbĕ/2 mM2 7`û[m2M+2 T`QT`2X a2b Qb+BHH�iBQMb 2t+Bi2Mi
H2 HB[mB/2 [mǶBH bmTTQ`i2X G� ;Qmii2- [mB �;Bi +QKK2 mM2
+�pBiû `ûbQM�Mi2- `ûTQM/ TQm` +2`i�BMb `�vQMb [m�MiB@
}ûb 2M Qb+BHH�Mi bTQMi�MûK2Mi bmBp�Mi H2 KQ/2 �++`Q@
+?û T�` H2 7Q`Ï�;2 BMi`BMbĕ[m2X 1M `û/mBb�Mi 2M+Q`2 /2
i�BHH2- H2 HB[mB/2 �+[mB2`i mM2 KQ#BHBiû bT2+i�+mH�B`2X
lM2 ;Qmii2 +�Hû}û2 2bi H2 bBĕ;2 /Ƕû+QmH2K2Mib BMi2`M2b
i`ĕb `�TB/2b- /QMi H� bvKûi`B2 2bi /B+iû2 T�` H2 +QM}M2@
K2MiX 1M bǶûp�TQ`�Mi- QM �bbBbi2 ¨ mM2 +?�M;2K2Mi /2
KQ`T?QHQ;B2 2i mM2 #`Bbm`2 /2 bvKûi`B2X G� ;Qmii2H2ii2
b2 K2i ¨ `QmH2` /2 K�MBĕ`2 �bvKûi`B[m2- `2+iB}2 2i BM@
+HBM2 b� #�b2- +2 [mB H� T`QTmHb2X .2mt bi`�iû;B2b /2
+QMi`ƬH2 /2 +2b ;HQ#mH2b 7m;�+2b 2i BMb�BbBbb�#H2b bQMi
}M�H2K2Mi T`QTQbû2b- BMbTB`û2b /2b 2tTû`B2M+2b /Ƕ�miQ@
T`QTmHbBQM bm` /2b bm`7�+2b +Qmp2`i2b /2 /2Mib �bvKû@
i`B[m2bX G2 KQmp2K2Mi /B`2+iBQMM2H 2bi 7Q`+û T�` HǶ�T@
THB+�iBQM /ǶmM ;`�/B2Mi /2 i2KTû`�im`2 2i T�` H� i2t@
im`�iBQM ;`�/m2HH2 /2 H� bm`7�+2X *2b /vM�KB[m2b- Q`@
+?2bi`û2b T�` H2 +QM}M2K2Mi- BHHmbi`2Mi H� `B+?2bb2 /2 +2
bvbiĕK2 Qɍ +?�M;2K2Mib /2 T?�b2- 2z2ib i?2`KB[m2b-
�û`Q/vM�KB[m2b 2i ?v/`Q/vM�KB[m2b +QQTĕ`2MiX

hBiH2 , G2B/2M7`Qbi bTQMi�M2Qmb /vM�KB+b
E2vrQ`/b , .`QTb- G2B/2M7`Qbi 2z2+i- S`QTmHbBQM- h?BM }HKb- Pb+BHH�iBQMb- LQM@r2iiBM;
�#bi`�+i , h?Bb rQ`F 7Q+mb2b QM i?2 G2B/2M7`Qbi 2z2+iX
� r�i2` /`QT TH�+2/ QM � ?Qi bm#bi`�i2 H2pBi�i2b QM
� +mb?BQM Q7 Bib QrM p�TQ`X h?Bb p�TQ` H�v2`- +QMiB@
MmQmbHv `2M2r2/- BMbmH�i2b i?2 HB[mB/ #Qi? K2+?�MB@
+�HHv �M/ i?2`K�HHv , Bi HBKBib 2p�TQ`�iBQM �M/ bmT@
T`2bb2b #QBHBM;X G2pBi�iBQM ?�b Qi?2` +QMb2[m2M+2b QM
i?2 HB[mB/X Ai T`2p2Mib i?2 HB[mB/ 7`QK r2iiBM; Bib bm#@
bi`�i2- ;BpBM; Bi i?2 �TT2�`�M+2 Q7 � HB[mB/ T2�`H- r?BH2
T`Q/m+BM; � 7`B+iBQMH2bb bBim�iBQM �M/ ;BpBM; BB � ?B;?
KQ#BHBivX q2 }`bi /Bb+mbb i?2 +QM/BiBQMb i?�i �HHQr �
/`QT iQ H2pBi�i2 �#Qp2 � ?Qi bm#bi`�i2- BM T�`iB+mH�` i?2
i?`2b?QH/ BM i2KT2`�im`2X h?2M- r2 �/QTi � /vM�KB+
TQBMi Q7 pB2r #v /2i�BHBM; i?2 i?`22 T?�b2b Q7 i?2 HB72 Q7
� G2B/2M7`Qbi /`QTX �#Qp2 � +2`i�BM bBx2- p�TQ` �++m@
KmH�i2b �M/ 7Q`Kb � i?BM HB[mB/ /QK2 rBi? `2K�`F�#H2
bi�#BHBivX h2KT2`�im`2 /Bz2`2M+2b QM i?�i Tm`2 HB[mB/
}HK BM/m+2 mTr�`/ bm`7�+2 ~Qrb i?�i b2H2+i i?2 i?B+F@
M2bb �M/ QTTQb2 i?2 }HK i?BMMBM;X 6Q` bK�HH2` pQHmK2-
HB[mB/ Qb+BHH�iBQMb bTQMi�M2QmbHv �M/ bTQ`�/B+�HHv �T@
T2�`X h?2 K2+?�MBbK H2�/BM; iQ i?2 HB[mB/ bi�`b Bb 2Hm@
+B/�i2/ , i?2 p�TQ` }HK ?�b Bi M�im`�H 7`2[m2M+vX h?2

p�TQ` +mb?BQM Qb+BHH�iBQMb 2t+Bi2 i?2 Qp2`HvBM; HB[mB/X
h?2 /`QT �+ib �b � `2bQM�Mi +�pBiv �M/ i?mb `2bTQM/b
7Q` bQK2 [m�MiB}2/ `�/Bmb #v Qb+BHH�iBM; �++Q`/BM; iQ
i?2 KQ/2 HQ+F2/ #v i?2 BMi`BMbB+ 7Q`+BM;X "v 7m`i?2` `2@
/m+BM; i?2 `�/Bmb- i?2 HB[mB/ �+[mB`2b bT2+i�+mH�` KQ@
#BHBivX � G2B/2M7`Qbi /`QT ?Qbib bi`QM; BMi2`M�H ~Qrb-
r?Qb2 bvKK2i`v Bb b2H2+i2/ #v +QM}M2K2MiX 1p�TQ`�@
iBQM BM/m+2b KQ`T?QHQ;B+�H +?�M;2b �M/ i`B;;2`b � bvK@
K2i`v #`2�FBM;X � /`QTH2i `QHHb �bvKK2i`B+�HHv- r?B+?
`2+iB}2b �M/ iBHib Bib #�b2X h?Bb H2�/b iQ KQiBQM �M/
+QMi`B#mi2b iQ i?2 bT2+i�+mH�` KQ#BHBiv Q7 G2B/2M7`Qbi
/`QTH2ibX hrQ bi`�i2;B2b iQ +QMi`QH i?2b2 2HmbBp2 ;HQ@
#mH2b �`2 2p2Mim�HHv T`QTQb2/- BMbTB`2/ #v i?2 rQ`F
QM b2H7@T`QTmHbBQM QM bm`7�+2b +Qp2`2/ rBi? �bvKK2@
i`B+ i22i?X .B`2+iBQM�H KQp2K2Mi Bb 7Q`+2/ #v �TTHvBM;
� i2KT2`�im`2 ;`�/B2Mi �M/ #v ;`�/m�HHv i2tim`BM; i?2
bm#bi`�i2X h?2 2p�TQ`�iBQM@/`Bp2M +QM}M2K2Mi BM/m+2b
p�`BQmb /vM�KB+b i?�i BHHmbi`�i2 i?2 `B+?M2bb Q7 i?Bb
bvbi2K- r?2`2 T?�b2 +?�M;2b �b r2HH �b i?2`K�H- �2`Q@
/vM�KB+ �M/ ?v/`Q/vM�KB+ 2z2+ib +QMbTB`2 iQ ;2M2@
`�i2 M2r �M/ 2tTHQBi�#H2 T`QT2`iB2bX

AMbiBimi SQHvi2+?MB[m2 /2 S�`Bb
NRRky S�H�Bb2�m- 6`�M+2
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