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Abstract

Keywords: Domain decomposition methods, harmonic waves, junction points.

The pioneering work of B. Després then M. Gander, F. Magoules and F. Nataf have shown that
it is mandatory, at least in the context of wave equations, to use impedance type transmission
conditions in the coupling of subdomains in order to obtain convergence of non-overlapping
domain decomposition methods (DDM). In the standard approach considered in the literature,
the impedance operator involved in the transmission conditions is local and leads to algebraic
convergence of the DDM in the best cases. In later works, F. Collino, S. Ghanemi and P. Joly
then F. Collino, P. Joly and M. Lecouvez have observed that using non local impedance operators
such as integral operators with suitable singular kernels could lead to a geometric convergence
of the DDM.

This thesis extends these works (that mainly concerned the scalar Helmholtz equation) with
the extension of the analysis to electromagnetic wave propagation. Besides, the numerical anal-
ysis of the method is performed for the first time, proving the stability of the convergence rate
with respect to the discretization parameter, hence the robustness of the approach. Several in-
tegral operators are then proposed as transmission operators for Maxwell equations in the spirit
of those constructed for the acoustic setting. An alternative to integral operators, based on the
resolution of elliptic auxiliary problems, is also advocated and analyzed. Extensive numerical re-
sults are conducted, illustrating the high potential of the new approach. Based on a recent work
by X. Claeys, the last part of this work consists in exploiting the multi-trace formalism to extend
the convergence analysis to the case of partitions with junction points, which is a difficult prob-
lem that attracted a lot of attention recently. The new approach relies on a new operator that
communicates information between sub-domains, which replaces the classical point-to-point ex-
change operator. A proof of geometrical convergence of the associated iterative algorithm, again
uniform with respect to the discretization parameter, is available and we show that one recovers
the standard algorithm in the absence of junction points.
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Résumé

Mots clés : Méthodes de décomposition de domaine, ondes harmoniques, points de jonction.

Les premiers travaux de B. Després, puis M. Gander, F. Magoules et F. Nataf ont montré
qu’il est nécessaire, du moins dans le contexte des équations d’ondes, d’utiliser des conditions de
transmission de type impédante pour le couplage des sous-domaines afin d’obtenir la convergence
des méthodes de décomposition de domaine sans-recouvrement. L’approche standard considérée
dans la littérature utilise un opérateur d’impédance local permettant une convergence algébrique
dans les meilleurs cas. Des travaux ultérieurs dus a F. Collino, S. Ghanemi et P. Joly puis F.
Collino, P. Joly et M. Lecouvez ont permis de montrer que l'utilisation d’opérateurs d’impédance
non-locaux, comme par exemple des opérateurs intégraux avec des noyaux singuliers adaptés,
peut permettre une convergence géométrique des méthodes de décomposition de domaine.

Cette theése prolonge ces travaux (qui ont principalement concerné I’équation de Helmholtz
scalaire) pour dans un premier temps étendre I'analyse au cas de la propagation d’ondes élec-
tromagnétiques. De plus, 'analyse numérique de la méthode est pour la premiere fois effectuée,
démontrant la stabilité du taux de convergence par rapport au parametre de discrétisation, et
ainsi la robustesse de 'approche. Plusieurs opérateurs intégraux sont ensuite proposés comme
opérateurs de transmission pour les équations de Maxwell dans le méme esprit que ceux constru-
its pour le cas de 'acoustique. Une alternative aux opérateurs intégraux, fondée sur la résolution
de problémes auxiliaires elliptiques, est par ailleurs proposée et étudiée. De nombreuses expéri-
ences numériques ont été menées, illustrant le haut potentiel de cette nouvelle approche. A partir
de récents travaux de X. Claeys, la derniere partie de ce travail consiste a exploiter le formal-
isme multi-trace afin d’étendre ’analyse au cas des partitions comportant des points de jonction,
probléme ayant attiré beaucoup d’attention récemment. Cette nouvelle approche met en jeu un
nouvel opérateur permettant la communication d’informations entre sous-domaines, qui a vo-
cation a remplacer l'opérateur point-a-point classique. Une preuve de convergence géométrique
de lalgorithme itératif associé, également uniforme par rapport au parametre de discrétisation,
est disponible et 'on montre que 1’on retrouve l'algorithme classique en ’absence de point de
jonction.
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Motivation for domain decomposition

Historically, Domain Decomposition (DD) methods were invented by Schwarz [125]. The purpose
was to prove existence of solution of Laplace equation in domains that are unions of sub-domains
with simple shapes, for which existence proofs were known. Nowadays, the interest in DD
methods has somehow shifted from a theoretical tool to a practical numerical strategy, able
to leverage the increasing power of modern parallel supercomputers. Broadly speaking, the
main motivation is now to be able to accurately compute numerical solutions to increasingly
more complex problems. DD methods generally refer to a coupling strategy for different Partial
Differential Equations (PDE) models and/or discretization methods in adjacent sub-domains.
In this work, however, we focus only on the situation where we want to solve only one type of
equation, related to time-harmonic wave propagation problems, posed in a large domain.

Mechanically, as the size of the domain of interest grows, the size of the associated linear
systems, obtained using standard numerical methods such as the finite element method (FEM),
also increases. At some point, the size of the linear system will become so big that using a direct
solver will not be feasible for a given machine. A possible approach could then be to use an
iterative solver (e.g. Krylov solvers) to solve the problem. However, for the propagative (and
even elliptic) problems we consider, the linear systems are often ill-conditioned. For a typical
mesh size h, the condition number is of the order of O(h~2) [127, Section 1.2]. So the iterative
solver would struggle to solve the large system without a preconditioner.

For wave propagation problems, the conditioning issue is often tied to mesh requirements
induced by the wave propagation phenomena. Indeed, as the wavelength A decreases, the mesh
shall be refined to capture the finer oscillations. One expects to decrease h at least linearly
with A. However, the so-called pollution effect makes the situation even worse since the finite
element error actually increases with the frequency when the number of points per wavelength
is kept constant. Besides, the additional inherent difficulty of wave propagation problems, in
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comparison to elliptic ones, mainly lies in the (a priori) indefiniteness of the wave equation and
therefore of the related linear systems after discretization.

DD methods appear as one possible way to tackle the issue of large problems by applying
the ‘divide and conquer’ strategy. The main idea is to divide the domain in many small sub-
domains, small enough so that the PDE can be solved easily in each sub-domain by means
of a direct method for instance. Moreover, each local solve in the sub-domains can be done
independently and in parallel on different machines or cluster nodes, thereby harvesting the
power of modern distributed architectures. These independent local solves alone will not yield
the global solution. However one can hope to construct a convergent sequence of local solutions
by iteratively solving the local sub-problems and letting sub-domains exchange some (boundary)
information in-between successive solves. The art of domain decomposition is precisely to devise
efficient methods to doing so and in particular on the adequate prescription of transmission
conditions between sub-domains.

Overlapping and non-overlapping strategies

In the large class of DD methods, there are two important sub-classes: the overlapping and non-
overlapping strategies, which refer to the type of underlying partition of the domain on which
the DD method is built. Roughly speaking, in an overlapping partition each sub-domain shares a
set of non-zero measure with its neighbours, whereas in a non-overlapping partition two adjacent
sub-domains are separated by an interface of inferior dimension.

If the initial algorithm of Schwarz [125] is based on an overlapping partition and the con-
vergence proof of Lions [94] actually rests on the existence of the overlap, overlapping strategies
possess many drawbacks in practical numerical implementations. First of all, the size of the
local sub-problems is increased by the size of the overlap, making the local solves somehow
unnecessarily more expensive. In addition, the generation of overlapping mesh partitions and
the implementation of overlapping domain decomposition methods are more involved than non-
overlapping strategies. Finally, we also point out that when DD methods are used to couple two
different PDE models, the non-overlapping strategies are much more natural to consider.

All these limitations are not prohibitive and many successful methods are built on overlapping
partitions, however this work is only dedicated to non-overlapping configurations.

Impedance-based domain decomposition methods

In classical Schwarz methods, the information coming from adjacent sub-domains is incorporated
in the local sub-problems in the form of either non-homogeneous Dirichlet (as proposed by
Schwarz [125]) or Neumann boundary conditions. However, such classical Schwarz algorithms
suffer from two issues

¢ they do not converge for Helmholtz type problems, even with overlap;
e they do not converge in a non-overlapping configuration, even for a coercive problem.

The breakthrough idea, proposed independently by Lions [96] for the Laplace equation and
Després [49] for the Helmholtz equation, is to combine Dirichlet and Neumann traces to form
Robin transmission conditions. One can use a scalar coefficient to compute the Robin quantity,
but this can be generalized easily to a (local or non-local) boundary operator. Such an operator
is referred to as the transmission or impedance operator. The term impedance is justified by
the fact that such an operator has the homogeneity of an impedance. We shall use both terms
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indifferently. Two key benefits of such transmission conditions are that, first, they make Schwarz-
type algorithms applicable for Helmholtz-like propagation problems [49], and second, do not
require overlapping to actually converge [96]. Furthermore, for elliptic problems with overlapping,
compared to the classical Schwarz algorithm, the convergence rate is always improved [67, Th.
1].

Many refinements on this original idea have been proposed, which mainly consist in using more
sophisticated transmission or impedance operators to construct the generalized Robin condition.
In the following, we shall distinguish different domain decomposition methods by the transmission
operator that is used. When designing a transmission operator, the main objective is of course
to obtain faster convergence, i.e. the minimum number of iterations, without increasing the
computation cost of one iteration too much. However, as far as the mathematical analysis is
concerned, the first question that arises and which we shall ask ourselves is the following:

Given a transmission operator, are the local sub-problems well-posed?

It is in general difficult to answer this question directly, since it does not only depend on the
type of transmission operator but also on the nature of the problem, on the regularity of the
interface and so on. Broadly speaking, for wave propagation problems, a sufficient condition to
ensure that the sub-problems will be well-posed is if the real-part (to be defined) of the operator
is positive, at least for a regular enough interface. At the discrete level, this will translate as
invertible matrices, at least for sufficiently refined meshes. To try to answer the above question
more precisely, we can classify the transmission operators found in the literature into three broad
categories:

o The identity operator of Després [49] deserves its own category. It yields properly defined
transmission conditions and the associated local sub-problems are always well-defined.

e High-order local operators, by which we mean second-order surface differential operators
but also rational fractions of such operators.

Second order operators have been proposed by Gander, Magoules and Nataf [72] for the
Helmholtz equation. Numerical experiments suggest that they improve the convergence
rates of the relaxed Jacobi algorithm, provided that the parameters involved in the def-
inition of the transmission operators are properly tuned. If the second-order differential
operator is positive and the interface is regular enough, the local sub-problems will be in
general well-posed.

The use of higher-order or rational fractions of surface differential operators was advocated
by Boubendir, Antoine and Geuzaine [17] for the Helmholz equation and El Bouajaj,
Thierry, Antoine and Geuzaine in [61] for Maxwell equations, in an attempt to approximate
transparent or absorbing boundary conditions. For such operators, the convergence analysis
is incomplete. In particular, they do not satisfy the sufficient condition of positivity so that
the well-posedness of local sub-problems remains in general an open problem and depends
on the configuration.

e Non-local operators: their interest in domain decomposition methods, which lies in the the-
oretical guarantees of convergence, was first advocated in [78] for the Helmholtz equation,
despite their increased computational cost. Among other properties, positivity is explic-
itly required for such impedance operators in order to ensure the well-posedness of local
sub-problems.

Note that we only cited above a few references, a more complete and detailed review of the
literature is conducted in the first chapter.
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The domain decomposition methods based on impedance conditions are often referred to as
‘Optimized Schwarz Methods’ (OSM) in the literature. The term seems to have been introduced
in [69] for symmetric positive definite problems. The ‘optimized’ term refers to the possibility
to tune the free parameters (which can be generalized to a boundary operator) that comes
into play when one combines the Dirichlet and Neumann quantities together. The goal of this
tuning is to decrease the convergence factor (i.e. improve the convergence rate) of the Jacobi
iterative algorithm, as was done for instance in [67, 72, 75, 97] for the Helmholtz equation in
non-overlapping configurations.

Convergence analysis: the utility of non-local operators

Domain decomposition methods are by nature iterative methods. The simplest iterative al-
gorithms are often considered for the theoretical analysis of convergence, namely fixed-point
algorithms such as the (relaxed) Jacobi or the Gauss-Seidel algorithms. However in practice one
typically uses Krylov acceleration techniques, for instance the GMRES algorithm, since for wave
propagation problems the matrices are in general indefinite. Note that the convergence of the
relaxed Jacobi algorithm implies the convergence of the corresponding GMRES algorithm, even
for the restarted version (the converse is not true). In this respect, it is important to study
theoretically the relaxed Jacobi algorithm.

Several important questions arise when we consider the mathematical analysis of the conver-
gence of domain decomposition algorithms:

Is the algorithm convergent to the solution of the original problem?
What is the convergence rate?

After discretization, how does the convergence rate depend on the parameter h?

A highly desirable property for domain decomposition methods often encountered in the literature
is the notion of optimality, in the sense of Toselli and Widlund [127, Def. 1.2, Sec. 1.3], i.e. “a
rate of convergence to the exact solution independent of the size of the system”, which is related
to the third question above.

The answers to these questions vary again greatly depending on the transmission operator
that is used. We use our previous classification to structure the discussion on this matter:

e Identity operator: The relaxed Jacobi algorithm is provably convergent, with an algebraic
convergence [49] and the convergence is guaranteed both in the continuous and discrete
settings. The proof is based on the decrease of a pseudo-energy. However the convergence
rate is not h-uniform for both the Jacobi and GMRES algorithm.

o High-order local operators: Domain decomposition methods based on high-order local op-
erator or rational fractions of local operators lack a general convergence analysis. Some
partial proofs are available but concern specific geometries amenable to Fourier or modal
analysis [17, 61]. However, the actual implementations of the method seem to perform
rather well.

The convergence proof based on energy considerations can be extended in some particular
cases to several (positive) second-order differential operators, as was done for instance by
Piacentini and Rosa [117] or by Després, Nicolopoulos and Thierry in a recent paper [52],
both for the acoustic case.

e Non-local operators: The main motivation for considering non-local operators comes from
the guaranteed geometric convergence of the relaxed Jacobi algorithm [78, 91]. Besides,
the convergence rate is observed to be stable with the discretization.
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Junctions and cross-points

In non-overlapping configurations, the special points (in 2D) or lines (in 3D) where strictly
more than two domains abut are termed ‘junctions’ or ‘cross-points’, depending on the authors.
We shall use both terms indifferently, although the term ‘cross-points’ is strictly speaking more
applicable to two-dimensional configurations. Besides, it is important to distinguish such interior
cross-points with the points (in 2D) or lines (in 3D) that mark the intersection of an interface
between two sub-domains with the physical boundary of the global domain, and which are
termed boundary cross-points. The union of all junctions lines in 3D is sometimes referred to as
the ‘wire-basket’.

For realistic large scale applications, domain decomposition methods should be applicable to
domain partitions with junctions, whose presence is in general inevitable if an automatic mesh
partitioner is used. However, the presence of junctions can be an issue both at the theoretical
level for the convergence analysis of the method and in practice in numerical implementations.

The nature of the issue posed by junctions varies depending on the type of transmission
operators that are used. We review below the literature on the subject, mainly for the Helmholtz
equation as it is rather scarce for the electromagnetic case:

o Identity operator: There is no additional issue in presence of junctions to define and analyse
the DD method at the continuous level. In addition, the convergence proof based on energy
estimates [49] still stands in presence of junction points. At the discrete level, one possible
route that avoids the junction problem altogether is to use a mixed-hybrid finite element
formulation as in the original work of Després [49]. The advantage of the approach is that
no degree of freedom is associated to cross-points.

In contrast, delicate questions may arise in the definition of transmission conditions at
cross-points in the case where nodal discretizations are used and for which degrees of
freedom are associated to cross-points. For instance, Gander and Kwok [71] pointed out,
already for elliptic problems, that straightforward nodal discretizations (for which degrees
of freedom are associated to cross-points) can diverge and that the continuous proof (based
on energy estimates) fails to carry over to the discrete setting in general.

Some ad-hoc treatment of the problem at the discrete level has been developed by Bendali
and Boubendir [13, 15] which introduces additional global unknowns at the junction points
effectively coupling all sub-domains. This leads to a global indefinite system posed on the
reunion of all junctions that needs to be solved at each iteration.

More recently, Gander and Santugini [73] introduced two techniques, termed ‘auxiliary
variable’ and ‘complete communication’; to treat the issue. They present the strategies for
elliptic problems but we believe that the approach could be extended to wave propagation
problems.

o High-order local operators: When second or higher-order impedance operators are used, the
implementation difficulties in continuous Lagrange finite element methods still stands, but
the junction points are already troublesome at the continuous level. The main additional
issue is the presence of a ‘corner’, which raises a definition issue due to the use of high-
order operators (for instance Laplace-Beltrami operators) on open surfaces. One needs
some compatibility conditions to be enforced at the corners to ensure the well-posedness
of the problems with such transmission conditions, a problem that is somehow overlooked
in many papers.

Modave et al [105] reported non-consistency issue in the absence of treatment of junction
points with physical boundaries in the context of high-order absorbing boundary conditions.
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They presented a discrete treatment of cross-points for high-order transmission operators.
However, the approach is only valid on cartesian-like partition of the mesh, allowing only
to treat cross- points where an even number of domains abut.

The issue has been addressed recently by Després, Nicolopoulos and Thierry [52] for a class
of second-order transmission operators. Quasi-continuity relations are used at the corners
to obtain a transmission operator suited for broken line interfaces. The convergence of the
algorithm is proven by using energy estimate techniques.

e Non-local operators: In presence of junctions, DD methods using non-local operators can
be properly defined at the continuous level, and are provably convergent [78]. However, the
geometric convergence proof [42, 44, 91] is not valid in presence of cross-points. Besides,
numerical experiments suggest that the convergence is in fact not geometric, and we shall
provide some numerical evidence of this fact.

Research direction and main contributions

First, let us point out that the work we present here is the latest development in a long standing
research effort on domain decomposition methods for wave propagation problems that dates back
to the PhD thesis of Bruno Després in 1991 [49], already under the supervision of Patrick Joly,
and from which the idea to use Robin transmission conditions to obtain convergence of domain
decomposition algorithms for the Helmholtz equation firstly emerged. This initial work was
later completed in the course of Souad Ghanemi PhD in 1996 [78], also advised by Patrick Joly
and in which Francis Collino took also part. The idea to use non-local transmission operators
was then developed and the geometric convergence of the associated relaxed Jacobi and Gauss-
Seidel algorithms was proven. More recently, the subject was revived during the PhD of Matthieu
Lecouvez in 2015 [91], still supervised by Patrick Joly, with Francis Collino also involved. Several
integral operators were proposed and analyzed for the Helmholtz equation, and tested numerically
in 2D. These different contributions were the main starting point of the ANR project ‘NonLocal
DD’ led by Xavier Claeys, which funded this work.

The first purpose of this work is to extend the convergence analysis of non-overlapping do-
main decomposition methods with non-local transmission operators that was available for the
Helmholtz equation [42, 43, 44, 78, 91] to the electromagnetic setting. We achieve this by pro-
viding an abstract framework that includes both the acoustic and electromagnetic settings and
which is the subject of Part I of this manuscript.

The second purpose of this work is to combine the convergence analysis with the actual
construction of suitable non-local impedance operators for Maxwell equations that satisfy the
requirements of the theory. This is the subject of Part II of this manuscript. The natural idea
was to extend the work of Lecouvez [91] where integral-based transmission operators adapted
to the acoustic case where advocated and numerically tested. This task proved to be rather
difficult. First on the theoretical side, since the functional setting associated to the Maxwell
equations is more intricate. Second, on the numerical implementation of the operators which
required great care. Despite the amount of work dedicated to these aspects and which is re-
ported in this manuscript for completeness, the outcome of the numerical tests in 3D is rather
disappointing. However, these difficulties motivated the investigation of a new route to construct
suitable non-local operators which proved in turn to be rather successful in our numerical ex-
periments. These operators are no longer integral operators (which were discretized using the
boundary element method) but rather involve solving auxiliary elliptic problems which are more
easily solved numerically and do not require sophisticated technologies. We provide a generic
definition, with simple adaptations to the acoustic or electromagnetic settings, which includes
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the case of heterogeneous media. The parameters appearing in the definition are easy to choose
and do not require complicated tuning to get efficiency. Besides, these transmission operators can
be used in sub-domains of arbitrary geometry, including ones with rough boundaries generated
by automatic graph partitioners, without any additional treatment.

A third research direction for this work was to prove the stability with respect to the dis-
cretization parameter of the geometric convergence of domain decomposition methods using
suitable non-local impedance operators. This was a conjecture, largely supported by numerical
evidence, made for instance in [91]. We rigorously proved this result in the acoustic case, see
the numerical analysis of Part I (the case of Maxwell equations is only partially covered by our
analysis). This axis of research led to the published work [30].

Finally, the last research direction concerned by this work is the investigation of the cross-
point issue, namely the fact that cross-points break the geometric convergence proof. Using the
multi-trace formalism and leveraging the ideas proposed by Xavier Claeys in a recent paper [29]
we provide an answer to the problem by defining a new communication operator that exchanges
information between sub-domains. The geometric convergence proof is recovered if suitable non-
local transmission operators are used and remains stable after discretization. Importantly, the
method is found to be a generalization of the previously described method in absence of junction
points. This axis of research led to the preprint work [33].

Let us summarize below the outcome of this work, in what we believe are our four main
contributions:

1. The description and analysis of a large class of non-overlapping domain decomposition
methods for wave propagation problems, including both the Helmholtz equation and 3D
time-harmonic Maxwell’s equations, with suitable non-local transmission operators.
This is completed by an actual implementation and testing of the method for a standard
finite element discretization;

2. The design of a novel transmission operator based on auxiliary elliptic problems which
satisfies the requirements of the convergence theory and can be generalized to a large class
of wave propagation problems including both the acoustic and electromagnetic settings;

3. The numerical analysis of a finite-element based Galerkin discretization of the domain
decomposition method applied to the Helmholtz equation. We proved the h-uniform
stability of the geometric convergence for the relaxed Jacobi algorithm;

4. The description and analysis, supported by extensive numerical results, of a specific domain
decomposition method that performs a clean treatment of configurations with junction
points, allowing to recover the geometric convergence of the algorithm if suitable non-local
transmission operators are used.

We acknowledge, in addition to Patrick Joly as PhD-advisor, the participation throughout
this work of two additional collaborators. Xavier Claeys, leader of the ANR project that funded
this work, who came up in particular with the breakthrough ideas regarding the fourth contri-
bution above. Francis Collino, also enrolled in the ANR project, who participated actively in
the development (and implementation) of new non-local transmission operators, in particular
regarding the second contribution above.
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Outline of the work

There are two preliminary chapters:

1. Chapter 1: we conduct an overview of the literature from our perspective, i.e. the em-
phasis is on domain decomposition methods that can be applied to time-harmonic wave
propagation problems.

2. Chapter 2: in this chapter we try to motivate in a simple two-domain configuration our
usage of the Multi-Trace (MTF) formalism [83, 84, 32, 38] for domain decomposition
methods. This is intended as an introduction to the main concepts that we will extensively
manipulate in subsequent chapters. The basic foundation of our treatment of junction
points is also laid out.

The rest of the manuscript is organized as follows:

1. Part I: we describe and analyse an abstract generalization of a class of non-
overlapping domain decomposition methods for some time-harmonic wave prop-
agation problems. This contribution builds on previous works that were mainly con-
cerned with acoustic wave propagation [42, 43, 44, 78, 91]. The initial aim was to generalize
the method to the electromagnetic setting. We extend the formalism to a wider class of
wave-type problems, provided that some simple abstract assumptions hold, that includes
both the Helmholtz and Maxwell equations. The domain decomposition methods we con-
sider belong to the family of impedance-based methods and our focus is on the derivation of
sufficient conditions on the impedance or transmission operators to ensure fast (geometric)
convergence of iterative algorithms.

o Chapter 3: the abstract domain decomposition method is firstly defined and analysed
at the continuous level. We write and prove the equivalence between our (abstract)
model problem and an (abstract) decomposed problem. We then show how to re-
cast the formulation as an interface problem posed on the skeleton of the partition
before describing some iterative algorithms that can be applied to solve it. The con-
vergence analysis is conducted and sufficient conditions on the transmission operator
for geometric convergence of the relaxed Jacobi algorithm are provided. The last sec-
tion of the chapter establishes that our abstract framework is valid for the two main
applications we have in mind, namely acoustic and electromagnetic harmonic wave
propagation problems.

o Chapter 4: this chapter is devoted to the numerical analysis of a particular choice
of discretization of the previously described method, namely conformal Galerkin dis-
cretization. We show that the discrete problem can also be decomposed and reformu-
lated equivalently on the skeleton. Besides, we settle the crucial question of uniform
stability of the geometric convergence of the iterative domain decomposition method,
which was recognized before this work as an open question in [91, Rem. 3, Chap.
6]. Indeed, we prove that the convergence factor of the discrete Jacobi algorithm
is uniformly bounded above with respect to the discretization parameter, upon us-
ing transmission operators with suitable uniform continuity and coercivity properties.
This important result rests on the theoretical existence of a continuous and stable
discrete Dirichlet lifting, constructed from the Scott-Zhang interpolator. We show
that widely used discretization methods for Helmholtz equation using standard finite
elements fall in our abstract discrete framework.
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2. Part II: we advocate several new transmission operators that satisfy the re-
quirements of the theory. We can further structure the work in this direction into two
main branches:

o Chapters 5, 6 and 7: we focus our attention on integral operators (of convolution
type). Similar transmission operators were studied in earlier works such as [44, 91]
for the acoustic setting and [34] for the electromagnetic setting.

— Chapter 5: we propose and construct several candidate transmission operators
based on potential theory with adequate theoretical properties, both for Helmholtz
and Maxwell equations. Our main concern is to propose, for the Maxwell case,
impedance operators for which we know techniques that reduce the computational
burden of non-local operators without compromising their essential properties.

— Chapter 6: we use modal analysis for spherical geometries in the electromagnetic
setting to compare more quantitatively the operators previously described. This
completes the theoretical analysis and provides further confidence in our propo-
sitions of suitable transmission operators.

— Chapter 7: the numerical implementation of the previously introduced operators
is discussed and numerical experiments are conducted. Numerical experiments
with the newly proposed operators in 3D are however disappointing. Our inves-
tigations suggest that the issue lies in the discretization method that is used to
compute the integral operators, namely the boundary element method (BEM)
which would not cope well with the finite element method (FEM) that is used to
solve the equation in the domain.

e Chapter 8: in this chapter we propose a novel realisation of a suitable non-local
transmission operator based on elliptic auxiliary problems. This idea, which can be
applied seamlessly either to the acoustic or the electromagnetic setting, appears to be
new. If the underlying continuous operator is of very similar nature as the operators
based on integral representations discussed in the preceding chapters, we show in our
numerical experiments that it behaves much better in practice. The implementation of
this operator exonerates from the need to interface (or implement) a boundary element
code and can be carried out so that to have a reduced computational footprint. To
do so, the geometric domain in which the auxiliary problem is solved is restricted
to a strip whose boundary coincides on one side with the transmission interface and
is a fictitious boundary on the other side. We discuss and carefully compare the
behaviour of the operator for various boundary conditions on the fictitious boundary
as the width of the strip is shrunk. Based on our numerical experiments this operator
seems particularly well-suited for heterogeneous media.

3. Part III: we describe and analyse a generalization of the domain decomposition
that allows the presence of junction points. We build upon the multi-trace formalism
and the breakthrough idea proposed in [29] which provides a new point of view on the
classical point-to-point exchange operator. This is the product of a joint work with Xavier
Claeys who provided most of the theoretical foundation in the analysis.

e Chapter 9: the novel domain decomposition strategy that permits the presence of
interior junction points (still excluding junction points with the physical boundary for
the sake of simplicity) is described at the continuous level. The presentation follows
the same abstract route as what was done in Chapter 3, highlighting in the process
the key features that permit to handle cross points. We show that under some mild
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conditions on the transmission operators the method falls back to the one described
in Chapter 3 in the absence of junction points. In addition, we provide again sufficient
conditions on the transmission operators to guarantee the geometric convergence of
the relaxed Jacobi algorithm.

Chapter 10: the numerical analysis of a discrete version of the previously described
domain decomposition strategy is considered in full generality (i.e. the method allows
for interior as well as boundary cross points). Again, the discrete solution of the
original discrete problem is a fixed point of the interface problem posed on the skeleton.
We show for the acoustic setting that this new method also enjoys h-uniform bounds
on the convergence rate of the relaxed Jacobi algorithm, upon using transmission
operators with suitable uniform continuity and coercivity properties.

Chapter 11: extensive numerical experiments are provided to support the theory. We
show numerical illustrations of the h-uniform stability of the convergence rate when
using non-local operators. The robustness of the method is demonstrated through
numerical tests with increasing frequency and in heterogeneous media. Strong and
weak scalability tests are also performed. Besides, we demonstrate numerically that
the novel exchange of data between sub-domains can be performed efficiently.
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Domain decomposition is a very active field of research and the associated literature is vast,
particularly regarding the design and analysis of methods for the numerical simulation of elliptic
problems. See for instance the books [58, 118, 113, 127] for a general reference, and [68] for an
historic of the field. Note that our review is mainly focused on methods for time-harmonic wave
propagation problems, which is the subject of this work, and more precisely on the literature that
views (as we do) domain decomposition methods at the PDE level. This bias actually excludes
a large body of valuable references that adopt a more algebraic point of view.
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The chapter is organized in three sections. In the first section we provide some brief com-
putations which we find enlightening. It indicates the interest in using Robin-type transmission
conditions for wave propagation problems in a non-overlapping configuration. This is a clear
difference with the original overlapping Schwarz algorithm which relies only on Dirichlet condi-
tions. The second section is devoted to an overview of the different transmission operators that
one can use to define (non-overlapping) domain decomposition methods for wave propagation
problems. In the third section we review several treatments that have been proposed to address
the different issues that arise in the presence of cross-points.

1.1 A revisit of the initial Schwarz algorithm

The purpose of this section is to motivate the use of (non-overlapping) impedance-based domain
decomposition methods. We show that the initial algorithm of Schwarz does not converge when
either the sub-problems do not overlap or the problem is no longer elliptic.
In his celebrated paper from 1870 [125], Schwarz considers the existence of a solution to the
following Dirichlet problem
{ Au =0, in Q=000 4

u=g, on 0f).

where 2 and )y are two overlapping sub-domains.
The solution is proved to exist as the (well-defined) limit of the sequence of local solutions
(uf, ub), constructed for n > 1 and two initial guesses u) and uJ as follows,

—Aul} =0, in Qy, —Auy =0, in Qy,
ul =g, on 99 N 9N, uj =g, on 90 N 99y, (1.2)
u'iL — ug*17 on 904 N INs, ug = u?, on 021 N 0Ns.

This is called the Schwarz alternating algorithm.

Note that the above algorithm is not parallel since the local problem in the sub-domain €2
must be solved before the local problem in the sub-domain €25. The parallel version was proposed
by Lions in a series of three articles published more than a century later from 1988 to 1990 [94,
95, 96] that revived the interest for domain decomposition methods. We shall study in this
section the parallel version, which is closer to our target applications.

1.1.1 A 1D model problem with the classical Schwarz algorithm

We show now on a 1D model problem that the classical Schwarz algorithm with Dirichlet trans-
mission conditions does not converge: first, for elliptic problems in the non-overlapping case; and
then, for propagative problems, even in the overlapping case.

Elliptic problem We consider first the model (elliptic) problem, for a positive and real pa-
rameter 7,
(-A+n’)u=f, nQ=R, (1.3)

where we require the solution u to decay at infinity and f is the source term, in L?(R) for
instance. Let us consider a modified version of the above classical Schwarz algorithm where the
unbounded domain R is split into two overlapping half-spaces 1 = (—o0,d) and Qs = (0, 4+00)
for an overlapping parameter § > 0 (the case 6 = 0 allowing to recover the non-overlapping case).
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The classical (parallel) Schwarz algorithm, for n > 1 and two initial guesses u{ and u9, is written
as

{(_830&0 + 772) U? =5 in le {(_amx + 772) Ug = fv in QZ, (1 4)
ul =u '

72’71, at d, ul = u?il, at 0,
where we require the local solutions v} and u} to decay at infinity. By linearity, it is enough to

consider the case f = 0 and analyze the convergence to the zero solution.
Standard computations then yield

uf (z) = uy ™' (8) "), x <6, (1.5)
ub(x) = ub~H(0) e, x>0, '
and by induction one can prove that
ui™(0) = p¢ 4 u}(0), (16)
uz"(8) = pg 4 u3(9),
where the convergence factor (over two iterations) is
ey 1= e 2, (1.7)

It is readily seen that in the non-overlapping case (6 = 0), the convergence factor p. 4 is identi-
cally equal to 1 and the algorithm does not converge. In contrast, if the overlapping parameter
is not trivial (§ > 0) the convergence is guaranteed since the convergence factor p. + < 1. This
is not surprising, it is clear that by exchanging only Dirichlet data at the common interface, the
algorithm for the error is stationary.

Propagation problem We consider now the model problem for wave propagation, for a pos-
itive and real parameter x, and a source term in L? with compact support

(A=K u=f, in =R, (1.8)

where we require the solution u to satisfy the Sommerfeld radiation condition at infinity (our
time convention is e ~1%?!)
lim (0, —ik) u =0, r=|x|. (1.9)

r—400

The classical Schwarz algorithm, for n > 1 and two initial guesses uY and u3, is written as

{(_aww - 52) ’U,'{L = f7 in Qy, {(_awa: - '%2) Ug = fa in Qy,

1.10
u =uh~t, at d, u =u "t at 0, (1.10)

where we also require the local solutions u} and u3 to satisfy the Sommerfeld radiation condition
at infinity. Standard computations then yield

uf (x) = uy = (9) e, ¥ <9, (1.11)
ul(z) = u}~1(0) ', x>0, )
and by induction one can prove that
u"(0) = i uf(0), L2
uz™(8) = pf u3(9),
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where the (now complex) convergence factor (over two iterations) is
pe = e 2R, (1.13)

Again, in the non-overlapping case (§ = 0), the convergence factor p. is identically equal to
1 and the algorithm does not converge (which was predicted). However this time, even if the
overlapping is not trivial (0 > 0), we see that the convergence factor p. is equal to 1 in modulus,
from the presence of the imaginary unit in the exponential factor.

1.1.2 The interest of the Robin transmission conditions

We show now on the same model problems that using Robin transmission conditions one can
restore the lost convergence previously observed.

Elliptic problem Introducing a Robin boundary condition, parameterized by a complex ¢ to
be chosen later, the (optimized) Schwarz algorithm, for n > 1 and two initial guesses u{ and u3,
is written as

(=Opo + 1) ul = f, in Oy, (=0pa +1?) ul = f, in Qo, (1.14)
(O +t)uft = (8, +t)us™t,  até, (=0 +t)ul = (=0, +)ul™, ato, '
where we require the local solutions u}' and u3 to decay at infinity. Note that we could consider
two different Robin parameters, one for each sub-domain, but it is enough to introduce only one
parameter for our purposes.

Note that by taking formally the limit ¢ — +o00 one recovers the previous case with Dirichlet
transmission conditions and by setting ¢ = 0 one gets Neumann transmission conditions (which
yield similar pathological behavior as the Dirichlet case).

Standard computations then yield

uf(z) = uy~(0) ;—Z en(@=9) x <6, (1.15)
up (@) = ui = (0) (7 ) €77, x>0, '
and by induction one can prove that
u%n(o) = pg,+ u(l)(o)v (116)
uz™(8) = pjy 4 ug(9),

where the convergence factor (over two iterations) is

¢ 2
— ] —2nd
Pot+ = e . 1.17

It is readily seen that for any Robin parameter ¢ with a real and positive real part, the convergence
factor pc 4 is strictly lower than 1 in modulus and the algorithm does converge independently
of the overlap (albeit with a faster rate with a larger overlap). In fact, the best parameter is
t = n which yields convergence in two iterations. This is an optimal result, which is valid in the
one-dimensional case. In higher dimensions (see [74] for instance), the optimal parameter is a
(pseudo-differential) operator.
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Propagation problem Introducing a Robin boundary condition, parameterized by a complex
t to be chosen later, the (optimized) Schwarz algorithm, for n > 1 and two initial guesses u{ and

u9, is written as

(1.18)

(_aza: - 52) uil = f7 in Ql7 (_a:r:v - ’12) Ug = f7 in Q27
(0 —t)uft = (8, —t)uy™', at s, (=0 —t)ul = (=0, — ) ul"",  at 0,

where we require the local solutions u} and u4 to satisfy the Sommerfeld radiation condition at
infinity. Standard computations then yield

ult(x) = u;“l((S) Z:Z e in(@=0) x < 0, (1.19)
uh(z) = u?_l(O) Zi: elre x>0, ’
and by induction one can prove that
u"(0) = g uf(0), w20
u3"(8) = py ug(9),

where the convergence factor (over two iterations) is

t—ik\? ;
Do == ( ) e 20, (1.21)

t+ik

The situation is formally similar to the previous case. We observe that the overlapping
parameter plays no role in the convergence and for any Robin parameter ¢ with a real and
positive imaginary part, the convergence factor p.  is strictly lower than 1 in modulus. The
optimal parameter in this case is ¢ = ik, which is valid in the one-dimensional case. In higher
dimensions (see [72] for instance), the optimal parameter is also a (pseudo-differential) operator.

1.2 DDM for propagative problems

We provide in this section an overview of the different transmission operators that one can use
to define (non-overlapping) domain decomposition methods for wave propagation problems.

1.2.1 The original transmission conditions of Després

The idea proposed by Després [47, 49, 48, 51, 50] is to consider the physical transmission condi-
tions at the interface and to rewrite them equivalently as Robin conditions.

1.2.1.1 Helmbholtz

Let us consider a partition with two sub-domains €2; and )5 separated by an interface X, with
respective outward unit normals v; and v5. We denote by u; and wus their respective local
solutions, satisfying the Helmholtz equation, introducing the wavenumber x,

(-A = K*)u; =0, inQ;, j=1,2. (1.22)

For simplicity we assume that the source term comes from a non-homogeneous physical boundary
condition which is omitted. The continuity conditions, which correspond to the continuity of the
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trace of the solution and the trace of its normal derivative, are

=, on 3, (1.23)
alllul = _8V2u27

and can be recast as Robin conditions as follows

{+5w“1 iR = Oy —inus, (1.24)

+0p, Uz — 1K Uz = —0y, u1 — ik U1,

It is clear that the conditions (1.23) and (1.24) are equivalent.

Remark 1.1. In the case were the medium of propagation is heterogeneous, the coefficient ik can
be modified, for instance by taking into account a simple local average of the varying coefficients
of the PDE from both sides of the interface, see [49, Sec. 4.3].

Formal generalization To help compare different choices of transmission operators, let us
rewrite the transmission conditions (1.24) for two general transmission operators T, s € {1, 2},
as

Opyu; — T = —0y,ug — T1 us,
Ot = 1 22 7 T2 on ¥. (1.25)
+0u,ug — To uz = =0y, u1 — Ta uy,
With this convention, the conditions of Després consists in using
Ty =Ts =ik Id. (1.26)

The first equation of (1.25) will be used as a Robin condition for the local sub-problem written
in the domain 2; and the second one for the local sub-problem written in the domain €25.

In the actual implementation of the domain decomposition method, such transmission condi-
tions will imply that one will need to solve local sub-problems of the form (omitting the physical
boundary condition)

A —r¥u; = in Q.
(A=) =0, i i=12, (1.27)
+0y,uj — ik Tj uj = xj, on X,

where z;, j = 1,2 are given. Usually this data will incorporate information coming from the
adjacent sub-domain and will be computed with the solution obtained at the previous iteration.
For instance, if the relaxed Jacobi algorithm is used, this data reads

{;1:1 = +4r [+0,,u1 —ik Ty u1] + (1 —7) [0y, us — ik Ty ug], (1.28)

o =471 [+0,,us —ik To ug] + (1 —7) [0y, u1 — ik To uq],

where 0 < r < 1 is the relaxation parameter and the quantities used are computed at the previous
iteration.

Convergence analysis The first advantage in using Després method is that the local sub-
domain problems are always well-posed which translates in the discrete setting as the fact that
the local matrices are always invertible. This feature is not always guaranteed if Dirichlet or
Neumann conditions are used instead of the Robin boundary conditions proposed by Després.
When used in the static (elliptic) problem, using the Robin condition corresponds to suppressing
the so-called “rigid body modes”.
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The second advantage of using Després method is that the convergence of the relaxed Jacobi
algorithm iterative algorithm is always guaranteed. Note that the relaxation is necessary in
the general case, although the classical Jacobi algorithm (without relaxation) may nevertheless
converge in some particular configurations. For a proof of this convergence result, we refer the
reader to [49] and more precisely to Theorem 4.1 for the continuous setting and to Theorem 7.1
for the corresponding discrete result in the case of a discretization based on a mixed-hybrid finite
element formulation. These proofs are based on the decay of a pseudo-energy estimate defined
on the interface.

1.2.1.2 Maxwell

The extension of the original idea for Helmholtz to Maxwell was considered by Després, Joly and
Roberts [49, 51]. In the electromagnetic setting, the local solutions E; and E, satisfy

(curlcurl —nZ) E; =0, inQy, j=1,2. (1.29)

The continuity conditions are

x (E = X (Eg X
vix (B xon) = vy x (B X v), on 3, (1.30)
curlE; x 1 = —curlEs X vy,
and can be recast as Robin conditions as follows
+curlE; xv; —ik vy X (Eq X 11) = —curl Eg X vy — ik vg X (Eg X 13), =
on .
+curlEs X vy —ik o X (B2 X 19) = —curlE; X vy —ik vy X (Eq X vq),
(1.31)

Formal generalization Again, to help compare different choices of transmission operators,
let us rewrite the transmission conditions (1.31) for two general transmission operators Tj,
s €{1,2}, as

+curlE1 X V1 _Tl V1 X (El X Vl) = —curlE2 X Vg _Tl Vg X (EQ X 1/2), )
on X.
—|—curlE2 X Vo —T2 Vo X (E2 X VQ) = —curlE1 X 1 —T2 1S (El X 1/1),
(1.32)
With this convention, the conditions of Després consists in using

In the actual implementation of the domain decomposition method, the local sub-problems are
of the form (omitting the physical boundary condition)

{(curl curl —x?) E; =0, in Q, j=1,2, (1.34)

+curlE; x v; —ik T v; x (Ej X v;) = Xx; on ¥,

where x;, j = 1,2 are given data incorporating information coming from the neighbouring sub-
domain.

Convergence analysis This choice of transmission conditions yields well-posed local sub-
problems and a convergence analysis formally similar to the one devised in the acoustic setting is
also applicable, see for instance [49, Th. 9.1] or [51, Th. 2.5]. Besides, a mixed-hybrid finite ele-
ment formulation of the method inherits the convergence properties from the continuous setting
and is therefore a well-adapted discretization strategy, at the price of an increased computational
cost.
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1.2.2 The “exact” transmission operator

It is worth mentioning the existence of an “exact” transmission operator which provides optimal
domain decomposition methods in the sense that it yields convergence in J iterations if J is the
number of sub-domains in the decomposition. This result is valid in the special configuration
where the sub-domains satisfy a chain-like configuration (one-dimensional splitting). For the
proof of this result, we refer the reader to [44, Sec. 1.3.2] for a two-domain configuration and [74,
Th. 17] for a configuration with J serially connected sub-domains. In [39, Th. 6.2], it is shown for
a slightly more general configuration (still excluding cross-points) that the number of iterations
to convergence (or nilpotence index) is equal to the depth of the adjacency graph of the partition
plus one iteration.

In the acoustic setting, the “exact” transmission operator T that shall be used in the Robin
boundary condition imposed for the problem in the sub-domain €2; is the so-called Dirichlet-to-
Neumann (DtN) map associated to the sub-domain 5. More specifically, we define for a given
Dirichlet trace x on the interface X

Tiz := 0y, 02, (1.35)

where vy is solution to (omitting the physical boundary)
—A — K2 = in
{( Ii)’UQ 0, in (29, (1.36)

V2 =2, on X.

The definition of the operator T is formally similar, with a DtN map defined in the sub-domain
Q. Note that these maps are not always well-defined, for instance if x is a Dirichlet eigenvalue
of the Laplacian operator. The extension to the electromagnetic setting is straightforward and
uses Electric-to-Magnetic maps. The generalization if this idea to more sub-domains requires to
solve auxiliary problems in the complementary of each sub-domain.

At the discrete level, the “exact” transmission operator can be viewed as a Schur complement
matrix for the degrees of freedom that lies on the transmission interface. In [98] for instance, the
authors compute a sparse approximation of the (dense) Schur complement matrix to derive an
algebraic DD method.

This strong result is however mainly of theoretical interest since actually computing this ideal
operator is (almost) as difficult than solving the original problem. It is nevertheless clear that
this could be used as a guide for the construction of efficient transmission operators and this is
the idea behind some DD methods as we have already seen.

Connection with absorbing boundary conditions In some cases the above “exact” trans-
mission conditions coincide with transparent or absorbing boundary conditions. The construction
of (artificial) absorbing boundary conditions (ABC) is an old subject, first formalized in 1977 in
a paper by B. Engquist and E. Majda [63]. In this paper, the Helmholtz equation is considered
and the “exact” transmission condition given by the Dirichlet-to-Neumann (DtN) map is studied
for the case of the exterior half-space problem in homogeneous media. It corresponds to the
following pseudo-differential impedance operator

. 1
ik \/Id-‘rﬁAz, (1.37)

where Ay is the Laplace-Beltrami tangential operator. This operator is sometimes referred to
in the literature as the “square-root operator”.
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For the electromagnetic setting, the exact transparent operator formally corresponds to the
following pseudo-differential impedance operator

1/
1 1

ik (Id + 2A2> <Id — — curlg curlg>. (1.38)
K K

For a proof of this result, see for instance [59, Prop. 1].

The transmission conditions of Després are commonly reinterpreted as a zeroth order Taylor
approximation of (1.37) in the small parameter |&l/x if we denote by &€ the Fourier parameter.
This approximation yields the following absorbing boundary condition for a general surface X
with outward unit vector v (our time convention is e~1¢?)

ou—iku =0, on X, (1.39)
for the Helmholtz equation and
curlExv—ikvx (Exv)=0 on X, (1.40)

for the Maxwell case. This is the reason why the DDM using Després transmission conditions
is sometimes referred to as TO0 for “Taylor Order 0”. This reinterpretation also explains the
choice of parameter ik in the transmission conditions.

The point of view of this work We emphasize that, in this work and in contrast to some
other works, we do not try to approximate these “exact” transmission conditions. The approach
that we adopt is to try to derive a method which is provably convergent (with hopefully a fast
convergence rate) and to provide sufficient conditions on its ingredients (mainly the transmission
operator) to do so. In particular, we will always consider real positive definite transmission
operators and this “exact” operator does not in general fall into this class of operators. However,
one common characteristic shared by both the transmission operators we advocate and this
“exact” operator is that they will be both of the same order when considered as pseudo-differential
operators.

1.2.3 Zeroth-order transmission operators

In the continuous setting To try to improve the convergence of the iterative algorithms,
one can consider alternatives to the choice of the parameter ix involved in the definition of the
Robin conditions. The common approach to do so is based on the splitting of R® or R? into
two half-spaces. This particular geometry allows to use Fourier analysis to compute explicitly
a modal convergence rate in Fourier space of the classical Jacobi algorithm (no relaxation is
considered). In the continuous setting and for a non-overlapping configuration, such an analysis
will reveal that for any choice of the free parameter, the convergence rate in Fourier space will
always tend to 1 as the modulus of the Fourier parameter goes to infinity. Any optimization
strategy at the continuous level is therefore hopeless.

In the discrete setting The situation changes if one consider the discrete problem. The key
idea is to consider only the Fourier frequencies that can be represented on the mesh. Typically
this means for a Fourier parameter smaller than 7, where h is the discretization parameter. The
coefficient in the transmission conditions is then optimized by solving min — max problems for
Fourier frequencies only in the bandwidth of the mesh discretization. Since the strategy is based
on an optimization process with zeroth order transmission operators, the methods described

below are sometimes referred to as “Optimized Order 07 (OO0) methods.
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A first step in this direction was proposed by Gander, Magoules and Nataf in [72], where the
authors propose to use, for a parameter o € C to be optimized,

T]_ == T2 =« Id. (141)

Note that the parameter a must be chosen with a strictly positive imaginary part to ensure the
well-posedness of the local sub-problems. For the optimized value of the coefficient «, which
depends on h, the convergence factor of the classical Jacobi algorithm for the half-space problem
is of the form 75, = 1 — O (h'/2) [72, Th. 4.1]. We also note that Magoules, Ivinyi and Topping
proposed an alternative optimization strategy, based on the same form of transmission conditions,
see [97, 99] for the details.

A further generalization of these conditions was later considered by Gander, Halpern and
Magoules in [75], which are referred to as the “two-sided Robin transmission conditions”, by
opposition to the “one-sided” version described above. The transmission operators are defined
as, for two (dimensionless) parameters a1, az € C

To=a,Id, se{1,2}. (1.42)

Again, the parameters oy and as must be chosen with a strictly positive imaginary part to
ensure the well-posedness of the local sub-problems [75, Th. 2.1]. For the optimized value of the
coefficients a1 and as the convergence factor of the classical Jacobi algorithm for the half-space
problem is of the form 7, =1 — O (h'/*) [75, Th. 4.1].

1.2.4 Second-order transmission operators
1.2.4.1 Helmbholtz

Various improvements have been made on the original idea of Després. Several authors have
proposed to use higher order surface differential operators defined on the boundary. We readily
see that this approach may raise difficulties when the boundary is not smooth. The presence of
‘corners’ requires dedicated care, which is not specific to domain decomposition methods, see for
instance [10, 88].

Second-order Taylor approximation A first idea, if one sees Després operator as the zeroth-
order approximation of an absorbing boundary condition (ABC) is to use a higher-order approx-
imation of (1.37). Since the Helmholtz operator is self-adjoint, the next order considered is a
second-order Taylor approximation (sometimes referred to as TO2 for “Taylor Order 2”) and
reads
1
ou—ik [Id+ =—Ax | u=0, on X. 1.43

( + 22 E) ( )
Transmission conditions based on this ABC are not (often) considered though, because the well-
posedness of the local sub-problems are not guaranteed, since the operator Id + ﬁAg is not
coercive.

Using a positive operator For this reason, Piacentini and Rosa consider a second-order
approximation, with the upsetting sign flipped, to obtain a coercive operator [117], namely

1
Oyu — ik (Id - MAE) u=0, on X. (1.44)
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Besides, they introduced two real and positive tuning parameters o and (3, so that their trans-
mission operators are written as

T) =T, =ix (Id - %AE) . (1.45)

This choice ensures the well-posedness of the local sub-problems, at least for a regular enough
interface. The convergence of the associated iterative algorithm can be proved by extending the
proof of Després based on a pseudo-energy estimate [117].

Optimization The optimization approach based on the Fourier analysis of the splitting of
R? into two half-spaces can also be considered with second-order transmission operators by
introducing free-parameters in the definition of the operators. Such methods are sometimes
referred to as “Optimized Order 2” (O02) methods.

The optimization of second order operators for Helmholtz problems without overlap was
considered in [67, 72|, for two parameters «, 3 € C to be tuned, the transmission operators read

Ty = Ts = ald + fAs. (1.46)

For the optimized values of the free parameters, the convergence factor of the classical Jacobi
algorithm for the half-space problem is of the form 7, =1 -0 (hl/ 4) for the propagative modes
and 7, =1 -0 (hl/Q) for the evanescent modes [72, Th. 4.2]. We also note that Magoules,
Ivanyi and Topping proposed an alternative optimization strategy, based on the same form of
transmission conditions, see [97, 99] for the details.

A “two-sided” version was considered in [76], but for an overlapping configuration.

1.2.4.2 Maxwell

Using a positive operator In [41] (and [26]), the idea to adapt a second-order approximation
of the transparent operator (1.38) for the half-space is again considered for the Maxwell setting.
It is clear that due to the presence of two operators, different second order approximation can be
used. The square-root operator is commonly approximated by a constant so that the simplest
approximation reads

1
curlE x v — ik (Id — — curly curlg) vx (Exv)=0, on Y, (1.47)
K

but is troublesome due to the presence of a non coercive operator. The sign can however be
modified accordingly, to obtain [41]

1
curlE x v — ik (Id + — curly, curlz) vx (Exv)=0, on Y, (1.48)
K

which can be seen as a straightforward adaptation to the electromagnetic setting of (1.44).
Besides, the authors introduce two real and positive tuning parameters « and 3, so that their
transmission operators are written as

T, =Ty =ik <Id + % curly, curlg) . (1.49)
K

This choice ensures the well-posedness of the local sub-problems, at least for regular enough
interfaces.



22 CHAPTER 1. STATE OF THE ART

Optimization The first analytic optimization of second-order operators in the context of
Maxwell equations was considered by Rodriguez and Gerardo-Giorda [121], in the spirit of the
techniques used in [72]. They provide an optimized value for the one-parameter transmission

conditions (a > 0)
1
T, =Ty =ik (Id — — curlg curlg) , (1.50)
K

and two-parameters transmission conditions (o, as > 0)

1
T =ra (Id - curly, curlg) ,
K

(1.51)

Ty =ik o <Id — % curly, curlg> .
One can however be wary of such conditions, since the well-posedness of such operators is not
guaranteed in a general configuration.

In [114], Peng, Rawat and Lee improve the conditions (1.50) by considering a complex coef-
ficient @ € C and by making a distinction between the transverse electric (TE) and transverse
magnetic (TM) modes. The approach is then further improved in [119], where two second-order
transmission operators are used («, 8 € C)

-1
T, =Ty =ik (Id + % grady, dng> (Id — % curly, curlg) . (1.52)
Similar optimized transmission conditions with second-order operators were also considered
in [57] for Maxwell equations written as a first order system and subsequently studied in [56]
where a connection between the two-fields and one-field versions is established. Different families
of operators are proposed and a convergence factor of the form 7, =1 — O (hl/ 4) was proved
for two classes of operators using Fourier analysis [57, Tab. 3]. See also [116, 115] for additional
work using second-order tangential operators in transmission conditions, including numerical
illustrations on test cases of practical interest.
For the damped Maxwell equations, written as a first-order system, the optimization was
treated first in [62] for one-parameter families of operators and further extended in [60] where
two-parameters operators are considered.

1.2.5 Rational fraction of local operators

There is a widespread belief in the domain decomposition community that good absorbing bound-
ary conditions (ABC) make for good transmission conditions. As we have already seen, there
are indeed connections, at least formally, in the types of transmission operators that are used,
even if several transmission conditions have nothing to do with ABC [117, 41]. Note that a first
usage of ABC for domain decomposition can perhaps be traced back to [82] and [64], but for
Laplace’s equation, with zeroth and second order operators. The first use in the context of the
Helmholtz equation can be found in [109]. The pinnacle of the approach consisting to use ABC
as transmission conditions is probably the work of Boubendir, Antoine and Geuzaine [17] for the
Helmholtz equation and then El Bouajaji, Thierry, Antoine and Geuzaine [61] for the Maxwell
case. For a review of ABC (and PML, not considered here) techniques, see for instance [108].
If the performance of such domain decomposition methods are rather impressive in the nu-
merical illustrations presented in the literature [17, 61], the approach lacks a general analysis. In
particular, it is unclear if the local sub-problems are unconditionally well-posed and if the con-
vergence of the iterative algorithm is guaranteed. Some partial convergence results are available,
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see [17, Prop. 3] and [61, Th. 1], but in particular geometries (the case of spherical domains is
treated) and without taking into consideration the Padé approximation actually used to compute
the transmission operators.

1.2.5.1 Helmbholtz

The approach of [17] consists in using the high-order ABC introduced in [3] for the Helmholtz
equation. The starting point is the Fourier analysis that provides an exact transmission operator,
see (1.37), in the case of the splitting of the whole space R?® into two half-spaces. To avoid
resonances, the operator (1.37) is conveniently regularized by the formal substitution of the
wavenumber x by a complex version ke := K + i€,

. 1
ix HId—&-H—gAE, (1.53)

where € is a tunable damping parameter, possibly varying on the surface ¥. Some heuristics can
be proposed to tune e based on the local curvature of the interface . However, the operator (1.53)
remains non-local and expensive to compute. A local approximation of this operator is therefore
considered. The idea, borrowed from [9, 81], is to approximate (1.53) using Padé approximation.
The (2N + 1)th-order Padé approximation of the square root is

N
2 c1+1 9 im
Vite ~ 1 . = cotan? [ ——— | . 1.54
T +2N+1201< c1+1+x>’ 1= cotant <2N—|—1> (1.54)

In addition, following [103], the efficiency of the approximant is enhanced by a suitable rotation
by some angle ¢ of the branch cut of the square root which is enabled by a change of variable.
We have

N 2 al a?(ep + 1) i6
Vi+z = « 1+2N+1;cl(1 a2c1—|—1+x) ) a=¢e"?. (1.55)
The real approximation (1.54) provides a good approximation for the propagative modes, while
the complex approximation (1.55) improves the approximation of the evanescent modes but
deteriorates the one of the propagative modes. The rotation angle should be tuned in order to
hit the sweet spot.

The transmission operators T; = Ty are evaluated by the formal substitution of x by k- 2Ay,
in (1.55). We readily see that the inverse of several local operators must be evaluated in order
to compute the action of the operator. This is dealt with by introducing adequate auxiliary
variables. For more detail on the reformulation of Padé approximants using auxiliary fields, we
refer to [104, Appendix A] and the reference therein.

Note that the above high-order ABC is valid (and efficient) for planar boundaries or regular
curved boundaries. Specific treatments shall be applied in presence of corners and were recently
derived in [104] and applied in the context of domain decomposition in [105].

1.2.5.2 Maxwell

The approach of [61] consists in using the high-order ABC introduced in [59] for Maxwell equa-
tions, on the model of what was previously done for the acoustic case. In the electromagnetic
setting the transparent operator for the half-space splitting is given in (1.38). Using again the
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formal substitution of the wavenumber x by a complex version k. := k+ie, the aim is to construct
transmission operators Ty = T5 which approximate the operator

—1/3
1 1

ik <Id + 2AE) <Id — — curlg curlg>. (1.56)
K K

€ €

The high-order ABC considered is more clearly understood written in the following form

1 1
1 /1d + ?Ag curlE x v — ik (Id — 3 curly, curlz> vx (Exv)=0, onY, (1.57)

and the square-root is again approximated as in the acoustic setting using Padé approximants.

1.2.6 Non-local transmission operators

The analysis of domain decomposition methods for Helmholtz equation using non-local operators
dates back to the PhD thesis of Ghanemi [78, 42] and was subsequently extended during the PhD
thesis of Lecouvez [91, 43, 44].

The approach adopted in those works consists in deriving sufficient conditions on the trans-
mission operators to ensure both the well-posedness of the local sub-problems and the fastest
convergence of the iterative algorithms. In particular, if the transmission operators in (1.25) are
such that

T, is continuous from H'/*(X) to H~'/*(%),
Ty =T%, (the adjoint) (1.58)

Ty + Ty is positive and injective,

then the local sub-problems are well-posed, see [78, Th. 3.1], [42, Th. 1], [91, Lem. 1] and [44,
Lem. 2.5]. Moreover, if

{E is closed (no junction points), (1.59)

T, + Ty is an isomorphism from H'/*(X) to H~'/2(%),

then the convergence of the relaxed Jacobi algorithm is geometrical, see [78, Th. 3.3], [42, Th.
7], [91, Th. 1] and [44, Th. 2.1], by which we mean that the error between the iterative solution
and the exact solution at the iteration n is proportional to 7", with the convergence factor 7 < 1.
Note that (1.59) is not necessary to ensure the convergence of the relaxed Jacobi algorithm, only
the geometric convergence. Several integral operators satisfying the above requirements have
been analysed in [91, Chap. 4 and 5] and tested numerically (in 2D). More recently, similar ideas
and integral operators were also used in [19].

It is the purpose of this document to pursue those works, namely extend the convergence
analysis to the electromagnetic setting and propose suitable transmission operators, analyse the
dependence of the convergence rate with the discretization parameter and finally lift the absence
of junction point assumption.

1.3 The junction issue and available treatments

As we already mentioned in the introduction, the presence of junctions can be an issue both
at the theoretical level for the convergence analysis of the method and in practice in numerical
implementations. We shall mention that the junction issue is not exclusive to wave propagation
problems, in fact it is also present for elliptic problems.
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The nature of the issue posed by junctions varies depending on the type of transmission
operators that are used. For zeroth-order transmission operators, difficulties arise at the discrete
level for nodal finite element discretizations, in the definition of transmission conditions at cross-
points. When second or higher-order impedance operators are used, the main difficulty comes
from the presence of a ‘corner’, which raises a definition issue due to the use of high order
operators (for instance Laplace-Beltrami operators) on open surfaces, already at the continuous
level. In presence of junctions, DD methods using non-local operators can be properly defined
but the geometric convergence proof is not valid.

We review below some of the literature available on the cross point issue.

1.3.1 Zeroth-order transmission operators

As we already mentioned in the introduction, there is no additional issue in presence of junctions
to define and analyse the DD method at the continuous level when using the identity operator (or
other zeroth-order transmission operators). In addition, the continuous convergence proof based
on energy estimates [49] still stand in presence of junction points. However, the discretization of
the method must be handled with great care, and was the subject of some attention. We review
below several strategies that have been proposed at the discrete level to cope with junction
points.

1.3.1.1 Mixed-hybrid and mortar methods

Mixed-hybrid or mortar finite element formulations introduce naturally the two Dirichlet and
Neumann traces, which are both explicitly discretized. Mixed-hybrid methods seem as a result
particularly adapted to the discretization of domain decomposition methods we consider. This
was recognized as a decisive feature in early works on the subject [49] which therefore considered
such formulations as the preferred discretization method. For a general reference on mixed hybrid
methods see [120].

The mixed-hybrid strategy leads to solve local saddle point problems. The main idea, bor-
rowed from [49, Chap. 7] as it was originally constructed, is as follows. Let f € L?(Q) and
x € H'/2(2) and suppose we are set to solve the simple model problem

_ 20 — ;
{Ap k°p = f, in Q, (1.60)

(0, —ik)p =z, on X,
where ¥ = 01 is the transmission interface. We introduce two auxiliary unknowns: u which
is intended to represent Vp and A which is intended to represent the natural trace p|s. The

variational form of the problem is

Find p, u, A € L?(Q) x H(div; Q) x H'/2(X) such that

—(divu, q)p>(q) — K2 (p, D20 = (F) Q2 Vg € L*(Q), (1.61)
(W, V)r2(qp — (P, divV) ey — (v-n, Ay =0, Vv € H(div, ), )
<u'na N’>E_i/€ </\7 /1'>Z] = <£L’, /~L>§]7 VﬂeHl/z(E)v

where we noted (-, -)x the duality product on H=1/2(X) x H'/?(X). Note that u € H(div, ) has
a natural trace u-n in H~/2(%).

After discretization, the three unknowns p, u and A are respectively represented using P (€2),
RT(Q) and Py(X) elements (this is the lowest order approximation). The discretization of A is
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therefore non-conformal. The notations Py(€2) and Py(X) refer respectively to piecewise con-
stant approximation spaces in the volume and on the interface, the notation RT () refer to
approximation spaces built on Raviart-Thomas finite elements in the volume.

The key thing to note is that with those approximation spaces the degrees of freedom are
located at the interior of either the elements or the interfaces between two elements and thus
cannot be shared by more than two subdomains. It follows that none of these degrees of freedom
is associated to the cross-points in 2D or junction lines in 3D. It follows that there is no issue in the
definition of the transmission conditions, since there is always a point-to-point correspondence
between the degrees of freedom of two given sub-domains at their common interface. Besides,
this particular choice of discrete approximation strategy allows to inherit the convergence result
from the continuous analysis which therefore extends to the actual discrete process.

Independently of the cross-point issue, numerical implementations based on mixed-hybrid
formulations suffer from an increased computational cost compared to the usual one field equation
based on a nodal discretization. Even if we eliminate some variables, we are left with at least
a system of size the number of edges in 2D (or the number of triangles in 3D) which is three
(respectively two) times bigger than the corresponding Py system.

In addition, it is of interest to be able to devise DD methods applicable to nodal-based dis-
cretizations, at least in order to be applicable to already existing codes. It would be particularly
irksome that successful DD methods cannot cope well with widely popular discretization methods
and must be restricted to only special methods.

1.3.1.2 Boubendir and Bendali strategy for nodal discretizations

In a series of articles [13, 14, 15], an innovative treatment of cross-points was proposed by
Boubendir and Bendali. The main idea of the method is to leave untouched the finite elements
unknowns and equations related to the cross-points while on the transmission boundaries, stan-
dard Robin transmission conditions between sub-domains are enforced.

Since the junction points and associated degrees of freedom are kept in common for all sub-
domains, a strong coupling is maintained between all local sub-problems at these nodes. This
is dealt with by using a Schur complement procedure by solving the local sub-problems with
a Dirichlet condition at the cross-points and a Neumann condition for the other nodes located
at the transmission interfaces. A global (still indefinite) system remains to be solved at each
iteration, which is of the size of the number of degrees of freedom at cross-points. The size of
this problem remains moderate since the number of such degrees of freedom is relatively small
compared to the size of the local sub-problems.

The method leads to provably well-posed local sub-problems [15, Th. 3.2] and a convergence
analysis is available which states that the relaxed Jacobi algorithm converges [15, Th. 3.3].
Numerical results illustrating the suitability of the approach can be found in [12, 18].

It shall be mentioned that this technique builds on ideas that were already available for
elliptic problems. Algebraic DD techniques such as the FETT method [100] introduce additional
unknowns at cross-points which leads to under-determined systems of interface unknowns (so-
called redundant matching conditions) and requires Krylov acceleration techniques to actually
converge. The FETI-DP algorithm [66, 90] avoids the problem altogether by replacing the dual
variables of the Lagrange multiplier defined on the transmission interface with primal ones. It
follows that solving the local problems amounts to performing a Schur complement for the degrees
of freedom associated to the junction points, hence relies on the positivity and semi-definiteness
of the local matrices.
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1.3.1.3 Gander and Santugini strategy for nodal discretizations

For the Poisson equation, it is reported in [70] that the Robin parameter shall be modified in the
presence of cross-points in order to avoid divergence of stationary point algorithms. Moreover,
Gander and Kwok [71] pointed out that straightforward nodal discretizations of OSM can diverge
and that the continuous proof of convergence fails to carry over to the discrete setting in general.

To address this issue, two different approaches are described in [73]. The first strategy consists
in introducing auxiliary variables allowing to construct a consistent discretization of the Neumann
traces at cross-points which yields provably convergent fixed point iterative algorithms. The use
of auxiliary variable is avoided in the second strategy proposed but relies on communication
between all neighbouring sub-domains that share a common junction point.

Although developed for the elliptic problem, it seems to us that these approaches are promis-
ing and could be extended to wave propagation problems without difficulties, but we are not
aware of available work in this direction.

1.3.2 Second-order transmission operator

When tangential second-order (or any higher-order) operators are used in the transmission con-
dition, the cross-points are first troublesome because of the presence of geometric singularities
on the transmission boundary and at which the tangential differential operators are not well-
defined. Recently, a new corner treatment for absorbing boundary conditions using second order
tangential operators defined on polygonal boundaries has been introduced, which paves the way
for successful domain decomposition methods [111, 52]. The case of boundary junction points
is treated but the work is on-going for interior junction points. The idea is to substitute the
classical second order operator, namely (Id + #Ag), by an operator with the same second
order Taylor approximation (for low Fourier frequencies) but with the correct sign to obtain well
posed local sub-problems. The associated second order ABC is

~1
. 1
Oyu — ik (Id - MAZ) u =0, on %, (1.62)
or equivalently
1 .
(Id - MAz) Oyu—iku =0, on X. (1.63)

Moreover, the authors derive quasi-continuity relations at the corners of the polygonal boundary
to complement the above ABC with corner conditions which takes the form of a system of linear
ordinary differential equations defined on the flat edges of the boundary. This yields well-defined
local sub-problems [52, Th. 2]. The ABC with the corner conditions is then adapted to defined
transmission conditions and construct domain decomposition methods. The convergence of the
relaxed Jacobi algorithm is guaranteed and the proof relies on a skeleton energy estimate which
is provably decreasing [52, Lem. 8].

1.3.3 Rational fraction of local operators

Again, the presence of corners (more than the nature of the cross-point) is troublesome when
using Padé-based transmission conditions because tangential differential operators are involved
in the definition of the transmission condition. In [104] the authors apply Padé-type high-order
ABCs to computational domains with non-smooth (polygonal or polyhedral) boundaries. The
proposed treatment relies on compatibility relations which are derived for the case of right-
angles. The technique is subsequently applied to more general corners at the price of making
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additional approximations or using a regularization of the boundary. The treatment involve
auxiliary unknowns which satisfy linear systems of differential equations posed on the flat edges
of the boundary.

The approach is then applied in the context of domain decomposition methods in [105] to
treat the cross point issue. Numerical results illustrate the efficiency of the approach on a nodal
finite element discretization and both boundary and interior cross-points are taken care of.

Notice that such a treatment is limited to special types of partitions where only an even
number of sub-domains can meet at a cross-point. Besides, the degrees of freedom associated to
cross-points are duplicated as many times as there are sub-domains and this results in an under-
determined system in the number of interface unknowns to be solved for. Finally, we point out
that the approach lacks a general analysis on the well-posedness of the local sub-problems and
the convergence of the iterative algorithms, but this is not specific to the cross-point treatment
that is applied.

1.3.4 Non-local transmission operators

In the continuous setting In presence of junctions, DD methods using non-local operators
can be properly defined and are provably convergent [78]. However, the geometric convergence
proof [42, 44, 91] is not valid in presence of cross points. Notice that the proof fails both with
interior cross points, but also with boundary cross points.

Besides, the transmission operators based on integral operators proposed in [91] lose their
continuity properties on open boundaries. An adequate treatment is therefore required, as pro-
posed in [19] for instance, where the authors use cut-off functions to suitably regularize the
integral operators and as a result deal with cross-points.

In the discrete setting In her thesis [78], S. Ghanemi reported numerical results showing the
h-uniform stability of the convergence of the relaxed Jacobi algorithm in presence of boundary
junctions, see Fig. 3.8 in Chap. 6 for the 2D results and Fig. 4.7 in Chap. 9 for the 3D results.
The numerical results are obtained using a mixed-hybrid finite element formulation. If other
tests presented are obtained in presence of interior junctions, no result are provided that shows
the degradation of the h-uniformity of the convergence.

In contrast, it is mentioned in [91, Sec. 9.2] that numerical experiments in 2D using a nodal
discretization show, at least for the integral operator tested, that the geometric convergence
deteriorates with decreasing mesh parameter in the presence of boundary junctions. Besides, the
numerical error seems to be concentrated near the cross points. Given the previous results using
a mixed-hybrid formulation we just mentioned, the issue seems however to be due to the type of
non-local operator used, which, as we already mentioned, loses its adequate mapping properties
on open boundaries.

Note that several of the above strategies developed for zeroth-order transmission operators
could, in theory, be applicable to DD methods using non-local operators. We are not aware of
any attempt in this direction though.
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This chapter is intended as a self contained introduction to domain decomposition and the
main important ideas later presented in the thesis. We wish to describe our approach to domain
decomposition in a toy configuration with two non-overlapping sub-domains to help the reader
grasp the essential concepts. In particular, our goal is to develop intuition on the reasons be-
hind some of the abstract definitions we will later introduce. Subsequent chapters will consider
generalizations of the ideas presented below, in a more abstract way. Note that our viewpoint
is to first interpret domain decomposition methods at the PDE level, before any discretization
method is considered.

2.1 Standard approach for a two-domain decomposition

We consider a model configuration with a non-overlapping partition consisting of two sub-
domains, excluding the presence of (boundary) junction points.

2.1.1 A first introduction to domain decomposition method
2.1.1.1 Model problem

We consider the Helmholtz equation in 2D in a (regular) domain  with a first order absorbing
boundary condition imposed on the boundary I" of 2. The model problem is then

Find u € H*(Q) such that
(A —rHu=f, in Q, (2.1)
(O, —ik)u =gy, onT,

where f € L%(Q) and g € L?(T") represent the source, x denotes the wavenumber and v is the
outward unit normal vector to I'.

2.1.1.2 Decomposition

We consider a non-overlapping partition in two domains, excluding the presence of (boundary)
junction points, by introducing a (closed) interface X that splits the domain  into an interior
domain €2; and exterior domain €23. Our assumption on the geometry of the partition yields
that the boundary of Q; is made of one component ¥ while the boundary of 25 is made of two
(disconnected) components ¥ and T, see Figure 2.1.

The domain decomposition method consists in considering the two local sub-problems

{Find uy € HY() such that

(*A*HQ) ulzf‘ﬂlv in Ql7
Find us € H*({)2) such that (22)
and (—A — 52) us = fla,, in Qo,

(8V_i"£)u2 =9 on F7
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Figure 2.1: Geometric partition in two non-overlapping sub-domains.

which are equivalent to the model problem provided they are coupled by the following trans-
mission conditions, expressing the continuity of the two traces (Dirichlet and Neumann) at the

interface ¥
uyly = uz|x, (2.3)
aulul = _8V2u27 '

where we denoted by vy (respectively v5) the outward unit normal vector to €y (respectively (22)
at the interface 3.

2.1.1.3 Transmission operator and generalized Robin quantities

Using the two equations (2.3) in a domain decomposition method yields algorithms that fail to
converge. This is why impedance-like transmission conditions have been developed.

Introducing a boundary operator T' on ¥ (often referred to as a transmission or impedance
operator) and taking two linear combinations of the transmission conditions (2.3) we get

{(—i—@ul —ikT)uy = (=0, — ikT) ug, on 5. (2.4)

(=0, —ikT) uy = (+0y, —1KT) ug,

It is readily checked that if the operator T is injective, the set of equations (2.4) is equivalent
to (2.3).

Using the above transmission conditions (2.4), we can rewrite the decomposed problem in
the form of the (still coupled) two following local sub-problems

Find u; € H*(Q4) such that

(—A—FJQ) (751 :flgl, in Ql,

(+0y, —ikT)uy = (—0y, —ikT)uz, on X,

Find us € H*()2) such that (2.5)
and (—A—KQ) U :flﬂz’ in 927

(0 —iK)uz = g, onT,

(+au2 - IHT) Uy = (781_/1 — lI"u'T) U1, on Y.

Assuming that the operator T is positive definite, one can prove that the above two local
sub-problems are well posed.
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2.1.1.4 A first (naive) iterative algorithm

Starting from an initial guess (for instance u(i = 0), one can construct two sequences (ui)n eN
of local solutions defined iteratively, for n > 0, as

Find u*" € H'(Q;) such that

(A=) ui™ = flo,, in &4,

(+0,, —ikT)ul* = (=0, —ikT)u}, onX,

Find uj ™ € H'(9s) such that (2.6)
and (—A — /-@2) uS‘H = fla,, in Q,

(0, —ir)uyt =g, on T

(+0,, —ikT)ustt = (=0,, —ikT)u}. on X,

Note that the above local sub-problems are no longer coupled, since we use in the right-hand-side
the data from the previous iteration. We see here how the decomposition of the original problem
into smaller local sub-problems can be used to compute iteratively the solution of the model
problem.

This is the simplest algorithm that one can write, but as we shall see this is not actually
how the method is implemented and analysed. To see this, we shall first reformulate the volume
transmission problem as a problem at the interface ¥, which is the subject of the next section.

2.1.2 Reformulation at the interface
2.1.2.1 Interface problem

Before starting the reformulation, let us introduce (wp,ws) a lifting of the source defined as
follows

Find w; € H'(Qy) such that

(*A*KP) w1 :f|Q1? in Qla

(+0,, —ikT)wy =0, on X,

Find wy € H'(Q,) such that (2.7)
and (7A7K:2) w2 :f|§223 in QQ?

(0, — ik)we = g, on I,

(+0y, —ikT) we = 0, on X.

By linearity, finding (ug,us) is equivalent to find (v, v2) such that

Find v; € H'(Q4) such that

(fA - l<62) v1 =0, in Oy,
(+0,, —ikT)v1 = (=0y, — iKT) va + (—=0y, —iKT)wa, onx,
Find vy € H'(Q,) such that (2.8)
(—A — /<;2) vg =0, in Qo,
and
(0, —ik) vy =0, on T,

(+0y, —ikT) v = (=0y, —ikT)v1 + (=0, —ikT) w1, on X.
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It is natural to introduce the following operators, often referred to as local scattering operators

vy € HY(Qy) is such that

Syt 21— (=0, —ikT) vy where (fA — 112) v =0, in 4,
(+0,, —ikT) v = a1, on X,
v € H(Qy) is such that (2.9)
A~k vy =0 in Q
and Sy ¢ wg > (=0, —ikT) vy where ( . w*) v2 =0, e,
(0, —ik)ug =0, on I,
(+0y, —iKkT) v9 = 29, on X.

Using the above definition, we obtain from our coupled system that

+
(+0,, —ikT) vy = S1 (+0,, —ikT)v1 + (

(+0,, —ikT) vy = S (+0,, — iKT) vo + (—0,, — ikT) wa,
—0,, —ikT) w1,

(2.10)
o Id 0] [0 S (+0,, —icD)v1| _ [(—=0u, —1KT) ws
0 Id Si 0 (+0y, —ikT)va|  [(=0y, —1KT) w1 |’
Noting that, by construction,
(+0,, —ikT)wy =0, (2.11)
(+81,2 — IKZT) Wy = 0,
we have in fact
Id 0] [0 S (+0u, —iT)ur| _ [(—0u, —1KT) wy (2.12)
0 Id S1 0 (+0u, —ikT)uz| (=0, —ikT) w1 |’ '
To have more compact notations, we introduce
150 |0 Id
s[5 2. meff 1) 219
and
x| [(F0y, —iKT) ug  |(=08y, —1KT) we
X= |:I2:| T [(—1—8,,2 —ikT) ua|’ b= (=0, —ikT) w1 |’ (2.14)
so that we obtain that X is solution to
(Id —IIS)x = b. (2.15)

The operator S is the global scattering operator and the operator IT is referred to as the exchange
operator since its action consists in swapping information between the two sub-domains.

We have therefore established that if (ug,us) satisfy the decomposed problem (2.5) then its
(incoming) Robin trace X satisfy the interface problem (2.15).

Reciprocally, we see that if X := (21, x2) satisfy the interface problem (2.15), and if (v, vs)
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are defined as the solution to the local problems

Find v; € H(;) such that

(—A — 52) v1 =0, in Qq,
(+0,, —ikT) vy = 21, on %,
Find vy € H'(£3) such that (2.16)
A — g2 — i
and ( A.m)vg 0, in Qo,
(0, —ik)ve =0, on T,
(40, — ikT) va = 2, on X,

then (u1,ug) := (v1 + w1, v2 + we) is solution to the decomposed problem (2.5).

2.1.2.2 TIterative algorithms

One of the simplest iterative method to solve (2.15) is the (relaxed) Jacobi algorithm. Let x° € M
and a relaxation parameter 0 < r < 1 be given, a sequence (X"), .y in M is constructed using the
(relaxed) Jacobi algorithm as follows

X"t = [(1 —7)Id + rOS]X" +rb,  neN. (2.17)

The standard Jacobi algorithm (2.6) can be recovered by setting » = 1. We shall provide in a
subsequent chapter a complete convergence analysis for this algorithm.

Alternatively, a more efficient algorithm to use in practice is the GMRES algorithm [122]. The
convergence analysis of such an algorithm is however more delicate to conduct.

2.2 The Multi-Trace point of view

The formalism and terminology adopted below and in the rest of this manuscript is inspired
by the Multi-Trace Formalism (MTF) initially introduced in [83, 84, 32, 38] in the context of
boundary integral equations. As we shall see, this formalism brings a new point of view on the
derivation of domain decomposition methods which will be a fertile ground to develop a new
approach to tackle the junction issue. Note that there already exists some literature making
connections between the MTF and domain decomposition methods [7, 35, 31, 55].

Spaces We shall need in the following several spaces, for which we recall the definitions. For
a Lipschitz domain Q C R?, we set

HY(Q) = {u € L2(), gradu € LQ(Q)Q} ,
H(div; Q) := {u e L2(Q)°, divu e LQ(Q)} : (2.18)

H'(A;Q) = {ue H(Q), Aue L*(Q)},

equipped with the usual norms. The Dirichlet trace space H'/ 2(0Q) will be defined as the range
of the Dirichlet trace operator, extension to elements of H*(2) of u + u|sq, and equipped with
the graph norm. The Neumann trace space H~"/ 2(092) will be defined as its dual, equipped with
the canonical dual norm.
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2.2.1 Multi-trace spaces
2.2.1.1 Dirichlet multi-trace space

We introduce the following notation
u:= |:le| S Hl(Ql) X Hl(Qg), (219)
2

which is intended to denote a couple of local solutions. Such a couple U = (uj,us) will be
identified (by concatenation) as an element of L?(2) (i.e. of the whole domain) in a obvious
way, and conversely an element of L?(f) will be identified with its local restrictions to the
sub-domains. We introduce the Dirichlet multi-trace space,

Mp := H'?(Z) x H*(%), (2.20)
and we denote by
~p  HY(Q) x H' () — Mp, (2.21)
the extension to elements of H'(£;) x H'(€) of the restriction operator defined for regular
fields as
u= {“1} — [“”2} . (2.22)
() Uz s

Using standard trace theorems, it is clear that the operator p is a continuous and surjective
mapping from H(A;Q1) x H(A;Q2) to Mp.

The terminology “multi-trace” is borrowed from the Multi-Trace Formalism. The term can
be understood in reference to the fact that an element of those spaces represent multiple traces
(here from both sides, hence in fact two values) on a single interface 3.

2.2.1.2 Neumann multi-trace space

Similarly, we introduce the following notation
u:= Bl} € H(div; Q1) x H(div; Qs), (2.23)
2

which is intended to denote a couple of gradients of local solutions. Again, such a couple U =
(up,us) will be identified as an element of L2(Q) := L2(2)” (i.e. of the whole domain) in a
obvious way, and conversely an element of L2(Q2) will be identified with its local restrictions to
the sub-domains. We introduce the Neumann multi-trace space,

My := H-'2(2) x H'/*(D), (2.24)

and we denote by
Yn : H(div; Q1) x H(div; Q2) — My, (2.25)
the extension to elements of H(div; ;) x H(div; Q) of the normal trace operator defined for
regular fields as
= | W] o |(aru)ls) (2.26)
uz (v2-u2) s

Using standard trace theorems, it is also clear that the operator -, is a continuous and surjective
mapping from H(div; ;) x H(div; Q3) to My.
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The space My does deserve the qualifying adjective Neumann since it is the range of the
Neumann operator defined as

YN Hl(A,Ql) X Hl(A,QQ) — MNa

U— {ul} s [gradul} ' (2.27)
Ug grad us
2.2.1.3 Multi-trace space
We set
M:: MDXM]\/'7 (228)

and we introduce the continuous multi-trace operator
v = (Yo, )+ HY(A; ) x H'(A;9Q2) = M, (2:29)
so that (for sufficiently regular fields) we have

u1]s

usls
u:= e M. 2.30
= ) | (2:30)

Oy, u2) |5

2.2.2 Cauchy-trace space
2.2.2.1 Definition

We define the Cauchy-trace space C (the clash with the set of complex numbers is unfortunate) as
the subspace of the multi-trace space M whose elements are the two Dirichlet and two Neumann
traces of a broken solution U = (u1,uz) € HY(Q1) x H'(Q2) that satisfies the homogeneous
Helmholtz equation in the sub-domains (with the physical boundary condition on I, but nothing
prescribed on X).

More precisely

xeC
4 HU:(Ul,Ug)EHl(Ql)XHI(Qg)

uile (_A - ﬁQ) up =0, in )y,
SUCh that X= ’7u - (3 u?.l/‘z) ‘ Wlth (7A - K’2) Uy = 03 in QQ,
v U1) |2 )
(Ovyu2) s (0 —ik)ug =0, on I'.
(2.31)

2.2.2.2 A first useful characterization

We formally define two (generalized) Robin operators that couple Dirichlet and Neumann traces
using the transmission operator T' introduced above as follows

—ikT 0 +Id O

+._
R™:= 0 —ikT 0 £Id|°

(2.32)

These operators are continuous mappings from M = Mp x My to My.
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Using the above notations, we have for a U = (uy,us) € H'(A; Q1) x HY(A;Qs)

(2.33)

Ri’)’u _ {(:I:Bl,l - IHT) 'LL1:| )

(£0,, —iKT) ug

It is then an exercise to show the following characterization of the Cauchy-trace space using the
scattering operators (see (2.9) and (2.13)) and the above Robin operators

C=Ker (R~ — SR*). (2.34)

2.2.3 Single-trace spaces
2.2.3.1 Definition

The Dirichlet and Neumann single-trace spaces are respective subsets of the Dirichlet and Neu-
mann multi-trace spaces and consists of those elements that match (in some sense) at the interface
Y., namely we define

Sp = {(z1,72) € Mp | 21 = z2}, Sy = {(z1,22) € My | 21 = —22}, (2.35)
and we set

The term “single-trace” now clearly refers to the matching condition that characterize elements
of these spaces.

2.2.3.2 A second useful characterization

The interest of considering such spaces comes from the fact that then one can equivalently
reformulate the continuity requirements expressed in (2.3) in the compact form

S
{’YDU € 5D, & ques. (2.37)

YNU € Sy,
Besides, we can readily rewrite the transmission conditions (2.4) in the compact form
R"~u=IIR ~u. (2.38)
We recall now that imposing on an element U € H(A; Q1) x HY(A; Q) to satisfy the continuity

requirements of (2.3) (or equivalently the transmission conditions (2.4)) is equivalent to require
U to be an element of H'(A, Q). To summarize, we can state that

Yu = (ul,ug) S Hl(A;Ql) X Hl(A;Qg),
(2.39)
(ueHl(A;Q) & 7ueS=Ker(R+—HR‘)>.
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2.2.4 A new derivation of the interface problem
2.2.4.1 Interface problem

Before starting the reformulation, let us recall that we introduced (wy,ws) a lifting of the source

defined as follows
Find wy € H'(;) such that

(—A—H2) w1 = f|91, in Ql,

(+0,, —ikT)w; =0, on X,

Find wy € H'(y) such that (2.40)
and (—A—K,Q) Wy = f|92, in QQ,

(0, — ik)we = g, on T,

(+0,, —ikT) we = 0, on X.

It follows with our notations, that

+ _ (+8V1 - iKT) wi| _
Ry (wy,wy) = {(—&—8,,2 KT wy| = 0. (2.41)
Using this lifting, the decomposed problem is
Find uy,uy € H (1) x H'(Qs) such that
(fA — n2) (up —wy1) =0, in )y,
—A—£K?) (ug —wy) =0, inQo,
(=8 = %) (uz = wy) ’ (2.42)
(0, —ik) (ug — we) = 0, on T,
urls = usls, on 5.
aulul == _au2u27
Using the two characterizations (2.34) and (2.39) we readily obtain that
Y(uy —wy,ug —ws) € C=Ker (R~ — SRT), (2.43)
~Y(ur,uz) € S=Ker (Rt —IIR™), '
Using (2.41) we get
R_’)’(’U/l, UQ) = S]R,"'_»y(?,tl7 ’1,62) + R_’)’(’wl, UJQ), (2 44)
R+’Y(U1, ’UQ) = HR*’)/(ul, ’LLQ).
Eliminating R™(u1,uz) it is then immediate that
R~y (up,us) = ISR~y (uy, ug) + IR ™ ~(wy, ws), (2.45)

hence we get that the Robin quantity X := RT~(u1,us) satisfies the interface problem (2.15) if
we set b := IIR ™ ~y(wy, ws).
2.2.4.2 Decomposition of the multi-trace space

We finish this section with a key result that will be useful when proving convergence result in
the following.
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We have the following direct sum
M=Co®S. (2.46)

We give below the idea of the proof, which rests on elementary results.

Null intersection. It is clear that an element of X € C is the trace of a broken solution
U= (u1,uz) € H*(Q) x H'(2) which satisfies the homogeneous Helmholtz equation in each
sub-domain. Since in addition X € S, the solution U is continuous in its Dirichlet and Neumann
traces at the interface X, so it satisfies the homogeneous Helmholtz equation in the whole domain
Q. It follows from the well-posedness of the model problem that u is identically zero, and so are
its two traces.

Decomposition. We will prove the decomposition for any element

Z1,D

x:= ["2P ] em (2.47)
T1,N

T2 N

The proof then rests on the well-posedness [44, Lem. 2.4] of the following classical transmission
problem

U= (u1,uz) € H* (1) x H'(Q2) such that,
(—A — K2) uy =0, in 04,
—A — kK2 =0 in
(=& —#%)ur =0, in S, (2.48)
(0, —ik)ug =0, on T,
Uy — Uz = T1,p — T2,D, on X,
&,lul + 8y2u2 =x1,N + 22N, on X.
Set
Y1,D upls
Y2.D uzls
= ) = u= S C, 2'49
Y= Ny | = @) | (2.49)
Y2,N (Ov,u2) |5
which is in C by construction, and
Z:=X-Y. (2.50)
The conditions on ¥ in the transmission problem are rewritten as
T1,p —Y1,D = T2,D — ¥Y2,D, o 21,D = 22,D; (2.51)
T1,N —Y1,N = —T2.N t+ Y2,N, Z1,N = —Z2,N,

which proves that z € S.

2.3 Towards a treatment for cross-points

The new point of view brought by the multi-trace formalism, as it was described in Section 2.2,
allows us to explain the rationale behind our treatment of junction points. It is clear that
the characterization (2.34) will generalize easily in presence of junctions. On the contrary, the
classical exchange operator II is awkward to define in presence of junctions. In the following, we
obtain the characterization (2.39) by a method of proof that will easily generalize to an arbitrary
setting. Importantly though, the operator IT involved will be different in presence of junctions
but falls back on the usual exchange operator otherwise.



40 CHAPTER 2. MOTIVATIONS FOR A MULTI-TRACE FORMALISM

2.3.1 Properties of the single-trace elements

Elements of the single-trace spaces enjoy several easy but nevertheless interesting properties that
we are going to review now.

1. First, they are characterized as the traces of functions that are globally “regular” in a
Sobolev sense (the identification between a global function and a couple of local functions
is used implicitly here):

Sp =~p H'(Q),
Sy = v, H(div; Q).

This characterization will actually become of importance when we consider junction points,
in fact, it will serve as a definition for the single trace spaces.

(2.52)

2. A second key property is the orthogonality between the Dirichlet and Neumann single-trace
spaces for the (natural) duality pairing defined on the multi-trace spaces as

<<'7'>>Z :MN X MD —)C,

TN T1.p (2.53)
(1) zl) s v
We readily have
TN D
XNy = €SN, Xp = € Sp,
ve ] esvo= ] ess o5

{(xn,Xp)s = (zn,2D)5 + (2N, 2D)5 = 0.
Note that this duality pairing respects in some sense the Cartesian product nature of the

multi-trace spaces. It is easy to see that such a property can be used as yet another
characterization of the single-trace spaces, namely we have

VXp € MD, (XD €Sp =4 <<XN7XD>>E =0, VXN € SN),

(2.55)
VXN € MN, (XN € Sy <~ <<XN,XD>>E = 0, VXp € SD).
This last property might seems very trivial at first sight. Indeed, it mainly rests on the simple
identification of the Dirichlet and Neumann multi-trace spaces with R? and the simple remark
that an alternative orthonormal (for the Euclidian scalar product) basis for R? is provided by the
two vectors (1,1) and (1,—1). The subspaces generated by these two vectors being themselves
easily identified with the Dirichlet and Neumann single-trace spaces. However, we feel like these
simple remarks are enlightening to understand the more abstract framework we are going to
develop in the subsequent chapters.

2.3.2 Introducing orthogonal projectors
Transmission operator Let us suppose that T is a self-adjoint positive isomorphism from

H'2(Z) to H-'/*(%). We introduce the diagonal transmission operator defined as

T 0
T := l:o T:l : MD—>MN7 (256)

which is by assumption also a self-adjoint positive isomorphism on Mp.
Then T defines a norm on Mp, induced by the scalar product

tD(XDny) = «TXD,%>>E, VXp,Yp € Mp. (257)
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If we note for all elements of Mp

T1,D Y1,D

Xp = 1, d = |77, 2.58
b [332,13] a yp {yz,D] ( )

then this scalar product can be written in full as
tp(Xp,Yp) = (Tv1,0,1,0)s. + (T 22D, Y2.D)s- (2.59)

Similarly, the inverse operator

_ T=' 0

T ! = |: 0 T_1:| : My — MD7 (260)

is a self-adjoint positive isomorphism on My and it defines a norm on My, induced by the scalar
product
tN<XN;yN) = <<XN,T_1W>>Z, VXN,yN € MN. (261)

Decomposition of the multi-trace spaces The Dirichlet multi-trace space Mp can be de-
composed naturally as follows:

L o KL o I o R e ot BT

)

Then, if we set (notice the introduction of the operator T in the definition of zy)

Y2 (w10 + “:D)} and zy=T [ '/2(@1,0 = 72,p) } : (2.63)

yp = [1/2 (x1,p + x2,D) —1/2(z1,p — z2,p)

we have the decomposition

S
Xp =Yp + T lzy, where {yD € >p, (2.64)
ZN € Sy.
In fact, we can introduce the projector, defined on Mp, by
dfy 1d/y
Pp:= [Id/Q Id/J , (2.65)
and we have

RgPD :SD, KerPD :TSN. (266)

Notice finally that this projector has an interesting relationship with the exchange operator
Pp=1/(Id +II). (2.67)

Similarly, we can decompose the space My:

T1,N T1,N (12 (21,5 + 22,N) Lo (z1,n — Z2,N)
Vay = ’ € My, = ’ ’ ’ ’ , 2.68
N L’&,N] N LZN] |1/2 (21,8 + 22,N) Y (z1,§N — z2,N) (2.68)

and we have the decomposition

bp = T!

1/2 (xl,N + ZL'Q’N) cSp
12 (z1,n + Z2,N) ’

ay = Tbp + cy, where
V2 (21,8 — T2,N) ]
€ Sy.

(2.69)

Cn =

=12 (z1,§y — z2,N)
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This motivates the introduction of the projector, defined on My, as

P | 50, | 2. @210)

These decompositions are written in the more compact forms

Mp =Sp @ T 'Sy,
b= N (2.71)
My =TSp & Sy.
Orthogonality of the decompositions We point out that these decompositions are respec-
tively orthogonal for the scalar products tp and ty. Indeed, we have for the two cases

tp(yp, T 'zy) = (Typ, T 'Zn )y, = (YD, Zn )5, = 0,

. (2.72)
tn(Tbp,cy) = (Tbp, T "tx)y = (bp,TN)y, =0,

since Yp, bp € Sp and ZN,CN € Sp.

This also means that the projector Pp onto Sp (respectively the projector Py onto Sy)
is orthogonal for the scalar product tp induced by T (respectively for the scalar product ¢y
induced by T1).

Finally, let us point out that these orthogonal decompositions holds regardless of the trans-
mission operator T that is chosen (provided of course that this operator is a self-adjoint positive
isomorphism between the trace spaces).

2.3.3 New derivation of the characterization of the single-trace space

We provide below an alternative route to get to the characterization (2.39) with the impor-
tant additional benefit that this new way will be fairly easily amenable to generalization to a
geometrical configuration allowing junction points.

Let us consider a couple of local solutions

u:= [Z;] € H'(A; Q1) x HY(A; Q). (2.73)

Our goal here is to retrieve the usual transmission conditions. The couple U viewed as a global
element of L?(Q) is an element of H'(Q) if, and only if, its Dirichlet multi-trace belongs to the
Dirichlet single-trace space

YpUu € Sp. (274)

Besides, it is an element of H!(A;Q) if, and only if, its Neumann multi-trace also belongs to the
Neumann single-trace space
yNu € Sn. (275)

Using the orthogonal projectors Pp and Py defined respectively in (2.65) and (2.70), we
have the equivalence

{’YDUESD, N {(Id—PD)’YDUZO, (276)

’)’NUESN7 (Id*PN)‘)’NU:O.

The idea is to introduce the Robin quantities (2.32) and the exchange operator IT using the
relations with the projectors (2.67) and (2.70). To introduce the Robin quantities, we need to
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multiply 4vpu with the transmission operator T. This is why, from the decompositions (2.71) of
the multi-trace spaces, it is actually more relevant to write

(2.77)

YpU € Sp, PnTvpu =0,
’YNUESN, (Id—PN)"}’NUZO.

On a side note, we point out that one can also get to the same point using the following identity,
valid in Mp
T(Id -Pp) =PyT, (2.78)

but this will not be true for more general partitions. Using simple properties of the projection
operator P, namely P2, = Py, we obtain the equivalence

ues
{'YD € D, & (Id = Py)ynu—ikPyTypu = 0. (2.79)

INU € SN»
From Py = 1/2(Id + IT) we readily obtain

(Id — PN)’)’NU — iIiPNT"‘/DU = 07
& 1/2 (Id 4+ II) ynu — /2 ik (Id — ITI) Typu = 0,

. . (2.80)
& [ynu—isTypu] — I [—yxu — ikTypu] = 0,
& (RT —IIR™) yu = 0.
In fact, to summarize, we proved again the characterization (2.39)
Yu = (ul,u2) S HI(A;Ql) X Hl(A; Qg),
(2.81)

(uer'(ai) & queS=Ker(R*-HR7)).

The main difference with the previous proof lies in the fact that the matching conditions (or
continuity requirements) at the interface ¥ are completely hidden. It follows that the method of
proof actually generalizes to geometrical configurations allowing junction points.

2.4 Generalizations

Subsequent chapters will cover the generalization of the previously described ideas in several
directions.

2.4.1 Generalization to configurations without junction points

In Part I of this manuscript, we exclude the presence of junctions points in the partition.

Generalization to J sub-domains The first obvious generalization concerns partitions with
more than two sub-domains, that are of particular interest for applications. The generalization
is pretty straightforward in geometrical configurations that excludes cross-points, which is what
we are going to consider first in Part I. This assumption simplifies in particular the functional
analysis since all interfaces are closed manifolds.
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Generalization to Maxwell’s equations Another generalization of interest that motivated
this work concerns the extension to Maxwell’s equations. We do this by introducing an ab-
stract formalism for a sub-class of wave propagation problems that covers both the acoustic and
electromagnetic settings.

Note that the extension to Maxwell equation is (as usual) complicated by some theoretical
difficulties. We think in particular to the loss of compacity of the embedding of the natural
solution space H(curl) in L2, which was a theoretical obstacle to prove the well-posedness of the
local sub-problems. This is usually tackled by using so-called Helmholtz-Hodge decompositions,
but it was somehow insufficient for our particular configuration as we shall see. In addition, the
construction of suitable transmission operators is more intricate and this is due to the nature of
the two tangential trace spaces.

Several spaces in which to set the interface problem It shall be noted that the interface
problem (2.15) can be set in different spaces. We presented here the most natural derivation for
which the space is H~'/2(X) x H~'/*(X) as was done for instance in [91, 44]. In contrast, in [42],
the authors use L?(X) x L?(X). Following some symmetry, a third choice, which was not used in
the literature to the best of our knowledge, is to set the interface problem in H'/?(X) x H'/*(X).
We shall consider all three cases (and their corresponding counterparts in the electromagnetic
setting) by indexing the operators that we will introduce with a parameter o in {0,1/2,1}.

2.4.2 Generalization to configurations with junction points

A more difficult generalization concerns the analysis with junction points, which is the main
subject of Part III. This is made possible by exploiting the ideas presented in Section 2.3. Still,
one key idea, borrowed from the multi-trace formalism, was not present in this simple two-
domain configuration. This idea is to consider traces of local solutions at the whole boundary of
the corresponding sub-domains (which are closed manifolds) instead of traces at interfaces (which
may not be closed). This is especially important to keep a more pleasant functional setting to
work with.

Figure 2.2: Visual representation of the three components of an element of the multi-trace spaces,
for instance (x1,x2,%3) € Mp.

2.4.2.1 An obstacle of geometrical nature

However, if the traces are taken on the whole boundary of the sub-domains, they will include a
part on the physical boundary and the generalization of the above discussion is not straightfor-
ward. To explain the difficulty, let us take the example of the configuration of Figure 2.2. We
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have three sub-domains ;, with j € {1,2,3}, the multi-trace spaces become (we use the same
notations as in the two-domain configuration)

Mp := H'2(8Q1) x H'?(09) x H'/*(09s3),

) ) ) (2.82)
My := H™2(00) x H™'2(09) x H™2(0%3).
We can then define the trace operators (the outward unit normal to €; is v;)
YD : Hl(Ql) X HI(Q2> X Hl(Qg,) — Mp,
u1 utloq, (2.83)
U= uz| — |uzloq, |,
us uz|oq,

and
Yo+ H(div; Q1) x H(div; Q2) x H(div; Q3) — My,

(
u (v1 - a1) |oo, (2.84)
U:= [(uy| — (1/2 . UQ) |BQ2

(v3 - u3) [aa,

The single-trace spaces are
Sp =~p H'(Q),

2.85
SN = v» H(div; Q). ( )
The duality pairing becomes
<<'7'>>E : MN X MD — C,
T1,N Z1,D (2.86)
TN |, |Z2,0| | = (21N, 71,D) 5, + (T2,N:%2,D) 5, + (T3,N:23,D) 50, -
T3,N T3,D

The issue comes from the fact that the orthogonality between the Dirichlet and Neumann single-
trace spaces (see (2.54)), which is a key ingredient in the new derivation (see (2.72)), is lost:

VXN € SN, Xp € SD, <<XN7XD>>Z 7é 0. (287)
To see this, it is enough to consider elements
Xy € L2(09) x L*(0Qy) x L*(093) NSy,

9 9 9 (2.88)
Xp €L (891) x L (892) x L (693) ﬁSD,

we can then formally split the duality products. The parts on the interfaces cancel and it remains
the parts on the physical boundary I' only, which have no reason to cancel

(xn,Xp)s = (#1,8,21,0) gr, ar + (T2,8, T2,0) s, r + (23,8, 23,D) gy ar 7 O- (2.89)

An easy solution It is clear that the above problem disappears altogether if we exclude the
presence of boundary junction points, i.e. cross-points between a transmission interface and the
physical boundary, as illustrated in Figure 2.3a. One then considers traces on the whole boundary
of the sub-domains, except for the part on the physical boundary. However, we are able to deal
with interior junction points. This approach is the one adopted in Chapter 9, where the ideas
presented in Section 2.3 are generalized in the abstract setting we introduced. This approach has
the benefit of being an exact generalization of the more standard method described in Chapter 3,
in absence of junctions.
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(a) Interior junctions only. (b) Interior and boundary junctions.

Figure 2.3: Visual representation of the components of an element of the multi-trace spaces, for
two configurations.

2.4.2.2 Generalization to arbitrary partitions

Nevertheless, it is not satisfactory to impose that the partition does not contain boundary junc-
tion points. Two approaches can be considered, that we discuss below.

Introducing the complementary unbounded domain To deal with boundary junctions,
one idea is to introduce a fictitious domain €y defined as the unbounded complementary of the
physical domain

Qo :=R*\ (UL, ). (2.90)

As a result, an additional component is added in the multi-trace space in a natural manner,
as illustrated in Figure 2.3b. Since traces are defined on both sides of all boundaries, the
orthogonality can be recovered.

For wave propagation problems, this approach can be very sensible. Indeed, in many prob-
lems, an absorbing boundary condition is imposed on I' in an attempt to model an unbounded
domain. This can be taken into account exactly by using integral equations. This point of view
is the one adopted in [29] for instance, but will not be further developed here.

Orthogonality by construction The second approach that allows to deal with general config-
urations is to bake the orthogonality into the definition of the single-trace spaces. The multi-trace
spaces are still defined as in (2.82), which is illustrated on Figure 2.2. The Dirichlet single-trace
space is also defined as Sp = vp H'(Q2). However, the Neumann single-trace space will be
defined as

Sy = {XN € My | <<XN7XD>>E = 0, VXp € SD} (291)

Of course the two definitions coincide in the two-domain configuration, but this is not true in
general.

To see why this is the right approach, we need to consider variational formulations. Let us
resume the discussion with the two-domain configuration. The model problem (2.1) is written
equivalently in variational form as

(2.92)

Find u € H*() such that,
a(u,v) = 1(v), Vv € HY(Q),
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where we introduced for u,v € H' ()

a(u,v) == (grad u, grad v) 2y — w2 (u, V) 12y — iE(ulr, vIr) p2(r),

(2.93)
1(v) :== (f,v) p2(q) + (95 0lr) L2(r)-
Let us introduce in addition the local versions for uj,v; € H'(Q;), j € {1,2},
a1 (u1,v1) := (graduy, grad vi)aig y2 — K2 (u1,v1) 200,
as(ug,va) = (grad ug, grad va) 12,2 — K% (u2,02) 12(q,) — 1K(U2]r, v2|r) L2 (1) (2.00
ll(vl) = (f‘Q17vl)L2(Ql)7 ’
lo(v2) == (f‘ﬂzav2)L2(Q2) + (9702\F)L2(p).
It is a standard result that the problem (2.92) is equivalent to
Find (u1,us) € H'(Q) x H' (), A € H~'/*(X) such that,
ar(u1,v1) — (A vils)y = li(v), Yoy € H' (), (2.95)

as(uz,v2) + (A, v2lx) s = la(v2), Vg € Hl(Qz),
U1|g = U2|E, on 3.

Interestingly, the multi-trace formalism allows to reformulate the above problem (2.95) as

Find (ul,’LLz) € Hl(Ql) X Hl(Qg), Xy = (1‘171\/,1‘27]\7) € Sy such that,
ai(ui,v1) — (1N, v1]x)s = l1(v1), Yo, € H' (),
az(uz,va) — (T2, N, V2|x)y = l2(v2), Vv, € H' (),

~vp(u1,u2) € Sp.

(2.96)

Note that the single-trace Xy identifies as the couple of Neumann traces vy (u1, ug) of the broken
solution (u1,us). This can be further reformulated as

Find (up,uz) € HY(Q1) x HY(Q2), Xy € Sy such that,
[a1(u1,v1) + az(uz, v2)] — [l1(v1) + l2(v2)]

= <<)(N,"YD(111,UQ)>>E7 V(’Ul,vg) c Hl(Ql) « Hl(QQ), (297)

’)’D(ul,UQ) € Sp.

We will resume this discussion with more detail in the following, but it is readily seen that the
existence of such a X in My exists by the Riesz representation theorem. Moreover, the model
problem is recovered provided Xy is an element of Sy as defined in (2.91). These arguments will
carry over to more general partitions with the definitions of the multi-trace spaces as in (2.82).
However, in general the element X of Sy will not represent the Neumann trace anymore.

This approach is considered in more detail in Chapter 10, in the discrete setting only (but
the approach can be conducted in the continuous setting without difficulties).
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In this chapter, we describe in the continuous setting a class of domain decomposition methods
we consider in this work. We chose to describe the domain decomposition method in an abstract
framework, valid for our main applications, which are mainly second order systems of equations,
which are compact perturbations of elliptic systems. In particular, the typical instances of
systems we have in mind are Helmholtz and Maxwell equations, which will serve as illustrative
examples as we describe the general theory. While the abstract formalism might obfuscate the
presentation a little, we believe that it has the great benefit of highlighting the main ideas
pertaining to the method while allowing in the meantime to stress the main differences between
acoustics and electromagnetism.

Influenced by the work of Xavier Claeys [29], a novelty of the approach we adopt in the
following, compared to previous descriptions of similar ideas [42, 91, 44], is to view everything
from the perspective of traces (see Section 3.2.2). The motivation for this comes from the fact that
the iterative algorithm is actually written at the interfaces (this is not new). As a result, the main
objects that the solver manipulates are not collections of local solutions but rather collections
of traces, elements of a space which we refer to as the multi-trace space (see Definition 3.16).
Both zeroth and first order traces (as well as couples of the two) will be manipulated in this
work. The goal of the domain decomposition procedure is then to select the unique element
of the multi-trace space which corresponds to the actual solution of our original problem. It is
then natural to try to characterize this element. We do that by introducing two subspaces of
the multi-trace space. The first one is the so-called Cauchy trace space (see Definition 3.18),
which is the space of couples of zeroth and first order traces that represent functions satisfying
the original physical equation locally in each sub-domain. The second subspace we introduce
is the so-called single-trace space (see Definition 3.20), whose elements match in some sense at
an interface (expressing the transmission conditions between sub-domains), hence imposing the
global regularity required by the solution of the original problem. Matching conditions for both
the zeroth and first order traces should be satisfied. Roughly speaking (see Proposition 3.24 for
the details), it is then possible to characterize the solution as the intersection between the two
subspaces.

To devise the domain decomposition method, we introduce the so-called transmission or
impedance operator which is a boundary operator used to combined the two traces together,
constituting a generalized Robin trace. As we shall show, the transmission operator is the key-
stone of the method and should be designed carefully as its properties will have a tremendous
impact on the efficiency of the approach. The analysis is conducted for a class of transmission
operators having some general properties. The construction of some suitable operators is ad-
dressed in Part IT of this manuscript. We then show in Section 3.2.4 that the Robin trace of
the solution of the model problem is a fixed point of a boundary operator defined on the skele-
ton (see Proposition 3.38). This boundary operator involves a scattering operator (see (3.176))
whose graph is linked to the Cauchy trace space (Proposition 3.30) and the exchange operator
(see (3.184)) whose graph is linked to the single-trace space (Proposition 3.37). The scattering
operator takes an incoming Robin trace and computes an outgoing Robin trace after solving a
local problem in the sub-domain. As a result, its properties (and well-posedness) are heavily
influenced by the choice of the transmission operator. On the contrary, the exchange operator is,
in this chapter, independent of the transmission operator. This feature is a key difference with
the method described in Chapter 9.

Two algorithms to solve the interface problem are then introduced. The first one is a fixed
point iteration algorithm, the relaxed Jacobi algorithm, for which we analyze in detail the con-
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vergence. The analysis is performed in a particular norm induced by a suitable inner-product
built from the transmission operator. The second algorithm we consider is the GMRES algorithm
and is seen as an improvement of the previous algorithm.

3.1 Abstract definitions

3.1.1 Generic definitions and tools

To set some definitions, we consider a generic open bounded Lipschitz domain O subset of R?,
with d = 1,2, 3, intended to be either our model domain or a sub-domain of the partition. Its
boundary is denoted by 9O with outward normal unit vector v.

Unknowns and differential operators The complex-valued unknowns of our model prob-
lem, considered as a first order system of equation, will be denoted

u: O —Cm"o

3.1
v:O—=C™M, (3:1)

where mg,m; € {1,d,d x d}, depending on the type of wave propagation problem we wish to
solve. However, since we will write our model problem as a second order equation, v will not
appear explicitly but in the form v = Du, where D is a first-order differential operator defined
as

d
D= "D;d,,, (3.2)
j=1

such that D; € R™*™0 _forall j =1,...,d. We denote by D* the formal adjoint of D defined as

d
D*:= - D;o,,. (3.3)
j=1

We readily provide two examples of systems that fit in this rather general setting, namely
the (time harmonic) Helmholtz and Maxwell equations.

Example 1: Helmholtz. In the acoustic setting, the unknowns are the pressure p, hence a
scalar field, so that mg = 1, and the velocity field u, proportional to gradp, so that m; = d.
The differential operators are then identified as

D=grad and D*=—div. (3.4)
Besides, one can check that
D; = (01j,---,0a5)",  Vie{l,....d}. (3.5)

Example 2: Maxwell. In the electromagnetic setting (we will only consider in what follows 3D
Mazwell equations, so that d = 3), the unknowns are the electric field E, hence a vector field, so
that mo = 3, and the magnetic field H, proportional to curl E, so that my = 3. The differential
operators are then identified as

D=curl and D*=curl. (3.6)
Besides, one can check that
0 0 O 0 0 1 0 -1 0
Di=|0 0 -1], D=0 0 0], Ds=|1 0 O (3.7)
01 o0 -1 0 0 0 0 O
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Volume spaces We introduce the following (solution) spaces

U(D; 0) := {u € L2(0)™ | Du e LQ((’))ml} ,
(3.8)
U(D*;0) := {u € L2(0)™ | D*u e L2((9)’”°} .

Let ko be a scalar, supposed to be the inverse of a characteristic length of our problem. In
practice, it can be the wavenumber of the medium of propagation, or of a reference medium in
the heterogeneous case. We equip our solution space U(D; Q) with the following ko-dependent
scalar product and (energy) norm

(4, V) .0y = Ko (U V) p2(oymo + ko ' (Du, Dv) r2(oym s Yu,v € U(D; 0), 39)
”uH%(D;O) = (4, W)y(p,0) Vu € U(D; 0). .

Notice that we introduced kg in order to have two terms with the same homogeneity in the
definition of the scalar product.

Example 1: Helmholtz. Let us set

L2(0) = L*(0)’. (3.10)
In the acoustic setting, the natural functional spaces are
U(D;0) = H'(O) := {p € L*(0) | gradp € L*(0)} (3.11)

U(D*;0) = H(div; 0) := {u € L*(0) | divu € L*(0)},
Example 2: Maxwell. In the electromagnetic setting, the natural functional spaces are

U(D; 0) = H(curl; O) := {E € L*(0) | curlE € L*(0)},

U(D*; O) = H(curl; 0). (3.12)
We will require in the following the following density assumption.
Assumption 3.1. We suppose that
the space D(O)™° is dense in U(D; 0), (3.13)
the space D(O)™" is dense in U(D*;0).

Example 1: Helmholtz. In the acoustic setting, we have the following density results [79, Th.
1.2 and Th. 2.4]

the space D(O) is dense in H*(O),

—nd (3.14)
the space D(O)  is dense in H(div; O).

Example 2: Maxwell. In the electromagnetic setting, we have the following density result [79,
Th. 2.10]

the space D(@)3 is dense in H(curl; O). (3.15)
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Integration by parts formula We shall make the (reasonable) assumption that C'(O) is
dense in both U(D; O) and U(D*; O).
We introduce the following (matrix-valued) fields over the boundary 0O

D, : 00 — RMxmo with adjoint D} : 90 — R™M Xm0
d d
3.16
x Z v;(x)D;, x> Z vj(z)Dj. (3.16)
j=1 j=1

For any (complex-valued) u € C* (6)m0 and v € C! (6)”“, the following integration by
parts formula holds

(v, DU) p2(oymi — (D0, w) p2(0ymo = (Dyvu) p2goymo = (U, Dott) 1290y ms - (3.17)

Example 1: Helmholtz. In the acoustic setting, we set D, := v so that, for any u € C! (@)3
and p € C* (5),
Dup =pv and  Diu=v-u, (3.18)

v

and we recover the usual integration by parts formula

(u, gradp)Lz(O) + (div u’p)Lz(o) =(v- uvp)Lz(aoy = (uvpV)L2(aO) (3.19)

Example 2: Maxwell. In the electromagnetic setting, we set

0 —V3 1) 0 V3 —V9
D,:=| vs 0 -1 and D)=|-vs O V1 (3.20)
—V2 Vi 0 Vg -1 0

so that, for any H € C* (@)3 and E € C! (6)3,
DE=vxE and DH=-vxH=Hxv. (3.21)
and we recover the usual integration by parts formula

(H,curlE);, o) — (curl H,E);2 ) = (H X v, E)ps 50y = (H, v X E)1250)- (3.22)

Trace spaces and operators The definition of trace operators and trace spaces is delicate in
this general setting, as it depends heavily on the coefficients involved in the differential operators.
This is the reason why we suppose that the following assumption holds true in what follows.

Assumption 3.2 (Continuous and surjective trace operators). We assume that there
exists two bounded (matriz-valued) functions defined on the boundary 0O

Ao : O = R™Xmo  and Ay : 9O — R™Xmo, (3.23)
such that, for any (complez-valued) u € C* (O) "™ and v e C* (0) "
(A1v7 AOU)Lz (00)™0 = (D;U, U)Lg(ao)m,o = (U, Duu)Lz(ao)m,l . (3.24)

Besides, we will suppose that Ay is independent of the orientation of the normal vector v, while Ay
is anti-symmetric with respect to its orientation so that A; is changed into — A1 if the orientation

of v is flipped.
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In addition, we suppose that there exists two Hilbert spaces, the trace spaces, denoted by
Xo(a(/)) and Xl (8(/)), (325)
such that we have the continuous embeddings

H'?00)™ ¢ X(80),

. mo (3.26)
X1 (00) ¢ H='*(00) ™.
These trace spaces are assumed to be dual to each other
Xo(00) = X1(00), (3.27)
with duality pairing
{00 + X1(90) x Xo(90) — C, (3.28)
and such that the (interior) trace maps
D ue Agulpo,  Yue CH(O)™
TD,00 ouloo 1 (7)m1 (3.29)
ID*,60 1 V> Alv‘ao, Yo el (O) ,

can be uniquely extended into linear continuous and surjective trace mappings, still denoted
Yp,00 and Yp= a0 , such that

YD,00 U(D, O) — Xo(aO),

3.30
ID*,60 U(D*; O) — X1 (80) ( )
Finally, we assume that the trace space Xo(0O) can be equipped with the graph norm
||X0HXO(80) = ueéﬁf);o) ||u||UF(D;O), Vxg € Xo(00), (3.31)
Y0,00 U=X0
which, by construction, satisfies
7,00 Uon(ao) < ||U||U(D;o)7 Vu € U(D; 0), (3.32)

and the space X1(00) can be equipped with the corresponding canonical dual norm, namely

X1, X
il oy = sup  —90 v e x,(00). (3.33)
xoex%m) XOHXO(E)O)
X0

Example 1: Helmholtz. In the acoustic setting, Assumption 3.2 holds if one simply takes
.Ao = Ide and .A1 = D; =V-. (334)

The associated natural trace spaces, respective images of H'(O) and H(div;O) for the trace
operators Yp oo (in this case the restriction operator) and yp- g0 (in this case the normal trace
operator) are then

Xo(00) = H'*(80), and  X1(00) = H™'*(90). (3.35)
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Example 2: Maxwell. In the electromagnetic setting, notice that, for any H € C* (@)3 and
EcC' (0)°,
H X v, E)p250) = (Hxv,v x (EXV))i2050) (3.36)

One can show that Assumption 3.2 holds if one takes
Ao =D, D) =v x (- xV) and Ay =D, =-vxXx-. (3.37)

For a regular enough boundary 00, the associated natural trace spaces, respective images of
H(curl; O) for the trace operators yp oo (in this case the tangential trace operator) and yp~ o0
(in this case the rotated tangential trace operator) are then

Xo(80) = H™2(cutl; 90) := {x e H-2(00)° | curlx € H-1/2(60)} :
(3.38)
X1(80) = H-2(div; d0) = {x e H-2(00)° | divx € H’1/2(8(9)} .

When the boundary is not reqular enough the proper definition of the trace spaces is more involved,
see [20, 21].

An immediate consequence of the above assumption is the following generalized integration
by parts formula, for any u € U(D; O) and v € U(D*; O), we have

(v,Du)Lz(O)m1 — (D*v,u)Lz(O)mo = (YD*,00 V, YD,80 U) yr- (3.39)

If the boundary 0O consists of K connected closed components (8Ok)kK:1 so that

K

00 = | 00,
et (3.40)

%kﬁ%lzw, Vk,lE{l,...,K},k‘#l,
then it is obvious that we can define the restrictions of the two traces to any specific component

00, k € {1,..., K}, and still define trace spaces and trace operators which are continuous and
surjective mappings as follows

ID,00, U(D; O) — Xo(aok),

3.41
Tp*,00, U(D*;0) = X1(00k). (341)

Furthermore, the duality pairing between the trace spaces can be split as follows: for any xy €
X0(00) and x; € X1(00), we have

K
(x1,%0) 90 = Y (X1]00,>X0l00, ) 90, - (3.42)
k=1

We will also need at some point the following assumption.

Assumption 3.3. We suppose that

7771”'”U(D:O)
Ker =D(O)™° ,
w00 =D(O) (3.43)

Keryp- 90 = WWHU(D&O{
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Example 1: Helmholtz. In the acoustic setting, we have the results [79, Th. 1.5 and Th. 2.6]

Kervp.oo = H(0), where  H(O) = D(O)H'HHI(o),
, (3.44)
d“ le1caivso)

Ker vp+ .00 = Hy(div, O), where Hy(div, 0) = D(0)
Example 2: Maxwell. In the electromagnetic setting, we have the result [79, Th. 2.12]

[

Keryp oo = Keryp~ 90 = Hy(curl, O), where Hy(curl, ©) = D(0O) .
(3.45)

Pivot space In addition to Assumption 3.2 we shall make the following additional hypothesis.

Assumption 3.4. We assume that there exists a third Hilbert (trace) space, denoted by X ,,(00),
such that

X1,(00) C L*(00)™, (3.46)

so that we can adopt the identification
X1/,(00)" = X14,(00). (3.47)

We suppose that this space acts as a pivot space between the trace spaces Xo(00) and X1(00),
by which we mean that there exists linear operator t1, satisfying

t1s, is an isomorphim from Xo(00) to Xi,,(00),

3.48
and ti), s an isomorphim from Xi,(90) to X1(90). (3.48)

Note that the pivot space does not necessarily occupy a position that is midway between the
trace spaces in terms of regularity.

The pivot trace space is endowed with the natural inner product (and associated norm) which
we denote by

(s ')30 = (, ')L2(ao)wzo, (3.49)
and
i lbe = (K100 K7) neyr Xija € M. (3.50)

Example 1: Helmholtz. In the acoustic setting, the (only possible) pivot space is

X1,(00) = L*(00). (3.51)

A possible realization of the isomorphism ti, is (Id — Aao)% where Ayo 1s the Laplace-Beltrami
operator.

Example 2: Maxwell. In the electromagnetic setting, the pivot space is
Xi1,(00) = L*(90). (3.52)

In this case, the construction of a possible isomorphism ti1/, is more involved than for acoustics
and requires the used of the so-called Hodge (or Helmholtz) decomposition of tangential vector
fields on 00.
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Model equation Let a be a bounded and Lipschitz (symmetric matrix valued) field over the
domain

a: 0—Ccmxmy (3.53)
we introduce the second order differential operator L, defined on
U(D,Ly; 0) := {u € U(D; 0) | Lau € LQ(O)WO} . (3.54)
such that
L,:=D"aD. (3.55)
In addition, let n be another bounded and Lipschitz (matrix-valued) field over the domain
n: OQ— Cmxm, (3.56)

The model equation we are going to consider can be written (here in its homogeneous form)
(La — Ko? n)u = 0, in O. (3.57)
Example 1: Helmholtz. The time harmonic Helmholtz equation in heterogeneous media and

at frequency w can be written, for the pressure p, as

1 w? .
— le; grad - )P= 0, in O, (3.58)

where p is the mass density and X is the incompressibility of the medium under consideration. The
; . -1

velocity field is computed from the pressure as u = (wp)~ gradp. The speed ¢ and wavenumber

k of the medium are then defined respectively as

A w o
c:= 2’ k= - = w\/:. (3.59)

This PDFE fits in the abstract framework that was previously presented provided we set

a=p. n=\" and Ko = wy /%, (3.60)
0

where py and \g are reference (constant) scalar coefficients of the medium of propagation, and
pr = p/po and A := \/Xg are the (variable) relative coefficients.

Example 2: Maxwell. The (one-field) time harmonic Mazwell equation in (isotrope) hetero-
geneous media and at frequency w can be written, for the electric field E, as

1
(curl — curl —w26> E =0, in O, (3.61)
W

where b is the permeability and € is the permittivity of the medium under consideration. The
magnetic field can be computed from the electric field as H = (iwu)f1 curlE. The speed ¢ and
wavenumber k of the medium are then defined respectively as

1
c:= ”;, k= % = wy/ElL. (3.62)

This PDFE fits in the abstract framework that was previously presented provided we set
a=ut n=e, and Ko = w+/Ho€0, (3.63)

where py and €y are reference (constant) scalar coefficients of the medium of propagation and
Wr = p1/ o and €, := €/eq are the relative (variable) coefficients.
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Physical trace operators Using Assumption 3.2, we now introduce the following (physical)
trace operators

70,00 ‘= VD,00

V1,60 =Ko " Yp=,60 aD.
Note that we chose to rescale v; 90 by the constant factor kg in order to have two traces with
the same dimension.

It follows from the generalized integration by parts formula (3.39) that we have the following
classical result.

Lemma 3.5 (First Green identity). We have, for all u € U(D,L,; O), v € U(D; O),

(3.64)

(Lat, v) r2(oymo — (@D, D0) 12 0ym1 = =Ko (71,600 U 70,00 V) 500- (3.65)

Example 1: Helmholtz. In the acoustic setting, we have the following explicit expressions for
the Dirichlet trace operator o900 and the Neumann trace operator v p0 , for sufficiently reqular
functions

V0,00 = ‘|a0 and M,00 = ko L v (pt grad-ao) = kot pr L - a0 (3.66)
Example 2: Maxwell. In the electromagnetic setting, we have the following explicit expres-
sions for the tangential trace operator vo.00 and the rotated tangential trace operator vi 00 , for
sufficiently reqular functions

0,00 =V X (-lao X V) and mM,00 = — ko ' v x (p ! curl-|s0). (3.67)

Robin boundary condition In this general setting, the analysis of variational formulations
stemming from problems with (standard) Robin boundary condition, which are linear combi-
nations of the two traces 7y and =1, require to introduce another volume Hilbert space with
additional regularity.

In order to define this more regular space, we shall suppose that the boundary 90 is com-
posed of a first connected component denoted d0Og, intended to be the boundary on which the
Robin boundary condition is imposed, and additional components, disconnected from 0Og. The
definitions we set below can be easily adapted if either dOg or 0O \ 0O are empty.

We introduce,

Upo,(D; 0) := {u € UD;0) | 10,00, u € X1,(00R) }
Upo,(D*;0) = {u € UD*;0) | 10,005, v € Xi(dOR)} , (3.68)
Upox(D,La; O) :={u € U(D, La; O) | 70,00, u € X1,(0OR)} .

The space Ugo, (D; O) is made into an Hilbert space with the help of the following scalar product

and associated norm, defined for all u,v € Ugo,(D; 0), as

(U 0)y,50,, (D30) 7= (U V)u(Di0) T (70,008 470,008 V) L2 (90 5)m0 (3.69)
) ’ :
||u||UaOR(D;O) = (U’U)UOOR(D;O)'

Example 1: Helmholtz. In the acoustic setting, the space H'/*(00) is included in L*(00),
hence Upo(D; O) = U(D; O) = HY(O).
Example 2: Maxwell. In the electromagnetic setting, because H*1/2(curl; 00) is not included

n L2(80)3, we need to introduce the following space as our solution space for our model problem
to be able to study properly Robin boundary conditions

Ur(D; 0) = Hyo(curl; O) := {E € H(curl, 0) | v0,00 E € L*(00)} . (3.70)
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Combined trace operator We also introduce the Cartesian product of the trace spaces as
X(00) := Xp(00) x X1(00), (3.71)
and define the following (continuous but not surjective) combined trace operator

Yoo U(DaLa; O) — X(@O),

U= (Wo,ao U, 71,00 u). (3.72)
We introduce the following bilinear form
[ lpo + X(00) x X(00) — C, (3.73)
such that, for all x = (xg,x1) € X(00) and y = (yo,y1) € X(00),
% ¥]oo = (¥y1,%0) 90 = (X1, ¥0)90- (3.74)
It is a simple computation to show the following lemma.
Lemma 3.6.
i[x,X]50 = 23(x1,%0) gy Vx = (x0,x1) € X(00). (3.75)
Proof. Let x = (x0,%x1) € X(00), we have
%, Xgo = (K1, %0) 90 — (X1,%0)90 = (X1,%0) 90 — (X1,X0) g0 = —21S(x1,%0) po- (3.76)
[ |

3.1.2 Model problem

We consider an open, bounded, simply connected, Lipschitz domain Q subset of RY, with d =
1,2, 3. Its boundary is denoted by I' := 99 with outward unit normal vector v, and consists in one
single connected component. We wish to solve a time-harmonic wave propagation problem on 2.
We denote by w € R™ the pulsation of the problem and by ko € RT the wavenumber of a reference
medium (for instance, the air in the acoustic setting, or the vacuum in the electromagnetic
setting). We adopt the following convention.

Convention 3.7. The sign convention of the harmonic regime (hence of the Fourier transform)
is chosen to be e 1%t

The propagative medium is characterized relatively to the reference medium by two (dimen-
sionless) bounded Lipschitz functions

. X
a s Q- CmXm

3.77
n: Q— Cmoxmo (8.77)
such that there exist a_ >0, ay >0, n_ >0 and ny > 0,
a_ < l|a| < ag, Sa<o,
ol <2+ (3.78)
n_ <|n| <ng, In>0.

From Convention 3.7 these conditions mean in particular that the medium can only propagate or
absorb energy. We are particularly interested in the case where these coefficients are real, which
is actually the more challenging situation.
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Strong formulation Let f € Up(D;Q) and g € L?(I')™°. The archetype of a propagative
model problem we will consider in the following is given by the following problem

Find u € Up(D; ) such that
(La — Ko%n)u = f, in Q, (3.79)
(vi,r —ivor)u=g, on I.

Remark 3.8. It follows from Convention 3.7 that the equation on T’ models a first order (crude)

absorbing boundary condition, which expression is formally very close to the transmission condi-
tions we will consider later.

Example 1: Helmholtz. In the acoustic setting, our model problem is written

Find p € H*(Q) such that
(—divp;tgrad —ko? A\t p = f, in Q, (3.80)
(010, — ir0) p = Ko onT

Example 2: Maxwell. In the electromagnetic setting, our model problem is written

Find E € Hr(curl; Q) such that
(curl pi* curl —kgp?%e, ) E = f, in Q, (3.81)

pteurlE x v —ikg v x (E X v) = Kog, onT.

Weak formulation The variational formulation of (3.79) is written

Find u € Up(D; Q) such that (3.82)
a(u,v) =1(v), Vv € Up(D; ), '
where, for all u,v € Up(D; (), we have the definitions,
a(uv U) = HO_l(a Dua DU)LZ(Q)ml — Ko (nua U)L2(Q)m0 - i(’YO,F u,Yo,r U)L2(F)Tﬂoa (3 83)
l(’l)) = /f()il <f7 U>Q + (97 Yo,r v)LZ(]_'*)mo .

Because of the abstract framework, we shall make the following assumption, which will be
justified in Section 3.4 when we consider actual wave propagation problems.

Assumption 3.9 (Well-posedness of the model problem). For all f € Up(D;Q) and
g € L2(T)™ the model problem (3.79), or equivalently its weak formulation (3.82), is well-posed.
Namely, there exists a unique solution u € Up(D; ) and we have the following stability result

||u||Up(D;Q) <a (HfHUp(D;Q)’ + ||9||L2(F)’"0) ) (3.84)
for a positive constant o > 0.

3.1.3 Geometric domain partitioning

After describing the geometric partition of the domain {2, we introduce the space of broken
solutions which consists in collections of solutions local to each sub-domain.
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Partition into non-overlapping domains We introduce a domain partitioning of 2, denoted
Pq, into J non-overlapping, Lipschitz, open sub-domains Q;, j € {1,...,J},

J

Pao = (Qj)jzl, (3.85)
such that
J
=9, with QnQ=0, ifj#k (3.86)
j=1
We define the following boundaries and skeleton ¥
Fj Z:an, jE{l,...,J},
Dy = 09;N 0%, (k) e{l,....J}>, j#k,
J (3.87)
Y= U Fj,
j=1
and R
L, =T;\T, je{l,...,J},
J i\ Jed } (3.88)

Y:=%\T.

Of course, some of the boundaries I';; are empty. We insist on the fact that, a priori, the
boundaries I'; are (unions of) closed surfaces (OI'; = ()) while the subsets I';; may be open

(0T #0).
For convenience, we introduce the (ordered) index sets
Kis={ke{l,...,0}\ {4} | Tj #0},  Vie{l,...,J}, (3.89)
and

J
J;Ul{(j,k)e{l,...,J}Q\keKj}. (3.90)

The cardinal of this set is equal to twice the number of non-empty interfaces between two distinct
sub-domains. An element of the set J represent the two distinct sub-domain indices that share
a (non-empty) common interface. Besides, note that by symmetry

V0, k) € {1,..., )2 ((m)eJ & (k,j)eJ). (3.91)

Broken solution spaces In a domain decomposition framework one works with collections
of local solutions that satisfies the PDE and physical boundary conditions in each sub-domain.
The full (Sobolev) regularity of the true solution is imposed by the transmission conditions at
interfaces between sub-domains. This motivates the introduction of the following broken solution
spaces,

U(D; Pg) := {u e LX(Q)"™ | ulg, € UD; ), Vj € {1,...,J}},
U(D*; Po) = {u € L2(Q)™ |, € UMD*Q), Vi€ {1,..., J}}, (3.92)

U(D, La; Pg) := {u € LX(Q)™ | ulg, € U(D, La; ), Vj € {1,.. .,J}} .
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(a) Example of a general partition with interior and (b) Example of partition with interior cross points
boundary cross points (card J = 8). but without boundary cross points (card J = 12).

I'1o

(c) Examples of partitions without any cross points (card J = 6).

Figure 3.1: Different approaches for partitioning the computational domain.
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Besides, recalling our previous discussion about Robin boundary condition on I we set,

Ur(D;Po) = {u € L2(©)™ | ulo, € Ur(D; ), ¥j € {1,...,J}},
Ur(D*; Pg) = {u € LX(Q)™ | ulo, € Un(D*;9;)), Vj € {1,.. .,J}}, (3.93)

Up(D, Ly; Po) := {u € L2(Q)™ |ulo, € Up(D, Ly Q;), Vj € {1,...,J}}.

We equip the broken space Ur(D; Pq) by the following scalar product (and associated norm)

J

UV)Gr P = D (ule, Vle) gy pi,ye YU,V € Un(D; Pa). (3.94)
j=1

Note that we have, for op € {D,D* ,L,},

U(op; Q) € U(op; Po) C L*(Q)™,

=

Ur(op; ) € Ur(op; Pa) & L*(Q)™,

=

(3.95)

and that the scalar products and norms on the broken spaces agree with the continuous ones.

Elements of the broken space U(D;Pq) may admit jumps (for both trace operators) along
interfaces between sub-domains. In a domain decomposition algorithm, one construct sequences
of broken solutions in Ur(D;Pq) which (hopefully) converges to the actual regular solution of
the original undecomposed problem, which lives in Up(D; ).

Splittings of the variational problem Note that we have a natural splitting of the sesquilin-
ear form a as follows

J
)= Zaj(u|gj,v|gj), Vu,v € Up(D; ), (3.96)

where, for all j € {1,...,J}, u;,v; € Up(D; Q,),
Clj (Uj,Uj) = Kjoil(a Duj7DUj)L2(Qj)m1 — Ko (nuj, Uj)Lz(Qj)mU - i(’YO,F Uj,’)/oj Uj)Lz(I‘)mO' (397)

This motivates the introduction of the (broken) version a of the above sesquilinear form a, defined
on the (larger) broken solution space Ur(D; Pg):

U‘Q],U|Q V’UJ,’U € UF(D,PQ) (398)

H'M&

We require more regularity on the source terms that could be assumed on the model prob-
lem to avoid any difficulties after decomposition, in particular in the definition of the co-normal
derivative. Assuming f € U(D; Q)" for instance would possibly induce non-zero distributions
with support at transmission interfaces later on. Therefore, when we consider our domain de-
composition method, we make the following assumption.

Assumption 3.10. The source of the model problem is such that f € L*(Q)™°
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Since both source terms are regular enough, namely f € L2 (Q)m0 and g € L2(1")m°7 we also
have a natural splitting of the linear form [ as follows

J
)= 1i(v]a,),  VveUr(D;Q), (3.99)

where, for all j € {1,...,J}, v; € Up(D;Q;),
lj(vj) = '%Oil(fkljavj)LZ(Qj)mO + (9,70,F 'Uj)Lz(F)mo . (3100)

This motivates the introduction of the (broken) version | of the above linear form I, defined on
the (larger) broken solution space Ur(D;Pg):

J
I(v) == Li(vla,), Vv € Ur(D;Po). (3.101)

3.2 Abstract domain decomposition method

3.2.1 Free junction assumptions

Some results in the first part (Part I) of this manuscript require the following assumptions on
the geometric partition. Unless stated otherwise, from this point onwards in Part I we suppose
that these assumptions hold. We shall however point out precisely where these assumptions are
necessary. In fact, we shall provide a generalization of the theory in Part IIT of this manuscript.

Assumption 3.11 (Absence of interior junction points). We suppose that
0NN =0, YU, k1) e{l,....,J}, j#k k#1, 1+ (3.102)
This assumption can be further extended as follows:

Assumption 3.12 (Absence of boundary junction points). We suppose that
0;NT N =0, YUk e{l,....J}, j#k (3.103)

An important implication of these assumptions is that all the interfaces I'j;, are closed man-
ifolds of RY. The definitions of functional spaces and operators of the previous section for a
general domain € extend naturally to the local sub-domains ;, for j =1,...,J. In particular,
under Assumptions 3.11 and 3.12 there will be no definition issues for the trace operators and
the trace spaces. As a result, in each sub-domain we have the following first Green identity for
all u; € UF(D,La; Qj) and v; € Ur‘(D; Qj),

(Lauy, ”j)p(gj)mo — (aDuy, DUj)L2(Qj)m1

.104
= —Ro(Mr U, Yr V) — Ko Y (Y10, Ui Yo.r,, Uiy, (3.104)

keK;

It follows from Assumption 3.12 that we can choose the numbering of the sub-domains so that
there is exactly one sub-domain, by convention with number j = 1, for which part of its boundary
is I, the physical boundary of 2. For the sake of simplicity, we always mention in the following
the boundary condition (y1r —iyor)ulo, = 0 on I' for all j € {1,...,J}, but it is obvious
that when j > 1, this condition is meaningless and should be discarded. For the same reason, it
should be noted that Ur(D; ;) = U(D;Q;) for j > 1 and the first term on the right-hand-side
in (3.104) is actually present only if j = 1.
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3.2.2 A first equivalent transmission problem

We then specify which (physical) transmissions conditions these solutions shall satisfy (in addition
to the PDE) to be solution of the original (undecomposed) problem.

3.2.2.1 Transmission conditions

The following lemma makes clear the difference between the U (regular) and the U (broken)
versions of the solution spaces.

Lemma 3.13. An element u in U(D; Pq) is an element of U(D; Q) if, and only if,

e (ulo,) =y (ulo,), V(G k) €. (3.105)
An element u in U(D*; Pq) is an element of U(D*; Q) if, and only if,
-0y (ule;) = -y, (uley), V() €J. (3.106)

Proof. Let u € U(D;Pq) and a test function ¢ € D(2)™°, the quantity Du is defined in a
distributional sense as

(Du, ¢)q = (u, D*@)q, (3.107)

where (-, ), denotes the usual duality pairing between a distribution and a test function. Now,
we can split the right hand side into local contributions and using integration by parts (3.39), in
each of the sub-domains we get

J
(Du, ¢) Z ( Duy, ¢J — ("p*r 95,1 uj>rﬂ1“j - Z <7D*,ij ¢j7’YD,ij Uj>ij>,
7j=1 kEKJ'
J
= Z (<Duja ¢j>Qj - Z <7D*,ij d)ja’yD,ij uj>1"jk)a
Jj=1 keK;

(3.108)
where we used as a short hand u; := ulq,, ¢; := ¢|q, and the (exterior) boundary term vanish
because of the compact support of ¢. By definition of the trace operators (3.29) (see also
Assumption 3.2) and the regularity of the test function ¢, we have yp~r,, ¢; = —Vp~r,, dr. We
deduce that

J
Du d) QO — (Z Duj?¢j ) ( Z (fYD*,ij ¢j>’YD,ij Uj — ’YD,FIC]‘ uk>rjk-)7 (3109)
Jj=1 (4,k)ed
i<k

hence, u in U(D;Pq) is an element of U(D; ) if, and only if, for all (j,k) € J,
(YD1, @55 VDT, Uj — YD,y Uk>1—\jk =0. (3.110)

From Assumption 3.1, D(Q)"" is dense in U(D*; Q). It follows that for each interface T'jy, the
image of D(Q)"" by the (continuous) trace operator Yp~r;;, is dense into X;(I'jx) the image of
U(D*; ) by the (continuous) trace operator yp-r,, . As a result, we have

YD,Ljp Uj = VD Tp; Uks in Xo(L'j), v(j, k) € J. (3.111)

The proof of the other result is similar and omitted for the sake of brevity, we just remark that
for a test function ¢ we will have in this case yp r;, #; = Yp.r,; & (notice the sign change, hence
the change of sign in the corresponding result). |



68 CHAPTER 3. CONTINUOUS SETTING

From the previous lemma, and by definition of the physical trace operators (3.64), we have
the following result.

Corollary 3.14. An element u in U(D; Pq) (respectively in Ur(D; Pq)) is an element of U(D; )
(respectively in Ur(D; Q) ) if, and only if,

Yo, (ule,) =71 (Ue,),  V(,k) €. (3.112)
An element u in U(D,L,; Pq) (respectively in Ur (D, La; Pq)) is an element of U(D,L,; Q) (re-
spectively in Up (D, L,; Q) ) if, and only if,

Toxy (tl,) = Yo, (ula), W(j, k) € 3. (3.113)
T1.0jk (U|Qj) = TV, (U‘Qk)7

3.2.2.2 [Equivalent transmission problem

The following proposition is an immediate consequence of Corollary 3.14.

Proposition 3.15. The model problem (3.79) is equivalent to the following transmission prob-
lem:

Find u € Up(D; Pq) such that :
Vie{l J} (La - Hozn)u‘ﬂﬂ = f‘Qj’ in §2;,
Y (v —ivo,r )ule, =g, onTNTy,  (3.114)
o (u]a,) = (ulay,),
VG €3, Yors. (ule;) =0,r; (ulay,) on Tp.
Y1,T 5 (u|Qj) = 71,y (U|Qk)ﬂ
Proof. (=) Let u be a solution of the model problem (3.79):
Find u € Up(D;?) such that
(La — Ko%n)u = f, in Q, (3.115)

(m,r —ivor)u =g, on T.

Since u satisfies the PDE in Q in a distributional sense, by testing for each j € {1,...,J} with

a test function in C§°(€2;) (extended by zero outside €2;), the restriction u|q,;, which ought to

be in Ur(D;j), satisfies the PDE in each sub-domain ;. The physical boundary condition on

I" is not affected by the decomposition since we exclude the case of boundary junction points

(Assumption 3.12). We get

{(La - mo.Zn)u|Qj = fla,, in Q;, Vje€{0,...,J}, (3.116)
(m,r —ivor)u =g, onT.

Besides u is explicitly sought as an element of Ur(D; () so that according to Corollary 3.14 the
trace o should match across each interface. Since in addition u satisfy the PDE in the whole
of Q and by Assumption 3.10 necessarily u € Up(D, L,; Q) and Corollary 3.14 then yields the
continuity of both traces 49 and ~;. Finally, u is solution of (3.114).

(<) Conversely, suppose that u is a solution of (3.114). From the continuity of the traces o
and 71, Corollary 3.14 yields that u € Up(D, L,; 2). It follows that (L, — ko?n)u makes sense in
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L?*(Q)™ and we can write for any test function ¢ € C$°(Q)

M-

((La - "{OZn)uv ¢)L2(Q)m0 = ((La - K/O2n)u‘ﬂj7(ZS‘Q]')L?(QJ)WL()?

1

-
I

(3.117)

I
M&

(f|Q7 ) ¢|Q7 )L2 (Q,)™o = (f7 ¢)L2(Q)’V"O )

1

.
Il

where we could write the last equality thanks to Assumption 3.10. Finally, using the same
argument for the physical boundary condition on I, w is solution of the model problem (3.79). W

Example 1: Helmholtz. In the acoustic setting, the equivalent transmission problem is written

Find p € L*(Q) such that :
pj = pla, € H'(Q),
Vie{l,...,J}, (= div p, ' grad —ko A1) pj = fla,, in Q;,
(p;1 dy —iko) p; = Koglr,, onI'NT;.
Pj|ij = pk|FW
{p?l Oy upi = —py ' Oy i

(3.118)

V(j, k) € Jd, on T'j.

In the system above we introduced vjj the unit normal vector on the interface I'j, for any

(4,k) € 3, and defined to be outward to the domain Q;, so that by definition v, = —vy;.

Example 2: Maxwell. In the electromagnetic setting, the equivalent transmission problem is
written

Find E € L2(Q) such that :
E; := E|o, € Hr(curl;Q;),

Vie{l,...,J}, (curlu;1 curlfnozer) E; = flo,, in Qj,
gyt eurlEj x v —ikg v x (Ej x v) = koglr,, onT'NT;.

ViK€ 3, {yjk.lx (Ej X vji) = Vi >i1(Ek X Vigj), on T
py curlE; X v = —pu, " curl By X vg;.

(3.119)

3.2.3 Multi-trace formalism

We introduce now a set of definitions to provide a characterization of the solution of the original
problem entirely through its trace. The framework described below is inspired by the work of
Xavier Claeys [29] and the so-called Multi-Trace Formalism (MTF). This formalism (which — we
concede — might be disconcerting, especially in this very abstract setting) allows for very concise
formulations. Besides, it is very rewarding as it will turn out to be a fertile ground to relax the
somewhat penalizing no cross-point assumption (see Chapter 9). We present this framework in
this simplified free junction setting to be able to draw a parallel between the classical approach
described in this section and the more general method described later. We refer the reader
to [42, 44, 78, 91] for a more standard approach of the same DD method in the acoustic setting.
Note that there already exists some literature making connections between the MTF and domain
decomposition methods [7, 35, 31, 39, 55]. The MTF comes in two main flavors, the local [83,
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84] and the non-local versions [32, 38]. In this chapter we will rely on the former version while
we will exploit the latter version in Part III of this manuscript.

With this aim, we introduce the multi-trace space M, whose elements are collections of couples
of zeroth and first order traces at each interface, and from both sides of it. We then introduce
two important subspaces of M. The first one is the so-called Cauchy trace space C,, which
is the space of couples of zeroth and first order traces that are compatible in the sense that
they represent a (broken) function satisfying the homogeneous physical equation locally in each
sub-domain. The second subspace is the so-called single-trace space S;, whose elements match
in some sense at an interface (expressing the transmission conditions between sub-domains),
hence imposing the global regularity required by the solution of the original problem. Roughly
speaking (up to a contribution of the source of the problem) the trace of the solution belongs to
the intersection between the two subspaces.

A remark on our notations We shall use when necessary the symbol | as an index to denote
a space or an operator whose definition relies on the free junction assumption. In contrast in
Part III, we shall replace it with the symbol X to indicate a definition that is valid even in
presence of junctions.

3.2.3.1 Multi-trace spaces

We introduce global trace spaces whose elements are collection of traces on all interfaces (from
both sides) between two sub-domains.

Definition 3.16 (Multi-trace spaces). The global multi-trace spaces are defined as

Mo, (i) = X Xo(lk),

(7,k)ed
Ml’” (i) = >< Xl(I‘jk)7
e (3.120)
Ml/zyH (E) = >< Xl/z(rjk)v
(7,k)€I
My (2):= X X(Tjr) = Mo, (£) x My (2).
(4,k)ed

Note that because Assumption 3.11 and Assumption 3.12 hold, each manifold I'; is neces-
sarily closed.

The multi-trace space My, (f)) (respectively, My, (i)) is composed of collections of traces of
order 0 (respectively, 1) on each interface and from both sides of it. The term multi-trace refers
to the fact that at a single interface between two distinct sub-domains, two (interior) traces from
each of the two sub-domains appear in such collections. Indeed, for each interface I';; with (4, k) €
J (hence not empty), there also exists I'y; which actually refers to the same manifold. Therefore,
the two traces from the sub-domains €2; and €2, are present in the collections. Importantly, these
two traces need mot be compatible, in the sense that they are not necessarily traces of solutions
that are globally regular across the said interface.

The multi-trace space M1, | (f)) will acts as a pivot space between Mg | (i) and My, (i) for
the duality induced by (-,-), (see (3.127)).

The multi-trace space M, (f)) is defined as the collections of couples of traces of order 0 and 1
on each interface. Note that this space could also be defined as the Cartesian product of the two
previous multi-trace spaces, which differs only by a reordering of the components. We shall make



3.2. ABSTRACT DOMAIN DECOMPOSITION METHOD 71

the natural identification between the two definitions and use them interchangeably depending
on the context.

For the sake of simplicity, we omit the dependence to the skeleton domain and simply write
M, =M, (f)) and so on, unless it is not clear from the context.

We provide below the particularization of the above abstract definition to our main target

applications.

Example 1: Helmholtz. In the acoustic setting, the multi-trace spaces are

Mo, (i) = X Hl/z(ij)7

(,k)ed

Miy () = X H (), (3.121)
(4,k)€I

Mizy (£)= X LA(T).
(7,k)ed

Example 2: Maxwell. In the electromagnetic setting, the multi-trace spaces are

Mo, (i]) = X Hfl/z(curl;ljjk),

(3,k)ed

My ()= X H2(diviTy), (3.122)
(j,k)€I

My, (i) = X L?(ij)-
(7,k)€d

Trace operators By construction, the following global trace operators are continuous map-
pings from the broken solution spaces into the multi-trace spaces

Yo,; : U(D;Pq) — Mo,

U —> (’Yo,rjk U|Qj)(j,k)eJ’
Y U(D, Las Po) = My,

U +—> (’)’1,F]-,c ulﬂj)(j,k)EJ’
v, ¢ U(D,L,; Pa) — M,

u (1, u|9j)(j,k)ej'

(3.123)

In addition, from Assumption 3.2, the mappings 7o, and 71, are surjective. It is clear that, up
to a re-ordering of the elements, we can make the identification v, = (vo,;,71,;)-

Remark 3.17. Without Assumptions 3.11 and 3.12 the range of these trace operators could not
necessarily be these trace spaces (but rather larger spaces).

Norms and duality pairings In the definitions below, and systematically in the remainder
of this document, we shall use the following notations for elements of the multi-trace spaces

ik ik

Xo = (x} )(i.k)ea Yo = (v ) (k) € Mo,y
ik ik

x1 = (x] )(j,k;)e;lv y1 = (y1 )(j,k)eJ €My,

(3.124)

_ (LI a
Xijy = (X1/2)(j,k)EJ7 Yip = (y1/2)(j,k)EJ € MI/Q,H,



72 CHAPTER 3. CONTINUOUS SETTING

The multi-trace spaces can be endowed with the norms stemming from their Cartesian product
structure. Recalling the definitions of the norms on a single domain given in (3.31), (3.33)
and (3.50), we set, for each o € {0,1/2,1},

2 2
ol = D 153 I, o) (3.125)
(k)€

Besides, we introduce the natural norm on M, as follows
X3, = %ol + alld, - = (xoxa) € My, (3.126)

Recalling the local duality pairing (-,-);, between the two dual trace spaces (3.28) on a
single boundary 00, we introduce the duality pairing between multi-trace spaces (which does
not involve any complex conjugation operation)

<<'7 '>>|| : Ml,” X MO,H - C,
(X1, Xo) > Z <X{kvxgk>rjk- (3.127)
(4,k)€

Recalling our definition (3.49) of the inner product (-, -),, on the pivot trace space Xi/,(00) on
a single boundary 00O, we also equip the (pivot) multi-trace space with its natural scalar product
(and associated norm) which reads

(, .))H :Mip X My — C,

ik ik
O X) = > YL
(,k)€d e

(3.128)

Recalling the definition (3.73) of the bilinear form [-, ], on X(0O) for a single boundary 00,
we finally define the skew symmetric bilinear form

[ ~]]H ‘M, x M, = C,
(Xa y) = Z [Xjkvyjk]l‘~k = <<y17X0>>H - <<X17y0>>u'

J
(4,k)ed

(3.129)

3.2.3.2 Cauchy-trace spaces

We define a first subset of the space of multi-trace spaces which is the space of traces of a function
whose restriction in each sub-domain satisfies the homogeneous PDE and physical boundary
conditions on I" (see (3.130)). In particular, note that no boundary condition on the transmission
interface is imposed in the following definition and that the two traces associated to the two sides
of a single interface between two sub-domains need not satisfy a matching condition.

Definition 3.18 (Cauchy-trace space). For eachj =1,...,J, define the subspace of solutions
of the homogeneous PDE in §1; as

(3.130)

- 2 I — ) .
S(8y) = {uj € Up(D; ;) such that {(La Ko“n)u; =0, in L, }

(7vi,r —ivor )Uj =0, onDINTy.

For each j =1,...,J, the local space of Cauchy traces is defined as

Cy(Iy) := {(Xjk)kGKj € X X(I'jk) ‘ Ju; € (), X =, vy, Yk € Kj}- (3.131)
keK

J
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The global Cauchy trace space is defined as

J
Cy ()= _>§  (T5), (3.132)

which we identify as a subspace of M, in a straightforward manner.

Because elements of the Cauchy trace space C; are traces of local solutions u|q, that satisfy
the original equation locally in each sub-domain €;, it is natural that they satisfy some sort
of energy conservation result, as stated in the following proposition. Since we are interested in
harmonic wave propagation problems, the notion of energy balance is not properly defined. When
we say that the energy decreases we mean that there is a dissipation phenomenon in the problem
either by dissipation through the boundary or by absorption from the medium (coefficients a and
n in the PDE with non vanishing imaginary parts). If neither of this two dissipation phenomenon
are present (which is possible in a single sub-domain), we say that the energy is conserved. A
similar result in a more general setting (in the whole space and with junctions) can be found
in [29, Lem. 6.1].

Proposition 3.19 (Energy balance interpretation). The energy decreases globally in ,
which translates as
i[x,x], <0, vx € C,. (3.133)

Proof. Let . ‘
x=(*)mes €Cn =5, Y6k €d. (3.134)

For each j € {1,...,J}, by definition of the local Cauchy trace space C; given in (3.131), there
exists u; € Up(D; ;) such that

(La — ro%n) u; =0, in €,
(v —ior )uy =0, onT, (3.135)
VTjn Uj :Xjk, on ij, Vk € Kj.

We have, using Lemma 3.6 and the first Green identity (3.104)

1 J—
i Jk ik — . -
12 E [X , X7 h"jk, =3 E <’71,ij Uz, Y0, e uJ>ij’
kEK; keK;

[_ (3.136)

=3 Iio_l (Lauj , Wj)LZ(Qj)mO + Ho_l (a DUJ‘, DW)LQ(Qj)ml

— (71,0 w5, %0,r )y -
From (3.135), we obtain

17 3 xR = [_no(g(n)uj,@mmj),"o + #o 1 (3(2) Duy, D) 12 g s
= (3.137)

2
_”'YO,F Uy HLz(p)mo] <0,

from the assumption (3.78). This proves that the energy is conserved or diminished locally in
each sub-domain, the global result follows by summing over all sub-domains. |

In each sub-domain 2, we are therefore in either of the following two situations
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1. If the imaginary parts of the coefficients a and n in the PDE are identically zero and the
boundary of the sub-domain 2; does not include part of the physical boundary I', we have

1 o ,
i 30, =0, V) €C (), (3.138)
keK;
and we say that the energy is conserved in the sub-domain.

2. On the contrary, if the imaginary parts of the coefficients do not vanish everywhere in the
sub-domain, or its boundary includes part of the physical boundary we have

1 R ,
i 3, <0, ) € C (), (3.139)
]CEKJ'

and we say that the energy decreases in the sub-domain.

3.2.3.3 Single-trace spaces

It is clear that the transmission conditions that we shall impose on our local solutions should be
equivalent to (3.112) and (3.113) (sometimes referred to as physical coupling conditions). This is
the motivation to introduce a second subspace S; of the multi-trace space M;, which is the space
of traces that match across all interfaces, hence deserving to be named single-trace, in contrast
to a general multi-trace.

Definition 3.20 (Single-trace spaces). The global single-trace spaces are defined as

So, (%) = {XO = (") jmyes EMoy | x* =x¢7, V(. k) € ‘]}’
Siy (%) = {Xl = (X{k)(j,k)eJ eMy | xdF=—x7, V(5 k) € ‘J}v (3.140)

S (i) = Sy, (i) X S, (i) :

It is enlightening to state a few properties of these single-traces spaces. To do so, let us define
the following global trace operators (see in particular Assumption 3.2 for the definition of the
local traces)

Yo, + U(D;Pa) = Mo,

u = ('VD,f“jk U|QJ)
YD, ¢ U(D*;'PQ) — Ml,llv

U = (’YD*,f‘jk u|Qg)

(G k)€l (3.141)

(j,k)eJ'

Of course from (3.64), we have vp | = vo,;. However, we introduced the operator vp_ to respect
the symmetry in our notations.

Elements of the single-trace spaces are traces of functions that have some “global regularity
property, in a Sobolev sense, as stated by the following proposition which is based on Lemma 3.13.

2

Proposition 3.21. Under Assumptions 3.11 and 3.12, we have
So,; = o, UD; ) ( =7, Ur(D; Q)>7

(3.142)
S1,; = 7o+, U(D*; Q) ( = b~ Ur(D% Q))'
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Proof. The surjectivity properties of the global trace operators which follow from the one of the
local trace operators stated in Assumption 3.2 provide us with the inclusions

So,; €, U(D;Q),

. (3.143)
S1,; € o=, U(D"; ).
The regularity result from Lemma 3.13 provides us with the reverse inclusions
Sg D U(D; ),
0.1 2o, U( ) ) (3.144)
S1, 2 Y-, U(D; Q).
The substitution from U(D; ) to Up(D; Q) and U(D*; Q) to Up(D*; Q) is |

We deduce the following corollary, which in some sense is a rewriting of Lemma 3.13. It is
a characterization of the difference between the U (regular) and the U (broken) versions of the
solution spaces using the single-trace spaces.

Corollary 3.22. We have

(ii) Vu € Up(D*;Pq), YD+ u € S1,; < ueUp(D%0), (3.145)
(111) Yu € UF(D, La; PQ), YU € SH S UF(D,LB; Q)

Proof. Tt is clear that one implication (<) stems from Proposition 3.21. We need only to prove
the reverse implication (=).

(i) Let u € Up(D;Pq) such that vo,,u € Sp,. By Proposition 3.21 of Sp, there exists
v € Up(D; Q) such that vo (v — uw) = 0. It follows that w := v —u € Ker~y,, = Kervp,, and by
Lemma 3.13 we get w € Up(D; Q) so that finally u = v + w does belong to Ur(D; Q).

(ii) Let uw € Up(D*;Pq) such that 41 ,u € S1,,. By Proposition 3.21 of Sy, there exists
v € Up(D*; Q) such that v (v — u) = 0. It follows that w := v — u € Kervy;,; = Keryp~,, and
by Lemma 3.13 we get w € Up(D*;Q) so that finally u = v + w does belong to Up(D*; Q).

(i) Let w € Up(D,L,;Pq) such that vyu € S;, which rewrites from Definition 3.20 as
Yo, 1t € So,; and 1,y u € S1 . We just proved in (i) that from vy ,u € Sp,, we have v € Up(D; Q).
If we let v € L2(Q)™" such that for each j € {1,...,J}, v|o, = aDulq,, we have v, v € Sy,
and we just proved in (ii) that then v € Up(D*; Q). Hence we get aDu € Ur(D*; Q) and we have
u € Up(D,La; ). [ ]

The following proposition states that the single trace spaces are orthogonal in some sense. It
provides as a result a characterization of these spaces, which will prove useful when we consider
the discretization of the method. Besides, such a result is an easy particular case of more general
results, for instance in [28, Prop. 2.1], [36, Prop. 2.1] and [29, Prop. 4.1] for the acoustic setting
and in [37, Prop. 3.1] for the electromagnetic setting. In fact, as we shall see, a result of this
type is the corner stone of the theory that allows the presence of junction points.

Proposition 3.23. The single trace spaces are such that
VXo € MO’”, (Xo c SO,H <~ <<y1’XO>>H =0, Vyl S Sl»H)7
VX, € MLII’ (X1 (S 817” = <<X1,y()>>H =0, Vyo S SO»H)’ (3146)

vx € My, (x €S, = [x,y], =0, Vye SH).
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Proof. Let xg = (X‘ék>(j’k)€\] € Mg, and x; = (X{k)(j’k)e\] € My, we first establish the identity

ik ik ik ik kj _kj
Gaxol = > Gdhdin, = 30 [, + 6, ]
(4,k)€J (j,k)ed
J ]j<k

(3.147)

Now, if xg € So, and x1 € Sy, it follows from Definition 3.20 that (X1,Xo), = 0. Reciprocally,
let xg € Mg, such that for any x; € Sy, we have (X1,Xo), = 0. We obtain

<<X1’XO>>H = Z <X{kax(j)k - X§j>1‘jk = O’

s (3.148)
i<k
which holds for any x;, so that x}" = x5’ for any (j, k) € J and finally x, € So,,.
The other results stated by the proposition can be obtained analogously. |

3.2.3.4 Characterization of the trace of the solution

We are now ready to characterize the solution of the model problem (3.79) (or equivalently of
the transmission problem (3.114)) entirely through its trace. This is the purpose of the following
proposition.

Proposition 3.24. Let F € Up(D; Pq) be any source lifting such that (the choice is not unique)

(La_,‘ﬁ}o.2n)F|Qj :f|Qj7 in Q;, Vjedl,...,J}, (3.149)
(mr —inr)F =g, onT'.
Let u € Up(D, L,; Pq). Then, u is solution of the model problem (3.79) if, and only if,
T € (Cp+7F)NS,. (3.150)

Proof. Given any F € Ur(D;Pg) satisfying (3.149), from Proposition 3.15, u € Ur(D;Pq) is
solution of the model problem (3.79) if, and only if,

Find u € Ur(D; Pq) such that :
vie{l,...,J}, (La—ﬁO'Qn)(u—F”Qj =0, in Q;,
(v,r —ivo,r ) (u— Flg, =0, on'NTy,  (3.151)
o (u]a,) = L (ulg,),
(k) € J, o (vle;) =0r, (o) on Tjz.
ﬂylvpjk (u|QJ) - 7’7171‘“ (U|Qk)7

By Definition 3.18 of the Cauchy trace space C; and from Proposition 3.21 on the single trace
space S, u € Up(D;Pq) is solution of the model problem (3.79) if, and only if,

{'y (u—F)eCy, (u satisfies the PDE in each sub-domain), (3.152)

Yiu €Sy, (the transmission conditions are satisfied).
|

The above characterization of the trace of the unique solution of the model problem (3.79)
as the intersection of a vector space and an affine space entails necessarily that this intersection
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is reduced to a singleton. This fact is corroborated and completed by the following proposition.
A similar result in a more general setting (in the whole space and with junctions) was proven in
the case of constant coefficients for instance in [32, Prop. 6.1] for the acoustic setting and in [37,
Prop. 6.1] for the electromagnetic setting. The extension to variable coefficients for the acoustic
setting is available in [29, Prop. 6.1].

Proposition 3.25. We have the direct sum
M, =C,&S,. (3.153)

Proof.

Null intersection C, NS, = {0}. Let x = (xjk)(j)k)e\] € C, NnS,. First, since x € C,,
from Definition 3.18 of the Cauchy trace space C, for all j € {1,...,J}, we can find a lifting
u; € Up(D; ;) such that

(La — /*QO.QH)UJ‘ = 0, in Qj, (3154)
(m,r —ivor)u; =0, on T,
and '
Y, u; =x, on Ty, Vk€K;. (3.155)
Now let u € Ur(D; Pq) such that
ulo, =uj,  Vie{l,...,J}, (3.156)

we remark that « belongs in fact to Ur(D, La; Pq) (so that its trace v, is well defined) and by
construction it is such that
Yu=x€C/NS,. (3.157)

From Proposition 3.24, it follows that u actually satisfies the homogeneous model problem (3.79)
in the whole of €

u € Up(D; ),
MWueC NS e (La — Ko®n)u =0, in ©, (3.158)
(vi,r —ivo,r)u=0, on I.

The well-posedness of this problem (Assumption 3.9) yields u = 0, hence X = y,u = 0.

Decomposition. Let X = (Xo,X1) € M, with xg = (ng)(j,k)e‘] and X; = (x{k)(j7k)ej. We
wish to construct y € C; and z € S such that X =y 4+ z. The proof performs explicitly the
projection of X on the subspace C, in parallel to the subspace S;. To construct y, we consider
the following transmission problem

u € Ur(D;Pq) such that,

(La—ﬁo2n)u\gj =0, inQ;, Vje{l,...,J}

(mi,r —ivor)u =0, on T, (3.159)
Y0, Ule, — Yo,ry,; ula, = ng - ng, on Tk, Y(j,k) €3,

Vi, Ula, + Y1 Ula, = x]7 +x17, on I'jx, Y(j, k) € J.

To solve the above problem, we proceed in two steps
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1. Lifting of Xo: define

{v € Ur(D, Ly; Pq) such that, (3.160)

_ gk _kj
Yo,r,. VlQ; = 70,04, Ve, =X — Xo7, on L'y, Vk €K;.

Any such lifting will work, a particular lifting can be constructed for instance by solving
coercive (note the change of sign in the equation and the real parts of the coefficients) local
problems (which are well-posed):

vlq, € Ur(D; ;) such that,

L 2R =0 in Q;

vie{l,...,J}, (La) o (n))vle; =0. - (3.161)
(m,r —ivor )v.\gj =0, onI';NT,
Y0,T 'U|Qj = X(j)k, on ij, Vk € Kj.

2. Lifting of X;: define

w € Up(D; Q) such that,

(L, — no'zn)(v —w)l|a; =0, inQ;, Vje{l,...,J} (3.162)

(7,r —iv,r)(v —w) =0, ‘ ‘ onT,

V1,Tk (U - w)lﬂJ + V1,Tk; (U - w)|Qk = X{k + X]1w7 on ij’ V(]v k) €Jd.

Such a solution w € Ur(D; ) exists from the well-posedness of the model problem (3.79)
(Assumption 3.9).

Set
u:=v—w € Up(D;Pq). (3.163)

From (3.160)
Y0, Ve, — Y0,0u; V0o, = XA —xbd, on i, V(j,k) € J, (3.164)
and since w € Ur(D; ), using Proposition 3.21, we have
Y0,05 Wle; — Y00y e, =0, on I';k, V(j,k) € J, (3.165)

so that 4 '
0,0k U‘Qj — Y0,T; ulg, = X(])k - ngv on I'jk, V(i k) €3, (3.166)
It is therefore clear from (3.162) that u solves the transmission problem (3.159).
Set

y = (Yo, Y1) == nu = (Yo, 4, Y1, 1u)- (3.167)
By construction u satisfies the PDE in each sub-domain €; (and the physical boundary condition)
and Definition 3.18 of the Cauchy trace space C; yields y € C,.

Now, set
z2=(20,21) :=x—Y. (3.168)

Introducing

Yo = (v ) =0y ’
0 )(j,k)ed 1 /G ke (3.169)

— jk _ k
Zy = (Z(]) )(j,k)eja Z1 = (Zjl )(jyk)e‘]a
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the last two equations of (3.159) are rewritten as

ik ik _kj kj kj
{Xo —Yo = X0 — Yo

kj _
20" =2,

kj Y(j,k) € J, (3.170)

ik ik kj
2

; V(j,k)ed & ;
k ; ; k

X1 =yl =% +yy, 7y’ =

which, by Definition 3.20 of the single trace space S;, proves that z € S;.

Finally we have constructed the decomposition

yecCy,

3.171
ze s, ( )

X=Y+2z, with {

3.2.4 Reformulation as an interface problem

The previous characterization (see Proposition 3.24) of the trace of the (unique) solution of
the original problem (3.79) using the two subsets C, and S, of the multi-trace space M, is
admittedly elegant but not very practical. In this section, we exploit the above characterization
to equivalently recast the original problem (3.79) as a problem posed on the skeleton ¥ of the
partition (see (3.200)).

3.2.4.1 Transmission operators

We start by introducing a key ingredient of our formulation, the transmission operators. The
choice of a transmission operator completely characterizes the domain decomposition method
and its property will greatly influence the efficiency of the method.

Definition 3.26 (Transmission operators). We call transmission operators any continuous
and injective mappings such that

TO’” : MO,H — MLH’ Tl/Q)H : MO,H — M1/2>H’

(3.172)
Ti, + My — Mo, T*1/2,H i My — M1/2-,H~

Note that the assumptions on the transmission operators given in the above definition are the
bare minimum we shall require. They will need to satisfy additional assumptions as we proceed
with the theory, see Assumptions 3.28, 3.36 and 3.47.

Besides, we also introduce an additional continuous mapping

Z : Mo, — My, (3.173)

This operator Z is less important to the domain decomposition method and shall rather be seen
as an additional parameter that is available to tune the method in order to improve its efficiency.
In fact, all what follows still stands if one considers this operator to be identically equal to zero.

From the Cartesian nature of multi-trace spaces on which they are defined, the transmission
operators have a special block structure as either an operator matrix of size card J x card J (if we
adopt the interface point of view) or an operator matrix of size J x J (if we adopt the sub-domain
point of view). We provide two examples of the transmission operators structure in Figure 3.2.
These sketches correspond to the bottom and top-right geometrical configurations that are given
in Figure 3.1c.

The transmission operators (together with the operator Z) are used to combine the two types
of traces into so-called generalized Robin multi-traces.
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0 Qo Q3 Q4 0 Qo Q3 Oy
P L AL - B C o s
T3 Tag TI'sr T'zz T'zg Tus I'yp Doy Tag Tzz T'zg Tys
Ql {F13 : : Ql F12 : :
Qo {F23 3 3 Ty 3 3
! ! Qo - --- nininiail et i
Is | | Ta3 | |
Q3432 | | T3y | |
—————————————— S A E—— Q3 S I I . E—
[a4 | | L34 | |
Qy {F43 3 3 Qy{Tys3 3 3

(a) Top right geometric partition in Figure 3.1c. (b) Bottom geometric partition in Figure 3.1c.

Figure 3.2: Sketch of the operator matrix of transmission operators.

Definition 3.27 (Generalized Robin operators). For each o € {0,1/2,1}, we introduce the
global operators,

Rrjr[,u : My = (Mo, M1 ) = Mg,
:l:Tl_]H (X1 + ZX()) — iXO, zf o= O’ (3174)
X = (Xo,X1) = ¢ £T_1p ) (X1 + ZXo) — iT1s, X0, ifo=1p,
+ (X1 + Zxo) — 1Ty, X0, ifo=1,

Again, for the same reasons, the generalized Robin operators Riu, o € {0,1/2,1}, have a
special block structure. However they are this time (block) “rectangular” since they map a
couple of zeroth and first order multi-traces (element of M, = My, X My ;) to an element of M, .

It is clear from the mapping properties of the transmission operators (see equation (3.173)
and Definition 3.26), that these quantities are well-balanced in a functional sense: all three terms
that appear in their definition naturally belong to the same multi-trace space.

If u € Up(D,L,; Pg), for any o € {0,1/2,1}, the quantity R ~v,u will be referred to as an
incoming Robin trace while the quantity R v will be referred to as an outgoing Robin trace,
according to standard practice in [42, 44, 91].

3.2.4.2 Scattering operators

Another key ingredient in the reformulation of the problem at the interface is the so-called
scattering operator which takes an incoming Robin trace, solves the PDE in each sub-domain
and computes an outgoing Robin trace.

Because of the abstract setting, we make the following assumption (which puts constraints
on the transmission operators) before proceeding. Of course, we shall get back to this and justify
it in what follows, but we emphasize that it is not trivial to satisfy.

Assumption 3.28. For each o € {0,1/2,1} and for any X, € M., f € L*(Q)™°, g € L>(I")",
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the transmission operators are such that the following problem is well-defined:

Find u, € Up(D; Pq) such that

(La — ko?n)uclo, = flo,, in Q;, Vjedl,...,J}, (3.175)
(y,r —ivor )us = g, onT, )
RIH’YHUU = Xo, on .

The problem (3.175) consists in local sub-problems which are coupled through the last equa-
tion. In practice though, the transmission operators will be chosen in order to decouple those
sub-problems, leading to some possible parallelization of the algorithm, see Section 3.2.4.5 for
further discussion on this matter.

Upon satisfying the above assumption, we can now safely define the scattering operators.

Definition 3.29 (Scattering operator). For each o € {0,1/2,1}, we define the global scattering
operators,

So Moy = Mgy,

_ (3.176)
Xo’ — Ra-7||7|\ Ug,
where u, € Up(D;Pq) is such that
(La — Ko?n)ue|o, =0, in Q;, Vje{l,...,J},
(vir —ivo,r Jus =0, onT, (3.177)
R v Uy = X, on X.

From the above definition, we readily obtain a characterization of the Cauchy trace space
C, (Definition 3.18) as the kernel of an operator involving the generalized Robin operators R{ |
and the scattering operator S, ;. The main ingredient of the proof is the injectivity assumption
on the transmission operators (see Definition 3.26).

Proposition 3.30 (Characterization of the Cauchy trace space). For each o € {0,1/2,1},
we have the following characterization of the Cauchy-trace space:

C,=Ker (R, — S, RY,). (3.178)

ol

Proof. (=) Let x € C;. From Definition 3.18 of the Cauchy trace space C,, there exists u €
Ur(D; Q) such that «,u = X and

{<La —ro*nulo, =0, inQ, Vjie{l,...,J} (3.179)

(7, —ivor)le, =0, onI'NTy.

If, for any o € {0,1/2,1}, we let y := RIll'y”u = R/} X, by Definition 3.29 of the scattering
operator S, , we have R, v ,u := S,y which are rewritten as R, ,x = S, R} X.

(<) Let o € {0,1/2,1} and X € M, be such that R, x = S, R} x. By Assumption 3.28,
there exists u, € Up(D; ;) such that

(La—/{OQn)ug\Qj =0, inQ;, Vjed{l,...,J},
(’VI,F - i’YO,F )Uo- = 07 on F7 (3180)
R;H’YHUU = R;HX, on 27
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and from Definition 3.29 of the scattering operator S, we have R, v,u, = S, RS x. It
follows that

(3.181)

RY v us = RY X,
R v ius = R X

It remains to prove that «,u, = X. We give the proof for o = 1, the other proofs follow the same
lines. By Definition 3.27 of the generalized Robin operators Rﬁu, the system (3.180) is rewritten
as

(3.182)

(Y111 + Zyo,u1) — iTo 0,1 u1 = (X1 + ZXo) — iTo, X0,
= (m,1w1 + Zyo,u1) — iTo,vo,iu1 = — (X1 + ZXo) — iTo,Xo,

so that taking linear combinations we get

T —Xo) =0 =X
0.1 (Yo,/u1 = Xo) =0, =TT =X, (3.183)
(v1,0w1 —X%1) + Z (Yo,)u1 — Xo) =0, ViU = X1,

using the injectivity assumption on the transmission operator To ; (Definition 3.26). |

3.2.4.3 Exchange operator

The last key ingredient in the reformulation of the original problem as a problem on the skeleton
Y is the so-called exchange operator II,. The role of this operator is to couple all sub-domains
by exchanging information through all interfaces.

Definition 3.31 (Exchange operator). We introduce the exchange operator, denoted IL, such
that, for any o € {0,1/2,1},

meyo € MU,IM (yo = HHXU A X<j7k = Y§j7 \V/(], k) € ‘J) ’ (3184)
with the convention that X, = (ng)(j,k)e\] and y, = (y‘gk)(j7k)€J'

Remark 3.32. Because this operator is very simple, we do not introduce different operators
II,,, o € {0,1/2,1}. Strictly speaking, because its definition does not depend on o, we could
define this operator on the largest trace space that includes both Mg, and My, namely

X H™7 (0" (3.185)

(4,k)€
From the Cartesian nature of multi-trace spaces, the exchange operator has a special block
structure. We provide two examples of the exchange operator structure in Figure 3.3. These
sketches correspond to the bottom and top-right geometrical configurations that are given in

Figure 3.1c.
The following two propositions are immediate consequences of the above definition.

Proposition 3.33. For each o € {0,1/2,1}, the exchange operator I1; is an involution of My,
M =Id  inM,,. (3.186)

Proposition 3.34. For each o € {0,1/2,1}, the two operators 1/2 (Id £ II,) are two complemen-
tary projectors in My |,

Ua[ld + T1,)° = 12 [Id £ I, ],

(Id +II;] [Id — IT}] = [Id — IT; ] [Id + IL;] = 0. (3.187)
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o5 (95} Q3 Q4 0 Oy Q3 Oy
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(a) Top right geometric partition in Figure 3.1c. (b) Bottom geometric partition in Figure 3.1c.

Figure 3.3: Sketch of the operator matrix of the exchange operator. The non-zero operators are
the Id blocks featured by the shaded areas.

Using Definition 3.31 of the exchange operator I, we are able to characterize the kernel of
the above projectors and rephrase Definition 3.20 of the single trace space S;. This is the subject
of the following proposition.

Proposition 3.35. We have

X = (X, X1) € S,

{xo €So,, - {xo € Ker (Id — I, , (3.188)

Xl E SLH7 Xl E Kel" (Id + HH) .

Before proceeding, we impose some additional requirements on the transmission operators.
Assumption 3.36. The transmission operators are such that

e Z is symmetric with respect to (-, ),

<<Z7X(b y0>>\| = <<Zy07%>>u7 VX07y0 € MO,H' (3189)

and anti-commutes with II
711, = —11,Z; (3.190)

e T, commutes with II; for all o € {0,1/2,1},

To 1 =11, T . (3.191)

Upon making the above assumption, which we assume to hold in what follows, we can char-
acterize the single-trace space S; (Definition 3.20) as the kernel of an operator involving the
generalized Robin operators Riu and the exchange operator IT;. A similar result in a more
general setting (in the whole space and with junctions) was proven for instance in [29, Prop. 5.4]
for the acoustic setting.
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Proposition 3.37 (Characterization of the single-trace space). For each o € {0,1/2,1},
we have the following characterization of the single-trace space (3.140):
S, =Ker (RY, —I[,RY). (3.192)

Proof. First note that, for any o € {0,1/2,1} and any x € M, R} x = IR, X is equivalent to
R, x = IT,R/ X since the exchange operator II is an involution according to Proposition 3.33.

We prove the equivalence for o = 1, the proofs for the other two cases formally take the same
route.

(<) Let X = (Xo,%1) € M, such that Rf x = IT) R{ X. From Definition 3.27 of the generalized
Robin operators Rli,H, we get

R{fux =ILR; X = +(x3+Zxo) —iTo,Xo = II; [— (X1 + ZXo) —iTo,Xo],

. (3.193)
= [Id + HH} (Xl + ZXO) —1 [Id — HH} T07HX0 =0.
Using the projection properties of Id + I, given in Proposition 3.34 we deduce
Id +II,] (X1 +Zxp) =0
[ + H] ( 1+ 0) ’ (3194)
[Id — HH] TO,HXO = O,
so that using the commutativity properties of Assumption 3.36 we have
Ty, [Id —II,] X =0
0, [ H] 0 ? (3195)
[Id =+ H”] X1 + Z [Id — H”] Xo = 0.
Hence, using the injectivity of Ty, we get
Id —1II,] xo =0
[ il o =0, (3.196)
[Id + HH} X1 = 0.

We finally use the characterization of the single trace space S, given in Proposition 3.35 to obtain
X = (Xo,X1) € Sy.

(=) Reciprocally, let X = (Xg,X1) € S;. Using again the characterization of the single trace
space given in Proposition 3.35 together with the commutation relations of Assumption 3.36 we
obtain successively

Ty, (Id —II;) Xo =0 Id —II,) Ty X0 =0
[Id —II,] xo = 0, 0.1 ( 1) %o =0, ( 1) To,% =0,
- = {Z(Id-1I,) X =0, = < (Id +1I,) Zxo = 0,
[Id""HH} X1 —O7
(Id +1I1;) x; = 0, (Id + 1) X, = 0,
(3.197)

so that taking an adequate linear combination we get

[Id + HH] (X1 + ZXO) —1 [Id — HH] TO,HXO = 0,
=+ (X1 4+ ZXo) —iTo, X0 = II, [— (X1 + ZXxo) — iTo, %o], (3.198)
= R x=ILR[ x

from Definition 3.27 of the generalized Robin operators Rli,H. |
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3.2.4.4 Equivalent interface problem

With the help of the scattering operators S, and exchange operator II, we are now in a
position to recast the original problem (3.79) (or equivalently the transmission problem (3.114))
as a problem for the trace of the solution posed on the skeleton 3.

Proposition 3.38 (Equivalent interface problem). Let o € {0,1/2,1}. Let F,, € Up(D;Pq)
be the (unique) source lifting such that

(La — ko?n)Fyla, = fla,. in Q;, Vje{l,...,J},
(v —ivr)Fe =g, onT, (3.199)
R} v F, =0, on X.

Consider the problem
{Find Xy € My, (3.200)

(Id = IL;S, ) Xo = IL R, v, Fo

If u € Up(D; Q) is solution of the model problem (3.79), then its trace X, := R;“v“u satisfies
the interface problem (3.200).

Reciprocally, if X, € My, is solution of the interface problem (3.200) and if v, € Ur(D;Pq)
is the (unique) solution of

(La — Ko?n)vg o, =0, in Q;, Vje{l,...,J},
(7.0 —iv0r e =0, on T, (3.201)
R;L,u')’u'vcr = X, on X,

then u € Ur(D; Pq) defined as u, := v, + F, is solution of the model problem (3.79).

Proof. Let F, be the unique solution (by Assumption 3.28) of (3.199), then it satisfies (3.149).
We will rely on the characterization given by Proposition 3.24, which states that u € Ur(D, L,; Q)
is solution of the model problem (3.79) if, and only if,

Yiu€ (Cp+vF)NS,. (3.202)

(=) Let u € Up(D; Q) be the solution of the model problem (3.79), then y,u € (C, + v, F»)N
S;. From Propositions 3.30 and 3.37 we have

¥, (u— Fy) € Cy, o R, 7 (u—Fy) = So, Ry (u — Fy), (3.203)
Yu €S, RZ v =ILR; v u.
Hence using R/ v, F,, = 0 from (3.199) we deduce
Ry viu=SqRavu+ Royy Fo, (3.204)
RJvu=ILRy v u. .
Eliminating R, v, u it is then immediate that
Ry vu=1LSe Ry vu+ILR, v Fo, (3.205)

hence its trace X, := R;” ~,u satisfies the interface problem (3.200).
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(<) Reciprocally, let X, € M, be solution of the interface problem (3.200) and let v, €
Ur(D; Pq) be the unique solution (by Assumption 3.28) to (3.201). Then, by definition of the
Cauchy trace space C, (Definition 3.18), its trace v,v, € C,. If we set u, := v, + F,, we readily
obtain v, (us, — F,) € C,. Besides, using X, = RS, 7,v, from (3.201), we rewrite (3.200) as

(Id = IL;S, )Xo = ILR, v, Iy, g (Id - I1,S, ) R;L.,WHUU =IL R, v Fo.

(3.206)
Using Proposition 3.30 we get
R;H’Yu% —ILR, vve =ILR, v F. (3.207)
Finally, using the fact that RI Y1 Fe =0 from (3.199) and the definition of u, yield
R;_,H'VHUU = HHR;,u'YlluU- (3.208)
Proposition 3.37 then gives v, u, € S,. Finally we indeed have v,u, € (C;, +,F,)NS,. |

Remark 3.39. [t is perhaps worth mentioning an alternative equivalent interface problem, ex-
changing the order of composition of Sy, and II,. Let o € {0,1/2,1} and consider instead the
alternative interface problem

{Find Xo € My, (3.209)

(Id = So, ) I1)) Xo = Ry v, £

If u € Up(D; Q) is solution of the model problem (3.79), then its trace X, := R, v u satisfies the
interface problem (3.209). Reciprocally, if X, € My, is solution of the interface problem (3.209)
and if v, € Up(D;Pq) is the (unique) solution of (3.201) then u € Ur(D;Pq) defined as u, :=
Ve + Fy is solution of the model problem (3.79).

While the choice of using (3.200) or (3.209) in a practical implementation is not really im-
portant, taking o = 1 rather than o = 0 or o = 1/2 has important impacts that we shall discuss
in the following.

3.2.4.5 Block diagonal transmission operators

We now investigate the particular case of block diagonal transmission operators. We emphasize
that this sub-case is in fact the only case of practical interest as any other alternative would
prevent us to get any parallelization of the domain decomposition algorithm. It is interesting
to note though that the theory does not rest on this assumption. As a result one would typi-
cally imposes the following additional requirement (which is not restrictive) on the transmission
operators.

Assumption 3.40 (Block diagonal transmission operators). The operators Z and T, ,
o€ {—=1/2,0,1/2,1}, viewed as operator matrices of size card J x card J, are diagonal

Z = diag(j,k)eJ (Z]k)7

_ . (3.210)
Ty, = diag(; iyes (TZ,{CO,
where, for all (j, k) € I, we have
o "
T+ Xo(Tjk) — X1(Tjn), T, Xo(Tje) = X)), (3211)
T X1(Tje) = Xo(Tj), T{kl/zﬁu : Xq(Djk) = Xap(Tn),

and 4
Z7%  Xo(Tjk) — Xq1(Tyk). (3.212)
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We provide two examples of a (block) diagonal transmission operator in Figure 3.4. These
sketches correspond to the bottom and top-right geometrical configurations that are given in
Figure 3.1c. The non-zero operators are represented by the hatched areas.

QO Qs o o O, Qs Q
o S 8 P A
Tz Tog Tar Tza T'zy I'gs Iyp Doy Tog Tge T'zy T'ys
QI{FIS : Ql{FIQ !

2

2 {Fzs

T3
Q3432
T34

Q {F43 3 3

(a) Top right geometric partition in Figure 3.1c. (b) Bottom geometric partition in Figure 3.1c.

Figure 3.4: Sketch of the operator matrix of diagonal transmission operators. The non-zero
operators are featured by the hatched areas. When the hatching pattern and color match, the
operators are equal in order to satisfy Assumption 3.36 as stated in Proposition 3.41.

We can then give a sufficient condition on the elements of the transmission operators in order
to satisfy Assumption 3.36.

Proposition 3.41. Suppose that Assumption 3.40 holds. If each diagonal elements of Z and
T,,, 0 € {0,1/2,1}, satisfy

zZh = _ija V(]7 k) €J, J <k,

. ) 3.213
T =T, Viked  j<k, (3:213)

and for all (j,k) € 3, Z7* is symmetric, then Assumption 3.36 is satisfied.

To represent (block) operators that shall be equal in order to satisfy Assumption 3.36, we
used identical hatching patterns and colors in the sketch of the transmission operator given in
Figure 3.4.

Remark 3.42. One could argue that considering diagonal operators of the form of (3.210), is
too restrictive. Indeed, we could instead consider each Z and T, , o € {=1/2,0,1/2,1} to be
block diagonal, with J blocks, where each non-zero block would be local to a single sub-domain
and of size card K; x card K;, for each j € {1,...,J}. Such an operator would increase the filling
in the transmission matriz. This is represented in Figure 3.4 in the example configuration by
the dotted area. It is then possible to show that the algorithm remains with the same parallel
structure (albeit with a possible extra computational cost). However, to satisfy Assumption 3.36,
one must have

(Z) (), omn) = — (D) (1j), (num) V(j, k), (m,n) € I?,

_ (3.214)
(Tosi) .y, (mom) = (Tost) 4y, (mimy> V(4. k), (m,n) € 3%
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The condition (3.213) written for a block diagonal operator, then shows that only the pure diagonal
elements, (Z); 1y (jx) and (TU,H)(J. k), (k) Jor (4, k) € 3, can be non-zero. In the illustration of
Figure 3.4 this means that the dotted area needs to be identically zero.

Furthermore, the diagonal structure of the transmission operators implies a diagonal structure
for the scattering operator. To see that we first introduce local versions of the Robin operators

at an interface.

Definition 3.43 (Local generalized Robin operators). For each o € {0,1/2,1} and (j, k) €
J, we introduce the local operators,

RIS X (Tjk) = Xo (i),

iTJl-}CH (X1 + ZJkXQ) — ixg, . ifo =0, (3.215)
X = (X0,X1) — :N:Til/%” (X1 + ijx()) — iT{/MXO, if o =1/,
+ (X1 + ijxo) - iTéfCHXQ, ifo=1,
971 Qo Q3 Qy 971 Qo Q3 Qy
Iz Tos Ts1r sz T Tag Fip Tor Taz Taa Tag Tug
Ql{ﬂ:& Sy, ! ! 0T | S, | |
QQ{FZ’S Sz, 3 3 Iy Si,” 3 3
| | Dy Sl Al ity
s : : Tos 1 :
Q3432 = I3 1 S|
—————————————— T B Q3 Loeo]----q--- - EEEmEEE—.]
T : : s | :
Q4{F43 3 3 S:, Qu{Tys 3 3 S:,

(a) Top right geometric partition in Figure 3.1c. (b) Bottom geometric partition in Figure 3.1c.

Figure 3.5: Sketch of the operator matrix of diagonal scattering operators. The non-zero opera-
tors are featured by the shaded areas.

Then, for each o € {0,1/2,1}, we have

So, = diag;cr,.. 5y (S?},H), (3.216)

where the local scattering operators are given in the following definition.

Note that the level of element granularity for the scattering operator viewed as an operator
matrix is not the same as for the transmission operators. There are card J elements on the diag-
onal of the transmission operators, while there are J elements on the diagonal of the scattering
operator. Each diagonal element S} |, j € {1,...,J} is itself of size cardK; x cardK;.
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Definition 3.44 (Local scattering operator). For each o € {0,1/2,1} and j € {1,...,J}, we
define the local scattering operators,

Szjy,u : >< XU(ij) — >< XO’(ij)7
keK; keK;

(3.217)
ik jk,—
(< )k;eKj = (Ra.,u D ua,j)keKja
where, for all j € {1,...,J}, us; € Up(D;Q;) is such that
(La — HOQH)UO—J‘ = 0, n Qj,
(’}/1.71" — i’}/QI )umj = 0, on F, (3218)
Rf,]f”"i' I, Uo,j = Xék, on ', Vk € K;.

It is now clear that applying the scattering operator consists in solving local problems lo-
cally in each sub-domain (hence hopefully in parallel), thereby insuring that the PDE is satisfied
locally. It is the exchange operator that couples all sub-domains together by exchanging infor-
mation, thereby insuring the global continuity of the solution.

Besides, we note that satisfying Assumption 3.28 now amounts to satisfy the following as-
sumption, and we shall provide in Section 3.4 sufficient conditions to satisfy it.

Assumption 3.45 (Well-posedness of local sub-problems). For each o € {0,1/2,1}, j €

{1,...,J} and for any (x3F), o € Xyex, Xo(Tjr), £ € L™, g € L*(T)™, the transmission
J J

operators are such that the following local sub-problems are well-defined:

Find u, ; € Up(D;Q;) such that

(La — KOQH)UUJ = f|Qj7 mn Q]a (3 219)
(71_,1“ —iv0,r )to,j = 9, onI;NT,
Rg{c“ﬂL vr‘jk Ug,j :Xg_k’ on ij, Vk € Kj.

If the transmission operator is diagonal, one can rewrite the equation (3.200), for o = 1 for
instance, in the more usual form of the following transmission problem

Find u € Up(D; Pq) such that :
(La—/i02n)u|gj = fla, in Q;, Vje{l,...,J},
(7,0 —ivr)u=g, on T, (3.220)
(+ N, + (2% =T )yor,. )U|Qj
_ <_ Tiry, + (2% T )yor,, )umk on Ty, V(j, k) € J.

3.3 Iterative domain decomposition methods

Our reformulation of the model problem (3.79) in the form of the interface problem (3.200) would
be pointless if it was not easier to solve. Provided the transmission operators are diagonal,
multiple local sub-problems are hidden behind the problem (3.200), which are however still
coupled. This is why to provide an actual practical way of computing a solution, we need to
resort to iterative solvers. Such solvers will involve solving independently (hence hopefully in
parallel) the local sub-problems at each iteration (using the information of the previous iteration).
The update of the source terms of the local sub-problems will happen in between each iteration
with an actual exchange or communication of information between sub-domains.
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3.3.1 Iterative algorithm
Let o € {0,1/2,1}, F,, be the solution of (3.199), and define

b, =1L R, v, Fo. (3.221)

In this section, we want to devise (and study the convergence of) an algorithm to solve

{Find Xo € My such that, (3.222)

(Id - H||SO',H)X0‘ = bo—.

Recall that, according to Proposition 3.24, having found such a X, solution of (3.222), the global
volume solution of the model problem (3.79) can be computed as

Uy = Vg + Fy, (3.223)
where v, € Up(D;Pg) is such that
(La — Ko?n)vg o, =0, inQ;, Vje{l,...,J},
('71,F — i’)/o’r )’UU = 0, on F7 (3224)
R 700 = Xo, on Y,

which is well-posed according to Assumption 3.28.

Relaxed Jacobi algorithm One of the simplest iterative method to solve (3.222) is the
(relaxed) Jacobi algorithm. Let X} € M, and a relaxation parameter 0 < r < 1 be given, a
sequence (X7), oy in Mo, is constructed using the (relaxed) Jacobi algorithm as follows

X2 = [(1 - r)Id 4+ I, S, ] X" + 7 b,, n €N. (3.225)

The standard Jacobi algorithm can be recovered by setting r = 1. Constructing this sequence of
traces also constructs a sequence of broken solutions (v}), .y in Ur(D;Pq) when the action of

S,,; is computed. For each n € N the broken solution v} satisfy

(La — ko?n)vlt|a, =0, inQ;, Vje{l,...,J},
(1.0 —ior)vg =0, onT, (3.226)
Ry vv5 = X3, on X.

The true solution of the original problem is then (hopefully, if convergence occurs) the limit of
the broken solutions (u}} := v} + Fy), oy in Ur(D; Pq).

o

Remark 3.46. While it might not be immediate to see, the algorithm (3.225) deserves to be
referred to as a (relazed) Jacobi algorithm — in the parlance of iterative solvers for linear systems
— when the operators are viewed as operator matrices of size J x J. Indeed, Id and II|S, , are
respectively the diagonal and off-diagonal parts of the full operator 1d — IL;S, . To see why,
recall that S, is diagonal (independent solves in each sub-domains) and IL; has only off-diagonal
elements (a sub-domain does not exchange with itself).

3.3.2 Convergence analysis

We now turn to the convergence analysis of the previously described iterative method.
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3.3.2.1 A particular choice of scalar product

We have equipped our multi-trace spaces with the norm stemming from the Cartesian product
structure of the multi-trace space. In this sub-section, we introduce different, albeit equivalent,
norms.

Scalar products Unless stated otherwise, we shall assume in the following that Assump-
tion 3.47 holds.

Assumption 3.47. We suppose that the transmission operators are positive definite isomor-
phisms between the multi-trace spaces. In addition, we suppose to have the following relations

* * -1 -1
Ty, = Tl/z,HTl/z,na Tl/z,H = (Tfl/mu) ) and Ty = (TO,H) : (3227)

It is implicit from Assumption 3.47 that the operators Ty, and T; , are supposed to be
self-adjoint.

We can equip the multi-trace spaces Mo, My, and Mij, ; and M, respectively with the fol-
lowing scalar products

tO,H (X07YO) = «TO,\\XOa%>>||7 VXanO S MO,H7
b1, (X1, Y1) o= (y1, To, X)), VX1,y1 € My, (3.228)
t1/27” (X1/2,y1/2) = <<(T,1/27”)_1 X1/27 (T1/27H)_1 y17/2>>u, Vx1/27y1/2 S M1/2’“.

Norms We can then endow the multi-trace spaces Mg, M1, and M1, ywith the norms induced
by the previous scalar products. Hence we define

oIz, = to.i(x0,Xo), V%o € Mo,
2
Xl | o=ty (%), VX1 € My, (3.229)
2

HX1/2||T1/2,” = tl/Q,H (X1/2,X1/2), VX1/2 S Ml/z’H.
Remark 3.48. Since the transmission operators are supposed to be continuous and coercive
(by assumption 3.47), the norms defined in (3.229) are equivalent to the ones previously defined
in (3.125).
3.3.2.2 A sufficient condition for convergence

The previous problem can be recast in the following abstract framework. Let V be a Hilbert
space, A : V — V and b € V. We are set to solve

(Id — A)x =b. (3.230)
The problem is formally related to the convergence of the following Neumann series

+oo
z=(Id—A)"b=>) A", (3.231)

n=0
which is known to converge provided A is bounded and a strict contraction [[All,, < 1 in V.

The following proposition, adapted from [42, Th. 6], provides weaker sufficient conditions for
the convergence of the abstract interface problem (3.230).
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Proposition 3.49. Let V be a Hilbert space endowed with a norm | - ||y-. Let 20 € V \ {0},
0 <r <1 and define the sequence

2" = ((1 = r)Id 4+ rA) 2", n € N. (3.232)
If the following two assumptions hold true
e Id — A is injective in V;
e A is a contraction in V;
then the relaxed Jacobi algorithm (3.232) converges to 0 in V.
Proof. The convexity of x — ||z||? yields the identity for any z,y € V, with 0 <r <1,
11 =)z +ryly = Q=) +rllyly —r@ =)z -yl (3.233)
Let n € N, using the above identity with x = 2™ and y = Az™ we get
2" = @ =)™} + rl| Az} = r(1 = r)[la" — A" (3.234)
Since A is a contraction in V' we have for all x € V,
[Az|lv < [[=][v. (3.235)

It follows that
[T < 215 = r(1 = 7)lla”™ — Az™|F, (3.236)

so that the sequence (z"),, .y is non-increasing. Furthermore,
r(L =)™ = A < [l2"[[7 = =", (3.237)

and we deduce that for any N € N,

N
r(L=r) > [10d = A5 < 20l = 2N < 2007 (3.238)

n=0

and (since in addition 0 < r < 1) the series

>l = Az} < +oo, (3.239)

n=0

is finite. We therefore conclude to the strong convergence of ((Id — A)x™), .y to 0, and thereby
to its weak convergence: for any y € V,

((Id = A)z",y),, — 0, as n — oo. (3.240)

Besides, from the boundedness of the sequence (z"), .y We also deduce that it admits a sub-
sequence, still denoted (z™) that converges weakly, say to an element x of V. For any y € V,

neN?
we get
((Id = A)z™,y)y = (2", (1d — A)*y) = (z,(Id — A)"y)y, as n — o0o. (3.241)
Finally, from (3.240) and (3.241), we have for any y € V,

(z,dd — A)"y), = (Id — A)z,y),, =0, (3.242)

and the injectivity of Id — A yields £ = 0. Since the limit is independent of the sub-sequence,
the whole sequence converges (to 0). |
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If we set A =1I,S,,, and V =M, , the purpose of the next few results is to verify that the
assumptions of the previous abstract proposition are satisfied in our particular case. We start
with the injectivity assumption which is a direct consequence of the following lemma.

Lemma 3.50. Let 0 € {0,1/2,1} and b, € M, ;. Consider the two problems

Fi M .
ind Xo € My such that (3.243)
(Id —II;S,,) Xs = by,
and
an_:l y eC, siu:h that : (3.244)
(RU,H - HHRO',H) y =b,.

If X, € My, is solution to the problem (3.243), then there exists y € C, solution to the
problem (3.244) such that X, = Rf,y.

Reciprocally, if y € C, is solution to the problem (3.244) then X, = RIHy € M, is solution
to the problem (3.243).

Proof. Let o € {0,1/2,1} and b, € M, ;.
(=) Suppose to have X, € M, a solution to the problem (3.243) and let u, € Ur(D;Pq) be
such that

(La — Ko”n)uq|o, =0, inQ;, Vjed{l,...,J},
(7.0 —iyor Jue =0, on T, (3.245)
RJ ViUo = Xo, on %,

which is well defined thanks to Assumption 3.28 and set
Y =v,us €M, so that by construction X, =R y. (3.246)

By Definition 3.18 of the Cauchy trace space C; we also have y € C; and the characterization of
this space given in Proposition 3.30 yields

(R, —So, RS, )y =0. (3.247)

ol

Finally, equation (3.243) is rewritten as

Ry, ~ILR, )y = b,, (3.248)

a1l

which finally proves that y € C, solves (3.244).
(«<=) Suppose to have y € C; a solution to the problem (3.244) and set X, := R y. Using
the characterization of the Cauchy trace space C; given in Proposition 3.30 we have

(R, —So,RS,)y =0. (3.249)

o, o, |l

Then, equation (3.244) is readily rewritten

(Id —1II,So,) X = by, (3.250)

From the previous lemma we immediately obtain the following result.

Proposition 3.51. Let o € {0,1/2,1}, the operator (Id — IL;S, ) is injective on M.
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Proof. Let 0 € {0,1/2,1} and X, € M, be such that

(Id —II;S,,) X, = 0. (3.251)
Using Lemma 3.50, there exists necessarily a y € C; such that x, = R;Hy and

(RS, —ILR,,)y=0. (3.252)

Using the characterization of S, given in Proposition 3.37 we get from this last equation that
y € S, so that in fact y € C, N'S;, which is reduced to the singleton {0} from Proposition 3.25.
Finally from y = 0 we obtain x, = R;Hy = 0. |

To prove the property of contraction of IT;S,, , we first need to establish the following lemma.
Crucially, the result is established in the norms induced by the transmission operators, and rests
in particular on Assumption 3.47.

Lemma 3.52. For each o € {0,1/2,1}, we have,

_ 2 2 .
||R""'X”Ta,u — IR} X”Tmu =2i[x,x] VX € M,. (3.253)

|l

Proof. We prove the equality for o = 1, the two other proofs are similar. Let X = (Xo,X1) € M,.
By definition of the norms (3.229) and the Robin operators (3.174), we have

o2 . 2
”RLHX”TLH = ||x1 + Zz, ITO,HXOHTLW (3.254)
= (X1 +Zzy — iTy X0, T1,, (X1 + Zzo — iTo,HXO)»H.
Now using the self-adjointness of T, and Assumption 3.47, this yields
2 . v S
RS Xl g, ;= {01+ 2Zx0) = iTo X0, Ta, (X1 + Zxo) + X0},
2 2 e . —
= Hxl + ZXOHTLH + ||X0||T0,H - 1<<X1 + ZX07 X0>>|| + 1<<X1 + ZX07 X0>>H7 (3255)
2 2 P . .
= [xa + Zxollr, , + [%ollx, , — (X7 X0, +1(x1, %),
- 1<<ma X0>>H + i<<ZX07TO>>” .
Using the symmetry of Z (Assumption 3.36), the last two terms simplify and we get
2 2 2 o
IRY Xl = %1+ Zxolly,  + [IXoll, , — 23(x1, %),
L oA . (3.256)
2 2 o o
= X1+ Zxolly, | + [Xoll, , —il%X],,
using Lemma 3.6 to get the last result. Similarly,
_ o2 2 2 o o
IR X, | =+ 2ol + ol , + i, (3.257)
[ |

We are now able to prove the property of contraction of the scattering operator S, (Defi-
nition 3.29). Such a result was already proven in the acoustic setting in [42, Th. 3] or [91, Lem.
3], but with only two sub-domains in this latter reference. A similar result in a more general
setting (in the whole space and in presence of junctions, but for the scalar equation) can also be
found in [29, Lem. 7.1].
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Proposition 3.53 (Contraction property of the scattering operator). Let o € {0,1/2,1},
the scattering operator S, is a contraction of My, for our particular choice of norm (3.229),

Hsa,nXaHTmH < ol ,» X5 € Mg (3.258)

Proof. Let o € {0,1/2,1} and X, € My x. Let us introduce u, € Up(D;Pq) be such that

(La — Ko’n)uq|o, =0, inQ;, Vjed{l,...,J},
(7,0 — 1,0 Jus =0, onT, (3.259)
RJ Yt = Xo, on %,

which is well defined thanks to Assumption 3.28. Set y = =,u,, by Definition 3.29 of the
scattering operator S, we have

R Y = S0, X0, (3.260)
and we also have by construction
X =R}y (3.261)
It follows that
IS0 %ol , = Wollz,, = IRo Wiy, = IRVl (3.262)
Using Lemma 3.52, we obtain
IS0 % llz, | — el , = 2i06.X],. (3.263)

Applying the energy conservation results of Proposition 3.19 we finally get

||SU,HX<7||T - HX”HTo,H <0. (3.264)

ol

|
From the definition of the exchange operator (3.184), we readily have the following result.

Proposition 3.54 (Properties of the exchange operator). Let o € {0,1/2,1}, the exchange
operator I1, is self-adjoint with respect to the duality product (-, ->>H,

(L x1,yo), = (X1, ILyo),, V(X1,¥0) € My, (3.265)

and an isometry of M, for our particular choice of norm (3.229),

I oy, | = %ol o Vo € Moy, (3.266)

fmof. The self-adjointness follows, for any xo = (xgk)(j’k)e‘] € Mg, and X; = (X{k)(j’k)eJ € My,
rom

(TLXx1, %), = Z <X11€jvxék>rjk = (X1, IL;Xo}),- (3.267)
(4,k)ed

Finally, using Assumption 3.36 and Proposition 3.33, we obtain, for all x; € My |,
HHHX1HTLH = (ILyxq, Ty Ixa ), = (I xq, I T X)), = (X, T X)), = HX1HT1,Ha (3.268)

which proves (3.266) for the case o = 1, the other two proofs follow the same route. |
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Combining both Proposition 3.53 and Proposition 3.54 we get the contraction property we
were looking for.

Corollary 3.55 (Contraction property). Let o € {0,1/2,1}, we have

||H|\Sa,||XaHTUy” < ||XUHT07”7 YXg € Mo, (3.269)

We are now ready to state our first important convergence result. A similar result was already
stated in [42, Th. 6] for the acoustic setting only.

Theorem 3.56 (Convergence of the relaxed Jacobi algorithm). The sequence of bro-
ken solutions (uy),cn computed according to (3.226), converges to u the solution of the model
problem (3.79)

ug = ully,d.py) — 0, as n — 00. (3.270)

Proof. At each iteration n € N, we can define an error on the trace € € M, such that

€ =Xy — Xo, (3.271)

o

where the sequence (X)), oy is computed through (3.225) and X, is the solution of (3.222). By
the well-posedness of the problem (3.226), there exists a strictly positive constant C' such that

42— ullup oepay < Clledla, - (3.272)
We can readily show that the error €} satisfies

et =[(1—r)Id+rIL,S,,l€er, neN. (3.273)

The end of the proof is then a direct application to the sequence (¢7}),, o\ of the abstract result

given in Proposition 3.49 whose two assumptions are verified in Proposition 3.51 and Proposi-
tion 3.55. u

3.3.2.3 A sufficient condition for geometric convergence

The following proposition, adapted from [42, Th. 7], supplements Proposition 3.49 and makes
clear what additional assumption is required to obtain geometric convergence.

Proposition 3.57. If, in addition to the assumptions of Proposition 3.49,
e Id — A is an isomorphism in V,

then the relazed Jacobi algorithm (3.273) converges geometrically to 0 in V. Specifically, there
exist C >0 and 0 < 7 < 1 such that

="l < CT™. (3.274)

Proof. Let n € N, we use again the convexity identity (3.233) from the proof of Theorem 3.49
and we get
2" 1T = (1 =)l + rll A"} — (1 —r)]la™ — Az"[[7. (3.275)

Since A is a contraction in V from the assumptions of Proposition 3.49, we have for all z € V,

[Az[lv < lz|v. (3.276)
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Since Id — A is an isomorphism in V', there exists § > 0 such that, for all z € V'
[zllv < é][Id — A)z|v. (3.277)

From (3.275) we get
2"y < /1 =71 =7)6-2 [|z"|y. (3.278)

Besides, using again the contraction property of A, we have for all z € V,

lzllv < éll(d — A)z(lv <6 (lz]lv + [|Az(lv) < 26][z[lv. 3.279)

(
Hence 0 < §~! < 2 and it can be proven that for all 0 < r < 1, we have 0 < r(1 —7) < i. It

follows that
0<7T:=4y/1—-r(1-r)d2<1. (3.280)

Remark 3.58. Depending on the authors, the type of convergence given in Proposition 3.57 can
be called linear, exponential [42, 44, 91, 30] or geometric [29, 33]. We chose to use the term
geometric in this manuscript in contrast to the algebraic convergence proved for local transmission
operators [49].

To apply the previous proposition, we need only to prove that the operator Id — II;S, ; is
surjective (its injectivity was the subject of Proposition 3.51). To do so we first need to establish
additional preparatory results.

Recall that, according to Proposition 3.21, the operator R;H — IR, (respectively the
operator R, | — I, R/ ) is not injective on M,,;, its kernel is S; # {0}. It is however surjective,
as stated in the following lemma which relies mainly on the assumption that the transmission
operator T, is invertible (which directly follows from Assumption 3.47).

Lemma 3.59. For each o € {0,1/2,1}, the operator R;f’” —II R, (respectively the operator
R, - HHR;”) is surjective from M, = (Mo, My1,,) onto M, .

Proof. First note that, for any o € {0,1/2,1}, the result for the operator R, — HHRI” is
equivalent to the result for the operator R, — IT|R, since the exchange operator II; is an
involution according to Proposition 3.33.

We prove the results for o = 1, the proofs for the other two cases formally take the same
route.

Let by € My ;. We seek ¥y = (Yo,Y1) € M, such that

Rf“’”y — IRy )y = by (3.281)
which, by Definition 3.27 of the generalized Robin operators Rfu, is equivalent to
(Y1+Z—iTo,Yo) —II, (=y1 —Z —iTo,Yo) = by, (3.282)
which is rewritten as
(Id +1II;) (y1 + Zyo) + (Id — II;)) (=iTo,;yo) = b1. (3.283)

Using the properties of the projectors 1/2(Id £I1,) given in Proposition 3.34, it is then immediate
to check that a solution is at hand if yy and y; satisfy

{—iTo,YO =1 (Id —1I)) by,
1
4

(3.284)
yi+Zyo=1(Id+1,) by.
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A solution y = (Yo,¥1) € M, to (3.281) is then

(3.285)

Yo = }Z(TO,M)_l (Id — H\.\) by,
yi =+ (Id+1I) by — 1Z(To,) " (Id - II)) by.

As a direct corollary to Propositions 3.25, 3.37 and Lemma 3.59 we have the following easy
result. Notice that the cornerstone to establish this result is the decomposition M, = C; & S,
from Proposition 3.25.

Corollary 3.60. For each o € {0,1/2,1}, the operator R} —IL| R, (respectively the operator
R, —IL R}, ) is a bijection from C, to M.

Proof. Let o0 € {0,1/2,1}. Again, first note that the result for the operator R, , — H”R(J{H is
equivalent to the result for the operator RS, — IT|R,, since the exchange operator II; is an
involution according to Proposition 3.33.

From Lemma 3.59, the operator RIH —IL R, is surjective from M; onto M, ;. From Propo-
sition 3.37 we know that its kernel is S;. From Proposition 3.25 we have that M, =C, @ S;. It
follows that the operator R} — II| R, is invertible on C,. [

We are finally able to verify that we satisfy in our particular setting the required additional
assumption of the abstract result contain in Proposition 3.57.

Proposition 3.61. For each o € {0,1/2,1}, the operator Id — IL,S,  is an isomorphism on
Mo, -

Proof. We proved the injectivity of this operator in Proposition 3.51, so we need to only to
establish its surjectivity. Let o € {0,1/2,1} and b, € M, ;. From Lemma 3.50 we know that to
find a Xs € Mg, such that

(Id —II,S,,) Xo = by, (3.286)

it is enough to find a y € C; such that

(RF, ~ LR,y = b, (3.287)

ol

and set X, = R;Hy. The above problem in Y is uniquely solvable by application of Corollary 3.60
and we are done. |

Remark 3.62. For any o € {0,1/2,1}, by inspecting the proofs, we can actually give an explicit
construction of the solution X, of the interface problem:

Find X € M, such that : (3.288)
(Id —I1;S,,) Xs = by
The steps are as follows:
1. Find any solution (there is no uniqueness) of
me y eM, s_uch that : (3.289)
Ry, —MR,,;)y = b,.

One particular solution can be computed according to (3.285) from the proof of Lemma 3.59;
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2. Project this solution onto C, in parallel to S,: an explicit projection is performed in the
proof of Proposition 3.25 for instance;

3. If we still denote by y the result of this projection, the solution is then X, = R;“y, according
to Lemma 3.50.

This is not a surprise, but we emphasize however that this construction involves solving a global
problem on 2, during the projection step, hence is of no use in practice.

We are finally able to state the following important convergence result. For the acoustic
setting, a similar result was already stated in [78, Th. 3.3], [42, Th. 7], [91, Th. 1], but for two
sub-domains only, and in [29, Sec. 7.3], but for a more general partition with junctions.

Theorem 3.63 (Geometric convergence of the relaxed Jacobi algorithm). The sequence
of broken solutions (u}}), . computed according to (3.226), converges geometrically to u the

solution of the model problem (3.79). Specifically, there exist C > 0 and 0 < 7 < 1 such that
ug — ullupipg) < €T, VYn € N. (3.290)

Proof. Arguing as in the proof of Theorem 3.56, this is a direct application of Proposition 3.57
whose essential assumption is verified by Proposition 3.61. |

3.3.3 GMRES algorithm

While the theoretical analysis of the Jacobi algorithm allows to get some deep insight on the
efficiency of the method, such an algorithm is rarely used in practice. Krylov methods are the
preferred choice in real-life applications, in particular one will typically resort to the GMRES
algorithm in our non-symmetric case. See [122, 123] for the definition of this algorithm.

Importantly, geometric convergence of the relaxed Jacobi algorithm guarantees geometric
convergence of the GMRES counter-part, even the restarted version. This is the subject of the
following lemma which uses again the notations and assumptions of Proposition 3.49 and Propo-
sition 3.57.

Lemma 3.64. Let V be a Hilbert space endowed with a norm || -||v. Suppose we are set to solve
in'V, for a givenb eV,
(Id — A)xz =b. (3.291)

Let a:[} =0, 0 < r <1 and define a sequence (x?)neN of solutions using the relaxed Jacobi
algorithm
2" = (1 —r)Id +rA) 27 + b, n € N. (3.292)

Similarly let 2% = 0 and define a sequence (%),en of solutions using the GMRES algorithm
(using the scalar product in V). If the following two assumptions hold true

e Id — A is an isomorphism in V;
e A is a contraction in V;

then both the sequence (27), .\ computed using the relaved Jacobi algorithm (3.292) and the
sequence (v¢y), on computed using the GMRES algorithm converge geometrically to x the (by
assumption well-defined) solution of (3.291) in V. Specifically, there exist Cy > 0, Cq > 0 and
0 <7 <1 such that

|z — z|lv < Cy 7", and |z — z||v < Co 7. (3.293)
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Proof. Let us defined the residual for the relaxed Jacobi algorithm

ryi=(0d—-A)2} —b=(Id — A) (7] — x), Vn € N, (3.294)
and similarly the residual for the GMRES algorithm

ré i =(Id —A)zgz —b=(1d — A) (2 — x), Vn € N. (3.295)

We will use the following characterization of the iterates of the GMRES algorithm [11, 45]: the
iterates x¢ for n > 1 are such that

[r&lly -= min {|lp (Id = A)r&]ly | p € Pa, p(0) =1}, (3.296)

where P, is the set of polynomials of degree at most n. It follows that z¢ is the minimizer in
the so-called Krylov sub-space V,, C V defined for n > 1 such that

Vyy := vect {b, (Id — A)r, (Id — A)r,..., (Id — A)"r} . (3.297)

Besides, it turns out that each z'; for n > 1 is also an element of V;,, which can be proved by
induction. Indeed, we have trivially
rh =rbeVy, (3.298)

and assuming that 2'; € V,, is true for n > 1 we have
2" = (1= r)Id+rA) 2} +rb =27 —r(Id — A) 2" + rb, (3.299)
so that 2™ € V,, ;1. Using the characterization (3.296), we get
lrlly <lrilly,  vneN, (3.300)

which is a first interesting result on the residuals.
Let us now prove the estimates on the errors 2’; —x and x, —x. With the given assumptions,
the existence of C'; and 7 so that

|2} —xllv < Cy 1, (3.301)
is ensured by Proposition 3.57. It follows that, using the fact that A is a contraction in V'
77l = [[(d = A) (277 — z) ||y, < 2 — =zl +A (2] —2) ||y, < 2]z — =z, <2C;7". (3.302)

Now, from the fact that Id — A is an isomorphism in V hence have a bounded inverse, we have
the existence of § > 0 such that

lzgs — ally = 1(1d = A) " rglly < 8lrély < 8lirfly < 26057, (3.303)
which proves the (non optimal) estimate with Cq = 20C;. [

The derivation of better convergence estimates for the GMRES algorithm would be of consid-
erable interest but was not further pursued in this work.

3.4 Well-posedness of some wave propagation problems

In this section we consider some wave propagation models of particular interest. We show how
they fit in the abstract framework that was previously presented by proving the remaining main
assumptions this framework required, namely the well-posedness of the model problem and the
local sub-problems (Assumption 3.9 and Assumption 3.45).
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3.4.1 Acoustics

We consider a generic bounded, simply connected, Lipschitz domain 2 with a closed Lipschitz
boundary composed of two connected components: one component, denoted I', where we impose
a first order absorbing boundary condition; and a second component, denoted ¥, where we
impose a transmission-like boundary condition.

Let f € HY(Q), g € L*(I") and x € H~'/*(X), we consider the following problem

Find p € H'(2) such that

(—divp; ! grad —ko? At p = f, in ©,
(vi,r —ivor)p =g, onT,
(1,2 +[Z—iT]ys)p=x, on X.

(3.304)

Here T and Z respectively represent one diagonal block of the operators Ty, and Z, corre-
sponding to the boundary of one sub-domain.

This problem is representative of both the model problem (3.304) (for which the transmission
boundary ¥ = }) and the local sub-problems (3.218) (for which the physical boundary T' may
or may not be empty). We shall therefore prove that the above problem is well-posed without
excluding the two exclusive cases ¥ = () or I’ = ().

We shall show in the remainder of this sub-section that the above problem is well-posed under
the following assumption.

Assumption 3.65. We suppose that the coefficients satisfy
0<R(p) < +o0, 0<S < 00,
ler )1 (o ’“)1 in Q. (3.305)
0<R(AY) <400,  0<F (N ) < +oo,
In addition, we suppose that the transmission operators are such that
e T is a self-adjoint positive isomorphism from H'/2(T") to H='/*(T");
e 7 is a symmetric continuous operator from H'/*(I') to H—/*(I),
with
Br

— > max(
az,

info S (p,) info S (M) (3.306)

info R (p.)" infoR(\,)
where ay, is the continuity constant of Z and Pt is the coercivity constant of T.

In particular, we do not assume that the imaginary parts of the coefficients are strictly positive
almost everywhere in €2, which would considerably simplify the analysis since that would mean
that the medium is purely dissipative. We are rather interested in the case where they vanish
in at least some subsets (of non zero measure) of Q so that the medium is (at least partly)
propagative.

We shall prove the well posedness of the above problem using a variational approach, hence
consider the weak form of (3.304) which is written

Find p € H'(2) such that (3.307)
a(p,p) + ([Z = Tl sp 050y = UpY), V' e HY(Q), '
where, for all p,q € H*(Q),
a(p,q) = ko~ (p; ! grad p,grad q) 12y — ko(A 1P, @) p2(q) — 190,02, V0.0 @) L2y (3.308)
l(Q) = ’%0_1<f7 q>Q + <97’YO,F q)l"
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Such well-posedness result is not new, similar results can be found for instance in [91, Lem.
1] or [44, Lem. 2.1]. The only difference is that the proof below allows the coefficient to have a
non-vanishing imaginary part. The following two lemmas states that the sesquilinear form a can
be decomposed in two parts: a coercive part and a compact part.

Lemma 3.66 (Coercive form). Under Assumption 3.65, the sesquilinear form, defined for all
p,q € H'(Q), as

at(p,q) :==ro ' (p; ' gradp, gradq) 2 o) + koA "D @) 12 (g

, . (3.309)
—i(Yo.r P00 O ey + (2 =1T10.2 P, %02 @)y

is continuous and coercive on H'(Q).

Proof. The continuity of the above sesquilinear form follows readily from the boundedness of the
coefficient p, and A, and the continuity property of Z and T contained in Assumption 3.65. To
prove coercivity, let p € H'(Q), we have for a A € RT,

ARay (p,p) — Say(p,p) = ()\ inf R(pr) — inf %(Pr)) N gradp||iz(9)
. . - 2
+ (MnfRO) = inf SOV ) A2 Rollpll s o (3.310)
2 2
+ 70,0 pll72ry + (Br = Aaz) V0,2 Pl -

Hence, if A is such that

e (0 SRR SR ) 31
for any p € H*(2), there exists C' > 0 such that
ARay (p,p) — Say(p,p) > Cllpl3n g)- (3.312)
[
Lemma 3.67 (Compact operator). Under Assumption 3.65, the operator
K : L*(Q) — L*(Q) (3.313)
such that Kp € H*(Q) C L%(Q) is defined, for all p € L*(2), as
at (Kp,q) = 260N 1P, 4) 12 (0 Vg € H'(Q). (3.314)

is compact in L?(Q2).

Proof. Lemma 3.66 ensures, via application of the Lax-Migram Lemma, that there exists a
constant C such that, for all p € L*(Q)

KDl 1) < ClpllL2(0)- (3.315)

Let (uy); be a bounded sequence in L?((2). Using the above inequality (Ku,),  is a bounded
sequence in H'(Q) C L?(2). Using the compacity of the embedding H*(Q) < L%(Q) there is a

subsequence converging strongly in L?(Q2), which implies that K is compact. |



3.4. WELL-POSEDNESS OF SOME WAVE PROPAGATION PROBLEMS 103

We now have all the ingredients to establish the following proposition. A similar result was
already stated in [78, Th. 3.1] in [42, Th. 3] and in [91, Lem. 1], but for two sub-domains only
in the latter case.

Proposition 3.68 (Well-posedness of the model problem). Under Assumption 3.65, the
problem (3.304) is well-posed.

Proof. Using the definitions of the coercive form a (Lemma 3.66) and the operator K (Lemma 3.67),
the problem in p € H(Q) is equivalent to finding p € L?(2) such that

(Id + K)p = b, (3.316)
where by application of the Lax-Milgram Lemma, b € H(Q) C L?(f), is the unique solution of
at(b,pp) = 1Uph),  Vpp € H'(Q). (3.317)

From Lemma 3.67 the operator K is compact in L?(2), the Fredholm alternative is applicable
and the proof reduces to a uniqueness result.

For the proof of uniqueness, let p and ¢ in H*(£2) be two solutions to (3.307). By linearity,
the difference e = g — p satisfy

ale,e) + (Z—iT]vse,705 €'y =0, Vel € H'(Q). (3.318)
Choosing e’ = e and taking the imaginary part yields

50_1(% (p;l) grad €, grad e)L2(Q) - 50(% ()\;1) €, €)L2(Q) (3 319)
—(orevre) . — (Tozernse)s =0 .

We deduce that ypre = 0 on I' on the one hand, and the positivity and injectivity of the
transmission operator T from Assumption 3.65 gives that 79 s e =0 on ¥ on the other hand, so
that the Dirichlet trace of e vanish on the whole boundary 9). The proof then follows using a
unique continuation result, see [8], and the connectivity of . |

3.4.2 Electromagnetism

We consider a generic bounded, simply connected, Lipschitz domain 2 with a closed Lipschitz
boundary composed of two connected components: one component, denoted I', where we impose
a first order absorbing boundary condition; and a second component, denoted ¥, where we
impose a transmission-like boundary condition.

Let F € Hr(curl; ) such that divF = 0 in a distributional sense (charge conservation
equation), g € L%(I") and x € H~'/*(div; X), we consider the following problem

Find E € Hr(curl; Q) such that

(curl p* curl —ko?%¢, ) E =F, in Q, (3:320)
(1.0 —ivor)E=g, onT, '
(rx +[Z—1T]yx)E=x, on X.

Here T and Z respectively represent one diagonal block of the operators Ty and Z, corre-
sponding to the boundary of one sub-domain.

In the abstract domain decomposition method that was presented above, we made two main
well-posedness assumptions. The first one (Assumption 3.9) is that the model problem (3.79) is
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well-posed, which would correspond to the above model problem (3.321) with an empty trans-
mission boundary 3 = (). The second assumption (Assumption 3.45) is that each of the local sub-
problems (3.218) (appearing in the definition of the scattering operator) are well-posed. These
problems would correspond to the above model problem (3.321) with a transmission boundary
that is always not empty X # () but the physical boundary I' may (pure interior sub-domain) or
may not (sub-domain with the exterior physical boundary) be empty. Therefore, when conduct-
ing the analysis, we shall pay attention that it is valid for all of the three following (exclusive)
configurations: X =0; or ' =0; or ¥ # () & T # (.

3.4.2.1 Well-posedness of the model problem

We first consider the easier case of the model problem, for which ¥ = (). Let F € Hr(curl;Q)’
such that divF = 0 in a distributional sense (charge conservation equation) and g € L%(T), the
model problem reads

Find E € Hr(curl; Q) such that
(curl ;! curl —k¢%¢,) E = F, in €, (3.321)
(VI,F — i’}/(),]" ) E= g, on I

We shall show in the remainder of this sub-section that the above problem is well-posed under
the following assumption.

Assumption 3.69. We suppose that the coefficients satisfy

0<R(pr) < 400, 0 < () < 400,

in Qs 3.322
0<R(e) < +oo,  0<3(e) < +oo, e (3.322)

In particular, we do not assume that the imaginary parts of the coefficients are strictly positive
almost everywhere in €2, which would considerably simplify the analysis since that would mean
that the medium is purely dissipative. We are rather interested in the case where they vanish
in at least some subsets (of non zero measure) of Q so that the medium is (at least partly)
propagative.

As for acoustics, the first difficulty in the analysis of this problem is the fact that the
sesquilinear form associated to the original problem is not coercive, hence typically requires
the Fredholm alternative to provide conditions under which the problem has a solution. What
makes the analysis even more technical is that we do not have the compacity of the embedding
H(curl; Q) — L2?(Q). This comes from the fact that the curl operator has a large (infinite
dimensional) null space (related to the divergence condition). This requires to use the Helmholtz
decomposition to remove this null-space.

We follow the ideas presented in [6, Sec. 8.3.3], [107, Chap. 4 and 10] and [110, Sec. 5.4.2
and 5.4.3].

We shall prove the well posedness of the above problem using a variational approach, hence
consider the weak form of (3.321) which is rewritten as

Find E € Hr(curl; Q) such that (3.323)
a(E,E') = I(E'),  VE' € Hr(curl;(), ’
where, for all u,v € Hr(curl; Q),
a(u,v) := ko~ (p; ' eurlu, curl vz ) — ko6, V)paig) — (90,0 W Y0,0 V) 2y (3.324)
l(V) = ’%0_1<F? V>Q + <ga Yo,r V)l’"
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The space Hr(curl; Q) is made into a Hilbert space with the inner product (-, )g, (cur0)
defined, for all u,v € Hr(curl; ), as

(W V) Hp (curti) = Ko~ (curlu, curl vy, ) + oW, V)1 2(q) + (0,0 0,70, V)Lz(r)' (3.325)

We shall need in what follows the following technical lemma, which we state without proof,
see [6, Th. 3.3.1] and [107, Th. 3.37] for additional details. Note that this result rests in
particular on the simply connected assumption on the domain 2.

Lemma 3.70 (Extraction of a scalar potential). For any E in L2(f),
curlE =0, in Q & Ipe H'Y(Q): E =gradp. (3.326)

We can then deduce the following lemma, providing a useful decomposition of elements of
Hr(curl;Q), see [6, Eq. (8.29)] and [107, Lem 4.5]. Note that the dependence of the space
Hr(curl,dive, 0; Q) on the coefficient ¢, is required in the proof of Proposition 3.75.

Lemma 3.71 (Helmholtz decomposition). Suppose that €, is uniformly bounded on ), we
have
Hr(curl; Q) = Hr(curl, dive, 0;Q) @ grad H} (Q), (3.327)

where
Hr(curl,dive, 0;Q) := {E € Hr(cur; Q) | (¢,E, gradp)pz ) =0, Vp € H; (Q)} . (3.328)

Proof. Suppose E € Hr(curl; Q) such as curlE = 0 in Q with a vanishing tangential trace
70,00 E = 0. Then from Lemma 3.70, there exists some p € H'({2) such that E = grad p. Since
in addition vy 90 E = 0 and p is defined up to a constant, we can find a p € H}(Q). Hence the
space grad H}(Q2) is a non empty subspace of Hr(curl; Q).

Since the space grad Hi () is closed in Hr(curl;Q), for any E € Hr(curl;Q), we can
construct its projection E, onto grad H} () by solving

(Eg, grad p)yy cur0) = (6B, gradp)iz g, Vp € Hy(Q), (3.329)

which satisfies the conditions of the Lax-Milgram Lemma (from the boundedness of ¢). By simple
properties of a projection we also have

(Eg, grad p)y, (curri) = (€ Eg gradp)a ), Vp € Ho(9), (3.330)
hence Ey := E — E; € Hr(curl,dive, 0; Q) and the decomposition holds. [ |

In addition, we have the following compact embedding result, which we state without proof,
see [6, Th. 8.1.3] and [107, Th. 4.7] for more detail. Importantly, for this result to hold, ¥ = (.

Lemma 3.72 (Compact embedding). The space Hr(curl, div e, 0; Q) is compactly embedded
in L2(Q).

We show in the following two lemmas that the sesquilinear form a is composed of a coercive
part a4 and a compact perturbation.

Lemma 3.73 (Coercive form). Under Assumption 3.69, the sesquilinear form ay defined, for
all u,v € Hr(curl; Q), as

ay(u,v) := rko '(p, ' curlu, curl V)L2() T Kol6r1, V)2 ) — (70,0 w70, V)LQ(F), (3.331)

is continuous and coercive on Hr(curl; Q).
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Proof. The continuity of a, follows readily from the boundedness of the coefficient u, and e,
contained in Assumption 3.69. To prove coercivity, let u € Hr(curl; Q), we have for a A € R,

Aay (u,w) = Sas (u,w) = (Ninf R(uy) = inf Sr) ) 72 07| curlulFa

(3.332)
+ (Mt e - swp (e ) molluliaey + ol
Hence, if Assumption 3.69 holds, we can take any A such that
nfo S D S
e (0 G ) o
so that for any u € Hr(curl; Q), there exists C' > 0 such that
AR (1) — Sy (1) = Clullf caren- (3.334)
[
Lemma 3.74 (Compact operator). Under Assumption 3.69, the operator
K : L?(Q) —» L*(Q) (3.335)
such that Ku € Hr(curl,dive, 0;Q) C L2(Q) is defined, for allu € L2(Q), as
at(Ku,v) = =260(e:1, V)20 Vv € Hr(curl, div e, 0; Q). (3.336)

is compact in L2(2).

Proof. Lemma 3.73 ensures, via application of the Lax-Migram Lemma, that there exists a
constant C' such that, for all u € L2(£2)

||Ku||H1~(cur1,div € 0:0) = CHu||L2(Q)' (3.337)

Let (uy);” be a bounded sequence in L?(Q2). Using the above inequality (Ku,). is a bounded
sequence in Hr(curl, dive, 0; ) C L2(£2). Using Lemma 3.72, there is a subsequence converging
strongly in L2(£2), which implies that K is compact. [ |

We now have all the ingredients to establish the following proposition.

Proposition 3.75 (Well-posedness of the model problem). Under Assumption 3.69, the
problem (3.321) is well-posed.

Proof. We consider the variational form of the problem given in (3.323), namely

{Find E € Hr(curl; Q) such that (3.338)

a(E,E!) = [(EY), VE! € Hr(curl; Q).

By decomposing the unknown and test functions, elements of Hr(curl; ), according to the
decomposition stated in Lemma 3.71, we first show that the problem reduces to two uncoupled
problems in Hr(curl,dive, 0; ) and H}(Q2). Indeed, we have the basic properties

curlgrad =0,
(e:Eo, gradp)yz ) =0, Vp € Hy(Q), Eg € Hr(curl,dive, 0;Q), (3.339)
grad : Hj(Q) — {u € Hr(curl; Q) | yp.00u =0},
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and recalling the definitions of the sesquilinear forms a and ay given respectively in (3.324)
and (3.331), the variational problem (3.323) is shown to be equivalent to:

Find p € H}(Q) and Eq € Hr(curl, dive, 0; Q) such that
—#o(er gradp, grad q) 2 ) = l(grad g), Vg € Hy(Q),
a+(Eo, EY) — 2k0(e-Eo, BY )12y = I(E(), VE{ € Hr(curl,dive, 0; Q).
(3.340)
Since €, has a bounded and strictly uniformly positive real part, by application of the Lax-
Milgram Lemma, the problem in p € H}(Q) is well-posed. Now, using the definitions of the

coercive form ay (Lemma 3.73) and the operator K (Lemma 3.74), the problem in Ey €
Hr(curl, div e, 0; ) is equivalent to finding Eg € L2(Q) such that

(Id + K)Eg = b, (3.341)

where by application of the Lax-Milgram Lemma, b € Hr(curl,dive,0;) C L2(), is the
unique solution of

a+(b,Ef) =(E}),  VE! € Hr(curl,dive, 0;Q). (3.342)

From Lemma 3.74 the operator K is compact in L?(2), the Fredholm alternative is applicable
and the proof reduces to a uniqueness result.

For the proof of uniqueness, let E; and Es in Hr(curl; Q) be two solutions to (3.323). By
linearity, the difference e = Eo — E; satisfy

a(e,E") =0, VE' € Hr(curl; Q). (3.343)
Choosing E! = e and taking the imaginary part yields
Ko (S (') curle, curl e)LZ(Q) — Ko(S(€r) €,€)p2 () — (Yor € 70,0 €)pz(py =0 (3.344)
We deduce that vp.90e = 0 on 92 = I'. The proof then follows using a unique continuation
result, see Theorem 8.3.10 in [6] and the proof of Theorem 4.12 in [107]. |
3.4.2.2 Well-posedness of local sub-problems

We now consider the case of local sub-problems where the transmission boundary > # (.

A first idea We now consider the weak form of (3.320) which is written as

Find E € Hr(curl; Q) such that
a(E,E") +([Z —iT] 70,5 E, 70,5 E')5, = I(E") + (x,70,5 EY)y,, VE'! € Hr(curl; Q),
(3.345)
where a and [ where given in (3.324).
We can make the following assumption on the operators T and Z, which is required anyway
for the convergence analysis.

Assumption 3.76. In addition to Assumption 3.69 we suppose that the transmission operators
are such that

e T is a self-adjoint positive isomorphism from H~'/2(curl;T') to H='/2(div;T);

e Z is a symmetric continuous operator from H™'/2(curl;T") to H~'/2(div;T).
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The first idea is to adapt the proof for the model problem above. It is clear that the Helmholtz
decomposition from Lemma 3.71

Hr(curl; Q) = Hr(curl,dive, 0; Q) @ grad H; (), (3.346)

still holds in the case where ¥ # 0.
Besides, we can define a coercive sesquilinear form, as stated by the following lemma, which
takes as a model Lemma 3.73.

Lemma 3.77 (Coercive form). Under Assumption 3.69 and if

info S (pr) supg S (er)
info R (1) info R (&)

(3.347)

T
— > max
6%/

where ag s the continuity constant of Z0 and Pt is the coercivity constant of T, the sesquilinear
form, defined for all u,v € Hr(curl;Q), as

at(u,v) == a4 (u,v) +([Z - iT] v,z u, 7,5 V)y, (3.348)
where at was defined in (3.331), is continuous and coercive on Hr(curl; ().

Proof. The continuity of the above sesquilinear form follows readily from the boundedness of the
coefficient p,- and €, and the continuity property of Z and T contained in Assumption 3.69 and
Assumption 3.76. To prove coercivity, let u € Hr(curl; ), we have for a A € RT,

AR (1, 0) = 3 (,w) = (A R0) = inf () ) |2 0 curlulZ o
+ ()\ igf R(e,) — sup %(er)> /<;0||u||ig(m (3.349)
Q

2 2
+ ||’VO;F u||L2(F) + (BT - )\CYZ) ||ryoxZ uHH*'/?(Curl;E)'

Hence, if A is such that

o S b S
7o s max (0, SR, e e, (3.350)

for any u € Hr(curl; ), there exists C' > 0 such that
ARay (u, ) = Sy (u,u) > Ol curto)- (3.351)
|

However, we were not able to state a compacity result such as Lemma 3.72 and as a result
we are not able to define a compact operator K in the model of Lemma 3.74. Indeed, we no
longer have an implicit control on the tangential or normal traces on the transmission interface
Y (as we do for simple first order absorbing boundary conditions such as the one imposed on '
for instance) that is required for the standard compact embedding results to hold.

If we are then not able to prove the existence of a solution by application of the Fredholm
alternative, we are nevertheless able to prove the unicity of the solution.

Proposition 3.78 (Uniqueness result). Under Assumption 3.69 and Assumption 3.76 the
problem (3.320) has a unique solution, if it exists.
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Proof. Let E; and E5 in Hr(curl; ) be two solutions to (3.323). By linearity, the difference
e = Es — E; satisfy

a(e,E") +([Z —iT] vz e, 7,5 E')y, =0, VE' € Hr(curl; Q). (3.352)
Choosing E! = e and taking the imaginary part yields

ko~ (S (u; ') curle, curl e)LQ(Q) — k(S (er) €,€)p2(q) (3.353)
- (70,1“ €, %o,r e)LQ(F) - <T’70,2 €,7%,% e>2 =0. '

We deduce that ypre = 0 on I' on the one hand, and the positivity and injectivity of the
transmission operator T from Assumption 3.76 gives that 7o s € = 0 on X on the other hand, so
that the tangential trace of e vanish on the whole boundary 0. The proof then follows using a
unique continuation result, see Theorem 8.3.10 in [6] and the proof of Theorem 4.12 in [107]. W

It follows from the previous proposition that it only remains to prove the existence of the
solution to the local sub-problems. We provide below two (partial) results (Proposition 3.80 and
Proposition 3.86) to bypass the previously identified difficulty posed by the lack of compacity.
These results are not completely satisfactory in the sense that we do not prove that the local
sub-problems are well-posed in full generality. They are nevertheless a strong indication that the
well-posedness result holds true.

A first partial result The first approach we present rests on the following assumption.

Assumption 3.79. Let F € Hr(curl; Q)" such that divF = 0 in a distributional sense (charge
conservation equation), g € L2(I') and x € H~'/*(curl; X), we assume that the following (Dirich-
let) problem

Find E € Hr(curl; Q) such that

(curl u;'l curl —ro%¢,) E = F, in Q, (3.35)
(vir —ivor)E=g, onT,
Y05 E=x, on X,

is well-posed.

If T is not empty (or if the imaginary parts of the coefficients €, and p, do not vanish in the
sub-domain ) the well-posedness of the above problem can be proven using standard results, see
for instance [107, Chap. 4]. However it may happen that some (interior) sub-domains are such
that I' = () (and in which the coefficients are real). The problem above can still be well-posed
but in general one must exclude so called interior eigenvalues or resonances, which correspond
to values of kg such that there exist non-trivial E elements of

Hy(curl; Q) := {E € H(curl; Q) | 70» E = 0}, (3.355)
such that
(p, * curl E, curl Et)LQ(Q) = ko’ (,E, E’f)LQ(Q)7 VE! € Hy(curl; Q). (3.356)
Using Assumption 3.79, we can properly define the operator

A; H™2(cwrl; X) — H™2(div; B),

(3.357)
X = Y1, Ea
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where E € Hr(curl; ) is such that

(curl pit curl —kp?%e, ) E =0, in €,
(1,0 —ivr)E=0, onT, (3.358)
Yo,z E = x, on X.

The following proposition states the well-posedness of the local sub-problems.

Proposition 3.80 (Well-posedness of the local sub-problems). Under Assumption 3.69,
Assumption 3.76 and Assumption 3.79, the problem (3.320) is well-posed.

Proof. Let Eg € Hr(curl; Q) be the source lifting such that

(curl p; ! curl —kg?e,) Eg = F, in Q,
(7r —ivor)Eo =g, onl, (3.359)
Y0,2 EO = 07 on Ev

which is uniquely defined from Assumption 3.79. Solving the problem (3.320) is then equivalent
to solve
Find E € Hp(curl; Q) such that

(curl u-teurl —H()ZET) E =0, in Q, (3.360)
(1,0 —ivor)E =0, on I,
(s +[Z—-1iT]v,yx )E =x— 715 Eo, on X.
Using the operator A; this problem is equivalent to the problem
{Find y € H™'/?(curl; ) such that (3.361)
(Ai+Z—iT)y =x — 1 Eo,

in the sense that having a solution to one problem immediately yields a solution for the other.
Indeed, it is clear that if E is a solution to (3.360), then its trace vox E is solution to (3.361).
Reciprocally, if y is solution to (3.361), then E solution to (3.360) is found by solving

(curl pi;t curl —ko?%e, ) E =0, in €,
(mr —ivr)E =0, on T, (3.362)
YsE=Yy, on %,

which is well-posed thanks to Assumption 3.79.

It is therefore enough to prove that the problem (3.361) is well-posed, which stems from the
coercivity of the operator A; + Z — iT on H~'/*(curl; Y). Let us now prove this result. Let
y € H'2(curl; £) and u € Hr(curl; Q) such that

(curl wteurl —KOQET) u=0, in Q,
(VI,F — i’}/o)r ) u= 0, on F, (3363)
Yo,zsu =Y, on E)

so that we have by definition

(Aiy, y)s = (1; " curluy, curl u)L2(Q) — Ko’ (eu, U)L2(Q) = [lo.r u||i2(p)~ (3.364)
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It follows that, using in particular the symmetry property of the operator Z from Assump-
tion 3.76,

—S[{(A +Z - 1Ty, y)s] = —(S(p, ) curlu, curl Wpeq) + k02 (S(er)u, W)+ (Ty, ¥y,

(3.365)

so that using the positivity of the imaginary parts of the coefficients from Assumption 3.69 and
the coercivity property of the operator T from Assumption 3.76,

-9 [<(AZ +7Z— IT)yv y>§]} 2 <Tya y>§] > ﬂT”y”?—I*‘/Z(curl;E)' (3366)

where we denoted by Bt the coercivity constant of T. |

Assumption 3.69 on the coefficients of the PDE is natural. Assumption 3.76 on the transmis-
sion operator is required by the convergence analysis. Assumption 3.79 on the well-posedness of
the interior problem may not be satisfied in a general configuration. However, it seems that the
assumption comes from the method of proof rather than being required for a true reason.

A second partial result For the sole purpose of simplifying the discussion, we suppose here
that I' is empty, so that the only boundary of € is X. Besides, we shall suppose that Z is
identically zero.

Let us define the bounded open domain €. as an exterior strip enclosing the domain 2 such
that QN Q, =0 and 99, = X UT,, see Figure 3.6. Then Q:=QUXUQ, is a bounded, simply
connected, Lipschitz domain with boundary I'. that admits a non-overlapping partition made up
of two sub-domains 2 and €).. The common interface of the two non-overlapping sub-domains
being ¥..

Figure 3.6: Sketch of the configuration with the exterior strip Q..

In addition, let us introduce the real and strictly positive coefficients €, . and p, . as bounded
functions of 2,

0 <R (pre) < +00,

R
in €. 3.367
0 < R(ere) < +00, S (ere) =0, ( )

We introduce a special type of transmission operator (the sign comes from the fact that the
normal in the definition of vy » is inward with respect to )

T, : H'/(curl; ) — H™/(div; ),

(3.368)
x = =715 Ee,
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where E, € Hr(curl; Q,) is such that

(curly, ! curl +r¢%¢,. ) E. =0, in €.,
Yor. Ee =0, on I, (3.369)
Yo,x Ee = X, on X.

This operator is well defined since the above problem is coercive. Besides, it satisfies the Assump-
tion 3.76 on the transmission operator for the convergence analysis. In fact this is a completely
valid candidate to be used in a domain decomposition method. We shall actually study very
similar operators in Chapter 8.

We claim that for this special type of operator the local sub-problems are well-posed. We will
first prove this claim and then show that the well-posedness result carries over if any compact
perturbation of this operator is used as a transmission operator.

Let F € Hr(curl; Q) such that divF = 0 in a distributional sense (charge conservation
equation), g € L?(T") and x € H™'/2(div; X), we consider the problem

Find E € H(curl; Q) such that
(curl yt curl —ko?%¢, ) E =F, in Q, (3.370)
(71,2 —iTev0,5) E =x, on X.

By definition of T, the problem (3.370) is rewritten as as the following transmission problem

Find E € H(curl; Q) and E. € H(curl; €.) such that

(curl p, ! curl —k¢?%e,) E = F, in Q,

(curly, ! curl +ro%¢,. ) E. = 0, in Q., (3.371)
Yo,r. Ee =0, on I,
NnsE+insE. =x, on %,

7,52 Ec = 70,2 E, on X.

The last condition on 3 implies that in fact it is enough to look for an element E of H(curl; Q)
with E := E|g and E. := E|q,. We shall prove the well posedness of the above problem using a
variational approach, hence consider its the weak form which is written as

Find E € Hr_o(curl; Q) such that (3.372)
a(E,Et) = [(Et), VE! € H(curl; Q), )
where we introduced the space
Hr,o(curl; Q) := {E € H(curl; Q) | vor, E =0}, (3.373)
and the sesquilinear forms
a(u,v) = ko~ (p, ! eurlu, curl v)pz ) — Ko, V)2 (g, Vu,v € H(curl; Q),
ac(u,v) := ko~ (u;} curlu, curl V)LQ(Q )+ Ko (€reu, V)LQ(QE), Yu,v € H(curl; Q.),
a(u,v) := a(ulq, vlq) —iac(ula,, via.), Yu,v € H(curl; Q).
(3.374)

and
I(v) == ko HF,v]a)q, Vv € H(curl; Q). (3.375)
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Let us introduce the global coefficients €, and ji,. defined on Q and such that
€ = €p, € = —ie )
j""_l "o and f|9_el e (3.376)
HT‘Q =My :uT|Qe = 1y -

We can state a similar Helmholtz decomposition as in Lemma 3.71, whose proof is omitted
for the sake of brevity.

Lemma 3.81 (Helmholtz decomposition). We have
Hr,o(curl; Q) = Hr_o(curl,divé, 0;Q) @ grad H} (Q), (3.377)
where

Hr o(curl,divé, 0;Q) := {E € Hr_o(curl; Q) | (6:E,gradp)rzq) =0, Vp € H; (Q)} . (3.378)

By extending the domain ©Q to Q we have gained a control on the tangential trace on the
boundary of the domain under consideration. We are therefore able to state the following com-
pacity result, which stems for instance from [53, Th. 5.1].

Lemma 3.82 (Compact embedding). The space Hr, (curl, div €, 0; Q) is compactly embedded
in L2(Q).
We show in the following two lemmas that the sesquilinear form @ is composed of a coercive

part a4 and a compact perturbation.

Lemma 3.83 (Coerc~ive form). Under Assumption 3.69, the sesquilinear form a. defined, for
all u,v € Hr o(curl; ), as

a4+ (u,v) :=ay(ulq,vle) —iac(ula,, v]a. ), Yu,v € H(curl; Q),
ay(u,v) = ko 1(u ! curlu, curl V)r2(q) o6, V)20, Vu,v € H(curl; Q),
(3.379)

is continuous and coercive on Hp_o(curl; Q).

Proof. The continuity of a, follows readily from the boundedness of the coefficient p, and e,
contained in Assumption 3.69. To prove coercivity, let u € Hr(curl; ), we have for a A € RT,

AR (u,w) = S (w,u) > (Ainf R(u) — inf S,) ) |72 w0~ | eurlulal 2 )

+ |/lr,e|72 ifrzlf Hr.e /€071 | curlu|q, ]2;2(QE)
(3.380)

+ <)\ inf R(e,) — sup 3(67«)) "60|‘U|Sl||i2(9)
Q Q

+ sup €. Kollulq, ||i2(nc)~

e

If Assumption 3.69 holds, we can take any A such that

info S (pr) supg S (€)
“info R (u,)” infoR(e) )’

A > max (0 (3.381)

so that for any u € Hr_o(curl; Q), there exists C' > 0 such that

ARay (u,u) — Sa(u,u) > C’Hu||ilrco(curl;m. (3.382)
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Lemma 3.84 (Compact operator). Under Assumption 3.69, the operator

K : L*(Q) - L*(Q) (3.383)
such that Ku € Hr,o(curl, div . 0; Q) C L2(Q) is defined, for all u € L2(Q), as
ay(Ku,v) = —2ko(&u, VL2 Vv € Hr,o(curl, divé, 0; Q). (3.384)

is compact in L2(Q).
Proof. Tt follows the lines of the proof of Lemma 3.74. |
We now have all the ingredients to establish the following proposition.

Proposition 3.85 (Well-posedness of the local sub-problems with T.). Under Assump-
tion 3.69, the problem (3.370) is well-posed.

Proof. We consider the variational form of the problem given in (3.372), namely

(3.385)

Find E € Hr_(curl; Q) such that

a(E,EY) = [(EY), VE! € Hr_o(curl; Q).
By decomposing the unknown and test functions, elements of Hr (curl; Q), according to the
decomposition stated in Lemma 3.81, the problem (3.372) reduces to two uncoupled problems in
Hr_o(curl,divé,. 0; Q) and H{(2) which are

Find p € H}(Q) and Eq € Hr o(curl, div ¢, 0; Q) such that

—ro(é- grad p, grad )y ) = l(grad ), Vg € H (),
iy (Eo, Bf) — 2r0(&-Eo, BY) 20y = [(ED), VE}, € Hr,o(curl,divé, 0; Q).
] ) (3.386)
The coefficient €, is such that the sesquilinear form defined on H}(Q2) x H}(Q) by
(p,q) = —ko(& gradp, grad )i g, (3.387)

is coercive. By application of the Lax-Milgram Lemma, it follows that the problem in p € Hg (Q)
is well-posed.

Using the definitions of the coercive form @, (Lemma 3.83) and the operator K (Lemma 3.84),
the problem in Eq € Hr_¢(curl, divé, 0; Q) is equivalent to finding Ey € L?(Q) such that

(Id + K)Eg = b, (3.388)

where by application of the Lax-Milgram Lemma, b € Hr_o(curl,divé, 0;Q) ¢ L%(9), is the
unique solution of

iy (b,EL) =I(E}),  VE!L e Hr o(curl dive, 0;Q). (3.389)

From Lemma 3.84 the operator K is compact in L2(Q), the Fredholm alternative is applicable and
the proof reduces to a uniqueness result, which was already established (Proposition 3.78). W

To prove the well-posedness of the local sub-problems for a general transmission operator T,
we will again recast the problem on the transmission interface ¥, but instead of using a Dirichlet-
like boundary condition, the idea is to switch to a Robin-like boundary condition based on the
particular transmission operator T..
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Using Proposition 3.85, we can properly define the operator

A, - H 2 (curl; ¥) — H™2(div; B),

(3.390)
X = Y1, E7
where E € H(curl; Q?) is such that
(curl M,T.l curl —/i02€r) E =0, in Q, (3.391)
(m,x —iTev0,n ) E =x, on Y.

We are then able to state the well-posedness results for compact perturbations of the particular
transmission operator T..

Proposition 3.86 (Well-posedness of the local sub-problems). Let F € Hr(curl; Q) such
that divF = 0 in a distributional sense (charge conservation equation) and x € H~'/?(div; ¥).
Under Assumption 3.69, Assumption 3.76 and if

T — T, is compact from H™'72(curl; £) to H™/*(div; ), (3.392)

the problem
Find E € H(curl; Q) such that
(curl p, ! curl —k¢?%€,) E = F, in Q, (3.393)
(my —iTyx)E =x, on X.

is well-posed.

Proof. Let Ey € H(curl; Q) be the source lifting such that

{ (curly ! curl —ko%e,) Eg = F, in &, (3.394)

(’yl,g — iTe'YO,Z ) EO = O, on E,
which is uniquely defined from Proposition 3.85. Solving the problem (3.393) is then equivalent

to solve
Find E € H(curl; Q) such that

(curl pit curl —kg?%e, ) E =0, in Q, (3.395)
(myx —iTyx)E=Yy, on X,
where
y=%x— (712 —iTys)Ey € H 2(div; ¥). (3.396)

Using the operator A; ¢, this problem is equivalent to the problem

{Find z € H™'/?(curl; £) such that (3.397)

(Air, (T=T.)—T)z =i (A;r, — 1d)y,

in the sense that having a solution to one problem immediately yields a solution for the other.
Let us prove this equivalence.
(=) Suppose that E is a solution to (3.395), by definition of A; v, we have

NnesE=Ar1. [(,s —iTev,x ) E], (3.398)
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so that we have, using twice the equation on ¥ from (3.395),

Air, [z —iTevos ) El —iTysE =y,

3.399
= Air, ((T-T)vwsE+y]—iTywsE=Yy, ( )

from which we readily find that the trace o x E is solution to (3.397).
(<) Reciprocally, if z is solution to (3.397), then E solution to (3.395) is found by solving

(curl p; ! curl —kg%e,) E = 0, in €,
(mi,r —ivor)E=0, onTl, (3.400)
(1,2 —iTevs) E=1(T - T.)z +y, on ¥,

which is well-posed thanks to Proposition 3.85.

The operator involved in problem (3.397) is the sum of a compact operator A; v, (T —T,)
and a coercive operator T in H~'/ (div; X), hence by Fredholm alternative, the well-posedness of
the associated problem is reduced to a uniqueness result, which was already established (Propo-
sition 3.78). The compacity of the operator A;r, (T — T.) stems from the compacity of the
operator T — T, from H~'/?(curl; £) to H~'/*(div; ¥) and the continuity of A; r,. The coercivity
of T is contained in Assumption 3.76. |



Chapter 4

Discrete setting

Contents

4.1 Abstract definitions . . . . . ... .00 0oL e e 118
4.1.1 Generic definitions and tools . . . . . . ... ... Lo 118
4.1.2 Discrete approximation of the model problem . . . . .. ... ... .. 121
4.1.3 Geometric domain partitioning . . . . . . ... ..o oL 122

4.2 Abstract discrete domain decomposition . ... ... ... ... .. 124
4.2.1 Multi-trace formalism . . . . . .. ... L oL 124
4.2.1.1 Multi-trace spaces . . . . . ... Lo 124

4.2.1.2 Cauchy-trace spaces . . . . . . . ... ... ... 126

4.2.1.3 Single-trace spaces . . . . . .. ..o 126

4.2.1.4 A first equivalent transmission problem . . . .. ... .. .. 128

4.2.2 Reformulation as an interface problem . . . . . . . ... ... ... .. 131
4.2.2.1 Transmission operators and associated scalar products . . . . 131

4.2.2.2 Scattering operators . . . . . . . ... ... 133

4.2.2.3 Exchange operator . . . . . ... ... ..o 136

4.2.2.4 Equivalent interface problem . . . . .. ... ... ... ... 138

4.3 Iterative discrete domain decomposition methods . . . . . . . . .. 140
4.3.1 TIterative algorithm . . . . . . .. ... ... .. 140
4.3.2 Discrete convergence analysis . . . . . . ... ... Lo 141
4.3.3 Discrete stability . . . . .. ... 144

4.4 Matrix and vector representation . . . . . . ... ..o 000000 148
4.4.1 Scattering operator . . . . . . . .. ... 150
4.4.2 Exchange operator . . . . . . . .. ... L o 150
4.4.3 Relaxed Jacobi algorithm . . . .. .. .. .. ... o0 150
4.4.4 GMRES algorithm . . . . . . ... ... ... L o 151

This chapter is devoted to the numerical analysis of the Galerkin approximation of the method
presented in Chapter 3. This is one (our) choice of discretization, which we actually implemented
and tested numerically (see Chapter 7 and Chapter 8 for numerical experiments). Of course,
other discretization methods are possible, we mention in particular mixed-hybrid discretization,
in the spirit of [49].
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The structure of the presentation is similar to that of the continuous setting of the previous
chapter and also makes use of the multi-trace formalism, which was firstly used in this domain
decomposition context in [29, 33]. We introduce discrete variants of the spaces and operators
that were previously defined. The only complication that arises from the discrete setting comes
from the fact that the first order trace is only defined weakly. We therefore need to resort to
variational definitions of the continuous operators so that they are amenable to discretization.
The discrete Galerkin approximation of the model problem is then naturally recast in the form
of a discrete counterpart of the interface problem (3.200).

We also address in this chapter the delicate question of uniform stability with respect to the
discretization parameter of the (geometric) convergence of the iterative domain decomposition
method, which was recognized before this work as an open question in [91, Rem. 3, Chap. 6].
Indeed, we prove for the case of the Helmholtz equation that the convergence rate of the discrete
Jacobi algorithm is uniformly bounded above with respect to the discretization parameter, pro-
vided the transmission operator is itself stable. The more difficult case of Maxwell equations is
not fully covered here, but we provide some elements laying the foundation for future work in
this direction.

The method described in Chapter 3 could be written for any o € {0,1/2,1}, which sets
respectively the interface problem in the trace spaces Mo, M1, ; or My . If one can implement
in practice the method for any of these three cases, we chose to use in this chapter and in our
numerical experiments the formulation for ¢ = 1. This means that the Lagrange multiplier,
solution of the interface problem on which the iterative algorithm is applied, can be identified
as an element of the dual trace space (in this case My p, ). This is a rather natural choice for
the Galerkin method considered here and is slightly more efficient compared to the other choices
o € {1/2,1}, if carefully implemented.

For simplicity and because in practice we do not see any reasonable argument for not doing so,
we only consider in this chapter diagonal transmission operators in the sense of Assumption 3.40.

4.1 Abstract definitions

4.1.1 Generic definitions and tools

To set some definitions, we consider an open, bounded, simply connected, polygonal/polyhedral,
Lipschitz domain O subset of R?, with d = 1,2, 3, intended to be either our model domain or a
sub-domain of the partition.

Its (polygonal) boundary is denoted by 0O with outward unit normal vector v, and consists
in one single connected component. We suppose that the boundary 0O is composed of a first
connected component denoted OOg, intended to be the boundary on which the Robin boundary
condition is imposed, and several additional components, disconnected from 0Opg, denoted by
0O, intended to be transmission boundaries. The definitions we set below can be easily adapted
if either 0Ok or 0O are empty.

Discrete functional space Our purpose is to consider Galerkin approximations of our model
problem amenable to numerical computing. To this end, we will consider a discrete family
(Va(0))},»0, indexed by the discretization parameter h > 0, of finite dimensional sub-sets of the
solution space

Vh(O) C UsoR (D 0), (4.1)
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which we refer to as discrete approximation spaces, such that they satisfy an approximation
property, namely

Vu € Upo,(D; 0), li}gi(?f [ = unlly,e, (:0) = 0- (4.2)
up EVRH(O)

Since these are finite dimensional spaces, they are closed subspaces of the Hilbert space Ugp,, (D; O),
hence Hilbert spaces as well, equipped with the inherited inner product and norm.

Remark 4.1 (Finite element discretization). To construct the family of discrete finite di-
mensional spaces, we have in mind finite element conformal approximation spaces which are built
upon a triangulation of the domain. To this end, one will typically consider a family, indexed
by the mesh parameter h > 0, of regular triangulations My (O) of the domain O into (non-
degenerate) closed simplices, generically denoted by K. For all h > 0, the mesh My (O) will be
assumed to be conformal: the domain O is exactly resolved by the triangulation, namely

o= |J FE, (4.3)

KGMh(O)

and such that the intersection of two different elements is either empty, one edge, or one face of
both elements. In addition, we shall require the family (Mp), <, to be h-uniformly shape regular:
if px is the diameter of the largest ball included in the simplex K and hy is the diameter of the
simplex K, we suppose

liminf 2K > 0. (4.4)
h—0, K
KEM}L(Q)

Example 1: Helmholtz. In the acoustic setting, the approzimation spaces we consider (here
and in our numerical experiments) are constructed as described in Remark 4.1, by first consider-
ing a family of simplicial triangulations of the domain O. The discrete spaces are then generated
by standard conforming Py, Lagrange functions (k > 1) defined on the mesh Mp(O), see [65] for
a general reference.

Example 2: Maxwell. In the electromagnetic setting, the approximation spaces we consider
(here and in our numerical experiments) are also constructed as described in Remark 4.1, by first
considering a family of simplicial triangulations of the domain O. The discrete spaces are then
generated using standard conforming Nedelec edge elements of arbitrary order.

Discrete trace spaces We introduce the natural (finite dimensional) discrete trace space as
the image of V;(O) by the trace operator vy g0 defined in (3.64), namely

X07h(ao) = 70,00 Vh(O) C Xo(aO), (4.5)

which is a subset of X(0O) by continuity of the trace operator. We equip this space with the
graph norm
||X0HX0,h(30) = inf ||UHUF(D;O)7 Vxo € Xo,,(00). (4.6)

u€Vp(0)
70,60 U=Xo

In addition, we set
X1 1(00) := X, (00)". (4.7)

If follows that by construction
X1,4(00) ¢ X1(90). (4.8)
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We nevertheless use the same notation as for the continuous setting, namely
(v )90 X1,4(00) x Xo,4(00) — C, (4.9)

to denote the duality pairing between X ,(00) and X ,(00). The space X1 ;,(00) is equipped
with the corresponding canonical dual norm, namely

X1,X
llx, @0y = sup b1, X0go o Vx € Xqp(90). (4.10)
, xoexo;fh(w) Ixollx, . (00
X0 0

Again, we introduce the Cartesian product of the trace spaces as
Xp(00) := X 1(00) x X1,1(00). (4.11)

Example 1: Helmholtz. In the acoustic setting, the natural trace of the standard Py -Lagrange
elements in the volume generates the associated Pi-Lagrange elements on the embedded surface.

Example 2: Maxwell. The natural tangential trace of Nedelec edge elements in the volume
generates the associated Nedelec edge elements on the embedded surface.

Trace preserving and h-uniform continuous discrete lifting We assume that we can
construct a particular type of lifting operator, which will be a crucial ingredient in the analysis.

Assumption 4.2. There exist a continuous lifting of the natural trace
Eno0 @ Xon(00) = V,(0), (4.12)
which is trace preserving, namely
Vxo € Xo,,(00), 70,00 En,00 X0 = Xo. (4.13)

To prove h-uniform convergence results, we shall require in addition the following stronger
assumption.

Assumption 4.3. There exists a trace-preserving continuous lifting of the natural trace satisfy-
ing Assumption 4.2 which is h-uniform.

Example 1: Helmholtz. In the acoustic setting, a lifting satisfying the requirements of As-
sumption 4.2 and Assumption 4.3 can be constructed from the Scott-Zhang [126] interpolator.

To construct a uniformly stable lifting which preserves the Dirichlet trace a natural idea is to
compose any continuous right inverse of the Dirichlet trace operator with a discrete interpolator.
The classical Lagrange interpolator [65, 5] fails to provide a practical answer because it lacks the
continuity property for non-smooth functions since it requires point-wise function evaluations.
The Clément interpolator [40] is continuous but fails to preserve the prescribed trace on the
boundary. An interpolator featuring the suitable properties have been proposed by Scott and
Zhang [126] for general conforming Lagrange finite elements of any order in RY, d = 2,3. For
the sake of illustration, we briefly recall below the construction of this operator for P1 Lagrange
finite elements on triangles.

For each vertex M; of the mesh, choose arbitrarily o; an edge connected to M;. The application
v € P1(0;) = v(M;) € R is a continuous linear form on Pi(o;) C L*(0;). From Riesz theorem,
there exists a unique v; € P1(0;) such that, for all v € P1(0;), we have v(M;) = (wi,v)Lz(gi). Let



4.1. ABSTRACT DEFINITIONS 121

w; be the Py Lagrange basis function associated to the vertexr M;. There is a natural definition
of an interpolation operator P, on H'(Q) such that: for all v € H(2),

Pyv = Z (s, U)LQ(Ui)wi. (4.14)

K2

From the trace theorem, Py, is a continuous linear mapping from H () to V,(Q) and is invariant
on Vi (). To preserve the trace on the boundary, we require in addition that for all vertices M;
on the boundary of 1, the edge o; is chosen to belong to the boundary. This operator Py is the
Scott-Zhang operator and satisfies our requirements, see [126, Th. 2.1 and Cor. 4.1] for more
detal.

An extension of this interpolation operator to fractional Sobolev spaces has been given in [27].
For an extension to anisotropic meshes see [4].

Example 2: Maxwell. In the electromagnetic setting, a lifting satisfying the requirements of
Assumption 4.2 and Assumption 4.3 can be constructed implicitly.

The construction of a uniformly stable lifting which preserves the tangential trace can also
be obtained by composing any continuous right inverse of the tangential trace operator with a
discrete interpolator. A discrete interpolator with the correct properties has been constructed
implicitly in a recent paper by Ainsworth, Guzmdn and Sayas, see [1]. Note that the construction
is actually based on the Scott-Zhang interpolator.

4.1.2 Discrete approximation of the model problem

We consider again in this chapter an open, bounded, simply connected, polygonal/polyhedral,
Lipschitz domain  subset of R, with d = 1,2, 3. Its (polygonal) boundary is denoted by I := 9Q
with outward unit normal vector v, and consists in one single connected component. Our aim
is to construct (numerical) approximations of our model problem (3.79) of a wave propagation
problem, for f € Up(D; Q)" and g € L?(I')"™°. Recall that the equivalent variational formulation
of the model problem (3.79), assumed to be well-posed, is written as

Find u € Up(D; ) such that (4.15)
a(u,v) = 1(v), Vv € Ur(D; Q), .
where, for all u,v € Up(D; ), we recall the definitions,
a(u,v) := ko~ (@aDu, Dv) p2qymi — Ko (N, V) p2(qymo — 1(Y0,0 % Y0,0 V) L2 (pymo s (4.16)
Z(U) = KO_l(fv U)L’Z(Q)mo + (97 Yo,r U)L2(p)mo .

The above (bi)-linear forms are assumed continuous with respect to their arguments. In the
forthcoming analysis, we shall require the continuity constant ||a|| of a, such that

a(u,0)] < llall [ully, oo ol oy Vv € Un(D; ). (4.17)

We introduce a family of discrete approximation spaces (V(f)),-(, indexed by the dis-
cretization parameter h > 0, of finite dimensional sub-sets of the solution space

Vi (Q) € Up(D; Q), (4.18)

and we are set to study the family of Galerkin approximations of (4.15),

(4.19)

Find up € V,(2) such that
a(up,vp) = U(vp), Yoy, € Vi ().
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For the sake of simplicity we will suppose that the integrals featured in the bilinear and linear
forms can be evaluated exactly. Because of the abstract framework, we shall make the following
assumption.

Assumption 4.4 (Well-posedness of the discrete model problem). For any h > 0, [ €
Ur(D; Q)" the discrete model problem (4.19) is well-posed: there exists a unique solution uj, €
V() and a constant 0 < oy p < +00 such that

||uh||Up(D;Q) < aa,hHlHUp(D;Q)" (4.20)

Of course, the analysis of such problems often reveals that the above assumption is only valid
for h small enough, which is a caveat that does not invalidate the following theory.

4.1.3 Geometric domain partitioning

Partition For each h > 0, we introduce a domain partitioning of €, denoted Pgq j, into J
non-overlapping, simply connected, polygonal/polyhedral, Lipschitz, open sub-domains €, ,

jed{l,...,J}, .
,PQ,h = (Qj’h)j:p (421)

such that

J
Q=JQn  with  QunQu=0, ifj#k (4.22)
j=1

We define the following boundaries and skeleton Xy,

ijh = 89]‘7}“ J € {1,...,J},
Djen =0 N0%n, (k) €{L,....J}° j#k,

J (4.23)
Shi=J Ty,

j=1

and ~
Din="T;n\Th, e {1,...,J},
J.h Jyh\ h J { } (4.24)

ih = Eh \ Fh.

When we study the question of h-uniform convergence, we shall require the following assump-
tion.

Assumption 4.5 (h-independent geometric partition). The partition is independent of h

Pa,n = Pa,

Qin=Q,, =Ty, jeA{L, ..., J},

I o ’ , { J , (4.25)
ij’,h = ij7 (jvk) € {177J} ) J 7é kv

EhEZ.

However, we will not consider that Assumption 4.5 holds in general, because this partitioning
approach is not the most convenient from a practical viewpoint, see Remark 4.6. We shall point
out exactly when we require this assumption and emphasize that most of the analysis do not
rely on it.
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Remark 4.6 (Conformal mesh and partition). In practice, as we already remarked, the
discrete sequence of partition and solution spaces is constructed together with a discrete sequence
of meshes and associated finite element approximation spaces. The partition is assumed to be
conformal in the sense that all sub-domains are supposed to be resolved exactly by the triangula-
tion, in the sense of (4.3). Besides, because each Q; 1, is resolved by the triangulation, so is each
boundary F;‘ as well as the skeleton ¥p,.

Two different situations may occur:

1. The first typical situation occurs when the partitioning is done prior to the discretization:
the computational domain is decomposed as a first step in subdomains and, only afterwards,
the mesh is generated in each subdomain separately. In this case the challenge is to obtain a
conformal mesh globally: compatibility between subdomain triangulations has to be enforced
at interfaces. Two examples of this situation are represented in Figure 4.1a and Figure 4.1b.
Each subdomain €5, and the subdomain partition itself, then remains unchanged as h — 0.

2. Another approach consists in generating a mesh on the whole computational domain )
first, and then subdividing it in subdomains using for instance an automatic graph parti-
tioner such as e.g. METIS [89]. In this manner, conformity of subdomain triangulations
at interfaces is automatically satisfied. However the partition itself has no reason to sta-
bilize for h — 0, and there is no guarantee that each subdomain geometrically converges.
Boundaries of subdomains may get rougher as h — 0. This second situation is depicted
in Figure 4.1a and Figure 4.1b. This is actually the most practical way of proceeding in
real-life applications, however Assumption 4.5 is hardly ever satisfied in this case.

The existence of both these situations, which can have a significant impact on the stability
analysis, is the reason we introduced Assumption 4.5.

Figure 4.1 gives examples of the two types of partition we may consider, for partitions with
and without junction points. The analysis we present here covers type of partitioning (before
and after discretization), albeit the stability analysis will require to suppose that the partition
is independent of the discretization parameter. In this chapter we assume in addition that no
junction are present in the partition.

Discrete broken solution spaces We introduce the local discrete approximation spaces as
the space of local restrictions to the subdomains of global functions

Via(Q5n) == Va(@la,,,  Vie{l,...,J}, Vh>0, (4.26)
from which we can define the following discrete broken solution spaces

Va(Po) = {u € L2@)™ [ ulo,, € Va(@in), Vi€ {L....J}},  VA>0.  (427)

We insist that our approach is based on an internal approximation: our approximation spaces
are such that we have, for all h > 0,

Vn(2) € Ur(D; ),
Vi(Qn) € Up(D;Q;5),  Vie{l,...,J}, (4.28)
Vh(PQ,h) (- UF(D;'PQ}}L).

Besides, by construction, we necessarily have, for all A > 0,

Vi (€2) C Vi(Pa,n), (4.29)
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(a) Without junctions, before discretization. (b) With junctions, before discretization.

(c) Without junctions, after discretization. (d) With junctions, after discretization.

Figure 4.1: Two approaches for partitioning the computational domain: before and after dis-
cretization.

so that
Vi(©) € Up(D; Q) NV (Pa,n), (4.30)

but because of the abstract setting the reverse inclusion Up(D; Q) NV, (Pa,n) C Vi (£2) does not
necessarily hold, which is the reason why we introduce the following assumption (not restrictive
in practice).

Assumption 4.7 (Partition-conformal discrete approximation space). For each h > 0,
we suppose that the discrete approzimation space V() is such that

Vh(Q) = UF(D; Q) N Vh('PQ’h). (431)

Remark 4.8. For our two target applications, namely Helmholtz and Mazwell equations, the
approximations spaces are built using finite elements, hence will be partition-conformal if the
mesh partition on which the finite elements spaces are built is itself conformal (see Remark 4.6).

4.2 Abstract discrete domain decomposition

4.2.1 Multi-trace formalism
4.2.1.1 Multi-trace spaces

Similarly as in the continuous setting, we introduce discrete global trace spaces whose elements
are collection of traces on all interfaces between two sub-domains.
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Definition 4.9 (Discrete multi-trace spaces). The discrete global multi-trace spaces are
defined as

Mony (Zr) == X Xon(Tjkn),

(7,k)€I
Miny (80) = X Xea(Tjen), (4.32)
(7,k)€I
Mz, (ih) = X Xn(ljkn) = Mo, (ih) X My p, (ih)
(7,k)ed
It is clear that we have
Mohi (Zn) € Moy (3n) == X Xo(Tjen), (4.33)

(3,k)ed

where Mg (f]h) is the continuous multi-trace space defined on the h dependent skeleton 3.
However, we shall keep in mind that

Mi,n, (ih) Z My (ih) = X Xi(ljkn)- (4.34)
(j,k)€I
We introduce the global trace operator

Y0,h,| = (’YO,ij‘h )(j,k)eJ : Vh(Pﬂ,h) — MO,h,u» (4.35)

which is by construction a continuous and surjective mapping from the broken solution space
into the Dirichlet multi-trace space.

Norms and duality pairings The multi-trace space Mg, can be endowed with the norms
stemming from its Cartesian product structure. Recalling the definition of the norm on a single
domain given in (4.6), we set,

2 ik |2 _ ik
||X0||M0,h,” = Z () HXO,,I(F].,CTh)a VX0 = (%7 )(j,k)eg € Mo, - (4.36)
(j,k)ed

Recalling the local duality pairing (-,-),, between the two dual trace spaces (4.9) on a single
boundary 90, we introduce the duality pairing between multi-trace spaces (which does not
involve any complex conjugation operation)

o)+ Mipy X Mg — C,

(X, Xo) = Y 6y (4.37)
(j,k)€I '

The space My 3, is equipped with the corresponding canonical dual norm, namely

<<X17Xo>>H
Xl = sup

Xo€Mo 1| ||X0||M0‘h,”
Xo#0

s VX, € MLhaH' (438)

Besides, we introduce the natural norm on My, as follows

2 2 2
HXHMMH = ||XO||M0,h,|| + HXlHMl,h,u’ VX = (Xo,X1) € Mp ;. (4.39)
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Lifting operators With the help of Assumption 4.2, it is clear that one can construct a (trace
preserving) continuous lifting operator

En,y :Mon, — Vh(PQ,h)- (4.40)

We shall require in the forthcoming analysis the continuity constant of this lifting operator,
denoted ||Ep,, ||, and such that

1 En Xollug e ny < IEmll %ol Y0 € Moy (4.41)

4.2.1.2 Cauchy-trace spaces

We define a first subset of the space of discrete multi-trace spaces which can also be reinterpreted
as the space of traces of a function whose restriction in each sub-domain satisfies the PDE (and
physical boundary conditions), very much like in the continuous setting (see Definition 3.18).
However this time we resort to variational definitions, since the first order trace is only defined
weakly here. The bilinear a; was defined in (3.97) and the broken version a was defined in (3.98).

Definition 4.10 (Discrete Cauchy-trace space). For each j = 1,...,J, the space of local
discrete Cauchy traces Cp, (I'; 1) is defined as the subset of Kiek. Xn(Ljk,n) such that: for all
J

X € Xper, Xn(Ljkn);

_ ik ik
x = (x05%1 )pek; € Cha (Tjn)

& Ju; € Vi (1) such that

ik (4.42)
a;(uj,05) = 3 per; (K15 70.0500 Vidp,, 0 Yuj € Vi(82).n),
X0 = Y005 Ui Vk € K;.
The global discrete Cauchy trace space is defined as
J
Ch, (Eh) = X Cn,y (Tjn), (4.43)
j=1
or, equivalently,
X = (Xo,Xl) S Ch,H (ih)
a(u,V) = <<X1a 7O,h,HV>>Hv YW e Vh(Pﬂﬁ)a (444)

& u € Vi,(Pa,n) such that
Xo = Y0,h,1 U,

which we identify as a subspace of My, in a straightforward manner.

4.2.1.3 Single-trace spaces

We introduce a second subspace of the multi-trace space, which is the space of traces that match
across all interfaces. The definition in this discrete setting follows closely the one from the
continuous setting (see Definition 3.20).

Definition 4.11 (Discrete single-trace spaces). The global discrete single-trace spaces are
defined as

Son (Zn) = {XO = (ng)(j,k)e] Moy | x0" =x7, V(i k) € ‘J}a
(

Sh) 1= {Xl = (") ayea EMing | xd" = —xi?, V(i k) € J}’ 445
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We have, by construction
S0, = Mo,n, NS0, (r) C Sy (Zn) (4.46)

where Sg (ih) is the continuous single-trace space defined on the h dependent skeleton .
Again, we review some of the properties linked to the discrete single-trace spaces that will
prove useful in what follows. Most of them are inherited from the continuous setting.
First, we have the following important result, which stems from Assumption 4.7 and Propo-
sition 3.21.

Proposition 4.12. Under Assumptions 3.11 and 3.12, we have

So,n,1 = Yo,n, V(). (4.47)
Proof. From Proposition 3.21, we have

So,i = Y0,n, Ur(D; ), (4.48)
from the surjectivity of the trace operator, we have

Mo.h.i = Y0,n,1 Vi (Pa,n), (4.49)
and from Assumption 4.7, we have
Vi(Pa,n) N Up(D; Q) = Vi (Q), (4.50)
Hence, the definition of Sg 5, is rewritten as
So.h, = Mo,n NS0, = Yo,n. (Vi(Pan) N Ur(D; ) = o, Va (). (4.51)
|

The following lemma, which stems directly from Assumption 4.7 and Corollary 3.14, will help
make clear the difference between the V() (regular) and the V;,(Pq,p) (broken) versions of the
solution spaces using the single-trace space. It is the discrete analogue of Corollary 3.14.

Lemma 4.13. An element U in V,(Pq,p) is an element of Vi (Q) if, and only if,

Y0,0jk,n U‘Qj,h = Y0,kj,n u|Qk,h7 V(], k) €Jd. (452)

Proof. We have the trivial inclusion Vj(2) C V,(Pa,n). Besides, if u in V;,(Pq p) satisfies (4.52)
then using Corollary 3.14, we get that u € Up(D;Q) NV, (Pq.r), which is nothing but V()
from Assumption 4.7. |

We deduce the following corollary, which is a characterization of the difference between the
V() (regular) and the Vj,(Pq.n) (broken) versions of the solution spaces using the single-trace
spaces.

Corollary 4.14. We have
Yu € Vh(’PQ’h), Yo,h, U € SO,h,H S Vh(Q) (4.53)

Proof. Tt is clear that one implication (<) stems from Proposition 4.12. We need only to prove
the reverse implication (=).

Let u € Vu(Pq,n) such that yon,u € Son,. By Proposition 4.12 of Sy, there exists
v € V() such that v 5, (v —u) = 0. It follows that w := v—u € Ker~yg ,, and by Lemma 4.13
we get w € V() so that finally u = v + w does belong to V;(Q). |
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In addition, we have the following result, analogue of Proposition 3.23, which will prove useful
in this discrete context.

Proposition 4.15. The discrete single trace spaces are such that

VXo € Mo, (XO € So,n, & (y1.%0), =0, Vy1 € Sl,h,u>7
(4.54)
VX, € Ml,h,||7 (Xl S Sl,h,H < <<X17y0>>” =0, Vyo € SOJL,H :
Proof. Tt is a trivial adaptation of the proof of Proposition 3.23. |

4.2.1.4 A first equivalent transmission problem

We are now ready to rewrite the (discrete) approximation (4.19) of the model problem (3.79)
This is the purpose of the following proposition, analogue to Proposition 3.24. The broken
sesquilinear and linear forms a and | were defined in (3.98) and (3.101).

Proposition 4.16 (Equivalent discrete transmission problem). If u, € V() is solution
of the discrete model problem (4.19) then there exists X = (Xo,X1) € Sp, such that

{a(uh,v) —1(v) = {(x1,70,n,1V), W &€ Va(Pan), (4.55)

Y0,h, | Uh = Xo-

Reciprocally, if up, € Vi,(Pan) and X = (Xo,X1) € Sy, are such that (4.55) is satisfied then
up, is solution of the discrete model problem (4.19).

Proof. (=) Let up, € V,(£2) be the solution of the (discrete) approximation (4.19) of the model
problem (3.79). Since uj, € V,(Q), from Proposition 4.12 we immediately have

X0 = Y0,h, Uk € So.h,- (4.56)
Now, by Riesz representation theorem, there exists X; € My 5, | such that
<<X1,X8>>” = a(un, En, Xg) — 1(En,y %), Vx5 € Mo - (4.57)
Let us show that Xy is independent of the particular lifting Ej, . Let v € Vj,(Pq ), we have
Y011 (V= Enyy Yo.n, V) = 0 € Son,y (4.58)
so that, by application of Corollary 4.14, we know that v — Ex | yo,n,,V € V(). It follows that
a(un;V—=En Y0.n,V) =1V =En i Yo.n,1V) = aun,V—=En 0.0, V) =1V =En Y0,n,V) = 0, (4.59)

hence
a(Uh, En, 'YO,h,uV) - |(Eh,u ’)’O,h,uv) = a(uh»V) - |(V), (4~60)

and finally, using the surjectivity of the trace g p,, from Vp(Pq.p) into Mo,
(%1, 7v0,n,1V), = alup, V) —1(v), W e Vi (Pan). (4.61)

Let zy € So.p,, using again Proposition 4.12, there exists v* € V() such that zg = v, v’
Since up, € V5, (Q) satisfies the discrete model problem (4.19), we have

{(x1,20), = a(un, ") —1(v") = a(up,v") —1(v*) =0, (4.62)
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which means, from Proposition 4.15, that
X1 € S1n, and hence X = (Xo,X1) € Sp,- (4.63)

(<) Reciprocally, suppose that there exists u, € Vp(Pq,) and X = (Xo,X1) € Sp, such
that (4.55) holds. We immediately conclude from o » ur = Xo € So,n,, and Corollary 4.14 that
up, € Vi(2). Now testing with elements of V;,(Q),

a(uh,vh) — l(vh) = a(uh, Uh) — I(vh) = <<X1,70,h,uvh>>” = 0, Vvh S Vh(Q), (464)

using Proposition 4.15 together with the fact that X; € Sy 5. Hence, uj, € V() is the solution
of the discrete model problem (4.19). ]

We state now the result on the decomposition of the discrete multi-trace space in the sum of
the discrete single-trace and Cauchy-trace spaces, analogue of Proposition 3.25. A similar result
in a more general setting (with junctions) was already available for the scalar equation only,
see [33, Prop. 7.1].

Proposition 4.17. We have the direct sum
Mpi = Ch,j © Sh,- (4.65)

In addition, if we denote by Pc, | the projector from My onto Cy,  in parallel to Sy, then we
have the following estimate

HPC; ||X||M 1/2
e N 2 2 — —
oo, = sup < (1 llall® WEn %) [ (1+ gz, llall) NEn I + o).
0 ey Xl
x;éOVH Rl
(4.66)
Proof.

Null intersection C;, NSy, = {0}. Let x € Cp,; N'Sy,. Since X € Cp ), we can find
U € Vi (Pq,n) such that

(4.67)

a(U, 'U) = <<X17 VO,h,H’U»Ha WS Vh(PQ,h)v
Xo = Y0,k U-

Then since X € Sy, from Proposition 4.16, it follows that U actually satisfies the homogeneous
approximation of model problem (4.19) in the whole of Q

ue Vi),
{a(w v) =0,  YveEVy(Q). (4.68)

The well-posedness of this problem (Assumption 4.4) yields u = 0, hence x = 0 by continuity of
the trace operator o p,-

Decomposition. Let X = (Xo,X1) € My, ;. We wish to construct y € Cy, and z € Sy such
that X =y +2. The proof performs explicitly the projection of X on the subspace Cj, ; in parallel
to the subspace Sp . We define

{u € V() such that, (4.69)

a(u,v) = a(En, X0, v) — (X1, Y0,n,10), Yo € V(Q),
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Such a solution exists from the well-posedness of the model problem (4.19) (Assumption 4.4).
Set

Yo := ’YO,h,u(Eh,u Xo — U) = X0 = Y0,h,| U, (4-70)
and define y; € My 3 such that
a(u — En, X0, En, X0) = — (Y1, X0 ), VXg € Mo, (4.71)

By construction, using Definition 4.10 of the discrete Cauchy space Cj, ;, we have

y == (Yo,Y1) € Cpyy- (4.72)

Now, set
2= (20,21):=X—Y. (4.73)

Using Proposition 4.12 together with the fact that u € V,(€2), we have
Zo := X0 — Yo = Y0,h, U € So,h,- (4.74)

Besides, for any Sy € S 5, we can test with Ej ;S € V() in (4.69) (note that Ej | So does
belong to V() from Lemma 4.13) and with Sg in (4.71) to obtain

<<21’SO>>H = <<X1 - Y1»50>>H = 01 (475)
so that, using Proposition 4.15 we obtain z; € S; 5,,; and hence:
YA Sh7H' (4.76)

It is then straightforward to check that

y € Ch7||7

4.77
Zc Sh,u- ( )

X=Y+2z, with {

Explicit estimate. We adopt the same notations as for the proof of the decomposition. By
definition of the projector Pc, , we have,

2 2 2 2
y = (y07y1) = PCh‘HX7 so that ||Pch'HX||Mh,H = HyHMh,‘H = HyOHMU,hr,H + ”ylHMl’hy”' (478)

By definition of y, we have

Yollw,,., < 1 EniXo = llyyoepony < (IEM ol ., + l6lluppipay )

15l .y < Ml HET 1 Ens Xo = ully, opey < Mall HEL (HEW Dol , + Nelloppimany) -
(4.79)
Besides, by definition of u we have

lullo e < @k (lall NER I Iolly, ., + Dl ., ) (4.80)
We readily obtain the claimed estimate
2 2 2 —1 —1 2
1Pc, Xl | < (2+lall® NEw %) [(1+azh llall) NEwull Ixolly, , , +azh Ixilh, , |
2
2 2 — — 2
< (14 all® WEn017) [ (1 + g lall Y IEnll +agh]” X1, ,-

(4.81)
|
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4.2.2 Reformulation as an interface problem

In this section, repeating the steps of Chapter 3, we exploit the above characterization (see
Proposition 4.16) of the trace of the solution to equivalently recast the discrete approximation
of the original problem (4.19) as a problem (4.145) posed on the skeleton 3 of the partition.

4.2.2.1 Transmission operators and associated scalar products

We start by introducing the key ingredient of our formulation, the transmission operator from
Definition 3.26, this time as a bilinear form.

Definition 4.18 (Transmission operator). We call transmission operator any continuous and
positive definite bilinear form

to,ni Mo,y X Mo, — C, (4.82)
such that
tO,h,H (Xo, %) >0, VXg € MO,h,u \ {0} (483)

Besides, we also introduce the following additional continuous bilinear form, representation
of the operator Z introduced in (3.173),

Zp - M07h7” X M0)h7” — C7 (484)

such that
VXg € MO,h7||, Zh(Xo, %) € R. (485)
For the sake of simplicity, and because it will always be the case in practice, we suppose that

these operators are diagonal.

Definition 4.19 (Diagonal operators). The transmission operator to ., and the operator zj,
will be called diagonal if there exist, for each (j,k) € J, the following local continuous bilinear
forms .

5. Xon(Tjen) x Xon(Tjrn) = C,

- (4.86)
z,+ Xon(Lji,n) X Xoa(Tjkn) = C,
such that " _—
to,h,1 (X0, Yo) := Z (X0 > Y0 s X0,Yo € Moy,
L1e (4.87)
zn (X0, Yo) = Z 7" (<, ¥, VXo0,Yo € Mo, -
(j.k)€d

where we adopted the notation Xg = (ng)(j)k)eJ and Yo = (y%k)(j,k)e\].

Scalar product and norm We can then endow the multi-trace space Mg, with the norm
induced by the previous scalar product. Hence we define

||X0||?0,h1H = to.n, (Xo, X0), V%o € Mo, - (4.88)

Because of the finite dimensional setting, the norms || - [[y | (defined in (4.36)) and | - [|; | |
are always equivalent on Mg . However, they are not necessarily h-uniformly equivalent. This

is why we introduce the continuity constant

t X
ltonll = sup ol Vo)

o ol ol
X0,Yo7#0

7 (4.89)
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and coercivity constant

. tO,h,u (XO TO)
Pron = erll\Illlo hl W (4.90)
Xo#0 O Mo,1
By definition, it follows that
2 2 2
Brany olZy < %ol , < Mol [XollZ,, %0 € Mo (4.91)

We can define a norm on the multi-trace space My 5, ;. To do so, using Riesz representation
theorem, we first introduce the operator, T, from Mgy into its dual

/
Ton, = Mo, — Mon," =M,

(4.92)
Xo — X1,
where X; € My 5, is such that
to,n, (XO’ XB) = <<X1,X6>>”, vX(t) € Mo, - (4'93)
From Definition 4.18, T, is clearly invertible and we can then define
Tin = T(;i,u My, = Mopy. (4.94)
The norm on the discrete multi-trace space My 3, is then defined as
9 _
Xallg, , o= O Topxay, Y% € My (4.95)
The following easy lemma states that the norms || - [y | (defined in (4.38)) and || - |, , | are
equivalent (not necessarily h-uniformly equivalent though).
Lemma 4.20. We have
-2 2 2 —1 2
Brony Mol i3, <l <8 Il W €M (4.96)
Proof. Let X1 € My 3, we have on the one hand
2 L —1 2
all2 = 00 T, < il IToially, < Bk, balf,, - (497)
On the other hand
||X1||t2 =ty (T1, X1, T1 %) = ||T1,||X1||§: )
L 0,1l (4 98)
2 -2 2 :
2 ﬂto,h,u ”TLHXIHMO’h’” 2 6t0,}1,\\ |Ht07h,\| ||| Hxl HMl,h,H :
[

Generalized Robin operators The transmission operator tgj, together with the bilinear
form zj, are used to combine the two types of traces into so-called generalized Robin multi-traces.

Definition 4.21 (Discrete generalized Robin operators). We introduce the global operators,
Riv tMay = Mun, (4.99)

where, for any X = (Xo,%1) € My, we define Rlih_H as

«th,ux»x(t]»” =+ [<<X1»X6>>” + 21 (Xo, XS)] —iton (X0, Xp);  VXg € Moy (4.100)
If the transmission operators are diagonal we can define local Robin operators at a single interface:
for each (j3,k) € I and any x = (x0,x1) € X(L'jk,1n), we define R{k,j as

RS =[x, , 78 (o, x6)| =it (oo, xB), v € Xo(Tjwn). (4.101)

>ij,h,
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4.2.2.2 Scattering operators

We recall that the scattering operators were introduced in Definition 3.29. We then showed that,
under Assumption 3.40, which we suppose to hold in this chapter, they are diagonal operators
in the form of (3.216), with diagonal components given in Definition 3.44. We are now going to
introduce a discrete version of those scattering operators using only variational definitions, easily
amenable to discretization.

Definition 4.22 (Discrete scattering operator). We define the global scattering operators,
Sing @ Miny = Mg, (4.102)
where for any X, € My 1, we define
<<Sl,h,uX17X(t)>>H = —{x1, X5}, — 2ito,n, (Yo,n,5u1, %), (4.103)
with u € V(P n) such that: for allv € Vi (Pa.n)
a(U, V) + [zn(Yo,n,1Us Yo,n,1V) = t0,h,1 (Y0,h,1Us Yo, V)] = (X1; Yo, V), - (4.104)

If the transmission operators are diagonal, the scattering operators are themselves diagonal and
we have,

S, = diagje{l,...,J} (S{,h,\\)v

_ (4.105)
Stng ¢+ Kin@ien))pex, = Krninn))pex,»
where for any xq = (X{k)keK] € (Xl,h(rjk,h))keKj we define, for any k € K;,
<(S]1,h,HX1)|ij,h7X6>FJ_M = —(x} ,X6>ij,h — 2it],  (Yo.0500 Usihs X0)5 vxg € Xo,n(Tji,n)s
(4.106)
with wjp € Vi(Qp), 7 €1{1,...,J}, such that: for all vjy € Vi(Q1),
ik . ik
a;(ujn,vjn) + Y [Zi (V0,055 Ugohes YODs5 0 Vjh) —it0 (V0,050 Ughes V0,05 vj,h)}
kGKj
(4.107)

ik
= Z <X{ » YO,T k. Uj7h>

keK;

Tjk,n’

The following proposition shows that the above scattering operators are well-defined. Of
course, the result relies on the properties of the transmission operator from Definition 4.18. This
proposition is based on a similar result in a more general setting (with junctions) available for
the scalar equation, see [33, Lem. 4.4].

Proposition 4.23 (Well-posedness of local problems). Let

[a(u, V) + zn (Yo,n,1 Y5 Y0,h,1V) = it (Y0,h,1Ys Yo,h,V)]

Qg p, = inf sup . (4.108)
° UEVL(Pa,n) veVy, (Pa.n) ||UHUF(D;7>Q)||V||UF(D;7>Q)
uz0 V#£0

We have, for any h,
Qs h,| > 0. (4109)

As a result, for any linear form | on Vi (Par), the following problem is well-posed:

(4.110)

Find u € V,(Paq,p) such that:
a(u,v) + [zn(v0,n,1Us Y0,n,1V) — ito,n,1 (Y0,n,1U;s Yo,n, V)] = 1(V), W € Vi (Pa,n)-
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Proof. Suppose by contradiction that the above inf — sup constant vanishes for some u € Vj,(Pq 1),
then

a(u, V) + zn(¥0,h,1Us Y0,h,1V) — ito,n,1 (Yo, Us Yo, V) =0, WV € Vi (Pa,p). (4.111)

Testing by U (see (3.98) for the definition of the sesquilinear form a), we get

Hofl(a DU, DU)LZ(Q)an — Ko (nU, U)Lz (Qmo — i(’)/()_rr u, Yo,r U)LQ(F)mO (4 112)

+ 21 (Y0,h,1Us Y0,h,1T) — 1to,h,1 (V0,11 Us Yo,,T) = 0.

Since the imaginary parts of the coefficients a and n are respectively supposed negative and
positive (see (3.78)) and from the property of zy in (4.85), retaining only the imaginary part
above implies necessarily that

to,h,1(Y0,,1U; Yo,n,T) = 0, (4.113)

so that by the definiteness of tg ., we have g, U = 0. From Corollary 4.14, we deduce that
u € V() and, testing by v € V;(£2) in (4.111) we get

a(u,v) + zn(Y0,h.1 U Y0,1,10) = 10,1, (V0.0 Us Yo v) = alU,0) =0, Vo € Vi(Q).  (4.114)

The well-posedness of the discrete model problem (4.19) stated in Assumption 4.4 gives that
u = 0 which is a contradiction. |

Again, we point out that such a result is valid for our target applications for h small enough,
but this is not an issue for the abstract analysis.

An important question we shall ask ourselves is the stability of the above constant o
with respect to the mesh parameter h. We can answer this question in the acoustic setting.
The following statement is based on a similar result in a more general setting (with junctions)
available for the scalar equation, see [33, Lem. 4.4].

Example 1: Helmholtz. In the acoustic setting, if the partition is independent of h (see
Assumption 4.5), as well as the transmission operator, the estimate sy, defined in (4.108) is
h-uniformly bounded

*
o
Ssll

= liminf o, > 0. (4.115)
h—0

Proof. The proof proceeds by contradiction. Suppose there exists a sequence (hg), of mesh

parameters converging to 0, associated to a sequence of Uy, € Vj,(Pq ) such that |[up, ||U(D_PQ) =

1 and

sup  [@(Unys V) + 21 (Y0,h,1Uny s Y0,n,1Y) = 1to,h,1 (Y0,n,1Ung s Yo,n, V)| — 0, as by — 0.
VEVL(Pa,n)

(4.116)
Since the sequence (Up, ), is bounded in U(D;Pgq), we can assume that the sequence (Up,),
converges towards some U, weakly in U(D;Pg), extracting a sub-sequence if necessary. Since
in this setting U(D; Pq) is a cartesian product of H! spaces on each sub-domain, the sequence
(Upn,,),, converges strongly towards Us in the cartesian product of L? spaces in each sub-domain,
hence in L?(2). The weak convergence of the sequence (Uy, ), implies that, for any v € V;(Pq,p),

[a(Uny,, V) + 20 (Y0,n,1 Uny s Y0,h,1V) = 10,1, (Y0,h,1 Uny > Y0,,1V)]

— a(Uoos V) + 24(70,h,1Usos Y0,1,1V) — ito,h, i (Y0,n,1Uses Yo, V)| = 0, as hy — 0.
(4.117)
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Arguing as in the proof of Proposition 4.23, if follows that Us, = 0, and the sequence (Up, ),
converges strongly towards 0 in L?(2). We write, by definition of the norm and of the sesquilinear
form a,

2
. N 2
U, I ppa < (I R(@)) ™ (R alUn, Uny) + Ko (MUny T o ) + Aollung [ gymo - (4:118)

From (4.116) we have that R a(up,,Up,) — 0 and since we proved that [[Up, [l 2qyme — 0, it
follows that [|Up, [lyp.p,) — 0, which a contradiction. |

A direct consequence of the well-posedness of the above problem (4.104) is the well-posedness
of the following local sub-problems in each sub-domain, for diagonal operators.

Corollary 4.24. If the transmission operator ton, and operator zo are diagonal, for all j €
{1,...,J} and any linear form l; on V,(Q; 1), the problem
Find uj € V() such that:
ik
a;j(uj,v;) + Ppek, [Z?L (Y001 Ui> YO.T 0.0 s)

<k
71tg),h,|| (Voyl"jk,h Usjs YO,05k,n Uj) = lj (Uj) ij € Vh(Qj,h)’
(4.119)
is well posed.

We are then able to provide an equivalent discrete characterization to the one from Proposi-
tion 3.30, which is similar to [33, Lem. 7.2].

Proposition 4.25 (Characterization of the discrete Cauchy trace space). We have the
following characterization of the discrete Cauchy-trace space:

Ch, = Ker (Rf,h,” - Sl,h,Hth’”) : (4.120)

Proof. From Definition 4.21 and Definition 4.22, X = (X, X1) € My, satisfy

Rl_ah,HX = SlvthRIh,nX’ (4.121)

if, and only if, there exists u € Vj,(Pq,p) such that
a(u,v) + [zn(Y0,n,1U; Y0,h,1V) — 1to,n,1 (Y0,h,1Us Y0,,1V)]
= (X1, 70,11V}, + zn (X0, Yo,n,1V) — ito,n,1 (X0, V0,01V, W € Vi (Pa,n),
— [0x X8, + 70, X6) | = ito,n,1 (%0, X6)

= — | {x1, X4 ), + 2z (X0, X5) | + ito,n,; (X0, X§) — 2ito,n, (Yo,n,Us X5), VX € Mo n, -
I

a(u,v) + Zh(')’o,h,uu — Xo, ’YO,h,HV) —itg,n, (')’O,h,uu — Xo, 'YO,h,HV)

& = (X1, 70,n,0 V), W € Vi(Pa,n),
to,h,1 (X0, X5) = to,n,1 (Yo,n.1U; X5), VX € Mo h,ys
o Jauv) =L vnVh, W EVA(Pan),
Y0,h, ;U = Xo,

(4.122)
which yields x € Cp,; from Definition 4.10. Note that we used the injectivity property (see (4.83))
of to,n,, to establish the last equivalence. |
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4.2.2.3 Exchange operator

We can extend without difficulty the definition of the exchange operator II; to the discrete trace
spaces. For each o € {0,1}, the exchange operator, denoted II,, is such that

Yo Yo EMony, (Yo =TLx, &  xF=yM  v(jk)ed), (4.123)

with the convention that X, = (xg’“)(j,k)EJ and Y, = (y{,’“)(j,k)el

Therefore, one can convince himself that the properties of the exchange operator carry over
from the continuous setting to the discrete setting. We briefly recall below these properties for
convenience.

Again, it follows from its definition that the exchange operator remains an involution of the
discrete trace spaces (see Proposition 3.33) and defines two complementary projectors Id + IT,
and Id — IT; (see Proposition 3.34).

Proposition 4.26. For each o € {0,1}, the exchange operator IL; is an involution of My,
I =1d  inMgp,. (4.124)

Proposition 4.27. For each o € {0, 1}, the two operators 1/2 (Id £ I1,) are two complementary
projectors in Mg p ,
Va[ld £ I1,]% = 1/ [Id £ 1T, ,
(Id +IL ] [Id — IL] = [Id — IL] [Id 4 IL;] = 0.
It is then straightforward to establish the following result, counterpart of Proposition 4.28.

Proposition 4.28. We have

(4.125)

(4.126)

Xo €S Xo € Ker (Id — IT
X = (X0,X1) €Spy & {OG 0,h,115 N {QE er ( 1) s

Xl S Sl,h,H7 Xl € Kel" (Id + HH) .
Finally, we recall the self-adjointness property of Il already stated in Proposition 3.54.

Proposition 4.29. Let o € {0,1}, the exchange operator IL; is self-adjoint with respect to the
duality product (-, '>>H’

(ILx1,¥o), = (X1, ILyo)),, V(X1,Y0) € Mo,y X My (4.127)

Proof. For any xg = (Xék)(j7k)e,] € Mg,p, and X; = (X{k)(j’k)e‘] € My, we have
kj ik
<<HHX17X0>>H = Z <X1J,X6 >ij,h = <<X17HHX0>>||' (4128)
(4,k)ed

Upon making the following assumption (akin to Assumption 3.36), which we assume to hold
in what follows, we can again characterize the discrete single-trace space.

Assumption 4.30. The bilinear form zy is supposed symmetric

zn(Xo, Yo) = zn(Yo, Xo), VX0, Yo € Mo p, (4.129)

and such that
zn(Xo, I} Yo) = —2z5 (1T X0, Yo), VXo,Yo € Mo,p, - (4.130)

The transmission operator is such that

tO,h,u (X07 Huyo) = tO,h,H (HHXOa YO)7 VXO,YO S MO,IL,H~ (4~131)
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Simple sufficient conditions on diagonal operators to satisfy the above assumption are pro-
vided in the following proposition (see Proposition 3.41 for its counterpart in the continuous
setting).

Proposition 4.31. Suppose that the transmission operators are diagonal in the sense of Defi-
nition 4.19. If each diagonal elements of zj, and top,, satisfy

jk _ _ kj . .

z; = —27;", V(s,k) €3, 7 <k,

o . (. ) _ (4.132)
tO,h,u = tO,h,H’ V(]J{:) €J, Jj<k,

and for all (j,k) € J, Z{Lk is symmetric, then Assumption 4.30 is satisfied.

We are now able to characterize the discrete single-trace space Sy (Definition 4.11) as the
kernel of an operator involving the discrete generalized Robin operators Rli,h,u and the exchange
operator IT,. Albeit in a less general setting (without junctions), this result is similar to [33,
Lem. 4.3] which is derived for the scalar equation.

Proposition 4.32 (Characterization of the discrete single-trace space). We have the
following characterization of the single-trace space (4.45):

Sh,y = Ker (Rli,h,u - H\\Rih,u) : (4.133)

Proof. First note that, for any x € M, Rf”X =II; Ry X is equivalent to Ry X = HHRIHX since
the exchange operator II; is an involution according to Proposition 4.26.

(=) Let X = (Xo,X1) € S. Using again the characterization of the single trace space given in
Proposition 4.28 together with the properties of Assumption 4.30 we obtain successively

Id +T1,) x;, x4}, = 0, Wt € Mo 1,
[Id —IL,] X =0, ((Id +11,) %, 0>>\L ? 0,
[Id 4+ 1II;] x; = 0 = 2l =T %, xp) =0, VX5 € Moy, (4.134)
: , to,n, ((Id — IT;) Xg, X§) = 0, VX5 € Mo,

so that taking an adequate linear combination we get

(Id + Hu)xlaxé»,, +zn((Id — TI) Xo, Xg) — ito,n, ((Id — II;) Xo, X5) = 0, VXg € Mo -

(4.135)
This is rewritten as
{x1,X0), + 21 (X0, X5) — ito,n, (X0, Xp) (4.136)
= —<<1'[Hx1,x3>>” + 21 (I X0, X5) — ito,n,; (T X0, Xp), VXg € Mop,- .
Hence, using the properties from Assumption 4.30 it follows that
{(x, X6, + 2 (%o, XG) — ito.n, (X0, Xp) (4.137)
= *<<X17H\|X6>>” — zn (X0, TLXg) — ito,n, (Xo, TT;Xp), VXg € Mo - .
Using Definition 4.21 of the generalized Robin operators Rli,h,u we obtain
{(x,x6), + 2 (%o, XG) — ito.n, (X0, Xp)
(4.138)

= «Rih,\\xlanuxf)» = «H\\Rl_,h,uxlaxé»

t
I ”, VXO S MO,h,H‘
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Finally, using the self-adjointness of II, (Proposition 3.54), we get

<<X1,X6>>H + 21,(Xo0, X)) — iton, (X0, Xo) = (IR A, ”X1,XO>> VX5 € Mo, (4.139)
which is rewritten as Rj‘h X=1LRy, X
(<) Reciprocally, let X = (Xg,X1) € Mh .1 such that R1 poX =ILR, X It is easy to see that

we can repeat the steps above, in reverse order, up to equatlon (4.135). By testing respectively
by (Id — II,)x§ and (Id + HH)XB in (4.135) we get, for any X € Mo 5,

((d + II)) xq, (Id — II)x), + 2zn((Id — II;) Xo, (Id —II)x5)
—ito,n, ((Id — IT;) Xo, (Id — Hu) 6) =0, (4.140)

((@d +IL) %1, (Id + I1))x5 ), + zn((Id — II;) Xo, (Id +IL;)x5)
0) =

—ito,n, ((Id — II;) X, (Id + IT; )X

Using the properties of Assumption 4.30 and the self-adjointness of IT; from Proposition 4.29
this is rewritten as

{«(Id —II;) (Id + II;) X1, X4 ), + za((Id + IT;) (Id — IX;) Xo, X§) — ito,p, ((Id — IT, )Xo, X4) = 0,
((Id + H\\)Qxlvxf)»“ + 25 ((Id — TL;) o, X§) — ito,n,; ((Id + T ) (Id — TT; )Xo, X§) = 0.

(4.141)
Using the properties of the projectors from Proposition 4.27, we obtain
t Id-1I L) =
on(( %o, %) =0, WX € Mo (4.142)
{(Id + L) )x1, xp), + zn (Id — I )Xo, Xg) = 0, o

hence, using the injectivity property (see (4.83)) of the transmission operator to j,, yields (4.126).
|

4.2.2.4 Equivalent interface problem

With the help of the discrete scattering operators S; ;,, and exchange operator Il we are now
in a position to recast the discrete approximation of the original problem (4.19) as a problem
posed on the skeleton Xj,.

Proposition 4.33 (Equivalent discrete interface problem). Let Fj, € Vi (Pqy,) be the
(unique) source lifting such that

a(Fn,v) +2n(0,h,1Fny Y0,n,10) — it (Y0,n,1Fhs Yo,h,v) = 1(v), W € Vi(Pan), (4.143)

and define f = (fo,f1) € My, such that

(Fr.x6), = —=zn(vo.n, Fr, X6) + to,n (Yon Fry X0),  VXG € Moy, (4.144)
fo = Y0,h, Fr.
Consider the problem
Find X1 € My, (4 145)
(Id — IL,Sy %1 = ILRT, F. '
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If up, € Vi (Q) is solution of the (discrete) approzimation (4.19) of the model problem (3.79)
then X1 = th’“y € My, wherey = (Yo,Y1) € My, is defined as

(4.146)

a(un, Vi) = 1(Va) = (Y1, Y0,n,1Va ), Wi € Vi(Pa,n),
Y0,k Uh = Yo,

solves problem (4.145).
Reciprocally, if X1 € My, is solution of the interface problem (4.145) and if v € V,(Pa,r) is
the (unique) solution of

a(Va, Vi) + 21 (Yo, Vs Y0, Vh) = 160,11 (Y00, VR Yo,n1VR) = (X1 Yomi Vi) Wi € Va(Pan),

(4.147)
then up, € Vi (Paq,n) defined as up, := Vi, + Fy, is solution of the (discrete) approximation (4.19)
of the model problem (3.79).

Proof. Let Fp, and f = (fy, ;) € My, satisfy (4.143) (which are uniquely defined by Proposi-
tion 4.23). Note that by construction, it holds that

+ (<<f1,X6>>H + Zh(f07 Xé)) - ito,h,u (an Xé) =0, ng € MO,h,Ha

(4.148)
& R{, f=0
and Fp, € Vi (Pq,p) is such that
a(Fn,va) — Hva) = (f1,70,n,1VA), Wi € Vi(Pa,n), (4.149)
Yo.h,1 Fn = fo.

(=) If up, € V() is solution of the (discrete) approximation (4.19) of the model prob-
lem (3.79), then by Proposition 4.16, we know that y = (Yo,Y1) defined in (4.146) above belongs
to Sp,,. Besides, from both (4.146) and (4.149), we get

{a(uh = Fn,vi) = {y1 — f1, 70,0, Vi), Wi, € Vi(Pan), (4.150)

Yo,h, (un — Frn) = Yo — fo,

so that by Definition 4.10 of Cj, ;, we have y — f € Cj . From the characterizations of both the
Cauchy trace space stated in Proposition 4.25 and the single trace space stated in Proposition 4.32
we have

y—feCy,, & Rih,n (=" :781”%\\R1+,h,u (y =19, (4.151)
Yy € Sp,y, Rl,h,”y = H\\Rl,h,uy'

Hence using th Hf = 0 we deduce

- _ + -
Rl,h,uy = HHRl,h,Hy'

Eliminating Ry, |y it is then immediate that

th)”y = HHSLh,Hth’Hy +ILRy, f (4.153)
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hence the quantity X; := th’”y satisfies the interface problem (4.145).

(<) Reciprocally, let X; € My p,,; be solution of the interface problem (4.145) and let v, €
V1, (Paq,n) be the unique solution (by Proposition 4.23) to (4.147). Then, define z = (2¢,21) € M,
such that

{a(vhvvm = (ZvYomVh),  Wh € Vi(Pan), (4150
Yo,h,1Vh = Zo,
so that using (4.149), we get
{a(vh +Fno Vi) = 1(va) = (21 + f1,70,1,V0),» Wi, € Vi(Pa,n), (4.155)
Yo, (Vi + Fr) = 2o + To.
If we set
up, :=Vp, + Fp, (4.156)
y = Yo,Y1) =2+ F= (20 +fo,21 + F1),
we obtain
{am,vt) — V) =y Yo raVy, W EVR(Pan), (157
Y0,k Uh = Yo-

Using Proposition 4.16 all that remains to prove is that y € S;, ;. We have, combining (4.147)
and (4.154)

{x1,xp), =+ [<<21»X6>>H + 2120, X0)| — iton(Zo, Xp),  VXg € Moy, (4.158)
so that X; = Rf’h’HZ by Definition 4.21 of the generalized Robin operator. We can rewrite (3.200)

as
(Id = TL;Sy p) X1 = H||Rih7|\f7

. B (4.159)
< (Id —=IL;Syp,) Ry, z=ILR , T
Using Proposition 4.25 we get
Ry, z-T Ry, z=TRy, f (4.160)
Hence using Rf h,uf = 0 together with the definition of y we obtain that
Ry, y=ILRy, V. (4.161)
Proposition 4.32 then gives y € Sy, . [

4.3 Iterative discrete domain decomposition methods
4.3.1 Iterative algorithm
Let Fy, be the solution of (4.143) with f = (fo,f1) € M;, | defined in (4.144) and set

b =Ry, f (4.162)

In this section, we want to devise (and study the convergence of) an algorithm to solve

(4.163)

Find X; € My 3, such that,
(Id — HHSLhVH) X1 = bl.
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Having found such a X; solution of (4.163), a global volume solution wup can be computed by
solving

Find vj, € Vi (Pq,p) such that,
a(Vh, VZ) + Zh(")/o_’hyuvh, 70_’}17”V2) (4164)
—1t0,h,1 (V0,1 VRs Yo, VE) = (X15 Yo, V5D, Wi, € Vi(Pan).

Then the global solution of the discrete model problem (4.19) is up, := vj, + Fp.

Relaxed Jacobi algorithm We consider again here the (relaxed) Jacobi algorithm to solve the
interface problem (4.163) on the skeleton. Let xJ € My, and a relaxation parameter 0 < r <1
be given, a sequence (X{), .y in My, is constructed using the (relaxed) Jacobi algorithm as
follows

X = [(1 = r)Id + 7T Sy | X +7b1,  neN. (4.165)

Constructing this sequence of traces also constructs a sequence of broken solutions (Vi) .y in
Vi (Pq,n) when the action of Sy 5, is computed. For each n € N the broken solution v} satisfy

a(Viy, Vi) + 20 (Y011 Vhs Y0,h1VR) = b0, (V0,11 Vi s Y001 VR) = <<X?7’Yo,h,uvz>>“7 Wi, € Vi(Pa,n).-

(4.166)
The true solution wuy, of the discrete model problem (4.19) is then (hopefully, if convergence
occurs) the limit as n — oo of the broken solutions (Uy :=Vy + Fp), oy in Vi(Pa,n)-

4.3.2 Discrete convergence analysis

We now turn to the convergence analysis of the previously described iterative method. In this
discrete setting there are two independent convergence processes. We study here the convergence
with respect to increasing n, the iteration number, of the iterative discrete solution uy € Vi (Pan)
towards the discrete solution u, € V() of (4.19). The convergence with respect to decreasing h,
the discretization parameter, of the discrete solution uj, € V5, (2) of (4.19) towards the continuous
solution u € Ur(D; Q) of (3.79), although a legitimate question, is not addressed here. However,
we shall study the behaviour of the convergence rate as h goes to 0.

The discrete convergence analysis of the relaxed Jacobi algorithm follows closely the one from
the continuous setting in Section 3.3.2. It is clear that the new interface problem (4.163) takes
the form of the abstract problem (3.230). To prove the geometric convergence of the above fixed
point algorithm, we simply need to check that the assumptions of Proposition 3.57 are satisfied
in our particular case where V =My 5, ; and A =1TI; xSy 1.

We first state the contraction property of the discrete scattering operator, analogue of Propo-
sition 3.53. A similar result in a slightly different setting (with junctions) but for the scalar
equation only can be found in [33, Lem. 5.1].

Proposition 4.34 (Contraction property of the scattering operator). The scattering
operator Sy 1, is a contraction of My p,, for our particular choices of norm (4.95),

IStnaxalle,, < Ixally, . ¥ €Miny. (4.167)

Proof. Let X1 € My, we have by definition of Ty (see (4.92)) and S 5, (see (4.22))

S1,n,%1 = —X1 — 2iTo,n, 70,1, Y, (4.168)
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where u € Vj,(Pq,p) is such that

a(u,vn) + 26 (Y0,n,1Us Y0,h,1VA) — it0,h,1 (Y0,h,1Us Yo,h,1VR) = (X1, Y0,n,1 VR, Wi, € Vi(Pa,n)-
(4.169)
We have, from the definitions of the norm (4.95) and of Ty, see (4.94),

||Sl,h,uX1HfLM = (—x1 = 21To,n,1Y0,n,1 U, Ty (=X1 = 2T, ¥0,n,1U) ),
= (X1, T1,,X1), + 4t0,n,1 (Yo,n,1 U, F0,,11)
+ Qi«TO,n’YO,h,uuam»H = 2i{x1, 5o.n, 1), (4.170)
= (x1, Ty, X1), + 4||7O,h7uu||30,h7” + 21 (X1, yo,n, U, — 21(X1, Yo,u,U), »
2, Alonul?, |+ 430, To),

Besides, by definition of U (testing by u in (4.169)), and the bilinear form a (see (3.98)) we have

Sx, Vo), = ro™" (3(a) DU, DU) 2 gy = o (S(0)U,T) 2o (4.171)
o Uy — Iromul?, . '

which yields since the imaginary parts of the coefficients a and n are respectively supposed
negative and positive (see (3.78)),

2 2 - -
HSl,h,||X1||tL,LYH = Ixlls, ., = #o 1(%(3)DU’DU)L2(Q)’”1 (4.172)
— ko (S(MU,T) p2(gymo — [I70,0 U”iz(p)mo <0.

Besides, we readily check that the exchange operator II; is an isometry of My j, see Propo-
sition 3.54 for the corresponding result in the continuous setting. A similar result valid in the
acoustic setting only (but with junctions) can be found in [33, Lem. 4.3].

Proposition 4.35. The exchange operator I, is an isometry of My ., for our particular choice
of norm (4.95),
HHHX1||tLh,” = ||X1||t1,h7”, VX1 € My p (4.173)

Proof. Using Assumption 4.30 we have
To,n, 1Ly = ILTo,n,y, (4.174)

so that, since Ty, = Tg} |,
Top Iy = I Ty py (4.175)

Using the self-adjointness of IT; from Proposition 4.35 and the involution property of I, from
Proposition 4.26, we obtain, for all X; € My,
2 _— o— o— 2
||H||X1||t1,hyH = (I Xy, Ty p I ), = (TLxe, I Ty X)), = (Xa, Tong Xo), = Hxl\ltl,h,w
(4.176)
[ |

Combining both Proposition 4.34 and Proposition 4.35 we get the contraction property we
were looking for. Again, a similar result valid in the acoustic setting only (but with junctions)
can be found in [33, Lem. 5.1].
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Corollary 4.36 (Contraction property). We have
||Husl,h,uxl||t1~,h” < ||X1||t1,h7“» VX1 € My, (4.177)

The second requirement of Proposition 3.57 to obtain geometric convergence is verified next.
Similar results, valid in the acoustic setting only, can be found in [30, Th. 3] and in [33, Prop.
5.2], for a more general geometric configuration.

Proposition 4.37. The operator Id — I1;S; 1, is an isomorphism on My p, .

Proof. Since My 3, is finite dimensional, we only need to prove injectivity. Let X; € My, be
such that

Define (which exists from Proposition 4.23)

{u € Vi(Pa,n) such that

a(u,v) +zn(Yo,h,1U;s Y0,1,1V) — it0,h,1 (Y0,h,1Us Y0,m,1V) = (X1, Y0,n,1 V), W € Vi (Pa,n)-
(4.179)
Then let y = (Yo,Y1) € My, such that
(1, %60, = —zn(vo,n,1 U, X§) + ito,n, (Yo,n,1U, X§) + (X1, XD, Vx5 € Mo,n, 1, (4.180)
Yo = Yo,h, Y-
By construction
a(u,v) = , V), YW eV ,
( ) <<y1 Y0,h, >>|| h(PQ,h) (4181)
Y0,k U = Yo,
so that y € Cj, ; and Proposition 4.25 yields
(Rin, = StaRi,, )y =0 (4.182)
Besides,
<<y17X6>>\\ + Zh(yOa XE)) - itO,h,ll (y07 Xg) = <<X1’X6>>H’ VXB € MOJL,H? (4183)
so that by Definition 4.21 of the generalized Robin operators
Ry, Y =X (4.184)
Now (4.178) is rewritten as
(Ri,, ~LRT,, )y =0, (4.185)

and Proposition 4.32 yields y € Sy . Finally y € Cp, ; NSy, ;, hence from Proposition 4.17,y =0
and x; = R, Yy =0 [ |

We are now ready to state our discrete convergence result, analogue of Theorem 3.63. Similar
results, valid in the acoustic setting only, can be found in [30, Th. 2] and in [33, Th. 6.1], for a
more general geometric configuration.
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Theorem 4.38 (Geometric convergence of the discrete relaxed Jacobi algorithm). The
sequence of broken solutions (Uy), - computed according to (4.166), converges geometrically to
uyp, the solution of the discrete approximation of the model problem (4.19). Specifically, there exist
C >0 and 0 < 7 < 1, which might depend on h, such that

Jup — “h”Up(D;PQ,h) <CT", VYn € N. (4.186)

Proof. Arguing as in the proof of Theorem 3.56, this is direct application of the abstract re-
sult in Proposition 3.57. The assumptions of the latter result are systematically checked in
Proposition 4.36 and Proposition 4.37. |

Of course this theorem is less important than its counterpart in the continuous setting. In-
deed, if one uses an iterative algorithm applied to a finite dimensional system of equations, one
will always get geometric convergence (or no convergence at all). This is why the forthcom-
ing discrete stability analysis, which addresses the question of the behaviour of the geometric
convergence rate as h goes to 0, is particularly relevant.

4.3.3 Discrete stability

We have seen that in the discrete setting, the relaxed Jacobi algorithm is (geometrically) conver-
gent provided that the transmission operator defines a scalar product on the multi-trace space.
The important question of discrete stability remains, namely can we get h-uniform (geometric)
convergence.

Explicit bounds To provide answers to this question we need explicit bounds with respect to
the discretization parameter h on the convergence rate.

A careful inspection of the proof of Theorem 3.63 (or of the abstract result in Proposition 3.57)
will reveal that the main ingredient we need is an estimate on the continuity constant of the
inverse of the operator Id —II;S; . From Proposition 4.37 we already know that the following
quantity is strictly positive,

H (Id — I_IHSl,h,II)X1 |||\/|1,h,||

XIGM;bh,H ||X1|||\/|1Yh~H

> 0. (4.187)

The estimate is provided by the following proposition, similar to [33, Prop. 7.1 and 7.3].
Proposition 4.39 (Explicit discrete estimate). We have

Bion, . !
Tt (Ll Mo D™ (1 (14 ) 82,77,
0,h,| (4.188)

2 2\ ~1/2 -1 17t
(1 + lall® NEAlI®) [ (14 agh Nall JIEAll +aZs] > o.

Ch,n >2

Proof. Let by € My 5, ;. We need to provide an explicit construction of a; € My 5, ; such that
(Id = TL;Sy ) @1 = by, (4.189)

in order to estimate its norm. The construction below follows closely the steps taken in the proof
of the surjectivity of the operator Id — II;S; , that was conducted in the continuous setting and
summed up in Remark 3.62.
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1. First we look for a solution to
{Find y € My, such that :

_ (4.190)
(Rifn, ~TLR7,, )y =bu.

Inspired by (3.285) from the proof of Lemma 3.59, we construct first Xo € Mg 5, , such that

i
to,h,1 (X0, Xp) = i«(ld - H\\)blaxg»“a VX6 € Mo ., (4.191)
and we have, using the fact that 1/2 (Id — II,) is a projector,
1,1y
%ol , < §ﬁt0,hf” 11y, , ,- (4.192)

Then we construct X; € My 3 such that
1
(axb), = S0 T)bLX), 200, X6) Ve EMony  (4193)
and we have, using the fact that 1/2 (Id 4 IT,) is also a projector,

1 1 1
Pl < S1Bulh el ol < 5 (1l B2 ) (B, - (1199)
Now, set X := (Xg,X1) € My, so that
1 B o 9 1/2
i, < 5|8k, + (L+ Bl 827, )] ol

1 1
5 (1 @+l 872 ) by, , -

Now let us check that it is a solution to (4.190): by definition, we have, for any X} € Mg 5,

(4.195)

IN

«Rih,ux7xé>>u = <<X1,X6>>|| + 2zn(Xo, Xé) — ito,n, (Xo, Xf)) = <<%b1,X6>> )
! (4.196)

«Rih,HXﬂ(E»H = —(x1,%0), — zn(X0, X§) — ito.n; (X0, Xp) = —((%H,,bl,xf)»”,

from which we deduce, using the involution property of the exchange operator IT, (Propo-
sition 4.26),

(Ri,, ~ MRT,, )x=bi. (4.197)

2. From the previous solution x € My, |, Proposition 4.17 yields the existence of y € Cj ; and

Z € Sy, such that
X=y+z (4.198)

and we have

1 _1
iy, < ape, , Xy, <5 ape,, (14041l 5,7 ) Ioilh,, - (4199)

Using the characterization of the single-trace space Sy, provided by Proposition 4.32, we

have
(Rih,n - HHRl_,h,H> z=0, (4.200)

so that the projection y € C,, of X satisfies the same equation:

(th,“ - HuRih,H) y =b;. (4.201)
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3. Set
ai =R{, Y, (4.202)
we have
12l < (911w, ., + Ul + Nt lI) Yol ., ) -
< (L lzall + Nt 1) 1Y, (4.203)
1 _1/p
< Sape,, (L llzall + ltonall) (1+ @+ anll) 57 ) o1l -

Using the characterization of the Cauchy trace space Cp  provided by Proposition 4.32,
we obtain from y € Cp, |,
Ry, Y =SunRi, Y- (4.204)

Therefore, we get
(Id —IL;Sy ) a1 = (Id = IL; Sy p) th,uy = ( Lay — IR, H) y =by, (4.205)

and a; is the (unique, by Proposition 4.37) solution of the original problem.

We obtained above an estimate using the norm || - ||M1 . however we wish to establish a bound
in the norm induced by tg . From (4.96) we have

(U Uzl + o) (14 (U Dlll) 8575 ) Woall, - (4.206)

1
Halutl,h,u = 9%eu Bro.n.y

The claimed estimate can then readily obtained from the expression of ape, | provided in Propo-
sition 4.17. |

h-uniform convergence The question of h-uniform stability is settled by the following propo-
sition, similar to [33, Cor. 8.2].

Proposition 4.40. If the partition is independent of h, see Assumption 4.5, and under the
following additional assumptions:

1. In addition to Assumption 4.4, we suppose that the stability constant o, of the original
problem is h-uniform, namely

o = liminf o, p > 0, (4.207)
h—0
2. In addition to the requirements of Definition /.18, we suppose that the transmission oper-
ators are h-uniformly stable, namely
llto.y /Il := lim sup |[|to,n, || < +oo, and B :=liminf By, >0, (4.208)
h—0 " h—0
3. We suppose that the stability constant o p,, of the decomposed problem, defined in Propo-
sition 4.23, is h-uniform, namely

oy, = liminf agp, >0, (4.209)
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4. In addition to Assumption 4.2, we suppose that the discrete lifting is h-uniformly stable,
namely
IIE, (Il == limsup [[En,y [I| < +o0, (4.210)
h—0

the sequence of broken solutions (Uy), .\ computed according to (4.166), converges geometrically
and h-uniformly to uj the solution of the discrete model problem (4.19). Specifically, there exist
C >0 and 0 <7 <1, independent of h, such that

luy, — uh||UF(D;7,ﬂ)h) <Cr", Vn € N. (4.211)
Proof. At each iteration n € N, we can define an error on the trace €} € My j ; such that
€l =X —Xq, (4.212)

where the sequence (X7), oy is computed through (4.165) and X; is the solution of (4.163). It
follows that, the sequence (e}), satisfies the recurrence relation

et =[(1 —r)Id + 7L, Sy 5] €7, n €N, (4.213)
and is such that, for all vt € V;,(Pq 1),
a(upy — un, V) + 20 (0,1, (Uy = un)s Yo,n,0V") = ito,n,y (Yo,n, (U = un), Yo, V") = <<€§La’70,h,th>>H~

(4.214)
We use again the convexity identity (3.233) from the proof of Theorem 3.49 and we get

ni|2 ni 2
le 1+1||t1 ol (I=r)ller ||t ol + 7| 1L S, €] ||t11,w| =r(L=7)[[(Id = II; Sy n,) €] Htlthu- (4.215)

Since I1;S; p,, is a contraction in My 5 ; from Corollary 4.36, we have

||Husl,h,u€711||t1‘h,” < ||€711|‘t1ﬁ“‘7 (4.216)
and from Proposition 4.39 we have
||€?Ht11h7H < Gy | (Id = TL; Sy ) G?Htl’,h”, (4.217)
hence
n n| 0
letlly, ., <" lell, ., (4.218)

where 7 = /1 —r(1 —7)(; | with (p  defined in (4.187). By the stability of the problem (4.214),

we have .
”u;ll - uh”Up(D;PQJJ < (a;\\) Hel ||t1 sl < (O‘;,H) Tn”e[l)”tl,h,”v (4'219)

From problem (4.214) with n = 0, we also get

10, < 65, — wnllo, oip (4.220)
Finally, we have the estimate
||Uh uhHu (D;P 1 n/2
e@Per) < (az,) ™ lall + lzall + lbo.nll) (1= (1= )¢z )%, (4.221)

”uh uh”Ur(D Pa,n)

and the bound is h-uniform from all the above assumptions. |
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Remark 4.41. It should be noted that the stable lifting Ey  is a purely theoretical tool, whose
existence (and stability) are solely required for the purposes of analysis. In particular, the imple-
mentation of the method does not require in general the actual implementation of Ej .

The assumptions of the previous proposition deserves some discussion. The independence of
the partition with respect to h is natural, although it is not observed in general in the numerical
experiments if a graph partitioner is used.

In this abstract setting, the assumption (1) on the h-uniformity of the stability constant oy, p,
is also natural, and is in fact independent of the domain decomposition method. In the acoustic
setting, the assumption (1) follows from standard results, for a sufficiently refined mesh, we refer
the reader to [86, Chap. 2| for instance. In the electromagnetic setting, the assumption (1) is
also satisfied, although the analysis is slightly more involved, we refer the reader to [107, Chap.
7].

Assumption (2) on the stability of the transmission operators will not be satisfied by local
operators, which will not be either h-uniformly bounded or inf — sup stable. In contrast, suitable
non-local operators will satisfy such bounds.

The assumption (3) was proved for the acoustic setting in a remark following Proposition 4.23,
for transmission operators independent of h. However, the question of obtaining a proof of a
corresponding result for the electromagnetic setting is yet to be addressed.

Finally, we note that the assumption (4) is valid for standard discretization strategies, such
as standard Lagrange finite elements for the acoustic setting and Nedelec finite elements for the
electromagnetic setting. We refer the reader to the remarks that were made following Assump-
tion 4.3.

Remark 4.42. Arguing as in Section 3.3.3, we remark that h-uniform geometric convergence of
the relazed Jacobi algorithm guarantees h-uniform geometric convergence of the GMRES counter-
part.

4.4 Matrix and vector representation

In this section we will describe in more concrete terms the implementation of the iterative scheme,
writing all equations in matrix form. This will help gain a real insight on the implementation
details underlying the solution strategy we propose. In this section, we assume that the finite
dimensional spaces are constructed using standard finite element spaces defined on simplicial
mesh triangulations.

Approximation spaces First of all, we set a few matrix notations. Let j € {1,...,J}, we
assume to have a finite dimensional basis of V;(£2; ) consisting of N(Q; ) := dim Vi (€;5)
shape functions denoted ¢y .q,,, ! € {1,...,N(;)}. In practice, each ¢ q,, will refer to the
usual Py Lagrange shape functions [65, Sec. 1.2.3] in the acoustic setting or to the volume

Nedelec edge functions [65, Sec. 1.2.8] in the electromagnetic setting.
According to our assumptions, this also defines a basis of ngh(f‘j’h) consisting of N (T'; ) :=

dim X ,(T';,n) shape functions denoted CLE, lel,...,N(I'; ). Note that we assume that

each shape function on fj7 1 is obtained by taking the natural trace (i.e. the Dirichlet or tangential
trace) of some shape function on ;, so that for any m € {1,...,N(T'j)} there exists a
n€{l,...,N(Qjn)} such that ¢, 7 =na,.lf,

gk’
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With the previous notations, the dimension of the multi-trace space Mg p,, will be

J
M(Sy) ==dimMos, = Y _ N(Tjn). (4.222)
j=1

Let us denote by ¢,,, m € {1,...,M(X,)} the basis functions of the multi-trace space Mg p,-
The single-trace space Sg 5. x is a sub-space of Mg, whose dimension will be denoted N (X,) :=
dim Sg .. Note that by construction, 2N (2;,) = M (3).

Let us denote by {/Jvn, n € {1,...,N(X,)} the basis functions of the single-trace space
So.n,x- We introduce in addition the (surjective) mapping ® which associates to each index
m € {1,...,M(Xy)} the (unique) index n := ®(m) € {1,...,N(XZy)} so that the two basis

functions v, and 1, are associated to the same geometrical element (a node in the acoustic
setting, an edge in the electromagnetic setting).

Matrices For each sub-domain Q; 5, j € {1,...,J}, we introduce the local matrices A of size
N(Qjn) x N(2jp), such that
(Aj)m,n = aj((pn,ﬂj,hawm,ﬂj,h)v Vm, n e {1, ey N(Qj’h)}, (4223)

where the local sesquilinear form a; is defined in (3.97). The local contributions of the right-hand
side are represented by vectors f; of size N(£2; ) defined by

(£),, = L (Pm,0;.) vm e {1,...,N(Qjn)}, (4.224)

where the local linear form /; is defined in (3.100). We also introduce the local impedance

matrices T, of size N(I'; ) x N(I'; 1), such that

- -
(Tj)m’n = Z té,h,u(@n,fjﬁ |f‘k,h,’ me,fj‘hwfk’h)a vma n e {17 e 7N(Fj7h)}7 (4225)
keK;

and similarly the local matrices Z;, of size N(I';5) x N(I'j 1), such that

13
(Z5) o = D 70 (-

keK;

Fons Pmtonlien)s  Ymne{l.. N(Tjn)}. (4.226)

It will be convenient also to define boolean local trace matrices B; of size N(I'; ) x N(; 1),
which restrict a vector representing a local solution to the vector representing its trace on the
boundary of the local sub-domain. The entries of these matrices are defined by

1, if‘»omf‘- =¢n,97,,|f- ) ~
(B)),, , = e PRI moe {1, N(D)) ne {1, N(Qn)}

’ 0, otherwise,
(4.227)
Besides, let us define for each j € {1,...,J}, the boolean matrix R; of size N (') x M(Xy),
which restricts a vector representing a global multi-trace to the vector representing the local
trace contribution on the boundary of the local sub-domain €2; ;. The entries of these matrices
are defined by

1, ifm:n—zk »N(Qk7h), -
(R;), = < vme{l,..., N} ne{l,..., M(Zy)}.
0, otherwise,

(4.228)
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Let us also define the matrix Q of size M (3),) x N(35) which constructs a multi-trace vector
from a single-trace vector. The entries of this matrix are defined by

1, ifn=®(m),
Q) = Yme{l,...,M(Z,)}, ne{l,...,N(Zp)}. (4.229)
: 0, otherwise,

The local contributions
Q, :=R;Q, Vie{l,...,J}, (4.230)

will also prove useful.
One can then define the matrices of the local sub-problems

Kj = Aj + B;ZJB] - IB;T]BJ, VJ S {1, ey J} (4231)

From Proposition 4.23, these matrices are invertible.

4.4.1 Scattering operator

Assuming that the above local matrices are assembled for each sub-domain, the evaluation of
the scattering operator S, takes the form of Algorithm 4.1. Note that everything is parallel,
the global multi-trace vectors x and s respectively input and output of the algorithm can be
distributed on the cluster nodes on a distributed-memory architecture.

Algorithm 4.1 Evaluation of the scattering operator Sy p

1: function GLOBALSCATTERING(X) > Input size: M(3)
2 s« 0 > size: M(Xy)
3 for j=1,...,J do > Parallel loop
4: x; +— R;x > Local contribution of the multi-trace (size: M(T; 1))
5: uj Kj_lB;ij > Local solve (size: N(€; 1))
6 s; + —x; — 2iT;Bju, > Local scattering (size: N(T';.5))
7 s+ s+RJs;

8 end for

9: return s > Output size: M (3p)

10: end function

4.4.2 Exchange operator

The definition of the exchange operator II; is rather straightforward because of our assumption
that no junctions are present. To formalize it with our notations, we define

ij = RZQkQ;Rg (4232)

The corresponding definition of the exchange operator is then provided in matrix form by Algo-
rithm 4.2.

4.4.3 Relaxed Jacobi algorithm

The assembly of the local matrices A;, T; and the source terms f; can be pre-computed before
starting the iterative algorithm. In addition, the factorization of K; (LU) shall also be per-
formed. The last pre-computations possible are provided by Algorithm 4.3 which describes the
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Algorithm 4.2 Evaluation of the exchange operator II,

1: function GLOBALEXCHANGE(X) > Input size: M (%)
2 y« 0 > size: M(Xy)
3 for j=1,...,J do

4 for k € K; do > Loop on adjacent sub-domains
5: y <y +1ILipx > Transfer of data from sub-domain €2; to sub-domain 2,
6 end for

7 end for

8 return y > Output size: M (Zp,)
9: end function

computation of the lifting of the source terms represented by the local vectors v; and the com-
putation of the right-hand-side b; represented by the vector b of the skeleton problem (4.163).
Except for the application of the exchange operator, all the computations are independent and
can be performed in parallel.

Algorithm 4.3 Lifting of the source

1: b+ 0 > size: M(Xy)
2: forj=1,...,J do > Parallel loop
3: A\ R K;lfj > Local solve (size: N(€;4))
4: b+« b-2iR;T;B,v; > Skeleton problem right-hand-side b,
5. end for

6: b « GLOBALEXCHANGE(b) > Application of IT;

After choosing a relaxation parameter r € (0,1) and maximum number of iterations nyax €
N*, the iterative relaxed Jacobi algorithm (4.165) takes the form of Algorithm 4.4 below. The
only place where communications occurs are in the global exchange step. Of course, this basic
algorithm can be completed by the computation of the residual for instance, and the iterations
can be stopped if it is below a certain tolerance for some norm.

Algorithm 4.4 Relaxed Jacobi algorithm

1: x4+ 0 > Initialization (size: M (Xp))
2: forn=1,...,np.x do

3: s <~ GLOBALSCATTERING(X) > Application of Sq p, (size: M(3p))
4: p < GLOBALEXCHANGE(s) > Application of II; (size: M (X3},))
5: x+ (1=r)x+rp+rb > Iteration (size: M (X))
6: end for

Having found an approximation x of the solution of the skeleton problem (4.163) via the
relaxed Jacobi algorithm, the global (broken) solution, represented by local vectors u;, can then
be computed thanks to Algorithm 4.5. The local liftings of the source v; have been computed
thanks to Algorithm 4.3.

4.4.4 GMRES algorithm

We can also solve the linear system given by (4.163) iteratively using the GMRES algorithm. To
define the algorithm, it suffices to provide a definition for a right-hand-side and a matrix-vector
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Algorithm 4.5 Evaluation of the global broken solution

1: for j=1,...,J do > Parallel loop
2 W, K;lB;ij > Local solve (size: N(€;4))
3: uj v +w;j > Local solution (size: N(€; 1))
4: end for

product routine. The right-hand-side is denoted by b and can be computed (offline) according to
Algorithm 4.3. The matrix-vector product procedure, which takes as input a global multi-trace
vector x, is given in Algorithm 4.6.

Algorithm 4.6 Matrix-vector product for the GMRES algorithm

1: function MATVEC(x) > Input size: M(3,)
2: s < GLOBALSCATTERING(X) > Application of Sy 5, (size: M(X2))
3: p < GLOBALEXCHANGE(S) > Application of II, (size: M(3))
4: return x — p > Output size: M (Z)

5: end function

Notice again here that apart from the computation of the global exchange step which ensures
coupling between subdomains, all operations are local to the sub-domains. Having found an
approximation x of the solution of the skeleton problem (4.163) via the GMRES algorithm,
the global (broken) solution, represented by local vectors u;, can then be computed thanks to
Algorithm 4.5.
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In this section we propose several transmission operators with suitable properties that could
be used in the domain decomposition strategy that was previously described. All the operators
we consider in this section are integral operators of convolution type with a singular kernel at the
origin. Roughly speaking, the strength of the singularity is linked to the order of the operator
and should be chosen wisely according the analysis previously developed.

In the domain decomposition method that has been previously described, the interface prob-
lem could be written in any of the three trace spaces: namely in Mg, M1y or My, which
correspond to taking respectively o = 0, 1/2 or 1. It is clear that, depending on this choice we
need different transmission operators, namely respectively Ty for o = 0, T/, or T_i),  for
o =1/2and Ty for o = 1. However, to implement a domain decomposition method in practice,
one needs to implement only one type of transmission operator. The question that arises is then:
which type of (non-local) transmission operator should one use?

This choice typically first depends on the type of discretization method at hand, for instance:

o for standard Galerkin discretization, it is more natural to implement either a T -type
operator or a T1/27“—type operator;

155
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o for some other types of discretization strategies (for instance using a mixed-hybrid ap-
proach), it may be more natural to implement either a T -type operator or a T_./, -type
operator.

Then, there are two main routes:

o either construct directly a T, or a Ty -type operator (first strategy): in addition to being
isomorphisms between the adequate trace spaces, such operators must also be self-adjoint
and positive (to be able to define a scalar product on the trace space, see Assumption 3.47).
As we shall see, such operators can be constructed from (almost standard) potential theory;

e or construct a Tij, or a T_.), -type operator (second strategy): in addition to being
isomorphisms between the adequate trace spaces, such operators must be respectively such
that

TQ’” = T1/2’”*T1/2’H, and TLH = Ti1/2’HT,1/2’”, (51)

are posivite (the self-adjointness is guaranteed by construction). As we shall see, the
construction of such operators is slightly more involved than for the previous ones. Besides,
this type of operator requires the use of auxiliary variables (increasing as a result the size
of the local sub-problem matrices), but can be worth the additional effort.

The operators Tq |, T1 ), Tip, and T _14,  are global operators a priori defined on the whole
skeleton. However, as we have seen in previous chapters, practical implementations will always
use diagonal operators, where a diagonal element is defined on a single interface between two
adjacent sub-domains. It is therefore enough to describe the construction of a single diagonal
element, since the definition of the global operator from a diagonal element is then straightfor-
ward. This is why in this chapter, we define operators on only one interface, assumed to be
closed and denoted ¥. The diagonal element operator defined on this interface ¥ is denoted T,
with oo € {—1/2,0,1/2,1}.

An integral operator is by nature computationally heavy, mainly because of its convolution
type. In a finite element discretization an integral operator typically appear in the form of a
dense matrix which could make either the computational cost or the memory requirement of the
method prohibitive. Besides, the dense matrix will appear in a larger linear system (of the local
sub-problems), which is sparse. The resulting matrix, with the unusual sparse-dense structure,
is less favorable to numerical computations. In particular the efficiency of state-of-the-art direct
solvers may be severely damaged.

When comparing several options we must therefore not only take into account theoretical
properties, but also assess the ease of implementation and the computational cost associated to
the choice of operator. The main goal, in order to reduce the computational footprint of the
method, is to try to sparsify in some sense the dense operator. Several different strategies can be
considered, for instance compression techniques using the fast multipole method (FMM) or H-
matrices. However, we note that all those techniques could harm the properties of the operators
and as a result the convergence of the algorithms.

The main strategy that was considered in previous works [91, 44] to circumvent this issue
is to truncate the kernel (by a cut-off function). Using compact perturbation arguments, one
could prove that the isomorphism property of the transmission operators outlives the truncation
process. We are however (most of the time) unable to prove that the property of positivity
is kept intact after truncation. As a result, for efficiency reasons, there is a strong interest in
considering a T/, ; or a T_./, -type operator (second strategy), for which the positivity is not
required, over a Ty ; or a T -type operator (first strategy).

The chapter is organized in two parts. In the first part, because they form our starting
point for our attempted constructions in the electromagnetic setting, we recall what operators
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have already been proposed in the acoustic case in previous works on the subject (namely [42,
91, 44]). Our treatment is however slightly more systematic than those references and can be
seen as a complement to those works. In the second part, we discuss how these operators can be
adapted to the electromagnetic setting. In particular, we explain why the construction of suitable
operators is a much more difficult task. This work in the electromagnetic setting, mainly carried
out together with Francis Collino, extends the first ideas presented in [34] where a first integral
operator was presented.

Our presentation in this chapter builds upon some standard results of potential theory. How-
ever, we acknowledge that our discussion is in some places rather formal and lacks a rigorous
treatment in order to justify properly our claims. The main reason we did not pursue in this
direction is that, as we shall see in Chapter 7, the numerical results obtained using the integral
operators described in this chapter are rather disappointing. Nevertheless, we believe that the
ideas presented in this chapter are worth presenting in their own right.

5.1 Acoustic setting

We recall now the non-local operators that have been proposed to be used in the previously
described domain decomposition method for acoustic wave propagation.

In this section, we consider the boundary ¥ of a bounded Lipschitz domain Q~ subset of R?,
d € {2,3} and we set Qt := R?\ Q. We assume that the domain Q_ is connected and simply
connected (all its Betti numbers are zero) so that 3 is also connected and simply connected. We
denote by v the unit outward normal vector defined on ¥ from Q_ to Q4.

5.1.1 First strategy

In this section, we are set to construct a self-adjoint positive isomorphism so that

Ty : H”(Z) - H /D),
or Ty : H %)= H~®).

5.1.1.1 Gagliardo or Sobolev-Slobodetskii semi-norms

In the acoustic setting, following an original idea proposed by Xavier Claeys, a possible choice
that have been studied [91, Chap. 5] and [44, Sec. 3.1.1], is to use the integral representation of
the Gagliardo or Sobolev-Slobodetskii semi-norms, which defines a semi-norm on H'/*(X). Given
any (dimensionless) positive parameters « and 3, a first possible choice is then (the semi-norm
is the second term), for any ¢,v € H'/*(%)

(Too s = [ o760 aox) + 2 [ [ LN ZIWD 40500, 53

A great interest of this operator rests in the fact that it can be quasi-localized while retaining
its essential features for this domain decomposition context. By quasi-localization we mean
here that it is possible to restrain its long range action in an attempt to decrease the associated
computational cost. To do so, we can introduce a cut-off function y € L (R™*) which is identically

1 on (0, %) and identically 0 on (1,+00). We can then consider, given a characteristic length L,
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the truncated operator defined for any ¢,¢ € H'/*(X) by

(To,¢,¥)y, =0 /E P(x)1h(x) do(x)
B Ix —y|\ (6(x) — o(y)) (¥(x) — D(y))
Tk /2 /2 X ( L > AoGdoy).

Ix —y|4

(5.4)

The quasi-locality of the operator can be seen by considering ¢ and v with disjoint supports,
separated by a distance greater than L (in the sense of the Euclidian distance in R?), and noticing
that the above quantity is zero.

Interestingly, the truncated operator retains all its essential properties, in particular its posi-
tivity and isomorphism property [44, Th. 3.1]. Roughly speaking, the proof of this result rests on
the fact that the truncated operator is a compact perturbation of the original operator, thanks
to the compactness of the embedding of H'/*(X) in L*(X).

5.1.1.2 Potential theory

A different approach that was also considered is to built upon potential theory. In fact, to the
best of our knowledge, only Riesz potentials where studied in this context [91, Chap. 4] and [44,
Sec. 3]. We shall widen slightly the discussion by also considering Bessel potentials that have a
kernel with better decaying properties at infinity.

Green kernel Let us define, for any positive real parameter o > 0, the Green kernel or funda-
mental solution Gg, of the Yukawa equation (also known as the modified Helmholtz equation)
as follows
—A +02) Gy = b0, in R?,
(. 0*) Gao = do (5.5)
lim x| 400 Ga,o(x) = 0,

where g is the Dirac measure centered at the origin.

For ¢ = 0 the equation becomes the standard Laplace equation and we define similarly, the
Green kernel or fundamental solution G, as follows

—AGgo =4 in R¢
' d,0 0, m R, (5.6)
lim|y| 400 Ga,0(x) = 0.
These kernels admit the following expressions in the cases of interest
G, (x) := Ko(o]x]), x € R%\ {0}, itd=2,
o >0, exp(—alx])
G3p(x) 1= ——— R3\ {0 if d=3
3, (X) 47T|X| ) X € \{ }7 1 )
1 ) ) (5.7)
Go0(x) i= —5—In[x], x € R?\ {0}, ifd=2,
o=0, 17T
= — R3 if d =
G3’0(X) 471’|X| R X € \ {0}, ifd 3,

where K denotes the modified Bessel function of the second kind of order 0 [54, Sec. 10.25].



5.1. ACOUSTIC SETTING 159

Volume potential From this fundamental solution, we are able to define the following volume
potential, for any f € Cf*°(R?) as an improper integral as follows

Gaof(x):= /Rd Gao(x—y))f(y) dy, vx € R%. (5.8)

The above potential is often referred to as a Bessel potential in the case o > 0 and as a Riesz
potential in the case o = 0.
This potential can be extended to elements of Hc)

Omp(R"l) and defines then a continuous
mapping so that [101, Sec. 6.1] [124, Th. 3.1.2]

gd,a’ : Hc_oinp(Rd) — Hl}ac(Rd)' (59)

Trace operators As we want to establish results on the boundary ¥ we will need to make a
short detour and define some notations.

We first define the Dirichlet trace operator v, (respectively VB) as the interior (respectively
exterior) trace operator which is the natural extension to elements of H(£2_) (respectively
H'(Q4)) of the restriction operator

u > uls, (5.10)

for regular fields.

We also introduce the Neumann trace operator vy (respectively 'ylf,) as the interior (re-
spectively exterior) trace operator which is the natural extension to elements of H'(A;Q_)
(respectively H(A;€Q,)) of the operator

u v (gradu)ls, (5.11)
(respectively u— —v - (gradu)|s), .

for regular fields.
In addition, let us denote by {vp} and {yy} the two-sided trace operators defined respectively
as

oy =5 (p+78),  (wdi=5 (% —7)- (512)

We then introduce {75} and {y%} as the respective formal adjoint operators of {yp} and {vn}
(see [101, Eq. (6.14)] for a precise definition).

Besides, let us denote by [yp] and [yx] the jump of the trace operators defined respectively
as

[vol =75 -5, [l =%+ (5.13)

Surface potentials Having defined the above volume potential, we can therefore define the
so-called single-layer Sq., and double-layer Dg , potentials as

Si.0 = Gas{1D} Dyo = Gao{rn}- (5.14)

One can give explicit representation of these operators, for any ¢ € L*(X), we have

S106(x) = / Gao(x — y)ély) do(y),  x¢%
(5.15)

Dud(x) = / v(y) - grad Ga,(|x — y))é(y) do(y),  x ¢ 5.
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The surface potentials enjoy the following jump relations [124, Th. 3.3.1]

(0] Sie =0, o] Pao =1d,  in H'(), (5.16)
] Suo=-1d, [l Dao=0,  inH (5
Let u € HY(A;Q_) x HL_(A; Q) satisfying the homogeneous equation
(-A+0%)u=0, in Q_uUQ,, (5.17)
then we have the representation formula [124, Th. 3.1.8]
u=—S84s[YN|t+ Daclvplu, in Q_uUQ,. (5.18)

In light of these results, one sees that the single layer and double layer potentials can be used
as ansatz for the solution of some elliptic boundary value problem. In fact, this forms the basis
of the so called indirect method to devise boundary integral equations as a reformulation of some
boundary value problems.

Boundary integral operators We introduce the associated single-layer Vy , and hypersin-
gular Wy , boundary integral operators

Vao :={0}Sa.0c = {10}Ga.c{7D}

Wao 1= {P)’N}Dd,a = {/VN}gd,a{’Y}k\]}. (519)

Explicit integral representation of these operators are available. For Vj; , the integral represen-
tation is simply, as [124, Eq. (3.32)]

(Viody )y, = / / Guo(Ix — YDy (x) do(x)do(y). (5.20)

The integral representation of Wy, is more involved, we have [124, Cor. 3.324],

(Waod, )y = / / G (I — y1) [eurls 6(y) - curly (x)
1o (v(x) - v(¥))(¥ ()] do(x)do(y).

The above integral representations make clear that the underlying operators are self-adjoint.
One can then prove that the boundary integral operators we introduced enjoy the following
mapping properties [101, Th. 6.11] [124, Th. 3.1.16]

(5.21)

Vig : H () = H(D),

. L (5.22)
Wao : H2(Z) » H (D).

These mapping properties can be understood, at least formally, from the definition (5.19). The
operator Vy , is the composition of, first the adjoint trace operator {v},}, which takes a trace in
H~'2(%) and lifts it in HZL L (RY) losing half a degree of Sobolev regularity; then the volume
potential G4 ,, which is a regularizing operator of order 2; and finally the trace operator {yp},
which takes an element of H._(R?) and computes its trace in H'/?(X) losing another half degree
of regularity. For the operator Wy ,, the reasoning is similar but now the trace operator {vn}

and its formal adjoint {7} } are deregularizing of order 3/.
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Moreover, we have the following coercivity results: the bilinear forms (o > 0)

(Vag-) = H(Z) x H”(Z) = C,

(5.23)
(W) + H2(S) x H/*() = C,
are coercive [124, Th. 3.5.4]. Besides, the bilinear forms (o = 0)
Vior,-) + H(X) x H7*(Z) = C,
Wags) + HP(%) x HA(S) 520

(Wao--) + H2(2)/Cx HT2(2)/C = C,

are coercive [124, Th. 3.5.3]. The necessity to remove the constants for the operator Wy is a
manifestation of the non-uniqueness of solutions to the Neumann interior problem for the Laplace
operator.

Equivalent transmission problems It is very instructive to see that the boundary integral
operators Vy , and Wy, can be reinterpreted as (elliptic) transmission problems in the domain.
Such results are obtained by exploiting the representation formula and the jump relations satisfied
by the surface potentials.

Let xo € H'/*(¥) and x; € H~'/2(X), we have for the boundary integral operator Vg,

xo = Va,0X1,

uo € H'(Q_) x H'(Q),

—A+0%)ug =0 in Q_UQ 5.25

= x1 = {yp}uo, where ( +o )UO ; in " ( )
[vpluo = 0, on X,
[WN]UO = —X1i, on 27

and the boundary integral operator Wy

x1 = Wy,0Xo,

ur € HY(QU) x H'(Q),

—A+0%)u =0 inQ_UQ 5.26

= x1 = {y~}u1, where ( t+o ) u1 ) in . ( )
[,YD}/U/I = X, on 2,
[VN]UI = O, on Y.

Transmission operators From the above discussion, we see that we have whole families of
possible transmission operators at our disposal. The first two families of operators are the ones
stemming from Bessel potentials (o > 0), namely the following positive self-adjoint isomorphisms

20 Vyo + H'P(Z) — H/A(D),
) ) (5.27)
Z Wae : H(D) - H2(D),

g

respectively as a Ty and a Ty-type operators. Note that we chose to rescale the operators by
suitable constants (in part to make them dimensionless) and in fact we will often take in our
numerical experiments o = kg where kg is the wavenumber of the propagative problem we are
trying to solve. It is clear by the above theory that any positive constant would work and we do
not claim that this choice is optimal. However, this rescaling appears to be somehow sensible in
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our numerical experiments and will be further motivated by the forthcoming modal analysis in
spherical geometries.
Besides, one can consider the following positive self-adjoint isomorphisms resulting from Riesz
potentials (o = 0)
2k Voo + H™(D) — HA(D),

2 5.28
m+gwwp:HW@y+H4Hm, (5.28)
0

respectively as a Ty and a Ty-type operators. Note that we had to add an identity term to ensure
the injectivity of the operator constructed from Wy o (this is related to the kernel of the Laplace
operator with Neumann boundary conditions). Again any other positive linear combinations
of the two terms can be considered. To make the operators dimensionless, we chose to rescale
them by the only characteristic length at our disposal, namely the wavenumber x( of our original
problem.

In previous works, only the operator which corresponds with our notations to ¢ = 0 and
ald + % W0, o and 3 being two positive real parameters, is mentioned [44, Sec. 3.1.2]. We
see that a larger class of operators is in fact available (in particular the choice Wy, o > 0 is
interesting).

Comparison of Riesz and Bessel potentials The two kernels possess the same asymptotic
behaviour at the origin |[x| ~ 0. Roughly speaking, this is because the strength of the associated
singularity at |x| ~ 0 is linked to the principal part of the differential operator, which is the
same. As a result, the order of the corresponding pseudo-differential operator (behaviour at
infinity |¢| — +oo in Fourier space) will be the same and the integral operators will have the
mapping properties we are looking for.

The main difference between Bessel and Riesz potentials will come from the asymptotic
behaviour at infinity |x| — +oco. In the later case, we no longer have the exponential decay as
|x| goes to +00. Qualitatively, this will entail a change of behaviour at the origin (|{| ~ 0 in
Fourier space) of the associated pseudo-differential operator which will affect the propagative
modes when we solve our boundary value problem. We shall see the implications of this more
quantitatively when we will conduct a modal analysis on simple geometries. In particular, it will
make things more complicated when trying to generalize this to the Maxwell setting.

Notice however that the analytical expressions of the Riesz kernels are somewhat simpler
compared to their respective Bessel counterparts, in particular in view of numerical computations.
Indeed, in practice during the actual assembly of the matrices associated to the integral operators,
a substantial time is spent in the evaluation of the special functions of the kernels. In this respect,
the Riesz potentials have a (slight) advantage.

Discussion of the practical use of these operators Using the above operators in a prac-
tical implementation of the domain decomposition method can be somehow advantageous since
actual libraries to compute the boundary integral operators are already available, for instance
BeEMToOL!. Indeed, they are only a minor modifications (from the propagative to the dissipative
version) of standard operators classically used to solve (mainly) unbounded scattering problems
by means of integral equations.

The major drawback of these operators constructed from potential theory is their non-locality.
To circumvent this issue, the operators built upon the Gagliardo semi-norms can be quasi-
localized by truncation of the kernel so as to reduce the computational cost. Importantly this
process retains the required properties of positivity and bijectivity. We could let the above

Thttps://github.com/xclaeys/BemTool
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operator undergo the same kind of treatment and hope for the same result. However, we are
then unfortunately unable to prove that the operator remains positive (the isomorphism property
can be derived in the same manner as before). Other strategies could be considered, for instance
the use of compression techniques such as H-matrices. Still, on the analysis point of view, it
remains to prove that the procedure does not damage the positivity (and bijectivity) of the
operator. This difficulty motivates the next section.

5.1.2 Second strategy

In this section, we are set to construct an isomorphism so that

T., : HPA(E) = LA(%),

5.29
or  T_iy i LA(D) — H2(X). (5.29)
A transmission operator Ty or T; can then be constructed as
* 1/2 T/ 2 TT/2 —1/2
To:=T7,Ty, : H (X) — L*(X) — H™ (%), (5.30)

1 T 1 T, 2 1
Ty =TTy, + HA(S) =5 L3(3) =% H'A(%).

By construction, these operators Ty and T will be self-adjoint and positive.

5.1.2.1 Gagliardo or Sobolev-Slobodetskii semi-norms

We mention briefly that it is again possible to use the integral representation of the Gagliardo
or Sobolev-Slobodetskii semi-norms, this time on H'/*(X) [91, Chap. 5] and [44, Sec. 3.2.1] to
provide a suitable transmission operator. Given any (dimensionless) positive parameters o and
5, a possible operator is then,

| . B[ [ (66— 6(y) (B0~ B(y)
Tyt )y = [ o) doto += [ [ e do(x)do(y).
(5.31)
For the case d = 2, it can be proven that this operator is indeed and isomorphism from H'/*(X)
into L?(X), see [44, Lem. 3.3]. The result of the case d = 3 remains to be rigorously given.
We can again consider the truncated version of the above operator, defined by

(T )y, =0 / H(x)B(x) do(x)

8 x— 1Y (66) —oly) (G0~ T¥)
e (P Ao

|x —yld=/e
(5.32)
The fact that this truncated operator (for d = 2) satisfies the requirement of the theory is given
in [44, Th. 3.4].

5.1.2.2 Potential theory

The idea is to construct operators from potentials of fractional powers of the positive operator
(0% — A)S/Q7 o > 0. The real s will be considered in the open interval (1,3). Indeed, there
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actually exists an analytic expression of the associated fundamental solution [112, Ex. 2.2], for

s #d,

91 s/2 |X| (s—d)/2
o >0, Gas,0(x) := W <U> K(s—ay/2(a]x]),
I (5.33)
(%3*) 1

oc=0, Ga,s,0(x) :=

2S7Td/2r(%) ‘X‘dis ’

where K, is the modified Bessel function of the second kind [54, Sec. 10.25]. For the special
case s = d = 2, the expressions were given in (5.7). At the origin these functions have the same
asymptotic behaviour

Gd’s,g ~ Gd,s,07 asr — 0T, (534)

Besides, we have the following asymptotic behaviour at infinity

d—s+1
2

1
Gasolr) ~ —r—0(2) T e asr— oo, (5.35)
(27)" 2 22 r

It follows that G4 - is a locally integrable function and we can define the volume potential for
any f € Oy *(R?) as

Gaoof(x /Gdso\X—YD (v) dy (5.36)

As far as we know, there does not exist a potential theory for fractional powers of the Yukawa
(or Laplace) operator. Nevertheless, in view of the results that we already presented (which
correspond to the case s = 2), we are led to define, at least formally, for o > 0,

(Vi oy )y, = 01 /Z /E CyGao o (% — y)(y)0(x) do(x)do(y). (5.37)

and

W50, )y, = 0573 //CGdea x —y|) [curlg ¢(y) - curly ) (x)

(5.38)
+0(v(x) - v(y)o(¥)¥(x)] do(x)do(y),
with the renormalization constant 2 /AT (2)
C, = F(T1§ (5.39)

which is strictly positive if s > 1.

Remark 5.1. The choice of this renormalization constant deserves some comments. It stems
from the fact that the singularity of the kernel at the origin depends only on the difference d — s
and as a matter of fact we have

Gdfl,sfl,a' = CsGd,s,0'~ (540)

1t is therefore possible to provide an alternative interpretation of the above potentials. For d = 3,
if we consider the case where X is a 2D plane, then the operator Vs s, defined above can be

reinterpreted as exactly the potential associated to (02 — A)(s_l)/2 on this plane. In Fourier
space, we are then assured to have the correct scaling of the principal symbol of the integral
operator, hence the desired asymptotic behavior, at least for this particular geometry. The modal
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analysis for the sphere in 8D in the next chapter will actually prove that it is also the correct
asymptotic for the spherical geometry, see in particular Proposition 6.36.
Besides, the renormalization includes the constants introduced in (5.27), so that we have

2
Vd,2,a = 20Vd’g7 and Wdyg’a = ng’g. (541)

We expect the operator Vg, (respectively Wy, ,) to be a pseudo differential operator of
order s—1 (respectively s—3) for some real s. This suggests (but remains to be proved rigorously)
that, for o > 0,

W5/, map continuously Hl/Z(E) into L*(%),

) (5.42)
Vi,3/,0 map continuously H ™~ /2(2) into L?(%),

so that they respectively make potential candidates for T1/, or T_1 ,-type transmission operators.

Static case For reasons previously exposed, we main be interested to consider the limit case
o = 0. Since the kernel Gg, , is still defined for ¢ = 0, we can extend the definition of the
previous operators as follows:

(Va,s,00,0)s = Kot /E/ECSGd’S’OUX —yDo(y)(x) do(x)do(y). (5.43)
and

(Wae0b ) = fi0®~ / / CuCaso(lx — y]) curly 6(y) - curly (x) do(x)doly).  (5.44)

Again, we expect the operator Vg 5 o (respectively Wy s0) to be a pseudo differential operator
of order s — 1 (respectively s — 3) for some real s. This suggests (but remains to be proved
rigorously) that

Id + W5/, 0 map continuously H'/*(%) into L(%),

. (5.45)
Vi4,3/2,0 map continuously H™ /2(2) into L*(X),

so that they respectively make potential candidates for T1/, or T_1 -type transmission operators.
In [44, Sec. 3.1.2], the T\ /,-type operator

Id + Bi Wasp,0, (5.46)
is considered, where (3 is a real parameter, so that the Ty-type operator
(Id +18 Waspa0) (Id +i8 Wayspo) =Td + 8% Wi s Wasso, (5.47)

is indeed a self-adjoint and positive operator, since W} ; /2,0 Wasp,0 = 0 from the symmetry of
Wasp,0- For ¥ smooth enough and in 2D only (d = 2), a proof that the operator

ald+ 5 Waspo + HA(D) - LA(D), (5.48)
for two parameters o € R% and € C\ R_, is an isomorphism is given in [44, Lem. 3.7]. The

proof assumes that ¥ is O regular, a > 0. The result is first proven for the circle, and then
extended for a general curve using a compact perturbation technique.
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5.1.3 Conclusion on possible transmission operators for Helmholtz

Because we considered many different candidate operators in our discussion above, we quickly
sum up below which are the ones we find the most interesting.

The use of Gagliardo or Sobolev-Slobodetskii semi-norms was proposed in previous works,
see the To-type operator in (5.4) and the T\ ,-type operator in (5.32). The main interest of those
operators is that we can prove that they retain their positivity and essential properties required
for the convergence analysis even after truncation of their kernel. However, these operators are
not commonly implemented and were as a result not considered in our numerical experiments.

Standard potential theory for the Helmholtz equation led us to suggest to use (for o > 0)

20 Vao or 2k Vao as a T operator,

2 2 (5.49)
—Wio or Id+ — Wypo as a Ty operator.
o Ko '

The operators Vy, and Wy, have integral representations given in (5.20) and (5.21) and are
(or are close to operators) implemented in standard boundary element codes. However, we were
not able to prove that they retain their properties if localization strategies or other compression
techniques are applied to reduce their computational cost.

We will report several numerical results obtained using the operator (d € {2,3})

vl _ 2
Tges = o Wang (5.50)

in what follows.
Fractional powers of the Yukawa operator led us to suggest to use (for o > 0)

Wasse or Id+Wyspo as a Ty, operator, (5.51)
Vispoe OF Vgspo as a T_./, operator. '

See (5.37), (5.38), (5.43) and (5.44) for the variational definitions. These operators are in contrast
less standard. Their kernels involve special functions that are costly to evaluate numerically and
present non-classical (strong) singularities that require dedicated care in practical implementa-
tions. On the other hand, their are amenable to quasi-localization by truncation while retaining
the required properties for the theory to apply.

Following [91], we tested in our numerical experiments in two-dimensions the operator

Tgiesz — (Id —|— 1 W2’5/2’0)* (Id + l W2’5/2’0) = Id + W;)5/2’0W2’5/2’0, (552)

It is amenable to localization by truncation, while retaining the important properties required
by the convergence analysis. This is why we tested this operator in our numerical experiments.

5.2 Electromagnetic setting

We now turn to the construction of suitable transmission operators for the (three-dimensional:
d = 3) electromagnetic setting. The main idea is to try to generalize the operators that have
been devised in the acoustic setting.

Unfortunately there is no obvious generalization of the operators constructed previously from
the Gagliardo semi-norms. In fact, we are not aware of explicit integral representations for a
semi-norm on H *1/2(2) to begin with. As a result, the integral operators that we are about to
present are all built upon potential theory.
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The main impediment we are faced with is that the transmission operator we wish to construct
is not a (somewhat simple) pseudo differential operator of order 1 as it was the case in the acoustic
setting. On the contrary, a suitable operator should be at the same time a pseudo differential of
order 1 and -1 respectively for the two distinct components that make up a trace quantity. In
fact, during our construction process we will need to keep in mind at all times the Helmholtz
decomposition of trace fields and construct an operator whose action is opposite (in some sense)
on the two components.

To explain this process in more detail, we first consider the simpler case of the half-space, for
which we are able to understand more precisely what we need to do. In a second part, we will use
standard potential theory for Maxwell’s equations to provide a first class of possible transmission
operators, for which we are unfortunately unable to provide a (quasi) localisation process that
provably preserve positivity. In the last remaining section, we will construct an alternative that
should be amenable to (quasi) localization with preserved positivity.

5.2.1 Fourier analysis on the half-space case

In this section we compute the Fourier symbol of a simple operator which has all the character-
istics of the transmission operators we wish to construct: namely, self-adjointness, positivity and
isomorphism. The simple geometrical setting allows for explicit computations which we found
very instructive. Similar computations as the ones presented below can be found in [80, 87] for
instance.

We consider the interface ¥ = R? x {0} separating the two half-spaces of R® and we set
4 := Ry xR%.. The unit normal vector pointing outward of {2 is denoted v. Let o > 0 be a fixed
positive real parameter. We then define the (dimensionless) positive self-adjoint isomorphism

A - H2(curl; X)) — H™2(div; B),

(5.53)
¢ — oy, curlu
where u € H(curl; 2, ) is the unique solution of
curlcurlu + o%u = 0, in Q4, (5.54)
Y= ¢, on .

The trace operators 7, and v; used above are to be understood as the continuous extensions to
the space H(curl; ;) of the respective trace mappings defined for regular fields as u — u x v
and u— v x (u x v).

Let ¢ be any element of H='/>(curl; ¥) and u € H(curl; ) be the solution of (5.54). First
notice that u is equivalently solution of

—Au+c2u=0, in Qg
divu =0, in Qq, (5.55)
mna = ¢7 on E)

where A is the (vectorial) Hodge-Laplacian operator.

To solve the above system, we perform a partial Fourier transform in the x; and x5 directions.
The Fourier transform of u (respectively ¢) is denoted @t = (41, U9, G3) (respectively ¢ = (¢1, ¢2)).
We find that )

—dztt (0* + (k) a=0,
k1@ + ikotly + go-@i3 = 0, (5.56)
iy = ¢y, and  dp = oo, at  z3=0,
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where k = (kq, ko) denotes the Fourier variable. It follows that
'lel = &167(024"1('2)1/21’3’

g = &267(02Hkl2)1/2m3, (5.57)
VEI

ﬁ3 = (0-2 + |k‘2)71/2 (iqugl + ik’g(j@g) 6_(U2+|k|2) .

It is then a simple computation to show that the Fourier transform @ = ((@)1, (@)2) of Ag
reads

(), = 070> + k) /? [(0® + k3)d1 — kakada) 59)
(Ad)y = 010 + K1) [=kikadh + (0 + k3o - |
This yields the Fourier symbol of A which can be written in matrix form
A 1 2 o\ -1/2 [0 + k3 —kiks ]
A=oc""(c*+ k|?) {—klkz o 4 K2 (5.59)

It is possible to diagonalize the symbol on the basis given by the following normalised eigenvectors

1|k _1 k1]
€curl = |k| |:_]?71:| ; €grad = |k‘ |:k;_ ; (560)
with respective eigenvalues
k|2 1
Acurl = \/ 1+ —, Agrad = ——. 5.61
1 + o2 grad - ‘k‘Q ( )
o2
If we define the change of basis matrix
-1 | ke K
P =k [ K kz} (5.62)
we obtain the Fourier symbol of A in diagonalized form
k 2
L
N o
A=P 1 PT. (5.63)
k[?

This simple computation on this simple geometry leads to make two crucial remarks, that
remains true in a more general configuration:

¢ A natural decomposition of tangential fields, the so-called Helmholtz-Hodge decomposition,
as a sum of a curl and a gradient should be considered;

« An isomorphism between the trace spaces H™'/2(curl;¥) and H~'/2(div;¥) should de-
regularize (respectively regularize) the curl (respectively grad) part of the tangential field
by exactly one order of Sobolev regularity.

Notice also that this operator behaves similarly as the identity operator for the low frequencies
|k| ~ 0 in Fourier space.

One readily sees from these remarks that the generalization to the electromagnetic setting of
the previous work for the Helmholtz equation is a fairly delicate task.
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5.2.2 Helmholtz-Hodge decomposition of trace spaces

For a simply connected and regular enough interface 3, we have the following Helmholtz-Hodge
decomposition

H™'/*(curl; ©) = grady, H/%(2) + curly H3/2(%),

H ™ '2(div;X) = grady, H?(2) + curly HY/2(%).
As we already hinted, this decomposition will play a central role in the construction of suitable
transmission operators for Maxwell equations.

As we already mentioned, for a less regular interface 3 (in particular for polyhedra surfaces
that we are naturally led to consider in this work), such a decomposition still holds but requires
more involved concepts that we do not wish to introduce in this manuscript. We refer the
interested reader to [22, Th. 2], [23, Th. 3.4], [85, Th. 2.2] and the references therein for more
detail.

(5.64)

5.2.3 First strategy: using standard potential theory

In this section and the next one, we consider the boundary ¥ of a bounded Lipschitz domain Q™
subset of R® (we are only interested in the three-dimensional case) and we set QF := R3\ Q.
We assume that the domain €2 is connected and simply connected (all its Betti numbers are zero)
so that ¥ is also connected and simply connected.

We are set to construct a self-adjoint positive isomorphism so that

Ty : H 2 (curl; ) — H™/2(div; &),

) . (5.65)
or Ty : H '(div;X) - H " (curl; ©).

The above results on Helmholtz-Hodge decompositions of the trace spaces (and the simple
computation in the half-space case) reveals that (at least formally) such an operator should
de-regularize (respectively regularize) the curl (respectively grad) part of the tangential field by
exactly one order of Sobolev regularity. We can write, schematically,

H~'~2(curl;$) = grady, H2 + curly H?
TOJ +1 -1

H'2(div;¥) = grady H? + curly, H?

Again for Maxwell equations we will rely on potential theory. This idea was already investi-
gated in a work prior to this thesis which can be found in [34]. Note that in this latter work the
operator that was proposed was continuous from H~"/ 2(div; X)) to H/ ?(curl; X) which therefore
corresponds in our parlance to an operator T.

The potential theory for Maxwell’s equation rests on the one established for the scalar case.
Indeed, the Cartesian components of Maxwell solutions satisfy the scalar Helmholtz equation
with Sommerfeld radiation condition [46, Th. 6.4 and 6.7]. We are interested by a coercive
version of this theory but the main principles are the same.

Volume potential From the fundamental solution of Yukawa equation, we are able to define
the following vectorial volume potential, for any f € C OO(R3)3 as an improper integral as follows

Gsof(x):= /RS Gso(|x — yDf(y) dy, vx € R3. (5.66)
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This potential can be extended to elements of lT{C_O}np(Rg)3 and defines then a continuous
mapping so that [25, Lem. 4]

Gso : Hil (R — HL(RP). (5.67)

Trace operators We first define the tangential trace operator v, (respectively v;7) as the
interior (respectively exterior) trace operator which is the natural extension to elements of
H(curl; Q_) (respectively H(curl; 2, )) of the operator

ur v X (ug X v), (5.68)

for regular fields.

We also introduce the trace operator v, (respectively ;") as the interior (respectively ex-
terior) trace operator which is the natural extension to elements of H(curl?®;Q_) (respectively
H(curl?;Q,)) of the operator

u+ (curlu)|g x v,
. (5.69)
(respectively u+— —(curlu)|g X v),

for regular fields.
In addition, let us denote by {~:} and {~;} the two-sided trace operators defined respectively
as

{7} = % (i +74),  Awr= % (v =) (5.70)

Besides, let us denote by [:] and [,] the jump of the trace operators defined respectively as
(el =% =, wl=aT (5.71)

Surface potentials We introduce the vectorial single-layer potential 83 ,, extension to vecto-
rial fields of the scalar single-layer potential S, acting on each of the Cartesian components so
that

A837U = 0‘253’0. (572)

It follows that this surface potential admits the following explicit representation, for any ¢ €
LMz,

S10000) = [ Ganllx=¥)o() doly).  x¢ % (573)
Besides, we introduce the two vectorial potentials

T30 =083, — o~ ! graddiv S3.0,

K3, :=curl 83, (vx). (5.74)
Using the relation [25, Lem. 5]
divSs , = S, divy, (5.75)
we obtain an alternative expression for T3 »
Ts0=083,— o~ ! grad S, divy. (5.76)
The surface potentials enjoy the following jump relations [25, Th. 7]
[v] T5,0 =0, ] K30 = —1d,  in H™ 2 (cur; ), 5:77)

V] Tao = —01d,  [v;] Kso =0, in H™'/*(div; ).
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Let u € H(curl?; Q_) x Hy,.(curl?; Q) satisfying the homogeneous equation (and Silver-Miiller
radiation condition at infinity)

(curlcurl +0%) u =0, in Q_UQy, (5.78)
then we have the Stratton-Chu representation formula [25, Th. 6]

u=—0c"" 7-3,0[’77]11' - ’CB,U[’Yt]uv in Q_U QJr' (579)

Boundary integral operators From the potential S3 , we can define the vectorial single-layer
V3, boundary integral operator
Vio = {7} Ss.0- (5.80)

An explicit integral representation of the operator V3 , is available: we have

Voot b)s = [ [ Gaallx—3)oy) - $(x) dox)doy) (581)
v Js
From the potentials 73 , and K3 ,, we introduce the boundary integral operators

U3,o’ = {’Yt} 73,0'7

1 (5.82)
K3,U =0 {77'} K:3,U'
Using the relation ; grad = grads, 7p we obtain
Us, =0 V3, —0o ! grady V, divy,
3, 3, g by o > (5.83)
K3, =0 (vx) Vs, (vx) —0™ " curly V, curly
and in fact these two operators are linked by the relation
K3, = (vx) Us,q (vX). (5.84)

Explicit integral representations of the boundary integral operators are available (although not
trivial to establish). For the operator Us ,, we have

(Us o, )y, =0 / / G0 (%~ y]) $(y) - 1(x) do(x)do(y)

(5.85)
4ot / / Gao(|x — yl) divs ¢(y) divs $(x) do(x)do(y).
And for the operator K3, we have
Ko t)s =0 [ [ Goallx =) (03) x 6(3) - (1) x $(x)) do(x)da(y)
=3 (5.86)

+o! /Z /z Gao(jx = y]) curls ¢(y) curls 9(x) do(x)do(y).

The above integral representations make clear that the operators Us, and K3, are self-
adjoint. Besides, one can prove that they are positive isomorphisms between the trace spaces

Us, : H*(div;2) » H '/ (curl; ),

Ks, : H'*(cur; $) — H™'/2(div; ),

s

(5.87)
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which follows from the coerciveness of the bilinear form (o > 0)

(Us,-, )« HT2(div; B) x H/2(div; ¥) — C,

B B (5.88)
(K3 4-,-) : H 2 (curl; ) x H(curl; X) — C.

Roughly speaking, one can see the operator Us, as a dissipative (or coercive) counterpart
of the boundary integral operator classically referred to as the EFIE operator. On the other
hand, the operator K3 , (or rather its propagative version) is the basis of operator (or Calderén)
preconditioning of the previous EFIE operator, even though the discretization of the precondi-
tioner is a rather tricky task. We mention this to point out that such operators are therefore
already well-known in the integral equation community. Besides, similarly as for the scalar case,
several libraries are available to compute matrix representation of these operators using standard
boundary elements.

Note that because of the relation (5.84), the matrix representations in the basis given re-
spectively by standard (low order) Raviart-Thomas and Nedelec boundary elements of the two
operators Us, and K3, are the same. We shall comment more on this when we consider
discretization strategies.

Equivalent transmission problems Exploiting the representation formula and the jump
relations satisfied by the surface potentials we can again reinterpret the action of the boundary
integral operator Us , as (elliptic) transmission problems in the domain.

Let xg € H™'2(curl; ) and x; € H™'/2(div; £), we have for the boundary integral operator
V3 o

)

xg = Uz X1,

ug € H(curl; Q_) x H(curl; ),

Leurl +0%) ug = 0 in Q. UQ,, (589

= xo = {Vt}uo, where (cur curl +0?) ug ) in 4 )
[Ye]uo = 0, on ¥,
o yrJug = —xu, on X,

and the boundary integral operator Ks ,

x1 = K3 X0,

u; € H(curl; Q_) x H(curl; ),

1 1402 = in Q_UQ
o - 0_1{7T}u1, where (cur curl +o )u1 0, in U,
[velur = —xo, on X,
[YrJur = 0, on X.
(5.90)

Transmission operators The above results encourage us to propose the following (rescaled)

operators
2U;, : H'/(div;X) —» H 2 (cwrl; ), (5.91)
2K3, : H 2 (cwrl; 8) — H™2(div; ), .

respectively as a T1 and a Ty-type operators. This last operator is the one that we used in our
numerical experiments.
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It is easy to see that yet another operator could be a suitable candidate, which is the operator
admitting the following explicit integral representation,

(Koo, )y =20 / / G0 (% — y]) $(y) - 9(x) do(x)do(y)
x I (5.92)

207 [ [ Gallx—y)) curls gly) ourls () da()do(y).

This operator is slightly less common than the previous ones, which is the only reason why we
did not use it in our numerical experiments.

We mentioned previously that a domain decomposition method based on similar non-local
operators for electromagnetic scattering was already proposed in [34] (in the simple spherical
geometry which allows explicit calculus by means of separation of variables). Since their formu-
lation involved an operator from H~'/2(div; ¥) to H~'/2(curl; X), the authors suggested to use
the transmission operator 2 U3 ;.

Static case By mimicking what has been done in the scalar setting, we could be tempted to
propose the operator arising from the limit case ¢ = 0. However, it is clear from the above explicit
integral representations that the operators are simply not defined for ¢ = 0. Nevertheless, since
the kernel Gs ¢ still makes sense, we could consider (slightly abusing notation),

(2K .06, )y, =260 / / Gao(lx — y]) (v(3) X &(3)) - ((x) x () do(x)do(y)
(5.93)

ok / / Gso(|x — y]) curls ¢(y) curly 1(x) do(x)do(y).

Of course, the other variants discussed above could be considered, as well as other (positive)
linear combinations.

As we shall understand from the modal analysis presented in the next chapter, the above
operator does not have an adequate behaviour for propagative modes, even tough it is perfectly
sound choice as far as the theoretical requirements are concerned.

5.2.4 Second strategy: quasi-localizable operators

In this section, we are set to construct an isomorphism so that

Ty - H™'/*(curl; ©) — L2(D),

} (5.94)
or T, : LX) —» H 2(div; D).
A transmission operator Ty or Ty can then be constructed as
T, T,
Ty :=T5,Ti, : H™2(curl; X) =5 LX) =4 H2(div; 2), (5.95)

Ty e T, T, - HY(divi D) =8 L2(8) =% B2 (curl;
1 =T, Ty, (div; ) — Ly(X) — H™ Z(cwr; X).

By construction, these operators Ty and T will be self-adjoint and positive. The main interest
in considering this alternative route is to be able to apply the quasi-localization process by
truncation of the kernel that was described previously.

According to the Helmholtz-Hodge decomposition we can write, schematically,
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H'(curl;¥) = grady, H? + curly, H3
T )+ )-
Ty = TT/2T1/2 L2(%) — grady H! + curly H!
Tl )+ )-
H'2(div;¥) = grady, H? + curly H?

=

NI

Vector potentials of the fractional Yukawa operator The construction of candidate
transmission operators T/, will be based again on potentials of the fractional powers of the

Yukawa positive operator (o2 — A)S/Q, o >0and s € (1,3).
The previous analysis led us to introduce three potentials, all based on the fundamental
solution Ggs,» defined in (5.33). We define, for ¢ > 0

(Vi )y, = Ko™ /2 /E CoCs.en(x — Y))B(y) - (%) do(x)do(y),
QS o, ), = 1i0* / / CuGis e (% — y]) divs $(y) dive 9(x) do(x)do(y),  (5.96)
QY. b}y, = i0® /E /E CuGa o (I — y1) curly ¢(y) curly () do(x)do(y),

with the renormalization constant (see Remark 5.1),

2/l (3)
)

F(s;l

C, = , (5.97)

which is strictly positive if s > 1.
Because of the positivity of the operator from which they are built, these potentials will
remain positive. We expect (but it remains to prove it rigorously) that, for some real s

V3 s - is an operator or order 1 — s,
ngw is an operator or order 3 — s, selectively acting on the grady, part, (5.98)
Qg’sﬁ is an operator or order 3 — s, selectively acting on the curly part.

Of course, since we want to deal with fields that are not particularly regular, we will not be able

to choose too large values for s. To continue the discussion below, we assume that the above
conjecture holds true.

5.2.4.1 First ideas

Many different operators can be constructed from these ingredients and we have considered many
variants.
Perhaps the first operator that comes to mind is o > 0

Vo + QS0 (5.99)

To see why this could be a valid candidate, notice that the first term is regularising of half an
order (—1) while the second term is de-regularising of half an order (+1), but acts only on the
curly, part of the tangential fields. The principal term for the grady, part will be the first one,

while for the curly part it will be the second term. Notice that any other linear combination
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could be considered in (5.99), which would give two (strictly positive) additional parameters to
tweak. We do not feature such parameters explicitly here and in the following for the sake of
simplicity.

In the same spirit, if we were to construct an operator T_1,, one could propose

Viso + QSsse (5.100)

The operators from (5.99) or (5.100) could be used in practice. However, they have two
main drawbacks. The first one comes from the special function of the kernel of G4 s, which is
expensive to evaluate numerically. The second issue comes from the singularity of the two kernels
involved, which are (in three dimensions) of strength % and % These types of singularities are
not-standard and require special quadrature rules. Besides, a singularity of order % is quite
severe and would require very special care to be evaluated numerically with accuracy.

Riesz potentials To address the first issue it was proposed in the scalar setting to consider
the limit case o = 0, hence another candidate is

Visp0+ Q3C’5/2’0- (5.101)

We recover then the Riesz potentials, for which the kernel does not involve any special function
but only the singularity of the correct order. However, as we already mentioned the potential
V35,0 suffers from a bad behaviour for low order, propagative modes. This issue will become
blatant when we will conduct our modal analysis in the next chapter. We believe that such a
matter is unacceptable if one would like to have some efficiency.

One needs a replacement for the operator Vs, 0. Remember that the role of this operator is
to regularise the grady, part of the tangential field. The idea is then to propose an operator that
is the composition of a (positive) regularizing operator and a (positive) de-regularizing operator
of adequate orders but acting specifically on the grady, part of the fields. This is the reason why
we propose

(Id — ko2 grady divs) " QS0 + QFans. (5.102)

To see why this is a valid candidate operator, notice that the first term is composed of two
positive operators of orders +2 and —% which makes an operator of order —&—% acting only on the
grady, part of tangential fields. The second term Qgs 12,0 18 retained from (5.101) since it already
has the correct action on the curly, part of tangential fields.

The operator in (5.102) is valid from a theoretical point of view, however it also suffers from
two issues. The first one is the strong singularity of order % that is still present in the first term.
The second one will appear if one tries to discretize it with standard boundary elements. Indeed,
the usual elements are the Raviart-Thomas and Nedelec elements which are respectively divy
and curly; conforming (but not both). Therefore, we forecast that careless discretization of the
operator may lead to trouble because of the presence at the same time of the operators Qgs /2,0

and Qgs 12,0° All-in-all, the operator in (5.102) does not appear to be a valuable improvement

over the operator in (5.99). However, the ideas behind the construction of this operator are
similar to the ones used in the next section.

5.2.4.2 A viable candidate?

We discuss briefly here the reasons that led us to propose a possible candidate which is the one
that we actually implemented and tested numerically.
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Definition The idea is to replace the term (Id — ko2 grady, divy) 71Q3G3/2 o in (5.102) with a
better behaved operator (with a weaker singularity). Consider

(Id - xo 2 grady divs) ~ “QFs0 + QS 0. (5.103)

The first term has again the required behaviour and only involves kernels with a singularity of
order % However, it now involves a square root operator which is, at first sight, difficult to
evaluate.

The trick is then to let

TSZ = (Id — ko~ ? grady divy) /2Qgs/2,0,

o o (5.104)
Tl/z = Q3,5/2,O7
so that we can define Ty as
To = (15,) TG, + (T5,) T, (5.105)
It follows that, Ty can be evaluated as
TO = <Q3G75/2,0) (Id — Ko 2 gradz leE) Q§5/270 + (Qg:5/270> (:»236:5/2707 (5106)

which no longer involves square root operators.

Truncation After truncation of the kernels, which is the main reason that pushes us to con-
struct this operator, we may loose the injectivity property. To avoid this pitfall, a possible
workaround is to add a (positive) compact operator to restore the desired behaviour. In the
scalar setting, it was enough to simply add an identity term. It is however no longer an option
in the electromagnetism case because it is not a compact operator and we would loose the iso-
morphism property (recall that we need an operator that is of order —1/2, i.e. regularizing, for
the grady, part of the field). A better option is to add a (positive) regularizing operator such as

(1 - ko2 grady, divs) ", (5.107)

which has the required properties and is only a compact perturbation. Finally, the operator that
we considered reads

TORiesz = (Id — KZQ_Q gradz diVZ) -t
* _ . _1
™ (Q3G,5/2,0> (Id — ko> gradg divs)  Qfs0 (5.108)

+(QS0) QS

5.2.5 Conclusion on possible transmission operators for Maxwell

Because we considered many different candidate operators in our discussion above, we quickly
sum up below which are the ones we find the most interesting.
Standard potential theory for Maxwell equations led us to suggest to use (for o > 0)

2U3 , as a Ty operator,
5 Lop (5.109)
2K3 » as a Ty operator.
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See (5.83) for the definitions of the operators Us, and Ks,. These operators have integral
representations given in (5.85) and (5.86) and are (or are close to operators) implemented in
standard boundary element codes. However, we were not able to prove that they retain their
properties if localization strategies or other compression techniques are applied to reduce their
computational cost.

We will report several numerical results obtained using the operator

Teesel = 2K3 ., (5.110)

in what follows. The choice ¢ = K¢ is motivated in particular by the modal analysis conducted
in the next chapter.
Fractional powers of the Yukawa operator led us to suggest to use (for o > 0)

Vispo + Q§5/2 - as a T/, operator, (5.111)
T 1
Vispo + Qg’:s/%g as a T_./, operator.

See (5.96) for the definitions of these operators. These operators are in contrast less standard.
Their kernels involve special functions that are costly to evaluate numerically and present non-
classical (strong) singularities that require dedicated care in practical implementations. For both
these reasons, we did not test these operators in our numerical experiments. On the other hand,
their are amenable to quasi-localization by truncation while retaining the required properties for
the theory to apply.

Finally, we proposed an operator constructed from Riesz potentials which reads

Ty =0~ + (Q§5/2,o) 07 Qfspp + (Q§5/z,o) Qf'oso.00 (5.112)
where we used as a short-hand, the notation
O =1d — ko ? grady, divy. (5.113)

This operator involves weaker (albeit non-standard) singularities and the kernels do not involve
special functions. It is amenable to localization by truncation, while retaining the important
properties required by the convergence analysis. This is why we tested this operator in our
numerical experiments. However, its discretization will prove to be somehow troublesome and
computationally costly.
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Chapter 6

Modal analysis in spherical
geometries
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The purpose of this chapter is to study more precisely some of the integral operators that were
described in the previous chapter in a particular configuration allowing for explicit computations.
We chose to study the spherical geometry that allows for analytical expressions of tangential fields

using the Hilbert basis built upon (scalar and vector) spherical harmonics.

Modal analysis provides valuable insights on the convergence of domain decomposition al-
gorithms and its main mechanisms. As we shall see in the following, all the operators involved
are diagonalized in the aforementioned Hilbert basis — including the integral operators, this is
one of the main tasks we are tackling in this chapter — and this decoupling allows for a fine
understanding of their different contribution. One can essentially infer the convergence rate
of the (relaxed) Jacobi algorithm from these decompositions (unfortunately, understanding the
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convergence of the GMRES algorithm is less straightforward). In particular, following standard
practice, we are brought to distinguish three main group of modes, namely, by increasing mode
number: the propagative modes, the grazing modes and the evanescent modes. Depending on
the transmission operator that is chosen, one of these groups will be the culprit for the slowing of
the convergence. One then understands that we can also use modal analysis as a tool to design
suitable transmission operators. For instance, some of the operators with adequate theoretical
properties that we first considered turned out to be poorly designed after their modal decom-
position was performed. Besides, since the definition of the candidate transmission operators
often involve parameters that are available for tuning, one can use the modal analysis to try to
optimize in some sense the operators to make them more efficient.

The results presented in this chapter mainly comes from a joint work with Francis Collino.
We mention that modal analysis was used in the acoustic setting in [44, Sec. 4 and 5] and [91,
Chap. 3] to analyse and improve (through parameter optimization) the performance of several
transmission operators in the context of domain decomposition but for a circular geometry (in
2D). Similar techniques were also already used in the electromagnetic setting in [34] to study a
dissipative version of the EFIE operator and in [59, Sec. 3.3], [61, Sec. 4] for their special, Padé-
based, transmission operator. We also refer the interested reader to [110, Sec. 2.4 and 5.4.1]
and finally to [128] which provides some interesting results on layer potentials in the spherical
harmonic basis.

For the sake of clarity, we restrict the discussion to three transmission operators. These
operators are all Ty-type operators and were all implemented and used in our numerical exper-
iments (see next chapter). The first one is the identity operator of Després; the second one is
THessel = 2K3 , defined in (5.82) and stems from classical potential theory; and the third one is
THiesz defined in (5.112) and stems from (less standard) Riesz potentials. As we shall see, the last
two operators are positive self-adjoint isomorphisms from H~'/?(curl; Sg) to H~/*(div; Sg) so
that the analysis of Chapter 3 is applicable. The first operator, the identity, is the simplest choice
one could make and is used as a point of comparison. If the convergence analysis we performed
in Chapter 3 is not directly applicable for this choice of transmission operator (Assumption 3.47
does not hold) other methods of proof can be used to obtain the convergence of the iterative
methods considered, see [49] for instance.

This chapter contains two sections. In the first section we conduct the modal analysis of
the domain decomposition method and show that the use of non local operators with suitable
properties is mandatory for achieving geometric convergence of the relaxed Jacobi algorithm.
Numerical results are provided to illustrate the analysis. All the technical proofs regarding the
diagonalization results are gathered in the second section. We are in particular able to prove
in the spherical setting that the operators proposed in the preceding chapter enjoy the required
properties to obtain the geometric convergence.

A note on our notations In this chapter, we consider ¥ = Sy the sphere of radius R in R?
(d = 3), and we note

Q+:{XER3‘\x\>1}, and Q_:{XER3‘|x|<1}. (6.1)

The domain 4 (respectively _) will be referred to as the exterior (respectively interior) domain.
Besides, we denote by S? the unit sphere and by  the outward unit normal vector.

The results of this chapter are established for a uniform and homogeneous medium charac-
terized by its wavenumber x = w,/ji€ (see (3.63) for the definitions of these quantities). Besides,
we shall use from time to time Maxwell’s equations in the form of a first order system for which
some of the proofs of the following results are slightly easier. This will requires the use of the
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impedance parameter Z defined as

Z .= % (6.2)

6.1 Modal analysis of the domain decomposition method

In this section we analyse the domain decomposition method in the non-overlapping two-domain
decomposition of the whole of R? into Q_ U SgUQ,. The particular geometry allows to perform
a rather acute analysis of the convergence rate of the relaxed Jacobi algorithm.

6.1.1 Algorithm under study

We consider, in this particular two-domain partition, the interface problem (3.222) and the
associated relaxed Jacobi algorithm (3.225) (for o = 1) from Chapter 3. We specify below our
notations for this particular setting.

Interface problem By linearity it is enough to study the homogeneous problem, which cor-
responds to study the convergence of the error. We therefore consider the interface problem

. —1/2(73; 2
{Fmd x € H-/ (div; Sg)~ such that, (6.3)

(Id —TIIS)x = 0,
where the exchange operator IT and the scattering operator S have the block representation in
H~'2(div; SR)2
0 Id S_ 0
II := [Id O} , and S := { 0 S-J , (6.4)

with the local scattering operators S_ and S such that (f is the outward unit normal vector to

Sr)
St : I +(kp) " (curl Ex X #) |,—g —iTo £ x (curl Ex X ¢)|,—g, (6.5)

where E_ is solution to

(curlcurl —x?)E4 = 0, in Qq, (6.6)
$(f§,u)_l (curlEg X #) |,=g —iTo £ X (curlEx X #) |,=g = J, on Sg, '
and
lim r ((Hu)fl curlE; xt—ifx (Ey x f')) =0. (6.7)
r—00

Here Ty is supposed to be a generic transmission operator intended to represent either the
identity Id, TS = 2K3 . or TR (see (5.112)).

Iterative algorithm Given a couple of traces x° in H~'/2(div; 53)2 (the initial error) and a
relaxation parameter r € (0,1) the relaxed Jacobi algorithm is,
X"t =[(1—7)Id +rIS]x", neN. (6.8)

We denote by
A, =(1-r)Id 4 rIIS, (6.9)

the iteration operator.
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6.1.2 Diagonalization of the transmission operators

The modal analysis that we conduct below rests on the existence of an Hilbertian basis of
L?(Sg) given by the vector spherical harmonics. The family of vector spherical harmonics
{‘Ilf,my(:ﬁé,m}g,m; with £ € N* and —¢ < m < £ (see Definition 6.12) forms a complete or-
thonormal system for the hermitian inner product in LZ(S?).

We assume that the transmission operator Ty is diagonalized by the vector spherical harmon-
ics so that

VEeN*, —(<m<L (6.10)

TO‘IIZ,m = Tg\l’ ‘I’Z,ma
To®rm =T,F ®pm,

Note that the eigenvalues TK‘I’ and T;’ do not depend on m and have therefore 2¢ 4+ 1 multiplic-
ity. This holds true for the transmission operators we are interested in, as stated by the two
proposition below.

Operator stemming from potential theory We have the following diagonalization result
for the transmission operator TE®ssel = 2K3 .. defined in (6.92). The proof of this result can be
found in Section 6.2.3, see in particular Proposition 6.22.

Proposition 6.1. The transmission operator T(?essel = 2K3,. is a continuous mapping from
H~'/(curl; Sg) to H~'/*(div; Sg) and is diagonalized by W, and ¥4 ,,,. The respective eigen-
values, with 20 + 1 multiplicity, read

{ tBessel,‘I’ (6) —

tBessel,\I' (g)

Ye(inR)S(ikR),

¢ Ve € N*, 6.11
Wy (iRR)E R R), © (611

where 1y and & are the spherical Ricatti-Bessel functions (see Section 6.2). These eigenvalues
are all real and strictly positive

Bessel ¥ gy 50, gBesseb®py S 00 WL e N (6.12)
and satisfy the following asymptotic behaviour at infinity

/ —1
tBessel,\Il(g) ~ (Im> , tBesselﬁI’(é) ~ %7 as ¥ — oo. (613)

Operator based on Riesz potentials We have the following diagonalization result for the
transmission operator Th®* defined in (5.112). The proof of this result can be found in Sec-
tion 6.2.4, see in particular Corollary 6.33.

Proposition 6.2. The transmission operator T8 is a continuous mapping from H’1/2(cur1; SRr)
to H='*(div; Sr) and is diagonalized by ¥y, ,,, and ®.,,. The respective eigenvalues, with 20+ 1
multiplicity, read

Riesz, ¥ () _ ) we+ )\ (ee+1) TE+0\
tR \Il(f) = <1+ (I{R)2 ) + (12+ (,‘QR)Q > ((KR)l/Z P(Z+€)> )

(e+1) T(z+0)
(kR)” T(3+0))

Vel e N*.

tRiesz,@(g) =1+ <
(6.14)
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These eigenvalues are all real and strictly positive
tRiesz,\I’(g) > 07 tRiesz,é(g) > 07 Ve e N*,
and satisfy the following asymptotic behaviour at infinity

tRieszﬁI’(Z) ~ ( !

kR

14
kR’
6.1.3 Diagonalization of the scattering operators
For any J € H~'/*(curl; Sg), we define the operator A as
Ay I —k ! (curlE x #) | =g,

such that
(curlcurl —£2)E = 0, in Q,,

tx (EXt)|=g=J, on Sg,

lim, o 7 (curlE x # —ixt x (E x £)) = 0.
Similarly, for any J € H~'/*(curl; Sg), we define the operator A_ as
A_ : J— k! (curlE x #) |,—pg,

such that

(curlcurl —=x?>)E =0, in Q_,
f‘X(EXf‘)‘r:R:J, OIISR.

—1
> , hiesz.® gy as £ — 0.
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(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

Remark 6.3 (Eigenvalues of the interior Maxwell problem). It is worth noting that while
the operator A, is well-defined for any wavenumber k, one must exclude a countable set of values
of the wavenumber k to be ensured of the well-posedness of the operator A_ (see [110, Th. 5.3.2]
and the discussion thereafter). These values of the wavenumber r correspond to the eigenvalues
of the interior Mazwell problem inside Sr for which the problem (6.20) becomes ill-posed. For
simplicity, we suppose in the remainder of this chapter that k lies outside this set of eigenvalues.

We have the following diagonalization result for these operators. The proof of this result can

be found in Section 6.2.2, see in particular Proposition 6.19.

Proposition 6.4. The operators A+ are diagonalized by ¥y, and @, . The respective eigen-

values Ki’)e and Ki,b with 20 + 1 multiplicity, read

X Ye(kR) n §u(kR)
AY, =— , AY, =+ ,
e and T gRR) Wl e N,
e _ Yy(R) A® _gz(’iR)'
=0 u(kR) B G(kR)
These eigenvalues are such that
SAY)=3(A%,)=0 and SAY¥,) <0, SAT,)<0, VeN,

and satisfy the following asymptotic behaviour at infinity

~ kR -~ l
AI,Z ~ —7, Ai,[ ~ +ﬁ’ £—>+OO

(6.21)

(6.22)

(6.23)
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From the definitions of the operators Ay and the scattering operators S, we formally have
Si = —(As +iTo)(Ax —iTo) ", (6.24)
so that the eigenvalues of the local scattering operators S_ and S, are, for a € {¥, ®},
. —Ag , —iTy
’ AL, —1TR

Note that neither Tﬁ nor K‘j: , vanish (we actually need to suppose that « is not an eigenvalue of
the interior problem so that it is true for the operator A_). We introduce the ratio (well-defined
since by assumption Tj* > 0)

«
79 ,=——2L VreN. (6.26)
’ T[a
and we can rewrite R
. 29 ,—i
S, =-2L wienN (6.27)
7 28 +i

We recall now some simple properties of the Cayley transform from complex analysis.

Lemma 6.5 (Cayley transform). The complex transform
z—1

6.28
z+i’ ( )

Z

has the following properties
1. the upper half-plane, i.e. {z = x + iy € C with x € R and y > 0}, is mapped to the open
unit disk, i.e. {z € C with |z| < 1};
2. the real line is mapped to the unit circle minus the point 1, i.e. {z € C with |z| =1, z # 1};
3. the point 1 is mapped to the point —i and the point —1 is mapped to the point i;
4. the origin 0 is mapped to the point —1 and the ‘infinity’ is formally mapped to the point 1.

We stress that, ultimately, much of the analysis boils down to the above lemma and the
properties of the Cayley transform, allowing to get a rather deep understanding of the convergence
of the relaxed Jacobi algorithm. For instance, from this lemma we recover in this particular
setting the contraction property of the scattering operators.

Corollary 6.6 (Contraction property of local scattering operators). Let o € {¥, ®} and
£e N*. If T} is real and strictly positive,

e >0, (6.29)

then we have

1S, =1, and  |8%, <1 (6.30)
Proof. Let o € {®,®}. From energy conservation results, see Proposition 6.20, we know that
A;" has a non-positive imaginary part. Since by assumption TZO‘ is real and strictly positive, Zeo‘
does belong to the upper half-plane. It follows from Lemma 6.5 that Si,e does belong to the
unit disk and we recover that the scattering operators are contraction operators. |

Of course the assumption that Tf is real and strictly positive is a direct consequence of
Assumption 3.47. It is trivially satisfied by the identity operator and was verified for the other
two transmission operators in Proposition 6.23 and Corollary 6.35.
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6.1.4 Modal convergence analysis

We now arrive to the main purpose of this chapter which is to study the modal behaviour of the
iteration operator involved in our domain decomposition method.

From the above diagonalization results of the scattering operators by the vector spherical
harmonics, it is clear that the iteration operator A, is completely represented by the countable
family of two-by-two matrices

1—r rS%,
AOL
TSJ“Z 1—r

[& Zu—
rd

, V¢ e N*, a e {¥, ®}. (6.31)

The derivation of a meaningful estimate for the convergence factor of the relaxed Jacobi
algorithm is not completely straightforward. We only cite the main result below and we refer
the reader to [91, Sec. 3.1.3] and [44, Sec. 4.1.2] for a more comprehensive discussion.

If n is the iteration number, the approach consists in using an estimate for the norm

I¢ fz)nH = Sgp|(Aﬁ4)n|2’ where I( ?,e)nh = ls?pl I( ?,e)nxh (6.32)
X|=
where | - | is the matrix norm subordinate to the euclidian norm | - | in C2.

Lemma 6.7. If we set (using the standard convention regarding the definition of the square root

in C)

Ty = max | (1 —7) 1y /5,59 ,0, VLeN, (6.33)
we have the estimate

™ < (AY)" 2 < (Tt )Tyt Ve e N*. (6.34)
Proof. See [91, Lem. 5] and [44, Lem. 4.1]. |

We point out that the quantity 7., is the maximum eigenvalue of A}, and A,.

The above lemma states that the computation of the quantity 7, , is enough to analyse the
convergence of the relaxed Jacobi algorithm. From this point we understand that it all boils
down to study the product 5$7z§3,z'

Lemma 6.8. If the eigenvalues of the transmission operators have the correct asymptotic be-
haviour

. eN\! . ¢
™ ~ [ — T ~ — ) )
y (ER) ) p s as £ — o0 (6.35)

then there exists a positive constant § such that
£— 00 ’ ” {—00 ’ ’ Lo 5 s

Proof. From Proposition 6.21, the eigenvalues of the Electric-to-Magnetic operators A1 satisfy,
at infinity

~ kR ~ l
Ai,f ~ —7, and AI,@ ~ +ﬁ, ‘g — +OO (637)
Using the assumption (6.35), it follows that
lim Z¥,=1, and  lim Z%,=—1, (6.38)
{— 00 ’ {— 00 ?
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so that, using Lemma 6.5,

lim S\;I:'Z =1, and lim §$€ = —i, (6.39)
£—00 ’ £— 00 ’
hence limy_, S_‘EJS"_I"Z = limy_, o .SA'flS'fé = —1. Besides, there exists a L > 0, such that for all

(> L and a € {P, P}, |§$_7£§i£ — 1| > 1. An appropriate 4 is then

0 =min | 1,  fnin, IS 0S2 =1 ] >0. (6.40)
ac{¥,®}
|

We could actually relax the assumption (6.35), and only require the existence of two positive
real constants Cy, a € {¥, ®}, such that

R e\t R ¢
¥ ~ Cy </<R> ., TR~ Cq,ﬁ, as { — oo. (6.41)

The limits limy_, o 5“_‘{765’3@ and limp_, o 5‘355’3@ would then belong to the unit circle minus the
point 1 and the rest of the discussion, including the next theorem, would follow without much
additional difficulties.

Again the assumption that Tf has the correct asymptotic behaviour is a direct consequence
of Assumption 3.47. It is trivially not satisfied by the identity operator and was verified for
the other two transmission operators in Proposition 6.24 and Proposition 6.37 with C, = 1,
a € {P, P}, in both cases.

Theorem 6.9 (Geometric convergence of the relaxed Jacobi algorithm). If

¥ >0, % >0, Ve e N*,
. e\ R ¢ (6.42)
TE‘P ~ (/qR) s TZI’ ~ ﬁ’ as { — oo.
then the estimate (6.33) satisfies
sup 70 < 1, (6.43)
¢

and the relazed Jacobi algorithm given in (6.8) converges geometrically.

Proof. The two assumptions on the spectrum of the transmission operator yield, according to
both Lemma 6.6 and Lemma 6.8, the existence of € > 0 such that for £ € N* and « € {¥, ®}

AO{ AO{
‘\/ SYS%

Using again the identity (3.233), we get for £ € N* and « € {¥, P},

N N

<1, and sup |4/ 5S¢ ;S , — 1‘ > €. (6.44)
s P —,

2 2 2

‘(l—r)—i-r\/m S(l—r)—&—r\/m —r(l—r)l—m (6.45)
<1—r(l—7r) <1
We deduce that the estimate (6.33) satisfies
Sl;.p Tre <1, (6.46)

and Lemma 6.7 yields the geometric convergence of the relaxed Jacobi algorithm. |
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Note that the condition is only sufficient to ensure the geometric convergence. While it is
not a priori necessary, it is possible to show, for this particular geometry, negative results such
as the impossibility of a geometric convergence for the relaxed Jacobi algorithm if the symbol of
the transmission operator does not have an adequate asymptotic behaviour for large . We refer
the reader to [91, Prop. 4] and [44, Th. 4.6] where such results are established in the acoustic
setting in 2D (see also [91, Rem. 1]).

6.1.5 Numerical illustration

We consider now the particular case of a sphere Sg of radius R = 2 and a wavenumber x = 5
(used in the definition of T5®?), this value being also used for the parameter ¢ = 5 of the
operator THee! = 2K .

Eigenvalues of the transmission operators We report in Figure 6.1 the eigenvalues of
all these three candidate transmission operators. Beware that we represented the inverse of
the eigenvalues associated to W, ,, to showcase the asymptotic rate as ¢ grows. We observe
numerically that these asymptotic rates for both non-local operators are the ones we were looking
for. Notice in addition how all these operators have their eigenvalues close to 1 for small values
of ¢.

| | | |
g E 6l ]
s 0 &
8 8
= 4 -4 =
(@] <8}
= Eo4f i
2 3 13
E £
[} <5}
= 2f 1=
< g 2| i
g :
o0 1k - .
€3 €a)
O | | | | | | 0 | | | | | |
0 1 2 3 4 5 0 1 2 3 4 5
Mode number ¢/(kR) Mode number ¢/(kR)
(a) ‘Iffym- (b) ‘I’g’m.

Figure 6.1: Eigenvalues associated to each ¥, (left) and ®,,, (right) of some transmission
operators with respect to the mode number ¢. Fixed parameters Kk = o =5, R = 2.

Eigenvalues of the iteration operator Figure 6.2 reports the eigenvalues of the iteration
operator A, in the complex plane for the three transmission operators Id, ToBesse1 = 2K3, and
TORleSZ.

For the case r = 1 (left column), we visualize that all the eigenvalues are inside the unit circle
(featured with a dashed line). Note also that the accumulation points (which correspond to large
mode numbers ¢) are close to the points i and —i for the two non-local operator but seem to be
—1 and 1 for the identity operator.
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For the case r = 0.5 (right column), we visualize the effect of the relaxation. For the non-local
operators, the accumulation points of the eigenvalues of the iteration operator are now strictly
inside the unit circle, while the eigenvalues associated to the identity operator still accumulate
near 1.

This is numerical evidence that the eigenvalues are /-uniformly bounded away from the critical
point 1 for the two non-local operators T§®**! and T§**. This indicates in particular that the
convergence factor of the relaxed Jacobi algorithm is strictly below one for these two operators.
One understands however that the relaxation is mandatory to obtain the geometric convergence.
In contrast, for the identity operator the eigenvalues are arbitrarily close to the critical point 1,
even with the relaxation.

Modal convergence factor We report in Figure 6.3 the modal convergence factor 7, ¢ of the
relaxed Jacobi algorithm for a relaxation parameter r = 0.5.

For low mode number ¢ the convergence factor is very small (in fact close to ) which stems
from the fact that all these transmission operators act as the identity for these (propagative)
modes.

Notice that the asymptotic behaviour as ¢ increases is very different for the identity operator
compared to the two others. This is a feature of any local transmission operator, or an operator
with not the adequate order: the evanescent modes are not adequately taken into account and
we have sup, 7,4 = 1 in this case. In contrast for the two non-local operators that we advocate,
the asymptotic convergence factor is very good. This is of course due to the correct order of the
transmission operator, in fact they were designed exactly for this purpose.

Finally, we note that the behaviour of all these operators is not so good for the grazing modes
{ ~ kR. If for the non-local operators the maximum convergence factor is obtained for those
modes, even for the identity operator we observe a local maximum. This is a general observation
for propagative problems that is actually true in more generality than this particular setting.
This is especially troublesome since these modes often carry a non negligible part of energy. To
some extent, one can mitigate the effect of those modes as we describe in the next paragraph.

6.1.6 Optimization

As we already mentioned the operator TH®? defined (5.112) can be parametrized:

TORiesz[Oé,ﬂ,’}/] = @*1 + [‘3 (Q85/2) @71 Qg5/2 + Y (Qg:{)/z) Q&’E/Z’ (647)

where «, 8 and y are three strictly positive constants and still remain in the validity range of the
theory. One can expect that choosing judiciously the values of these parameters could improve
the convergence factor of the domain decomposition algorithm.

Direct optimization is difficult, but from the analytical expression of the eigenvalues we can
apply optimization algorithms® to try to obtain those values. The result of this process in the
case R =2 and k = 5 is provided in Figure 6.4. The optimized values of the above parameters
in this particular case are @ = 0.57, 8 = 1.5 and v = 0.42. Note that these values greatly varies
with respect to kR.

Compare Figure 6.2e with Figure 6.4a, the eigenvalues are more ‘condensed’ and far away
from the critical point (1,0). In Figure 6.4b the enhancement is well indicated by the decrease of
the maximum convergence rate. Notice that the convergence factors for the lowest order mode
(¢ = 1), the grazing modes (¢ ~ kR) and the asymptotic convergence factor (¢ — oo) are very
similar. This situation reminds of similar observations in [91, Sec. 3.2.3].

I'We used the Optim.jl package in JULIA, see [106].
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Figure 6.2: Eigenvalues of the (iteration) operator A, associated to each ¥, ,, and ®; ., in the
complex plane for some transmission operators and for two values of the relaxation parameters

r =1 (left column) and r = 1/2 (right column). Fixed parameters k = o =5, R = 2.
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Figure 6.3: Modal convergence factor 7, , for some transmission operators. Fixed parameters
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We remark that it is also possible to parametrize in some sense the operator T5¢! since,
for this particular spherical geometry, we have
TOBessel — TOBessel[L 17 0]7 (6.48)
where (d = 3 and s = 2)
T8, B,0] == a Vsoo+ 0 Q3c:2,o., (6.49)

with « and B two strictly positive constants, that could be tuned. We would get some similar
improvements.

Of course the optimization is conducted in this particular ideal geometry and there are no
guarantees that these optimized parameters are sensible values when the geometry changes (see
also [91, Sec. 3.2.3.3] on this matter). Besides this optimization is only valid for the (relaxed)
Jacobi algorithm. To simplify the discussion in what follows, we will only use the operator Tgies
defined in (5.112), i.e. keep @ = § =y = 1 and the operator TOBessel = 2K3 . In some sense, one
could argue that this choice consists in choosing the optimal asymptotic convergence factor for
large ¢.

6.2 Diagonalization results

We show in this section that some boundary operators defined on the sphere Sy of radius R
are diagonalized by the basis of spherical harmonics and we provide analytic expressions of
the corresponding eigenvalues. We consider three different operators: the so-called Electric-to-
Magnetic maps which take the tangential trace of the electric field and compute the (rotated)
tangential trace of the corresponding magnetic field; the operator from standard potential theory
THessel — 2K , that we used as a transmission operator; and a class of integral operators which
includes Riesz potentials that are involved in the definition of the other transmission operator
we are considering T2,

6.2.1 Modal decompositions in spherical coordinates

In this sub-section, we gather some standard definitions and set some notations regarding Hilbert
basis in spherical geometries. We only cite important properties that will be used in what follows.
We then give classical results stating that solutions to Maxwell equations admit special convergent
expansions in spherical coordinates.

6.2.1.1 Scalar spherical harmonics

We first recall the definition of Legendre polynomials P, for ¢ € N, power series solution of
Legendre differential equation, defined on [—1,1] by

% (1—332)%132(9;) FUC+D)P(x) =0,  Pylz) = 1. (6.50)

One then defines the associated Legendre functions P;”, for —¢ < m < {, defined on [—1,1]
as [54, p. 14.2],

Pl (x) = (=1)™(1 — x2)""’/2%a<x). (6.51)

Our definition of the (scalar) spherical harmonic Y7, is as follows.
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Definition 6.10 ([54, p. 14.30]). The scalar spherical harmonics are defined for £ € N, —¢ <
m<L0<0<mand0< ¢ <27 as

20+1(0—|m|)!
dr (L + |m])!

1/2
Yom(0,0) = ( ) Pgml(cose)eimqﬁ. (6.52)

The interest in such objects becomes clear in light of the following proposition.

Proposition 6.11 ([110, Th. 2.4.1 and 2.4.4] and [46, Th. 2.7]). The scalar spherical harmonic
Yy.m of order € is the eigenfunction of the Laplace-Beltrami operator associated with the eigenvalue
—L(€+ 1) with 20 + 1 multiplicity

Ag2Yom + (€ +1)Yy, =0, (6.53)

The family (Yem),,, forms a complete orthonormal system for the hermitian inner product in
L2(S?) (orthogonal system also in H'(S?)).

In fact, for any real s, the hermitian product and the associated norm in H*(S?) are given
by [110, Eq. (2.5.5)]

uvH(Sg)—Z Z 0(0 + 1)) e n Ve,

=0 m=—¢

el Fre 529 Z Z 00 +1))° |ug,ml*.

£=0 m=—/¢

(6.54)

for any u and v in H*(S?) represented by their respective coefficients (ug,m),, and (vem),, . in
the basis of the spherical harmonics.
6.2.1.2 Vector spherical harmonics

Our definition of the vector spherical harmonics Wy ,, and ®, ,, is as follows — notice our choice
of rescaling, which is not completely standard but is somewhat more pleasant to handle when
computing norms of tangential fields.

Definition 6.12. The vector spherical harmonics are defined for £ € N*, —¢ < m < { as

Ty, = (L0 +1)"? gradgs Yom,

(6.55)
By, = (L0 + 1)) curlgz Yo
These two quantities are related through the simple identity
Dy =Wy XTI, (6.56)

where 1 is the outward unit normal vector to the unit sphere S2.
The following proposition establishes in particular the Helmholtz-Hodge decomposition for
tangential fields on the unit sphere.

Proposition 6.13 ([110, Th. 2.4.8] and [46, Th. 6.23]). The family {®.m, ®e,m},,, forms a
complete orthonormal system for the hermitian inner product in L2(S?).
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Given two vectors f and g in L?(S?) represented by their respective coefficients { ffm, ffm}
and { gfm, ggm} ¢ WE can compute their hermitian products or norms in some spaces as follows.

The hermitian product and the associated norm in L?(S?) are given by [110, Eq. (5.3.43) and

(5.3.43)]
+oo ¢

=1 m=—¢

+o00 YA
IE1F20s2y = D > (&l +1FEml) -

=1 m=—¢

(6.57)

The hermitian product and the associated norm in H~'/2(div; S?) are given by [110, Eq. (5.3.52)]

(B, 8) s (aivis?) = 5 Z( (1) 1G98 + (0 + 1) 1E,10)

(=1 m=—¢ (658)
11 aivss2y = Z Z( (6 1)UL + e+ 1)1 E )
=1 m=—¢

The hermitian product and the associated norm in H~"/?(curl; $?) are given by [110, Eq. (5.3.53)]

(F.8)u l/zCuﬂsa—ZZ( 6+ 1) 2 169+ €+ 1) 1E,08)

(=tm=t (6.59)
€11 curt 52y = Z Z (e + ) 2E 1 + @+ 1)) 211G 1)
=1 m=—4

6.2.1.3 Spherical Bessel functions

We recall below several definitions of spherical Bessel functions, to avoid any possible confusion
with existing literature in the choice of notations.

Definition 6.14. The spherical Bessel functions are defined, for £ € N and complex arguments
z€C, as ([54, p. 10.47])

. ™

]((Z) = 1¢5Jn+1/2<2), hél)(z) = 4 / 22H7(7({21/2< )
™

ye(2) :,/gywﬂ(z), h? (2) :1/221{,3221/2( 2).

Definition 6.15. The Riccati-Bessel functions are defined, for £ € N and complex arguments
z€C, as

(6.60)

be(2) = 2ji(2), £i(z) = zh{)(2),

xe(2) = zye(2), Colz) = zhf)(z), (6.61)

6.2.1.4 Modal decomposition of solutions of Maxwell equations

The following proposition states that solutions of Maxwell equations in spherical coordinates can
be written as expansions of spherical wave functions.
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Proposition 6.16 ([46, Th. 6.24 and Th. 6.25]). A divergence-free solution of the vector
Mazwell equation in the domain delimited by two spheres of radius R; and R, with R; < R,
admits a convergent expansion representation in spherical coordinates as

(0.6 =5 3 curt((1Ewnnr) + £ 6m)) Vo6 00)
el (6.62)
+ Z Z x~ ! curl curl ((fe wag(/fr) + fé A XZ(I{T)) Yom (6, qS)f) .

=1 m=—4

A divergence-free solution of the vector Maxwell equation in the interior of the sphere S of
radius R admits a convergent expansion representation in spherical coordinates as

“+o00 V4

£(r,0,) => > [, curl (Ye(sr)Yem (6, ¢)F)

(=tm=—t (6.63)

+oo £
+ Z Z ffmn_l curl curl (¢, (k1) Y m (0, §)T) .

=1 m=—¢

A divergence-free solution of the vector Mazwell equation in the exterior of the sphere Sr of
radius R satisfying the Silver-Miiller radiation condition at infinity admits a convergent expansion
representation in spherical coordinates (with a correct time-dependence) as

f(r,0,9) Z Z fzmcurl & (kr)Ye,m (0, d)1)

{=1 m=—/¢

“+00 l
+ Z Z ffmnfl curl curl (§(kr)Yem (0, §)T) .

{=1 m=—/¢

(6.64)

It will be convenient to compute the curl of such expansions, which is the purpose of the
following lemma.

Lemma 6.17. Let f be a vector field admitting a convergent expansion representation in spherical
coordinates in the form of

—+oo
£(r.0,0) =) Z JEm curl (fo(kr)Yem (6, 9)F)
{=1 m=—/¢
+oo £ (665)
+> > [ eurleurl (fi(kr)Yem (8, 9)F)
=1 m=—1¢
where fo is any of the Ricatti-Bessel functions vy, x¢, & or (. Then we have
+oo ¢
curlf(r,0,$) Z Z femcurlcurl (fe(kr)Yem(0, @)F)
srme=t (6.66)
“+o00 V4

+ Z Z fgmli curl (fo(kr)Yem (6, 9)F),

=1 m=—¢
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Proof. We need only to prove that
x~ ' curlcurl curl (fo (k7)Y (6, ¢)t) = & curl (fo(kr)Ye (6, 9)T) . (6.67)

Let us introduce gy such that f,(z) = zg¢(z), so that g, is any of the spherical Bessel functions
Je, Yo, hél) or hf). Then wg 1= ge(k7)Ye,m (0, @) satisfies the Helmholtz equation [46, Th. 2.9]

— (A + K)wp . = 0. (6.68)
From curlgrad = 0, we have
curl [r(A + &%) w4+ grad wy | =0, (6.69)
hence
curl [52 Twe mE + A(rwg,mf")] =0, (6.70)

or again, since A = grad div — curlcurl,
curl [/-iz rwe,m ¥ + curl curl(rwg,mf')} =0, (6.71)
which are finally rewritten

curl [? (fo(kr)Yem (9, ¢)f) + curl curl (fo(kr)Ye,m, (6, )8)] = 0. (6.72)

We will also need in what follows the expression of the tangential trace of such decompositions,
which can be easily deduced from the following proposition.

Proposition 6.18. Let f be a vector field admitting a convergent expansion representation in
spherical coordinates in the form of

+o00 l

£rn0.0) =3 3 fC, curl (fu(r) Yo (0. 6)7)

{=1 m=—/¢ (673)

“+o00 l
+ Z Z ffmnfl curlcurl (fo(r)Y; (0, ¢)F).

=1 m=—1¢

The tangential trace ¥ x (f x #)|s, of f on the sphere Sg with radius R admits the following
convergent expansion

(f x )]s, = Z Z RYUE+ 1) (fE fe(R)®o + & fU(R) ). (6.74)

{=1 m=—/¢

A A

Proof. Ifu= urf‘—i-ugé—&—w,a) denotes a vector vector field in R? in spherical coordinates (£, 8, ¢),

we have ( )
1 O(sin Quy Oug \ .
curlu = rsin 6 ( 00 B 3(;5) g (6.75)
n 1/ O(rug) n 1 Ou, o+ 1 (9(rug)  Our ! .
r or sinf O¢ r or 00 '
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Besides, if u denotes a scalar field on the sphere Sg, the two following surface differential operators
admit the expressions [110, Eq. (2.4.181) and (2.4.182)]

ou 1 Ou~

d =—60 —
grads, = 569 * Sug 96 % -
curl u—i@é—@A .
ST T singdg 90
From (6.75) and (6.76) we compute
11 OYoma 1, 0Ym 4
1(fp Yo mf) = ——— =0 — — :
curl (frYe,mf) r sin@fe 0¢ rfé 00 ¢ (6.77)
=1 fcurlg, Yim,
and
A A A 15'f133YemA 11 8f€61/€mA
lcurl (f,.Y; =—-————0+ - ——0,
£ x [eurleur] (f,Yemf) x 1] r or 00 rsinf Or 0¢ ¢ (6.78)
=r1f) gradg, Yy m.
The result then follows readily by definition of the spherical harmonics. |

6.2.2 Electric-to-Magnetic operators

We first study the so-called Electric-to-Magnetic maps, akin to Dirichlet-to-Neumann maps but
for the electromagnetic setting.
For any J € H~'/*(curl; Sg), we define the exterior Electric-to-Magnetic operator A as

Ay I —iZ(HXT)|=r, (6.79)
such that
curlE —ikZH = 0, in Q,
(A:urlH +AiI<JZ_1E =0, in Q4, (6.50)
#x (Ex1t)|=p=1J, on Sg,

lim, 500 7(ZH Xt -1 x (E X #)) =0.

Similarly, for any J € H~'/2(curl; Sg), we define the interior Electric-to-Magnetic operator A _
as

A_ :J—iZ(HX?T)|m=r, (6.81)
such that
curlE —ikZH = 0, in Q_,
curlH+ikZ 'E=0, inQ_, (6.82)
f‘X(EXf‘)‘T:R:.L ODSR.

Note that the denomination ‘Electric-to-Magnetic’ is convenient but slightly abusive since we
included the factor iZ in the above definitions.

We suppose that these operators are well-defined, see Remark 6.3.

We are now able to state our first diagonalization result.
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Proposition 6.19 ([110, Eq. (5.3.88)]). The Electric-to-Magnetic operators A+ are diagonalized
by Wy, and @y . The respective eigenvalues A‘I’Z and Ai 05 with 20 + 1 multiplicity, read

N A Re _ Gl(kR)
T U (eR) w07 TRy :
§(H R) and R 54(/1 R) Vel e N*. (6.83)
A<I> _ Z A<1> — 4
A4 Q/JZ(KJR) ’ T g (kR)

Proof. By Proposition 6.16, the fields (E;,H,) solutions of (6.80) and (E_,H_) solutions
of (6.82) are necessary of the form of (6.64) and (6.63) respectively. We denote by {Ei’_l’m, Ei),e,m}

and {H f ems H i” ¢;m},, the corresponding coefficients with obvious convention and we have from
the equations inside the domain and Lemma 6.17

e~ ZHE e =0 (684
H:(iI:),Z,m + iZ_lE:‘i’,Z,m =0.

From Proposition 6.18 we have

x (B_ x #) g, = Z Z R0+ 1) (B2, e (kR) B + E¥ (kR P )

Z lm_fl
£ x (Ep x )]s, = Z Z RV +1) (B, &(kR) @y + EY 0 E0(kR) P
=1 m=—4
(6.85)
and, similarly, using the relation ®,,, = ¥, ,, x f,
H_ x f‘|SR Z Z R~ )1/2 ( ?,Z,mwf(KR)‘IIZ,m + Hﬁf,mwé(’%R)@&m) ’
= 1 m——é
~H, x #[g, = Z Z R0+ 1) (+HE &(kR)®y — HE ) EL(KR)®0 ) -
=1 m=—¢
(6.86)

Using the relations between the coefficients, we can rewrite

H_ x s, = Z Z RN +1) 227 (B o (5R) W, — BT, 05 (KR) @) |

l= lm_ff
~H, x #[g, = Z Z R+ 1)) P27 (AEY (kR W +1EE € (RR)®r0m) -
{=1 m=—/¢
(6.87)
The above expressions for the eigenvalues are readily obtained by identification. |

We immediately deduce from the analytic expressions of the eigenvalues the following propo-
sition. This result can be interpreted as expressing energy conservation, see also [110, Th. 5.3.5].

Proposition 6.20. The eigenvalues of the FElectric-to-Magnetic operators Ay satisfy

SAY)=SA%,)=0 and SAY,) <0, SAT, <0 (6.88)

lm
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Proof. Since 1)y is real valued, the result for A_ is immediate. As for Ay, the result follows from
(see for instance [110, Th. 2.6.1]):

g (SR _ 1
(@(;@R)) |&(FLR)|2>0. (6.89)

From the expression of the eigenvalues, we also deduce the asymptotic behaviour for large £
of the Electric-to-Magnetic operators, as stated in the following proposition.

Proposition 6.21. The eigenvalues of the Electric-to-Magnetic operators AL satisfy, at infinity

N4 KR
/}y N { — +00. (6.90)
A2, ~ +57

Proof. From [46, Eq. (2.37) and (2.38)] we have, for z € C,

N Se+1 ~ i (2¢—1)!
’(/}e(Z) (2€+1)!I7 ¢ and 5@('2) . (QZ_Zf)H ’ £ — +OO, (691)
Ye(z) ~ (E + 1)%7 §o(z) ~ 1L prE

with the notation (2¢ 4+ 1)!! =1-3---(2¢ +1). The result is then readily established. [ |

Numerical illustration We represent the eigenvalues of the operators Ay for xk = 5 in Fig-
ure 6.5 for a sphere Sy of radius R = 2. The range on the y-axis was purposely restricted and
leaves some eigenvalues out of scope to better serve readability.

We recover numerically the result that the imaginary part of the interior Magnetic-to-Electric
operator is identically zero, while it is negative for the exterior one. The regularizing (respec-
tively de-regularizing) action of the operators Ay on ¥, ,, (respectively ®, ,,) is clear from the
asymptotic behaviour for large ¢ of the real parts (or modulus) of their eigenvalues that one can
infer from the graph. Note also that the eigenvalues in modulus are close to 1 for low mode
numbers /.

6.2.3 Operator stemming from potential theory

In this section we consider the operator TOBessel = 2K3,, which is one of the transmission
operator stemming from potential theory that we presented in the preceding chapter (and one
of the operators we tested numerically). Notice that a modal analysis of a similar operator was
already conducted in [34].

We recall the variational definition of K3 ,, valid for o € C:

(Ks o), =0 / / Go(1x — y]) (v(y) X B(¥)) - (v(x) x (x)) do(x)do(y)
Sr J8n (6.92)
+o 1t /S /S Go(|x —y|) curlg, ¢(y) curls, ¥(x) do(x)do(y).

Proposition 6.22. The operator Ks , given in (6.92) is diagonalized by ¥y, and ®y,,. The
respective eigenvalues, with 2¢ + 1 multiplicity, read

kP = ¢y(ioR)&(ioR), X
{kf —yleRgior), N (6-98)
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Figure 6.5: Real part, imaginary part and modulus (from top to bottom) of the eigenvalues of the
operators A_ (left column) and Ay (right column) with respect to the mode number ¢. Fixed

parameters k = 5, R = 2.
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Proof. To prove this result, we use the reinterpretation of the integral operator in the form of a
transmission problem (see (5.90)). For any J € H~'/2(curl; Sg), we have

1 N .
Koo d = 5 ( (B % 8) [+ (Ho % 9)]s, ). (6.94)

where (E;,H,) and (E_,H_) defined respectively in Q; and Q_ are (here dimensionless)
solutions to

CU.I'lEj: — O'Hi = 0, in Qi,
curlHL + cEL =0, in Qqy,
(H_ X f‘) |7’:R — (H+ X f‘) |r:R = 0, on SR, (695)
tX(E_o xt)|peg — & X (Eyf X ) |pzp =—J, on Sg,

lim, oo 7(Hy x#—# x (E; x 7)) =0.
In this coercive case, we would be able to state a result similar to Proposition 6.16: introduc-
ing the coefficients {EY , E$7€7m}p ., and {HY )0 Hi&m}e ., the solutions (E, Hy) in the
exterior domain are of the form

E, = zr:f ZZ E}_’é meurl (§(ior)Y, ,,t) + E+ 0 (o)™ ! curl curl (&(iar)Yg,mf‘)} ,

m=—/
H, = 2':‘); Zﬁque er mcurl (§(ior)Ye ) + H+ 0 m(io)” ! curl curl (fg(iar)ngf)] .

(6.96)
and the solutions (E_,H_) in the interior domain are of the form

E_=3/3>0 B2, curl ((ior)Yymt) + E¥,  (i0) " curlcurl (W(iar)Yg,mf‘)} :
H_ = Z':f Efn:% H?,K,m curl (Ye(ior)Ye &) + H‘E’j’m(ia)_l curl curl (¢g(iar)Y27mf)} .
(6.97)
From the equations inside the two domains 2+ and Lemma 6.17, we have
iE;I{:’ém_Hil/m =0,
s e (6.98)
LHE g+ EX g0 =0

Using Proposition 6.18, from the continuity requirement on the tangential component of H, we
get

H?,Z,md)e(iUR) - Hf,ﬁ,mgé(iaR) = 07 (6 99)
HEy thi(ioR) — HY, & (10 R) =0,
so that, using the above relations, we have
EY, ylic m 0,
emWe(ioR) — +g §u(ioR) = (6.100)

E?7g,m¢2(ia ) + 4, mgl( ) 0.

Now, using Proposition 6.13 and introducing the families {JZ’m7 me} , we can expand J as

lm
(the rescaling of the coefficients is chosen adequately in order to simplify some expressions in the

following)

J= Z Z R+ 1) (I W+ T8 @0 ) (6.101)
=1 m=—/
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so that using again Proposition 6.18, from the continuity requirement on the tangential compo-
nent of E, we get

E?,K,anf(io— ) + l, mgz( ) 7‘]2)1117
E?,é,mlbz(io- ) + 4, mgé( ) = _Jlglm

Eliminating the coefficients E‘_I’l,m and Ef&m using the relations we obtained previously we

(6.102)

write
R
< (iocR) (o R) — € (wR)) __ Y (6.103)
Ye(ioR) " ¢ +em bm
which can be further simplified using the Wronskian identities
Ve(2)X0(2) = Yp(2)xe(z) = 1, (6.104)
Ye(2)€(2) — Pi(2)€e(2) =
into
EY,,, = —it(icR)J2,, (6.105)

EY 4 = Hitbe(ioR)J},.

By definition, we have

1 0 . .

Kood i= =52 Y05 S0 0+ 1) (H2 , 0elioR) + HE &0 R)) Wi
1 00 ¢ . .

55 T S (U 1) (HE 040 R) + HY €10 R)) B,

(6.106)
which, using again the continuity of H at the interface, is readily simplified into

1 oo .
K;.J:= = 2':1 Zﬁw:% (L(¢ + 1))1/2 (_Hf’z’mfg(IO'R)‘I’&m +H + vm&(ioR)®y, m) ,
(6.107)
and further, using again the relations between the coefficients of H and E,

Kol = S5 Sl R+ 1) (FEY W&o R+ BT, 6o R) B 1)
(6.108)
and finally, we get

Ky od i= X050 Sty RO+ 1) (0elioR)E (0 R) TR, W1 + G40 R)E (10 R) I, ®1,1m )
(6.109)
Hence, since we can choose any J above, we readily obtain the claimed eigenvalues. |

Properties of the eigenvalues We can check directly on the analytical expression of the
eigenvalues that the operator K3 , has indeed the correct properties.

Proposition 6.23 (Positivity). The eigenvalues are all real and strictly positive

kF >0, EF >0,  VLeN* (6.110)
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Proof. Let ¢ € N*. From Rayleigh’s formulas [54, p. 10.49], we have, for complex arguments
z € C,

1d)\%sinz
. e 4
M(Z)_Z( Zdz) - (6.111)
(1Y con |
ye a zdz z

so that using the relation h,(fl)(z) = j¢(z) + iye(2) and Definition 6.15 of the Riccati-Bessel
functions we obtain, for a real x

‘.
1d h
i) = () (-2 ) T
r dx T
, (6.112)
. VAR 1d e *
&(lx) = (lx) ( xdx> 7
By induction on ¢, one can prove that for any ¢ € N*,
1 d\ sinhz 1d\ ‘e )
i —_——— :1 d i —_—— - —1 . .].1
sign [( a:dm) . ] , an sign [( J;dx) . ] (-1 (6.113)
The sign of k¢, o € {¥, ®}, is then readily checked to be positive. [ |
Proposition 6.24 (Asymptotic behaviour). We have at infinity
¥~ (L) ae e L e (6.114)
¢ oR ’ ¢ oR’ ' '

Proof. Recall that from [46, Eq. (2.37) and (2.38)] we have, for z € C,

ZI’.+1 . _ "

Ye(2) ~ oo ind () ~ -1
¢ . ~1)n

vo(z) ~ (+ 1) s G(z) ~ 1B,

(= +o0o0,  (6.115)

with the notation (2¢ 4+ 1)!! =1-3---(2¢ +1). The result is then readily established. [ |

Numerical illustration We represent the (positive and real) eigenvalues of the operator K3
for o = 5 in Figure 6.6 for a sphere Si of radius R = 2. The regularizing (respectively de-
regularizing) action of K3 , on W, ,, (respectively ® ,,) is clear from the asymptotic behaviour
for large ¢ that one can infer from the graph. Note also that the eigenvalues are close to 1/2 for
low mode numbers ¢, which will give 1 for the operator 2Kj3 , from our choice of renormalization
by the factor 2.

6.2.4 A general integral operator

We now study a general integral operator of convolution type, with a kernel that is rotation
invariant. In particular, following an original idea of Francis Collino, we prove the relationship
between the eigenvalues of the scalar and vector versions of this integral operator with the same
kernel. We then apply this result to Riesz potentials. These operators are not used ‘as is’ in the
method but are rather essential ingredients to the construction of some transmission operators.
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Figure 6.6: Eigenvalues of the operator K3 , with respect to the mode number ¢. Fixed param-
eters 0 =5, R =2.

6.2.4.1 A first diagonalization result

Let K be a radial kernel defined on RT, by which we mean that it is rotation invariant. Given
a scalar field f defined on the sphere Si of radius R, we define the scalar operator Px as

Prf(x) = ; K(x—yl)f(y)ds(y).  Vx € Sg, (6.116)

and, similarly, given a tangential vector field f defined on the sphere Si, we define the vector
operator Pg as

Pif(x) = g K(jx —y)f(y)ds(y), Vx € Sg. (6.117)

We will rely on the following lemma.

Lemma 6.25. The unique vector field JF  in L?(S?) satisfying

l,m

di It =Y, my
V52 o = N, (6.118)
curlg2 J;”, =0,
18
IE, == +1) 7 Wy, (6.119)
Similarly, the unique vector field ng in L2(S?) satisfying
1 Jd) =Y, ms
oIS m = (6.120)
divs2 J7,, =0,

is
IE, = +1) 2 By . (6.121)

s
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Proof. From the following identities [110, Eq. (2.4.184), (2.4.187) and (2.4.193)]

divg2 curlg2 = curl radg¢. = 0,
s 5 Brads: (6.122)
divg: gradg. = — curlgz curlg: = Age,

it is straightforward to check that (6.119) and (6.121) are indeed respective solutions to (6.118)
and (6.120). The unicity follows from Proposition 6.13 which states that any vector tangent field
in L?(S5?) can be decomposed on the basis of vector spherical harmonics. |

We are going to apply this lemma to the potential Pg. Before doing so we first need to
establish two technical lemmas.

Lemma 6.26. We have, on Sg,
divg: P f = Py 11k divge f, (6.123)
where LIK] is defined as

LIK](r) = %(%)ZK(T) +R2 /OT sK(s)ds, VreR, r>0. (6.124)

Proof. Let u = u,t + ugé + u¢g?) a vector field in R? in spherical coordinates (fyé@b) The
expression for the divergence of u at a point (7,6, ¢) in this basis is

1 1
divau = —28T(r2ur) + —divg: u. (6.125)
r r

Let x € Sg and x = ﬁ, we have
divg: P f(x) = x| divPgf(x) — |X|_18|x‘(\x\2PKf - X)(%). (6.126)
We are going to compute each term separately.

1. Computation of div Pxf(x). Recall that for a scalar field a and a vector field u in R? the
following identity holds

div(au) = a div(u) + grad(a) - u, (6.127)
from which we deduce

divy (K (|x —y)f(y)) = K(|x —y|) divx f(y) + grad, K(|x —y|) - f(y),

= grad, K(|x —y|) - f(y), (6.128)
so that
divPgf(x) = /S grad, K(|x —yl)-f(y) ds(y). (6.129)

Using grad, K(|x —y|) = —grad, K(|x —y]|) and the fact that the field f(y) is tangent
to Sg we get successively

divPgf(x) = / —grad, K(|x —y|) - f(y) ds(y),
S (6.130)

=/ R 'gradg. K(|x —yl) - f(y) ds(y),
R
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from which we readily obtain

div P £ (x) :/S RTK(Jx - y|) divs: f(y) ds(y), (6.131)

= R Py divge f.

2. Computation of d)x|(|x|*Pxf - X)(x). Let y € S and y = g—l, we have

Ol (I K (13 = y1)) = %[0 (|x — yDE"(|x — y]) + 2/x| K (Ix — y]), (6.132)
Now
Ol (Ix = y]) =[x = y|7" (Ix] = [y|% - 9). (6.133)
and since |x| =|y|=Rand (1-%-§y) = ";}’;'2, we get
x —yl
- = 134
T (Ix =¥1) = 5= (6.134)
so that, by definition of L[K], we obtain
2 R 1 2 7!
Ol (X" K (Jx = y])) = ==y S =YK (Ix = y]) + 2lx — yIK(Ix —y) | ,
, (6.135)
LT~y
x —l

Now we compute

O (X2P £ - )(x) = /S B (XK (Jx — y) £(y) - % ds(y),

(6.136)
LIK]) (|x —
:/ R3 [ ] (‘X y‘)fcf(y) ds(y),
Sk x -yl
and from y - f(y) = 0, we get
R LK) (|x — o
Ot %60 = [ RHELEEY) gy n(y) asty),
Sk x -yl

LK) (x—y

[ e oy a). s
Sk x —yl
=/ —R?grady L[K](|x —y]) - £(y) ds(y).
R
Using again the fact that the field f is tangent to Sr we finally obtain
Or(RPkf - 1)(x) = g —Rgradg: LIK](|x —y|) - f(y) ds(y),
R
. 6.138
= | RLIK](x ~ y]) dives £(7) ds(y). (6.138)
R
= RPL[K] diVS2 f(X)
Finally we have

diVS2 PKf: PK diVSzf—PL[K] diVS2 f. (6139)
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Lemma 6.27. We have, on Sg,

curlgz P f = Py curlg: f. (6.140)
Proof. Let x € Si, we have
curlg2 P f(x) = x - curl Pgf(x), (6.141)
so that
curlg: P f(x) = /SR curly (K(jx —y|)f(y)) - x ds(y). (6.142)

Recall that for a scalar field a and a vector field u in R3 the following identity holds
curl(au) = a curl(u) + grad(a) x u, (6.143)

from which we deduce

curly (K(|x —y)f(y)) = K(|x —y|) curlx f(y) + grad, K(|x —y|) x f(y),

= grad, K(]x —y|) x £(y), (6.144)
so that
curlg: Pgf(x) = /S (grad, K(|x —y|) x f(y)) - x ds(y). (6.145)

Using the fact that grad, K(|x —y]) is directed along x —y, we deduce

cutlgs P (x) = [ (grady K(x - y)) % £(3) - (x +y — x) ds(y),
Sn (6.146)
=/S (grad, K(|x —yl|) x f(y)) -y ds(y)-

Using grad, K(|x —y|) = —grad, K(|x —y|) and a simple property of the triple product we
get

curlg: P f(x) = /5 grad, K(|x —y|) - (y x f(y)) ds(y). (6.147)

Since y x f(y) is tangent to Sr we write

curlg: P f(x) = /s R lgradg. K(|x —y|)- (y x f(y)) ds(y). (6.148)

Finally, we obtain

curlg: Prf(x) = | —RUK(x =yl dive: (v x £(y)) ds(y),
Sk
= /s K(]x — y|) curlg: f(y) ds(y), (6.149)
= PK Cuﬂgz f(X),
|

We are now able to state the following abstract diagonalization result.
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Proposition 6.28. Assuming that the two scalar potentials are diagonalized by the scalar spher-
ical harmonics, such that

PKn,m = pK(@ }/@,mz

(6.150)
Prix)Yem = prix)(€) Yem,

where L[K] is given in (6.124), the operator Py given in (6.117) is diagonalized by W, ., and
@, . The respective eigenvalues, with 20 4+ 1 multiplicity, read

pr(0) =pr () =pri)(0)  and  pg(6) = pr(0). (6.151)

Proof. Using Lemmas 6.27 and 6.27 and the properties of the spherical harmonic Y7 ,,, we have,
on Sg,

divsz PK‘I)gym = PK—L[K] divsz ‘I)g,m . ([(f + 1))71/2 PK—L[K] divsz curlgz Yg_’m = 0,

and Cur152 PK‘I’g,m = PK Cur152 ‘P&m = —(((f + 1))_1/2PKA52Y47"“
= (U + 1)) P Yy n = (L0 + 1) pE(0)Yem,

(6.152)
besides,
dive: Pr®ym = Pic_ i) divez o m = (L0 + 1)) P 1ix)As2 Yo m,
= (U0 4+ 1) Prc_ i) Yeum = —(U0+ 1) PR Yo, (6.153)
and curlgs Px Wy ,,, = Pg curlge Wy, = (€(€ + 1))71/2 Py curlg: gradge Yy, = 0.
The result is then a strict application of Lemma 6.25 which yields that
Px® m = z )@ ms
K™®¢, p[\;( ) l,m (6154)
PK‘I’Z,m = pK(E)‘IIE,m
|

We will also use the scalar potential Px composed with surface differential operators. The
corresponding diagonalization result is stated in the following proposition.

Proposition 6.29. Assume that the scalar potential Pk is diagonalized by the scalar spherical
harmonics, such that

PxYom =pr(l) Yom. (6.155)
The operator curlgz Pk curlg: is diagonalized by ®y ., with associated eigenvalues
PR (0) = £(0 + Dpx (£), (6.156)
and
W, ., € Ker (curlgz Pk curlgz) . (6.157)

Similarly, the operator — gradg. Px divg: is diagonalized by W ,,, with associated eigenvalues
PR (0) = €+ Dpx (0), (6.158)

and
®y,, € Ker (gradg. Pk divg:). (6.159)
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Proof. The fact that
W, . € Ker (curlgz Pk curlgz),

. (6.160)
®) ., € Ker (gradg. Px divgz),

readily follows from
divg: curlg2 = curlgz gradg. = 0. (6.161)

Besides, we compute using simple properties of the scalar and vector spherical harmonics

curlg: Pk curlge ¢, = ((0 + 1))71/2 curlg: Pk curlgz curlgz Yy 1,
—(0(t+ 1) 2 curlg: PxAg2Yom = (60 +1))"? curlg: PYym,

— (0(£+ 1)) ?pr(0) curlgz Yim = £(0+ 1)pr ()@ (y).
(6.162)
The corresponding proof for gradg. Pk divge is similar. |

6.2.4.2 Application to Riesz potentials
We now apply the previous rather general results to the specific case of Riesz potentials for which

the diagonalization of the scalar potential is known explicitly.

Diagonalization results Recall that the kernel G3 s o, for a real s in the open interval (1, 3),
is written (we consider d = 3 in this chapter)

NG

3 Vr € RT. (6.163)
2573

)

G350( ) ()s)
2

Proposition 6.30. Let s € (1,3). The operator Pg, , , given in (6.116) with K = G340 s
diagonalized by Yy .. The respective eigenvalues gs(€), with 2¢ + 1 multiplicity, read

0) =R~ . 6.164
Proof. Let s € (1,3), x,y € Sg an %:%,y:%:%Wehave
s—3
r(°z*) s PCE) 3(1&~y)2
Gz so(|lx — =——="|x—-y| "= —="—R’ _ . 6.165
seallx—3l) = g msix oyl = : (6.165)
5—3

Let us first study the kernel (1_5‘ .y> ° Using the orthogonality of Legendre polynomials

2
/ Pt = 50t (6.166)
we write .
1-%-3\ 7 &
(2 ) = Zcepz(,z.y)’ (6.167)
£=0
where
s—3

1 _ >
o 21 / Pn(t)(lt> dt,  VneN. (6.168)
—1
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Besides, using the addition theorem [46, Th. 2.8],

n

N 4m T
P,(%-3) = T p;n Y, (%)Y, (3), Vn e N, (6.169)
we obtain
1-%-9\7 & 4 & R
(2 ) =S ey p;n Y (30 Yy (3)- (6.170)

Finally, using the orthogonality of the spherical harmonics, we readily obtain that

=52 +00 n
1—-%x-y\ ? R R At . / - R )
- =< Yem(y)d = — Y, Y, Yo m (3)d ,
/52 ( 2 ) em(§)do(y) nzz;)c m+1 p;n »(X) - »(3)Yem(9)do(y)
s—3

- l% /_11 Pa(t) (1;) Ca

Back to the potential Pg, , ,, we write

Yim (%)

(6.171)

Pas . oYem(X) = [ Gsso(lx = y)Yem(y)do(y),

s—=3

_ 1-%-9) 2
22 ps 1/ <> Yim(3)do(3),
ST (3) g 5 tm(9)do(y) (6.172)

et [ () T

which confirms that the spherical harmonics are indeed eigenfunctions of Pg, , ,. The eigenvalues,
which have 2¢ + 1 multiplicity, can be computed explicitly using Bonnet recursion formula [54,
p. 18.9], for z € [-1,1], £ > 1,

Yv@,m (X)7

(L+1)Prpi(z) = (20+ 1) x Pe(z) — L Py (), (6.173)
together with the initialization

Py(x) =1, Py (z) =z (6.174)

Py = /_11 Pz(t)<12_t>ﬁdt7 (6.175)

we find the recurrence relation, for ¢ > 1,

If we denote by

(C+1)pyy — (20 + 1)p) +2(20+ 1)p] ™ + tp)_, =0. (6.176)
It is a tedious (hence omitted) computation to show by induction that

L'B+1) I'(-p)
I'(—B) T2+(+p5)

Pl =2 (6.177)

Using this expression with g = %, one gets to the desired result. |
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We consider now the following three operators, parametrized by the real index s supposed to
belong to the open interval (1,3),

(Vi si0,)s, = M( F() Lo [ [ Conollx=sDt) - 60 drldoty).
QG0 ), = M(F f) w0 [ Ganlx = yi)divs, ofy) divs, bix) dolxaa(y).
Q5.0 9), = Mrf 2 [ [ Gaollx = sl curls 0ly) eurls (x) do()do(y)
We have, with our notations, for s € (1, 3), (6.178)
Va0 = 212/(72;()5) T Py
5.0 —Qﬁif) k*3R7? gradg. Pg,,, divse, (6.179)
2
Se0= 2}72()2) KSR curlg: Pg,_, curlg:.
:

Proposition 6.31. Let s € (1,3). The operator Vs s is diagonalized by Wy ., and ®y,,. The
respective eigenvalues, with 2¢ + 1 multiplicity, read
s2—1 &

07 (0) = vs(€) + ——— vs12(0) and v

2R () = v (0), (6.180)

where 5

s—1 F(§ + - %)
T(i+0+3)

Proof. Let s € (1,3). We can compute explicitly the kernel L[G3 o] from (6.124): for r € R™,

we have

vs(€) = (kR) (6.181)

(*3%) ol o 2 /T 2 s+1 ot
— Gs.g =R “=r """+ R t°7edt = —_ 6.182
(297_[_21-‘(;) [ 3,‘70](71) 27‘ 0 2(8—1) R2 ( )
which rewrites
1—\(3—3) 1—\(1—5) -1 s+ 1
L[Gs.. = 2 2 2 Gos : 1
[G3,5,0](7) (2%31“(;)) <2S+2W3F(5§2)> 25— 1)R Go,s+2(r) (6.183)

Using the recurrence relation I'(z + 1) = 2I'(z) of the Gamma function [54, (5.5.1)], valid for
z € C, the prefactor simplifies into

s(s+1)

L[Gg’s’o](’l’) = — 2R2 GO’S+2 (’I“) (6184)
From Proposition 6.30 we have
s(s+1)
PL[G3 s.n]Yl,m = T ToRz Gs+2(0)Ye,m, (6.185)

PGsboY@m _98(€)Y€m
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Using now Proposition 6.28 one gets, for all £ € N*, —¢ < m < /,

2vnI(5) .. s(s+1
ViuoBem = VTG on (0 264D ) @,
rés) 2 (6.186)
_ er(%) 1 '
VS,S,O‘I’Am = (= T s—1N K gs(é) 'I’Z ms
(%57)
which simplifies into
1 (TE+0-%) s(s+1) D(%) T(ER)TE +0-2£2)
V3,s,0@€,m = (KR)é ! ( 2 z + sz 52 - 52 ) (P@,mv
(3 +£+3) 2 T(5) TP TG 0+ 55)
G TE+e-3)
Vis0Tem = (kR)* " =2 2 Wy,
3,5,0 ¥¢, ( ) P(%-l—g—i—%) £,
(6.187)

One finally gets to (6.180) by using once again the recurrence relation of the Gamma function. W

Proposition 6.32. Let s € (1,3). The operator Qgs’(] is diagonalized by ® ,,. The associated
etgenvalues with 2¢ + 1 multiplicity, read

0 +1
Lo =D 0, wen, (6.188)
(kR)
and
U, € Ker QS ,, VeeN*, —£<m<{. (6.189)

Similarly, the operator QgG,s,o is diagonalized by Wy ,,. The associated eigenvalues with 2¢ + 1
multiplicity, read

1
S0 =00, wen, (6.190)
(kR)
and
Py € Ker QF, o, VeeN*, —(<m<UL. (6.191)

Proof. Let s € (1,3). From Proposition 6.30 we have, for all £ € N*, —¢ < m </,

Pay . oYe,m = gs(0)Ye,m- (6.192)

3,s,0

Using now Proposition 6.29 one readily get ¥, ,, € Ker Qgs,o and ®;,, € Ker Q?C,':&O; besides,
forall e N*, -0 <m < /(]

2/ T(3) ., 0041
Q3C,s,0 £m = F(1()2> K ! ((K,R)Q) gs(g) (I’E,my
QWETG) o+ 1) (6.193)
G 2 s—1
s0¥em = K s(0) Wpm,
QS, ,0 4, F( 1) (/{R)Q g ( ) £,
which simplify to the desired result. |

We can now apply the above results to the transmission operator T§** defined in (5.112).
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Corollary 6.33. The operator TH* is diagonalized by Wy and Py .,. The respective eigen-
values, with 20 + 1 multiplicity, read

tRies2 ¥ () — 9,71 19,71 4G, (0)°,
Rieszq)( )= e oo @572 (6) V0 e N*, (6.194)
Riesss®(0) 11, (1),
where
Ll+1
o=14+ LD e (6.195)
KR)
Proof. Recall the definition of the transmission operator
TORieSZ -1 + (Q3G75/270> ! Qg5/270 + (Qgs/27o) Qgc,/:5/2,07 (6196)
where
© =1Id — k*gradg,, divg,. (6.197)

Using simple properties of the surface differential operators together with Proposition 6.11, we
obtain
OWy . = 0,Wpm,

VEeEN, —(<m<L. (6.198)
@q’f,m = ‘IIZ,WV

The result is then a direct application of Proposition 6.32. |

Properties of the eigenvalues The explicit formulas for the eigenvalues give us insights on
the properties of the associated operators. This is especially valuable since we were not able to
prove some of these properties for a general surface X.

We begin with the easiest property, namely the positivity of the eigenvalues, hence of the
associated integral operators.

Proposition 6.34 (Positivity). For s € (1,3), the following eigenvalues are all real and strictly
positive

vs(0) >0, WX >0, wEW)>0, E)>0  ¢W>0 VeN. (6.199)
Proof. The (strict) positivity, for s < 5, and any ¢ € N* of v,(¢) defined in (6.181) stems from the
positivity of the Gamma function I' for positive real arguments (which can be seen for instance

from its integral representation, see [54, (5.9.1)]) The positivity of the other eigenvalues, for s in
the interval (1, 3), follows readily. [ |

As a direct corollary, we readily obtain the following result for the eigenvalues of our trans-
mission operator THi®,

Corollary 6.35. The eigenvalues of T§®* are all real and strictly positive
hiesz ¥ (p) > 0, hiesz® () > 0, VL € N*. (6.200)

The asymptotic behaviour of the eigenvalues is given by the following proposition, which
explains our choice of renormalization coefficients and our claim (5.98) on the order of the
integral operators considered.



6.2. DIAGONALIZATION RESULTS 213

Proposition 6.36 (Asymptotic behaviour). Let s € (1,3). We have, at infinity

0s(0) ~ 0F(D) ~ vE(0) ~ (5) [ 0.

5 (6.201)
G t ’
)~ ~ | — 14 :
O~ ~ () - o
Proof. We recall the Stirling formula
1 T\

I'l4+z) ~ -, T — 00. 6.202
( ) V2nx ( e) ( )

The claimed result then stems from, as £ — oo,

=

) TA4lts—(s—1)  (~h4esg) e

: ~ 0179 (6.203)
Lt +0+3%) (7%+£+§)(f%+z+g)

[SIEH [S][3Y
+ |+
(SIS
_|_

N|® [N]w

g

As a direct corollary, we readily obtain the following result for the eigenvalues of our trans-
mission operator T§ies2,

Corollary 6.37. We have, at infinity

. ¢\t . ¢
tRlesz,\IJ ~ o tRlesz,@ ~ . 204
(0) (nR) , (0) s as £ — 0o (6.204)
Proof. We have, by direct application of Proposition 6.36,
G c 0N\
¢ ~ S ~ [ — . 2
G0~ i50 ~ () - e (6.205)
and
0e+1) ¢\’
0, =1 ~ | — / . 6.206
=1+ (<R’ </<R) ; — 00 (6.206)
so that
—1
tRiesz,\Il(g) — 0[—1 + Hg_l QSZ(E)Q - <£R> ’ N 00,
, v (6.207)
Riesz,® _ C 2
]

From the previous result, we are also able to prove the mapping properties of the operator
THiesz in this spherical setting.

Proposition 6.38 (Mapping properties). The transmission operator TH? is a continuous
mapping from H~'/(curl; Sg) to H™'/2(div; Sg).
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Proof. Let J € H™'/2(curl; Sg) and denote by (Jem)
on the basis ¥y, and ®, ,, so that

for « € {¥, ®} its associated coeflicients
Lm

J4
Z Je’m‘I’g’m + ng(}&m) ) (6208)

||
'|| ™z

Since the operator T§®” is diagonalized on the same basis according to Corollary 6.33, we have

TRleszJ Z Z ( RlebZ ‘I,Jé m‘IIZ " + t?lesz q)Jequ’Z,m) 7 (6209)
=1 m=—¢

By definition of the norm on H~"/*(div; Sg)

4

T3 e = 3 3 (Cete+1) 7218, i
=1 m=—t (6.210)

e+ )R P 2).
From Proposition 6.37, there exists a constant C, independent of ¢, such that
TP <o (e )T TP < O e+ 1), (6.211)

hence

TG atess) = ZZ( (£+1)) 25 2 + e+ 1))
(=1 m=—¢ (6.212)

2
<C HJ”H*‘/Q(curl;SR)‘

Numerical illustration We illustrate the previous analysis with the numerical representation
of these eigenvalues. We report in Figure 6.7 the eigenvalues of the inverse of some integral
operators Vs s, with respect to the mode number ¢. We represented the eigenvalues for three
values of s € {3/2,2,5/2} (from top to bottom in the Figure), and for two values of o € {0, 5}.
For these particular results, the sphere Sk has a radius R = 2 and we set K = 5 (we chose 0 =5
so that it is equal to k).

Of course, we do not have analytical expressions for the eigenvalues of V3, for o > 0.
Inspecting the proof of Proposition 6.30, one finds that their computation can be performed
numerically as it boils down to evaluate

s 1
2vm Ff2) (kR)*™" / zﬂpg(t)Gg,s,(,( 2(1—t))dt (6.213)
(%) -1
which is what we did here.

We chose to represent the inverse of the eigenvalues for better visualization, since these
operators Vs s, are all regularizing, their eigenvalues tend to 0 which makes less interpretable
graphs. We observe numerically that the eigenvalues are indeed strictly positive and have the
expected asymptotic behaviour for large ¢: respectively powers of ¢/«r in {1/2,1,3/2} for s in

{3/2,2,%/2}.
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Figure 6.7: Eigenvalues associated to each W, ,, (left column) and ®, ,, (right column) of some

integral operators with respect to the mode number ¢. Fixed parameters k =0 =5, R = 2.
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A key observation to make is that, for ¢ = 0, the eigenvalues of the inverse operators asso-
ciated to low mode numbers ¢ are very small. Hence the ones of the operators Vs, are very
large, which is not a desirable behaviour, and it gets worse as kR increases. In contrast, for
o > 0, we observe that the eigenvalues associated to low mode numbers ¢ are (close to) 1, which
is adequate and stems from the rapid decay at infinity of the associated Kernel. We have already
commented on this aspect in the preceding chapter.

We remark that these graphs are numerical evidence that the Bessel operators (o > 0) are
indeed compact perturbations of the Riesz operators (o = 0).

Finally notice that the eigenvalues associated to either ¥, ,, (left column) or ®,,, (right
column) are very similar. One can barely notice the discrepancy for the smallest values of the
mode number £.
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In this chapter, we consider the discretization of some integral operators defined in Chapter 5
and provide some illustrative numerical results on very simple geometries. In the continuity of
the numerical analysis performed in Chapter 4, we consider conformal Galerkin discretization

strategies.

This chapter is divided into two parts. The first part concerns the acoustic setting, in two
and three dimensions. Our results can be seen as a complement to the work (in the 2D case)
presented in [91, Chap. 8]. We report results using four transmission operators. The first
two are local operators: the identity operator Id of Després; and a positive operator based on
second order surface differential operators. The other two are non-local operators that satisfy
the theoretical requirements of the convergence analysis of Chapter 3: the operator TOBessel =
;«% Wi, ko, Where Wy ., was defined in (5.21) which stems from standard potential theory; and
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the operator TORieSZ =1Id + W2*75/2’OW2’5/270 already numerically tested in [91], where Wy 5,0 Was
defined in (5.44), which is based on Riesz potentials.

The second part is devoted to the electromagnetic setting, in three dimensions. We discuss
the three operators that were already considered in Chapter 6. The first one is the basic refer-
ence given by the local identity operator Id of Després. The other two are non-local operators
that satisfy the theoretical requirements of the convergence analysis of Chapter 3: the operator
THessel = 2K3 1., , defined in (5.82), which stems from standard potential theory; and the operator
THiesz defined in (5.112), which is based on Riesz potentials.

For all these transmission operators we briefly give some details on their implementation in
practice. However, we discuss in more depth the discretization of the operator T§®* which
caused some difficulties that can be of interest. As we shall see, the nature of the issue lies in
the lack of discrete inf — sup condition for the L? duality between standard (low-order) Raviart-
Thomas and Nedelec surface finite elements. This fact is well-known in the integral equation
community, it arises especially when devising efficient preconditioners of the so called EFIE
equation. Fortunately, a remedy is available, it is based on Buffa-Christiansen dual finite elements
constructed on a barycentric refinement of the mesh [24]. It is interesting to see here a different
application of these elements in the context of domain decomposition. We believe that our
encountering of this problem is not fortuitous and one would almost inevitably stumble on it
when trying to derive integral operators with the correct properties for a transmission operator.
In this respect, even though the outcome of our numerical tests were somehow disappointed, the
discussion of the issue seems of importance.

The numerical experiments reported in this chapter aims at illustrating the interest of using
non-local operators satisfying the requirements of the convergence theory of Chapter 3. Overall,
we illustrate numerically the theoretical results of the convergence analysis when a transmission
operator satisfying the adequate properties is used. Importantly, we show the h-uniform conver-
gence rate of both the relaxed Jacobi and the GMRES algorithms if a non-local operator is used
as transmission operator. This is not true if one uses a local operator, one can observe in some
cases a strong deterioration of the convergence rate as the mesh is refined. In particular, we show
the slow convergence of the relaxed Jacobi algorithm when using local operators, which is due to
the highly oscillating modes. The GMRES algorithm succeeds to some extent in mitigating the
effect of those modes.

If the numerical results illustrate the theoretical analysis, from an application standpoint,
the performance of the non-local operators in 3D is somehow disappointing (in 2D, they are very
efficient). Our interpretation is that the boundary element method that is used to approximate
the integral operators is inadequate in this context.

The research code that was used to run the tests was developed specifically to test the method
and uses standard (low-order) finite elements. The code is primarily written in JULIA [16]. The
meshes are generated by GMSH [77] which is conveniently interfaced with the JULIA code through
the JuLiA API. The computation of every integral operators considered in this work is performed
by external routines written in C++ or FORTRAN by Xavier Claeys and Francis Collino, as
indicated in what follows. These routines were also interfaced with the JuLiA code. The code
was validated on standard scattering test cases.

A word of warning: in all the numerical experiments we present below and in subsequent
chapters, the tuning of the parameters associated to each operator is not optimal (this stands
also for the operators we advocate) and is guided by simple heuristics. As a matter of fact, we
shall hardly change them between different test cases. We therefore acknowledge that, in some
cases, we might be wary of the results as it would be possible to obtain much better convergence
that what is reported here by simply adjusting a few parameters. Our point of view is that a
robust method should not be too much sensitive on the choice of its parameters. This way of



7.1. ACOUSTIC SETTING 219

proceeding simplifies in some sense the discussion but one could argue against it.

7.1 Acoustic setting
In the acoustic setting, we report and compare results using four transmission operators:
e two local operators:

— the identity operator Id of Després;

— a positive operator based on second order surface differential operators, namely

1
Id — —=Ay; 7.1
2&02 > ( )

e two non-local operators that satisfy the theoretical requirements of the convergence analysis
of Chapter 3:

— the operator, for d € {2, 3},
2
TE = = Wy o (7.2)
Ko

where Wy ., was defined in (5.19) and stems from standard potential theory. To the
best of our knowledge, this operator was not previously tested numerically;

— in the two dimensional case only, the operator
TORieSZ =1Id + WQ*,5/270W2)5/2)0, (73)

where Wy s/, o was defined in (5.44), which is based on Riesz potentials. This operator
was already tested in [91], but the values of the parameters of the version used in our
numerical experiments are different than the ones used in this reference. Although
this operator can be quasi-localized by truncation, we use the full operator in our
numerical experiments. It is included in this analysis for the sake of comparison.

7.1.1 Discretization strategy

The discretization of the integral operators in the acoustic setting follows standard practice,
see [124, Chap. 4] for a reference.

The (elliptic) hypersingular operator Wy, in the definition of Tl is a variation of a rather
standard operator. As a result, and it is a strong advantage, several freely available codes are
available to compute the matrices of Wy, in both 2D and 3D. We chose to use the BEMTooL
library !, mainly developed by Xavier Claeys and written in C+.

The operator W55/, ¢ in the definition of T is uncommon and requires specific quadra-
ture routines. The matrices of this operator are computed thanks to a FORTRAN routine written
by Francis Collino, only available for the 2D case. This operator was already used in previous
work [91] were extensive results in other configurations were reported. In contrast to this refer-
ence, the parameters involved in the definition of this operator are not optimized in the results
we present.

Thttps://github.com/xclaeys/BemTool
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7.1.2 Numerical experiments

The purpose of this section is to provide some numerical results in the acoustic setting illustrat-
ing the convergence of domain decomposition methods using the integral operators previously
described.

7.1.2.1 Test case and implementation details

We consider a model test case in 2D or 3D, that will be repeatedly used in the following (Chap-
ters 7, 8 and 11). Of course, we shall also consider several variations of this test case.

Test Case Helmholtz. The domain ) is a disk d = 2 or ball d = 3 of radius R = 1 with a
boundary denoted I" := 0 and an outward unit normal vector v. The model problem we consider
18

Find u € HY(Q) such that

(— div ﬁ grad —”)%2) u =0, in Q, (7.4)
(ot 0y —iko) u= (p; ' By — iK0) Uine, on T,

where uine 15 a plane wave in the direction d which is always set to be the unit vector in the x
direction, and is written at a point x

Uine(X) 1= eirodx (7.5)

By default, the medium of propagation is supposed uniform (p, =1 and A\ = 1) and the reference
wavenumber is set to the value kg = 1.

By default, the domain Q is partitioned into J = 2 non-overlapping domains ;, j € {1,2},
separated by a circular or spherical interface ¥ at R = 0.5.

We provide below various figures reporting convergence results for the relaxed Jacobi algo-
rithm and the restarted GMRES algorithm for this test case. To simplify the discussion, the
relaxation parameter of the Jacobi algorithm is taken to be r = % throughout all the numerical
experiments presented in this work. For the same reason of simplification of the discussion, the
restart of the GMRES algorithm is set to 20 iterations. Increasing this number typically yields
faster convergence but increases the burden on the memory of the machine induced by the larger
Krylov subspaces.

For both these iterative algorithms, the relative errors that are reported are computed in the

broken H' norm, defined at the iteration n as

J
Zj:l ||UZ - uhHiII(ijh)

T
Zj:l Jup, — “h”%{l(gm)

(relative error)® = . (7.6)

where U}! is the volume solution at iteration n, Uy is the initial volume solution (taken to be zero
in practice) and wuy, is the exact discrete volume solution of the full (undecomposed) problem.

This choice of volume (energy) norm deserves some comments. First, it is not completely
standard practice, since the quantity that is in general reported is usually the L? (or rather the
£?) norm of the residual of the linear system, which stems from a problem posed on the interface.
This is justified by the fact that this quantity is easy to compute and readily available in standard
implementations of the GMRES algorithm.

Instead of the norm of the residual, we chose to represent an error in the volume of the
domain, computed in the natural energy norm. The reason for this is that our choice of norm is
completely independent of the choice of transmission operator and is not too much sensible to
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the mesh partition. Of course, it is not possible to monitor the convergence that way in real-life
applications since the computation of the norm requires access to the exact discrete solution, but
our focus here is on the (fair) comparison of different methods.

In all test runs that were performed throughout this work, the convergence was stopped if a
maximum number of 10% iterations (sometimes increased to 10°) was not enough to get to the
set tolerance. Besides, when we report a number of iterations to achieve a certain tolerance for
the relative error, this tolerance is set to 1078,

7.1.2.2 Convergence history

2D The full convergence history of the relative broken H' error for the Jacobi and GMRES
algorithms are provided for this test case in Figure 7.1 as an illustrative example of typical
convergence.

100 [-® = 100 & —o— 0 order |
—— 2"order
-3 L S So0e0a N 3L 1 TECSSCI
5 10 SO00 w . 10 ) —e TRicsz
= =
() [}
[ [}
Z 1075 | 15 1076 :
= =
~ —o— 0'Morder ~
1079 | —+— 2™order | | 10—° |- i
= T(})Bessel
e T(I)Kiesz
10-12 | IS I I 10-12 | | |
0 100 200 300 400 200 300 400
Iteration number n Iteration number n
(a) Relaxed Jacobi algorithm (b) GMRES algorithm

Figure 7.1: Helmholtz 2D. An example of convergence history. Fixed parameters kg = 1, Ny =
40, disk of radius R = 1.

For the Jacobi algorithm, we note that the convergence associated to Després transmission
condition seems to be stalling. In fact, the convergence does not stop, but becomes really slow.

We observe on this first example an important effect that is rather general and which is
the presence of seemingly different convergence regimes. For instance for the Després condition
(operator Id), we notice a first short regime (10 first iterations) of rather fast convergence, a
second part with a slower rate (up to iteration 100) and a third regime of very slow convergence.
For the other operators we observe two main regimes, the first one being quite fast while the
asymptotic regime is slightly slower.

The presence of such regimes can be explained by Fourier analysis. In fact, if we were to
decompose the source term (a plane wave) in the Hilbert basis, we would realize that most of the
energy is concentrated on the propagative modes, since they have the largest coefficients in the
expansion (the highest coefficients corresponds to the modes that are close to the wavenumber
ko). As for the evanescent modes, their energy (and coefficient) decreases (exponentially) as the
number of the mode increases. The first regime can therefore be interpreted for all operators
as the convergence of the propagative modes which are mainly present in the components of
the error at the beginning of the convergence and have relatively small convergence rates. At
some point, the main modal contribution in the error will come from the modes that have the
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smallest convergence rate, hence control the rest of the convergence. And in fact those modes
are very different in nature when we consider local operators (0! and 2" orders) or non local
ones (THessel and TH?). For local operators the modes with the smaller convergence rate are
the evanescent modes while for the non local ones they are the grazing modes. In both cases,
these are the modes that yield the asymptotic convergence rate that we observe.

This effect is corroborated by the results in Figure 7.2, which represents the modulus of the
absolute error between the exact discrete solution (the finite element solution of the undecom-
posed problem) and the discrete solution obtained using the DD algorithm. The convergence of
the Jacobi algorithm was stopped for a relative residual of 1076 which is enough to get to the
asymptotic regime. The test case is the same, but with a higher frequency xo = 10 (and a mesh
constructed to have Ny = 40 points per wavelength) for a better visualization.
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Figure 7.2: Helmholtz 2D. Absolute error modulus. Fixed parameters ko = 10, Ny = 40, disk of
radius R = 1, Jacobi algorithm.

We observe that for the local operators, the error is highly concentrated near the interface,
rapidly decreasing away from it, which are characteristics of evanescent modes. In contrast, for
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the two integral operators, the main components seem to come from grazing modes: oscillatory
modes concentrated near the interface and slowly decreasing away from it.

3D The full convergence history of the relative broken H' error for the Jacobi and GMRES
algorithms are provided for this test case in Figure 7.3 as an illustrative example of typical
convergence.
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Figure 7.3: Helmholtz 3D. An example of convergence history. Fixed parameters kg = 1, Ny =
40, ball of radius R = 1.

The convergence of the algorithm in the case of the identity operator is very similar to the 2D
case. This is not true for the second-order operator which performs rather well, even better than
the non-local operator for the GMRES algorithm. In comparison to the 2D case, the non-local
operator seems to struggle a little to converge for the relaxed Jacobi algorithm. The situation is
less clear than in the 2D case, but such results do not contradict the analysis.

7.1.2.3 h-uniform geometric convergence

The purpose of the subsequent numerical experiments is to illustrate the main theoretical result
on geometric convergence, namely the fact that (suitable) non-local operators allow for uniform
convergence rate with respect to the mesh parameter h. This is an important feature for a DD
method to have that can save flops and time in several situations. Firstly, when the domain of
propagation is large with respect to the wavelength of the problem, the mesh needs to be refined
to limit the pollution effect. Besides, realistic meshes are not uniform in general and may exhibit
local refinements to capture geometrical details or domain heterogeneities. Finally, for some
applications, computations are often done with one single mesh that is used to compute different
solutions at different frequencies. This is due to the fact that the engineering time required to
mesh some geometries can be quite large in proportion of the total time dedicated to run the
test case. In particular producing good quality meshes is not a simple task that is quite time
consuming for engineers. As a result, the mesh can be uniformly quite refined for the lowest
frequencies considered.

2D We report the number of iterations to reach convergence with respect to mesh refinement
in Figure 7.4 for the (relaxed) Jacobi and GMRES algorithms. The refinement of the mesh is



224 CHAPTER 7. NUMERICAL RESULTS USING INTEGRAL OPERATORS

indicated by the number of points per wavelength N, which is inversely proportional to the
typical mesh size. In Figure 7.4b we also report the number of GMRES iterations that are
required to achieve the same error to solve the full (undecomposed) linear system (line plot
labelled ‘No DDM”). This is to be read as an indication of the conditioning of the original linear
system rather than an actual method of resolution. We see that this iteration count has a growth
which is approximately quadratic with respect to Ny, illustrating the deterioration of the matrix
conditioning as the mesh is refined.
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Figure 7.4: Helmholtz 2D. Number of iterations with respect to the number of mesh points per
wavelength N)y. Fixed parameters kg = 1, 2D, disk of radius R = 1.

For the two local operators the convergence is not uniform with respect to the mesh refinement
and a large number of iterations is required to get to the set tolerance. The growth of the iteration
count appears to be quasi quadratic with respect to N, for the Jacobi algorithm and quasi linear
for the GMRES algorithm. For small mesh size the convergence may not even be reached within
10° iterations. In contrast, the non-local operators T5**¢! and T exhibit uniform convergence
in all cases, with a very moderate number of iterations required to reach the set tolerance.

3D Figure 7.5 reports the number of iterations to reach convergence with respect to mesh
refinement in the 3D case. For the Jacobi algorithm, no results are presented for the identity
operator because it would not converge to the required precision in under 10° iterations.

Again, for the Jacobi algorithm with the second operator the convergence is not uniform with
respect to the mesh refinement. The growth of the iteration count appears to be quasi quadratic
with respect to Ny. In comparison, as predicted by the theory, the iteration count associated to
the non-local operator T5®*¢! does not grow.

For the GMRES algorithm, the iteration count associated to the identity operator grows sub-
linearly, similarly as for the 2D case. And again, the number of GMRES iterations required to
solve the full (undecomposed) linear system (line plot labelled ‘No DDM’) grows (super) linearly
with N,. For the two other operators, the iteration count is reduced and does not clearly grow.
This was expected for the non-local operator TF®*¢! but seems surprising for the second order
operator, especially in view of the results in the 2D case. Such efficiency might be due to the
specific test case, with the spherical geometry.
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Figure 7.5: Helmholtz 3D. Number of iterations with respect to the number of mesh points per
wavelength Ny. Fixed parameters ko = 1, ball of radius R = 1.

7.2 Electromagnetic setting

We turn now to the discretization strategy of the domain decomposition method applied to
Maxwell equations. We compare the three operators that were already considered in Chapter 6
together with a naive local operator based on second order tangential differential operators,
namely

e a local operator:

— the identity operator Id of Després;

— a positive operator based on second order surface differential operators, namely

1
Id — — curly curly; 7.7
9o s curly (7.7)
« two non-local operators that satisfy the theoretical requirements of the convergence analysis
of Chapter 3:

— the operator T5**¢! = 2K ,, defined in (5.82), which stems from standard potential
theory.

— the operator TORieSZ, defined in (5.112), which is based on Riesz potentials.

The discretization of the operator Kj ., using standard boundary elements is fairly straight-
forward and similar in spirit to the acoustic setting that was just described. In contrast, the
discretization strategy that shall be adopted for the TH®* operator is much more involved. This
is due to a commonly uncountered difficulty in the numerical analysis of electromagnetic integral
equations, namely the lack of a discrete inf —sup condition on the duality between standard
Nedelec and Raviart-Thomas (or equivalently Rao-Wilton-Glisson) boundary elements. A rem-
edy was found by Buffa and Christiansen in their celebrated paper [24] that rely on an L2-dual
finite element subspace constructed on the dual mesh (see also [2, 93]). We shall try to explain
where lies the difficulty and then exploit their technique in our context.
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7.2.1 Discretization strategy
7.2.1.1 Variational formulations

Since the discretization strategy consists in using a Galerkin formulation, the volume unknown
E € H(curl; Q), solution of the interior local sub-problems, will be approximated using standard
(in our case, first order) volume Nedelec edge elements (on tetrahedrons). The tangential trace
v x (E x v) € H'/2(curl; £) on the interface will naturally be approximated by surface Nedelec
edge elements (on triangles).

Operator T5°*! The operator 2K3, is defined variationally, for any ¢, € H'/2(curl; ¥),
by

(Ko, )y =0 / / Gl — 1) (v(y) x W) - (v(x) x B(x)) do(x)do(y)
sJ5 (7.8)

+o! /Z /E Go(z —y) curly ¢(y) curly ¥ (z) do(z)do(y).

The two variables ¢ and 1 can be approximated using Nedelec finite elements. Since this is a
discrete subspace of the continuous space for which the above operator is coercive, the discrete
approximation of the operator is also a continuous and positive isomorphism from the discrete
approximation space to its dual.

Operator TH®? Let a ¢ € H™'/2(curl; ¥) be given. At least formally, and at the price of
introducing three auxiliary variables, one can write the following variational system to compute
the action of the operator TH®?: we seek TH%¢, @, @, and (g, such that

fesz curly, . curly 1,[1 divy @, divs ¢
<TOR ¢7¢>2:/¢0¢+// 1/2 ——r == 1/2 )
by X% Ix —yl oxx X =Y

/(SOO'SDB-I-dinSDodiVECPB) =/¢'80(t)’

/ o 80 // curly ¢ curly <pc
core XD Ix — |1/2 ’
divs ¢ divy, ¢!
/ (gog <pg + divy ¢4 divy (pg // —1/297
oS Y|

for all test functions 1, f, L and ¢}, elements of suitable test spaces.

By construction, the tangential trace ¢ of the volume unknown is approximated by Nedelec
surface finite elements. As a result, we can readily spot a possible issue regarding the discretiza-
tion of the right-hand-side of the fourth equation in the previous system. Indeed, the Nedelec
finite elements are not divy conforming (they are actually constructed to be curly conforming).
By symmetry (that stems from the symmetry of the operator), since the associated test variable
1 will also be approximated by Nedelec finite elements, the discretization of the third term in
the right-hand-side of the first equation in the system might also be problematic.

Discarding for the moment this issue, we now address the delicate question of the choice
of approximation spaces for the auxiliary variables ¢., ¢o and ¢4. Note that these unknowns
are respectively elements of L?(X), H'2(X) and H'(X). The unknown ¢, needs to be curls
conforming, which can be seen from the presence of the second term in the right-hand-side of
the first equation. It follows that a natural choice is to use Nedelec elements for both ¢, and
!. Similarly, from the left-hand-sides of the second and fourth equations, we shall require the
unknowns ¢q and ¢, (and their associated test functions respectively ¢} and t,og) to be divy
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conforming. A natural choice would then be to use Raviart-Thomas finite elements. However,
this choice for g and ¢ leads to another issue, as the bilinear form associated to both the first
term in the right-hand-side of the first equation and the right-hand-side of the second equation
does not satisfy a discrete Babuska-Brezzi inf — sup condition. We shall give some more detail
on the nature of this problem in the next sub-section and give a possible remedy.

7.2.1.2 Buffa-Christiansen space

Because of its ubiquity, we take a short detour in order to clearly expose the issue and a possible
solution as proposed by A. Buffa and S. Christiansen in [24].

The problem stems from the lack of discrete stability of the bilinear form (v is the outward
unit normal vector to X)

o) = [0 - (7.10)

if ¢ spans either the Raviart-Thomas or equivalently the Nedelec finite element spaces. Actually,
the associated matrix has a non-zero kernel.

To cope with this difficulty we rely on the discrete approximation space described in [24]
which is L?-dual to the Nedelec finite element space and divs-conforming. More precisely, we
rely on the result given by Proposition 3.14 in [24] which states that the L? duality between
the Nedelec and this new space does satisfy a discrete inf — sup condition. In the following, we
refer to this space (and the associated finite elements) as the Buffa-Christiansen space (and finite
elements). We point out that we use here the divsy-conforming version of the dual space, i.e.
adopting the notations of [24], our Buffa-Christiansen space is th x v, which is L? dual to the
Nedelec space X} x v.

Numerical illustration We propose below a little numerical experiment to try to illustrate
the issue and its solution. To do so, we consider a revealing (albeit simple) generalized eigenvalue
problem.

Let us denote by M,, for « € {NED, RT, BC}, the matrix associated to the bilinear form

(¢a; PNED) F> / Pa * PNED; (7.11)
b

where NED, YRT, ¥BC Span respectively the Nedelec, Raviart-Thomas and Buffa-Christiansen
finite element spaces. Here ¥ is taken to be the unit sphere S2.
The two eigenvalue problems we consider are, for « € {RT, BC},

0 M.| |¢NED MxED 0 SDNED}
=X , 7.12
{Mg 0 } b’NED] { 0 MNED] [¢NED (7.12)

where @pngp and ¢ngp are elements of the Nedelec space. We report in Figure 7.6 the sorted
eigenvalues \,, for o € {RT, BC}.

We clearly see a non-zero null-space associated to the case o = RT with approximately a
third of the eigenvalues below machine precision. In contrast for « = BC, the eigenvalues stay
bounded away from zero. The eigenvalues of the continuous problem are —1 and 1, we observe
that the quality of the approximation is rather similar in both cases (expect for the kernel). If
the mesh is refined (not illustrated here) the situation stays the same.
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Figure 7.6: Sorted eigenvalues )\, for a € {RT, BC}, of the two generalized eigenvalue problems
illustrating the lack of discrete stability of the bilinear form (¢, ") = [;(v X @) - ¢".

7.2.1.3 Appropriate discretization of T

It is straightforward to see that by choosing the Buffa-Christiansen space to approximate the
unknown ¢ and its dual variable ¢f we readily solve one of our aforementioned issue. It turns
out that this space is also the key to solve the other difficulty. The first step to do so, is to
represent the tangential trace ¢ by an element of the Buffa-Christiansen space, denoted &g,
which is by construction divy, conforming. This new representation is then simply substituted in
the right-hand-side of the fourth equation of the above system, which by construction also satisfy
a discrete inf — sup condition. To retain the symmetry of the operator, we are led to introduce
yet another unknown, denoted ¥4, also approximated by Buffa-Christiansen elements, to deal
with the discretization of the third term in the right-hand-side of the first equation of the above
system.

Finally, at the expense of having now five auxiliary unknowns, we consider the following
variational definition of the transmission operator: we seek TR, g, @, pg, & and Vg4, such

that | |
<T(F){ieszd)’r¢>22/§00‘,‘/)+// Curz‘PcCurET/’ /19 T,Z’y
by DI Ix—y |1/2
/(<Po-¢6+divmpodivz¢6)=/¢-<p67
curly, ¢ curly, ¢!
‘106 cpc 1/2 )
X3S Ix -yl (7.13)
&&= [ o6,
/2 g9°Syg . g

. . divy &, divy ¢!
/(SDg'Sny-f—leZSOgleZSOZ)Z//E E—Q Z,
X

x—y[172
/19 ﬁt // dlvchgdlvzﬂ
TXED |X—Y‘1/2 7

for all test functions v, o, @k, ¢, &, and ¥4, The unknowns TF*“¢ and ¢, are sought as
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elements of the Nedelec space while the unknowns ¢q, ¢4, &, and 9, are sought as elements
of the Buffa-Christiansen space. Similarly, the test functions 1 and ¢! span the Nedelec space
while the test functions ¢f, ¢!, &, and ¥ span the Buffa-Christiansen space.

A careful inspection would reveal that the above system does define a self-adjoint operator. It
would remain to prove rigorously that it is indeed a positive isomorphism, uniformly continuous
with respect to the mesh parameter.

7.2.1.4 Singular quadrature

The numerical integration of the singularity in the operator 2Ks ,, is standard and can be tackled
using different strategies, for instance Sauter-Schwab techniques, see [124].

In contrast, the singularity that is present (several times) in the definition of the operator
THiesz is more challenging. The strategy that is adopted in the routine implemented by Francis
Collino rests in part on the works of Lenoir and Salles [92]. However, while their method
allows to evaluate singular integrals analytically, the implementation uses their technique when
a singularity needs to be evaluated but switches to numerical approximation otherwise.

7.2.2 Numerical experiments

The purpose of this section is to provide some numerical results in the electromagnetic set-
ting illustrating the convergence of domain decomposition methods using the integral operators
previously described.

7.2.2.1 Test case and implementation details

We consider a model test case in 3D, that will be repeatedly used in the following (Chapters 7, 8
and 11). Of course, we shall also consider several variations of this test case.

Test Case Maxwell. The domain §2 is a ball of radius R = 1 with a boundary denoted I' := OS2
and an outward unit normal vector v. The model problem we consider is

Find u € Hr(curl; Q) such that

(curl }% curl —/—102er) u=0, in Q,
(u ! curlu) x v —ikgr X (u x v) = (u ! curlujye) x v —ikor X (Wine X V), on T,
(7.14)

where Uine 15 a plane wave in the direction d which is always set to be the unit vector in the x
direction, and is written at a point x

Uine(x) 1= (0,0, —1)7 ¢lrodx, (7.15)

By default, the medium of propagation is supposed uniform (u, =1 and €, = 1) and the reference
wavenumber is set to the value kg = 1.

By default, the domain Q is partitioned into J = 2 non-overlapping domains Q;, j € {1,2},
separated by a spherical interface ¥ at R = 0.5.

We provide below various figures reporting convergence results for the relaxed Jacobi algo-
rithm and the restarted GMRES algorithm for this test case. The relative errors that are reported
are now computed in the broken H(curl) norm, defined at the iteration n as

o R = s eunr,
(relative error)® = =2 Lok H(Curl’g‘7’h)7 (7.16)

J
Zj:l Hu(})L - uh”%—l(cul‘l;ﬂj,h)
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where U}! is the volume solution at iteration n, Uy is the initial volume solution (taken to be zero
in practice) and uy, is the exact discrete volume solution of the full (undecomposed) problem.

7.2.2.2 Convergence history

The full convergence history of the relative broken H(curl) error for the Jacobi and GMRES
algorithms are provided for this test case in Figure 7.7 as an illustrative example of typical
convergence.

I I
100 y 100 |- & —o—0%order |
—— 2"order
= T(]?essel
1073 = ].073  Q “\ Riesz
;6 ;5 h —de— TO
g B
<) o .
Z 1076 - - 2 1076 I -
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Cqé —o— 0P order Df(o
10-9 | ——2™order | | 10-9 | i
g TBossel
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0 100 200 300 400 0 100 200 300 400
Iteration number n Iteration number n
(a) Relaxed Jacobi algorithm (b) GMRES algorithm

Figure 7.7: Maxwell 3D. An example of convergence history. Fixed parameters ko = 1, Ny = 40,
ball of radius R = 1.

Looking at those graphs, the interest in using non-local operators, which are much more
costly, is not clear. It appears the operator TH®” performs the worst. Again, we emphasize
that this is not in contradiction with the convergence theory of Chapter 3 or the modal analysis
of Chapter 6 (note that in these numerical experiments, the wavenumber is considerably lower
than for the numerical illustrations of the modal analysis).

7.2.2.3 h-uniform linear convergence

We report the number of iterations to reach convergence with respect to mesh refinement in
Figure 7.8 for the (relaxed) Jacobi and GMRES algorithms. The refinement of the mesh is
indicated by the number of points per wavelength N\ which is inversely proportional to the
typical mesh size.

In Figure 7.8b we also report the number of GMRES iterations that are required to achieve
the same error to solve the full (undecomposed) linear system (line plot labelled ‘No DDM’).
There is only one point, which corresponds to the coarsest mesh, since the algorithm was not
able to converge in under 10° iterations as the mesh was refined. Similarly, as in the acoustic
setting, no results are presented for the Jacobi algorithm for the identity operator because it
would not converge to the required precision in under 10° iterations.

We observe the robustness of the non-local operators with respect to the mesh refinement.
Unfortunately, we cannot observe the deterioration of the convergence of the relaxed Jacobi algo-
rithm associated with the zeroth-order local operator since no results are available for this case.
When the GMRES algorithm is used, the very mild deterioration of the results for the identity
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Figure 7.8: Maxwell 3D. Number of iterations with respect to the number of mesh points per
wavelength N). Fixed parameters ko = 1, ball of radius R = 1.

operator is not pronounced enough to conclude. We see again that the GMRES algorithm is able
to mitigate the effect of the evanescent modes (which are the ones damaging the convergence of
the relaxed Jacobi algorithm) quite effectively.

In contrast, the deterioration of the convergence for the second-order operator is very clear,
the growth in iteration count is quadratic for the relaxed Jacobi algorithm and linear for the
GMRES algorithm.

7.2.2.4 On the performance of the non-local operators

Overall, the results in 3D using non-local operators both for the Helmholtz and Maxwell equations
are somehow disappointing at this point. We stress though that the results do not contradict
the theory. If those non-local operators do have all the required theoretical properties to ensure
convergence of the domain decomposition algorithms, they somehow perform poorly in practice,
especially in view of their rather heavy computational cost.

If it is essential to bear in mind that these tests are rather academic, and we nevertheless
expect some robustness when the test configuration changes, we acknowledge that those results
raise legitimate questions. We could first suspect implementation errors, given in particular
the complexity of the implementation of the operator T§®*. We performed numerous tests to
investigate the issue, which are not reported here because of their low interest. We checked for
instance the agreement of the eigenvalues of the operators computed numerically with the values
computed using the analytical expressions found in Chapter 6.

The main conclusion of our investigations is that the poor efficiency of the non-local operators
is due to the discretization strategy that is used to compute them. We suspect, without being
able to argue rigorously, that the discrepancy in the approximation properties of, on one side,
the finite element method (FEM) used to solve the local sub-problems, and on the other side,
the boundary element method (BEM) used to compute the transmission operators do not cope
well with each other. In other words, the issue originates from a pure discrete effect, that is only
observed in 3D.

Although it may not be related, this is reminiscent of another discrete effect affecting the
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convergence of the domain decomposition method and not completely understood, that was
observed in [91, Sec. 7.2.1.1] when a lumped mass matrix was used to approximate the identity
term present in the transmission operator T,

A new approach needed? The poor performance of the non-local operators we considered
so far is however a good motivation to look for new ways to construct non-local operators (with
adequate properties), which is the purpose of the next chapter. As a matter of fact it is during
our investigations of the issue that we thought of the new approach. The new class of non-local
operators considered next is not based on integral operators and is found to perform rather well
in practice. Besides such operators are easy to implement and have a moderate computational
cost, making them a promising approach.
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Transmission operators based on
auxiliary elliptic problems

Contents
8.1 Definition at the continuouslevel . . . . . .. .. .. ... ... ... 234
8.1.1 Abstract definition . . . . . . ... ..o 234
8.1.2 Application to standard propagation problems . . ... ... ... .. 237
8.2 Quantitative analysis for a model problem ... ... ........ 239
8.2.1 The periodic wave-guide . . . . . . ... ... Lo 239
8.2.2 Symbol of the transmission operator . . . . . ... ... ... ... .. 241
8.2.3 Modal convergence factor . . . .. ... ... Lo 242
8.2.4 Global convergence . . . . . . .. ... 245
8.2.5 Mocking the effect of the discretization . . . .. ... ... ... ... 246
8.2.6 Numerical investigations . . . . . . . . ... ... . oo 247
8.3 Numericalresults . ... ... ... ... 00000000 252
8.3.1 Influence of the strip width . . . . . ... ... ... ... .. .... 252
8.3.2 Convergence history . . . . . . ... ... L Lo 254
8.3.3 h-uniform geometric convergence . . . . . .. ... ... 256
8.3.4 Frequency . . . . . . . .. e 258
8.3.5 Scalability of the method: strong scaling . . . . . . ... ... ... .. 258

In this chapter we propose a novel realization of a suitable non-local transmission operator
based on elliptic auxiliary problems that are solved in the vicinity of the interface on which
the boundary operator is defined. This idea appears to be new. We emphasize that the main
principle behind this construction is rather general (we will provide an abstract definition) and
could be applied in other contexts than the ones we are primarily interested in (namely the
acoustic and the electromagnetic settings), for instance for elasticity.

If the underlying continuous operator is of very similar theoretical nature as the operators
based on integral representations discussed in the preceding chapters, it presents a certain number
of advantages in comparison. To begin with, most (if not all) of the computational technology
required to implement a domain decomposition method using this operator should be already
at hand (that is mainly the finite element method). This is in contrast to integral operators
which require to interface (or implement) a boundary element code. This feature might be a

233



234 CHAPTER 8. AUXILIARY ELLIPTIC PROBLEMS

definitive advantage for someone wishing to implement a domain decomposition method in an
already available finite element code, which does not necessarily have the technology for integral
operators (singular quadratures for instance). In fact, it is our intuition that it is precisely
because the realization of this operator solves similar problems as the original problem that
makes it so efficient in practice in our numerical experiments (particularly for low frequency
problems).

The computational footprint of the operator is naturally reduced by solving the auxiliary
problems only in close vicinity of the boundary on which the operator is defined. Moreover,
this truncation process is guaranteed to preserve the essential properties of the operator. Again,
this is in contrast to integral operators for which the quasi-localization process (sometimes)
invalidates our theoretical proofs. In addition, we remark that some of the tools that could
be used to reduce the computational complexity of using integral operators, namely the fast
multipole method (FMM) or H-matrices, are again quite advanced technology compared to
what is needed here.

Another motivation for using the operator described in this chapter appears when considering
heterogeneous problems. The definition of the operator is in fact much more natural than for
integral operators for instance. If some parameters appear in its definition, their tuning can be
performed by following rather simple heuristics that we shall try to justify in this chapter. In
particular, note that because the domain of the auxiliary problem is located around the interface
of interest, we need to impose a boundary condition on the fictitious boundary we introduced.
In this chapter, we shall compare on a model (but representative) problem, the different options
to choose from.

This chapter is organized as follows. We first provide in Section 8.1 a definition of this
novel transmission operator in the abstract framework introduced in Chapter 3. This abstract
definition is particularized for the two main applications we have in mind, namely the Helmholtz
and Maxwell equations. We then study in Section 8.2 some of the parameters that come in the
definition of this transmission operator in the particular geometric configuration of the half-space.
This permits explicit computations using Fourier analysis and allows to get some insights on the
mechanisms at play. We finally provide in Section 8.3 some numerical results that highlight the
rather good performance of this new operator.

8.1 Definition at the continuous level

8.1.1 Abstract definition

We consider the boundary ¥ of a bounded Lipschitz domain €2_ subset of R%, d € {2,3} and we
set O, := R?\ Q_. We assume that the domain Q_ is connected and simply connected (all its
Betti numbers are zero) so that X is also connected and simply connected. We denote by v the
unit outward normal vector defined on ¥ from Q_ to Q..

Besides, we introduce two strips B; C Q_ and B, C Q4 so that B; (respectively Be) has two
disconnected (and not intersecting) boundaries ¥ and ¥; (respectively X.), see Figure 8.1. We
do not exclude the case X; = ) for which we have B; = Q_. We denote by v; (respectively v,)
the outward unit normal vector to B; (respectively B.).

Strong formulation We suppose (this is not restrictive) that the coefficients a and n of the
model problem are defined in Bj, for j € {i,e}. Because its definition depends on the coefficient
a, recalling (3.29), we define a variant of the 71 operator as (simple formal substitution a — $(a))

’3/1’5 = Ko_l YD* .,k %(a) D, KR € {E, Zi, Ze}. (81)
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Figure 8.1: Definitions of the domain in which the auxiliary problems are defined.

This variant 4, obviously enjoys the same mapping properties as the original operator 7 , .
We define two operators, for j € {i,e}

Ti = Xo(2) — Xy (%),

. (8.2)
X0 F7 V1,3 Uy,
where
u; € Us,(D; B;) such that
[L%(a) + KOZ%(n)]uj =0, in Bj, (8 3)
V1,2, + .5, Ju; =0, on ¥;,
70,2 Uj = Xo, on X.

Compared to the model wave propagation problems we considered previously, this problem is
elliptic (by the positivity assumption on the real part of the coefficients a and n), hence the above
definition makes sense. This is further justified below, by adopting a variational approach.

Weak formulation To provide a weak formulation of the above operator we first need to
define the subspace

Ugwgo(D;Bj) = {U S Uzj (D;Bj) | Yo,z U = 0} s ] S {i,e}. (8.4)

Let j € {i,e}, for all u,v € Uy, (D; B;), we define

ag, (u,v) = Ko (R(a) Du,Dv) 12 (5,ym1 + 50 (R(n)w, v) 125, ym0 + (70,5, U 70,2, U)LQ(Ej)mO. (8.5)
Now, let us consider the mapping
yo € Xo(X) = uy, € Us,(D;By), (8.6)
such that

as, (uyo,v) =0, Yo € Uzj,ZO(D§ Bj)7 (8 7)
70,5 Uy, = YO-

The well-posedness of the problem appearing in (8.7) stems from the surjectivity of the trace
operator 7p x; which allows to get a lifting of the inhomogeneous source term imposed at the es-
sential boundary condition. The well-posedness of the said problem is then readily obtained from
Lax-Milgram Lemma, since the bilinear form ag; is coercive on U, (D;B;) from our positivity
assumption on the real part of the coefficients a and n.



236 CHAPTER 8. AUXILIARY ELLIPTIC PROBLEMS

An equivalent variational formulation of (8.2) is: for any xg € Xo(X), we define 7;x¢ € X;(X)
as the unique solution of

(Tix0, %) s, = aB, (Ux,, Ut ), vxh € Xo(2). (8.8)

Transmission operators The required properties for a candidate transmission operator are
all inherited from those of the auxiliary problem, which can be clearly seen from (8.8). This is
the purpose of the following proposition.

Proposition 8.1. The operator T;, j € {i, e}, is a self-adjoint positive isomorphism from Xo(X)
to Xl(Z)

Proof. Let j € {i, e}. Recalling the symmetry, positivity and boundedness of the coefficients (3.78),
we immediately obtain the symmetry, continuity and coerciveness of the bilinear form ag;.
Indeed, from (8.8) and the symmetry of the bilinear form ap, we have, for any xo,x§ € Xo(X),

(Tix0,X0) s, = aB, (g, Uyt) = a; (Ut Uxy) = (TjX0, X0) g (8.9)

hence 7; is self-adjoint.
Besides, from (8.8) and the continuity and coerciveness of the bilinear form ap, we have,

. 2 — 2
min (17 a, n*) ”uXo”Uzj (D;B;) < <7}X07X0>2 < max (17 a+, n+) ||uX0||U2j (DsB;)- (8'10)

Using the continuity of the trace operator as well as the well-posedness of the problem (8.7), we
deduce the existence of two strictly positive constants c_ > 0 and ¢4 > 0 such that

2 — 2
c— [Ixollxy(z) < (Tixo0,X0)s < ¢4 [[xollxy(x)- (8.11)
|

It is easy to see from the discussion above that any linear combination of 7; and 7. would
work as a transmission operator, hence we let

T8 = T; + e Te, (8.12)

for any a; > 0, a, > 0. Besides, it is natural to require o; + a, = 1. For no more than simple
reasons of symmetry, we chose in our numerical simulations «; = a, = %

Of course, if one implements a domain decomposition method that requires a T, -type
transmission operator it is possible to use

T = BT + BT, (8.13)

for any 5; > 0, 8. > 0 such that §; + 8. = 1.

Alternative definitions Besides using different values of ; > 0 and a. > 0, one could
alter the definitions of 7; and 7. in a number of different ways without harming their essential
properties.

For a start, as we already mentioned, other (positive) coefficients can be chosen in the equation
in (8.3) and in (8.7). Our intuition (which was corroborated to some extend by our numerical
experiments) is that our choice to use $(a), R(n) and k¢ as we did is somewhat sensible. In some
sense, this is justified by the commonly mentioned heuristic to use a transmission operator that
is close to, or somehow resembles, the exact propagative Dirichlet-to-Neumann operator, if we
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adopt the terminology of the acoustic setting. By sticking to the real parts of the coefficients
of the original equation, we obtain an operator whose principal part is the same (or close to,
if the imaginary parts do not vanish) as the exact propagative Dirichlet-to-Neumann operator
(one must also require that «; + a = 1). This reasoning does not motivate to keep the lower
order term in the acoustic setting, but it does indeed in the electromagnetic case since the curl
operator has a non-zero null space. In some sense, keeping this term is the same as choosing
Bessel potentials over Riesz potentials when we discussed integral operators. Finally, note that
we do not claim that the choice of coefficients we made is optimal, but it is a reasonable rule of
thumb to start from.

Another possible modification that one can think of is to consider a different kind of boundary
condition on ¥; (and X.). For instance homogeneous Neumann (a natural boundary condition in
a Galerkin discretization) or homogeneous Dirichlet (which eliminates some degrees of freedom
of the auxiliary problems) boundary conditions. It appears that the choice we made, namely a
Robin boundary condition, is worth the (slight) additional complexity of implementation. We
shall get back on this aspect in a subsequent section.

Finally, we have some liberty in the definition of the strips B; and B.. Obviously, to make
the transmission operator the least expensive to compute, one would like to choose it as thin
as possible (ideally a few layers of cells in a mesh). Roughly speaking, because the source of
the auxiliary problem is only present on the boundary > and the problem is purely dissipative,
the solution is exponentially decaying away from it. As a result, having a large domain (thicker
than the skin-depth of the problem) does not necessarily affect much the operator. We shall also
discuss this important aspect in what follows.

8.1.2 Application to standard propagation problems

We briefly give below the definition of the above abstract transmission operators in view of
application to either Helmholtz or Maxwell equations.

Example 1: Helmholtz. In the acoustic setting, the two operators are a elliptic (or dissipative)
version of conventional Dirichlet-to-Neumann maps. They are written, for j € {i,e},

Tp c HP(E) = HA(E),

xor k0 R () Doy, o
where
p; € HY(B;) such that
[—divR (p; 1) grad +r0>R (A71)] pj =0, in By, (8.15)
R (p;") 9v, pj+ Kopj =0, on j, |
pj = %o, on X.

We denoted by v; the outward unit vector to B; either on ¥ or on X;.

Example 2: Maxwell. In the electromagnetic setting, the two operators are a elliptic (or
dissipative) version of conventional Electric-to-Magnetic maps. They are written, for j € {i,e},

T; - H 2 (curl; ¥) - H™/(div; B),

8.16
X0 — ko 'R (u;l) curlE; x v; s, ( )
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where
E; € Hy, (curl; B;) such that

[curlﬂ? (u;l) curl +rp?R (Er)] E; =0, in By, (8.17)
%(Mr—l) CU.I‘].Ej X v + Ko vj X (Ej X Vj) = O, on Zjv .
v; x (Bj x v;) = X, on .

Again, we denoted by v; the outward unit vector to B; respectively on 3 and on X;.

In both cases, provided there exists a continuous right inverse to respectively the Dirichlet
trace and the tangential trace, the above problems are well posed using the Lax-Milgram Lemma.

Note that one could rather use a different coefficient instead of R(p; ), for instance R(p, )"
or | pT|717 which are different if the imaginary part does not vanish. Of course, this comment
also stands for the other coefficients and apply to both the acoustic and electromagnetic settings.
This may later have a strong influence on the efficiency of the domain decomposition method
associated to the transmission operator. However, as far as the convergence theory is concerned,
any positive coefficient can be chosen.

Connection with the previously defined integral operators If the medium of propaga-
tion is
1. unbounded: the strips are extended to the whole domain so that we have B; = Q_ and

B, =0, —RI\ Q0

2. uniform: the (positive) coefficients ®(n) and R(a) are constant in the whole of R? so that

R(n)
R(a)’

we can define the positive and real parameter kK = kg

then the connection with the previously defined integral operators is possible. Indeed, we (for-
mally) have in this case, in the acoustic setting

OrVan) ' = 5 (T4 T0),
(8.18)

2 -
W= 5T

N =

where Vg ,, and Wy ,, were defined in (5.19), and already reinterpreted as equivalent transmission
problems in (5.25) and in (5.26); and in the electromagnetic setting

(U3 = 5 (T 47T,
(8.19)

2K3,l<a = (7;71 +7-e_1)_17

N

where Us ,, and K3, were defined in (5.82), and already reinterpreted as equivalent transmission
problems in (5.89) and in (5.90).

Of course in practice the operators 7; and 7. will necessarily be computed in a bounded
domain so the above identities will not be true. Besides we propose to use a standard finite
element method to compute these operators whereas the integral operators require a boundary
element method, which does make a significant difference in practice.
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8.2 Quantitative analysis for a model problem

We have already commented on the parameters on which one can play to modulate the action
of the operators 7; and 7.. We provide in this section some more quantitative computations to
study precisely their influence. The two main questions we are trying to answer are:

o What is the effect on the operators of the type of boundary condition (among Dirichlet,
Neumann and Robin) that is imposed on the fictitious boundaries 3; and .7

o What is the asymptotic behaviour of the operators if the width of the strips B; and B,
shrinks to 07

8.2.1 The periodic wave-guide

Model problem We consider the theoretical (because unbounded) configuration of an infinite
wave guide of width L, see Figure 8.2. The domain of the problem is

Q;:{(x,y)eR2| —§<x<§}. (8.20)

We consider the Helmholtz equation in 2D in the wave-guide with periodic boundary conditions
(in absence of source terms)

(=4 = #%)u 9 e (8.21)
’Z,L( ) - (5 y)a Yy e R’
where we require the solution u to satisfy the Sommerfeld radiation condition at infinity
TEIJPOO (Or —ik) u=0, r=|x|. (8.22)
Partition The domain (2 is divided in the upper €2 and lower Q_ regions
Qy = {(z,y) eR* |y > 0}, and Q_ = {(z,y) eR? |y < 0}, (8.23)

and the interface is denoted

2= (s é) x {0}. (8.24)

Transmission operator To define our domain decomposition we need to introduce our trans-
mission operator. The domain of the auxiliary problem that defines the transmission operator is
now bounded in the y-direction, for a positive parameter é > 0, let

Bis:={(z,y) € Qs |0< |yl <d}. (8.25)

We consider the operators, indexed by the truncation parameter § and the type of boundary
condition * € {D, N, R},

TE) x0T 0,080, (8.26)
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Figure 8.2: Sketch of the periodic wave guide configuration.

where US ) Solves the (elliptic) problem
(—A+r2) 0l =0, in By s,
o Ry =oP Gy, Wl <o,
vg)(LO):xo(x), —% <z< %,
(D) (8.27)
vy ' (z,9) =0, I I
and at y = £, 3yv§:N)(x,5) =0, -3 <z < 3
(£, + rlol? (2,6) = 0,
The transmission operator is then, for x € {D, N, R},
* 1 * *
T =5 (TR +T9) (8.28)

In the following, our main interest lies in the impact on the convergence of the domain decom-
position algorithms of both the type of boundary conditions (either Dirichlet (D), Neumann (N)
or Robin (R)) that is imposed on the fictitious boundaries and the width ¢ > 0.

Interface problem We consider, in this particular two-domain partition, the interface prob-
lem (3.222) and the associated relaxed Jacobi algorithm (3.225) (for o = 1) from Chapter 3. We
specify below our notations for this particular setting.

By linearity it is enough to study the homogeneous problem, which corresponds to study the
convergence of the error. We therefore consider the interface problem, for * € {D, N, R} (the
dependence in § will be kept implicit in the notations),

{Find X € H’I/Q(E)2 such that, (8.29)

(Id —TIS™) x = 0,

where the exchange operator IT and the scattering operator S®*) have the block representation

_ |0 Id () ._ s o
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with the local scattering operators S and Sf) such that

8¢+ xo = (215710, —177) o, (8.31)
where u(i* ) is solution to
A =2 = =0, in Qq,
( ) Jua - (8.32)
(:F/<a Oy —1T ) ui \y 0 = Xq, on X,
and
TEIEOO (0r —ik) uy’ =0, r=|x|. (8.33)

Iterative algorithm Given a couple of traces X° in H _1/2(2)2 (the initial error) and a relax-
ation parameter € (0, 1) the relaxed Jacobi algorithm is,

1= [(1 = )1 + rns<*>] X", meN. (8.34)

8.2.2 Symbol of the transmission operator

Similarly as in Chapter 6, because of the separable geometry, we are able to conduct a quantitative
study. Exploiting the periodic boundary conditions in the x direction, the main tool for this is
the Hilbert basis (elk’"w)meN of L?(¥) where we introduced the mode numbers

2
o = m%7 m e N. (8.35)
By symmetry, we need only to study the operator in the upper half-region. The system
defining the operator ng becomes, for each mode m € N,

(o2 +u2)e) =0, B

857(0) = £o.m, at y =0,
)( §) = (8.36)

and at y = 4, 8 &N()—O
[0, + K)o (8) = 0,
where

2 =k2 +K*  mEeN, (8.37)
and (@S:))me,\, are the coefficients of v*) on the modal basis (eikm””)meN. We introduced in

addition the coefficients (‘%Ovm)mEN of the decomposition of xg on the same modal basis. It
follows that

9() € vect {y > etV y iy e MY m e N, (8.38)

where we chose p,, = \/w and it remains to determine the two constants by using the
boundary conditions at ¥y = 0 and y = §. We consider successively the three types of boundary
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conditions and find that,

e—Hm(y=08) _ ohm(y—9)

A(D) A
Um (y) = Zo,m ehmd — o—Hmd ) 0 < Yy < 6a
—Hm (y_é) ,u'm(y_(s)
M (y) = £o.m re , 0<y<y9, (8.39)

@#m(s —+ e—#mé

Ry ()R ) 4 (p, — g)etm (0
0 y) = o (tm + K)ermd + (py, — K)eHmd 7 0<y=sd

It is convenient to rewrite the three cases in the following common notation

14+ am
where a*) is given by
agr?) 6—2#7”5’
afy) = e, (8.41)

(R) _ K m — 1672;%5

Q" = K71Mm+1

3

By symmetry, the symbol of the transmission operator 7:;(*) is then (the dependence in § will be
kept implicit in the notations),

()
A 1—am
T = k™, 70[*, m € N. (8.42)
1+ Olgn)

8.2.3 Modal convergence factor
Symbol of the propagative DtN operator We consider the operators
Ay : x> $n_18yu|y:0, (843)

where u solves the (propagative) problem in the sub-domain Q1

(—A—/{z)uzo, in Q4,
u(_%7y =u %ay)a on 94 \ %, (844)
U(JZ,O):XO I‘), _%ng %7

with suitable decay at infinity y — 400 (Sommerfeld radiation condition).
By symmetry, we need only to study the operator in the upper half-region. The system
associated to Ay becomes, for each mode m € N,

(8.45)

(=02 +€2) tim = 0, in Q,
Um (0) = Zo,m, at y =0,

where
2 =k — K% m € N, (8.46)



8.2. QUANTITATIVE ANALYSIS FOR A MODEL PROBLEM 243

and (tm),,cn are the coefficients of u on the modal basis (eikmw)meN. We introduced in addition
the coefficients (oﬁo,m)meN of the decomposition of xy on the same modal basis. From the decay

assumption at infinity and the Dirichlet boundary condition at y = 0, it follows that

U (y) = Fome Y, 0<y, meN, (8.47)
where we chose (out time convention is e‘i“t)
¢ —im, if k., <k, cN (5.48)
= m . )
m \/W7 if 5 < ko,

By symmetry, the symbol of the operators Ay is then

) —iy/1 - (Rw)?, if Ky < 2,
A:t,m = K_lgm = m € N. (849)
1= (

2
;%) : if K < ko,

Remark 8.2. It may happen (for countable discrete values of L) that there exists a m such that
k., = Kk, which means that the problem under consideration is ill-posed. We exclude such cases
in what follows.

Symbol of the scattering operators From the definitions of the operators Agf ) and the

)

scattering operators st , we formally have

) _ _ () )
Sy’ = —(A+ +iT; Ay —iT; , (8.50)
so that the symbol of the local scattering operators S(i*) are, for x € {D, N, R},

A AL o
’ Ai,m — le

We introduce the ratio (well-defined since 5 > 0)

A Y
70 =_TEm o ymeN, (8.52)
, Tr(n)
and we can rewrite
AN
A(*) Zﬂ: m 1
Z:i:,m +1i

We can distinguish two regimes

o The propagative regime k,, < k for which

Ai,m € —iR™, and since 7 e RT, we have Zﬁ*)m €iR™. (8.54)
Hence 0
. AR
¢ =-CEm e 1) (8.55)

28 +1



244 CHAPTER 8. AUXILIARY ELLIPTIC PROBLEMS

e The evanescent regime k,,, > k for which

/A\i,m €RT, and since ) e RT, we have Z(i*)m €RT. (8.56)
Hence
. 20— .
8O =2 —, 150l =1, (8.57)
Zi,m +1

Modal convergence factor Arguing as in Chapter 6, for each * € {D, N, R}, the modal
factor of convergence of the algorithm (8.34) can be estimated by

(1—r)£r/80). 89 1 (8.58)

Asymptotic analysis § — oo: for a fixed mode m € N Although it is not our primary
interest we first comment on the limit § — oo for a fixed mode m € N. It is immediate to check
that for * € {D, N, R}

¢ ~ M—m, as § — oo. (8.59)

K

We simply remark that the limit is independent of the type of boundary condition. This is not
surprising considering that when ¢ is large the boundary on which the condition is imposed is
rejected far away from the source of the problem which is dissipative.

Asymptotic analysis 6 — 0: for a fixed mode m € N From the previous expressions, we
obtain the following asymptotic behaviours, for each mode m € N,

(D) (k)71 as d = 0,
[(N) b, as § — 0, (8.60)
(R 1, as  — 0.

From these asymptotic behaviours, one infers that the transmission operator using a Robin
boundary condition is — to say the least — better behaved in the limit § — 0 than the one using
either Dirichlet or Neumann boundary conditions. For a fixed mode m, the transmission condi-
tion with the operator using Robin boundary conditions degenerates to the Després conditions.
In fact, for the transmission operator 7:5(R) we have that the convergence factor associated to
each mode m € N is bounded away from 1, uniformly with respect to the truncation parameter
0. More precisely, it is a simple (but tedious, hence omitted) computation to show that there

exists a positive constant CT(,,I,{) depending only on m (not on d) such that
PR <1-cB 5> 0. (8.61)

Of course, this result is not uniform with respect to the mode m and we cannot conclude from
this that the convergence factor of the associated algorithm is uniformly bounded with respect
to §. As a matter of fact, we give below evidence that such a result, namely global uniformity of
the convergence factor with respect to ¢, does not hold.
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In contrast, for the transmission operators 7:;(D) and 7:;(N), it can be shown! that

#P) =1 - [27“ 1 (kn)? ’f] 5+ 0(8%),

propagative regime k,, < &,

A0 g g

k| 64052,

evanescent regime k,, > K,

fm =1—|2r(1— r)< — )2 k2| 82+ O(8%).

(8.62)
The above result implies that the global convergence factor converges to 1 at least as fast as
O(6?) when using either the Dirichlet or the Neumann boundary conditions.

8.2.4 Global convergence

The global convergence factor of the algorithm (8.34) can be estimated by

70 .= sup 7). (8.63)
meN

From the previous analysis we know already that in the case x € {D, N},

lim 7(P) = lim 7 = 1. (8.64)
6—0 6—0
Unfortunately we were not able to derive analytic expressions for this global convergence
factor. However, we studied the asymptotic analysis m — oo for a fixed d and proved that also
for x = R we have necessarily limgs_.q #(B) =1,

Asymptotic analysis m — +o0o: § > 0 fixed This amounts to study the limit k,,, — +o0.
It is immediate to check that for x € {D, N, R} and a fixed § > 0

TG~ A ~ I asm — oo (8.65)

It is then straightforward to show that there exists a positive constant 7, (independent of the
boundary condition chosen) such that for each * € {D, N, R}

7 55, <1, asm — oo, (8.66)

We see here a manifestation of the effect of choosing an operator with the “right” order that
adequately deals with the highest frequency modes. Notice that the limit is independent of the
type of boundary condition. This is not surprising as the highest modes “do not see”, in some
sense, the boundary condition.

IWe used the symbolic computing PYTHON package SymPy [102] through the JULIA binding Sympy. j1 to derive
the modal convergence factor estimates.
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Asymptotic analysis m — +o00 and § = m~"/> Guided by numerical experiments, we studied
the double limit § — 0 and m — 400 such that § = m~"/* for the convergence factor associated
to the operator 7:5(R). It can be shown that

o L\?
B (1) 22 4 =
T’H’L [ T‘( 7") L + 27_(_

The above result implies that the global convergence factor converges to 1 at least as fast as
O(d) when using the Robin boundary condition and

5+ 0(6%). (8.67)

lim ) =1, (8.68)
—

8.2.5 Mocking the effect of the discretization

We are however unable to consider at the same time both the limit § — 0 and m — oo, as the
double asymptotic leads to undetermined behaviour. This is the motivation for the following
analysis.

The idea is to mock the effect of discretization. To do so, we filter the admissible modes that
belong to the bandwidth of the discrete problem. This amounts in this case to take m < M in
the definition of k., for some integer M. Typically, one consider M such that (Nyquist-Shannon
criteria)

27 us

ky=—M < —
M A 7h7

where h > 0 is the typical mesh parameter. In our setting, we make the particular choice to have
M such that

(8.69)

Skar =, (8.70)

where the positive constant v > 0 is supposed to be fixed and we consider the limit
M — 400 & 6 — 0. (8.71)

In some sense, this would correspond in a discrete setting to study the effect of mesh refinement
h — 0 for a transmission operator whose associated auxiliary problem is defined in a strip made
of a fixed number of layers of cells as h — 0.

We obtain the following asymptotic behaviours

Tﬁ)) ~ tanh™ () Aar,
Ty, ~ tanh(y)
T]Ef‘) ~ tanh(y)

A, as M — +o0. (8.72)
A]\/fa

It is then straightforward to show that for each x € {D, N, R} there exists a positive constant

ﬂﬁ: ) such that

2 520 <1, as M — . (8.73)
Again, one sees here the interest of using non-local operators which are pseudo-differential oper-
ators of the correct order. This time the limit does depend on the type of boundary condition.
However, what is really important here, is to notice that, in this discrete setting, taking the
truncation parameter 0 to 0 as the discretization parameter goes to 0 (or equivalently M — o),

does not affect the convergence factor for the highest modes present in the computation.
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8.2.6 Numerical investigations

We provide numerical computations to obtain more insight and corroborate the previous analysis.

Modal convergence factor We first report in Figure 8.3 the gap between 1 and the con-
vergence factor ?,(,f ) with respect to the mode number ¢ for different values of § and for each
x € {D, N, R}. The parameters of the problem are L = 1, the wavenumber is k = 117 and the
relaxation parameter for the Jacobi algorithm is r = 0.5. It follows that the propagative region
corresponds to m € N such that m%” < k = 117, hence m < % Therefore for this configuration,
6 modes can propagate through the waveguide, the rest are evanescent.

These plots must be read as follows: the convergence is controlled by the mode m with the
lowest value on the vertical axis, which corresponds to the mode with a convergence factor which
is the closest to one. We see that as & decreases this minimum value also decreases and the
convergence is damaged in all three cases.

Notice that the predicted asymptotic behaviours for the cases using either Dirichlet or Neu-
mann boundary conditions are indeed numerically corroborated. We observe a linear increase
of the convergence factor in the propagative region and a quadratic increase in the evanescent
region. Besides, the mode number for the lowest point seems to be roughly constant as § changes.

In contrast for the case with Robin boundary condition, the convergence factor stays constant
in the propagative region as J changes. In the evanescent regime, we observe a linear increase
of the convergence factor with respect to §. Notice that the lowest point moves to the right as ¢
decreases, which means the most problematic mode (as far as convergence is concerned) changes
as § changes. To investigate this effect more precisely we report the mode numbers at which
the maximum modal convergence factor is reached with respect to the width ¢ of the strips in
Figure 8.4. Again, this corroborates the previous analysis, where such mode numbers where
found to be proportional to 6~ "/2.

We report in Figure 8.5 the gap between 1 and the convergence factor 7*) with respect to

NE

the width of the strip 8. The quantity 7*) is computed from ’7'm) as

A() A (%)
7 oo max T (8.74)
with Mpax = 10° in this case. Since the parameters of the problem are kept the same as

before, the value M, appears sufficient considering that only the first 120 modes were plotted
on Figure 8.3. For ¢ large enough we observe that the convergence factor is constant and is
actually the same for all three cases. Both these effects were predicted by the previous analytical
analysis and can be explained by the dissipative nature of the auxiliary problems and the fact
that for § large enough the boundary on which the Dirichlet, Neumann of Robin condition
imposed is far away from the source of the problem. What is staggering is the fact that at some
point the convergence factor actually decreases when the width of the strip is diminished for
the transmission operators associated either to Neumann or Robin boundary conditions. This
effect may be due to our somehow contrived example and we shall not comment more on it.
For sufficiently small ¢, the asymptotic is attained and we obtain numerically that the modal
convergence factor for the relaxed Jacobi algorithm has the following asymptotic behavior: there
exist three positive constants C*) > 0, for * € {D, N, R} such that

#D) 1 - D) §2,
N~ 1= o) §2, as § — 0. (8.75)
B~ 1 — 00 g,
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Figure 8.3: Convergence factor with respect to mode number m for different values of § and the
different types of boundary conditions.
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We observe that, for § small enough, the convergence factor tends to 1 as fast as O(§?) for the
transmission operators associated to Dirichlet and Neumann boundary condition, while a slower
asymptotic of O(§) is observed numerically for the transmission operator associated to Robin
boundary condition.

Interpretation as an iteration count It is enlightening to re-interpret the behavior of
the convergence factor in terms of the (perhaps more revealing) required number of iterations.
From (8.75), we expect the following asymptotic growth in the number of iterations to get to a
specific tolerance

NP~ NP 62
N o N 52, as 6 — 0, (8.76)

1

N~ N 5,

where the positive constants Né*) depend on C*) and on the required tolerance.
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Figure 8.6: Relative iteration count to reach a set tolerance of 10~% in relative error with respect
to the ratio %, with A = 27” for the different types of boundary conditions.

This is illustrated in Figure 8.6, where we report the relative iteration count to reach a set
tolerance of 10~8 in relative error with respect to the ratio %, with A\ = 27“ This is a relative
iteration count since we have rescaled the plot by the number of iterations required to reach
the set tolerance for sufficiently large § (note that this number is actually the same for each
x € {D, N, R} according to the previous discussion). As a result the vertical coordinate indicates
how much the truncation of the strip at 0 has affected the iteration count. More precisely, it
represents by how much one needs to multiply the asymptotic iteration count for § — oo in
order to get the iteration count for the value of § that is read on the horizontal axis. Besides,
the horizontal coordinate represents the quantity %, where A = 27 is the wavelength of the
propagative problem we are trying to solve. This represents he relative size of the width of
the strip with respect to the typical length of the problem under consideration. In a discrete
setting, if one chooses to take a strip of one layer of cells around the interface (this is the smallest
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domain that one can take in practice), this ratio represents in some sense the number of points
per wavelength of the mesh.

It is striking to see that, for this particular case (k = 117), the iteration count is not affected
until the width of the strip gets to about a fourth of a wavelength. Although making a parallel
might be questionable, this is not without reminding similar observations in the truncation of
the kernel of integral operators as were reported in [44, Fig. 11] for instance. We observe again
on this graph the fact that as the width get smaller, the iteration count actually temporarily
decreases for the transmission operators associated to Neumann and Robin boundary conditions.
At some point, the number of iterations does get to an asymptotic behaviour. We observe
a quadratic growth of the number of iterations for the operators associated to Dirichlet and
Neumann boundary conditions and a linear growth for the operator associated to Robin boundary
condition.
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Figure 8.7: Iteration count to reach a set tolerance of 1078 in relative error with respect to the
ratio %, with A = 27” for various values of x in the case of a Robin boundary condition.

We further investigate the observed behaviour with respect to the frequency of the problem
under consideration. We report in Figure 8.7 the iteration count to reach a set tolerance of
10~® in relative error with respect to the ratio i—’g for various values of the frequency x in the
case of Robin boundary conditions only. Since this is no longer a relative iteration count, we
observe, as one can expect, that increasing the frequency increases the iteration count for a
fixed . Moreover, we see that the tipping point after which the truncation starts to affect the
convergence is fairly constant with respect to the frequency. This supports the claim that the
truncation at ¢ should be taken as a (relatively small) fraction of the wavelength of the problem
under consideration.

The slight advantage of using a Neumann rather than a Dirichlet boundary condition is
not negligible but may be due to the particular setting. The previous analytic analysis as well
as this numerical evidence strengthen our conviction that the transmission operator associated
to the Robin boundary condition is a better choice than the ones using either Dirichlet or
Neumann boundary conditions. We believe that the reasons for the observed better behaviour
in this particular setting are profound and can be extrapolated to some extend in more general
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configurations.

8.3 Numerical results

We provide in this section numerical results illustrated the interest in using the transmission
operators we introduced in this chapter.

8.3.1 Influence of the strip width

We first illustrate on an actual mesh partition how the different types of auxiliary problems
one can define (width of the strips, type of boundary condition on the fictitious boundary)
actually influence the convergence of the iterative solvers. Recall that we asked ourselves two
main questions: How the shrinking of the width of the strips B; and B, in which the auxiliary
problems are posed influence the convergence of the domain decomposition algorithm? What is
the best boundary condition to apply on the fictitious boundaries ¥; and ¥, that bounds the
strips? Without any surprise, our numerical results corroborate the findings of Section 8.2.
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Figure 8.8: Iteration count to reach a set tolerance of 10~8 in relative error with respect to the

ratio %, with A = %Z for the different types of boundary conditions.

This is illustrated in Figure 8.8, where we report the relative iteration count to reach a set
tolerance of 1078 in relative error (H ! norm) with respect to the ratio g, with A = i—” The
domain is an annulus (or flat torus) comprised between the radius R; = 0.5 and R, = 3. 5. This
is a configuration without junction points, the interface being placed at Ry, = 2 (after the mesh
was constructed). The mesh is kept the same in all the computations that appear on the plot,
with a fixed number of points per wavelength Ny = 400 for a wavenumber k9 = 1. The only
parameters that change are the width of the strip that defines the auxiliary problem and the
type of boundary condition on the fictitious boundary that is introduced. The construct the
strips, the mesh elements are nibbled one by one from the transmission boundary, following an
heuristic in order to correspond to the set width. This results in a very rough fictitious interface.
For the larger width considered, the auxiliary problem is solved in a domain that is almost as



8.3. NUMERICAL RESULTS 253

large as the full domain of propagation, the fictitious boundary is close to the physical boundary.
We stress that the mesh is very refined for the frequency considered. As a result, it may not be
feasible to get to strips that small in more realistic situations.

The results exhibit a growth in iteration count as the width of the strip get smaller. The
qualitative behaviour is similar to the previous analytical study in the planar geometry (infinite
wave-guide).

For the Jacobi algorithm we observe a quasi-quadratic growth for sufficiently smaller § for the
Dirichlet and Neumann boundary conditions. In contrast, for the Robin condition, the growth is
only linear. Besides, in this latter case the asymptotic behaviour is reached for a much smaller
width §. In fact the iteration count does not seem to be affected by the truncation until the width
is smaller than 5—10 of the wavelength while the tipping point is about a tenth for the Neumann
condition and around an eighth for the Dirichlet condition. For large enough strips, the choice
of boundary condition does not matter, which we mainly explain by the dissipative nature of the
auxiliary problem.

For the GMRES we observe a quasi-linear growth for sufficiently smaller ¢ for the Dirichlet and
Neumann boundary conditions. In contrast, for the Robin condition, the number of iterations
only mildly increases and the growth rate is clearly sub-linear.

The worst choice of condition on the fictitious boundary of the auxiliary problem is undeniably
to use Dirichlet condition. Despite the temporary gain in the case of the Neumann condition,
we observe again a clear advantage in using a Robin condition since it exhibits a much smaller
asymptotic growth rate.
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Figure 8.9: Iteration count to reach a set tolerance of 1078 in relative error with respect to the
ratio %, with A = i—z for the Robin boundary condition.

Influence of the wavenumber We further investigate the observed behaviour with respect
to the frequency of the problem under consideration. We report in Figure 8.9 the iteration count
to reach a set tolerance of 1078 in relative error with respect to the ratio % for various values of
the frequency k¢ in the case of Robin boundary conditions only. The geometry of the problem is
kept the same but the number of points per wavelength is fixed to N = 100 for each wavenumber
ko considered. For a fixed wavenumber, the mesh is kept the same as the ratio % varies. Notice
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that because we investigated higher frequencies the mesh is less refined compared to the previous
test case.

We observe that as the wavenumber increases, the increase in the number of iterations is
approximately uniform with respect to the ratio %. This supports the idea that the width of the
auxiliary problem strip can be chosen as a fraction of the wavelength. We observe numerically
in the case considered that one can choose this width as small as % of the wavelength with only
a few more iterations required to reach the tolerance.

8.3.2 Convergence history

As we did for the integral operators, we report the full convergence history of the relative broken
H' and H(curl) error for the Jacobi and GMRES algorithms as an illustrative example of typical
convergence. For the two dimensional acoustic setting, we consider our first test case which we
recall consists in a disk of radius R = 1 that is partitioned into 2 domains separated by a circular
interface at R = 0.5. The results are reported in Figure 8.10. For the three dimensional cases,
the domain is a ball of radius R = 1 split into two domains separated by a spherical interface at
R = 0.5. The results for the acoustic and electromagnetic settings are respectively reported in
Figure 8.11 and Figure 8.12. In both cases, the wavenumber if taken to be kg = 1.

These figures are the enriched versions (with the results using the operators based on elliptic
auxiliary problems) of respectively Figure 7.1, Figure 7.3 and Figure 7.7. We therefore refer the
reader to the comments made in Chapter 7 before resuming the discussion.
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Figure 8.10: Helmholtz 2D. An example of convergence history. Fixed parameters ko = 1,
Ny = 40, disk of radius R = 1.

We clearly see that the newly defined operator based on elliptic auxiliary problems outper-
forms all the other transmission operators we are considering (the only exception is the simi-
lar performance with the second order local operator in 3D for Helmholtz). This includes 2D
Helmholtz where the results using the integral operators were already quite satisfying; but it
is especially true for the case of Maxwell equations in 3D: the number of GMRES iterations re-
quired to achieve (almost) machine precision is an order of magnitude lower than for the other
operators.
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8.3.3 h-uniform geometric convergence

As we did for the integral operators, we now study the number of iterations required to reach
convergence with respect to mesh refinement, for both the relaxed Jacobi and GMRES algo-
rithms. The refinement of the mesh is indicated by the number of points per wavelength Ny
which is inversely proportional to the typical mesh size. In the results given below, the iteration
counts that are reported correspond to the number of the iteration for which the relative error
in the broken relative energy norms (H' for Helmholtz, H(curl) for Maxwell) is below 1078,

For the two dimensional acoustic setting, the results are reported in Figure 8.13. The results
for the acoustic and electromagnetic settings in 3D are respectively reported in Figure 8.14 and
Figure 8.15.

These figures are the enriched versions (with the results using the operators based on elliptic
auxiliary problems) of respectively Figure 7.4, Figure 7.5 and Figure 7.8. We therefore refer the
reader to the comments made in Chapter 7 before resuming the discussion.

105% ——— 105% ————
r —e— 0'Morder | | —— No DDM ]
I ——ond 1 | —e—0"order 1
10* | Qqu‘(iler 4 104 nd E
F —8— Ty 1 F|——2"%order e
4 r —4—TRiesz ] 2 | —8— Tges ]
§ 103 g Thu = 5 103 E —h— TRies” £
o F 1 g F| —o— THw ]
S I 1 .8 f———— e 1
£ 107 4 E 07 5
L = & et % ~o— - _-=-ZZ &
— - N — -
10" E 10" E
100 | I . 100 Ll I .
10t 102 10? 10? 10? 103
Number of points per wavelength Ny Number of points per wavelength N
(a) Relaxed Jacobi algorithm (b) GMRES algorithm

Figure 8.13: Helmholtz 2D. Number of iterations with respect to the number of mesh points per
wavelength Ny. Fixed parameters kg = 1, disk of radius R = 1.

According to these results, the operators based on elliptic auxiliary problems outperform (in
the electromagnetic setting, rather spectacularly) the integral operators, in all three configura-
tions considered. We shall point out that we noticed during our numerical experiments that this
difference is especially true because the problems are rather low frequency (which is required
here to truly investigate the dependency with respect to the mesh parameter). Importantly, we
observe that the iteration count for the operator based on elliptic auxiliary problems is fairly
independent to the discretization parameter, as expected.

Besides, we notice that the iteration counts for the integral operators actually decreases (in
most cases) as the mesh is refined. This can be explained to some extend by realizing that the
continuous operators behind the two operators present in the plots are somehow similar while the
two discretization methods are radically different. Indeed, roughly speaking, similar (continuous)
elliptic problems are hidden behind both operators, the main difference being the boundedness
of the domain of the problem. However, for the integral operators, the discretization method
uses a standard boundary element method while for the other ones, a standard finite element
method is used. As the mesh is refined the operators get closer in some sense and we observe
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similar behaviours. In addition, we believe that the observed better behaviour for the operators
using explicit auxiliary problems is due to the fact that it is actually discretized by the same
method as for the propagative problems.

8.3.4 Frequency

We now report the dependency of the iteration count with respect to the wavenumber kg. See
Figure 8.16 for the two-dimensional results for the Helmholtz equation, where results are reported
for both the relaxed Jacobi and the GMRES algorithms The three-dimensional results are reported
in Figure 8.17 for both the acoustic and electromagnetic settings, only for the GMRES algorithm.
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Figure 8.16: Helmholtz 2D. Number of iterations with respect to the wavenumber kg. Fixed
parameters J = 2, N, = 30, disk of radius R = 1.

As the wavenumber kg increases, the discrete (as well as the continuous) problem gets harder.
This is indicated again by the increase in the iteration count of the GMRES algorithm for the
undecomposed problem (line plot labelled ‘No DDM’). For this case, the growth is linear (at
least for the acoustic setting) with respect to kg. In contrast, for all the impedance operators
under study, we notice a sub-linear growth of the number of iteration with respect to xo. We
see numerically that the domain decomposition method mitigates to some extent the effect of an
increase in the frequency of the propagation problem.

8.3.5 Scalability of the method: strong scaling

We finally study the dependency of the method with respect to the number of subdomains J of
the mesh partition.

The results of a strong scaling test in 2D are provided in Figure 8.18 which reports the
iteration count with respect to J varying from 2 to 64 subdomains. The interfaces are concentric
circles, with linearly increasing radii. As a result, the computational charge is not equilibrated
among sub-domains.

We observe numerically a significant increase in the number of iterations required to achieve
the set tolerance. This is true for all transmission operators considered. This suggests that,
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when the partitioning is performed in consecutive layers, the number of sub-domains should be
kept moderate.
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In this new part and chapter, we extend the formalism and analysis to allow for the presence
of junction points, i.e. points where three (or more) sub-domains abut.

The breakthrough ideas and theoretical foundation that made possible the treatment of junc-
tion points originate mainly from the work of Xavier Claeys, notably in [29] (and re-exploited
in [33]), but are adapted here to our abstract formalism. We closely follow, in particular in this
chapter, the approach (and notations) that were used in Part I of this manuscript so that to
precisely highlight these new key ideas. As the reader will soon realize, the definitions of the
Cauchy trace space and the scattering operators that we are going to introduce in this chapter
are formally very similar to the ones provided in Chapter 3. The main meaningful difference lies
in the definition of the single trace space (and, as a result, will require to replace the exchange
operator by a new operator realizing the communication between sub-domains). In fact, the
striking difference between Chapter 3 and this chapter is that, to define our multi-trace space,
we shift from considering a collection of traces at interfaces between two sub-domains to a col-
lection of traces at boundaries of sub-domains in order to define our multi-trace space. In the
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previously described method from Chapter 3 the characterization of the so-called single traces,
i.e. continuous traces, was particularly natural and easy. Moreover such a characterization could
be done locally at each interface in the form of interface matching conditions. The key point is
to realize that in the presence of junctions, this local characterization as matching conditions at
every interface is somewhat obsolete and shall be abandoned. However, the space of collections
of boundary traces of elements of Up(D;2) does still make sense: this will be our new definition
of the single-trace space.

Our aim is to retain the characteristic feature of the class of domain decomposition we consider
namely the interface problem formulation (see Proposition 3.24) involving a scattering operator
(solving the equation in each sub-domain) and an exchange operator (that performs commu-
nications between sub-domains). An immediate and important consequence of the paradigm
shift we just described is that the so-called exchange operator that realizes communications be-
tween sub-domains (recall that it was intimately linked to the single trace space) can no longer
be defined as a local operator that simply exchanges data through an interface shared by two
sub-domains. Since we will require however that a candidate substitute for this operator still
performs communications between sub-domains (this is the operator that performs the coupling
of the sub-domains), we refer to it as a communication operator to emphasize that it no longer
performs a standard exchange of data at the interface.

The breakthrough idea comes from the realization that the exchange operator Il actually de-
fines an (orthogonal, for the scalar product stemming from the transmission operator) projector
Id + I, (respectively Id —IT) onto the single trace space Sg; (respectively Sq ). In a partition
without junctions, defining either this particular communication operator or the orthogonal pro-
jectors is very natural and straightforward. However, in a partition that contains junctions, the
proper definition (within the multi-trace formalism) of a communication operator seems neces-
sarily intricate. On the other hand, defining orthogonal projectors (for a given scalar product)
onto the single trace spaces remains natural (and moreover easy to do after discretization). This
is why the new definition of a communication operator explicitly involves an orthogonal projector
whose actual computation takes the form of an auxiliary global problem posed on the skeleton of
the partition (see Remark 9.24 for more detail). As a result, in the approach which is developed
below, the exchange of information or transmission condition at interfaces is somewhat elusive as
it is only implicitly defined through the auxiliary global problem. However, as we shall see, this
change of point of view is fertile as it allows to deal with more general partitions, including parti-
tions with interior cross points. Moreover, we shall show that the method described in Chapter 3
is actually a particular case of the new approach presented in this chapter, in the absence of
interior cross points. In particular the communication operator is exactly the previous standard
exchange operator, independently of the choice of the projectors (hence of the underlying scalar
product).

Solving the global auxiliary problem posed on the full skeleton could appear frightening at first
sight, in particular in view of a parallel implementation of the method. Indeed, the exchange
operator is, a priori, fully non-local and its action is expensive to compute if no particular
attention is given. However, the nature of the problem, namely its positivity and definiteness
makes the situation far more favorable than it may seems. In particular, one could resort to
iterative methods to solve this problem, for instance a preconditioned conjugate gradient method.
As we shall explain, the matrix-vector product required to implement an iterative algorithm only
requires communications with neighbouring sub-domains, exactly as in standard methods. The
only difference is that this time, we will need to have several communications, as many as we
need to have iterations in this inner iterative algorithm, for an actual exchange (as far as the
outer global DD method is concerned) to take place. Fortunately, the nature of the problem
makes the additional system well conditioned.
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Our change of paradigm has also important consequences on the transmission operators we
can consider in order to preserve the theory. As a matter of fact, one shall chose the transmission
operator as the scalar product that defines the orthogonal projector that is used in the defini-
tion of the communication operator. This is sufficient to ensure the consistency between the
decomposed problem and the original problem. The question of the necessity of this choice (in
particular in a discrete setting) is not fully settled. Besides, since we no longer look at interfaces
between two sub-domains, we no longer require any type of two-sided symmetry with respect
to interfaces in the transmission operators. As a result, it is natural to define a block diagonal
transmission operator whose blocks (one for each sub-domain) are built independently in each
sub-domain. This is another valuable feature of the new approach.

Let us now replace our work in the literature associated to the Multi-Trace Formalism (MTF)
which we recall was initially introduced in the context of boundary integral equations. We point
out that there already exists some literature making connections between the MTF and domain
decomposition methods [7, 35, 31, 55]. Note that the former framework of Part I stems from the
local MTF [83, 84], as was clearly demonstrated in [39, Sec. 7]. In contrast, the framework we
are about to describe comes from the global version of the MTF [32, 38].

9.1 A motivating numerical experiment

To further motivate the forthcoming analysis, we report here some numerical experiments con-
ducted by Francis Collino on a model problem designed specifically to study cross points.

The test case consists of a 2D disk of radius R = 1 which is regularly split into J pie wedges
pointing at the center of the disk. Therefore, by construction, there are J boundary cross points
and one single interior cross point (the center of the disk) which is shared by all sub-domains.
To avoid the specific difficulty posed by nodal discretizations, the discretization strategy that
is chosen here rests on a formulation in H(div). This choice means that in the finite element
formulation no degree of freedom is associated to the interior cross-point, which simplifies in
many ways the definition of the transmission conditions.

Formulation of the model problem We consider our usual model problem for the Helmholtz
equation on the unit disk in 2D. Let g € L?(T") and suppose we are set to solve the model problem,
naturally posed in H!(Q),

—Ap — ko?p = in
D . Ro™P Oa m aé, (91)

(0v —iko)p =g, onT.
Instead of looking directly for p we will consider a formulation in H(div;Q), for its gradient

u := grad p. The problem in u is written as

—graddivu — ko?u = 0, in €, 9.2)
divu —ikgu - v = —ikgg, on I '
Such a problem is naturally posed in
Hr (div; Q) := {u e L2(Q)° | divue LX), u-ve L?(r)} . (9.3)
The variational form of the problem is written as
Find u € Hp(div; ) such that (9.4)
a(u, u') = —ikg (g, 0’ - v)p2(py,  Vu' € Hr(div; ), '



266 CHAPTER 9. CONTINUOUS SETTING

where for all u,u’ € Hr(div; ), we define

a(u, u') := (divu, div ut)Lz(Q) — ko (u, ut)Lz(Q)g —irg(u-v, ut-v) L2(r): (9.5)
The unknown u and the test function will be both discretized using standard (low-order) Raviart-
Thomas finite elements. Note that this formulation has many drawbacks, starting from an
increased computational cost, but in this way, the natural trace u- v is piecewise constant on the
boundary, with one degree of freedom associated to each edge and there will be no issue in the

definition of the exchange operator due to the presence of the cross point.

The domain decomposition methods compared We briefly describe here the three domain
decomposition methods that we compare.

e The first method is a straightforward extension of the method described previously, where
the transmission operator is simply a scalar coefficient which corresponds to Després-like
transmission conditions;

e The second method is also a straightforward extension of the method described previously,
but uses non-local transmission operators defined on each interface. These transmission
operators are constructed by solving elliptic auxiliary problems in the sub-domains adjacent
to the interface on which they are defined, in the spirit of the operators introduced in
Chapter 8. However, due to the formulation that is adopted, the operators are constructed
from Neumann-to-Dirichlet maps and are therefore regularizing.

e The third method compared corresponds to the newly proposed method and will be de-
scribed in what follows. It uses non-local transmission operators satisfying the requirements
of the forthcoming (geometric) convergence analysis. These operators are also regularizing
and are computed by solving elliptic auxiliary problems within each sub-domain.

We believe that the first two approaches are the simplest and most natural extensions of
the previously defined domain decomposition method that one can consider. In particular, the
purpose of the second method is to investigate whether or not it is possible to obtain geometric
convergence with non-local transmission operators in presence of junction points.

Convergence history of iterative algorithms We report in Figure 9.1 the convergence
histories of the three domain decomposition methods for the relaxed Jacobi algorithm and in
Figure 9.2 the corresponding results for the GMRES algorithm. The results are provided for three
different mesh refinements.

We see, as expected, the deterioration of the convergence of the iterative algorithms when the
Després transmission conditions are used. This was also observed in the absence of cross-points,
so this is not a surprise.

The results using the non-local transmission operators also bear a deterioration, albeit less
severe, with finer meshes. This result, which contrast with the previous results, was feared but
is a strong motivation for the forthcoming analysis. Note that the effect is attenuated for the
GMRES algorithm, especially for the 3 sub-domains configuration.

On the contrary, the new approach exhibits a perfectly uniform convergence with respect to
the mesh size and converges faster than the other two strategies.
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Figure 9.3: Eigenvalues of the iteration matrices. With 3 (left) and 6 (right) sub-domains.
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Eigenvalues of the iteration matrix To try to explain those results, we represent in Fig-
ure 9.3 the eigenvalues of the iteration operators that are involved in the three domain decom-
position methods. Note that for the two methods adopting the previously defined strategy, the
iteration operator corresponds to Id — II;S; ;. The iteration operator takes also the same form
in the new approach, as we shall see.

When the Després conditions are used, we see an accumulation near the origin which will
damage the convergence of both the GMRES and the relaxed Jacobi algorithms, as expected.

When the non-local transmission operator is used in conjonction of the previous approach, we
see that the clusters are next to the two points (1,1) and (1, —1), which demonstrates that the
evanescent modes are well taken into account. However, we see that a few isolated eigenvalues,
close to the shifted unit circle, exist, and seem to get closer to the origin as the mesh is refined.
This is particularly visible on the configuration with 6 sub-domains.

In contrast, with the new approach, the eigenvalues seem to be uniformly bounded away from
the critical points.

Nature of the error We represent in Figure 9.4 the distribution of the error between the
exact discrete solution and the discrete solution (obtained with the relaxed Jacobi algorithm).
More precisely, the absolute value of the error is represented as the elevation along the z axis,
after linear interpolation on the nodes of the mesh. For a better representation, the magnification
factor is different for each figure, as indicated by the actual maximum and minimal values of the
error on the colorbar. The convergence is stopped before machine precision is reached. In some
sense, the nature of the remaining error gives us insight on the components that are troublesome
for the convergence.

When Després transmission conditions are used, we see that the error is highly concentrated
along each interface and decreases very rapidly away from them. The most likely interpretation
is that the main components in the error consist in some sense of “evanescent waves”. Note also
that the ratio between the maximum and minimum values of the error is very large.

In contrast, the error is highly peaked at the cross point and (slowly) decreasing away from
it when the non-local operator is used. The transmission interfaces seem less visible. Note also
that the ratio between the maximum and minimum values of the error is much smaller than for
the Després transmission conditions.

As for the non-local transmission operator used in conjunction with the new approach, the
error is more evenly distributed in the domain, albeit slightly accumulating near the interfaces.
More importantly, no accumulation of the error at the cross point can be observed in contrast to
the result using also a non-local transmission operator but with the standard exchange operator
(Figure 9.4b).

Conclusion on these numerical experiments To sum up, although this is by no means a
rigorous proof, these numerical experiments appear to be a numerical counter-example to the
claim that the straightforward extension of the iteration operator Id — II;S; ; is continuously
invertible on the multi-trace space in presence of junction points. Indeed, if it was true, one
would expect h-uniform geometric convergence of the iterative algorithms. As a consequence, we
do not expect that a result on geometric convergence akin to Theorem 3.63 exists for a general
configuration. The fact that available proofs (in absence of junction points) failed to yield the
result in a general configuration is maybe not fortuitous, after all. Obviously these numerical
experiments clearly highlighted that convergence of the algorithms is however indeed possible and
do not contradict the convergence results that have been already established, even in presence
of junctions, see [49, 78]. This assessment is the starting point and the main motivation for the
subsequent approach.
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Figure 9.4: Nature of the error using different approaches (6 sub-domains configuration). The
absolute value of the error on the solution is represented as the elevation (after linear interpolation
on the nodes of the mesh). Different magnification factors are used for the three figures.
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9.2 Abstract domain decomposition method

We stress that in this Chapter, we do not suppose that Assumption 3.11 holds, therefore allowing
the presence of interior junction points. However, to make the presentation clearer and avoid
many technicalities due to the physical boundary conditions, we still require Assumption 3.12
to hold, namely we still exclude the presence of boundary cross points (cross points at physical
boundary). For instance we allow the example configuration of Figure 3.1b but exclude the one
of Figure 3.1a.

The definitions and notations introduced in Section 3.1 are independent of the type of par-
tition and will still be in use in this chapter. Recall that we use the index x in place of |
to differentiate what has a meaning in a configuration that may admit cross-points versus a
configuration that excludes cross-points.

9.2.1 Multi-trace formalism

We provide an alternative to the definitions of Section 9.2.1 that allows the treatment of junction
points.

9.2.1.1 Multi-trace spaces

We introduce global trace spaces whose elements are a collection of traces on the sub-domain
boundaries, with the exception of physical boundaries (hence no longer on interfaces as in Defi-
nition 3.16).

Definition 9.1 (Multi-trace spaces). The global multi-trace spaces are defined as

(9.6)

J
My () := X X(T;) = Mo, (£) x My« (2).

j=1

Note that because Assumption 3.12 is still assumed to hold, each manifold f‘j is necessarily
closed.

Again, we shall omit in the following the dependence in the skeleton (My := My (f]) ..) for
the sake of simplicity.

Remark 9.2 (Making the link with the free junction case). For each o € {0,1}, an
element of My x is a tuple composed of exactly J elements (the number of sub-domains in the
partition), while an element of My, is a tuple composed of exactly card J elements (the number
of non-empty interfaces between exactly two sub-domains).

However, if Assumption 3.11 and Assumption 3.12 hold, we can identify the two spaces in a
straightforward manner. The key point is to see that if we do not allow the presence of junction
points, the interfaces I'ji are all closed manifolds of dimension d — 1 and the boundary I';
of Q; is made of the reunion of several connected components I'jy, for k € K;. As a result, the
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(b) (XI,XQ,XS) € Mo, x (c) (xl,xg,xg) € Mo, x

Figure 9.5: Visual representation of the components of the multi-trace spaces.

identification stems from the continuity and surjectivity properties of the trace operators on closed
manifolds and suitably “gathering” and “dividing” traces of different connected components, see
Figure 9.5.

More precisely, elements of My, are identified as elements of My x by “gathering” together
the (disconnected) pieces that belong to a single sub-domain:

For any (Xﬁ_k)(j’k)e‘] € Mg,
let x)€X, (), Vie{l,...,J}, such that X(jf|rjk =xI% V(5 k) € J, (9.7)
then (Xf,);-]:l € Mg x.

Similarly, elements of M, « are identified as elements of My by “dividing” boundary traces
into (disconnected) single interface pieces:

For any (xi)jzl €My x.
let xIFeX, (i), V(j,k) €I, suchthat xi¥:=xl|p,., V(5 k) €I, (9.8)
then (X‘;’k)(],k)e‘] S MU,H’

We emphasize that if Assumption 3.11 and Assumption 3.12 do mot hold, the identification
above is, in general, no longer possible: “gathering” and “dividing” traces is no longer permitted
as we may break out of the natural trace spaces. However the identification remains possible for
reqular enough functions, that is for instance elements of Mg N My and Mg x N M 5.

Note that it is not possible to define a suitable multi-trace space My, on the geometric config-
uration represented in Figure 9.5¢ whereas there is no trouble with our new definition of Mg x .



274 CHAPTER 9. CONTINUOUS SETTING

Trace operators By construction, the following global trace operators are continuous map-
pings from the broken solution spaces into the multi-trace spaces

~Yo,x : U(D;Pq) = Mg, x,
J
u— (’Yo’f]. U|Qj) s
Jj=1
"Yl,>< : U(D,La,PQ) — Ml,X;
J (9.9)
u = (’Yl,f- U|Q7> o
J J:1
7)( : U(DvLava)_)MX7

J
U= (’ij u|Qj) 1

In addition, from Assumption 3.2, the mappings o x and v; x are surjective. It is clear that,
up to a re-ordering of the elements, we can make the identification v« = (v0,x,71,x)-

Norms and duality pairings In the definitions below, and systematically in the remainder
of this document, we shall use the following notations for elements of the multi-trace spaces

iJ iJ
Xo = (Xg))j:p Yo = (Y%)j:1 € Mo, x,

- J - J
X1 = (X{)j:p Y1 = (Y{)jzl € Ml,Xa
Xijy = (X1/2)j:17 Vi = (YI/2)]':1 € 1/2,X

i J J
X = (Xj)jzl = (X07X1)7 y= (y])jzl = (Yanl) € Iv|><7

The multi-trace spaces can be endowed with the norms stemming from their Cartesian product
structure. Recalling the definitions of the norms on a single domain given in (3.31), (3.33)
and (3.50), we set, for each o € {0,1/2,1},

J
2 c 2
ol =S I e, - (9.11)
j=1

Besides, we introduce the natural norm on My as follows
2 2 2
Xl = [Xolling . + [X2lly, o VX = (X0, X1) € M. (9.12)

Recalling the local duality pairing (-,-)5, between the two dual trace spaces (3.28) on a
single boundary 00, we introduce the duality pairing between multi-trace spaces (which does
not involve any complex conjugation operation)

<<'7 >>>< : M1,>< X M(],X — C7
J
- (9.13)
(X1, X0) = Y (<], xh) -

Jj=1

Recalling our definition (3.49) of the inner product (-, -),, on the pivot trace space Xi/,(00) on
a single boundary 00O, we also equip the (pivot) multi-trace space with its natural scalar product
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(and associated norm) which reads
((~, ))>< : M1/2 x X M1/2 x 7 C

J
(9.14)
X1/2, Xl/z = Z X1/27Y1/2
Jj=1

Recalling the definition (3.73) of the bilinear form [-,],, on X(00O) for a single boundary 00,
we finally define the skew symmetric bilinear form

[]. =My XMX—>C

. y) HZ 0yl = (250 — (Yol (919)

9.2.1.2 Cauchy-trace spaces

Similarly to Definition 3.18, we define a first subset of the space of multi-trace spaces which is
the space of traces of a function whose restriction in each sub-domain satisfies the homogeneous
PDE and physical boundary conditions on I' (see (3.130)). In particular, note that no boundary
condition on the transmission interface is imposed in the following definition and that the two
traces associated to the two sides of a single interface between two sub-domains need not satisfy
a matching condition.

Definition 9.3. Recall that, for each j =1,...,J, we introduced in (3.130) the subspace S (£2;)
of solutions of the homogeneous PDE in §);. For each j = 1,...,J, the local space of Cauchy
traces is defined as

C (1) = {x/ € X(T) ‘ Juj € S(9), ¥ =, 45} (9.16)
The global Cauchy trace space, subspace of My, is defined as
J
Cx (B) = X Cx (Ty). (9.17)
j=1

Again, because elements of the Cauchy traces are related to local solutions that satisfy the
original equation in each sub-domain, it is natural that they satisfy some sort of energy con-
servation result, as stated in the following Proposition. We refer the reader to the discussion
preceding Proposition 3.19 for the meaning of energy balance in our setting. A similar result in
a slightly different setting (in the whole space) can be found in [29, Lem. 6.1].

Proposition 9.4 (Energy balance interpretation). The energy decreases globally in Q, which
translates as
i[x,x], <0, Vx € Cx. (9.18)
Proof. Let
x=(J)_ €Cyx, ¥ =(xhx]), Vie{l...J} (9.19)
For each j € {1,...,J}, by definition of the local Cauchy trace space Cx given in (9.16), let
u; € Up(D; ;) be such that
(La — mozn) u; =0, in €,
(’71,1—‘ - i’YO,F )u_] = Oa on F7 (920)
Ve, Uj = x7, onI';.
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We have, using Lemma 3.6 and the first Green identity (3.104)

A= .
150 %], = S, w0, @)y

L)
J J

= % |:_K:O_1(Lauj7u7j)L2(Qj)1ng + l‘iO_l(a D’U,], DTj)L2(Qj)”L1 (921)
_<71ar Uz, 70,1 @>I‘] .
From (9.20), we obtain
. 1 . — s B -
lg[X] y XJ]FJ. = {_ﬁo(%(n)’u]‘, uj)LZ(Qj)mo + Ko 1(%(3) D’U,j, DUj)LQ(Qj)ml (9 22)

2
—[l70,r u; ||L2(F)m0} <0,

from the assumption (3.78). This proves that the energy is conserved locally in each sub-domain,
the global result follows by summing over all sub-domains. |

9.2.1.3 Single-trace spaces

We now introduce the single trace spaces, which are, again in this setting, spaces of traces of
functions that are “globally regular” in some (Sobolev) sense in the whole of €. In contrast
to Definition 3.20, we use as a definition the characterization given by Proposition 3.21. We
emphasize that we adopt here an approach that is fundamentally different from the one of
Chapter 3.

First, let us define the following global trace operators (see in particular Assumption 3.2 for
the definition of the local traces)

YD, x - U(D§PQ) — MO,><7

w <7D’ff u|Qj)je{1,...,J}’

* (9.23)
YD*,x - U(D ,PQ) — I\/|1,><7

U= (VD*,I;J- U‘Q;) .
Of course from (3.64), we have vp x = o ,x. However, we introduced the operator vp x to
respect the symmetry in our notations.

Definition 9.5. The global single-trace spaces are defined as
So,x (£) :=vp,x Ur(D; Q),

Si,x () == p+,x Ur(D*; ), (9.24)
SX (i) = SO,X (i) X Sl,X (i) .
Remark 9.6. Observe that, contrary to Definition 3.20, we have not used matching conditions
at every interface to define the single-trace spaces. However, we still have
. J . .
SO,X = {XO = (Xé)jzl € MO,X ‘ xélr_jk = xlg|r_jk’ V(jak) € J},
S _ (9.25)
St = {x = (D)o €M | adln,, = —abln,,, V0,k) €3},

where the restriction operation is to be understood in a suitable weak sense, which would be quite
delicate to give a meaning to in our abstract setting. It follows that we shall not rely on the above
matching conditions when devising our domain decomposition method.
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The following lemma, which rests on Assumption 3.3, is in some sense a generalization to the
case of junction points of Lemma 3.13.

Lemma 9.7. We have
Keryp,x C U(D; ),

9.26
Keryp-,x C UD*; Q). (9:26)

Proof. We give the proof of the first result, the proof of the other one takes a very similar route.

Let v € Keryp x. For any j € {1,...,J}, we have by definition of the multi-trace operator
vp,x that u|g, € Ker D.F, - By Assumption 3.3, there exists a sequence ((b?)neN of elements of
D(2;)™ that converges to ulg, in U(D;Q;). For each n € N, let ¢" be such that ¢"|q, = ¢/
By construction it is clear that all elements of the sequence (¢™) belong to D(2)™°. This
sequence is a Cauchy sequence, since we have

neN

J
2 2
H(bp - ¢q||U(D;Q) = Z Hd)é) - ¢?||U(D;Qj)7
= (9.27)
2 2
<237 (197 = wlo, Ry, + Tl = 91, ) -
=1
and each term on the right-hand-side converges to 0 by assumption on ((b;-‘)neN. Hence the

sequence (¢"), oy converges in U(D; Q) (which is complete) say to v. Besides it converges to u
in Ly(2)™°. By uniqueness of the limit, it follows that v = v € U(D; Q) and we are done. W

We deduce the following corollary, which completes Definition 9.5. It is a characterization
of the difference between the U (regular) and the U (broken) versions of the solution spaces
using the single-trace spaces. This result is the analogue of Corollary 3.22 and the two proofs
are similar. Notice however that the arguments are different, we use Definition 9.5 instead of
Proposition 3.21 and Lemma 9.7 instead of Lemma 3.13.

Corollary 9.8. We have

(i)  VYue Up(D;Pq), YD,xU =Yo,xu € Sg,x < u€ Up(D;Q),
(i) Vu e Up(D*;Pg), D+ xU € Si 5 & weUp(D*Q), (9.28)
(iii) Yu € Ur(D,L,; Pa), YU € Sy < weUr(D,Ly; Q).

Proof. 1t is clear that one implication (<) stems from Definition 9.5. We need only to prove the
reverse implication (=).

(i) Let u € Up(D;Pgq) such that vo xu € Sp,x. By Definition 9.5 of Sg x, there exists
v € Up(D; ) such that o x (v — u) = 0. It follows that w := v —u € Kervy x = Kervp, »x and
by Lemma 9.7 we get w € Up(D; Q) so that finally u = v + w does belong to Ur(D; Q).

(ii) Let u € Up(D*;Pq) such that 1 «u € S; . By Definition 9.5 of Sy «, there exists
v € Up(D*; ) such that 1, x (v —u) = 0. It follows that w := v —u € Kervy x = Keryp- x and
by Lemma 9.7 we get w € Up(D*; ) so that finally u = v + w does belong to Ur(D*; ).

(iii) Let u € Up(D,La; Pq) such that y,u € Sy, which is rewritten as from Definition 9.5
as Yo,xu € Sox and v xu € Sq,x. We just proved in (i) that from =y xu € So x we have
u € Up(D; Q). If we let v € L*(Q)™" such that for each j € {1,...,J}, v|o, = aDulq,, we have
~1.xv € S1 x and we just proved in (ii) that then v € Up(D*; Q). Hence we get aDu € Ur(D*; Q)
and we have v € Up(D, L,; Q). |
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The following proposition is the counterpart of Proposition 3.23 and states that the single
trace spaces are orthogonal in some sense, providing as a result a helpful characterization of the
spaces. Such a result was proven for in [28, Prop. 2.1], [36, Prop. 2.1] and [29, Prop. 4.1] for
the acoustic setting and in [37, Prop. 3.1] for the electromagnetic setting.

Proposition 9.9. The single trace spaces are such that:

VX0 € Mg, x, (Xo € So,x & (yi,xo),, =0, Vy; € Sl,x)7
VX1 € My «, (x1 € S1 x & (x1,¥0), =0, Vyo € SO,X); (9.29)

VX € My, (xeSX s [x,y], =0, Vyesx).

Proof. Let X = (Xg,X1) € My. By definition,

xXesS, & X0 € So,x; (9.30)
X1 € S x,
and it is clear that
X =0,V S
oyl =0, vy es, o WrXhe=0mieSiy (9.31)
(x1,¥Y0) =0, ¥yo € So,x,

so the last result is equivalent to the first two. We give the proof for the first one, it relies on
the first Green identity written in local domains and in the whole of €2. The proof for the second
result follows the same route and is omitted for the sake of brevity.

(=) Let xg = (X{))je{L """"
j=1,...,J. Lety; = (Y{)je{l,...,J} € S1 x, there exists u; € Up(D*; Q) such that Vpep, U1 = y{
forall j =1,...,J. We have, applying the first Green identity (3.65) twice (locally and globally)

€ So,x, there exists ug € Up(D; Q) such that b, Uo = Xg for all

J
<Y{’X%>fj = Z <'7D*,f“j U1, Vp, 1, u0>fj’
1 j=1

M-

{y1,%o)y =

J

(9.32)

M"\

[(ulvDUO)LZ(Qj)ml - (D*ulaUO)LZ(Qj)mo — (Yp*,r u1,YD,r o)1 | 5

I
-

j
= (u1,Duo) p2(qymi = (D1, u0) p2(gymo — (Y01 1, y0,1 0)p = 0.

(<) Let xg = (xg)je{lw__,‘,} € Mq,x such that ({y1,Xo))s = 0, Wl = Si,x. For each j =
1,...,J, we introduce local liftings u{, € Up(D; ;) such that Tp ul) = x}. Let ug € Up(D; Pg)
and v; € L?(Q)™" be such that

uglo, = ug, and vilg, = Dué. (9.33)

For any u; € Up(D*; Q) with vanishing trace yp~ru; =0on I, we set y; = (y{) gy € Six

je{1,..
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with y{ = Vp- i, U1 forall j =1,...,J. We have,using once again the first Green identity (3.65)
J .
(D*u1, u) p2(gymo = Z (D*uq, ué)LQ(Qj)mo,

J
p— J— = ™ ] ]
=> { O, w1 5, Uo)p, + (ul’D“‘))”(Qj)ml} ’ (9.34)

J
=3 [, + (w1, Dud) s ]

<<y1; X0>> (uh Ul)L2(Q)m1 = (Ula vl)L2(Q)"”1 .
Which proves that v; = Dug weakly on the whole of €, hence up € Up(D; Q) and Xo € Sg.x. W

Remark 9.10. Notice that the proof of the similar result (Proposition 3.23) in absence of junc-
tion points was considerably easier. Similarly, for regular enough functions (for which the re-
striction on parts of the boundary can be properly defined) the orthogonality property can be easily
deduced (see Remark 9.6). Indeed, let

- J - J
Xg = (X{))j:1 € Mo,x NMup o and x| = (X{)j:1 € My N My, (9.35)

we first establish the identity

J J
<<X15XO>>>< = ((XlaXO))x = Z (X{7X6)f, = Z (X{|ij’xé|rjk)1‘jk’

Jj=1 J=1keK;
7 (9.36)
_ J J k k
= gz [ R CTE S

Now, if xo € So,x and x1 € Sy x, it follows from Definition 9.5 that (X1,Xo), = 0. Reciprocally,
let xo € Mo,x such that for any x1 € Sy x, we have {(X1,Xo),, = 0. We obtain

" i
(X1, %0y Z Z |ij,X(j) I, *X0]|ij>lﬂjk =0, (9.37)
j=1keK;
i<k
which holds for any x1, so that ngh“jk = X§j|pkj for any (j, k) € I and finally xo € Sp,x -
The other result can be obtained analogously.

9.2.1.4 Characterization of the trace of the solution

We are now ready to characterize the solution of the model problem (3.79) entirely through its
trace. This is the purpose of the following Proposition, counterpart of Proposition 3.24 but now
allowing interior junction points.

Proposition 9.11 (Equivalent decomposed problem). Let F € Ur(D;Pq) be any source
lifting such that (the choice is not unique)

{(La_ﬂo%)ﬂgj = fla,, in Q;, Vie{l,...,J},

9.38
(rir —ivr)F =g, onT. (9.38)
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Let u € Up(D, L,; Pq). Then, u is solution of the model problem (3.79) if, and only if,
Yxu € (Cx +vxF)NSx. (9.39)
Proof. (=) Let u be a solution of the model problem (3.79):

Find u € Up(D;?) such that

(Ly — ko2n)u = f, in Q, (9.40)

(v,r —ivor)u=g, onT.
Since u satisfies the PDE in 2 in a distributional sense, by testing for each j € {1,...,J} with
a test function in C§°(£2;) (extended by zero outside €2;), the restriction u|q;, which ought to
be in Ur(D;j), satisfies the PDE in each sub-domain ;. The physical boundary condition on

I" is not affected by the decomposition since we exclude the case of boundary junction points
(Assumption 3.12). We get

{(La — ko2n)ula, = fla,, in Q;, Vj €{0,...,J},

9.41
(rir —ivor)u=g, on I (9-41)

Given any F' € Ur(D; Pq) satisfying (9.38), by Definition 9.3 of the Cauchy trace space Cy we
get

vy (u— F) € Cy. (9.42)

Besides u is explicitly sought as an element of Ur(D; Q) and in addition u satisfy the PDE in

the whole of Q and by Assumption 3.10 necessarily u € Up(D, L,; Q). By Definition 9.5 on the

single trace space Sy we get
Yxu € Sx. (9.43)

(<) Conversely, suppose that u € Up(D, L,; Pq) is such that
Yx(u—F) € Cy,

9.44
’7><u € S><> ( )
for any F' € Up(D; Pq) satisfying (9.38). From
Ix(u—F) € Cy, (9.45)
using Corollary 9.8 we have that
(La — 50'2n)u|Qj = f|Qj’ in Qj, v.] S {O, ey J}, (946)
(e —iyor)u =g, on I
From
Yxu € Sy, (9.47)

by Definition 9.5 on the single trace space Sx we get that v € Up(D,L,; Q). It follows that
(L. — ko?n)u makes sense in L?(0)™” and we can write for any test function ¢ € D(€)™°

J
((La - HOQ”)U7¢)L2(SZ)7"O = Z ((L — ko n)u|937¢|9 )L2(Q ymoo
(9.48)

j=1
J
Z f|QJa¢|Q L2(Q;)™0 = (f, ¢)L2(Q)7n0,

where we could write the last equality thanks to Assumption 3.10. Finally, using the same
argument for the physical boundary condition on T, w is solution of the model problem (3.79). W



9.2. ABSTRACT DOMAIN DECOMPOSITION METHOD 281

As in Proposition 3.25, we are again able to write a decomposition of the multi-trace space
using the single and Cauchy trace spaces. Such a result was proven in the case of constant
coefficients for instance in [32, Prop. 6.1] for the acoustic setting and in [37, Prop. 6.1] for the
electromagnetic setting. The extension to variable coefficients for the acoustic setting is available
in [29, Prop. 6.1].

Proposition 9.12. We have the direct sum
My =Cyx & Sx. (9.49)

Proof.

Null intersection Cx NSy = {0}. Let x = (xj)j:1 € Cyx N'Sy. First, since x € Cy,
from Definition 9.3 of the Cauchy trace space Cy, for all j € {1,...,J}, we can find a lifting
u; € Up(D; ;) such that

(La — K().Qn)uj‘ = 0, in Qj, (950)
(m,r —ivor)u; =0, on T,
and . ~
T, Ui =X, on I';. (9.51)
Now let u € Up(D; Pg) such that
ulo, = uj, vie{l,...,J}, (9.52)

we remark that u belongs in fact to Ur(D,L,; Pq) (so that its trace v, is well defined) and by
construction it is such that
Yxu =X € Cy NSy. (9.53)

From Proposition 9.11, it follows that u actually satisfies the homogeneous model problem (3.79)
in the whole of Q2

u e UF(D; 9)7
Fxu € Cy NSy =4 (La — HOQH)U =0, in Q, (954)
(v1,r —iv,r)u =0, onT.

The well-posedness of this problem (Assumption 3.9) yields v = 0, hence X = yxu = 0.

i J g
Decomposition. Let X = (Xo,X1) € My with Xo = (xp),_;, and X1 = (x),_,. We wish to
construct y € Cy and z € Sy such that X =y + z. The proof performs explicitly the projection
of X on the subspace C in parallel to the subspace Sx. To construct y, we proceed in two steps

1. Lifting of Xo: define

(9.55)

v € Up(D, L,; Pgq) such that,
Y0,xV = Xp-

Any such lifting will work, a particular lifting can be constructed for instance by solving
coercive (note the change of sign in the equation and the real parts of the coefficients) local
problems (which are well-posed):

vlg, € Ur(D; ;) such that,

(L(a) + /‘502%@))1452_]- =0, in Q;,
(m,r —ivo,r )U|Q] =0, onI';NT,
’VO,FJ' U|Qj = X(Jp on F]

vie{l,...,J}, (9.56)
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2. Lifting of X;: define (see (3.83) and (3.98) for the definition of the sesquilinear forms)

{w € Ur(D; ) such that, (9.57)

a(w, w') = a(v,w') — (X1, 7v0,xw"), , Vw! € Ur(D; Q).

Such a solution w € Ur(D; () exists from the well-posedness of the model problem (3.79)
(Assumption 3.9).

Let
Y = (Yo, Y1) == vx (v — w). (9.58)
Notice that, using the first Green identity (3.104) in each sub-domain €; in (9.57), we have
La — ro® - —wlg,) =0 in Q,
Vief{l,....J}, (Ls = ro"n)(vlo, —wla,) =0, - (9.59)
(7,0 —ivor)(vle, —wle,) =0, onT,;NT.

It follows that v — w € Up(D;Pq) satisfies the PDE in each sub-domain €2; (and the physical
boundary condition), Definition 9.3 of the Cauchy trace space Cy yields y € Cy.
Now, let

z2=(29,21) :=x—Y. (9.60)

We have, by construction,

Zop = X0 — Yo = Xo — (’Yo,xv - ’Yo,xw) = Y0,xW. (9.61)

Since w € Up(D; ), by Definition 9.5 2o = v, xw € Sp,x. To prove that z; € S; «, we take any
So € Sp,x and we denote by us, € Up(D; Q) any lifting such that - xus, = So, which exists by
Definition 9.5. Using again the first Green identity (3.104) in each sub-domain, we have that

(vi.x (v —w),80), = alv —w,us,), VS0 € Sp x. (9.62)

Hence, we deduce from (9.57) that

(z1,50), = (X1 = Y1,50), = (X1 — 71, (v — w),S0),, =0, VS0 € So,x - (9.63)

Therefore, using Proposition 9.9, we obtain z; € S; x and z € Sy. Finally we have the con-
structed the decomposition

yECXa

9.64
z€Sy. ( )

X=Yy+z with {

Remark 9.13. Note that the mechanism of the proof for the null intersection is very similar to
the one in Chapter 3. In contrast, even though the general idea for the proof of the decomposition
remains the same, the arguments used are significantly different. In particular, we are no longer
able to explicitly interpret the underlying problem as a transmission problem since the notion of
a jump is more delicate in the present setting. Note though that the problem (3.161) is stricly
equivalent to the problem (9.56), while the problem (3.162) has the same variational formulation
as problem (9.57).
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9.2.2 Reformulation as an interface problem

In this section, repeating the steps of Chapter 3, we exploit the above characterization (see
Proposition 9.11) of the trace of the solution to equivalently recast the original problem (3.79)
as a problem posed on the skeleton X of the partition (see (9.99)).

9.2.2.1 Transmission operators and associated scalar products

Again, we start by introducing a key ingredient of our formulation, the transmission operators.
Note that we have been unable in this new setting to introduce an equivalent operator to the
operator Z from (3.173) in Chapter 3.

Definition 9.14 (Transmission operators). We call transmission operators any continuous
and injective mapping such that
To,x + Mo,x = My x,

(9.65)
T1,>< : M1,>< %MO,X-

Scalar products We have equipped our multi-trace spaces with the norm stemming from
the Cartesian product structure of the multi-trace space. We now introduce different, albeit
equivalent, norms.

Unless stated otherwise, we shall assume that the following assumption holds, thereby allow-
ing us to define a scalar product (and associated norm) on the multi-trace spaces.

Assumption 9.15. We suppose that the transmission operators are self-adjoint positive definite
isomorphisms between the multi-trace spaces. In addition, we suppose to have the following
relation
-1
Tix = (Tox) - (9.66)

We can equip the multi-trace spaces Mg x and M; yrespectively with the following scalar
products

t0,x (X0, Y0) := (To,xXo0,Y0), VX0, Yo € Mo, x,

(9.67)
t1,x (X1, Y1) := (Y1, T1, X1, VX1, Y1 € My x.

Norms We can then endow the multi-trace spaces Mg »x and M; ywith the norms induced by
the previous scalar products. Hence we define

HXOHErO . =to,x(X0,X0);  VXo € Mo,x,
. (9.68)
HXlHTLX = tl’X<X1,X1), VX, € M1,><~

Remark 9.16. Since the transmission operators are supposed to be continuous and coercive
(by assumption 9.15), the norms defined in (9.68) are equivalent to the ones previously defined
in (9.11).

Generalized Robin operators We introduce similar operators as in Chapter 3. As before,
the transmission operators are used to combine the two types of traces in the so-called gener-
alized impedance multi-trace operator (Definition 9.17, counterpart of Definition 3.27), which
in turn are used in the definition of the scattering operators (Definition 9.19, counterpart of
Definition 3.29).
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Definition 9.17 (Generalized Robin operators). For each o € {0,1}, we introduce the
global operators,

+ .
RE, My — M,

+T —i if o = 9.69
X = (XO,X1) s { 1,><X1 1Xp, ZfO' 07 ( )

+X; — iTO’XXO, ZfO' =1,

9.2.2.2 Scattering operators

The definition of the scattering operators can be straightforwardly deduced in our new formalism
from the one of Chapter 3. The required modifications are only minor but we stated them
regardless for the sake of completeness.

Because of the abstract setting, we need again to first make the following assumption (which
puts constraints on the transmission operators) before proceeding.

Assumption 9.18. For each o € {0,1} and for any X, € Mg, f € L2(Q)™°, g € L*(T)™°, the
transmission operators are such that the following problem is well-defined:

Find us € Up(D;Pq) such that
(Lafli()Qn)uc,le :f‘Qj, m Qj, Vj e {1,...,J},

(v,r —ivor)us = g, on T,
R(J,F}X')/Xugzxg7 on X.

(9.70)

Upon satisfying the above assumption, we can now safely define the scattering operators.

Definition 9.19 (Scattering operators). For each o € {0,1}, we define the global scattering
operators,
So.x Mg x = My,

’ _ (9.71)
XU — RO’,X’YX’U’O')
where u, € Ur(D;Pq) is such that
(La — Ko?n)uelo, =0, in Qj, Vie{l,...,J},
(.0 =10 Jus =0, on T, (9.72)
R;X'yxug = X, on 3.

From the above definition, we readily obtain a characterization of the Cauchy trace space C
(Definition 9.3) as the kernel of an operator involving the generalized Robin operators R{ , and
the scattering operator S, .

Proposition 9.20 (Characterization of the Cauchy trace space). For each o € {0,1}, we
have the following characterization of the Cauchy-trace space (9.3):

Cx =Ker (R, — S, xR ). (9.73)
Proof. (=) Let x € C«. From Definition 9.3 of the Cauchy trace space Cy, there exists u €
Ur(D; ;) such that v, u = x and

{(La —ko®nulg, =0, inQy, Vie{l,...,J} (9.74)

(’}/171'* - i'YO,F )‘Qj =0, onI'N Fj.
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If, for any o € {0,1}, we let y := Rix'yxu = Rixx, by Definition 9.19 of the scattering operator
So,x, we have R vy u := S, xy which is rewritten as R, , X = SU)XRIXX.

(<) Let o € {0,1} and x € My be such that R, ,x = S, xR x. By Assumption 9.18,
there exists u, € Up(D; ;) such that

(La — Ko”n)uc|o, =0, inQ;, Vje{l,...,J},
(m,r —ivo,r)us =0, onT, (9.75)
R:X’YXUUZRIXX, on X,

and from Definition 9.19 of the scattering operator S, x we have R, , yxuq, := SU7XR;XX. It
follows that

R - =RT X,

rx rtle T P (9.76)
Rmx’yxu(7 = RU,XX.

It remains to prove that vy, u, = X. We give the proof for ¢ = 1, the other proof follows the same

lines. By Definition 9.17 of the generalized Robin operators Rix, the system (9.75) is rewritten

as

Y1,xu1 — iTo xvo,xu1 = X1 — T xXo, (9.77)
—71,xu1 — iTo xvo,xu1 = —X1 — 1Ty xXo,
so that taking linear combinations we get
T u; —Xo) =0, u1 = Xo,
0,x (’Yo,x 1 0) - Yo, x U1 0 S el = X, (9.78)
(y1,xu1 —%1) =0, Y1,x U1 = X1,
using the injectivity assumption on the transmission operator Tg x (Definition 9.14). |

9.2.2.3 Communication operator

We define below an operator that plays the role of a communication operator in that it couples all
local sub-problems together and will be used in the algorithm to exchange information between
the subdomains. However, contrary to its counterpart II;, (Definition 3.31) in Chapter 3, this
communication operator I, » is no longer local and does not simply swap data at an interface.
This is the reason why we no longer refer to it as an exchange operator, but prefer the term
communication. We emphasize that the definition of this new operator is the key difference with
the previous formalism that allows to make the leap forward in the clean treatment of junction
points.

Helped by the following lemma, which is a direct consequence of Proposition 9.9, we are able
to introduce orthogonal projectors onto the single trace spaces in Definition 9.22 before defining
the communication operators in Definition 9.23.

Lemma 9.21. For any o € {0,1}, the space S, is a closed subspace of My «.

Definition 9.22 (Orthogonal projectors). For each o € {0,1}, in the Hilbert space equipped
with the norm stemming from the transmission operator (Mo, x, || - ||, ), we introduce the fol-
lowing orthogonal projectors '

P,x : My x — So and Pj‘,x : My — S(J; satisfying Id = PiX+PU,X. (9.79)
Definition 9.23 (Communication operators). We define the communication operators as

H07>< = Id—2P07>< : M07>< — M07><,

(9.80)
H1,>< = 2P1,>< —1d : M1,>< — M1,><-
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To compare with the theory of Chapter 3, observe that what was previously a property (see
Proposition 3.34) is now a definition (Definition 9.22).

We emphasize that the orthogonal projectors, and therefore the communication operators,
depend on our choice of norms (9.68) hence are intrinsically linked to the transmission opera-
tors (9.65).

The formal change of sign between the different values of ¢ will be explained when we explore
the connections between the above operators and the usual communication operator II; given
in Definition 3.31 (see Section 9.2.3).

Remark 9.24 (Practical computation of the projection). In practice, given X, € M,
for any o € {0,1}, one can compute P, «X, € Sy by solving the following coercive problem

to,x (Po,xXoYo) = to,x Xo, Yo), Yo € So. (9.81)

Of course this problem is global and is posed on the whole skeleton .. Here the choice of the
scalar product ty « (-, ) does matter: it should be chosen so that the orthogonal projection in (9.81)
is easy to compute. This variational problem makes the operator I, » a priori non-local. For
certain choices of impedance, this communication operator may couple distant subdomain that
are not a priori adjacent. This will be a salient feature of this new strategy, and a key difference
in comparison with existing literature and the method described in Chapter 3.

Admittedly, this non-locality raises a computational difficulty. We remark however that the
variational problem (9.81) is symmetric positive definite. Current literature offers very efficient
scalable two level DDM preconditioners for tackling such a problem, see [127, §4.5], [115, §2.1]
or [58, §6.4]. We shall present in the following the strategy that was adopted to solve (9.81) in
practice in our numerical experiments, which is based on a (preconditioned) conjugate gradient
algorithm. The key point being that the DD algorithm remains fully parallelizable, in particular on
distributed-memory architectures, with only communications between neighbouring sub-domains.

Remark 9.25. For future reference, we give alternative expressions of the projectors in terms
of the communication operators:

1
Py = 3 (Id — I, ) and Pyt == (Id 410 &),
(9.82)

(Id —IIp ),

N = N =

1
P,x = 5(1d+1‘[07x) and Py .yt =

The following proposition is immediate from the definition of the communication operators
II, « by simple properties of projectors.

Proposition 9.26 (Isometric property). Let o € {0,1}, the communication operator I1, «
is an tnvolution
I, =1d, in Mg, (9.83)

and an isometry of My x, for the norm induced by T,

||1'I¢,7Xx<,|\Tﬂ_’X = ||xg||TUYX, VX, € Mg % (9.84)

As a consequence of Proposition 9.9 we have the following important decompositions. A
similar result in a slightly different geometric configuration (in the whole space) and for the
acoustic setting is available in [29, Prop. 4.2].

Proposition 9.27 (Orthogonal decompositions of multi-trace spaces). For the scalar
products on the multi-trace spaces (9.67), the following direct sums hold and are orthogonal:
M0,>< = S0,>< @Tl,x Sl,><a

9.85
My x :=S1,x ®@To,x So,x- (6.85)
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Proof. We prove the first result, the proofs for the other results are similar.
Decomposition Let Xg € My x and set

Yo := Po,xXo, Zp :=Xo — Yo- (9.86)
By definition of the orthogonal projector (9.79), we have yg € Sg x and
to,x (Yo,S0) = to,x (Xo,S0), VS0 € So,x, & (To,x20,%), =0, Vs € Spx. (9.87)

From Proposition 9.9, we have Ty «Zo € S x hence zg € T xSy «.
Orthogonality Let X € Sp x and Y1 € Sy, then V1 € Sy . We have, by definition (9.67),

to,x (X0, T1,xY1) = {To,xX0, T1,xY1),- (9.88)

As direct consequence of (9.66) and the self-adjoint properties of the operators Ty x and Ty x,
we get

to,x (X0, T1,xY1) = (V1, %0 ) (9.89)

Finally, using Proposition 9.9
to,x (X0, T1,xy1) = 0. (9.90)
|

Remark 9.28. It is clear that, if Assumption 3.11 holds, the multi-trace spaces Mg, M1, and
M, from Definition 3.16 satisfy similar decompositions. We have

Mo, == So,; ® T1,; S1,,

(9.91)
My, :=S1,; @ To,; So,-

Again, we can characterize the single-trace space Sy (Definition 9.5) as the kernel of an op-
erator involving the generalized Robin operators R , and the communication operator Il x.
The following proposition, which follows from Proposition 9.27, is the counterpart of Proposi-
tion 3.37. A similar result in a slightly different setting (in the whole space) was proven for
instance in [29, Prop. 5.4] for the acoustic setting.

Proposition 9.29 (Characterization of the single-trace space). For each o € {0, 1}, we
have the following characterization of the single-trace space (9.24):

S, =Ker (R}, — I, xRT,). (9.92)

Proof. First note that, for any o € {0,1} and any X € My, R;XX = I, xR, . X is equiva-
lent to R, (X = HgyxR;L,XX since the exchange operator Il, » is an involution according to
Proposition 9.26.

We prove the result for ¢ = 1, the other proof formally takes the same route. For all
X = (X0,X1) € My = Mo« X My » we have, from (9.79)

X1 €S x & Piutx =0, (9.93)
and from (9.79), together with Proposition 9.27,
X0 €Sox © ToxX € ToxSox =Six+ < PixToxX =0. (9.94)
Hence, by simple properties of projectors, we have

XESy & Piutx +iPyx ToxXo =0. (9.95)
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This is rewritten as, using the expressions of the projectors in term of the communication operator
IT; » from (9.82)

X € Sy = (Hl,x + Id)Xl + i(Hl,X — Id) TO,><XO =0,

. . (9.96)

< X1 — 1T07><X0 = Hl,x(*xl — 1T07><X0).

Finally, using Definition 9.17 of the generalized Robin operators, we get
xeS, <« (Rf, - R{,)x=0. (9.97)
|

9.2.2.4 Equivalent interface problem

With the help of the scattering operators S, x and exchange operator I, x we are now in a
position to recast the original problem (3.79) as a problem for the trace of the solution posed on
the skeleton . Importantly, it takes formally the same form as before (see Proposition 3.38).
Unsurprisingly its proof follows very closely the one of its counterpart of Chapter 3 because it
relies on the two characterisations (Propositions 9.20 and 9.29) of the Cauchy trace space Cyx
and single trace space Sy, but we restate it here for completeness.

Proposition 9.30 (Equivalent interface problem). Let o € {0,1}. Let F,, € Ur(D;Pq) be
the (unique) source lifting such that

(La_/€02n)Fg|Qj = fla,, in Q;, Vjedl,...,J},
(vir —ivor)F, =g, on T, (9.98)
RS v« F, =0, on .

Consider the problem
Find X, € My «,
{ max 3 (9.99)

(Id - HU’,XSU,X)XU = HU,XR;x'YXFJ'

Ifu € Up(D; Q) is solution of the model problem (3.79), then its trace X, := R:X'yxu satisfies
the interface problem (9.99).

Reciprocally, if X, € My x is solution of the interface problem (9.99) and if v, € Ur(D;Pq)
is the (unique) solution of

(La — Ko?n)vg o, =0, inQ;, Vje{l,...,J},
(m.r —ivor)ve =0, on T, (9.100)
RIX'Yan:Xm on 27

then u € Up(D; Pq) defined as uy := v, + Fy is solution of the model problem (3.79).

Proof. Let F,, be the unique solution (by Assumption 9.18) of (9.98), then it satisfies (9.38). We
will rely on the characterization given by Proposition 9.11, which states that u € Ur(D, L,; Q)
is solution of the model problem (3.79) if, and only if,

Yxu € (Cx +vxFy) N Sx. (9.101)
(=) Let u € Up(D; ) be the solution of the model problem (3.79), then yxu € (Cx + v« Fy)N
Sy«. From Propositions 9.20 and 9.29 we have

{7X(U—Fg) € Cy, = {R‘;XVX(U_F”) :S”’XR;:X’YX(U_FU)7 (9.102)

YU € Sy, R;XVXUZHU,XR;XVXU~
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hence using R;X'}/X F, =0 from (9.98) we deduce

R;,x’)’xu:SU,XR;x'yxu"i_R;,x'nyoa (9 103)
R;X'yxu =1L, xR, ,vxu.
Eliminating R, . yxu it is then immediate that
RIX"/Xu:HU’XSU,XR;X'yxu—i—HU’XR;X'VXFU, (9.104)

hence its trace X, := Rix'yxu satisfies the interface problem (9.99).

(<) Reciprocally, let X, € My x be solution of the interface problem (9.99) and let v, €
Ur(D; Pq) be the unique solution (by Assumption 9.18) to (9.100). Then, by definition of the
Cauchy trace space Cyx (Definition 3.18), its trace vxv, € Cx. If we set u, := v, + F,, we
readily obtain vy (u, — F;) € C«. Besides, using X, = R;L,X')/X v, from (9.100), we rewrite (9.99)
as

(Id_HU,XSU,X)XU:HU,XR;x7XFaa < (Id_HU,XSU,X)RIx7XUJ:HJ,XR;x7XFa-

(9.105)
Using Proposition 9.20 we get
R Vs — Mo xRy Vo = T xRy v Fy (9.106)
Finally, using the fact that R;X’nyg =0 from (9.98) and the definition of u, yield
RS vxto =Ty xRy Yl (9.107)

Proposition 9.29 then gives yxu, € Sx. Finally we indeed have yxu, € (Cx + v« Fy) NSx. W

Remark 9.31. Again, it is perhaps worth mentioning an alternative equivalent interface prob-
lem, exchanging the order of composition of S, x and Il . Let o € {0,1} and consider instead
the alternative interface problem
Find X, € M
e Fa S Vaxs B (9.108)
(Id = S5 Iy x )Xo = Ry Y5 Fo-

Ifu € Up(D; Q) is solution of the model problem (3.79), then its trace X, := R, , yxu satisfies the
interface problem (9.108). Reciprocally, if X, € M, x is solution of the interface problem (9.108)
and if v, € Up(D; Pq) is the (unique) solution of (9.100) then u € Ur(D;Pq) defined as uy =
ve + Fy is solution of the model problem (3.79).

9.2.2.5 Block diagonal transmission operators

Again, we now investigate the particular case of block diagonal transmission operators. We
emphasize that also in this new framework this sub-case is in fact the only case of practical
interest as any other alternative would prevent us to get any parallelization of the domain
decomposition algorithm. It is interesting to note though that the theory does not rest on this
assumption. As a result, one would typically impose the following additional requirement (which
is not restrictive) on the transmission operators.
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Assumption 9.32 (Block diagonal transmission operator). The operator T, x, 0 € {0,1},
viewed as an operator matrix of size J X J, is diagonal

Ty = diag;eqr.. sy (T{w), (9.109)
where, for all j € {1,...,J}, we have
T}, Xo(Ty) = Xu(Ty),

. (9.110)
le : Xl(Fj) — X()(Fj)

X

We provide an example of a diagonal transmission operator in Figure 9.6. This sketch cor-
respond to the top-right geometrical configuration that is given in Figure 3.1c. The non-zero
operators are represented by the hatched areas. For comparison, the sketches of admissible
transmission operators for the previous formalism were provided in Figure 3.4.

Q9 Qs QO 0 O, Qs O
P L B (O o 4
Iz Tag Tar T'ze T'zy T'ys I'yp Doy Tag Tge T'zy I'ys
1 {FIS !
I
s |
Q3432
T34
Q4 {F43 3

(a) Top right geometric partition in Figure 3.1c. (b) Bottom geometric partition in Figure 3.1c.

Figure 9.6: Sketch of the operator matrix of diagonal transmission operators of the top right
geometric partition in Figure 3.1c. The non-zero operators are featured by the hatched areas.

Furthermore, the diagonal structure of the transmission operators implies a diagonal structure
for the scattering operator. To see that we first introduce local versions of the Robin operators
at an interface.

Definition 9.33 (Local generalized Robin operators). For each o € {0,1} and j €
{1,...,J}, we introduce the local operators,

Rgf,j; : X(fj) - Xo(fj)v
+T] %1 — iXo, ifo=0, (9.111)
in *iTaXXO, zfo': 17

X = (Xo,Xl) — {
Then, for each ¢ € {0,1}, we have

Sox = dingjer sy (S (9.112)

where the local scattering operators are given in the following definition.
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Definition 9.34 (Local scattering operator). For each o € {0,1} and j € {1,...,J}, we
define the local scattering operators,

SZ',X : XU(FJ) - X<7<Fj>7

- - (9.113)
X<J7 — R<]77,>< ’Yf‘j Ug,j,
where, for all j € {1,...,J}, us; € Up(D;Q;) is such that
(La — Ko°n)ug o, = 0, in Qj,
(n,r —iv0,r )ue,; =0, onT, (9.114)

It oA C— .
RO_’)X VE, Uoj = X%, on T';.

It is now clear that applying the scattering operator consists in solving local problems locally
in each subdomain (hence hopefully in parallel), thereby insuring that the PDE is satisfied
locally. It is the communication operator that couples all sub-domains together by exchanging
information, thereby insuring the global continuity of the solution.

Besides, we note that satisfying Assumption 9.18 now amounts to satisfy the following as-
sumption.

Assumption 9.35 (Well-posedness of local sub-problems). For each o € {0,1}, j €
{1,...,J} and for any x). € X,(T;), f € L2(Q)™°, g € L*(T")™°, the transmission operators are
such that the following local sub-problems are well-defined:

Find us ; € Up(D;Q;) such that

(La — /{02n)ug7j = f‘Qj7 m Q]a (9 115)
(71_,1“ —iv0,r )ue; = 9, on ;NI
Rﬁ,i I, Uoj = XL, onT;.

9.2.3 The case of no junctions

We investigate briefly the relations between the interface problems (3.200) and (9.99), as well as
the operators involved when, as we shall assume in this section, Assumption 3.11 holds (as well
as Assumption 3.12). Beyond all the similarities between the two formalisms, the two methods
can actually be equivalent.

First, recall from Remark 9.2 that one can identify the two multi-trace spaces My and M,.
Using the same process, the spaces Cy and C, (respectively Sy and S;) can also be identified.

We shall study only the case where diagonal transmission operators are used, in the sense
of Assumption 3.40 and Assumption 9.32. A moment of thought will reveal that, in order
to have some sort of equivalence between the two formalisms, the main requirement on the
transmission operators is to satisfy the kind of symmetry with respect to each interface stated
in Proposition 3.41. This motivates the following assumption.

Assumption 9.36 (Compatibility condition on the transmission operators). For each

o € {0,1}, there exists a family of operators (Tf,’fu)( o of self-adjoint positive definite iso-
7/ (J,k)ed

morphisms satisfying (3.213) such that the operator T, is diagonal in the form of (3.210). In

. N
addition, this family (Tﬁ,’fu)( defines another family of operators (Tf, X) satisfying
’ 1

j,k)eJ j=
(Thsxd ) I = T2 () s ¥ € X0 (T)), VG R) € 3. (9.116)

such that the operator Ty « is diagonal in the sense of (9.109).
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It is straightforward to show that if Assumption 9.36 holds, the Robin trace operators, de-
fined respectively in Definition 3.27 and Definition 9.17, and the scattering operators, defined
respectively in Definition 3.29 and Definition 9.19, are equivalent. Of course, the scalar product
and norms on the respective multi-trace spaces also coincide. The much more obscure point is
the agreement between the exchange and communication operators, which is the subject of the
following proposition.

Proposition 9.37 (Equivalence between the exchange and communication operators).
If Assumption 3.11 and Assumption 9.36 hold, then we have

II, . =11, Vo € {0,1}, (9.117)
with IL, as in Definition 3.31 and 11, « as in Definition 9.25.

Proof. Suppose first that o = 1. It is straightforward to check that the operator
1
Py, = 3 (Id —11,), (9.118)

is a projector. Moreover, the single trace space S; is included in its range.

Since Assumption 9.36 holds, the transmission operator Ty, is diagonal and Proposition 3.41
gives us that it commutes with the exchange operator II, (Assumption 3.36 holds). It follows
that Ty Sp,, is included in the kernel of the projector P; . From the decomposition of the
multi-trace space (9.91), we have that RgP; , = S; ; and Ker Py, = T So,.

Using the same arguments, T4, commutes with IT,. It follows (see Proposition 3.54) that
IT,, hence the projector Py, is self-adjoint with respect to the scalar product induced by T .
As a result, the projector P is an orthogonal projector with respect to this scalar product.
Therefore, Py, = Py x and IT, = IT .

For the cases 0 € {0} the arguments are similar but notice that, for instance for o = 0, we
need to introduce (note the formal change of sign)

1
Py, = 3 (Id +11,), (9.119)

to have a projector on the single trace space Sy . This explains the formal change of sign in
Definition 9.23 of the communication operators. |

To sum up, we can state the following proposition which shows that the method introduced in
this chapter is actually a true generalization to the configuration with cross points of the method
described in Chapter 3.

Proposition 9.38 (Equivalence between the two formalisms). If Assumption 8.11 and
Assumption 9.36 hold, the interface problems (3.200) and (9.99) are equivalent.

9.3 Iterative domain decomposition methods

Again, one can see (at last) the purpose of our reformulation of the model problem (3.79) in
the form of the interface problem (9.99) when we consider iterative solvers to provide an actual
practical way of computing a solution. Indeed, iterative methods will construct sequences of
(broken) solutions by solving independently (hence hopefully in parallel) local sub-problems and
exchanging or communicating information between sub-domains.
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9.3.1 Iterative algorithm
Let o € {0,1}, F, be the solution of (9.98), and define

by :=IL, xR, Y« Fo. (9.120)

In this section, we want to devise (and study the convergence of) an algorithm to solve

(9.121)

Find X, € M, « such that,
(Id —II, xSo.x )Xo = by,.

Recall that, according to Proposition 9.11, having found such a X, solution of (9.121), the global
volume solution of the model problem (3.79) can be computed as

Uy = Vg + Fy, (9.122)
where v, € Up(D;Pgq) is such that
(La — Ko?n)vg o, =0, inQ;, Vjed{l,...,J},
(m,r —ivor)ve =0, on T, (9.123)
R;X’yxvg = X, on X,

which is well-posed according to Assumption 9.18.

Richardson algorithm We can use again for problem (9.121) a fixed point iteration algorithm,
counterpart of (3.225), which is not strictly speaking a Jacobi algorithm any more but rather a
Richardson algorithm. Let x{ € My, « and a relaxation parameter 0 < r < 1 be given, a sequence
(X2),en I My is constructed as follows

X = [(1 — r)Id + 1T, « Sy x| X2 + 1 by, n € N. (9.124)

Constructing this sequence of traces also constructs a sequence of broken solutions (vy), oy in
Ur(D; Pgq) when the action of S, « is computed. For each n € N the broken solution v} satisfy

(La — Kon)vlt]a, =0, inQ;, Vjed{l,...,J},
(ir —iyor)ug =0, onT, (9.125)
R;X'yxvg = X7, on X.

The true solution of the original problem is then (hopefully, if convergence occurs) the limit of
the broken solutions (uj := v} 4+ Fy),,cn in Ur(D; Pg).
It is clear that this new algorithm is formally very close to its counterpart from Chapter 3.

9.3.2 Convergence analysis

We now turn to the convergence analysis of the previously described iterative method.

It is clear that the new interface problem (9.121) takes the form of the abstract prob-
lem (3.230). To prove the geometric convergence of the above fixed point algorithm, we simply
need to check that the assumptions of Proposition 3.57 are satisfied in our particular case where
V =My x and A =11, xS, «.

To prove the property of contraction of Il, «S, x, we first need to establish the following
lemma, which rests in particular on Assumption 9.15.
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Lemma 9.39. For each o € {0,1}, we have,

_ 2 2 . -
IR Xl Ry x|y =2[xX],,  VxeM,. (9.126)

» X |

Proof. We prove the equality for o = 1, the other proof is similar. Let X = (Xg,X1) € My. By
Definition 9.17 of the generalized Robin operator R}, and by definition of the norms (9.68) we

1,x
have )
IRY Xl =[x —iToxXollp, -
LI T (9.127)
= (x1 —iTo,xXo, T1,x (X1 —iTo,xXo)),,
using Assumption 9.15 we obtain
2 . .
IRT (X[l = (%1 = iTo,xX0, T xXT + iXg),, (9.128)
so that using again Assumption 9.15 and the self-adjointness of T x, we get
2 2 2 . .
R Xy, = Ixallp, , + %ol = €55, Xo), + (X1, X0), (0.129)
2 2 o ’
= lxallz,  + [IXollp,  — 25(x1, X0),-
Finally using Lemma 3.6, we obtain
2 2 2 STy o
R Xy, = Ixall, , + [Xollg, , —10%X],.. (9.130)
Similarly,
_ o2 2 2 R
IR X, | = Xl A+ X0l , + 10X X] - (9.131)
|

We are now able to prove the property of contraction of the scattering operator S, » (Defi-
nition 9.19). A similar result in a slightly different setting (in the whole space but for the scalar
equation only) can also be found in [29, Lem. 7.1].

Proposition 9.40 (Contraction property of the scattering operator). Let o € {0,1}, the
scattering operator S, x is a contraction of My, for our particular choice of norm (9.68),

HSUvaU”TG,X < HX"”TG,X’ VXo € Mo, % (9.132)

Proof. Let 0 € {0,1} and X, € My . Let us introduce u, € Up(D;Pq) be such that

(La — Ko’n)uq|o, =0, inQ;, Vjed{l,...,J},
(mr —ivor )us =0, on T, (9.133)
R;L,X'YXUUZXJ7 on i,

which is well defined thanks to Assumption 9.18. Set Y = ~xu,, by Definition 9.19 of the
scattering operator S, x we have
R;,xy = Sa,xxaa (9134)

and we also have by construction
Xo =RI,y. (9.135)
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It follows that
1Se,xXollr, . = Xollr, , = IReuYlp, | — IIRIXVHTU,X (9.136)

Using Lemma 9.39, we obtain
10 xXo Iz, = X llx, , = 21X, %], (9.137)
Applying the energy conservation results of Proposition 9.4 we finally get

HSU,XXUHTU,X - ||Xa||T(,’X <0. (9.138)

Combining both Proposition 9.40 and Proposition 9.26 we get the contraction property we
were looking for.

Corollary 9.41 (Contraction property). Let o € {0,1}, we have
”H@XSGXXUHTU,X < \|xg||TU,X, VX € Mg, x.- (9.139)

It remains to prove the isomorphism property of the operator Id — I, xS, x which is the
subject of the following proposition. Once more, the approach follows closely the one from
Chapter 3 but is restated in the new formalism for the sake of completeness.

We begin with the following lemma, counterpart of Lemma 3.59.

Lemma 9.42. For each o € {0,1}, the operator R;X — I, xR, , (respectively the operator
R, — HU,XRIX) is surjective from My = (Mg x, M1, x) onto My «.

Proof. First note that, for any o € {0,1}, the result for the operator R, — l_Ig’XR:;X is
equivalent to the result for the operator R;X —II,; xR, , since the communication operator
II, « is an involution according to Proposition 9.26.
We prove the results for o = 1, the proof for the other case formally takes the same route.
Let y; € My ». We seek X = (Xo,X1) € My such that

Ry x - xRy, X =Y1 (9.140)

which, using successively Definition 9.17 of the generalized Robin operators fo and Defini-
tion 9.22 of the orthogonal projectors P x and PLXL, is equivalent to

(X1 —1To xXo) — IIj x (—X1 —1iTo xX0) = Y1,
= (Id+H17X)X1 +(Id 7H17><)(71T07><X0) =V, (9141)

. 1
& P1,xJ‘X1 + Py (—iTo,xX0) = §Y1~

Using the usual properties of the projectors Py » and PLXJ- it is then immediate to check that
a solution is at hand if Xy and X; satisfy

{—iTo,xXO =1Pi Y1, - {Xo = H(Tox) "Prx y1,

2 (9.142)
X1 = 1Pty X1 = 1Pty
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As a direct corollary to Propositions 9.12, 9.29 and Lemma 9.42 we have the following easy
result. Notice that the cornerstone to establish this result is the decomposition My, = C, @ Sy
from Proposition 9.12.

Corollary 9.43. For each o € {0,1}, the operator RIX I, xR, (respectively the operator
R, — Ha,xRIx) is a bijection from Cy to My .

Proof. Let o € {0,1}. Again, first note that the result for the operator R, — HU,XRIX is
equivalent to the result for the operator R}, — Il xR , since the communication operator
II, « is an involution according to Proposition 9.26. '

From Lemma 9.42, the operator R;X — I, xR, , is surjective from M, onto M, ». From
Proposition 9.29 we know that its kernel is Sy. From Proposition 3.25 we have that My =
C. @ Sy. It follows that the operator Ry, — I, xR, , is invertible on Cy. [ ]

We are finally able to verify that we satisfy in our particular setting the required additional
assumption of the abstract result contain in Proposition 3.57. This will be a direct consequence
of the following lemma.

Lemma 9.44. Let 0 € {0,1} and b, € M, . Consider the two problems

Find X, € M, « such that : (9.143)
(Id — HU’XSU’X)XU - bo’,
and
Fi C t:
m+d y € Cx such tha (9.144)
(RU,X - HO‘,XR(T,X) y= bg'

If Xo € My x is solution to the problem (9.143), then there exists y € Cyx solution to the
problem (9.144) such that X, = R;Xy.

Reciprocally, if y € Cy is solution to the problem (9.144) then X, = Rixy € Mq.,x @s solution
to the problem (9.143).

Proof. Let 0 € {0,1} and b, € M, «.
(=) Suppose to have X, € M, x a solution to the problem (9.143) and let u, € Ur(D;Pq) be
such that

(Laflio2n)uo-|gj =0, inQ;, Vje{l,...,J},
(m,r —ivo,r)us =0, onT, (9.145)
R;x’)’xuo:XU» on S,

which is well defined thanks to Assumption 9.18 and set
Y = vxus € My, so that by construction Xo = R;Xy. (9.146)

By Definition 9.3 of the Cauchy trace space Cx we also have y € C, and the characterization of
this space given in Proposition 9.20 yields

(Ryx —SoxRg )y =0. (9.147)
Finally, equation (9.143) is rewritten as

Ry« — T, xR, )y =b,, (9.148)
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which finally proves that y € Cx solves (9.144).
(<) Suppose to have y € C, a solution to the problem (9.144) and set X, := R ,y. Using
the characterization of the Cauchy trace space Cx given in Proposition 9.20 we have

(Ro« —SoxRZ )y =0. (9.149)

Then, equation (9.144) is readily rewritten as
(Id =I5 xSo,x ) Xo = bo, (9.150)
|

Proposition 9.45. For each o € {0,1}, the operator Id —I1, « S, « is an isomorphism on M, .

Proof. Injectivity Let o € {0,1} and X, € M, x be such that
(Id =TI, «So.x )Xo = 0. (9.151)
Using Lemma 9.44, there exists necessarily a y € C; such that x, = R;Xy and
(RS, —IL, xR, ,)y=0. (9.152)

Using the characterization of S« given in Proposition 9.29 we get from this last equation that
y € Sy so that in fact y € C; NSy, which is reduced to the singleton {0} from Proposition 9.12.
Finally from y = 0 we obtain X, = R;Xy =0.
Surjectivity Let o € {0,1} and b, € M, x. From Lemma 9.44 we know that to find a
Xo € My « such that
(Id —II, «So.x) X = by, (9.153)

it is enough to find a y € C; such that
(Ry« — L xR )y = b, (9.154)

and set X, = R;;Xy. The above problem in Yy is uniquely solvable by application of Corollary 9.43
and we are done. [ ]

Note that a similar result in a slightly different geometric configuration (in the whole space)
and for the acoustic setting was already established in [29, Cor. 7.1]. We are now ready to state
the following important convergence result, see also [29, Sec. 7.3].

Theorem 9.46 (Geometric convergence of the fixed point iteration algorithm). The
sequence of broken solutions (u}), .y computed according to (9.125), converges geometrically to
u the solution of the model problem (3.79). Specifically, there exist C > 0 and 0 < 7 < 1 such
that

ug = ullupipg) < CT, Vn € N. (9.155)

Proof. Arguing as in the proof of Corollary 3.63, this is a direct application of Proposition 3.57
whose two assumptions are verified in Proposition 9.41 and Proposition 9.45. ]

Remark 9.47. Arguing as in Section 3.3.3, we remark again that geometric convergence of the
relazed Jacobi algorithm guarantees geometric convergence of the GMRES counter-part.
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Discrete setting
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This chapter is devoted to the numerical analysis of the Galerkin approximation of the domain
decomposition method that was described in the previous chapter with one important caveat: we
do not impose any (geometrical) restriction on the (non-overlapping) partition in sub-domains.
In particular, we allow the presence of both interior and boundary junction points. Again, we
point out that this is one (our) choice of discretization strategy, which we actually implemented
and tested numerically (see Chapter 11 for numerical experiments). The ideas presented in this
chapter originate from the work of Xavier Claeys for the acoustic setting and are largely based
on those described in [33] (which in turn was based upon [29]). We adapted here the proofs
to our abstract formalism which allows to seamlessly extend the results to the electromagnetic

setting.
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The discretization strategy from Chapter 4 of the method described in Chapter 3 used the
formulation for ¢ = 1. This means that the Lagrange multiplier, solution of the interface
problem on which the iterative algorithm is applied, can be identified as an element of the
dual trace space (in this case My or My ). This is a rather natural choice for the Galerkin
method considered here and is slightly more efficient compared to the other choices o € {1/2,1},
if carefully implemented. In contrast, we consider in this chapter a discretization strategy of the
method presented in Chapter 9 based on the formulation for ¢ = 0. This means that the Lagrange
multiplier, solution of the interface problem on which the iterative algorithm is applied, can be
identified as an element of the natural (or primal) trace space (in this case Mg, x or Mg j, ). This
choice is more natural here because of the new way data is communicated between sub-domains.

10.1 Abstract discrete domain decomposition

In this chapter, we consider the most general configuration for the partitioning. We suppose
that the sub-domains are non-overlapping and that the partition is conformal (in the sense of
Assumption 4.7), but we do not suppose that Assumption 3.11, nor Assumption 3.12 hold, i.e.
we allow for the presence of both interior and boundary junction points.

The definitions and notations introduced in Section 3.1 and Section 4.1 are independent of
the type of partition and will still be in use in this chapter. Recall that we use the index X in
place of | to differentiate what has a meaning in a configuration that may admit cross-points
versus a configuration that excludes cross-point.

10.1.1 Multi-trace formalism

This time, because we allow the presence of junction points in the partition, the definitions below
are not a straightforward discretization of the continuous spaces of Chapter 9. The multi-trace
formalism is particularly adapted to this general setting, in fact it was created for this exact
purpose.

10.1.1.1 Multi-trace spaces

We introduce discrete global trace spaces whose elements are collection of traces on the whole
boundary I'; , of each sub-domain € (including, this time, the physical boundary).

Definition 10.1 (Discrete multi-trace spaces). The discrete global multi-trace spaces are
defined as

Il
X «
s
Lo
=
)1
<
N

Mo,n,x (3n) :
j=1
J
Min,x (3n) == X Xi,n(Tjn), (10.1)
j=1

J
Mp x (2r) := X Xp(Tjn) = Mon,x (2n) X Mip x (28).
j=1

Beware this time that these discrete spaces are not subsets of the continuous spaces Mg (3 \T'),
My (B\T), Miy, o (E\T) and My (X \T') introduced in the previous chapter. This is because
we excluded in the continuous setting the part of the boundary of the sub-domains which was part
of the physical boundary (and we were in the restrictive configuration that excludes boundary
cross points).
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A representation of the components of such multi-trace spaces is available in Figure 10.1.

Figure 10.1: Visual representation of the components of a multi-trace space for a partition with
both boundary and interior junction points, for instance (Xl,XZ, X3) € Mo.n,x

We introduce the following global trace operator ~y 5, x which is a continuous and surjective
mapping from the broken solution space into the Dirichlet multi-trace space

J
Yo,h,x == (V0,00 )j:1 : Vi(Pa,n) = Mo h, - (10.2)

Again o 5 x is different from its continuous version vy x because of the presence of the physical
boundary in our multi-trace spaces.

Norms and duality pairings The multi-trace space My, x can be endowed with the norms
stemming from its Cartesian product structure. Recalling the definition of the norm on a single
domain given in (4.6), we set,

J
2 12 i
||XO||M0,h,>< = E ||X€]||X0,h(rj,h)7 VX = (xé)je{lwa} € Mo,n,x- (10.3)
j=1

Recalling the local duality pairing (-,-),, between the two dual trace spaces (4.9) on a single
boundary 90, we introduce the duality pairing between multi-trace spaces (which does not
involve any complex conjugation operation)

<<'7 '>>>< : Ml,h,X X MO,h,X — C;
J
o (10.4)
(X1, Xo) = Z (X1, %0)r; -

j=1

The space My 3« is equipped with the corresponding canonical dual norm, namely

X1,X0) ¢
Ix1lly, , . == sup _XuX0)po , Vx1 € My x- (10.5)
” x0€Mo,h, x ”XOHMD,;L,X
Xo;éo !

Besides, we introduce the natural norm on My, » as follows

2 2 2
X[, . = [Xollw, , o + (Xl , o VX = (X0, X1) € M. (10.6)
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Lifting operators With the help of Assumption 4.2, it is clear that one can construct a (trace
preserving) continuous lifting operator

En,x :Monx — Va(Pan)- (10.7)

We shall require in the forthcoming analysis the continuity constant of this lifting operator,
denoted |[||Ep,x |||, and such that

1 En Xollur mep 1y < IEw ol %ol , o %0 € Mo (10.8)

10.1.1.2 Cauchy-trace spaces

We first define the discrete version of the Cauchy trace space from Definition 9.3, resorting to
weak formulations in this discrete setting. The bilinear a; was defined in (3.97) and the broken
version a was defined in (3.98).

Definition 10.2 (Discrete Cauchy-trace space). For each j = 1,...,J, the local space
of discrete Cauchy traces Cp x (') is defined as the subset of X (L) such that: for all
x € Xn(Tj,n),

x = (x},x1) € Cx (Tj)
& Ju; € Vi (Qy) such that

i (10.9)
aj(uj,vj) = <X1a'70,Fj,h Uj>FM7 ij S Vh(QjJJ7
Xg) = ’YO;Fj,h uj.
The global discrete Cauchy trace space is defined as
J
Ch7>< (Eh) = >< Ch.,>< (Fj)h), (1010)
j=1
or, equivalently,
X = (Xo,Xl) S Ch7>< (Zh)
a(u,v) = (xq, V)., Y eV ,
& u € V,(Pa,n) such that (U,v) = X1, 50,m,x V) € Vu(Pan)
Xo = 70,h,x U,
(10.11)

which we identify as a subspace of My« in a straightforward manner.

10.1.1.3 Single-trace spaces

Our definition of the single-trace space is again here fundamentally different from the one of
Chapter 4 (or Chapter 3). Indeed, it is clear that a generalization of Definition 4.11, using simple
matching conditions at each interface, is not possible since we now include the physical boundary
in the definition of the multi-trace spaces. However, our new definition exploits what were
previously properties of the single-trace space. To see this, we refer the reader to Proposition 4.12
and Proposition 4.15.

Definition 10.3 (Discrete single-trace spaces). The global discrete single-trace spaces are
defined as
So,h,x (Zn) = Y0,n,x Vr(),

Sl»’LX (Zh) = {X1 € Ml,h,x ‘ <<X1,X0>>>< = O7 VXO S So,h7>< }, (1012)
Sh,x (En) = Son,x (2n) X Sinx (Xn)-
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The definition of Sy j, « should be compared with Definition 9.5 from the previous chapter in
the continuous setting, it is similar in spirit. Note that S; 5 x can be seen as the annihilator of
So,h,x in My p,  for the duality induced by (-, -),., since it consists of all the functionals of My 5, »
whose restriction to Sg j, x vanishes. As a result it is isomorphic to the orthogonal complement
of SO,h, X -

The following lemma is a direct corollary of Lemma 9.7.

Lemma 10.4. We have
Ker~o,n,x C Vi(Q). (10.13)

Proof. Let up, € Vi(Pq,n) such that ~o 5, xur, = 0. From Lemma 9.7, we have u;, € Up(D; Q) so
that from Assumption 4.7, up, € Up(D; Q) NV (Pa.n) = Vi(Q). [ ]

We deduce the following corollary, which completes Definition 10.3 and makes clear the
difference between the V() (regular) and the V;,(Pq 1) (broken) versions of the solution spaces
using the single-trace space.

Corollary 10.5. We have
Yu € V,LL(PQJL)7 Yo.h,xU € Sop,x & UE Vh(Q) (10.14)

Proof. 1t is clear that one implication (<) stems from Definition 10.3. We need only to prove
the reverse implication (=).

Let w € Vp(Paq,) such that 4o n xu € Spp,x- By Definition 10.3 of Sgp, «, there exists
v € Vi(9Q) such that vop x(v —u) = 0. It follows that w := v —u € Kervyop« and by
Lemma 10.4 we get w € V() so that finally u = v + w does belong to V(). |

10.1.1.4 A first equivalent transmission problem

We are now ready to rewrite the (discrete) approximation (4.19) of the model problem (3.79) This
is the purpose of the following proposition, analogue to Proposition 9.11. The broken sesquilinear
and linear forms a and | were defined in (3.98) and (3.101). The result is formally very similar
to Proposition 4.16, and so are the proofs. However the arguments are from different origins.

Proposition 10.6 (Equivalent discrete transmission problem). If uy € V() is solution
of the discrete model problem (4.19) then there exists X = (Xo,X1) € Sp,x such that

{a(uh,v) —1(v) = (X1, 70,n,x V), W € Vi(Pa,n), (10.15)

Xo = Y0,h,x Uh-

Reciprocally, if up, € Vi (Pa,n) and X = (X, X1) € Sp,x are such that (10.15) is satisfied then
up, is solution of the discrete model problem (4.19).

Proof. (=) Let up, € Vi (£2) be the solution of the (discrete) approximation (4.19) of the model
problem (3.79). Since uj, € V,(€), from Definition 10.3 we immediately have

X0 := Y0,h,xUh € Soh,x- (10.16)
Now, we introduce X; € My j, x such that

(X1, X5 )y = alun, x§) — 1(x}), VX4 € Mo - (10.17)
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Let us show that X is independent of the particular lifting Ej, . Let v € Vj,(Pq,1), we have
Yo,h,x (V= En,x Y0,n,xV) =0 € Sg 1, x, (10.18)
so that, by application of Corollary 10.5, we know that v —Ej, x vo.n,xV € V(). It follows that

a(un,V — En x Yo,n,xV) = l(V = Epn x Yo,n,xV) = a(un,V — En x Y0,n,xV) — LV — Ep x Yo,n,xV) =0,

(10.19)
hence
a(uh, Eh,>< ’707h’><V) — |(Eh’>< ’707h’><V) = a(uh,v) — |(V), (1020)
and finally, using the surjectivity of the trace vo n,x from Vi (Pq,n) into Mg p «,
(X1, 70,0,x V"), = a(up, V) — I(V), W € Vi (Pan). (10.21)

Let zy € So.n.x, using Definition 10.3, there exists v* € V() such that zg = 795 xv'. Since
up, € V() satisfies the discrete model problem (4.19), we have

(x1,20), = a(up,v') — 1(v') = a(up,v") — 1(v*) =0, (10.22)
which means, from Definition 10.3, that
X1 € Sih,x and hence X = (Xo,X1) € Sp,x- (10.23)

(<) Reciprocally, suppose that there exists up, € Vi(Par) and X = (Xo,X1) € Sp,x such
that (4.55) holds. We immediately conclude from v j, xun = Xo € So,n,x and Corollary 10.5 that
up, € V(). Now testing with elements of V,(),

a(uh,vh) — l(vh) = a(uh,vh) — |(Uh) = <<X1,'70,h,><11h>>>< =0, Yoy, € Vh(Q), (10.24)

using Definition 10.3 together with the fact that X; € Sy «. Hence, up € V() is the solution
of the discrete model problem (4.19). |

We state now the result on the decomposition of the discrete multi-trace space in the sum of
the discrete single-trace and Cauchy-trace spaces, analogue of Proposition 9.12. The following
result on the decomposition of the discrete multi-trace spaces is based on similar results available
for the acoustic setting, see [33, Prop. 7.1].

Proposition 10.7. We have the direct sum
Mh,x = Ch,>< S Sh,><~ (10.25)

In addition, if we denote by Pc, , the projector from My x onto Cp, «, then we have the following
estimate

IPc, . Xll, ) o\ 1/2
ape, = sup ————— < (1 +ame  llall” IExxI ) [(L+ aa,n llall)IIEn,x Il 4+ ca,n]-
’ XEMp, x ||XHMX ’
X#0

(10.26)

Proof.
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Null intersection Cj, x NSy, x = {0}. Let X € Cp, x NSy, x. Since X € Cp, «, we can find
u € V,(Pq,p) such that

{a(u,v) = (X1, Y0,h,x V) » Yo € Vi(Pan), (10.27)

X0 = Y0,h,x U-

Then since Yo.n,x% = Xo € Sgh,x, ¥ € Vi(Q) from Proposition 4.12 and since X; € Sy «,
(X1,70,n,xv),, = 0 for all v € V;,(2) from Proposition 4.15. Hence we proved that

u e Vh(Q)7
{a(u,v) =0, Yo € V(). (10.28)

The well-posedness of this problem (Assumption 4.4) yields u = 0, hence X = 0 by continuity of
the trace operator v p, -

Decomposition. Let X = (Xg,X1) € My, x. We define

{u € V() such that, (10.29)

a(u — Ep,x X0,v) = — (X1, Y0,n,x )y » Yo € Vi (Q),

Such a solution exists from the well-posedness of the model problem (4.19) (Assumption 4.4).
Now define y; € My 5, x such that

a(u — Ep,x X0, En,x X§) = — (Y1, Xh ), VX4 € Mo (10.30)
By construction, using Definition 10.2, we have
Y := (Y0,h,x (En,x Xo — u),y1) € Cpx. (10.31)
Besides, Proposition 4.12 yields
(x1 —y1,20), =0, Vzy € So,h,x» (10.32)

so that, using Proposition 4.15 and again Proposition 4.12 together with the fact that u € V,(Q),
we have

Z:= (Yo,n,xU X1 — Y1) € Sp,x- (10.33)
It is then straightforward to check that
C
X=y+z,  with {y € Lo (10.34)
Z€ Sy x

Explicit estimate. We adopt the same notations as for the proof of the decomposition. By
definition of the projector Pc, , , we have,

2 2 2 2
y= oY1) :=Pc, X, sothat  [Pc, Xl =Yl =IYollu, . + IVillw, - (10.35)
By definition of y, we have

IYollm, . < [IEn,x Xo — ull .
0,x _1 Ur (D;Pa,n)’ (10.36)
IYillw, o < o, el ME T Enr,x Xo = ully pipg, ,)-
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Besides, by definition of u we have

Fllus rpnn = Il < e (lall NERl X0l . + Xl ) - (10.37)

We readily obtain the claimed estimate

2
2
1Pe, I, < (1+ a2, lall® NEn <) [(1+ aan Nall) IEA <IN Kol +ean %], ]

2 2
< (1 +aye llall® IEn,x I ) [(L+ aan lall)Enx Il + cvan]™ X[, -
(10.38)
|

10.1.2 Reformulation as an interface problem

In this section, repeating the steps of Chapter 4, we exploit the above characterization (see
Proposition 10.6) of the trace of the solution to equivalently recast the discrete approximation
of the original problem (4.19) as a problem (10.85) posed on the skeleton 3 of the partition.

10.1.2.1 Transmission operators and associated scalar products

We start by introducing the key ingredient of our formulation, the transmission operator.

Definition 10.8 (Transmission operator). We call transmission operator any continuous and
positive definite bilinear form

to,n,x * Mon,x X Monx — R, (10.39)

such that
t07h7><(X0, To) > 0, VX € MO,h,X \ {0} (1040)

For the sake of simplicity, and because it will always be the case in practice, we suppose that
this operator is diagonal.

Definition 10.9 (Diagonal operator). The transmission operator to n,x will be called diagonal

if there exist, for each j € {1,...,J}, the following local continuous bilinear forms
o t Xon(Tsn) x Xon(Tjn) = C, (10.41)
such that
0,5, (X0, Yo) Zto n G5, ¥0), VX0,¥0 € Mo, (10.42)

ivJ ivJ
where we adopted the notation Xg = (X(J))j:1 and Yo = (yé)j:1

Scalar product and norm We can then endow the multi-trace space Mg 5, with the norm
induced by the previous scalar product. Hence we define

||x0||30‘h)x = tonx (X0, X0),  ¥Xo € Mopx- (10.43)
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Because of the finite dimensional setting, the norms || - ||y, (defined in (10.3)) and || - ||, ,
are always equivalent on Mg 5, . However, they are not necessarily h-uniformly equivalent. This
is why we introduce the continuity constant

%ol ,,
llto,n,xlll == sup ===, (10.44)
X0 €Mo, n, x HXOHMOJLX
x0750 ‘
and coercivity constant
, ol ,, .
Bron.x = inf  ———— (10.45)
oSty ol
By definition, it follows that
Bronw Xollwg o < IXollgy, o < Mlto.nxll %ol , o ¥X0 € Mo, (10.46)

Generalized Robin operators The transmission operator is used to combine the two types
of traces into so-called generalized Robin multi-traces.

Definition 10.10 (Discrete generalized Robin trace). We introduce the global operators,
R(:)Eh,x M x = Mo, x, (10.47)

where, for any X = (Xo,X1) € My, x, we define Rgth « as the unique solutions of the following
variational problem

t0.h.x (R X, X6) = (X1, X0) — 1t0,n,x (X0, X§), Vx5 € Mo x .- (10.48)
If the transmission operators are diagonal we can define local Robin operators at a single interface:
for each (j,k) € I and any x = (x0,x1) € X(T'jn), we define R(jf,ix as the unique solution of

the following variational problem,

£ (RY% X, xb) = + (X1, X, — it , . (x0, x0), Vb € Xo(Tjn). (10.49)

10.1.2.2 Scattering operators

We are now going to introduce a discrete version of the scattering operator Sg x from Defini-
tion 9.19 using only weak formulations.

Definition 10.11 (Discrete scattering operator). We define the global scattering operators,
So,h,x : Moh,x = Mon x, (10.50)
where for any Xo € Mg p,x we define
So.h,xX0o = —Xo — 2iY0,h,x Un, (10.51)
with up, € Vi (Pa.n) such that: for all vy, € V,(Pa,n)

a(Up, Vi) — ito,n,x (Y0,h,x Uns Y0,h,x V) = to,n,x (X0, Y0,n,xVh)- (10.52)
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If the transmission operators are diagonal, the scattering operators are themselves diagonal and
we have,

So,n,x = diagjeqa,....1y (Sg,h,x>7

_ (10.53)
Sonx + Xon(Tjn) = Xon(Tjn),
where for any x} € Xo1(T;.) we define,
Sé,h,xxg = —Xé - Qi’YO-Tj,h Uj,hs (10'54)
with ujn € Vi(5), j € {1,...,J}, such that: for all vjp € Vi(Q;),
a; (i, vin) = ith o (Yo.r, wins Yo.r, vin) =t (xh, Yor, vjn)- (10.55)

The following proposition shows that the above scattering operators are well-defined. Of
course, the result relies on the properties of the transmission operator from Definition 10.8. This
proposition is based on a similar result available for the scalar equation, see [33, Lem. 4.4].

Proposition 10.12 (Well-posedness of local problems). Let

[a(u, v) — ito,n,x (Y0,n,x U, Yo,h,x V)|

agp = inf sup (10.56)
UeVL(Pan) vevy, (Pa.n) [Ullup:po) IV lup (0P
u#0 V#£0
We have, for any h,
o p > 0. (10.57)
As a result, for any linear form | on V,(Pa.r), the following problem is well-posed:
Find u E'Vh(,PQJL) such that : (10.58)
a(u, V) — ito,n, x (Y0,n,x Us Y0,n,xV) = 1(V), W € Vi (Pa,n)-

Proof. Suppose by contradiction that the above inf — sup constant vanishes for some u € V(Pq.p),
then
a(u,v) — ito,n,x (’Yo,h7><u, ’)’O,h,xV) =0, Yv € Vh(PQJL). (10.59)

Testing by U (see (3.98) for the definition of the sesquilinear form a), we get
—1 . o
ko~ ~(aDu,Du) my — Ko (nU,T) m
. Lz(ﬂ)i ' L2(Q)™o B (10.60)
—i(yo,ru,7,r U)L2(F)m0 — ito,n,x (Y0,h,x U, Y0,n,xT) = 0.

Since the imaginary parts of the coefficients a and n are respectively supposed negative and
positive (see (3.78)), retaining only the imaginary part above implies necessarily that

t0,n,x (Y0,h,x Uy Y0,n,xT) = 0, (10.61)

so that by the definiteness of tg p,x, we have g 4,xU = 0. From Corollary 10.5, we deduce that
u € V() and, testing by v € V(£2) in (10.59) we get

a(u,v) — ito n,x (Y0,h,x U, Y0,h,xv) = a(u,v) =0, Yv € Vi, (Q). (10.62)

The well-posedness of the discrete model problem (4.19) stated in Assumption 4.4 gives that
U = 0 which is a contradiction. [ |
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Again, we point out that such a result is valid for our target applications for A small enough,
but this is not an issue for the abstract analysis.

A direct consequence of the well-posedness of the above problem (10.52) is the well-posedness
of the following local sub-problems in each sub-domain, for diagonal operators.

Corollary 10.13. If the transmission operator ton, x are diagonal, for all j € {1,...,J} and

any linear form l; on V(2 1,), the problem

{Fz'nd uj € Vi () such that: (10.63)

aj(uj,v5) =ity (Yo,r; 5 ujs Yo,r;, Vi) = Li(vi)  Yuj € Vi(Q4n),
is well posed.

We are able to provide an equivalent discrete characterization to the one from Proposi-
tion 9.20, which is similar to [33, Lem. 7.2].

Proposition 10.14 (Characterization of the discrete Cauchy trace space). We have the
following characterization of the Cauchy-trace space (10.2):

Chx = Ker (R, = S xR ) - (10.64)

Proof. From Definition 10.10 and Definition 10.11, X = (Xg,X1) € M}, x satisfy
Ry 1 xX = Son xRy j, X, (10.65)

if, and only if, there exists u € Vj(Pq,p) such that

a(u,Vv) —ito,n,x (70,1, x U, Yo,n,xV)

= (X1,70,n,x V), — ito,n,x (X0, Y0,n,x V), W e Vi (Pa,n),
_<<X17 X(t)>>>< - itO,h,X (XOa XB)
= — (X1, X))y + 1to,n,x (X0, X§) — 2ito,n,x (Yo,h,xU, X§), VXt € Mo, x -

(10.66)

to,h,x (X0, Xb) = to,n,x (Y0,n,x U, Xb), VX5 € Mo, x,

- {a(uw) = (X1 Yoh Ve W EVa(Pa),

{a(uaV) — ito,n,x (Y0,h,xU = X0, Y0,n,xV) = (X1, Y0,n,xV)y» WV € Vi(Pan),

Y0,h,xU = Xo,
which yields X € Cj_« from Definition 10.2. Note that we used the injectivity of tg 5, x to establish
the last equivalence. |
10.1.2.3 Communication operator

Following the approach adopted in Section 9.2.2.3 we start by defining the orthogonal projector
onto the single trace space S j, x.

Definition 10.15 (Discrete orthogonal projector). In the Hilbert space (Mo,h,Xv - Ml x)’
we introduce the following orthogonal projectors
1:)O,h,>< : MO,h,x — SO,h,x and 1:)07h,><L : MO,h}x — So7h,><l7

) (10.67)
satisfying Id =Popnx— +Ponx-
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The communication operator is then defined from the projection operator, as stated below.

Definition 10.16 (Communication operator). We define the communication operator as
HO,h,X = 2P0,h,>< —1Id : MO,h,x — MO,h,x- (1068)

We emphasize again that the orthogonal projector Pg p x, and therefore the communication
operator Ilj j «, depend on our choice of norm (10.43) hence are intrinsically linked to the
transmission operator tg j x introduced in (10.39).

Remark 10.17 (Practical computation of the projection). We refer the reader to Re-

mark 9.24 for some important discussion on the practical computation of this projection. In

practice, given Xo € Mo n,x one can compute Pg p «Xo € So.n,x by solving the following coercive

problem

t0,h,x (Po,n,xX0, Yo) = to,n,x (X0, Yo), Yo € So,n,x- (10.69)

Note that we can give alternative expressions of the projectors in terms of the communication
operators:

1 1
Ponx =5 ([d+Thpx)  and Ponxt = 5 ([d =Thopx). (10.70)
The following proposition is immediate from the definition of the communication operator

IIy ,x by simple properties of projectors. Note that the following two propositions are based on
a similar result valid in the acoustic setting only which can be found in [33, Lem. 4.3].

Proposition 10.18 (Isometric property). The communication operator Ily p x s an involu-
tion
Mopx?=1d,  inMop,x (10.71)

and an isometry of Mo, x, for the norm induced by to p,x,
”Ho’h’XXO”to,h,x = ||XO||to,h,><’ VXg € MO,h,X~ (1072)

We are now able to characterize the discrete single-trace space Sy x (Definition 10.3) as the
kernel of an operator involving the discrete generalized Robin operators Roih . and the exchange
operator Il j, «.

Proposition 10.19 (Characterization of the discrete single-trace space). We have the
following characterization of the single-trace space (10.12):

Sh.x = Ker (Rgfh,x - Ho,h,XRE)F,mX) . (10.73)

Proof. First note that for any X € My, «, R('{hAXX = H07h,><R(;h’XX is equivalent to RO_’h’XX =
IIy 1, x Ré’:h’xx since the exchange operator Il ;, « is an involution according to Proposition 10.18.

Let X = (Xg,X1) € Mp, x = Mo x X My p, . First, we have the characterization of Sg j, x from
the orthogonal projector (10.67)

Xo € Sonx €  PopxX =0. (10.74)

Second, we identify the annihilator of Spp «x in Mgy, x, denoted S;j «, with the orthogonal
complement of Sy p x with respect to the scalar product tg p, x, denoted SQh,Xl. Let us define
Xg € Mo p,x such that

tonx (X, X5) = (X1, %X5),, VX4 € Mo . x s (10.75)
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which is well defined from Definition 10.8. By Definition 10.3 of S; 5 x, we have
to,h,x (Xg, X5) = (x1,%x5), =0, VX € So.h.xs (10.76)

so that
X1 €Sihx &  Xg €Sonxt & PonxXg =0. (10.77)

Hence, by simple properties of projectors, we have from (10.74) and (10.77),
XEShx © PonxXg —iPonx X =0. (10.78)

This is rewritten as, using the expressions of the projectors in term of the communication operator
IIy 5, x from (10.70)

XEShx < (Id+Tyy )X —i(Id — g« )Xo = 0,

& Xg —iXo = Mo (—Xg —iXo). (10:7%)
Using Definition 10.10 of the generalized Robin operators, we have, for all X € Mg p, x,
to,n,x (R X, XG) = (X1, X ), — ito,n,x (X, Xb) = ton,x (X5 — iXo, X§), (10.80)
so that using the injectivity property of to n,x we have
Ry, X = £Xg — iXo. (10.81)
Finally, we get
X€Snx & (R, —TonxRy, ) x=0. (10.82)
|

10.1.2.4 Equivalent interface problem

With the help of the discrete scattering operators Sy 5 x and exchange operator Il x we are
now in a position to recast the discrete approximation of the original problem (4.19) as a problem
posed on the skeleton Yj. The result is formally very similar to Proposition 4.33, and so are the
proofs. The main difference lies in the different kind of space the interface problems are posed.

Proposition 10.20 (Equivalent discrete interface problem). Let F;, € V,(Pq,) be the
(unique) source lifting such that

a(Fn,v) —ito,n,x (Y0,h,x Frs Yo,n,xv) = 1(v), W e Vi (Pan), (10.83)

and define f = (fy, 1) € My« such that

(F1,%xE) 5 = +ito,n,x (Yo,n,x Fas Xb), Vxh € Mo s, (10.84)
fo :=vo,n,xFn-
Consider the problem
Find xy € M07h7><, (10 85)
(Id = XXo n,xSo,n,x)X1 = Ion xRy ), T .
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If up, € Vi5(Q) is solution of the (discrete) approximation (4.19) of the model problem (3.79)
then Xo = R(‘{h’xy € Mo, x wherey = (Yo,¥1) € My, x is defined as

{a(uh,vh) —1(vi) = {Y1,%0,n,x Vi )y » Wi € Vi(Pa,n), (10.86)

Y0,h,x Un = Yo,

solves problem (10.85).
Reciprocally, if Xo € Mo n,x s solution of the interface problem (10.85) and if v € Vi,(Pa,n)
is the (unique) solution of

a(Vi, V) = to.hx (Y0,0,x Vis Y00, xVh) = t0.1,x (X0 Yo,0,xV5), W5 € Vi (Pan), (10.87)

then up, € Vi (Pa.p) defined as up, := Vp, + Fy, is solution of the (discrete) approzimation (4.19)
of the model problem (3.79).

Proof. Let Fj, and f = (fy, 1) € My« satisfy (10.83) (which are uniquely defined by Proposi-
tion 10.12). Note that by construction, it holds that

+ <<f1’X6>>>< — ito,n,x (f07 Xg) =0, VX6 € MO,h,X?

10.88
& Rafh7xf =0, ( )
and Fj, € V,(Pq,p) is such that
a(Fn,va) = 1(va) = (F1,70,n,xVh )y Wi € Via(Pa,n), (10.89)
Yo,h,x Frn = To.

(=) If u, € V() is solution of the (discrete) approximation (4.19) of the model prob-
lem (3.79), then by Proposition 10.6, we know that y = (Yo,y1) defined in (10.86) above belongs
to Cp, x. Besides, from both (10.86) and (10.89), we get

{a(uh —FnyVi) = (Y1 — T1, 70,0, x Vi )y Wi, € Vi(Pa.n),

- 10.90
~Yo,h,x (un, — Fr) = yo — fo, ( )

so that by Definition 4.10 of Cj «, we have y — f € Cj, «. From the characterizations of both
the Cauchy trace space stated in Proposition 10.14 and the single trace space stated in Proposi-
tion 10.19 we have

R R TR T
ye Ch,><7 Ro’hﬁxy = HO,h,xRo,mxy-
Hence using Rafh7xf = 0 we deduce
Ro Y = Son xRy Y + Rg o F, (10.92)
RE)":h’Xy = HO,h,XR(Ih7><y‘
Eliminating Ry, .y it is then immediate that
Ry, Y = MonxSonx Ry ¥ + Monx Ry, . f. (10.93)

hence the quantity X := Rafh)xy satisfies the interface problem (10.85).
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(<) Reciprocally, let Xo € Mg j,x be solution of the interface problem (10.85) and let v, €
Vi, (Pq,n) be the unique solution (by Proposition 10.12) to (10.87). Then, define z = (2¢,2;) €
My, x such that

{a(vh,vﬁl) = (Z1,70,h,x V) )y » Wi € Vi, (Pan), (10.94)
Y0,h,xVn = Zo,
so that using (10.89), we get
{a(vh + V) —1Vh) = (21 + i voncVa)s W € Vi(Pa), (1095)
Yo.h,x (Vi + Fp) = 2o + fo.
If we set
Up, = Vp + Fp, (10.96)
y = (Yo, Y1) :=2+F= (20 +fo,21 + 1),
we obtain
{a(uh,vt) — (V') = (Y1, Yonx V'), W € Vi (Pan), (10.97)
Y0,h,x Uh = Y0

Using Proposition 10.6 all that remains to prove is that y € Cj_x. We have, combining (10.87)
and (10.94)
to,n,x (X0, Xp) = +{Z1,X0)x — ito,n,x (Z0, Xp), VX € Mo, (10.98)

so that xo = Ry}, , 2 by Definition 10.10 of the generalized Robin operator. We can rewrite (9.99)

as
(Id — IXo n,xSo,n,x) X0 = o, xRy p, T,

N B (10.99)
< (Id — HO,h,xSO,h7X)Ro,h,xZ =Ilon,xRg ), T
Using Proposition 10.14 we get
Ry j,x2 = Mon xRy, 2 =Ton xRy, F (10.100)
Hence using Rg: n.x T=0 together with the definition of y we obtain that
Rg_,h,xy = HovhaXRO_}h,xy' (10'101)
Proposition 10.19 then gives y € Cj, «. ]

Remark 10.21. The interface problem is set in Mg p x, the natural trace space, while the corre-
sponding problem in Chapter 4 was set in the dual trace space My p,, so to speak. Our numerical
implementations of both methods reflect this. It is entirely possible to write a similar interface
problem in My j, «, however this would require a different communication operator, based on a
projector onto Sy, x (and not onto Sgp x ).

The reason for our choice is that it is easier to implement a projector onto the single-trace
space So.p,x Tather than onto Sy p, x (in the context of a Galerkin approzimation based on standard
finite elements). Indeed, it is easy to characterize the single-trace space Sg p.x in a finite element
context, by requirying all the degrees of freedom associated to the same physical element (verter,
edge) to be equal. Besides, the size of the finite dimensional space So n, x is in general marginally
smaller than the space S1p,x, due to the junctions points.

A drawback is the presence of the transmission operator in the right-hand-side of the local
problems, which makes the local resolution more expensive. This could be enough to justify a
different implementation and could be worth investigating in a future work.
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10.2 Iterative discrete domain decomposition methods

10.2.1 TIterative algorithm
Let Fj, be the solution of (10.83) with f = (fo, f1) € My, « defined in (10.84) and set

bo := Mo« Ry, o F. (10.102)

In this section, we want to devise (and study the convergence of) an algorithm to solve
Find Xo € Mo, x such that, (10.103)
(Id —IIg p,x So,h,x ) Xo = bo.

Having found such a Xq solution of (10.103), a global volume solution u; can be computed by
solving

Find v h that
{ ind vy, € V,(Pq,n) such that, (10.104)

a(vp,vt) — ito,n,x (Y0,h,x Vhs ’YO,h,th) = t0,h,x (X0, ’70,h,th), W e Vi (Pa,n)-

Then the global solution of the discrete model problem is uy := vy, + Fy,.

Richardson algorithm Again, one of the simplest iterative method to solve (10.103) is the
Richardson algorithm. Let X3 € Mg, » and a relaxation parameter 0 < r < 1 be given, a sequence
(Xg)neN in Mg p,x is constructed using the Richardson algorithm as follows

x0T = [(1 = r)Id + 7To j,, « So.n.x ] Xg + 7 Do, n € N. (10.105)

Constructing this sequence of traces also constructs a sequence of broken solutions (VZ)neN in
Vi (Pa,n) when the action of Sg  x is computed. For each n € N the broken solution v} satisfy

a(Viy, V) = ito,n,x (0,0, x Vi Y0,0,x V') = to,n,x (XG5 Yo,n,x V"), W' € Vi, (Pan)- (10.106)

The true solution of the original problem is then (hopefully, if convergence occurs) the limit of
the broken solutions (U} := v}, +Fy), .y in Vi(Pan)-

10.2.2 Discrete convergence analysis

We now turn to the convergence analysis of the previously described iterative method. As we
already remarked in Chapter 4, in this discrete setting there are two independent convergence
processes. We study here the convergence with respect to increasing n, the iteration number, of
the iterative discrete solution U} € Vj,(Pq,p) towards the discrete solution uy, € Vi, () of (4.19).
The convergence with respect to decreasing h, the discretization parameter, of the discrete so-
lution up, € Vi, () of (4.19) towards the continuous solution u € Up(D; Q) of (3.79), although a
legitimate question, is not addressed here. However, we shall study the behavior of the conver-
gence factor as h goes to 0.

It is clear that the new interface problem (10.103) takes the form of the abstract prob-
lem (3.230). To prove the geometric convergence of the above fixed point algorithm, we simply
need to check that the assumptions of Proposition 3.57 are satisfied in our particular case where
V =Monx and A =TIy p «Son,x- A similar result in a slightly different setting can be found
in [33, Lem. 5.1].
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Proposition 10.22 (Contraction property of the scattering operator). The scattering
operator So 1, x s a contraction of Mo . x, for our particular choices of norms (10.43),
HSo’h,XxOHtM,X < HXOHtO,h‘x’ VX0 € Mo p,x - (10.107)
Proof. Let Xo € Mg 5, x, we have by definition of Sg 5 x (see (10.50))
So,n,xXo = —Xo — 2i70,n,x U, (10.108)
where U € Vj,(Pq,p) is such that
a(u,Vv) — ito,n,x (Y0,n,xUs Y0,h,xV) = to,n,x (X0, Y0,n,xV), W e Vi (Pa,n). (10.109)
We have, by definition of the norm (10.43),

||SO,h,><X0||§O,,L7X =t0,h,x (—X0 — 2190,n,xU, —Xo — 270,,xU)

=t0,n,x (X0, X0) + 40,1, x (Y0,h,xUs Y0,n,x 1)
— 2ito,n,x (X0, 70,h,x0) + 2ito.n,x (Y0,n,xU, X0),

:HXOH?U,,,,,X + 4||70’h’><u‘|fo,h,>< + 4S5 to,1,x (X0, 0,1, x ).

(10.110)

Besides, by definition of u (testing by u in (10.109)) and the bilinear form a (see (4.16)) we have

& to,h, x (Xo7 70,h7><u) = Ho_l(%(a) Du, DU)LQ(Q)W},l — KQ (%(n)U,U)LQ(Q)mO (10 111)
2 2 :

= o0 ullzz(rymo — llvo.mxUlly,
which yields, since the imaginary parts of the coefficients a and n are respectively supposed
negative and positive (see (3.78)),

2 2 _ .
S0l Dol .. = 0™ (36) D D) gy 10112
- 2 :
= ko (S(MU,T) 2(gymo — [170,0 u||L2(I‘)m0 <0.

|

Combining both Proposition 10.18 and Proposition 10.22 we get the contraction property we
were looking for.

Corollary 10.23 (Contraction property). We have
1Mo xSon ol , < oll, .+ Yo € Mo (10.113)

The second requirement of Proposition 3.57 to obtain geometric convergence is verified next.
A similar result valid in the acoustic setting only can be found in [33, Prop. 5.2].

Proposition 10.24. The operator Id — ILg 5, «So,n,x 15 an isomorphism on Mg p x .

Proof. Since My . is finite dimensional, we only need to prove injectivity. Let Xo € Mo 5, x be
such that
(Id — IXg 5, x So,h,x) X0 = 0. (10.114)

Define (which exists from Proposition 10.12)

v h th
{ue n(Pa,n) such that (10.115)

a(u, V) — ito,n,x (Y0,h,x U Y0,n,xV) = to,n,x (X0, Y0,n,xV), W e Vi (Pa,n)-
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Then let y = (Yo, Y1) € Mp,x such that

(1, X0 = ito,nx (Yo, Us X0) + to.n,x (X0, Xp), VX € Mo, (10.116)
Yo = Yo,h,x U.
By construction
a(u,v) = v YW eV
(U, ) <<y1770,h,>< >>><a € h(PQ,h)r (10117)
Y0,h,x U = Yo,
so that y € Cj,, x and Proposition 10.14 yields
(Rinx — SonxRip. )y =0. (10.118)
Besides,
<<y1aX6>>x - it07h7><(y07 Xé) = t07h,><(x0a X6)7 vxto € Xo, (10119)
so that by Definition 10.10 of the generalized Robin operators
Ry, .Y = Xo. (10.120)
Now (10.114) is rewritten as
(joh’x - HO,;LXRO_’,L’X) y =0, (10.121)

and Proposition 10.19 yields y € Sp «. Finally y € Cp, « N Sy, x, hence from Proposition 10.7,
y =0and xo =Rg, .y =0. ]

We finally give the geometric convergence result. A similar result valid in the acoustic setting
only can be found in [33, Th. 6.1].

Theorem 10.25 (Geometric convergence of the discrete Richardson algorithm). The
sequence of broken solutions (Uy), .\ computed according to (10.106), converges geometrically
to up, the solution of the discrete approximation of the model problem (4.19). Specifically, there
exist C' >0 and 0 < 7 < 1, which might depend on h, such that

Ui = unllupipg,y SCT"  VneN. (10.122)

Proof. Arguing as in the proof of Corollary 3.56, this is direct application of the abstract re-
sult in Proposition 3.57. The assumptions of the latter result are systematically checked in
Proposition 10.23 and Proposition 10.24. |

Of course, as we already remarked in Chapter 4, this theorem is less important than its
counterpart in the continuous setting. Indeed, if one uses an iterative algorithm applied to a finite
dimensional system of equations, one will always get geometric convergence (or no convergence
at all). This is why the forthcoming discrete stability analysis, which addresses the question of
the behavior of the geometric convergence factor as h goes to 0, is particularly relevant.

10.2.3 Discrete stability

We have seen that in the discrete setting, the Richardson algorithm is (geometrically) conver-
gent provided that the transmission operator defines a scalar product on the multi-trace space.
The important question of discrete stability remains, namely can we get h-uniform (geometric)
convergence.
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Explicit bounds To provide answers to this question we need explicit bounds with respect to
the discretization parameter h on the convergence factor.

Again, the main ingredient we need is an estimate on the continuity constant of the inverse
of the operator Id — Il 5, «So,n,x. From Proposition 10.24 we already know that the following
quantity is strictly positive,

o . [(Id = TXo,n,x So,n,x Xolly, , .
h,x +—

ey Kollw,.,..

> 0. (10.123)

The estimate is provided by the following proposition, similar to [33, Prop. 7.1 and 7.3].
Proposition 10.26 (Explicit discrete estimate). We have

Bro.n,x - _
|||tt0 = |H (1 + |||t0’h7>< |||) ! (1 + Bt(,,lhﬁx)
(10.124)

2 2\ ~1/2 - )
(2 Mall® NEnlI?) [ (1 +azh llall)iEn Il +az4] > 0.

—1/2
Ch,>< 2

Proof. Let by € Mg, x. We need to provide an explicit construction of ag € Mg 5, x such that
(Id = TXo,4,x So,n,x ) @0 = bo, (10.125)

in order to estimate its norm. The construction below follows closely the steps taken in the proof
of Proposition 4.39, itself based on Remark 3.62.

1. First we look for a solution to

Find y € My, » such that :
(10.126)

(Rt - HOhXROhu)y—bo

Inspired by (9.142) from the proof of Lemma 9.42, we construct first Xo € Mg 5, x such that
i
to.n, (X0, Xb) = §<<P0’h,XLb0,x3>>X, VX € Mo h.x s (10.127)

and we have, using the fact that Po,hyxl is a projector,

_1/y
%ollwy , . < 580ns B0l , - (10.128)
Then we construct X; € Mg ,x such that
1
<<X1, X6>> §<<P0 h, Xbo, XO>> VX(t) S MO,h,X; (10.129)
and we have )
Xt llwg, i, . < 51001l (10.130)

Now, set X := (Xg,X1) € My, x, so that

1 1 1/2
Xl < 35 (1 + ﬁto,h,x) 1bolly, , .- (10.131)
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Now let us check that it is a solution to (10.126): by definition, we have, for any x4 € Mg 5, x
. 1
to,n,1 (Rg ., X X0) = (X1,X0), — ito,n,y (o, Xg) = <<§b0,x3>> ;
. x (10.132)
to,h, (Ra,h,ux7 X(t)) = _<<X1’X6>>>< — ito,n, (X07 Xé) = _<<§H0,h,><b0ﬁxt0>>xv
from which we deduce, using the involution property of the exchange operator I, x
(Proposition 10.18),
(Rl — Mo xRy, ) x = bo. (10.133)
2. From the previous solution X € My, x, Proposition 10.7 yields the existence of y € Cp, » and
Z € Sy, x such that
X=y+z, (10.134)
and we have
1 1\ /2
1Yl < e, Xl <5 ape, (14655, ) 0ol - (10.135)
Using the characterization of the single-trace space Sy, x provided by Proposition 10.19, we
have
(Rl — Mo xRy, ) 2 =0, (10.136)
so that the projection y € Cj, » of X satisfies the same equation:
(Rifs, — MonxRg, )y = bo. (10.137)
3. Set
ao =Ry, Y, (10.138)
we have
2ol < (Wl + Mol 1ol )
< (1 [t 1) 1Yl (10.139)
1 Lo\ 2
< Sape, , 1+ ltonxl) (14855, ) ol .-
Using the characterization of the Cauchy trace space Cj, » provided by Proposition 10.19,
we obtain from y € Cp, i,
Ry, Y = SonxRg, V- (10.140)
Therefore, we get
(1d = T, So,) @0 = (1d = Tho g So) R ¥ = (R, — HosxRy, )Y = bo,
(10.141)
and ay is the (unique, by Proposition 10.24) solution of the original problem.
We obtained above an estimate using the norm || - ||y, however we wish to establish a bound
in the norm induced by tg »,x. From (10.46) we have
1 llto.n. |l )2
2olls,, . < 5%Pc), 5%% (1 + [llto,n, <l (1 +Bt0,1h,><) Dol , - (10.142)

The claimed estimate can then readily obtained from the expression of ape, | provided in Propo-
sition 10.7. ' (]
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h-uniform convergence The question of h-uniform stability is settled by the following propo-
sition, similar to [33, Cor. 8.2].

Proposition 10.27. If the partition is independent of h, see Assumption 4.5, and under the
following additional assumptions:

1. In addition to Assumption 4.4, we suppose that the stability constant o, of the original
problem is h-uniform, namely

a

ay = liminf o, 5 > 0, (10.143)
h—0
2. In addition to the requirements of Definition 10.8, we suppose that the transmission oper-
ators are h-uniformly stable, namely
60, x |I| := limsup [[[to,n,x || < o0, and  Bi, = liminf B, >0, (10.144)
h—0 " h—0
3. We suppose that the stability constant o p, of the decomposed problem, defined in Proposi-
tion 10.12, is h-uniform, namely

*
Oésﬁ

. = liminfa,y, >0, (10.145)
h—0

4. In addition to Assumption 4.2, we suppose that the discrete lifting is h-uniformly stable,
namely
IIE|| := limsup [|Ep,« ||| < +o0, (10.146)
h—0

the sequence of broken solutions (uZ)neN computed according to (10.106), converges geometrically
and h-uniformly to u, the solution of the discrete model problem (4.19). Specifically, there exist
C >0 and0< 7 <1, independent of h, such that

lur = unllynipg ) < €T Vn € N. (10.147)
Proof. At each iteration n € N, we can define an error on the trace € € Mg 5,x such that
€6 = Xy — Xo, (10.148)

where the sequence (Xg),, oy is computed through (10.105) and X, is the solution of (10.103). It
follows that, the sequence (ef}),, satisfies the recurrence relation

ESH =[(1—7r)Id + rIXo p xSo.n,] €5, n €N, (10.149)
and is such that, for all V! € V;,(Pq 1),
a(uy — up, V') = iton,y (Y0,h,x (U = n)s Yo,n,xV") = (€6 Y0,n,xV" )y - (10.150)

We use again the convexity identity (3.233) from the proof of Theorem 3.49 and we get

2 2 2 2
Itz = = nllE, Mo sSonscsl,, . — (1) (14— HopxSony) 2, -
(10.151)
Since ITg 5, x So,n, is a contraction in Mg p » from Corollary 10.23, we have

1Mo Sonnehlly,, . < ekl , - (10.152)
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and from Proposition 10.26 we have
el . < Ghox |14 = TopxSong) el - (10.153)

hence
leglly, . < 7" l€0ll o (10.154)

where 7 = /1 —r(1 —r)g}%’x with (p, x defined in (10.123). By the stability of the prob-
lem (10.150), we have

1 —1
Ui = unllupoipan < (@5x) gl < (a5x) "Il , - (10.155)

From problem (10.150) with n = 0, we also get

1e§lliy o < Bron (all + ltom, ) 105, = wnllup (e (10.156)
Finally, we have the estimate
||UZ - uhHU (D;Pa.n) _1 —1 n/2
T < B (000 (el o) (1= (1= )G 0™, (10157)
”uh - uh”Ul"(D;PQ’h)
and the bound is h-uniform from all the above assumptions. |

Remark 10.28. Again, it should be noted that the stable lifting Ep, « is a purely theoretical tool,
whose existence (and stability) are solely required for the purposes of analysis. In particular, the
implementation of the method does not require in general the actual implementation of Ej .

The assumptions of the previous proposition deserves some discussion. We refer the reader to
the comments made following Proposition 4.40 which also apply in this setting. Note in particular
that the stability of the constant o x with respect to the mesh parameter h is available for
the scalar equation, see [33, Lem. 4.4].

Remark 10.29. Arguing as in Section 3.3.3, let us remark once again that h-uniform geometric
convergence of the relaxed Jacobi algorithm guarantees h-uniform geometric convergence of the
GMRES counter-part.

10.3 Matrix and vector representation

In this section we will describe in more concrete terms the implementation of the iterative scheme,
writing all equations in matrix form. This will help gain a real insight on the implementation
details underlying the solution strategy we propose. In this section, we assume that the finite
dimensional spaces are constructed using standard finite element spaces defined on simplicial
mesh triangulations.

Approximation spaces First of all, we set a few matrix notations.

Let j € {1,...,J}, we assume to have a finite dimensional basis of V() consisting of
N(Qjp) := dim V(€;,) shape functions denoted ¢;0,,, ! € {1,...,N(Q;)}. In practice,
each ¢y q;, will refer to the usual P, Lagrange shape functions [65, Sec. 1.2.3] in the acoustic
setting or to the volume Nedelec edge functions [65, Sec. 1.2.8] in the electromagnetic setting.

According to our assumptions from Chapter 4, this also defines a basis of X 5 (I'; ») consisting
of N(T'j ) := dim Xg 4(I'j ) shape functions denoted ¢;r.,, 1 € 1,...,N(I'; ). Note that we

J,h?
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assume that each shape function on IT'; , is obtained by taking the natural trace (i.e. the Dirichlet
or tangential trace) of some shape function on ;) so that for any m € {1,...,N(T; )} there
exists a n € {1,..., N(Q; )} such that v, , = @na,,Ir;,-

With the previous notations, the dimension of the multi-trace space Mg x will be

J
M(Zp) == dimMg p, x = ZN(QM). (10.158)

Jj=1

Let us denote by ¥,, m € {1,...,M(Zy)} the basis functions of the multi-trace space Mg, x-
The single-trace space Sg 1, x is a sub-space of Mg 5, x whose dimension will be denoted N (X},) :=
dim Sy 5, x. Note that by construction, N(X;) < M(Xp).

Let us denote by zzn, n € {1,...,N(XZ3)} the basis functions of the single-trace space
So.n,x- We introduce in addition the (surjective) mapping ® which associates to each index
m € {1,...,M(X)} the (unique) index n := ®(m) € {1,...,N(Zp)} so that the two basis
functions v, and Jn are associated to the same geometrical element (a node in the acoustic
setting, an edge in the electromagnetic setting).

Matrices For each sub-domain Q;, j € {1,...,J}, we introduce the local matrices A ; of size
N(Qjn) x N(£2;p), such that

(Aj)m,n = aj(gon,Qj,h,(pm’Qj,h), VYm,n € {1, e N(Qjﬁ)}, (10.159)

where the local sesquilinear form a; is defined in (3.97). The local contributions of the right-hand
side are represented by vectors f; of size N(£2; ) defined by

(£5),, = Li(Pm.a,.,), vme{l,...,N(Q;n)}, (10.160)

where the local linear form I; is defined in (3.100). We also introduce the local impedance
matrices T, of size N(I';5) x N(I'; 1), such that

(Tj)m,n = té,h}x (Spmr‘j,hv @m,l—‘j,h)v vm’ ne {17 s 7N(Fj7h)}' (10161)

It will be convenient also to define boolean local trace matrices B; of size N(I'; ) x N(2;4),
which restrict a vector representing a local solution to the vector representing its trace on the
boundary of the local sub-domain. The entries of these matrices are defined by

1, ifomr,, =¢na, |0 .,
By |1 I = el N n e (L N@)
’ 0, otherwise,
(10.162)
Besides, let us define for each j € {1,...,J}, the boolean matrix R; of size N(I'; ) x M(Zy),
which restricts a vector representing a global multi-trace to the vector representing the local
trace contribution on the boundary of the local sub-domain €2; ;. The entries of these matrices
are defined by

1, 1fm:n—zk ‘N(Qk,h)7
(R;), = < vme{l,...,N(T;n)} ne{l,..., M(Zy)}.
0, otherwise,

(10.163)
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Let us also define the matrix Q of size M (3),) x N(35) which constructs a multi-trace vector
from a single-trace vector. The entries of this matrix are defined by

1, ifn=®(m),
Q) . = Vme{1,...,M(Sy)} ne{l,... NS}  (10.164)
' 0, otherwise,

The local contributions

Q, :=R;Q, Vie{l,...,J}, (10.165)
will also prove useful. Finally, we introduce a diagonal matrix D
N(Xn)
D := diag (mult(n))n_l . (10.166)
where we defined
mult(n) :=card {l € {1,...,M(Z,)} | n=()}, (10.167)

which corresponds to the number of sub-domains to which the degree of freedom indexed by n
is associated to.
One can then define the matrices of the local sub-problems

K;:=A; —iBiT;B;, Vjie{l... J} (10.168)

From Proposition 10.12, these matrices are invertible.

10.3.1 Scattering operator

Assuming that the above local matrices are assembled for each sub-domain, the evaluation of
the scattering operator Sg 5, x takes the form of Algorithm 10.1. Note that everything is parallel,
the global multi-trace vectors x and s respectively input and output of the algorithm can be
distributed on the cluster nodes on a distributed-memory architecture.

Algorithm 10.1 Evaluation of the scattering operator Sg p, x

1: function GLOBALSCATTERING(X) > Input size: M(3,)
2 s+ 0 > size: M (Zy)
3 for j=1,...,J do > Parallel loop
4: x; +— R;x > Local contribution of the multi-trace (size: M(T';))
5: u; K;lB;zjj > Local solve (size: N(€;))
6 s; < —x; — 2iBju; > Local scattering (size: N(T'; 1))
7 s+ s+RJs;

8 end for

9: return s > Output size: M (3p)

10: end function

10.3.2 Communication operator

The definition of the communication operator Il x requires to solve a projection problem.
This projection step in the algorithm is a global coercive problem posed on the skeleton of the
partition. We discuss here, first, the naive assembly of the full operator and then we propose an
efficient algorithm to solve the problem by means of a conjugate gradient algorithm.
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Explicit expression of the communication operator From the definitions of the above
matrices, we can introduce the Galerkin matrix of the full transmission operator tg ,,x on Mg p x.
It is of size M (X) x M(X) and admits the expression

J
Ty, ==Y RIT,R;, (10.169)
j=1

and its restriction on Sg ; x, of size N(X) x N(X},), reads

Ty, := Q*Ty, Q. (10.170)

The orthogonal projection (for the scalar product defined by the transmission operator, see
Definition 10.15) from the global multi-trace space Mg 5, onto the single-trace space Sg p,x can
be computed as follows. For a given vector x of size M (X)) representing an element of Mg 5, x,
the problem to solve is rewritten as: Find y such that

Q'Ts, Qy=Q'Ty, x, (10.171)

where y is a vector of size N(Xj) representing the projection Pop xx in Spp «. Recalling
the definition of the communication operator Il p x from (10.68), the matrix representing this
operator can then be written as

2(Q*Ty, Q) 'Q*Ty, —Id. (10.172)

A naive implementation of the method consists in assembling the above matrix by computing
the inverse of Ty, using a direct method, which is expensive to compute. In addition, the inverse
of this (sparse, since block-diagonal) matrix is, at first glance, a dense matrix, and even though
the dimension of the domain (the skeleton) is reduced (from d to d — 1), the required storage
may be rather large. Fortunately the evaluation of the above matrix need not to be realized in
practice, as indicated below.

A preconditioned conjugate gradient algorithm A possibility to solve the global prob-
lem (10.171) is to use an iterative method. Since the problem is symmetric positive definite, a
natural choice is to use a conjugate gradient algorithm. At each iteration of the outer domain
decomposition algorithm, the projection problem will therefore be solved iteratively using an
inner CG algorithm. It turns out that it is possible to solve the projection problem using this
method rather efficiently provided we use a preconditioner on the inner CG. The preconditioner
that we propose (and used in our numerical experiments) is

DQ*T'QD. (10.173)

Note that we need to compute the inverse of the local transmission operator matrices, but it is
not more expensive than solving the local problems. Besides, the (Cholesky) factorization can
be done once for all. The presence of the diagonal matrix D follows heuristic considerations and
is found to improve the efficiency of the preconditioner.

To solve the projection problem (10.171) with the CG algorithm, the matrix Q*T~!1Q need
not to be (and is not) fully assembled, it is enough to be able to evaluate its action, as indicated
in Algorithm 10.2. Similarly, the matrix-vector product routine associated to the precondi-
tioner (10.173) can be found in Algorithm 10.3. We can then define in Algorithm 10.4 the
routine that evaluates the action of Ilg j «.
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Algorithm 10.2 Evaluation of Q*Ts;, Q for the CG algorithm

1: function MATVEC(x) > Input size: M(3,)
2 y<« 0 > size: N(Zp)
3 for j=1,...,J do

4 yj < Q;T;Q;x > Parallel
5: Y<Y+y; > Reduction
6 end for

7 return y > Output size: N(Zp,)
8: end function

Algorithm 10.3 Preconditioner for the CG algorithm

1: function MATVEC(x) > Input size: M(2)
2 y<o0 > size: N(Zp)
3 for j=1,...,J do

4 y; < DQ;T;'Q,;Dx > Parallel
5: Yy<y+y; > Reduction
6 end for

7 return y > Output size: N(Zp,)
8: end function

Algorithm 10.4 Evaluation of the communication operator Il 5,

1: function GLOBALEXCHANGE(X) > Input size: M (%)
2 y+ 0 > size: N(Zp)
3 for j=1,...,J do

4 Y < Q;TjRjX > Parallel
5: Yy<y+y; > Reduction
6 end for

7 Z Q(Q*TE,IQ)fly > Using preconditioned CG to compute the inverse
8 return 2z — x > Output size: M (3)
9: end function
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The key point is that the end result is a projection step routine that is naturally parallel
(with the same level of parallelization as the outer algorithm) and which converges in only a few
iterations. The communications occur at the reduction steps as indicated in the algorithms. We
note that only neighbouring sub-domains (i.e. sub-domains that share at least a vertex in the
acoustic setting, or an edge in the electromagnetic setting) need to communicate, exactly as in the
usual domain decomposition algorithms. As a result, we insists that no all-to-all communication
is required in the domain decomposition algorithm.

10.3.3 Richardson algorithm

The assembly of the local matrices A;, T; and the source terms f; can be pre-computed before
starting the iterative algorithm. In addition, the factorizations of K; (LU) and T; (Choleksy)
shall also be performed. The last pre-computations possible are provided by Algorithm 10.5
which describes the computation of the lifting of the source terms represented by the local vectors
v; and the computation of the right-hand-side by represented by the vector b of the skeleton
problem (10.103). Except for the application of the exchange operator, all the computations are
independent and can be performed in parallel.

Algorithm 10.5 Lifting of the source

1: b+ 0 > size: M(Zy)
2: forj=1,...,J do > Parallel loop
3: v, Kj_lfj > Local solve (size: N(€2;4))
4: b« b-2iR;B,v; > Skeleton problem right-hand-side bg
5: end for

6: b < GLOBALEXCHANGE(D) > Application of Iy 5 x

After choosing a relaxation parameter r € (0,1) and maximum number of iterations nmax €
N*, the iterative Richardson algorithm (10.105) takes the form of Algorithm 10.6 below. The
only place where communications occurs are in the global exchange step. Of course, this basic
algorithm can be completed by the computation of the residual for instance, and the iterations
can be stopped if it is below a certain tolerance for some norm.

Algorithm 10.6 Richardson algorithm

1: x< 0 > Initialization (size: M (X))
2: forn=1,...,np.x do

3: s <— GLOBALSCATTERING(X) > Application of Sq p x (size: M(X4))
4: p < GLOBALEXCHANGE(s) > Application of Iy « (size: M(3))
5: x+< (1—-r)x+rp+rb > Tteration (size: M (%))
6: end for

Having found an approximation x of the solution of the skeleton problem (10.103) via the
Richardson algorithm, the global (broken) solution, represented by local vectors u;, can then
be computed thanks to Algorithm 10.7. The local liftings of the source v; have been computed
thanks to Algorithm 10.5.

10.3.4 GMRES algorithm

We can also solve the linear system given by (10.103) iteratively using the GMRES algorithm. To
define the algorithm, it suffices to provide a definition for a right-hand-side and a matrix-vector
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Algorithm 10.7 Evaluation of the global broken solution

1: for j=1,...,J do > Parallel loop
2 W, Kj_lB;Tjij > Local solve (size: N(€;4))
3: uj v +w;j > Local solution (size: N(€; 1))
4: end for

product routine. The right-hand-side is denoted by b and can be computed (offline) according to
Algorithm 10.5. The matrix-vector product procedure, which takes as input a global multi-trace
vector x, is given in Algorithm 10.8. Notice again here that apart from the computation of the
global exchange step which ensures coupling between subdomains, all operations are local to the
sub-domains. Having found an approximation x of the solution of the skeleton problem (10.103)
via the GMRES algorithm, the global (broken) solution, represented by local vectors u;, can then
be computed thanks to Algorithm 10.7.

Algorithm 10.8 Matrix-vector product for the GMRES algorithm

1: function MATVEC(x) > Input size: M(3)
2: s « GLOBALSCATTERING(X) > Application of Sq p x (size: M(X}))
3: p < GLOBALEXCHANGE(S) > Application of IIy s, x (size: M(X},))
4: return x — p > Output size: M (3)

5: end function
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In this chapter, we investigate numerically the performance of the method presented in the
previous two chapters on more realistic mesh partitions generated by an automatic graph parti-
tioner.

After some details on the implementation and the test cases in Section 11.1, we provide
some extensive testing both for the acoustic (2D and 3D) and electromagnetic (3D) settings.
Some illustrative convergence history results are provided in Section 11.2. We then investigate
the stability of the convergence with respect to mesh refinement in Section 11.3, which has
been a strong leitmotiv throughout this work, and the numerical results confirm the theoretical
predictions. To study more precisely the robustness of the approach with increasingly more
complex problems, we report results with respect to increasing frequency in Section 11.4 and
for heterogeneous media (only in 2D) in Section 11.5. The scalability of the method is then
investigated in Section 11.6 with strong and weak scaling tests. If the method is not optimal in
the sense that the number of iteration grows with the number of sub-domains, we observe that
the increase remains moderate and is an acceptable result for wave propagation problems.

327
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We provide in Section 11.7 some results to compare the previous and new strategies in the case
of boundary junction points only (i.e. there are no interior junction points). Note importantly
that in the case where there are no junction points, the two methods are actually identical (with
the caveat that the Lagrange multipliers on the physical boundary, that are introduced in the
second strategy, need to be eliminated, see Section 9.2.3) so there is no interest in performing
a comparison. Besides, in the case of interior junction points, because of our choice of using
a nodal discretization method, there does not exist a natural and straightforward cross-point
treatment (see [71] on this matter) and therefore the comparison of the two strategies is actually
not possible because one is simply not properly defined.

In a last section, we report some numerical results to sustain our claim that the projection step
introduced in the new approach is not prohibitive. In a first part, we show the sparsity pattern
of the newly defined communication operator. This is a visual representation of the actual
communications of data that take place between sub-domains. We observe that far apart sub-
domains are only weakly coupled by the coercive problem posed on the skeleton that is implicitly
defined behind the projection step. In a second part, we report the number of conjugate gradient
iterations that are necessary to actually solve this coercive problem. We see that the solution,
which can take place in parallel, requires only a moderate number of iterations, provided that the
system is preconditioned. This is not the only way to solve the skeleton problem, other methods
could be applied, hopefully even more efficiently but that will be the subject of future works.

Although we do not claim that the approach we advocate is the fastest or the least expensive
strategy in a general configuration, we stress that the overall impression given by our numerical
experiments is a general robustness of the domain decomposition approach when the operator
based on elliptic auxiliary problem is used, and which rests on strong theoretical foundations.
Besides, the treatment of junction points previously described provides a satisfactory solution
for nodal based discretization strategies even if less computationally expensive transmission op-
erators (e.g. local operators) are preferred.

11.1 Implementation details and test cases

The method presented in the previous two chapters was also implemented in the research code
written in JULIA that was briefly described in Chapter 7. We gather here some general informa-
tion that apply to the numerical experiments reported in this chapter.

11.1.1 Test cases and mesh partitioning

We use again here the tests cases described in Chapter 7. However the way the partitioning
of the mesh is performed is radically different. One of the big advantages of allowing junction
points is our ability to deal with much more general mesh partitions.

The meshes used in the numerical experiments below are all generated by GMsH [77] and
partitioned using the autimatic graph partitionner METIS [89] through the JULIA API. In some
sense, despite the simplicity of the model problems we consider, the way the partitioning is
performed is somehow closer to realistic applications than the partitions we used up to now. Of
course, the partitioner naturally generates junctions points (and junctions curves in 3D), of both
boundary and interior types, see Figure 11.1 for examples of 2D mesh partitions we consider.

The automatic partitioning aims at constructing equilibrated partitions (comparable number
of cells in all sub-domains) with minimal contact surfaces between sub-domains. These are very
desirable features in view of distributed computing, in particular for load balancing and to min-
imize communications between cores. However, this choice has many important consequences.
First, we emphasize that as a result we do not have any control on the geometry of the partition,
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Figure 11.1: Examples of 2D mesh partitions.

in particular on the smoothness of the interfaces which is therefore really rough (variations of
the size of the mesh cells and re-entrant corners). Also note that in the partitions, almost all
junctions, points or curves, are shared by exactly three sub-domains. Configurations with four
(or more) sub-domains hardly ever happen. Notice finally that the geometry of the skeleton
changes when the mesh is refined. This happens in our numerical experiments when we increase
the number of points per wavelength Ny or when we increase the wavenumber ko (N being
fixed).

11.1.2 Transmission operators

We report and compare results using transmission operators that were already considered in
Chapter 7 and Chapter 8.

Note that with the new approach it is no longer necessary to define a transmission operator by
interface I'j, := 0€Q; NOQ;, between two sub-domains €2; and €. We need only one transmission
operator per sub-domain 2; defined on its boundary I'; := 0€2;. The definition of transmission
operators based on local tangential operators or on integral operators is straightforward and
restricted to the said boundary I';. However, for the operator based on the resolution of an
elliptic auxiliary problem, the domain of resolution can be limited to one single sub-domain
Q; (and no longer on the two sub-domains on both sides of the interface). This corresponds
to use a; = 1 and @, = 0 in (8.12). This is obviously more economical and it also means
fewer communications in the pre-processing step for a parallel implementation on a distributed
architecture.

In the acoustic setting, we compare results for four transmission operators

e two local operators:
— the identity operator Id of Després;

— a positive operator based on second order surface differential operators, namely

1
Id — —=Agy; 11.1
2&02 > ( )

e two non-local operators that satisfy the theoretical requirements of the convergence analysis
of Chapter 3:
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— the operator, for d € {2, 3},

2
Tgesse! = P, W, (11.2)

where Wy .., was defined in (5.19) and stems from standard potential theory.

— the operator TH"™ defined in (8.12) (with a; = 1 and a, = 0), which is based on the
resolution of auxiliary elliptic problems.

In the electromagnetic setting, we compare results for four transmission operators
e a local operator:

— the identity operator Id of Després;

— a positive operator based on second order surface differential operators, namely

1
Id — I’ curly, curly; (11.3)

o two non-local operators that satisfy the theoretical requirements of the convergence analysis
of Chapter 3:

— the operator T5*°! = 2K ., defined in (5.82), which stems from standard potential
theory.

— the operator TH"™, defined in (8.12) (with a; = 1 and a, = 0), which is based on the
resolution of auxiliary elliptic problems.

11.2 Convergence history

Similarly as was done in the numerical results in the free-junction setting, we first report con-
vergence histories for both the Richardson (the fixed point iteration algorithm does no longer
identify with the Jacobi algorithm) and GMRES algorithms.

We consider our acoustic and electromagnetic test cases from Chapter 7. The only difference
being now that the domain is split roughly (using a mesh partitioner) into four quarters in 2D,
see Figure 11.1a; and in eight parts in 3D. The interest of such partitioning is the presence of
pure interior junction points where at least three domains share a common vertex.

The full convergence history in the relative H* error (7.6) is provided in Figure 11.2 for the
acoustic 2D results and in Figure 11.3 for the acoustic 3D results. The full convergence history
in the relative H(curl) error (7.16) is provided in Figure 11.4 for the Maxwell 3D results.

Note that we recover qualitatively the previous results observed in a two-domain configuration
without junction points. The local operators perform the worst while we notice that the non-local
operators T{ have the best overall performance, with the non-local operators T# somewhere in-
between. Moreover, the GMRES attenuates the discrepancies between the transmission operators
compared to the Richardson algorithm.

11.3 h-uniform geometric convergence

We present now the influence of mesh refinement on the number of iterations to reach a set
tolerance, for the different transmission operators under study and the two iterative algorithms.
The refinement of the mesh is indicated by the number of points per wavelength N, which is
inversely proportional to the typical mesh size. We also report the number of GMRES iterations
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Figure 11.4: Maxwell 3D. An example of convergence history. Fixed parameters kg = 5, J = 4,
Ny =40

that are required to achieve the same error to solve the full (undecomposed) linear system (line
plot labelled ‘No DDM”). Recall that this is to be read as an indication of the conditioning of
the original linear system rather than an actual method of resolution.

It shall be noted that this numerical test does not fall exactly in the theory developed pre-
viously as far as the stability with respect to the mesh parameter is concerned. This is due
to the use of an automatic mesh partitioner, which produces different geometries for different
meshes. The skeleton and therefore the geometry of the interfaces between sub-domains may
change greatly when N changes. Moreover, the transmission interfaces get rougher as the mesh
is refined, with geometrical details of the size of the mesh cells. This situation is different from
the previously reported results of Chapter 7 and Chapter 8 where the underlying interface was
converging to a perfect sphere as the mesh was refined.

Helmholtz 2D We report the number of iterations to reach convergence with respect to mesh
refinement in Figure 11.5 for the Richardson and GMRES algorithms. We see that the iteration
count ‘No DDM’ has a growth which is approximately quadratic with respect to IV, illustrating
the deterioration of the matrix conditioning as the mesh is refined. For the local operators the
convergence is not uniform with respect to mesh refinement and a large number of iterations
is required to get to the set tolerance. The growth of the iteration count appears to be quasi
quadratic with respect to N, for the Richardson algorithm and quasi linear for the GMRES
algorithm. For small mesh size the convergence may not even be reached within 10° iterations.
In contrast, the non-local operators T5e¢! and TOAux exhibit uniform convergence in all cases,
with a very moderate number of iterations required to reach the set tolerance.

Helmholtz 3D We report the number of iterations to reach convergence with respect to mesh
refinement in Figure 11.6 for the Richardson and GMRES algorithms. Again in this case, we
clearly identify the non-uniformity of the convergence with respect to the number of point per
wavelength for the zeroth order local operator. On the contrary, the non-local operators Tess!
and TOAuX exhibit h-uniform convergence. It shall be noticed however the quasi-uniformity of the
convergence for the second order operator if the GMRES algorithm is used, which is not explained,
while the deterioration is quadratic when the Richardson algorithm is used.
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Figure 11.7: Maxwell 3D. Number of iterations with respect to the number of mesh points per
wavelength Ny. Fixed parameters kg = 1, J = 8, sphere of radius R = 1.

Maxwell 3D We report the number of iterations to reach convergence with respect to mesh
refinement in Figure 11.7 for the Richardson and GMRES algorithms. We see for this case the
increased difficulty of the original problem that can be deduced for the large number of GMRES
iterations required to solve the undecomposed problem. For the two local operators the number
of iterations depend strongly on the mesh refinement, while for the non-local operator based on
the resolution of auxiliary problems, the convergence is independent of the mesh size. It seems
however, that the iteration count actually increases when the mesh is refined for the non-local
operator T&. This is not fully understood and may be due to the increasing roughness and
geometrical singularities of the transmission interface, although we note that such an effect was
not observed for the non-local operators based on integral formulations in the acoustic setting.

11.4 Influence of the frequency

We now study the dependency of the iteration counts with respect to the wavenumber k¢ when
the GMRES algorithm is used. In addition, we provide results with the Jacobi algorithm only
for the acoustic 2D case. To keep the test simple, we chose to keep a fixed number of points
per wavelength as the frequency changes, so that the size of the linear system increases as the
frequency changes but pollution effect is not taken into account here.

The results for the acoustic setting are given in Figure 11.8 for the two-dimensional case and
in Figure 11.9 for the three-dimensional case. The corresponding results for the electromagnetic
setting can be found in Figure 11.10.

As the wavenumber kg increases, the discrete (as well as the continuous) problem gets harder.
This is indicated again by the increase in the iteration count of the GMRES algorithm for the
undecomposed problem (line plot labelled ‘No DDM”). For this case, the growth is linear with
respect to kg. In contrast, for all the impedance operators under study, we notice a sub-linear
growth of the number of iteration with respect to xo. The iteration count is especially moderate
for the non-local operators. Notice also that the difference in iteration counts between the integral
operator based on the potential theory and the non-local operator based on the resolution of
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auxiliary problems is diminished as the frequency increases.
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Figure 11.8: Helmholtz 2D. Number of iterations with respect to the wavenumber kg. Fixed
parameters J = 4, Ny = 30, disk of radius R = 1.

11.5 Influence of domain heterogeneity

We provide some results in heterogeneous medium for the Helmholtz equation in 2D. The nature
of the test case is slightly different to the previous ones and is motivated by scattering problems
for coated objects. More precisely, we study the evolution of the iteration count with respect to
different contrast in u, and €, respectively. The domain is a circular strip contained between the
circles of radius R =1 and R = 1.5. The medium characteristics change at R = 1.25:

e for R > 1.25, u, and ¢, are constant equal to 1 and is intended to represent the vacuum;

e for R < 1.25, either u, or €, take a lower or higher value and is intended to represent the
coating material.

At R = 1.5, the usual first order absorbing boundary condition is applied. Besides, two different
boundary conditions are considered at the object boundary R = 1, either the sound-hard (Dirich-
let) or the sound-soft (Neumann) boundary conditions. As a result, this test has the additional
benefit to highlight that these two boundary conditions can also be taken into account seamlessly
by the new method. The source of the problem comes from an impinging plane wave, as the one
defined previously for the usual test case considered.

The partition is composed of J = 20 sub-domains so that some interfaces are cut by the
discontinuity in the medium and the results are provided for the GMRES algorithm. When no
results are provided, it means that the algorithm did not converge in under 10° iterations.

In Figure 11.11 the frequency in the vacuum is taken to be kg = 1 with Ny = 640 points per
wavelength (the vacuum one). The value of the relative coefficients u, and €, is higher in the
material.

In Figure 11.12 the frequency in the vacuum is taken to be kg = 32 with N, = 20 points
per wavelength (the vacuum one). The value of the relative coefficients u, and e, is lower in the
material (notice the inverse in the horizontal axis label in the plots).
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It is clear that the local operator perform the worse, even though as the strength of the
discontinuity increases, the difference is dimished in the case where the frequency is higher inside
the material. The best results are obtained for the non-local operator based on the resolution of
the auxiliary problems and this is particularly true for the case where the frequency is smaller
inside the material. Notice that in some cases, the algorithm using the non-local operator based
on an integral formulation simply did not converge in under 10° iterations.

11.6 Scalability of the method

We now study the dependency of the method with respect to the number of subdomains J of
the mesh partition for the Helmholtz equation. The numerical experiments presented now are
obtained on the test cases presented in Chapter 7.

11.6.1 Strong scaling

We start with a strong scaling test in 2D, which consists in increasing the number of sub-
domains for a fixed size problem. The results at a rather high frequency (ko = 20) are provided
in Figure 11.13a and at a lower frequency (ko = 2) in Figure 11.13b. These figures report the
iteration count with respect to J varying from 2 to 1024 subdomains. In both cases the GMRES
algorithm is used.

One can notice a sub-linear increase in the number of iterations to get to a converged solu-
tion for all the transmission operators under study. Notice that for the strong scaling test the
undecomposed linear system is kept the same as J is increased. It follows that at some point
it is no longer useful to split the initial domain into too many pieces and one is better off with
moderate size sub-problems.

Interestingly, we see in Figure 11.13b that the number of iterations levels out for the coercive
DtN operator, in a regime where the size of the sub-problems gets really small compared to the
wavelength of the problem.

11.6.2 Weak scaling

A weak scaling test was also performed, this time with a domain increasing in size as the number
of sub-domains J grows for both the 2D and 3D cases. More precisely, the size of the domain
is chosen to grow like J'/¢ where d is the dimension of ambiant space, so as to keep a fixed size
(in terms of DOFs) for the local subdomains. In 2D the domain is a disk of radius increasing
from R =1 to R = 16, and in 3D the domain is a sphere of radius increasing from R = 1 to
R = 3.7. The frequency is set kg = 5 and the GMRES algorithm is used. Notice that the number
of points per wavelength is kept constant, despite the fact that the size of the problem increases,
as a result the pollution effect is not taken into account here.

The growth of the number of iteration to reach the set tolerance also appears to scale like
J'4 and the phenomenon seems to apply to all the transmission operators considered. This
non-optimality can be understood in this wave context from the fact that the waves need to
travel longer as the size of the global domain increases.

11.7 Comparison with the previous method

We present below a comparison of the new approach with a communication operator based
on a projection against the more usual method where the exchange is defined localy. This
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Figure 11.11: Helmholtz 2D. Evolution of the iteration count for heterogeneous medium. Fixed
parameters kg = 1, Ny = 640, J = 20, GMRES algorithm.
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comparison is carried out in the configuration with only boundary cross-points. Indeed, the two
methods are identical in absence of cross-points (with the caveat that the Lagrange multipliers
defined on the physical boundary in the new approach shall be first eliminated), hence not
worth comparing. Besides, in the presence of interior cross-points, the definition of the discrete
transmission conditions is not straightforward and natural for our nodal finite element method.

This comparison is conducted for the 2D Helmholtz equation only. The test case is constructed
from the one described in Chapter 7 and consists in a disk of radius R = 1, split roughly (using
a mesh partitioner) in half, which creates two sub-domains and two junction points with the
physical boundary. Note that in this case there are no degrees of freedom (DOF) that are shared
with more than two subdomains.

It is worth noting that actually, this setting is not covered by our analysis of Chapter 3 of
Chapter 4 due to the presence of boundary junction points. However, the extension of the method
with the local exchange operator is straightforward. The transmission interface is restricted to
the common interface between the two sub-domains, on which the transmission operators are
defined. Note that this interface is not a closed manifold, which complicates the functional
analysis and invalidates the convergence analysis we conducted.

On the other side, the newly proposed method is well-defined, see Chapter 10, and the
(geometric) convergence result stands.

h-uniform geometric convergence We report the number of iterations to reach convergence
with respect to mesh refinement in Tables 11.1 and 11.2 respectively for the Richardson and
GMRES algorithms. In Table 11.2 we also report the number of GMRES iterations that are
required to achieve the same error to solve the full (undecomposed) linear system (column labelled
‘No DDM”). We see that this iteration count has a growth which is approximately quadratic with
respect to Ny, illustrating the deterioration of the matrix conditioning as the mesh is refined.

For the local operators the convergence is not uniform with respect to mesh refinement and
a large number of iterations is required to get to the set tolerance. For small mesh size the
convergence may not even be reached within 10° iterations. The growth appears to be quasi
linear with respect to Nj.

For the (elliptic) hypersingular operator TF used in conjunction with the local exchange
operator (II;), the convergence is not uniform with respect to the mesh size. The number
of iterations slightly increases as the typical mesh size decreases, especially for the Richardson
algorithm. This is a very interesting effect and may be due to the loss of continuity of the integral
operator defined on open curves. These observations are moreover in agreement with the results
reported in [91, Sec. 9.2]. In contrast, when used with the newly introduced communication
operator (Ily ), the integral operator is defined on closed curves and is a continuous mapping
between the trace spaces — we recover the uniform convergence.

The other non-local operator T# exhibit uniform convergence for both strategies, with a very
moderate number of iterations required to reach the set tolerance. In fact, in terms of iteration
count, it outperforms all other operators. It seems that this operator has the correct properties
(in contrast to the other non-local operator which is based on integral formulations) to ensure a
stable convergence of the algorithm.

From those results, we do believe that it should be possible to derive a convergence analysis
and state a geometrical convergence result for a domain decomposition method based on the
usual point-to-point exchange operator even in the presence of boundary junction points. These
numerical results are at least some evidence to support this claim. In contrast, we believe that
there is no hope to extend such a result in the presence of interior junction points. The numerical
results (using a mixed-hybrid finite element formulation) presented at the beginning of Chapter 9
support this idea.
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local (IT)) projection (I )
N)\ Othord 2nd0fd TOBessel TOAux Othord 2nd01‘d T(];Sessel TOAux
20 9845 799 159 52 10121 818 158 61
40 44068 591 154 55 44417 582 154 62
80 3260 176 54 . 3256 172 61
160 12804 190 54 12853 145 61
320 50522 272 54 50615 169 61
640 . 387 54 . 151 61

343

Table 11.1: Helmholtz 2D. Number of iterations with respect to the number of mesh points per
wavelength Ny . Fixed parameters kg = 1, J = 2, Richardson algorithm.

No DDM local (II,) projection (I )
N>\ @ OthOI‘d 2ndOI‘d TOBessel T(IJ\ux OthOI‘d 2ndOI‘d TOBessel Téxux
20 44 16 16 16 15 42 52 22 18
40 227 59 60 33 16 102 76 30 19
80 654 105 73 39 16 163 80 32 19
160 2474 179 533 40 16 279 392 32 19
320 9559 295 1605 48 16 464 . 34 18
640 41888 475 314 47 16 730 359 34 19

Table 11.2: Helmholtz 2D. Number of iterations with respect to the number of mesh points per
wavelength Ny. Fixed parameters kg = 1, J = 2, GMRES algorithm.

No DDM local (II)) projection (I )
Ko @ Othord 2nd01‘d T(E)Sessel TOAux Othord 2nd0rd TOBessel Tb%ux
1 149 51 53 32 15 81 57 30 19
2 268 91 40 36 18 110 48 35 26
4 811 126 114 41 27 136 123 44 39
8 1563 133 147 46 33 154 154 49 48
16 2926 160 152 54 40 192 157 59 56
32 5846 183 168 59 48 213 189 67 64

Table 11.3: Helmholtz 2D. Number of iterations with respect to the wavenumber k. Fixed
parameters J = 2, N = 30, GMRES algorithm.
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Influence of the frequency We report the number of iterations to reach convergence with
respect to the wavenumber k¢ in Table 11.3 for the GMRES algorithm. As the wavenumber kg
increases, the discrete (as well as the continuous) problem gets harder. This is indicated again
by the increase in the iteration count of the GMRES algorithm for the undecomposed problem
(column ‘No DDM”). For this case, the growth is linear with respect to x¢. In contrast, for all
the impedance operators under study, we notice a sub-linear growth of the number of iteration
with respect to kg. The increase in the iteration count is especially moderate for the non-local
operators.

Comparison of the two approaches If we compare the two alternatives of using a local
exchange operator Il or a non-local communication operator Iy x for a fixed impedance op-
erator, we notice for this test case, a small but not significant advantage of the local exchange
operator. This is due to the fact that the method using the non-local communication operator
requires a Lagrange multiplier at each DOF of the boundaries of the subdomains, even on the
boundary on which a physical condition is imposed. This feature is essential for some impedance
operators defined by integral operators that require a closed boundary to be properly defined, as
the hypersingular operator for instance. However, when used in conjunction to a local operator,
this introduces somewhat redundant and unnecessary DOFs, that could be eliminated, hence a
larger linear system and a worse convergence. The only counter-example to this effect is the
hypersingular operator T¥ for the reason that was previously alluded to, namely the loss of con-
tinuity on open curves. For this operator, the performance is better when used in conjunction
with the non-local communication operator Il .

11.8 Exchange operator

The purpose of this last section is to provide some numerical evidence to support our claim that
the projection step that occurs in the definition of the newly introduced communication operator
is not prohibitive.

11.8.1 Sparsity patterns

The actual transmission of information between sub-domains that is induced by the projection-
based communication operator is somehow elusive. We provide below a visual interpretation of
such transmissions of data that we find instructive.

We represent in Figure 11.17 the sparsity patterns (i.e. the absolute value of the non-zero
coefficients) of the communication operator matrices (see (10.172) for the definition of these
matrices) for several transmission operators: the Euclidian inner product Id, the identity 0*"order
and the elliptic hypersingular operator T§**¢! and for several different partitions J € {2, 3,4, 8}
of the same mesh.

The utilisation of the Euclidian inner product Id deserves some comments. This is a pure
discrete operator define algebraicaly, which consists in using literaly an identity matrix as a
transmission operator. It is therefore close to the operator which would be obtained for a
lumped mass matrix. We include this operator in this comparison because it possess interesting
properties.

The domain is a disk or radius R = 1, the wavenumber of the problem is kg = 1 and the
mesh is constructed to have roughly Ny = 20 DOFs per wavelength (the size of the problem is
deliberately small to be able to actually represent the matrix of the communication operator).
The number of sub-domains ranges from J = 2 to J = 8 on the same mesh, which as a result
increases the size of the skeleton (hence the number of elements in the exchange operator matrix).
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As expected, the patterns for Id is really sparse, while the ones for 0**order is denser and the
patterns for T5¢! is almost completely dense.

e Id: we can formally decompose the exchange matrix associated to Id in two parts: the
diagonal part whose non-zero elements correspond to degrees of freedom on the physical
boundary (which are not boundary junction points); and the off-diagonal part which is
symmetric and which corresponds to exchange between sub-domains for degrees of freedom
belonging to more than one-subdomain. For two subdomains (J = 2) we can clearly visually
identify the standard point-to-point exchange. For more sub-domains, we notice columns
(and lines) with more than one single non-zero element.

« 0'Morder: for the exchange matrix associated to Després transmission conditions, we first
notice the loss of symmetry. The exchange matrix is in fact self-adjoint with respect to
the scalar product induced by the mass matrix. The identity blocks that were present in
the matrix associated to Id and which correspond to degrees of freedom on the physical
boundary are still present. Besides, some of the off-diagonal part remain the same as
for Id, these correspond to interior degrees of freedom on the transmission boundary that
belong to exactly two sub-domains. The main difference with the previous operator comes
from the non-zero columns stemming from cross-points. For two sub-domains, there are
only two boundary cross points which are shared by two sub-domains. For the other
geometrical configurations, there are interior cross points in addition to boundary cross
points. We clearly visualize here that only the cross-points (interior or boundary) have
global contributions on the whole skeleton. This feature is a manifestation of the coupling
of all the sub-domains through the cross-points. Very similar sparsity patterns can be
observed for second order operators.

THessel: again, the matrix is not symmetric for the same reason given above. Besides,

one can again locate the degrees of freedom that belong to the physical boundary, by the
diagonal identity blocks. The main difference from the previous operator is the fact that all
the degrees of freedom that belong to a true transmission boundary (hence geometrically
belong to at least two sub-domains) have global contributions on the whole skeleton. What
is perhaps more surprising is the fact that no information is sent from the degrees of freedom
that belong to the physical boundary to the other degrees of freedom, but they do receive
some data from the other ones. Notice that the blocks corresponding to pure interior
sub-domains (such cases occurs for J = 8) are, as a result, fully populated. Very similar
sparsity patterns can be observed for other non-local operators.

We report in Figure 11.18 the sparsity pattern of the exchange matrices for the transmission
operator TOAux for two frequencies kg = 10 and k9 = 40. The domain is a disk or radius a = 1
partitioned into J = 10 subdomains, with a mesh constructed in order to have roughly Ny = 10
(respectively Ny = 2) DOFs per wavelength for ko = 10 (respectively ko = 40). Again, the size
of the problem is dramatically small for the frequencies considered (and not realistic) but this is
for the sake of illustration. Notice however that the sizes of the two matrices are comparable.

The purpose of this figure is to show that, even for non-local transmission operators, the
exchange matrix can become sparse as the relative size of the domain increases with respect
to the wavelength of the problem QK—’(: (which we recall is taken as the characteristic length of
the dissipative problems associated to the non-local operators). For the case with the largest
frequency (ko = 40), some sub-domains (that do not share common degrees of freedom) are
not directly coupled (although they are indirectly by their common neighbours). Obviously
this remark stands only in a discrete setting and the effect is due to finite precision arithmetic.
Finally, we point out that a similar effect can be observed on the exchange matrices associated
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to transmission operator based on local operators such as 0™order and 2"dorder, namely the
apparent direct de-coupling of far apart sub-domains (which were at first sight coupled by global
contributions stemming from cross points).

11.8.2 Inner conjugate gradient

We investigate numerically (in 2D) in the following our claim that the (preconditionned) inner
CG algorithm that is used in order to solve the projection problem only requires a few iterations
to complete.

We report in Figure 11.19 the evolution of the maximum number of iterations to reach
convergence for the inner CG solver with respect to mesh refinement. The maximum is taken
over all solves during one run of the outer GMRES algorithm. In Figure 11.20 the evolution
with respect to the wavenumber kg is investigated. Finally, Figure 11.21 and Figure 11.23 report
respectively the evolution of the maximum number of iterations of inner CG in a strong and
weak scaling tests, namely with respect to increasing number of sub-domains J in the partition.

We observe a clear but moderate increase in the number of required iterations when the mesh
is refined (the discrete size of the problem increases). In contrast, the maximum iteration count
stays fairly constant as the wavenumber of the problem increases. As far as the strong and weak
scaling tests are concerned, we notice that the maximum number of iterations steadily increases
as we increase the number of problems but sort of levels off once we reach about ten sub-domains.

We see that the operator T5*¢! is consistently more advantageous than the other non-local
operator T{"™ as less iterations of inner CG are required. As for the local operators, they
generally exhibit lower iteration counts in comparison to non-local operators (except for the
second order operator in the strong and weak scaling tests).

Note that we did not report inner CG iteration counts associated to the transmission operator
Id as the projection can in this case be computed explicitly without requiring the inner algorithm.
As a matter of fact, if one would nevertheless use a CG algorithm to solve the associated problem,
the algorithm would converge to machine precision in exactly one iteration.

Finally, we remark that we observed numerically that the (relative) tolerance of the inner
CG algorithm needs to be smaller than the (relative) tolerance of the outer algorithm in order
to be able to (globally) converge. In all our numerical experiments, we set the tolerance of the
inner algorithm to machine precision (10714) as a safety measure, but we remark that it should
be possible to save a few inner iterations by using a larger tolerance at the start of the outer
iterations or if the required global precision is not too small. This speculation has however not
been investigated further.
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(a) .I.Id, J= 2.. (b) Oth(.).rder, J :“2.
.(d) Id, J = 3. (e)“(.)thordel.r.,.J = 3
.(g) Id, J = 4. (h) 0*"order, J = 4. (i) TE, J =4
(4) Id, J =8. (k) 0*"order, J = 8.

Figure 11.17: Sparsity pattern of exchange matrices. The darker the element, the bigger. The
saturation scales logarithmically from 107'? (white) to 1 (black). The red lines delimit sub-

domain contributions. Disk of radius a =1, kg = 1, Ny = 20
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Conclusion and outlook

Outcomes and main conclusions

A unified formalism for wave propagation problems We proposed a new abstract for-
malism that unifies the analysis of convergence of a wide class of non-overlapping domain de-
composition methods for time-harmonic wave propagation problems. As we have shown, the
formalism encompasses both the acoustic and electromagnetic settings, and should be able to
be extended to elasticity without much difficulties. We proved the geometric convergence of
standard fixed point algorithms, provided non-local transmission operators with simple suitable
properties are used.

Stable convergence The geometric convergence proof follows at the discrete level for standard
discretization methods, and the convergence rate is proved to be stable with the mesh parameter.
This is in contrast with transmission conditions based on local operators for which the discrete
convergence factor tends to 1 as the mesh is refined.

A novel treatment of junction points We have developed, within the abstract formalism,
a new approach that applies to general geometric configurations, including those with junctions,
that is found to generalize the pre-existing approach. The new method can be applied with
various transmission operators, including local ones, provided these transmission operators define
a scalar product on the trace space.

The geometric convergence proof is recovered if suitable non-local transmission operators
are used, and stays stable with respect to the discretization parameter. Besides, the method
remains amenable to straightforward parallelization, including the case of distributed-memory
architectures.

Novel non-local transmission operators We have proposed several non-local transmission
operators suited to the electromagnetic setting which possess explicit integral representations.
Somehow unexpectedly, the straightforward discretization of these operators using the boundary
element method produced disappointing results in regards to the computation cost.

This motivated to investigate alternative routes to design well-suited non-local transmission
operators. A successful alternative strategy is proposed, based on the resolution of elliptic
auxiliary problems in the vicinity of the transmission interfaces. Non-local transmission operators
built from those auxiliary problems possess many advantages:

1. They satisfy the theoretical requirements of the convergence analysis hence imply guar-
anteed h-stable (geometric) convergence on arbitrary partitions, including ones with junc-
tions;
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2. Their definition is generic, with simple adaptations to the acoustic or electromagnetic
settings, including the case of heterogeneous media. Their parameters are easy to choose
and do not require complicated tuning to get efficiency. Besides, they are applicable to
sub-domains of arbitrary geometry, including ones with rough boundaries generated by
automatic graph partitioners, without any additional treatment;

3. Their implementation in practice is straightforward with a computational cost that remains
moderate, for instance using standard finite elements, and does not require sophisticated
technologies.

If we do not claim that they yield the fastest convergence in every situation — and we ac-
knowledge that competitive alternatives exist with regards to this criteria — we believe that the
robustness of the strategy is unmatched, at the expense of a moderate but increased computa-
tional cost.

Outlook and possible extensions

The approach that has been developed to tackle the difficulties generated by the presence of
junctions in general partitions is rather new. We believe that further work in this direction are
required to obtain a mature method. Besides, many interesting questions can be addressed, for
instance: How to couple the strategy with integral equations (FEM-BEM coupling)? How to
cope with non-conformal meshes? Can we improve the convergence with a second level?

Projection onto the single-trace space The computation of an orthogonal projection is
at the heart of the evaluation of the new communication operator and it may be the main
computational bottleneck of the new approach if no particular care is taken. Fortunately, the
favorable nature of the problem should make it easy to tackle and we have already presented a first
possible route based on a preconditioned conjugate gradient algorithm that proved successful.
However, some other different approaches can be proposed, which could be even more efficient.

Distributed parallelism Our research code was initially built to test out ideas and is un-
fortunately not (yet) able to run on a distributed memory machine. Yet, leveraging such dis-
tributed architecture is actually one of the main purpose of domain decomposition. This is why
a distributed-memory implementation of the method able to run more industrial-like test cases
to further test the approach would be a nice addition to this work.
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Résumé : Les premiers travaux de B. Després, puis M.
Gander, F. Magoules et F. Nataf ont montré qu’il est
nécessaire, du moins dans le contexte des équations
d’ondes, d’utiliser des conditions de transmission de
type impédante pour le couplage des sous-domaines
afin d’obtenir la convergence des méthodes de décom-
position de domaine sans-recouvrement. L’approche
standard considérée dans la littérature utilise un opé-
rateur d’impédance local permettant une convergence
algébrique dans les meilleurs cas. Des travaux ulté-
rieurs dus a F. Collino, S. Ghanemi et P. Joly puis F.
Collino, P. Joly et M. Lecouvez ont permis de montrer
que 'utilisation d’opérateurs d’impédance non-locaux,
comme par exemple des opérateurs intégraux avec des
noyaux singuliers adaptés, peut permettre une conver-
gence géométrique des méthodes de décomposition de
domaine.

Cette these prolonge ces travaux (qui ont principale-
ment concerné I’équation de Helmholtz scalaire) pour
dans un premier temps étendre ’analyse au cas de
la propagation d’ondes électromagnétiques. De plus,
I’analyse numérique de la méthode est pour la pre-
miere fois effectuée, démontrant la stabilité du taux de
convergence par rapport au parametre de discrétisa-

tion, et ainsi la robustesse de 'approche. Plusieurs opé-
rateurs intégraux sont ensuite proposés comme opé-
rateurs de transmission pour les équations de Max-
well dans le méme esprit que ceux construits pour le
cas de 'acoustique. Une alternative aux opérateurs in-
tégraux, fondée sur la résolution de problemes auxi-
liaires elliptiques, est par ailleurs proposée et étudiée.
De nombreuses expériences numériques ont été me-
nées, illustrant le haut potentiel de cette nouvelle ap-
proche. A partir de récents travaux de X. Claeys, la
derniére partie de ce travail consiste & exploiter le
formalisme multi-trace afin d’étendre ’analyse au cas
des partitions comportant des points de jonction, pro-
bleme ayant attiré beaucoup d’attention récemment.
Cette nouvelle approche met en jeu un nouvel opé-
rateur permettant la communication d’informations
entre sous-domaines, qui a vocation a remplacer I'opé-
rateur point-a-point classique. Une preuve de conver-
gence géométrique de I’algorithme itératif associé, éga-
lement uniforme par rapport au parametre de discréti-
sation, est disponible et I’on montre que I'on retrouve
l’algorithme classique en ’absence de point de jonc-
tion.
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wave propagation problems

: Non overlapping domain decomposition methods with non-local transmission operators for harmonic
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Abstract : The pioneering work of B. Després then M.
Gander, F. Magoules and F. Nataf have shown that
it is mandatory, at least in the context of wave equa-
tions, to use impedance type transmission conditions in
the coupling of subdomains in order to obtain conver-
gence of non-overlapping domain decomposition me-
thods (DDM). In the standard approach considered in
the literature, the impedance operator involved in the
transmission conditions is local and leads to algebraic
convergence of the DDM in the best cases. In later
works, F. Collino, S. Ghanemi and P. Joly then F.
Collino, P. Joly and M. Lecouvez have observed that
using non local impedance operators such as integral
operators with suitable singular kernels could lead to
a geometric convergence of the DDM.

This thesis extends these works (that mainly concer-
ned the scalar Helmholtz equation) with the extension
of the analysis to electromagnetic wave propagation.
Besides, the numerical analysis of the method is per-
formed for the first time, proving the stability of the
convergence rate with respect to the discretization pa-

rameter, hence the robustness of the approach. Several
integral operators are then proposed as transmission
operators for Maxwell equations in the spirit of those
constructed for the acoustic setting. An alternative to
integral operators, based on the resolution of elliptic
auxiliary problems, is also advocated and analyzed.
Extensive numerical results are conducted, illustrating
the high potential of the new approach. Based on a
recent work by X. Claeys, the last part of this work
consists in exploiting the multi-trace formalism to ex-
tend the convergence analysis to the case of partitions
with junction points, which is a difficult problem that
attracted a lot of attention recently. The new approach
relies on a new operator that communicates informa-
tion between sub-domains, which replaces the classical
point-to-point exchange operator. A proof of geometri-
cal convergence of the associated iterative algorithm,
again uniform with respect to the discretization para-
meter, is available and we show that one recovers the
standard algorithm in the absence of junction points.
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