N

N

Parabolic problems with constraints, deterministic and
stochastic.

Yassine Tahraoui

» To cite this version:

Yassine Tahraoui. Parabolic problems with constraints, deterministic and stochastic.. Analysis of
PDEs [math.AP]. Université de Pau et des Pays de I’Adour; Ecole normale supérieure de Kouba
(Alger), 2020. English. NNT: 2020PAUU3026 . tel-03126849

HAL Id: tel-03126849
https://theses.hal.science/tel-03126849
Submitted on 1 Feb 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-03126849
https://hal.archives-ouvertes.fr

"

= IVERSITE
as DE PAU ET DES
- PAYS DE 'ADOUR

ECOLE
NORMALE
SUPERIEURE
DE KOUBA

THESE

Pour I'obtention du grade de

Docteur de 'université de Pau et des Pays de ’Adour

&

de I’Ecole Normale Supérieure de Kouba

ED 211

Domaine de recherche: Mathématiques Appliquées.

Présentée par

Yassine TAHRAOQOUI

Problemes paraboliques a contraintes,

déterministes et stochastiques.

Directeurs de these : Guy VALLET & Abdelhafid MOKRANE

Co-directeur de these : Bénédicte PUIG

Soutenue le 04 décembre 2020 & 10h en Salle 02 de 'TPRA

MEMBRES DU JURY

Bénédicte ALZIARY-CHASSAT Professeur (Université Toulouse 1 Capitole)

Caroline BAUZET Maitre de conférences (Aix-Marseille Université)
Imran Habib BISWAS Professeur (TIFR-CAM, Bangalore, Inde)
Gilles CARBOU Professeur (UPPA)

Anis MATOUSSI Professeur (Le Mans Université)

Abdelhafid MOKRANE Professeur (ENS de Kouba, Algérie)

Bénédicte PUIG Maitre de conférences (UPPA)

José Francisco RODRIGUES Professeur (Université de Lisbonne, Portugal)
Guy VALLET Maitre de conférences HDR (UPPA)

Examinatrice

Examinatrice

Rapporteur

Président

Rapporteur & Examinateur
Directeur de these
Examinatrice

Rapporteur & Examinateur
Directeur de these

These en cotutelle entre I'université de Pau et des Pays de I’Adour et I’Ecole Normale Supérieure de Kouba, Algérie.






Acknowledgements

First and foremost, words are not enough to express my deepest gratitude to
Guy Vallet. Thank you very sincerely for your quality of supervision, from my Master
thesis until the end of my PhD thesis. Thank you for your availability, patience and
valuable comments which helped me to learn new things every day. Thank you for
your support and helps every time I needed. Without Guy, this work would not have
succeeded. I'm a lucky person to work with such an outstanding supervisor! Now, I
would like to thank Bénédicte Puig for her support, remarques, comments and valu-
able discussions to enrich this work. I would like to thank as well Abdelhafid Mokrane

for his advices, supports and continuous efforts to give me the best opportunities.

I would thank Caroline Bauzet for her detailed relecture of this manuscript and
comments which helped to improve this manuscript. Thank you as well to Gilles Car-
bou for having accepted preside the jury of my defense. My sincere thanks go to Imran
Biswas, Anis Matoussi and José Francisco Rodrigues for their time and effort in re-
viewing this work. I would thank Bénédicte Alziary-Chassat for having accepted be
part of the jury in my defense. My thanks go to my collaborator Olivier Guibé for the

valuable discussion that we have, it was a pleasure to work with him.

I would to thank my parents, my brother and sisters, all my friends and my col-

leagues for their encouragement and support.

Yassine “T.







gade
Ll g ol o WY el ol3 S Ll ey LY glee
" " " (Sl Gl iy LY (¥
tegdtd O 8l e
ikt 3 oLl ) a2 ¢ HDR Lolz 3kl ¢ (Guy Vallet) «J6 5 o
M g Al
Wolid) SWslall iz Jle ol sl ¢ (Abdelhafid Mokrane) &) s Yaid! as o
LA 2@l 5lS0 Wl il eolsl )1 £ 5 L] iga

ALY sy LY 2

0l J ol dus | 5 olsl ) J Lol b.“ L pdl olld)
R R PR A g U LI < NP 1Y SN VT AN
L, & 11 (Lewy — Stampacchia) S\l = 59 OlFLe g Jsldl 59 g pyain (33
Vg ohlas ) G omle ob sl Wl by oo Jo¥) Juaill 3
Se> 9 L) (;UJ (Leray — Lions) pwed - Lf‘)jj £y o d“:j)‘fé'“ G AR JaL
5 FU e L) oda 31 L) 4B et Wlaltn - (g9) dB LR G2 e
ol me B Bl o W1 Jadl 3Gl WY g Gagm sl b @) alis
Jo dems ol o s - by gy e e B G OV ol U]
3M Al el ALl & b g A & b Jleatll Wlaltn & gy LA Gax
u.ej[\ Wl - djj @Lru ) w\.\pjj‘ 43?33\ S J\o\f‘ J.\a.aJ‘ J dj\“ J.a.a.n

fj'a" on:/.,\,U PO u\‘ Jge s (i, U‘J:j.cjf\o - L3slad! wK.U JJL.«J\
d:La.J\ J;..a)‘ 5, dU ‘ L&y dw&

slal (Scilab) oM éL’J‘ Jlaatal Gyudll éu‘ R S u’ Lo = J\p\H d
i 9% JEV) g O VI U § 094 J Yomrd ! éL..H oz ol )

G b Wlali - g9 0w, — b 0% (4l olilie i lae olE

iii



Abstract

Title : Parabolic problems with constraints, deterministic and stochastic.
Author : Yassine TAHRAOUI

Supervisors of the doctoral thesis :

* Guy Vallet, LMAP-UMR CNRS 5142, Université de Pau et des Pays de I’Adour,

France.

e Abdelhafid Mokrane, Laboratoire d’EDPNL et HM, Ecole Normale Supérieure
de Kouba, Algeria.

In this thesis, our aim is to study elliptic and parabolic problems with constraints
in the frame of deterministic and stochastic settings. More precisely, we are interested

in the existence of solutions and the associated Lewy-Stampacchia (L-S) inequalities.

In the first chapter, we are interested in the proof of L-S inequalities associated with
a bilateral elliptic problem governed by a pseudomonotone operator in the frame of
Sobolev spaces with variable exponents, we prove a result of existence of solutions
satisfying L-S inequalities by using a technique of perturbation of the operator. In the
second chapter, we study a parabolic variational inequality with constraint where we
prove a result of existence of a solution satisfying L-S inequalities; by a method of
penalization of the constraint and a technique of perturbation of the operator. In the
last chapter, we are interested in a stochastic parabolic obstacle problem governed by
a T—monotone operator in the presence of a stochastic reaction where we prove a re-
sult of existence and uniqueness of the solution satisfying L-S inequalities; by using a

method of penalization of the constraint and perturbation of the stochastic reaction.

Finally, we present some numerical illustrations of the previous problems in the

one- dimensional space setting.

Keywords: Variational inequalities, Pseudomonotone operator, Lewy-Stampacchia

inequality, Penalization, Stochastic PDE, Wiener process, Obstacle problem.
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Résumé succinct

Titre : Problémes paraboliques a contraintes, déterministes et stochastiques.
L'auteur : Yassine TAHRAOUI

Les directeurs de thése de doctorat:

¢ Guy Vallet, LMAP-UMR CNRS 5142, Université de Pau et des Pays de I’Adour,

France.

e Abdelhafid Mokrane, Laboratoire d’EDPNL et HM, Ecole Normale Supérieure
de Kouba, Algérie.

Dans cette these, notre but est d’étudier des problemes elliptiques et paraboliques
avec des contraintes dans les cadres déterministes et stochastiques. Plus précisément,
nous nous intéressons a l’existence de solutions et aux inégalités de Lewy-Stampacchia

(L-S) associées.

Dans le premier chapitre, nous nous intéressons a la preuve des inégalités de L-S
associées a un probléme elliptique bilatéral gouverné par un opérateur pseudomono-
tone dans le cadre des espaces de Sobolev avec des exposants variables, nous prouvons
un résultat d’existence de solutions satisfaisant les inégalités de L-S en utilisant une
technique de perturbation de I'opérateur. Dans le deuxiéme chapitre, nous étudions
une inégalité variationnelle parabolique avec contrainte ot nous prouvons un résultat
d’existence d'une solution satisfaisant les inégalités de L-S ; par une méthode de pénalis-
ation de la contrainte et une technique de perturbation de I'opérateur. Dans le dernier
chapitre, nous nous intéressons a un probleme d’obstacle parabolique stochastique régi
par un opérateur T—monotone en présence d’une réaction stochastique ott nous prou-
vons un résultat d’existence et unicité de la solution satisfaisant les inégalités de L-S
; en utilisant une méthode de pénalisation de la contrainte et une perturbation de la
réaction stochastique.

Enfin, nous présentons quelques illustrations numériques des problémes précédents.

Mots clés: Inéquations variationnelles, Opérateur pseudo-monotone, Inégalité de
Lewy-Stampacchia, Pénalisation, EDP stochastique, Probleme d’obstacle, Processus de

Wiener.




General notations

lp/ 1P1, 11)2

(Q,F,P)

Dimension of the space domain.

A bounded domain of R? with a Lipschitz boundary if d > 2.

The boundary of D for d > 2.
Maximal time of the study.
Time interval of the study.

The product space |0, T[xD.

The dense embedding.

The minimum between p and 2.

The Lebesgue space L?(D).

A separable reflexive Banach space.

The dual space of V.

The duality product between the space and its dual.
The positive part of the function f ie. f© = max(f,0).
The negative part of the function f ie. f~ = max(—f,0).
The obstacle functions.

A complete probability space.

The product space |0, T[x Q.

A right continuous filtration.

A Wiener process.

The expectation, i.e. the integral on () with respect to the measure P.
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Functional spaces

D(D),C°(D) The space of C*°(D) — functions with compact supportin D.

W,""(D) The closure of D(D) in the Sobolev space W™ (D).

W—mfp/(D) The dual space of Wén’p(D), (% + % =1).

C(I,V) The space of continuous function in I with valuesin V.

D'(I,V) The space of distributions on I with values in V.
LP(D) :={f : D — R measurable and / |f(x)|Pdx < 00}, (1<p<o0).
D

L*(D) := {f : D — R measurable and 3C > 0 such that |f(x)| < C a.e.in D}.
d
W™P(D) :={f € LF(D)|D%f € LP(D) a € N with |«| := Y o <m}, (1<p<o0).
i=1
LP(I,V):={f : I — V measurable and / If(x)||hdt < o0}, (1< p<o0).
D
L*®(I,V) :={f: I — V measurable and 3C > 0 such that || f(x)||y < C a.e.in I}.
W(0,T) = {u € LP(0,T,V), dsu € LV (0, T, V') }.
WL°°(0,T) Theelement u € L*®(0,T) such that 9;u € L®(0, T).

(LP'(0,T,V'))* The non-negative cone of L” (0,T, V'), i.e. the elements u

u e Lp/(O, T,V') suchthat (u, @) >0 forany ¢ € L”(0,T,V) such that ¢ > 0.
LP(0,T,V)* The order dual equals (L” (0, T, V'))* — (L¥ (0, T, V'))™.
WLP4(0,T,V,E) The space of functions u € LF(0,T; V) such that d;u € L9(0, T; E).

NZ(0,T,H) The space of all predictable processes of L?(Qr, H).
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Résumé élargi

Dans cette these, notre but est d’étudier des problemes elliptiques et paraboliques
avec contraintes dans les deux cas déterministes (sans bruit) et stochastiques (avec
bruit). En d’autres termes, on s’intéresse a des Equations aux Dérivées Partielles (EDP)
elliptiques et paraboliques sous forme d’inéquations variationnelles ou d’équations,
otl la solution est recherchée dans un convexe fermé lié aux contraintes.

Plus précisément, on s'intéresse a des problemes avec obstacle : i étant donné, trouver

u tel que
i+ Au > f ou 9(u— / h(u)dW) 4+ Au > f sous la contrainte u > .
0

Les inéquations variationnelles sont bien connues dans la littérature des mathémati-
ques appliquées et conduisent a de nombreuses applications (cf. [26, 62]). Du point
de vue mathématique, il est important d’avoir des informations sur le défaut dans
I'équation osu + Au = f (resp. 0i(u — [h(u)dW) + Au = f ), qui n’est satisfaite
a priori que dans 'ensemble libre {u > y} alors que l'inégalité d;u + Au — f > 0 (
resp. 0¢(u — [ h(u)dW) + Au — f > 0) doit toujours étre vérifiée. C’est ce que I'on ap-
pelle ” I'inégalité de Lewy-Stampacchia” ou1 la valeur par défaut d;u + Au — f (resp.
dt(u — [h(u)dW) + Au = f ) est contrdlée, sur le complémentaire de 1’ensemble libre,
par le terme similaire 0, + Ay — f (resp. (P — [h(P)dW) + A — f) agissant sur
la contrainte 1.

On trouve quelques travaux dans la littérature sur ce sujet, en déterministe et lorsque
la partie principale A est un opérateur T—monotone dans le cas parabolique ( cf.
[22]) et plusieurs travaux dans le cas elliptique [41, 48, 49, 51]. Notre objectif est
de généraliser de tels résultats a une classe plus générale d’opérateurs dans le cas
déterministe. Ensuite, nous étudions des problémes bruités en introduisant le car-
actere aléatoire (traduit les effets aléatoires dans le probleme) en considérant un second
membre de I'équation de type “intégrale d’It6”. La présence de termes stochastiques
d’It6 ne nous permet pas d’adapter facilement les techniques de compacité-monotonie
développées pour des opérateurs pseudo-monotones dans nos travaux en déterministe
a la recherche de solutions martingales. L'enjeu dans cette partie est donc d’adapter

principalement les techniques de monotonie du cas déterministe au cas stochastique.
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Faisant suite a une premiere étude de A. Mokrane et G. Vallet [51] sur I'inégalité de
Lewy-Stampacchia dans les espaces de Sobolev a exposants variables pour un opérateur
pseudo-monotone, le Chapitre I propose, en collaboration avec ces deux auteurs , une
généralisation de ce travail. Plus précisément, il s’agit du papier [50] o1 on considére
un probleme elliptique de méme nature avec une contrainte bilatérale associée a deux
obstacles Y et Y, et en simplifiant les hypotheses de fagon significative. Les inégalités

de Lewy-Stampacchia associées aux contraintes {1 < u et/ou u < 1, s’écrivent alors :

LSy A(u)+ag(u)— f < (A1) +ao(y1) — )T,
LSy  — (A(Y2) +ao(2) — )~ < A(u) +ao(u) — f,

avec un opérateur pseudo-monotone non linéaire de type Leray-Lions A, un opérateur

monotone de Nemitsky ag et une solution u de 'inégalité variationnelle
uek, (A(u) +ap(u),v—u) > (f,v—u), Yo €K,

ou K est un convexe fermé de Wol’p ) (D) 1ié aux contraintes. Nous utilisons une tech-
nique de perturbation ad hoc de 1'opérateur et une pénalisation des contraintes pour
prouver les inégalités de Lewy-Stampacchia. Nous discutons également sous quelles
hypotheses les deux parties des inégalités de Lewy-Stampacchia ci-dessus sont simul-

tanément vérifiées.

Dans le Chapitre II, nous nous intéressons a des inéquations variationnelles parabo-
liques sous une contrainte d’obstacle. Plus précisément, nous étudions 1’existence

d"une solution pour le probleme:

T T
/ <8tu,v—u)dt+/Qa(t,x,u,Vu)V(v—u)dxdt2/ (f,v—u)dt
0 0

qui satisfait I'inégalité de Lewy-Stampacchia suivante :
0 <o —divia(-,-,u, Vu)| — f < g = (f —op+divia(-, -, ¢, VY)]|)~,

ouu — —div[a(t, X, U, Vu)] est un opérateur pseudo-monotone sous la contrainte
u>, fell,T;V)etp € WP¥ (0, T, WoP(D) N L2(D), V). Cette étude fait
partie d'un travail avec O. Guibé, A. Mokrane et G. Vallet [33]. Nous exhiberons un
résultat d’existence d’une solution qui satisfait 1'inégalité de Lewy-Stampacchia par

une méthode de pénalisation de la contrainte et la transformation du probleme en un
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probleme monotone dans I’ensemble libre {u < 1} par une technique de perturbation

de I'opérateur.

Dans le Chapitre III, nous étudions un probleme d’obstacle parabolique stochas-
tique associé a un opérateur T-monotone et une force stochastique par la présence
d’une réaction stochastique. Plus précisément, on a prouvé un résultat d’existence et
d’unicité d"une solution u pour une famille de problemes d’obstacles qui peuvent étre

écrits sous la forme

f—on(u- /O Glu,)dW ) — A(u, ") € Tk (u),

ot K est un convexe fermé de LP(Qr, V) lié a la contrainte stochastique 1, A est un
opérateur T-monotone non linéaire défini sur V, (Q, F, (F¢)¢>0, P) est un espace prob-
abilisé filtré et W(t) est un processus de Wiener dans un espace de Hilbert séparable

H. Ensuite, nous donnons les inégalités de Lewy-Stampacchia associées, a savoir

0<a(u— [ Glu W) + 4G, ) - f < (f—at(w— [ 6w, yaw) —A(w,->)_

Nous utilisons pour cela une perturbation ad hoc de la réaction stochastique et une
pénalisation de la contrainte pour prouver I’existence et 1'unicité de la solution varia-
tionnelle, c’est-a-dire, une solution forte au sens probabiliste de 1'inéquation variation-

nelle stochastique, puis les inégalités de Lewy-Stampacchia associées au probleme.

Finalement, nous présentons quelques exemples et illustrations numériques avec le
logiciel libre Scilab suivi par un rappel de quelques résultats d’analyse fonctionnelle,
utilisés dans la these, tels qu'un résultat de continuité pour des fonctions a valeurs
vectorielles non classique puisque u et d;u ne sont pas dans des espaces en relation de
dualité, quelques explications sur le lemme d’Aubin-Lions-Simon quand 1 < p < 2,
une formule d’intégration par parties de Mignot-Bamberger [4] / Alt -Luckhaus [2] ,
un résultat de densité pour les espaces de Sobolev a valeurs vectorielles et aussi une
démonstration de l'existence d"une solution, pour un probleme parabolique pseudo-
monotone, via la méthode de Galerkin. Ensuite, nous proposons certaines extensions
aux situations ou 'obstacle et la solution ne sont pas dans le méme espace, ou aux

problémes d’obstacles bilatéraux.
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General Introduction

In this thesis, we are interested in the study of elliptic and parabolic problems with
constraints in the deterministic (without noise) and stochastic (with noise) frameworks.
More specifically, we are interested in elliptic and parabolic PDE in the form of vari-
ational inequalities or equations, where we look for the solution in a close convex set
related to the constraint. In other words, we are interested in problems like: 1) being

given, find u such that

o+ Au > f or op(u— / h(u)dW) + Au > f under the constraint u > .
0

From a mathematical point of view, it is important to have information about the
equation diu + Au = f (resp. o¢(u — [h(u)dW) + Au = f ), which is satisfied a
priori only in the free set {u > 1} while the inequality o;u + Au — f > 0 (resp.
ot(u— [h(u)dW)+ Au — f > 0) must always be satisfied. This is what we call ” Lewy-
Stampacchia inequality ” where the default d;u + Au — f (resp. d¢(u — [ h(u)dW) +
Au = f) is controlled, on the complement of the free set, by the similar term d; +
AY — f (resp. ot (P — [h(YP)dW) + A — f) acting on the constraint .

One of the main parts of this thesis is devoted to prove this type of inequalities
associated with some problems in different frames; after proving the existence of a so-

lution to such problems.




General Introduction

1.1 Variational inequalities and obstacle problems

Variational inequalities are well known in the literature of applied mathematics and
lead to many applications. Historically, the theory of variational inequalities borned in
Italy in the sixties as mentioned in the book of J.E. Rodrigues [62] with the work of G.
Fichera in 1963 on elasticity problem and the work of G. Stampacchia in 1964 in the
frame of potential theory in connection with capacity. Then, the study of variational
inequalities evolved over time with several contributions in pure mathematics, PDE’s

and variational calculus as well as in applied mathematics.

To give an illustration about the physical origins of variational inequalities, let us
present the following examples, the first one concerning an elliptic problem, which is
presented in [62] and is related to the following problem: find the equilibrium position
u = u(x),x € D C R? of an elastic membrane constrained to lie above a given obstacle

Y = YP(x). It is solved by the unique solution of the minimization problem

i dyo|*d
rz¥1€1[r<1/D|gm x0|7dx,

where K is a convex set of functions in an appropriate space greater or equal to 1. This

problem is equivalent to a variational inequality
ueK and / gradyu - grady(v —u)dx >0 Vo € K.
D

Another form of the obstacle problem, assuming u regular, is the complementary prob-
fem 02 02 02 02
u u u u
ox?  0x3 )20 =u) ox? * dx3 ) "
D is devided into two regions, the coincidence set I = {x, u(x) = (x)} and its comple-

ment, the free set S = {x, u(x) > (x)}. The common boundary oI = 9S in D is called

MZII)/ _(

the free boundary, and formally one has

02 02
a_xllzl + a_xg =0 in S, u=1v and grady,u = grad,yp on Jl.
The second example concerns a parabolic problem from [26], consider u (¢, X) which
represents the pressure of a fluid at point X = (x, y, z) at the time #, occupying a region

D of R? limited by a membrane T" of negligible thickness but semi-permeable (allowing




General Introduction

the free passage of the fluid entering but forbidding on the contrary any fluid outlet).
By [26], u satisfies the following equation

a_u_(82u+82u+82u)_
ot ‘ox2 "oy o2 T ¢

in D,t>0, (1.1)

g is a given function, with boundary conditions in the form of inequalities:

{ u(t,X) >0 = ou(t,X)/on=0, XeT, (1.2)

u(t, X) =0 = du(t,X)/on >0, XeT,

and the initial condition u(0, X) = uy(X).

The free boundary conditions imply for any moment ¢ fixed, that we have two regions
Iy and I'f where u(t,X) = 0 and du(t, X)/on = 0 respectively. These regions are not
given a priori, so this is a ” free boundary problem”. Let us introduce the set K which

allows us to rephrase (1.1) and (1.2) in the following equivalent form:

K={veHYD), v>0 on T},

ut,) €K Vt>0, (1.3)
/ (aa—j(v —u) 4 gradxu - gradx(v —u) —g(v—u))dX >0 Vo e K.
D

This problem with the initial condition u( called ” Evolution inequality of parabolic

type”.

Let us refer to some applications of stochastic obstacle problems. First, in the pric-
ing of American contingent claims. We recall that the American option is a contract
which gives the right to the holder to exercice the option at any time before the ma-
turity time. It is necessary to introduce superstrategies with a value greater than the
payoff of the option to hedge the additonal risk of early exercice which leads, in terms
of stochastic differential equations, to a reflected backward stochastic differential equa-
tion. In other words, the American option is forced to stay above a given stochastic
process and corresponds to the solution of reflected backward SDEs of the following

form (formally),

Yi = X7+ [ f(s,Ys, Zs)ds + Ky — Ky — [[7 ZdW,
Yi>yr 0Zt<T,
JE (Y — )dK; = 0
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where Y is the American price process, K is an increasing process which pushes the
solution upward to remain above the obstacle and active only when the constraint is
saturated, Z is the portfolio process and X7 is the terminal condition. One can consult
[10, 36] for more details. In this direction, it’s worth noting that obstacle problems for
SPDE are a natural generalization of PDEs with obstacle and also related to reflected
SDEs where the authors in [27] proved that the solution of a reflected BSDE provides
a probabilistic formula for the unique viscosity solution of a parabolic deterministic
obstacle problem.

As another application, let us refer to [7] where the authors presented a stochastic
obstacles parabolic problem, which can be used to describe several physical phenom-
ena. They were interested, in particular, by the evolution of damage in a continuous
medium taking into account the microscopic description which leads to the presence of
stochastic dynamics. If one denotes by u the damage parameter, that is, the local pro-
portion of active cohesive bonds in the micro-structure of the material. The damage
parameter is forced to take values in the interval [0, 1] where # = 1 means that the ma-
terial is completely undamaged, u = 0 that it is completely damaged, while u €]0, 1]
describes an intermediate situation. Then, the evolution of the damage parameter can

be described by an Allen-Cahn equation of the following form

{ §(u) + f — 9 (u — Joh(u)dW) + Au € dljg 1 (u), (1.4)

Neumann boundary condition + An initial condition,

where & is a function which depends on the damage parameter and reflect the fact
that the phenomenon of damage is related to microscopic changes in the structure and
configuration of the material lattice, f represents the external source of damage ( me-
chanical or chemical), g is a positive Lipschitz function related to the internal cohesion
of the material and it may depend on the damage parameter, vanishing in the case of
complete damage. The sub-differential dljy ;] represents the physical constraint on u

and W is a standard adapted continuous Brownian motion.

Generally, different approaches lead to the so called variational formulation or
weak formulation, the question of in what sense this type of approach solves the orig-
inal problems is crucial and therefore the analysis and the study of the smoothness

of the solutions is very important from a mathematical point of view where Lewy-
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Stampacchia inequalities help to answer such question.

To conclude this section, without exhaustiveness, let us mention some other moti-
vations to study variational inequalities and obstacle problems, we start with a famous
application: the dam problem in porous media in dimension two which is an appro-
priate model for the flow in the channels and interesting in hydrodynamics [17]( for
dimension three see [72]). Some phase transition questions based on Stefan’s problem
studied in [62]. In petroleum engineering, a mass conservation given by a Buckley-
Leverett equation under a pressure constraint to maintain the gas dissolution in oil
presented in [42]; but this can also be related to metastable systems where a constraint
is imposed to avoid phase changes as in the stochastic model presented in [74]. As an
application in population dynamics, a mathematical model of glass eels migration in
an river is exposed in [55] where the light and salinity are constraints on the dynamics
of glass eals. We recommend the interested reader to consult the following references

[26, 62] and their references.

1.2 Elliptic Lewy-Stampacchia inequalities

In this section, we propose to present a quick overview of some results concerning

Lewy-Stampacchia inequalities in the case of elliptic problems.

In 1969, H. Lewy and G. Stampacchia studied in [40] the smoothness of the solu-

tion to some variational inequalities, by using the Green function G associated with

d 9 d
a linear operator L (Lu = — ) a—(aij(x)a—u)) and its associated measure p; which
i,j=1 %% x;

satisfies Lu = p in the sense of distributions. They proved that the first derivative of
the solution is continuous. Then they proposed in [41] a strictly local method to study
the regularity of the solution of a superharmonic problem by presenting the solution

as following:
u(x) = [ Glx,y)uly), xeD

where D is a smooth bounded domain and p is a non-negative Radon measure sup-

ported in the coincidence (contact) set. Then, they proved the following result:
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Theorem 1.1. Assume 1 to be continuous in D U 0D; 1 < 0 on 0D and
— g AP = v(= signed measure) in the sense of distributions, (%)

where cg; > 0. Let v be the positive part of v, u be the measure associated with u i.e:

u(x) = [ Gl y)du(y)

with G(x,y) is the Green’s function (for —cy/\) of D. Then, for every Borel set F C D the
following inequality holds

w(F) < v(F). (The first L-S inequality)
The assumption (x) can be written in the form:

W(x) = /D G(x, y)dv(y) + h(x), W(x) =h(x) on aD;

h(x) is harmonic in D and continuous in D U dD.

The authors used Theorem 1.1 to prove that the first derivatives of the solution are
Holder-continuous with an exponent o« > 0 in the case x € D, d > 2.

If d = 2, the solution is Holder-continuous with exponent a,0 < o < aand they
conclude that the second derivatives are in LF (D) if Ay € LP(D), p > 1 if one uses an
inequality of Calderon-Zygmund type.

In 1973, U. Mosco and G.M. Troianiello in [53] proved Lewy- Stampacchia inequal-
ity i.e: u(F) < v (F), for all Borel set F C D, associated with the following problem:

(Y e H'(D)NCY (D), <0 on aD,
Ly =v=v"—v~ (signed measure),
K={veH)D):v>vy in HYD)}

| €K (Lu,o—u) 20 VoeK,

where L is a uniformly elliptic operator in the bounded domain D of the form

d
Z ai (a;j(x gu) =i, ajj(x) arebounded measurable real coefficients.
j=1 Xi

The proof used a capacitary potential instead of the explicit representation of the solu-

tion by Green function which was used where L = —c;A.
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After the result of H. Lewy and G. Stampacchia [41], many authors have been in-
terested in the so called Lewy-Stampacchia inequality and used to prove existence and
regularity results of nonlinear elliptic operators. In 1997, M.C. Palmeri in [56] studied
a variational inequality involving a pseudomonotone operators of Leray-Lions type.
The author used an approximation method via “a bounded penalization” called ho-
mographic approximation to prove that the sequence of solutions of approximated
problems converges strongly to the solution of the variational inequality which satis-

fies the constraint and the associated Lewy-Stampacchia inequality.

It is worth noting that the penalization is a method used to prove the existence
of solutions of variational inequalities, it consists in approximating the variational in-
equality by a family of nonlinear Dirichlet problems depending on a small positive
parameter e. There exists in the literature several penalization methods. The clas-
sical one, as mentioned in [56] , was introduced by ]J.L. Lions [43] and is applied to
study nonlinear elliptic unilateral problems, this kind of penalization which involve
unbounded mappings in the penalization term is called “unbounded penalization”.

We will use this method in the study of different problems in this thesis.

In 1998, A. Mokrane and F. Murat in [48] proved the following Lewy-Stampacchia
inequality
div(a(x,u, gradu)) + f > (div(a(x, P, gradp)) + )~

associated to the following problem:

K@) ={oeW,*(D),o>¢ in D}, $<0 on D
ue K(y), /Da(x, u, gradu) - (gradyv — gradyu)dx > (f,v —u), Vo € K(y),

under appropriate assumptions on 4, f and .

It’s worth noting that the authors used a classical penalization method to prove the
above result. It seems to be the first one using this penalization method to prove
Lewy-Stampacchia inequality associated with a pseudomonotone operator. In 2004,
the authors generalized in [49] the previous result to the case of bilateral obstacle prob-
lem in the presence of second order Leray-Lions operator, by using again the classical
penalization. Note that the difference between the works of the authors in [56] and [48]

is in the method of penalization used to study the problems.
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In 2005, A. Azevedo, J.F. Rodrigues and L. Santos in [3] derived a regularity re-
sult and the stability of the coincidence set by using Lewy-Stampacchia inequality for

N —membrane problem associated with degenerate elliptic operators.

In 2008, J.E. Rodrigues, M. Sanchén and J. M. Urbano [64] proved the existence and
uniqueness of an entropy solution to an obstacle problem with L' —data and nonlinear
elliptic operator where the principal part is a p(-)-Laplacian with variable exponents.
Then Lewy-Stampacchia inequalities are extended in the L!-framework. The authors
used Lewy-Stampacchia inequalities to show some convergence and stability proper-

ties of the corresponding coincidence set.

In 2011, J.F. Rodrigues and R. Teymurazyan in [65] studied a bilateral obstacle prob-
lem for some monotone operators in the context of Orlicz-Sobolev spaces. Then the
authors proved Lewy-Stampacchia inequalities in abstract form associated with a bi-
lateral problem for T-monotone operators, and derived some results of regularity for
the solution. As another application of Lewy-Stampacchia inequalities, the authors
studied quasi-variational inequalities which can be related to a stochastic switching

game.

In 2014, A. Mokrane and G. Vallet in [51] proved Lewy-stampacchia inequality in
the context of variable exponents Sobolev spaces by using a penalization method. It’s
worth noting that the authors generalized the result presented in [48] by adapting the
same assumptions to the framework of variable exponents Sobolev spaces. We wish
to draw the reader’s attention onto the fact that there is some additional assumptions

-now useless- used to establish Lewy-Stampacchia inequality.

The subject of Lewy-Stampacchia inequality associated with unilateral and bilateral
obstacle elliptic problems in the context of variable exponents Sobolev spaces with

assuming only the usual assumptions on the data will be presented in the first chapter.
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1.3 Parabolic Lewy-Stampacchia inequalities

In this section, we would refer to some results about Lewy-Stampacchia inequalities

associated with some parabolic problems.

In 1982, E. Donati in [22] used an approach based on a penalization method to prove
a result of existence and uniqueness of the solution to a parabolic variational inequality
governed by a hemicontinuous, bounded, coercive and T—monotone operator from V

into its dual V/, namely
u>yPpinQ, u(0)=uy>y(0), W+Au—fo—u) YoeV, v>1¢inQ,

where Q = Dx]0, T[, D C R? is a smooth domain and V = L?(0, T; Wé’p(D) NL%(D)),
up € L?(D) and appropriate assumptions on the obstacle ¢ and f. Then, the author

proved the following Lewy-Stampacchia inequality associated with the problem:
u' + Au— f < PT,

where
Y +AY— f=P" — P~ with PT €V, PE>0.

In 1983, M. Biroli in [11] used Lewy-Stampacchia inequality and some regularity
results for quasilinear parabolic equations to establish some regularity results about

some parabolic obstacle problems.

In 1995, L. Mastroeni and M. Matzeu in [45] used some estimates of Lewy-Stampac-
chia type and a fixed point argument to prove the existence and regularity for a linear
integro-differential parabolic variational inequality connected with the problem of the

American option pricing.

In 2013, T. Klimsiak in [37] generalized Lewy-Stampacchia inequality for non-Radon
measures. The author proved the existence, uniqueness and stochastic representation
of solutions of the Cauchy problem for semilinear parabolic equations in divergence
form with two time-dependent obstacles, by using methods of the theory of backward

stochastic differential equations.
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The subject of Lewy-Stampacchia inequality associated with unilateral obstacle par-
abolic problems governed by a pseudo-monotone operator of Leray-Lions type in the
deterministic setting with assuming the usual assumptions on the data will be pre-

sented in the second chapter.

1.4 Stochastic obstacle problems

In this section, we would refer to some results about stochastic partial differential

equations with obstacles.

A. Bensoussan and ].L. Lions studied in [8] some second order partial differential
equations with obstacles, some stochastic control and optimal stopping-time problems.
They were interested, among other things, in the strong relation between these kind of
problems where they proved that certain variational inequalities possess a probabilis-
tic interpretation. It’s worth noting that the authors used the analytic and probabilistic
methods in the proofs, the probabilistic methods are more intuitive and the analytic
methods are more powerful when the variational formulation and energy techniques
can be applied. They showed also the correspondence between Stefan problem and
some optimal stopping-time problems, they proved that some problems of differential

games can be formulated as free boundary problems and variational inequalities.

In 1989, U.G. Haussmann and E. Pardoux in [34] proved the existence and unique-
ness of strong solution of stochastic partial differential equations of parabolic type with
reflection in one-dimensional setting. The authors formulated the problem in the form
of a stochastic variational inequality where the principal operator is a linear one, then
penalization method and compactness arguments have been used to prove the result
where the requirement of the space dimension to be one is necessary. It's worth not-
ing that they discussed the absolute continuity of the reflected measure with respect to

Lebesgue measure.

In 1993, C. Donati-Martin and E. Pardoux in [23] studied a reflected solutions of

a nonlinear heat equation, driven by a space time white noise, on the spatial interval

10
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0, 1] with Dirichlet boundary conditions. The authors proved the existence of a non
negative solution by using a penalization method, a construction of a monotone ap-
proximated sequence and a comparison theorem for solutions of white-noise driven

SPDEs. It’s worth noting that they didn’t prove the uniqueness result.

Over time, many authors have been interested in the study of stochastic obstacle
problem via different approaches. The interessted reader can consult, for example, the
following references [59, 76, 77] and their references. We will refer now to some contri-

butions about stochastic obstacle problem in the last decade.

In 2010, A. Matoussi and L. Stoica in [47] proved an existence and uniqueness re-
sult for the obstacle problem of quasilinear stochastic PDE on the whole space R¥ and
driven by a finite dimensional Brownian motion with a given terminal condition. The
authors used the doubly stochastic calculus, the probabilistic representation of the di-
vergence term in the treatment of the quasilinear part and the penalization method in

the study of the problem.

In 2014, L. Denis, A. Matoussi and J. Zhang in [18] proved an existence and unique-
ness result for a quasilinear stochastic PDE with obstacle in an open bounded domain
of R? driven by an infinite dimensional Brownian motion, with Dirichlet boundary
condition. The analytical approach based on the parabolic potential theory, developed
by M. Pierre in the stochastic framework, have been used to study the problem. It’s
worth noting that the authors proved a quasi-continuity result of the solution by mix-
ing pathwise argument and some existence result for some deterministic PDEs. They
proved also that the reflected measure is a random regular measure satisfying a mini-

mal condition.

In 2017, C. Bauzet et. al. in [7] studied a time noise-driven Allen-Cahn equa-
tion which represents the evolution of damage in continuous media in the presence
of stochastic dynamics (see (1.4)). The authors used a time discretization method and
Yosida approximation to prove the global-in-time existence and uniqueness of solution

to the problem.

11
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In 2017, A. Rascanu and E. Rotenstein studied in [61] an obstacle problem for
parabolic SPDEs in the frame of Gelfand-Lions triple space setup. More precisely,
the authors were interested on the qualitative analysis of a stochastic variational in-
equality with a regular deterministic obstacle in the context of stochastic differential
inclusions driven by a Holder continuous multiplicative noise, with the Holder ex-
ponent « € [1/2,1]. A result of existence and uniqueness of strong variational solu-
tion has been proved, by using a regularization by Yosida approximation of the sub-
differential operator, where the assumption that the barriers cancel the diffusion coef-
ticients played a crucial role to estimate this term, and therefore to prove the existence
of a strong variational solution. When « € [1/2, 1], they considered a linear operator,
independent of time, in a Hilbert space setup where the initial condition was a deter-
ministic one. An existence result of weak variational solution satisfying some energy
inequalities on a new stochastic base and a new Wiener process has been established
when the assumption that the barriers have to cancel the diffusion coefficients was
given up. The proof in the latter case has been based on Prokhorov’s and Skorokhod’s
theorems and it’s worth noting that no uniqueness result was established in this case.
Our aim in the third chapter is to revisit similar variational inequalities by adding ran-
dom dependences for the operator, the source and the stochastic reaction terms, and
the obstacle to establish the existence and uniqueness of strong variational solution

with Lipschitz multiplicative noise.

The third chapter is devoted to prove the existence, uniqueness and Lewy-Stampacchia

inequality for some stochastic parabolic obstacle problems.

1.5 Organisation of the manuscript

We propose in the organization of this manuscript to resume the following works: the
first work in collaboration with O. Guibé, A. Mokrane and G. Vallet [33], the second
work with A. Mokrane and G. Vallet [50] and finally, the work with G. Vallet [73]. We
chose to keep the same form as the articles. Each chapter begins with a brief summary
and a quick review about the literature on some former results; then the content of the
study. Finally, we add Appendices to provide some detailed proofs of some results

used in Chapter 2 and some numerical illustrations.

12



General Introduction

In Chapter I, after the presentation of the results of A. Mokrane and G. Vallet [51]
on Lewy-Stampacchia inequality in the framework of Sobolev spaces with variable
exponents, a bilateral elliptic problem will be exposed, resulting from a work in collab-
oration with A. Mokrane and G. Vallet [50]. More precisely, we generalize the results
and simplify the proofs known in the literature to the cases of bilateral problems, that
is, Lewy-Stampacchia inequalities associated with constraints ¢y < u and/or u < ¥,

and a bilateral elliptic problem in Sobolev spaces with variable exponents, i.e.

{ LSy A(u)+ag(u)— f < (A1) +ao(y1) — )T,
LSy  — (A(Y2) +ao(2) — )~ < A(u) +ao(u) — f,

with a nonlinear pseudomonotone operator of the Leray-Lions type A, a Nemitsky

monotone operator ay and the solution u to the variational inequality
uek, (A(u) +ap(u),v—u) > (f,v—u), Yo €K,

where K is a closed convex set of W; #0) (D) related to the constraints. By using an ad
hoc perturbation of the operator and a penalization of the constraints, we are able to
prove Lewy-Stampacchia inequalities. We also discuss under what assumptions the

two parts of Lewy-Stampacchia inequalities hold simultaneously.

In Chapter II, we are interested in parabolic variational inequalities under a con-
straint, which generalize the result of F. Donati [22]. Namely, we prove the existence of

a solution to the following problem:

T T
/ (Opu, v — u)dt + / a(t,x,u, Vu)V (v — u)dxdt > / (f,v—u)dt
0 Q 0
which satisfies the following Lewy-Stampacchia inequality:
0 <o —divia(-,-,u,Vu)] — f < g~ = (f —opp +div[a(-, -, ¢, V§)])~,

where u — —div[a(t, x, u, Vu)] is a pseudomomotone operator under the constraint
u>1, feLll,T;V)and p € WWPP (0, T, WP(D) N L3(D), V). This study is a
joint work with O. Guibé, A. Mokrane and G. Vallet [33]. The result is proved by using
a method of penalization of the constraint and transform the problem to a monotone

one in the set {u < 1} by using a technique of operator perturbation.

13
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In Chapter III, we study a stochastic parabolic problem with a constraint governed
by a T—monotone operator, a stochastic force in the presence of a stochastic reaction.
More specifically, we prove the existence and uniqueness of the solution u to some

obstacle problems that can be written as

f—on(u- /O Glu,)dW ) — A(u, ") € Tk (u),

where K is a closed convex set of LP(Qr, V) related to the stochastic constraint 1,
A is a nonlinear T—monotone operator defined on V, (Q, F, (Ft)t>o, P) is a filtered
probability space and W(t) is a Wiener process with values in a separable Hilbert space

H. Then we prove Lewy-Stampacchia inequalities, namely

0< at<u—/0'c(u,.)dw> FA(,)— f < (f—8t<1j)—/04G(1p,.)dW) —A(lp,.)>.

We use an ad hoc perturbation of the stochastic reaction and a penalization of the
constraint to prove the existence, uniqueness of the variational solution and Lewy-

Stampacchia inequalities associated with the problem.

Finally, this document ends with Appendices. In Appendix A, we present some
numerical examples of the studied problems with and without constraints in deter-
ministic and stochastic cases. In Appendix B, we present: a continuity result for vector
valued functions that is not usual since u and d;u are not in spaces being in a dual-
ity, some explanations about the lemma of Aubin-Lions-Simon when1 < p < 2, an
integration by part formula of Mignot-Bamberger [4]/Alt -Luckhaus [2] and a density
result for vector valued functions in Sobolev spaces. A proof of the existence of a so-
lution for a pseudomonotone parabolic problem via the Galerkin method is presented
in Appendix C. Appendix D is devoted to a presentation of some extensions, in the
stochastic context, to situations where the obstacle and the solution are not in the same

space, or to bilateral obstacle problems.
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Chapter

On Lewy-Stampacchia inequalities for

elliptic bilateral problems

In this chapter, we are interested in non linear elliptic problems with constraints and homo-
geneous Dirichlet boundary conditions in the framework of variable exponents Sobolev spaces.
This study is a part of a joint work with A. Mokrane and G.Vallet [50].

More precisely, we are interested in proving Lewy-Stampacchia (LS) inequalities associated

with constraints 1y < u and/or u < 1, namely,

The right constraint LS inequality — (A(2) +ao(2) — f)~ < A(u) +ao(u) — f,
The left constraint LS inequality A (u) +ao(u) — f < (A1) +ao(1) — )T,

in the general framework of a nonlinear Leray-Lions pseudomonotone operator A, a monotone

Nemitsky operator a9 and a solution u to the variational inequality
u ek, (A(u) +ap(u),v—u)y > (f,v—u), Yoek,

where K is a closed convex subset from WOl’p(') (D) related to the constraints. We discuss also
under which assumptions the two parts of the above Lewy-Stampacchia inequalities simulta-
neously hold. We use an ad hoc perturbation of the operator and a penalization of the constraint
to prove the Lewy-Stampacchia inequalities. The aim of this chapter is given in detail sketches
of this proof.

Keywords: Variational inequalities, pseudomonotone operator, Lewy-Stampacchia inequal-

ity, variable exponents.
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1.1 Introduction

1.1.1 Former results / Our result

H. Lewy and G. Stampacchia [41] proved the first inequality in the frame of super-
harmonic problems, then, many authors have been interested in the so-called Lewy-
Stampacchia inequality associated with obstacle problems. Without trying to be ex-
haustive, let us cite the monograph of J.F. Rodrigues [62] and the papers of A. Mokrane
and F. Murat [48] for pseudo-monotone elliptic problems, A. Mokrane and G.Vallet [51]
in the context of Sobolev spaces with variable exponents, J.F. Rodrigues, M. Sanchén
and J. M. Urbano [64] proved the existence and uniqueness of an entropy solution to an
obstacle problem for nonlinear elliptic equations with variable growth and L!—data,
A. Pinamonti and E. Valdinoci [58] in the framework of Heisenberg group, R. Servadei
and E. Valdinoci [69] for nonlocal operators or N. Gigli and S. Mosconi [32] concern-

ing an abstract presentation. Concerning the bilateral problem, let us cite A. Mokrane

and F. Murat [49] where the authors proved the existence of a solution satisfying LS
inequality for a rather general Leray-Lions operator of second order by assuming the
existence of a perturbed problem satisfying a uniqueness property. Let us also cite
J. F. Rodrigues and R. Teymurazyan [65] where the authors proved LS inequality for
the two obstacles problem in abstract form for a T-monotone operator in the frame of

(generalized) Orlicz-Sobolev spaces.

To the best of our knowledge, there don’t exist in the literature such general LS
inequalities for pseudomonotone operators, nor generalizations of A. Mokrane and F.
Murat work [49] to the case of variable exponents Sobolev spaces WS #C) (D). Conse-
quently, the aim of this chapter is to consider Lewy-Stampacchia inequalities for pseu-
domonotone elliptic operators in very general situations. This generalizes the results,
and simplifies the proofs, proposed in the unilateral obstacle, as well as the one in the

bilateral case.
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1.1.2 Content of the study

In this chapter, we are interested in proving Lewy-Stampacchia (LS) inequalities asso-

ciated with constraints 11 < u and/or u < 1, namely,

The right constraint LS inequality — (A(¢2) +ao(yn) — f)~ < A(u) +ap(u) — f,
The left constraint LS inequality A(u) +ao(u) — f < (A(Yn1) +ao(1) — )T,

in the general framework of a nonlinear Leray-Lions pseudomonotone operator A, a

monotone Nemitsky operator ap and a solution u to the variational inequality
u ek, (A(u) +ap(u),v—u) > (f,v—u), Yo €K,

where K is a closed convex subset from WS #C) (D) related to the constraints. We dis-
cuss also under which assumptions the two parts of the above Lewy-Stampacchia in-
equalities simultaneously hold. In this chapter, we propose such results by using a
method of penalization, associated with a suitable perturbation of the operator as pro-
posed e.g. by [35, p.102] and [12] for sub/super solutions to obstacle quasilinear elliptic
problems. This perturbation is one of the main point of the proof: to make it possible
and to reduce to the minimum the list of assumptions. We discuss also about addi-

tional conditions proposed e.g. in [49] to derive a result in the general case.

The chapter is organized in the following way: after giving the hypotheses and the
main result (Th. 1.3) in Section 1.2, Section 1.3 is devoted to the proof of this result. A
tirst step is devoted to the existence of a solution to the penalized/perturbed problem
associated with a parameter ¢; then, some a priori estimates and passage to the limit
with respect to 11 (subsequence of ¢) are considered with regular non-negative elements
¢{ and g, , associated with decompositions of certain elements assumed to be in the
order dual. We prove first the two parts of Lewy-Stampacchia inequality when g and
g, are still regular; finally, the proof of Lewy-Stampacchia inequality is extended to
the general case in the context of unilateral problems. In the Section 1.4, we discuss
some additional assumptions to get the two parts of Lewy-Stampacchia inequality for

bilateral problems simultaneously.
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1.2 Notation, hypotheses and main result

In this chapter, the exponent p : D — [1,+o00[ is a measurable function, and we set

p— = ess igf p and p™ = esssup p. We assume also that p is a log-Holder continuous
D

function ( see e.g. [21, p. 98]).

Consider the following variable exponents Sobolev spaces LP*)(D) and Wol’p (x)(D),
one can consult [31] for the basic properties and some results concerning this type of
spaces.

Denote, for given measurable functions (1;);—1, : D — R, by
Ky, = {u € WP (D) : ¢y <u aein D},
K¥2 = {u e WP \(D) : u < ypp aein D},
and K(1, 1) = Ky, NK¥2 = {u € W,")(D) : ¢y < u <, aeinD}.
Assume that:
H; : Ais a Leray-Lions pseudomonotone operator of the form
v A(v) = — div [a(x, v, Vv)],
which acts from W?()(D) into W=1#'()(D) where

Hii a:(x,u,8) € DxR xR — a(x,u,&) € R is a Carathéodory function on
D x Rd—i—l’

Hj, ais strictly monotone with respect to its last argument:
VxcDae, ucR, V& FecR, &+£7=[a(x,u,&) —alx,u,)].(E—7)>0.

0, a function & in L'(D) and a

gt < p~ two exponents such

H; 3 there exist constants & > 0, 3 > 0 and y
function k in LP()(D) and 1 < g(x), r(x)
that, for a.e. x € D,Vu € R, VZ € RY,

>
<

a(xu,2)E = &ZP- [yw |<>|} (L.1)
p(x

+ |k
(e ) < B[R]+l + ] (12)

Hy: ag is a nonlinear superposition operator acting from LP() (D) into its dual L' () (D),
which is defined by
ap(u) = ap(x,u), (1.3)

18
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where the function ap : D X R — R is a monotone (non decreasing) Carathéodory
function, i.e.,

Vs € R, x — ap(x,s) is measurable, a.e. x € D, s — ag(x,s) is continuous, and
ae.x €D, VseR, VteR, (ap(x,s) —ap(x,t))(s—t) > 0.

We also assume that there exist a constant 3y > 0 and a function kg in L? () (D),
71(x) < p(x) and a function v > 0 such that for a.e. x € D and for all s € R one
has

{ lag(x,5)| < Bollko(x)] +[s|)7)~1,
(1.4)

Vq1.Vo >0, |Vo|#0 in D.

Remark 1.1. The second assumption on qq in (1.4) allows us to use Poincaré’s inequality

in modular form i.e.
iC, >0, Vove Wé’ql(x)(D), /D lo(x)| 1 dx < CP/D |Vo(x) 1) dx,

(see [1, Th. 1]). Instead, we can also assume that q1(x) < p_ without assuming the

second condition in (1.4) used to prove Lemma 1.5.

: fe W O(D), ($i)i=12 : D — R are measurable functions such that there
exists v* in Wol’p(')(D) such that ; < v* < .

: Define, for all v € W'?()(D), the operator B by B(v) = A(v) 4 ag(v) — f and
denote the order dual space by
Vo) = (W OD)) " — (W 0(D))*.
Hy; : € WHPU(D), B(r) € Vaty
ie. B(y1) =gf — g7, 5,87 € W POI(D), gf, g7 > 0.
Hyp o € WPO(D), B(yn) € Vol
ie. B(Y2) =83 — 85, 83,8, €W WWU(D), ¢f,¢; >0.

Remark 1.2. Of course, Hz and Hy ; (i = 1,2) yield 1y < 0and 1, > 0 on dD.
Reciprocally, by [21, Prop. 7.1.8 p. 244], assuming Hy 1 with 1y < 0 on 9D yields 1[);r
belongs to Ky,,. Likewise, Hy» with 1y > 0 on dD yields —1, belongs to K¥2. Then,
assuming 1 and Py in WYPC) (D) with P < o in D and 1 < 0 < 1y, on dD
ensures that v* = P — 5 belongs to K(1p1,1y).
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Our aim is to prove the following result and discuss under which assumptions the full

Lewy-Stampacchia inequality (1.8) holds in general framework.

Theorem 1.3. Under the above assumptions (H1)-(H3), there exists at least one solution u €

K (11, ) which is a solution of the variational inequality

/D [a(x, u, Vu)V(v —u) 4+ ao(x, u)(v — u)} dx > (f,v—u), Vv € K(i1,¢,). (1.5
* Assuming Hy 1 , there exists a solution of (1.5) such that

B(u) € Vyy and (B(u))* < (B(y1))™. (1.6)

» Assuming Hy o, there exists a solution of (1.5) such that
B(u) € Vi and (B(u))” < (B(yn))". (1.7)

o If Hy holds true with g and g5 in Wg’p(') (D) N L% (D), then there exists a solution of
(1.5) such that B(u) € Voo and

—(A(2) +ao(P2) — f)7 < A(u) +ao(u) — f < (A1) +ao(1) — f)F. (1.8)

* If Hy holds true and if there exists a Nemitsky operator j on D x R, satisfying Hy like
ag, such that the solution u € K(1, y») to

/Da(x, u, Vu)V(v —u)dx + /D[ao(x,u) +j(x,u)](v—u)dx > (f,v —u)

forall v € K(1,y) is unique, then (1.8) is satisfied for any solution to (1.5).

1.3 Proof of Theorem 1.3

We will prove Theorem 1.3 in three steps. First, we introduce the perturbed opera-
tor and some preliminary results, then, one concludes the existence of a solution to
the variational inequality. Secondly, we prove the two parts of Lewy-Stampacchia in-
equality independently when g and g, are regular, by passing the limit in the same
subsequence satisfying the penalized problem. Finally, the proof of Lewy Stampac-
chia inequality in the general case for unilateral problems will be presented, by using

a density lemma.
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1.3.1 The perturbed operator and some preliminary results

Denote by d(x,u,&) = a(x, max (1, min(u,,)),&) and A is the operator associated
with 4.

Remark 1.4. We wish to draw the reader’s attention to the fact that with the proposed per-
turbation: a(x,u,&) = a(x, max (1, min(u,y)), &), the operator is formally monotone and
not pseudomonotone any more on the free set where the constraints are violated.

One will perform the proof in the bilateral case, but the unilateral cases correspond to )1 = —o0

or Pp = +o0.

Note that, the above assumption H; still holds for 4. Indeed,

i, )& > &ZPW — |y max(yr, min(u, )7 + [R(x)|],  (19)

)

i
- rlx) >
a(v,u,8)| < B[R]+ [ max(iy, min(u, )7 + )] (@1.10)

Since by assumption Hg, | max (1y, min(u, 7)) [1%) < |[u|7) 4 |o*|1%), one gets that

r(x

| max (i, min(u, P,))|r&

—~
N

) r(x)

r(x
P+ |o*| Pk

N

< [ul

r(x)

(1.1) and (1.2) are satisfied by replacing : by & + ¥|v*|7%) and k by k + |v*| (.

Lemma 1.5. Assume Hy — Hy and Hs. There exists a constant M > 0 such that, for any
u,v e W&’p(')(D),

/ﬁ(x,u,Vu)V(u—v)dx+/ aog(x,u)(u—ov)dx+ M
D D

>

N[ R

. pt p- . / p(x) / g1(x)
min , Mo dx + M dx|.
i} 1 10,) [ Vo (x)|P ¥ dx [o(x) | dx]

Proof. From [51, Lemma 4], there exist positive constants C, § and C; such that, for any
u,v e W&’p(')(D),

/ a(x,u, Vu)V(u —v)dx+C
D

.
2(a—0) [ IVl = o[l + ] = Ci6 [ 1Vo1 i

On other hand, for any u,v € Wé’p(') (D), one has

ag(x,u)(u —v) = (ao(x, u) —ag(x,v)(u —v) +ao(x,v)(u — v) > ag(x,v)(u —v),

21



On Lewy-Stampacchia inequalities for elliptic bilateral problems

CHAPTER 1
Since | | ag(x,v)vdx| < C [ |k(x)|"®dx + C [ |o(x)|""*)dx where C is a positive
D

J
constant. Thanks Young inequality and Remark 1.1, one has

|/ ap(x,v)udx| < C5/ (|]_<(x)’fh(x)_|_|U(x)|ﬂl1(x))dx+5/ |M(X)|q1(x)dx,
D D D

< Cs [ (R + o)1) dx + Cpo [ [Va()n s,

where C,, is the positive constant of modular Poincaré’s inequality. Using again Young
inequality, one has

|/Da0(x,v)udx| < C5/D(|E(x)|‘71(x)+|v(x)|‘71(x))dx+5/D|Vu(x)|p(x)dx+c’

where Cs and C’ are positive constants. Therefore

>

/ﬁ(x,u,Vu)V(u—v)dx+/ ao(x, u)(u—ov)dx+C
D D

— X - i’+ X
(@=0) [ [Vu(x) )dx—(S[”uHZv&p(_)—I—||u||w§,p(_)}—C15/D|Vv(x)|?’( )
— [C [ k)" Wdx+C [ [o(x)|n @]

- [C5/]3(|l'<(x)\q1<X>+\v(x)|ﬂ1<X>)dx+5/D\Vu(x)|fﬂ<x)dx+c'}.

Since k € LP(") (D), by using Young inequality and with a suitable choice of 5, there
exists a constant M > 0 such that

/ﬁ(x,u,Vu)V(u—v)dx—i—/ ag(x,u)(u—v)dx+ M
D D
a + -
>> mm(HuHZvé/p(,), HuHs\IS,M) —M[/D[5|Vv(x)|71(x) + Jo(x) | dx].

Now, we consider the penalized problem.

O
Theorem 1.6. Assume Hi-Hy and Hs. Then for each ¢ > 0 there exists at least one u, such
that

u. € WoPY(D), (e — 1)~ € I2(D), (u. — o)+ € L2(D)
4

/ﬁ(x,uE,Vug)Vvdx—l—/ ao(x, ue)
D D

1
vdx — . /D(us - 1P1)7vdx (1.11)
—i—% /D(ug — ) Tvdx = (f,v), Yove WS”’(')(D) R Lz(D).
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Moreover, for all v € K(1,¥2), (ue — 1)~ (ue — v) and (1. — Pp) " (4 — 0) are in L (D),

and

/ a(x,ue, Vue)V(u, —v)dx + / ao(x, ug)(u, —v)dx (1.12)
D D

_l/D(ug—q)l)_(uE—v)dx-l—%/D(u£_1p2)+(u£—v)dx = (f, ue — 0).

£

Proof. Note that A is a coercive pseudomonotone operator [51, Rem. 1 ]. Then, denot-

ing by T}, the truncation at height 1, the operator
1 1
L:ww— —div[d(x, w, Vw)] + ag(x, w) — ETn(w —P1)” + ETn(w — )",

L is well defined from Wl’p(') D) in W-LP'()(D , and is a strongly continuous pertur-
0 gLy p

bation of A. For every ¢ > 0, consider the problem
u' e WMD), Lul =f. (1.13)

The existence of solution for (1.13) follows from [66, Th. 2.6]. With cosmetic updating
of the proof [48, Th. 6.1], we get (1.11). The proof of (1.12) is similar to the one of [48,
Prop. 6.1], one just needs to verify that

(e — 1)~ (ue —v) € LY(D) and  (ue — )" (ue —v) € LY(D).

We know that: Vv € WS’P(')(D), Tu(v)" (resp. T,(v)~) belongs to Wg’p(')(D) NL2(D),
and T, (v)" (resp. Ty (v) ™) tends strongly to v™ (resp. v™) in Wé’p(')(D).
Letv € K(¥1,y,), consider T,,(u, — v)~ as test function in (1.11) and remark that:

(ue — )" Ty(ue —v)~ =0 a.e.inD,

—% / (e — 1) Tn(ue —v)~dx is bounded independently of n.
D

The monotone convergence theorem then implies that (1, — 1)~ (u. —v) € L}(D) and

Y DS
= 1/D(Ms—ll)l)_(uf:_v)dx-

£

Using Ty, (1 — v) " as test function in (1.11) we remark similarly that:
(e — 1) Tp(ue —v)t =0 aee. inD,

% /D(Ms —Y2) Ty (ue —v)tdx  is bounded independently of 7.
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Again, by monotone convergence theorem, (1, — )" (1. — v) € L'(D) and

1 1
- /D(u‘€ — o) T, (1 — v)Tdx — - /D(u‘€ — o) (ue —0)Tdx

£

1
== [ (e =) * (e — o).
]
For all v € K(y1, ), we have
1 1
(2 [ (e =w0) (e —o)x = - [ (e = 1) P (0 = 1) (0 = ),
1 2 [ e =) Pax > 0,
= (e =) (we = o) = = [ (e = 1h2)* 2+ (10— h2)* (92 — 0)elx,
> 2 [ (e = o) P > 0
\ EJD
(1.14)

Thanks to Lemma 1.5 and previous calculations, there exists a constant C > 0 indepen-
dent of ¢ such that

”ueHW(}”’(')(D) + [|a(x, ue, V) ||(LP'(')(D))d <C, (1.15)
| (ue — 1[’1)_”%2([)) + [ (ue — 1P2)+||%2(D) < Ce.
Thus, we can extract a subsequence, denoted by 7, such that
Up —u in W&’p(')(D) and a.e.in D, (1.16)
a(x, uy, Vup) — x in (LPO)(D))“. (1.17)
In view of (1.15), we get
ue K(l[)l,l,[)2>. (1.18)

By (1.16), the Sobolev embedding theorem and the growth condition (1.4), we have
ag(x, un) = ap(x,u) in LP/(')(D). (1.19)
Using (1.14) and passing to the limit in (1.12), we obtain, for all v € K(¢1, Y),

lim sup/ a(x, ty, Vig) Vigdx — / xVodx + / ag(x,u)(u—ov)dx < (f,u—0).
1 D D D
(1.20)
Using (1.18) and taking v = u, we get

limsup/ a(x, iy, Vi) Vigdx < / xVudx. (1.21)
n D D
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Since v — A(v) = —div[d(x,v, Vv)] is a pseudomonotone operator, one has divy =
div[d(x,u, Vu)] and

/ﬁ(x,un,Vun)Vundx%/ a(x,u, Vu)Vudx. (1.22)
D D

Moreover, x = d(x,u, Vu).
Indeed, similarly to the proof of [13, Lemma 1], we get that Vu,, — Vu in measure.
Therefore, there exists a subsequence denoted by the same way such that Vu,; — Vu

a.e. Using the continuity of 7 with respect to its second and third arguments, we get
a(x, un, Vuy) = d(x,u,Vu) ae.in D
therefore x = i(x, u, Vu). Thanks to the previous calculations, we deduce

Theorem 1.7. Assume Hi-Hjz hold true. Then there exists at least a solution u € K(i1,1»)

to the variational inequality
/ a(x,u, Vu)V(v —u)dx + / ag(x,u)(v—u)dx > (f,v—u), Yo e K1, ).
D D
Note that the cases corresponding to Ky, and K¥2 are similar by assuming formally

Pp = +oo or P = —oo0.

1.3.2 Proof of Lewy-Stampacchia inequality in the regular case
1 1
Define p}, = E(u,, —)” >0, pi = E(un — )" > 0. We have (see Th. 1.6)
up € LX(D), w3 e L*D).
Take v € C2°(D) as test function in (1.11) and ¢ = 1, we get
u,17 - u% — —div(a(x,u, Vu) +ao(x,u) — f in WP )(D). (1.23)

In this subsection, we consider the subsequence (u;,), which satisfies the penalized
problem (1.11). Thanks to the selected test function, we prove the two parts of Lewy-
Stampacchia inequality independently and we get at the limit the two parts of Lewy-

Stampacchia inequality since (i), converges to the same limit u.
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First Lewy-Stampacchia inequality.

In this subsection, we assume that 0 < g;" = (B(11))" € Wg’p(')(D) N L*®(D). Denote

by
1 _
Zn:gf_ﬁ(“n_lpl) .

Note that (1, — Y1)~ € Wé’p(')(D) since 1 < 0 on dD, and from Theorem 1.6,
(ity — 1)~ € L2(D). Therefore z, € Wy (D) N L2(D).

Lemma 1.8. There exists a constant C, such that for any 1,

/ [0t g, Ftg) = (3,11, V1))V (1t — 1)~ [dx < Crllgf 122,

1 _
EH(”TI - 1I)l) H%z(D) < CTIH81+H%2(D)
Proof. With the admissible test-function v = —(u, — 1)~ in (1.11), one has

— /D [a(x, un, Vun) —a(x, 1, Vip1)| V (uy — 1) "dx
= [, TooC ) = o)) G =)t g )Py

¢

_%/ID(“U_lpz)+(”n_1P1)_dx
—(f +div(@(x, 1, V1)) — ao(x, 1), (uy )7)
= (g1 — g1, (un —¥1)7) < 20l Iz p) + / (g — 1)~ P

Since Y < ¢, in D, then (u, — )" (uy — 1)~ = 0 a.e. in D. Therefore
1

o [ (a2 g ) dx = 0

Since —(uy — 1)~ = (uy — 1)1y, <y,) and 4o is non decreasing with respect to its

second argument, one has
— [ Lao( ) = a0, )] 1ty — 1) dx 2 0.
Then

/ [Zz(x,un,VuT,) —c”z(x,llq,vlln)] (g — Py dx+—/ |(u ~2dx
{un—11<0}

< 277||gi~_||%2 D
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Since d(x, uy, Vi) = a(x, 1, Vuy) in {u; < 1}, one gets that
1 _
/Hﬁ(x,un, Vity) = (x, 1, Vipr) |V (1t — 1)~ [dx + %/D (1t — y)~ Pl
D

< 201157 2.

- 1
We have A(uy) — A(P1) + ao(un) —ag(Y1) +zn + E(u,7 — )" = g, where

1 _
Zn :gir_a(”n_lpl) .

Our aim is to prove the strong convergence of z,; to 0 in L%(D). Using —z, as test

function in (1.11), one has
— /D [a(x, uy, Vuy) —a(x, 1, Vip1) | Vz dx — /D [ao(x, un) — ag(x, 1))z, dx
_ 1 _ -
+ /D |z, |Pdx — 7 /D(u,7 — )Tz dx = (g7, —z,) < 0.

On the one hand, since u; < Y on {z; < 0}, one has

1 - J—
o Jpten =) e =0 = [ fan(an) )z 2 0
On the other hand, note that, B being the set {g] — %[(un — 1) ] <0},

— /D [a(x, un, Vuy) — a(x, lbl,Vlbl)}.Vz;dx

= /D 15 [ﬁ(x, un, Vug) — (x, 1P1,V1P1)} Vigl — %[(“n — 1) ]]dx

= /D 13 [a(x, Y1, Vi) — a(x, lpl,vlpl)} Vg — %[(un — 1) ]]dx.

Since in this situation, the integration holds in the set {u,, < 11 }. Thus,

(|2, w1, Vitg) = a(x, w1, V)| Vigy = (g — 1) 7]
> La(x, 1, Viun) — a(x, 1, Vi) | V (g — 1)

—’ﬁ(x, Y1, Vi) —i(x, wl,V%)(\ng!
> —|a(x, Y1, Viug) — (x, 1, Vipr) || Vg7 |

\

Thanks to the first estimate of Lemma 1.8,

[a(x, 1, Vi) — a(x, 1, VI,I)l)] V(uy — 1)~ — 0in LY(D).

27



On Lewy-Stampacchia inequalities for elliptic bilateral problems CHAPTER 1

Then, by assumptions Hy 1 to Hy 3, up to a subsequence denoted in the same way, one

gets that
V(un—141) (x) >0 ae inD. (1.24)

Indeed, up to a subsequence denoted in the same way, u, converges to u a.e. in D with

u > 11 a.e. and

(@(x, Y1, Vuy) —i(x, Y1, Vip1)).V(ug— 1)~ | =0 ae.inD. (1.25)

Consider x such that the above limit (1.25) holds.
Thanks to Young inequality, there exist 6 > 0 and C > 0 such that

a(x, 1, Vin). V| < Clp*, p—, 8, B) Vi1 |[PD) + 837 1 ([k| + [1p1 ") + [V ),
with suitable choice of §, one gets

i _ &
|El(x, 1:’)1/ V”n)-vwﬂ S C(P+, p—/r/ llbl/ vlrbllk/ ﬁ) + §|vun|

Since —d(x, Y1, Vuy).V(uy — 1)~

> [V PO — 3|10 = [ = a(x, 1, Fity)- Febn |11 .
(x,P1, Vun).V(uy — 1)~

> :g\Vu,,\V(") —C(p*,p,, tl)l,Vll)l,E,fl,B)}l{unwl}-

We have |a(x, 1, Vip1).V (un — 1)~ |

N

then —

r(x
p(

- 7)) p(x)—1
< B|K+ [0 + [Vl [V 4 V1L

Thanks to Young inequality, there exist 6 > 0 and C > 0 such that

|a(x, 11, Vip1).V (un — 1)~ |

- ) p(x) p(x)
<[C(p*,p—r 6, B) | K+ [ 7 + V| + 8[|V |+ [Vl 1y
With suitable choice of §, one gets

8, 1, Vip1)-V (1t — 1) 7| < [CpT,por b, Voo, K B) + SVl 145, .

Therefore ( — (a(x, 1, Viy) — a(x, 1, Vl,l)l))>.V(un — )"

x X th R
> [ZlvunV’( )_C(p+, p_,r,ll)l, lel,kzh/ﬁ)} 1{”n<‘!’1}'
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Using (1.25), one gets that (Vuyly, ~y,1(x))y is a bounded sequence in RY. Thus
(V(un — 1)~ (x))n is a bounded sequence in R".

Since V(up — ¢1) " (x) = —V(up — 1) (x) 1y, <y} (x), it converges to 0 if u(x) >
1 (x). Else, at the limit, one has that u(x) = 1 (x).

If one assumes that V(u,; — 1)~ (x) is not converging to 0, then there exists a sub-
sequence 1’ (depending on x) such that ||V (u,y — Y1)~ (x)|| > & > 0 for a positive
5. Then, necessarily —V (u,y — 1)~ (x) = V(u,y — 1)(x) and, since it is a bounded
sequence in Rd, there exists :f € R4 and a new subsequence still labeled n’ such that
Vi, (x) converges to &, with the additional information: [|& — Vi1 (x)| > & > 0.
Therefore, since & # Vip1(x)

3,1 (), Vit () = 2, (x), Vabr ()| V (1t = 1) ()
=— [ii(x, ll)l(x)/ vun’(x)) - ﬁ(x, P (x>/ Vi (x))] v(”n’ - 1!)1)()(),

the last term convergesto  — [ﬁ(x, P1(x), &) —a(x, 1 (x), Vi (x))} (£ — Vi (x)] < 0.
But, this is in contradiction with the convergence of the same sequence to 0 and (1.24)
holds. Note that for x a.e. in D,

(e, 1 (x), Vit (%)) = 8(x, 1 (x), Vb1 ()| 1 <)

= [80x, P1(x), Vit <y (5)) = 81 (x), Vi1, <y, ()
and Viply, <y (%) = Vi1, <y,1(x) converges to 0. Then

[, w1, Vi) = a(x, 1, Vi) | 1, <) converges ae. t0 0.

Lemma 1.9. Let (uy), be a bounded sequence in LP\¥)(D) and assume moreover that u,

converges a.e. to u. Then, u, — u in LP) (D).

Indeed, the result is true when p is constant. Then, (u,), is a bounded sequence in
LP-(D) and
uy = u inLP~(D) andinD'(D).
Since LP()(D) is a reflexive Banach space, there exists a subsequence denoted by the

same way and v € LP()(D) such that

up — v in LPY®)(D) andin D'(D).
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The uniqueness of the limit, in D’(D), ensures the proof of the lemma.

Since ( [Et(x, Y1, Vuy) —i(x, Y1, Vi )} 1{u,<yp,})nisbounded in LP'(¥) (D), by Lemma
1.9 it converges weakly to 0 in L¥'*)(D) and

/D Lt (g —1)-1<0} ‘ﬁ(x, Y1, Vuy) —a(x, 1, Vi) ‘ Vg |dx — 0.

n

As a conclusion, Zn

converges to 0 in L?(D). Since z; = g — p; and ;> 0, this
implies that
0 <y <gi +z;.

Since z, — 0in L?(D), (u})y is bounded in L?(D), by extracting a subsequence, there

exists a non negative function p; such that
up —p' inL*(D) resp.in D'(D) and 0< p' <gf. (1.26)
But (1.23) implies that there exists a measure u? such that
u,% —~u? inD'(D)and u?>>0, p'—pu?= —divfa(x,u, Vu)]+ao(x,u)— f.

Since g7 € L*®(D) then u! € L*®(D) and therefore u! belongs to W-LP'()(D) and p2
belongs to W~1#'()(D). We have proved B(u) € V. and

(B(u))" < g = (B(y1))"
which implies that B(u) < (B(y1))™.

Remark 1.10. We can prove the above Lewy-Stampacchia inequality without proving B(u) €

V() as following,  zp = g - %[(u,7 —11)7]

s 1 _
:>Z; — div[a(-, uy, Vug)] +ao (-, uy) + E(”n — )" —f=g+ Zn
= —div[a(-,u, Vu)| +ao(-,u) — f < g7
Since u € K(1,yy), then a(-,u, Vu) = a(-,u, Vu). Therefore

—divla(-,u, Vu)] +ag(-,u) — f < g7
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Second Lewy-Stampacchia inequality.

In this subsection, we assume that 0 < g, = (B(y,))~ € Wg’p(')(D) NL>®(D).

We just give a sketch of the proof of this second Lewy-Stampacchia inequality since
this will be done similarly to the one proposed in Subsection 1.3.2. By considering
the same subsequence (1), used in the Subsection 1.3.2, which satisfies the penalized
problem (1.11), denote by
(g —2)" — g5

1
Zy = o
Note that (u, — )t € Wg’p(')(D) since P > 0 on dD, and from Theorem 1.6,
(ity — )" € L2(D). Therefore z, € Wa*') (D) N L2(D).

Lemma 1.11. There exists a constant C, such that for any n,

[t Fun) = a2, V) V(= )t |dx < Clgs [y (129)
D

1 _

EH(”TI - 1PZ)JFH%Z(D) < CanZ Hé(D)

Proof. The proof is similar to the one of Lemma 1.8 by using v = (uy, — )" in (1.11).
O

~ 1
Wehave A(uy) — A(Yo) +ag(uy) —ap(y2) +zn — E(un —YP1)” = —g;

1 _
where z,, = E(un —n)T —g5.
Our aim is to prove the strong convergence of z,| to 0 in L%(D).

Using z as test function in (1.11), one has

/D [@(x, un, Vuy) — a(x, o, Vihp )| Vi dx + /D [a0(x, 1) — ag(x, )]z dx
1 _
+/D |z |Pdx — E/D(un — 1) zpdx = (—g7,z5) <0.
On the one hand, since 1 < ¢, and uy; > Y, on {z; > 0}, one has
(un — 1)~z = 0 a.e. in D. Therefore

1 _
—E/D(un—tl)l) zrdx = 0.
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Since u, > Y, on {z; > 0} and 4y is non decreasing with respect to the last argument,

one has [ag(x, uy) — ag(x,1)]z} > 0 a.e. in D. Therefore

/D [ao(x, un) — ao(x, lbz)}Z,J{dx > 0.

On the other hand, note that, 5 being the set {% [(un — o)t —g5] > 0},

/D a(x, un, Vuy) — a(x, P, Vipp)|.Vz; dx
= [ 18,05, Vi) = a2, V) | V[t~ 92) "~ g5 e
- /D 18 [ﬁ(x, 11)2/ Vun) - Zi(x/ 11)2/ VII)Z)} v[%[(”n o 1P2)+ - gz_”dx/

since in this situation, the integration holds in the set {1, > ¢, }. Thus,

3,2, Vitn) = 3,02, T )| V[t = ) 5]
2% [fz(x, Yo, Vuy) —a(x, o, VII)Q)] V(un — )

— [a(x, o, Tuy) = a(x, 2, Vi02) || V55
> — [a(x, 2, Vi) = a(x, 2, Vibo) || Vg, |
Thanks to (1.27), one gets
[a(x, W, Viy) — a(x, 1, Vl])z)] V(uy —12)" — 0in L1(D).
Similar arguments detailed previously yield,
L L sy [0 2, Fitg) = 8, 2, Vi) || Vg [dx = 0.

As a conclusion, z;" converges strongly to 0 in L?(D).

Since z,, = )u% -8, and u% > 0, this implies that
2 - +
0<u; <8 +2z,

since z,; — 0in L?(D), (u3)y is bounded in L?(D), by extracting a subsequence, there

exists a non negative function y? such that

“% —u? inL?(D) resp.inD'(D)and 0> —pu?®> —& -
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By (1.26), one deduces
ut — u? = —divla(x, u, Vu)] + ag(x,u) — f.
We know already that B(u) € V7, and we can add that
—(B(u))” =2 =g, = —(B(¥2))~

which implies that B(u) > —(B(v,)) . This completes the proof of full Lewy-Stampacchia

inequality (1.8) in regular case.

Remark 1.12. As in Remark 1.10, one can prove Lewy-Stampacchia inequality without prov-

ing B(u) € V;(.), following the same type of arquments.

1.3.3 Proof of Lewy Stampacchia inequalities in the general case

Let us consider now general data as assumed in Hy. Thanks to [51, section 3.3], there

exist ¢} and g2 such that:
{ gt e Wé’p(')(D) NL*®(D), g+ >0 gL — g stronglyin W-Lr'()(D),

ZeWP)(D)NL®(D), >0 &g, stonglyin WI70)(D).

(1.28)
The first Lewy-Stampacchia inequality
Associated with g}, denote the following f,! by,
fa = Altn) +ao(r) —gu+81, & €W (D), g >0 (1.29)

Note that f} € W-1#'()(D) and f! converges strongly to f in W=7 ()(D). We also
define B" by
vo e WPO(D), B'(v) = A(v) +ag(v) — fL.

Then B"(y1) = gi — g7 - By Theorem 1.7, there exists u, € K(y,12) such that, Vo €
K(11,4»)

/D [a(x, Up, Vg )V (0 — uy) 4+ ao(x, un) (v — un)]dx > (fL o —uy). (1.30)

33



On Lewy-Stampacchia inequalities for elliptic bilateral problems CHAPTER 1

And satisfying (see subsection 1.3.2),
B(un) € Vyy,  B(un) < (B(un))* < g (1.31)

Since this solution comes from the above penalization method, and C in (1.15) can be

chosen independent of 1, one gets that
HM”HWS"’(‘)(D) + [la(x, “nlvun)H(Lp’(-)(D))d <C.
Up to a subsequence denoted similarly,
Uy —u in Wé’p(‘)(D), strongly in LP()(D) and a.e. in D,
ao(x,1,) — ag(x,u)  strongly in L' ()(D),
a(x,u,, Vi,) — x  weakly in (LP'()(D))%,

Since K(11, 1) is a closed convex subset of W&’p(') (D), one gets u € K(1, 7).
Taking v = u in (1.30), one has

/D [a(x,un, Vu,)V(u—uy) +ag(x, uy)(u— un)}dx > (fhu—u), (1.32)
and passing to the limit, we get

limsup/ a(x,un,Vun)Vundxg/xVudx.
n D D

The pseudomonoticity of the operator A(v) = —div[a(x,v, V)] yields
divx = div[a(x,u, Vu)| and

lim/ a(x,un,Vun)Vundx:/ a(x,u, Vu)Vudx.
n Jp D

Arguments already detailed previously yield x = a(x, u, Vu).
Passing to the limit in (1.30), there exists u € K(11, 1) such that

/ [a(x, u, Vu)V(v —u) +ag(x, u)(v — u)}dx > (f,o—u), YveK(y,,).

D

Passing to the limit in B(u,) < g}, one gets B(u) < g in W~ 1#'()(D). Therefore,
I e WD), k=gF —B(u) >0 such that B(u) = g —«,

which implies B(u) € V;(.). Since (B(un))" < gh, one has at the limit B(u)™ < g7
Therefore B(u) € V) and B(u) < (B(u))" < g7
This completes the proof of the first Lewy-Stampacchia inequality (1.6) of the main

theorem.
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The second Lewy Stampacchia inequality
Associated with ¢2, denote the following f2 by,
f2=AWn) +ao(¥n) — g3 +8% g5 €W WU(D), g5 >0. (1.33)

Note that f2 € W=7 ()(D) and f2 converges strongly to f in W—1#'()(D). We also
define B" by
vo e WHPOI(D),  B"(v) = A(v) + ag(v) — f2.

Then B"(y) = g5 — g2. By Theorem 1.7, there exists u, € K(y,12) such that, Vo €
K(41,¢2)

/D a(x, uy, Vi)V (0 — uy)dx + /D ao(x, 1) (0 — wy)dx > (fL, 0 —uy).
And satisfying (see subsection 1.3.2),
B(un) € V), Blun) > —(B(un))” > —g; (1.34)

A similar proof to the one of subsection 1.3.3 (The first Lewy Stampacchia inequality),

one gets there exists u € K(i1, ;) such that
/D a(x,u, Vu)V(v —u)dx + /D ag(x,u)(v—u)dx > (f,v—u),Vo € K(¥1,¢»).

We know already that B(u) € V(- Passing to the limit in B(u,) > —g2, one gets
B(u) > —g, in WL ()(D) and we can add that

B(u) € Vi), —8 < —(B(u))” < B(u).
Remark 1.13.

* By avoiding assumptions (2.7)-(2.9) of [51], this result is a significant generalization of

Lewy-Stampacchia inequality for pseudomonotone operators.

* Note that in general the solution to the variational inequality is not a priori unique. So

that, satisfying both Lewy-Stampacchia inequalities simultaneously is still an issue.

1.4 An exemple of problem satisfying both Lewy Stam-

pacchia inequalities

Following [49], we propose in this section a situation where both Lewy Stampacchia

inequalities are satisfied. Let j be a nonlinear superposition operator associated with
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a Carathéodory function denoted with the same name on D x R satisfying H, like
ag. One assumes moreover that it is strictly monotone (A — j(-, A) is increasing). Let

U € K(y1,1¢;) and note that
A(i) +ao(i) + j(Wi) — f = j(U) = g —g; +j(wi) —j(U) € V() (i = 1,2).
Then, from Section 1.3, there exist u; and u, in K(i1,1,) satisfying, for any v €

K(1,12),

(

/D a(-, 11, Vit )V (0 — up) + [ao(u1) + j(u1)] (0 — 1) dx

> (fro—u) + | j(U)(v—u)dx,
1 /D 1 (1.35)
/Da(.,uz,wz)wv — ) + [ao(ua) + j(u2)] (v — up)dx

> (fo =)+ [ j(W)(o—u)dx,

with the additional information that B;(u;) — j(U) € V;(_) (i = 1,2) where one denotes
Bj(u) = B(u) + j(u) and

\

Bj(u1) — j(U) < (Bj(u1) — j(U))" < (Bj(y1) — j(U))™,
(1.36)

—(Bj(¥2) — j(U))™ < =(Bj(u2) = j(U))~ < Bj(uz) — j(U).
Assuming furthermore that the solution to (1.35) is unique (this can be obtained by
adapting e.g. the proof of [49, Prop. 2.2] in the framework of variable exponents
Sobolev spaces), one gets that u; = uy. If moreover U = u is chosen from the so-
lutions given by Prop. 1.7, it is also a solution to (1.35) and u = 11 = u,. Consequently,
B(u) € V. and

—(B(2) +j(2) — j(u))™ < B(u) < (B(y1) + j(1) — j(U)) ™.

Since A — j(-, A) is an increasing function, 1 < u < 1, yields

B(w1) + j(w1) — j(u) < g7, B(2) +j(W2) — j(u) = =g

and B(u) € V; with

()
—(A(2) +ao(P2) = )~ < A(u) +ao(u) — f < (A1) +ao(vh1) — )7 (1.37)

To finish, let us give examples of situations leading to the uniqueness of the solu-
tion. Consider u; and u; two given solutions to (1.35) and ps; : R — R a Lipschitz-

continuous, non decreasing function, such that ps(0) = 0.
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_ 1 _ !
Denote by w1 = uy — :ps(u1 — up) where ¢ = ||p§|| o-
1 e .
If uy > up, then 0 < <ps(uy —up) < up —up and uy < wy < uy; similarly, if uy < up,
then 11 < wq < us.

Thanks to the chain-rule, w; € K(y1, ), as well as wp, = uy + %p(s(ul — up). Then,
using wy in the first part of (1.35), w; in the second part of (1.35), and adding the cor-

responding inequalities, one gets that

/D [a(»,ul,Vul) —a(-,up, Vuz)] Vps(uy — u)
+ao(u1) — a(uz) + j(ur) — j(uz)]ps(ur — uz)dx <0

Set ps(r) = min [1,ln (%"’)Jr] (see e.g. [68]). ps is compatible with the assumptions,

1 : o . . ,
pg (r) = ;1 {s<r<s} and it converges pointwise to the 51gn+—funct1on. So, Fatou'’s

lemma yields

lirr%inf/D[ao(ul) —a(up) + j(ur) — j(uz)]ps(uy — up)dx > /[)[j(ul) — j(uz)] " dx.

Concerning the main operator, assume in a first case that a is Lipschitz-continuous in

the following sense: if u € W) (D),

la(-,t, Vi) —a(-,s, Vu)| < g1(Vu)|t —s| where ¢1(Vu) € LP'O)(D).

Thus, /D [a(-,ul,Vul) - a(-,uz,Vuz)} Vps(uy — up)dx
= /D ps(u1 —uz) [ﬂ('/ulz Vuy) —a(-,u, Vuz)} V(uy —up)dx
+ /D ps(uy — uy) [a('zull Vuy) —a(-,up, Vuz)} V(uq — up)dx
> /D ps(ur — us) [a(-,ul, Viuy) —a(-, uy, Vuz)} V(uy — up)dx
2> = /D pls(uy — up)juy — uz|g1(Vuo) |V (ug — up)|dx

> §1(Vi2)|V (11 — up)dx.
E<u1—u2<§
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Assume in a second case a Holder-continuous property with a stronger monotony in

the following sense™:

[a('r A/ zl) — ﬂ(', A/ 52)](21 — EZ) Z C0|§1 - E;’2|DC( )
la(-,t, Vu) —a(-,s, Vu)| < go(Vu)|t —s|°0)

wherecy >0, o > % > 1and ¢»(Vu) € LYO)(D) if u € WP (D).

Thus, /D [a(., uy, Vuy) —a(-, uz, Vuz)] Vps(un — ua)dx
ZCO/D pls(ur — u2) |V (g — up)|*Vedx — CO/D Pty — 1) |V (1 — 142) ¥
- C/D Pls(ur — ua) |uy — 12| *% 0| g3 (V)| Ol
_ C/g<u1—u2<5 11 — 1] PO0% O | g (Vi) |2 O

/. 82(Vu2) [ O,
g<u17u2<5

where C is a positive constant independent of 4.

In both situations, Lebesgue theorem yields
lim mf/ u1, Vug) —a(-, up, Vuz)] Vps(ug —up)dx >0

and [p[j(u1) — j(uz)]"dx = 0.

As j is increasing with respect to its second argument, one gets that u; < uj. Inter-

changing 11 and uy, the result of uniqueness holds.

Remark 1.14. We invite the reader interested in more general situations, like local continuity
assumptions, to consult [49] concerning the bilateral problem and [29, 54] and their references

for uniqueness methods.

*additional assumptions are made on the exponents to make sense to the integrals.
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Chapter

On Lewy-Stampacchia inequality for

parabolic problem

In this chapter, we are interested in non linear parabolic problems with constraint and ho-
mogeneous Dirichlet boundary conditions. This study is a part of a joint work with O. Guibé,
A. Mokrane and G.Vallet [33].

In this work, we prove the existence of a solution satisfying the following Lewy-Stampacchia

inequality
0 <o —divia(-,-,u,Vu)] — f < g~ = (f — o +divia(-,-, ¢, V{)])~,

associated with the following problem

T T
/ (atu,v—u>dt+/a(t,x,u,Vu)V(v—u)dxdtZ/ (f,v—u)dt,
0 Q Jo

where u — —divla(t, x, u, Vu)] is a pseudomonotone operator under the constraint u > 1p. We
use a method of penalization of the constraint associated with a suitable perturbation of the
operator. The aim of this chapter is to give in detail sketches of this proof; we start by proving
an existence theorem then the proof of Lewy-Stampacchia inequality associated with the prob-
lem will be given.

Keywords: Lewy-Stampacchia inequality, Variational inequalities, Pseudomonotone, Penal-

ization.
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2.1 Introduction

2.1.1 Former results / Our result

After the first results of H. Lewy and G. Stampacchia [41] concerning inequalities
in the context of superharmonic problems, many authors have been interested in the
so-called Lewy-Stampacchia inequality associated with obstacle problems. We refer to
chapter 1 to have an idea about the literatures of elliptic Lewy-Stampacchia inequali-
ties.

The literature on Lewy-Stampacchia inequality is mainly aimed at elliptic prob-

lems, or close to elliptic problems and fewer papers are concerned with other type
of problems. Let us cite J. F. Rodrigues [63] for hyperbolic problems, F. Donati [22] for
parabolic problems with a monotone operator or L. Mastroeni and M. Matzeu [46] in

the case of a double obstacle.

To the best of our knowledge, F. Donati’s work [22] has not been extended to pseu-
domonotone parabolic problems with a Leray Lions operator. This chapter concerns
the study of Lewy-Stampacchia inequality associated with pseudomonotone parabolic

problems.

2.1.2 Content of the study

Our aim is to propose a result of existence of solution for
T

T
/ (Opu, v — u)dt + / a(t,x,u, Vu)V (v — u)dxdt > / (f,v—u)dt,
0 Q 0
by using a method of penalization associated with an ad hoc perturbation of the opera-
tor, where u — —divla(t, x, u, Vu)] is a pseudomonotone operator under the constraint

u > 1p. Then we prove the following Lewy-Stampacchia inequality
0 <o —divia(-,-,u,Vu)] - f < g~ = (f —opp +divia(-,-, ¥, V)]) .

This chapter is organized in the following way: after giving the hypotheses and
the main result, a second section is devoted to an existence result for the penalized
problem associated with a new perturbation of the operator. After some a priori es-
timates and passing to the limit, one gets the existence of solution to our problem,
Lewy-Stampacchia inequality is proved for regular data in a new section. Finally, the

general case is considered by using some adapted density arguments.
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2.2 Assumptions and main results

Let us denote by p € (1,+00). As usual, p’ denotes the conjugate exponent of p,
V= Wg’p(D) ifp>2and V = Wé’p(D) N L?(D) with the graph-norm else. Then, the
corresponding dual spaces are V/ = W7 (D) if p > 2 and V/ = W-1#'(D) 4 L2(D)
else (cf. e.g. [28, p.24]).

In this situation, the Lions-Guelfand triple V =2 L?(D) e V' holds.

Assume in the sequel the following:
H; : Aisa Leray-Lions pseudomonotone operator of the form
v A(v) = —div [a(t, X,0, VZJ)],
which acts from W'?(D) into W17 (D) where

Hij a:(txu, z) € QxR xR a(t,x,u, E) eRYisa Carathéodory function
on Q x Rét+L

Hj» ais strictly monotone with respect to its last argument:
V(t,x) € Qae., u € R, V&, 7 € R,

E#1=[a(t,x,u,&) —a(t,x,u,7)].(€—17) > 0.

Hj 3 a is coercive and bounded: there exist constants @ > 0, 3 > 0and ¥ > 0, a
function  in L'(Q) and a function k in LP(Q) and two exponents q,7 < p
such that, for a.e. (t,x) € Q, forall u € R and for all £ € R,

a(t,x,u, £).Z > &|Z)F - [ﬂu\q + ]ﬁ(t,x)\], 2.1)
- T = - 1p-1
oltx B < B[R+ lul 2] 22

H, : assume that the obstacle 1 belongs to LP(0, T, W'?(D)) N LP(0, T, L?(D)); that
ds1p belongs to LF’/(O, T,V’) and i < 0 on 9D (see Lemma 2.1 for the time regu-

larity of such elements).
Lemma 2.1. We have the following result:
u € LP(0, T; W“P(D) N L*(D)), du € LY (0, T; W~ (D) + L%(D)) = u € C([0, T], L*(D)).

Remark 2.2. A detailed proof of Lemma 2.1 is given in Appendix B.1.
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Denote by K(¢) := {u € W(0,T), u > ¢}.

Remark 2.3. [C(v) is a not empty convex set.

Proof. Indeed, if one denotes by v*, the solution in W(0, T) to
0" — Apv* = dp — App € LV (0, T, V'), o*(t = 0) = P(0).
—(v* —¢)~ € LP(0, T, V) is an admissible test-function and one has that
" 9, (0" ) )+ [ Vg [V 2V [V VYL (0"~ p)dx =0,

Then, Corollary 3.28 with 8 = 1 and & = 1 yields for any ¢

’ _ @ =y)(t) (@ =)(0) _
02— [ =), 0 =) dds=— [ [T sasar [ [T s asin
0 D JO D JO

=l =)~ (D)%

since (v* — )~ (0) = 0. As a consequence, v* > ¢ and v* € K (). O
Hj3 : the right hand side f, which is assumed to be such that
g§=f-p—A(p) =g —g~

belongs to the order dual LF(0,T,V)* = (L¥'(0,T,V'))* — (L¥' (0, T, V'), i.e.

gt,¢ € (LF(0,T, V")), the non-negative elements of L? (0, T, V).

(f € (LP'(0, T; V')t < {¥Vop € LP(0,T; V), ¢ > 0= (f, 9) > 0}).

Hy : ug € L?(D) satisfies the constraint, i.e. g > 1(0).
The main result in the sequel is the following.

Theorem 2.4. Under the above assumptions (H1)-(Hy), there exists at least u € K () with
u(t = 0) = ug and such that, for any v € LF(0,T, V), v > ¢ implies that

T T
/ <8tu,v—u>dt+/Qa(t, x,u, Vu)V(v — u)dxdt > / (f,v—u)dt.
0 0

Moreover, the following Lewy-Stampacchia inequality holds

0 <o —divfa(-,-,u,Vu)| — f < g = (f —op+diva(-,-, Y, V)])~.
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2.3 Proof of the main result

Theorem 2.4 will be proved in four steps. In a first part, we establish the existence of
a solution to a problem where the constraint u > 1 is penalized. Moreover, the cru-
cial point in the method developed in the present chapter is to replace a(-, -, 1, &) by
a(-,-, max(u, ), g ). The aim of this additional perturbation is to ensure, formally, a
monotone behavior of the operator when u violates the constraint. This is the aim of
Theorem 2.6.

For technical reasons, some a priori estimates and the passage to the limit will be ob-
tained firstly by assuming that ¢~ is regular. This is the object of Lemmas 2.10, 2.11,
2.12 and Theorem 2.8. Then a proof of Lewy-Stampacchia inequality, still with a regu-

lar ¢—, will be presented in Lemma 2.14.

Finally, one will be able to prove Lewy-Stampacchia inequality in the general case.

2.3.1 Penalization

Denote by § = min(p, 2) and let us define the function ©
O:R—>R, x— —[x]71,

and the perturbed operator

a(t,x,u, 3) QO xRxR? 5 RY (x,t, u,g) — a(t, x, u,z) =a(t,x, max(u,l,b(t,x)),g).
(2.3)

Remark 2.5. We wish to draw the reader’s attention to the fact that with the proposed perturba-
tion: a(t,x,u,&) = a(t,x, max(u, ), &), the idea is to make formally the operator monotone

and not pseudomonotone any more on the free-set where the constraint is violated.
We define A : LP(0,T; V) — LP' (0, T; V') such that
[Aw)](t) .= A(u(t)) = —div|[a(t, x,u, Vu)].
Note that, the above assumption H; still holds. Indeed,
at,x,u, &) - &> a|Z|F — [ﬂ max (1, ¥)|7 + |A(t, x)@, (2.4)

N _r - R -1
a(t,%,0,2)| < B[JR(t )] + [ max(u, )77 + £ 25)
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Since | max (u, Y)|7 < |ul+ [p]9, |max(u, P)|"/P < |Jul"/P + |p|"/?, (2.1) and (2.2) are
satisfied by replacing i by /i + 7|1|7 and k by k + 1"/?. For any positive ¢, we have the

following result.

Theorem 2.6. There exists u, € W(0, T) such that u.(t = 0) = ugy and
1
o1, — div [Zz(t, X, Ug, Vug)} + E@(ug —yP)=f, (2.6)
1
ie. Opue —div [a(t, x, max|ue, Y], Vug)] + E@(ug —) = f.

Remark 2.7. A detailed proof of Theorem 2.6 is given in Appendix C.

2.3.2 Existence result for a regular ¢~

Following Assumption Hj let us recall that f — d;p — A = ¢ = ¢ — ¢~ belongs
to the order dual LP(0, T; V)*. In this subsection we impose an additional regularity
on ¢~, namely 0 < ¢~ € L7(Q) < LV'(Q). This subsection is devoted to prove the

following result.

Theorem 2.8. Assume Hi — Hy , f —opp — AYp = ¢ = g7 — ¢~ € LP(0,T; V)* where
¢~ € LV (Q) N L2(Q). There exists at least u € K () with u(t = 0) = ug such that, for any
v e LP(0, T, V)withov > 1,

T T
/ (atu,v—u>dt-|—/Qa(t,x,u,Vu)-V(v—u)dxdt 2/ (f,v—u)dt.
0 0

Remark 2.9. Note that the pseudomonotone assumption of the operator doesn’t ensure the
uniqueness of the solution. Observe that under additional assumptions on the operator a,
namely a local Lipschitz continuity with respect to the third variable, standard arguments allow

one to prove the uniqueness of the solution obtained in Theorem 2.8.

First, we establish some a priori estimates with respect to € then we pass to the limit

when ¢ — 0 to get Theorem 2.8.

A priori estimates with respect to ¢

Let us test the penalized problem (2.6) with u, — v*,

1d * |2 ~ 1 *
EEHuE -0 ||L2(D) + /Da(t, x, e, Vire) - Vedx + - /D®(u£ — ) (u, — 0*)dx

= (f — 00", ug — V%) +/ a(t, x,ue, Vug) - Vordx.
D
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Thus, by using (2.1), for any positive 1, there exists C5, depending on 81 and D such
that

/ﬁ(t,x,uE,Vu5)~Vu£dx2 /D(&|Vu£]p—)7|max(u5,lp)]‘7—V_l|)dx
D

> 5‘””&”5\]3,;:(13) - 77““6”%4(1)) _77Hw||2q(p) - HF[”Ll(D)
Z d‘|u£HZV3’p(D) o 51Hu£”zp(D) - ‘)7H1I)”{Z’4(D) - HEHLl(D) - C51.

For the third term, ©® < 0 and v* > ¢ yield

= [ 0 — ) —o)dx = < [ @l — ) (e — )dx.

£

By using (2.2), for any positive &, there exists Cs5, depending on §; and D such that

_ -1
/ a(t, x,ue, Vue) - Vo'dx < / f [|k| + | max(ug, Y)|7P + |Vu5|r |Vo*|dx
D D

p Al p
< Callo™lliyar +52[Hk\| ro) ¥ Wiy + lluellrpy + el D)}
< p *||P
< Slfuellyn )+52p||us|| p) T Callo Iy )+52||k|| ) 1 Cay-

Finally, for any positive &3, there exists Cs, depending on 63 and D such that
(f = 010", ue = ") < Ssfl[uclfy + [0 17] + Cos |l f = 00715,

In conclusion we have

3 gilte =0 P + el o + 3 @O =) — )z
<51||”6H +52H“£”p )+52 ||”£H +53||”£||p

+v||w|| by +Ca [l0* II” )+53||v ||’&
ol — 0 I+ Wil + 81+ Co, + o,

Then, using Young’s inequality and a convenient choice of parameters 41, ,, 93
yield that for any positive é there exists C depending on the listed parameters such
that

1 _
SupHustz ) (6) + fluell? + - [1O(ue = ) (e = )" [l11(q)
£

LP(0,T;W, " (D))

< C(&, 10" llwo,1), 1% llro,mvy WKl Loy WAl @y AN o 0, 7,my) + Sllttel o o 7o)
2.7)
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Lemma 2.10. There exists a constant Cy depending on ||o* |l 1), 1Yl 0,70, 1Kl oo

17l gy and || fII (0,7:vr) Such that, for any & > 0,

1 G
sup eIy (8) + lutell 7o 0,70y + 5 1 (e =)~ g ) < Ca- (2.8)

Proof.
Ifp>2, W& (D) = V so that Lemma 2.10 is a straightforward consequence of (2.7).
If p < 2,itis enough to remark that

Sljp HueHiz( (t) + ”ueum (0,T;V)

T
= sgp||ue||iz<p)(t)+/0 e 2y + e ()l yrr )Pt

< sup [l oy (0 + 2 [ 1l ooy + e
< sup uliZ ) () + 27 [ (Zlhuelt) ooy + 25 E el e
> tp ellr2(p) 0 € 5 € Wé,p(D)

T
< (14 272T) sup e |22 ) (1) + 27 / luc®)| ,, dt +2P2T(2—p).
t 0 Wo (D)

O
It is worth noting that Lemma 2.10 gives that 1 / ((ue — ¥))7dxdt is bounded
Q
(with respect to ¢) so that we cannot expect to have a bound of the penalized term
1@(ue — ) in L' (Q) nor in LV (0, T; V').
Using the additional regularity g~ € L7 (Q) we prove in the following lemma more

precise estimates on (u; — ).

Lemma 2.11. There exists a constant C, depending on Cq of Lemma 2.10, such that for any
>0,

sup (e = )~ (1) 122y < Callg Nl ", (29)
te(0,T)

/ ‘ [ﬁ(t, x,ue, Vue) —a(t, x, II),VIIJ)] V(ue— )~ ‘dxds < CzHg’Hm/(Q)el/q, (2.10)
Q

1 Y - _
e =) a0y < Callg Nl g (211)
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Proof. With the admissible test-function (1, — 1), one gets that

_ <%(u£ ), (ue —¢)") — / [d(t, x,ue, Vue) —a(t, x, II),VII))] -V (e — 1) dx

DN{uc—1p<0}

— < [ O — ) ate — ) dx = —(f — 2up+ dliv [a(t, %, 9, V) (e — ) ).

3
Then, since (u, — )~ € LP(0, T; V) with (u, — 1)~ (0) = 0, Corollary 3.28 yields: for
any t € (0,T),

1 t
E”(ME - w)*(t)H%z(D) +/O / [Zl(s, X, Ue, Vig) — (s, x, 1P, VII))} -V (ue — )dxds
{u.—1<0}

_%/(:/D@)(us—lp)(ug—ll))dxds:—/ (f — 81[)—|—d1v[ a(s, x, 1, Vl[))} (1 — 1)~ )ds.

In view of the definition of @ we have a(t, x, us, Vu,) = a(t, x,y, Vu,) in the set

{u. < ¢}. Therefore using assumption H; , we obtain

e = 9) ooy + [ [0 V) = a2, 99)] - Vo = )|z
D

1 [ 10 = ) e = ) s oy
< [ o= s = = [ e w) s+ [ [ g e )

We recall that Lemma 2.10 yielded || (1, — )~ “Zﬁ(Q) < Ci¢, so that

—||( (s, x,ue, Vue) — (s, x, 4, Vll))] V(ue — )~ |dxds
: ) f7
8/0 (e = 9)7 11, )ds
t t
g—/<g,(u5—1l))_>ds:—/<g , (ue ds+//g ue — ) dxds
0 0
< gl 1 e = 9) Nisiey < VCrelg N g
and Lemma 2.11 holds. 4

Gathering Lemmas 2.10 and 2.11 we prove the following estimates.

Lemma 2.12. There exists a constant C3 depending on Cy, Cy and ||g™ ||, such that for

Q)
any e >0

HaquHLP’(o,T;V/) + [la(t, x, ”ervue)”LP’(Q) + HA(HE)HU/(O,T;V’) < Cs.
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Proof.
The growth condition (2.5) on 4 and Lemma 2.10 imply that

|la(t, x, ue, Vu5)|”/ = |a(t, x, max(u,, ), Vi) |"’/
< B[R]+ 17 + [P + | V]

< CIRIP + [uel? + [lP + | Vuel? +1]

and then i(t, x, u;, Vi, ) is bounded in LF”(Q)d. The boundedness of || A ()
is a direct consequence of the above inequality.

Recalling that dsu; = f — A(us) — 1@ (us — 1) it remains to estimate 1O (u, — 1) in
LP/(O, T; V'). We distinguish the two cases p > 2and 1 < p < 2.

If p > 2 then § = 2. From Lemma 2.11 we have 1| (1, — )~ Ir2(0) < C and since

HLP’(O,T;V/)

™| =

1 1 _
1200 =)l o ryy = sup (-O(u—1),0) < ]|~ 1) 120 lolliz(g) < C.

lollpo,r;v) <1

it follows that (1@ (u; — 1)) is bounded in LP' (0, T; V').

If1 < p < 2then§ = p. From Lemma 2.11 we have 1|| (1, — 1/’)_”{:7(1@) < Cand
we have
1 1 1 —p-1
| =O(ue — w)”yﬂ’ 0.T:V") — sup (=O(ue — ), v) < —|[[(u: — ¥) ||Lp <C
13 (0,T;V") £ £ (Q)
HUHLP(O,T;V)§1
which concludes the proof of Lemma 2.12. O

At the limit when ¢ — 0.

The sequence (i, ), is bounded in W(0, T), therefore, up to a subsequence denoted the
same, there exists u € W(0, T) such that u, converges weakly to u in W(0, T). In par-
ticular, one gets that u(t = 0) = uy.

Then, by classical compactness arguments of type Aubin-Lions-Simon [71], the con-
vergence is strong in L7(Q), and a.e. in Q. Therefore, (u: — )~ — (u— 1)~ in LP(Q)
and thanks to Lemma 2.11, one gets that (u — )~ = 01i.e u € ().

Moreover from Lemma 2.12 there exists & € L? (Q)“ such that

a(-, -, ue, Vug) converges weakly to £in Lp/(Q)d. (2.12)

TSome arguments are given in Appendix A.2 when p < 2.
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By (2.2), the following estimate holds for any v € L7 (0, T; V),
a(t,x,u, V)P < C1+ (kP + [ulf + [w]? + | Vol],

so that, since u € R — a(t, x,u, Vv) is a continuous function, the theory of Nemytskii

operators ( see e.g. [66, Theorem 1.27 p. 19]) gives that
a(t, x,ue, Vi) — a(t, x,u, Vi) in L¥' (Q)? (2.13)

and
/ a(t,x,ue, Vu) - V(ue — u)dxdt — 0. (2.14)
Q

Testing the penalized equation (2.6) introduced in Theorem 2.6 by u, — u yields

/ (Otute, e — u)ds +/ / s, x, U, Vig) - V(e — u)dxds

:/0(f,ug—u>ds—%/Ot/Q@(ug—ll))(ug—u)dxds.

t
Since / (f,ue —u)ds — 0, the following decomposition
0

_%/Ot/D@(uE—tp)(ug—u)dxds
:j%/ot/D@(ug—IP)(ME—w)dxdsij%/()t/IDQ(ug;w)(tp—u)dxds
<0

leads to
limesup [/ (Ot e — ds+/ / a(s,x,ue, Vug) - V(e — u)dxds} <0
Using (2.14) we obtain
limesup [/Ot@t(ug - — u)ds +/ / S, X, g, Vg) — (s, x,us, Vi) - V(ue — u)dxds] <0.

The monotone character of the operator (¢, x, u, g ) with respect to g (see Assump-

tion Hy » and (2.3)) implies
1. . !
5 limsup || (1, — u)(t)||%2(D) = lim sup/O (0 (te — 1), ue —u)ds <0
& &

and

l1m/ / S, X, U, Vg) — (s, x,u., V)| - V(u, — u)dxds = 0. (2.15)
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It follows that
ue(t) — u(t) in L*(D) for any t (2.16)

and in view of (2.14)
T
lim/ / (s, x,ue, Vug) - V(ue —u)dxds = 0. (2.17)
¢ Jo Jp
Set 7 € LP(Q)". Since
0 S/ [a(t, x, ue, Vue) — a(t, x,u, 0)] - [Vue — ]dxdt
Q
S/ [a(t, x,ue, Vue) — a(t, x,ue,0)] - V(ue —u) + [a(t, x, ue, V) — i(t, x, ue, 9)| - [Vu — 0]dxdt
Q
< / [a(t, x,ue, Vue) —a(t,x,u;, V)| - V(ue —u) + [a(t, x, ue, Vi) — a(t, x,ue, 9)| - V(1 — u)dxdt
Q
+/ [a(t, x, e, Vite) — a(t, x, e, 3)] - [Vt — )dudt,
Q

using (2.15) and information similar to (2.14) allow one to pass to the limit and to

conclude that
0< / & —a(t,x,u,@)] - [Vu — )dxdt.
Q

By the classical Minty’s trick, considering & = Vu + A, @ € LP(Q)? and A € R, we

have necessarily

0=1lim [ [&—a(t,x,u, Vu+ AD)] - Ddxdt.
A—=0JQ

Thus, a classical property of radial continuity coming from the assumptions on a yields,

for any @ € LP(Q)4,

/ E - Wdxdt :/ a(t,x,u,Vu) - wdxdt :/ a(t,x,u, Vu) - wdxdt,
Q Q Q

ie &= a(t,x,u,Vu) = a(t,x,u, Vu), since u > .

Remark 2.13. Note that, following [13, Proof of Lemma 1] , (2.15) yields the convergence in
measure, then the a.e. convergence of Vu, to Vu (up to a subsequence if needed), so that this

is also a way to identify & has being a(t, x,u, Vu).
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We are now in a position to pass to the limit in the penalized problem and to con-
clude the existence of a solution to the obstacle problem under the additional regularity
ong-.

Let us consider v € LP(0,T; V), v > 1 as a test function in the penalized problem
(2.6),

T
/0 (Ote, v — g )dt + /Qﬁ(t, X, ue, V) - V(v — u, )dxdt

_|_1/Q@(u£—11))(v—u5)dxdt:/0T<f,v—u£>dt. (2.18)

£

In view of (2.16) we have
! 0 dt = ! ) dt — S (T2 ! 2
0 (Ortte, v — ug)dt = 0 (Oruie, v) _§||”£( )|’L2(D)+§||u0”L2(D)
! D, 0)dt — = (u(T)|2 Liugla = [ ) d
- 0 (91, v) _EHu( )I|L2(D)+§||MOI|L2(D) ~Jo (9, v — u)dt.
From (2.17) and the identification = a(t,x,u, Vu) = a(t, x,u, Vu) it follows that

/Qﬁ(t, X, Ue, Vig) - V(v — g )dxdt = /Q a(t, x, ue, Vug) - V(v — u)dxdt
+ /Qﬁ(t, X, ue, Vitg) - V(u — ug)dxdt
— /Qﬁ(t, x,u, Vu) - V(v —u)dxdt = /Qa(t, x,u, Vu) - V(v — u)dxdt.
The weak convergence of u, to u in LP (0, T; V) yields that

T T
/ (f,o—ue) — / (f,o—u).
0 0
At last splitting the penalized term in the following way

L e =)o = u)dxdt = == [ (1 9o - Fe= 91,

£

-~

<0 —0 thanks to (2.11)

allows one to pass to the limit in (2.18). One concludes that Theorem 2.8 holds.

2.3.3 Lewy-Stampacchia inequality for a regular .

Note that p, := osu, — div[a(-, -, ue, Vue)| — f L(ue — )~]971 > 0, so that the limit

e

p:= o — div[a(-,-,u, Vu)] — f is a non-negative Radon measure which is by Lemma
2.12 an element of LY (0, T; V').
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Using an idea from A. Mokrane and F. Murat [48], denote by

2= g — (e — )T,

3

we have
Otte + Aue) +z:. = ¢ +op+ A(Y) e Op(ue — )+ A(u.) — A(YP) +ze = g™

Observing that
Ore + Aue) — f = —z.+ 9.

As in [48] in the elliptic case and under more restrictive assumptions on the operator a,
proving that z;” converges to 0 in an appropriate space leads to the Lewy-Stampacchia
inequality. Due to the time variable and the weak assumption on 2 we have to face to
additional difficulties. For technical reasons, we will assume in this section only that,
on top of g~ € LF(Q)NLP(0,T; V), g~ > 0, that 9;g~ € L7 (Q). Roughly speaking
it allows one to use a test function depending on ¢~ and together with Lemma 2.15 to
perform an integration by part formula and then the convergence analysis of z, . The
general case will be obtained in the next section by a regularization argument based on
Lemma 2.18.

Our aim is now to show the convergence of z; to 0 in L?(Q) to prove the following

lemma.

Lemma 2.14. Under the assumptions of Theorem 2.8 and assuming moreover that g~ €
LY (Q)NLF(0,T; V), g~ > Owith d;g~ € LT (Q), the solution u satisfies

0 <o —divia(-,-,u,Vu)|— f < g in LP/(O, T; V').

For the proof of Lemma 2.14 we need the following Lemma of time integration by

part formula adapted to our situation.

Lemma 2.15. Consider u € LP(0, T, W' (D)) NLP(0, T, L%(D)) such that d;u € LV (0, T, V).
Let ¥ : QxR — R be a function such that (t,x) — Y(t,x,A) is measurable, A —
Y(t,x,A) is non-decreasing (cizdldgi, or c&gldd§) and denote by A : Q xR — R, (¢, x,A) —

[MW(t, x, T)dT where a is any arbitrary real number. Assume moreover that [W(t = 0)| <

tright continuous with left limit
Sleft continuous with right limit
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h+ |A|* and that oY exists with [W(A = 0)| + |0;¥| < h where h € L?(Q) and « € [0,1].
IfY(t,x,u) € LP(0,T, V), then, forany B € WY*(0,T) and any 0 <s < t < T,

/St <o, ¥Y(o,x,u) > pdo :/D/\(t,x,u(t))ﬁ(t)dx— /D/\(S,X,M(S))ﬁ(s)dx
—/St/D/\(a,x,u)[a"dxdG—/St/Dat/\(a,x,u)[gdde.

Remark 2.16. A detailed proof of Lemma 2.15 inspired by [25] is given in Appendix B.3.

A priori, following Lemma’s 2.15 notations, one should denote by W(t, x, A) = — (g~ —
1A~ and A(t x,A) = JW(t, x,0)do. For that, we need W(t, x,u) to be a test-
function. Since x +— [x~]9! is not a priori a Lipschitz-continuous function (e.g. if

p < 21), therefore, for any positive k, we will denote by

xt 1

Me(x) = (7 — 1)/0 min(k,s72)ds, Wi(t,x,A) = —(g~ - SM(AT))”

and Ag(t,x,A) = [g Wk(t, x, 0)do. Note that W (t, x,0) = Oand 9 Wy (t, x,A) = g~ 1

so that, since Wk(t, x,u) is a test-function, by Lemma 2.15, for any ¢,

g —Im(A-)<0}

— /Ot/Dat/\k(s, X, ue — P)dxds
+ /D Ax(t, %, 1 () = (t))dx — /D A0, %, ue(0) — 1(0))dx
- [ — A, (57~ Tl =) ) s = [ zle = el ) ]) s
= [ (g~ Indlwe—9) D) )ds <0 @19)

We now pass to the limit first as k — oo and then as ¢ — 0. Since g~ > 0, one has that
We(t,x,A) =0if A > 0 and as u,(0) = ug > P(0), one gets that

/ Ap(t, %, 1 (8) —w(t))dx—/ Ar(0, %, 11:(0) — (0))dx :/ Ap(t, x, 1 (£) — (t))dox.
D D D

Note that (Wk(t, x, A))i is a non-increasing sequence of functions with non-positive

values so that by monotone convergence theorem

(=) () ~
/D At 3, 1e(t) = () — — /D/O AC %[U]ql)d(rdx >0

17 = min(2, p)
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since the integration holds on the set of negative values of u,(t) — (t)
Due to the definition of z. we have

— [ zels™ = gmul(ue =) )it = — [ (57—

_ _ L i1y (- _ 1
= (& =l =0 (s

_ 1 i _ 1 -
(e e =) (e ol — ) )t
from which it follows using again the monotone convergence theorem
[ zls Il w) D) axa— [z
0 el8 c Mk [(Ue o P

As far as the first term of (2.19) is concerned we obtain

Ue—
_/QE)f/\k(t,x,uE— Y)dxds = /atg /0 1 (s 7%nk(T_)<0}dexds

e
- /Qatg /0 1{g, 1 () <oydTdxds > — / |0rg™ || (u
For the fourth term of (2.19) we have the following equality

~ [NtAG) — A (5™ — Tl w) )

1
_/ L Lo (ue—y)-]<0} [d(t,x,ug,Vug) —d(t,x,ll),Vll))]V[ T ——mel(

Y) " |dxds — 0.

- — )" |]dxdt
1
- /Q Yo~ tnil(we—w)]<0) [ﬁ(tr x, ¥, Vue) —a(t, x, w,vw)] [~ — =mil(

— ) ])dxdt,

since in this situation, the integration holds in the set where u, < 1. Thus

[a(t, x, ¥, Vug) — a(t, x, 1, Vll))} Vg™ - %nk[(”e —)7]]
>0
> Dnflee — ) 1[alt, %9, V) — alt,x, 9, V) V(e — )
—la(t,x, P, Vue) —a(t, x, P, Vl,b)“Vg |

Z — ‘ﬁ(t,x,lp, Vblg) _ﬁ(t/x/ll)/vlrb "vg |

We now claim that estimate (2.10) of Lemma 2.11 which gives
a(t,x, Y, Vu,) —a

a(t,x,, Vl[))} V(ue—1)~ — 0in L'(Q)
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and Assumptions Hj 1 to Hj 3 imply that, up to a subsequence (still denoted by ¢),
V(ue — 1)~ converges to 0 a.e. in Q.

Indeed, up to a subsequence (still denoted by ¢), u, converges to u a.e. in Q with
u>1ae and |a(t,x, P, Vue) —a(t,x, P, V) ||V(u, — )| = 0ae. in Q.

Consider (¢, x) such that the above limits hold. Since,

—a(t,x, P, Vue) - V(u — )~

v

:54|Vu£|p — || — || —a(t, x, lp,vug).vlp]uu@}

v

_ o o
| Vuel? = 71l7 — il = B[R+ [l + [Vuel |1Vl | 1y
/2| V| = C( b, K, V) |14y,

v

and

T -1
a(t, %, 9, V) - V(e =) ~| < B[IK + 1177+ (99l [Vl + 1V 10,0,

one gets that (V(u, — )~ (£, x)). is a bounded sequence.

Since V(1 — )~ (t, x) = =V (ue — ) (£, x) 11, <y (¢, x), it converges to O if u(t, x) >
W(t,x).
Else, at the limit, one has that u (¢, x) = (¢, x). If one assumes that V (1, — )~ (£, x) is
not converging to 0, then there exists a subsequence ¢’ (depending on (t, x)) and a pos-
itive 6 such that |V (uy — )~ (¢, x)|| > & > 0. Then, necessarily —V (1 — )~ (¢, x) =
V(ug —)(t, x) and, since it is a bounded sequence in RY, there exists £ € R? and a
new subsequence still labeled ¢’ such that Vi (t, x) converges to &, with the additional
information: || — Vi(t, x)|| > & > 0. Therefore, since & # Vj(t, x)

[a(t, %, 9, Vuo (%)) = a(t, %, Vip(t,2))| - V(e — ) (£, %)

. [ﬁ(t, X, Vg (t, x)) — a(t, x, ¥, Vi(t, x))} V(g — ) (4 x)
— - [au, X, 8) — a(t,x, ¥, V(t, x))} (= V(t,x)] < 0.

£

But, this is in contradiction with the convergence of the same sequence to 0 and the
result holds.

Note that (¢, x) € Q a.e,,

a(t, x, 1, Vue) — a(t, x, ¥, Vl[))} <) = [a(t, X, Vel gy, cpy) — a(t,x, 0, v¢1{u£<w})]
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and Vuely, <yy — Vi1, oy converges to 0 with Viply, ;1 bounded. Then, the con-
tinuity of @ with respect to its fourth argument ensures that [ﬁ(t, x, P, Vue) —a(t, x, ¢, Vl[))} Ly<y)
converges a.e. to 0. Since it is bounded in L? (Q), it converges weakly to 0 in L¥' (Q)

and

/Q ’ﬁ(t, x, Y, Vu,) —a(t,x, P, V¢)‘|Vg_|1{u£<w}dxdt — 0.
As a conclusion, z; converges to 0 in L?(Q). On the one hand we have
= e — div(al., -, ue, V)] - f
= 0 <owm—div[a(-,-,u, Vu)] — f;

On the other hand

Ze =9 — 1[(blg — 1/))_}0/_1 =z + o — div|a(-, -, ue, Vue)| — f = ¢ +z7

£

= 0 < dwu —divl]a(-, -, u,Vu)| — f < g".
Since d(-,-,u, Vu) = a(-,-,u, Vu), Lemma 2.14 is proved.
Remark 2.17. Note that, for any ¢ € LP(0,T;V),

/0T<atu£ — div[ﬁ(., U, Vl/lg)] o f/ (P)dt

T

T
= / <atu£ - diV[ﬁ(, ‘y ug, vu‘g)] - atug - le ( Y ng, Vug)] - f, (p—>dt
0 0

T T
S / <atu£ - le[ﬁ(, o Ue, vuf)] - /
0 0

In such a way, ||dsue — div|a(-, -, ue, Vug)] — f”LP’(O,T;V') < g™ HLP/(O,T;V’)'

2.3.4 Proof of Theorem 2.4

Let us first recall the following result.

Lemma 2.18. The positive cone of LP(0, T; V) N L?(Q) is dense in the positive cone of V', the
dual set of V = LF(0,T,V).

Remark 2.19. By truncation arqument, the same result holds for the positive cone of LF (0, T; V) N
LY (Q) when p < 2. We refer to Appendix A.4 for a detailed proof of Lemma 2.18.
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In this section, Hj is assumed and g = f — d;p — A(¢) = g7 — ¢~ where g™, ¢~ €
(LP'(0, T; V'))* are non-negative elements of L (0, T; V').

Thanks to Lemma 2.18, there exists positives (g, ) C L? (Q) such that g, — g~ in
LP'(0,T; V'). Then, by a regularization procedure, one can assume that g, € L¥'(Q) N
LP(0,T; V), g; > 0 with d;g;; € L7(Q). Then, the corresponding sequence f, con-
verges to f in L' (0, T; V).

Remark 2.20. In fact, since D(Q)" is dense in LP' (Q)*, one can consider g, as reqular as
needed.

Associated with g,;, Theorem 2.8 and Lemma 2.14 provide the existence of u, €

K () with u,(t = 0) = uy and such that, for any v € L?(0, T; V), v > 1 implies that

T T
/ (OtUy, v — Up)dt + / a(t,x,uy, Vuy) - V(v — uy)dxdt > / (fn, v — uy)dt
0 Q 0
and satisfying the Lewy-Stampacchia inequality
0 < duy —divia(-, -, un, Vin)] — fu < gy -
Since this solution comes from the above penalization method, and as C; of Lemma
2.10 can be chosen independent of 7, one gets that
Sltlp ||“n||%2(p)(t) + H”””ii’(o,zr;v) < (.
Thus, (a(-, uy, Vuy,)), isbounded in LY (Q)d and, thanks to the above Lewy-Stampacchia
inequality, (9, ), is bounded in LY (0, T; V).

Up to a subsequence denoted similarly, 1, converge weakly to an element u € IC(1)
in W(0, T) and strongly in L?(Q); and a(-, u,;, Vu,) converge weakly to an element &
in L' (Q)*.

Finally, the embedding of W (0, T) in C([0, T], L>(D)) yields the weak convergence of
uy(t) tou(t) in L?(D), for any ¢.

Since u € (),

T T
/0 (OfUy, u — uy)dt + /Qa(t, X, Up, Vity) - V(u — uy)dxdt > /0 (fu, U — up)dt.
Therefore, passing to the limit with respect to n in
T 1
/0 (Opuy, u)dt + /Qa(t, X, Uy, Vi) - Vudxdt + §H”0H%2(D)
T 1
> /0 (= s}t + = 1 (T) B2 ) + /Qa(t, %, thyy Vity) - Vitndxdt
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yields

T - 1 1
/0 (Opu, u)dt + /QE - Vudxdt + §||u0H%2(D) > —Hu(T)||%2(D) +limsup/Qa(t, x, uy, Vi) - Vuydxdt.
n

. T 1 ) 1,
Smce/0 (Opu, u)dt = EH“(T)”U(D) - 5””0”L2(D)/ one gets that

lim sup/ a(t,x, un, Vi) - Vuydxdt < / & - Vudxdt.
n Q Q

Thus, (2.2) and the continuity property of Nemytskii operator ensures the following

limit argument:
0 g/ (a(t, %, tn, Vitn) — alt, x, iy, Vit)] - V (1t — u)dxdt
Q

< / a(t,x, un, Vi) - Vuydxdt — / a(t,x, uy, Vuy) - Vudxdt — / a(t,x, un, Vu) - V(u, — u)dxdt,
Q Q Q

thus

0< lin}11nf/ a(t, x, un, Vi) - Vuydxdt — / & - Vudxdt.
Q Q

Then, li%n / a(t,x, un, Vi) - Vuydxdt = / & - Vudxdt and arguments already devel-
Q Q
oped previously based on Minty’s trick for the pseudomonotone operator A yield the

identification & = a(t,x,u, Vu) and one has
lim/ a(t,x,uy, Vuy) - V(u, —v)dxdt = / a(t,x,u,Vu)-V(u—v)dxdt.
noJQ Q

From the weak lower semicontinuity of | - |;2(p), one has

T T
lim sup/ (Oty, v — Uy )dt < / (0pu, v — u)dt.
n 0 0

Since fOT (fn, v —up)dt — fOT (f,v—u)dt, we deduce the existence result of Theorem 2.4
for general f. At last the Lewy-Stampacchia inequality is a consequence of passing to

the limit in the one satisfied by u,.
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Chapter

Lewy-Stampacchia inequality for a

stochastic T-monotone obstacle problem

The aim of this chapter is to study a stochastic obstacle problem governed by a T-monotone
operator, a random force and a multiplicative stochastic reaction in the context of Sobolev
spaces. This study is a part of a joint work with G.Vallet [73].

In other words, we are interested in proving the existence and uniqueness of the solution u to

some obstacle problems that can be written (formally)

f=oi(u- /0 Glu, )dW ) — A(u,) € lx(u),

where K is a closed convex subset of LP(Qr, V) related to the stochastic constraint 1, A is
a nonlinear T-monotone operator defined on a space V, (Q, (F;);>0, P) is a filtered probability
space with the usual assumptions and W (t) is a Wiener process in some separable Hilbert space

H. Then, we give the corresponding Lewy-Stampacchia inequalities, namely

0< at(u—/o'c(u,-)dw) A~ f < (f—at(w—/o'c(lp,.)dw) —A(¢,.)>

We use an ad hoc perturbation of the stochastic reaction and a penalization of the constraint to
prove the existence of the variational solution, then Lewy-Stampacchia inequalities associated
with the problem.

Keywords: Stochastic PDEs, Obstacle problem, Wiener process, Lewy-Stampacchia inequal-

ity.
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3.1 Introduction

3.1.1 Former results / Our result

Concerning stochastic obstacle problems, without seeking to be exhaustive, let us men-
tion the papers of U. G. Haussmann & E. Pardoux [34] where the authors proved the
well-posedness of a reflected parabolic problem governed by a bounded linear oper-
ator. The question of the semi-linear case was studied by A. Rascanu [59], C. Donati-
Martin and E. Pardoux [23], and T. Xua and T. Zhang [76]. A penalty method approach
is used as in the deterministic case. We also cite the recent book of L. Zambotti [77]
where a study of the nonlinear heat equation with an additive noise is considered.
Several studies on the quasilinear case have been proposed by L. Denis, A. Matoussi
and J. Zhang. In [18], a homogeneous SPDE with obstacle, under Lipschitz hypotheses
and L2-integrability conditions on the coefficients, have been studied by using technics
of Parabolic potential theory. After the introduction of the notion of parabolic capac-
ity, the authors constructed a solution which admits a quasi-continuous version via the
penalization method by mixing pathwise arguments and some existence result of the
deterministic obstacle problem. The result has been extended in [19] by considering
a weaker LP4-integrability conditions on the coefficients. Then, they used the same
approach to study the case of non-homogeneous operator as they derived also a local
maximum principle in [20].

In a differential inclusion approach, we mention the works of A. Rascanu [60] and A.
Bensoussan & A. Rascanu [9] where a maximal monotone operator is considered on a
Hilbert space; V. Barbu [6] for nonlinear heat problems and C. Bauzet et al. [7] for an
Allen-Cahn type equation.

Concerning monotone operators in a non-Hilbertian case, A. Rascanu & E. Rotenstein
[61] were interested, among other things, in strong solutions to some stochastic varia-
tional inequalities when the barriers cancel the diffusion coefficients. Our aim in this
paper is to revisit similar variational inequalities by adding random dependences for
the operator, the source and the stochastic reaction terms, and the obstacle. We will in
particular assume that f — o; (1[) - /0 v Gy, .)dW> — A(, -) can be written as the dif-
ference of two non-negative elements of a dual-space to derive Lewy- Stampacchia’s
inequalities. Then, we propose in Appendix D some extensions to situations where the

obstacle and the solution are not in the same space, or to bilateral obstacle problems.
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The deterministic Lewy-Stampacchia (L-S) inequalities have been largely studied and
we advice the reader to consult Chapter 1 and Chapter 2 to get an overview of the lit-

erature about the subject.

To the best of the author’s knowledge, there doesn’t exist in the literature a result
of existence and uniqueness associated with corresponding L-S inequalities, of the so-
lution to a stochastic obstacle problem with a nonlinear operator associated with a
random obstacle that doesn’t cancel the diffusion coefficients. Our aim, in this chapter,
is to propose such a result with general assumptions on the T-monotone operator and

a general multiplicative noise.

3.1.2 Content of the study

We are interested in proving the existence and uniqueness of the solution u to some

obstacle problems which can be written (formally)

f—on(u- /O Glu, )AW ) — A(u, ") € Tk (u),

where K is a closed convex subset of LP(Qr, V) related to the stochastic constraint ¢,
A is a nonlinear T-monotone operator defined on a space V, (Q, F, (F¢)>o0,P) is a
filtered probability space with the usual assumptions and W(t) is a Wiener process in
some separable Hilbert space H. Then, we give the corresponding Lewy-Stampacchia

inequalities, namely

0<3i(u= [ Gl JaW) + AGw,) ~ 1 < (£=3(w= [ Glw,aw) - Aw,)

By using a penalization method of the constraint, associated with a suitable per-
turbation of the stochastic reaction to formally lead to an additive stochastic source on
the free-set where the constraint is violated, we are able to prove on one hand the exis-
tence of a solution to the stochastic obstacle problem, and on the other hand, to prove

the corresponding stochastic Lewy-Stampacchia inequalities.

The chapter is organized in the following way: after giving the hypotheses, a result
of uniqueness (Lemma 3.12) and the main result (Theorem 3.10) in Section 3.2, Section

3.3 is devoted to the proof of the results. A first step concerns the existence of a solution
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to the approximating problem associated with a parameter . Additionally, some a
priori estimates and passage to the limit with respect to ¢ are considered when /™ is a
regular non-negative element. A first proof of Lewy-Stampacchia inequality is given
when 1™ is still regular. Finally, the proof of Lewy-Stampacchia inequality is extended

to the general case.

Remark 3.1. It's worth noting that the presentation of our results is in an abstract way so that
one can easily extend them to more general Riesz separable reflexive Banach spaces V. We will

not develop this point of view because V' will not be a Banach lattice.

3.2 Notation and hypotheses

By maintaining the same notations used in Chapter II, let us denote by p € (1, 400),
p’ its conjugate, V = Wg’p(D) ifp >2and V = Wg’p(D) N L2(D) with the graph-
norm else. Then, the corresponding dual spaces are V' = W~ (D) if p > 2 and
V' = WP (D) + L3(D) else.

Let (Q, F, P) be a complete probability space (e.g. the classical Wiener space)
endowed with a right-continuous filtration {F;};>¢ completed with respect to the
measure P. W(t) is a Wiener process in H with nuclear covariance operator Q with
trQ < oo. Denote by Q1 = (0, T) x Q and Pr the predictable o-algebra on Qr*.

Let Lo(H) denotes the spaces of linear operators ® defined on Q%H with values
in H such that Q2 € HS(H) (the space of Hilbert-Schmidt operators from H to
H). Lg(H) is a separable Hilbert space relatively to the scalar product (®,¥)y =
tr® Q% (‘PQ%)*. The norm in this space is denoted by | - |o. We recall that the stochas-

tic integrals over a Wiener process are defined for predictable operators B such that
t
E[/O |B(s)[3ds] < oo forany ¢ > 038, Sec. 2]
We will consider in the sequel the following assumptions:
Hi :LetAZVXQT%V/, GZHX_O.T%LQ(H),IIJZQT—)V,fiQT—>V/al’1d
ug : Q — H such that:
H;1: Foranyv € Vand u € H, A(v,-), G(u, -), P and f are predictable.

Hi o @ ugis Fo-measurable.
Pri=o({|s,t] xF|0 <s<t<TF e F} U{{0} x Fy|Fy € Fo}) (see [44, p. 33]). Then, a process

defined on Q1 with values in a given space E is predictable if it is Pr-measurable.
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H, : 3o, K > 0,A7,A € R, [; € L'(Q7) and g€ LF’/(QT),both predictable, such that:

Hy1: (tw) € Qrae, YoeV, (A(ot,w),0)+Alo|%+ 1t w) > alo]]}.
Hj, : (T— monotonicity [52, p. 120]) (t,w) € Qrae., Yovy,v2 €V,

AT(Ul — U2, (’Ul — 02)+)H—|—<A(Z)1,t, w) — A(’Uz, t, w), (Z)l — 02)+> > 0.

Note that since v; — vy = (v1 —v2)" — (v —v1) T, ArId+A is also monotone.
Remark 3.2. If H = L?(D), the result presented in this chapter holds true even if
A7 < 0.
Hys: (tw) € Qrae, YoeV, ||A(otw)|y <Kol " +g(t w).
H, 4 : (Hemi-continuity) (¢, w) € Qrae,
Vo,v1,v0 €V, né€Rw— (A(vy + nuy, t, w),v) is continuous.
Remark 3.3. Assumptions Hy » and Hj 4 yield (e.g [66, Lemma 2.16 p.38]) the continu-
ity of ArId+ A, thus of A with respect to v from V-strong to V'-weak. Thus, for any vy €
V, the application Ay, : V x Qr = R, (v,t, w) — (A(v,t, w),v1) is a Carathéodory
function. Therefore, it is B(V) ® Pr measurable and, (A(v(t, w),t, w),vy) is pre-
dictable too for any V —valued predictable process v [16, p.9]. If V is separable, A(v, -)

is predictable with values in (V',B(V")) since the weak and the strong measurabilities

coincide thanks to Pettis’s Theorem.

H3 : 3M > 0and ! € L'(Qr), predictable, such that

H3q1: (t,w) € Qrae, V0,0€ H, |G(6,t,w)—G(0o,t, w)|é < M0 — )%,
Hs,: (t,w) € Qrae., YueH, |G(ut, w)|é < I(t, w) + M||ul|%.

Remark 3.4. Thanks to Assumption Hz, G : L>(D) x Qr — Lo(L?(D)) is a Carathé-

odory function. It is B(H) ® Pr measurable and, G(u(t, w),t, w) is predictable too for
any H-valued predictable process u.

Hy ¢ € LP(Q,LP(0,T,V)), o (1[) — / G(y, -)dW> e LY (Qr, V')  predictables.
0
Hs : f € LV (Qr, V') is predictable and one assumes moreover that
h=f—a(v- /0 Gy, )AW) — AW, ") € L’ (Or, V)",

where LP(Qr, V)* = (L¥ (Qr, V)T = (LY (Qr, V)T C LY (Qr, V')
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Definition 3.5. Denote by K the convex set of admissible functions

K={velLl(Qr, V), ov(xtw) >t w) aeinDxQr}.

Note that K is a not empty convex set, e.g. P+ € K.
Hs : f € LV (Qr, V') is predictable and one assumes moreover that
h=f—o(w- /0 G, )AW) — A(%,) € LP(Qr, V)",

LP(Qr, V)* = (LY (Qr, V)" — (LP'(Qr, V') denotes the order dual: the dif-
ference of two non-negative elements of L? (Qr, V') , ie. h = ht —h~ where
ht,h~ e (LP'(Qr, V'))* are non-negative elements of L¥ (Qr, V'). f, k™, h~ are
also assumed to be predictable.

We recall that h* € (LY (Qr, V'))" in the sense:

T
Vo e L'(Qr, V), ¢>0= E/ (h*, @)ds > 0.
0

Hg : ug € L?(Q, H) satisfies the constraint, i.e. 19 > 1(0).

3.2.1 Formulation of the problem and the main result

Our aim is to look for (u, k), in a space defined straight after, solution to

’du+A(u,-)ds—|—kds = fds+ G(u,-)dW in DxQr,
u(t=0) =up inH, as.,
u>1p in DxQr, (3.1)
u=20 on 0D x Qr,

| (k,u—1)=0and k<0 in Q.

Remark 3.6. Tnking into account Assumptions Hy and Hs, it’s worth noticing that 1 solves

the following stochastic problem
dp -+ A, -)dt = G(p,-)dW + (f — h)dt,

and the obstacle can be understood as a constraint in the coupling of stochastic PDEs. For
exemple, P(t, x) = sin(mx) exp(B(t) — 7*t) in (0, T) x (0,1) x Q where (3 is the standard
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Brownian motion. 1 is the solution to d¢(¢ — /0' PdW) — 021 — %1[) = 0 and satisfies Hy
and Hs with p = 2, A(v,-) = 020 — %v and G(v,-) = v.

When the obstacle is with values in V, one can observe that the problem can reduce to the
question of a positivity obstacle problem with a stochastic reaction term vanishing at 0.
Indeed, by setting i = u — 1, fig = ug — P(0), A(1) = A + ) — A(Y), with G(4) =
G+y)—Gp)and f = f— (¢ — /0. G(p)dW) — A(1), the equation becomes dil +
A1, .)ds + kds = fds + G(4,.)dW in D x Qr with G(0,.) = 0 and under the constraint
> 0.

In case the obstacle 1 is not with values in V, if for example 1y has non-positive values on the
boundary of D, or in case of a bilateral obstacle problem, this change of problem may not be

helpful and we present some extensions in this direction in Appendix D.
Let us introduce the concept of a solution for Problem (3.1).

Definition 3.7. The pair (u, k) is a solution to Problem (3.1) if:
o ueLP(Qr,V)and k € LV (Qr, V') are predictable and u € L2(Q,C([0, T], H)).
e u(t=0)=uy and ue€k.

e P-as, forallt € [0,T],

+/kds+/ ds—u0+/ )AW (s +/fds

o —ke (LV(Qr, V)t and Yo €K, (k,u—0) >0 ae. in Qr.

Remark 3.8. Since the embedding V — H is continuous, u is equally a predictable process
with values in H or in V (thanks to Kuratowski’s theorem [75, Th. 1.1 p. 5]).

Remark 3.9. We remind that (LP(Qr,V))" = {u € LP(Qr, V), u(t,w) € VT ae. in Qr},
therefore, —k € (LV'(Qr, V'))* if and only if —k(t, w) € (V') ace. in Qr.

Indeed, If one assumes first that —k € (LV'(Qr, V'))T. Then, for any given ¢ € V*, any
A€ Fandany B € B(0,T), 1axpp € (LP(Qr, V))T.

Thus, [, p{k(t, w), @)dtdP < 0 for any such A and B and (k(t, w), @) < 0 on a subset of
Qr of full measure, depending a priori on @.

Since V is separable, for a given dense family {@,,n € N} C V, there exists Qr C Qra
subset of full measure such that (k(t, w), o;F) < 0 for any n and all (t, w) € Qr.
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Let o € VT and (@) C {@n,n € N} satisfying ¢; — @ in V. Thus, ¢ — @ = ¢ in
V and since (k(t, w), ;") < 0, the same inequality holds for ¢. Thus, —k(t,w) € (V')7,
(t,w) € Qrae.

The converse is immediate since if p(t,w) € V1 a.e. in Qr, one gets (k(t, w), p(t,w)) <0
ae in Qrand [ (k(t, w), o(t, w))dtdP < 0.

As a consequence, knowing that —k € (LV'(Qr, V')t and u € K, imply that the condition:
(k,u — ) = 0a.e. in Qr is equivalent to the condition: Vv € K, (k,u —v) > 0a.e. in Qr.

Let us state our main result.

Theorem 3.10. Under Assumptions (Hq)-(Hg), there exists a unique solution (u, k) to Prob-
lem (3.1) in the sense of Definition 3.7. Moreover, the following Lewy-Stampacchia inequality
holds

0<a <u—/0 Glu, )AW) + A, ) — f <™ = (f —on(w —/O G(1, )AW) - A(tp,~))
Remark 3.11. Note that Problem (3.1) can be written in the equivalent form:

f—o(u— /0 G(u,)dW) = A(, ) € dlx(u)
where dIg (1) represents the sub-differential of Iy : LP(Qr, V) — R defined as

0, uek,
Ix(u) =
+oo, u¢k,

T
and dlIx(u) = Ng(u) = {y € LV (Qr, V’);E/ (y,u—v)ds > 0,Yv € K} (see [5, p.
0
7 — 8]).

Before entering in the proof of our main theorem, we start with the following result.

Lemma 3.12. If (uy,kq) and (uy, ky) are two solutions to (3.1) in the sense of Definition 3.7
associated with two different forces f1 and f, then: there exists a positive constant C > 0 such

that

E P (1 —u2)(B)E < Cllfr = fall oy, v 111 = u2llr(ar,vy-
telo,T

Remark 3.13. Note that Lemma 3.12 ensures the uniqueness of the solution to (3.1) in the

general framework.
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Proof. Forany t € [0, T] and P-a.s we have
t t
nr(t) =2t + [ T —kalds + [ [AGu1,) = Az, s

:/Ot[G(m,') — G(up, )]dW(s) + /Ot[fl — fo]ds.

1
Applying Ito’s formula with F(t,v) = 5 |0|%;, one gets for any ¢ € [0, T]

t
—H(Ml—uz HH+/ Z/ll, A(le,'),ul—uz ds—l—/ kl—kz,ul—u2>ds
/ (fi — fa,u1 —up ds+/ (u1,+) — G(ug, -)]JdAW(s), u1 — uz)

+ E/0 Glu,) — Glua, ) Bds.

e Since u1,u; € K, Remark 3.9 yields a.e. in Qr,
(k1 — ko, u1 —uz) = (ky,u1r — uz) + (kp, up —ug) > 0.

Therefore, for any ¢

t t
/0 <k1 — ko, uq — u2>dS = /() (<k1,u1 — u2> + <k2,u2 — u1>)d5 >0 as.

e Vi€ [0,T], /|Gu1, Glua, >|st<M/ 1 — w2 3.

e Since ArId + A is T-monotone, Vt € [0, T],

t t
/0 (A(u1,-) — Alug, ), 1 — u1)ds > —)\T/O iy — ua||2ds.

e By Burkholder-Davis-Gundy’s inequality [38, Theorem 2.5 p.1240] (see also [61,
p-652]) and Young’s inequality, there exists a positive 6 such that

L:%r; RETS <uz,->1dw<s>,u1—u2>|]

36 »  3M_ (T 2
< SE sup || —w) O} + 52 F [ w1 — ) (5) B
te[0,T] 0

t
*E P | [ (= fo, = upds| < | i = fall oy 1 = W2l r (2, v)-
te|0,T
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With a convenient choice of 6 (e.g. § = 411), we deduce the existence of a positive

constant ¢ such that

T
E sup [[(u1—u2)(O)lE < cllfi = fall v 41 = w2llriagvy +¢ [ E sup [[(u1—u2)(7)|3ds.

te[0,T] 0 T€[0,s]
(3.2)
Then, Gronwall’s lemma ensures that
E SFP] 1w —u2) ()1 < et Nl fi = foll g v 101 = w2llr(ary)- (33)
telo,T
O

3.3 Proof of Theorem 3.10

We will prove Theorem 3.10 as follows: a first step concerning the proof of existence
of the solution via penalization method and a perturbation of the stochastic reaction;
assuming an additional regularity on /. Then; still with regular #~, we prove the sec-
ond part of Lewy-Stampacchia inequality by an idea inspired by [22]. The last step is
devoted to the proof of the main result in the general case by using a density argument

similar to the one used in the second Chapter (see Appendix B.4).

3.3.1 Existence of the solution and a first LS inequality in the regular

case.
Penalization
Let ¢ > 0 and consider the following approximating problem:

)+ [ (Al )~ Lt~y 7~ Pts = wo + [ Glue, W)

ue(0) = uy,

(3.4)

where § = min(p,2) and G(u,, ) = G(max(u,, ), -). The idea of the perturbation of
G is to have formally an additive stochastic source on the free-set where the constraint

is violated.

Note that G satisfies also Assumptions H; and Hj, as well as Assumption Hs since
G(,-) = G(1, ). Indeed, since 1 is predictable in H, max(u, 1) is also predictable for
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any u € H and G(u, -) is predictable thanks to Remark 3.4.
Forany u,v € V,|G(u,-) — G(v,-) 3 < M| max(u, ) — max(v, )|} < M]ju — |3,

The only difference in the assumptions lies in H3 > where one gets now that

(G(u, )G < T+ 2M[plE +2M|ullfy =T+ Mllul|

where [ is a L' (Qr)-predictable element by composition of functions, depending only
on the data.

Consider A(u,, ) = A(ue, ) — %[(ug —1)7]77! — f and note that:

By construction, Aisan operator defined on V x Qr with values in {748

Since ¢ and f are predictable with values in V and V' respectively, u +— u~ is
1 _
a Lipschitz-continuous mapping then, for any v € V, —Z[(v —P) )T fis

predictable with values in V' and therefore A satisfies Assumption Hj ;.
Since x — —x~ is non-decreasing, ArId+A is T-monotone.

The structure of the penalization operator yields the hemi-continuity of A in the

sense of Hj 4.

(Coercivity): Note that for any 6 > 0, there exists Cs, > 0 such that: Vo € V,

(f,0) <Gsllf I + ol
(2l =) T o) 20— )W)
> = 8[10llf3 ) — Caellllfsp) > —8CI2II} — Caelllifs
where C is related to the continuous embedding of V in L1(D).
Denote by I; = I; + C(stHf/// + C5,£HII)HZ,7(D). Itis a L'(Qr) predictable element

thanks to the assumptions on f and v, depending only on the data. Therefore,

by a convenient choice of §, A satisfies H, 1 by considering [} instead of /.

(Boundedness): Vv € V,

1 A 1 - 7— 71—
| = 2= )T o) = L1 @ =015 < Ce (el fip) + 191150)

€
1 -1
< C <||U||iq(p) + Hl’b”%(l))) &

69



Lewy-Stampacchia inequality for a stochastic T-monotone obstacle problem CHAPTER 3

since § < p may be possible. Now, since the embeddings of L7 (D) in V’ and of
V in L1(D) are continuous,

1 5 _ _
| =l —w) 1 v < Ce (ol + 1wlh ) +C

€
and Assumption Hj 3 is satisfied with K replaced by K+ C, and g by ¢ = ¢+
Ce ||1p||’{fl + f + C, which is a predictable element of L¥ (Qr).

* (The noise): Let us denote by U = Q% (H), we recall that U is a separable Hilbert
space endowed with the scalar product (u,v)y = (Q_%u, Q_%u) 1 (see [44, Prop.
C.0.3 p. 221]) and note that G e HS(Q%(H), H). Since (W(t))c[o,r) is @ Wiener
process in H with a nuclear covariance operator Q then (W(t))co 7] is a Cylin-

drical Wiener process with a covariance operator I in U.

By [44, Th. 4.2.4 p.91 ] and Remark 3.8, for all ¢ > 0, there exists a unique solution
u. € LP(Qr, V) predictable such that u. € L2(Q,C([0, T], H)) and satisfying (3.4) for
allt € [0, T] and P-a.s. in Q.
Moreover, thanks to [44, Th. 4.2.5 p.91], (u¢)e~0 is bounded in LP(Qr, V) N L2(Qr, H).

Thanks to Assumptions H; 3, we get the following lemma.
Lemma3.14.  ® (u.).~q is bounded in LP(Qr, V) N C([0, T], L2(Q, H)).

o (A(uc,-))eso is bounded in LP' (Qr, V).

Proof. Lete > 0 and v* € K such that o;(v* — [; G(v*, NdW)) € LY (Qr, V') with

predictable assumptions. Note that v* = 1) holds in this situation and
)=o)+ [ (Alwe) ~ L(ue —9) T s
I +/ [f — 3 (v* —/O G(o*,-)dW) ]ds+/ (ite, -) — G (", )dW(s).
Itd’s stochastic energy yields
l|1e — 0™ ||% (¢ —{—2/t Aug, ), ue —v*)ds
—2/ [ 2l =) 1 e — o)t — g " (0) |y
_2/f av—/( VAW), e — 0*)ds

+z/0 (e =, [Glue, ) —é(v*,-)]dW(s))H—i—/Ot]é(ug,-) — G(v", ) Bds.
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Note that
—Z/Ot/D%[(ug—tl))]‘71(u5—v*)dxds
= 2 [ e ) e = s = 2 [ e ) 01— 0)nas 20,

(A(ue, ), e = 0*) Zalluelly = Allucly — h(t, w) = (Aue, ), v")
% -1 * *
>ar|ue||fy — Alluel|fy — L (t, w) = Kjue|ly 1" [lv — (8, w)[|o*[|v
04
> luelly = Alluelly = Bt @) = C") (¢, w)

where C(v*) € L'(Qr). Thus, for any positive y, Young’s inequality yields the exis-

tence of a positive constant C,, that may change form line to line, such that

Fo
Ellue = " 34(8) + 2E | 3 el (s)ds

t
AE [ el ()ds + 1 + C(0) 3y + ColF, 00" = [ G, )aw))
t t ~
—{—)/E/O ||u£—v*H’€/(s)ds+E/O \G(ue,-)—G(v*,,)@ds.
t t
<CE [ llue = o [fy(s)ds + FE [ lucl}y(s)ds +C,

for a suitable choice of y and thanks to Hj 5.
Then, the first part of the lemma is proved by Gronwall’s lemma, and the second one

by adding Hj 3 to the first estimate. L]

A priori estimates with a regular /1~

Hj7: We will assume in this subsection that /1~ is a predictable non negative element
of L7 (Qr, L7 (D)).
1 . v
Lemma 3.15. Under Hy, (E[(ug — ) 7)7 ) 0 is bounded in LT (Qr x D).

Proof. Let 6 > 0 and consider the following approximation from [57, p. 152].

2
r2—5— if r<-=9,
4 3
Fs(r) = _;?_% if —6<r<0o, (3.5)
0 if r>0.
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1
Note that (—EF(Q)(; approximates the negative part. Moreover, F5(-) € C?(R), and

satisfies:
|[Fs(r)] <12,
Fi(r)| <2r and VreR,Fi(r) <0,
|F{(r)] <% and VreR,F/(r)>0.

Set ps(v) = / Fs(v(x))dx, v € L?(D) and denote by S the set {u. < 1}. Apply-
D
ing Ito’s formula [57, Th. 4.2 p. 65] ( see also [61, Lemma 4]) to the process u, — 1, one
gets forany t € [0, T

ostue(t) = 9(0) + [ (A, ) A Ee = W= R T

= D (0) — () + [ (0 Filue — s — [0, e = )
+ {G(ue, ) — G, ) }dW(s), F5(uc — 1))
5 / Tr(FY (e — $){C(ue,-) — G(h, ) }Q{C ue, ) — G(h,)}*)ds.
Since G (i1, -) = G(1, -) on the set S, we deduce
% /O (Y e — $){C(ue, ) — G, )} QLG (e, ) — G, )} )ds = 0.
Taking the expectation, one has
Epu(ue(t) ~ 9(0) + E [ (A ) — A, ), Fifue — w))ds — LB [ {[lae =) 11, Fiu

< E/ (—h~, El(ute — ))ds.
0
Claim: a.e. t € [0, T] and P-a.s, F{(u, — 1) converges to —2(u, — 1)~ in V.

Indeed, we have

2r if r<-=9,

F/ _ 1”3 1’2 .

5(r) = 25 —4% if —5<r<0, (3.6)
0 if r>0

Let us estimate ||F; (1, — ) +2(ue — )~ ||y,

B3t =) + 200 =)l = ([ 1E () = 9(2) + 2000 (x) = ()P
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We denote by B the set {—6 < u, — 1) < 0}. On one hand, one has

[ IE (1) = ) 4 2(00e(x) = ()P

= 1= 5 ne) = (0))® = S 0ew) = ()2 = 2oue) — () Pt

< Cz/ 85%dx = 8C,8%mes(D) — 0 as & — 0.
D

On the other hand, setting F = {—6 < u, — 1 < 0} one has by the chain rule in the

Sobolev spaces
VB G(3) = () + 29 (s ) = () [P

— [ 15V 0elx) = $(x)? + SV (0e(x) = ()P + 29 () — () Pl

< [ 15500 () = () + S 0e(0) = 9(2)) +2)9 (e x) — () Pt
6

8
We have |§(u5(x) —P(x))>+ S(ug(x) —P(x)) +2|Ip < 2[5y, <oy — Oae.x €D
as 6 — O0and

(2 (1) = () 4 5 (1) = () + 2)TFV (te (3) —~ ()DIP < 2]V (me(x) — (@) |P € LX(D).

Dominated convergence theorem ensures that
[ IVFi () = () + 2V (e(x) = (x)) " Pdx = 0,
Therefore a.e. t € [0, T| and P-a.s., one gets when 6 — 0
e 0,T], pslue(t) — w(E) — [l (e~ 9)" ()2,

o (Aue,) = AW, ), Fylue =) — (A(ue, ) = A, ), =2(ue = ) 7) = =227 (e — )~ |1,
since this last term is equal to 2{A (¥, -) — A(ue, -), (Y —ue) ) > —2A7|| (Y — ue) H||%,
thanks to Hj 5.

o (—[(ue =)7L Fy(ue — ) = (= [(ue =) 71771, =2(ue —9)7)
= 2 e =)0
o (= Ej(ute =) = (=, 2 — )L cqy) = 200, (e — ) ).
Again, dominated convergence theorem ensures that for any ¢

- 2 2 ' - i 4
Bl (e —9) ™ ()1 + 2E [ e — ) (51

<28 [0 (5), ee =) (6)ds +200E [ Nlwe =) ) s, G7)

To continue our proof, we will consider two cases.
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o If p > 2 then § = 2. By multiplying (3.7) by 1, one gets

1

S Ell (e = ) (D22 ) + E/rr ()
(e =)™ (s))ds + E/H (5)| s

1. /T, _

<
one has, for € 4)\++1’

2Bl = 9) (D) oy + g [ e =) () Bagps < E [ 17(5) s

Therefore (%(u£ — 1) 7 )es0 is bounded in L2(Qr x D).

o If2 > p > 1then 4§ = p. From Gronwall’s lemma applied to (3.7), one gets
1
e =) Wy = 2 [ e —9)" )
SQUEAUF@Aw—w‘@WS
< C||h_HLp’(QTXp)”(”e =) lrarxD)/

1
hence ZH (ue — )~ ||U, (QpxD) = < ||h~ ||Lp/ (Qyxp)- ON the other hand, we have

1 1y 1
21 =) gy = 2B [ [lte=9) 10 W wds) = L =) 1y

Consequently, (%[(ue — )7 ]P Y50 is bounded in LP' (Qr x D).

As a consequence the following lemma holds.

Lemma 3.16. Under Hy, (u).~q is a Cauchy sequence in the space L>(Q,C([0, T], H)).

Proof. Letl > e > 6 > 0and consider the process u, — us, which satisfies the following

equation
)= us(t) + [ (Al ) = Alu, ) + (e =) 17"+ 3 (s — ) 171

:Akm@»—amﬂwww.
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Applying Ito’s formula with F(t,v) = %||v||%{, one gets for any t € [0, T

e = ) rm+/’Au&-— (45, ), e — )
~ 1 -
+/ [ — _]‘7_1+3[(u5—11))_]‘7—1,u5—u5>ds
_/ (ite, -) — Gug, -))dAW(s), e — ttg) /|G e, ) — Glug, ) [2ds.

We argue as in the proof of (3.2) with f; = f, and note that we need only to discuss the
penalization term.

On one hand, using the monotonicity of the penalization operator, one deduces

s (e L (e L e O

£ £

On the other hand, we have

55 / (us — )17 Y ue — us)ds
- wé(éiuw—wm 177, e s+ [ (G =) T, (s — ).
Since & _55 /t<[(u5 — )77, —(us — ))ds > 0, it holds that
0 e =) I wahas = S0 [ 1Gas = )~ s
> 0 N = ), (e — ) s

We distinguish two cases:

e If p > 2, then 4 = 2. Since 1 Uy —P) eso is bounded in LZ(Qt x D), we get
p q c &

s )1 e~ ) s = (e O)F [ (Lues — ), e ) )s < Ce.

e If1 < p <2, thenj = p. Since (%[(u‘E —1)7]P"D)esg is bounded in L¥ (Qr x D),

we get

_ eE—0

e [ w0

B [ (5l = 9) 1P e — ) s

1
(ue =)~ [Lr(Qrxp) < CeP T
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By arguments similar to the ones used to obtain (3.2), we deduce

1

T
E sup |(ue —us)(t)|[5 < Cle+e7T) +C [ E sup | (ue —us)(7)|[3ds
te[0,T] 0 zefos]

and Gronwall’s lemma ensures that ()¢~ is a Cauchy sequence in the space L2(Q, C([0, T], H)).
O

At the limit as ¢ — 0.

From Lemma 3.14, Lemma 3.15 and Lemma 3.16, we deduce the following result.

Lemma 3.17. There exist u € LP(Qr, V) NL*(Q,C([0, T}, H)) NN (0, T, H) and (p, x) €
L7 (Qr, LT (D)) x LP' (Qr, V'), each one predictable, such that the following convergences

hold, up to sub-sequences denoted by the same way,

ue—u in LP(Qr, V), (3.8)

u. —u in L*(Q,C([0,T],H)), (3.9)

Alug,) = x in LV (Qr, V'), (3.10)
—%[(ue—w)‘]‘“ —~p, p<0 in LT(QrxD). (3.11)

Proof. By compactness with respect to the weak topology in the spaces LF(Qr, V),
L¥ (Qr, V') and L7 (Qr x D), there exist u € LP(Qr, V), x € LP(Qr, V') and p €
L‘7/(QT x D) such that (3.8), (3.10) and (3.11) hold (for sub-sequences).

Thanks to Lemma 3.16, we get the strong convergence of u, to u in L?(Q,C([0, T], H)) <
L%(Qt x D). Moreover,

e Since u, € N (0, T, H), a Hilbert space, u € N%(0, T, H) too.

e Since (A(u,, ")), is predictable with values in V’ (cf. Rmk. 3.3), the same applies
to x.

1 -
* Since u;, p € N%(0, T, H), — [(ue — ) ")7 ! is a predictable process with values
in L7 (D). Hence p is a predictable process with values in L7 (D) and p < 0

since the set of non positive functions of L7 (Q7 x D) is a closed convex subset
of L7(Qr x D).

+szv(0/ T, H) denotes the space of all predictable process of L?(Qr, H) (see [44, p- 36]).
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O
Remark 3.18. (initial condition and constraint).

e Since u, converges to u in L>(Q,C([0,T], H)) then uc(0) = ug converges to u(0) in
L2(Q, H) and u(0) = ug in L*>(Q, H).

e Thanks to Lemma 3.15, we deduce that (ue — )~ — (u— 1)~ = 0in LI(Qr x D)
and u € K.

Lemma 3.19. Under Hy, / .

[ e, yaw(s) — /.G(u,-)dW(s) in 12(Q,c([0,T], H))

0
when ¢ — 0.

Proof. By Burkholder-Davis-Gundy’s inequality [61, p.652], one gets

b

~ T _ ~
E sup | [ (G(ue,-) —G(u,-))dW(s)|3 < 3E/ |G (ue,-) — G(u, -)|éds
tefo,T] 70 0

(by using H3) < 3ME /OT |1e — u|3ds.
Since u; — uin L?(Q,C([0, T], H)) with u € K, one deduces
/O G e, YW (s) — / VAW (s) = /O G(u,)dW(s) in L2(Q,C([0,T], H)).
U

Lemma 3.20. We have p(u — ) = 0 a.e. in Qrand, Vo € K, p(u —v) > 0a.e. in Qr.

Proof. On one hand, by Lemma 3.15, we have

1 t » ~/
0< —2E [ {l(te =) 17, ue — )ds = -E/ (e — )~ (s) [ 7,ds < CeT~1 = 0.
0
On the other hand, by Lemma 3.17, we distinguish two cases:

e If p > 2then —%(ug—tl)) — pin L2(Qr x D) and u; — ¢ — u — P in L2(Qr x
D) by Lemma 3.16. Hence E [ [, p(u — )dxdt = 0 and p(u — ) = 0 since the

integrand is always non-positive.

e If2 > p >1then —%[(ue — )P = pin LV (Qr x D) and u; — ¢ — u — P in
LP(Q7 x D) by Lemma 3.16 and the same conclusion holds.
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One finishes the proof by noticing that if v € K, one has a.e. in Qr that,
=0 20
(p,u—0) = {p,u— )+ (p,1h —v) >0.

U
Our aim now is to prove that A(u,-) = x. We have for any t € [0, T|
+/ (ite, ) — (ug—lp)—]ﬁ—l ~ f)ds = u0+/0t G (g, -)dW(s),
and u(t) + /Ot(X+ o — F)ds = ug + /Ot Gu, -)dW(s).
Hence
wet) = u(t) + [ (Ao, ) =)+ (= H{lte=9) 1 = 0))ds = [ (o, )~ Gla, aw(s).

Note that (A(u, ) — x) + (—=[(ue — ¥)"]7' = p) € L¥(Qr, V') is predictable and

to
that / (G(ue,-) — G(u,-))dW(s) is a square integrable F;—martingale. Thus, we can
0

apply Ito’s formula [57, Theorem 4.2 p. 65] to the process u, — u with F(v) = %HUH%J to
get

— ] -
_||( - u HH +/ 1/[5, ) T X Ue — >d5+/0 <_z[(u£ - 1!))*]11*1 — P, Ug — 1/[>dS

—/ (e, ) — ( ))AW(s), /|G e, ) — G, ) Pods.

Let us consider in the sequel a given v € L (Qr, V) N L2(Q,C([0, T], H)) and ¢ €]0, T].
t

t t
e Note that [; = / (A(ug,-),ug)ds—/ <A(u8,-),u>ds—/ (x, ue — u)ds and
0 0

0

/0t<A(u£, ), Ueyds = /t<A(uU ) — A9, ), e — v)ds

+/ —vds+/ (ue,-),0

t
(Arld + A is T-monotone) Z/(A( e— 0 ds+/ (te,-),v >d5—7\T/ e — 0||3ds.
0 0
t 1 . t
E(I) :E/ _Z[ — ’]”7’1 e — U ds—E/ (p, e — u)ds
>E/ 1 ]qlll)—uds—E/ p, e — 1)ds.
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e Since I3 is a Fy-martingale then E(I3) = 0.

t
e Thanks to H3 we have E(I;) < ME/ [ue(s) — u(s) || Fds.
0

By gathering the previous computation and taking the expectation, one has for any
t €]0, T]

%EH(ue—u)(t)||%{+E/Ot<A(v,-),u5—v)ds-l—E/ot<A(uE,-),v—u)ds—E/ot<X,u5—u)ds

—i—E/()t(—%[(ug—q))]‘71,1[)—u>ds—E/Ot<p,u£—u>ds < (M+/\T)E/0t|]u5(s) — u(s)|3yds.

By passing to the limit as ¢ — 0, thanks to Lemmas 3.17 and 3.20 and by setting t = T

we get

E/ X,u—vds<E/ (p,u —)ds = 0.
We are now in a position to use "Minty’s trick” [66, Lemma 2.13 p.35] and deduce that
Au, ) = x.
So, the conclusion of this section is: under assumption Hy, there exists a unique (u, p) €
LP(Qr, V) x L7 (Qr, L7 (D)), both predictable, satisfying:

e uecL*Q,C([0,T],H))NKand p <0.
e Foranyt € [0, T]: —|—/ J+p— f)ds—uo-l—/ ,)AW(s).
¢ The first part of Lewy-Stampacchia inequality holds:

9 (1 — /0 Glu, )AW) + A(u,-) — f= —p>0 in LT(Qrx D).

e (p,u—1)=0ae inQrand, forany v € K, (p,u —v) > 0a.e. in Q.

3.3.2 The second Lewy-Stampacchia inequality in the regular case

The aim of this subsection is to prove the second part of Lewy-Stampacchia inequality.
For this, we used an idea inspired by [22]. Let u be the unique solution of Subsection

3.3.1 and denote by K; the closed convex set
Ki={veLlP(Qr,V), v<u ae inDxQr}.
We recall that u satisfies

(f+h—)—at(u—/o'c(u,-)dW)—A(u,-):h-+p, p<0, peli(QrxD)
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Consider the following auxiliary problem: (z,v) € LP(Qr, V) x LT (Qr, L7 (D)), pre-
dictable, such that

(i) zeL?(Q,C([0,T],H)), z(0)=uy and ze€Kj,
ii.) v>0, (v,z—u)=0ae inQrandVv € Ky, (v,z—v) > 0a.e.in Qr.

iii.) P-a.s.and foranyt € [0,T]:

+/vds+/ ds—u0+/ VAW (s +/ (f + ™ )ds

Note that the result of existence and uniqueness of the solution (z, v) can be proved

(3.12)

either by noting that (—z, —v) is the solution to the above problem with data: f =
—f—h",G(v,-) = —G(—v,"), A(v,-) = —A(~v,-), P = —u,ht = —pand h~ = h".
This can also be obtained by cosmetic changes of what has been done in Subsection

3.3.1, by passing to the limit in the following penalized problem:

- t
ze(t +/ (ze,-) (z8 —u) T — (f+h7))ds = uyg +/0 G(ze,-)dW(s)
z¢(0) = up,
where G(z.,-) = G(min(ze, u), ).
Moreover, 0;(z —/ G(z, )AW) + A(z,) — (f+h™) = —v < 0 in L7(Qr x D)
0
and z satisfies the following Lewy-Stampacchia inequality:

at(z—/o’c(z,.)dW) YAz )~ f<h in LT(QrxD).

We know already that z < u and our aim is now to prove that z = u. For that, it is

sufficient to prove that z > 1. Indeed, let us assume for a moment that z > 1), then

(pu—z)={pu—9)+(p,P—z)=(p,Pp—2z) >0.

Thus we have (v,z—u) =0and (p— v,u —z) = (p,u —z) + (v,z —u) > 0.
Therefore, applying Ito’s energy to

t)—z(t)—l—/ot(p—v)ds~|—/0t(A(u,-)—A(z,~))ds - /Ot(G(u,~)—G(z,-))dW(s)—/Othds.
yields forany t € [0, T]

t t
H(u—z ||H+/ z,),u — z)ds +/ (p—v,u—z>d5+/ (h™,u—z)ds
(Arld+Ais T- monotone)> Ar|lu— z||2 >0 (M25 >0
_ 2
—/O<(G(u,~)— 2,-))dW(s), u — z) / G(u 2, ) ds.
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By similar arguments leading to (3.3), we conclude that u = z.

To conclude this subsection, we need to prove that z > 1.
We know thatu > {sothatu —z = (u—2)" > (p —z)" and

u>z+W—2)T=z+z—-9)".

Using v =z + (z —¢)~ € Ky in (3.12)[ii.] yields (v, (z —¢) ™) < 0.
We have

t) +/Ot(V—h+)ds+/0t(A(z, =AY, -))ds = ug—(0) +/Ot(G(z,-) — G, ))dW(s).

As in the proof of Lemma 3.15, consider ¢;s(v) = / Fs(v(x))dxand S = {z < ¢}.
D
Applying Ito’s formula [57, Th. 5.3 p. 78] to the process z — 1, one gets forany t € [0, T

=0

ws(Z(t)—lP(t))Jr/ot(A(Z,') —A(Y, "), Fs(z =) d5+/t V—h+/F$(Z—1P)>dS—%(Ho:w(Oﬁ

= [4(6 (=)~ G, Naw(s), Fytz — ) + 5 [ 1\/FE e = 0)IG (=) ~ G, ] s

Note that

/W”% G w<—JH s)3lsds = W/w—>wwa

Taking the expectation and passing to the limit when 6 — 0,

« Vte[0,T), Eps(z(t) = (t) — Ell(z— ¥)"(1)[12p)

= 2(E [0, (=) ") + (v, — (2= ) )ds) > 0

0 NV

(thanks (3.12)[ii.]) >0

Those limits may be obtained by Lebesgue’s theorem and, for any ¢ € [0, T :

Ellz =)~ ()1 = C [ EllGz = 9)~(5) .
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Finally, Gronwall’s lemma ensures that 1) < z, and, as conclusion of this subsection,

we get z = u. Hence, u satisfies the second part of Lewy-Stampacchia inequality:
9 (1t — / G(u, )JdW) + A(u,) — f <h~ in LT (Qrx D).
0
From Subsection 3.3.1 and Subsection 3.3.2, we deduce the following theorem.

Theorem 3.21. Under Assumptions (H)-(Hg) and assuming moreover that h~ € L7 (Qr, L7 (D))
is predictable, there exists a unique predictable stochastic process (u,k) € LP(Qr, V) x
L7 (Qr, L7 (D)) such that:

i ucL?*Q,C([0,T],H)) NK, u(0) = u.
ii. k<0andVv €K, (k,u—v)>0a.e. in Qr.
iii. P-as, forallt € [0, T],

+/kds+/ ds—u0+/ YAW(s +/fds

iv. The following Lewy-Stampacchia inequality holds:

0 < at(u—/'c(u,-)dW)+A(u,-) f<h = (f—at(lp— /()'G(w,-)dW) —A(I,b,-))

0

3.3.3 Proof of the main theorem in the general case

First, we prove the following lemma which allows us to pass from the regular to the

general case.

Density result in the positive cone of the dual

Lemma 3.22. The positive cone of LP(Qr, V) NL2(Qr, L?(D)) is dense in the positive cone of
LY (Qr, V). Moreover, the positive cone of predictable elements of LY (Qr, V) N L2(Qr, L2(D))

is dense in the positive cone of predictable elements of LF' (Qr, V').

By a truncation argument, the same result holds for the positive cone of L? (Qr, V) N
LY (Qr, LP' (D)) (resp. predictable).

Proof. Since the proof of the lemma is mainly based on monotone arguments, it is
similar to the one proposed in [33, Lemma 4.1] ( see Appendix B.4) where one has just
to add the predictable assumption to the spaces of type L"(0, T, X) in [33, Lemma 4.1]
if needed.

O
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Proof of Theorem 3.10

Leth~ € (LY (Qr, V'))* predictable. Thanks to Lemma 3.22, there exists 1, € L7 (Qr, L7 (D))

predictable and non negative such that
hy — h~ in LP(Qr, V).
Associated with h,,, denote the following f, by,
Fo= (- /O G, JAW) + A, ) +hT —hy, KT € (LY (Qr, V'))* predictable too.

Note that f, € L¥ (Qr, V') is predictable and f,, converges strongly to f in L¥ (Qr, V).
Denote by (uy, ky) the sequence of solutions given by Theorem 3.21 where /i~ is re-
placed by h;,.

By Lewy-Stampacchia inequality, one has 0 < —k;, < hy,.

For any ¢ € LP(Qr, V), it holds that

T
/ l’l/ |dS<E/ +dS+E/ —
SE [ ()5 4 E [ 070 < 2l g, 190lercap v

Since (), converges to ki in LP' (Q, V'), one gets that (k,,),, is bounded independently

of nin LY (Qr, V') and therefore (k,), is bounded independently of n in L¥ (Qr, V').

Let n € N* and applying Ito’s energy formula to the process u;, one gets for any
€ [0, T]

Snn() i+ [ Al wi)ds = Sholfy + [ (—uyuadds + [ o)

+/ (Uy, - )AW(S), Un) 2/ |G (1, - )\st

Since f, converges to f in LY (Qr, V'), it holds that (f,,), is bounded independently of
nin LP' (Qr, V'). Therefore, by Young’s inequality, we get

E/| — Ky ) |ds < E/ liea ($)11ts + ClLfa = kalll

By Burkhdlder-Davis-Gundy’s inequality and Young’s inequality, there exists 6 > 0
such that

E | sup | [ (Gl aW(), 0] | < 2E sup un(t) i+ mnk [ ful)Fods + ol
te[og—'} 0 ns s Un = tE[O,PT] n H 25 0 n H 25 Ll(QT).
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With a convenient choice of § (e.g. 6 = }I) and using Hj 1, H3 7, one deduces

E sup un() i +E [ lua(o)lfs < CO+E [ sup un(o)]3s).
te[0,T] 7€[0,s]

By using Gronwall’s lemma, one concludes that (u,), is bounded in LP(Q7, V)N
L2(Q,L>(0, T, H)).

Now, we present the following lemma about the strong convergence of (i, ).

Lemma 3.23. (u,), is a Cauchy sequence in the space L*>(Q,C([0, T], H)).

Proof. Letm,n € N*and ¢ > 0. For any ¢ € [0, T| and P-a.s, we have
Un(t) — up(t +/ (kn — ki ds+/ (un, ) — Ay, -))ds

—/ (tn, ") — um,-))dW(S)-I—/O (fn — fm)ds

Applying Ito’s energy formula, one gets for any ¢ € [0, T],
ot = ) HH+/’ (i)~ Al )t
t

—|—/ (tn, ) — G(tm, .))dW(s),un —Up) + % /Ot |G (un, -) — G(um, .)|2st.

Similarly to the proof of Lemma 3.12, one deduces

E P 1t = ) (D1 < Cllfou = finll ot (o, [0 = tmll oy, v
telo,T

Since f,, converges strongly to f in L¥ (Qr, V') and (u,), is bounded in LP(Qr, V), it
holds that

E/ — fons thy — tp)ds < || fu —fm||Lp'(QT,V/)||un — tmlrr(ar,v) < Ce,

for big values of n and m. Therefore (u,), is a Cauchy sequence in the space L?(Q, C([0, T], H).
U

Since (uy)n is bounded sequence in LP(Qr, V) of predictable processes, Rmk. 3.3
and H 3 yield that (A(u, -)), is a bounded sequence in L? (Qr, V') of predictable pro-

cesses.
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By compactness with respect to the weak topology in the spaces L (Qr, V) and
L¥ (Qr, V'), there exist u € LP(Qr, V), x € L¥ (Qr, V') and k € LP' (Qr, V'), each one
being predictable, such that (up to sub-sequences denoted by the same way)

upy = u in LP(Qr, V), (3.13)
Alup,) = x in LP(Qr, V'), (3.14)
ke =~k in LY(Qr, V). (3.15)

Thanks to Lemma 3.23, we have the strong convergence of u,, to u in L?(Q, C([0, T], H))
thus in L2(Qr, L2(D)) and u € N3,(0, T, H).

Since (—k,) € (LP'(Qr, V")) and —k, — —k in L (Qr, V'), we deduce that —k €
(LF (Qr, V")t Indeed, let ¢ € LP(Qr, V), ¢ > 0 then

T
E/ —k, p)ds = hm E (—kn,<p>ds > 0.
Remark 3.24. (initial condition and constraint).

e Since uy converges to u in L2(Q,C([0, T], H)) with u,(0) = ug, one has that u(0) =

up.
e Since K is a closed convex subset of LF(Qr, V), it holds that u € K.
Similarly to the proof of Lemma 3.19, one gets
/OG(un, )AW (s) %/ ,VAW(s) in L2(Q,C([0,T], H)) when n — co.
So, at the limit, we have a.s. and for any ¢ € [0, T|

+/kds+/xds—u0+/ )dW (s +/fds

For any n € N*, we have a.s. and for any t € [0, T|

t t t t
t)+/0 knds+/0 A(un,-)ds:uo—l—/o G(un,-)dW(s)—l—/O fuds.
Note that (A(in,-) — x) + (ke — k) + (fa — f) € LF'(Qr, V') is predictable and
t
/ (G(un,-) — G(u,-))dW(s) is a square integrable F;—martingale. We can apply Ito’s
0

1
formula [57, Theorem 4.2 p. 65] to the process u, — u with F(v) = 5 0|3 to get

t
o = )OI+ [ (A, ) ~ Xt = s+ [ Gy~ — s

(! I (1

r/ G, ) — (u,-))dW(s),un—u;+%/0t|G(un,-)—G |st+/ f
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Thanks to Lemma 3.20, (k,;, u, — 1) = 0 and one has

(ky —k,up —u) = (kp, un —u) — (k, upy — u)
= (kp, un — ) + (kn, Y —u) — (k, up — u) = (kn, Y —u) — (k, u, — u).

Therefore

—0

/\\

Y

T T T
E/ (ky — k,up —u)ds = E/ <kn,1[)—u>ds—E/ (k, u, — u)ds
0 0 0

T
—>E/O (k, —u)ds > 0.

Since f,, converges strongly to f in LF' (Qr, V'), (3.13) ensures that E(I3(T)) — 0.
Similarly to the last part of Subsection 3.3.1, one has: E(I;(t)) = 0, E(I(T)) — 0 and,
forany v € LP(Qr, V)N L2(Q,C([0, T], H)),

T T
E/(kw—w%+E/<A@)—Lu—w%§O. (3.16)
0 0

T
By setting v = u in (3.16), one has E/ (k, ¥ — u)ds < 0. Therefore
0

T
EA<&¢—@%:Q

Since —k € (LY (Qr, V'))*, —k(t, w) € (V') ae. in Q. Hence, (k(s, w), P —u) > 0
and (k(s,w),p —u) =0a.e. in Qr.

By (3.16), we get E /0T<A(v, ) — x,u—v)ds < 0, then, using "Minty trick” one con-
cludes that y = A(u, -).

Letv € K, then a.e. Qr, we have (k,u —v) = (k,u — ) + (k,p —v) > 0.

We deduce the existence result of Theorem 3.10 for general f. Atlast, Lewy-Stampac-

chia inequality is a consequence of the passage to the limit in the one satisfied by u;,.
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Work in progress & Outlooks

I-A Lewy Stampacchia inequality for a pseudomonotone

parabolic problem with measure data.

As an extension of the result presented in the second chapter, an interesting question
is to study the same problem with non regular data (measure and L!-data). In a joint
work with O. Guibé and G. Vallet, our aim is to investigate the Lewy-Stampacchia

inequality associated with the following problem

(%—? —divia(t,x,u,Vu)|— f=pn in Q,

u(t=0) =ug in D,

u>P in Q,

u(t,x) =0 on oD x [0,T],
(w(u—¢y)=0and p>0 in Q,

where D is a Lipschitz bounded domain of R%,d > 2 with Lipschitz boundary oD,
1 < p < d, T apositive real number and denote Q =)0, T[xD. u — —div|a(t, x,u, Vu)]

is a pseudomomotone operator.

Note that the non regularity of the data leads us to look for an appropriate formu-
lation to define the solution of the problem. Following the same arguments as in [64],
an entropy formulation seems to be an adequate one. The idea is to regularize the data
and use the result of the second chapter, then get some a priori estimates and passing

to the limit. It's worth noting that a density argument is needed to pass to the limit.
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II-A Lewy Stampacchia inequality for a stochastic conser-

vation law.

In a joint work with I. Biswas and G. Vallet, we would like to study a stochastic non-
linear first order conservation law under an obstacle condition associated with a Lewy-
Stampacchia inequality. i.e., given an obstacle 1, one looks for a L?(R)-valued pre-

dictable process u such that 0 < u < 1p and satisfying formally the problem.

du(t,x) —divf(t, x, u(t,x))dt = g(t,x, u(t,x))dt + G(t,u(t,x))dW(t), x€Qr,

u(0,x) = up(x), x € R4,

where Qr = R? x (0, T) with T > 0 fixed, uo(x) is the given initial function satisfying

the constraint.

The idea is to use the result of the third chapter to show the existence and unique-
ness of a viscous solution and study the regularity and boundedness results of such a
solution. Then, using the compactness argument of Young measure theory to establish
the existence of Young measure valued process. The last step is to compare between
the viscous solution and the Young measure valued process to obtain the uniqueness

by using Kato’s inequality.
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Appendix A: Examples of numerical

illustrations

In this part, we propose some numerical illustrations of the solution of the obstacle
problem (A.1) and, at the same time, we compare them to the numerical solution of the
free problem i.e the stochastic heat equation when the constraint u > 0 is ignored.

To the best of the author’s knowledge, there doesn’t exist in the literature numerical

studies of stochastic obstacle problems.

Consider the following problem:

(du—ocuxxds+kds:fds+audw in ]0,1[xQx]0,1],
u(t=0)=uy>0 in L2(0,1), a.s.,

u>0 in [0,1] x Q x [0,1], (A1)
u(0,t) =u(1,t) =0 on Qx[0,1],

(k,u) =0 and k<0 in Qx[0,1]

where @ > 0,0 € R and f is a smooth function. By [61, Thm 5] or the above Theorem
3.10, there exists a unique solution (u, k) to Problem (A.1) in the sense of Definition
3.7 with p = 2 and D =]0, 1|. Moreover, the following Lewy-Stampacchia inequality
holds

0§8t<u—0/.udw> —auyy—f<h™ =f".
0
Note that thanks to Remark 3.6, this basic situation of a constraint of positivity

with a vanishing stochastic reaction term at 0 can be an illustration of a more general

situation.
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Inspired by Chapter 3, our aim is to present some numerical illustrations of the
stochastic obstacle problem (A.1) via a penalty method, i.e. an approximation by the

family (P: )0 of penalized problems:

t

ut(t) — /Ot(cxufcx - %[(ue)_] + f)ds = uy + O'/O u®(s)dW(s)

“(0) = uo,
£0,t) =u(1,t) =0 on Qx[0,1].

P: : (A.2)

u
u
For that, one needs a suitable choice of the small parameter ¢ compatible with the space

and time discretization steps.

1
Let us denote by At = N the time step of the uniform discretization of the time-
1
interval [0,1], {to, - ,tn} are the points of this discretization. Similarly, Ax = i
is the uniform space step discretization of the space-interval [0,1] and {xq,-- -, xp}
are the points of the space discretization. Then, following what is usually done in the
deterministic case (see e.g. [67]), one sets ¢ = At = (Ax)? to ensure the convergence of

the scheme (A.3) below to the solution of (A.1).

Denote by LI; the approximate solutions at time #;, computed at x; when U is given by
the initial condition, via Uy = {uo (xl), s, uo(xM_l)}.
We consider the following approximate discretized problem obtained via a penalty

method, a stochastic ” Saul’yev scheme” (see [30]) i.e

1 - . 1. ol At
ul = +/3(/3ui_1 +(1-pu +pul T+ T3 p W) = Wltin) + 15 f (ti-1, %))
t io\— . .
- (U <1< — <1<
+£(1+ﬁ)(u1_1), 1<j<M-1, 1<i<N,
Uy =up(x;), 1<j<M-1
u=uMt=0, 0<i<N,
(A.3)
where 3 = oc(AA—xt)z.

We wish to draw the reader’s attention that all the numerical simulations are im-

plemented with the free software Scilab.
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Example 1 (see Figure 3.1 and 3.2)

¢ This example is implemented with the following data:
up(x) =sin(nx),a =1, f(x,t,w) = 0,0 =2, N =900 and M = 30.

Example 2 (see Figure 3.3, 3.4 and 3.5)

* This example is implemented with the following data:
up(x) = sin(nx), a« =1, f(x,t, w) = 3 cos(4nt),c =2, N = 900 and M = 30.

Comments on the numerical examples

* Figure 3.1is devoted to the numerical illustration of the first example, we present
the deterministic problem; free (without the penalization-term) and obstacle in
the Figures 3.1a and 3.1b resp., a sample path for the associated stochastic prob-
lems is plotting in the Figures 3.1c and 3.1d. Then we plot in the Figures 3.1e and
3.1f the mean of the stochastic problems; free and obstacle, by using Monte Carlo
method with 2000 sample paths. Finally, we chose two points, one close to the
boundary x = 0.1 (Figure 3.1h) and the second in the middle x = 0.5 (Figure
3.1g) to present the trajectories corresponding to the previous figures.Then, to be
more precise, we plot the trajectories of the free problem in full line and the ob-
stacle problem in red dotted-line at the points x = 0.1 and x = 0.5, separately as

shown in Figure 3.2

One can see that, as expected, the solution of the free and obstacle problems co-
incide and both of the solutions are positive (satisfy the constraint), this fits per-
fectly with the theoretical results, since the maximum principle is fulfilled in the

tirst example.
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* Figure 3.3 is devoted to the numerical illustration of the second example, we
present the deterministic problem; free and obstacle (without the penalization-
term) in the Figures 3.3a and 3.3b resp., a sample path for the associated stochastic
problems is plotted in the Figures 3.3c and 3.3d. Then we plot in the Figures
3.3e and 3.3f the mean of the stochastic problems with 5000 sample paths; free
and obstacle. Finally, we chose two points, one close to the boundary x = 0.1
(Figure 3.3h) and the second in the middle x = 0.5 (Figure 3.3g) to present the
trajectories corresponding to the previous figures. Then, to be more precise, we
plot the trajectories of the free problem in black-line and the obstacle problem in

red-line at the points x = 0.1 and x = 0.5, separately as shown in Figure 3.4

One can see that, as expected, the trajectories of the free and obstacle problems
are the same before the first time-contact with the obstacle. When the constraint is

active for Problem (A.3), the solution is equal to the constraint 0, else it is positive.

* In the Figure 3.5, we present the simulation of the deterministic problem (i.e.
when o = 0) in black-line and the mean of 5000 trajectories of the stochastic
problem in red-dotted-line. Figures 3.5a and 3.5b represent the simulations of
the problem without constraint and Figures 3.5¢ and 3.5d are concerned by Prob-
lem (A.3).

As expected for the linear heat equation (case of Figure 3.5a and 3.5b ), the mean
of the stochastic paths coincides with the solution to the deterministic problem.
The situation is slithy different for the problem with constraint. Indeed, even
if the constraint is deterministic, the penalization, and the Lagrange multiplier
at the limit, induces a non linear term. Thus, the mean and the deterministic

solution may differ.
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(h) Pathwise trajectory at x=0.1.

Figure 3.1: A numerical illustration of the 15 example
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Figure 3.2: Pathwise of deterministic and stochastic problems at x=0.1, x=0.5 of the 15

example.
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Figure 3.3: A numerical illustration of the 2" example.
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Figure 3.5: The deterministic and the mean stochastic problems with 5000 paths at

x=0.1, x=0.5 of the 24 example.
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Appendix B: Some results on functional

analysis

1. Strong continuity in L?(D)

Proof of Lemma 2.1
We consider the following notations in the sequel: V(D) = W'?(D) N L2(D), Vo(D) =
W,? (D) N L2(D) and V/(D) = W-1# (D) + L3(D).

Remark 3.25. This result is not the usual one since u and dyu are not in spaces being in
duality relation and few words are needed concerning the time-derivative. Note that both
V(D) and V(D) are dense subspaces of the chosen pivot space Ly(D) so that it can be iden-
tify to a subspace of V'(D) or (V(D))'. Therefore, u, as an element of LP(0,T; V(D)) <
LP(0,T; L*(D)), has a time derivative in the sense of D'(0, T; L?>(D)) — D'(0,T;V'(D))
and it is assumed to belong to L¥' (0, T; V'(D)).

Proof.

1. For D = RN, we have W&’p (RN) = WLP(RN), therefore we can identify V/(RN)
with the dual of V(RN). By considering the triple V(RV) = L2(RN) = V/(RN),
thanks to [70] (Prop. 1.2 p. 106), one has u € C([0, T], L>(RN)).

2. D=RY ={(¥,xy) €RN; xy > 0}and RN = {(x/,xy) € RN; xy < 0}.
Claim: u € LP(0, T; V(RY)), 9u € LP (0, T; V/(RY)) = u € C([0, T], L2(RY)).
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Indeed, consider the following extention

u(t,x', xn); xy >0
i(t,x', xN) = ( N N
—3u(t,x', —xn) +4u(t,x', —2xy); xn <O0.

Note that i € LP(0, T; V(RN)).
Let’s estimate 91, for ¢ € C(]0, T[xRN) one gets

/ / a(t, x)orp(t, x)dxdt = / / —xn) + 4u(t,x', —2xn))orp(t, X', xn)dxdt

+ / / u(t, x)orp(t, x)dxdt.

T T
Since/ / —3u(t,x’,—xN)atm(t,x’,xN)dxdt:/ / —3u(t,x', xn)orp(t, x', —xN)dxdt
0 JRN 0 JRY

T T X
du(t,x', —2xn)0r0(t, X, ddt:/ / 2u(t, ¥, xn)oro(t, ¥, — N )dxdt.
/O/RNu(x xn )9t (t, X', xN)dx A Ryu(xxN)t(p(x 2)x
Then

/ / i(t, x)0rp(t, x)dxdt

— / L@(o(t, x',xn) =3t X, —xn) +20(t, ¥/, —xTN))u(t, x, xn )dxdt.
0 JRN
Remark that
W(tx) = ot ¥, xn) — 39(t, ¥, —xn) + 20(t, ¥/, —%N) =0 if xy=0

and 0y (t, x) = 0if x5y = 0, which implies p € WL (0, T; Vo(RY)).

Since
XN
[l rvamyy = ot xn) =3 (b, —xn) + 2006, =25 luso ey
< lo(t, x", xn) | Lp 0,0 1)) + 311 (8 X", XNl Lo 0,710 (1))
+3\/§||<P(f/x/rxN)”Lp(o,T;VO(RN))
< 6V2]l@ll oo, r.vmy))-
Then
T

|/ o)dt| = |/0 /Ri’ udrpdxat| < (|9eul| o 7)) 1%l Lo o0, mov ()

< 6\/§||atu||Lp'(o,T;Vf(Ry))||<P||Lp(o,T,-V(RN)) = Cllollrro,1:v @N))-

Thus 9;ii € L (0, T; V/(RN)). By (1.) we conclude that 7 € C([0, T], L2(RN)) i.e
u € C([0, T}, L2(RY)).
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3. Let us recall the following result from [24](p.3).
For all 2 € 9D, there exist an open set O C RN such that 4 € O, an open set
WCRN-Lr>0and T: W x [0, 7[— RN satisfying:
- T is a bilipschitzian homeomorphism between W x [0,7[ and D N O, T(W x
{0}) = 0D N O and there exist &« > 0 such that JT > a on Wx]0, r[ where JT

denote the Jacobien of T.

4. Thank’s to (3.) we cover the boundary dD by the transport (O;, T;)i—1 ... , and
we add an open set Oy relatively compact in D such that D C (!, O;. Then,
we define a partition of unity (y;)i—g ... , associated with the previous covering.

First, we prove that

u e LP(0,T;V(D)),du € LV (0, T; V'(D))

\
Vi=0,---,m; yu€LF(0,T;V(DNOy)),d(viu) € LV (0, T; V(DN Oy)).
0 Y ou B 0 __du
Note that a_JCk(Ylu) - a_u + a 5o Yis k=1,---,Nand &(71”) - Vzg where

the derivative is taken in the sense of distributions in |0, T[x (D N O;).
Then we can deduce that y;u € LP(0, T; V(D N O;)).
Let’s estimate d;(y;u), for ¢ € C°(]0, T[x (D N O;)), one has

|/0T<at(%u)/<0>df| = |/OT<atu,7/i(P>df| = I/OT /Dmo,”(tfx)at(Yi‘P)(t/x)dth|

(since yip = 0 outside DN O;) = | /0 ! /D u(t, )3 (vie) (, x)dxd]
< ||afu||Lp’(0,T;V/(D))||7/i(p||LP(O,T;V0(D))'
Note thatT||7/i(P||LP(O,T;V0(D)) = lviellro,1,v0(0n0y)) < Vil oy @l e 0,1;v4(DR0)))-
Then |/O (0 (viu), w)at| < 10wl 1yt o 7.y oy 1Vill L= 0 @l Lr 0,570 (DROY)
< Cllellwr(o,1;v4(pn0;)-
Therefore 9 (y;u) € LP (0, T; V(DN O;)).
Secondly,wehave Vi=0,---,n; viu € C([O, T],L*(DN0Oy))] = u € C([0, T], L*(D)).

Indeed, Since Z% u(t,x) € C([0, T], LZ(U(DH 0;))) = C([0,T], L*(D)).
i= O i=0

Then u(t, x) Z)/, x) € C([0, T], L*(D)).

Hence, it suff1c1ent to prove, foranyi =1, - -, n, the following

[y € LP(0, T; V(DN Oy), vidm € LV (0, T; V(DN Oy))] = yiu € €((0, T), 1A(DNOy)).
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5. Foranyi =1, ,n; the property is transportable.

Note that, if (y;u) o T; € C([0, T], L>(W;x]0, 7;[)),then y;u € C([0, T], L>(DN O;)).

We have the following result

yiu € LP(0, T; V(DN O;)), yiou € LF (0, T; V(DN O;)
4
(viu) o T € LP(0, T; V(W;x]0,7i])), (videu) o T; € LP' (0, T; V! (W;x]0, 7i)).
T
Indeed, wehave/ lyvi(x)u(t, x)|Pdxdt = / / lvi(T;(x))u(t, T;(x))|P|JT;|Pdxdt.
DNO; W;x]0,r|

Hence / | it tx)Idedt>ocP/ /WX]OY 54 (T () )uu(t, T () | Pt
Since V[(yi(x)u(t, x)) o Ty(x)] = (DT;)"V[(vi(Ti(x))u(t, T;(x))]. Then
[(DT)T] 'V [(vi(x)u(t, x)) o T;(x)] = V[(3i(Ti(x))u(t, Ti(x))].

Note that the inverse of (DT;)T exists because JT; > o; > 0 and ((DT;)T)!is

uniformly bounded and we can deduce that
V(i Ti@))u(t, T (DT ™ ool VI(vi(x)u(t, x)) o Ty(x)]]
< Mi|V[(vi(x)u(t, x)) o Ti(x)]].

So, one has

MP/ /Dmo [vi(x tx)]|l’dxdt>/ /Wx0rl[ V{(yi(Ti(x))u(t, Ti(x)]|P|J T;|Pdxdt.

Hence
MF’

[ IVt Pasde > [© [ VIl o)t i) P

Therefore yiu € LP(0, T; V(DN O;)) = (yu) o T; € LF(0, T; V(W; x]0,1i])).
Now, for ¢ € C°(]0, T[xW;x]0,r;]), we can estimate

[ @) o Togpa = | [ /WX]O? Jut, i) rp(t, )
[ st T ) Tyt

MlHaquLp (0,T,V/(Dx0;) ||(pOT ||LP(0,T;V0(D><Oi))

IN

IN

Mi”atuHLPI(O,T,V/(DXOI'))C(’TI) H(p”Lp(O,T;VO(WiX]OrriD)

IN

Cille|| LP(0,T;Vo(W; x]0,ri]))

and 9;(y;u) o T; € LV (0, T; VI(W;x]0, 7).
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6. Extension an elements of L¥' (0, T; V'):
If O and U are two open sets of RV, K C O a compact. Then there exists C
depends on K and O such that: forall L € LP (0, T; V/(UNO)) witha support on
K, an element L can be extended by 0 for an element L of L¥' (0, T; V/(U)) and

u)) < C||LHL,,/(

HLHU’/(O,T;V’( 0,T;V/(UNO))*

Let & € C(O) such that & = 1 on neighborhood of K.
For ¢ € C(]0, T[xU), define

T _ T
/0 <Lr(P>V/(u),v0(u)dt:/0 (L, E@)vi(uno),vo(uno)dt.

This map is well defined because &p € C(]0, T[x (O NU)), since ¢ ensures
the annulment on the neighborhood of dU and ¢ ensures the annulment on the
neighborhood of 90.

T
By definition, L with a support K means / (L, @)dt = 0 for all ¢ satisfies supp(¢) N
0
K = (). Hence

T ~
/0 (L, @)y (), vyu)ydt < ||L|’Lp’(oj,.v/(umo))H&PHLP(O,T;VO(OmLI))
< C(‘E) HLHLP/(OIT;V/(UQO)) H (p”LP(O,T;VO(U))°
Since ¢ depends only on K and O, then C(¢&) also.

7. We prove the property on D as following:

- For i = 0, since supp(yp) is compact on D we can extend you on RN by 0.
Then (1.) and (6.) ensures that you € C([0, T], L>(D N Op)).

- For i > 1, we start by using (5.) which ensures us that it is suficient to
prove the property for y;u o T; on D; = W; x|0, r;| but the support of this function
contained in supp(y; o T) which is compact in W;x]0, r;].

- Denote by yi/uo\Ti The extention by 0 of the function y;u o T; on RQ\_] .

- Thank’s (6.) and (2.), one gets that this extention y;u o T; is an element of
C([0, T], L*(RY)), therefore y;u o T; € C([0, T], L>(W; x]0, ,[)).
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2. Compactness when p < 2.

Concerning the compactness argument in L”(Q) when p < 2: note that there exists an
integer k > 1 such that Wg’P(D) = L¥ (D) so that

Wy (D) — Ve LP(D) = (LY (D)) < W (D) and V' — W (D).

Remark 3.26. Let us justify that the identification LP (D) = [LV (D)]’ is possible if L2(D) is

already chosen as the pivot-space.

Indeed, one has: L¥ (D) = L?(D) = LP(D) with reflexive B-spaces, so that
LF(D) = L2(D)’ = L¥ (D).
Consider T € LV (D) and T, € L%(D) such that T, — T in L¥ (D)’. Then, by the
pivot-space identification, there exists u, € LZ(D) such that T,, = u, in the sense of
Riesz-identification.

Then, for any v € L¥' (D) with norm 1,

| [ o] < 1Ty + 1T = Tl

|”"‘ppil, one has that the sequence (u,) is bounded in

HunHLP
LP(D) and that, up to a subsequence if needed, it converges weakly to a given u in

LP(D).
Thus, for any v € LF’/(D),

By considering v = Sgn(uy)

(T,v) = lim(Ty,v) = lim/ unvdx :/ uvdx.

Since this element u is unique in its way, the identification holds.

Then, since the embedding of V is compact in L?(D), by Aubin-Lions-Simon com-
pactness theorems, if a sequence is bounded in W (0, T), it is also bounded in WY»? (0, T, V, W—%¥' (D))}
and relatively compact in L7 (Q).

tthe space of functions u € LP(0, T; V) such that 9,;u € L¥' (0, T; W—%¥'(D)).
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3. Mignot-Bamberger / Alt -Luckhaus integration by part formula

Proof of Lemma 2.15

Thanks to the assumptions, ¥ is a measurable function on Q x R and A is a Carath-

éodory function on Q x R. Moreover,

W(t,x, A)| <|W(t = 0)| + /Ot 10 (s, x, A)|ds < (T +1).(t, x) + |A]%,
IA(E %, A)| <|A — 4] [(T+ 1).1(t, x) + |A|ﬂ < C(T,a) [|7\|2 2t x) + h(t x) + 1

so that A,V € L2 (R,L?*(Q)) and the Nemitskii operator associated with A is

loc

continuous from L2(Q) to L}(Q). Concerning the time-derivation of A, for any ¢ €
D(Q x R), Fubini’s theorem yields

A
—/ A(t,x,/\)at(p(t,x,A)dtdxd/\:—/ / W(t, x, T)dTdrp(t, x, A)dtdxdA
OxR QxR Ja
A
:_/ / W(t,x, T)dp(t, x, A)dtdxdAdt
a JOxR
A
_ / / AV (t, x, T)@(t, x, \)dtdxdAdT
a JOxR

A
:/ / oY (t, x, T)dt(t, x, A)dtdxdA.
OxR Ja

As a consequence,
A

8t/\(t,x,7\)=/ QY(t x, T)dT, ’at/\(t,x,/\)‘§|A—a|h(t,x)§|7\|2-|—h2(t,x)/4+|a|h(t,x)
a

so that the Nemitskii operator associated with d;A is continuous from L2(Q) to L}(Q).

Thanks to the assumptions, u € C([0, T], L?(D)) and one extends u to i in R by
i(t) =ugift <Oanda(t) = u(T)sit > T.
Therefore, if I; := (=1, T+ 1), @ € LP(I;, W'P(D)) N L*®(I;,L?(D)) N C(L;, L*(D))
such that 9,11 € LV'(I;, V') with 9;ii = O when t < 0 or t > T.
Similarly to u, denote by ¥ the extension to I; of ¥ in the same way and by A the

corresponding integral as introduced in the Lemma.
For any fixed 0 < i << 1, let us denote by

a(t+h) —u(t) i(t) —

t—nh
h , wp:it— ( )

ot

i
h
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Consider 3 € D(I;) and h, small enought so that suppf3 + [—h, h] C I;. Then,

/ bt = h/ (t+h) — h/ dt—% a(r) B

=1 [ als -~ s> - [ TlHﬂ(t)ﬁ’(t)dt in 12(D)

__ /OTu(t)ﬁ’(t)dt +u(T)B(T) — upB(0);

similarly,

/wh(t bt = h/ () — @ h)]ﬁ(t)dt:%/Ila(t)ﬁ(t)dt—% a(H)B(t + h)dt
1 T+1
= [ a()[B(r) - B(t+h)ldt — —/ a(t)B (t)dt  in [X(D)

I 1

- /OT u(t) B (t)dt +u(T)B(T) — up(0),

so that v, and wj, converge to d;i in D'[I;, L?(D)], thus in D’'[I;,V’]; and to d;u in
D'[0,T,L?>(D)] and D’'[0, T, V'].

Moreover, by [14, Corollary A.2 p.145], the properties of Bochner integral and since
d¢it = 0 outside (0, T),

1 rtt+h /
/ lon(®) 15t = / ||/ ds||”dt§/ —/ |9¢ia(s) ||, dsdt
< E/ / ||0¢7i(s) | |p dsdt——/ / ||0¢ii (s ||V,d5dt
I
1T+1+h t - )
/1+h / Hatu(s)HV/dsdt—E/h /_1 lovia(s) | Fhdsdt

T+1+h " 1ol gt T y
/ losa(s), dsdt—ﬁ/_l /_1\|atu(s)]|v,dsdt:/0 19 (s)]| 1 ds.

T+1
Since vy, already converges in the sense of distributions, as a consequence of the above
estimate, one may conclude that v;, converges weakly to d;i in LY [[1, V'] and to osu in
LYo, T, V'].
Similarly, wj, converges weakly to 0;1 in LY [I1,V'] and to d;u in LY [0, T, V'].

For any 3 € D(I;), one has that ¥(-, i) € LP(I;,V), since L?(D) is identified with its
dual, one gets that
/ 0,0 (-, u(t)) Bdxdt — / <o, (-, a(t) > pdt — [ <, V(- a) > Bdt,
IixD L I

/ wh\I’(-,a(t))[dedt:/ < wy, V(- a(t)) > Bdt — /1 < 31, V(- ) > Bdt.

L xD L
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Let us recall that a is a given real and A(t,x,A) = [} ¥(t, x, T)dr. Since ¥ is
a non-decreasing function of its third variable, for any real numbers u and v, one has
v
(v —u)¥(t, x,u) < At,x,v) — A(t,x,u) = / Y(t,x,7)dt < (v —u)¥(t, x,0).
u

Thus, assuming moreover that 3 is non-negative,

[@(t+h,x) —a(t,x)|¥(t, x, a(t))B [A(t, x,a(t+h)) — A(t, x,i(t))]B

[@(t+h,x) —a(t,x)]¥ (¢t x, i(
[i(t,x) —a(t —h,x)|¥(t,x,a(t—h))p [A(t, x,i(t)) — A(t, x, i(

(VAN VAN VAN VAN

and, for & small enough to have supp8 + [—h, h] C I,

A a(t+h) = A, a(t))

/IlXDvhﬁ‘I’(-,u(t))dxdt g/ Bdxdt g/ v BY (-, i (t + h))dxdt,

L xD h L xD
o ACa(t)) — A( a(t —h) o
/IlXth[j\y(-,u(t—h))dxdtg/IlXD . /dedtg/IlXthﬁ\P(~,u(t))dxdt,
so that
liming [ ACEEER) ZACAG) g / < o, W(-, 1) > Bdt = /T < W u) > B,
LxD h_ L 0
lim sup AL i) _A("u(t_h))[sdxdt < / < 01, U(-, 1) > pdt = /T < 9u, Y(-,u) > Bdt.
LxD h L 0
Moreover,
/ At x,a(t+h)) — Alt, x’a(t))ﬁ(t)dxdt
LxD h
:% IlXD/_\(t—h,x,a(t))ﬁ(t—h)dxdt—%/IlXD/_\(t,x,ﬂ(t))ﬁ(t)dxdt
_ [ Azhxa®) = A EO) gy pygegry [ BETR BB A ai)anar
L xD h LxD h
and
/ Altx,8(0) = Al x it =1) g
hxD }f
:/ /\(t,x,ﬁ(t))—/\(t+h,x,a(t))[3(t+h)dxdt+ ﬁ(t)_ﬁ(Hh)/\(t,x,a(t))dxdt.
L xD h L xD h
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One gets, by passing to the limit, and thanks to the time-extension procedure,

At —h,x,a(t)) — A(t, x,i(t))
I1xD h

T
Z/ < dpu, W(-,u) > Bdt + A(-, ) dt
0 11><D

lim inf

B(t — h)dxdt

:/OT < A,V (u) > 5dt+/ ﬁdt—l—/ (0, x, uo)/s(())dx—/ A(T, x, u(T)) B(T)dx

D
At x,a(t)) — A(t+h,x,1(t))
I1xD h

> lim sup B(t+ h)dxdt.

Note that

At—h,x,a(t) — Alt,x, a(t)) B 1t
/IlXD i Bt —h)dxdt = — /leD i |, (s, x () B(t — h)dsdxdt.

Since, |0;A(s, x,1(t)) B(t — h)| < ||Bllco]ii(t, x) — alh(s, x) is an integrable function, the
properties of the point of Lebesgue (steklov average) yields

/IlXD A(t—h,x, L_l(t)})l — A(t, x,1(t)) B(t — h)dxdt — — L OtA(t, x,(t))B(t)dxdt

/ oA(t, x, u(t))B(t)dxdt.

A(t,x,a(t)) — A(t+h, x,i(t))
h

Since the same holds for lim sup B(t+ h)dxdt, and

11 xD
if B is regular and non negative, one gets that:

T
VB € DT ([0, T]), /O < o, Y(-,u) > Bdt
—/ (T, x,u(T))B(T )dx—/D/\(O,x,uO)[S(O)dx—/

Q

Since f3 is involved in linear integral terms, a classical argument of regularisation

A( u)Bldt — /Q QAL x, u(t)) B(£)dxdt.

yields the result for any non-negative elements of Wwleo (0, T), then for any elements of
WL (0, T).
Since T is arbitrary, the result holds for any t and s = 0, then for any t and s by

subtracting the integral from 0 to s to the one from O to ¢. O

Remark 3.27. As a consequence,

i[/ /\(t,x,u)dx] =< o, Y(t,x,u) > —1—/ OiA(t, x,u)dx in D' (0, T)
dtl/p D

and has it an integrable function, one concludes that t — [, A(t,x, u)dx is an absolutely-

continuous in [0, T].
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Corollary 3.28. Consider u € L (0, T, W' (D)) N L*®(0, T, L2(D)) such that d;u € L¥' (0, T, V'),
a € L2(D), « > 0and ¥ : R — R a given non-decreasing function. Assume that
Y(u)ax € LP(0,T, V), then, for any B € W->®(0,T) andany 0 <s <t < T,

/S<8tu Y(u)a > Bdo = — /// d’nxﬁdxda—k// T)dTaf(t)dx
// T)dtaf(s)dx

where a is any arbitrary real number.

Remark 3.29. Note that, by linearity, the same result holds if & = o — ap with Y(u)oy €
LP(0,T,V) (i=1,2) orif ¥ = V1 — Yy and ¥; (i = 1,2) satisfies the assumptions.
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4. Positive cones in the dual

Proof of Lemma 2.18
Note that by truncation argument, the same result holds for the positive cone of LF (0, T; V) N
LP' (Q) when p < 2. This result is given in [22, Lemma p.593]. We propose here a scetch
of a proof following the idea of [48]. In other terms, let f be such that:
fell(0,T;V), f>0:ie. Vo elLP(0,T;V), ¢ >0= (f,¢)>0.

We will construct f, € LP(0,T;V), fe>0 for each &> 0and

fo— f in LPY(0,T;V') strongly.
Proof. Consider the following operator | defined as following: | : LP(0,T;V) —
LY (0, T; V') where

d a P ’ )
(e ; a_ ax )|P—2 Uéi. t)} + ||U(t)||z2(2D)v(x, t). (A4)

1

J is monotone, bounded, continuous and coercive operator from L (0, T; V) into LY (0, T; V).

1. Consider the following problem:

{ﬁ:fﬁiU@JWW%V@L

(A.5)
v e LP(0,T; V).

The properties of | and [66, section 2.1] ensure the existence of v.

2. For any 2 < p < oo, consider the following problem:

(A.6)

1 /
]Ua + E(Ug - U) =0 in L? (0/ T; V/) — D/(Q)’
ve € LP(0,T; V).

If p > 2, the properties of | ensure the existence of v;.

When 1 < p < 2is close to 1, it is unclear whether the problem

1 . /
{m S0.—0)=0 in D(Q), A

ve € LP(0, T; V).
has a solution or not. For this we replace (A.7) by the following problem:
T
/ (Joe, w)dt + %/ (ve — v)wdxdt =0 Yw € LP(0,T; V) NL*(Q),
0 Q
ve € LP(0,T; V), ve—v € L*Q).

(A.8)
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Approximation and a priori estimates: Consider

{ Jol + %Tn(v? —-0v)=0 in D'(Q), (A9)

0" € LP(0,T; V).

where T), is the truncation at the height n. Note that w — Jw + %Tn(w —
v) is monotone, bounded, continuous and coercive from LP(0,T;V) into
L¥(0,T; V').

Thanks to [66, section 2.1] there exists v € LF(0,T; V).

Using v, — v as test function in (A.9), one has
/ (Jol, o' —v)dt + = / (v} —v)dxdt = 0.
Then
T 1 T
l/m<]v?,v?)dt+—zl/mI}(v?——zﬂ(v?——v)dxdt::1/1<]v?,v)dt
0 Q 0
Thanks to Young inequality, there exist 6, C > 0 such that
T T
| e o)dr <ol [V ON ) + 12Oz )]
T
+C[ [ oI ) + 1) 2 )]

Since [T, (v" — v)|?> < Ty(v" — v)(v" — v). Then, a convenient choice of &

yields
T n p n p 1 n 2
/0 (vae(t)HLP(D) + v (t)HLz(D))dt + . /Q | T (v —0)[*dxdt < Cy

where C; is a constant independent of n and ¢. Since | is bounded, we have

19g 1o 0,7;v) < C1, (A.10)
H]U?HU’/(O,T;V/) <(y, (A.11)
%/Q|Tn(0? —0)|?dxdt < Cy. (A.12)

At the limit: Extracting a subsequence denoted by the same way, there exist
ve, &, h such that:

vy = v in LP(0,T;V), (A.13)
Jo' ~& in LP(0,T; V), (A.14)
T,(v" —v) = h in L*(Q). (A.15)
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By classical arguments, one can deduce that i = v, — v € L?(Q).
Indeed, for any ¢ € D(Q),

(Id — T,) (¢! —v) =0 —0v— T, (v —v) = ve. —v—hin D'(Q)

o2 = ol o
and | /Q(Id ~T,) (0! — v)edtdx| < C(g) /W_Upn jof —oldtdx < C——m
Passing to the limit in
/T(]v?,w>dt + 1/ T, (0! — v)wdxdt =0, Yw € LP(0,T; V) N L(Q),
' e (A.16)

one has

/T(E,w)dt + 1/ (ve —v)wdxdt =0, VYw € LF(0,T; V)N L%(Q). (A.17)
0 £.JQ

We will prove that: lim sup - —/ Ty (v —v).(v} — vg)dxdt}
Indeed,

/ Ty (0} —0).(v! — v )dxdt = / Ty (0! —0). (v — v)dxdt—i—/ Ty (0} —0).(v — v, )dxdt.
Q Q Q

We have / Tu(0} —0).(v — ve)dxdt — —/ |0 — v, |2dxdt.

Q Q
Since / Tu(0} —v).(0v} —v)dxdt > / | T,, (0" — v)|?dxdt and thanks to the

Q Q

weak convergence in L2(Q) of T, (v — v) to v. — v, one has

lim inf/ T (0} —0).(v}! — v)dxdt > / [ve — v|?duxdt.

n Q Q
Thus
limninf/ Ty (0} —v).(v! — ve)dxdt > 0.
Q

Therefore

lim sup [— %/QTn(U? —0).(v] — vg)dxdt} <0. (A.18)

n

Using v} — v, as test function in (A.9), one has

/ (Jol', 0" — vp)dt + = /Tn (0! — ve)dxdt = 0. (A.19)
0
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Using (A.18) and ( .A), we deduce that

T T
lim sup / (Jo!, ot < / (&, 0)dt. (A.20)
n 0 0

Since | is monotone, continuous and bounded, we deduce & = J(v,). Thus
(A.8) holds.

. Using (v, — v)™ as test function in the difference of (A.8)-(A.5), one has

/OTUZ)E — Jo, (ve —0)T)dt + % /Q |(ve — v) T |?dxdt = — /OT(f, (ve —0)T)dt <0
(A21)
Since ] is monotone, one has / |(ve —v) " 2dxdt <0,
which implies in particular that: © ve—v < 0ae. inQ.
We thus have constructed fe = —%(ve —v) € LP(0,T; V), fe > 0 (also
fe € L2(Q)).
. The strong convergence of f; to f in LF' (0, T; V'):
Using v, — v as test function in (A.8), one has
T 1 T
/0 (Jue, ve)dt + Z/Q 0. — v|?dxdt = /0 (Jue, v)dt. (A.22)

Similarly to what has been done above, thanks to Young inequality, there exist
6,C > 0 such that

T T T
| oe it < o[ [ UV0e Oy, + el ap))dt] +CL [ 0@y + N8 172 )]

With a convenient choice of § one has

oellrony) + 3 | oo —oPdxdt < Co. (A23)
Therefore
ve—v—0 in L*Q),
ve —v in LP(O,T;V).
Rewriting (A.22) as

T T
/ (]vg—]v,vg—v>dt+%/ |vg—v|2dxdt: —/ (Jv,v. —v)dt -0, as ¢e—0.
0 Q 0
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Since

T
0< / [|Vo:|P~2Vv: — |Vo|P2V0].[ Vo, — Vo]dxdt < / (Jue — Ju,v. — v)dt,
Q 0
(A.24)

one concludes
[ [IV0c/290, = |VolP2Vo].[Vo, - Voldxdt 50 ¢ 0. (A25)
Q
When p > 2, we have for some ) > 0

(XP/Q |Voe — VolPdxdt < /Q [|V0: P2V, — |Vo|P2V0].[Vo, — Voldxdt -0 & — 0,

which implies v, — v strongly in L7 (0, T; Wé’p(D)) =LF(0,T; V).

When 1 < p < 2, we have for some o, > 0

oc/ Vo, — Vo|? dxdt</ [|V0:|P~2Vve — |VolP2V0].[Vo, — Vo]dxdt — 0.
PJa (IVoe + [Vo])2=7"7 = Jg

(A.26)
Using Holder’s inequality with g = 2/p and g’ = 2/(2 — p), one has

— Vol|P = \V4 \V4 pp/2
/Q Vo, — Vo|Pdxdt /Q (Yol U|)(2—p)p/2(| ve| + |Vo]) dxdt

’VUE—VU\Z 5 )
< dxdt)?/ / Vou| + Vol Pdxdt) 7
_(/CQ(’V06\+|VU|)2—P xdt) (Q(! v + | Vo|)Pdxdt)

Thanks to (A.23) and (A.26), one has v, — v strongly in LP(0, T; WS P(D)).

Since v, — v — 0 strongly in L2(Q) < L*(0, T; L?(D)), then v; — v strongly in
LP(0,T; V).

Since | is continuous from L?(0, T; V) into L?' (0, T; V'), we can deduce

_%(vg —0)=Jo: = Jo=f LV(0,T; V).

Remark 3.30. Using the convexity of x € R? + ||x||?, one has

VolP >V |P + p|Voe|P72V0.. V[0 — v]
p
=| V| + p[| Ve |72V — V0[P 2V0].V[v — v] + p| Vo[ 2Vo.V]v — v¢].
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Since v, — v in LP(0, T; V') and by (A.25) above,
/ |Vo|Pdxdt > lim sup/ |Voe|Pdxdt
Q Q

and the strong convergence of LP (0, T; WS P(D)) comes from the uniform convexity.

This complete the proof of the lemma. O

115



Appendix C: On the existence for

pseudomontone parabolic equation.

Remark 3.31. For the convenience of the reader, we consider u instead of u. in the following

proof.

1. Proof of Theorem 2.6

Proof. Denote in the following A(u) + %@(u — ) by B(u).

We use Faedo-Galerkin method, let wq, w», .., Wy, .. be a countable basis of V, we in-
m

troduce the approximate solution u,(f) = Y guj(t)w; and we consider the subspace

Vim C V of finite dimension generated by wy, .., wy,.

Then our problem is rewritten

(1 (1), wj) + (Blum(t)), w;) = (f(t), w;), 1 < j <m, (A)
U (0) = ugy € Vin, oy, — up in H.
Therefore
¥ st w) + Blun(t)w) = 0 1< <m

U (0) = ugy € Vi, thoyy —> ug in H.

Lemma 3.32. There is a solution u,, for

ngz (wi, ;) + (B(um(t)),w)) = (f(t),w;),1 < j<m,

U (0) = ugy € Vi, oy, — ug in H.
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Moreover, there exist C > 0 independent of m and uy, satisfying
SUp [[um (O)llz(o) + llmllrorv) < € (A.27)

Since V' C H with continuous injection and the family wy, .., w, is linearly indepen-
dent, then the matrix M = (w;, w j)lgi, j<m is invertible because M is a positive-definite

matrix. Then, If we denote Gy, := (g)1<j<m We can write (A.26) as

Ghu(t) = M7 [(F(£) = Bum(D)), wh1<jcm] = F(t, Gu (1))

Forall 1 < j < m, by the assumptions (B(un(t)), w;) is continuous with respect to
um(t) (therefore is continuous with respect to g,,;(f)) and since f € L¥' (0, T; V') then
f is measurable from [0, T] with values in V' then (f(t), w;) is also measurable with

respect to t. So F is a Carathéodory mapping.

By “Local in time existence theorem” [66, Theorem 1.44 page 25] for Cauchy prob-

lem, we deduce the existence of a solution in [0, ], t,; > 0. But we note that
/Da(t,x,u,Vu).Vudx > a/D |Vu|Pdx — [77/13 |u|Tdx + /D |fz(t,x)|dx].
Using Young’s and Poincaré’s inequalities, there exists 6 > 0 such that
/Da(t, x,u, Vu).Vudx > (& — 75Cpoin) /D |VulPdx — (/D(C + |h(t)])dx
We have also
/ (= )~ |7 Yuldx < 5cpom/ (VulPdx + Wy ()], Wy e LL([0,T)).
By choosing an appropriate §, we get
/Da(t, ¥, 1, Vu).Vudx%—%/D@(u—lp)udx > %/D VulPdx — W, , 5 (B)], W, ;€ L1([0, T)).
Then
[ @ un(snas + 5 [ [ 19unts)Pavas — [ Wy ilas < [ UG v lums) s
1A v Vit 5) 10
4 [ 1Al (5) 20y
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Therefore

t 3 t t

/O(u;n(s),um(s))ds+%/0 /D|Vum(s)|pdxds§ c/0 o] ds+4/ / Vit ()| s
t
+ LI [5+ 5 len) sz)}ds
T
+ /O W, 4 5(s)]ds.

Hence

1 ’ a [t P 1/t 2

Slun(D oy + 5 [ IVun(o)Pdds < Cupmg+ 5 [ I1FG) vl (5) Bz s

(A.28)

Using Gronwall’s inequality to deduce that (i), is bounded in C([0, T]; L?(D)) N

LP(0,T; V).
Thanks to [66, Theorem 1.45-(i) page 25], one gets t,, = T.

Lemma 3.33. A : LP(0,T; V) — LP'(0,T; V') and © : LP(0,T; V) — L¥' (0, T; V') are
bounded.

Proof. Forallu € LF(0,T; V), one has

HA(u)HU,/(O’T;V,) = sup  (A(u),v) =  sup a(t,x,u, Vu)Vodxdt

HUHLP((),T;V)Sl o]l (o,;v) <1 Q

< (/ @t x, 1, V) |7 dxdt) /7
Q

< B( [ [k 01+ 1l 4[] U )

1

< cB(/Q[|z‘<(t,x)|P+|u|f+|1p|f+|w|f?]dxdt) 2

Sincek € LP(Q), r < p, we deduce that A is bounded from L? (0, T; V) into LY (0, T; V).

1 Y
[0 yioryn =  sup (O, o) = sup - [ [(u—) ) Todxat
1ol p o,y <1 o1l p o,y <1 Q
< ([ [ =) )TV a7
Q

We have two cases:

118



o If p>2,thenj = 2and p > p’ which implies LP(Q) — L”(Q) and the bound-
edness of © holds.

e If2 > p > 1, then § = p which implies (§ — 1)p’ = p and the boundedness of ©
holds.

U
Since (iy)m is bounded in LP(0, T; V), then (B(iy))m is bounded in LV (0, T; V')
thank’s to Lemma 3.33.

Remark 3.34. From the proof of Lemma 3.33, one remarks that © : LP(Q) — LP'(Q) is
bounded. So if uy,, — uin LP(Q), by the theory of Nemytskii operators, one gets that

lim O(uy — ) =Ou —v) in LV (Q).

m— o0

Remark 3.35. [66, Remark 8.41]
-2
Let H3(D) satisfying H5(D) — WY#(D) (which requires s > 1 + dpz ) and Hj(D) —

p
L%(D). Consider the operator \° defined on E = {A\Su € L*(D),u € L?(D)} endowed with
|- Wle = [ 5 (p)- One can consult ([151p.115, [39] p.28) and spectral theorem for compact

and self-adjoint operator to conclude the existence of orthonormal basis (v;)%°, of L*>(D) and
orthonormal basis (v;/+/A;)$2, of H3(D) solves the eigenvalue problem

(—A)%0; = Av;.

m

Consider the following projectors Py (u) := Y ( / uv;dx)v;.
i=1 /D

Then the projector Py, : L?>(D) — L?(D) is selfadjoint satisfying

PuL?(D) = Pu[Wy? (D) N L3(D)] = Vyy = span(vy, - - , o)

where Vy, the spaces used in Faedo-Galerkin method.

After estimating the norm of projectors, one gets
1Pl 222Dy, 20) <1 & || Pll £(m15(D), 1130y < 1-

d /
Lemma 3.36. There exists s > 1 such that (%)m is bounded in LV (0, T; H—*(D)).
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Proof. Letv € LF(0,T; H5(D)), since Pyu;;, = uy and Py, = Py, we can estimate

Ay, B dug _ duy _ B

(G0 = (Bu o) = (T Pu) = (£() = Bun), Poo)
< (HB(”m)HLp’(o,T;Hfs(D)) + ||f”Lp’(o,T;H7s(D)))HPmU”LP(O,T;Hg(D))
<

B Ctm)ll o 0,705y + Wl (0,720 (o) I Pl s 0 g o) 19 0,705 ) -

Since (B(ty))m is bounded in LP' (0, T; V') < L¥' (0, T; H5(D)) and f € L¥' (0, T; H~3(D)),
one has
duy,
<710> < CllPull ((m3(0), (D) 19l Lr (0,73185(D)) < CllollLr 0,785 (D))-
Therefore (d;—;n)m is bounded in L¥ (0, T; H=5(D)). O
By the reflexivity of LP(0,T; V), L' (0, T; H~5(D)), there exists a subsequences de-

d /
noted by the same way and u € LF(0,T; V), d—btl € LP(0,T; H*(D)) such that

diby,  du . s
— ; D)).
g LY (0, T; H(D))

By the weak continuity of the mapping u — u(t) : WP/ (0, T; V,H5(D)) — H~5(D)

uy —uin LP(0,T;V) &

one has, for any ¢,
U (t) = u(t) in H*(D).

Then, thanks to a classical compactness argument, (A.28) yields u,(t) — u(t) in L?(D)
for any t. In particular, u,,(T) — u(T) and 1, (0) — ug in L?(D).

Let us fix a positive integer M, m > M and vy (t) = 6(t)wp; where 0 € D(0, T) and
wpm € Vp. Then,

/T<d§f1( ), 0 (8) — it (s) ds+/ )),UM(S)—um(s))ds:/OT(f,vM(s)—um(s)>ds,
T T
Asuy, — uin LP(0,T; V), one has/0 (f,om(s) —um(s))ds — /0 (f,om(s) —u(s))ds

We have
T dum T
/ (—— dt ), Um ds+/ ), om)ds = /(f,vM>ds

Since (B(uy(s)))m is bounded in L¥' (0, T; V'), then there exist a subsequence denoted
by the same way and k € L (0, T; V') such that B(u,(s)) — kin L7 (0, T; V').

120



At the limit, one has

T du
/0 <E +k— f,om)ds =0, Yop, oy € W.

W, the linear span of D(0, T) ® Uy, Vyy, is dense in LP(0,T; V), for any v € LP(0,T; V)
and any positive ¢, there exists v, € W such that v, — vin LP(0, T; V), then

/T(d—u—i-K—fv)ds /T<d— —f,v—20v:)ds - 0ase— 0
0 \dt ’ B dt '

Then E;—Ltl — f—k € LP(0,T; V). Therefore u € C(0, T; H) and

T du 1 1
/0 (Gr 8 1(3)ds = 5 [u(Dliz ) = 514(0) 2o

By the weak lower semicontinuity of | - |2, (D)’ |[um(0)|2(py convegres to [ug|;2(p) and

since vy € Hj(D), we can estimate

lim sup / dum om(s) — um(s))ds

. (T du 1. . 1.
_ l1nlin/0 (S22 (s), oaa (5))ds — o lim inf [ (T) 22 ) + 5 lim 100 ()2

= /0 <E(S)10M(5)> 5_5 m}nm |t ( )|L2(D)+§ 1nr1n]um( )|L2(D)
T du 1 1
[ 5) oma(s))ds = Su(D) ) + 3 1(0) g,
[ 5), vaa(s) — u(s))as.
o ‘dt 7’

Since u,, — uin WiPP' (0, T;V,H (D)) then u,, — u in LP(Q) by using a classical

compactness arguments of type Aubin-Lions-Simon. By remark 3.34 one has

hm——// V)T Yoy — ) dxdt = ——// u—) 17 N (op(s) —u(s))dxds.

Since
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lim inf OT (A(um(s)), vm(s) — um(s))ds

_ lim mf/ - d”_m - —@(um ), op(S) — tim(s))ds
= / (f — E@(u — ), om(s) —u(s))ds —i—hrnmf/ dum ,oMm(8) — i (s))ds
= /OT(f — %@(u — ), om(s) —u(s))ds — limmsup OT(LZl—;”,UM(S) — U (s))ds

v

[[45 = 00w, oun(s) — (s — [ (5, onals) — us)s

£

Then

timinf [ (A(un(5)), ()~ son($))ds > [ (f T (5) ~ L0~ ), oag(s) —u(s) .

Since M is some integer, one can conclude that for any w € UV, and any 6 € D(0, T),

if v = Ow,

T T
limsup/ (A(um(s)), um —v)ds < / <CZ( )+ 1®(u — ) — f,v—u(s))ds (A.29)
m 0
Then, the sub-linearity of the lim sup yields the same inequality of any v in W: the
linear span of D(0, T) ® Uy, V.. This latter space being dense in L? (0, T; V), for any v €
LP(0,T; V) and any positive ¢, there exists v, € W such that, thanks to the boundedness
of (A(t))m in LF (0, T; V'),

T T
lim sup / (Altn(s)), 1y — 0)ds <lim sup / (A(ttm(5)), ttm — v:)ds + Ce
m 0 0

</T<CZ( )+ 1@(u — 1) — f,ve(s) —u(s))ds + Ce
T du 1

(ase—0) < /(dt()+£®(u— W) — f,0(s) — u(s))ds.

Thus, (A.29) holds for any v € LF(0, T, V), in particular, forv = u € wipp (0, T; vV, V")
T
we have got lim sup / (A(um(s)), um —u)ds < 0.
m 0

T
Lemma 3.37. [fu,, — uin WYP¥' (0, T; V, H"(D)) and lim sup/ (A(um), um —uyds <
0
0. Then "
T T
lin}ninf/ (A(um), um — v)ds > / (A(u),u —v)ds.
0 0
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Proof. Since u, — u in WYPP'(0,T;V,H5(D)) then u,, — u in LP(Q) by using a

classical compactness arguments of type Aubin-Lions-Simon. Note that
T
lim sup/ (A(um), um —u)ds < 0 <= lim sup/ a(t, x, um, Vity)V (tty, — u)dxds < 0.
m 0 m Q

By (1.2), one has that (a(t, x, uy, Vity))m is bounded in (L (Q))4. Therefore, there
exists £ € (LY (Q))? such that

a(t, X, up, Vi) — & in (LP(Q))".

Since

0< /Q[Et(t, X, Uy, Vidy) — @(t, x, Uy, V)|V (y, — u)dxds,
one has
/Qd(t, X, Uy, Vi )V (U, — u)dxds > /Qd(t, X, Uy, V)V (U, — u)dxds
By (1.2), one has that for any v € LP(0,T,V),
a(t,x,u, V)P < C1+ (kP + [ulf + [w]? + |Vol),

so that, since u € R > a(t, x,u, Vo) is a continuous function, by the theory of Nemyt-

skii operators, one gets that
a(t,x, um, Vu) — a(t,x,u, Vu) in L”/(Q),
and

/ a(t,x, uy, Vu)V (U —u)dxdt — 0.
Q

Therefore lim inf/ a(t, x, um, Vi )V (U, — u)dxds > 0. By the hypothesis on the up-
m Q
per limit one has
linr1n/ a(t, x, up, Vi)V (y — u)dxds = 0.
Q
Using the assumptions, for v € L7 (0, T, Wé P(D)), we have
0< / [a(t, x, m, Vi) — a(t, x, Uy, V)|V (b, — v)dxds
Q
< / a(t,x, up, Vi)V (U — u)dxds + / a(t, x, up, Vi)V (u —v)dxds
Q Q

—/ a(t, x, uy, Vo)V (U, — v)dxds.
Q
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Then
0< / & —a(t,x,u, Vo)V (u — v)dxds.
Q
By classical "Minty trick”, v = u + Aw,A € R* and w € LP(0,T; V).

lim/ (& —a(t,x,u, V(u+ Aw))|Vwdxdt =0 = & = a(t, x,u, Vu).
A=0JQ

As conclusion, li%inf/Qﬁ(t, X, U, Vb )V (U, — 0)dxds > /Qﬁ(t, x,u, Vu)V (u— v)d;cdt.
Thank’s to Lemma 3.37, one can conclude that
T T
lim inf / (A(itm(3)), tty — 0)ds > / (A(u(s)), u(s) — o(s))ds, Yo e LP(0,T;V).
m 0 0
Then
[ (AW u) — o(e)hds < [ (futs) —o(s)hds — [ () u(s) ~ ofs)ds
T
~ [ GOt =), u(s) — o(s)ds.

Since v is arbitrary in L7 (0, T; V), we can conclude
[ Ao, os)ds = [ {F,000ds — [ (5 Gs),0(s)s — [ (Lo —w), o(s)hds
0 ’ o Y o ‘dt” 0 ’ ‘

Therefore A(u) — f + Ccll_? = —%@(u — 1) holds a.e. on [0, T]. O
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Appendix D: Some extensions on the

stochastic obstacle problems.

1. It6’s formula with non-nul trace on the boundary.

We are interested in this subsection in replacing the assumption 1 € LP(Qr, V) of Hy
by ¢ € LP(Qr, WP(D)NL2(D)) N L™>(PP) (Q, C([0, T], L?(D))) with a non-positive
trace on the boundary$. This situation appears for exemple if A is a Leray-Lions type
differential operator of the form A(u,t, w) = —div(a(t,w,x, Vu)) + b(t, w,x, u) that
can be defined on Q1 x W'?(D) N L?(D) with values in V' by: (t,w) € Qr a.e.,

(A(u,t,w),v) :/ a(t,w,x,Vu)Vvdx+/ b(t,w,x,u)vdx, YoveV.
D D

In order to be able to follow the same steps of our demonstration, only two major
points need to be adapted: the first one is in the proof of Lemma 3.14 where choosing
v* = 1) is not possible anymore; the second one is in the proof of Lemma 3.15 since, in
this new situation, u — 1p is not with values in V anymore and the classical It6 formula
no longer applies. The other modifications are minor ones based on embeddings of V
into some Lebesgue’s spaces that still hold when replacing WS 7(D) by W-P(D).

Concerning the question of v*, one can chose for it the solution to the problem

¢ [v* — /0. G(v*, -)dW} — A" =0 [1!) — /0. G(ll),')dw] —App=f

SNote that the pathwise continuity assumption can be implicit thanks to arguments similar to [33,

Lemma 4.7].
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associated with Dirichlet boundary conditions, v*(0) = ¢(0) and where, by assump-
tion f is a predictable process in L' (Qr, V'). v* exists with the convenient regularity
and one still need to prove that v* > 1 to have it in K and use it in the proof. This is

achieved by applying formally It6’s formula to the process (v* — ¢)~ where
d(v* — ) — [Apv* — Apldt = [G(v*, ) — G(, -)|dW.

The question related to Lemma 3.15 is similar since the proof is based on the possibility

to apply Itd’s formula to the process (1, — 1)~ where
1 _
d(ue =) + [A(ue, ) = A, )]dt — —[(ue —p) 7|7 "dt (A.30)
=hdt + [G(ue,-) — G(, -)]dW.

In both situation, one has a predictable process X, being v* — 1 in the first case and
u; — 1 is the second one, with values in W'?(D) N L?(D) and not a priori V, such that
dX + Adt = GAW where A is with values in V’ and G in Lo(L?(D)). This is not a
classical situation and Itd’s formula associated with the negative-part should apply
since X has a positive trace on the boundary of D and thus X~ is with values in V.
For any positive integer n, denote by @, the function x — min(1, nd(x,dD)). This is
a sequence of bounded 1-Lipschitz continuous functions that converges a.e. to 1 in D.
Thus, for any u € W7 (D) N L?(D), the product u®, is in V and if moreover u belongs
to V, then u®, converges to u in V.

Indeed, convergences of u®, to u in LF(D) N L?(D) and ®,Vu to Vu in L (D) are just

applications of Lebesgue Theorem, and

uVao, =nuVd(-, aD)1{0<d(-,BD)

<iys
UV O,| < njull L s
ni — {0<d(-,0D)<5} = d(-,aD) {0<d(-,0D)<5}’
and uV®, tends to 0 in L? (D) since, by Hardy’s inequality, arepy isin LP (D).
Since the product ®,A for Ain V'is ¢ € V — (A, ®,¢), one gets that

X0, + ©,Adt = ©,GAW

with now X®, with values in V so that [t6’s formula is applicable, in particular with

the function Fs introduced in (3.5). Thus, with the notations of the proof of Lemma 3.15
t
05(X0n) + [ (4, @F(X0,))ds

-/ |, GF{(X0,)aW + | / THEL (XD,) {9G)Q{ @G} )ds.
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Note that F{(X®,) = F/(—X ®,) and since X is in V, passing to the limit in # is
possible. Thus, the desired Itd formula is proved for X and Theorem 3.10 holds when

one assumes that the obstacle may have a non-positive value on the boundary of D.

2. On bilateral problems.

We are interested in this subsection in saying few words about the situation of double

obstacles problems. First, let us precise assumptions on obstacles.

Hj : 1,1, satisty Hy with i, > 1 ae.in: D x Qr.

HZ : Assumption Hjs is satisfied by both obstacles ;i = 1, 2:

hi=hi —h; =f—0 (11)1' - /0. G (i, ')dW) — AYi, ")
with the associated regularity information.

H; : uo satisfies the constraints, i.e. 1»(0) > ug > 11(0).

Hj : hy,hy are predictable non negative elements of L7 (Qr, L7 (D)).
The convex set of admissible functions becomes

Kllf)’lz ={vel’(QrV), Pi(xtw)<v(xtw)<Py(xtw) aein DxQr},
and note that K:ﬁf is not empty since Y; € K:Iljlz, i=1,2.

The idea is to follow the same strategy than the one used in the one obstacle case. In
other words, we consider the same assumptions on the operator A, the multiplicative

noise G and update the other assumptions. The corresponding penalized problem is

)+ [ (A, )= £l =) 117+ %[ = 9) 7P = fds

- A.31
_ u0+/0tG(u5,-)dW(s) (A.31)

u:(0) = uy,
where G(u,,-) = G(max(min(u,2), 1), ), which satisfies properties similar to G

and behaves formally as an additive stochastic source on the free-set where the con-

straints are violated.
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By cosmetic changes of what has been done in Subsection 3.3 and by noticing that
the penalized term is the sum of two parts with disjoint supports, one can prove the
boundedness of the two parts of penalized terms independently. Then, passing to the
limit in (A.31) to prove the existence of a solution. Finally, we can prove the two parts
of Lewy-Stampacchia inequalities independently by adapting the arguments used in
subsection 3.3.2; and the one of the proof of Lemma 3.12 to get the uniqueness result.

Thus, one gets

Theorem 3.38. Under Assumptions (H1)-(H3) and (H;, i=4,5,6,7), there exists a unique pre-
dictable stochastic process (u,p1,02) € LP(Qr, V) x LT (Qr, L7 (D)) x L7 (Qr, L7 (D))
such that:
i. ue L2(Q,C([0,T], H)) N K2, u(0) = ug.
ii. —p1,p2 > 0andVo e K:ﬁf, (pjju—v)y >0, i=1,2ae inQr.
iii. P-as, forallt € [0, T],

+/ pl—i—pzds—i—/ s—u0+/ AW (s —|—/de.

iv. The following Lewy-Stampacchia’s inequality holds:

—hi =— (f— dt (P — /0‘ Gy, -)dW) — A(ll)z,'))+
<= [ Glu, )W)+ Alu,) — f
<o = (== [ Gl Jaw) — ()

The reader interested in relaxing Assumption H7 could be inspired by the strategy

of [51], for example.
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