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ẋ(s)
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ẋ = f(t,x,u(t)) , x(t0) = x0 ,

I = (⌧�, ⌧+) ⇢ J) t0
x I

u (x,u)
I

(x,u) J
N

N = {(t0, x(t0), tf , x(tf )) 2 R⇥M ⇥ R⇥M : c(t0, x(t0), tf , x(tf )) = 0} ,

c : R⇥M ⇥ R⇥M ! Rp

(t0, x(t0), tf , x(tf )) ! (c1(t0, x(t0), tf , x(tf )), · · · , cp(t0, x(t0), tf , x(tf ))) ,

p < 2(n+1) c
(c1(t0, x(t0), tf , x(tf )), · · · , cp(t0, x(t0), tf , x(tf ))) N

8
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J = g(tf , x(tf )) +

Z
tf

t0

f0(t, x(t), u(t))dt ,

ẋ = f(t,x(t),u(t)) ,

u 2 U ,

t 2 [t0, tf ] ,

x(t0) = x0 ,

c(t0, x(t0), tf , x(tf )) = 0 ,



t0, tf J
f0

g

f0 : R⇥M ⇥ U ! R
(t,x,u) ! f(t,x,u).

t,x,u x (t, u) 2 R ⇥ U
@f

0

@x
(t, x, u)

g

g : R⇥M ! R
(t,x) ! g(t,x).

(x, u)
H

H : R⇥ R⇥ (Rn)⇤ ⇥ Rn ⇥ Rm ! R
H(t, p0, p, x, u) = pf(t, x, u) + p0f0



(x⇤, u⇤)
[t0, tf ] u⇤

(x⇤, u⇤) p0  0
p : [t0, tf ] ! (Rn)⇤ � 2 (Rp)⇤

(p0, p(t)) 6= 0 t 2 [t0, tf ]

p

ṗ(t) = �@H
@x

(t, p0, p, x, u),

H

[t0, tf ]

H(t, p0, p(t), x⇤(t), u⇤(t)) = v2UH(t, p0, p(t), x⇤(t), v).

p(t0) = �(�
@c

@x0
+ p0

@g

@x0
),

p(tf ) = (�
@c

@xf
+ p0

@g

@xf
).

t0
M : [t0, tf ] ! R

M(t) = H(t, p0, p(t0), x⇤(t0), u⇤(t0)),

M(t0) = (�
@c

@t0
+ p0

@g

@t0
).

tf
M : [t0, tf ] ! R

M(t) = H(t, p0, p(t0), x⇤(t0), u⇤(t0)),

M(tf ) = �(�
@c

@tf
+ p0

@g

@tf
) ,

(x⇤, u⇤) p0 p



(x⇤, u⇤, p0, p)
p0 < 0 p0 > 0 p0

�1

8
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ẋ⇤(t) =
@H

@p
(t, p0, p, x⇤, u⇤),

ṗ(t) = �@H
@x

(t, p0, p, x⇤, u⇤).

c(t0, x⇤(t0), tf , x⇤(tf )) = 0

t0

"

"



[t0, tf ] M + 1

[ti, ti+1]

a

a(x) = 0 ,

0  ⌧  1

ã(x, ⌧) = 0.

ã(x, ⌧) ã(x, 1) ã(x, 0)

x(⌧) ⌧



f c

u(t) = ⌃m

i=1ai i(t),

 i (i = 1, · · · ,m) ai (i = 1, · · · ,m)

Rm ! R
a = (a1, · · · , am)T ! Ja ,

Ja

a



u⇤(x, t)



Mh(⇥,�)

Mh(⇥,�)
1 Mh(⇥,�) 2 R(8⇥8)



B =

0

@
Bx(t)
By(t)
Bz(t)

1

A

tf

Z(t)

0

@
X(t)
⇥(t)
�(t)

1

A Ż(t) =

f(Z(t),B(t))

8
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maxx(tf )

˙Z(t) = f(Z(t),B(t))

Z(0) = 0

B(t) 2 Ci

,

C tf

x
y

C1 = {B(t), Bx(t) = Bx, |By|  B0, Bz(t) = 0}



x y

C2 = {B(t), Bz(t) = 0, ||(Bx(t), By(t))||  B0}

x
y � z

C3 = {B(t), Bx = Bx ||(Bz(t), By(t))||  B0}

C4 = {B(t), ||(Bx(t), Bz(t), By(t))||  10mT}

y z

⇥ �
y z

POCP � i

8
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maxx(T )

˙Z(t) = f(Z(t),B(t)),

Z(0) = 0,

B(t) 2 Ci,

(y(T ), z(T )) = (0, 0),

⇥(T ) = O,

�(T ) = O.

Ci

Bx = 2.5mT



B0 = 10mT

tf = 3

1.5Hz

x
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t (s)
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X⇤
Xj j 2 N j

ET =
||X⇤ �Xj ||F

||X⇤||F
,

||.||F

POCP � i
5



1 5 10 15 20 25 30
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0.014
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i 2 1 · · · 4

1�4
N = 7

N N+1

l2
Etr

Etr =

P
m

i=1 |XN

i
�X

N�1
i

|
m

,

m X
N

i
i = (1 · · ·N)

i N
Esol

Esol =

P
m

i=1 |BN

i
�B

N�1
i

|
m

,



B
N

i
i = (1 · · ·N) i N

N

⇡ 0.05mT

N < 3
N

4

N = 3
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10�2

0.3mm 0.77mm



7mm 1mm

⇡ 10�2)





(x, y, z) x
z y

15� � 20�

B(t) =
�
Bx By cos(2⇡ft) 0

�T
,

f = (0 · · · 3Hz) Bx = 2.5mT By = 10mT

f = 1.5Hz
N = 6

1

N = 6
1.5Hz 0.18(±0.015)



0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5
Simulated mean speed
Observed mean speed

f = (0 · · · 3Hz)

1.5Hz
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max x(T ) ,

˙Z(t) = f(Z(t),B(t)) ,

Z(0) = 0 ,

Z(T ) = 0 ,

Bx(t) = Bx ,

||(By(t), Bz(t))||  B0 ,

Bz(t) = 0 ,

Bx = 2.5mT
||(By(t), Bz(t))|| < 10mT

T = 1
1.5s

y z

y (a) z (b)
(c)

x 8
y � z

1.45 10�3ms�1

1.2 10�3ms�1



0 0.2 0.4 0.6

-5

0

5

(a)

0 0.2 0.4 0.6

-5

0

5

(b)

-10

10

-5

0

5

5

(c)

10

0.80
0.6

-5 0.4
0.2

-10 0

(a) (b) y z
(c)

y � z



y z

y z

1.54 ± 0.3 10�3ms�1 N = 6 1
x 0.16(±0.02)





(a) (b) (c)
(d)





x y



10Hz











y = 0
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kk =
2⇡µ

log(2h
"
)
,

k? =
4⇡µ

log(2h
"
)� 1

,

kk k?
µ h

"
µ µ =

1.524Pa.s "
" = 0.5mm

1.5mm

x y
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