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Résumé : On étudie la continuité en norme LP de certaines fonctionnelles liées a
des équations d’évolution sur une variété riemannienne non compacte M. Les fonc-
tionnelles qui nous intéressent sont les fonctions de Littlewood-Paley-Stein et sont a
'origine définies pour le laplacien sur RY par

a0 = ([T I9e P "

La fonctionnelle H est bornée sur LP(RY) pour tout p € (1,+00), mais ce n’est
pas le cas sur les variétés. Plus précisément, on s’intéresse dans cette these a ’étude
des fonctionnelles de Littlewood-Paley-Stein pour les opérateurs de Schrodinger et le
laplacien de Hodge-de Rham sur les variétés riemanniennes non compactes. Elles sont
définies par des formules analogues a celle introduite par Stein. Nous nous intéressons
aussi au probléme qui a motivé I’étude de ces fonctions, celui de la continuité en norme
L7 de la transformée de Riesz VL Y2 et d*A~1/2 et aux interactions entre ces deux
problémes.

Nous étudions d’abord les fonctionnelles associées aux opérateurs de Schrédinger
ou au laplacien de Hodge-de Rham en dehors du cadre habituel de l’estimation
gaussienne du noyau de la chaleur et des variétés doublantes. Nous obtenons un
résultat positif analogue a la continuité inconditionnelle de H sur L? pour p € (1, 2].

Dans un second temps, nous étudions les liens entre la bornétude de ces fonctions
de Littlewood-Paley-Stein pour l'opérateur de Schrédinger et celle de la transfor-
mée de Riesz VL2, Nous montrons que la R-bornétude des familles d’opérateurs
{(VtVVetl t > 0} et {/tVe L t > 0} est équivalente a la bornétude de la fonc-
tion de Littlewood-Paley-Stein associée a L, et implique aussi des estimations de
Littlewood-Paley-Stein généralisées.

Enfin, nous étudions la bornétude de fonctions carrées coniques dans le cadre
d’opérateurs de Schrodinger sur les variétés. Ces fonctions ont un comportement
différent sur L selon si p € (1,2] ousip € [2,00). Nous comparons aussi les fonctions
coniques aux fonctions de Littlewood-Paley-Stein classiques.

Mots-clés : variétés riemanniennes, fonctions de Littlewood-Paley-Stein, opéra-
teurs de Schrodinger, laplacien de Hodge-de Rham, transformées de Riesz, fonctions
carrées, fonctions coniques.
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Littlewood-Paley-Stein functions for Schrodinger operators
and Hodge-de Rham Laplacian on non-compact manifolds

Abstract: We study the boundedness in LP norm of some functionals linked to
evolution equations on a non-compact Riemannian manifold. The functions we are
interested in are the Littlewood-Paley-Stein functionals and are originally defined for
the Laplacian on RY by

a0 = ([T 1ve par) "

The functional H is bounded on LP(RY) for any p € (1,+o0), but this is not
the case on manifolds. More precisely, we are interested in the study of Littlewood-
Paley-Stein functionals for Schrédinger’s operators and Hodge-de Rham’s laplacian
on non-compact Riemannian manifolds. They are defined by formulas similar to the
one introduced by Stein.We are also interested in the problem which motivated the
study of these functions, that of the continuity in standard LP of the Riesz transform
VL2 and d* A~—'/2? and the interactions between these two problems.

We first study the functionals associated with Schrodinger’s operators or Hodge-
de Rham'’s laplacian outside the usual framework of Gaussian kernel estimation of
heat and doubling varieties. We obtain a positive result analogous to the uncondi-
tional boundedness of H over L for p € (1.2].

In a second step, we study the links between the boundedness of these Littlewood-
Paley-Stein functions for the Schrédinger operator and that of the Riesz transform
VL2, We show that the R-boundedness of the families of operators {v/tv/ Ve F t >
0} and {/tVe ' t > 0} is equivalent to the boundedness of the Littlewood-Paley-
Stein function associated with L, and also implies generalized Littlewood-Paley-Stein
estimates.

Finally, we study the boundedness of conical square functions within the frame-
work of Schrédinger operators on manifolds.

Keywords: Riemannian manifolds, Littlewood-Paley-Stein functions, Schrodinger
operators, Hodge-de Rham Laplacian, Riesz transforms, functions estimates, conical
square functions.
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Chapitre 1. Introduction générale

1.1 Contexte général

Les objets étudiés dans cette thése sont tous définis sur une variété riemannienne
(M, g). On note respectivement p et u la distance et la mesure riemannienne in-
duites sur M par la métrique g. Sur M, on note d la différentielle extérieure et V la
connexion de Levi-Civita. L’opérateur de Laplace-Beltrami est défini par A = d*d.
Il est auto-adjoint et positif pour le produit scalaire L2. Il est donc le générateur
d’un semi-groupe sur L?(M), appelé semi-groupe de la chaleur et noté (e=*2);>q. Ce
semi-groupe est méme holomorphe sur le secteur angulaire d’angle 7. Sur LP(M),
pour p € (1,00), le semi-groupe de la chaleur est aussi un semi-groupe de contraction
holomorphe.

Le semi-groupe de la chaleur permet de définir les fonctionnelles de Littlewood-
Paley-Stein pour I'opérateur de Laplace-Beltrami. Celles-ci agissent en premier lieu
sur les fonctions lisses & support compact sur M. On distingue la fonctionnelle ver-
ticale

Ha(f)o) = ([ lae s poPar) "

et la fonctionnelle horizontale
9 1/2
tdt> .

Le semi-groupe de Poisson est le semi-groupe dont le générateur est I'opérateur
A2 11 permet de définir d’autres fonctionnelles de Littlewood-Paley-Stein. On a
comme précédemment la fonctionnelle verticale

Gal)e) = [l o rat) "

et la fonctionnelle horizontale
) 1/2
tdt) .

<10
9a(@) = ( [l
0
Les fonctionnelles définies par le semi-groupe de Poisson sont les plus utiles pour
ce qui est des applications, notamment pour étudier la transformée de Riesz. Celles
définies par le semi-groupe de la chaleur sont cependant plus faciles a étudier. Ces
derniéres majorent ponctuellement les premiéres a une constante multiplicative pres
(voir Coulhon-Duong-Li [23]).

ha (7)) = ( [ e
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Chapitre 1. Introduction générale

Par intégration par parties, on voit que chacune de ces fonctionnelles est une
isométrie de L?(M) a une constante multiplicative prés. Par exemple, pour Ha on a
pour tout f dans L?(M)

uffA<f><x>H3:=(/;[jg et f2dtde

= / / Ae 2 fe A fdtdx

M JO
_ 1 ~ 0 —tA —tA
_2/M/0 o (78 FeTA f) dda
N S e
=5 [ rae =315

Pour toute variété riemannienne M, on peut se demander pour quelles valeurs
de p ces fonctionnelles sont continues en norme LP. Stein est le premier a se poser
la question dans son article [58]. Il y prouve, dans le cas de R, la continuité de ces
fonctionnelles sur LP pour tout p dans (1, 400) en se ramenant a I’étude d’opérateurs
d’intégrales singuliéres.

Dans son livre [60], Stein prouve la continuité des fonctionnelles ga et ha pour
sur L? pour tout p € (1,00). Leur continuité est une conséquence de I'existence d’un
calcul fonctionnel H*® pour l'opérateur A sur ces espaces LP. Il démontre aussi la
continuité de Ha et Ga sur LP pour p € (1,2] sans aucune hypothése sur la variété
par une méthode directe et astucieuse (par la suite, on y fera référence en parlant de
la « Méthode de Stein »). Celle-ci se base sur l'identité

Au? = puP ' Au — p(p — 1)uP | Vul?

appliquée a une fonction u bien choisie. Dans le cadre des groupes de Lie compacts
(ou de RY), il montre aussi la continuité des fonctionnelles sur L? pour p € [2, c0) par
dualité. Cette preuve par dualité se base sur une certaine propriété de commutation
entre le gradient (ou la différentielle extérieure) et le semi-groupe de la chaleur. Il n’est
donc pas possible d’utiliser cette méthode pour une variété générale ou dans le cas
ou on remplace l'opérateur de Laplace-Beltrami par un opérateur de Schrodinger.
Coulhon et Duong vont dans ce sens dans leur article [22]. Ils soulignent que les
fonctionnelles de Littlewood-Paley-Stein pour 'opérateur de Laplace-Beltrami sont
bornées sur les espaces LP, p € (1,+00), si on suppose

(Ve ™2 f| < Ce 2|V ] (1.1)

pour certaines constantes C', 0 > 0 et pour toute fonction f, tout ¢t > 0. Si la courbure
de Ricci est positive, alors I'inégalité (1.1) est vérifiee avec 6 = 1 et C' = 1. Cette

13
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remarque est a la base du travail de Bakry dans [8] ot il démontre la continuité de
Hp sur LP pour p € (1,400) sur les variétés a courbure de Ricci positive.

Coulhon, Duong et Li étudient les fonctionnelles de Littlewood-Paley-Stein en
norme L' dans [23]. Ils supposent que la variété satisfait la propriété de doublement
du volume (D) et que le noyau de la chaleur associé a A satisfait I’estimation gaus-
sienne (G) et montrent alors que Ha, ha ainsi que leurs homologues définies a partir
du semi-groupe de Poisson sont de type faible (1,1).

Les hypothéses (D) et (G) sont trés classiques en analyse harmonique sur les
variétés. La premiére, (D), est la propriété de doublement du volume. C’est a dire
qu’il existe une constante C' > 0 positive telle que pour tout x € M et r > 0,

u(B(z,2r)) < Cp(B(z, ). (D)

La propriété (D) a pour conséquence 'existence de constantes C, N > 0 telles que
pour tout x € M, A>1etr >0ona

u(B(a, Xr)) < CAV p(B(z, r). (D)

La constante N n’est évidemment pas unique, on prendra souvent la plus petite
possible. La deuxiéme hypothése, (G), est que le noyau de la chaleur p; associé
a A satisfait une estimation gaussienne supérieure. C’est I'existence de constantes
C,c > 0 telles que pour tout ¢ > 0 et tout =,y € M,

e—cp(r,y)2/t

W(Ba. 1)) ©)

Dt (LU ) y) < C
Les fonctionnelles de Littlewood-Paley-Stein ont aussi été étudiées par des mé-
thodes probabilistes par Meyer [51, 52]. Dans [48], Lohoue montre leur continuité
sur LP pour p € (1,00) sur les variétés de Cartan-Hadamard. Feneuil a étudié des
fonctionnelles de Littlewood-Paley-Stein discrétes (sur des graphes) dans [32]. Pour
les fonctionnelles horizontales il y montre des résultats analogues au cas des varié-
tés : continuité inconditionnelle sur LP pour p € (1,2] et sous certaines conditions
géométriques pour p € (2, +00).

Dans cette thése, nous nous intéressons a la généralisation de ces fonctionnelles
de 'opérateur de Laplace-Beltrami aux opérateurs de Schrodinger et au laplacien de
Hodge-de Rham sur les 1-formes.

Soit V' une fonction localement intégrable vérifiant certaines hypothéses, on peut
construire a l'aide des formes quadratiques l'opérateur de Schrédinger L = A + V.

14
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La fonction V est appelée le potentiel de 'opérateur. On ’écrira souvent comme la
différence entre sa partie positive et sa partie négative V' =V — V=, Sous certaines
conditions sur la partie négative de V', L est un opérateur auto-adjoint positif sur
L?(M) et a ce titre il est générateur d’un semi-groupe noté (e~*). Pour plus de
détails sur la définition de e~**, voir Section 2.2 et Section 2.3.

Les fonctionnelles verticales de Littlewood-Paley-Stein pour L sont définies a

partir du semi-groupe e* par

Hiuvuﬂ::(Amwve%eﬂxﬂz+““xﬂk‘ﬂfuﬂ%n)UQ

et on pourra parfois considérer uniquement la partie gradient ou la partie liée au
potentiel. On les notera respectivement HyY et H) . La fonctionnelle horizontale est

définie par 2 o
ha()(w) = ( [ e s ) .

Le laplacien de Hodge-de Rham sur les formes différentielles de degré 1 est défini

par A = dd* +d*d, ou d* est 'adjoint de la différentielle extérieure d pour le produit
scalaire L2. La formule de Béchner permet d’écrire

X = V'V +R, (B)

ou V est la connexion de Levi-Civita et R le tenseur de Ricci. L’opérateur X est
ainsi analogue & un opérateur de Schrodinger, mais & potentiel matriciel. En fait,
A = V*V est appelé le laplacien brut et est compatible avec la métrique. De ce point
de vue, le tenseur de Ricci est la différence entre le laplacien auquel on s’attendrait
sur un espace plat et le laplacien de Hodge-de Rham. Tout comme le potentiel dans
Iopérateur de Schrodinger, on décomposera souvent la courbure de Ricci comme la
différence de ses parties négative et positive. On note R = R™ — R_

Ici, et contrairement au cas de 'opérateur de Schrodinger, A est toujours auto-
adjoint et positif pour le prodult scalaire L2. Il est donc toujours générateur d’un
semi-groupe de contraction (e~ tA) sur L2 1l faudra cependant faire des hypothéses
supplémentaires pour définir le semi-groupe sur LP pour p # 2. Pour plus d’informa-
tions, voir Section 2.2 et Section 2.3.

Si on souhaite définir une fonctionnelle de Littlewood-Paley-Stein pour A on a
plusieurs choix. Le plus naturel est de considérer a la fois la différentielle exterleure

15
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et son adjoint ce qui donne
1/2

N A )

Pour étudier la transformée de Riesz, il sera cependant utile de considérer séparément
les deux parties. On définit alors

H (w)(2) = ( /O h |detxw(:c)|2dt) o
s = [Tre Suwra)”

Enfin, un deuxiéme choix naturel est dicté par la formule de Bochner. On définit
1/2

Hyz(w)(x) = (/OOO |Ve’tzw(x)|2+ < (R" + Rf)eftxw(:c), e’tzw(x) >, dt)

On notera que la partie avec la connexion de Hz(w) controle ponctuellement ]:Iz,
et donc H%(w) et H%f(w).

Comme dans le cas de 'opérateur de Laplace-Beltrami, on peut définir les ana-
logues de ces fonctions associées au semi-groupe de Poisson sur les formes. Ainsi on
introduit les fonctionnelles

G% (w)(x) = ( /O h |de_t\/§w|2tdt> . et

G5 = [ lreBupur) "

qui seront utiles par la suite. On utilisera aussi les fonctionnelles horizontales liées &
ces deux semi-groupes
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Bien que ces fonctionnelles soient devenues un sujet d’études en elles-mémes, elles
restent fortement liées a la transformée de Riesz. Cette derniére est définie par

1 o ds
R :=dAY? = —/ de 2.
I'(3) Jo Vs

2
La transformée de Riesz, définie en premier lieu sur I'image de A2, s’étend toujours
en une isométrie de L?(M) dans L?(A'T*M). Cela se voit par I'intégration par parties

[ apar= [ arsar= [ 2

On utilise ensuite la densité de I'image de A2 dans L?(M) pour étendre I'égalité a
I’espace entier.

Une question majeure en analyse harmonique est de déterminer l’ensemble des
valeurs de p pour lesquelles R s’étend en une application linéaire continue de LP(M)
dans LP(A'T*M). Elle a initialement été posée par Strichartz dans son article [61].
Les théorémes d’interpolation classiques (réelle ou complexe) nous assurent alors que
I’ensemble des valeurs de p pour lesquelles c’est le cas est un intervalle contenant 2.

Coulhon et Duong montrent dans [21] que la transformée de Riesz est de type
faible (1,1) sur les variétés vérifiant le doublement de volume (D) sur lesquelles le
noyau de la chaleur associé a A satisfait I’estimation gaussienne (G). Cela implique
notamment que R est bornée sur LP pour p € (1,2] sur ces variétés. On ne sait
toujours pas si, comme pour la fonctionnelle Ha, ce résultat est vrai sans aucune
hypothése sur M. Cependant, on sait que la propriété d’estimation gaussienne su-
périeure n’est pas nécessaire. En effet, dans [14], Chen, Coulhon, Feneuil et Russ
donnent des exemples de variétés, construites a ’aide de graphes a croissance déter-
minée, qui ne vérifient pas cette estimation mais pour lesquelles la transformée de
Riesz est de type faible (1,1).

Le cas p € (2,00) est plus compliqué. Si la courbure de Ricci de M est positive,
un célébre résultat de Bakry [8] assure que la transformée de Riesz est bornée sur
LP pour p € (1,00). On sait que ce n’est pas toujours le cas : dans [21], Coulhon et
Duong exhibent une variété dont la transformée de Riesz est non bornée sur L? des
que p > 2. Dans [11], Carron, Coulhon et Hassell généralisent ce résultat aux variétés
qui ont un nombre fini de bouts euclidiens : pour celles-ci, la transformée de Riesz
n’est pas bornée sur LP dés que p est assez grand.

On peut aussi définir des transformées de Riesz pour les opérateurs de Schrodinger
ou le laplacien de Hodge-de Rham. Si un opérateur de Schrodinger L = A 4+ V est
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positif au sens L? (par exemple, si V' > 0), alors on introduit les transformée de Riesz
VL2 et |V|V2L712,

Assaad et Ouhabaz étudient ces transformées de Riesz dans [1]. Ils se placent sur
une variété satisfaisant la propriété de doublement (D) et Iestimation gaussienne (G).
Ils considérent un opérateur de Schrodinger dont le potentiel vérifie V- < a(VT+A)
au sens des formes quadratiques pour un certain a € [0,1). On dit alors que V'~ est
sous critique par rapport & A + V. Ils montrent alors que la transformée de Riesz
V L~1/2 est bornée sur LP pour tout p € (1, p;) ot p; dépend de et de N dans (D).

Pour le laplacien de Hodge-de Rham, on a deux transformées de Riesz dKl/ 2 et
d* A~'2. La deuxiéme est particuliérement intéressante car elle est I’adjoint de la
tra_n)sformée de Riesz dA™Y2? ~ VA2 sur les fonctions. Si on montre que R* =
d* A7/ est bornée sur LP(A'T*M) pour un certain p € (1,00), alors dA™/2 est
bornée sur L¥ (M) avec % + 7% = 1. C’est ce que fait Magniez dans [49] dans le cadre
d’une variété vérifiant le doublement (D) et I’estimation gaussienne (G). Il suppose
de plus que la partie négative de la courbure de Ricci vérifie R~ < a(RT 4+ V*V),
au sens des formes quadratiques, pour un certain o € [0, 1). Il prouve alors que la
transformée de Riesz est bornée sur un intervalle (1,p}) avec p| > 2 qui dépend
de a et de N dans (D’). Sa preuve s’inspire de celle du résultat de [1] cité dans le
paragraphe précédent en utilisant la formule de Bochner (B).

Dans les sections suivantes de cette introduction, nous allons décrire quelques
unes des contributions de ce manuscrit.

1.2 Fonctions de Littlewood-Paley-Stein

1.2.1 Eléments de la littérature

Les fonctionnelles de Littlewood-Paley-Stein ont d’abord été étudiées pour 'opé-
rateur de Laplace-Beltrami par Stein dans l'article [58] et le livre [60]. II montre
qu’elles sont bornées sur LP pour p € (1, +00) dans le cas de RY et des groupes de
Lie compacts.

Dans [55], Ouhabaz étudie les fonctions de Littlewood-Paley-Stein pour les opéra-
teurs de Schrodinger a potentiel positif. Il prouve que la fonctionnelle Hy, est bornée
sur LP pour p € (1,2] sans aucune hypothése sur la variété. Pour cela, il suit la
méthode directe de Stein.

En supposant que la variété satisfait la propriété du doublement (D) et que le
noyau de la chaleur associé a A satisfait 'estimation gaussienne (G), la méme preuve
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que dans [23| permet de voir que Hy, est de type faible (1,1).

Dans [54], Ouhabaz montre que, dans le cas de R” | si le semi-groupe e~ ** admet
une fonction strictement positive bornée invariante, alors H; ne peut étre bornée
sur LP pour p > N que si V = 0. L'existence d’une telle fonction est vérifiée sous
des hypothéses raisonnables sur V, par exemple si V € L#?=<n L%/?*¢. Ces résultats
s’étendent au cas des variétés vérifiant une certaine inégalité de Sobolev (voir [16,
21]). Le point clé est que la continuité en norme L? de Hy, implique I'estimation

C
7

Cette inégalité pour p > N traduit des propriétés de régularité du noyau de la
chaleur. Celles-ci ne sont pas vraies en toute généralité.

—tL

IVe ™ fllp < —=11£1l,-

1.2.2 Contributions

Dans le Chapitre 3, nous étudions a la fois les fonctionnelles H; et la fonc-
tionnelle H% en nous basant sur la méthode directe de Stein. Pour ce qui est de
l'opérateur de Schrodinger, nous généralisons le résultat de [55] & propos de la bor-
nétude inconditionnelle de Hy, pour p € (1,2) si V est positif. On suppose que V—,
la partie négative de V' = VT — V= est sous critique par rapport & A + V. Clest &
dire qu’il existe v € [0, 1) tel que pour toute fonction f dans le domaine de L,

/ V™ de < a/ VT2 + |V fAda. (SC-L)
M M

On prouve alors le résutat suivant.

Théoreme A. Soit L = A+ V un opérateur de Schrodinger dont la partie négative

V= du potentiel V' vérifie (SC-L) pour un certain « € (0,1]. Soit p; = #ﬁ Alors

Hy, est bornée sur LP(M) pour tout p € (p1,2].
Ce résultat est vrai sans aucune hypothése sur la variété, en particulier ne suppose
ni l'estimation gaussienne (G) ni le doublement du volume (D). La valeur p;(«) =

#ﬁ correspond & la plus petite valeur de p pour laquelle le semi-groupe e~ est

tL

de contraction sur LP. La démonstration de ce résultat utilise le fait que si e™" est

de contraction sur LP, alors il satisfait 'inégalité maximale
Isuple™flll, < Cll 1, (IM-L)

_>
pour tout f dans LP. Ce point est mis en défaut pour le semi-groupe e *4

nous ameéne & faire une hypothése supplémentaire.

, ce qui
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Nous étudions la fonctionnelle Hy et prouvons sa bornétude de LP(A'T*M) dans
LP(M) sous certaines conditions. La preuve est une adaptation de celle du résultat
précédent & propos de Hy, a l'aide de la formule de Bochner (B). On fait ’hypothése
que la partie négative de la courbure de Ricci R~ est sous-critique par rapport a
V*V + R*, c’est a dire qu'il existe « € [0,1) tel que pour toute 1-forme dans le

domaine de A,

/ < R w,w>,dzr < a/ Vwl*+ < Rfw,w >, dz. (SC-A)
M M

é
La quantité p;(«) = #ﬁ correspond a la plus petite valeur de p pour laquelle e~*4

o
est de contraction. On dit de plus que le semi-groupe e *4 satisfait une l'inégalité

maximale LP si - .
IsupleZll, < Clul, (M-)

pour toute 1-forme dans L? et p € (p1(«),2]. On démontre le résultat suivant.

Théoreme B. Supposons que la partie négative de la courbure de Ricci vériﬁ_()a
(SC-A) pour un certain o € (0,1]. Soit py(ar) = #ﬁ et p € (pi(a),2]. Sie A

vérifie linégalité mazimale (IM—A), alors Hz est bornée sur LP.

Nous montrons aussi que si Gi est bornée sur LP pour un certain p € (1,00),

alors R est bornée sur 'espace dual L? . Cela prouve en particulier que la transformée
de Riesz est bornée sur L” sous les conditions (SC-A) et (IM-A). Ceci donne un
résultat positif quant & la continuité de la transformée de Riesz sur LP pour p > 2
sans supposer le doublement du volume (D) ou I'estimation gaussienne du noyau de
la chaleur (G).

Théoreme C. Supposons que la partie négative de la courbure de Ricci vém’ﬁ_g
(SC-A) pour un certain o € (0,1]. Soit pi(a) = #ﬁ et p € (p1(a),2]. Sie 2

vérifie 'inégalité maximale (IM—&), alors la transformée de Riesz R est bornée sur

/

Lr.

Ce résultat est & comparer avec celui de Magniez dans [49] ou il obtient la conti-
nuité de R sur L? pour p dans un intervalle un peu plus grand en supposant (D),

(G) et (SC-A).
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Dans la derniére partie de ce chapitre, nous prouvons un résultat de perturba-
tion a propos des fonctionnelles de Littlewood-Paley-Stein pour les opérateurs de
Schrodinger. Cette fois on suppose que la variété vérifie le doublement de volume
(D) et que le noyau de la chaleur associé a A satisfait I'estimation gaussienne (G).
On suppose de plus que que la partie négative V~ vérifie (SC-L) pour un certain
a € [0,1). Soit pj = % 1_%. On suppose de plus qu’il existe r1, 79 > 2 tels que

V Vv
1 1

/1 — V| st < 1o et/m ~
o BV, v (B V)

On définit r = inf(ry,73). Soit N dans (D’), on a alors

— Si N > 2, soit p € [2, %). Si Ha est bornée sur LP, alors H) aussi.

— Si N <2, soit p € [2,+00). Si Ha est bornée sur LP, alors H) aussi.
Dans [1], Assaad et Ouhabaz mettent en avant des conditions d’intégrabilité ana-
logues qui permettent de déduire la bornétude sur LP? de VL2 de celle de R.
Celles-ci sont différentes de (1.2) mais on vérifie qu’elles sont équivalentes au moins

si la croissance des boules vérifie

tdt < +o0.  (1.2)

T2

cth < pu(B(z,t)) < OtN

pour certaines constantes ¢, C' > 0 indépendantes de ¢ et x.

1.3 Fonctions de LPS généralisées et gradient du
semi-groupe de la chaleur

1.3.1 Eléments de la littérature

Deés le livre de Stein [60], les fonctions de Littlewood-Paley-Stein sont présentées
commes des outils permettant d’attaquer le probléme de la bornétude de la trans-
formée de Riesz. Dans [22], Coulhon et Duong montrent que si Ga est bornée sur
LP(M) et g est bornée sur LP (A'T*M), alors la transformée de Riesz est bornée sur
LP(M). Ils montrent aussi que la bornétude de Ha sur LP implique l'estimation

Ve 2 £, < (1.3)

C
%Hpr,

uniforme en f € LP et t > 0. Cette derniére estimation est aussi une conséquence
triviale de la bornétude sur L? de la transformée de Riesz VA2, Dans [4], Auscher,
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Coulhon, Duong et Hofmann considérent les variétés vérifiant I'inégalité de Poincaré
LQ

/|f—fB|2d:r;§Cr2/ IV 2 (1.4)

pour toute boule B = B(xg,7), ou fp est la moyenne de f sur B. Plagons-nous sur
une variété vérifiant le doublement (D) et (1.4). Soit pg > 2. Alors 'inégalité (1.3)
pour tout p € [2,pg) est équivalente a la bornétude de la transformée de Riesz pour
sur LP pour tout p dans le méme intervalle. Comme la bornétude de H, implique
aussi (1.3), on a alors équivalence entre la bornétude de H et celle de la transformée
de Riesz. Dans [9], Bernicot et Frey étudient I’équivalence entre la bornétude de la
transformée de Riesz et (1.3) pour des opérateurs ne vérifiant pas la propriété de
conservation e %1 = 1 (par exemple pour L un opérateur de Schrodinger & potentiel
non nul). Sous certaines conditions sur L et dans le cas p > 2, ils montrent que (1.3)
et I'inégalité de Holder inverse

G fy =)™ < (i L, 7)

pour toute boule B et toute fonction u harmonique (pour L) sur 2B, impliquent que
VL~/2 est borné sur LP pour tout p € [2,pp).

1.3.2 Contributions

Nous continuons I’étude des relations entre les fonctionnelles de Littlewood-Paley-
Stein et la transformée de Riesz dans le Chapitre 4. Nous le faisons pour les fonc-
tionnelles associées a un opérateur de Schrodinger L = A + V' ou le potentiel V' est
positif. Nous établissons I’équivalence suivante.

Théoreme D. SoitT' =V ouT = vV la multiplication par 'V et soit p € (1, 4+00).
Les assertions suivantes sont équivalentes.

1. La fonctionnelle H} est bornée sur LP(M).

2. La famille d’opérateurs {/tTe L t > 0} est R-bornée sur LP(M).

La R-bornétude d’une famille d’opérateurs est définie en Section 2.6. Nous en dé-
duisons qu’en particulier, pour p € (1,2], les familles {v/tVe *} et {VtV/Ve L} sont
toujours R-bornées sur LP. Cette R-bornétude est toujours vraie si la transformée de
Riesz I'L~1/2 est bornée sur LP. Ceci donne une preuve du fait que la bornétude de
la transformée de Riesz implique celle de la fonctionnelle de Littlewood-Paley-Stein.
Ce résultat est connu des spécialistes mais est rarement explicité. Nous montrons
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que cette R-bornétude implique la bornétude sur L? de fonctionnelles de Littlewood-
Paley-Stein généralisées. Plus précisément, on démontre les résultats suivants.

Théoreme E. Soit L = A +V un opérateur de Schridinger avec V- > 0. Soient
m,...,my, et F des fonctions holomorphes bornées sur le secteur angulaire 3 (w,) =
{# # 0, |arg(z)| < arcsin ’% — 1’ + B} avec B > 0. On suppose qu’il existe § > 1/2 et
e >0 tels que |F(2)| < ‘Z% lorsque |z| — +oo et |[F(2)] < M% lorsque z — 0.

1. Soit p € (1,2]. Alors il existe une C' > 0 indépendante des my, telle que pour
toutes fonctions f1, ..., fn € LP(M),

1/2

o M 1/2 n
|</ ermk@)F(tL)kadt) <c (Zmr?) )

2. Soit p € (2,+00), on suppose de plus que la famille {\/tTe "t > 0} est R-
bornée, alors l'inégalité (1.5) est satisfaite.

Si on suppose que la variété vérifie (D) et (G), on obtient aussi 'inégalité

co M 1/2 n 1
(/ Z |ka(tL)fk|2dt> < C'sup ||myg|ywe.z (Z |fk|2>
0 k=1 ) k k=1

/2

p

des lors que les fonctions my, : [0, +00) — C sont a support dans [1,2] pour tout
k et que la famille {/tI'e7*} est R-bornée. C’est en particulier vrai dés lors que
p € (1,2].

Ces résultats viennent de manipulations de I'inégalité de Khintchine-Kahane pour
se ramener & 1’étude de fonctions carrées déja étudiées par Cowling-Doust-McIntosh-
Yagi [25] et Le Merdy [44] dans le cadre du calcul fonctionnel H* ou Déléaval-Kriegler
[26] dans le cadre du calcul de Hérmander.

On peut faire une remarque particulierement intéressante en combinant les Théo-
réemes D et E. En passant par la R-bornétude de la famille {\/%Fe_tL,t > 0}, on
montre que si la fonctionnelle de Littlewood-Paley-Stein classique Hj, est bornée sur
LP(M), alors les fonctionnelles généralisées le sont aussi.

Pour résumer, les liens connus ou établis entre la transformée de Riesz, les fonc-
tionnelles de Littlewood-Paley-Stein, et la famille d’opérateurs {\/H‘e_“:,t > 0} sont
les suivants.
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(0)— la fonctionnelle de Littlewood-Paley-Stein G2 (ou Hz) est bornée sur v,

4

(a)— la transformée de Riesz I'L~'/2 est bornée sur L?,

Y
(b)— {VtT et t > 0} est R-bornée sur LP,
)

(¢)— la fonctionnelle de Littlewood-Paley-Stein H} est bornée sur LP,

4
(d)— {V/tT et t > 0} est uniformément bornée sur L?.

On connait différentes conditions permettant de remonter les implications. On

peut citer :

— Siune inégalité de Holder inverse est satisfaite par les fonctions L-harmoniques,
alors (d) implique (a). Toutes ces propositions sauf (o) alors sont équivalentes.
(Voir Bernicot-Frey [9])

— Si la variété est doublante et vérifie 'inégalité de Poincaré L? sur les boules,
on obtient les mémes équivalences dans le cas p > 2 (Voir Auscher-Coulhon-
Duong-Hofmann [4]).

— Dans le cas L = A, si ¢ est bornée sur L alors (b) implique (a) (Voir
Coulhon-Duong [22]).

Pour certains exemples de variétés ou d’opérateurs de Schrodinger, on connait
explicitement l'intervalle des p pour lesquels les trasnformées de Riesz VA~Y2 ou
VL~'/2 sont bornées sur LP. L’implication (a) = (c) permet de déduire que sur
ces exemples, les fonctionnelles de Littlewood-Paley-Stein sont aussi bornées. Sur
certains d’entre eux, on vérifie que les intervalles ainsi obtenus sont optimaux. On
peut citer :

— Si M est somme connexe de deux espaces euclidiens R collés le long du cercle

unité alors Ha est bornée sur LP pour p < N et non bornée p > N. On utilise
les résultats sur la transformée de Riesz de [11].
— Sur R¥, on étudie un opérateur de Schrodinger L = A +V avec V > 0

vérifiant
L/ Vide < C (Lde)q
|B| J5 - \|B] '

Dans ce cas Hy, est bornée sur L” pour p jusqu’a un certain py. On exhibe un
exemple de potentiel V', dit a Shen [57| qui prouve que p, est optimal.
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Nous introduisons aussi les fonctionnelles de Littlewood-Paley-Stein locales

i) = ([ e o)

HE o 9)) = ([ et o) "

Les mémes méthodes que celles utilisées pour prouver 'implication (b) = (¢) nous
permettent de montrer que la bornétude sur L? de la transformée de Riesz locale
['(I + L)~%/? (respectivement & l'infini Te™L~'/2) implique celle de la fonctionnelle
de Littlewood-Paley-Stein locale (respectivement a 'infini).

1/2

et & U'infini

Enfin, nous montrons en toute généralité que la continuité d’une fonctionnelle
de Littlewood-Paley-Stein généralisée sur LP implique une borne inférieure pour la
méme fonctionnelle sur espace dual L. On traite aussi le cas des fonctionnelles

de Littlewood-Paley-Stein associées a des opérateurs elliptiques sur des domaines de
RY.

1.4 Fonctionnelles coniques

1.4.1 Eléments de la littérature

Dans son article [58|, Stein considére des fonctions carrées dites d’aire pour le
laplacien sur RY et montre qu’elles sont continues sur LP pour tout p € (1, +00). Sur
une variété, cette fonctionnelle se réécrit pour 'opérateur de Laplace-Beltrami

(/ /. w1V <y)‘2u<30<1531/2>>>1/2‘

Cette fonctionnelle est toujours, par intégration par parties, une isométrie de L?(M).
Comme dans le cas des fonctionnelles de Littlewood-Paley-Stein, trouver l'intervalle
des valeurs de p pour lesquelles Ga est une fonctionnelle continue sur L? est un pro-
bléme de grand intérét. Dans [5], Auscher, Hofmann et Martell étudient des fonctions
carrées coniques associées a un opérateur Ly = —div(AV.) sous forme divergence sur
R™. Elles sont définies de méme par

00 dtdy /2
= ([ [ v
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Les auteurs montrent qu’elles sont continues en norme LP pour p € (p~,+00) ou
p~ < 2 est la borne inférieure des p tels que {\/ZVe_tL,t > 0} vérifie des estimations
hors diagonale LP — L?. Si A est une matrice réelle, on note que p~ = 1. Les auteurs

montrent aussi qu’en toute généralité,
S) 1/2
( / |Ve it f|2dt)
0 P

si p > 2, et I'inégalité inverse si p < 2. Les auteurs considérent aussi des fonctions
coniques avec le semi-groupe de Poisson et montrent des estimations inférieures.
Dans [15], Chen, Martell et Prisuelos-Arribas traitent le cas des opérateurs elliptiques
dégénérés. Dans [33], Frey, McIntosh et Portal regardent des fonctionnelles carrées
coniques associées a 'opérateur de Dirac d + d*.

1GL (Nl < C

1.4.2 Contributions

Dans le Chapitre 5, nous étudions la continuité en norme LP des fonctionnelles
coniques sur les variétés a la fois pour les opérateurs de Schrodinger et le laplacien
de Hodge-de Rham. Celles-ci sont définies par

_ - —tL 2 —tL 2 dtdy Y2 o
—(/ /B o LR Ve 1) —M(B(Wz))) :

(/ / R <B(<1;dfl/2>>)l/2'

Pour G , on aurait aussi pu mettre V ou d a la place de d* sans changer ’essence des
résultats. Le choix de d* est fait ici car il donne des applications & I’étude de la trans-
formée de Riesz. Au cours de ce manuscrit, on considérera aussi des fonctionnelles
coniques associées aux semi-groupes de Poisson ainsi que des fonctionnelles coniques
horizontales. Celles-ci seront définies dans le Chapitre 5.
Comme dans [5], nous mettons en avant la différence entre les cas p € (1,2] et
€ (2,4+00). Nous commengons par vérifier que I’on a bien la méme comparaison que
dans [5] entre les fonctions de Littlewood-Paley-Stein et les fonctions carrés coniques.
Ainsi on obtient bien ||GL(f)|l, < C|HL(f)|l, si p € [2,00) et I'inégalité inverse si
p € (0,2] dés lors que la variété vérifie le doublement (D). Les mémes inégalités sont
vérifiées avec les différentes variantes de fonctions de Littlewood-Paley-Stein pour A
et les fonctions coniques analogues.
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Dans le cas de I'opérateur de Schrodinger L = A+ V avec V' > 0, nous montrons
que G, est toujours bornée sur LP pour p € [2,+00). Pour cela nous utilisons les
résultats d’interpolation connus sur les espaces de tentes en ramenant la continuité
de G sur L? & la continuité de f — tDe "L f (pour I = V et ' = V/2) de LP dans
T%. C’est a l'origine un argument de Fefferman-Stein dans [31], déja repris dans [5].
Dans le cas p € (1, 2], on obtient encore une fois comme dans [5] ou [15] la continuité
de Gy, sur LP en supposant que /tI'e *! satisfait des estimations hors-diagonale
L? — L?> pour ' = Vet I' = V1/2 de la forme

—4372

L Ce ¢ 2 i\’
e, ViDe sl < W( (\[ 237,)) : (1.6)

L’estimation (1.6) doit étre vérifiee pour toute boule de rayon r , ¢ > 0 et tout
j > 1. Ici C; est anneau 277 B\27 B. Ces estimations sont en particulier vraies si la
variété vérifie la propriété de doublement du volume (D) et si le noyau de la chaleur
vérifie I'estimation gaussienne (G). Le cas d’un opérateur de Schrédinger & potentiel
sous critique satisfaisant (SC-L) pour un certain o € [0,1) est aussi traité. Sous
cette hypothése, on prouve que si la variété vérifie le doublement de volume (D) et

I'estimation gaussienne du noyau de la chaleur (G), alors Gy, est bornée sur L? pour

pE (p1,+00) ou P1 = #ﬁ

Pour les opérateurs de Schrodinger a potentiel V' positif, nous montrons la conti-
nuité en norme LP de fonctions carrées coniques généralisées. Si F' est une fonction
holomorphe bornée sur un certain secteur angulaire, on définit la fonctionnelle

) , dtdy  \'?
ctn = ([ [ IR VPG ) s )

On prouve sa continuité sur LP pour p € [2,+00) sous deux conditions différentes.
La premiére est la condition de R-bornétude du Chapitre 4 et utilise la comparai-
son avec la fonctionnelle de Littlewood-Paley-Stein. La deuxiéme est une condition
de décroissance suffisante de F' en 'infini mais aussi en zéro. Plus précisément, on
démontre le résultat suivant.

Théoreme F. On suppose que M vérifie le doublement du volume (D). Soit F' une
fonction holomorphe sur un sectew“ X(p) = {2z # 0,|larg(z)| < p} telle que pour
tout z € X(u), |F(2)| < Cl+| |T+5 pour un certain 6 > 1/2 et 7 > (N — 2)/4, ou N
apparait dans (D). Alors GE' est borné sur LP(M) pour tout p € [2,+00).

La démonstration utilise ’argument de Fefferman-Stein [31] pour obtenir la bor-
nétude sur tous les LP pour p € [2,00).
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Pour ce qui est de la fonction conique associée a 'opérateur de Hodge-de Rham,
nous montrons que G est bornée sur LP pour tout p € [2,00) dés lors que la variété
vérifie la propriété de doublement du volume (D). Si p € (1,2], nous montrons la
bornétude de G si de plus la famille \/fd*e_tx vérifie des estimations LP — L? du type
de (1.6). Ces estimations sont par exemple vérifiées si la variété satisfait ’estimation
gaussienne (G) pour son noyau de la chaleur, si elle vérifie le doublement (D) et si
la partie négative de la courbure de Ricci est sous critique comme dans (SC—&) pour
un « assez petit.

Dans ce chapitre, nous considérons aussi les fonctionnelles associées aux semi-
groupes de Poisson, des estimations inférieures, et une application a la transformée

de Riesz.

Organisation du manuscrit

Le Chapitre 2 est préliminaire et introduit les notions nécessaires a la compré-
hension des chapitres suivants.

Le Chapitre 3, dont le contenu est extrait de 'article [19], donne une nou-
velle application de la méthode de Stein pour étudier la continuité des fonctions de
Littlewood-Paley-Stein associées aux opérateurs de Schrodinger signés et a l'opéra-
teur de Hodge-de Rham sur les 1-formes.

Le Chapitre 4, dont le contenu est extrait de I’article [20] en collaboration avec
Ouhabaz, donne une approche liée a la R-bornétude pour étudier des fonctions de
Littlewood-Paley-Stein généralisées.

Le Chapitre 5 traite des fonctions coniques associées aux opérateurs de Schro-
dinger et de Hodge-de Rham sur les variétés.
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CHAPITRE 2

Préliminaires

Dans ce chapitre, nous introduisons des définitions et des résultats sur divers outils
utilisés dans les chapitres suivants. Ils permettent a la fois d’introduire certains objets
nécessaires a la compréhension de ce manuscrit et de mettre en valeur et commenter
certaines de leurs propriétés qui seront utilisées par la suite.

Une premiére section rappelle quelques éléments de géométrie riemannienne. Une
deuxiéme définit avec rigueur les opérateurs impliqués dans notre étude : les opéra-
teurs de Schrodinger sur les variétés ainsi que 'opérateur de Hodge-de Rham sur les
formes différentielles de degré 1. Une troisiéme section introduit les semi-groupes que
ces opérateurs générent et les estimations que leurs noyaux peuvent vérifier. Enfin,
les deux derniéres sections définissent et donnent quelques résultats respectivement
a propos du calcul fonctionnel H* et de la R-bornétude d’une famille d’opérateurs
sur un espace de Banach.
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2.1 Eléments de géométrie riemanienne

2.1.1 Variété riemannienne

Définition 2.1 (Variété riemanienne). Une variété riemanienne (M, g) est une va-
riété lisse M munie d’une métrique riemanienne g. Une métrique riemanienne est
une section lisse du fibré T*M telle que pour tout x dans M, g, est un produit sca-
laire sur T,M ® T, M. Cela permet de définir la norme d’un vecteur v € T, M par
‘U’x = gm(v,v).

L’isomorphisme canonique entre T'M et T*M permet de déduire du produit sca-
laire g, sur T, M un autre produit scalaire < .,. >, sur 7M. Cela permet de
donner définir la norme d'une forme différentielle o en un point = par |a(z)|, =
V< a(z), a(x) >,

Soient z',...,2" des coordonnées locales au voisinage d'un point z. On note
Ozt ...,0x™ la base locale de champs de vecteurs correspondant & ces coordonnées.
Si dz® est 1'adjoint de Ox; alors on on obtient en coordonnées locales 1’expression

g= Zgijdxi ® da’

1,

ol gi; = g.(0x*,027).
De méme le produit scalaire sur les formes différentielles se décompose
<, >= Zg”@xi ® 0z’
i?j
avec g =< dx',dx? >,. Les matrices (g;;)i; et (¢");; sont inverses I'une de I'autre.

Le produit scalaire permet de définir la longueur des courbes rectifiables sur M.
On en déduit une distance sur M, que 'on appelle distance riemannienne.

Définition 2.2 (Distance riemanienne). Soit (M, g) une variété riemanienne. Soit y
une courbe sur M (une application C* par morceaux de [0,1] dans M ). Sa longueur
est définie par

1
() = / \/gﬂt)(v’(t),v’(t))dt-
0
La distance riemannienne sur M est donnée par
pla,y) = infi(y).

La borne inférieure est prise sur l’ensemble des courbes C'°° par morceauz telles que
Y(0) =z et (1) =y.
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Enfin, la métrique g induit une mesure p sur M appelée mesure riemannienne.

Définition 2.3 (Mesure riemannienne). Soit (M, g) une variété riemannienne. On
définit une mesure p sur M, appelée mesure riemannienne, en coordonnées locales.
Sixl, ..., x" est un systéme de coordonnées locales autour d’un point x, on définit

du = +/det gdaz' A ... A da™

ou det g est le déterminant de la matrice (g;;);; et N\ est le produit extérieur sur
les formes différentielles. La mesure d’une partie mesurable est donnée par pu(A) =
Jos xa(@)dp(x). Pour une boule, on notera souwvent Vol(z,r) = u(B(x,r)).

La distance p et la mesure p induites par g permettent de donner a (M, p, i)
une structure d’espace métrique mesuré. Cela permet de définir les espaces LP de
fonctions, de champs de vecteurs et de formes sur la variété M. Le cas de L*(M)
est particulier puisque c¢’est un espace de Hilbert. Dans le cas des fonctions on a le
produit scalaire

(fl9)1e = /M f(@)g(z)da

et dans le cas des formes différentielles
(w|n) 2 :/ <w(z),n(x) >, dx.
M

Pour le produit scalaire L?, la co-dérivée d* est 'adjoint de la dérivée extérieure d.
La structure d’espace métrique mesuré de type homogeéne est le cadre habituel pour
étudier les inégalités fonctionnelles liées aux équations de la chaleur.

2.1.2 Différentielles et connexion de Levi-Civita

Quand on souhaite étudier la dérivée premiére d’une fonction sur M la différen-
tielle suffit, mais si on souhaite étudier la dérivée d’une 1-forme, c’est plus compliqué.
En effet, il existe des formes différentielles fermées, c’est a dire telles que dw = 0.
C’est en particulier le cas des formes exactes : pour toute fonction f, d*f = 0. En fait,
la différentielle extérieure ne voit que peu la géométrie (c’est a dire la métrique g)
de la variété. Pour dériver des formes différentielles, des champs de vecteurs, ou tout
autre tenseur, on aura besoin d’un nouvel outil qui permet de comparer des tenseurs
n’appartenant pas au méme espace. Cet outil est la connexion de Levi-Civita, et on
aura besoin des symboles de Christoffel pour la définir.
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Définition 2.4 (Symboles de Christoffel). On définit les symboles de Chrsitoffel (en
coordonnées locales) par la formule

‘ 1 2 |99k | Ogu | Og
e — = il : J J
k9 Z {8953 * oz * ozt

Ils permettent de définir la connexion de Levi-Civita, dont les propriétés de com-
patibilité avec la métrique sont fondamentales.

Définition 2.5 (Connexion de Levi-Civita). Soit (M, g) une variété riemanienne.
La connezion de Levi-Civita est définie comme Uapplication V : T'(TM) — T*M ®
[(TM) telle que

1. V&k = Zi,j dz? & F;kaz;
2. VX(Av) = AVX(v) et VX(v+ w) = VX(v) + VX (w) pour tout champ de
vecteur X et v,w € T'M,

3. V(fX)(v) = fVX(v) 4+ df (v)X pour toute fonction f € C®(M).

Cette définition s’étend a tous les (p, ¢) tenseurs sur M. Dans notre étude nous
nous intéresserons en particulier & son extension aux 1-formes différentielles.

Définition 2.6. Soit (M, g) une variété riemanienne. La connexion de Levi-Civita
s’étend aux 1-formes en une application V : NXT*M — A>T*M telle que

1. Vda* = =37, Thdr' @ da?

2. V(Aw + 1) = A\Vw + Vn pour toutes 1-formes w et n,

3. Vf =df pour toute fonction lisse f,

4. V(fw) = fVw +df @ w pour toute fonction lisse f et 1-forme w.

Remarque 2.7. La définition de la connexion de Levi-Civita est indépendante du
choiz de coordonnées locales.

2.2 Opérateurs de Schrodinger et Hodge-de Rham

2.2.1 Formes sesquilinéaires (non bornées) sur espace de Hil-
bert

Soit ‘H un espace de Hilbert sur R ou C muni d’un produit scalaire noté (.|.) et
de la norme associée |.|| = (.].)/2.
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Définition 2.8. Une forme sesquilinéaire a sur H est la donnée d’un sous-espace
vectoriel D(a) C H et d’une application

a:D(a) x D(a) - C
qui est
1. linéaire & gauche : pour v € D(a) fizé, Uapplication u — a(u,v) est linéaire
2. anti-linéaire & droite : pour uw € D(a) fixé, lapplication v — a(u,v) est anti-
linéaire.

Le sous-espace D(a) est appelé domaine de la forme sesquilinéaire

2.2.2 Opérateur associé a une forme sesquilinéaire

Définition 2.9. Soit a une forme sesquilinéaire de domaine D(a).
1. Elle est de domaine dense si D(a) est dense dans H.

2. Elle est accrétive si pour tout u dans D(a),
Rea(u,u) > 0.
3. Elle est continue (ou bornée) s’il existe C > 0 tel que pour u,v dans D(a),
la(u, v)| < Clull[]|.

4. Elle est fermée si D(a), muni de la norme |ulls = (||ul|® + a(u,u))/? est un
espace complet.

5. Elle est sectorielle sil existe C > 0 tel que |[Ima(u,u)| < CRea(u,u), pour tout
u € D(a).

Définition 2.10 (Opérateur associé a une forme sesquilinéaire). Soit a est une forme
sesquilinéaire de domaine dense, fermée, accrétive et continue. On définit 'opérateur
A associée a a sur son domaine

D(A) ={u € D(a),3v € H,Yw € D(a),a(u,w) = (v,w)}
par Au = v.

Proposition 2.11. Soit A lopérateur associé a une forme sesquilinéaire a de do-
maine dense, fermée, accrétive et continue. Alors D(A) est dense dans H et pour
tout A > 0, A\l + A est inversible et son inverse vérifie

_ C
[T+ 4) ]| < 5 el 1)

pour tout x € H.
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2.2.3 Semi-groupe associé a une forme sesquilinéaire

L’inégalité (2.1) est ’hypotheése du théoréme de Hille-Yosida. Celui-ci assure que
les opérateurs associés a de telles formes sesquilinéaires sont des générateurs de semi-
groupes.

Proposition 2.12. Soit A lopérateur associé a une forme sesquilinéaire a de do-
maine dense, fermée, accrétive et continue. Alors —A est le générateur d’un semi-
groupe (e~4);>q fortement continu et de contraction sur H.

En rajoutant une hypothése de sectorialité, on obtient de plus un semi-groupe
holomorphe.

Proposition 2.13. Soit A l'opérateur associé a une forme sesquilinéaire a de do-
maine dense, fermée, accrétive, continue. On suppose de plus qu’elle est sectorielle,
c’est a dire qu’il existe C' > 0 tel que

|[Ima(u,u)| < CRea(u,u),Yu € D(a).

Alors —A est le générateur d’un semi-groupe e~*4 de contraction sur H holomorphe
sur (5 — arctan C) = {z € C\{0}, |arg(z)| < § — arctan C}.

2.2.4 Opérateurs de Schrodinger et de Hodge-de Rham

Les formes sesquilinéaires permettent de définir les opérateurs de Schrodinger de
le laplacien de Hodge-de Rham sur les variétés.

Opérateur de Laplace-Beltrami

Soit M une variété Riemannienne compléte non compacte. On définit la forme
sesquilinéaire aa sur L?(M) par

an(f,g) = /M < df,dg >, dz

pour f et g dans D(aa). Le domaine D(aa) de aa est le complété de C§°(M) pour
la norme associée a a, || flla = (| f]|*> + a(f, f))¥/?. Le semi-groupe e~*2 associé est
holomorphe d’angle Z sur L*(M).
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Opérateurs de Schrodinger

Soit V' = V* -V~ une fonction mesurable sur M, dont V't et V= sont respective-
ment les parties positives et négatives. On suppose que V' est localement intégrable
et que V'~ vérifie

/M V() ()2 < a /M (VH@) f(@)? + |df (@) ) dz + B /M f ()%

pour des constantes a € [0,1), 5 € R et pour tout f dans le domaine D(aa y). Le
domaine D(aaiy) est la fermeture de C§°(M) pour la norme

1 Fllassv = (IFIE + ansv (f, )2

En perturbant la forme sesquilinéaire aa, on définit une nouvelle forme aay sur
D(asyv) par

aa+v(f,9) = /

M

(< df,dg >, +V () f(x)g(z)) dz — / V7 (z)f(z)g(x)dx.
M
Cette nouvelle forme sesquilinéaire définit I'opérateur de Schrodinger que 1’on
notera L = A + V. Il est auto-adjoint et méme positif si on suppose § < 0. Le
semi-groupe e ¥ associé est holomorphe d’angle 5 sur L3(M).

Laplacien de Hodge-de Rham
Sur lespace de Hilbert L*(A'T*M), on définit la forme sesquilinéaire

oz (o, B) = /M (< da,dB >, +d"a(z).d"B(x)) dz.

Son domaine est le complété de I’ensemble des 1-formes C'™° & support compact pour
la norme [|wllo, = (ag(w,w) + [|lw[[3)"/>.

%
Par la méthode des formes, ax définit opérateur A que 'on appelle I'opérateur
de Hodge-de Rham (ou laplacien) sur les 1-formes. Il est formellement donné par

%
la formule A = dd* 4+ d*d. L’opérateur A peut étre vu comme un opérateur de

Schrodinger sur les formes différentielles par la formule de Bochner (B).
%

Le semi-groupe e 2 associé¢ est holomorphe d’angle 2 sur L*(A'T*M). On l'ap-

pelle semi-groupe de la chaleur sur les 1-formes.

35



Chapitre 2. Préliminaires

Théoreme 2.14 (Formule de Bochner). Soit R le tenseur de Ricci sur M, V la
connexion de Levi-Civita et V* son adjoint pour le produit scalaire L?. On a

X =V'V+R (B)
=A+R

Pour une preuve de ce théoréme, voir [56], Théoréme 2.28. Ici A = V*V est
appelé le laplacien brut. La courbure de Ricci joue en ce sens le role du potentiel V'
dans 'opérateur de Schroédinger.

Les opérateurs de Laplace-Beltrami et de Hodge de Rham sont aussi reliés par
les formules de commutation

dA = Nd
et -
d"A = Ad".
Elles permettent de calculer I'adjoint de la transformée de Riesz R = dA~/2. On a
R = (A2
= (A1)
— A2

—1/2
—_¢n

2.3 Semi-groupes de la chaleur

Dans la section précédente, nous avons défini les semi-groupes e *2, et et o1&
sur L*(M). Une question naturelle est de se demander pour quelles valeurs de
p € (1,00) ces semi-groupes, définis sur L? N LP, s’étendent en semi-groupes de
contractions, ou méme simplement uniformément bornés, sur LP. Le plus simple des
semi-groupes a étudier est le semi-groupe de la chaleur e *2, puis qu’il est markovien.

Théoreme 2.15.
— Le semi-groupe e~
— e 1 =1

A est de contraction sur LP pour tout p € [1, 400,

Théoreme 2.16 ([47]). On suppose que V'~ est sous-critique par rapport & A+ 'V,
c’est a dire qu’il existe o € [0,1) tel que pour tout f € D(L)

/ V™ fidx < a/ V4 V. (SC-L)
M M
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t

Soit p1(«a) = #ﬁ, alors et est de contraction sur LP pour p € [py, p}].

Remarque 2.17 (|1], Théoréme 2.4). Sous l’hypothése de doublement (D) et l’esti-
mation gaussienne (G), on obtient que eI est uniformément borné sur [po, pj| ot
Py = %p’l ot N apparait dans (D). Si N < 2, on prend pj, = oo.

Ces semi-groupes sont positifs, c’est a dire que si f est une fonction positive, alors
deés lors que t > 0, e~* est une fonction strictement positive. On en déduit qu’ils
vérifient l'inégalité maximale suivante de [46].

t

Théoreme 2.18. Pour tout p pour lequel et est de contraction sur LP, on a l'in-

égalité maximale

<Al
p
pour une constante C > 0 indépendante de f.

sup |e " f|
t>0

Grace a la formule de Bochner, on obtient un résultat analogue au Théoréme 2.16
pour 'opérateur de Hodge-de Rham.

Théoreme 2.19 ([49], Proposition 3.3). On suppose que R~ est sous-critique par
rapport a V*V + RT, c’est a dire qu’il existe o € [0, 1) tel que pour tout w € D(A)

/ <R ww>dr < a/ < R*w,w > +|Vw|dz. (SC—X)
M M

t

ﬁ
Soit p1(«a) = alors e™'2 est de contraction sur LP pour p € [p1, p}].

2
1+v1—a’

o
Remarque 2.20. 1. Sous (D) et (G), on obtient que e ' est uniformément
borné sur [po, py) ot ph = %p’l ou N apparait dans (D). St N < 2, on prend

Py = 0.
2. Ici on n’a pas a priori d’'inégalité mazimale. Cependant un peut en obtenir une
si l'opérateur de Schrédinger L = A=V, ot V(x) = SUP,ers s o1 < 70,0 >,

_>
en vérifie une. Cela d’écoule de Uestimation |e 'S w| < e wl.

2.4 Estimations gaussiennes des noyaux de la cha-
leur

—tA, gl

Soit e un semi-groupe sur L?(M) de générateur —A. Le noyau de e
existe, est une fonction mesurable p(.,.) de M x M dans R telle que
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e_tAf(.iE) = /Mpt(iﬂ, y)f(y)dy

pour toute fonction f dans L? et tout x € M.
Le premier exemple est le noyau de la chaleur : sur R”, la solution de 1’équation
de la chaleur est donnée par

a2/t
e 2 f(z) = /n Wf(y)dy-

L’existence d'un tel noyau est toujours vraie pour le semi-groupe de la chaleur

et car il est markovien.

Définition 2.21 (Estimation gaussienne). On dit le noyau de la chaleur p; associé
a un semi-groupe e~ sur L? vérifie une estimation gaussienne supérieure s’il existe
des constantes C,c > 0 telles que pour tout t > 0 et presque tout x,y € M,

6_092(x7y)/t

<(C—m.
pt(xay) — CVOZ(JZ',tl/Q)

(G)
Une hypotheése que 1'on fait souvent est que le noyau de la chaleur, c’est a dire le
noyau associé a e~** satisfait I'estimation gaussienne (G).
Les formules de Trotter-Kato et Bochner permettent d’établir la proposition sui-
vante.

Proposition 2.22. Supposons que le noyau de la chaleur sur M vérifie l’estimation
Gaussienne (G).

1. S10 <V € L}, alors le semi-groupe généré par —L = —A —V admet un

loc’
noyau qui satisfait aussi une estimation gaussienne supérieure.

2. Si la courbure de Ricci de M est positive, alors le semi-groupe de le chaleur sur
les 1-formes vérifie

e B (), < /M pi(e, 9l (w)lydy

ot p; est le noyau de la chaleur sur les fonctions qui satisfait une estimation
gaussienne.

Remarque 2.23. Dans [16], Magniez et Ouhabaz étudient plus précisément les es-
timations sur les noyaux de la chaleur associés a l’opérateur de Hodge-de Rham sur
les formes différentielles de différent dégré. Ils obtiennent leurs résultats en faisant
des hypotheses notamment sur la courbure de Ricci.
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Si le noyau de la chaleur p; associé a 'opérateur de Laplace-Beltrami A satisfait
I'estimation gaussienne (G), on peut en déduire d’autres estimations pour les dérivées
de celui ci. Les résultats suivants sont démontrés dans [34] et [21]. D’autres résultats
sont prouvés dans [14] si on suppose une estimation sous-gaussienne et plus seulement
une estimation gaussienne.

Proposition 2.24. Soz’t M wune variété vérifiant (D) sur laquelle le noyau de la
chaleur p; vérifie (G), alors la dérivée temporelle de p; vérifie

S S
= tu(B(x, 177))

‘ pt €T y ‘ e—och(ac,y)/t

pour tout t > 0 et x,y € M.

Pour le gradient du noyau de la chaleur, on ne peut pas espérer d’estimations
ponctuelles supérieure, notamment car V,p;(z,x) = 0. On obtient cependant une
estimation intégrale en dehors de la diagonale.

Proposition 2.25. Si M satisfait (G) et (D), alors
[ Vaplde < Ce
M\B(y#1/2)

pour certaines constantes C, 8 > 0 et pour tout x,y € M,s,t > 0.

2.5 Calcul fonctionnel H*

2.5.1 Définition du calcul fonctionnel H
Soit w € (0, ), on définit

Y(w) = {z € C\{0}, arg(z)| <w}

le secteur angulaire d’angle w. On note H*(3(w)) 'ensemble des fonctions holo-
morphes bornées sur ¥(w). On notera H§°(X(w)) son sous-ensemble

|2I°

He®(B(w)) = 1f € H*(E(w)),3C, s > 0: [F(2)] < O7— 53 V2 € B(w))

+ |2

Soit A un opérateur fermé sur un espace de Banach E. On suppose qu’il est
de type w, c’est a dire que son spectre est inclus dans ¥ (w) et que ses résolvantes
vérifient 1’estimation

_ C
I(z1 = A) 2| < MHSL‘IIE
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quelque soit z ¢ ¥ (w), © € E et pour une constante C' > 0 qui ne dépend que de w
et A.

Sous cette condition, étant donné une fonction F' € H§°(X(w)), on peut définir
un opérateur borné sur E par

F(A) L/F(,z)(;,«I—A)ldz.

20T -

La convergence de I'intégrale et la bornétude de F'(A) est assurée par les conditions
sur F' et A.
Supposons qu’il existe une constante C' ne dépendant pas de F' telle que

IE(A)lex) < € sup [F(2)], (2.2)

z€35(w)

alors la définition de F'(A) s'étend par densité a F' € H*™ et I'estimation (2.2) reste
vraie grace au lemme suivant. On dit que A admet un calcul fonctionnel H* borné.

Lemme 2.26 (Lemme de convergence, [25]). Soit A un opérateur de type w sur un
espace de Banach E. On suppose qu’il est injectif et dtmage et de domaine dense.
Soit (fn)nen une suite de fonctions dans HS®(X(p)) pour > w telle que f, converge
uniformément vers f € H(X(u)) sur tout compact. Si de plus la famille (f,(A))nen
est uniformément bornée en norme d’opérateur alors f,(A)x converge vers f(A)x
pour tout x dans X et donc f est un opérateur linéaire bornée de norme majorée par

supy, || fn(A)||-

Théoreme 2.27. Tout générateur de semi-groupe sous-markovien admet un calcul
fonctionnel H* borné sur les espaces LP pour p € (1,+00).

Remarque 2.28. 1. §i L = A+ V est un opérateur de Schrodinger avec V> 0,
alors e'F est sous-markovien et on peut appliquer le théoréme précédent.

2. La recherche d’un angle optimal pour le calcul fonctionnel est un probleme
riche qui connait beaucoup d’améliorations récentes. Plus [’angle est petit, mieux

c’est. On peut citer [10] ot les auteurs obtiennent un angle w, = arcsin ]% — 1‘+

€ (pour tout e > 0).

2.5.2 [Estimations quadratiques

Une des conséquences trés importantes de I'existence d’un calcul fonctionnel H*
est l'existence d’estimations quadratiques. Si B = LP(X,u) ou X est un espace
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métrique mesuré, alors pour tout p € (1,400) on a

1/2
H F(tA) f|2dt)

pour tout f € LP et F' € H(X(w)).
Réciproquement, ces estimations quadratiques caractérisent 1’existence du calcul
fonctionnel H°.

< I,
p

Théoreme 2.29 ([25]). Soit A un opérateur de type w < w/2 et p € (1,400). On
suppose qu’il existe C' > 0 tel que pour tout f € LP et g € L,

() 1/2
H (/ |Ae‘“‘f|2dt)
0
p
<Clgll,-

00 1/2
(e
0
p

Alors A admet un calcul H*(X(n)) sur LP pour n > 7 /2.

< Clfl,

Remarque 2.30. Le Merdy améliore l'angle du théoréme précédent dans [45]. 1
obtient un angle plus petit que 7/2.

2.6 [R-bornétude

Dans le Chapitre 4, nous établirons un lien entre la continuité des fonctions de
Littlewood-Paley-Stein et la R-bornétude d’une certaine famille d’opérateurs. Dans
cette section, nous définissons la R-bornétude d’une famille d’opérateurs et donnons
quelques propriétés utiles qui lui sont liées.

Définition 2.31 (R-bornétude). Un sous-ensemble T de L(LP(M)) est dit R-borné
s’il existe une constante C' > 0 telle que pour tout Ty, ..., T, € T et tout fi,..., fn €

LP(M) on a
n 1/2 n 1/2
(Z !kakﬁ) <C (ZW)

i=1 =1

Cette constante C' est indépendante de n € N.
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Une variable aléatoire 7 est dite de Rademacher si elle est discréte et prend 1
ou —1 pour valeur avec probabilité 1/2. Le lemme suivant permet d’écrire sous une
autre forme la définition de R-bornétude.

Lemme 2.32 (Voir Kahane, [41]). Soit (14)r une suite de variables de Rademacher
indépendantes sur un méme espace de probabilités. Soit E un espace de Banach.
Alors pour tout 0 < p < g < +oo il existe une constante C, 4 telle que pour tout n et
toute suite finie xy,...,x, € £ on a

n 1/q
E |l ZTkwquE] < CpqE
i=1

n 1/p
| ZTkka%I :
=1

Remarque 2.33. Dans le cas scalaire, linégalité est due a Khintchine.

En prenant £ = LP et ¢ = 2 on obtient la proposition suivante.

Proposition 2.34. Une famille T d’opérateurs bornés sur LP est R-bornée si et

seulement si
n n
E Tk 1% fr E Th fr
k=1 k=1

Enfin, on cite un théoréme du a Weis [62] qui donne une caractérisation de la
R-bornétude pour des opérateurs sur les espaces LP.

E < CE

p p

Theorem 2.35. Soit I un intervalle de R et soit (S;)ie; une famille d’opérateurs
bornés sur LP(M) indexés part € I. La famille Sy est R-bornée sur LP si et seulement

sl existe une constante C' > 0 telle que
1/2
([1utopar)
! p

H </1 |Stu(t)|2dt) v

pour tout u € LP(M, L*(I)).

<C
p
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CHAPITRE 3

Fonctionnelles de Littlewood-Paley-Stein pour les opérateurs de
Schrédinger de Hodge-de Rham

Ce chapitre est issu de 'article Littlewood Paley-Stein functions for Hodge-de Rham
Laplacian and Schrédinger operators [19], soumis pour publication.
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Abstract: We study the Littlewood-Paley-Stein functions associated with Hodge-
de Rham and Schrodinger operators on Riemannian manifolds. Under conditions on
the Ricci curvature we prove their boundedness on L for p in some interval (py, 2]
and make a link to the Riesz Transform. An important fact is that we do not make
assumptions of doubling measure or estimates on the heat kernel in this case. For
p > 2 we give a criterion to obtain the boundedness of the vertical Littlewood-Paley-
Stein function associated with Schrodinger operators on L?.
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3.1 Introduction

Let (M, g) be a non-compact Riemannian Manifold of dimension n. Here g de-
notes the Riemannian metric that gives a smooth inner product g, on each tangent
space T, M. It induces a smooth inner product on cotangent spaces 1y M which we
denote by <, >, and the Riemannian measure dz. We note |.|, =< >1/? the as-
sociated norm on the cotagent space. We also use |.|, to denote to induced norm on
any alternating power of the cotangent bundle. Let LP = LP(M, A'T* M) with norm

wll, = [[y lw(z)pdz]?. b, For p = 2, we have the scalar product on L*(M, A'T*M)
which we denote by (a, 8)r2 = fM < a, 8 >, dx. Let A be the non-negative Laplace-

Beltrami on functlons A be the Hodge-de Rham Laplacian on 1-differential forms.
It is defined by A = dd* + d*d where d is the exterior derivative and d* its adjoint
for the L? scalar product. Let A = V*V be the rough Laplacian on forms, where V
is the Levi-Civita connection. A link can be done between the previous two opera-
tors via the Ricci curvature. Indeed, let R be the Ricci tensor on 1-forms, then the
Bochner formula says

Rw = Aw + Rw. (B)

The present work is devoted to the study of L” boundedness of the Littlewood-
Paley Stein functions associated with the Hodge-de Rham Laplacian on 1-forms as
well as Schrédinger operators on functions. We also study the L” boundedness of
the Riesz transform R = dA~/2. In contrast to previous works on Riesz transforms
we do not assume the doubling volume property or a Gaussian estimate for the heat
kernel.

The vertical Littlewood-Paley-Stein function for the Laplace-Beltrami operator
on functions was introduced by Stein and is defined by

GUa)i= | [ lae 3 (o) e "

The horizontal one is defined by

g(f)(x) = Uooolaat “WVAL(g )|2tdt]l/2.

The functionals G and g are always, up to a multiplicative constant, isometries of
L*(M). An interesting question is to find the range of p such that g and G extend to
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bounded operators on LP(M). In [58|, Stein proved that they are bounded on L? in
the euclidean setting for all p € (1, 00) and of weak type (1,1). In [60], he proved the
boundedness of GG for 1 < p < oo in the case where M is a compact Lie group and for
p € (1, 2] without any assumption on the manifold. He also proved the boundedness
of g for a general Markov semigroup. The boundedness of the horizontal Littlewood-
Paley-Stein function is related to the existence of H*> functional calculus for the
generator of the semigroup (see Cowling et al. [25]). Coulhon, Duong and Li proved
in [23] that if the heat kernel admits a Gaussian upper estimate and the manifold
satisfies the volume doubling property, then G is of weak type (1,1). In [48], Lohoué
treated the case of Cartan-Hadamard manifolds. In [51], [52] Paul-André Meyer
studied these functionals with probabilistic methods.

The boundedness of G is linked with the boundedness of the Riesz transform
R = dA~'/2. Riesz transform always extends to a bounded operator from L2(M) to
L2(M,A'T*M) and it is a major question in harmonic analysis to find the range of p
for which it extends to a bounded operator on LP. It is the case for p € (1,2) under
the assumptions of volume doubling property and Gaussian upper estimate [21]. For
p > 2 the situation is complicate. The Riesz transform is bounded on L” for all
p € (1,00) if the Ricci curvature is non-negative by a well known result by Bakry [8].
A counter example for large p is given in [21] for a manifold satisfying the volume
doubling property and the Gaussian bound. We refer to Carron-Coulhon-Hassell [11]
for precise results on such manifolds. A sufficient condition for the boundedness of
the Riesz transform in terms of the negative part of the Ricci curvature is given by
Chen-Magniez-Ouhabaz [16].

For manifolds either without the volume doubling property or the Gaussian bound
little is known. It is an open problem wether the Riesz transform is always bounded
on L? for p € (1,2).

In this article, we study the boundedness of the vertical Littlewood-Paley-Stein
functions associated with the Hodge-de Rham operator defined as follows

gt = [ o]

Gz (w)(z) = /OOO |V€_t\/§w|itdt)] 1/2'

— —
Note that de‘t\/zw is a differential 2-form and ]de‘t\/zw]x is defined as before.
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We also define the functional

0o N N
Hz(w)(z) := (/0 Ve 2w+ < (RT + R_)e_txw, e W >, dt) .

where R and R~ respectively are the positive and negative part of the Ricci curva-
ture.
One can also define the horizontal functions for these operators by

J(w)(z) = [ /O N ’%etﬁw itdt] 1/2.

Our main contribution is the L? boundedness of the vertical functional Hz asso-
ciated with the Hodge Laplacian. We work outside the usual setting, that is without
assuming the manifold has the volume doubling property, or its heat kernel satis-
fies a Gaussian estimate. Instead, we rely on two other hypothesis : a maximal
inequality for the semigroup and subcriticality of the negative part of the Ricci cur-
vature. Under these properties we prove the boundedness of all the previous vertical
Littlewood-Paley-Stein functions. More precisely

Theorem 3.1. Suppose that the negative part R~ of the Ricci curvature is subcritical
with rate o € (0,1) that is, for allw € D(A)

(R w,w)r2 < a((A+ RM)w,w) . (3.1)

%
Let py = #ﬁ Given p € (p1,2] and assume that e”'

inequality

satisfies the mazximal

%
Isup e~ 2wl |l < Cllw]l,. (3.2)
t>0

Then Hz, G%, G% and Gz are bounded on LP. They are also bounded on L for
all g € [p,2].

Note that we can write Theorem 1 restricted to exact 1-forms assuming (3.2) only
on these forms.
As a consequence we obtain the following result on the Riesz transform.

Theorem 3.2. Suppose that the negative part of the Ricci curvature R~ satisfies
(3.1) for some a € (0,1) and let p1 = #ﬁ Given p in (p1,2] and suppose that

_>
e satisfies the mazximal inequality (3.2). Then the Riesz transform is bounded on

L¥ where % + i = 1. It is also bounded on L% for all q € [2,p').
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Magniez, in [49], proved the boundedness of R on L? for p in a slightly bigger
interval by assuming the doubling property and the Gaussian upper estimate for the
heat kernel. As mentioned above, we do not assume any of these two properties.
Instead we assume the maximal inequality (3.2). Note that if the heat semigroup on
functions satisfies the so-called gradient estimate

[de™2 fl < Me™"2|df |, (3.3)

with some postiv_e) constants M and ¢ then (3.2) is satisfied on exact forms. Indeed,
in this case, e *2df|, = |de "2 f|, < Me %2 |df|, < M sup,.q e °*?|df|, where the
right hand side term is bounded on L? for p € (1,00) because e~ *2 is submarkovian
(see |60], p 73). If in addition one has LP-decomposition on forms w = df + d* with
|lwll, = ||df]|, then (3.3) implies (3.2). The latter decomposition is not true on all
non-compact Riemannian manifolds. See [22]| for a discussiog on this property. If
R > 0 then obviously (3.2) and (3.3) are satisfied since |e "?w|, < e *|w|, as a
consequence of the Bochner formula (B).

We also study the boundedness of the Littlewood-Paley-Stein function associated
with the Schrodinger operators L = A + V', namely

Gul(f)(a) = [ | (e g Wi ) tdt] ”

1/2

HN@) = | [ et VI o) a

We use the classical notation V* and V'~ for the positive and negative parts of V.
We take V't € L (M). The Schrédinger operator L is defined by the quadratic

loc
form techniques.

Theorem 3.3. Let L = A+V be a Schridinger operator such that the negative part
V'~ is subcritical with rate o € (0,1) in the sense

/ V™ e < a/ (VFf2+|Vf*)dz, VYfe D(L). (3.4)
M M
Then Hy, and Gy, are bounded on LP(M) for all p € (p1,2] where py = - A=.

The result was known for non-negative V' (see Ouhabaz [55]). In this case a = 0
and then H; and G are bounded on LP for p € (1,2]. The paper is organized
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as follows. In Section 3.2, we recall links between Riesz transform and Littlewood-
Paley-Stein functions. In section 3.3 we prove Theorems 3.1 and 3.2. In Section 3.4,
using the same techniques, we give a short proof of a result by Bakry in [8] saying
that the modified Riesz transform d(A + €)~/2 is bounded for p > 2 if we suppose
the Ricci curvature is bounded from below. In section 3.5, using the same techniques
again, we study the boundedess of the horizontal LPS function associated with A.
In section 3.6 we prove Theorem 3.3. In section 3.7, we assume the doubling property
and the Gaussian estimate for the heat kernel to give a criterion on V' to obtain the
boundedness of Hj, in the case p > 2.

Notations: Let p > 1. During all the paper, we denote by L” either the spaces
LP(M) and LP(M,A'T*M) when the context is clear. We sometimes denote by
LP(A'T*M) the space LP(M,A'T*M). We denote by p’ the conjugate exponent of
p defined by i + }% = 1. We denote by C2°(M) the space of smooth compactly
supported functions on M. We often use C' and C’ for possibly different positive
constants.

3.2 The Littlewood-Paley-Stein functions and the
Riesz Transform

The aim of this section is to recall the links between Littlewood-Paley-Stein
functions, Riesz transforms and other estimates. We show a duality argument which
shows why the function Gi) is useful to study the Riesz transform.

First, we have the following theorem which is taken from [22].

Theorem 3.4. Let p € (1,00). If G is bounded on LP(M) and ¢ is bounded from
LY (AT M) to L (M), then the Riesz transform extends to a bounded operator from
LP(M) to LP(A'T*M).

The subordination formula for positive and self-adjoint operators

etAT \/_/ e i e (3.5)

gives the following pointwise domination (see e.g. [23])

Proposition 3.5. For all f € C*(M), for allw € C®(A'T*M), for all x € M,

G(f)(z) < CH(f)(=)
G
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where C' and C" are positive constants and H and H(KV) are defined by

a0 = | [ et "

0o 1/2
HY (w)(z) = [ / \Vetzwﬁdt} .
0

In order to study the boundedness of the Riesz transform R = dA~'/2 on LP, we
argue by duality. It is sufficent to prove the boundedness of the adjoint R* = A~1/2¢*
on L* to obtain the boundedne_s)s of the Riesz transform on Li By the classical
commutation property, R* = d* A~'/2. Therefore we consider d* A~/ on L?'.

In the next result, we have a version of Theorem 3.4 in which we appeal to G%

instead of 7 and G.

Theorem 3.6. Let p € (1,00). If G is bounded from LY (A'T*M) to LP' (M), then

the Riesz transform extends to a bounded operator on LP (with values in LP(AYT* M) ).
—1/2 ’ /

Proof. We show that X" is bounded from L7 (AYT*M) to LP (M). The proof

is the same as for Theorem 3.4. We write the argument for the sake of completeness.
Let w € L” (A'T*M). We have by duality

%
|d* A~ 2wl = sup
9€LP (M), gllp=1

/ d*z_lmw(:p)g(:x)dx :
M
By the reproducing formula

[ s@@as = [ 1S g e Sy
applied with f = & A—1/2 we have

/ d*K‘lﬂw(x)g(x)dx —4/ / [%e‘tﬂd*x_lmw(x)][%e‘t\/zg(ac)]tdxdt.
M o Jum
%

Using the commutation formula d* A = Ad*, we have

2e’t‘/Zd*X’l/Qw = —\/Ze’t‘/xd*xflﬂw

ot
gy /Ke—t\/fx—UQw
= —d*e’tﬁw.
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Thus,

%
|d* A2, =4 sup

[ weBuwig —fﬁntdmdt\

g€LP (M), |gllp=1
_>
<4 sup (/ |d*e_t\/zw|itdt)
geLr (M), |gll,=1 || \Jo .
00 a VA 1/2
X —e ™V Ag(x)Ptdt
([ et
p
=4 sup (|G @)l llg(H)llp
g€LP (M), |gllp=1

< COfwlly-

Here we used the boundedness of G= on L¥ which is our assumption. Note that ¢
is bounded on L” for all p € (1,00) by [60], p111. O

3.3 Vertical LPS functions for the Hodge-de Rham
Laplacian for p < 2

In this section we prove Theorem 3.1 and Theorem 3.2. We start with some useful
pointwise inequalities on smooth differential forms.

Lemma 3.7. For p < 2, for all suitable differential form w and for all x € M we
have the pointwise inequality

= Al > w2 [pp — DIVel2 —p < Bw,w >, . (3.7)

Proof. We discuss the case p = 2 first. Let x € M, let X; be orthonormal coordinates
at x, and 6; their dual basis in the cotangent space, satisfying V#, = 0 for all 7 at z.

We have .
- Vi Vxw.
i=1

o1
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Hence,

n
A]wli = _ZVXiVXi < W,w >4

i=1

= —QZVXZ' < Vxw,w >,

i=1

= —22 [< Vx,Vx,w,w >, +|inw|i:|

i=1

=2 < Aw,w >, —22 IV x,wl|?
i=1
=2 < Aw,w >, —2|Vw|.

In order to obtain (3.7) for p < 2, we recall that for all suitable functions f we have

é’:p(p_2>|vf|2fp§4_§fp§2Af. (3.8)

_Af 1

We apply (3.8) with f = |w|? and the equality we proved for p = 2 to obtain

p(p—2) 2 o4 Py e
—Alwlf == |(VIw2)|] [wE™ = S lwlz *Alwl?

_plp—2)

(VIR el = plol™ < Aw,w >, +plwlt?|Vw]3.

Consequently, it is sufficient to show that

p(p —2)

2 _ —
T (VIR 1wl > plp = 2)lwli Vel (3.9)

Since p < 2, (3.9) is equivalent to
V()2 < w2 Vw|?. (3.10)

We prove (3.10) using local coordinates. We write w = 7", f;6;, so that |w]} =

o2
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o, fFand

| (VIwE)], = ‘ZQf’ldfl‘x

= 42212-]2- < dfi, dfy >a

j=1 i=1
<4y fEY ldfl
j=1 =1
= 4|wl3|Vwl;
where we used Cauchy-Schwarz inequality in R™. ]

We will also need the following inequalities from [49].

Lemma 3.8. For any p > 1 and any suitable w, we have the pointwise inequality

P’ 2
Y% (lwlx ) ) <V (Jw]r?w), Vw >, . (3.11)

Lemma 3.9. For any suitable 1-differential form w we have the pointwise estimates
|dw|, < 2|Vw|, and |d*w|(z) < /n|Vwl,.

We recall that the negative part of the Ricci curvature is sub-critical with rate
€ (0,1) if for all suitable w we have (3.1)

(R w,w)r2 < a[(RTw,w)r + [|[Vwll3] .
Note that (3.1) is equivalent to

_> ~
(Aw,w)rz > (1 —a)((A+ RMw,w) .
We have the following analogous inequality on LP.

Proposition 3.10. If the negative part of the Ricci curvature is subcritical with rate
a, then for all suitable non vanishing w in LP

/ <R w,w>, |wpdr < a/ < Rtw,w >, [wf2+|V <|w|§7 ) 2dz. (3.12)
M M
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Proof. Let w € LP(A'T*M) a suitable differential form and let g = |w|§_1w. We
have 8 € L*(A'T*M) and then we apply (3.1) to 8 to obtain

p_1q p_1q P_1q P_1q
/ <R w2 w,|wli w>,dz< 04/ < RMw|? w, w2 w>,
M M
£-1 Y |2
+ |V <]w[w w) |2d.
Using the pointwise linearity of RT and R~ it leads to
p_
/ <R w,w>, |wp2dr < a/ < Rtw,w >, w2+ |V <|w|§ 1w> 2dz.
M M

which is the desired inequality. ]

The following proposition is proven in [49]. We reproduce the proof for the sake
of completeness.

Proposition 3.11. Suppose that the negative part of the Ricci curvature is subcritical

—
with rate o € (0,1). Let py = 1+\/2g' Then the norm |le™*2wl|, is a decreasing

—
unction of t for all p € (p1,p,). Consequently e~**
1 Y

LP for all p € (p1,p})-

1S a contraction semigroup on

t

_>
Proof. Let w be a suitable smooth differential 1-form and w; = e **w. We compute

the derivative of E(t) = [|w/|}. We have

OE(t) [ 9, .

_> _
= —p/ < Awy, |wilP%w, >, da
M

= —p/ < Vg, V]wP 2w, > + < (RY — R)wy, |wi [P 2w >, do
M
D __ D __
= —p/ < th,V|wt|§_2wt >, + < (R — R7)|wy2 1wt, |wy |2 lwt >, dz
M

4 i 1 o P_ p_
_p/ (pp2 >"v|wt|:? lwt‘i‘i‘ < (R" — R7)|w|2 tw, w2 >, de
M

o4
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We used Lemma 3.8 to obtain the last inequality. By the subcriticality assumption
we have

OE(t p_ p_
i — —p(l — O{)/ < R+|Wt|320 lwt, |wt|§ IWt > dx
M

ot
4(p — 1 p_
_p((p—Q)—a)/ ‘V|wt|§ lwt
p M

Hence 8%—5“ < 0 for p such that 4(p — 1) > ap®. This is equivalent to p € [p1,p}]
O]

2
dz. (3.13)

_ 2
where P1 = m

é
This result ensures the existence of e '*w in LP(A*T*M) and then one can con-
sider Littlewood-Paley-Stein functions associated with A on LP.

Proof of Theorem 3.1. By Lemma 3.9 and Proposition 3.5 it is sufficient to
prove the boundedness of Hz. We follow similar arguments as in [60], p52-54. Let w

—
be a smooth non vasnishing 1-differential form and w; := e *®w. A direct calculation
and Lemma 3.7 give

—Alwrp > —p < Awr,wp >y w272 + p(p — 1wl Ve 2
~ ) (3.14)
—alwli =p < Awy, w >4 Jwil? 2,

Using the Bochner formula (B) we obtain
9 P A + - p—2
_§|wt|z =p<(A+R" = R )wy,wr >, |wnfi™"
Let &, ¢, k be positive constants and set
0
Q(w, ,t) i= ——|wP — EAJw P+ < (—cRT + kR )wy, wr > |wi|P2

ot
Using (3.14) we obtain

Q(wvxvt) Z |wt|§_2 p(l - 5) < Awhwt >y +(p - C) < R+wt7wt >z

+(=p+k) < R w,w >, +Ep(p — 1)| V2]
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Hence,

w277 [Q(W;%t) + w22 — 1) < Awyywy >, | >

(p—c) < RTwp,w; >, H(—p+k) < R wy,w >, +p(p — 1)| V2. (3.15)

If the quantities € := p — ¢ and n := —p + k are positive we obtain

< R+wt,wt >+ < R_wt,wt > +’V(J.Jt‘520

< COlwr|2? [Q(w, 2,8) + w2 2p(€ — 1) < Awy,w; >o|  (3.16)

for some positive constant C' depending on p, &, € and 7. In particular we have the
pointwise inequality

Qw,z,t) + w2 2p(€ — 1) < Awy,wy >,> 0. (3.17)
By integration of (3.16) for t € [0,00) we obtain

Hz(w)(z)* < C/O || 2P [Q(w,x,t) + |weP72p(€ — 1) < Awy, wy >x] dt.

Integrating over M yields

[ Hz@@ra s

I3

2

C/M (/000 |, |27 [Q(w,x,t) + |weP2p(€ — 1) < Awy, wy >4 dt) dx.

Set

w*(z) := sup |ws- (3.18)
>0

Then (3.17) gives

[RECECTE

7

2

C/ |w*[P—2) [/ Qw, z,t) + w2 2p(€ — 1) < Awy,wy >, dt| da.
M 0

o6
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We use Hélder’s inequality on M with powers 1—2) and 2%17‘ By (3.17), we can avoid
absolute values in the second integral and obtain

1-5
/ Hz (w)(z)Pde < C {/ |w*|p] X
M

o) ~ p/2
{/ / Q(w, z,t) + |w P 2p(€ — 1) < Awy, wy >, dtdx} .
mJo

The maximal inequality (3.2) gives

/ Hy (w)(z)dz < Cllw]2" 2 x

e’} _ p/2
[/ / Q(w,z,t) + |wP?p(€ — 1) < Awy,w; >, dtdx} :
M Jo

I(t) == / < (kR™ — cR" wy, [wP2w; >,
M

—-p(1—-¢§) < Awt,wt >, ]wt]gf?dx.
We have

/ / Qw,z,t) + p(€ — 1)|wP~2 < Awy, w; >, dtdz

/ / { ylels = §A|wt|”} dtdx—i—/oooj(t)dt

= ol + A-Wﬂt
<

where we used Lemma 3.12 below. Note that we also used that we can choose a
sequence t,, tending to +oo such that |wy, |, tends to zero. This is true because l|lwell2

— —
tends to zero. Indeed, let w = A in the range of K. One has |wr[l2 = [ Ae™ tAﬁ”Z
g ~[|3||2 as a consequence of the spectral theorem. The subcrltlcahty condition implies

that there is no harmonic form on L?. Hence the range of A is dense and this is still
true for all w € L2 Therefore,

-2
[ Hz)ras < Ol Pl = Clll
By interpolation we obtain the boundedness on L? for all g € (p, 2].
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Lemma 3.12. Under the subcriticality assumption, for all p € (p1,2] we can choose
positive constants ¢,k and & such that ¢ < p < k and I(t) <0 for all t > 0.

Proof. By Proposition 3.10,
) < / (ak — ¢) < Rty [P 2w, >, dat
M

/ ak|V <|wt]§_lwt) 2 —p(1—¢) < Aw, |w|P 2w >, dz.
M

By integration by parts and Lemma 3.8, we have

I(t) < / (ak —¢) < Rtw, |wt|’;_2wt >, dz
M

+ /M (ozk; 41— 5}))(17 - 1)) v (lwté,l%) e,

{pak: <A(p-1)(1-¢)

ak < c.

Choose ¢, k and £ such that

We can choose k as close to p as we want, so any value of p satisfying ap® — 4(p —
1)(1=¢) < 0 can be chosen to satisfy the first inequality. If £ < 1 —«, this inequality
is satisfied for all p in the interval

[21—5—¢<1—s><1—5—a> = V/I-90-¢-0a)

I

« (0%

which is contained in [pq, p}| with bounds tending to p; and p;” when ¢ tends to zero.
Hence, for all p € (p1,2] we can choose k and ¢ such that pak < 4(p — 1)(1 — &).
Since a € (0, 1), given k € (p, £) we can choose ¢ = ak < p. O

Proof of Theorem 3.2. Let ¢ € [2,p'). By Theorem 3.1, G% is bounded on
L7 . By Theorem 3.6, the Riesz transform is bounded on L9.

3.4 Vertical LPS functions for the Hodge-de Rham
Laplacian with Ricci curvature bounded from
below

We recall Bakry’s theorem in [8].

o8
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Theorem 3.13. Suppose that the Ricci curvature statisfies R > —k with k > 0,
then the modified Riesz transform R. = d(A + €)7Y/2 is bounded from LP(M) to
LP(A'T*M), for all p € (1,00) and € > 0.

Bakry’s paper [8] contains several other results some of which are proven by
probabilistic methods. An analytic proof of the case p € (1,2] of the previous
theorem is given in [21]. In this section we follow the approach of the previous
sections to give a relatively short proof in the case p € [2, 00).

Theorem 3.14. Suppose that the Ricci curvature satisfies R > —k with k > 0. Then

1/2

2() = |

is bounded on LP for p € (1,2].

o0 —
/ (Ve ARy 24t
0

A .
Proof. Set w; := e "2+, Lemma 3.7 gives
—Alwil? > plp — 1|V 2wrl2™? — p < Aw, w5 2w >,

_ - _
=p(p— D)|Vwi|2|wn 2> — p < (A = R)wy, w2 2wy >,

_ 0 _
p(p — 1)V 2wt — p < (—a — k= R)wy, |wi | wp >,

_ 0 _
> p(p — 1)|[Ver 2w F >+ p < TR |we|P 2wy >,

where we used R > —r. Multiplying by |w|2™? we obtain

_ 0 _
|th|g25 < C|Wt|i P |:_A|Wt|§ — D < Wy |Wt|§; QWt >a::|

ot
9 (3.19)
< Ol |-l = ol
As a consequence of (3.19) one has the pointwise inequality
0

We integrate (3.19) for ¢ € (0, 00) and use (3.20) to obtain

Z(w)(z)? < C(sup |Wt|x)2_p/ (—A|wt|§ — %|wt|§> dt
0

t>0

_ C(sup o) (\wv;; -/ A|wt|@zdt) .
t>0 0
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In the last equality we used the fact that lim;_, . w; = 0 (in L?). This can be seen
from the domination -
—t(A+k) —tA
e ! wle < e wly (3.21)

and lim; o e ®|w|, = 0 in L2 The pointwise domination (3.21) is proven as
follows. By the Trotter-Kato formula,

|6—t(z+n)

x

Integrating over M yields

(2-p)/2 0o p/2
izl <c ([ Gwlaras) ([ flo- [ slaga] o)
M t>0 M 0

@2 p
<c ( [ G rwtwdx) w2
M

t>0

Here we used Hélder’s inequality with exponents 52— and 127' By (3.21) we have

2—p
(SUPs [welz)? < supyso(e ™2 |w|,)P. Hence,

/ (sup |w|,)Pdz < / sup(e” 2 wl,)Pdz
M M

>0 >0
<C / lw|Pda
M
because e~* satisfies a maximal inequality as it is a submarkovian semigroup (see
[60] p73). As a consequence one has || Z(w)], < C||lw]|, O

As a consequence of Theorem 3.14 we recover the boundedness of R, on LP for

p € [2,00). Indeed, since Z is bounded on L* . the same techniques as in Theorem
3.4 gives that R, is bounded on L?. Finally, by writing R. = R.(A+r)Y2(A4¢)~1/?
and using functional calculus for A we see that R, is bounded on LP.

3.5 Horizontal LPS functions for the Hodge-de Rham
Laplacian for p < 2

In this section we prove the boundedness of 7 for small values of p under the
same assumptions as in Theorem 1.
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Theorem 3.15. Suppose that the negative part of Ricci curvature satisfies (3.1) for

2 : V&
some a € (0,1) and let p; := = Given p € (p1,2] and suppose that etV &

satisfies the maximal inequality

—
Isup e~ Sul,ll, < Cloll 3:22)

for allw € LP. Then ¢ is bounded from LP(AYT*M) to LP(M). It is also bounded
on L1 for q € [p,2]. For q € [p, 2|, we have the lower estimate

I'g @)lly = Cllwlly, Vwe L. (3.23)

%
Proof. Let w be a suitable 1-form and set w; := e*t\/zw. We compute

02 0 — L
@Wtﬁ; =Py, < =V Awg, wy >, |wiel?
- —
= plw2? | < Awp,wp >0 +|V Awi2
(3.24)
%
+(p— 2)|wil; 2 < V Aw,w; >i]
d 9 2 ~ p—2
2 p(p — Dlgwilplors™ +p < Awp, |wili™we > -
Here we used the Cauchy-Schwarz inequality. Note that (3.24) implies
0? e _
@]wtﬁ; —p< Awt, |wt|£ 2wt >, Z 0. (325)

We multiply (3.24) by t|w¢|>? and integrate for ¢ € (0,00). Using (3.25) we obtain

J@)?<C N |w; |27 a—2|w P —p< Ko |w; [P 2wy >, | tdt
> . tl o2 Vil p ty | Wty Wt ~g
o) 02 —
< C’(w*)Q_p(x)/ {@Mli —p < Awy, jwiP 2w >x] tdt
0

< C(w)*"(2) {|w|’; _p / < Ry, |or]?2wr > tdt} |
0

%
Note that we used the fact that ¢V Ae‘t\/zw — 0 in L? when t — +o0o. We argue
—
similarly as when we proved |le~*2w||y — 0, taking first w in the range of V' A and
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using its density. Holder’s inequality for exponents 1% and ﬁ yields

P 00 /2
7@ < Cluwt 20 U olzde—p [ J<t>tdt} L (3.20)
M 0

where J(t) = [, < Kwt,wt|wt|§_2 >, dx. The same calculations as in Lemma 3.12
(with £ = 0 and ¢ = k = p) yield I(t) > 0 for all ¢t > 0. Hence, (3.26) and (3.22)
give | ()], < C|jwl|l,- We deduce by interpolation that ¢ is bounded on L9 for
all ¢ € [p,2]. The lower estimate is obtained as in [60], p55-56. O

3.6 Vertical LPS functions for the Schrodinger Op-
erator in the subcritical case for p < 2

In this section we prove Theorem 3.3. The following lemma is obtained by ap-
plying (3.4) to | f|>.

Lemma 3.16. Assume that V™ is subcritical with rate o, then for all suitable f in
L? we have

2
/ V\f]pdxga/ D\ FRLP2 4 V| fPda. (3.27)
M M 4

Proof of Theorem 3.3. By the subordination formula (3.5), it is sufficient to
prove the boundedness of H;. We have

Hi(f) < (Ho(fY) + Hp(f7))-

Thus it is sufficient to prove ||[HL(f)||, < C||f||, for all non-negative functions f. Let
f be a non-negative function and set f; := e **f. We have f, > 0 for all t > 0. Let
¢, k and & be positive constants and set

0
Q(f,x,t) = (—a —EA — VT + RV fE

We have
Q(f,2,t) = pl(A+ V) fLfF™ + &plp — DIV L7
—Ep(Af) I = VP RV
=&p(p = VIVAP 2 +p(1 = (AL
+(p—c)VT+ (k=p)VIff.
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We multiply by 7 to obtain

Eplp —VIVHP+ [(p— eV + (k—p)V 7] f2 =
FPQUf x,t) +p(€ — 1) fiAfr (3.28)

Set € := p —c and n := k — p. If € and 7 are positive, the integration of (3.28) for
t € [0, 00) yields

Hu(fP) < [ e {<—3 CEA— VRV 4 ple 1)ff_1Aft] at

ot
(3.29)
where C' is constant depending on €,7,¢ and p. A useful consequence of (3.28) is

0
(o~
Set f* :=sup,., fr- Using (3.30), (3.29) gives

EA =V + RV P+ p(e —1)fFTAf, > 0. (3.30)

H(f)*(w) <

C(f*)*r /Oo [(—% —EA = VTRV P+ p(e = DAL (3.31)
0

Set
1) = /M (—eV* 4 RV — p(1— ©)f7 A,

By Holder’s inequality, (3.31) implies

2—p

2

HHL<f>ugsc[ /M <f*>pdx] y

IS}

2

0

{ / / ) {(—— —EA = VTRV L+ p(€ — 1)ff‘1Aft} dxdt}
M Jo ot

p(2—p) o0 %
<l [||f||g+ / 1<t>dt] .
0

By Lemma 3.17 below, we can choose ¢, k and n such that I(¢) < 0 for all ¢ > 0.

Hence,
p(2—p)

WHLHIE < CIF N = 117 -
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The same argument as is Proposition 3.11 implies that e~** is a contraction semigroup

on L for all p € (py,p)’). It is also a classical fact that e~*% is a positive semigroup.
For a positive contraction and analytic semigroup one has || f*[|, < C|f|l, (see [46],
Corollary 4.1). Hence,

IHL(OIE < CII.

Lemma 3.17. Under the subcriticality assumption, for all p € (p1,2] there exist c,
k and & positive constants satisfying ¢ < p < k such that I(t) < 0 for all t > 0.

Proof. By Lemma 3.16 and integration by parts,
2
I(t) < / (ak — VTP + ak%]VftPff_z —p(1 =& fF'Afyda
M
2

: / (ak =)V fP + {a’“p_ —pp =)A= VL7 da.
M 4

Choose k, c and n such that

ak < c.

{pak‘ <4(p-11-¢)

The same discussion as in Lemma 3.12 gives that &, c and k can be chosen to allow
any value of p € (py, 2]. ]

3.7 Vertical LPS functions for the Schrodinger Op-
erator in the subcritical case for p > 2

In this section, we assume the manifold has the doubling property, that is there
exists a positive constant C' such that for all z € M and r > 0,

Vol(xz,2r) < CVol(x,r) (D)

where Vol(x,r) is the volume of the ball of center = and radius r for the Riemannian
distance p. This is equivalent to the fact that for some constants C' and N,

Vol(z, \r) < CANVol(z,7r) (D)

for all A > 1. We suppose in addition that the heat kernel p;(z,y) associated with A
has a Gaussian upper estimate, that is there exist positive constants C' and ¢ such

that
e_cp2 ({L’,y)/t

Vol(z,\Vt)
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Under these assumptions, the semigroup e 'L is uniformly bounded on LP(M) for

all p € (po, po’) where py' 1= = m]\, 5. If N < 2 it is true for py’ := +o00. Under
some integrability conditions on V', it is proven in [1] (Theorem 3.9) that the Riesz
transform dL~'/? is bounded on LP for p in some interval [2,q) if dA™'/? is also

bounded. We recall that Hj, is defined by

(@) = ([ 19w + Wi PG ) "

Note that if V' = 0 we obtain Hyn = H. We prove, under similar integrability
contiditions on V', that the Littlewood-Paley-Stein function Hj is bounded in the
same interval. We recall a proposition from [1].

Proposition 3.18. Assume that V'~ satisfies (3.4) for some o € (0,1). Let py/ =
+o0o if N <2 and py/ = %ﬁ% if N > 2. Gwen p and q such that py < p <
q < po’ and set % = %— é, then the family of operators Vol(x, \/Z)%e_“: 1s uniformly
bounded from LP(M) to LY(M). By duality, the family e=**Vol(x, \/¥)% is uniformly
bounded from LY (M) to LP (M) for all py < ¢’ < p' < po’ with % = i —

( oo 1/2
H(f) = ( / |Ve—fo|2dt) ,
1 Ooo 1/2
HY)(f) = ( / |V||e—fo|2dt) .

1
'’
Set

\

Note that Hy(f) < v2 _Hév)(f) + Hév)(f)} . We will use the next proposition which

follows from Proposition 4.2 in [22].

Proposition 3.19. If Hév) 15 bounded of LP, then there exists a positive constant C'
such that for all f € LP andt > 0,

_ C
Ve fll, < %Ilfllp-

The main result of this section is the following.

(3.32)

Theorem 3.20. Assume that V'~ satisfies (3.4) for some o € (0,1). Define py as
before. Suppose there exist ri,ro > 2 such that

/ || 1|| Ht < oo, / 1|| Wt < 0o, (3.33)
Vol
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Set r = inf(ry,7m2). If N > 2, let p € [2, p];?—;fr) and assume that Hp is bounded on

LP, then Hév) 1s bounded on LP. If N < 2, let p > 2 and assume Ha is bounded on
L?, then Hév) is bounded on LP.

Proof. Duhamel’s formula for semigroups says that for all f € LP(M)

t

L / e AVe I fds, (3.:34)
0

2

dt] |

2

dt

It follows that

t
/ Ve *AVe =)L fds
0

|V6%5ﬂ2szsze%AfP4—
After integration on (0, 00) we obtain
00 t
HOOP <0 |(Ha)?+ [ | [ vesveotpas
o [Jo

Therefore,

t
| ()2 < C (IIHS I + / Ve Ay 0-9E g

/
[e’s) t

/ ‘ / Ve *2Ve 9L fds
0 0

Here we used the boundedness of Hx on LP. Hence, it is sufficient to establish that

I

t
/ Ve *2Ve 9L fds
0

p/2
2

< CIfI2+ dt

p/2

2

at| <l (3.35)

p/2

t
/ Ve slye =92 15
0

We have

I

2
dt

2
dt

<[
p/2 0 p/2
00 t 2
<[ ( / HVe‘SAVe‘(t‘S)Lprds> dt.
0 0
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Set
( 1 t/2 2
L ::/ (/ ||Ve_SAVe_(t_S)Lprds> dt,
0 0
e t/2 2
L= / ( / HVe_SAVe_(t_S)Lprds) dt.
1 0
1 t 2
Iy = / ( / ||vesAve<”>Lprds> dt,
0 t/2
oo t 2
Iy = / ( / HVeSAVe(tS)Lprds) dt.
\ 1 t/2
We have

2

dt <2[L+ L+ I3+ 1.

p/2

t
/ Ve *AVe =L fds
0

I

We prove that each term Iy, I, I3 and I, is bounded by C’Hf||fJ By Proposition 3.19,

2
dt

2

1| pt/2
n<c / / sTV2|| VeIt g| ds
0 0
1

t/2 )
< C/ / 5712 v —Vol(x,V/t —s)me L F ds| dt
o (Jo Vol(xz,t —s)™t )
1 t/2 vV 1 2
< C/ / s1/? - HVOZ(;E, Vi—s)me L FI ds| dt
o |Jo Vol(z,/t —s)m ||, @
where }D = % + qil. Note that here ¢; has to satisfy ¢; < py’ which gives p < pﬁ?ﬁl.
Since s < t/2, Vol(x,/t —s) > Vol(x,+/t/2). Thus,
2
1 t/2 Vv 1
I < C/ / 5712 : HVol(x, Vi —s)me LIl ds| dt
o |Jo Vol(x,\/t/2) ||, @
1 \% 2 t/2 1 2
< C'/ ; / s71/2 HVol(x, Vi—s)me TILfll ds| dt.
o ||Vol(x,\/t/2)m 0 @
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By Proposition 3.18, ||Vol(x,/t — s)%(f(t*s)Lf||q1 < C|f|lp- Thus,

1/2
L<c / — | =cs (3.36)
0 Vol(z, \/%)E " p P
We prove as for I that
& V
neo| [Cl—S—r| w|-cur e
1/2 || Vol(x, /1) v

Note that reproducing the previous proof for I implies that we have to choose

p < z%' Now we bound I3 and 1. By Proposition 3.19 we have

1
L=
0

1 t
< C/ / s [lem Ve b f|| ds
0 |Jt/2

2
dt

t
/t/2 HVe_gAe_%AVe_(t_s)Lpr ds

2

dt

1] gt / =
= C/ / s1/2 e’%AVOZ(x’ S/Z)L Ve =L rll ds| 2dt.
0 |Jt/2 Vol(xz,\/s/2)m )

By Proposition 3.18, e 34V ol(x, /%) is bounded from L% (M) to LP(M) with ]1) =

2
L _ L Thus,
a

2

ds| dt

q1

1 t
[3 < C/ / 871/2 v . ef(tfs)Lf
0 |Jt/2 Vol(z,\/s/2)™1

2

lem 2k r| ds| at

1 t V4
[ e
0 |Jt/2 Vol(z,+/s/2)mt

r1
2

e 2E | ds| at
1

N /o /t/z Vol(x,‘\//t/_él)rll

r
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because 5 > }1 By the uniform boundedness of e=¢=X on L? we have

2

1 14 t 2
weel 1 {/ s*ﬂd% ar | 712
o ||Vol(xz,/t/4)™ t/2

1

) v 2 (3.38)
<c / tdt | |1 £)2
0

Vol(z, \/t/4)% "

= C'[If1ly-

We prove in a similar way that
V
1

neel [ |———r
1/4 || Vol(z,\/t)7

Combining (3.36), (3.37), (3.38) and (3.39) with (3.33) we obtain (3.35). Hence
I (D)l < ClLF I .

Finally we have a similar result for HS’).

e | 112 = CIFIE (3.39)

T2

Theorem 3.21. Let p > 2, assume V~ satisfies (3.4) for some a € (0,1). Define
po as before. Suppose there exist ri,ro > 2 such that

1/2 oo 1/2
[y e oo, [T <o
Vol(. 1 Vol(.,Vt)

If N > 2, then H]gv is bounded on LP(M) for p € [2, pp?l ), where r = inf(ry,re). If

N <2, then Hév) is bounded on LP(M) for p € [2,00).
Proof. We have

||H ||p H/ “V|1/2 _th|1/2dt
p/2
9 1/2
@>
p
9 1/2 -
dt) + (/ H\V|1/Qe_th
P 1
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< (/ ‘ VI2et f
0
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We bound the two latter integrals separately. One has

' 1/2 —tL ? ' |V|1/2 \/' 1/ tL ?
VI|Y=e~ dt = ———Vol(z,Vt) /e dt
/0 Vi / » /0 Vol(z,v/t)4/n (V1) f ,
’V|1/2 2 2

dt

q1

Vol(x,Vt) /et f

1
< e
- /0 Vol(z,/t)V/r

where = - 4 _-. By Proposition 3.18, we have ||V ol(z, VOYre L £l < Ol fll,-

Hence,
1 2 1
/ at < ¢ /
0 P 0

Note that here ¢; has to satisfy ¢; < py’ what gives p < 20 The same argument

. po’+r1
gives
2
o) o) V|1/2
VM|l dt < C / H—'
/1 Hl | / b 1 [ Vol(z,V/t)!/r

Here we need p < 2072 Together with (3.40), (3.41) and (3.42) yield

po’+72

T1

2

|V|1/2

Vv 1/2 —tL
| | € f VOZ(I, \/5)1/7“1

dt) 12 34D

r

2
dt) 1712 (3.42)

r

IHL (H)lly < ClLE -
]

Remarks. If Vol(z,t) has polynomial growth Vol(z,t) ~ tV (for example, in
RY) then the conditions (3.33) or (3.40) read as V € L2 ~N L2 for some positive
e. In the general setting, we could not find implications between (3.33) and (3.40).
In [55], it is shown that if V' > 0 is not identically zero, then Hj is not bounded
on LP(RY) for p > N if we assume there exists a positive bounded function ¢ such
that e=**¢ = ¢ for all t > 0. It is true for a wide class of potentials, for example if
Ve Lr N L2% (see [50]). For a discussion on this property, see [53].
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CHAPITRE 4

Fonctionnelles de Littlewood-Paley-Stein : une approche avec
la R-bornétude

Ce chapitre est issu de l'article Littlewood Paley-Stein functionals on manifolds: an
R-boundedness approach [20] (écrit avec El Maati Ouhabaz), soumis pour publica-
tion.

Sommaire
4.1 Introduction . ... ... ... ... ... 73
4.2 Preliminary results . ... ... ... ... 0000, 78
4.3 Littlewood-Paley-Stein functions and R-boundedness . . 81
4.4 Generalized Littlewood-Paley-Stein functionals . . . .. 84
4.5 Other Littlewood-Paley-Stein functionals . . ... .. .. 90
46 Lowerbounds. .. ........ ... ..., 96
4.7 Examples and counter-examples. . . . ... ... ... .. 101
4.8 Elliptic operators on domains . . . ... ... ....... 106

71



Abstract: Let L = A+ V be a Schrédinger operator with a non-negative potential
V on a complete Riemannian manifold M. We prove that the boundedness of the
vertical Littlewood-Paley-Stein functional associated with L is bounded on LP(M)
if and only if the set {v/t Ve £ t > 0} is R-bounded on LP(M). We also introduce

and study more general functionals. For a sequence of functions my : [0,00) — C,

we define
0 0 1/2
) = (Z /0 ImG(tL)kath) + (Z /0 IVVmg(tL) fk|2dt> .

Under fairly reasonable assumptions on M we prove for certain functions my the
boundedness of H on LP(M) in the sense

1/2
IH((fe)ll, <C (Z’fkﬁ)

p

1/2

for some constant C' independent of (f;),. A lower estimate is also proved on the
dual space L”. We introduce and study boundedness of other Littlewood-Paley-
Stein type functionals and discuss their relationships to the Riesz transform. Several
examples are given in the paper.
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4.1 Introduction

Let M be a complete non-compact Riemannian manifold and denote by V and
A the corresponding gradient and the (positive) Laplace-Beltrami operator, respec-
tively. One of the classical problems in harmonic analysis on manifolds concerns
the boundedness on LP(M) of the Riesz transform R := VA~'/2. By integration
by parts, it is obvious that ||[Vul|s = |AY2ul|, for all u € W12(M). Therefore, the
operator R, initially defined on the range of A'/2 (which is dense in L2(M)) has a
bounded extension to L?*(M). Note that R takes values in L*(M, T M) where TM is
the tangent space. Alternatively, the Riesz transform may also be defined by dA~1/2
where d is the exterior derivative. In this case R takes values in the L? space of dif-
ferential forms of order 1. It is a singular integral operator with a kernel which may
not be smooth. For this reason it is a difficult problem to know whether R extends
to a bounded operator on LP(M) for some or all p € (1,00). This problem has been
studied by several authors during the last decades. We do not give an account on
the subject and we refer the reader to [4, 8, 11, 16, 21, 22, 35| and the references
therein.
If the Riesz transform is bounded on LP(M), then it follows immediately from the
analyticity of the heat semigroup that

H\/gw—m <C Vit >0, (4.1)

‘L(LP(M),LP(M,TM))

A natural question is whether (4.1) is already sufficient to obtain the boundedness
of the Riesz transform. This question is still open in general and only few results
in this direction are known. It was proved by P. Auscher, Th. Coulhon, X.T.
Duong and S. Hofmann [4] that for a manifold M satisfying the volume doubling
condition and L?-Poincaré inequalities then (4.1) for some p > 2 implies that the
Riesz transform is bounded on L"(M) for r € (1,p). See also F. Bernicot and D.
Frey [9] and Th. Coulhon, R. Jiang, P. Koskela and A. Sikora [24] for related recent
results. Note that under the volume doubling property the L?-Poincaré inequalities
are equivalent to Gaussian upper and lower bounds for the corresponding heat kernel.
The sole Gaussian upper bound together with the volume doubling condition imply
the boundedness of the Riesz transform on LP(M) for p € (1,2] (cf. Th. Coulhon
and X.T. Duong [21]).

The study of the Riesz transform is closely related to the study of the Littlewood-
Paley-Stein functional

() = ([ e ppar) " (42)

73



Chapitre 4. Fonctionnelles de LPS et R-bornétude

or its variant defined in terms of the Poisson semigroup e~'VA Tt is known (see Th.
Coulhon and X.T. Duong [22] or Proposition 4.12 below) that if H" is bounded on
LP(M) then (4.1) is satisfied. One might then ask whether (4.1) is in turn equivalent
to the boundedness of HY. To the best of our knowledge, this question is also open
in general. The starting point of the present paper is that if we strengthen the
property that {/tVe ™, ¢ > 0} is uniformly bounded on LP(M) (i.e., (4.1)) into
{VtVe ™, t > 0} is R-bounded on LP(M) (Rademacher-bounded or randomized
bounded) then HY is bounded on LP(M). We prove that the converse is also true.
Recall that {v/tVe™® t > 0} is R-bounded on LP(M) if for every t;, > 0, fi €
LP(M), k=1,...,n,

E <CE

PR

k=1

> uVi Ve A
k=1

p p

with a constant C' > 0 independent of ¢, fx and n. Here, (t;); is a sequence of
independent Rademacher variables.

Actually we deal with more general versions of the Littlewood-Paley-Stein functional
and we also consider Schrédinger operators L = A+ V instead of the sole Laplacian.
We prove that for I' = V or multiplication by v/V/,

a— the Riesz transform I'L~'/? is bounded on L?,

4
b—{VtT'e™* t>0}is R-bounded on L?,

0

c— the Littlewood-Paley-Stein functional H' in (4.3) is bounded on LP.

We do not need (4.3) in its generality for the implication ¢ = b, see Theorem 4.4.
We do not know whether b = «a is true in general but we hope that putting into play
the R-boundedness idea will shed some new light on the problem of boundedness of
the Riesz transform.

Before describing in a more explicit way some other contributions in this paper we
recall some known results on HY. A classical result of E.M. Stein [59] (Chapter
IV) states that HY is bounded LP(RY) for all p € (1,00). This was extended to
the case of sub-Laplacians on Lie groups in [60]. On Riemannian manifolds, the
boundedness on LP(M) was also considered. N. Lohoué [48] proved several results
in the setting of Cartan-Hadamard manifolds. See also J.C. Chen [12|. For p €
(1, 2], the method of Stein works in the general setting of any complete Riemannian
manifold as pointed out by Th. Coulhon, X.T. Duong and X.D. Li in [23|. More
precisely, it is proved there that HV is bounded on LP(M) for all p € (1,2] and if

4



Chapitre 4. Fonctionnelles de LPS et R-bornétude

in addition the manifold satisfies the doubling condition (D) and a Gaussian upper
bound (G) for the corresponding heat kernel then HY is of weak type (1,1). We also
refer to [23] for references to other related works. These questions are also studied for
elliptic operators in divergence form, we refer to the work of P. Auscher, S. Hofmann
and J.M. Martell [5] for recent advance and references. For a given Schrodinger
operator L = A+ V with a non-negative potential V' € L}, (M), the method of Stein
can be used to prove that the functional

0o 1/2 00 1/2
H(f) = (/0 |Veth]2dt) +</O |\/Vethy2dt)

is bounded on LP(M) for all p € (1,2]. See E.M. Ouhabaz [55]. The situation is
different for p > 2 and negative results, even for M = RY are given in [55].
We mention that there are the so-called horizontal Littlewood-Paley-Stein function-

als. These functionals are of the form ( [; |p(tL) f|* &) " for a bounded holomorphic
function ¢ in a certain sector of C*. They do not involve the gradient term or multi-
plication by v/V. Such functionals are easier to handle and their boundedness on L?
can be obtained from the bounded holomorphic functional calculus. See M. Cowling,
I. Doust, A. McIntosh and A. Yagi [25] or Ch. Le Merdy [44] and the references
therein.

In the present paper we consider L = A+V where the potential V' is non-negative
and locally integrable on M. The operator I' will denote either V or the multiplica-
tion by v/V. For a given sequence of functions (f;), we define the Littlewood-Paley-
Stein functional

- 1/2
HY((f)) = (Z/O [Ty (L)F(tL) fi)? dt) (4.3)

where my, and F' are bounded holomorphic functions on a sector ¥(w,) of the right
half-plane with some angle w,. We prove in a general setting that for all p € (1, 2]
and F such that |F(z)| < ‘Z% as z — oo and |F'(2)| < M% as z — 0 for some § > 1
and € > 0, then H' is bounded on LP(M) in the sense that there exists a constant
C' > 0, independent of (f), such that

1/2
IH ((fu))ll, < C sup [kl 1o () (Z |fk|2> > (4.4)
K p
where
M|l a5,y = sup  |me(2)].
zE€X(wp)

5
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See Theorem 4.7 below. The particular case &k = 1, my = 1 and F(z) = e?

corresponds to the standard Littlewood-Paley-Stein functional which we discussed
before. This result holds for p € (2,00) under the assumption that {/tVe™*, t >
0} is R-bounded on LP(M). We also prove a similar result for the functional

. 1/2
G ((fy)) = (Z/o [Ty (tL) fil? dt)

for compactly supported functions m; which belong to a certain Sobolev space (see
Theorem 4.8). There is a standard duality argument which provides a reverse in-
equality on the dual space for the classical Littlewood-Paley-Stein functional. We
adapt the argument to our general setting and prove a reverse inequality in L9(M)
(% + % = 1) for the previous Littlewood-Paley-Stein functionals. See Theorem 4.14.

The proof of Theorem 4.7 uses heavily the fact that L has a bounded holomor-
phic functional calculus on LP(M) and as a consequence L satisfies square function
estimates. In addition, my(L),k > 1 is R-bounded on LP(M) by a result of N.J.
Kalton and L. Weis [42]. This does not apply mutatis mutandis to the functional
G". Instead we rely on very recent result by L. Deleaval and Ch. Kriegler [26].

We introduce the local Littlewood-Paley-Stein functional and the Littlewood-
Paley-Stein functional at infinity defined respectively by

1 1/2 00 1/2
HE (f) = (/O |Fe‘th|2dt) and H,\(f) := (/1 |re—th|2dt> :

We study the boundedness on LP(M) of Hl, (respectively, H(Foo)) and their rela-
tionship to the local Riesz transform Ry, := I'(L 4 I)~'/2 (respectively the Riesz
transform at infinity R := VL™'/2e~L).! For example, if L = A and M has Ricci
curvature bounded from below, then it is well known that Ry, is bounded on LP(M)

for all p € (1, 00) (see D. Bakry [8]). As a consequence we obtain that H,", is bounded
on LP(M) for all p € (1,00) and the lower bound

Clflla < e fllg + IHHioe(£)llg

holds for all ¢ € (1, 00).
We give several examples in Section 4.7 including Schrédinger operators on RY
with a potential in a reverse Holder class or Schrodinger operators on manifolds.

1. The quasi- Riesz transforms Rj,. and R, were studied by L. Chen [13] for the Laplace-
Beltrami operator.
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We shall see that for the connected sum M, := R"#R"™ (n > 2) the Littlewood-
Paly-Stein at infinity is not bounded on LP(M,,) for p > n. The fact that the Riesz
transform is not bounded on LP(M,,) for p > n was proved by Th. Coulhon and X.T.
Duong [21].

Although we focus on Schrodinger operators on manifolds, our results are also
valid for elliptic operators on rough domains. Let Q be an open subset of RY and
consider on L*(Q) an elliptic operator L = —div(A(z)V-) with real symmetric and
bounded measurable coefficients. The operator L is subject to the Dirichlet boundary
conditions. Then (4.4) holds on LP(Q2) for all p € (1,2]. As a particular case of the
reverse inequality we obtain for ¢ € [2, 00)

(9] 1/2
( / |Ve it f|2dt)
0 L9(Q)
1 1/2
( / |Ve it f|2dt>
0

We point out that no regularity assumption is required on the domain nor on the
coefficients of the operator. For another proof of (4.6) and related inequalities on
a smooth domain, we refer to a recent paper by O. Ivanovici and F. Planchon [40].
If Q = RY, we prove that the lower bounds (4.5) and (4.6) are valid for all ¢ € (1, 00).

Cllifllzoe) < (4.5)

and

N fllzney < e Fllzagey + (46)

La(Q)

Notation. We denote by d the exterior derivative. We use either VL~/2 or d='/2
for the Riesz transform. We often write |V f(x)| (or |df(x)|) for the norm in T, M
(or in T M) and we sometimes write |V f(z)|, to emphasize the dependence of this
norm in the point . We use the notation LP(A'T*M) := LP(M, T*M) for the LP-
space of differential forms of order 1 on M. For a Banach space E, LP(M, E') denotes
the LP space of functions with values in F. As usual, the boundedness of the Riesz
transform VL2 on LP(M) means that VL~/2  initially defined on the range of
L'/2, extends to a bounded operator from L?(M) into LP(M,TM).

For a given Banach space E, we use ||.||g to denote its norm and the LP-norm will
be denoted by ||.||, as usual. We shall use dz for the Riemannian measure on M.
Finally, all inessential constants are denoted by C,C’, c...

7
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4.2 Preliminary results

This section is essentially a preparation for the next ones. We start off by recalling
some well known tools on the holomorphic functional calculus, square functions and
R-boundedness of a family of operators.

Let w € (0,7) and set

Y(w):={z€C,z#0, |arg(z)| <w}

the open sector of C* with angle w. We denote by H>(X(w)) the set of bounded
holomorphic functions on ¥(w). By H§°(X(w)) we denote the subset

Cl|

H®(S(w)) = {F € HX(S)),3C,s > 0: |F(2)] < H—sz e Z(W)} |

‘Z|2S
For a given closed operator A on a Banach space E which satisfies the basic resolvent
estimate
C

1A = A)7H| < o VA ¢ E(w)

one defines the bounded operator F/(A) for F' € H°(3(w)) by the standard Cauchy

formula
1

F(A)=— | F I—A)'d
()= 57 | 1= 4)d
on an appropriate contour . One says that A has a bounded holomorphic functional
calculus with angle w if for some constant C,, > 0

I1F(A)|zey < CallF|la=sw) = Cu 5121%)) |F'(2)]
zex(w

for all F € H°(X(w)). In this case, for every F' € H*(X(w)), F(A) is well defined
and satisfies the same estimate as above. We refer to [25] for all the details.
One of the most important consequences of the holomorphic functional calculus in

harmonic analysis concerns square function estimates. Set £ = LP(X, u). For F €
H§ (¥(w)), we define for g € F,

([ 1Fear %)/ .

It turns out that this functional is bounded on F, i.e.,

([ rease )
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< Crllgllp- (4.7)

p




Chapitre 4. Fonctionnelles de LPS et R-bornétude

We refer to [25] and [44].

Now let L = A+ V be a Schrédinger operator with a non-negative V' € L (M).
Since the semigroup (e~*L) is sub-Markovian, L has a bounded holomorphic func-
tional calculus on LP(M) for all p € (1,00). This was proved by many authors and
the result had successive improvements during several decades. The most recent and
general result in this direction states that L has a bounded holomorphic functional
calculus with angle w, = arcsin ]]% — 1| + € (for any € > 0). We refer to [10] for
the precise statement. In particular, one has the square function estimate (4.7) for
F e He(S(wy).

A well known duality argument shows that the reverse inequality holds on LI(M),
that is for every ¢ € (1,00) and F' as above

(Aw|aAMF“)

Recall that a subset 7 of L(LP(M)) is said R-bounded if there exists a constant
C' > 0 such that for every collection T3, ..,T,, € T and every fi,..., f, € LP(M)

n
Ztkfk
k=1

Here, (v;) is a sequence of independent Rademacher variables and E is the usual
expectation. By the Kahane inequality, this definition can be reformulated as follows

1/2 N 1/2
Z’kak <C (Z\flf) : (4.10)
=1

Crllglly < (4.8)

<CE

p

(4.9)

p

The notion of R-bounded operators plays a very important role in many questions
in functional analysis (cf. [39]) as well as in the theory of maximal regularity for
evolution equations (see [62] or [42]).

For L = A+V and I' = V or multiplication by vV, we shall use the property that
the set {v/tTe ¢, ¢t > 0} is R-bounded on LP(M). If ' = V, then Ve ** f(x) € T,M
and hence |Ve 't f(z)| = |[Ve £ f(z))|,. This dependence of the norm on the point
x does not affect the proof that (4.9), for T = /& Ve L is equivalent (by the

Kahane inequality) to (4.10) with |.| = |.|, in the LHS term.
Proposition 4.1. Given a p € (1,00) and suppose that the Riesz transform rL-1/2
is bounded on LP(M). Then the set {\/tTe ", t > 0} is R-bounded on LP(M).
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Proof. Let Ty, := /tye %L for ¢, > 0 and f, € LP(M) for k = 1,...,n. We have

E Z ‘Ckafk = E FL_1/2 Z ‘Ck(tkL)l/Qe_tkak
k=1 » k=1 »
< CE|D wl(tel) ey
k=1 »
Let ¢r(z) := /trze ** and observe that the sequence (¢4 )y, is uniformly bounded in

H>(¥(w,)). As we mentioned above, the operator L has bounded holomorphic func-
tional calculus on LP(M) with angle w,. Therefore, by [42] or [39], Theorem 10.3.4,
the set {¢x(L), k > 1} is R-bounded on LP(M). Using this in the previous inequality
yields (4.9). O

It is useful to notice that the R-boundedness of v/ ' et~ can be reformulated in
terms of the resolvent. More precisely,

Proposition 4.2. Let §' > % Then the following assertions are equivalent
i) the set {\/tTe 't t > 0} is R-bounded on LP(M),
i) the set {/tT (I +tL)~%, t > 0} is R-bounded on LP(M).

Proof. Suppose that {vtI'e™**, t > 0} is R-bounded on LP(M) and let &' > 1. By
the Laplace transform

VID (I 4+tL)™ = 05/\/1_5/ " e~ et ds
0
= c(;// ai(s)v/sT e *Fds
0

with ay(s) := t27%s""2¢79/!. Since &' > 3 we have [~ a,(s)ds = ¢§,. We can then
apply Lemma 3.2 in [18] to conclude that the set in i) is R-bounded.

Suppose now that ) is satisfied with some &' > 1. Define for each ¢t > 0, ¢(z) =
(1+t2)"e~*. Then (¢;), is uniformly bounded in H*(X(w,)). Hence, {¢:(L), t > 0}
is R-bounded. Taking the product of the R-bounded operators v/#I' (1 +¢L)~% and

¢i(L) gives assertion 7). O
We finish this section by the following lemma.

Lemma 4.3. Let I be an interval of R and suppose that for each t € I, S; is a
bounded operator on LP(M) (with values in LP(M) or in LP(M,TM)). Then the set
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{S;, t € I} is R-bounded on LP(M) if and only if there exists a constant C' > 0 such
that
1/2 1/2
H(/|Stu(t)|2dt) </|u(t)|2dt)
I I
P

for all w € LP(M, L*(1)).

This lemma is proved in [62] (see 4.a) in the case where S; : LP(M) — LP(M)
for each t > 0. Here M is any o-finite measured space. In our case, these operators
may take values in LP(M,TM) as in the case of S; = v/tVe 'r. Here, |Siu(t, )| is
actually |Syu(t,z)|, where |.|, is again the norm in the tangent space T, M at the
point . For the proof one can either repeat the argument in [62] or argue by taking
projection on each e; where {ey, ..., e,,} is an orthonormal basis of T, M.

<C
p

4.3 Littlewood-Paley-Stein functions and R-boundedness

Let L =A+V with 0 <V € L] (M). We use again the notation T' for V or
multiplication by vV

Theorem 4.4. Let H'(f) = ([, |[Te " f|? dt)l/2 and p € (1,00). Then H' is
bounded on LP(M) if and only if the set {\/tTe "' t > 0} is R-bounded on LP(M).

Proof. Suppose that H" is bounded on LP(M). We prove that {v/tTe " ¢ > 0} is
R-bounded on LP(M). For the converse we shall prove a more general result in the
next section and hence we do not give the details here in order to avoid repetition.

Let ¢, € (0,00) and fy, € LP(M) for k = 1,..., N. We start by estimating the quantity
I =E ‘Zk e/ T e*t’vak}Q. Using (twice) the independence of the Rademacher
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variables we have

> d —tL —ti L 2
I = _/0 EE\F@ gtk\/ﬁe L dt

:2/
0

=2 / E Z Le P /tre ™ fi - Te o/t Le 0 fy dt
0 k

tLZtk\/_e WL f) - tLZtk\/_Le tkak)]

= / E Z FeitLtkeitkak . FeitLIfk (tkL)eitkak dt
0 k

— / tLZte bl f) Ztk (tpL)e " f, )] dt.
0

Next, by the Cauchy-Schwarz inequality,

- 1/2 1/2
2 / <E|F€_tL Z tke_t’“Lfk|2) (E|F€_tL Z tk(tkL)S_tkakF) dt
0 k

k

= / E[e Y e fiy 2 dt + / E[Te Y wu(teL)e " fil* dt.
0 L 0 k

~
IN

Therefore,

2

I<E (HF(Ztke_t"‘Lfk)) +E (HF(Ztk(tkL)e_t’“Lfk)> . (411)

In order to continue, we look at H' as the norm in L%((0,00), dt) so that

2
(HF(Z tk.e_t’“Lfk)> =K Z the_tLe_tkak
k k

Hence by the Kahane inequality,

(HF(Z tke_tkak)>

2

L2((0,00),dt)

1/p

+

1/p

VI < |E E

(HF(Z T (tkL)e_t’“Lfk)) ]

(4.12)
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for some constant ¢, > 0. Now we use the assumption that H' is bounded on LP(M)
and obtain

1/p p|1/P

p
Hﬁ < c|lE +E|[> vt L)e ™ fy
p k

p

> e
k

p

< C'|E

> ey
K

where we used again the Kahane inequality. On the other hand, it is easy to see by
the Kahane inequality that [|[V/1||, is equivalent to E||3", tk\/ﬂfe*tkaka. Since
the operator L has a bounded holomorphic functional calculus on LP(M), it follows
from [42] or [39] Theorem 10.3.4 that (e *);~o and (tLe *);sq are R-bounded on
LP(M). This and the previous estimates give

+E
P

Z tk(tkL)e_tkak
k

p

E <CE

p

Z v/t e v fy
k

> ki
k

with a constant C' independent of ¢, and fi. This proves that {+/tTe ™t t > 0} is
R-bounded on LP(M).

p

]

We have the following corollary which is valid on any complete Riemannian man-
ifold M.

Corollary 4.5. Let p € (1,2]. Then the set {/tT'e7* t > 0} is R-bounded on
LP(M).

Proof. As already mentioned in the introduction, H' is always bounded on LP(M)
for all p € (1,2] (cf. [55] for Schrodinger operators and I' = V or v/V and [23] for
HY and L = A). The corollary is then a consequence of the previous theorem. [

Remark 4.6. For I' = 'V we have the following alternative proof for the R-
boundedness of {\tVV et t >0} on LP(M) for p € (1,2]. We have

! —sL t ! —sL 2 1/2
[ VeVt < E(/ Ve |f||ds)

i > —sL 2 1/2
< ([ wvesnpe)

8
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1/2
It follows from the fact that f (fooo |\/Ve_5L\fH2ds> is bounded on LP(M) for
p € (1,2] that

1 t
supz/ \/Ex/Ve_SL|f|ds
0

t>0

< Clflp-
p

From, this, the positivity of /5 V'V e~ and [62] (4.c) it follows that {\/tV/V et t >
0} is R-bounded.

4.4 Generalized Littlewood-Paley-Stein functionals

In this section we prove new Littlewood-Paley-Stein inequalities for L = A 4+ V.
The first inequality involves the holomorphic functional calculus of L on LP(M) and
the second one spectral multipliers with compactly supported functions.

We have already mentioned and used that L has a bounded holomorphic func-
tional calculus with angle w, € (arcsin|§ —1[,%3) on LP(M) for p € (1,00). In
particular, F'(L) is a bounded operator on LP(M) for F' € H>*(X(w,)). Let again I'
be either V or multiplication by v/V. Our first result is the following.

Theorem 4.7. Let my, F € H®(X(w,)) for k = 1,2,... and assume that for some
§>3 ande>0, |F(z)| g% as z — 0o and |F'(2)] gM% as z — 0.

1) Given p € (1,2]. Then there ezists a constant Cr > 0, independent of my, such
that for all fi, € LP(M)

- 1/2
' (Z/ T mk(L)F(tL)kadt) < Cp sup ||mg || g (s (w,)) (Z |fk|2>
— Jo k k

1/2

(4.13)
In particular, the functional

1/2

i) = ([P P

is bounded on LP(M).
2) If p € (2,00) we assume in addition that {\/tT e ** t > 0} is R-bounded on
LP(M). Then the same conclusions as before hold on LP(M).

The sums over k used here can be taken up to some K € N, the estimate is
independent of K.
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Proof. By a simple density argument we can assume that f, € L?(M) N LP(M).
Let f € L3(M) N LP(M) and set I(z) := ([ |0 F(tL) f(x)2dt)""* (it T = V then
actually, I(z) := (f;°|V F(tL)f(x)|§dt)1/2 but we ignore the subscript z for the
norm | - |). By integration by parts,

I’ = tlimt|FF(tL)f|2—Z/OOtFLF’(tL)f.FF(tL)fdt

0

= -2 /OO tDLE'(tL)fT F(tL)fdt
0

() 1/2
< 2( / |FtLF’(tL)f|2dt) I. (4.14)
0

In order to justify the second equality we note that ||T'g|s < ||L'/?g||> and hence by
the spectral resolution of L

/ (T F(L)fdr = |VITF(L)S|2
M

< WEALVPF(L)S|2
- / (NP dEx(f. f)

where |H(2)[* = |2||F(z)|*>. Since F' decays as ﬁ at infinity with some 6 > 1, it
follows that |H(z)|? is bounded and |H(tA\)|> — 0 as t — oo. We conclude by the
dominated convergence theorem that [~ |H(tA)|*dE\(f, f) — 0 as t — oo. After
extraction of a subsequence if necessary we obtain (4.14).

Set G(z) := zF'(z). It follows from (4.14) that
0o 1/2 ) 1/2
</ i F(tL)det) <9 (/ T G(tL)f|2dt) | (4.15)
0 0

The gain here is that the function G on the RHS has decay at 0 (and also at infinity)
whereas F' was not assumed to have such decay at 0. This will allow us to use square
function estimates as we shall see at the end of the proof.

In order to continue let H := L*((0, 00), &) ? and set

- 1/2
J = (;/0 yrmk(L)F(tL)fkdet>

p

2. in the sequel, for a given g € H, we use the notation ||g(¢)||» instead of |g|ls or |g()]l-
This makes reading easier since the variable ¢t appears at several places.

85



Chapitre 4. Fonctionnelles de LPS et R-bornétude

By (4.15) and the Kahane inequality

~ 1/2]|P
Jro< 2P (Z / |FG(tL)mk(L)fk|2dt>
k 0

p

1/2||P
_ o (ZH\/EFG(tL)mk(L)ka%)

p

Q

1/p
(E IRG G(tmmk(wku%)

p
p

IWET (I + L)~ (I +tL)" G(tL Ztkmk ) fell#

p

where & € (3,6). If p € (1,2], then {V/tT e ", ¢ > 0} is R-bounded on L?(M) by
Corollary 4.5. If p € (2, 00) this R-boundedness was assumed in the theorem. Hence
by Proposition 4.2 and Lemma 4.3 the very last term is bounded by

p

I(1 +¢L)” G(tL Ztkmk ) Jelln

p

Hence
p

JP < CE ||||(I+tL) G(tL Ztkmk ) fill 2 (4.16)

p

Now, let w), € (arcsin |§ — 1|,w,). Using the assumption that F' has decay # at
infinity it follows easily from the Cauchy formula that F’(z) decays at least as Mﬁ
for z € ¥(w;,). This implies that the function H(z) := (1+2)°G(2) = (1+2)" 2F'(2)
decays at least as E ‘5 —— at infinity. On the other hand, since |F'(z)| < M% as z — 0

it follows that H € Hg°(X(w;)). Therefore, we can use the square function estimate
(4.7) for H(tL) on LP(M) (and again the Kahane inequality) and obtain

P\ /P

J<C

p p
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Finally, if supy, ||mg|| gee(s(w,)) < 00, then {my(L), k > 1} is R-bounded on LP(M) by
[42] or [39], Theorem 10.3.4 and the fact that L has bounded holomorphic functional
calculus on LP(M). This implies

1/2
J < C sup [lm]ir=(s(ay) (E |ka2>
k
p

which is the Littlewood-Paley-Stein inequality of the theorem. ]

As we have seen in the proof, the fact that we had my(L) and not my(tL) in
the expression of the Littlewood-Paley-Stein functional uses the R-boundedness of
the holomorphic functional calculus. This strategy does not seem to work if we had
my(tL). In the next result we prove similar estimates with my(tL). In this case we
make some assumptions on the manifold M.

Vol(z,2r) < CVol(x,r), (D)

where Vol(x,r) denotes the volume of the ball of centre € M and radius r > 0.
The constant C' is independent of x and r. Note that (D) implies the existence of
C, N > 0 such that for all x in M, r >0 and A > 1

Vol(z, \r) < CANVol(xz,r). (D)

Next, we assume that the heat kernel p;(z, y) of A satisfies the Gaussian upper bound
C d? (z.y)
< —— ¢ “"7&¢

() < Vol(z,t/?) ¢ ()

for some positive constants ¢ and C' and all z,y € M and ¢t > 0. It follows from
the Trotter-Kato product formula and the fact that V' is non-negative that the heat
kernel k;(z,y) associated with L = A + V satisfies the same Gaussian upper bound.
We have

Theorem 4.8. Suppose that M satisfies (D) and (G). Let my, : [0,00) — C with

support contained in [%,2} for every k. Let p € (1,2]. Then there exist C > 0,

independent of my, and § > 0 such that

00 1/2 00
(Z / |mG<tL>fk\2dt> , (Z / I\/mG(tL)kodt)

1/2

1/2
<C Sngmkllwm (Z !fk|2> (4.17)
k

p
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for all fr € LP(M).
For a given p € (2,00), suppose in addition that {\/tV e **, t > 0} is R-bounded on
LP(M). Then

1/2

. 1/2
(Z/ \mG(tL)kath> < C sup ||mg||lws2 <Z \fk]2> (4.18)
Kk 0 K K

for all f, € LP(M). If {VtV/V et t > 0} is R-bounded on LP(M), then the same
estimate holds with \/V in place of V.

Proof. Recall that by Corollary 4.5, the set {v/tI'e ', ¢t > 0} is R-bounded on
LP(M) for all p € (1,2]. Define

. 1/2
J = (g/o |ka(tL)fk|2dt)

As in the proof of Theorem 4.7 we use the Kahane inequality to obtain

p

1/2||P
o (anmk(w)fu@)
k
pl/p p
N <szr S come(tL) fell
k

p

= K

IVET e " wrn(tL) filla
K

p

where ¢, (\) = e*my()). Using the R-boundedness of v/t I'e* and Lemma 4.3 we

obtain
P

JP<CE

1)~ eron(tL) fill
K

p
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Hence (use Kahane again)

1/p
J < C (LEIIZ%%(M)MI%)
k

p/2 1/p

IA

c /M (Z lox(tL) fil 2

1/2
= (Z ||90k(tL)ka3{> : (4.19)

P

Now, since L satisfies the Gaussian upper bound (G) and M satisfies the doubling
condition (D’) (in which we take N to be the smallest possible), then it is known that
L satisfies spectral multiplier theorems. In particular, since ¢, has compact support,
one has ¢ (L) is bounded on LP(M) provided ¢, € W*? for some a > N|i — %| +3.
See [29] or [17], Theorem A, and the references therein. Finally, Theorem 3.1 from
[26] asserts that the RHS term in (4.19) is bounded by (up to a constant)

1/2
SI;PH%HWW (Z |fk\2>
k

p

with 6 = a+1. Since the support of my, is contained in [1, 2], the quantities ||¢y]|ys.2
and ||mg]|ys2 are equivalent. This proves (4.17).

For p > 2 the proof is the same since we assume here that {v/tI'e™** ¢ > 0} is
R-bounded on LP(M). O
Remark 4.9. I- In the proof we have taken 6 = a + 1 with o > N|% — %| + %
The latter value is the order required in the reqularity of spectral multipliers under
the sole conditions (D) and (G). There are however many situations where one
has sharp spectral multiplier results and hence a smaller order o. This is the case
if for example L satisfies the so-called restriction estimate or if the corresponding
Schriadinger group e satisfies global Strichartz estimates. We refer to [29] and [17].
2- We assumed in the previous theorem that the functions my are compactly supported.
For more general functions, we may use Corollary 3.3 from [26] and obtain the same
results under the condition

D sup [|A = V2rAm (2" M) go (M) [z < oo
k
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for some auxiliary non trivial function ¢y having compact support in (0, 00).

3- The assumption of the theorem for p > 2 is valid if the Riesz transform VL~
is bounded on LP(M). This latter property may not be satisfied in some case even
for L = A, especially when p > m where m is the dimension of M (see [21]). For
L = A+V we may have boundedness of the corresponding Riesz transform (together
with V'V L=Y?) on L? under some integrability conditions on'V (cf. [1] or [27]). In
the Euclidean case M = R™, VL2 is bounded on L for a range of p > 2 if V is
in an appropriate reverse Holder class (cf. [3] or [57]). We shall come back to these
examples again in Section 4.7 in which we will see that the Littlewood-Paley-Stein
functional might be unbounded outside the range of p for which we have boundedness
of the Riesz transform.

4- In [55], it is shown for a class of potentials V' that the boundedness on LP(R™)
for some p > m of the Littlewood-Paley-Stein functional

oo 1/2
HV — v—tL 2d)
0 (/ Vet pPar

1/2

implies V = 0.

4.5 Other Littlewood-Paley-Stein functionals

Following [13], the local Riesz tranform for L is defined by Ry, := V(L + I)~/2
and the Riesz transform at infinity is R, := VL™ "/2e~%. Then (cf. [13] Theorem 1.5),
the Riesz transform is bounded on LP(M) if and only if Ry, and R, are both bounded
on LP(M). The direct implication is obvious. For the converse, we write

IVLT 2 fllp < IVLTY2e fllp + IV (L + DTVA(L+ DV2LTVA(T = e 5 £,
< C (IIflly + 1L+ DY2LTVAT = e ) fl,) (4.20)

Since (L + I)Y2L7Y2(I — e7%) = ¢(L) with ¢(z) = vz + 11’\/6; we use the holo-
morphic functional calculus and obtain [|[VL=Y2f||, < C|| f|l,-
The same observation is also valid for v/V in place of V.

We define the local vertical Littlewood-Paley-Stein functional and the vertical
Littlewood-Paley-Stein functional at infinity associated with L by

1 1/2 00 1/2
H(f) = (/0 |Fe_th|2dt) and H(Fw)(f) = (/1 |F6_th|2dt) :
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We restrict our selves in this section to these Littlewood-Paley-Stein functionals but
we can also deal with general ones as in Theorem 4.7 at least for functions F' which
have some exponential decay at infinity.

Since these functionals are always bounded on LP(M) for p € (1,2] we consider in
the sequel the case p > 2, only.

Proposition 4.10. Let I' be either YV or multiplication by \/V and let p € (2,00).
1- If the set {\/tT et t € (0,1]} is R-bounded on LP(M), then the local vertical
Littlewood-Paley-Stein functional H},. is bounded on LP(M).

2- Similarly, if the set {\/t — 1T e L t > 1} is R-bounded on LP(M), then H(FOO) is
bounded on LP(M).

Proof. The arguments are similar to the proof of Theorem 4.7. For assertion 1), the

same proof as (4.15) gives
1 1/2
<2 <|re—Lf| + (/ |FtLe‘th|2dt> ) : (4.21)
0

(/1 yre—th|2dt>
0

Note that the R-boundedness assumption implies that I'e~ is a bounded operator
on LP(M). The second term on the RHS of (4.21) coincides (up to a constant) with

( |\[retL\fLeLf| dt>

Since {\/gf ezl t € (0,1]} is R-bounded we apply Lemma 4.3. Note that the

1/2

/2

term \/gLe_%Lf is in L*((0,00), dt) by a square function estimate.
In order to prove assertion 2), we first take (¢t —2) as a primitive of 1 in the proof
of (4.15) and we obtain

00 1/2 ) 1/2
(/ |Fe_th|2dt) <2 <|Fe—Lf| + (/ |(t — 2)I‘Le‘th|2dt> ) . (4.22)
1 1

1/2
Next, since I'e™** has LP-norm bounded by %, the part (ff |(t —2)T Le*th|2dt>

is obviously bounded on LP(M). It remain to deal with the part involving ¢t > 2.
This part coincides with (up to constant)

( |F r *FLaLdet)
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Now, we use the R-boundedness of { % —1T e_%L, t > 2}, Lemma 4.3 and a square

function estimate for the term |/ — 1 Le~2" f to obtain 2). O

We have the following version of Proposition 4.1.

Proposition 4.11. Let p € (1,00). If the local Riesz transform T(L + I)~Y/% is
bounded on LP(M), then {/tT e =, t € (0,1]} is R-bounded on LP(M). Similarly, if
the Riesz transform at infinity T L~2e~L is bounded on LP(M), then {/t — 1T et t >
1} is R-bounded on LP(M).

Proof. The proof of the first assertion is exactly the same as for Proposition 4.1. We
prove the second one. Let f, € LP(M) and t;, > 1 for k =1,...,n. We have

E|Y uvb —1De ™ fill, = E|ML72e Y u((te — L) e R,
k=1

k=1

< CE| Y ul(te — 1)L) eVl f .
k=1

We finish the proof by appealing again to the R-boundedness of the holomorphic
functional calculus. [

It is an interesting question whether the boundedness of the Littlewood-Paley-
Stein functional implies the boundedness of the Riesz transform. For L = A on
R™ this is true and very easy to prove (see [60], p. 52-54). Note however that this
uses heavily the fact that V and A commute, a fact which is rarely satisfied outside
the Euclidean context. If L = A and M satisfies (D’) and L?-Poincaré inequalities,
then the LP-boundedness of H implies boundedness of the Riesz transform on L" for
r € (1,p). Indeed, the boundedness of H implies that ||[Ve 2|, < % by Proposition
4.12 below. The latter inequality implies the boundedness of the Riesz transform on
L™ (M) for r < p, see [4] or [9].

In general, we do not have an answer to the previous question but we make some
observations below. We appeal to the Hodge-de Rham Laplacian A on 1-differential
forms. Denote by d the exterior derivative on differential forms and d* its formal
adjoint. Then A is defined by dd* + d*d. Remember that we have the commutation
property dA = Ad.

Let p € (1, 00) and suppose that A satisfies the (weak) lower square function estimate

00 - 1/2
</ ’Al/QetAdet)
1
p
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Then the boundedness on LP(M) of the Littlewood-Paley-Stein functional at infinity
implies the boundedness on LP(M) of Riesz transform at infinity (compare with
[22], Theorem 5.1). Indeed, we chose w = dA™Y2f for f € LP(M) and notice that

e~ BNV f = A2 A f and AV2etAGAT2f = de~tAf. Then (4.23) gives

0o 1/2
( / |det2 f|2dt>
1
p

If for example the Ricci curvature is bounded from below, then the local Riesz trans-
form is bounded on LP(M) for all p € (1,00) (cf. [8]). This together with the
observation (4.20) imply the boundedness of the Riesz transform on L?(M).

The next observation is that if we have the following Littlewood-Paley-Stein es-
timate for A on 1-forms

o ) 1/2
H (/ |d*e_mw|2dt)
0

then the Riesz transform dA~'/2 is bounded on L?(M), where 119 + % = 1. Indeed,
using the the lower square function estimate for A and the commutation property
we obtain

[Ro fllp < C < Il

< Clwlly, (4.24)

p

1/2
|dwl|, < C Al/QetAd*w\zdt>

= C

o 1/2
d*e—tAA1/2w|2dt>

([
0
([
0
< O |E ],

This means that the Riesz transform d*A~/2 is bounded on LP(AYT*M) into LP(M).
The adjoint is then bounded on L?(M). But the adjoint is exactly the Riesz transform
dA~/2 (use the commutation property again).

We also mention the following related result. It is taken from [22] for L = A and
[55] for L = A + V. We reproduce the proof for the sake of completeness.

Proposition 4.12. Let p € (1,00) and set T =V or /V. Suppose that

00 1/2
( / [Te - f\2dt>
0
p
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forall f € LP(M). Then
ITfllp < CILLIL A1 (4.26)
for f in the domain of L, seen as an operator on LP(M).

Proof. Set P, := e~*VL the Poisson semigroup associated with L and fix f € L2(M)N
D(L). By integration by parts,

NP2+ IVVEF|2 = || LV2Pf) 2.

In particular,

C
TP fl2 < ?HfHQ — 0 as t = 4o00.

The same arguments show that t|TL2P,f|s — 0 as t — +oc. Therefore,
TP = - [ girnspar
o dt' !
d > * 2
= — {t—|FPtf|2] +/ TP, f|* tdt
dt 0 0

wTE
[e’e) d2 )
/0 & rpgtar

= 2/ (ICLY2P,f|> + TLP,fTP.f)tdt = 2(I, + I).
0

IN

On the other hand, (4.25) implies by the subordination formula for the Poisson
semigroup e~ VL that

6= (T re o)

is also bounded on LP(M). Observe that /I = G(L'?f) and by the Cauchy-

Schwartz inequality
00 1/2 00 1/2
([ arergeiac) ([Tarnspea)
0 0
< G(Lf)G(S)

Hence for any € > 0

IN

|15

T7| < V3G ) + <G(f) + <L),
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Taking the LP-norm yields
1
TSl < CULY2 fllp + el fllp + L Al).

LSl
[1£1lp

ITflls < C (L2 F 1l + 1AL A1) -

It is well known that ||LY/2f||, is bounded (up to a constant) by || f|ls/*|| L]y’ (see,
e.g., [43], Proposition 5.5). Hence (4.26) is proved for f € D(L) N L?*(M). In order
to extend this for all f € D(L) we take a sequence f, € L*(M) N LP(M) which
converges in the LP-norm to f. We apply (4.26) to e *Lf, (for t > 0) and then let
n — +o0o and t — 0. O

We chose € = and we obtain

The standard argument of Stein which allows to prove that the functional

00 1/2 oo 1/2
H(f):(/o \ve—thPdt) +(/0 |We—th|2dt)

is always bounded on LP(M) for p € (1,2] can be used to prove the following propo-
sition ®

Proposition 4.13. Let p € (1,2]. Then

[Ivet s [TVt < ol (4.27)
0 0
for all f € LP(M). For q € [2,00) we have
CIfl2 < / Ve 2 dt + / Vet f|2at (4.28)
0 0

for all f € LI(M).

Proof. Tt is enough to consider non-negative (and non-trivial) f € L'(M) N L*(M).
Hence by irreducibility, e "2 f > 0 (a.e. on M). We have

p(p—2)
2—p

_ _ _ p(p—=2) , _ p(2—p)
Vet = /M Vet gt )" (et ) " e

< ([ wetspegyaa) ([ enprar)

p(2—p)

< ( / |Ve—fo|2<e—th>p-2dx>2 T
M

3. we owe this observation to Sylvie Monniaux.
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The same inequality holds when V is replaced by v'V. Hence

Ve £I2 + [VVe H f|2 < ( /M [|Ve‘th|2 + |¢Ve—th|2] (e‘th)p‘de) (N2l

0 —t P -p
—c ([ ~geppan) Iz

We integrate over t € [0, 7] to obtain

! —t —t ! a —t p —-p
[ wesevve sz ase ([ [ e o) i

= C (IIF1I; = lle™™ f1I7) 115"
< CIIfl5

Letting 7 — oo gives the desired result.
The proof of the lower estimate (4.28) is postponed to the next section (see (4.34)).
]

We have formulated the previous proposition for Schrodinger operators on mani-
folds but it is also true for elliptic operators with non-smooth coefficients on domains.

4.6 Lower bounds

In this section we prove reverse inequalities for the Littlewood-Paley-Stein func-
tionals. The strategy is classical and based on a duality argument. We start with
the general case as in Section 4.4.

Let L = A + V be again a Schrodinger operator with a non-negative potential
V. We have

Theorem 4.14. Let my, : [0,00) — C in L*(0,00) N L>(0,00) and such that
inf [|m[3 > 0. (4.29)

Let p € (1,00) and q its conjugate number. Suppose that there exists a constant
C > 0 such that

00 1/2 00
(Z / |mG<tL>fk\2dt> , (Z / I\/mG(tL)kodt)

1/2

p

1/2
<C (Z |fk\2> (4.30)

p
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for all f,, € LP(M). Then there exists C' > 0 such that

1/2
! (Z |gk|2> (4.31)

q
/2

IA

o 1/2 ~ 1
(Z/ﬂ |mG(tL)gk’2dt> + (Z/o |\/vmk(t[’)gk|2dt)

for all g, € LI(M).

q

Proof. We may assume without loss of generality that & runs over {1,...,n} for some
finite n (the constants C' and C” are then independent of n). Let f;, € LP(M)NL*(M)

and g, € LY(M) N L*(M). Set F = (fi,..., fn) and g = (g1, ..., 9»). We denote by
(.,.) the usual scalar product in C". Then we have

/OOO /MW(ml(tL)fb ooy M (L) f), V(ma (EL) Gy, oo mn (L) gn)) A
[T ] T o L)1) VT (1 (L)oo (L)) il
- /OOO/M«LmI(tL)fl’"‘7Lmn(tL)fn)7(ml(tL)gl,~--,mn(tL)gn)>dxdt

= [ [ (P e Lo P, (1))

The first equality is obtained by integration by parts (with respect to x € M) in each
coordinate and the second one uses the duality and the basic fact that the adjoint
of my(tL) is my(tL). For each k, set

M (N) := /:0 Imy.(s)|ds.

Then Mi(\) — 0 as A\ — oo and hence My(tL)f — 0 in L?*(M) as t — oo for all
f € L*(M). In order to see this, we write by the spectral resolution

IMLGL)FIE = (MRS, f) = / MU PAES( ).

Since the positive measure dFE,(f, f) is finite and |My(.)|* is bounded on (0, 00) (re-
member my, € L*(0,00)), the result follows by the dominated convergence theorem.
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Using again the spectral resolution we see that 4 M (tL) = —L|my,[*(tL). From this
we obtain

/ N / <<L|m112<tL>f1,...,L\mnP(tL)fn),<g1,...,gn>>d:cdt
- /M <(f1,. ), (My(0)gu, - My (0)gn))

Using all the forgoing equalities, the Cauchy-Schwarz inequality (for t) and Holder’s
inequality (in L"(C")) yields

] [ G ), 0,00, Mo 0
1/2

< [ ([ 1vomen i) par) " ([ 9tttz (e
[ (] WP e eg R " ([ WPmtn)gs, o (eigPar

“Z/ e dt) @/omﬁmkwmt)m ]
[ 5[ i) / ]
ey p
“Z /omv;wwdt) ]

|

1/2

/2

/2

- 1/2
(Z / ka(tL)ngdt)

1/2

. 1/2
(Z / ka@L)ngdt)

Hence, for

_ ” (zk: /OOO ]mG(tL)ngdt)

1/2 1/2

(Z | kaaL)ngdt)
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we have proved

\/ (', (My(0)g1, -o; M (0)gn))dz| < C[IF|[Loareny J.
M

This implies
H(Ml(o)gb cey Mn(o)gn)HLq(M,(C") S CJ.
Finally, we use (4.29) to finish the proof. ]

A particular case of the above theorem shows that if

2

H(f) = (/OOO |Veth]2dt) v + </OOO |\/Veth12dt) ! (4.32)

is bounded on LP(M), then there exists a constant C' > 0 such that

Cliflle < IH)lg (4.33)

on the dual space LI(M). As we already mentioned before, H is bounded on LP(M)
for p € (1,2]. Therefore, the lower bound (4.33) holds for all ¢ € [2,00). This
together with the triangle inequality for the LZ-norm implies

ClfI < / I Vet f2 dt + / WVt f|2 dt. (4.34)

for all f € LY(M). This is the lower bound stated in Proposition 4.13.

Recall from Section 4.5 the local Littlewood-Paley-Stein functional

1 1/2 1 1/2
Hyo(f) = (/0 |Ve_th|2dt> +(/O |\/Ve—th|2dt) .

We have seen that the boundedness on LP(M) of the local Riesz transforms V(L +
I)~Y2 and VV(L + I)~"/? imply the boundedness on LP(M) of H'. This together
with the standard fact that the semigroup e * acts (as a contraction) on LP(M)
imply that the functional

Q(f) = e f| + Hioe( ) (4.35)

is then also bounded on LP(M). The next proposition shows that a lower bound is
also true for ). More precisely,
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Proposition 4.15. Let p € (1,00) and suppose that H'¢ is bounded on LP(M).
Then there exists a constant C' > 0 such that

Cliglls < 1Q(9)llq
for all g in the dual space LI(M).
Proof. Let f € LP(M)N L*(M) and g € LY(M) N L*(M). We have

1
/ / Vet f Ve g+ VVe ™ f A/ Ve gdadt
0o Jum

= /0 1 /M (Le ™ f)gdadt

1 Yd,
= —5/ / a(e 2 g da dt
mJo

:%/Mfgdx—%/M(eLf)(eLg)dx.

Therefore,
[ ot < [ et talan 2 [t
M M M
< 2 [ (el B gl + H ()
M
< 2(Q(NI Q)4
< ClflplQ9)lq-
The latter inequality extends by density to all f € LP(M) and the proposition
follows. O

The final observation in this section is that if the Littlewood-Paley-Stein func-
tional at infinity

00 1/2 00 1/2
Heo)(f) = (/1 ]Veth\th) + (/1 \\/Veth\th)

is bounded on LP(M) for some p € (1,00), then

Clle " gllq < I1H(o)9llq
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on the dual space LY(M). The proof is very similar to the previous one. Once we
integrate over ¢ on [1,00) we obtain

o0 1 ol
/ / Ve f Ve tlg+ VVe t fA/Vetlgdadt = -3 / / %(6_2“;9) fdzdt
1 M MJ1

1
= 5/ fe’ZLgd:c
M

and we proceed as before.

4.7 Examples and counter-examples

In this section we discuss several examples. We also give a short review of some
known results on the Riesz transform. The boundedness of the Riesz transform
implies the boundedness of the Littlewood-Paley-Stein functionals. We shall see
that the examples for which the Riesz transform is not bounded are also examples
for which the Littlewood-Paley-Stein functionals are unbounded.

The Laplacian.

We start with the case L = A the (positive) Laplace-Beltrami operator on a manifold
M. We give examples of manifolds for which the Riesz transform VA~'/2 is bounded
on LP(M) (with values in the LP-space of vector fields). This subject has been
studied for many years and it is impossible to provide comprehensive bibliography
here. Recall that if the Riesz transform is bounded then the Littlewood-Paley-Stein
estimates of Section 4.4 are satisfied on LP(M). The lower bounds of Section 4.6 will
be then satisfied on the dual space LI(M).

- Manifold with non-negative Ricci curvature. If M has non-negative Ricci cur-
vature then it is well known that VA~/2 is bounded on LP(M) for all p € (1, 00)

(cf. 8])-
- Ricci curvature bounded from below. In this case, the local Riesz transform

V(I + A)~Y2 is bounded on LP(M) for all p € (1,00) (cf. [8]). It then follows from
Section 4.5 that the local Littlewood-Paley-Stein functional

1 1/2
Hioo(f) = ( / |Vefo|2dt)

is bounded on LP(M) for all p € (1,00). By Proposition 4.15, the lower bound (for

some C, > 0)
1 1/2
< / Ve it f|2dt)
0
q
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holds for all ¢ € (1,00). Note that (4.36) holds for ¢ € [2,00) on any Riemannian
manifold since HY (and hence H'"°) is always bounded on LP(M) for p € (1,2].

- Manifolds with doubling and Gaussian bound. Recall that if M satisfies (D’)
and (G) then the Riesz transform is bounded on LP(M) for all p € (1,2] and it is
weak type (1,1) (cf. [21]). The case p > 2 is more complicate and there are counter-
examples (see [21]). One needs extra assumptions on M in order to have the Riesz
transform bounded on LP(M) for p > 2. See for example [4, 11, 16, 22, 35] and the
references therein. We recall the following result from [16].

Theorem 4.16 ([16], Theorem 4.1). Let M be a complete Riemannian manifold with
the doubling property (D) and the Gaussian upper estimate (G). Suppose that the
negative part R~ of the Ricci curvature satisfies the following estimate

/1 dt +/OO |R—’1/2

0 ) t1/2 L | Vol(., t1/2)1/rs
for some 1 > 2,ry > 3. Then the Riesz transform is bounded on LP(M) for p €
(1,7”2).

As a consequence, Theorems 4.7 and 4.8 apply to L = A on LP(M) for p € (2,713).

- M, = R"#R" with n > 2. We consider the manifold M, which consists of two
copies of R™\ B(0, 1) endowed with the euclidean metrics and smoothly glued along
the unit balls. It is proved in [21]| that on such manifold, the Riesz transform is
unbounded on LP(M,,) for p > n. We also refer to [11] and [35] for more general and
precise results. In particular, it is proved in [11] that the Riesz transform is bounded
on LP(M,) for p € (1,n) and this is sharp. Therefore, the Littlewood-Paley-Stein
estimates of Section 4.4 are satisfied on LP(M,,) for p € (1,n). Similarly to the Riesz
transform, this interval is optimal in the sense that HY in (4.2) is unbounded on
LP(M,) for p > n. In order to see this, recall that M, satisfies the global Sobolev
inequality

dt
T2

|R—|1/2
Vol(., t1/2)1/m

T

[f(z) = fy)| < Cd(a,y) PV £, (4.38)

It is also known that there exist positive constants ¢ and C' such that the volume of
the balls satisfies er™ < Vol(z,r) < Cr™ uniformly in » > 0 and z € M,,. Now, if
the Littlewood-Paley-Stein functional is bounded on LP(M) for some p > n, then it
follows from Proposition 4.12 and the analyticity of the semigroup that

_ C
IVe 2 fllp < 731 £l
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We apply this inequality with f = py(.,y) (the heat kernel associated with A) and
notice that p;(.,y) = e_%Ap%(., y) and then combine this with (4.38) to obtain

pe(z.y) — pe(y, y)| < Cd(z, y) 7|IVpe(, y) |l
4—1/24n/2p

1-n
< Cd(z,y) /p—Vol G

A well known chain argument allows to obtain from this inequality a Gaussian lower

bound
_d(x,y)?
e t

Vol(y, /)’

This lower bound is not true for M,. We refer to [21] for the details and additional
information.

Note that M, has Ricci curvature bounded from below. Therefore, the local Littlewood-
Paley-Stein functional is bounded on LP(M,) for all p € (1,00). It is then the
Littlewood-Paley-Stein at infinity which is not bounded on L?(M,,) for p > n.

pt(‘r7y> > C

Schrodinger operators.

- Potentials in the Reverse Holder class. We consider L = A +V on LP(R") for
some n > 3. We assume that the non-negative potential V' belongs to the Reverse
Holder class By, that is, there exists a constant C' > 0 such that for every ball B in

R
|B|/qu:c (’B|/de) . (4.39)

It is known that this property self-improves in the sense that there exists € > 0 such
that V' € Byi.. It is proved in [57] that if V' € B, for some n/2 < g < n, then the

Riesz transform VL2 is bounded on LP(R™) for 1 < p < po where - = & — L.

This result was improved in [3] by considering the cases n < 3 or ¢ > n and also the
boundedness of vV L~1/2. More precisely, it is proved in [3] that

Y

Theorem 4.17. 1- If V € B, for some q¢ > 1, then VL™Y/? and VVLY? are
bounded on LP(R™) for p € (1,2(q + ¢€)).

2- If V € B, for some ¢ >n/2 and q > 1, then VL™Y2 is bounded on LP(R") for all
pe(lq* +e) if ¢ <n and for all p € (1,00) if ¢ > n. Here ¢* = L

n—q’

We apply Theorems 4.7 and 4.8 to obtain general Littlewood-Paley-Stein esti-
mates on LP(R™) for p in one of intervals given in Theorem 4.17. Their reverse
inequalities proved in Section 4.6 hold on the dual space.
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It is also proved in [57] that the above range is optimal for the boundedness
of the Riesz transform. One may then ask whether this range is optimal for the
boundedness of the Littlewood-Paley-Stein functional as well. This is indeed the
case.

Proposition 4.18. There exists V € B, with n/2 < q < n such that the Littlewood-
Paley-Stein functional H is not bounded on LP(R™) for any p > ¢* + €.

Proof. We follow exactly the same arguments as in [57], Section 7. Let ¢y > n/2 and
set V(x) : 1 Then V € B, for all ¢ < go. Therefore, the Littlewood-Paley-

R
Stein function H is bounded on LP(R™) for all p such that % > qio — L. 'We show that

it is false for p = py with pio = qLO — % Let v be the function defined by

= (e
v(z) = Z T

with =2 — qﬂo. One has by a direct computation
Av+Vv=0.

Set u := ¢v where ¢ is a smooth non-negative compactly supported function with

o(z) =1if |x| < 1. We have
Au~+ Vu = —-2Vop.Vu + vAdp.

Set g := Au+ Vu = —2V¢.Vu + vA¢. Suppose that H is bounded on LP°(R™).
Then

IV 1150 < C I Fllpo | 2o
by Proposition 4.12. Therefore,

IVullz, = IVL™gll5,
< Cligllpo llullpy < 00

since v and g are in L (they are bounded and compactly supported). But Vu is

not in LP°(R™) because |Vu| ~ |x\7}/7’0 as x ~ 0. O

- Schrodinger operators on manifolds. Riesz transforms associated with Schrodinger

operators have been also studied on Riemannian manifolds M. As we already men-
tioned before, if M satisfies (D) and (G) then VL~Y? and vV L~/? are bounded
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on LP(M) for p € (1,2]. Here the potential V' is non-negative and locally integrable.
See [30] where this is stated on RY but the proof works on manifolds having (D) and
(G).

The case p > 2 is again complicate (even if M = RY). We recall the following result
which deals also with potentials having a non-trivial negative part.

Theorem 4.19 (|1], Theorem 3.9). Suppose that M satisfies (D) and (G). Suppose
in addition that V=~ is subcritical with rate a € (0,1), i.e., for all suitable f in L*(M)
we have

/ Vo fide < &/ (VPP + VT f2)da. (4.40)
M M
Assume there exist r1,r9 > 2 such that
) 1/2 ) 1/2
14 ds 14 ds
1 ro

Let v = inf(ry,my). If N < 2, then the operators AY2L=Y2 and V'2L7Y2 are
bounded on LP for p € (1,7). If N > 2, the same operators are bounded on LP for
por 2

p € (po, %) where po = %1_\/@. In particular, if the Riesz transform VA2
1/2

15 bounded on LP with p in this range, then VL™/* is also bounded.

See also |27] for related results and additional information.

The above integrability condition in (4.41) gives then a range of p’s for which the
Littlewood-Paley-Stein functionals are bounded on LP(M). Finally, we mention the
following negative result. It is proved in [55] in the case M = RY.

Proposition 4.20. Assume that M satisfies (D’), (G) and the local Sobolev inequal-
ity
[f (@) = fa)] < Cowd(a, )NV £

Suppose also that there exists a positive bounded function v such that e ) = 1) for
all t > 0. If the Littlewood-Paley-Stein functional

o0 1/2
HV _ v—tL 2d
= ([ Ivetra)

is bounded on LP(M) for some p > max(N,2), then V = 0. Here N is the constant
from the doubling condition (D’).
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Proof. Assume that H is bounded on LP, then for suitable f,
IV £l < CIAL LA

Taking f = e **¢ and using the analyticity of the semigroup we obtain for all g € L?
_ C
Ve gll, < a7l

We conclude using Theorem 6.1 in [16]. Note that in this reference, it is assumed
that M satisfies Poincaré inequalities, which in turn imply the above local Sobolev
inequality. It is this later inequality which is used in the proof there. ]

4.8 Elliptic operators on domains

We have chosen to write the previous sections in the framework of Schrédinger
operators on manifolds. The results remain valid for elliptic operators with bounded
measurable coefficients on domains. The proofs, after a little adaptation, are the
same.

Let © be an open subset of RY (N > 1). We consider for k,1 € {1,..., N} bounded
measurable functions ay; = ay, : 2 — R. We suppose the usual ellipticity condition

N
> an(@)&s > vigP
ki1

for all & = (&,...,&,) € RY, where v > 0 is a constant independent of z. Set
A(x) = (ar(x))1<ki<n. We define the elliptic operator L = —div(A(z)V-) with
Dirichlet boundary conditions. It is the operator associated with the symmetric
form

N
a(u,v) = Z /Qakl(?ku.alv, u,v € Wol’Q(Q).

k=1

It is known that the heat kernel of L satisfies a Gaussian upper bound and the Riesz
transform VL~'/2 is bounded on LP(Q) for all p € (1,2]. In addition, L satisfies
spectral multiplier theorems. The fact that €2, endowed with the Euclidean distance
and Lebesgue measure, may not satisfy the doubling property (D) * can be bypassed
in the proofs of the boundedness of the Riesz transform and spectral multipliers. We

4. except if 2 has smooth boundary, Lipschitz boundary is enough.
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refer to [54] for all these results and additional information.
Thus, the Littlewood-Paley-Stein estimates (4.13) and (4.18) hold on LP(Q) for all
p € (1,2]. More precisely,

. 1/2
(Z/ |mG(L)F(tL)fk|2dt> < C sup ||mg| g (s0)) (Z |fk|2)
v Jo k k

LP() Lr(Q)

(4.42)

for bounded holomorphic functions my, and F on a sector of angle § > 0°. If the

functions my, are supported in [%,2] and belong to the Sobolev space W%%(R) for
some § > N[5 — 2| + 3, then

2
Lr(Q)

- 1/2
(Z / |mG<tL>fk|2dt)
(4.43)

From this and little modifications in the proofs in Section 4.6 we obtain the lower
bounds on L%(£2) for all ¢ € [2,00). In particular,
, (4.44)

0o 1/2
( / |VetE f|2dt)
0 L9(Q)
1 1/2
(/ |V6_th|2dt)
0 L9(Q)

It is remarkable that no regularity assumption is required on the domain nor on the
coefficients of the operator. For another proof of (4.45) and related inequalities on a
smooth domain, we refer to [40].

In the next result we show that if Q = RY, the previous lower bounds hold for
all ¢ € (1,00).

Proposition 4.21. Let L = —div(A(x)V-) be a self-adjoint elliptic operator with
real bounded measurable coefficients ay,. Then for all g € (1,00)

0o 1/2
( / |VetE f|2dt>
0

5. here we may take any ¢ > 0 and not necessarily w, as in Theorem 4.7. The reason is that
the Gaussian upper bound implies the existence of a bounded holomorphic functional with angle 6.
This follows readily from the fact that L satisfies spectral multiplier theorems.

1/2

1/2
< Csup ([l w2 (Z |fk|2>

r(Q) k

Cllfllzo@) <

and

Cllfllac < lle™ fllzoy + (4.45)

, (4.46)
La(RN)

Cllfllpamny <
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and

Cllfllzoeny < e fllzagmy + (4.47)

1 1/2
( / Vet f|2dt>
0

Proof. Because of (4.44) and (4.45) we consider the case ¢ € (1,2) only.

Since the semigroup e ** is sub-Markovian, L has a bounded holomorphic functional
calculus on LP(RY). Therefore, it has bounded square functions on LF(RY) for all
p € (1,00). A standard duality argument gives then (for ¢ € (1,00))

00 1/2
(/ ‘Ll/2e—th‘2dt>
0

On the other hand, it follows from |7] (Theorem 2, p.115) that there exists a Calderén-
Zygmund operator U such that L'/2f = UV f. Therefore,

(9) 1/2
( / |UVe 't f\th)
0

The operator U is bounded on LY(RY). We then apply the same strategy of proof
as in Theorem 4.7 and use the Kahane inequality to bound the RHS term by

La(RN)

Cllfllza@ny < (4.48)

La(RN)

Cllfllpamyy <

La(RN)

% 1/2
' ( / (Ve it f|2dt>
0 La(RN)
This proves (4.46).
In order to prove (4.47) for q € (1,2), we write
1/2
H th|2dt)
La(RN)
1/2 ~ 1/2
< (/ \Veth|2dt> + (/ |Veth|2dt>
0 La(RN) 1 La(RN)
1 1/2 00 1/2
= (/ |Ve_th|2dt) + (/ |V6_tLe_Lf|2dt)
0 La(RN) 0 La(RN)
1 1/2
<|[( [ 1veespar) O el
0 La(RN)
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Note that in the last inequality we use the boundedness of the Littlewood-Paley-
Stein functional on LY(RY) for ¢ € (1,2). Now, (4.47) follows from (4.46) and the
previous inequality. O

We finish this section by mentioning another sort of Littlewood-Paley-Stein func-
tionals, called conical vertical square functions, and defined by

oo du d 1/2
Sf(x) = ( /0 /| yl<ﬁ|vye—th(y>|2t§/V/2t> :

It is proved in [5], among other things, that S is bounded on LP(RY) for all p € (1, 0).
Thus, the functionals S and H have different behavior on LP(RY) for p > 2. It is of
interest to study the corresponding conical functionals S for Schrodinger operators
on manifolds or for elliptic operators on arbitrary domains of RY. This will be done
in a forthcoming project.
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CHAPITRE 5

Fonctionelles coniques pour les opérateurs de Schrodinger et de
Hodge-de Rham sur les variétés
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Abstract: Let L = A+ V be Schrédinger operator with a non-negative potential V'
on a complete Riemannian manifold M. We prove that the conical square functional
associated with L is bounded on L? under different assumptions. For p € [2, +00) we
show that it is sufficient to assume the manifold has the volume doubling property
whereas for p € (1,2) we need extra assumptions of LP — L? of diagonal estimates
for {v/tVe L t > 0} and {v/tvVe * t > 0}. Given a bounded holomorphic func-
tion F' on some angular sector, we introduce the generalized conical vertical square
functional

N 1/2
Gt = ([ [, TR VIFn ) g

and prove its boundedness on LP if F' has sufficient decay at zero and infinity. We
also consider conical square functions associated with the Poisson semi-group, lower
bounds, and make a link with the Riesz transform.
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5.1 Introduction

In this paper, we study conical vertical square functionals in the framework of
Riemmannian manifolds. Let M be a complete non compact Riemannian manifold.
The Riemannian metric on M induces a distance d and a measure p. We denote
by V the Levi-Civita connection or the gradient on functions. Let L = A+ V be a
Schrédinger operator with V' a function in L} . Except when specifically precised,
V' is non-negative. The conical vertical square function associated with L is defined

by
dtdy  \"?
—tL 2 —tL 2
9= ([ L 7O VI S0 )

where B(xz,t'/?) is the ball of center x and radius #'/2 and Vol(z,t/?) its volume.
We consider the question of boundedness of Gy, on LP(M). We also compare G, with
the vertical Littlewood-Paley-Stein functional

1N = ([ IVt + Vie s par) "

Both of these functionals were introduced in the Euclidean setting and L = A by
Stein in [58] where he proved their boundedness on L? for all p € (1,+00). Similar
functionals associated with divergence form operators L = div(AV.) on R™ have
been considered by Auscher, Hofmann and Martell in [5]. They showed that

B dtdy  \?
tL
H / // Ve, tl/?))

p

for p € (p~,00) where p~ < 2 is the infimum of p such that {\/tVe ™ t > 0}
satisfies L? — L? off-diagonal estimates. In particular, if A is real then p~ = 1. Chen,
Martell and Prisuelos-Arribas studied the case of degenerate elliptic operators in [15].
The vertical Littlewood-Paley-Stein was studied by Stein for the Laplace-Beltrami
operator in [58, 60] where he prove the boundedness of Hn on L? for p € (1,2]
without any assumption on the manifold, and for p € (2, 00) in the case of compact
Lie groups. In [23], Coulhon, Duong and Li proved the weak type (1,1) for Ha if
the manifold satisfies the volume doubling property and A satifies a Gaussian upper
estimate for its heat kernel. In [55], Ouhabaz proved that Hy, is always bounded on
L? for p € (1,2] and is unbounded for p large enough. Cometx studied the case of
Schrodinger operators with signed potential in [19].

< I,
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Concerning Gy, in the Riemannian manifold setting, we show that the situation
for p € (1,2] and p € [2, +00) are different. If p € [2, +00), it is proved in [5] that the
conical square functional is bounded in the L” norm by the vertical one. We prove
that the conical square functional is bounded on L? for all p € [2, +00) provided the
manifold satisfies the volume doubling property.

In contrast, the vertical Littlewood-Paley-Stein functional Hy may be unbounded
on LP for p large enough (see [20], Section 7). This shows that H; and G have
different behaviours on LP. If p € (1,2], then Hj is always bounded on L? for any
complete Riemannian manifold.

Following the proofs in [5] and [15], we show in the Riemannian manifold setting
that G, is bounded on L? provided {vtVe "'} and {vtvVe 'L} satisfy [P — L?
off-diagonal estimates. In particular, if in addition the heat kernel of e7*2 satisfies a
Gaussian upper bound, then G, is bounded on L? for all p € (1, +00).

We also introduce generalized conical square functions, inspired by the generalized
Littlewood-Paley-Stein functionals in [20], namely

([ 2 , ddy  \"?
([ [ Ierenswr e viFan et )

for F' a bounded holomorphic function in some sector X(u) = {z # 0, larg(z)| < u}
for a fixed p € (0,7/2). We assume that the manifold satisfies the volume doubling
property and F' has sufficient decay at zero and at infinity, that is

for § > 1/2 and 7 > ¥=2. Then G} is bounded on L? for all p € [2, +00).
In addition to Schrédinger operators we also consider conical square functionals
associated with the Hodge-de Rham Laplacian on 1-differential forms. That is

1/2
(/ / d* —tA ( )|2 dydtl - ) 7
z,t1/2) Vol(y t / )

where d* is the adJomt of the exterior derivative d. We show again that if the manifold

is doubling then G is bounded on | LP for all p € [2,00). This boundedness is rather

suprizing since the semigroup e & may not be uniformly bounded on LP for p # 2

(see [16]). In the case p < 2, then G is bounded on LP under the assumptions that

o
M satisfies the volume doubling property and {\/Zd*e_m,t > 0} satisfies [P — L2
off-diagonal estimates.
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We also consider conical vertical square functions for Schrodinger operators with
a potential V' which have a non-trivial negative part V'~ and also such functionals
associated with the Poisson semigroup. In addition we give lower bounds and an
application to the Riesz transform.

Notations. Throughout this chapter, we denote by p’ = p%l the dual exponent
of p € [1,00]. We denote by C,C’, ¢ all inessential positive constants. Given a ball
B = B(z,r) C M and A > 0, AB is the ball B(x, Ar). For a ball B and j > 1, C}(B)
(or C;) is the annulus 277 B\2/ B and Cy(B) is B.

We recall that M satisfies the volume doubling property if for all  in M and

r > 0 one has
Vol(z,2r) < CVol(x,r) (D)

for some constant C' > 0 independent of r and x. This property self-improves in
Vol(z, \r) < CANVol(z,r) (D)

for some constants C' and N independent of z,r and A > 1.
The Hardy-Littlewood maximal operator M is defined by

1
M) =sop s [ 1wl

Given p € (0,7), ¥(u) is the angular sector {z # 0, |arg(z)| < u} and H®(X(p)) is
the set of bounded holomorphic functions on ().
5.2 Conical square functionals

As mentionned in the introduction, the conical vertical functional associated with
the Laplace-Beltrami operator A is defined by

=[] menpat s "
xt1/2 VOl(y t1/2) ’

The so-called conical horizontal square functional is defined by

1/2
/ / > dtdy /
$ t1/2 VOl(’y, t1/2) '

The functional S is linked to the Hardy spaces HX. The space HY is the completion
of the set {f € HX,||Safll, < +oo} with respect to the norm [|Sa f|l,- The norm

ftAf
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on HY is || fllzz = [|Safll,- Here HR is the closure of R(A) with respect to the L?
norm. The boundedness of Sy on L? is equivalent to the inclusion LP? C HX. The
Hardy space is important in the study of singular integral operators such as the Riesz
transform. We refer to [6, 13, 28, 36, 37| for more on this topic.

Similarly, for a Schrédinger operator L = A+ V with 0 <V € L} we define

loc

- dtdy  \'?
—tL £12 tL |12

1
(/ [ e Praiss) 6D

9 1/2
/ / dtdy (52)
xt1/2 VOl(y,tl/z) ) '

For the Hodge-de Rham Laplacan A = dd* + d*d on 1-differential forms we define

dtdy O\ ?
d'e Bl 5.3
(/ /ml/z)‘ “ Vol(y, 751/2)) ’ (53)

= 2 4w i
- Byl Y ) 5.4
</0 /B(ac,tl/Q) Vol(y, t'/?) (54)

Note that here we may also consider variants where one replaces d* by the exterior
derivative d or by the Levi-Civita connection V.

As in the case of the Laplace-Beltrami operator A on functions, one can define
the Hardy spaces H? and H% throught Sy, and S. See again 6, 13, 28, 36, 37].

We note that Sy, is a particular case of square functions

1/2
([ et )
xt1/2 tVOl( t1/2)

where ¢ is a bounded holomorphic function on some angular sector . These ones are
comparable with horizontal square functions associated to L (see Proposition 5.3).

V(F)(2) = ( / " IFG, t)@)m | (5)
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for any function F' which is locally square integrable on M™* := M x R,. The
functions V(F') and A(F') are measurable on M and they are comparable in the
following sense.

Proposition 5.1 ([5], Proposition 2.1). Assume that M satisfies the doubling volume
property (D). For every F in L2 (M™) we have

1. Forp € [2,+00), |A(F)|l, < C[V(F)ll,.

2. Forp € (0,2], [V(F)l, < CIAE) |-

Proof. The proof is taken from [5]. We repeat the arguments for the sake of com-
pleteness. We start by the first item. We argue by duality. Set p € [2,+00) and let
q be such that % + % = 1. For all g € L9, one has

[ Awr@ean= [ [T ot g
Sl L PO S
-/ [ \F(y,wP / s g@)%

/ / M(g >dytdt

< IVEP[lIM (9],

The boundedness of the Hardy-Littlewood maximal operator M on L? (which follows
from (D)) gives the result.

Now we prove the second item. Fix 1 < p < 2, F' a function on M such that
A(F) isin LP and A > 0. Set O := {z, A(F)(xz) > A}. O is an open subset of M.
Let G be its complement set. Let R(G) be the union of the cones {d(z,y) < t} for
z € G. We also set O = {z, M(xo) > 1/2} and G = M\O. Since O is open, we

have O C O and then G C G. ForallyEGandt>0wehave%y(i’)t)>1/2
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Therefore,
frwana= [([7 ] Foor ) o
// iy, oo
ol(y,t) ’ t
=5 [(V(E) )y
2,
> Np({|V(F)| > ANnGY).
Hence,

/M V(FP(@)dz = p / TNV (F) () > A})dA

0

gc/ U‘ Ap?%@ﬂm+/ NLS(P) e | dA
0 A(F)>A A(F)>A

Finally we obtain,

AWDWWSCLMDWWx

Remark 5.2. In [5/, counter-examples for the reverse inequalities are given.

Recall the vertical Littlewood-Paley-Stein functional is

(9] 1/2
HL(f)(af)=( / \Ve‘th|2+V!e‘th!2dt) |

As a corollary of Proposition 5.1 we have.

Proposition 5.3. 1. Forp € [2,400),
1GL(N)l, < CIHL)I,-

2. Let p € [2,+00) and ¢ be a bounded holomorphic function on the angular
sector £(0) := {z # 0,|arg(2)| < 0} with 0 € (arcsm’ 1) 7/2) such that

lo(2)] < C |Z||2a for some a >0 and all z € ¥(0). Then ||Syfll, < C fll,-

1+
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Proof. The first item is an immediate consequence of Proposition 5.1 with F(z,t) =
\tVe_t Af|. For the second one, using again Proposition 5.1 we obtain

([ oenset)” p

Since L is the generator of a sub-Markovian, it has a bounded holomorphic func-
tional calculus on L? for all p € (1,00). This was proved by many authors and the
result had successive improvements during several decades. The most recent and
general result in this direction states that L has a bounded holomorphic functional
calculus with angle p, = arcsin(|% —1]) + € for all € > 0. We refer to [10] for the
precise statement. The existence of a bounded holomorphic functional calculus im-
plies the so-called square functions estimates, that is for all F' € H{*(X(u,)) = {F €
H>(X(up)), |F(2)] < C% for some o > 0 and all z in 3(y,)}, one has for all f
in LP(M),

‘ ([ rensord) :

See [25] for more on the link between square functions estimates and bounded holo-
morphic functional calculus. The square functions estimate with F' = ¢ finishes the
proof. ]

1S6()ll, < C

< Cl £y
P

Remark 5.4. The first item of the last proposition shows that if the Littlewood-
Paley-Stein functional Hy, is bounded on LP, then Gy, is also bounded on LP. Note
that Hy, is bounded on LP for some p € [2,00) if and only if the sets {\/tv/Ve L}
and {\/tVe™t} are R-bounded on LP (see [20], Theorem 3.1).

A natural choice for ¢ is ¢o(2) = 2'/2¢7* so that

Solf A2t g2 ) | 5.7
¢ (/ /xt1/2 f| VOl(yv) ( )

We shall use this functional in Section 5.10 in connection with the Riesz transform.
We make the following observation.

Proposition 5.5. 1. Forp € [2,00), Sy, is bounded on L?,
2. Forp € (1,2], there exists C' > 0 such that for all f € L?,

1F1l> < CllSge (Pl
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Proof. The first item follows from Proposition 5.3. For the second, fix p € (1,2],
then p’ € [2,00). For all f in L? and g € L* one has

[ s@gaa = | [ [T e e g
' / / [Ae™ B fe 2 g+ e 2 fAe P g] dtdx

— / / A1/2 7tAf A1/2 7tAgdtdx

dy
=2 AV2e A AV2—tAgqpdy — 7
/M /0 /yeB(x,tlﬂ) d g Vol(z,t'/?)

> dx
=2 AV2etA f AV 2ot dt—) d ‘
/M (/o /xeB(y,tm) ! g Vol(x,t'/2) Y

sy@&ﬂﬁwmﬂm@@'

< 2[S9 ()l | S (Sl
< 2[|gllp I Ss0 (H)lp-

Here the two first inequalities respectively come from Cauchy-Schwarz with measure

% and Holder with exponents p and p/. The last inequalities comes from the

first item. We obtain the result by taking the supremum over f in LP. [

5.3 Tent spaces and off-diagonal L? — L? estimates

In this short section, we recall the definition of tent spaces on manifolds some
properties they satisfy. For any p € [1,4+00), the tent space Ty is the space of square
locally integrable functions on M™ such that

</ /B(m zvjly(dt ))1/2 c LP(M).

[y = | ACE) |-

For p = +oo, T5° is the set of locally square integrable functions on M™* such

that ”
dydt
Fllpeo 1= F(y,t)? .
1l (S%p//| vwm>) < oo
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Here the supremum is taken on all balls B in M and rpg is the radius of B.

Tent spaces form a complex interpolation family and are dual of each other.
Theses results remain true for tent spaces on mesured metric spaces with doubling
volume property. In particular it is true for tent spaces of differential forms. We
refer to [13] or 6] for proofs and more information. Precisely,

Proposition 5.6. Suppose 1 < pg < p < p; < oo, with % = 1});00 + pil for some
0 € (0,1). Therefore [15°, 15" ]9 = T5.

Proposition 5.7. Let p be in (1,+00) and p' be its dual exponent. Then TQ"/ is
identified as the dual of T with the pairing < F,G >= fo(o 1o0) F(x,t)G(x,t)92d,

t
We shall use Proposition 5.6 to prove the boundedness of the conical square

functions on LP. Actually, the boundedness on LP of G; canonically reformulates
as the boundedness of f — tVe Lf and f — tvVVe ©'Lf from L? to TY. For
p € [2,+00) the strategy is

1. Prove that G;, is bounded on L?,
2. Prove that f — tVe "L f and f — tv/Ve "L f are bounded from L™ to T3,
3. Deduce by interpolation that Gy, is bounded on L? for all p € [2,400).

We use the same strategy for Gf and Gx in the forthcoming sections.

In order to prove the boundedness of f — tVe Lf and f — tv/Ve L f from
L*> to T3y°, we need Davies-Gaffney estimates for ViVe tE and V/2\/te *X'. One
says that a family 7, of operators satisfies Davies-Gaffney estimates if for all f in
L?*(M) and all closed disjoint sets £ and F in M,

T (fxE) || 2y < CemCEDE £l 20, (5.8)

In [2] and [5], the authors show that a good condition to prove the boundedness
of conical square functions on L? for p € (1,2] is LP — L? off-diagonal estimates for a
well chosen family of operators. Let 1 < p < ¢ < +oo. We say that a family (7})¢>0
of operators satisfies LP — L? off-diagonal estimates if for any ball B with radius rp
and for any f,

1/q ) B 1/p
29 ;
(/ IEfXqudx) §—01 1sup( b \/g) e/t (/ Ifl”dfﬂ) :
¢,(8) u(B)» s P

N
(5.9)
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We mostly use the case ¢ = 2, that is

1/2 o dirs i
n 2d —S _0437,2 /t( rq ) ’
(/Cj(B)I fxsl :c> SM(B); (J QJTB) /|f| @

(5.10)
for all j > 1 and some 8, C' > 0 independent of B, j and f. Here C;(B) = 2/ B\2/B.
One can also consider analytic families of operators and then one can write the
previous inequalities for z in some sector X(u) = {z # 0, |arg(z)| < p} for a given
pe (0,7/2).

In several cases, the uniform boundedness of the semigroup on L? for implies that
VtVe t satisfies (5.10). This is the case if the manifold has the volume doubling
property (D’) and its heat kernel associated with A satisfies the Gaussian upper
estimate (G). Recall that the heat kernel p; associated with A satisfies the Gaussian
upper estimate (G) if there exist constants C,c¢ > 0 such that the heat kernel p;
satisfies for all z,y € M

t\.’)\»—‘

e—ccl2 (z,y)/t

pi(7,y) < Cw- (G)

For P — L? off-diagonale estimates for Schrodinger operators on manifolds with
subcritical negative part of the potential, see [1|. In the case of the Hodge-de Rham
operatorn, see Section 5.6, or [49].

5.4 Study of G,

In this section, L = A + V is a Schrédinger operator with 0 < V € LI . We
make some remarks about the case of a signed potentiel at the end of the section.
Recall that G, is defined by

D= ([ fo [T IOF VI )

In this section, we prove the boundedness of G; on LP(M) under some assumptions
depending on p € (1,2] or p € [2,+00). In the framework of second order divergence
form operators L = div(AV.) on R% it has been proven in [5] that G, is bounded on
LP for all p € (1,400) and of weak type (1,1) if A is real.

This functional is easier to study for p € [2, 00) and its boundedness comes from
an argument from [31]. The only assumption we need on the manifold here is the
volume doubling property (D). We start by the boundedness on L?.
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Proposition 5.8. G is bounded on L?.
Proof. We compute

o , | dydtd
I9:(11 = | /“t/awwzww LR + VI )P

ot _ dadtdy
Jo b o 0100+ VI 0 e B

—tL 2 —tL 2 dy

/M(/O Ve 24 Ve f(y)] /B(yytw)ldxdt) ot
/(/ | —th
1
"2

f(y)
(v)

(A+V)e ™ f(y) - e fy)dt dy

|’+Vk4?ﬂwF&>dy
um

For p € [2,00), we have the following theorem.

Theorem 5.9. If M satisfies the doubling volume property (D’), then Gy, is bounded
on LP for all p € [2,00).

Proof. Let T be either V or the multiplication by v'V. We show that f tFe*tsz
is bounded from L*° to T3°. By interpolation it is bounded from L? to T3 for all
p € [2,00], what reformulates as the boundedness of G, on L”.

Recall that the norm on 75° is given by

L ety

where the supremum is taken over all balls B in M and rp is the radius of B. Fix a
ball B and decompose f = fxs4p + fXx ). For the local part fxsp we have

1 e dedt _ C ©o 2
re W abt (VALR)
B Jo 0

C
< _ = 2
= M(B)||fX4BH2

< CIf1I3-

Hmm=<m>

2

2
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We now deal with the non-local part. We decompose fx@p)e = ijz Ixc;, where
C;(B) = 2771 B\2/ B. Davies-Gaffney estimates (5.8) for vtVe ™ give

( ety u?dxdt)

j>2
,4]23 1/2
e 2 dadt
<cy / / |f|2
j>2
Y (i / [ iras -
< e
>2 1(Cy) Jo
< O floo-

We obtain that f +— tDe™ f is bounded from L™ to T5°. It is then bounded from
L? to TY for all p € [2,00] by interpolation. This gives that G, is bounded on LF.
We see this by writing

o0 B B dydt  \'?
Gr(f)(z) = (/ /B(“l/{Z Te ™ > + Ve thFm)

2 dyds 12
r —s2L £12 —s“L £|2
o ([ e vt )

= LAP)()

1/2
where F(x,s) = <|sVe_ssz|2 + |sVe_S2Lf|2> . Then

1
1GL(Nlp = I Elzz < ClIfllp-

]

Remark 5.10. We give two examples which show that the Littlewood-Paley-Stein
functional and the conical square functional have different behaviors for p € [2,00).

1. In R%, under reasonable assumptions (see [55]), if V is not identically equal to
zero, then Hy is unbounded on LP for p > d, whereas Gy, is bounded.

2. Let M be the connected sum of two copies of R? glued among the unit circle.
The Littlewood-Paley-Stein functional Ha is unbounded on LP for p € (d,+00)
whereas Ga is bounded (see [11]).
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The case p € (1,2] is more difficult. We have to assume off-diagonal L — L?
estimates for the gradient of semigroup, namely

IVEVe™ fllzoy + IVEVVE  fllzc,)

C 2r \/t
< il X
p(Byr i P i
Note that these estimates are always true in the case of R™ if V' > 0. For a signed

potential V' = VT — V', the discussion is postponed to the end of the section.
Theorem 5.11. Assume that M satisfies the doubling property (D’) and {\/tVe £}
and {Vtv/Ve Y satisfy LP — L? off diagonal estimates (5.11) for some p € [1,2).

Then Gy, is of weak type (p,p) and bounded on L7 for all p < q < 2.

Remark 5.12. The proof is the same as in [15] where the authors deal with diver-

gence form operators on R™. We reproduce the details for the sake of completeness.
We write down the proof for the gradient part

/ / —th‘z dydt 12
(z,£1/2) VOZ( t1/2) .

The proof is the same for the part with V'V .

Proof. Fix p € [1,2). G, is bounded on L*(M), then by the Marcinkiewickz inter-
polation theorem it is enough to prove that Gy, is of weak type (p,p). Fix A > 0 and
f € L?, we use the L” Calderon-Zygmund decomposition (see [15] or [59]) of f by
writing f = g + ), b; where
1. (B;)i>1 is sequence of balls of radius r; > 0 in M such that the sequence (4B;);>1
has finite overlap number, that is sup,cy; > .; Xap, (z) < 00,

Ve = fllinm). (5.11)

2. |g| < CX almost everywhere,
3. The support of b; is included in B; and [, |b;[Pdz < CAp(B;),

4. Z ,U > fM‘f ‘pdx'

For snnphmty, we write down the proof in the case p = 1. It is the same for any
pe (1,2). Set A,, ;=1 — (I —e L)X for K a positive integer to be chosen. One
has

{: GV( )(@ )<A/3})
G (3" Anbi)(z) < A/3})

1
p({z
n{z: G (Y (I - e_riL)Kbi)(fE) <A/3})
I+1IT+1I1.

p{a: G (f)(x) < A}) <
+
+
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Using the boundedness of Q(Lv) on L? and the properties of the Calderon-Zygmund
decomposition, it is a classical fact that I < $[|f||;. It remains to estimate /7 and
III. We first estimate I1. Take 0 < v € L?*(M) with norm |22 = 1. One has

1/2
/M ‘ZAmbi(JE x)de < ;; (/ | A, by d:c) (/QjHBi ¢2dx> 1/2.

We note that A, satisfies LP — L? estimates (5.10). The notation we use is

C o
< — 17 sup(2/,277)7e~ 1Nl s (5.12)

HAnf ’LQ(C]') >~ N(B)

for some v > 0. It leads to

/ZAI)

1>1

j+1 1/2 ) )
Pda < ZZ C’,u o 52 e~ [sup(2/, 2*3)}7

i>1 720

« (/B \bi|dx> inf M(y2)!2(2)

<A M@ (x)de

U; B;

< )\M(U Bi) 2|l

< ONV2| 112,

Since >, A,,b; is in L?, the boundedness of Qév) gives IT < C%| f[l1. The two last
inequalities come from Jensen and the boundedness of M. Since ), A,,b; is in L2

the boundedness of g}v) on this space gives 11 < || f|;. Finally, we estimate I11.
Markov inequality gives

111 < u (U 5Bi> +pu <{:v e M\ J5B,,6L" (> (1 — e 1) Kby)(2) > )\/4}>

%

1 1 v —r2L\K7 \2
_c[;wuﬁ;/\ G (> (1 — ey <x>dx].

M\ U, 5B;

i
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Set h; := (I — e ""%)%b;. One has
Q(V) h)?(z)dz

/M\ini A
el
o Jum
we |
o Jum

[

=C Kloc + Kglob] .

2
y)tVe_tQLhi u(B(y,t \U5B drdt

2
y)tVe_tZLhi wu(B(y,t \U5B d:rdt

We start by estimating Kj,.. Given y € 4B;, if there exists z € B(y,t)\ |, 5B;, then
t > r;. Therefore,

2, [ ) 2 dydt
Koo < CZ/ / ‘tve’t Lhi(y)( u(B(y,t \U5B .

Vol(y, t)
00 50 oL, 9
<C §:1j / | /431_ ‘tVe hl(y)‘ dydt.

The off-diagonal estimates (5.11) give

) 2 1/2 T A
</ ‘tVe_t b (hi(y) xan:) dy) S /2 (?) / vl dy
. 4B;
i\ B
1/2 (?) 4B1 |dy
B;) ri\#
= (B2 (?) A
1/2
< u(B)V? (4
“(B <t>
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2 .
"M e obtain

By the same arguments and expending (I — €'
. 5 1/2
(/ ‘tVe_ hi(y)XaBiy) dy)
4B;
) 1/2
< / ZtVe_t2Lhi(y)ch dy
4B; | =2
, 5 1/2
< Z (/ ‘tVe_t “hi(y)xe, dy)
i>2 NPT
2J8 r\B M
<3 smoyn (%
= p(2H1B;)12 \ t — \Je(B)
2](IB+’Y) T B Y
<O Loy ()« </B i dy) |

Jj=2

)
e kTiLbi

)

The properties of the Calderon-Zygmund decomposition and the volume doubling
property (D7) give

27(B+7) <T.>,8 " (/ > 206 u(B;) /7ri\8 i
—— () e bildy | < CAX — (—Z> e A
2 By 5 2 @By
i\ B
< onB) (%)

By the properties of the Calderon-Zygmund decomposition again we have

R <0 St [ (24
< COND u(By)
< CAllfl]x-

Finally, we deal with K. Take ® > 0 in L2(M*, %) with norm ||®|, = 1. Set

B(y) = / T
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We have
dydt
I S xamp e | a0
i>1
dydt
//sz PIVe Enly)| Dy, ) S
i>1 7>2

<ozz(// p——— ) (], dydt)”

121 522
<O N (G (BY)? inf (M(@) ()"
i>1 §>2 !

where

1/2
~ dt ,
Lij = / / [tV hy(y)Pdy— < Cp(B;)'/?2778)
0 C;(Bs) t

by Lemma 5.13 below. Therefore,

dydt
| ] 1% xamreve )| a0 %
i>1

<O > u(By) P u(Cy(B:)) 275 inf (M(®) ()"

i>1 j>2 veBi
< C’)\ZZ/L )2 ICK=N/2) 1n]£ (M(®)(x))"2.

Te
i>1 j>2

Choosing K > N/4 gives

AR D (B2 i (M(B)(w)) ' < ON Y () ok (M(B) ()

< CA/ (M(D))V2dx
UB:

< CAM(U Bz‘)lm
< AV2| £

Here the last inequality comes from the properties of the Calderon-Zygmund decom-
position. Hence, I11 < A7!||f||; and we obtain the result. O

128



Chapitre 5. Fonctionnelles coniques

In the proof, we use the following lemma which follows from functional calculus
on L*(M) (see [15]).
Lemma 5.13. For anyt > 1 and j > 2,

1/2
> dt |
Lij = / / Ve h(y)*dy— < Cp(B)' /2277080,
0 C;(Bs) t

The classical setting of doubling manifolds with an heat kernel satisfying a Gaus-
sian upper estimates is covered by the theorem.

Corollary 5.14. Assume that M satisfies the doubling property (D’) and that the
heat kernel associated with A satisfies the Gaussian upper estimate (G). Then Gy, is
bounded on LP for all p € (1,400).

Proof. Assume that M satisfies the doubling volume property (D’) and that the
heat kernel associated with A satisfies the Gaussian upper estimate (G). Then
{VtVe L} and {VtvVVe 'L} both satisfy LP — L? estimates for all p € [1,2]. Hence,
Gy, is bounded on L? for all p € (1,2] by Theorem 5.11. The case p € (2,400) comes
from Theorem 5.9. [

In the case of Schrodinger operator with signed potential L = A+ VT -V~ we
can state similar results. The conical vertical square functional for L is defined by

_ OO —t 2 —t o dydt 12
) = (7L IV R VIl ) s

Theorem 5.15. Assume that M satisfies the doubling property (D’). Suppose that
V'~ is subcritical with respect to A+ V'™, that is there exists a € (0,1) such that for
all smooth and compactly supported function f,

/ V™ fAde < a/ V24 |V f)Ada. (5.13)
M M

Then,
1. Gp, is bounded on LP for all p € [2,00).
2. Assume in addition that the kernel associated with e > satisfies the Gaussian
upper estimate (G). If N < 2, then G is bounded for all p € (1,400). If

N > 2, set p, = #m% Then Gy, is bounded for all p € (pg, +00).

Proof. Let p be in (1,2] if N < 2 or in (py, 2] otherwise. In [1] the authors prove
that, under the assumptions of the theorem, both {/tVe ¢} and {v/t|V|'/2e~tF}
satisfy Davies-Gaffney estimates (5.8) and off-diagonal estimates (5.10). The same
proof as in the case of a non-negative potential applies and gives the boundedness of

grL. ]

tA
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5.5 Generalized conical square functions associated
with Schrodinger operators

In this section, we introduce generalized conical square functions for Schrodinger
operators L = A +V with 0 < V € L! . Let F be an holomorphic function in

loc*
H>(3(n)), with X(u) = {z # 0,]arg(z)| < p} for some pu € (u,,7/2). We have
already mentioned and used that L has a bounded holomorphic functional calculus
with angle 1 € (p, = arcsin |% —1|,7/2) on LP(M) for p € (1,+00). In particular,
F(L) is a bounded operator on LP(M) for ' € H*(X(u)). We define GE(f) by

. 1/2
GE(f)(z) = (/o /B(y,t1/2) IVE(L) f(y)]” + V\F(tL)f(y)PVO;ZC}ZQ))

We start by the case p = 2.

Proposition 5.16. Assume there exist C,e > 0 and § > 1/2 such that |F(z)| < %
as |z| = +oo and |F'(z)| < M% as 2 — 0. Then GF is bounded in L*(M).

Proof. The boundedness of

00 1/2
= (/ |VF(tL)f|2+V|F(tL)f|2dt)
0
on L*(M) from [20] (Theorem 4.1) gives
- B 0 dtdy  \'?
ioE = ([ [ VPSP + VIFGL) )P gt |

1/2]?

= (/OOO IVE(tL)f|* + V]F(tL)th)

< C|fl5-

2

]

Recall that a family {7},7 € I} of operators is R-bounded on L? if there exists
C > 0 such that for all n € N and all 4, ...,7, € I and for all fy,..., f, in LP,

<Z ’Tifi|2> <C (Z |fi|2>
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It is known from [20] that the R-boundedness is linked with the boundedness on L?
of the Littlewood-Paley-Stein functionals. We have

Proposition 5.17. Given p € [2,400) and F € H>®(X(n)) with p € (pp, 7/2).
Assume that there exist C,e > 0 and 6 > 1/2 such that |F(z)| < % as |z| — oo and

F'(2)| < %= as z — 0. If the families {\/tVe 'Y} and {~/tv/Ve £} are R-bounded
|2]
on LP(M), then GE is bounded on LP.

Proof. By Proposition 5.1, one has

gL, <c

() 1/2
(/ IDE(A) fP + V]F(tA)f\zdt>
0

<Clfl,-

The last inequality comes from the R-boundedness of {\/tI'e™**} on LP(M) for either
I'=VorI'=+V (see [20], Theorem 4.1). O
Remark 5.18. Let ' be either V or the multiplication by V'V .

1. It follows from [20] (Proposition 2.1) that the boundedness of the Riesz trans-
form TL™Y% on LP implies the R-boundedness of {v/tT'e A},

2. One can generalize Proposition 5.17 as in [20]. Consider hq, ..., h, bounded
holomorphic functions on X(u) = {z # 0,|arg(z)| < pu}. Under the assump-
tions of Theorem 5.17 there exists C' > 0 such that for all fi, ..., f, € LP(M),

Vol(y, t/?

" 1/2
<C <Z ’fz’|2>
i—1

p

) ” 1/2
H </0 /B( tl/z)z|Vhi<L)F(tL)fi(y)’2+V’hi(L)F(tL)fi<y)’2Ly)>

We state another positive result concerning the boundedness of GI'| assuming the
function F' has sufficient decay at zero and at infinity. We start by giving Davies-
Gaffney estimates for F'(tL). This lemma is inspired by Lemma 2.28 in [38] where a
similar result is proven for F(tL) instead of v/t{['F(tL).

131

p



Chapitre 5. Fonctionnelles coniques

Lemma 5.19. Let > 0. Let F' be an holomorphic function on a the sector ¥(u)
such that there exist 7,0 > 0 such that for all z € ¥(u), |F(2)] < C’% Then for
all f € L*(M) and all disjoint closed subsets E and G of M,

" T+1/2
IVICF(tL) fxel 2@ < C (m) 1 | z2()- (5.14)

Here T is either ¥V or the multiplication by V/V .

Proof. The functionnal calculus for L on L? gives the representation formula

TF(tL)f = e L fn, (2)dz + / e L fn_(2)dz, (5.15)

Iy Lo
where .

) = 5 [ FGOU
Here I'T = R, e (™29 for some 6 € (0,7/2) and v* = R e™™ for some v < 6.
Under our assumption on F', we obtain

1) < [ 1 P()lac

tel
<o f eIy
- /7 TR

tC|” [tC|
<c|f e+ [ P LS —
cevticl<ie LR cevtlel>e LT
=C [Jl + JQ] .
We bound

- tc|”
5 < C/ L LS
cert lel<1/e L+ Jecfme

14 ©
<(C——r —0rq
= |Z|T+1/O e ~ap

tT
= O
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Here § € (0,1) depends on 0 and p. Besides,

S <C [=CI77 ¢ 77d¢

ceyt[¢I>1/t

¢ T+1
< C (| |) t—T—O’—l/ |C|—T—U—1dc
o CevECI>1/t

7
|Z|T+1‘

Hence,
tT
Inxl(z) < C—| 1 (5.16)
Then (5.15) and (5.16) together give that for all f in L? and all disjoints closed sets
E and G in M,

ITE(tL) fll 22y < C

tT
1T f L accs dz+/ 1D fl| 2oy —edlz |
/Fg R O

0

We bound the first term. The second is bounded by the same method. Davies-
Gaffney estimates (5.8) for {y/zle™*L} give

/ ITe™" fll 2t |27~ 1dz<C’</
Tt

0

tT|Z‘_T_3/2€—cd(E7G)2/Z'dz) /1|2 &)

< CU(d(B,G)*) 712 (/ 573/266/5(13) 1122 ()
0
C

" T+1/2
7 (m) f 1l z2e)

As a consequence of these Davies-Gaffney estimates, we obtain the boundedness
of generalized conical square functionals.

IN

]

Theorem 5.20. Assume that M satisfies the doubling property (D’). Let F be an
holomorphic function on a sector X(p) = {z # 0,|arg(z)| < u} such that for all z
in X(u), |F(2)] < Cl—i—\ |T+5 for some T > (N —2)/4 and § > 1/2, where N is as in
(D*). Then GE is bounded on LP for all p € [2,+00).
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Proof. The boundedness of Gf on L? follows from Theorem 5.1 and [20], Theorem
4.1. Let T be either V or the multiplication by v/V. We use the same proof as for
Theorem 5.9 to prove that f ~— tI'F(t>L)f is bounded from L* to T5°. Recall that

the norm on 7%° is given by
/ / |2d:cdt)

where the supremum is taken over all balls and rg is the radius of B. Fix a ball B
and decompose f = fx4p + [Xxup). We start by dealing with fyx4p. One has

1 TB daxdt 1 © dxdt
- tTF(t*L 2 < tVF(t*L 2
5 [ mren S < s [ [T pen sk

1 0o 1/2
([ rrensnbia)
0
The boundedness of the functional

S -
oo 1/2
fH(A|N@MMwm%

(B
on L? and the doubling property (D’) give

" dzd o0 1/2
ﬁ/fz/o tCF(t°L) fxas)? xt t < QMEB) (/0 |FF(8L)fX4B|2dS)
C

< - 2
= M(B)Hsz;Buz
< CIfII%.

1P llzge = (sup

2

2

2

2

We now deal with the non-local part fxup).. We decompose fxup) = 222 Ixe;,
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where C; = 2771 B\2/ B. Lemma 5.14 and the doubling volume property (D’) yield

1/2
1 2 E
(,U(B) / PrF(EL fXC | dx)

j>2
1 1/2
<> (o [ 0L e P )
> i [, e
1/2
tZTHu(C’ )1/2 )
= CZ B2 (C;) /22143 +1/2) / [z
> Cj
1/2
23N/2t27'+1 )
= CZ 1/2T2T4]T (/C f dz
]>2
jN/2t27+1
<C), mﬂf oo
7j>2
2741
27+1 HfHOO

The convergence of the sum comes from the choice 7 > (N — 2)/4. Therefore,

1 "B dzdt "B AT+l
- tTF(t*L 2L 2
B)/O /Bl ( )fXCj| t — C'Hf”oo/ov T4T+2dt
< C|Ifl%.

Hence [[tT'F(t*L) f||zgc < C|| f|l,- By interpolation, we obtain that f ~— tIF(t>L)f
is bounded from LP to T4 for all p > 2. This gives the boundedness of Gf on L?.
Indeed,

_ ) ,  dydt  \Y?
([ wEanR i)
- 1 2 2 2 o dyds )1/2
2 ( 0 /B(w,s) |SVF(S L)f‘ * V|SF(S L)f| SVOZ(y,S)
1
= 5A(Y)(2)

where W(z,s) = (|sTF(s*L)f[* + V|sF(s*L) f[)'"*. Then |G ()], = 31 %[z <
C|Ifl,. O
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Remark 5.21. 1. This result still holds replacing F(tL) by h(L)F(tL) where h
is holomorphic and bounded. Actually, for all f in LP we have

- 2 ,  dydt 1/2
H(/O /B(y’tl/z)IVh(L)F(tL)fl + WVRh(L)F(tL)| W) p

2. If V' is a signed potential with subcritical negative part, we obtain the bound-
edness of GE on LP for all p € (2,00) whereas the semigroup does not acts
boundedly on LP for p large enough. It follows from the fact that the family
{V/zTe™*L} satisfies Davies-Gaffney estimates (5.8) under the assumption of
suberiticality (5.13) (see [1]).

< [If1lp-

5.6 Study of G

The vertical conical square function assiocitated with A is defined by

/ / e Bp wdt
(0.1/?) mvoz< Vol(y,t1/2) )

In this section, we apply the same techniques as for G, to obtain the boundedness of
G. The following lemma, from [6], says that d*e~** satisfies Davies-Gaffney estimates.

Lemma 5.22 ([6], Lemma 3.8). The family \/Ed*e_tﬁ satisfies Davies-Gaffney esti-
mates, that is for all closed sets E and F and for any differential form w in L?,

x —tA C e ¢
"€ Beoxpl ey < —ze " ER ] gy (5.17)

This lemma implies the boundedness of G on LP for all p € 2, 4+00).

Theorem 5.23. Assume that M satisfies the doubling volume property (D’), then G
is bounded on LP(AYT*M) for all p € [2,+00).

Proof. The proof is the same as for G;. We reproduce it for the sake of completeness.
As for G, Proposition 5.1 gives that G is bounded on L? because the Littlewood-

Paley-Stein functional
0 . 1/2
w (/ |d*€_tAw‘idt>
0
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is bounded on L2. We show that w — td*e*"2w is bounded from L* to T5°. By
interpolation it is bounded from L? to T3 for all p > 2, what reformulates as the
boundedness of G on LP. For interpolation of tent spaces, we refer to Lemma 5.6
which remains true in the case of tent spaces of differential forms.

Recall that the norm on 75° si given by

L ety

where the supremum is taken over all balls B with radius rg. Fix a ball B and

decompose w = wxsp + wX@up). One has
1 / /‘T‘B ’ i 2 |2d$dt 1 ( 9] ’d tz ’2d 1/2 2
— td*e™" “wxun < —— / “eT"CwxuB t)
B) Jp Jo t 1(B) 0 )

<1
~ 2u(B)
< Cllwll%.

1P llzge = (sup

|WX4B||3

We decompose wxup): = Y5, WXc,, Where C; = 2771 B\2/ B. Minkowski inequality
and Davies-Gaffney estimates (5.17) give

e /W S )

j>2

764'77' 1/2
B t2
i>2 \’9
N —edd 1/2
"B 9 t2
; 0 n(C

"B Bdt
<o ([T t) ol

— —
Then th*e‘thHTQoo < C|w||so. By interpolation we obtain that w — td*e™" 2w is
bounded from L? to T? for all p € [2, 0], what reads as the boundedness of G on LP.
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Indeed,
1/2
/ / oS wdt Y
B(z,t1/2) VOZ( t1/2)
_ l / / ‘Sd* —s2A ‘ dde 1/2
2 (2,5) sVol(y, s)
1
where U(z,s) = sVe 5w, Therefore we have 1G(w)]l, = 517 < Cllwll,. O

These case p € (1,2) is more complicated. Following the proof of Theorem 5.11,
we have the following result.

Theorem 5.24. Assume that M satisfies the doubling property (D) and that the set

{\ﬁd*e*tﬁ} satisfies LP — L off-diagonal estimates (5.10) for some p < 2. Then G
if of weak type (p,p) and is bounded on L9 for all p < q < 2.

As for Schrédinger operator, we can state positive results assuming smallness of
the negative part of the Ricci curvature.

Theorem 5.25. Assume that M satisfies the doubling property (D) and that the
kernel associated with A satisfies a Gaussian upper estimate. Assume in addition
that R~ is subcritical with respect to V*V + RT, that is there exists a € (0,1) such
that for all w € Cg°(A'T*M),

/ <R ww>dr< a/ < Rfw,w > +|Vw|*dx.
M M

If N < 2, then G is bounded forall p € (1,+00). If N > 2, let py = 1= \/QmNL
Then G is bounded for all p € (po, +00).

Proof. The Gaussian upper estimate (G), the doubling volume property (D’) together

with the subcriticality condition imply that \/id*e*tﬁ satisfies the LP — L? estimates
(5.10) (see [16], Theorem 4.6). We apply Theorem 5.24 to conclude. O

5.7 Conical square functionals associated with the
Poisson semigroup

In [5], the authors also introduce the conical square functionals associated for
the Poisson semigroup associated with divergence form operators on R?. For a
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Schrodinger operator L = A + V with a potential 0 < V € L} . we define simi-

lar functionals by

Ctdtdy \Y?
P —tLY/2 ;)2 Vv —tLY/2 )2 .
0@ = ([ [, Do 10 V1 e

We denote by Py ; the time derivative part of P and Py, , the gradient part. If V' = 0,
we denote them respectively by P, P, and P,.

_471/2 tdtdy 1/2
P ac / / V tLY/ f 2 4 14 th 2 ) 7
- ( B(x,t) | ’ | ’ Vo l(y7 )

1/2
b / / > tdtdy /
Lt :vt VOl<y7t>

We ask whether P, is bounded or not on LP. We start by the case p = 2.

locy

tL1/2

8t

Proposition 5.26. Py, is bounded on L*(M).

Proof. One has

tdtdydx
P — V —tL1/2? 2 ftLl/Q 14 —tLY/2 £12
1P = | / /yEBm\ P+ | Ve TN
_ / / |Vye_tL1/2f]2+‘§e_tLl/2f Ve Y fPtdydt
M JO
0 1/2
:2/ — |l £ 3de
i 5l 12
= 2|/ f1I3-
0

Remark 5.27. The pointwise equality Pr(f) = (P?(f)+ Pri(f))"/? gives that Py,
and Py, are bounded on L.

In order to study the case p € [2,+00), we compare P, and G;. We start by the
following technical lemma concerning the volume of the balls.

Lemma 5.28. Assume that M satisfies the volume doubling property (D), then
|V, Vol(y,t)| < Ct=Vol(y,t).
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Proof. We start by the time derivative part. For all h > 0, one has by the doubling
property (D’)

t+h

Vol(y,t + h) —Vol(y,t) < C <( ;

- 1) Vol(y,t)
=C ((1 + %)N — 1) Vol(y,t)
< Cht 'Vol(y,t).

For the gradient part we have

Vol(z,t) — Vol(y,t) _ - Vol(y,t +d(z,y)) — Vol(y,?)

d(z,y) o d(Z,y)
dlz,y) +t.n ) Volly,?)
<o (T -1) T
dlz,y) +t.n ) Volly,?)
<o (BT -1) T
S ey

< Ot Wol(y,t).
[
The following lemma from [5] will also be useful to study to compare P, and G

Lemma 5.29. For any f € L? and x € M one has

(/ / 7t2L tL1/2> f‘ dydt )1/2
B(z,2t) t

Vol(y,t)
tdydt | ?
Ve LR+ Ve PEf? > . (5.18
(/ /BW' we IV g 19
Proof. We note that

0o s . d(z dtd 1/2
= ([ e o (52) 2
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where ¢ is a non-negative smooth function on R, such that ¢(s) = 1 if s < 1 and
d(s) =0if s > 2. Set u:=e """ f and v := e "L f. One has

N d(z,y)\ tdtdy

=[] [vt,yu.vt,yw—w+Vu<“—v>]¢2( ze )ww,ﬂ
- d(z,y) tdtdy

+/M/O [Viyu. Vv + V) ¢2< . )Vol(y,t)

= Il —|— ]2.

By Cauchy-Schwarz and Young inequalities we obtain for all € > 0,

ol e ()
o [ ot ()
o0 d(z,y tdtdy
+6/0 /B(Mt) Vule? < (t )> Vol(y,t)
B ) d T,y tdtdy
e 1/o /B(:Jc,Qt) o ( (75 )) Vol(y,1)

*° tdtdy
Ce_l/ / Vi v|? + Vo] ———.
0 B(z,2t) [l Y | ] VOl(yut)

The last inequality is obtained by choosing e small enough Now we deal with I;.
After integrations by parts (in y and ¢) and using (25 — A — Ve _tLl/Qf =0 we

ot?
obtain
> t¢*(d(z, y)/t)
L] < — . _—
|1 _/0 /M|u v | Viyu Vt,y[ Vol(y. 1 dtdy
The doubling property (D’) and Lemma 5.28 yield
t¢*(d(z,y)/t) ¢(d(z,y)/1)0(d(z,y)/1)
< A
Vo [ ) < O 1)
where 6(s) = ¢(s) + |¢/(s)|. Hence, by Young inequality

{ / / v, 2ty / / iy 1
B(z,2t) Lt Vo l ya a:2t) tVOl(y, )
—1/ / —y? _dtdy
a:2t) tVOl(y, )

The last inequality is obtained by choosing epsilon small enough. ]
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As a consequence we can state the following theorem.

Theorem 5.30. Assume that M satisfies the doubling property (D), then Pp is
bounded on LP for p € [2,+00).

Proof. Fix p € [2,400). Lemma 5.29 gives

( / / Ve h L )1/2
B(z,2t) ve VOl(ya ) »
(/“ ‘<e_tum B t2L> f\2 dt)
0

The second part of the RHS term is the L? norm of the horizontal square function
1/2

associated with ¢(z) = e *"" — e *, and is then bounded by C|| f||,. O

1PL(H)lp < CHIGL(H)lp +

< C|lIflle +

5.8 Study of P

In this very short section, we introduce the conical square function associated
with the Poisson semigroup on 1-forms. It is defined as follows.

_ & N1/2 N1/2 0 R1/2 tdtdy 1/2
p _ de 22012 L de AP )2 4 | L tAYE )12 '
(w)() </0 /B(x’t) |d*e w|® + |de w|® + |6t6 W Vol(y. 1)

We denote by ]3t the time derivative part of P, P, the derivative part and P, the
co-derivative part. We denote by P, the part with both the derivative and the

co-derivative.
([ (e iy
B(z,t) V0l<y7 ) ,

tdtdy \'?
d*e _tR1/2 2 de 7tA1/2 2 )
</ /m’ P Vol 1)

We obtain as for P, the following result.
Proposition 5.31. P is bounded on L*

The boundedness of these functionals may have consequences concerning the
boundedness of the Riesz transform. We make some comments in the following
sections.
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5.9 Lower bounds

In this section, we prove that the boundedness of conical square functionals on
L implies lower bounds on the dual space L.

Theorem 5.32. Let F : Ry — C be a non-zero function in L*(R,) N L¥(R). If
GF is bounded on LP then there exists C' > 0 such that for all f € L¥,

If1lL, < ClIGE(f)

P
Proof. Let f be in LP N L? and ¢ be in L? N L?. By integration by parts,
/ / VF(tL)f.NF(tL)gdtdz + / / VVF(tL) NV F(tL)gdtdz
o Jum o Jum
_ / / LE(L) £ F(iL)gdtdz
o Jum

_ /0 h /M L|F(tL)[2f.gdtdz

Set F(A) = [{7|F(t)[?dt. One has F(X) — 0 when A — 4-oc0. Therefore, the spectral
resolution gives F(tL)f — 0 as t — +oo. The spectral resolution also implies that
D F(tL)? = —L|F[*(tL). From this we obtain

/OOO /ML|F|2(tL)f-§dtdx

_ /O h /M —%]—“(tL) Fgdids
— /M f.F(0)gdz.
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Using all the forgoing equalities and the same averaging trick as in the former proofs,

> ———— dtdzdy

= VF(tL)fVF(tL)g—

/0 /J\/[/B(x,tl/2) (tL)f ( )gV0l<JZ,t1/2)
°° —=——— dtdady
VF(tL) fNVF(L)g—
Ly VPRV E Dl

dtdzdy

— VF(tL)fVF{tL)g—————
[ vrans SR et

00 —————  dtdady
+ VVEF({L)fVVEF(tL)g————75-

The Cauchy-Schwarz (in t) and Hoélder (in y) inequalities give

‘ /M f.F(0)gdz

</ [/OO/ \VF(tL)fP+V|F(tL)f\2ﬂ]1/2
- M 0 B(y,t1/2) VOZ(I', t1/2)

X UOO/ IVF(tL)g|* + V|F(tL) |2ﬂd T/z
0 B(y,t1/2) g g VOl(.Qj,tl/z) y

<162 (Dl 19z (9)ll
< ClIfIIGL (9)l,-

We obtain the result by taking the supremum on f in the unit ball of LP(M). ]

One can also state a result about lower bounds concerning the functionals as-
sociated with the Poisson semigroup. They are not included in the latter theorem
because of the time derivative part.

Proposition 5.33. If P;, is bounded on LP, then the reverse inequality

1Nl < ClIPL)
holds for all f € LY.
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Proof. Fix fin L? N L? and ¢ in L* N L?. By integration by parts,

/ fl@)g(z)dz = / o / e~ f et gdtd
& 82 tLl/Z tLl/Q
/ e f.e " gdxdt
a7 /,
:/ Qt/ Ll/Qe_thf.Ll/Ze_tLl/Qg> dadt

ftL /2 ftLl/Qg> dzdt

ot /

= 2/ / tvxe_tL/ f.tvxe_“;l/zg> dxtdt
0o JM

L2 / /

t
0

> 0 51 0 112 dadt
+/0 /M<8t€ Ftae g) t

By Cauchy-Schwarz inequality (in ¢) and the same averaging trick as for G, we obtain

s

The boundedness P, on L? and taking the supremum on f gives ||g||,, < C||PL(g)]l,-
[

< ClIPL(H P

Remark 5.34. The same result still holds if we only consider Pr,, or Pr.
We obtain the same result for P.

Proposition 5.35. Ifﬁ 15 bounded on LP, then the reverse inequality
lwlly < CllP(w)lly

holds for all w € LP". The result remains true if we consider only P, or P,

5.10 Link with the Riesz transform

Some links between Littlewood-Paley-Stein functions and the Riesz transforms
have been established in [22]. We make analogous links between conical square
functions and the Riesz transform. They rely on Theorem 5.32 together with the
commutation formula dA = Ad.
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Theorem 5.36. 1. If Pay is bounded on LP and ]3t is bounded on LP" then the
Riesz transform is bounded on LP.

2. Iff_’; is bounded on LP and Pa, is bounded on L? then the Riesz transform is
bounded on L”'.

Proof. We prove the first item. The second is proven by duality considering that

- — /
d* A=? is the adjoint of dA~Y2. If the P, is bounded on L”, then by the reverse
inequality on L” one has

ldfll, < CIENI,

1/2 dydt 1/2
- A1/2 —tAY/ df |2
(/ /B(z t1/2) | f| VOl<y7 t1/2)

p
1/2
=C / / |de —tAlVZ A 1/2f\2 dydt /
(z,t1/2) Vol(y t1/2)
p
= Cl|P.a"2 )],
1/2

< Cl|az ],
For the second equality we used commutation formula dA = Ad. For the last
inequality we used of the boundedness of P, on L?. ]

Remark 5.37. 1. Fizp € [2,400). Assuming (D’), P, is bounded on LP. Then
the boundedness of B, oon L” implies the boundedness of Riesz transform on
LP. Unfortunately, for p < 2, P, is even harder to bound than the horizontal
Littlewood- Paley-Stein function for A (which is known to be difficult for all
p € (1,00)). This can be done under subcriticality assumption on the negative
part of the Ricci via Stein’s method but we only recover a known result about
Riesz transform.
2. Forp € [2,+00), G is bounded on LP if we assume the (D). Using a similar
proof as in Theorem 5.56 we see that it is sufficient to bound the functional

*° dydy 1/2
Sof xr :(/ / A1/2€ftAf2 )
wl)(z) 0 B(m,t1/2)| | Vol(y,t)

on L¥ to obtain the boundedness of the Riesz transform on L.

We recover a result from [16], that is the boundedness of the Riesz transform
under the hypothesis of Theorem 5.25. The functional G is bounded on LP for
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p € (po,2) by Theorem 5.25. The functional S, satisfies the reverse inequality for p
in this range, so the adjoint of the Riesz transform d*A~'/? is bounded. It implies
the boundedness of dA~2 on LP for p € [2,p/,). More generally, it gives a proof of

the following theorem.

Theorem 5.38. Let p be in (1,2]. Suppose that M satisfies the doubling property

(D) and that Vide A satisfies LP — L? estimates (5.11), then the Riesz transform
is bounded on L.
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