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Abstract

Proton therapy is used for cancer treatment to achieve better dose conformity by
exploiting the energy-loss properties of protons. Proton treatment planning systems
require knowledge of the stopping-power map of the patient’s anatomy to compute
the absorbed dose. In clinical practice, this map is generated through a conversion
from X-ray computed tomography (CT) Hounsfield units to proton stopping power
relative to water (RSP). This calibration generates uncertainties as photon and proton
physics are different, which leads to the use of safety margins and the reduction of
dose conformity. In order to reduce uncertainties, proton CT (pCT) was proposed as
a planning imaging modality since the reconstructed quantity is directly the RSP. In
addition to energy loss, protons also undergo multiple Coulomb scattering (MCS)
inducing non-linear paths, thus making the pCT reconstruction problem different
from that of X-ray CT.

The objective of this thesis is to improve image quality of pCT list-mode recon-
struction. The use of a most likely path (MLP) formalism for protons to account
for the effects of MCS has improved the spatial resolution in pCT. This formalism
assumes a homogeneous medium. The first contribution of this thesis is a study
on proton paths in heteregeneous media: the accuracy of the MLP was evaluated
against a Monte Carlo generated path in different heterogeneous configurations. Re-
sults in terms of spatial, angular, and energy distributions were analyzed to assess
the impact on reconstruction. The second contribution is a 2D directional ramp filter
used for pCT data reconstruction. An intermediate between a filtered backprojec-
tion and a backproject-filter approach was proposed, based on the extension of the
usual ramp filter to two dimensions, in order to preserve the MLP spatial informa-
tion. An expression for a band-limited 2D version of the ramp filter was derived
and tested on simulated pCT list-mode data. Then, a comparison of direct recon-
struction algorithms in terms of spatial resolution and RSP accuracy was conducted.
Five algorithms, including the 2D directional ramp, were tested to reconstruct dif-
ferent simulated phantoms. Results were compared between reconstructions from
data acquired using idealized or realistic trackers. Finally, the last contribution is
a deconvolution method using the information on the MLP uncertainty in order to
improve spatial resolution of pCT images.
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Résumé

La thérapie proton est utilisée dans le cadre du traitement contre le cancer afin de
parvenir à une meilleure distribution de dose en exploitant les propriétés du proton.
Les systèmes de planification de thérapie proton requièrent une carte du pouvoir
d’arrêt des tissus du patient afin de pouvoir calculer la dose absorbée. En clinique,
cette image est générée à partir d’une conversion des unités Hounsfield d’une im-
age tomodensitométrique (CT) rayons X au pouvoir d’arrêt relatif (RSP) du proton.
Cette calibration induit des incertitudes étant donné que les interactions physiques
des photons et des protons sont différentes, ce qui va mener à l’utilisation de marges
de sécurité et à la réduction de la conformité de dose. Afin de réduire ces incerti-
tudes, l’imagerie proton CT a été proposée pour la planification de la thérapie proton
puisque la quantité reconstruite est directement le RSP. En plus de la perte d’énergie,
les protons interagissent également via la diffusion multiple de Coulomb (MCS) qui
induit des trajectoires non linéaires, ce qui rend le problème de reconstruction en
proton CT différent de la reconstruction CT rayons X.

L’objectif de cette thèse est l’amélioration de la qualité d’image en reconstruction
proton CT en mode liste. L’utilisation du formalisme du chemin le plus vraisem-
blable (MLP) afin de prendre en compte les effets du MCS a permis d’améliorer la
résolution spatiale en proton CT. Ce formalisme suppose un milieu homogène. La
première contribution de cette thèse est une étude sur les trajectoires des protons
en milieux hétérogènes: la justesse du MLP a été évaluée en comparaison avec un
MLP obtenu par simulations Monte Carlo dans différentes configurations. Les ré-
sultats en matière de distribution spatiale, angulaire, et énergétique ont été analysés
afin d’évaluer l’impact sur l’image reconstruite. La seconde contribution est un fil-
tre rampe directionnel 2D utilisé dans le cadre de la reconstruction proton CT. Il
s’agit d’une méthode intermédiaire entre la rétroprojection filtrée et le filtrage de
la rétroprojection, basée sur l’extension du filtre rampe en 2D afin de préserver
l’information spatiale sur le MLP. Une expression pour une version 2D limitée en
bande de fréquence du filtre rampe a été dérivée et testée sur des données pCT
simulées. Ensuite, une comparaison de différents algorithmes de reconstruction
directs en matière de résolution spatiale et justesse du RSP a été menée. Cinq al-
gorithmes, incluant le filtre rampe directionnel, ont été testés afin de reconstruire
différents fantômes. Les résultats obtenus à partir de données acquises avec des dé-
tecteurs idéaux ou réalistes ont été comparés. Enfin, la dernière contribution est une
méthode de déconvolution qui utilise l’information sur l’incertitude du MLP afin
d’améliorer la résolution des images proton CT.
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1

Introduction

Cancer is one of the most widespread and deadliest diseases worldwide, with
about 18 million new cases and 9.5 million deaths in 2018 (Global Cancer Observatory).
About half of cases would require radiation therapy, either alone or in combination
with other treatments such as surgery and/or chemotherapy. Standard radiation
therapy uses high energy X-rays to damage cancerous cells. The use of protons in-
stead of X-rays for cancer therapy has been proposed as it offers advantages in terms
of dose conformity, i.e. maximizing the dose to the target while minimizing the dose
to healthy tissues. Exploiting the proton’s Bragg peak – a localized dose peak shortly
before the protons come to rest – allows to treat deep-seated tumors while sparing
critical structures, which is essential for head and neck cancers, prostate cancers,
pediatric cancers, etc. The position of the Bragg peak, and therefore of the proton
range, can be adjusted via the proton-beam energy.

Planning a proton therapy requires the acquisition of a CT image in order to
predict the range and therefore the absorbed dose in the patient. Specifically, a pro-
ton stopping power map of the traversed tissues is necessary to estimate the proton
range. Unfortunately, using an X-ray CT to compute the stopping power is prone
to uncertainties as photon and proton interactions with matter are quite different.
This uncertainty, along with other errors due to patient alignment, movements, etc.,
compels practitioners to use safety margins around the treatment volume at the ex-
pense of the sparing of healthy tissues. In this context, proton CT is an attractive
solution as the reconstructed quantity is directly the proton stopping power, i.e. no
calibration is needed from an X-ray CT. The use of proton CT for treatment planning
can help lowering range uncertainties and thus improve dose conformity.

The objective of this PhD was to improve image quality of list-mode proton CT
reconstruction. In a list-mode setup, each proton is tracked individually, and its
energy, position and direction are measured upstream and downstream from the
patient. As proton paths are non-linear due to multiple Coulomb scattering, this
allows for a better estimation of the proton path and an improvement of spatial
resolution. Tomographic reconstruction algorithms for proton CT must be adapted
to take into account the non-linearity of proton paths. The reconstruction problem
consists in recovering a stopping power map from the list-mode data.

Chapter 1 starts by presenting the different interactions of protons with mat-
ter, namely the energy loss, multiple Coulomb scattering, and nuclear interactions.
Chapter 2 presents the bases of proton therapy and the clinical rationale of proton
imaging in the context of proton therapy planning. Chapter 3 is a review of proton
CT imaging from the early days of proton imaging to the contemporary hardware
developments and reconstruction techniques. Chapters 4 to 7 present the contribu-
tions of this work. First, a study on the impact of heterogeneities on the proton path,
is carried out using Monte Carlo simulations. Specifically, the theoretical most likely
path (MLP) is compared to a simulated path in different heterogeneous configura-
tions. In chapter 5, an extension of the ramp filter to two dimensions to improve
spatial resolution of pCT is proposed. This method, along with four other direct
reconstruction algorithms, is assessed in terms of spatial resolution and stopping
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power accuracy in chapter 6. A last contribution is presented in chapter 7, a shift-
variant deconvolution method taking into account the uncertainty on the proton
path to improve spatial resolution.
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Part I

State of the art
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5

Chapter 1

Proton interactions with matter

A proton is a positively charged subatomic particle, often denoted p or p+. For
protons in the energy regime typically used for proton imaging (60-300 MeV), we
distinguish three interaction processes (Figure 1.1):

1. Energy loss: non-elastic Coulomb interactions with atomic electrons;
2. multiple Coulomb scattering (MCS): deflection of the proton via elastic Coulomb

repulsion between the charge of the proton and the charge of the nuclei;
3. Nuclear interactions: elastic and non-elastic interactions with the nuclei in-

volving nuclear forces.
The first two interactions involve electromagnetic forces between the charge of the
particle and the charge of the electrons or nuclei of the atoms, while the last type of
interaction involves nuclear forces. Each interaction can be categorized as (a) elastic
when kinetic energy is conserved or (b) non-elastic when kinetic energy is not con-
served. In this chapter, we introduce these interactions and the associated theoretical
models, and briefly discuss their implementation for Monte Carlo simulations.

1.1 Energy loss

1.1.1 Stopping power

Protons lose energy through electromagnetic interactions with atomic electrons
and nuclei. At a clinical energy range, they predominantly lose energy due to inelas-
tic collisions with electrons, resulting in their excitation and ionization. The multi-
plication of these microscopic interactions (∼ 20 eV lost per interaction (Berger et al.,
1993)) will cause the proton to lose energy until it stops. In the continuous slowing
down approximation (CSDA), it is assumed that protons lose their energy continu-
ously along their tracks at a rate given by the stopping power S, expressed as the
average energy loss per unit path length:

S = −dE
dx

. (1.1)

The stopping power depends on the target medium as well as the proton energy,
and is given by the Bethe-Bloch formula, including correction terms, for protons
with E > 2 MeV:

S = 4πr2
e mec2ρe

1
β2

[
ln
( 2mec2β2

I(1− β2)

)
− β2 − δ

2
− C

Z
+ F

]
, (1.2)

with re the electron radius, mec2 the electron energy at rest, ρe the electronic density,
β = v/c the particle velocity relative to the velocity of light c, and I the mean ex-
citation energy of the medium. The last three terms are corrections to the original
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6 Chapter 1. Proton interactions with matter

FIGURE 1.1 – Main proton interactions: (a) energy loss via Coulomb
interactions with electrons, (b) scattering via Coulomb interactions
with nucleus, (c) non elastic nuclear reactions producing secondary

particles (figure from Newhauser and Zhang (2015)).

Bethe-Bloch formula: δ/2 is the density-effect correction, C/Z is the shell correc-
tion, and F represents higher order corrections (Barkas, Bethe and Mott corrections).
The density-effect correction is only large for high energies (its contribution reaches
1% above 500 MeV). The shell correction is significant at low energies (10% for pro-
tons at 2 MeV). All correction terms can be ignored in the proton imaging energy
regime. An overview of the different terms in equation 1.2 can be found in Berger
et al. (1993). Note that this is the formula for the electronic stopping power, and
we omit energy loss due to electromagnetic interactions with the nucleus as it is not
significant in the clinical regime (contribution of < 0.1 % to the energy loss (Janni,
1982)).

The dose delivered by the protons is directly related to the mass stopping power
by

D = φ
S
ρ

, (1.3)

with φ the fluence of the protons and ρ the mass density of the target. As the stop-
ping power is roughly proportional to 1/β2, the more protons lose kinetic energy,
the more the stopping power – and therefore the dose – increases (see Figure 1.2).
As the protons progress in the medium, they lose more and more energy, which will
give rise to a peak of dose at the end of the proton path, called the Bragg peak (see
section 2.2).

According to Equation 1.2, the stopping power also depends on the target medium
via the electronic density ρe and the I value. The electronic density of a mixture or
compound of N elements is defined as

ρe = ρNA

N

∑
i=1

wi
Zi

Ai
, (1.4)

with NA Avogadro’s number, and Zi, Ai and wi the atomic number, atomic mass,
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1.1. Energy loss 7

FIGURE 1.2 – Stopping power of protons with energy between 2 MeV
and 300 MeV in water (data retrieved from Geant4 v10.6).

and fraction by weight of the ith element of the target. On the other hand, the mean
excitation energy I is not easily obtained. In fact, there is no consensus on how to
establish reference values. It is estimated that a 10% variation on the mean excitation
energy introduces about 1% variation on the stopping power of water (Yang et al.,
2012). The value currently recommended by International Commission on Radiation
Units and measurements (ICRU) is I = 78 eV for water.

1.1.2 Range

The proton stops once it loses all of its kinetic energy. The depth at which a
proton will stop is called the CSDA range and is defined as

R = lim
E f→0

∫ Ei

E f

1
S(E)

dE, (1.5)

with Ei and E f the initial and final energy of the proton, respectively. Often, the
term range is also used to refer to the mean projected range. As protons undergo
elastic scattering and deviate from their initial direction, it is easier to observe the
projections of the CSDA range on the initial direction of the protons. The mean
projected range is related to the dose using

R = d80 (1.6)

where d80 is the depth corresponding to the distal 80% point of the Bragg peak.
The mean projected range is smaller than the CSDA range by a detour factor due
to multiple Coulomb scattering. However, in the clinical energy range, the detour
factor is about 0.999 (Berger et al., 1993), such that the mean projected range and
the CSDA range are interchangeable. The range can also be approximated from the
energy of the proton using the Bragg-Kleeman rule

R = αEp (1.7)
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8 Chapter 1. Proton interactions with matter

with the parameters α = 2.2× 10−3 and p = 1.77 obtained by fitting Equation 1.7 to
the range in cm for beam energies up to 200 MeV (Bortfeld, 1997).

1.1.3 Energy/range straggling

Energy loss is a statistical process as protons lose energy in discrete amounts
through a myriad of collisions, and the stopping power represents only the average
of this stochastic quantity. The energy lost by each proton depends on the type and
number of interactions it undergoes. Therefore, a perfectly monoenergetic proton
beam will have an energy spread after traversing an absorber. This is called energy
straggling, and induces range straggling as well. The straggling function is not al-
ways symmetrical, such that the most probable energy loss is not necessarily equal
to the average energy loss used to define the stopping power.

We consider the case of "thick" absorbers, when the proton path length is long
and many collisions occur. When the total energy loss is small (< 20% of the initial
energy), the energy loss spectrum for a single collision does not depend much on the
energy of the proton before the collision. We can therefore consider the energy losses
in individual collisions to be independent. According to the central limit theorem,
the sum of independent stochastic variables is normally distributed. Consequently,
the energy loss distribution after traversing a given thickness is Gaussian, with a
variance given by (Bohr, 1948)

d
dx

σ2
B(x) = κ2(x) = 4πr2

e mec2ρe

[1− 1
2 β2(x)

1− β2(x)

]
. (1.8)

For energy losses larger than 20% of the initial energy of the proton (which is usually
the case in proton imaging), the collision spectrum depends more strongly on the
energy before the collision, i.e. the energy lost in a collision will depend on previous
collisions. In this case, the energy distribution after the target is no longer Gaussian,
i.e. the moments of order > 2 are different from zero (Symon, 1948; Tschalär, 1968b,a;
Tschalär and Maccabee, 1970). The variance of the distribution can be obtained by
solving the following differential equation

d
dx

σ2
T(x) = κ2(x)− 2

( d
dE

κ1(E(x))
)

σ2
T(x) + higher order terms, (1.9)

with κ1(E(x)) = S, the stopping power.

1.2 Multiple Coulomb Scattering

1.2.1 Molière’s theory

Due to multiple elastic electromagnetic interactions with atomic nuclei, protons
are deflected from their original direction. While the angular deflection from a sin-
gle interaction is almost always negligible, the multiplication of such interactions
causes a deflection of typically a few degrees (see Figure 1.3). The angular scatter-
ing distribution is approximately Gaussian, with a tail towards large angles due to
some rare large angle scattering events. A comprehensive theory of MCS was pro-
posed by Molière (1947, 1948). He gives the following expression for the angular
distribution
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1.2. Multiple Coulomb Scattering 9

(A)

(B)

FIGURE 1.3 – Energy loss and angular distribution of protons with
initial energy 200 MeV traversing 20 cm of water, obtained from 105

protons simulated with Geant4 v10.6. The emstandard_opt4 physics
list was used for EM interactions and QGSP_BIC_EMZ for the full

physics.
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10 Chapter 1. Proton interactions with matter

f (θ) =
1

2πθM

(
f (0)(θ′) + B−1 f (1)(θ′) + B−2 f (2)(θ′) + ...

)
(1.10)

with θM the characteristic multiple scattering angle, θ′ a reduced angle, and B the
root of the equation

B− ln B = b, (1.11)

where b is the natural logarithm of the effective number of collisions in the target.
The first term is a Gaussian

f 0(θ′) = 2 exp(−θ′2), (1.12)

the second term models large angle scattering and the third term is a correction.
Formulas for θM, θ′, b, f (n)(θ′) and tables for f (n)(θ′) can be found in Bethe (1953).
The contribution to scattering from electromagnetic interactions with the electrons
was neglected in Molière’s original theory as scattering is limited by the small mass
of the electron. It was later taken into account by Bethe by replacing Z2 by Z(Z + 1)
in all formulas of Molière’s theory. The sum of the three first terms in Equation 1.10
allows an accuracy better than 1%.

1.2.2 Gaussian approximation

For the purpose of proton imaging and therapy, a simple Gaussian model is suf-
ficient as 98% of protons fall within this model. The distribution of scattering angles
is therefore approximated by

f (θ) ∝ exp
(
−1

2
θ2

σ2
θ

)
(1.13)

with θ the projected scattering angle along the initial direction of the proton and σθ

the width of the Gaussian. For a thin slab of material, Highland (1975) gives the
following formula for σθ

σθ =
E0

pv

√
l

X0

[
1 + ε ln

( l
X0

)]
(1.14)

with l the thickness of the slab traversed by the protons, X0 the radiation length of
the material, ε a constant, and p and v the momentum and celerity of the protons,
respectively. This equation only works for thin scatterers, i.e. when pv does not vary
much. It was obtained by fitting Bethe’s version of Molière’s theory (Bethe, 1953) to a
handier formula given by Rossi and Greisen (1941). Lynch and Dahl (1991) propose
to set E0 = 13.6 MeV and ε = 0.038 instead of the original values in Highland’s paper
by performing the fit for different values of Z. A generalization of this formula to
thick scatterers is proposed by Gottschalk et al. (1993) by performing a quadratic
integral and extracting the factor [1 + ε ln(l/X0)] from the integral, which yields

σθ = E0

(
1 + 0.038 ln

L
X0

)√∫ L

0

1
p2v2

dl
X0

(1.15)

with L the total thickness of the scatterer. The exit angular distribution f (θ) for
200 MeV protons in water is shown in Figure 1.3. The simulated results, including or
excluding nuclear interactions, are compared with the distribution computed from
Equation 1.13. The distributions are similar except for the non Gaussian tails of the
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1.3. Nuclear interactions 11

FIGURE 1.4 – Standard deviation of the scattering angles in function
of depth, computed with Equation 1.15 and simulated with Geant4
v10.6 excluding nuclear reactions using the emstandard_opt4 physics

list.

simulated distributions. These tails are larger when nuclear interactions are taken
into account. In practice, in the context of proton imaging, protons with unusually
large scattering angles are filtered out to comply with the Gaussian approximation
(see section 3.6.1.1). The width σθ against the depth in water is plotted in Figure 1.4.
There is a good agreement between σθ predicted by Equation 1.15 and Monte Carlo
simulations without nuclear reactions, although the simulated scattering width is
larger as large angle scattering is not taken into account in the Gaussian approxima-
tion.

1.3 Nuclear interactions

While electromagnetic interactions are quite well-understood, it is harder to model
interactions involving nuclear forces. Although they are not as frequent as electro-
magnetic interactions, they are not rare enough to be neglected. We categorize nu-
clear reactions as in (Barschall et al., 1999):

— elastic nuclear reactions in which “the incident projectile scatters off the target
nucleus, with the total kinetic energy being conserved.” For example,

p +16 O→ p +16 O (1.16)

is an elastic reaction as the internal state of both the target nucleus and the
projectile are unchanged.

— non-elastic nuclear reactions in which kinetic energy is not conserved. “For
instance, the target nucleus may undergo break-up, it may be excited into a
higher quantum state, or a particle transfer reaction may occur”, as in

p +16 O→ p + p +15 N, (1.17)
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12 Chapter 1. Proton interactions with matter

Secondary n p d t α γ recoils
Multiplicities 1.27 2.17 0.43 0 0.85 0.37 -
Energy fraction 0.23 0.47 0.098 0 0.04 0.008 0.002

TABLE 1.1 – Mutiplicities and energy transfer fraction for 200 MeV
p +16 O reaction, from Barschall et al. (1999).

or
p +16 O→ p +16 O∗, (1.18)

where 16O∗ denotes the excited oxygen nucleus. Possible secondaries (prod-
ucts of non-elastic collisions) include secondary protons, neutrons, γ rays, al-
pha particles and recoil nuclei. Secondaries can be used for verification of pro-
ton therapy treatments (see section 2.3.4).

Non-elastic nuclear interactions, where the proton enters the nucleus and knocks
off its constituents as in reaction 1.17, cause large abrupt energy losses, inducing a
tail to the straggling distribution, and large scattering angles (Figure 1.3). Elastic
interactions also contribute to large scattering angles.

The cross section for non-elastic interactions for the main elements in the human
body is almost constant for energies larger than 100 MeV, it reaches a maximum
around 30 MeV before falling to zero (Figure 1.5). Table 1.1 shows the multiplicities
(average number of particles produced per nuclear reaction) and the fraction of the
initial energy transfered to secondary particles. The most frequent secondaries are,
in order: protons, neutrons, α particles, deuterons and γ rays. The energy transfer is
mostly towards protons and neutrons. Figure 1.6 shows the probability of the 6 most
probable reactions in function of depth. As expected, protons and neutrons are the
most produced secondaries. Some reactions have a constant probability along the
whole depth, but most of them reach a maximum probability near the Bragg peak.

In terms of dose, the dose deposited by deuterons, tritons and α particles con-
tributes less than 0.1% to the total dose, and the distal dose deposited by neutrons is
below 0.05% of the prescribed target dose (Paganetti, 2002).

1.4 Geant4

Geant4 (Agostinelli et al., 2003) is a Monte Carlo simulation platform used to
simulate the passage of particles through matter. There are different models avail-
able to compute the interaction processes described in the previous sections. We
give a brief overview of the models selected in the QGSP_BIC physics list, that we
use later in our simulations.

The class G4hIonisation provides the energy loss due to ionisation. For protons
with energy greater than 2 MeV, the Bethe-Bloch formula is used via the model in
G4BetheBlochModel. Stopping power and range values over a large energy range
(100 eV − 100 TeV) are precalculated during the initialization of the simulation.
At run time, a spline approximation is used to compute the energy loss from the
stopping power/range tables. When the energy loss in a step is small (<1%), it is
approximated by

∆E =
dE
dx

∆s, (1.19)
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1.4. Geant4 13

FIGURE 1.5 – Nuclear elastic and non-elastic proton cross-sections
for Carbon, Oxygen, Nitrogen, and Hydrogen (data retrieved from

Geant4 v10.6).

FIGURE 1.6 – Probability per cm per proton for the occurence of a
non-elastic nuclear reaction in function of depth, for a 160 MeV beam
in water (solid line) and water + bone insert (dotted line). The verti-
cal lines show the position of the Bragg peak (Figure from Paganetti

(2002)).
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14 Chapter 1. Proton interactions with matter

with ∆E the mean energy loss, dE
dx the interpolated stopping power at the start of the

step, and ∆s the step size. Otherwise, the mean loss is computed from

∆E = E0 − f (R0 − ∆s) (1.20)

with R0 the range at the beginning of the step, and f a function to get the energy
from the range.

Energy fluctuations for thick absorbers are computed using a Gaussian model
implemented in G4IonFluctuations. A thick absorber must verify k > 10, with k
the number of interactions of the particle in one step. Bohr’s variance formula is
used when the energy loss is less than 20% of the proton’s energy. Otherwise, a
multiplicative factor is used to increase fluctuations.

Geant4 uses G4WentzelVIModel for MCS (Ivanchenko et al., 2010). It is a mixed
model as it combines single and multiple scattering models in order to speed up
calculations while keeping a good accuracy and reducing the dependence on the
step length (Fernández-Varea et al., 1993). An MCS model is used for scattering
angles with θ < θmax = 0.2 rad, and a single scattering model otherwise. The model
used for MCS is the one proposed by Lewis (1950), and the single scattering is that
of Wentzel (1926).

The elastic and non-elastic cross sections for hadron-nucleus reactions are com-
puted according to the Glauber-Gribov model (Grichine, 2009).

1.5 Conclusion

The three main types of interaction of protons with matter have been presented:
energy loss due to electromagnetic interactions with atomic electrons, MCS due to
electromagnetic interactions with nuclei, and nuclear reactions. The different mod-
els used to describe these interactions have been introduced. A good grasp of these
interaction processes is necessary to understand proton therapy and proton imag-
ing. For example, in proton CT, spatial resolution is impacted by MCS and density
resolution by energy straggling. Regarding proton therapy, the energy loss proper-
ties of protons induce an interesting dose profile that can improve dose conformity,
as explained in the next chapter.
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Chapter 2

Proton therapy

Radiation therapy is a cancer treatment aimed at stopping or slowing down the
growth of cancer cells by damaging their deoxyribonucleic acid (DNA). A funda-
mental point in radiotherapy is dose conformity, i.e. maximize the dose to the tumor
and minimize the dose to healthy tissues. The goal of ion therapy (proton, carbon,
helium, etc) is to improve dose conformity compared with conventional photon ra-
diation therapy by exploiting the dose profile of charged particles; and to take ad-
vantage of the superior radiobiological effectiveness (RBE) of ions compared to pho-
tons. In this chapter, we present the history and clinical rationale of proton therapy,
before discussing the role of CT imaging in proton therapy treatment planning and
the potential use of proton imaging.

2.1 Brief history

The existence of protons was demonstrated by Rutherford (1919) who observed
the product of the collision of α particles on nitrogen and oxygen atoms. The devel-
opment of proton therapy is closely linked to the advancements in particle accelera-
tor technology. In 1930, the first cyclotron was built by Lawrence and Edlefsen (1930)
at the Lawrence Berkeley Laboratory (LBL) in California. Later, synchrotrons were
proposed by Oliphant (1943), Veksler (1944), and McMillan (1945). While cyclotrons
produce protons at one specific energy, synchrotrons are capable of accelerating par-
ticles with variable energies.

Wilson (1946) first proposed the use of protons instead of photons for radiation
therapy. He suggested to take advantage of their dose profile characterized by a
low dose in the shallow region of their path and a high dose at the end of their
path (Figure 2.1) to target tumors deep within healthy tissue. The first patients were
treated with proton beams targeting the pituitary gland at the LBL in 1955 (Tobias
et al., 1955). In the next 35 years, until the early 1990s, proton therapy was based
mainly in research institutions in the United States, Russia, Sweden, and Japan, and
was used on a modest number of patients. In 1990, the first hospital-based proton
therapy facility was built at Loma Linda University Medical Center (LLUMC) in
California and equipped with a 250 MeV synchrotron (Slater et al., 1992). The first
commercial system, developed by IBA (Ion Beam Applications), was installed at the
Massachusetts General Hospital (MGH) in Boston, USA.

By the end of 2018, 221,528 patients had been treated using particle therapy
worldwide, mainly protons (∼ 190,000 patients) and carbon ions (∼ 28,000 patients),
and new particle therapy centers are being constructed (Figure 2.2). The number of
patients treated each year has tripled in the last ten years. While hadron therapy
centers have been mainly localized in the USA, Europe, and Japan until now, the
rest of Asia is predicted to triple its number of facilities in the next few years.
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16 Chapter 2. Proton therapy

FIGURE 2.1 – Depth dose profiles of 200 MeV protons and 10 MeV
photons in water.

2.2 Dose distribution and clinical rationale

Proton interaction processes in matter are different from photons, allowing for a
different dose distribution along the particle path (see chapter 1). The dose delivered
by photons, after a short build-up, decreases exponentially with depth in the target.
Proton dose, on the other hand, is characterized by a peak, called the Bragg peak,
localized at the end of the proton path (Figure 2.1). The dose is roughly inversely
proportional to proton energy, such that the dose deposited at the entrance of the
target, when protons are still highly energetic, is much smaller than the dose de-
posited near the end of the path, when protons have lost most of their energy. After
the peak, the dose decreases to zero such that no dose is delivered to healthy tissues
beyond the tumor. By modulating the position of this peak, which depends on the
initial energy of the protons and the materials traversed, it is possible to precisely
target a deep-seated tumor.

The goal of the treatment is to deliver a uniform dose distribution across the tar-
get volume. A single Bragg peak is too narrow (in the depth direction) to cover the
whole tumor volume. Therefore, several peaks stopping at different depths are su-
perposed, forming the so-called spread-out Bragg peak (SOBP) (Figure 2.3). SOBPs
can be produced by the use of a mechanical device (modulation wheel or ridge fil-
ter). Although synchrotrons could theoretically be used for SOBP energy modula-
tion, their acceleration cycles are not fast enough for clinical practice and mechanical
modulation in the nozzle is preferred. Synchrotrons are still used to select the maxi-
mum energy for each gantry angle.

Furthermore, the beam, which has a typical size of 1 cm, has to be spread in
the lateral direction to cover the target. This can be done using either (1) passive
scattering where high-Z scatterers are introduced to broaden the proton beam by
exploiting MCS; or (2) pencil beam scanning where magnets are used to deflect small
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2.2. Dose distribution and clinical rationale 17

(A) Number of new patients treated per year using pro-
ton and carbon ions a.

(B) Number of current proton and carbon therapy facil-
ities (updated in February 2020) and under construction

facilities (updated in December 2019).

FIGURE 2.2 – Proton and carbon therapy statistics, from PTCOG
data b.

a. Patient data is noisy because the numbers for a few centers are not updated yearly.
b. Patient and facilities statistics available at https://www.ptcog.ch/index.php/

patient-statistics and https://www.ptcog.ch/index.php/facilities-in-operation
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FIGURE 2.3 – Spread out Bragg peak from superposition of energy
and intensity modulated protons: the dose is uniform at the target
volume and quickly falls to zero beyond the tumor. The red lines

indicate the ideal dose distribution. Figure from Smith (2006).

proton beams to precisely shape the dose. A comprehensive review of beam delivery
techniques can be found in Paganetti (2012a).

Nowadays, due to intensity modulated radiation therapy (IMRT), the difference
in dose conformity between photons and protons has decreased. However, as efforts
to develop proton therapy have started later than photon therapy, further improve-
ments in beam scanning technology and intensity modulated proton therapy (IMPT)
— which is the superposition of non-uniform distributions from different fields, op-
timized to produce a uniform dose in the target — can further increase the dose
conformity of proton therapy.

There have been many studies showing the dosimetric advantages of proton
therapy over photon radiotherapy when both modalities are optimized (Archam-
beau et al., 1992; Fuss et al., 1999; Lomax et al., 1999; Lin et al., 2000; Clair et al.,
2004; Weber et al., 2004; Yock et al., 2005; MacDonald et al., 2008; Vargas et al., 2008;
Chan and Liebsch, 2008; Holliday et al., 2016; Zhang et al., 2017b). This benefit is
most significant for tumors close to critical structures (head and neck, eye, prostate,
etc.) and for pediatric cancers as young individuals are at high risk of developing
radiation-induced secondary cancers. Figure 2.4 shows an example of dose distri-
butions using either IMRT or IMPT to treat a brain tumor in a young patient. The
integral dose to the brain is decreased with the IMPT plan, with improved sparing
of the temporal lobes, orbital structures and both optic nerves.

However, the translation of this dosimetric advantage into a measurable im-
provement of the clinical outcome (survival rate, reduction of toxicity, improvement
of quality of life) has yet to be clearly demonstrated for all treatment sites since high
quality clinical studies are scarce (Olsen et al., 2007; Brada, Pijls-Johannesma, and
De Ruysscher, 2007; Lodge et al., 2007; De Ruysscher et al., 2012; Weber et al., 2018;
Ofuya et al., 2019). At present, several randomized studies are currently ongoing
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FIGURE 2.4 – Comparison of dose distribution betweem IMPT (A)
and IMRT (B) in a young patient with craniopharyngioma. Figure

from Rombi et al. (2014).

worldwide to address this issue (Durante, Orecchia, and Loeffler, 2017; Mishra et
al., 2017). Such clinical data will allow to carry out robust cost-effectiveness studies
of proton therapy. Indeed, economical aspects are crucial since proton facilities are
more costly than photon facilities, with a cost per fraction ratio about 2-3, depend-
ing on the type of cancer, the fractionation, whether intensity modulation is used,
etc. (Peeters et al., 2010; Lievens and Pijls-Johannesma, 2013; Verma, Mishra, and
Mehta, 2016).

2.3 Proton therapy treatment planning

It was pointed out in the previous section that the dose distribution must be
sculpted in 3D to uniformly cover the tumor. To this end, imaging is essential as dose
distributions are altered drastically by inhomogeneities; and failure to account for
tissue variations leads to under- and overdosage putting the treatment plan in jeop-
ardy. Proton therapy has made an early use of CT for treatment planning (Goitein,
1978, 1979). The first step of planning a proton therapy treatment is the acquisition
of a planning CT to have information on the patient anatomy and take into account
heterogeneities along the beam path. Other imaging modalities (MRI, PET) can be
used to provide additional information. The planning CT is used by physicians to
delineate the target volume and organs at risk. Then, the treatment planning sys-
tem (TPS) exploits the CT image to compute the absorbed dose by converting the
Hounsfield units of the CT into proton stopping power. The TPS then optimizes all
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20 Chapter 2. Proton therapy

treatment parameters to satisfy the prescribed dose. The next section will discuss
the different uncertainties that impact the dose computed by the TPS.

2.3.1 Range uncertainties

To fully exploit the advantages of the dose properties of the proton, the position
of the Bragg peak — and therefore the range — has to be known precisely. Due to
the steepness of the dose gradient at the distal edge of the peak, an error of even
a few millimeters can induce gross underdosage of the tumor and/or overdosage
of organs at risk. There are several sources of range uncertainty in proton therapy.
Some like patient motion, set-up uncertainties, variations in delineation of the tu-
mor, are also found in conventional radiotherapy although they are more critical in
proton therapy. Others like the X-ray CT numbers to stopping power calibration are
specific to proton therapy, although a similar conversion from CT numbers to rela-
tive electron density is used in conventional radiotherapy. To compensate for range
uncertainties, safety margins around the tumor volume are added (i.e. the range
is increased), producing the planning target volume (PTV). While adding margins
might reduce dose conformity, they are necessary to ensure that the prescribed dose
has been delivered to the actual volume of the tumor despite treatment uncertain-
ties. In a nutshell, a trade-off between robustness to uncertainties and conformity is
made through the choice of the safety margins. A reduction of these uncertainties
would allow more conformal treatment plans.

Amongst the different uncertainties, we can distinguish between

— Physics related uncertainties due to

— CT conversion from HU to stopping power: in order to compute the range
of the proton, the stopping power of the tissues in the patient is obtained
from the CT image using a calibration curve prone to uncertainties.

— CT artifacts, resolution, noise, etc.

— Dose calculation uncertainties due to the choice of the dose calculation
algorithm (analytical or Monte Carlo), range degradation due to MCS in
heteregeneous regions, I-values, etc.

— Patient related uncertainties due to

— Organ motion caused by breathing, heartbeats, bowel movements, etc.

— Anatomical variations, such as weight loss or gain, tumor growth or shrink-
age, or bladder or rectal filling.

— Patient alignment and set-up, as the patient must be positioned in the
same way for all treatment fractions.

— Target delineation.

— Biology related uncertainties: the radiobiological effectiveness (RBE) 1 is as-
sumed to be constant and equal to 1.1 for protons, however it depends on
dose, cell type, clinical endpoint and energy deposition characteristics.

— Machine related uncertainties due to

— Beam delivery technique (passive scattering or scanning).

— Beam energy spread.

1. The RBE is the ratio of the dose of photons to that of protons to produce a biological response. It
is used to compare the biological effects of different particles.
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A comprehensive study of range uncertainties can be found in (Paganetti, 2012a,b;
McGowan, Burnet, and Lomax, 2013). Different centers use different recipes for the
safety margins, for example, the MGH uses 3.5%+ 1 mm, LLUMC adds 3.5% + 3 mm,
and the University of Florida Proton Therapy Institute applies 2.5% + 1.5 mm (Pa-
ganetti, 2012b). These values are subject to adjustments for certain sites near critical
structures.

Among all those uncertainties, proton imaging attempts to reduce the error due
to the HU to stopping power calibration. The next section will describe the current
technique used to perform this conversion before discussing the different imaging
solutions to improve the calibration.

2.3.2 X-ray CT conversion

We describe the different procedures used to convert the X-ray CT into a RSP
map. The quantity of interest in X-ray CT is the linear attenuation coefficient, ex-
pressed in the Hounsfield scale using

HU = 1000× µ(E)− µwater(E)
µwater(E)

, (2.1)

where µ(E) is the linear attenuation coefficient. The Hounsfield scale was defined to
have a value of 0 for water. The objective is to convert these HU values (also called
CT numbers) into RSP simply defined as

RSP =
S(E)

Swater(E)
, (2.2)

with S(E) the stopping power for a given material at energy E.

2.3.2.1 Tissue substitute method

In the earliest method, the calibration curve was obtained by measuring the HU
and RSP values of several tissue substitutes. The HU values can be obtained by
scanning a phantom containing tissue equivalent materials; while the RSP can be
determined theoretically or experimentally by measuring the shift in the position of
the Bragg peak with and without each tissue substitute insert in the path of the pro-
ton beam. Then, a piece-wise linear or bi/trilinear curve is fitted to the measured
values (Figure 2.5). The calibration curve shows two main slopes, for tissues lower
and higher than 0 HU. In the fat-like tissues region (close to 0 HU), the HU-RSP
correspondence is not one-to-one, meaning that tissues with a very similar CT num-
ber have different RSPs. This calibration method is very dependent on the tissue
substitutes chosen for measurement. Different tissue substitutes lead to different
calibration curves (see difference between CIRS and Gammex tissue substitutes in
Figure 2.5). On the other hand, while they would be ideal to produce the calibration
curve, measurements using real human tissues are technically difficult to acquire.

2.3.2.2 Stoichiometric method

To overcome the limitation of the tissue substitute method, Schneider, Pedroni,
and Lomax (1996) proposed a stoichiometric method extending the calibration to hu-
man tissues. First, a relationship between the linear attenuation coefficient and the
atomic number is established from the known elemental composition of the tissue
substitutes and the measured CT numbers. The attenuation coefficient is assumed
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FIGURE 2.5 – Stoichiometric calibration curve of RSP, noted ρrel
s here,

against HU values. The composite calibration curve is pieced to-
gether from separate fits to the points for organ-like, fat-like, and
bone-like tissues. The data for the Gammex and CIRS tissue sub-
stitute phantoms is plotted for comparison with the stoichiometric
method. The lower plot magnifies the area of the upper plot in the
dashed, boxed region, from -200 HU to +200 HU. Figure from Ains-

ley and Yeager (2014).
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2.3. Proton therapy treatment planning 23

to be related to the sum of three terms corresponding to the photoelectric effect, co-
herent scattering and incoherent scattering, each with a different Z dependence:

µ = ρe(KphZ̃3.62 + KcohẐ1.86 + KKN), (2.3)

with Kph and Kcoh constants characterizing the photoelectric and coherent scattering
cross sections, and KKN the incoherent scattering cross section given by the Klein-
Nishina formula. The effective atomic numbers for mixtures are defined as

Z̃ =
[
∑

i
λiZ3.62

i

]1/3.62
(2.4)

Ẑ =
[
∑

i
λiZ1.86

i

]1/1.86
(2.5)

with λi =
wiZi

Ai

/
∑i

wiZi
Ai

. A fit to the measured µ values is performed to deduce the
value of the three constants in Equation 2.3. Then, using this fitted relationship, it is
possible to predict the CT number of any human tissue given its chemical composi-
tion; while its RSP is given by the Bethe-Bloch formula:

RSP = ρrel
e

ln[2mec2β2/I(1− β2)]− β2

ln[2mec2β2/Iwater(1− β2)]− β2 , (2.6)

where ρrel
e is the electron density relative to water and Iwater is the mean excitation

energy of water. Finally, the calibration curve is obtained by plotting the RSP of
human tissues against the calculated CT numbers (Figure 2.5). The stoichiometric
calibration allows to reduce the error on the estimated RSP values compared with
the tissue substitute method, however the HU-RSP degeneracy is still present in the
fat-like tissue region.

Uncertainties in the converted RSP result from uncertainties in CT imaging, the
stoichiometric formula (Equation 2.3), human tissue composition, the mean excita-
tion energies used to compute the RSP (Equation 2.6), and the energy dependence
of the RSP (Yang et al., 2012). According to various studies, range uncertainties due
to CT calibration vary from 1.1%-1.8% (Schaffner and Pedroni, 1998), to 3.0%-3.5%
(Moyers et al., 2010; Yang et al., 2012).

2.3.3 Imaging alternatives for treatment planning

In order to improve – or even bypass – the calibration, several imaging tech-
niques are being developed as an alternative to X-ray CT.

2.3.3.1 Dual energy CT

In dual energy computed tomography (DECT), an object is scanned using two
different energies to allow material discrimination using the energy dependence of
the linear attenuation coefficient. The use of DECT for proton therapy was first sug-
gested by Bazalova et al. (2009). A year later, RSP estimation from DECT imaging
was demonstrated by Yang et al. (2010). From DECT measurements, the relative
electronic density ρrel

e and the effective atomic number of tissues can be determined.
A linear relationship between the effective atomic number and the logarithm of the
mean excitation energy can be empirically established (Yang et al., 2010). Knowl-
edge of ρrel

e and ln I allows to compute the RSP from Equation 2.6. The superior
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FIGURE 2.6 – Comparison of calibration curves using X-ray CT and
proton CT. Figure from Arbor et al. (2015).

accuracy of DECT-based RSP estimation, and its dosimetric advantages, have been
demonstrated on commercial TPS (Zhu and Penfold, 2016).

2.3.3.2 Proton radiography

The use of proton radiography (pRad) for patient-specific HU to RSP calibration
has been demonstrated (Schneider et al., 2005; Doolan et al., 2015; Collins-Fekete
et al., 2017b; Krah et al., 2019). The composition of body tissues varies consider-
ably from patient to patient and introduces inaccuracies in the RSP estimation (Yang
et al., 2010), hence the interest in a patient-specific calibration. The principle is to
iteratively optimize the calibration curve by minimizing the difference between the
measured pRad and a digitally reconstructed radiography (DRR). The DRR is com-
puted from the CT image and the stoichiometric calibration curve using ray tracing
methods or Monte Carlo simulations. This method could improve the HU-RSP cal-
ibration by using a single radiography and a detector already available in the treat-
ment facility.

2.3.3.3 Proton CT

While the two methods discussed above can improve the quality of the RSP es-
timation, they still involve a calibration step. In order to fully circumvent the cali-
bration procedure, pCT is the ideal solution as the reconstructed quantity is directly
the RSP, as long as the protons have enough energy to traverse the patient, which
is a technological challenge. Arbor et al. (2015) have shown that no calibration is
required for pCT (Figure 2.6), and that pCT-based range prediction is more accurate
and more uniform (less dependent on the localization) than X-ray CT based range
prediction. A comprehensive review of proton CT can be found in the following
chapter.

2.3.4 Imaging for range monitoring

On another note, there are also imaging modalities for in vivo range and dose
verification during or after the radiotherapy treatment (Knopf and Lomax, 2013).
We will only discuss the most advanced techniques, although other systems exist.
As discussed in section 1.3, inelastic nuclear collisions produce different kinds of
secondaries that can be used for range monitoring. Specifically, two types of gamma
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rays are interesting for treatment verification: (1) coincident gamma rays resulting
from the annihilation of the positron produced by the decay of β+-isotopes (11C or
15N for example, see reaction 1.17) and (2) prompt gammas produced during the de-
excitation of the target nuclei (reaction 1.18). The first type of gammas can be used
for PET imaging, and the second type for prompt gamma imaging.

2.3.4.1 Positron emission tomography

Possible secondaries of nuclear interactions are positron emission isotopes. The
annihilation of the positron with an electron produces two gamma rays emitted at
180◦ from each other. PET imaging is based on the coincidental detection of these
two gammas to reconstruct a 3D activity distribution. Enghardt et al. (1999) first
proposed the application of PET imaging to quality assurance in ion therapy. Direct
range verification is not possible because the relation between the activity distribu-
tion measured by the PET and the dose distribution is not straightforward. Instead,
the measured activity is compared with a modeled activity using Monte Carlo sim-
ulations. PET imaging of the induced activity can be performed either on-line (dur-
ing the treatment) or off-line (after the treatment). PET-based range verification is
ultimately limited by the knowledge of the elemental composition of the body and
the washout (perfusion of positron emitters) processes of human tissues, which are
needed to compute the modeled activity distribution.

2.3.4.2 Prompt gamma imaging

Imaging using prompt gammas for proton range verification was first demon-
strated by Min et al. (2006). Some nuclear interactions result in the excitation of the
target nucleus to a higher energy state, and the subsequent emission of a prompt
gamma when the nucleus returns to its ground state. This interaction occurs all
along the proton path, until 2-3 mm before the Bragg peak, such that the emission
of prompt gammas is correlated with the proton range. Since prompt gammas can
be detected within a few nanoseconds after the reaction, this allows real-time range
monitoring. Clinical application of prompt gamma imaging is still under devel-
opment as measuring an adequate signal in the energy range of prompt gammas
(2-10 MeV) is challenging. Detection systems for prompt gammas, including the use
of a Compton camera (Frandes et al., 2010; Draeger et al., 2018), are actively investi-
gated (Krimmer et al., 2018).

2.4 Conclusion

Proton therapy has the potential to improve dose conformity by taking advan-
tage of the Bragg peak of the proton dose distribution. In order to predict the de-
livered dose distribution, proton therapy treatment planning systems estimate the
proton range using CT imaging. The estimation and reduction of range uncertain-
ties is crucial in proton therapy as they can lead to gross under-dosage of the tumor.
One of the main sources of uncertainty is the HU to RSP calibration, with errors
up to 3.5% of the range. While different imaging modalities have been proposed to
improve the conversion (pRad, DECT), proton CT is the only solution allowing to
directly reconstruct an RSP map of the patient. The next chapter will give a compre-
hensive overview of this technique.
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Chapter 3

Proton computed tomography

This chapter offers a broad review of proton transmission imaging: from the his-
torical development of this modality to the the current technology and reconstruc-
tion algorithms for proton CT. First, we lay out the principle of pCT.

3.1 Proton CT inverse problem

We state in this section the inverse problem of reconstructing the RSP from pro-
ton measurements. The proton stopping power is computed from the Bethe-Bloch
formula (Equation 1.2). If we assume that the mean excitation energy I does not
vary much in human tissues and has a limited effect on the stopping power due to
the logarithmic factor, we can approximate I = Iwater = 78 eV. In practice, Bese-
mer, Paganetti, and Bednarz (2013) showed that uncertainties in the mean excitation
energy might cause proton range variations within the patient up to 4.8 mm. How-
ever, under this assumption, we can separate the spatial and energy dependence of
the stopping power such that the stopping power at point x ∈ R3 in the object to be
reconstructed is given by

S(x, E) = −dE
dx

(x) ' ρrel
e (x)Swater(E) (3.1)

with ρrel
e (x) the electron density relative to water and Swater(E) the stopping power

of water. From Equation 3.1, we note that while the stopping power depends on
both energy and position, the ratio

S(x, E)
Swater(E)

≡ RSP(x) (3.2)

depends only on the position in the object. Figure 3.1 shows the energy dependence
of the RSP of different materials obtained from a Geant4 Monte Carlo simulation.
The observed variations are less than 0.7% in the 80-300 MeV energy range, validat-
ing the initial assumption. Therefore, we can rearrange and integrate Equation 3.1
to have ∫ Γ(tout)

Γ(tin)
RSP(Γ(t))dΓ(t) =

∫ Ein

Eout

dE
Swater(E)

, (3.3)

with Γ(t) ⊂ R3 the proton trajectory parametrised by t ∈ R, tin and tout the entrance
and exit time, and Ein and Eout the proton’s entrance and exit energies. The right-
hand side of Equation 3.3 is equivalent to the water equivalent path length (WEPL),
that is the length that the proton would have traversed in water with the same en-
trance and exit energies (see range Equation 1.5). The pCT inverse problem is to find
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FIGURE 3.1 – Normalized relative stopping power for different mate-
rials. Figure from Arbor et al. (2015).

the RSP map from the measured WEPL/energy values, given an estimate Γ̂ of each
proton trajectory.

3.2 Early days of proton CT

The idea of using protons for medical imaging was first proposed by Cormack
(1963), more than fifty years ago. In his paper, Cormack proposes a solution to find
a function from its line integrals, thus laying the foundation for computed tomogra-
phy. Amongst possible applications, he describes the determination of X-ray absorp-
tion coefficients in 2D and 3D, corresponding to X-ray CT, and the use of the energy
loss of protons to guide proton therapy, corresponding to proton CT. He writes

"The radiotherapist is confronted with the problem of determining the
energy of the incident protons necessary to produce the high ionization
at just the right place, and this requires knowing the variable specific
ionization of the tissue through which the protons must pass."

The first reported proton radiography was made by Koehler (1968). Rather than
the energy loss of the protons, their fluence was measured near their range to offer
superior contrast. While the steep fall-off of the proton fluence allowed the detec-
tion of a very thin piece of aluminium (Figure 3.2a), the spatial resolution was very
limited due to multiple Coulomb scattering (MCS). A few years later, West and Sher-
wood (1972, 1973) performed further experiments (Figure 3.2b) exploring the high
contrast capability of proton radiography, due to MCS near edges. Steward and
Koehler (1973a,b, 1974a,b) published a series of articles applying proton radiogra-
phy to the detection of strokes and tumors and some similar works followed (Mof-
fett et al., 1975; Kramer et al., 1978); however, fluence-based proton radiography did
not progress much since the 1970s.

The first pCT experiment was conducted by Cormack and Koehler (1976) using
a narrow 158 MeV beam and scintillation counters. The density was analytically
reconstructed using a calibration of the detector response as a function of absorber
thickness to measure the integrated density. The main objective was to detect density
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(A) Proton radiography of a stack of aluminum absorbers of thickness 18 g/cm2 with a pennant-shaped
aluminium foil of thickness 0.035 g/cm2.

(B) Proton radiography (left) and X-ray radiography (right) of a mouse.

FIGURE 3.2 – Early proton radiography of an object (Koehler, 1968)
and of a mouse (West and Sherwood, 1972).
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FIGURE 3.3 – Early pCT reconstruction from Hanson et al. (1978)

differences below the detection limit of X-ray CT. Only line profiles were shown in
the publication.

In the late 1970s and early 1980s, Hanson continued to explore proton CT at
Los Alamos National Laboratory (Hanson et al., 1978; Hanson, 1979; Hanson et al.,
1981, 1982). His comparison of X-ray CT and proton CT showed that proton CT can
achieve the same density resolution as X-ray CT with a reduced surface dose, al-
though its spatial resolution was limited by MCS (Figure 3.3). It is also free of beam
hardening artifacts. In Hanson’s experiments, the residual energy, measured using a
hyperpure geranium detector (HPGe), and the position, measured with a multiwire
proportionnal chamber (MWPC), of each proton was recorded in order to improve
spatial resolution. The HPGe detector response was calibrated in terms of residual
range in water by scanning a teflon step wedge. Later, the HPGe detector was re-
placed by a range telescope consisting of a stack of plastic scintillators. The RSP map
was reconstructed using a filtered backprojection algorithm. Hanson proposed sev-
eral other ideas to improve spatial resolution, like the measurement of the exit angle
of the protons or the inclusion of curved paths in the reconstruction algorithms to
account for MCS, which are nowadays implemented in modern prototypes of pCT
scanners.

Early studies focused on the potential dose advantage of pCT rather than its use
in treatment planning since proton therapy was still limited at the time. However,
due to advancements in low dose X-ray CT and high costs of proton CT due to
the particle accelerator, the interest in proton CT dwindled. Hanson et al. (1982)
concluded their paper presenting pCT scans of human organs by stating

"If the only advantage of the proton technique is better dose utilisation,
the anticipated extra expense of implementing charged particle CT may
not be justified for widespread routine diagnostic studies."

Therefore, while the proof of concept of proton CT was demonstrated in the early
1980s, this was followed by a hiatus period of about a decade in proton imaging
research, with a few exceptions (Ito and Koyama-Ito, 1987; Takada and Abe, 1987;
Takada et al., 1988), until the 1990s and the expansion of proton therapy.
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3.3 General design and detectors

Before proceeding with the modern history of proton CT, this section will give
an overview of a pCT scanner design to better understand the current technological
developments and grasp the differences between the systems developed by various
research groups. We focus on list-mode configurations, i.e. systems where each pro-
ton is tracked individually, rather than integrating configurations, given that most
current research is focused on list-mode scanners. Figure 3.4 shows a schematic rep-
resentation of such a proton-tracking scanner. In the following, we summarize the
major pCT design requirements, their limitations, and how they can be addressed
by appropriate detectors. These key requirements are

— Spatial resolution: a clinically meaningful value for the spatial resolution is
1 mm, given what is achievable in terms of patient positioning and target lo-
calization (Schulte et al., 2004). The resolution is physically limited by MCS, in
addition to the detector resolution. The RMS error on the trajectory of 200 MeV
protons reaches about 0.5 mm at the center of a 20 cm wide homogeneous wa-
ter phantom (Schulte et al., 2008).

— WEPL resolution: it should be better than 1% (Schulte et al., 2004). It is phys-
ically limited by energy/range straggling, as well as incident beam energy
spread, detector resolution and MCS (Dickmann et al., 2019). Range straggling
is about 1.1% of the proton range, corresponding to 2.85 mm for 200 MeV pro-
tons in water.

— Detection rate: in order to scan the patient in a reasonable time, fast data track-
ing must be achieved. It was estimated that about 100 proton histories per
1 mm3 voxel per view are needed to achieve a clinically useful image with
minimal dose (Sadrozinski et al., 2013). For a head-sized image, this corre-
sponds to a data rate of at least 2 MHz for a 6 min scan. Detection rate can be
improved by making faster data acquisition systems, using faster detectors or
detectors able to measure multiple events simultaneously.

— Detection efficiency: a high efficiency is essential as undetected protons in-
crease the radiation to the patient without contributing to the image formation.
As proton tracking and energy information is measured by several detector
layers (see subsections below), efficiency must be excellent in each layer not
to discard too many events. In addition, a number of detected events are not
used for reconstruction due to nuclear interactions and large angle MCS.

Other requirements include the energy range of the incident beam, the size of the
detectors to cover the full imaging area, and the radiation hardness of the detectors.
Regarding the energy of the proton beam, it has to be large enough as protons need
to pass through the patient in order to be measured. The maximum energy of most
medical accelerators is of the order of 230 to 250 MeV. An energy of 200 MeV (corre-
sponding to a 26 cm range in water) is sufficient to traverse the head region, while
the abdomen region would need at least 250 MeV (38 cm range). Indeed, the energy
dependence of the RSP remains negligible if the residual proton energy is greater
than 80 MeV (Arbor et al., 2015), which means that the proton range must exceed by
at least 5 cm the maximum thickness crossed.

Two types of detectors are needed to meet the above requirements and produce
a pCT image of sufficient quality: a residual energy-range detector (RERD) to mea-
sure the proton’s WEPL, and position sensitive detectors (PSDs) to measure the po-
sition/angle and have a better estimate of the proton trajectory to improve spatial
resolution. These detectors are briefly presented in the following sections.
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FIGURE 3.4 – Schematic representation of a pCT scanner: the track-
ers measure the position and direction of the protons, and the en-

ergy/range detector measures their WEPL.

3.3.1 Position sensitive detectors

Tracking detectors are used to measure the position and direction of each proton
upstream and downstream from the object in order to predict its path. Silicon-strip
detectors (SSDs) are usually used for pCT due to their good spatial resolution, ef-
ficiency, compactness, and simple calibration. The position information is obtained
when the proton hits one of the strips of the detector. Usually, two back-to-back
SSDs with orthogonal strip orientation are used to measure the 2D position, al-
though other configurations, like the x-u-v configuration with three tracking planes,
are possible (Taylor et al., 2016a). To have the direction information, two of these
back-to-back planes are positioned a short distance apart. For example, the SSDs
used in one of the state-of-the-art pCT scanners (Bashkirov et al., 2016b) have a sen-
sitive area of about 9× 9 cm2 with a strip pitch of 228 µm, a thickness of 400 µm,
and are positioned 50 mm apart. Several such detectors are assembled together to
increase the size of the sensitive area, but this has to be done carefully as gaps and
non uniformity of the trackers may cause artifacts (Penfold et al., 2011). The RMS
spatial resolution of the PSDs is given by

σdet
p =

P√
12

, (3.4)

with P the strip pitch; and their angular resolution, neglecting the effects due to the
thickness of the PSDs, by

σdet
θ =

P√
6D

, (3.5)

with D the distance between the two tracker planes (Poludniowski, Allinson, and
Evans, 2015). The angular resolution is also impacted by the "material budget" of the
detectors, i.e. the ratio x/X0 (see Equation 1.14), as protons scatter when they pass
through the trackers. As the radiation length of silicon is constant (X0 = 94 mm), the
SSDs should be thin enough to minimize scattering. With the example values for the
SSDs given above, the intrinsic spatial resolution is 66 µm and the intrinsic angular
resolution, including the scattering effect, is 2.4 mrad for 200 MeV protons (it would
be larger for lower energy protons, e.g. at the exit of the object). Overall, the resolu-
tion properties of SSDs are satisfactory. The main contributions to the loss of spatial
resolution in the reconstructed image are MCS and tracker resolution. While the ef-
fects of MCS can be reduced by using a higher beam energy as scattering is inversely
proportional to energy, this could negatively impact WEPL resolution (Schulte et al.,
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2005).
In terms of efficiency, SSDs are close to 100% with very low noise levels, although

they can be limited by signal pile-up at very high rates. Other possible PSDs are scin-
tillating fibers, although they have been mostly used for proton radiography as they
are less efficient compared with SSDs – Presti et al. (2014) reported an efficiency of
62% and Pemler et al. (1999) only 33%. This low efficiency would be more prob-
lematic for the list-mode pCT setup, as the information from 8 independent tracker
planes is needed to measure the position and direction of a single proton. In terms
of data rate, an x-u-v configuration could help to deal with high proton flux by re-
ducing ambiguity when simultaneous protons are measured.

3.3.2 Residual energy range detectors

There are two main types of RERDs: calorimeters and range telescopes (or range
counters). A calorimeter is an unsegmented detector measuring the energy of the
protons by converting ionizations into scintillation light, collected by a photomul-
tiplier or photodiode. The measured energy can be converted to range using the
Bragg-Kleeman rule for example (Equation 1.7). On the other hand, a range tele-
scope consists of multiple thin sensor stages interleaved with absorbers to stop the
proton. The range is directly obtained by the depth of the stage where the proton
stops.

For a calorimeter, the WEPL resolution directly depends on the energy resolution
of the detector. In order to meet the WEPL resolution requirement, a calorimeter
should have an energy resolution better than 1% over a wide energy range, which is
not easily achievable (Bashkirov et al., 2016a). The energy resolution of a calorimeter
depends on the WEPL, such that resolution is worse for small WEPL values (see Fig-
ure 3.5). For a range telescope, the resolution is independent of WEPL. It depends
instead on the thickness of the stages as the range is assumed to be equal to the cen-
tral position of the stopping stage. To achieve a resolution close to the straggling
limit, there should be between 60 and 100 stages in the detector (Bashkirov et al.,
2016a; Presti et al., 2017). The resolution of a range telescope can be improved de-
pending on how the range is estimated from the measured data (Krah et al., 2018b).

Bashkirov et al. (2016a) proposed a novel detector, the multistage scintillator,
which is a hybrid between a calorimeter and a range telescope. It consists of only
5 stages, and its response depends on the position of the stage in which the proton
stops as well as the energy deposited in that stage. Compared to a calorimeter, the
energy resolution of each stage does not need to be as good to reach a similar WEPL
resolution, allowing the use of cheap and fast plastic scintillators. The multistage
scintillator has also better resolution and less complexity in terms of assembly and
readout than a range counter. However, a major advantage of the range counter
is a much simpler calibration compared to a calorimeter or a multistage scintilla-
tor (Johnson, 2017).

The detection rate of RERDs, like PSDs, can be improved by simultaneous detec-
tion of several events (Esposito et al., 2018).

3.4 Contemporary developments

While early developments focused on the superior contrast capabilities of pro-
ton imaging, the so-called "modern era" is characterized by the application of pro-
ton imaging to proton therapy treatment planning. In the mid 1990s, supported
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FIGURE 3.5 – Comparison of WEPL resolution between a calorime-
ter, a range counter, and different multistage scintillators: (a) WEPL
resolution in function of WEPL and (b) Average WEPL resolution in

function of energy resolution. Figure from Bashkirov et al. (2016a).

by the expansion of proton therapy, interest in proton imaging resurfaced. At the
Paul Sherrer Institut (PSI), Schneider and Pedroni (1994, 1995) started investigat-
ing proton radiography as a tool for proton therapy. The initial system consisted of
two MWPCs to measure each proton’s position upstream and downstream from the
object, a scintillation counter and a sodium iodide (NaI) energy detector. Due to a
low acquisition rate, the exposure time was about 2 hours. Schneider and Pedroni
(1995) suggested that proton radiography could be used to check HU-RSP calibra-
tion curves by comparing measured radiographs with digitally reconstructed radio-
graphs, a method which was more thoroughly investigated later (section 2.3.3.2).
The system at PSI was improved (Pemler et al., 1999) by using two scintillating fiber
hodoscopes to measure the position, and a range telescope, allowing to acquire a
radiograph within 10 to 20 s. The feasibility of proton radiography under clinical
conditions was assessed by scanning an animal patient (Schneider et al., 2004).

In 2000, Zygmanski et al. (2000) experimented with proton CT using a cone beam
without recording individual events to reduce acquisition time. The aim was to as-
sess the accuracy of the reconstructed RSP for proton therapy planning. The de-
tection system consisted of a Gd2O2S:Tb intensifying screen coupled to a charge-
coupled device (CCD) camera. The resulting images offered a good RSP accuracy
but suffered from low resolution due to MCS. Indeed, such proton-integrating sys-
tems, as they do not track protons individually, offer a limited spatial resolution.
Although these systems continue to be studied for pCT (Testa et al., 2013; Rescigno
et al., 2015; Krah et al., 2018a) due to their simplicity and lower cost, most devel-
opments involve proton-tracking systems, which will be the focus of the rest of this
work.

Since 2002, an informal pCT collaboration mostly between LLUMC and Univer-
sity of California Santa Cruz (UCSC) allowed the publication of a number of articles
on pCT. In their initial studies (Johnson et al., 2002; Johnson et al., 2003; Sadrozin-
ski et al., 2003, 2004), they investigate the use of SSDs to measure the position and
energy of each proton. The pCT collaboration chose SSDs, which were very popu-
lar in high-energy physics, because of their excellent spatial resolution at high event
rates, mechanical stability, and high efficiency minimizing patient exposure. Soon,
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a conceptual design for proton CT was proposed by Schulte et al. (2004), and in the
next years, several papers followed the progress of the pCT project in terms of tech-
nical design (Bashkirov et al., 2007; Bashkirov et al., 2009; Missaghian et al., 2010),
particle tracking (Williams, 2004; Schulte et al., 2008) and reconstruction (Li et al.,
2003; Mueller et al., 2003; Li et al., 2006; Penfold et al., 2009, 2010b). In 2010, a
prototype pCT system, developed by LLUMC/UCSC/Northern Illinois University
(NIU), capable of scanning small head-sized phantoms was completed and installed
at LLUMC (Hurley et al., 2012). It consisted of 4 SSDs planes, two before and two
after the object to measure the position and direction of the protons; and a cesium
iodide (CsI) crystal calorimeter chosen for its excellent energy resolution. This sys-
tem was designed to work at a moderate data rate allowing to acquire a pCT scan
in a few hours. It was limited by the data acquisition system, the rate of the CsI
detector and the reconstruction time. It was also hindered by the small axial size of
the sensitive area of the tracking system (9× 18 cm2).

Hence, in 2011, a collaboration between LLUMC, UCSC and California State Uni-
versity San Bernardino received funding to develop a phase-II pCT scanner (Schulte
et al., 2012) to address these limitations. The main difference in terms of design is the
use of a multi-stage scintillator, a hybrid between a range counter and a calorimeter
(see previous section), instead of the CsI calorimeter (Figure 3.6). By measuring both
the range and the energy, the multi-stage scintillator allows a good performance
while being inexpensive (Bashkirov et al., 2016a). Several articles documented the
progress of the prototype phase-II scanner (Johnson et al., 2014; Zatserklyaniy et al.,
2014; Johnson et al., 2015; Bashkirov et al., 2016a; Sadrozinski et al., 2016; Bashkirov
et al., 2016b). The phase-II pCT scanner allows to reconstruct high quality data, but
is still not fast enough for clinical applications, with a scan time of 6-10 min per ac-
quisition (Bashkirov et al., 2016b). Further hardware improvements should allow
the acquisition of a full scan in 2-3 minutes.

An Italian project for proton CT, called PRoton IMAging (PRIMA), emerged in
2007 with the objective of developing a new prototype pCT scanner (Cirrone et al.,
2007b; Menichelli et al., 2010; Sipala et al., 2011; Scaringella et al., 2013; Vanzi et
al., 2013). Their design resembled the one of the phase-I pCT scanner developed
by LLUMC/UCSC/NIU. The calorimeter was made by four YAG:Ce (yttrium alu-
minium garnet activated by cerium) scintillating crystals, characterized by a fast
light decay constant (70 ns) to work in a high particle flux environment. The system
was tested with 60 MeV protons at the INFN Laboratori Nazionali del Sud, Cata-
nia (Italy) and with 180 MeV protons at Svedberg Laboratory, Uppsala (Sweden).
An upgraded system with a larger field of view (5× 20 cm2 instead of 5× 5 cm2)
and a better data rate (1 MHz) was planned to be constructed (Civinini et al., 2013;
Scaringella et al., 2014; Civinini et al., 2016).

In 2013, the Proton Radiotherapy Verification and Dosimetry Applications
(PRaVDA) consortium undertook the development of the first fully solid state
proton CT system, based on detector technology built for high energy physics.
This system uses position sensitive detectors for both the tracking and the range
measurements. The PRaVDA collaboration investigated the use of a stack of
complementary metal oxide semi-conductor (CMOS) active pixel sensors (APS)
as a range telescope (Poludniowski et al., 2014; Esposito et al., 2015; Taylor et al.,
2015; Price and Consortium, 2016), and new silicon trackers (Taylor et al., 2016a).
Pixelated sensors allow simultaneous tracking of multiple protons through the
range telescope, contrary to scintillator-based calorimeters that are limited by the
need for only one proton to pass through the detector per read-out cycle. The
PRaVDA collaboration also used the information from the trackers to reconstruct
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36 Chapter 3. Proton computed tomography

(A) Setup of the phase-II pCT scanner. The front tracker (A), rear tracker (B), phantom rotation stage
(C), and 5-stage scintillator (D) are labeled. The red arrow indicates the proton beam direction

(B) 3D rendering of the reconstructed RSP map of a pediatric head phantom obtained with the phase-II
scanner.

FIGURE 3.6 – Phase-II pCT scanner. Figures from Bashkirov et al.
(2016a).
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proton scattering power maps (Taylor et al., 2016b). In their final design, both the
trackers and the range telescope are silicon-based (Esposito et al., 2018). The range
telescope used is composed of 21 layers of SSDs interleaved with PMMA absorbers.
This system was able to acquire fast pCT scans with 2× 108 protons/s detectable
over the full imaged area.

Other pCT scanners include a system developed and tested in Japan (Saraya et
al., 2014), composed of SSDs trackers and a NaI(Tl) calorimeter; and a scanner built
by a collaboration between NIU, Fermi National Accelerator Laboratory and Delhi
University (Naimuddin et al., 2016). A collaboration between Haukeland Univer-
sity Hospital, the University of Bergen and the Western Norway University of Ap-
plied Sciences has been established in order to develop a fast pCT system using a
digital tracking calorimeter (Pettersen et al., 2017; Pettersen, 2018; Pettersen et al.,
2019). Tracking and energy measurement would be done by the same detector, con-
sisting of multiple layers of monolithic active pixel sensor (MAPS) chips. Also, the
innovative Medical Protons Achromatic Calorimeter and Tracker (iMPACT) project
aims at building a high speed (100 MHz) scanner using only commercially avail-
able solutions for simplicity and cost reduction. A MAPS tracker and an achromatic
calorimeter have been developed and successfully tested (Mattiazzo et al., 2018). Fi-
nally, ProtonVDA 1 aims at implementing clinical proton imaging systems. A proton
radiography system has been developed (Miller et al., 2019) and a pCT platform is
in development. First pCT images were presented at the PTCOG 58 conference.

3.5 Alternative proton CT modalities

Although most pCT efforts have been towards energy loss based imaging, some
works have attempted to reconstruct pCT images using different information. Bopp
et al. (2013, 2015) have studied the use of the angular deviation and the transmission
rate of the protons to reconstruct images. They have shown that quantitative infor-
mation can be extracted from such reconstructions, namely the macroscopic nuclear
cross section by exploiting the transmission rate and the inverse scattering length
by using the scattering angle. Results have shown such images can help differen-
tiate tissues although reconstruction is challenged by the statistical uncertainty of
these observables. Similarly, Quinones, Létang, and Rit (2016) used the transmission
information to reconstruct a nuclear cross section map. Statistical noise was quanti-
fied, and it was shown to be 400 times higher for transmission based pCT compared
with energy loss based pCT for 200 MeV protons. We have previously mentioned
the work of Taylor et al. (2016a) who used the angular information from the track-
ers, without the energy measurement, to reconstruct a proton scattering power map,
with the scattering power defined as the rate of change of the mean scattering angle
squared per unit of length.

A few decades earlier, Saudinos et al. (1975) proposed to use nuclear scattering
of high energy protons (500 MeV to 1 GeV) to reconstruct a 3D map of the object
in one exposure, without movement of the beam or the object. The principle is to
measure protons that have been scattered via nuclear interactions and to reconstruct
the interaction point from the tracker information. This could give quantitative in-
formation about the relative concentration of hydrogen in tissues. Further stud-
ies on nuclear scattering radiography were conducted (Charpak et al., 1976; Duc-
hazeaubeneix et al., 1980; Saudinos, 1987), but its development was hampered by
the need for a high energy medical accelerator, the limited spatial resolution, and

1. protonvda.com
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38 Chapter 3. Proton computed tomography

the poor signal-to-noise ratio as nuclear events are relatively rare. Interaction ver-
tex imaging (IVI), which is based on the same principle but for range monitoring
purposes, has been more recently investigated within the framework of the Ad-
vanced QUality Assurance (AQUA) 2 project from the TERA foundation (Amaldi
et al., 2010). It was studied for carbon beam therapy as nuclear reactions are more
frequent for carbon ions (Henriquet et al., 2012; Finck et al., 2017).

3.6 Reconstruction in proton CT

In the previous sections, the major hardware developments for pCT have been
described. This section will deal with the algorithms used to reconstruct pCT data,
and how they differ from X-ray CT techniques. First, we present the different meth-
ods to estimate the proton path; and second, we explain how this information can
be included in usual reconstruction algorithms.

3.6.1 Proton path estimation

3.6.1.1 Most likely path

In order to improve spatial resolution, the most likely path (MLP) of a proton,
given complete or partial information about its entry and exit position and direc-
tion, can be derived using the Gaussian approximation of the MCS. Schneider and
Pedroni (1994) were the first to attempt to model the proton trajectory for use in
proton radiography. Later, an expression for the MLP was given by Williams (2004)
using χ2 statistics to simplify the calculation. Finally, Schulte et al. (2008) presented
a more compact, matrix-based MLP formalism, and extended it to incomplete track
information. A comprehensive study of the most likely path has been conducted
by Erdelyi (2009). We will give an outline of Schulte’s formalism.

The joint probability that a proton passes through y1 = (u1, θ1) and y2 = (u2, θ2)
given the entrance parameter yin (see Figure 3.7) is given by

L(y1, y2|yin) = L(y1|yin)L(y2|y1), (3.6)

where L(y1|yin) is the probability that the proton passes through y1 given that it
entered in yin and L(y2|y1) is the probability that it exits with parameter y2 given
that it has passed through y1. In the case when the proton exit information is mea-
sured, we fix y2 = yout. The probabilities in Equation 3.6 are modeled as Gaussian
functions

L(y1|yin) ∝ exp
[
− 1

2
(yT

1 − yT
inR0)Σ−1

1 (y1 − R0yin)
]

(3.7)

and
L(y2 = yout|y1) ∝ exp

[
− 1

2
(yT

out − yT
1 R1)Σ−1

2 (yout − R1y1)
]
, (3.8)

with

R0 =

(
1 w1 − win
0 1

)
, R1 =

(
1 wout − w1
0 1

)
(3.9)

and

Σ1 =

(
σ2

u1
σ2

u1θ1

σ2
u1θ1

σ2
θ1

)
, Σ2 =

(
σ2

u2
σ2

u2θ2

σ2
u2θ2

σ2
θ2

)
. (3.10)

2. http://project-aqua.web.cern.ch/
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3.6. Reconstruction in proton CT 39

FIGURE 3.7 – Geometry of the proton trajectory used in the MLP for-
malism.

The angular and spatial scattering variances and covariances can be modeled
as (Lynch and Dahl, 1991)

σ2
u1

= E2
0

(
1 + 0.038 ln

w1 − win

X0

)2 ∫ w1

win

(w1 − w)2

p2(w)v2(w)

dw
X0

(3.11)

σ2
θ1
= E2

0

(
1 + 0.038 ln

w1 − win

X0

)2 ∫ w1

win

1
p2(w)v2(w)

dw
X0

(3.12)

σ2
u1θ1

= E2
0

(
1 + 0.038 ln

w1 − win

X0

)2 ∫ w1

win

w1 − w
p2(w)v2(w)

dw
X0

(3.13)

Note that the variance for the scattering angle had already been given in sec-
tion 1.2.2 (see Equation 1.15). The values for the elements of Σ2 are obtained by
replacing w1 by wout and win by w1 in Equations 3.11–3.13. Maximizing Equation 3.6
with respect to y1 gives the following formulation for the MLP

yMLP(w1) = (Σ−1
1 + RT

1 Σ−1
2 R1)

−1(Σ−1
1 R0yin + RT

1 Σ−1
2 yout), (3.14)

and the corresponding uncertainty matrix

ΣMLP(w1) = (Σ−1
1 + RT

1 Σ−1
2 R1)

−1, (3.15)

where the component in the first row and first column gives the uncertainty on the
spatial information. Figure 3.9 shows examples of MLPs and their uncertainty en-
velopes computed in water using the above equations.

To save computation time, the term 1/p2v2 is approximated by the following
polynomial

1
p2(w)v2(w)

=
(E(w) + Ep)2

(E(w) + 2Ep)2E(w)2 ≈
N

∑
i=0

aiwi (3.16)

where Ep = 938 MeV is the proton rest energy, so that the integrals can be calculated
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40 Chapter 3. Proton computed tomography

FIGURE 3.8 – Polynomial fit to the energy ratio of protons with an
initial energy of 200 MeV in water.

analytically. The ai coefficients can be estimated by fitting a polynomial (of 5th order
as in Schulte et al., 2008) to the energy ratio acquired from a Monte Carlo simulation
(Figure 3.8).

In order to comply with the Gaussian approximation of the scattering, large scat-
tering angle events leading to non Gaussian tails must be filtered out. For this pur-
pose, 3σ cuts on the exit angle are performed to exclude nuclear interactions and
large angle MCS. In addition, 3σ cuts on the exit energy to filter out non-elastic nu-
clear interactions allow to improve density resolution. The cuts allow to filter out
all protons with large angle and/or energy, lying more than ±3σ from the mean,
with σ the standard deviation of the angle/energy of the exit protons (Schulte et al.,
2008). Using these cuts, 1.87% of proton tracks fall outside of the MLP uncertainty
envelope, which is close to the expected value of 1% if the distribution was perfectly
Gaussian.

3.6.1.2 Other path estimates

While the MLP formalism gives the best estimation of the proton trajectory, it
is computationally expensive compared with other simpler methods. The simplest
path estimate is the straight line path (SLP) connecting the entrance position to the
exit position. It was used by Cirrone et al. (2011) in combination with entry and exit
position filtering in order to keep only protons having a quasi-linear path.

Alternatively, a cubic spline path (CSP), defined as

yCSP(w1) = (2w3
1 − 3w2

1 + 1)yin + (w3
1 − 2w2

1 + w1)ẏin

−(2w3
1 − 3w2

1)yout + (w3
1 − w2

1)ẏout,
(3.17)

with ẏin and ẏout the entrance and exit directions, can be a good alternative. The
CSP is less computationally expensive than the MLP and offers a good approxima-
tion (RMS difference of less than 10% between the CSP and the MLP according to Li
et al. (2006)). Collins-Fekete et al. (2015) proposed to include the energy loss infor-
mation in the CSP formalism, via a vector magnitude factor, to improve the spatial
resolution.
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FIGURE 3.9 – Examples of Monte Carlo generated proton trajectories
in water (black lines) with estimated MLPs and 3σ uncertainty en-

velopes (red lines and envelopes).
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42 Chapter 3. Proton computed tomography

FIGURE 3.10 – Reconstruction with ART algorithm using different
path estimates. Figure from Li et al. (2006).

Li et al. (2006) compared the three formalisms in terms of spatial resolution, RMS
error and speed, using an ART reconstruction algorithm. The resulting reconstruc-
tions using either the SLP, CSP or MLP formalism are shown in Figure 3.10. It was
demonstrated that using either a CSP or MLP estimate led to an improvement of the
spatial resolution from 2 lp/cm when using the SLP to 5 lp/cm. Additionally, the
MLP has the smallest RMS error and the fastest convergence in terms of number of
iterations.

Recently, Krah, Létang, and Rit (2019) have shown that, when the energy loss is
approximated as a polynomial (as in Equation 3.16), the MLP itself is a polynomial;
and that a linear or at most quadric function for the energy loss is sufficient. Fur-
thermore, a mathematically equivalent but slightly more computationally efficient
expression for the MLP was given.

3.6.2 Reconstruction algorithms

The problem of reconstructing a 2D function from its projections is well known
and has been extensively studied based on the early work of Radon (1917). The
acquired data in X-ray CT are integrals of a function f (x, y) over straight lines at
different angles. For a mono-energetic X-ray beam, these projections are defined as

pφ(r) =
∫
L(φ,r)

f (x, y)dl, (3.18)
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with L(φ, r) the line parametrized by φ, the angle from the y-axis, and r, the dis-
tance from the origin; and dl a small displacement along the line. The complete
collection of these integrals is called the Radon transform of f (x, y). The problem
of recovering a function from its line integrals can be solved analytically, with the
filtered backprojection (FBP) algorithm being the most popular solution as it is fast
and efficient (Kak and Slaney, 1988).

Alternatively, iterative methods, although more computationally demanding, of-
fer serious advantages like the reduction of noise and artifacts, and thus are becom-
ing popular to produce low dose CT images. The reconstruction problem is treated
as a linear system of equations

pi =
N

∑
j=1

wij f j, i = 1...M (3.19)

with pi the integral along the i-th projection ray, f j the value of f in the j-th pixel or
voxel, and wij the contribution of the j-th pixel/voxel to the i-th ray. This problem
cannot be solved by a simple matrix inversion as M and N are very large and the
acquired data is subject to noise. Therefore, different kinds of algorithms have been
developed to find the values of f , the simplest being the ART (Algebraic Reconstruc-
tion Technique) algorithm (Gordon, Bender, and Herman, 1970).

Presumably, iterative methods seem more fit to solve the pCT reconstruction
problem. Analytical reconstruction assumes straight line paths, and there is no
mathematical solution to the inversion of curved trajectories, with some exceptions
such as circles. Therefore, the proton’s MLP could not be easily included in a method
like the FBP. On the other hand, it is straightforward to redefine Equation 3.19 to
solve a list-mode proton CT problem: pi would be the WEPL of proton i, wij the
length of intersection of the MLP of proton i with pixel j, and f j the RSP in pixel j.

Different methods have been tested to iteratively reconstruct pCT images, such
as the classical ART (Li et al., 2006) or ART including MLP uncertainty via the wij
coefficients (Wang, Mackie, and Tomé, 2010). Other iterative methods have been
compared with ART in terms of image quality and speed of convergence (Penfold et
al., 2010a; Penfold, 2010). One of these algorithms, called diagonally relaxed orthog-
onal projections (DROP) was shown to improve convergence rate at the expense of
increased image noise. It was therefore combined with a total variation superioriza-
tion (TVS) scheme (Penfold et al., 2010b). The addition of TVS resulted in improved
spatial and density resolutions. A different type of iterative methods are statistical
reconstruction methods. The objective is to reconstruct the image that best fits the
data given a statistical model of the noise. Such a method was applied to proton CT
(Hansen et al., 2014b; Hansen, Sørensen, and Rit, 2016) by including a model for the
energy straggling of protons.

Others have attempted to use analytical methods for pCT reconstruction. For
example, FBP can be combined with filtering of protons according to their entry and
exit positions or according to their whole MLP trajectory, to keep only particles that
have quasi-linear trajectories (Cirrone et al., 2011; Vanzi et al., 2013). This yields
images with insufficient spatial resolution and is detrimental in terms of dose and
scan time (22% of events were accepted when using a 1 mm acceptance interval and
only 1% with a 200 µm interval). Alternatively, the FBP method has been heuris-
tically adapted to work with curved trajectories (Rit et al., 2013) by performing a
distance-driven binning in the direction of the proton beam, yielding high resolu-
tion images. Also, backproject first approaches, where the order of the filtering and
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the backprojection are reversed, have been successfully used to account for the pro-
ton’s MLP (Poludniowski, Allinson, and Evans, 2014; Rit et al., 2015). Finally, a
method reconstructing pCT images from optimized proton radiographs was pro-
posed by Collins-Fekete et al. (2016).

A comparison between several algorithms (distance-driven FBP, TVS-DROP and
two statistical methods) has been performed by Hansen, Sørensen, and Rit (2016).
Their results have shown that the analytical method yields a comparable resolution
and image quality to the three tested iterative methods at low dose levels, while
being an order of magnitude faster.

3.7 Conclusion

A broad review of proton imaging has been presented in this chapter. From the
1960s until today, proton imaging has evolved in terms of detection technology and
reconstruction methods. Several state-of-the-art prototypes have been constructed
worldwide using different tracking and energy measurement technologies. In order
to become clinically viable, further efforts are underway to make pCT imaging faster
and cheaper. Image quality, and particularly spatial resolution, has been improved
by using list-mode set-ups and including the MLP formalism in reconstruction algo-
rithms. In the next part, several contributions to list-mode pCT reconstruction will
be presented, starting with a study on the accuracy of the MLP formalism.
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Part II

Contributions

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



47

Chapter 4

Proton path in heteregeneous
media

In the previous chapter, the MLP formalism used to estimate the proton path during
reconstruction was presented. Several approximations regarding the scattering distribution
have been made to derive the MLP expression. In this chapter, we estimate the accuracy of the
MLP formalism when the homogeneity assumption is not satisfied. We start by introducing
the approximations of the MLP model before presenting our experiments and results. This
chapter is adapted from Khellaf et al. (2019).

4.1 Introduction

4.1.1 Assumptions in the MLP model

The MLP formalism assumes a homogeneous material which is approximative
for several reasons. First, the radiation length of the traversed materials X0 is needed
to compute the scattering matrices (Equations 3.11–3.13). As the composition of the
object to be reconstructed is unknown, we assign a constant value of X0 = 36.1 cm,
corresponding to the radiation length of water, as it is a reasonable approximation
for soft tissues. However, there is a considerable variability between body tissues,
e.g. X0 = 14 cm for cortical bone or X0 = 95 cm for lung tissue (Table 4.1). Using a
constant value will therefore inevitably over- or under-estimate scattering in certain
regions. Furthermore, the ratio 1/p2v2 must be estimated to take into account the
energy dependence of the scattering. It is approximated using the energy loss a
proton would undergo in a homogeneous water phantom (Figure 3.8). Given that
energy loss depends on the traversed material, this will also introduce inaccuracies
in the scattering estimation.

Additionally, heterogeneous configurations also challenge the Gaussian approx-
imation of MCS used to model the scattering angle and position distributions. Even
in a homogeneous case, large-angle MCS events and nuclear interactions (elastic and
non-elastic) both induce non-Gaussian tails in the scattering distributions. The effect
of such events is usually mitigated by applying angle and energy cuts which allow to
exclude most protons that have experienced these interactions (Schulte et al., 2008).
The Gaussian approximation is therefore valid with appropriate cuts for homoge-
neous objects. In fact, it is valid as long as tissue properties change only as a function
of depth (panel A or B in Figure 4.2), but not along a direction perpendicular to the
beam axis. In the case of a transverse heterogeneity (panel C in Figure 4.2), the distri-
bution is expected to be asymmetric as the scattering would differ depending on the
lateral coordinate. Such transverse heterogeneities, if they are large enough, could
cause systematic errors in the proton path estimate as the MLP assumes a symmetric
distribution. Contrary to the approximation made on the values for X0 or the ratio
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Tissue Raditation length
X0 (cm)

Relative
stopping power

Muscle tissue 35.06 1.054
Blood 34.50 1.063
Cortical bone 14.29 1.731
Cartilage 32.49 1.093
Brain 35.06 1.060
Adipose tissue 43.31 0.974
Breast mammary gland 39.22 1.044
Stomach/intestine 35.36 1.047
Heart 35.08 1.056
Kidneys 34.96 1.055
Liver 34.96 1.053
Lung tissue (compressed lungs) 94.94 0.387
Lymph 35.15 1.039
Oesophagus 36.41 1.038
Pancreas 35.28 1.058
Skin 34.27 1.093
Teeth 9.03 2.404
Thyroid 35.25 1.046
Urinary bladder 35.07 1.047

TABLE 4.1 – Radiation length and relative stopping power for some
tissues in the ICRP phantom, obtained with Geant4.

1/p2v2, a spatial asymmetry of the MCS could not be corrected simply by introduc-
ing information about the tissues’ density and composition in the current Gaussian
formalism. A reformulation of the MLP formalism would rather be needed. This
effect was mentioned by Williams (2004) who predicted its impact would be small,
except for "large objects that have a small dimension perpendicular to the beam (for
example, a proton trajectory grazing the surface of a bone plate)".

4.1.2 Previous work

Early observations of unbalanced scattering were reported by West and Sher-
wood (1972, 1973) who noticed fringes in the intensity distribution when the proton
beam would traverse interfaces normal to its direction. This was called the "West-
Sherwood effect" by Cormack and Koehler (1976). This effect was exploited in early
fluence-based proton CT and radiography to improve density resolution (Figure 3.2).
However, in energy-based proton CT, it is rather a cause of deterioration of image
quality. In the system described by Tanaka et al. (2016, 2018), the West-Sherwood
effect at the edges causes an underestimation of all pixel values inside the object.
Zhang et al. (2017a) observed the effects of transverse heterogeneities in the form of
range-mixing, i.e. a combination of different dose rate functions around an interface,
causing a loss of spatial resolution. These observations were made in the context of
proton radiography or tomography using different kinds of set-ups. We will specif-
ically explore the effects of unbalanced scattering in single tracking set-ups.

Studies have been conducted to assess the impact or even correct heterogeneities
in the MLP framework, although only longitudinal heterogeneities (tissue variations
as a function of depth) have been considered until now. Wong et al. (2009) have stud-
ied the impact of longitudinal heterogeneities on the MLP. Their results showed no

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



4.2. Materials and methods 49

significant systematic error caused by longitudinal heterogeneities, i.e. the MLP esti-
mate was still correct. However, the RMS error was 20% higher since bone slabs were
added in the hetergeneous phantom which would increase the scattering. More re-
cently, Collins-Fekete et al. (2017a) have extended the MLP formalism by including
prior knowledge on the medium composition and density. The proposed method is
based on an MLP formalism that models MCS for longitudinal heterogeneities, but
does not take into account transverse ones. Their results showed that the heteroge-
neous formalism did not reduce the RMS error inside the object compared with the
conventional MLP formalism.

4.1.3 Preliminary observations

We observed the effect of unbalanced scattering around transverse hetero-
geneities experimentally: proton beam profiles acquired with a pair of strip
detectors (Krah et al., 2018c) at the Curie Institute - Proton Therapy Center in
Orsay (France) showed non Gaussian distributions when the protons traversed
interfaces (e.g. water/bone or water/lung) of the CIRS electron density phantom.
The skewness (i.e. the asymmetry) of these profiles, defined as

skewness =
mean−mode

standard deviation
(4.1)

is shown in Figure 4.1. Two maps, corresponding to the horizontal and vertical strip
detectors are represented, where each pixel corresponds to the skewness of a flu-
ence profile. The edges of the inserts of bone and lung in the water phantom are
associated with either high positive or negative skewness values, corresponding to
right or left non-Gaussian tails. This depends on the "order" of the interface, e.g. wa-
ter/bone or bone/water. It is not the purpose of this work to quantitatively analyse
the measured beam profiles. They serve as illustrative evidence of the effect of ma-
terial heterogeneities on MCS.

In the following work, we investigate the effects of tissue heterogeneities, and
particularly transverse heterogeneities, on the proton path prediction. For this pur-
pose, we have used Monte Carlo simulated proton tracks to determine a reference
MLP against which the conventional MLP formalism of Schulte et al. (2008) was
evaluated. Specifically, we study the kind and degree of deflection caused by trans-
verse heterogeneities and its impact on the MLP and on the energy spectra of the
protons.

4.2 Materials and methods

4.2.1 Theoretical MLP

In what follows, the term “theoretical MLP” refers to the approximate MLP cal-
culated with the formalism of Schulte et al. (2008) and “real MLP” means the MLP
derived from the Monte Carlo (MC) results. We remind the formula to compute the
theoretical MLP

yMLP,theo(w1) = (Σ−1
1 + RT

1 Σ−1
2 R1)

−1(Σ−1
1 R0y0 + RT

1 Σ−1
2 y2), (4.2)

and its uncertainty matrix

ΣMLP(w1) = (Σ−1
1 + RT

1 Σ−1
2 R1)

−1, (4.3)

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



50 Chapter 4. Proton path in heteregeneous media

(A)

(B)

FIGURE 4.1 – (A) 2D maps of the skewness of each beam profile in
a CIRS phantom with inserts and (B) fluence profiles measured in a
homogeneous region and near a water/bone interface. The crosses
indicate the pencil beam positions for which the profiles are shown.

both given in the previous chapter. As mentioned in the introduction, the scattering
is calculated using the radiation length X0 of water and a momentum-velocity ratio
1/p2v2 estimated in water.

A theoretical MLP taking into account a depth dependent heterogeneity was also
calculated using the same formula but replacing the position/angle scattering vari-
ances by

σ2
u1
(w1) = E2

0

(
1 + 0.038 ln

( ∫ w1

win

dw
X0(w)

))2 ∫ w1

win

(w1 − w)2

p2(w)v2(w)

dw
X0(w)

, (4.4)

σ2
θ1
(w1) = E2

0

(
1 + 0.038 ln

( ∫ w1

win

dw
X0(w)

))2 ∫ w1

win

1
p2(w)v2(w)

dw
X0(w)

, (4.5)

σ2
w1θ1

(w1) = E2
0

(
1 + 0.038 ln

( ∫ w1

win

dw
X0(w)

))2 ∫ w1

win

w1 − w
p2(w)v2(w)

dw
X0(w)

, (4.6)

where an integral of the radiation lengths of the traversed tissues along the depth is
used instead of the constant X0 value for water. The matrices were computed using
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ground truth knowledge of the radiation length; and the momentum-velocity ratio
was estimated from Monte Carlo simulations in the known geometry of the hetero-
geneous phantom. Unlike Collins-Fekete et al. (2017a), we used E0 = 13.6 MeV
instead of 14.1 and the constant 0.038 instead of 1/9 as recommended in Schulte
et al. (2008). This was done for a more homogeneous comparison with Schulte’s
formalism.

4.2.2 Real MLP

4.2.2.1 Monte Carlo simulations

We have used GATE v8.0 (Jan et al., 2011) to simulate proton paths in different
phantoms:

— a homogeneous water phantom (A),

— a heterogeneous phantom with a longitudinal bone/water interface (B),

— a heterogeneous phantom with a transverse bone/water interface (C),

— an International Commission on Radiological Protection (ICRP) head phan-
tom (ICRP, 2009) with 1.775× 1.775× 4.84 mm3 voxels.

The first three phantoms, shown in Figure 4.2, were used to study the effects of
heterogeneities in simple conditions. Although these phantoms exaggerate hetero-
geneities compared with interfaces found in the human body, they were used to
quantify the maximum MLP error. The anthropomorphic head phantom was used
to quantify the MLP in realistic conditions. We identified the regions with the largest
and longest heterogeneities by computing the projections of the derivative of the
1/X0 map of the ICRP phantom. We selected two transverse regions : a 3.4 cm long
interface between air (X0 = 6.3× 1011 cm) and the top of the head (X0 = 43.4 cm),
and a 7.7 cm long interface between the teeth (X0 = 9.0 cm) and the mandible
(X0 = 29.4 cm). For the first heterogeneity, the beam was positioned at u = 803.4 mm
and for the second one it was at u = 634.0 mm (see Figure 4.6).

A 250 MeV monoenergetic proton source was simulated to traverse these phan-
toms as some heterogeneities included large regions of tissues with a high stopping
power. A non-divergent beam geometry was used to keep the protons tangent to
the transverse interface. For the three phantoms in Figure 4.2, an infinitely narrow
point source was used at different entry positions (see section 4.2.2.2). For the ICRP
phantom, we simulated a uniform rectangular 4× 4 mm proton source. We have
simulated 107 protons for each tested path and for each particle the trajectory was
tracked inside the phantom. In addition, two ideal position and direction detectors
were positioned 40 cm upstream and downstream from the isocenter. The protons’
kinetic energy was also recorded since an asymmetry in the spatial and angular dis-
tributions would also affect the energy distribution. Results using the emstandard
physics list – used to simulate electromagnetic processes only – and the QGSP_BIC
physics list – used to simulate all interaction processes – were compared.

4.2.2.2 Data post-processing

To compute the real MLP of protons going through each phantom, we first se-
lected the trajectories of a subset of protons whose entry and exit coordinates, y0 and
y2, lay within a small interval around chosen values, (u0, θ0) and (u2, θ2). Specifi-
cally, we filtered out protons whose angle and position would be experimentally
indistinguishable by using windows of size 200 µm for the position and 3.4 mrad

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



52 Chapter 4. Proton path in heteregeneous media

FIGURE 4.2 – Phantoms used in the simulations. The blue material is
water and the grey one is bone.

FIGURE 4.3 – Theoretical MLPs for all tested entry and exit coordi-
nates. Different colors were used depending on the entry position for
a clear visualization. The exit angles θ2 are equal to 0, ±4, ±8, ±12,
and ±16 mrad for lateral deviations ∆u equal to 0, ±0.5, ±1.0, ±1.5,
and ±2.0 mm, respectively. The axes’ scales are different for a better

visualization.

for the angle. These thresholds reflect the typical spatial and angular resolution of
detectors used in pCT (Bopp et al., 2014). Since the proton sources were simulated
without initial angular deviation, the entry angle θ0 was not filtered. In addition,
for the three test phantoms (A), (B) and (C), there was no need to filter the entrance
position as we used a point source.

We have tested several combinations of entry and exit coordinates to find the
maximum bias created by heterogeneities. Different values for u0 were used in the
simulation, while θ0 was set to zero, and the values for u2 and θ2 were filtered. For θ2,
we took the most probable angle corresponding to each u2 calculated in the case of a
homogeneous phantom in order to keep paths with enough protons. The theoretical
MLPs for the tested entry and exit coordinates are shown in Figure 4.3. For each
case, we compared the theoretical MLP to the real MLP.

To estimate the real MLP, we have built a histogram of the transverse positions
at different intermediate depths in the phantom and fitted a two-term Gaussian dis-
tribution to it:
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f (u) =
A1

σ1
√

2π
e
− (u−µ1)

2

2σ2
1 +

A2

σ2
√

2π
e
− (u−µ2)

2

2σ2
2 , (4.7)

as directly using the histogram data would have given a noisy result. We found
that a two-term Gaussian was more suitable than a simple Gaussian since the dis-
tribution could be asymmetric in the case of transverse heterogeneities. The distri-
butions were smoothed using a Gaussian filter of σ = 3× 10−2 mm before fitting,
as the two-term Gaussian could be sensitive to noise, especially in the cases where
the distribution was very nearly Gaussian. We determined the real MLP at a given
depth as the mode of the fitted distribution, that is the position of the maximum. We
compared this real MLP to the theoretical MLP computed with Equation 4.2, and the
real MLP’s uncertainty envelope to the theoretical uncertainty given by Equation 4.3.
The maximum absolute bias defined as

max
w

|uMLP,real(w)− uMLP,theo(w)| (4.8)

was used to characterize the accuracy of the theoretical MLP formalism. We esti-
mated the uncertainty envelope of the real MLP using the 16th and 84th percentiles
of the fitted distribution. When the distribution is symmetric, this is equivalent to
one standard deviation from the mean. Otherwise, we obtain an asymmetric enve-
lope which reflects the skewness of the distribution.

4.3 Results

4.3.1 Unfiltered spatial, angular and energy distributions

The two upper plots of Figure 4.4 represent the exit spatial and angular distribu-
tions of protons 20 cm downstream of the three phantoms (A), (B) and (C) without
any filtering. Both distributions are Gaussian for phantoms (A) and (B), although the
peak is more spread out for the heterogeneous phantom as the scattering power of
bone is larger. The position and angle distributions for phantom (C) are not symmet-
ric, with peak positions at u = −3.8 mm and θ = −12.5 mrad, respectively, meaning
the protons are scattered primarily towards the less dense material, i.e. water. The
results including nuclear interactions are close to the profiles with electromagnetic
(EM) interactions only. The difference lies in the presence of tails towards large an-
gles, but the position of the maximum, i.e. the most probable position/angle, is the
same.

Regarding the energy distributions, their shape is similar for phantoms (A) and
(B), except that protons have traversed bone in case of phantom (B) and have conse-
quently lost more energy. The peak energy is 163 MeV for phantom (A) and 121 MeV
for phantom (B). As for phantom (C), the distribution shows two peaks at 161 MeV
and 66 MeV, corresponding to protons that traversed mostly water and bone, re-
spectively. The amplitude of the high energy peak is three times greater than that of
the low energy peak, thus confirming more protons have passed through the water
region. In addition, the plateau region between the two peaks shows that a lot of
protons have an intermediate energy after having traversed both materials.
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FIGURE 4.4 – Exit spatial (top), angular (middle) and energy (bottom)
distributions of unfiltered protons (bottom) with initial position t0 =

0 mm.
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FIGURE 4.5 – Trajectories of filtered protons (left) going through
phantoms A (top), B (middle) and C (bottom) and an example fit used
to compute the real MLP (right). The shaded grey areas correspond

to bone.

4.3.2 Real MLP estimation

Figure 4.5 shows proton trajectories in the three different phantoms in the case
of a theoretical straight line path (y0 = y2 = (0, 0)) and an example of the two-
term Gaussian fit used to compute the real MLP. The real MLP computed from the
most probable position at each depth does not differ from the theoretical MLP for
phantoms (A) and (B). The uncertainty envelopes are also close to the theory, except
that the envelope is wider in the bone region for phantom (B). For the transverse
heterogeneity, the real MLP is deflected towards the water part of the phantom. In
this case, the deviation reaches about−0.28 mm, but is still of the same magnitude as
the uncertainty envelope. The uncertainty envelope of the real MLP is asymmetric
with the larger side of the envelope situated towards the bone part of the phantom.

Regarding the distributions used to compute the real MLP, they are symmet-
ric for phantoms (A) and (B) and skewed for phantom (C). Although the two-term
Gaussian is not a perfect fit to the skewed distribution, it worked well enough to
locate the most probable position. Also, we note the data could be quite noisy due
to the filtering of the trajectories. Indeed, the cuts on the exit coordinates filter out
more than 99% of protons. The number of filtered protons is lower in case of hetero-
geneous phantoms as materials with a higher density — in our case, bone — scatter
protons with larger angles.

Figure 4.6 shows the Monte Carlo simulated trajectories of protons along the two
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(A)

(B)

FIGURE 4.6 – Proton trajectories along two transverse heterogeneities.
On the left, the beam position is shown on the 1/X0 map, in the mid-
dle, the trajectories are shown on a zoomed area of the same map.
Most small longitudinal heterogeneities are just an effect of the spline
interpolation done to rotate the image for visualization. On the right

are represented the energy distributions on the exit detector.

selected transverse heterogeneities in the ICRP phantom. For the first interface be-
tween air and head, we observe that the majority of protons pass through air, where
they are hardly scattered. We note that the entry and exit coordinates for the real and
theoretical MLP are different since the source is not a point and a majority of protons
satisfying y0 = y2 = (0, 0) have started in air. The shape of the real MLP follows a
quasi linear curve in the air region then gets closer to the theoretical MLP as protons
are scattered in the head region. A maximum bias of 0.085 mm is reached around the
entry and exit of the phantom. The real MLP for the second heterogeneity resembles
the one observed for Phantom (C). The maximum bias between the theoretical and
real MLP was measured at a depth of −34 mm and reached 0.075 mm.

4.3.3 MLP with prior knowledge

In Figure 4.7, the RMS error of the theoretical MLP for the same subset of protons
used in Figure 4.5 (protons filtered with y0 = y2 = (0, 0)) is shown. The theoretical
MLP was estimated for the three phantoms using the conventional formalism and
the heterogeneous formalism of Collins-Fekete et al. (2017a). The maximum RMS,
calculated using the homogeneous formalism, reaches 0.51 mm for phantom (B) and
0.46 mm for phantom (C), compared to 0.34 mm for the homogeneous phantom. The
maximum is shifted towards the bone region for phantom (B). For both phantoms
(B) and (C), the RMS error calculated using the heterogeneous formalism is almost
identical to the one assuming a water medium.
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FIGURE 4.7 – RMS error of the theoretical MLP for the three phan-
toms. There is an overlap between the orange and red curves corre-

sponding to phantom (B).

In Figure 4.8, we show the real and theoretical MLP for different exit coordinates
in the three phantoms. We observe there is a systematic error on the MLP of phantom
(B) when the path diverges from a straight line, although this error is smaller than
the bias measured for phantom (C). The heterogeneous MLP formalism allows to
effectively correct for this bias.

4.3.4 MLP near transverse interfaces for different trajectories

The unfiltered exit spatial and energy distributions for proton beams starting at
u0 = {−1,−0.5, 0, 0.5, 1} mm in phantom (C) are shown in Figure 4.9. The distribu-
tions for beams starting in the bone region (at u0 = 0.5 mm and 1 mm) are bimodal
as two peaks are clearly distinguishable. The other distributions are skewed but
have a single maximum.

Figure 4.10 shows an example of MLP when the distribution is bimodal. The
positions (µ1 and µ2) and amplitudes (A1 and A2) of both peaks of the fitted distri-
bution are represented, as well as the position of the global maximum. We observe
that the position of the global maximum, which is usually used to represent the
MLP, abruptly changes from 0.6 to −0.1 mm at u = 14 cm. The spatial distribution
is Gaussian in the first centimeters, with a single visible peak. Then, this first peak
declines and a second one appears as more and more protons transition to the water
region. The path obtained using the most probable position at each depth is discon-
tinuous, while the one following the center of the first Gaussian stays close to the
theoretical MLP.

Figure 4.11 summarizes the different biases obtained in phantom (C) and the
ICRP phantom for different entry and exit coordinates. The results for phantom (C)
show that protons with entry and exit coordinates in the same medium (top-left and
bottom-right quarters) have biases that are lower than protons whose entry and exit
positions are in different tissues or exactly at the interface between the two media
(bottom-left and top-right quarters). In addition, the bias is larger when protons start
their path in the denser tissue since they are more likely to transition to a different
medium. The maximum bias of 0.5 mm is found for protons starting in the bone
region and exiting at the interface.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



58 Chapter 4. Proton path in heteregeneous media

(A)

(B)

FIGURE 4.8 – Comparison of the theoretical and real MLP for different
exit positions : (A) MLPs in phantoms (A), (B) and (C), from left to
right, (B) maximum absolute difference between real and theoretical
paths. For phantom (B), the theoretical MLP computed using ground

truth knowledge of the tissues was additionally computed.

In the ICRP phantom, the bias for some trajectories could not be quantified near
the air/head interface as such trajectories were followed by only a very small num-
ber of protons due to the lack of scattering in air. These cases correspond to the
hatched regions in the figure. All measured biases, for both heterogeneities, were
quite small compared to the ones calculated using phantom (C). The largest bias was
0.10 mm for the air/head interface and 0.13 mm for the teeth/mandible interface.

4.4 Discussion

4.4.1 Impact of transverse heterogeneities on MLP

We have shown that the Gaussian assumption on the spatial and angular distri-
bution functions used to compute the MLP of protons is not valid when unbalanced
scattering occurs due to transverse heterogeneities. When protons traverse two dif-
ferent tissues, the tissue with the higher scattering power will scatter the particles
with larger angles, thus more protons will end up in the adjacent tissue. This causes
skewed or even double peaked distributions as seen in figures 4.4 and 4.9a.
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(A)

(B)

FIGURE 4.9 – Exit spatial (a) and energy (b) distributions for beams
starting at different positions, without any selection on the exit posi-
tion/angle. Negative t values are in water, positive ones are in bone.
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(A)

FIGURE 4.10 – Theoretical and real MLP for protons starting at u0 =
1 mm and exiting at u2 = 0 mm.

(A)

(B) (C)

FIGURE 4.11 – (a) Maximum bias in phantom (C) for different entry
and exit positions, negative positions are in water, positive values are
in bone. (b) and (c) Maximum bias reached near the air/head and
the teeth/mandible interfaces, respectively. The hatched areas corre-
spond to paths for which the number of protons was too small for

statistical analysis.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



4.4. Discussion 61

This asymmetry creates a bias between the MLP obtained from MC simulations
and the theoretical MLP assuming a Gaussian distribution. For example, the the-
oretical MLP might predict a straight path while the real MLP near a transverse
heterogeneity is in fact leaning towards the less scattering medium of the interface
(figures 4.5 and 4.6). The unbalanced scattering also leads to asymmetrical error
envelopes. The maximum bias measured in phantom (C) is 0.5 mm (Figure 4.11a).
However, it was also shown that in cases when the distribution is not unimodal
(when there is more than one peak, as seen when protons start their trajectory in
bone in Figure 4.9), the MLP estimated using the lateral position distribution major
mode (the most probable position) may produce a discontinuous trajectory. There-
fore, in theses cases, the bias does not reflect the difference between the real MLP
and theoretical MLP but rather the difference between the most probable position
and the theoretical MLP. If we only consider the cases with unimodal distributions
(three first rows of Figure 4.11a), the maximum bias reaches 0.45 mm. This is slightly
larger than the maximum MLP uncertainty which reaches 0.43 mm in water. The
maximum measured bias for a realistic heterogeneity only reached 0.13 mm (Fig-
ure 4.11c). We note that the choice of spatial and angular filter values was small
enough to consider the exit positions constant and large enough to keep a sufficient
number of protons for our analysis; reducing these thresholds did not alter our re-
sults.

4.4.2 Bimodal scattering distributions

Our results call into question the definition of the MLP in heterogeneous media.
Usually, the MLP is defined as the junction of the most likely transverse positions de-
termined independently as a function of depth. While this representation is a valid
path in the case of a unimodal distribution of the proton positions, the set of most
likely positions does not define a realistic and continuous path in the case of a distri-
bution with more than one peak (Figure 4.10). For such cases, the MLP should better
be understood as Most Likely Positions rather than Most Likely Path, and we can
imagine several competing paths. In the particular case shown in Figure 4.10, there
are two main proton populations: the first one is composed of protons that stayed
in the same medium – in this case, bone – and the second one of protons that tran-
sitioned into water. Therefore, the path associated with the first Gaussian (Eq. 4.7)
corresponds to protons having spent their entire trajectory in the bone region, which
explains its proximity to the theoretical path (the difference should be due to the
water assumption only). The path from the second Gaussian is harder to interpret.
It corresponds to protons that passed in the water region, although not all protons
transition at the same depth.

It could be of interest to develop an alternative definition of the MLP without
assuming a Gaussian distribution of the scattering angles and positions to take into
account transverse heterogeneities. However, one must keep in mind that the mea-
sured biases for realistic heterogeneities only reached 0.13 mm at the most. In addi-
tion, out of the many protons recorded and used for a full proton CT reconstruction,
only a few will have entry and exit coordinates that suggest they have grazed a den-
sity interface. Therefore, a correction of the bias might not significantly improve the
spatial resolution in pCT.

Also, we must acknowledge that our results are entirely based on Monte Carlo
simulations, and what we refer to as "real MLP" is only the result of simulated pro-
ton trajectories. However, experimental tracking of proton trajectories inside a target
would not have been feasible. The simulated proton tracks depend on the physics
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models used in Geant4 and on the simulation parameters. Therefore, we have ver-
ified our results were not considerably impacted by the chosen physics list or step
size. A simulation such as the one used in Figure 4.5 was performed in phantom (C)
using a maximum step size of either 100 µm and 5 mm, which resulted in the same
real MLP.

4.4.3 Impact of prior knowledge on MLP

We were able to verify that an adaptation of the formalism including a depth-
dependent radiation length and momentum-velocity (Collins-Fekete et al., 2017a) is
sufficient to correct for the bias in a longitudinally heterogeneous phantom. Using
ground-truth knowledge of the composition of phantom (B), we were able to correct
the bias induced by the water assumption (Figure 4.8).

Also, we have confirmed that the RMS is not a satisfactory metric to evaluate the
impact of heterogeneities on the accuracy of the MLP. Indeed, the RMS error is im-
pacted by the systematic bias in the MLP estimate but also the uncertainty around
this estimation, which depends on the scattering power of the medium. For exam-
ple, the RMS is higher in bone although there is no bias in the MLP. Using other
metrics such as the mean or maximum error allows for a better assessment of the
MLP accuracy. Collins-Fekete et al. (2017a) considered the fact that no difference was
seen in terms of RMS between the conventional MLP formalism and their adapted
formalism indicated that the increase of RMS in heterogeneous phantoms was only
due to an increased scattering. Our results show this holds true for longitudinal het-
erogeneities : since there was no systematic error in the MLP (at least for straight
line paths, and the bias for other trajectories was small compared with the one for
transverse heterogeneities), the rise in the RMS was essentially caused by MCS, thus
the use of the heterogeneous formalism did not reduce the RMS error.

4.4.4 Impact on energy distributions

It might be interesting to investigate the effects of transverse heterogeneities on
the protons’ exit energy (see figures 4.4 and 4.9) and whether they can lead to arti-
facts during the reconstruction as protons having the same theoretical MLP would
end up with a wide range of different energy losses.

We have shown that close to a transverse interface, the real MLP will lean to-
wards the less scattering material. In terms of tomographic reconstruction, this
means that protons will be backprojected along a path in one material (e.g. bone)
whereas they actually traveled partly in another material (water, air, etc.), which
would result in an underestimation of the relative stopping power of the bone tis-
sue near the interface. We expect the reconstructed interface to be slightly shifted
towards the bone region. We have yet to confirm these assumptions, but the impact
of transverse heterogeneities during reconstruction could explain some of the arti-
facts observed in other works. For example, Wang, Mackie, and Tomé (2010) noted
a dark ring artifact around object boundaries on reconstructed images. While the
authors attribute this artifact to an issue with the Geant4 energy loss model, it could
be related to transverse heterogeneities.

Furthermore, energy profiles such as the ones shown in Figures 4.4 and 4.9 would
complicate the energy cuts used to filter nuclear events. Usually, 3σ data cuts on
the exit energy allow to eliminate inelastic nuclear collisions, but such cuts on the
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observed distributions would probably be less efficient as the distribution is consti-
tuted of several peaks. In this case, it would be hard to distinguish between low en-
ergy protons that underwent nuclear collisions in water and protons that traversed
mostly bone, for example.

4.5 Conclusion

In this chapter, we studied the impact of heterogeneities on the assumption that
scattering distributions are Gaussian and how this could lead to systematic errors in
the MLP prediction. It was demonstrated that transverse heterogeneities induce non
Gaussian spatial and angular distributions. Depending on the trajectory along the
interface, the distributions can resemble a skewed Gaussian or a two-term Gaussian.
In the first case, there is a systematic error on the theoretical MLP as protons will
be more likely to traverse the less scattering medium. In the second case, as the
distributions of the transverse positions have several modes, the notion of a single
most likely path is not fitting. The maximum bias between the theoretical MLP and
the MLP derived from Monte Carlo simulated trajectories reaches 0.45 mm for a
20 cm long water/bone interface, and 0.13 mm for a more realistic interface in a head
phantom. We have observed that longitudinal heterogeneities induce a very small
systematic error on the MLP, which can be corrected by using prior knowledge of the
object’s tissue composition. Although the impact of heterogeneities on the MLP is
small, combined with the impact on the energy distributions, it could lead to artifacts
during reconstruction.
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Chapter 5

A two-dimensional directional
ramp filter

In this chapter, we propose a filter adapted to proton CT direct (non iterative) recon-
struction in order to improve spatial resolution of pCT images. We derive its expression and
test it on xCT and pCT data. Incidentally, this filter can be used to reconstruct 2D tilted
projections in xCT. This chapter is adapted from Khellaf et al. (2020a).

5.1 Introduction

Filtered backprojection (FBP) is the reference algorithm to reconstruct tomo-
graphic data. It consists in (1) filtering the projections with a 1D ramp filter and
(2) backprojecting the result in the image domain. An alternative method, the
backproject-filter or backproject first (BPF), starts with the backprojection before
filtering in the 2D image domain. BPF approaches can be useful when dealing
with certain modalities to avoid resampling. For example, in proton CT, starting
by backprojecting the protons along their non-linear paths could improve spatial
resolution, compared with binning the list-mode data into projections (Zeng,
2007; Poludniowski et al., 2014; Rit et al., 2015). Similarly, time-of-flight (TOF)
information of PET can be accounted for in the image domain (Watson, 2007)
(Figure 5.1). Our objective is to develop such an approach by extending the usual
1D ramp filter in 2D. BPF methods usually rely on 2D radial filters (Zeng and
Gullberg, 1994; Poludniowski et al., 2014). However, the backprojected image has
an infinite support which is problematic during convolution since the computed
backprojection matrix must have a finite size. The truncation will cause an offset in
the reconstructed values, which can be minimized by using a very large backpro-
jection matrix. Another possible backproject-first approach is based on the Hilbert
transform inversion (Noo, Clackdoyle, and Pack, 2004; Zeng, 2007; Rit et al., 2015),
and involves a differentiation step.

In this work, the idea is to (1) smear each single projection in the image space, (2)
filter the smeared projection with a 2D version of the 1D ramp filter and (3) integrate
over all projection angles. A similar 2D version of the ramp filter has been proposed
by Watson (2007) in the context of TOF PET, although the filter was sampled di-
rectly in the frequency domain causing sampling artifacts. A variation of this filter,
also proposed by Watson (2007) and called CRG-CW (Convolved Ramp and Gaus-
sian with Confidence Weighting), has been used for TOF direct reconstruction (Kao,
2008; Kao et al., 2010; Guo, Kao, and Xie, 2011; Conti, Eriksson, and Westerwoudt,
2013). Similarly to what is done for the 1D ramp filter, we will sample the 2D ramp
filter in the spatial domain to avoid sampling artifacts. We start by defining the 2D
ramp filter in the case of parallel xCT, derive its expression in the spatial domain,
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FIGURE 5.1 – Parallel xCT geometry (top left), pCT single tracking
setup (top right), and TOF PET setup (bottom).

before applying this method to simulated xCT and pCT data. Although the main ap-
plication in mind for this method is pCT, the filter is mathematically demonstrated
in a conventional xCT setting for simplicity, and then applied to proton CT data.

5.2 Materials and Methods

5.2.1 Parallel FBP and 1D ramp filter

An image f (x1, x2), with (x1, x2) the spatial coordinates, can be reconstructed
from its parallel projections

pφ(s1) =
∫

R
f (s1θ+ s2θ⊥)ds2, (5.1)

where s1 is the distance of the projection line from the center, s2 is the position along
the projection line, θ = (cos φ, sin φ) and θ⊥ = (− sin φ, cos φ) (see Figure 5.1).
Using a filtered backprojection method, the image is reconstructed by

f (x1, x2) =
∫ π

0
p̃φ(x1 cos φ + x2 sin φ)dφ, (5.2)
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where

p̃φ(s1) =
∫

R
Pφ(σ1)|σ1|ei2πσ1s1 dσ1, (5.3)

with Pφ(σ1) defined as the Fourier transform (FT) of pφ(s1).
In practice, the filtered projections p̃φ(s1) are obtained using a band-limited ver-

sion of the 1D ramp filter. A common choice proposed by Bracewell and Riddle
(1967) and Ramachandran and Lakshminarayanan (1971) is

H(σ1) =

{
|σ1| if −W < σ1 < W
0 otherwise,

(5.4)

with W the Nyquist frequency defined as W = 1/2τ with τ the sampling period of
the projections pφ. Directly discretizing this expression to filter the projections in the
frequency domain would cause an underestimation of the entire reconstructed val-
ues, because of the zero value attributed to the zero frequency bin (Kak and Slaney,
1988; Crawford, 1991). In order to avoid this issue, the impulse response of the filter
is calculated by taking its inverse Fourier transform

h(s1) =
∫

R
H(σ1)ei2πσ1s1 dσ1

=
1

2τ2 sinc
(2πs1

2τ

)
− 1

4τ2 sinc2
(πs1

2τ

) (5.5)

and subsequently discretized by replacing s1 = nτ, which yields

h[n] =


1

4τ2 , if n = 0

0, if n even
−1

n2π2τ2 , if n odd,

(5.6)

as was proposed by Ramachandran and Lakshminarayanan (1971). The discrete
Fourier transform (DFT) of this impulse response does not have a zero value at its
zero frequency and allows an accurate reconstruction of the image values (Kak and
Slaney, 1988). Equation 5.6 is used to compute the 1D ramp filter used for FBP.

5.2.2 From the 1D ramp filter to a 2D directional ramp filter

From Equation 5.2, we see that the projections are filtered then smeared in the
image space using the variable change s1 = x1 cos φ + x2 sin φ. We want to apply a
2D version of the ramp filter on the already smeared projections, i.e. do the variable
change before filtering.

We recall that (σ1, σ2) are the Fourier variables corresponding to (s1, s2) in
the spatial domain. We introduce the Dirac δ function, using the property∫

R
δ(σ2)ei2πσ2s2 dσ2 = 1, in Equation 5.3

p̃φ(s1) =
∫

R

∫
R

δ(σ2)Pφ(σ1)|σ1|ei2π(σ1s1+σ2s2) dσ1 dσ2 (5.7)
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and, given the expression of the Fourier transform Pφ(σ1) and the fact that formally
δ(σ2) =

∫
R

e−i2πσ2s2 ds2, note that

δ(σ2)Pφ(σ1) =
∫

R

∫
R

pφ(s1)e−i2π(σ1s1+σ2s2) ds1 ds2. (5.8)

We use the following vector notations for s1 = x · θ, s2 = x · θ⊥ and the cor-
responding Fourier variables σ1 = ξ · θ and σ2 = ξ · θ⊥, where x = (x1, x2) and
ξ = (ξ1, ξ2). We also define bφ : R2 → R, the backprojection of one projection, as

bφ(x) = pφ(x · θ), (5.9)

and Bφ(ξ) its Fourier transform. We call bφ(x) a smeared projection. Using these
definitions, we note that Equation 5.8 is the expression of the Fourier transform of
bφ(x), and Equation 5.7 becomes

b̃φ(x) =
∫

R2
Bφ(ξ)|ξ · θ|ei2πξ·x dξ. (5.10)

The image can then be reconstructed from

f (x) =
∫ π

0
b̃φ(x)dφ. (5.11)

This equation allows reconstructing the image in three steps

1. Smear each projection in the image space, i.e. compute a 2D image bφ(x) for
each projection angle;

2. Filter each 2D image bφ(x) with the corresponding 2D filter |ξ · θ| to obtain
b̃φ(x);

3. Sum b̃φ(x) over all angles φ.

Note that this 2D version of the ramp filter depends on φ, hence the name di-
rectional ramp (DR) filter. By definition, the backprojection operation consists in
smearing each projection in the image space, i.e. interpolating bφ(x) from pφ(s1)
using bφ(x) = pφ(x · θ), and summing over all projection angles, i.e. computing∫ π

0 bφ(x)dφ . In the proposed method, we break these two steps apart: steps (1) and
(3) correspond to the backprojection and step (2) to the filtering. This method resem-
bles a BPF approach since we start by smearing the projections in the image space,
however the angular sum to compute the backprojected image is the last step as in
an FBP.

The usual 2D cone filter used in BPF methods is ‖ξ‖. Unlike the DR filter which
must be used before the angular sum as it depends on the projection angle, the cone
filter is applied after the full backprojection since it is not direction dependent. We
mentioned in the introduction that a similar filter to the 2D DR, called transverse
ramp, had been proposed to reconstruct TOF PET data (Watson, 2007). It was di-
rectly sampled in the frequency domain, causing sampling artifacts due to the zero
values along the line ξ · θ = 0. We choose to calculate the filter’s impulse response
as in the 1D case to avoid such artifacts.
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5.2.3 Impulse response of the 2D directional ramp filter

A band-limited version of the 2D DR filter is given by

Hφ(ξ) =

{
|ξ · θ| if | ξ1 |, | ξ2 |< W
0 otherwise.

(5.12)

The corresponding kernel in the direct space is obtained by taking the inverse
Fourier transform of this directional filter:

hφ(x) =
∫

R2
Hφ(ξ)ei2πξ·x dξ. (5.13)

For φ ∈ [−π/4, π/4], the integral can be split into two parts,

hφ(x1, x2) =
∫ W

−W

[ ∫ −ξ2 tan φ

−W
−(ξ1 cos φ + ξ2 sin φ)ei2π(ξ1x1+ξ2x2) dξ1

+
∫ W

−ξ2 tan φ
(ξ1 cos φ + ξ2 sin φ)ei2π(ξ1x1+ξ2x2) dξ1

]
dξ2, (5.14)

knowing that ξ · θ is negative below the line given by ξ1 = −ξ2 tan φ and positive
above it. These integrals lead to

hφ(x1, x2) =
(
− x2 cos φ sinc

(π(x1 tan φ− x2)

τ

)
− x1 sin φ cos

(πx1

τ

)
cos

(πx2

τ

)
+ (x1 sin φ + x2 cos φ) sinc

(πx2

τ

)
cos

(πx1

τ

))
× 1

2τ(πx1)2x2
+

cos φ

2τ3 sinc
(πx1

τ

)
sinc

(πx2

τ

)
. (5.15)

The discretized impulse response, with x1 = mτ and x2 = nτ, is given by

hφ[m, n] =



1
2π2τ3

(− cos φ

m2 sinc(π(m tan φ− n))

− cos(πn) cos(πm)
sin φ

nm

) if m, n 6= 0

sin2 φ

2π2n2τ3 cos φ
cos(πn) if m = 0, n 6= 0

cos φ

2π2m2τ3 (cos(πm)− sinc(πm tan φ)) if m 6= 0, n = 0

2 cos2 φ + 1
12τ3 cos φ

if m = 0, n = 0.

(5.16)

The expressions for m and/or n equal to zero are found by setting x1 and/or x2 to
zero in Equation 5.14. The expression can be extended to angles φ /∈ [−π/4, π/4]
using hφ+π[m, n] = −hφ[m, n] and hφ+π/2[m, n] = h−φ[n, m]. Note that setting φ = 0
in Equation 5.16 gives the expression of the 1D ramp filter multiplied by 1/τ on the
line n = 0, and zero elsewhere. It should also be noted that the impulse response of
the filter (Equation 5.15) has infinite support, such that sampling the filter in the fre-
quency domain would always result in aliasing artifacts according to the sampling
theorem (Crawford, 1991).
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FIGURE 5.2 – Smeared projection for angle φ = 0 (left) and φ = −π/4
(right). The field of view is represented by the blue circle and the
reconstructed region by the orange square. The shaded areas repre-
sent the regions where the image is truncated in the direction of θ.
The green square represents the region needed to accurately filter the
smeared projection for all angles. For φ = 0, the data inside the or-
ange square is sufficient for accurate reconstruction inside the FOV,
while a larger region is needed for oblique angles, with the largest

area being for φ = π/4 + kπ/2.

5.2.4 Size of the backprojection region

In order for the 2D filtered smeared projections to be equivalent to the 1D filtered
projections, we need non-truncated images bφ(x) along the direction θ inside the
FOV (Figure 5.2). We do not need the full projections outside the FOV since the
DR filter tends to a Dirac along θ⊥ in the direct space (since it is constant in the
Fourier space), such that the projection lines outside the FOV do not contribute to
the reconstruction. By taking a backprojection region (region where the projections
will be smeared) of the same size as the reconstruction region, part of the data near
the borders will be truncated for angles φ 6= kπ/2, k ∈ Z. In order to keep the full
projections inside a circular FOV for all angles, one should set M =

√
2N, where the

backprojection region is M×M and the reconstruction region is N × N.

5.2.5 Simulations

We generated parallel ray projections of the 2D Shepp Logan phantom (Shepp
and Logan, 1974) using RTK (Rit et al., 2014) in order to test the filter. 804 projections
were acquired over a 180 degree range, with a detector of 512 pixels. The phantom
was reconstructed using grids of 512× 512 pixels and 1024× 1024 pixels. Poisson
noise was applied to the idealized projections, using an initial fluence of 107 photons
per detector pixel, and weighting the line integrals with 0.01879 mm−1, the linear
attenuation coefficient of water at 75 keV, to work with physical attenuation values.

A proton CT simulation was performed using the Monte Carlo platform
GATE (Jan et al., 2011). A “single tracking" setup was used, consisting of
two ideal detectors measuring position, direction and energy, located upstream
and downstream from the phantoms. A 200 MeV rotating fan-beam pro-
ton source was positioned 1 m away from the object center, with a flux of
225 protons·mm−2·projection−1 at the isocenter, for a total of 720 projections over
a 360 degree range. Protons were paired between the two detectors, and each pro-
ton’s path was estimated using the MLP formalism, after excluding protons with
nuclear interactions using 3σ angle and energy cuts (Schulte et al., 2008). The list-
mode data was binned into parallel geometry images bφ(x) using the same binning
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as the one of Rit et al. (2015), described in detail in the next chapter. The object was
reconstructed in a grid of 1000× 1000 pixels with a pixel spacing of 0.25 mm. We
simulated a spiral phantom, consisting of a disk of water of diameter 20 cm with alu-
minum inserts (Figure 5.6) to take into account the spatial dependence of the spatial
resolution in pCT.

5.2.6 Spatial resolution

The spatial resolution was obtained by extracting edge profiles and estimating
the corresponding MTF. The MTF was calculated in the spiral phantom using each
aluminium insert’s radial edge spread function (ESF), as recommended by Richard
et al. (2012).

Assuming a Gaussian line spread function (LSF), the ESF is given by the integral
of a Gaussian, which is the error function (erf). Therefore, the following function
with parameters µ and σ was fitted to radial edge profiles for each insert

ESF(x) ∝
1
2

(
1 + erf

( x− µ

σ

))
, (5.17)

with
erf(x) =

2√
π

∫ x

0
exp(−t2)dt. (5.18)

The MTF is simply the modulus of the Fourier transform of the LSF, which yields

MTF( f ) ∝ exp (−2π2(σ f )2), (5.19)

therefore it can be directly calculated from the fitted parameter of the ESF function.
The frequency corresponding to an MTF value of 10%, given by

fMTF10% =

√
ln 10

2
1

πσ
, (5.20)

was used to quantify the spatial resolution. The uncertainty on fMTF10% was derived
from the standard deviation of the error function fit.

5.3 Results

Figure 5.3 shows the “pseudo-continuous" filter, i.e. the oversampled filter cal-
culated from the continuous impulse response (Equation 5.15) by setting x1 = mτ′

and x2 = nτ′ with τ′ � τ. After discretization, for the case φ = 0 (left), the sam-
ples outside the central horizontal line lie exactly on the zero crossings. For the case
φ = π/3 (right), the filter is not zero outside the filtering line n = m tan φ. The DFT
of the filters looks like the usual 1D ramp filter duplicated along the direction θ⊥.

Figure 5.4 shows the central line profile of the Shepp Logan phantom recon-
structed using the 2D DR filter sampled in the frequency domain or in the spatial do-
main. The reconstructed values using the frequency sampling are underestimated.
The bias is constant and equal to −0.017.

The reconstructions of the Shepp-Logan phantom using different parameters are
shown in Figure 5.5. Except for the reconstruction using a frequency sampled fil-
ter, the rest of the reconstructions are very similar. Some artifacts are visible near
the outer edges of the phantom in the case of the non-apodized DR filter (third and
forth columns) for idealized projections. This is better visualized on the difference
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FIGURE 5.3 – Top : Pseudo-continuous impulse response of the 2D
DR filter for φ = 0 (left) and φ = π/3 (right). The discrete samples
are overlayed as black dots. Bottom : Fourier transform of the discrete

impulse response.

FIGURE 5.4 – Central line profile of the reference and the recon-
structed Shepp-Logan phantom using the 2D DR filter sampled in

the frequency domain or the spatial domain.
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FBP DR (freq samp) DR (spatial samp) DR oversampled DR + Hamming
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FIGURE 5.5 – Shepp-Logan phantom reconstructed using, from left
to right, an FBP, the DR filter sampled in the frequency and spatial
domain, the oversampled DR filter (N=1024), and the filter apodized
with a Hamming window. The first two rows correspond to the re-
sults (reconstruction and difference with reference) for idealised pro-
jections and the two bottom rows to the results for noisy projections.

maps, where the DR reconstructed image is slightly noisier for idealized projections,
although this is only visible with a tight color scale ([−0.01, 0.01]). Using an over-
sampled backprojection (but keeping the same sampling for the projections) reduces
the noise, and apodizing the filter with a Hamming window completely suppresses
the artifacts. The reconstructions from noisy projections show the DR filter performs
as well as the 1D ramp filter, and that the amplitude of the previous artifacts is small
compared with the statistical noise as they are not visible anymore.

The reconstructions of proton CT data are shown in Figure 5.6. The spatially
sampled DR filter, without resampling or apodization, was used for reconstruction.
There is no visible difference between the image reconstructed with an FBP and with
the DR filter. The spatial resolution fMTF10% as a function of each bead’s distance to
the center of the phantom is represented. The difference between the resolution for
the FBP and the DR algorithms reaches 0.8 lp/mm for the outermost bead.
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FIGURE 5.6 – (a) Proton CT reconstructions of the RSP map of the spi-
ral phantom using an FBP (left) and the DR filter (right). (b) Spatial
resolution of the inserts in the spiral phantom. The shaded areas cor-
respond to ±3σ where σ is the uncertainty on the spatial resolution.
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5.4 Discussion

Our results show that the 2D DR filter, sampled in the spatial domain, allows
accurate reconstruction of xCT and pCT data, although some artifacts are apparent
in the case of reconstructions from noiseless xCT projections.

As was observed for the 1D ramp filter by Crawford (1991) and Kak and Slaney
(1988), sampling in the frequency domain will cause aliasing artifacts (an underes-
timation in the spatial domain) due to the infinite support of the impulse response.
In the direct space, the DR filter should look like a Dirac in the direction θ⊥ for the
2D convolution to be equivalent to the 1D one. However, apodizing the filter with
a square window in Equation 5.12 results in a convolution with a 2D sinc function,
which explains the shape of the filter in Figure 5.3. While the discretized filter is a
Dirac for angles φ = kπ/2, k ∈ Z, since all samples outside the central line are zero,
this is not the case for other angles, meaning there will be interferences from other
lines during convolution. In Fourier space, this translates in a discontinuity of the FT
at the Nyquist frequency. This is visible in Figure 5.3 where the DFT of the DR filter
for φ = π/3 has very thin black lines on its bottom left corner. This could explain
the remaining artifacts visible in Figure 5.5. A similar issue with the continuity of
the FT was reported by Schöndube, Stierstorfer, and Noo (2010), where the authors
define a 2D inverse Hilbert transform. The image reconstructed using this filter suf-
fered from ring artifacts. One of the proposed solutions is to apodize the filter in
the Fourier space using a Hamming window to deal with the discontinuity. Our
results show that the apodization effectively suppresses artifacts, although it also
causes a slight loss of spatial resolution. An alternative is to increase the sampling
of the backprojected image, which also reduces the noise as seen in Figure 5.5. Since
the artifacts are related to the sampling of the 2D DR filter, taking more samples i.e.
increasing the filter’s band limit, will make the reconstruction less noisy. However,
this artifact is not visible when using projections with a realistic level of noise.

In the case of simple line integrals, such as in xCT, using the 2D DR filter should
give the same result as a standard FBP but is computationally less effective. The DR
filter could rather be used with modalities such as proton CT or TOF PET, where
the projections are respectively integrals along non-linear paths due to multiple
Coulomb scattering or integrals along weighted lines due to time resolution of the
detector. In xCT, the projections are constant along the direction θ⊥, therefore using
1D projections and the 1D ramp filter makes sense. Both pCT and TOF PET add a
new dimension, the depth of the proton or the time-of-flight, such that the smeared
projections vary along θ⊥ (see Figure 5.1). Filtering the 2D smeared projections bφ(x)
requires either rotating each image so that its samples are aligned with the 1D filter,
then performing a line-by-line filtering; or using a directional 2D ramp filter. The
DR filter could present some notable advantages in this case: as in BPF methods,
the filtering is done in the image space so that we avoid rotations that can cause a
loss of spatial resolution; at the same time, unlike other BPF approaches, there is
no bias due to the truncation of the backprojection region which does not need to
be approximated using very large matrices (2 to 4 times the reconstruction region
in Poludniowski et al. (2014) versus

√
2-times). A drawback is that the DR filter is

different for each projection angle, but it can be pre-computed for a given image grid
and set of projection angles.

Our results for proton CT data (Figure 5.6) have confirmed that the DR filter
can improve spatial resolution compared with an FBP algorithm. This improvement
was observed only for inserts close to the edge of the spiral phantom because at the
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FIGURE 5.7 – Scheme of the geometry for tilted 2D projections. The
tilted detector is represented in dotted lines. It corresponds to a rota-

tion of the aligned detector by angle α around the s2-axis.

center of the object, the image is too blurry due to Coulomb scattering to see any en-
hancement of spatial resolution. Additionally, no sampling artifacts were observed
as the pCT image noise was dominated by energy straggling of the protons, multiple
Coulomb scattering and statistical noise.

While this method is theoretically demonstrated for parallel geometries only, the
acquisitions can be done in another setup as long as the data is rebinned into parallel
geometry, which is straightforward for list-mode pCT data, as was done for our own
pCT simulations. It may be possible to derive an expression for the ramp filter in the
case of fan beam data, for example; however, this might prove to be more difficult
as the transform from the sinogram domain to the image domain is not a simple
rotation as for parallel data.

5.5 Application to tilted X-ray CT projections

In this section, we present a different application of the DR filter in the case of
2D parallel projections in xCT, when the detector is rotated by an in-plane angle α
(see Figure 5.7). The projections would need to be realigned with the reconstructed
image grid before filtering. To avoid this interpolation, the 2D DR filter, computed
for the in-plane angle α, could be used on each 2D projection before backprojection.
Unlike the previous application, the same filter direction would be used on all 2D
projections, which reduces the computational cost of this operation.

Let us redefine x ∈ R3 and θ = (cos φ, sin φ, 0). The tilted vectors β and β⊥ are
given by

β =

cos α cos φ
cos α sin φ

sin α

 , (5.21)

and

β⊥ =

− sin α cos φ
− sin α sin φ

cos α

 , (5.22)
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FIGURE 5.8 – Example of one projection at φ = 25◦ of the Shepp-
Logan phantom, with in-plane angle α = 0 (left) and α = π/6 (right).

which yields s′1 = x · β and s′3 = x · β⊥. We wish to filter the projections pφ(s′1, s′3). An
example of such 2D projections for the Shepp-Logan phantom is shown in Figure 5.8.
Instead of interpolating pφ(s1, s3) from pφ(s′1, s′3) in order to filter the projection line-
by-line, the DR filter can directly perform the ramp filtering. The reconstructed im-
age is given by

f (x) =
∫ π

0
(pφ ∗ hα)(x · β, x · β⊥)dφ, (5.23)

with hα the DR filter for angle α and ∗ the 2D convolution operator.

5.5.1 Simulations

In order to test the filter, we generated 3D projections of a Shepp Logan phantom
using RTK (Rit et al., 2014) with a parallel beam. 360 projections of 1000× 1000 pix-
els were acquired with in-plane angles of π/6, π/4 and π/3, over a 180◦ range.
The central slice was reconstructed, using a grid of 1000 × 1000 pixels of size
0.5× 0.5 mm2. The data was reconstructed either by rotating the projections then
performing a standard filtered backprojection with the 1D ramp filter, or by using
the directional ramp filter.

5.5.2 Results

Figure 5.9 shows the reconstructed Shepp-Logan phantom from projections ac-
quired with in-plane angles of φ = π/6, π/4 and π/3 using the 2D directional ramp
filter without apodization. All reconstructions show ringing-like artifacts, although
they are only visible with a tight colorscale. We also observe that the shape of the ar-
tifacts depends on the direction of the filter. The spatial resolution is not significantly
different between the three reconstructions.

Figure 5.10 shows the reconstructions achieved using the directional ramp filter
from projections acquired with an in-plane angle of φ = π/3, compared to the usual
reconstruction with the 1D ramp filter after rotation and without apodization. Using
a Hamming window completely suppresses the ringing artifacts, although a loss
in spatial resolution is visible. The directional ramp filter apodized with a Tukey
window offers a trade-off between artifact suppression (some ringing artifatcts are
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FIGURE 5.9 – Reconstructions of the central slice of the Shepp-Logan
phantom using the non-apodized directional ramp filter, from projec-

tions acquired with different in-plane angles.

still visible near the object borders) and spatial resolution. The amplitude of the
artifacts can be assessed on the vertical and horizontal profiles.

Figure 5.11 shows the MTFs in the Shepp-Logan phantom reconstructed using a
rotation and 1D ramp filter, or the 2D DR filter with different apodizations. Results
show the reconstruction with the non-apodized directional ramp filter has the best
MTF although the associated uncertainty is quite high compared with the other re-
constructions due to the artifacts. Apodizing the filter with a Tukey window gives
a better resolution than the reconstruction after rotation while suppressing most ar-
tifacts, while the Hamming window causes a significant resolution loss. The reso-
lution fMTF10% reaches 0.56 lp/mm for the reconstruction after rotation, 0.74 lp/mm
for the 2D ramp, 0.66 lp/mm for the Tukey apodized DR and 0.42 lp/mm with the
Hamming apodization.

5.5.3 Discussion

Our results show that the 2D directional ramp filter allows to reconstruct x-ray
CT images from tilted projections without resorting to a rotation. The resulting re-
constructed images benefit from a better spatial resolution, with an increase from
0.56 to 0.74 lp/mm. However, this improvement in terms of spatial resolution comes
with ringing-like artifacts visible in Figure 5.9. The images reconstructed with the
directional ramp filter are therefore noisier, which explains the larger uncertainty on
the MTF compared to an apodized filter or a rotation (Figure 5.11).

We observed that the artifacts’ shape depends on the direction of the filter. Since
these artifacts are caused by the discontinuity of the DFT, each filter direction will
produce a different discontinuity which will have different effects on the image in
the direct space. To remove these artifacts, apodization windows like Hamming or
Tukey are effective. The Tukey window offers a good alternative since it removes
most of the artifacts except some over- and undershoots at the edges and still pre-
serves the spatial resolution. We have shown the results using a Tukey window
parameter of 0.5, but the window can be adjusted according to the severity of the
artifacts. We also note that the artifacts are more important for this application than
the previous one. This might be due to the fact that a single filter direction is used
for all projections, such that the artifacts for different directions cannot even out.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



5.5. Application to tilted X-ray CT projections 79

FIGURE 5.10 – Reconstructed central slice of the Shepp-Logan phan-
tom from tilted projections, with rotation and 1D ramp filtering
(top left), 2D directional ramp filter (top right), 2D directional filter
apodized with a Tukey window (middle left) and a Hamming win-
dow (middle right). The edge profiles used to compute the spatial
resolution are shown in red in the top left image. Horizontal (bottom
left) and vertical (bottom right) central profiles are drawn for the four

reconstructions.
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FIGURE 5.11 – Modulation transfer functions for the four different
reconstructions. The filled envelopes represent the 3σ uncertainty on

the MTF.

5.6 Conclusion

We have proposed a 2D version of the ramp filter, called directional ramp fil-
ter, and showed two possible applications. First, this filter can be used in place of
the 1D ramp to take into account the depth dimension of pCT data. This recon-
struction method starts by smearing each individual projection in the image space,
performing the direction-dependent filtering, and finally summing over all projec-
tion angles. This allows an accurate reconstruction of pCT images and can be used to
avoid an interpolation which would degrade spatial resolution. In the next chapter,
this method will be more throughly compared to other pCT reconstruction methods
in terms of spatial resolution and RSP accuracy.

Second, we have shown a different application in the context of 2D X-ray CT
projections using tilted detectors. Again, the filter can be useful to preserve spatial
resolution when used in place of a rotation, although special care must be taken to
avoid introducing artifacts in the reconstructed image.
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Chapter 6

A comparison of direct
reconstruction algorithms in proton
CT

In this chapter, we conduct a comparison of several non-iterative reconstruction algo-
rithms for pCT, including the directional ramp method, in terms of spatial resolution and
RSP accuracy. This chapter is adapted from Khellaf et al. (2020b).

6.1 Introduction

The inverse problem in pCT is similar to that in X-ray CT as it consists in recon-
structing an image from line integrals. What makes it different are the non-linear
integration lines representing the proton path estimates. We have briefly introduced
the different reconstruction methods proposed to account for this non-linearity in
pCT images in section 3.6.2. The MLP information can be included in iterative or
analytical reconstruction algorithms to improve spatial resolution. In this chapter,
we focus on analytical methods, although we prefer to call them "direct" rather than
analytical, since there is no actual mathematical inversion for proton trajectories and
all solutions are heuristic.

Iterative algorithms have advantages, e.g. including priors to improve image re-
construction (Hansen et al., 2014b), however, their computational cost is generally
an order of magnitude larger than direct methods (Hansen, Sørensen, and Rit, 2016).
A comparison between several iterative and one direct reconstruction methods was
conducted by Hansen, Sørensen, and Rit (2016). However, no comparison between
direct reconstruction methods was reported in the literature. The purpose of this
work is to compare five different direct algorithms based on spatial resolution as
well as RSP accuracy. Although some of the direct methods are quite close, they
use different kinds of approximations which could impact spatial resolution and/or
RSP accuracy. For instance, as discussed in the previous chapter, backproject-filter
approaches fit the list-mode data more naturally and might give a better spatial res-
olution, but some of these methods also require the computation of correction terms
that might degrade the RSP accuracy. By comparing these methods, this work aims
to select the algorithm giving the best spatial resolution while keeping a high RSP
accuracy (relative error about 0.1% to 0.5% (Penfold et al., 2009; Poludniowski et al.,
2014)) with a reasonable computational cost.
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6.2 Materials and Methods

The aim of pCT reconstruction is to build an RSP map from the protons’ energy
loss. We remind the inverse problem of pCT for a given proton i

WEPLi ≡
∫ Γi(tout

i )

Γi(tin
i )

RSP(Γi(t))dΓi(t) ≈
∫ Ein

i

Eout
i

dE
Swater(E)

(6.1)

where Γi(t) ∈ R3 is the proton path parametrized by t ∈ R, tin
i and tout

i are the
entrance and exit times, RSP(Γi(t)) is the stopping power relative to water at posi-
tion Γi(t), Ein

i and Eout
i are the entrance and exit proton energies, and Swater(E) is the

stopping power of water for energy E.
The WEPL can be computed by numerically integrating the right-hand side of

Equation 6.1 using the measured entrance and exit energies and the Bethe-Bloch for-
mula to estimate Swater(E). The MLP Γ̂i is computed using the formalism of Schulte
et al. (2008). The difference between the reconstruction algorithms described below
is in the method to invert the RSP integral along the MLP.

The following sections summarize the five algorithms included in this com-
parison: the distance-driven (DD) binning algorithm, the ML algorithm, the
backprojection-then-filtering (BTF) method, the differentiated backprojection (DBP)
method, and the directional ramp which will not be detailed as it is already pre-
sented in the previous chapter. All algorithms are presented in a parallel beam set-up
for simplicity, although they can all be used with other geometries after appropriate
rebinning of the list-mode data.

6.2.1 Distance-driven algorithm

It is the first direct reconstruction algorithm incorporating the MLP that was pro-
posed in the literature (Rit et al., 2013). It consists in binning the protons into projec-
tions on a series of planes parallel to the detectors according to the estimated proton
path, rather than binning just in the detector plane. The projection binning is done
at several distances, hence the name of the algorithm.

The MLP formalism yields the coordinates ui(w) and vi(w) for each proton i,
where w is the depth of the proton, following Equation 3.14. In practice, we compute
this trajectory at a discrete number of distances wk with k ∈ {1, ..., K} such that
ui,k = ui(wk) and vi,k = vi(wk) (Figure 6.1). The 3D proton trajectory at the time
when proton i crosses the plane parallel to the detectors at distance wk is written
Γ̂i(ti,k) ∈ R3 such that 

ui,k = Γ̂i(ti,k) · eu

vi,k = Γ̂i(ti,k) · ev

wk = Γ̂i(ti,k) · ew.

(6.2)

Without loss of generality, we use the 3D path to bin the list-mode data into projec-
tions, but only the 2D central slice is considered in the following. The value in the
sinogram for pixel j and source position p is given by

gj,p =
∑i∈Ip ∑k ζ j(ui,k, vi,k, wk)WEPLi

∑i∈Ip ∑k ζ j(ui,k, vi,k, wk)
(6.3)
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FIGURE 6.1 – pCT set-up with a parallel proton beam. The top fig-
ure corresponds to the geometry in the frame of reference of the
source/detector used for the distance-driven binning, i.e. the unit
vectors (eu, ev, ew) define a coordinate system with eu defining the
detector surface, ew the proton beam direction and ev the axial direc-
tion. The middle figure corresponds to the geometry used in the ML
method. The bottom figure corresponds to the geometry in the frame
of reference of the object used for the backprojection binning, with

(ex , ey, ez) a fixed coordinate system.
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where ζ j is the indicator function for pixel j defined as

ζ j(y) =

{
1 if y ∈ R3 is in pixel j,
0 otherwise,

(6.4)

and Ip is the subset of protons emitted from the same source position p. Note that
the sinogram for a single slice is in 3D since it depends on the source position and the
2D pixel index. The filtering and backprojection steps are the same as in a standard
filtered backprojection algorithm, except that a voxel-specific backprojection is used
to select which distance w to use, instead of the usual pixel-specific backprojection.
Specifically, we define the 2D projections gp(u, w) : R2 → R as

gp(u, w) = ∑
j

gj,pψj(u, w), (6.5)

with ψj(u, w) a given interpolation function. The reconstructed image f DD(x) :
R2 → R is then given by

f DD(x) = ∑
p

g̃p(x · eu, x · ew)∆θ (6.6)

with x = (x, y) ∈ R2, g̃p the ramp-filtered projection gp, and ∆θ the constant angular
spacing between consecutive projections.

6.2.2 Maximum likelihood algorithm

This method proposes to maximize the likelihood of the water equivalent thick-
ness (WET) in proton radiographs, i.e. on the projection level, in order to improve
their spatial resolution (Collins-Fekete et al., 2016). These optimized radiographs
are then used to reconstruct a pCT image using a standard FBP. Specifically, the
WET’s likelihood is maximized for each so-called “channel" c in a radiograph, where
a channel is the volume defined by the pixel corners along the source direction (see
Figure 6.1). The WET value for channel c and source position p is obtained given the
measured WEPL and the estimated trajectory for each proton using

WETc,p =
∑i∈Ip

l2
c,i
L2

i
WEPLi

∑i∈Ip

l2
c,i
L2

i

(6.7)

with lc,i the length of the i-th proton in channel c and Li its total path length. This
is similar to the DD algorithm, except that the WEPL is integrated along the w di-
rection to form a single projection per source position while the DD uses a series of
depth dependent projections. Also, the weights for the ML correspond to propor-

tions of proton trajectories spent in a given channel (
l2
c,i
L2

i
) while for the DD method,

the weighting function ζ j is binary. To reconstruct the pCT image, the radiographs
WETc,p are simply fed to a standard filtered backprojection algorithm (Feldkamp,
Davis, and Kress, 1984). As in the DD, we define interpolated projections

WETp(u) = ∑
c

WETc,pψc(u), (6.8)

giving the following reconstructed image
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f ML(x) = ∑
p

W̃ETp(x · eu)∆θ, (6.9)

where W̃ETp(u) is the filtered projection WETp(u).

6.2.3 Backprojection-then-filtering algorithm

This algorithm inverts the order of the backprojection and the filtering so that
we directly backproject the protons along their MLPs, instead of binning them into
a sinogram first (Poludniowski et al., 2014). The following coordinates in the image
space are used for the backprojection (Figure 6.1)

xi,k = Γ̂i(ti,k) · ex

yi,k = Γ̂i(ti,k) · ey

zi,k = Γ̂i(ti,k) · ez.

(6.10)

An intermediate step for calculating the backprojection from the list-mode data is a
pixel-wise and direction-wise binning in the image space,

bm,n =
∑i,k ζm(xi,k, yi,k, zi,k)ξn(Θi,k)WEPLi

∑i,k ζm(xi,k, yi,k, zi,k)ξn(Θi,k)
, (6.11)

with indicator functions

ζm(y) =

{
1 if y ∈ R3 is in pixel m,
0 otherwise,

(6.12)

and

ξn(Θi,k) =

{
1 if Θi,k ∈ R is in angular bin n,
0 otherwise.

(6.13)

This binning was first presented in Rit et al. (2015). The WEPL for each proton is
smeared along the corresponding path in the image grid using ζm, an indicator func-
tion for pixel m, and ξn, an indicator function for angular bin θn. Θi,k is the angle of
proton i at depth wk with respect to ex (Figure 6.1). This binning was also used for
the differentiated backprojection algorithm and the directional ramp filter method.
Note that bm,n is not strictly speaking a backprojection but rather an average of the
WEPL of protons passing through pixel m with an angle ' θn. This direction-wise
binning allows to rebin the data into parallel geometry (in case another geometry is
used) as it uses the proton’s angle Θi,k with respect to ex rather than the subsets Ip
as in the previous methods. We interpolate an image bn(x) : R2 → R defined as

bn(x) = ∑
m

bm,nψm(x), (6.14)

giving the backprojected image

B(x) = ∑
n

bn(x)∆θ. (6.15)
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In the backprojection-then-filtering (BTF) method, the image is reconstructed by
convolving the backprojection with a 2D cone filter defined in the Fourier space as

C(ρ = ‖ν‖) =
{

ρ if ρ < 1/(2τ)

0 otherwise
(6.16)

where ν is the Fourier vector corresponding to x in the direct space, and τ is the
pixel spacing. The expression of the filter in the direct space is obtained by taking
the inverse Fourier transform of C(ρ), yielding

c(r = ‖x‖) =


1

4π2r3

[(πr
τ

)2
J1

(πr
τ

)
− φ

(πr
τ

)]
if r 6= 0

π

12τ3 if r = 0
(6.17)

with φ(x) =
πx
2
[J1(x)H0(x)− J0(x)H1(x)], where Jn and Hn are the nth order Bessel

and Struve functions. Ideally, the reconstruction can be computed using

f BTF(x) = (B ∗ c)(x). (6.18)

Since the backprojection B has an infinite support, its computation as a finite size
matrix will cause artifacts, namely a constant offset of the reconstructed values. In
order to mitigate the effects of truncating B during the convolution, the backprojec-
tion is computed on a very large matrix (for a reconstruction region of size N × N,
the backprojection region can be 2N × 2N or 4N × 4N). We chose to use a size of
2N × 2N to keep a reasonable computation time. This reduces the bias but a cor-
rection is still needed. The contribution of distant data of B to the reconstruction is
approximated by a factor

∆(x) ≈
∫

Ω f

f BTF(x′)dx′
∫

Ωob

c(x− x′)
r′

dx′, (6.19)

with Ω f the reconstruction region and Ωob the region outside the computed back-
projection matrix. While this second integral is over an infinite domain, in practice,
the filter c(x) is computed on an even larger matrix than the backprojection matrix
(we used a size of 8N × 8N). Since the shift in the reconstructed values caused by
truncation is constant (i.e. pixel independent), the correction is calculated only for
the central pixel and then the same factor is applied to all pixels.The final image is
given by

f BTF,∆ = f BTF + ∆. (6.20)

6.2.4 Differentiated backprojection algorithm

This algorithm is based on the two-step Hilbert transform method (Noo, Clack-
doyle, and Pack, 2004) originally proposed for X-ray CT. It relies on the relationship
between the backprojection of the derivative of the projections and the Hilbert trans-
form of the image. The image is reconstructed from

f (x, y) = H−1
∫ π

0

∂

∂s
p(s, θ)

∣∣
s=−x sin θ+y cos θ

dθ, (6.21)
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with H−1 the inverse of the Hilbert transform and p(s, θ) an X-ray CT projection
at angle θ. Basically, the ramp filter used in an FBP approach is equivalent to a
combination of a differentiation and a Hilbert transform. A formula for the inverse
Hilbert transform of a function g(s) known inside [L, U], given that H−1g(s) is zero
outside [L + ε, U − ε], is

H−1g(s) =
−1√

(s− L)(U − s)

( ∫ U

L

√
(s′ − L)(U − s′)

g(s′)
π(s− s′)

ds′ + C
)

. (6.22)

The constant C is obtained by using points where H−1g(s) = 0 and solving Equa-
tion 6.22. The result is averaged over several points satisfying this condition for
a better accuracy. Therefore, the convex hull of the object must be known to se-
lect these points (an information which is also used in our implementation of the
MLP). This inversion is done line-by-line on the backprojected image since the in-
verse Hilbert transform is a 1D operator. The advantage of this approach is that, as
the backprojection of the derivative is related to a 1D operator, truncated data can
still be reconstructed in cases when points are lying on at least one line segment
having its two end points in the field of view and outside the object to reconstruct,
i.e. satisfying the conditions to be able to compute the inverse Hilbert transform.
This method was adapted to work with list-mode data by inverting the order of
the differentiation and the backprojection steps (Zeng, 2007), giving the following
reconstruction formula

f DBP(x, y) = H−1
( ∂

∂x
Bs(x, y) +

∂

∂y
Bc(x, y)

)
. (6.23)

Due to the partial differentiation, two intermediate weighted backprojections must
be computed

Bs(x) = −∑
n

bn(x) sin θn∆θ, (6.24)

Bc(x) = ∑
n

bn(x) cos θn∆θ. (6.25)

This method was applied to pCT data by Rit et al. (2015).

6.2.5 Simulations

The same simulation setup as the one described in section 5.2.5 was used in
GATE (Jan et al., 2011) to generate pCT data. Three phantoms were imaged: the
CTP528 module of the Catphan phantom (The Phantom Laboratory, NY) with alu-
minium line pairs of different resolutions in a 20 cm diameter water cylinder (un-
like the original phantom where the line pairs are cast into epoxy, they are cast into
water here); the spiral phantom, consisting of aluminium cylinders placed along a
spiral in a 20 cm diameter water cylinder (Rit et al., 2015), and the Gammex 467 tis-
sue characterization phantom with different tissues inserts inside a 33 cm diameter
water cylinder (Figure 6.2). The phantoms used for spatial resolution assessment
(Catphan and spiral) were reconstructed in images of 1000× 1000 pixels with a pixel
spacing of 0.25 mm. The Gammex 467 was reconstructed on a grid of 800× 800 pix-
els of spacing 0.5 mm and required a beam energy of 250 MeV because of its larger
diameter, instead of 200 MeV for the other two phantoms.

In order to estimate the impact of detector uncertainties on spatial resolution,
an uncertainty on the simulated position and direction data was added using the

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



88 Chapter 6. A comparison of direct reconstruction algorithms in proton CT

FIGURE 6.2 – RSP map of the Gammex 467 tissue characterization
phantom.

formalism of Krah et al. (2018c). The parameters were chosen to reflect a typical pCT
prototype. In particular, the detector resolution (pitch of strips) was characterized by
a Gaussian of σp = 0.15 mm, the distance between the trackers was set to dT = 10 cm
(each real detector consists of a pair of trackers), the distance between the trackers
and the object border to 20 cm, and the material budget to x/X0 = 5× 10−3.

The energy resolution of the detectors and the spread of the incident beam were
omitted for simplicity as scintillating detectors (Bashkirov et al., 2016a) are capable
of achieving a WEPL resolution close to the limit due to proton range straggling
(measured WEPL resolution of 3 mm for a range straggling of 2.85 mm, for 200 MeV
protons in water), although we note the beam spread can contribute to the WEPL
variance up to 20% (Dickmann et al., 2019). Electromagnetic interactions are taken
into account in the simulation and are responsible for the RSP resolution of the re-
constructed images.

6.2.6 Image quality metrics

Both spatial resolution and RSP accuracy were evaluated. The spatial resolution
was assessed qualitatively using the Catphan phantom and quantitatively with the
spiral phantom. The same method as the one presented in section 5.2.6 was used
to evaluate the spatial resolution in the spiral phantom. In addition, we measured
the radial and azimuthal resolutions defined as in Plautz et al. (2016) in order to
assess the (an)isotropy of the spatial resolution. The radial resolution was measured
using ESFs along the direction from the isocenter to the center of the bead and the
azimuthal resolution was measured from profiles along the direction perpendicular
to the radial direction. Profiles were sampled and averaged for angles in a range of
±10◦ around these two directions.
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Each algorithm’s RSP accuracy was evaluated by computing the mean value in
each insert of the Gammex phantom. A region of interest (ROI) of radius 8 mm was
used (the radius of the inserts is 14 mm) so that the measured RSP value would not
be impacted by the inserts’ spatial resolution. The uncertainty on the measured RSP
is computed using the 95% confidence limits of the mean, i.e. ±1.96σROI/

√
NROI,

with σROI the standard deviation of the RSP values in the ROI and NROI the number
of pixels inside the ROI.

6.3 Results

The reconstructed images of the Catphan and spiral phantoms are shown in Fig-
ure 6.3. For the Catphan phantom, the five reconstructions are quite similar, as con-
firmed by the line profiles drawn in Figure 6.4. All algorithms underestimate the
RSP of aluminium in the Catphan phantom due to the impact of axial resolution
(the height of the line pairs is 2 mm). The ML reconstruction leads to a lower reso-
lution, causing a larger underestimation of the RSP value of the aluminium inserts.
Regarding the spiral phantom reconstructed from data simulated with ideal trackers
(middle column of Figure 6.3), the central beads appear much blurrier than the outer
beads for all algorithms. This is expected because the MLP uncertainty is largest for
those inserts. A slight artifact is seen for the ML reconstruction where the outer
beads appear smeared along the azimuthal direction. This is visible on the zoomed
insets, although it is exaggerated by using a color scale with a small range. Figure 6.5
shows the spatial resolution as a function of each bead’s distance to the centre of the
spiral phantom, for reconstructions with ideal trackers and realistic trackers. For
ideal trackers, resolution is about a factor 4 to 6 higher for beads near the phantom
borders compared with the resolution at the centre. The resolution of the ML al-
gorithm is lower than other algorithms: it only reaches 1 lp/mm for the outermost
bead and is also smaller for central beads. Differences in spatial resolution among
the other four algorithms are much smaller, especially below a distance of about
80 mm from the center. Beyond that distance, i.e. closer to the phantom edge, the
DR and BTF algorithms reach similar resolutions (up to 3.5 and 3.3 lp/mm, respec-
tively), while the DBP and DD methods both reach about 2.7 lp/mm. Figure 6.6
presents a more extensive analysis of the ideal spatial resolution, discriminating be-
tween the radial and azimuthal resolutions. The azimuthal resolution is higher than
the radial resolution for all algorithms except ML.

The right column of Figure 6.3 shows that the resolution with realistic trackers
is considerably lower than with ideal ones. In Figure 6.5, we observe that the max-
imum resolution for all algorithms only reaches between 0.39 and 0.42 lp/mm, and
that the difference of spatial resolution between the center and the borders is much
less important than with ideal detectors. For example, for the DD algorithm, it only
increases by a factor of 1.3 between the central bead and the outer bead, versus a
factor of 4.6 with ideal detectors. In addition, the differences in spatial resolution ob-
served between the algorithms are mostly insignificant considering the uncertainty
on the MTF. Only the ML algorithm still shows a slightly lower resolution although
it is much closer to other algorithms compared to the ideal case.

Table 6.1 shows the relative error on the RSP value in each insert of the recon-
structed Gammex phantom. The most accurate algorithms are the DR and DD, with
a mean relative error of 0.07% and 0.08% respectively, followed by the BTF with an
error of 0.11%, the DBP with 0.19%, and the ML with a mean error of 0.25%. The un-
certainty in Figure 6.7 shows that the majority of the reconstructed RSP values are
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FIGURE 6.3 – Reconstructions of the Catphan and spiral phantoms
for the five algorithms. The Catphan is reconstructed from idealized
data. Zoomed insets of a peripheral bead are shown to appreciate the
artifact reconstructed by the ML algorithm. The extent of the color

scale in the insets is [0.7,1.3] to highlight the artifact.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



6.3. Results 91

FIGURE 6.4 – Line profiles along first (top) and third (bottom) line
pairs in the Catphan phantom. The dotted lines represent the theo-

retical RSP values of water (RSP=1) and aluminium (RSP=2.1).
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FIGURE 6.5 – Spatial resolution measured as the frequency for an
MTF value of 10% in function of distance from the isocenter, for ideal
trackers (top) and realistic trackers (bottom). The shaded areas repre-

sent the uncertainty on the MTF estimation.

FIGURE 6.6 – Spatial resolution for ideal trackers computed on pro-
files along the normal and tangent directions to the edge. Error bars

were omitted for clarity.
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TABLE 6.1 – Relative error on the measured RSP values.

Insert Reference DD BTF DBP ML DR
LN300(1) 0.295 -0.15% 0.02% -0.44% 1.32% -0.21%
IB3 1.094 -0.04% 0.02% -0.19% -0.02% -0.03%
LV1 (1) 1.084 -0.03% 0.05% -0.21% -0.03% -0.01%
LN450 0.443 -0.27% -0.06% -0.24% 0.54% -0.21%
B200 1.103 -0.04% 0.06% -0.18% -0.17% <0.01%
Water_Solid (1) 1.005 -0.03% 0.06% -0.16% 0.05% -0.01%
CB2_30 1.286 0.04% 0.10% -0.14% -0.13% 0.07%
AP6 (1) 0.940 0.04% 0.08% -0.15% 0.03% 0.02%
BR12 0.974 -0.01% -0.17% -0.15% -0.03% 0.01%
BRN-SR2 1.073 0.08% -0.06% -0.05% 0.01% 0.07%
CB2_50 1.449 -0.11% -0.18% -0.25% -0.13% -0.08%
SB3 1.649 -0.16% -0.19% -0.20% -0.13% -0.08%
LN300 (2) 0.295 0.05% -0.59% -0.30% 1.16% -0.07%
AP6 (2) 0.940 0.14% <0.01% 0.19% 0.18% 0.18%
LV1 (2) 1.084 0.04% -0.08% -0.06% 0.06% 0.07%
Water_Solid (2) 1.005 0.06% -0.06% -0.11% 0.06% 0.07%
Mean abs error 0.08% 0.11% 0.19% 0.25% 0.07%

very close, with differences within the confidence intervals of the mean. The RSP
error in the lung inserts, however, reaches over 1% for the ML method.

6.4 Discussion

The aim of this work was to compare the performance of five direct reconstruc-
tion algorithms in terms of spatial resolution and RSP accuracy. Spatial resolution in
pCT is impacted by various factors. A first factor is MCS which is mitigated to some
extent by modeling the MLP (Schulte et al., 2008). This greatly improves spatial res-
olution compared to naive straight line trajectories, although the effect of scattering
is still important especially at the center of the phantoms where the MLP estimate is
most uncertain. We have observed that the resolution at the center of a 20 cm wide
phantom is about 0.5− 0.6 lp/mm with ideal trackers. For the DR method, the res-
olution is improved by a factor of 6 between the center and the border of the spiral
phantom. Since the center of the object corresponds to the largest uncertainty on
the MLP, differences in spatial resolution between the algorithms are not significant
near the center.

Another consequence of proton scatter is the anisotropy of the spatial resolution.
As expected, the azimuthal resolution gets higher than the radial resolution with the
distance to the center. Due to scatter, the uncertainty on the MLP of protons travers-
ing the same region will depend on the thickness of material traversed, i.e. on their
initial direction. For central beads, the variation of the traversed thickness depend-
ing on direction will be small because of the cylindrical shape of the phantom, such
that resolution is isotropic at the center. The only algorithm for which the azimuthal
resolution is poor is the ML algorithm, due to the artifact observed in Figure 6.3. This
artifact can be explained by the uncertainty on the MLP. We mentioned that the ML
method basically consists in integrating the DD’s binning along the w direction. We
know that the projections that are farthest from the detectors will be the most blurry
due to a large uncertainty on the MLP. For the outer beads of the spiral phantom, the
most blurry projection contributing to their reconstruction is the one where protons
have had the longest trajectory inside the phantom, i.e. the ones that contribute to
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FIGURE 6.7 – Relative error on RSP with confidence limits.

the azimuthal resolution. This explains why the outer beads seem smeared on the
ML reconstruction.

Another factor of resolution loss is the tracker uncertainties which have a sig-
nificant impact as can be seen in Figure 6.5. Adding an uncertainty on the position
and direction measurements dramatically lowers the spatial resolution compared to
ideal simulated data. It should be noted that those results were obtained for a dis-
tance of 20 cm between the trackers and the borders of the phantom. Using larger
distances would further reduce resolution.

Finally, the choice of the algorithm also has an impact on the resolution as dif-
ferent binnings and interpolations are involved. For example, using ideal detectors,
the resolution 96 mm away from the center for the DR method is 250% higher than
the ML algorithm’s resolution (only 25% at the center), and 26% higher than the DD
algorithm’s resolution (1% at the center). Our results show that the best performing
algorithms in terms of spatial resolution away from the center are the DR and BTF,
suggesting that backprojecting the protons before filtering can improve spatial reso-
lution. Indeed, filter-first methods imply two interpolations that can reduce spatial
resolution: the projection binning and the backprojection. On the other hand, only
one is needed for backproject-first methods. This could preserve the spatial informa-
tion of proton paths and therefore the resolution. However, we have seen that the
DBP method, which starts with the backprojection, has the same spatial resolution
as the DD. A possible explanation is that the discrete differentiation computed in
the DBP algorithm, using differences of adjacent pixels, may cause a loss of spatial
resolution. The ML algorithm shows the worst spatial resolution as it attempts to
account for MLPs in the 2D projections, but they can only be described in 3D space.
This method might be better suited for proton radiography than CT. Overall, the
impact of the choice of the algorithm is negligible compared with MLP and tracker
uncertainty.
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In terms of RSP, the DR, DD and BTF show good accuracy with mean absolute
errors close to 0.1%. The DBP method is slightly less accurate, which can be linked to
the computation of a constant during the Hilbert transform inversion (Noo, Clack-
doyle, and Pack, 2004), as it is the result of averaging points outside the support of
the object (Equation 6.22). However, this error is not significant with respect to the
95% confidence interval of the mean (Figure 6.7).The ML algorithm overestimates
the RSP value in the lung inserts compared with the other methods, resulting in a
higher mean error. An explanation is that as it uses channels instead of pixels, the
WEPL value of a proton that has not traversed a lung insert can still be attributed
to it. While this would happen for all inserts, lung inserts would be more impacted
because the difference between the RSP of the lung and the rest of the phantom is
larger than for other inserts.

The computational cost of each algorithm is an important factor when several
algorithms reach similar levels of resolution and RSP accuracy. The binning of the
list-mode data is the most costly operation as the MLP of each proton has to be
computed. The binning steps to compute projections as in Equation 6.3 or partial
backprojections as in Equation 6.11 are mostly similar in terms of computational
cost. This cost increases with the number of protons and the number of evaluations
of the MLP. As we have used a high fluence (288× 106 protons in total) and a small
spacing for the MLP evaluation (0.25 mm or 0.5 mm depending on the phantom),
our binning is orders of magnitude slower than the other reconstruction steps (for
the DD, 8 s/projection× 720 projections for the binning, and 42 s for the filtering and
backprojection). Both the BPF and DR methods require the backprojection region to
be larger than the reconstructed image region, increasing the computation time of
the binning. While the DR method requires backprojecting the list-mode data in a
region larger by a factor of

√
2, the BPF method needs a matrix of at least two times

the reconstruction matrix. They are therefore the most computationally expensive
methods. The cost of the filtering step varies a lot depending on the algorithm. For
example, for the DD, a 3D sinogram needs to be filtered (for each slice) compared
with the usual 2D sinogram for the ML. However, as we stated above, the cost of the
filtering step is quite negligible compared with the cost of the binning step.

6.5 Conclusion

We have studied the spatial resolution and RSP accuracy of five different algo-
rithms used to reconstruct proton list-mode data. The results show that, using ideal
trackers, two of the methods that bin the list-mode data directly in the image space
(DR and BTF) offer a better spatial resolution at the borders of the object, with a
maximum of 3.5 lp/mm at the borders of a 20 cm thick object. However, consider-
ing realistic measurement uncertainties, the impact of the choice of the algorithm on
spatial resolution becomes negligible. Furthermore, the DR, DD, and BTF methods
show the best RSP accuracy with a mean error close to 0.1%. While the DR and BTF
methods have a slight advantage regarding spatial resolution as well as a good ac-
curacy, they are also the most computationally expensive. For faster reconstructions,
the DD algorithm offers the same accuracy and an equivalent spatial resolution con-
sidering detector uncertainties, and the DBP, while being somewhat less accurate,
offers a good spatial resolution and can be used for reconstruction with truncated
data. The ML, as it works in the projection level, is well suited for proton radiogra-
phy.
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Chapter 7

A deconvolution method to
improve spatial resolution in pCT

In this chapter, we propose a method to deconvolve the uncertainty on the proton path due
to MCS and tracker resolution, in order to improve the spatial resolution of the reconstructed
image. Unlike other contributions (chapters 4, 5 and 6), this chapter has not been presented
before. The work on the impact of tracker resolution on the MLP uncertainty was published
in Krah et al. (2018a).

7.1 Introduction

The spatial resolution of pCT is mainly impacted by MCS of the protons and
tracker resolution. As was observed in the previous chapter, the spatial resolution
in the reconstructed image is shift-variant and anisotropic. The uncertainty on the
proton path only depends on the depth of the proton inside the object (Equation 4.3),
and not on the measured entrance/exit transverse positions and directions. For
given entrance and exit depths, the uncertainty on the MLP is the largest near the
center of the path, where the proton is the farthest away from the trackers. It is
slightly shifted towards the exit of the phantom due to the energy loss term in the
scattering estimation. In addition, the longer the proton path inside the object, the
larger the uncertainty envelope, such that the uncertainty depends on the shape of
the object and the projection angle as the entrance/exit depths are given by the in-
tersection of the object contours with the proton entrance/exit paths. The addition
of tracker resolution will only increase this uncertainty. As the reconstructed image
is a combination of the filtered projections, the blur in each image pixel is also the
result of a combination of different uncertainties.

In this work, we try to deconvolve the pCT blur due to MCS and detector uncer-
tainties by using an estimate of the MLP uncertainty. Deconvolution is conducted
at the projection level to better take into account the space variance and asymmetry
of the spatial resolution. Using the MLP uncertainty to improve spatial resolution
has been mentioned by Williams (2004) and Schulte et al. (2008). Wang, Mackie, and
Tomé (2010) have tried to include this uncertainty in the projection matrix and per-
formed reconstruction using ART. However, their results did not show an improve-
ment of spatial resolution compared with the use of the MLP without uncertainty
information. We propose a method to deconvolve distance-driven projections for
reconstruction with the method presented by Rit et al. (2013). In order to account
for tracker resolution, we use the formalism of Krah et al. (2018a) who extended
the usual MLP formalism to include tracker resolution for different kinds of set-ups.
In particular, they give an expression for the MLP uncertainty taking into account
the trackers’ spatial and angular resolution. In the following section, we start by
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presenting the model for the shift-variant blur in the distance-driven projections,
we use the formalism of Krah et al. (2018a) to compute distance-driven uncertainty
maps, and deconvolve the uncertainty using a truncated singular value decomposi-
tion (TSVD) (Hansen, Nagy, and O’Leary, 2006).

7.2 Materials and methods

7.2.1 Shift variant deconvolution

We consider the binned projections gp(u, w) described in section 6.2.1, with u the
lateral coordinate along the detector, w the depth, and p the source position. The
blur in these projections will depend on w since the deeper the proton is inside the
phantom, the larger the uncertainty on the MLP, and on u and p since protons enter-
ing and exiting the object through different depths will have different uncertainties.
As the blur occurs in the (u, v) plane, we consider the distance-driven projections
distance-by-distance, i.e., for each w. Therefore, we deal with a sequence of small
1D problems, which allows the singular value decomposition (SVD) approach de-
scribed below. If the blur were not spatially variant, the measured projection would
be the result of the convolution of an ideal projection ĝp(u, w) with a constant con-
volution kernel h. However, as the blur depends on the position u, the measured
projection is the result of a shift-variant operation

gp(u, w) =
∫

h[u− u′, σp(u′, w)]ĝp(u′, w)du′ (7.1)

where σp(u′, w) represents the MLP uncertainty of protons with source position p
at depth w and position u′. The kernel function is a Gaussian due to the Gaussian
model used for the MLP uncertainty

h[u− u′, σp(u′, w)] ∝ exp
(
− (u− u′)2

2σp(u′, w)2

)
. (7.2)

In matrix notation, we have
gw = Hwĝw (7.3)

where gw is a vector containing one distance w of the distance-driven projection,
Hw is the shift-variant system matrix for this distance, and ĝw is one distance of the
deconvolved projection. The deconvolved projection is obtained by inverting Hw

ĝw = H−1
w gw. (7.4)

This inversion has to be done for all distances and all projections before reconstruc-
tion. In practice, directly inverting Hw is impractical because of noise. The singular
value decomposition (SVD) corresponds to a factorization of a matrix into a product
of matrices, which can be useful to compute the inverse of a matrix (Hansen, Nagy,
and O’Leary, 2006). The SVD of a square matrix Hw ∈ RN×N is

Hw = USVT (7.5)

where U and V are orthogonal matrices such that UTU = IN and VTV = IN ; and
S = diag(s1, ..., sN) is a diagonal matrix with

s1 ≥ ... ≥ sN ≥ 0. (7.6)
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The values si are called the singular values. The column vectors of U = [u1...uN ] are
called the left singular vectors, and the column vectors of V = [v1...vN ] are the right
singular vectors. The inverse of Hw is then given by

H−1
w = VS−1UT

=
N

∑
i=1

1
si

viuT
i

(7.7)

We write the solution as a weighted sum of the singular vectors vi

ĝw =
N

∑
i=1

uT
i gw

si
vi. (7.8)

In order to leave out high-frequency noise, we choose a cut-off value Nc < N

ĝw =
Nc

∑
i=1

uT
i gw

si
vi. (7.9)

In practice, we chose a truncation level α to keep only the Nc singular values that

verify
si

max(s1, ..., sN)
> α.

7.2.2 MLP uncertainty

In this section, we describe the formalism used to evaluate the σ values of the
shift-variant kernel. The MLP formalism described in section 3.6 allows to compute
the proton path and the associated uncertainty. The derivation assumes perfectly
known entrance and exit parameters yin and yout. In practice, the spatial and angu-
lar resolution of the trackers will result in an uncertainty on the measured parame-
ters. Krah et al. (2018a) have included the impact of detector resolution on the MLP
uncertainty envelope. We briefly introduce their formalism and give the formulas
used to compute the σ values.

First, we redefine the joint probability that a proton passes through y1 and
y2 = ỹout given ỹin, with ỹin and ỹout the measured entrance and exit coordinates,

L(y1, y2 = ỹout|ỹin) =
∫

L(y1|yin)Lmeas(ỹin|yin)dyin

×
∫

L(yout|y1)Lmeas(ỹout|yout)dyout (7.10)

where Lmeas(ỹin|yin) and Lmeas(ỹout|yout) represent the probability of measuring
ỹin/ỹout given the true parameters yin/yout, respectively. The probabilities Lmeas are
also modeled with a Gaussian distribution as it describes well the statistical error in
experimental practice. Solving this equation gives an expression for the MLP and
an uncertainty matrix that takes into account measurement uncertainties. Krah et al.
(2018a) give the following expression for the error matrix

ΣMLP(w) = C1(C1 + C2)
−1C2 (7.11)

with w the depth of the proton and

C1 = R0SinΣinST
inRT

0 + Σ1 (7.12)

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



100 Chapter 7. A deconvolution method to improve spatial resolution in pCT

C2 = R−1
1 S−1

outΣout(S−1
out)

T(R−1
1 )T + R−1

1 Σ2(R−1
1 )T. (7.13)

The uncertainty on the MLP position σMLP is given by the element in the first row
and first column of ΣMLP. The expressions for R0, R1, Σ1, Σ2 are the ones used in the
usual MLP formalism and have been given in section 3.6.1.1. The matrices Sin and
Sout are simply used to project the measured positions from the detector to the object
surface

Sin =

(
1 dentry
0 1

)
, Sout =

(
1 dexit
0 1

)
, (7.14)

with dentry the distance from the position on the front tracker to the entrance position
and dexit the distance from the rear tracker to the exit position. The matrices Σin and
Σout describe experimental uncertainties, i.e. the impact of the spatial and angular
resolution of the trackers. They are given by the sum of the uncertainty due to the
spatial resolution of the trackers σt and the error due to scattering inside the trackers

Σin = σ2
t TinTT

in + Σsc,in (7.15)

Σout = σ2
t ToutTT

out + Σsc,out (7.16)

where Tin and Tout are the matrices relating the positions measured by the two de-
tectors in each pair to the position/direction parameters:

Tin =

(
0 1

−1/dT 1/dT

)
, Tout =

(
1 0

−1/dT 1/dT

)
, (7.17)

with dT the distance between the trackers. Finally, the matrices Σsc,in/Σsc,out repre-
sent the impact of the scattering inside the trackers on the direction uncertainty

Σsc,in =

(
0 0
0 σ2

sc,in

)
, Σsc,out =

(
0 0
0 σ2

sc,out

)
, (7.18)

with

σsc,in =
13.6

p(Ein)v(Ein)

√
x

X0

[
1 + 0.038 ln

x
X0

]
, (7.19)

σsc,out =
13.6

p(Eout)v(Eout)

√
x

X0

[
1 + 0.038 ln

x
X0

]
. (7.20)

Equation 7.11 allows to compute the MLP uncertainty for each proton. In order
to use this information to deconvolve the uncertainty in the binned distance-driven
projections, similarly to Equation 6.3, we perform a binning of the MLP uncertainty:

σj,p =

√√√√∑i∈Ip ∑k ζ j(ui,k, vi,k, wk)σ
2
MLP,i(wk)

∑i∈Ip ∑k ζ j(ui,k, vi,k, wk)
(7.21)

with σ2
MLP,i(wk) the MLP error of proton i at distance wk. The value σj,p represents

the average error on the MLP for protons with source position p passing in pixel j,
with j the 2D pixel index in the (u, w) plane.

7.2.3 Simulations

We use the same simulation for the spiral phantom as the one described in the
previous chapters (see section 5.2.5). We remind the reader that a 200 MeV fan beam
with a fluence of 225 protons·mm−2·projection−1 at the isocenter is simulated. In
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FIGURE 7.1 – Reference RSP maps of the reconstructed slices.

addition, we simulate an acquisition using an ICRP female phantom (ICRP, 2009).
A 250 MeV beam energy was used to traverse the phantom volume, with a flux
of 190 protons·mm−2·projection−1 as a wider beam was used to cover the whole
volume. A total of 720 projections over 360◦ were acquired. Two slices, near the
head and near the pelvis, were reconstructed (Figure 7.1). To compute the MLP and
its uncertainty, the convex hull of the spiral phantom was known and that of the
head and pelvis was approximated by an ellipse for fast detection of the intersection
between the patient and the proton path before and after the patient. The images
were reconstructed on grids of 500× 500 pixels of size 0.5× 0.5 mm2 for the spiral
and the head phantoms, and 800× 800 pixels of size 0.5× 0.5 mm2 for the pelvis
phantom.

Tracker uncertainties were included using a spatial resolution of σt = 0.066 mm
corresponding to a strip pitch of 228 µm, a material budget of x/X0 = 5× 10−3 and
a distance dT = 10 cm between the detectors in each pair. The detectors were placed
at a distance of 30 cm from the isocenter for the spiral phantom simulation, and
at a distance of 40 cm for the ICRP phantom. Images were reconstructed from ideal
trackers using the standard formalism to compute the uncertainty; and from realistic
trackers using the extended formalism to compute the uncertainty maps. Spatial
resolution was measured in the spiral phantom using the frequency corresponding
to an MTF value of 10%, as explained in section 5.2.6.
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FIGURE 7.2 – Uncertainty maps of one projection of the spiral phan-
tom: uncertainty without tracker resolution (left) and uncertainty in-
cluding tracker resolution for projection angle 0◦ and 90◦ (middle and
right). The vertical axis represents the depth w and the horizontal axis
is the transverse position u. The colored lines represent the profiles

used in Figure 7.4.

7.3 Results

7.3.1 MLP uncertainty maps

Figure 7.2 shows uncertainty maps for the spiral phantom, with and without
tracker uncertainties. Note that the support of the uncertainty function is not cir-
cular like the shape of the phantom because the uncertainty maps are shown in the
projection space and, as a fan beam was used to acquire the data, there is a magnifi-
cation factor for each distance of the projection. The uncertainty due to MCS reaches
its maximum of about 0.6 mm when the protons traverse the widest part of the ob-
ject. However, the maximum is not exactly at the central depth due to the energy
loss term in the computation of the scattering. Given that the object is circular, the
MLP uncertainty due to scatter in the object only is not projection-dependent, such
that uncertainty maps without tracker resolution are equal for all projection angles.
Adding tracker uncertainties increases the maximum σ value to about 1 mm. We
observe high uncertainty streaks near the end of the path, corresponding to the alu-
minium inserts, as protons with lower energy will scatter more in the rear tracker.

Figure 7.3 shows uncertainty maps for the pelvis phantom for three different
projections, with and without tracker resolution. There is a large variability in terms
of the range of σ values between different projections due to the elliptical shape of
the pelvis (axes of 19 and 27 cm). The maximum MLP uncertainty in the projection
at 0◦ (traversing the left-right axis of the patient) reaches 1/1.3 mm depending on
whether tracker resolution is included, while the maximum for the projection at 90◦

(traversing the antero-posterior axis of the patient) is 0.5/0.8 mm. There are not as
many streaks as in the spiral phantom since the pelvis region is mostly homogeneous
in terms of RSP values, except for the spine. The uncertainty maps are not shown
for the head phantom as they are in between the spiral and pelvis phantoms’ maps,
since the convex hull for the head is closer to a circle (axes of 15 and 17 cm).
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FIGURE 7.3 – Uncertainty maps without tracker resolution (top) and
with tracker resolution (bottom) for the pelvis phantom for three dif-

ferent source positions corresponding to 0◦, 45◦, and 90◦.

7.3.2 Truncated singular value decomposition

Figure 7.4 represents three profiles at different depths in the uncertainty map of
one projection of the spiral phantom, with the singular values of the corresponding
shift-variant deconvolution matrix. We observe that for distances w corresponding
to high uncertainty values, the singular values decay to zero faster. Using a trunca-
tion relative to the maximum singular value, we see that the SVD corresponding to
high uncertainties are more truncated to remove small singular values.

Figure 7.5 shows the number of protons per pixel in a distance-driven projection
of the spiral phantom to evaluate the noise level in the projections. Due to MCS,
higher distances are associated with a lower proton density, i.e. more noise, which
means noise amplification during the inversion will be more problematic for these
distances.

7.3.3 Reconstructions

The reconstructions of the spiral phantom are shown in Figure 7.6, and the corre-
sponding spatial resolutions in Figure 7.7. Regarding the results for realistic trackers,
both deconvolved reconstructions have a better resolution with an average increase
of +37% for the TSVD with α = 10% and +32% for the TSVD with α = 30%. The max-
imum increase of the spatial resolution is for the central beads, and reaches +45%
and +38% for the TSVD with α = 10% and α = 30%, respectively. The difference
between the spatial resolution of the two deconvolved images is not significant. For
the image deconvolved with a truncation level α = 10%, the noise has been consider-
ably amplified compared with the original reconstruction, which is reflected by the
larger error bars on the MTF. The results with ideal trackers also show an increase
of spatial resolution, with an average gain of 23% and 30%, and a maximum gain of
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FIGURE 7.4 – Three profiles at different depths (see Figure 7.2 middle)
of the uncertainty map for a projection of the spiral phantom (left) and
the singular values of the corresponding system matrix (right). The

dotted lines represent the truncation levels α = 10% and α = 30%.

(A) (B)

FIGURE 7.5 – Image of number of counts for one distance-driven
projection of the spiral phantom (A) (the vertical axis represents the
depth w and the horizontal axis is the transverse position u) and three

profiles at different distances w (B).
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(A)

(B)

FIGURE 7.6 – pCT reconstruction of the spiral phantom: without de-
convolution (left), with deconvolution at α = 10% (middle), with
deconvolution α = 30% (right), for ideal trackers (top) and realistic
trackers (bottom). The zoomed inset represents the central bead. The
color scale of the image is [0− 2.1], and that of the inset is [0.9− 2].

40% and 59% for the deconvolution with α = 30% and α = 10%, respectively. The
average increase is lower compared to the results with tracker resolution because
there is no improvement for the farthest beads.

The histogram of the RSP values in the water region of the spiral phantom is
shown in Figure 7.7. The RSP distributions for ideal trackers do not vary much, al-
though we observe that the distribution for TSVD 10% is wider. As can be seen in the
reconstructed image, the noise mainly affects the central part of the image, and the
borders look similar for all reconstructions. For realistic trackers, the reconstruction
with TSVD 10% shows a considerably larger standard deviation of the RSP values.
The distribution of the RSP values for the TSVD 30% is similar to the distribution for
the original reconstruction without deconvolution.

The reconstructions for the head and pelvis phantoms using realistic trackers are
shown in Figure 7.8. The deconvolved reconstructions show a better spatial resolu-
tion, which is particularly visible on the difference maps where the error near edges
is considerably reduced. As the head phantom contains more high contrast edges,
the improvement is more noticeable. On the pelvis phantom, the approximative el-
lipse used as convex hull appears on the difference map. Regarding the results with
ideal trackers in Figure 7.9, there is no visible improvement of spatial resolution for
both slices.
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(A) (B)

(C) (D)

FIGURE 7.7 – Spatial resolution of the three reconstructions of the spi-
ral phantom in function of the distance from the center (left) and his-
togram of the RSP values in the water region of the phantom (right).
Results for ideal trackers are shown in the first row, and those for

realistic trackers in the second row.
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FIGURE 7.8 – Reconstruction of the head and pelvis slices without
deconvolution (left) and with deconvolution with α = 30% (right)
using realistic trackers. The difference maps with the reference RSP

images are also shown with a blue to red color scale.
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FIGURE 7.9 – Reconstruction of the head and pelvis slices without de-
convolution (left) and with deconvolution with α = 30% (right) using
ideal trackers. The difference maps with the reference RSP images are

also shown with a blue to red color scale.
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7.4 Discussion

The purpose of this work was to investigate the use of the MLP uncertainty
to improve spatial resolution. First, we have generated uncertainty maps for each
distance-driven projection. The uncertainty maps will depend on the shape of the
object, the projection angle, and the heterogeneities in the object. The uncertainty
varies in a single projection in function of depth and transverse position, but it is also
different between each projection. Specifically, the contribution to the uncertainty of
MCS inside the object (without tracker resolution) is projection-dependent when the
phantom is not perfectly circular. For the pelvis phantom, there was a factor 2 be-
tween the maximum uncertainty for protons traversing the large axis of the object
and those traversing the small axis (Figure 7.3). Adding tracker resolution increases
the range of the σ maps and allows to introduce an additional information about
heterogeneities. Although both the standard and the extended MLP formalisms as-
sume a homogeneous medium, heterogeneities inside the phantom are taken into
account through the energy term used for the computation of the scattering inside
the rear detector. Particularly, in the case of the spiral phantom, protons that tra-
versed aluminium had lower exit energies and scattered more in the rear tracker,
therefore inducing visible uncertainty streaks (Figure 7.2).

The reconstructed images for the spiral phantom showed an increase of spatial
resolution in the centre of the object up to 38%/45% with realistic trackers depend-
ing on the SVD truncation level. Similarly, the reconstructions for the ICRP phan-
tom taking into account tracker resolution showed a visible improvement of spatial
resolution. The results with ideal trackers for the spiral phantom showed an im-
provement of spatial resolution only at the center of the object. At the borders, the
uncertainty of the MLP tends to zero such that the blurring kernel is nearly a Dirac.
Due to the sampling of the kernel, i.e. the pixel size in the projections, there is a limit
on the σ under which all kernels are Diracs. That is why there is no difference in spa-
tial resolution or noise far away from the center. The results for the ICRP phantoms
with ideal trackers show no visible improvement of spatial resolution. We could ex-
pect an improvement at the center where the uncertainty reaches about 0.5 mm in
the head. However, we recall that the pixel size for the original ICRP phantom used
in the simulations was 1.775 mm, which is quite large compared with the impact
of MCS alone. This imposes a limit on the maximum achievable resolution, which
would explain the lack of improvement after deconvolution. We note that we used
an approximative ellipse as a convex hull for the head and pelvis phantoms which
would cause an error on the σ values used to compute the system matrix H. The
deconvolution is therefore not completely optimal for these two phantoms. Partic-
ularly for the pelvis phantom, the chosen ellipse was too small and is visible on the
difference map in Figure 7.8.

We have observed that the truncation level must be adapted to the noise in the
projections. The pCT data for the ICRP data was acquired with a slightly lower flu-
ence (190 protons·mm2·projection versus 225 protons·mm2·projection for the spiral
phantom) due to the larger volume of the body phantom, which might have required
a higher truncation level. In addition, for the same acquisition, the noise will vary
depending on the distance in the distance-driven projection due to MCS, such that
a constant truncation level α might not be ideal. In this work, the truncation level
was heuristically adapted by testing different values. A better understanding of the
relationship between the noise in the projections and the truncation level of the SVD
might allow for a better and more precise regularization of the reconstructed images.

Although computing a single SVD is not too computationally demanding, this
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has to be done for each distance and each projection, which can quickly increase
the computational load. This operation could, however, be parallelized. Investi-
gating a different method to perform the matrix inversion could improve the com-
putational cost, and/or allow for a better regularization of the deconvolution. Fast
algorithms for convolution integrals with shift-variant kernels (Gilad and Von Hard-
enberg, 2006) might be used to accelerate the computation. In addition, as tracker
resolution reduces the shift-variance of the σ values in the uncertainty maps, using a
single kernel per projection or for all projections might still improve resolution, de-
pending on the phantom shape and heterogeneities, while being more practical. It
could also be possible to do the deconvolution in the image space, after reconstruc-
tion. We would need to approximate the uncertainty value in each pixel of the re-
constructed image. It could be interesting to compare the results between projection-
based and image-based deconvolution. We expect that, depending on the phantom,
results could be similar between both methods. For example, the pelvis phantom
presents a large variability between the maps for different angles such that the ap-
proximation of the uncertainty in one pixel of the reconstructed image would be the
combination of very different values. For the head or spiral phantom, since the con-
tribution to the uncertainty in a pixel would be similar for all projection angles, we
expect an image-based deconvolution to produce similar results.

This work was conducted using a distance-driven projection binning algorithm.
It can be used similarly with other direct methods by deconvolving projections or
partial backprojections. Since it is projection-based, direct application to iterative
methods is not straightforward. Although Wang, Mackie, and Tomé (2010) have
tried to include MLP uncertainty in their projection model, their results did not show
any improvement of spatial resolution. Specifically, they used the whole uncertainty
envelope in the projection operator, which corresponds to the convolution of the
MLP with the Gaussian uncertainty, to iteratively reconstruct a pCT image. Alter-
natively, a deconvolution after reconstruction would be done independently of the
reconstruction method.

7.5 Conclusion

The purpose of this work was to investigate whether including MLP uncertainty
in a deconvolution framework might improve spatial resolution in pCT reconstruc-
tion. We have generated uncertainty maps for a distance-driven sinogram and per-
formed a shift-variant deconvolution using a TSVD approach. It was shown that
including MLP error to perform deconvolution of blurred distance-driven projec-
tions can significantly increase spatial resolution of pCT images. Particularly, the
resolution in a spiral phantom was increased by 38% while keeping a similar noise
level as in the reconstruction without deconvolution, when tracker resolution was
included. Reconstructions of realistic phantoms also showed an enhancement of
spatial resolution. The choice of the truncation level of the SVD was not optimized
in this work, and should be better adapted to the noise level in the projections.
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Conclusions

The objective of this thesis was to explore list-mode proton CT reconstruction
and improve image quality in pCT. In a proton CT single tracking set up, each pro-
ton’s entry and exit position and direction is measured in order to estimate its tra-
jectory using a most likely path formalism. Several aspects were investigated, from
the accuracy of the MLP formalism to the different reconstruction pCT algorithms to
the deconvolution of the MLP uncertainty. We were particularly interested in direct
(i.e. non iterative) algorithms. Those are heuristic solutions since there is no known
analytic inversion for the MLP curved trajectories. Specifically, during the course of
this thesis, we have

1. studied the impact of heterogeneities on the MLP;

2. proposed a different method to filter pCT data;

3. compared different direct algorithms for pCT reconstruction;

4. proposed a method to deconvolve distance-driven projections using the MLP
uncertainty.

First, we have studied the accuracy of the MLP formalism in different hetero-
geneous configurations. By comparing the theoretical MLP to Monte Carlo sim-
ulations, we have shown that there is a systematic error on the MLP estimate near
transverse interfaces. While prior knowledge about longitudinal heterogeneities can
be included in the current MLP formalism to improve the path estimate, this is not
the case for transverse heterogeneities. The Gaussian approximation of the spatial
and angular distributions is not valid in this case, and the measured distributions
resemble skewed Gaussians or two-term Gaussians. It could be interesting to de-
velop an MLP formalism that does not assume a Gaussian model. However, with
bimodal distributions, even the concept of a single MLP is debatable as it appears
there are several preferred paths. Additionally, we expect the error due to realistic
transverse heterogeneities to be small. We have also observed that the non Gaussian
shape of the energy distributions that could have an impact on the reconstructed
RSP value, and complicates the 3σ energy cuts used to exclude non-elastic nuclear
reactions. Further investigations about the energy distributions and the impact on
the reconstruction could explain some of the artifacts previously reported. Also, the
initial energy of the proton beam could have an impact on the amplitude of the MLP
error as scattering is more important for lower energies. Reconstructing a phantom
with a transverse heterogeneity could confirm the assumptions on the impact of the
skewed spatial and energy distributions on the final image.

Secondly, we have proposed an alternative filter to reconstruct pCT data. We
have defined and found the band-limited expression for a 2D directional ramp filter.
The objective was to filter the data directly in the image space to avoid an interpola-
tion and preserve the spatial information of the MLP. The reconstruction procedure
using this filter is (1) perform a partial backprojection binning, (2) filter the data us-
ing the directional ramp and (3) sum over all projection angles. Since the list-mode
data is binned in the image space and no interpolation is needed to apply the direc-
tional ramp filter, a slight gain in spatial resolution is observed compared with an
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approach where the data is binned into projections. The 2D directional ramp filter
was developed assuming a parallel geometry. It may be possible to derive an equiv-
alent filter for other geometries such as fan beam, although we expect its expression
to be more difficult to derive, as the variable change from the sinogram space to the
image space for fan beam is not a simple rotation as for a parallel geometry. Al-
though it is straightforward to rebin list-mode pCT data to a parallel geometry, this
rebinning could be more complicated for integration mode pCT set-ups.

We have conducted a comparison of all the direct methods used to reconstruct
pCT data. Results were compared in terms of spatial resolution and RSP accuracy.
The different algorithms were (1) the distance-driven algorithm extending the FBP to
non-linear paths, (2) the maximum likelihood algorithm working with optimized ra-
diographs, (3) the backprojection-then-filtering which inverts the filtering and back-
projection steps, (4) the differentiated backprojection and (5) the directional ramp
method. Results have shown minor differences between the different algorithms. In
general, algorithms that start by backprojecting the data in the image space allow for
a superior spatial resolution. Most differences in spatial resolution were noticeable
at the border of the reconstructed phantom. Elsewhere, spatial resolution was dom-
inated by MCS and tracker resolution. The computational cost is therefore a major
factor for the choice of the reconstruction algorithm. Some backproject first methods
require to compute the backprojection beyond the limits of the reconstruction region
which increases the computational load. Also, the ability of the differentiated back-
projection to deal with truncated projections can make it the preferred solution in
certain cases.

Finally, we proposed a shift-variant deconvolution method to deconvolve the
MLP uncertainty from distance-driven projections. First, we compute distance-
driven uncertainty maps for each projection using the MLP formalism with tracker
resolution. Then, we use a truncated singular value decomposition to invert the cor-
responding shift-variant system matrix for each distance and each projection. Re-
sults have a shown a significant gain of spatial resolution in simple and realistic
phantoms when tracker resolution is included. This benefit is most significant in
regions with a lot of heterogeneities in terms of RSP value, e.g. the head. On the
reconstructed slices, it was observed that the spatial distribution of the noise was
different after deconvolution. The truncation level of the TSVD has to be adapted
to the noise in the projections, which we did heuristically. Adjusting the noise level
more carefully might improve the current results.

This method is quite slow since SVD must be calculated for each distance and
each projection angle. It could be possible, in order to speed up the deconvolution,
to use the same uncertainty map for all projection angles. This could be reasonable
for circular objects with few heterogeneities, i.e. objects where there is little variabil-
ity in terms of MLP uncertainty as a function of projection angle. Alternatively, a
single matrix per projection could work when there is little variability as a function
of distance. This could be a reasonable approximation as adding tracker uncertainty
reduces the variability of each uncertainty map. Also, it would be interesting to
compare this method with an image based deconvolution method, where deconvo-
lution would be done after the reconstruction. This could give satisfactory results in
cases when the uncertainty map does not vary much as a function of projection an-
gle. While this would mean deconvolving a single 2D image instead of a whole 3D
sinogram, the shift-variant blurring kernels would be in 2D which currently makes
TSVD unusable for such a large problem. Other deconvolution methods could also
be used for faster calculations and a better control of the noise. More sophisticated
regularization schemes might reduce the noise level while keeping a high spatial
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resolution. Although this method was tested on list-mode data, the MLP formalism
computing the uncertainty on the path estimate has been extended to integration
mode set-ups. Therefore, the same method can be used to deblur projections ac-
quired using different kinds of set-ups. We expect the gain of spatial resolution to
be greater for integration set-ups since resolution of the reconstructed image is more
impacted by tracker uncertainty. It would be interesting to compare the spatial res-
olution after deconvolution between list-mode and integration mode set-ups.

During this thesis, all studies were based on Monte Carlo simulations. While we
have taken into account tracker resolution using an approximative model, there are
several aspects that have been idealized. For example, the resolution of the energy
detector was assumed to be perfect, the reconstruction of the proton track in the front
and rear trackers used knowledge of a particle identification number, there were no
motion artifacts, etc. Experimental set-ups have to deal with tracking errors, elec-
tronic noise, limited detection rate and resolution, etc. Therefore, our findings need
to be confirmed on real data. Still, by proposing different solutions to improve spa-
tial resolution and conducting a comprehensive comparison of pCT reconstruction
algorithms, our work contributes to the development of this imaging modality.

There are still limitations to the clinical use of pCT such as the maximum beam
energy delivered by the medical accelerator, the scan time, or the incorporation into
the clinical workflow. Additionally, while our work has focused on list-mode set-ups
as they achieve the best spatial resolution, integration mode set-ups might be eas-
ier to implement clinically. There have been several hardware developments such
that detectors with spatial and energy resolution of the same order as MCS and
energy straggling are possible. However, the increased complexity, cost and scan
time of this type of equipment makes the investigation of integration-mode systems
worthwhile. Improving the spatial resolution of pCT data acquired with integra-
tion set-ups might be possible by dual modality image reconstruction, for example.
The combination of X-ray CT with pCT or multi-projection proton radiographies has
been studied by Wang, Mackie, and Tomé (2012), Hansen et al. (2014a), and Zhang et
al. (2019). Dual modality image reconstruction has also been considered to overcome
the range limit imposed by the maximum energy of the accelerator. The principle
is to use only projections acquired at angles where the proton range is sufficient to
traverse the patient and complete the missing data using X-ray CT. Although in-
creasing the energy of the proton beam might be physically possible, it might not be
economically justified if it is for the purpose of reconstructing pCT images only.

While there are still challenges to the clinical implementation of pCT, clinical
prototypes for proton radiography and CT are currently under development, no-
tably the pRad system of ProtonVDA is being medically certified.
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Résumé étendu

Avec environ 18 millions de nouveaux cas et 9.5 millions de décès dans le monde
en 2018, le cancer est l’une des pathologies les plus répandues et les plus létales. En-
viron la moitié des cas requièrent un traitement par radiothérapie, seul ou en com-
binaison avec d’autres traitements tels que la chirurgie et/ou la chimiothérapie. La
radiothérapie standard utilise des rayons X à haute énergie afin d’endommager les
cellules cancéreuses. L’utilisation des protons au lieu des rayons X pour la thérapie
contre le cancer a été proposée car elle offre des avantages en matière de conformité
de dose, c’est-à-dire qu’elle permet de maximiser la dose administrée à la tumeur
tout en minimisant la dose reçue par les tissus sains environnants. L’exploitation
du pic de Bragg du proton - un pic de dose localisé peu avant l’arrêt des protons -
permet de traiter les tumeurs profondes tout en épargnant les structures critiques,
ce qui est essentiel pour les cancers de la tête et du cou, de la prostate, les cancers
pédiatriques, etc. La position du pic de Bragg (appelée range) peut être ajustée via
l’énergie du faisceau de protons.

La planification d’une thérapie proton nécessite l’acquisition d’une image CT
afin de prédire le range des protons et donc la dose absorbée par le patient. Plus pré-
cisément, une carte du pouvoir d’arrêt des tissus traversés est nécessaire pour esti-
mer le range des protons. Cependant, l’utilisation d’une image CT à rayons X pour
calculer le pouvoir d’arrêt introduit des incertitudes car les interactions des photons
et des protons avec la matière sont très différentes. Cette incertitude, additionnée à
d’autres erreurs dues à l’alignement du patient, aux mouvements respiratoires, etc.,
obligent les praticiens à utiliser des marges de sécurité autour du volume de trai-
tement au détriment de la protection des tissus sains. Dans ce contexte, l’imagerie
CT proton est une solution intéressante car la quantité reconstruite est directement le
pouvoir d’arrêt du proton, c’est-à-dire qu’aucune calibration n’est nécessaire à partir
d’une image CT à rayons X. L’utilisation de l’imagerie CT proton pour la planifica-
tion des traitements de thérapie proton peut donc aider à réduire les incertitudes de
range et ainsi améliorer la conformité de dose.

L’objectif de cette thèse était d’améliorer la qualité d’image en reconstruction CT
proton en mode liste. Dans une configuration en mode liste, chaque proton est suivi
individuellement, et son énergie, sa position et sa direction sont mesurées en amont
et en aval du patient. Comme les trajectoires des protons ne sont pas linéaires en
raison de la diffusion coulombienne multiple, les configurations en mode liste per-
mettent une meilleure estimation de la trajectoire des protons et une amélioration
de la résolution spatiale. Les algorithmes de reconstruction tomographique en ima-
gerie CT proton doivent donc être adaptés pour prendre en compte la non-linéarité
des chemins des protons. Le problème de reconstruction consiste alors à retrouver
une carte du pouvoir d’arrêt à partir des données en mode liste.

Le chapitre 1 commence par présenter les différentes interactions des protons
avec la matière, à savoir la perte d’énergie, la diffusion coulombienne multiple et
les interactions nucléaires. Le chapitre 2 présente les bases de la thérapie proton et
la justification clinique de l’imagerie proton dans le contexte de la planification des
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thérapies proton. Le chapitre 3 est une revue de l’imagerie CT proton, depuis les dé-
buts de l’imagerie proton jusqu’aux développements hardware et aux techniques de
reconstruction contemporains. Les chapitres 4 à 7 présentent nos contributions ori-
ginales. Dans un premier temps, une étude de l’impact des hétérogénéités sur la tra-
jectoire du proton est réalisée à l’aide de simulations Monte Carlo. Plus précisément,
le most likely path (MLP) théorique est comparé à une trajectoire simulée dans diffé-
rentes configurations hétérogènes. Dans le chapitre 5, une extension du filtre rampe
en deux dimensions pour améliorer la résolution spatiale en pCT est proposée. Cette
méthode, ainsi que quatre autres algorithmes de reconstruction directe, est évaluée
en matière de résolution spatiale et de précision du pouvoir d’arrêt dans le chapitre
6. Une dernière contribution est présentée dans le chapitre 7 : il s’agit d’une méthode
de déconvolution shift-variante prenant en compte l’incertitude sur la trajectoire du
proton afin d’améliorer la résolution spatiale.

I Interactions proton-matière

Un proton est une particule subatomique positivement chargée, souvent noté p
ou p+. Pour des protons dans le régime d’énergie utilisé en imagerie proton (60-
300 MeV), on distingue trois processus d’interactions différents :

— La perte d’énergie par des interactions coulombiennes non-élastiques avec les
électrons atomiques ;

— La diffusion multiple de Coulomb, qui correspond à la déviation de la trajec-
toire du proton via des interactions coulombiennes entre les charges du proton
et du noyau ;

— Les interactions nucléaires élastiques et non-élastiques.

I.1 Perte d’énergie

Les protons perdent de l’énergie principalement via des interactions électroma-
gnétiques avec les électrons atomiques. La multiplication de ces interactions micro-
scopiques fait perdre de l’énergie au proton jusqu’à ce qu’il s’arrête. On suppose
que les protons perdent leur énergie continûment le long de leurs trajectoires à un
taux donné par le pouvoir d’arrêt S, exprimé comme une perte d’énergie moyenne
par unité de longueur. Le pouvoir d’arrêt dépend du milieu traversé ainsi que de
l’énergie du proton, et est calculé par la formule de Bethe-Bloch pour des énergies
supérieures à 2 MeV (Equation 1.2). La dose libérée par les protons est directement
proportionnelle au pouvoir d’arrêt. Lorsque le proton avance dans le milieu, il perd
de plus en plus d’énergie, ce qui donne lieu au pic de dose à la fin de sa trajectoire,
appelé pic de Bragg.

Étant donné que la perte d’énergie est un processus statistique, un faisceau par-
faitement monoénergétique aura toujours une distribution en énergie après avoir
traversé un médium. Dans le cas d’absorbeurs épais, si la perte d’énergie est faible,
la distribution en énergie en sortie est gaussienne ; sinon il s’agit d’une distribution
de Tschalar (Tschalär, 1968b,a ; Tschalär et Maccabee, 1970).

I.2 Diffusion multiple de Coulomb

Les protons dévient de leur trajectoire initiale due à la multiplication d’interac-
tions électromagnétiques élastiques avec les noyaux. La distribution angulaire après
diffusion est approximativement gaussienne, avec une queue vers les grands angles
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de diffusion. Bien qu’il existe une théorie plus précise pour décrire cette distribu-
tion, 98% des protons rentrent dans le cadre du modèle gaussien. En pratique, dans
le contexte de l’imagerie proton, les protons présentant des angles de diffusion par-
ticulièrement importants sont exclus afin de respecter l’approximation gaussienne.

I.3 Interactions nucléaires

Alors que les interactions électromagnétiques sont bien comprises, il est plus dif-
ficile de modéliser les interactions impliquant des forces nucléaires. Ces interactions
sont moins fréquentes que les interactions électromagnétiques mais ne doivent pas
être négligées pour autant. Il existe des interactions nucléaires élastiques (sans perte
d’énergie) et non-élastiques (avec perte d’énergie). Ces dernières conduisent à la
créations de particules secondaires tels que des protons, neutrons, particules alpha,
etc.

II Proton thérapie

La radiothérapie est un traitement contre le cancer dont l’objectif est l’arrêt, ou au
moins le ralentissement, de la croissance des cellules tumorales via la dégradation
de leur ADN. Un point fondamental en radiothérapie est la conformité de la dose,
c’est-à-dire la maximisation de la dose administrée à la tumeur et la minimisation de
la dose administrée aux tissus sains. L’objectif de la proton thérapie est d’améliorer
la conformité de la dose par rapport aux traitements conventionnels utilisant des
photons, en exploitant le profil de dose des protons et leur efficacité radiobiologique.

II.1 Justification clinique

L’existence des protons, particules subatomiques chargées positivement, fut dé-
montrée par Rutherford (1919). Wilson (1946) fut le premier à proposer l’utilisation
des protons à la place des photons dans le cadre de la radiothérapie. Il suggéra de
tirer parti de leur profil de dose caractérisé par une faible dose superficielle et un pic
de dose en profondeur afin de viser des tumeurs entourées de tissu sain. Depuis, ce
sont plus de 190,000 patients qui ont été traités par proton thérapie, principalement
aux États-Unis, en Europe et au Japon.

Comme évoqué plus haut, le profil de dose des protons est avantageux étant
donné qu’il se caractérise par un pic de dose fin, le pic de Bragg, situé à la fin du
parcours des protons, et d’une dose quasi-nulle après ce pic. En modulant la position
du pic, qui dépend de l’énergie initiale des protons et du pouvoir d’arrêt des tissus
traversés, il est possible de cibler très précisément une tumeur en profondeur. Afin
de couvrir la totalité du volume de la tumeur, plusieurs pics situés à différentes
profondeurs sont superposés.

De nombreuses études ont démontré l’avantage de la proton thérapie en matière
de distribution de dose, particulièrement dans le cas de tumeurs proches de struc-
tures sensibles (tête et cou, oeil, prostate, etc.) et de cancers pédiatriques, étant donné
que les individus jeunes présentent un plus grand risque de développer des cancers
secondaires radio-induits. Cependant, la transposition de cet avantage dosimétrique
en bénéfices cliniques mesurables n’est pas encore démontrée pour tous les sites de
traitement. Plusieurs études cliniques à grande échelle sont actuellement en cours.
Les résultats de ces études pourront également aider à avoir une estimation plus
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robuste du rapport bénéfices-coûts de la thérapie proton. En effet, les centres de thé-
rapie proton sont bien plus coûteux que les centres de radiothérapie (facteur de 2-3
par fraction).

II.2 Planification des traitements de proton thérapie

Afin de sculpter la distribution de dose et de couvrir la tumeur uniformément,
l’acquisition d’une image du patient est essentielle. La prise en compte des varia-
tions des tissus du patient permet d’éviter un sous- ou surdosage. Le système de
planification des traitements utilise une image CT afin de calculer la dose absorbée
en convertissant les unités Hounsfield en pouvoir d’arrêt du proton. En comparant
cette carte de dose à la dose prescrite, les paramètres du système sont optimisés.

Afin d’exploiter pleinement le profil de dose des protons, la position du pic de
Bragg doit être précisément connue. Même une erreur de quelques millimètres peut
induire un grave sous-dosage de la tumeur et/ou un surdosage des organes à risque.
Il existe plusieurs sources d’incertitude en thérapie proton, comme la conversion
des unités HU en pouvoir d’arrêt, le choix de l’algorithme de calcul de dose, les
mouvements du patient, un mauvais alignement, etc. Afin de compenser l’erreur
due à ces incertitudes, des marges de sécurité autour de la tumeur sont utilisées, au
dépend de la conformité de dose. Ces marges sont nécessaires afin de s’assurer que
la dose prescrite a bien été délivrée à la tumeur.

L’objectif de l’imagerie proton est de réduire l’erreur due à la conversion des
unités HU en pouvoir d’arrêt. Selon plusieurs études, les incertitudes en matière de
range dues à cette calibration varient entre 1.1%-1.8% (Schaffner et Pedroni, 1998) et
3.0%-3.5% (Moyers et al., 2010 ; Yang et al., 2010). D’autres modalités d’images, tels
que la DECT ou la radiographie proton, sont étudiées afin d’améliorer la calibration
HU/RSP. Cependant, seule l’imagerie proton CT permet de s’affranchir totalement
de cette calibration en reconstruisant directement une carte de RSP.

III Tomographie proton

III.1 Débuts de l’imagerie proton

L’idée d’utiliser des protons pour l’imagerie médicale fut initialement proposée
par Cormack (1963), il y a plus de cinquante ans. La première radiographie proton
fut rapportée par Koehler (1968). La fluence des protons était mesurée afin de pro-
duire une image offrant un contraste supérieur. D’autres publications explorèrent
les capacités de la radiographie proton en matière de contraste, mais ce mode d’ima-
gerie basé sur la mesure de fluence a peu progressé depuis les années 1970.

Les premières expériences en proton CT furent conduites par Cormack et Koeh-
ler (1976). Plus tard, dans les années 1970 et 1980, Hanson a continué d’explorer cette
modalité d’imagerie au laboratoire national de Los Alamos (Hanson et al., 1978 ;
Hanson, 1979 ; Hanson et al., 1981, 1982). Il utilise des détecteurs pour mesurer la
position des protons afin d’améliorer la résolution. Plusieurs de ses idées sont au-
jourd’hui utilisées dans les prototypes de scanners pCT.

Ces premières études se sont focalisées sur le potentiel avantage en matière de
dose de l’imagerie pCT plutôt que sur son utilisation dans le cadre de la thérapie
proton, car l’usage de celle-ci était encore limité. Dû aux avancées en imagerie CT à
rayons X à faible dose et aux coûts importants des accélérateurs de particule néces-
saires à la pCT, l’intérêt pour l’imagerie pCT diminua.
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Ainsi, bien que la faisabilité de l’imagerie pCT fut démontrée dès le début des
années 1980, il fallut attendre les années 1990 et l’expansion de la thérapie proton
pour que l’imagerie proton suscite à nouveau l’intérêt des scientifiques.

III.2 Conception et détecteurs

Afin de bien appréhender les développements technologiques actuels, il est im-
portant de comprendre la conception d’un scanner pCT. Ici, seuls les systèmes en
mode liste — c’est-à-dire les configurations où chaque proton est mesuré individuel-
lement — seront étudiés, étant donné que la grande partie des recherches actuelles
se concentrent sur ce type de systèmes. Le cahier des charges pour un scanner pCT
est le suivant :

— Une résolution spatiale de l’ordre de 1 mm (Schulte et al., 2004). Celle-ci est
limitée par la diffusion multiple de Coulomb, et par la résolution du détecteur.

— La résolution du WEPL doit être inférieure à 1% (Schulte et al., 2004). Elle est
limitée par le straggling en énergie, la distribution en énergie du faisceau inci-
dent, la résolution du détecteur, et le MCS (Dickmann et al., 2019).

— Un taux de détection important afin de scanner le patient en un temps rai-
sonnable. Étant donné qu’il faut environ 100 protons par mm3 par angle de
projection, cela correspond à un taux de 2 MHz pour un scan d’une durée de
6 min.

— Une haute efficacité de détection car les protons non détectés participent à l’ir-
radiation du patient sans contribuer à la formation de l’image.

D’autres critères sont à noter, tels que la gamme d’énergie du faisceau incident,
la taille des détecteurs, et la résistance des détecteurs aux irradiations. En ce qui
concerne l’énergie du faisceau de protons, elle doit être assez grande afin que les
protons puissent traverser le patient. Cela correspond à une énergie de 200 MeV au
niveau de la tête, et au moins 250 MeV au niveau de l’abdomen.

Deux types de détecteurs sont nécessaires afin de satisfaire le cahier des charges
ci-dessus : un détecteur d’énergie/range résiduels afin de mesurer le WEPL des pro-
tons, et des trackers afin de mesurer la position et l’angle et estimer la trajectoire des
protons pour améliorer la résolution spatiale. En ce qui concerne les trackers, des
détecteurs à base de bandes de silicone sont souvent utilisés car dotés d’une bonne
résolution spatiale et efficacité, compacts, et faciles à calibrer. Par ailleurs, il existe
deux types de détecteurs d’énergie : les calorimètres, et les range telescopes. Les calo-
rimètres sont des détecteurs non segmentés mesurant l’énergie des protons. D’autre
part, le range telescope consiste en de multiples couches sensibles (entre 60 et 100
couches idéalement), et le range est obtenu par la position de la couche où le proton
s’est arrêté. Plus récemment, un troisième type de détecteur hybride, le scintillateur
multi-couches, a été proposé (Bashkirov et al., 2016a).

III.3 Développements contemporains

Dans les années 1990, avec l’expansion de la thérapie proton, l’imagerie proton
a connu un regain d’intérêt avec l’idée de l’utiliser afin de planifier les thérapies.
Schneider et Pedroni (1994, 1995) de l’institut Paul Sherrer ont investigué la radio-
graphie proton. En 2000, Zygmanski et al. (2000) a évalué un système d’imagerie
pCT avec un faisceau conique, sans mesurer chaque proton individuellement afin
de réduire le temps d’acquisition. Cependant, ce type de systèmes offre une réso-
lution spatiale limitée due à l’effet du MCS. Bien que ces configurations continuent
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d’être étudiées dû à leur simplicité et faible coût, la plupart des développements
utilisent des configurations en mode liste.

Depuis 2002, une collaboration informelle entre LLUMC et UCSC a conduit à la
publication d’un grand nombre d’articles sur la pCT. Un premier concept de scanner
a été proposé par Schulte et al. (2004), et, quelques années plus tard, un prototype
capable d’imager des phantomes de la taille d’une petite tête fut installé à LLUMC
(Hurley et al., 2012). Ce système est basé sur des détecteurs à bandes de silicone et
un calorimètre. Il a été conçu afin de fonctionner à un taux d’acquisition limité, ce
qui fait que le temps de scan était de plusieurs heures. Par conséquent, en 2011, une
collaboration entre LLUMC, UCSC, et California State University San Bernardino, a
conçu un scanner pCT de phase-II. Ce dernier prototype a permis l’acquisition de
données de grande qualité avec un temps d’acquisition entre 6 et 10 minutes (Bash-
kirov et al., 2016b). D’autres améliorations sont en cours afin de réduire ce temps à
2-3 minutes.

En 2013, le consortium PRaVDA a entrepris le développement du premier sys-
tème pCT entièrement à état solide. Dans leur design final, les trackers ainsi que le
détecteur d’énergie sont tous deux à base de bandes de silicone. Ce scanner a permis
l’acquisition d’une image avec un taux de 2× 108 protons/s (Esposito et al., 2018).

D’autres prototypes ont été construits par ailleurs : en Italie avec le projet
PRIMA (Cirrone et al., 2007a ; Menichelli et al., 2010 ; Sipala et al., 2011 ; Scaringella
et al., 2013 ; Vanzi et al., 2013), au Japon (Saraya et al., 2014), en Norvège (Petter-
sen et al., 2017 ; Pettersen et al., 2019), etc. Enfin, protonVDA a entrepris d’implanter
des systèmes d’imagerie proton en clinique. Un système de radiographie proton est
actuellement en train d’être certifié, et un scanner pCT est en développement.

III.4 Modalités d’imagerie proton alternatives

Bien que la plupart des développement en imagerie proton concernent l’imagerie
basée sur la perte d’énergie, certains travaux portent sur la reconstruction d’image à
partir d’informations différentes. Par exemple, Bopp et al. (2013, 2015) et Quinones,
Létang et Rit (2016) ont étudié l’utilisation de la déviation angulaire et/ou du taux de
transmission des protons. Ces modalités permettent la reconstruction d’un contraste
différent, mais souffrent d’un bruit statistique important. Par ailleurs, Saudinos et
al. (1975) ont proposé d’utiliser la diffusion nucléaire de protons à haute énergie
(500 MeV à 1 GeV) afin de reconstruire des objets sans rotation du faisceau ou de
l’objet. Il s’agit de mesurer des protons ayant été déviés par diffusion nucléaire et de
retrouver le point d’interaction. Cette technique est limitée par le besoin d’un accé-
lérateur à haute énergie, une faible résolution spatiale, et un mauvais rapport signal
sur bruit étant donné que les réactions nucléaires sont plus rares que les interactions
électromagnétiques. Des projets similaires ont plus récemment étudié l’utilisation de
cette méthode dans le cadre de la thérapie carbone, étant donné que les interactions
nucléaires sont plus fréquentes pour les ions carbone que pour les protons (Amaldi
et al., 2010).

III.5 Reconstruction en proton CT

III.5.1 Estimation de la trajectoire

Afin d’améliorer la résolution spatiale, le chemin le plus vraisemblable d’un pro-
ton, sachant la position et direction en entrée/sortie, peut être dérivé en utilisant
une approximation gaussienne du MCS. Schulte et al. (2008) ont proposé un forma-
lise compact, basé sur des matrices, et pouvant fonctionner même dans le cas d’une
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information partielle sur la position/direction du proton. Afin de rentrer dans le
cadre de l’approximation gaussienne, un filtrage en fonction de l’angle de sortie est
effectué afin d’éliminer les protons avec un angle de déviation trop important. Un
filtrage en fonction de l’énergie de sortie est également pratiqué afin d’exclure les
interactions nucléaires non-élastiques et d’améliorer la résolution en densité. Bien
que le formalisme du MLP donne la meilleure estimation de la trajectoire du proton,
il est coûteux en matière de temps de calcul comparé à des méthodes plus simples.
L’estimation la plus simple est de supposer une trajectoire linéaire reliant la position
d’entrée à la position de sortie, mais cela conduit à une mauvaise résolution spatiale.
Par ailleurs, une trajectoire spline cubique est un compromis intéressant car son cal-
cul est moins coûteux que celui du MLP et elle permet une nette amélioration de la
résolution spatiale.

III.5.2 Algorithmes de reconstruction

Le problème de reconstruction d’image à partir de projections est bien connu et
a été largement étudié. En imagerie CT à rayons X, les mesures correspondent à des
intégrales le long de lignes droites à différents angles. L’ensemble de ces intégrales
correspond à la transformée de Radon de l’image. La reconstruction de l’image à
partir d’intégrales de lignes peut-être effectué analytiquement, l’algorithme de ré-
troprojection filtrée (Kak et Slaney, 1988) étant l’une des solutions les plus popu-
laires. Par ailleurs, des méthodes itératives, bien que plus coûteuses en matière de
calculs, offrent de sérieux avantages concernant la réduction de dose et d’artefacts,
et deviennent donc de plus en plus populaires afin de produire des images à faible
dose. Dans ce cas, la reconstruction revient à résoudre un système d’équations li-
néaires. Dû à la grande taille du système et à l’impact du bruit, une simple inversion
de matrice n’est pas envisageable. Ainsi, différents types d’algorithmes itératifs ont
été développés, le plus simple étant l’algorithme ART (Gordon, Bender et Herman,
1970).

De prime abord, les méthodes itératives semblent plus adaptées à l’imagerie pCT.
Les méthodes analytiques supposent en effet des lignes droites, et il n’y a pas de
solution mathématique afin d’inverser une intégrale le long d’une trajectoire curvi-
ligne, à l’exception des trajectoires circulaires. Les méthodes itératives peuvent être
plus facilement redéfinies pour résoudre un problème de pCT. Ainsi, différents mé-
thodes ont été testées dans le cadre de l’imagerie pCT (Li et al., 2006 ; Wang, Mackie
et Tomé, 2010 ; Penfold et al., 2010b ; Hansen et al., 2014b ; Hansen, Sørensen et Rit,
2016). Par ailleurs, différentes façons d’adapter les algorithmes analytiques à la pro-
ton CT ont été proposées. Par exemple, l’algorithme de FBP peut être combiné à un
filtrage des protons pour ne garder que des trajectoires quasi-linéaires, bien que cela
donne des images limitées en matière de résolution spatiale et augmente la dose
et le temps d’acquisition. Alternativement, l’algorithme de FBP a été heuristique-
ment adapté aux trajectoires curvilignes en effectuant un binning en fonction de la
distance du proton à l’intérieur de l’objet à reconstruire (Rit et al., 2013). D’autres
approches directes ont ensuite été développées (Poludniowski, Allinson et Evans,
2014 ; Rit et al., 2015 ; Collins-Fekete et al., 2016). Une comparaison entre plusieurs
algorithmes directs et itératifs en pCT a été effectuée par Hansen, Sørensen et Rit
(2016). Les résultats ont démontré que les méthodes directs produisent des images
de qualité comparable aux méthodes itératives, même à faible dose, tout en étant
beaucoup plus rapides.
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IV Trajectoire des protons en milieu hétérogène

IV.1 Introduction

Le formalisme du MLP suppose un milieu homogène, ce qui est approximatif
pour plusieurs raisons. Premièrement, la longueur de radiation X0 est nécessaire
pour calculer les matrices de diffusion. Étant donné que la composition de l’ob-
jet est inconnue, une valeur constante, correspondant à la longueur de radiation
de l’eau, est assignée. De plus, le ratio 1/p2v2 est approximé à partir de l’énergie
perdue par un proton dans l’eau. Or, l’énergie perdue dépend des tissus traversés,
ce qui introduit également des inexactitudes dans l’estimation de la diffusion cou-
lombienne. Enfin, l’hétérogénéité des tissus remet également en cause l’hypothèse
d’une distribution gaussienne des positions et angles de diffusion. Même dans le
cas homogène, la diffusion à grand angle et les interactions nucléaires induisent des
queues non gaussiennes dans les distributions spatio-angulaires. Mais l’impact de
ces évènements est atténué par l’application de filtres en angle et en énergie. On
peut donc considérer que l’approximation gaussienne est valide dans le cas homo-
gène. À vrai dire, elle est valide tant que les tissus varient uniquement en fonction
de la profondeur, mais pas en fonction de la direction perpendiculaire au faisceau.
Dans le cas d’une hétérogénéité transverse, on s’attend à une distribution asymé-
trique étant donné que le pouvoir de diffusion dépendrait de la position latérale.
Ce type d’hétérogénéités transverses pourrait causer des erreurs systématiques du
MLP si elles sont assez conséquentes. Contrairement à l’approximation sur la valeur
de la longueur de radiation ou le ratio 1/p2v2, cette asymétrie ne pourrait pas être
simplement corrigée en introduisant une information sur les tissus traversés, mais
demanderait une reformulation du formalisme du MLP.

Des observations de diffusion asymétrique ont été rapportées par West et Sher-
wood (1972, 1973) qui avaient remarqué des franges dans la distribution de la fluence
des protons à proximité d’hétérogénéités transverses. Cet effet avait été exploité en
imagerie proton basée sur la fluence afin d’améliorer la résolution en densité. Cepen-
dant, en imagerie CT proton basée sur la perte d’énergie, cela est considéré comme
une cause de détérioration de la qualité d’image. Quelques études ont été menées
afin d’évaluer l’impact, ou même de prendre en considération, les hétérogénéités
dans le formalisme du MLP. Mais seules les hétérogénéités longitudinales ont été
considérées jusqu’à présent. Wong et al. (2009) ont étudié l’impact des hétérogénéi-
tés longitudinales sur le MLP. Leurs résultats n’ont pas démontré d’erreur systéma-
tique sur le MLP, seulement une augmentation du RMS étant donné que des inserts
d’os avaient été ajoutés. Collins-Fekete et al. (2017a) ont étendu le formalisme du
MLP en incluant une information sur la composition des tissus, mais leur forma-
lisme suppose toujours une distribution symétrique du MCS. Leurs résultats ont
démontré que leur formalisme étendu ne permet pas de réduire le RMS comparé au
formalisme standard.

Nous avons observé l’effet d’une diffusion asymétrique à proximité d’hétérogé-
néités transverses expérimentalement : des profils acquis à l’institut Curie - Centre
de thérapie proton à Orsay (France) ont montré des distributions non gaussiennes
lorsque les protons traversent des interfaces dans un fantôme CIRS. Les bords des
inserts d’os et de poumon sont associés avec des valeurs d’asymétrie importantes.
Nos travaux étudient les effets des hétérogénéités, et plus particulièrement les hété-
rogénéités transverses, sur l’estimation de la trajectoire du proton. Pour cela, nous
avons utilisé des trajectoires simulées par Monte Carlo afin de définir un MLP de
référence, et l’avons comparé au formalisme conventionnel du MLP.
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IV.2 Matériels et méthodes

Nous avons comparé le MLP théorique proposé par Schulte et al. (2008) à un
MLP simulé. La plateforme GATE (Jan et al., 2011) a été utilisée afin de simuler des
trajectoires de proton dans différents fantômes :

— un fantôme homogène composé d’eau (A),

— un fantôme hétérogène avec une interface longitudinale os/eau (B),

— un fantôme hétérogène avec une interface transverse os/eau (C),

— la tête d’un fantôme réaliste (ICRP, 2009) avec des voxels de 1.775× 1.775×
4.84 mm3.

Les trois premiers fantômes ont été utilisés pour étudier les effets des hétéro-
généités dans des conditions simples. Bien que ces fantômes exagèrent les hétéro-
généités comparés aux interfaces trouvées dans le corps humain, ils ont été utilisés
pour quantifier l’erreur maximale sur le MLP. Le fantôme de tête anthropomorphe
a été utilisé pour quantifier l’erreur sur le MLP dans des conditions réalistes. Nous
avons identifié les régions avec les hétérogénéités les plus importantes en calculant
les projections de la dérivée de la carte 1/X0 du fantôme ICRP. Nous avons sélec-
tionné deux régions présentant une hétérogénéité transversale : une interface entre
l’air (X0 = 6.3× 1011 cm) et le sommet de la tête (X0 = 43.4 cm) de longueur 3.4
cm, et une interface de 7.7 cm de long entre les dents (X0 = 9.0 cm) et la mandibule
(X0 = 29.4 cm).

Une source de protons monoénergétiques de 250 MeV a été simulée pour tra-
verser ces fantômes. Un faisceau non-divergent a été utilisé pour garder les pro-
tons tangents à l’interface transversale. Pour les trois premiers fantômes, une source
ponctuelle a été utilisée à différentes positions d’entrée. Pour le fantôme ICRP, nous
avons simulé une source de protons rectangulaire uniforme de taille 4× 4 mm. Nous
avons simulé 107 protons pour chaque trajet testé, et pour chaque particule la trajec-
toire était suivie à l’intérieur du fantôme. De plus, deux détecteurs idéaux mesu-
rant le position et la direction ont été positionnés à 40 cm en amont et en aval de
l’isocentre. L’énergie cinétique des protons a également été enregistrée car une asy-
métrie dans les distributions spatio-angulaires affecte également la distribution en
énergie. Les résultats utilisant la liste de physique emstandard – utilisée pour simuler
les processus électromagnétiques uniquement – et la liste QGSP_BIC – utilisée pour
simuler tous les processus d’interaction – ont été comparés.

Pour calculer le MLP réel des protons passant par chaque fantôme, nous avons
d’abord sélectionné les trajectoires d’un sous-ensemble de protons dont les coordon-
nées d’entrée et de sortie sont très proches. Les intervalles utilisés pour sélectionner
ces sous-ensembles reflètent la résolution spatiale et angulaire typique des détec-
teurs utilisé en pCT (Bopp et al., 2014). Nous avons testé plusieurs combinaisons de
coordonnées d’entrée et de sortie pour trouver le biais maximal créé par les hétéro-
généités. Pour chaque cas, nous avons comparé le MLP théorique au MLP réel. Pour
estimer le MLP réel, nous avons construit l’histogramme des positions transversales
à différentes profondeurs dans le fantôme et ajusté une somme de deux gaussiennes
à cet histogramme. Nous avons déterminé le MLP réel à chaque profondeur comme
étant le mode de la distribution, c’est-à-dire la position du maximum. Le biais absolu
maximal a été utilisé afin de caractériser la justesse du formalisme de MLP théorique.
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IV.3 Résultats et discussion

Nos résultats ont montré que l’hypothèse d’une distribution spatiale et angulaire
gaussienne, utilisée pour calculer le MLP des protons, n’est pas valide en cas d’asy-
métrie dans la diffusion due à des hétérogénéités transversales. Lorsque les protons
traversent deux tissus différents en même temps, le tissu avec le pouvoir de diffusion
le plus élevé dispersera les particules avec des angles plus grands. Ainsi, un plus
grand nombre de protons se retrouvera dans le tissu adjacent. Ceci provoque des
distributions asymétriques, voire des distributions avec plusieurs pics. Cette asymé-
trie crée un biais entre le MLP obtenu à partir de simulations Monte Carlo et le MLP
théorique, qui suppose une distribution gaussienne. Par exemple, le MLP théorique
peut prédire un chemin droit tandis que le MLP réel près d’une hétérogénéité trans-
verse penche vers le milieu le moins diffusant de l’interface. Le biais maximal que
nous avons mesuré est de 0.5 mm. Cependant, il a également été montré que dans
les cas où la distribution n’est pas unimodale (lorsqu’il y a plus d’un pic), le MLP
estimé en utilisant la pic majeur peut produire une trajectoire discontinue. Dans ce
cas, le biais ne reflète pas la différence entre le MLP réel et théorique mais plutôt la
différence entre la position la plus probable et le MLP théorique. Si on ne considère
que les cas avec des distributions unimodales, le biais maximal atteint 0.45 mm. Pour
une hétérogénéité réaliste, ce biais n’atteint que 0.13 mm.

Nos résultats remettent en cause la définition du MLP en milieu hétérogène. Ha-
bituellement, le MLP est défini comme la jonction des positions transversales les plus
probables en fonction de la profondeur. Bien que cette représentation produise des
trajectoires valides dans le cas d’une distribution spatiale unimodale, les positions
les plus probables ne définissent pas une trajectoire réaliste et continue dans le cas de
distributions à plusieurs pics. Dans de tels cas, le MLP devrait être interprété comme
les positions les plus probables plutôt que comme le chemin le plus probable. Il pour-
rait être intéressant de développer une définition alternative du MLP sans supposer
une distribution gaussienne des angles et des positions de diffusion. Cependant, il
faut garder à l’esprit que les biais mesurés pour des hétérogénéités réalistes n’at-
teignent au plus que 0.13 mm. De plus, parmi les nombreux protons enregistrés et
utilisés pour reconstruire une image pCT, seuls quelques-uns auront des coordon-
nées d’entrée et de sortie suggérant qu’ils ont traversé une interface transverse. Par
conséquent, une correction du biais n’apporterait probablement pas d’amélioration
significative en matière de résolution spatiale.

Nous avons pu vérifier qu’une adaptation du formalisme incluant une longueur
de radiation et un produit moment-vélocité dépendant de la profondeur (Collins-
Fekete et al., 2017a) est suffisante pour corriger le biais dans un fantôme longitu-
dinalement hétérogène. De plus, nous avons confirmé que le RMS n’est pas une
métrique satisfaisante pour évaluer l’impact des hétérogénéités sur la précision du
MLP. En effet, l’erreur RMS est impactée par le biais systématique de l’estimation du
MLP mais aussi par l’incertitude autour cette estimation, qui dépend du pouvoir de
diffusion du milieu. L’utilisation d’autres métriques telles que l’erreur moyenne ou
maximale permet une meilleure évaluation de la jutesse du MLP.

Il pourrait être intéressant d’étudier les effets des hétérogénéités transverses sur
l’énergie de sortie des protons afin de vérifier si elles peuvent conduire à des arte-
facts pendant la reconstruction, étant donné que des protons ayant le même MLP
théorique auraient des énergies de sortie différentes. Nous avons montré qu’à proxi-
mité d’une interface transversale, le véritable MLP penchera vers le matériau le
moins diffusant. Nous nous attendrions donc à ce que l’interface reconstruite soit
légèrement décalée vers la région avec le plus fort pouvoir de diffusion. De plus,
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des profils énergétiques tels que ceux que nous avons observés compliqueraient le
filtrage énergétique utilisé pour filtrer les événements nucléaires.

IV.4 Conclusion

Dans ce chapitre, nous avons étudié l’impact des hétérogénéités sur les distri-
butions de diffusion spatio-angulaires, et comment cela peut conduire à des erreurs
systématiques dans la prédiction du MLP. Il a été démontré que les hétérogénéités
transverses induisent des distributions non gaussiennes. En fonction de la trajectoire
le long de l’interface, les distributions ressemblent à des gaussiennes asymétriques
ou à une somme de deux gaussiennes. Dans le premier cas, il y a une erreur systé-
matique sur le MLP théorique car les protons sont plus susceptibles de traverser le
milieu le moins diffusant. Dans le second cas, la notion d’un seul chemin probable
n’est pas adapté. Le biais maximal entre le MLP théorique et le MLP dérivé des
trajectoires simulées atteint 0.45 mm pour une interface eau/os de 20 cm de long
et 0.13 mm pour une interface au niveau de la tête d’un fantôme anthropomorphe.
Nous avons observé que les hétérogénéités longitudinales induisent une très faible
erreur systématique sur le MLP, qui peut être corrigée en utilisant une connaissance
préalable de la composition tissulaire de l’objet. Bien que l’impact des hétérogénéités
sur le MLP soit faible, combiné à l’impact sur les distributions en énergie, il pourrait
conduire à des artefacts pendant la reconstruction.

V Filtre rampe directionnel en 2D

V.1 Introduction

La rétroprojection filtrée (FBP) est l’algorithme de référence pour reconstruire des
données tomographiques. Il consiste à (1) filtrer les projections avec un filtre rampe
1D et (2) rétroprojecter le résultat dans le domaine de l’image. Une méthode alter-
native, le backproject-filter ou backproject first (BPF), commence par la rétroprojec-
tion avant d’effectuer le filtrage dans le domaine de l’image 2D. Les approches BPF
peuvent se révéler utiles dans certains cas pour éviter un ré-échantillonnage. Par
exemple, en proton CT, commencer par rétroprojecter les protons le long de leurs
trajectoires non linéaires pourrait améliorer la résolution spatiale, comparé au bin-
ning des données en mode liste en projections (Zeng, 2007 ; Poludniowski, Allin-
son et Evans, 2014 ; Rit et al., 2015). De même, le temps de vol (TOF) en imagerie
PET peut être pris en compte dans le domaine de l’image (Watson, 2007). Notre ob-
jectif est de développer une approche similaire en étendant le filtre rampe 1D en
deux dimensions. Les méthodes BPF reposent généralement sur des filtres radiaux
2D. Cependant, l’image rétroprojectée a un support infini, ce qui est problématique
lors de la convolution avec le filtre car la matrice de rétroprojection calculée a une
taille finie. La troncature de la rétroprojection entraîne un offset dans les valeurs
reconstruites, qui peut être minimisé en calculant de grandes matrices de rétropro-
jection. Une autre approche possible est basée sur l’inversion de la transformée de
Hilbert (Noo, Clackdoyle et Pack, 2004 ; Zeng, 2007 ; Rit et al., 2015).

Dans ce travail, l’idée est de (1) "étaler" chaque projection dans l’espace image, (2)
filtrer la projection étalée avec une version 2D du filtre rampe et (3) faire la somme
de toutes les projections filtrées. Une version 2D similaire du filtre à rampe a été

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



126 Résumé étendu

proposée par Watson (2007) pour l’imagerie TOF PET, bien que le filtre ait été échan-
tillonné directement dans le domaine fréquentiel provoquant des artefacts d’échan-
tillonnage. De la même manière que pour le filtre rampe 1D, nous allons échantillon-
ner notre filtre 2D dans le domaine spatial pour éviter les artefacts d’échantillonnage.
Nous commencerons par définir le filtre rampe 2D dans le cas de l’imagerie xCT pa-
rallèle, puis nous dériverons son expression dans le domaine spatial, avant d’appli-
quer cette méthode à des données xCT et pCT simulées. Bien que la principale ap-
plication de ce filtre soit l’imagerie pCT, le filtre est mathématiquement dérivé dans
le contexte de l’imagerie xCT pour plus de simplicité, puis appliqué à des données
pCT.

V.2 Matériels et méthodes

V.2.1 Dérivation du filtre

Une image f (x1, x2), où (x1, x2) sont les coordonnées spatiales, peut être recons-
truite depuis ses projections parallèles

pφ(s1) =
∫

R
f (s1θ+ s2θ⊥)ds2, (7.22)

où s1 est la distance entre le centre et la ligne de projection, s2 est la position le long
de la ligne de projection, θ = (cos φ, sin φ) et θ⊥ = (− sin φ, cos φ). Selon la méthode
de la rétroprojection filtrée, l’image est reconstruite par

f (x1, x2) =
∫ π

0
p̃φ(x1 cos φ + x2 sin φ)dφ, (7.23)

avec

p̃φ(s1) =
∫

R
Pφ(σ1)|σ1|ei2πσ1s1 dσ1, (7.24)

où Pφ(σ1) est défini comme étant la transformée de Fourier (FT) de pφ(s1).
Les projections sont filtrées puis rétroprojetées dans l’image en utilisant le chan-

gement de variable s1 = x1 cos φ + x2 sin φ. Nous souhaitons appliquer une version
2D du filtre rampe sur les projections déjà rétroprojetées, c’est-à-dire faire le change-
ment de variable avant le filtrage.

On rappelle que (σ1, σ2) sont les variables de Fourier correspondant à (s1, s2)
dans le domaine spatial. On introduit la fonction Dirac δ, en utilisant la propriété∫

R
δ(σ2)ei2πσ2s2 dσ2 = 1, dans l’équation 7.24

p̃φ(s1) =
∫

R

∫
R

δ(σ2)Pφ(σ1)|σ1|ei2π(σ1s1+σ2s2) dσ1 dσ2 (7.25)

et, étant donné l’expression de la transformée de Fourier Pφ(σ1) et le fait que
δ(σ2) =

∫
R

e−i2πσ2s2 ds2, on note que

δ(σ2)Pφ(σ1) =
∫

R

∫
R

pφ(s1)e−i2π(σ1s1+σ2s2) ds1 ds2. (7.26)

On utilise les notations vectorielles suivantes s1 = x · θ, s2 = x · θ⊥, et pour les
variables de Fourier correspondantes σ1 = ξ · θ et σ2 = ξ · θ⊥, où x = (x1, x2) et ξ =
(ξ1, ξ2). On définit également bφ : R2 → R, la rétroprojection d’une seule projection,
comme

bφ(x) = pφ(x · θ), (7.27)
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et Bφ(ξ) sa transformée de Fourier. On appelle bφ(x) une projection étalée. À partir
de ces définitions, on note que l’équation 7.26 est l’expression de la transformée de
Fourier de bφ(x), et l’équation 7.25 devient

b̃φ(x) =
∫

R2
Bφ(ξ)|ξ · θ|ei2πξ·x dξ. (7.28)

L’image peut alors être reconstruite à partir de

f (x) =
∫ π

0
b̃φ(x)dφ. (7.29)

Cette équation permet de reconstruire l’image à partir de trois étapes

1. Étaler chaque projection dans l’espace image, c’est-à-dire calculer l’image 2D
bφ(x) pour chaque angle de projection ;

2. Filtrer chaque image 2D bφ(x) avec le filtre correspondant |ξ · θ| afin d’obtenir
b̃φ(x) ;

3. Calculer la somme des images b̃φ(x) sur tous les angles φ.

Il est à noter que cette version 2D du filtre rampe dépend de φ, d’où le nom filtre
directionnel. Par définition, l’opération de rétroprojection consiste à étaler chaque
projection dans le domaine image, c’est-à-dire interpoler bφ(x) à partir de pφ(s1) en
utilisant bφ(x) = pφ(x · θ), et calculer la somme sur tous les angles de projection,
c’est-à-dire calculer

∫ π
0 bφ(x)dφ. Dans la méthode proposée ici, ces deux étapes sont

séparées : les étapes (1) et (3) correspondent à la rétroprojection et l’étape (2) au fil-
trage. Cette méthode ressemble à une approche BPF étant donné qu’elle commence
par étaler les projections dans l’espace image, cependant la somme angulaire afin de
calculer la rétroprojection est la dernière étape comme dans les approches FBP.

Le filtre conique 2D habituellement utilisé dans les approches BPF est ‖ξ‖.
Contrairement au filtre directionnel qui doit être utilisé avant la somme angulaire
étant donné qu’il dépend de l’angle de projection, le filtre conique est appliqué après
la rétroprojection complète car il n’est pas dépendent de la direction. Il a été men-
tionné dans l’introduction qu’un filtre similaire au filtre directionnel a été proposé
pour la reconstruction de données TOF PET (Watson, 2007). Ce filtre a été échan-
tillonné directement dans le domaine fréquentiel, causant des artefacts d’échan-
tillonnage. Ici, on calcule la réponse impulsionnelle du filtre comme dans le cas 1D
afin d’éviter ces artefacts.

Une version limitée en bande de fréquence du filtre directionnel 2D est donnée
par

Hφ(ξ) =

{
|ξ · θ| si | ξ1 |, | ξ2 |< W
0 sinon.

(7.30)

Le kernel correspondant dans l’espace direct est obtenu en calculant la transformée
de Fourier inverse de ce filtre directionnel :

hφ(x) =
∫

R2
Hφ(ξ)ei2πξ·x dξ. (7.31)

La réponse impulsionnelle discrète est donnée dans l’équation 5.16.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



128 Résumé étendu

V.2.2 Simulations

Nous avons généré des projections parallèles du fantôme 2D de Shepp Lo-
gan (Shepp et Logan, 1974) en utilisant RTK (Rit et al., 2014). Un total de 804 projec-
tions ont été acquises sur une plage de 180 degrés, avec un détecteur de 512 pixels.
Le fantôme a été reconstruit sur des grilles de 512× 512 pixels et 1024× 1024 pixels.
Du bruit Poissonien a été appliqué aux projections idéales, en utilisant une fluence
initiale de 107 photons par pixel, et en pondérant les intégrales de ligne avec 0.01879
mm−1, le coefficient d’atténuation linéaire de l’eau à 75 keV.

Une simulation proton CT a été réalisée à l’aide de la plateforme Monte Carle
GATE (Jan et al., 2011). Une configuration en mode liste a été utilisée, composée
de deux détecteurs idéaux mesurant la position, la direction et l’énergie, situés en
amont et en aval des fantômes. Un faisceau en éventail de protons à 200 MeV a été
positionné à 1 m du centre de l’objet, avec un flux de 225 protons·mm−2·projection−1

à l’isocentre, pour un total de 720 projections sur une plage de 360 degrés. La trajec-
toire de chaque proton a été estimée en utilisant le formalisme MLP, après exclusion
des protons ayant subi des interactions nucléaires (Schulte et al., 2008). Les don-
nées en mode liste ont été binnées en images bφ(x) en utilisant la même procédure
que celle décrite par Rit et al. (2015). L’image a été reconstruite sur une grille de
1000× 1000 pixels de taille 0.25 mm. Un fantôme en spirale a été simulé, constitué
d’un disque d’eau de 20 cm avec des inserts d’aluminium afin de prendre en compte
la dépendance spatiale de la résolution spatiale. La résolution spatiale a été définie
comme la fréquence correspondant à une MTF de 10%.

V.3 Résultats et discussions

Nos résultats montrent que le filtre directionnel 2D, échantillonné dans le do-
maine spatial, permet de reconstruire des données xCT et pCT, bien que certains
artefacts soient apparents dans le cas de reconstructions à partir de projections xCT
idéales. Comme cela a été observé pour le filtre rampe 1D par Crawford (1991) et
Kak et Slaney (1988), l’échantillonnage dans le domaine fréquentiel provoque des
artefacts d’aliasing en raison du support infini de la réponse impulsionnelle. Dans
l’espace direct, le filtre DR devrait ressembler à un Dirac dans la direction θ⊥ pour
que la convolution 2D soit équivalente à celle en 1D. Cependant, le fait d’apodiser
le filtre entraîne une convolution avec une fonction sinc 2D. Cela qui signifie qu’il y
aura des interférences entre les différentes lignes pendant la convolution. Dans l’es-
pace de Fourier, cela se traduit par une discontinuité de la transformée de Fourier à
la fréquence de Nyquist. Cela pourrait expliquer les artefacts observés sur certaines
reconstructions. Un problème similaire avec la continuité de la FT a été rapporté par
Schöndube, Stierstorfer et Noo (2010), qui définissent une transformée de Hilbert
inverse en 2D. L’image reconstruite à l’aide de ce filtre présentait des artefacts en an-
neau. L’une des solutions proposées est d’apodiser le filtre dans l’espace de Fourier
en utilisant une fenêtre de Hamming. Nos résultats montrent que l’apodisation sup-
prime les artefacts, même si elle provoque une légère perte de résolution spatiale.
Une alternative consiste à augmenter la fréquence d’échantillonnage de l’image ré-
troprojectée, ce qui réduit également le bruit. Cependant, ces artefacts ne sont pas
visibles lorsque des projections avec un niveau de bruit réaliste sont utilisées.

Dans le cas d’intégrales de ligne simples, comme pour le cas de l’imagerie xCT,
l’utilisation du filtre DR 2D donne le même résultat qu’un algorithme de FBP stan-
dard mais est moins efficace en matière de calcul. Ainsi, le filtre DR a plutôt vocation
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a être utilisé avec des modalités telles que la proton CT ou la TOF PET, où les pro-
jections sont respectivement des intégrales le long de chemins non linéaires ou des
intégrales le long de lignes pondérées en raison de la résolution temporelle du dé-
tecteur. En imagerie xCT, les projections sont constantes selon la direction θ⊥, il est
donc sensé de traiter les projections dans l’espace 1D. En imagerie pCT ou TOF PET,
une nouvelle dimension est ajoutée, la profondeur du proton ou le temps de vol, de
telle sorte que les projections varient selon θ⊥. Le filtrage des projections 2D bφ(x)
nécessite soit de faire pivoter chaque image pour que ses échantillons soient alignés
avec le filtre 1D, puis d’effectuer un filtrage ligne par ligne ; soit d’utiliser un filtre
rampe 2D directionnel. Ce filtre pourrait alors présenter des avantages : comme dans
les méthodes BPF, le filtrage se fait dans l’espace image afin d’éviter des rotations qui
peuvent provoquer une perte de résolution spatiale ; et en même temps, contraire-
ment aux autres approches BPF, il n’y a pas de biais dû à la troncature de la région de
rétroprojection. Un inconvénient est que le filtre DR est différent pour chaque angle
de projection, mais il peut être pré-calculé pour une grille et un ensemble d’angles
de projection donnés.

Nos résultats pour les données proton CT ont confirmé que le filtre DR permet
d’améliorer la résolution spatiale par rapport à un algorithme FBP. Cette améliora-
tion n’a été observé que pour des inserts proches du bord du fantôme en spirale
car au centre de l’objet, l’image est trop floue en raison de la diffusion de Coulomb.
De plus, aucun artefact d’échantillonnage n’a été observé étant donné que le bruit
de l’image pCT était dominé par le straggling en énergie des protons, la diffusion
coulombienne et le bruit statistique. Bien que cette méthode ne soit théoriquement
démontrée que pour les géométries parallèles, d’autres géométries peuvent être uti-
lisées lors de l’acquisition tant que les données sont rebinnées en géométrie parallèle,
ce qui est simple pour les données pCT en mode liste.

V.4 Conclusion

Nous avons proposé une version 2D du filtre rampe, appelé filtre rampe direc-
tionnel. Ce filtre peut être utilisé à la place du filtre rampe 1D pour prendre en
compte la dimension de profondeur des données pCT. Cette méthode de reconstruc-
tion commence par étaler chaque projection dans l’espace de l’image, puis effectue
un filtrage direction-dépendent, et enfin calcule la somme sur toutes les directions.
Cette méthode permet de reconstruire des images pCT et peut être utilisée pour
éviter une interpolation qui dégraderait la résolution spatiale. Par la suite, cette mé-
thode sera plus rigoureusement comparée aux autres méthodes de reconstruction
pCT en termes de résolution spatiale et de précision du RSP.

VI Comparaison d’algorithmes de reconstruction directs en
tomographie proton

VI.1 Introduction

Le problème inverse en imagerie pCT est similaire à celui en tomographie à
rayons X étant donné qu’il consiste à reconstruire une image à partir d’intégrales
de ligne. Ce qui distingue les deux problèmes est qu’en pCT, les lignes d’intégration
qui représentent les trajectoires des protons ne sont pas linéaires. Nous avons briè-
vement présenté les différentes méthodes de reconstruction en imagerie pCT dans
l’introduction. Le MLP peut être inclus dans des algorithmes itératifs ou analytiques
pour améliorer la résolution spatiale. Dans ce chapitre, nous nous concentrons sur
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les méthodes analytiques, que nous appellerons plutôt méthodes "directes" car il n’y
a pas d’inversion mathématique pour les trajectoires des protons, toutes les solu-
tions étant heuristiques. Bien que les algorithmes itératifs présentent des avantages,
par exemple l’inclusion d’à priori pour améliorer la reconstruction (Hansen et al.,
2014b), leur coût de calcul est généralement plus grand que pour les méthodes di-
rectes d’un ordre de grandeur (Hansen, Sørensen et Rit, 2016). Une comparaison
entre plusieurs méthodes de reconstruction itératives et une méthode directe a été
publiée par Hansen, Sørensen et Rit (2016). Cependant, aucune comparaison entre
les méthodes de reconstruction directes n’a été rapportée dans la littérature. Le but
de ce travail consiste à comparer cinq algorithmes directs différents, en se basant
sur des métriques comme la résolution spatiale et la précision du RSP. Bien que
certaines des méthodes directes soient assez proches, elles utilisent différents types
d’approximations qui pourraient avoir un impact sur la résolution spatiale et/ou la
précision du RSP. Par exemple, comme indiqué dans le chapitre précédent, les ap-
proches backproject-filter s’adaptent plus naturellement aux données en mode liste
et pourraient donner une meilleure résolution spatiale. Mais certaines de ces mé-
thodes nécessitent également le calcul de termes de correction qui pourraient dégra-
der la précision du RSP. En comparant ces méthodes, ce travail vise à sélectionner
l’algorithme donnant la meilleure résolution spatiale tout en gardant une précision
de RSP élevée et un temps de calcul raisonnable.

VI.2 Matériels et méthodes

Les algorithmes étudiés sont ceux proposés par Rit et al. (2013), Collins-Fekete
et al. (2016), Poludniowski, Allinson et Evans (2014), Rit et al. (2015) et Khellaf et al.
(2020a).

La même configuration que celle utilisée pour la contribution précédente a été si-
mulée dans GATE (Jan et al., 2011) pour générer des données pCT. Trois fantômes ont
été imagés : le module CTP528 du fantôme Catphan (The Phantom Laboratory, NY)
avec des paires de lignes en aluminium de résolutions différentes dans un cylindre
d’eau de 20 cm de diamètre ; le fantôme en spirale composé de cylindres en alumi-
nium placés le long d’une spirale dans un cylindre d’eau de 20 cm de diamètre ; et
le fantôme de caractérisation tissulaire Gammex 467 avec différents inserts de tissus
à l’intérieur d’un cylindre d’eau de 33 cm de diamètre. Les fantômes utilisés pour
l’évaluation de la résolution spatiale (Catphan et Spiral) ont été reconstruits sur des
grilles de 1000× 1000 pixels de 0.25 mm. Le fantôme Gammex 467 a été reconstruit
sur une grille de 800× 800 pixels de 0.5 mm, et a nécessité l’utilisation d’une énergie
initiale 250 MeV en raison de son plus grand diamètre, au lieu de 200 MeV pour
les deux autres fantômes. Afin d’estimer l’impact des incertitudes du détecteur sur
la résolution spatiale, une incertitude sur la position et la direction mesurées a été
ajoutée à l’aide du formalisme de Krah et al. (2018a). Les paramètres ont été choisis
pour refléter un détecteur de pCT typique. En particulier, la résolution du détecteur
a été caractérisée par une gaussienne de σp = 0.15 mm, la distance entre les trackers
a été fixée à dT = 10 cm, la distance entre les trackers et les bords de l’objet à 20 cm,
et le material budget à x/X0 = 5× 10−3. La résolution énergétique des détecteurs et
la dispersion du faisceau incident ont été omis par simplicité, étant donné que les
détecteurs utilisés en pCT (Bashkirov et al., 2016a) sont capables d’atteindre une ré-
solution de WEPL proche de la limite du range straggling des protons (résolution de
WEPL mesurée de 3 mm pour un straggling de 2.85 mm, pour des protons de 200
MeV dans l’eau), même s’il est noté que la dispersion du faisceau peut contribuer
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à la variance du WEPL jusqu’à 20% (Dickmann et al., 2019). Les interactions élec-
tromagnétiques sont prises en compte dans la simulation et sont responsables de la
résolution du RSP des images reconstruites.

VI.3 Résultats et discussion

L’objectif de ce travail était de comparer les performances de cinq algorithmes de
reconstruction directes en matière de résolution spatiale et de précision de RSP. La
résolution spatiale en pCT est influencée par divers facteurs. Un premier facteur est
le MCS qui est atténué par la prise en compte du MLP. Ceci entraîne une améliora-
tion considérable de la résolution spatiale par rapport à l’utilisation de trajectoires
en ligne droite, bien que l’effet de la diffusion soit toujours important au centre des
fantômes. Nous avons observé que la résolution au centre d’un fantôme de largeur
20 cm est d’environ 0.5− 0.6 lp/mm avec des trackers idéaux. Pour la méthode DR,
le résolution est améliorée d’un facteur 6 entre le centre et la bordure du fantôme
spirale. Puisque le centre de l’objet correspond à la plus grande incertitude sur le
MLP, la différence de résolution spatiale entre les algorithmes n’est pas significative
au centre. Une autre conséquence de la diffusion des protons est l’anisotropie de la
résolution spatiale. Ainsi, la résolution azimutale devient supérieure à la résolution
radiale en s’éloignant du centre. En raison du MCS, l’incertitude sur le MLP des
protons traversant la même région dépendra de l’épaisseur du matériau traversé,
c’est-à-dire de leur direction initiale. Pour les billes centrales, l’épaisseur traversée
en fonction de la direction varie peu en raison de la forme cylindrique du fantôme,
tel que la résolution est isotrope au centre. Le seul algorithme pour lequel la réso-
lution azimutale est mauvaise est l’algorithme ML, en raison d’un artefact observé
dans la reconstruction.

Un autre facteur de perte de résolution est l’incertitude du tracker qui a un im-
pact significatif. Ainsi, l’ajout d’une incertitude sur la position et la direction dé-
grade considérablement la résolution spatiale par rapport aux données idéales. Il
est à noter que ces résultats ont été obtenus avec une distance de 20 cm entre les
trackers et les bords du fantôme. L’utilisation d’une plus grande distance réduirait
davantage la résolution. Enfin, le choix de l’algorithme a également un impact sur
la résolution car différents binnings et interpolations sont impliqués. Par exemple,
en utilisant des détecteurs idéaux, la résolution à 96 mm du centre pour la méthode
DR est 250% plus élevée que la résolution pour l’algorithme ML (seulement 25% au
centre) et 26% plus élevée que la résolution pour l’algorithme DD (1% au centre).
Nos résultats montrent que algorithmes les plus performants en matière de résolu-
tion spatiale loin du centre sont le DR et le BTF, ce qui suggère que la rétroprojection
des protons avant le filtrage peut améliorer la résolution spatiale. En effet, les mé-
thodes de filtrage en premier impliquent deux interpolations qui peuvent réduire
résolution : le binning pour calculer les projections et la rétroprojection. En com-
paraison, une seule interpolation est nécessaire pour les méthodes backproject-first.
Cela peut aider à préserver l’information spatiale de la trajectoire du proton, et donc
de la résolution. Cependant, nous observé que la méthode DBP, qui commence par la
rétroprojection, a la même résolution spatiale que l’algorithme DD. Cela peut s’ex-
pliquer par le calcul de la dérivée dans l’algorithme DBP qui peut entraîner une
perte de résolution. L’algorithme ML produit la pire résolution spatiale, étant donné
qu’il tente de prendre en compte les MLPs à travers des projections 2D, alors qu’ils
ne peuvent être décrits que dans l’espace 3D. Cette méthode serait mieux adaptée à
la radiographie proton qu’à la tomographie. Dans l’ensemble, l’impact du choix de
l’algorithme est négligeable par rapport au MLP et à l’incertitude des trackers.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2020LYSEI074/these.pdf 
© [F. Khellaf], [2020], INSA Lyon, tous droits réservés



132 Résumé étendu

En matière de RSP, les algorithmes DR, DD et BTF montrent une bonne précision
avec une erreur absolue moyenne proche de 0.1%. La méthode DBP est légèrement
moins précise, ce qui peut être lié au calcul d’une constante lors de l’inversion de la
transformée de Hilbert (Noo, Clackdoyle et Pack, 2004). L’algorithme ML surestime
la valeur du RSP dans les inserts de poumon par rapport aux autres méthodes, ce
qui induit une erreur moyenne plus élevée.

Le coût de calcul de chaque algorithme est un facteur important lorsque plu-
sieurs algorithmes atteignent des niveaux de résolution et de justesse de RSP si-
milaires. Le binning des données en mode liste est l’opération la plus coûteuse en
matière de temps de calcul car le MLP de chaque proton doit être estimé. Les étapes
de projection ou rétroprojection sont similaires en matière de temps de calcul. Ce
temps augmente avec le nombre de protons et le nombre d’évaluations du MLP.
Comme nous avons utilisé une fluence élevée (288 × 106 protons au total) et un
échantillonnage fin pour l’évaluation du MLP (0.25 mm ou 0.5 mm selon le fan-
tôme), le binning est beaucoup plus lent que les autres étapes de la reconstruction
(pour la méthode DD, 8 s/projection × 720 projections pour le binning, et 42 s pour
le filtrage et la rétroprojection). Les méthodes BPF et DR nécessitent que la région
de rétroprojection soit plus grande que la taille de l’image reconstruite, ce qui aug-
mente le temps de calcul du binning. Alors que la méthode DR nécéssite une région
plus grande d’un facteur

√
2, la méthode BPF nécessite une matrice d’au moins deux

fois la taille de l’image reconstruite. Ces méthodes sont donc les plus coûteuses en
matière de calcul. Le coût de l’étape de filtrage varie beaucoup en fonction de l’algo-
rithme. Par exemple, pour l’algorithme DD, un sinogramme 3D doit être filtré (pour
chaque slice), alors qu’un sinogramme 2D est utilisé dans l’algorithme ML. Cepen-
dant, comme nous l’avons indiqué ci-dessus, le coût du l’étape de filtrage est assez
négligeable par rapport au coût de l’étape de binning.

VI.4 Conclusion

Nous avons étudié la résolution spatiale et la précision du RSP de cinq al-
gorithmes différents utilisés pour reconstruire des données proton en mode liste.
Les résultats montrent qu’en utilisant des trackers idéaux, deux des méthodes qui
effectuent le binning des données directement dans l’espace image (DR et BTF)
offrent une meilleure résolution spatiale aux bords de l’objet, avec un maximum
de 3.5 lp/mm aux bords d’un objet de 20 cm d’épaisseur. Cependant, compte tenu
des incertitudes de mesure pour des trackers réalistes, l’impact du choix de l’algo-
rithme sur la résolution spatiale devient négligeable. De plus, les méthodes DR, DD
et BTF montrent la meilleure précision du RSP avec une erreur moyenne proche de
0.1%. Si les méthodes DR et BTF présentent un léger avantage en matière de réso-
lution spatiale ainsi qu’une bonne précision, elles sont également les plus coûteuses
en matière de temps de calcul. Pour des reconstructions plus rapides, l’algorithme
DD offre la même précision et une résolution spatiale équivalente compte tenu des
incertitudes du détecteur, et la méthode DBP, bien qu’un peu moins précise, offre
une bonne résolution spatiale et peut être utilisée pour la reconstruction de données
tronquées. La méthode ML est mieux adaptée pour la radiographie proton.
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VII Déconvolution pour l’amélioration de la résolution spa-
tiale en pCT

VII.1 Introduction

La résolution spatiale en pCT est principalement impactée par le MCS des pro-
tons et la résolution des trackers. Comme cela a été observé dans le chapitre précé-
dent, la résolution spatiale dans l’image reconstruite est shift-variante et anisotrope.
L’incertitude sur le trajet du proton ne dépend que de la profondeur du proton à l’in-
térieur de l’objet, et non des positions et directions transversales d’entrée/sortie me-
surées. Pour des profondeurs d’entrée et de sortie données, l’incertitude sur le MLP
est la plus grande près du centre de l’objet, là où le proton est le plus éloigné des
trackers. Le maximum est légèrement décalé vers la sortie du fantôme en raison du
terme de perte d’énergie. De plus, plus le trajet du proton à l’intérieur de l’objet est
long, plus l’enveloppe d’incertitude est grande, de sorte que l’incertitude dépend de
la forme de l’objet et de l’angle de projection car les profondeurs d’entrée/sortie sont
données par l’intersection des contours de l’objet avec le chemins d’entrée/sortie
des protons. L’ajout de la résolution des trackers ne fait qu’augmenter cette incer-
titude. Comme l’image reconstruite est une combinaison des projections filtrées, le
flou dans chaque pixel de l’image est aussi le résultat d’une combinaison d’incerti-
tudes différentes.

Dans ce travail, nous essayons de déconvoluer le flou en pCT dû aux incertitudes
du MCS et du détecteur à partir d’une estimation de l’incertitude du MLP. La décon-
volution est effectuée au niveau de la projection pour mieux prendre en compte la
variance spatiale et l’asymétrie de la résolution spatiale. L’utilisation de l’incertitude
du MLP pour améliorer la résolution spatiale a été mentionnée par Williams (2004)
et Schulte et al. (2008). Wang, Mackie et Tomé (2010) ont tenté d’inclure cette incerti-
tude dans la matrice de projection et ont effectué une reconstruction à l’aide de l’al-
gorithme itératif ART. Cependant, leurs résultats n’ont pas montré d’amélioration
de la résolution spatiale par rapport à l’utilisation du MLP sans l’incertitude. Nous
proposons une méthode de déconvolution des projections distance-driven utilisées
dans la méthode présentée par Rit et al. (2013). Afin de tenir compte de la résolution
des trackers, nous utilisons le formalisme de Krah et al. (2018a) qui ont étendu le
formalisme du MLP habituel pour inclure la résolution des trackers pour différents
types de configurations. En particulier, ils proposent une expression de l’incertitude
du MLP en tenant compte de la résolution spatiale et angulaire des trackers. Dans
la section suivante, nous commençons par présenter le modèle de flou shift-variant
des projections, puis nous utilisons le formalisme de Krah et al. (2018a) pour calcu-
ler des cartes d’incertitude, enfin nous déconvoluons l’incertitude en utilisant une
décomposition en valeurs singulières tronquée (TSVD) (Hansen, Nagy et O’Leary,
2006).

VII.2 Matériels et méthodes

Nous considérons les projections gp(u, w), avec u la coordonnée latérale le long
du détecteur, w la profondeur et p la position de la source. Le flou dans ces pro-
jections dépend de w car plus le proton est en profondeur à l’intérieur du fantôme,
plus l’incertitude sur le MLP est importante ; et de u et p puisque les protons entrant
et sortant de l’objet via différentes profondeurs auront des incertitudes différentes.
Comme le flou se produit dans le plan (u, v), nous considérons les projections dis-
tance par distance, c’est-à-dire pour chaque w. Par conséquent, nous traitons une
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séquence de problèmes 1D, ce qui permet d’utiliser l’approche par décomposition
en valeurs singulières (SVD) décrite ci-dessous. La projection mesurée est le résultat
du floutage d’une projection idéale par un noyau gaussien shift-variant. La déviation
standard du kernel gaussien représente l’incertitude du MLP pour les protons avec
même position de source, profondeur et position latérale. La déconvolution consiste
à inverser la matrice représentant cette opération shift-variante. Cette inversion a été
effectuée via une SVD tronquée.

On utilise les simulations du fantôme en spirale décrites dans les sections
précédentes. On rappelle qu’un faisceau de 200 MeV avec une fluence de
225 protons·mm−2·projection−1 à l’isocentre est simulé. De plus, une acquisition à
l’aide d’un fantôme ICRP (ICRP, 2009) a été simulée. Une énergie de faisceau de
250 MeV a été utilisée pour traverser tout le volume du fantôme, avec un flux de
190 protons·mm−2·projection−1 car un faisceau plus large a été utilisé pour couvrir
tout le volume. Au total, 720 projections sur une plage de 360 degrés ont été acquises.
Deux coupes, près de la tête et près du bassin, ont été reconstruites. Pour calculer le
MLP et son incertitude, la coque convexe du fantôme en spirale était connue et celle
de la tête et du bassin a été approximée par une ellipse pour une détection rapide de
l’intersection entre le patient et le trajet du proton. Les images ont été reconstruites
sur des grilles de 500× 500 pixels de taille 0.5× 0.5 mm2 pour la spirale et le fantôme
de la tête et sur une grille de 800× 800 pixels de taille 0.5× 0.5 mm2 pour le fantôme
du bassin.

Les incertitudes du tracker ont été incluses en utilisant une résolution spatiale de
σt = 0.066 mm correspondant à une largeur de bande de détection de 228 µm, un
"material budget" x/X0 = 5× 10−3, et une distance dT = 10 cm entre les détecteurs
de chaque paire. Les détecteurs ont été placés à une distance de 30 cm de l’isocentre
pour la simulation du fantôme en spirale, et à une distance de 40 cm pour le fan-
tôme ICRP. Les images ont été reconstruites à partir de trackers idéaux en utilisant
le formalisme standard pour calculer l’incertitude ; et à partir de trackers réalistes en
utilisant le formalisme étendu. La résolution spatiale a été mesurée dans le fantôme
en spirale en utilisant la fréquence correspondant à une valeur de MTF de 10%.

VII.3 Résultats et discussion

Le but de ce travail était d’utiliser l’incertitude sur le MLP afin d’améliorer la
résolution spatiale des images en pCT. Premièrement, nous avons généré des cartes
d’incertitude pour chaque distance-driven projection. Les cartes d’incertitude dé-
pendent de la forme de l’objet, de l’angle de projection et des hétérogénéités dans
l’objet. L’incertitude varie dans une seule projection en fonction de la profondeur et
de la position transversale, mais elle est aussi différente entre chaque projection. Plus
précisément, la contribution à l’incertitude du MCS à l’intérieur de l’objet (sans réso-
lution du tracker) dépend de la projection lorsque le fantôme n’est pas parfaitement
circulaire. Pour le fantôme au niveau du bassin, il y avait un facteur 2 entre l’incerti-
tude maximale pour les protons traversant le grand axe de l’objet et ceux traversant
le petit axe. L’ajout de la résolution du tracker augmente les valeurs d’incertitude
et permet d’introduire une information supplémentaire sur les hétérogénéités. Bien
que les formalismes MLP standard et étendu supposent un milieu homogène, les hé-
térogénéités à l’intérieur du fantôme sont prises en compte à travers le terme d’éner-
gie utilisé pour le calcul de la diffusion dans le détecteur en sortie. En particulier,
dans le cas du fantôme en spirale, les protons qui traversaient les inserts d’alumi-
nium avaient des énergies de sortie plus faibles et se dispersaient davantage dans le
tracker arrière, induisant ainsi des bandes de forte incertitude dans la projection.
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Les images reconstruites pour le fantôme en spirale ont montré une augmenta-
tion de la résolution spatiale au centre de l’objet jusqu’à 38%/45% avec des trackers
réalistes en fonction du niveau de troncature de la SVD. De même, les reconstruc-
tions du fantôme ICRP prenant en compte la résolution du tracker ont montré une
amélioration visible de la résolution spatiale. Les résultats avec des trackers idéaux
pour le fantôme en spirale ont montré une amélioration de la résolution spatiale
uniquement au centre de l’objet. Aux bords, l’incertitude du MLP tend vers zéro, de
sorte que le noyau est presque un Dirac. En raison de l’échantillonnage du kernel,
c’est-à-dire de la taille des pixels dans les projections, il y a une limite au dessous de
laquelle tous les noyaux sont des Diracs. C’est pourquoi il n’y a pas de différence de
résolution spatiale ou de bruit loin du centre par rapport aux résultats non déconvo-
lués. Les résultats pour les fantômes ICRP avec des trackers idéaux ne montrent au-
cune amélioration visible de la résolution spatiale. On pourrait s’attendre à une amé-
lioration au centre où l’incertitude atteint environ 0.5 mm dans la tête. Cependant,
nous rappelons que la taille de pixel pour le fantôme ICRP utilisé dans les simula-
tions était de 1.775 mm, ce qui est assez grand par rapport à l’impact du MCS seul.
Ceci impose une limite sur la résolution maximale pouvant être reconstruite, ce qui
expliquerait le manque d’amélioration après déconvolution. Nous notons que nous
avons utilisé une ellipse approximative comme coque convexe pour les fantômes de
la tête et du bassin, ce qui provoque une erreur sur les valeurs d’incertitude utilisées
pour calculer la matrice H. La déconvolution n’est donc pas totalement optimale
pour ces deux fantômes. En particulier pour le fantôme du bassin, l’ellipse choisie
était trop petite.

Nous avons observé que le niveau de troncature doit être adapté au bruit
dans les projections. Les données pCT pour le fantôme ICRP ont été acquises
avec une fluence légèrement inférieure (190 protons·mm2·projection−1 contre
225 protons·mm2·projection−1 pour le fantôme en spirale) en raison du plus grand
volume du fantôme ICRP, ce qui aurait pu nécessiter un niveau de troncature plus
élevé. De plus, pour la même acquisition, le bruit variera en fonction de la distance
dans la projection distance-driven en raison du MCS, de sorte qu’un niveau de tron-
cature constant ne serait pas optimal. Dans ce travail, le niveau de troncature a été
adapté de manière heuristique en testant différentes valeurs. Une meilleure compré-
hension de la relation entre le bruit dans les projections et le niveau de troncature de
la SVD pourrait permettre une meilleure régularisation des images reconstruites.

Bien que le calcul d’une seule SVD ne soit pas trop coûteux, cette décomposi-
tion doit être faite pour chaque distance et chaque projection, ce qui peut rapide-
ment augmenter la charge de calcul. Cette opération peut cependant être parallé-
lisée. L’étude d’une méthode différente pour effectuer l’inversion de matrice pour-
rait améliorer le coût de calcul, et/ou permettre une meilleure régularisation de la
déconvolution. Des algorithmes rapides pour la convolution shift-variante (Gilad
et Von Hardenberg, 2006) pourraient être utilisés pour accélérer le calcul. De plus,
comme la résolution du tracker réduit la variation spatiale des valeurs d’incertitude,
l’utilisation d’un seul noyau par projection ou pour toutes les projections pourrait
éventuellement améliorer la résolution – en fonction de la forme du fantôme et des
hétérogénéités – tout en étant plus pratique. Il pourrait également être possible de
faire la déconvolution dans l’espace image, après reconstruction. Pour cela, nous
aurions besoin d’approximer la valeur d’incertitude dans chaque pixel de l’image
reconstruite. Il pourrait être intéressant de comparer les résultats entre la déconvolu-
tion dans le domaine des projections et dans le domaine image. Nous nous attendons
à ce que, selon le fantôme, les résultats soient similaires entre les deux méthodes. Par
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exemple, le fantôme du bassin présente une grande variabilité entre les cartes d’in-
certitude pour des angles différents de sorte que l’approximation de l’incertitude
dans un pixel de l’image reconstruite serait la combinaison de valeurs très diffé-
rentes. Pour la tête ou le fantôme en spirale, puisque la contribution à l’incertitude
d’un pixel serait similaire pour tous les angles de projection, nous nous attendons à
ce qu’une déconvolution basée sur l’image produise des résultats similaires.

Ce travail a été réalisé à l’aide d’un algorithme de distance-driven binning. La
méthode peut être utilisée de la même manière avec d’autres algorithmes directs
en déconvoluant les projections ou les rétroprojections partielles. Puisqu’il est basé
dans le domaine des projections, l’application directe aux méthodes itératives n’est
pas évidente. Bien que Wang, Mackie et Tomé (2010) aient essayé d’inclure l’incerti-
tude du MLP dans leur modèle de projection, leurs résultats n’ont pas montré d’amé-
lioration de la résolution spatiale. Alternativement, une déconvolution après recons-
truction pourrait être effectuée indépendamment de la méthode de reconstruction.

VII.4 Conclusion

Le but de ce travail était d’évaluer si l’utilisation de l’incertitude sur le MLP
dans un algorithme de reconstruction pCT pouvait améliorer la résolution spatiale.
Nous avons généré des cartes d’incertitude pour un sinogramme "distance-driven"
et effectué une déconvolution shift-variante en utilisant une approche TSVD. Il a été
démontré que l’inclusion de l’incertitude sur le MLP pour effectuer la déconvolution
de projections peut augmenter considérablement la résolution spatiale des images
pCT. En particulier, la résolution dans un fantôme en spirale a été augmentée de
38% tout en conservant un niveau de bruit similaire à celui dans la reconstruction
sans déconvolution. Les reconstructions de fantômes réalistes ont également montré
une amélioration de la résolution spatiale. Le choix du niveau de troncature de la
SVD n’a pas été optimisé dans ce travail, et devrait être mieux adapté au niveau de
bruit dans les projections.

VIII Conclusions

L’objectif de cette thèse était d’explorer la reconstruction tomographique proton
CT en mode liste et d’améliorer la qualité d’image en pCT. Dans une configuration
en mode liste, la position et la direction d’entrée et de sortie de chaque proton sont
mesurées afin d’estimer la trajectoire du proton via un formalisme de MLP (chemin
le plus vraisemblable). Plusieurs aspects ont été étudiés, de la justesse du formalisme
MLP aux différents algorithmes de reconstruction en pCT, en passant par la décon-
volution de l’incertitude sur le MLP. Nous nous sommes particulièrement intéressés
aux algorithmes directs (c’est-à-dire non itératifs). Il s’agit de solutions heuristiques
car il n’y a pas d’inversion analytique connue pour les trajectoires de type MLP. Plus
précisément, au cours de cette thèse, nous avons

— étudié l’impact des hétérogénéités sur le MLP ;
— proposé une nouvelle méthode pour filtrer les données pCT ;
— comparé différents algorithmes directs pour la reconstruction en pCT;
— proposé une méthode pour déconvoluer les projections en utilisant l’incerti-

tude sur le MLP.
Tout d’abord, nous avons étudié la précision du formalisme MLP dans diffé-

rents fantômes hétérogènes. En comparant le MLP théorique aux résultats de si-
mulations Monte Carlo, nous avons montré qu’il y a une erreur systématique sur
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l’estimation du MLP près d’interfaces transversales. Alors que des à-priori sur les
hétérogénéités longitudinales peuvent être inclus dans le formalisme du MLP pour
améliorer l’estimation de la trajectoire, ce n’est pas le cas des hétérogénéités trans-
verses. L’approximation gaussienne des distributions spatiales et angulaires n’est
plus valide dans ce cas, et les distributions mesurées ressemblent à des gaussiennes
asymétriques ou à une somme de deux gaussiennes. Il pourrait être intéressant de
développer un formalisme MLP qui ne pré-suppose pas de modèle gaussien. Cepen-
dant, avec certaines distributions bimodales, le concept même d’un MLP unique est
discutable car il apparaît qu’il existe plusieurs chemins probables. De plus, l’erreur à
proximité d’hétérogénéités réalistes reste faible. Nous avons également observé que
les distributions d’énergie non gaussiennes pouvent avoir un impact sur le RSP, et
compliquer les filtres énergétiques utilisés pour exclure les réactions nucléaires non
élastiques. Des observations complémentaires des distributions en énergie et de leur
impact sur la reconstruction pourraient expliquer certains des artefacts rapportés
dans d’autres travaux. Reconstruire un fantôme avec une hétérogénéité transversale
pourrait confirmer les hypothèses sur l’impact de distributions spatiales et énergé-
tiques asymétriques sur l’image finale.

Deuxièmement, nous avons proposé un nouveau filtre pour reconstruire les don-
nées pCT. Nous avons défini et trouvé l’expression d’un filtre rampe directionnel 2D.
L’objectif était de filtrer les données directement dans l’espace image pour éviter une
interpolation et préserver l’information spatiale du MLP. La procédure de recons-
truction à partir de ce filtre consiste à (1) effectuer un binning en rétroprojections
partielles, (2) filtrer les données en utilisant le filtre rampe directionnel et (3) calculer
la somme sur tous les angles de projection. Étant donné que les données en mode
liste sont binnées dans l’espace image et qu’aucune interpolation n’est nécessaire
pour appliquer le filtre rampe directionnel, un léger gain de résolution spatiale est
observé par rapport à une approche où les données sont binnées dans l’espace des
projections. Le filtre rampe directionnel 2D a été développé en supposant une géo-
métrie parallèle. Il peut être possible de dériver un filtre équivalent pour d’autres
géométries telles qu’un faisceau en éventail, bien que son expression serait moins
simple à dériver, car le changement de variable de l’espace du sinogramme à l’es-
pace image pour le faisceau en éventail n’est pas une simple rotation comme pour
une géométrie parallèle. Bien qu’il soit simple de rebinner les données pCT en mode
liste vers une géométrie parallèle, ce rebinning pourrait être plus compliqué pour
les configurations pCT en mode intégration.

Nous avons effectué une comparaison de toutes les méthodes directes utilisées
pour reconstruire des données pCT. Les résultats ont été comparés en matière de
résolution spatiale et de précision du RSP. Les différents algorithmes étaient (1)
l’algorithme "distance-driven" étendant la FBP aux trajectoires non linéaires, (2)
l’algorithme "maximum likelihood" basé sur des radiographies optimisées, (3) la
rétroprojection-puis-filtrage qui inverse les étapes de filtrage et de rétroprojection,
(4) la rétroprojection différenciée et (5) la méthode du filtre rampe directionnel. Les
résultats ont montré des différences mineures entre les différents algorithmes. En gé-
néral, les algorithmes qui commencent par rétroprojecter les données dans l’espace
image permettent une résolution spatiale supérieure. La plupart des différences de
résolution spatiale étaient perceptibles aux bords du fantôme reconstruit. Ailleurs,
la résolution spatiale était principalement dégradée par le MCS et la résolution du
tracker. Le coût computationnel est donc un facteur majeur pour le choix de l’al-
gorithme de reconstruction. Certaines méthodes "backproject first" nécessitent de
calculer la rétroprojection au-delà des limites de la région de reconstruction, ce qui
augmente le temps de calcul. De plus, la capacité de la rétroprojection différenciée à
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traiter des projections tronquées peut en faire la solution préférée dans certains cas.
Enfin, nous avons proposé une méthode de déconvolution shift-variante pour

déconvoluer des projections en utilisant l’incertitude du MLP. D’abord, nous avons
calculé des cartes d’incertitude pour chaque projection en utilisant le formalisme
MLP incluant la résolution des détecteurs. Ensuite, nous utilisons une décompo-
sition en valeurs singulières tronquée pour inverser la matrice shift-variante pour
chaque distance et chaque projection. Les résultats ont montré un gain significatif
de résolution spatiale dans des fantômes simples et réalistes lorsque la résolution
du tracker est incluse. Ce bénéfice est plus important dans des régions très hétéro-
gènes en matière de RSP, par ex. la tête. Sur les coupes reconstruites, il a été observé
que la distribution spatiale du bruit était différente après déconvolution. Le niveau
de troncature de la TSVD doit être adapté au bruit dans les projections, ce que nous
avons fait de manière heuristique. Un réglage plus précis du niveau de troncature
pourrait améliorer les résultats actuels. Il pourrait être possible, afin de faciliter la
déconvolution, d’utiliser la même carte d’incertitude pour tous les angles de projec-
tion. Cela serait raisonnable pour des objets circulaires avec peu d’hétérogénéités,
c’est-à-dire des objets où il y a peu de variabilité en matière d’incertitude du MLP en
fonction de l’angle de projection. Alternativement, une seule matrice par projection
pourrait fonctionner lorsqu’il y a peu de variabilité en fonction de la distance. Cela
pourrait être une approximation raisonnable car l’ajout de l’incertitude du tracker
réduit la variabilité de chaque carte d’incertitude. Aussi, il serait intéressant de com-
parer cette méthode avec une méthode de déconvolution dans l’espace image, où
la déconvolution serait effectuée après la reconstruction. Cela pourrait donner des
résultats satisfaisants dans les cas où la carte d’incertitude ne varie pas beaucoup
en fonction de l’angle de projection. Bien que cela signifierait déconvoluer une seule
image 2D au lieu d’un sinogramme 3D entier, les noyaux shift-variants seraient en
2D, ce qui rendrait l’utilisation de la TSVD pour en faire l’inversion très coûteuse.
D’autres méthodes de déconvolution pourraient également être utilisées pour accé-
lérer les calculer et mieux contrôler le bruit. Des méthodes de régularisation plus
sophistiquées pourraient réduire le niveau de bruit tout en conservant une résolu-
tion spatiale élevée. Bien que cette méthode ait été testée sur des données en mode
liste, le formalisme MLP calculant l’incertitude sur l’estimation de la trajectoire a
été étendu aux modes intégration. Par conséquent, la même méthode peut être uti-
lisée pour supprimer le flou des projections acquises en utilisant différents types de
configurations. Nous nous attendons à ce que le gain de résolution spatiale soit plus
important pour les données en mode intégration car la résolution de l’image recons-
truite est plus affectée par l’incertitude du tracker. Il serait intéressant de comparer
la résolution spatiale après déconvolution entre les configurations en mode liste et
en mode intégration.

Au cours de cette thèse, toutes les études étaient basées sur des simulations
Monte Carlo. Bien que nous ayons pris en compte la résolution des trackers à l’aide
d’un modèle approximatif, plusieurs aspects ont été idéalisés. Par exemple, la ré-
solution du détecteur d’énergie a été supposée parfaite, l’appariement des protons
dans les trackers avant et arrière était sans erreur, il n’y avait pas d’artefacts de mou-
vement, etc. Les données expérimentales sont aussi affectées par du bruit électro-
nique, un taux de détection et une résolution limités, etc. Par conséquent, nos ré-
sultats doivent être confirmés sur des données réelles. Il reste que, en proposant
différentes solutions pour améliorer la résolution spatiale et en effectuant une com-
paraison complète des algorithmes de reconstruction pCT, nos travaux contribuent
au développement de cette modalité d’imagerie.

Il existe encore des limites à l’utilisation clinique de l’imagerie pCT, telles que
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l’énergie maximale du faisceau fournie par l’accélérateur de particules, le temps
d’acquisition ou l’intégration dans le workflow clinique. De plus, alors que notre tra-
vail s’est concentré sur les configurations en mode liste car elles permettent d’obtenir
la meilleure résolution spatiale, les configurations en mode intégral pourraient être
plus faciles à mettre en œuvre en clinique. Il y a eu nombre de développements maté-
riels, tels que des détecteurs dotés d’une excellente résolution spatiale et énergétique
sont aujourd’hui possibles. Cependant, la complexité, le coût, et le temps d’acquisi-
tion accrus de ce type d’équipement font que l’étude des systèmes en mode intégral
reste digne d’intérêt. L’amélioration de la résolution spatiale des données pCT ac-
quises avec des configurations en mode intégral pourrait être possible via l’utilisa-
tion d’images reconstruites à partir de deux modalités différentes, par exemple. La
combinaison de données tomodensitométriques à rayons X avec des images pCT ou
des radiographies proton a été étudiée par Wang, Mackie et Tomé (2012), Hansen
et al. (2014a) et Zhang et al. (2019). Ce type de reconstruction a également été consi-
déré pour surmonter la limite sur l’énergie maximale de l’accélérateur. Le principe
est de n’utiliser que des projections acquises à des angles où l’énergie est suffisante
pour que les protons traversent le patient, et de compléter les données manquantes
via une image CT à rayons X. Bien que l’augmentation de l’énergie du faisceau de
protons puisse être physiquement possible, elle serait difficile à justifier économi-
quement si elle était uniquement destinée à la reconstruction des images pCT.

Bien qu’il existe encore des obstacles à la mise en œuvre clinique de l’imagerie
pCT, des prototypes cliniques pour la radiographie et la tomodensitométrie proton
sont actuellement en cours de développement, notamment le système de radiogra-
phie de ProtonVDA qui est en cours de certification.
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