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Résumé : Au début des années 2000, inspirés par les travaux fondateurs de A.O. Cal-
deira et A.J. Leggett, L. Bruneau et S. de Biévre ont introduit un modeéle hamiltonien
décrivant les échanges d’énergie entre une particule classique et son environnement, ce mod-
ele étant tel que 'environnement agit sur la particule comme une force de friction. D’un c6té
ce modele a été étendu au cas de plusieurs particules et, lorsque le nombre de particules
considérées est tres grand, un modele cinétique a également été dérivé. Dans la suite ce
modele sera appelé systéeme Viasov-Onde. De I'autre, comme ce modele est hamiltonien il
est possible de considérer une version quantique de celui-ci. Nous appellerons un tel mod-
ele systeme Schrodinger-Onde. L’objet de cette thése est I’étude asymptotique de certaines
dynamiques des systemes Vlasov et Schrodinger-Onde.

Dans le cas cinétique il existe des solutions stationnaires telles que la densité de partic-
ule dans ’espace des phases soit spatialement homogene. Dans ce cas, par analogie avec
le systeme Vlasov-Poisson, nous nous sommes posé la question de lexistence d’un effet
d’amortissement Landau pour de petites perturbations de ces solutions particulieres. Nous
avons dans un premier temps obtenu un nouveau critére de stabilité linéaire qui nous a
ensuite permis de démontrer, en adaptant les travaux de J. Bedrossian, N. Masmoudi, C.
Mouhot et C. Villani, un effet d’amortissement Landau non linéaire dans le cas de I'espace
entier et du tore. Nous avons en particulier obtenu de nouvelles contraintes (provenant de
I'interaction avec ’environnement) sur le taux d’amortissement et nous avons fait le lien
entre les équilibres stables du systeme Vlasov-Onde et ceux du systeme Vlasov-Poisson, no-
tamment en justifiant qu'un des parametres du systeme joue un réle analogue a la longueur
de Jeans dans le cas Vlasov-Poisson attractif. Cette étude théorique est complétée par
une étude numérique qui nous a permis de conforter notre compréhension de 'impact des
parametres intervenant dans le systéme Vlasov-Onde sur la dynamique de ces solutions.

Dans le cas du systeme Schrodinger-Onde nous nous sommes posé la question de la
possibilité de mettre en évidence un effet de friction, provenant du milieu et agissant sur
la particule quantique. Pour ce faire nous avons dans un premier temps justifié I'existence
d’ondes solitaires (ces solutions particulieres ou la dispersion de 1’équation de Schrédinger
est parfaitement compensée par un effet attractif) ainsi que la stabilité orbitale des états
fondamentaux (une onde solitaire minimisant I’énergie sous une contrainte de masse). Ce
résultat de stabilité orbitale nous assure alors qu’une perturbation d’un état fondamental
reste en tout temps proche de celui-ci modulo les invariances du systéme, ici translation et
changement de phase. En particulier un état fondamental peut potentiellement se déplacer
et nous avons étudié I'existence d’un effet de friction a travers ce possible déplacement.
Si dans le cas Schrodinger-Newton l'invariance galiléenne assure 'existence d’états fonda-
mentaux se déplacant en ligne droite a vitesse constante, le systeme Schrédinger-Onde ne
possede pas cette invariance et I’analogie avec le cas classique suggere que la vitesse de dé-
placement va nécessairement converger vers zéro. Cette conjecture a été étudiée et confirmée
numériquement.

Les deux études numériques esquissées précédemment ont nécessité le développement
d’une discrétisation temporelle des équations prenant en compte la forme des interactions
entre les particules et 'environnement afin de garantir que les échanges d’énergie au niveau
discret sont consistants avec ceux au niveau continu.

Mots clefs : Equations de type Vlasov, particules interagissant avec leur environnement,
Amortissement Landau, gaz de Lorentz inélastiques, systémes quantiques ouverts, équations
de type Schrodinger, états fondamentaux, stabilité orbitale, méthode des éléments finis,
schémas semi-lagrangien.



Abstract: At the beginning of the 2000’s, inspired by the prioneering works of A.O. Cal-
deira and A.J. Leggett, L. Bruneau and S. de Bievre introduced an Hamiltonian model
describing exchanges of energy between a classical particle and its environment in a way
that these exchanges lead to a friction effect on the particle. On one hand this model has
been extended to the case of several particles and, when the number of particle is large, a
kinetic model has also been derived. Hereafter this model will be referred as the Viasov-
Wave system. On the other hand, since this model is Hamiltonian, it is possible to consider
its quantum version. We call this new model the Schridinger- Wave system. The aim of this
thesis is to study the asymptotic of particular dynamics of the Vlasov and Schrédinger-Wave
Systems.

In the kinetic case there exists stationary solutions such that the particle density in the
phase space is spatially homogeneous. Then, by analogy with the Vlasov-Poisson system we
considered the question of the existence of a Landau damping effect for small perturbations
of these particular solutions. We obtain a new linear stability criterion which allows us then
to obtain, by adapting the works of J. Bedrossian, N. Masmoudi, C. Mouhot and C. Villani,
a proof of non linear Landau damping in the free space and torus cases. In particular we
exhibit new constraints (due to the interactions with the environment) on damping rates.
We also exhibit a link between stable equilibria of the Vlasov-Wave system and those for the
Vlasov-Poisson system and we highlight the similarity between a parameter of the system
and the Jeans’ length in the attractive Vlasov-Poisson case. This study led to a numerical
one which allows us to reinforce our comprehension on the role of the system’s parameters,
more precisely on their role on solutions’ dynamic.

In the Schrédinger-Wave case we investigated the possibility of highlighting a friction
effect on the quantum particle coming from the environment. As a first step we justify the
existence of solitary waves (these solutions where the dispersion of the Schrodinger equation
is perfectly compensated by an attractive effect) and the orbital stability of ground states (a
solitary wave minimizing the energy under a mass constraint). This orbital stability result
insures that a small perturbation of a ground state stays, up to the equation’s invariances
(here translation and change of phase), close to it uniformly in time. Then a ground state
might possibly move and we study the existence of a friction effect through this possible
displacement. If in the Schrédinger-Newton case the Galilean invariance allows to construct
a solution which is a ground states moving on a straight line at constant momentum, the
Schrédinger-Wave system is not Galilean invariant and the analogy with the classical case
suggested that the momentum of a moving ground state converges to zero. This conjecture
has been studied and confirmed numerically.

The numerical investigations require the development of a time discretization of the
considered equations taking into account the expression of the interactions between particles
and the environment in order to insure that the energy exchanges at numerical ground are
consistent with those at continuous level.

Key words: Vlasov-like equations, interacting particles, Landau damping, inelastic
Lorentz gas, open quantum system, Schrédinger-like equations, ground states, orbital sta-
bility, finite elements method, semi-Lagrangian schemes.
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CHAPTER 1

Introduction générale

Bien que cette these soit une these de mathématiques, elle s’inscrit dans le champ de la
physique mathématique et il me semble important avant toute chose de rappeler quel est
le contexte physique sous-jacent ici ; une bonne compréhension de celui-ci permettant alors
de mettre en perspective les résultats obtenus, de comprendre pourquoi les questions abor-
dées dans cette these 'ont été, et enfin, d’avoir une idée plus précise des perspectives et
applications de cette recherche.

Cette introduction va donc commencer par rappeler le contexte physique et aborder
certaines problématiques de modélisation pour ensuite entrer réellement dans ’explication
des résultats qu’apporte cette these a ce champ de recherche.

1.1 Le contexte physique

Le contexte physique sous-jacent tout au long de ce manuscrit est celui des phénomeénes de
dissipation d’énergie, un exemple particulierement simple étant le cas d’un systeéme classique
(i.e. régit par les lois de la mécanique newtonienne) soumis & une force de friction. Dans ce
cadre, un tel systéme est usuellement décrit par I’équation de friction linéaire suivante

qt) = =ViV(qt)) —qt), >0,

ou plus généralement par ’équation de friction non linéaire
Q(t) = _va(Q(t)) + Furic(d(t))v Ffric(x) = _,}/|x‘l¢; JIBS R. (11)

Ici la fonction ¢ : t € R — R? représente la position du centre masse d’une particule
classique (ex : une bille) soumise & un champ de force extérieure dérivant d’un potentiel
VxR = R (ex: lagravité) ainsi qu’a une force de frottement provenant de I'interaction
de cette particule avec un milieu extérieur (ex : frottement de l'air, de 1’eau, etc). La force
de friction Fii. dépend de deux parametres v > 0 et 4 € R caractérisant le milieu extérieur
et le régime considéré. A ce systéme est attachée une énergie

£(8) = Hla(t), (1) = 5ld() + V(a(t))
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qui, & cause de la force de friction, n’est pas conservée mais est décroissante au cours du
temps

d
il = —~lg(t) T <
dtg(t) ylg(t)[F <0.

L’équation fournit donc un modele simple de systeme dissipatif au niveau classique.

Il est & noter que les applications de ce modeéle ne se limitent pas au cas d’une bille se
déplagant dans un fluide. Nous pouvons par exemple évoquer le modele de Drude, dont
un des objectifs est d’étudier la loi d’Ohm en électricité, et ou ¢(t) représente cette fois-ci
le mouvement en moyenne d’un électron se déplacant dans un métal. Toutefois, dans ce
genre de contexte ou les objets physiques étudiés proviennent de 'infiniment petit, un mod-
ele inscrit dans un cadre classique a bien souvent des limitations et il est alors préférable
d’étudier ces phénomenes directement au niveau quantique. Dans le contexte de cette these,
ceci amene naturellement & se poser la question de la possibilité de modéliser des effets de
dissipation au niveau quantique.

Au niveau quantique une particule n’est plus modélisée par un point matériel mais par
un objet mathématique appelé fonction d’onde u : t € R — u(t) € LQ(Rd, C) qui a chaque
instant ¢ associe une fonction a valeurs complexes de carré intégrable. La dynamique de
cette fonction d’onde est régie par une équation de Schrodinger qui est ’équivalent au niveau
quantique des équations de Newton :

1
10 + §Awu =Vu. (1.2)

Ici ’équation de Schrodinger a été écrite dans le cas ou la particule quantique étudiée est
soumise au potentiel V. Dans ce cas cette équation peut étre obtenue de fagon systématique
a partir du modele classique

G(t) = =VaV(q(t)).

Au niveau classique, ’hamiltonien
L oo
H(q,p) = 5IpI" +V(q)

est conservé et il existe une transformation canonique de celui-ci en un opérateur H tel que
I’équation de Schrodinger puisse se ré-écrire a partir de cet opérateur :

10pu = Hu.

Il est a noter que cette construction est possible uniquement lorsqu’au niveau classique
un hamiltonien est conservé. Le modeéle quantique ainsi obtenu conserve alors le nouvel
hamiltonien

~ 1
H(u) = Huudzr = 2/ |qu|2dx+/ V |uf? de,
Rd Rd R4

et n’est donc pas un systéme dissipatif. En particulier, il est impossible a partir de cette
méthode (appelée premiére quantification) d’obtenir a partir du modele classique un
équivalent quantique de celui-ci.

La solution pour pallier ce probléme et avoir des modeles de dissipation quantique va
tout de méme utiliser cette approche par opération de premiére quantification. Pour ce faire,
il est important, pour commencer, de prendre conscience d’une limitation du modele clas-
sique : d’un point de vue conceptuel ce modele est profondément ancré dans le cadre
de la mécanique newtonienne et ne permet pas de penser la notion de friction en dehors de
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celui-ci. Comme en mécanique newtonienne une particule est soumise a la somme des forces
extérieurs il faut que 'action du milieu soit modélisée par une force. Ensuite, cette force
devant s’opposer au déplacement de la particule, il faut que sa direction soit I'opposée du
vecteur vitesse et enfin on choisit (ou observe expérimentalement) qu'une force de la forme
Fric convient. La fagon dont est construit ce modele ne prend de sens que dans le cadre de
la mécanique newtonienne et ne peut pas étre adaptée de fagon simple a d’autres cadres, tel
que celui de la mécanique quantique.

Un premier pas important pour pouvoir étendre la notion de force de friction a d’autres
cadres que celui de la mécanique classique est donc de repenser la notion de friction avec un
langage ne dépendant pas de concepts spécifiques a la mécanique newtonienne. L’approche
détaillée ci-apres est parfaitement résumée par la citation suivante de A.O. Caldeira et A.J.
Leggett tirée de [19, Section 3]

[We] regard the “system” and its environment as together forming a closed sys-
tem (the “universe”) which can be described by a Lagrangian or Hamiltonian, to
solve (in principle!) for the motion of the whole and to derive from this solution
a description of the properties of the system (which, of course, would now more
properly be called a subsystem). In this picture the phenomenon of dissipa-
tion is simply the transfer of energy from the single degree of freedom
characterising the “system?” to the very complex set of degrees of free-
dom describing the “environment”; it is implicitly assumed that the energy,
once transferred, effectively disappears into the environment and is not recovered
within any time of physical interest.

En paraphrasant cette citation, I’idée est la suivante. Tout d’abord le phénomene de friction
est vu uniquement comme un cas particulier des effets de dissipation d’énergie. Ensuite,
I’idée abstraite générale pour obtenir un systeme dissipant son énergie a un milieu extérieur
est de considerer un modele décrivant la particule, I’environnement et leurs interactions,
de telle sorte que le systeme global soit un systeme hamiltonien réversible en temps et que
I'interaction entre la particule et le milieu se fasse par transfert d’énergie de I'un a 'autre.
Pour que la particule s’arréte (ou que sa vitesse converge vers zéro) il faut donc que celle-
ci transmette toute son énergie cinétique au milieu et que celui-ci ne lui rende pas. Ceci
pose le probléeme suivant : le fait que le milieu prenne de ’énergie a la particule mais ne
lui rende pas est a priori incompatible avec un modele réversible en temps. L’astuce est
alors de remarquer qu’en terme d’ordre de grandeur, le milieu a un nombre de degrés de
liberté bien supérieur a celui de la particule. Sur un intervalle de temps [t, ¢ + dt] il est alors
statistiquement tres probable que la particule donne une partie de son énergie cinétique
au milieu ; il est en revanche trés peu probable que cette énergie lui soit redonnée dans sa
globalité par le milieu. En effet, intuitivement, le scénario générique le plus probable a partir
de la description ci-dessus est que, sur un petit intervalle de temps [t, ¢ + §t] comme sur un
grand intervalle de temps [t, +00), I’énergie donnée par la particule au milieu se répartisse
de facon uniforme sur tous les degrés de liberté du systéme global au cours du temps. En
particulier une grande proportion de cette énergie est alors absorbée définitivement par le
milieu.

Du point de vue de la modélisation cette nouvelle approche ne nécessite pas de descrip-
tion extrémement précise des interactions réelles entre la particule considérée et le milieu.
En particulier il est possible de considérer uniquement un milieu abstrait. Ce milieu ab-
strait est alors présent dans le modele uniquement pour décrire les échanges d’énergie entre
la particule et le milieu réel et n’a absolument pas vocation a décrire 1’état précis du mi-
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lieu réel. Dans la suite, ce que nous considérerons et appellerons milieu désignera donc ce
milieu abstrait introduit uniquement pour décrire les échanges d’énergie entre la particule
et le milieu réel mais n’ayant pas forcément de réalité physique. En particulier toutes les
quantités faisant intervenir ce milieu n’ont pas de dimension.

La stratégie décrite ci-dessus a donné lieu a de nombreux développements et modeles
(a titre d’exemple nous pouvons citer [2, [16, 27, 28, 29] [30] (40l 41 42| 62, 64, 66, ©96]) et
nous renvoyons le lecteur intéressé a I'introduction de [66] ou encore & [16, Section GE ou
un formalisme génral est développé et permet de faire le lien entre une grande partie de ces
modeles.

1.2 Le modeéle de L. Bruneau et S. De Biéevre

Dans cette theése je me suis intéressé aux modeles cinétiques et quantiques provenant du
modele classique suivant, introduit par L. Bruneau et S. De Bievre au début des années
2000 dans [16] :

i) ==YV a®) - [ Vel = pe@ity ) ddz, teR (13)
(021) — A (L, x,2) = —N209(2) o1 (z — ¢(t)), teR, zeRY zeR" (1.3b)

ottt — q(t) € R? représente la position du centre de masse de la particule au cours du temps,
(t,x,z) — (t,x, z) € R représente le milieu abstrait avec lequel la particule interagit et ou
r € Ry 01(x) et 2 € R™ = 09(2) sont des fonctions de forme connues. Ces fonctions de
forme seront supposées tout au long de ce manuscrit étre C*° a support compact, a symétrie
sphérique et telles que leur profil radial soit décroissant. Ce systeme est naturellement
complété par le jeu de données initiales

(4(0),4(0)) = (q0,p0),  (¥(0,2,2),0:9(0, 2, 2)) = (¢o(x, 2), 1 (z, 2)). (1.4)

La vitesse de propagation des ondes ¢ est un parametre important du modele. Nous
verrons notamment que certains résultats ne sont valables que sous une contrainte sur la
taille de c¢. Un peu plus loin nous verrons également que considérer le régime ¢ — 400 aide
a se forger des intuitions et apporte méme des informations non triviales. C’est ici que le
parametre A\ aura un role a jouer. Originellement, dans 'article [16], uniquement le régime
A =1 était considéré. Cependant, lorsque le régime ¢ — 400 est considéré, prendre A = 1
conduit a des dynamiques assez peu intéressantes alors que considérer que A et ¢ ont le
méme ordre de grandeur (ce qu’on peut écrire simplement A = ¢) sera plus fructueux. Dans
la suite, et suivant le contexte, nous considérerons A = 1 ou c.

Dans ce modele il est important de noter que z € R? est une variable de position
(homogene & une longueur donc) alors que z € R™ est une variable transverse a la position
x ; cette variable intervient uniquement dans la description du milieu et n’a pas de dimension.
L’équation sur le milieu est une équation des ondes faisant intervenir uniquement ’opérateur
Laplacien sur la variable z, le milieu est donc vu comme un milieu oscillant dans une direction
transverse au déplacement de la particule.

L’idée intuitive derriere ce modele, présentée dans [16] et illustrée en Figure est la
suivante. En chaque point z € R% de I’espace physique le milieu est représenté par une
membrane pouvant osciller dans une direction transverse. Lorsque la particule se déplace, a

LCette Section n’est pas présente dans la version publiée de cet article.
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zeR"”

x € R4

Figure 1.1: Interactions entre la particule et le milieu

chaque fois qu’elle heurte une membrane, elle 'active en lui donnant un peu de son énergie
cinétique. Le modele étant réversible, le milieu peut redonner une partie de cette énergie
a la particule mais ces oscillations sont telles qu’il peut également disperser une partie de
cette énergie en |z| — +oo. En particulier, en remarquant que le terme de force provenant
du milieu et agissant sur la particule dans ne dépend du milieu que sur le support
de o9, une fois qu’une oscillation du milieu sort du support de o9, I’énergie portée par cette
oscillation est définitivement absorbée par le milieu. On s’attend donc qu’en temps grand
la particule transmette toute son énergie cinétique au milieu.

Ce systéme est réversible en temps et conserve I'énergie E.(t) = H.(q(t), §(t), ¥ (t), dp(t))
ou H. est I’hamiltonien défini par

1
He(q,p, v, x) = 2’p|2+V(Q)+// o1(g—y)o2(2)Y(y, dde‘FT)\g // (IXI*+c*V.9]) dz dz.
De plus, dans le cas ou la particule n’est pas soumise a un champ de force extérieur (V = 0),
une autre quantité est conservée : le moment total P.(t) = P.(q(t), ¥ (t), Oxp(t)) ot Pe est
la fonctionnelle définie par

Pe(p,ih,x) =p — AQ//xVx@/dedz

Dans ce méme article, L. Bruneau et S. De Bievre ont montré qu’asymptotiquement, dans
le cas ou la dimension n de I’espace ou wvit la variable transverse z est égal a 3, le milieu
agit sur la particule comme une force de friction linéaire. L’énoncé suivant (légerement
imprécis sur certaines hypotheses techniques afin de rester concis, pour des énoncés exacts
nous renvoyons le lecteur a |16, Theorems 2 & 4]) résume leurs résultats.

Théoréme 1.2.1 Soit n =3, A =1 et (q,v) une solution d’énergie finie de|(1.3a)H(1.3b)|
Pour tout n € (0,1) il existe une vitesse de propagation des ondes critique co = co(n) > 0 et
des constantes v, K > 0 telles que

e Force constante : si V(x) = F-x ou F est un vecteur constant de R? petit devant ¢~*,
alors il existe une position oo € RY et une vitesse asymptotique v(F) € R? telles que

pour tout ¢ > cg,
_'y(l—n)t

|90 +10(F) —q()] < Ke™™ 5

e Potentiel confinant : si V(r) —|3400 +00, alors, lorsque t — +00, la vitesse de
la particule ¢(t) converge vers 0 et sa position q(t) converge vers un point critique q*
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du potentiel V. De plus, si ¢* est un minimum non dégénéré de V, alors, pour tout
c> €o,

_'y(l—n)t

lq(t) — ¢*| < Ke™ 2

Commentons briévement ce résultat. Tout d’abord, le fait que cet énoncé justifie que le
milieu agisse sur la particule comme une force de friction linéaire provient des taux de conver-
gences qui sont en exponentielle décroissante. Par exemple, dans le cas ot la particule n’est
soumise a aucun champ de force extérieur (premier item avec F = 0), la vitesse asympto-
tique est calculable explicitement et on trouve v(F = 0) = 0. Dans ce cas le théoréme assure
que la particule atteint une position d’équilibre avec un taux en exponentielle décroissante.
Ce taux est exactement le méme taux que la solution de lorsque p = 1, d’ou Deffet
de friction linéaire. Intéressons nous ensuite & la contrainte sur la vitesse de propagation
des ondes : ¢ > ¢y. Cette contrainte peut étre comprise intuitivement de la fagon suivante :
une fois que la particule donne un peu de son énergie cinétique a une membrane, comme le
systeme global est réversible en temps, le milieu peut redonner cette énergie a la particule.
La contrainte ¢ > ¢y permet alors d’assurer que le milieu oscille suffisamment rapidement
pour réussir a évacuer une partie de ce gain d’énergie hors du support de o9 avant que la
particule ne puisse récupérer en intégralité 1’énergie cinétique qu’elle avait perdue. Il est
a noter que cette contrainte est surtout importante pour obtenir les taux de convergence
en exponentielle décroissante ; le deuxieme point assure par exemple que la position de la
particule va converger quel que soit la valeur de ¢ (mais le taux de convergence exponentiel
n’est obtenu que sous la contrainte ¢ > ¢p). Enfin, terminons avec une remarque sur le taux
de convergence exponentiel qui est proportionnel & ¢~3. Il peut étre surprenant que ce taux
diminue lorsque ¢ croit alors méme que nous venons de dire que ces taux exponentiels ont
nécessité la condition ¢ > ¢y pour étre obtenus. Cette décroissance montre que la vitesse
des ondes ¢ influence également les échanges d’énergies entre la particule et le milieu. Si
I’on considere une particule se déplacant a la vitesse v, alors son interaction avec une mem-
brane donnée a lieu sur un temps de l'ordre de R;/|v| (ot R; désigne la taille du support
de o1). Il est alors possible de calculer I’énergie transférée par la particule au milieu sur
cet intervalle de temps (cf |16, Section 2]) et de se rendre compte que ce transfert d’énergie
diminue lorsque c¢ croit. En particulier, plus ¢ est grand, plus il faut du temps au milieu
pour absorber toute I’énergie cinétique de la particule.

Avant d’introduire les modéles cinétiques et quantiques provenant de |[(1.3a)H(1.3b)| qui
seront étudiés dans ce manuscrit, j’aimerais m’attarder encore sur deux questions & propos
de ce modele : pourquoi la condition n = 3 intervient dans le Théoréme 7 et que
se passe-t-il pour un modele ou les oscillations du milieu n’ont pas lieu dans des directions
transverses au déplacement de la particule mais dans I’espace physique ?

1.2.1 Le role de la dimension n des membranes

Pour comprendre le role de la dimension des membranes, les calculs effectués dans [16),
Section 2] sont tres instructifs. Ceux-ci consistent & calculer la réaction du milieu lorsqu’une
particule se déplace a vitesse constante v ainsi que la force que cette réaction engendrerait
dans le couplage |(1.3a)H(1.3b)|: pour ¢(t) = qo + tv il s’agit de résoudre |(1.3b)| puis, avec
cette solution 1y (t), de calculer

Fw) = [[ Vaorlao + 0 - y)s(2)i t.v.2) dy
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Ceci conduit a
‘F”'(‘U’) < 07

avec au voisinage de |v| =0

A2 v n—2 v n—2
o) == 5 (M) o (M)

ou v > 0 s’exprime explicitement en fonction de o et o9 uniquement (et est exactement
la constante 4 du Théoreme |1.2.1). En particulier, pour de petites vitesses v, le milieu
exerce une force de friction sur la particule qui peut étre comparée a la force F' J’fm- . def(1.1)
Cette force de friction est linéaire uniquement dans le cas n = 3. Dans le cas n > 4 le
milieu agit comme une force de friction non linéaire F' ]‘fm» . avec pu > 2 (il est intéressant de
noter que pour le cas 4 > 2 et V = 0 conduit a une convergence vers 0 de la vitesse
de la particule mais & une divergence de sa position : |g¢(t)] — +00). Les cas n = 1 et
2 ne sont pas couverts par cette analyse, la formule obtenue pour le coefficient de friction
v n’ayant de sens que pour n > 3. Ceci vient essentiellement de l'intégrabilité ou non du
noyau de Poisson. En particulier, les solutions stationnaires (q,p, %, x) = (go,0,¥,0) ou
—2 AU (x,2) = —N209(2)01 (7 — qo), sont d’énergie finie uniquement dans le cas n > 3.

1.2.2 Le ro6le des oscillations transverses

Considérer ’équivalent du modele de L. Bruneau et S. De Bievre dans le cas d’oscillations
non transversales revient a étudier le systéeme suivant

G(t) = =V.V(q(t)) - y V.o1(q(t) — y)¥(t, y) dy, teR (1.5a)

(8752%0 - C2Az¢)(t, x) = f)\201(93 —q(t)), teR, x € ]Rd, (1.5b)

qui conserve le nouvel Hamiltonien

Hlg.:0.0 = 3P + V@) + [ orla— )@ do+ o [ (3P +E9.0P) da.

La version relativiste de ce modele a été étudiée par A. Komech, H. Spohn et M. Kunze a
la fin des années 90 [64, 62]. Le couplage Maxwell-Lorentz qui consiste essentiellement &
remplacer 1’équation des ondes par les équations de Maxwell a également été étudié par les
deux premiers auteurs dans [63]. Ce genre de modeéle a été introduit pour étudier Ueffet de
Cherenkov (encore appelé amortissement par radiation) qui se produit lorsqu’'une particule
se déplace dans un champ oscillant avec une vitesse supérieure a celle de propagation des
ondes du champ (tel un avion supersonique se déplagant & une vitesse supérieure a celle du
son dans ’air, bien que l'effet de Cherenkov fasse plutot référence aux cas ou une particule
se déplace plus vite que la vitesse de la lumiere dans le milieu considér@.

Le comportement asymptotique de ce systeme differe de celui de |(1.3a)H(1.3b)l Un
exemple particulierement évocateur est le cas ou V' = 0 pour lequel la vitesse de la par-
ticule converge, mais plus nécessairement vers 0. Il est en fait méme possible dans ce cas

2 Un tel phénomeéne n’entre pas en contradiction avec les postulats de la mécanique relativiste. Par
exemple, dans un milieu tel que ’eau la vitesse de propagation de la lumiere est de ¢ >~ 0.75¢o ou ¢y désigne
ici la vitesse de la lumiére dans le vide. En particulier il est bien possible pour une particule de se déplacer
plus vite que ¢ tout en ne dépassant pas co.
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de construire des solutions d’énergie finie ou la particule se déplace a vitesse constante :
(q(t),¥(t,x)) = (qo + tv, ¥y(x — qo — tv)) ou ¥, est déterminé par I’équation de Poisson

(|U‘2 - CQ)Am\I/v(x) — —)\20'1(1‘).

Notons que [(1.3a)H(1.3b)| admet également ce genre de solution : (q(t),¥(t,z,2)) = (qo +

tv, ¥, (z — qo — tv, z)) ou ¥, est cette fois-ci solution de
(J[v2A; — EA) T, (z,2) = —N201(2)02(2).
L’existence de telles solutions n’entre pas en contradiction avec le Théoreme [1.2.1] car elles

sont d’énergie infinie (contrairement au cas de (1.5b)| ou elles sont d’énergie finie
lorsque d > 3). En effet, comme

)\4 2 R R
Jromard = ] oo (oo avac

et comme o7 et o9 sont positives avec d1(0) # 0 et g2(0) # 0, pour qu'une telle solution soit
d’énergie finie il faut donc que

¢/
([C]% — [v]?[k[*)?

(k,¢) e R x R™ —

soit localement intégrable au voisinage de (0,0). Quelque soit les dimensions d et n consid-
érées ce n’est jamais le cas. On voit ici apparaitre 'importance de I’hypothese de finitude
de I'énergie dans le Théoréme [1.2.1]

Cette hypothese peut s’interpréter physiquement comme une hypothese sur la tempéra-
ture du milieu. En ’absence d’interaction avec une particule, supposer que le milieu est
d’énergie finie permet d’utiliser la dispersion des ondes pour justifier qu’il va converger vers
la position d’équilibre ¢y = 0 ol toutes les membranes sont au repos. A l'inverse, dans le
cas ou l’énergie du milieu est infinie, nous pouvons tres bien imaginer une situation ou il
y a en permanence des ondes venant de "l'infini" et o les membranes n’atteignent alors
jamais la position d’équilibre v = 0. Ces oscillations permanentes des membranes sont
alors interprétées comme étant ’agitation thermique interne du milieu. Le comportement
asymptotique du systéme |(1.3a)| est bien str tres différent dans ce cas de figure. Une
étude de la relation d’Einstein & temps fini a été faite dans [27] et [I, Chap. 6 et 7] lorsque
le milieu n’est pas a température nulle.

En guise de conclusion, I'intérét principal du systeme |(1.3a)H(1.3b)| est qu’il fournit un
modele hamiltonien d’interaction "particule/milieu" particuliérement simple tout en ayant

la qualité de reproduire, dans le cas des petites vitesses, des interactions de type force de
friction et notamment, de type force de friction linéaire lorsque n = 3.

1.3 Extension aux cas cinétiques et quantiques

Dans cette theése je me suis principalement intéressé aux modeles cinétiques et quantiques
dérivant du modele de L. Bruneau et S. De Bievre. Avant d’évoquer les résultats que j’ai
obtenus, introduisons d’abord ces modeles en faisant un rapide panorama des résultats déja
existants.



1.3. Extension aux cas cinétiques et quantiques

1.3.1 Le systéme Vlasov-Onde : version cinétique de |(1.3a)]

Le systeme |(1.3a)H(1.3b)| s’étend naturellement au cas de N particules en sommant ’action
de toutes les particules sur le milieu :

Gi(t) =~V (@t //R V() - vea(ity. D dydz teR (Low)

N
(Ot — A (t, @, 2) = Z (z — gt teR, z€RY 2 €R"  (1.6b)

ou ¢; désigne la position de le i-eme particule. Les résultats sur le comportement en temps
long de ce systéme, méme dans le cas N = 2, sont beaucoup plus faibles que dans le cas d’une
seule particule. Ceci provient des échanges d’énergie qui sont bien plus complexes lorsque
deux particules sont proches : typiquement, lorsque |g;(t) — ¢;(t)| < Ri (ot Ry désigne la
taille du support de o7) la particule g; échange de I’énergie avec les membranes au voisinage
de la particule g;, énergie qui peut ensuite étre donnée par les membranes a la particule g;.
Le mieux qui ait été obtenu pour ce systéme est un travail récent de A. Vavasseur [104] ou
il est démontré dans le cas n = 3 que la vitesse des particules converge vers 0 et que leur
position converge en un minimum du potentiel V. Cependant, aucun taux de convergence
n’est obtenu, méme sous une contrainte du type ¢ > ¢g.

Lorsque le nombre N de particules est grand il est classique d’utiliser une approche
statistique pour décrire ce genre de systeme. Cette approche consiste a étudier la densité de
probabilité de présence des particules dans l'espace des phases (¢, z,v) — F(t,z,v) plutot
que la trajectoire individuelle de chacune des particules. A partir du systéme a N particules
une limite de champ moyen peut étre effectuée pour obtenir le systéme cinétique suivant,
que nous appellerons équation de Vlasov-Onde tout au long de ce manuscrit et qui régit la
dynamique de la densité de particules F' :

OWF +v -V F—V, (V—i—al*x/@@/}dz) V,F =0, teR, zeRY veR? (1.7a)
02 — A = —N209(2) <01 Ky /de) , teR, zeR? zeR” (1.7b)

complété par
Fl_y=F,  00),_,= (o, ¢1). (1.8)

Cette limite de champ moyen a été obtenue rigoureusement dans [52] et 'existence globale
d’une unique solution a été justifiée dans [25]. Dans ce méme article, dans le régime A\ = ¢

il a également été montré qu’'asymptotiquement, lorsque ¢ — +o00, le systeme |(1.7a)H(1.7b)}
converge vers le systeme

OF +v-V,F—V, <V+01*x/021/}dz) -V, F =0, teR, zeR? veR? (1.9a)
— ALp = —09(2) (01 *g /de) , teR, z€RY 2z € R™ (1.9b)
En particulier I’équation de Poisson sur ¢ peut étre explicitement résolue : ¥ (t) = I'(z)o; %
(J F(t)dv) ou A,I' = o9. En injectant cette expression dans |(1.9a)| on obtient alors

I’équation de Vlasov suivante

OF +v -V, F -V, <VﬁE*x/de)-VvF:O, (1.10)
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ot k = ||V.T'||3, > 0 et ¥ = 0y *01. La constante x étant positive et o1 étant une fonction
a symétrie sphézrique positive dont le profil radial est décroissant, cette équation de Vlasov
est de type attractive. En choisissant de fagon judicieuse des fonctions de forme o1 et o9
dépendant de ¢, il a méme été démontré que lorsque ¢ — +00, ’équation de Vlasov-Onde
est asymptotique au systeme Vlasov-Poisson attractif. Notons que dans le régime A = 1
la limite ¢ — 400 conduit a I’équation —A,1 = 0 pour le milieu. Le milieu ¢ est donc
spatialement homogene, le champ de force qu’il exerce sur la densité de particules F' est
alors identiquement nul et I’équation limite obtenue est une simple équation de Liouville

OF +v-VyF -V, V.-V,F=0.

L’existence d’états d’équilibres et leur stabilité lorsque le potentiel V' est un potentiel con-

finant est étudié dans [26] et I'influence de la présence d’un terme dissipatif additionnel est

étudié dans [4] a travers l'ajout de l'opérateur de Fokker-Planck. Enfin, dans un travail

récent, A. Vavasseur a obtenu sous certaines conditions la convergence de la densité spatiale
= [ F(t)dv vers un état d’équlibre [104].

Le systeme Vlasov-Onde peut étre vu comme un modele de gaz de Lorentz "mou" in-
élastique et dissipatif. L’adjectif "mou" fait référence au milieu, qui du point de vue des
particules est vu comme un obstacle mou (les membranes crééent des potentiels pouvant
ére traversés par les particules). L’adjectif inélastique fait référence au fait que, en con-
sidérant uniquement le sous systeme des particules constituant le gaz, ce sous-systéme ne
conserve pas d’énergie. Bien siir, le systéme Vlasov-Onde étant obtenu a partir du sys-

téme hamiltonien [(1.3a)H(1.3b)}, il conserve lui aussi un hamiltonien au cours du temps :
E(t) = Hy(F (1), ¥(t), 0 (1)) on

2 1
Hy(F,4,x) ://(g—i—V—l-al *¢/02¢dz)Fdxdv+2)\2/ (Ix> + 2| V.9|) de dz,

mais cet hamiltonien est conservé par le systéme global et pas par le sous systéme composé
uniquement des particules du gaz. Il est a noter qu’a nouveau, lorsque le potentiel V' est
identiquement nul, le moment total du systeme Py (t) = Pr(F' (), (t), dp(t)) ou

Po(F, ), x //dexdv—//vawdmdv

est conservﬂ Enfin, 'adjectif dissipatif fait référence aux interactions entre les particules
constituant le gaz et le milieu avec lequel elles interagissent. Lorsque le milieu agit sur le
mouvement des particules mais que le déplacement des particules ne modifie pas le milieu
on parle alors de gaz de Lorentz non dissipatif. A I'inverse, lorsque les particules du gaz ont
une action sur le milieu on parle alors de gaz de Lorentz dissipatif.

Cette terminologie est utilisée par analogie avec le travail fondateur de Lorentz [79] ou
est étudié le mouvement d’électrons dans un métal. Dans ce modele le métal constitue
le milieu et les atomes le constituant sont vues comme des obstacles fixes, sphériques et
durs. Les électrons se déplagant dans le métal constituent le gaz et subissent une réflexion
spéculaire lorsqu’ils entrent en collision avec un atome du métal. Avec la terminologie
précédente ce modele est donc un gaz de Lorentz "dur" (les obstacles sont infranchissables

3 Le systéme Vlasov-Onde conserve beaucoup d’autres quantités. Le champ de force régissant la
dynamlque d’une particule typique étant a divergence nulle, toute quantité s’écrivant sous la forme
f.A )) dz dv est conservée au cours du temps. En particulier la positivité, toutes les normes L% , ainsi
que I’ entrople A(F) = —Flog(F) sont conservées.
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par les électrons) élastique (les réflexions spéculaires font que I’énergie cinétique des électrons
avant et apres chaque collision est la méme, le gaz conserve donc son énergie au cours du
temps) et non dissipatif (les atomes constituant le métal sont fixes, le déplacement des
électrons n’influe pas 'état du milieu). Ce travail initial de Lorentz a donné lieu a de tres
nombreux développement, suivant si les obstacles sont "durs" ou "mous", suivant si ils sont
répartis de facon périodique ou aléatoire, suivant si le gaz est élastique ou non et dissipatif
ou non. En guise d’exemples nous renvoyons le lecteur aux articles [2} [14] I8, [43, 47, 83]
mais beaucoup d’autres travaux auraient pu étre cités.

1.3.2 Le systéme Schrodinger-Onde : version quantique de |(1.3a)H(1.3b)

Les versions quantiques de |(1.3a)H(1.3b)|ont pour l'instant été ’objet de peu de développe-
ments. A ma connaissance, seuls les travaux de L. Bruneau [15] et de S. De Biévre, J. Faupin

et B. Schubnel [24] ont abordé cette question. Dans ces deux articles le modele considéré est
celui obtenu en effectuant la seconde quantification de |(1.3a)H(1.3b)| et leur étude porte sur
le spectre du probléme stationnaire sous-jacent. Le procédé de seconde quantification con-
siste, en plus de la quantification de la trajectoire de la particule ¢, a quantifier les champs
de force agissant sur celle-ci. Le milieu v est donc lui méme quantifié dans ces modeles.

Le modele étudié dans cette these est le suivant, ou seule la trajectoire de la particule
est quantifiée a travers la fonction d’onde (¢,z) — u(t,z) € C

1
iatu+§Axu: (V+01 *x/agq/;dz)u, teR, zeR? (1.11a)
D2 — A = —N209(2) (01 *z ]u\Q) , teR, zeRY zeR" (1.11b)
qui est naturellement complété par les données initiales

u(0,z) = up(x), (0,2, 2),000(0,x, 2)) = (Yo(z, 2),Y1(x, 2)). (1.12)

Justifions brievement I'introduction et I’étude de ce systéme, notamment vis & vis du modele
ol le milieu v est lui méme quantifié. Tout d’abord, dans I’esprit de la dérivation du systeme
Vlasov-Poisson a partir du systéeme Schrodinger-Poisson via une limite semi-classique [76],
il est possible de faire le lien entre ce modele et la version cinétique|(1.7a)H(1.7b)|du modele
de L. Bruneau et S. De Biévre. Plus précisément, en introduisant la constante de Planck h
dans ainsi que la transformée de Wigner de la fonction d’onde wuyp:

1 e hoo h
Wi(t,z,§) = W/Rd e éyuh@,x + §y)uh(t,x — 59) dy.

il est possible de justifier que (W}, 1) converge vers une solution du systéeme Vlasov-Onde
(1.7a) lorsque h — 0. Ensuite, ce modele entre parfaitement dans l’esprit de la
stratégie développée en début d’introduction : il décrit les échanges d’énergie entre une
particule quantique et un milieu abstrait modélisé en chaque point de l’espace par une
membrane pouvant vibrer dans une direction transverse a la direction spatiale x. Ce modeéle
entre donc dans la classe des systemes quantiques pouvant modéliser des effets dissipatifs
et son étude est aussi légitime que celle ou le milieu est lui méme quantifié. Par ailleurs,
comme le milieu ¢ intervenant dans le modele classique |(1.3a)H(1.3b)| est un milieu abstrait
servant uniquement a modéliser les échanges d’énergie entre un systéeme donné et le milieu
extérieur, la nécessité de sa quantification peut étre discutée. Enfin, la derniere raison est
que contrairement a [15] et [24], nous étudions dans ce manuscrit la dynamique du systéme
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[(1.11a)H(1.11b)l Considérer ce modele plus simple ou le milieu n’est pas quantifié est une
étape naturelle pour une premiere étude dans cette direction.

Terminons en mentionnant que ce systéme conserve la masse de la fonction d’onde u
2
M(t) = [lu(®)llZ2,
ainsi que I'énergie &,(t) = Hy(u(t), (), 0pp(t)) ot Hy est Phamiltonien défini par

1
Hy(u, ,x) = 2/|vxu’2dx+/(v+01 *x/agwdz)]u‘de
1 2 2
+2A2//(!x| + A V.y|) dede. (1.13)

Dans le cas ou le potentiel V' est identiquement nul, le moment total Py(t) = P, (u(t),¥(t),
dy(t)) o

Py(u, ¢, x) = Im/unﬂd:r — ;//Xkudxdz, (1.14)

est également conservé. De plus, dans le cas A = 1 ce systéme est asymptotique a I’équation
de Schrodinger linéaire|(1.2)|lorsque ¢ — +00, alors que dans le cas A = ¢ il est asymptotique
a I’équation de type Hartree suivante

1
10 + iAxu = (V= k2% [ul?)u, (1.15)

ou ¥ = oy*0y et k = ||V.I'[|2, > 0. En particulier la non linéarité est & nouveau attractive.
z

1.4 Contributions et perspectives

Il est possible de regrouper les travaux présents dans cette these en trois problemes distincts.
Les deux premiers sont de nature semblable dans le sens ou dans les deux cas la question
abordée est celle de la stabilité autours de certaines solutions particulieres d’un systéme
dynamique.

Dans le premier cas le systéme Vlasov-Onde est étudié au voisinage d’équilibres spatiale-
ment homogene F(t,z,v) = .# (v) alors que dans le second cas c’est le systéme Schrodinger-
Onde qui est étudié autours d’ondes solitaires u(t, ) = Q(z)e™! d’énergie minimale. Bien
que dans ces deux cas la nature de la question soit similaire, les mécanismes mis en jeux sont
distincts et les outils mathématiques pour les étudier sont en conséquence treés différents.
Par exemple, dans le premier cas la structure hamiltonienne du systeme Vlasov-Onde n’est
pas utilisée et la mesure de la régularité des solutions joue un réle important, alors que
dans le second cas la structure hamiltonienne du systéeme Schrodinger-Onde est absolument
essentielle et la régularité des solutions n’est pas utilisée. L’investigation de chacun de ces
deux problémes a mené & un travail numérique : dans le premier cas pour étudier un critere
de stabilité linéaire, et, dans le second cas, pour étudier certaines dynamiques de facon plus
précise que ce que 1’étude théorique a permis. Cette étude numérique a également permis
de conforter la compréhension du role des parametres du modele, notamment la dimension
n des membranes et la vitesse de propagation des ondes c.

Le troisieme probleme se positionne dans le cadre de la théorie de I’homogénéisation.
Plus précisément (en reprenant les définitions introduites précédemment), le comportement
d’un gaz de Lorentz "mou" aléatoire, élastique et non dissipatif est étudié, ’objectif étant
d’obtenir si possible une équation satisfaite par la moyenne stochastique de la densité de
particule lorsqu’un certain parametre d’échelle e converge vers 0.
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1.4.1 Amortissement Landau pour le modeéle Vlasov-Onde

On considere ici le systéeme Vlasov-Onde|(1.7a)H(1.7b)|sans potentiel extérieur V' = 0. Dans
ce cas il est aisé de vérifier que les solutions ayant une donnée initiale de la forme Fy(z,v) =
A (v), (Yo(z,2),¥1(x,2)) = (¥(2),0) ou ¥ est solution de

—AAV(2) = —)\202(2)(/01 dx) (////dv),

sont des solutions stationnaires : (F(t,z,v),9¥(t,z,2)) = (# (v), ¥(z)). Ces solutions ont
la particularité que la densité spatiale p(t) = [ F(t)dv est constante et le terme de force
V(o1 % [ o2tp(t) dz) est nul. Il est alors naturel de se poser la question de la stabilité de ces
solutions particulieres. Cette étude a été effectuée dans le cas du tore z € T, comme dans
le cas de P’espace entier = € R,

Le cas Vlasov-Poisson.

Pour le systeme de Vlasov-Poisson (nous rappelons que le systéeme Vlasov-Ondes est
asymptotique & ce systéme dans le régime A\ = ¢, ¢ — 400), les fonctions spatialement
homogenes sont également des solutions stationnaires et 1’étude de leur stabilité a donné
lieu & de nombreux travaux. Cette étude a commencé avec I'article [67] de L. Landau ou il est
justifié que dans le cas du tore, et sous une condition de stabilité linéaire sur .#, le probléme
linéarisé est stable en un sens fort. Cette stabilité forte non attendue porte depuis le nom
d’amortissement Landau. Le premier résultat perturbatif justifiant I'existence d’un effet
d’amortissement Landau au niveau non linéaire a été obtenu par C. Mouhot et C. Villani
dans [87]. Depuis, de nombreux autres résultats ont été obtenu [10} 12} [13] 36} 53| 54} [59].
Par exemple dans [I2] la régularité minimale requise est améliorée, dans [I3] le cas = € R?
est étudié, ou plus récemment, dans [59] et [53] une nouvelle approche lagrangienne est
développée.

En restant évasif, I'effet d’amortissement Landau obtenu dans tous ces travaux peut
s’énoncer de la facon générique suivante.

Théoréme 1.4.1 Pour une donnée initiale Fyy proche d’un équilibre spatialement homogeéne
M (|Fo — A\ <€) et sous une contrainte de stabilité linéaire sur A ,

e la solution F(t) est asymptotique d une solution du transport libre : il existe un profil
limite F'*° tel que
F(t)— F*° t —
IE() — PG+ to,0)]| |0,
o la densité spatiale de particule p(t) converge fortement vers une constante : il existe
une constante p™ tel que

o o0
lo(t) o] =0
e le champ de force (provenant du couplage avec l’équation de Poisson ici) converge
fortement vers 0.

Les normes considérées dans cet énoncé dépendent du contexte (z € T¢ ou x € R?) et les
taux de convergence dépendent du contexte également (z € T¢ ou z € R?) mais aussi de la
régularité mesuré par les normes en jeu. Typiquement, dans le cas du tore, les normes mises
en jeu sont des normes (sous-)analytiques et les taux de convergence sont en exponentielle
(fractionnaire) décroissante, alors que dans le cas de I’espace entier, des normes Sobolev sont
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suffisantes mais les taux de convergence sont en toute généralitéﬁ limité par la dimension d
de T'espace.

Avant de revenir au cas du systéme Vlasov-Onde, rappelons deux mécanismes tres sim-
ples mais fondamentaux dans chacune de ces études de ’amortissement Landau. Le premier
est un mécanisme lié a l'opérateur de transport libre 9; + vV,. Une solution F(t) de
I’équation de transport libre avec donnée initiale Fy s’écrit F'(t,z,v) = Fyo(z — tv,v) et en
considérant la transformée de Fourier de cette solution on obtient F/(t, k, &) = Fo(k, £ + tk).
En particulier la transformée de Fourier de la densité spatiale p(t) = [ F(t)dv est p(t, k) =
ﬁo(k, tk). Le lemme de Riemann-Lebesgue assure alors que cette quantité décroit au cours
du temps et que le taux de décroissance peut étre mesuré par la régularité de la donnée
initiale Fj : plus cette donnée initiale est réguliere par rapport a la variable v plus le taux
de décroissance est grand. De plus, ce taux de convergence dépend lui-méme du mode de
Fourier k considéré : plus |k| est grand, plus le mode de Fourier p(t, k) décroit vite. Le
second mécanisme important est au niveau de la structure de I’équation linéarisé autour
de I’équilibre spatialement homogeéne .#. Considérer la transformée de Fourier de cette
équation intégrée en vitesse conduit & un systeme d’équations découplées et fermées sur les
modes de Fourier de la densité spatiale p(t) :

p(t k) = A(t, k) + /0 K(t—7,k)p(r, k) dr,

ou A dépend uniquement de la donnée initiale Fj et ou K est un noyau dépendant de
I’équilibre .#. A partir de ces équations et sous un critére de stabilité sur le noyau K (donc
sur ./ ) il est possible de justifier que les modes de Fourier ont le méme type de décroissance
que dans le cas de I’équation de transport libre. Par exemple, dans le cas ou Fy et .# sont
de régularité finie on obtient

B B)| < (k) = (\/1 i \tkP) N (1.16)

ou le taux r est limité par la régularité de Fy ainsi que celle de .

Le cas Vlasov-Onde.

En revenant au systéme Vlasov-Onde et par analogie avec le systéme Vlasov-Poisson il
est naturel de poser la question de I'existence ou non d’un effet d’amortissement Landau au
voisinage des solutions spatialement homogenes. Ces résultats sont ’objet du Chapitre
En particulier nous avons abordé les questions suivantes :

e Est-il possible de justifier un effet d’amortissement Landau linéaire 7 et non linéaire ?

......

par le couplage avec I’équation des ondes ? et comment la régularité des normes et les
taux de convergences sont modifiés 7

La stratégie pour aborder ces questions a été la suivante. Tout d’abord, dans ce con-
texte la structure hamiltonienne de I’équation de Vlasov-Onde n’étant pas utilisée, nous
commencons par résoudre explicitement I’équation des ondes en fonction de la densité spa-
tiale p, que nous ré-injectons dans I’équation de Vlasov afin d’obtenir I’équation suivante

t
OF +v-ViF -V, (@I(t,x) -X */ pe(t — 7)p(T) dT) -V, F =0 (1.17)
0

4Ce résultat peut étre amélioré dans le cas ot les données ont une transformée de Fourier dont le support
est "loin" du point (k,&) = (0,0), cf [I3].
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ou ®y(t,z) est un potentiel dépendant uniquement des données initiales 1y et 1)1 et des
fonctions de forme o1 et o9, ou ¥ = 01 x 01 et ou p.(t) dépend uniquement de la fonction
de forme oy. Cette ré-écriture du systéme Vlasov-Onde a 'avantage de permettre des
comparaisons plus immédiates avec le systeme Vlasov-Poisson. Par exemple, a part dans le
cas ou des effets de compensation ont lieu, il est possible de déduire directement de cette
équation que le taux de convergence du terme de force

vx(cpf(t, z) — m/otpc(t—T)p(T) dr) (1.18)

va dépendre de la décroissance en temps de ®;(t) et p.(t). Cette premiere étude est effectuée
a la fin de la Section du Chapitre Ces deux fonctions venant du couplage avec
I’équation des ondes, leur décroissance provient de la dispersion des ondes et est limitée en
toute généralité par la dimension n des membranes. Toutefois, il est a noter que dans le
cas ou n est impaire il est possible de tirer parti du principe de Huygens fort ainsi que de
la compacité du support de la fonction de forme o2 pour justifier que ces fonctions sont
dans ce cas a support compact en temps. Cette remarque permettra d’obtenir des résultats
d’amortissement Landau en régularité (sous-)analytique.

Il est important de noter que si la fonction p. décroit au cours du temps, son taux de
décroissance est indépendant du mode de Fourier k considéré. La décroissance temporelle
seule de p. ne sera donc pas suffisante pour obtenir des taux de décroissance de la forme
(tk)~" comme c’était le cas pour le systéme Vlasov-Poisson. Un moyen simple de s’en
convaincre est de considérer le cas ou p.(t) décroit comme (t)~", d’imaginer que l'on ait
lestimation a priori |p(t, k)] < (tk)™" et d’étudier le taux de convergence de fgpc(t —
7)p(7, k) d7r. Un rapide calcul montre alors que

’/ pe(t —7)p(T, k) dT‘ < / (t—7)""rk) " dr < BT+ (th) T < C(k)<tk,>—min(m,r)
0 0

oil la constante C(k) explose comme |k|™™("7) 1] est donc nécessaire d’étre capable

d’absorber un facteur |k[™™("7) Dans le contexte du systéme Vlasov-Onde la fonction
de forme o1 étant naturellement réguliére, nous utilisons la décroissance de sa transformée
de Fourier pour absorber ce terme. Contrairement au cas du systeme Vlasov-Poisson, les
résultats d’amortissement Landau que nous avons obtenus sont donc directement limités par
la régularité du potentiel X.

L’étude du probleme linéarisé est faite dans la Section du Chapitre 2] Une fois la
décroissance de ®r(t) et p.(t) bien comprise ainsi que la nécessité d’utiliser la régularité
de o1, cette étude suit la méme stratégie que pour le systeme Vlasov-Poisson, c’est a dire
exploiter le découplage des modes de Fourier de la densité spatiale p(t) :

t
P k) = A1) + [ K(t = 7 k)p(r ) dr,
0
ou cette fois-ci A dépend de Fy, v, Y1 et A et ou
t
Kt k) = / pe(t — VK (7, k) dr.
0

K étant le méme noyau que pour ’équation de Vlasov|(1.10)} En particulier la contrainte de
stabilité linéaire porte toujours sur I’équilibre .# mais au travers de 'opérateur K qui n’est
plus le méme que pour I’équation de Vlasov. Pour cléturer I’étude du probléme linéaire il
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est donc important de comprendre comment la demi-convolution en temps avec p. modifie
la géométrie des équilibres stables. Cette étude est ’'objet de la Section [2.5] du Chapitre
En particulier nous avons justifié que dans le cas A = 1, pourvu que c¢ soit suffisamment
grand, tout équilibre .# est stable (ce qui est cohérent avec 'asymptotique vers le transport
libre). Dans le cas A = ¢, nous avons obtenu que dans le régime ¢ — 400 le méme critére
de stabilité de Penrose que dans le cas de ’équation de Vlasov doit étre satisfait. A
Iinverse, le régime ¢ — 0 conduit a I'instabilité de tous les équilibres. Nous avons fait le
lien entre cette instabilité et la longueur de Jeans (cf [87, Example 2.3]). Dans les régimes
intermédiaires ¢ ~ 1 un critére a été obtenu mais est assez peu utilisable en pratique.

Ceci a naturellement conduit a une étude numérique, le but de cette étude étant de tester
si dans le régime ¢ ~ 1 il est "facile" d’obtenir des équilibres .# stables. Cette étude ainsi
que la conception du schéma spécifique sur lequel elle est basée font 'objet du Chapitre [3
Nous en avons également profité pour tester si dans le cas n = 1 un effet d’amortissement
Landau a lieu. En effet, comme nous I’avons vu la décroissance du noyau p,. est directement
liée a la dispersion de 1’équation des ondes, dispersion qui n’existe pas en dimension n = 1.
Dans ce cas un simple calcul montre méme que

ste
pelt) = C*(03) >0,
et toute I’étude théorique précédente basée sur la décroissance de p. ne s’applique pas.
L’étude numérique suggere quant a elle qu’il n’y a pas d’amortissement Landau dans ce cas
(nous avons réussi a obtenir une solution faiblement perturbée et non amortie).

L’étude de I'amortissement Landau non linéaire est 1'objet des Sections (cas de
I'espace entier x € R?) et m (cas du tore x € T9) du Chapitre |2 Une fois le probleme
linéaire bien compris et notamment les différences avec le cas Vlasov-Poisson, les résultats
déja existants de [12] et [I3] sont applicables sans nouvelles difficultés supplémentaires et
permettent d’obtenir des résultats pouvant s’énoncer sous la forme du Théoréme [I.4.1] En
particulier la gestion des possibles termes d’échos plasma n’est ni plus aisée ni plus com-
pliquée avec ce modele. Afin que ce manuscrit soit auto-contenu nous avons tout de méme
fait ces démonstrations dans le cas du systeme Vlasov-Onde. Pour que les résultats prin-
cipaux de cette theése ne soient pas noyés dans des points techniques déja plus ou moins
connus, certains de ceux-ci sont abordés uniquement en annexe a la fin de ce manuscrit (cf
Annexe [A] et [B] ot est démontré, entre autres, l'existence de solutions analytiques locales
pour le systeme Vlasov-Onde).

Perspectives.

La continuité naturelle de ces recherches est I’étude de 'amortissement Landau lorsque
les ondes ne sont plus transverses mais se propagent dans la direction spatiale z (par exem-
ple en considérant la version cinétique du systeéme |[(1.5a)H(1.5b))). Dans ce cas le systéme
cinétique s’écrit a nouveau sous la forme mais les propriétés du noyau p. sont tres
différentes. En considérant par exemple la transformée de Fourier de la partie du terme de
force non local en temps dans on obtiendrait

k\&l(k:)|2(/0t Wﬁ(n K)dr).

Si p. dépend désormais des modes de Fourier k (ce qui est une bonne nouvelle vis a vis
de l'indépendence du possible taux d’amortissement par rapport a la régularité de o1), la
contrepartie est qu’a k fixé p. ne décroit plus mais oscille. Ceci n’est pas aussi dramatique
que dans le cas des ondes transverses et m = 1, car les oscillations de p. peuvent étre
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utilisées pour obtenir de la décroissance ponctuelle du coté des variables physiques (via un
lemme de phase stationnaire, ce qui revient exactement a refaire la preuve de la dispersion
ponctuelle des ondes). Néanmoins, tous les résultats obtenus dans cette thése, méme ceux
au niveau linéaire, se basent sur la décroissance de chacun des modes de Fourier de la densité
spatiale p, cf Une premiére question importante est donc celle de la cohabitation de
ces deux phénomenes de dispersion : est-il possible d’obtenir & partir des oscillations (a k
fixé) de p.(t, k) la décroissance de p(t, k) 7 sinon, est-il possible d’utiliser des estimations de
dispersion ponctuelle du c6tés des variables physiques pour obtenir un effet d’amortissement
Landau sans une décroissance de p(t,k) de la forme ? En somme, comment se
combine les effets dispersifs de ’équation des ondes et de ’équation de Vlasov au voisinage
d’un équilibre spatialement homogene : est-ce que ces deux phénomenes conduisent a de la
dispersion (dans ce cas sous quelle forme, plutdt celle des ondes ou celle de I'équation de
Vlasov) 7 ou est-ce qu’ils se "détruisent” mutuellement ?

1.4.2 Investigation d’un effet de friction quantique a travers I’étude d’ondes
solitaires

On considére ici le systéeme Schrodinger-Onde. Tout d’abord, I’existence d’une unique so-
lution globale dans les espaces fonctionnels naturels du point de vue de 'énergie H, (cf
Annexe ainsi que la limite semi-classique permettant de lier ce systéme au systéme
Vlasov-Onde (cf Annexe@ ont été effectués. La démonstration de ce type de résultat étant
tres classique et n’ayant pas apporté de difficultés nouvelles, nous ne commenterons pas plus
ces travaux ici. Passons désormais au cceur de 1’étude.

Ondes solitaires.
Une onde solitaire pour ce systeme est une solution de la forme

u(t,z) = Q(x)e™, V(t,x,z) =V(x, 2),

o (Q, ¥) est solution du systéme

_%AIQ + w@ + (01 */02\11 dz)Q =0,
—PAU(z,2) = —N209(2)01 *x Q% ().

Il est important de noter que dans le cas A = ¢, les solutions de ce systéme sont indépen-
dantes du parametre c. L’existence de telles solutions est suggérée par le caractére attractif
du systeme asymptotique lorsque A = ¢ et ¢ — 400 ; l'effet attractif sous-jacent permettant
I’existence de solutions stationnaires ou la dispersion de ’équation de Schrodinger est par-
faitement compensée par 'effet attractif de la non linéarité. En résolvant explicitement en

fonction de @ I’équation de Poisson sur ¥ on obtient
A2 9
W(r,2) = ST * QX (a),

ou A,I' = g9. En injectant alors ce résultat dans I’équation sur ) on aboutit a ’équation
de Choquard

1 22 5
—iAmQ—FwQ—mcﬁ(E*Q)Q:O, (1.19)

ol k = ||[V.I'||2; et ¥ = o1 x 01. Cette équation bien connue a déja été activement étudiée
(voir par exemple [77, [70, 68] et leurs références). A partir de ces études nous savons que
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cette équation admet une famille de solutions non triviales, et le systéme Schrédinger-Onde
admet en conséquence plein d’ondes solitaires. Cependant, rien ne garantit que les ondes
solitaires ainsi obtenues soient stables.

Stabilité orbitale des états fondamentaux.

Le Chapitre 4] est consacré a la construction d’ondes solitaires orbitalement stables (i.e.
stables modulo les invariances de 1’équation). Celles-ci ont été obtenues en minimisant
I’hamiltonien H, (définie par |(1.13)) sous une contrainte de masse HQH%% = M. Cette
approche est tout a fait classique, les ondes solitaires ainsi obtenues sont appelées état
fondamentauzr ou encore ground states et leur stabilité peut s’obtenir a 'aide d’arguments
variationnels [22] [73] [74] ou par linéarisation de I’énergie [107, 108,85, 84]. Bien que ces deux
approches soient bien balisées, le cas particulier du systéme Schrédinger-Onde a conduit &
une difficulté inattendue, conséquence de la combinaison des deux remarques suivantes :

e ’équation de Choquard est une équation non linéaire non locale en espace,

e la fonction de forme oy étant réguliére, le potentiel X n’est pas homogene et I’équation
de Choquard considérée ne posseéde donc pas d’invariance d’échelle.

Pour comprendre d’ou provient cette difficulté technique il est intéressant de considérer le
cas du systéme Schrédinger-Newton, pour lequel I’étude de la stabilité orbitale des états fon-
damentaux est bien comprise. Lorsque d = 3, ceci revient & considérer % (x) = X0(z) = 1/|z|
dans I’équation de Choquard Si dans ce cas 'unicité (& translation et changement
de phase pres) de I’état fondamental a contrainte de masse M fixée a pu étre obtenue [70],
la démonstration de celle-ci utilise de facon cruciale ’expression de X0 et nous n’avons pas
réussi a I'adapter au cas X régulier. Ceci implique que nous n’avons pas de caractérisa-
tion variationnelle de ’état fondamental et la variété engendrée par I'’ensemble des états
fondamentaux de masse M
S ={(Q0) ta. [QlEy =M ot Hy(@0.0)= = inf Hy(u,x)]
L2

n’est en conséquence pas connue de fagon satisfaisante. Si cela n’empéche pas I’approche
variationnelle d’étre appliquée, cela conduit a un résultat particulierement faible. L’approche
par linéarisation de I’énergie a donc été retenue. Pour pouvoir ’appliquer une étape impor-
tante est de caractériser le noyau de l'opérateur L, défini par

L. f= —%Axf—l—wf—/ﬁ(E*QQ)f—%c(E*Qf)Q.

Si dans le cas ¥.°(x) = 1/|z|, le noyau de cet opérateur est parfaitement connu [68], la démon-
stration repose & nouveau de facon cruciale sur I'expression du potentiel X°. En particulier
nous n’avons pas réussi a obtenir en toute généralité la caractérisation du noyau de L pour
> régulier quelconque. Nous avons en revanche réussi a I’obtenir pour certains potentiels
¥ réguliers. Typiquement, dans un premier temps, pour des potentiels ¥ proches de 0.
De fagon informelle (pour un résultat précis nous renvoyons le lecteur au Theorem du
Chapitre [4)), et en notant o7 ’ensemble des fonctions de formes o pour lesquelles le noyau
de U'opérateur L, a pu étre caractérisé, nous avons obtenu le résultat de stabilité orbitale
suivant.

Théoréme 1.4.2 Soit 01 € o et (Q,V) un état fondamental. Alors, pour une donnée
initiale (ug, o, 1) proche de (Q,V,0)

o — QHH% + [0 — II’”Lgﬁlzl + le“Lng <
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et telle que |Jugllr2 = ||Qlz2, la solution (u,v) de|(1.11a)H(1.11b)| est orbitalement stable :
il eviste deux fonctions t — x(t) € R? et t v+ y(t) € R telles que

sup lu(t) = Q(- = &(t))e M|y + |9 (t) — V(- — a(t), Mz + 10Ol z212 < e

Améliorations du théoréme de stabilité orbitale.

Dans le cas A = ¢, comme nous 'avons déja fait remarquer, I’équation sur (Q, V) est
indépendante de ¢ : si (u(,z),¥(t,z,2)) = (Q(z)e™!, ¥(z,2)) est une onde solitaire du
systeme Schrodinger-Onde pour une valeur ¢y donnée, alors elle I’est quelque soit la valeur de
c. De plus, u(t) est également une onde solitaire du systéme asymptotique Ce résultat
s’étend également aux cas des états fondamentaux. En particulier un état fondamental
orbitalement stable I'est quelque soit la valeur de c et 1’est également pour Il est
alors intéressant de se poser la question de la dépendance en c¢ de la contrainte de petitesse
sur les données initiales dans le Théoreme [1.4.2] Dans ce cas il est en fait possible de
I’améliorer en changeant la contrainte de petitesse en

1
luo = Qs + 1Yo = Wil 12 0 + E||¢1||L§Lg <e,

la conclusion devenant
i 1
sup Ju(t) — Q- — x(£))e D || g1 + W (t) — W(- — a(t), Mz + EH(’W(t)HLng <e

Cette amélioration est satisfaisante dans le sens ou, comme attendu, la contrainte sur les
variations du milieu est tres faible dans le régime ¢ > 1. Cependant elle ne permet pas de
retrouver le cas suivant. Comme le systéme asymptotique est invariant par transfor-
mation galiléenne (ce n’est pas le cas du systéme Schrodinger-Onde), si u est une solution

de|(1.15)} alors
. . |p|?
v(t,z) = u(t,z — tp)e’p'(x_tp)e’%t, p e RY
est également une solution de le résultat de stabilité orbitale est encore valide lorsque
la donnée initiale ug est remplacée par la nouvelle donnée initiale vg d’impulsion arbitraire-
ment grande : vo(z) = ug(z)e?. Ce cas n’étant pas couvert par 'amélioration précédente,
nous avons fait un effort supplémentaire pour obtenir le résultat de stabilité orbitale en

temps fini (mais arbitrairement grand lorsque ¢ — +00) suivant. Dans cet énoncé py désigne
I'impulsion de la donnée initiale ug

po = Im /Vmuouodx

alors que p(t) désigne I'impulsion & Iinstant ¢ de la fonction d’onde u

p(t) = Im /Vzu(t)u(t)dzv.
Théoréme 1.4.3 Soit 01 € o/, (Q,V) un état fondamental et (ug,vo,11) une donnée
initiale proche de (Q,¥,0) dans le sens nouveau

PQ

_;P0 1
luoe™ 3 = Qllmy + 1Yo = Wiy gy + —l¥nllzzre < e

et telle que ||uol|2s = Q2. = M. Alors, dans le régime ¢ > |pole 2, la solution (u,)
de |(1.11a)H{(1.11b)| est orbitalement stable sur l'intervalle de temps fini [0,T¢] (ou Ty =
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T¢ (€, po, c) diverge vers 400 lorsque ¢ — +o00) : il existe deux fonctions t — x(t) € R? et
t— (t) € R telles que

sup  [u(t)e ™ T — Q(- — x(t))e" V||
0<t<Ty *

1
) = B = 2(0), ) gy + OO s < e

La stratégie pour obtenir ce théoréme est la suivante et se base sur la conservation du
moment total P, défini par Tout d’abord, pour le systeme asymptotique la
conservation du moment total devient une conservation de I'impulsion de la fonction d’onde
u. La premiere étape consiste a comprendre comment obtenir un résultat de stabilité orbitale
avec une donnée initiale ug d’impulsion py arbitrairement grande sans utiliser 'invariance
galiléenne de I’équation mais uniquement la conservation de I'impulsion. Une fois ceci com-
pris, la conservation du moment total P, du systéme Schrodinger-Onde montre que lorsque
¢ > 1, 'impulsion de la fonction d’onde varie lentement. En particulier, il est possible de
justifier que sur un intervalle de temps fini [0, T (e, po, ¢)], I'impulsion de la fonction d’onde
u(t) est essentiellement constante

Ipo — p(t)| < e

Cette conservation approximative de I'impulsion sur l'intervalle de temps [0,7] est alors
suffisante pour appliquer la méme stratégie que lorsque I'impulsion est parfaitement con-
servée, comme c’était le cas pour le systéeme asymptotique |(1.15)]

Effet de friction pour le systeme Schrédinger-Onde.

Une fois ces résultats de stabilité orbitale des états fondamentaux obtenus, nous les avons
utilisés pour étudier les effets dissipatifs du systeme Schrodinger-Onde, la stratégie étant
d’étudier I'impact de la perte de I'invariance galiléenne sur la dynamique des solutions. En
effet, si pour le probleme asympto‘m%ue I'invariance galiléenne assure que pour une donnée
initiale de la forme ug(x) = Q(x)e'™*, I'état fondamental va se déplacer en ligne droite
a vitesse constante, dans le cas du systeme Schrodinger-Onde aucun calcul explicite n’est
possible et le mieux que I'on puisse faire est (au moins dans le cas ou |pyg| < 1) appliquer
le résultat de stabilité orbitale du Théoreme [1.4.2] Ce résultat nous assure alors que la
solution va rester en tout temps proche de I’état fondamental modulo une translation et un
changement de phase. Nous souhaiterions alors comprendre comment le défaut d’invariance
galiléenne impacte la translation x(¢) de I’état fondamental. Par analogie avec le modéle
classique |(1.3a)H(1.3b)| et dans le cas ol la dimension n des membranes est égale a 3 nous
conjecturons que la fonction x(t) va rester bornée et méme converger exponentiellement
rapidement vers une position d’équilibre. Si nous ne sommes pas en mesure pour l’instant
de prouver cette conjecture, il est néanmoins possible de la confronter a des simulations
numériques. Notamment, bien qu’aucune formule explicite ne puisse étre obtenue, dans le
cas d’'une donnée initiale de la forme

ug(z) = Q(x)e' M2, vo(x, z) = U(x, 2), Y1(x,z) =0,

des calculs heuristiques (consistant essentiellement a supposer que le soliton @ se déplace
sans déformation) suggerent que dans le régime ¢ > pg la solution sera de la forme

u(t,z) = Q(z — q(t)) exp (ﬂﬁ) (@ = q(1)) exp (it + QZW /Ot [p(s)1* ds) + O(e)

U(t,x,z) = p(t,z,2) + O(e)
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ou (q(t),p(t), p(t)) est solution du systéme

/ V(01 % Q%) (a(t) — y)oa(2)olt, . 2) dy dz
O — N = —c*o2(2) (01 x Q%) (z — q(t))

avec donnée initiale (¢(0),p(0),¢(0)) = (0,po, ¥). La confrontation de ces calculs heuris-
tiques avec des simulations numériques est I'objet du Chapitre [5| ou on observe que les
résultats de ces simulations sont en accord avec les calculs heuristiques. En particulier, le
systéme régissant la dynamique des parametres (q(t), p(t), p(t)) étant exactement le modele
classique [(1.3a)H(1.3b)[ de L. Bruneau et S. De Bievre ou la fonction de forme o est rem-
placée par la nouvelle fonction de forme o; = o1 * Q?, les conclusions du Théoréme
s’appliquent et assurent que 1’état fondamental va converger exponentiellement rapidement
vers une position d’équilibre. De plus, le taux exponentiel de convergence est en /¢ ou
la constante v est calculable explicitement en fonction de o1 et o3. La nouvelle fonction
de forme o7 dépendant désormais du soliton @, le coefficient de friction v = v(Q) dépend
également de Q.

Perspectives.

Bien siir la suite naturelle de ces travaux est désormais de démontrer rigoureusement la
conjecture sur la dynamique des états fondamentaux. Si obtenir un résultat aussi précis que
ce que suggerent les calculs heuristiques est pour I'instant loin d’étre accessible, des résultats
plus modestes peuvent étre envisagés. Par exemple, justifier que lorsque la dimension n des
membranes est égale & 3, la translation z(t) de I’état fondamental est nécessairement bornée
(avec une constante de bornitude qui dépend de c et diverge vers +oo lorsque ¢ — +00) serait
déja un premier résultat intéressant. A linverse, dans le cas n > 4, Panalogie avec le cas
classique suggere l'existence de solutions pour lesquelles la translation x(¢) est non bornée.
L’obtention de telles solutions est également un résultat envisageable. Un résultat dans ce
sens serait d’autant plus intéressant si, en plus de la non bornitude de la translation, il justifie
que l'impulsion p(t) de la fonction d’onde u(t) converge vers 0 avec un taux comparable a
celui d’'une solution classique de lorsque V=0, u = n—2et v = v(Q)/c. La
construction de telles solutions peut peut-étre s’inspirer des articles [86] et [65] ot les auteurs
construisent des dynamiques particuliéres sous la forme de K ondes solitaires se déplacant en
mouvement rectiligne uniforme (cas de I’équation de Schrédinger non linéaire classique [86])
ou selon la dynamique du probléme a deux corps (cas de I’équation de Hartree attractive
651).

Dans une autre direction, améliorer le résultat de stabilité orbitale en temps fini du
Théoréme [1.4.3] pour en faire un résultat en temps infini serait une trés bonne chose. Le
faire nécessite une bonne compréhension de la répartition au cours du temps du surplus
d’énergie dii & 'impulsion potentiellement grande de la donnée initiale ug. Ceci peut étre
un point de départ pour une recherche dans cette direction.

1.4.3 Approximations numériques

Afin de mener les études numériques esquissées précédemment nous avons développé des
schémas pour résoudre les systémes Vlasov-Onde et Schrodinger-Onde (¢f Chapitre [3| et
Chapitre . Si individuellement la résolution numérique des équations de Vlasov, des ondes
et Schrodinger est tout a fait classique, nous avons tout de méme di faire attention a la
discrétisation temporelle de leur couplage afin que les propriétés énergétiques valables au
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niveau continu le soit également au niveau discret. En particulier, si la conservation de
I’énergie totale du systéme est une propriété importante au niveau continu que nous aimeri-
ons conserver au niveau discret, cette propriété seule n’est pas suffisante pour assurer que les
échanges d’énergie au niveau discret entre le milieu et les particules sont consistants avec les
échanges d’énergie au niveau continu. En effet, nous pourrions imaginer étre malchanceux
et avoir un schéma conservant ’énergie totale du systeme mais pour lequel la répartition de
I’énergie au cours du temps entre les particules et le milieu n’est pas la méme qu’au niveau
continu. Nous avons donc fait un effort spécifique au niveau de la discrétisation temporelle
pour assurer que les schémas utilisés ont une propriété de consistance vis a vis des échanges
d’énergie.

Le systéme Schrodinger-Onde.

Expliquons briévement ce que nous appelons consistance par rapport aux échanges
d’énergie. Pour cela revenons sur les propriétés énergétiques du systéme Schrodinger-Onde
au niveau continu. D’un c6té, si 1 est une solution d’une équation des ondes de la forme

O — A0 = N2,
alors I’énergie de v définie par

1

Eonde (t) = TAQ

[ (Bste.0.9P + &9 0(0.2,2)F) doa
vérifie d
annde(t) = //Q,Z)(t,:v,z)f(t,x,z) dz dz.

En particulier cette énergie est conservée lorsque f = 0. De 'autre coté, si u est solution
d’une équation de Schrodinger de la forme

10 + %Amu = ¢u,

(ot ¢ est un potentiel a valeurs réelles) alors ’énergie de la fonction d’onde u définie par

Eschro(t) = ;/|qu(t,:n)|2dx—l—/¢(t,x)u(t,:v)|2dm

est telle que
d
i Beno® = [ 00(t,0)lu(t,0)

En particulier cette énergie est conservée au cours du temps lorsque ¢ est un potentiel
stationnaire. En revenant alors au systéeme Schrodinger-Onde |(1.11a){H(1.11b)l Iénergie
totale de ce systeme (Eiot = Fschro + Eonde) €st conservée parce que le second membre de
I’équation des ondes |(1.11b)

f(t,z,2) = —o9(2) o1 * [ul*(t, z)

et le potentiel
o(t.0) = [[ or(o = poae)ulty 2 dy dz
intervenant dans I’équation de Schrodinger |(1.11a)|sont tels que

/8t¢(t,x)|u(t,1:)|2dx + //¢(t,x, 2)f(t,z,z)dzdz = 0.
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Il suit de ceci que, pour qu’un schéma numérique discrétisant le systéme Schrédinger-Onde
soit satisfaisant d’un point de vue énergétique, il faut que les trois propriétés suivante soit
satisfaites :

(i) le schéma discrétisant I’équation des ondes est tel que 'analogue discret de Eopge est
conservé lorsque le terme source f est nul,

(ii) le schéma discrétisant 1’équation de Schrodinger est tel que ’analogue discret de FEgehyo
est conservé lorsque le potentiel ¢ est indépendant du temps,

(iii) le couplage des ces deux équations au niveau discret est tel que la somme des équiva-

lents discrets de [ 9:p(t)|u(t)|? dz et [[ f(¢)¥(t) do dz est nulle.

Les deux premiers points sont classiques et peuvent étre obtenus via le schéma de New-
mark pour les ondes et un schéma de Crank-Nicholson pour ’équation de Schrédinger. 11
est a noter que dans le cas ou le potentiel ¢ est réel (ce qui est notre cas), ce schéma de
Crank-Nicholson permet également de conserver la masse de la fonction d’onde. Nous avons
ensuite réussi a obtenir le troisieme point grace a une discrétisation temporelle bien choisi
du couplage entre les ondes et I’équation de Schrédinger. Ce troisiéme point est doublement
important car, couplé avec les points (i) et (ii), il assure que I’énergie totale discrete est
conservée et c¢’est également lui qui assure que les échanges d’énergie au niveau discret sont
consistants avec les échanges d’énergie au niveau continu.

Le systéme Vlasov-Onde.

Le méme raisonnement peut étre effectué pour le systéme Vlasov-Onde et conduit au
trois mémes points & vérifier (modulo des changements évidents liés au fait que désormais
I’équation de Schrodinger est remplacée par 1’équation de Vlasov . Il est a
noter que dans ce cas la densité de particules F' conserve beaucoup de quantités (et non plus
seulement la masse comme c’était le cas pour le couplage avec I’équation de Schrodinger).
Il n’est pas possible de conserver toutes ces quantités au niveau discret et un choix doit étre
fait (nous renvoyons le lecteur intéressé a larticle [37] ou plusieurs approches sont détaillées
et comparées, c’est cette étude qui a guidé notre choix). Le choix que nous avons fait
(utiliser le schéma Positive and Flux Conservative) ne permet pas d’avoir que I’analogue
du point (ii) est satisfait. En revanche il permet d’assurer la conservation de la masse,
de la positivité et d’avoir un principe du maximum pour la densité discréte de particules.
Malgré ce choix nous avons tout de méme discrétisé le couplage temporelle entre ’équation
de Vlasov et des ondes de telle sorte que le point (iii) soit satisfait. Ceci permet d’assurer,
bien que I’énergie totale du systéme ne soit pas conservée, que les échanges d’énergie au
niveau discret sont consistants avec ceux au niveau continu. Ceci nous assure également
que lerreur faite sur ’énergie totale provient uniquement de I’erreur commise sur 1’énergie
de la densité de particule.

1.4.4 Gaz de Lorentz inélastique non dissipatif

Dans le Chapitre [0, qui est le résultat d’une collaboration avec A. Vasseur, nous étudions le
comportement asymptotique d’un gaz de particules soumis a un champ de force extérieur F.
Contrairement au cas du systeme Vlasov-Onde, I’état de ce champ de force n’est pas modifié
par ’état des particules, nous avons donc affaire ici & un systéme linéaire. En contrepartie
nous avons considéré la situation ou l’état précis de ce champ de force en chaque point
de l’espace et en tout temps ne peut pas étre connu de facon satisfaisante. Le champ de
force extérieur E est alors modélisé par un processus stochastique (t,z,w) — E(t,x,w)



24

Chapter 1. Introduction générale

(o w désigne la variable d’aléa qui vit dans un certain espace de probabilité (2,.o, du))
pour lequel nous supposerons connaitre certains de ses comportements en moyenne. Le
champ de force F étant un processus stochastique, la densité de particules dans ’espace des
phases (t,z,v,w) — f(t,x,v,w) l'est également. La question alors naturelle est : quelles
propriétés peut on obtenir sur ce nouveau processus 7 Si posé avec un tel niveau de généralité
cette question ne peut avoir de réponse unique, une approche particulierement fructueuse et
classique, consistant & effectuer un changement d’échelle (spatial et/ou temporel), permet
de la préciser : existe-t-il un changement d’échelle, paramétrisé par un réel ¢ > 0, tel qu’il
est possible de caractériser le comportement de la moyenne stochastique du processus f.
lorsque le parameétre € converge vers zéro ? Dit en d’autres termes : est-il possible

e de justifier que la quantité E[f] converge lorsque € — 0 ?
e si oui, d’obtenir une équation déterministe satisfaite par cette cette limite 7

Une fois une telle limite déterminée une nouvelle question naturelle & se poser est : la
dynamique d’une réalisation donnée du processus f. est elle proche (en un sens a préciser)
de la dynamique limite de E[f ] lorsque e — 0 7 Il est noter que ces questions ont une réponse
immédiate lorsque le changement d’échelle considéré est tel que, dans la limite ¢ — 0, le
nouveau champ de force &, a une action nulle. Ces cas sont bien siir sans grand intérét et
nous considérerons donc uniquement des changements d’échelles pour lesquels I'action du
champ de force sur les particules est non nul dans la limite ¢ — 0.

Le probleme développé brievement ci-dessus est bien connu et a été abordé de facons
diverses, tant en utilisant des approches probabilistes qu’EDPistes. L’étude effectuée au
Chapitre [] s'inscrit dans la continuité d’une approche EDPiste particuliérement simple in-
troduite au début des années 2000 par F. Poupaud et A. Vasseur dans [91]. Avant d’aborder
le contenu de ce Chapitre rappelons brievement les mécanismes de cette stratégie.

La stratégie Poupaud-Vasseur.

La stratégie Poupaud-Vasseur (noté a partir de maintenant (PV)) peut s’appliquer
lorsqu’une hypothese de décorrélation temporelle est faite sur le champ de force aléatoire E
et repose alors sur la formule de Duhamel (qui est appliquée au maximum deux fois conséc-
utivement). Afin de détailler cette stratégie introduisons 1’équation de Liouville satisfaite
par la densité de particule f; :

{8tfe+v'va:fe+@@€(tﬂx7w)'v”fezo’ (1.20)

fe(O,LE,’U,W) = fz(xa U)

ou la donnée initiale f; est déterministe et ou &, désigne le champ de force exprimé dans la
nouvelle échelle :

1 t T
) = B (g @)

avec les parametres d’échelle choisis de telle sorte que

Ce choix sera justifié en partie dans la suite, pour une justification complete nous renvoyons
le lecteur a larticle originel [91]. Comme nous I’avons mentionné précédemment nous ne
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nous intéressons qu’aux cas ou ’action du champ de force &. est non nulle dans le régime
e — 0, ce qui impose 7(e) = O(1). Pour fixer les idées choisissions donc

ne)=e 7(e)=€ et Ae) =€

En ce qui concerne les propriétés satisfaites par le champ de force E nous supposerons (entre
autres, pour un jeu complet d’hypothéses nous renvoyons le lecteur a [91]) que la moyenne
stochastique de F est nulle en tout temps et en tout point de 'espace : E[E(t,z,-)] = 0,
et que la variable aléatoire E(t,z,-) est indépendante de E(s,y,-) dés que |t —s| > 1 :
E[E(t,z, ) ® E(s,y,-)] = E[E(t,z,-)] @ E[E(s,y,-)] = 0.

Expliquons comment la stratégie (PV) justifie que la famille (E[f.]) admet une sous
famille convergente. Pour cela nous allons utiliser un argument de compacité basé sur le
théoreme d’Arzela-Ascoli. Commencons par préciser que nous allons travailler avec ’espace
fonctionnel CO([0, 7], LP(R? x R%) — w). Le point clef pour pouvoir appliquer le théoréme
d’Arzela-Ascoli est donc de justifier que pour ¢ € C°(R? x R?) la famille ([[ E[f]p dz dv).
est équicontinue, propriété impliquée par 'uniforme bornitude par rapport a e de la famille
(% [] E[f]¢ dz dv).. Comme f. est une solution de|(1.20)

(;it//Rded Elf(t, z,v)p(z,v) dzdv = //RdedE[feKt’x’U)v Vap(,v) dz dv

+JEU/RdXRdfe(t,:c,v,.)éi(t,:z:,.).vw(gg,u)dxdv . (L.21)

En utilisant la méthode des caractéristiques on obtient que
fe(t,z,v,w) = fi(Xe(0,t,2,0,w), Ve(0,t, 2,0, w)) (1.22)

ol (Xc(s,t,z,v,w), Ve(s,t,x,v,w)) est solution du systéme

de donnée (z,v) a linstant ¢ : (Xc(¢,t,2,0,w), Ve(t, t,z,0,w)) = (x,v). Le champ de
vecteurs régissant la dynamique de (X, V) étant a divergence nulle il est alors clair que
WE[f](®)|lze < ||fille et le premier terme du membre de droite de [(1.21)|est uniformément
borné par rapport a eﬂ Le choix de la nouvelle échelle implique a priori que le second terme
explose comme e~ !. L’idée est alors d’exploiter I’hypothése de moyenne nulle du champ
de force F en séparant la densité de particule fc(¢,x,v, ) en deux : une partie indépen-
dante du champ de force & (t,z,-) (la moyenne stochastique de l'intégrale correspondante
est donc nulle) et une seconde partie dépendant du champ de force & (¢, x,-) mais tel que
I'intégrale correspondante soit d’ordre exactement 1 (cf Figure . Cette décomposition
se fait, comme annoncé, via 'application de la formule de Duhamel : en introduisant S; le
groupe du transport libre
St(p(xv 1}) = 90(‘%‘ — v, ’U),

et en appliquant la formule de Duhamel &/(1.20), on obtient

o)
f(t) = S f(t — () /0 So[6 - Vo f.(t — o)] do.

®Nous avons par la méme occasion que pour tout ¢ la famille ( [JE[f](t) ¢ dz dv)c est relativement com-
pact, second point & vérifier pour pouvoir applique le théoréme d’Arzela-Ascoli.
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fe(t—7(e),x — 1(€)v,0,")

Figure 1.2: Application de la formule de Duhamel dans le cas d’une décorrélation temporelle :
en rouge sont représentés les instants s pour lesquels &¢(t,x,-) est corrélé a &(s,y,) et en
vert sont représentés les instants s pour lesquels fe(t — 7(€),z — 7(€)v, v, ) dépend poten-
tiellement de &.(s, vy, -).

D’un c6té lexpression |(1.22)| assure que f.(t) dépend de la réalisation de &;(s) uniquement
pour s < t. Comme le changement d’échelle assure que &(t) et & (s) sont indépendants des
que |t — s| > 7(e), fe(t —7(€),z — T(€)v,v,-) est donc indépendant de &.(t,z, ) :

E [//Rded fo(t —7(€),x — T(e)v,v,-) Et, x,-) - Vop(x,v) dz dv

= // E[f](t —71(e),x — 7(e)v,v) E[&(t, x, )] - Vyp(z,v)daxdv = 0.
R x R4

De l'autre coté, le second terme est d’ordre 7(€)/n(€), le produit avec &;(t) est donc d’ordre
7(€)/n(e)*> = 1. Nous venons ainsi de justifier (de facon évasive il est vrai) que la famille
(% [] E[fc]p do dv), est uniformément bornée par rapport & e. Le théoréme d’Arzela-Ascoli
peut alors étre appliqué et assure que, quitte & extraire une sous famille, la famille (E[f]).
converge vers f € L>(0,T; LP(R? x R%)) dans C°([0, T]; LP(R? x R%) —w). 1l resterait alors &
déterminer I’équation satisfaite par la limite f. Pour cela il suffirait de passer a la limite dans
(1.21)| Sila convergence de (E[f.]). vers f assure facilement que & [[ E[fe] ¢ dz dv converge
vers 5 [[ f ¢ dzdv dans D'(0,T) et que [[ E[fe] v- Vg da dv converge vers [[ fv-Vypdz dv,
il faut travailler un peu plus pour obtenir la limite du troisiéme terme. Nous renvoyons le
lecteur intéressé a [91] et précisons seulement ici que I’équation limite obtenue est une équa-
tion de Fokker-Planck cinétique (la diffusion n’a lieu que sur les variables de vitesse donc)
et que la matrice de diffusion associée a cette équation est directement reliée a la matrice de
corrélation E[E(t,z, ) ® E(s,y,-)]. Nous avons suffissamment décrit la stratégie (PV) pour
pouvoir désormais présenter ce qu’apporte ce manuscrit a ce champ de recherche.

Application de la stratégie (PV) pour des champs de force aléatoires station-
naires.

Si la stratégie (PV) a conduit & de nombreux développements [78, 9], [49] 50], en 1’état
elle nécessite une hypothese de décorrélation temporelle qui est limitante dans certains cas.
Par exemple, le cas d'un champ de force E stationnaire ((x,w) — FE(x,w)) ne peut pas
étre traité. L’objet du Chapitre [6] est d’étendre, au prix d’hypothéses supplémentaires que
nous allons détailler, la stratégie (PV) a ce cas. Une hypothese supplémentaire importante
que nous avons fait est de supposer que les particules ont une direction de déplacement
privilégiée, I'idée étant bien str d’utiliser cette direction comme une direction temporelle
afin de pouvoir adapter, sous une hypothese de décorrélation spatiale du champ de force F,
la stratégie (PV) classique. Plus précisément, nous avons considéré 1’équation de Liouville

Oufet (L6 +0) - Vafe + 6ul,w) - Vi =0,
f€(0)x7v)w) = fi(xvv)

(1.23)
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ol €; désigne le premier vecteur de la base canonique de R? et ol &, désigne & nouveau le
champ de force exprimé dans la nouvelle échelle :

1 T
Ee(t,z,w) = @E(m,w)

Pour fixer les idées, considérons le cas ou les parametres d’échelles sont tels que
n(e) = et Ae) = €/2

Comme précédemment nous allons expliquer rapidement pourquoi un tel choix est pertinent.
Avant cela précisons que nous supposons toujours que le processus E(z,-) est de moyenne
stochastique nulle pour tout € R et que nous faisons la nouvelle hypothése que le processus
E(z,-) est indépendant de E(y,-) dés que |z1 — y1| > 1 (ou z; désigne la i-éme coordonné
du vecteur x).

Le choix des parametres d’échelle est obtenu de la fagon suivante. D’une part on veut
toujours que laction du champ de force & soit non nulle dans la limite ¢ — 0 (ce qui
impose n(e) = O(1)). D’autre part, afin de garantir que la direction €; est une direction
de déplacement privilégiée des particules, nous devons considérer un régime ou l’ordre de
grandeur du champ de force &, est petit devant ¢~ '. Nous avons choisis 7(e) = €3/ qui
vérifie bien ces deux conditions mais n’importe quel autre choix de la forme 7(e) = €? avec
q € 10,1) aurait été satisfaisant. Ensuite, afin de justifier que le dernier terme dans est
d’ordre 1 en moyenne stochastique, nous allons comme précédemment appliquer la formule
de Duhamel & f, sur un petit intervalle de temps de taille 7(e) choisi de telle sorte que

"

3/2.
n(e)?

, Cestadire T(e)~e

Il est & noter que cette fois-ci, afin d’exploiter la direction de déplacement privilégiée, la
formule de Duhamel est appliquée avec le groupe

~ 1
Stp = (1: — t<fé'1 +v),v) .
€
On obtient donc
_ m(e) _
fo(t) = 8o f(t - 7(e)) - /D Sl - Vofult — o) do

et il s’agit désormais de justifier que

fe (t—T(E),J}—T(E) (%é’l —H}),v, ) et  &(x,-)

sont indépendants (c¢f Figure [1.3). Notons qu’a v fixé, pour e suffisamment petit il est
toujours possible de justifier que

7(€) (%é’l + 1}) > e/2 = \(e)

(notons que si ici A(€) = O(e'/?) semble étre suffisant, c’est lors de ’obtention de I’équation
satisfaite par la limite de E[f.] que I'échelle \(¢) ~ €'/2 s’avére étre nécessaire). Pour conclure
en exploitant I’hypotheése de décorrélation spatiale selon la direction €; du champ de force
&, il suffit donc de justifier que fe(¢,z,v, ) dépend de la réalisation de &; uniquement pour
y1 < x1. Ceci s’obtient en appliquant la méthode des caractéristiques et en exploitant la
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P E(z,:) 1y
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!

e (t —71(€),x — T(e)(%é’l + v),v, )

Figure 1.3: Application de la formule de Duhamel dans le cas d’une décorrélation spatiale :
en rouge sont représentés les points y pour lesquels &;(z, -) est corrélé a &(y, -) et en vert sont
représentés les points y pour lesquels f.(t—7(€), x—7(€)(€1/e+v), v, ) dépend potentiellement
de 5’5(,% )

direction de déplacement privilégiée (qui permet de justifier que la caractéristique X, est
croissante selon la direction €).

Pour justifier que la famille (% [] E[fe] ¢ dzzdv)e est uniformément bornée par rapport
a €, nous devons encore dire quelque chose sur le terme 0., f¢/€ qui lui aussi explose lorsque
e—0:

cclit//RdedE[fe](tv%U%O(w,v) dzr dv
- 1// ELL](t,, v) O ol v) do dv + //R B ) - V() ded

+E [// fe(tuxuvu ) @(de(tux;‘) 'VQ;QO(J?,U) dx dv
RIxR4

Pour pouvoir traiter ce terme nous avons supposé que la donnée initiale f; est homogene
par rapport a la variable zq:

fi(z,v) = ﬁ(:}?, v)  ou x=(r1,I).

Si cette hypothese est naturelle dans un certain nombre de contexte physique ou une direc-
tion de déplacement est privilégiée, elle n’est bien str pas suffisante pour assurer que f.(t)
est indépendant de 1 en tout temps. De fagon plus problématique ceci est également faux
en toute généralité pour sa moyenne stochastique E[f](¢). Afin de justifier que E[f.](¢) est
homogene par rapport a la variable 21 (et donc que 0., E[fc](t) = 0) nous avons donc di
faire I’hypotheése supplémentaire suivante sur le champ de force E : le processus aléatoire
E : R% x Q — R? est stationnaire selon la direction &, c’est & dire que pour tout y € R,
il existe une transformation bijective 1, : 2 — € conservant les volumes et telle que pour
tout (z,w) € R? x Q,
Bz +yé,w) = Ele, 0, (w)).

Cette hypothese, couplée avec ’homogénéité de la donnée initiale f; par rapport a la variable
x1, assure en quelque sorte que le systeme considéré est en moyenne invariant par translation
selon la direction €7, ce qui permet de conclure que d,, E[f](t) = 0.

Cette breve présentation a mis en exergue les arguments nouveaux présent dans ce
manuscrit qui ont permis d’adapter la méthode (PV) au cas ou le champ de force E ne pos-
sede pas de décorrélation temporelle mais uniquement une décorrélation spatiale. Il faudrait
bien siir encore préciser comment déterminer ’équation satisfaite par la limite de (E[f¢])e. 11
n’y a ici pas d’arguments nouveaux, il suffit de combiner les arguments déja présentés avec
ceux de la stratégie classique. Tout ceci est I'objet du Chapitre [6]
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Questions ouvertes.

Comme nous 'avons déja mentionné, une question naturelle une fois qu’il est justifié
que E[f¢] converge vers un certain élément limite f solution d’une équation déterministe
connue est : une réalisation donnée du processus f. converge-t-elle vers la limite de la
moyenne stochastique du processus f. lorsque € — 0 7 En d’autres termes, existe-t-il un
sens de convergence (potentiellement faible) pour lequel il est possible de justifier que fe(w)
converge vers f 7

Le cas originel . Dans ce cas ou le champ de force possede une décorrélation
temporelle la réponse (positive pour certains changement d’échelle, négative pour d’autres)
a cette question a été obtenue par T. Goudon et A. Vasseur dans [5I]. Nous aimerions
obtenir un résultat analogue dans le cas du systéeme Afin d’expliquer les difficultés
nouvelles pour obtenir un tel résultat commengons par détailler brievement les idées de la
preuve de [51I]. Pour cela commengons par admettre que pour avoir une convergence de
fe(w) vers f en un sens satisfaisant il suffit de justifier que

e E[f] converge vers f,
e ot Var(f.) = E[f?] — E[f.]? converge vers 0.

Le premier point est déja assurer par la méthode (PV) et pour obtenir le second point,
de facon formelle, il faudrait justifier que E[f?] converge vers f2. De facon plus précise,
comme la convergence de E[f] vers f se fait dans 'espace C°([0,T]; LP(R? x R?) — w), il
faut justifier que pour p € CX(R? x RY),

Var (//]Rdx]Rd felt,x,v,-) p(z,v)de dv)
_E l(//Rded folt, 2,0, ) oz, v) dxdfuﬂ _E [//ﬂde folt, z,v,) gp(m,v)dxdvr

converge vers 0. Comme d’un c6té

STa—

=E ////RMXM fe(t,z,0,) fe(t, y, w,-) (@, v)o(y, w) dwdydvdw]

et que de 'autre

E [//Rded fe(t,z,v,) o(z,v) dxdv}2 > <//1Rd><Rd ft,x,v) o(x,v)dz dv>2

- //ﬁR o T T F(E3.0) )y, w) do dydv

il est en fait suffisant de démontrer que la moyenne stochastique du nouveau processus
Fe(t>X7‘/7'):fe(t7xav)')fe(tavaa')7 ou X = (xvy) ERQd et V:(U,UI) GRQda

converge vers F'(t, X, V) = f(t,z,v) f(t,y,w) dans C°([0, T]; LP(R?? x R2?) — ). Précisons
que cette méthode de doublement des variables est bien connue et n’est pas une spécificité
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de cet article. Il est alors possible de vérifier que F, est une solution de la nouvelle équation
de Liouville

F.+V-VxF. + &t X,w) VyF =
{at +V - VxF. + &t X,w) - Vy 0 (1.24)

FE(Ov Xv V) = fl(xv U)fi(y7w)

ou z désigne le nouveau champ de force agissant sur la densité de particule F; et est tel

que
_ (&t z,w)
E(t, X, w) = ((%(t,y’w» .

En particulier le champ de force z satisfait des propriétés tres semblables a celles de &
et il est possible d’appliquer la méthode (PV) pour justifier que (E[F]). converge dans
CY([0, T]; LP(R?¢ x R??) — w) vers un certain élément G' € L>(0,T; LP(R?? x R?%)). De plus
G satisfait une équation déterministe connue. Comme

F(07X7 V) = fi(xﬂv)fi(%w) = G(Ova V),

il reste alors a justifier que G et F' sont solutions de la méme équation et que cette équation
posséde une propriété d’unicité (point pouvant étre potentiellement délicat). Précisons qu’il
est justifié dans [51] que suivant les changements d’échelle considérés, F' et G ne sont pas
nécessairement solutions de la méme équation.

Le cas sans décorrélation temporelle|(1.23)| En suivant 'approche précédente nous aime-
rions donc étre capable de justifier que le processus Fe(t, X, V,-) = fe(t, z,v,-) fe(t,y,w, ), ou
fe est cette fois-ci une solution de|(1.23)| converge en moyenne stochastique vers F'(t, X, V) =
f(t,x,v)f(t,y,w). Désormais F, est solution de I’équation de Liouville suivante

1 . . _
{3th + (2(61 + €at1) + V) VFot (X, w) Yy R =0, (1.25)

F(0,X,V,w) = Fi(X,V) = fi(x,) fi(y,w)

ou le champ de force Eﬁ est tel que

2 (X,w) = (‘”@6“’“)) -

&E(y,w)

Contrairement au cas précédent, les propriétés satisfaites par Ze ne sont pas exactement les
mémes que celles satisfaites par &, et ceci s’avere problématique pour appliquer I’adaptation
de la stratégie (PV) développée dans ce manuscrit. En effet, pour pouvoir appliquer cette
nouvelle méthode il faut que le nouveau champ de force 2 satisfasse une hypothese de
décorrélation spatiale selon la direction €7 + €g4;1 (typiquement &c(X,-) et &(Y,-) sont
indépendants deés que |[(X —Y) - (€1 + €44+1)| > A(€)) qui n’est en fait pas satisfaite : il existe
des points X et Y tel que [(X —Y) - (€1 + €441)| est arbitrairement grand et tel que 2(X, )
et &¢(Y,-) sont corrélés. Ceci est conséquence du fait que

sont toujours corrélés. Sila direction privilégiée de déplacement € + €41 permet de justifier
que la nouvelle caractéristique X, est croissante selon les directions €] et €441, et donc que
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Xar1 =Xy

Figure 1.4: Application de la formule de Duhamel dans le cas des variables doublées (cas

= Xd+1) : en rouge sont représentés les points Y pour lesquels & (X,-) est corrélé
2 ) et en vert sont représentés les points Y pour lesquels F(t — 7(e), X — 7(¢)([e1 +
da1 ]/6+V) ,-) dépend potentiellement de Z(Y, ). Iei Fe(t—7(e), X —7(€)([€1 +€q41] /e +
V),V,:) et 2()(, -) sont indépendants.

CMQJ

Figure 1.5: Application de la formule de Duhamel dans le cas des variables doublées (cas
X1 # Xg41) ¢ en rouge sont représentés les points Y pour lesquels z(X ,+) est corrélé
a &(Y,-) et en vert sont représentés les points Y pour lesquels F (¢t — 7(¢), X — 7(¢)([e1 +
€dq+1]/€+V),V,-) dépend potentiellement de ?( Y, ). Ici Fe(t—7(e), X —7(€)([€1+ Eqy1]/e+
V),V,) et &(X,-) sont potentiellement corrélés.
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F.(t, X,V,-) dépend de la réalisation de z(Y, -) uniquement pour Y; < Xj et Y11 < Xgy1,
cela n’est donc pas suffisant pour justifier que

L.
Fot=r(0.X (0 (@ +au) + V). V) et F(X.)
sont indépendants, cf Figure [T.4] et

Précisons tout de méme deux choses. La premiere est que les autres propriétés essen-

tielles qui doivent étre vérifiées pour pouvoir appliquer la nouvelle méthode (PV) sont bien
satisfaites : la donnée initiale F; est homogene dans le plan de direction (€1, €y+1), le pro-

cessus z est stationnaire selon la direction €] + €441 et la moyenne stochastique de &¢ (X, -)
est nulle pour tout X € R%%. Le second point est qu’il existe des changements d’échelle pour
lesquels il est possible de justifier que

F(t=r@0.X =7 (@ +am +V) V) @ E(X)
sont indépendants (méme lorsque X1 # Xg41), mais que tous ces changements d’échelle
sont tels que I’équation satisfaite par la limite de E[F¢] n’est pas la méme équation que
celle satisfaite par F'(t, X, V) = f(t,z,v) f(t,y,w). En effet (en I’état) pour pouvoir justifier
cette propriété d’indépendance il faudrait en Figure que, lorsque la formule de Duhamel
est appliquée, Fe(t — 7(€), X — 7(€)([€1 + €a41]/e + V), V,-) soit translater de l'autre coté
de la bande rouge qui intersecte le quart de plan vert. Comme le long de la droite {X —
s([e1 + €gr1]/e+ V) t.q. s € R}, passer de l'autre coté de cette bande rouge depuis le point
X nécessite toujours un déplacement de l'ordre | X; — X411/, ceci peut étre justifié lorsque
I’échelle considérée est telle que
7(¢)

— 5 +o0.
€ e—0

Notons qu’avec ’échelle 7(€)?/*, nous avions 7(e) ~ €3/2 et que dans ce cas 7(¢)/e — 0. Par
contre pour tout changement d’échelle de la forme 7(€) = €4 avec q € (0,1/2), 7(e) ~ €27 et
alors

7(e) 20-1 4o
€ e—0 ’

Pour ces changements d’échelle il est donc possible de justifier que (E[F]). converge vers
un certain G € L°°(0,T; LP(R?? x R??)) dans C°([0, T]; LP(R?? x R??) — w) ainsi que de
déterminer 1’équation satisfaite par G. Cependant pour tous ces changements d’échelle,
I’équation satisfaite par G est toujours différente de celle satisfaite par F. En effet, pour
ceux-ci A\(€) = 247! et donc A(€) — +oo au lieu de converger vers 0. Comme cela avait
déja été remarqué dans [51], ceci a pour conséquence que G et F' ne satisfont pas la méme
équation. Il semblerait donc que sans argument supplémentaire, la stratégie (PV) ne puisse
pas justifier que fc(w) converge vers f.









CHAPTER 2

Landau damping in dynamical Lorentz gases

This chapter is devoted to the analysis of the Landau damping effect for the Vlasov-Wave
system [(1.7a)] The content is based on the article [P1], jointly with T. Goudon, but it
contains a substantial additional material, with further detailed remarks and clarifications,
including the Appendices [A| and .

2.1 Introduction

In this work, we go back to the analysis of Landau damping mechanisms in kinetic equations.
This effect has been brought out for the Vlasov equation of plasma physics in the pioneer-
ing work of L. Landau [67], and extended to gravitational models in astrophysics [80} [81],
where it is thought to play a key role in the stability of galaxies. It can be interpreted as a
stability statement about steady solutions, leading to a decay of the self-consistent force. A
complete mathematical analysis of the Landau damping for non linear Vlasov equations has
been performed in [87], and revisited later on in [12] [I3] (see also [59]). Similar behaviors
have been revealed for the 2D Euler system [11]. The phenomena are surprising since they
describe damping mechanisms, counter-intuitive for reversible equations which apparently
do not present any dissipative process.

The starting point of this contribution comes from an original model introduced by
L. Bruneau and S. De Biévre [16] describing the motion of a single classical particle inter-
acting with its environment. The particle is described by its position ¢ — ¢(t) € R%, while
the behavior of the environment is embodied into a scalar field (¢, z, z) € (0, 00) x R x R”
Y(t,x,z). The dynamic is modeled by the following set of differential equations

i) =~V = [ orlalt)=9) oa(2) VaU(t.p.2) dy

02U (t,x,2) — CAU(t,x,2) = —0o2(2)o1(z — q(t)), r€RY 2R

(2.1)

It corresponds to the intuition of a particle moving through an infinite set of n-dimensional
elastic membranes, one for each position € R?. The physical properties of the membranes
are characterized by the wave speed ¢ > (. The coupling between the particles and the envi-
ronment is governed by two form functions o1, o2, which are both non negative, smooth and
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radially symmetric functions; they can be seen as determining the influence domain of the
particle in each direction, the direction of particle’s motion and the direction of wave prop-
agation, respectively. It is therefore relevant to assume both form functions have a compact
support. The particle exchanges its kinetic energy with the vibrations of the membranes.
These mechanisms eventually act like a friction force since particle’s energy is evacuated in
the membranes, and, depending on the shape of the external potential = — V(x), they de-
termine the large time behavior of the particle. We refer the reader to [2, 27, 28, 29, [66, 96]
for further studies of the system that include numerical experiments and interpreta-
tion by means of random walks.

The system [(2.1)| can be generalized by considering a set of N particles going through
the membranes. The mean field regime N — oo leads to the following PDE system

WF +v -V F =V (V+OW)-V,F=0, t>0, xR veRY (2.2a)

(02T — ALV (t, 2, 2) = —09(2) / o1z —y)p(t,y)dy, t >0, z € RY z€R™, (2.2b)
R4

p(t,x) = /Rd F(t,z,v)dv, (2.2c)

O[V](t,z) = //Rdxw o1(x —y)oa(2)¥(t,y, z)dz dy, t>0, r€RY (2.2d)

where now (¢, x,v) — F(t,x,v) is interpreted as the particles distribution function in phase
space, € R? being the position variable, and v € R¢ the velocity variable. The system

(2.2a)H(2.2d)|is completed by initial conditions
Fl,_y=Fo,  (L,09)],_, = (¥, T1). (2.3)

We refer the reader to [52, [103] for the derivation of the N-particles system and the analysis
of the mean field regime that leads to |(2.2a)} The existence of solutions of
is investigated in [25]. Furthermore, asymptotic issues are also discussed that reveal
an unexpected connection with the gravitational Vlasov-Poisson equation. This relation
with another model of statistical physics can guide the intuition to analyze further math-
ematical properties of |(2.2a)H(2.2d)l In this spirit, the existence of equilibrium states and
their stability is discussed in [4], adding in the kinetic model a dissipative effect with the
Fokker—Planck operator, and in [26] where a variational approach is adopted for the colli-
sionless model, following [56], 57, [109].

We wish to continue this analysis, adopting a different viewpoint. In [4], 26] the effect of
a confining potential = — V' (z) is considered, which governs the shape of the equilibrium
states. Here, we change the geometry of the problem, replacing the confining assumption on
the external potential, by the assumption that particles’ motion holds in the d—dimensional
torus T?. In such a framework, like for the usual Vlasov-Poisson system, we can find space—
homogeneous stationary solutions, and we wish to investigate their stability. This question
is directly reminiscient to the well-known phenomena of damping brought out in plasma
physics by L. Landau [67]: for the electrostatic Vlasov-Poisson system, it can be shown
that the electric field of the linearized system decays exponentially fast. For gravitational
interactions a similar discussion dates back to D. Lynden—Bell [80, 81]. In fact, Landau’s
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analysis [67] was concerned with the linearized equation only. Of course the linearization
procedure is questionable and the non linear dynamics might significantly depart form the
linear behavior, as pointed out in [7]. A stunning analysis of the non linear problem in
the analytic framework has been recently performed by C. Mouhot & C. Villani [87, [106].
A simplified analysis of the Landau damping has been proposed in [12]; we also refer the
reader to [30] for results based on Sobolev regularity (with a definition of the force which
involves only a finite number of Fourier modes, though). The Landau damping around
homogeneous solutions has also been investigated in the whole space R? [13], thus dealing
with a set of particles having an infinite mass. See also [59] for an alternative approach
that uses integration along phase-space characteristics. We wish to address these issues for
the system [(2.2a)H(2.2d)}, still when V' = 0. The analysis of the non-linear equations is
quite involved; it requires a complex functional framework and fine estimates in order to
control the non linear effects, the so—called “plasma echoes”, that can break the damping
mechanisms observed on the linearized model. By the way, it has been recently shown that
insufficient regularity of the perturbation can annihilate the damping mechanisms, and the
proof (which, though, is very specific to the coupling with the Poisson equation; it is not
clear that the argument applies for more regular convolution kernels) precisely uses the
role of the plasma echoes against damping [I0]. Nevertheless it turns out that identifying
stability conditions for the linearized problem plays a central role in the analysis of the non
linear stability, see [87, Condition (L)]. Beyond their interest for the specific model
of particles interacting with their environment, the results we are going to discuss
can be thought of with some generality. Indeed, as we shall detail below, the equation for
the particle distribution function can be recast as follows

OF +v- -V F =V, @1 -V, F — V05 -V, F =0,

where the potential splits into two parts, that both induce new issues compared to the case
of the “standard” Vlasov system (hereafter simply refered to as the “Vlasov equation”):

e &/(t,z) does not depend on F: this is a linear contribution in the equation. The
damping then relies on suitable time-decay properties, here related to the dispersion
properties of the free wave equation.

e the self-consistent potential ®g(t, z) is defined by a convolution with respect to space,
combined with a half-convolution with respect to time

vs(t0) =~ [ [ 5 - 9pult ~ ots ) aves.

Then the Landau damping relies on properties of the kernel ¥, which is quite similar
to the analysis of the Vlasov case, but also on decay properties of the kernel p..

The discussion is organized as follows. We start by checking that we can find homogeneous
solutions in Section 2.1.1] We also introduce different, but complementary, ways to think of
the equations and we make a series of comments explaining how the problem differs from the
usual Vlasov system. We complete this preliminary section by paying a specific attention
to the properties of the kernel p., depending on the dimension n, which play a crucial role
in the analysis. In Section which is the heart of this work, we turn to the linearized
problem. The analysis of the linearized equation reduces to study a certain integral equation,
satisfied by the Fourier coefficients of the macroscopic density. That the damping occurs
relies on a stability criterion on the kernel of this Volterra equation, which, at least, can be
verified when ¢, the speed of wave propagation, is large enough. Next, we briefly explain
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the method for proving the non linear Landau damping for the free space problem, for
which the functional framework is less intricate, in Section We present how the main
arguments should be adapted for the torus in Section 2.4 We further discuss the stability
criterion in Section [2.5} in the spirit of the Penrose criterion. Quite surprisingly, we are led
to an intricate expression, much more complicated than for the Vlasov model. Nevertheless,
these expressions allows us to establish some conclusions close to what is known on the
gravitational Vlasov case. We also propose several interpretations of criteria that lead to
(un)stable solutions. We will go back to the interpretation of the stability criteria withe the
numerical investigation discussed in Chapter [3]

2.1.1 Preliminaries

In what follows, X% stands indifferently for T¢ or R¢, and for given functions ¢ : z € X% —
é(x) and g : v € R? — g(v), we denote

(P)ya = /de(ﬂs) dz,  (9)pa = /Rdg(v) dv,

where dz is either the usual Lebesgue measure on X¢ = R¢ or the normalized Lebesgue
measure on X¢ = T¢. We shall also use indifferently the notation~ for the Fourier coefficients
of a T?—periodic function

¢ : T - R, o(k) = /W e~ FTo(x)dx for k e 72,
or the Fourier transform over R” (with m = d or m = n)
¢ :R™ R, o) = / e p(x) de for € € R™,
We equally use the same notation for a function ¢ depending on z € X? and v € R?

B = [ e ) do do
X m

for £ € R™ and either k € Z? (case X¢ = T?) or k € R? (case X¢ = RY). In the sequel, we
shall use the shorthand notation k € X*¢ to encompass these two situations. Throughout
the paper, we shall use the notations

() = V1+ a2

and, given a real number s, sT means s + € for € > 0 arbitrarily small. We write A < B
when we can find a constant C' > 0 such that A < CB. Here, A, B are in general functions
of time, space, velocity, or their associated Fourier variables; it is thus understood that C' is
uniform over these variables. In certain circumstances, we write A <, B to emphasize the
fact that the constant C' depends on the parameter r.

2.1.2 Rewriting the equations

Due to the linearity of the wave equation, the solution of |(2.2b)| can be split into a contri-
bution that depends only on the initial condition (¥o, ¥;) and a contribution that depends
only on p, see [25, Eq. (6)—(8)]. Accordingly, we split the potential into

P =P; + Pg,
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where ®; depends only on (¥g, V) as follows

br(t.0) = o [ =) (ot Ocostelet) + T, D ) G dyac
and the coupling term reads 24
s(t.) = = [ eli = 95 % plos) .
S =0y %01, (2.5)
pelt) = [ D yop S5

The properties of the function ¢ — p.(t), collected in Lemma below, play a crucial role
in the asymptotic analysis of |(2.2a)]

2.1.3 Homogeneous solutions
Let pg > 0 and let v — M (v) be a given function such that [p4 M (v) dv = 1. We claim that
M (z,0) € XX R — A (2,0) = poM (v)

is a stationary solution of|(2.2a)H(2.2d)| associated to a spatially homogeneous potential ®,
when starting from spatially homogeneous data for the wave equation. On the torus, since
M and dz are normalized, pg is the mass of the solution .#. With F' = .# , the right hand
side of the wave equation becomes

~02(2) [[ | oo =)y 0)dv dy = —ou() (1)

which depends only on the variable z € R™. Therefore, considering space-homogeneous
initial data (z,z) — (P& (2), ¥4 (2)), the solution of the wave equation

8t2t\I/H — C2AZ\I/H = —02(2)<01>Xd<%>Rd
is given by the inverse Fourier transform of

i t 1-— t)
Slnigf‘ ) _ z;)|2(|c2|£’ ) U2(£)<01>Xd<'//>ﬂgd?

and it does not depend on the space variable x. Accordingly, the associated potential

B (1, €) = W (€) cos(cl¢]t) + TH ()

S[UH)(t,2) = (01),4 // oo (2)UH (1, 2) d
does not depend on x. We obtain
(O +v Vo)t =0=V, 0V .V, .4,

and finally (.2, V) is a homogeneous solution of (2.2d). We bring the attention of

the reader to the fact that, in the case X¢ = R%, the homogeneous solutions have infinite
mass and infinite energy.
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Remark 2.1.1 (Stationary solutions) A specific case of interest corresponds to station-
ary solutions. Let us associate to . , the function

Wea(z) = T ()00 ) oM

where I' is the solution of A,I'(z) = 02(z). It defines a stationary solution Wy for the wave
equation |(2.2c)| (with initial data Vi = Ve, and W = 0). The associated potential thus
reads

// o1(x —y)o2(2)Veq(2) dzdz = (01)ya / 02(2)Veq(z) dz,
XdxR™ n
which does not depend on the space variable x € X%, nor on the time variable t.

2.1.4 Equations for the fluctuations

Given a space-homogeneous solution (.7, ¥*), we expand the solution as
F(t,x,0) = M (0) + f(t,z,0),  C(t,z,2) = V(t2) +¢(t, 2, 2). (2.6)

The fluctuations (f, 1)) satisfy

Of +v-Vuf =V @] - Vy( A + f) =0, (2.7a)
wlitn) = [ o= n)oa()otta ) dy (2.70)
Ot = A= =na(2) [ oo = pelt.s)d. (2.7¢)
o(t,x) = y f(t,z,v)do, (2.7d)

completed by the initial conditions

f0,2,0) = fo(z,v),  ($(0,,2),00(0,2,2)) = (Yo(, 2), 1(z, ). (2.8)

As said above, it can be convenient to set (t,z,z) = ¥r(t,z,z) + ¢¥s(t,x, z), with the
contribution from the initial data

sin(c|¢|t)

&I(tv xaé) = %(ZE,&) COS(CIE‘t) =+ ’(/b\l(xaé)w

and the self-consistent contribution

@S(tvl’,ﬁ) = —/0 SiIl(C|i||Z—T])&2(§)UI * o(T,x)dr.

Plugging this into the expression of the potential, we get
D[](t, x) = o1 (F1(t) — o1 % G(1)) (x),
where we have set
Fi(t,x) = /n o2(2)Yr(t, x, z)dz
and

g@(tvx) :/0 pe(t — 1)o(T,z)dr.
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Hence, the evolution equation for the fluctuation f can be recast as
Of+v-Vof =Vorx(Fr—o01%x%9,) - Vy(H+ f) =0. (2.9)

Finally, let us introduce
g(t,x,v) = f(t,z + tv,v),

which allows us to get rid of the advection operator. We remark that
8tg(t7x7 U) = (at +v- vx)f(tax + t’U,’U)
and

(Vo f)(t,x + tv,v) =V, [f(t, T+ tw, v)} —tVaf(t,x +tv,v) = (Vy —tVy)g(t, x,v).

Thus, |(2.9) becomes

Og(t,z,v) = Vo x (Fr—o01%%9,) (t,x+tv) - (Vy —tV) (A + g)(t, z,v), (2.10a)
9(0,z,v) = fo(x,v). (2.10b)

The following rough statement gives the flavor of the result we wish to justify.

Theorem We assume that the data o1, 09,0, %1, fo are smooth enough. We assume, fur-
thermore, that the analog of the (L)-condition for the Viasov-Wave equation holds. If,
initially, the fluctuation is small enough, then, we can find an asymptotic profile g°° so that
g(t) — g™ and the applied force Vo1 x (Fr — o1 *x¥9,) tend to 0 as t — oc.

The precise statements are given in Theorem m (case X? = R?) and Theorem (case
X? = ']I‘d) Let us make a few comments to announce the forthcoming analysis.

e The stability condition[(L)| (see Section[2.5), like for the usual Vlasov equation, imposes
that a certain symbol cannot reach the value 1. In particular, the stability condition
holds provided the wave speed c is large enough, see Proposition

e The functional framework is a bit intricate. Roughly speaking, we distinguish two
types of results, depending whether we work with analytic functions and regularity
measured by means of Gevrey spaces (for the torus, the result applies only in this
framework), or with functions having enough Sobolev regularity (the result on R¢ ap-
plies in this context, and we can also establish the damping for the linearized problems
in both cases X¢ = R? and X¢ = T%).

e Typically the smallness assumption is imposed on a certain space X (of Gevrey or
Sobolev type), but the damping holds in slightly “less regular” spaces Y, with X C Y.
The rate of convergence depends on the functional framework (Gevrey vs. Sobolev)
and how far Y is from X.

e For the problem on R?, we shall need to assume d > 3; the method breaks down in
smaller dimensions, for reasons that already appeared for the Vlasov-Poisson system
[13].

For the usual Vlasov equation, the main ingredients to justify the Landau damping can be
recapped as follows:

e the transport operator induces a phase mixing phenomena, which is a source of decay
for the macroscopic density o;
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e when linearizing the system around the homogeneous solution, the Fourier modes of
o decouple, leading to a Volterra equation for the Fourier transform of the density.
It permits to identify a stability criterion, that depends on the homogeneous solution
and on the potential so that the linear dynamics induced by the force term does not
annihilate the effects of the phase mixing;

e it remains to control the non linear effects, with the plasma echoes that tend to
contribute against the phase mixing.

Technically, in order to address this program, one assumes the smallness of the data and
justifies uniform boundedness with respect to time, and, eventually, the Landau damping.
In particular, the echoes should be controlled by means of the underlying norms. Rewriting

the potential with |(2.4)H(2.5)}, we realize that the system [(2.2a)H(2.2d)|substantially differs

from the usual Vlasov system dealt with in [87] and [I2] [13] in the following aspects:

e there is an additional term V,®; - V,F, with a force independent on the particles
density. This linear perturbation could drive the solution far from the homogeneous
state . ;

e the self-consistent potential ®g involves a half-convolution with respect to the time
variable, inducing a sort of memory effect. In particular, the function p. dramatically
influences the expression of the stability criterion.

As we shall see, the analysis of the linearized problem, and the stability criterion, sensibly
differ from the Vlasov case. Nevertheless, this linearized analysis remains at the heart of
the proof of the Landau damping: once the Landau damping established for the linearized
equation, the arguments of [87] and [12), [13] can be adapted to handle the nonlinear problem.
Furthermore, we will also bring out the analogies with the gravitational Vlasov-Poisson
problem, in terms of conditions of the equilibrium profile. We address both the confined
case X4 = T¢ and the free space problem X? = R? underlying the differences needed
depending on the technical framework.

2.1.5 The kernel p,

As said above, the decay properties of the kernel p., consequences of the dispersion properties
of the wave equations, are crucial for the analysis. When n > 3, p. is integrable and satisfies

> : 52(¢)?
/Opc(t)dt:;, with KZ/nUTQZdC<OO,

see [25, Lemma 4.4]. The following statement strengthens this result, depending on the
dimension n > 2 and the assumptions on the form function o3. Roughly speaking, we
distinguish the case of odd dimensions n > 3 where the necessary estimates are consequences
of the Huygens’ principle, and even dimensions where the dispersion effects are weaker.

Similar considerations apply when dealing with the term ..
Lemma 2.1.3 Let n > 2 and let oo belong to the Besov space B?il’l.

(i) There exists a constant C(o9) > 0 such that

lpe(t)| < —— -
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(it) Moreover, if |o2(2)| S (2)7™2 with may > n+ (n — 1)/2, then there exists a constant
C(o2) > 0 such that

Ipe(#)] < (Cg’)

Let n > 3 be an odd integer.

(iii) Suppose that |oa(2)| S (2)~™2 for some ma > n + «, with o > 0. Then there exists a
constant C(o2) > 0 such that

pe(t)] <

(iv) Let A > 0. If |o2(2)| < exp(—A2|z]) for some Ao > A, then there exists a constant
C(o2) > 0 such that
0(02) e—Alet]

()] < 72

(v) If o3 € CO(R™) with supp(o2) C B(0, Ry), then p. has a compact support included in
[0, 282] and it satisfies

|02l 120/ (nt2) (| 02| 12
)] <C
\pc( )| < p

9
for a certain constant C' > 0.

The decay of p. is intimately connected to the energy dissipation mechanisms through the
vibration of the medium, which are at the heart of the qualitative properties of the model
introduced in [I6]. In dimension n = 1, a direct computation by means of D’Alembert
formula shows that

1 400 z+ct 1 )
t)=— o9(z oo(s)ds | dz —— —||o > 0.
pet) =50 [ o[ oads) do o gollonls
Hence, in this case p. ¢ L'(0,00), there is no loss of memory at all; numerical simulations
indeed confirm that there is no damping phenomena, see Chapter [3] Similarly, working in
the torus T™ for the wave equation leads to

Fox 2
pe(t) = 25)' sin(clt) + 52(0)[t.

It shows that there is no possible energy dispersion mechanism in this geometry.

As we shall see later on the rate of the Landau damping is directly related to the decay
rate of p.. If even dimensions n are considered the best decay rate provided by Lemma [2.1.3
leads to |p.(t)| < (t)~(=1D. However, the Landau damping also requires some regularity
on the Cauchy data for the Vlasov equation. For instance, the analysis of the non linear
Landau damping in R?, inspired from [13], leads to suppose that the data lies in the Sobolev
space H36 (which might be sub-optimal, see [I3, Remark 1]). This imposes a constraint on
the decay of p., which amount to a condition on the dimension n for the wave equation
(like n — 1 > 36, see [(H1)| and [(AT)H(A2))). Then, one may wonder to identify minimal
regularity assumptions to obtain the Landau damping. The alternative proof of [59], which
is less demanding in terms of regularity, could be adapted in order to extend the result in
this direction. It is easier to discuss the linearized problem, for which we obtain n > 6 (see
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Remark [2.2.6). We point out that when 7 is odd the only condition is n > 3, for both the

linear and the non linear cases.

Proof. The proof relies on dispersion estimates for the wave equation, that we shall use
in several places. Let us denote (W, W) the group of the wave equation (with propagation
speed ¢ = 1): we write the solution of the Cauchy problem

{(aft —2A)Y(t,2) =0,

(2.11)
(T, 0:0)|,_, = (Yo, T1).

as Y(t,-) = W(ct)Yo + LW (ct)Y1. In terms of Fourier variable, W (t) corresponds to the
multiplication by cos(|(|t) and W (¢) to the multiplication by sin(|([t)/|¢|:

— _ sin(c|C[t)

W(et)Lo(€) = cos(elc)T(O)  and ~W(a)h(0) = EH0T(Q)

Therefore, p. can be cast as
1

pc(t) - E /n (o)) W(Ct)Ug dz.

The dispersion estimates rely on the operators U*(t) defined by
UEY(¢) = e T (©).

Indeed, since W (t) = (Ut +U7)/2 and W(t) = (UT — U~)/(2iv/—A.) an estimate with
U=(t) can be translated into an estimate for 1 (t) and W (t). The basic estimate states as
follows (see e. g. [46, Proof of Proposition 3.1] and the references therein): if T has its
Fourier transform supported in {¢ € R™ | 2771 < |¢| < 2771} then

U= e < € min (29,255 ) |17 1. (2.12)
Estimate |(2.12)| can be refined as follows, see [99, Proof Of Lemma 3.2],
U=()Y(2)] (2.13)

n— n+1

< O min (29,2 ¢ =55 205 NI o] — |2 |7V 1T

where N can be any integer. Such an estimate can be seen as a generalization of Huygens’
principle which holds only in odd dimensions: it tells us that U*(#)Y reaches its maximum
next to the cone ¢ = |z|. In order to use these estimates, we introduce a sequence ¢; € S(R")
such that 37, $;(¢) = 1 and for any j € Z, supp(@;) C {¢ | 201 < |¢] < 27t} We set
Tj =;*T sothat T =37, T; and thanks to we get

. i _n—1 ntl ;

U= (@)Yl < Cmin | D251, 1t1777 Y272 7|yl | (2.14)
JEZ

where 37, 257|711 is nothing but the B -norm of Y. We refer the reader to [46] for a

thorough introduction to Besov spaces: the homogeneous Besov spaces Bfl satisfy a scale

invariance property but there is no obvious embedding relations between Bfl and B‘f,’l for
s> s (if s > 0,29 > 257 for j > 0 but 2% < 257 for j < 0). In order to make use of a
single functional space, we prefer to work with the non homogeneous Besov spaces B‘f’lz we
have BS'' € B! for s > 0 and B embeds into B; ! for s > s'. Therefore, we get

. _n=1
U= e < € min (1,187 ) [ g S (8)

_n-1
2

1| g (2.15)
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Similarly, from |(2.13)| we get
U*(6)Y(2), (2.16)
. _n-1 _n-1 N
< Oy min | |Y] g, #1772 N0 w772 [ = T2l YNy ) -
1 B, B

1

Note that we do not work with Besov space with negative regularity index s (which would
imply irrelevant conditions on £ = 0). Assuming N < (n+ 1)/2, we are led to

. _n=1 _n=1 —N
UE@)T(2)] < Cy min (1, 11752, 167 = |21 7) 1Tl g (2.17)

We can now finish the proof of Lemma [2.1.3] - Since pe(t) = 1([ 02W (ct)o2 dz), we have
Ipe(t)] < 1||02|]L1||W(ct)02\|,;oo By applying (a variant with an extra factor 1/2771 of)

- we obtain
C nj "+1] ,;
W (ct)pj * 2|1 < -1 min (2 ,2 |ct] ) s * 2|l 1

Summing over j € Z yields

K
O] < - rloallolp s,
2

c(ct

which proves (i). Estimate (ii) uses the refined estimate |(2.13)| which gives, for any N € N,

(W(et)pj x oa(2)]|

Cn . i _; ntl —-N
< O i (29, 291t F 2 I t] et = 21 Iy x ol
With N = (n —1)/2 and summing over j € Z, we get
2Cn —1 _n-1
pett)) < 220 ([ loaCe)min (1fet] "5 et =5 et] — 2l | T ) dz) ol gy
R™

We have
joa(z)  min (L, [et] 5" [et] 5" Jet| — |2 |77 ) dz
Jotetmin 7)
< [ s lmin ()5 (el et = 21 )77) =

We split the integration domain into the ball B(0,|ct|/2) and its complementary and we
obtain

[ s min (G55 et et =21y ) a
:/B(O jo2(2)] (et [et] — |21 )7 dz+/CB( o () s

t
A3

_n-1
< |o —|0t|2 ’ d -5 d
< 9 z + (ct) loa(z)] dz
B(0, ‘Ct') 2 CB(0, 14
ct|\ (7Y Ca Jlet|\ 7T n-1
(Y g st (T ([ et ).

The assumption on o9 ensures that the last integral is finite

We turn to the specific case of odd dimensions. The role of the Huygens principle appears
clearly with the estimate (v). Indeed the support assumption on oy implies, when 7 is odd,
that

if ¢t > Ry + |z| then W(t)oa(z) = 0.
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Therefore, when t > @, the product oa(z) W(ct)oa(z) vanishes (see Fig. and p.(t) = 0.
Bearing in mind that n > 3, Holder inequality yields

1
Ipe(t)] < E||U2\|L2n/<n+2>||W(Ct)02||L2n/<n—2>-

We conclude by combining the Sobolev embedding inequality, see e. g. [71, Lemma 8.3],
W (ct)oa||p2n/in—2) < Cs||V W (ct)oz| 12, and the energy conservation for the wave equation
which implies

IV-W(ct)oa|7 < [10:(W(s)o2)| _yll72 + V=W (ct)ozll Tz < lloallZs-

s=ct

Figure 2.1: Propagation cone: the signal emanating from the ball B(0, R) cannot be felt in
this ball after time T’

We turn to the proof of (iii). Consider ¢t > 0 and 0 < R < ct. We split as follows
o2 = 021, <g + 0215 R 1= U1 + u2.

By linearity of the wave equation, we can write
1

1
pe(t) = c/ oo W(ct)uy dz + c/ oo W(ct)ua dz.

Since w; is supported in B(0, R), the support of W (ct)u; lies in {z|ct — R < |z| < ¢t + R}.
Since ct — R > 0, the first integral is dominated as follows (we already know from the proof
of (i) that [W(ct)urlree S lloall gp-11)

=(ct— R)™“

/ o9 W(ct)uy dz

/ (el — R)®oa(2) W (1)us (2) dz
CB(0,ct—R)

< et —R)™ (2)%]oa(2)] dz | o2 gr-va.
CB(0,ct—R) L

By virtue of the assumptions on o9, the right hand side is finite. The integral with us can
be estimated by using Plancherel’s formula, which yields

/nO'Q W(Ct)’LLQ dz = /nag(C)SIDﬁCC’C‘t)ﬁg(C) dC = e u9 W(Ct)ag dz.
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It leads to

/ oo W(ct)ug dz

/anW(ct)@ dz| < (/R 02(2) 1o r dz) o2l o1
= (R ([ (R a1z gy
<@ ([ 2loa(2)] ) loal gy,

which is finite too. We have proved that
1 —a —a
pe(t)] S - (et = B) ™+ (R) ™)

and we conclude by setting R = ct/2. Item (iv) is justified similarly, just replacing the
polynomial weights by exponential weights. |

Analogous conclusions apply to .#7 which can be cast as

Fi(t,x) = /n o9(2) (W(ct)\Ilo(:c, z) + %W(ct)\lll(x, z)) dz.

2.2 Linearized Landau damping

2.2.1 The linearized system

In the expansion let us assume that the fluctuations f and 1 remain small, so that we
neglect the quadratic term (with respect to the perturbations) V,®[¢]-V, f in the evolution
equations (note in particular that this assumes the smallness of the initial fluctuations
(v0,v1)). We are thus led to the following linearized system

Of +v-Vaof —=Vaod Vo =0, t>0, zeX? veR? (2.18a)
sto)= [[ ol pitp o dy 20 cexd (2.18b)
Xd xR
02 — ALY = —09(2) / o1z —yot,y) dy, t>0, zeX? zeR", (2.18¢)
Xd
o(t,x) = flt,z,v)do, t>0, zeX% (2.184d)
R4

The system is completed by initial conditions

f|t:0 = f07 (¢76tw)‘t:0 = (wﬂawl)' (219)

The expected result can be explained as follows: let us assume that the fluctuation does
not provide additional mass: [[ f(0,z,v)dvdz = 0, and, to fix ideas, ¢y = 0 and ¢; = 0.
In such a case, linearized Landau damping asserts that ¢ converges strongly to 0, while f
converges weakly to 0, as t — oo. Moreover, the potential ¢ also vanishes for large times.

We are going to establish that such a behavior holds for the system (2.19)

We start by applying the Fourier transform, with respect to z and v to|(2.18a)| It yields

~

(O — k- V)t k&) = —k - € §(t, k) A (€).
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The equation can be integrated along characteristics, which leads to the following Duhamel
formula

f(t,k,g):ﬁ)(k,ertk:)—/O (E+ (t—1)k) -k ¢(m, k) A (& + (t —7)k) dr. (2.20)

We turn to the expression of the Fourier coefficients of the potential. We remind the reader
that we can split the potential into

¢ = o1+ s,
where ¢; depends only on (¢, 1) as follows
ortt.0) = [ orte—oae) (Wetholn2) + L Wletwhn(v.2)) dyds (221)
XdxR™ c

:TZ)I (tuyVZ)

and the coupling term reads
t
os(t, ) = —/ pelt — 7)E % o(7, z) dr.
0
Plugging the expression of ¢ = ¢ + ¢g into [(2.20) we obtain

Ft, k&) = folk,& +th) — /0 (E+ (t—T)k) -k dr(r,k) M (& + (t —7)k)dr

—

—Ha(k)\Z/O E+(Et—1)k) -k </Tpc(7' —s)o(s, k) ds) M(E+ (t—71)k)dr

:ﬁ)(k,gﬂk)—/ (E—I—(t—T)k)-kg%I(T,k) ME+ (t—71)k) dr

+]6{(k)|2/0t (/stpc(TS)(quk(tT)) kA (E—T)R) d7> 8(s, k) ds
:ﬁ)(k,gﬂk)—/ot(gﬂt—r)k)-k&l(f,k) M(E+ (t—T)k)dr
+|6\1(k:)\2/0t </0t_spc(7)(§+(t— [+ sk -k A&+ (t— [ + s])F) dT> 8(s, k) de.

We are led to an integral equation for the (Fourier coefficients of) the macroscopic density
by considering this relation for £ = 0. Let us set

a(t k) = fo(k,tk) — |k|? /Ot o1(r, k) (t — 7). ((t — 7)k) dr (2.22)

and

H(t, k) = |k)? |1 (k)| /tpc(T) (t— T)//?((t —7)k) dr. (2.23)
Then, we obtain an integral equation for tfle fluctuation of the macroscopic density
o(t,k) =al(t, k) + /Ot%(t —s,k)o(s, k) ds. (2.24)
The analysis of this relation makes use of the Laplace transform
¢ :(0,00) = C, Lo(w) = /0+OO e “o(t) dt for w € C,

which is well defined for Re(w) large enough.
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2.2.2 Linearized Landau damping in finite regularity

The linearized Landau damping holds with an algebraic rate provided the solution o of

satisfies
o(t, k)| < C(tk)™™ (2.25)

(see for instance [87, section 3]) for a certain m > 0. For Volterra equations like [(2.24)| we
can establish (see [12, Lemma 4.1], [I3, Proposition 2.2]) mode-by-mode estimates in L?
norm: for any k

—+o00 “+o0
/0 (tR)2™ 31, B)? df < O3 /0 (k)2 a(t, k) dt, (2.26)

where Cp > 0 does not depend on k. From such an L? estimate, we get an L{° estimate
as follows

(k)™ |a(t, k)| < (th)™ la(t, k)| + /O ((t =7)k 4 7k)" 0 (t — 7, k)o(7, k) dT

1/2

¢ 1/2 ¢
< (th)™ |a(t, k)| + (/0 (Tk)2™ | (1, k)| d7> (/0 (Tk)2™ | o(r, k)|? d7>

‘ 1/2 ¢ 1/2
< (tk)™|a(t, k)| + CLp </ (Tk)2™ | (1, k))? d7> (/ (Tk)?™ a(T, k)|? dT> ,
0 0
where we are left with the task of verifying that

sup  (tk)™ la(t, k)| < 400,
t>0
kex*i\{0} (2.27)

oo 2m 2 oo 2m 2
sup (/0 (TE)=™ | (1, k)| dT) </0 (TE)"™ |a(T, k)] dT) < 400

kex+d\ {0}

hold. We are going to identify conditions on a(t, k) and # (¢, k) such that |(2.26)| applies
and to justify that is satisfied. We refer the reader to [I3, Proof of Proposition 2.2]
for a proof of the following claim.

Lemma 2.2.1 Let 2 satisfy

kexi*rtlif\{o}‘l_g%(w’k” >k >0 for Re(w) >0, (L)

and for any 0 < j<m :

sup (| |02 (w, k)[) < +oo.
kex*d\{0}
Re(w)>0

Then there exists a constant Crp > 0, which does not depend on k, such that the solutions

of satisfy .

Estimate makes sense when ¢ — (tk)™a(t, k) is square integrable, a property that
needs to be carefully checked in the current framework.
Condition gives rise to a stability criterion on the stationary profile .#. Since the
operator £ involves the kernel p. the detailed condition substantially differs from the usual
Vlasov case. That this statement applies for our purpose relies on the following assumptions:
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(H1) n>m+32,

(H2) o2 € B?_l,l and |0’2(Z)’ < C2<Z>—m2 with mg > 3n;1’

(H3) sup (H%(k)l

s (o0 + 080 ) <

1,(2) 1,(=)

(H4) [61(k)| < C1(k)~™ with mq > m + 1,

(H5) ‘,//7(5)‘ < C(¢)~™ with m > m+2 and ‘fo(k,f)‘ < Co(€)™™ with mg > m+1.

Proposition 2.2.2 Assume (H5)|

(i) There exists a constant A > 0 such that for any 0 < j < m, k € X*\ {0} and w € C
with Re(w) > 0, we have
[kl 00,2 (w, k)| < A,

(ii) For any k € X*4\ {0},
+o0
/ el (kY2 |a(t, &) dt < +o0.
0

(i) holds.

The regularity of the data o1, .# and fy is controlled by assumptions (H5); the
higher the algebraic decay rate m requested on the Fourier modes of g, see L the higher
the regularity on the data. Assumption tunes the dimension n for the wave equation:
the decay of the Fourier modes of ¢ is limited by the dispersion of the wave equation, which
is stronger as n increases.

However, as indicated in Lemma [2.1.3] for odd n the Huygens principle and the decay of o9
imply strengthened decay properties on p.. Accordingly, Proposition [2.2.2| applies replacing

(H1)[(H3)| by
(H1’) n >3isodd,

(H2%) o0y € BY " and |oa(2)| < Ca(z)™™2 with mg > n +m + 3

(H3") sup (Hmy

kexxd

Bl + H{p\l(k)‘ gn-11

) < +oo and there exists C > 0 such that
1,(2) 1,(2)

sup (‘Jo(k,z)‘ + ‘ﬁl(k,z)‘) < C(z)™ ™2

kex*d

Hypothesis [(H2)| or [(H2?)| can be relaxed. Indeed, the decay imposed in [(H2)] [(H2’)| on

oo allows us to apply the refined dispersion estimates described in the proof of Lemma [2.1.3
Nevertheless, we can simply use the standard estimates as in Lemma i). Then, the
decay of p. is slower and, as a counterpart, the dimension n in |[(H1)|is more constrained.

Proposition applies replacing [(H1)H(H2)| by

(H1”) n>2m+4,

(H2”) 0y € B 1.

Before proving Proposition let us detail a useful statement.
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Lemma 2.2.3 Let o> 1 and 5 > 0. For any ~v > 0 such that v < 8 et v < a — 1, we have

/ ) kP dr < (Y (R, (2.28)
0

Proof. We split the integral

¢ t/2 t
/ (t — 7y~ rk) P dr = / +/ (t — 7y~ (rk) P dr
0 0 t/2
t/2 t tk —6
S/ <t—7')_0‘d7+/ (t—m)"° <> dr.
0 t/2 2
The second integral is dominated by

/t/:“ - <t2k>_6 ar 5 ()™ /0+°°<u>—a du

which is finite provided o > 1. For the first integral we observe that, for any 0 < 7 < ¢/2,

(k) — <22k> < <;> (28) < (¢ — 7)(2K),

holds, and we infer that

2 —a 2k)7 [T .
/O (t =) dfgﬁkw/o (1)~ du.

The right hand side is finite when v < « — 1, which finishes the proof. |

Proof of Proposition [2.2.2] (i) We start from

—~

. +oo . ¢
8 LA (w, k) = |K| [51 (k) 2 / (—t)ieot ( / pelT )|t — 7). At — 7]k) d7> dt.
0 0
Permuting integrals and with the change of variables u =t — 7, we get

[kl 00,2 (w, k)
ST A ( R o) k| Tk du) dr

< |o1(k))? (/;oo |7k ypc(7)|d7> </0+oo |ukli ! V?(uk)‘ dulk|

— |k 51 (B)? (/0+007-|J' ,pc(7)|d7> (/Om\spﬂ //7<|z|s) ds>.

By |k|7|51(k)|? is bounded. Then allows us to apply Lemma and we

deduce that [p.(t)| < (t)~(1. Owing to |(H1)| the second factor is finite. Finally,
implies that the last factor is finite too and remains uniformly bounded with respect to k.
We point out that the mechanisms of this estimate differs substantially from the standard
Vlasov case, where the decay rate improves with the mode. Here p. does not not carry any
frequency k, but the power of |k| are controlled by the decay assumptions on 7.
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(ii) The term to be estimated can be cast as (we use (tk) < (7k)((t — 7)k)) :
+o00
(tk)? |a(t, k)* dt

+oo . 2 —+o00 o t " 1+ .
< [ e e e [ )
x((t — 7)k)y™ "2 (t—7’)|k|///([t—7-]k)d7‘ dt

1 [t
< = m
< |,€|/0 (u)

. k 2 +00 R
otk )| du+ “1‘ (/0 (k) k| (7, k)’2 d7>

400 L] — 2 400 P
« </O (k)23 |LZ(sh) \k\ds) (/O ()= )du>.

Using [(H5)| we infer
1 +o0 ) =R k 2 1 +o0 . 1
— "\ folk, —u)| du < — At < —

and

Foo + | = 2 Feo +
/ (k)57 |7 (sk)| |k:]ds§/ ()"0 dr < 1,
0 0

It remains to justify that
+oo . 2
/ (k)2 k| [, )|

0

is finite for any k& € X*@\ {0}. To this end we observe that the dispersion induced by the
wave equation ensures

- ~ - 1, ~ 1
o1 )| < 10 (Ioly + Ca) (I0(Bl e+ G ) gy ) gy (220

1,(2)

This follows from
~ R . ~ 1 ~
3i(r) = 31(8) [ ae) (Wler) (Gofk) + LW (er)a(h)) (2)
and reasoning as in the proof of Lemma [2.1.3}(ii). We conclude that
+00 R 2
/ (kY™ k| |G, k)| dr
0

400 <7_>2m+1+ <k>2m+1+

R - 1~
S BB (1o sy + @l ) [ P —ar

oot i~ ) N 1 +oo <7_>2m-‘r17L
SEP BB (o) gy + cIB Bl ) [ Do

That this quantity is bounded uniformly with respect to k is a consequence of [(H1)| |((H3)|

and |(H4))
(iii) We have obtained

—+o00 1
/ (th)2 ™t )P dt <
; ]

where the factor 1/|k| comes from a change of variables. We justify similarly that (there is
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no factor 1/|k| in this estimate) sup, ; (tk)™|a(t, k)| < co. It remains to study

+00 +oo
sup (/0 (tk)2m]%(t,k)|2dt> (/0 <tk>2m|a(t,k’)]2dt)

and to show that o
/ (kY2 (2, k)2 dt < K.
0

Observe that

t
H(t, k) = \ku&l(k)\?/ pe(t — 7) T|k|.# (k) dT.
0
Based on [(H2)| [(H5)| and Lemma we write

‘/0 pe(t —T) T\k|////\(7'k) dr

t
< / (t — 7)== D1y~ (M= qr.
0

Lemma allows us to dominate this quantity by (k)7(tk)~" for any v > 0 such that
v <m—1and vy < n—2. In particular, with [(H1)|and |(H5)| it applies with v = m + 11 /2.
We conclude that

+o0 400
/ (kY2 (2, )2 dt < [ <sup <k>2m+1*|&1<k>|4) / (k)" OOkt < [k
0 k 0

which ends the proof. ]

We can now state the results for linearized Landau damping in finite regularity on the
torus or the whole space. For the sake of conciseness we only give a precise statement in
the case of R? and make a remark on the torus case below.

Proposition 2.2.4 (Linearized Landau damping on RY with finite regularity) Let

X% = R% and m > 0. Let us assume and . There exists a constant C > 0

such that for every k € R4\ {0} and for every t > 0,
lo(t, k)| < C(tk)™™.

Moreover, if m is large enought, then, as t — +oo, the fluctuation of spatial density o(t),
the force terme V¢ and the fluctuation of media 1(t) converge strongly to 0. To be more

specific:

e Ifm > d/2, then for every r € [0,m — %) there exists a constant C, > 0 such that
_d
lo()||my < Cr (8)™2.

o Ifm > (d+2)/2, then for every r € [0,m1 — LF2) there exists a constant C; > 0 such
that

I1Vas @) arg < Cr ()"

and for every r € [0,2m; — d%z) there exists a constant C.. such that

a+2

IVeds®)|lar < Cp(t)" 2.

o Ifm>d/2 andn > d+3, then for everyr € [0,m1 — %) there exists a constant C,>0
such that

<G (t) 2.
LeeH;

[SIIcH

Jot6) = W ety - Weetyin
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Remark 2.2.5 On the torus case the pointwise estimate of the Fourier transform of o(t)
is the same than in the free space case. However, there are several differences for the
estimates of o(t) and V,¢g(t) on the physical side. Indeed the spatial fluctuation o(t) does
not converge anymore to 0 but to the mean value of the initial fluctuation fo: o(t) —¢—+00
ffwad fo(x,v)dzdv. Moreover the convergence rates are not the same: if in the free space
case even for very large value of m the convergence rates are limited by the space dimension
d this is not the case when the torus case is considered. Indeed, thanks to the fact that the
Fourier variable k takes its value in a discrete space (k € Z¢), infyzo|k| > 0 and one can
use this gap in order to modify the proof of Proposition |2.2.4) and obtain convergence rates
for o(t) and Vo ¢s(t) which depend on m and are no more limited by the space dimension

d.

Remark 2.2.6 Let us detail a few examples:

(i) For the density, withd =3, n>5,m =2, mg=3, m =4, me > (3n—1)/2 and
m =5, we get

lo®llzz < ()3

Moreover, withd =3, n>8, m=5, mg =6, my =7, mg> (3n—1)/2 and m = 8,
we obtain

lo®) e < lle()lme < (872,

(i) For the force, with d =3, n > 6, m =3, mg =4, my =5, my > (3n—1)/2 and
m =6, we get

IVa6(®llzz S (0)5.

Moreover, withd =3, n > 6, m =3, mg =4, m; =6, mg > (3n—1)/2 and m = 6,
we obtain

IVed(®) e S IVad(®)lms S (873,

(iii) For the vibration field, withd =3, n>7, m=2,mg=3, mi =4, ma > (3n—1)/2
and m =5, we get

N
(SIS

Jo6) = Wctin - 3 Wictyon Ons

LeLE

Moreover, withd =3, n>7, m=2, mg=3, my =5, mg > (3n—1)/2 and m = 5,
we have

oty = Vi (etyo — EW (et
S ) = Wetywo — LW ety

_3
e S7E

Remark 2.2.7 As explained in Proposition the decay of o(t, k) is directly related to
the dispersion of the wave equation, and thus on n. This explains the constraints on the
dimension n. Nevertheless, whenn > 3 is odd, we can obtain the time decay of o(t, k) without
further restrictions on n. Accordingly, with[(H1’){(H3?)| and [(H{)H{(HS5)| the convergence
to 0 of the density fluctuation ¢ and the force V¢ can be established. However, constraints
appear when considering the fluctuation of the medium : with the norms we are using,
we need n > d+ 3. In dimension d = 3, this excludes n = 3 and n = 5. This restriction
can be relazed by considering instead the supremum over a ball B(0, R) of finite radius. For
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instance, in dimension d = 3 with n = 3, assuming [(H1’){(H3’)| and [(H{){(H5), we can
show that, for any 0 < R < oo

< Cr(t)™L.
H

sup Hw, 2) — W(et)o(z) — ~ W (ct)s (2)
2€B(0,R) ¢

where Cr > 0 blows up as R — +o0o. Further details on this issue can be found in the proof

of Proposition [2.2.])

Proof of Proposition Owing to [((H1)H(H5)| we can apply Proposition and
Lemma [2.2.1] Proposition ensures that [(2.27)| holds and from this, we can exhibit

C > 0, independent of k, such that for any k& € R?\ {0},
(th)™ |a(t, k)| < C.

That o(t) converges to 0 is a consequence of

le®117z; = le®l72 + lle®)I%, = /Rd ot k)P dk‘+/Rd [k 2t k)|* dk
1 1
S| ()Tt dk / tk[?" (tk) 7™ ¢4 dk
S [k g [, IR ER)
1 —2m 1 2r —2m
= [ @ g [ e as,

where all integrals are finite provided 2r — 2m < —d, that is r < m — d/2.

Next, we estimate both terms of V¢ = V,¢; + V. ¢g. We have
~ 2 ~ 2
Va1 (81, = / k2|t k)| dk + / kP2 {r(t, k)| d,
R4 Rd
and, as noticed when proving Proposition or(t, k) satisfies It follows that
VarOlg 5o ([ WPo®Rak+ [ kP ia®Par) 20,
R4 R?

where the two integrals are finite, due to [(H4)| when r < m; — 1 — d/2. Next, we apply
Lemma [2.1.3}(ii):

~ 2 ~ 2
Vs (#)lI7r; = /R R [@s(t R ak + /R R gs (k)| dk

2

t
= [ )i [ e - na(r k) ar| ak

2
dk.

t
<. / (K2 + [K2+2) 52 (k) / (t— )~V (k)™ dr
R4 0

By Lemma for any v > 0 such that v < m and v < n — 2, we get

[t mm e mar 5 e,
0
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and we conclude with
HVﬂbs(t)H%{; ,Sc /Rd (|k;|2 + |k;|2r+2)|31(k)|4<k>27<tk>—27 dk
< (sup <k>27"+27161(k>\4) ) / [th[*(tk) =7 ¢ dk
k R4

_ (Sup <k>2r+27|61(k)]4) (@42 / 2[2(z) "2 da.
k Rd

The last integral is finite when 2 — 2y < —d, that is v > (d 4+ 2)/2 and the supremum over
k is finite too provided 2r + 2y < 4my, that is r < 2my — 7.

We turn to 1. We have

9AE) ~ Wet)o — = W (etyn = — /O W (clt - 7)a o1 % o(7) .

Hence, for any z € R", we obtain

961, 2) = T (etio(z) — = W (et (=) 3,

= [ (k)

We combine the dispersion estimate |(2.15)|to |(2.25)| and we arrive at

1 t t n—1

! / W (et — 7))oa(2) 3(r k) dr| <e / (t — )" (k)™ dr.

c Jo 0

Lemma allows us to obtain, for any v > 0 such that y <m and v < (n —1)/2 — 1,

/t<t — )T (k)T dr < (k)Y (tk) .
0

t 2
1/0 W (clt = 7])oa(2) o(7. k) dr| dk.

We deduce that
[(t, 2) — W (ct)o(2) — %W(Ct)wl(Z)”%{; Se /Rd (1 + ]k‘%) 161 (k)2 (k)2 (k) =2 dk

< <s%p (/c>2”+2”’|81(k)|2> o / (th) 2 14 dfp = (sgp </-c>2’”+27|81(k)|2> - / ()2 da.

R4 R4
The last integral is finite when v > d/2 (this imposes m > d/2 and n > d + 3). The supre-
mum over k is finite provided 2r + 2v < 2my, that is r < my — ~.

The estimate in Remark is obtained by restricting to the z’s in the ball B(0, |ct|/4).
We apply the refined estimate |(2.17)| gathered to [(2.25) We get

1t S
¢ /0 W (e[t = m])o2(2) a(r, k) dr

1 1 t _n—1
S I [ (elt = 7l felt = 7l = el 7T (k)
0

~
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We proceed as for proving Lemma [2.2.3} for any v > 0 we obtain

t o
/0 (et — 7] - [elt — 7] — |2 |)""F (rk) " dr

2k\Y t/2 _
S [ o=l L=l BT /27

t
+/ {c|t = 7] |c|t = 7] — |7 |> tk:/2 Yy~ dr
t/2

t/2
{c|t =] |ct — 7| — ]z\|> (t—7)7dr

+<tk:/2)_m/t/2 (et — 7] |elt— 7] — 2| )" dr
= gg: / {cu-|cu — |z |>_an1 (u)? du
£/2 o .
+(tk/2>m/0 (cu-leu—|z||) 7 du.

First, ct/2 < cu < ¢t and 0 < |z| < ct/4 imply |cu — |z|| > ct/4 > cu/2 so that

—1 C2u2 - -2
R e G e

IA
|~
=0
T
~ |~
=] 2

We thus deduce that
¢ o +oo
/ {cu-|cu — |z D_Tl (u)? du < / ()~ ()7 du
t/2 0

which is finite when v < n — 2. Second, we have

t/2 _n—1 _n-1
| teurten— o) dwse [ a7 du
0 R
As |u| = +o0, we have
(- fu— 2] )7y )Y

which is finite provided n > 3. However, we should make precise how it depends on |z|. To
this end, we write

[ Gt = D7 du= [ (et l2) = J2/2) 7

—apd W) N\ -
:/R<u2—|z|2/4> duz/R<<u2—]z|2M)> <u2> du.

A mere function analysis shows that, for any a > 0.

()

{z—a)

X — 3

reaches its maximum over [0, +00) for z = (a + va? + 4)/2, which leads to

<’LL2> nT_l < |Z|n—1
(u? —|2[?/4) ~ '

[ la= )7 du St [ du g e
R R

It follows that
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Therefore, when n > 3, for any v € [0,n —2) and z € B(0, ct/4), we have

% /OtW(C[t—T])ag(z) o(, k) dr| <. (k)Y {th) ™7 + !Z\"ﬂ(tkfm_

We infer that
19(6,2) = Wlet)go(z) — ~ W(etyn ()

Se L+ [k[*7) [31() 2 (k)2 (th) =27 + |22 D (tk) 72" ) dk
R4

< <Z>2t(;t—1) (Sllip <k>2r+2’y‘31(k)|2) /Rd (<tk>72'y + (tk)me) 4k

_ <Z>2(n—1) (Sl}ip <k>2r+2’y‘81(k)|2> /Rd (<x>72'y+ <x>72m> dz

td

where the last integral is finite when v, m > d/2. When n is even, we can use |(H1’)H(H3’)|
instead: the condition on m imposes regularity on the data but no further restriction on n.
Such restriction arise from the condition on v: we already have v € [0,n — 2). To be more
specific, we have n > (d+4)/2. For d = 1 this holds for any n > 3; but, for for d = 2 or for
the most relevant case d = 3, we should assume n > 4 and n > 5, respectively. Nonetheless,
it is equally possible to make use of the decay of 1 in order to obtain a singularity which
remains integrable at 0 and and gives more integrability at +o0o. The price to be paid is the
strengthening of the regularity of ; and, more importantly, a reduced convergence rate for
large times. To be specific, we get

o162 = W tyin(s) = 2 Wil
Se /Rd (1 + \k\%) o1(k)|? ((k)27<tk>*27 " ‘Z|2(n71)<tk>,2m) "

= /Rd (|k|d71 + ‘k|2r+d71> ‘k|7(d*1)|81(k)|2 <<k>2’y<tk>72'y + ’2‘2(n71)<tl{;>72m) dk

S <Z>2in1) (Sup <k>2r+27+d—1|31(k)‘2)/ |tk‘|_(d_1) (<tk>—2'y + <tk‘>_2m) td dk
k R4
P 2(n—1)
_ < > - (Sl]lg.p <k,>2r+27+d—1|31(/€)‘2) /Rd |:1?‘_(d_1) <<x>—2”/_|_ <$>_2m) de.

The last integral is finite when v > 1/2. This is compatible with the condition v < n — 2
provided n > 3. It is possible to optimize this approach in order to find a sharp decay rate.
|

2.2.3 Linearized Landau damping in analytic regularity

That the linearized Landau damping holds with an exponential rate relies, from |(2.24) on
an estimate on p like
0(t, k)| < C e ] (2.30)

(see [87, section 3]) for some A > 0. To this end we shall use the analog in analytic regularity

of Lemma 2.2.1]

Lemma 2.2.8 Suppose that L H (w|k|, k)is well-defined on k € X*\ {0} and w € {z €
C | Re(z) > —A} for a certain A > 0. We also suppose that

inf |1 - LA (wlkl,k)|>k>0 R > —A, L'
it (wlk|, k)| > k>0 for Re(w) (L)
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is fulfilled. Then, for any 0 < A < A we can find Crp > 0, which does not depend on k,
such that any solution of|(2.24)| satisfies, for any k € X*2\ {0},

+00 +oo
| gl dr< iy [ jate b at (2:31)
0 0

We refer the reader to [I06, Proof of Lemma 3.5] or [I2, Section 4] for details on this
statement. It allows us to derive the following estimate in L§°® norm

A [3(t, k)| < MH Jat, k)

+oo 1/2 +o00 1/2
+CLp ( / M (1, k)P dT> < / e a1, k)| dT> :
0 0

It remains to check that the data satisfy

sup N Ja(t, k)| < +oo,

>0

kex*d\ {0} . . (2.32)
sup (/ MR ot (7, k) 2 d7'> </ k|2 (7, k)2 dT) < +00.

kex+d\{o} \Jo 0

In order to apply Lemma and to check that [(2.32)| holds, we assume
(K1) n>3isodd,
(K2) o9 € CY(R") with supp(o2) C B(0, Ry),

(K3) we have supp(vo, 1) C X% x B(0, Ry), for some 0 < R; < 0o, and

sup {/n (|1Z1(k',2’)’2 + 02|vz12;0(k,2’)‘2) dZ} _ & < oo,

kexxd

(K4) the function oy : X¢ — (0,00) is radially symmetric and real analytic, and
in particular (see [106, Proposition 3.16]) there exists Cj, A1 > 0 such that, for any
ke X, |51 (k)| < Cpe Mk,

(K5) there exists Cp, Ag > 0 such that for any & € R%, k € X*¢ we have
L) < CeE, ok, €)] < Coe ol

Namely, we assume analytic regularity on the data with [(K4)|and[(K5)l Note that
is not a strong restriction in the present context, contrarily to what it could be for the Vlasov
case, since for this model o7 is naturally smooth. Moreover, physically the form function oy
would naturally be compactly supported (the support being interpreted as the “domain of
influence” of the particle), which does not make sense in the analytic framework. Thus, we
should here think o1 as a peaked bump function. We also bear in mind the fact that o; is
radially symmetric: its Fourier coefficients are real and we have 7 x o1(k) = |o1(k)|> > 0.
These assumptions, together with the finite speed of propagation for the wave equation,
allow us to control the “initial data” contribution in and the kernel Let us
explain the role of [(K3)| for the associated contribution to [(2.21)] in [(2.22)] In[(2.21)] ¢y
is the solution of the wave equation on R", starting form initial data (ip,11). The space
variable z € X¢ appears only as a parameter in this equation. Assumption E means
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that the Fourier transform (with respect to the parameter) of the initial data has finite and
uniformly bounded energy. When X% = T¢, holds under the condition

// ([t (2, 2)|? + | Vao(z, 2)|?) dz da = & < o0,
XdxR™

which implies that the Fourier coefficients of the energy lies in £2(Z%), and thus in £>°(Z9).
This assumption is quite natural since this quantity is involved in the global energy balance
for {2.2a)H(2.2d!L see [25], 26, M03]. Working in R?, this has to be replaced by condition
&3]

A naive intuition would relate the damping rate to the decay rate of p.. In finite regu-
larity, we indeed obtained a polynomial damping rate assuming the polynomial decay of p..
The analytic framework is more demanding and it is not enough to assume the exponential
decay of p.. The proof of Lemma[2.2.10|below will make the role of the stronger assumptions

(K1){(K2)] clear.

Proposition 2.2.9 Suppose (K5). The quantity L% (w|kl|, k) is well-defined for
any w € C such that Re(w) > )\ and (2.32)| holds for any A > 0 such that

CAl CAl )

A in (Mg, A, —, ———— ).
<m1n<0, ’RQ’RI—i—Rg

The statement follows from a direct application of the following claim, and reproducing
the computations of the proof of Proposition [2.2.2]

Lemma 2.2.10 Suppose (K5),.

(i) Let a(t,k) be defined by|(2.22). Then, there exists o > 0 such that for every 0 < A <
min(Xo, A, A1/ (Rr + Rz)), |a(t, k)| < ae_)‘|k|t holds for any t >0, k € X*<,

(ii) Let J (t, k) be defined by[(2.23)l Then, there exists C > 0 such that for every 0 < A <
min(\, cA1/Ry), |# (t, k)| < Ce_Mk‘t holds for any t >0, k € X*¢,

Proof. We start with the proof of (i). First of all, assumption |[(K5)| tells us that
| ok, th)| < Co e

and since
~ t ~ —
alt, k)| < |Folk, th)| + [k /0 Gr(r. )| (¢ =7) |4 ((t = )k)| dr.

we only have to deal with second term. Then, relation |(2.21)| can be recast as

or(t,x) = /Xd o1(x —y) (/n o2 (2)Yr(t, x, z) dz) dy

with 7 the solution of the free wave equation

(8t2t - C2AZ)¢I = 07
(1, 0c01)|,_y = (Y0, ¥1).
Assumptions [(K1)|and [(K3)| allow us to make use of Huygens’ principle which tells us that

supp(¢r(t, ) C {z € R™, ¢t — Ry < |2| < ct + Ry}
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Therefore, by virtue of [(K2)| the product o2(2)¢r(t, z,z) vanishes when t > @ =5
for any 2 € X%, z € R” (see Fig. [2.1). Hence, ¢; is supported in [0, Sg] x X% and we can
write

oi(r k) =3u(0) ([ o2 1(ri ) dz) i,

Moreover, thanks to Sobolev’s embedding, energy conservation for the wave equation and
assumption [(K3)| we have

/nUQQZI(T?k)dZ

< lloal e 191(r: R 2
L

z

1
S Lol 1901701z < Clllln, (10657 B3 + 19007 D)

Vér.

From these two facts, and thanks to [(K4)H(K5)} we can eventually conclude as follows: for
every 0 < A < min(\, A\1/Sp),

1
~ 5 1
- (Wk)ﬂ%g +EIVo®)lzz)” < Clloall 2,

z

|/<;|2/ @1(r, k)| (¢~ 7) ‘/// (t—7)k)| dr S [k|e A1"“'/ e~ A=l g7
_ [k[2e—M1¥ / M=)kl =N ()] g7 < G2 (Supm‘ze—ul—xsenm) o tk|
k

Accordingly, a(t, k) is dominated by @(e~**I*), uniformly with respect to k, for 0 < A <
min (Ao, A\, A\1/S0). (Note that Sy behaves like 1/c; as ¢ becomes large, only \g and \ are
relevant in this condition.)

We turn now on the estimate on #. With and Lemma (we use
[(K1)| and [(K2)] in order to apply this lemma), we can estimate .# as follows: for every
0 < A < min(\, cA1/Ry),

2Ro

(8, B)] < [K2GE(K) / " b (¢ =) [t - R ar

2R2
< [K|2e —2/\1k/ YoMkl o= (=Nl 47 < (Sup|k‘|2 200\ — 2 >\)|k|)e—>\|tk|
which tells us that (¢, k) is dominated by & (e*’\‘k‘t), uniformly with respect to k, provided
0<)\<min()\,c]%‘—21). [ ]

Hence, assuming [(K1)H(K5)| and [[T7)], the solution of [(2.18)}{(2.19)] satisfies [(2.30)] We

deduce the convergence of the fluctuation of density o(t), force V,¢(t), and medium ()
(with exponential rate on the torus and polynomial rate for the free space problem), like in
Proposition and [87, Theorem 3.1].

2.2.4 Stability criterion for large wave speeds

We turn to investigate the “(L)-condition” made on the Laplace transform of J# (see

and,where
LA (w,k) =51 (k)[* Lpe(w) L (k[ (kt))(w).

In fact, for the Vlasov equation, such a property holds under a smallness assumption, see
[87, Condition (a) in Proposition 2.1]. Here, this condition can be rephrased by means of a
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condition on the wave speed ¢ > 1. The latter confirms the intuition that the damping is
related to the ability to evacuate the particles energy through the membranes, see [16]. (It
also raises the issue to determine whether or not there exist stable equilibrium for ¢ < 1.) A
similar smallness condition on 1/c appears in the asymptotic statements for a single particle
[16, Theorem 2, 3 & 4], for the analysis of the relaxation to equilibrium for the Vlasov-
Wave-Fokker-Planck model |4, Theorem 2.3|, and the stability analysis in [26]. Moreover, as
mentioned in the Introduction, up to a suitable c-dependent rescaling of the coupling, the
regime ¢ — oo leads to the usual Vlasov system [16], and it can be checked that the stability
criterion for large c’s is consistent to the condition exhibited for the Vlasov equation. The
role of the wave speed ¢ on the damping phenomena is investigated on numerical grounds
in the Next Chapter.

Proposition 2.2.11 (Stability criterion for large c¢’s) (i) Assume|(H1){(H2)| and|(H4)-

[((H5)| There exists co > 0 such that if ¢ > co then condition|(L)| is fulfilled.
(ii) Assume |(K1){(K2) and |(K4)H(K5). There exists co > 0 such that if ¢ > cy then

condition 1s fulfilled.

Proof. We only detail the proof of (ii), the former item being justified by a similar
approach. Let 0 < A < min(\, cA;/R2) and let w be a complex number such that Re(w) >
—A. On the one hand, we have, for any k # 0,

©  __k s
/0 s%(ms)e ds

On the other hand, Lemma [2.1.3] allows us to estimate the Laplace transform of the kernel
p. as follows

|2 (k2. (1) (] )| =

oo —
< / se el ds < 1.
0

2R2/C Alk 16252
| Zpe(wlk))] < [Ipell= / Mt g 5 !
0

Alk|

C

Owing to |(K4)| we obtain
1 R
55 (k)P|ZLpe(wlk)| £ e 2 M NI,
c
We observe that the right hand side tends to 0 as ¢ — oo. Therefore, for any « € (0, 1),
provided c is large enough, we have

sup | L X (wlk|, k)| <1—k
k+£0
for any w € C with Re(w) > —A, which implies infj_o |.£7 (w|k|, k) — 1| > x> 0. |

Section [2.5] provides a thorough discussion of the stability criterion, beyond the mere
assumption of large wave speeds c.

2.3 Non linear Landau damping: the free space problem

In this Section, we briefly explain how the non linear Landau damping can be justified,
further details can be found in Appendix We shall see that the damping in R¢ occurs
with a restriction on the space dimension: we should assume d > 3. As in [13], the analysis
in the whole space relies on dispersive phenomena attached to the free transport operator;
these effects are indeed strong enough to dominate the plasma echoes when d > 2, and a
further technical restriction arises in the bootstrap argument, that leads to impose d > 3.
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2.3.1 Functional framework

We shall make use of Sobolev-type spaces. For s € R, m € N\ {0}, we denote

o' (R™) = {u:R™ 5 R, / () i(x) | de }.

Given x and y in R?, z, y stands for the vector in R?? that results from the concatenation of
¢ and y. Consequently, we can set (z,y) = (1 + |z|> + |y[>)/2. With a = (ay,...aq) € N¢,
we introduce the differential operator

D¢ = (—idh) -+ (—idf"),

For s > 0, H® stands for the standard Sobolev space. We shall make use of the norms
introduced in [I3]. We deal with functions f : (0,00) x R? x R = R, and for P € N, 5 > 0,
we denote

1F @O, = D2 M, v) = v f (2, 0)|7 = // (k, )%

a€Nd aeNd
lal<P lal<P

D¢ f(t, k g)‘ dk de.

(2.33)
It is also convenient to consider

Ve, Vo) f )7, = D I(2,0) = (¢Va, Vio)u* f(t 2, ) 7

aeNd
la|<P

_ //R R

aeNd
la|<P

¢F(t k.6 dkag

(there is a slight abuse of notation here since the right hand side is actually equivalent to

the definition of ||(tV, Vv>f(t)||%{; based on [(2.33)) and
2
[IVLr|| . = 3 @) (Va0 f (2, 0) s
P

a€cNd
la|<P

-, e

aeNd
la|<P

Dgf(t,k g)] dk de.

We shall also use L*°-type estimate on Fourier transforms; we set

A(t,k:,{)‘}) .

For a function (t,z) € (0,00) x R? + o(t, ) € R we introduce the modified Sobolev norm

[(Fewls

‘L?%L(k o e[0T

— sup <sup {(h&)°

k,£€R4

/ K| (k, th)**|a(t, k)[* dk = || As(£)2(t)]l 2,
R4 (k)

where we have set
/4s(t7k) ::‘kﬂ1/2<katk>sa

and we shall also use

T
1Al = [ [ Ik ot b abar,
0 Rd

(k,t)
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and
1/2

T

| Asellee 12 = sup </ | |(k, tk)**|a(t, k)\2>
(k)™ (¢) keRd 0

The norms defined on the macroscopic density ¢ equally apply to the kinetic quantity g,

replacing o(t, k) by g(t, k, tk).

We go back to the formulation Compared to the usual Vlasov equation, the
expression of the potential ®[¢)] now involves the contribution of the initial data %, and
the self-consistent part ¢, presents a memory effect, through the kernel p.. It is convenient
to think of the problem with some generality on these quantities. Thus, let us collect the
hypothesis on the data of the problem: %, p. and o1. We refer the reader to the previous
section in order to translate these assumption on the original data o9, 1y and 1.

(A1) There exists an exponent o > 0 sufficiently large such that

sup
kcRd

it k)| S 0,

(A2) There exists an exponent «a. > 0 sufficiently large such that
p(t)] < (8)7,

(A3) o1 € S (RY): for any o > 0 we have

This formulation of the hypothesis has the advantage of pushing the generality of the
result, both on the “linear” perturbation due to the data through .#; and on the memory
effects in the self-consistent potential through p.. The following claims are crucial for our
purposes: roughly speaking, they explain why the situation is not very different from the
Vlasov case, once the role of .#;(t) and p. well understood, and it justifies that the approach
of [I3] is robust enough to be adapted. Note that is the assumption that makes the
constants C(.#1) and C2(.#1) below meaningful.

Proposition 2.3.1 Let ((A3)| be fulfilled. Then for any 0 < T < 0o and any s > 0
such that s < ay —1/2 and s < (ae — 1)/2, the following three estimates hold

2

|41 (71 - 519,)| i 1, SOFD Al 1o (2.:34a)
o~ — -~ = 2 ~

|41 (71 - 519,) H%L%ﬁ) < OUTD) + 1Al 12 (2.34b)

sup_sup (k. tk)*[61(k)| | F1(t, k) = &1 (k)% (1, )| (2:340)

t€[0,T] keRd
5 02(3?1) + sup sup <k7tk>8 |§(ta k)‘ )
t€[0,T] keRd
with

“+o0o - 2
C1(Fy) = / (1 sup | Z1(t, k)| dt and Co(Fy) = sup (1)*
0 k t.k

Zi(t.k)].
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Remark 2.3.2 We shall use the following variant of the statement : for any polynomial

k — P(k), we have

_ ~12
HPA 01 (ﬁ[ Jlg ) L%t)L%k) ~ Cl(y]) + ||ASQ”L%”L%I€)7 (2.35&)
o ~12
|Paz (71 -39, )HLOO PR CORN R TS (2.35D)
sup sup (k, tk)*P(k)|51 (k y(yf(t, k)-&l(k)g;(t,k)\ (2.35¢)

te[0,T) keR4

< Co(Fr) + sup sup (k,tk)® |o(t, k)|,
te[0,T] keRd

These estimates can be justified since oy lies in the Schwartz class and thus P(k)oy(k)

remains a function with fast decay.

Proof. In order to prove |(2.34a)] we analyse separately the contribution from Z1 and gAQ

as follows

p N/ / K| (B, )22 (50 (k) .75 (8, 1) b
(t)
=I

T
4 / / K] £8) 25161 (k) [ G (1, )2 bl
o JR¢

HA o1 (J] — 01 9

=II

For I, by using (k, tk)? < (k)2(t)2, we readily obtain

R +o00 . ~ 5
I< </]Rg ’k‘|<k>2 ‘Ul(k”gdk‘) </0 <t>2 sllip ‘J[(t,k‘)’ dt) .

For II we start by applying Cauchy-Schwarz’ inequality
2

¢ ¢
< ( / |pc<t—f>|dr) ( / rpc<t—7>|@<r,k>12dr).
0 0
Going back to II, we are led to

k tk>28 4~ 2
o< ||pc||L1 Ipc (t—1)| |l<:| (k,7k)? RPE —[G1(k)[*|o(r, k)|* dk | dr dt.

A simple study of function shows that (for t > 7')
2s 2s
o (BP0
perd (k, Tk)2s = (1)%s

Since |01(k)| < ||o1]|r1 S 1, and using Fubini’s theorem, we obtain

< O (% 4 2
II ~ HpCHLl 0 . ‘pC(t - T)’WHASQ(T)HL?}C) dt dT

Go(t, )* =

/t pe(t — 7)o(1, k) dr
0

T T—1 2s
~ 2 (u + T)
Slodl | 1427y, ( [ du) ar
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Since (u+ 7)2% < (u)?5(7)?%, we arrive at
+o0
LS [pell o1 (/0 <U>281Pc(u)|du> 14selzz 12 -

)7 (k)
It ends the proof of |(2.34a)|
Estimate |(2.34b)| follows the same strategy: for k € R?, we split as follows

T — ~ 2
A R O E A RN AN
0

T T
< / \kWﬁtk>25151(k)\2!=%(t,k)\ZdtJr/ K|k, th) > (o1, (k) [ Fo (8, k) dt
0 0

=J =JJ
Proceeding as above, we obtain
“+oo o 2
J< (sup \k!<k>28|&1<k>12> ( / (t)sup | Fr(t, ) dt)
keRd 0 k

and

T T 2s
JI s HchLl/O (/ \pc(t—T)<<:>>2s\k\(k,7k>251§(r,k)]2dt> dr

+o00 T
[1pell 1 </O <U>28!pc(U)|du> (/0 \k\<ka7k>%!§(ﬂk)!2d7>~

We proceed with a slightly different approach for |(2.34c)| when dealing with the contribution
involving %,. For any t € [0,7] and k € R?, we write

N

(, th)*[G1.(k)| | 1 (8, k) — 31 (k)G (2, )|

S (sup <k>5|61<k>\> ( sup {1)"sup @(t,m!) + (k, th)* |, ¢, k).

keRd t€[0,T]

Since

0] < [ ot =l k) o ] dr

t - <t>s
(/0 et = 7)1

t -7 2 T <00
| et = i ar <

N

dT> ( sup sup (k, 7k)[3(r, k>|) ,

7€[0,T] keR4

it suffices to observe that

by virtue of [(A2)] |

Proposition 2.3.3 Let|(A1)H(A3)| be fullfiled. Assume that .# € H} with P > d/2 and
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5> 0. Then for any s > 0 such that s < § —2d and s < af — 1, we have

t —_—
(6, F) > Ay(t, k) / Vo1 (k)7 (r k)T 7 ((t = 7)k) dr (2.362)
0 L2 L2
(t) (k)
T st 7 2
S [ s |Fen)| ar
0 k
t —~ —
(1K) > Ay(t, k) / Voo (k) F1 (7, k) Vol ((t — 7)) dr (2.36b)
0 L3 Lty
T st 7 2
S [ s |Fen)| ar
0 k

Proof. First, let us introduce the following notation
t —_ —_—
(4 k) = Ay(t, k) / Vo1 (k) Z1(r, )V ((t — 7)) dr
0

and estimate for every k € R the L%t) norm of ¢ — I(t, k). By using the relations (k, tk) <
(k, Tk)([t — T]k) and (k,7k) < (k)(7), we obtain

T T
[ e mRas pem e [ e

0 t 0
X (/0 (Tk)

T +o00
< [kl (k) 2 / (th)~(1) ( /0 (kYL (k, )2

X </+w<(t = )R V(- T)k)f k] d7> k| dt
0

(NI

Tk, Th)®

FilrR)| (¢ = DRy [V (2 - r>k>\) t

- 2
Fi(T, k)‘ dT)

—+o00 .
< KR4 (54 (k)2 (/ <T>25+“Sl,1p | Z1 (1, k)| dr
0

+oou28 1+ 2 y Tu7(1+) y
><</0 ()2t d>/0<> du.

Since .# € H$, we have £ — (§>S///{\(§) € H” where P > d/2, and Sobolev’s embedding

yields | (€)| < |4 ]| p (€)%, Then, as soon as s < § — (11), this ensures that the integral
involving .# is uniformly bounded with respect to k. Eventually |[(A3)| ensures that both
L%k)L%t) and L‘(’]‘S)L%t)—norm of I(t, k) are dominated as asserted. [ |

—  k
Vol (u—
( \kl)

Let us now collect a few technical results, more or less extracted from [I3], which will
be useful for the proof of the Landau damping.

Lemma 2.3.4 (Trace Lemma) Let f € H%(R?Y) with s > %. Let € C RY be a subman-
ifold with dimension larger or equal to 1. We have

12y S NNl ss-

This claim, which will be further used in the sequel, allows us to obtain the following
estimates.
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Lemma 2.3.5 Let fy be in Hp with P > d/2. Then,

1. we have

T T
|ty akde = [ [ ket e, o) akde S LAl (237
0 JRd 0 JRd

2. if, moreover, (z,v) — 2% fo(x,v) € H3, for any a € N with |a| < P, we have

sup (k. €1k 6)1) S 3 o fola: )l (2:38)

la|<P

3. if, moreover (z,v) + z® fo(z,v) € HE™ for any o € N with || < P, we have

T
Sup/ k| (ke th)?* | fo(k th) P dt S > (|2 fola, v) || et (2.39)
keR? J0 aeNd r
la]<P

Proof. Since fop € H}, we have

(k,€) — (k, &) folk,€) € LY HE).
Indeed,

D¢ (&= (kO fok )| = | X ( ) Dg (& = (k,€)*) Dok, )|

jENd
I1<a

> (k,6)°
jEN
jla

AN

DY fo(k, €)|

. ]]
k‘,{ k‘,é A’) k‘,é S E ]{J,Z

aeNd
|a|<P

Dgfolk. ) dkde = | foll}s.

- / 1€ o> (k€)% Folk, €)%, dk
Rz €3]

(2.40)
Next, we observe that

T R ) T - 2
/0 1A ol )2z dt = /}RZ (/0 (k. tk)**| fo(k, k)] |k;|dt> dk
|k|T R
- /R (/0 <k’“k/k|>281f0(k7uk/|k:])|2du> dk

+oo
< / sup / (k, uw)?®| fo(k, uw)|? du | dk.
R¢ \wesd—1 J—oco
Therefore coming back to|(2.40), with P > d/2, we deduce that

€= (k€0 folk, Ol
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is finite for almost every k € R?. We can apply the Trace Lemma for almost every
k € R? which leads to

+oo ~ -~
|t otk wo) P S 1€ () Tk Ol

—00
(Note that the constant in the estimate of the Trace Lemma only depends on the
submanifold %, and the estimate does not involve the parameter k.) Integrating over k we
conclude that

T
(- )12 < 2
| 1Ad IR at S 1ol

For the second estimate, we remark that (z,v) — x® fo(x,v) € Hp implies that (k, 5)3“%(14: £)

lies in H (i)H (€) which embeds into the space of continuous functions; the third estimate
then follows immediately, see [I3, Lemma 2.6]. n

The following statement will be repeatedly used for proving Proposition see [13,
Lemma 2.9].

Lemma 2.3.6 Let g; et g2 be in L*(R{ x Rg) and let r € LY(RY). Then, we have

/Rgd g1(k,§)r(n)gz2(k —n,§ —tn)dn dkd§| <

k,&n

Let g1 € L*(R{ x Rg), g2 € LY(RY; Lz(Rg)) and r € L>(RY). Then, we have

< . 2.41
lovlzs, lloellza, lrllzy - (241)

/Rgd g1(k, &)r(n)ga(k — n, & — tn) dn dkdg| <

k,&,n

N H91HL§k 5>”§I2HL1 R¢; L2(Rd))”7"HL2 . (2.42)

The analysis of the Landau Damping, as it is already clear for the linearized problem,
relies heavily on the formulation of the problem by means of the Fourier variables. Let us
collect the useful formula from which the reasoning starts. Integrating|(2.10a)H(2.10b)| over
[0,t], we get

t

g(t,z,v) = fo(z,v) +/ Vo1 % (Fr—o1%9,) (T, x+710) - (Vy —7V) (A (v) + g(T,2,0v)) dT.
0

We check that

/ u(z + v, v)e*"k“e*ig'“ dvdx = / u(y, y)@*ik'yefi(éffk)'v dvdz = a(k, & — 7k).
R2d R2d

We also bear in mind that 1(v)(¢) = 6(¢ = 0) and 1(z)(k) = 6(k = 0). We thus obtain
gt k. &) =
/ /R i)~ 61%,) (7, m)3(C = ) - (€ — )A€ ~ )6(n = K) dndC dy
/ /de noi(n)(Z; — 519,)(r,n)8(¢C = n)

(= ¢—71(k—n))g(r,k —n,§ —¢)dnd¢dr
— ol / kG (k) (T — 51y) (r, 7k) - (€ — 7h).A(E — 7k) dr

/ /Rdnal J[—O'lg)(T n)- (& —71k)g(r,k —n,{ —mn)dndr.
(2.43)
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Eventually, the macroscopic density is evaluated by

ot,k) = /Qd f(t,z,v)e”**dvda = /de g(t,z —tv,v)e % dvdz

N f g(t,y,v)e FVe Y dy dy = g(t, k, th).
RQd

Going back to|(2.43)| with £ = tk, we arrive at

o(t, k) = fo(k,th) — / t ko1 (k) (F1 — 619,) (1, 7k) - (t — Tkl ((t — 7)k) dT

0
. /0 [ m ) Fr =Gy o) - (= TG =tk = ) dndr (244

2.3.2 Main result

We are ready now to state the main result about the non linear Landau damping. As said
above, the proof makes the constraint d > 3 on the space dimension appear.

Theorem 2.3.7 (Landau damping in R%) Let d > 3. Suppose . There ex-
ists universal constants g, Ry > 0 and r € (0, Ry) such that if s > Ry,

+o00 o 2
S lethll <5 [ 0w |Fe bl a < s

a€eNd k t.k
la|<P

t%(t k)‘ S €0,

and A € H{(RY) with P> d/2 and § > s+ 2d satz’sﬁesm then, the unique solution g of
[(2.10a)[{(2.10b)| s globally defined. Moreover, there exists g € Hp such that

lg(t) — g®llmg < eoft) 2 for0<o<r, (2.45a)
G(t, k,tk)| < eolk, th)~rFdt) (2.45D)
(V) Vo % (Fr(t) — o1 *gg(t))HLoo(dx) < €0<t>7d71 for 0 >0 (2.45¢)

holds.

Remark 2.3.8 i) Estz'mate holds because o1 is assumed to be in the Schwartz class;
this assumption can be relazed at the price of introducing constraints on the reqularity expo-
nent o.

ii) Estimate provides a decay of 8(t, k) with rate (k,tk)~0T4+2); the statement can
be completed by the convergence to 0 of the fluctuations 1 of the medium state, see Propo-

sition [2.23)

The proof of the Landau Damping in fact relies on a bootstrap estimate, see [13, Propo-
sition 2.5], which states as follows.

Proposition 2.3.9 (Bootstrap) Let the hypothesis of Theorem be fulfilled and let
0 < & < 1/2. There exists real numbers 2(d + 1) + 1 < s1 < s2 < s3 < 84 < § and
K1, ..., K5 > 1 such that, for any g € C°([0,T), H}) solution of|(2.10a){(2.10b)| on the time
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interval [0, T] verifying

1672, Vg3 < 4K2E(0), (2.46a)
"As4§"%?t)L?k) < 4Koe?, (2.46Db)
|||Vx|59(t)||§{;3 < 4Kse?, (2.46¢)
| Assdllee 2 < AKae%, (2.46d)

(Ve o), < 4Kse, (2.46¢)

(k&)

for 0 < e <eg small enough, the following estimates hold on [0, T]

192 Vg0l < 2Kre(0)” (247a)
|Asidllzz 1z < 2Kae%, (2.47b)
|||Vx|59(t)||§{;a < 2K3e?, (2.47¢)
|0l 2 < 2Kac®, (2.47d)

(Vo rg(Ollie . < 2Kse. (2.47¢)

(k,€)

Remark 2.3.10 We shall see within the proof how the s;’s are chosen, according to some
compatibility conditions. This choice determines the possible value for Rg that arises in
Theorem 2.3.7 as a threshold for the Sobolev reqularity in which the damping is evaluated.
To be specific, Proposition holds for s > s4+2d and s; > s;—_1+2d and in Theorem|2.35.
we can set

Ry = s4 + 2d, r=s —d—2.

The condition on €9 imposes a smallness constraint on the initial perturbation.

Remark 2.3.11 It might be surprising that the half-convolution with respect to time plays
a relatively weak role in this statement, compared to the Viasov case. At first sight, we
would suspect that the memory effect changes a lot the control of the force terms, or that it
imposes further restrictions. In fact, the heart of the proof relies on the estimates in Propo-
sition [2.31), and the main impact of the memory term is rather on the stability condition,
where it completely modifies, in a quite intricate way, the expression of the symbol L H .
This can be seen as a confirmation of the robustness of the approach designed in [87, 12, 135).

Having at hand the bootstrap statement, let us prove Theorem [2.3.7 This proof follows
closely [13].
Proof of Landau damping. If we have the a priori knowledge that with initial data
such that

+oo —~ 2
>l foll3r, < +oo, / (1) sup | Z1(t, k)| dt < 400, sup (1)°
0

aeNd t.k
|| <P

Fit,k)| < +oo,

the equation |(2.10a){H(2.10b)| admits a local solution continuous in time with respect to the
bootstrap’s norms, then, under the assumption of Theorem the bootstrap statement
implies that this solution is indeed global in time and satisfies |(2.47a){H(2.47¢)| over [0, c0).
We use these estimates to analyze the Landau Damping. In regard to the continuity of the
solution with respect to the bootstrap’s norms, we refer the reader to Appendix [A] where
we briefly explain how to obtain it.
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From this, implies [(2.45b); for every ¢ > 0, |o(t, k)| < e(k,tk)~!. For the force

term, we shall use the general estimate, for o > 0,
V)" Pt lleqan < [ (07 1F 1)

Next, we apply successively |(2.34c)|and [(2.47¢)} we obtain

V)7 Pabll(t Miean < [ K7 1KIG 0| Fr (e, ) = 31 (1) Fyte. )] b

5/ (k,tk>_51\k\sdk§5<t>_1/ e, th) 15 dls < 2 ()~
Rd Rd

where we used |(A3)|to incorporate (k)7 with |71 (k)| and the elementary inequality |k|(t) <
(k,tk).

It remains to show that the behavior of g(¢, z,v) is driven by free transport. To this end,
we are going to define g°° as the solution of

goo(w’v) = fo(.ﬁ,’U)
“+oo
+ ; Vo1 x (F1(t) —o1x9,(t)) (x + tv) - (Vodl (v) + (Vo — tVa)g(t, z,v)) dt,

which, indeed, lies in some H}. From this, we can establish the convergence of g to ¢* in
Hg-norm, with 0 <o <r = s; —d — 2. To this aim, we go back to and we get

(k,€)°DEG(t, k. €) = (k, )°DE fo(k, &)

= [ 0k (8) (Filr k) = 31 (BT () - DE (€ = r)AE = h) e

L(7,k,8)

[ [ e (Fitr.m) - 3.9, m)) - DEE - 031k~ o€~ Ty an
0 Jrd

NL(7,k,¢)

For the linear term, we combine |(2.34¢)], |(2.47e), together with the elementary inequalities
(k,€)29 < (k, Tk)?7(¢ — 7K)?7 and |k|(T) < (k,Tk); we are led to

~ _ ~ -~ 2
Lz 3 /Rd (e, TR (K261 (k)2 | Z1(7, k) = 51(k) (. k)|
, 2

X (€ — 7k)? |D2 (€ — k)A€ — Tk)’Q dk d¢

20 2 —2s1 2 20
< (/Rd@,m) |2 (k, 7k 5dk> /Rg@

k

< 62<T>_2/ <k,7‘k>20+2_251 dk S €2<7_>—d—2’
Rd

— 2
Vol (©) df)

~

k

where we used the assumption .# € Hjf with § > o ; the last estimate holds provided
20 4+ 2 —2s; < —d, that is 0 < s; — d/2 — 1. For the non linear term, the Cauchy-Schwarz
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inequality, with (k,&) < (n,mn)(k —n,& — 7n), yields

/Rd (k,&)%|n||o1(n ‘331 (t,n) 1(n)€4;(7, n)’ ‘D?V/\Ug(T,k: —n,&— Tn)‘ dn

1/2
< (/ T lnllor (0] | i) 61 7 ) dn)
x(/Rdm,Tm nllo1 ()| Zi(r,m) — 1))
" 1/2

x|k —n|?(k —n,& —n)>

_ 2
DgVayg(r, bk —n, & — Tn)‘

dn)

Next, combining |(2.34c)|, [(2.47¢e)l [(2.47¢)| and |n|(T) < (n,Tn), leads to
2
INL(IE,

5 /Ri‘fg (/I%% M‘nH&l(n)’ ‘%(7—, 7’L) — 31(n)g;(7'7n)’ dn>
<( [ (wralallos ]| i) = 51t

DEV,g(t)(k — n, & — m)’2 dn) dk ¢

x|k — n|25(k‘ —n,&— Tn>2"

n,™n -~
< <sup /Rd |<k |>25|n|01 )| [Z1(7,m) = G1()y (. m)| dn>

kcRd

x ( / (n, 7n)° |nl[51(n)| | Z1(7,m) = 51 (n)F(,m)| dn> |19V
Rd

n

(n, ™n)? _
< N S1cd
N<sup L a7y

keRd
Ut s
R¢

Hp
o+1—s1
< €4<7’>72 sup / —<n,7n> 55— dn / (n,7n>‘7+1*31 dn
keRd JRI |k —n| R4
where we have used the condition s3 > o + 1. Remarking that (n,7n)? = 1+ (7)%|n]?> =

(()n)?, a simple change of variable yields

[yt dn = () [ et an < (n)

R 4

provided o0 + 1 — s1 < —d, that is ¢ < s1 — d — 1. Proceeding with the same change of
variable, since § < d we obtain, for any k € R?,

/ <n77_n>a+1—51 dn = <T>d+26/ <n>0+1_81 dn
Ri Re |

|k —n|20 a [(T)k —n|?

o+1—s1
([ [ )
B((rk1)  JeB((r)k) (T)E —nl

< ([ [t dn ) S )
B(0,1) |n]25 Rd
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which is indeed a uniform estimate with respect to k. Eventually, we arrive at

INL(IZ, | S &) 2-24,

The conclusion is two-fold: on the one hand, the definition of g°° is meaningful, and it gives
an element of H$ for any 0 < 0 < r = s; —d—2; on the other hand, for any ¢ € [0, s1—d—1),
we have

lg(t) = 9> 13,
“+oo “+o00
g 62/ <7_>—d—2 dr + 64/ <7_>—2d—2+26 dr 5 €2<t>_d_l+ + €4<t>_2d_1+26+.

t ¢
This ends the proof. [ |

The bootstrap argument in itself is adapted from [I3] by taking advantage of the analo-
gies with the Vlasov equation. There are two main differences that require some care:
the additional term .%;(t) should be controlled with the bootstrap norms and all quanti-
ties where ||o(t)|| arises in [13] should be controlled here by ||%,|. Both |.%;(t)| and the
estimates of |%,|| by |le(t)|| should be evaluated by using the norms involved in Proposi-
tion These issues are the motivation for Proposition and Proposition For
instance, let us detail this strategy for the estimate of As,p in the L%k)L%t) norm. The other

estimates proceed similarly, by combining the arguments of [I3] to Propositions and
They are performed in details in Appendix [A]

2.3.3 Estimate of the L}, L}, norm of A,,0.

The estimate of A, 0 is a consequence of the following two claims, for which we refer the
reader to [I3, Section 2.3 and 3]. The former is a version of Lemma adapted to the
norms of the bootstrap.

Proposition 2.3.12 (Linearized damping on R?) Let the assumptions of Theorem
be fulfilled. We consider a family of functions {t € [0,T] — a(t, k), k € R?}. We suppose
that, for any k € RY,

T
/ el (ks th)22a(t, k)2 dt < oo,
0
holds. Then, we can find a constant Crp (which does not depend on k and T') such that
any solution (t,k) — ¢(t,k) of the system

o(t, k) = a(t, k) -l—/ H(t—T1,k)p(T, k) dr
0
= atk)+ [ @ WPRREE = )20 =) ([ pelr =)ol k) do ) ar,

on [0,T) satisfies the following estimate: for any k € R?

T T
[kl 60 i < Crp [ bG8 1) ae, b P
0 0

The second estimate is concerned with the time-response kernel

_ LIV 2\nlY2| k(1 —
K(tmk,n):‘ | |n|< >‘2( il G(t, k —n,tk — n)|.
n
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which is a crucial quantity for the analysis of the echo phenomena. It leads to the constraint
on s1 involved in Proposition [2.3.9] Technically, this statement is substantially different
when X¢ = T¢ or when X¢ = R?. In the torus, the proof needs analytic regularity but is
free of constraint on the space dimension d (see [12], Section 6]). For the free space problem,
the argument relies on dispersion mechanisms of the transport operator which are strong
enough only when d > 2; in this situation it is thus possible to work in finite regularity.

Proposition 2.3.13 Let 0 < T < co. Let s1 > 2(d+ 1) + 1. The following two estimates
hold

sup sup/ K(t, 7, k,n)dndr < sup sup (k, &) |g(1,k,&)|
t€[0,T] keRd Rd 7€[0,T] k,£€RE

and

sup sup/ K(t, 7, k,n)dkdt < sup sup (k, &) |g(1,k, ).
7€[0,T] neRd J+  JRd 7€[0,T] k,¢€R?

Remark 2.3.14 The factor 1/(n)? in the kernel K comes from the convolution kernel used
in [13]. Here, since o1 is Schwartz class, this factor can be replaced by 1/(n)™ with m € N
as large as we wish.

We follow closely the arguments of [I3], up to the perturbation due to .#; and ¥; as
pointed out above, these perturbations do not substantially modify the analysis, owing to
Proposition and Proposition [2.3.3

We start from the expression of g(¢, k) in|(2.44) and we apply Proposition [2.3.12|in order
to estimate the L%t) norm of A, 0 (with i € {2,4}). We get

T
40201, S [ KRtk )
T
“,
0

+/OT‘/Ot/R%|k|1/2<k,tk>s4nal(n) (Z1(r.n) = 51 ()G, (7))

2
x [t —71lkg(t,k —n,tk —tn)dr dn‘ dt. (2.48)

2

/t k|2 (k, th)* k 51 (k). Z 1 (1, k) - [t — 7]k A ([t — T)k) dr| dt
0

Integrating |(2.48)| with respect to k yields

T
”A54§”%2k L2t 5/ / |]€|<k7tk>2s4

\k\l/Q k tk>s4/€0'1(k‘)¢§[<7', k)-(t— T)kfo([t —1lk)dr

— 2
Jolk,tk)|” dkdt

2
dk dt

R4

+/R/O \/0 /Rd]k\l/2</~c,tk>54n81(n) (Z1(r.n) — 51()F, (7))

2
x (t — 7)kg(r, k — n, tk — mn) dr dn‘ dk dt.

We denote the three terms in the right hand side as CT1, CT2 and NLT, respectively
(for “constant term 1 and 2, non linear term”). In what follows, we are going to split the
discussion according to the estimate NLT < NLTT+NLTR, where NLTT (for transport) and
NLTR (for reaction) stand for the contributions that arise from the following decomposition

(k,tk)** < (k —n,tk — ™) + (n,mn)*
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Estimate on CT1 and CT2. Thanks to the first point of Lemma [2.3.5| we get

CTIS Y () = o ol v)llf, < &

a€eNd
|a|<P

while Proposition implies CT2 < 2.

Estimate on NLTT. As said above, having Proposition at hand permits us to readily
adapt the arguments of [I3]. The Cauchy-Schwarz inequality yields

T t
V52161 (n)||.Z1 (1, n) — 61(n)%D,(r,n)| dr dn
NLTTg/Rd/O (/O/]Rd<> Inl|51(n)]].Z1(T,n) — o1 ( )%(J!dd)

X (/Ot /Rd<7'>_5/2|n||31(n)| ’%(7’,”) — 31(n)§?g(7, n)‘ k;‘<]€ _ n,tk; _ T?’L>284

X |(t = T)k[2[G(r, k = n, th — Tn)|? dr dn) dkdt.

Now, |(2.34¢c)| and |(2.46¢)| ensure that

(n, 7)1 [51(n) || F1(7,n) — 31 (0)F,(,m)| S (1 + Ks)e.

Since |n|(T) < (n,Tn), we get

/ / (732 |nl 31 ()| F1 (7, n) — 31 (n) (7, m)| dr dn
0 R4

tT/ nl{n, ™)t dn dr
s(/0<>“/m| [(n, )1 d d)<1+K5>e

< </+W<T>5/2—d—1 d7> (1+Ks)e < (1+ Ks)e
0

where the last estimate assumes the condition 5/2 —d —1 < —1, that is d > 5/2. This is
one of the constraints on the space dimension d which imply that the analysis applies only
when d > 3.
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Going back to NLTT we are led to (by using (|t — 7)k| < (7(k — n),tk — n))

NLTIT < (1 + K3)e / / / / ()75/2|n)|51 (n) y\% .n) )%(T,n)\
Rd
< (1) 5Nk — n, th — )24 (7 (k — n), tk — T)2|G(1, k —n tk—Tn)Pden) dk dt

S (14 Ks)e / / +5/2|n|\01 ‘ﬁf T,n) —o1(n )g?(T,n)‘
/ / V3| ( — m, th — )25 (7 (k — ), th — 7n)?
x[g(r,k = n,tk — rn)|2dt dk) dn dr
T —~ ~
< (14 Ks)e (/d/ (2 nllo1 ()| Zi(r,m) — 51 ()G m)| dnd7'>
Re JO
+oo
><< sup sup ( / / k —n,tk —mn)** (1(k — n), tk — n)>
R4

0<7<T neRd
x[g(r, k =, th — rn) k| dt dk)

+oo
< (1+K5)252< sup sup ( / |k]/ n),tk — mn)(k — n,tk — ™n)*
0<7<T neRd R4

xG(7, k —n,th — mn)|? dtdk).

With two changes of variables and by applying the Trace Lemma, we obtain

+oo
/ yk\/ n), tk — mn)(k —n, th — ™n)*g(r, k — n, tk — mn)[* dt dk
+o0 k k 2
_ / / (k= n), bk )k — b — )G (r ke — m th — )| dtdk
R J oo || ||
+oo
< sup sup / / ), tw + ) (k — n, tw + 2)*4G(7, k — n, tw + z)|* dt dk
weSd—1gcRd JR4

+oo
< sup sup / / [Tk, tw + z) (k, tw + )G (T, k — n, tw + 2)|* dt dk
Rd J—o0

weSd—1zcRd

S Ve, Vo) (1)l
Finally, combining this with |(2.46a)[ we obtain

NLTT < (1 + K3)2K .

Estimate on NLTR. We make the time-response kernel K appear:

T t
NUtR = [ ([ ] R, a2 ) 6 o)
R4 JO 0 JR4

—~ ~ 2
x| Z1(r.n) — 31(n)dy(r, )| drdn) dkt.
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Then, Cauchy-Schwarz’ inequality and Fubini’s theorem allow us to obtain

NLTRS// (/ Ktrknd7dn>/ K(t,1,k,n)
R4 R4

x (n, n)*4|n|(n)45, (n)|? ‘J] T,n) —o1(n )?!?(7' n)‘ den) dkdt

sup sup/ K(t,7,k,n)drdn / / / K(t,7,k,n)dtdk
t€[0,T] keRd R4 R4 R4

x(n, 7n) 4 n|(n) (31 (n) ? | Z1 (r, m) — 51 () (r, n)] dr dn

S(sup sup/ Kt7kn)d7dn> ( sup sup/ K(tTk:n)dtdk)
T R4

te[0,T] keRd 7€[0,T] neRd

R4
/ / )25 () 451 (0)[2 | 3 (. m) = 1 ()G ()| dr ain.

By using [(2.34a)| and |(2.46b)}, we obtain

T
/ / (n, )24 0| ()51 (n) [ | 1 (7, m) = G1(n)F(, n)]2 drdn < (1+ K»)e?
0 R4

Gathering this with Lemma [2.3.13| and |(2.46e), we are led to

NLTR < (1 + Ko) K2

Recap. We have shown that, if g is a solution of |(2.10a)H(2.10b)|satisfying |(2.46a)H(2.46e)|
on [0,T], then

|4l 2 < (14 (Ut K3)?Kae® + (1 + Ko)K3%) <2,

Let us denote C the constant hidden in the symbol < of this estimate. Choosing Ko > C
and € < 1 so that
(1+K5)2K1e + (1 + Ko)K2e? < 1

allows us to conclude that |(2.47b)| holds.

2.4 Non linear Landau damping: periodic framework

The dispersive effect which has been used for proving the Landau damping on R¢ does not
exist on the torus. For this reason, in order to control the echoes, we shall work in the
(sub-)analytic framework, following [I2]. For the Vlasov-Poisson problem, the analysis of
[10] is a hint that this regularity could be necessary. As a counterpart of this regularity,
there is no restriction on the space dimension d.

The proof still relies on a bootstrap argument, see [12]. There are two main arguments,
like on R%, in order to adapt the proof of [I2] to the context of the Vlasov-Wave system:
firstly, the force term Vo x (Z(t) — 01 * 9,(t)) can be controlled, in suitable norms, by
the macroscopic density o(t), and, secondly, the contribution associated to the initial data
fg Vo1 % F (1,24 71v) -V (v)dr does not perturb too much the bootstrap property (here,
we refer the reader to the remarks made when analyzing the whole space problem).
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2.4.1 Functional framework

We start by introducing several Gevrey norms. Let g : (0,00); x T¢ x R — R. The Gevrey
norm || - [[gxe:s is defined by

192 = 3 / (k, €)2 MO |52, b, €) 2 de

kezd

and we also need the Gevrey norm || - || z5,0;s given by

gt Fnme = > (k, th)27 eI |5(¢ K k)]
kezd

Let o: Ry x T — R. The Gevrey norm || - || zx.is Teads

lo(®)Znmie = D (K, k)27 2MEIR" (¢ k).
kezd

In what follows, we always assume \,0 > 0 and 0 < s < 1.
As a warm-up, we observe that, with g(¢,z,v) = f(t,z+tv,v) and o(t,z) = [ f(¢,z,v)
we have

le()| Fros = gDl 7205

Moreover, assuming o > d/2 we have a o —ring property: with h(t, z,v) = o(t, z+tv)g(t, z,v),
we have

1) l[gr.oss S [lo(®)l| x50 lg (E) lgr.ass -

Finally, we shall also need the following Gevrey norm: for P € N, we define the norm
|+ l|gress of a function (¢, z,v) = g(t, z,v) by
P

lg®llgros = D ll@;v) = v%g(t, 2,0)[lgrow

aeN?
la|<P

=3 Y [ (k& gk 0)| de.

aeN? kezd Y RE
|a|<P

The o—ring estimate equally applies to this norm. Note that the weight in the exponential
is (k, &), instead of |k, &[; this is useful to establish the following embedding property.

Proposition 2.4.1 Let A >0,0<s<1 and P € N.

i) (o-ring estimate) Let o > d /2, and set h(t,x,v) = o(t,x+tv)g(t, z,v). Then, we have

1B llgyess S o) roellg@ligress- (2.49)

it) (embedding) Let ¢ > 0, and suppose P > d/2. Then, there exists C > 0 such that for
any (t,2,v) = g(t,z,v) € Gp7*, we have

lg@)llFree < Cllg)ligaess (2.50)
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Proof. Let a € N%. We remark that

(k, €)7 MRS < ((n,tn)7 + (k — n, & — tn)?) Mt Alh—ng—tn)®
Then, by using the Cauchy-Schwarz inequality, we get
I(t, z,v) — v o(t, x + tv)g(t, a:,v)||é;,(,;s

5[] 3 €079 gt Dtk — 6 — )| e

kezd Y Re  nezd

S S 2
/ Z (n, tn)7 MM 5, n)eMr—mE—tn) Dgg(t,k —n,§ — tn)‘ d¢

kezd ' Re  nezd

+ Z ‘ Z Mn,tn)s )< —n, & — >a Mk—n,E—tn)® ?ﬁ(t,k—n,f—tn)fdg

kezd R& nezd

/ n) 2 (n, im0 g, ) )
keZd neZd
X ( > (k—mn&— tn)20 A h—ng—tn)® Dgg(t.k—n, & — tn))z) d¢
nezZd
+Z/ > (n, tn)?7 P 5t n) ?)
kezd nezd
(3 n — i, — tn)27 e Deg(r e — )| ) e,
nezd

We conclude that i) holds since the condition o > d/2 implies that the series >, (k —n) =27
and Y, (n)~27 are finite.

We turn to the proof of ii). For 0 < s <1, we get

> Z/ D2 s (k€709 50, b, ) A S )2y (251)

aeN? kezd
|a|<P

Indeed, since |0, (k,&)| = [&/(k,&)| < 1, we have
96, [€ -+ (. €7 G0k, ©)]| S (k&7 g0k, )| + (k)TN 51, K. )]

Repeating the argument, we establish that, for any multi-index «,
Dg[e > (k7N G(1,k, €)]| S D (k&7 DL k, €)].
j<a
Going back to|(2.51)[shows that, g(t) being an element of Gy, for any k € Z%, we have
3 / ]DE ¢ s (k, &) MRO G(t k 5))] dé < +00.

aeN?
|a|<P

In other words, & — (k,&)7eMB€°G(¢, k, €) belongs to HP(]Rg). Since P > d/2, Sobolev’s
embedding applies: this function is continuous, and, for any k € Z? and ¢ € RY, we get

(k&)™ g2, k,6)| S (3 / DEIC s (k70500 kOl dc) "

acN?
|a|<P
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It follows that

l9()3roe = D |y th)7 XSGt b, k)
kezd

’2

s . 2
S S IR N S PO
keZd aeNd Y Re F

lo|<P

From now on, we assume that
o>d/2, P >d/2, 0<s<l.

We shall consider the parameter A as a function of the time variable A : ¢ — A(t) € (0, 00),
continuous and decreasing. The estimates |(2.49)| and |(2.50)| adapt to this context.

In contrast to what we did for the problem on R?, we do not express general conditions
on %y and p.. Instead, we shall use the same assumptions as in the case of the linearized
Landau damping. For the sake of convenience, let us recall them here.

(K1) n>3isodd,
(K2) o9 € CY(R") with supp(o2) C B(0, Ry).

(K3) supp(vi) C T x B(0,R;), i=1,2 and
& = // (|¢1(x,z)!2 + C2|Vz¢o(:v,z)|) dzdz < +oo.
Td xR"

(K4) o7 : T — R, is radially symmetry and analytic; in particular there exist
C1, A1 > 0 such that |71(k)| < Cy exp(—A1|k|) holds for any k € Z.

Note that assumption |(K5)|on .# and fy will be replaced by .# € 91”30’0;1 and fo € QIVDO’O;S.
As a consequence of [(K1)| and [(K2)| the kernel p. has a compact support: supp(p.) C

[0,2Ry/c], see Lemma By virtue of [(K2)|and [(K3)] .%; is compactly supported too:
supp(#1) C [0, (R; + R2)/c], as pointed out in the proof of Lemma [2.2.10} In what follows,
the following parameters will play an important role

2R2/C, S() = (R[ + RQ)/C.

The following statement, analog for the torus of Proposition is a crucial ingredient
to justify the bootstrap property.

Proposition 2.4.2 Let (K4 ) be fulfilled. Let t — A(t) > 0 be a continuous and

decreasing function. For any o >0 and 0 < s <1, we get

Vo1 * (Z1(t) = o1 % (D) | Frorons
S Sitocrcs, + [ Inlt =)l o) b, (252
Consequently, the following estimates hold
IVor % (Z1(t) = o1k Gy() 2oone S 1+ /0 ol o dr,  (2530)

sup |[Vou» (Z1(1) = o1 x Gp(r)|Trnros S €1+ sup [lo(T)Gam o (2:53D)

~

r€[0,t] T€[0,]

t t
/ Vo1 % (F1(7) — 01 % Go(r)) [Errros dr S 61+ / lo(T) 2o A7, (2.53¢)
0 0
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Remark 2.4.3 The following observations will be useful:

i) In the specific case s = 1 we shall need a further assumption on A(0): for this situation,
we assume A(0) < C(A1,2Ra/c, So) = min(A\1/(So),2A1/(2Rs/c)).

ii) In contrast to the analysis of the Vlasov-Poisson problem, a control of [ |lo|| dr ensures
a pointwise control of the force term. This fact, which can be seen as a kind of regularizing
effect of the half-time-convolution, simplifies slightly the proof of the bootstrap property.

iii) Like for the whole space problem, the exponential decay of 1(k) can be used to absorb
any polynomial with respect to k that arises in the estimates, see Remark [2.3.2.

Proof. We estimate separately the contributions from .#; and ¥:

2 2 2
Vo1 % (Fr(t) = o1 % Z,(1)[[Fr0.0s S Vo1 F1 ()| Fr00s + [IVE A Z(8)[IZor00,005 -

38~

For the former, we use supp(.%7) C [0, So]xT? and the estimate (see the proof of Lemma 2.2.10))
k| [31(R) | Z1(t, k)| < Culkle™ ™02 ] p2n /im0 VET Losi<so. (2.54)
We obtain

s _ 2
Vo1 % Z1(t) a0 S (Z (k, k)0 A IR 2 =2l ) E1lo<i<s,
kezd

S ( Z <k>2a<So>2062/\(0)<k>s<50>5 |]€’262/\1|k|2> @("Ilogtgso-
kezd
When 0 < s < 1 the sum is finite; when s = 1 we should impose the additional condition
A1 > A(0)(So).
For the latter, we apply the Cauchy-Schwarz inequality, so that

n 2
195 By = 3 (st 2 00| [t = 1)t )
kezd 0
t
< HpCHLl / ‘pc(t — T)‘ (Z <l€7tk‘>2062)\(t)<k,tk‘>5|k’2|&1(k)’4‘/g\(7_’ k)‘Q) dr
0 kezd

t
— HpCHLl/ |pe(t — 7)] (Z [k(t,’r)(k,Tk>20€2)\(t)(k7rk>s‘§(T, k)IQ) dr.
0

kezd
It follows that

91~ 14 SEs TRY®T o)A th)® AP (k) — (k) )
Ik(t, 7') = |k’ |O'1(k)’ W@ ’ e ’ ’ .

Therefore if Ij(t, ) is bounded uniformly with respect to k, t and 7, then we get

t
2
|| VE * g@(t)H]_‘A(t),o‘;S S /0 ’pC(t - T)| HQ(T)H?]-')\(T)J?S dT'

We are left with the task of justify a uniform bound on Ij(t,7). To this end, we remember
that p. has a compact support: we can restrict the time integration to 0 <t —7 < 2Ry/c.
For t > 7, a simple analysis of function shows that

20 20
kezd ;:igza = <<j->>za < (t—T1)% < (2Ry/c)*.

Since t — \(t) is decreasing, we have exp(2(A(t) —\(7))(k, tk)®) < 1. Finally, with 0 < s < 1,
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we have (see [12, Lemma 3.2])
()" = ()°] < (& —w)*,

so that (k,tk)® — (k,7k)* < ((t — 7)k)* < <%k>s and exp(2A(7) ((k, tk)* — (k,7k)®)) <
exp(2)\(0)<%>s<k)5). We conclude with

Ip(t,7) < CH[2e= Ik (2 Ry /)27 2MOZE) R
when 0 < s < 1, while for s = 1 we further assume 4\; > 2A(0)(2Rz/c). ]

We turn to the estimate of the force term fot Voi* Zr(r,x+71v) - Vil (v) dT by means
of the norms involved in the bootstrap.

Proposition 2.4.4 Let|(K1)[{(K4) Assume that .4 € GY'%° for some integer P > d/2.

Let t — A(t) > 0 be continuous, decreasing, and such that A(0) < vg. Then for any o > 0
and 0 < s <1, we have

2
t < & (2.55)

~

T t
/0 H/OVal*ﬂ}(r,x—l—Tv)-Vv///(v)dT’

FA(t),05s

Remark 2.4.5 Again, when s = 1 a constraint on A\(0) like A(0) < C'(A\1,S0) = A1/{So)
should be imposed.

Proof. We start with

T t 2 T
/ H / Vo x Zi(r,x+ 1v) - Vol (v) dT‘ dt < / Z I(t,k)*dt,
0 0

A(t),o58
7 0 kezd\{o}

where I(t, k) is defined by
t
I(t, k) :/ (k, th)7 AOER | Gy (k)| | F1(r, k)| (2 = 7)k| [A([t — 7]k)| dr.
0

For any k # 0, we have (t) < (k,tk), and since \ is decreasing, we obtain

t
I(t,k) < (1)~ / (e, TR)TH A ETE | (5 (k)] | F1(7, )|
0

x ([t = 7]R)7H AU | — 7| k| |27 ([t - 7)k)| dr.

Since [|€ — exp(vo(€)*). (&)||gr < |4 gro0:s and P > d/2, the Sobolev embedding
P

HY < CO° ensures that .
A (€)] S e,

Then, by using|(2.54), we arrive at
I(t,k) S ()L (k)TH(Sp) 7 LN O (S0)° o o= Aulk]

t
" </ ([t = 7]y 7+ AOET g — 7 evolerIey” d7> V&
0
Since A\(0) < v we have
t
/ ([t — T]k>0+1e)\(0)<[t—7]k>5’t — 7| ’k‘e—uoqt—T]k’)S dr < /<u>o+2e—(y0—,\(0))<u>s du<1.
' R

Therefore, when 0 < s < 1 we obtain fOT S It k)?dt < & and for s = 1 we conclude
similarly at the price of a constraint like A\; > A(0)(Sp). [ |
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We now state an existence-uniqueness result for the Cauchy problem |(2.10a)H(2.10b) in
the functional spaces of interest. We will give a complete proof of this theorem and make
additional remarks in Appendix [B]

Proposition 2.4.6 Let P > d/2 be an integer and o > d/2 be a real number. Let A, fy €
QZ,O’O;I with vg > 0. Then, there exists T* > 0 and a continuous decreasing function 0 <
v(t) < min(vp, A\1/(So0),2A1(2R2/c)) such that the problem|(2.10a){H(2.10b)| admits a unique

solution g € C°([0,T*); g;(t)"”l) on [0,T*). Moreover, if for some T <T*, we have

limsup ||g(t)|| o < +00
tT P
then, actually, T < T*.

Remark 2.4.7 The constraint v(0) < min(vp, \1/(So0),2X1(2R2/c)) comes from the fact
that the proof uses Proposition[2.4.9.

Remark 2.4.8 The fact that the boundedness of the H%-norm of the solution implies that
the solution can be continued on a larger time interval and still be analytic on this time
interval might be surprising. Indeed, from the proof of this statement, we can see that the
decay rate of the analyticity radius v(t) of a solution of |(2.10a)H(2.10b)| can be estimated
in term of the H%-norm of the solution itself: see Then, since this decay
is exponential, as soon as the Hp-norm of the solution is finite, the analyticity radius of
the solution does mot shrink to 0. The complete proof of this statement and appropriate
references can be found in Appendiz[B.

The analysis of the Landau Damping, as it is already clear for the linearized problem,
relies heavily on the formulation of the problem by means of the Fourier variables. Let us
collect the useful formula from which the reasoning starts. Integrating|(2.10a)H(2.10b)| over
[0,t], we get

g(t,z,v) = fo(z,v) —l—/O Voo % (Fr—o1%9,) (T, x+710) - (Vy —7Vo) (A (v) + g(T,2,0v)) dT.

Thus, we obtain

Gt k&) = Folk,€) — /0 KG1()(F1 — 517,)(r, k) - (€ — 7h).A(E — 7) dr

= X [ d0)(F = AT ) - (€ = )i k=, — ) dr

nezd

and

000.K) = otk ) — [ K51 FT — 5,17 0) - (= T4 = )

t —— —~
S / nG1(n)(Fr — 517 (r,m) - (t — Tk G(r, k — m, th — 7n) dr.
0

nezd
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2.4.2 Main result

That the Landau damping holds on the torus can be formulated as follows.

Theorem 2.4.9 (Landau damping in T%) Let be fullfield. Let P > d/2 be
an integer, 0 < s < 1 be a real number, M# € QILQO’; and fo € Q;O’O;S with vg > 0. We
also assume (without any loss of generality) that [[ fodzdv = 0. There exists a universal
constant g, such that if

[follgroes < €0 ; &7 < £

and M satisfies then, the unique solution g of [(2.10a)H(2.10b)| is globally defined. To
be more specific, for any 0 < N < vy, we have g € CO(R+;Q)‘,’O?S) and there exists an
asymptotic density ¢ € G\, the space average of which vanishes, such that

l9(t) = 9% Nl groe S g€ 20O, (2.56a)
o)l pxoe S coe 200707 (2.56b)
Vo1 % (Z1(t) — o1 % Gp())l| e S coe 20707, (2.56¢)

Remark 2.4.10 When s = 1 the constraint on N becomes
. M 21
N —_— .
< min (Vo, <50>, (2R2/c>>

Remark 2.4.11 Estimate|(2.56b)| can be rephrased as a decay of 0(t, k) like exp(—N (tk)®).
This can be used to establish also that fluctuation of the medium 1 tends to 0, see Proposi-

tion M)

Like for the problem set on R, the proof relies on a bootstrap argument, which, in this
context, states as follows.

Proposition 2.4.12 (Bootstrap) Let the assumptions of Theorem be fulfilled. Let
ap = (vo+XN)/2 and 0 > d/2 + 6. There exists a function X : Ry — (ap, 1), continuous
and decreasing, a real B > 2 and constants Ky, Ko, K3, K4 > 0 such that if g is a solution
of [(2.10a)H(2.10b)| on the time interval [0,T] verifying

||g(t)||ék(t),0+l;s < 4-[{1<t>782 (257&)
P
||9(t)||éx(t>,a—5;s < 4Kye? (2.57b)
P
T
/ Hg(t)H?]:)\(t),a;s dt S 4K3€2 (257C)
0

for 0 < e < e small enough, then g also satisfies, on [0,T], the estimates

lg@® I rwmsre < 2K () (2.58a)
P
||g(t)||é)\(t),a—5;s < 2Kye? (2.58b)
P
T
| et < 2 (2.580)
0

Lo Zawms < 2K4(t)e” (2.58d)

A
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Remark 2.4.13 The role of 1s a bit different from its analog for the Viasov-Poisson
problem. Indeed, the interest of this estimate is to provide a pointwise control on the
force term. However, here, as said above, such a control can be obtained by estimating
[ lo(t ||]__A o:s dt. Consequently (2 is enough to ﬁmsh the proof, without using
and the proof sl@ghtly szmplzﬁes Nevertheless we keep (2.58d) in the statement since zt 18

useful to justify (2.560)

We now explain how the Landau damping can be justified, having at hand the bootstrap
statement.

Proof of Landau damping. We only detail the case 0 < s < 1 and ., fj € QIVDO’O;l, and
we refer the reader to Remark [2.4.14] below for further information.

Step 1 : Global well-posedness. Since 4, fo € QVD’O’l Propositionensures that we can
find T* > 0 and a continuously decreasing function 0 < v(t) < min(uo, A1/(S0),2A1(2R2/c))

such that|(2 10a)|—| 2.10b |has a unique solution g € C°([0,T*); QP Jotds Y on [0,T*). More-

over, since 0 < s < 1, this solution equally lies in CO([O,T*),QI);() 7H15)  where now A(t)

stands for the function arising from Proposition [2.4.12] It is still possible to fix the constants
so that the estimates|(2.58a)H(2.58¢c)|hold at 7' = 0, and ¢ is continuous for the correspond-
ing norms. Therefore, we already know that we can find 7' > 0 such that |(2.57a)H(2.57c)|
hold on [0,7]. Proposition together with a reasoning by connectivity ensures that
[(2.58a)H(2.58d)| hold on [0,7*). Finally, |(2.58a)| tells us that

limsup [|g()|| yo+1 < limsup ||g(t )H AW tio < 2K (T*)e
t T P t T

holds, and thus we can go back to the extension argument in Proposition 2.4.6] and we
conclude that T* = +o0c.
Step 2 : Convergence to 0 of p. Since the space average of g(t) vanishes: g(¢,0) = g(¢,0,0) =
0, we get

o)l 5 0 < llolFrapase™ 020",

Next [(2.58d)| (with o > 1/2) ensures that
l0(t) | Fag.o:s Z 200 (5K 51 1) |2

keZd
1
< Z T AOEE 51 k)P < T lelEs0.m < Kae®
kezd

Since ag = (vp + \')/2, we have proved

”Q(t)”]:/\’,o;s <V Kyee™ 2(>‘0 )‘/)<t>s_

Step 3 : Convergence to 0 of the force. This result follows similar arguments. Since the
average of the force term vanishes, we have

Vo1 * (ZF1(t) — o1 *f%(t))”fﬂl,o;s < ||Voy % (ZF1(t) — oy *%(t))llimo,o;s o 2(@0=N) ()
By using |(2.53a)| and |(2.58¢)}, we get

t
Vo1 % (Fr() — 01 x Gy(t))| 20 S Erloctesy + / lolorcy e d < 2.
0

we conclude by using ag = (v + \')/2, again.
Step 4 : Existence of the asymptotic profile. We wish to define the quantity
+oo

9% : (x,0) — folz,v) + N(g)(r)dr

0
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where N (g) stands for the right hand side of [(2.10a)
N(g)(t,z,v) = Vgzo1 % (F1+ 01 %9,)(t,x + tv) - (Vy — tV) (A + g)(t, z,v).

Let us check that this makes sense as an element of gA’vO:S. Next, we will show that ¢(¢
converges to g*° for large times. We start by estimating f[f [ N (9)(T)llgar,0:s 7. With [(2.49)
we get

/ | N (9) () g oedr < / I N (9) ()l g ayosrindr

/O IVaL (F1(r) = a1 % Go(T))l pxaszea (Vo = TV) (A + (7))l gy a/25.dT

d

Since o > d/2 4 6, we have
(Ve = 7V2) (A + g(7))ll gy ar2es
ST >H//+g( T grarzvas <) + g(T)]| gacrr.anss
P P
Moreover, the average of the force term vanishes so that

Va1 x (F1(T) — 01 % Do (7)) £ a/241:s
< ()T Vo x (F1 (1) — 01 % Go(T)) || povios

< (7)Y Voy « (Fr() = 01 x Do(T) | pacoons
and applying [(2.58a)| with the Cauchy-Schwarz inequality yields

/ | N (9) () llgraedr
< / (r) 2 015 (F1(7) = LoD s (M g0, + VBT

t 1/2
S (/ IVo1 % (Fr(r) = 01 % Go ()| rm o0 dT)
0

¢ 1/2
X </0 <T>720+d+11(”%”z%’0;5 + K1€2)dr> )
P

By using |(2.53a)| and [(2.58¢)| we see that the first factor of the right hand side is bounded
uniformly with respect to ¢ while the condition o > d/2 + 6 implies that the second factor
is also bounded uniformly with respect to t. Thus ¢™ is well defined in G**%. To be more
specific, we have shown that

197 = follw 0w S (61 + Kze?)(1 + Kie?).

Since &7 < €2 it says that g™ is at a distance at most & from fo.

The convergence of g(t) towards g* relies on the same manipulations. The noticeable
difference is in Step 3; using again the fact that the space average of the force term vanishes,
we get

HVO'I * (ﬁo/\](T) — 01 *gQ(T))H]:)\’,d/2+1;s

< (r) TP (@0 Vo % (F1(7) = 01 % Gp(T)) | peguae

< (r) 7T Vo (Fr(7) = 01 % Gp(T) | paierens
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It follows that
—+o0
lg(t) — 9™ [Igr 055 S/ N (9)(T)llgar,0: AT
I El +00t
S Co 0 ([ ) R Vo (1) - 012 Gy oo
t

X H‘% + g(T> Hg]);(7)7<7+1;3 dT)
< co—(a0-X)()°

)

and we conclude by using ag = (19 + \')/2. |

Remark 2.4.14 We conclude the proof with a couple of remarks.

o When the data fo belong to QIVDO’O;S, with 0 < s < 1, Step 1 s critical since it relies
on Proposition |2.4.6] which applies for analytic data only. We use a reqularization
argument: we introduce a sequence (fg)n>0 of data that belong to 91'30’0;1 and that

converge to fo in QIVDO’O;S as 7 — 0. For any n > 0, the associated solution ¢" is

globally defined and it satisfies [(2.58a)H(2.58d)| on [0, +00). We can also check that
the constants K1, ..., Ky can be defined independently of n and that g" converges in
C9(]0, +00); L' (RY x RY)) to a certain function g, which is still a solution of—
see [103] and [25, Theorem 4 & Lemma 8]. Moreover, for any t > 0, we
have

Hg(t)”é;(t),vﬂ;s < 1%%%{? Hgn(t)‘@;(t),aﬂ;s

and
”Q(tﬂ@gu),a—a;s < I%rg(iﬁf Hgn(t)Hégtm—ﬁ;v

Indeed, for any fized t, the sequence (g”(t))n>0 is bounded in glﬁ“)"’“?s and Q;\D(t)’a_ﬂ;s
(owing to|(2.58a)| to |(2.58b)|); thus, extracting a subsequence (which might depend on

t, but this is not an issue here), there exists g, and g, such g"(t) converges weakly to
t),0+1;s ,0—Bss

gt in g?,( (resp. to g in g},(t) ). By lower-semi-continuity of the norm for

the weak topology, we get
301230050 < i g7 ()25
and

~ 112 .. 2
o < i .
1G¢lgaco.o-sie < Hm i {lg" (@)l gaco-sis

Since g(t) = g = G (by uniqueness of the limit in L') almost everywhere, and

(2.58b)| still apply for g. In order to justify that|(2.58¢)| and |(2.58d)| apply to g, we use
the fact that, for any t, k,&

gt k. €) — Gt k,€).
n—0+
Fatou’s lemma then yields

198 5rr00 = D (s th) 272X OEE T inf |72, ke, th)[* < lim inf[lg” (1) G0 o5e-
hezd n—0+t n—0t
o When s = 1 this is still Step 1 that contains some difficulty. We can apply Propo-
sition but we should check the interaction between the function A given by the
bootstrap statement and the function v arising from Proposition [2.4.6 Indeed, it is
not a priori excluded that v(t) < A(t) at a certain time t > 0, which would prevent us

from extending the solution in Q;‘,(t)’aﬂ;l, see [12].
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2.4.3 Bootstrap analysis: sketch of proof of Proposition 2.4.12

To start with, let us make a few observations:

e Like for the problem in R?, the main difficulty relies on the treatment of the echoes.
In RY, the dispersive effect of the transport operator allows us to obtain a control
by means of Sobolev norms, at the price of restrictions on the space dimension d,
though: in finite regularity we need to assume d > 2 (the case d = 2 being critical for
a different reason). On the torus, the dispersive effect does not hold, which motivates
the analytic framework. As a consequence of working in such a high regularity, we get
rid of the restriction on d.

e The justification of the bootstrap follows the same approach than for the problem on
R?. Since the structure of the Vlasov-Wave equation is close to the structure of the
Vlasov-Poisson equation, we can perform the same estimates than in [12]. The price
to be paid is to replace terms of the form ||o(t)||# by

Vo1 * (Fr(t) — o1 D(1))]| - (2.59)

Then all the difficulty consists in controlling|(2.59)| by means of ||o(¢)|| 7. Since Propo-
sition and Proposition allow us to perform this kind of estimate, we have a
complete proof of the Proposition 2.4.12] by applying this strategy.

For the sake of brevity, let us just sketch how apply this strategy to obtain the estimate
[(2.58¢)|from |(2.57a)H(2.57¢c)}, having, on the one hand, the estimates of [I2] and, on the other
hand, the estimates from Propositions [2.4.2] and 2.4.4] As in the free space case, we first
need a version of Lemma [2.2.8| adapted to the norms of the bootstrap statement. Here we
need to adapt this Lemma to the case of fractional exponential weights. This was performed
in [I2, Lemma 4.1]. We can adapted the proof to the context of the Vlasov-Wave system
and obtain the following result.

Proposition 2.4.15 (Linearized damping on Td) Let the assumptions of Theorem
and Proposition|2.4.14 be fulfilled. We consider a family of functions {t € [0,T] — a(t, k), k €
Z%}. We suppose that

T
5 /0 U, )27 MOEL |4 1Y2 dt < oo,
kezd

holds. Then, we can find a constant Cpp (which does not depend on k and T) such that
any solution (t,k) — ¢(t,k) of the system

ot k) = a(t,k)+ /t H(t—T1,k)p(T, k) dr
0
t P T
— aft, k) + /0 Pk (¢~ )2~ 7 /0 plr = 0)o(0, k) do ) dr.
on [0,T] satisfies the following estimate: for any k € Z¢

T T
/ <k3,tk‘>2062/\(t)<k’tk>s|¢)(7§7 k)|2 dt < CLD / <kj’tk>2rf€2>\(t)<k,tlg)$|a<t7 k)|2 dt.
0 0
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Then we introduce the time response kernel which contains all the difficulties concerning
the control of echos terms: let
=, 1 S S
K7 kn) = s PO =AM IR AT kmnth=rm)® | (1 — Yk G(r, k — n, th — 7n)| 1nzo
n

where ¢ = ¢(s) € (0,1) is determined by the proof.

Remark 2.4.16 i) Since in our case the kernel o1 is analytic we can choose 7y as large as
we wish. In practice, since we use the arguments of [12], for proving a result in Gevrey
regularity class s € (0,1), we should take vy such that s > 1/(2+ ) (so the smaller s, the
larger ).

it) Note also that the analyticity of o1 allows us to replace the term (n)~7 in the time
response kernel by exp(—vy(n)). According to [87, Section 7.1.1], this permits us to obtain
better estimates on K, but it is not obvious that these improvements lead to a Landau
damping effect in finite reqularity on the torus. Since in our context the regularity of o
s also needed to obtain the crucial estimates of Propositions [2.4.2 and [2.4.4), and since
replacing (n)~7 by exp(—~y(n)) does not improve the result, we chose the definition of the
time response kernel with the (n)~7 factor.

For this time response kernel we will use the followings estimates (see [12, Section 6], which
are the analog in the torus of Lemma [2.3.13

Lemma 2.4.17 Under the assumptions of Proposition the following two estimates
hold

t
sup sup / Z K(ta 7, k, TZ) dr 5 \/EE
t€[0,T] keZN\{0} /O 74\ [0}

and

AN

vV KQE.

T
sup  sup / Z K(t,7,k,n)dt
TG[O,T] neZd\{O} T keZd\{O}

We now get all the required definitions and propositions. We follow closely the arguments
of [12]. We start from

—~

ot k) = Jolk,tk) — /Ot k&](k)%(ﬂ k)-(t —7)kt((t—T1)k)dr

o~

‘), PG, K) - (A~ 7R
0

t
— Z / noi(n)(Fr —01%,)(t,n) - (t — 1)k g(1,k —n,tk —n)dr
nezd 0

= CTI1(t, k) + CT2(t, k)
+/ k|71(k) %, (. k) - (t — )kt ((t — 7)k) dT + NLT(t, k).
0

As in the free space problem (see Section , for estimating the non linear term NLT
we start by splitting it into several parts. Here this decomposition is slightly more precise
than in Section but the main idea is the same: we consider separately contributions
from high and low frequencies coming from g and g: NLT = T + R + R. The transport
term T contains ¢’s low frequency terms and g¢’s high frequency terms; the reaction term
R contains g’s high frequency terms and g¢’s low frequency terms and the remainder term
R contains the other terms, those where ¢ and g have almost the same frequency. The
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precise decomposition needs the introduction of the Littlewood-Paley decomposition and
the paradifferential formalism. We prefer not to detail this aspect here. Then, we apply

Proposition [2.4.15(to obtain (by summing over k € Z%\ {0})

T T T
/0 10(8) 2y dE < / ICTLE) 2oyt + / 1CT2() 2y e

T T T
+ /0 10 2or o + /0 IR(E)] s d + /0 IR |2y .

Constant terms. We estimate the first constant term CT1 as in [I2] and we obtain

T
/ T Zr o d S 2
0

For the second constant term CT2 we use the Proposition [2.4.4] to obtain

T
/ 1CT2() 2oy dE S &1
0

Reaction term. Following closely the argument from [12), Section 5.1.1], we are led to the
following estimate on R:

T t
/ ”R'(t) ”‘27:)\@),0;3 di S.; ( sup sup / Z K(tv T, kv TL) dT)
0 0

te0,7] kezd nezd

T
< | sup sup / )3
7€[0,Tnezd Jr

K(t,7,k,n) dt)
kezd

T
X (/ Vo1 % (Z1(1) = o1 % Go(r)) | Frcrron dT) -
0

Note that in order to make the kernel K appear, we have to multiply and divide by (n)7.
Then the correct estimate is the same but replacing

Va1 % (F1(1) = 01 xGo(7)) | rir),os

_ Z <’rl,Tn>2U€2A(T)<n’Tn>S‘n‘2’31(n)’2 ‘%(T, n) i &1(,”)%(7_’ n)‘

nezd

2

s ~ - ~ -~ 2
> (n, )2 X NOI ()2 0 2[5y (n)|? | F1(7,m) — G1(n)G(mm)|

nezZsd
Since o7 is analytic we can always use, without any bad consequences, a small part of the
exponential decay of its Fourier transform to absorb the (k)7-term (we already dealt with
this difficulty in the free space problem, see Remark [2.3.2)). From now on, we always omit
this minor detail in the estimates. Then, applying Lemma [2.4.17] and Proposition [2.4.2] with

[357a)) we get
T
| IRO B d S ac? (874 Kae?)
0
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Transport term. We follow line by line the estimate of [I12], Section 5.1.2], and we are led
to

T T
/0 rT<t>u§mmdts</o V1 % (F1(r) — 01 % Go(r) | Ercorm dT>

s +o00 w 2042
X Supe(c_l)o‘(’(T) Z sup Sup/ <k7 Mg—x>

720 keszezfxel[{d —oo
2
R w
g<7,k,<—x) A
@]

where ¢ = ¢(s) € (0,1). Then, applying Proposition with [(2.57¢c)| and the Trace
Lemma [2.3.4] with [(2.57a)| (see in Section the paragraph Estimate on NLTT for a
similar reasoning) yields

s N h )

T
| IO ot S (614 a2
0

Remainders term. The arguments of [12, Section 5.1.3] allow us to obtain the estimate

T T
/ 1RO Frw.0e dE S Kre? (/ IVo1 % (F1(7) = o1 % Go(1)) | Frcrro dT)
0

0
T / s
o / 3 (DN ) 17 g
0

nezd

where ¢ € (0,1). We conclude by applying Proposition [2.4.2] with |(2.57¢)| to obtain

T
/ IR Zerci e At < K12(E + Kae?).
0

Recap. We have shown that, if g is a solution of |(2.10a)H(2.10b)| satisfying |(2.57a)H(2.57c)|
on [0,7T], then

T
/ lo()Zxr.owe At S €% &1 + Koe? (& + K3e?) + (61 + Kse?) Kne? + KieX(6) + Kae?).
0

Since in Theorem the smallness assumption on the fluctuation of the media is & < €2,
this estimate can be rewritten as

T
/ lo() %o dt S (14 Kol + K3)e? + K1 (1 + K3)e?) €2,
0

Let us denote C; the constant hidden in the symbol < of this estimate. Choosing K3 > C
and € < 1 so that
(K1 + Kg)(l -+ K3)62 <1

allows us to conclude that |(2.58¢)| holds.

2.5 Discussion of the stability criterion

In this section we come back to the stability criteria and Which are absolutely crucial
for justifying the Landau damping. We already know that a large wave speed guarantees
the damping, see Proposition Nevertheless, we may also wonder, for a given wave
speed ¢, whether or not an equilibrium ./ is stable or unstable.
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2.5.1 Towards a Landau-Penrose criterion

For the usual Vlasov equation, a “practical” condition on the equilibrium .# — the Pen-
rose criterion, see [87, Condition (c) in Proposition 2.1] — can be exhibited to ensure the
linearized stability. By following a similar approach we expect to find a criterion with the
same flavor for the Vlasov-Wave problem. However we shall see that the half-convolution
with respect to time that defines p. makes the criterion much more intricate.

Throughout this section we assume that

o1 and o are radially symmetric,

which makes the computation more explicit. With a slight abuse, we shall use the same
notation for radially symmetric functions and their radial representation. As a warm-up,
let us briefly recall why it suffices to check that w € iR — £ (w|k|, k) € C never crosses
the real-axis beyond 1.

The first step of the reasoning consists in showing that it is sufficient to check that
LA (wlk|, k) # 1 for every k and w € C with Re(w) > 0. Let us distinguish four different
cases, depending if X% = T4 or R? and depending if we are considering - or m
First case: X? = T¢ and |(L)| -. In this case, thanks to the expression

+oo +oo
LA ((a+iB)|k|, k) = |51(k)|? (/0 e (@ tBIkILy (4) dt) (/0 o—(a+iBu,, //7(u|:‘) du)

we check that £ ((« +if)|k|, k) converges to 0 when |k| — 400, uniformly with respect
to o+ i and it converges to 0 when o — 400, uniformly with respect to k& and 3. More-
over, thanks to the Riemann-Lebesgue Lemma, we can also prove that .Z.¢ ((a + i) |k|, k)
converges to 0 when |3| — +oo:

L (o +B) k], k)| < lloa 34 Ipell

-
f e o \k\)

There is a priori no reason for the latter convergence to be uniform with respect to k and a.
However, since we consider an infimum over all k € Z¢\ {0}, the first convergence ensures
us that we can restrict to a finite number of modes k and the convergence when |3 — +o0
is indeed uniform with respect to k. We can also justify that this convergence is uniform
with respect to «. To this end, we show that

+oo
a%/ —ifug O‘“u//?( V‘?’>
is uniformly continuous with respect to k and f:
+00 +00 . — k
e~ gmonuy, du — / e~ B g2ty mlu—) du
/ o) | S

—+00
< / ’e*alu —e a2 u//7< )‘ — 0,
0 ’k| |1 —aa|—0

where the convergence is obviously uniform with respect to S and where the assumption
M € HY (vesp. 4 € G implies |.Z(€)] < ()77 (vesp. |#(€)] < e %)) and
thus the uniform convergence with respect to k. Since the convergence of Z.# to 0 when

|6|—>+oo
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a — 400 is uniform with respect to 3, we can consider « in a compact subset of (0,00)
and then (by uniform continuity) only a finite number of a’s. The convergence of .Z.#" to
0 when || — +oo is then also uniform in a. Now, we know that outside of a compact
of {w € C, Re(w) > 0} x Z4\ {0} the application (w,k) +— Z# (w|k|,k) is far from 1.
Since in a compact of this set there is a finite number of modes k and since the application
w— LA (w|k|, k) is continuous, condition is satisfied if and only if £ (w|k|, k) # 1
for every k € Z%\ {0} and every w € C such that Re(w) > 0.

Second case: X¢ =R and This case is not far from the previous one, we only have
to understand what happens when k lives in a continuum space like R\ {0}. If we fix some
d > 0 arbitrarily small and if we only consider the infimum over {|k| > d}, then we can
follow the same strategy, up to the fact that we have now to justify the uniform continuity

of
+00 k
k— / —iBug—au u///(um>

with respect to 8. Since .# € H} (resp..# € Q;O’O;l) implies £ — ////\(f) is continuous and
since |e~%%| < 1, this is obviously the case.

Next, we study what happens when & goes to 0 (this point is irrelevant for the usual Vlasov
case: since the potential is singular at 0 the symbol .Z.#" can not reach 1 when k — 0). It is
not possible to extend k — £ ¢ (w|k|, k) by continuity at 0, but for every sequence (ky,)nen
such that k, — 0, up to a sub-sequence, we can assume that (k,/|kn|)neny converges to a
certain ¢°°. Then we are led to

+o0 +oo /\
i 2 (bl ) = 1510 (/O pc(t)dt> (/0 ey Ao )du).

Since [;° pedt = k/c?, we conclude that is satisfied if and only if for every k& € R%\ {0},
o € ST w e C with Re(w) > 0,

H(wlk|,k)#1 and L(w,0) = %\31(0)12 </0+Ooe_w“u.////\(u0) du> £1.

Third case: X¢ = T¢ and In this case we first prove that if the criterion is
satisfied for a certain x > 0 for all w = a + i with o > 0, we can find A > 0 such that
(possibly replacing k by k/2) criterion is satisfied for all w = a+1if with o > —A. From
that point we can then apply the arguments of the first case in order to conclude that
is satisfied if and only if .Z.# (w|k|, k) # 1 for every k € Z%\ {0} and w € C with Re(w) > 0.
Let us justify the first point. Thanks to the uniform convergence to 0 with respect to «
and 8 of Z# when |k| — +o00, we can restrict ourselve to the case of bounded Fourier
modes k. Then we show the uniform continuity with respect to k (with |k| bounded) and
of a = L ((a +1iB)|k|, k) which implies the required conclusion. Since we have already
seen that

o /0+ —(atif)u u///(ué‘) du

is uniformly continuous with respect to k and (3 it only remains to prove that

o r—)/ —(a+iB) |kt ( )dt
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is uniformly continuous with respect to k and 3:

+o0 , oo »
/ 6—(a1+zﬂ)|k|tpc(t) dt — / e—(a2+zﬁ)|k|t pc(t) dt
0 0

+o00
< [ e el o) at
0

This convergence is obviously uniform with respect to 8 and the uniformity with respect to
k is only possible when |k| is bounded.
Fourth case: X¢ = R? and By combining the arguments of the third and second
cases we obtain that is satisfied if and only if for every & € R4\ {0}, 0 € S} we C
with Re(w) > 0,

LH (wlkl,k) #1 and L(w,0) # 1.

The second step of the argument consists in applying Rouché’s theorem in order to
compute the number of zeros of w — L (wlk|,k) — 1 in a certain compact of {w €
C, Re(w) > 0} (note that is possible to justify that w — Z.# (w|k|, k) is holomorphic). To
be more specific, the previous step allows us to find a radius £ > 0 such that Z.¢ is far
from 1 for every k and w € C with Re(w) > 0 and |w| > Q. If we assume, for every k, that
w i LA (wl|k|, k) never achieves the value 1 on the imaginary axis, then Rouché’s theorem
tells us that the number of zeros of w — Z.# (w|k|, k) — 1 is equal to

o L 0L (w|kl, k)
- 2im Jp, LA (wlk], k) — 1

where T = Cq U [—iQ,iQ] with Cq = {Qe?, 6 € [1/2,37/2]} (depending on the case, we
have to be cautious when we apply Rouché’s theorem, see Remark below). We split
the integral over the path I'q into a contribution over Cq and an other contribution over
[—i€2, Q)] and we let 2 go to +oo: we can justify (see Remark [2.5.3|below) that the integral
over Cq goes to 0 and we eventually obtain

1 1
N=— / dz.
2 J o ikre) 2 — 1

Since L (ip)k|, k) — 0 when  — too, L (i|k|R, k) U {0} is a closed path in C (which
does not cross 1) and we deduce that Z. % (iw|k|,k) # 1 for every k and w € C with
Re(w) > 0 if and only if L7 (i|k|, k) # 1 for every k and 8 € R and the winding number
of the path 2.7 (i|k|R, k) U{0} around 1 is equal to 0. This formulation eventually allows
us to obtain the announced sufficient (but not necessary) criterion: if for every k and § € R

Im (LA Bk, k) =0 = Re(ZLX(iBk|k)) <1,

dw (2.60)

then the linear stability criterion is satisfied.

Remark 2.5.1 For X? = R? the second step has to be performed also on the symbol L.
Then the complete sufficient condition is: if for every k € R*\ {0} and 0 € S¥!, B € R —
LK (iflkl, k) and B € R — L(if,0) never crosses the real-azis beyond 1, then the linear
stability criterion is satisfied.

Remark 2.5.2 (i) In the case # € Q;O’O;l and p. compactly supported, one can justify
that w — L (w|k|, k) is holomorphic on a set of the form {w € C s.t. Re(w) > —A} with
A > 0 and Rouché’s theorem can be applied without any additional difficulties.

(i) In the case A € H} and p. has a polynomial decay, w — L (w|k|, k) is holomorphic
on the set {w € C s.t. Re(w) > 0} which does not contain the imaginary line and we have
thus to be cautious when we apply Rouché’s theorem. We overcome this difficulty as follow:
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o We first chose Q > 0 sufficiently large in order to insure that all the zeros of w
LK (wlk|, k) — 1 are on the interior of the bounded domain with boundary I'q. We
consider then a sequence of closed path (T'c)c included in {w € C s.t Re(w) > 0} and
converging to I'q.

e Then, the uniform continuity of a € Ry v LA ((a+iB)|k|, k) with respect to B and
k insures that for € > 0 sufficiently small all the zeros of w — L# (w|k|, k) — 1 are
on the interior of the bounded domains with boundary I'c. We can thus apply Rouché’s
theorem on these closed paths:

1 0, LA (k| k)
- 2im Jp, LA (wlk|, k) — 1

dw.

e We conclude by remarking that on these paths, since LX¥ (w|k|, k) is far from 1,

0o L H (W], k)
LA (k] k) — 1

is continuous and then, since these closed paths are bounded we get

1 0l H (wlk|.K) 1 0wl K (w]k|, k)

_ 1 L dw.
2ir Jp. LA (Wl K) — 1 50 2ir Jr, LA (wlk] k) — 1

Remark 2.5.3 In order to justify the limit Q@ — +o00 in|(2.60)| it is sufficient to prove that
|0, LK (w|k|, k)| < (w)™2. For example, in that case we get

0 3m/2 ) QO
dw| < — 10, L4 (QP)k|, k)| dd < —(Q)"2 — 0.
2K Jr/2 2k Q—+oo

1 0w LA (wlk|, k)
2im Joo LA (wlk|, k) —1

Since
Dl H (||, ) = |51 () 2 ( / —ilkfteIkltp, (1) dt) ( / e () du)
0 0 k|
+o0 ) +00
+ \81(k)\2 </ €_M|k|tpc(t) dt) (/ —jue” W u///( k ) )
0 0 ||

we get

0,27 (@Ikl, K)] < (sup K131 (k) ) [ = tpe(t)]

[ “/’7( i) O
[reeatdyel

+ o lZy lpell

Moreover

+oo ,—iwu 2
/ e A (u |k|)d“ - /0 67 ddu2 {u'_”ﬁ///(ulzl)} du

which will give us the right estimation if we are able to justify that

dd; {“ > ut A (u yk\)}
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is integrable. As we have already seen it (see Lemma , A € HE with P > d/2 implies
that

1€ = ()7 A (E)llco < N4 |15,
and the same reasoning shows that .# € Hf with P > d/2 + 2 implies

1€ = (€)7A ()l S || |z

which gives us the required estimation when o > 0 is sufficiently large.

2.5.2 Computations of Laplace transforms for the Penrose criterion

In order to find an expression for the stability criterion, we compute .Z.# (w|k|, k) on the
imaginary axis: namely, with § € R, we consider

LA (BIK], k) = lim LA ((o+ i) k], K)
a>0

= polai (k) { lim Zpc((a+iB)Ik|) | { lim 2 (t|k[PDI(tk)) (o + iB)I]) }-

a>0 a>0

where

v AM(v) = poM(v), po > 0, /M(v)dv—l.

The computation of the Laplace transform of ¢ ~ t|k|2 M(tk) is based on the Plemelj
formula; see [33, Example 5.2], which leads to (see [87, Proposition 2.1])

M1y (7)

tim (kM) (0 + i)k k) = ~P.v. [ S

a>0

dr — iwzw(—ﬁ),

where P.V. denotes the usual principal value operator and where f1, || is the one-dimensional
marginal of M defined by

k
_ M(r— .
11k (T) /UMO (r\k| + 'Ui) dvy

Next, the Laplace transform of p. can be determined by using the classical result [95]
Formula (VI,2;13)]

0

ZL(1i>0sin(0t)) (w) = el

for Re(w) > 0.

For a > 0, 8 € R, we thus get (we recall that p. is defined by [(2.5))

Lpllat i) = o | O e
2m)™ Jgn (o +1B)?|k]* + ¢|C[?
Since oy is radially symmetric, its Fourier transform is radially symmetric too and we can

T e iy = B [ o) dr
Pe C@2m)n Joo (a2 = B2)|E|? + c2r? + 2iaBlk2

In order to compute this integral we will apply the following Plemelj-like formula.
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Lemma 2.5.4 Letn > 3. Let f : R = R be Schwartz class. We have for any k # 0,

T ) dr = P.V. /m A (G sgn(ﬁ)%ﬁn_Qf(!ﬁ\).
0

A=0 Joo 12— K2+ A2+ 20k r2 — g2
A>0

We postpone the proof of this claim at the end of the section. We apply this formula with
f(r) = 162(r)?, X\ = a|k|/c and k = B|k|/c in order to obtain

lim Zpe((a -+ i)[H)

a>0
_ 1Y +00 pn=1G (1) im (BlkI\2 | |8k 2
BCACOR (P'V'/o o ow@7(50) ()

r 62

We point out that Lemma cannot be applied with 8 = 0, nevertheless the previous
formula makes sense even when = 0: in this case a direct application of the dominated
convergence theorem allows us to obtain

. L ®OP ., s
liy L) = g /| ac="

which is consistent with the general formula.

Therefore, we obtain the following expression for £ ¢ (i/3|k|, k) which identifies the real
and imaginary parts

n—1

LA, K) = -5 B (R E) + 17 (Bl ).

where

400 ,n—1|4 2 ,U/ (T)
BBk, k) = — (P.V./O mdr) (P.V./ﬂ{%dr)

—sen(9) % (24172 o, (2

2 c c

)

)’2 151 (=),

and

r

I (Blk], k) = =7 .11y (=) (P-V-/O

mBlkIN 2 . /|BK|\ 2 Fieie ()
+ (@) T (2R1)"7 o (1221 (p.v. / @'ﬁd>

+oo .n—1|~ 2
()] dT)

2 _ Pk
C2

It leads to the Penrose stability criterion, hereafter denoted (P):
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If

) (3 o (B [ Pl

2 c
+oo ,.n—1|4 2
o oo (r)|
- /~Lk/|k|(_18) (PV/O 2 B2k dr ’

T 02

then

p0 S e /*°° |Gy (r) 2 /“?c/w(r)
_P py [ T2l py. [ DeAY
c2 (27‘1’)" ’0'1(]{7)‘ \ 0 "2 _ 520|§|2 dr Vv R T""B dr

s 3 () oo (D) ) <

2 c c

When X¢ = R? the Penrose criterion (P) has to be completed with the following
criterion (hereafter denoted (P’)): for all w € S¢

!/
. POk | 2 fhe, (1)
fu (—=B) =0 then — - [51(0 (P.V./ 4 d)<1,
if o, (~6) = 0 then — 25 [51(0)| [ ar
We conclude that, when (P) (resp. (P) and (P?)) is satisfied, then holds. This
criterion is much more involved than the Penrose criterion for the Vlasov equation, because
the memory term p. completely changes the evaluation of the symbol .Z.# and does not
keep a simple separation between the real and imaginary parts.

Remark 2.5.5 Let us rescale the problem as in [25]: roughly speaking, it amounts to replace

the wave equation by
02 — AL = —Foy o1 * p.

Letting ¢ run to 4+oo, the problem looks like the Vlasov equation where the self-consistent
potential is defined by the convolution —ko1*o1%p. According to [87], the stability criterion
for this limiting problem reads

- £y, /11 ()
if 1 (—B) = 0, then — por |57 (k)| (P.V./Ri/jﬁdr> <1,

which corresponds to the limit ¢ — 400 in the rescaled version of (P) (note that in this
scaling the symbol LK is muitliplied by c?). In particular, mind the minus sign in front
of the coefficient poloi(k)|?: it makes the situation very similar to those of the attractive
Vlasov-system.

We finish this section with the proof of the Plemelj like formula that we used in order
to compute the Laplace transform of p..
Proof of Lemma [2.5.4,  Let us denote by I(\) the quantity under consideration and
f(r) = g(r?); with the change of variable u = r? we get

L[ v(w)
M) == d
() 2/0 u— RZF A2+ 20N 0

where v(u) = u™/* 1g(u). We adapt the computations that lead to Plemelj’s formula. It is
crucial to remark that
v € LP((0,00)) for some 1 < p < 2. (2.61)
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(At worst, 7/(u) has the same singularity as 1/y/u as u — 0.) We start with

+00
I(\) = ;/0 (w—r2 _S)(\g))Q Py (u— &%+ A?) du
_ 2R /+OO 7 (u) du.
2 Jo  (u—RZ4N2)2 4+ 4k2N2
Setting v = u — k2 + A2, and w = v/(2|k|)\), the second term recasts as
ik [T yu+r2=AY) dv i /*Oo Y(2|k|Aw + K — A2)

A = —sgn(k) =
2 |k| J 2 (2|:|A>2+1 2|K|\ 2/ 1 (2 ) w?+1

dw

which tends to —isgn(x)mv(k2)/2 as A — 0. Similarly, we consider

“+oo v
J\) = S — 2 _A) dw.
() /52_,,_/\2 U2+4l€2)\27(v+/€ ) dv

Since )\ is intended to tend to 0, we can consider k2 > A% > 0 Given 0 < § < k2 — A%, we
split into 2 parts

J(\) :/||>6...dv+/_j...dv:J5(>\)+J5()\).

First, we show that Js(\) tends to 0 as § — 0, uniformly with respect to A. Indeed, since
v+ v/(v?2 + A2) is odd and thanks to we have

+4 v
|Js(N)] = ‘/5 IR ['y(v + K2 = /\2) —7(&2 — )\2)} dv

/ o 1
< ——dv — 0.
<k ||Lp/5 |v|1/P Y o0

By dominated convergence, we get (owing to the fast decay at infinity of 7/)

2
lim JO(\) = / 1U>7,€2M do
A—0 lv|>6 v

:/5 (v + £ = (k) dv+/6“2 (v + K = (k) dv+/+°° CRT

k2 v v 2 v

The same reasoning shows that this quantity admits a limit as & goes 0, that we write with
the shorthand notation

* (v + K2

e v

lim lim J°()\) = P.V. dv.

6—0A—0

2.5.3 Stable and unstable states

The criterion (P) is a bit ugly and not that practical. Nevertheless, some relevant infor-
mation can be extracted from the formula, showing again the similarity with the attractive
Vlasov-Poisson equation.

Proposition 2.5.6 Let X% = R? withd > 3. Let .4 be a spatially homogeneous and radially
symmetric equilibrium. Then, there exists a threshold for the wave speed co( M ,01,02) > 0
such that for any 0 < ¢ < co(M ,01,02), A in an unstable equilibrium state.
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Proof. We find k and § such that £ (if|k|,k) = 1. To this end, we use the fact that
fpc(zBUC\\) belongs to R for § = 0 and the radial symmetry of .# which implies that
L(|k|*tM (tk))(iB|k|, k) is real too when 3 = 0:

Hi 11 (7)
LA, k) = —po [51(k)]? (P.V./ ’“”jj'm«) Cﬁ (2.62)
R
Moreover, the symmetry of .# (and the condition on the dimension d, see Remark
below) also ensures (except for .#Z = 0, but 0 is obviously a stable state)

— (P.V./ Wdr) > 0.
R r

Now let us pick a vector kg such that o1(kg) # 0. As far as c is small enough, we have
L0, ko) > 1. Next,
,,2”,%’(0, )\ko) — 0
A—+00

and the continuity of A € R — &1(\kg) (observe that Ako/|Ako| does not depend on A and
thus only &1 depends on A in the expression of .Z.# (0, Akg)), allow us to exhibit a A\g € R
such that £ (0, A\oko) = 1. [ |

Remark 2.5.7 The condition d > 3 ensures that all marginals of a non negative radially
symmetric function .# are non increasing function of |v|, see [87, Remark 2.2], which yields

- (P.V./ Wdr) > 0. (2.63)
R

r

When d =1 or d = 2 this does not hold in full generality. Nevertheless, Proposition
still holds provided|(2.63)| is fulfilled.

Remark 2.5.8 When X% = T, the same proof shows that, for any spatially homogeneous
and radially symmetric equilibrium, we can find some wave speed ¢ such that A is unstable.
However, since k € 72, it is not clear that we can exhibit a non trivial interval [0, co(.4)]
such that instability occurs.

To identify a threshold on ¢ determining whether or not the stability criterion holds can
be interpreted by means of Jeans’ criterion, a standard criterion for the Viasov-Poisson
system, see [87, Proposition 2.1 & Remark 2.2]). To be more specific, let us consider a
form function o1 defined on RY, the Fourier transform of which has a singularity at & = 0:
typically o1(k) = |k|~® for some o > 1. Of course, such singular potential is beyond the
analysis detailed in this paper; we only use this assumption to establish a parallel with the
usual Jeans’ criterion. Let O'§L) be the periodic potential defined on T¢ = (R/(2rLZ))?* by

0§L)(x) = Z o1(x+2nLk).
kezd

—

Observing that UiL)(lﬂ =01(k/L), |(2.62)| becomes

LHOK) = —poi (P.V./ ’WdT) L
R

_p0|]€|2a r 627

where L has a role similar to 1/c. In particular, for any spatially homogeneous equilibrium
M , there exists a critical length Ly beyond which the equilibrium can be unstable, this defines
Jeans’ length.
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Remark 2.5.9 Denoting M = poM, with M being normalized, we can equally say (with
the same arquments) that, for any fired wave speed ¢ we can find a mass threshold my =
mo(M,c,01,02) > 0 such that for any po > mo(M,c,01,02), # is unstable. Nevertheless
we point out that, for c fired, the mass py of the profile A is not the unique quantity that
governs the stability of A, as indicated by the following claim

Proposition 2.5.10 Let .# be a spatially homogeneous equilibrium. We can find two pos-
itive constants C1 = C1(c,01,02) and Cy = Co(c,01,02) such that

o~

+oo
if, for any w € S¢, we have / u ‘,//(uw)’ du < Ci(c,01,02), then A is stable,
0

+oo -
if there exists w € S such that / uM (uw) du > Co(c, 01,02), then A is unstable .
0

This statement can be interpreted as follows. For fixed ¢, o1 and o9 there always exist
stable spatially homogeneous equilibria with an arbitrarily large mass (resp. kinetic energy),
and there always exist unstable spatially homogeneous equilibria with an arbitrarily small
mass (resp. kinetic energy). This comes from the fact that the constant C; and Cy in
Proposition are left invariant by the rescaling M — M) (v) = A\?=2.# (\v), while the
associated mass (resp. kinetic energy) is invariant for the scaling M — A\ (\v) (resp.
M — X2/ (\v)). These findings are investigated on numerical grounds in the next Chap-
ter.

Proof. The first part of the statement is a direct consequence of Proposition [2.2.11] which
tells us that a given profile .# is stable provided c is large enough. The second part of the
statement is a direct consequence of Proposition [2.5.6] and it comes from the formula

r

Lkt (t5))(0, k) = po (P.V. /]R ’Wdr> = /0 o wl (uw) du.









CHAPTER 3

Numerical investigation of Landau damping in dynamical Lorentz gases

In this Chapter we continue the analysis of the Landau damping effect on the Vlasov-Wave
system, but on numerical ground. At the end of the previous Chapter there were left
two main questions: when ¢ ~ 1 is it "easy" in practice to obtain a stable homogeneous
equilibrium 7 and what happens in the case n = 1 7 Since we will perform simulations
on large time interval we need a numerical scheme which preserves as much as possible the
structure of the Vlasov-Wave system. To be more specific, since the main physical interest of
this system is that it describes the energy exchanges between particles and the environment,
we took care to preserve this property at the discrete level. This strategy is quite general
since we can apply it to the N-particles model. We performed several simulations in that
case too in order to precise our insight on the influence of the physical quantity ¢ (the wave
speed) and n (the membrane’s dimension).

The results of this Chapter are the content of the article [P2] jointly with T. Goudon. Note
that the schemes are presented here in a slightly simpler (but equivalent) way than in [P2].

3.1 Introduction

This work is devoted to the numerical investigation of equations modeling the interaction
of particles with their environment, according to a description originally introduced by
L. Bruneau & S. de Bievre [16]. We refer the reader to Fig. for a rough picture that can
guide the intuition on this description. Particles evolve in the physical space R, and the
behavior of the environment is embodied into a vibration field which waves in the transverse
direction R™. The motion space and the vibration space are distincts and there is no a
priori relation between n and d. The environment can be thought of as a (continuum) set of
membranes, activated by the passage of the particles, as depicted in Fig. [3.1} and on each
position 2 € RY, the particles can exchange momentum and energy with the membranes.
The interaction is thus driven by the following parameters:

e two form functions x € R? + oy(z) and z € R™ + 03(2) determine the interaction
domain, in the physical and the transverse directions respectively, between the particles
and the waves; they are both non negative, spherically symmetric, infinitely smooth
and compactly supported;

e the vibration field is characterized by the (uniform) wave speed ¢ > 0.

105
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L et la1 .

Figure 3.1: Particle-wave interactions

As we shall see below, the dimension n of the vibrational direction plays also a fundamental
role.

The behavior of a single particle governed by this dynamics is discussed in [16]: with
q(t) denoting the position of the particle, and (¢, z,z) describing the environment, one
considers the system

i) = =vWa®) - [ o) - eVt (31a)

Ot — Az = —0a(2)o1(z — q(t)), (3.1Db)

for t > 0, z € R%, z € R*. Equation also takes into account the effect of an external
potential z — W (z). The system is completed by initial data

(9(0),4(0)) = (q0,p0),  ((0,2,2),00(0,2,2)) = (o(z,2),¢1(z,2)).  (3.2)

A fundamental feature of the model is the conservation of the total energy. Let

Eparticle(t) = %Q(t)z + Wi(q(t)) + //Rd . o1(q(t) —y)o2(2)(t,y,z) dydz (3.3)

and

1 2
Euave(t) = = // O (t,z, 2)|? dedz + S // Vot z, 2)2 dedz. (34)
2 JJraxgrn 2 JJraxrn

Then, we have

E(t) = Eparticle(t) + Ewave(t) — E(O) (3.5)
As time becomes large, the remarkable fact brought out in [I6] is that the membranes
eventually act as a friction force on the particle. To be more specific, the flavor of the large
time asymptotics of the particle can be recapped in the following statement (for precise
statements and detailed assumptions, we refer the reader to [16, Theorems 2 & 4]).

Theorem 3.1.1 Letn = 3. Foranyn € (0,1) there exists a critical wave speed cy = co(n) >
0 and constants v, K > 0 (which do not depend on n) such that the following assertions hold

e Constant force, [16, Theorem 2]: if W (x) = F - = for a certain F € R? constant and
small enough compared to ¢~', then, there exists goo € R? and v(F) € RY such that,
for any ¢ > cg, we have

'Y(lj”ﬂt

|go0 +t0(F) —q(t)| < Ke ™
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e Confining potential, [16, Theorem 4]: if W(x) —|g/5400 +00, then as time tends to
00, 4(t) converges to 0 and q(t) converges to a critical point ¢* of the potential W. If

q* is a non degenerate minimum of W, then, for any ¢ > cq, we have

y3-mn),

lq(t) — ¢*| < Ke™ 23

Remark 3.1.2 The following comments are worthwhile:

o We point out the role of the assumptions “the wave speed c is large enough” and on
the dimension n for the wave propagation. That ¢ is large can be interpreted as a
condition ensuring that the energy is quickly evacuated in the membrane, when the
particle hits this membrane. The following two intuitive arguments for choosing the
dimension n = 3 can be given: first, it ensures a strong enough dispersion effect, which
would be too weak in lower dimensions; second, the Huygens principle implies that the
energy transferred to the membrane is really evacuated and cannot be felt at the hitting
point after a while.

o When the particle is subjected to a constant external force, asymptotically as time
becomes large it has a uniform rectilinear motion. Assuming n = 3 also allows us to
identify the asymptotic action of the vibrations as a friction force proportional to the
velocity of the particle (see [16, Eq. (2.9)]).

o When the particle is subjected to a confining potential, it stops exponentially fast at a
critical point of the potential.

This statement tells us that, in certain circumstances, the interaction with the environ-
ment acts on the particle as a drag force: the large time behavior looks like the one of the
system

q@t)=p),  pi)=-VW(q(t)) — Ap(t),

with an effective friction coefficient A > 0. This is precisely the motivation presented in [16]
to shed some light on the conditions driving to such a friction effect, by coming back to a
more microscopic and detailed description of the interaction, that takes into account the
dynamics of the environment, here represented by a scalar vibration field.

Therefore, this work fits in the framework of open systems theory where a classical,
or quantum, system is coupled to its environment through exchanges of mass, momentum
or energy. In turn, the environment has a dissipative action on the system, an idea that
dates back to the seminal works of Caldeira-Leggett [19, 20]. We refer the reader to [66] for
an overview on such models for classical particles, and the presentation of a quite general
framework that encompasses many physical situations of interest. In particular, it is worth
mentioning the related attempts to model frictional damping from the interaction with
a wave field coupled to the moving particle [62], [64] and [42], where the environment is
described as a Bose gas, and the slowing down of the particle is interpreted in terms of
Cherenkov radiation effects. The originality of the model introduced in [I6] is to model
the environment as a vibrational field that can evacuate energy in directions transverse
to the particle’s motion. Then, the wish is to derive an effective formula, depending on
the interaction parameters (here o1, o9, c...) for the drag coefficient A\. One also expects,
for small applied force F, that the limiting velocity v(F) becomes proportional to the
force: v(F) ~r_o uF, in the spirit of Ohm’s law, and one is interested in identifying the
corresponding mobility p. Complementary studies of the model |(3.1a)H(3.1b)| can be found
in [2 27, 28, 29] 66, [96], with connections to stochastic homogenization and to the classical
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Lorentz problems. We also refer to [24] for a quantum version of the model, and further
connection to the Cherenkov radiation.

It is natural to extend the model|(3.1a)H(3.1b)| by considering a set of N particles which
all interact with the membranes. Let ¢; stand for the position of the ¢th particle. The
system is now governed by the system

Gi(t) = — VW (gi(t //R @) = D))Vt ) dydz (36

02 — A = —o9(2 <Z o1(x — q;(t ) , (3.6b)

fort > 0, z € R%, € R". Considering the mean field regime of this system (which amounts
to deal with the limit N — oo, assuming that the strength of the force on a given particle
scales like 1/N), one is led to a kinetic equation

OF +v-V,F -V, (W + 01 *z /021/) dz) -V, F =0, (3.7a)

Oih — A = —09(2) (01 *z / de> : (3.7b)

fort >0, 2z € R%, v € RY, 2 € R", where the unknown F' stands for the particles distribution
function in phase space, see [52]. These systems still satisfy the energy conservation property
(3.5)} just adapting the definition of the energy associated to the particles as follows:

N

Epamdesu)—z(; WP Wa®)+ [ ol - e >w<t,y,z>dydz> (39

i=1

for |(3.6a)1{(3.6b)| and

partlcles ﬂ t xz, 1) ( // Ul T — ( )w(t,y, Z) dydz) dz dv
R xR4 RA xR

(3.9)
for |(3.7a)H(3.7b)l We refer the reader to [25] for the well-posedness analysis of the Vlasov-
Wave system [(3.7a)H(3.7b)l As a matter of fact, we point out that F' naturally remains
non-negative, all LP (1 < p < 4+00) norms are conserved as well as the entropy functional

) _//RdXRd 1) log(F(£)) da dv.

More generally, for any A : R, — R the integral (Casimir functionals)

//RdXRd A(F(t)) dz dv

is conserved. These fundamental properties are consequences of the fact that the flow
et = (w0, v0) = (Z°(1), V(1))

defined by the ODE system
Sam =70, 7(0) = a0,
(3.10)

SHW) = VW2 W) - Vadlt, 1), V(0=
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where

sta) = [ o= pea()it. ) dzdy (31)

is symplectic. Indeed, denoting
_ [ 0a Ig
= (% 5)

(Jac )T J(Jac @) = J.

In particular, det(Jacy;)? = 1 and volumes are conserved by the flow. We deduce the
asserted conservation properties since the distribution function F' is constant along the flow
Pt: for any t > 07 F(t,x,v) = F()((,O_t(qf,’l))).

we have

Remark 3.1.3 The construction of the numerical method will use this property, which
equally applies to the particulate systems as follows. Given a solution of asso-
cz’ated to the initial data (qo, po, Yo, V1), we have at hand the potential defined by the formula
and it makes sense to consider the differential system (where a priori (xo,vy) #
(qo,po) when the equality holds the trajectories coincide (q(t ),p(t)) = (Z(t),7(t))). It de-
scribes the motion of a “fictitious particle”, governed by the potential ¢. This system is still
symplectic. A similar conclusion applies when starting from . However, we
warn the reader not to be confused: the differential system |(3.1a)H(3.1b)|, or|(3.6a){(3.6b),
itself is by no means symplectic (which would be contradictory with Theorem and the
numerical experiments). This observation will be crucial for the construction of the numer-
ical scheme: on a given time step, one has to solve the ODE system with 1 considered as
given, which motivates the use of a symplectic method in order to preserve accurately the
energetic properties of the model.

Remark 3.1.4 Contrarily to a common practice, we have incorporated the interaction po-
tential in deﬁm’tion and its counterparts for the many-particles frameworks. It is seen
as the potential exerted by the wave on the particle, consistently with the viewpoint developed
in [25]. This formulation will be also natural for discussing the numerical strategy and the
preservation of the energy exchanges.

One might wonder what the friction effect observed on a single particle becomes when
one deals with a large number of particles, either with the discrete model |(3.6a)H(3.6b)| or
the kinetic model |(3.7a)} Surprisingly, the conclusion might substantially differ (see
also the recent results in [104] which gives interesting hints on the large time behavior for
the IV particles system and comments on the loss of convergence rate in mean field regime
N — o0). In fact the analysis performed in [25] establishes an unexpected connection
between ((3.7a)H(3.7b)[ and the attractive Vlasov—Poisson system, which can be obtained in
a certain asymptotic regime as ¢ — oo. In the same spirit, several stationary solutions of

(3.7a)H(3.7b)| can be identified, by means of free energy minimization, and their stability
has been established [26]. Moreover, still based on the analogies with the Vlasov-Poisson

system, it has been shown that the Vlasov-Wave system |(3.7a)H(3.7b)|can lead to a Landau
damping effect, as summarized in the following statement (see the previous Chapter for
further details).

Theorem 3.1.5 Let W =0, n = 3 and suppose that x € T¢. If the im’tz’al data (Fo,vo,11)
are homogeneous with respect to xz, then the unique solution (F(t),¢(t)) of [(3.7a) mm
satisfies F(t Fo for any t. If Fy satisfies a certain criterion of lmea'r stability and con-
szdermg Fo, 1/)0 small enough perturbations of (Fy,vo,11), then, the associated solution

(F(t),v f1(3. 7a m satisfies the following properties:
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e the force term —V, (01 *g /ag{/;dz) converges (strongly) to 0,

e if, moreover, Fy has the same mass as Fy, the macroscopic density fﬁdv converges
(strongly) to [ Fydv.

Remark 3.1.6 Let us make the following comments:

e The analysis follows arguments for the Vlasov-Poisson system, see [87] and [12]; it
adapts also when dealing for the problem set on R?, following [13]. The decay rate can
be explicited, depending on the functional framework for the perturbation Fy.

o Given a spatially homogeneous profile Fy, the criterion ensuring the linear stability
holds provided c is large enough.

e Again, the role of the dimension n = 3 (in fact n odd and n > 3) is crucial for
establishing the Landau damping.

We wish to investigate these questions on numerical grounds. In particular, we address
the following issues:

e for the single particle model |(3.1a)H(3.1b), to illustrate the validity of Theorem
and observe the friction effect, for both a confining potential or a constant force, in
which case we discuss the behavior of the asymptotic speed.

e for |(3.6a)H(3.6b)| to investigate the N-particles large time dynamics. When N > 1
particles interact, the situation looks much more intricate and several scenario emerge.
Roughly speaking either the particles ignore each other, possibly after a very short time
of interaction, and they behave as they were alone, or they form clusters that create
their own confining potential. Such cluster may move or stop, even if, individually, each
particle in the cluster keeps moving. (Further results on the large time asymptotics
for N particles in a confining potential can be found in [104].)

e For the kinetic model [(3.7a)H(3.7b)} to illustrate the Landau damping phenomena.

We will pay a specific attention to discuss the role of the assumptions of the wave-space
dimension n, and on the wave-speed c¢. The numerical investigation of these questions
require to take into consideration the specific features of the models in order to construct
the numerical method:

e as said above, the friction/damping phenomena depend on the wave-space dimension
n, and the case n = 3 definitely has a specific role. Moreover, these phenomena are,
more or less, related to the ability to evacuate the energy through the membranes.
Hence, one has to simulate the free space wave equation, in dimension n = 3. This
requires to pay attention to the conditions imposed at the boundaries of the wave-
computational domain, in order not to perturb the necessary dispersion effects, which
are essential for the asymptotic properties.

e the energy balance, and in particular the exchanges between the kinetic energy of the
particles and the vibrational energy of the membranes, are also crucial features of the
models, and the discrete version of the problem should preserve as far as possible the
dynamics of these exchanges.
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These considerations will guide the technical choices to design the numerical scheme. The
Chapter is organized as follows. In Section [3.2] we describe how we can take advantage of
spherical symmetries to set up transparent boundary conditions for the wave equation in
dimension n = 3. Sections and are devoted to the discretization of the equations,
in the N particles and in the kinetic frameworks, respectively. In Section we discuss
in details the energetic properties of the schemes. We present the numerical results in

Section 3.6

3.2 Discretization of the wave equation with a transparent
boundary condition
In dimension n = 1, the wave equation propagates the information to the right and to the

left with velocities +¢, and considering the expression of the solution given by D’Alembert’s
formula, we find that

(8,5 + c@m)w(t, Rmax) =0= (at — c@x)w(t, _Rmax)

constitues transparent boundary conditions that can be used when truncating the computa-
tional domain to the interval (—Rmax, +Rmax). Furthermore, these conditions can be easily
implemented. Unfortunately, finding relevant boundary conditions in higher dimensions is
far more challenging and leads to non local formula, see [31]. Nevertheless, in the particular
case of the dimension n = 3 (note that Theorems and use this assumption) and
for radially symmetric data, there exists a transformation that allows us to go back to the
classical wave equation in dimension n = 1, see e.g. [105].

3.2.1 Radially symmetric wave equation
Consider the wave equation in dimension n = 3

O2h — A = —09(2) S(t, ). (3.12)

We suppose that
o2(z) = &2(|2|)
is radially symmetric. If, furthermore, the initial condition

(¢0({E, Z)a 1/}1(1'7 Z)) = (\Ifo(x, ‘ZD7 \Ill(x? ’z‘))

is radially symmetric too, then the unique solution v of |(3.12)| is radially symmetric. We
have ¥(t,x,z) = ¥(t,z, |z|) and ¥ satisfies

n —

" 187\11) = —09(r)S(t, x).

We set
u(t,x,r) =r¥(t,z,r). (3.13)
Using that n = 3, we check that u is a solution of the classical wave equation in dimension

one
2

Oiu — 2P u=r <8152t\1/ — 202V — 028T\I/) = —raa(r)S(t, x).
T
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Therefore, truncating the domain to |z| < Rpax, We can use
ou+ copu =0

as a (simple and exact) transparent boundary condition for 7 = Ry.x. Eventually, we have
to solve numerically the following system, for ¢ > 0 and 0 < 7 < Rpax,

Oiu — 202 u = —réy(r)S(t, ), (3.14a)
(u(0,z,7), Ou(0,z,7)) = (r¥o(z,r), r¥i(x,r)), (3.14Db)
u(t,z,0) =0, Owu(t,z, Rmax) + cOru(t,x, Rmax) = 0. (3.14c¢)

We remind the reader that z appears here as a parameter. In practice, we shall discretize
the physical space, and thus we shall deal with this system for a finite number of grid points
x. Once u determined by solving|(3.14a)H(3.14c)| we can come back to the original unknown
U (and then t): for any r # 0, we have V(t,z,r) = u(t,x,r)/r and for r = 0, we derive

(3.13)] to get

Oru(t,z,r) =V(t,z,7) +r0V(t, z,7).

Since for any smooth solution of 0V (t,x,0) is bounded (in fact for these solutions
0V (t,xz,0) = 0), we eventually get ¥(¢,z,0) = d,u(t,x,0). Nevertheless, for our purposes,
it is not necessary to reconstruct v to solve [(3.1a)} |(3.6a)| or |(3.7a)l Indeed, for these three
equations we can write the potential

sty = [ o= nmEitpe) dyd:
by means of u:
Rmax
o(t,x) = 4w /]Rd o1(x —y) </0 raa(r)u(t,y,r) dr) dy. (3.15)

This equality |(3.15)| holds true as far as
supp(d2) C [0, Rmax],

a condition that we shall use to choose the cut-off parameter Ry ax.

3.2.2 Discretization of the radial wave equation |(3.14a)H(3.14c)|

Let us explain the discretization method for the wave equation; we use quite classical ap-
proaches and further information about the schemes can be found in e. g. [3, [110].

Radial discretization. We use a Finite Element Method (FEM). To this end, we introduce
a subdivision
0:7’1<7’2<....<7’K:Rmax

of [0, Rmax] and a basis (¢1, ..., px,) (with Kxg > K) of polynomial functions associated to
this partition and the choice of the family of finite elements. The approached solution reads
up(t,z,r) = Zlkcfl ug(t, z)pr(r) where the numerical unknowns are collected in U(t,z) =
(u1, ..., ux, )(t,x), the vector determined by the system

2

d d
M5U(te) + CLU () + RU(t ) = Gl ). (3.16)
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In |(3.16), M is the mass matrix, C the diffusion matrix, R the rigidity matrix and the
components of G(t, x) are given by

Rmax
—S(t,x) / raa(r)er(r) dr, for k € {1,...,Kkx}.
0

Note that Dirichlet boundary conditions are encoded in the mass matrix M whereas the
transparent boundary condition is encoded in the diffusion matrix C.

Time discretization Next, we make use of Newmark scheme for treating the time deriva-
tivesi 1n )} Let 6t > 0 stand for the time step and set t" = nAt. Then, the approximation
of the solutlon u at time t" is u"(z,7) = Zk Lup(z)pr(r). We denote U the vector with
components up(z). For G(t,z) = 0, the Newmark scheme reads

untt —our +ur—t  dUM 4+ (1 -2d)UP + (d — 1)UR~1
M INE +C Al

+R(OUZ +(1/2+d = 20)U2 + (1/2—d+ O)UZ ) =0 (3.17)

where 0 < d <1 and 0 < 6 < 1/2 are parameters of the scheme. Of course, in our situation,
G(t,x) # 0 and the choice of the time discretization of G will depend on the coupling with
(3.1a)| (resp. [(3.6a)| or |(3.7a)). This will be detailed later on. In practice we will only
use this scheme with (d,0) = (1/2,1/4). For these parameters the scheme is second order
accurate in time and kth order in space, where k depends of the choice of the FEM basis.
Moreover, for these parameters, as far as the support of the wave remains included in the
computational domain, the scheme conserves the discrete energy of the homogeneous wave
equation. More precisely, as far as CUJ* = 0 for m € {n — 1,n,n + 1}, we have

At A R 2 ’ 2

—_yn— 1 Un Unfl Un + Un 1 Un + Un 1
T T T T ) 1
e e e T

<MU£L+1 _ U;L Ungl Un> < pntl + Un Un+1 + Un>
t

3.3 Discretization of |(3.1a)H(3.1b)|

We restrict ourselves to the case where the particles evolve in the one-dimensional torus:
d=1and z € T, := R/(LZ) (where L > 0). For[(3.1a)] we thus impose ¢(t) € Tr. Then
we are led to discretize the following system

i(t) = p(t), O — 0hu = —r53(r)o (@ — (1)),
p(t) = =0 W (q(t)) — 0x(t, q(t)), S(‘io;:x(’];");a(t]“(o’%r)) = (r%(z,r),r¥y(z,r)),

0 ) 1(0)) = ) ) t)eT )
(4(0),4(0)) = (g0, P0), a(*) L Ou(t, z, Rmax) + cOru(t, , Rmax) = 0,

where the potential ¢ is defined by |(3.15)

As said in the previous section, we solve the wave equation with a classical Newmark
scheme with parameters (d,0) = (1/2,1/4). This ensures second order accuracy in time,
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and kth order with respect to the wave direction (depending on the choice of the FEM;
in practice we shall work with the Lagrange Py elements, which reaches second order accu-
racy). The symplectic property of the flow is a fundamental feature of the model. Hence, we
make use of the Stormer-Verlet scheme (see below) which is a second order accurate
symplectic scheme: the discrete flow ¢, : (q0,p0) — (¢",p™) is symplectic, where ¢" and
p" stand for the approximation of ¢ and p at time t", respectively. Further details about
symplectic schemes can be found e. g. in [48] Section 1.3.2] and [58], [94].

We are left with the question of handling the coupling between the two evolution equa-
tions. To this end, we pay attention to the energy exchanges. We have already introduced
the subdivision (ry,...,rx) and the basis functions (¢1,..., ¢k, ). Let At > 0 be the time
step. We have set t" = nAt.Next, we also define a subdivision of the physical domain

D= <..<x=iAzx<..<axy=1L

characterized by the (uniform) space step Az. We denote [z | the cell centered at

. 1,X.,1
=g ity
x;. Therefore the numerical unknowns for the wave equation are denoted ufk, they define
the following approximation ™ of the wave at time t"

N K

Zzuzkl[ i

i=1k=1 :

] (@) (r)-

It is also convenient to introduce

so that 1 [T
+y
Ul = —— up () de.
A A
i3
We shall denote U and U} the vector in R*% with components uf(z) and ug'y,, respectively.
Hence, the potential ¢ at time t" can be approached by

L Rmax
¢"(x) = 477/0 o1(x —y) (/0 raa(r)u”(y,r) dr> dy

N Kg R
_4wZZulk(/ 1(x—y)dy> (/0 T52(T)<pk(r)dr>. (3.19)

i=1 k=1 %

Accordingly, we have

N Kk
(0:0)"(x) = 0:" (x —4w22uzk(/

1=1k=1 i,%

+1 Rmax
2 0o (x — ) dy) (/0 raa(r)er(r) dr)
N Kk

= 47TZ Z uy ( o1(x —x;, ) +o1(x — xl_%)) (/ORmax raa(r)ek(r) dr) . (3.20)

=1 k=1

Eventually, we set

¢n+% _ ¢n+1 +¢n

A
5 .

d 9,0"7 =
and  Op¢p" T2 5
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Time-discretization. Suppose that we have computed ¢", p”, u"~' and u". We are going
to update these quantities and define ¢"*1, p**t1/2, p»*1 and w™*!. To this end, we solve
numerically the following two equations on the time interval [t",¢"*1].

q(t) = p(t) 1
pt) = =0 W (q(t)) — 8.0" "2 (q(t))
q(t") = q¢";p(t") = p"

8t2tu - 0283ru = —raa(r)oi(x —q¢")
u(t™) =" u(t) = u”

The approximation ¢ allows us to compute an approximation of the right hand side of the
wave equation: r&3(r)oq(x — ¢"), that can be used on all the interval [t",¢"*1]. Then, we

compute u"! by applying the Newmark scheme. More precisely, we apply and we
average over the cell (z;_1/2,%;11/2). It leads to the following scheme:

urtt —our 4yt N CU{I“ + Ut

M At? At

1 1 1
R(-Uurtt 4 Zpur U-”_1> =G (3.21
+ (4 7 + 2 A + 4 1 KA ( )

where G7' stands for the vector in RX% with components

Titl Rmax
_ (Alx /%2:2 o1(x —q") d:p) (/0 raa(r)er(r) dr> . (3.22)

We turn to the equation for the particle. With the obtained approximations of u, we define
D"t and 9,¢" /2 = (9,6"! + 9,¢™)/2. Then we use on all the interval [t",t"+1] this
approximation of the force term. Since the force term —9, W (z) — 9,¢""'/2(z) is constant
in time, applying the Stormer-Verlet scheme eventually leads to the following scheme:

At At
P = = SO (") — 0 (")
Lo g+ Atp™te (3.23)

gt
1 At At 1
pn+1 = pn+2 - ?axw(qn—&-l) - ?ax¢n+2 (qn+1)-

The full scheme is obtained by combining ((3.21)| and |(3.23). We will justify this time
discretization in terms of energy balance in Section [3.5

3.4 Discretization of |(3.7a)H(3.7b)|

Again, we restrict the discussion to the case x € T;. Moreover we should also deal with a
truncated velocity domain [—Vijax, Vinax|, where Vijax is chosen large enough so that it is
reasonable to impose

F(t,z,—Vimax) = 0= F(t,x, Vinax),

considering initial data such that supp(Fp) C T X [—Vinax, Vimax]. We are thus concerned
with the simulation of (adding an external potential does not add any difficulty, and we take
W = 0 in this presentation for the sake of clarity):

OF +v0,F — 0,0 0,F =0 Oiu — 20 u = —réy(r)or(z — q(t))
F(Oa x, U) = FO(xu /U) (U(O’ Zz, T)’ C%U(O, €, T)) = (T\IJO(:’U’ T)7 Tllll(x7 T))
F(t,0,v) = F(t,L,v) u(t,z,0) =0

F(t> z, _Vmam) = F(t, z, Vma:p) =0 8tu(t7 z, Rmax) + Ca,«u(t, z, Rmax) =0
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where the potential ¢ is defined by

The wave equation is treated by using the Newmark scheme and the FEM as described
above. For the kinetic equation, we use a Semi-Lagrangian finite volume scheme: the Positive
and Flux Conservative (PFC) method that guarantees at the discrete level the conservation
of mass, positivity of the solution and a maximum principle. Details and comments about
this scheme can be found e. g. in [39, 37, [38] and the references therein. Note that other
approaches, based on DG or WENO approximations could be used as well, see [55] 92} 93]
for details on such approaches for Vlasov’s equations.

We adapt the time discretization described for |(3.1a)H(3.1b)| in order to care of the
energy balance. With the time step At > 0 we still denote t" = nAt. We construct a
grid of the phase space with space and velocity steps Az > 0 and Av > 0 respectively. Let
Tip1/0 = (i+1/2)Az, fori € {1,..., N}, and v4 /9 = (j+1/2)Av, for j € {—M, ..., M }, with
NAz = L and MAv = Vipax. We denote by C; ; the cell [x;_1 /9, Ti41/2] X [vj_1/2,Vj41/2],
with center (x;,vj). From the discrete quantities u;, we construct the approximation
(x,7r) — u™(z,r) as above. The potential ¢" and 0,¢" are still defined by |(3.19)[and |(3.20)]

From the numerical unknowns Fj’;, we define the approximated distribution function

F™( Z Z iile, (w,v).

i=1j=—M

The macroscopic density p at time t” is thus given by

Vma.?c

p"(fv)Z/ Fh(tv%v)dv_Z(A” Z F. ) [ 1

_Vmax =1

| ().  (3.24)

Nl

The convolution o1 * p at time ¢t becomes
N M T 1
(o1 %p)"(x) =01 xp"(x) = Av Z Z F / “oi(r—y)dy | . (3.25)

3.4.1 Time-discretisation
Knowing the approximations of F and u up to t”, we obtain the updated quantities ™!

and F™*! by solving the following equations on [¢t",#"+1]:

OZu — 202 u = —réa(r) (o1 % p)", OF +v0,F — 0,¢"+2 9,F = 0.
w(t™ ) = w7 u(t) = u”, F(t")=F"

With F™ we determine (o1 x p)™, which is used to evaluate the source term for the wave
equation. Applying the Newmark scheme with this right hand side we get u"t!:

R 1 R R 1 1 1
MO e R R QU QU QU ) = 6y 320

where U" = (ujly, ..., uf'x,.) and the components G} are defined by

Tivd Riax
_ (Alw/m’ (o1 % p)"(x) dx) </0 rao(r)er(r) dr) . (3.27)
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Having disposed of the wave equation, we compute the force terms 9,¢" !, as well as

0z ¢" ! + Dpo"

1
Dy T2 = 5

Replacing the force by this constant quantity over the time interval, we obtain F"*! by
solving the corresponding Liouville equation with the PFC scheme.

3.4.2 Discretisation of the kinetic equation with the PFC scheme
We start with the time-splitting

HF* + 08, F* =0, te |t "] O F** — 0"t 2 9,F* =0, t € [tn, "]
F*(tn) — F(tn) — [ F**(tn) — F*(tn+1)_

The consistency analysis of such time splitting methods with Landau damping is considered
n [35]. The solutions of these equations at the final time ¢"*! are obtained by integrating
along characteristics:

FX(t" T 2, 0) = F*(t", X (t",t", z,0),v) = F*(t",x — Atv,v),
P 2 0) = P, 2, V(17 2,0)) = F* (", 2,0 + At 0,¢" 2 (2)).

Let us set

W T Arx 1,7 Av

xX. .

1 xi 1 1 V. 1
Frt = / " F*(t", z,v;) dz and Fm = / i FP (8", @i, v) do.
v

On the one hand, we obtain

*,7’L+1 o 1 mii% * /4N *, M 1 $i+§ * /4N
F = — Fr(t" z,vj)de + F 3" — —— F*(t", z,v;) dz,
X X

i’j 9,
Aw 1.7% —At vj A.’E i+% —At v
and, on the other hand, we get
*x,m~+1 1 vj*% *K (4T
Fij’ e n+lF (t ,x,;,v)dv
5 AU v],%_‘_Ata‘L(ﬁz 2
1 [Y%+]
4 FZ.*;’" - 2 il F™(t", 24,v) dv,
. A’U UH_lJFAtaw(bz 2
2

where we denote 855(1)?“/ ? = 9" 12 (x;). The scheme relies on relevant approximations,

denoted ‘IJ:JZ /2. and \I/z*;_tl /2 respectively, of the integrals
1 [%+3 1 [Y+3
/ : F*(t", x,v;) dz and / e 1 F (" i, v) do.
AI :DH_lfAt vj A/U Uj+l+At 6z¢>:1 2
2 2

The scheme thus reads

FZ*Jn = Iy

Fiit = sz}‘nf pvs (‘I’:inl/z,j - ‘I’:ﬂ/zj)
*x, M kNt

j:i;i,n-i-_l Fi’;;**,n + 1 (\Il**’n e ) (3‘28)
,J — g ) Av i,j—1/2 i,j+1/2

‘Fﬁj—i_l = F:?n—i_
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Definition of \I/;L"l /2.j and \I/:;_:Ll J2* We construct a polynomial approximation F}'(z,v)
of F™(z,v) by using the values F";. Then, \Il;rnl /2.j and \IJZ*;_ZI /o Aare simply deduced by

computing the primitive of the polynomial F}'(z,v). In order to satisfy the fundamen-
tal properties of positivity, maximum principle and mass conservation, this reconstruction
should incorporate slope limiters that control the effects of too high gradients, due in par-
ticular to filamentation effects in phase space. We refer the reader to [37, 38, [39, 10T, 102]
for further details on the pros and cons of the reconstruction techniques. Here, we make use
of a reconstruction based on third order polynomials (thus third order accurate when the
gradients remain moderate).

3.5 Discrete energy balance

In this Section, we motivate the construction of the scheme |(3.21)H(3.23)[ and |(3.26)H(3.28)|
by discussing the discrete energy balance. We point out that it could be misleading to
conserve the discrete total energy. It is much more important to reproduce well the energy
exchanges between the particles and the waves. Indeed, it might be possible to conserve
exactly the total energy, but with particles and wave energies far from their expected values.
For this reason, we focus our attention on the energy exchanges, possibly at the price of
sacrificing the exact conservation of the total energy.

Let us go back to the basic energetic properties of the equations under consideration. If
u is the solution of the wave equation

2 292
Opu — cOpu = f,

then Eyave defined by satisfies
GiBoelt) = [[ Duutt)f(2) dwar,

and this energy is conserved when f = 0. If ¢ is solution of the ODE
G(t) = =VaW(q(t)) — Vao(t, q(1)),

then Fpariicle defined by satisfies

%Eparticle(t) = (8t¢) (t’ q(t))'

In particular Eparticle(t) is conserved when the potential ¢ does not depend on the time

variable. Going back to the coupled system |(3.1a)H(3.1b)l the total energy F = Eyayve +
Eparticle 1s conserved because the source term f of the wave equation and the time-dependent

potential ¢ fulfil the cancellation property

// () £ (1) A dr + 0y6(t, (1)) = 0.

Therefore, the guidelines for constructing a energetically relevant scheme for |(3.1a)H(3.1b)}
should be:

(i) the scheme for the wave equation conserves the discrete analog of Eyave when the
source term f vanishes,
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(#7) the scheme for the particle equation conserves the discrete analog of Eparticle when the
potential ¢ does not depend on time,

(¢ii) the discrete coupling is such that the contributions from the analog of [[ dyu(t) f(¢) dz dr
and 0.¢(t, q(t)) cancel out.

Criterion (i) is a standard requirement for a scheme for the wave equation; by the way it is
fulfilled by Item (i7) is more delicate; having a symplectic scheme usually guarantees
it is satisfied approximately, the discrete energy oscillates about the expected value, and
energy conservation holds only in average. The coupling strategy devised above, see
is precisely intended to satisfy (iii). The constructed scheme is satisfactory in this
sense: the energy echange is exactly treated and the error on the total energy is controlled
by the error produced by the symplectic scheme designed for a hamiltonian system.

We follow the same reasoning for the system|(3.7a)| We are dealing with a kinetic
equation

OF +v-VyF—V,¢(t) - V,F=0
and the energy Eparticles defined by satisfies

%Eparticles(w = / F(t)8t¢(t) dx do.

Like for the ODE describing a single particle, when the potential ¢ does not depend on the
time variable, the energy Fparticles is conserved. Going back to the coupled system
the conservation of £ = Eyave + Eparticles relies on the cancellation of the coupling
terms

/ uu(t) f(t) dz dr + // F()06(1) da dv = 0.
Therefore, the numerical strategy is based on the following requirements

(1) the scheme for the wave equation conserves the discrete analog of Fyave when the
source term f vanishes,

(#7) the scheme for the kinetic equation conserves the discrete analog Eparticles When the
potential ¢ does not depend on time,

(éit) the discrete coupling is such that the contributions from the analog of [[ dyu(t) f(¢) dz dr
and [[ F(t)0:¢(t)dz dv cancel out.

Again, (i7) is not exactly satisfied by the discretization techniques, which, nevertheless,
conserve positivity, L' and L* estimates. The coupling requirement (iii) is specifically

addressed by [(3.26)H(3.28)f the energy exchange is exactly handled by the scheme, and the
error on the total energy is controlled by the error made on the Vlasov equation.

Let us now explain how (#i7) is satisfied by the scheme |(3.21)H(3.23)| and |(3.26)H(3.28)|

3.5.1 The one-particle model

Let D be the operator which associates to a real valued sequence (a™), ey the finite difference
sequence defined by
(Da") = (a™! — a™).
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We remind the reader that ™ comes from |(3.21), ¢™ is defined by [(3.19), and we have set
P2 = (¢ + ¢" 1) /2. We also set

n n—1 n n—1
_ u+u 1 ut—u
w2 =——— and " _—

[NIE

2 =

2 At

We define the following discrete energies at time t™:

Wave—47r// )&gu xr’ —i-?

1 2 _1
Egarticle = §’pn’ + W(qn) + ¢n 2 (qn)

2
Oru (x, r)‘ dxdr,

and

Observe that

+ 2 Ax Z

=1

Un 1 Un Un1>

E} e = 21Ax Z < Az L
Owing to|(3.18)] we get

U”+U" 1 U"+U” 1
2 2 ‘

DE" . = 27TAx§j <G?, Urtt - Ui”_1>,

wave

where G7' is given by |(3.22)| Next, we have

1 2 1
DEgarticle — §’pn+1| + W(qn—l—l) + d)n—l—Q(qn-‘rl)
Lo _1
~ (P W) o) + DR (.
We arrive at the following claim.

Theorem 3.5.1 The scheme |(3.21)H(3.23)| is consistent for the energy exchange, which
means that, for any n € N,

N
2rfa Y {G1L U —UP) + DR (") = 0.

Then, with the notatin E™ = ET

T e we have

+ E"

particle’
1
DE" = |y W(g) + 67 (g ) ( PP+ W(g") + 6" 5 (q). (3.29)

This statement means that the error on the total discrete energy corresponds exactly to the
error made on Epariicle by the symplectic scheme. Note that holds as far as is
satisfied, which itself relies on the assumption that the wave has not crossed the boundary
of the computational domain (this is expressed through the assumption that CU}* = 0 for
m € {n — 1,n,n+ 1}). This is not an issue since the energy that leaves the computational
domain can be explicitely computed and incorporated in the energy balance.
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Proof. On the one hand, we have

N Kk

2mm§j<ay,w+1 Urty = 2mAa 30 S G (uitt - )
i=1

=1 k=1
N Kx T, max
- _27-‘-;]; (/ (@ — ") da ) (/OR raa(r)er(r) d7‘> (u?zl _u?kl).

1

2

On the other hand, we get

N Kk T, 1 Rmax
D" 3 (q") =4n Y] Y Dugy, (/ 201<q"—y>dy) (/0 Téz(r)wk(r)dr>

=1 k=1 i—%
N ICK x Rmax
—2 3y | [ - na (/0 7“62(7“)%(7")(17") ([ o)~ g ] )
i=1 k=1 i—1
2

That the two quantities compensate is a consequence of the fact that o; is even. This ends
the proof. [ |

3.5.2 The kinetic model
The relation

DE

wave

= 2mx§j (Grurt—urt),

i=1
still holds, with now G7' defined in With F™ given by we set

partlcles //Fn Zz,v < +¢n77( )) dx dw.
We obtain

partlcles :/ DFn LU v ( ¢n77 )) dxdv""//Fn(x,U)Dd)n%(x) dz dv.

Theorem 3.5.2 The scheme (3.28)| is consistent for the energy exchange, which
means that, for any n € N,

N
27TAZL'Z <G?, Urtt - UZ»"_1> + / F"(xz,v)D qﬁ”_%(x) dzdv = 0.
i=1

Then, with the notation E™ = E}. ..+ E" we have

wave particles?

/ D F"(z,v) ( ¢"*7( )) dz dw.

As a consequence, the error on the total energy only comes from the error on the particles
kinetic energy, as produced by the Semi-Lagrangian method (or the alternative method that
could be used for the Vlasov equation).
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Proof. We have

N N Kg
2arAa Yy (GR U U = 2mAx > S Gy (wt - gy
i=1 i=1 k=1
N Kk Rmax
= —271'22 (/ o1 % p"(x )dx) </0 r&a(r)er(r) dr) (uﬁrl _ “?,;21),
i=1 k=1 1

with o x p" defined in |(3.25)| It recasts as

N 1
2rAzr Y <G?, DU+ D Uf‘2>

i=1
N Kk N M 1 (T
= —27TAUZ Z Z Fi / : / “o1(r —y)drdy
i=1k=1i=1j=—M w1 Jry

Next, we have

_QWAUZ Z i%F (/ 5/:“5al(:c—y)dxdy)

i=1j=—Mi'=1k=1 Z,% i,%

Rmax
([ et ar) (st + i =+ )

Again, since o7 is even, the two quantities compensate, which concludes the proof.

Like for the one-particle model, the statement holds as far as holds. Otherwise,
the energy which goes away the computational domain for the wave equation should be
taken into account in the energy balance. [ |

3.6 Numerical results

In this Section we perform several numerical simulations. Our purpose is two-fold: on
the one hand, we check the ability of the scheme in reproducing the expected behavior of
the system as asserted in Theorems [3.1.1] and [3.1.5] in particular concerning the energy
exchanges, and in capturing the rate of convergence; on the other hand, we also discuss the
physical effects and the role of the assumptions in Theorems [3.1.1] and [3.1.5] We consider
the following situations:

o Single particle. We wish to illustrate the statements in Theorem the particle
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stops at the critical point of a confining potential; in the free-force case, the particle
slows down due to the interaction with the environment; with a constant force, the
particle asymptotically moves at a constant speed, that depends linearly on the applied
force. These findings however assumes that the wave speed c is large enough; we shall
see on numerical grounds that the behavior is indeed different from the conclusions of
Theorem [3.1.7] when c is small.

e N-particles. The theory is far less advanced for this situation, which leads to quite
intricate indirect interactions between the particles. The simulations reveal that sev-
eral scenario can occur and they provide ground for conjectures about the stability of
specific states.

e Kinetic model. We wish to illustrate the statements in Theorem In particular,
the proof of the Landau damping requires a stability condition which involves the
wave speed ¢ and the spreading of the initial condition. We shall discuss on numerical
grounds the effects of these conditions. We will also briefly show that the dimension
n of the vibrational space is crucial; in particular the damping does not hold when
n=1.

For all the simulations discussed below, we work with the compactly supported form
functions:

1
Ul(x) = exp ( - m)l—egxgea

and 1
02(x) = &a(lzl),  G2(r) = oxp (— 3 ) lozr<r:

Of course, the shape of the solutions is influenced by o1,09. In particular it changes the
depth and the width of the potential wells, but the general features are well represented with
these functions. The regularity of oy is quite important in the analysis of the equations,
but it is not clear in the experiments the dealing with less regular form functions has a
significant role. The simulations are performed on the slab (=L, L), with periodic boundary
conditions. For the Vlasov case, the initial data for the particle distribution function is
given by

Fy(z,v) = Z(l + a cos (2%1')) exp(—v?/2),

with @ > 0 and Z the normalizing constant (so that Fy is normalized: [[ Fydvdx = 1). For
the wave equation, we simply set (¥g, 1) = 0.

For the particle simulations, the initial data for the wave equation is given by ¥; = 0 and
W, solution of the stationary equation —c?A,W¥o(z) = —02(2)o1(x — qo), with g the initial
data of the particle. This quantity is determined numerically by working with the radial
coordinate r = |z|, and by using a suitable approximation of stationary solutions based on
infinite elements.

Table collects the parameters used in the simulations. The other parameters depend
on the considered situation.

€ R Rmax a Vmax
111 2R | 1 7

Table 3.1: General data for the numerical simulations
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3.6.1 Simulations for a single particle

Confining potential. We start with the case of the confining potential in |(3.1a)H(3.1b)
We have used the data collected in Table 3.2l The simulations illustrate the second item of
Theorem [3.1.1} the particle is trapped by the bottom of the well of the confining potential.
It goes back and forth and slows down in the well of the potential.

W) |c| T |L| At Ax Ar
Bx? | 5140 | 3 [21072 | 3/128 | 2/128

Table 3.2: Data for the simulations with a confining potential

The phase portraits depicted in Fig. with different initial data illustrate this effect.
Fig. [3-2 also shows the evolution of the total energy and of the energy balance. On the one
hand, the total energy is not exactly preserved, but the error remains of order 10~* on the
time scale of observation, thus confirming the robustness of the scheme. Similar observations
apply to all the simulations. On the other hand, for the energy balance, we observe that the
particle looses its kinetic energy, which is gained by the membranes. We warn the reader
that with the adopted definition Eparticle contains asymptotically only the interaction
energy, since the kinetic energy of the particle and the energy associated to the external
potential tend to 0. Fig. 3.3 illustrates the role of the wave speed ¢: while the velocity of
the particle clearly tends to 0 (exponentially fast, Fig. left) when c is large, the damping
is less visible with small ¢’s on Fig. [3.3}right.

No external force. Next, we consider the case where there is no external force. The data
for these simulations are collected in Table

We start with the situation where ¢ is large enough (Test 1). The interaction with the
waves acts as a drag on the particle, which makes it slow down. Note on the figure that
the well of the potential created by the vibrating field is slightly delayed compared to the
position of the particle, see Fig. 3.4

W(z)| ¢ | T | L At Az Ar
Test 1 0 5 1202021072 20/512 | 2/128
Test 2 0 251201021072 10/256 | 2/128

Table 3.3: Data for the force-free simulations

It can be observed that the larger ¢, the smaller the delay. (More precisely, the leading
quantity is the ratio ¢/¢(0).) For such large ¢’s, the particle eventually stops, as announced
in [16], see Theorem this is illustrated by the phase portraits and the velocity evolution
in Fig. [3.5| (top). However, when c is smaller (Test 2), we observe oscillations: the position
of the well of the self-consistent potential oscillates, and the particle itself oscillates in the
well of this potential. The phase portrait contrasts significantly with the case where ¢ is
large, exhibiting spirals, instead of a neat stop, see Fig. (3.5 (bottom). It is difficult to predict
whether this situation leads to a limit cycle or a full stop; anyway if the latter occurs it
would be with a far smaller rate.

Constant force. Finally, we deal with the case of a constant external force, which is
specifically studied in [16], see the first item in Theorem The data for these simulations
are given in Table
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Figure 3.4: Single particle without external force (Table : delay between the particle
position and the potential created by the vibrating field

F c| T | L At Ax Ar
Test 1 | -.1 40 | 20 | 2.1072 20/512 | 2/128
Test 2 | -.065 | .5 |40 | 10 | 2.1072 10/256 2/128

o

Table 3.4: Data for the simulation with a constant force

We start with the situation where the strength of F is not small enough compared to 1/c
(Test 1); the statement in Theorem does not apply. This is indeed what we observe in
the simulation: the damping effect is too weak and the speed of the particle keeps growing
(see Fig. [3.6fbottom-left). For the same value of ¢, we choose a smaller value of F (Test 2),
so that the conditions of Theorem are satisfied. We see in Fig. [3.6}top-right that the
well of the potential is deeper (see Remark below), and the damping effect exerted by
the wave is indeed stronger. We clearly observe on Fig. [3.6tbottom-right that the speed of
the particle tends to a limit value, and for large times the particle has a rectilinear motion
with this speed.

We perform the same simulation by making the applied force F vary: the behavior of
the asymptotic speed v(F) is depicted in Fig. [3.7] where the expected linear behavior can
be observed for small F’s, with a slope >~ 2.6.

Remark 3.6.1 It makes sense to rescale the equations so that the coupling term in the
wave equation behaves like c?. This is the scaling adopted in [25] in order to derive from
an attractive Vlasov equation. This scaling might be also motivated by the
following considerations. With this rescaling the damping rate in Theorem behaves
like 1/c instead of 1/c®. If we work with this rescaled version of the equation, the depth of
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Figure 3.6: Left: Single particle with a constant force F not small enough compared to 1/¢
(Table Test 1). Right: Single particle with a constant force F small enough compared
to 1/c (Table Test 2) Top: self-consistent potential at a certain time, and position of
the particle; bottom: phase portrait for several initial data
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Figure 3.7: Asymptotic speed versus strength of the external force (Table Test 2)

the potential remains unchanged by making c vary, but the faster evacuation of the energy
through the membranes reduces the delay between particle’s and potential well positions.
With this re-scaling, the smallness condition on the force F becomes uniform with respect
to c.

3.6.2 Simulations for N particles

When dealing with N > 1 particles, see |(3.6a){H(3.6b)| few rigorous results are known and
the asymptotic behavior of the system is certainly quite involved. When the particles are
subjected to a confining potential, we observe that they are all just trapped in the well of
the potential, and we can infer from the analysis in [I04] that they eventually stop in the
bottom of that well. However, the statements in [104] involve technical assumptions on the
form functions which are not easy to check in practice, and the proof relies on compactness
arguments that do not provide any convergence rate, which likely depends, at least, on the
number of particles. Fig. and Fig. present the results of simulations with 2 particles.
A remarkable observation is that the two particles seem to self-organize in opposition of
phase. The mean velocity tends to 0, exponentially fast (see Fig. , but it is not clear
at all that the individual velocities vanish for large time, see in particular Fig.[3.9] At least,
the observed rate of convergence is not exponential and it can become very slow, see Fig.|3.8
and Fig. 3.9 compared to Fig. [3:3] The data for this simulation are collected in Table [3.5

Test 1| 322 | 5160 | 3 | 2.1072 | 3/128 | 2/128 | -1 1
Test 2 | 322 | 5] 160 | 3 | 21072 | 3/128 | 2/128 | -1 -.75

W) | c| T |L At Ax Ar g | oS | @& | pd
0 0
0 0

Table 3.5: Data for the 2-particles simulations with a confining potential

When there is no external potential, we observe a large variety of scenario. Again, this
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Figure 3.10: Two particles in a confining potential, evolution of the mean velocity (Table
Test 2)

can already be understood by considering only 2 particles. In Fig. we show the situation
where two particles meet at some point, but the potential created by their interaction is not
strong enough compared to their kinetic energy so that they just cross, and they continue
their motion as if they were alone, being stopped by the damping far away from the meeting
point. In this situation, their large time behavior looks like as if each particle were alone,
with velocities tending exponentially fast to 0, see Fig. We repeat the same simulation,
just changing the kinetic energy of the two particles into a far smaller value, see Fig.
now, the two particles stay confined in the same neighborhood. They are going back and
forth in the common well they are creating themselves; they cross each other, going in
opposite directions, with one particle in each side of the potential well. Note that according
to the phase portrait in Fig. and the evolution of the velocities in Fig. it is not
clear at all, on the time scale of observation, whether the damping effect leads to the full
stop at the same point of the two particles or the dynamic tends to a periodic solution. The
data for this simulation are collected in Table [3.6l

W(x)| c| T | L At Ax Ar | @ | s | a | pd
Test 1 0 5140[20] 21072 20/512 | 2/128 | -4 | 1 4 | -1
Test 2 0 518012021072 20/512 | 2/128 | -4 | .8 | 4 | -.8

Table 3.6: Data for the 2-particles simulations with no external force

The complexity of the possible large time scenario increases for larger N’s. The space-
repartition of the N particles can be complicated and highly depend on the initial state;
nonetheless, it is still reasonable to expect that the velocities vanish for large times. However,
the rate of convergence to zero is not exponential. Again, we refer the reader to [104] for
an attempt identifying conditions (for the free-space problem) that lead to a final stop of
all particles, with a rate which gets slower as N becomes larger. In particular, exploring
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Figure 3.15: Two particles: strong interaction, phase portrait (Table Test 2)

W(z)|c|T | L At Az Ar N
0 2140 |20 210°2 20/512 | 2/128 | 100

Table 3.7: Data for the N-particles simulations

the large time behavior for the N-particles system becomes numerically demanding, since it
requires a long time to establish. Fig. [3.16]illustrates a case with the creation of a common
well: the particles keep moving back and forth along the walls of the well, and the well itself
move. Like with one particle, we observe that the medium acts as a friction on the particles
cloud, but, considering the particles individually, it is not clear at all whether they will be
stopped or kept moving in the common well. In Fig. [3.17] we see the exponential decay of
the mean velocity of the particles until the cloud is stopped. Again, it is not clear whether
or not particles will be individually stopped. In contrast to the 2 particles case, we do not
observe self-organization of the particles in phase opposition patterns; and after the rapid
transient stage, the decay is not anymore exponential. For the presented simulation, we
have set the parameters as in Table [3.7]

We have performed a few simulations adopting the mean-field rescaling, but we do not
observe significantly different results.
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3.6.3 Simulations for the Vlasov equation

We turn to |(3.7a)H(3.7b)| and we wish to illustrate numerically Theorem We make
use of the parameters in Table

In Fig. left this is the case where ¢ is large enough (Test 1), and Landau damping
holds: we see the exponential decay of the macroscopic density and of the self-consistent
force. We also observe that the behavior of the particle distribution function is driven for
large times by free transport. In Fig. [3.18 right and Fig. [3.19] ¢ is smaller and the Landau
damping does not hold (Test 2). We refer the reader to [52] for a link between the wave
speed threshold and Jean’s length in the attractive Vlasov-Poisson case.

We also illustrate the role of the dimension n for the wave equation. The results depicted
in Fig. [3.20| and Fig. have been obtained with the one-dimensional wave equation
(Test 3). There is no damping at all, even increasing the value of ¢: the particles aggregate,
with increased velocities, in a well which is going deeper and deeper. The amplitudes of
both the potential and its gradient become larger as time grows. We refer the reader to the
end of this Section for an explanation of the difference between the cases n =1 and n = 3.

W(z)| ¢ |n|T|L| At Ax Ar Av
Test1| 0 | 05 | 3|60 42102 |4/256 | 2/128 | 7/256
Test2 | 0 | 0.05|3 |60 4| 2102 | 4/256 | 2/128 | 7/256
Test3 | O | 05 | 1|60 4| 2102 |4/256 | 2/128 | 7/256

Table 3.8: Data for the kinetic simulations, I

The linear stability criterion mentioned in Theorem [3.1.5] is not very explicit; one may
wonder what is meant in practical terms by this condition and how we can decide easily
whether or not a given equilibrium is stable. We have already seen that the answer depends
of the value of the parameter c: for a given profile, if ¢ is large enough there is damping
(Test 1) whereas for ¢ small enough there is not (Test 2). The question can be addressed
the other way around, keeping the value of ¢ fixed. In [52] we have shown that for any
given velocity profile v — . (v), if the mass of this profile is spread enough, then the linear
stability criterion is satisfied. This can be understood by introducing the following rescaling;:
M\(v) = N (\v). For X small enough this equilibrium is stable and if X is large enough
the equilibrium is no more stable. Since this rescaling is mass invariant, this result shows
that any profile .# of arbitrary large L'-norm is stable as soon as its mass is spread enough.
We can investigate this result at the numerical level as well. We perform several simulations,
by making the rescaling parameter A vary, with the following rescaled initial data

Fy (z,v) = )\Z(l + acos (%m)) exp(—A%v?/2).

and using the data in Table

Wi(zx) | ¢ A |n|T|L At Az Ar Av
Test4| 0 | 1 | 10 | 3|60 4210 2] 4/256 | 2/128 | 0.7/256
Test5| O |01| 1 |3|60]| 421072 4/256 | 2/128 | 7/256
Test 6 0 01[025|3[60]4]210°2 4/256 | 2/128 | 14/512

Table 3.9: Data for the kinetic simulations, 1T
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Figure 3.19: Kinetic model: the case ¢ < 1 (Table Test 2), the particles distribution
function F' at several times (top left: initial condition)
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Since the parameter A dilates in velocity the initial data, we can use for the fourth test
a smaller computational domain (Vi ax = 0.7) whereas in the sixth test we have to use a
larger domain (Vipax = 14).

In Fig. this is the case where from a stable state (Test 1) we pass to an unstable state
by contracting the mass of the velocity profile (Test 4). We see that, since almost all the
mass is now concentrated near 0, any spatial perturbation (even small) of this profile creates
spatial region where particles are trapped. Conversely, starting from an unstable state (Test
5 and Fig. left) it is possible to obtain a stable state by dilating the velocity profile
(Test 6 and Fig. right). In particular this procedure allows us to obtain numerically the
Landau damping effect for an arbitrarily small value of ¢. Nevertheless, this procedure leads
to numerical difficulties. On the one hand, for ¢ small the dispersion in the membranes is
really slow and the damping rate is small (compare Fig. and Fig. right). Therefore,
in order to observe the damping numerically we have to perform computations on a large
time interval, which becomes demanding. On the other hand, this procedure dilates in
velocity the initial data which thus requires to compute on a larger domain in velocity and
increases the computational cost. These two difficulties combine and lead to really heavy
simulation. (This is the reason why we perform simulations with ¢ = 0.1 and not ¢ = 0.05.)

A remark in the case n = 1. According to [25], the system|(3.7a)H(3.7b)|can be rewritten
as a Vlasov equation with a memory term in the force field

t
OF +v-V,F -V, (@0 - / pe(t — 7)2 % p(T) dT) -V,F =0. (3.30)
0

In |(3.30), we have p.(t) = [02(2)Y(¢,2)dz where Y is the unique solution of the wave
equation with initial impulsion oo:

(0f — A)Y(t, 2) =0,

t,z
(7, 8{Y)|t20 = (0,09)

In [25, Lemma 14] and in Lemma of the previous Chapter it is shown that the kernel
pe satisfies the following properties.

Proposition 3.6.2 Forn >3, p. € L'(0,+00) and
+o0 K G 2
| rna=5 5 w= [P0
0

If, moreover, n is odd, then p. has a compact support included in [0,2Rz/c] (with supp(o2) =
B(0,Ry)) and

lo2ll f2n/ 2 lo2l 2

Hl <
pelt)] < -

That « is finite clearly relies on the assumption n > 3. This statement means that there is a
loss of memory effect in the force field of This loss of memory effect is an important
mechanism in the analysis of the Landau damping for |(3.7a)H(3.7b)| (¢f the previous Chap-
ter). In dimension n = 1 there is no such a loss of memory effect in the kernel p.. In turn,
if the initial data has a spatial inhomogeneity, then the force field created by the medium
cannot be damped and the force field eventually grows in the spatial region where the force
field acted initially as an attractive force.

Proposition 3.6.3 Ifn =1, then p.(t) > 0 and lim;_o0 pe(t) = 5[lo2]|%, .
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suplE(t])

Figure 3.23: Kinetic model, evolution of the force field: with ¢ = 0.1 and A = 1 (Table ,
Test 5: left) and ¢ = 0.1 and A = 0.25 (Table Test 6: right)
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This proposition is a direct application of the d’Alembert formula:

z4-ct
T(t, 2) = 1/ o3(s) ds

2¢ z—ct

which allows us to obtain

pe(t) = 216/:0 o9(2) (/::t oa(s) ds) dz.

This is precisely the effect illustrated in Fig. [3.20] and [3:21} assuming n > 3 is not a matter
of technical difficulty, but is deeply related to the physical mechanisms described by the
model.

3.7 Conclusion

In this Chapter, we set up a numerical strategy that preserves accurately the dynamics of
energy exchanges for open systems where particles transfer energy to their environment,
represented as a transverse vibrational field. The method applies for N-particles model as
well as for statistical description based on kinetic equations. As we will see it in Chapter [3],
the strategy behind these numerical schemes can be applied to quantum particles as well.

The simulations illustrate the theoretical results obtained when considering a single
particle [I6], interpreted as a friction effect of the environment on the particle, or many
particles, where the interaction leads to Landau damping effects (see the previous Chapter).
The numerical investigation also sheds light on the role of the parameters of the model,
in particular the wave speed ¢ and the dimension n of the vibrational space should satisfy
conditions for the damping to occur.









CHAPTER 4

On quantum dissipative systems: ground states and orbital stability

This chapter is devoted to the analysis of the Schrodinger-Wave system. More precisely, we
study the existence of ground states and their orbital stability. This work is the purpose of
the article [P4]. This is a first step in order to investigate some dissipative behaviors on this
system. We refer the reader to the next Chapter for a numerical study in this direction.

4.1 Introduction

This work is concerned with the study of the following system of PDEs, hereafter referred
to as the Schrodinger- Wave equation

1
10su + EAmu = (al *g / o1 dz) u, teER, xz€ R? (4.1a)
(20 — A (L, 2, 2) = —Poa(2) 01 % |u?(t,z), teR, zeR? zeR® (4.1b)
endowed with the initial data

U(0,$) = ’LLQ(JT), (¢(07$7z)76t¢(07$7z)) = (w0($7z)a¢l(xvz))' (42)

Here u represents the wave function of a quantum particle, which interacts with the vibra-
tional field ¢, and ¢ > 0 is a fixed parameter. A key feature of the model is the fact that
the particle motion holds in the space R?, but the vibrations hold in a transverse direction
R"™. We are mainly interested in finding particular solitary wave solutions of the system,
with the specific form

u(t,z) = e“tQ(x), (t,z,z) = ¥(x,2) (4.3)

where w € R, and @, ¥ are real valued, and to investigate the stability of such solutions.

4.1.1 Motivation

This work is motivated by the modeling of dissipative systems. As suggested by A. Caldeira
and A. Legget [19] the dissipation arising on a physical system might come from a coupling
with a complex environment. In this approach, dissipation is interpreted as the transfer
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of energy from the single degree of freedom characterising the system to the more complex
set of degrees of freedom describing the environment; the energy is then evacuated into the
environment and does not come back to the system. There are many possible descriptions
of the environment: the case in which the environmental variables are vibrational degrees of
freedom is particularly appealing. The system |(4.1a)n(4.1b)| belongs to this class of models.

This system is nothing but a quantum version of a model introduced by L. Bruneau and
S. de Bievre in [16] for describing a classical particle interacting with its environment seen as
a bath of oscillators. Roughly speaking in each space position z € R? there is a membrane
oscillating on a transverse direction z € R™. When the particle hits a membrane, its kinetic
energy activates vibrations and the energy is evacuated at infinity in the R" directions. In
particular, the coordinates (z1, ..., z,) € R™ need not have the specific dimension of a length
(but adopting this language might definitely help the intuition). These energy transfer
mechanisms eventually act as a sort of friction force on the particle, an intuition rigorously
justified in [16, Theorem 2 and Theorem 4]. The system for the position of the particle
t — q(t) and the state of the vibrational environment (¢, z) — 1 (t, z) reads

i) = - [ Vorlat) - oale)olt ) dzdy, 1E R (4.4a)

(020 — A (t, 2, 2) = —0a(2) o1(z — q(t), tER, zeR% zeR" (4.4b)
completed by the initial data

(@(0),300)) = (@0,p0)s (50, ,2), 0b(0,,2)) = (bo(w,2), ¥a(w,2)).  (45)

The functions o7 : R? — [0,00) and o3 : R® — [0,00) are form functions encoding the
interaction domain between the particle and the environment. The model can be extended
by considering P-interacting particles, and the mean-field regime P — oo leads to the
following Vlasov-Wave system [52]

Of +v-Vaf —Va (ol*x/aqudz) Vof =0, teR, zeRY veR? (4.6a)

Ofp — FAp = —0a(2) (m *e /fdv) , tcR, zcRY 2R, (4.6b)
f(O,l',U) = fO(l‘?U)v (w(()?x’z)’atq/}(()?x’z)) = (¢0($,2),¢1($7 Z))? (4'66)

where f stands for the particle distribution function in phase space. This system is thor-
oughly investigated in [4, 26, [103]. In [25], it is proposed to rescale the wave equation |(4.6b)
as follows

atQtw - CQAzw = _0202 (Ul *z /fdv> . (4.7)
As ¢ goes to 400, the solutions of the rescaled system |(4.6a)} |(4.7)| tend to solutions of

Of+v-Vof =V, (al*x/agd;dz>-vvf:0, teR, zeR? veR? (4.8a)
_AZQ;: —02 <Ul *z/fdv>, teR, x ERd, zeR" (48b)

(Without the rescaling the regime ¢ — 00 would simply lead to the free transport equation
for the particle distribution function f.) We can write

Dt 3, 2) = T(2) (01*/fdv> ()
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where I denotes the unique solution of
—A.l'=—0y, T eHY(RY. (4.9)
This observation allows us to express |(4.8a)H(4.8b)| as a standard Vlasov equation

Of +v-Vuf + KV, (Z*x/fdv>~vuf:0, teR, zeRY veRY, (4.10)

where the potential is defined by a convolution with the macroscopic density, with
k= IIVZFH%E, Y =0y %01. (4.11)

Quite surprisingly — mind the sign x > 0 — this corresponds to an attractive dynamics. This
unexpected connection guides the intuition to establish further features of the solutions of
the Vlasov-Wave system; in particular, they exhibit Landau damping phenomena [P1] [P2].
The analysis of these models, either for a single particle or the kinetic description, brings
out the critical role of the wave speed ¢ > 0 and the dimension n of the space for the wave
equation.

The system|(4.1a)H(4.1b)[then appears as a quantum version of the L. Bruneau and S. de
Bievre model. This intuition can be justified by the semi-classical analysis @ la P.-L. Lions-
T. Paul [76], which makes a natural connection between the Vlasov-Wave system and [(4.1a)}
see Appendix D] Another quantum version of [(4.4a)H{(4.4b)| can be obtained by
applying the second quantization approach [I5], 24]. With this approach the environment )
is also quantized. Here we restrict ourselves to the model |[(4.1a)H(4.1b)|

Note that here we have adopted from the beginning the rescaling where the coupling
term in the wave equation is of the order of ¢?. We will motivate this choice below.
According to the framework introduced in [16], throughout this article we assume:

(H1) n >3,

(H2) The form functions o1 and oy are non-negative, smooth, compactly supported
and radially symmetric.

As said above the role of the dimension n for the wave equation is critical in these models.
Indeed, the evacuation of energy in the environment relies on the dispersion properties of
the wave equation, which are strong enough when n is sufficiently large [P1]. By the way,
notice that the definition of k in makes sense when assuming n > 3. The case n = 3
also plays a specific role in the theory presented in [16]. The assumptions [(H1)| and [(H2)|
on the form functions are very natural in the modeling framework of [16]. In what follows,
we use the abuse of notation to mix up a radially symmetric function of z € R? with the
underlying function of the scalar quantity |z|, and we will equally refer to the monotonicity
of this function.

Following the observations made for classical particles, it is instructive to consider the

regime where ¢ goes to +00 in|(4.1a)H(4.1b). We are led to

1 ~
104U + §A$ﬂ = (01 *g /ng dz) 4, teR, zeRY (4.12a)

— Ap = —0o(2) (01 " W) (z), teR, zeR% zeR" (4.12b)
which can be cast in the usual form of an Hartree type equation

1
0+ 5D = —r (B laf?) @, teR zeRr (4.13)
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This remark will be helpful for the analysis.
The conservation of the total energy is a remarkable property of all these models. For

the particle equation |(4.4a){(4.4b)|, we set
-0 [2
&) =TI [ o100 -0)x()0t0. .2 a5 [ (Ol +V.0(0%) azao

and for for the kinetic equation|(4.6a), with|(4.7)| (mind the rescaling for the wave equation),
we set

Eiin (1) ://(”;+o—1*/02¢(t> dz) F(t) dxdv+;//(Clz|8tw(t)|2+]vzw(t)|2) dz dz.

Then, we have

gpart(t) - Epart(o)v gkin(t) - gkin(0)~
For the quantum model, |(4.1a)H(4.1b)} it becomes

Esen(t) = ;/|qu(t)]2 dz + / (o1 */oyb(t) dz) u(t)[?de
+3 [ (Glow®P + [9.6(0)F) deds = £ (). (410
For the asymptotic Hartree equation we get similarly
H(t) = ;/ V() * da — g/|ﬂ(t,:r)|2 Y(z —y) |a(t, y)|? dz dy = H(0). (4.15)

Moreover, both quantum equations are invariant by translation and phase and conserve the
mass of the wave function:

M(t) = / lu(t, z)|> dz = .#(0), M(t) = / |a(t, z)|? dz = #(0). (4.16)
However, there are fundamental differences between the two equations. Let

p(t) = Im/qu(t,x)u(t,:c) dz, p(t) = Im/Vxﬂ(t,x)ﬂ(t,$) dz

be the momentum associated to|(4.1a)H(4.1b)land |(4.13) respectively. We have momentum

conservation for |(4.13)

d
—5=0
dtp )

but
d

0= [ 9 (onx [ it ae) o) s

for|(4.1a)H(4.1b)l This expression can be rewritten as the conservation of the total momen-
tum of the system

P(t) = plt) — CiZ / Db(t) Vo) da dz = P(0). (4.17)

We also introduce the center of mass

/x\u(t,x)|2dx 1

. = z u(t, z))? dz
7 o 0 M
Rd

q(t) =
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associated to|(4.1a)] and a similar definition ¢(¢) for |(4.13)l We have

AO)Talt)=plt),  AO0) 1) = Pl1).

Therefore, the momentum conservation for |(4.13)| implies that the center of mass follows

a straight line at constant speed. For [(4.1a)H(4.1b)| the analogy with the case of a single
classical particle would lead to conjecture that the center of mass will stop exponentially

fast. Numerical experiments shed some light on this issue. We refer the reader to Chapter
for a study in this direction. Finally, we note that [(4.13)|is also Galilean invariant: if @ is a

solution of |(4.13)} then

: po
v(t, ) = (t, z — tpy)e™o (o) gt Ea

still is a solution of |(4.13)l This property is not fulfilled by the system |(4.1a)H(4.1b), which

leads to a specific behavior of the solutions, consistently with the previous remark.

4.1.2 Solitary waves

The system [(4.1a){H{(4.1b)[ can be shown to be well-posed, in natural functional spaces asso-
ciated to the energy conservation.

Theorem 4.1.1 Let [(H1)H{(H2)| be fulfilled. For all uy € H'(RY), 1y € L2(RY; HY(RY))
and vy € L2(RY; L2(R?)), the system|(4.1a){(4.1b)| and|(4.2)| admits a unique global solution
(u, ) such that u € C°([0, +00); H'(R)) and

v € € ([0,+00); L2 (RE A(RD))) 1 € ([0, +00); L2 (RE; LA(RD)) ) -

The proof is detailed in Appendix [C] The local well-posedness is based on Strichartz’
estimates, which rely on the dispersive properties of the Schrédinger and the wave equations
in the coupling. The difficulty comes from the fact that Strichartz’ estimates for [(4.1a)|lead
to estimates of u in L{L], norms whereas Strichartz’ estimates for |(4.1b)|lead to estimates
on ¢ in L7 LIL? norms. Then, in order to gather these estimates, it is necessary to man-
age with permutations of Lebesgue-norms in time and space. For this purpose, assumption
allows us to apply Holder and Young inequalities in order to always obtain estimates
in L] L4-norms. Eventually, that solutions are globally defined comes from the Hamiltonian
structure of the system.

The main purpose of this Chapter is to show the existence and the orbital stability of
solitary waves for the Schréodinger-Wave system. Namely, we are going to study solutions
of [(4.1a)H(4.1b)[ with the form The existence of such non dispersive solutions is the
translation of the presence of some attractive dynamics induced by the model. The rescaling
is important in the discussion. We start by observing that if (u, ) = (Q(z)e™?, ¥ (z, 2))
is a solution of |(4.1a)H(4.1b)| then (@, V) is a solution of

1
- §AxQ + w@ + (01 K /02‘11 dz> Q=0 zecR? (4.18a)
— AAT = —oy(2) (01 *g QQ) (), zeRY zeR", (4.18b)

which is in fact independent of the parameter ¢. In turn, the profiles (Q, ¥) do not depend on
c. Moreover these particular solutions (Q(z)e™!, ¥(z, 2)) are also solutions of the asymptotic
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system |(4.12a)H(4.12b)| It is therefore relevant to compare the behavior of the solutions of
(4.1a)[{(4.1b)| and the solutions of |(4.12a)}{(4.12b)| around the state (Q(z)e™*, U(z, z)): this

comparison provides information on the action of the environment on the quantum particle.

According to the previous discussion, the expected behavior for the Schrodinger wave
system can be summarized as follows.

Conjecture 4.1.2 Let (Q,¥) be a solution of |(4.18a)H(4.18b)| orbitally stable under the

dynamic . Ifup(z) = Q(m)eip?o'w for some sufficiently small py and if (o, 1) =

(¥,0), then there exists two functions x = z(t) and v = v(t) such that

e the unique solution (u,v) of |(4.1a)] associated to these initial conditions re-

mains close (uniformly in time in some norms that have to be precised) to (Q(- —

x(t))ei'Y(t)v \Ij( - x(wv ))7

o #(t)] < Ce™F and |a(t) — 7| < Ce .

Even if the orbital stability of solitary waves of non linear Schréodinger equations is a
classical result for many years, see for instance [22], 107, [I08], there are several difficulties to
justify it in the present context. Firstly, we are dealing with a system and not with a mere
scalar equation. Secondly, the nonlinearity is non local. Nevertheless, we can expect that
structure properties of the simpler problem still apply to the system [(4.1a)H(4.1b)l At
first sight, assumption can be expected to make the problem easier than the case where
¥ is replaced by the kernel of the Poisson equation in dimension d = 3, that is X°(z) = |71\
This specific case — the Schrédinger-Newton equation — has been investigated in
details by E. Lenzmann [68]. However, while ¥ = 01 x 01 has better regularity and support
properties, it does not satisfy any scale invariance. It turns out that the analysis of the
Schrodinger-Newton equation exploits, in a quite crucial way, either explicit formula or the
scale invariance which are very specific to the kernel \%I For this reason, we shall use a
quite indirect approach, that relies on the perturbative arguments developped in [68] for
establishing spectral properties for the non relativistic Hartree equation. The second part
of the conjecture means that the environment acts on the quantum particle as a friction
force and is the object, through a numerical investigation, of the next Chapter.

4.2 Main results

As said above, the main objective is to discuss the existence and the stability of non trivial
solutions (with finite mass and energy) of |(4.1a)H(4.1b)| with the form In order to
establish the existence, we start by observing that (@, ¥) has to be a solution of
Then we can express ¥ in term of @) as follows:

U(z,z) =(2) 01 % Q*(x),

where T" stands for the unique solution of |(4.9)l Coming back to|(4.18a), we deduce that @
satisfies

_ %AxQ FwQ — K(EQ2)Q =0 (4.19)

with the definition [(4.11)} This equation is known as the Choquard equation and it has
been intensively studied (see for example [77], [70] or [68] and the references therein). In
particular, we already know from [77] that there exists infinitely many solitary waves.
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4.2.1 Ground states

Nevertheless, we are only interested in stable solitary waves: for this reason, we consider
solitary waves that minimize the energy of the system under a mass constraint, a quantity
conserved by the evolution equation. Such solitary waves are called ground states. The
specific case of the Newtonian potential X°(z) = ﬁ in dimension d = 3 has been studied in
[70] which establishes the existence and uniqueness (up a change of phase and translation)
of ground states for The existence part of [70] still applies in the case where ¥ is a
smooth, compactly supported, radially symmetric, non increasing and non negative function.
However, the arguments for proving the uniqueness part of the statement rely strongly on
the specific form of the Newtonian potential. Besides, the definition of the energy functional

for the system |(4.1a)H(4.1b)| differs from those of |(4.13)l Therefore, one has to check that
(4.1a)H(4.1b)| admits ground states. For that purpose we will need the following additional

assumption on the form function o.
(H3) The form function oy is non increasing.

We interpret the energy functional |(4.14)| as depending on u, ¥ and x = 0yb. Namely,
for u: R? = C, ¥, x : R x R® — R, we set

E(u,v,x) = ;/|qu|2dx+/(01*/02¢dz>|u|2dx—|—;//(;|X|2+|Vzw2) dzdz

so that Egen(t) = E(u, 1, 0p)(t). Similarly, we set

) =5 [ Vo de =5 [ Ju@)l £~ o) uty) do dy, (4.20)

see [(4.15). In order to establish the existence of ground states we will study the following
three minimization problems.

Ly = inf { B(u,v,x) st. (u,9,X) € HY x L2 x 212 and [Jull}; <M}, (421a)
Ty = inf{ E(u,1,%) st. (u,1,x) € Hp x L2H} x L2L? and ||u|}; = M } . (4.21b)
Ky = inf{ E(u,Doy*|uf?,0) st. ue H} and ||ul}, = M } . (4.21c)

The interest of comes from the fact that E(u,T o1 % [u|?,0) = H(u) since o7 is odd
and therefore [|oy * |u?||2, = [[ |ul*(z)E(z — y)|ul*(y) dz dy. Then, if K/ is reached at u, u
is a ground state of too and we will be able to compare ground states of [(4.1a)H(4.1b)]
with ground states of Section is devoted to the proof of the following theorem.

Theorem 4.2.1 Let|(H1)H{(H3) be fulfilled.
(i) For every M >0, Ips is reached.

(ii) There exists a mass threshold My > 0 such that for every M > My, Jyr < 0 is reached on
(u, 1, x) = (u,,0) with w non negative, radially symmetric and non increasing. Moreover
(u,1)) is a solution of |(4.18a)H(4.18b)| for a certain w > 0. In particular 1 = T oy * |u|? is
non positive, u is an element of the Schwartz class S(Rd) and Ky = Jar is reached at u.
(iii) If d > 3, then My > 0.

Note that we do not know whether the minimizer in item (ii) is uniquely defined, up to
a possible change of phase and translation. Applying Lieb’s method [70], we cannot even
conclude whether or not the minimizer of Jy; are radially symmetric, a preliminary step to
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establish uniqueness, and strictly positive. The alternative approach of L. Ma and L. Zhao
[82 Section 5] provides a positive answer to the strict positivity and radial symmetry of the
minimizer, though. Note also that the third item of this theorem is reminiscent to the fact

that |[(4.1a)H(4.1b)| does not have a scale invariance.

4.2.2 Orbital stability

The variational characterization will be used in Section [£.4] to establish the following orbital
stability result for these ground states. In this statement, for a given mass M > 0, we
denote by Sjs the space of all possible ground states

Sy =1{(Q.¥) € H! x I2H! such that |Q|2, = M and E(Q.¥,0) = Ju } .

Theorem 4.2.2 Let M € (My,2My) and (Q, V) be in Sy;. For every e > 0 there exists
6z > 0 such that if uo € H}, 1o € L2H! and xo € L2L? with ||ug||2. = M and

o — QU + 0 — I, 5 + IxollZa 2 < o
then the unique solution (u, v, x = Opp) of|(4.1a)H(4.1b)| with initial data (ug, 1o, X0) satisfies

oup int (Jult) — Ol + 1000~ BI2, gy + X sz) < =
t>0 (Q,V)eSy Tz

The proof is classical and based on the concentration-compactness lemma, see for instance
[22, [73, [74] and the references therein. However, the lack of a scale invariance has two
negative consequences. First, when applying the concentration-compactness lemma, the
discussion on the dichotomy scenario relies on a sub-additivity property on Jy;: for every
a € (0,1), Jyr < Jam + Ja—aym (see [22, Section I, case 1]. Usually, such sub-additivity
property comes from the scale invariance of the equation. In our case we justify such
property only for M € (My,2My), which leads to the first assumption of the statement, see
below. Second, since we do not know whether the ground states are unique (up to the
equation invariants), the statement only tells us that a perturbation of a ground state stay
close (uniformly in time) to the manifold of all the possible ground states. This is weaker
than the expected conclusion which would assert that “a perturbation of a given ground
state stay close (uniformly in time) to the manifold generated by this ground state and the
equation invariants (phase and translation)”.

4.2.3 Strengthened orbital stability

A strengthened result can be obtained by using an alternative approach, based on the study
of the linearization of the energy around a ground state (see [85] 107, [I08]; we also refer the
reader to the lecture notes [84], Section 2.6] and the references therein). To be more specific,
we fix M > My and we consider a ground state (Q, ¥) of Jys such that @ is positive, radially
symmetric and decreasing and such that ||Q||%% = M. We introduce
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Next, we linearize this quantity around (Q, ¥,0): for everyu € H, v € L?EH Land y € L2L2,
we have

W(Q+u,¥+1v,x) =W(Q,¥,0)

—s—;/RdeCJ(qu—i—vggﬁ)dx—i—w/dQ(u—i—ﬁ)dx—l—/ﬂgd (U1*/n02‘1’d2> Q(u+u)dx

+/ (01*/ agwdz) Qde—i—l?] V.U -V.¢dedz
Rd R7 2 JJraxmrr

1
2 Veul?de +w \u|2dm—|—/ 01* Ugllldz) lu|? dz
R4

+/ (01*/ agwdz> Qu + 1) da:+— /]R Ix|?dzdz + = // V.| dz dz
Rd R R4 xRn R4 xRn
+/ (01*/ 0'2de> lu|? dz.

Rd n

We write this as W(Q + u, ¥ + ¢, x) = W(Q,V,0) + I; + ... + I12. Thanks to [(4.18a)]
I + Iy + Is = 0 and thanks to|(4.18b)| I, + Is = 0. Let us denote

= f+1g, f,geR.

We can rewrite

1
Ig+ ..+ 11 = £+ f , ! +<Lfg7g>L2+72HXH%2L2
¥ V) [ 1zxrzre v o

where .
—— Ay +w+ <01*/ UQ\IIdz) M,
Ly=]| 2 n ) (4.22)
Mo ——A,
2
with
Mll/): (O’l*/ O'2¢d2> Q, MQfZO'Q (Ul*Qf),
and .
L_= _iAx +w+ <01 */ oo dz) . (4.23)
Let us also introduce the operator L defined by
1
Lif = =58uf +wf = k(S Q)] = 2:(Z* Q)Q, (4.24)

which will have an important role in the sequel: it is the analog to £, for W(u) = H (u) +
wllul|3,. We eventually obtain the following decomposition

L2xL2L2

1
+72||X||%2L2 +/ (01*/ 0’21/sz> lul*de.  (4.25)
2c rE Rd Rn
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Remark 4.2.3 Relation |(4.25)| holds true when replacing, for some o € R, My and Mo
in the definition of Ly by aM; and (2 — a)My. However, Ly is self-adjoint only in the
particular case o = 1.

The key argument to prove an orbital stability result is to characterize the kernel of L_
and L and to prove that these operators are coercive under some orthogonality conditions.
The operator L_ is a local operator, and we already have at hand the following statement,
see for example [107].

Lemma 4.2.4 We have Ker(L_) = Span{Q} and there exists a universal constant yr > 0
such that for every g € H.,

1 2
(L-9,0)12 2 wlollFy = - |

(9, Q)1 (4.26)

The difficult part is to obtain an analogous statement for £,. The method consists in
working on the operator L: the knowledge of the kernel of L will allow us to identify
the kernel of £ and a coercivity property for L; will provide a coercivity property for £
too. By direct inspection, it can be checked that Span{9,,Q, j = 1,...,d} C Ker(Ly); we
shall work further to establish the reverse inclusion and characterize Ker(L4 ). Since Ly is a
non-local operator, classical arguments based on Sturm-Liouville theory are not applicable.
We shall need to develop alternative approaches and perturbative arguments, inspired form
[68].

From now on we stick to the case d = 3; we are going to exploit results known for the

Newtonian potential

$0(z) = ~. 4.2
@)= (427)
Indeed, for this specific situation E. Lenzmann succeeded in proving that Ker(Ly) =
Span{d,,Q}, see [68]. Based on this characterization, P. D’Avenia and M. Squassina es-
tablished the coercivity of L, under some orthogonality conditions [23]. The following

lemma summarizes these results for the Newtonian potential.

Lemma 4.2.5 Letd = 3 and consider the potential|(4.27). We have Ker(L,) = Span{d,,Q,
j=1,...,d}. Moreover, there exists a universal constant v > 0 such that for every f € H},

Lok f)p 2 oI f By~ ([ @

2

d
4y \<f, Oz, Q) 12 (4.28)
j=1

We need to extend such a property to potentials with the form ¥ = o1 x01: we denote by
o/ the set of admissible form functions o1 such that Lemma applies when ¥ = o1 x07.
This is made clear by the following Definition.

Definition 4.2.6 We say that o1 is an admissible form function if it satisfies|(H2)H(H3)|
and if there exists a mass interval I of non empty interior such that for every M € I and
every positive and radially symmetric minimizer Qp of Kar, Lemma [[.2.5 applies.

That < is non empty is highly non trivial: in [68] the characterization in Lemma
relies strongly on the specific form of the Newtonian potential and the scale invariance
property of equation in this specific case. Section is devoted to the construction
of admissible form functions ;. The difficulty in identifying the class of admissible form
functions o7 is a weakness of the method compared to the approach by concentration-
compactness. Nevertheless this additional restriction will allow us to obtain a more precise
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orbital stability result and we shall see in Section [£.9] that we can find many form functions
o1 that fits the physical framework introduced in [16]. We proceed in two steps. The idea
is to boil down a perturbative approach for potentials ¥ close, in an appropriate sense, to
ﬁ and then to push this result by suitable rescalings which allow us to identify physically

relevant potentials ¥ = o7 * 01 not necessarily close to % An important issue in this
approach is to clarify the role of the mass constraint: Theorem applies to any ground
state of mass M € (Mo, 2My). Hence, we expect stability results that apply to a continuum
of possible masses M, as stated in Definition

Proposition 4.2.7 The set o/ of admissible form functions is non empty.

We give below additional comments on the strategy to justify this proposition.
From now on we denote

A = {(u,) € H x L2H}}
which is a Hilbert space when endowed with the norm defined by
9l = el + 1912, 5,

The following lemma, proved in section [4.7], gives the required coercivity property on L.

Lemma 4.2.8 Assume (H3), with d =3 and let o1 be an admissible form function.
Then Ker(Ly) = Span{(9,;Q,9,;¥)", j = 1,...,d} and there exists a universal constant

v > 0 such that for every (f,v) € A,
2
) . (4.29)

f f ) 1
<£+ <¢> ’ <w>>Lngng > 2f 05 = v (’U’ Q)12

This lemma is the key ingredient to prove the following orbital stability theorem that
strengthens Theorem The proof is detailed in Section [£.5]

Theorem 4.2.9 Assume with d = 3 and let o1 be an admissible form func-
tion. For every (uo,vo,x0) € HY x L2H! x L2L? let us denote by (u,v,x = 8)) the
unique solution of and associated to the initial data (ug,vo,x0). Let us as-
sume |luollzz = ||Qllz2. There exists &g > 0 such that for every ¢ € (0,e9) we can find
n(e) > 0 and 6(¢) > 0 such that, if

9 d
+ Z ‘<f7 893;@)[/%
j=1

1
luo — Q40 — W% + C*QHXOH%ng <n(e)? and W(ug, o, x0) — W(Q,¥,0) < d(e),

then there exists two functions x(t) and y(t), continuous in time, such that for every t > 0,
v=e""Ouy(t,. + z(t)) satisfies the following orthogonality conditions

<Rev,8ij>L2 =0, j=1,....d (4.30a)
(Imv, Q) g =0 (4.30b)

and !
+ IO < &

. 2
sup ||u(t) — " VQ(- — x(t)), (1) = (- —a(®))||
>0

Remark 4.2.10 Note that in the regime ¢ > 1/€2, the theorem still applies if the perturba-
tion Xo is not close to zero. It is also worth remarking that n(c) and d(e) are uniform with
respect to c.
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A similar result can be obtained for the asymptotic system Then, thanks to its
Galilean invariance, the orbital stability can be extended to initial data g with arbitrarily
high initial momentum. In that state, Theorem [£:2.9] does not provide such a result for the
Schrodinger-Wave system and one can ask if, at least in the regime ¢ > 1, it is possible
to consider initial data ug with high initial momentum and still get an orbital stability
statement. Section [£.6]is devoted to prove the following theorem which provides an orbital
stability result on a finite time interval [0, 7], where Tt depends, among other quantities,
on ¢ and goes to +o0o when ¢ — +o0o. In this statement py stands for the momentum of the
initial data ug, po = Im [ V,uotg dz and p(t) for the momentum of the wave function u at
time . We also use the notation (x) := /(1 + |z|?).

Theorem 4.2.11 Under the assumptions of Theorem . Let n > 4 and « € [1,2] or
n =3 and a € [1,2). There exists e9 = eo(a) > 0 such that for every ¢ € (0,e0) and
c > (po)e=2 we can find n(e) > 0 and §() > 0 such that, if

_;P0. 1
o [lupe " — Qb0 — ¥ + g\lXoHing <n(e)?,

L4 W(qufipﬁO-z’ ¢07X0) - W(Qa \1170) < 5(8)’
52

1 1
o and EHVWOHLng + C*QHVMOHL%I'El = (po)’

then there exists two functions x(t) and v(t), continuous in time, such that for every 0 <
t < Ty(a,n,e2, po,c) where

Ty(o,m,€,po,c) = K(a,n) K(a,n) >0, (4.31)

the function
u(t, ) = ult,x + x(t))e A @ta®) =i ®

satisfies the following orthogonality conditions

<Rev(t),8ij>L2 =0, j=1,....d, (4.32a)
(Imv(t), Q) 1 = 0 (4.32b)

and the estimate

1
sup o) — @, b(t, + (1) — U2 + IO <
0<t<T} c

Remark 4.2.12 i) Since (1o, xo) is close to (¥,0), the assumption

52

1 1
EHvaﬂbOHLng + C*QHVa:XoHL%gz—l < oy

is mot a strong assumption in the regime ¢ > (pg)e~2. Note that ﬁ;l simply denotes the
space of functions f such that ¢ — |{|72|F(Q))? € L%. Then, in dimension n > 3 any
function in L? with a Fourier transform bounded near the origin defines an element of H;l.

ii) The most interesting case is o = 2 for which Ty growth linearly with respect to c. However,
in the case n = 3, the constant K(a,n) goes to 0 when o — 2.
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One may ask which additional information this result provides compared to a rigorous
proof of the asymptotic |(4.1a)H(4.1b)| to |(4.13)| when ¢ — +oo. Indeed, thanks to such
asymptotic result we know that on a finite time interval [0, 7], a solution of |[(4.1a)H(4.1b)|
converges to a solution of (see [25, Theorem 10] for an analogous result in the Vlasov-
Wave case). Then, thanks to the orbital stability of the asymptotic system, when ¢ > 1 one
can obtain the orbital stability on finite time interval for |(4.1a)H(4.1b)| with an initial data
with a possible high momentum. Nevertheless, since this approach is based on compactness
arguments, it does not give a relation between the momentum pg of the initial data, the
wave speed ¢, the final time 7" and the size € of the error. We refer the reader to [34] for
an example, in a different context, of an orbital stability result on large time interval. To
be more precise, in this article the authors shown that plane waves of the cubic non linear
Schrodinger equation are orbitally stable on large time interval when their perturbations
are small in high-order Sobolev norms (whereas it is known that rough perturbations are
not stable, see references therein).

The strategy to prove Theorem is the following. If the Schrédinger-Wave system
does not conserve the momentum of the wave function u, it conserves the total momentum
P(t) of the system Then, this formula suggests, when ¢ > 1, that the variations of
p(t) are small. The time interval [0, T}| is exactly, depending on pg, the larger time interval
on which we are able to justify that

sup ||pol® — [p(t)]?| < e,
0<t<Ty

see Lemma [4.6.1] Then, since on this time interval the momentum of the wave function  is
almost conserved, we can use it as we did with the conserved momentum of the asymptotic
System

As explained above, our strategy to identify admissible form functions and to establish
the orbital stability for the Schrédinger-Wave system is based on a perturbative analysis
from Y°. For this purpose let us introduce the following more precise notations.

Definition 4.2.13 For a given potential ¥ we denote H> and K]a the corresponding enerqgy

defined by |(4.20),, and the minimization problem |(4.21c)|, respectively. Then we denote by
Q%/[ a positive and radially symmetric minimizer ofK]%/[ and by w(X, Q%/[) the constant w > 0

such that Q% is a solution of |(4.19)| with ¥ and w = w(X, Q). Note that the notation Q3;
could design several minimizers since a priori we do not get the uniqueness of the minimizers

of K¥;. Moreover we make precise how the operator L, defined by |(4.22)| depends on X,
Q and w. Since we will only consider cases where w = w(X, Q) we will use the notation

Ly =Ly (%,Q).

We consider a sequence (X¢).~o of smooth potentials satisfying the following assumption:

(H4) For every ¢ there exists of satisfying [(H2)H(H3)| such that 3¢ = of x 0§ and

the sequence (X%).~q converges to X0 in the following sense: for every R > 0,

12 = =) i<l 52 + 1(5° = )1 rllee — 0. (4.33)

For such family we know that for each € > 0, there exists a mass threshold M§ > 0 such
that K}, is achieved for every M > M. In order to work with a fixed mass M > 0 we will
also assume that sup(M§) < +o0o and we will consider a mass M such that M > sup(M§).
This assumption is quite reasonable since ¢ — 3° and there is no mass threshold in the
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case ¥ = ¥, We refer the reader to Lemma which insures that this assumption is
indeed always valid in the previous context.

Then we consider a sequence (Q°).>o of smooth, positive, radially symmetric and de-
creasing functions and a sequence (w®).~o of positive numbers such that Q° = QY; and
w® = w(X%,QY;). In particular each Q¢ is a solution of with ¥ = X° and w = w®.
We also consider Q°, the unique positive and radially symmetric minimizer of KJ\E/[O. Note
that Q is also decreasing and we can find w® > 0 such that Q is a solution of with
¥ = %% and w = w. Hence, the cornerstone of the analysis is given by the following result,
established in Section [£.8]

Proposition 4.2.14 With the previous notations and assuming the following prop-
erties hold.
(i) Convergence. For every § > 0 there exists g > 0 such that for every 0 < e < &,

1Q° = Q°llay + |o® — | < 4.

(ii) Coercsivity. There exists &g > 0 such that for every e € (0,&), Q° = Q¥ and w® =
w(XE, Q%) there exists v(X°, Q°,w®) > 0 satisflying, for every f € H},

(L (55, Q5 f. g = w55, Q) Iy — 5 ([(£.@%00z

2

’

3
0.0, Q)
j=1

where V0 is the best constant possible in Lemma [4.2.5. Moreover, v(X, Q%,w®) /¥ when
e — 0. This coercivity inequality insures that the kernel of L1 (%%, Q°,w®) is spanned by the
0x;Q° and Lemma [{.2.5 applies to the kernel ¥ as well.

Remark 4.2.15 In point (i), €9 depends on the chosen sequence (QF)e>o whereas in point
(ii), €y is the same for every sequence (QF)s>o. However, how the coercivity constant
v(Xf, Q°,w®) converges to ¥ depends on the considered sequence.

In this proposition, how £g has to be small depends on M; hence the result cannot be
extended to consider, for a fixed potential X¢ close to X9, a continuum of possible masses
M. The statement applies for a given mass M but it is not sufficient to justify that A is
non empty. This issue is addressed in Section

Remark 4.2.16 Our approach can be adapted to treat many problems involving a non local

definition of the potential, without scale invariance. A relevant example is the case of the
e—Hlz|
|]

between the Schrédinger equation and the screened Poisson equation p?>®—A,® = |u|? for the
potential. The stability analysis for this problem is performed by a variational approach in
[111] and an improved statement has been obtained in [61] by using a perturbative approach
next to pu = 0.

Hartree equation with the Yukawa potential ¥(x) = , which corresponds to a coupling

4.3 Existence of ground states: proof of Theorem 4.2.1

Let us gather the basic properties of Iy, Jy and Kjs in the following lemma, which is
further illustrated by Fig.

Lemma 4.3.1 Let ((H2) be fulfilled. The following assertions hold:

a) M — Iy is non increasing.
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b) In = Jo = 0 are reached at (u,,x) = (0,0,0) and Ko = 0 is reached at u = 0.

c) For every M >0, —oco < Ipy < Jyy < K.

d) For every M >0, Jy <0.

e) There exists a mass threshold My > 0 such that Ipy =0 for M € [0, M| and Iy < 0 for
M > M.

f) If Iny < 0 is reached at (u,v,x), then ||uHQL% = M and Jy = Ipf is reached at (u, 1, x).
Moreover x =0, ¢ = T'oy  [ul? and u € S(R?) is a solution of for a certain w > 0.

In particular Ky = Jyr is reached at u.
g) If d > 3 there exits a mass threshold My > 0 such that Ky > 0 for every M € (0, My).

Before to prove this lemma let us make several remarks

e Points d) and f) coupled with Theorem (i) imply Jas = I for every M > 0.

e Points e) and f) coupled with Theorem (i) imply that Jy; is reached for M > M,
and improve also point a): Iny = 0 for M € [0, My] and M — I is decreasing on
(M07 —|—OO)

e Points e), f) and g) coupled with Theorem (i) imply that My > M; > 0 is
indeed a positive number. The proof of point g) will give us the following additional
information

1

0< —7—
/iCQHEH d
L7

< My < M. (4.34)

e The improvement of point a) coupled with My > 0 in the case d > 3 implies that Jys
satisfies the following sub-additivity property which will be at the heart of the proof
of Theorem for every M € (My,2My) and for every o € (0, 1),

Im < Jam + J(l—a)M' (435)

Indeed, either & or 1 — « belongs to (0,1/2). Let us suppose 0 < a < 1/2 (Fig.
might help to check the argument): we have aM < My, so that J,pr = 0. Besides,
by monotonicity, we also have Jy < J1_q)n < 0. Combining the two observations
proves the sub-additivity inequality.

Proof. Items a) and b) are direct consequences of the definition of Ips, Jy; and K.
The non trivial part of ¢) is to prove that E(u,, ) is bounded from below under the mass
constrain ||ul|2, = M. Since for every (u,1, ),

1 1 1
EW#m»2|wwﬁrﬂ/ @ﬁ/"@ww)m%x+|wmﬁnﬁ—gmﬁ%z
2 T RA Rn 2 Tz 2C Tz

1 1 1
> SIVaully = M ol zglloall v 161 oo + 19280312 + 55 Iz,
(4.36)

the Sobolev inequality || f||,2n/;m-2) < [IV2f|[12, see e.g. [88, Theorem, p. 125] allows us to

conclude.

Item d). Let u € HL. For X\ > 0, we set uy(z) = \?u(\z). Then [urll2s = M and
E(uy,0,0) = A?||Vgul2, =20 0, which justifies the claim. ’

Item e). For every (Z,’(ﬁ) and a € R, we have

E(au, aly|,0)
1 1 ~o
= a? <2HVmUII%g - a/ (Ol */02|¢|dz> ufdo 2||VZW)|H%£L§> avteo

+o0
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A A
K]V[ K]V[
Mo = M, > M My >
O In=Ju =0 M 9 Iyy=Jy =0 M
\ \
Iy =Ju=Ku | Iy =Jy = K
\ \

Figure 4.1: Two possible graphs representing I, Jar, Kar as a function of the mass M. Note
that nothing ensures that these functions are differentiable as the picture might indicate.
The right picture corresponds to the case where My < My, while M; joins My on the left,
which could be the expected situation.

and |lau|?, = a?||ul|3.. We conclude by using that Ip; <0 and M + I) is non increasing.
Item f). We argue by contradiction: we suppose that E(u,,x) = Iy with |lul[3, =m
and 0 < m < M (note that Iy < 0 implies m # 0). We first remark that Ip; < 0 implies

/(m*/@¢@>w%u<a

Then, by considering v = (M/m)Y?u, p = (M/m)"/?y and ¢ = (M/m)'/?x we get

I < E(v,9,Q)

— ety + 5 [ (e [ ovde) WP do oI se + IV -0l e
——
>1 <0

M M
< —E(u, v, x) = —1In < I,
m m

which is a contradiction. Since (u,1,x) is a minimizer of Jys, the Euler-Lagrange re-
lations imply the existence of a Lagrange multiplier A,y such that V., E(u,¥,x) =
Aupx V(0 — ||uH2L%) = 2y (u,0,0)". The first two components of this vectorial
relation imply that (u,) is a solution of |(4.18a)H(4.18b)| with w = —A, y, and the third
component implies that y = 0. Then ¢ = I'oy % |u|* (which implies that Ky, = Jy is
reached at u) and wu is a solution of with w = —Ay,. Moreover, by multiplying
by u and integrating over R% we get

1
§HVIUII%3 +wllulz ~ Fé// [ul*(2)2(z — y)|ul*(y) dz dy = 0.

It follows that

1
0> Jas = Kor = 5[Vl = § ] 1P @)=~ )luf*(w) dody

K
= —wlullts + 5 [ @S - P ) dsdy
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and thus w > 0. Eventually, thanks to the fact that w is a positive number, one can prove by
standard arguments that u is in the Schwartz class (we refer the reader to [70, Theorem 8]
and its proof in [77, Remark 1]).

Item g). Let us denote by C' the optimal constant of the homogeneous Sobolev embedding
(rals 20/(a-2) < ClIVafllz (note that this estimate requires d > 3). Since E(u, I o1 %|ul?,0) =

H(u and by using the estimate

J] @)= — P ) do dy < 18 x e
< HEIIL§II 1o oty = 121 gl gy < Oy IVl
x x

we eventually obtain
1
Bl o s fu,0)> 3 (1= wC2S] glully ) 19l
and Ky is positive as soon as 1 — K/CQHEHLd/2M > 0. [

Thanks to the previous arguments, Theorem [4.2.1}(ii) follows from Theorem [4.2.1}(i):
in the proof we will construct a minimizer such that u is non negative, radially symmetric
and non increasing. We are thus left with the task of proving Theorem m—(l)

Proof of Theorem [4.2.1}(i). We fix M > 0 and we consider a minimizing sequence
(Uy, Yy, Xv)ven of Ipnr. We start by constructing from this sequence another minimizing
sequence with specific properties. Since E(uy,¥,,0) < E(uy, ¥y, xv), we can take x,, = 0 for
every v. Moreover, owing to convexity properties, we have E(|u,|, —|1,|,0) < E(uy,1,,0)
and we can suppose u,, > 0 and ¢, < 0. Finally, the density of linear combinations of tensor
product in L%H 1 allows us to assume that every 1, can be written as

Ny
=D i (2)gi (2),
i=0

where f¥ € L2 and g¥ € H 1 are positive functions. Possibly at the price of decomposing the
g”’s on a Hilbert basis of H., we can suppose that for each v, (g¥);en forms an orthogonal
family and we obtain

1
E(“V? 1;[}117 O) = 7HVIUV”%%

Z(/ 012 02 (//RdXRd\uy o) for(e -y dxdy)+z||f; 32197 1%,

From here we can apply the symmetric decreasing rearrangement theory in order to obtain,
see [7L, chapter 3], |3 12, = |22, IVauz 2, < [Vou, |2, [1£212, = 1712, and

// () Pors (2 — ) £ () dar dy < // s () ot (@ — ) £ (y) dar
R4 x R4 RI x R4

where -* stands for the symmetric decreasing rearrangement of a given function. Since o

is assumed non negative, radially symmetric and non increasing, o] = o1 and since
2

1/*,/
)

L2H]

Ny
DN gt W, =
1=0

we eventually obtain E(u®,,,0) < E(u,,,,0), where ¢, = >N f/*g¥. From now on,
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we will use the abuse of notation u, = v}, and ¢, = TZV.

Having disposed of these preliminaries, we enter into the heart of the proof. Thanks to

we know that (u,)yen is bounded in H! and (¢, ),en is bounded in L2H!. Hence we

can suppose, possibly at the price of extracting subsequences, that (u,),en converges weakly
to w in H}, (¥y)yen converges weakly to ¢ in LZH!. We have [[ul|7, < M, ||[Vyul7, <

2 2

hrn.hlfygaoo||‘7x1LV||%% aluj Hlb‘yL%]§; L%]&;‘

< liminf, o [|90]| In order to conclude the proof

it only remains to prove that

/Rd (m*/nagwy dz) |y (2)]? da el /Rd (01 */n@de) lu(z)[? d. (4.37)

Indeed, now implies F(u,,0) < liminf, o E(uy,,%,,0) = Ipy and we eventually
conclude that Iy is reached at (u,,0).

We turn to On the one hand, by using a diagonal argument and extracting further
subsequences if necessary, we know that (u,),cn converges also pointwise to w. Since for
every v, u, is non negative, radially symmetric and non increasing, for almost every z € R¢
we get

fuy () 2 meas (B(0, |2])) < / iy ()2 dy < M
B(0,]z|)

and then

M 1
ol = V tmeas (B0, 1)) ~ [ofF

Moreover, for almost every z € R¢ we also have

2d 2d
d—2 d—2

2d_
|uy (2)[4-2 meas (B(0, |z])) < [lu|| S Vw727,

2d_ ~o
d—2

x

and since (u,)yey is bounded in H} we obtain |u,(z)| < |z|~(@2/2, We conclude that
0 < uy, < f holds, where f is defined by

a—2
Alz|7 2 if|z| <1,
f@;):{ al a

A|x|_g else.

On the other hand, the weak convergence of v, to v in LgH 1implies the pointwise conver-
gence of (o1 * [o2th, d2)|u,|? to (o1 x [ 02t dz)|ul?. It remains to dominate this quantity
by an integrable function. Indeed, the inverse Fourier transform of ¢ + G2(¢)/|¢|? defines
an element of H!, and we get
62(Q) | A
IC]2

(s [omaz) @ =[] cloite =) ZEG 600000 dyac
L o= 0T G aydc = (o [ owpas) @) (439

A rough estimate leads to

‘(Ul*/ O’wadz) |u,/‘2
Rn

which is locally integrable on R? but not integrable (f? behaves like |z|~¢ at infinity). We
need to refine the estimates for large |z|’s: we are going to show that o1 x [ 021, dz is
dominated when |z| > 1 by a function which tends to 0 at co. We first remark that, like for

< Nloallzgllollomrwss 90l 5 2o £ S ool s £2 S £
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uy, the following estimate holds for each f}:

£ ()

which yields the refined estimate

<>—\§;(A;axzwﬂzwu)(A;aux—yn?@ww)|

< % HUQHLG/(n+2) HngLG/(n—z) / HfVHL% d
i=0 ; : \/me‘dS( (0, |y!))

(/ \ |d/2 dy) Z 177 12211981 -

Then, since ZZN:"O Hf;’HLgHQfHH; = ”wl’”ng; is uniformly bounded with respect to v, we

< ||f 2
~ V/meas (B(0,]2]))’

01*/ oo, dz
R™

can conclude owing to weak decay assumptions on oy. For example, if o1 € L N L. and if
for some 0 < ¢ < d/2, x — |z|°01(z) lies in LN L. (which is a consequence of [(H2))), then

1 || 1 |z —y|® + |y|°
. _ = < _ = Jv - I
|wéfﬁ %Wﬁmwwéfﬂ T

1 _
S (HﬂfH ’fﬂ|€01($)||Lg°/ vl d/Qdy+/ o1(y)ly” dy

™zl B(0,1) CB(0,1)

1
+ IIUlHLgo/ ly|== 2 dy+/ o1(y) dy) S TE
B(0,1) CB(0,1) 2]

)

This ends the proof. [ |

Let us complete this Section with some comments on the uniqueness issue for the min-
imization problem Jj; and complementary properties of the solutions. As soon as Jys is
reached at (u,,x), we have x = 0, ¥» = ['oy % [u|? and Ky; = J); is reached at u. Hence
Jyr admits a unique minimizer if and only if K admits a unique minimizer. In [70] E. Lieb
fully answers the question of the uniqueness of the minimizer of K;; for the Newtonian
kernel ¥0(z) = ﬁ in dimension d = 3. A first step of the proof consists in proving that if
K is reached at u then, up to a translation and a change of phase, u is positive, radially
symmetric and decreasing. The proof uses the fact that r» — 1/r is decreasing, see [70),
Lemma 3 and Corollary 4]. Here, we suppose that o; is non increasing (o strictly decreas-
ing is not compatible with ¢; compactly supported) and we cannot apply this reasoning.
Nevertheless, the recent result of L. Ma-L. Zhao [82] Section 5] tells us that any non negative
solution of is strictly positive, radially symmetric and decreasing. This justifies that,
if Ky is reached at u then, up to a translation and a change of phase, u is positive, radially
symmetric and decreasing. The idea in [82] consists in writing as a system

(w— %A)Q: QX, X=rExQ%

The operator (w — fA) is indeed invertible, and its inverse can be expressed by means of a
convolution with the Bessel potential [97, Chapter V, Sect. 3]

1 [ 2 dt
- —maz? [t —t/(4m)  —(d—2)/2 2¥
J(z) 471'/0 e e t ,
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(this kernel corresponds to the operator (I — A)). Therefore @ appears as the solution of
an integral equation

Q=7 *(QX), X = kX x Q>

The operator (w— 3A)~! is positive in the sense that the solution u of (w— $A)u = f, with
f >0, f # 0isstrictly positive. This reflects in the fact that ¢ (z) > 0 for any = € R<. Since
we already know that @) is non negative, we deduce that actually @ is positive. Moreover
# is decreasing, X is non increasing, which allows us to adapt the moving plane strategy
of [82]: we conclude that @ is radially symmetric, and monotone decreasing in the radial
direction. The second step in Lieb’s approach shows that Kj; admits a unique positive,
radially symmetric and decreasing minimizer [70), Theorem 10]. However, the proof relies
strongly on the specific properties of the kernel ¥°(x) = 1/|z|; the proof cannot be adapted
to the present framework. Two other questions are left open, though not essential for the
sequel: does admit ground state of mass M € (0, My]? and does M; equal to My ?

4.4 Orbital stability: concentration-compactness approach

Theorem [4.2.2]is a consequence of the following lemma.

Lemma 4.4.1 Let M € (Mo, 2Mo). If (uy, %y, Xv)ven C H} xL%ﬁzl x L2 L2 is a minimizing
sequence of Ju such that ||uy||2, = M, then there exists a sequence (x,),en of elements of

R? and (@, \Tl) € Sy such that, up to a sub-sequence,

Jun (- = @) = QH%{; + (- — 2, -) — \I’Hi%H; + HXV”%%L% V_>—_~_>Oo 0.

Let us first explain how this lemma implies Theorem [£.2.2] We argue by contradiction.
Let us assume the existence of € > 0 and a sequence of initial data (ufj, 1§, xf)ven satisfying
lugll?s = M,

2 2 7
it = @y + 108 = Il gy + 6302 222, O

and such that for any v € N, the unique solution (u”, 4", x") of |(4.1a)i(4.1b)| with initial
data (ug,q, x4) satisfies for some ¢, > 0,

e ()~ @l + 190 — B2, g, + I @iz ) > =
(Q,¥)eSm xR

The energy functional E is continuous with respect to u € H}, 1 € LQ%H Land y € L2L2 so0
that

By using the mass and energy conservations we check that the sequence (u”(t,),v"(t,),
X" (t,))ven fulfils the assumptions of Lemma and we eventually obtain the required
contradiction.

Proof of Lemma m. First of all, since Jyr < E(uy,¥,,0) < E(uy, ¥y, xy) and
E(uy, Yy, xv) = Ju when v — +oo we obtain

1
%”XV”%%LE = E(UV7¢V7XV) - E(uVanV?O) — 0.

v—+00

Then, owing to (uy)yen is bounded in H! and (¢, )yey is bounded in L2H!. The
concentration compactness lemma [73, [74] — here we use the version that can be found
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in [2I, Prop. 1.7.6] — insures that there are only three different possible scenarii for the
behavior of the sequence (uy)yen-.

Scenario 1: FEvanescence. Up to a sub-sequence, for every 2 < g < 2*, (u,),en converges
strongly to 0 in L%, where 2* = 400 if d = 1 or 2 and 2* = 2d/(d — 2) if d > 3). Let us
assume d > 3; we have

/ (al*/ 0'2’(/1,/(12) |ul,|2d:v
Rd n

< lloull za-nr@en o2l 2nrme [Pl 3 2002 S ||¢)u||L3g;||Uu|\i§(d—1>/(d—2>-

<

01*/ o9, dz

I |Uu|2|| (d—1)/(d—2)
Lg71 Lz

Since (1, )yen is bounded in L2H! and 2 < 2(d —1)/(d — 2) < 2*, we eventually obtain
/ <01 */ ooty dz) |u,,|2 dr — O.
Rd n v——400

. : 1 1
Juy = lim E(uy,1,,0) = lim <2HVmuVH%% + 2|!Vz¢uH%ng> >0,

v—-+00 v—+00

Then

which contradicts Jy; < 0.
Scenario 2: Dichotomy. Up to possible extraction, there exists two sequences (v,)yen
and (w,),en, bounded in H! and such that the following assertions hold

- 2 2
(4) Ja € (0,1) such that [lv, |7, o oM and [jwy |7, el (1—a)M,

(i) V2<a<2, Nl — ool — lwoldy — 0,

(i) Timinf ([Vawllfs — [ Vavl; — [ Vawslliz) > 0.

With (i3), we infer

[ (e [ owtds) (1 = fun = ) s
R4 n
< lorlzglloalzmomalltull iy ([ [l = 10 =t da) = 0. (439)

Note that we can apply (i) because in the proof of the concentration compactness lemma
[21] v, and w, are built in such way that |u,|? — |v,|? — |w,|? > 0. Since

1
Buy,%0,0) = 5 (IVou |3 = IVavu 72 = [ Vow,|32)

+/ (01 */ o2ty dz) (\uu\Q — o - !wy\g) dz + E(vy, 1y, 0) + E(wy, ¢y, 0),
R4 Rn
combining [(4.39)} (éi7) and (i) yields

T = lim  E(uy, ty,0) > liminf (E(vy, %y, 0) + E(wy, 1,0))

v——+00

2 ll}g_&gE(vw 77/}1170) + lylg_&ng(wmwua 0) > Jam + J(l—a)Ma

which is a contradiction with satisfied for M € (My,2My).

Scenario 3: Compactness. Up to a sub-sequence, there exists a sequence (z,),en in R?
such that v,(x) = wu,(z — x,) converges weakly to u in H! and strongly to u in L% for
any 2 < ¢ < 2*. The sequence ¢, (z,2) = ¢, (x — x,,2) is bounded in L2H! (note that
H%HL;&; = Hw””Lgﬁ;)' Up to a subsequence, (¢, )yen converges weakly to ¢ in L2H1.
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Since (v, )yen converges strongly to w in L2 we have ||u|3, = M and then E(u,v,0) > Jy.
Let us now prove that

/ (01 */ o2y dz) v, |?dz — / <01*/ o91) dz) |u|? dz (4.40)
R4 n v—+00 R4 n

holds. We have

/Rd <01 */nagcp,, dz) vy |2 da = /Rd(gl wlon[?) (/n Uggoydz> &
B /]Rd [(Ul * o) = (o1 % |u’2)] (/Rn o260y dz) dz + /Rd(ffl * ul?) (/n T2 dz) dz,

where

(150 ) = (1 [uP)] ([ o2p,dz) da
R4 n

e

~

2 "@V"L%ﬁ;7

Moreover, reasoning as in |(4.38)], we get

/ (o1 * [ul?) (/ 020y dz) dz = // (o1 [u})og ¢, dzdz
R4 R™ R4 xR"
— // (o1 % [u*)og ¢ dzdz :/ (01 */ ng/sz> u|? dz.
v=Foo J/RIxRR R4 R™

It remains to prove that oq * |v,|? converges strongly to o1 % [u|? in L2. To this end, we
remark that

o1 vy |2 — o1 % |ul? =01 % <|v,, —u+uf? - |u|2) =01 % (|U,, — ul? + 2Re (v, — u)ﬂ) .

By using Young’s inequalities and the strong convergence in Li of (vy)yen to u, we obtain

lvy, — ul* + 2Re (v, — u)ﬂ’

(o1 v ?) = (1« uP)| , < oz
xT

Ly

< lloillzz (llow = ull3z +2low = ullpzllullsz) | — 0.

With [(4.40)| we can now justify that (u,) lies in Sys:

v—+00

1
.. 2 .. 2

— > .
stimint ([ (e [ onpuaz) P o) +limin (51920003 ) > Bl 0,0)
In order to conclude the proof it only remains to justify the strong convergence of (vy, ¢ )ven
to (u,?) in H} x L2H}. We already know that this convergence holds weakly. We combine

E(u,¢,0) = Jy = VEIJPOOE(UV, ©u,0)
and |(4.40)| to deduce that

1 1 1 1
SIVa s+ SIVapllBars = 5IVaulls + 5 IV26l 220,

v—+00

) o 1
Ju = lim_E(vy,,,0) > lim inf (2\\vauﬂig>

holds, which allows us to conclude. [ |
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4.5 Strengthened orbital stability: approach by linearization

In this Section, we explain how Lemma and Lemma imply Theorem
Step 1. The first step of the proof consists in checking that, up to the invariants of

the equation, any v € H} close enough to @ satisfies the orthogonality conditions
4.30b)l For that purpose, let us introduce the function F : H! x R4*T! — R+ defined
by

Fj (v, (y,e)) <Re i ( Y, 0,Q) . G=1....d

Fay1 (v = < e (- 4y), Q >H1 .
Direct computations show that F'(Q,(0,0)) = 0 and D, ¢ F (Q, (0,0)) is an invertible di-
agonal matrix (indeed d,,F; (Q,(0,0)) = H(?QCJ.QH%% and 0pFyi1 (Q,(0,0)) = —HQH%%)

The implicit function theorem provides the existence of g9 > 0 and a C'-diffeomorphism
G : Bpi(Q,280) — Uy, C R G(v) = (x,7) such that for every v € By1(Q,2¢0) and
every (y,0) € Uz, F (v, (y,0)) = 0 if and only if (y,0) = G(v). Moreover, since

(@, )| = |G(v) = G(Q)] < (sup [[DLGI]) [[v = QI
for every ¢ € (0,e) there exists n(¢) > 0 such that

1
2
o= Q.0 = W5 + X722 < ne)*

implies for (z,7) = G(v),

1 2 2
a2 lxlzzre =€

le o +2) @t +a) - v+

Step 2. In this second step we show that, if for a given time ¢y € [0,+0c0), there
exists (x9,v0) € R4 such that v = e="0u(tg, - + o) satisfies the orthogonality conditions
[(4.30a)H(4.30b)| and the estimate

i 2 1
Jem 0 utto, +20) = Quublto, - +@0) = ¥+ Slx(to)Fere < & < e,

then there exists a time 7* > to and two functions x(¢) and (¢) continuous in time such
that (l’(to),’)’(to)) = (1‘0,’7(]) and7 for every t € [t07T*)7

i) (x(t) - an'y(t) - 70) € Uso,
i) v = e ®uy(t,- + (t)) satisfies the orthogonality conditions |(4.30a)H(4.30b)l

i) e Out, +2(t) - Q,p(t,- + (t po zux(t)”im <e,

First, thanks to the time continuity of ¢ — (e =0u(t, - + x¢),¥(t, - + x0)) € H, there exists
a time T™* > to such that for every ¢ € [to, T™)

e~ 0u(t, - 4 zg) — t,-+x —\112 < 4e? < 4e2.
le= 0 utt, - + o) = Qu(t,- +z0) — ¥ < :

Next, for every t € [to, T*) we can apply the first step to v = e~"0u(t, - +x¢) and we obtain
the existence of z(t) and 7(t) such that (z(to),v(t0)) = (x0,70) and such that i) and ii)
hold. Moreover the continuity of ¢ — e~"0u(t, - + zo) implies the continuity of ¢ — z(t) and
t — (t). We notice also that we can extend by continuity x(¢) and ~(t) at time 7* and this
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extension is such that v = eIy (T*, - + 2(T*)) still satisfies the orthogonality conditions
(4.30a)(4.30b)|

We can now apply Lemma[£.2.4] and as follows. Thanks to the conservation of mass
and energy and to the invariance by translation and phase of these quantities we get
W(“O» o, XO) = W(U(t), ¢(t)7 X(t))
=W (e Dult, -+ 2(1)), 0(t,- + 2(8), x(1)) = W(Q +u(#), ¥ + ¥°(£), X(1)),

where
W) =e MOyt +2(t)—Q and  ¢(t) = o(t, -+ x(t)) — V.

We make use of the decomposition |(4.25)| combined with Lemma and we obtain

2 d 2
+3 |(Rew?,0,,Q) 2
j=1

2—/Rd (01*/n o (1) dz) e (1) de

Since eV Mu(t, -4 2(t)) and Q satisfy the orthogonality conditions [(4.30a)H(4.30b)| we know
that u also satisfies these conditions. Moreover ||Q|z2 = [|[u(t)| 2 = [[u® + Q|2 leads to

B 1
PIRe w015 + pullime [y + 55 ()2 2

< W(u()aw()a XO) - W(Q7 \Ila 0) + % (’<R‘e u€7 Q)L%

1
+ u ‘<Im u®, Q) 1

1
1QIZz = llullZz + 1QI72 + 2(Rew, Q)12 and then (Rews, Q)zz = —[|ullZz,

which implies

2
< Jhellte <4et

|

|(Rew, Q)12

We also get

/Rd (01 */n o2¢% (1) d2> lus ()| dz

< llotllzzlloall ponsonen 4= (), 05 )15 < 8llonllzz ozl 2o/ €.

< lloullzzlloall pznseen 97O 2 g 1 (@172

Gathering these estimates leads eventually to (we recall that W (ug, ¥o, xo) — W(Q, ¥,0) <

3(¢))

1
IRews, 4% % + ITm w5 + 5 IX(®)72L2

1 4
~ min (Ij,u, %) ( ( ) v H IHL%H 2HL§ /(n+2)
By taking
e 1\ €2
§(¢) = min (V, T8 5) ok
and possibly at the price of picking a smaller £y, we eventually obtain iii) for every t € [tg, T™].

Conclusion. We apply the first step with v = wug, which insures the existence of x(0)
and ~y(0) such that we can apply the second step at time ¢ = 0. Thus, since 7% > 0 and
since we took care to justify that the conclusions of second step is also valid at time t = T,
a classical argument on connected space allows us to conclude that T* = +oo.
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4.6 Orbital stability on finite time for data with a high initial
momentum

In this section we give the proof of Theorem which provides a result of orbital stability
on a finite time interval but with an initial data ug which might have a high momentum
po. As explained in the introduction, a first step in order to obtain this result consists in
obtaining the larger time interval [0, Tf] on which we are able to justify that

sup [pof® — [p(t)]*| < e. (4.41)
0<t<T}

The following Lemma, based on the conservation of the total momentum of the system

and Strichartz’ estimates justifies that holds with Ty defined by

Lemma 4.6.1 We fiz € > 0 and py € R? and we consider the regime ¢ > (po)e™!. Let
Vo € L2L? and Vixo € L2H; 1 be such that

1 1 €
EHvaﬂ/JOHLng + ?HV$X0HL%}.[;1 < o)

Then, for any n > 4 and a € [1,2] or n = 3 and a € [1,2), there exists two constants
C =C(a,n) >0 and K = K(a,n) > 0 independent of €, py and c, such that

2
1 1
sup | |pol® — [p(t)]*| < C€< sup HX(t)HLng> +C€2( sup HX(ﬂHL;{@) :
0<t<Ty 0<t<Ty € 0<t<Ty €

where the time Ty = T¢(c, n, €,po, c) is defined by

eaca—l

{po)™

Tf(a7 €, Do, C) = K(O{, n)

Remark 4.6.2 i) The assumption Vyxo € L%Hgl is not a strong restriction for us since
in the case n > 3, ¢ + |¢|72 is locally integrable around 0. Then any function Vxo € L2L?
such that its Fourier transform in the z-variable is continuous around 0 defines an element
of Liﬁ;l. Moreover, the smallness assumption on the initial data is neither a restriction
in our study since we start with initial data (g, xo) close to (¥,0) where ¥ is of order 1.
ii) The case o = 1 is allowed but has no interest for us since in that case the time Ty is
independent of c. The most interesting case is when o = 2 for which the time Tt growth
linearly with c. However, when n = 3 the constant C(c,n) blows up when « goes to 2.

iii) In practice we will start with xo/c of size € in L2L? and we will propagate this estimate
to x(t) for any t € [0,T¢]. In that case we get

sup | |pol® — [p(®)?| < €%
0<t<T}

iv) Since in the classical version of the Schrodinger-Wave system the media acts on the
particle as a linear friction force with friction coefficient v/c when n = 3, and since we
expect that it is still the case at the quantum level, it is interesting to consider the case of a
classical particle only submitted to an external linear friction force with friction coefficient
v/c and to investigate on which time interval we get

[pol® — [p()*] < €.
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Since p(t) = —yp(t)/c implies p(t) = po exp(—yt/c) we get

2 2
2y c € ce€

!Polz—!p(t)lz‘:!pol2 l—e el)<e <= t<——log|l- ~ 7
‘ ( ) 2y po)? 27|pol?

which exactly correspond to the case a = 2 in the definition of Ty. The case o = 2 is not
covered when n = 3 but our rough estimation seems to be not that far from optimal.

v) However, when n > 4, at the classical level the environment acts on the particle as a non

linear friction force with exponent n—2 and friction coefficient v/c"~2 (see [16, Section 2]).
In that case
2

o) = (PO 2O e = ol (14 O )

which leads to

[pol* = [p(&)* = Ipol* { 1 — 1+%1p0|” ) ") <
Cn

cn—2 62 _ani’r Cn_262
<— t < 1—-— -1~
= (n=3)7[po|"? <( !p0|2) 27|po|™t

and our estimation of the minimal time is not sharp at all in the case n > 4.

vi) The fact that our result is not close to the classical case has two different explanations.
The first one is that our result is based on a rough estimate which is far from optimal.
The second is that at the classical level the fact that the media acts on the particle as a
linear (resp. mon linear) friction force is an asymptotic result which is only valid when the
momentum of the particle is small. Since our result works for any value of pg we cannot
expect it to be close to this asymptotic case.

Proof.  For the sake of simplicity we only make the proof in the case where yo = 0,
straightforward modifications allow us to obtain the general case. In this case, thanks to
the conservation of the total momentum m

P(t) = _// 1) dzdz = P(0),
p(0) =P0)+ 5 [[ OV dwdz =+ 5 [[x(©Va0(0) dodz =po + 1)

Then
[pol? = p(®)2] = | 200 (£) + | FB)2] < (2lpol [F#)] + (D)) (4.42)

and we only have to estimate f(¢). Thanks to the Cauchy-Schwarz inequality we get

1 1
swp [F(1)] < ~|Vallrzzgere ( suwp ~[x(®)z2r2)
0<t<T c 0<t<T €

and we will apply some Strichartz’ estimates to the term involving V1 (see for example
[60], [46] and references therein or the proof of the well-posedness of the Schrodinger-Wave
system that we performed in Appendix |C)):

HvxwuLngoH; < Cis+§K(ﬁ/a ql) (6875 ”vwpoHL%H;

_n
+ C(S_l)_%HVzXoHL%g;—l e V| = oy Vo |u|2||LgLf’L§')’ (4.43)
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where the exponent pair (g,p) is such that 2 < ¢ < 400, 2 < p < 400, (¢,p,n) # (2,00,3)
and has to satisfy the following two relations

1 n—-1 n-1 1 n n
e < and j—'—j:*—i-s—l

q 2p 4 q p 2
Note that here, since we want to study the asymptotic regime ¢ — +0o0 we make explicitly
appear how Strichartz’ estimates depend on the wave speed ¢ (it can be obtained by a simple
scaling argument). The range of possible values for p is p € [2n/(n — 2),2n/(n — 3)]. For
these value of p, the exponent ¢ takes its values in [2, +00] except in the case n = 3 where
the limiting case p = 400 and ¢ = 2 is not allowed. Applying with s = 0 leads to

- T—5+2
IVatllzzreerz S [[Vatollpzre + ¢ 1||VIX0||L51€1;1 +c2 ¥ oy Vyor * |U|2HL%L§’L§’
where
n n _ i
2 g

Since q € [2,400] implies ¢ € [1,2] we get for every ¢ € [1,2] (in the case n = 3 the value
¢ = 2 is excluded since ¢ = 2 is not allowed)

1
IVatllzzreorz S [Vatbollpzre + C_1||V:cX0||ng;1 + ¢ |log Vo1 * \U|2||L3L5’L§’~
Then, standard inequalities lead to

loa Vaory * fuf?| o < lloall o [ Vaor * uf?]

! 5/ !
217 1% Lt | L2L?

L L
< |T|7 ozl ( sup Hszfl*IU(t)\QHLg) <|T|7 |loal o [ Vol 2 ( sup || IU(t)\QHLQ
z 0<t<T Z 0<t<T

1
< TN lo2ll o Va0l L2 M.

and we eventually obtain
1 -1 = 1
sup 1FO1 <~ (IVatiollzzze + e Vool s + 117 0) { sup ~[Ix(®)llz2.e )
0<t<T ¢ @iz 0<t<T C

Coming back to|(4.42)| and applying the previous estimate with a = ¢’ and T' = T conclude
the proof. [ |

Let us now give the proof of Theorem As before, for the sake of simplicity we
only consider the case

(uo(x), ¢o(z, 2), xo(z, 2)) = (Q(m)ei%}'x,ﬁl(x,z),O), (4.44)

where |pg| might be arbitrarily large. The general case can be obtained by straightforward
modifications. The following simple relation will give us several useful information and is

the key which will allow us to adapt the proof of Theorem [£.2.9} if
u(t,z) = u(t,a:)e_i%'x

where p(t) = Im [ V,u(t)u(t) dz denotes the momentum of u(t) and M = [|u(t)||2, its mass,

then
2
/\va(t)\zdm:/]un(t)\zdm— 'pg\t} .

As a consequence we get

e

W (u(t)e™ 5%, 0(0), X(0) = W (u(t), (), x(1)) ~
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end then, thanks to the mass and energy conservation and since (@, ¥) is a minimizer of
the energy under the mass constraint ||Q|2, = M, we have the relation

0 < W (u(t)e™ "5 7, (1), x(1)) — W(Q, ¥,0)

70 Ipol? — Ip(t)|”

= VV(”OG_z M .ma 1/)0, XO) - W(Q7 \Ijv 0) + M (445)

Remark 4.6.3 Relation gives us for free that the momentum of the function u(t) is
uniformly bounded in time

‘p(t)P S ‘p0’2 +M (W(uoe_ipﬁo.xv d}OaXO) - W(Qv \I/,O)) .

In the particular case of an initial data of the form|(4.44),, this estimate becomes |p(t)| < |po|.

We have now all the required materials in order to adapt the proof of Theorem

Proof of Theorem |4.2.11 Let us assume that the function x(¢) and ~(¢) are well
defined on a time interval [0, 7] (where 7' > 0 might be equal to 0). In particular, on this
time interval the orthogonality conditions |(4.32a){H(4.32b)| are satisfied and

1
[o(t) = @, ¥(t,- + (b)) — ¥[% + @702 <€

Then, thanks to the continuity of w(t), 1(t), x(t) and p(t) there exists a larger time T* > T,
such that for every ¢ € [T, T"]

o(8) . 2 1
ulty ()5 CH 0D Qe +2(T) =¥+ Sl < 4°

C

This estimation implies that
1
p Ix(®)||2r2 < 2

is of order € on this larger time interval. Moreover, as in the proof of Theorem it
implies that the implicit function theorem can be applied in order to extend continuously
the modulation parameters x(t) and y(¢) on [T, T*] in a way that the orthogonality conditions
[(4.32a)H(4.32b)| still hold on it. Let us now prove that for every ¢t € [T, T*] we get

1
[o(t) = Q. vt +2(t) = ¥l5 + SIXOIF212 <>

Thanks to and in the particular case where (ug, Yo, X0) = (Qeipﬁo'x, U, 0) we get

t 2 2
0 < W (u(t)e= 57 w(0), x(1)) ~ W(@, w,0) = PEPOL

Then, since we already know that [|x(t)||z272/c is of order & on the time interval [T, 7],
Lemma m (applied with € = £2) implies that as long as T* < T},

W (u(t)e™57 %, (), x(1)) ~ W(Q. W,0) S &%

On the other hand, the invariance by change of phase and translation of W coupled with
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the relation |(4.25)[ and the coercivity results of Lemmas and leads to

_ 1
pllm s ()17 + ZIRews (8), = (D5 + 5 5 IX(B)II72 12

. p(t) 2
M

< W (e H 00 x(0) = WQw0) + [ (0. Q[ + 2 [ (Rew(0). Q1

2 _ / (01* / azws(t)dz> (1) de,

() = o)~ Q and G (tx,2) = B(t,a + 2(t), 2) — Uz, 2).
Eventually, thanks to the orthogonality conditions |(4.32a)[{(4.32b)| we get

_ 1
pllm s ()17 + ZIRews (£), = (D5 + 5 5 IX(B)II72 12

o [ (70 [ o @as) e as

where the condition [uo||;2 = [|Q]| 2 implies that (Reu®, Q)2 is of order £* and where the
term | [ (o1 * [ o2tp° dz)|uf|? dz| is of order €3. Making explicitly appear the constant C' > 0
in front of the previous inequality and using the extra e-factor in order to get

Ce(2+¢)
min (p, 7, %)
when € < g¢ leads to the require conclusion. We finish the proof with a classical argument

on connected space which insures that this conclusion is true on any time interval [0, 7]
such that T < T7. ]

1 d
o> [(Rews(t), 0., Q)2
j=1

where

S & 4 |(Rews (1), Q)2

<1

4.7 Coercivity of L.: proof of Lemma 4.2.8

This section is dedicated to the proof of Lemma which is a key ingredient of the proof
of Theorem [£.2.9] The kernel of £ can be identified by using Lemma [£.2.5] Indeed, since
(f, )t € Ker(L4) implies

—%Azl/}%-@ (1 %Qf) =0,

we can express ¢ in term of f as follows: ¢ = 2I" (61 * Q f). Moreover the relation

/ L.f
Ly <2r <al*czf>> :< 0 ) (4.46)

allows us to identify the kernel of £ to the kernel of L: we eventually get
Ker(£4) = Span{(@m].Q,awj\I/)t, j=1,...,d}.

In order to prove the coercivity relations we need the following two lemmas.

Lemma 4.7.1 For every (f,) €  such that (f,Q)r2 =0, we have

S S
ORI

Moreover, since Ker(Ly) = {(9,;Q, 0., V)", j = 1,...,d} and (9,;Q,Q)r2 = 0, we know
that this inequality cannot be strict.
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Lemma 4.7.2 Let (f,,%,)ven be a bounded sequence of A which converges weakly to (f, )
in €. Then, up to a sub-sequence if needed, we have the following two convergences:

/Rd (cn */nagllfdz> £, |2 dz el /Rd (01 */n02@d2> 712 de (4.47)
/R ) (al* / oty dz> Qfyde — /R , (01* / nagl/_1d2> Qf da. (4.48)

Proof of Lemma m Let f be a real valued function of H. such that (f, Q)2 =0,
let ) be a function of L2H! and let u be the function defined on R by

and

Q12
R PR AR
One can check that u(s) is a real valued function of H} and |u(s)llz2 = [|Qllr2 for every
s € R, u is smooth, u(0) = @ and
(f, @)1z
W(0)=f—-——5=Q =1
O=7""lan,

Since (@, ¥, 0) is a minimizer of Jjs, we know that for every s € R, W(Q, ¥,0) < W (u(s), T+
s10,0). Moreover |(4.25)|leads to

0 < W(u(s), ¥+ s1,0) — W(Q,¥,0) = </j+ (U(S;J Q) 7 (U(Szw— Q) >
L2xL2L2

+/Rd (m*/nagswdz) lu(s) —QIde.

Since u(s) — Q = u(s) —u(0) = sf + o(s) (when s goes to 0), we eventually obtain

<t le)- (),
T\ ¥ L2xL2L2

which concludes the proof.

Proof of Lemma The proof uses in several places a basic result of integration
theory, consequence of Egoroff’s theorem [I00, Proposition 3.9]: if a sequence (g,),en C
LP(R%) converges weakly to some g in LP(R?) where 1 < p < +oo and if this sequence
converges also a.e. to some g, then g = g.

Here, the sequence (f, ), ey is bounded in H'(R?) and the compact embedding H' () —
L?(£2) which holds for any bounded open set Q C R? implies that, up to a sub-sequence,
(f,)ven converges strongly to f in L?(Q) and thus converges, up to a further sub-sequence,
a.e. in Q to f. A diagonal argument yields the a.e. convergence of (f,),en to f in R
Moreover, by using the homogeneous Sobolev embedding in dimension d = 3, the bounded-
ness of (f,),en in H} implies its boundedness in L2 and LS and, by interpolation, in any
LP with 2 < p < 6. Consequently, the sequence (|f,|?),en is bounded in L3 and, up to a
sub-sequence, converges weakly in Lf; to some ¢. Since this sequence converges also a.e. to
|f|?, we have indeed g = |f|>.

To prove We proceed as follows. Since ¥ = I' oy x Q? with @ lying in the Schwartz
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class, the weak convergence of (|f,|?)nen to |f|? in L2 yields

/(al*/ag\lldz) 1,2 dz = —m/(Z*Qz) \f,|? dw
. —m/(z*cf) ]f|2dx:/(al*/02\lldz> 172 da.

We turn to [(4.48) We split

/(m*/azwu dZ) Qfydr = //02 (01 % Qfy) Yy dzdz
- // o2 (015 QU — 1)) o dardz + // o2 (1% QF ) v dar .

The weak convergence of (¢,),en to ¢ in LgH 1 (note that o9 smooth and n > 3 imply
oy € H ~1) directly implies that the second term of the right hand side converges to [(o1 x
1l 02t d2)Qf dzx. It only remains to prove that the first term of the right hand side converges
to 0. To this end, we are going to show that (Qf,),en converges strongly to Qf in Li/ 2,
Indeed, ( ’fu|3/ %), en is bounded in L2 and, up to a sub-sequence it converges weakly to
g = |f|*? in L2. Since Q%2 € L2, we get 1Qful 32 — |]QfHL3/2 as v — 0o. Moreover

T

the sequence (Qf,),en is also bounded in L?;;/ 2 and, up to a further sub-sequence if needed,
it converges weakly to Qf in Li/ ®. Thus we get the announced strong convergence. We
combine this strong convergence with the boundedness of (1, ),en in L2 H! and we conclude

as follows:

‘//02 (1% Q(fy = 1)) o dz dz

< HU2HL3UUH4>H¢VHL%ggH01Hng|KQfL-—C?fHLyz Voo O

< lloall s 1l s o * QU = Pz

We are now able to prove the coercivity relation |(4.29)

Proof of |(4.29).  We argue by contradiction, assuming the existence of a sequence of
positive numbers (7 )ren which converges to 0 and the existence of a sequence (f, ¥r)ren
in ¢ such that for every k,

<£+ (i’l) | (i’l» < ol i el — 5. (\m,@Lg
L2xL2L2
(4.49)

We can assume that [|(fk,9¥r)|l» = 1 and thus, that there exists f € H} and 1} e [2H!
such that (fi)ren converges weakly to f in H: and (1, )ren converges weakly to ¢ in L2H].
On the one hand, thanks to the weak convergence of ( fx)ren, wWe get

<fk7 Q)L% - <f_7 Q>L% and <fka 690]- Q)L% k—>—+>oo <f_7 827]' Q>L%7

k—+o0

while on the other hand |(4.49) implies

2<ﬂ]3—17k £+ fk R fk — 0,
Uk V) [ 12 wr2rz FoTee

bearing in mind that (£ih,h) < K|h|?%,. We eventually obtain (f,Q);> = 0 and (f,
0z,Q) r2 = 0. Knowing that f is orthogonal to @, we can apply Lemma in order to

2

9 d
+ 3| fer 02, Q)
j=1

0< |(fi Qrz

9 d
+ Z ‘<f]€7 a:l‘JQ>L%
j=1
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obtain

f f
<‘+ (w) ’ <w>> =0

On the other hand, the relation

1
(60 () (B)) =100 <15+ (1 f e

1
+ 2/ <U1 */02% dz) Qfpdz + §||VzwkH%§L§7
coupled with Lemma [4.7.2| and |(4.49)[leads to

N (f
<£+ (11’) ’ <¢>>Lng2Lg
o Tk Ik ‘ T Ji
< Jim inf <£+ (%) ’ <¢k>>Lngng = 1]1:3?;5 <L+ (¢’f> ’ <¢k>>Lngng

: 1 2 & 2 Tk fr
Sm“”{%QWQM%f;“m%@@)+<“<w»<m .
We eventually deduce

k—4o00
. Tk Jr _ f f —
kETOO <E+ (W) ’ <wk>>L§xL§Lg - <£+ <¢> 7 <w>>Lngng ' 50

and thus (f,) is a minimizer of

. f f
<f’5§1Lf3=0 <£+ <¢> ’ <¢’> >L§ngL§‘ .

We can now conclude as follows. First of all, the relation [(4.50)] coupled with Lemma [4.7.2]
leads to the norm convergence

<limsup v = 0.
k——+o0

_ _ 1 -
2 2 2
192713 +llF13s + 5112, 4

SIVafulze +wll fellzs + SlvnlL, 4 Ko 2

It implies the strong convergence of (fx, ¥k )ren to ( f.4) in . In particular we know that
|(f,¥)|l.# = 1. Second of all, (f, ) is a minimizer of and the Euler Lagrange relation
insures the existence of a real number A such that

()-+e)

The second component of this vectorial relation leads to ¢ = 2I' (oy * Qf). From this
relation we obtain the contradiction as follows: owing to Lemma and since f is
orthogonal to @ and 9,,Q, we get

{e. ), {) O,

=<Mﬁﬁ@2%N@iO%Qm

2 d — 2 =19
+ 30|00, Q1| | = vl
j=1
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Thus (f,1) = (0,0), which contradicts || f, || » = 1. -

4.8 Perturbation analysis: proof of Proposition [4.2.14

In this section, since there is no ambiguity, we will use the following shorthand notations,
see Definition 4.2.13, H® = H™ | K5, = Ky, , L5 = L, (¥°,Q°), H* = H™, K{, = K}/
and LY = Ly (3% Q). Before proving Proposition let us check that sup(M§) < +oc.
We remind the reader that the sequence of ground states (Q%).~¢ is well defined only if this
supremum is finite.

Lemma 4.8.1 Let be fulfilled. For every M > O there exists eg > 0 such that for
every € € (0,e9), M§ < M.

Proof. We start by showing that for every u € H.,
€ 0
He(u) = H"(u).
Indeed, thanks to the Cauchy-Schwarz inequality we have

| H# () = HO(w)| =

/|U|2 * (2° =20 (@) [u*(z) da| < |[|uf® % (ZF = )| nge [lullZ:,
and thanks to the homogeneous Sobolev embedding in dimension d = 3 we get
lul? % (2% = X°)| g
<N =3 <rll el lulllzs + (55 = )L rllzge | ul[l 2y
<O~ 20)1|x\§RHLg/2||VxUH%g + 1525 = 2105l oo flul 72

Thus, assumption [(4.33) leads to the required convergence. We conclude as follows. By
using the results of E. Lieb in [70] we know that K, < 0 is achieved at a unique positive
and radially symmetric function Q°. Then H®(Q") — H°(Q") = K9, < 0 implies K§; < 0

as soon as ¢ is sufficiently small. Eventually Lemma [4.3.1}(e) and (f) allows us to conclude.
|

We turn to the proof of Proposition [4.2.14

Proof of (i) Convergence. Step 1. We prove that for every u € H} and for every

0, R > 0, there exists g > 0 such that for every 0 < ¢ < &g,
KkC

1 K 1
H(w) 2 5[ Vaully = 55 G+ oR) [ully I Vouldy — 5 (64 5 ) Nulllz (452

where C denotes the best constant in the homogeneous Sobolev embedding in dimension
d =3 and ¢ > 0 is a constant. Since

1 () = 5 Vol = 5[] 10055~ )l o) dody

// u?(@) 2z — 4)[uf*(y) der dy

we only have to estimate the last term of the right hand side. Again, we use the Cauchy-

1 9 K
> I Vaullly - 3
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Schwarz inequality and the homogeneous Sobolev embedding and we obtain
\/hﬁ@nﬂx—ww%wmﬂ4schmgmﬁmm&ﬂvMﬁngum£Mﬁwmg
< O (2% = ) aicnll oz + 150 wi<rll 2 )l [ Voull3s

+ (12 = ) paps rllase + 121 a5 allrze ) llulfz-

The quantities ||X° L <rll, 3/2 and [|X°1, 5 gllzee can be evaluated explicitly. Combined

with the convergence [] it allows us to obtain |(4.52)| for every ¢ > 0 provided € > 0 is
sufficiently small.

Step 2. Estimate |(4.52)| has two consequences: firstly, the sequence (QF)c0 is bounded
in Hl and, secondly, the sequence (K§;)->¢ is bounded from below (at least for ¢ > 0
sufficiently small) by —x(6 + 1/R)M?/2. Indeed we already know that [|Q°||%, = M and

for § + ¢cR > 0 sufficiently small (that means ¢ > 0 is also sufficiently small), we have
kC(6 + cR)M/2 < 1/4. Hence, |(4.52)| with u = Q° becomes

(3 3 1 13
(@) 2 V.13 - 5 (54 ) M2

Since H*(Q®) = Kj; < 0 is negative for every ¢ > 0 we eventually deduce that ||V,Q°| .2
is bounded. Moreover, it is clear that the sequence (Kj;)s>0 is bounded from below by
—k(§ 4+ 1/R)M?/2, as soon as ¢ > 0 is sufficiently small.

Therefore, we know that (Qf).s¢ is bounded in H}, and we also know the existence of
two constant a, A > 0 such that for every ¢ > 0 sufficiently small, —A < J§; < —a (the
existence of a comes from the proof of Lemmalm“/here we proved that K§; < H*(Q°) —
H(Q") = KY; < 0). Moreover, since Q¢ is a solution of [(4.19)| with ¥ = %¢ and w = w®, by
multiplying this equation by Q¢ and integrating over R? we get

1
M = =3IV + 5[] 1) @ - )1 Q) do .
In turn, the sequence (w®).~¢ is bounded:

KE
0< L <ur QMﬂ@f 25 (@~ IQ°P () dedy

kC

1
< b o (04 eR) QI @I + o (94 ) 17l

There exists C,j € H! and @ > 0 such that, up to a subsequence, (Q%).~o converges weakly
to Q in H! and (w®).>0 converges to @. Since the functions Q° are positive and radially
symmetric, we also know that @ is positive and radially symmetric, and (Q°).>o converges
strongly to @ in LP for 2 < p < 6, see [72, 98] for such compactness statements based on
symmetry properties.

Step 3. We are going to prove that Q Q" and @ = w%. To this end, it is sufficient
to prove that Q is a solution of the Choquard equation m with ¥ = ZO, w = w and
1Q]2 72 = M. Indeed, we know that the Choquard equation with ¥ = Y0 admits a unique
positive, radially symmetric solution for w = 1 (see for instance [70] or [68]). This result
can be extended by a scaling argument for every w > 0. Hence, we can justify the following
assertion: if two positive and radially symmetric solutions @1 and ()2 of with ¥ = X9,
w = wy and w = w9 have the same mass, then ()1 = Q2 and A\; = As.



4.8. Perturbation analysis: proof of Proposition [4.2.14

179

For every € > 0 and for every ¢ € C°(R3), we have
3 [ V@ Vapdo ot [ Qpden [ Qo) e - ) Q P drdy =0,

It is obvious that the first two terms converge respectively to ([ V@ - Vg dz)/2 and
@ [ Qp dx (note that for the second term we use the fact that [| Q|| 2 is bounded with respect

to ). Let us now show that the third term converges to —+ [[ Qy(z)20(x —y)|Q[?(y) dz= dy.
For that purpose we decompose the difference as follows

// Q)55 (x — )| Q72 (y) da dy — // Qo) - )| QL) dxdy\ <L 4T+,

where

L= [ @) (226 - ) - S - ) 1) dody .

L= [ (@) - QW) o= ~ 1@ P de dy.

L= [ Ge)=@ - ) (107 - 1Q°F) () o
The convergence of I; follows from the boundedness of (Q).~o in H} together with the
convergence |(4.33)|
L < Q%L I(2F = 2% % Q7| e
< Q%M 2 llellr (CH(EE = S0 Lpy<rll 2 IVaQFIIZ2 + (27 - ZO)1III>R||L3°HQ€H%§> :

The boundedness of (Q¢).~¢ in L2 and the strong convergence of Q¢ to C~2 in P for2<p<6
with p = 4 and p = 8/3 imply the convergence of Iy (we use that Eolng lies in L% for
1 <q<3and X1, lies in L? for ¢ > 3):

I < |29 (Q° — Q)pllLe= | Q%1172
< (150 m<rlz Q7 ~ @elliz + 1500 rlla (@ — @l ) Q712
< (1= Uil 2 197 = Qllualiolzs + 1200 aps sl Q7 = Qllessllelors) Q7.
For the last term we use almost the same strategy than for Is. We write

I < [Qll s 127 % (1Q° — 1Q) | s

< 1@lzzleli (£ Loiea] , 10512 - 1GF L
Since |Q°|2 — |Q)? = |Q° — Q|2 +2(Q° — Q)Q we eventually obtain
Jl@ P —1ar],, < [lec - ar|,, +2]w@ - aq|,
<[ -al,, +2le -4, ],
and
|10 = 1QP| s < |1@° = QP15 + 2] (@ -~ D
<|ler ‘Q)ig/s +2[@° = Q| s |9 s
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These convergences allow us to obtain that Q is a solution of with ¥ = X% and w = @.
It only remains to prove that ||QH%2 = M: the weak-L?2 convergence of Q¢ already implies

”@H%g <M.
We multiply by Q¢ the Choquard equation satisfied by Q° and we integrate over R3; it
yields

&g 1 g g & 13
M = VLI — x [[ 10 P @) e - I QF ) dody.
Taking lim inf._,¢ leads to
- 1 ~ .
“BM = S |V.Ql: - slimsup [ Q7@ — )|@¢ () dody.
E—

We justify as before that the last term converges to [[ |Q|?(z)X°(z — y)|Q|*(y) d= dy. Since
Q@ is a solution of with ¥ = ¥° and w = @ we obtain

~5M 2 5 IV.Ql: - [ 1GP@E @ - »IQP ) dedy = 3Gl

Since w > 0, we eventually obtain M < ||C_2H%2 and thus Q = Q° and @ = «°.

Step 5. In order to conclude the proof it Onfy remains to justify that the weak convergence
of (a sub-sequence of) (Q%)c>0 to Q" in H! actually holds strongly (then, thanks to the
uniqueness of Q°, one can extend this convergence to the entire sequence). We already
know that HQOH%E =M= HQSH%%, which implies the strong convergence of (Qf)c>¢ in L2.
We turn to the strong convergence of (V,Q%)s>o in L2. Thanks to the end of the previous
step we have

ti [V, Q7 3 =2 (' + ] 1QP@)%(z ~ I Q°P(w) do dy) = |V2Q°

which finishes the proof. [ |

Proof of (ii) Coercivity. We fix ¢ > 0 and we consider a positive and radially symmetric
minimizer Q° of K§,;. Proposition gives
2)

2)—Ku&—Lbﬁﬁ%

(L1 1), = Pl f I — % (!<f, Q)rz

L2 —

d
2
+ 30 4F,00,Q" e
j=1
Next, we compute (L f, f) as follows:

(L5t gy = (01 £), + {5~ IDLS)

1
> Pl — o5 | (£ Q0s

9 d
+ 30 (0,0, 12
j=1

1 g 2 d 13 2 ]' > 3
=P — g | [ Q) ez +j21|<f,axjcz el | - oo = (@ - IDA ) .
where
2 d 2
B =[(f,Q° = Q) pa| + D2 [(,0,,Q° — 0,07) 12
j=1

+20(/,Q"~ @)z

<f7 Q€>L%

<f7 8:13]' Q€>L% .

d
+23 [(£,00,Q° — 02,Q%) 12
j=1
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Then we infer the following estimate: R® < a(Q°)| f||3;; where a(Q) > 0 and a(Q) — 0
when [|Q — Q°|l 2 — 0. Moreover

(5 = 201.),, = (5 =) 13 = [ (55107~ 204 1Q) I o
— 25// (ng(l’)EE(CE ) f(y) — Qf(2)x%(z — y)QOf(y)) dz dy,

and from this expression we can obtain (thanks to a similar reasoning than in the proof of
point (i)) the following estimate

(L5 =Lf.f) | < B Q%) s,
where 5(X,Q,w) > 0 and (2, Q,w) — 0 when
12 = =1 pi<rll 32 + 12 = E) 1 rllze +11Q = Qllmy + w — w°| — 0.

This assertion applies for any R > 0; here R is fixed once for all (not necessarily small as in
the proof of convergence). Gathering these two estimates leads to

(s ) > (0 - S s, 0n0m) 11

d
- % (‘<f7Q5>L% i +Z‘<f7aij5>Lg 2) .

j=1
The announced coercivity property holds for the ground state Q¢ provided
a(QF)

0

+ B(%°, Q°,wf) < 1P, (4.53)
Since a(Q) and (X%, Q,w) converge to zero when
12 = )1 <rll 52 + 12 = SN esrlze +1Q = @°llay +lw — | — 0,
there exists & > 0 such that
102 = 2Lyl e+ 15 = 2o rllzs +1Q — @l + o — 9] < 6
implies Thanks to we can find £y > 0 such that for every ¢ € (0, &),

0
(2 - E0)1\gc|§R||Lg/2 + (2 - ZO)1|$|>RHL$° <3
Therefore, possibly by choosing a smaller &y if necessary, for every ¢ € (0,&p) and every
positive and radially symmetric minimizer Q¢ of K§;, we get

0

Q° — QOHH; + | —w’| < 5

We argue by contradiction to justify this. If it were not the case then there exists a sequence
er — 0 and a sequence of positive and radially symmetric minimizer (Q°*)gen such that for

every k,
0
1Q% — Qg + |w™ — O] > 3
However we can apply point (i) to this sequence which insures that

0 0
Q% = Qlliy + o™ ] —» 0,

a contradiction. [ |



182

Chapter 4. On quantum dissipative systems: ground states and orbital stability

4.9 Admissible form functions: proof of Proposition |4.2.

The general strategy relies on the application of Proposition hence we have to con-
struct a sequence of potentials (X¢).~¢, with the specific form 3¢ = of x 0§, which converges
to 30 in the sense of This requires some care beyond the classical “regularization and
truncature” approach. A similar difficulty arises, but in a different manner, when justifying
the asymptotic regime of the Vlasov-Wave system towards the Vlasov-Poisson
equation [25]. The following simple examples are quite illuminating on the strategy.

Toy example 1. Let x : R? — [0,1] be a C%° function which satisfies x(z) = 1 for |z| < 1
and x(z) = 0 for |z| > 2. Let
x(e)
Y (x) = =—=.
|z

The analysis of this kernel is simple: due to the scale invariance of |71\’ we have

Y (x) = EX](;:C? = eXl(ex).

As a matter of fact, we have
i) H (u) = 3H”' (uf) where uf(z) = e 2u(e 1),
ii) QF is a minimizer of K3 <= Q(z) = ¢ 2Q°(¢'z) is a minimizer of KE_IIM,
i) Ky, = K2,
iv) if Q¢ is a minimizer of K3, then w(X%, Q%) = £2w(3!, Q) where Q(z) = e 2Q° (¢~ '),
V) (L+(Z5,Q) %, )2 = (L4 (21, Q)f, f>L% where f(z) = e 2f%(¢'2) and still
Q(z) = e2Q° (e ).

These relations proviode several useful information. For example, since for any fixed € > 0,
3¢ lies in Lg’;/ 2, Lemma applies and justifies the existence of the mass threshold My,
which, in turn, can be expressed by means of MOEI: M; F = 5MOZl — 0. Furthermore, ¥°
converges to ¥° in the sense of and the conclusions of Proposition hold. Then,
relation v) allows us to extend the coercivity estimate to any radially symmetric minimizer

of K,%l associated to a mass m larger than M /&, as illustrated by Fig. Indeed ii), v)
and Proposition 4.2.14}(ii) yield

(LS QF.f),, = e L (Z5.Q) 7 s

-3 3
> 6—3V€||f5||%{% _ 5]/70 (’<f€,QE>L§ ? +Z ‘<f€78ijE>L§ 2)

Jj=1
2

_ 1 e 2
= V[ Valllis +e AN 22 — 5 ( 2|1 Qua| +e7 X |50, Q)2 )

Jj=1

which implies the announced coercivity property.
This example can be compared to the case of the Yukawa potential seen as a perturba-
tion of the Newtonian potential in [61].
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Figure 4.2: Illustration of the strategy: for the given mass M, the stability of the ground
states is proved for the potentials ¢, with 0 < & < &y. By rescaling, we can go back to the
potentials X!, and ground states with a mass larger that M /Zq are stable.

Toy example 2. Let a : R? — [0, 00) be a C™ function such that J adx = 1. We consider

-1
se(r) =3 [ CET W g,
[z —yl

Now, we have the scaling relation: ¥°(x) = e 71X (e71z), where

|z — y|

We deduce that

QF is a minimizer of K); <= Q(z) = 2Q%(ex) is a minimizer of KEE]\l/[

Reasoning as in the previous example, we obtain that, for M sufficiently small, every pos-
i(4.28) In

itive and radially symmetric minimizer of Kﬁl satisfies the coercivity relation

particular there is no mass threshold: ]\4021 = 0. Since X1 ¢ Li/ 2, this is not a contradiction
with Lemma [£.3.1]

Main strategy. The two previous examples do not fit with our framework, where we are
dealing with smooth and compactly supported potentials 3. Then, in order to handle such a
potential, the idea is (as usual) to combine the truncature and the regularization by setting

ae™!
Y (z) = e 3x(ex) / M dy.

However, the scaling for the truncature and for the regularization are not the same, and
the properties deduced from the scale invariance of 1, break down. Instead, we consider a

|z|
doubly indexed sequence of potentials

SV () = A7 x (ua)
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with A, 4 > 0. We also introduce

aley) dy.
|z —yl

S(a) = x(o) |

We have the scaling relation $M#(z) = pX M (uz) which leads to the following lemma.

Lemma 4.9.1 The following assertions hold:
i) H= (u) = u?’ng (u") where ut(z) = p*u(p=1z) and e = A\,

i) QM is a minimizer of KJ\Z/IM = Q(x) = p2QM (u~'x) is a minimizer ofKEflM
with € = A\,

i) Ko™ = PP with € = M,
w) if QM s a minimizer of K%Jf’“, then w(SM, QM) = p2w(3, Q) where Q(z) =
P2 QM (u ) and e = Ay,

0) (L (Sh0, QM) froe, prie) = i (Lo(S4,Q)f, f) |, where Q(a) = p=2QM ('),

T x

f(@) = p 2 (u ) and e = A,

Let us suppose for a while that the sequence (M) A,u>0 converges to %0 in the sense
of as A and p tend to 0. Then there exists A\g > 0 and pp > 0 such that for any
(A, 1) € (0, o) x (0, o), the conclusions of Proposition [4.2.14 hold. Based on Lemma[4.9.1]
we infer the following statement.

Proposition 4.9.2 (i) For every (A, ) € (0,X0) % (0, o) and for every positive and ra-
dially symmetric minimizer @ of KE;M with € = Au, the operator L+(§]€,Q) satisfies
Lemma [].2.5,

(ii) In particular, for e € (0, Aopo) fized, applying (i) to any (A, 1) € (0, Ag) x (0, po) such that
A = € implies that for any m € (MEIM, Xoe Y M) and any positive and radially symmetric
minimizer Q of K>, the operator L+(f]€, Q) satisfies Lemma .

Item (7i) implies, up to the fact that 3¢ can be cast under the form ¢ = 571 % 07°,
that the set of admissible form function & is non empty. Then, to conclude the proof
it only remains to slightly adapt the previous construction in order to obtain a sequence
YA satisfying We proceed as follows. Let «,x be two C°(R?), non negative,
radially symmetric, compactly supported and non increasing functions, with x(z) =1 in a
neighborhood of the origin. Let us set

— i
ai"“(ac) =3 /R3 a()\_ly)X(’Z[i y[g]) dy = o* % (X> (z) and XM = ai"“ *ai"”,

where
oMz) =AM 1e) and xH(z) = x(px).

Then each Ji"“ satisfies Moreover we can check that
A . -
oM (x) = P M (ux),  SM(z) = pEM (pa),
where

o1(x) = /ae(ac - y)>|<g§y2) dy, S =01 x 01"
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Then Lemma[4.9.1] applies to this new sequence as well and Proposition [£.9.2/ holds provided
we can show that it converges to X° in the sense of Such a form function appeared
n [25]. The construction is based on the following two observations:

dy

1 1 C
’ ) ’ ) R3 \y’2|€1 - Z/|2

B * ﬁ(:v) = 2l = CX¥%xz) where C =

(e1 being the first vector of the canonical basis), and

I "
YA = (ak*aA)* <‘X’2*|X‘2) )

Then, at least formally, a* x a* — ([ ax adz)dy when A — 0 and (x*/| - [?) * (x*/| - |*) —
(1/] - 2) % (1/] - |?) = C£° when p — 0 and we can expect that M looks like X9 when
A, it — 0 provided [adz =1/ V/C. The intuition is confirmed by the following claim.

Lemma 4.9.3 If [adz = 1/V/C, then the sequence (Z)"“),\,u>0 converges to X° in the
sense of [(4.33)| when (A, u) — (0,0).

This approach allows us to construct a large class of admissible form functions, not
necessarily close de XV in the sense of by using suitable rescalings that preserve the
coercivity estimate as we did with the toy example 1. Indeed, for any a and y defined as
before, if the form function o1 = a % (x/| - |?) is not in &/ we know, at least that up to
rescaling o into a(z) = e 3a(e~!z), that the form functions o7 = a  (x/| - |*) belong
to & provided e is sufficiently small. With the previous notation the non empty mass in-
terval I associated to the form function o is given by I = (ug LM, Mo M). Tt is also
possible to rescale y into x¢(x) = x(ex) and obtain that form functions &§ = a x (x¢/| - |?)
equally belong to o7 provided e is sufficiently small (this second example uses the scaling
relation af"“ (x) = A_Qéf‘“ (A~1x)). Moreover given an admissible function o, we observe
that U{\ #(z) = Aop(ux) is admissible too. We obtain this way form functions with arbitrary
support size and LS°-norm, which are non negative, non increasing, radially symmetric
and concentrated around the origin. Such form functions are physically meaningful in the
framework defined in [16]. Since they are simply derived by rescaling, we can check that
the necessary coercivity estimate still holds, with constants that keep track of the rescaling,
and they also provide stable ground states.

Proof of Lemma [4.9.3 Let 0 < R < oo be fixed once for all. We decompose the
difference M — X0 as follows

S -3 = () ¢ (P x P e ) @)

+€ [ (@2 a?) ) (2% ) - @) dy = B@) + Do)

Bearing in mind that o* x o*(z) = A2a x a(A"'z), we readily obtain the convergence of
1, <pg to 0 in the Li/Q—norm. Moreover, since the support of o x a’ shrinks to {0} when
A — 0 and since the function z +— 1/|z| is a Lipschitz function on every set of the form
CB(0, R) (with a Lipschitz constant L(R) which blows up when R — 0) we get

”121|$|>R||Lgo < meas (supp (O/\ * a/\)) — 0.
A—0
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Next, for y € supp(a® x o) with A sufficiently small, |z| > R implies |z —y| > R/2; it
follows that

1111 5> Rl L2
X' X! 1 1 ) XMz —y)x"(y) -1
< ( * — * 1.>R/2 = sup dy
’ R RTR) R T Ry o — yPlyl?
B — Bly) — 1 |
< sup /x ( y)(x2 (y2) )dy‘Jr sup X,Z(Z)de‘.
le|>R/2 |z —y[?]y| e/>k/2 1) 127z + 2]

Since 0 < x < 1 and y*(z) = 1 when |z| < = this estimate yields

1
||Ill\x|>RHL;° <4 sup / I ST dy — 0.
w|>Rr/2 JeBOu1) [T — Yl*|yl =0

It remains to prove that I11,<g converges to 0 in Li/Q—norm as \,u — 0. For r € (0, R)
we split this quantity as follows

11 ei<rll o2 < Lzl a2 + 1T rcpoi<rll 372
We have

AL A XX 1 1
’(a *O‘>*(|.|2*‘.|2_|,|2*‘,|2 Lizj<r

<20 (a)‘ *a)‘) * Zolmgr

and we have already seen that C'(a* xa?) *Eolmgr converges to EOIMST in the L§/2-n0rm
for any 0 < r < co. Let n > 0. We can choose r = r(n) > 0 small enough and, next, find
A(n) small enough so that for any 0 < A < A(n), we get

MLl r2 < 2102 % @) % 50— S, 32 + 205yl < 1
Finally, the Li/z—norm of I11, . |;|<r can be estimated as we did for the Lg°-norm of I11,~ g-

Possibly at the price of taking A(n) smaller, if || > r we have |z — y| > r/2 for any
y € supp(a* x a?). It follows that

1
111 y<iaj<rll 52 < meas (B(0,R))**®  sup / S —
r<l|z|<RII3 r2<lel<R JCBOu-1) lz — y|2|y|?

which can be made <7 for 0 < p < p(n), with p(n) small enough. This ends the proof. m









CHAPTER b

Numerical investigation of solitary waves stability for quantum dissipative
systems

In this Chapter we continue on numerical grounds the study of the Schréodinger-Wave sys-
tem begun in Chapter @l In the previous Chapter we justified the existence and the orbital
stability of ground states for this system. Here we study numerically these particular solu-
tions. More precisely, through this study, we want to understand how the environment acts
on a solitary wave. Indeed, by analogy with the classical model of L. Bruneau ans S. De
Bievre, we expect that the possible translation of the ground state that allows the orbital
stability result of the previous Chapter is bounded and converges exponentially fast to an
asymptotic position. The results of this Chapter are the purpose of the article [P3].

The time discretization that we use for the Schrodinger-Wave system follows the same
strategy than in Chapter [3| where we discretized the Vlasov-Wave system. To be more
specific, we make a special effort in order to insure that the energy exchanges between the
quantum particle and the environment for the discrete system are consistent with those for
the continuous system.

5.1 Introduction

In this work we investigate on numerical grounds the dynamics of the following system,
hereafter referred to as the Schridinger- Wave equation

1
10su + iAxu = <01 *g / o2t dz) u, teR, zeR? (5.1a)
(023 — P AL) (L, 2) = —Poa(2) o1 %4 |ul*(t, ), teR, zeR? zeR*  (5.1b)

endowed with the initial data

u(0,z) = up(z), (¥(0,x,2),00(0,x, 2)) = (Yo(z, 2),¥1(x, 2)). (5.2)

This model has been introduced in [P4] and it is intended to describe the behavior of a
quantum particle interacting with its environment: u stands for the wave function of the
quantum particle, which interacts with the vibrational field v, representing the environment.
Here ¢ > 0 is a fixed parameter, and 01,09 are some God-given form functions which are

189
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supposed non-negative, infinitely smooth, radially symmetric and compactly supported. A
key feature of the model is the fact that the particle motion holds in the space R?, but the
vibrations hold in a transverse direction R™.

Several quantities are conserved by the dynamics: the mass of the wave function u

A (t) = / u(t)[? da,

and, denoting x = 91, the total energy of the system

E(u,v,x) = ;/\qu|2d$+/ <01*/02wdz) u|? dz

1

1 2 2
45 [ GNP+ 9au) dodz, 53

and the total momentum

P(u,¢,x) = Im/Vru(x)u(:n)dx — ;//Mx,z)vxw(az,z) dx dz (5.4)

are conserved too. These conservation laws define a natural functional framework, in which
a well-posedness theory can be established, see Appendix [C]

We are particularly interested in the stability of some specific solutions of the system
(5.1a)H(5.1b)} To this end, it is relevant to consider the regime ¢ — +o00, which reveals the

attractive dynamics of the system. Indeed, passing to the limit ¢ — 400 in |(5.1a)H(5.1b)]
leads (at least formally) to the following system

10,1 + %Axﬂ = <U1 *gp /0—21; dz> i, teR, z e RY (5.5a)
— A = —09(2) (01 X |a;2) (z), teR, zeR? zeR™ (5.5b)
Let us denote z — I'(z) the solution of the auxilliary equation
AT = o9.

Then, the solution of reads ¢ (z, 2) = I'(2)(o1 * |@|?)(x). Accordingly,

can be cast in the usual form of an Hartree type equation
D o ~12) ~ d
1 tu+2Azu— k(X %, |T|*) 4, te R, z € RY, (5.6)

where £ = HszH%g and ¥ = o1 x 0. Since k > 0 and o7 is non negative, this Hartree
type equation looks like the Newton-Hartree equation, where the self-consistent potential
is focusing. This observation motivates the study of solitary waves, particular solutions of
the form (u(t,z),¢(z, 2)) = (Q(x)e™?, ¥(x, z)). For such solutions, the natural dispersion
of the linear Schrédinger equation is compensated by the non linear term. As a matter of
fact, we check that (u(t,z),v(z,2)) = (Q(z)e™!, ¥(x,z2)) is a solution of if
and only if ¥(x,2) = I'(2)o1 *Q?(z) and @Q is a solution of the following Choquard equation

— %AxQ + wQ — K(Z*xQ*)Q = 0. (5.7)

The Choquard equation |(5.7)[ has been intensively studied: see for example [70, [77], and the
references therein. In particular, with the assumptions made on o7, we know that equation
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has infinitely many non trivial solutions, and thus the Schrédinger-Wave system admits
many solitary waves. It is worth pointing out that neither ¥, nor the Choquard equation
depend on the wave speed c. This means that if (u(t,z), ¥ (z, 2)) = (Q(x)e™, U (z, 2))
is a solitary wave of the Schrodinger-Wave system for some ¢y > 0, then (u, ) is a solitary
wave of the Schrodinger-Wave equation for every wave speed ¢ > 0. This property equally
applies for the asymptotic system |(5.5a)H(5.5b)l To be more specific, if (u(t,z),¥(z,2)) =
(Q(x)e™! W(x, 2)) is a solution of the Schrédinger-Wave system, then (u,) (resp. u) is
also a solution of [(5.5a)}{(5.5b)] (resp. [(5.6)).

The analysis of the Hartree system |(5.5a)H(5.5b)| provides some useful hints to under-
stand the dynamics for finite ¢’s. However the complex interactions between the particle
and the environment are certainly poorly described by the asymptotic system — where the
wave function is the only unknown, see — and it is important to understand how
the dynamics do differ. A crucial difference is that is Galilean invariant while the
Schrodinger-Wave system |(5.1a)H(5.1b)| is not. Hence, let @ be a solution of with

M = ||Q||%,; we shall work with initial data

io(z) = Q(z)e' ™ ™.

Owing to Galilean invariance for |(5.6), we find

a(t,x) = Q(:J; - tp—o) - exp (.po (m - tpo)) - exp (z’wt +1 |p0|2t> . (5.8)

M M M e

In other words, if an impulsion pg is given to a solitary wave of mass M, then the solitary
wave for moves on a straight line with a uniform momentum py/M. We are going to
compare this solution to the solution of |(5.1a)H(5.1b)| starting from the same initial data:
we wish to investigate how the lack of Galilean invariance for the Schrodinger-Wave system
modifies the movement of a solitary wave when this solitary wave is initially submitted to
an impulsion pg.

As we shall discuss in details below, this question has to be made more precise because,
due to the lack of Galilean invariance, the solitary wave perturbed by an impulsion pg can
be deformed during the time evolution of (5.1b)l That the discussion makes sense
relies on a stability property of the system which asserts that the solution remains close to
the original solitary wave. Such a stability property holds for the ground states of
the solitary waves which minimize the energy under a mass constraint. The
orbital stability results established in the previous Chapter precisely insure that for a small
enough impulsion pg, the solution remains, up to a translation and a change of phase, close
to the original solitary wave, uniformly in time. The present study is based on the following
statement (see Theorem [4.2.9)).

Theorem 5.1.1 (i) Existence of ground states. There exists My > 0 such that for every
M € (Mo, +00)

Jyr = inf {E(u,¢,x) s.t. (uyap,x) € HE x L2H! x L2L? and ||u]|%% = M}

is strictly negative and achieved at (u,v,x) = (Q,V,0) where ¥(x,z) = I'(2)o1 *x Q*(x) and
Q is a solution of the Choquard equation for some w > 0. Moreover, () is a positive,
radially symmetric, function which belongs to the Schwartz class, and its radial profile is
decreasing. Such minimizer (Q, W) of Jys is called a ground state.

(i) Orbital stability. For every (ug, 1o, xo) € H: x L2H! x L2L? let us denote by (u, ), x =
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Opp) the unique solution of |(5.1a)H(5.1b)| associated to the initial data (ug,vo,x0). Let
M > My, (Q,¥,0) be a ground state of Jyr and let us assume that |lug|l2 = ||Q|z2. For

every € > 0 sufficiently small, there exists n(e) > 0 and 6(e) > 0 such that the following
condition on the initial data

1
luo — QU + [lvbo — I3, 4, + 07||X0||%3Lg <n(e)* and W (uo, o, x0) —W(Q,¥,0) < d(e),

implies the existence of two continuous functions t — x(t) € R and t — ~(t) € R such that

. 1
sup [[u(t) = 70Q( - (), + 190 = W= 2@y + SO <% (59)

Assuming |pp| < 1, we can apply Theorem ii) with wg(z) = Q(w)ei%'r and
(v0,v1) = (¥,0). The modulation parameter z(¢) seems to be a natural candidate for
the position of the ground state and we can thus study its movement. Nevertheless, al-
though the modulation parameters x(¢) and (t) are uniquely determined (thanks to some
orthogonality conditions, see Theorem [4.2.9)), the continuity of the translation operator on
H} implies that the stability estimate qually applies when z(t) is replaced by a func-
tion y(t) such that ||y — z|Lc < 1. Thus the notion of position of a ground state along
time is not absolute (the function y(¢) could also be a definition of the position) but only
defined up to a small translation. This remark raises the issue of clarifying the quantities
of interest to study numerically the movement of a ground state.

5.1.1 Motivation

In order to motivate our study and to have some insight on what could be the dynamic of the
position of a ground state, let us briefly recall the physical motivation of the Schrédinger-
Wave equation. This system belongs to the large class of open systems modeling dissipative
effects. Indeed, as suggested by A. Caldeira and A. Legget in [20, [19] the dissipation arising
on a physical system might come from a coupling with a complex environment. In this
approach, dissipation is interpreted as the transfer of energy from the single degree of free-
dom characterizing the system to the more complex set of degrees of freedom describing the
environment; the energy is evacuated into the environment and does not come back to the
system. To be more specific, the Schrodinger-Wave system is the quantum version of the
classical model introduced by L. Bruneau and S. De Bievre in [16]:

q(t) = —/ Voi(q(t) —y)oa(2)¥(t,y, 2)dzdy, teR (5.10a)
(O30 — A (2, 2) = —Poa(2) o1(z —g(t), tER, z€RY z€R”  (5.10D)

completed by the initial data

(q(0)7q.(0)) = (QO7PO)7 (¢(07$72)78t¢(07$72)) = (zpo(x,z),wl(a:,z)). (5'11)

In this system, ¢(¢) denotes the position of the classical particle and (¢, z, ) still describes
the state of the vibrational environment. Roughly speaking the environment can be thought
of as a (continuum) set of membranes, activated by the passage of the particle. On each
position z € R? the particle exchanges momentum and energy with the membranes. The
evacuation of energy through the membranes eventually leads to a sort of friction effect. In

(5.1a)H(b.1b)| the position-velocity pair (g, p) of the classical modeling is replaced by the
wave function u governed by the Schrédinger equation. A fully quantized model is discussed
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in [15,24]. We point out that here the wave equation is scaled differently than in the seminal
paper [I6], with an extra c?-factor on the right hand side of We refer the reader
to the previous Chapter for the justification of this rescaling. The main finding in [16] is
precisely to exhibit the friction effects in the dynamics of |(5.10a){H(5.10b), as illustrated by
the following statement (see [16, Theorems 2 & 4] for further details).

Theorem 5.1.2 Let n = 3. For any n € (0,1) there exists a critical wave speed cy =
co(n) > 0 and constants v, K > 0 (which do not depend on n) such that for any ¢ > cq there
exists goo = qoo(c) € R such that

_w(l—n)t

1)+ 1q(t) — goo| < Ke™ < "

Remark 5.1.3 As explained above, we have adopted a different scaling of the wave equation:
this is the reason why the corresponding result in [16] appears with a factor c¢=3 in the
convergence rate instead of ¢~ here.

This result makes it concrete the dissipation mechanism of the interaction with the
environment. The conditions on the dimension n of the vibrational field and on the wave
speed c are quite critical, as confirmed by the numerical experiments of Chapter [3] Indeed,
the dissipative effect comes from the capability of evacuating the kinetic energy of the
particle through the vibrations in the transverse directions: the condition n > 3 can be
seen as a condition insuring a strong enough dispersion effect in the membranes. It implies
that the energy given by the particle to the environment does not entirely come back to the
particle. Of course, the shape of the form function oy, and the fact it is compactly supported,
are crucial in this mechanism. Moreover, requesting c large enough can be interpreted as
a condition ensuring that the energy is quickly evacuated in the membrane, out of the
support of oy. Since the dispersion rate of the wave equation depends on the dimension
n, the friction effect of the environment on the particle depends on n. The specific case
n = 3 makes a linear relation appear between the asymptotic velocity of the particle and
the resulting friction force (and thus an exponential convergence rate), as pointed out in
[16, Section 2], see also Remark below.

The stability of the ground states can be seen as a natural analog of these properties
for the quantum model |(5.1a) we still expect that the vibrational field ¢ produces a
friction effect on the wave function u. The orbital stability result in Theorem [5.1.1] insures
that, up to an error term of size €, the solution associated to a small initial perturbation of
the ground state stays close to (Q(z — z(t))e""®, W(z — z(t), z)). Then, if the environment
1 acts on the wave function u as a friction force, one can expect that the wave function
u remains at a bounded distance of the original ground state (Q(z), ¥(z, z)), which means
that ¢t — x(t) is bounded. These are the issues we wish to numerically investigate.

5.1.2 Conjectures and main results

From now on, we fix a mass M > My, a ground state (Q, ¥) such that ||Q||2, = M and an

initial impulsion pg. We consider an initial data for |[(5.1a)H(5.1b)| of the form

=)

up(z) = Q(z)e' ™ (tho, ¥1) = (¥,0).

We denote by (u,1) the unique solution of |(5.1a)H(5.1b)| associated to this initial data.
We assume that pg is small enough so that Theorem [5.1.1] applies. Thus there exists four
functions (t,z) — u®(t,x), (t,z,z) — V(t,x, 2), t — x(t) and ¢t — ~(t) such that

u(t, ) = Q(x — z(t))e® + uf(t, x) Wt @, 2) = U(x —x(t),2) + (¢, 2, 2)
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and

1
s (19 )l 107 O3+ 100 Oz ) < 2

We wish to challenge on numerical grounds this stability result, the intuition on the problem
and the analogy with the model for a single classical particle. To this end, we shall produce
numerical approximations of the solutions: hereafter, we denote with a subscript h the
numerical solution, where h > 0 refers to the discretization parameters. The following
conjecture would be the analog of Theorem for the quantum model.

Conjecture 5.1.4 Let n = 3 and ¢ > 0. There exists constants \,C > 0 such that for
any po sufficiently small we can find a function t — y(t) € R and yoo € RY such that
the conclusion of Theorem still applies when the modulation parameter x(t) is
replaced by y(t) and

Ay

[9()] + [y(t) — Yool < Ce™ <"

Remark 5.1.5 The conjecture is stated only when the conclusion of Theorem|5.1.1|is valid,
and how py has to be small depends on the assumptions of this theorem. However, in the
regime ¢ > 1 we believe that the assumptions can be weakened. To be more specific, since
for ¢ = 400 the asymptotic system is Galilean invariant, we believe that the smallness
assumption on ug — Q can be relaxed in the direction exp(ipg-x/M) when ¢ > |py|. We will
investigate numerically how po has to be small depending on the value of c.

We warn the reader that this conjecture involves a function ¢ — y(t) which could differ
from the modulation parameter x(t). This is related to the fact, mentioned above, that the
position of a ground state for [(5.1a)H(5.1b)| along time is not absolute due to the possible
deformation of the ground state. From the function y one can easily construct another
smooth function y such that ||y — y|lLe < 1 (and then such that applies with y(t)
replacing z(t)) and such that y(t) is rapidly oscillating around y~, without converging to it
as t — 4o00. For this function there exists C' > 0 such that for every o, € R?

limsup [5(t)| + [5(t) = Goo| > C

t—4o00

and then Conjecture fails with y(¢). In particular, there is no reason to believe a priori
that the conjecture applies with y = z.

This discussion raises the issue of the definition and computation of the position of a
ground state along time. The definition of z relies on orthogonality relations, see Theo-
rem which can indeed be used to compute the modulation parameter x(t). However,
we shall introduce another quantity, which is more physical and which will allow us to
perform finer predictions: the center of mass of the solution, which is given by

/x|u(t,m)\2dx
/|u(t,x)\2dx

o(t) = _ ]\14/w|u(t, )2 da.

In order to investigate the validity of the conjecture we have first to check that ¢(t) stays
close to x(t), uniformly in time. The following computation shows that this is formally the
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Mq(t) = x(t)/]u(t,x)de—i-/(x—x(t))\u(t,m)]zdm
— Maft)+ [ (o~ o(0)|Qa - 2(t)do
+2Re /(x —2(1))Q(z — x(t))e Vs (t, 2) dx + /(x — z(t)|uf(t, z) > dx
— Ma(t)+ 0+ 2Re / (2 — 2())Q — 2(8))e="Ou (¢, 2) dw

—i—/(x — x(t))\ua(t,x)\de,

where the second term is equal to zero because @ is radially symmetric. We thus get

a(t) = (0] < 37 1@zl @lzz + 3 [ bo = 2(0) o (t,0)

Theorem insures that ||u®(t)| 71 is dominated by e, uniformly in time. Thus the first
term of the estimate is of order &'(¢). However, we have no information on the boundedness
of [ |z — z(t)| |u®(t)|? dz along time, and the second term is only formally of order &'(¢?).
Nevertheless it will be easy to check whether or not this behavior is confirmed numerically.
Indeed, once the numerical approximation uj; of the wave function is computed, we will
be able to compute its center of mass ¢, and then to compute in some discrete norm the
difference

e, = un| — Qn(x — qn). (5.12)
This is the purpose of our first numerical investigation and we obtain the following conclu-
sion.

Observation 5.1.6 The quantity e}L remains small, uniformly on the simulation time, in
discrete L2, H and LS -norms.

This fact confirms the formal computation. From now on we will assume that the following
decomposition is valid

u(t, z) = Q(z — q(t))e”® + ué (t, ) (5.13)
where uF is of order O(g).

It would be tempting to investigate the validity of the conjecture with y(t) = q(¢).
Indeed, this quantity has a physical meaning and it is easier to compute than the modulation
parameter z(t). However, the computation of the center of mass requires the computation of
the wave function w itself. Furthermore, a priori we have no information on the damping of
this quantity and we cannot exclude that ¢(t) does not converge exponentially fast to some
asymptotic position but instead oscillates around it. Such oscillations can come from the part
uf of the wave function which is not damped. Another (more optimistic) possible scenario is
that u¢ is damped but with a rate slower than exponential: the possible oscillations of q(t)
can be damped but not with the expected exponential rate. For this reason, we decide to
work with another relevant function y which is robust with respect to the small perturbations
of the wave function. To this end, let us observe that the evolution of the center of mass is
governed by

M(t) = p(t) with p(t) = Im/qu(t)fL(t) dz, (5.14a)

() = — / v, <al* / oatb(t) dz> (u(t)|2 da, (5.14b)
02 — AL = —on(2) o1 * |u(t)?, (5.14c)
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endowed with the initial data
1 _
(q(0),p(0)) = (M /m|u0|2dx,lm/vxu0u0 d:z) , (o, 1) = (¥,0).

With the specific choice of initial data ug we have ¢(0) = 0 and p(0) = pp. Neglecting the
fluctuation term € in we obtain the following simplified system

M %q”(t) =p*(?) (5.15a)
%Pa(t) = —/Vz <U1 */02¢a(t) dz) Q*(x — q“(t)) dz, (5.15Db)
OF" — A" = —cPoa(2) 01 % Q*(- — (1)), (5.15¢)

endowed with the initial data

(¢*(0),p%(0)) = (0, po), (¥6, ¥1) = (¥, 0).

This closed system is similar to the model for a classical particle |(5.10a){H(5.10b)l Indeed,
using the fact that oy and Q? are radially symmetric one can check that the right hand side

of is exactly the right hand side of when o1 is replaced by o1 * Q%
- / V. (o / 2207(1)42 ) Qo — 4'(0) dx =~V (o1 5 Q%) » / 7207(0)dz ) (@ (1),

Then |(5.15a)H(5.15c¢)| is exactly |(5.10a)H(5.10b)| with a particle of mass M instead of mass
1 and with the form function o; * Q? instead of o7.

By construction ¢* does not depend on the fluctuations of the wave function u as we
would like it to be. Using the decomposition given by the orbital stability result of Theo-
rem shows that the force term acting on the center of mass ¢(t) in is of order
O(e):

/vx <01*/02@ZJ(7§) dz> () de = /w (01*/02\P(-—$(t),z) dz) Oz — 2(t)|? de

+2Re/Vm (01 */02‘11(‘ —x(t), z) dz) Qz — xz(t)e Dl (¢, 2) d
+/vx (Ul*/agws(t) dz) Oz — (1) 2 da

+ o1 x | ooU(- —x(t),2)dz ) [u®(t, x z
[ Ve (orx [orwi—ate).2)dz ) et P
+2Re / v, (01* / o (1) dz) Q(z — 2(t)e " Dus (¢, 2) do

+ / Ve <al* / o2 (1) dz> [u® (t, z)|? de.

Every element of this decomposition is at least of order &(¢) except the first one which at
first sight is of order ¢(1). But actually this term vanishes since

/vm (01 */agxp(- — a(t), 2) dz) Oz — 2(8) 2 da
- —n/vm (01 % Q2 — 2(1))) QX — a(t)) dar = 0.
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Therefore, the force term in[(5.14b)|is of order &(¢). The terms neglected in [(5.14a)H(5.14c¢)|
are of the same order () and their effects on the dynamics, with possible deformations of
the wave function v due to the nonlinear terms, cannot be considered as negligible, even on
short time intervals. In particular, we do not know whether or not ¢%(¢) remains close to
the center of mass ¢(t). We address this question numerically and we obtain the following
conclusion.

Observation 5.1.7 We observe numerically that € = |qf — qn| + [P} — pn| remains small
along time.

The numerical simulations indicate that, for the considered initial data, ¢(t) can be
used to define the position of the ground state. This quantity does not depend on the
small perturbations of the wave function around the moving ground state, and we have
investigated the conjecture with y(t) = ¢%(t).

Observation 5.1.8 We observe numerically that the momentum of the moving ground state
converges exponentially fast to zero and its position converges to an asymptotic point with
the same exponential rate. Moreover the exponential rate is proportional to ¢~ and depends
on the considering ground state (). To be more precise there exists an asymptotic position
q*° such that
_ A
[ph (") + 1ai (8") — ¢>°| < e
where A = \(Q) depends on Q.

Remark 5.1.9 Let us discuss further the analogy between the classical and the quantum
models. According to [16, Section 2], the force exerted by the environment when the particle
has a uniform rectilinear motion can be explicitly computed, as a function of the particle’s
speed v. We get

=— o 2 +OOMUZL‘ Tv)dr o1(x)dx
f(v) = %@w\mm<é il m)vxu>d«.

It can be recast as v

flv) = fr(\v!)my fr(Jv]) <0
which makes the fact that the environment acts against the particle motion appear. Moreover,
fr vanishes when v = 0, and, more precisely it has the following behavior as v — 0

g = — () o (1)

(this formula takes into account the rescaling of the current paper) where vy > 0 depends on
the form functions o1 and oo:

+00 i
Y= ’62(0)|2 //Rdx]]gn </0 Slnl(;‘mUl(iL'l +7’,ZL‘J_) dT) 61101(.%) dxd(

This formula shows the critical role of the dimension n = 3: when n = 3 it corresponds to
a linear friction, with coefficient y/c, when n > 4 the friction law becomes non linear with
exponent n — 2 (when n = 1,2 the previous computations are meaningless; for instance the
formula which defines «y is well defined only when n > 3).

Going back to the quantum model, this discussion can be adapted to make how \ depends
on Q explicit. We assume that the soliton QQ has a rectilinear uniform motion, at speed v,
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without deformation. We have already seen that in this case, replacing o1 by o1 % Q?, the
systems |(5.15a)H(5.15¢)| and |(5.10a)H(5.10b)| are similar. Therefore \(Q) can be computed
like v, up to changing o1 into o1 x Q2; it leads to

+° sin(7
Q) =P [ ( [ et mdr> 0ur(01 % Q) (x) dr .

Up to now, we have focused the discussion on the translation of the ground state and
neglected the change of phase. Let us go back to this issue now. To this end, we consider the
asymptotic system |(5.6)| for which the Galilean invariance gives the explicit formula |(5.8)]

and thus an exact knowledge of the phase of the solution. This formula can be rewritten by
means of the center of mass of the solution: if we denote by ¢(t) the center of mass of a(t):

i) = - / elai(t, o) de,

then
M%q(t) —5(t)  with 5(t) = Im | Vea(t)a{d) da, (5.16a)
%ﬁ(t) _o, (5.16b)

and we eventually obtain

it2) = Q= a(0) -exp (B2 - (2 (1)) -ex0 (iwt A ds>> .

We already know that |u(t)| — Q(x — ¢®(t)) remains small along time, and |(5.15a)H(5.15¢)|
is asymptotic to |[(5.16a)H(5.16b)l By analogy with the previous formula we expect that

B @ —a0) e (m v | rp%s)r?ds)) H

w(t,z) — Q(x — q*(t)) - e 1—

(t.2) ~ Qo — (1) -exp (2]

is uniformly small for all time. This conjecture is the purpose of our fourth numerical
investigation.

Observation 5.1.10 We observe numerically that the discrete quantity

e = up(t") — Qunlx — ¢ (t")) - exp (zz]i;n) (x— qﬁ(t"))) -exp (iwpt" + iy (t"))  (5.17)

where j stands for the discrete equivalent of

1 2
Y (t) = QW/() p“(s)|” ds,
remains small for every t™ in discrete L2, H! and L°-norms.

The sequel of this Chapter is organized as follows. In Section [5.2| we detail the numerical
results and discuss on numerical grounds Observations[5.1.645.1.10|stated before. Section[5.3
describes the construction of the numerical method: we need a scheme for the Schrodinger-

Wave system |(5.1a)H(5.1b)|and another one for solving the Choquard equation|(5.7)|in order

to compute an approximation of a ground state. In Section [5.4] we investigate the energetic

properties of the scheme discretizing |(5.1a)H(5.1b)]
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5.2 Numerical results

For all the simulations discussed below we work with the form functions

1

0'1($) = Kl exp ( — m)l\ﬂﬁ&

and

1
R% — 22
The parameters used for the computational domain and the form functions are collected in
Table 5.1l We refer the reader to the next Section for details on the numerical scheme. The

wave equation is solved with the Py Lagrange elements and we perform the simulations with
a solitary wave of mass M = 2 (we did not take a mass M = 1 in order to test the validity

of the mass dependence in |(5.17))).

Kl R1 KQ RQ L Rmax Na; NT Az Ar At
3 1 3 1 |87 | 2Ry | 1024 | 512 | 87/1024 | 2/1024 | 1/256

02(2) = Ga(|2]),  Ga(r) = Kpexp - Nr<r,.

Table 5.1: General data for the numerical simulations.

The solitary wave @ and Y}, are represented in Figure [5.1] The solitary wave is com-

1.2 0
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-0.06

0.9 -0.08

0.8 -0.1

0.7 -0.12
-0.14
~ 0.6
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0.5

Upsilon(r)

-0.18
0.4 -0.2
0.3 -0.22
-0.24
0.2
-0.26

0.1 -0.28

[ -0.3

12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12 4] 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 18
X r

Figure 5.1: The solitary wave @, of mass M = 2 (left) and the solution Y} of 92,1 = &9
(right). From these approximations we get wy ~ 2.006 and kj, ~ 1.664.

puted by using the imaginary time method described in Section We proceed in two
steps. We first apply the imaginary time method with the initial data

.2
eﬁ?

o\ ) = —m—mmmm—.
o) = s e

It provides a solitary wave of mass M = 1. Then, we re-normalize this solitary wave in order
to have a function of mass M = 2 and we apply again the imaginary time method with this
new initial data. In Figure we have represented the evolution of the energy when
the imaginary time method is applied. In particular we observe, as at the continuous level,
that this quantity is decreasing.

2
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Figure 5.2: Evolution of the energy |(5.25)| when the imaginary time method is applied.

Having the solitary wave at hand, we perform simulations with several values for py and
c, see Table in order to see how the errors e}z, e% and e%, introduced in Observationsm
5.1.7 and [5.1.10] are influenced by these parameters. Test 3 is the most challenging since it
combines a large value of the initial impulsion py and a moderate value of the wave speed
c. The results are depicted in Figure [5.3

Test 1 | Test 2 | Test 3 | Test 4
po | 0.05 0.05 1.6 1.6
c 5 20 5 20
T 16 32 32 16

Table 5.2: Data for the study of the error terms €}, € and ;.

In particular, we see that these errors stay small along time. We also see that the
smaller pg, the smaller the errors and the larger ¢, the larger py can be taken. Concerning
Observation [5.1.10] note that the results are very sensitive to the accuracy of the evaluation
of the Lagrange multiplier w of the soliton: the errors on w naturally produce an error on
the phase, which grows linearly with time, as it can be observed in Figure We also
illustrate the dynamic of these solutions in Figure 5.6H5.71 In order to see on figures the
differences between uy, (t", x) and

(0 0) = Qule— i e") - exp (T (o= em) ) e fnt® +inf2)

we make this illustration in the case of Test 3 where errors are the largest.

Then we investigate how the environment acts on the solitary wave. For that purpose, for
a given value of pg and depending on the value of ¢ (see Table we check that, as asserted
in Observation @, pj converges exponentially fast to zero and that the convergence rate
is proportional to 1/c: see Figure [5.8
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Figure 5.3: Evolution of the error term e,ll along time (from left to right and top to bottom,
Test 1 to 4, see Table .

Test 1 | Test 2 | Test 3 | Test 4
po | 0.05 0.05 0.05 0.05
c 5 10 20 40
T 16 32 32 32

Table 5.3: Data for the study of the convergence rate to 0 of pf (dependency on c).

5.3 Numerical schemes

The numerical issues split into two parts: first, we explain how the Schrédinger-Wave system
(5.1a)H(5.1b)| is discretized and, second, we detail how we compute an approximation of a
ground state (@, ¥). The latter step is crucial since this ground state is used to define the
initial data for the simulation of the Cauchy problem.

5.3.1 Discretization of the Schrodinger-Wave system

We restrict ourselves to the case where the wave function u evolves on the one-dimensional
torus: d = 1 and x € Ty := R/(LZ). Of course, L > 0 is chosen at least larger than
the diameter of the support of o1. The ground states () decay exponentially fast, and we
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Figure 5.4: Evolution of the error term 6% along time (from left to right and top to bottom,
Test 1 to 4, see Table .
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Figure 5.5: Evolution of the error term ez along time (from left to right and top to bottom,
Test 1 to 4, see Table .
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expect that by choosing L > 0 large enough the periodic boundary condition will induce
a negligible effect on the computed solutions. This intuition is easily verifiable numerically
by performing several numerical simulations with different values of L and comparing the
solutions. Another approach could be to use some transparent boundary conditions [5].
For the Schrédinger equation, even in dimension d = 1, an exact formula for transparent
boundary condition requires the computation of a non local operator; for the sake of simplic-
ity we prefer to work on a sufficiently large computational domain with periodic boundary
conditions.

As explained above, it is crucial to consider the wave equation in the three dimensional
free space. Thus, we have to take n = 3 and we should pay attention to use transparent or
absorbing conditions on the boundaries of the computational domain, in order to reproduce
the necessary energy evacuation. In dimension n = 1, the transparent boundary conditions
can be easily identified and computed, but in dimension n > 2 exact transparent boundary
conditions are more involved and lead to some non local formula. The evaluation of the
underlying non local operator is numerically costly [31]. Nevertheless in dimension n = 3,
and for radially symmetric data, there exists a suitable transformation that allows us to
reduce the problem to the classical wave equation in dimension n = 1 on the domain [0, +00)
with a Dirichlet boundary condition at r = 0, see e.g. [105]. This is the framework we adopt
for the simulations. The form function o2(z) = d2(|z|) is assumed radially symmetric,
the initial data (vg,%1) = (¥,0) where ¥(z,z) = I'(z)(01 x Q?)(x) with A, T’ = o9 are
radially symmetric too. In what follows, we denote I'(z) = I'(|z|). Then, the solution v of
is radially symmetric with respect to the z-variable: v(t,z,z) = (¢, x, |z|). Setting
x(t,z,7) = r(t,z,r) and using that n = 3 allow us to obtain that y is a solution of the
wave equation in dimension one

3t2tx — 02837,)( = —027“&2(7“)(01 * \u|2)($), t>0, x€[-L/2,L/2], r €[0,400), (5.18a)

(x(0,2,7),9,x(0, ,7)) = (rL(r) (01 x Q%) (x),0), (5.18Db)
x(t,z,0) = 0. (5.18¢)

Note that the coupling potential in can be expressed only by means of the new
unknown y:

ot = [ o) ([ w20z ay

_L)2
L/2 400
= 477/ o1(x —y) (/ T&Z(T)X(tvyar)> dy.
~L)2 0

Moreover, the potential depends on x only on the support of the function G2. Therefore,
we have only to compute x on a bounded domain [0, Ry,q,] with supp(&2) C [0, Rpnaz| and
to implement the exact transparent boundary condition on r = R4

8tX(ta Z, Rmaa:) + carX(ta x, Rmax) =0.

We are thus led to discretize the following system: for every ¢ > 0, z € [-L/2,L/2],
r € [0, Rmaz]

L/2  [Rmas
i0pu + %Azu =dr </—L/2/0 o1(x —y)oa(r)x(t,y,r)dy dr) u(t, x), (5.19a)
u(0,2) = Q(x) - exp(ipo - x/M), (5.19D)

ut,—L/2) = u(t, L/2), (5.19¢)
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coupled with

Ofx — 07 x = —raa(r) (o1 * [u(t)|*)(2), (5.20a)
(x(0,2,7),0¢x(0,2,7)) = (rf(r)(al * Q?)(x),0), (5.20b)
x(t,z,0) =0, Oix(t,x, Rmaz) + cOrX(t, 2, Ripaz) = 0. (5.20c)

Remark 5.3.1 (i) In dimension n = 1, the D’Alembert formula shows that a solution of
the free wave equation is the sum of two profiles, one moving from right to left and another
moving from left to right, both at velocity c. Thus, the part of the wave which goes out the
domain [—Rmaz, Rmaz| satisfies the transport equation Oyx £ cOpx at 7 = £Ryaq. For the
equation set on [0,4o00) with Dirichlet boundary condition at r = 0, the part of the wave
moving from right to left is reflected at r = 0 and mowve then from left to right; the part of
the wave which travels from left to right goes out the domain at r = R4, where it satisfies
the transport equation Ox + cOyx = 0. This short argument can be used as an heuristic to
justify the boundary condition .

(ii) However this argument takes only into account the part of the wave which goes out the
domain but not the part which goes from the outside to the inside. If the support of the mov-
ing profile from right to left is not included in the domain [0, Rimnaz|, then after some time
this part of the profile enters in the domain [0, Ryqez] and modifies the solution. Such an
effect cannot be taken into account in a simple way. Indeed the correct boundary condition
at r = Rpqz 18 OLx + cOxx = f(t) where f(t) is exactly the part of the wave coming from
the outside of the domain and entering in it at time t. Such a boundary condition requires
the knowledge of what happens outside of the computational domain, which is precisely dis-
regarded at a numerical level.

(iii) This issue disappears when the support of the moving profile is bounded and the compu-
tational domain is larger than the support. One can apply the D’Alembert formula in order
to prove this condition is fulfilled when the right hand side of the wave equation and the data
(x(0),9¢x(0)) have a bounded support. In this case, if the support are included in [0, Rpaq],
then there is no incoming wave on [0, Rmag] and thus f(t) = 0.

(iv) Therefore, we take Rpaq such that the support of &2 is included in [0, Rpag): the right
hand side of is included in [0, Ryqz] and does not generate incoming waves. This
is also the case for dyx(0) = 0 but not for x(0,z,7) = rL'(r)(o1 * Q?)(x). Indeed since T
s defined as the solution of A,I' = oo where o9 is non negative, we know that the support
of T spreads on the whole space R? and the profile T decays as 1/r. Thus the coupling of
(5.19a)[{(5.19¢)| with |(5.20a)H(5.20c)| is not equivalent with the coupling of |(5.19a)H(5.19¢)|
with [(5.18a)H(5.18¢)]

(v) This difficulty is handled as follows. The orbital stability result of Theorem applies
to any nitial data close to (Q,V,0). Hence, we can consider an initial data with a small
perturbation added to V. We remark that ¥ € L%HZ1 implies

— 0.

1,
R—+o00

z|>RHL%f[zl
Thus, for R > 0 sufficiently large, V(z, Z)1IZ\§R s a possible initial data. With this initial
data the support of x(0) is included in [0, R], and there is no incoming wave on the domain
[0, R]. Finally, we can consider the coupling of |(5.19a)H(5.19¢)| and |(5.20a)H(5.20c)| with
Rye > R.

(vi) As a recap, at the numerical level we have to choose a sufficiently large computational
domain for the wave equation in order to be sure that the incoming waves which are not
computable have only a small influence on the solution.
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We discretize the system |(5.19a)H(5.19¢)}, [(5.20a)H(5.20c)| as follows. We use the classical
Crank-Nicolson scheme to solve the Schrédinger equation. The wave equation is handled
with a Finite Element Method (FEM) and the Newmark scheme in time (with parameter
(d,0) = (1/2,1/4)). We pay attention to the coupling in order to preserve at the discrete
level the energy exchange dynamics. Let At > 0 be the time step. We set t" = nAt. We
introduce a subdivision

0:T1<7’2<....<TK:RmaX

of [0, Rmax] and a basis (o1, ..., o) (with Kx > K) of polynomial functions associated
to this partition and the choice of the family of finite elements. Next, we also define a
subdivision of the physical domain

L Ax L Ax L Ax

characterized by the (uniform) space step Az. We denote [z, 1% | the cell centered at z;.
The numerical unknowns for the wave equation are denoted Xjx: they define the following
approximation x" of the wave at time t"

N Kg
X" (z,r) = X7kl (@)pr(r).

It is also convenient to introduce
N
Xp(x) = Xl
j=1 Ti—1%5+1
so that ) .
j+1
Ge=as [ i@

Z .
j—

Nl=

We shall denote X! and X the vector in RXx with components Xz (x) and Xi > respectively.
Hence, the potential ¢ at time t" can be approached by

L2 Rmax
¢%@=4¢/ <n@—w<A r@vuw%mmjdy

—L/2
N ’CK l"_»'_l Rmax
— 47rz ZX?,k (/ it+3 o1(z — ) dy) (/0 rao(r)pr(r) dT) ,

j=1lk=1 j—%
and we set ) e
+5
= [ @

7 Ax x 1

2
Eventually we define the potential ¢ at time t"+1/2 by
¢n+% _ ¢n+1 +¢n
—

The numerical unknowns for the Schrodinger equation are denoted uj; they define the
following approximation u" of the wave function at time ¢"

xZ .
-5 i+3

N
j=1 J
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We set

N
(Jul)"(x) = u"(z)um(z) = ) U?@l[

=1

(),
i)

and the approximation of the convolution o x |u|? at time #" becomes

(/ o1(@ — ) dy) .

We eventually define the vectors G"(z) = (G} (z))x and G} = (G} )k € RXx by

N
(al * |u]2>n (2) = o1 ([u]*)"(2) = ZU?“TL

Gi(z) = = (01 * |u|2>n () (/ORMX r52(r)pk(r) dr) and GJ = Alx /;H% G™(z)dz.

i-3

We are now able to give the discretization of [(5.19a)H(5.19¢)}, |(5.20a)H(5.20c)l Assuming

that the quantities (x5 ')jk (Xj4)jk and (uf); are already known, we compute (xj41);x
and (u "H)‘ as follows: for every j € {1,...,N}
X+ _oxn g xnl o xntl g xnel
J J J c—-2 J
At2 At
+R< X+ X"+ Xn 1) (5:212)
i R SRR Y Eur N e 521
Z _ pr—
At 1 A 1 Az? ’ 2

where M, C and R are respectively the mass matrix, the diffusion matrix and the rigidity
matrix associated to the chosen FEM. The Dirichlet boundary condition at » = 0 is embodied
in the mass matrix whereas the transparent boundary condition at r = R4, is encoded
in the diffusion matrix (the only non zero coefficients of C are indeed coming from this
boundary condition). The scheme is completed by the periodic boundary condition

uf ™ = uRtt and Wt =Wt

5.3.2 Computation of a ground state (Q, V)
Let H : H! — R be the functional defined by

=5 [ wantar =5 [f 1@ S ) ) dray

where ¥ = o1 x 01 and & = ||V.I||3; (with A.I' = 02) and let K); be the following
minimization problem: ’

Ky = inf{H(u) s.t. v € H! and HUH%% = M}.

One can prove that E(u,T oy % |u|?,0) = H(u) (c¢f the previous Chapter). Thanks to
Theorem i), if Jpr < 0 we then get Ky = Jyy and if (@, V) is a minimizer of Jy,, then
Ky = H(Q) = E(Q,¥Y,0) = Jy. Thus, instead of computing a minimizer of Jy; we are
going to compute a minimizer of Kj;. To this end, we start by solving the Laplace equation
A.I' = 09 in order to have an approximation of the parameter k. Next, we compute an
approximation of a minimizer of Kj; and eventually the formula ¥(z, z) = I'(2)o; * Q*(z)
provides an approximation of W.
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Computation of

Reasoning as for the wave equation, with the radial symmetry, we set Y(r) = rT'(r). Then,
instead of solving the 3d-Laplace equation A,I' = oy it suffices to consider the following
1d-Laplace equation on [0, +00)

OEX(r) =réer,  Y0)=0,  Y(r) — O. (5.22)

r—-+00

One possible strategy to solve numerically this equation is to mix a FEM on a bounded
domain [0, Ry,4,] with an Infinite Element Method on the unbounded domain [Ryqz, +00),
see for example [44] and [45]. However, this equation has to be solved only once and instead
we exploit the solver for the wave equation in dimension one endowed with the Dirichlet
boundary condition at » = 0 and an exact transparent boundary condition at r = Rq..
Namely, we solve the wave equation

8t2tx — CQaer = —027“&2(7“), t>0, re€l0,Rnazls (5.23a)
(x(0,7),0:x(0,7)) = (0,0), r € [0, Rmax] (5.23b)
x(t,0) =0, Oex(t, Rimaz) + cOpx(t, Rinaz) = 0, t>0. (5.23c)

on a time interval [0,TY] sufficiently large so that the final solution x(7,r) is a good
approximation of Y(r) for r € [0, Ryqez), since we know that x(t) — Y as t — 4o00. We
solve [(5.23a)H(5.23c)| with the classical Newmark scheme Here the unknown X"
does not depend on the index j since the considered wave equation does not depend on x
and the right hand side is the constant vector G' = (G} € RX% defined by

Rmaz
G = / raa(r)pr(r) dr.
0
Let

Kk
Th(r) =Y Trer(r)
=1

be the computed approximation of Y (r) on [0, Rpaz| and V' be the vector with component
(Yk)g. Since k = 47 f0+°° |0, (r)|> dr we obtain the following approximation of &:

Rmaz 47T
o — 47r/ 0T dr = 27 RV, V).
0

The accuracy of the approximation of k is quite sensitive to the size of the computational

domain: Ry,q, should be chosen sufficiently large. In practice we compute s, for an increas-

ing sequence of R?, .. and we consider the criterion \Foﬁfl — ki < 1 in order to detect when

the size of the computational domain is sufficiently large.

Computation of @)

In order to compute a minimizer of K); we appeal to the imaginary time method (see for
example [6, 8] and the references therein). It consists in solving the following heat equation

1
Opv — §Amv + w()v — K(Z * [v]*)v =0, t>0, zeRY (5.24a)
1 1
(5 [ 190Pdo = [[1oP @@ - P dedy),  (5200)

Ww\V) = —7—5—
=",

v(0,z) = vo(x), Hvo||%% =M, z € R% (5.24¢)
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A stationary solution of |(5.24a)| is a solution of the Choquard equation |(5.7) and a direct
computation shows that

Sl =0 and  -SH@E) = 20w, <0
Thus, when t goes to +oo the solution v(t) converges to a (at least local) minimizer of
K. We solve numerically |(5.24a)H(5.24c¢)| in dimension d = 1 and on a bounded domain
[—L/2,L/2] endowed with Dirichlet boundary conditions. Since a ground state () of K/
decays exponentially fast, if L is chosen sufficiently large, this leads to small errors on the
computed ground state Q). We solve the heat equation with a semi-Crank-Nicolson scheme:
for every j € {1,...,N}

—~ —~

U e 1 - 20 "“ + v”*f LR - 20
At 4 AmQ 4 Ax?
n+1 n+1
+ v + v
n J n J
L ger L =0
+w 2 2 ,

with the Dirichlet boundary condition vy = 0 = v}y, ; and where

1 N
= A 2 / / (z—y)dedy
=1 _1 _1
2 2

Since this scheme does not preserve the discrete mass we renormalize

n+1 __ v M /T_L\+/1

vy = v,
j N ——

n+1, n+1
Az Y v v
i=1
and we eventually compute the new Lagrange multiplier w™*!:
1 N n+1 vn-i—l vn-i—l _ ,Un—f—l N
n+l _ ]-‘rl j g+l J . n+1, n+1, n+1
w Z Az ROz ) O

=1
As in the continuous case, we observe numerically (see Figure [5.2)) that the discrete energy

— U, (% (%
" Z J“ S e e DL (5.25)
T

N ntl n+1 no__.n AJZ

decays along time.

5.4 Discrete properties of the scheme

As stated in the introduction the Schrodinger-Wave system conserves the mass of the wave
function, the total energy and the total momentum of the system It is then natu-
ral to ask that the scheme preserves the same discrete quantities. However the Schrodinger-
Wave equation is a system where the wave function u exchanges energy with the environment
1 and it might be possible that at the discrete level a scheme preserves the discrete energy
of the total system but such that the energy exchanges between the wave function and the
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environment are not consistent with the energy exchanges at the continuum level. Thus,
first and foremost, a good scheme should be consistent with the energy exchanges. It can
be difficult to construct a scheme which is consistent with both the energy and momentum
exchanges. As we shall see below, the scheme we propose, primarily targeted on the energy
balance, does not conserve the total momentum.

In order to specify what we mean by consistency with the energy exchanges, let us go
back to the basic energetic properties of the Schréodinger-Wave system. If x is the solution
of a wave equation of the form

Ox — %X =,

then the energy of x defined by

1 2 1 2
Buwel) = 45 [[ (7 000 + 5 x(ts, ) ) dr,

satisfies
d

dt
In particular the energy is conserved when f = 0. If w is a solution of a Schrédinger equation
of the form

Famolt) = 47 / ax(t,z, ) f(t, 2, r) da dr.

1
10pu + iAmu = ¢u,

(where ¢ is a real-valued potential) then the energy of u defined by

Erenro(t) = % / IVau(t,z)|* dz + / o(t, z) lu(t, z)* dz

satisfies
d

dt
In particular the energy is conserved when ¢ is a stationary potential. Going back to the

Schrodinger-Wave system, the total energy Fiot = Ewave + Fschro is conserved because the
source term f of the wave equation and the time-dependent potential ¢ fulfil the cancellation

property

Faro(t) = / 00(t,2) [ult, )| da.

47r/ Oex(t,z,r) f(t,x,r)dedr + /3t¢(t,x) lu(t,z)|* dz = 0.

Therefore an energetically relevant scheme for the Schrodinger-Wave equation should satisfy
the following basic requirements:

(i) the scheme for the wave equation conserves the analog of Eyayve when the source term
f vanishes,

(ii) the scheme for the Schrodinger equation conserves the discrete mass when the potential
¢ is real-valued and the discrete analog of Fgenr, when the potential ¢ does not depend
on time,

(iii) the discrete coupling is such that the contributions from the analog of [ 9;¢(¢)|u(t)|? dz
and 47 [[ 9;x(¢) f(t) dz dr cancel out.

We are going to check that the scheme |(5.21a)H(5.21b)| satisfies these three requirements.
To this end, let us introduce a few notations. Let D be the discrete time derivative operator

(Da") = =
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and let V¥ be the discrete periodic gradient operator which associates to a real valued
sequence (b;)i1<j<n the sequence defined by

biii— b
(de)j+1/2:%v bop=by and bys1 = b1.

In the sequel we will repeatedly use the following discrete integration by part formula

N
Z(V%)j 12 bj = Zaj( )+1/2‘ (5.26)

Jj=1

The discrete mass of the wave function u at time t" is given by

L/2 o
M”—/ u” () dx—AmZu ull.

~L)2 =
We define the following discrete energies at time t™:
W AT d— s g
schro = 5~ jZI(V u")jr1/2(VoU™)j g0 + Az ;@- uiu

and

L/2 Rimax L/2 Rmaz
E} e = Dx"(z,r)|” dedr + / /
T 22 /L/z/ | " r/2Jo

+1 +1 +1 +1
_ 27TA$Z<MX? - X7 X7 —X;L>+277Ax <RX;L + X7 X} +X}I>
t )

2 & At ’ A c? Z 2 ’ 2
Jj=1 J=1

2
37»)(""'% (z, r)‘ dx dr

where Y72 = ("1 + y")/2.

Theorem 5.4.1 Assume that for every m € N, CX{" = 0. Then, the scheme
5.21b)| conserves the discrete mass M™ and the dzscrete total energy Bl = Bl + E@ave
Moreover the scheme is consistent for the energy exchange, that means

L/2
D¢"* 2 (z) [u"(z)[> dz + DE™

wave

=0.
—L/2

Remark 5.4.2 The assumption CXJ" = 0 means that the wave does not cross the boundary
of the computational domain. We have to make this assumption since the part of the wave
which goes out of the computational domain does not contribute anymore to the total energy
(see the definition of E...), and thus the discrete energy cannot be conserved. In practice
this is not an issue since the enerqgy that goes away the computational domain can be explicitly
computed and incorporated in the energy balance.

Before we detail the proof of this statement, let us say a few words on the discrete mass
center and impulsion of the wave function u. The discrete mass of the wave function u is
conserved and we denote by M = M™ its value. Then the discrete center of mass of the
wave function is defined by

L/2 Az N o
rlu™(x))Pde = == ) zuum.
M/L/2 M ]221 7
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In order to define the discrete impulsion of the wave function we need to define its discrete
gradient. To this end, we bear in mind that we have adopted a Finite Volume approach
to discretize , with a numerical unknown constant over the cells C; = [z, 1,2, 1].

J—35"7i+3
Hence, the discrete gradient is naturally thought of as the piecewise constant function on
the staggered grid Cj /5 = [z, zj11]:

N

o — un
(Ozu)"(x) = Z(vdun)ﬁrl/?l[l"jvxjﬂ](x)’ (vdun)jH/Q - %
j=1

This definition is consistent with the discrete Laplacian on C;, with (A%u); = Aiw(vdujﬂ /2=
Vduj_l /2), which can be seen as a combination of Vs operators defined on the twin grids.
Accordingly, the discrete impulsion of the wave function is defined by

L/2 o
—Im/ u(x )dx—AwImZ (Veu™)juf
L/2 j=1

where (V°b); = $[(Vb);_, /24 (V) ;11 ] is the discrete periodic centered-gradient operator
at xj. Another justification for this definition is that at the continuous level the quantity
[ Vyuudz is purely imaginary. This property is conserved at the discrete level when the
periodic centered-gradient operator is taken but it fails with the periodic right or left-

gradient operators. It is also worth remarking that the energy E, = can be rewritten as

L2 L/2
= / |(Oe)(2) 2 da + / 6 (2) Jun (2)|? de.

2/ 1 L)2

The discrete center of mass satisfies the following relation

N o+l T
e 3 (vdu"“ + u”> ity Ul
j=1 2 j+1/2 2

The right hand side depends on both «™ and u™*!, the latter being computed from u™ by

(5.21b)l We observe that

N n+1 n n+1
u" +ulyy
m{3 (v) Ui
{j=1 Jj+1/2 2

1

N
>

g
——
H'Mz o

=[S e, -t +w}
e *
S @ ) (O + )
1 j;1 —_—  —
- —I—mlm Z (u;«“rl + u?)( ?Ill +ufy )
1 N _
_ +mlm ]zzl (U?H + ) ( ?ill +ul - u;l+1 u;z)}

1 n+1 n N n+1 n nt+l | —m
du"+ +u” u; uy w4 u; "+ Uy
_Imz (V 2 2 _Imz.f Vi3 . 2
Jj+1/2 Jj=1 J
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and the evolution of the center of mass can be recast as follows:

U gy [ Q) Q) TG 47
At L2 2 2

M dzx.

For the discrete impulsion, we have

+1 Tn41
pn+1 _ pn + ";L+1 + u]+1 u + u
= ReJZ1 (V3™ 2),1 19 5 5

Remark 5.4.3 The shift index comes from the fact that at the discrete level the Leibniz
formula for the derivative of a product is not satisfied. Moreover the time discretization of
the wave equation seems not to be adapted to the conservation of the discrete total momentum
of the system. This is not due to the choice of the space discretization, but to the choice
of time discretization. The time discretization of both equations and the treatment of the
coupling are constructed in order to ensure the conservation of the discrete total energy of
the system, which is hardly compatible with the conservation of the discrete total momentum.

Proof of Theorem [5.4.1 We begin with the mass conservation:

Mn+1 Mn ;H—l U;L +1 N 1]1+1 W
Coming back to|(5.21b)| we have on the one hand
't —w? i 1y
J J _ Y (Ad n+l Y (Aad,n) _ a3 J
At _2(Au )j+2(Au>j £9; 2
and on the other hand
T AV T
J J — _ 2 (AT _ L (AT
At 2(Au >j 2(Au)+wS 2
Then, thanks to the discrete integration by part property - we get
n+1 un

n+1

Aasz A

zAx

_ 2 RV%TLH);’H/Q (VdW>j+1/2 + (Vdun)j+1/2 (VdW)j-H/Q

ZA?U Z¢n+ ( n+1 n+1 —|—u? aj@+1)
and

n+1 -

AJ:ZU” A

1Ax
2

N . _
Z [(Vdun)jﬂm (vdun+1>j+1/2 * (vdun)jﬂ/? (vdun>j+1/2

7j=1
zAxZ¢n+ ( n n+1+ujuj)
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Eventually, gathering these two identities leads to

ine &

DM" = ——— Z [( Véu n+1)j+1/2 (VdW)jﬂ/z B <vdun)j+1/2 (Vdm>j+1/2

ZAQ? Z ¢”+ ( n+1 n+1 — UJ)

From here, since DM™ is a real number, we directly get the discrete mass conservation and
we get for free that the discrete quantity

L/2
D|(0pu™) (z)* + ¢" 2 (2) D [u(z)|? da
—L/2
= g iv: (Vdun+1) (vdW) + ¢n+% un+1un+1
At P j+1/2 j+1/2 I 3T
Ax N

n — . 2 ny
AL ; KVdU )j+1/2 (Vdu )j+1/2 +6; J] =7 m (DM =0

is conserved by the scheme. This exactly means that the Crank-Nicolson scheme preserves
the discrete mass and energy of any Schrodinger equation with a real and constant in time
potential ¢ = ¢(z). Since

L/2 L2

o = D|(0,u™) (z)* + ¢" 3 (x) D |u'(x) | da + D" 3 (z) [u ()] da,
—L/2 —L/2

D

the scheme preserves the discrete total energy Ef., if and only if it is consistent with the
discrete energy exchange, that means
L2

D" 3 (2) [u" ()2 dz + D E",. = 0.

wave

—L)2

Let us compute the discrete time derivative of E, .. For that purpose we rewrite |(5.21a)]
as follows (the assumptions insure that the term of the form CX7" are equal to zero)
Xt xn xn — xnt 1 1 1
M- LML —-R (Xﬂ“ - X7 X”_1> e
AP At TR A S A R Y

and we take the scalar product of this quantity against the vector X]nJrl - X7

+1 +1 -1 +1
(WA T N
t t

At ’ A At ’ A
1 1 1
R xn+l X xn—1 xntl X xntl X
_< (4]11 +§ Jn—l_z Jn )’ Jn o ;L>+<G?’ Jn o Jn>

Besides, since the mass matrix M is symmetric

xn _ xn-1l xntl _ xn xntl _ xn
J J J J _ J J —1
<M A >_<M,Xy_xy >

At A At?
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we also get (by taking the scalar product against the vector X7 — X?_l)

-1 +1 -1 -1
<MX]’-‘X;7 XJ’-L X?>:<MX}1X? XJTL—X}L >
M t )

At A At At
1 1 1
+1 -1 -1 -1
_<R<4Xy + XD+ 1XT >,X;‘—X;L >+<Gy,xy_xy ).
Gathering these two identities leads to

+1 +1 -1 -1
<MX5? ~ X X7 —X;L>:<MXJ”—XJ’7 XP—XP >
t

At ’ A At ’ At
_ <R <1X’?“ + EXn + lxﬂ1> Xt X’.l1> + <G7P xntl X’.“‘*1>
479 97 479 il J Jrg J :
Since
R 1X”+1 4 lX’n 4 an_l Xn+1 _ Xn—l
4777 9% 4777 U] J

B <R (X;?“ + X7 . X7+ X;”) X -Xr Xr+ Xj’.”>
- 2 2 ’ 2 B 2
+1 +1 —1 —1
:<ny + X X +X;-"‘>_<RX§L+X;‘ Xr+ X7 >
2 ’ 2 2 ’ 2

we eventually obtain the following relation
+1 +1 +1 +1
MX;‘ - X7 X - X7 N RX;-L + X7 X+ X7
At ’ At 2 ’ 2
Xxn_ xn=t xn_ xn-l X4 xnot o xnog xnol
J J J J J J J J n n+1 n—1
R GY, X' - X
<M At ’ At >+< 2 ’ 2 >+< 70 J >

which implies that

n 2rAzx al n+1 n+2 n
DE", .. = WZ<GJ' X X
j=1

In particular this equality implies that the Newmark scheme conserves the energy of the
free wave equation. We are left with the task to prove that

N ¢n+1+% ¢n+§ 9rAg N
J — Y n+l, ntl Tax n+l yn42 n\ _

szzl A7 wyu T+ cQAtz:I<Gj X —Xj>—0.

j= Jj=
On the one hand we get
N ¢n+1+% _¢n+% Ap N
J J n+l, ntl _ 27 n+2 ny, n+l n+1
AQUZ: At Ui 2At Z(¢ — 95

N Kk T, 1 Ty 1
Jit+3 i'+3
" Z S OGHE =) (/ 2/ 201(x—y)dxdy)
T, z

]]’ 1k=1
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while on the other hand we have

27TA$ g:<Gn+1 Xn+2 _Xn>
C2At 4 ‘ Jj o g J
‘7:
N Kg T, 1 T, 1
o X T [ [ ey deay
JJ/—lkl -5 TE-4

Rmax
X < / raa(r) k() dT) OGE” = x5
0
Since o7 is even, we have

.T/ ; +1
/ / = (z—vy dxdy—/ 2/ (x —y) dzdy,

1 1

2 2
and we conclude that the scheme is consistent Wlth the energy exchanges. Note that in
practice the convolution with ¢ in the definition of G;L and ¢} is computed with an numerical
integration method. This numerical integration has to be consistent with the previous
formula in order to insure that the scheme conserves the total energy of the system. [ |









CHAPTER O

Particles subjected to a high random acceleration

This Chapter is the result of a collaboration with A. Vasseur. If this work is almost uncorre-
lated with the rest of this thesis, we can at least make the following link. The Vlasov-Wave
system introduced in Chapter[2]can be seen as a model of Lorentz gas. Indeed, in this model,
each membrane can be seen as an obstacle through which particles of the gas move. This
model is a non linear model of Lorentz gas: the obstacles influence the movement of particles
and, as a response, particles have also an influence on the obstacles. In this Chapter we
consider a linear model of Lorentz gas: the obstacles modify the trajectory of particles but
particles have no more influence on obstacles. Then, the difficulty arise from our knowledge
of the obstacles’ states : in practice we do not know them precisely. The obstacles are thus
modeled by a random external force field and the new question is: what can we say on the
dynamic of the particle’s density ? More precisely, since now the particles’ density is also a
random process, we want first to understand the dynamic of its expectation and then, how
far from this mean dynamic a given particle’s density realization is. These questions are
addressed through a rescaling of the considered system and when the scaling parameter €
converges to 0.

This strategy of rescaling has been the object of numerous works and is not restricted
to the case of a random media. As an example, one can consider the case of particles
moving through obstacles modeled as hard spheres distributed periodically on a lattice of
size € and study this system in the regime ¢ — 0 [47]. We can also mention the case
of the homogenization theory which is not concerned by the dynamic of particles in an
heterogeneous media but by the intrinsic properties of the media when the scaling parameter
€ converges to 0.

In the context of particles submitted to a high random force field, F. Poupaud and A.
Vasseur developed a straightforward PDE approach in order to study this problem [91].
Their approach, hereafter mentioned as the (PV) strategy, is the cornerstone of several
other articles [78, 9, 49, [50] but has one main weakness: it requires a time decorrelation
assumption on the random force field. As a consequence, the (PV) strategy does not cover
the case of stationary (random) potentials. The goal of this work with A. Vasseur was to
extend, at the price of an extra assumption on the momentum of particles, the (PV) strategy
to these cases. In the case of particles with a privileged direction of displacement we succeed
to implement the (PV) strategy, the main idea being to use this direction as a time variable
in order to obtain from a spatial decorrelation assumption on this direction a sort of time
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decorrelation property. This analysis is the purpose of this Chapter.

6.1 Introduction and mains results

This work is devoted to the study of the transport of particles in random media with a
privileged direction of displacement. The random media is modeled here by a strong and
random force field. For particles, we adopt a mesoscopic scale, so we will study the Liouville
equation satisfied by the density f. of particles in phase space.

1
Oufet —Oifot v Vafet E(w,0)  Vofe =0 (6.1)

This equation is naturally completed by the initial data

fe(0,z,v,w) = fi(z,v).

Note that for any x € R? w € Q + & (x,w) is a random variable defined on a certain
probability space (€, <7, du), while the initial condition f; is supposed to be deterministic.
Considering that we want to study the asymptotic behavior of this equation when ¢ — 07,
and because 0, f-/e blows up in this regime (this scaling allows us to ensure that particles
have a privileged displacement along the direction €}), we will make the following assumption
on f;.

(H1) The initial condition f; is homogeneous along the space direction € : fi(z,v) =

fi(#,v), where z = (z1, %).

Note that such model arises naturally in physics. For example in medical imaging,
tomography allows to reconstruct the internal structure of a solid object from external
measurements by means of x-ray. In this case we are modeling the local heterogeneity of the
solid object (the human body’s tissues in fact) by the random force field &, while the x-ray
beam is modeled by a gas of photon for which we denote by f. its density in phase space
R¢ xRE, Since in tomography theory, by assumption, a x-ray beam travel along straight line
and since in order to reconstruct a solid object one possible strategy is to use parallel x-ray
(several time in several direction), the privileged direction of displacement arises naturally
in this context (note that the assumption seems reasonable too). For an introduction
to tomography theory we refer the reader to [32].

As regards the force field &., we suppose it comes from a re-scaled random force field
E ¢ W2

1 x
Ee(r,w) = @E(E,w) (6.2)

We are going to consider a family of scaling parametrized by ¢ € (—1, 1), by setting
Ae) =7 and n(e) = Vedtl.

Note that the inverse of the scaling parameter ¢ characterize the speed of particles along the
direction €1. Then the possible range of values for ¢ comes from the following constraints. On
one hand, in order to apply the (PV) strategy, we need a high force field &; (which imposes
(g +1)/2 > 0) while on the other hand, in order to insure that particles have a privileged
displacement along the direction €7, the size of the force field has to be smaller than ¢~!
(and we get ¢ < 1). Applying the (PV) strategy consists in applying Duhamel’s formula on
a small time interval of size 7(g) with 7(¢)/n()? ~ 1, that means with 7(g) ~ €7t (and
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7(e) is small when ¢ > —1). Then on a time interval of typical size 7(g), a particle has a
displacement of size 7(¢)/e ~ €7 along the direction ;. Thanks to the scaling parameter
A(e), this size of displacement becomes of size 1: 7(g)/(eA(g)) ~ 1.

Throughout this document we will make the following assumptions about E.

(H2) For every z € RY, E[E(z,w)] = 0.

(H3) E[E(z,")®E(y,-)] = R(y—=) with limj,|_, o, R(z) = 0and 9¢R € L'NL>*(R?)
for |a| < 3.

(H4) For every z,y € R such that |x1 — y1| > 1, E[E(z,-) ® E(y,-)] = 0.

(H5) The random process E : R? x Q — RY is stationary along the direction & : de
for every y € R, there exists a measure preserving transformation ¢, : £ — €2 such
that for every (z,w) € R x Q, E(x + yé1,w) = E(z, oy (w)).

The assumption is classical and quite natural (see for example [I7] for an other
article with this hypothesis). It means that the model is (in expectation) invariant by trans-
lation along the direction &. Assumptions [(H1)| and [(H5)| guarantee us, for the particles
and for the force field, a certain homogeneity along the direction é€;. This homogeneity will
allow us to pass to the limit (in the sense of Lemma in 0y, fe/e. The hypothesis
is also classical and means that the correlation matrix E[E(x, ) ® E(y,-)] is invariant by
translation of the force field £. Assumption which is a space decorrelation hypothesis
on the force field, combined with the privileged direction of displacement of the particles,
will allow us to implement the (PV) strategy. These remarks are summarized below in
Lemmas and

We are now able to give the main result of this Chapter.

Theorem 6.1.1 Under the assumptions |(H1){(H5)|, for all scaling parametrized by q €
(—=1,1) and up to a sub-sequence, (E[f.])e converges in C°([0,T]; LP(RY x R?) —w) to f €
L=([0,T]; LP(RY x RY)), solution of

Of+v-Vuf =V, - (DV,f) =0, f(0,z,v) = fi(z,v) (6.3)

where .
D:/ R(6éy) de.
0

Remark 6.1.2 The convergence of E[f-] to f in C°([0,T]; LP(R% x R%) —w) means that for
all o € L (R? x RY),

sup |(E[f] = £.¢) o | =3 0 (6.4)

te[0,T)

uniformly in @. Since L’ (R* x R) has a dense countable family (op)pen C C°(R? x RY)
for 1 < p' < +o0, we can endowed this space with the metric

1 ‘<f_ga()0k>Lp7Lp'

d:(f,9)— Y

9k
et 201+ ‘<f — 9. Pk) o 1/

and obtain equivalently that E[f.] converges to f in C°([0,T]; LP(R? x R?) — w) if and only
if

sup d(E[L], f) — 0.
te[0,7) e—0

Then, thanks to a diagonal argument, to prove this convergence it is sufficient to prove|(6.4)
for all gr. We refer the reader to [75, Appendiz C] for further details.
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The rest of this Chapter is organized as follow. Before to end this section we give
and prove two lemmas which are the essential points to adapt the (PV) strategy in this
context, that means without any time-decorrelation assumption on the force field &.. Then,
in Section we give a sketch of the proof of Theorem We only give the important
steps in order to adapt the (PV) strategy, details regarding the method in itself can be
found in [91] or [5I]. We conclude this Chapter by giving in Section an explicit example

of force field E satisfying |(H2)H(H5)

Lemma 6.1.3 Under assumptions [(H1) and [(H5)|, E[f:] does not depend on the space
variable x1. In other words, 0y, E[f:] = 0.

Lemma 6.1.4 Under assumption for every time t > 0 and (z,v) € R? x RY there
exists a constant C = C(t,v1,||E||rs ) > 0 such that for every 0 < e < C and h € R? with
h- €1 > \), the random variables f.(t,z,v,-) and &-(x + h,-) are independent.

Proof of Lemmam Let f: be the solution of with initial value fi(z,v) = f;(&,v).
For all y € R we introduce the force field &Y(x,w) = &2(x + yé1,w) and the solution f¥ of
{atfg + 100 [V +v- Vo fl + EY(x,w) - Vo f! =0
f2(0,z,v,w) = fi(z,v)
On one hand, since f-(0,z,v,w) = f¥(0,z,v,w) = fi(z,v) and because f; does not depend
on the space variable x1, by uniqueness for |(6.1), we get fY(t,z,v,w) = fo(t,z + yé1,v,w).
On the other hand, using assumption |((H5)| since the solution of |(6.1)|is uniquely defined,
we get fay(ta €T, ’U,(.U) = fé‘(tv Z,v, ‘Py("‘f)) and then
fa‘(ta x,, W) = fg(u T — ygla v, CU) - f&(ta xr — y€17 v, Soy(w))

Passing to the expectation in this equality and using the fact that ¢, is measure preserving,
we eventually get

E[f:](t,z,v) = E[f:](t, x — yé1,v).
|

Proof of Lemma [6.1.4, First, thanks to the regularity assumption on the force field &,
we know that f. is globally defined and can be expressed in term of characteristics curves:

fe(t,z,v,w) = fi (X:(0,t, 2,v,w), Vo(0,¢, 2, v,w)) , (6.5)
where (Xc(s,t,2,v,w), Vo(s,t,z,v,w)) is the solution at time s of the system
1
{:’c(s) =~ +u(s)
(s) = be(z(s),w)
completed by the data (z,v) at time ¢

z(t) =2 and wv(t) =v.

Then, on one hand we get

t
v="V.(0,t,z,v,w) + / & (Xe(myt,z,v,w),w) dr, (6.6a)
0

ac—XE(O,t,w,v,w)+t<1el+v)—/ (/5’ (ot v, w), )da) ds, (6.6b)
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and, on the other hand, for all s € [0, ¢]

d
$X (s, t,z,0,w) - € —i—vl—/éa o,t,x,v,w),w) - €1 do

1 — s 1 €
> - gy =(1—|v1|s—t—s| 1Bl )
£ 77(6) B " ““n(e)

Since €/1(e) —._0+ 0, there exists a constant C' = C(t, vy, ||E||r_ ) > 0 such that for all
0 <e < Cand for all s € [0,¢], ’

%Xe(s,t,x,v,w) -e1 > 0.

It follows that the characteristic curves X; is increasing along the direction ¢ for s € [0, t].
Then, this fact combined with |(6.6a)H(6.6b)| guarantees us that f.(¢,z,v,w) only depends
on the realization of &.(y,w) for y; < x;. Eventually we can use assumption which
implies that &;(y,w) and &;(z,w) are independent as soon as |y; — z1| > A(e), in order to
conclude that f.(¢,z,v,w) and &;(z,w) are independent as soon as z; —z1 > A(€). |

6.2 Sketch of the proof of Theorem [6.1.1

Here, in view to explain how the scaling that we are considering allows us to implement the
(PV) strategy even if the force field has no time-decorrelation, we give a summarized proof
of Theorem For details we refer the reader to [91] or [51].

First we justify that the family (E[f.]). admits a sub-family that converges in C°([0, T7;
LP(R? x RY) — w) to a certain f € L>®([0,T]; LP(R? x R?)) and then we will justify that f
is the unique solution of with initial data f;.

Let us introduce the operators

O:(¢)(x,v,w) = —&(z,w) - Vyp(z,v) and Si(p)(z,v) = ¢ (:c — t(ééi + v),v)

and compute for p € C®(R? x R?)

(i//Rded E[fe](t, z,v)p(z,v)dedv = i//Rdx]Rd E[f:](t, z,v)0z, p(z,v) dz dv

- //Rded E[f:](t,z,v) v Vip(x,v)dz dv — //RdedE[fa(t’x’v")ag((p)(x’v")] de dv.
(6.7)

Thanks to Lemma[6.1.3] the first term of the right hand side is equal to zero while the second
one is controlled by

<\ fillzy, llv- Vaol|Lge,

// E[f:](t,z,v) v - Vyp(z,v)dzdv
RIxR4

(Where we have used the estimation |[f.(¢)|[1z | < [ fill 2z, which is a direct consequence of
and the fact that the flow ¢ — (X.(t), Va(t)) is symplectlc) For the last term we apply
the Duhamel formula to f.

7(e)
Fo(t) = 8oy (ol — () + /0 Sy 00, (folt — 0)) do
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with 7(g) = 2% (from now on 7(g) will always refer to this quantity) to obtain
I, Bl )60 ) dodo
Rd xRd
=E lﬂ S’r(e) (fs(t - T(E)))(.’IJ, v, )96(()0)(3:’ v, ) dzdv
R xR4

“E [/OT(E) (//RdXRd folt — 0,2,0,)0- 0 S_y 0 0.(¢) (2,0, ") d dv) da] .

Since the first integral term of the right hand side is of order (without considering the
expectation E) n(e) ™' = e~ (¢t1/2 we take advantage of Lemma and the assumption

(H2)| to obtain

E [//Rdxw Sr(e) (f=(t = 7(£))) (z,v, )0() (x, v, ) d dv]
_ //Rded E [Sr0 (f:(t — 7(0))] (2. 0) E[8-()] () do dv = 0.

Note that to apply Lemma we have to check that
1,
h=r7(¢e) (gel + v)

is such that for every v in the support of ¢, h-¢€; > A(e). This is equivalent to

;\8(;4-@1) =24 2ev1) > 1.

Here, since ¢ has a compact support this inequality is always satisfied for e sufficiently
small. Then € depends on ¢ but here it is not an issue since we only need this result for the
countable family (¢g)ren, see Remark Eventually the last term is bounded by

7(e)
‘E [/0 (//Rded ,};g(t —0,2,0,)0-05_5 0 0-(p)(z,v,-)dzx dv) da}

T(e
< HfiHL;,v/O E[Ileeosfgoes(@)”m] do < [|fillz, () 16= 0 S5 © 0-()l| e, .,
1
< iles, 7 (el B0, (Belhwaoe + (@)l
7(e)
——— || & Lo 2B 1o o |,
77(5)2)\(€)H HLz,va ||Lz,w||SOHW1 )

where the last inequality is obtained thanks to the relation

+

0-08_500-(p)(x,v,w)
d
i , 1 1.
= > Ex,w)éE) (m — U(gel + v),w) (05,00, — 002,00,) (x — a(gel + v),v)

ij=1

- i é?(:v,w)@xié? (J:U(ié'l +U),w> Oy, p (sva(ié'l +v),v) .

i,j=1

Since
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we have shown that the quantity

d
dt //Rded E[f:)(t, z,v)¢(x,v) dzdy

is uniformly bounded with respect to € and we can apply the Arzela-Ascoli theorem to
conclude (for details we refer the reader to [91] and [51]).

The next step is to determine the equation satisfied by f. For this purpose we consider
a sub-family of (E[f.]). that converges to f in C°([0, T]; LP(R? x R%) —w) and we are going
to determine the limit of - [[ E[f-(t)]¢ dz dv. We have already seen that the first term of
the right hand side of is equal to zero for € sufficiently small and it is clear that the
second term converges to

//]Rd R [t z,v)v- Vp(z,v) de do.
X

Then the difficulty concentrates on the third term of the right hand side of [(6.7), For this
term we apply twice the Duhamel formula to f:

7(e)
fe(t) = Sro) (fe(t —7(2))) + /0 S,06.0 527(5),a(f5(t —27(e))) do

7(e) r27(e)—0
—i—/ / Sy 00z.08500-(fe(t — o —s))dsdo,
0 0

which yields to the following decomposition

//Rded E[fe(t,2,v,-)0(p)(z, v, )] dz dv

—E [//]Rded Sre) (f=(t — 7(€))) (, v, .)eg(cp)(x,zz,).) dz dv} |
—-E l//ﬂ@dxﬂ{d Sar(e) (fe(t = 27(e))) (2,0, ) (/0 S, 00.08_g00.(0)(x,v,) da) da dv-

7(g) 27(e)—0o
-HE{/ / (// fe(t—o —s,z,v,-)
0 0 R4 x R4

0-05 40008 400.(p)(x,v,) dzdv) dsdo]

=1+ 1+ Is.

We have already seen that I; = 0 when ¢ is sufficiently small. We now treat I which is

exactly the part of order 1 in our previous estimation of the third term of the right hand

side of [(6.7)} Thanks to the relation

Se00:085_500-(p)(x,v,w)
1
= (divy, + o divy) {(az,v) — &; <:1: -0 (fé'l + v),w) ® E:(z,w) - Vyp(x, v)}

€

we can, as previously, apply Lemma to Iy and get

= ElSer (et =2r(e) o) ( / " div, + o divy)
{(m,v) — E [é@ (m -0 (151 + v), ) ® & (z, )} -Vyp(z, v)} da) dz dv.

3
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Then, thanks to [((H3)| we obtain

/OT(E)(divv + o divy) {(w,v) — E {éag (x -0 (éeﬁ + ’U), ) ® & (x, )} - Vyo(z, v)} do

_ /01 (divy + 7(2)s div,) {(m, 0 - (i)2R C&?;(ia + v)> V(. u)} 7(e)ds

1
= 2/0 (divy + 7(e)s divy) [(z,v) — R(2s€1 + 2sev) - Vyp(x,v)] ds

2
= /0 (div, + T(e)g divy)[(z,v) = R(0é) + Oev) - Vyp(x,v)] dO

and it is possible to show that this term converges in L” (R% x R%) to

2
div, (/0 R(0€1)d0> - Vyp(z,v).

This strong convergence can be combined with the weak convergence of (E[f:]): to f in
C9([0,T]; LP(R? x R?) — w) in order to obtain

2
I, — // f(t, z, v)div, (/ R(0é}) d@) - Vyp(z,v)dz do.
€20 JJRdxRrd 0

We refer the reader to [91] and [51] for details about these convergences.

For the last integral term I3 it is not possible to apply Lemma [6.1.4] but, since this term
is of order 7(¢)?/n(e)® ~ £@1)/2 (whereas I; was of order e~ (4t1/2 and I, of order 1), a
rough estimate is sufficient to show that it goes to 0 (again we refer the reader to [91] and
[51] for details). This conclude the proof.

Remark 6.2.1 Our choice 7(c) = 29t is arbitrary in the sense that for all real number
z > 1 the choice T(¢) = ze9! is satisfying and allows us to obtain similar conclusions. In
fact the only difference concerns the diffusion matriz that becomes

/ R(6éy) df.
0

This expression depends a priori on the number z (that’s problematic if it is so) but here
it is not an issue because the assumptions [(H3)| and [(H4)| guarantee us that supp(R) C
[~1,1] x R s0 for all 2 > 1

z 1
/ R(0&,)do —/ R(6¢,)d0 = D.
0 0

6.3 An example of random force field satisfying |(H2)H(H5)|

We finish by giving an explicit example of a force field E € W2 satisfying
We construct this force field as an infinite sum of self-similar, compactly supported bubble

of potential V' = V(x), randomly distributed in space and intensity. For this purpose we
introduce
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e V € CX(R?) a potential such that supp(V) C [~1/4,1/4]¢

(w*)peza a sequence of uniform random variables on [—1, 1]
o (X¥), cza a sequence of uniform random variables on [—1/2,1/2]¢
e 7' a uniform random variable on [0, 1]

and we consider the random potential

W(z) = Z whV (:c — [k + Xk - T€1) .
kezd

More precisely we consider the set

d

Q=[-1,1 x ([—1/2,1/2]01)Z x [0, 1]

endowed with the measure

dp = (H d;)@(n d:i") ® dzx
kezd kezd

(where dz denotes the Lebesgue measure on R and di the Lebesgue measure on R?) and
the three random variables

we a=(@e[-LUT o w(e) = (@) = (@)
X: =0 e (F1/21/217) — X(8) = (X(8)) = (B
T: yel01] — T(y)=7.

So the random potential W is defined for all w = (o, 8,7) € Q by

W(z,w) = > w@)V (z - [k+ X (B - T()é ). (6.8)
kezd

Note that, since the measure du is defined as a product, the random variables w*, X* and
T are supposed to be mutually independent.

Proposition 6.3.1 The force field E = VW satisfies the assumptions (H5),

As it will become clear in the proof, the random variable w¥ represent the intensity
of the force field created by a bubble of potential and since it is uniformly distributed on
[—1, 1] it allows us to justify that is satisfied. The random variable k 4+ X* represents
the center of a bubble of potential. Then, without the random variable T, the lattice where
the bubbles can be located is fixed. The random variable T allows us to consider lattices
translated along the direction €; and insures then that holds.

Proof. We start by checking that holds. A direct computation shows that

N 1ak dz(a”)
E[E(z, )]_k§d</_1 . )

1
" </[—1/2,1/2]d/0 vV <($ = [k + 584 - 751) dz(s") dx(7)> = 0.
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Next we turn to [(H3)l As previously, a direct computation shows that

-y /Qw(a)kw(a)nVV(x — [k+ X (B)* — T(v)er)

k,n€Zd
RVV(y —[n+ X(B)"] — T(y)é1) du(w)

1 Azl 1 )
= (/ (a*)? (2 )) </[_1/2,1/2]d/o VV(z — [k + 8% —~é)

kezd -1
@V (y — [k + 8] = 1é1) dz(8*) da(y) )

[ (

/ VV(z—B—1E) @ VV(y— 8- 7é)dB) dy
pezd J k+=1/2,1/2)4

1
=3[ V()@ VV(y—z+2)ds = Ry — ).
Rd

For we note that, since supp(V) C [~1/2,1/2], for all z,y € R? such that
|1 —y1| > 1 there exists two subsets K7 and Ko of 7% with an empty intersection such that

E(w,w)= Y w(@)'VV(z—[k+X(8)] - T (7))
keK,

and

Thus a direct computation shows that
E[E(z,) ® E(y,-)] = 0 = E[E(z, )] @ E[E(y, )],

which means that the random variables E(z,-) and E(y,-) are independent as soon as
lz1 — 1| > 1.

Finally, for we will exhibit a C'-piece-wise, measure preserving change of variable
py. For this purpose we first introduce for any vector kg € 7% and for any sequence (u* Vhezd
the operator

Sko (Uk)kezd — (uk+k0)kezd-

Then, for every y € R, let us denote k‘;, = (ly] — 1)én, k:g := |y] €1 and define ¢, as follow :
for every w = (o, B,7) € Q

(Sty(@), S (B),1+7=(w—ly))) if velo,y—lyl]
Sﬁ’y(w):
(Si2(0).Si(B) 7= (w— ) i vely— Ly

Note that it is clear that ¢, is measure preserving since it is only define in terms of trans-
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lations. Eventually a direct computation allows us to obtain that

Bla+yeiw) = Y o*VV (v +yar - [k+ 8 - 7e1)
kezd

S aF OV (2 -k + B~ [+ — (- lwhla) iy e 0y [yl]
kezd

S AV (r— k=K 4+ - - lwla)  ifvely— (vl
kezd

S ARV (o= [+ B - L4y - (y— [y)Er) iy e [0,y - [y]]
kezd

> oYV (2 - k4 B — Iy - (y - L)@ ify€ly—lyl1]
kezd

= E(z, py(w))-







APPENDIX A

Additionnal details on non linear Landau damping in the free space case

In this appendix we first give some details on the continuity in time of a solution of
with respect to the norms of Proposition m This question is crucial in order
to apply this proposition to prove the Landau damping result of Theorem Then, in
order to be self-consistent, we complete the proof of Proposition that we had started
in Section We recall to the reader that this proof follows really closely [13] and that
we have already explained in Section how to adapt the strategy of this article to the
Vlasov-Wave system.

A.1 Remarks on the continuity of the solution with respect
to the bootstrap norms

For the sake of simplicity we consider the Vlasov case

{&gg(t, z,v) = (VoW p(t))(x + tv) - (Vy — tVg)g(t, z,v) (A1)

9(0’ :E,U) = fo(x’ U)

Here the equation is written along the characteristic of the free transport operator as in
[(2.10a){H(2.10b)| (but not in fluctuation around a spatially homogeneous background .#).

A.1.1 Local existence in C°([0,T), H)

It is classical that this system admits a local solution in C°([0,T), H%) when (o > 0 and
P € N are sufficiently large and) the initial data fo belongs to H%. The proof is based on
the following energy type estimate which constrains the propagation by the equation of the

H%-norm along time:

%%Ilg(t)llir; < C(t) gt (A2)

This energy estimate implies that the H%-norm is at least propagated on a finite time interval
[0,7*) where T* only depends on the initial data fy and shrinks to 0 when its H%-norm
blows up. This energy estimate comes from the following strategy which will be used in a
finer way during the proof of the bootstrap statement. Having at hand a classical solution

233
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g(t) of |(A.1)| (obtained thanks to a fixed point on the characteristic curves for example) we
get

1d

51O e = (Dugt),9(0) o

///k:§ Gt k, &) (k, )7 nW( )p(t,n) - (& —tk)g(t,k —n,& —tn)dn dkdE.

The most challenging part to obtain is to control the extra factor £ — tk (coming
from the operator V,, — tV,) in order to obtain an estimation which does not depend on a
H#$-norm of the solution with s > ¢. Such an estimation is possible thanks to the structure
of the Vlasov equation. Indeed, let us introduce the operator

Lilp): [ & CF R XRY) > [(@,0) = (ValV 5 p(0) (@ + t0) - (Vo = tV2) f(,0)].
Then, a simple integration by part shows that

(f, Lt[P]f>Lgm =0

holds for any f € C° (R? x R%). The operator L;[p], as well as the previous relation, can
be extended to f € H'(R? x RY). Using this specific structure of the Vlasov equation with

f=Frd((k,€)°G(t, K, €)),

we are lead to

gl = [[] (b0 FERD (1.6 = (k=g =)

x nW(n)p(t,n) - (€ — th)g(t, k —n, & — tn) dn dkd€.

Then, depending on the leading frequency (|n,tn| > |k—n,{—tn| or |n,tn| < |k—n,{—tn|),
we adopt a different strategy. On one hand, in the case |n,tn| > |k —n,{ — tn|, since

|<k:,§)‘7 —(k—n,§ — tn>”| S(k—n, & —tn)? + (n,tn)? + (k —n,& —tn)? < (n,tn)?

there is no issue with the extra derivative term £ — tk: for each of the three factors there
is no weight with an exponent larger than ¢. We can then apply Lemma [2.3.6] in order to
obtain (where we used [ — tk| < (t)(k —n,& — tn))

‘///(k:, 6)7G(t, k, €) (n, tn)nW (n)p(t, n) (£} (k — n, & — tn)g(t, k — n, & — tn) dn dkdg

< BllaOlla- ( [ (fwera k. ora)” )( [ lpmpan)”

where for ¢ > 0 sufficiently large

/( / (b, 21360, b, )2 de) ke < 1g(0) 1

On the other hand the case |n,tn| < |k — n,£ — tn| is more challenging since a rough
estimate leads to a weight with an exponent o + 1 on the third factor. However, in this
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regime, thanks to the following estimation (which is a straightforward consequence of the
mean value theorem)

‘<k7§>a - <k - n:f - tn>a‘ < 20\n,tn\(k - na€ - tn>a_2|k - n?& - tn|7 (A?’)

this issue is handled and Lemma[2.3.6]implies (by applying again [ —tk| < (t)(k—n,{—tn))

‘/// (k,6)79(t, &, €) (n, tn)nW( )p(t, n){t)(k —n,& —tn)g(t,k — n,& —tn) dn dkd€
Oo(Olie ( [ tnotmlge, ) an

where for o > 0 sufficiently large

/n<n,tn>]ﬁ(t,n)|dn < (/n<n,tn>2“|ﬁ(t, n)|2dn)1/2.

Combining these estimations we eventually get

1/2
3 5ill9® B < @ lae ( [ trma P dn) "

This estimate can also be performed with a weight v® and summing over « implies

1/2
i1z < @l ([ el mPan)

The introduction of the norm H$ instead of the norm H? is required since it is only when
P € N is sufficiently large that, thanks to the Trace Lemma we have the embedding

property
1/2
( / <n,m>2"|ﬁ<t,n>\2dn) < o(®) a5, (A4)

which eventually provides the announced energy estimate.

A.1.2 The Vlasov-Wave case

Since the Vlasov-Wave system has the same structure than the Vlasov equation we can
obtain a rather similar energy like estimate. Indeed, if we redefine the operator L£;[p] by

Lifo]: f € CERIXRY) — [(,0) = Vorx(F1(t) — o1 % (1)) (w410)-(Vy —tV2) f (2, 0) ],
then a simple integration by part leads to

(f Lillf)p, =0 (A.5)

T,v

and we can adapt the previous estimates in order to obtain from |(2.10a)H(2.10b)| (when
A = 0, otherwise straightforward modifications lead to a similar result)

R 1/2
5 5tl90s S Lol [ (om0 | Zr(t.m) = 1)) dn)

Then, thanks to a variant of Proposition and the embedding property [(A.4), we even-
tually obtain the energy estimate

; 1/2
519 < a0l <1+ / ||g<f>||%1;dr> .
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By introducing the vector

X0 = ([ oty ar . ool

the previous energy estimate implies

. 2 2
1X@)1% = (o)) + (%Hg(t)!!%;) <L+ CHIXOI + CX O,
We can rewrite this estimate as follow
1d
2 dt
which implies the local existence of the solution in C°([0,T), H%) and this local existence is
propagated as long as the H%-norm of the solution does not blow up.

t

)

N—

XM < IXONIX O < (1+ 002+ cm2ixen) 1xm)?

A.1.3 Continuity with the last bootstrap’s norms

The continuity of g in H%-norm implies the continuity of g with respect to the norms
involved in |(2.46a)H(2.46¢)l We are left with the task of justifying the continuity of g with
respect to the last two norms involved in |(2.46d)H(2.46e)| (where the supremum over the
Fourier mode k is not controlled in terms of Hg-norm). The same strategy than in the case
of the Hp-norm can be adapted in order to obtain an energy like estimate which guarantees
that these norms are at least propagated by the equation on a finite time interval (which
shrinks to {0} when the norm of the initial data blows up). For example, in the Vlasov case

we get
(k. €)™ (T, b 1 < (k€)™ ok, €)|
T —
[ [0 W l|ate )l — ehllge k= ¢ — )] dn
0

Then, thanks to the rough estimate
<ka £>81 |£ - tk| 5 <t> <’I’L, tn>81 (k -n, 5 - tn>81+1a

we obtain

T —~
/0 / (k€% | ()] 51, )| € — thl[G(t, k — n, € — tn)| dn dt
T N 1/2
< (1) ( /0 / rn12ww<n>r2<n,m>2§1rﬁa,n>\2dndt>

T 1/2
X (/ /(k—n,f—tn>251+2]§(t,k—n,§—tn)|2dndt> .
0

Eventually, the Trace Lemma yields
(sup k&) a(T. 1. €)])
k.€
< s1| % . )
S (sup (k&) 1ol )1) + (D) sup, o)y ) sup, N9(5) 7 00)

and this quantity remains bounded as long as the Hf}“ norm of the solution g(t) is con-
trolled. We do not perform these estimates in the Vlasov-Wave case here since the proof
of the bootstrap statement consists exactly to perform them but in a finer way in order to
obtain |(2.47d)H(2.47¢)| from |(2.46a)H(2.46¢)|
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A.2 Bootstrap analysis: end of the proof of Proposition [2.3.9

We come back to the proof of Proposition [2.3.9] We had started this proof in Section [2.3.3]
where we perform the estimation of the L%k)L%t) norm of Az, 0. We now give the other
estimations.

A.2.1 Estimate of the L(})L{, norm of A;,0

We start from |(2.48)| which allows us to write

[As,0(-, k:)||%?t> < CT1+ CT2+ NLT.
We split again the non linear term as NLT = NLTR + NLTT based on

(k,tk)*? < (n,mn)*? + (k — n,tk — mn)*?

Estimate on CT1 and CT2. Owing to the assumptions on fy and Lemma [2.3.5] we have
CT1 < €% while Proposition and the assumptions on .%; implies CT2 < 2.

Estimate on NLTR. The Cauchy-Schwarz inequality yields

T t
NER = [ ([ ) a1 | Fi(rn) = 1))
0 0 JRd
2
x|(t = 7)k||g(r, k = n, th — 7n)| dr dn) " dt

T t _— ~
g/ (/ / Il ) () 51 ()| Fr(r,m) = 1 () ) de”)
0 0 JR
(/ / !k| |t — 72| ’"‘2 G (T,k—n7tk—7'n)|2d7'dn> dt.
rd (ny*(n, Tn)?sa=252

We combine [(2.34a)| with |(2.46b)[ and we obtain

t
// |n|<n,m>284<n>4\al(n)\2\%(T,n)—al(n)%(r,n)f drdn < (1 + Ky)e?
0 JRA

while |(2.46¢)| implies (k — n,tk — ™n)*'|g(1,k — n,tk — ™n)| S Kse. Hence, we get

k2|t — 7[*|n]
NITR S (1+K K dtdr dn.
+ 2 / / /Rd (n,n) 234 252<k—n,tk—rn>251 Tdn

We are left with the task of proving

Ik!?’lt 7[%|n|
dtdrdn < 1.
sup sup / / /Rd n B2 (s — g — oy LATAR S

We postpone the proof of this estimate to Section
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Estimate on NLTT. By virtue of|(2.34c)| and |(2.46¢), we obtain

~ 1
G1(n)| [ F1(7,m) = B1(M)F(7,7)| S g (14 Ko)e.

(n)*(n, Tn)"

Since

s (1) s
(k —n,tk —mn)*2|(t — 7)k| < e —r—r (k —n,th —n)*

the Cauchy-Schwarz inequality allow us to obtain

T t - =R
NLTT = / (/ K20k = m,th — 70 |61 ()] | Zi (m,m) — 32 ()G )|
0 0 JRA

2
x|(t = 7)k||g(r, k — n, th — )| d7 dn) dt

/ / / \k|1/2 ”| (1) 1
Rd (n,n)st (k — n,thk — tn)ss—s2=1 |k —n|o

2
x|l = n’ (k= n, th — mn)* |§(r, k — n, tk — )| d7 dn)" dt

K| 1
14 Ks) 2 2/ / / W | drd
S 1+ Ks) < rd (n)2(n, Tn)2s1 (k —n, tk — tn)2s3—252=2 ||; — |20 Tan

X </ k—n|®(k —n, th — )2 [§(r, k — n, tk — mn)|? den) dt.
0 JRd

Then, by the Trace Lemma (see the proof of Lemma for more details) and |(2.46¢)| we
have (for k # 0)

t
/ e — nf2 (k — n, th — Y25 [§(r, k — n, th — n)[ dr dn
0 JRrd
t
— / ]n\%(n, (t—T1)k— Tn)283 lg(T,n, (t — 1)k — 7'n)|2 drdn
0 JRd

—+o0
< sup sup / / |n|26<n,17 + 7k) |g(s,n,n + Tk)]Z dndr
s€[0,T|neRd JRE J —o0o

S [19:17 9]

5 5 K3€2

Going back to NLTT we are finally led to
NLTT < (1 + K5)2K3e?

\”| )22 k| 1
dtdrd
/ / /Rd (n,mn)2s1 (k — n,thk — Tn)2ss—2s2=2 |k — |20 ran

and it remains to check that the integral is uniformly bounded with respect to both k and
T. We postpone this integral estimate to Section
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Recap. We have shown that, if g is a solution of|(2.10a)H(2.10b)| satisfying|(2.46a)H(2.46¢)|
on [0,77], then

Al 2 < (1+ (1 + Ka) K2e? + (1 + K5)? Kge?) 2

Let us denote Cy the constant hidden in the < symbol of this estimate. Choosing K4 > Co
and ¢ < 1 so that

(1+ Ko)K2e® + (1 + K5)?K3e? <1

allows us to obtain |(2.47d)|

A.2.2 Estimates on g: general approach

We cannot apply directly the estimates coming from the linearized problem. Nevertheless,
we are going to justify the estimates [(2.47a)}, |(2.47¢c)| and |(2.47e)| from |(2.46a)H(2.46e). To
this end, we should play with the constants K;, K3 and K5 that depend themselves on K»
and Ky. What is crucial is to check the compatibility of the choices of these constants, and
the consistency of the smallness assumption on &.

We remark that

[tV a, Vodg @72 < O Va)g O + (Vg ()12 < 20KV, Vo g ()17

The first inequality tells us that it suffices to estimate independently ||(V,)g(t)]] prea and
||<Vx>g(t)||H}s)4 to get a control of [|(tV,, Vv)g(t)HH;;. We combine the second inequality

with [(2.46a)| so that
(V) g @)1z < 8K1%()°

and

{V2)g (B2 < 8K1%(1)°. (A.6)

Hence, we are going to handle separately the Hp' norm of (V,)g(t) and (V;)g(t).

Moreover, the following equality, obtained by derivating ((2.43), will be usefull several
times in the sequel

gt k. &) = Vor (k) (F1(t. k) = 51(k)Gy(t, k) ) - Vol (€ — th)

-/, Vo (n) (fff(t, n) — 61(n)%,(t, n)) (Vo —tV)g(t)(k — n & — th)dn. (A.7)

A.2.3 Estimate of the H}' norm of (V,)g(t)

Let o € N, |a| < P be given; we are going to estimate

(2, v) = (Vo)v®g(t, 2, v)l[Fs1
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We postpone as far as possible the summation over . We work on the Fourier transform,

and applying |(A.7)| leads to

1d .
5ol 0) = (Tt 2, 0) s

- //Rd O DEG(E R () (k. € DEAG(E, k. §) dk dS

://]RdXRd<§><k’5>S4DE§(t’k’5)<5><k’v5>54%1(k)
X (Z1(t ) = 51 (R)G(t. k)) DEV, (€ — th) dk dg

+ //R . (€)(k, €)™ DEG(t, k, €)(€) (k, €)™ Dg{& 1 /R ) fjim (Z1(t.n) = 31(0)F,(t,m))
(Vo = V2)g(t)(k — n, & — tn) dn | dkdg
= LT+ NLT.

We split the non linear term into two parts NLT = NLT1 + NLT2: in NLT1 the operator
D¢ acts on g only while in NLT?2 it acts on both g and & — tk,

Dg [§ = (§ = tk)g(t, k —n, & — tn)]

= (£ —th)DEG(t,k—n,E—tn)+ > (j‘) JDEIG(t k —n, & —tn).
jEN
l71=1, j<a

The linear term LT. By using

(€)(k, €)™ < (t) (k) (k, th)™ (€ — th)*™ T,

and Cauchy-Schwarz’ inequality, we get

LT S (8) /R Ak, DgG(t, b, €)| (k) (k, )™ [kl[51 (k)] | Fr(t, b) = 51(k) Gt k)

k.

(€ — th)sa+! ]ng(g - t/@)‘ dk d¢

s [, © w0 peatkof ara) "

<( / (k)2 (I, th) 4 2|60 (k) 2 | 71 (1 ) = (k) Gy, K)
R2d

k,¢€

‘2
X (€ — th)2sat2 ‘ng/v/\//(g - tk)’2 dk dg)l/2

S IOl ([ 03tk kPl WP | Fi0,) - 1ttt ) k)

<( [ e v ag) "
3
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Let us set

B(t):</Rd

k

1/2
()2 (k. th) > [P I (R)? | Z (1, k) — 61 (k) 1, k)| dk) (A.8)

We observe that [(2.34a)| and |(2.46b)| lead to

T
/ B(t)*dt < (14 Ky)e?
0

From now on, we adopt the convention that B denotes a function which satisfies such an
estimate. Moreover .# € H3 implies (for § large enough)

[ eme ez ac <
R

and we are led to (owing to [(2.46a))

ILT| < VEe(t)?* 1 B(t).

Remark A.2.1 This estimate is quite rough and it involves a Sobolev regularity § higher
than sqon V.4 . For the non linear term a finer approach will be necessary since we cannot
use a Sobolev regqularity beyond sq on (V,)g(t); a gain of one derivative with respect to v
will be necessary.

We should pay attention not to have contradiction in the definition of the constant K. To
this end, we introduce 4’ > 0 that can be selected as small as necessary, and we use the
following estimate

3
ILT| < f\ﬁ £)5/2 % V\}? B(t)§5’K152<t>4+Bg) ()3

Using this way Young’s inequality, we make the square of B(t) appear, which is the quantity

that we are able to estimate.

The non linear term NLT1. Since we have to gain one derivative with respect to v we
will use the specific structure of the equation that provides. If

f=F7 (k€)= (&) (k. " DEG(E k. )

then, by Fourier-transforming and owing to Plancherel’s theorem, [(A.5)| tells us

0= / () (k, € DG . &) Ly |21 (8 k. €) e de
RQd

k.

_ /R O & DG R ) o (n) (Fi (¢ ) — 31 ()G (2, )

k.&n

x (§ —tn)(k —n,§ —tn)*(§ — th)Dgg(t, k —n,§ — tn) dk d§ dn.
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Therefore NLT'1 can be cast as

NET1= = [ {6k € DETERE) (€0, — (€~ )k = n,€ — m)*]

x n61(n) (F1(t,n) = 51(n)F,(t,n) ) (€ = th)DEG(t, k — n, € — tn) dk d¢ dn.

We split depending on the leading frequencies

NLT1
= - /RSd <1|n,tn|2|k—n,§—tn\ + 1|n,tn|§|k—n,§—tn\) <€> <ka£>S4D?§(tv kj,f)
k,&n —~ ~
< ), — (€ — tn) (k= . € — )] 1 (n) (F(t,m) — 1 (MG (t,))
X (€ — th)D2g(t, k — n, & — tn) dk dé dn
= NLT1R + NLT1T.

We are now going to study the two terms of this splitting.

Estimate on NLT1R. We remark that
| — tk| < (t)(k —n,& —tn).
and when |n,tn| > |k —n,& — tn|, we have
[(E)(k, &) = (€ — tn)(k — n, & — i)™ S (€ — tn)(t)(n)(n, tn)*.

Remark A.2.2 This relation allows us to overcome the difficulty mentioned during the
study of the linear term. In the regime |n,tn| > |k —n,&—tn| we have been able, at the price
of an extra factor (t), to distribute the weights (n,tn) and (k—mn,&—tn) on o(t) and (V,)g(t)
so that their estimate does not involve Sobolev exponent larger than sq. This answers for

NLT1R the regularity issue risen in Remark [A.2.]]

We apply these inequalities to NLT1R, and next we make use of Lemma [2.3.6} we obtain

|NLT1R| 5 <t>2 /]R3d 1|n,tn\2\k—n,§—tn|<€><ka£>S4 D?fq\(tvkaf)’ <£ - tn><n><n’tn>84
k,¢,n

x[nl[31(m)| | Z1(t,n) = 61 (), (t, )| (k= n, € — tn) [DEG(t, k — n, & — tn)| dkdEdn

< ( JGEGE

1/2
N 2
DEg(t, k,€)|” dk df)
k.§

- R 9 1/2
x (/R (n)2(n, tn)2* 0251 (n)|* | Z1 (8, m) = G1(n) Gy (t, )| dn
L (1

, 1/2
€207 [Deg(e ko) g )
13

1/2
2 2 an 2
(€)2(k. &) [Deg(t, k) dg ) dk

d
3

S Ao Ol BO) [
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where we use again the generic notation B(t) as in Let us consider in details the
third term: as far as § < d/2 (which holds since § < 1) and s3 is large enough (s3 > d/2+ 2
is sufficient), the Cauchy-Schwartz inequality yields

1/2
/Rd :ZIJEZ;SS Z (/Rd<§> (k, &) ‘D (t, k 5)‘ dg) dk

3

1/2 1/2
( st T2 283 4dk> (/RM || ()23~ 4(€)* (k, €)° ]Dgg(z&,k,g)f dkdg)
k,€
SVl g @)l 55

IN

Next, with [(2.46a)| and [(2.46¢)| we get

INLT1R| < VK K3e2(t)*/>T2B(¢).

In order to make the square of B(t) appear, we decompose the inequality as follows

INLTIR| < r\/KlK 32652 x [0 (62 B(t) S K1 Kse® () + () B(1)>.

Estimate on NLT1T. For |n,tn| < |k —n,£ — tk| we have, see [I3], Section 5.1.1]

(€) (k&) — (€ — tn)(k —n,§ —tn)™
< (n,tn)? ((f —tn)y(k—n, & —tn)* "t 4+ (k—n, & — tn>84) .

Remark A.2.3 Note that we gain one order of Sobolev regularity on g, see Remark[A.2.1]
and . Like when dealing with NLT1R, the idea is to distribute the weights (n,tn) and
(k—n,&—tn) on o(t) and (V,)g(t) in order to make estimates with Sobolev exponents smaller
or equal to sy appear (see the regularity issue explained in Remark . In the regime
|k—n,&—tn| > |n,tn| we can not use an estimate as rough as for TNL1R since all the Sobolev
exponents already apply to (k—n,&—tn). We should take advantage of cancellations between
(&) (k, &) and (§—tn)(k—mn,&{—tn)%. This motivates the introduction of the operator L[],
see [12] and [36] where this operator already appeared for similar reasons.

We use this inequality for estimating NLT1T that we split according to the two terms above.
We are led to

INLT1T|
< L £)54
= IRGIOYS

k,&,n

Dgﬁ(t,k,f)’ n,tn) ( —tny(k —n, & —tn)** 4+ (k—n, & — tn)‘”‘)

x[nl|1(n)] | Z1(t,n) = 31(n)%,(t,m)| |§—tkzwD k= n,€ —tn)| dkdgdn
— NLT1T1 +NLT1T2
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We treat NLT1T1 by applying Lemma (and | — tk| < (t)(k — n,& — tk); we get

NLTIT1 S () /R (€))% [DEG(E, b, €)| (n,tn) |51 (n)| | Fr(t,m) = 51(n)Gy(t,m)|
k,&n

x (& —tn)(k —n,§ —tn)*

DEG(t, k —n, & — tn)‘ dkd¢dn

(n, )2 |nll51 ()| | Z1 (8, m) = 51(n) (0, ) dn>

2 284
x ( /R (708

S OIT)9(0) s ( /R ) nl[g1 ()] | Z1(t,n) = G1(m)y(tm)| dn> :

S OIVo)g ()]s (/R

n

1/2
2
DEG(t k,€)|” dk df)

However, |(2.34c)| and |(2.46¢)| lead to

1) | Z1(t,m) = 51(m) Gy (t,m)| S (1+ Ks)e,

(n,tn)s

so that (by using |n|(t) < (n,tn))

[t tnnliEs ()l | Zs0.m) = 1) 1.0

n

< 1) ( /R (i tny dn> (14 Ks)e < e(t)=d-L.

We gather these estimates with |(2.46a), and we arrive at
NLTIT1 < K2(1 + K3)e3(t)>4.

For NLT1T2 we proceed similarly by using Lemma (and remarking that | — tk| <
(t(k —n),& — tn) holds); we are led to

NLTIT2 < / (€)(k, €)%

3d
Rk,&n

DEG(t, k. )| (n, tn)?In|1 ()] | Z1(t,m) — 61(n)F (¢, )|

X (t(k —n)¢ —tn)(k —n,& —tn)®

DEG(t,k —n, €& — tn)’ dk d€ dn

2d
L3

1/2
2 2s a~ 2
< T2 9Ol ( [, (k2067 [Degte, . 6)| dkdg)

< [ et inlms ]| Zitm) = 51 1. e

S IOl 16TV daOllzs [ (@)l )] | Zit.m) = 310}t an

and we deduce that
NLT1T2 < K2(1 + K5)e?(t)5 471

holds.
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Estimate on NLT2. Compared to what we just did, we are concerned with a term having
less regularity (we do not have the factor £ — tk which has been derivated). The regularity
issue presented in Remark [A:2.1] does not hold for NLT2 and there is no need to make use
of We turn to the second step, by decomposing between low and high frequencies

NIT2= Y (‘?)j [, 0O DEGEREE (. ()

jEN J k.€,n

x (Z1(t,n) = 51()F,(t,n)) DF G (t, k= n, € — tn)) dk € dn

= 2 <?>J /de (Vimtnflh—ne—tn + Lntni<li—n—tn| ) (€) (b, €)*DEGE k. €)

jEN k.E,n
l71=1, j<a

x(E){k, &) n&1(n) (F1(t,n) = 51(n)F(t,n)) D 7G(t, k — n, & — tn) dk dg dn
= NLT2R + NLT2T.
On the integration domain of the reaction term, we have
() (k,&)** S (€ — tn) (t) (n)(n, tn)™.

We apply Lemma [2.3.0] to obtain

‘NLT2R’ 5 <t> Z /R3d 1\n,tn\2|k—n,f—tn|<§><kv€>S4 D?./q\(tv kag)‘ <n><n,m>s4’"H31(”)‘
jENd k.En
l71=1, j<a

x| Z1(t,n) = 51 (0)Fy(t,m) | (€ — tn) [DE7G(t, k= n, € — tn)| dkd€ dn

DEg(t,k.6)| dk dg)l/2

s X (], @we

<( [ e pnPlormP | Fin) - e dn)
g

Hence it behaves like the reaction term NLT1R, up to a factor (t); we can dominate the
product and we get

(9 |pgate. k0| a) " ak
3

INLT2R| < /K 1 K32 () * T B(t) < K1 Kse3 (t) + e ()3 B(¢)2.
For the transport term, on the integration domain

(€)(k, &) < () (n)(€ — tn)(k —n, & — tn)™
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holds and applying Lemme [2.3.6] yields

NS Y [ @k

jENd k.£,n
l7l=1, j<a

DEG(t k. )| (MInllar(n)] | Z1(t,n) — G1()F(t,m)|

x(§ —tn)(k —n,& —tn)*

DEG(t k —n, € — tn)’ dk de dn

DEG(E, k, g)f dk dg)l/2

s X ([, @

<( [ (n)nllgr ()] | Zr(t,n) — G1(n)%,(t,n)| dn
R¢
<[, @02

2d
k,&

N 2 1/2
DY IG(t,k, €| dkde)

and we finally get
INLT2T| < K7(1 4 K5)e(t)>~4.

Remark A.2.4 As said above, the regularity issue described in Remarks[A.2.1 and[A.2.2
does not hold with NLT2. Thus, there is no need to introduce the operator L[p] and we derive
a better estimate for NLT2 than for NLT1. In fact, we will not use this improved estimate.
We can also observe that it would be possible to use the obvious estimate 1 < (§ — tk), which
yields

[Dgle = (€ - th)g(t, k —n,€ — tn)]

<|(e - thDga(t. k—n e — )| +| > @)mg@Wk—ms—mﬂ
jEN J
jI=Li<a
< \(5 — th)DgG(t, k —n, € — tn)] + ¥ <O‘> (€ — tk) ‘D? IG(tk —n, & — tn)’ .
jENT J
iI=Li<a

From this, NLT2 can be treated exactly like NLT1. In what follows, in similar situations we
will only focus the discussion on the most reqularity demanding terms.

Recap. We have shown that, if g is a solution of |(2.10a){(2.10b)| satisfying moreover
[(2.46a)H(2.46€)| on [0, T, then, we have

iﬁ%ﬂmewm%wwwm)

3
< VK2 ()t + <?/B(t)2 + K1 K33 4 (1) B(t)? + K3 (1 4 K3)e3(t)5T=4,

(note that we have used the rough estimates that consists in dominating NLT2R like NLT1R,
NLT1T2 like NLT2T and NLT2T like NLT1T1). Let Cs be the constant hidden in the <

symbol; integrating over [0,7] and summing over «, we obtain (with the generic notation



A.2. Bootstrap analysis: end of the proof of Proposition [2.3.9

247

for B(t)

3
V9T s < (T )9(0) 3 + (c*ga'm @+l Kz)) e?

+ (CgK1K3g(T>5 + C5(1 + K)e(T) + C3K2(1 + K5)5<T>6+’7_d) 2.
Since ¢(0,z,v) = fo(x,v) and fy € H) with s > s4, we observe that
(V)9 (O)[720 < €%
Let ' < 1 so that C3’ < 1/4. Once ¢’ is fixed that way, we choose Kj > 1 so that

(T)?
5/

K
[$V0)g(0) 321 + Cagm (1 + Ka)e® < —2%(T)°

holds. Therefore K; depends on K5 and §’. We are left with the task of determining ¢ < 1
in order to obtain

(03K1K35<T)5 + C5(1 + K)e(T) + C3K2(1 + K5)5(T>6+’7_d) e? < K1eX(T)°,

which eventually leads to
(Vo) g(D) 525 < K1*(T)°.

A.2.4 Estimate of the H}' norm of (V,)g(?)

We proceed like in the previous section: we evaluate the time derivative of ||[(V,)(Vy,
Vou)¥v¥g(t)||2, by means of the Fourier variables, and we express 9;g with |(A.7)] We
obtain

1d o
5 V) (T, Tt 1) 32

= /Rm<k><k‘,€>S4D?§(uk,£)<k><k,g>s4k&l(k) (ﬁ,(t, k) — 71(k)%,(t, k:))

k.€

o~

xDg (€ — th). 4 (¢ — th)) dkdg

= [, 00k DR 1. €)*4n1 (n) (Fi(t.m) = 1 () 0,m)) (€ = )

xDEG(t, k —n, & — tn) dndk d¢

-y (‘;) L, 00 DTRG0 (5, s o) (Fit,m) = 31 m) T 1. )

l71=1;j<a k,&n A
‘jD?_]ﬁ(t, k—n,&—tn)dndkdg
= LT + NLT1 + NLT2.

The analysis of the the first non linear term also covers the second term, see Remark
Thus we do not detail how to handle NLT2. Note however that similar manipulations as
above can lead to a refined estimate on NLT2, but this is not necessary for our purpose.
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Estimate on the linear term LT We apply the Cauchy-Schwarz inequality, up to the
observation

(k) (e, €)% < (k) (k, £h)*4 (€ — th)™;
we arrive at

[LT] S 1(72) ()]s ( /R B 2R () P | (1 k) — 51 (R Gt k)|
L83

_— 2 1/2
X (& — th)2* [DEV,.2 (¢ — th)| dkde)

U9y ([ P> 1626002 | Fae. ) - 52000, k)

' X(/Rd<€>2$4

3

DV, ()| ac)”’

< V)90l B).

(where the assumption .# € H3 with § > s4 + 1 has permitted us to obtain

/R (62

— 2
&) [Devea (o) de 51,
3

and we have used the notation for B(t)). Again, we introduce a positive number §”,
as small as we wish, and we split the product into two parts so that the constant K is
isolated and we make the square of B(t) appear. Namely, we have

7] S T K700 + {0

where we have also made use of [(A.6)

B2(t)

B2(t)
6// '

5//

S O"K 2 ()2 + (t)

Remark A.2.5 Here, in contrast to the previous estimate of (V,)g(t) in norm Hp', we
make the Sobolev estimate of V.4 appear with exactly the exponent sy. Nevertheless we
are facing a similar regularity difficulty since now we wish to estimate (Vz)g(t) in norm
Hyp (instead of (V,)g(t)). Hence, again, we need to gain one derivative. To this end we
shall adapt the strateqy designed for NLT1.

Estimate on NLT1. We use with

J =7 (k&) = (k) (k. O™ DEG(L, k) ) -

We split between the contributions of low and high frequencies, so that

NLT1 = /R3d (1|n7tn|2\k—n,§—tn\ + 1|n,tn|§\k—n,§—tn\> <k><k‘,§>84D?/g\(7§,k,f)

k,&,n o~ ~
X (k) (k, €)™ = (k= n)(k = n,& — tn)**)n51(n) (F1(t,n) = 51(N)F,(t,n) )
(€ = th)DgG(t, k — n, & — tn) dndk d¢
= NLT1R + NLT1T.
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Estimate on NLT1R. On the integration domain, we have

(k) (K, €)% = (k = n)(k = n, & — tn)*| S (k — n)(n)(n, tn)™
Going back to Lemma (and owing to € — tk| < (t)(k — n,§ — tn)), we obtain

NITIRIS () [ () (k0"

k.&n

DEG(E, b, ©)| Inl(n) (n, tn) (31 (n)| | Z1(t,m) = 51(n) Gy (t,m)|

x(k —=n)(k —n,&—tn) ‘D?ﬁ(t,k —n,& —tn)’ dndkd¢

S OVl g@)lare BLE) (/Rd (/Rd<@2<k,§>2 Dgg(t, k,i)‘2 dg)l/2 dk)
k ¢

When estimating (V,)g(t) in norm H7' we have seen that (cf. NLT1R)

2 2 lnas 2 1/2 5
[ (] wriwer peace e ag) " ae s | 192900 .
R} *JR{ H
Then, |(A.6)[ and |(2.46¢)| ensure that
INLT1R| < VK K3e2(t)3/ 21 B(¢).

With the Young inequality we make the square of B(t) appear; we conclude that
INLTIR| < K1 K3e3(t)? + () B(t)?.

Estimate on NLT1T. Again we split NLT1T = NLT1T1 + NLT1T2 by using the fact
that, on the integration domain, we have (see [13], Section 5.1.2])

(k) (K, €)™ — (k —n){k —n,& — tn)™]
S ()2 (= ) (k = n, € = tn)*~! 4 (k= n, € — tn)™).

Thus, NLT1T1 stands for the term with the exponent s4 — 1. We use Lemma and
|€ — tk| < (t)(k — n,& — tn) and we obtain

NCTITI S () [ ()€ D

k,&n

3t k)| Inllgr(n)|(n, tn)? | Z1(t,m) — 51(m)F,(t, )|

x (k — n)(k —n§—tn>84D gtk —n,& — tn)| dndkdg
S<t>H<Vm>g(t>H§{;4/R [nl[61(2) (. tm)? | Z1(t,m) = G1(n)%,(t, )| dn.

n

Since ((2.34c¢)| and |(2.46¢)| imply

1 ()] [ Z1(t,n) = B1()Fy(t,m)| < —(1+ K)e,

(n,tn)

we get (by using addionnally |n|(t) < (n,tn))
/d Inl(8)[1 (m)] (n, )2 | 3 (8, m) — 31 ()Gt )|
Rn

< ()t (/Rd (n, tn)3=51 dn) (14 Ks5)e < (1+ Ks)e(t) 471,
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Using also [(A.6), we thus show that
INLTIT1| < K (1 + K5)e3(t)37<.

For NLT1T2, we proceed similarly, by coming back to Lemma but now we use
|€ — tk| < (t(k —n),& — tn); we obtain

NETIT2 S [ 0086 [DE (k€| Ills (o) . )2 | e, m) = 1))

k.&n

X (t(k —n),& —tn)(k —n,& — tn)**

S IV g) s 1V 2, V) g () s ( /R InllE ()l n, tn)? | Z1(t,n) = 31 ()t m)| dn) :

DEG(t,k —n, & — tn)] dn dk d¢

Gathering [(2.34¢c)|, |(2.46¢)} |(2.46a)| and [(A.6)| this leads to

INLT1T2| < K (1 + K5)e3(t)37<.

Recap. We have shown that, if g is a solution of [(2.10a)H(2.10b)| which satisfies |(2.46a)
(2.46¢)| on [0, T, then we get

(T S 0 Erct 0+ (020

+ K1 K33 ()% 4+ e(t)3B(t)? + K1 (1 + K5)e2(t)37 %

4
dt

Let us denote Cy4 the constant hidden in the < symbol. Integrating over [0, 77 yields

1+ K
(V) g1 25s < (V)9 (0)|%5s + Cad" K1eX(T)? + Cy——~2X(T)
5 5 5

+ Oy K K3e3(T)3 + Cu(1 + K)e3(T)? 4+ C4 K1 (1 + K5)e3(T)4 4,

We remind the reader that K; and ¢’ have already been fixed at the previous step. Possibly
at the price of making ¢ smaller, we can assume that ¢ = ¢’ and §Cy < 1/4. Next,
choosing K larger if necessary, we can equally suppose that

1+ Ky 2

LRy < 2L

4

1{V2)9(O) 1724 + Ca (T)3<?

holds. Eventually, when £ < 1, we have

K
CuK1 K33 (T)? + Cu(1 + K2)e¥(T)? + C1 K1 (1 + K5)e3(T)* 7 < 7152<T>3,

and we have shown that
H<Va:)g(t)\|é;4 < KieX(T)?

is satisfied.

A.2.5 Estimates of the H norm of |V,|%g(t).

Since s4 > s3, we can naively think that this term can be dominated by using the estimates
on g(t) and p(t) with norms based on Hy'. However, here we wish to establish estimates
uniform with respect to ¢, while the H}! estimates were involving a polynomial weight (t)°.
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Therefore, we shall need refined estimates in order to make use as less as possible of the Hp'
norm of (tV, V,)g(t).
We compute the time derivative of || |V;|?(V,, V,)*3v%g(t)[|2., using the expression of

04 in [(A7)

2
Ve (Vau)@og ()|

i

= /R kP (k&) DEGL R ORI (k. &) Vau (k) (F1(t, k) — 5(k)G(t,k))
k€ —
DV, (& — tk) dk dg
- /R Rk, ) DEGE R, ) K (k, )81 (n) (F1(t.m) = G (n)y(t,m))

k,&mn

(€ — th)DEG(t, k —n, & — th) dn dk d¢

= 3[R (R ©%DEGE E, )k (k, )05 (n) (F1(t,n) — 5(n)F(t,n))

3d
li1=1; 1 <a  Rile,n

D¢ Gt k —n, € — th) dn dk d¢
= LT + NLT1 + NLT2.

We shall only detail how to handle NLT1; similar estimates apply for NLT2, see Re-
mark [A.2.4]

Estimate of LT. Since
</€,§>53 g </€,tk>s3<§—tk>s3 and <t>1/2+5’k‘1/2+5 < (/C,tk>1/2+6,

by using the Cauchy-Schwarz inequality and s4 —s3 — 1 — /2 > 0, we get

DEG(t, k, €) (k, tk)™ |k|*/2(|51 (k)|

’k|1/2+6< >1/2+6
‘ (k, th)ss=ss
x| Z1(t, k) = G(k)Fy(t, k)

1
UT1 S oy |, WOtk

(€ —th)™

DV, (€~ tk:)‘ dk dé

1/2
! 26 2s an 2
S (#1728 (/de || (k, )= Dgg(t,k,ﬁ)‘ dkdg)
k,€
T ~ 2
><(/Rm<k,tk>2s4|k”81(k>‘2 ’%(t, k) — &(k)gg(t@‘
k&

_— 2 1/2
X (€ — tn)?s [DEV . (€ — tk)‘ dk de)

1/2
O o ([ vtk w50 | Fie, b - a0 [ b
Hp R4

S <t>11/2+5 H ’Vz\ag( ‘
9 ( [ o
Re

[19:5(0)

1/2
— 2
DV, (€) d&)

< 57 [ 19000y BONT o S 7755 o BO
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The Young inequality then yields

b 2 B(t)? _ - 1.5 B(t)?
< 0 < 2 1-26
11 S e | IVel0®) [y + =5~ S 90717 + =

where we have used [(2.46¢)| for the second inequality.
Estimate of NLT1. Again, we can use |(A.5), where we set

f=F" (k&) = kI’ (k. ™ DEG(1,k,9))
and we split the contributions of low and high frequencies

‘NLTH < /3d (1|n,tn\2\k—n,§—tn| + 1|n,tn\§|k—n,§—tn|) ‘k‘6<k7€>83 D?@(ta k7§)‘

k.&m R ’

x| |k|*(k, €)% — |k = n|° (k — n,& — tn)**[|n]|G1(n)] ‘%(t,n) — a(n)%(t,n)
x|¢ — th| [DgG(t, k — n, & — tk)| dndkdg
= NLT1R + NLT1T.

Estimate of NLT1R. We make 4 terms appear, remarking that |n,tn| > |k — n,& — tn|
and § < 1 allow us to write

[ (k. €)° — [k =l = n,€ = )| < (Il + k=) (n, 1)

while | — tk| < |€ — tn| + t|k — n|. We get

NLTIR'S [ [k (h¢)*
R3d

k,&mn

Z1(t,n) = 5(n)G,(t, )|

DEG(t, k,€)| [n] 2151 (n) |, tn)*
x(I¢ = tn| + tlk = n|) [DEG(E, k — n, € — th)| dndkdg

DEG(t, b, )| Inllor(n)|(n, ) | Fr(t,m) — 5(m)Fy(t,m)|

1 83
+ [ k)

k,&mn

x|k = nl’ (1€ = tn] + t|k — n) [DEG(L, k — n, € — th)| dndkdg
=Riv+Riz+Ryv+ Roz

where R; y is the term with | — tn| and R; 7 the term with t|k — n].
For Ry y we apply Lemma [2.3.6]

Riy — / k[P (k, £)°
R3d

k.&n

Z1(t,n) = 5(n)F,(t.n)|

DEG(t, k, )| [n"+ (31 (n)] (m, tn)*

x|€ — tn| ]Dgg(t, k—n,&— tk:)‘ dndk d¢

A

1/2
2
DZg(t, k€| dk dg)

(/ Rk, €)%
Rk’g

1 |n|1+26(4) 1428 N

O </ T2 191 (1), )

<[ ([ 1er peacn.of a)" ax
k 3

s B0 ( [ (e peace ko ac)” dk)

1/2

F1(t.n) 5 () Fy(t.n)| dn

S gy || 9=1°9t0)
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where we have used the relations |n|(t) < (n,tn) and 254 —2s3—1—20 > 0. We have already
seen (see the estimate of NLT1R when dealing with the norm H}' of (V,)g(t)) that

s3 °
HP

/Rd (/Rd I35 ‘Dg‘g(t,k{)’Q dg)l/Q dk < H |Vm\6g(t)’
k ¢

Using [(2.46¢)| and the Young inequality, we obtain
Riy S K230 712 4 eB(t)%

For Ry 7z we apply the second inequality in Lemma and we get

DEG(t, k, )| In"+* (51 (n)] (m, tn)*

Riz=t[ ke Fit,n) - 50t
R

k.&n

x|k = n| [DEG(t, k — n, € — th)| dndkdg

< [ 19al79(0)

53 ( / ([ [51 () [(n, tn)** | Z1(t,m) = G()F(t,m)| dn)
Hp RZ

1/2
x (/Rd k|2 ‘Dgg(t,k,g)f dkdg) .

kK,

Cauchy-Schwarz’s inequality yields

[
R

" 1/2
< 1 / ’n’1+26 <t>1+26 n
~ <t>1/2+6 Rz <n7 tn>284—253

F1(t,n) = 5(n)F,(t,n)| dn

1/2
—~ ~ 2
(/ nl{n, )24 |51 (0)] 2| Zi (8, m) = 31 ()G (8, m)| dn> .
R4

n

Since

/ |n|1+26<t>1+26 4 < / 1 i < 1
2 dn n _
Rd <7’L, tn>2347233 — Rd <7’L, tn>284728371726 ~ <t>d )

we deduce that

—~ 1
[l )
RTL

(t)(d+1)/2+6

Fitn) =5 ,(t,n)| dn < B(t).

Besides, we can dominate

1/2
( / ) |k|2\D?§<t,k,5>\2) S|V a)]
]R,“5

since, assuming ss large enough, with § < 1, we have

s3 )
Hp

K2 = [RPR25 < (K206, €272 < P25 (h, )%

By applying [(2.46¢)| and the Young inequality, we end up with

Riz < E<t>dl_1+25 “‘V:v’ag(t)‘

4
— eB(t) < K23(t)1 1% 4 eB(t)2.
5
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The expressions of Ry and Rp 7 already involve |k —n|® with Dgg(t,k—n,{—tn), and
we can reproduce similar arguments as for 1 z; we obtain

Roy S K23(t) 174 1+ eB(t)? and  Rpz S K23t 4 eB(t)%

Observe that among Ry 7z, Ray and Ry 7z, the worst domination is for Rp z. Thus it will
guide the determination of the constants in the final estimate.

Estimate of NLT1T. We split as NLT1T = NLT1T1 4+ NLT1T2 noting that, on the in-
tegration domain, see [I3, Section 5.2]

151 (k, €)% = [k = nl® (k = n, € — tn)*

<k —nl|n, tn|(k —n, & —tn) ! + ‘\k|5 — |k — n]é‘ (k —n,&—tn)*.

Here, NLT1T1 stands for the term that involves the exponent s3 — 1. We use Lemma [2.3.6
and [ — tk| < (t)(k —n,& — tn)) so that

INLTIT1| 5 (1) /R R Gk ) [DEG(E k)| Inlin, tnllo1 ()] | Z1(t,m) = 51(m)F(t,m)|

k,&n

x|k —n|%(k —n, & — tn)®

DEG(t,k —n, & — tn)’ dn dk d¢

2

<0 1vPo],.

53 (/ [nf|n, tn|[51(n)] \éf?(t,n) — 31(n)f4;(t,n)] dn> .
R#

By virtue of |(2.34c) and |(2.46¢), we have

B[ Zt.m) = ()G (0.m)| S (14 K

<L (/R \n\<t>|n,tnyn<t>7;731 dn> (14 Ks)e

SA+K)e®) ™ [ (ntn)2dn < (1 + Ks)e(t) 4L

We combine this to [(2.46¢)|and we arrive at

INLT1T1| < (1 + K5)K3e3(t) 2.
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We proceed similarly for NLT1T2, applying Lemma [2 and remarking that | |k|°® — |k —
n|?| < |n|® and ¢ — tk| < (t(k —n), & — tn). We get

INLT1T2| < / k]2 (k, )
RSd

k,&n

DEG(t, b, €)| [ 2151 ()] | Z (£ m) = 51(n) Gy ()|

x (t(k —n), & — tn)¥+1 ‘D?ﬁ(t, k, 5)] dn dk d¢

< |19l

s ( / ("1 ()] | Z1(tm) = 51(n) (1, m)| dn>
P R4

1/2
2
x ( /]R %?§<tk,5>2<k75>2 * |Dgg(t, k,€)| )

[n' ()] | Fr(t,m) = G1(m) ()| dn> .

SNARIO]

i 107 %50 ([

n

With |(2.34c)| and |(2.46¢), we show that

/ g1 ()] [Z1(tn) = 31 ()t )| dn S (1+ K)e(t) =,
R

n

which eventually leads to

INLT1T2| < K 1 K3(1 + K5)e®(1)>/2747179,

Recap. We have shown that, if g is a solution of |(2.10a)H(2.10b)| which satisfies |(2.46a)|
(2.46¢)| on [0, T, then we have

2 B(t)?
L9etio] ., < om0 4 2O e<t>-1—2<‘+eB<t>2+K§s3<t>1—d
P
+ K3(1 4 K5)e3 ()™ + VK K3(1 + K3)e3(t)?/274-179,

Let C5 be the constant associated to the < symbol. We integrate over [0, T]and we bear in
mind that all the exponents of (t) are strictly less than 1. We get

+K2 2

2
|1VlPom)| ., < | |v$|5g(0)\ L+ Csbkse® 4+ O — 2
P
+ Cs (K§s3 +(1+ K2)5 + K26% + K3(1 + K5)e® + VK K3(1 + K5)63).
First, let § < 1 such that 6C5 < 1/2. Second, pick K3 > 1 so that

, T 05

H|vm’69(0)‘ 1+5K2 2 o B3 2

Finally, choose ¢ < 1 such that
Cs (Kgg + (14 Ko)e® + K268 + K3(1 + K5)e® + VK K3(1 + K5)63) < Kye?.

We conclude that )
|IValPa(D)| ., < 2Kse?

s3 —
HP

holds.



256 Appendix A. Additionnal details on non linear Landau damping in the free space case

—

A.2.6 Estimate of the L{ ;) norm of (V,,)*g()
We go back to|(2.43)| and we write

(k. ) 5(T, . )
<O O+ [ [80106) (Fite.0) - 2109t k)) (€ — th).AE — th)

L

= CT+ LT+ NLT.

no(n 91( n) —a1(n) & —tk)g(r, —n,ﬁ—tn)’dtdn
We also split the non linear term NLT = NLT1 4 NLT2 according to

(k,6)°r < (n,tn)® + (k —n, & — tn)®!

Estimate of CT. Since (z,v) — 2% fo(z, v) lies in H3, with |a| < P, it satisfies | fo(k, €)| <
(k,&)™%, see Hence, assuming s > s1, we get CT < e.

Estimate of LT. We use the rough estimate
(k, &) < (k, th)*t 4 (€ — th)*t < (k, th)** (§ — th)*".
The Cauchy-Schwarz inequality then leads to

1/2

T
IT < (/ V| (B, £hY252 [ () 2 ’%(t, k) — 51(k)%,(t, k:)\2 dt)
0

T
o 251
x ( /O (€ — th)

For the first term, |(2.34b)| and |(2.46d)| allow us to get

) 1/2
Vol (€ — th)] dt) .

1/2

T — ~ 2
(/ K|k )22 | [K[E (02| 3 (1, k) — 51 ()2, )| dt) SVITEie
0

For the second term, since V,.# € H ]5;, we can write

Finally, the Trace Lemma yields

[ 6w

We have thus shown

— 2 —
Vool (€~ k)| dt S[1€ = € To Ay, S IVortt |y $1

LT <1+ K, e
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Estimate of NLT1. The Cauchy-Schwarz inequality yields

NLT1

T _ o~
= [ [ ety s o) | Fiten) - 61 (e 1€ — ekl kb~ € o) de e
0o JRrd

T ~ _ o , A\ 12
< /Rg </0 ()4 (n, tn) 22 |51 (n) 2 ’JI(t,n) - Ul(n)%g(t,n)‘ dt)

T 2 2s 1/2
nll§ —tkl®  (k—n,§—tn)™ 2
X </0 = lg(t,k —n,& —tn)| dt) dn.

4<n’ tn>2527231 <k _ n’é' _ tn>231

Next |(2.34b)| and |(2.46d )| lead to

1/2

T
(/0 (n)*(n, tn)22|n||1 (n ]% (t,n) — 61(n )g;(t,n)f dt) <1+ Ky e,

and |(2.46e)| ensures that
(k—n,&—tn)*|g(t,k —n,§ —tn)| < Kse.

Therefore, we get

T 2 1/2
< 2 [n||€ — tk] 1
NLT1 < 1+ K4 Kse [/Rd (/0 ) _ ) dn|s

An,tn)2s2=251 (k —n, & —tn

We are left with the task of justifying that the last integrals are bounded uniformly with
respect to k, & and T'; this will be detailed in Section below.

Estimate of NLT2. We combine |(2.34c)| and |(2.46e)[so that

&1 ()] [ Z1(t,) = B1()Fy(t,m)| < (1+ Ks)e.

(n)?(n, tn)=

Applying the Cauchy-Schwarz inequality (and |{ —tk| = [ —tn+t(n—k)| < (t){(k—n,&—1tn))
we obtain

T —_ o~
NLT?2 :/O /Rd Inll61(n)| | Z1(t,m) = G1(n) %, (L, )|
' s (k —mn, € — tn)*1|€ — th|[§(t, k — n, € — tn)| dt dn

(1+ Ks) / / |n] (k—n,&—tn)* Gtk —n, & —tn)|dtdn
Rd

ntn S1

|’[’L| 1 1/2
(1+ K5) sdtd
+Es) (/ L i e ”)

1/2
« (/ / e — 020k — n, € — )2 2[5(t k — n, € — tn)[2dt dn> .
0 Jre
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Then, by Trace Lemma and |(2.46¢)|, we have (for k # 0)

Going back to NLT2 we are finally led to

1/2
NLT2 < (1 + K5)y/K3e (// ’"‘ 1 dtdn>
Rd

(n, tn 251 |k — n|20

and it remains to check that the integral is uniformly bounded with respect to both k£ and
T. Again, we postpone this estimate to Section [A.2.7] below.

Recap. We have shown that, if g is a solution of|(2.10a)H(2.10b)| satisfying|(2.46a)H(2.46¢)|
on [0,T1], then, we have

KVen)g(Dllzge, S 1+ V1+ Ky + V1 + KiFse + (1+ Ks) v/ Kse)e
Let Cg be the constant involved in <. We set K5 > 1 such that

Ce(1+V1+ Ky) < Kj

and, next, we pick ¢ < 1 so that

C@(\/ 1+ K4Kse + (14 K5) K3€) < Ks.

We are thus led to

(Ve (D)5, < 2K

We have checked at all steps of the proof that the choices of the constants K; and of the
parameter € are compatible.

A.2.7 Integral estimates

We collect here the estimates of the four integrals that we need to finish the proof of the
bootstrap property. Namely, we wish to control, uniformly with respect to k, & and T the
following four quantities (in the same order as they appeared within the previous discussion)

k[t — 7[%|n]

Il = dtdrd

/ / /Rd (n, Tn V2sa=2s2(k — 1, th — Tn)2s1 Tdan,
Inl |k| 1
- dtdrd
/ //Rd TlTn251(k2—n,tk—7'n|k:—n]25 Tdn,
1/2
T :/ /T |n||£ — th? 1 AN
) <n tn>252 2s1 <k: —n, & — tn>231 ’

!n\ 1
4= dt dn.
/ /Rd (n, tn 251 |k — n|20 "

Let us start with I4 which satisfies

I4</T / Mdn dt
—Jo Rd |k —nf® .
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Given t > 0, we have seen during the proof of Theorem [2.3.7] that

<n’ tn>—281 +2 B
/Rd |k - n|25 dn S <t> d+26
holds. It follows that

T
4 < / )20t < 1.
0

Next, for estimating I3, we observe that |§ — tn| < (t)(k — n,& — tn), so that

/2
1 T i)’ 1 !
< =
3= /Rd (n)? </0 (n, tn)252-251 (| — n, € — {n)2s1-2 dt dn

965425 1/2
[ ([ ),
~Jra [nV2n)2 \Jo o (k—mn)2er2

1 1 T 1/2
—289+42514+2
o e " S

For any n # 0 fixed, we get (with so sufficiently larger than s;)

T 1 In|T 1
/ (1 + |n?t?) 5251t gt < ||/ (1 +wu?)=s2rsitlqr < —
0 nlJo

™ Inl’

Hence, we obtain

1 1 1 1
I3 < dn < — — —  _dn <1.
N/Rd [n](n)? (k — n)s1—1 ”N/Rd [k —n] (nysr—1

We estimate 12 by coming back to 14; indeed, 12 can be recast as

r r 4 2?1
12 = de dr dn.
/o L. </ (k= th — )22 ><n>2<n,m>%l a2 T

It thus remains to show that

oo “{3‘
/ dt
oo (k—n,tk — Tn)2s3—2s2-2

is bounded uniformly with respect to k, n and 7. To this end, let us set

k-n
=——k
k>

n| ng=n-—nj.
For k # 0, we are led to

(k—n,tk—mn)> =1+ |k fn|||2 + |ny |2 + |tk 77n|||2 + |ty |2

> 1+ [th— g2 = 1+ |ek] - T’“"k‘”f = (tlr) =72,

It yields

+00 +oo
/ ‘k| dt < / ‘k| de
— 0 <k —n,tk — Tn>253—282—2 — o <t’k| k-n>2$2_2$3_2

IN
—
+
8
—_
(oW
IS
N
—_

We finally treat I1 like 12.






APPENDIX B

Analytic Cauchy theory for the Vlasov-Wave system

In this Appendix we go back to the Cauchy problem addressed in the functional framework
of Chapter [2] Section We are going to justify Theorem [2.4.6] The discussion is based
on general arguments presented in [69) 89, O0]. Throughout this section we suppose
(K4)

Before to perform this analysis we briefly explain why, in contrast with the proof of
the Landau damping in the free space problem, further efforts are needed for the Cauchy
theory on the torus. Then, we prove the local well-posedness of the equation in an analytic
framework and we finish with the proof of the extension criteria of Proposition [2.4.6

B.1 Difference with the free space problem

In the case of the free space problem, as mentionned in Appendix [A] the proof of the
bootstrap statement furnishes in a quite indirect way the continuity of the solution with
respect to the bootstrap’s norm. Hence, we could expect that the same occurs in the torus
case. However, since in this case we work with Gevrey norms, we have to be more cautious.
Indeed, with the Sobolev norm H% with ¢ > 0 and P € N sufficiently large, we have
seen that the structure of the Vlasov equation allows us to obtain the following energy like

estimate
1d 9 3
52l < CiOlg®)lg
which provides the local existence of the solution in C°([0,T), H3) (see Appendix [A| Sec-
tion . In the case of Gevrey norms g}__;";s it is tempting to conjecture that the same
energy estimate can be performed, up to replace the H%-norm by the gl’\D’U;S—norm. However
such a statement is wrong. Indeed, if in the case of polynomial weight the mean value
theorem provides, in the regime |n,tn| < |k —n,§ — tn|, the estimation in the case of

exponential weight it only implies

(8, £)7 AR — (s =, & — )7 Mbmms=tn)?

< 2(n,tn) (a(k —n, & —tn)7 4 As(k —n, & — tn)gﬂ’*l)e)‘<n’m>se)‘<k7n’£7t">s (B.1)
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which provides only a gain of (1 — s)-derivatives. The solution consists in using a time-
decreasing analyticity radius A = A(¢) in order to get

1d ) 1,4d )

2 a9 Gx0e = 5 (GAONION p0.0r5 + @19(B)s 90 g
where the first term of the right hand side is negative and provides two more s/2-derivative
which will be used to absorb the highest regularity term coming from (g(¢), d:g(t)). Then,
combining|(B.1)| with this strategy furnishes a gain of exactly one derivative. This approach

is used in order to prove Proposition [2.4.12] (see [12 Section 5.3]). However, in this context
the analyticity radius is prescribed in advance and the proof can be performed only thanks

to the a priori estimates|(2.57a)|—|(2.57c)l Here, since we want to study how the Ql’\g(t)’a;s—norm
is propagated by the equation, we do not get at hand the a priori estimates |[(2.57a)H(2.57¢)|

and then, we cannot work with a prescribed analyticity radius A(¢). Thus, in full generality,
Reat]

we can only get an energy estimate which provides that the equation propagates the g;(t)
norm along time, where the analyticity radius v(¢) depends itself of the solution g(t) and
might be strictly smaller than A(t) (where A(t) is given by Proposition [2.4.12). Hence this
strategy cannot be used in order to obtain the continuity of the solution with respect to the
bootstrap norms.

In order to avoid this difficulty we consider the case of an initial data fy in QIVD’O;l for
which we are able to justify the local existence of the solution in C’O([O,T),Qll;(t)’m), see
Section below. Then, on the time interval [0,T") the solution is continuous with respect
to the bootstrap norms and we can perform the proof of Proposition [2.4.12] on this time
interval. In order to justify that the solution is globally defined and [(2.58a)H(2.58d)| holds
at any time, we need a result of extension of the solution in analytic norms when another
sub-analytic norm of the solution (controlled by the bootstrap norms) remains bounded.
The extension result of Proposition [2.4.6] states that is the case when the Sobolev norm
HY, of the solution remains bounded. The demonstration of this result is the purpose of
Section [B.3] below.

B.2 Local analysis

We write the problem in the form

{atg(ta x?”) = N(g)(t, .Z',U)

9(0,z,v) = fo(z,v) (B.2)

where

N(g)(t,z,v) = Vo % (Fr+01%x9,) (t,x+tv) - (Vy —t V) (A + g)(t,x,v),

o(t,z) = / g(t,x — tv,v) dv.
R4

We start with an abstract statement about the local existence of analytic solutions for |(B.2)]

Theorem B.2.1 Let P > d/2 be an integer and let o > d/2. For any 4, fo € g?;”"?l
with Ao < min(A1/(2Ra/c),2X1/(S0)), there exists € > 0 such that, for any 0 < T < ¢ the

mapping

D:gr— (tr—>f0+/0 ./\/(g)(T)dT)
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admits a fized point in the set B%O, made of functions (t,x,v) — g(t,z,v) such that

t
gl pro := Sup sup {1—] g@)|| ren | < 4o00.
gl 2o oS (te[O,T()\O—A)) TOo— N la@)lg»

Remark B.2.2 The constraint on Ao comes from the fact that the proof uses Proposi-

tion|2.4.4. When \g > min(\1/(2Rz/c),2M1/(So)), # and fo are also elements of gﬁ,o"’;l
with Ao < min(A1/(2R2/c),2X1/(S0)) and the same conclusion holds up to replace Ao by Ao.
Note that the larger c is, the larger Ao can be taken.

Remark B.2.3 The proof of this statement provides further information: there exists R > 0
such that for any 0 < A < Ao and t € [0,T(Ng — \)), we have

lg(t) = follgyon < .

Before starting the proof, let us explain why it is somehow natural to deal with the
spaces B%O. First of all, remark that the operator A involves first order derivatives with
respect to space and velocity, and thus the mapping ® does not map g}f‘”l into itself, but
has its range in g}"’;l with 0 < A\ < Mg, possibly arbitrarily close to Ag. For this reason,
we work instead with a space that involves all the norms Q}’\;U;l for A € (0,9). However,

Lemma below suggests that [NV (g)(t)[[;r01 blows up as A 7 Ag, and this viewpoint

P
is not sufficient. We should also take advantage of the time integration in order to control

this blow up. This leads to incorporate a suitable weight with respect to time

t
w(t)=1-— TOo—N)

and then to consider the supremum over ¢ € [0,7(\g — A)). These norms are a bit unusual,
nevertheless the following claim shows that most of the analysis can be performed in more
natural functional spaces.

Corollary B.2.4 Let P > d/2 be an integer and let o > d/2. For any M, fy € Q;O’O;l,
there exists T* > 0 and a function 0 < A(t) < Ao, continuous and decreasing, such that
has a unique solution g in C°([0,T*); Ql)_f,(t)’a;l). Moreover, if for some 0 < T < T*,
we have
lim sup Hg(t)Hg)\(t),g;l < 400
t T P

lim A(¢) > 0,
tAT
then T < T™*.

;1

Remark B.2.5 The continuity in time of g with respect to the g};(t)’ ’
understood in the following sense

-norm has to be

lim ||g(t +h) — g(t)|| .r )00 =0 with An(t) = min (A(t + ), A(t)).
h—0 gp

As a consequence, the function t — ||g(t)|| -aw).01 @8 continuous.

g

The proof of Theorem uses the estimates|(2.49)] |(2.50){ and Proposition (see
Chapter [2| Section together with the following claim.
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Lemma B.2.6 Let g = g(t,z,v) € Q]);’U;S. Then, for any 0 < X < X, the function (V, —
tVy)g(t) defines an element of g};’“;s; we have
(t)

T)l/s”g(t)ugg,a,s (B3)

vv_tV$ t /o8 <S
I )90lgye S 75

Proof. Since

1(Vo =t Vg0l = 2 Z/ (k £)20 2N ()"

aeN? kezd
|a|<P

YD YD O UGEE
3

acN?  jeNd  kezd
la] <P j<a;|jI<1

DE(E - (€~ th)g(t, k. ©)| de

| ) -
ETIG(E k)| (k€)% 200" g,

we are led to identify the supremum over [0, 00) of the function x — 22 exp(—2(\ — \)z%).
It is reached at 1/(s[A — N'])Y/* and its value is exp(—2/s)/(s[A — N])?/S. This ends the
proof. [ |

Proof of Theorem We split the proof into three steps.
e Step 1. Fix R > 0. We introduce the subset E%?R of B%O defined by
E{}?R = {g € B%O s.t. VA € (0,X),Vt € [0, T(No — A)), |lg(t) — f0||g;,a;1 < R} .
If g lies in E{,\PR, then ®(g) belongs to B%O. To be more specific, we have
12(5) 530 < Wllgapern +CT(TN0) (6 + R+ ol groen ) (- g + 1l )
T P P P T

e Step 2. If g and h belong to E%?R, then, we have

19(6) = W)l o < CaTTANTRe (4 groon + B+ ol groe )l =l
T P P T

+CoT(T) (614 Bt ol groon ) g = bl .

With these estimates, we cannot apply directly the standard Banach-Picard fixed point
theorem since the range of E%OR by @ is not necessarily included in E%OR. However, for

any 0 < T" < T, we have @(E%?R) C EN - We are going to exploit this observation
to construct a fixed point.

e Step 3. We introduce the following sequence of times

Tk_éH( J+2))

(where 6 > 0 can be chosen arbitrarily small), and we define a sequence of functions
by the recursion formula

g0 = fo t
gk+1 = Jo +/ N(gr)(T)dT = ®(gg).
0

Provided § is small enough, we can show that, for any k£ € N, we have
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a) g € E%;R
b) k= [|gk+1 — grllgro < C(S(k+3)4 where C' > 0 is a certain constant that will be
Tk

made precise later on.

Consequently, (g )ren is a Cauchy sequence in Bg\r}m (with 7% = [} 20(1—(k+2)72) >
0) and it converges to g in Bg\%m, which is a fixed point of ®.

Let us now detail the justification of each of these steps.
Step 1. Remark that

t
1B(9) Dl gyes < Ilfollgren + / | N (9) () gy .

Then, we are going to estimate || N (g)(7 ng s1. We use the o-ring property m the

estimate |(2.53b)} the embedding and Lemma [B.2.6] We obtain, for any 0 < A < X' <
Aoand0§7§t<T()\0—)\)

IV (@) (Pllgyr S IVor = (F1(T) = o1 % Go()) |20 (Vo = 7 Vo) (A + g(7) I gron

0
S| Er+ sup o M+ /051
(84 s logen) 5504+ oo

Moreover, since g lies in E TR and possibly by adapting the choice of N as a function of 7,
we get

IN@Olgyes < (6 + R+ 1ollgpon ) 3

Consequently, for any 0 < A < A\g and ¢t € [0,T'(A\g — A)), we are led to

|42 + 9 o
P

t
1 | 1@ Ol
t
< . N _
S Whllggoms +@30) (& + R+ I folgpen ) 1= =5
Nt + gDl gy
X /0 N = A dr.

Let X(7) = (Ao — 7/T + X)/2 so that both conditions A < X (7) < A\g and 7 < T'(\g — N (7))
are satisfied for 0 < 7 <t < T(\g — \), we can make use of the assumption g € B%O and we
obtain

dr

e+ 9(7)ll gy o0
P
/0 N(T) = A

dr.

1 - % % + (7),03 7
) /t [ TOo (T))} H g(T)Hg},\D( ),051 < /t | '///Hg;o, a1+ HQHB;O
o ) =N 1= o) V0 =) 1m0

Finally, since
1

/ oy — &
N(T) = A 5T

[T(Ao —A) — 7]

and

T~ X(7) = 5 [T ~ N +7] < 5T ~ 1)+ < T — ),

1
2
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we arrive at
1

[1 - T(Aot— A)] /ot (N(T) = A) [1 - m} v

o ' T(X — N(7)) T
[l T(Ao—w]/o N =N T - N — 7] ©

t t T\ — )
{1 T~ A>] /o TT00— N -

1 t

= AT[T(Xg — ) —t]/o TR EY dr = ATy < AT

IN

It allows us to conclude that

12(5) 30 5 1ollgaoon +AT@A) (81 + Rt Wolggpon ) (I g + sl o).
T P P P T

Step 2. Like in Step 1, we introduce two real numbers 0 < A < X < )g, two times
0<7<t<T(A—A) and we estimate

IV(9)(T) = N (B)(T)ll gy
< z,v) = VExY,, o (T, +70) - (Vy = 7Vy) (A (v) + g(T,2,)) Hg;;ag
(@, v) = Vou = (F1 — 015G, ) (7,2 + 70) - (Vo = 7Va) (g(7, 2, 0) = h(7, 2,0)) | gt

The second term can be treated as in Step 1. For the first term, we apply|(2.49) again, with
[(2.53b)| and |(2.50)| combined to Lemma and we obtain

1(7) = [(2,0) 2> VE % Gy, (0 +70) - (Vo = 792) (A(0) + 9(7..0) gy
Y2 (Tho)
S ([ o6 = mEy e ds) s + gy

Since 0 < s < T'(A\g — A), we can appeal to the assumption g,h € BTU, so that

/ los) = R(5) 2 s

- [1 — 1o llg(s) = h(s) 120 .
T\ /\)} ghos 1
- / 0 F—ds<|lg— h”2B)\0 / —ds
0 T Jo [

S 2 S
1 - o] ™y
s [ T200-N2 T2 - A)? . T2 — \)?
= llg — hll%5 — - <llg—nl| BT O — ) — 7
BY [TOo =N =7 TOo—N TOo—N) —7

Moreover, still with X' (7) = (A — 7/T + A)/2 (the conditions A < N(7) < Ag and 7 <
T(Ao — N(7)) are thus fulfilled for 0 <7 <t < T(Ao — A)), we make use of the assumption
g € Ep°pwhich yields

| A+ g(T)|| v oo S || A root + R+ foll gro.o1-
Gy o o

Therefore, this discussion leads to

T(Ao—A) (T'\o)
I(r) S llg =Rl AO\/)\——AX

(‘ %HQ’\O’U;I + R+ ”fOHg/\o,oﬂ) .
j2 j2
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Integrating over [0,t] and multiplying by (1 —¢/[T'(Ao — A)]), we get

t t
— _ < . . —
= g | | 10 S @) (1l ggas + Rt L llgpos ) g =l

t 2T
< [T(ho — A) — 1] (/0 Sy dT),

[T(Mo— ) — 1 ( /O T _2£ — d7> < 2T\ /T(Mo — \) — t < 2T/Tho

and we conclude with

12(6) = 2l o S 2NN TRo (I gros + Bt follgroen ) lg =l
T P P T

where

HAT(TA) (614 Bt follgrn ) g = Bl
P T
Step 3. Let R > 0, §p > 0 and introduce C' = C(R, d9, &7, # , fo) > 0 such that
1
Cutsoo) (61 + ol grocn ) (1 lgaes + I folgro ) < g
(5030) (Cav/Baka + Ca) (& + |- A gron + R+ [folgapen ) < C:

(The Cj’s are the constants that appear in the estimates established in the first two steps.)
We introduce the sequences defined by

k
1 g0 = fo
Tk=5||(1— : > ; { s bk = |lgk+1 — grllB

=0 (j+2)? g1 = ®(gx) "

where 6 > 0 is such that

0 < (50,
+00 1

PR

k=0 .
4
C'é sup <$+3> <1.

>0 \T

We are going to show that, with this definition of §, we have, for any k € N,

1
A
gk € ETIS:R and HE < Cém

We start by establishing that the sequence (T} )ren is decreasing and that
0< 6T < T < Ty < .

Initialisation. Since gy = fo € g?;““l does not depend on time, we obviously have gg €
E:)p‘g r- Step 1 tells us that g1 = ®(go) € B:)F‘g. More precisely, we have

=0l 20 = 12(00) ~Follzo < C1 816070} (&1 + Wfolgawen ) (-l gaos + lfallgron ).
T, T, P P P

The definition of C' ensures that

1
< —_—
Ho < ooy

Recursion. Suppose that (B.4)| holds up to a certain step N. Then, for any 0 < A < A\g and
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€ [0, Tn41(Ao — )], we get

o t
Tn (A

lgn+1(t) = follgron < O g () — gN @)l gron + [lgn () = follgron
P 1-— TNOO=N P P
0
1
<1o N+ llan () = follgron < it lgn (8) = follgrn
TN(AO_)‘) TN
and then
N
_ 2
Hwﬂo(m¢ﬂ<zl_%{H%—M¢M_2@+@M

(k + 3)? <Cd ;
e k (k+3)4 = (k+3)?

where the definition of § implies
lgn+1(t) = follgren < R.
P

Since gy4+1 = P(gn) and gy € E%]OV r» Step 1 and the previous computation show that
gNi1 € E%]%H’ r- Applying Step 2, we obtain (owing to the definition adopted for C')

pn+1 = [|2(gn+1) — 2(gn)] g2

TN+1
1

< < < :
< Collgn+1 = gnligro Céun < C6 N0t

N+1

N +4\*?
5
o5 (5+3)

Finally, the constraints imposed on § are such that

<Of—0"
HUN+1 = 05(N+4)47

which ends the proof.

Step 4: Conclusion. Let g denote the limit of the sequence (gx)ken in B(?:%m. Let us show
that g € Eg‘j(loo r Let 0 < A < Agandt € [0,67°°(Ng — A)). Of course, we have, for any
N e N,

lg(t) = follgnen < lg = axll g+ low () = foll gy
P P

1- (5T°°(/\() )

Let € > 0. There exists NV € N (that depends on ¢, A and ¢) such that
t
”g_gNHB;%OO < |1- m €.
Using this in the previous estimate yields
lo(t) — follgyen < =+ B,

which thus holds for any € > 0. We conclude that g € Eg‘q(loo r»> by letting € go to 0. Next,
we can apply Step 2 and we conclude that ¢ is a fixed point of &:

lg—2@lsr < llg = gkllBr + llgr — ®(ge)l By + [|2(gr) — 2(9)l| 51

AN

lg = gkllsr + gk = g1l e + llge = gllBr | 2 O
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Proof of Corollary Since fo, # € Ql’\DO’O;l, we can appeal to Theorem there
exist ' > 0 and g € B7" solution of |(B.2), We also know that there exists R > 0 such that
g € By

We are going to show that g € C2([0,T(A\o—)); Gp°™) for any 0 < A < Ag. By using an
argument of composition of continuous functions, it follows that we can work with A = A(¢)
such that 0 < ¢ < T(Ag—A(t)) on a time interval [0, T}], and we have g € C°([0, T%]; g;(”’a?l).

Let us pick 0 < A < Xg and a time ¢ € [0,7(A\o — A)). Remark that we can find
A < N < g verifying t < T'(A\g — X'). Then, for any h sufficiently small, ¢t + h < T'(Ag — \).
Going back to the beginning of the proof of Theorem [B:2.1] we get

t-+|h
lg(t -+ ) = g(®)lgness = [(g) (¢ + 1) — B(g)(1) | gyos < / IN(9) (7l g 7

t+|h| )
S/t <&+R+ ||fo||g;0,a;1) v+ 9Dl gy o dr

Since 7 <t+h < T(\ — N)and g € E%?R, we are led to
Hg(t + h) - g(t) Hg>"0;1
P
(T'\o)

< i . .
S (64 Rt Mollgyen ) srox (Mg + B+ I folgypen ) 11l =3 0

Let us end the discussion with a few hints on the extension criterion. We are going to
show that, if g € CO([O,T);QIAJ(t)’U;l) (with 0 < A(t) < A¢ continuous and decreasing) is a

solution of |(B.2)|such that

lim sup Hg(t)Hg)\(t),a;l < 400
t AT P

lim A(¢) >0

tAT

then, possibly at the price of replacing A(t) by another function v(t) such that 0 < v(t) < A(¢)
on [0,T), we can extend g into a solution of |(B.2)|on [0,T") , with g € C°([0,T"); g;(t)"”l).
To this end, we apply Theorem [B.2.1|with ¢(¢) as initial data for any ¢ € [0,7T"). For each

of these data, there exists T} and a solution of|(B.2)(in B%gt). But the proof of Theorem [B.2.1

t
shows that T} depends (among other things) on the norm g}f?l of the initial data and on

the coefficient A (see the role of the constants C' and ¢ in the third step of the proof of
Theorem [B.2.1]). Here, we know that there exists A > 0 such that, for any ¢t € [0,T),

l9(t)l gy < A
P

holds, and A(¢) < A\g. Hence, the times 7} can be chosen independently of the data g(t):
T} = T'. Furthermore, we also know that there exists a constant a > 0 such that, for any
t €[0,7), A(t) > a. Thus, there also exists t* > 0 such that ¢t + 7'\(¢) > T holds for any
t € [t*,T). This allows us to extend the solution; we refer the reader to Fig. for guiding
the intuition. |

B.3 Extension of the strong analycity property

In this section, for the sake of simplicity, we only consider the case .#Z = 0. Since we work on
the torus this is not a restriction and every estimate obtain here can also be obtained when
A is not equal to 0, up to replacing g(t) by g(t) + .#. We wish to prove Proposition m
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|
!
I
|
|
|
1

0 t1 ty 1o Tll Tl T2/ t 0 t to ts tq4 T t

Figure B.1: Analyticity radius, as a function of the time variable: the case 7" independents
on t (left) and the critical case when 7" depends on ¢ (right)

To this end, we are going to combine Corollary to the following statement.

Proposition B.3.1 Let P > d/2 be an integer and let o > d/2 be a real number. If
g € C°([0,T); gﬁ(”"’”) is a solution of (B.2)| on [0,T") that satisfies

lim sup ||g(t) HHIg, < 400,
tAT

then, there exists a function v(t) > 0 continuous and decreasing such that g € C°([0,T);
g;(t)"’;l), infieo,m) v(t) > 0 and, for any t € [0,T), we have

t
190 Bygons < 19O Byaa +1+2 [ 0r)dr
P P 0

where O(t) depends on g only through the following Sobolev norms

¢ 1/2
0(t) = C1) (é"z+ /0 ||g<¢)|%1;df) lg(®)l3e. (B.5)

and the constant C' do not depend on g.

Remark B.3.2 The proof provides an explicit formula for v(t). In particular, it justifies
that v(T) > 0. The proof of Proposition then follows readlily from Corollary

and this Proposition.

Let us start by establishing the following a priori estimate.

Lemma B.3.3 Let P > d/2 be an integer and let o > d/2 be a real number. If g €
C’O([O,T);QI);(':)’JH/Q;l) is a solution of |(B.2)| on [0,T) whith A(t) > 0 a derivable and de-

creasing function, then, for any t € [0,T), we have

1d ) d )
3 9000 < (GAO) 19O oo

" 1/2
R UISTORE <5f + /O HQ(T)\@;(T),M dT) Hg(t)HZmﬁ%;l +0(t)
P

where O(t) is defined by |(B.5).
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Remark B.3.4 In the Viasov case a rather similar estimate can be obtained: if g is a
solution of|(A.1)| on [0,T), then

1d d ~
3 19010 < (GOSN g0+ XOCD SOl g0t DI 0150+ 500

P

where 0(t) is now defined by N
0(t) = C(t)l9(t)lI2rg-

Applying this energy estimate with

A(#) = AO) exp ( = € /Otm Y(r)dr),

where ,
Y(0) = I90) 2w + 142 [ 6(r)dr
P 0
implies
5 OG0 < ADCHD (9@l gy \/Y<t>)Hg(t)Hg;(t),H;ﬂ +6(1).
Since Y (t) = 20(t), we get
1d 2 A)C1(t) 2
< -Y
3 0G0 =Y 0) < e oo + iy U000 = YOOI s01p

where Hg(t)||gx<z),g;1 +Y(t) > \/Y(0) > 0. Thanks to the initial condition
P

a
9Oy - YO =-1<0  and L (I9O2s00 ~YO)|_ <0

classical ODE techniques allow us to eventually obtain for every t € [0,T)
lg@®)lgam <Y (D).
P

It only remains to make this argument rigorous since in that form it requires the a priori

knowledge that g belongs to QP Dot/ o [0,T). We perform it in the sequel in the Viasov-
Wave case and the proof can be easily adapted to the Viasov case.

Remark B.3.5 i) The attentive reader has noticed that in the energy like estimate in the
pure Viasov case there is only a factor (t) in the right hand side whereas for the Viasov-Wave
case there is a factor <t>3/2. This difference comes from the half convolution with the kernel
pe and we will make clearly appear in the proof how it modifies the result.

ii) It might also be surprising that this difference does not impact the bootstrap statement of
Proposition[2.4.19 Indeed this proposition is exactly the same than in the pure Vlasov case:
in both case the gP Vot ls orm of g(t) growth like (t)7 whereas this estimate comes from an
energy estimate which follows the same strategy (but in a finer way in order to exploit the a
priori estimates [(2.57a)H(2.57¢)| and [(2.58d)]) than the one used for proving Lemma [B.3.5,

We will explain this point in Remark[B.3.7 after the proof of Lemma[B.3.5,
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The proof of Lemma [B:3:3] uses in several places the following claim. Its proof is per-
formed in [I2, Lemma 3.1] and consists in straightforward repeated applications of the
Cauchy-Schwarz inequality.

Lemma B.3.6 For any o > d/2, we have

3 / F ke, ©)g(m)h(k — n, € — tn) d

k,nez

1/2
Soa l1flez <Z<n>2"lg(n)|2) IRz

nezd

and

/ Fk, ©)g(m)h(k — i, € — tn) dé

1/2
/ 2”|hk£)\2da) .

o Ifllzz _ lllz2 (

knezd keZ4

Proof of Lemma [B.3.3. Since

5 i lIOG0m = (GAONIOI a0 + (000): D190 g0
with
(9(8), g (D) groes = D0 3 / )27 OCIDEG (R k, DGt b, €) de,
‘oz|6Nd kezd
a|<P

=I(a)
we fix o € N¢, |a| < P and estimate I(c). Let us write
Dgag(t, k, §) = DEN () (¢, k, €)
== > nai(n) (Z1(t,n) - Fi(n)G,(t,n)) - DE(E > (€ — th)g(t, k — n, & — th)).

nezd

Using the specific structure of the Vlasov-Wave system through |(A.5)| with
f=F (k&) = (k,€)7XO®O5(t, k,6))

leads to

I(«)

= / (. &) AOFODIF F &) (<k,£>ae)\(t)(k,£> Ch—me— tn>ae)\(t)(k—n,§—tn)>

k,nezd
x n61(n) (Z1(t,n) = 51()F,(t,n)) - DE (€ > (€ — th)g(t, k — n, € — tn)) de.
Next, we apply the following statement
‘Uf’ &aerO®E _(p _p ¢ m>aeA(t><k—n75—tn>‘

< c(o){n,tn) ((n, tn)° 4 (k—n, & —tn)7 !
+ A(t) [(n, tn)? + (k —n, & — tn)?] e’\(t)<n’t”)e)‘(t)<k_”’5_t”>),

which is nothing but |(B.1)[ without any constrain on the leading frequency, combined with
the basic inequality

AL <1 4 A(t)(k,ﬁ}e’\(txk’@. (B.6)
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We also apply to the first exponential weight of I(«) in order to get

(k, £)7 AOkE) ’(;@ ot k8 _ (g ¢ tn)aex(w(k—n,s—tm’

S (k)7 + A (k, 7HORD) (1, ) ((n, t0) ™! + (k= m, € — tn)" )
+ M)k, )7 AOEE (1 tn) ((n, tn)7 + (k — n, & — tn)7) O A (k—n.g=tn),

which can be recast as follow:

<k,§>ae/\(t)<k,£> ‘(k, §>Je>\(t)<k’7§> —(k—mn,&— m>ﬁe>\(t)<k‘—n,§—m>‘

< (k, )7 (n,tn) ((n, tn) " + (k —n, & — tn)7 ")

+ M) (k, €722 OR) (0 tn) (n, tn) 72k — n, & — tn)?
+ (n, tnﬁ(k —n,§— tn>"_%)e’\(t)<”7t”>e)‘(t)<k_"’§_t">. (B.7)
We can thus decompose I(«) as follow, depending on the weight coming from
I(e) S (@) + Ia(a) + A(t) (Is(a) + La(a)).

Since
[DE (& = (€ = th)g(t,k —n,€ —tn))| S )k —n, g —tn) > [DG(t,k —n,& —tn)),
BeN
|B|<P

there is no polynomial weight with a power larger than o in [;(«) and Iy(«) and there
is no polynomial weight with a power larger than o + 1/2 in I3(a) and I4(«). Hence,
applying Lemma[B.3.6] Proposition the injection property|(2.50)| (or a straightforward

modifications when there is no exponential weight) and summing over « leads to

(9000190 gy0cn 5 061+ [ otz a) o0y

P

1/2
g

t
A0 (E+ [ 1 ynmndr) ToOI e
P

t ) 1/2
+ A()(t) (cg’[ +/0 Hg(T)Hg)\(T),UJr%;l dT) lg
P

The last term does not get a good form since it is not possible to factorize it by
)\(i),ﬂ'-‘—%;l :

lg(®)1?
9p

This difficulty is specific to the Vlasov-Wave case and comes from the half convolution in
time with the kernel p.. A simple idea to avoid this difficulty is to come back to and
treat in a different way the term with the weight (n,tn)"“/ 2. In order to gain a factor
(n,tn)*/? in this term we just apply the rough estimate

(t)\lg;(t),a+%;1 lg@®llgac.oa-

(st < () (1),
Then, thanks to the natural smoothness of the form function oy, the extra factor (n)'/?

be easily controlled and the only price to pay is to get an estimation with a faster growth

can
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in (t). At the end of the day, these minor modifications lead to the announced estimation
! 2 1/2 2
(906,29 gyoren < 01+ [ o)z ar) ool
P 0

¢ 1/2
+ )\(t)<t>3/2 (éal + /0 Hg(T)Hé;(T),gg dT) Hg(t)‘|z>\(t),a+%;1'
P

Remark B.3.7 We saw in the proof that the extra factor <t>1/2 compared to the pure Viasov
case comes from the term

t 1/2
M) (61 + /O 9 s 47) " N9ON 9Ol g
P P

for which it is not possible to factorize by the square of the gP Vo UBL orm of g. To be

able to factorize by this term is important: the only terms for which such a factorization
does not apply should not contain norms of g higher than H$. In the case of the proof of
Proposition [2.7.17 this is no more mandatory since we can also use the a priori estimates
[(2.57a)H(2.57c)| To be more specific, following [12], the term evolving the spatial density p is
never estimated through the embedding property[(2.50)] but always with the estimate [(2.58d)|
of Proposition . In the Viasov-Wave case the force term can be estimated (pointwise
in time) by stnce we have and the sequel of the proof is the same than in
[12]. In particular the half convolution with the kernel p. does not provide larger polynomial
growth in time in the bootstrap statement.

Proof of Proposition We wish to apply Lemma However, the function g
does not satisfy the required assumptions; we thus need to introduce a regularization
. ~ _ 2
g-(t) = xe * g(t) with Re(k,&) = e <4,
so that, for any A > 0, g-(t) € gﬁ;"“/m. We still cannot apply Lemma to g- since g
is not a solution of [(B.2)| Nevertheless, we can write

1d d
5 il O l0mn = (GpAO) 9O r01/20 + (9(0), Duge)-

Next, d;g- can be cast as

8t./q\€(tv k?&) - X\(kv f)at./q\(ta k7 5)

. _ A
-3 ;c( ’_le £ g1 (R0 1) Z1(0m) = R tm)r ()G, )
X(k, €)

- &1(n) (X (n, tn)Z(t
e X(n,tn)x(k —n, ¢ _tn)nm(n) (X(% n)Z(t,n)

~ X 7t o~ ~
—01 (n)/o Wpc(t —T7)0=(1,n) dT) (§—th)ge(t, k —n,§ —tn).
Remarking that

X(k+n, £+ Q)

R (k. )
U R(k, X (1, Q)
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holds, we go back to the proof of Lemma [B:3.3]and we conclude that

1d

d
2
5 il a0 < (GpA0) et

2
H >\(t),0'+l;1
gt

' 1/2
FADC 1) (51 + [ g dr) 91”14+ B0
P
holds with
" 1/2
0.(t) = (1) (g + /0 9= s, dT> 9= (11,
where the constants C; and C' do not depend on e. Let us introduce the function
t
Yo(t) = lg:O)2n +1+2 [ 0u(r)dr
P 0
We apply Lemma to g with A(t) = A:(t) defined by
t T 1/2
Ae(t) = Ao exp (/ Cy(r)3/? (éa[ +/ Y.(s) ds) dT) .
0 0
We are led to

1d
SRTI LAl A D)

t 1/2 t 1/2
< Lt Ac(t) [(@% /0 lo() e dr) ™ = (&1 + /0 Yo(r)dr) ]\|ga<t>|r;5m,g+;u
P

Ci(t)*2 ' 2 2
Nl /0 (la() e = Ye(r)) dr 9= 03
Since
9O = Y0 =10 and 3 (e~ Y-0)]_ <0
gp 7 dt Gr 7 t=0 ’
it is now possible to check that for every t € [0,T")
lge ()10 0.0 < Ye(t).
P
We conclude by observing that
" 1/2
0-(t) — 0(t) =C() (@”IJr/ lg ()17 dT> lg(®)I[g. (B.8a)
e—0t 0 b P
t
) = YO =90l +1+2 [ 6(r)dr (B.5b)
e—0t gp 0
t 5 T 1/2
Ae(t) — A(t) =Noexp | — / Cy (7)Y (£I+ / Y (s) ds) dr | . (B.8c)
e—0t 0 0

By applying Fatou’s lemma we finally obtain

||g(t)|!2m>,0;1 < liminf [|ge ()] 2x.).0n < liminf Y (¢) = Y(2).
P e—0t P e—0t

2
12






APPENDIX C

Cauchy theory for the Schrodinger-Wave system

In this Appendix we go back to the Cauchy theory of the Sherédinger-wave system
We introduced this system in Chapter [4| where we stated a theorem of uniqueness
and global existence. From an energetic point of view, the natural functional spaces for the
Cauchy theory are C°([0,T], H'(R%)) for the wave function u and

&r = C° ([0,7]; L2(RE A (®RD))) 0 ¢ ([0, 7]; L2 (RY; LA(RD)) )

for the vibrational environment 1. We are going to prove the global existence with Cauchy
data|(4.2)| in these spaces, see Theorem Throughout this appendix, we work, without

loss of generality, with ¢ = 1 and we assume |[(H1)H(H2)| from Chapter

The proof of this theorem is quite classical: the most important part consists in applying
Strichartz’ estimates to the Schrodinger and the wave equation. In fact the main difficulty
comes from the fact that Strichartz’ estimates for |(4.1a)| lead to estimates of w in L{L"
norms whereas Strichartz’ estimates for |(4.1b)|lead to estimates of ¢ in L], L{LE norms. In
order to combine these two estimates of different type, we need to permute Lebesgue-norms
in time and space. For that purpose we will use Holder and Young inequalities (and the fact
that oy and o9 are in any LP space for 1 < p < 400) in order to work with L?L4 norms.

Let us introduce some notation that we will use until the end of this section. First we
denote by S the linear Schrédinger’s group and by (W, W) the free wave group: for any
ug € L2(RY), S(t)up is the unique solution at time ¢ of

O+ Azu=0
w(0, ) = uo(x)

and for any (1o, ¥1) € L2(R%; HY(R?)) x L2(R%; L2(R?)), W (t)ho + W (t)h1 is the unique
solution at time ¢ of

{@%w ~ A4 =0
(@b(O,x,z),@tw(O,x,z)) = (¢0($,Z),¢1(x,2’))
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With these notation we can now define (at least formally) the functions £, K and ® by

L(u, )t — S(t)uo + /Ot S(t—s) l:<0'1 *g /Ugw(s) dz) u(s)} ds

Kl ) s We + W + [ Wt =) [~oa o fu(s) 2] ds
o= (L,K)

where ug € H'(R?%) and (o, 1) € L2(R%; H'(R?)) x L%(R%; L2(R?)) are now fixed until
the end of this section. From here it is obvious that any fixed point (u,)) of ® defines a
solution of [(4.1a){H(4.1b)[and |(4.2)l In order to apply the Banach-Picard fixed point theorem
we have to specify on which space we define the function ®. As already mentioned, since
we wish to apply Strichartz estimates, we need that ® is defined on a well adapted space
for this approach. We introduce the following notations and spaces for that purpose. First
let us define the Lebesgue exponent py by

2n
n—2

po = (C.1)
Then, for any final time 7' > 0 we introduce the following Banach spaces: Xp = L*(0, T}
HYR2)), Yr = L*(R%; L°°(0,T; LP°(R7?))) and Zr = Xr x Yy endowed with the norm
s ¥z = lell g + v

We introduce these spaces because (00, 2) is a Schrodinger-admissible pair and (oo, po) is
a wave-admissible pair for n > 3. Let us briefly recall what are the definition of Schrodinger
and wave-admissible pairs and what are Strichartz’ estimates (we follow [60] and the in-
terested reader can find further information about Strichartz’ estimates in [46] and the
references therein).

Definition C.0.1 i) We say that the exponent pair (q,r) is Schrodinger-admissible if d > 1,
q,7 > 2, (q,r,d) # (2,00,2) and

1 d _d

q * 2 4
it) We say that the exponent pair (q,p) is wave-admissible if n > 2, q,p > 2, (¢,p,n) #
(2,00,3) and

q 2p T 4

1 n-1 n—1
<

From now on for any exponent a > 1, o’ will denote its conjugate exponent: 1/a+1/a’ =
1.

Proposition C.0.2 (Strichartz estimates) i) Let (q,r) and (q,7) be Schrodinger - ad-
missible pairs, ug € L*(RY), F e LT(0,T;L"(R%)) and let us denoted by u the unique
solution of i0u + Azu = F with initial data ug. Then there exists a constant C > 0
independent of T' such that

sz <€ (Juolzz + 1Fl ) (C2)

zz) Let (q,p) and (q,p) be wave-admissible pairs with p,p < 400, (¢g,11) € HS(]RQ) X
HY(R™), G € LT(0,T; L” (R?)) and let us denoted by 1 the unique solution of 031 —
A = G with initial data (o, v1). Then, under the additional condition

1 n n 1 n

S T B | C.3
q+p 2 ° d’+z5’ ’ (©3)
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there exists a constant K > 0 independent of T such that
190zt + 190 o e + 1000 s < K (1ol g + Il + 161y (C)

Remark C.0.3 We will apply [(C.4)| with the Sobolev regularity s = 1. With this requ-
larity the exponent pairs (q,p) = (00,pp) and (00,2) are wave-admissible and satisfies the

additional condition|(C.3)|

The following two Lemma justify that the application ® is well defined on Zr, sends Zr
into itself and admits a fixed point on it.

Lemma C.0.4 There exists a constant C > 0 independent of T such that

10w O)llzzerz < C (lluollzz + 1T/l lull ez ) » (C.5a)
IVl )z < C (IIVauollzz + T Iy [luligerz + 1Varllers]) (C5b)
”K(u?w)HYT + HwHL%LtOO}'[Zl + ”6tw”L§Lg°Lg

< C (IWoll o s + o llzzz + Tl 2 )
and

I ) ~ £, @llzzerz < CIT] (bl e = vlligess + 10 = el lollrse) . (C6a)
192 (L) — L0 D igers < C TNy [l = vllerz + 1Vt — o) 2]

+ 1% = @llv [[vllzeorz + 1 Vavllzzorz] )
(C.6b)

1K, ) = K@, @)llve < CIT] (el zgers + Iollzeorz ) lw = vl e 2 (C.6c)

Lemma C.0.5 There exists a universal constant C1 > 0 such that for any final time T > 0
small enough, ® : By — B, where

Br={(uw,¢) € Zr : llu,¥llzr < Callluollmy + [Woll oy + ¥l 2222) -
Moreover, considering smaller T if necessary, ® is indeed a contraction on Br.

We postpone the proof of Lemma [C.0.4] to the end of this Appendix and we start by
proving Lemma and Theorem
Proof of Lemma We can summarize the estimates |(C.5a)H(C.5c)| as follows:

19, )|z < C [Ilwoll s + 0]l a1 + N lzazz + T s 113, ] -
Next, let C, = 2C'; we thus obtain that for any (u,) € Br,
19(w, )l zr < C |1+ CRIT] (ol g + oll 2 g + 0l 2222 )]

< (lluollmy + ol o gy + o1l zz22 ) -

Since for T" small enough,

CRIT| (ol + Ioll 2 gy + Iellzzrz) < 1.



280

Appendix C. Cauchy theory for the Schrodinger-Wave system

we obtain that ® sends Br into Br for T small enough. As previously, we can recast

(C.6a)] as follows:
[@(u, ¥) = (v, 9)l|z, < CIT| ([(w, )|z + v, @llz;) 1w, ) = (v, @)l z.-
Therefore, for any (u,), (v, ¢) € Br,

1@ (u, ) = @(v, )|z, < 2CCh (HUOIIH; + %ol o g + H¢1HL§L§> Tl (w, ) = (0, D)l 22

holds and ® is a contraction as soon as 7' is small enough. [ |

Proof of Theorem Step 1: Local existence. For T small enough & is a contrac-
tion on B, we thus know that[(4.1a)}{(4.1b)|has a solution in Z7. Then it is clear that for any
solution (u,) € Zr of [(4.1a)H{(4.1b)} w € L®(0, T; H(RE)), ¢ € L*(R%; L=(0,T; H(R?)))
and 9y € L2(RY; L>(0,T; L*(R?))) (for ¢ its comes from the Strichartz estimate .
Moreover, using the fact that (u,) is a fixed point of ® and the expressions of £ and
K in terms of S and (W, W), one can prove that indeed u € CO([0,T]; H'(R%)), for al-
most every z € R?, (¢,2) — (t,z,2z) € CO[0,T]; H'(R?)) and (t,2) — 8(t,x,2) €
C°([0,T); L?>(R%)). We finish the proof by applying the following lemma (proved at the end
of this section) to ¥ and 9% in order to obtain that i € Ep.

Lemma C.0.6 If f € L2L® and for almost every x € R?, t — f(t,z) € C°([0,T)), then
f € C%[0,T]; L*(R7)).

Step 2: Uniqueness. The uniqueness in By comes from the fixed point theorem and
we can extend this uniqueness statement to the entire space Zr. Then the uniqueness in
CYH! x Er comes from the fact that any fixed point (u,)) € CYHL x Er of ® is also an
element of Zp (thanks to the estimate we get that v is in Y7).

Step 3: Global existence. Since the time T" in Lemma[C.0.5|depends only on universal
constants and on

[wollzy + 4ol o gy + 1122225
the first two steps of this proof allow us to obtain the following proposition.

Proposition C.0.7 Letn > 3. Then for anyug € H'(R?) and (1o,1) € L*(RY; H'(R?))x
L%*(RZ; L2(R)), there exists T* > 0 such that for any 0 < T < T*, the problem
cmd admits a unique solution (u,1) € C°([0,T]; HY(RZ)) x & on [0,T]. Moreover, if
for some 0 < T <T™,

lirtnfs%lp lu@ [z + 10O 2 0 + 10Ol 222 < +00,
then, actually, T < T*.

Then in order to obtain the global existence we have to justify that the quantity
@z + 10O 2 g1 + 106 (O)l] 22 2

does not blow up in finite time. Thanks to the mass conservation of the wave function u
(M = |lu(t)||z2 is constant in time) and thanks to we get

) g + 19Ol g + 10Ol 2z S M + I Vau®)lzz + 1ol o + 61l 22 + M,

and it only remains to control ||V, u(t)[|z2. For that purpose we use the energy conservation

in order to obtain
1
§||qu(t)||Lg + / (al */02¢(t) dz> |u(t)|? dz < Egenr(t) = Esenr(0).
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Then if |V u(t) 2 blows up in finite time, | [(o1 * [ 02¢(t) d2)|u(t)|* dz| has to blows up
in finite time too. But

H/(Ul*/agwdz)\UIde < M? 01*/021/sz
I L
—_ 2 2
— M 01*/02¢dz o SN LR -

2
<M HUQ”LZG

‘0'1*”w”L§°L§0 OOSMZHQHngllalHLg 19/l g2 peopros (C.7)

Ll
and eventually estimate |(C.5¢)| tells us that | [(o1 * [ o2tp(t) d2)|u(t)|? dz| grows at most

linearly in time. |

Remark C.0.8 In fact the proof of the global existence gives us the additional information
that the quantities ||Vou(t)l 2, V()] 2 g1 H10wb ()l 1212 and | [ (o1 [ o2t (t) d2)[u(t)|? dz]
grow at most linearly in time.

We finish this Appendix with the proofs of Lemma [C.0.4] and Lemma [C.0.6]

Proof of Lemma FEstimate|(C.5a)l We apply apply the Strichartz estimate |(C.2)|
to L(u, 1) with the Schrodinger-admissible pair (co,2) on both side to obtain

(O’l *z /02¢ dz) U
Then, thanks to the following estimate

‘ <01 *z /aﬂb dz) U <01 * /ayﬁ dz> U

<|
and thanks to we eventually obtain
1£(u, )l Lgerz S Nluollrz + ITH[$ v llll gz
Estimate [(C.5b)] Since
Ve L(u, $)(t) = S(t)Vauo
+

) =
/Ot S(t — s) szm */021/1(8) dz) u(s) + (01 */021/1(3) dZ) VW(S)} ds,

we just apply the same estimates as before.

Estimate . We apply for almost every z € R? the Strichartz estimate to
K(u,)(z) with the wave-admissible pair (co,pp) on the left hand side and (oco,2) on the

right hand side
1 (s ) (@) | e 20 + (@) oo g0 + 1060 (@) e 2

S o(@) 1 + la @)z + o2 01 % fuf(a)|

1£(uw, D) ger2 < lluollzz +
LiL?

slTW

Lir? L§eL2

o1 *x/O'deZ

LeoLeo HUHL;;oLg,

LiL?

Then, since

02071 % ’U‘Q@) 1ro — H02HL§ o1 * ’U‘Q(@HLI < H02”L§ o] % ”UHQH(@
L:L t t
t -z
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we can pass in L2-norm to obtain

o2 bl o < lolzz lonl+ uliZ |,

Here, thanks to the Young inequality we have

ol lull?s| , < oz

2
1 < s

o = lonllzg lelfz e < lloullzz [T ullfe 2
x

and we eventually obtain
1 (us )l L2 oo pro + ||7!1”L3L§og; + 10l pzreore S ||¢0||L%g; + il p2rz + |7 HUH%;;OLg-

Estimates |(C.6a)} [(C.6b)| and |(C.6¢)l Since
L(u,¥)(t) — L(v,p)(t) =
/ st [(o1me [ o512 uts) ) + (100 [ oat5) = o(s)) @2 )] s

and
,C(ua w)(t) - IC(U7 ¢)(t) =
t
/0 W (t = s) [=0201 %2 ([u(s) — v(s)]u(s) + v(s)[uls) — v(s)])] ds,
we just follow closely the proof of |(C.5a)|, [(C.5b)| and |(C.5¢)| ]

Proof of Lemma Let us fix ¢ > 0 and ¢ € [0,7]. We know that for all
r € R? and for all » > 0, there exists 0(n,t,2) > 0 such that if [t — s| < 6(n,¢,z), then
|f(t,z) — f(s,z)] < n. Note that in fact d(n,t,z) is positive for almost every = € R
Moreover, since f € L2L$° we now that

[ Azl f@ de — o
R4 R—o0
Let 6 > 0. Let us also introduce the following subset of R%
BJy" = { & € R such that [2| < R and 6(n,t,2) <3 }.

Note that meas(Bﬁén) — 0 when § — 0. Then for all R,n,0 > 0 and for all s such that
‘t - S| < 6a

£ (&) = F()llrz < [Lz>r(f(8) = f()lz + [Lz<r(f(8) = f(s))llz2
< 2| Lpapsnf 122 +nmeas (B(0, R)Y/? +2meas (B") (1 £l 215+
We can pick R large enough to obtain
2|1z >rf 2L <

then we fix n small enough to get

)

Wl ™

nmeas (B(0, R)"/* < <,
and we eventually fix 0 small enough to get

R9
2meas (Bt,én) 1fllzzree <

Wl m









APPENDIX D

Semi-Classical analysis: from Schrédinger-Wave to Vlasov-Wave

In this Appendix we rescale the Schrédinger-Wave system |(4.1a)H(4.1b)|introduced in Chap-
ter M as follows

h2
1h Opup, + ?Axuh = (01 ko /021/)h(t) dz) up, teR, zeR? (D.1a)
b = Xn, teR, z€R 2z e R” (D.1b)
Orxn = Aty — Pos(2) (01 % lun(t)?) (@), teR, zeR? zeR"  (D.lc)

where h > 0 denotes (a dimensionless version of) the Planck constant. We wish to investigate
the behavior of this rescaled system when h — 0. This is expected to establish a connection
between the classical and quantum models, see [76]. More precisely for every h > 0 we
consider the Wigner transform of uy,

h

1 it h . _
Wilt..6) = g [ et + G)anlta = 59)dy

and we address the question of the asymptotic behavior of (W}, 1, xn) when h goes to
0. Our goal is to prove that (Wp, 1, xn) admits a limit and this limit is a solution of
the Vlasov-Wave system introduced in Chapter [2 For that purpose let us introduce some
notations and assumptions.

We consider a sequence of initial data (ull)pso C HL, (M)nso € L2H! and (xM)nso C
L2L? such that

(H)  the quantities |[up| 2 and

2
& =" [ Pt [ (ors [ o) s
2 Jpa Rd R® +

1 1
+ 2// |X6L|2dxdz+ // |Vzw3|2dxdz
2c RI xR 2 R xR"

are uniformly bounded with respect to h.
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Remark D.0.1 ¢) Assumption - guarantees us that the sequences (V) and (x) are
uniformly bounded with respect to h respectively in L2H1 and L2L?. Hence, there exists
o € LEH! and xo € L2L? such that, sub-sequences still labelled (Y)n>o and (X@)no
converge respectively to gy in Lgf'lzlfweakly and xo in L2 L% —weakly.

it) Moreover, since the rescaled Hamiltonian

o ="y [ Ve ars [ (ore [ onn®d) ) as

22// Ixn(t)|? dzdz + // |V 1hn(2)]? oz dz
c R4 xR" RéxR™

is conserved by the system |(D.1a) we have

h2
0< — |V oun (1)) dx—i— // Ixn(t)]? dzdz + = // |V ()| do dz
2 Jpa RdxR" RIxR"
= éah(O) —/ (O’l */ Ugwh(t) dZ) ]uh(t)\de
Rd Rn

<& - /R (01 */nam(t) dz) ()2 da.

Then thanks to|(C.7)| coupled with the mass conservation of the wave function up, and
we have

|, (s [ o) az) fm (o as|

that means ||V pun(t)]13 2, Ixn ()l 22 and [|¢n(t) |2 7 are uniformly bounded with respect
to h and t € [0,T].

S (1661 + IxBlzaze + Tlabllz2) b2,

One can check that the Wigner transform W), associated to a solution wuy of [(D.1a)
satisfies the following equation

oWy +&- VWi + Kj, *xe Wy, =0, (D.2)
where ) " "
Q —i
Ki(t.2.6) = 53 /R e (@ultat gy) ~ ultr - 5y) ) dy. (D3)

This follows by direct inspection when uy is a strong solution of which is the case
if ug is regular enough; dealing with weak solutions requires a step by regularization and
approximation.

According to [76], we introduce the separable Banach space

A= {(p e CO(R? x Rg) st Fep(z,y) € LT (RZ; CO(Rg)) }
equipped with the norm
liolla = 1Feclzyen = [ sup Fepla,u)] .
Rd x
and notice that the space
B= {@68 st. Fep € C(RY ng)}

is dense in A. We also denote by M = M(R? x Rg) the space of bounded measures on
R x Rg, and M its positive cone.
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Theorem D.0.2 Let |( -- from Chapter I 4 and |( - )| be fulfilled. Up to a sub-
sequence, the families (Wh)h>0} (Yn)ns0 and (xn)n>o converge respectively to u € C°([0,T);

M —wx), 1 € C°([0,T); L2H} — w) and X € CY([0,T); L2L? — w) respectively in the spaces
CO([0, T); A" — wx), C’O([O,T], LgH; —w) and C°([0,T); L%Lg —w). Moreover (u,,x) is a
solution of the Vlasov- Wave system

Ot + divy (§p) — dive <Vx [01 *y /Ugw(t) dz} u) =0, in D' ((0,T);B'),
O = X, in D' ((O,T) x RY x Rg) ,
Ax = ALY — 0a(2) (01 " / du(§)> (z), inD ((o, T) x R? x Rg) .

The proof follows closely the analysis of [76]; the main difference being that here we
have to control also what happens as h — 0 for the wave part of the system (D.1c)]
Note that if the sequence of initial data is supposed to converge, then, by uniqueness of the
solution of the limit equation [25, Theorem 4], the entire sequence (W}, ¥p, X1 )r>0 converges.

Proof. Step 1: Convergence of (¢p)p~0. Thanks to Remark m D.0.1| we already know
that the sequence (5)ps0 is bounded in L>(0,T; L2HL). Since any closed ball of L2H!
is metrizable and compact for the weak topology, we are going to apply the Ascoli-Arzela
theorem in order to justify that (¢,)n>0 admits a converging sub-sequence in CO(L2H} —w).
For that purpose it only remains to show that (¢5,)x>0 is equi-continuous in C} (LQFI L w).
In fact, it is sufficient to prove that the family {t — (¥ (¢), 9) 12 Hl} is equi-continuous for

every ¢ in a dense countable subset of L%H 1. Details on this argument can be found e. g. in
[75), Appendix C]. For any g € C°(R4 x R?),

009 | = | [ ek OIPRE Akdc| < Ol oz

is uniformly bounded in h and t € [0, 7] (see Remark [D.0.1]) and the Ascoli-Arzela theorem
insures us that, up to a sub-sequence, (¢5,)p>0 converges in CO([0,T]; L2H! — w) to ¢ €
C0([o, T7; Lgﬂ; —w).

Step 2: Convergence of (x;,)n~0. As in the previous step Remarkinsures us that
the sequence (x1,)n>o is bounded in L>(0,T; L2L?). Moreover, for any g € C°(RZ x R?),

d
- <Xh(t)7 9>Lng

dt
// V. p(t) - Vygdaedz // z)o1 x |up(t )\2(:5) g(z,z)dzdz
R4 xR™ RdXR”

< HwhHL%ﬁ;”gHLgH; + HUlHLgHfszLgHUh(t)H%gHgHLng

is uniformly bounded in h and ¢ € [0,7] (see Remark [D.0.1). Eventually the Ascoli-Arzela
theorem insures us that, up to a sub-sequence, (x;,) converges in C°([0,7T]; L2L? — w) to
x € C°([0,T); L2L? — w).

Step 3: Equation on 1. Since yj, converges to x in C°([0,7]; L2L? — w) we obtain
directly that for any g € CX(RE x R?),

T = [ u®edrds = xO.0)pp

< +

h—0

the convergence being uniform on [0, T]. Note that here, since the duality product on L2H}
is not compatible with the duality product in D’, we have to say something in order to
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justify the following convergence
(%( ), 9)pr D
Since for any f € CSO(O,T),
d T ,
(Gtongonr) == [ n(o.gof (0 d
dt D(0,T) 0

we have to justify the uniform convergence in time of (¢, (t), g)p to (¢(t),g)p. For any
g € C®(R? x R?), we have

d

— 3 O 9)pp I D(O,T).

n0gto = [ fchinteoh )11 dndc

The condition n > 3 implies that F~1(§(k,¢)/|¢|?) lies in L2H], and the convergence of 1)y,
to ¢ in C°([0, T); L2H} —w) allows us to conclude. Eventually we have proved that 0 = x
in D'

Step 4: Equation on . Let us temporarily assume that |uy,(¢)|> converges to a certain
p € CO[0,T]); M — wx) (see Step 7). For any g € C°(RZ x R?), we have

d
T (Xn(t), 9)p p = —c? // Vohn(t) - Vogdazdz — 2 // o9 01 % |up(t)|? gdz dz
R xR™ R XR™
(D.5)

The weak convergence of (1)~ insures us that

02// V. p(t) - Veygdrdz — —02// V.(t) - V,gdrdz
RdxR™ h—0 Rd xR™

and, if we rewrite the second term of the right hand side of |(D.5)| as follows

& // 001 % |un(t)? g de dz = / un(t, )| (/ agal*g<y>dz) dy,
R xR" Rd Rn

the weak convergence of |uy|? leads to

02// o9 01 * |up(t)]? gdz dz = c // o901 % p(t) gdzdz.
R xR RIxR™

These two convergences hold uniformly in time and we eventually obtain

Ox = A — Foporxp(t) in D ((0,T) x RY x RY) .

Step 5: Convergence of (W},)p~o. We first prove that the sequence (Wj)p~o is
bounded in L* (0,7T;A"). Since

1 h h
//Rdx]Rd Wh(t, 2, §)p(x,§) dz d§ = () //Rded up(t,x + Ey)uh(t, x — §y)]—"5cp(x,y) dz dy,

we obtain directly

‘ // Wh<t,x,5>so<x,edxdg‘
RI xR4

< —_— U —_—
= (2m)d <S1;p /Rd un(t,z + Sy)un(t, 23/)‘ dx) (st;p /Rd |.7:§<,0(x,y)]dy)

1
< WHWU)H%;H(PHA
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which insures us

W)l < @Humuig

is bounded with respect to h and ¢. Since any closed ball of A’ is metrizable and compact
for the weak-+ topology, we will apply again the Ascoli-Arzela theorem in order to justify
that (W},)n>o admits a converging sub-sequence in CY(A’ — wx). For that purpose we will
prove that for any ¢ € B, the functions ¢t — (W}(t), p) 4.4 are equi-continuous. Direct
computations yield

d
G0 haa=— [ Wit 2,06 Vopla.©) dode

+ //Rded Wi (t, z,m) (/]Rd Kp(t,z,§ —n)p(x,§) df) dzdn, (D.6)

with

Intan) = [ it g = mi(e.€) de

o1 h h
=t [, (®ulta+ 50) = @t = 5u) ) Feplr) dy

and

i h h
From we get for any ¢ € B,
d

a4 Wa(t), 90>,4/,A' < AWl (1€ - Vaplla + [ILa(t)].4)

and it only remains to prove that F,L;(t) is bounded in L;Cg , uniformly with respect to
t € [0,T] and h. Since @), = o1 % [ o9thy dz,

3 (@t 4 Sy -t - Ty)) = 7. / Vous ([ oatn(t)dz) (@ +s9)ds

and we can estimate F, Ly (t) as follows

h
| b
- /2 Vo * (/ ooty (t) dz) (x4 sy)ds
hi-s R Ly
z,Y

Vore ([ owinita:)

The following estimate coupled with |(C.5c)| and Remark allows us to conclude

ore ([ owinit )

Step 6: Equation on pu. For any ¢ € B, we have

W0), )5 = —(Wilt), € Vaghay s+ (Walt), L0 .

The weak convergence of (W},)n~o allows us to obtain

d d

7W t , _
dt< n( )7%0>B,B}:6 %

IFnLn(®llLco < lyFeellrico

< llvFeellzscn
L

L < ||V‘71HL§HO'2||L1;6‘|1/}h||L§L§°L§0‘

(u),o)pp  inD'(0,7),
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Appendix D. Semi-Classical analysis: from Schrodinger-Wave to Vlasov-Wave

and
(Wi(1),€ - Vap)p s > (1(t),€ - Vop)p s uniformly in time (¢ € 0, 77),
—

and it only remains to prove that Ly (t) converges strongly in A (uniformly with respect to
t €10,T]) to Vg (o1 * [ 029(t) dz) - Ve, which is equivalent to prove the strong convergence
of FeLy(t) to iy - (Vo1 * [o2tp(t) dz)Fep in L;C'g. For that purpose we decompose the
difference of these two terms as follows

FeLp(t,x,y) —iy - (/Rd Voi(x — ) {/ o2(2)Y(t, T, 2) dz] di’) Fep(z,y)
=iy ([ Vorla=a) | [ oae)w(t.5.2) = vi(t.5.9) 2] 45 ) Fepln)
+iy - (/R 1 [ . Voi(z — ) —Vo1(x+sy—£)ds]

ah
X [/Ug(Z)l/Jh(t,J_J,Z) dz] di) Fep(x,y)

Ny

2

=1(t,z,y) + 11(¢, z,y).
We estimate the first term as follows (where the support of F¢y is supposed to be included
in the compact K1 x K3)

I1®)llzyeg < vFeellyoy sup [Vorx(o2(v(t) —va(t)) (2)]

and the weak convergence of (15 )x>0 insures us that for every z € K

Vo * (o2(6(t) — n (1)) (2)
= o1z —x 62(0
—//RW <V (@ - 2) 23

This convergence is not a priori uniform in z € K;. Nevertheless, we can combine the fact
that 9 (t) — 9y,(t) is uniformly bounded with respect to t and h in L2H}, K; is compact and
the application

ze R — ((3,2) = Vou(e — 2)F 1 (620Q)/ICP)(2)) € L2}

is continuous, to prove that the convergence is indeed uniform in x. For the second term,
the estimate

h
/Qh Voi(z) — Voi(z + sy) ds
—3

<l (¢, 2, ¢) = vn(t,2,C)) dzdC — 0.

M lzyee < NyvFeellyoglloall v Ivnlloz roe oo

1
X sup / —
ek, ( R4 h?

yeKo

3
/2} Voi(x —z) — Voi(x + sy —z)ds
—3

2 1/2
da:)

coupled with the regularity and the compactness of the support of Vo; and the uniform
boundedness with respect to 1 of [|¢n]| ;> poc 70, allows us to conclude that [[II(t)||z1co — 0
when A — 0.

1
= luFecllycn lloall o Inllzz oo sup (/Rd 2

2

Step 7: Final details. To conclude the proof it remains to justify that in fact the limit
p of the sequence (W},)p~o defines an element of C°([0,T], M —wx) and that the sequence
(Jun|?)n=0 converges in CO([0, T], M(RZ) — wx) to p = [ du(€). The first point comes from
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the study of the Husimi transform of up:
e~ (zI*+I&*)/h

Wh(t) = Wh<t) * (ﬂ’h)d

One can prove that, for every time ¢ € [0,77, Wi (t) is non negative and the sequence
(Wh(t))n>0 is bounded in LiLé. This allows us to conclude that, up to a sub-sequence,

Wh(t) converges weakly in the sense of measures to a certain fi(t) € My and it is then
possible to prove that indeed u(t) = fi(t). We refer the reader to [76, Section III] for details.
However it is not possible yet to conclude that y is an element of C°([0,7], M — wx). In
the previous argument each sub-sequence depends on ¢ (then it is not possible to apply
a diagonal argument) and we have no information about the time continuity. The missing
step can be obtained by slightly modifying the compactness argument in Step 5, in order to
obtain the compactness of the sequence (W, )p~o in C°([0,T), M — wx), and conclude that,
up to a sub-sequence, (Wj,)nso converges in CY([0, T], M — wx) to i € C°([0,T], M — wx).
We eventually obtain that u = i € C°([0,T], M — wx).

Finally, we make use of the results in the [76, Section III | which tell us that if the se-
quence (h=4|ay,(t, h=1€)|?)n>0 is tightly relatively compact, then (|up(t)|?) converges weakly
in the sense of measures to p(t) = [ da(t,€) = [ du(t,§). Moreover, we already know
that (Wa)pso converges in C°([0,T], M — wx) to ji, so that if (h=%|a,(t, A 1E)|?)as0 is
tightly relatively compact, uniformly in time, then the proof [76, Theorem III.1 point 3]
can be revisited in order to obtain that (Jup|?)so converges in C°([0,T], M(R?%) — w+) to
p= [ dil€) = [ du(€) € CO([0, T), M(RA) — ww).

Let us conclude the proof by proving that the sequence (h=%|ay (¢, h~1€|?)p>0 is tightly
relatively compact uniformly in time, which can be cast as

a),
sup sup —
>0 h>0 M Jig|>r
Remark insures the existence of a constant C' > 0, independent of h > 0 and ¢ € [0, 7],
such that h?||Vup(t)||2, < C. Then a direct computation shows that

2
ah(t,h—lg)‘ g — 0.

w [ Vet = nt [ a6 de
1
=i Jo €1 Jan(t, h‘li)‘z ah(t,h—lg)‘2 de,

1
d¢ > / R?
h Jig>r

2 C
an(t,h 9| de < .

and we eventually obtain

a)
sup sup —
>0 h>0 M Jig>r
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