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Résumé

Dans cette thése, on étudie 'existence et la régularité des formes optimales pour certains
problémes d’optimisation spectrale qui font intervenir un opérateur elliptique avec condition de
Dirichlet. On s’intéresse d’abord au probléme de la minimisation de la valeur propre principale
d’un opérateur avec un terme de transport borné. Que le terme de transport soit fixé ou non,
ce probléme admet une solution parmi les quasi-ouverts, et si le terme de transport est en outre
le gradient d’une fonction Lipschitzienne, alors les solutions sont des ouverts localement de
classe C1® en dehors de points exceptionnels. On étudie ensuite en dimension deux la régularité
des solutions & un probléme d’optimisation & plusieurs phases pour la premiére valeur propre
du Laplacien de Dirichlet. Enfin, on s’intéresse aux ensembles optimaux pour la somme des
k premiéres valeurs propres d’un opérateur elliptique sous forme divergence. On montre que
les k premiéres fonctions propres sur un ensemble optimal sont lipschitziennes de sorte que les
ensembles optimaux sont ouverts, et on étudie ensuite la régularité de la frontiére des ensembles
optimaux.

Mots-clés: probléme d’optimisation spectrale, probléme d’optimisation & plusieurs phases,
régularité des frontiéres libres, problémes & une phase et & deux phases, quasi-minimiseur, terme
de transport, quasi-ouvert, vy-convergence.

Abstract

In this thesis, we study the existence and the regularity of optimal shapes for some spectral
optimization problems involving an elliptic operator with Dirichlet boundary condition. First of
all, we consider the problem of minimizing the principal eigenvalue of an operator with bounded
drift under inclusion and volume constraints. Whether the drift is fixed or not, this problem
admits solutions among the class of quasi-open sets, and if the drift is furthermore the gradient
of a Lipschitz continuous function, then the solutions are open sets and C''“-regular except on
a set of exceptional points. Next, we study in dimension two the regularity of the solutions to
a multi-phase optimization problem for the first eigenvalue of the Dirichlet Laplacian. Finally,
we focus on the optimal sets for the sum of the first k eigenvalues of an operator in divergence
form. We prove that the first k£ eigenfunctions on an optimal set are Lipschitz continuous so
that the optimal sets are open sets, and we then study the regularity of the boundary of the
optimal sets.

Keywords: spectral optimization problem, multi-phase optimization problem, regularity of
free boundaries, one-phase and two-phase problems, almost-minimizer, drift, quasi-open set,
~-convergence.
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Introduction

Cette theése s’inscrit dans le domaine de 'optimisation de forme. Il s’agit de trouver la forme
optimale d’un ensemble qui minimise une fonctionnelle tout en satisfaisant a des contraintes
données. Les problémes d’optimisation de forme ont été abondamment étudiés et modélisent
différents phénomeénes : que ce soit par exemple dans 'industrie pour concevoir des objets ma-
nufacturés plus rigides et plus fiables, en physique pour maximiser la conductivité électrique ou
thermique d’un matériau, en biologie pour prédire ’évolution de la forme des cellules d’un tissu,
ou encore en ingénierie pour déterminer la meilleure forme aérodynamique d’une aile d’avion,
les domaines concernés sont variés et les applications nombreuses. Ces problémes d’optimisation
sont probablement plus intuitifs que ceux portant sur des fonctions ou des paramétres mais sont
aussi nettement plus délicats a traiter. Une difficulté par exemple, qui fait aussi toute la richesse
de ces problémes, vient de ce qu’il n’existe pas de structure d’espace vectoriel sur 'ensemble des
formes et que la plupart des outils d’analyse fonctionnelle sont par conséquent inutilisables.

Un probléme d’optimisation de forme s’écrit souvent comme

min {J(Q) : Q € A},

ou J est une fonctionnelle & valeurs réelles définie sur un ensemble A de parties de R?, dites formes
admissibles, qui sont généralement soumises & des contraintes géométriques de diverses natures
qui peuvent étre de volume, de périmétre, de convexité etc. Les questions qui apparaissent avec
ce type de problémes sont variées :

e Existence ou non d’une forme optimale.
e Obtention de conditions nécessaires ou suffisantes d’optimalité.

e Propriétés géométriques des formes optimales : régularité de la frontiére, caractére borné
des formes optimales, finitude de leur périmétre, connexité, convexité...

Souvent, la fonctionnelle est calculée par I'intermédiaire d’une solution, appelée fonction d’état,
d’une certaine équation aux dérivées partielles modélisant par exemple la conductivité ou 1’élas-
ticité du matériau. Dans cette situation il existe alors deux familles principales de problémes
d’optimisation, ceux pour lesquels la fonctionnelle est une énergie sous forme intégrale dont
Iintégrande dépend de la fonction d’état, et ceux pour lesquels la fonctionnelle est une fonction
en les valeurs propres d’un opérateur elliptique. Les problémes abordés dans cette thése cor-
respondent a ce deuxiéme type de problémes dits d’optimisation spectraux. A titre d’exemple,
I’évolution de la chaleur dans un matériau est déterminée par les valeurs propres du Laplacien
de Dirichlet, le matériau pour lequel la vitesse de décroissance de la chaleur est la plus lente cor-
respondant en premiére approximation a celui qui posséde la plus petite premiére valeur propre
(& volume fixé). Ces problémes interviennent aussi en acoustique, puisque les fréquences pour
lesquelles un instrument de musique peut vibrer, par exemple la membrane d’un tambour, dé-
pendent de sa forme et sont directement liées aux valeurs propres du Laplacien de Dirichlet. Le
premier probléme d’optimisation spectrale étudié et le plus classique est probablement celui de la
minimisation de la premiére valeur propre du Laplacien de Dirichlet parmi les ouverts de volume
fixé. Dés 1877, Lord Rayleigh a conjecturé dans son livre The theory of sound que la boule est
optimale pour ce probléme, ce qui a ensuite été démontré dans les années 20 indépendamment
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par Faber et Krahn. De maniére assez surprenante toutefois, certains problémes d’optimisation
spectrale méme en apparence simples sont encore mal compris. Ainsi, 'existence d’un ouvert
minimisant la k-iéme valeur du Laplacien de Dirichlet pour £ > 3 avec une contrainte de volume
est toujours un probléme ouvert. Mentionnons néanmoins que de récents résultats ont permis des
avancées significatives dans cette direction (voir [12, 76] pour l'existence parmi les quasi-ouverts,
et [18] pour l'existence d’une fonction propre lipschitzienne sur un ensemble optimal).

La premiére partie de ce travail concerne I’existence de formes optimales. Bien sitir, ’existence
ou non d’une forme optimale dépend de I’ensemble des formes admissibles que 'on s’est fixé.
Bien qu’il soit naturel de considérer la classe des ouverts, cette derniére s’avére souvent trop
restrictive en vue d’obtenir un résultat d’existence. En général, on considére plutét un probléme
relaxé avec une classe plus grande de formes admissibles appelées les quasi-ouverts. Il s’agit
ensuite d’introduire une topologie adéquate sur ’ensemble des quasi-ouverts qui fournisse a la
fois la compacité des suites minimisantes ainsi que la continuité (ou plus généralement la semi-
continuité inférieure) de la fonctionnelle, ces deux exigences étant antagonistes. Il existe ainsi
deux topologies qui interviennent fréquemment en optimisation de forme appelées les topologies
de la v-convergence et de la «-convergence faible. Mentionnons par exemple que I’ensemble des
quasi-ouverts (inclus dans un ouvert borné fixé) est compact pour la y-convergence faible et
que cette topologie rend aussi semi-continues inférieurement les valeurs propres du Laplacien de
Dirichlet.

En optimisation de forme, la classe des formes admissibles considérée est souvent celle des
ouverts. Par conséquent, ’existence d’une solution relaxée parmi les quasi-ouverts, qui est déja
un résultat intéressant en soit, n’est toutefois pas pleinement satisfaisante. Ainsi, la seconde
partie de ce travail de thése est dédiée a I’étude de la régularité des ensembles optimaux pour
des problémes d’optimisation spectrale. Plus précisément, il s’agit de montrer que les ensembles
optimaux sont des ouverts et ensuite d’étudier la régularité de leur frontiére. Quand 'opérateur
considéré est autoadjoint, on dispose alors d’une caractérisation variationnelle des valeurs propres
ce qui permet de se ramener a un probléme & frontiére libre. L’intérét est qu’un tel probléme porte
sur des fonctions (plutét que sur des formes), qui sont des objets plus simples. Pour montrer que
les ensembles optimaux sont bien des ouverts, on étudie généralement la continuité des fonctions
propres définies sur lesdits ensembles optimaux. Bien stir, un tel résultat de régularité fournit
en particulier I'existence d’une solution du probléme ot la classe des formes admissibles est celle
des ouverts. Précisons qu’il existe toutefois des problémes d’optimisation spectrale qui possédent
des solutions trés irréguliéres, au sens ou certaines solutions sont des quasi-ouverts qui ne sont
pas des ouverts. Nous abordons ensuite la question de la régularité de la frontiére des ensembles
optimaux. Pour cela, il s’agit dans un premier temps de prouver que les fonctions propres sur
un ensemble optimal sont Lipschitziennes et non-dégénérées. Cette derniére propriété signifie
que les fonction propres ne prennent pas de trop petites valeurs prés du bord de ’ensemble
optimal, au sens ou elles se comportent comme la fonction distance au bord de cet ensemble.
Ceci permet ensuite d’étudier les propriétés des blow-ups des fonctions propres sur un ensemble
optimal et d’en déduire une condition d’optimalité. En un sens faible, appelé sens de la viscosité,
cette condition d’optimalité prescrit essentiellement la valeur du gradient des fonctions propres
sur la frontiére de I’ensemble optimal. Avec I’équation vérifiée par les fonctions propres, cette
condition d’optimalité implique une certaine régularité de la frontiére des ensembles optimaux.
Plus précisément, on montre que la frontiére est localement le graphe d’une fonction réguliére a
un petit ensemble singulier prés qui peut étre estimé en termes de dimension de Hausdorff.

Le lecteur intéressé par les problémes d’optimisation de forme pourra consulter les livres et
les références qu'ils contiennent [56, 61, 57, 13] ainsi que les revues |20, 55].

Précisons maintenant ’organisation de ce manuscrit. Le premier chapitre a pour vocation
d’introduire certains outils classiques en optimisation de forme et de présenter les résultats
obtenus et exposés dans les chapitres suivants. Les quatre autres chapitres sont des reproductions
de publications ou prépublications et abordent les questions d’existence et de régularité des
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ensembles optimaux pour des problémes d’optimisation spectrale avec des contraintes d’inclusion
(c’est-a-dire que les formes admissibles sont incluses dans un ouvert borné D C R? généralement
appelé «boite ») et de volume (ou bien simplement une pénalisation en volume), pour des
opérateurs elliptiques avec condition de Dirichlet. Voici un résumé succinct par chapitre de ce
manuscrit de thése.

e Le chapitre 1 introduit dans un premier temps en section 1.1 les notions de capacité,
de quasi-continuité, de quasi-ouverts, les topologies de la y-convergence forte et faible,
ainsi que quelques propriétés des valeurs propres d’opérateurs elliptiques définis sur des
quasi-ouverts. La section 1.2 est ensuite dédiée & des problémes d’optimisation faisant
intervenir la premiére valeur propre et présente les résultats des chapitres 2 et 3, tandis
que la derniére section 1.3 est consacrée a des problémes avec des valeurs propres d’ordre
supérieur et résume les résultats des chapitres 4 et 5.

e Le chapitre 2 est dédié a la minimisation de la premiére valeur propre de l'opérateur
avec terme de transport —A 4+ V -V ou V € L®(D,R%) est un champ de vecteurs, ce
qui nécessite dans un premier temps de définir la premiére valeur propre sur les quasi-
ouverts. Nous prouvons ensuite I'existence d’une forme optimale * parmi les quasi-ouverts
de volume fixé inclus dans D avec un terme de transport V fixé, ainsi que d’un couple
optimal (*,V*) quand le terme de transport varie aussi avec une contrainte de norme
infinie (voir Théoréme 2.1.1 ou 1.2.3). La deuxiéme partie de ce travail aborde la question
de la régularité de la frontiére des ensembles optimaux Q* dans le cas ou le terme de
transport est le gradient d’une fonction Lipschitzienne. Plus précisément, la frontiére libre
O0* N D est localement le graphe une fonction de classe C® & un ensemble de dimension
de Hausdorff au plus d — 5 prés. De plus, 90" est de classe C1'/2 au voisinage des points
de 09* N ID pourvu que la boite D soit suffisamment réguliére (voir Théoréme 2.1.5 ou
1.2.12).

e Dans le chapitre 3 nous étudions, en dimension 2, la régularité des solutions (€,...,Qy)
& un probléme d’optimisation de forme & plusieurs phases faisant intervenir les valeurs
propres du Laplacien de Dirichlet. Si D est régulier, alors la frontiére de chaque phase §2;
est en tout point de classe C1 (voir Théoréme 3.1.11 ou 1.2.14). Pour cela, nous prouvons
un résultat de régularité pour les quasi-minimiseurs des fonctionnelles avec des coefficients
variables & une phase (avec contrainte d’inclusion) et & deux phases, dont la preuve repose
en particulier sur un inégalité épipérimétrique qui n’est valable qu’en dimension 2 (voir
Théorémes 3.1.1 et 3.1.5, ou 1.2.15).

e Le chapitre 4 est consacré & I’étude des formes optimales parmi les quasi-ouverts inclus
dans D pour la somme des k premiéres valeurs propres avec une pénalisation en volume, ol
I'opérateur considéré est elliptique, sous forme divergence, avec des coefficients Holdériens
et avec des conditions de Dirichlet. Nous prouvons que les k premiéres fonctions propres
sur un ensemble optimal sont Lipschitziennes, ce qui en conséquence implique 'existence
d’une forme optimale parmi les ouverts (voir Théoréme 4.1.1 ou 1.3.11). La régularité
Lipschitzienne des fonctions propres, qui est une premiére étape importante pour 'analyse
de la régularité de la frontiére des ensembles optimaux, passe par l'étude du caractére
Lipschitzien des fonctions a valeurs vectorielles qui quasi-minimisent une fonctionnelle &
deux phases avec des coefficients variables (voir Théoréme 4.1.2 ou 1.3.12).

e Nous continuons au chapitre 5 I’étude de la régularité des formes optimales pour le pro-
bléme considéré au chapitre précédent. Nous montrons que la frontiére 9Q2* N D est lo-
calement le graphe d’une fonction de classe C1®, et méme de classe C> pourvu que les
coefficients de 'opérateurs soient aussi de classe C'°, & un ensemble singulier de dimension
de Hausdorff au plus d — 5 prés (voir Théoréme 5.1.1 ou 1.3.11).



Chapitre 1

Présentation des résultats principaux

Dans la section 1.1 nous introduisons des notions classiques en optimisation de forme et nous
définissons les valeurs propres d’opérateurs elliptiques sur les quasi-ouverts. La section 1.2 aborde
des problémes d’optimisation spectrale pour la premiére valeur propre et présente les résultats
des chapitres 2 et 3, tandis que la section 1.3 est dédiée & des problémes faisant intervenir les
valeurs propres d’ordre supérieur et présente les résultats des chapitres 4 et 5. Pour finir, la
section 1.4 regroupe quelques perspectives de recherche.

1.1 Préliminaires

Dans cette section nous introduisons la classe des formes admissibles appelées les quasi-
ouverts, ce qui nécessite de définir au préalable la notion de capacité associée a la norme H'.
Nous présentons ensuite quelques propriétés des valeurs propres d’opérateurs elliptiques (symé-
triques ou non symétriques) définis sur les quasi-ouverts. Nous introduisons ensuite une topologie
classique définie sur les quasi-ouverts appelée la y-convergence dont I'une des propriétés remar-
quables est de rendre continues les valeurs propres du Laplacien de Dirichlet par rapport au
domaine. Nous terminons en énoncant le théoréme général d’existence de Buttazzo et Dal Maso
pour des problémes de minimisation dans une boite faisant intervenir les valeurs propres du
Laplacien.

1.1.1 La capacité

La capacité est essentielle pour une bonne compréhension des propriétés fines de régularité des
fonctions Sobolev et joue par conséquent un réle important dans 1’étude des solutions d’équations
aux dérivées partielles. Elle permet, par exemple, une meilleure compréhension du comportement
ponctuel des fonctions Sobolev, qui ne sont au premier abord définies qu’a un ensemble de mesure
de Lebesgue nulle prés. De nombreuses références existent pour la capacité, mentionnons par
exemple les livres [61], [44] et [54].

L’espace de Sobolev H'(RY) est défini par H'(R?) = {u € L*(RY) : Vu € L?(R?)?}, ou
Vu € L2(R%)? est compris au sens des distributions, et est muni de la norme

(- —/ (u? + |Vul?) dz.
R4

Définition 1.1.1. La capacité (associée & H') d’un ensemble quelconque E C R? est définie
par

cap(E) = inf {HuHH1(Rd) Cu € A(E)} ,

ot A(E) = {u € H'(R%), u > 1 p.p. sur un voisinage de E}. Si A(E) = (), alors on pose
cap(FE) = +o0.

12



13 1.1. Préliminaires

On dit qu’une propriété P(zx) est vraie quasi-partout (q.p.) sur E si elle est vraie pour tout
x € FE sauf pour un ensemble Z C E de capacité nulle. Comme d’habitude, I’expression presque
partout (p.p.) renvoie a la mesure de Lebesgue.

Il est aussi possible de définir la capacité relative d’un ensemble E C R? par rapport a un
ouvert borné D C R? par

capp(F) —inf{/D \Vul|?de : u € AD(E)},

ott Ap(E) = {u € H}(D), u > 1 p.p. sur un voisinage de E} et capp(E) = +oo si A(E) = 0.
Nous serons surtout intéressés dans la suite par les ensembles de capacité nulle, de sorte qu’il
revient souvent au méme de considérer 'une ou 'autre de ces deux définitions de la capacité.
En effet, il est possible de montrer que pour tout E C D, cap(F) = 0 si et seulement si
capp(E) = 0 (notons cependant que pour un ouvert borné D, il vient cap(D) < +oo alors que
capp(D) = +00). Cette deuxiéme définition est en particulier utile pour des calculs explicites
de la capacité (voir par exemple [61, Section 3.3.3]).

La capacité posséde de nombreuses propriétés désirables comme celle d’étre une mesure
extérieure, c’est-a-dire qu’elle est positive ou nulle et vérifie

(i) cap(0) =0,
(ii) si By C Es, alors cap(E7) < cap(E2),
(iii) cap(UU2, Es) < D2, cap(E;) pour tout (E;);>1 C R
La capacité est plus fine que la mesure de Lebesgue, au sens ot pour tout ensemble mesurable
E c R il vient |E| < cap(E), ou |E| désigne la mesure de Lebesgue de E. En particulier, la
capacité est non triviale puisque tout ouvert non vide a une capacité strictement positive. D’un
autre coté, il existe une constante dimensionnelle Cy > 0 telle que pour toute boule B, (x) C RY
de rayon 0 < 7 < 1, cap(B,(x)) < Cyr%2, de sorte que les ensembles bornés sont de capacité
finie.
Cette estimation suggére aussi que la dimension naturelle de Hausdorff associée & la capacité
est d — 2. En fait, la capacité et la mesure de Hausdorff (d — 2)-dimensionnelle H%~2 sont reliées
par les propriétés suivantes :

e Si H4"2(E) < +o0, alors cap(E) = 0.
e Sicap(F) =0, alors H*(E) = 0 pour tout s > d — 2.

(voir [44, Section 4.7.2]). A titre d’exemple, la capacité d'un point est strictement positive en
dimension 1 et nulle en dimension d > 2, alors que la capacité d’un segment est strictement
positive en dimension 2 et nulle pour tout d > 3.

Remarque 1.1.2. 1) Un des intéréts de la capacité est de mesurer la finesse des ensembles et
de détecter, par exemple, des compacts fins de mesure de Lebesgue nulle, ce qui ne serait pas
possible avec la seule contrainte "u > 1 p.p. sur E" dans la définition 1.1.1.

2) Il est possible d’étendre la définition de la capacité, alors appelée p-capacité, aux espaces
de Sobolev W1P(R?) pour 1 < p < +00 (voir par exemple les livres [44] et [54]).

Les fonctions de H'(RY) n’étant pas nécessairement continues (sauf en dimension 1), la
notion pertinente a considérer est celle de quasi-continuité.

Définition 1.1.3. Une fonction u : R — R est dite quasi-continue s’il existe une suite décrois-
sante d’ouverts w, C R? tels que

lim cap(w,) =0, la restriction de u a R?\ w, est continue.
n—+o00

Précisons qu’une fonction continue quasi-partout est quasi-continue, mais que la réciproque
est fausse en général.
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Toute fonction u € H'(R?) posséde un représentant quasi-continu @& € H'(R?%) qui est unique
a un ensemble de capacité nulle prées. De plus, le représentant quasi-continu 4 de u est donné
par
t(z) = lim u(y)dy pour quasi-tout z € R? (1.1.1)
r—0 By (z)
(voir [61, Théoréme 3.3.29]). Dans la suite, nous identifierons toujours une fonction v € H*'(R?)
avec son représentant quasi-continu % € H'(R?), de sorte que toute fonction Sobolev, qui n’est
a priori définie que presque partout, admet une définition ponctuelle quasi-partout (et posséde
des points de Lebesgue quasi-partout).
Enfin, rappelons que pour toute suite (u,)n,>1 C H'(RY) qui converge fortement dans H*
vers une fonction v € H 1(]Rd), il existe une sous-suite qui converge vers u quasi-partout.

1.1.2 Les quasi-ouverts

La classe des ouverts étant en général trop restrictive pour obtenir un résultat d’existence
en optimisation de forme, nous considérons maintenant une classe plus grande d’ensembles me-
surables appelés quasi-ouverts pour lesquels les problémes aux valeurs propres sont bien définis
(voir sous-section 1.1.3).

Définition 1.1.4. Un ensemble Q C RY est dit quasi-ouvert s’il existe une suite décroissante
d’ouverts w, C R? tels que

Vn € N, QU w, est ouvert, lim cap(w,) = 0.

n—-+4o0o

En faisant la réunion d’un quasi-ouvert avec un ensemble de capacité nulle on obtient encore
un quasi-ouvert, mais ceci ne permet pas vraiment de créer de nouveaux ensembles. En d’autres
termes, les quasi-ouverts ne sont vraiment définis que quasi-partout, de sorte que l'on dira
souvent, de maniére un peu abusive, que deux quasi-ouverts sont égaux s’ils sont égaux a un
ensemble de capacité nulle pres.

Remarque 1.1.5. 1) De maniére équivalente, les quasi-ouverts peuvent étre définis comme les
ensembles Q C RY tels que, pour tout e > 0, il existe un ouvert Q. C R? vérifiant cap(QA€,) < e,
ou A désigne la différence symétrique d’ensembles. Notons que I'on définit encore les mémes
ensembles en imposant aussi dans cette définition la contrainte 2 C €)..

2) Les quasi-ouverts sont des ensembles mesurables. En effet, si © est un quasi-ouvert, ’en-
semble QU (Nywy) = Np(QUwy,) est un Gy, c’est-a-dire une intersection dénombrable d’ouverts,
qui est égal quasi-partout a 2 puisque Nyw, est de capacité nulle.

3) Il existe des exemples de quasi-ouverts qui ne sont pas ouverts, et méme qui ne sont pas
égaux presque partout & un ouvert (voir [61, exercice 3.6]). De plus, les quasi-ouverts peuvent étre
des ensembles trés irréguliers et étre d’intérieur vide, comme par exemple 'ensemble ]0, 1[2\ (U2
By, (z)) C R? ot (x)) est une suite dense de ]0, 1% et les rj, €]0, 1] sont tels que

+00 o too
anp(BTk () < 400 et Zm’% <1
k=1 k=1

Une conséquence de 'existence d’un représentant quasi-continu est que les quasi-ouverts sont
exactement les ensembles de sur-niveau de fonctions Sobolev. Précisément, cela signifie qu'un
ensemble  C R est un quasi-ouvert si et seulement s’il existe une fonction u € H'(RY) telle
que Q = {u > 0}.

Pour un ouvert  C R?, I’espace de Sobolev H}(f2) est défini comme I'adhérence de C2°(2)
pour la norme ||-|| 1, ot C2°(€2) désigne I'ensemble des fonctions de classe C*° qui sont & support
compact dans €. Il est possible d’étendre cette définition & tout ensemble E C R% en posant

H}(E) = {uEHl(Rd) cu=0 q.p.sur Rd\E}.
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Les deux définitions de I'espace H}(€) coincident pour les ouverts (voir, par exemple, [61,
Théoréme 3.3.42]). En fait, il est suffisant de se restreindre aux quasi-ouverts puisque pour tout
ensemble £ C R? il existe un quasi-ouvert Q C R? tel que cap(\ E) = 0 et H}(E) = H}(Q)
(voir [61, Proposition 3.3.44|).

Si € R? est un quasi-ouvert, alors nous prolongerons toujours les fonctions u € H&(Q) de
I'espace de Sobolev usuel par 0 sur R¢ \ © de sorte que, pour tout ouvert ou quasi-ouvert £,
H} () est vu comme un sous espace de H!(R%).

Pour tout quasi-ouvert Q C R?, I'espace Hg(€2) est un sous-espace fermé de H'(R?) et est
dense dans L?(Q). De plus, d’aprés le théoréme de Rellich-Kondrachov, linjection H(Q) —
L?(Q) est compacte pour tout quasi-ouvert borné Q@ € R? (ou, plus généralement, pour tout
quasi-ouvert de mesure de Lebesgue finie).

Pour deux quasi-ouverts 1, Qs C RY, H&(Ql) C H&(Qg) si et seulement si 1 C €y quasi-
partout. Par conséquent, si {2 est un quasi-ouvert de capacité non nulle alors il vient H& (Q) # {0}
(car Q ¢ () quasi-partout), et en particulier || > 0. Ainsi, pour tout quasi-ouvert Q C R
cap(€2) = 0 si et seulement si |2 = 0.

Si Q1,9 C R? sont deux quasi-ouverts tels que cap(1 N Q) =0et u € H&(Ql U y), alors
les restrictions ujg, et ujg, appartiennent respectivement aux espaces Hj(Q1) et Hj ().

Remarque 1.1.6. Une autre maniére de définir I’espace de Sobolev H&(E) pour tout ensemble
E c R% est de poser

HME) = {u c H'RY) : u=0 p.p. sur R?\ E} (1.1.2)

Cependant, cette définition ne coincide pas avec ’espace de Sobolev usuel H&(Q) pour les ou-
verts. En fait, pour tout quasi-ouvert ¢ R%, Vinclusion H} () C HA () est vérifice mais peut
étre stricte pour des ensembles peu réguliers. Notons toutefois que 'égalité H{ (Q) = FI&(Q) se
produit pour les ouverts ) a bord Lipschitzien.

1.1.3 Les valeurs propres d’opérateurs elliptiques

Nous exposons briévement la construction de 'opérateur elliptique L = — div(AV-)+V-V+b
avec condition de Dirichlet ainsi que certaines propriétés des valeurs propres de L sur un quasi-
ouvert @ C D, ot D C R? un ouvert borné (ou de mesure de Lebesgue finie). Dans cette
sous-section nous utiliserons les notations suivantes :

o A= (aij)ij: D — Sym;i|r posséde des coefficients a;; € L>°(D) mesurables bornés et vérifie

la condition d’ellipticité

d

MIEP <€A e = Z aij(z) &€&, pourtout z €D et £€RY
ij=1

pour un A, > 0 (Sym:lr désigne I'ensemble des matrices de taille d x d, symétriques, réelles
et définies positives) ;
e V € L®(D,RY) est un champ de vecteurs borné;

e bc L>®(D) est une fonction bornée;

e 7 > () est une constante telle que

laijllepy, [IVILe(pray, [bllLom) <7

Précisons que l'on écrit, de maniére un peu abusive, [|V|[ oo (p ray au lieu de || [V || oo (p ra),
ot |V] est la norme euclidienne de V.
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Pour un quasi-ouvert Q C D et f € L?(£2,C), on dit qu’une fonction complexe u est solution de
I’équation

Lu= —div(AVu) +V -Vu+bu=f dans Q, u€ H}(Q,C)

si I'équation est vérifice au sens des distributions, c’est-a-dire si u € H} (€, C) et
/ (AVu -Vo+V . -Vup+ bu@) dx = / f@dz, pour tout ¢ € Hi(Q,C).
Q Q

Soit B : H}(Q,C) x HE(Q,C) — C la forme sesquilinéaire associée a 'opérateur L et définie
pour toutes fonctions complexes u,v € H{ (€, C) par

B(u,v) = / (AVu-Vo+V - Vub + buv) da.
Q
Il existe une constante o = a(d, 7) > 0 telle que pour tout u,v € H3(2,C) on a
|[B(u,v)| < T/Q (@Vul [Vol + [Vul [o] + [ul [v]) dz < o|ull g2 o]l g

De plus, en utilisant que A est uniformément elliptique et I'inégalité 2ab < ca?+¢71b? (a, b, e > 0)
avec € = A\, /(27), il vient pour tout u € H} (£, C)

Re (B(u, ) ZAA/ |Vu|2dx—27/ IVl |u|da:—7'/ luf? da
Q Q Q
> (= 7) [ Valdo— (142 [ fuP de > Sl - clul?,
Q Q

pour une constante convenable ¢ = ¢(Ay,7) > 0. Puisque la forme bilinéaire B n’est a priori
pas coercive si ¢ # 0, on définit I'opérateur L. = L + ¢ ainsi que sa forme bilinéaire associée
Be(u,v) = B(u,v) + ¢ [ uv dz, qui vérifie pour tout u,v € Hj (€2, C)

e (continuité) | Be(u,v)| < [B(u,v)| + ¢ [q |ul [v| de < (4 ¢)||ull g Jv]| g,

o (coercivité) Re (B.(u,u)) = Re (B(u,u)) + c|lul| 2, > 28 |Jul|%,:.
Ainsi, d’aprés le théoréme de Lax-Milgram, pour tout f € L?(2,C) il existe un unique u €
H{(9,C) tel que Lou = f dans Q (car la forme linéaire ¢ — [, fo dz est continue sur L?(Q, C)
et donc aussi sur H'(Q, C)). Notons R : L*(,C) — L?*(2, C) la résolvante de L. définie par
R (f) = u. Cest un opérateur continu et compact car l'injection H{(Q,C) < L?(2,C) est
compacte. Puisque A € C est une valeur propre de L si et seulement si (A + ¢)~! est une valeur
propre de Réc, alors il suit du théoréme 1.A.3 que ’ensemble des valeurs propres de 'opérateur
L consistent ou bien en un nombre fini de nombres complexes, ou bien en une suite de nombres
complexes dont le module tend vers 4o0.

Néanmoins, il est remarquable de constater que la premiére valeur propre de 'opérateur L
sur un ouvert 2, que 'on notera A1 (£2, L) dans la suite, est en fait réelle. Dans le cas ot 2 et les
coefficients de L sont réguliers, nous avons le résultat suivant.

Théoréme 1.1.7. Soit Q C R% un ouvert connexe de classe C>® et supposons que les coefficients
de L sont dans C%%(Q). Alors A\;(Q, L) est réelle, simple et telle que u; > 0 dans Q; c'est
la seule valeur propre qui posséde une fonction propre de signe constant dans €. De plus,
A1(2, L) < Re(A) pour toute valeur propre A # A;(€2, L) de L dans €.

Ce résultat est une conséquence du théoréme de Krein-Rutman (voir par exemple [94, Theo-
rem 1.2]).
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Théoréme 1.1.8 (Krein-Rutman). Soient X un espace de Banach et K C X un cone (i.e. un
ensemble convexe, fermé tel que tK C K pour tout t > 0 et K N (—K) = {0}) et supposons
que lintérieur int(K) de K est non vide. Soit 7' : X — X un opérateur compact tel que
T(K \ {0}) C int(K). Alors
1. #(T) > 0, on r(T') désigne le rayon spectral de T. De plus, r(T') est une valeur propre
simple de T" avec un vecteur propre dans int(K) et c’est la seule valeur propre de T qui
posséde un vecteur propre dans int(K).

2. |A| < r(T') pour toute valeur propre A # r(T) de T

Le théoréme 1.1.7 se déduit du théoréme de Krein-Rutman en posant X = C’é’a(ﬁ), K =
{ue X :u>0dans Q} et T = RSL)C. Le fait que T est un opérateur dans X provient d’un
résultat de régularité elliptique (si f € Cg’a(ﬁ), alors la solution de L.u = f dans ) vérifie
u € Cg’a(ﬁ), voir [48, Theorem 6.14]), et I'hypothése T'(K \ {0}) C int(K) est vérifice grace
au principe du maximum fort. Notons qu’il existe une preuve différente du théoréme 1.1.7 qui
repose sur le théoréme de point fixe de Schaefer (voir [43, Theorem 3, §6.5.2]).

Dans [6], Berestycki, Nirenberg et Varadhan étendent ce résultat au cas des ouverts (2
connexes bornés (non réguliers) pour des solutions dans I/Vlicd(Q, C). Plus précisément, A € C est
une valeur propre de L dans €2 s’il existe une fonction propre u € VV@’S(Q, C), u # 0 et u bornée
telle Lu = Au dans © et uw = 0 sur 99 (voir [6, Section 3| pour la définition de la condition de
Dirichlet au bord). Ils définissent ensuite la valeur propre principale de L dans € par

M(Q, L) :sup{)\ ER: 3p e W2Q) tel que ¢>0 et — Lo+ Ap <0 dans Q} (1.1.3)

et montrent qu’elle posséde les propriétés suivantes (voir [6, Theorems 2.1 et 2.3|) :

Théoréme 1.1.9. Soient Q C R? un ouvert borné et connexe et L = —div(AV-) +V -V + b
tel que a;; € C(Q) et V,b € L*(Q).

1. Il existe une fonction propre uq : Q — R telle que uy € VVif(Q), pour tout p € [1,+00), et
Lu; = M\ (Q, L)u; dans £, u; =0 sur 0N et w1 >0 dans Q.

2. M(Q,L) < Re(\) pour toute valeur propre X # A1(Q2, L) de L dans Q. De plus, une
fonction propre réelle de L associée & A # A1(Q, L) change de signe dans €.

3. Toute fonction propre bornée associée a A1(2, L) est un multiple de u;.

4. La valeur propre principale est strictement décroissante par rapport & l'inclusion : pour
tous ouverts bornés connexes 2y, Qo tels que Q1 C Qg il vient A;(Q9, L) < A\1(24, L).

La preuve passe par un argument d’approximation ou ils montrent que A1 (€2, L) peut étre ob-
tenue comme la limite des valeurs propres principales sur une suite croissante d’ouverts réguliers
Q,, tels que Up,>1 2, = Q. Précisons qu’ils obtiennent aussi une caractérisation des domaines qui
possédent une valeur propre principale strictement positive. Plus précisément, ils montrent que
A1(£2,V) > 0 si et seulement si L vérifie une certaine version du principe du maximum dans (2
(voir |6, Theorem 1.1]). Enfin, mentionnons qu’une conséquence directe de 1'égalité (1.1.3) est
que la valeur propre principale est caractérisée par

A(Q,L) = sup inf —.
pew2d(@), ¢>0 ¢
Remarque 1.1.10. 1) Par un résultat classique de régularité elliptique (voir [48, Theorem 9.11])
les fonctions propres u € H& (Q)de L=—-A+V-V,V € L%, dans un ouvert borné {2 sont dans
Wlif(Q, C) pour tout p < oo, et sont bornées. En particulier, les deux définitions précédentes
des valeurs propres coincident pour cet opérateur.
2) Si Q est un ouvert borné et connexe, lisse (de classe C*%) et V € L™ alors le principe du
maximum est vérifié pour opérateur L = —A + V - V dans €. En conséquence, A1(€2, L) > 0.
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Dans la suite de cette sous-section nous supposons que V' = 0, ce qui correspond au cas ol
Vopérateur L = — div(AV:) + b est autoadjoint.

Commengons par rappeler I'inégalité de Poincaré. Pour tout quasi-ouvert 2 C D, il existe
une constante C'(Q) > 0 dépendant uniquement de 2 telle que, pour toute fonction u € H}(€2)

on a
/u2dx§C(Q)/ |Vul|? d.
Q Q

En particulier, les normes ||V |12 et ||-|| 1 sont équivalentes sur H¢ (). Notons que la constante
optimale dans l'inégalité de Poincaré est C'(2) = 1/A1(€2), ot A\1(€2) désigne la premiére valeur
propre du Laplacien de Dirichlet sur © (définie plus loin, voir (1.1.6)).

Soit B : H}(Q) x HE(Q) — R la forme bilinéaire (réelle) associée a 'opérateur L et définie
par

B(u,v) = / (AVu - Vv + bw) da.
Q

On pose ¢ = —infess;eq b(z) et on considére 'opérateur L. = L+ ¢ ainsi que sa forme bilinéaire
associée Be(u,v) = B(u,v) + ¢ [ uv dz, qui est continue et coercive puisque, par ellipticité de
A et 'inégalité de Poincaré, il vient

Be(u,u) > Aa /Q |Vul|* dz + /Q(b—i— c)u? dr > 1:\8(9)@”?{1
Par le théoréme Lax-Milgram, la résolvante RS : L2(Q) — L*(Q) de L., définie par R5(f) = u,
est un opérateur continu, positif, autoadjoint et compact. Par conséquent, d’aprés le théoréme
1.A.1, 'ensemble des valeurs propres de L dans () consiste en une suite de réels que ’on note
(en prenant en compte la multiplicité)

Les fonctions propres normalisés (pour la norme L?) associés aux valeurs propres A (€2, L), notés

ug € H} (), vérifient

Luk = /\k(Q, L) Uk dans 2
up =0 sur 0f).

et forment un systéme orthonormal de L2, c’est-a-dire

1 if i=j,
/uiuj da::(iij = . . .
Q 0 if 7#j.

On peut exprimer les valeurs propres a 'aide d’un principe min-max (aussi connu sous le nom
de formules de Courant-Fischer, voir [29]) de la fagon suivante

Me(Q, L) = min max Jo(AVe - Vv +be?) da

V' sous-espace de veV\{0} fQ v2dx ’
dimension k de H}(Q)

(1.1.4)

le minimum étant atteint par le sous-espace engendré par les k premiéres fonctions propres sur
Q). En particulier, la premiére valeur est variationellement caractérisée par

AV - bu?)d
ML) = min Jo(AVv - Vv +bv?) z
veHE (Q)\{0} Jov?da

Mentionnons maintenant quelques propriétés des valeurs propres et des fonctions propres. Dans
ce qui suit, I'hypothése b > 0 signifie que la preuve passe par le principe du maximum fort.
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e (monotonie) Les valeurs propres sont décroissantes par rapport a l'inclusion : pour tous
quasi-ouverts 21,9 C D et tout entier k > 1,

0 CQy = )\k(QQ,L) < )\k(Ql,L).

C’est une conséquence directe des formules min-max pour les valeurs propres. Notons que
la décroissante n’est pas stricte, puisque si {21 et {29 sont deux quasi-ouverts disjoints tels
que A1(Q1,L) = A\ (Qo, L), alors A1 (1 UQo, L) = A(Q, L). Par contre, on peut montrer
que si b > 0 et Q21,09 C D sont ouverts avec {2y connexe, alors il vient

Ql g Qg = )\k(Qg,L) < Ak(Ql,L).

e (spectre de 'union) Si ©1,Qs C D sont deux quasi-ouverts disjoints, alors ’ensemble des
valeurs propres sur €21 U {29 correspond & l'union des ensembles des valeurs propres sur )
et (g, en comptant les multiplicités. Ceci découle du fait que si u € H} (€23 U Qg) est une
valeur propre sur {1 U {2y, alors la restriction ujq, € HE (1) est une valeur propre sur ;.
En particulier, il vient

)\1(91 U o, L) = min{)\l(Ql, L), /\1(92, L)}

e (simplicité) Si b > 0, alors la premiére valeur propre d’un ouvert connexe est simple
(de multiplicité 1). L’hypothése de connexité est bien stir nécessaire. Si par exemple
A(Q1, L) = A (Q9,L) avec 1 et Qy deux ouverts connexes et disjoints, alors la pre-
miére valeur propre sur 2 = Q1 U Qs est de multiplicité 2 puisque A1(Q2, L) = A\ (21, L) =
A1(Q9, L).

e (signe de la premiére fonction propre) Si b > 0 et Q C D est ouvert, alors la premiére
fonction propre up est de signe constant sur chaque composante connexe )y de €2, c’est-
a~dire u; > 0 dans Qg ou u; = 0 dans Qp (quitte a changer u; en —uy). Ceci est une
conséquence de la caractérisation variationnelle de la premiére valeur propre et du principe
du maximum. Bien siir, si {2 est un ouvert connexe, alors les fonctions propres wuj associées
a A\p(Q, L), k > 2, changent de signe puisqu’elles sont orthogonales & u; pour le produit
scalaire de L?.

e (ensembles nodaux) La k-iéme fonction propre uj sur un ouvert connexe ) posséde au
plus k ensembles nodaux, les ensembles nodaux de uy, étant définis comme les composantes
connexes des ouverts {uy > 0} et {uy < 0}.

Remarque 1.1.11. Il est possible de définir de la méme maniére 'opérateur L sur l'espace
H}(Q) (voir (1.1.2)). Les valeurs propres de L sur £ pour cet espace, notées A, (€, L), vérifient
(€, L) < A\(92, L) puisque HY(Q) € HE(Q) (et que \p(€, L) est caractérisée par la formule
(1.1.4) avec H(Q) est remplacé par HA ().

Pour A = Id et b = 0 opérateur L correspond au Laplacien de Dirichlet L = —A. Les
valeurs propres du Laplacien, qui seront plus simplement notées A\, () = \¢(Q2, —A) (sauf dans
la section 1.3.2 o cette notation désignera les valeurs propres d’un autre opérateur), forment
une suite croissante de réels strictement positifs tendant vers 4+o0o et sont variationnellement
caractérisées par

Vol?d
A () = min max LZ‘:U (1.1.5)
V' sous-espace de veV\{0} fQ védx
dimension k de H}(Q)
et en particulier pour k =1
Voul?d
AM(©Q) = min Jo |Vol*da (1.1.6)

veH (N0} [qv?da
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Mentionnons enfin que les valeurs propres A\;(€2) du Laplacien sont invariantes par translation
et sont (—2)-homogénes, c’est-a-dire, pour tous x € R? et ¢ > 0,

Ml + @) = M), A1) = ().

1.1.4 La ~y-convergence

En optimisation de forme, les preuves d’existence s’obtiennent souvent en considérant une
topologie adéquate sur ’ensemble des formes et en utilisant des arguments de compacité et
de continuité pour la fonctionnelle considérée. Bien siir, il n’existe pas vraiment de topologie
naturelle sur les domaines de R, et la difficulté concernant le choix d’une bonne topologie
réside dans le fait qu’elle doit étre a la fois, la moins fine possible (c’est-a-dire contenant peu
d’ouverts) pour obtenir la compacité des suites minimisantes, et la plus fine possible pour obtenir
la semi-continuité inférieure de la fonctionnelle. La topologie qui nous intéressera est celle de la
~v-convergence, qui est définie sur les quasi-ouverts et qui exprime, par définition, la continuité
de la solution du probléme de Dirichlet par rapport au domaine. Fixons comme précédemment
un ouvert borné D C RY. Pour un quasi-ouvert @ C D, notons wq = RS_ZA(l) la solution de
I’équation

—Awg =1 dans €, wo € HY(Q).
La fonction wq, habituellement appelée fonction torsion, posséde les propriétés suivantes : pour
tout quasi-ouvert 2 C D,

1. il existe une constante dimensionnelle Cy > 0 telle que
d+2
IVwollz2 < Cal@20 et [lwgllze < CalQ7".

La premiére inégalité se déduit facilement de 'inégalité de Gagliardo-Nirenberg-Sobolev,
et on pourra se référer a [89, Corollary 3.52] pour la deuxiéme.

2. HY(Q) = Hi({wq > 0}) et, en particulier, Q = {wq > 0} (4 un ensemble de capacité
nulle pres). Cette propriété peut étre vue comme une version du principe du maximum
fort (voir [89, Proposition 3.72|).

Définition 1.1.12. On dit qu’une suite de quasi-ouverts (£2,,)n>1 contenus dans D 7-converge
vers un quasi-ouvert 2 C D si la suite wq, converge dans L?(D) vers wq.

Remarque 1.1.13. 1) Si wgq, converge dans L?(D) vers wq, alors wq,, f = R(_Zf(f) converge
fortement dans H{(D) vers wq s := Rg™(f) pour tout f € L?(D) (voir [61, Théoréme 3.2.5]).
En particulier, il est possible de supposer dans la définition 1.1.12 que la convergence est forte
dans H'(D).

2) La ~-convergence est métrisable sur 'ensemble des quasi-ouverts, si on munit par exemple
cet ensemble de la distance définie pour tous quasi-ouverts 21,9 C D par

dy (2, Qo) = [wa, — wayllr2(p)-

3) La v-convergence n’est pas compacte sur ’ensemble des quasi-ouverts. Dans [27], Cio-
ranescu et Murat définissent une suite d’ouverts (réguliers) (£2,,),>1 en perforant un ouvert D
avec des boules périodiquement distribuées et de méme rayon r,, > 0. En choisissant r, — 0
de maniére convenable, ils montrent que la suite wgq, converge faiblement dans H} (D) vers une
limite w € Hol(D) qui est solution du probléme

—Aw+cw=1 dans D, w € HY (D),

pour une certaine constante ¢ > 0. En particulier, ceci montre qu’aucune sous-suite de (€2,,)n>1
ne peut «y-converger vers un quasi-ouvert 2 C D.
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4) Le compactifié de ’ensemble des quasi-ouverts contenus dans D pour la vy-convergence
correspond a l’ensemble des mesures, dites capacitaires, qui sont boréliennes, positives et ab-
solument continues par rapport a la capacité. Ce résultat est dit & Dal Maso et Mosco (voir
[30]).

La ~-convergence est caractérisée par la convergence des résolvantes du Laplacien pour la
topologie uniforme d’opérateur (voir [61, Lemme 4.7.3|).

Théoréme 1.1.14. Soient (£2,),>1 une suite de quasi-ouverts inclus dans D et  C D un
quasi-ouvert. Les assertions suivantes sont équivalentes :

1. La suite (£2,,)n>1 7y-converge vers §.

2. Pour toute suite (f,,)n>1 C L?(D) qui converge faiblement dans L?(D) vers f € L?(D), la
suite (Rf_zf(f"))nx converge vers RS_ZA(f) dans L2(D).

3. Lasuite d’opérateurs (Rs_)nA) C L(L?(D)) converge vers REZA pour la norme d’opérateur

n>1
|l zcz2(py)-

La continuité des valeurs propres du Laplacien par rapport a la «-convergence est alors une
conséquence de la continuité du spectre d’opérateurs autoadjoints pour la convergence en norme
d’opérateur (voir Théoréme 1.A.2 en annexe).

Corollaire 1.1.15. Pour tout k£ > 1, la fonctionnelle Q +— A, (£2) définie sur 'ensemble des quasi-
ouverts inclus dans D est continue par rapport a la y-convergence. Précisément, si (2,)p>1 C D
est une suite de quasi-ouverts qui y-converge vers un quasi-ouvert 2 C D, alors pour tout k£ > 1

() = ngrfoo Ak ().

Précisons que si = ) (ou, de maniére équivalente, si ) est un quasi-ouvert de capacité
nulle), alors Hg(Q2) = {0} et par conséquent \,(£2) n’est pas bien définie. I est alors naturel
de poser A\p(Q2) = +oo pour © = (), de sorte que lapplication Q — A\ (2) est effectivement
continue (pour la vy-convergence) dans tous les cas, y compris celui ou (€2,,),>1 est une suite de
quasi-ouverts qui converge vers un quasi-ouvert ¢} de capacité nulle.

En vue d’obtenir un résultat d’existence, il est naturel de considérer une topologie plus faible
que celle de la y-convergence afin d’obtenir un résultat de compacité pour les suites minimisantes.

Définition 1.1.16. On dit qu’une suite de quasi-ouverts (£2,,),>1 contenus dans D ~y-converge
faiblement vers un quasi-ouvert 2 C D si la suite wgq, converge dans L?(D) vers une fonction
w € HY(D) telle que Q = {wq > 0}.

Remarque 1.1.17. 1) La fonction w € H}(2) de la définition 1.1.16 ne coincide en général pas
avec wq puisque la vy-convergence n’est pas compacte. En fait, ceci se produit seulement si la
suite (2, )n>1 y-converge vers €.

2) La ~-convergence faible est compacte sur I'ensemble des quasi-ouverts inclus dans D. En
effet, la suite wg, est bornée dans H}(D) et donc, & une sous-suite prés, converge faiblement
dans H{ (D) et fortement dans L?(D) vers une fonction w € H}(D). Ainsi la suite (Qy)n>1
~-converge faiblement vers le quasi-ouvert 2 défini par 2 := {w > 0}.

3) La mesure de Lebesgue est semi-continue inférieurement par rapport a la convergence
faible, c’est-a-dire, si (2,)n>1 est une suite de quais-ouverts inclus dans D qui y-converge fai-
blement vers un quasi-ouvert Q C D, alors || < %gl _’l_glg |2,

Le prochain lemme énonce qu’il est possible, a partir d’une suite (£2,),>1 qui y-converge
faiblement vers un quasi-ouvert, d’obtenir une suite qui ~-converge vers la méme limite en
agrandissant les quasi-ouverts 2, (voir, par exemple [61, Lemme 4.7.11] ou [20, Lemma 4.10]
pour une preuve).
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Lemme 1.1.18. Soit (£2,,)n>1 une suite de quasi-ouverts inclus dans D qui y-converge faiblement
vers un quasi-ouvert Q C D. Alors il existe une sous-suite de (£2;,),>1, encore notée (2,)p>1, et

une suite (2,,)p>1 de quasi-ouverts qui y-converge vers 2 avec 2, C Q, C D.

En conséquence du Corollaire 1.1.15 et du Lemme 1.1.18, les valeurs propres du Laplacien
sont semi-continues inférieurement par rapport a la y-convergence faible.

Corollaire 1.1.19. Pour tout k£ > 1, la fonctionnelle  — A, (€2) définie sur 'ensemble des
quasi-ouverts inclus dans D est semi-continue inférieurement par rapport a la ~y-convergence
faible, c’est-a-dire, si (2,)n>1 C D ~y-converge faiblement vers Q@ C D, alors

n—-+o0o

Il découle aussi du Lemme 1.1.18 que la semi-continuité inférieure par rapport a la -
convergence et par rapport a la y-convergence faible coincident pour les fonctionnelles décrois-
santes par rapport a I'inclusion. Ainsi, la «-convergence faible étant compacte, il s’en déduit le
théoréeme d’existence suivant, di a Buttazzo et Dal Maso (voir [21]).

Théoréme 1.1.20 (Buttazzo-Dal Maso). Soient D C R? un ouvert borné et 0 < m < |D|. Soit
F une fonctionnelle réelle définie sur les quasi-ouverts qui est
e décroissante par rapport a I'inclusion,

e semi-continue inférieurement par rapport a la y-convergence.

Alors le probléme d’optimisation
min {F(2) : Q C D quasi-ouvert, || < m} (1.1.7)
a une solution.

Preuve. Soit (£,),>1 une suite minimisante pour (1.1.7). A une sous-suite prés, (2,,),>1 y-converge
faiblement vers un quasi-ouvert  C D et, par la Remarque 1.1.17 3), il suit que |©2] < m. De
plus, la suite (Qn)n21 donnée par le Lemme 1.1.18 ~-converge vers (2 et vérifie Q, C Q,, de
sorte qu’il vient

F(Q) < lim F(Q,) < lim F(Q,).

n—-4o00 n—400o

O]

Remarque 1.1.21. Dans le Théoréme 1.1.7, la contrainte sur le volume peut étre remplacée
par |2| = m puisqu’en agrandissant {2 la fonctionnelle décroit.

Terminons cette section avec un résultat d’existence concernant les valeurs propres du Lapla-
cien qui est une conséquence immédiate du théoréme de Buttazzo et Dal Maso 1.1.20, les valeurs
propres étant décroissantes par rapport a l'inclusion (formules de Courant-Fischer (1.1.5)) et
continues par rapport a la y-convergence (Corollaire 1.1.15).

Théoréme 1.1.22. Soient D C R? un ouvert borné et 0 < m < |D|. Soit F : R¥ — R une
fonctionnelle croissante et semi-continue inférieurement en chaque variable. Alors le probléme
d’optimisation

min {F(A1(2), A2(2),...,  \(2)) : Q C D quasi-ouvert, || =m} (1.1.8)

a une solution.
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Remarque 1.1.23. 1) Le caractére borné de la boite D dans le théoréme 1.1.22 est une hy-
pothése cruciale. Si D n’est pas bornée, alors I'injection H}(D) — L?(D) n’est plus compacte
et un phénoméne de perte de «masse »4 l’infini peut se produire comme le montre I'exemple
suivant. Le probléme

min{A(Q) : QC D,|Q| =7} (1.1.9)
ot D C R? est la boite définie par

1 1
D:{(x,y)6(1,+oo)><R : x—1<y<1—$},

n’a pas de solution. En effet, les ensembles optimaux pour la premiére valeur propre parmi les
ouverts de R? de mesure 7 sont exactement les boules de rayon 1 (d’aprés I'inégalité de Faber-
Krahn, voir Théoréme 1.2.1 plus loin) et ne sont pas contenus dans D. Or, en notant x,, = (n,0)
et r, le plus grand rayon tel que B, (x,) C D, on obtient une suite minimisante pour (1.1.9)
qui converge vers A\ (By), puisque 7, — 1 et donc A\1(B,, (z,,)) = r2\1(B1) — A1(B1).

2) La preuve du théoréme 1.1.22 repose aussi fortement sur la monotonie de la fonctionnelle,
mais nous ne savons pas encore si cette hypothése est nécessaire. Précisons toutefois que pour
une fonctionnelle ne faisant intervenir que A1 et A9, 'existence d’une forme optimale peut étre
obtenue sans cette hypothése (en supposant seulement, en plus de la semi-continuité inférieure,
que F tend vers +oo a U'infini, voir [13, Section 6.4]).

3) Il existe une preuve différente du théoréme 1.1.22 qui ne passe pas par la y-convergence
et qui repose sur l'utilisation de la formule min-max pour les valeurs propres (voir |57, Section

2.3]).

1.2 La valeur propre principale d’un opérateur elliptique

Dans cette section nous présentons les résultats des chapitres 2 et 3 qui correspondent aux
articles [84] et [85] respectivement. Nous commengons par énoncer 'inégalité de Faber-Krahn
ainsi qu'une extension de ce résultat & des opérateurs elliptiques non symétriques plus généraux
que 'opérateur avec un terme de transport que nous considérons par la suite. Nous présentons
ensuite des résultats d’existence concernant des problémes de minimisation pour la valeur propre
principale d’un opérateur avec un terme de transport sous des contraintes de volume et d’inclu-
sion. La régularité des ensembles optimaux quand le terme de transport est le gradient d’une
fonction lipschitzienne est aussi abordée, et nous présentons au préalable quelques résultats de
régularité qui ont inspiré ce travail. Enfin, nous terminons avec un résultat de régularité en
dimension deux pour un probléme a plusieurs phases qui fait intervenir les valeurs propres du
Laplacien de Dirichlet.

1.2.1 Inégalité de Faber-Krahn

Pour la premiére valeur propre du Laplacien de Dirichlet dans un domaine borné de R¢, il
est bien connu que les minimiseurs & une mesure du domaine fixée sont des boules. Ce résultat,
appelé inégalité de Faber-Krahn, a d’abord été conjecturé par Lord Rayleigh pour d = 2 dans
[83] (premiére édition en 1877), puis prouvé pour d = 2 indépendamment par Faber ([45]) en
1923 et Krahn (|68]) en 1925, et ensuite pour d > 2 par Krahn ([69]) en 1926.

Théoréme 1.2.1 (Faber-Krahn). Soit m > 0. La boule Q* C R? centrée en 0 et de volume m
est solution du probléeme

min {)\1((2) . c RY ouvert, | = m} . (1.2.1)

De plus, Q* est I'unique minimiseur pour (1.2.1) & translation prés (et & un ensemble de capacité
nulle preés).
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La preuve repose sur la caractérisation variationnelle de la premiére valeur propre et sur
I'utilisation d’un réarrangement, dit de Schwarz, qui fait décroitre le quotient de Rayleigh. Pour
un ouvert borné  C R? et une fonction positive u € H}(9), le réarrangement de Schwarz u*
de u est défini par

u*(z) =sup{ce Ry : z € Qc)"},

ou Qc) ={z € Q : u(z) > c} et on O, Q(c)* sont les boules centrées en 0 de méme volume
que et Q(c) respectivement. Précisons qu’en désignant par p(c) le rayon de la boule Q(c)*,
la fonction p : R — Ry est décroissante, et que si la décroissance de p est stricte alors il vient
u*(z) = p~1(]z|) pour tout x € Q. Il est possible de montrer que u* € H(Q*), et que u* est
radiale décroissante et vérifie

w2y = lullrz@) et IVU™[lr2@x) < IVull2q)-

Si maintenant u € Hg () désigne la premiére fonction propre du Laplacien sur €2, alors il vient
en utilisant (1.1.6)

(@) < Jo- [Vu*? da < Jo IVul?dz
Jo (u)? da Jou?dz
Dans [51]|, Hamel, Nadirashvili et Russ prouvent une inégalité de type Faber-Krahn pour un

opérateur de la forme — div(AV-)+V-V+c avec condition de Dirichlet, ott A : R? — Sym? vérifie

une condition d’ellipticité et est & coefficients dans WH°(R?), V € L®(R% R?) et ¢ € L>®(RY).

La principale difficulté est que 'opérateur n’est pas symétrique pour V # 0, et par conséquent

qu’il n’existe pas de caractérisation variationnelle pour la premiére valeur propre. Etant donné

que nous considérerons dans la suite l'opérateur avec terme de transport L = —A 4+ V -V (voir
sous-sections 1.2.2 et 1.2.4), nous n’énongons ici leur résultat que pour cet opérateur (voir aussi

[52] et [50]). Nous noterons souvent A;(€2, V) (au lieu de A1 (€2, L)) la premiére valeur propre de

L dans () afin de faire apparaitre la dépendance par rapport au terme de transport V.

= ().

Théoréme 1.2.2. Soient m, 7 > 0. Notons C I'ensemble des ouverts de R% qui sont bornés,
connexes et de classe C%“ pour un « € (0, 1). Alors le probléme

min {)\1(9, V) : QeC, [ =m, Ve L®RLRY, |V~ < T} : (1.2.2)

a une solution (Q*,V*), oit Q* est la boule centrée en 0 de volume m et V* € L>®°(R? R?) est

défini par V*(z) = Tﬁ. De plus, le couple (2*,V*) est unique a translation prés, c’est-a-dire,

pour tout couple (2, V) minimisant (1.2.2), il existe zg € R? tel que (Q, V) = (wo+Q*, 72220,

|z—z0|

La preuve de ce résultat repose sur un réarrangement sphérique différent de celui de Schwarz
qui permet, en utilisant I'inégalité isopérimétrique, d’obtenir une inégalité différentielle ponc-
tuelle comparant la premiére fonction propre sur 2 avec sa fonction réarrangée sur 2*. Hamel,
Nadirashvili et Russ montrent dans un premier temps, essentiellement grace au principe du
maximum et au lemme de Hopf, que pour 2 € C fixé le minimum

A(Q,7) := min {)\1(9, V) : Ve L®(QRY, ||V~ < T}

est atteint par un (unique) V € L>®(Q, R?) donné par

V(z) = —T% si Vu(z) #0 et V(z) =0 si Vu(z) =0, (1.2.3)

ot u € C*%(Q) est la fonction propre principale sur Q associée a V. Notons que u est alors
solution de I’équation non linéaire

—Au —7|Vu| = A(Q,7)u  dans €, u € H(Q).



25 1.2. La valeur propre principale d’un opérateur elliptique

Ainsi, le théoréme 1.2.2 se réduit a prouver I'inégalité A(2*, 7) < A(£2, 7). Pour cela, commengons
par préciser d’une part, que leur stratégie ne s’applique pas & la fonction u, qui n’est pas suffi-
samment réguliére, mais a une approximation analytique de u et d’autre part, que les égalités
suivantes pour x € 2* ne sont en fait valables qu’en dehors d’un nombre fini de sphéres centrées
en 0. Les auteurs de [51] définissent alors le réarrangement de w comme étant la fonction radiale
décroissante 7 € HE(Q*) qui s’annule sur 9Q* et qui vérifie, pour tout 0 < ¢ < ||u| e,

Au(z)dr = Au(x) dzx.
By(e) Q(e)

Ils montrent ensuite que @ vérifie les deux propriétés clés suivantes :

e Pour tout x € Q*, il existe y € Q vérifiant u(y) = p~*(|x]) et tel que, pour tout & > 0,
Au(y) + (1 +¢)|[Vu(y)| < Au(z) + (1 + &) |Va(z).

e Pour tout = € O, a(z) > p~!(|z|) (le réarrangement 7 est supérieur & celui de Schwarz).

Ainsi, pour tout z € Q* et tout € > 0 ils obtiennent I'inégalité suivante
—Au(z) — (1 +¢)|Vu(z)] < (MR, 7) +e)uly) < (A€, 7) + &)u(),

a partir de laquelle ils prouvent que A(2*,74¢) < A(Q2, 7) + ¢ et concluent en passant a la limite
e —=0.

Récemment, un résultat de type Faber-Krahn a été obtenu dans le cadre des variétés Rie-
manniennes par Lamboley et Sicbaldi (voir 73| et Théoréme 1.2.10 plus loin).

Mentionnons aussi que des inégalités de Faber-Krahn ont été prouvées pour des conditions
de Robin (voir, par exemple, [31] pour le Laplacien et [15] pour le p-Laplacien). Enfin, il existe
également un résultat analogue concernant la maximisation de la deuxiéme valeur propre du
Laplacien avec condition de Neumann (voir par exemple la section 7.1.2 du livre [56]).

1.2.2 Existence d’une forme optimale pour un opérateur avec un terme de
transport et avec une condition de boite

Les résultats présentés dans cette section correspondent & la premiére partie du chapitre 2 et
ont été obtenus dans [84] en collaboration avec Emmanuel Russ et Bozhidar Velichkov.

Cette sous-section est consacrée & l'existence de formes optimales pour des problémes de
minimisation de la premiére valeur propre A;(£2, V') de lopérateur L = —A 4+ V -V, ou le terme
de transport V € L est borné, avec des contraintes de volume et d’inclusion.

La premiére étape consiste a définir la valeur propre principale de I'opérateur L sur un
quasi-ouvert 2. En effet, les valeurs propres de I'opérateur L sont complexes puisque L n’est pas
autoadjoint, de sorte qu’il n’existe pas a priori de définition naturelle pour la premiére valeur
propre. Néanmoins, nous montrons qu’il existe une valeur propre réelle A1 (€2, V') de L sur Q, que
nous appelons valeur propre principale, qui a la propriété d’étre plus petite que la partie réelle de
n’importe quelle autre valeur propre de L. Pour un ouvert connexe, ’existence d’une telle valeur
propre a été démontrée par Berestycki, Nirenberg et Varadhan dans [6] (voir aussi Théoréme
1.1.9), et nous montrons qu’il est possible d’étendre leur définition aux quasi-ouverts. Une fois
la premiére valeur propre A\ (€2, V') bien définie, nous considérons le probléme non variationnel
suivant

min {\(Q,V) : Q C D quasi-ouvert, | <m, ||V~ <7}, (1.2.4)

ot la boite D C R? est un ouvert borné.
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Théoréme 1.2.3. Soient D C R? un ouvert borné, 0 < m < |D| et 7 > 0. Alors le probléme
d’optimisation (1.2.4) a une solution (Q*, V*), ot Q* C D est un quasi-ouvert et V* € L>(D, R%)
est donné par

Vu(z) . )
Vix) = —T—=—= si |[Vu(z)|#0; V¥x)=0 si |Vu(z)|=0, (1.2.5)
[Vu(z)]
o u est la fonction propre de L = —A + V* -V dans Q* associée a la valeur propre A\ (2%, V*).

L’existence d’'un minimiseur quand le terme de transport V est fixé, ainsi que quand V' varie
uniquement parmi les champs de vecteurs qui sont le gradient d’une fonction lipschitzienne, est
aussi prouvée.

Définition de la valeur propre principale sur un quasi-ouvert

Rappelons la définition donnée dans [6] (et déja énoncée en (1.1.3)) de la premiére valeur
propre de L sur un ouvert connexe ) C D,

Al(Q,V):sup{)\E]R : 3¢ € W2AQ) tel que ¢ >0 et — Lo+ Mg <0 dans Q}

Si 2 C D posséde un nombre fini de composantes connexes, alors la premiére valeur propre sur
Q correspond & la premiére valeur propre d’une des composantes connexes de ). Ainsi, pour un
ouvert Q C D, il est classique de poser A;1(€2, V) = inf A;(€Q,, V), ot 'infimum porte sur toutes
les composantes connexes de ). De plus, en vue d’obtenir une valeur propre décroissante par
rapport a l'inclusion, il est naturel de définir pour tout quasi-ouvert Q C D

A1(Q, V) :=sup {)\1(@, V) : Qouvert, Q Cc QC D}. (1.2.6)

Avec cette définition, nous montrons que la plupart des propriétés de la valeur propre principale
sur un ouvert restent vraies pour un quasi-ouvert Q C D :

10 < Ai(Q,V) < +oosi Q #0.
2. A1(£2, V) est une valeur propre de L dans (2, associée a une fonction propre réelle u € H}(€2).

3. A1(Q,V) < Re(\) pour toute valeur propre A € C de L dans Q.

Précisons les idées principales de la preuve. Pour cela, considérons une suite d’ouverts (Q2p)n>1
maximisante pour (1.2.6), c’est-a-dire telle que Q C Q,, C D et A\1(Q, V) = limy, 400 A1 (2, V).
Sans perte de généralité, il est possible de supposer que (£2;,),,>1 y-converge vers 2. Pour 1), nous
montrons que si la suite A;(€,, V) diverge, alors la suite des premiéres valeurs propres A1(2,)
du Laplacien sur §,, diverge aussi, de sorte que A\ (Q) = +oo et donc Q = (). Pour 2) et 3), le
point clé est d’appliquer le théoréme 1.1.9 a €, et de montrer que le théoréme 1.1.14 s’étend a
l'opérateur L. = L + ¢, de sorte que Réz converge en norme vers Réc. Puisque la suite (uy,)n>1
des fonctions propres de L dans €, est uniformément bornée dans H& (D), elle converge, a une
sous-suite prés, faiblement dans Hg (D) et fortement dans L?(D) vers une fonction u € HE (D),
qui est une fonction propre de L dans 2 associée a \1(£2, V') car

u= lim u, = lim (A (2, V) + )R (un) = (M(Q,V) + ¢) R (u).

Le point 3) découle de la continuité du spectre d’opérateurs compacts pour la convergence en
norme d’opérateur (puisque Ré; converge vers Rég).

Enfin, il est possible de montrer que I'application Q — A\1(£2, V') est continue par rapport a
la y-convergence (en posant A\1(£2,V) = 400 si Q = (). Puisqu’elle est aussi décroissante par
rapport a l'inclusion, 'existence d’un minimiseur au probléme avec V € L®°(D,R?) fixé

min {A\; (2, V) : Q C D quasi-ouvert, || <m}

est une conséquence immédiate du théoréme 1.1.20.
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Existence d’une forme optimale pour la valeur propre principale

La preuve du théoréme (1.2.4) nécessite de considérer au préalable le probléme d’optimisation
ol la forme (2 est fixée.

Théoréme 1.2.4. Soient 2 C D un quasi-ouvert et 7 > 0. Alors le probléme
min {\(Q,V) : V€ L¥QRY, V= <7}

a une solution V, € L*(Q, D), ou V; est donné par (1.2.5).

L’idée est d’approcher §2 par une suite d’ouverts lisses (€2,,)n>1 qui y-converge vers 2. Préci-
sons qu’une telle suite existe (voir Lemme 2.2.6), mais qu’il n’est alors pas possible de supposer
que  C €, (voir Remarque 2.2.7 pour un contre-exemple). Puisque €, est un ouvert lisse, le
terme de transport optimal sur €2, est connu (voir [52] et (1.2.1)) et est donné par

Vuy, ()

Vo) = =T, @)

si |[Vup(x)| #0; Va(x) =0 si |[Vuy(x)] =0,

ol uy, désigne la fonction propre de L = —A+V,, -V dans 2, associée a A1 (2, V,,). Il s’agit alors
de montrer, & Paide du théoréme 1.1.14, que la suite (uy),>1 converge fortement dans Hg (D)
vers une fonction u € Hg (D), puis que u est une fonction propre dans €2 associée a A (€2, Vi).
Précisons qu'une difficulté vient du fait que la limite faible dans L?(D) de V;, - Vu, = —7|Vu,|,
qui existe puisque, & une sous-suite prés, u, converge faiblement dans H&(D), n’est a priori pas
égale & —7|Vul.

Nous sommes maintenant en mesure de prouver le théoréme 1.2.3. Pour cela, considérons une
suite minimisante (,, Vi,)n>1 pour (1.2.4). A une sous-suite prés, (€,,),>1 7-converge faiblement
vers un quasi-ouvert 2 C D, et soit (Qn)nzl une suite qui y-converge vers € et telle que €, C Qn
(Lemme 1.1.18). En notant V,, le terme de transport optimal sur €, (Théoréme 1.2.4), il vient

0< )q(fln, f/n) < )\1(Qn, Vi) < A1(Q, Vi) pour tout n > 1.

Par suite, A;(Qy,V,) converge (quitte a extraire une sous-suite) vers une limite X telle que
2 < limy, 400 A1(2p, Vi), de sorte que, pour prouver le théoréme 1.2.3, il suffit de montrer que
X est une valeur propre de L sur €2, ce qui peut étre vérifié grace au théoréme 1.1.14.

La preuve de 'existence d’un minimiseur est plus aisée quand le terme de transport V est
le gradient d'une fonction lipschitzienne ® € W1°°(D). Dans ce cas, 'opérateur est autoadjoint
pour la mesure e~ ®dz puisqu’il peut s’écrire sous la forme L = —e®div (e_‘bv-), de sorte que la
premiére valeur propre est variationnellement caractérisée par

—P \V4 2 d
AM(Q,VP) =  min Jpe ?IVul da
weH (N0} [p e Puldx

(1.2.7)

Théoréme 1.2.5. Soient D C R? un ouvert borné, 0 < m < |D| et 7 > 0. Alors le probléme
min {\ (2, V®) : Q C D quasi-ouvert, [Q| <m, & € W'°(D), |[V®|~ <7}. (1.2.8)
a une solution.

C’est une conséquence de (1.2.7). En effet, soit (€2, ®;),>1 une suite minimisante pour
(1.2.8) et uy, la fonction propre de —A + V®,, - V sur Q,, associée a A\1(Qy,, ®,). A une sous-
suite prés, ®, converge uniformément dans D vers une fonction ® € W% (D) (en supposant
®,,(r9) = 0 pour un z¢ € D), et u,, converge faiblement dans H{ (D) et fortement dans L?(D)
vers une fonction u € HE (D). Ainsi, pour  := {u > 0} il vient

[pe | Vul? da < i inf [p e | Vu,|? do

A (Q,P) <
1(8,2) < Jpe Pu?dx n—oo  [pe P2 dx

= liminf Ay (Q,, ®,,).
n—oo
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1.2.3 Reésultats de régularité

Nous rappelons briévement quelques théorémes de régularité concernant les minimiseurs de la
premiére valeur propre du Laplacien de Dirichlet. Le premier résultat d & Briancon, Hayouni et
Pierre concerne 'existence d’un minimiseur ouvert dans une boite (voir [10]). Précisons que 1'on
dira que deux ensembles mesurables €,y C R% sont égaux presque partout si leur différence
symétrique est de mesure nulle, c’est a dire si |21 AQs| = 0. nulle

Théoréme 1.2.6. Soient D C RY un ouvert connexe et borné, et 0 < m < |D|. Alors, toute
solution €* au probléme

min {\(2) : Q C D quasi-ouvert, |2 <m}, (1.2.9)

est égale presque partout & un ouvert. De plus, la premiére fonction propre sur 2* est localement
lipschitzienne dans D.

Rappelons que U'existence (parmi les quasi-ouverts) d’un minimiseur pour (1.2.9) provient du
théoréme de Buttazzo et Dal Maso (Théoréme 1.1.22). Bien siir, si u désigne la premiére fonction
propre sur un ensemble optimal Q* pour (1.2.9), alors , := {u > 0} est aussi une solution de
(1.2.9) et est un ouvert puisque u est continue. Ainsi le théoréme 1.2.6 fournit 'existence d’un
minimiseur au probléme

min {A\;(Q) : Q C D ouvert, |Q] <m}. (1.2.10)

La preuve de [10] s’inspire des travaux d’Alt, Caffarelli et Friedman dans |2, 3]. En vue de
montrer qu’'une fonction (positive) w est lipschitzienne, il s’avére que le point clé est d’obtenir
une borne uniforme pour la quantité %faBr(xo) wdH* 1. Par exemple, si u est est harmonique
dans B, (xg), alors une telle borne implique que u est lipschitzienne puisque, en appliquant la
formule de la moyenne a d;u (qui est aussi harmonique dans B, (zg)) et en intégrant par parties,
il vient [ju(zo)| = | fBr( 20) Oith dHY < gfa By (o) udH!. Pour la premiére fonction propre u
sur Q% Iidée est d’utiliser la formule (ot Au est vu comme une mesure)

][ wdH — u(zg) = 1/ s' 74 Au(Bs(x0)) ds, (1.2.11)
9B, (w0) dwq Jy

qui s’obtient essentiellement en dérivant r +— JCB B (z0) ¥ dH* 1, et ensuite de prouver I'estimation

|Au|(B,(z0)) < Cr?=! pour tout 29 € D tel que u(zg) = 0. Cest cette estimation qui repose
sur le fait que u est solution d’un probléme a frontiére libre puisque Q* est solution de (1.2.9).
Précisons que dans [10], les auteurs traitent aussi le cas des minimiseurs de I’énergie de Dirichlet
qui ne sont pas de signe constant, et pour lesquels la preuve est par conséquent plus délicate et
utilise en particulier par la formule de monotonie d’Alt-Caffarelli-Friedmann (voir [3]). De plus,
ils montrent qu’une conséquence de la caractérisation de la premiére valeur propre est que les
minimiseurs Q* pour (1.2.9) saturent la contrainte, au sens ou |Q2*| = m.

Remarque 1.2.7 (Sur la connexité de la boite). Si D n’est pas connexe, alors il est possible
que les minimiseurs Q* pour (1.2.9) vérifient |Q2*| < m. Dans ce cas, les minimiseurs ne sont ni
ouverts ni réguliers en général puisque tout quasi-ouvert Q** tel que Q* C Q** C D et |Q*| =m
est encore solution de (1.2.9). Ce phénoméne se produit, par exemple, si D = Dy U Dy C R?
est 'union de deux boules disjointes de rayons r1 < r9 et si |D1| < m < |Ds|, puisqu’alors,
la premiére fonction propre u sur un ensemble optimal étant de signe constant sur chaque
composante connexe de D, il vient Q, = Ds.

La régularité de la frontiére libre d’un ensemble optimal pour le probléme (1.2.10) a ensuite
été étudiée par Briangon et Lamboley dans [11]. Ils obtiennent le résultat suivant.
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Théoréme 1.2.8. Soient D C RY un ouvert borné et connexe, et 0 < m < |D|. Alors toute
solution Q* au probléme (1.2.10) vérifie :

1. QF est de périmétre fini et
HEL (90 \ 97 Q) = 0, (1.2.12)
ou 9*Q* désigne le bord réduit de Q*.
2. Le bord réduit 9*Q* est analytique.
3. Si d =2, alors la frontiére libre 9Q* N D est analytique.

La principale difficulté concernant ce probléme est de traiter la contrainte de mesure et de
montrer que la premiére fonction propre u sur £2* minimise localement une certaine fonctionnelle
pénalisée (ce qui sera aussi le cas du probléme considéré dans la sous-section 1.2.4). Ils montrent
ensuite que pour un certain multiplicateur de Lagrange A, > 0, u est une solution faible d’un
probléme a frontiére libre (en un sens défini dans [2]), ce qui signifie en particulier que u satisfait
I’équation

A+ A (Q)u = /A, HET 00
au sens des distributions, ot H9~1|9Q* désigne la restriction de la mesure de Hausdorff (d —1)-
dimensionnelle & 9Q*. Ils appliquent ensuite les résultats de régularité obtenus dans [2| pour de
telles solutions faibles. Précisons qu’ils montrent aussi des bornes uniformes sur la densité de 2*
aux points de la frontiére libre 90Q*. Ainsi, I'estimation de ’ensemble singulier (1.2.12) est une
conséquence du théoréme de Federer pour les ensembles de périmétre fini (voir, par exemple,
[74, Theorem 16.2|).

Remarque 1.2.9. Si la boite D posséde une boule B C D de volume |B| = m, alors B est une
solution de (1.2.10) par 'inégalité de Faber-Krahn (Théoréme 1.2.1).

Récemment, Lamboley et Sicbaldi ont prouvé dans le cadre des variétés Riemanniennes
un résultat d’existence et de régularité pour les minimiseurs de la premiére valeur propre de
l'opérateur Laplace-Beltrami (voir [73]). Leur résultat, dont la preuve s’inspire des techniques
développées dans [77] et [84], est le suivant.

Théoréme 1.2.10. Soient (M, g) une variété Riemannienne lisse (sans bord) de dimension d et
0 < m < Volg(M), our Vol, désigne le volume de M.
1. (Existence) Supposons que M est compacte. Alors le probléme
min {\;(Q2) : Q C M quasi-ouvert, Vol,(2) = m} (1.2.13)
a une solution (ici, A\ (2) désigne la premiére valeur propre de 'opérateur Laplace-Beltrami

—A, dans Q avec condition de Dirichlet).

2. (Régularité) Supposons que M est connexe (mais pas forcément compacte) et soit * une
solution du probléme (1.2.13). Alors Q* est un ouvert de périmétre fini. De plus, la frontiére
O = Yieg U Xging se décompose en deux ensembles disjoints tels que

(a) Yreg est un ouvert de OS2 et est une hypersurface lisse de M (C* si M est C°,
analytique si M est analytique).
(b) pour une constante universelle d* € {5,6,7}, Xging est :
e vide si d < d*,
e discret si d = d*,
e de dimension de Hausdorff au plus (d — d*) si d > d*.
Remarque 1.2.11. Comme dans le cas euclidien, si M n’est pas compacte alors le probléme
(1.2.13) peut ne pas avoir de solution, et si M n’est pas connexe, alors les minimiseurs pour

(1.2.13) peuvent étre aussi irréguliers que le sont les quasi-ouverts (voir aussi Section 3.2 et
Remark 1.3 dans [73]).
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1.2.4 Reégularité pour un opérateur avec un terme de transport de la forme
V=Vo

Les résultats présentés dans cette section correspondent a la deuxriéme partie du chapitre 2
et ont été obtenus dans [84] en collaboration avec Emmanuel Russ et Bozhidar Velichkov.

Nous nous concentrons ici sur la régularité des ensembles optimaux qui minimisent la pre-
miére valeur propre de I'opérateur L = —A+V -V dans le cas ot le terme de transport V = Vo
est le gradient d’une fonction lipschitzienne ® € W1°°(D), et sous des contraintes de volume et
d’inclusion. Précisément, notre résultat principal est le suivant.

Théoréme 1.2.12. Soient D C RY un ouvert borné et connexe et 0 < m < |D|. Soient
V € L®(D,R%) un champ de vecteurs de la forme V = V& ot ® € WH(D) et Q* une solution
du probléme

min {)q(Q,VCI)) : Q C D quasi-ouvert, Q] < m} (1.2.14)

Alors 2% est un ouvert de périmétre fini. De plus, la frontiére libre 9Q2* N D se décompose en
I'union disjointe d’une partie réguliere Reg(0Q* N D) et d’une partie singuliére Sing(9Q2* N D),
ou :

1. Reg(09* N D) est localement le graphe d'une fonction de classe C%* pour tout a < 1;

2. pour une constante universelle d* € {5,6, 7}, Sing(9Q* N D) est :

e vide si d < d*,
e discret si d = d*,

e de dimension de Hausdorff au plus (d — d*) si d > d*.

En outre, si D est de classe C11, alors la frontiere 9Q* est de classe C'/2 au voisinage de tout
point z € 9Q* NIAD.

Remarque 1.2.13. La régularité d’une forme optimale pour le probléme d’optimisation
min {\ (2, V®) : Q C D quasi-ouvert, |Q| <m, & € WH°(D), V@[~ <7} (1.2.15)

est une conséquence du Théoréme 1.2.12, puisque si le couple (Q*, V®*) est optimal pour (1.2.15),
alors Q* est optimal pour (1.2.14) avec V = V&*.

Rappelons que l'opérateur L = —A 4+ V® - V est autoadjoint pour la mesure e~ ®dx puisque
qu’il peut s’écrire sous la forme L = —e® div(e®V+), et que la premiére valeur propre de L sur
un quasi-ouvert €2 C D est par conséquent variationnellement caractérisée par

2,—P d
A(2,V®) = min Jp [Vule T
wer (Q\{0} [pule P dx

(1.2.16)

Précisons que cette formulation variationnelle de la premiére valeur propre est un outil essentiel
dans la preuve du Théoréme 1.2.12. Dans le cas ot le terme de transport V € L>(D,R?) est
quelconque, une telle caractérisation n’existe pas, et la régularité d’un ensemble optimal pour

min {\(,V) : Q C D quasi-ouvert, |Q <m}

est encore un probléme ouvert.

La premiére conséquence de la caractérisation (1.2.15) est qu’il est possible de se ramener a
I’étude d’un probléme a frontiére libre. En effet, le probléme d’optimisation (1.2.14) est équivalent
au probléme & frontiére libre suivant

min{/ Vo2 ®dz : v e H}(D),
D

{v >0} <m, / e Pv?dx = 1} , (1.2.17)
D
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au sens ou, si u est une fonction propre associée a la premiére valeur propre A\;(Q2*, V®) sur un
ensemble Q* optimal pour (1.2.14), alors u est solution de (1.2.17) ; réciproquement, si u est une
solution de (1.2.17), alors I’ensemble {u > 0} est une solution du probléme (1.2.14).

Alt et Caffarelli ont été les pionniers de ’étude du probléme a frontiére libre (& une phase)
suivant

min{/ Vol dz + Al{v > 0}| : v & H'(Dy), v—uOEHS(DO)}, (1.2.18)
Do

ot Dy C R? est un ouvert connexe et régulier fixé, et ug € H 1(Do) est une fonction positive
fixée (voir 2], ainsi que [91] pour des résultats récents concernant ce probléme). Ils prouvent en
particulier que si w est un minimiseur pour (1.2.18), alors la partie réguliére de d{u > 0} N Dy
(ici, le bord réduit) est analytique, et que la partie singuliére est de mesure de Hausdorff (d —1)-
dimensionnelle nulle. Les arguments pour aborder de tels problémes a frontiére libre sont locaux,
et sont souvent fondés sur une comparaison entre une solution u pour le probléme variationnel
considéré avec une perturbation v de u dans une (petite) boule B,(z), c¢’est-a-dire avec une
fonction v € HY(B,(0)) telle que v —u € H (B, (x0)). Il est ainsi clair que le probléme (1.2.17)
est similaire a celui de (1.2.18), les différences principales étant :

1. la présence de la fonction e~® dans la fonctionnelle,
2. la présence de la contrainte fD e Pv?dr =1,

3. la présence de la contrainte ‘{v > 0}‘ < m (& la place du terme de mesure dans la
fonctionnelle).

Toutefois, la stratégie suivie dans la preuve du Théoréme 1.2.12 est générale et n’utilise pas les
résultats de régularité de 2|, comme c’est le cas, par exemple, dans [11], [9] et [1].

Précisons que, si la présence du coefficient e~ et de la contrainte sur la norme L? aménent
essentiellement & des difficultés techniques, la contrainte de mesure, par contre, est un probléme
délicat a traiter. L’approche suivie ici pour surmonter cette difficulté est différente de celle suivie
dans Darticle [1] et est inspirée des travaux de Briangon (voir [9]) et de Briancon et Lamboley
(voir [11] et Théoréme 1.2.8). Il s’agit, pour une solution w au probléme (1.2.17), de prouver
Iexistence d’un multiplicateur de Lagrange et ensuite de montrer que u est, en un certain sens,
un minimiseur local d’une fonctionnelle pénalisée avec un terme de mesure faisant intervenir ce
multiplicateur de Lagrange. Cette approche exige que le multiplicateur de Lagrange ne soit pas
nul, ce qui n’est pas trivial & montrer. Dans [11], la difficulté & été surmontée en utilisant un
résultat tiré de [9], qui repose fortement la minimalité de u. Ici, notre stratégie est fondée sur
la formule de monotonie d’Algrem et est plus générale puisqu’elle utilise uniquement 1’équation
satisfaite par u dans {u > 0}. Ceci permet en particulier d’obtenir la non-dégénérescence de la
fonction u. Nous montrons aussi que u est lipschitzienne en adaptant ’approche suivie dans [10].
On obtient ensuite la régularité du bord d’un ensemble optimal Q* pour (1.2.14) en prouvant
que u satisfait une condition d’optimalité au sens de la viscosité et en appliquant un résultat de
De Silva (voir [36]) pour les points plats sur 9Q*N D, et un résultat de Chang-Lara et Savin (voir
[26]) pour les points sur 9Q2* N JD. Enfin, I'estimation de la dimension de I’ensemble singulier
est une conséquence de la quasi-monotonie de la fonctionnelle de Weiss et des résultats de [92].

Pénalisation de la contrainte de volume

Commengons par remarquer qu'une fonction Sobolev v € H}(D) n’est pas définie partout
et que, bien qu’elle posséde un représentant quasi-continu (voir (1.1.1)), il peut encore exister
un ensemble de capacité nulle sur lequel elle n’est pas définie. Ainsi, le bord de I’ensemble
Q, = {v > 0} n’est a priori pas bien défini. Néanmoins, pour une solution u au probléme
(1.2.17), il est possible de montrer que tous les points sont des points de Lebesgue pour u, et
donc de choisir un représentant pour u défini partout. Pour cela, nous montrons qu’a certains
termes négligeables prés, un analogue de la formule (1.2.11) existe pour l'opérateur avec un
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terme de transport. La fonction r — faBT(IO) wdH? ! est alors (presque) croissante et admet
par conséquent une limite en 0.

Soit u une solution du probléme (1.2.17). Afin de s’affranchir de la contrainte en norme L?,
nous définissons la fonctionnelle

T i= [ Ve da—d, [ e s, e HYD),
D D

ol A := [, |Vul?¢™® dz est la valeur du minimum dans le probléeme (1.2.17). Il est alors aisé
de vérifier que u est une solution du probléme suivant :

min {J(v) : v € Hy(D), |Q| <m}. (1.2.19)

Comme mentionné ci-dessus, il est par contre plus difficile de traiter la contrainte de mesure. La
premiére étape consiste a dériver la fonctionnelle J par rapport au domaine. Plus précisément,
il s’agit de calculer la dérivée en ¢t = 0 de l'application ¢ — J(u;), qui sera notée 0.J(u)[¢], on
u(z) = u(z + t&(x)) et & € C°(D,RY). En utilisant la minimalité de u, il est alors possible
d’obtenir I’équation d’Euler-Lagrange suivante

6] (u)[€] = Au/ divédr,  €&cC®(D,RY, (1.2.20)
Qy

pour un certain multiplicateur de Lagrange A, > 0. Précisons qu’'un point crucial est maintenant
de montrer que A, > 0, ce que 'on admettra temporairement. Une premiére conséquence est
qu’'un calcul précis de la variation §.J(u)[{] améne, au moins de maniére formelle, a la condition
d’optimalité |[Vu| = \/Aue® sur 9Q, N D. Précisons que ce calcul passe par une intégration
par parties et n’est donc rigoureux que si €, est de classe C! (ce que l'on cherche en fait &
prouver...). Une autre conséquence est que la variation de J est inversement proportionnelle a
la variation de la mesure, puisque %‘ o 1| = — fQu div € dz. Heuristiquement il vient (pour
e > 0 petit)

(Au —1—5)(\9%\ — ]Qu]) si |y, | = m,

u) — J(ug ~ Ay (|Qug | — |20 - i
T(u) = J(ur) (= A (|Qu] — | m<{meMQA—MM st [Quf<m

(précisons que |2,| = m). Ainsi, ceci suggére de définir des coefficients de Lagrange supérieur
et inférieur, mais il est pour cela nécessaire de considérer des perturbations locales de u (il est
possible de choisir v € H}(D) tel que |Q,| > m et J(v) < J(u) = 0, de sorte que pour tout
t >0, tv € HYD) et J(tv) = t*J(v) — —o0o!). Pour &y € D et h > 0, nous définissons un
ensemble des fonctions admissibles par

A(u,z0,7) = {v € H}(D) : u—v € Hy(B(20))}.

Les multiplicateurs de Lagrange supérieur py(h,xo,7) > 0 et inférieur p_(h,zg,r) > 0 sont
alors définis par

MJr(h:xO’T) :lnf{MZO : J(u)+M|QU| S J(v)+M’QU’7 VUEA(U,.ﬁo,T), mg |QU| Sm—i—h}?
/L*(ha$07r) = Sup{# Z 0 : J(u) + N|QU| S J(U) + /L|Qv|7 Vo € A(U,$0,’l“), m—h S |Qv| S ’I’)’L},
L’idée est maintenant d’étudier les comportements de py (h, zo,7) et u—(h,zo,r) quand h — 0.
Il est alors possible de montrer qu’ils convergent vers le multiplicateur de Lagrange A, pour

tout zy € 08, et tout ro suffisamment petit (ne dépendant que de 7, )\, et d pourvu que
By, (x9) C D), c’est-a-dire

li h =1 _(h =A,.
hli;%:u'-‘r( ,130,7’0) hli)I%)'u ( ,.’I,’(),TO)
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La preuve de ce résultat est relativement technique et nécessite d’étudier des problémes ot la
fonctionnelle J est pénalisée et ol la contrainte de mesure est donnée par m + h. Ainsi, un des
arguments clés consiste a prouver la continuité des multiplicateurs de Lagrange par rapport a
une petite variation de la contrainte de mesure. Plus précisément, une solution u, au probléme
(1.2.19) avec maintenant une contrainte de mesure donnée par m,, posséde un multiplicateur de
Lagrange A, (donné par (1.2.20)), de sorte que si m,, converge vers m quand n — +oo, alors

il est possible de montrer que lim A,, = A,. Finalement, il ressort de cette analyse qu’une
n—o0

solution u au probléme (1.2.19) est localement solution d’un probléme ou la fonctionnelle J est
pénalisée avec un terme de mesure au sens suivant :

e pour tout p > Ay, il existe rg > 0 tel que pour tout xzg € 0y,
J(u) + plQy] < J(v) + ply| pour tout v e A(u,xo,79) tel que [Q,] >m. (1.2.21)

e pour tout u < Ay, il existe ro > 0 tel que pour tout xg € 9,

J(u) + p|Qy] < J(v) + ply|  pour tout v € A(u,xo,70) tel que [Q,] <m. (1.2.22)

Comme précisé ci-dessus, un point clé de cette stratégie repose sur le fait que le multiplicateur
de Lagrange A, n’est pas nul. Intuitivement, une solution u au probléme (1.2.19) étant solution
de I'équation — div(e"®Vu) = A, ue™® dans Q,, le gradient de u ne peut s’annuler partout sur
090, N D. Or I'équation d’Euler-Lagrange (1.2.20) permet d’obtenir (formellement) la condition
d’optimalité |[Vu| = y/Aue® sur 9Q, N D, ce qui doit ainsi impliquer, ou bien que A, > 0, ou
bien que 92, N D = () (ce qui est impossible puisque |€2,| = m). En fait, nous montrons que si u
vérifie la condition d’extrémalité §.J(u)[¢] = 0 pour tout & € C°°(D,R?), alors nous obtenons la
contradiction |D\2,| = 0. La preuve peut se résumer comme suit. Premiérement, nous montrons
qu’il est possible de se ramener au cas ou A\, = 0. Pour cela, nous considérons une fonction ¢ > 0
solution de — div(e ®V¢) = A, ¢ e~® dans B,(z) pour un 2 = 0 € D. En posant @ = ¢? e~ ®
et @ =u/y, il vient div(aVa) = 0 dans Qz N B,., et en posant de plus j(v) = ‘[Br |Vol? a(z) de,
un calcul montre que 6.J(@)[£] = 0 pour tout & € C(B,, RY). Par conséquent, quitte a raisonner
avec @, @ et J, il est possible de supposer que A, = 0. Ensuite, nous montrons que la condition
d’extrémalité 0.7 (u)[¢] = 0 implique que la fonction r +— 2" N(r) est croissante, oit N(r) est
défini par (et souvent appelé la fréquence d’Almgren pour ® = 0)

N — TfBT |Vul? e ® dz
(r) = Jop. u? e ®dHI—L

Cette formule de monotonie d’Algrem permet d’obtenir une condition de doublement qui exprime
essentiellement que la fonction w ne peut pas décroitre trop vite prés de zg. D’autre part,
I'équation div(e~®Vu) = 0 dans 2, (nous avons supposé que ), = 0) permet d’obtenir une
inégalité de Caccioppoli, & partir de laquelle il est possible de montrer que si la densité de €2, en
xg € D est trés petite, alors v doit décroitre trés vite. En conséquence, ceci fournit une borne
inférieure sur la densité de £, en z¢ € D, et montre en particulier que |D \ §,| = 0.

Régularité de la frontiére libre

La premiére étape pour 'étude de la régularité de la frontiére libre 02, est de prouver
que la fonction u est lipschitzienne, ce qui en particulier assure la convergence des suites de
blow-ups (définis plus bas). La preuve repose d’une part, sur lexistence d’une inégalité si-
milaire & (1.2.11) qui fait intervenir la mesure div(e ®Vu) et d’autre part, sur I’estimation
| div(e=®Vu)(B,(20))] < Cr%=! pour tout z¢g € 9, N D, cette derniére estimation étant une
conséquence de la condition de minimialité (1.2.21). Précisons qu’en adaptant la preuve du Théo-
réme 2.9 dans [10], il existe une autre preuve du caractére Lipschitzien de u qui est plus directe
et qui passe par une pénalisation globale (et moins précise) de la fonctionnelle.
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Un autre élément essentiel réside dans la non-dégénérescence de la fonction u prés de la
frontiére 0€),, qui assure que les blow-ups de u ne sont pas identiquement nuls. Cette condition
exprime que u ne décroit pas trop vite prés de 0€2,, au sens ol pour toute (petite) boule B, (zo)
centrée en xg € I, il existe x € B, (x¢) tel que u(x) > cr. L’idée (standard) est que si uw prend
de trés petites valeurs dans B;(zo), alors en considérant une fonction cut-off dans B,.(z¢) et en
utilisant la minimalité de u pour (1.2.22), il possible d’obtenir un compétiteur qui fait décroitre
la fonctionnelle J(v) 4+ u|Q,| (le gain en mesure est supérieur a la perte en gradient).

Nous étudions ensuite les propriétés des blow-ups de u en xg € 9€,, c’est-a-dire les limites
des suites de fonctions ug, r, quand n — +00, ol (ry)p>1 est une suite de rayons qui tend vers
0 et ug,, est la fonction définie par

1
Ugy () 1= ;u(xo +rx), zeR? et r>0.

Précisons que I'existence des fonctions limites u, : R? — R est assurée par le théoréme d’Arzela-
Ascoli puisque u est lipschitzienne. Les blow-ups u,, en xg € 9€2, N D sont alors des solutions
du probléme (1.2.18) pour toute boule Dy € R oit A = A,e®®0) et ot la condition au bord est
donnée par v—uy, € H}(Dy). Sizg € 9Q2,NID, ceci reste vrai a condition d’ajouter la contrainte
supplémentaire d’inclusion €, C {xzg > 0}. Ce résultat pour les points zy € 9, N OD passe
par un changement de variables appliqué & la fonction u qui permet de redresser la boite D. De
plus, les blow-ups u,, en tout point xy € 9, sont des fonctions (positivement) 1-homogenes.
Pour cette derniére propriété, il s’agit de montrer une formule de quasi-monotonie pour une
fonctionnelle de type Weiss définie par

W(v,®,z9,7) := T‘d/B . \Vol?e™® da — e /BB ( )11267(I> dHT + de\QU N By (z0)],
r(Z0 r(To

ou A, est le multiplicateur de Lagrange de u. Cette formule de quasi-monotonie permet de
montrer que la fonction r — W (uy,, ®(0),0,7) est constante, de sorte que ’homogénéité de uy,
se déduit de I'inégalité

C

d
7W(ux0, (I)(O), 0, T’) Z W

2 7qd—1
= 5 |Vgy - @ — g, |“dH™".

Une fois ces propriétés établies (les blow-ups sont non triviaux, solutions de (1.2.18) et 1-
homogenes), il est possible de donner un sens rigoureux a la condition d’optimalité mentionnée
plus haut. Plus précisément, nous montrons que wu vérifie, au sens de la viscosité, les conditions
d’optimalité suivantes :

|Vu| = \/m sur 9Q, N D et |[Vu| >/ Aye® sur 09, NoD.

Maintenant, la régularité du bord 9€2,N.D pour les points plats, c’est-a-dire les points zg € 92,N
D pour lesquels il existe un blow-up ug, tel que €2, est un demi-espace, est une conséquence
du résultat de régularité concernant les problémes & frontiére libre & une phase de De Silva dans
[36]. De plus, la régularité (optimale) du bord 92, N9D quand la boite D est réguliére provient
du résultat de Chang-Lara et Savin dans [26].

Enfin, 'estimation de ’ensemble singulier est une conséquence d’un résultat de régularité de
Weiss basé sur un principe de réduction de la dimension. Précisons que d* est défini comme la
plus petite dimension pour laquelle il existe une solution 1-homogéne de (1.2.18) qui posséde
une unique singularité en 0. L’idée de Weiss dans [92] est que, pour une solution 1-homogéne
de (1.2.18) en dimension d, les blow-ups sont constants dans une direction et encore solutions
de (1.2.18). En considérant alors la restriction d’un tel blow-up & un hyperplan orthogonal &
cette direction, on obtient alors une autre solution de (1.2.18) en dimension d — 1. Il s’agit alors
de montrer que la dimension de Hausdorff de I'’ensemble singulier de cette derniére solution
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décroit, ce qui passe en particulier par la convergence Hausdorff des ensembles de blow-ups, puis
d’appliquer ce procédé jusqu’a atteindre une dimension pour laquelle les solutions de (1.2.18)
n’ont pas de singularité. Mentionnons pour terminer que la valeur exacte de d* n’est pas encore
connue, mais que l'on a d* € {5,6, 7} (voir [62] pour d* > 5 et [37] pour d* < 7).

1.2.5 Reégularité pour un probléme d’optimisation de forme avec plusieurs
phases

Les résultats présentés dans cette section correspondent au chapitre 3 et ont été obtenus dans
[85] en collaboration avec Luca Spolaor et Bozhidar Velichkov.

La motivation premiére de ce travail est I’étude, en dimension 2, de la régularité des solutions
du probléme d’optimisation avec plusieurs phases suivant

n
min { Z (Al(Qi) + qz]QzD : Q1,...,9Q, ouverts disjoints inclus dans D}, (1.2.23)
i=1
ot \; désigne la premiére valeur propre du Laplacien (avec condition de Dirichlet), D C R?
est un ouvert borné de classe C'# pour un certain 3 €]0,1], et ¢; > 0 pour tout i = 1,--- , n.
L’existence d’un n-uplet optimal (€, ...,€,) pour le probléme (1.2.23) a été établie dans |7] et
nous nous intéressons ici a la régularité des phases ;, i =1,--- ,n.
Commengons par résumer les principaux résultats déja connus pour ce probléme. Dans la
suite, (Q1,...,€Q,) désignera toujours une solution du probléme (1.2.23).

1. (Absence de points triples) 9€; N 9Q; N O, = @ pour tous 1 < i < j < k < n (voir [19],
[89] et [7]).

2. (Absence de points doubles sur le bord de la boite) 9€; N 9Q; N ID = ) pour tous
1<i<j<n (voir [7]).

3. (Reégularité de la frontiére libre & une phase) Pour tout i = 1,...,n, la frontiére libre a
une phase I',.(;) C 99Q; de Q; est réguliére (analytique), ot I'op(€2;) désigne I’ensemble
des points xg € 9; N D pour lesquels il existe r > 0 tel que B, (z9) N (U#i Qj) = () (voir
[11]).

Ainsi, ’étude de la régularité d’une phase €2; se raméne & celle de la régularité du bord 0€2; au
voisinage, d’une part, des points de contact avec la boite zg € 9€Q; N OD et, d’autre part, des
points a deux phases zg € 9€2; N, j # 7. Nous prouvons que, pour une solution du probléme
(1.2.23), toute la frontiére de chaque phase est réguliére.

Théoréme 1.2.14. Soit (£4,...,,) une solution du probléme (1.2.23). Alors, les phases ;
sont des ouverts de classe C1® pour tout i = 1,...,n.

Nous montrons que la preuve du Théoréme 1.2.14 peut se ramener & I’étude de la régularité
des quasi-minimiseurs pour des problémes & frontiére libre & une phase et a deux phases (Théo-
réme 1.2.15) En fait, ce second résultat a en lui méme son propre intérét puisque la définition
des quasi-minimiseurs que nous considérons est générale et apparait naturellement dans 1’étude
des problémes d’optimisation de forme qui font intervenir les valeurs propres du Laplacien de
Dirichlet.

La régularité de la frontiére libre des minimiseurs de la fonctionnelle & une phase a été
étudiée pour la premiére fois par Alt et Caffarelli dans [2]|. Ils prouvent, en toute dimension,
que la frontiére libre d’'un minimiseur est réguliére & un petit ensemble singulier prés et, qu’en
dimension 2, toute la fronticre libre est réguliére (de classe C*°). Dans [3]|, Alt, Caffarelli et
Friedman étudient le probléme & deux phases et prouvent qu’en dimension 2, la frontiére libre
des minimiseurs est de classe C'. La régularité de la frontiére libre a aussi été étudiée pour
les quasi-minimiseurs de ces fonctionnelles dans [34] et [33]. Les auteurs prouvent que, pour le



Chapitre 1. Présentation des résultats principaux 36

probléme & une phase, la frontiére libre est de classe C1® & un petit ensemble singulier prés qui
est vide en dimension 2 (voir aussi [40]) et, pour le probléme & deux phases, que la frontiére libre
est rectifiable.

Nous considérons ici la fonctionnelle & une phase avec des coefficients variables et contrainte
d’inclusion ainsi que la fonctionnelle & deux phases avec des coefficients variables, et nous prou-
vons que, en dimension 2, la frontiére libre des quasi-minimiseurs pour ces fonctionnelles est
de classe C1@. Précisons que, si notre stratégie permet de traiter facilement des fonctionnelles
avec des coefficients variables, il n’est pas possible de se ramener directement d’un opérateur
a coefficients variables & un opérateur a coefficients constants. En fait, la preuve passe par un
changement de coordonnées en chaque point zg. Ainsi, un quasi-minimiseur pour une fonction-
nelle & coefficients variables, dans ces nouvelles coordonnées, est alors un quasi-minimiseur pour
la fonctionnelle avec A = Id, mais le changement de variables dépend bien str du point xzg.
Précisons aussi que notre preuve, pour le probléme & une phase, permet d’obtenir un résultat
de régularité pour des quasi-minimiseurs u avec une contrainte d’inclusion sans supposer que la
fonction u vérifie une équation dans €2,,.

Aprés la publication de ce papier, deux résultats récents ont été obtenus dans cette direction.
Dans [32], les auteurs prouvent que les quasi-minimiseurs pour les fonctionnelles & une phase
et deux phases avec des coefficients variables sont Lipschitziens. D’autre part, la question de
la régularité pour le probléme a deux phases a été résolue en toute dimension dans [35], o
les auteurs prouvent que la frontiére libre des minimiseurs de la fonctionnelle & deux phases
(pour le Laplacien) est de classe C1® a un ensemble singulier de dimension au plus d — 5. En
conséquence, ils obtiennent avec une preuve différente la généralisation du Théoréme 1.2.14 a
toute dimension.

Précisons quelques notations avant d’énoncer notre résultat. Soit A = (al-j),-j : By — Symgr
une fonction uniformément elliptique avec des coefficients d,-Holdériens, et soient Q.., Qi et
Q.. des fonctions dq-Holdériennes sur By et minorées par une constante strictement positive
(rappelons que pour r > 0, B, = B(0,r) désigne la boule centrée en 0 et de rayon r). Pour
u € HY(Bs), x9 € By et r € (0,1), nous définissons la fonctionnelle & une phase par

Ou Ou
JOP(U,IE[),T‘) :/ ai‘(x)iiﬁ“Qor’(fE)]]. u dl‘,
Br(z0) <% J 8$l a,fl,'j { >0})

et la fonctionnelle & deux phases par

Z ou Ou " _
JTP(U7$O7T) /BT(xO) ( a ](.’L') axz 8x] + le(m) { >0} =+ le(x) { <0}> d.T

17-]
L’ensemble des fonctions admissibles dans le demi-disque supérieur B, := B, N {xa > 0} est
défini par
AT(B,)={ue H(B,) : u>0dans B,, u=0sur B, \ B} }.
Nous dirons qu'une fonction u € H'(By) est

e un quasi-minimiseur pour J,. dans AT (Bs) si u € AT (B2) et sl existe des constantes
r1 >0, C; > 0 et 61 > 0 telles que, pour tout zg € By N9, et r € (0,77),

Jor(u, 20, 7) < (1 + Clr‘sl)Jop(v, zo,7) 4+ Oyt
pour tout v € AT (Bs) tel que u = v dans By \ B(g).

e un quasi-minimiseur pour J., dans B s’il existe des constantes ro > 0, Co > 0 et do > 0
telles que, pour tout zg € By N9, et r € (0,r7),

T (u, 20, 7) < (1 + 027"62)JTP(’U, xo,7) 4 Cor?to2
pour tout v € H'(By) tel que u = v dans By \ B,(z0).
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Enfin, pour u : R? — R nous posons €2, = {u # 0}, Qf = {u >0} et Q, = {u < 0}.

Théoréme 1.2.15. Soit u € H'(By) une fonction lipschitzienne.

1. Si u est une fonction positive et est un quasi-minimiseur pour J,, dans A" (Bzy), alors la
frontiére libre 9, N By est localement le graphe d’une fonction de classe C'<.

2. Si u est un quasi-minimiseur pour J,, dans By tel que les fonctions u4 sont solutions de
I’équation
—div(AVuy) = f+ dans QN By, (1.2.24)

ol

(a) fi: ﬁf — R sont des fonctions bornées et continues,

(b) A: By — Symz+ est uniformément elliptique avec des coefficients de classe C,

alors les frontiéres libres 9O N By et 9Q, N By sont localement le graphe d’une fonction
de classe C'h2.

La preuve du Théoréme 1.2.15 repose sur une formule de (quasi)-monotonie pour la fonction-
nelle de Weiss et sur une inégalité épipérimétrique (voir [86]). Précisons que la seule obstruction
a une généralisation des Théorémes 1.2.15 et 1.2.14 & toute dimension provient du fait que
I'inégalité épipérimétrique n’est connue qu’en dimension 2.

Régularité pour le probléme d’optimisation (1.2.23)

Rappelons que pour prouver le Théoréme 1.2.14, il suffit de montrer que le bord d’une phase
Q; est de classe C1* au voisinage des points de 9Q; N D et des points de 9; N 08y, j # 1.
Notons u; la premiére fonction propre (normalisée pour la norme L?) du Laplacien de Dirichlet
dans €;, qui est une fonction lipschitzienne d’aprés [14] (voir aussi [7]).

Pour zg € 9€; N D et un (petit) rayon r > 0 tel que B, (zg) N Q; = () pour tout j # i, la
caractérisation de la premiére valeur propre (1.1.6) implique que u; est solution de

min{J(U) ::/ (Vo2 dz + ¢;|Q] - ’UEHOI(D),U:udanSD\Br(l‘o),/UQd."L‘:l}.
D D

Il apparait que ce probléme de minimisation posséde une contrainte en norme L? et une contrainte
d’inclusion imposée par la boite D. Il est alors possible, en utilisant que u; est lipschitzienne,
de controler la norme L? des fonctions test v et ainsi de montrer que u; est en un certain sens
un quasi-minimiseur pour J dans B, (z¢). L’idée est ensuite de changer les coordonnées afin de
redresser le bord de la boite D prés de xg. Puisque D est régulier, le bord 0D est localement
donné par le graphe d'une fonction g : (—6,8) — R de classe C"? de sorte que la fonction
(z1, x2) := ui(r1,x2 + g(z1)) est telle que Qi C {z2 > 0}. De plus, un calcul montre que 4 est
un quasi-minimiseur pour la fonctionnelle J,. pour un choix convenable de A, ,,) dépendant
uniquement de ¢'(x1) et pour Q.. = ¢;. Par conséquent, la régularité de 9€; prés de x est une
conséquence du Théoréme 1.2.15.

Pour z¢ € 0Q; N 0Q; et r > 0 suffisamment petit, v := u; — u; est solution du probléme &
deux phases

min{/ IVo|? do + ¢i|Qy | + ¢;| | : v € Hy(D), v=u dans D \ By(wo), / v :/ V2 = 1}.
D D D

Comme précédemment, en contrdlant les normes L? de v, v_, il est possible de montrer que u
est un quasi-minimiseur pour J,, avec A = Id, Q} = ¢; et Q;, = ¢;, de sorte que la régularité
de 09); prés de xg est encore une conséquence du Théoréme 1.2.15.
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Régularité de la frontiére libre pour les quasi-minimiseurs

Il s’agit maintenant de prouver le Théoréme 1.2.15. Commengons par considérer le cas d'un
quasi-minimiseur v pour J,,. En vue d’étudier les blow-ups uz, en z¢ € 02, N By, c’est-a-dire
les limites des suites de fonctions wu,, définies par ug, ,(z) = %u(azo + rz), nous allons nous
servir d’une formule de monotonie pour une fonctionnelle de type Weiss ainsi que d’une égalité
épipérimétrique. Ainsi, la premiére étape consiste a effectuer un changement de coordonnées pour
se ramener au cas oil 'opérateur de la fonctionnelle J,, est A = Id. Pour cela, nous définissons

/2

la fonction w := uw o Fy,, ou Fy,(x) := xo + Aglco (z), # € R2. Ce changement de variables est
motivé par le fait que pour x € B, |Vu(z)|? = Az, Vu(y) - Vu(y), ott y = Fyy(z). Puisque les
coefficients de A et )., sont Holdériens, il est alors possible de montrer que % est, en un certain

sens, un quasi-minimiseur pour la fonctionnelle

JE0 (v, 7) = /B (190 + Quu(0) L (u0y ) (12.25)

Précisons que ce changement de coordonnées, ainsi que la fonction @, dépendent du point xg €
09, N By. Nous considérons ensuite une fonctionnelle Wy, de type Weiss pour le probléme a
une phase définie par

)

Won(0) ;:/ ]Vv|2da:—/ 2 dHE Qo (0) |20 N By
By 0B,

et dont la dérivée pour la fonction u,(z) = Lu(rz) vaut

O Wn(@) = 2 (Won(Z) — Won (@) + - / Y, - o — T2 dHO (1.2.26)
or r r Jom,

ou z, désigne l'extension 1-homogéne de la trace de w, dans B;. En conséquence de la quasi-
minimalité de @, pour J20, il est possible de minorer de la différence Wop(Z,) — Wop(,) et ainsi
d’obtenir une formule de (quasi) monotonie pour la fonctionnelle Wep. Plus précisément, il vient
que la fonction 7+ Wop (T,) + Cr? est croissante pour un certain § > 0 (dépendant de d4, dq, et
01). En fait, il est possible de prouver une formule de (quasi) monotonie plus forte que celle-ci
qui permettra d’obtenir une estimation de la vitesse de convergence des suites de blow-ups de la
fonction u. L’idée est d’obtenir une minoration plus précise de la différence Wop(Z,) — Wop ()
en fonction de Wop(w,) & 1'aide de 'inégalité épipérimétrique établie dans [86]. Cette inégaliteé,
qui constitue un point clé de la preuve, énonce qu’il existe un compétiteur dont ’énergie est
strictement inférieure a celle de I'extension 1-homogéne dans By d’une fonction positive (dont
la moyenne sur 0B est strictement positive). Précisément, I'inégalité épipérimétrique pour le
probléme & une phase appliquée a la fonction @, est

Wop(hr) - @op(x0> < (1 - 5) (Wop(zr) - 60P<x0))7

pour un certain € > 0. Le terme d’ajustement ©,,(zg) := Qor(20)5 correspond en fait a la

limite de Wop(@,) quand r — 0. Ainsi, en combinant 'inégalité épipérimétrique avec la quasi-
minimalité de .., il est possible de montrer que ’application r — r~7 [Wop(ﬂr) — O, (zg) + CT’(S]
est croissante pour un certain v > 0 dépendant de €. Cette formule de monotonie permet
d’obtenir une estimation plus précise du membre de droite dans (1.2.26). Par suite, en utilisant
essentiellement que d%ﬂr = %(Vﬂr - & — U,), nous obtenons une estimation de la vitesse de

. _ _ . _ —1/2
convergence de la suite @, vers un blow-up %, et donc aussi de ug,, = U, o AJ;O/ Vers Uy, =

— —1/2 P
Ug © AIO/ . Plus précisément, nous avons

|Uzg,r — Usoll Lo (B)) < cr/t pour tout r € (0,79). (1.2.27)
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Cette estimation est trés utile pour I'étude de la régularité de la frontiére libre puisqu’elle
implique par exemple l'unicité des blow-ups, ce qui n’est en général pas connu (comme par
exemple dans [84] et [88]).

D’un autre coté, la quasi-minimalité de u pour JX° permet de montrer que, pour tout xg €
09, N By, les blow-ups @y = ug, © A;/Oz sont des minimiseurs de la fonctionnelle (1.2.25) pour
tout r > 0 (avec une contrainte d’inclusion), et sont des fonctions 1-homogenes, ce dernier point
étant aussi une conséquence de la formule de (quasi) monotonie de Weiss. Nous obtenons ainsi
la classification suivante des blow-ups en tout point xg € 9, N By

20) = Qop(xg) sl xg € 0N, N BrN{xe > 0},

Ugg () = pu(0) max{O,:c ) on} oil 1(zo) = Qor(z0) . 0 u 1N {2 }
(o) > Qop(x) si zp € 0, N By N{xy =0},

et oil v, € R? est de la frome v,, = A;OI/ *[7,] POUr un certain vecteur unitaire 77,, € 0By.

Comme premiére conséquence de la forme des blow-ups et de I’estimation de la vitesse de conver-

gence uniforme des blow-ups (1.2.27) il suit que u vérifie la condition d’optimalité

]A;/OQVu(a:O)\ = (o) sur 09, N By.

Il est aussi possible de déduire de la forme des blow-ups, de (1.2.27) et de la non-dégénérescence
de u que la frontiére libre 0€2, N B; vérifie une certaine condition de platitude, ainsi que les
estimations suivantes concernant les oscillations de v et p :

Voo — Vol < Clag —gol® et |pu(xo) — plyo)] < Clao — ol (1.2:28)

pour tous g, yo € 9§, N By, et pour un certain o > 0. La régularité de la frontiére libre découle
maintenant du fait que la condition de platitude implique que 92, est dans un voisinage de 0
le graphe d’une fonction différentiable, qui est nécessairement de classe C1® puisque la normale
v est a-Holdérienne.

Il reste & prouver la régularité de la frontiére libre des quasi-minimiseurs pour la fonctionnelle
& deux phases J,.. Pour un tel quasi-minimiseur u, la frontiére libre 02, N By se décompose en
00, NBy =T, Ulr_UT,,,ouly := (0QI\0Q, )N By et T_ := (99, \0}) N By correspondent
respectivement aux points a une phase de QF et Q, et ou I',, := 9Q} NN, N By correspond
aux points a deux phases de €,,. L’étude précédente des points & une phase implique donc que
les bords I'y et I'_ sont de classe C™%, de sorte qu’il ne reste plus qu’a prouver la régularité
des phases 2 et Q, au voisinage des points a deux phases de I',.. Comme précédemment, en
effectuant le changement de coordonnées u = u o Fy,, prés d'un point z¢ € 0€, N By il vient que
u est un quasi-minimiseur pour la fonctionnelle & deux phases

JTZ;>O (Uv T) = /B (‘VU|2 + Q;’;(w(])]l{vﬂ)} + Q;(w(])]l{vd)}) dr,

de sorte que les blow-ups Uy = ugz, © A;/OQ sont des minimiseurs de J* (pour tout r > 0), et
sont 1-homogénes, grace a une formule de (quasi) monotonie pour la fonctionnelle de Weiss a
deux phases Wrp. Avec un argument de dérivée de formes, il en résulte que les blow-ups de u en
o € 08, N By sont donnés par

g (1) = pt (o) max{0, z - vy } si xg € I'4,
0 tt(z0) max{0, x - vy } + p—(zo) min{0,z - vy, }  si xg € Ty,

. 1/ - . .
ol Vg = Azo/2[on] pour un 7, € 4By, et ott pi (z0) = QL (w0) si zg € T, et p2 (w0) > QF(z0)
et % (xo) —p* (z0) = Q7 (z0) —Qr(20) si zg € Ty, Avec linégalité épipérimétrique, comme dans

le cas de la fonctionnelle & une phase, nous obtenons l'estimation de la vitesse de convergence
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(1.2.27) pour tous les points a deux phases z¢ € I',,. Précisons que cette estimation est aussi
vérifiée pour les points & une phase 2o € I'y (ou xg € I'_), mais que le rayon ¢ n’est alors
plus uniforme et dépend de la distance dist(zg, ' UT',,). Ainsi, la fonction u4 est différentiable
(jusqu’au bord 9€2;7) en tout point zg € I N By et Vuy(zo) = p4(20) Vay, ce qui montre en
particulier que u vérifie la condition d’optimalité

|AY2Vuy (20)| = pa(ao) sur 9QE N By. (1.2.29)

Par suite, I, satisfait & une condition de platitude et les estimations (1.2.28) sont vérifiées pour
tout xg,y0 € 'y, de sorte que le sous ensemble fermé I',, C 0f2, est ainsi localement inclus
dans une courbe de classe C1®. Malheureusement, ceci n’est pas suffisant pour conclure que
les phases Q. et Q sont réguliéres. Soulignons le fait que jusqu’a présent nous n’avons pas
eu besoin de nous servir des équations (1.2.24) vérifiées par u+ dans Q. Cette hypothése sert
une premiére fois pour montrer que les fonctions py : 9QF — R sont Holdériennes. En fait, la
preuve fait intervenir une suite u, = ujmrn convergeant vers une fonction u., et nécessite de
passer a la limite dans la condition vérifiée par w, sur le bord d{u, > 0}, ce qui est justifié
par I'hypothése (1.2.24) et la régularité de classe C' de A. Enfin, puisque la fonction u, est
solution de I’équation (1.2.24) et satisfait & la condition d’optimalité (1.2.29) avec p Holdérien,
le Théoréme 1.2.15 est une conséquence du résultat de régularité pour les problémes a frontiére
libre & une phase de De Silva (voir [36]).

1.3 Les valeurs propres d’ordre supérieur

Dans cette section nous introduisons succinctement quelques résultats d’existence et de ré-
gularité pour des problémes de minimisation qui concernent les valeurs propres du Laplacien de
Dirichlet. Nous présentons ensuite un résultat de régularité pour un probléme avec contrainte
d’inclusion ot la fonctionnelle considérée fait intervenir la somme des premiéres valeurs propres
d’un opérateur sous forme divergence.

1.3.1 Reésultats d’existence et de régularité

Nous considérons ici des problémes d’optimisation pour les valeurs propres du Laplacien, un
exemple typique étant

min{)\k(Q) . Q ¢ R?Y quasi-ouvert, |Q] = m} (1.3.1)

Pour k£ = 1, I'inégalité de Faber-Krahn énonce que les ensembles optimaux pour (1.3.1) sont
des boules (Théoréme 1.2.1). Concernant la deuxiéme valeur propre du Laplacien, le résultat
d’existence suivant est attribué a Szegd (voir [81]).

Théoréme 1.3.1 (Krahn-Szegd). Soit m > 0. Le probléme d’optimisation
min {)\Q(Q) . Q c RY ouvert, |Q| = m} (1.3.2)

est atteint par I'union de deux boules disjointes de méme volume.

C’est une conséquence de I'inégalité de Faber-Krahn. Pour un ouvert connexe Q € R?, notons
Qp ={u>0} et Q_ = {u < 0}, on u désigne la deuxiéme fonction propre sur  (si Q = Q3 UQy
n’est pas connexe, la preuve est identique en raisonnant alors avec 1,y au lieu de Q,Q_).
En notant 2% et Q° deux boules disjointes de méme volume que Q% et Q* respectivement,
I'ensemble Q* = % U Q* vérifie

Ao(Q2) < max{ A (%), M (Q7)} < max{ A (Q4), M (Q-)} < Aa(Q).
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Ainsi, un minimiseur pour (1.3.2) est une union de deux boules disjointes, ces derniéres étant
nécessairement de méme volume car sinon, en rétrécissant la plus grande et en agrandissant la
plus petite (sans changer le volume total), on obtiendrait un meilleur compétiteur pour As.

Remarque 1.3.2. Il est naturel de considérer (1.3.2) avec une contrainte supplémentaire de
connexité, mais ce probléme n’admet pas de solution (voir [56, Section 4.1.2]). Plus intéressant
est le probléme (1.3.2) avec une contrainte de convexité, qui admet un minimiseur mais dont nous
ne connaissons pas la forme. Mentionnons qu’en dimension 2, Henrot et Oudet ont en particulier
montré que le stade, enveloppe convexe de deux disques tangents, n’est pas un minimiseur parmi
les ouverts convexes du plan (voir [59], [60] et [72, Section 3.3]).

Rappelons que dans le cas ou les formes admissibles sont incluses dans une boite bornée
D C R, I'existence d’un quasi-ouvert optimal pour le probléme (1.3.1) est une conséquence du
théoréme de Buttazzo et Dal Maso (Théoréme 1.1.20). Sans contrainte de boite (i.e. D = R?),
I’existence d’un minimiseur pour la k-iéme valeur propre du Laplacien n’a été démontrée qu’assez
récemment, le passage d'un probléme de minimisation dans une boite bornée D a celui dans R?
étant loin d’étre trivial.

Pour £ = 3, Bucur et Henrot prouvent dans [58] I'existence d’un minimiseur au probléme
(1.3.1) grace a un principe de concentration-compacité introduit par P.L. Lions. Appliqué a une
suite minimisante (€2, ),>1 pour (1.3.1) (et k > 3), ce principe énonce que nécessairement 1'un des
deux cas suivants se produit : ou bien il existe (zp)p>1 C R? telle que la suite (Tn+ ) n>1 est -
compacte et I'existence d’un minimiseur est assuré, ou bien la suite (£2,,),>1 peut étre choisie de
telle sorte que €2, = QL UQ2 est disconnexe avec d(§2},02) — +o0 et liminf, 1o || > & > 0,
i = 1,2. Dans cette seconde situation, le probléme se raméne & trouver les minimiseurs pour
A1, A2, .., Ak_1. Ainsi pour k = 3, quitte & permuter les indices i = 1,2 il vient A3(Q,) = A\1(Q2})
ou A3(Q) = A2(2L) (le cas A3(Q,) = A3(2L) étant en fait impossible pour n assez grand). Or si
par exemple A\3(£2,) = Aa(2)), alors A1(02) < A2(2}) et en notant 2! un minimiseur pour Ay de
volume |Q2L| et Q2 un minimiseur pour A; de volume |Q2], il suit que A3(Q*UQ?) < \3(2,) (car
AL (1), A2(Q21), A1(922) sont trois valeurs propres sur Q' UQ? majorées par A2(2L) = A3(€2,)). En
conséquence, par un passage a la limite quand n — 400 et un argument de y-compacité, il suit
qu’une union de trois boules disjointes minimise A3. Précisons que cet argument ne fonctionne
qu’en choisissant Q! et Q? disjoints, ce qui est possible ici car les minimiseurs pour A\; et Ao
sont connus et, en particulier, bornés. Par conséquent, Bucur et Henrot obtiennent avec cette
stratégie ’existence d’un minimiseur pour As ainsi que le résultat suivant pour k > 4 : s’il existe
un minimiseur borné pour As, ..., A\x_1, alors il existe un minimiseur pour Ay (possiblement non
borné).

Plus tard, l'existence au probléme (1.3.1) pour tout k& > 4 est obtenue par Bucur dans [12].
En introduisant une notion de sous solution pour I’énergie de torsion, il montre qu’un minimiseur
pour le probléeme (1.3.1), s’il existe, est nécessairement borné, ce qui combiné avec le résultat
précédent prouve l'existence d’un minimiseur. De plus, il prouve aussi que les minimiseurs pour
(1.3.1) sont de périmétre fini.

Au méme moment, ce résultat est aussi obtenu par Mazzoleni et Pratelli avec une technique
différente pour une classe plus générale de fonctionnelles monotones en les valeurs propres. Plus
précisément, leur résultat est le suivant (voir [76]).

Théoréme 1.3.3. Soit F : R¥ — R une fonctionnelle semi-continue inférieurement et croissante
en chaque variable et soit m > 0. Alors il existe un minimiseur borné au probléme

min {]:(/\1(9), A2(Q), ..., () = Qc R? quasi-ouvert, |Q| = m} . (1.3.3)

De plus, ce minimiseur est contenu dans un cube de coté R, o R ne dépend que de k et d (et
non de la fonctionnelle F).
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Leur stratégie est de montrer que, pour le probléme (1.3.3), il est suffisant de ne considérer
que les quasi-ouverts uniformément bornés, et ensuite d’appliquer le Théoréme 1.1.22. Dans cette
direction, ils prouvent que partant d’un ouvert  C R? il existe un autre ouvert uniformément
borné, de méme volume que 2, et dont les k premiéres valeurs propres sont toutes plus petites
que celles sur 2. L’idée est que si 2 a un grand diamétre, alors il doit exister des parties fines
de 2, ce qui implique que les valeurs propres doivent étre grandes au vu de leur caractérisation
en terme de quotient de Rayleigh.

Remarque 1.3.4. 1) Si dans le théoréme 1.3.3 la fonctionnelle F est de plus strictement crois-
sante en au moins une variable, alors les minimiseurs pour (1.3.3) sont bornés et de périmétre
fini (voir [17]).

2) Pour A > 0, le probléme

min {)\k(Q) +AQ] : QCcR? quasi—ouvert} (1.3.4)

a une solution, et les ensembles optimaux sont bornés et de périmétre fini. En fait, il suffit
de remarquer que les problémes (1.3.1) et (1.3.4) sont équivalents, au sens ou ils possédent les
mémes minimiseurs pour de bonnes valeurs de m et A : toute solution Q* de (1.3.4) est clairement
une solution de (1.3.1) pour m = |Q*|; et si Q* est maintenant une solution de (1.3.1), alors, en
utilisant le simple fait que les valeurs propres du Laplacien sont —2-homogeénes, il suit que Q*
est une solution de (1.3.4) pour A = 2A,(Q2*)/(md) (voir [57, Proposition 3.33]).

3) Les boules, ou unions de boules, ne sont pas toujours optimales pour le probléme (1.3.1). En
dimension 2, Wolf et Keller ont prouvé que la treiziéme valeur propre d’un carré est strictement
plus petite que celle de n’importe quelle union de disques de méme aire (voir [93]). De plus, des
résultats numériques montrent qu’une union de boules n’est pas optimale en dimension 2 pour
5 <k <15 (voir [80] et [4]).

Une autre stratégie pour pallier une éventuelle perte de masse & l'infini et ainsi obtenir un
résultat d’existence consiste & considérer une mesure avec poids qui pénalise les compétiteurs
trop éloignés de l'origine. Cette idée est développée dans [8] pour l'opérateur avec terme de
transport —A — z - V et nous énongons leur résultat dans le théoréme qui suit.

Théoréme 1.3.5. Pour tout m > 0, le probléme d’optimisation
min {)\k(Q, —z) : Qc R? quasi-ouvert, / el*/2 gg < m}
Q

a une solution.

Pour ce probléme, les auteurs de [8] considérent 1'espace H&(Q, mgq), ou my est la mesure de
Lebesgue avec poids définie par mg = H?Zl et /2 dx;, et montrent en particulier que l'injection
H}(D,mg) — L?(D,mg) est compacte. L’existence d’un minimiseur repose alors sur une formule
min-max pour les valeurs propres (adaptée avec la mesure my), qui découle du fait que 'opérateur
—A —z - V est autoadjoint puisque le terme de transport V = —x est le gradient d’une fonction.

Dans [18|, les auteurs prouvent l'existence d’'un ouvert optimal pour des fonctionnelles
F(A(Q), ..., Ax(2)) strictement croissantes en les valeurs propres A\;(€2) du Laplacien de Diri-
chlet, un exemple typique étant F(Q) = A\ () + --- + A (€2). Plus précisément, ils obtiennent
le résultat suivant (voir [18, Theorem 6.1]).

Théoréme 1.3.6. Soit F : R¥ — R une fonctionnelle strictement croissante et bi-lipschitzienne
en chaque variable. Alors, toute solution 2* au probléme d’optimisation

min {f()\l(ﬂ), Q) - Q C RY quasi-ouvert, |Q] = m} (1.3.5)

est égale presque partout & un ouvert. De plus, les fonctions propres sur ¥, associées aux valeurs
propres A1 (), ..., A\ (%), sont lipschitziennes dans R
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En vue d’obtenir un résultat de régularité, la caractérisation (1.1.5) de Ay & travers une
formule min-max est bien plus délicate a traiter que la caractérisation (1.1.6) de A1, qui s’exprime
comme un minimum sur H{(€2). De plus, la valeur propre \;(02*) n’est a priori pas simple, de
sorte que la fonctionnelle Q — A\ (€2) n’est alors pas différentiable en Q* par rapport a une
variation du domaine (voir par exemple la section 2.5 dans [56] pour plus de précisions sur ce
sujet). En fait, les auteurs dans [18] montrent que si A\g_;(*) < A\p_1+1(2*) = A (Q*) pour
un certain [ > 1, alors une perturbation ug + v, v € H& (Br(x)), de la fonction propre uj dans
(1.1.5) ne donne pas une information sur uy seulement, mais une information qui implique toutes
les fonctions propres ug—j41, - .., ug. Toutefois, si Ap—_1(92*) < Ap(Q2*), alors il découle de cette
stratégie que wu est un quasi-minimiseur pour I’énergie de Dirichlet, de sorte qu’en utilisant un
résultat de Briangon, Hayouni et Pierre développé dans [10] pour la premiére valeur propre, ils
obtiennent que uy est lipschitzienne. L’idée est alors d’approcher Q* par des solutions 2. d’un
probléme convenable en vue de se ramener au cas ot Ag_1(2:) < A\x(€Qe), puis de montrer que
les fonctions propres uj, sur €2, qui sont alors lipschitziennes, convergent vers uy, prouvant ainsi
que uy est lipschitzienne. En fait, la limite de la suite 2. étant égale presque partout a Q*, les
auteurs considérent le probléme (1.3.5) avec les valeurs propres S\k(Q) définies avec les espaces
H}(Q) (voir les remarques 1.1.11 et 1.1.6). Ils montrent donc que les fonctions propres uy, . . . , uy
sur un ensemble optimal Q* pour F(A(Q), ..., A\x(Q)) sont lipschitziennes, et par conséquent
que 'ensemble OQ** := Ule{uk # 0} est un ouvert. Au vu de la définition de 2**, il apparait
alors que 5\1(9*) = XZ(Q**) = Xi(2**), pour tous i = 1,...,k, de sorte que Q* est égal presque
partout a 'ouvert Q** qui est une solution aux deux problémes (1.3.5) définis avec ou bien les
valeurs propres :\i, ou bien les valeurs propres \;.

Le cas d’une fonctionnelle ne faisant intervenir que certaines valeurs propres est plus délicat
a traiter. Néanmoins, les auteurs prouvent aussi dans [18] que les ensembles optimaux possédent
au moins une fonction propre qui est lipschitzienne (voir [18, Theorem 6.1]).

Théoréme 1.3.7. Soit F : R¥ — R une fonctionnelle strictement croissante en chaque variable
et bi-lipschitzienne, et soient 0 < k1 < --- < k,, des entiers. Soit £2* une solution du probléme

min {f(S\kI(Q), e ,S\kp(Q)) . Q c R quasi-ouvert, || < m}

Alors il existe une famille orthonormale de fonctions propres wg;, ..., ug, associées aux valeurs
propres A, (%), ..., S\kp(ﬂ*) qui sont lipschitziennes dans R%. De plus, si Ag, (%) > g, _1(Q%)
pour tout i € {1,...,p}, alors Q* est égal presque partout a un ouvert et toutes les fonctions
propres associées a 5%1 (%), i=1,...,p, sont lipschitziennes dans R,

Toutefois, des simulations numeériques tendent a montrer que la relation \;(2*) = Ap_1(02%)
est vérifiée pour un ensemble optimal Q* au probléme (1.3.1) (voir [80] et [56, Section 2.5.3|).
Mentionnons aussi que l'existence d’un ouvert Q* solution du probléme (1.3.1), ainsi que le
caractére Lipschitzien de I’ensemble des fonctions propres associées a A\, (€2*), sont encore des
problémes ouverts.

Concernant la régularité de la frontiére libre des ensembles optimaux, le résultat suivant dia
a Mazzoleni, Terracini et Velichkov (voir [77]) a été d’une grande source d’inspiration pour le
travail que nous présentons dans la sous-section suivante (Théoréme 1.3.11) qui traite aussi de la
somme des premiéres valeurs propres mais pour un opérateur plus général sous forme divergence.

Théoréme 1.3.8. Soit * une solution du probléme
min {A(Q) +-- + \(Q) : QC R? ouvert, |Q] = 1}.

Alors Q* est connexe et la frontiére libre 9Q* se décompose en 'union disjointe d’une partie
réguliere Reg(92*) et d’une partie singuliére Sing(9€Q*), ou :

1. Reg(0€2*) est localement le graphe d’une fonction de classe C*°.
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2. pour une constante universelle d* € {5,6, 7}, Sing(9§2*) est :

e vide si d < d*;
e discret si d = d*;

e de dimension de Hausdorff au plus (d — d*) si d > d*.

La preuve passe par un principe de Harnack pour les fonctions propres a la frontiére d’un
ensemble optimal et permet de se ramener d’un probléme & frontiére libre vectoriel & un probléme
scalaire pour lequel la régularité est déja connue.

Entre temps, Kriventsov et Lin obtiennent de maniére indépendante et avec une preuve
différente un résultat similaire pour des fonctionnelles en les valeurs propres plus générales que
la somme (voir [70]).

Théoréme 1.3.9. Soit F : R¥ — R une fonctionnelle de classe C! telle que 8; F > ¢ > 0,
i=1,...,k. Soit Q* une solution du probléeme

min {]:()\1(9), o) Q- QCRY ouvert}. (1.3.6)

Alors le bord réduit 0*Q* de 2* est un ouvert de 9Q* qui est localement le graphe d’une fonction
analytique. De plus, I’ensemble singulier 02\ 0*Q* est de dimension de Hausdorff au plus d — 3.

Puisque la fonctionnelle F(Q) = F(A(Q),..., \e(2)) + || n’est pas différentiable par
rapport au domaine, les auteurs dans 70| ont recours a des arguments d’approximation basés sur
une idée tirée de [82]. Plus précisément, pour une solution 2* au probléme (1.3.6), ils introduisent
des fonctionnelles F, telles que les minimiseurs {2 de JF, ont des valeurs propres /\i(Q;) simples
pour tout ¢ = 1,...,k, et ils étudient ensuite la convergence de 2, vers Q*. Les fonctionnelles
Fp étant différentiables par rapport au domaine, ils montrent qu’il existe une équation d’Euler-
Lagrange sur 9§27 qui, par passage & la limite, leur permet d’obtenir une équation d’Euler-
Lagrange sur 0€2* alors méme que JF n’est a priori pas différentiable. Plus précisément, ils
obtiennent la condition Zle & 0, (u?) = 1 sur 9*Q*, pour une certaine famille orthonormale
(u;)¥_, de fonctions propres sur Q* et pour certaines constantes strictement positives ()%,
(v est la dérivée normale extérieure). Le lien entre les constantes &; et les dérivées partielles
de F n’est toutefois pas connu, sauf si la fonctionnelle F est différentiable auquel cas il suit
& = 0; F(¥*). Précisons que dans la situation favorable ot les valeurs propres A1 (2%), ..., A (%)
sont simples, ils prouvent aussi 'estimation plus précise de I’ensemble singulier obtenue dans le
Théoréme 1.3.8.

Peu apreés, les mémes auteurs considérent dans [71] des fonctionnelles qui ne font intervenir
que certaines valeurs propres. Par souci de simplicité, nous énongons ici leur résultat pour Ag(2)
qui correspond au théoréme 1.1 dans |71], mais leur résultat s’applique en fait & des fonctionnelles
plus générales (voir |71, Theorem 1.2]).

Théoréme 1.3.10. Soit 2* une solution du probléme
min {Ak(Q) . Q c R quasi-ouvert, |Q| = 1} .

Alors la frontiére libre 9Q* = 0*Q* U Zac U Z¢ se décompose en 'union disjointe de trois
ensembles qui possédent les propriétés suivantes :

1. Le bord réduit 9*Q* est un ouvert de IN* et est localement le graphe d’une fonction
analytique.

2. L’ensemble Zxc correspond aux points sur 9Q* \ 0*Q* en lesquels la densité de Q* est
strictement inférieur & 1. C’est un ouvert de 9Q* \ 9*Q* qui est de dimension de Hausdorff
au plus d — 3.

3. L’ensemble Z¢ correspond aux points sur 9Q* en lesquels la densité de Q* est 1.
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4. 11 existe une famille orthonormale (u;); de fonctions propres associées a A (§2*) sur un sous
ensemble ouvert de * qui sont lipschitziennes. De plus, il existe des constantes & > 0
telles que . & =1 et

Zfi&,(u?)zl sur 0",

La principale différence avec [70| est Papparition d’un ensemble Z¢ formé de points "cusp",
qui est principalement due a I’absence d’une propriété de non-dégénérescence pour les fonctions
propres u;. Ainsi, le théoréme 1.3.10 énonce que les points de la frontiére libre sont réguliers, mais
ne fournit pas d’estimation de I’ensemble singulier, 'ensemble des points cusp Z¢ étant encore
mal compris. Précisons que dans [70] et [77], ainsi que dans [88] (voir le théoréme 1.3.11), la
non-dégénérescence des fonctions propres repose de maniére essentielle sur le fait que la premiére
fonction propre est strictement positive dans Q2*.

1.3.2 La somme des premiéres valeurs propres d’un opérateur sous forme
divergence

Nous présentons ici les résultats des chapitres 4 et 5 qui correspondent a [87] et [88].

Dans cette section nous étudions la régularité des ensembles optimaux pour la somme des
premiéres valeurs propres, comptées avec multiplicités, d’un opérateur sous forme divergence avec
une pénalisation en volume et sous une contrainte d’inclusion. Plus précisément, nous fixons un
ouvert borné D C R? la boite, et nous considérons pour un quasi-ouvert Q@ C D les valeurs
propres \;(2) de opérateur —b(z) ! div(AV-) sur 2 avec condition de Dirichlet. En d’autres
termes, pour chaque valeur propre \;(€2) il existe une fonction propre u; € H&(Q) telle que

—div(AVu;) = \i(Q) bu;  dans
u; =0 sur Of).

Précisons que cet opérateur est plus général que celui avec un terme de transport considéré dans

le Théoréme 1.2.12 puisque ce dernier correspond au cas particulier ot A = e~®Id et b = e~ ®.

Nous avons le résultat de régularité suivant.

Théoréme 1.3.11. Soient D C R% un ouvert borné, A : D — Symj une fonction & valeurs dans
les matrices symétriques qui est uniformément elliptique et dont les coefficients sont Holdériens,
b € L*°(D) une fonction bornée telle que cb_1 < b < ¢, pour une constante ¢, > 0 et A > 0.
Alors le probléme

min {A(Q) + - + Xe(Q) + A|Q| : Q C D quasi-ouvert } (1.3.7)

admet une solution. De plus, les solutions 2* sont des ouverts de périmeétre fini. Par ailleurs, si
b € W1°°(D) est une fonction lipschitzienne, alors la frontiére libre 9Q* N D = Reg(9Q* N D) U
Sing(9Q* N D) se décompose en deux ensembles disjoints tels que :

1. Reg(092* N D) est localement le graphe d'une fonction de classe C1® pour un « € (0,1).
Si, en outre, a;; € C*%(D) et b € C*19(D) pour certains § € (0,1) et k > 1, alors
Reg(0Q* N D) est localement le graphe d’une fonction de classe C*+1,

2. pour une constante universelle d* € {5,6, 7}, Sing(9Q* N D) est :
e vide si d < d*;
e discret si d = d*;

e de dimension de Hausdorff au plus (d — d*) si d > d*.

Nous montrons dans un premier temps que les fonctions propres sur un ensemble opti-
mal pour (1.3.7) sont localement lipschitziennes dans D, ce qui constitue une premiére étape
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importante pour I’étude de la régularité de la frontiére libre des ensembles optimaux. Concer-
nant la premiére valeur propre du Laplacien, la régularité lipschitzienne de la premiére fonction
propre sur un ensemble optimal a été obtenue par Briangon Hayouni et Pierre dans [10] (voir
aussi Théoréme 1.2.6). Dans [18] (Théoréme 1.3.6), les auteurs considérent des fonctionnelles
F(A(Q),..., A(2)) bi-lipschitziennes par rapport aux valeurs propres \;(2) du Laplacien, un
exemple modéle étant la somme A1 (2) + - -+ + Ax(2). En particulier, ils prouvent le caractére
Lipschitzien des fonctions propres sur un ensemble minimisant la somme des k premiéres valeurs
propres du Laplacien parmi les quasi-ouverts Q C R? de mesure fixée. Ces résultats s’inspire des
travaux d’Alt, Caffarelli et Friedman pour la régularité de problémes a frontiére libre (|2, 3]). Plus
précisément, une fonction u € H'(R?) est lipschitzienne si elle harmonique dans Q, = {u # 0}
et qu'elle vérifie une condition de quasi-minimalité pour I’énergie de Dirichlet [pq |Vv|?dz. La
preuve, qui repose de maniére cruciale sur la combinaison de la formule (1.2.11) et de I'estimation
|Alul|(Br(x)) < Cr?!, ne permet par contre pas de traiter le cas de 'opérateur —b~! div(AV")
puisque, par exemple, la formule (1.2.11) ne posséde pas de généralisation pour cet opérateur
(comme c’était néanmoins le cas pour l'opérateur avec un terme de transport considéré dans le
Théoréme 1.2.12).

En s’inspirant des résultats de [77] (Théoréme 1.3.8), il est possible de montrer que le vecteur
U = (ui,...,ux) des k premiéres fonctions propres sur un ensemble optimal pour (1.3.7) est un
quasi-minimiseur pour la fonctionnelle

HYD,RY) 5V = (v, v) i—>/ AVV -V dz + A[{[V] > 0}],
D

ou on utilise la convention AVV -VV = AVwv; -V +-- -+ AV - Vug. L’idée pour montrer que
de tels quasi-minimiseurs U sont Lipschitziens est, comme dans le Théoréme 1.2.15, de geler les
coefficients afin que la fonction U, dans de nouvelles coordonnées prés de x, devienne un quasi-
minimiseur pour une fonctionnelle a coefficients constants. Bien stir, ce changement de variables
dépend du point z. Ensuite, nous adaptons la stratégie de David et Toro développée dans [34]
ol les auteurs prouvent que les quasi-minimiseurs pour les fonctionnelles a une et deux phases
a coefficients constants sont des fonctions lipschitziennes (voir aussi [33] pour des résultats de
régularité de la frontiére libre). Nous obtenons le résultat suivant.

Théoréme 1.3.12. Soient D C R? un ouvert borné et Q@ C D un quasi-ouvert. Soit A :
D — Sym;; uniformément elliptique et a coefficients d,-Holdériens et soit f = (f1,..., fx) €
L>=(D,R¥). Supposons que U = (u1,...,ux) € H}(Q,RF) est une fonction qui vérifie

e U est solution de I’équation
—div(AVU) = f dans €, (1.3.8)

e U satisfait la condition de quasi-minimalité suivante : pour tout C7 > 0, il existe des
constantes € € (0,1) et C' > 0 telles que

/AVU-VUd:c+A]{|U]>O}|§ (1+C||U—U||L1)/ AV - VT da + A[{|T] > 0},
D D

pour tout U € H(D,R*) tel que |U — U|jz1 < e et |Ulp~ < Ci.

Alors U est une fonction localement lipschitzienne dans D.

Précisons que presque au méme moment, David, Engelstein, Smit Vega Garcia et Toro ont
prouvé dans [32] la régularité lipschitzienne des quasi-minimiseurs pour une fonctionnelle & deux
phases avec des coefficients variables sans supposer que les quasi-minimiseurs satisfassent une
équation. La question d’écarter I'hypothése (1.3.8), qui n’est utilisée dans la preuve du Théoréme
1.3.12 que pour montrer que U est bornée et pour appliquer la formule de monotonie de Mate-
vosyan et Petrosyan dans [75], n’est ici pas abordée puisque nous sommes surtout intéressés par
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la régularité des fonctions propres sur un ensemble optimal au probléme (1.3.8) pour lesquelles
léquation (1.3.8) est satisfaite.

La régularité de la frontiére libre d’un ensemble minimisant la somme des premiéres valeurs
propres du Laplacien de Dirichlet a été démontrée dans [77] (Théoréme 1.3.8) qui constitue la
principale source d’inspiration pour la preuve du Théoréme 1.3.11. Précisons que le probléme
(1.3.7) n’est pas invariant par translation a cause de la contrainte imposée par la boite ainsi que
la présence des coefficients variables, ce qui implique en particulier que, contrairement a [77], les
ensembles optimaux * pour (1.3.7) ne sont a priori pas connexes. Néanmoins, il est possible
de montrer que les composantes connexes de 2* ne se touchent pas dans D. Puisqu’elles sont
aussi solution d’un probléme similaire & (1.3.7), il suffit en fait de prouver la régularité d’une
composante connexe de 2%, notée (1], ot la premiére fonction propre u; est strictement positive.
La preuve consiste ensuite & montrer que {2} est non-tangentiellement accessible (NTA) pres
des points réguliers de QF, puis & prouver que les fonctions propres U = (uq,...,uy) vérifient
un principe de Harnack aux points réguliers de la frontiére 0€2]. Ceci permet alors de montrer
que u; satisfait une condition d’optimalité sur la partie réguliére de €2} et ainsi d’appliquer un
résultat de De Silva pour la régularité des problémes a frontiére libre & une phase (voir [36]).

Les fonctions propres sont lipschitziennes

Commencons par préciser que 'opérateur —b~! div(AV:) étant autoadjoint dans L%(Q, bdz),
ses valeurs propres sur un quasi-ouvert {2 C D forment une suite de réels strictement positifs et
sont caractérisées par

AV -Vud
() = min max Jo AVv - Vodz

V sous-espace de veV\{0} fQ v2bdx
dimension k de H}(Q)

De plus, les fonctions propres (uy)g>1 sur  forment une famille orthonormale de L?(Q; bdz),
c’est-a-dire fQ uujbdr = ;5. De cette formulation variationnelle des valeurs propres il dé-
coule l'existence d’'un quasi-ouvert * optimal pour (1.3.7) et, par ailleurs, que le vecteur
U = (uy,...,ur) des k premiéres fonctions propres sur 2* est une solution du probléme sui-
vant

min{/ AVV-VVAL{V] > 0} : V = (01, ..., 08) eH&(D,Rk),/
D D

vivjb dr = 52]} (1.3.9)
Il est alors possible de s’affranchir de la contrainte d’orthogonalité en utilisant une idée tirée
de [77, Lemma 2.5] qui est basée sur la procédure d’orthonormalisation de Gram-Schmidt. Plus
précisément, si U € Hy (D, R*) est une petite perturbation de U (en norme L'), alors le vecteur
V obtenu en orthonormalisant U a une énergie proche de celle de U, de sorte qu’en utilisant
(1.3.9) il vient que U vérifie la condition de quasi-minimalité du Théoréme 1.3.12. Le caractére
Lipschitzien des fonctions propres sur 2*, et par conséquent ’existence d’un ensemble optimal
ouvert pour (1.3.7), sont donc une conséquence du Théoréme 1.3.12.

Il s’agit maintenant de montrer qu’une fonction coordonnée u := wu;, pour i = 1,...,k,
de U = (uq,...,u)) donné par le Théoréme 1.3.12 est localement lipschitzienne dans D. Pour
cela, on effectue comme au Théoréme 1.2.15 le changement de variables en « € D donné par la
fonction Fy(§) := :L'—FA;/Q [€], € € R%. On note u, := uo F, afin de faire apparaitre la dépendance
en le point z (ici, u, n’est donc pas une fonction blow-up de wu...). La fonction u, est alors un
quasi-minimiseur pour ’énergie de Dirichlet, au sens ot pour tout rayon r < rg,

/yvugg\2 (1+C7’6A)/ \Val? 4 Cr?, (1.3.10)
B, Br

pour tout @ € H*(R?) tel que u, — @ € H}(B,) et ||i]|n= < |Juz|p~. Cette condition de quasi-

minimalité permet en particulier de montrer que la moyenne w(ug,r) = (fp |Vux|2)1/ * ne
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peut pas croitre trop vite quand » — 0. Plus précisément, en comparant u, avec son extension
harmonique dans des boules de rayon 277, on obtient par un argument itératif I’estimation
w(tg, s) < Cw(ug,r)+Clog (%) pour tous 0 < s < < rg. Pour y,z € B,(x) a une distance § =
|z —yl|, en utilisant en particulier I'inégalité de Poincaré il vient |u(z) —u(y)| < Co(14+w(uy, cd))
de sorte qu’avec ’estimation précédente on obtient

[u(y) = u(2)| < C(1+w(uy, ) +log " : Z|)\y —zl.
La fonction u est donc continue dans D et méme localement Holdérienne dans D.

Cette stratégie permet aussi de montrer que u est lipschitzienne dans un voisinage de x ot u
ne change pas de signe. Ceci est di au fait que la preuve de I'estimation précédente sur w(uz, )
repose essentiellement sur une comparaison entre u, et son extension harmonique h, & B,. Or
si u, est strictement positive dans B, alors h, I'est aussi par le principe du maximum, de sorte
que quand on compare u, avec h, & l'aide de la condition de quasi-minimalité du Théoréme
1.3.12, les termes de mesures se simplifient. De plus, u étant a-Hd6ldérienne, le terme d’erreur
en norme L' est controlé par r@te. Par conséquent, si u, est strictement positive dans B,., alors
u, vérifie (1.3.10) avec maintenant @ = h, et un terme d’erreur en 7%+ (au lieu de 7). En
reprenant la stratégie précédente avec ce terme d’erreur plus précis, on obtient en particulier
Pestimation w(ug, s) < Cw(ug,r) + Cr®. Par conséquent, il vient que w est lipschitzienne dans
B, j2(x) avec ||Vl (B, () < C(1 + w(ug,7)). En fait, u est dans ce cas de classe C? pour
un certain 8 € (0, 1).

Ensuite, on considére la situation ot w(uy,r) > K pour une certaine constante x > 0 suffi-
samment grande et on distingue alors deux cas. Sous une hypothése supplémentaire, qui exprime
que la quantité H JCBT uz| est grande, il est possible de montrer que la fonction wu, est de signe
constant dans une petite boule B,,, de sorte que ’on est ramené au cas précédent ; en particulier,
|[Vu(z)| < C(14+w(ug,)). Si cette hypothése n’est pas satisfaite, alors on montre que la moyenne
w(ug, ) décroit pour un plus petit rayon. Plus précisément, il vient w(u,,r/3) < %w(uz,r). La
preuve de ce résultat utilise en particulier une formule de monotonie tirée de [75] pour des
opérateurs sous forme divergence.

Pour conclure que u est lipschitzienne, on fixe x € D, » > 0 et on considére la fonction u,
dans des boules B,, de rayon rj = 37Fr. D’aprés ce qui précéde, pour tout k > 0, 'une des trois
assertions suivantes et vérifiée :

(i) uy est de signe constant dans Be,, et en particulier |Vu(z)| < C(1 4+ w(ug, %)),

(i) w(ug,rg+1) < %w(ux,rk),

(i) w(ug,rk) < k.
Par suite, on considére le plus petit entier ky pour lequel la condition (i) est satisfaite. Puisque
pour tout k < ko l'une des conditions (ii) ou (iii) est vérifiée, on obtient par récurrence que
w(ug, rt) < max{2*w(ug,r), x} pour tout 0 < k < k. Or la condition (i) étant satisfaite pour
ko, il vient |Vu(z)| < C(1 + w(ug, 1)) < C(1 + w(ug, 7)). Précisons que si kg n’existe pas (i.e.
le cas (i) n’est jamais vérifié), alors w(uy,ry) < k pour tout k suffisamment grand, de sorte que
l'on obtient |Vu(z)| ~ |Vuy(0)| = liminfy_, 4o w(ug,rx) < k pour tout point x de Lebesgue
pour Vu € L? (puisque 0 est alors un point de Lebesgue pour Vuy).

Régularité de la frontiére libre

On commence par étudier les blow-ups du vecteur U = (uy,...,u;) € Hg(D,RF) des k
premiéres fonctions propres sur un ensemble optimal Q* pour (1.3.7). Pour xg € D et r, | 0,
on définit la suite de fonctions B, (§) = % (xo + &) qui converge vers une fonction limite
By € Hﬁ)c(Rd, R¥) puisque U est localement lipschitzienne dans D. Afin d’étudier les blow-ups

By, on effectue le changement de variables précédent Fy,(§) = IJrA;;/; [€] de sorte que la fonction
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Uy, = U o F,, vérifie une condition de quasi-minimalité pour la fonctionnelle
J(0,7) —/ VO de + A[{|T] > 0} 1 By|. (1.3.11)
B,

On en déduit que U, est non-dégénérée en s’inspirant de [34], et on montre une formule de

monotonie de Weiss pour Uy,. Ainsi, la suite B,, o A;;/(f (¢) = LU, (1,€) converge vers un blow-

Tn
up By o A;/; de Uy, en 0 qui est non-trivial (non-dégénérescence de Uy, ), 1-homogéne (formule
de monotonie de Weiss) et qui est un minimiseur global de la fonctionnelle (1.3.11). De plus, il
existe un vecteur unitaire & € 9B; C RY tel que Bgo A;/(f =|Bpo A;/OQ\ &, de sorte que la fonction
| By OA;/O2| est alors une solution globale de la fonctionnelle d’Alt-Caffarelli [p, |Vu|? dz+ Al{u >
0}|. En conséquence, le vecteur U satisfait au sens de la viscosité la condition d’optimalité
suivante

|AY|U|| = VA sur 9Q* N D. (1.3.12)

Ensuite, la stratégie est, comme dans [77], de se ramener & un probléme a frontiére libre
a une phase. Rappelons que les composantes connexes de 0* ne se touchent pas dans D et
qu’il est donc suffisant de prouver la régularité d’'une composante connexe 2] de Q2* ou la
premiére fonction propre u; est strictement positive. En reprenant une idée de |70] on montre
que u; est non-dégénérée prés de 0€)]. Plus précisément, pour une certaine constante C; > 0
il vient Cru; > |U| dans Q7F, de sorte que la non-dégénérescence de U implique celle de u;. En
conséquence, on en déduit une estimation de la densité de €2]. Par suite, un point z¢g € 0927 N D
est dit régulier si %(Q’{ — xp) converge vers un demi-espace quand r — 0. On montre alors, en
utilisant la formule de monotonie de Weiss, que les points réguliers correspondent aux points
zog € 99 N D tels que la densité de {|Uy,| > 0} en 0 vaut 3. Avec le fait que les frontiéres
0{|Bn| > 0} convergent vers 0{|Bp| > 0} pour la distance de Hausdorff, on en déduit que 27 est
Reifenberg plat au voisinage des points réguliers, ce qui signifie en un certain sens que la frontiére
097 prés d'un point régulier peut étre approchée par des hyperplans. En particulier, la partie
réguliere de 27 est tangentiellement accessible (NTA) par un résultat de Kenig et Toro dans [66].
On montre alors un principe de Harnack pour les fonctions propres prés des points réguliers xg de
la frontiere 0€2}. Plus précisément, on montre que les limites g;(xo) = limg_4, %(f:)), 1=2,...,k,
existent et définissent des fonctions g; : 995 N Br(z9) — R qui sont Holdériennes. La preuve
de ce résultat utilise un principe de Harnack & la frontiére pour des fonctions harmoniques par
rapport a un opérateur sous forme divergence sur un ensemble NTA (voir [63]). Ici, les fonctions
propres u; sont solutions de I’équation —div(AVw;) = \i(2*)bu; dans QF avec un membre de
droite qui fait en particulier intervenir la fonction b. La preuve s’inspire d’une idée dans [82,
Appendix A] pour les fonctions propres du Laplacien avec b = 1. Précisons que c’est le seul
résultat dans la preuve du Théoréme 1.3.11 ou le caractére lipschitzien de b est utilisé. Ce
principe de Harnack permet ensuite d’obtenir une condition d’optimalité satisfaite par u;. De
maniére heuristique, en écrivant u; = g|U| avec g = (14ga+- - -+gx) /> on obtient formellement
que A'PVuy = gA'PV|U|+|U|A'/*Vg, de sorte qu’en utilisant la condition d’optimalité (1.3.12),
et puisque U = 0 sur QF, il vient |A'2Vu;| = gv/A sur 9} N B,(x0). On montre alors que cette
condition d’optimalité est en fait satisfaite au sens de la viscosité. Il suit alors, puisque 'on a
prouvé que la fonction g est Holdérienne sur 0] N By (xo), que la partie réguliére de Q7 est de
classe C1® par un résultat de De Silva dans [36]. 11 est aussi possible de montrer un principe
de Harnack d’ordre supérieur pour les fonctions propres, ce qui avec le résultat de Kinderlehrer
et Nirenberg dans [67] implique en particulier que la partie réguliére est de classe C™ si les
coefficients de I'opérateur sont de classe C'*°. Enfin, on montre qu’il est possible d’appliquer les
résultats de Weiss dans [92] afin d’obtenir I'estimation de I’ensemble singulier.
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1.4 Perspectives

Nous listons dans cette section quelques remarques et perspectives de recherche liées aux
problémes abordés dans cette thése.

e Dans [84] nous avons prouvé I'existence d’un couple optimal pour le probléme
min {1 (2, V) : Q C D quasi-ouvert, |Q] <m, [|[V]|p~ <7}, (1.4.1)

ainsi qu’un résultat d’existence et de régularité si I’on se restreint de surcroit aux termes de
transport de la forme V = V®, ® € Wh%(D). Il est alors naturel d’espérer que ce résultat
de régularité est aussi valable pour le probléme (1.4.1). Rappelons que quand V = V®, la
preuve repose de maniére cruciale sur I’existence d’une caractérisation variationnelle de la
premiére valeur propre qui permet de se ramener & un probléme a frontiére libre, et qu’une
telle caractérisation n’existe pas pour un terme de transport V € L>(D,R%) quelconque.
Une idée réside dans la décomposition de Helmholtz-Hodge, qui énonce que tout champ
de vecteur V € L2(D,R%) peut s'écrire comme V = Vp + V®, ou Vy € L?(D) est un
champ de vecteurs de divergence nulle et ® € H} (D). Il est alors possible de montrer que
A1(Q,—A) < A (Q, V) pour tout quasi-ouvert @ C D et tout terme de transport V de
divergence nulle. Ainsi, le probléme (1.4.1) restreint aux termes de transport de divergence
nulle posséde les mémes solutions que celui de la minimisation de la premiére valeur propre
du Laplacien de Dirichlet dans une boite, pour lequel la régularité est connue d’apreés [11]
(ou [84]). Bien stir, la régularité pour un terme de transport V € L>(D,R%)fixé, qui est
un résultat plus fort, est aussi un probléme ouvert.

e Une autre perspective est de montrer une inégalité de type Faber-Krahn pour 'opérateur
L = —A+V -V avec condition de Robin. Dans [51| (voir aussi Théoréme 1.2.2), les auteurs
montrent que A; (Q*,Tﬁ—') < A1(9, V) pour tout ouvert (lisse) Q C RY tel que |Q < m
et tout champ de vecteurs V € L>®(R% R?) tel que ||V||z~ < 7, ott 2* désigne la boule
centrée en 0 telle que |Q2*| = m (et A\1(2, V) la premiére valeur propre de L dans Q avec
condition de Dirichlet). D’un autre coté, la boule minimise la premiére valeur propre du
Laplacien avec condition de Robin parmi les ouverts de R? de mesure fixée (voir [31]).
Ainsi il est naturel d’espérer que la boule est aussi un minimiseur pour la premiére valeur
propre de L avec condition de Robin. L’idée serait d’adapter la stratégie développée dans
[31] (voir aussi [16]) a 'opérateur L, qui est basée sur une fonctionnelle adaptée au ratio
|Vu|/u ot u désigne la premiére fonction propre du Laplacien avec condition de Robin.
Cette fonctionnelle s’étend en fait au cas de 'opérateur L puisque ’on connait I’expression
du terme de transport optimal sur un domaine fixé (voir [51] ou Théoréme 1.2.4).

e Il serait intéressant de faire des simulations numériques pour déterminer la forme des
ensembles optimaux qui minimisent la premiére valeur propre de 'opérateur L = —A+V -V
selon le choix du terme de transport V. Par exemple, on sait que pour V(z) = %I la boule
est un minimiseur ; qu'en est-il pour V(z) = —ﬁ ? Un autre question est d’identifier le
terme de transport optimal sur un domaine fixé ayant une géométrie simple, comme par
exemple une ellipse. Mentionnons aussi que 1'on connait des résultats qualitatifs sur la

premiére fonction propre quand la norme ||V devient grande (voir [53]).

e Plusieurs questions naturelles émergent des résultats obtenus dans [87, 88] : le résultat
de régularité est-il encore valable avec une contrainte de mesure du type |2] < m (plutot
qu’une pénalisation avec un terme de la forme A|Q2]) 7 Ou bien avec une fonctionnelle plus
générale que la somme? Les ensembles optimaux sont-ils réguliers jusqu’a la frontiére de
la boite D ? Il s’agirait pour la premiére question d’adapter la stratégie suivie dans [11]
(ou [84]) pour des quasi-minimiseurs & valeurs vectorielles. Concernant la deuxiéme ques-
tion, précisons que les résultats dans [87, 88| sont en fait valables pour des fonctionnelles
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strictement croissantes et interchangeables par rapport & chaque variable. Un résultat pour
des fonctionnelles plus générales pourrait étre obtenu en s’inspirant des idées développées
dans [70] et [71] (voir aussi Théorémes 1.3.9 et 1.3.10). Enfin, en vue d’obtenir la régularité
jusqu’au bord de la boite des ensembles optimaux, il est d’abord nécessaire de montrer que
les fonctions propres sur un ensemble optimal sont lipschitziennes dans R¢ (le caractére
lipschitzien prouvé dans [87] est seulement local dans D).

Bucur, Mazzoleni et Pratelli ont prouvé I’existence d’un minimiseur borné parmi les quasi-
ouverts de R? de mesure fixée pour des fonctionnelles générales en les valeurs propres
du Laplacien de Dirichlet (voir [12, 76] et Théoréme 1.3.3). Il serait intéressant d’étendre
ce résultat & un opérateur sous forme divergence. La régularité des minimiseurs pour la
somme des k premiéres valeurs propres dans R? serait alors une conséquence des résultats
dans [88]. Néanmoins, les preuves suivies dans [12, 76| utilisent que les valeurs propres
du Laplacien de Dirichlet sont invariantes par translation et (—2)-homogenes, ce qui n’est
bien stir pas le cas des valeurs propres d’un opérateur avec des coefficients variables.

Terminons avec un probléme a frontiére libre. Il s’agit d’étudier la régularité des minimi-
seurs de la fonctionnelle & une phase suivante

Flu) :/ (IVul? + Q)1 gusey) d + B WK
B HNB,

ou () est une fonction bornée, 5 > 0, Bfr et H désignent respectivement la demi-boule
Bff = {z4>0}NB; C R et I'hyperplan H = {z4 = 0}. La motivation derriére I'étude de
ce probléme est que les ensembles des blow-ups en un point sur d({u > 0} N H) ne sont
pas des demi-espaces mais des cones dont I'angle dépend du paramétre 5. L’objectif est
de prouver que la frontiére libre (d — 2)-dimensionnelle F' := 9({u > 0} N H) est de classe
C1 3 un petit ensemble singulier prés. Précisons que la frontiére de 'ensemble {u > 0}
dans {x4 > 0} est réguliere d’aprés 2], et que 'intérét de ce probléme réside dans ’étude
de la régularité de la frontiére de {u > 0} dans I'hyperplan H.

Annexe A : Spectre d’un opérateur compact

On rappelle briévement quelques résultats classiques de théorie spectrale concernant les opé-

rateurs compacts. Pour plus de détails on pourra consulter le livre de Kato [64].

Commengons par le cas des opérateurs autoadjoints sur un espace de Hilbert H séparable et

de dimension infinie. On note B(H) 'ensemble des opérateurs bornés sur H.

Théoréme 1.A.1 (cf. section 5.2.3 p.260 dans [64]). Soit T € B(H) un opérateur autoadjoint
et compact. Alors :

il existe une base hilbertienne (uy,)nen de H formée de vecteurs propres pour 7' dont les
valeurs propres associées (A, )nen sont de multiplicité finie et forment une suite de réels
qui converge vers 0.

. si en outre T est positif, alors on peut réarranger les valeurs propres A, non nulles en une

suite décroissante de réels strictement positifs tendant vers 0.

Le théoréme suivant énonce que lapplication qui & un opérateur autoadjoint 7' € B(H)

associe son spectre o(T') est 1-lipschitzienne par rapport a la norme d’opérateur et la distance
de Hausdorff. Rappelons que la distance de Hausdorff entre deux compacts K;, Ko C R est
définie par

dy (K1, K2) = max { sup d(z, K3), sup d(Ky,y)}.
zeK1 yeKo
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Théoréme 1.A.2 (cf. Theorem 4.10 p.291 dans [64]). Soient T1,T> € B(H) deux opérateurs
autoadjoints. Alors

dy(o(Th),0(T2)) < |11 — T3

On considére maintenant des opérateurs compacts sur un espace de Banach complexe X de
dimension infinie.

Théoréme 1.A.3 (cf. Theorem 6.26 p.185 dans [64]). Le spectre o(T)) C C d’un opérateur
compact T € B(X) est fini ou formé d’une suite tendant vers 0. De plus, tout A € o(T) \ {0} est
une valeur propre de T' de multiplicité finie.

Le théoréme suivant exprime la continuité du spectre d’'un opérateur compact vis-a-vis de la
convergence en norme. Il n’y a toutefois plus d’estimation de la vitesse de convergence comme
au théoréme 1.A.2.

Théoréme 1.A.4. Soit (T},)p>1 C B(X) une suite d’opérateurs convergeant vers un opérateur
compact T' en norme d’opérateur. Soient A € C\ {0} une valeur propre de T et r > 0 tels que
B,(A)No(T) = {\}. Alors il existe ng > 1 tel que pour tout n > ny, il existe une valeur propre
An € O'(Tn) N BT/Q()\)

La suite de cette annexe est dédiée a la preuve de ce théoréme, qui est implicite dans [64] (voir
Theorem 3.16 p.212). Rappelons que pour 7' € B(X), I'ensemble résolvant p(7') est I’ensemble des
complexes ¢ € C tels que T'— (I est inversible, tandis que le spectre o(T') est le complémentaire
de p(T) dans C, c’est-a-dire o(T) = C\p(T'). La résolvante R((,T) € B(X) pour ¢ € p(T) est
définie par R(¢,T) = (T — ¢I)~*. De plus, ¢ — R(¢,T) est holomorphe sur I'ouvert p(T').

Dans la suite T' € B(X) désigne un opérateur borné et I une courbe simple, fermée, rectifiable
et orientée positivement dans p(7"). On note o1(7") la partie du spectre de T qu’entoure I' et
oo(T) =0o(T)\ o1 (T).

Lemme 1.A.5. L’opérateur
R(¢,T)d 1.A1
5= R (LAD)
définit une projection, appelée projection spectrale (ou projection de Riesz).

Preuve : Soit IV une courbe dans p(T") séparant le spectre de T' en 01(T') et 02(T') de sorte que
Pr(T) = Pp/(T), et supposons que I entoure I'. Par simplicité on note R(¢) = R((,T). Alors

P(T) m /[, / R(C)R(Q)dCd

En utilisant ’équation de la résolvante

R({') = R(¢) = (¢' = QR(CIR(C), V(. ¢ €p(T), (LA2)

il vient
1

N dg¢ 1 d¢’
—_— R d — R(C)d .
@in)? /r ()de” | ¢ <2z‘7r>2/r Qde |, 72

Or, puisque I entoure I, on a

Pr(T)? =

d¢’
¢ —=C

= 2im,

V¢ e, /F C’d—CC =0 e V(CeT,

ce qui prouve que Pr(T)? = Pp(T). O
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En notant Mp(T) = Pr(T)X et Np(T) = (I — Pr(T))X, Pr(T) est la projection de X
sur Mp(T) parallelement & Np(T') et on a la décomposition X = Mp(T) @& Np(T'). De plus,
Pr(T) commute avec R(¢,T) au vu de I'équation de la résolvante (1.A.2), et donc commute
aussi avec T'. Ainsi, T induit sur les sous-espaces T-invariants Mp(T") et Np(T') des opérateurs

notés Thy € B(MF(T)) et Ty € B(NF(T))
Lemme 1.A.6. On a 0(Ty) = 01(T) et o(Tn) = 02(T).

Preuve : Notons par commodité d’écriture P = Pr(T), R(¢) = R((,T), M = Mr(T) et N =
Nr(T), et soient Ry (C) € B(M) et Ry(¢) € B(N) les opérateurs induits par R(¢) sur M et N
respectivement. Il est immeédiat de vérifier que Rps(¢) = (T — ¢I)~ et Ry(¢) = (T — ¢I)~t
ce qui implique que p(T') est inclus dans les deux ensembles résolvants p(Ths) et p(Tn). De plus,
en utilisant ’équation (1.A.2) on obtient pour ¢ € p(T)

1 [ R()—R({) .
R(¢ m/ (R 5im (1.A.3)

Ainsi, pour ¢ € p(T') a lextérieur de la région délimitée par T il vient

= = C C’ (1.A.4)

Puisque le membre de droite dans (1.A.4) est holomorphe a I'extérieur de T, il suit que R({)P,
et donc aussi Ry (¢) (puisque R(C)P = Rp(¢) dans M), possédent un prolongement analytique
a l'extérieur de T', ce qui implique que o(Tys) C 01(T'). De maniére analogue, pour ¢ € p(T) a
I'intérieur de la région délimitée par I", (1.A.3) donne

ROU-P) = 5 [ 2,

ce qui définit un prolongement analytique de Ry (¢) a U'intérieur de I' et montre que o(Tx) C
o9(T). Afin de conclure, il suffit donc de montrer que o(T) C o(Th) U o(Tx). Or si ¢ €
p(Thr) N p(Tyn), alors R ()P + Ry (C)(I — P) est 'inverse de T'— (I de sorte que ¢ € p(T), ce
qui achéve la preuve. ]

Dans la situation ot I' entoure une seule valeur propre isolée A du spectre de T, c’est-a-dire
si 01(T) = {A}, alors Mp(T) est appelé le sous-espace propre algébrique associé a A. Si en outre
My (T) est de dimension finie, alors la dimension de M (T') est appelée la multiplicité algébrique
de la valeur propre A. Bien siir, si A est un point isolé du spectre de T', alors A est une valeur
propre de T' si Mp(T) est de dimension finie, tandis que A peut étre ou non une valeur propre
de T si Mr(T) est de dimension infinie. Enfin, pour une valeur propre A, on appelle Ker(7T — AI)
le sous-espace propre géométrique associé & A, et sa dimension, si elle est finie, est appelée la
multiplicité géométrique de A. On pourra se référer a la section 3.6.5 dans [64] pour plus de
précisions concernant la décomposition spectrale d’un opérateur.

On va maintenant montrer que la décomposition X = Mp(T) @ Np(T') est continue par
rapport a 7.

Lemme 1.A.7. Soient P, € B(X) deux projections telles que ||P— Q|| < 1. Alors P et () sont
semblables ; en particulier, les images PX, QX d’une part, et les noyaux (I — P)X, (I — Q)X
d’autre part, sont isomorphes.

Preuve : Posons

Uo=QP+(I-Q)U—-P), VW=PR+(-P)I-Q),
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de sorte qu’il vient UgP = QP = QUy et PVy = PQ = VpQ. Les opérateurs Uy et Vj ne sont
toutefois pas inverses I'un de I'autre, et un calcul montre en fait qu’en posant R = (P — Q)? on
obtient

VoUp = UpVy =1 — R.

Par suite, la série binomiale

n

1B =Y (")

n=0

est absolument convergente puisque ||R|| < 1 par hypothése. Ainsi, en utilisant le fait que R
commute avec P et @, les opérateurs

U=UyI—R)""?=(1-R) U,
V =V - R)""?=(I - R)*W,

sont inverses I'un de l'autre, et on obtient par conséquent que Q = UPU let P=U"1QU. O

Lemme 1.A.8. Il existe § > 0 tel que si S € B(X) vérifie |T — S| < 4, alors I' C p(S) et
les espaces M (S) = Pr(S)X et Np(S) = (I — Pr(S))X sont isomorphes & Mp(T') et Np(T)
respectivement.

Preuve : Pour tout point ¢ € I' C p(T), si |T — S|| < 6 := min{||R(¢,T)||7% : ¢ € T} alors le
membre de droite de

S—(I=(I—(T—S)R(C,T))(T —CI) (1.A.5)

est inversible de sorte que ¢ € p(S) (précisons que 6 > 0 puisque ¢ — ||R((,T)|| est continue).
De plus, (1.A.5) donne

R(C,S) - R(C7T) - R(CvT) [(I - (T - S)R(C7T))7l - I] )

ce qui implique que
17 = SIIRE T
1= T = S| |1R(C, Tl

Ainsi, quitte & choisir 6 > 0 suffisamment petit, on obtient ||Pr(T) — Pr(S)|| < 1, ce qui permet
de conclure avec le lemme 1.A.7. En fait, ceci montre que la décomposition X = Mp(S)® Np(S)
est continue en S, au sens ou la projection Pr(S) de X sur Mp(S) parallélement a Np(S5)
converge pour la norme d’opérateur vers Pr(T) quand || T — S|| — 0. O

I1R(C,T) = R(C, S)Il =

Le Théoréme 1.A.4 est maintenant une conséquence du résultat suivant.

Proposition 1.A.9. Supposons que o1(T") = {\1,..., A\x} est fini, &k > 1. Soit (T},),>1 une suite
d’opérateurs convergeant vers 7' en norme d’opérateur. Soient I'; des courbes entourant A;, deux
a deux disjointes et contenues dans la région délimitée par I'. Alors il existe ng > 1 tel que pour
tout n > nyg, les espaces Mr,(T') et Mr,(T,) sont isomorphes, et la région dans I' excluant celles
délimitées par les I'; ne contient pas de point du spectre de T,.

Preuve : En appliquant le Lemme 1.A.8 & T" et T';, il vient d’une part que Mp(T) et Mp(T},)
sont isomorphes, et d’autre part que Mr,(T') et Mr,(7T},) sont isomorphes. Par ailleurs, on a

Po(T) =) Pr(T) et Po(T)Pr,(T)=6;Pr,(T), Vil €{1,...,k},
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la premiére égalité étant une conséquence du théoréme des résidus tandis que la seconde s’obtient
comme au Lemme (1.A.5) (puisque I'; NT'; = @ si j # [). Ainsi, on obtient les isomorphismes

k

k
Mr(T,,) = Mp(T) = @D Mr,(T) = @) Mr,(T,.),
=1 =1

ce qui conclut la preuve. O

En particulier, si dans la Proposition 1.A.9 A; est une valeur propre de multiplicité algébrique
finie notée m;, alors T}, ne contient que des valeurs propres dans I'; et leur multiplicité algébrique
totale est égale a m;. Précisons que la multiplicité algébrique est conservée mais que ce n’est en
général pas le cas de la multiplicité géométrique.



Chapter 2

Existence and regularity of optimal
shapes for elliptic operators with drift

This chapter is based on [84], which is joint work with Emmanuel Russ and Bozhidar Velichkov.

Abstract

This paper is dedicated to the study of shape optimization problems for the first eigen-
value of the elliptic operator with drift L = —A+4V (z)-V with Dirichlet boundary conditions,
where V' is a bounded vector field. In the first instance, we prove the existence of a principal
eigenvalue A\ (€2, V) for a bounded quasi-open set Q0 which enjoys similar properties to the
case of open sets. Then, given m > 0 and 7 > 0, we show that the minimum of the following
non-variational problem

min{)\l(Q, V) : QC D quasi-open, |Q <m, [|[V|r~ < T}.

is achieved, where the box D C R? is a bounded open set. The existence when V is fixed,
as well as when V varies among all the vector fields which are the gradient of a Lipschitz
function, are also proved.

The second interest and main result of this paper is the regularity of the optimal shape
Q* solving the minimization problem

min {)\1(97V<I>) : Q C D quasi-open, Q| < m},

where ® is a given Lipschitz function on D. We prove that the optimal set 2* is open and
that its topological boundary 9Q* is composed of a regular part, which is locally the graph
of a C1® function, and a singular part, which is empty if d < d*, discrete if d = d* and
of locally finite H4~?" Hausdorff measure if d > d*, where d* € {5,6,7} is the smallest
dimension at which there exists a global solution to the one-phase free boundary problem
with singularities. Moreover, if D is smooth, we prove that, for each x € 9Q* N 9D, 90* is
C%'> in a neighborhood of z.

2.1 Introduction and main results

Let D be a bounded connected open set in R? d > 2. For any bounded vector field V :
D — R? and any connected open set  C D, we consider the elliptic operator with drift

o6
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L =—-A+V(z) V. In this paper we study variational optimization problems in which the
variables are both the domain €2 and the drift V', and the cost functional is defined through the
operator L. The aim of the present paper is twofold. From one side, we develop an existence
theory for shape optimization problems for operators with drift. On the other hand, we study the
regularity of the optimal shapes for vector fields V' that are gradients of potentials ® : D — R.
We focus on the model problem

min {\(Q,V) : QC D, |Q <m, |V~ <7}, (2.1.1)

where m > 0 and 7 > 0 are fixed constants, and A\1(€2, V') is the principal eigenvalue of the
operator L with Dirichlet boundary conditions on 9€2. Our main results are the following.

Theorem 2.1.1. Let D C R? be a bounded open set, and 0 < m < |D| and 7 > 0 be fized
constants. Then, there exist a quasi-open set Q@ C D and a vector field V : D — R? such that
the couple (2, V') is a solution to the shape optimization problem (2.1.1).

In particular, we prove in Theorem 2.3.3 below, that the principal eigenvalue A1 (€2, V') of the
(non-self-adjoint) operator L is well-defined on any quasi-open set @ C D. Precisely, we will
show that for any quasi-open set €2, there is a real eigenvalue A\ (€2, V') of the operator L such
that A1 (Q, V) < Re A, for any other eigenvalue A € C of L.

Theorem 2.1.2. Let D C R? be a bounded open set, and 0 < m < |D| and 7 > 0 be fived
constants. Then the shape optimization problem

min {\(Q,V®) : Q C D quasi-open, | <m, & € W"(D), [V poo(py <7} (2.1.2)

admits a solution (2*,V®*). Moreover, if D is connected, then any optimal set Q* has the
following properties:

1. Q* is an open set;
2. QF has finite perimeter;
3. Q* saturates the constraint, that is, || = m;

The free boundary O*ND can be decomposed in the disjoint union of a reqular part Reg(02*ND)
and a singular part Sing(OL* N D), where:

(4) Reg(0Q* N D) is locally the graph of a CY®-regular function for any a < 1;
(5) for a universal constant d* € {5,6,7} (see Definition 2.5.39), Sing(0QY* N D) is:
o empty if d < d*;
e discrete if d = d*;
e of Hausdorff dimension at most (d — d*) if d > d*.
If the boundary D is CYY, then the boundary OQ* can be decomposed in the disjoint union of a
regular part Reg(02*) and a singular part Sing(0$Y*), where:

(6) Reg(0SY*) is an open subset of OQ* and locally the graph of a C™' function; moreover,
Reg(092*) contains both Reg(02* N D) and 00* N OD;

(7) Sing(092*) = Sing(02* N D).

In fact, our result is more general. Precisely, we prove the regularity of the optimal sets for
A1(+, V@) with fixed vector field V& (see Theorem 2.1.5 and Remark 2.1.7).

For m, 7,0 and V as in (2.1.1), Hamel, Nadirashvili and Russ [51], proved the lower bound

At (B,Ti'> < AM(QV), (2.1.3)
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where B is the ball of Lebesgue measure m centered in zero; moreover, there is an equality in
(2.1.3), if and only if, up to translation, Q = B and V(z) = Té—'. In other words, the couple

(B , Tﬁ) is (up to translation) the unique solution of the shape optimization problem

min {\(Q,V) : QC RE Q| =m, ||V]ze < T}, (2.1.4)

We notice that a symmetrization technique in the spirit of [51] cannot be applied to the
problem (2.1.1). In fact, the presence of the constraint D makes it impossible to determine
explicitly the shape of the optimal domains or the precise analytic expression of the optimal
vector fields, except in the trivial case when a ball of measure m fits into D. Thus, we first
establish the existence of an optimal domain €2 in the larger (relaxed) class of quasi-open sets and
we then study the regularity of the optimal shapes through variational free boundary techniques.
We stress that, in the case of a generic vector field V, the principal eigenvalue A1 (€2, V') does not
have a variational formulation but is only determined trough the solution of a certain PDE on
Q. In particular, the shape cost functional in (2.1.1) cannot be written in terms of a variational
minimization problem involving integral cost functionals on 2. This makes the extension of the
functional A;(-,V') to a (7-)continuous functional on the class of quasi-open sets a non trivial
problem.

In the case 7 =0, (2.1.1) and (2.1.2) are reduced to the classical shape optimization problem
min {\(Q) : QC D, |Q] <m}, (2.1.5)

where \1(£2) is the first eigenvalue of the Dirichlet Laplacian on €. For the problem (2.1.5), the
existence of an optimal (quasi-open) set was proved by Buttazzo and Dal Maso in [21], the fact
that the optimal sets are open (Theorem 2.1.2 (1)) was proved by Briangon and Lamboley in
[11], the estimate on the perimeter of the optimal set (Theorem 2.1.2 (2)) is due to Bucur (see
[12]), the regularity of the free boundary Reg(92* N D) was again proved in [11]; the estimate
on the dimension of the singular set Sing(9Q* N D) was obtained in [77]. Even for the classical
problem (2.1.5) the regularity up to the boundary of the box D (Theorem 2.1.2 (6) and (7)) is
new.

Remark 2.1.3 (On the regularity of the optimal shapes for spectral functionals). The regularity
of the optimal shapes for the eigenvalues of the Laplacian was an object of an intense study
in the last years. As mentioned above, a regularity result, for the optimal sets for the first
eigenvalue of the Laplacian, was proved by Briangon and Lamboley in [11]. The regularity of
the optimal sets for more general spectral functionals was studied in [18], [77], [71] and [70].
An alternative approach in dimension two, based on the epiperimetric inequality from [86], was
recently introduced in [85], where Theorem 2.1.2 (6) is proved in the case 7 = 0 and d = 2.
We notice that the method from [85] can be applied to give an alternative proof of Theorem
2.1.2 (6) in the case 7 > 0, but the restriction on the dimension is required by the epiperimetric
inequality and for now cannot be removed.

Remark 2.1.4 (On the existence of optimal shapes). The existence of optimal shapes in a
bounded open set (box) D C R? is a consequence of the theory of Buttazzo and Dal Maso (see
[21] and the books [13] and [61]) for general shape optimization problems of the form

min {F(Q) : Q C D quasi-open, |[Q| < m}, (2.1.6)

for shape cost functionals F with the following properties:

e F is decreasing with respect to the set inclusion;

e F is lower semi-continuous with respect to the (y-)convergence of sets.
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We notice that in the case when F is a function of the spectrum of the Dirichlet Laplacian
on {2, the existence of an optimal set can be obtained directly (see for instance [90]). In fact,
if F(Q) = A(€), then given a minimization sequence of quasi-open sets €, for (2.1.6), and
setting u, to be the first eigenfunction of the Dirichlet Laplacian on €,, it is not hard to
check that, up to a subsequence, u,, converges weakly in H}(D) to a function u € H(D) and
that the (quasi-open) set © := {u > 0} is a solution to (2.1.6). This elementary argument
works not only for Aj, but can also be reproduced for general spectral functionals of the form
F(Q) = F(A(9),..., (), and also for most of the shape cost functionals present in the
literature. We stress that this is not the case of the functional F(Q) = A(Q,V). Even if
A1(+, V) is still monotone and 7-continuous (as we will prove in Section 2.4), its non-variational
nature does not allow to use the elementary argument described above; thus, the only way to
obtain the existence of an optimal set is through the Buttazzo-Dal Maso theory.

Optimal shapes for a fixed vector field. In this paper, we also study the case in which
only the shape (2 is variable, while the vector field V is fixed. Precisely, we consider the shape
optimization problem

min{)\l(Q,V) . Qc D, |9 gm}, (2.1.7)

where both the upper bound m of the Lebesgue measure of the domain ) and the vector
field V are fixed. In this case the geometry of the optimal sets is affected both by the geometric
constraint €2 C D and the vector field V. We notice that in this case it is the inclusion constraint
that provides the compactness necessary for the existence of an optimal set. We show that
the shape functional Q — A;(€2, V) is lower semi-continuous with respect to the so-called ~-
convergence of sets and then we obtain the existence of optimal sets by the general result
discussed in Remark 2.1.4. Furthermore, when the vector field is the gradient of a Lipschitz
function, we prove a regularity result for the optimal sets. Our main result is the following.

Theorem 2.1.5 (Existence and regularity of optimal shapes for a fixed vector field). Let D be
a bounded open set in RY. Let m € (0,|D|) and let the vector field V : D — R be such that
|V |lzee =7 < +00. Then the shape optimization problem

min {Al(Q,V) : Q C D quasi-open, Q] < m} (2.1.8)

admits a solution * C D. Moreover, if D is connected and the vector field V' is of the form
V = V&, where ® : D — R is a given Lipschitz function, then any solution Q* of (2.1.8) has
the following properties:

1. Q* is an open set;
2. QF has finite perimeter;
3. Q¥ saturates the constraint, that is, |Q1*| = m;

The free boundary OQY* N D can be decomposed in the disjoint union of a regular part Reg(02*ND)
and a singular part Sing(O* N D), where:

(4) Reg(0* N D) is locally the graph of a CY*-regular function for any o < 1;
(5) for a universal constant d* € {5,6,7} (see Definition 2.5.39), Sing(0OQ* N D) is:
o empty if d < d*;
e discrete if d = d*;
e of Hausdorff dimension at most (d — d*) if d > d*.
If D is CY'-regular, then the boundary OSY* can be decomposed in the disjoint union of a regular
part Reg(0OQY*) and a singular part Sing(0OQY*), where:

(6) Reg(0QY*) is an open subset of OQ* and locally the graph of a CY'2 function; moreover,
Reg(092*) contains both Reg(0Y* N D) and 092" NOD;
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(7) Sing(092*) = Sing(02* N D).

Remark 2.1.6 (On the optimal regularity of the free boundary). The regularity of the boundary
of an optimal set 2* to the problem (2.1.8) at contact points of the free boundary with the box
cannot exceed C1'/2 even if the vector field is smooth. Indeed, Chang-Lara and Savin proved
in [26] that the boundary of €, where u is a solution of the free boundary problem (2.5.41) in
Q. = Q*, is at most C1'/2 regular.

Remark 2.1.7 (Regularity of the optimal shapes for variable vector field). We notice that if
the couple (£2,V) is a solution to the shape optimization problem (2.1.1) or (2.1.2), then fixing
V', we obtain that € is a solution to (2.1.8). In particular, the regularity part of Theorem 2.1.2
is a consequence of Theorem 2.1.5.

Outline of the proof and plan of the paper. Throughout the paper the bounded open set
D C R? is fixed and is assumed to be (at least C'1'') smooth.

In the sections 2.2, 2.3 and 2.4, we prove our main existence results (Theorem 2.1.1) and the
existence of an optimal domain for a fixed vector field (Theorem 2.1.5), as well as the existence
of an optimal domain in Theorem 2.1.2.

In Section 2.2 we recall several central definitions and results in the y-convergence theory
of quasi-open sets. In particular, we show that the (classical) vy-convergence of a sequence of
quasi-open sets is equivalent to the strong convergence of the sequence of resolvent operators for
L=—-A+V(z)-V on each of the sets.

In Section 2.3, Theorem 2.3.3 and Corollary 2.3.9, we prove that the principal eigenvalue is
well-defined on every quasi-open set 2 C D, that is, there exists a (real) eigenvalue A1 (2, V) € R
of the operator L = —A+V(x) -V, such that for any other (complex) eigenvalue A € C we have
A1(Q,V) < Re . In the same section, we establish the continuity of the functional Q — A1 (2, V)
with respect to the y-convergence (Proposition 2.3.7) and the fact that the principal eigenvalue
is decreasing with respet to the set inclusion (Remark 2.3.2).

In Section 2.4 we prove our main existence results. The existence of the optimal set for a fixed
vector field V' (Theorem 2.1.5) follows by the classical Buttazzo-Dal Maso theorem (Theorem
2.2.5). We give the precise statement in Theorem 2.4.1. The proof of Theorem 2.1.1 requires a
more refined argument. The reason is the following: consider a (minimizing) sequence (V,, )
of vector fields V;, and quasi-open sets (),, with eigenfunctions u,, € H&(Qn) of L, =—-A+V,-V,
solutions of

—Aup + V- Vuy = M (2, Vi)up, in Qp, / u% dx =1, Uy, € H&(Qn)
D

Let us suppose for simplicity that: €2, y-converge to a quasi-open set {2; u, converge to a
function u € H(Q) both strongly L?(D) and weakly H{(D); V;, converge weakly (in L?(D)) to
some V € L>®(D;R%). Now, the limit function u solves a PDE in €, which involves the (weak)
limit of the term V,, - Vuy,, but a priori this might be different from V - Vu. In order to solve
this issue, in Section 2.4, we first prove that, on any fixed quasi-open set €2, there exists an
optimal vector field (see Theorem 2.4.2). We then replace the vector fields V;, of the minimizing
sequence (V;,, Q) by the optimal vector field V,* on each domain. Finally, we use the precise
expression of V¥ to prove that the limit function u is an eigenfunction of —A + V -V on 2
and we obtain that A (€, V;¥) converges to A;(€2, V*), which concludes the proof (see Theorem
2.4.3). We cannot apply the same argument for Theorem 2.1.2, since the optimal vector field
might not be a gradient. On the other hand, for gradient vector fields the first eigenvalue is a
variational functional, namely

—d \V4 2 d
M(Q,VP) =  min Jpe 21Vl da
weH (Q\{0} [pe Puldx

)

and the existence of an optimal set can be obtained directly (see Theorem 2.4.5).
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In Section 2.5, for a fixed drift V = V®, we prove the regularity of the optimal sets for
A (+, V@) (Theorem 2.1.5). In particular, this implies the regularity of the optimal sets in the
case when both the set Q and the vector field V® may vary (see Theorem 2.1.2). Our argument
relies in an essential way on the variational formulation of A\ (£2, V'). More precisely, we show (see
Lemma 2.5.1) that, if V = V® is fixed and 2 C D is a solution of (2.1.8), then the corresponding
eigenfunction solves the free boundary problem

min{/De_q)|Vu|2dx u € HY(D), u>0, [{u # 0} < m, /De_q)qule}. (2.1.9)

This is a one-phase free boundary problem, similar to the one studied in the seminal paper of
Alt and Caffarelli [2] on the local minimizers of the one-phase functional

u / |Vu|? dx + |{u > 0}|.

Nevertheless, there are four differences with repect to the classical one-phase problem |[2].

i) the presence of the variable coefficient e~® in the functional;
p )
ii) the presence of the integral constraint [ e~ ®u?dz = 1;
p g
(iii) the presence of the measure constraint [{u > 0} < m;

(iv) the presence of the inclusion constraint {u > 0} C D (equivalent to u € HE(D)).

The variable coefficient e~® introduces several technical difficulties, but does not have an
influence on the overall strategy. The issues with the integral constraint are of similar nature. In
fact, we are able to deal with this term (see Subsection 2.5.3 and Remark 2.5.9) by reformulating
the free boundary problem (2.1.9) in terms of the functional

J(v) ::/ |Vv|2e_¢dm—)\m/ v2e ®dz,
D D

where A, is the value of the minimum in (2.1.9). In fact, one easily checks that, if u is a solution
of (2.1.9), then u is also a solution to the free boundary problem

J(u) < J(v) for every v € H(D) such that || < m, (2.1.10)

where, for any function v, we set Q, :={v >0} = {x € Q : v(z) > 0}.

The measure constraint in free boundary problems first appeared in the work of Aguilera,
Alt and Caffarelli [1]. In fact, it is not hard to check that, at least formally, the solution u should
satisfy the optimality condition

|Vu| = v/ Aue® on the free boundary 99Q, N D,

where A, is a Lagrange multiplier formally arising in the minimization of the functional J(u)
under the constraint |€2,| = m (see Subsection 2.5.4). Thus, at least formally, there is no dif-
ference between the classical one-phase free boundary problem and the problem with a measure
constraint. In practice, the measure constraint significantly complicates the situation. In fact,
the Lagrange multiplier A, arises by applying internal variation to the function w, which by
itself cannot be used to deduce even the basic qualitative properties of the solution u as, for
instance, the Lipschitz continuity and the non-degeneracy (in other words, at the moment, the
regularity of the stationary free boundaries is not known). Our approach is different from the
one in [1] and is inspired by the works of Brian¢on-Lamboley [11] and Briancon [9]. In fact, we
aim to tranform the problem (2.1.10) into

J(uw) + Ay || < J(v) + Ay | for every v € HY(D). (2.1.11)
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Now, it is not possible to re-write (2.1.10) precisely in this form. Instead, we prove that

(Au+)(|Q0] — [Qu]) for every v e HJ(D) such that [Qy]>m;
(Au —€) (|| — [Qu]) for every v e Hj(D) such that [Qy] <my;
(2.1.12)
where the constant ¢ improves at small scales, that is, if we consider competitors v that differ
from u only in a small ball of radius r, then £ can be chosen in a function of r, e = &(r),
which is such that e(r) — 0 as r — 0. In this part of the proof (Subsection 2.5.5) we follow
the analysis of [11], except in one fundamental point. In fact, the approach of Briangon and
Lamboley requires that the Lagrange multiplier A, is not vanishing, which is not a priori known
(see Proposition 2.5.12); in [11] the issue is solved by the method in [9]. In this paper, we give a
different argument to prove that the Lagrange multiplier is non trivial. Our approach is based
on the Almgren monotonicity formula, and the fact that it implies the non-degeneracy of the
solution u. We give the proof in the appendix, since the argument is very general (based only
on the stationarity condition) and might be of independent interest. We also notice that this
simplifies the proof of (2.1.12) and reduces it to three fundamental steps (see Theorem 2.5.16).
Our proof of Theorem 2.1.5 is general and can be applied to the classical one-phase problem
[2], to the one-phase problem with measure constraint [1] and to shape optimization problems
as for instance the one of [11]. Our approach is different from (and alternative to) the one of [2],
[1] and [11], as we do not use the regularity result of Alt and Caffarelli [2]. In fact, in order to
prove the regularity of the flat free boundaries (Subsection 2.5.9), we prove that the optimality
condition on the free boundary holds in viscosity sense (see Lemma 2.5.30) and then we apply
the general results of De Silva [36] (for the regularity of the free boundary 09, N D) and the
recent result of Chang-Lara and Savin [26] (for the regularity at the contact points 92, N 0D).
Finally, the estimate on the dimension of the singular set (Subsection 2.5.10) is a consequence
of the Weiss’ (quasi-)monotonicity formula (Lemma 2.5.37).

J(u) — J(v) < {

2.2 Preliminaries

In this section we recall the main definitions and the properties of the quasi-open sets, the
~v-convergence and the weak-vy-convergence.

2.2.1 Capacity, quasi-open sets and quasi-continuous functions

The capacity of a set E C R? is defined as

cap(E) == inf {||ul|3p : u € H'(RY), u > 1 in a neighborhood of E},

where H!(R?) is the Sobolev space equipped with the norm ||ul|3,, = / (IVul® + u?) dz.
Rd

We say that a property holds quasi-everywhere (q.e.) if it holds on the complementary of a
set of zero capacity.

A set Q C R? is said to be quasi-open if there exists a decreasing sequence (wn)n>1 of open
sets such that, for every n > 1, Q Uwy, is an open set and lim cap(w,) = 0.
n—oo

A function u : R* — R is said to be quasi-continuous if there exists a decreasing sequence
(wn)n>1 of open sets such that lim cap(w,) = 0 and the restriction of u to R?\ w, is continuous.
- n—o0

It is well-known (see for instance [44, Theorem 1, Section 4.8]) that, for every u € H'(R?),
there exists a quasi-continuous representative 4 of u, which is unique up to a set of zero capacity.
From now on we will identify a function v € H'(RY) with its quasi-continuous representative.
We note that, by definition of a quasi-open set and a quasi-continuous function, for every u €
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HY(R?), the set , := {u > 0} = {z € R? | u(z) > 0} is a quasi-open set ([61, Proposition
3.3.41]). On the other hand, for every quasi-open set €, there exists a function u € H'(R?)
such that € = £, up to a set of zero capacity that is, the quasi-open sets are superlevel sets of
Sobolev functions.

For any set E C R?, the Sobolev space H}(E) C H'(R?) is defined as
Hy(E):={ue H (R : u=0 qe. in R?\ E}.

Note that, whenever E is open, this definition coincides with the usual definition of H}(E)
as the closure of C2°(E) with respect to the norm || - ||z, C°(E) being the set of smooth
functions compactly supported in E (see for instance [61, Theorem 3.3.42]). For any set E C R?
there is a quasi-open set £ C R? such that cap(E \ E) = 0 and H}(F) = HA(E). Roughly
speaking, the quasi-open sets are the natural domains for the Sobolev space H&. We notice
that, for every quasi-open set E, H}(E) is a closed subspace of HY(RY) ; if By C Ej are two
quasi-open sets, then HE(E1) C HE(E2) and the two sets Ey and Es coincide q.e. if and only if
Hy(Er) = Hy(E).

2.2.2 PDESs on quasi-open sets

Let D C R? be a given open set and Q C D be a quasi-open set of finite Lebesgue measure.
For every quasi-open set  C D and every function f € L?(f), the Lax-Milgram theorem and
the Poincaré¢ inequality ensure that there is a unique solution u € Hg () of the problem

—Au=f in 9, u € Hy(Q),

where the PDE is intended in the weak sense
/ Vu-Veodr = / fodz , forevery @€ HY(Q).
Q Q

In particular, taking u = ¢, we notice that ||[Vul 2y < [[fllz2@)llullr2@)- Now since Q has
a finite Lebesgue measure, there is a constant Cq such that ||ull;1 < Cq|Vu| 2 for every
u € H}(). Thus, we get that |ul|z1 < Callf]lz2.

The resolvent operator RSSA : L3(D) — L?(D) is defined as RéA(f) = wu and is a linear,
continuous, self-adjoint, positive operator such that RéA(LQ(D)) C H}(2). Moreover, thanks
to the compact embedding H} () — L?(£2), the resolvent RS}A is also compact.

The usual comparison and weak maximum principles hold in this setting. Precisely, we have:

e if f € L?(D) is a positive function and Q; C Qy C D are two quasi-open sets , then
wo, < W,

e if Q is a quasi-open set and f, g € L?(2) are such that f < g in €, then R&A(f) < R@A(g).

In the sequel we denote by wgq (and sometimes also by R@A(l)) the solution of
~Awg =1 in 9, wo € HY(Q).

This function is sometimes called torsion or energy function and is useful, in particular, to define
the topology of the y-convergence on the family of quasi-open sets, which is the purpose of the
next section. In the following proposition we summarize the main properties of the function wq
(see for instance [90, Proposition 3.50, Remark 3.53, Lemma 3.125, Proposition 3.72]).

Proposition 2.2.1 (Properties of the torsion function wgq).

1. There is a dimensional constant Cyg > 0 such that

IVwelz < CalQ %0 and  |lwollz~ < C4Q7. (2.2.1)
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2. Let Q1,99 C D be two quasi-open sets. Then we have the estimate
[ (s, = wona) de < can(@) sy o, (2.22)

3. HYQ) = H ({wq > 0}). In particular, Q = {wq > 0} up to a set of zero capacity.

In the sequel we make the convention to extend to D any vector field V € L>(Q,R?) and
any function u € H} () by letting it equal to 0 on D\ so that V € L>(D,R?) and u € H}(D).

We notice that, given a drift V' € L>®(Q,R?), the bilinear form associated to the operator
L = —A 4V -V may not be coercive on H}(Q2). Thus, in order to define the resolvent of
L=—-A+V -V, we consider a large enough constant ¢ > 0 (depending only on [|V|| 1 (q)), for
which there exists a positive constant > 0 such that

5/ (|Vu|2 + u?) dx < / (IVul® + (V- Vu) u + cu2) dz , forevery wec HMQ). (2.2.3)
D D

The bilinear form associated to the operator L. = L + ¢ is hence coercive on H{ (). Note that

72

if ||Vl]pe <7, then we can takeany 0<d<1 and c¢>J+ =0
Therefore, thanks to Lax Milgram theorem, we define the resolvent Réc : L2(D) — L*(D) as
the compact (non self-adjoint) operator, which maps f € L?(Q) to the unique solution of the
problem

Lau=f in Q, u € Hi(Q),

which is intended in the weak sense

/Q(Vu-Vgo—i—(V-Vu)gp—i—cugo)dx:/ﬂfgodm, for every @ € HY(Q).

2.2.3 The y-convergence and the weak-vy-convergence

In this subsection we briefly recall the definition and the main properties of the y-convergence
of (quasi-open) sets.

Definition 2.2.2 (y-convergence and weak-vy-convergence). Let D C R? be a given open set of
finite Lebesgue measure, (£2,),>1 be a sequence of quasi-open sets and let € be a quasi-open
set, all included in D. We say that

e (2, y-converges to Q, if wg, converges to wq strongly in L?(D);

e (), weak-y-converges to ), if there exists w € H}(D) such that Q = {w > 0} and wgq,,
converges to w in L?(D).

Though the y-convergence is not compact on the family of quasi-open sets (see for instance
[27] and [61, § 3.2.6] for an example), it is easy to see that the weak-y-convergence is: by (2.2.1),
up to a subsequence, wg, weakly converges in H}(D) to some w € H}(D) and hence 2, weak-
~-converges to the quasi-open set Q := {w > 0}. To deal with the non-compactness of the
vy-convergence we will use the following Lemma (see for example [20] and [61, Lemma 4.7.11]).

Lemma 2.2.3. Let (Q,),,~; C D be a sequence of quasi-open sets that weak-y-converges to the
quasi-open set Q C D. Then there exists a subsequence of (Qy),,~q, still denoted by (y,),,>1,

and a sequence (Qn)nZI C D of quasi-open sets satisfying Qy C Qn, such that Q, v-converges
to Q2.
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The following lemma is a direct consequence of the definition of the weak-vy-convergence and
the fact that for every quasi-open set 2 = {wq > 0} (the detailed proof can be found for example
in [20] and [90, Lemma 2.2.21]).

Lemma 2.2.4 (Lower semi-continuity of the Lebesgue measure). Let (€2,,)n>1 be a sequence of
quasi-open sets in D weak-y-converging to Q@ C D, then || < lim}_nf |2, ]
n—-+00

As was shown in [13] and [20], the following theorem, first proved in [21], is an immediate
consequence of Lemma 2.2.3 and Lemma 2.2.4.

Theorem 2.2.5 (Buttazzo-Dal Maso [21]). Let F be a functional on the quasi-open sets, which
18:

e decreasing with respect to the inclusion of sets;

o [ower semi-continuous with respect to the y-convergence.
Then, for every bounded open set D C R% and every 0 < m < |D|, the shape optimization
problem

min {.7-"((2) : Q quasi-open, Q C D, |Q] < m}
has a solution.

We will not be able to apply directly Theorem 2.2.5 to establish the existence of optimal sets
for both the problems (2.1.7) and (2.1.1) in the class of quasi-open sets. Instead, in Section 2.4,
we will use an argument based only on Lemma 2.2.3 and Lemma 2.2.4, but before that we will
need to extend the definition of A;(£2, V') to the class of quasi-open sets. We do this in Section
2.3, where we will use several times the following approximation result.

Lemma 2.2.6 (Approximation with open and smooth sets). Let Q C D be a quasi-open set.
Then:
(1) there is a sequence of open sets (1y,),,~, that y-converges to Q and is such that Q C Q, C D
and lim |Q,| = |Ql; -

n—+00
(2) there is a sequence (2,),~, of smooth (C*) open sets contained in D, that v-converges to

Q.

Proof. The result is well-known; here we give the proof for the readers’ convenience.

(1) Let (wn),>; be a sequence of open sets such that lim, . cap(w,) = 0 and Q, =
(QUw,) N D is an open set. Then, (2.2.2) applied to the sets Q, and w, \ Q together with
the second estimate in (2.2.1) show that wq, converges to wq in L'(D). Moreover, up to a
subsequence, wq, weakly converges in H'(D) thanks to the first estimate in (2.2.1). Since
the embedding H}(D) < L?(D) is compact, there is a subsequence which converges strongly
in L?(D). By uniqueness of the limit in L'(D), it has to be wgq. Thus, wg, converges in
L?(D) to wq and so, €, y-converges to 2. Observe also that one has ngrfoo |9, = || since

lim |w,|=0.
n—-+o0o

(2) Firstly, assume that €2 is an open set. Let (€2,),,~, be an increasing sequence of smooth
open sets included in Q which Hausdorff converges to . Then, up to a subsequence, w, := wq,,
weakly converges in H}(D) to some w € Hi(D). But Q,, 2 are open sets such that , C Q,
and since the convergence of 2, to ) is Hausdorff, we can pass to the limit in the equation

—Aw, =1 in Q,
to see that w satisfies
—Aw=1 in Q.

This also shows that the sequence of norms ||wyl|g1(p)y converges to ||wl|g1(p), so that the
convergence of w,, to w is strong in H'(D). Finally, since {2, C Q, we get that w € H}(2) and
hence that w = wq. Therefore, the sequence of smooth open sets €2, y-converges to €.
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If now €2 is merely a quasi-open set, we can approximate {2 by a sequence of open sets which
~-converges to € thanks to (7). Hence, by approximating these open sets by open smooth sets as
above, we get a sequence of smooth open sets which ~-converges to 2. Recall that the topology
of the «y-convergence is metrizable (see for example [13]). O

Remark 2.2.7 (The quasi-open sets cannot be y—approximated with bigger smooth open sets).
In general, we cannot approximate a quasi-open set (or even an open set) 2 C D by a sequence
of smooth (say of class C') open sets (£2,),,~; which y-converges to 2 and such that Q,, D €.
Indeed, let (£,),>1 be a dense sequence in D = (0,1)2 C R? and pick a sequence (ry)p>1 of
positive numbers such that > o, 72 < 1. Set Q := Up>1B,.,(£,) C D. We now claim that if
Q, D Qis a smooth open set, then necessarily Q,, D D. To see this, let zg € D C Q C Q,,.
Then if zy € 99, there exist 7 > 0 and a smooth, say of class C!, function f : R — R such
that, up to reorienting the axis, we have Q, N B,(xg) = {x € By(xg) : xq> f(x1, - ,xd,l)}.
It follows that B,(zg) \ 2, C D is a nonempty open set which does not intersect €2,,. This is in
contradiction with €, D Q since 2 is a dense open set in D. Hence z € €),, and this shows that
D c Q,,. Now, suppose that (€2,),~; is a sequence of smooth sets such that D > Q,, D Q. Then
Q, = D for every n > 1. Furthermore, the weak maximum principle implies wq < wp = wq,,
in D, where the first inequality is strict since || < |D| = 1. Therefore, wg, cannot strongly
converge to wq in L?(D).

We now give a characterization of the y-convergence in terms of convergence of resolvent
operators. The following theorem is a generalization of |61, Lemma 4.7.3] for the operator
L.=L+c

Theorem 2.2.8 (y-convergence and operator convergence). Let D C RY be a bounded open set,
(20),,51 C D be a sequence of quasi-open sets and  C D be a quasi-open set. The following
assertions are equivalent :

(1) the sequence (2y),,~, 7-converges to §2;

(2) for every sequence (_fn)n>1 € L%(D) weakly converging in L*(D) to f € L?(D), the sequence

<Rﬂi(fn)) ., converges to REe(f) strongly in L*(D);

n_

(3) the sequence of operators (Réc) 2 € L(L*(D)) converges to RS in the operator norm
"/ n>1

|- l2z2(py)-

Proof. 1t is plain to see that the equivalence between (2) and (3) holds for all sequence of
compact operators defined on Hilbert spaces. It then remains to prove that (1) and (2) are
equivalent.

(1)=(2). Let f, € L*(D) be a sequence L?(D)-weakly converging to f € L%(D). Then | f,|| 2
is uniformly bounded. Moreover, writing wu,, = RSL):L (fn) we have

/ Frtin dr = / (|Vun|2 + (V- Vuy) up, + cui) dz.
D D

Thanks to (2.2.3) this gives

1/ (f,%—i—u%)de(S/ (\Vun\Q—i—uZ) dx,
2 Jp D

and therefore
/ 2 dx > (26 — 1)/ (|Vun|2 + ui) dzx.
D D

Taking 0 € (1/2,1), this shows that the sequence [|uy,||1(p) is bounded.
Assume now that the conclusion of (2) does not hold. Then there exists € > 0 such that,

R (fa) = RE ()

> e. Moreover, up to a subsequence, u, weakly

up to a subsequence,
p q 12(D)
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converges in H'(D) to some u € H}(D), and therefore g, = f, — V - Vu, — cu, weakly
converges in L?(D) to g = f — V - Vu — cu. Theorem 2.2.8 being true for the Laplacian (see
[22, Proposition 3.4]), we conclude that Rﬁf (gn) strongly converges in L?(D) to Rg™(g). Thus
Rge (fn) = Réf(gn) and R5¢(f) = Rg™(g) imply that Ré‘; (fn) strongly converges in L?(D) to
R&°(f), which yields a contradiction and therefore proves (2) .

(2)=(1). Let (fn)n>1 € L*(D) be a sequence weakly converging in L*(D) to f € L*(D). Set
Wy, 1= Réf(fn) and w := RQA(f). We claim that w, — w strongly in L?(D), which, according
to [22] and [61, Lemma 4.7.3|, implies that 2, y-converges to 2. Assume by contradiction that
it is not the case, and pick up € > 0 and an increasing function ¢ : N* — N* such that

wa(n) - wHLQ(D) > for every n > 1. (2.2.4)

Since the sequence (wy,)n>1 is bounded in H& (D), up to a subsequence, there exists a function

z € Hg(D) such that wy,) converges to z weakly in Hj (D) and strongly in L?(D). Now, since

Lewp = fn+V - -Vw, +cw, :=g9, in Q,
and w, € H}(Q,), w, = Rg® (gn). But gomy = g == f+V - Vz + cz weakly in L?(D), so

that, by assumption (2), wy(m) — Réc(g) strongly in L?(D). Then the convergence of Wep(n) O
z yields that z = Rée (g), is a solution of

Lez=f+V -Vz4+cz in Q, z € H}(Q),

or, in other words, z = RSSA( f) = w. Thus, (2.2.4) provides a contradiction, therefore showing
that w, — w strongly in L?(D), which means that (1) holds. O

2.3 The principal eigenvalue on quasi-open sets

For a bounded domain  C R? and V € L*(2,R%), the principal eigenvalue A (2, V), of
the (non self-adjoint) elliptic operator L = —A+V -V on  with Dirichlet boundary condition
on 09, was defined in [6] by

M(Q,V)=sup{AeR : Ipe W>Q) suchthat ¢>0 and —Lop+Ap<0 in Q},

where it was proved that A1(€2, V) € R has the following properties:
(i) There is a positive eigenfunction v : Q@ — R such that u € W’if(Q), for all p € [1, +00),
and

Lu=X(Q,V)u in Q, u € H}(Q), /qule,
Q

(see [6, Theorem 2.1]).
(73) M (2, V) < Re () for every eigenvalue A # A1 (2, V) of L in Q (see [6, Theorem 2.3]).
(797) The functional 2 — A1(2, V) is decreasing with respect to the domain inclusion.

In the sequel we extend the definition of A1(€2, V) to quasi-open sets. We first recall that the
definition can be extended to an arbitrary open set 2 C D by

)\1 (Q, V) = inf )\1 (Qn, V),

where the infimum is taken over all the connected component €,, of 2. Now, in view of property
(7i1) above, for any quasi-open set 2 C D, we define

A1(2,V) :=sup {Al(Q,V) . Qopen, QCQC D}. (2.3.1)

Remark 2.3.1. Notice that, these two definitions coincide for open sets.
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Remark 2.3.2. The functional Q — A\ (2,V), defined on the family of quasi-open sets, is
still non-increasing with respect to the set inclusion, that is A\j(Q2,V) < A1(Q1, V), whenever

Ql C QQ.

We will show that A1(€2, V) is finite and is an eigenvalue of L in  satisfying the minimality
property (7i). Recall that, for a quasi-open set of finite Lebesgue measure 2 C D, we say
that A € C is an eigenvalue of the operator L = —A + V - V in Q if there is an eigenfunction
u: R% — C, (weak) solution to the problem

—Au+V-Vu=Au in €, u € HY(;C), /\u|2dac:1. (2.3.2)
Q

Let now ¢ > 0 be the constant from Subsection 2.2.2 and L. = L + ¢. Note that A € C is an
eigenvalue of L in (), if and only if, A + ¢ is an eigenvalue of L. in (). By the argument from
Subsection 2.2.2, we have that the bilinear form associated to the operator L. is coercive and so,
Réc is a compact operator on L?(D). In particular, the spectrum is a discrete set of eigenvalues
with no accumulation points except zero and A € C is an eigenvalue of L in the sense of (2.3.2)
if and only if (A + ¢)~! is an eigenvalue of Rg.

The following theorem shows that most of the properties of the principal eigenvalue on an
open set still hold for A1 (€2, V) if Q C D is merely a quasi-open set.

Theorem 2.3.3 (Definition of the principal eigenvalue on quasi-open sets). Let D be a bounded
open set, V€ L®(D,R%) and Q C D be a non-empty quasi-open set. Then

(1) M\1(2,V) is well-defined that is, A\1(Q2,V) < 400.

(2) M\1(Q,V) is an eigenvalue of L in §; there is a (non-trivial) real-valued eigenfunction u
such that

Lu=X(QV)u in Q, u € HE(Q), /uzdx—l.
Q
(3) If A € C is an eigenvalue of L in 2, then A1 (2, V) < Re(N).

In order to prove Theorem 2.3.3 we will need the following two lemmas. The key estimate for
the proof of Theorem 2.3.3 (1) is contained in the following lemma inspired by |6, Proposition
5.1].

Lemma 2.3.4. Let V € L>®(D,R%) and Q C D be an open set. Suppose that there is 7 > 0
such that ||V || o) <7 < 24/M(Q, V). Then

AL(©,0) > A (V) — 7/ (Q, V). (2.3.3)

Proof. Let us first suppose that €2 is connected. For convenience, set A := A1(£2,V). By the
definition of the first eigenvalue of —A on domains, it is enough to find some ¢ > 0 in € such
that —A¢ > (A — 7V A)¢ in Q. Since Q is an open set, from [6, Theorem 2.1], there exists a
positive eigenfunction ¢y for the first eigenvalue of L in §2, that is, ¢y > 0in © and Loy = Aoy .
Set ¢ := ¢f; for some a € (0,1) to be chosen later. Then, in Q, we have

—A¢— Ao = —a(Ady )oY — ala — 1)|Voy 205> — Aoy

Vo Vovl*] o
:[/\(a—l)—aV-(bVV—l-oz(l—a)‘ fg‘ ]d)v

v Vo |2
2[A(a—1)—ar’¢ﬁv|+a(l—a)| §g| ]gf){‘}

2

The function z — —arx + a(1 — a)x® reaches its minimum at = 7/(2(1 — «)). Therefore, we

get
72

41— )

2

—A¢—A¢2[A(a—1)—a }gﬁ{'}:{)\(a—l)—all(f_a)]qﬁ.
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Since a € (0, 1) is arbitrary, we can choose it so that it maximizes the term in the brackets of
the above estimate, that is, such that 1 —a = 7/(2v/)\). Note that, by hypothesis on 7, we have
a € (0,1). It follows

—A$— Ao > [—T\FA+ T:] > -V,

which proves the claim in the case when € is connected.
In the general case, let (€2,,)n>1 be the connected components of €. Then, for every V, we
have

Then, we have, for all n,

AL, 0) > A (2, V) — T/ A (2, V) > M (V) — 7/ A (L, V),

where the last inequality is due to the fact that  — x — 74/x is a non-increasing function on
the interval [\ (€, V), +00). O

The next lemma is a direct consequence of the classical result |64, Theorem 3.16] on the
convergence of a spectrum of closed operators with suitable properties. We will use it in the
proof of Theorem 2.3.3 (3).

Lemma 2.3.5 (Convergence of the spectra). Let H be a separable Hilbert space and (T,),~, €
L(H) a sequence of compact operators converging to the compact operator T € L(H) in the
operator norm || - || z(zry- Suppose that X € C\ {0} is an (isolated) eigenvalue of T and let r >0
be such that B.(A\) No(T) = {\}. Then, there is ng > 1 such that for every n > ng there is an
eigenvalue Ay, € o(Ty) N By ja(A).

We are now in position to prove Theorem 2.3.3.

Proof of Theorem 2.3.3. Consider a maximizing sequence (£25,),,, for (2.3.1), that is, a sequence
of open sets (£2,,),,~, such that

A (2, V) = li_)m A1(Q2p, V) and QcQ,cD forevery n>1.

We first show that we can assume that §),, vy-converges to §). Let wy, be a sequence of open sets
such that Q U w, is open and gap(wn) — 0. We set Q,, :=Q, N QQ Uwp) = QU (w, NQy,). By
(2.3.1) and the inclusion Q C ,, C ,, we have A\1(2,,V) < A\ (2, V) < A (Q, V), so we get

M(Q,V) = lim A\ (Q,,V) and QcQ,cD forevery n>1.
n—oo
Thus, we may consider Q,, in place of Q, as a maximizing sequence for (2.3.1). Finally, as in
Lemma 2.2.6, €, vy-converges to ) thanks to the estimate (2.2.2) applied to the sets 2, and
Q. Nwy.

We now prove claim (1). Indeed, suppose by contradiction that
/\1(9, V) = lim )\1(Qn, V) = +400.
n—o0
Then, by Lemma 2.3.4 we have that
lim )\1(Qn, 0) = +00.
n—oo

Now, since Q — A1(£,0) is decreasing and Q C Q,, we get that A;(Q,0) = +oco. By the
variational characterization

2
d
A1(92,0) = min 719 [Vul” du
weH (N0} [o u? dx

)
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we get that HE(Q) = {0}, which implies that Q = () (or, equivalently, cap = 0), which is
absurd.

We now prove (2). Let u, € H}(Q,) C H3(D) be the (normalized) eigenfunction associated to
A1(Qp, V). Then we have

Leun = (M(Q, V) +c)u, in Qp,  up € Hy(Qy), / u? dr = 1.
Qn

Multiplying the above equation by w,,, integrating over 2,, and using the estimate (2.2.3) we get
Sllunl2n < A (Qn, V) + ¢ for every n > 1.

In particular, since A\;(€2,V) < oo, we get that (u,),~; is uniformly bounded in H{(D) and
so, up to a subsequence, we may assume that u, converges, weakly in H&(D) and strongly in
L%(D), to a function u € H}(D). Moreover, €2, y-converges to {2 and so, Réi converges in norm

to Rg°. Thus,

w=lim u, = lim (A (D, V) + )R (un) = (M (V) + ¢) R (w),

n—oo n—o0

which concludes the proof of (2).

Proof of (3). Suppose that A € C is an eigenvalue of L on € such that Re(\) < A\ (2, V).
Then, (A +¢)~! € C is a (non-zero) eigenvalue of the compact operator Réc. Applying Lemma
2.3.5, we can assume that for n large enough, there is an eigenvalue A\, of L on 2, such that
Re(An) < A1(Qy, V), which is a contradiction with |6, Theorem 2.3] . O

Remark 2.3.6 (On the sign of the first eigenfunction). In particular, as a consequence of the
proof of Theorem 2.3.3 (2), there is an eigenfunction u of L on the quasi-open set €2, which is
non-negative, being the limit of non-negative functions. We notice that u does not need to be
strictly positive as 2 might be disconnected.

We conclude this section with a proposition on the continuity of Ai(-, V') with respect to the
~-convergence.

Proposition 2.3.7 (y-continuity of A\ (-, V)). Let D C R? be a bounded open set, V € L>(D;R%)
be a fized vector field, and (Qn)n21 C D be a sequence of quasi-open sets that y-converges to the
quasi-open set  C D. Then

h_>m )\1 (Qna V)a Zf Q 7& ®7

A(Q, V) = {
+oo, if Q=0.

Proof. Let 7 = ||V| 1 (p) and ¢ and ¢ be as in (2.2.3). Set L. = L +c.

Suppose first that the sequence (A1 (2, V')),,~; ts bounded. Reasoning as in the proof of Theorem
2.3.3 (2) we get that, up to a subsequence, A1(£2,, V) converges to an eigenvalue A € R of L on
Q. Now, by the argument of Theorem 2.3.3 (3) and Lemma 2.3.5, we have that )\ satisfies the
property (3) of Theorem 2.3.3, so A = A;1(€2, V'), which concludes the proof since the sequence
(A (2,,V)),,> is bounded .

Next, suppose that the sequence (A1 (2, V), >, is unbounded. Applying Lemma 2.3.4, we get

that, up to a subsequence, lim A;(€2,,0) = 4o00. Since RéA are self-adjoint compact operators,
n—o00 n

we get that

1

Finally, the «y-convergence gives that RSSA(Q) = 0 and so, H}(Q) = {0} and cap(Q2) = 0. O
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Remark 2.3.8. In view of Proposition 2.3.7 we set A1 (0, V) = +oo0.
Putting together Theorem 2.3.3 and Proposition 2.3.7 we obtain the following result.

Corollary 2.3.9 (Equivalent definition of the principal eigenvalue on quasi-open sets). Let
be a bounded quasi-open set and V € LOO(Q;Rd). Then, there is an eigenvalue A1 (2, V) € R of
L=—-A4V -V inQ such that:

AM(Q,V) =min{ReX : A€ C is an eigenvalue of L on 2}
= sup {)\1(9, V) : Qs an open set containing Q}
= li_}In A (2, V), where ()51 is any sequence

of (smooth) open sets v-converging to €.

Proof. The first two inequalities are due to Theorem 2.3.3. For the third one it is sufficient to
note that for every quasi-open set {2 there is a sequence of smooth open sets y-converging to 2
and to apply Proposition 2.3.7. ]

Remark 2.3.10 (Faber-Krahn with drift for quasi-open sets). As further consequence of Corol-
lary 2.3.9 we can extend the Hamel-Nadirashvili-Russ inequality to the class of (bounded) quasi-
open sets. Precisely, for every bounded quasi-open set Q C R? with || > 0 and every 7 > 0,
we have

A1 (B,Tﬁ) <M(Q,V) forevery Ve L®(Q;RY) with ||V~ <7, (2.3.4)
x

where B is the ball centered in zero of the same Lebesgue measure as . Indeed, let Q C R?
be a bounded quasi-open set and V' € L>(€2, R%) be such that ||V ||p~ < 7 (in what follows we
assume that V' is extended by zero outside €2). Let (2,),~, be a sequence of bounded open
sets which v-converges to € and such that |,| converges to || (see Lemmalem approx qo).
Denote by B,, (resp. B) the ball centred at 0 whose Lebesgue measure is |B,,, | = |Q| (resp.
|B| = |€?]). Then, since €, is an open set, we have \i(By,,7e;) < A1(2,,v) thanks to [52,
Remark 6.10|. Moreover, B,, ~-converges to B (since |B,, | — |B| and hence B, converges to
B in the sense of Hausdorff; see [61, Proposition 3.4.2]). Therefore, Corollary 2.3.9 implies that
M (B, , Te,) converges to A\1(B,7e,) and similarly, A\;(2,,V) — A\1(Q, V). Passing to the limit
we get (2.3.4).

2.4 Existence of optimal domains

In this section we prove the existence of optimal domains for the cost functional A\ (2, V).
We first consider the case when the drift V' is fixed, for which the existence follows by the result
of the previous section and a classical theorem in shape optimization. The case when both the
domain €2 and the drift V' may vary requires more careful analysis and the rest of the section
is dedicated to the proof of Theorem 2.4.3. In the end of the section (Theorem 2.4.5) we also
prove that a solution (2, V') exists also in the class of vector fields V' obtained as gradients of
Lipschitz continuous functions.

Theorem 2.4.1 (Existence of optimal sets for a fixed vector field). Let D C R? be a bounded
open set and V. € L®(D;RY). Then, for every 0 < m < |D|, there is an optimal domain,
solution of the problem (2.1.8).

Proof. By Remark 2.3.2 and Proposition 2.3.7 we get that Q — A\ (2, V) is y-continuous and
decreasing with respect to the set inclusion. The claim follows by Theorem 2.2.5. O
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2.4.1 Optimal drifts on a fixed domain

Let Q € R? be a fixed bounded quasi-open set and 7 > 0 be given. We consider the following
variational minimization problem

min {\(Q, V) : V€ L®(Q,RY), [[V]1= < 7). (2.4.1)

Theorem 2.4.2 (Optimal vector field on a fixed quasi-open set). The problem (2.4.1) has a
solution, which satisfies

Vu(z)
[Vu(z)|

where u is the eigenfunction of L = —A+ V, -V in Q, associated to the eigenvalue A1 (2, Vi).

Vi(z) = —7 if |[Vu(z)| #0; Vi(z) =0 if |Vu(z)| =0, (2.4.2)

Proof. Let (€,),~, be a sequence of smooth, say of class C?® for some 0 < o < 1, open sets
which y-converges to Q (see Remark 2.2.6). Since €2, is smooth, we already know (see [51,
theorem 1.5]) that the problem (2.4.1) for the fixed domain £2,, has a solution V;,. Moreover, if
uy, is the associated eigenfunction of —A + V,, - V in €Q,,, that is, u,, is defined by

—Auy + Vi -V = M (Qp, Vi)uy,  in Qp, Uy, € H&(Qn), / u% dx =1,
Qn

then the optimal vector field V,, is unique and is given by
Vup(z) .

—7T——=%  if [Vu,(x 0,

0 if |Vuy,(x)| = 0.

In particular, u, is a solution of
Aty — 7|V = M (0, Vi)un in Q,  u, € HYH(Q), / ulde = 1.
Qn

We first claim that the sequence (A1(£2,,V4)),,~; is bounded. Indeed, by optimality of V;,, one
has A1 (2, Vi) < A1(Qn,0), which is nothing but the principal eigenvalue of —A on €, with
Dirichlet boundary condition. But since €, y-converges to €2, Proposition 2.3.7 yields that
A1 (2n,0) = A1(€2,0) so that the sequence (A1(£2,,0)),,~; is bounded, proving our claim.
Therefore, up to a subsequence, A1(Qy,Vy) converges to some A € R and u, has a uniformly
bounded norm in H{ (D), which yields a function u € H}(D) such that, up to a subsequence,

U, — u weakly in H}(D) and u,, — u strongly in L*(D). (2.4.3)

Since the sequence |Vu,| is bounded in L?(D), up to a subsequence, —7 |Vu,| — z weakly in
L?(D) for some function z € L?(D). Therefore, f,, := A1 (Qn, vn )ty + 7|V, weakly converges
in L?(D) to f := M — z. Thanks to theorem 2.2.8 (applied to —A), u, = RQ (fn) strongly
converges in L%(D) to RQA(f). By (2.4.3), we have u = RéA(f) and hence u € H}(Q).
Furthermore

/|Vu2 dx:/(—zu+)\u2)d:c
D D

= lim (TIVun up + A1 (R, Vi )u = lim /]Vunlzdx

n——4o00 D n—+4o00

where the first line is due to the fact that u € H}(2) and —Au = Au — z in Q. This proves
that u,, converges strongly in H'(D) to u, that |Vu,| strongly converges in L?(D) to |Vu/, and
hence that z = —7|Vu|. Therefore u satisfies

—Au+V,-Vu=—-Au—7|Vu|=Xu in Q, u € Hy(Q), /qule,
Q
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where V, € L>(D,RY) is given by (2.4.2). This shows that \ is an eigenvalue of the operator
L =—-A+V,-VinQ. In particular, we have ||Vi||ooc < 7 and A1(€2,V4) < X. On the other hand,

by the minimality of V,,, we have A1(Q,, Vi) < A1(Qp, Vi). Hence, letting n — oo, we get that
A < A1(9Q, Vi), which yields A = A\1(Q2, Vi) and concludes the proof of the theorem. O

2.4.2 Shape optimization problem over domains and vector fields

Let D C R% be a bounded open set, 0 < m < |D| and 7 > 0. We consider the shape
optimization problem

min {A(Q,V) : Q C D quasi-open, [Q <m, ||V~ <7} (2.4.4)

Theorem 2.4.3 (Existence of optimal sets and optimal vector fields). Let 7 > 0 and m €
(0,|D|). Then the problem (2.4.4) has a solution (0*,V*), where V* is given by (2.4.2).

Proof. Let (2,,V,) be a minimizing sequence for (2.4.4) and let
A:=inf {\(Q,V) : QC D quasi-open, [Q <m, [|[V]p~ <7} = li_)In A1(Q2n, Va),

Since the topology of the weak ~y-convergence is compact, we can assume that, up to a sub-
sequence, €2, weakly ~-converges to a quasi-open set {2 C D. Then, let Q,, be a sequence of
quasi-open sets as in Lemma 2.2.3. Denote by V,, the optimal vector field given by Theorem
2.4.2 on Q,, and let u, € H&(Qn) be a solution of

—Aup + V- Vu, = N\ (Qn, f/n)un in Q,, Uy € H&(Qn), / ui dr = 1.
D

By the minimality of V,, and the inclusion €, C €, we have
0 <A (0, Vi) <A (0, Vi) S M (Q, V) for every n > 1.

Therefore, up to a subsequence, Al(fln, f/n) converges to some A such that A < \. In particular,
(un),>1 is uniformly bounded in H}(D) and so, up to a subsequence, u, weakly converges in
H (D) to some u € H}(D). Now, since Qn, ~v-converges to {2, we can argue as in the end of the
proof of Theorem 2.4.2 to conclude that the convergence of u, to u is strong in H'(D). This
yields that u is not identically zero and satisfies

—Au+V -Vu=Au—7|Vu|=Au in €, u € Hi(Q), /u2d:p:1,
D

where V' € L“(D,Rd)Nis given by (2.4.2). Furthermore, thanks to Lemma 2.2.4, we have that
|| < m. Hence, A < A. Thus, we get that A = A\ and hence that A = A\1(©2, V'), which proves
that the couple (2, V) is a solution of (2.4.4). O

Remark 2.4.4. If the box D contains a ball B C D such that |B| = m, then by Remark 2.3.10
a solution of (2.4.4) is given by A\ (B, 7).

[l

We now consider a shape optimization problem in the more restrictive class of couples (2, V),
in which the vector field V' is a gradient of a Lipschitz function. Precisely, given a bounded open
set D C R% 7> 0and m € (0,|D|), we consider the shape optimization problem

min {\;(Q, V®) : Q C D quasi-open, ® € Whe(D), 19| <m, [|[V®|r~ < T} (2.4.5)

In this case the argument from Theorem 2.4.3 does not apply since the optimal vector field
from Theorem 2.4.2 may not be the gradient of a Lipschitz function. On the other hand, the
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functional A1 (€2, V®) is variational so we can use a more direct approach. Indeed, for every
A € R and u € H}(Q) we have

~Au+VPd-Vu=XIu in Q@ & —div(e ®Vu)=Xe%u in Q,

and since the operator A = —div (e~®V") is self-adjoint, we get that

A(2,V®) = min Jp e M1Vl dx

2.4.
ueH (N0} [pe Pu?de (246)

Theorem 2.4.5 (Existence of optimal sets and optimal potentials). Let D C R? be a bounded
open set, T >0 and m € (0,|D|). Then the problem (2.4.5) has a solution.

Proof. Suppose that (€, ®,) is a minimizing sequence for (2.4.5) and let A, = A1(2y,, V®y,).
Given xg € D, we may suppose that ®,,(z9) = 0 for every n > 1. Thus, up to a subsequence, ¢,
converges uniformly in D to a function ® € W1°°(D) such that ®(z¢) = 0 and |[|[V®||z~ < 7.
Let u,, be the solution of

—Auy + VO, - Vu, = Au, in Qp, U, € H&(Qn), / u,% dr =1.
D

Then, u, is uniformly bounded in H& (D) and so, up to a subsequence, u, converges weakly in
HE (D) and strongly in L?(D) to a function u € H}(D). Thus, we have

/ e ®u?de = lim [ e ®ruldx and / e”?|Vul? dz < lim inf/ e” | Vuy,|? de.

n—0o0 D

Now, choosing 2 := {u > 0} and applying (2.4.6), we get

- \V4 2d —Pn \Y n2d

A (2, @) <
12, 2) < Jpe ®u?dx n—oo [ e Pnu2 du n—00

Now, in order to conclude, it is sufficient to notice that by choosing a subsequence, we may
assume that u, converges to u pointwise a.e., so we get

|2 = [{u > 0}| <liminf [{u, > 0}| < liminf |Q,| < m,

which proves that (€2, ®) is a solution of (2.4.5). O

2.5 Regularity of the optimal sets

In this section we prove Theorem 2.1.5. We prove the regularity of the boundary 92 of the
optimal sets Q from Theorem 2.1.5. We only consider the case V = V&, with ® € W1>°(D),
since in this case the optimization problem (2.1.8) is equivalent to a free boundary problem
for the first eigenfunction w on the optimal set 2. The regularity for a generic vector field
V € L*°(D) remains an open problem essentially due to the lack of variational characterization
of the eigenvalue A\ (2, V). We start with the following lemma.

Lemma 2.5.1 (Reduction to a free boundary problem). Let D C R? be a bounded open set,
0<m<|D|, >0, ®&c Whe(D), with |V®||r~ < 7, and V = V®. Suppose that the
quasi-open set  C D is a solution of (2.1.8). Then every corresponding first eigenfunction ug
of the operator —A +V -V on § is a solution to the variational problem

Am 1= min{/ \Vu|’e™®dz : ue HYD), [{u # 0} <m, /e_CDUde:l}. (2.5.1)
D D

Conversely, if u is a solution of (2.5.1), then the quasi-open set {u # 0} is a solution of (2.1.8).
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Proof. The proof is a straightforward consequence of the variational formula (2.4.6). O

Remark 2.5.2. It turns out that if u is a solution of (2.5.1), then v > 0 in D (see Lemma 2.5.8
below).

The rest of this section is dedicated to the regularity of the free boundary 92, N D and of
the whole boundary 9, if D is smooth, of a solution u of (2.5.1), where we recall that, for any
function v € H}(D) we denote by €, the (quasi-open) set {v > 0}.

This section is organized as follows.
In Subsection 2.5.1 we prove that the solutions of (2.5.1) are bounded. This is important
due to the fact that u solves the equation

—div (e7®Vu) = M (Q,, V®)e ®u in Q,,

and in the rest of the section we will often use the fact that the right-hand side is bounded.

In Subsection 2.5.2, we prove that the solution u is essentially a subharmonic function on D
with respect to the operator div(e~®V) (see Lemma 2.5.5). In particular, this implies that u and
the set €2, are well-defined everywhere (not just up to a set of measure zero). The free boundary
is thus defined as the topological boundary of the set €2,. In the same subsection, in Lemma
2.5.8, we prove that the measure constraint [{u > 0}| < m is saturated, that is, |€2,| = m. This
proves Theorem 2.1.5 (3).

In Subsection 2.5.3 we get rid of the integral constraint / e ®u?dz = 1 and we rewrite the

problem (2.5.1) in terms of the functional
J(u) = / (|Vul* - Amu?)e™® da.
D

In Subsection 2.5.4, we write the Fuler-Lagrange equation that arises in the minimization of
the functional J under the measure constraint |€2,| < m. We consider only internal variations,
that is, test functions of the form @(z) = u(x + t£(z)) for smooth vector fields £. In Subsection
2.5.5, we prove that at small scales u is a solution (in the sense of (2.1.12)) to the minimiza-
tion problem for the functional v — J(v) + Ay|$2,|, where A, is the Lagrange multiplier from
Subsection 2.5.4.

In Subsection 2.5.6 and Subsection 2.5.7, we use the result from Subsection 2.5.5 to prove
that the solutions of (2.5.1) are Lipschitz continuous and non-degenerate at the free boundary;
we also prove that the set €2, has finite perimeter. This proves Theorem 2.1.5 (1) and (2).

Subsection 2.5.8 is dedicated to the compactness of the blow-up sequences and the optimality
of the blow-up limits. In Subsection 2.5.10 we prove a (quasi-)monotoncity formula for (a variant
of) the Weiss’ boundary adjusted energy. As a consequence, we obtain that the blow-up limits
are one-homogeneaous.

In Subsection 2.5.9, we prove that the solution u satisfies the optimality condition |Vu| =
v/ Aue?® on the free boundary 99, N D in viscosity sense, we deduce the regularity of the reg-
ular part Reg(0%,) and we show that the remaining singular set has zero (d — 1)-dimensional
Hausdorff measure. In this subsection, we complete the proof of Theorem 2.1.5 (4), (6) and (7).
Finally, in Subsection 2.5.10, we give some further estimates on the Hausdorff dimension of the
singular set, which complete the proof of Theorem 2.1.5 (5).

2.5.1 Boundedness of the eigenfunctions

In this subsection we give a bound on the L* norm of the eigenfunctions on generic bounded
quasi-open sets. We first prove that if u is a solution of a PDE with sufficiently integrable right-
hand side, then u is bounded. Then we use and iterate an interpolation argument to improve
the integrability of the eigenfunctions.
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Lemma 2.5.3 (Boundedness of the solutions of PDEs on quasi-open sets). Let D C R? be a
bounded open set, Q@ C D be a quasi-open set and ® € WH>(D). Let f € LP(D) for some
p € (d/2,+00] and let u € HE(Q) be the solution of

—div(e™®*Vu) = f in Q, u € Hy(Q). (2.5.2)
Then, there is a dimensional constant Cy such that

Cy eMe _
e < 57— 20 Sl

where Mg := || @ oo (p)-

Proof. We first assume that f is a non-negative function. We notice that « > 0 on €2 and that
u is a minimum in H} () of the functional

1
J(u) := 2/Qe_q)\Vu|2dx—/quda:.

The rest of the proof follows precisely as in [90, Lemma 3.51|. For every 0 < ¢ < ||u||p~ and
e > 0, we consider the test function us, = u At + (u —t — €)4. The inequality J(u) < J(uze)
gives that

1

—1
2/ e_‘I’|Vu|2dx§/ flu—ue) dmge/ fdx§5||f||Lp|{u>t}\pT,
{t<u<t+e} R4 {u>t}

and, using the co-area formula and passing to the limit as € — 0, we get
-1
/ V| dHEY < 2eMo | £l {u > 1155 (2.5.3)
{u=t}

Now, setting ¢(t) := |{u > t}| and using the co-area formula again as well as the Cauchy-Schwarz
inequality, we obtain

1 1
/(1) = _/ gyt < - / Vau|dHE! Per({u >t 2,
2 {u=t} [Vl ( {u:t}‘ | ) . g

which, together with the isoperimetric inequality |{u > t}]df;l < CgPer({u > t}) and (2.5.3),
gives
Cd M+
—— t) 4 ,
e s

where we recall that the dimensional constant Cy may change from line to line.
Setting o = % + % <land C = CdHfHZ,}e*Mé, we have ¢ < —Cp®. If

3=

¢'(t) <

tmax :=sup {t > 0; p(s) >0 for all s € [0,1)} < +o0,
then ¢/ (t)p(t)~* < —C for all ¢ € [0, tmax), so that
1
0<p®) < (' = (1—a)Ct)T==  forall  t€[0,tmax)-

This shows that ¢, < +00 and that
1|t
o < tm X S ~ o/, 17 0
HU/HL — a. C Q/d—l/p

which concludes the proof when f is non-negative. For a general function f, the proof now
follows by applying the estimate in Lemma 2.5.3 to both the positive and the negative parts of

g O
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Lemma 2.5.4 (Boundedness of the eigenfunctions). Let D C R% be a bounded open set, Q C D
be a quasi-open set, ® € WH(D) and V = V®. Let R : L*(Q) — L?(Q) be the resolvent
operator of —A+V -V on Q. Then, there are constants n € N, depending only on d, and C' € R,
depending on d, || and ||®|| L, such that

RMLY Q) C L=(Q)  and  [|R"|| g2 (e < C-

In particular, if u is a first eigenfunction of —A +V -V on Q normalized by ||ul|;» = 1, then
u € L>®(Q) and
lullpee < CAF(, V).

Proof. Let us first notice that if d < 3, then d/2 < 2 and so, taking n = 1, the claim follows

directly by Lemma 2.5.3. If d > 3, then setting 2* = d%dZ, we have

R:L*(Q) = L¥(Q) and R:LYQ) - L=(Q).
Thus, interpolating between 2 and d, we get

2
IRl cqurze <C, where pe[2,d and g= dp_dp > 2 (2.5.4)

where C' depends only on d, Q2| and ||®|| . Now, it is sufficient to notice that R¥ € £(L?; L),
k

2d
m) . For k big enough we have that g, > /2 and so, R¥*! € £(L?; L), which

proves the first part of the claim. Finally, in order to get the estimate on wu, it is sufficient to

notice that R(u) = A7 (Q, V)u and R™(u) = A{™(Q, V)u. -

where g = <

2.5.2 Pointwise definition of the solutions

When we deal with Sobolev functions we usually reason up to a choice of certain representa-
tive of the function. Even if this representative is defined quasi-everywhere, there still might be
a set of zero capacity where the function is not defined. Of course, this interferes with the notion
of a free boundary in the sense that we cannot just consider the topological boundary of €2,
without specifying the representative of v that we work with. Fortunately, the eigenfunctions of
the quasi-open sets are defined pointwise everywhere, that is every point is a Lebesgue point.

Lemma 2.5.5 (Subharmonicity and a mean-value formula for positive solutions of PDEs). Let
D C R? be a bounded open set, Q C D a quasi-open set and ® € Whe(D) a given Lipschitz
function. Let f € L*(D) and uw > 0 be a solution to the problem (2.5.2) in ).

1. Then, div(e=®Vu) 4 f > 0 in R?, in the sense of distributions. In particular, div(e”®Vu)
is a (signed) Radon measure on R?.

2. For any xo € R%, we can define the value of u at xo by

T d=1/,.\ _ 71:
u(wo) = lim o) u(w) dH™(z) = lim BT(xO)U(x) da.

Moreover, we have the identity

1

][ ue” PdHIT — u(xg)e @) = / s div(e”*Vu)(Bs(o)) ds
9B, (z0) dwq Jo

1/ sl_dds/ (VO -v)ue ®dHIt, (2.5.5)
dwq Jo 0B,

where v denotes the normal to 0By pointing outwards.
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3. Let xy € R and R > 0. Suppose that there is a constant C > 0 such that
| div (e_@Vu)(Br(xo))’ < orit for every 0<r<R. (2.5.6)

Then we have the estimate

C
‘u(:vo) _]{93 ( )ud?-[d_1’ < Me < + 2L¢MueM‘P> T for every 0<r<R,
r{(Z0

dwd
(2.5.7)
where Lq> = HV(I)HLoo(D), Mu = HuHLoo(D) and Mq> = Hq)HLoo(D)
Proof. (1) For n € N define p,, : R — R by
pn(s) =0, for s<0; pn(s) =mns, for se€[0,1/n]; pn(s) =1, for s> 1/n.

Since py, is Lipschitz continuous, we have p,(u) € H}(Q) and Vp,(u) = pl,(u)Vu. Let ¢ €
C3(D), ¢ > 0in D. Using pp,(u) as a test function in (2.5.2), we get

/ Pr(uw)Vu - Ve dr < / (pn(W)Vu - Vo + opl, (u)|Vul*) e ®dz = / fopn(u)dz.
D D D

which, letting n — oo, gives the first claim.
In order to prove (2), we suppose that g = 0 and we calculate

% OB, ue AT = acli],[asl u(sg)e” PO ap !
= ]{93 [€ - Vu(s€) — u(s£)E - VP (sE)] e PE gyt
1
S div(e™"Vu)(Bs) — . (VO -v)ue ®dH*.
s dwa Jon,

Then, integrating from p to r (p < r), using the inequality from (1) and the fact that u € L (D)
by Lemma 2.5.4, we get

1 T
][ ue” P dH! —]Z ue” PaHI! = / st div(e”*Vu)(Bs(x0)) ds (2.5.8)
OB, 8B, dwq J,
1 T
—/ sl_dds/ (VO - v)ue ?dHd!
dwq J, 8B,

1 — min
> — 5ol (12 = p%) = e ful| oo [ V@ 1w (r = )
=—A (7'2 — p2) — B(r — p),

where A, B > 0. This shows that the function r — ue~®dH¥ 1+ Ar? 4+ Br is non-decreasing.
0By

In particular, the limit ¢(zp) = lim ue”PdHY! exists and we set u(zg) := e®@0)0(xy).
r—0 9B (z0)
Now, (2.5.5) follows by letting p — 0 in (2.5.8). Finally, in order to prove the claim (3), we

notice that (2.5.5) implies

’][ ue™® dHT — w(ag)e @0
8B»,«(I0)

C
< ( + L¢MueM‘1>> r for every 0<r<R,
dwd
(2.5.9)
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Now, by the triangular inequality we have

’][ wdH1 — u(:vo)’ — 2(0)
8B7»(w0)

< e@(l‘o)

][ ue™ @) gt _ y(zg)e”P@0)
OBr(x0)

][ ue”® dHI! — u(aco)e_q)(xo)
OBr(x0)

L @) ][ u‘e—mo) )
OBr(x0)

Thus, the claim follows since, by the Lipschitz continuity of ®, we have that for every =z €
8BT (wo),

HAT

e~ 2(@0) _ —P(2) < ell®llzee(p) HV<D||L°°(D)|5E — xg).

(2.5.7) is a direct consequence of (2.5.5). O

As a direct consequence of Lemma 2.5.5 and (2.5.5) we get the following strong maximum
principle.

Lemma 2.5.6 (Strong maximum principle). Let D C R be an open connected set and u €
HE (D) be non-negative, u > 0 in D. Assume that div(e=®Vu) € L (D) satisfies div(e ®Vu) <
0. Then, if u is not identically vanishing in D, then u is strictly positive in D.

Proof. Set A := {xp € D; u(xg) = 0}. If 9 € A, then (2.5.5) implies that u(z) = 0 for almost
every x € By(z9) whenever B,(xo) C D. Therefore, for all x € B,(z9), since z is a Lebesgue
point for u, u(x) = 0. Thus, A is open.

Consider now a sequence (z,)n>1 € A converging to xg € D. For some n large enough, there
exists a ball B,(x,) C D containing xg. Since u vanishes everywhere in B, (z,), u(zg) = 0,
which proves that A is closed in D. We conclude by the connectedness of D. O

A consequence of Lemma 2.5.5 is the fact that the set £, = {u > 0} and the (topological)
free boundary 92, N D are well defined. Below we prove that the topological boundary coincides
with the measure theoretic one.

Lemma 2.5.7 (The topological boundary coincides with the measure-theoretic one). Let u €
HE(D), u > 0 in D, be a solution of (2.5.1), xog € O, and let v > 0 be such that D,(xg) =
B, (xg) N D is connected. Then we have 0 < |Q, N By(x9)|. Moreover, if xg € 0Q, N D, we have
19 1 By(z0)| < D, (x0)].

Proof. In order to prove the first inequality, suppose that oy € 99, and |B,(xg) N Q| = 0 for
some r > 0. Since every point x € B, (x¢) is a Lebesgue point for u and u = 0 almost everywhere
in B, (xg) we have that v = 0 in B,(z¢), but this contradicts the fact that zy € 9€Q,.

In order to prove the second inequality, we assume by contradiction that [, N B,(zo)| =
| Dy (z0)| for some r > 0. We claim that u is a solution of

—div(e”®Vu) = Apue™® in Dy (x0), where Ay, ::/ |Vul?e™?® da.
D
Indeed, let v be the solution of
—div(e™®Vv) = Mpue™® in D, (20), v=u in D\B,(xg).

Then, Lemma 2.5.6 implies that v > 0 in D, (x¢). Since |Q,| = ||, the optimality of u gives

fD\VvPe*(Dda: / Vule? dr = fD]Vu\Q -0 dx+)\ - fD e ®dx
vaze_‘I’dx f v2e~® dx m f v2e~® dx
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which implies

0> / (|Vul* - |Vv|2)e_¢’dx + )\m/ (v? - u2)e_‘bdx = / (IV(u = v)[* 4+ An(u —v)?) e Pdr,
D D D

where the last equality follows by the definition of v and the fact that v — u € Hg(Dy(x0)).
This implies that u = v almost everywhere and hence, by Lemma 2.5.5, that u = v everywhere.
Therefore, we have v > 0 in B, (x¢) N D, which is in contradiction with o € 99, N D. O

Lemma 2.5.8 (Saturation of the constraint). Let D C R be a connected bounded open set, and
let ® € W1°(D), m and T be as in Lemma 2.5.1. Then every solution u of (2.5.1) is such that
u>0on D and |Q,| = m (up to a change of sign). In particular, every solution Q of (2.1.8)
saturates the measure constraint, that is, |Q2] = m.

Proof. Let u be a solution of (2.5.1). If u = u4 or u = u_, the claim is obvious. Otherwise, we
have that u changes sign, that is, uy # 0 and u_ # 0. We set

U4 u—

1/2 2 12"
</ uie(b> (/ U26®>
D D

Now, the claim follows from the estimate

of I V| e ®da I Vu_|? e ®da - Ip (W“+’2 + ‘V“—‘Q) e Pdx _Ip \Vul? e~ ®dz
m I ule=®dz I u? e~ ®dx Ip (u%r + u2_) e~ %dzx N [pule=®dx -

This means that at least one of the functions u; and wug is also a solution of (2.5.1). Up to
changing v into —u, we assume that u; is a solution of (2.5.1). Now, suppose by contradiction
that |Q,| < m. Then, for every ball B,.(xz¢) C D such that |Q,| + |B,| < m, writing that

/|Vu1|26_q)dx§/ IV (u1 + tp)|* e~ Cdz
D D

for all functions ¢ € H}(B,(z0)) and all t € R, we easily get that u; is a solution of
—div(e™®Vuy) = Ape %u;  in By(xp).

By the strong maximum principle, we get u > 0 in B, (x(), which is a contradiction. This proves

both the saturation of the constraint and the positivity of u. O

2.5.3 A free-boundary problem with measure constraint

We now follow the strategy adopted in [11, 9]. In particular, the proof of Theorem 2.5.16
below is very close to the one of Theorem 1.5 in [11]. Note that the approach is local and that
a result analogous to Theorem 2.5.16 with perturbations in D is vain (see Remark 1.6 in [11]).

Let u € H}(D) be a solution of (2.5.1). For any v € HZ (D) we set

J(v) ::/ |Vv|2eq>da;—)\m/ v2e ®dz, (2.5.10)
D D

where it is recalled that A, = / Vul?e™?® da.
D

Remark 2.5.9 (Removal of the integral constraint). It is plain to see that, when u € Hg (D) is
a solution of (2.5.1), we have

J(u) = min {J(v) : v € HY(D), |Q,] <m}. (2.5.11)
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In what follows, we will make the following assumptions on the domain D and the function u:

D is a connected bounded open set of RY,

u € H}(D) is non-negative, u > 0 in D,

J(u) =min{J(v) : ve H{(D), || <m},

the constraint is saturated, that is, |Q,|= [{u > 0}| = m.

(2.5.12)

For a ball B,.(z9) C R? we define the admissible set
A(u, zo,r) == {v € Hy(D) : u—v € H}(Br(z0))}

Remark 2.5.10 (Coercivity of J). We notice that the set {v € A(u,z,r) : J(v) < C}is
weakly compact in H}(D). Precisely, if u € H}(D), ® € Wh*°(D) and J be given by (2.5.10),
then there is a constant ¢ > 0, depending on d, ®, A\, and D such that for all r < rg,

/ . |Vo|? dz < 2e™2? J(v) + (1+ 4)\memaxq>’minq’) ||u|]§{1(D), Yo € A(u, xg,r). (2.5.13)
By (xg
Indeed, let v € A(u, zg,r) with » < rg. We have

2

2 2 2 2 2
vdeQ/ V—Uu d:n—|—2/u dmﬁ/ V(iv—u dx+2/udw
/D Br(xo)( ) D A1(By(20)) Br(zo)‘ ( ) D

47“8 / 2 2 / 2
< Vol* + |Vul®) de +2 [ u*dx,
1(B1) JB, (0 (Vo + [vuf) D

>

where the last inequality is due to the (—2)-homogeneity of A;(B,) and the fact that r < 7.
Choosing 1 small enough (depending only on d, Ay, [|[V®||z~ and the diameter of D) we get

/ |V’U|2 dx S emaXCDJ(U) +)\memax<1>—min<1>/ U2 dx
D D

1 .
< e J(v) + / (IVol* + [Vul?) da + 2Amema><¢’—mm‘1’/ u? da.
2 J By (x0) D

which concludes the proof of (2.5.13).

As a consequence, we obtain the following result, which gives us the existence of a solution
to a local version of the minimization problem (2.5.11) with some different measure constraint.

Lemma 2.5.11 (Existence of local minimizers). Let D C R? and u € H}(D) satisfy (2.5.12).
Let B, (z0) C RY be a fived ball and let m be a real constant such that m > |Q, \ B(xq)|. Then:

1. the problem
min {J(v) L v e A(u, zo,7), |Q] < m} (2.5.14)

has a solution provided that r < rg with ro given by Remark 2.5.10,
2. if Dr(x0) := By(x0) N D is connected and |Q, U D,(x0)| > m, then |Q,| = m;

3. there exists ro > 0 such that, for every r < ro, every solution v of (2.5.14) is non-negative.

Proof. In order to prove (1), it is enough to notice that, by Remark 2.5.10, J is bounded from
below in A(u, zg, 7). Then, by (2.5.13), any minimizing sequence (vy,)n>1 for (2.5.14) is bounded
in H'. The second claim (2) follows as in the proof of Lemma 2.5.8. For (3), let v be a solution
of (2.5.14). Then, by the optimality of v and the fact that v* € A(u, zo,r) and Q,+ C ,, one
has

)+ J(7) = J() < I,
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which means that J(v™) < 0. Therefore,

/ Vo~ e ® dx < )\m/ v |%e”® da
Br(z0) By (z0)

< )\meQ’"TCdrz/ Vo~ Pe™? da,
By (zo)

where the second inequality is due to the fact that maxp (50 ® — ming ;o) ® < 2r7 and the
variational characterization and the scaling of \1(B,,0) = Cyqr~2. Thus, for r small enough
(r < ro with 79 depending only on 7, A\, and d), v~ = 0. O
2.5.4 An internal variation optimality condition

Let D C R? be a bounded open set, u € H}(D) and & € C°(D;R?). The first variation
dJ(u)[€], of J at u in the direction &, is given by

0J(uw)[€] := lim J(ut)t_J(U), where wu(x) := u(x + t&(x)).

t—0

A straightforward computation gives that
5J(w)[e] == / [ng(vu) Vu+ (|Vul? = Apui2) (VO - € — div g)] e~ dz. (2.5.15)
D

In Proposition 2.5.12 we prove the existence of an Euler-Lagrange multiplier for every solution
w of (2.5.11). We will use this result several times in this section and, in particular, in Lemma
2.5.30, where we will derive an optimality condition for u on the free boundary 0€2,,.

Proposition 2.5.12 (Euler-Lagrange equation). Let D C R? and v € H} (D) satisfy (2.5.12).
Then, there exists Ay, > 0 such that

d0J(u)[¢] = Au/ div ¢ dx for every € € CZ(D;RY). (2.5.16)
Quy
Moreover, for every xg € 082, NOD and every r > 0, we have

MWMzm/mwm,

Qu
for every &€ € C°(B,(x0), RY) such that (Id+ &)~ (D, (20)) C Dy (z0).
Proof. Let € € C®(D;R?) and us(z) = u(z + t&(z)). Then we have

1Qu, | = Q] — t/ div&dz + o(t). (2.5.17)
Qo
Step 1. We first notice that if B,(z9) C R? is a ball such that
D, (x¢) := By(xo) N D is connected and 0 < |Dy(zo) N Q| < |Dr(z0)],

then there is a vector field & € C°(D,(z0); RY) such that / div&ydx = 1. Indeed, if this is

u

not the case, then we have
/ divéder =0  forevery &€ C®(D,(x0); RY).
Qq

For every ball B,(z1) C D,(xzg), take a vector field of the form {(z) = (x — x1)¢-(x) with
0 < ¢ < 1 on By(z1), ¢ radially decreasing in B,(z1) with |[Vé:| < C(pe)™t, ¢ = 1 on
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B,1—¢)(z1) and ¢. = 0 on 9B,(z1). Then we have / (doe(x) + (x — 21) - Voe(z)) dz = 0

and, passing to the limit as ¢ — 0, we get
d|Q% N By(21)] — pH QN OB, (21)) = 0.

In particular, we get that the map p — p~%|, N B,(z1)| is constant. Since the above identity
holds for all balls B,(z1) C D;(x¢), we get that [Q, N D, (xo)| = 0 or |, N Dy (x0)| = |D;(x0)],
which concludes the proof of the claim.

Step 2. We now prove the first statement of the proposition. Let & € C°(D;R?) be as in Step
1 and &€ € C°(D;R?). There are two cases:

If/ divédz = 0, define & = £ + n&y with n > 0 so that / div& de = n.
Qu Qy
Set u(x) = u(z + t&(z)). Then, for ¢ small enough, u; € H (D), |Qy,| < Q] = m and

J(ug) = J(u) +t8J(u)[&1] + o(t).
By the minimality of u we have J(u) < J(u¢) and so, 6J(u)[£1] > 0. Therefore,
§J(u)[§] = —ndJ (u)[&o] for every n >0,

and hence, we get dJ(u)[¢] > 0. Taking —¢ instead of £ we have that §J(u)[¢] = 0, and hence
(2.5.16) holds for any A, > 0.

If/ divédx # 0, define & = £ — fo/ div&dxz. Then / divésdx = 0 and, by the
Qy Q

u

preceding case, we have 0.J(u)[€2] = 0. On the other hand,

1(u)iga) =8I (we) - I (w)l] [ diveda,
which proves (2.5.16) with A, := 0J(u)[&p]. Moreover, for ¢t small enough, us(x) = u(x+t&(z)) €
H} (D) and, by the minimality of u, we have

J(u) < J(ug) = J(u) + tAy + o(t),

which proves that A, > 0. The strict inequality follows by a general result (Proposition 2.A.1)
for minimizers of J with respect to internal perturbations.

Step 3. Let z9 € 90, NOD, r > 0 and & € CX(D;R?) be as in Step 1 so that we have
§J(u)[€] = Ay. For any ¢ € C°(B,(x0),R?) such that (Id + &)~ (D, (x0)) C Dy(xg), we set
& =¢6—(1—n)o fQu div & dx where 7 is some positive constant. Note that the vector field &; is
such that us(z) = u(z + t& (x)) € HE(D) for small ¢ > 0 and fQu div &y de = n > 0. Therefore,
using the minimality of u, we have for every ¢ > 0 small enough

J(u) < J(up) = J(u) +10J (u)[&1] + o(t),

so that we get dJ(u)[&1] > 0. It follows that §J(u)[¢] > (1 — n)A, for every n > 0, which
concludes the proof. O

In the following lemma we show that the Lagrange multipliers, associated to the solutions of
variational problems with measure constraint in a fixed ball B,.(z), are continuous with respect
to variations of the measure constraint around m. This lemma will be used several times in the
proof of the optimality of the blow-up limits.

Lemma 2.5.13 (Convergence of the Lagrange multipliers). Let D C R? and u € H}(D) be as
in (2.5.12), and let A, be the constant from (2.5.16). Let B,(xq) C R? be a ball such that

D, (zo) := Br(zo) N D is connected and 0 < |Dy(z0) N Q| < |Dy(z0)|-
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Let the sequence (my,),,~; be such that lim m, = m. Then, for n big enough, there is a solution
- n—oo

un, € A(u, zo,r) of the problem
min{J(v) L v e Alu,zo,7), | Q] < mn} (2.5.18)

Moreover, up to a subsequence, we have:

(a) for every m there is a Lagrange multiplier A,, > 0 for which (2.5.16) holds for u, in

DT(ZL‘O);
(b) for every n there is a vector field &, € C°(D,(xz0); R?) such that
d ¢ d ¢

J(u;,) = Ay, and -1 where Uy, () 1= up(x + t&(x));
(2.5.19)

(¢c) un converges strongly in H}(D) and pointwise almost everywhere to a function us €
A(u, g, r) which is a solution of (2.5.14);

(d) the sequence of characteristic functions lq, —converges to lg, — pointwise almost every-
where and strongly in L*(D);

(e) if we have 0 < |Qy, \ By(x0)| < |D \ By(x0)|, then li_)m Ay, = Ay

Bl el Ol =
dt lt=0 dt t:0| u%‘

Furthermore, if D is of class C*, 9D N B,(xg) # 0 and m,, < m, for every n large enough, then
all these properties still hold even if the assumption |, N Dy (x0)| < |Dy(x0)| is not satisfied.

Proof. First of all, we notice that since |Q, \ Dy (z)| < m < |, U D,(x0)|, we may assume that
the same holds for every m,,, for n large enough. Thus, by Lemma 2.5.11, the problem (2.5.18)
has a solution u,, such that |€,, | = m,. Then, it follows that u,, satisfies

0< |Qun N Dr(aﬁo)‘ < ’DT(CC[))| (2.5.20)

Therefore, by Step 1 of the proof of Proposition 2.5.12, there is a vector field &, € C°(D,.(z0); R?)

such that div &, dor = 1, and, reasoning as in Proposition 2.5.12, there exists A,, > 0 such
Quy,
that

§J(un)[€] = Ay, /Q diveédr  forevery &€ CO(D,(x0), RY). (2.5.21)

Moreover, taking u!,(z) = u,(z+t&,(x)), we obtain (2.5.19). This proves (a) and (b). We notice
that the only difference with Proposition 2.5.12 is that in the present case, u, is only a solution
of a variational problem in B, (xy).

Let now n be fixed and & € C°(B,(xg); R?) be the vector field, from the proof of Proposition
2.5.12, associated to u. Then, taking u;(z) := u(zx + t&y(x)), we have that

d

= [ a -1,
Z o, /QudN&od:E

and so, for n large enough, there is a unique ¢, € R such that |€2,, | = m, = |, |. In particular,
there are constants C' and ng, depending on u and &y, but not on n, such that

J(up) < J(ug,) < C  for every n > nyg.

Then, by Remark 2.5.10, (un)n21 is uniformly bounded in H&(D), so up to a subsequence, u,

converges weakly in H', strongly in L? and pointwise a.e. to a function us, € A(u, zg, 7). Now,

since the pointwise convergence implies 1o, =< liminf 1o, , we get that [Q, | < liminfm, =

m. In particular, J(u) < J(us). On the other hand, the weak H! convergence of u, gives that
J(tuoo) < liminf J(uy) < liminf J(uy,) = J(u),

n—oo n—o0
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so, we get J(uso) = J(u), uso is a solution of (2.5.14), |2, | = m (by the saturation of the
constraint). Moreover, J(u,) — J(u) since we have

limsup J(uy,) < limsup J(u,) = J(u) < J(uso) < liminf J(uy).
n—00 n—00 n—0o0
But u,, strongly converges in L?(D) to ux so that it gives [, e ®|Vup|? dz — [}, e™®|Vuoo|* dz,
which means that the convergence of u,, to u is strong in H} (D).
We now check that the convergence of 1g, to lg,  isstrong in L?. Indeed, for all non-negative
function ¢ € L?(D), the Fatou lemma shows that

/ 1q, g0</ liminf 1, cp<liminf/ 1a, ¢ (2.5.22)
D e D n—oo " n—oo  Jp "

Up to a subsequence, there exists h € L?(D) such that 1o, — h weakly in L?(D). Thus, (2.5.22)
yields 1o, < h. Moreover, [|h]|, < liminf H]lQunH2 As a consequence, ||h|l, = m"/2, which
entails that 1o, — h strongly in L*(D). Since 1o, < h, we conclude that 1o, — Lo,
strongly in L?(D), and so, up to a subsequence Lg,, converges to lg, — pointwise almost
everywhere. This proves (c¢) and (d).

In order to prove (e), we first notice that u and ue are both solutions of (2.5.11). This is
due to the fact that J(us) = J(u). Therefore, there is a Lagrange multiplier A, such that

6. (Uoo)[€] = Ao / divédr  forevery &€ CX(D;RY), (2.5.23)
Quoo
Moreover, by (c) and (d), we get that

0J(uso)[&] = nh_)rgo 0J (un)[€] and /Q divédr = nll)rgo ; div ¢ dz,

Uoo Un

for every & € C®°(D,(z0); R?). Now, choosing & € C°(D,(z0); R?) such that / divédx # 0

and using (2.5.23) and (2.5.21) we get that A,, converges to As. Finally, if we have 0 <
| \ By (z0)| < |D\ Br(x0)|, there exists £ € C°(D \ B,(z0); R?) such that / divédr # 0,

Uoo

so that Ao = Ay, since u = uy, outside the ball B,(xg).

The proof of the last statement of the Proposition is very similar. We have |, \ D, (zo)| <
m = |, U D;(x0)| so that, since m,, < m, we have |Q, \ D;(zo)| < my < |Qy, U D,(x0)| for
every n large enough. It follows from Lemma 2.5.11 that the problem (2.5.18) has a solution
u, with |Q,,| = m, and such that (2.5.20) holds. Note also that there exists a vector field
&0 € C5°(Br(w0),R?) such that (Id + t&) 1 (Dy(20)) C D.(w0) for every small t > 0 and
fQu div & dr = 1. Indeed, since D is Cl-regular and 9D N B,(xq) is not empty, we can take a
point x1 € 9D N B,(xg) and a sufficiently small neighborhood of x; in which D is the graph
of a C! function in the direction e € R?. It is now sufficient to take & of the form e ¢, where
p e CX (RY) is a smooth nonnegative function with (sufficiently small) compact support and
such that ¢(x1) = 1. Moreover, we have t,, > 0 (since m,, < m) and hence u;, € Hi(D). The
rest of the proof is unchanged. O

2.5.5 Almost optimality of u at small scales

Let u be a solution of (2.5.1) in D € R%. For zg € R? and h > 0, we define the upper and
the lower Lagrange multipliers, p—(h,xg,7) > 0 and pu4 (h, z9,7) > 0, by
pi(hyzo,r) =inf{u >0 : J(u) + p|Q| < J(0) + plQy|, Yo € A(u, z9,7), m < |Qy| <m+h},
p—(h,xo,m) =sup{p >0 : J(u) + p|Q| < J(v) + p|Qy], Yo € A(u, z9,7), m—h < Q| < m}.
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Remark 2.5.14 (u_ < A, < py). We notice that if B,.(2¢) C R? is a ball such that D, (xg) :=
D N B, (xg) is connected and 0 < |D,(z9) N Qy| < |Dr(x0)], then

p—(h,zg,r) < Ay < pg(hyxo,7) for every h > 0.
Indeed, by Step 1 of the proof of Proposition 2.5.12, there is a vector field & € C°(D,.(xo); R?)
such that / div&dr = 1. Let ui(z) = u(z + t€(x)). Then for |¢t| small enough u; € A(u, xo,7)

Qy
and m — h < |Qy,| < m + h. Moreover, for every 1 > 0 we have
J () 4 p|Qu,| = J(w) + tAy + p(|Qu4] — t) + o). (2.5.24)

Now, if t > 0 is small enough and A, < g, then m > |Q,,| and, by (2.5.24), J(us) + p|Q0,| <
J(u) + p|Qy|, which proves that A, > pu—_(h,zg,r). Analogously, if ¢ < 0 and A, > u, then
m < |,| and again J(ug) + p|Qy,| < J(u) + p1|Qy|, which gives that A, < py(h, zo,r).

Remark 2.5.15 (Monotonicity of u4 and p—). We notice that the following inclusion holds:
A(u,z,7) C A(u, xo,709) for every By(z) C By,(xo)-
In particular, for every 0 < h < hg and every B,(z) C By,(xo), we have

p—(ho, o, r0) < p—(h,x,7) and py(hy 2, 1) < py (ho, o, 70)-

Theorem 2.5.16 (Convergence of the upper and the lower Lagrange multipliers). Let u be a
solution of (2.5.1) in the connected bounded open set D C R? and let A, be given by Proposition
2.5.12. Then there exists a constant rg > 0, which depends only on 7, Ay, and d, with the following
property: for every ball B,(xq) C R? centred at xg € O, with r < ro and such that

D, (x0) := By(z0) N D is connected and 0 < |Qy N Dy(x0)| < |Dr(x0)l, (2.5.25)

we h(l'Ue
lim h 0,70) = lim p_(h To,70) = Ny
h1_>0'u ( 40, ) h1—>0'u ( ’ " )

If, moreover, D is of class Ct, then there exists a constant r1 > 0, which depends only on 7, Ay, d
and D, such that, for every ball B,(xg) centred at xo € O, N OD with r < ry, we have

li _(h =A,.
hlin[)'u ( ,33'0,7“0) u

Proof of Theorem 2.5.16: Let zp € 92, be such that (2.5.25) holds and let h > 0 be small. We
set for simplicity r = ro, By(xo) = By, ut(h) := ps(h,zo,7) and p_(h) := p_(h,xg,7). We
proceed in three steps.

Step 1. We first prove that p4(h) is finite. Let, for any n € N, v, € A(u, zg,r) be a solution
of the variational problem

min {J(v) + n(|Q| —m)+ : v e Au,zo,7), [Q] < m+ h}. (2.5.26)

If there exists n such that [Q,,| < m, then u4(h) < n and hence p(h) is finite. Indeed,
by the minimality of u and the definition of v,, we have for every v € A(u,xzg,r) such that
m<|Qy <m+h

J(u) +n|Qy| < J(vn) + n|Qu| < J(0) + 0|,

so that p4(h) < n and the inequality p(h) < oo holds.

Suppose, by contradiction, that |§2,, | > m for every n. First notice that since J(v,) is bounded
from below (see Remark 2.5.10) and J(v,) + n(|Qy, | — m) < J(u), we have that |Q,,| — m
as n — 0o. Since vy, is a solution of (2.5.18) with m,, := |Q,, |, there is a Lagrange multiplier
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A,, such that (2.5.16) holds for v, and a vector field &, such that (2.5.19) holds for v} (z) =
Un (x4 t&n (). For t > 0 small enough, v}, € A(u,zo,7) and m < |Q | < m + h. Then, by the
minimality of v,, we have

J(Wn) + (|, | =m) < J(vp) +n(|Qus | = m) = J(vn) + tAo, +n(|Qu, | =t —m) + (1),

which implies n < A,,, in contradiction with lim A, = A, from Lemma 2.5.13.
n—oo

Step 2. }lbin%),tu(h) = Ay,. Let (hp),~; be a decreasing sequence such that h, — 0. Since
. >
Ay < py(h) and h — py(h) is non-decreasing, it is sufficient to prove that lim uq(hy) = Ay.
n—oo
Fix € € (0,A,) and let 0 < ay, := pis(hy) — € < p4(hy). Let uy, be the solution of the problem

min {J(v) + an(|Q| = m)" 1 v € A(u,z0,7), || <m+ hy}.

Notice that |Q,,, | > m, since otherwise we would have J(u) < J(up) 4+ an(|Qu,| — m)*, which
contradicts the definition of p4 (hy). For n large enough, (2.5.25) holds with u,, and since u,,
is solution of (2.5.18) with m, = |Q,,|, by Proposition 2.5.12, there is a Lagrange multiplier
Ay, > 0 and a vector field &, such that (2.5.19) holds for u! (z) := u,(z + t&,(x)). By the
minimality of u,, for t > 0 small enough, we have

J(un) + an(|Qu,| —m) < J(u;) + an(\ﬂu;! —m) = J(un) + tAy, + an(|Qu,| —t —m) + o(t),
which shows that A,, > a,. By Lemma 2.5.13 we have

lim py(hy) —e= lim o, < lim A, = Ay,
n—oo n—o0 n—0o0
which proves the claim since € > 0 is arbitrary.
Step 3. flLin% p—(h) = Ay. We prove this result for any z¢ € 92, which will conclude the proof
%

of the Theorem. Note that the smoothness of D implies that there exists a constant ¢cp > 0
such that D, (x) is connected for every r < rp and every zo € 9§, N ID.

Let € > 0 and (hy)nen be a decreasing infinitesimal sequence. We will show that A, — e <
nl;rglo p—(hy). Let u, be a solution of the problem

min {J(v) + (u—(hn) +€)(|Q| — (m — hp))* v € A(u, z0,7), || < m}. (2.5.27)

Up to replacing wu, by u;, we can assume that u, > 0 in B, (the argument is similar to the

proof of Lemma 2.5.11). We claim that
m— hy <|Qy,| < m. (2.5.28)
Suppose that |, | = m. By the minimality of u and u,, we get
J(u) + (p—(hn) + &)[Qu] < J(un) + (- (hn) + €)[Qu, | < J(v) + (- (hn) +€) |8,

for every v € A(u,xg,r) such that m — h,, < |Q,] < m, which contradicts the definition of
p—(hy). Now, if |, | < m — hy, we have J(u,) < J(up + tp) for every ¢ € C°(D,(x0)) with
sufficiently small compact support. Thus u,, solves the PDE —div(e=®*Vu,) = Ane ®u, in
D, (zg). Since u, > 0 in D,(z¢), by the strong maximum principle, we have that either w, =0
or u, > 0 in D, (xg), in contradiction with (2.5.20). Thus, we proved (2.5.28).

We have that u,, is solution of (2.5.18) with m,, := |Q,,, | which converges to m as n — oo.
By Lemma 2.5.13, we have an Euler-Lagrange equation for u, in B, for some A,, . Let &, €
C(D,(z0); R?) be the vector field from Lemma 2.5.13 (b) and let ul,(x) = u,(x + t&,(z)). For
negative t < 0 and [t| small enough, uf, € A(u,zo,7) and |Qy,| < [Q, | < m. Thus, by the
minimality of u,, we get

S (un) + (e (hn) +€)([Qu [ = (m—hn)) < T (un) +Du b+ (- (hn) +) (|Qu, | =t = (m—hn)) +0(2),
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which implies that A,, < p—(hy)+ . Now, by Lemma 2.5.13, we get

A, = lim A, < ILm p—(hy) + €,

n—oo
which concludes the proof. O
Remark 2.5.17 (Quasi-minimality at small scales). Suppose that D C R? is just a bounded
open set. By the monotonicity of x4 and p_ with respect to the inclusion (Remark 2.5.15) and

a covering argument we get that for every compact set  C D there is r(K) > 0 such that: for
every € > 0 there is h > 0 such that

pr(hyz,r) —e < Ay < p_(h,z,r)+¢e forevery =€ KNIQ, andevery 0<r <r(K).

If, moreover, D is of class C1!', then then exists rp > 0 such that, for every € > 0 there exists
h > 0 such that: for every 0 < r < rp and every xy € 0§2, we have

pr(hyz,r) —e <Ay < p_(h,z,r)+e if |Qy N Dy(z0)| < |Dy(z0)l,
Ay < p_(h,z,r)+e otherwise.

2.5.6 Lipschitz continuity of the eigenfunctions on the optimal sets

In this subsection we prove that the solutions of (2.5.1) are (locally) Lipschitz continuous in
D. For § >0weset Ds={x €D : d(xz,0D) > 6} and let u > 0 be fixed. By Theorem 2.5.16
and Remark 2.5.17 we get that if u is a solution of (2.5.1) and p > A,, then there is ro > 0 such
that, for every zg € 080, N Dgs, we have

J(u) + p|Qy| < J(v) + ply|  for every v € A(u,z0,r9) such that |Q,] > |Q,]. (2.5.29)

Note that the condition |Q,| < Q|+ h can be dropped by choosing rg such that |B,,| < h. We
will prove that if u € H'(B,,) is bounded, nonnegative and satisfies (2.5.5) and (2.5.29), then u
is Lipschitz in Dy.

Proposition 2.5.18 (Lipschitz continuity of the eigenfunctions on the optimal sets). Let D C
R be a connected bounded open set. Let T >0, m € (0,|D|) and ® € Wh°(D). Then, every
solution of (2.5.1) is locally Lipschitz continuous in D. More precisely, it is Lipschitz in Dy for
all § > 0. Moreover, if the box D is of class CYP, for some B > 0, then u (extended by 0 in
R\ D) is Lipschitz in RY.

The proof is based on the following lemma, whose (more general) two-phase counterpart can
be found for instance in [3], [10] and [18].

Lemma 2.5.19 (A bound on the measure div (e~*Vu)). Let D and u be as in (2.5.12) and let
ro > 0 be such that u satisfies (2.5.29) for some p > Ay. Then, there is a constant C > 0 such
that for every xg € 0, N Dy we have

|div(e™®Vu)|(By(z)) < Cré™t  for every ball ~ Ba,(x) C By (o). (2.5.30)

Proof. Let x =0 and n € C2°(B2,) be such that

C
0<n<1 in By, n=11in B, , anHng—d.
r

Using u + tn as a test function for J, and setting (f, g) := / fgdx, we get
D

d
2{div(e V) + e < 07(0) + H1r| < © (1 + )



89 2.5. Regularity of the optimal sets
where the constant C' > 0 depends on d, ® and p. Now, minimizing over ¢ > 0 and using the
estimate |Vn||r2 < Care=!, we get
(div(e”®Vu) + Apue™®,n) < CréL.
By Lemma 2.5.5, we have that div(e™®Vu) 4+ A\, ue™? is a positive Radon measure. Thus, the
inequality n > 1p, and the boundedness of u imply
|div(e”*Vu)|(B,) < )\m/ ue™® dx 4 (div(e”*Vu) + Apue™®,1p,) < Cri=t. O

The main ingredients of the proof of Proposition 2.5.18 will be Lemma 2.5.19 and the classical

gradient estimate that we recall in the lemma below.

Lemma 2.5.20 (Gradient estimate). Let p > d. Let U be an open subset of R? and let u €
W2P(U) N LPU) be a (strong) solution to the equation

loc
d
Z 8Uu—|—2b m u,

where f € LP(U) and we suppose that:

(a) the functions a;j : U — R are Holder continuous, that is, there are constants Cq > 0 and
0q > 0 such that

lagj(x) — ai;(y)| < Colz — y\5a for every T,y EU;

(b) there is a constant M > 0 such that

laijllpo@y < M and  ||bi|lpee @y < M for every 1<i,j<d;

(c) the matriz is (a;j)i;j is uniformly elliptic, that is, there is a constant ¢, > 0 such that

d
Z §z§]>ca|§] for every rEeEU and 5:(51,...,&1)61[{‘1.

Then, for any domain U' CC U, we have

d
ullcra@ry < C (lull oy + 1l ze @) where vy =1-— D

and C is a constant depending on d, p, M, Cq, 04, o, U and U.

Proof. First notice that by [48, Theorem 9.11], there is a constant C’ such that

lullwze@ry < C" (lullee + 11l Lr@) -
Now, the claim follows by the Sobolev inequality (see [43, Section 5.6, Theorem 6]). O

Proof of Proposition 2.5.18. Let u be a solution of (2.5.1). We proceed in four steps.

Step 1. Q,, is open. Let & € 92, N D. We will prove that u(z) = 0. Let r; > 0 be such that
B, () C D and let x, € B, () be a sequence converging to # such that u(x,) = 0 (such a
sequence exists by Lemma 2.5.7). By Lemma 2.5.19 and Lemma 2.5.5 (2.5.7), for every n and
every r < r1/2 we have

][ wdH4 < u(z,) + Cr=Cr,
OBr(xn)
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where the constant C' does not depend on n. Passing to the limit as n — oo, we get that

][ wdHt < Cr for every 1 <r/2,
9B, (7)

which, passing to the limit as » — 0, proves that u(z) = 0.
Step 2. Gradient estimate in €,,. We claim that, for every ball B,(z) C €, there is a constant
Cs, depending only on ®, d and A, such that

Co

IVull oo B, o @) = =7 lull e (B, @)- (2.5.31)

Indeed, suppose that £ = 0 and set ®,(z) := ®(rz) and u,(x) = u(rz). Then u, is a solution of
div(e_q)’“Vur) + Ame ®u, =0 in By,
which can be re-written as
Au, — VP -Vu, = —\u, in By

Applying Lemma 2.5.20 with U = By, U' = By, ajj = 6ij, b = VO, M = 1+ ||[V®| e,
f = —Anu and any p > d, we get

[Vur|[Loo (B, ,) < llurllcres, ) < Callurllpe(sy),
/ /

which, after rescaling, is precisely (2.5.31).
Step 3. Proof of the local Lipschitz continuity. Let T € Q, N Dy and set r := dist(Z, 9,,). Let
70 € (0,9/2) be such that u satisfies (2.5.29) for every point xg on 9§, N Ds/, (such an rq exists
by a standard covering argument). We now consider two cases

Case 1. If r > ro/6, then the estimate (2.5.31) gives |Vu(z)| < Cy,.

Case 2. If r < 7o/6, let § be the projection of Z on 0€,, that is, y € 99, and r = |z — y|.
Notice that in this case we have that § € 9Q, N Dsp. Now, take any z € B,(7). By Lemma
2.5.19 and by the estimate (2.5.7) of Lemma 2.5.5, we have

u(2) S][ wdH¥1 + Cs for every 0<s<m,
9B (2)

where C is the constant in the right-hand side of (2.5.7). Now, multiplying by s%~! and then
integrating from 0 to r the above inequality, we get

u(Z)g][ udm—i—CrgBd][ wdr + Cr
By (2) Bs ()

d 3r

_rd

si1 ds][ wdH + Cr.
0 0Bs ()

Using again (2.5.7), this time for ¢ (at which u(y) = 0 by Step 1 of the proof), we get that
u(z) < 34 or for every zZ € By ().
Finally, using the estimate (2.5.31) this gives
_ _ C
IVu(@)| < [Vl oo, ,@) < 72HUHL°°(B,~(£)) <3710y, (2.5.32)

This proves that |Vu| is bounded in Ds without assuming any regularity of D.
Step 4. Global Lipschitz estimate. We first notice that, since D is C'# regular, the radius 7o,
for which (2.5.29) holds, does not depend on the point xg € 9€,. Now, let z € Q,, \ D,, and set
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r = dist(z, 90, N D). We consider the projection gy of Z on 02, and we distinguish two cases.
If 6r < dist(z,dD), then we apply the estimate from Step 3 and we get that |Vu(z)| < C. If
6r > dist(z,0D), we consider the solution w to the problem

—div(e™®Vw) =1 in D, we H}(D),

which is Lipschitz continuous in R since D is of class C*? (see [47, Theorem A]). Moreover, by
the strong maximum principle, we have that u < Cw for some constant C' depending on A, d
and ®. Therefore, setting r; = dist(z, D), we have for every z € B, (%),

u(z) < Cw(z) < Clz —y| < Cry,

and we conclude by the gradient estimate (2.5.31). O

2.5.7 Non-degeneracy of the eigenfunctions and finiteness of the perimeter
of Q,

Let u be a solution of (2.5.1) in the connected bounded open set D C R?. Let xq € 92, and
r(zg) be such that for every 0 < r < r(xg) the set D,(z¢) := Br(z¢) N D is connected. Notice
that such an r(zo) trivially exists if 29 € 9, N D, while in the general case it is sufficient to
assume some a priori regularity of the box D (C' is sufficient). Then, by Remark 2.5.17, for
every u < A, there is some rg > 0 such that, for every x¢ € 0, we have

J(u) + p|Qy| < J(v) + p|y|  for every v € A(u,zo,r9) such that |Q,| < |Q,]. (2.5.33)

This property was first exploited by Alt and Caffarelli to prove the non-degeneracy of the
solutions. More recently, it was exploited by Bucur who introduced the notion of a shape
subsolution which found application to several shape optimization problems (see for example
[12] and [19]).

Lemma 2.5.22 below is a fundamental step in the proof of the regularity of the free boundary
since it allows to prove that the blow-up limits (see Subsection 2.5.8) are non trivial. It is the
analogue of the non-degeneracy estimate from |2] and the proof is based on the same idea. Before
we state it, we recall the following boundary estimate for solutions to elliptic PDEs.

Lemma 2.5.21 (Boundary gradient estimate). Let p > d. Let U be a bounded connected open
subset of R® with CY' boundary. Let Ty,..., Ty be the connected components of the boundary
oU and let ¢y, ..., ci are given constants. Let u € VVfof(U) NLP(U) be a (strong) solution to the
problem

d d
Zaij(x)&-ju+2bi(:c)8iu:f m U, u=c¢ in T;, 1=1,...,k,
i=1

t,j=1

where f € LP(U) and we suppose that A = (ai;)ij and b= (b1,...,bq) satisfy the conditions (a),
(b) and (c) of Lemma 2.5.21. Then, we have

d
lullervey < C (lulloey + 1l ze@s) where  y=1-— p

and C' is a constant depending on d, p, M, Cq, 04, cq (defined in Lemma 2.5.20), and U.

Proof. By [48, Theorem 9.13|, there is a constant C” such that

lullwze@y < C" (lullpe@y + 11l Lr@y) -

The claim follows by the Sobolev inequality (see for instance [43, Section 5.6, Theorem 6|). O
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Lemma 2.5.22 (Non-degeneracy of the eigenfunctions on the optimal sets). Let u be a non-
negative solution of (2.5.1) in the connected bounded open set D C R%. Suppose that xg € 08y,
0<p <Ay andrg >0 are such that (2.5.33) holds. Then there are constants ¢ >0 and r1 > 0
which depend only on T, \p,, it and d, such that for every ball Ba,(x) C By, (zo) with r < ri, we
have that:

If Nullpoe(Bo(x)) < cry  then u=0 in B(v).

Proof. Let r,x be such that Ba.(z) C Byy(20) and |[u|pec(B,, (z)) < cr. Assume for simplicity
that = 0. Let n € H'(By,) be the solution of the problem

—div(e™®Vn) = e™® in By \B,, n=0 in B, n=cr in D\By,
where 3 > 0 will be chosen later. Consider the test function @ € H}(D) defined as
t=uAn in By, t=u in D\By.

By (2.5.33), we get

/\Vu|26(bda:—)\m/ u2e‘1’dx+u]§2u]§/ ]Vﬁﬁeq)d:c—)\m/ wPe”dr + p|Qal. (2.5.34)
D D D D

Let E(u,r) := / \Vu|?e~®dz + |, N B,|. Since % = 0 in B, we have |Q,| — [Qa] = |Q. N B, |

r

and / W de = / |Va|? de = 0. Thus, we can rewrite (2.5.34) in the form
r By

E(u,r) < / (Ival* — |Vu|2)67(bdx + 4cr)\m/ (w—a)e”®dx + )\m/ u’e”?dzr,
B2r r B

27'\B7‘ Br
(2.5.35)
where in the estimate of the second term we used that in B,
u? — i = (u+a)(u— 1) < 2u(u—a) < 2er(u—1a).
Next, we estimate the first term of the right-hand side of (2.5.35). We have
\Va|* — |Vul? = —|V (@ —u)|* +2Va- V(i —u) <2Va- V(i — u). (2.5.36)
Integrating by parts and using that (v — 1)+ = 0 on 0By,, we get
/ Vi - V(i —u)e de = —/ Vn-V(u—n)]e *de (2.5.37)
BQr\Br BQT\BT

r

= —5/ (u—n)re Pdz + HVUHL‘”(BBT)/ ue” PdHIL.
Ba\Br o
We now set 8 = 2cr A, so that, combining (2.5.35), (2.5.36) and (2.5.37) we have

E(u,r) < 2|V 1= 05, / e~ PaH 4\, / ez,
OB,

T

Now, for every s € (0,7], we have by the Wb trace inequality in B

: 1
/ ue”PdHIT! < emmin? 0y (/ |Vu|dz + / udx)
9B, s §JBs

: 1 1
S eimlnq)Cd (2/ |VU’2d1§+2|QumBS|+C|QumBS‘)
Bs

<C </ |Vul?e™®dz + p|Q, N BS|> < CE(u,s) < CE(u,r),
Bs
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max® 1

where we have set C' = e~ ™" ®C; max {e -

(14 2¢) } Moreover, since the above inequality

holds for every s € (0, 7], we have

/ ue_‘pdx:/ ds/ ue”*dH < rCE(u,r).
B 0 9B

Finally, using the bound (2.5.38), we get
E(u,r) < (QHVT]HLOO(BBT) + TQC)\m) CE(u,r).
Thus, the claim will follow, if we can choose ¢ such that
211Vl L om,) + rcAm) C < 1.
We now estimate ||V (9p,). Notice that in By, \ B,
n(z) = rw(e/r) + crh(zfr),
where w : Bo \ By — R and h : By \ B — R are the solutions to
—Ah+V®,.-Vh=0 in By\Bj, h=0 on 0B, h=1 on 0By,
—Aw+ Vo, -Vw=p in Bs\Bi, w=0 on 0ByUOJBs,

where ®,(z) = ®(rz). Thus, we have

IVl < vl[Vwlzee + ¢ VA Lo,
and so, it is sufficient to estimate Vw and Vh. First, applying Lemma 2.5.21 to h, we have

VA Loo(Bo\By) < CllhllL(Bo\By) < C,

where the last inequality follows by the maximum principle (0 < h < 1 in By \ Bj). Next,
applying Lemma 2.5.21 to w, we get

IVwl| oo (By\B1) < C (Wl o (B2\8y) + B) < CB,
where the last inequality follows by Lemma 2.5.3. Combining the above estimates, we get
VAl oo,y < C(rf + ), (2.5.38)
which, for ¢ and r small enough, implies that E(u,r) = 0 and concludes the proof. ]

Another consequence of property (2.5.33) is that the optimal sets have finite perimeter. This
fact is of independent interest but it can also be used to estimate the dimension of the singular
set of the free boundary (see Subsection 2.5.9). The local finiteness of the perimeter was also
obtained in [2] in the case of the Laplacian by a different argument. Here we use the more direct
approach from [78], which is also the local version of an estimate that was used in [12] to prove
that some optimal shapes have finite perimeter.

Lemma 2.5.23 (Local finiteness of the perimeter). Let D C R? be a connected bounded open
set and u be a nonnegative solution of (2.5.1). Then §y, is a set of locally finite perimeter in D.
Moreover, if D is C'-reqular, then 0, is a set of finite perimeter.
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Proof. Let g € 0, and 0 < u < A, be fixed. Let r > 0 be such that (2.5.33) holds in
D, (x¢) := By(z9) N D. Assume zo = 0 and r9 = r. In the sequel we denote by C' > 0 any
constant, which does not depend on ¢ or zg. Let ¢ € (0,1) and n € C¢°(B;) be such that

C
0<n<1l, np=1 in By, n=0 in RA\B, |Vp<—.
"

We set ( )
B B 1777/11/’ 1fU<t,
ut.—n(u—t)++(1_”)“_{u—tn, ifu>t

We can now compute on {u > t}

Vul|? — |Vu|? = [Vul]? = |V(u—tn))? = t(2Vu - Vi — t!Vn\Q);
u? —ul =u? — (u—tn)* = t(2un — t772).

Next, on the set {u < t}, we compute

u? —uf = (2n — n*)u® < (20— n?);
Vul® — |V |* = |Vul® = |V (u — un)|* = 2Vu - V(un) — |V (un)|?
= (2n = 1*)|Vul? + 2u(1 — n)Vu - Vi — [Vn|*u?
> ﬂ{nzl}]Vu\z —2t(1 — n)|Vu - V| — |Vn|*u®.

Notice that u; € A(u, zg,r). Thus, by the optimality of u, we have

/ (|Vu|2 — Amu?) e %dx + p|Q, N B,| < / (|Vut|2 — Amt}) e~ %dx + p|Qy, N By

T T

By the above estimates, there is a constant C, depending only on pu, r, Ay, = / |Vu|2€_¢ dx
D

and ||®||ze(py such that, for every ¢ < 1, we have

/ |Vu|dzr < / (|Vu]2+1) dr < max{ljl/u}/ (|Vu|2+,u) dz
{0<u<t}NB, {0<u<t}NB, s {0<u<t}NB,

= max{1, l/u}(/B (|Vu|2 - |Vut|2) dz + p(|Qu N By| — [Qy, N BT|)> < Ct.
r/2

We now use the co-area formula to rewrite the above inequality as

1 t
t/ Per ({u > s};B,,) ds < C.
0

Hence, there is a sequence t, — 0 such that Per ({u > tn}s BT/Q) ds < C, which implies that
Per (Qu; Br/z) ds < C. The last claim of the lemma follows by a standard covering argument.
O

2.5.8 Blow-up sequences and blow-up limits

Let u be a solution of (2.5.1) in the bounded open set D C R%. For r > 0 and zy € 09, we

define the rescaled function )
Uz r(T) = ;u(xo +rz).

Now since u is Lipschitz continuous in some ball B,,(z¢) (assume some regularity of the box
if z9 € OD) we get that every sequence (ug,,r,),~; such that r, — 0 admits a subsequence
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(still denoted by 7,,) that converges to a function ug : R? — R uniformly on every compact set
K c R? We say that ug is a blow-up limit of u at xo and we use the notation BU,(xq) for
the family of all blow-up limits of u at zg. We notice that, due to the non-degeneracy of u,
the blow-up limits are non-trivial. Precisely, ug # 0 and there is a constant ¢ > 0 such that
[uol| Loo(B,) = cr.

The following proposition is standard. For a detailed proof we refer for example to |77,
Proposition 4.5].

Proposition 2.5.24 (Convergence of the blow-up sequences). Let u be a solution of (2.5.1)
and let xg € 0Qy. If xo € OD, then we also assume that D is of class CYP, for some B > 0. Let
ug € BUyu(x0) and uy, := g, r, be a blow-up sequence such that u, — ug locally uniformly in R4
as n — 0o. Then

1. The sequence (uy),~, converges to ug strongly in Hp (R?).
(RY).

3. The sequences of closed sets (ﬁn)n>1 and (Qfl)n21 Hausdorff converge locally in R to Q
and Qf, respectively. -

2. The sequence of characteristic functions (Ilgun) converges to 1o, in L}

n>1 loc

4. If g € 00, N D, then ug is a non-trivial global minimizer of the one-phase Alt-Caffarelli
functional with A = A,e®®@0) (see Definition 2.5.25 below).

If xg € 0Q, N OD, then, up to a rotation, ug is a non-trivial global minimizer of the
one-phase constrained Alt-Caffarelli functional with A = A,e®®0).

Definition 2.5.25 (Global minimizers of the one-phase problem). Let A > 0 and u € H} (R%)
be a non-negative function.

e We say that u is a global minimizer of the one-phase Alt-Caffarelli functional with A, if
/ \Vul|?dz + Al{u > 0} N B| < / |Vo|?dz + Al{v > 0} N B, (2.5.39)
B B

for every ball B C R? and every function v € H'(B) such that u — v € HZ(B).

e We say that w is a global minimizer of the one-phase constrained Alt-Caffarelli functional
with A, if Q, C {4 > 0} and (2.5.39) holds for every ball B C R% and every function
v € HY(B) such that u — v € H}(B) and Q, C {z4 > 0}.

The optimality of the blow-up limit at points zg € D (Proposition 2.5.24, claim (4)) follows
by a standard argument based on our analysis in Subsection 2.5.5. Below, we give the proof
in the case when xg lies on the boundary of D. The idea is to straighten out the boundary of
the box and to show that the function u in the new coordinates satisfies an almost-minimality
condition. We only give the proof of Proposition 2.5.24 (4) in order to show how to deal with
the fact that on different scales r the inclusion constraint on the set €2, changes and that at
the limit the box D becomes the half-space {z4 > 0}.

Let 29 = 0 € 09, NOD. Since D is C1P-regular, there exist 6 > 0 and a (C'#-regular)
function g : (—4,0)%"! — R such that

DNSQs={(z',24) € SQs : g(a) < x4},

where SQs = (—6,6)? C B,,. Moreover, up to a rotation, we can assume that the differential
Dygp of g at 0 is zero. Let ¢ : SQs C R? — R? be the function that straightens out the boundary
of D and let ¢ := ¢! : 9(SQs) C RY — RY be its inverse:

d}(lj? fEd) = (33,7 Td — g(ﬁl))’ d)(x/a J‘Id) = (.’E/, Tq + g(ZC,))
We define the matrix-valued function A = (a;;)i; : SQs — Symj (R) by

Ay = (D¢) " ('Ds)™",  for every =z € SQs,



Chapter 2. Existence and regularity of optimal shapes for elliptic operators with drift 96

where ' D¢, stands for the transpose of the Jacobian matrix of ¢ at . Note that the coefficients
a;; are Holder continuous functions and that A, are symmetric positive definite matrices since
they are small variations of Ay = Id. For v € H*(R?) and r > 0 we define the functional

J(v,r) = /B (a”(@g;zaa;] - )\m02>6_&> dx,

where we have set ® = ® o ¢. Moreover, we set H = {(2/,z4) € R? : x4 > 0}. With an
elementary change of variables we get the following result.

Lemma 2.5.26 (Minimality of u in the straightened coordinates). Let u be a solution of (2.5.1)
and xg =0 € 0Q, NOD. Let h > 0. There exist ¢ > 0 and ro > 0 such that Ba,, C ¥(SQs) and
the function @ = u o ¢ satisfies the minimality condition: for every r € (0,7¢) we have

J(i,r) + p|Qa N By < J(#,7) + p|Qs N B,

for every © € H(Bay,) such that & =¥ on Bay, \ By, Q5 C H and where

h,0 ) QaNB | <|Q;NB,| <|QzN B, h,
_ {u+( O.er) if | < < |+ (25.40)

p_(h,0,er) if |Qan By —h<|Q0B,| <005,

Proof. Let ro > 0 be such that By, C ¥(SQs), r € (0,79) and v such that @ = © on Ba,, \ By,
Q3 C H. Assume that |Qz N B,| < |Q3N B,| < [Qa2N By|+h. We define v € H} (D) by v = 901
in ¢(Bay,) and v = u otherwise. Let ¢ be a positive constant depending only on ¢ such that
¢(B,) C Ber. Then, it follows that w = v on D\ B.,. Moreover, since det(D¢,) = 1 we have
|| < Q| < Q4] + h. Therefore, up to chosing ro > 0 smaller (depending on c¢), we get

J(U) + MJr(hv 07 C’I“)‘Qu| < J(U) + /-L+(h7 01 CT)|QU|'

Since we have u = v on ¢(By(z0)), this can rewrite as

/ (|Vu|2 - )\mu2)6_(I> dx + p|Q N o(Byr)| < / (|Vv|2 f)\mvz)e_(p dx + |y N P(B,)|,
¢(Br) ¢(Br)

where we have set = 4 (h,0,cr). Now, a change of variables gives

J(a,r) + plQa N By| = / (|VU|2 - )\mUQ)e_(I> dz + p|Qu N ¢(By)|
¢(Br)

< / (|Vv|2 - )\mUQ)e_q) dz + p|Q N ¢(B)| = J(0,7) + p|Q N B,|. O
»(Br)

The next Lemma states that @ is an almost-minimizer also of the functional J.

Lemma 2.5.27. Let D C R? be a connected bounded open set of class CYP, for some B > 0.
Let u be a nonnegative solution of (2.5.1) and xo =0 € 9Q,NOD. Let h > 0 be a given constant
and let ¢ > 0 and rg > 0 be as in Lemma 2.5.26. Then there exists a constant C' > 0 such that
U = uo ¢ satisfies the following almost-minimality condition: for every r € (0,rq) we have

J(@,7) 4 p|Qa N By < (1+CrP)J(o,r) + pulQs N B,| + CT‘B/ o2 dx + Cr*?

T

for every © € HY(Bay,) such that it =1 on Boy, \ By, Q5 C H and where p is as in (2.5.40).
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Proof. Using the C%? continuity of A and the Lipschitz continuity of ®, we estimate

. o O
Har) = Ja) + [ (o) - o) g g e da
- J J (9.%'1 8.1’j
du du o —d & . d+8
y _ _ <
+/T(a”(x)8xi oz, Am @) (e e V)dx < J(u,r)+ Cr*?,

for some positive constant C' that does not depend on r. Analogously, we get the following
estimate from below
= ov 0v
(5,r) = J(5,7) + / (@ (r0) = o) g5 e

r

—i—/ (azj(x)a—;}a—v A (e™® — e ®) da
> J(o,r) — C’rﬂ</B aij(:p)aa;;;;e_q) dx +/ v? d:n)

> (1—CrP)J(o,r) — C’I“B/ o? da.

T

Now, using Lemma 2.5.26 and then combining the above estimates we get
J(@,7) 4 p1|Qa N By < J(@,7) + p|Qa N B + Crit? < J(,r) + pu|Qs N B,| + Crdt?

1
< ~ 3 ~2 i d+p
_1_CTB<J(U,T‘)+C7’ /Tv da:)+u|QvﬂBr|+Cr ,

which concludes the proof. O
We are now in position to prove the claim (4) of Proposition 2.5.24 in the constrained case.

Proof of Proposition 2.5.24 (4). Let xg = 0 € 0Q, N OD and let uy € BU,(xo) be the blow-up
limit of the sequence u, (z) = r,, 'u(r,z), where (1), is some fixed sequence decreasing to 0. Let
v € HY(B,) be such that ug — v € H}(B,) and Q, C H. We define v,, = v + i, — up € H'(R?),
where we have set i, (z) = r,, 'i(r,z). Note that the sequence (uy), and (@y,), converge to the
same limit ug since the function ¢ is C1# regular. Moreover, since ug — v € H&(Br) we have
Up — v € HY(B,) and hence @ — v/ € H}(B,,), where we write v7" (x) = r,v,(/r,). Note
that we have Q,» C H. We set h, = |B;,,| and assume that [Qz N By, | < Qe N By, | <
|40 Byr, | + hy. Now we set = piy (hy,0,7r) and @, (z) = ®(r,x) and we apply Lemma 2.5.27
to the test function v]” to estimate

1
/(Nmﬁwﬂm@f%MM+mwwmA:M@@mm+M%m&M)
B

n

1
< o (U4 COm) I ) + i (1 B [+ Cm)? [ (w5 dar - o)
n Byry,

=(1+ C(rrn)ﬁ) / (Vg |? = ri)\mvg)efcb”(z) dx + p|S, N By

+ C(rrn)ﬁr%/ v2 da 4+ Crdtheb,

T

By Proposition 2.5.24 (1) the sequence @, (resp. vy,) strongly converges in H'(B,) to ug (resp.
v) and the sequence of characteristic functions (IlQﬂn)n21 (resp. (:[].Qvn)n21) converges to 1g,
(resp. 1g,). Moreover, u = 4 (hy,0,7) tends to A, as r, — 0 by Theorem 2.5.16. Therefore,

passing at the limit in the above inequality and then multiplying by e®(*0) gives the claim. O
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Remark 2.5.28 (Lebesgue density on the free boundary). For every v € [0, 1] we define

() = d . fi [SuNBr(@)] _
Q) {xGR }1_% B, 'y}.

We notice that, as a consequence of Proposition 2.5.24, we get that
9,NDNAY =0  and  82,NDNOY =0.

The first equality follows by the non-degeneracy of u, while the second one follows from the fact
that all the blow-up limits vanish in zero and are global solutions of the Alt-Caffarelli problem.

2.5.9 Regularity of the free boundary

In this section we prove Theorem 2.1.5 (4) and (6), and Theorem 2.1.2 (4) and (6). We
first show that the optimality condition |Vu|? = A,e® on the free boundary 9§, N D and
|Vul? > Aye® on 9Q,NAD holds in the viscosity sense (Lemma 2.5.30). We will then decompose
the free boundary into regular and singular parts (Definition 2.5.34) and we will show that the
regular part is C1 regular (Proposition 2.5.35).

Definition 2.5.29 (Optimality condition in viscosity sense). Let 2 be an open set and v : 2 — R
be a continuous function, that is, u € C'(Q).

e We say that ¢ € C(f2) touches u by below (resp. by above) at zo € Q if ¢(x¢) = u(zo)
and ¢ < u (resp. ¢ > u) in a neighborhood of zg.

elet A: D — R and v : D — R be continuous non-negative functions on D, and let
Q, = {u > 0}. We say that u satisfies the boundary condition

|Vu| =vA on 99Q,ND

in viscosity sense if, for every xg € 90, N D and ¢ € C%(D) such that p(xg) = 0 and ¢, =
max{y, 0} touches u by below (resp. by above) at zg, we have

Vel(ao) < VA(m)  (resp. [Vpl(wo) = v/Alwo) ).

Analogously, we say that u satisfies the boundary condition
Vu| > VA on 0Q,NdD

in viscosity sense if, for every x¢ € 99, N D and ¢ € C?(D) such that p(xg) = 0 and ¢ touches
u from above at g, we have |Vp|(zg) > /A(zo).

Lemma 2.5.30 (Optimality condition on the free boundary). Let D C R? be a bounded open
set of class CYP, for some B> 0, and let u be a solution of (2.5.1). Then u is a solution of the
problem

— div(e_cpu) = Mpue™® in Q,

|Vul = VAue® on 09, N D, (2.5.41)
|Vu| > /Aue® on 9Q,NOD,
where the boundary conditions hold in viscosity sense.

To prove the optimality condition we will need the following result.

Lemma 2.5.31. Let u € HlloC(Rd) be a non-trivial, continuous and one-homogeneous function,
harmonic in the set Q, = {u > 0}. Then the following holds. If Q, C {xq > 0} then Q, =
{zq > 0}, while if Q, D {xq > 0} then either Q, = {xq > 0} or Q, = {z4 # 0}.
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Proof. Set S = Q, N 0By and denote by Cg = {rf : 6 € S, r > 0} the cone generated by S.
Since u is a one-homogeneous function and is solution of

Au=0 in Cg, u=0 on 0Cg,

it follows that the trace ¢ is a solution of

= Yyp,
—Aga1p=(d—1)p in S, =0 on 0S5

Therefore ¢ is an eigenfunction of —Aga-1 in S, corresponding to the eigenvalue (d — 1). Hence
A1(S) < d—1, where A\ (S) is the first eigenfunction on S. We also notice that the function
v1(z) = x;;(: max{z4,0}) is, up to a multiplicative constant, the first eigenfunction on the
spherical set S := {zqg > 0} N 9B, with eigenvalue A\;(S4) =d — 1.

Assume that S C Sy. Then ¢ € H}(S1) and by the variational characterization of A1 (S;)

we have o et o et
Jom, IVel? dH*™ Jog, V(@ + )2 dH™
Jop, @ AT Jom, (o + 1) aHTT

for every ¢ € H}(S;) and t € R. This gives that ¢ is solution of

=d—1=)\(S4) <

—Agi1p =AM (S4)p in Sy, =0 on 054,

that is, ¢ is the first eigenfunction on S;. Since A\1(S4) is simple (because Sy is connected)
is follows that ¢ = ca} for some constant ¢ > 0. In particular, {¢ > 0} = S, and hence
Q. = {x4 > 0} by the one-homogeneity of w.

Assume now that S O Sy and write S as a disjoint union S = Sy U S7, where Sy is the
connected component of S which contains Sy. If S; # (), then it follows by the previous step
that S3 = S_ := {24 <0} N9IBy; hence S = S, US_ and Q, = {xg # 0}. Now, if S; = (), then
S = Sy is connected. Moreover, ¢; € HZ(S) and using the variational characterization of \;(S)
it follows that ¢; is the first eigenfunction in S. Then ¢; > 0in S (since S is connected) which
proves that S = S.. O

Proof of Lemma 2.5.30. From Proposition 2.5.18 it follows that u is continuous in D. We only
have to prove that u satisfies the two boundary conditions in the viscosity sense. We first show
that |Vu| = /A,e® holds on 9Q, N D. Let ¢ € C%(D) a function such that p(xp) = 0 and ¢
touches u by below at xg € 0, N D. Let 7, be an infinitesimal sequence and

up(x) = iu(azo +rpz) and  @p(x) = i<,0(av0 + ). (2.5.42)
Tn Tn
Up to a subsequence, u,, converges locally uniformly to some ug € BU,(x), while ¢,, converges to
wo(z) := x-Vp(zp). Up to a change of coordinates, we may suppose that Vi (zo) = |V(zo)|eq-
If [V(zo)| = 0, then |V(xo)] < VA, where we have set A = A,e®®0) and we are done.
Otherwise, we have uy > 0 in the half-space {x4 > 0} since ug > ¢o. Moreover, ug is a one-
homogeneous function by Lemma 2.5.38 and it follows that €,, = {z4 > 0} by Lemma 2.5.31,
because the case €, = {zq # 0} is ruled out (by (4) in Proposition 2.5.24 or Remark 2.5.28).
Moreover, ug is a local minimizer of the Alt-Caffarelli functional for A by Proposition 2.5.24 and
hence satisfies (in the classical sense) the optimality condition

|Vuo| = VA on  {z4 =0}

(see [2, Theorem 2.5]). This implies that ug = v/Az[. To see this, note that the boundary
condition implies that v defined by v = g in {z4 > 0} and v = VA zg in {24 < 0} is harmonic
in R% hence v = v/Azy by uniqueness of the solution to Cauchy problem for the Laplacian.
Finally, since ug > g we have VA > [Vio|(0) = |[Vi|(x0). The case when T touches u from
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above is similar; since ug < cpg we have €, C {xq > 0} and hence Q,, = {zg > 0} by Lemma
2.5.31. Notice that ug is a non trivial function by the non-degeneracy property in Lemma 2.5.22.
Suppose now that ¢ touches u from above at xoy € 9Q,NID and consider u,, and ¢,, defined
in (2.5.42). By Proposition 2.5.24, u,, converges to a local minimizer uy of the Alt-Caffarelli
functional with A = A,e®®) in the half-space {xg > 0} (up to a change of coordinates).
Therefore, the sequence ug, := 7, 1u0(rnx) converges to a limit ugg which is a solution of the
constrained Alt-Caffarelli problem in {z4 > 0} and is one-homogenous (see Remark 2.5.32).
Therefore, Qy,,, = {xq > 0} by Lemma 2.5.31 and ugo satisfies the optimality condition

‘VUO()‘ > VA on {xd = 0}.

This implies that ugo(z) = ax, for some a > V/A, and thus that VA < a < [Vi|(0) =
|Ve|(z0) (since ugy < o). O

Remark 2.5.32. The homogeneity of the blow-up limits of the (local) minimizers of the Alt-
Caffarelli functional was first obtained by Weiss in [92]. In the case of the constrained problem,
when the solution u is optimal only among the functions with support in {z4 > 0}, the Weiss
formula can still be applied because the one-homogeneous extensions of u are admissible com-
petitors. Thus, the blow-up limits in this case are still one-homogeneous. We refer for instance
to [85, Proposition 4.3| and Lemma 2.5.37 below.

Remark 2.5.33 (On the Alt-Caffarelli optimality condition). Using an argument based on
an internal variation of the boundary as in [2, Theorem 2.5] we can get in a weak sense the
optimality boundary condition given in Lemma 2.5.30, namely: for every zg € 9Q, N D, r > 0
such that B,.(xg) C D and & € C§°(B,(w0),RY) we have

lim (|Vu|2 - Aueq)) e vdHT =0,
el0 Jo{u>e}

while for every xg € 9Q,N0D, r > 0 such that D, (zg) is connected and every & € C§°(B, (), R%)
such that (Id + &)~Y(Dy(z0)) C Dy(z0) we have

lim (|Vu|2 — Aueq)) e e vdH > 0.
el0 Jo{u>e}

Definition 2.5.34 (Regular and singular parts of the free boundary). We say that xy € 99, is
a regular point if there exists a blow-up ug € BU,(xo) of the form

up(x) = vV Aue®@0) (z-v) if x9€0Q,ND, (2.5.43)
up(z) =q(z-v)4 if xpe€ 0Q,NoD, (2.5.44)

where v € OB, is some unit vector and ¢ is a constant such that g > /A, e®@o).

We denote by Reg(9€, N D) the set of regular points (the regular part of the free boundary)
in D, and by Reg(9f2,) the set of all regular points of 9€2,. We define the singular part of the
boundary as Sing(9€,) := 0Qy, \ Reg(9€,) and Sing(9§, N D) = 0, \ Reg(98, N D).

Proposition 2.5.35 (Regularity of the free boundary). Suppose that u is a solution of (2.5.1)
in the bounded open set D C R%. Then, we have:
1. Reg(02, N D) is locally the graph of a C** function for any o < 1;
2. the reduced boundary 0*Qy, N D is contained in Reg(0$, N D);
3. HI¥1(Sing(9, N D)) = 0; moreover, if d < 4, then Reg(92, N D) = §.
If D is a CYP regular domain, for some B > 1/2, then:
(4) Reg(dSY,) is locally the graph of a C*' regular function;
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(5) 092, NOD C Reg(0y,);
(6) Reg(02, N D) C Reg(98,) and Sing(0Y,) = Sing(0€%, N D).

Proof. By Lemma 2.5.30, u is a viscosity solution of (2.5.41). Let xg € 02, be a regular point.
Then, for some 7 > 0 small enough the function w, 5, = %u(:co + ra) is also a viscosity solution
and is e-flat in the sense of [36]. Applying the results of De Silva [36] (in the case when z¢ € D)
and Chang-Lara-Savin [26] (if g € D), we get the claims (1) and (4).

We next prove (2) and (3). Let zp € 0, N D and uy, := ug, », be a blow-up sequence at x
converging to some v € BUy(zo) such that Lo, converges in L}, (R?) to 1o,. If 29 € 8*Q,ND,
then €, is a half-plane of the foorm H = {z € R? : z-v > 0} for some v € dB;. Without
loss of generality, we assume v = e4. On the other, hand v is a solution to the Alt-Caffarelli
problem with A = A,e®®0). Thus v is harmonic in H and zero on H, so it is smooth up to the
boundary of H. Now, the optimality condition |Vv| = VA on &H and the unique continuation
of harmonic functions in the half-plane imply that v(z) = \/Ka:jl', which proves (2). Now, since
Q, has (locally) finite perimeter in D, the Federer’s Theorem and Remark 2.5.28 give that

M (09,0 D\ (@°9) = (09,0 D (070, L AP L)) =0,

which proves that H%1(Sing(9Q, N D)) = 0. We now prove the second claim of (3). As above,
let g € 0, N D and v = limy, 00 Uy, 2, be a blow-up limit of u at 9. Then v is a solution
of the Alt-Caffarelli problem. Let p, — 0 and v, (z) = pinv(xpn) be a sequence that converges
locally uniformly to a function vy. Since d < 4, we have that the free boundary 9, is C1* and
vg is of the form vy(x) = VA(z - v)4 for some v € OBy (see [2] for d = 2, [24] for d = 3 and [62]
for d = 4). Now since, for fixed n > 0, we have that v,, = lim;;,—00 Up, 20, We can choose a
diagonal sequence ug,, z,, where R, = PrnTm(n)s such that vo = lim;,,—_yoc UR,, 4,- This proves that
xg is a regular point.

The claim (5) follows by the same diagonal sequence argument. This time z¢g € 0D and the
blow-up v is a solution of the constrained Alt-Caffarelli problem in {z4 > 0}. Thus, the blow-up
vg of v is one-homogeneous solution of the constrained problem for A = A,e®®0). This implies
(in any dimension) that vo(z) = gz} for some ¢ > /A (see [85, Proposition 4.3]).

Finally, (6) follows by the definition of the regular part and claim (5). O

Remark 2.5.36 (On the higher regularity of the free boundary). The smoothness of the free
boundary can be improved under an additional regularity assumption on ®. Indeed, if ® €
C*k(D) for some k > 1 and « € (0, 1), then by [67, Theorem 1], Reg(9Q2* N D) is locally a graph
of a C*+1.e function.

2.5.10 Monotonicity formula and some further estimates on the dimension
of the singular set

This section is dedicated to the estimates on the dimension of the singular set (Theorem
2.1.5 (5) and Theorem 2.1.2 (5)). The main ingredient is a monotonicity formula that implies
the homogeneity of the blow-up limits at any free boundary point zg € 9, N D.

Let u be a solution (2.5.1) and A, be the constant given by Theorem 2.5.12. We define the
Weiss-type boundary adjusted energy as

1 1 Au
W(u, ®,z0,7) = 7"d/B o) Vule™® do — in) /83 ( )UQG_CD dH + ﬁ’ﬂu N By (o).
{20 r(Z0

Lemma 2.5.37 (Weiss monotonicity formula). Let u be a solution (2.5.1) in the bounded open
set D. Then, for every xg € 0Qy, N D and every 0 < r < dist(xg, D), the function W satisfies
the differential inequality

2¢~ max ®

d
—W(u, @, z9,7) >

dr Tpdr2 /83 (o) Vu-z—u? dH'" = C, (2.5.45)
(X0
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where C > 0 is a constant depending only on Ay, ®, L := ||Vu||r~ and the dimension d.

Proof. We first prove the claim when xg € 092, N D. Assume zo = 0. We set

H(r) ::/ ule”PdH! and D(r) ::/ |Vul?e®dz,
0B v

Hg(r) := /83 (v-V®)u?e PdHI? and Dg(r) = /B (]Vu|2 - )\mu2) (z-V®)e ®dz,

where v(z) = #/r is the exterior normal to the sphere 0B, at x. As in Proposition 2.A.1 (notice
that in Proposition 2.A.1 Dg is defined differently) we have

d—1

r

D'(r) = /83 |Vul|?e ®dH?! and H'(r) = H(r)+2D(r) — 2)\m/ ule™®dx — He(r).

T

Let ¢. be a radially decreasing function such that

0<¢.<1in By, ¢.=11in Byq_o), ¢=0on 9B, and [V <C(re)™". (2.5.46)

As in Step 2 of the proof of Proposition 2.A.1, the optimality condition §J(u)[{] = A, / divédr,
Qy
applied to the vector field {(z) = x¢:(z), gives that

Au <d|Qu A B,| — rH Y N 8BT)) — —(d—2)D(r) +rD'(r) — 2r / (Oyu)? e~ PdHI!
OB,

+ A (d/ ule™dr — r/ UQe(I)de1> +1rDg(r),
r 837‘

where 0, u := v - Vu. We now calculate

d 1 d 1 d+1
gV (0 ®e0m) = D) = S D) = S B ) + S H)
Ay
+ (er‘l(Qu NOB,) — d|Q N B,,|)
= 2 [ Ve — P et () S Da)
Am _ _ _
— <(d+ 2)/ wle ®dx — 7“/ u?e " Pdn? 1)
r T OB,
2e~ max ¢ ) i1
> —— Vu-z—ul*dH* - C,
e [, |
which gives the claim if zg € 9, N D and r < dist(zg, 9D). O

Lemma 2.5.38 (Homogeneity of the blow-up limits). Let u be a solution (2.5.1) in the bounded
open set D and let xy € OQy,. Then every blow-up limit ug € BU,(xo) is one-homogeneous.

Proof. Let zg = 0 and W (u, ®,7) := W (u,®,20,7). Recall that u,(z) = Lu(rz) and ®,(z) =
®(rz). We first notice that for every » > 0 and s > 0 such that rs < dist(xg, D) we have

W(ura D, S) = W(’LL, o, TS)'
Moreover, since the function r — W (u, ®,t) + Cr is monotone, the limit

W (u,®,0) := lim W(u,®,r)

r—0t
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exists (and is finite due to the Lipschtz continuity of u). On the other hand, for every blow-up
sequence u,, with blow-up limit up, we have

W (ug, ®(0),s) = lim W(u,,, @, (0),s) = lim W(u,®(0),r,s) = W(u,®(0),0).

n—0o0 n—o0

Thus, the function

1 1 1 Ne®©
S’—>Sd/; ]Vu0|2dx—8d+1/83 U%d?‘[ 1+ usd ‘QUOQBS|,

is constant. Now, by [92] (or, simply by applying (2.5.45) to u = ug, Ay, = 0 and & = 0), we
have that ug is one-homogeneous. O

Definition 2.5.39. We define d* as the smallest dimension which admits one-homogeneous
global minimizers of the one-phase Alt-Caffarelli problem with (isolated) singularity in zero.

By [62] and [37] we know that d* € {5,6,7}. Weiss was first to prove that the monotonicity
formula implies the dimension estimate

dimy, Sing(08,) = inf{a >0 : HY(Sing(0Q,)) =0} < d—d*,

for every d > d* (see also [77| for an argument using only the monotonicity of W). Thus, as a
consequence of Lemma 2.5.37, Lemma 2.5.38 and the results from [92] and [77], we get

Proposition 2.5.40 (On the dimension of the singular set). Let u be a solution of (2.5.1) in
the bounded open set D C R%. Then

e Sing(09,) =0 if d < d*;

o Sing(08Y,) is a discrete (locally finite) set if d = d*;

o dimy, Sing(0Q,) < d—d* if d > d*.

Proof. The proof of this proposition is standard, once we have the monotonicity of W (Lemma
2.5.37) and the consequent homogeneity of the blow-up limits (Lemma 2.5.38). We refer to |92,
Section 4] and |77, Section 5.5]. O

Remark 2.5.41. Recently, using the innovative approach of Naber and Valtorta [79], Edelen
and Engelstein [42] showed the monotonicity formula of Weiss can be used to obtain the (local)
estimate HY™?" (Sing(082,)) < oo, which in particular implies that dimy Sing(9Q,) < d — d*.

Appendix A: Extremality conditions and Lebesgue density

In this section we prove Proposition 2.A.1, which we use in Proposition 2.5.12 to show that
the Lagrange multiplier A, is strictly positive, but the result is of independent interest. For
instance, it applies to optimal partition problems (see, for example, [28] and [25]). We first show
that a function which is critical for the functional

J(u) == / \Vul?e® do — )\/ u?e™? dz, (2.A.1)
D D
with respect to internal variations that is
o0J(u)[€] = PH(I) J(u(z 4+ t&(z))) =0 for every vector field & € C°(D;RY),
H

satisfies a monotonicity formula for the associated Almgren frequency function N(r). Now, by
the argument of Garofalo and Lin (see [46]) the monotonicity of the frequency function implies
that u cannot decay too fast around the free boundary points. If, in addition, w is a solution of
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—div(e™®Vu) = Aue™? on the positivity set €, = {u > 0}, we can use a Caccioppoli inequality
to show that if the Lebesgue density of €2, is too small, then the decay of u on the balls of radius
r should be very fast. This, in combination with the monotonicity of the Almgren’s frequency
function, shows that the Lebesgue density of €2, should be bounded from below everywhere (and
not only on the boundary of €2,). In particular, there cannot be points of zero Lebesgue density
for Q, in D.

Proposition 2.A.1. Let D C R? be a bounded open set and ® € Whee(D). Suppose that A > 0
and u € HY(D) is a nonnegative (non-identically-zero) function such that

(a) u is a solution of the equation
—div(e™®Vu) = Xe ®u in Q, = {u>0}; (2.A.2)
(b) w satisfies the extremality condition
SJ(W)E] =0 for every &€ C®(D;RY),

where J is given by (2.A.1) and its first variation in the direction £ is given by
6J(u)€] == / [2D§(Vu) Vu+ ([Vu> = M?) (VO - € — dive) e Pdr. (2.A.3)
D
Then, | D\ | = 0.

2.A.1 Reduction to the case A\ =0

In this section we will show that it is sufficient to prove Proposition 2.A.1 for A = 0. The
general case will then follow by an elementary substitution argument. In the next lemma we
deal with the first variation of the functional J.

Lemma 2.A.2. Suppose that D C R? is a bounded open set, a : D — R is a given Lipschitz
function such that 0 < e <a<e ' on D. Let A >0 and let o € H*(D) be such that

—div(aVy) = dap in D, p>e>0 on D.

For any u € H (D), we set a(x) := p?(x)a(z), @ = vy,
J(u) = / (|Vu]2 — )\uz) a(x) dz and J(u) = / \Vul?a(z) dz,
D D
6. (u)[€] := / [2@D£(Vu) - Vu — (|Vul* = M?) div(a&)} dz,
D
6J ()] == / [2&D§(Vu) -Vu — \Vu\zdiv(df)] dr  for any €€ C(D;RY).
D
Then, for every u € H' (D) and every ¢ € C(D;RY), we have
5F(@)[E] = 6.7 (u)[g] — 2 / V (ué - V(ing)) - Vuads + 2 / (- V(ing) Aaudz.  (2.A.4)
D D

Proof. Notice that we may assume u € C°°(D). First we notice that an integration by parts
gives

5F(a)E] = /D 20,¢; D0 ade — /D Vil div(ag) dz
_—/ zgjai(aaia)ajadx—/ 2§jaiaaijaadx—/ |Va|? div(ag) dx
D D D
:—/ 2¢; 0;(a 0itt) ajadx—/ div(a|Va)%€) dﬂc:—/ 2¢; 0;i(a0;u) Oyt d
D D D

_ / 2(¢ - Vi) div(aVa) dr.
D
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and, analogously,

0J(u)[€] = — /D 2(¢ - Vu) div(aVu) dx + )\/ u? div(af) da.

D

Now, since
div(aVa) = div(a(eVu — uVep)) = pdiv(aVu) — udiv(aVe) = p(div(aVu) + Aau),

we get

sJ(@)E] = —2 /D £ (Vu— %Vgo)(div(aVu) 4 Aau) de

=2 /Df . Vgo;(div(aVu) + Aau) dz — 2 /D(§ - Vu)(div(aVu) + Aau) dz

= —2/DV <§‘:¢u> ~Vuad:c+2/D (f'j@u) Aaudx + 6J (u)[€],

which is precisely (2.A.4). O

Let now D C R% and u € H'(D) be as in Proposition 2.A.1 for some A > 0. In order to
prove that |D \ ©,| = 0, it is sufficient to prove that |(D N B) \ ©,| = 0 for any (small) ball
B C D. Let now xyp € D and let R > 0 be such that A;(Bgr(zo), V®) = A. Such a radius exists,
since the map f(r) := A\ (By(x0), V®) is continuous, f(0) = 400 and f(4o00) = 0. Notice also
that we may assume ® to be defined on the entire space R?. Let ¢ be the first eigenfunction on
Bpg(wo) and let r = R/2. Then, we can apply Lemma 2.A.2 in the set DN B,(z¢) with a = e~ ®.
Moreover, since u satisfies (2.A.2), we get that

SJ(@)[E] = 6J(w)[€] =0, for every &€ C*(DN By(xo);RY),

which proves that 4 = u/, satisfies hypothesis (b) for A = 0. Finally, in order to prove that @
satisfies hypothesis (a), we notice that on £, = Q5 we have (in a weak sense)

div(aVa) = ¢div(aVu) — udiv(aVe) = ¢ (div(aVu) + Aau) = 0.

2.A.2 Proof of Proposition 2.A.1 in the case A =0
Let A = 0. Then we have

J(u) ::/ \Vul|?e™? dz, (2.A.5)
D
dJ(u)[¢] = / [2D£(Vu) Vu+ [Vul> (V® - € —dive)| e Pda. (2.A.6)
D
Let 70 =0 € D and 7 = ||[V®| o (p). We set
H(r) ::/ ue " PdHA, D(r) ::/ |Vul?edz and N(r):= rD(r)
0B, B, H(r)
Step 1. Derivative of H. We calculate
H'(r) = d- 1H(7“) + rdld/ uQ(Tw)e*q)(m)de*l(x)
r dr Jop,
—1
_d H(r)+ 2/ u%e_q)d’;‘—[d_1 —/ u?(n - V®)e PdHi!
r oB, On 0B,
d—1

r

= H(r)+ 2/ \Vul?e™®dz — / u*(n - V®)e PdH,
B, OB
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which we rewrite as i1
H'(r) = ; H(r) 4 2D(r) — Hg(r). (2.A.7)

where we have set
Hy(r) := / wr(n-Vo)e ®dHt  and  |He(r)| < TH(r).
0By

Step 2. FEquidistribution of the energy. Let ¢. be a radially decreasing function such that
0< ¢ <1on By, ¢. =1 on By_), ¢ = 0 on 0B, and [V¢.| < C(re)~'. The vector field
£(x) := x¢.(z) satisfies div&(x) = doe(v) + 2 - Vo and 0;§; = 0;j¢(v) + x;0;¢<(x). Since A =0

we have
5.J(u)[e] = /D [2D§(Vu) Vu+ |[Vul(VE - € — dive)| e Pdr
- /D [zyvu\%g +2(a - V) (Ve - V) — |Vul|X(dée(z) + - wg)]e*@dx
+ /D \Vul>(V® - z)p.e Pdz,
and passing to the limit as ¢ — 0, rearraging the terms and using the property (b), we get

0=—(d— 2)/ Vul?e™®dx + r/ |Vul?e~2dH et
Br OBy

2
- 27“/ (8u> e PaHi! —l—/ \Vul|?(V® - z)e Pdaz,
OB, on -

which we rewrite as

ou\? —® 39/d—1
e "dH"" —rDg(r),

—(d—2)D(r) +rD'(r) = Qr/ n

0B

where )
Dg(r) = / |Vul> (VO - z)e Pda and | Do ()| < 7D(r).

r

T

Step 3. The derivative of N. We notice that N(r) is only defined for r such that H(r) > 0. In
what follows we fix 79 > 0 such that By, (z¢) C D and H(rg) > 0. Since u € H'(D), there is an
interval (a,b) > ro, on which H > 0.

NG — D(r)H(r) 4+ rD'(r)H(r) — rD(r)H'(r)
_ D(r)H(r)+rD'(r)H(r) — rD(r) (dle(r) +2D(r) — Ho(r))
H2(r)
_ —(d—2)D(r)H(r) +rD'(r)H(r) — 2rD?(r) + rD(r)Hg(r)
H2(r)
Lo (o (e pp ) T (D) Ha() — Da(r)H()
=) (H( ) () o -0 )+ 1)

(2.A.8)

Now we notice that, since u solves (2.A.2) on €2, we have

D(r):/ ’VU|2€(I)dJ}:/ u%eféd}[d*l,
B, oB, On
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and so, by the Cauchy-Schwarz inequality and (2.A.8) we obtain
r(D(r)He(r) — Do (r)H(r))
N'(r) >
"= 1)
Step 4. A bound on N(r). Using the estimate (2.A.9) from the previous step we get that the
function r +— €>™"N(r) is non-decreasing in r and so

N(r) < ™0 N(rg) < e*™N(rq) for every a <1 < r.

> —27N(r). (2.A.9)

Step 5. Strict positivity and doubling inequality for H(r). By the step 4 we have
d H(r) N(r) Hg(r) _ 2e2™0N(rg)
— |1 — =2 — < 2.A.10
dr [Og<rd_1)] r H(r) — r T ( )

and integrating we get

H H
log ( rér?)> — log <rd(rl)> < log (%0) 262" N (1o) 4 719, for every a <1 < 7.
0

In particular, H > 0 on every interval [erg, o] and so, H > 0 on (0, 7] and we might take a = 0.
Moreover, integrating once again the inequality (2.A.10) from r < 70/2 to 2r, we get

H(2
log ( H(( T))) < ((d—1)log2+7ro) +2log2e**N(rg)  forevery 0 <7< %0
T

Taking g < 1, there is a constant C', depending only on d and 7, such that
H(2r) < Cexp(CN(rg))H(r) for every 0<r< %0. (2.A.11)

Integrating once more in r we get

/ u’e™® dx < CeXp(CN(rg))/ u?e™? da for every 0<r< %0. (2.A.12)
BZT

Step 6. Caccioppoli inequality and conclusion. Let r € (0,70/2] and let ¢ € C5°(B2,) be such
that ¢ = 1in B, ¢ =0 on 0By, 0 < ¢ <1 and |V¢| < 2/r on By, \ B,. Using the fact that u
is a solution of —div(e=®Vu) = 0 in €, we get the following Caccioppoli inequality:

/ Vu|?e® dz < / IV (ug)|?e™® do = / (W|Ve[* + Vu - V(ug?)) e dx

(s 2r 2r
= / | Vo|?e™? da —/ ug? div (e_CDVu)) dx = / u?|Vo|?e™? da.
Ba, Ba, Boy
4
< ule™? da. (2.A.13)
r B2r

On the other hand, there are dimensional constants Cy and €4 > 0 such that, if |2,NB,| < 4| B, |,
then the following inequality does hold (see |22, Lemma 4.4])

Q, N B[\ *?
/qu:USC’dr2<‘|B‘|> /|Vu]2d:r,

which, taking C' := Cyexp(max ® — min @), implies
Q, N B\ ¥4
/ u?e™® dr < Cr? <M> / (Vul?e® d.
8 |Br| :

This, together with (2.A.13) and the doubling inequality (2.A.12), gives that there are constants
C1 and (5, depending only on d and 7 such that
|, N B,

| B; |
where to be precise we recall that we assumed rg < 1. In particular, we have a lower density
bound for €, at every point of D, which implies that |D \ €,]| = 0 and concludes the proof.

min {e4, C1 exp(—C2N (o))} < for every 0<r< %0,



Chapter 3

Free boundary regularity for a
multiphase shape optimization problem

This chapter is based on [85], which is joint work with Luca Spolaor and Bozhidar Velichkov.

Abstract

In this paper we prove a C1® regularity result in dimension two for almost-minimizers
of the constrained one-phase Alt-Caffarelli and the two-phase Alt-Caffarelli-Friedman func-
tionals for an energy with variable coefficients. As a consequence, we deduce the complete
regularity of solutions of a multiphase shape optimization problem for the first eigenvalue
of the Dirichlet Laplacian, up to the boundary of a fixed domain that acts as a geometric
inclusion constraint. One of the main ingredient is a new application of the epiperimetric
inequality of [86] up to the boundary of the constraint. While the framework that leads to
this application is valid in every dimension, the epiperimetric inequality is known only in
dimension two, thus the restriction on the dimension.

3.1 Introduction

In this paper we prove the regularity of the free boundary of solutions to variational one-
phase and two-phase free boundary problems in dimension two. In particular, we consider the
case when the support of the solution is constrained in certain region D C R? with smooth
(CYP-regular, for some 3 > 0) boundary and we show that the free boundaries must be C'h°-
regular up to the points of contact with the boundary of the region D. Our arguments strongly
rely on the epiperimetric inequality for the one-phase and the two-phase Bernoulli free boundary
functionals (see [86]). The only obstruction to the generalization of our results to any dimension
comes from the fact that the epiperimetric inequality is only known in dimension two. Since
our methods are of purely variational nature, we are able to obtain the regularity of the free
boundaries of almost-minimizers (even in the presence of a geometric constraint D). Precisely,
we prove the following results.

(0oP) The CM“-regularity of the boundaries of the almost-minimizers of the one-phase Alt-
Calffarelli functional for an operator with variable coefficients, which may also satisfy a further
geometric inclusion constraint (Theorem 3.1.1 and Corollary 3.1.3);

108



109 3.1. Introduction

(TP) The C'H*-regularity of the boundaries (of each phase) of the almost-minimizers of the two-
phase Alt-Caffarelli-Friedman functional for an operator with variable coefficients (Theorem
3.1.5). In particular, this is a problem left open in [33].

In the second part of the paper, we apply our regularity results for almost-minimizers to the
solutions of multiphase shape optimization problems, where the variables are n-uples of different
disjoint domains (phases). Precisely, we consider the model case in which the variational cost
functional is given by the sum of the first eigenvalue (of the Dirichlet Laplacian) and the area
of each domain. In Theorem 3.1.11, we show that if the family of domains (21,...,8,) is a
solution to such a multiphase problem, then the boundaries 9€; are C1®-regular; thus we solve
the (regularity) problem left open in [7].

The regularity of the free boundaries arising in the context of shape optimization problems
involving Dirichlet eigenvalues is a topic that received a lot of attention recently (we refer for
instance to the recent papers [77, 70, 71, 23|). The multiphase shape optimization problem
we consider is part of this general framework and was studied in [19] and [7]. It is related
to the regularity of the optimal sets (in a box) for the second Dirichlet eigenvalue, which is
expected to have common qualitative properties with the solutions to the multiphase problem
in the case n = 2. We also notice that our almost-minimality conditions naturally arise in shape
optimization problems involving Dirichlet eigenvalues (see for instance [77], [18] and Section 3.7).
The geometric inclusion constraints are also very common in this framework (see for instance
[14], [11] and the books [61], [13]). For instance, they are often used to provide the compactness
necessary for the existence of optimal shapes. Thus, our regularity results and techniques can
be applied not only to the solutions of the multiphase problem studied in [19] and [7], but to a
variety of shape optimization problems, for instance, on manifolds or for operators with variable
coefficients.

The regularity of the one-phase free boundaries was first studied by Alt and Caffarelli in [2]
who prove that in any dimension the (local) minimizers of the one-phase functional have smooth
free boundaries up to a small singular set, while in dimension two, they show that the entire free
boundaries are C'*° smooth. The regularity of almost-minimizers of the one-phase functional
was addressed by David and Toro in [34] and by David, Engelstein and Toro in [33|, where they
prove the C1® regularity of the free boundary up to a singular set, which is empty in dimension
two; the same result was recently obtained by De Silva and Savin [40] by a different method
based on a non-infinitesimal notion of viscosity solution. In [41] and [40], the authors consider
only the case of the Laplacian, but it is clear that their proof can be generalized to an operator
with variable coefficients.

With our approach, working with a functional with variable coefficients, instead of constant
ones, leads only to minor variations in the proof. We also stress that there is no way to reduce
the non-constant-coefficients case to the constant-coefficients one. In fact, if u is a minimizer
(or almost-minimizer) of a functional with variable coefficients, then for any point z, there is a
change of coordinates, for which the new function becomes an almost-minimizer for a functional
involving only the Dirichlet energy (see Lemma 3.3.2). This change of coordinates, on the other
hand, depends on the point. It is also responsible for the anisotropic optimality condition on
the free boundary (see (3.1.5)).

The regularity of minimizers for the one-phase functional subjected to a geometric inclusion
constraint was studied by Chang-Lara and Savin in [26], where, using the approach of De Silva
[36], the authors prove that in a neighborhood of the contact set (with the boundary of the
constraint) the free boundary is C%* regular in any dimension. In Theorem 3.1.1 we consider
almost-minimizers satisfying an inclusion constraint, which combines the difficulties from [33]
and [26]: the lack of equation (|33]) and the presence of a geometric constraint (|26]). In fact,
our approach allows to treat these two situations at once.

The two-phase problem was first studied by Alt, Caffarelli and Friedman in [3] (see Remark
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3.1.6) but the regularity of the free boundary (for minimizers) was achieved only recently in [86].
In [33], David, Engelstein and Toro address the question of the regularity of almost-minimizers
of the two-phase functional and prove the rectifiability of the free boundary in any dimension.
In Theorem 3.1.5 we prove the C™® regularity of the free boundaries of almost-minimizers for
two-phase functional. We notice that, since each phase acts as a geometric obstacle for the
other one, and in view of the Chang-Lara-Savin result ([26]), the C"®-regularity is optimal even
for minimizers, the best a being 1/2. We also notice that, in the two-phase case, an additional
(smooth) geometric inclusion constraint does not affect the regularity of the free boundaries. In
fact, a two-phase free boundary cannot touch the boundary of the constraint. This is a simple
consequence of the three-phase monotonicity formula introduced in [89] and [19], just as in the
case of the multiphase shape optimization problem (3.1.10) (see |7] and Section 3.7).

3.1.1 Regularity for almost-minimizers

Throughout this paper we will use the following notations.
Let S ymz be the family of the real positive symmetric k x k matrices. We fix a matrix-valued
function A = (a;;)ij : Bo — Sym;, for which there are constants d,, Cyx, M, > 0 such that

|aij() — aij(y)| < Calz —y[°* forevery 4,j and z,y€ Bo;

2
MIEP <€ A@)g =) &&jaij(x) < Mal¢]® forevery z€ By and {€R’ (3.1.1)
ij=1
We fix Q.., QF and Q.. to be Hélder continuous functions on Bs, for which there are
constants dq, Cq, Mg > 0 such that for any Q = Q.., Q. or Q.., we have

TP?

Q(z) — Q(y)| < Colw —y’? for every a,y € By
M7' < Q(z) < Mg for every z € Bs.
Finally, for every function u : R> — R, we will use the following standard notations
ut(z) = max{£u(z),0}, Qu:={u#0}, QF :={u>0} and Q :={u<0}.

We are now in position to state our main free boundary regularity results.
The one-phase free boundaries. For every u € H'(By), 9 € By and r € (0,1), we define
the one-phase functional

ou Ou
JOP 9 9 - ( X -~ T~ oP ]]. m ) d .
wron= [ X le) gy g + QelMnar)
Here and after B,(z) denotes the ball with center z € R? and radius r > 0 and we will write
B, := B,(0). Let A*(B,) be the admissible set

A" (B,)={ue H'(B,) : uw>0inB,, u=0on B, \ B},

where H stands for the upper half-plane H := {(1:, y) €R? : oy > 0} and B := B, N H. We
say that the nonnegative function u : By — R is a almost-minimizer of the one-phase functional
Jow in the upper half-disk By, if u € AT(By) and there are constants r1 > 0, C1 > 0 and §; > 0
such that, for every xg € B; N9, and r € (0,71), we have

Jow(u, 20, 7) < (1 + C’lr‘sl)JOP(v, xo,7) + Cyr2ton, (3.1.2)
for every v € A1 (By) such that u = v on By \ B,(x0).

We have the following result for the almost-minimizers of the one-phase Alt-Caffarelli functional
Jor constrained in the upper half-disk B;r .
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Theorem 3.1.1 (Regularity of the constrained one-phase free boundaries). Let By C R? and
u : By — R be a non-negative and Lipschitz continuous function. If u is a almost-minimizer
of the functional J,, in AT(By), then the free boundary By N 0, is locally the graph of a CH%
function. Moreover, u satisfies the optimality condition

{’A;/()Qvu’(l'o) = (lf(xo) for every xo € OQF N By N {xg > 0}, (3.13)

|A;/02Vu](:1:0) > Q;l/f(xo) for every xo € O N By N {z2 = 0}.
Remark 3.1.2. The Holder continuity of the (exterior) normal vector ng is the best regularity
result that one can expect. Indeed, recently Chang-Lara and Savin [26] showed that even for
minimizers the regularity of the constrained free boundaries cannot exceed C+'/2. Moreover, we

notice that the result analogous to Theorem 3.1.1 was proved in any dimension in [26], by a
viscosity approach, but only for minimizers of the functional J,,.

Analogously, we say that the nonnegative function u : By — R is a almost-minimizer of the
one-phase functional J,, in B, if u € Hl(Bz) and there are constants 1 > 0, C7 > 0 and §; > 0
such that, for every xg € By N9, and r € (0,71), we have

Joo(u, 20, 7) < (1 + Clr‘sl)Jop(v, xo,T) + Clr2+51, (3.1.4)
for every v € H'(By) such that u = v on By \ B,(zo).

The regularity of the unconstrained one-phase free boundary 9, follows directly by Theorem
3.1.1. For the sake of completeness, we give the precise statement in Corollary 3.1.3 below.

Corollary 3.1.3 (Regularity of the unconstrained one-phase free boundaries). Let By C R? and
u : By — R be a non-negative and Lipschitz continuous function. If u is a almost-minimizer of
the functional J,, in Bs, then the free boundary By N OSY, is locally the graph of a CY function.
Moreover, u satisfies the optimality condition

|A;/O2Vu|(mo) = QP(x0) for every w9 € OQF N Bo. (3.1.5)

Remark 3.1.4. The regularity of the free boundaries of the one-phase (unconstrained) almost-
minimizers was proved in [33] in every dimension, by a different approach.

The two-phase free boundaries. For every u € H(By), 79 € By and r € (0,1), we define
the two-phase functional

B ou Ou " _
JTP(U’7 Zo, T) - /Br(xo) (ZZ al] (x)aixlaix] + QTP("E)]]'{'LL>O} + QTP('I:):H'{U<O}> dr.

We say that the function u € H'(Bsy) is a almost-minimizer of the two-phase functional J,, in
By, if there are constants ro > 0, Co > 0 and do > 0 such that, for every x¢o € By N 92, and
r € (0,72), we have

J’rp(uy Zo, T) < (]- + 027”62)‘]'1‘13(1}) Zo, T) + C2T2+627 (316>
for every v € H'(By) such that u = v on By \ B,(zp).

Then, we have the following result:

Theorem 3.1.5 (Regularity of the two-phase free boundaries). Let By C R? and let u : By — R
be Lipschitz continuous and such that the functions us are solutions of the PDEs

—div(AVuy) = f+ in QF N By, (3.1.7)

where:
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(a) the functions fi :ﬁiE — R are bounded and continuous;
b) the matriz-valued function A : By — SymJ satisfies (3.1.1) and has C*-reqular coefficients.
2

Under these conditions, if u is a almost-minimizer of the two-phase functional J.. in Ba, then
the free boundaries B1 MO, and ByNOSY, are locally graphs of CY* functions, for some o > 0.
Moreover, u satisfies the optimality condition (on OS)

Ay V| (o)
| A2V Uy |(20) > (Q;ﬁ,(gco))l/2 for every xo € O N OO, N Bs.

Q2 (mo))l/2 for every xo € O\ 9K, N B,

OoP

(3.1.8)

Remark 3.1.6 (Regularity of the two-phase free boundaries for minimizers). Alt, Caffarelli
and Friedman were the first to study the two-phase free boundaries in (see [3]). Precisely, they
studied the local minimizers of the functional

Jer (U, 20, 7) = /B - (|Vu\2 + q2(x))\2(u(aj))> dz,

where ¢ is Holder continuous and bounded away from zero and A is the function
Mw)=M if «u>0 and  N(u)=X if u<O0.

In the case, A\(0) = )\, they prove that the free boundary d{u > 0} is C! and that the two
free boundaries 9{u > 0} and d{u < 0} coincide (this means that the set {u = 0} has empty
interior). On the other hand, the case

0 < A2(0) < min{\2, A3}, (3.1.9)

where branching points may appear, was left completely open in [3]. We notice that our Theorem
3.1.5 covers this case, by setting

Q+(x) = (@) (A = XN*(0))  and  Q_(2) = ¢*(x) (A3 = A*(0)).

Precisely, Theorem 3.1.5 implies that, if v is a minimizer of J,.,. in a ball B, and (3.1.9) holds,
then the free boundaries 9Q N B, and 9, N B, are C1%regular. This result (for minimizers
in the constant-coefficient case and in dimension two) was first proved by the first and the third
author in [86]. In particular, it concludes the analysis of the free boundary for minimizers of the
functional J,.,, which was started in [3].

Remark 3.1.7 (Remark on the Lipschitz continuity of «). In Theorem 3.1.3 and Theorem 3.1.5
we assume that the function w is Lipschitz continuous. In the case of the Laplacian, David and
Toro [34] proved that the Lipschitz continuity is a consequence of the the almost-minimality
condition. It is, of course, natural to expect that the same will hold if the operator involved
has variable coefficients. We will not address this question in the present paper since our main
motivation comes from the application to shape optimization problems as (3.1.10), for which
the Lipschitz continuity is often already known. Actually, in the case of (3.1.10), the Lipschitz
continuity of the eigenfunctions is used to deduce the almost-minimality (see Section 3.7).

We notice that, just from the fact that u is almost-minimizer of the two-phase functional
J.», without using the additional assumption (3.1.7), we can still deduce that u is differentiable
at points of the free boundary and that the optimality condition (3.1.8) holds. We summarize
the regularity properties, that can be obtained just from the almost-minimality, in the following
proposition.

Proposition 3.1.8. Let By C R? and let u : By — R be Lipschitz continuous almost-minimizer
of the two-phase functional J.. in By. Then, for every free boundary point xo € 0Q) N By (the
case xog € 0N),, N By is symmetric), the following claims hold true.
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(i) For every xoy € O, there is a unique blow-up limit u;fo = lir% ujxo, where ul, is the
r— ’ ’

_l’_

1
o (T) = ;u+($o +rx) and the convergence is uniform on every ball Br C R2.

rescaling u

(i) The blow-up limit is of the form
uy (z) = py(zo) max {0,z - A;01/2[17x0]},

where iy (z0) is a positive real number and Uy, € R? is a unit vector.

(i1i) There are universal constants C > 0 and a > 0, and a radius r(xg) > 0, such that

+

||umc0 - u;roHLoo(Bl) < Cr®*  for every 0<r <r(xg).

(iv) w is differentiable at xo, up to the boundary of Qf, that is,
u(z) = (z — z0) - Vug(20) + O(|z — 20|%) for every T €QF,
and the gradient at xq is given by

Vs (20) = g (0) Agy* [T ),

where Uy, is the unit vector from ((ii)).
(v) If xg is a one-phase point, xo € O \ 0Q,,, then

s (20)? = Q7 (z0) and r(xg) depends on the point xg.
(vi) If xq is a two-phase point, xo € O N IQ,,, then

pr(m0)? > Qf(wo)  and  r(xo) = ro,
where ro may depend on u, but not on xg.

This statement is contained in Proposition 3.4.3, Lemma 3.6.1, Lemma 3.6.2 and Lemma
3.6.3. As a corollary of Proposition 3.1.8, we obtain the following corollary, whose proof is
standard and is, in fact, similar to the proof of Theorem 3.1.1.

Corollary 3.1.9. Let By C R? and let u : By — R be Lipschitz continuous almost-minimizer
of the two-phase functional Jy. in Ba. Then, for every zo € OQF N OQ, N By, there exists a
neighborhood Uy, such that the two-phase free boundary L N Oy, N Uy, is contained in a
single CY®-reqular embedded curve.

We notice that the result from Theorem 3.1.5 is stronger (but requires the additional technical
assumption (3.1.7)). In fact, if the set 27, then the two-phase boundary 9Q; N9, is (obviously)
contained in a C1® curve. We believe that the C1® regularity of the sets  and €2 still holds
without the additional assumption (3.1.7), but at the moment, we cannot remove it from our
argument. This is mainly due to the fact that we use a combination of viscosity and variational
techniques. We give more details on the use of (3.1.7) in the following remark.

Remark 3.1.10 (On the role of the additional assumption (3.1.7) in Theorem 3.1.5). In order
to conclude the proof of Theorem 3.1.5, we will use Proposition 3.1.8 and the assumption (3.1.7).
Indeed, the C1@ regularity of 92 N By follows from the following two claims:

(1) The function u4 : 09, — R is Holder continuous.
(2) Suppose that uy : By — R is also a (viscosity) solution to

—div(AVuy)=f in QfNB;, |A”Vui|=Q on 09 NBy,

where f is bounded, A is C' and Q is Holder continuous and bounded from below and
above. Then 9Q0} N By is C1“ regular for some a > 0.



Chapter 3. Free boundary regularity for a multiphase shape optimization problem 114

The first claim is proved in Lemma 3.6.4. We notice that in order to prove the continuity of p,
we use an argument by contradiction, in which we consider a sequence of the form u,, := u;rmm,
which converges to some function u.,. At this point, we need that the boundary condition on
O{un, > 0} passes to the limit (in viscosity sense). It is not at the present clear how to overcome
this difficulty if w is just an almost-minimizer. The second claim follows by the De Silva e-
regularity theorem (see Theorem 3.A.1). Also in this case we need that u solves an elliptic

equation inside the positivity set Q.

3.1.2 Multiphase shape optimization problem for the first eigenvalue

As a consequence of Theorem 3.1.1 and Theorem 3.1.5, we prove a regularity result for the
solutions of the following multiphase shape optimization problem:

n

min { Z ()\1(92‘) + (MQH) : Q1,...,9Q, are disjoint open subsets of D} , (3.1.10)
i=1

where, we will use the following notations:
el <neNand0< ¢ €R, foreveryi=1,...,n;
e D C R? is a bounded open set with C''#-regular boundary, for some § > 0;
e || denotes the Lebesgue measure of Q;
e \1(9) is the first eigenvalue of the Dirichlet Laplacian on €.

Theorem 3.1.11. Let (Q4,...,8,) be a solution of (3.1.10). Then, each set Q;, i = 1,...,n,
is a bounded open set with CY® reqular boundary, for some o > 0.

We notice that, in the above theorem, we prove that the entire boundary 0€;, i =1,...,n,
is Cb%regular. In particular, this holds at the contact points of €; with the other phases Q,
j # 1, and also at the contact points of 9€); with the boundary of the box 9D.

In the special case n = 1, (3.1.10) reduces to the classical (one-phase) shape optimization
problem
min {\1(Q) + A|Q] : Q open, Q C D}. (3.1.11)

The existence of a solution in the class of open sets and the regularity of the free boundary
(precisely, of the part contained in the open set D) was proved by Briangon and Lamboley in
[11]. As a direct corollary of our Theorem 3.1.11, we obtain that the entire boundary is C%*
regular.

Corollary 3.1.12 (Regularity of the optimal sets for the first eigenvalue). Let D C R? be a
bounded open set of class CYP, for some B > 0, and let A > 0. Then, there is a € (0,1) such
that every solution Q C D of (3.1.11) is C1% regular.

3.1.3 Organization of the paper

In Section 3.2 we recall the definitions of the Weiss’ boundary adjusted energies and the
statements of the epiperimetric inequalities. Moreover, we show how to use the monotonicity
formula and the epiperimetric inequality to deduce the rate of convergence of the blow-up se-
quences and the uniqueness of the blow-up limits. In Section 3.3 we prove a technical lemma
that reduces the one-phase and two-phase problems to the case of the Laplacian, which allows
us to apply the results of Section 3.2. Section 3.4 is dedicated to the classification of the blow-up
limits for the one-phase and the two-phase problems. In Section 3.5 and Section 3.6 we prove
Theorem 3.1.1 and Theorem 3.1.5, respectively. In Section 3.7 we prove that the (eigenfunctions
associated to the) solutions of the multiphase problem (3.1.10) are locally almost-minimizers of
the one-phase or the two-phase problems, and we prove Theorem 3.1.11.
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3.2 Boundary adjusted energy and epiperimetric inequality

All the arguments in this section hold in every dimension d > 2, except the epiperimetric
inequalities Theorem 3.2.2 and Theorem 3.2.3, which are known only in dimension two.

3.2.1 One-homogeneous rescaling and excess

Let d > 2 and u € H}

L (RY). For r > 0 and z9 € R? we define the one-homogeneous
rescaling of u as

Ugg r(T) = u(xo:—mc) for every x e R% (3.2.1)

Then, ug,, € ol

L (RY) and for almost every r > 0, E(ug, ) is well defined, where we set

E(v) ::/ |z - Vv — o> dHT Y, (3.2.2)
0B

where z € OB is the exterior normal derivative to OB at the point € R? and H% ! stands
for the (d —1)-dimensional Hausdorff measure. The excess function e(r) = E(uy, ) controls the
asymptotic behavior, as r — 0%, of the one parameter family wu,,, € L?(0Bj). Precisely, we
have the following elementary estimate.

Lemma 3.2.1. Let u € H}:

loc

v € (0,1) and I > 0 such that

(RY) and zo € RY. Suppose that there are constants rg > 0,

T0 E
/ @ dr < I. (3.2.3)
o 7

Then, there is a unique function uz, € L?(0By) such that
[trzo — uon%Q(aBl) <A Y for every 1€ (0,70).

Proof. We set for simplicity, zog = 0 and u, := ug,,. Let 0 <7 < R < rg. Notice that, for any
x € 0B1, we have

u(Rz) u(rz) _ /TR <g; - (Vu)(sz) u(sx)) ds — i/rR (2 - Vu(z) — us(z)) ds.

s 52

Thus, by the Cauchy-Schwartz inequality, we obtain

Ry 2
/ lur — up|? dHIL < / (/ —|z - Vus — us] ds> dH!
0By 0B1 r S
R R 1
< / (/ 87_1d8> (/ =z Vus — us|2ds> dHt
0B1 r ro 57

v _ o R Y [To
RY —r / E(us) d3<R— E(us)

v sl+v v ) g1+

ds,

which implies the claim by a standard argument. O

3.2.2 The one-phase boundary adjusted energy

Let d > 2 and w € H'(B;). For any A > 0, we define the one-phase Weiss’ boundary
adjusted energy as

Wop(u) := /B |Vu|? dx — /83 u? dHI + AHU >0}N Bl‘. (3.2.4)
1 1
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Let 7 > 0, 79 € R? and u € H}_(R?). The relation between Wop and the excess E is given by the
following formula, which holds for any function u and can be obtained by a direct computation
(see [92] and [77]).

0
—Wop (Uzo,r)

d 1
or (WOP(Zzo,r) - WOP(ua:o,r)) + ;E(“mo,r)7 (3.2.5)

r

where 2, , denotes the one-homogeneous extension of the trace of ug, , in By, that is,
||

Zaor (T) = |T] Ugg r (%/|2]) = 7u(?"$/|z\) , forevery z € Bj. (3.2.6)

In [86], the first and the third author proved the following epiperimetric inequality for the
Weiss’ energy Wop.

Theorem 3.2.2 (Epiperimetric inequality for Wop). Let d = 2. Let Cy > 0 be a given con-
stant. There exists a constant € > 0 such that: for every non-negative c € H'(0B1) satisfying

/ cdH' > Cy, there exists a non-negative function h € Hl(Bl) such that h = ¢ on 0B and
0B1

™

2

<(1-¢) (Wor(2) —A), (3.2.7)

Wop(h) — A 5

where Wop is given by (3.2.4) and z € HY(By) denotes the one-homogeneous extension of c into
B1. Moreover, the competitor h has the following properties:

(a) There is a universal numerical constant C > 0 such that ||h| g1,y < Cllcll g1 (am,)-

(b) If Hy,, = {:U €ER?: (x —xg) v > O}, for some xy € R? and v € OBy, is a half-plane
such that
0€Hyy and  2=0 on R\ Hyy, (3.2.8)

then we can choose the competitor h : By — R such that h =0 on R*\ Hy, .

3.2.3 The two-phase boundary adjusted energy

For every Ai,As > 0 and v € H'(By), we define the two-phase Weiss’ boundary adjusted
energy as

W (v) :/ |Vv2dx—/ VAHT + A |{o > 0N By + Ao {v < 0} N By].  (3.2.9)
B1 0By

As in the one phase case, we have

0 d 1
EWTP(UI(),T‘) = ;(WTP(Zm(),T) - WTP(UJJO,T)) + ;E(uxo,’l‘)a (3-2-10)

where 2, , is given by (3.2.6).

Theorem 3.2.3 (Epiperimetric inequality for Wiyp). Let d = 2. For every Cy > 0 there ise > 0

such that: for every ¢ € H'(0By) such that / cHdH! > ¢ and/ ¢~ dH' > Cy, there
0B1 0By
exists a function h € H'(By) with h = ¢ on OBy such that

Wap(h) — (Ag + Ag) = < (1— &) (WTP(Z) (A + AQ)g) : (3.2.11)

|3

where z € HY(By) is the one-homogeneous extension of the trace of ¢ to By. Moreover, there is
a universal numerical constant C' > 0 such that ||h| g1,y < Cllel| g1 (am,)-
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3.2.4 Almost-monotonicity and almost-minimality

Let u € Hlloc(]Rd) and zo € R For any r > 0, the function Ugo,r and 2z, are defined as in
(3.2.1) and (3.2.6), respectively. In the next lemma we will show that a almost-minimality of u,
with respect to radial perturbations, implies that the function r — Wg(ug ) is monotone up to
a small error term (OJ stands for Op or TP).

Lemma 3.2.4 (Monotonicity of Wr). Let u € H} (R?) and zy € R%. Suppose that there are
constants rg > 0, C' > 0 and 6 > 0 such that

Wi (ugy,r) < Wa(2zagr) + Cr  for every 1€ (0,70), (3.2.12)

where 1 stands for Op or TP. Then, the function

cd
r o Wiy r) + =1, (3.2.13)

is mon-decreasing on the interval (0,rp).
Proof. Using (3.2.5) for O =0P (resp. (3.2.10) for O =TP), and the condition (3.2.12) we get

0
EWD (uxo,r) >

which gives (3.2.13). O

(Wa(2agr) — Wir(tay,r)) > Cdr®~?,

RERSY

3.2.5 Epiperimetric inequality and energy decay

In this section we show how to use the epiperimetric inequality to obtain at once the decay
for the energy Wi(uz, ) and the convergence of ug, » in L?(0B;). The argument is very general
and we treat the cases L1 = OP and [J = TP simultaneously.

Lemma 3.2.5. Let u € H} (R?), 29 € R? and W5 be as in (3.2.4), if O = oP, and (3.2.9), if

O = TpP. Suppose that there are constants ro € (0,1), C >0, § >0 and € € (0, #‘M) such that:
(a) (3.2.12) holds and the limit O := lin% Wo(ugyr) (which exists due to Lemma 3.2.4) is finite;
r—

(b) for every r € (0,1¢) there is a function hy,, € HY(By) such that
W (tzg,r) < Wa(hags) + C10, (3.2.14)
and we have the epiperimetric inequality
Wo(hayr) — O0 < (1 — ) (Wi (2g0,r) — On)- (3.2.15)
Then, there is a unique function uz, € L*(0By) such that
|t o — uxOH%Q(aBl) <A for every € (0,70),

dC
5 —

Proof. We use (3.2.5) for O =0P (resp. (3.2.10) for O =TP), then the epiperimetric inequality
(3.2.15) and the almost-minimality condition (3.2.14).

6=
ry -

where v = £ and I = 17 (Wi (ugg ) — O0) +

€

%(WD(UIOW) —6p) > g((WD(Z:co,r) —00) — (Wo(uar) — @D))
> (L (Walhay) — €0) — (Wa(usy) — 00))
= g(l i c (WD(“xo,r) - QD) - 07“6),
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which implies that the function

Wo(ugyr) — O dC

6—y
r7Y + (5—'yr

fr) =

is non-decreasing on (0, 79) for v = ld—_sg, where we notice that v < g due to the choice € < —Qd‘zﬂs.

In particular, using again (3.2.5) (resp. (3.2.10)), we get

1
rtl

f’(?“) > E(uzq,r),

which integrated gives

f(ro) — f(s)

v

o 1
/ WE(UIO:T) dT,
S

for every s € (0,79). Now, notice that, up to choosing a bigger constant C' in (3.2.14), Lemma
3.2.4 implies that f(s) > 0 for every s > 0. Thus, we get

T0 1
£00) = [ Bl

which is precisely (3.2.3) with I := f(ro). O

3.3 Change of variables and freezing of the coefficients

The arguments of the previous section, the monotonicity formula and the decay of the blow-
up sequences, can be applied only in the case when the operator in J,, (resp. J;.) is the identity.
Thus, in order to prove the regularity results Theorem 3.1.1 and Theorem 3.1.5 we need to
change the coordinates and reduce to the case A = Id. We prove the main estimate of this
section in Lemma 3.3.2 below, but before we will introduce several notations.

Let A = (aij)ij : Ba — Symj and Q..,QF, Q5 : Bo — R be as in the Introduction and
note that we have

HA;/QH < Mi2 and HA;VZH < Mjf for every 1z € B,
where ||A| = sup {|Au| : v € R?, |u| =1} and M, is a constant (as in Subsection 3.1.1).

Remark 3.3.1. We recall that if the (real) matrix A is symmetric and positive (A € Symjl'),
then there is an orthogonal matrix P such that PAP! = diag(\1,...,\q), where P! is the
transpose of P and diag(Aq,...,\q) is the diagonal matrix with eigenvalues A1, ..., A\q. We set
D = diag(v/A1, ...,V \g) and define A2 := P'DP.

We now fix xg € Bs and, for any r > 0, we define the functionals

JE(v,r) = / (\Vv[Z + Qop(azo)ﬂ{v>o}) dx;
By

T2 ) = [ (V0P + Q) sy + Qo) Lpucoy ) da
For every xy € By, we define the function
Fyo(a) := w9 + A% () (3.3.1)

and the half-plane H, := {:U ER?: F (x)- e > 0} , where ey = (0,1).
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Lemma 3.3.2. Let L > 0. There are constants C > 0 andrg € (0,1) (depending only on the con-
stants Cn, Cq, My, Mq,0a,0q,01,C1 and L defined in Subsection 3.1.1) and § = min{d,, dq, o1}
such that: if uw € HY(Bi) is a nonnegative L-Lipschitz continuous function and a almost-
minimizer of Jo, in B;, xg € By, N0y and u = uwo Fy, (Fy, is defined in (3.3.1) above),
then for every r € (0,rg),

J30 () < (14 Cr)J20 (v,7) + Cr**, (3.3.2)
for every © € HY(B,.) such that i — v € H}(B,) and © =0 on R? \ Hy, .

Moreover, there is a numerical constant Cy > 0, such that

Wou(2:) + Co(MAL? 4+ Mg)Cr9,

Wop<ﬁ’r’) S %’r 6
Wow(hy) + Co(MAL2 + Mg)Cr,

for every v € (0,79), where C is the constant from (3.3.2), u,(x) := La(ra), z is the 1-
homogeneous extension of U, in By, h, is the competitor from Theorem 3.2.2 and A = Q,.(x0),
as in (3.2.4).

Proof. Let x¢g € 02, N By be fixed. For r > 0, we set p = M;/Qr. Notice that we have the
inclusion F,(B,) C B,(x¢). Let & = uo Fy; and ¥ = vo Fy. Then, using the Holder continuity
of A and @ := Q,,, and the ellipticity of A, we estimate

Jor (U, g, p) := / - (aij(mo) Oju dju + Q(xg)ll{u>0}> dx < Jou(u, zg, p)
By(zo

a;j(x) Oju dju dzx + CQMQP6Q / Q(z)Ly>0y do

+ CAMAP(SA /
BP(IO)

BP(xO)

< (1 + CT&)JOP(U7 zo, p)a

for some positive constant C' > 0. Analogously, we get the following estimate from below:

‘]OP(Uaanp) > (1 - CT&)JOP(Uax()ap)' (333>
Putting the two estimates together and using the almost-minimality of u, we get

~ 1+Crd
JOP 9 ) S PR

(1 + Clpgl)jop(vv Zo, p) + 01(1 + CT&)pQ—HSl'
Now, notice that by the choice of the function F,, we have the identity
(Va2 (x) = aij(z0) iu(Fry () Oju(Fyy(x)) for every € BMXI/Q.

Therefore, a change of coordinates and the estimate (3.3.3) give

/F_l(B o)) <|Va|2 + Q(:Uo)]l{ﬂ>0}) dx = det (A;01/2)jop(u, x0, p)
© p(Z0

0

§(1+cr5)/

) (!V@!Q + Q(wo)]l{wo}) dx + Cr?*?,
Fagl (By(20))

for some other positive constant C' > 0. Finally, since B, C F,.'(B,(z¢)) and @ = v outside B,
we can rearrange the terms of the above estimate to obtain

T30 (@,) < (L4 Cr0)J30 (0,7) + Or** 4 Crt J20 (, My r),

which gives (3.3.2) since @ is Lipschitz continuous with Lipschitz constant ||Vl e = M,i/2L.
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We next notice that we have the scaling
_ 1 _
T (1) = 5 J20 (@)
Thus, the almost-minimality inequality (3.3.2) translates in
J% (i1, 1) < (1 + Cr®)J% (5, 1) 4+ Cro. (3.3.4)

Let Cg > 0 be the constant from Theorem 3.2.2. Then, since @ is Lipschitz continuous, we have
/ |Vh,|* dz < CE/ (IVa,|* +u2) de < CoM,L?,
B B,

where Cj is a numerical constant and h,. is the competitor from Theorem 3.2.2. Taking h, as a
competitor in (3.3.4), we obtain

T2 1) < 22 1)+ O ([
By

S J(:)EPO(BTa 1) _|'_ 07’6 (C()MAL2 + MQ’Bl‘) + CT,57

[Vhe[2dz + Q(z0)| Bi] ) + Cr®

which concludes the proof, the case v, = Z, being analogous. O

An analogous result, with essentially the same proof holds in the two-phase case.

Lemma 3.3.3. Let L > 0. There are constants C > 0 and ro € (0,1) (depending only on
Cya, Co, My, My, 0a,0q,01,C2 and L) and § = min{d,,dq,d2} such that: if u € HY(By) is
a L-Lipschitz continuous function and a almost-minimizer of J,, in By, xo € By, N 08, and
= uo Fy,, then we have that for every r € (0,rg),

JE(a,7) < (14 Cr°)J% (o, r) + Crto, (3.3.5)
for every © € HY(B,.) such that i — v € H} (B,).

Moreover, there is a numerical constant Cy > 0 such that

Wi (2:) + Co(MAL? + Mg)Cr?,

We(@,) <" 5
Won(hy) + Co(MAL? + Mg)Cr?°,

or every r € (0,79), where 15 the constant from (3.3.5), ur(x) := ~u(rz), zr s the one
f 0 here C' is the fi 3.3.5 ! h

homogeneous extension of u, in By, h, is the competitor given by Theorem 3.2.3 and Ay =
Qi (z0), A2 = Q;,(z0) are as in (3.2.9).

Remark 3.3.4 (On the non-degeneracy). In [34] David and Toro proved that Lipschitz con-
tinuous almost-minimizers to the one-phase and the two-phase functionals for the Laplacian
are non-degenerate (see [34, Theorem 10.1]). Note that their definition of almost-minimizer is
slightly different from ours. However, their proof still holds in our case with small changes which
come from the additional term C7r%+° of our definition. It follows from Lemma 3.3.2 and Lemma
3.3.3 that if w is a almost-minimizer of the functional J,, (resp. w is a almost-minmizer of .J,,)
then u (resp. u4) is non-degenerate with respect to A in the sense of the following definition.

Definition 3.3.5 (Non-degeneracy). Let d > 2 and A : R — Sym:{ be a given function. We
say that the non-negative function u € H'(Bz) is non-degenerate (with respect to A), if there
are constants 7 > 0, ¢ € (0,1) and 79 > 0 such that, for every zp € By and r € (0,7¢), the
following implication holds:

/ uo Fy, dH < i = uoFyy =0 in  Bgr(xo),
0B,

where Fy(x) == x0 + Ai«/(f(:v)
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3.4 Blow-up sequences and blow-up limits

Let u € H'(By) be a Lipschitz continuous function. Let (z,,),>1 be a sequence of points in
B N 0Q, converging to some zg € By NJ§Y,, and (r,),>1 be an infinitesimal sequence in (0, 1).
Then, the sequence g, r, is uniformly Lipschitz in every compact subset of R2. Thus, up to
extracting a subsequence, there is a Lipschitz continuous function ug : R? — R such that

lim wuy,, r, = uo, (3.4.1)
n—0o0

where ., ;, is defined in (3.2.1) and the convergence is uniform on every compact subset of R?.

Definition 3.4.1. If (3.4.1) holds, we will say that ug, ,, is a blow up sequence (with fixed
center, if z,, = xg, for every n > 1). If the center is fixed, we will say that ug is a blow-up limit
at xo.

We summarize the main properties of the blow-up sequences and the blow-up limits in the
following two propositions. We notice that Proposition 3.4.2 below holds in every dimension
d > 2, while Proposition 3.4.3 is known to hold only for 2 < d < 4.

Proposition 3.4.2 (Convergence of the blow-up sequences). Let u € H'(By) be as in Theorem

3.1.1 or Theorem 3.1.5 and let u, = U, 5, be a blow-up sequence converging to some uy €
H! (R?). Then:

i) the sequence u,, converges to ug strongly in H} (R?);

i) the sequences of characteristic functions 1y, -0y and 1y, <oy converge strongly in L}OC(R2)
to the characteristic functions 1y, >0y and Ly, <oy, respectively.

Proposition 3.4.3 (Classification of the blow-up limits). Let u € H'(Bs) be as in Theorem
3.1.1 or Theorem 3.1.5. Let x¢g € 00, N By and ug € HZIOC(Rz) be a blow-up limit of u at .

(OP) Ifw is as in Theorem 3.1.1 and xg € 9, N Bfr, then ug s of the form
uo(x) = Qi{?(mo) max {0, x- A;OI/Q [1/]} ,  where v € 0Bj. (3.4.2)
(OP-¢) If u is as in Theorem 3.1.1 and xo € 0, N OH N By, then ug is of the form
uo(x) = pmax {0, T - A;01/2[1/]}, (3.4.3)
where p1 > Qi{?(xo) and v € 0By is such that A;OI/Q [V] is the (interior) normal to OH.
(TP) Ifu is as in Theorem 3.1.5 and xo € QT NOQ, N By, then ug is of the form
uo(z) = pg max {0,z - A;OI/Q[V]} + p—min {0, z - A;OI/Z[V]}, (3.4.4)
for some v € OBy and some py,u— > 0 such that
pr > Qh(xo) 42 > QL (wo) and pi —p? = Qf(x0) — Qr(wo)-

The proof of Proposition 3.4.2 follows by a standard variational argument that only uses the
almost-minimality of u; for more details, we refer to [2] (see also [77]). Proposition 3.4.3 follows
by the optimality of the blow-up limits and the Weiss’ monotonicity formula (Lemma 3.2.4).
We will need the following definition.

Definition 3.4.4 (Global solutions). Let u: R? — R, u € H. _(R?) be given.

(OP) We say that w is a global solution of the one-phase Bernoulli problem, if: « > 0 and, for
every ball B := Br(zg) C R?, we have

/ \Vu|?dz + Al{u > 0} N B] §/ \Vo|? dz + Al{v > 0} N B,
B B
for every v € H'(B) such that u — v € H}(B).

(3.4.5)
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(OP-c) We say that u is a global solution of the one-phase constrained Bernoulli problem in
the half-plane H, if u > 0 on H, v = 0 on R?\ H and (3.4.5) holds, for every ball
B := Bgr(z0) C R? and every v € H'(B) such that u — v € H}(B) and {v > 0} C H.

(TP) We say that u is a global solution of the two-phase Bernoulli problem if, for every ball
B := Bg(zo) C R?, we have

/B(|Vu|2+AlIl{u>0}+A21L{u<0}> dmg/B(]Vv|2+A1]l{U>O}+A21l{1,<0}> dz, (3.4.6)

for every v € HY(B) such that u —v € H}(B).

Lemma 3.4.5 (Optimality of the blow-up limits). Let u € H*(Bs) be as in Theorem 3.1.1
or Theorem 3.1.5 and let u, = ur, z, be a blow-up sequence converging to the blow-up limit
ug € H} (R?). Then, we have:

(OP) Ifwu is as in Theorem 3.1.1 and xg € Oy N B , then ug o A/ s a global solution of the
one-phase problem with A = Q,.(x).

(OP-c) Ifwu is as in Theorem 3.1.1 and x¢ € 0%, NOH N By, then, up to a rotation, ug o Aa/0 s a
global solution of the constrained one-phase problem with A = Q,.(x).

(TP) Ifu is as in Theorem 3.1.5 and xo € OQF NOQ, N By, then ug o A, / is a global solution
of the two-phase problem with Ay = Qj;(l'o) and Aoy = Q ().

Recall that the function @ = wo Fy,,, where Fy, is as in (3.3.1), is an almost-minimizer of the
functional J2° (Lemma 3.3.2). We then refer to Lemma 4.6 in |77] applied to @ for the proof of
Lemma 3.4.5. It is also worth mentioning that the strong convergence of the blow-up sequences
and the optimality of the blow-up limits are equivalent.

Lemma 3.4.6 (Homogeneity of the blow-up limits). Let u € H'(By) be as in Theorem 3.1.1 or
Theorem 3.1.5. Let xg € By N0, and let uy, ,, be a blow-up sequence converging to a blow-up
limit ug. Then, ug is one-homogeneous.

Proof. Assume that zo = 0 and set 4 = u o Fy,. Then

— —1 _
Ugor = Uy O Az0/2 , where up(x) =

We first notice that by Lemma 3.3.2, Lemma 3.2.4 and the Lipschitz continuity of u, we get
that the limit ©g := lim Wn(a,), O = oP, TP, exists and is finite. Now the strong convergence

of 4y, to ug = upo A / (Proposition 3.4.2) implies that, for every s > 0, we have

Op = hm Wa(u,) = lim Wn(a,,) = hm Wa(ty,s) = lim Wo((ar,)s) = Wa((to)s)-
In particular, s — Wg(uo, s) is constant. Now, since ug is a global solution (Lemma 3.4.5),
(3.2.5) and (3.2.10) imply that E((ug)s) = 0, for every s > 0. Thus we have - Viig = @p in R?
which implies that 4o (and thus, ug) is one-homogeneous. O

Proof of Proposition 3.4.3. We now notice that @y = ug oAglg/O2 : B1 — R is one-homogeneous
and harmonic on the cone By N {ug # 0}. Thus, the trace of @y on the sphere satisfies the
equation

—Agiip = (d—1)dg on St {ay # 0},

where in dimension two the spherical Laplacian Ag is simply the second derivative and d—1 = 1.
Thus, @ is of the form @p(#) = sin(f + 6p), 6 € S?, for some constant . This implies that
{tp # 0} is a union of intervals of length 7. In the one-phase case, since u is non-degenerate
(see Remark 3.3.4), this implies that @ is of the form (3.4.2), for some constant u(xg). Now,
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an internal variation argument (see [2|) implies that p(zg) = Q}f(azo), if 7o € HN By, and
w(zo) > Qi{)z(xo), if z9p € O0H N By. The two-phase case follows again by an internal variation
argument (see [3]). O

Finally, we prove a uniqueness result for the one- and two-phase (Theorem 3.1.1 and Theorem
3.1.5) blow-up limits. This is the only result of this section that cannot be immediately extended
to higher dimension. This is due to the fact that the epiperimetric inequality (Theorem 3.2.2
and Theorem 3.2.3) is known (for the moment) only in dimension two.

Proposition 3.4.7 (Uniqueness of the blow-up and rate of convergence of the blow-up se-
quences). Let u: By — R be as in Theorem 3.1.1 or Theorem 3.1.5. There are constants C > 0,
v >0 and rg > 0 such that the following claims do hold.

(OP) If u is as in Theorem 3.1.1, then for every xo € 08, N By, there is a unique blow-up
Uz, : R2 = R (of the form (3.4.2) or (3.4.3)) such that

[Uag,r — Uzl Loo(By) < Cr7 for every 1 € (0,1). (3.4.7)

(TP) Ifwu is as in Theorem 3.1.5, then for every xo € 02T NOSY, N By, there is a unique blow-up
Uy, : R?2 = R (of the form (3.4.4)) such that

|tUzg,r — UsollLoo(By) < O for every € (0,70). (3.4.8)

Proof. Let u be as in (OP) and zp € 99, N B;. We set & = uo F,, and u,(x) := ﬂ(:x), and

we notice that @, = ug,, o Aglc/(f. By Lemma 3.3.2 and Lemma 3.24, r — W,.(a,) + Cre is
monotone. On the other hand, the homogeneity of the blow-up limits, imply that

O, 1= lim W, (@) = ~Qu. (o).
r—0 2

Thus, by the epiperimetric inequality (Theorem 3.2.2), Lemma 3.3.2 and Lemma 3.2.5, we have
that there exists a one-homogeneous function ug such that, for » > 0 small enough,

@y — ol r208,) < CT7/2,
where v is the constant from Lemma 3.2.5. Integrating in r, we get that

%, — ol 25,y < Cr1/2.
N . _ 1/2 2. . .
ow, since U, = Uz, © A7, and A is invertible, we get
Huwoﬂ‘ - UUEOHLQ(Bl) < Crﬁmﬂa
where u,, = g o Aglc/oz. Finally, we notice that the Lipschitz continuity of v implies that there is

an universal bound on [[Vug, || oo ;) and [[Vug,|[zeo(p,)- Thus, we get (3.4.7) with v = yo/4.
The proof of (TP) is analogous. O

Remark 3.4.8. We notice that the above result does not hold at the one-phase points zg €
o0\ 09, of the solutions u of the two-phase problem (Theorem 3.1.5). This is due to the fact
that the positive part uy is not a solution of the one-phase problem in the balls B, (zg) that
have non-empty intersection with the negative phase Q. In fact, the blow-up limit u,, (of u at
x0) is still unique, but the decay estimate (3.4.7) holds only for r < Zdist(zo, Q).
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3.5 Regularity of the one-phase free boundaries. Proof of Theo-
rem 3.1.1

Let u € H'(Bs), u > 0, be as in Theorem 3.1.1. By Proposition 3.4.7 we have that, for every
xo € 0¥, N By, there is a unique blow-up limit of u at xg. We denote it by

Uz () = pi(0) max{0, ve, - },

where v, is of the form A;/(f [v], for some v € OBy; and p(zo) satisfies the inequalities
Qor(w0) < pi*(z0) < MAL?,
where L is the Lipschitz constant of u. We also notice that
u(zo) = Q2(xy) whenever zy € A, N By

Moreover, for every point xg € 92, N By, we define the half-plane

Hyy:={x €R? : 21, > 0}.
We first prove the following:

Lemma 3.5.1. Let u be as in Theorem 3.1.1. There are constants C > 0, v > 0 and g > 0
such that, for every xg € 0, N By, we have

Quor NB1D{x €By : -1 >Cr"} and QpyrN{z € By : x-vy < —Cr’} =0, (3.5.1)
for every r € (0,19), where Qg r = {ugy,r > 0}.

Proof. The first part of (3.5.1) follows by the uniform convergence of the blow-up sequence g, ,
(Proposition 3.4.7, equation (3.4.7)) and the form of the blow-up limit uz,. The second part of
(3.5.1) follows again by (3.4.7), the fact that u,, = 0 on B; \ H,, and by the non-degeneracy of
u, which can be written as

If ugr(yo) >0, then ||lugyrllzeo(B,(yo)) = Cs, forevery se€(0,1),
for some C' > 0. O

Lemma 3.5.2. Let u be as in Theorem 3.1.1. There are constants R, € (0,1) and C > 0 such
that, for every xo,yo € 0, N Br, we have

Voo = vyol < Clzo —gol*  and  |pu(xo) — u(yo)| < Clazo — yol™. (3.5.2)

Proof. Let v € (0,1) be the exponent from Proposition 3.4.7 and let o := ﬁ Let xg,yo €
BrNoQ,, where we choose R such that (2R)'~® < rq, where 7q is the constant from Proposition
3.4.7. We set r := |zg — yo|'~®. Recall that u is Lipschitz continuous and set L = ||Vu|re.

Then, for every x € By, we have

|930 —yo|

= Llxo — yo|“.
.

1
[tz r (2) = ttyo,r (2)| = —Ju(zo +r2) —uyo +r2)| < L
and then, by an integration on Bi, we get
[|tg,r — uyo,T”LQ(Bl) < ‘31’1/211’370 — 4ol

On the other hand, by the choice of R, we have that r» < ry; applying Proposition 3.4.7, we get

[0, = tao | L2(5y) < CT7 and [ttyo,r — tgollL2(5,) < Cr7.
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Thus, by the triangular inequality and the fact that 7 = |xg — yo|®, we obtain
2y — tgo |l r2(my) < (|B1]2L + 2C)|z0 — yo| . (3.5.3)

The conclusion now follows by a general argument. Indeed, for any pair of vectors vy, vy € R?,
we have

1 — vg = (i/& |v1-x—v2-x|2dx>1/2
S(A;Km~@+—(@'@+FM>Va+<¢;Km'@——(www4%h>w (35.4)

=2<4J@r@+—@T$MFW>W~

Applying the above estimate to vi = p(xg)vy, and va = p(yo)vy,, and using (3.5.3), we get
(3.5.2). 0

Proof of Theorem 3.1.1. We first claim that, for every € > 0, there exists p > 0 such that,
for zog € 0§20, N B, we have

u>0 on Ct(xg,e) N By(xp) and u=0 on C (xg,e) N B,(xog), (3.5.5)

where
C*(0,¢) := {x € R?\ {0} : 2uy, - (v — w0) > elz — 20|} -

Indeed, the flatness estimate (3.5.1) implies (3.5.5) by taking p such that C'p? < e, where C' and
~ are the constants from Lemma 3.5.1.

We now fix xg € By N 9Q,. Without loss of generality we can suppose that g = 0 and
Hy, = {(s,t) € R? : t > 0}. Now, let € € (0,1) and p > 0 as in (3.5.5) and set § = pv/1 — &2.
By (3.5.5) we have for every s € (=4, 0)

o the set ST := {t € (—0,9) : u(s,t) > 0} contains the interval (pe, d);

o the set S§ := {t € (—0,9) : u(s,t) = 0} contains the interval (=4, —pe).

This implies that the function

g(s) := max{t € R: u(s,t) > 0}
is well defined and such that
SQsNQu={(s,) €SQs : gls) <t} and  SQs\ 2 ={(s,t) € SQs : g(s) = £},

where SQs = (—0,0) x (—6,6). Now, the flatness condition (3.5.1) implies that g is differentiable
on (—0,0). Furthermore, since v is Holder continuous, we deduce that ¢ is a function of class
C1@. This concludes the proof. O

3.6 Regularity of the two-phase free boundaries. Proof of Theo-
rem 3.1.5

Let u be as in Theorem 3.1.5. Then, by Proposition 3.4.7, at every point xg € 9, N B
there is a unique blow-up limit u;, given by

Ugy (T) = py (20) max{0,x - vy, }, if 2z € Ty := (0Q\OQ, ) N By;

Ugy (T) = p—(w0) min{0, 2 - vy, }, if 2o € T := (09, \0Q)) N By;
Ugo (7) = py (20) max{0,x - vgy } + p—(z0) min{0, x - vy, }, if 29 € Ty := QT N O, N By,
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where v,, € R? is of the form A;()l/z[u], for some v € 0By, and py(xg) and p—_(xg) are positive
and such that QF(zo) < pd(zo) < MAL?, where L = || Vul[g00(p,) is the Lipschitz constant of
u, and

pi(z0) = Qi (o), if mg €'y
Mi(xo) - /1’2—('%0) = Q—::(xo) - Q;<$0)7 if To € FTP'
Notice that Corollary 3.1.3 already implies that the one-phase free boundaries I'; and T'_

are C1 regular. Thus, it remains to prove that 9Q; and 02, are smooth in a neighborhood
of I'yp.

Lemma 3.6.1 (Flatness of the free boundary at the two-phase points). Let u be as in Theorem
3.1.5. There are constants C > 0, v > 0 and ro > 0 such that, for every xg € O'y,, we have

Qf ,NBID{z€B1: w1y >Cr'} and Qp ,NB1D{zx€Bi: x 1y <—-Cr'}, (3.6.1)

zo,r

for every v € (0,70), where Qf . := {ug,, > 0} and Q. = {uzr < 0}.

Proof. Both the inclusions of (3.6.1) follow by the uniform convergence of w,, (Proposition
3.4.7, equation (3.4.8)) to the blow-up limit wug,. O

Lemma 3.6.2. Let u be as in Theorem 3.1.5. There are constants R, € (0,1) and C > 0 such
that, for every xg,yo € Oy, N Br, we have

[Vzo — vyo| < Clao —yol®  and  |ps(zo) — pa(yo)| < Clzo — yol* (3.6.2)

Proof. The proof follows step by step the one of Lemma 3.5.2. O
Reasoning as in the one-phase case, and using Lemma 3.6.1 and Lemma 3.6.2, one can prove
that the two-phase free boundary I',, is contained in a C® curve. Unfortunately, this result by

itself is not sufficient to deduce that 95 are smooth. We now prove that the function u (resp.
u_) is a solution of the one-phase free boundary problem

—div(AVuy) = f+ in QF, |Ai/02Vu+|(mg) = py(zo) forevery mp€ I (3.6.3)

where the boundary equation is understood in a classical sense. This is an immediate conse-
quence of the following lemma which states that u, is differentiable in Q;f up to the boundary.

Lemma 3.6.3 (Differentiability at points of the free boundary). Let u be as in Theorem 3.1.5.
We consider two cases.

(OP). For every xo € (4 \ 09,) N By, uy is differentiable at xo and there is r(zg) > 0 such
that

’u+(m) — pg (o) (x — x0) - on{ < Clz — zo|'T for every T € By(yy)(z0) N Q.

(TP). There exists a universal constant ro > 0 such that, for every xo € 9Q N OQ, N By, the
function uy s differentiable in By,(zo) N and

|[ug () = pg(w0) (x — @0) - V| < Cla — o for every T € By(20) NQS.  (3.6.4)
In particular, for every xo € O N By, we have Vuy(z0) = pg(20)Vay -

Proof. The two cases are analogous. We will prove (TP). By Proposition 3.4.7, for every r < rq,
we have
| masc{0, .} — maf0, e Y oe () < it — g ey < O

Thus, using the flatness of the free boundary (Lemma 3.6.1), we get for every x € BiN{uy,,» > 0}

| max{0, ugq,r(2)} — p14(20)T - Vo | < | max{0, uag » ()} — max{0, ug, ()} |
+ pt-(w0) | min{0, z - I/:EO}‘ < Crl.

Now, taking r = |z — z¢| and rescaling the above inequality, we obtain (3.6.4) O
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We notice that at the two-phase free boundary point the estimate (3.6.4) holds in a ball
whose radius does not depend on the point. Moreover, on the two-phase free boundary the
gradient has a universal modulus of continuity (see Lemma 3.6.2). This concludes the proof of
Proposition 3.1.8.

We next show that u is continuous on 9.
Lemma 3.6.4. The function py : 9QF — R is continuous.

Proof. We start noticing that:
e on the set 9\ 99Q;,, we have puy = Qf, where we set Q4 = Q7.
o for every y1,y2 € 90 NON,, we have |uy (y1) — pa(y2)| < Clyr — yo|“.

Thus, it is sufficient to prove that if (x,,),>1 is a sequence of one-phase points, z,, € 9Q} \ 9,

converging to a two-phase point yo € Q. NN, , then u (yo) = sz(yo). Up to a linear change
of coordinates we may suppose that A, = Id.
Denote by y,, the projection of z,, on the closed set 97 NN, and let r,, := |z, — yn|. Since

u is Lipschitz continuous, up to a subsequence, u,, := u;rn -, converges locally uniformly to some
bl

function us. The absence of two-phase points in By, (z,,) implies that w,, is a solution of
—div(A,Vu,) =rpfn in {u, >0} N By, [Vu,| =¢, on 0{u, >0}NDBy,

where A, () := A(zp +rnx), fu(z) == fr(zn+rpz) and gy (z) = Qf(wn—i—rnxﬂu{pnwwh where

we recall that vy, 4, , is of the form A;/: 4P}, for some U € 0B;. Passing to the limit as

n — 00, we obtain that us is a viscosity solution to
. 1
A =0 in {teo >0} By,  [Vieol = QL (W0) | on 0{us >0} N By .

On the other hand, for every £ € B, we have

Uy (€) = Uy o (€ + &), Where &, =" c B,

Tn

and, up to a subsequence, we can assume that &, converges to some &, € dBj. Since y, €
o0t NoQ,,, Lemma 3.6.3 implies that, for every z € By, (y,) N {u > 0}, we have

[u(z) — - (yn) max{0, (x — yn) - vy, }| < Clz — yu| 77 < Cry*7.
After rescaling, this gives

}uyn,,nn (&4 &) — iy (yn) max{0, (£ + &) - l/yn}‘ < Cr) forevery &€ ByN{ug,r, >0}

Moreover, by the continuity of py on QN OQ,, , we have that, for every £ € By,

lim {M-i—(yn) maX{O, (f + gn) : Vyn} - N+(y0) max{O, (§ + foo) : ’/yo}‘ =0.

n—oo

Therefore, it follows that g, r, (§) = Uy, r, (€ + &n) converges to

Uso (&) = pg-(yo) max {0, (£ + &c) - vy, }  for every € € By.

Next we claim that £ -1, = 0. Indeed, if {oo - vz, > 0, then us(0) > 0 which is in contradiction
with the uniform convergence of u,; on the other hand, if { - €z, < 0, then us, = 0 in a
neighborhood of zero, which is in contradiction with the non-degeneracy of u,. Thus, we get

Uoo(§) = pt(yo) max {0,€ - vy} for every & € By.

Now since |Vuoo| = p+(y0), we get that py (yo) = Q:_/Q(yo). O
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In the next lemma we establish the Holder continuity of puy.
Lemma 3.6.5. The function py : 9QF — R is Holder continuous.

Proof. 1t is sufficient to show that p4 is Hoélder continuous in a neighborhood of every two-
phase point. Let xog € 0Q; N 9Q,, . Without loss of generality, we can assume that zop = 0 and
Vzo = (0,1). For every z = (s,t) € R% we denote by SQs() the square (s—§, s+8) x (t—39,t+9).
By Lemma 3.6.1, for every € > 0, there exists dg > 0 such that the following flatness condition
holds:

For every two-phase point z = (x1,x2) € 9} NIQ,, in the strip (—dg, dp) x (—&do,edp) and
every § < §p we have:

{ (21— 6,21 + 6) x (z2 — 6, 39 — €6) C Q7 N SQs(x),

3.6.5
($1—5,33'1+(5) X (:L'2+€5,:C2+5) CQ;{QSQ(;(.%). ( )

Notice that the flatness condition (3.6.5) implies that for every two-phase point x = (x1,22) €
o N o Q and every y = (y1,y2) € 982, both lying in the strip (—dp,dg) X (—&do,edp), we
have

71 —y1| < |z —yl = V(21— )2+ (32 — 12)2 < V1+e2|xg —yil. (3.6.6)

Next, for every t € (—dp, dg) we define the vertical sections
St = {(x1,12) € SQs,(0) : 1 = t}, St = ns, St =0, NS

Let U,, be the set of points ¢t € (—dp, dp) such that there is a two-phase point € SQs,(0) lying
on the section S'. It is immediate to check that U, is a closed subset of (—dp, dg) and that, due
to the flatness condition (3.6.5), for every t € U,,, there is at most one two-phase point on the
section St. We will denote this point by .
Let now z,y € 907 N.SQs,(0). We have three possibilities:
(i) z € 9 NOQ, and y € I NN, ;
(i) x € 9QF \ 9, and y € 9N\ 99y ;
(iii) = € 99 \ 99, and y € 9QF N OO, .

In each of this cases we will show that

() — iy ()] < Cla — o, (3.6.7)
We set Q4+ := Q7. In the case (i), (3.6.7) follows directly by Lemma 3.6.2. In the case (ii), we

have that py(x) = Qf(x) and p(y) = Qj_z(y), so (3.6.7) follows by the Holder continuity of
Q. It remains to prove (3.6.7) in the case (iii). Let z = (z1,22), ¥y = (y1,y2) and, without loss
of generality, suppose that z; < y;. Let the open interval (a,t) be the connected component of
(—00,00) \ Uy, containing 1. Then, we have that ¢t € U,, and t < y1. Let z' = (t,2%) be the
two-phase point lying in the section S'. Then, by construction of x!, there exists (at least) one
point xs € S*NTT for every s € (x1,t). Moreover, since ! is a two-phase point, by the flatness
condition (3.6.5) we have that u(t,s) > 0 for every s > x} and u(t,s) < 0 for every s < zb.

Therefore, the sequence of one-phase point x5 converges as s — t to ' and so, p (2!) = :{2 (xt).
Thus, using (i), the Holder continuity of Q4 and (3.6.6), we have

() = py ()] < pg (@) = pg ()| + g (27) — pg ()]

= QY (@) — QL (@) + |y (") — py(v)]
< Clz — 2%+ Clat — y|*

< C<m>a (t—z1) + (y1 — 1))
< 20(\/1 + sQ)a (y1 —21)* < 20(\/1+7€2>a |z —y|%,

which concludes the proof. O
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Theorem 3.1.5 is now a consequence of (3.6.3), the Lemma 3.6.4 and a general result (Theo-
rem 3.A.1) on the regularity of the one-phase flat free boundaries, which is due to De Silva (see
[36]). In the appendix we state Theorem 3.A.1 in its full generality, for viscosity solutions of the
problem (3.6.3), but in our case the function wu is a classical solution, differentiable everywhere
on Q.

3.7 Proof of Theorem 3.1.11

3.7.1 Preliminary results

In this subsection, we briefly recall the known results on the problem (3.1.10). The existence
of a solution of (3.1.10) in the class of the almost-open subsets of D can be proved by a general
variational argument (we refer to [19] and to the book [13]| for more details). In the context of
open sets, the existence of an optimal n-uple was proved in [7].

From now on, (Q4,...,%,) will be a solution of (3.1.10) and u; : R = R, for i = 1,...,n,
will denote the first normalized eigenfunction of the Dirichlet Laplacian on €2;, that is,

—AuZ:)\l(QZ)uZ in QZ‘, 'LLZZO on RQ\QZ‘, /ufdle,
Q;

where, for every i =1,...,n,

Jao, |Vul? dx B Jo, |Vu;|? do

M) =

n =
weHYQ\0}  Jq, u? da Jo, ui dx

where H} () = {u € H'(R?) : uw=0on R?\ Q;}. In particular, u; > 0 on R? and Q; = {u; >
0}.

Lipschitz continuity. The functions u; : R> — R are Lipschitz continuous on R?, that is, there is

a universal constant L > 0 such that ||[Vu;||peor2) < L, for every i = 1,...,n. We refer to [19]
for the general case and to [7] for a simplified version in dimension two.

Non-degeneracy. There is a constant Cy > 0 such that, for every ¢ = 1,...,n, we have
/ u; dH* > Cor? for every 29 € 0Q; and r € (0,1).
dBr

Again, we refer to [19] and [7].
Absence of triple points. For every 1 <i < j < k < n, we have that 9Q; N 9Q; N Oy, = 0 (see

[19] and [89], and also [7] for a more direct proof in dimension two).

Absence of two-phase points on the boundary of the box. For every 1 <i < j < n, we have that
9Q; N0 NID =0 (see [7]).

As a consequence of the above properties, we have that, for every ¢ € {1,...,n}, the boundary
0€); can be decomposed as follows:

0Q; = | J(09; N 0%) U (99 N 9D) U T, (),
ki
where I',.(£2;) is the one-phase free boundary of €;, determined by:

zo € I, (€2) < there exists r > 0 such that B, (z9) N ((]R2 \D)uU U Qk> =0.
ki
We notice that already using the the regularity result of Briangon and Lamboley [11], the one-
phase free boundary (lying inside the open set D) is locally a C%* curve. Thus, in order to prove
Theorem 3.1.11, it will be sufficient to show that 9€; is C® in a neighborhood of the points of
082 N 9D (Subsection 3.7.2) and 9€; N 082, (Subsection 3.7.3).
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3.7.2 One-phase points at the boundary of the box

Let 1 < i < nand xg € 9D N IK;. Then, there is a neighborhood U of zg such that
UNQ; =0, for every j # i. For the sake of simplicity, in this subsection, we will set

Q=Q;, u=w;, z0=0 and D=QU(DNU).

It is well known that the eigenvalues of the Dirichlet Laplacian have the following variational
characterization:

)\1((2):/Q\Vu|2d:v:min{/g|Vv|2d:z:vEH&(Q),/QU2d:c:1}.

Moreover, {u > 0} = Q and u is a solution of the following minimization problem:

min {/ (Vo2 dz + Al{v > 0}| : v € HY(D), / v? de = 1} . (3.7.1)
D D
We will show that the solution w of (3.7.1) is an almost-minimizer of the one-phase functional

Joe. A result in the same spirit was proved in a more general case in |77, Proposition 2.1].

Lemma 3.7.1 (Almost-minimality of the eigenfunction). Let u: R — R be a Lipschitz contin-
uous function, L = ||Vu||re be the Lipschitz constant of u and A\ () = / |Vul*dz. If u is a
D

solution of the minimization problem (3.7.1), then there exists ro > 0 such that u satisfies the
following almost-minimality condition:

For every r € (0,79) and x¢ € 0,,

/ \Vu|2dx—|—A]QuﬂBr(a:0)] < (1 +Clrd+2) / |Vv|2 dx + A2, N By (xo)] + Cyrdt?,
By (zo) Br(z0)

for every v € HY(D) such that w=v on D\ By (z0), where Cy = 2L? and Cy = X\ (Qy,)2L2.

Proof. Let g € Qy, 7 > 0 and v € H}(D) be such that u = v on D\ B,(z0). Then, define the
renormalization w = ||v|\;21v € H}(D) and notice that we have

—1 —1
/ \Vw|* do = (/ v2dx> / Vo2 dx < (1—/ u2da:> / IVo|? da
D D D Br (o) D
1 2 2 d+2/ 2
< < (1+2L
< 1—L27~d+2/D’V”’ dx < ( + r ) D\VU\ dz,

where for the last inequality, we choose g such that 2L2rg+2 < 1 and we use the inequality

T % < 142X, for every X < 1/2, with X = L?r%2 Now use w as a test function in (3.7.1)
to get that

/ Va2 de + Al{u > 0}] < (1 + 2L%4+2) / Vol2de+ A{o > 0},  (3.72)
D D

from which the claim easily follows since /

Vol do = / |Vul>de < M\ (Q,). O
D\Br(z0) D\ B, (z0)

We now notice that the C? regularity of D implies that there is a constant § > 0 and a
function ¢ : (—9,d) — R such that

DN SQs = {(x1,22) € SQs : g(1) < 22},
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where SQs = (—6,5) x (—=9,9). Moreover, up to a rotation of the plane, we can assume that
g (0) = 0. Let ¢ : SQs C R? — R? be the function that straightens out the boundary of D and
let ¢ =1 :(SQs) C R? — R? be its inverse:

(21, 22) = (21,22 — g(21)),  B(21,22) = (21,22 + g(21)).

We define the matrix-valued function 4 = (a;;)i; : SQs — M*(R) by

_ (au(z) a(x)) _ 1 —g'(z1) _
Ay = <a21($) agg(m’)) = (—g'(ﬂn) - (g’(:ﬁ1))2> for every x = (z1,22) € SQs.

We recall that H = {(z1,72) € R?: 29 > 0}. By an elementary change of coordinates, we obtain
the following result.

Lemma 3.7.2. Let u and A be as above. There exist constants C1,Coy > 0 and r¢g > 0 such that
Bay, C Y(SQs) and the function @ := wu o ¢ satisfies the following almost-minimality condition:

o [or every xo € 004 N By, and r € (0,ry) we have

ou 0u
a; dx + A|Qi N By (x
[ ) g g da N0 ByGeo)

§(1+C'1rd+2)/ aj(w )ﬁﬁdﬂf\lQ N By(x0)| + Car®™?,
BT(:DO) al‘l 8

for every © € H*(Bay,) such that @ =19 on Bay, \ By(z0) and Q; C H.

Proof. Let mg € By, 7 € (0,79) and ¥ such that @ = ¥ on Bay, \ By (o). Then, use v € Hj(D)
defined by v = @0 in ¢ ~}(Ba,,) and v = u otherwise, as a test function in Lemma 3.7.1 to get

/ |Vu|2d:c—|—A|QuﬂBc¢T(yo)| < (1—|—Clrd+2)/ |VU|2dl’—l—A|QvﬂBc¢r(y0)|—|—C7“d+2,
Bc¢r(y0) BC¢7”(y0)

where ¢ is a positive constant depending only on ¢ such that ¢(B,(20)) C Be,r(y0) and yo =
¢(zp). Now, with a change of coordinates and noticing that v = v on ¢(B,(zg)) we have

ou i
| e o A2 0 B, (1)) = [ 9P dn Al 0 6B ()
B (z0) (5, @o)
< (1+C1rit?) / (Vo2 dx + A|Q, N ¢(By(x0))] + Cordt?
o5, )

_(1+clrd+2)/ 00 0% 14 Ay O By(w0)| + Cor2,

a;
Br(ﬂco) ( ) E)xz 8.%]

where Cy = A\ (£2,)C1 + C. This concludes the proof. O

Proof of Theorem 3.1.11 (the one-phase boundary points). We are now in position to conclude
the regularity of the free boundary 0€); in a neighborhood of any one-phase boundary point
zg € 9Q; N OD. Indeed, we may assume that g = 0 and that 9D is the graph of a function g.
Reasoning as above, we have that @;(z1,x2) = u;(z1, 22 + g(x1)) satisfies the almost-minimality
condition from Lemma 3.7.2 in a neighborhood of the origin. On the other hand, it is immediate
to check that @ is still Lipschitz continuous. Thus, we can apply Theorem 3.1.1 obtaining that,
in a neighborhood of zero, 9€); is the graph of a C* function. O
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3.7.3 Two-phase points

Let ©; and Q; be two different sets from the optimal n-uple (21, ..., ), solution of (3.1.10).
Let u; and u; be the first normalized eigenfunctions, respectively on €2; and €2;. Finally, let
xo € 09Q; N IQ;. We know that there is a neighborhood U C D of g such that U N Qy, = 0, for
every k ¢ {i,j}. Setting D := Q; UQ; UU, we get that the function u := u; — u; is the solution
of the two-phase problem

min{/D|Vv|2dx—|—qi|Qj|+qj|Q;| . v e HY(D), /Dvidw:/szd$:1}. (3.7.3)

We next show that the solutions of (3.7.3) satisfy a almost-minimality condition.

Lemma 3.7.3. Let D C R?%, u € H&(D) be a Lipschitz continuous function on R® and L its
Lipschitz constant. Suppose that u is a solution of the minimization problem (3.7.3). Then,
there is some ro > 0 such that u satisfies the following almost-minimality condition.:

For every r € (0,79) and z¢ € 0,

/ Vul? di + gl O By ()] + ;192 1 Br(z)]
By (xo

< (1 + C’lrd+2) / ]Vv|2 dzr + qZ|Qv+ N By (x0)| + 4|9, N By(xo)| + C’grd+2,
Br(z0)

for every v € H}(D) such that u — v € Hg(B,(x)), where Cy = 2L? and Cy = Cl/ \Vul|? dz.
D
Proof. Follows precisely as in Lemma 3.7.1. O

We are now in position to complete the proof of Theorem 3.1.11.

Proof of Theorem 3.1.11 (the two-phase free boundary). We only need to notice that in a neigh-
borhood of any two-phase point z¢ N 9€; N 9€2; N D, Lemma 3.7.3 implies that « is a almost-
minimizer of J.,, where the matrix A is the identity, Q4+ = ¢; and Q_ = g;. Thus, it is sufficient
to apply Theorem 3.1.5. [

Appendix A: The flat one-phase free boundaries are C'®

In this section we discuss a regularity theorem for viscosity solutions of the one-phase problem
(without constraint). We fix the real-valued function f : Bs — R and the matrix-valued A :
By — Sym;r to be as follows:

e f: By — R is bounded and continuous;

e A: By — Sym;r is coercive, bounded and has C'-regular coefficients.

Before we state the result, we recall that a Lipschitz continuous nonnegative function w :
R? > B; — R is a viscosity solution to

—div(AVu) = f in Q,N By, ’AI/Q[VUH =g on 0Q,NBy, (3.A.1)

if the first equation holds in the open set €2, and if, for every zo € 99, and every o € C>(R?)
touching u o F, from above (below) at zero, we have that |V[(0) > g(zo) (resp. |V|(0) <
g(x0)). Recall that touching from above (below) means that ¢(0) = 0 and ¢ > wo Fy, (resp.
¢ <wo Fy)) in Q, N B;. Moreover, we suppose that g is Holder continuous and that there are
constants 1y, > 0, Cy > 0 and ¢4 > 0 such that

{\g(m)—g(ynscg:c—yr% for every @,y € 8, N By,

(3.A.2)
ng < g(x) for every x € 08, N Bi.

The following result follows immediately from the results proved in [36].
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Theorem 3.A.1 (Flat free boundaries are C%%). Suppose that u : By — R is a viscosity solution
of (3.A.1) and that g : 99, — R satisfies (3.A.2). Then, there exist € > 0 and p > 0 such that
if xg € 082, N By and u is such that

g(zo) max{0,z - v —ep} <wo Fy (x) < g(xo) max{0,z-v+ep} forevery x € B,,
then 09, is C1 in B,y (o).

Remark 3.A.2. Notice that since in dimension two all the blow-up limits of uy (given by
Theorem 3.1.5) are half-plane solutions (Proposition 3.4.3), we have that the flatness assumption
of the above Theorem is satisfied at every point of the free boundary 9. We also notice that,
in our case, we have g = p4, which is Holder continuous by Lemma 3.6.4.

Definition 3.A.3 (Flatness). Let u : By — R be continuous, v > 0 and u € H'(B;). We

say that u is (e,v)-flat, if there are a matrix-valued A = (a;j);; : Bi — Sym] with Holder
continuous coeflicients, and a continuous f : By — R such that:

— Z Q45 aiju =f in Q,NDB; (3.A.3)
1,J
[ fllzoe(Byy <€ and  |laij — dijll oo (By) < e? forevery 1<i,j<d; (3.A.4)
1-e2<|Vu| <1+¢* on 99Q,NBy; (3.A.5)
max{0,z-v —¢} <wu(r) <max{0,x-v+¢c} forevery z € Bj. (3.A.6)

Remark 3.A.4. The condition (3.A.5) is intended in a viscosity sense, that is, for any ¢ €
C*°(By), we have:
o if p(x9) = u(xg) for some zg € O, N By and ¢t > u in Q, N By, then |V (zo)| > 1 — €%
o if p(z0) = u(xg) for some xo € IQ, N By and ¢ < u in Q, N By, then |V (zo)] < 14 £2.
In order to prove Theorem 3.A.1 one has to show that the flatness improves at lower scales,
that is, if w is (g,v)-flat, then a rescaling u, of w is (¢/2,/)-flat for some v/, which is close to

v. Of course, the essential (and hardest) part of the proof is to show the improvement of the
geometric flatness (3.A.6). This was proved by De Silva in [36, Lemma 4.1].

Lemma 3.A.5 (Improvement of the geometric flatness). There are universal constants C > 0,
ro > 0 and g9 > 0 such that if u is e-flat in the direction v, for some ¢ € (0,e0) and v € OBy,
then, for every r € (0,1q) there is some V' € OBy such that |v — V| < Ce? and

max {O,x V- %} < up(z) < max {O,x V4 %} for every x € By,

where u, : By — R is the one-homogeneous rescaling u,(x) = u(:x),
Proof of Theorem 3.A.1. We will first prove that the flatness condition (3.A.3)-(3.A.6) im-
proves at smaller scales. We fix zg € 92, N By and we consider the function o = @u o Iy,

(recall that Fy,(z) = xo + A;/OQ []). Let € and ro be the constants from Lemma 3.A.5. We will
prove that there is r1 < rg such that: if @ is (¢, v)-flat, then for every r < r1, 4, is (¢/2,v')-flat, for
V' given again by Lemma 3.A.5. It is sufficient that the conditions (3.A.3), (3.A.4) and (3.A.5)
are satisfied for @, with the flatness parameter /2. We notice that @ is a viscosity solution of

—div(AVa) =f in Qz  |[A?[VE]|=§ on 09 (3.A.7)
~ _1 _1 ~ 1 ~ 1 ~1 1 _1
where A, = Ay " Ap, ) As,", [ = g(mo)f © Fay, § = (o) Fy, and A = AF/fO(m) 0 Ay,
a(rz)

Notice that 0 € 994 and set u,(z) :=

solution of

—div(4,Vi,) = f, in QzNB, | A2 [Vi,]| =g on 094N By, (3.A.8)

. Thus, for small enough r > 0, @, is a viscosity
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where A, (2) 1= A(ra), fo(w) = rf(re), g, (x) = §(ra) and A)(@) =AY o A",

We set a;;(x) to be the coefficients of A,(z) and b" to be the vector with coefficients
b = Z Oja;;(z). Then, (3.A.8) can be equivalently written as

=Y ap oyt =0 Vi + fr in QzNB1,  |AP[ViE]|=§ on 0Q:NBi, (3.A.9)

1,J

Now, if @ is (e, v)-flat, then the Holder continuity of the coefficients a;; and the boundedness
of f imply that (3.A.4) holds with ¢/ and 4, for any r < 7, where 1 < rp, is a universal
constant depending on the Holder norm of a;;. Now, in order to get (3.A.5) for ¢/2 and @,, we
suppose that ¢ € C°°(Bj) touches 4, from below at a point yo € By N d{w, > 0}. Thus, we
have that (Es (r40))

1/2 1 g\ L2 \TYo
A2y Az Vo)) < L2000

and so, if || - || = || - [| ;(ra) stands for the space of d x d matrices, we have

9(Fuo (190))
9(Fre(0))

Now, by the Hoélder continuity (and the uniform boundedness from below) of g, we can choose
r1 such that

1/2 —1/2
Veolwo)| < || A4k 0 A7)

o(Fuy(r) _ |
(Fr(0)) = T 10

On the other hand, there are universal constants C' and § > 0, depending only on the Hdélder
exponent d4 and the norm C}y, of the matrix-valued function A, such that

HAl/z A—1/2 —Id“ < HA;/OQ _ Al/z

Fag(ryo) Fq (Ty0) ' HA_1/2 H < C|Ty0|5 < Crl

Fry(Tyo)

Choosing r1 such that C’r6 < 52 and using the triangular inequality, we get

9(Fro (r0)) 2\ 2
92 0)) §(1+u0 S1HEA)

which completes the proof of the improvement of flatness for 4, the case when ¢ touches from
above being analogous. Now, the claim follows by a standard argument, similar to the one we
used in Section 3.5. 0

—1
Vool < |42 0 A7)




Chapter 4

Lipschitz continuity of the
eigenfunctions on optimal sets for
functionals with variable coefficients

This chapter is based on [87].

Abstract

This paper is dedicated to the spectral optimization problem
min {1 (Q) + -+ A (Q) + A|Q] : Q C D quasi-open}

where D C R? is a bounded open set and 0 < A;(Q) < -+ < A\ () are the first k eigenval-
ues on 2 of an operator in divergence form with Dirichlet boundary condition and Holder
continuous coefficients. We prove that the first k eigenfunctions on an optimal set for this
problem are locally Lipschtiz continuous in D and, as a consequence, that the optimal sets
are open sets. We also prove the Lipschitz continuity of vector-valued functions that are
almost-minimizers of a two-phase functional with variable coefficients.

4.1 Introduction and main results

Let D be a bounded open subset of R and A be a positive constant. We consider the spectral
optimization problem

min {A(Q) + - + X\ (Q) + A|Q| : Q C D quasi-open} (4.1.1)

where 0 < A1(€2) < -+ < A\(£2) denote the first &k eigenvalues, counted with the due multiplicity,
of the operator in divergence form —b(z)~'div (4,V-). This means that for every X;(£2) there is
an eigenfunction u; € Hg () such that

{ —div(AVu;) = Xi(Q) bu;  in Q (4.1.2)

u; =0 on 0f).

The aim of the present paper is twofold. From one side, we prove a Lipschitz regularity
result for vector-valued functions which are almost-minimizers of a two-phase functional with
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variable coefficients (Theorem 4.1.2). On the other hand, we show that if 2* is an optimal set
for (4.1.1), then the vector U = (u1,...,uy) of the first k eigenfunctions on 2* satisfies the
almost-minimality condition of Theorem 4.1.2, and hence that the eigenfunctions w1, ..., ux are
Lipschitz continuous.

We first state our Lipschitz regularity result for eigenfunctions on optimal sets for (4.1.1).

Theorem 4.1.1. Let D C R? be a bounded open set and let A > 0. Let A : D — Symj
be a matriz valued function satisfying (4.1.5) and (4.1.6) and let b € L*(D) be a function
satisfying (4.1.7) (see below). Then the spectral optimization problem (4.1.1) admits a solution
Q*. Moreover, the first k eigenfunctions on any optimal set * are locally Lipschitz continuous
in D. As a consequence, every optimal set for (4.1.1) is an open set.

In [10], Briancon, Hayouni and Pierre proved the Lipschitz continuity of the first eigenfunc-
tion on an optimal set which minimizes the first eigenvalue of the Dirichlet Laplacian among all
sets of prescribed volume included in a box. Their proof, which is inspired by the pioneering
work of Alt and Caffarelli in 2] on the regularity for a free boundary problem, relies on the
fact that the first eigenfunction is the minimum of a variational problem. For spectral opti-
mization problems involving higher eigenvalues, the study of the regularity of the optimal sets
and the corresponding eigenfunctions is more involved due to the variational characterization
of the eigenvalue A\; through a min-max procedure. In [18] the authors considered the spectral
functionals F'(A1(€2), ..., Ax(£2)) which are bi-Lipschitz with respect to each eigenvalue \;(£2) of
the Dirichlet Laplacian, a typical example being the sum of the first k eigenvalues. In particular,
they proved the Lipschitz continuity of the eigenfunctions on optimal sets minimizing the sum
A (Q) + -+ + Ae(Q) among all shapes @ C RY of prescribed measure (see [18, Theorem 6.1]).
The present paper extends this result to the case of an operator with variable coefficients, but
with a completely different proof.

Concerning spectral optimization problems involving an operator with variable coefficients, a
regularity result has been obtained in [84], where the authors consider the problem of minimizing
the first eigenvalue of the operator with drift —A + V® -V, ® € W1°(D,R%), under inclusion
and volume constraints. We stress out that our result also applies to this operator with drift
since it corresponds to the special case where A = ¢~ ®Id and b = e~®. We would like also
to mention a recent work of Lamboley and Sicbaldi in 73] where they prove an existence and
regularity result for Faber-Krahn minimizers in a Riemanninan setting.

Let us highlight that the Lipschitz regularity of the eigenfunctions in Theorem 4.1.1 turned
out to be a quite difficult question due to both the min-max nature of the eigenvalues and the
presence of the variable coefficients, but it is an important first step for the analysis of the
regularity of the free boundary of the optimal shapes for (4.1.1) which we study in [88].

As already pointed out, the proof of Theorem 4.1.1 goes through the study of the Lip-
schitz regularity of vector-valued almost-minimisers for a two-phase functional with variable
coefficients. Our approach is to reduce from the non-constant coefficients case to the constant
coefficients-one by a change of variables and is inspired by [85], where the authors prove free
boundary regularity of almost-minimizers of the one-phase and two-phase functionals in dimen-
sion 2 using an epiperimetric inequality. The second contribution which was a strong inspiration
for our work is of David and Toro in [34]. They in particular prove the Lipschitz regularity of
almost-minimizers of the one-phase and the two-phase functionals with constant coefficients (see
also [33] for free boundary regularity results).

We have the following result for almost-minimizers of the two-phase functional.

Theorem 4.1.2. Let D C R? be a bounded open set and let Q@ C D be a quasi-open set. Let
A: D — Sym] be a matriz valued function satisfying (4.1.5) and (4.1.6). Let f = (f1,..., fx) €
L>®(D,R¥). Assume that U = (uq,...,u;) € H (Q,R¥) is a vector-valued function such that
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e U is a solution of the equation
—div(AVU) =f in Q, (4.1.3)

o U satisfies the following quasi-minimality condition: for every C1 > 0, there exist constants
€ (0,1) and C > 0 such that

/AVU~VU+A{]U S 0} < (1+CHU—UHL1)/ AVT VT + A|{|T] > 0}, (4.1.4)
D D

for every U € H}(D,R¥) such that |U — Ul < e and HUHLoo < (.

Then the vector-valued function U is locally Lipschitz continuous in D.

Remark 4.1.3 (On the assumption (4.1.4) of Theorem 4.1.2). The quasi-minimality in The-
orem 4.1.2 is not local but naturally arises from the shape optimization problem (4.1.1) (see
Proposition 4.3.4). We stress out that our conclusion also holds, with exactly the same proof,
if the quasi-minimality property (4.1.4) is replaced by its "local" version, namely: for every
C1 > 0, there exist constants rg € (0,1) and C' > 0 such that for every x € D and every r < ry
such that B, (z) C D we have

/ AVU-VUAL|U] > 03By ()] < (1+0||U_ﬁ||L1)/ AVO-VT+AL[T] > 03B, (2)],
B, (z)

B (x)
for every U e HE(D,R¥) such that U — Ue Hi(B,(z),R¥) and H[]'HLOO < ().

Remark 4.1.4. We point out that we will only use the assumption (4.1.3) to prove that U
is bounded and to get an almost-monotonicity formula (see Proposition 4.2.15 and Corollary
4.2.16).

In [34, Theorem 6.1], David and Toro proved an almost-monotonicity formula for quasi-
minimizers in the case of the Laplacian. It is natural to expect that the same holds for an
operator with variable coefficients, but we will not address this question in the present paper
since we are mainly interested in the Lipschitz continuity of the eigenfunctions on optimal shapes
for the problem (4.1.1) for which the equation (4.1.3) is already known.

However, soon before the present paper was published online, a new preprint of the same
authors, in collaboration with Engelstein and Smit Vega Garcia (see [32]), appeared on Arxiv.
They prove a regularity result for functions satisfying a suitable quasi-minimality condition for
operators with variable coefficients. We stress that the present paper and the work in [32] were
done in a completely independent way. We notice that our main result neither directly implies
nor is directly implied by the main result from [32].

Notations. Let us start by setting the assumptions on the coefficients of the operator that
we will use throughout this paper. The matrix-valued function A = (a;;)ij : D — Sym;r has
Holder continuous coefficients and is uniformly elliptic, where Symj denotes the family of all
real positive symmetric d x d matrices. Precisely, there exist positive constants d,,c, > 0 and
Aa > 1 such that

laii(x) — aij(y)] < calz —y|*», forevery i,5 and z,y€ D; (4.1.5)
1 d
E]f\z <€A = Z aij(2)&E; < N2|€)?, forevery z €D and &€ R% (4.1.6)
ij=1

The function b € L*>(D) is positive and bounded away from zero: there exists ¢; > 0 such that

¢, <b(z) < ¢ for almost every z € D. (4.1.7)
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We now fix some notations and conventions. For z € R? and r > 0 we use the notation
B, (z) to denote the ball centred at z of radius r and we simply write B, if x = 0. We denote
by |Q| the Lebesgue measure of a generic set @ C R? and by wy the Lebesgue measure of the
unit ball By € RY. The (d — 1)-dimensional Hausdorff measure is denoted by H?~!. Moreover,
we define the positive and the negative parts of a function v : R — R by

v = max(u, 0) and u” = max(—u,0).

For a quasi-open set 2 € R? we denote by Hg () the Sobolev space defined as the set of
functions u € H'(R?) which, up to a set of capacity zero, vanishe outside €2; that is

HY() = {u e HY(RY) : u =0 quasi-everywhere in R?\ Q}.

(see e.g. [61] for a definition of the capacity). Notice that if { is an open set, then HJ () is
the usual Sobolev space defined as the closure of the smooth real-valued functions with support
compact C2°(€2) with respect to the norm ||u g1 = |lul|z2 + ||Vul/z2. We denote by H{ (9, R¥)
the space of vector-valued functions U = (u1,...,u;) :  — R¥ such that u; € H}(Q) for every
i=1,...,k, and endowed with the norm

k
Ul ) = 1Tl 2y + VUl r2) = > (luillz2g) + 1 Vuill 2(0))-
=1

We also define the following norms (whenever it makes sense)

k
Ul =D lluillig  and  [[U]l o) = sup || Loo () -
=1

<i<

Moreover, for U = (uy,...,ug) : @ = RF weset |U| = u2+- - -+u, |VU|? = |[Vuy >+ - -+ |V |2
and AVU -VU = AVuy -Vuy +- -+ AVuy - Vuy. For f = (f1,..., fr) € L*(, RF) we say that
U= (ui,...,u;) € HY(Q,RF) is solution to the equation

—div(AVU)=f in Q, U € H}UR)
if, for every i = 1,...,k, the component u; is solution to the equation
—div(AVuy;) = f; in Q, u; € HY (),

where the PDE is intended is the weak sense, that is
/ AVu; -V = / fip for every © € Hi(Q).
Q Q

Moreover, we always extend functions of the spaces HE(Q) and H{ (92, R¥) by zero outside 2 so
that we have the inclusions H}(Q) C H'(R?) and H}(Q,RF) ¢ HY(R?, RF).

4.2 Lipschitz continuity of quasi-minimizers

This section is dedicated to the proof of Theorem 4.1.2. Our approach is to locally freeze
the coefficients to reduce to the case where A = Id. More precisely, for every point x € D, an
almost-minimizer of the functional with variable coefficients becomes, in a new set of coordinates
near x, an almost minimizer for a functional with constant coefficients. We stress out the dealing
with the dependence of this change of variables with respect to the point z is not a trivial task.
We then adapt the strategy developed by David and Toro in [34] for almost-minimizers of a
functional involving the Dirichlet energy.
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In this section, v will stand for a coordinate function of the vector U from Theorem 4.1.2.
In subsection 4.2.1 we explicit the change of variables for which u becomes a quasi-minimizer
of the Dirichlet energy (in small balls of fixed center). We then prove that u is continuous and
we give an estimate of the modulus of continuity from which we deduce that u is locally Holder
continuous in D.

Subsection 4.2.2 is addressed to the Lipschitz continuity of w in some region where the
function u has a given sign. We show, using in particular the Hélder continuity of u, that most
of the estimates proved in Subsection 4.2.1 can be improved provided that w keeps the same
sign. In this case, we prove that u is Lipschitz continuous and we provide a bound on the
Lipschitz constant of u. We also show that u is C'#-regular for some 5 € (0,1). Next, we show
that under some assumption (see the first inequality in (4.2.45)from Proposition 4.2.11), if the
Dirichlet energy of u in a small ball is big enough, then u keeps the same sign in a smaller ball,
which in view of the preceding analysis implies that w is Lipschitz continuous.

In subsection 4.2.3 we complete the proof of the Lipschitz continuity of u. The main missing
step is to deal with the case where the Dirichlet energy is big and the first assumption of (4.2.45)
in Proposition 4.2.11 fails. Using an almost-monotonicity formula for operators with variable
coefficients proved by Matevosyan and Petrosyan in |75, Theorem III|, we show that in this case
the value of the Dirichlet energy has to decrease at some smaller scale.

Throughout this section we fix u := u;, for some ¢ = 1,...,k, a coordinate function of the
vector U = (uy,...,uy) from Theorem 4.1.2. We start by proving that u is a bounded function
in D.

Lemma 4.2.1 (Boundedness). Let @ C D be a (non-empty) quasi-open set, f € LP(D) for
some p € (d/2,+oc] and let u € H}(Q) be the solution of

—div(AVu) = f in Q,  u€ H}(Q).

Then, there is a dimensional constant Cy such that

)\iCd 2 1
_2amd )2/t )
2/d—1/p| ‘ ||f”Lp

Proof. Up to arguing with the positive and the negative parts of f, we can assume that f is a
non-negative function. By the maximum principle (see [48, Theorem 8.1]) we have u > 0 on .
Moreover, u is a minimum of the following functional

[l <

J(p) :Z;/QAVWV@—/QJ"% ¢ € Hy(9).

We consider, for every 0 < t < ||u|p~ and € > 0, the test function us = uAt+ (u—t—¢)4 €
H (). Then, by ellipticity of the matrices A, and the inequality J(u) < J(ut.) we get that

1 1
2/ Vu|? < / AVu - Vu < fu—ue)
2X% Jit<u<tre) 2 J{t<u<tte} Rd

p—1
SE/ f < ellfllml{u> )7
{u>t}

The end of the proof now follows precisely as in [84, Lemma 5.3]. O

4.2.1 Continuity and Holder continuity

We change the coordinates and reduce to the case A = Id using in particular the Holder
continuity of the coefficients of A, and we then prove that u is locally Holder continuous in D.
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Let us first introduce few notations that we will use throughout this section. For x € D we
define the function Fj, : R¢ — R¢ by

Fo(§) =z + AL, €eRY
Moreover, we set u, = u o F} for every x € D.

Remark 4.2.2. For M € § ym;{ we denote by M'/2 the square root matrix of M. We recall that
if M € Symg, then there is an orthogonal matrix P such that PM P! = diag(\1, ..., \q), where

P! is the transpose of P and diag(\1, ..., \q) is the diagonal matrix with eigenvalues Ay, ..., Aq.
The matrix M'/? is then defined by M'/? := P*DP where D = diag(v/ Ay, ..., VAq).

Remark 4.2.3 (Notation of the harmonic extension). One of the main ingredient in the proof of
Theorem 4.1.2 is based on small variations of the function u,. Precisely, we will often compare u,,
in some ball B, with the harmonic extension of the trace of u; to dB,. This function will often be
denoted by hy ., or more simply h, if there is no confusion, and is defined by h, = h,, € H YB,)
and

Ah, =0 in B,  uy—h. € Hy(B,).

We notice that h, is a minimizer of the Dirichlet energy in the ball B,., that is
/ |Vh,|? < / Vo2 for every v € H'(B,) such that h, — v € H}(B,).
B, B,

We now prove that the function u, is in some sense a quasi-minimizer for the Dirichlet energy
in small balls centred at the origin.
Proposition 4.2.4. There exist constants ro € (0,1) and C > 0 such that, if x € D and r < ry
satisfy Bx,r(x) C D, then we have
/ Vug|> < (1+ Cr5A)/ Va2 4 Cr, (4.2.1)
B, Br

for every @ € HY(R?) N L®(RY) such that uy — @ € HY(B,) and ||il|p~ < ||lul| L.

Proof. Let v € H}(D) be such that @ = vo F, and set U = (uy,...,v,...,u) € Hi(D,RF),
where v stands at the i-th position. Set p = A,r and note that Fy,(B;) C By(z) C D. Then,
using U as a test function and observing that u — v € H} (Fy(B,)), we get

/ Avu.vug/ Aw-vv+0||u—v||L1/ AVU - VU + A|B,|,
Fu(By) w(Br) D
where C' is the constant from Theorem 4.1.2. Together with
/ Avﬁ.vﬁg/ AVU-VU—/ Avu-vu+/ AV - Vo
D D D D
S/AVU-VU+/ AVv - Vo
D Fy(Br)

this yields

/ AVu - Vu < (1+Crd) / AV - Vo + Cré, (4.2.2)
FI(BT) FI(B”)

for some constant C. On the other hand, using the Holder continuity and the ellipticity of A we
estimate

/ Vg |? = det(A;l/z)/ AVu-Vu
By Fr(Br)

< det(A772)(1 + dear2 ps) / AVu - Vu. (4.2.3)
Fy(Br)
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Similarly, we have the following estimate from below

/ IVa|? > det(A; ) (1 — dea N2 5A)/ AV - V. (4.2.4)
T Fm(Br)

Now, combining (4.2.3), (4.2.2) and (4.2.4) we get

1+ Crd ~
2 2 0 ~12 d d
/BT|Vux] (1+dCA)\ A)|:1—ch)\‘2Ap5A/BT|vu’ +AAC7“ :|

which gives (4.2.2). ]

We now prove that the function u is continuous in D. In the sequel we will often use the
following notation: for x € D and r > 0 we set

1/2 1/2
w(u, z,r) = (JZB ( )\Vu]2> and w(ug,r) = (ﬁ \VuwP) :

Proposition 4.2.5. The function u is continuous in D. Moreover, there exist rg > 0 and C > 0
such that, if x € D and r < rq satisfy By(x) C D, then we have

>|y — 2| for every  y,z € B,jp(x). (4.2.5)

lu(y) —u(z)| < C’(l + w(u,z,r) + log

r
ly — 2|

The next Lemma shows that w(ug,r) cannot grow too fast as r tends to zero and will be
useful throughout the proof of the Lipschitz continuity of u.

Lemma 4.2.6. There exist constants rqg > 0 and C' > 0 such that, if x € D and r < ro satisfy
By, r(x) C D, then we have

w(ug, s) < Cw(ug,r)+ Clog (g) for every 0<s<r. (4.2.6)

If, moreover, x is a Lebesque point for u, then we have

u(x) —][rux

Proof. Let t < r and use h; as a test function in (4.2.1), where hy = h,+ denotes the harmonic
extension in By of the trace of u, to 0By, to get

|V (ug — he)|? /\VuxIQ /|Vht]2
By

<Ot | V> +Ct? < Ct?r | |Vug|? + Cte, (4.2.8)
Bt Bt

< Cr(l +w(ug,r)). (4.2.7)

where in the last inequality we have used that h; is a minimizer of the Dirichlet energy on By.
Moreover, since |Vh;| is subharmonic on By for every s < ¢, we have

][ |Vhe> < 4 |Vhe)? for every s <t. (4.2.9)
B, B

Therefore, the triangle inequality, (4.2.9) and (4.2.8) give for every s <t < g

olon) < (f, 90 —hm?)w “(f, \vhf)w
)d/2( wo— bl >1/2 < ]Vht|2>1/2

(5
( )d/2 <t5A/2 ) + 1) + w(ug, t (4.2.10)
ot :

+C() t5A/2> (Ug, +C( )d/2

IN

IN
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We then use the estimate (4.2.10) with the radii r; = 27%, i > 0, and we get
w(ug, i) < (1+C’rf_A1/2>w(uI7ri_1)+C, 1> 1.

This, with an iteration, implies that for every ¢ > 1 we have
i—1 i—1i—1

wlitg, i) < o) T (14 0r22) 4 O] (14 0Y2) 40
3=0 j=11=j
< Cwlug, r) + i, (4.2.11)

where we used that the product H?io (1 + C’I“?A/ 2) is bounded by a constant depending on 7.
The first estimate of the Lemma now follows from (4.2.11). Indeed, choose i > 0 such that
riv1 < s < r; and note that we have w(ug,s) < 2d/2w(ux,ri). If i = 0, this directly implies
(4.2.6); otherwise, i > 1 and use also (4.2.11).

We now prove the second estimate. For ¢ > 0 we set m; = JCBT. uy. By the Poincaré inequality

and (4.2.11) we have

1/2
<][ lugy — mz]2> < Criw(ug, i) < Cri(w(ug, r) +14). (4.2.12)
By,

Furthermore, 0 is a Lebesgue point for u, since x is a Lebesgue point for u and that for every
s < r we have

i @l < e w©@ = @l <8 )
B 15(.’17) Bg Fz(Bs) BAAs(x)

A
In particular, it follows that m; converges to u,(0) = u(z) as ¢ — +oo. Therefore, this with the
Cauchy-Schwarz inequality and (4.2.12) give
“+o0o “+o0o
HERTED SITIRETHES b I
— — JB,.
J=t J=t Jj+1

+o0 +oo 1/2
d d
<2 E ][B lug —m;| <2 E (é ]ug;—mj\2>
j=i7Br; j=i \/Br;

"

+00
< C'er(w(ux,r) +7) < Cri(w(ug,r) +i+1),
Jj=t

where in the last inequality we used that Z;;Of 20=3j < C(i + 1). Then, observe that (4.2.7) is
precisely the above inequality with ¢ = 0 to conclude the proof. O

Proof of Proposition 4.2.5. Let y,z € B, 5(z) and notice that it is enough to prove (4.2.5) when
y and z are Lebesgue points for u. Set § = |y — z|. We first assume that 4)\26 < r. Observe
that we hence have the inclusions F.(By-1;) C Fy(Ba,s) C Br(z) C D. Using a change of
variables, the Poincaré inequality and then the ellipticity of A, we estimate

][ uy—][ Uy ][ u—][ ug][ ‘u—][ u‘
B2>\A5 B, 1 Fy(BQAAé) z(B Z(B)\Xlé) Fy(B2)\A§)

Ayts A;ls)
< 2d>\j§d][
Fy(Bax,s5)

1/2
u —][ u‘ <Co ][ |Vul|?
Fy(Bax,s) Fy(Bax,s)

(4.2.13)

1/2
< CéAa ][ AyVu-Vu < Cow(uy, 2X49).
Fy(Bax,s)
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On the other hand, since FZ(B)\A—1§) C Fy(Bax,s) we have

1/2 1/2
w(uz, A3 16) = ][ A, Vu-Vu < Aa ][ |Vu)?
=(By-1,) =(By-1,)
1/2 1/2
< 24/2)\2d+1 ][ |Vu|? < 94/2)\2d+2 ][ AyVu-Vu
Fy(Bax,s) Fy(Bax,s)
(4.2.14)
< Cw(uy, 2A40).
We now apply (4.2.7) to get
uly) — ][ uy| < C8(w(uy, 2018 + 1) (4.2.15)
Box, 6
and
u(2) —]Z ws| < C8(@(us AT10) + 1) < Co(w(uy, 2An0) + 1), (4.2.16)
B

Ayts
where we used (4.2.14) in the last inequality. Therefore, combining the triangle inequality,
(4.2.15), (4.2.13) and (4.2.16) we get that

lu(y) — u(z)| < Co(w(uy, 2A20) + 1). (4.2.17)

Moreover, by (4.2.6) (recall that we assumed 4\26 < r) we have

w(ty, 2220) < Cw(uy, (2X4)17) + C'log (4.2.18)

r
4X25°
By the ellipticity of A and since Fy(B,,,,,-1,) C Br(x), we have the following estimate

1/2 1/2
(g, (204)71r) = (f Ayw-w) < (f le2>
Fy(B(QAA)*lT) Fy(B(QAA)*lr)

1/2
< 9d4/2 \d+1 <][ |Vu|2> < Cw(u,z,r). (4.2.19)
r(2)

Finally, combine (4.2.17), (4.2.18) and (4.2.19) to get

h&y)—qxzﬂf§C§(1+u&u¢ar)+Jog (4.2.20)

r
4A§5)
< C|y—z|(1+w(u,x,r)+log \yiz|)’

which is (4.2.5).

Now, if the assumption 4\2 |y — z| < r is not satisfied, choose n points y1 = ¥, Y2, ..., Yn = 2
in B, (z) such that 4\27n = |y — 2|, where we have set = |y; —yi+1], 7 = 1,...,n. Then we have
4X\21 < r. We notice that we can assume the 7; to be Lebesgue points for u. Moreover, observe
that we can bound the number of points by n < 16A% 4 2. Therefore, applying the estimate
(4.2.20) to each pair (yi;,yi+1) we have

r
[u( |<Z\uyl — yl+1|<CZ <1+wuzvr)+log4)\%n)

ly — 2| r
<nC 2 (1 + w(u, z,7) + log |y_z|),

which concludes the proof. O
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We are now in position to prove the Holder continuity of u.

Proposition 4.2.7. The function u is locally a-Holder continuous in D for every o € (0,1),
that is, for every compact set K C D, there exist g > 0 and Cg > 0 such that for every x € K
we have

lu(y) —u(z)| < Ckly — 2| for every  y,z € By, (x). (4.2.21)

Proof. Let x € K and set 4rg = r1 = min{ro, dist(K, D)} where rg is given by Proposition
4.2.5. Since the function r +— 7!=%log(r1/r) is non-decreasing on (0, c,) for some constant
o > 0 depending on a and 71, it follows from Proposition 4.2.5 that, if y, 2 € B, 5(z) are such
that |y — z| < ¢q, we have

C

<Cl+4w(u,z,r))|ly — 2|° (4.2.22)

lu(y) — u(z)| < C’(ri_o‘(l +w(u,z,m1)) + céfa log n ) ly — z|*

If now |y — 2| > cq, then choose n points y1 =y, ...,y, = 2 in B, jo(x) such that |y; — yi11]| =
carf1|y — z|, with » bounded by some constant depending on « and r1. Then apply (4.2.22) to
each pair (y;,yi+1) to prove that u is a-Holder continuous in the ball B, (z) with a modulus
of continuity depending on w(u,z,r1). Now, (4.2.21) follows by a compactness argument with
the constant Cx depending on max{w(u,z;,71), 7 = ... N}, where the x;’s are given by some
subcovering of K C UN, By, (z;). O

4.2.2 Bound of the Lipschitz constant in {u > 0}

We prove that u is Lipschitz continuous and even C#-regular in the regions where u keeps
the same sign. We also provide in this case an estimate of the Lipschitz constant of u in terms
of w(u,z,r) (see Proposition 4.2.8. Then, we show that under suitable conditions, u keeps the
same sign and is therefore Lipschitz continuous (see Proposition 4.2.11).

Proposition 4.2.8. Let K C D be a compact set. There exist constants rg > 0 and Cx > 0
such that, if v € K and r < ri satisfy

either uz >0 a.e. in B, or Uy < 0 a.e. in By, (4.2.23)
then u is Lipschitz continuous in B, 5(x) and we have
lu(y) —u(z)| < Cx(1+w(u,z, 7))y — 2| for every Y,z € Byja(x). (4.2.24)

Moreover, u is CYP in the ball B, 4(w) where B = (Hgﬁ and we have

é
|Vu(y) — Vu(z)] < C’KrfﬁA?(l +w(u,z,7r))|y — 2|° forevery  y,z € By y(x). (4.2.25)

In the next Lemma we compare the Dirichlet energy of u, and of its harmonic extension in
small balls where u, has a given sign. The estimate (4.2.26) in Lemma 4.2.9 below is similar to
(4.2.1) but with a smaller error term. Thanks to this improvement, the strategy developed in
the proof of Lemma 4.2.6 will lead to a sharper result than estimate (4.2.6), namely (4.2.24).

Lemma 4.2.9. Let K C D be a compact set and let o € (0,1). There exist constants rxg > 0
and C > 0 such that, if v € K and r < rg are such that (4.2.23) holds, then the function
u, = u o Fy satisfies

/ |Vug|? < (1+Cr5A)/ \Vh,|? + Crite, (4.2.26)
By B

where h, stands for the harmonic extension of the trace of u, to B,.
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Proof. Set p := Asr for some r > 0 small enough so that B,(z) C D. We define v € H}(D)
by h, = vo F, in B, and v = u elsewhere so that we have u — v € H{(F.(B,)). Set U =
(ut,...,v,...,ux) € HY(D,RF) and observe that |{|U| > 0}| = [{|U] > 0}| by (4.2.23) and
because v > 0 in F(B,). Then, we use U as a test function in (4.1.3) to get

/ Avu-vug/ AVU-VU—FCHU—UHD/ AVD -V,
Fo(By) Fo(By) D

where C' is the constant from Theorem 4.1.2. Now, since u is locally a-Hdélder continuous, we
have the bound |Ju — v||1 < CyCxrdT®, where the constant C'x is given by Proposition 4.2.7.
Moreover we have the estimate

/AVﬁ-VUg/AVU-VU+/ AV - V.
D D Fr(By)

Altogether this gives

/ AVu - Vu < (1 4 Crite) / AVv - Vo 4 Crdte
Fr(By) F,(Br)

for some constant C' which involves / p AVU - VU. Finally, using the Holder continuity and the
ellipticity of A as in the proof of Proposition 4.2.4, we get

1+ Crita

2 2 4
/ (V| §(1+dCA)‘ApA)|:1_dCA)\2A§A

T

/ |Vh,|? + X4 Crdte|.
By

which gives (4.2.26). O

Next Lemma is analogue to Lemma 4.2.6 with a better estimate of the error term. Its proof
is quite similar but we nonetheless sketch the argument since there are small differences.

Lemma 4.2.10. Let K C D be a compact set and o € (0,1). There exist constants v > 0 and
C > 0 such that, for every x € K and every r < rg such that (4.2.23) holds, we have

w(tg, s) < Cwlug,r) + Cre/? for every 0<s<r. (4.2.27)

If, moreover, x is a Lebesque point for u, we have

u(x)—][rux

Proof. For t <r <rg we have by Lemma 4.2.9

< Cr(w(ug, r) +12). (4.2.28)

V(ue —h)? = | |Vua>— [ |[V]? <Ot | |Vu,|* + Ctéte, (4.2.29)
By B By By

since h; is a minimizer of the Dirichlet energy on B;. Now, for s < ¢ < ry we use (4.2.9) and
(4.2.29) to estimate as in (4.2.10)
t\d/2 t\d/2
w(tg, s) < <1+C<7> t‘sA/z)w(ux,t) —i—C'(f) /2,
s s

which, applied to s = 27% and t = 270Dy, gives

w(tg, i) < (1 + Crfff)w(ux,n—l) + Cr?,/f, i>1,
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where we have set 7; = 27%r. Iterating the above estimate we get for every i > 1

i—1 i—1 i—1
Wy, i) < w(ug, ) H (1 + CT?A/Q) + C’Z (r?/? (1 + CT?A/2)> + Crfi/f
7=0 j=1 1=j

< Cwlug,r) 4+ Cro/?,

since [[52, (1 + CT’?A/ 2) is bounded by a constant depending on 7. This proves (4.2.27).
Finally, (4.2.28) is proved in the same way than (4.2.7) but with (4.2.12) replaced by the
estimate

1/2
<][ |ty — ml|2> < Criw(ug, i) < Cri(w(ug, r) + r*/?).
By,
O

Proof of Proposition 4.2.8. Let us first prove (4.2.24). We follow the proof of Proposition 4.2.5
and we only detail the few differences. Let y,2 € B, 5(z) be Lebesgue points for u and set
§ = |y — z|. We first assume that 4)\25 < r. By (4.2.28) we have

u(y) — ][ Uy | < CO(w(ty, 2Xa0) + 6%/2), (4.2.30)
Box,s
and, using also (4.2.14),
u(z) — ][ s| < O8((uzs AT'6) +1/2) < C8(w(uy, 2n3) + 6°72). (4.2.31)
Bxgla
Moreover, by (4.2.27) we have
w(ty, 2200) < Cw(uy, (204)717) + Crel?, (4.2.32)

Then, combining (4.2.30), (4.2.13), (4.2.31) and then (4.2.32) and (4.2.19) we have

u(y) — u(2)] < Co(w(uy, 2X:8) + 6*/%) < C(1 + w(u, z,7) + r*/?)
<C(l+4w(u,z,r))|ly — z|. (4.2.33)

Finally, if 4\20 > r, we argue as in the proof of Proposition 4.2.5 and choose a few number of
points which connect y and z to prove (4.2.33).

We now prove the estimate (4.2.25). Let y € B, 4(r) and 7 < Axir/4. We set m(uy, p) =
pr Vu, for p <7 and m = fB? Vhy 7 = Vhy#(0), where hy » denotes the harmonic extension of
the trace of u, to 0Br. Let n € (0,1/4). We want to estimate

][ Vg —m(uy, 7)) <][ Vuy—ml? <2]l |V(uy—hy,;)|2+2][ Vhyo—ml®. (4.2.34)
7 P B B

Bn'r' Bn'r' nr nr

Firstly, by (4.2.29) we have

][ |V (uy = hy)? < C(m")d]{g IV (uy — hy )| < C(nr) ¢ (FJA /B \Vauy|? + fd+a)

Byr -

T

< Oy~ w(uy, 7)? + O~ %7, (4.2.35)

Moreover, (4.2.33) says that for almost every z € B, /4(y) C B, 2(7) we have [Vu(z)| < C(1 +
w(u, x,r)), which implies that

(g, 72 :][ Va2 < Ai““”][ IVl < C(1 + w(u, z,7))2. (4.2.36)
By B7'/4(y)
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On the other hand, by estimates on harmonic functions (see [48, Theorem 3.9]), the Cauchy-
Schwarz inequality and (4.2.36) we have for every ¢ € By

[Vhy#(€) —m| = [Vhy (&) — Vhy#(0)] < nFsup [V2hy | < Cnsup [Vhy ;|

nr 20T
1/2 1/2
< Cn(][ \Vhwo < Cn<][ \Vhwy?) < cn<][ |vuy\2> (4.2.37)
Br Br Bi

< Cnw(uy,7) < Oyl +w(u,z,7),

where V2h, ; stands for the Hessian matrix of hy ;. Therefore, combining (4.2.34), (4.2.35),
(4.2.36) and (4.2.37) we get

][ Vi, — m(uy, n7))? < Cp~ @A (1 + wlu, z,7))% + Cn~ 97 + Cn? (1 4 w(u, z, 7))

Byr
< O(1 + w(u, z,7))? [n*dféA o 4 oﬂ . (4.2.38)
§
We set @ = 0, (recall that « € (0,1) was arbitrary). Moreover, we set 5 = d+272+2 and n = s
so that we have =974 = 5?2 = (n7)?#. Notice also that 7 = 71¢, where ¢ = f—&. Therefore,
2. implies that for ever € x) and ever < we have
(4.2.38) implies that for every y € B, 4(z) and every p < (5-)' " we h
Y, — 2 o 2 28
|Vuy, —m(uy, p)|* < CA+w(u,z,r))*p™. (4.2.39)

P
Now, let y,z € B, 4(x) be Lebesgue points for u and set § = |z — y|. We first assume that
2226 < (=)"*°. Setting 6 = 2795, i > 0, we have using (4.2.39)

AXA
+oo +oo
[V (0) = muy, 6)| < D |m(uy, §iv1) — m(uy, 6)] < 2]{9 [V —m(uy, 5)]
=0 i=0" P41
+oo +oo 1/2
<2 Z][ [Vuy —m(uy, &)] < 2 Z <][ [Vuy —m(uy, 5i)‘2>
i=0" Bs; i=0 ' Bs;
< C(1+ w(u,z,7))0°. (4.2.40)
Similarly, we have
|V, (0) — m(uz, 2X20)| < C(1 + w(u, z,7))d". (4.2.41)
Moreover, using that F, ! o Fy(B;) C Byyz25 we have
Im(uy, 8) — m(us, 2A25)| g][ Yy — m(us, 2)26)|
Bs
< ][ |A2AZ 2V 0, — m(uz, 2026))] (4.2.42)
Fz_IOFy(Bé)

< (2A2A)2d][ AV AT, — m(us, 2225)|.

Bax,s

Notice that the matrices A2 have Holder continuous coefficients with exponent 6, /2 and hence
that ]A;/QA,Z_I/Q —1d| < )\A]A;1/2 —Az_l/Ql < 082 < 088 (because 8 < §,/2). Therefore, using
(4.2.27) it follows that

J

A2 A PV, — V| < 055][ [Vus| < C8Pw(uz, 2X39)

20 B,,2
232 232

< OO (W(ug, A1) +1r92) < C(1 + w(u, z,7))8°. (4.2.43)
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Furthermore, the triangle inequality in (4.2.42) together with (4.2.43), (4.2.39) and Cauchy-
Schwarz’s inequality give

Im(uy, 8) — m(uz, 2X26)| < C(1 + w(u,z,7))5°. (4.2.44)
Now, (4.2.40), (4.2.44) and (4.2.41) infer
|V (0) = Vuz (0)] < [Vuy(0) — m(uy, 6)] + [m(uy, ) — m(uz, 2A38)| + [Vu=(0) — m(u., 2)39)|
< C(1 + w(u,z,7))5°.
Since |Vuy (0)| < A |Vu(y)| < C(1+w(u,z,7)) for almost every y € B, 4(x) by (4.2.33), we get
[Vu(y) — Vu(2)| = |4, " Vu, (0) — A7 /*Vu,(0)]
< A, 2V, (0) — A7 2V, (0)] + | A7 2V, (0) — A7 2Vu,(0)]
<A, = AZP)Vuy (0)] + [AZ 2| Vg (0) = Vi (0)]
<O+ w(u,z,7))0°.

If |y —z| > (4§A)1+€, then we can connect y and z through less than )\A(MTA)E + 2 points. This

shows (4.2.25) and concludes the proof. O

The strategy to prove Theorem 4.1.2 is to show that w(us,r) cannot become too big as r
gets small. In the next Proposition we prove, under some condition (see the first inequality
in (4.2.45) below), that if w(u,,r) is big enough then u keeps the same sign near the point x
and is hence Lipschitz continuous by Proposition 4.2.8. The case where w(u,,r) is big and this
condition fails is treated in the next subsection. We set for x € D and r» > 0

b(ug, ) :][ Uy dHO and bt (ug, ) :][ || dHEL
OB, 0B,

Proposition 4.2.11. Let K C D be a compact set and let v > 0. There exists constants
ri,Crx >0 and k1 > 0 such that, if x € K and r < rg satisfy

(1 + w(ug, 7)) < |b(ug, )| and k1 < w(ug,r), (4.2.45)

then there exists a constant ¢ > 0 (independent from x and r) such that u is Lipschitz continuous
in Be,.2(x) and we have

u(y) — u()| < k(1 +wuw,z, )y —2|  forevery  y,2 € Buple).  (4.2.46)
Moreover, u is CYP in By ja(x) where B = lﬁ;ﬁ and we have
5
|Vu(y) — Vu(z)] < CKrde%(l + w(u, z,7))|y — 2|° for every  y,z € B (). (4.2.47)

Roughly speaking, the condition (4.2.45) says that the absolute value of the trace of u, to
0B, is big. This will in fact ensure that u, has, in some smaller ball, the same sign than (the
average of ) uy on 0B;.

Lemma 4.2.12. Let v and T be two positive constants. There exist ro,n € (0,1) and k1 > 0
such that, if x € D and r < rg satisfy By,,(x) C D,

1
Y1+ w(ug, 7)) < ;\b(ux,rﬂ and k1 < w(ug, ), (4.2.48)
then there exist p € (5, nr) such that
1
(1 + p°2 2w (uy, p)) < ;]b(ux,p)] and b (ug, p) < 3|b(ug, p)|. (4.2.49)

Moreover, b(ug,r) and b(uy, p) have the same sign.
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Proof. We first prove the second inequality in (4.2.49). Let us recall that h, = h;, denotes
the harmonic extension of the trace of u, to 0B,. We want to estimate both JCaB,, |h.| and

J%B,, |ug — hy| in terms of |b(ug,r)| for some p € (5, nr) defined soon (by (4.2.52)). If n < 1/2,
then by subharmonicity of |Vh,| in B, we have that for every £ € By,

Vi () S][ . Vhe|? < 2d][ Vhe? < 2%w(ug, )2,
r/2

T

Moreover, b(ug,r) = b(hy,r) = hy(0) since h, is harmonic and hence, choosing 1 such that
242 < /4, we get

|b(te, 1) = e (€)] = [y (0) — <)\<nr\|Vh Lo (B, < 2% 2w (ug, T)

< Tw(ug,m) < Z|b(ux,r)|, (4.2.50)

where in the last inequality we used the first estimate of (4.2.48). This gives (because p < nr)
3 )
Z|b(ux,r)| < |hr| < 1|b(uw,r)]. (4.2.51)
0B,

On the other hand, we now fix some p = p, € (5, 7r) such that

/ i — hy| < / ds/ e — ). (4.2.52)
0B, nr/2 OBs

By Cauchy-Schwarz’s inequality, Poincaré’s inequality and (4.2.1) applied to the test function

h;, it follows that we have
1/2
fur = ol < O ([ e =P
By

fop el < [
dB, nr JBy,
) 1/2 ) 1/2
< C’(m’)f_l (/ |ty — hT]2> < C(m“)?_lr (/ |V (uy — hT)]2>
B, B
a / d

< Cn%*rd(r%/%(uz,r) +1)
In view of the two hypothesis in (4.2.48) we then get

1
J[ e = | < O3 (3 Peo(un, 1) 1) < Oy Sreo(ug, ) (0% + —)
OB, 1

1 1
< O3y o, )| (10 + ) < bl )], (42.53)

where the last inequality holds if we choose ¢ small enough and x; > 0 large enough (both
depending on 7) such that
1
C’}/_l (TgA/2 >

Now, using (4.2.51) and (4.2.53) we have

3
b+<um,p>=][ \uﬂs][ \hr|+][ = Bo| < 2 [b(atg, )|,
oB oB B 2

P P P

4nd/2 (4.2.54)
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and, using also that h, keeps the same sign on 0B, by (4.2.50), we have

][ h, ][ (ug — hy)
0B, 0B,

This proves the second inequality in (4.2.48). Moreover, (4.2.53) and (4.2.50) imply that

][ hy — b(ug,r)
0B,

1
<L el e b)) < )
OB, 8B,

|b(uz, p)| =

1
Z][ |hr| —][ luy — byl > =|b(ug,r)|.  (4.2.55)
9B, 2

By

bt ) — blatg, )| < ‘b(ump)— £onl+
B,

which shows that b(us,r) and b(uz, p) have the same sign.
For the first estimate in (4.2.49), by (4.2.55) and the first hypothesis in (4.2.48), we have

1 1 1 ~y
- > g P
plb(uxap)l > 2plb(uacﬂ")l > 27774|b(um,7“)| > 277(1 + w(uz, 7)),

which using (4.2.6) gives (notice that we assumed that B),,(x) C D)

1+ 22w (g, p) < 1+ wlug, p) <1+ C(W(umﬂ“) + log ;)
< C(1+w(ug,r) + [logn]) < C(1+ |logn|)(1 + w(ug,T))
2n
<C(1+|lo — |b(ug, p)|.
(1+] gn\)w\( p)l

Finally, observe that with 7 small enough (and also ¢ small enough and s large enough so that
(4.2.54) still holds) we have

2
TC(1+ |log17|)—77 <1
Y
This completes the proof. ]

We continue with a self-improvement lemma whose strategy is similar to the one followed in
the previous lemma, the main difference being that we now consider u, with different points z.

Lemma 4.2.13. There exist constants ro € (0,1) and 79 > 1 with the following property: if
x €D, > and p < rg satisfy By, ,(x) C D,
1
(1 + p°22w(uy, p)) < ;]b(ux,pﬂ and 0¥ (ug, p) < 3|b(ug, p), (4.2.56)
then for every y € Be,(x), where € = 7=V there exists py € (,ep) such that

1
27 (1 1 (i, ) < bl o) and 6 (g pr) S 3Gy o) (4257)

Moreover, b(ug, p) and b(uy, p1) have the same sign.

Proof. Firstly, if € is small enough so that & := 2A\2¢ < 1/4, then by standard estimates on
harmonic functions (see [48, Theorem 3.9]|) h, = hy , satisfies

C C c .
Vb lo=(8y) < = hplioes, ) < p]éB ol = b . ).

P

Using that b(uy, p) = b(h,, p) = hy(0) by harmonicity and the second hypothesis in (4.2.56), it
follows that for every { € Bz, we have

_1 1
’b(ul’ap) - hp(§)| S ngVhPHLOO(BEp) S €Cb+(uxap) S 7-0 dC‘b(uiEap)‘ S E‘b(u-rap)‘? (4258)
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where the last inequality holds if 7y is big enough. This implies that

)
4
Moreover, by (4.2.1) applied to h, (and since ép < p for 7y large enough) we have

1/2 1/2
/‘w%—hASC@m3</ hu—hwﬁ SC@m3</ mw—mﬁ)
Bep Bep By
’ ( /
B

1/2 1/2
IV (ug — hp)|2> < C(ep)p (p‘SA/ [Vhy|* + pd)
B
< O p™ (00 w(ug, p)? + 1) % < Ot p™ (0P 20 g, p) + 1).

5
btz p)| < 1hp(€)] < Jb(u, )| for every € € Bey, (4.2.50)

vl

< C(ep)

P

We now fix some y € B, (x). Let F: B, C R? — B, C R? be the function defined by
F(z) = F; !0 F,(z). Then the coarea formula gives (and because aF(BS) = 0{|F~! > s})

ds/ —h|d7—[d1</ ds/ [ua = ol 4 i
/ep/z OF(Bs) o2 Jor(B.) |V!F 4]

_/ |ty — hy (4.2.61)
{ep/2<|F~t<ep}

S N e
F(BEP) Bép
We now choose p1 € (%,ep) such that

6p/2
/ lup — Ryl dHT! < = / / g — Ryl dHO,
OF (B, ) EP Jep OF (By,)

so that (4.2.60), (4.2.61) and the first hypothesis in (4.2.56) imply
f‘ [ug — hpl dHY < Ce™2 p(p 20U, p) + 1) < Ce™ 277 |b(us, p)|
OF(Bpy)

_ | T
< Cry P lo(uz, )| < AL b, ), (4.2.62)

where the last inequality holds for 7y is large enough. Moreover, because the functions F' and
F~! are Lipschitz continuous with Lipschitz constants bounded by A%, we have for every set
E C RY (see [74, Proposition 3.5])

AR E) < Pynt N (B) < ATV H (B), (4.2.63)

where F#Hd_l stands for the pushforward measure of H%~! along F. Therefore, by (4.2.59)
(and since OF(B,,) C Bg,), (4.2.63) and (4.2.62) we have

1
b+u,p1 :][ wy| dHE ! = / Uy | dF: HA1
( Y ) aBp1| y| Hd 1(8Bp1) aF(Bp1)| ‘ #
1 / d—1 / d—1

S a1 Aan |hp| dFpH + [uz — hp| dFyH
HI1(0B,,) ( OF(By) # OF(B,,) LT

< 5! bz, p)| + An" 1)][ g — h,| dHE! (4.2.64)
4 OF(B,,)
3

< - [b(ug, p)|-

2
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On the other hand, we have by (4.2.62)

1

b - hy dFyuH! h,| dF, M1
(t- 1) Hd_l(aBpl)/8F(Bpl) #H pl A H

55,0 ),
- lug —
= i Y(0By,) Jor(s,,)

< M= 1)][ g — hy| dHT (4.2.65)
OF(Bpy)
1
< (s, )]
Moreover, by (4.2.58) and since 0F(B,,) C Bg, we have
__ / hy dFuHY — b(ug, p)
HI=1(0B,,) OF(By,) P ’

1
< ho(€) — b(ug, p), b(ug,p) — min h < (g, p)|.  (4.2.66
<o { i By(€) = b ) Hurp) = _min hy(©)} < Glbur. . (42:00)

Therefore, using the triangle inequality, (4.2.65) and (4.2.66) we get

1
by, 1) — blota, )| < 5 bz, ).

This proves that b(us, p) and b(uy, p1) have the same sign and also implies that

atys )] > [b(atz, )] by, 1) — bl p)] > 3 [b(uz ) (4.2.67)

Finally, (4.2.64) and (4.2.67) gives

3
bt (uy, p1) < 2| (uz, p)| < 3[b(uy, p1)],

which is the second inequality in (4.2.57).
We now prove the first inequality in (4.2.57). By (4.2.67) and the first hypothesis in (4.2.56)
we have

1
by, p1)] 2 5o, )| 2 L1+ 7 (e, ), (4.2.68)

We then apply Lemma 4.2.6 (notice that we have B,\Ap(a:) C D and 2)\% p; < p) and eventually
choose 1y bigger (depending only on d and d,) to get

1L+ o0 2wy, 1) < 1+ o 23w (up, 202 p1) < 1+ p)22C (w(ug, p) + log(25 1))
< C(1+ P2 2w (ug, p) + pI**1og(26 1))

< O(1 + p°2"%w(ug, p) + 75 *** og(70))

(

< O+ P w(ug, p)).

Therefore, with (4.2.68) this gives
1 1 7p r1/d 5a /2
E|b(uy7pl)’ 2 gg(l + p"2 2w (ug, ) > %7’(1 + o0 Py, 1)),
which, choosing 79 big enough so that 7'3 /d > 4C', completes the proof. 0

We are now in position to prove Proposition 4.2.11 using the results from Lemmas 4.2.12,
4.2.13 and Proposition 4.2.8.
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Proof of Proposition 4.2.11. Set ¢ = T(;l/d and 7 = %nr where n and 79 are the constants given
by Lemmas 4.2.12 and 4.2.13. Note that in view of the first hypothesis in (4.2.45) we have
b(ug,r) # 0. We will prove that if b(ug,r) > 0 (resp. if b(ug,r) < 0), then u > 0 almost
everywhere (resp. v < 0 a.e.) in By(x) .

Let y € Br(x) be fixed. We first apply Lemma 4.2.12. Now, we apply once Lemma 4.2.13
at « (notice that we have y € B.,(x)) and then iteratively at the point y. It follows that there
exists a sequence of raddi p; > 0 such that

: 1
27 (1+ p (g pi) < —blug,pi), 020, (4.2.69)

7

and that b(uy, p;) has the same sign than b(u,, ) for every ¢ > 0. Assume that b(uz,r) > 0, the
proof in the case b(u,,r) < 0 is identical. Let us denote by h; = h, ,, the harmonic extension of
the trace of the function u, to B,,. With the same argument as in (4.2.58) we get

1
bluy. ) — hi(E)] < lb(uy. )] for exvery € € Buy.
Since b(uy, p;) > 0, this implies that for every & € B, N {uy < 0} we have

|ty (§) = hi(€)] = Juy(§) — bluy, pi)| — [b(uy, pi) — hi(§)]

1 3
> |b(uy, pi)| — Z’b(uyupi)’ = Z’b(uyvpi)"

By the Chebyshev inequality, the Lebesgue measure of Be,, N {u, < 0} is estimate as

4
Bep, N{uy <0} <o uy — hi. (4.2.70)
‘ Ep { Y }’ 3’b(uy,m)’ ngi‘ Y l‘
On the other hand, by (4.2.60) in this context we have
6
/ luy — hi| < Ce¥?pdt1(1 + piA/Qw(uy, pi))- (4.2.71)
ep;

Now, combining (4.2.70), (4.2.71) and (4.2.69) we get

| Bep; N {uy < 0}

5 < (8,01')_(108‘1/2/)?“(2iTpi)_1 < 8d/202—z”
| Bepi |

which implies that

‘Fy(Bspi) N {U < 0}| _ |B€pi N {uy < 0}|
‘Fy(BffPi)‘ |B€Pz" i—r+00

0,

where Fy(B:p,) = y + piA;/Q(BE). This shows that the density of the set {u < 0} at every
point y € Br(z) is 0 (see [74, exercise 5.19]), and hence that u > 0 almost-everywhere in
Bi(x). Now, we set ¢ = A;lTo_l/dn/Z where 1 and 7y are the constants given by Lemma
4.2.12 and 4.2.13. Then (4.2.46) and (4.2.47) follow from Proposition 4.2.8 and the fact that

w(u, z,er) < ¢ ¥2w(u, z,7). This concludes the proof. O

4.2.3 Lipschitz continuity

In this subsection we prove Theorem 4.1.2. At this stage, the main work is to deal with
the case where w(ug,r) is big and the first condition in (4.2.45) fails. In this case, we show in
Proposition 4.2.14 below that the value of w(u,,r) decreases at some smaller scale. Notice that
the extra hypothesis (4.2.72) is almost irrelevant in view of Proposition 4.2.8.
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Proposition 4.2.14. Let K C D be a compact set. There exist positive constants g,y € (0,1)
and ko > 0 with the following property: if x € K and r < ri satisfy

uz(§o) =0 for some &y € By, -2, (4.2.72)
|b(ug, r)| < yr(1 + w(ug,T)) and ko < w(ug,r), (4.2.73)

then we have 1
w(uz,r/3) < Jw(ue, 7). (4.2.74)

We will need the following almost-monotonicity formula for operators in divergence form.
We refer to [75, Theorem III] for a proof (see also [3] and [24] for the case of the Laplacian). Let
us set for uy,u_ € H'(B) and r € (0,1)

o) = (5 f, st ae) (5 [, S )

Proposition 4.2.15. Let B = (b;j)ij : B1 — Sym be a uniformly elliptic matriz-valued func-
tion with Hélder continuous coeﬁ‘iczents that is, for every x,y € By and £ € RY

1
1bij(x) — bij(y)] < cslz —y|”  and plf\z <&-By €< N¢P
B

Let uy,u_ be two non-negative and continuous functions in the unit ball By such that
div(BVug) > -1 in B and uyu_ =0 in Bj.

Then there exist rg > 0 and C' > 0, depending only on d, cs, §; and Ay, such that for every r < rg
we have )
2
D(ug,u_,r) <C(1+ flugp + u_||L2(Bl)) :
We now state this almost-monotonicity formula for the functions u.

Corollary 4.2.16. Let Q C D be a quasi-open set and K C D be a compact set. Let A be a
matriz-valued function satisfying (4.1.5) and (4.1.6). Let f € L>°(D). Assume that u € H}(Q)
is a continuous function solution of the equation

—div(AVu) = f in Q. (4.2.75)

Then there exists rig > 0 and Cy, > 0, depending only ond, ca,da, Aa, || f| o<, |D| and dist(K, D),
such that for every x € K and every r < ri the function u, satisfies

O (uf,uy,r) < Ch.
Proof. We first prove that we have, in the sense of distributions,

div(AVu") > flgsep in D and div(AVu~™) > flcey in D. (4.2.76)
Let us define p,, : R — R™ for n € N by

pn(s) =0, for s <0; pn(s) =ns, for se0,1/n]; pn(s) =1, for s>1/n,

and set g, (s fo pn(t)dt. Since p, is Lipschitz continuous, we have p,(u) € HJ(Q) and
Vpn(u) = pn( )Vu. Let ¢ € C§°(D) be such that ¢ > 0 in D. Multiplying the equation
(4.2.75) with ¢p,(u) € HL(Q) we get

/ AV (u) - Vi = / pr(u)AVu - Vi < / (pn(u)AVu -V + op,(u)AVu - Vu)
D D D

/ AV -V (opn(u / Jopn(u



155 4.2. Lipschitz continuity of quasi-minimizers

Now, the inequality for u* in (4.2.76) follows by letting n tend +oo, because p,(u) converges
almost-everywhere to 1,0 and Vg, (u) converges in L? to Vut. The same proof holds for u~.
Now, set p = A3 !dist(K, D¢) and define for every ¢ € By

ur(§) = p 2 Ifllpe w (p8),  F(€) = FoFu(pf),  Be= A, Ap A,
Then the functions u+ satisfy
div(BVug) > || fl| 7% flasoy = —1 in By
Therefore, by Proposition 4.2.15 we have for every r < rg = rop
_ 2
O(uf,uy, 1) = pH| 1o P(us, umyr/p) < pH|| fl70C (1 + us +u|72p,))
2
< P Al C (1 X~ I Nl 2
2
< P IE=C(1+ X~ 1CA D) = €.
O

Proof of Proposition 4.2.14. Let us denote as before h, = h,, the harmonic extension of the
trace of u, to OB,. Then we have

(g, 7/3)? _][ Vil < 2][
B,/s B

T T

\va+2f IV (ug — he) |2 (4.2.77)
/3 r/3

By the quasi-minimality property of u, we can estimate the second term in the right hand side
of (4.2.77) as we did in (4.2.8), this gives

][ IV (e — hy)[2 < 3d][ V(g — h)[2 < Croreo(uy, r)2 + C
r/3 Br

< C(r5A + KZQ_Q) w (g, 7")2, (4.2.78)

where in the last inequality we have used the second hypothesis in (4.2.73). On the other hand,
estimates for harmonic functions give

el ) < el ) < ][ el = S0% (g, ). (4.2.79)
We now want to estimate b™ (u, r) in terms of r w(uz, 7). Let us assume that w(u},r) < w(uy,7),
the same proof holds if the opposite inequality is satisfied. We first prove that for o € B,j2 and
n < 1/2 we have
][ u) ][ ul < Cgn'! r][ |Vl (4.2.80)
aBr aBnr(ﬁO) T

Notice that up to considering the function & — u} (r€) we can assume that r = 1. Let us define
a one to one function F': By \ B,y = By \ B, (&) by

—lel,
—*

F(§) = £+

We set v =u;} o F. For every £ € By we have by the fundamental theorem of the calculus

1 1
o(€) — v(né) = / Loiie) dr < / Vo(t)|dt.
n n
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Note that F' is the identity on B and is simply a translation on 0B;,. Therefore, averaging on
¢ € 9By (and since |Vu| < Cy|Vu o F|) we get

1
][ ut —][ ][ v _][ v L dt/ Vote) dHE(€)
0B 9B, ( 50 0B 8B, (€o) dwd OB

L Vo] < Cynt- d/ Vit o F|
dwq JB\B, B1\B,

<Ot / |V || det VEL| < C’dnld][ V)|,
B1\By(éo) By

which proves (4.2.80). Now, let §y € By, ,,-2, be such that u,(§) = 0 as in (4.2.72). By
Proposition 4.2.5 we have for every £ € By,(§) (and because F;(£o), Fz(§) € Ba,,)-1,(2) if n
is small enough)

W (€) < ()] = s (€0) — ()] = [u(FalE0)) — ual(Fa())
< CIF,(E0) — Fo(©)| (1 Ty A7) + log

At )
[ F(80) — Fr ()]
< Cléo =& <1 + w(u, z, Ay 1) + log |§0T_£‘> (4.2.81)

< Cr(l +nw(ug,r)),

where the last inequality holds for 7 small enough and since we have

w(u, 2, Ay 1r)? :][ |Vul|? < )\i][ AzVu-Vu
B, 1 (z) B, 1 (z)

= Ai][ |Vux]2 < /\i(d+1)w(ux,r)2.
Fy (B, 1 ()

AA

Moreover, recall that we assumed that w(u),7) < w(u,,7). Using the monotonicity formula in
Corollary 4.2.16 we get

wuf,r)* < w(uf,r)wlug,r)® < Ca®(uf,uz,r) < CaCr,

T

which implies by Cauchy-Schwarz’s inequality

1/2
][ IVugﬂS(][ \vuf) = w(uy,r) < (CaCim)"*. (4.2.82)

T T

Therefore, combining (4.2.81), (4.2.80), (4.2.82) and using the first hypothesis in (4.2.73) we
have (and also since u, = u} — ;)

b+(ux,r) :][ lug| = 2][ u;r —][ Uy
0B OB, 0B

< 2l [l o 08,0 (60)) + 2<][ uy —][ ugt) + |b(uz, )|
OB, OBy (€0)
< C (47 wlug,r) + 1457903 ) v (4.2.83)

<O (n+7)+ (L+n" 1Oy ) s, ),

where in the last inequality we used the second hypothesis in (4.2.73). We now return to (4.2.77).
With (4.2.78), (4.2.79) and (4.2.83) we get
w(ug,r/3)% < %b+(uz,r)2 + C(r% + k5 2%) wW(ug, r)?

<C ((n +9)% % 4 (14 nl‘dC},{‘*)%;?) w(tg, )2
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Therefore, choosing first 77, and rx small enough and then ko big enough (depending on 7) we
obtain (4.2.74), which concludes the proof. O

We are now in position to prove Theorem 4.1.2 using an iterative argument and Propositions
4.2.8,4.2.11, 4.2.14.

Proof of Theorem 4.1.2. Recall that we denote by u any coordinate function of the vector U and
that we have to prove that u is locally Lipschitz continuous in D. Let K C D be a compact set
and let € K. Let r < rg, where rx is smaller than the constants given by Propositions 4.2.8,
4.2.11 and 4.2.14. Set k = max{k1, K2} where ki1, kg are the constants given by Propositions
4.2.11 and 4.2.14. We consider the following four cases:

Case 1:
either ug >0 in By,,-2, or ug <0 in B, -2, (4.2.84)

Case 2:
(1 + w(ug, 7)) < [b(ug, )| and k< w(ug,T), (4.2.85)

Case 3:
|b(ug, )| < yr(1 + w(ug,T)) and Kk < w(ug,T), (4.2.86)

Case 4:
w(ug,r) < K. (4.2.87)

For k > 0 we set 1, = 37 Fr. We denote by ko, if it exists, the smallest integer k& > 0 such that
the pair (z,ry) satisfies either (4.2.84) or (4.2.85), and we set kg = 400 otherwise. If ky > 0,
then for every k < ko we have that: if (z,7r) satisfies (4.2.86) then by Proposition 4.2.14 we
have (notice that (4.2.72) holds since u is continuous and that (4.2.84) is not satisfied)

itz 1) < 50, ),
while if (z,7) satisfies (4.2.87), then we have
w(tig, Tg1) < 372w (ug, i) < 392k
Therefore, with an induction we get that for every 0 < k < kg
w(tg, 1) < max{2 Fw(ug, ), 392k} (4.2.88)

Assume that kg = +o0o. If x is a Lebesgue point for Vu, then 0 is a Lebesgue point of u, and it
follows from (4.2.88) that

[Vu(@)] < Al Vua(0)] = Ax lim w(ug, 7e) < Aa3% 2,
—+00
Assume now that kg < +o0o0. Then, by definition of ko, the pair (z,ry,) satisfies either (4.2.84)

or (4.2.85). If (4.2.84) holds, then Proposition 4.2.8 infers that u is C# near x and that we
have (using also (4.2.88))

Vu(z)| < Ce(1+wlu, @, (224) "?ri,)) < O (1 + wlu, 2, Ay )
< Cx(1 + wlug, ) < Cr (1 4+ max{275w(u,, ), 392k})
< Cr(1+ w(ug,r)).

Moreover, by Proposition 4.2.11 the same estimate holds if the pair (z,7y,) satisfies (4.2.85).
Therefore, in all cases it follows that for almost every point € K and every r < rx we have

|Vu(z)| < Cx (14 w(ug,)). (4.2.89)
Let now zo € K. Then, for almost every = € B, /2(w0), it follows by (4.2.89) that
Vu(z)| < Ck (1 + w(uz, i /2)) < Ck (1 + w(uag, Tk ))-

With a compactness argument this proves that w is locally Lipschitz continuous in D and com-
pletes the proof. O
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4.3 Lipschitz continuity of the eigenfunctions

This section is dedicated to the proof of Theorem 4.1.1. Precisely, we prove that the vector
U = (u1,...,ug) of the first k eigenfunctions on an optimal set for (4.1.1) is locally Lipschitz
continuous in D. Using an idea taken from [77|, we show that U is a quasi-minimizer in the
sense of (4.1.4), and we then apply Theorem 4.1.2 to get the Lipschitz continuity of U.

4.3.1 Preliminaries and existence of an optimal set

We start with some properties about the spectrum of the operator in divergence form defined
in 4.1.2, and we then prove that the problem (4.1.1) admits a solution among the class of quasi-
open sets.

Let us define the weighted Lebesgue measure m = bdx, where dx stands for the Lebesgue
measure in R?. For a quasi-open set  C R? we define the spaces L?(Q;m) = L?(Q2) and
H (Q;m) = HE(Q) endowed respectively with the following norms

1/2
el caomy = ( [ dm) and  ull g = lll 2@ + V4l 22 0.

Moreover, if @ = R? we will simply write lullp2(my = llullp2(magm). We notice that, by the
hypothesis (4.1.7) on the function b, the norms || - |z2(qm) and || - [[12(q) are equivalent. We
stress out that the choice of these norms is natural in view of (4.1.2) and is motivated by the
variational formulation of the sum of the first & eigenfunctions (see (4.3.1) below). Now, the
Lax-Milgram theorem and the Poincaré inequality imply that for every f € L%(2,m) there exists
a unique solution u € H}(£2,m) to the problem

—div(AVu) = fbin Q, u€ Hi(Q,m).

The resolvent operator Rq, : f € L?(;m) — H}(;m) C L*(Q;m) defined as Ro(f) = u is a
continuous, self-adjoint and positive operator. Since the Sobolev space H&(Q; m) is compactly
embedded into L%(£2;m) (because we have assumed that b > ¢, > 0, see (4.1.7)), the resolvent
Rq is in addition a compact operator. We say that a complex number A is an eigenvalue of
the operator (4.1.2) in € if there exists a non-trivial eigenfunction u € HE(Q;m) solution of the
equation

—div(AVu) = Aubin Q, u € HY(Q;m).

The above properties of the resolvent ensure that the spectrum of the operator (4.1.2) in Q is
given by an increasing sequence of eigenvalues which are strictly positive real numbers, non-
necessarily distinct, and which we denote by

0 < () < Aa(Q) <+ < A(Q) < -

The eigenvalues A\, (§2) are variationnaly characterized by the following min-max formula

AVv -Vud
Ae(Q) = min max Jo AVv - Vodz

V subspace of veV\{0} fQ vZdm
dimension k of HJ(Q,m)

Moreover, we denote by uy, the normalized (with respect to the norm | - [| 12 (q;m)) eigenfunctions
corresponding to the eigenvalues A\;(€2) and note that the family (ug)r form an orthonormal

system in L2(2;m), that is
1 if 0=,
/ uiuj dm = 5ij = . . .
Q 0 if i#j.
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As a consequence, we have the following variational formulation for the sum of the first k
eigenvalues on a quasi-open set 2

k
> Q) = min{/ AVV -VVdz : V = (v,...,u) € HY(Q,RF), / v dm = 5ij},
i=1 Q Q
(4.3.1)
for which the minimum is attained for the vector U = (u1,...,ux). We now deduce from this

characterization that the minimum in (4.1.1) is reached.
Proposition 4.3.1 (Existence). The shape optimization problem (4.1.1) has a solution.

Proof. Let (Q,)neny be a minimizing sequence of quasi-open sets to the problem (4.1.1) and
denote by Uy, = (uf,...,u}) the first k eigenfunctions on €2,,. Since the matrices A,, x € D, are
uniformly elliptic, we have the following inequality

k
)‘22/ |VUn|2 dr < / AVU,, - VU, dx = Z )\Z(Qn)
b b =1

which infers that the norm ||Up|| g1 is uniformly bounded. Therefore, up to a subsequence, U,
converges weakly in H'(D,RF) and strongly in L?(D,R¥) to some V € H'(D,RF). Notice that
V is an orthonormal vector. Set * := {|V| > 0}. Then using (4.3.1), the weak convergence in
H' of U, to V and the semi-continuity of the Lebesgue measure we have

k
SN + A < / AVV -V dz + A{|V| > 0}
i=1 D
< lim inf (/ AVU, - VU, da + A|{|Uy| > 0}|)
n D
k
< liminf (Z Ai(Q) + A]Qno
i=1
which concludes the proof. O

In the next Lemma we prove that the eigenfunctions are bounded. This result is a con-
sequence of Lemma 4.2.1 and we refer to [84, Lemma 5.4] for a proof which is based on an
interpolation argument.

Lemma 4.3.2 (Boundedness of the eigenfunctions). Let Q C R? be a bounded quasi-open set.
There exist a dimensional constant n € N and a constant C' > 0 depending only on d, Aa, cp and
||, such that the resolvent operator Rq : L*(Q;m) — L*(Q;m) satisfies

RML*(Qm)) C LO(Q)  and || R zr2@umye(a) < C.
In particular, if u is an eigenfunction on ! normalized by |lul|;2(,,y =1, then u € L>(Q) and
Jull e < CAQ)",
where \(Q)) denotes the eigenvalue corresponding to u.

To conclude this subsection, we show that the first eigenfunction on an optimal set 2* keeps
the same sign on every connected component of 2*. Notice that Q* may not be connected and
has at most k& connected components.
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Lemma 4.3.3 (Sign of the principal eigenfunction). Let  C D be an open and connected set
and let uw € H}(Q) be the normalized first eigenvalue on ), that is

—div(AVu) = A (Q)bu  in Q and / u?dm = 1.
Q

Then u is non-negative in Q (up to a change of sign).
Proof. We assume that ut # 0 (if not, take —u instead of u) and we set
we =t andus =/ g,

Since v is variationally characterized by
A(Q) = / AVu-Vud:c:min{/ AVa - Vade : e HA(Q), /fﬂdm: 1}, (4.3.2)
Q Q Q
we have
/ AVu - Vudr < / AVuy - Vuy dx and / AVu - Vudx < / AVu_ - Vu_dz.
Q Q Q Q
Then, it follows that the two above inequalities are in fact equalities since otherwise we have

/AVu~Vudx:/AVu+-Vu+dx+/AVu_-Vu_dm
Q Q Q

> (/(u+)2dm—|—/(u_)2dm)/AVu-Vudzz/AVu-Vudx,
Q Q Q Q

which is absurd. In view of the minimization characterization (4.3.2), this ensures that uy is
solution of the equation

— le(AV’LL+) = Al (Q)U+b in Q.

Then, the strong maximum principle (see [48, Theorem 8.19]) and the connectedness of 2 imply
that w4 is strictly positive in €2, which completes the proof. O

4.3.2 Quasi-minimality and Lipschitz continuity of the eigenfunctions
We prove that the vector U = (uy,...,u;) of normalized eigenfunctions on an optimal set
Q* for the problem (4.1.1) is a local quasi-minimizer of the vector-valued functional

H{(D,R*) 32U / AVU - VU dx + A|{|U| > 0}|
D

in the sense of the Proposition below. The Lipschitz continuity of the eigenfunctions is then a
consequence of Theorem 4.1.2. We notice that, in view of the variational formulation (4.3.1),
the vector U is solution to the following problem

min{/ AVVVVd:C-l—A‘{‘V’ >0}‘ : VZ('Ul,...,Uk) GH&(D,R’C),/ Uz"l)jdm=5ij}.
D D
(4.3.3)

Proposition 4.3.4 (Quasi-minimality of U). Let Q* C D be an optimal set for the problem
(4.1.1). Then the vector of orthonormalized eigenfunctions U = (uy,...,ux) € Hg(Q*,RF)
satisfies the following quasi-minimality condition: for every C1 > 0 there exist constants € €
(0,1) and C > 0, depending only on d,k,C1,||U||r~ and |D|, such that

/AVU-VUda:+A|{|U| >0} < (1+C’HU—I7HL1)/ AVU -VU dz+ A|{|U| > 0}|, (4.3.4)
D D

for every U € H}(D,R*) such that |U — U1 < e and |U||z= < Cy.
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The next Lemma, in which we get rid of the orthogonality constraint in (4.3.3), is similar to
Lemma 2.5 in [77] with only slight modifications, but we decided to recall the whole proof for a
sake of completeness.

Lemma 4.3.5. Let Q C D be a quasi-open set and let U = (uy,...,ux) be the vector of nor-
malized eigenvalues on Q. Let § > 0. Then there exist € € (0,1) and Cy, > 0, depending only
on d,k,§ and |Q|, such that for every U = (1, . .., ux) € H}(D,R¥) satisfying

k
Ek 1= Z/ |ﬁ¢—ui\dm§5k and
i=1"D

the following estimate holds

sup Ll oo + il <6

1=

geeey

/AVV~Vde§(1+C’k5k)/ AVU - VU dz, (4.3.5)
D D

where V. = (v1,...,v;) € HY(D,RF) is the vector obtained by orthonormalizing U with the
Gram-Schmidt procedure:

ai_2§;l1(fDﬂivjdm)vj if 1=2,...,k.

Proof. We first prove an estimate of [|ux — wg|[z2(m) in terms of ex. Precisely, we prove by
induction on k that there exist constants £; € (0,1) and Cj > 0 such that the following
estimates hold whenever ¢, <z,

v; = Wi/ ||will £2(m) where  w; = {

k
H’U,k — ’U)kHLl(m) < Ck&‘k, Z ||’U,Z — UiHLl(m) < Ckgk, i{rllaxk HUZ'HLOO < Ck (4.3.6)

. L
=1

For k =1 the first estimate obviously holds with C; > 1. Moreover we have

_ il 2 my — 11, a7z — 11
UL — V|| im) = 7= WllLtm) & — =2 |U1|| Lt (m
| 21 (m) T zom 1l 21 (m) [l Za 81| 21 ()
Mlur + (@1 — u1)l1F 2, — 1
= ) an + (i — 1)1y (43.7)

lur + (1 — w1) Iz,

2fu1|ﬂ1 — U1| dm + ||ﬂ1 — U1||%2(m)
1 *2]U1|’[L1 ful\dm

(2lluallpee + (1T — url[pee) [T — urllL1(m)

1 —2lus|| e[|t — ual 21 ()

(]Q|1/2 +€1> < 126|021,

(It 22y + s = wtll 2 my)

(et oy + N = 2t g1 o)
30¢e1
— 1-—26e
where the last inequality holds if 1 < min{(46)~", |Q|"/*}. This gives the following L'-estimate
lur — vl prgmy < llur = Gl pagmy + 81 = villmy < (1+ 128/ 7)er.
Finally, we estimate the infinity norm

o]l = lallze @]l o %l oo
l1llz2my Nl + (@1 —w)llp2gmy = (1 =2 fur]ts — ug|dm)'/?
< Il < 0 <
1—2[w|ag —ui|dm ~ 1 —26e;
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which proves the claim for £ = 1. Suppose now that the claim holds for 1,...,k — 1. We first
estimate [ug — wg||L1(m)- Since the functions u; form an orthogonal system of L?(€2,m) and by
the induction’s hypothesis we have (and also because €1 < £f)

k—1

D

=1

k—1
upv; dm| < / Uy — g |w; + |v; — wi|lug + |vi — w| |t — ug| ) dm
[ \;D(m s + o — i+ o — il —
< ((k‘ — 1)5 + 0Ck_1 + (k — 1)(Ck_1 + 5))€k =: ékgk- (4.3.8)

Therefore, with the triangle inequality we obtain

k—1
lwr — wellprom) < [luk — kllprgm) + tgvi dm| (luill prmy + lvi — will prm))
D
=1
< (1 + G192 + er—1))er < (1 + 2C,|Q) ) e (4.3.9)

We now prove the second estimate in (4.3.6). Using once again (4.3.8), we have the following
estimate of the L°-norm of w;,
/ U v; dm
D

Moreover, with the same procedure as in (4.3.7), it follows from (4.3.9) and (4.3.10) that

k
lwllzee < lligllze + vl Lo < 0 4 Cr1Ch. (4.3.10)

i=1

(BllurllLee + l[willLoe ) [wi — wkll L1 (m)
1 — 2[Jug || poe [ — vkl L1 (m)
(45 + Cr1Cp) (1 + 2C4[Q'?)
1 —25(1 4 2C4|Q"/2)ey,

i — vkl 1 m) < (HukHLl(m) + [Jwy — ukz”Ll(m))

< (192 + (1 + 2C1|Q'))ey.

Now, choose e < [46(1 4 2C%|Q]"/?)] 7! so that with the triangle inequality we have

luk — vkl L1 my < lluk — Gkl L1 ny + 18 — vkl 21 m)

< |1+ 2(46 + Coo1 Cr) (1 + 2G| Q) (1912 + (1 + zékm\l/?)}gk.

We then use the inductive hypothesis to get the desired L'-estimate. It remains only to estimate
||vg||Leo. Firstly, notice that we have

| 1wkl z2gmy = 1 < | lwklZogny = 1 = | luk + (wi = wg) 7200y — 1
< ‘2/ u(up — wy) dm + / (up, — wy,)? dm’
D D
< Bllukllzee + [lwellzoe) l[ur — well L1 (m)
< (40 + Crp_1Cy) (1 + 2C4|Q] e

Thus, with the extra assumption g, < [(40 + Cj_1Cy)(1 4+ 2C%|Q|')]7", it follows that 1/2 <
Wl p2(my < 3/2. With (4.3.10) this gives the following L°°-norm of vy,

| wg || Lo

< 2(0 4 Cp—1Cy)
1wl £2 (m)

vk || Loe =

and concludes the proof of the claim.
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We are now in position to prove the Lemma by induction. For k = 1, we ask that e; < (49) 7!,
so that we have

/ AVuy - Vop do < |ya1||222(m) / AViy - Vi dx
D D
< (1= 2o 1 = w2 ny) [ AV Vit da
D
< (1 + 4561)2/ AV -V de < (1 + 12561)/ AV - Vg dx.
D D

Suppose now that the Lemma holds for 1,...,k — 1. Thanks to the first estimate in (4.3.6) of
the preceding claim we have

wrll 2y < (1= 2llugll e llug — will 1 m) ™ < (1 +46Cher)? < 1+ 126Csey,

where the last inequality holds if e < (46C%)~!. On the other hand, for every i = 1,...,k — 1,
we have by the inductive assumption

k—1 k—1
/AVvi-VvZ- dx < Z/ AVv; - Vojdz < (1 +Ck_15k_1)2/ AV, - Vi, de.
D ; D : D

Jj=1 J=1

Therefore, using the estimate (4.3.8) we get

1/2 1/2 k-1
< / AVwk-Vwkdx) < < / Avak-vakdas> +>
D D i=1

/2 - k-1
< (/ Avak-vakdm) + Crer(1+ Cp_q)? Z/ AV - Vi da
D . D
7j=1

1/2
/ W V; dm’ (/ AVv; - Vu; dac)
D D

1/2

We then ask that e, < (2C;)~*(1 4 Ch_1)~ Y2 so that we get

/ AV - Vo dr = ||wkH222(m) / AVwy, - Vwy, dx
D D
~ k—1
< (1 +126Ckey) (1 + Ci(1 +Ck1)1/25k)/ AV, - Vg dx + Z/ AVfL]‘ -V dx
D . D
7j=1

This, using once again the inductive hypothesis, proves (4.3.5) and concludes the proof. O

Proof of Proposition 4.3.4. Let U be a vector satisfying the hypothesis of Proposition 4.3.4 and
let V e H&(D,Rk) be the vector given by Lemma 4.3.5 and obtained by orthonormalizing U.
Using V' as a test function in (4.3.3) and then Lemma 4.3.5, we have

/AVU.Vde+A\{yU\>0}|g/Avv.vvczx+A\{yvy>0}
D D
< +ckHU—fJ||L1)/ AVT - VT dx + A{|T] > 0},
D

where we have used in the last inequality that {|V| > 0} c {|U| > 0} (which holds by construc-
tion of V). O

We now conclude the proof of Theorem 4.1.1.

Proof of Theorem 4.1.1. The proof follows from Proposition 4.3.4 and Theorem 4.1.2 (see also
Lemma 4.3.2). 0



Chapter 5

Regularity of optimal sets for some
functional involving eigenvalues of an
operator in divergence form

This chapter is based on [88].

Abstract

In this paper we consider minimizers of the functional
min { A (Q) + - 4+ Ae(Q) + A|Q], : Q C D open}

where D C R? is a bounded open set and where 0 < A\;(Q) < --- < Ar(€2) are the first k
eigenvalues on 2 of an operator in divergence form with Dirichlet boundary condition and
with Holder continuous coefficients. We prove that the optimal sets 2* have finite perimeter
and that their free boundary 9Q* N D is composed of a regular part, which is locally the graph
of a C1:®regular function, and a singular part, which is empty if d < d*, discrete if d = d*
and of Hausdorff dimension at most d — d* if d > d*, for some d* € {5,6,7}.

5.1 Introduction

This paper is dedicated to the regularity properties of the minimizers to the problem
min {A(Q) + -+ X (Q) + A|Q| : Q C D open} (5.1.1)

where D C R? is a bounded open set (a box), A is a positive constant and 0 < A (Q) <
- < () stand for the first £ eigenvalues (counted with the due multiplicity) of an operator
in divergence form. More precisely, we consider the operator —b(x)~!div(A4,V-), where the
matrix-valued function A : D — Sym;f is uniformly elliptic with Holder continuous coefficients,
and b € W1°(D) is a positive Lipschitz continuous function bounded away from 0. This means
that for every eigenvalue \;(£2) there exists an eigenfunction u; € Hg () such that

{—dN(AVui):Ai(Q)bw 0 (5.1.2)

u; =0 on Of).

We now state in the following theorem the main result of this present paper.

164
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Theorem 5.1.1. Let D C R? be a bounded open set and let A : D — Sym!, b € Wh>°(D)
satisfying (5.1.5), (5.1.6) and (5.1.7) (see below). Then every solution Q* to the problem (5.1.1)
has finite perimeter. Moreover, the free boundary 0Q* N D can be decomposed into the disjoint
union of a reqular part Reg(0QY* N D) and a singular part Sing(0QY* N D), where:

1. Reg(0SY* N D) is locally the graph of a CY®-regular function.
If, moreover, a;; € C*¥(D) and b € C*=1°(D) for some § € (0,1) and k > 1, then
Reg(0QY* N D) is locally the graph of a C*1%_reqular function.

2. for a universal constant d* € {5,6,7} (see Definition 5.4.19), Sing(O¥* N D) is:

o empty if d < d*;
e discrete if d = d*;
e of Hausdorff dimension at most (d — d*) if d > d*.

The problem (5.1.1) can also be considered in the class of the quasi-open sets, but we stress
out that it is the same thing. Indeed, preliminary results, inspired by the work of David and Toro
in [34] (see also [32]), have already been obtained in [87] in view to prove the regularity of the
minimizers to (5.1.1). The main results of the paper are stated in Theorem 5.1.2 below, where
the author shows that if a quasi-open set Q* is solution, among the class of quasi-open sets, to
the problem (5.1.1), then the first k eigenfunctions on Q* are locally Lipschitz continuous, and
hence Q* is an open set.

One of the main interest and difficulty of this paper is to consider an operator with variable
coefficients. This case is more involved than the case of the Laplacian and has been studied only
recently. We notice that our result is quite general and applies, for instance, to an operator with
drift —A + V® -V or in the case of a manifold.

The first result concerning the regularity of the free boundary of optimal sets (for spectral
functionals) was established by Brian¢on and Lamboley in [11], where they consider the min-
imization problem of the first eigenvalue of the Dirichlet Laplacian with inclusion and volume
constraints. More precisely, using the strategy developed by Alt and Caffarelli in [2], they prove
that the optimal sets for the problem

min {A(Q) : © C D open, [Q <m} (5.1.3)

have C*°-regular boundary (inside D) up to a singular set whose (d — 1)-Hausdorff measure
is zero (provided that the box is bounded and connected). In [77], Mazzoleni, Terracini and
Velichkov study the regularity properties of sets that minimize the sum of the first k eigenvalues
of the Dirichlet Laplacian among all sets of fixed volume, that is, minimizers of

min {A(Q) + -+ A(Q) : QC R? open, |Q] = 1}. (5.1.4)

They prove that the regular part of the boundary of an optimal set is C*°-regular and, thanks to
a dimension’s reduction argument due to Weiss (see [92]), that the singular set is of dimension at
most d — d*, hence improving the smallness estimate of the singular set. Meanwhile, Kriventsov
and Lin consider in [70] a more general functional and prove that minimizers of

min { F(A1(Q), -, \() + 12| : @ R? open}.

are C®-regular up to a singular set of dimension at most d — 3. Here, F : R¥ — R is a function
of class C! which is strictly increasing in each variable (9;F > ¢ > 0). In [71], they also obtain
a regularity result in the case where the functional F' is non-decreasing in its parameters, which
hence apply to minimizers of

min { F(A\g, (), , A, () + Q] : QC R4 quasi-open },
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where the first eigenvalue is not necessary involved. Notice that in these problems, the main
difficulty is to deal with higher eigenvalues since they have a min-max variational characteriza-
tion.

On the other hand, regularity problems involving different operators have been studied only
recently. In [84], the authors prove the regularity of the minimizers to (5.1.3) where A\; now stands
for the first eigenvalue of a drifted operator —A + V& - V with Dirichlet boundary condition
(for some ® € W1>°(D,R%)), and therefore extend the result of Briangon and Lamboley. We
highlight that the operator considered in this paper (see (5.1.2)) is more general than the operator
with drift —A 4+ V® - V which corresponds to the special case where A = e~ ®Id and b = e~ .
Recently, Lamboley and Sicbaldi successfully treated the minimization problem (5.1.3) in the
manifold setting with the Laplace-Beltrami operator (see [73]). They prove the existence of an
optimal set among quasi-open set provided that the manifold M is compact and that optimal
sets are C-regular if M is connected (and C'*°) up to (d — d*)-dimensional singular set.

Let us also mention that some regularity results have also been established in the context of
multiphase shape optimization problems involving eigenvalues (see, for instance, [28], [25], [82],
[85])

We notice that we deal with a penalized functional and that it is natural to expect that
a similar result also holds with a volume constraint as in (5.1.3), but we will not address this
question in this paper since our main motivation is to treat the case of an operator with variable
coefficients.

5.1.1 Preliminaries and notations

We will use the following notations throughout this paper. We fix a matrix-valued function
A = (aij)ij - D — Sym;r, where Sym:lr denotes the family of the real positive symmetric d x d
matrices, which is uniformly elliptic and has Holder continuous coefficients. Precisely, there exist
positive constants d,,c, > 0 and A, > 1 such that

lai;(x) — aij(y)] < calz —y|*», for every i,j and z,y€ D; (5.1.5)
1 d
EK‘Q <€A = Z aij(2)&& < N2|¢)?, forevery z €D and ¢€R% (5.1.6)
ij=1

We also fix a Lipschitz continuous function b € W°°(D) which we assume to be positive and
bounded away from zero: there exists ¢, > 0 such that

¢t <b(z) <ep forevery x€D. (5.1.7)

We set m = bdx and we define, for any an open set 2 C D, the spaces L?(Q;m) = L?(Q)
and Hg(Q;m) = HE(Q) endowed respectively with the norms

1/2
el 2 (gamy = ( [ dm) and [l = lull 2@ + 1Vl 20,

By the Lax-Milgram theorem and the Poincaré inequality, for every f € L?(€2,m) there exists a
unique solution u € H(Q, m) to the problem

—div(AVu) = fbin Q, wu € H}(Q,m).

The resolvent operator Rq : f € L?(Q;m) — HE(Q;m) C L2(Q;m) defined as Ro(f) = u
is continuous, self-adjoint, positive and compact (since HE(Q;m) is compactly embedded into
L?(Q;m), because b > ¢, > 0). Therefore, the operator —b~!div(AV-) in Q has a discrete
spectrum which consists in real and positive eigenvalues denoted by

0<AM(2)<X(Q) < <)<
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For every \;(Q) there exists an eigenfunction u; € Hg(Q;m) satisfying
—div(AVu;) = Ni(Q)bu; in Q,

where the PDE is intended in the weak sense, that is
/ AVu; - Vodxr = )\Z(Q)/ ujp dm for every ¢ € H3 ().
Q Q

Moreover, the eigenfunctions (u;);eny (on an open set 2 C D) will always be normalized with
respect to the norm [| - || ;2(q;m) and form an orthonormal system in L*(€;m), that is

1 if i=,
/u,-uj dm = b;j := e
Q 0 if i#j.

We denote by Hi (2, R¥) the space of all vector-valued function U = (uq,...,u;) : @ — RF
such that u; € H}(Q2), endowed with the norm

k
U0y = U 20y + IV Ul 20y = D (luill z2e) + [ Vull z2(0) -
i=1
Similarly, we will also need the following norms for U = (uq,...,u;) : Q — RF
k k
Uy =D lluillig — and  [[U]| o) = sup [[will oo (02)-
i=1 =

Moreover, for U = (uy,...,ug) : @ = RF weset |U| = u2+- - +ui, |VU|? = |[Vu >+ - -+ | Vug |2
and AVU - VU = AVuy - Vuy + - - + AVuy, - Vuy,. Finally, for f = (f1,..., fr) € L*(Q,R¥) we
say that U = (u1,...,u) € HY(Q,RF) is solution to the equation

—div(AVU)=f in Q, U e H}ULRY
if, for every i = 1,...,k, the component u; is solution to the equation
—div(AVu) = f; in Q,  u; € HY(Q).
We summarize in the following theorem the main results obtained in [87].

Theorem 5.1.2. Let D C R? be a bounded open set and let A : D — Syml, b € L>(D)
satisfying (5.1.5), (5.1.6) and (5.1.7). Then the minimum

min {A1(Q) + - + M\(Q) + A|Q| : Q C D quasi-open } (5.1.8)
is achieved. Moreover, the vector U = (uy,...,ux) € HY(Q*,R¥) of the first k normalized

eigenfunctions on any optimal set Q* for (5.1.8) satisfies:

1. U € L*(D) and is a locally Lipschitz continuous function in D. In particular, Q* is an
open set.

2. U satisfies the following quasi-minimality property: for every C1 > 0 there exist constants
e € (0,1) and C > 0, depending only on d,k,C1, ||U||p~ and |D|, such that

/AVU-VUdm+A|{|U|>O}|§ (1+C’HU—U||L1)/ AV -V dz + A[{|T] > 0}],
D D

R ~ ) (5.1.9)
for every U € H (D, R¥) such that ||U — Ul|;1 < ¢ and |U||~ < C1.
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5.1.2 General strategy and main points of the proof

Throughout this paper we will always denote by * an optimal set to the problem (5.1.1).
In section 5.2, we reduce to the case where A = Id and prove that the vector U = (uq,...,ux)
of the first k£ eigenfunctions on Q* is, in some new set of coordinates, a quasi-minimizer of the
Dirichlet energy in small balls centered at the origin (Proposition 5.2.2). We notice that we
perform a change of coordinates near every point x € 0€2* and hence that one of the main
issue is to deal with functions U, = U o F, which depends on the point z (see (5.2.3) for the
definition of F,). We adapt the strategy developed by David and Toro in [34] to prove that
Uy is non-degenerate (Proposition 5.2.3). Using an idea of Kriventsov and Lin in [70], we show
that the first eigenfunction u; is non degenerate in QF (Proposition 5.2.6), where QF denotes
any connected component of Q* where u; is positive. From this result we then deduce a uniform
growth of u; near the boundary 02} and a density estimate for {27.

We notice that, unlike in [77], the optimal set Q* may not be connected. Indeed, the
geometrical constraint imposed by the box D and the presence of variable coefficients do not
allow to translate the connected components of Q* and hence to prove as in [77] that Q* is
connected. However, we prove in Proposition 5.3.7 that the connected components of Q* cannot
meet inside D. Therefore, in order to prove Theorem 5.1.1 it is enough to prove only the
regularity of €} (see also remark 5.1.3 below). This result comes from the structure of the
blow-up limits studied in section 5.3, where we in particular prove that the blow-up limits are
one-homogeneous functions and solution of the Alt-Caffarelli functional.

Section 5.4 is then dedicated to the regularity of 2]. Since we work with the first k eigen-
functions in a new set of coordinates, namely with U,, we define the regular part of Q] in a
different way than in [77] (see Definition 5.4.4). Then, we show as in [77| that we can reduce
to a one-phase problem, for which the regularity of the free boundary was proved by De Silva
(see [36] and [85, Appendix A]). To this aim, we prove that QF is a non-tangentially accessi-
ble (NTA) domain near the regular points and we prove a boundary Harnack principle for the
eigenfunctions U = (uy, ..., u) on Qf. More precisely, we prove that for every z¢ on the regular
part of the boundary 093, the limits g;(x¢) = limy 4, % exist and define Holder continuous
functions g; : 9Q} N By(z9) — R. We notice that one difficulty comes from the presence of the
function b and that it is the only point in the paper where the Lipschitz continuity assumption
on b is needed. As a consequence, we deduce that u; satisfies the following optimality condition

’A;/Q[Vm(x)ﬂ = g(:c)\/K for every x € 097 N By(xp),

where g is an Holder continuous function depending on the functions g¢; (see (5.4.16)). In
subsection 5.4.5 we provide an estimation of the singular set by proving that we can apply the
strategy developed by Weiss in [92] to the case of an operator in divergence form (see Lemmas
5.4.21 and 5.4.22).

Remark 5.1.3 (On the connected components of the optimal sets). We highlight that it is
enough to prove the regularity of any connected component of Q* where the first eigenfunction
is positive. Indeed, if €} is a connected component of €0*, then there exists kg > 0 such that
Xi(Q25) € {M (%), .., \(Q%)} for any ¢ € {1,...,ko} and N\;(2§) ¢ {A(%),..., \e(Q")} for
any ¢ > ko. Using that o(2*) = o(f) U o(Q* \ Qf), it is straightforward to check that €2
is solution to the problem (5.1.1) with k = kg and D = D\ (Q* \ ). Notice also that the
connected components of 0* cannot meet inside D (see Proposition 5.3.7).

Moreover, we notice that £2* has at most k connected components. Indeed, denote by 2}
a connected component of Q* such that X\;(Q*) € o(QF). Then, it turns out that the first
k eigenvalues on Q* coincide with the first k eigenvalues on U¥_,Qf and therefore we have
| UF_, Qf| = |Q| (since otherwise the optimality of Q* gives a contradiction).
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5.2 General properties

In this section we study some properties of the optimal sets Q* to the problem (5.1.1) and
of its first normalized eigenfunctions U = (uy,...,ux). We first prove that the optimal sets
have finite perimeter and that the vector U is non degenerate. We then prove that the first
eigenfunction u; is non degenerate on any connected component Q} of 0* where u; is positive.
As a consequence, we show that (2] satisfies a density estimate. We conclude the section with
an almost Weiss type formula for U.

5.2.1 Finiteness of the perimeter

We prove that the De Giorgi perimeter of any optimal set to the problem (5.1.1) is finite.
We follow the strategy introduced by Bucur in [12] for the eigenvalues of the Dirichlet Laplacian
(see also |78| and [84]). Together with a density estimate for the optimal sets Q* (Proposition
5.2.9), this provides a kind of smallness of the singular set of Q* (see section 5.4.5). The proof
of this result will also be used to obtain a non-degeneracy property of the first eigenfunction uy
on QF (Lemma 5.2.4).

Proposition 5.2.1. Let Q* C D be an optimal set for the problem (5.1.1). Then Q* is a set
finite perimeter in R%.

Proof. Let U = (u1,...,u) € H}(Q*,R¥) be the vector of normalized eigenfunctions on Q*.
We prove that {|u;| > 0} is a set of locally finite perimeter in D for every i € {1,...,k}. This
then implies that the optimal set * = {|U| > 0} has finite perimeter. Let = € 0{|w;| > 0} N D
and assume for simplicity that x = 0. Let 7 > 0 be small, ¢ € (0,1) and n € C°(B,) be such
that 0 <7 <1, {n =1} = B, )3 and [|[Vy||p~ < C/r. We set

wip = n(u; — T —nu+t)” + (1 —n)u; = (1 —n)uy it |ul < t,

and Uy = (u1,..., Ui, ..., u) € H&(D,Rk), where u; ¢ stands at the i-th position. Notice that
we have U —U; € H} (B, R¥) and ||U —Uy||11 < t|B,|. We denote by C any constant which does
not depend on x or t. By the quasi-minimality property of the function U in Theorem 5.1.2 we
have

/ (AVu; - Vi — AV - Vugg) + A({[U] > 0} 0 By — [{|U:] > 0} 0 B,|)

T

< C|U - Ul / AVU, - VU, < Ct. (5.2.1)
D

Since n = 1 in B, /5 we have Vu; ¢ = Vu;1{jy, >4 in B, /2 and hence

B,z {0<]u;|<t}NB,;. /2
On the other hand, with an easy computation we get
/ (AVui -Vu; — AVu,y - Vuiyt) = / (2tAVui -Vn — t2AV17 . Vn)
By\B,. /2 {wi>t}N(Br\B,./2)

+ / (n(2 —n)AVu; - Vu; — u?AVn -Vn+2(1 — n)u;AVu; - Vn)
{us|<t}N(Br\B;/2)

+ / (= 2tAVu; - Vi — t2AVn - V) > —Ct.
{uiz_t}m(BT\Brﬂ)
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Moreover, since n # 1 in B, \ B, /; and by definition of u;; we have

{IU] >0} N B[ = [{|Ut] > 0} N B, = [{[U] > 0} N By ja| = [{|Ut] > 0} N B, 5
= K0 < fuil <t} 0 {|U] > 0} N By o = {0 <fug| <t} 0 By jo.

Then, we now get from (5.2.1) that

/ AVu; - Vs + A0 < [us] < £} 0 B, jo| < Ct (5.2.2)
{0<]u;|<t}NB,;. /2

and therefore we have

/ Vi g/ (IVal? + 1)
{0<]ui|<t}NB,. /2 {0<ui|<t}NB; /o

< max{Ai,A—1}</ AVu; - Vu; + A{0 < |u;| <t} N BT/2]> < Ct.
{0<|u;|<t}NB,;. /2

We now use the co-area formula to rewrite the above inequality as

t
1/ Per ({|u;| > s}; B,/5) ds < C.
0

Therefore, there exists a sequence ¢, | 0 such that Per({|us| > tn}; B,/5) < C. Passing to the
limit we get that Per({|u;| > 0}; B, 2) < C, which concludes the proof. O

5.2.2 Freezing of the coefficients and non-degeneracy of the eigenfunctions

The properties of the eigenfunctions on optimal sets in the case where A = Id have already
been studied in [77]. Thus, we perform a change of variables in order to reduce to this case. We
prove in the spirit of [85, Lemma 3.2] (see also [87, Proposition 2.4]) that the vector of the first &
eigenfunctions is a local quasi-minimizer at the origin of the Alt-Caffarelli functional. We then
prove a non-degeneracy property for the vector of the first k eigenfunctions at the boundary of
the optimal set.

We start with some notations which will be used throughout this paper. For U € H'(R?, R¥)
and r > 0 we set

J(U,r) = / VU2 + A|{|U] > 0} N By,
By
For z € D we define the function F, : R — R? by
Fo(¢) =x+ AL,  €eRY (5.2.3)

where A;lv/ ‘e Sym;r denotes the square root matrix of A, (notice that, by assumption, the matrix
A, is positive definite). Moreover, for U = (uy,...,u;) € H' (R4, RF) we set U, = U o F,, and
Ug,i :UZ'OFx,i: 1,...,k5.

Proposition 5.2.2. Let U € H}(D,RF) be the vector of the first k normalized eigenfunctions
on Q. There exist constants g € (0,1) and C' > 0 such that, if © € D and r < 7y satisfy
By, r(z) C D, then

J(Ug,r) < (1 +CrP)J(U,r) + C|Up — Ul 11 (5.2.4)

for every U € HY(RY R¥) such that U, — U € H}(B,,R¥) and ||U||p < ||Us| 1o
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Proof. Let V € H}(D,RF) be such that U = V o F, and set p = A,r. Observe that U —V €
H}(F.(B,)) and use V as a test function in (5.1.9) to get

/ AVU-VU+A|{]U|>0}mFx(Br)\§(1+C’rd)/ AVV - VY
Fy(By) Fy(Byr)

FA{|V] > 0} N Eo(B)| + CIU = V|p1. (5.2.5)

Moreover, since A has Holder continuous coefficients and is uniformly elliptic, we have

J(Ug, ) gdet(Agcl/?)[(l—i—ch)\ip‘;A)/ AVU - VU + A{|U| >0}mFx(BT)\] (5.2.6)
Fy

(Br)

Similarly, we have the estimate from below

J(U,r) > det(A;"7?) [(1 - ch)\ipéA)/ AVV -VV +A{|[V]| >0} N Fz(BT)y]. (5.2.7)

=(Br)
Combining (5.2.6), (5.2.5) and (5.2.7) we get

14 Cr?

2 9
J(Ux,r) S (]. + dCAAAp A) |:]__dCA)\%p5A

J(U,r)+C||U, — U||L1]

which gives (5.2.4). O

We now prove a non-degeneracy property of the function U, = U o F, using the approach of
David an Toro in [34] which is a variant of the result in [2].

Proposition 5.2.3 (Non-degeneracy of Uy). Let U = (u1,...,ux) be the vector of the k first
eigenfunctions on Q*. Let K C Q* be a compact set. There exist constants 1 = nx > 0 and
rix > 0 such that for every x € K and r < rx we have

k
Z]([aB |ugi| < nr = U=0 in B, (z).
=1 r

We will need the following Lemma which, loosely speaking, provides an estimate of the
non-subharmonicity of U,.

Lemma 5.2.4. Let U = (uq,...,uy) be the vector of the k first eigenfunctions on Q*. Let
K C Q* be a compact set. There exists constants Cx > 0 and rg > 0 such that for every x € K
and r < rig we have

k
>, ][ (e = hri)T]* < Crer® oA, (5.2.8)
i=17 Br
where hy; denotes the harmonic extension of the trace of ug; to 0B,.
Proof. We define the vector U = (@, ..., u;) € H'(R?, R¥) by

. min(ug. i, Ry,i) in B,
vt Ug i in D\Br.

Then, using U as a test function in Proposition 5.2.2 we get (since U, is locally Lipschitz
continuous in D and because we have the inclusion {|U| > 0} C {|U,| > 0} since ; < uy;)

/ |VUx|2§(1+Cr5A)/ VT2 + Crn{[T] > 0} 0 Bl + CUs — O 113
™ B"‘

< (14 Crda) / |VU? 4 Crdtoa, (5.2.9)

T
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We now set V; = {hy,; < ug;} for every i =1,...,k, so that by (5.2.9) we have

k
Z/ (|Vugi|? — [Vhi|?) < CT‘SA/ IVU? + Crd+oa, (5.2.10)
i=1 Vi Br
Moreover, we have the following equalities

[ 0V = [VusP) = [ (Vhosl = [VusP) == [ [Funi = b (5:2.10)
B, Vi

Indeed, the first equality follows from the definition of V;. For the second one, we set v; =

max(ug i, hr;) in By, and v; = uy; elsewhere, so that by harmonicity of h,; we have

0= Vhyi-V(vi = heg) = | Vugi- V(v —hpg) =

2
Vhr,i : Vuz,i _/ ‘Vhr,z| ,
B, f Vi Vi

which gives (5.2.11). Finally, combining Poincaré inequality, (5.2.11), (5.2.10) and using that
U, is Lipschitz continuous we get

k k k
3 ][ (s — hr) ] < €12y ][ 9t — )2 = O3 [ V(s — )2
i=17Br i=1" Br i=1"Vi

k
=0ty [ (Vi = i) < ot (e |
=1 i T

= Cr?toa <][ VU * + 1) < Cr?toa <][ VU * + 1> < Or?toa,
B B

VOP + C'rd+5A)

Proof of Proposition 5.2.3. Let n > 0 be small and assume that

k
Z][aB g il < . (5.2.12)
=1 i

We first claim that for every i € {1,...,k} we have |u,;| < 49Flpr in B,./5. Suppose by
contradiction that there exists &y € B, /o such that |us;(£0)| > 44y Since u, ; is L-Lipschitz
continuous (with L depending on K), we have for every § € B,/ 1.(¢0)

[t i ()] > [t (€0)| = |t (€) — i (€0)| = (4771 = D)y (5.2.13)

Moreover, if n < L/4, by Poisson formula we have for every § € By, /1,(§0) C Bs, 4

/8 ug i (§) d’,l-[d—l(g)‘ < T(4>d/aBT | < 4% (5.2.14)

B, |¢€ — & = dwg \r

Therefore, using (5.2.13) and (5.2.14) it follows that

PN e 36
|hri(§)] = g

2 d d
][ [(Um' —hm-)ﬂ > (ﬁ> ][ (g — hrg)* > (ﬂ) ][ (lueil — |hril)®
S L7 JB,,, .0 L7 B, 1)
n d ) nd+2
> (1) [ == atr] > T

which is in contradiction with (5.2.8) if 7 is small enough.
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Now, let ¢ € C°°(B;) be a smooth function such that 0 < ¢ <1, ¢ = 11in B, )5, ¢ = 0 in
By \Bs, )y and |[Vp| < Cr. Weset fori=1,....k

0= (ugi — 4 ro)t — (ug; +44gre)~  in B,
C in D\B,,

and U = (i, ..., ) € H'(RY, RF). Notice that we have U, — U € H'(B,,R¥). Moreover, by
the preceding claim we have the inclusion {|U| > 0} N B, C {|U;| > 0} N (B,\B,/2). Therefore,
Proposition 5.2.2 applied to the vector U gives

A{|Us| > 0} N B, jo| < / (VU = |VUL ) + CroaJ(U,r) + C|Us — Ul i,y (5:2.15)
B,

By the definition of U and since U, is L-Lipschitz continuous, we have in the ball B,
IVU? < VUL + 245 knr LIV | + 424002202 < VU +Cy in B,
Since once again U, is Lipschitz continuous, (5.2.15) now gives
AUz > 0}N B, 5| < Cyrd 4 Croa ((L*+ Cn)re —i—Awdrd) +COLrtt < C(p+roa)rd. (5.2.16)

Then, using once again the claim, we deduce that

k k
S RTEES oY i < ATk |{|Us] > 0} 01 By o] < Cln+ 12yt
i=1 " Br/2 i=1 Y Br/20{|Uz|>0}

(5.2.17)
Let y € B,jyr,(z). We will find by induction a sequence of radii r; such that the estimate

(5.2.12) holds with the radius r; and at the point y. Let us choose r; € (ﬁ, ﬁ) such that
k 2 k
]2 r/4N%
/ Z uy,il < A/ ds Z |uy.il
9B i1 T Jr/8xg 0Bs i1
Then, by (5.2.17) (and since Fy_1 o F:c(Br/4A2A) C B, /3) we get
k k ko pr/axy
I SUTEIA O ML) OF Y BT
i=1/0Br, i=1/0Br, i=1 /r/8X\4 0Bs
k k
< cr—dZ/B |ty = Cr_dZ/F_l L |tgi| | det(F, ™t o F)|
i=1""r/anj i—1 7 Fe oFy( 'r/4)\2A)

k
< CT_dZ/ lugi| < Cn+r4)nry < nry,
i=1”8

/2

where the last inequality holds if n and r are small enough. Therefore, by the same above
argument we use to get (5.2.16) and (5.2.17) we now deduce that

{|Uy| > 0} N B,, jo| < Cln+13%)ré

and

k

)
3 /B g ] < O + 8 )rd L,
=1

r1/2
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We now choose rp € (4, 5-) such that

Z][ |uy,i| < Crl_dZ/ P ds/ luy,il < C’rl_dZ/ uy,il < C(U‘*‘ﬁ )nr1 < mri,
T1 s

r1/2
prov1ded that n and r are small enough. By induction it follows that there exists a sequence of
radii (r;); such that rj41 € (%, %) and

{|Uy| > 0} N B, jo| < Clnp+r)* ). (5.2.18)

Now, if |Uy|(0) > 0, then |Uy| > 0 in a neighborhood of 0 since U, is continuous, which is in
contradiction with (5.2.18) for n small enough and j large enough. Hence |U|(y) = |U,|(0) = 0
for every y € B, 4z, (2), that is, U = 0 in B, 4, (7). O

Remark 5.2.5 (L*° non-degeneracy of U). A consequence of Proposition 5.2.3 is that U also
enjoys the following non-degeneracy property: there exist n = ng > 0 and rx > 0 such that for
every x € K and r < rg we have

WUl vy < = U=0 in By, (2)

5.2.3 Non-degeneracy of the first eigenfunction and density estimate

We prove that the first eigenfunction u1 on an optimal set Q* to (5.1.1) is non degenerate at
every point of the boundary of 27, where 2] denotes any connected component of Q* where u;
is positive. The proof follows an idea of Kriventsov and Lin taken from [70]. As a consequence,
we obtain that u; behaves like the distance function to the boundary and also a density estimate
for the optimals sets. Obviously, these properties only hold in €27, that is, where u; is positive.
However, as pointed out in Remark 5.1.3, it is enough to restrict ourselves to this case in order
to get the regularity of the whole optimal set 2*.

Proposition 5.2.6 (Non-degeneracy of uy). There exists a constant C; > 0 such that Cru; >
|U| in Q.
We first recall the following standard result which is a consequence of [87, Lemma 2.1].

Lemma 5.2.7. Let Q C D be a (non-empty) quasi-open set, f € L>°(D), f >0, andu € H*(D)
be such that u > 0 on 0N and
div(AVu) < f in Q.

Then, there exists a constant C' > 0, depending only on d and A\, such that
[ || ooy < CH{u < 0} N QY2 f]| oo

Proof. Set Q= = {u < 0} N and notice that u € HI (7). Let v € HE(27) be the solution of
div(AVw) = f in Q™. By the weak maximum principle we have v < 0 in Q= (since f > 0) and
v < uin Q7; in particular, v~ < v~ = —v in Q7. The proof now follows from Lemma 2.1 in
[87] (applied to —v). O

Proof of Proposition 5.2.6. We first claim that div(AV|U|) > —C|U| in Q*. Let p € H}(Q*),

@ > 0. We use an approximation by mollifiers A = (a%) where a;?j = a;j * pe, and we compute

u
(div(A*V|U|), Z/awa U0 = Z/afjaiuldajgo
:Z/@ (a5;0iuy) U‘ga—i—Z/aU@ul@ (’UO

2,7,

Gjul ulup
= —Z/awaula (]U‘ > Z /a~j3¢ul< 1% ‘U|38J P><P

4,7, 4,5,0,p
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Therefore, passing to the limit as € — 0 we get

(div(AV|U]), ) > Z/dw AVul)|U|g0+Z/ T (uf AV - Vg — wup AV - Vg )¢

> — A (%) > =M (2)c |U|p, (5.2.19)
ZI: I / ‘U|<P k b/ ‘2

which proves the claim.

Let ro > 0 be small (to be chosen soon) and set 2, = {x € Qf : |U(z)| < r} for every r > 0.
Since u; > 0in QF we have m := inf{uy(x) : x € Qf, |[U(x)| = ro} > 0. Weset My = m~1rg and
vo = Mouy — |U|. The claim implies that div(AVwvg) < C|U| in Q,,. Moreover, by construction
of vg we have vg > 0 on 0€,,. Therefore, by Lemma 5.2.7 we get

~ipfuo = 19 [z (0,0 < ClHwvo < 0} N1 Q[ U | 120 )
Then, from (5.2.2) (and a compactness argument) we have |2,,| < Crg so that we deduce from

the above inequality that — ianTO v9 < éré#/  for some C > 0 independent of . Therefore,
in Q,,\Q,,/2 we have

Mouy = |U|+vo > |U| - C 1+2/d > (1- 2@1‘3 d)|U| in Q \ Qg /0

We now choose ry small enough so that 4@7";/ ‘< 1 and set M; = [1 — 267“3 d]flMo and
vy = Myuy —|U|. It follows that v1 > 0 in ,,,\2,, /2; in particular we have v; > 0 on 92, /5 and
hence the above argument now applies to vq in €2, /5. Therefore, an induction gives that vy > 0
in Q,,_,\Q,, for every k > 1, where we have set vy, = Mpu; — |U|, M, = [1 — 26r,2€/f1}_1Mk_1
and 7, = 27 %rg. Moreover, we have

k k
log(My) = log(My) Zlog [1—2Cr” 2/ 1] < log(Mo) + CZ 97%/d < ' + log(Mp)
=1 =1

and hence My, < CM,. It follows that |U| < Miu; < CMoyu; in Q,,_\Q,, for every k > 0
and therefore that |U| < CMyu; in Q. On the other hand, since ian»f\Qm u1 > 0, there exists
M > 0 such that |U| < Mu; in Q§\Qy,. This completes the proof. O

We now prove that the first eigenfunction on an optimal set has the same growth than the
distance function near the boundary. This property will be useful to prove that the boundaries
of blow-up sets Hausdorff convergence to the boundary of the blow-up limit set.

Proposition 5.2.8 (Uniform growth of u; at the boundary). Let K C D be a compact set.
There exist constants cx > 0 and rx > 0 such that the following growth condition holds

ui(x) > ci dist(x,007) for every x € Q7 N K such that dist(z,00Q7]) < rk.

Proof. We set r = (2\) " 'dist(z,0Q%) and we denote by h, 1 the harmonic extension of the
trace of u, 1 to 0B,. By non degeneracy of u; (Propositions 5.2.6 and 5.2.3) we have (and
because hy 1 is harmonic)

1 n
ho 1(0 :][ h, :][ Ut > ][ Ul >~ = 1 5.2.20
1(0) OB, 5 OB, el 8BT’ | VEC, n ( )

Therefore, with the triangle inequality we get

ul(x) = ux,l(O) Z hx,l(o) — |ux,1(0) - hx,l(o)’ Z mr — ‘UIJ(O) - h171(0)| (5221)
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We now want to estimate [uz,1(0) —hz,1(0)] is terms of 7. We apply Proposition 5.2.2 to the test
function U = (hy1,Uz2, - - ., Ug k) and get (since ug ;1 is Lipschitz continuous and that |ug 1| > 0
in B,)

/ |V (g1 — hen)]? = / (IVug|? = [Vha|?) < Orttoa, (5.2.22)

T T

Now, let 7 > 0 be small to be chosen soon. Since ;1 and h; 1 are Lipschitz continuous, we
have for every £ € B,

|ua,1(0) = bz 1 (0)] < Jug,1(0) = ua, 1 (E)] + [ua,1(§) — ha 1 (§)] + |ha1(§) — ha,1(0)]
<O+ |ug,1(§) — hx,l(f)’~

Moreover, using Poincaré inequality to the function w, 1 — hy 1 and the estimate (5.2.22), we
have

Wmm%J%MWSCW+f mm@wwm@N30w+T%ﬂ|%ﬂa—mna

Tr

§0w+0f%flvwm@%4mﬂﬂﬂ

T

<Crr+Cr % <][ [V (uz1(§) — hx,l(f))’2> v

T

< (CT + C’T*draA/Q)r < %r,

where the last inequality holds by choosing first 7 small enough and then rx (depending on )
small enough. In view of (5.2.21), Proposition 5.2.6 now follows. O

Proposition 5.2.9 (Density estimate for 7). Let U be the vector of the first k normalized
eigenfunctions on Q* and let K C D be a compact set. There exist constants rxg > 0 and
cx € (0,1) such that for every xop € 0Q] N K and r < rg we have

i |Br| < [Q7 N Br(zo)| < (1 — ck)| Byl
Proof. We first prove that we have
C|BT‘ < H|Ux0| > 0} N Br‘ < (1 - C)|Br|‘ (5'2'23>

The first inequality follows from the non-degeneracy of Uy, (Proposition (5.2.3)) since it implies
that there exists £ € 0B, /, such that Zle |Ug,i(§)] > &, and hence, using that Uy, is L-
Lipschitz continuous, that

k
1 nr .

For the second estimate, consider the test function U = (R Usgg,25 - - Ugg k) € H' (R4, RF),
where h,.1 denotes as usual the harmonic extension of uz, 1 to B,, and note that by the strong
maximum principle we have h,1 > 0 in B, since ug,,1 is non-negative. Then, by Proposition
5.2.2 applied to U, and since Ugo,1 18 L-Lipschitz continuous, we get

/ (IVtao1* = [Vhea[*) < A{|Us,| = 0} N By| + CroAJ(U,r) + Clluse,s — hrallp

By

< A{|Usy| = 0} N By | + Créoa, (5.2.24)
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Moreover, by Proposition 5.2.6 and the harmonicity of h,; (and also because uz,,1(0) = 0), we
have

|t120,1(0) = ha,1(0)| = by 1(0) =][ B :][ Uzg1 = T (5.2.25)
0B, 0By

where 7 is defined as in (5.2.20). Now, let 7 > 0 be small. Since h,.; is 2L-Lipschitz continuous
we have for every £ € B,

|U0,1(0) = R 1 (0)] < [ty 1(0) — g 1 ()] + g, 1(§) — P 1 (§)] + |1 (§) — P2 (0))]
< BLTr A [y, 1(8) — hr1(§)]-

Then, averaging over B, and using (5.2.25) leads to

mr < |uw071(0) — hr71(0)| <3Ltr —l-][ \uwo’l — hr71|. (5.2.26)
Brr

Moreover, by Poincaré inequality and Cauchy-Schwarz inequality we have

f uxo,l—hr,nsf—d][ |uzo,1—hr,1|sf—dr][ 1V (ttzg 1 — )|
Brr Br B

) 1/2 ) 1/2
< 7 dples </ |V (ugy,1 — hr71)2> =7 dpl=3 (/ ‘Vum,lP - ‘Vhr,lyz)
B, By

which combined with (5.2.24) and (5.2.26), and after some rearrangements, gives
2A7“_d|{|Um0| =0}NB,| > P2 — 0722 _ oA
Then choose 7, depending only on 1 and C, small enough so that C724+2 < TI%TQd /2 and then
choose r, depending only on 7,7 and C, such that Cr°s < n37%4 /4 to conclude the proof.
Now, by a change of variables, the density estimate in (5.2.23) gives
ALB| < (U] > 0} N AL(B,]| < (1 - ¢)| A2 (B
A (Bl < KIUT> 03 0 AL, ]| < (1= o)A [Brl.
Then set cx = ;2% so that (because we have the inclusions By, C A;/; [Br] C By,r)
ck|Baarl = €| By 1, | < el ALB < [{IU] > 0y N ALB]| < {JU] > 0} 1 By .
Similarly we have

{|U] = 0} N By, > {|U| = 0} N ALZ[B| = [A2[B]| — {|U| > 0} N A2[By]|
> C‘A;/OQ[BT” > C|B)\;1r| = CK|B>\AT|7

which concludes the proof. O

5.2.4 Weiss monotonicity formula

We prove a monotonicity formula for the vector of the first k& eigenfunctions on an optimal
set 2. The proof follows the idea of [92, Theorem 1.2] (see also [77, Proposition 3.1]). For every
U € H'Y(R?,R*) and r > 0 we define

1 1
W(Ur) = —5J(U,7) - T’d“/aB U
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Proposition 5.2.10. Let U = (uy,...,ux) be the vector of the first k normalized eigenfunctions
on Q* and let K C D be a compact set. Then there exist constants rx > 0 and Cxg > 0 such
that for every xo € 00" N K and every r < ri the function Uyy = U o Fyy = (Ugg,1s - -+, Ugg k)
satisfies

d

k
1 _
7 W WU, 1) 2 WZ_ / . @ Vg i = Uy il dx — Crer® 71 (5.2.27)
Moreover, the limit lim, _,o+ W(Uy,,r) exists and is finite.

Proof. We first compare U,, with its one-homogeneous extension in the ball B,, namely the
one-homogeneous function U = (iy,...,d) : B, — R* defined by U(¢) = ‘fl IO(Iflg)

have
T2 2 ‘U$0‘2 r _ T/ 2 ’UJTOP
/BTWU‘ _/Br [‘veUmO e ]<|§’£>d£_ d JoB, Vol + r?

and for the measure term

{01 > 0} N B,| = =H' ({|U] > 0} N 9B,).

Then, we use U as a test function in (5.2.4) which gives

J(Usy, ) < J(0,r) + C(r2 (T, 7) + | Usy = U1

< ;’/ [NQUMP |U“f°’ }+A HIL{|U| > 0} NIB,) + Cordtor  (5.2.28)
0By

for some Cy > C(2wq||VUsy |2 + Awg + 2wq||VUy, || L) where the constant C' is given by
Proposition 5.2.2. We now compute the derivative of W (Uy,, ) and use (5.2.28) to obtain

1 _ d
W(Unr) = 2o ([ 1902+ AR (0] > 00 108)) = (U

k
g A=) B T
) ol — g1 20,
rd 2 fop Pt L fop o

k
1 1 Uy, i
2 } : 0,? oa—1
+ m ’U;Bo’ — m 2u$0’1‘ a — dC'or A
r 9B, r im1 9B, 14

8u$07

d
dr

UL, |2
ov

Vv

Lo,
— pdi2 2/6& [

1
2 Sa—1
= g |z - Vg, i — Uggi|” — dCor®» ™,
,
— JoB,

which is (5.2.27). This also proves that the function r — W (Us,, )+ %CQT(SA is non-decreasing
and hence that the limit of W (Uy,,r) as r tend to 0 exists. Moreover, this limit is finite since
we have the bound

2
Bux i _
+ uio’i — 21Uy 8;’ — dCyroa—1

1
W(Ueyor) >~y /BB Uny | > —dwgl|VUsy |2 for every r > 0.

O]

As a consequence of the previous result, we get a monotonicity formula for global minimizers
of the Alt-Caffarelli functional.
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Definition 5.2.11. We say that U € H'(R% R¥) is a global minimizer of the (vectorial) Alt-
Caffarelli functional

I = [ IVUP+AKU] > o}

it J(U,r) < J(U,r) for every r > 0 and every U € H' (R4, RF) N L>®(R?, R¥) such that U — Ue
HY(B,,RF).

Proposition 5.2.12. Let U = (uy,...,ur) € H'(RYRF) be a global minimizer of the Alt-
Caffarelli functional J such that U(0) = 0. Then we have

k
dT‘W(U’T)Z’I"dJr2;/83T |xVuZ—uZ| .

In particular, if r — W(U,r) is constant in (0,+00), then U is a one-homogeneous function.

Proof. Since U is a global minimizer of J, it satisfies (5.2.4) with C' = 0 and hence the compu-
tations in the proof of Proposition 5.2.10 hold with Cy = 0. The last claim of the proposition
follows from the fact that = - Vu; = u; in R? implies that u; is one-homogeneous. O

5.3 Blow-ups

In this section we study the blow-ups limits (at the origin) of the functions Uy, = U o Fy,,
where xg € 9Q*ND. Throughout this section, U will denote the first k normalized eigenfunctions
on the optimal set Q* = {|U| > 0}. We prove that the blow-up limits are one-homogeneous
and global minimizers of the Alt-Caffarelli functional. As a consequence, we also prove that the
boundaries of two connected components of * have an empty intersection in D.

Let (z,)nen be a sequence of points on 9Q* N D converging to some o € 9Q* N D and let
(rn)nen be a sequence of positive radii tending to 0. Since U is Lipschitz continuous, up to
extracting a subsequence, the sequence defined by

By, (§) = iU(xn + 7€), § € Rda

Tn

converges locally uniformly to a Lipschitz continuous function By € Hlloc(Rd, R*). We will often
set By, = By, r, and deal with this sequence in a new set of coordinates, that is, we will consider
the sequence B,, defined by

Bn(§) = B o A;/j(f) = ian(Tng)v ¢ e R™

Tn

Definition 5.3.1. If B, ., converges locally uniformly in R? to some By, we say that By, r, is
a blow-up sequence (with fixed center if z, = x¢ for every n > 1). If the center is fixed, we say
that By is a blow-up limit at zyg. We denote by BUy(zp) the space of all blow-up limits at x.

We start with a standard result on the convergence of the blow-up sequences and we give
the details of the proofs for convenience of the reader. Recall that ] stands for any connected
component of % where the first eigenfunction w; is positive.

Proposition 5.3.2 (Convergence of the blow-up sequences). Let (zp)peny C OQ* N D be a
sequence converging to some xg € IV N D, r, — 0 and assume that the blow-up sequence
B, := By, r, converges locally uniformly to By € Hlloc(]Rd,]Rk). Then, up to a subsequence, we
have

1. The sequence B,, converges to By strongly in H}OC(Rd,Rk).
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2. The sequences of characteristic functions lg, converges in L}Oc(Rd) to the characteristic
function 1q,, where we have set 0, = {|By| > 0} and Qo = {|Bo| > 0}.

3. The function By is non-degenerate: there exits a constant ng > 0 such that for everyy € Q
we have
| Boll oo (B, (y)) = mor  for every > 0.

4. If xo € 00 N D, then the sequences of closed sets Q, and QS converge locally Hausdorff
to Qo and Qf respectively.

Proof. Notice that it is enough to prove that the sequence B,, = B,, o A;/f strongly converges to

By := By oA;c/O2 in H!

loc
the parts (1) and (2) of Proposition 5.3.2.

Since B, is uniformly Lipschitz, B, converges, up to a subsequence, weakly in Hﬁ)c (R4, RF)
and strongly in L (R4 R¥) to By. Moreover, the local uniform convergence of |B,| to |Bo|

implies that ﬂ{\éobo} < liminf, s ﬂ{\Bn|>0}' Therefore, it is sufficient to prove that for every
ball B, ¢ R% we have

loc

(RY,R) and that Ly 4,150y converges to Ly p. o In Ll (R%) to prove

lim sup (/ |VB,|? + Al{|By| >0}OBT|> g/ |VBo|2 + Al{|By| >0} N B,|. (5.3.1)
B, B

n—+o0o
Let ¢ € CSO(INRd) be a smooth function such that 0 < ¢ <1, {¢ = 1} = B, and ¢ = 0 outside
Bs,. We set U, = 9By + (1 — ¢)B,, € H'(R?,R¥) and notice that we have

) ) -1
Uy — U™ € HE (Borr, ,R¥) where 0U7"(€) = rnUn(T—§>, € e RY,

n

Then, using Uﬁ” as a test function in Proposition 5.2.2 and by a change of variables we get

/ |VBp|? + Al{|B,| > 0} N Byy| < (1+c(m~n)5A)</ |VU|? + A{|U,] >0}ﬂBzr|>
Bay B

2r
+71,C|l(Bo — By)llpr.  (5.3.2)
Since we have U, = B, in {¢ = 0} and U,, = By in {¢ = 1}, it follows that

{ITa] > 0} N Bay| < [{|Bal > 0} 0 {0 = 0} N Bay| + [{|Bo| > 0} n{p =1} + {0 < p <1},

so that (5.3.2) now gives
/{ 0 (IVBul?~[VUaI*) +A({| B > 0}0{e > 0}~ [{Bo| > 0}n{ = 1}]) < A{0 < p < 1}
o>
+ O(rry)08 (/ VU * + A{|U,] > 0} N Bzr\) +7uCllo(Bo — Bl (5.3.3)
B2r

Now, since B, converges strongly in L?(Ba,) we have that

limsup/ (\VB’”]Q — ]VU,JQ) = limsup/ (\VB’”]Q — ]V((pBO +(1- ga)Bn)\z)
{¢>0} {¢>0}

n—-+4o0o n—-+4o0o

—timsup [ (VB ~ (B~ BV + (1~ )V By + oV EP)
{p>0}

n—-+o0o

= limsup/{ } (1= (1 —¢)H)|VB,u> —2p(1 — ¢)VB,, - VBy — ¢*[VB|*) (5.3.4)
®>0

n—-+o0o

_ hmsup/ (1— (1= @)2)(IVBI? — [V Bof?),
{¢>0}

n—-+o0o
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and since VB, converges weakly in L2({0 < ¢ < 1}) to By we have that

[ a-a-pIvBE <tmsw [ (- (- 9IVEP (5.3.5)
{0<p<1} {0<p<1}

n——+o0o

Therefore, (5.3.5) and (5.3.4) now entail that

lim sup / (IVBu* = |VBy|?) < limsup / (1= (1= @)>) (VB> = [VBo|*)
{e=1} {>0}

n—-+o0o n—-+o0o

< lim sup/ (VB2 = VT, 2). (5.3.6)
{>0}

n—-+oo

Finally, combining (5.3.6) and (5.3.3) we get

lim sup (/{} (IVBal® — IV Bof?) + A([{IBal > 0} 1 {0 = 1}] — [{|Bol > 0} " {io = 1}))

n—-+00

n—-+o0o

< limsup (/{ oy (7Bl = 1901%) + A(IBal > 0} 1 { > O} = {1Bol > 0} { = 1}|))
P>
<AHO < o < 1}

Since we can choose ¢ so that [{0 < ¢ < 1}| is arbitrary small, this proves (5.3.1) and concludes
the proof of parts (1) and (2) of Proposition 5.3.2.

We now prove part (3). Let y € Qg and 7 > 0. There exists z € B,.(y) such that |Bo|(z) > 0,
and hence such that |B,|(z) > 0 for n large enough. Therefore, U # 0 in By, (2, + rp2) and
hence, by the non-degeneracy of U (Remark 5.2.5), we get that
) = IUllz(5

7"nHBnHLDO(B n(xn—i-rnz)) > ATy

4>\2A’V‘ 4)\2A'rr

In particular, there exists z, € B4/\ir(z) such that |By,|(z,) > 4Aanr. Up to a subsequence, z,

converges to some 2z, € B4/\i +(z) and, since B,, uniformly converges to By, we have that

1 Boll o< (B ) = 1BollL=(B, .o () = |Bol(200) = ngffoo |Bnl(2n) > 4Xanr,

(4/\2A+1)r 4)\2A7‘

which gives (8). The proof of the Hausdorff convergence of the free boundaries is standard (see,
for instance, [91, Section 6]) and follows from the non-degeneracy of U and By, and the growth
property of U near the boundary of Q} (see Proposition 5.2.8). O

Lemma 5.3.3 (Optimality of the blow-up limits). Let (,)neny € 0Q* N D be a sequence con-
verging to some xg € OV N D, r, — 0 and assume that the blow-up sequence B, := By, r,

converges to some By € H} (Rd,Rk) in the sense of Proposition 5.3.2. Then By := Bgo A;OQ 18

loc

a global minimizer of the Alt-Caffarelli functional J (see definition 5.2.11).

Proof. Let r > 0 and U € HL_(R%, RF) N L>°(R?, R¥) be such that By — U € H}(B,,R¥). Let
n € C(B,) be such that 0 <7 <1 and set B, = B, oA;/f and V,, = U + (1-— n)(Bn — Bo).
Consider the test function V,, € H'(R4 R¥) defined by V(&) = 7,V (r;¢) and note that
Uzo — Vi € H} (B, ,RF) (since we have B, -V, ¢ Hi(B,,R¥)). By Proposition 5.2.2 applied
to V,, and a change of variables it follows that

/|Vén|2+A|{]Bn|>0}ﬂBr|§(1—l—C(T7“n)5A)</ \VVn|2+A{|Vn!>O}ﬂBT|>
B, B

+ Cro|| By — Vallnis,y-  (5:3.7)
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Note that from (1) and (2) of Proposition 5.3.2 we deduce that V, converges strongly in HL_ to
U and that Ly, >0p converges strongly in L{ _ to 110} Moreover, since V,, = U in {n = 1},
we have the estimate

{IVal >0} 0 B,| < [{|U] > 0} N By | + [{n # 1} N By .

Therefore, passing to the limit as n — oo in (5.3.7) we get
| IVBo + Al{1Bol > 0} Bl < [ [VOP+A({D] > 0} 0 Byl +1{n £ 1} 0 B,
By B

Since we can choose 7 such that that [{n # 1} N B, | is arbitrary small, this gives that .J (Bg,r) <
J(U,r) and concludes the proof. O

As a consequence of the Weiss almost-monotonicity formula we get that the blow-up se-
quences with fixed center converge to a one-homogeneous function.

Lemma 5.3.4 (Homogeneity of the blow-up limits). For every xg € 0Q*N D, the blow-up limits
By € BUy(xo) are one-homogeneous functions.

Proof. Let B,, = By, r, converging (in the sense of Proposition 5.3.2) to By. In particular, B,
converges strongly in HL_ and in L _ to By which implies that limy,_, 4o W (B, ) = W (By, 7).
Moreover, by Proposition 5.2.10 the limit lim, ,o+ W (Uy,, s) exists and is finite. Therefore, we
have for every r > 0

W(Bo,7) = lim W(Bp,r)= lim W(Usg,rry) = lim W(Uy,,s), (5.3.8)

n—4o00 n—4o00o s—0t

which says that the function r — V[{(Bo, r) is constant on (0, +0c). Then, it follows from Lemma
5.3.3 and Proposition 5.2.12 that By, and hence By, is one-homogeneous. ]

We now reduce to the scalar case. More precisely, we prove that for any blow-up limit
By € BUy(xp), the function |By| = | By o A;/OQ | is a global minimizer of the scalar Alt-Caffarelli
functional

HL (RY) 5 u — / |Vul|? + Al{u > 0}|. (5.3.9)
Rd

Lemma 5.3.5. Let xg € Q"N D, By € BZ:{U(.T()) and set By = By o Aglc/(f. Then there exists a
unit vector ¢ € 0B1 C R such that By = |By¢.

Proof. Set S = 0B1 N {|Bo| > 0}. By Lemma 5.3.4, the components of By = (by,. .., bg) are
one-homogeneous functions and by Lemma 5.3.3, they are harmonic on the cone {|By| > 0}.
Therefore, in polar coordinates we have b;(r,0) = ry;(r) where ¢; is solution of the equation

—Agd—moi = (d - 1) ©i in S, ©i = 0 on 85,

where Agq-1 stands for the Laplace-Beltrami operator. By Proposition 5.2.9, the components
of BO are not all zero. Therefore, at least one ; is non-zero and hence d — 1 is an eigenvalue
of —Aga—1 on S. Since the functions ¢; are non-negative, it follows that \;(S) = d — 1, where
A1(S) denotes the first eigenvalue on S. Moreover, by Lemma 5.3.3 we have |S| < |0Bj| and
by [77, Remark 4.8] it follows that the first eigenvalue A;(S) is simple. Then, there exists
non-negative constants as,...,ag, not all zero, such that ¢; = ;¢ where ¢ stands for the
normalized eigenfunction of —Aga—1 on S. Now set a = (ay,...,ax) so that we have By = po
on dB;. Since |a| # 0, setting £ = |a| 'a we have By = |By|¢ on dB; and hence on R? by
one-homogeneity. O
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Lemma 5.3.6. Let z € o0* N D, By € BUy(xg) and set By = By o A;/OQ. Then the function
|By| is a global minimizer of the (scalar) Alt-Caffarelli functional defined in (5.3.9).

Proof. Let r > 0 and u € Hlloc(R:i) N L>®(R%) be such that |Bo| — @ € H}(B,). Since By = | Bol¢
by Lemma 5.3.5, we have that By — 4§ = (|Bo| — @) & € H}(B,,R¥) and hence, by optimality
of By (see Lemma 5.3.3) we have

/\V|Bo||2+A|{|BO|>0}ﬂBr|:J(Bo,r)gJ(af,r):/ Vil + Al{|] > 0} B.l.
B,

By

O

We conclude this section with a consequence of the one-homogeneity and the optimality of
| By| which states that two connected components of an optimal set cannot meet inside D. It is
then enough to prove the regularity of one connected component €2} of 2* and hence to reduce
to a one-phase free boundary problem (see Proposition 5.4.17).

Proposition 5.3.7. Denote by (Q*) _, the l < k connected componenents of an optimal set {2*
for (5.1.1). Then, we have 0QF NOY; N D =0 for everyi,j € {1,...,1}, i # j.

Proof. Let xg € 007 N0 N D. Since o(§) C o(Q), there exists k; € {1,...,k — 1} such
that Ag(2F) € {A\(Q),..., \(Q)} for every s = 1,...,k; and Ag(2f) ¢ {\(Q),..., (29}
for every s > k;. It follows that € is solution of the problem (5.1.1) with k = k; and D =
D\ (2*\ Q). Similarly, for some k; € {1,...,k — 1}, Q7 is solution of (5.1.1) with k = k;.
Then, we denote by V' = (v1,...,vx,) and W = (w1, ..., wy;) the eigenfunctions on Q2 and Q;
respectively. Let r, — 0 and define the blow-up sequences

Ba(®) = ~Ulro+raf), BY(&)= Viwo+ris), BY(€) = Wiao+re), R

n n n

Up to a subsequence, B,, B,‘L/ and BXV converge to some blow-up limits By € BUy (x), B(‘)/ €
BUy (z0) and BYY € BUw (xo). By Lemmas 5.3.4 and 5.3.6, | By | and | B}V | are non-trivial, one-
homogeneous and global solutions of the Alt-Caffarelli functional. Therefore, the density at the
origin of each set {]BV\ > 0} and {|BY| > 0} is at least 1/2 (see [77, Lemma 5|) and, since all
the components of BY and BY are among the ones of By, it follows that |{|By| > 0}NB;| = | Bl
Hence, |By| is harmonic in B since it minimizes the Alt-Caffarelli functional. And since | By| is
also a non-trivial and non-negative function which vanishes at 0, this gives a contradiction (by
the maximum principle). m

5.4 Regularity of the free boundary

This section is devoted to the proof of Theorem 5.1.1. Recall that we denote by 2* a solution
to the problem (5.1.1) and that ] stands for any connected component of 2* where the first
eigenfunction is positive.

5.4.1 The optimality condition on the free boundary

We prove that the vector U of the first k eigenfunctions on 2* satisfies an optimality condition
on the boundary 02" N D in the sense of the viscosity.

Definition 5.4.1. Let D C R? be an open set and U : D ¢ RY — R* be a continuous function.
e We say that ¢ € C(D) touches |U| by below (resp. by above) at xg € D if p(z¢) = |U(x0)|
and ¢ < |U| (resp. ¢ > |U|) in a neighborhood of .
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e Let 2 C D be an open set and let g : D — R be continuous and non-negative function.
We say that U satisfies the boundary condition

A [V|U|]l=g on 8QND (5.4.1)

in the viscosity sense if, for every xo € QN D and every ¢ € C?(D) such that ¢t := max(y, 0)
touches |U| by below (resp. by above) at zy we have

AL Vo)l < glao)  (resp. AL Ve(@o)l] = 9(a0))-

e Let, moreover, A = (Aq,...,\;) € R* be a vector of positive coordinates. We say that the
function U = (uq, ..., u) is a viscosity solution of the problem

—div(AVU)=XU in Q, U=0 on 9QNnD, |APV|U|]]=g on 0QND,
if for every ¢ = 1,...,k the component u; is a solution of the PDE
—div(AVu;) = —A\bu; in u;=0 on 00QND,
and if the boundary condition (5.4.1) holds in the viscosity sense.

Remark 5.4.2. Another equivalent definition of the boundary condition is to say that (5.4.1)
holds if for every zg € QN D and every ¢ € C?(R%) such that ¢* touches |U,,| by below (resp.
by above) at 0 we have |V(0)| < g(x¢) (resp. |V (0)| > g(xo)). Indeed, if we set ¢ = @ o F,,
then we have |V (0)| = |A;/02[ch(0)]| (see also [85, Appendix A|).

Lemma 5.4.3 (Optimality condition on the free boundary). Let U = (uq,...,u) be the vector
of the first k normalized eigenfunctions on 0 and set X = (A (2*),..., \(Q%)). Then U is a
viscosity solution of the problem

—div(AVU) = MU in Qf, U=0 on 9Q*ND, |APV|U[]|=VA on 00" ND.
(5.4.2)

Proof. Since U is Lipschitz continuous, we only have to prove that the boundary condition holds
in the viscosity sense. Let x9 € 9Q* N D and let ¢ € C?(R%) be a function touching |U,,| by
below at 0 (see Remark 5.4.2). We fix an infinitesimal sequence 7, and set for every & € R?

Bul) = ~-Uny(r€) and () = —6(rug).

n

Up to a subsequence, the blow-up sequences (B )nen and (¢, )nen converge locally uniformly
in R? to some By € HL (R RF) and to ¢o(€) = & - Vip(0) respectively. We can assume
that Vi(0) = |V (0)|eq (by a change of variables) and that |Vi(0)| # 0, since otherwise
|V (0)] < v/A obviously holds. We have 9 < |Up,| near 0 an hence g < |Bo| in R? which
gives that |Bg| > 0 in the half-space {z4 > 0}. Since |Bo| is a one- homogeneous (Lemma 5.3.4)
and non-degenerate (Proposition 5.3.2) function, it follows that {By > 0} = {zq > 0} (see [84,
Lemma 5.30]). Moreover, |By| is a local minimizer of the Alt-Caffarelli functional (Lemma 5.3.6)

and hence satisfies the optimality condition
|V|Bo|| = VA on {zq=0}.

Therefore we have |By(¢)| = VA& and hence 1o(€) = [Vi(0)|&x < |Bo(€)| = VA&, which

completes the proof when v touches by below. The case when 1) touches by above is similar. [J
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5.4.2 Regular and singular parts of the optimal sets

In this section we prove that the regular part of an optimal set Q* (see Definition 5.4.4) is
relatively open in 0Q2*.
For any set Q2 C RY we define the blow-ups sets (., of Q by
Q—x

Quy = , zeRY r>0.
T

Given Lebesgue measurable sets (Q,)n,en and Q in R, we say that €, locally converges to €,

. 1 . .. . .
and we write Q,, —» €, if the sequence of characteristics functions 1g, converges in Llloc to 1g.

Definition 5.4.4. Let 2 C D be an open set. We define the regular part of 2 in D by

loc

Reg(0Q2ND) = {:L’o € 0NND : Juy, € 0B C ]Rd, Quor — {y € R? - Y-Ug, <0} asr — 0+}.

The singular part of Q in D is then define by Sing(9Q N D) = (92 N D)\Reg(02 N D).

Lemma 5.4.5. Let U = (uy,...,ux) be the vector of the first k normalized eigenfunctions on
Q*. Then,

1. For every xo € 0QY* N D the limit

. HIUs| >0} 1 By

=1 4.
GUZO (O) Ti)%l_'_ |Br| (5 3)
exists and we have 1
Ou,,(0) = —— lim W (Usz,, 7). (5.4.4)

wq r—0t

2. There exists 6 > 0 such that, for every zo € 0" N D we have Oy, (0) € {3IU[3+6,1]

Proof. Let (rp)nen be an infinitesimal sequence and set B, (€) = %Uxo (rn€). Up to a subse-

quence, B,, converges to some Bo (in~ the sense of Proposition 5.3.2). Since Bo is one homogeneous
(Lemma 5.3.4) and harmonic in {|By| > 0} (Lemma 5.3.3) we have

- 1 N
/\VBo|2=/ Bol?,
By T JoB,

and hence, for every r > 0, we get that

~ 1 - A - 1 -
W(B[),T):Td/'; |VB0|2+7,,d’{|B0|>O}QBT|_’I"d+1/aB ’BO|2

[{|Bo| > 0} N B,|

B (5.4.5)

= Awd

On the other hand, by (5.3.8) we have that W (B, ) = limy_,o+ W (Uy,, s) for every r > 0 and

therefore ~
_ [{1Bol > 0} N B,

Awg s—o+ |BT|

for every r > 0. (5.4.6)

Then, using that B, converges to By in L} (R9), it follows that

loc

L ~ HIBol > 0y N By|
de slir(l)l‘*' W(Uxo’ S) N

_ gy HBal > 000 By U] > 030 B

This proves part (1) of the Lemma since the above equalities hold for any sequence 7, | 0.
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From (5.4.6) and (5.4.4) it follows that the density of the cone {|Bg| > 0} at 0 is given by
Bl > 0} N By _

lim
r—0t ’Br |

@UIO (0) € [0,1].

Moreover, |By| is a non-trivial (part (3) of Proposition 5.3.2), one-homogeneous (Lemma 5.3.4)
and harmonic function in {|By| > 0} (Lemma 5.3.6). Therefore, the density of {|By| > 0} at 0
cannot be strictly less than 3 (otherwise, setting S = {|Bo| > 0} N By, the two first parts of
77, Remark 4.8] respectively give A1 (S) < d—1 and A\;(S) > d—1)), cannot belong to (3,3 +6)
for some universal constant § > 0 (see |77, Lemma 5.3]) and is less than 1 — ¢ by Proposition
5.2.9. 0

We will also need the following characterization of the regular part.

Lemma 5.4.6. We have
1
Reg(0QY* N D) = {xo €0Q" ND : Op,, (0) = },

where O, (0) is define in (5.4.3).

Proof. Let g € 0Q* N D, r, | 0 and B,, = By, ,, be a blow-up sequence converging (in the

sense of Proposition 5.3.2) to some Bo; in particular, Q3 . = {|B,| > 0} locally converges to

By| > 0}. By (5.4.4), (5.4.6) and a change of variables (because Bo =Bgo A;«h we have
{l y g 0

_{IBol > 030 Bi| _ [{|Bo| > 0} AL [By]]
B 1A [B1]]

If 2o € Reg(02* N D), then {|By| > 0} is an half-space and it follows by (5.4.7) that Oy, (0) =
1/2. Reciprocally, assume that Oy, (0) = 1/2. It is enough to prove that {|Bo| > 0} is an
half-space, since then {|By| > 0} is also an half-space. Set S = {|Bo| > 0} NdB; and notice that
HI(S) = dwq/2 since |By| is one homogeneous. Assume by contradiction that S = Sy LI Sy
is the disjoint union of two sets Sp, S1 C 9B;. Since |B0| is one homogeneous and harmonic on
{|Bo| > 0} it follows that ¢ = ’BO|\831 is solution of

©u,,(0) (5.4.7)

—Agi1p=(d—1)p in Sp, =0 on 08,

which implies that A\;(Sg) < d — 1. On the other hand, since H~1(Sy) < dwy/2, we also have
that A\1(Sp) > d — 1 (see [77, Remark 4.8]), which is a contradiction. Therefore, S is connected
and hence A;(S) = d—1. This implies that S is, up to a rotation, the half-sphere 0B1N{z4s > 0}
and hence that {|By| > 0} is the half-space {z4 > 0}. O

Proposition 5.4.7. The regular set Reg(0Q2* N D) is an open subset of O2*.

Proof. Let zp € Reg(92*N D) and assume by contradiction that there exists a sequence (zp,)nen
of points in Sing(0Q* N D) = (02* N D)\Reg(922* N D) converging to zo. By Lemmas 5.4.5 and
5.4.6 we have Oy, (0) = 1/2 and Oy, (0) > 1/2 + 4. Since the function ¢, (r) = W (Uy,,r) +
Cr94 is non-decreasing by Proposition 5.2.10, we have for every r > 0

1 1 1 1

—4+0 <0y, (0)=-— lim W(U. =—1 < — .

3 70 < O, (0= i Wl 8) = 157 i enls) < gen(n)

Passing to the limit as n — oo and using that lim, oo W(Uy, ,7) = W (Uy,,r), it follows that
for every r > 0

1 1 1
— < —1i
5 +0< A lim @, (r)

_ da
o Jim, = i [W(Uxo,r) + Ol

But the right hand side converges to Oy, (0) =1/2 as r — 0 which is a contradiction O
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5.4.3 The regular part is Reifenberg flat

We prove that the regular part of Q] is locally Reifenberg flat. Recall that by Proposition
5.4.7, Reg(0Q} N D) is relatively open in 0€Qj. Roughly speaking, a domain is said to be
Reifenberg flat if its boundary can be well approximated by hyperplanes. We give here a precise
definition.

Definition 5.4.8. Let Q C R? be an open set and let 6, R > 0. We say that Q is a (6, R)-
Reifenberg flat domain if:

1. For every x € 0N there exist an hyperplane H = H, r containing = and a unit vector
v=1v,Rr€0B C R4 orthogonal to H such that

{y+treBgr(x) : ye H,t > 20R} C Q,
{y—tveBgr(z) : ye H, t>20R} c R\Q.

2. For every z € 99 and every r € (0, R] there exists an hyperplane H = H, , containing x
such that
disty (02N By (), H N By(x)) < or.

Proposition 5.4.9. Let § > 0. Then, for every xo € Reg(02; N D) there exists R = R(xg) > 0
such that QF is (0, R)-Reifenberg flat in a neighborhood of .

Proof. Assume by contradiction that there exists 6 > 0 and xy € Reg(9Q; N D) such that, for
every R > 0, QF is not (J, R)-Reifenberg flat in any neighborhood of zp. Then, there exist
sequences T, — g, Tn € 082, and 7, | 0 such that one of the following assertion holds

i) For every hyperplane H containing z,, and every v € 9Bj we have either
{y+tv € B, (x,) : y € H,t >26r,} € Qf or {y—tv € By, (z,) : y € H, t > 20r,} ¢ RO\Q;.

ii) For every hyperplane containing z,, we have

disty (0] N By, (zn), H N By, (zy,)) > 07,

We consider the blow-up sequence By, (£) = LU (x, + r,€) and set Q, = {|B,| > 0}. Then the

Tn

above assumptions can be equivalently reformulated as

i") For every hyperplane H containing 0 and every v € 9B; we have either

{y+tveBy :yeH t>25} € Q, or {y—tuEBl:yEH,tZQ(S}QRd\Qn.

ii") For every hyperplane containing 0 we have

disty (09, N By, H N By) > 6.

Notice that =, € Reg(9€; N D) for n large enough since Reg(92; N D) is an open subset of
08} (Proposition 5.4.7). Up to a subsequence, B,, and B, =Bpo Ai/nz converge (in the sense of
Proposition 5.3.2) to By and By = By o A;/OQ respectively.

We first prove that

~ A
W(By,r) = % for every r > 0. (5.4.8)

By Proposition 5.2.10, ¢, (r) := W (Uy,,, r7s) +C(rr,)°» is a non-decreasing function. Moreover,
by Lemma 5.4.5 and since we have Oy, (0) =1/2 (Lemma 5.4.6), it follows that

A
lim () = lim W(Us,,7) = AwgOyp, (0) = —2.

r—0t r—0t 2
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We now fix 7 > 0 and € > 0. Since lim,_,o+ W (Us, s) = AwqaOr, (0) = % there exists 7 > 0

such that A
W (Uy,,T) 4+ CFA < % +e.

Moreover, since limy,_soo W (Us,,,T7) = W (Uy,,T), we have for n large enough that
W (U, ,T) < W(Uyg,,T) +e.

Therefore, choosing n large enough so that rr, <7, we get that

A T A
—;d < on(r) < on (:) =W (U,,,7) + CT% < W(Uy,,T) + € + CFA + —;ud + 2,
n
which proves that
. _ Awg
nlglgo on(r) = 5 for every r > 0.

Since B, converges strongly in HL . to By and lg ~converges in L} to lg, we have that
limy, o0 W(Bn, r) = W(Bo, r). Hence we get for every r > 0

A - .
2Wd lim ¢, (r) = lim W(U,,,rry,) = lim W(B,,r) = W(By,r).

2 n—00 n—00 n—00

Now, since By is solution of the Alt-Caffarelli functional (Proposition 5.3.3) and since
W (By,r) is constant by (5.4.8), it follows from Proposition 5.2.12 that By is one-homogeneous,
and hence by (5.4.5) that

1 1

~ B() >0} N B,
W)= B> DO

2_Awd

Then, as in the proof of Lemma 5.4.6, we get that Q¢ = {|Bp| > 0} is an half-space and hence
that 0Qy = 0{|By| > 0} is an hyperplane (containing 0). This is in contradiction with both
assumptions i’) and ii’) since Q,, and Q¢ converge locally Hausdorff to €y and Q respectively
(Proposition 5.3.2). This concludes the proof. O

5.4.4 The regular part is C1

We prove that the regular part of 7} is Cl®regular and that it is C*°-regular provided that
a;j,b € C* (see Proposition 5.4.10). Using a boundary Harnak principle for non-tangentially
accessible (NTA) domains proved by Jerison and Kenig in [63|, we prove that the first eigenfunc-
tion satisfies an optimality condition on Q]. The proof then follows from the regularity result
of De Silva for the one-phase free boundaries (see [36]).

Proposition 5.4.10. The regular part Reg(92; N D) is locally the graph of a C“* function.
Moreover, if a; j € C*9(D) and b € C*~19(D), for some & € (0,1) and k > 1, then Reg(0Q;N D)
is locally the graph of a C*¥T1 function. In particular, if a; j,b € C*®(D), then Reg(9Q% N D)
is locally the graph of a C*° function.

Definition 5.4.11. A bounded open set Q C R?% is NTA with constants M > 1 and r¢ > 0 if
the following conditions hold:

e (Corkscrew condition) For every x € 092 and r € (0,79) there exists z,(x) € Q such that
M~ < d(z(x),00) < |z — z.(x)| <,

o RY\Q satisfies the corkscrew condition,
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e (Harnack chain condition) If ¢ > 0, x1, 22 € Q, d(x;,00) > ¢, |x1 — x2| < ke, then there
exists a sequence of Mk overlapping balls included in 2 of radius /M such that, the first
one is centered at x; and the last one at x5, and such that the center of two consecutive
balls are at most ¢/(2M) apart.

We now recall that any (J, R)-Reifenberg flat set is NTA, provided that § > 0 is small enough.
This result is due to Kenig and Toro, see [66, Theorem 3.1].

Theorem 5.4.12 (Reifenberg flat implies NTA). There exists 5o > 0 such that if @ C R? is a
(6, R)-Reifenberg flat domain for some R > 0 and some § < &y, then Q is an NTA domain.

In the following theorem we state the Boundary Harnack Principle for NTA domains and
for solutions of uniformly elliptic equations in divergence form with bounded, measurable coefhi-
cients. We refer to [65, Corollary 1.3.7] or [63, Lemma 4.10] for a proof (see also [39] for operator
in non-divergence form).

Theorem 5.4.13 (Boundary Harnack principle). Let Q@ C R? be an NTA domain and 2r €
(0,79). Let A : R — Sym:{ be uniformly elliptic (i.e. IXN > 0, A71|¢]2 < €A, ¢ < N¢P?
Y, & € RY) with bounded measurable coefficients. Let xg € O and let u,v € H(QN Bay(20)) N
C(2N Bar(x0)) be such that u,v =0 on 0L N Bay(zg), v > 0 in QN Ba,(xg) and

div(AVu) = div(AVe) =0 in QN Ba(x0).
Then there exists C' > 0, depending only on d and \ and the NTA constants, such that

(@) ulz) _u(z ()
@) = u@ = Cola ()

Since the estimate (5.4.9) holds for every harmonic functions with a uniform constant, it is
standard to deduce that the quotient of two harmonics functions on an NTA domain is Holder
continuous up to the boundary. We refer to |65, Corollary 1.3.9] or |63, Theorem 7.9] (see also
[5, Corollary 1]).

for every x € QN By(xg). (5.4.9)

Corollary 5.4.14. Let O, A, zo,7 and u,v be as in Theorem 5.4.13. Then there exist constants
a € (0,1) and C > 0, depending only on d and \ and the NTA constants, such that

u(x) _M uzr(@o0)) (o =yl\* or every x
’SCU(zr(azo)) ( r ) f y Y € QN Br(zo).

In particular, for every x € 0N By(xg) the limit limgsy—, % exists and 3 QN By(z9) - R
is a-Holder continuous.

We now prove the analogous boundary Harnack theorem for the eigenfunctions on an optimal
set * to the problem (5.1.1). We notice that in the proof it is essential that the first eigenfunc-
tion w; is positive and non-degenerate (Proposition 5.2.6). The case of the eigenfunctions for
the Laplacian is already treated in [82, Appendix A|. We extend this result to the case of the
operator —b~!div(AV-). We highlight that one of the difficulty comes from the presence of the
Lipschitz function b.

Theorem 5.4.15 (Boundary Harnack principle for eigenvalues). Let U = (uq,...,uy) be the
first k normalized eigenfunctions on Q* and let xog € Reg(0; N D). Then 2} is NTA in By (x¢)
for some r = r(xg) > 0 and there exists a € (0,1), depending only on d, s and the NTA
constants of Q}, such that for everyi=2,...,k

uj

o s a-Holder continuous in Qf N By(zo).
1
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We will need the following Lemma.

Lemma 5.4.16. Let Q C D be a quasi-open set, u € HE(Q) and X > 0. Then, for every
xg € 02 N D there exists rg > 0 depending only on d, \s,cpy and X\, such that for every r < rg
with B, (zo) C D, there exists a unique solution v € H}(D) of

—div(AVv) = \bv in QN Br(x)
{ v =u, on  0(QN By(xp)). (5:4.10)
If, moreover, u € L>(D), then v € L*°(D) and we have the estimate
0]l Lo (@B, (m0)) < C(Fllull i @um) + 1l o 9B, (20))) (5.4.11)

where the constant C' > 0 depends only on d, A, cp and A.

Proof. Observe that any minimizer in A := {p € H}(D) : u— ¢ € H}(Q N B.(x0))} of the
functional

j((p):/AVgp-Vgo—)\/ <p2b
D D

is solution of (5.4.10). Therefore, it is enough to prove that {¢p € A : J(¢) < C} is weakly
compact in H}(D) to prove the existence of a function v solution of (5.4.10). We first compute

/cp?b§2/ (cp—u)2b—|—2/u2b
D QN B, (z0) D

2 / 2

. AV(p—u) V(e —u +2/ub
< 4A’%\/ (IVel* + |Vul?) +2/ b

)\1(37“0('1'0)) D b

Then, for ro small enough (such that 4X4 X < AT2(By)/(2X2¢pr2) where A7 (By) stands for the
first eigenvalue of the Dirichlet Laplacian on By) we have

- - 1
/ Ve|* < AiJ(so)JrAiA/ 02 < A2 J(p) + 2/ (IVel? + |Vul?) +2A§A/ u?b,
D D D D

which gives that
/D |V|? < 2)\2J(p) + /D |Vu|? +4A§A/Du2b <203 J(0) + (1 + 43N |ull g1 um)-

This proves the existence of v, and the uniqueness easily follows provided that A < A;(Q N
By.(z0)).

We now prove the L*-estimate. We consider the functions defined by

div(AVh) =0, —div(AVw) = Xbv in QN By(xo)
h =u, w=0 on 9(Q2N By(xg)).

Reasoning as above this functions exist and are unique, and we have v = h + w. Let R =
RonB, () be the resolvent of —b~! div(AV:) in QN B, (x). We have the estimates 1Rl £(z2,12%)

Cy where 2* = 24 and [ Rl z(re,z0y < Cr by [87, Lemma 2.1], where the constant C' depends
only on d, A, and cp. Notice also that we have

IN

n—1
v=X\"R"(v) + Y NR'(h),
=0
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and that ||h| e @nB,(z0)) < llullzec(@B,(20)) Py the maximum principle. Therefore, with an
interpolation argument, there exists a dimensional constant n > 1 such that we have the estimate

[0l oo (@B, (z0)) < C(Plvll L2(pim) + 1ull oo 9B, (20)) )

where now C' also depends on A. Hence, it remains only to estimate [|v||z2(p,p,) to complete the
proof. Then, for ry small enough, we have

4
2 2 2 2 2 2
ung/ v—u b+2/ub§/ Vol + |Vu +2/ub

/D QﬂB,«(mo)( ) D A1(Bry(20)) D(| V) D

1 2 1 2 / 2
2
_2)\J() 2/[)06—1—2)\%)\/DWU| + Dub,

which implies that (since J(v) < J(u))

)\2
[ i+ sy [ vura [ < (B )l o

O]

Proof of Theorem 5.4.15. By Proposition 5.4.9 and Theorem 5.4. 12 7 is an NTA domain near
xg. Let a be the constant given by Corollary 5.4.14 and set 8 = 1+a Let x,y € B,(x¢) and set
7= |r—yl?, dp = d(x,09%), d, = d(y, Q7). We divide the proof in three steps.

Step 1. Assume that d,, d, > 27. By a change of variables, it follows that @(z) =7 tu;(z +
7z) is solution of

—div(AVa) = P2A ()b in Bs,
where we have set A, = A, 7, and b(z) = b(z 4+ 7z). By standard Schauder estimates (see [48,
Theorem 8.8|) we have

il cron (myy < C (Il oo (Ba) + AL () Bill| Lo (5,))

where C' depends only on d,c, and A,. In particular,

ﬁ\\Q

[utllor(Bra)) < llorsy) < @llroa gy < Cllillze(s,) <

Similarly, we have ||u;||c1(p,(z)) < C/T. On the other hand, by non-degeneracy of u; we have
ui(z) > cdy and ui(y) > cdy, for some constant ¢ > 0. Therefore, since u; is L-Lipschitz
continuous (and because y € Br(x)), we get

ui(z) —wi)| | |u(z) —wm@)lluly)l _ C 1 Ld,
= ui(z) + ui(x)ui(y) = ?‘m —l <£ + c2dxdy)

C _
< Sle—yl=Cle—yl 26 < Clz -y,

ui(r)  uiy)

ur(x)  ui(y)

where the last inequality holds provided that 8 < 1/3.
Step 2. Assume that d, < 27. Let T € 07 such that d, = [T — x|. We write for simplicity
A1 = (), A = Ai(2F) and B = Bgr(T). Since u; may change its sign, we consider the
functions
— diV(AV’UZ') = \;bv;, — diV(AVwi) = \bw; in QT NB
v, =u, w; =u; on J(QNB).
These functions exist thanks to Lemma 5.4.16 and we have u; = v; — w;. We now set m =

min,ep b(z) and M = max,cp b(2) and I = (—1,1). Moreover, for (z,z441) € (25 N B) x I we
define the functions

W n (2, 2441) = € VAME Ly (2) (2, 2ar1) = e VA MELy (2)
Uign (2, 2441) = € VAME+Ly,(2) i (2, 2a1) = e~V AiMEdLy,(2),
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We define the matrix-valued function A : (Q¥ N B) x I € R — Sym;q_l by

~ A, 0 «
Azgi) = ( 0 1) for every (z,z441) € (AN B) x I.

Moreover, we define the harmonic extensions of the above functions as follows

div(AVhy ) = div(AVh ar) = div(AVhi ) = div(AVhi ) =0 in (U NB)x T
him = urm, hiym =uinm, him = Uim, hiv =uinm on 9[(QNB)xI|

Now, we get with an easy computation that
div(AV (u1,m — him)) = Are” V™21 (m — b(z))uy (z) <0 in (B NB) x I,

which, by the weak maximum principle, implies that hq m, < uqm, in (@7 N B) x I. Similarly we
have (since the functions w; y,, u; s are positive)

R < Utm, wim < hia,  Rim < Uim, uiym < hiy in (Q7NB) x 1. (5.4.12)

Moreover, using again the maximum principle, we have the following inequalities

6\/m € MM .
ﬁ hl’m S hLM S m hLm, m (QT N B) X I, (5413)
(& (&

and similarly we have

e Aim e i M .

Now, since x,y € Bsz(T) C B, we can use (5.4.12), (5.4.13) and (5.4.14) to estimate

vi(r)  vi(y) _ uim(@,0)  uim(y,0) <

Mm(2,0)

wi(z)  wi(y)  urm(z,0)  uia(y,0) hlm(xvo) ~ hu(y,0)
VMM by (2,0) eV M™ by (y,0)
T eVim hl,m(fﬁ,o) evaM h1 m(y 0)

hi,m ($7 0) h; m(ya ) +CF 0
< hLm(m,O) hi,m(y, ) hlm z,0) hi,m(y,0)

where the last inequality follows from the definitions of m, M and the fact that b is a Lipschitz
continuous function. Now, observe that Q% x I € R*! is an NTA domain near (z,0) with the
same constants than Q%. By Corollary 5.4.14, setting zo = 237(7,0) € R we have (notice
also that =,y € Bsz(T))

hin(2.0)  Rin(@.0) _ o hun(0) (12— 3l\* _ o hamleo)
- m(ZO)

him(x,0)  him(y,0) ha,
where in the last equality we have used that 7 = |z — |6 with 8 =

5.4.13 we have +
hi,m(‘r: 0) <C hz,m(ZO) hi,m(l/v 0) <C hz,m(20>
P m(2,0) = him(20) him(y,0) = him(20)’
which finally gives
vi(z) _uily) o o him(z0) (5.4.15)
ur(zr)  ui(y) 1,m(20) o



193 5.4. Regularity of the free boundary

Then, using (5.4.13) and (5.4.12) we have the following estimate

6\/>\1m e Aim e\/)\lm 2
hi,m(z0) > emhl,M(Zo) > emu1,M(zo) > AT U1,m(20) > Cutm(20)-

Now, in view of the definition of zg = 23-(7, 0) € R we have d(z9, d(Q2} x I)) > 37M ! and by
non-degeneracy of u; (Proposition 5.2.6) it follows that uj ,,(20) > C7. Moreover, by (5.4.11),
it follows that ||v;||fc(p)y < CT since u; is Lipschitz continuous. Therefore we have

ur(x)  ui(y) U1,m(20) u1,m(20)

vi(r)  wviy) < CFuz’,m(ZO) < CFH“Z’HL"O(B) < CF = Cla -y,

This concludes the proof since the same estimate also holds for w; and that we have u;/u; =
vi/ur — wi/uy. ]

As a consequence of the optimality condition of U (Lemma 5.4.3) and of the boundary
Harnack principle (Theorem 5.4.15), it follows that the first eigenfunction is solution of a one-
phase free boundary problem on 7.

Lemma 5.4.17. For every xg € Reg(0$2; N D) there exist r = r(xg) > 0, ¢ € (0,1) and a Hélder
continuous function g : 0 N By(xo) — [c, 1] such that uy is a viscosity solution to the problem

—div(AVur) = M (Q)bur in QF, w1 =0 on O, |A[Vui]| = gVA on QN By(x).

Proof. Let U = (u1,...,ux) be the first k eigenfunctions on Q*. By Theorem 5.4.15 the functions
gi := Z—; : 0" N By(xo) — R, for i = 2,...,k, are Holder continuous. Therefore, the function
g : 0Q5 N By(xg) — [0, 1] defined by

1
9= 5 .2
Vi+g2+ - +g}

(5.4.16)

is also Holder continuous. Since u; = g|U|, it follows from the non-degeneracy of u; that
g > c:= Cl_l where C is the constant from Proposition 5.2.6. Now, let y € 9Q} N By(z0)
and let ¢ € C?(D) be a function touching u; by below at the point y. Since 1/g is 3-Holder
continuous for some 5 € (0,1), there exists C' > 0 such that for p > 0 small enough we have

1 1 —_
—>—_ —Clz—y|’>0 forevery z€QNB .
o) = gty Y R
Therefore, the function ¥ (z) = p(x) (ﬁ —Clz — y\5> is such that ¢(y) = |U(y)| and satisfies
1 _
Y(x) < up(x) (g(:co) —Clz — y|'3> <|U(x)| forevery z € QfNB,(y). (5.4.17)

This proves that ¢ touches |U| by below at the point y. On the other hand, ¢ is differentiable
at y and we have Vi(y) = ﬁy)Vgp(y). Therefore, using that U is a viscosity solution of (5.4.2),
it follows that

1
VA > (AL [Ve(y)]] > @\Af[vso(y)]!-
The case when ¢ touches u; by above is similar. O

Theorem 5.4.18 (Higher boundary Harnack principle for eigenvalues). Let k > 1 and assume
that €] s CF _reqular near zo € o N D for some a € (0,1). If k > 2, suppose moreover that
a;j,b € Ck=1L9(D). Then there exists r > 0 such that for everyi=2,...,k

s of class C* in QF N By(x).
Uy
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Proof. Let R > 0 such that there exists ¢ € H}(Br(z¢)) satisfying ¢ > 0 in Bg(z¢) and solution
of the equation

—div(AVey) = A1(Q%)bp in  Bg(xo).

(More precisely, we extend a; ; and b to bounded functions in R? with b > ¢, and we choose
R > 0 such that A\;(Bgr) = A\1(Q2*)). Let 2r < R be such that Q% is C**-regular in the ball
By, (x0) C D. Then we have

div <¢2AV<$)) = div (pAVu; — 1 AVy)
= pdiv(AVuy) + VpAVu; — Vu AV — 1y div(AVe) =0 in Q) N Bay(x0),

and similarly
: 2 U * * : *
div [ ¢ AV(;) = (A1(Q%) = Ni(2%)busp  in QF N Bay(xp).

Now, the proof follows by [38, Theorem 2.4] for k = 1 and by [38, Theorem 3.1] for k£ > 2, which
say that u1 /o, u;/p € CE(Q5 N B,(20)). O

Proof of Proposition 5.4.10. We prove the regularity by a finite induction on l € {1,...,k}. For
I = 1, by [36, Theorem 1.1] and Lemma 5.4.17 it follows that Reg(92; N D) is locally Che-
regular. Now, if Reg(0Qf N D) is C“*-regular, | < k, by Theorem 5.4.18 and the definition
of g in (5.4.16), we have that g is a C'® function on Reg(9Q; N D). Therefore, in view of
Lemma 5.4.17 and by [67, Theorem 2| it follows that Reg(992; N D) is locally C*+1%-regular.
This completes the proof. O

5.4.5 Dimension of the singular set

We prove in this last subsection some kind of smallness of the singular set. We recall that
2" denotes an optimal set to (5.1.1) and that QF stands for any connected component of * at
which the first eigenfunction is positive.

An estimate of the dimension of the singular set can be obtain as a consequence of the
Federer’s Theorem. Indeed, since €] is a set of finite perimeter (Proposition 5.2.1) and in
view of the density estimate (Proposition 5.2.9), it follows from the Federer’s Theorem (see, for
instance, |74, Theorem 16.2]) that H9~!(Sing(092; N D)) = 0. In Proposition 5.4.20 below we
provide a more precise estimate of the dimension of the singular set.

Definition 5.4.19. We define d* as the smallest dimension which admits a one-homogeneous
global minimizer of the Alt-Caffarelli functional with exactly one singularity at zero.

The exact value of the critical dimension d* is still unknown but we know that d* € {5,6,7}
(see [62] for d* > 5 and [37] for d* < 7). The following result on the smallness of the singular set
is standard and was first proved in the framework of the minimal surfaces (for which the critical
dimension is exactly 8, see for example [49, Chapter 11]). Later, in [92], Weiss adapted this
strategy for minimizers of the Alt-Caffarelli functional by introducing a monotonicity formula.
In [77], the authors prove this result in the vectorial setting. In this section we follow the same
approach and we extend this result to the case of variable coefficients.

Proposition 5.4.20 (On the dimension of the singular set). The singular part Sing(0Q2; N D)
18:

1. empty if d < d*,

2. a discrete (locally finite) set if d = d*,
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3. of Hausdorff dimension at most (d — d*) if d > d*, that is, H4=4+5(Sing(0Q; N D)) = 0
for every s > 0.

We first prove two preliminary Lemmas and to this aim we extend the definition of the Weiss
functional for any ball. Let U € H'(R? R¥), x € R? and r > 0. We set

J(U,x,r):/ VU2 4+ A[{|U] > 0} A By (2)]
Br(x)

and

r

1 1
WU, z,r)=—J(Uz,r —/ UJ?.
W)= @I Wan) = [ W
Obviously we have J(U,r) = J(U,0,r) and W(U,r) = W (U,0,r).

Lemma 5.4.21. Let (zp)neny C 0Q] N D be a sequence converging to xo € 0925 N D and let
By, = Bay ., be a blow-up sequence with fived center. We set B, = BnoA;/O2 and Q, = {|B,| > 0}.

Then, up to a subsequence, the sequence y, = A;OW [%] € 9, converges to some yo and,

for every small r > 0, there exists ng such that for every n > ng we have
W(Us, 1) € W(Bato,r) + Clag — aa[P4/2 + 010 =] (5.4.18)
r

where the constant C > 0 depends only on d, ca, Aa, A and the Lipschitz constant L = ||VU || oo (i)
of U in some compact neighborhood K C D of xg.

Proof. We first compare J (U, ,rry) and J(By,yo,7). Since U,, = U o Fy, by definition, we
compute

N%MMJZA (VU (©)F + Ay, o0y d

= /B (AIRVU -VU + A]l{|U|>0}) o Fxn(é—) dg

< / (AIOVU -VU + A]l{|U|>0}) o Fy (€) d€ + wy(rrp)?L2c,|xo — xn|5A,
B

Trn

where in the last inequality we have used that the coefficients a;; are d,-Holder continuous, that
is ||Azy — Ag, |l < calzo — 4|4, We perform the change of variables £ = r;1F, 1 o F, (£) and

set B =y, + A;OI/QA;/;) [Br] to get

1

(rry)

1 ~ -
7 Uso ) < /B (IVBal® + Al 5. 15y) [ det(Ay P A2)| d€ + walPen|zo — 2|

(5.4.19)
Moreover, since the coefficients of A'/? are %A-H'dlder continuous, we have the estimate of the

determinant | det(A;:/QA;/;)‘ < 14 calzo — 2,]°4/2 and the following estimate of the symmetric
difference

|BABT(yn)‘ = ’A;01/2A;/j [BT‘]AB'I" < Wdrd[(l + CA|x0 - xn‘aAm)d - (1 - CA‘xO - $n‘6A/2)d}

< wdrd[(l + d2dci\x0 — $n|5A/2) — (1 — d2dc‘i|:z:0 — xn|5A/2)} < rdC|x0 — xn|5A/2.

Similarly, for n large enough so that |yo — y,| < r/2, we have

d d
| Br(y0) ABy(yn)| < war? Kl + Iyoyn|> — <1 - |y0y”|> ] < rdcw'

T r T
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Combining all these estimates (5.4.19) now gives (because By, is A L-Lipschitz continuous)

1 - ML?+ A
J(Usys ) < 5 (Bny o, 7) + waLPealwo — | + === |Blealwo — an|**/*+

(rrp)@
N2+ A

+ 2R IBAB (yn)| + 1By (90) B (yn)| + | Blealzo — |/
(5.4.20)

1 3 —_
< EJ(Bn>y07T) + C|:E0 - ggn|5A/2 + C’y(]ryn

We now compare the boundary integral terms. Since Uy, (§) = B (yn + r_lA_l/QAl/f(g)) and
by the change of variables & = r;, 1 4 yo we have

/ '%f@WW*@zji Pl Bl (o + 1 AP AL(E)) dHTH()
8Bwn o f
= rgtt / By (yn + Ay AL (€ — o)) dHTL(E).
OB, (y0)

Therefore, using that B,, is Ax L-Lipschitz continuous, Bn(yn) = 0 and that |yo — yn| < 7/2, we
get that

1 / B2 d-1 1 / 2 d—1
— Bu|?(&) dH1(¢) — Ug, |7(§) dH" (&) =
] aBr(yo)’ 7(€) (€) (rrp) @1 aBW| °(&) (€)
1 / R |2 D |2 —1/2 g1/2 d—1
= I [Bnl"(&) = [Bnl"(yn + Ay " A (€ = 90)) ) dHT(E)
rd+1 9B, (yo) ( 0 )
22 Y YIRY 1/ 2 d-1
S ar |AZ 2 (AL = AL(E = y0) + 90 — yn (1€ — ynl + AXr) dHOTH(E)
aBr(yO)
< Clzo — acn]‘sA/Q + CLO _ yn|
o T
Now, in view of (5.4.20) we get (5.4.18). This completes the proof. O

In the following Lemma we prove that if B,, is a blow-up sequence with fixed center converging
to By, then locally the singular set of {|By| > 0} must lie close to the singular set of {|By| > 0}
(see [92, Lemma 4.2| and [77, Lemma 5.20]).

Lemma 5.4.22. Let xo € 0] N D and let B, = By, be a blow-up sequence converging in
the sense of Proposition 5.3.2 to some By € BUy(xo). We set B, = By, o A;/OQ, By=Bjo Ai/oz,
Q= {|Bn| > 0} and Qo = {|Bo| > 0}. Then, for every compact set K C R% and every open set
O c R? such that Sing(0Q) N K C O, we have Sing(0Q,) N K C O for n large enough.

Proof. Arguing by contradiction there exist a compact set K € R? and an open set O C R? such
that Sing(9) N K C O and a sequence (yn)nen C Sing(9Q,) N K \ O. Up to a subsequence,
yn converges to some yo € K \ O. Since o0, locally Hausdorft converges to 99 by Proposition
5.3.2, it follows that yg € 8(20 and, since Slng(an) N K C O, we have that yg is a regular point
of 890, that is yg € Reg(@Qo) Since, moreover By is solution of the Alt-Caffarelli functional
and is one-homogeneous, it follows that — ~lim, o+ W(Bo,yo,7) = 1 (see [77, Lemma 5.4]).
We now fix r > 0 such that

1
—W(B <
Aw dW( 0,Y0,T ) >

where § is the constant from Lemma 5.4.5. Now, since lim,_, o W(Bn, Yo,T) = W(B’o,yo,r), it
follows that for every n large enough we have

)
4’

| =

[«

1 ~
W( nay(]ar) < 7W(Bo,y0,’l“) +-<

Awd 4 +

(5.4.21)

N | —
Wl

Awd
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Set x,, = xg + rnA;j/OQ(yn) € 097 N D and notice that z,, converges to xg. By Lemma 5.4.21 and
(5.4.21) we get that for every n large enough

1 4§ —
AWdW(an,rrn) < 3 + 3 + Clag — |%/% + C|yoryn|.
On the other hand, by Proposition 5.2.10, the function ¢, (s) = W (U,,,s) + Cs’* is non-
decreasing and hence

1 1 1
lim W T = lim n < n n) — W Tpy ! T n oa
@U:cn (0) Wd s_l>0+ (U n’ ) ACL)d s_1>0+ SO ( ) — AWdSO (TT ) AL(Jd (U n rr ) + C(T?ﬁ )
1,9 5 Y0 — 1,6
< 12 _ A/2 190 7 Inl oA 2 4 2
72+3+C’|:130 Tn| +C " + C(rry) <2+2,

where the last inequality holds for n large enough. It follows from Lemmas 5.4.5 and 5.4.6 that =,
is a regular point of 2}, in contradiction with the fact that v, = Ay, 1/2 [“T" xo} € Sing(9Q,). O

We are now in position to prove Proposition 5.4.20.

Proof of Proposition 5.4.20. (1) Let g € 0925 N D and By € BUy(xp) and set By = By o Al/2
and Qo = {|Bo| > 0}. By Lemma 5.3.6, \Bol is a local minimizer of the scalar Alt-Caffarelli
functional and since d < d*, it follows that 9Qy is the graph of a C® function near 0 (see [92,
Section 3]). In particular, the density of Qg at 0 is 1/2 and hence Ou,,(0) = 1/2 by (5.4.6). In
view of Lemma 5.4.6 we get that o € Reg(99; N D).

(2) Assume by contradiction that there exists a sequence (2, )nen C Sing(9227ND) converging
to some zg € 007N D. Set r,, = |xg—x,| and let B, := By, ,, be a blow-up sequence converging
(in the sense of Proposition 5.3.2) to some blow-up limit By € BUy (zg). We consider two cases:

Case 1: Sing(9Q0)\{0} # 0. By a rotation we may assume that e; € R? is a singular
point of 9€)y. Notice that ug = ]BO\ is solution of the scalar Alt-Caffarelli functional and is
one-homogeneous. Consider a blow-up limit ugy of ug at e4. By [92, Lemma 3.1], {ugy > 0} is
a minimal cone with vertex 0 such that the whole line tey, t € R, consists of singular points.
Then, by [92, Lemma 3.2], denoting the restriction & = ugra-1, we have that {u > 0} is a
minimal cone of dimension (d— 1) which is singular at 0. Now, either 0 is the only singular point
and we have a contradiction with the definition of d*, or we can repeat this procedure and get
a contradiction since there are no three-dimensional singular minimal cones.

Case 2: Sing(8Q0)\{0} = 0. Let 7 > 0 to be chosen later. By Lemma 5.4.21, we have for
every n large enough

W (U ) < W (B ) + C 0004 Oy 2

Now, by Proposition 5.2.10, the function ¢, (s) = W(U,,,, )+085A is non-decreasing and, since
x, € Sing(9§2] N D), by Lemmas 5.4.6 and 5.4.5 we have that — 11m8_>0+ W(U,,,s) > 5 +6.
Therefore, we have

_ 1 A
Z + § < o S£%1+ W(Uy,,,s) = ooy slg(r)l+ on(8) < pnlrry) = AWdW(an,rrn) +C(rry)
< —W(Bn,yo, )+ C’M + Clzo — zn|?2/% + C(rry)%A. (5.4.22)
Awy r

Now, since yg € 9Q\{0} is a regular point of 9y (and also because By is solution of the

Alt-Caffarelli functional and is one-homogeneous), it follows that A%ud lim, o+ W (Bo,y0,7) = %

(see |77, Lemma 5.4]). Using also that lim,, oo W (By,y0,7) = W (Bo, yo,7), it follows that we
can choose r > (0 small enough such that for every n large enough we have

)
< 4.

1 ~
W( nay(]vr) < 7W(Bo,y0,’l“) + 9 9

Awd

|
—_

Awd
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Therefore, passing to the limit n — oo in the equation (5.4.22) gives a contradiction.

(8) Assume by contradiction that H4~¢"+5(Sing(9Q% N D)) > 0 for some s > 0. By Lemma
5.4.22 and |92, Lemmas 4.3 and 4.4| there exists o € 9Q7ND and a blow-up limit By € BUy (xo)
such that H?~4"+5(Sing(8Q)) > 0, where we have set By = By o A;/DZ and Qy = {|By| > 0}.
Since | By| is a minimizer of the Alt-Caffarelli functional and is one-homogeneous, the dimension
reduction procedure in [92, Lemma 4.5] applies and yields to a minimizer u : RY — R of the
Alt-Caffarelli functional such that H*(Sing(0{u > 0})) > 0, in contradiction with [92, Lemma
4.1]. O



Bibliography

1]

2]

3]

4]

[5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

N. Aguilera, H. W. Alt, and L. A. Caffarelli. An optimization problem with volume con-
straint. SIAM J. Control Optim., 24:191-198, 1986.

H. W. Alt and L. A. Caffarelli. Existence and regularity for a minimum problem with free
boundary. J. Reine Angew. Math., 325:105-144, 1981.

H. W. Alt, L. A. Caffarelli, and A. Friedman. Variational problems with two phases and
their free boundary. Trans. Am. Math. Soc., 282:431-461, 1984.

P. R. S. Antunes and P. Freitas. Numerical optimization of low eigenvalues of the Dirichlet
and Neumann laplacians. J. Optim. Theory Appl., 154(1):235-257, 2012.

I. Athanasopoulos and L. A. Caffarelli. A theorem of real analysis and its application to
free boundary problems. Communications on Pure and Applied Mathematics, 38(5):499—
502, 1985.

H. Berestycki, L. Nirenberg, and S. R. S. Varadhan. The principal eigenvalue and maximum
principle for second-order elliptic operators in general domains. Commun. Pure Appl. Math.,
47(1):47-92, 1994.

B. Bogosel and B. Velichkov. A multiphase shape optimization problem for eigenvalues:
qualitative study and numerical results. STAM Journal on Numerical Analysis, 54(1):210-
241, 2016.

B. Brandolini, F. Chiacchio, A. Henrot, and C. Trombetti. Existence of minimizers for
eigenvalues of the Dirichlet-Laplacian with a drift. J. Differ. Equations, 259(2):708-727,
2015.

T. Briangon. Regularity of optimal shapes for the Dirichlet’s energy with volume constraint.
ESAIM, Control Optim. Calc. Var., 10:99-122, 2004.

T. Briangon, M. Hayouni, and M. Pierre. Lipschitz continuity of state functions in some
optimal shaping. Calc. Var. Partial Differ. Equ., 23(1):13-32, 2005.

T. Briangon and J. Lamboley. Regularity of the optimal shape for the first eigenvalue of
the Laplacian with volume and inclusion constraints. Ann. Inst. Henri Poincaré, Anal. Non
Linéaire, 26(4):1149-1163, 2009.

D. Bucur. Minimization of the k-th eigenvalue of the Dirichlet Laplacian. Arch. Ration.
Mech. Anal., 206(3):1073-1083, 2012.

D. Bucur and G. Buttazzo. Variational methods in shape optimization problems, volume 65.
Basel: Birkhauser, 2005.

D. Bucur, G. Buttazzo, and B. Velichkov. Spectral optimization problems with internal
constraint. In Annales de I’IHP Analyse non linéaire, volume 30, pages 477-495, 2013.

199



Bibliography 200

[15]

[16]

[17]

[18]

[19]

[20]
[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

D. Bucur and D. Daners. An alternative approach to the Faber—Krahn inequality for Robin
problems. Calculus of Variations and Partial Differential Equations, 37(1-2):75, 2010.

D. Bucur, V. Ferone, C. Nitsch, and C. Trombetti. The quantitative Faber-Krahn inequality
for the Robin Laplacian. Journal of Differential Equations, 264(7):4488-4503, 2018.

D. Bucur and D. Mazzoleni. A surgery result for the spectrum of the Dirichlet Laplacian.
SIAM Journal on Mathematical Analysis, 47(6):4451-4466, 2015.

D. Bucur, D. Mazzoleni, A. Pratelli, and B. Velichkov. Lipschitz regularity of the eigen-
functions on optimal domains. Arch. Ration. Mech. Anal., 216(1):117-151, 2015.

D. Bucur and B. Velichkov. Multiphase shape optimization problems. SIAM J. Control
Optim., 52(6):3556-3591, 2015.

G. Buttazzo. Spectral optimization problems. Rev. Mat. Complut., 24(2):277-322, 2011.

G. Buttazzo and G. Dal Maso. An existence result for a class of shape optimization prob-
lems. Arch. Ration. Mech. Anal., 122(2):183-195, 1993.

G. Buttazzo and B. Velichkov. A shape optimal control problem with changing sign data.
SIAM J. Math. Anal., 50(3):2608-2627, 2018.

L. Caffarelli, H. Shahgholian, and K. Yeressian. A minimization problem with free boundary
related to a cooperative system. Duke Mathematical Journal, 167(10):1825-1882, 2018.

L. A. Caffarelli, D. Jerison, and C. E. Kenig. Global energy minimizers for free boundary
problems and full regularity in three dimensions. In Noncompact problems at the intersection
of geometry, analysis, and topology. Proceedings of the conference on noncompact variational
problems and general relativity held in honor of Haim Brezis and Felix Browder at Rutgers
University, New Brunswick, NJ, USA, October 14-18, 2001, pages 83-97. Providence, RI:
American Mathematical Society (AMS), 2004.

L. A. Caffarelli and F. H. Lin. An optimal partition problem for eigenvalues. J. Sci.
Comput., 31:5-14, 2007.

H. Chang-Lara and O. Savin. Boundary regularity for the free boundary in the one-phase
problem. arXww preprint arXiv:1709.03371, 2017.

D. Cioranescu and F. Murat. Un terme étrange venu d’ailleurs. Nonlinear partial differential
equations and their applications, Coll. de France Semin., Vol. II, Res. Notes Math. 60, 98-
138 (1982)., 1982.

M. Conti, S. Terracini, and G. Verzini. An optimal partition problem related to nonlinear
eigenvalues. J. Funct. Anal., 198(1):160-196, 2003.

R. Courant and D. Hilbert. Methods of mathematical physics, volume 1. Wiley Classics
Edition, 1989.

G. Dal Maso and U. Mosco. Wiener’s criterion and I'-convergence. Applied Mathematics
and Optimization, 15(1):15-63, 1987.

D. Daners. A Faber-Krahn inequality for Robin problems in any space dimension. Mathe-
matische Annalen, 335(4):767-785, 2006.

G. David, M. Engelstein, M. Smit Vega Garcia, and T. Toro. Regularity for
almost-minimizers of variable coefficient Bernoulli-type functionals.  arXiv preprint
arXiv:1909.05043, 2019.



201

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

Bibliography

G. David, M. Engelstein, and T. Toro. Free boundary regularity for almost-minimizers.
Advances in Mathematics, 350:1109-1192, 2019.

G. David and T. Toro. Regularity of almost minimizers with free boundary. Calculus of
Variations and Partial Differential Equations, 54(1):455-524, 2015.

G. De Philippis, L. Spolaor, and B. Velichkov. Regularity of the free boundary for the
two-phase Bernoulli problem. arXiv preprint arXiv:1911.02165, 2019.

D. De Silva. Free boundary regularity for a problem with right hand side. Interfaces Free
Bound., 13(2):223-238, 2011.

D. De Silva and D. Jerison. A singular energy minimizing free boundary. J. Reine Angew.
Math., 635:1-21, 20009.

D. De Silva and O. Savin. A note on higher regularity boundary Harnack inequality. arXiv
preprint arXiw:1403.2588, 2014.

D. De Silva and O. Savin. A short proof of Boundary Harnack Inequality. arXiv preprint
arX1w:1909.00062, 2019.

D. De Silva and O. Savin. Almost minimizers of the one-phase free boundary problem.
arXiv preprint arXiv:1901.02007, 2019.

D. De Silva and G. Tortone. Improvement of flatness for vector valued free boundary
problems. arXiv preprint arXiv:1909.01290, 2019.

N. Edelen and M. Engelstein. Quantitative stratification for some free-boundary problems.
arXiw preprint arXiv:1702.04325, 2017.

L. C. Evans. Partial differential equations., volume 19. Providence, RI: American Mathe-
matical Society, 1998.

L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions. 2nd revised
ed. Boca Raton, FL: CRC Press, 2nd revised ed. edition, 2015.

G. Faber. Bewets, dass unter allen homogenen Membranen von gleicher Fldiche und gleicher
Spannung die kreisformige den tiefsten Grundton gibt. Verlagd. Bayer. Akad. d. Wiss., 1923.

N. Garofalo and F.H. Lin. Monotonicity properties of variational integrals, A, weights and
unique continuation. Indiana Univ. Math. J., 35:245-268, 1986.

M. Giaquinta and E. Giusti. Global Cl®-regularity for second order quasilinear elliptic
equations in divergence form. Journal fir die reine und angewandte Mathematik, 351:55—
65, 1984.

D. Gilbarg and N. S. Trudinger. FElliptic partial differential equations of second order.
Reprint of the 1998 ed. Berlin: Springer, reprint of the 1998 ed. edition, 2001.

E. Giusti. Minimal surfaces and functions of bounded variation. Monographs in Mathe-
matics, Vol. 80. Boston-Basel-Stuttgart: Birkhauser. XII, 240 p. DM 96.00 (1984)., 1984.

F. Hamel, N. Nadirashvili, and E. Russ. An isoperimetric inequality for the principal
eigenvalue of the Laplacian with drift. Comptes Rendus Mathematique, 340(5):347-352,
2005.

F. Hamel, N. Nadirashvili, and E. Russ. Rearrangement inequalities and applications to
isoperimetric problems for eigenvalues. Ann. Math. (2), 174(2):647-755, 2011.



Bibliography 202

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

F. Hamel, N.Nadirashvili, and E. Russ. A Faber-Krahn inequality with drift. arXiv preprint
math/0607585, 2006.

F. Hamel, L. Rossi, and E. Russl. Optimization of some eigenvalue problems with large
drift. Communications in Partial Differential Equations, 43(6):945-964, 2018.

J. Heinonen, T. Kipelainen, and O. Martio. Nonlinear potential theory of degenerate elliptic
equations. Mineola, NY: Dover Publications, 2018.

A. Henrot. Minimization problems for eigenvalues of the Laplacian. In Nonlinear Evolution
Equations and Related Topics, pages 443-461. Springer, 2003.

A. Henrot. Extremum problems for eigenvalues of elliptic operators. Basel: Birkh&user,
2006.

A. Henrot. Shape optimization and spectral theory. De Gruyter, 2017.

A. Henrot and D. Bucur. Minimization of the third eigenvalue of the Dirichlet Lapla-
cian. Proceedings of the Royal Society of London. Series A: Mathematical, Physical and
Engineering Sciences, 456(1996):985-996, 2000.

A. Henrot and E. Oudet. Le stade ne minimise pas Ay parmi les ouverts convexes du plan.
Comptes Rendus de I’Académie des Sciences-Series I-Mathematics, 332(5):417-422, 2001.

A. Henrot and E. Oudet. Minimizing the second eigenvalue of the Laplace operator with
Dirichlet boundary conditions. Archive for rational mechanics and analysis, 169(1):73-87,
2003.

A. Henrot and M. Pierre. Variation et optimisation de formes. Une analyse géométrique.,
volume 48. Berlin: Springer, 2005.

D. Jerison and O. Savin. Some remarks on stability of cones for the one-phase free boundary
problem. Geom. Funct. Anal., 25(4):1240-1257, 2015.

D. S. Jerison and C. E. Kenig. Boundary behavior of harmonic functions in non-tangentially
accessible domains. Advances in Mathematics, 46(1):80-147, 1982.

T. Kato. Perturbation theory for linear operators. Reprint of the corr. print. of the 2nd ed.
1980. Berlin: Springer-Verlag, reprint of the corr. print. of the 2nd ed. 1980 edition, 1995.

C. E. Kenig. Harmonic analysis techniques for second order elliptic boundary value problems,
volume 83. American Mathematical Soc., 1994.

C. E. Kenig and T. Toro. Harmonic measure on locally flat domains. Duke Math., 87(3):509—
551, 1997.

D. Kinderlehrer and L. Nirenberg. Regularity in free boundary problems. Ann. Sc. Norm.
Super. Pisa, Cl. Sci., IV. Ser., 4:373-391, 1977.

E. Krahn. Uber eine von Rayleigh formulierte Minimaleigenschaft des Kreises. Mathema-
tische Annalen, 94(1):97-100, 1925.

E. Krahn. Uber Minimaleigenschaften der Kugel in drei und mehr Dimensionen. Mattiesen,
1926.

D. Kriventsov and F. Lin. Regularity for shape optimizers: the nondegenerate case. Com-
munications on Pure and Applied Mathematics, 71(8):1535-1596, 2018.



203

[71]

[72]
73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[38]

[89]

Bibliography

D. Kriventsov and F. Lin. Regularity for shape optimizers: the degenerate case. Commu-
nications on Pure and Applied Mathematics, 72(8):1678-1721, 2019.

J. Lamboley. Variations autour de formes irréguliéres et optimales. PhD thesis, 2008.

J. Lamboley and P. Sicbaldi. Existence and regularity of Faber Krahn minimizers in a
Riemannian manifold. arXiv preprint arXiv:1907.08159, 2019.

F. Maggi. Sets of finite perimeter and geometric variational problems. An introduction to
geometric measure theory, volume 135. Cambridge: Cambridge University Press, 2012.

N. Matevosyan and A. Petrosyan. Almost monotonicity formulas for elliptic and parabolic
operators with variable coefficients. Communications on Pure and Applied Mathematics,
64(2):271-311, 2011.

D. Mazzoleni and A. Pratelli. Existence of minimizers for spectral problems. J. Math. Pures
Appl. (9), 100(3):433-453, 2013.

D. Mazzoleni, S. Terracini, and B. Velichkov. Regularity of the optimal sets for some
spectral functionals. Geom. Funct. Anal., 27(2):373-426, 2017.

D. Mazzoleni, S. Terracini, and B. Velichkov. Regularity of the free boundary for the
vectorial Bernoulli problem. arXiv preprint arXiv:1804.09243, 2018.

A. Naber and D. Valtorta. Rectifiable-Reifenberg and the regularity of stationary and
minimizing harmonic maps. Ann. Math. (2), 185(1):131-227, 2017.

E. Oudet. Numerical minimization of eigenmodes of a membrane with respect to the domain.
ESAIM: Control, Optimisation and Calculus of Variations, 10(3):315-330, 2004.

G. Poélya. On the characteristic frequencies of a symmetric membrane. Mathematische
Zeitschrift, 63(1):331-337, 1955.

M. Ramos and H. Tavares S. Terracini. Extremality conditions and regularity of solutions to
optimal partition problems involving Laplacian eigenvalues. Archive for Rational Mechanics
and Analysis, 220(1):363-443, 2016.

J. W. S. Rayleigh. The theory of sound, volume 2. Macmillan, 1896.

E. Russ, B. Trey, and B. Velichkov. Existence and regularity of optimal shapes for elliptic
operators with drift. Calculus of Variations and Partial Differential Equations, 58(6):199,
2019.

L. Spolaor, B. Trey, and B. Velichkov. Free boundary regularity for a multiphase shape
optimization problem. Communications in Partial Differential Equations, pages 1-32, 2019.

L. Spolaor and B. Velichkov. An Epiperimetric Inequality for the Regularity of Some
Free Boundary Problems: The 2-Dimensional Case. Communications on Pure and Applied
Mathematics, 72(2):375-421, 2019.

B. Trey. Lipschitz continuity of the eigenfunctions on optimal sets for functionals with
variable coefficients. ESAIM: COCYV, 2020.

B. Trey. Regularity of optimal sets for some functional involving eigenvalues of an operator
in divergence form. arXiv preprint, 2020.

B. Velichkov. A note on the monotonicity formula of Caffarelli-Jerison—Kenig. Rendiconti
Lincei-Matematica e Applicazioni, 25(2):165-189, 2014.



Bibliography 204

[90] B. Velichkov. FEzistence and regularity results for some shape optimization problems. Pisa:
Edizioni della Normale; Pisa: Scuola Normale Superiore (Diss. 2013), 2015.

[91] B. Velichkov. Regularity of the one-phase free boundaries. 2019.

[92] G.S. Weiss. Partial regularity for a minimum problem with free boundary. J. Geom. Anal.,
9(2):317-326, 1999.

[93] S.A. Wolf and J.B. Keller. Range of the first two eigenvalues of the Laplacian. Proceedings of

the Royal Society of London. Series A: Mathematical and Physical Sciences, 447(1930):397—
412, 1994.

[94] D. Yihong. Order structure and topological methods in nonlinear partial differential equa-
tions: Vol. 1: Mazimum principles and applications, volume 2. World Scientific, 2006.



	Introduction
	Présentation des résultats principaux
	Préliminaires
	La capacité
	Les quasi-ouverts
	Les valeurs propres d'opérateurs elliptiques
	La -convergence

	La valeur propre principale d'un opérateur elliptique
	Inégalité de Faber-Krahn
	Existence d'une forme optimale pour un opérateur avec un terme de transport et avec une condition de boîte
	Résultats de régularité
	Régularité pour un opérateur avec un terme de transport de la forme V=
	Régularité pour un problème d'optimisation de forme avec plusieurs phases

	Les valeurs propres d'ordre supérieur
	Résultats d'existence et de régularité
	La somme des premières valeurs propres d'un opérateur sous forme divergence

	Perspectives
	Annexe A : Spectre d'un opérateur compact

	Existence and regularity of optimal shapes for elliptic operators with drift
	Introduction and main results
	Preliminaries
	Capacity, quasi-open sets and quasi-continuous functions
	PDEs on quasi-open sets
	The -convergence and the weak–convergence

	The principal eigenvalue on quasi-open sets
	Existence of optimal domains
	Optimal drifts on a fixed domain
	Shape optimization problem over domains and vector fields

	Regularity of the optimal sets
	Boundedness of the eigenfunctions
	Pointwise definition of the solutions
	A free-boundary problem with measure constraint
	An internal variation optimality condition
	Almost optimality of u at small scales
	Lipschitz continuity of the eigenfunctions on the optimal sets
	Non-degeneracy of the eigenfunctions and finiteness of the perimeter of u
	Blow-up sequences and blow-up limits
	Regularity of the free boundary
	Monotonicity formula and some further estimates on the dimension of the singular set

	Appendix A: Extremality conditions and Lebesgue density
	Reduction to the case =0
	Proof of Proposition 2.A.1 in the case =0


	Free boundary regularity for a multiphase shape optimization problem
	Introduction
	Regularity for almost-minimizers
	Multiphase shape optimization problem for the first eigenvalue
	Organization of the paper

	Boundary adjusted energy and epiperimetric inequality
	One-homogeneous rescaling and excess
	The one-phase boundary adjusted energy
	The two-phase boundary adjusted energy
	Almost-monotonicity and almost-minimality
	Epiperimetric inequality and energy decay

	Change of variables and freezing of the coefficients
	Blow-up sequences and blow-up limits
	Regularity of the one-phase free boundaries. Proof of Theorem 3.1.1
	Regularity of the two-phase free boundaries. Proof of Theorem 3.1.5
	Proof of Theorem 3.1.11
	Preliminary results
	One-phase points at the boundary of the box
	Two-phase points

	Appendix A: The flat one-phase free boundaries are C1,

	Lipschitz continuity of the eigenfunctions on optimal sets for functionals with variable coefficients
	Introduction and main results
	Lipschitz continuity of quasi-minimizers
	Continuity and Hölder continuity
	Bound of the Lipschitz constant in {u>0}
	Lipschitz continuity

	Lipschitz continuity of the eigenfunctions
	Preliminaries and existence of an optimal set
	Quasi-minimality and Lipschitz continuity of the eigenfunctions


	Regularity of optimal sets for some functional involving eigenvalues of an operator in divergence form
	Introduction
	Preliminaries and notations
	General strategy and main points of the proof

	General properties
	Finiteness of the perimeter
	Freezing of the coefficients and non-degeneracy of the eigenfunctions
	Non-degeneracy of the first eigenfunction and density estimate
	Weiss monotonicity formula

	Blow-ups
	Regularity of the free boundary
	The optimality condition on the free boundary
	Regular and singular parts of the optimal sets
	The regular part is Reifenberg flat
	The regular part is C1,
	Dimension of the singular set


	Bibliography

