N
N

N

HAL

open science

Spaces of analytic functions and reachable space of the
heat equation

Marcu-Antone Orsoni

» To cite this version:

Marcu-Antone Orsoni. Spaces of analytic functions and reachable space of the heat equation. Func-

tional Analysis [math.FA]. Université de Bordeaux, 2021. English. NNT: 2021BORD0011 .

03151441

HAL Id: tel-03151441
https://theses.hal.science/tel-03151441
Submitted on 24 Feb 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03151441
https://hal.archives-ouvertes.fr

5> )

Un]verSIté institut de
deBORDEAUX Mathématiques de

Bordeaux

THESE

PRESENTEE POUR OBTENIR LE GRADE DE

Docteur de
I’Université de Bordeaux

ECOLE DOCTORALE MATHEMATIQUES ET INFORMATIQUE

Spécialité Mathématiques Pures

par Marcu-Antone Orsoni

Spaces of analytic functions and Reachable
space of the heat equation

Sous la direction de : Andreas Hartmann

Soutenue publiquement le 14 janvier 2021 a 'Institut de Mathématiques de Bordeauz.

Membres du jury

Karine Beauchard Professeure, ENS Rennes, IRMAR Présidente du jury
Alexander Borichev Professeur, Aix-Marseille Université, 12M Rapporteur
Sylvain Ervedoza Directeur de recherche, Université de Bordeaux, IMB Examinateur
Andreas Hartmann Professeur, Université de Bordeaux, IMB Directeur

Lionel Rosier Professeur, Université du Littoral Cote d’Opale, LMPA Rapporteur

José Angel Peldez Méarquez Profesor Contratado Doctor, Universidad de Malaga Examinateur






Titre : Espaces de fonctions holomorphes et espace atteignable de I’équation de la
chaleur.

Résumé : Cette these est consacrée a la description de 'espace atteignable de
I’équation de la chaleur a 'aide de méthodes de I'analyse complexe moderne. Ce
probleme central de la théorie du controle est vieux de 50 ans et a captivé de nom-
breuses recherches depuis les travaux pionniers de Fattorini et Russell en 1971. Dans
ce travail, on s’intéresse a I’équation de la chaleur 1-D sur un segment avec controle
de Dirichlet au bord. Dans une premiere partie, on démontre a ’aide d’un théoréme
de type Paley-Wiener que I'espace atteignable est égal a la somme de deux espaces de
Bergman, puis qu’il contient un espace de Smirnov-Zygmund en étudiant la régularité
de la transformée de Cauchy. Dans une deuxiéme partie, en utilisant des méthodes de
noyaux reproduisants et de d-bar, on résout le probleme de séparation de singularités
(probleme de type Cousin) pour Iespace de Bergman dans plusieurs configurations.
On en déduit ainsi une caractérisation définitive de I'espace atteignable comme es-
pace de Bergman sur un carré. Enfin, la derniere partie est consacrée a 1’équation
de chaleur avec un potentiel quadratique et a son espace atteignable.

Mots-clés : Espaces de fonctions holomorphes, espace atteignable, équation de la
chaleur, noyaux reproduisants, analyse complexe, théorie du controle.

Title: Spaces of analytic functions and reachable space of the heat equation.

Abstract: This thesis is devoted to the description of the reachable space of
the heat equation using methods of modern complex analysis. This central problem
in control theory is about 50 years old and has captivated a lot of research efforts
since the pioneering work of Fattorini and Russell in 1971. In this work, we are
interested in the 1-D heat equation on a segment with Dirichlet boundary control.
In the first part, using a Paley-Wiener theorem we prove that the reachable space is
the sum of two Bergman spaces, then that it contains a Smirnov-Zygmund space by
studying the regularity of the Cauchy transform. In a second part, using reproducing
kernels and 0-methods, we solve the problem of separation of singularities (Cousin-
type problem) for the Bergman space in several configurations. This enables us to
deduce a definitive characterization of the reachable space as the Bergman space on
a square. Finally, the last part is devoted to the heat equation with a quadratic
potential and its reachable space.

Keywords: Spaces of analytic functions, reachable space, heat equation, repro-
ducing kernels, complex analysis, control theory.
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Introduction (Frangais)

Introduite par le mathématicien Joseph Fourier au début du XIX® siecle dans
le but de modéliser la propagation de la chaleur dans un milieu donné, 1’équation
de la chaleur est I'une des équations différentielles les plus célebres des mathéma-
tiques. Dans le discours introductif de son célebre ouvrage Théorie analytique de la
chaleur paru en 1822, Fourier écrira d’elle : « Cette théorie formera désormais une
des branches les plus importantes de la physique générale ». Presque deux siécles
plus tard, I’équation de la chaleur a largement dépassé les frontieres de la physique
et intervient dans de nombreux autres domaines comme la biologie, la chimie, la
mécanique des fluides, les probabilités ou la géométrie différentielle. Son importance
est due a la fois a son omniprésence en tant que prototype de ’équation parabolique,
et a la multitude d’outils tres puissants que son étude systématique a permis de
développer, comme ’analyse de Fourier ou plus généralement 1’analyse harmonique.
L’objectif de cette these est de poursuivre modestement cette étude en essayant de
I’enrichir de nouvelles approches.

La théorie du controle est le domaine des mathématiques qui étudie la possi-
bilité d’agir sur un systeme dynamique au moyen d’une commande, aussi appelée
controle. Un bon exemple d'un tel systeme est donné par I’équation de la chaleur
unidimensionnelle sur un segment avec un controle de type Dirichlet au bord.

ow *w

g(t,x)—w(t,x)zo t>0, x€]0,n[,
w(t,0) = up(t), w(t,m) =ug(t) t>0,
w(0,z) = f(x) z €]0, 7|,

Cette équation modélise 1’évolution au cours du temps ¢ de la température w sur
une barre que 1'on chauffe aux deux extrémités. Ici, on agit sur le systeme au moyen
de la fonction u := (up,u,) qui décrit notre fagon de chauffer les extrémités de la
barre a chaque instant ¢. Si pour toute température initiale f et pour toute tem-
pérature finale g, il est possible de trouver une maniere de chauffer les extrémités



(c’est-a-dire un controle u) qui amene la barre de la température f (au temps t = 0)
a la température g (au temps ¢t = 7), on dit que le systéme est (exactement) contro-
lable. Malheureusement, cette propriété de controlabilité n’est pas vérifiée par notre
équation de la chaleur ci-dessus. C’est une conséquence de 'extréme régularité de
la température en la variable spatiale x. Plus précisément, il est bien connu dans
le milieu des équations aux dérivées partielles que les états atteignables g sont des
fonctions qui se prolongent de maniere holomorphe sur le carré D dont 1'une des
diagonales est le segment [0, 7]. Cela conduit a la question naturelle suivante : quels
sont exactement les états finaux que l'on peut atteindre? L’ensemble de ces états
finaux atteignables est appelé espace atteignable de I’équation de la chaleur et sa
description est une question centrale en théorie du contréle qui remonte aux travaux
pionniers de Fattorini et Russell il y a 50 ans. Le but de cette these est de fournir
une caractérisation complete et définitive de cet espace atteignable.

L’analyse complexe moderne est la partie de I'analyse fonctionnelle qui s’occupe
des espaces de fonctions holomorphes (appelées aussi fonctions analytiques). Ces
fonctions, qui comme on vient de le voir sont liées au probleme de caractérisation
de I'espace atteignable de 1’équation de la chaleur, vérifient de belles et surprenantes
propriétés. Plusieurs espaces classiques de fonctions holomorphes comme les espaces
de Hardy ou de Bergman sont des cas particuliers d’espaces de Hilbert a noyaux
reproduisants (RKHS), dans lesquels on connait la valeur d’une fonction en la testant
contre un noyau. Cela procure des outils théoriques de calcul trés puissants pour,
par exemple, déterminer I'image d’une transformée intégrale de type Laplace. Cette
méthode a déja été utilisée par Aikawa, Hayashi et Saitoh pour décrire I'espace
atteignable de I’équation de la chaleur sur une demi-droite cette fois, et nous fournit
une nouvelle approche pour notre équation de la chaleur sur un segment. En effet,
nous verrons que la description des états atteignables de 1’équation de la chaleur
sur un segment se réduit a une analyse fine d'une certaine transformation de type
Fourier-Laplace. Cela nous permettra de déplacer le probleme dans le champ de
I’analyse complexe et d’utiliser plusieurs techniques spécifiques a ce domaine comme
la séparation de singularités. Cette derniere technique permet d’écrire une fonction
holomorphe sur I'intersection £2; N €25 de deux domaines 2; et {25 du plan complexe
comme somme de deux fonctions holomorphes respectivement sur 21 et {25. En allant
plus loin, nous pouvons nous demander si ce résultat se généralise a des espaces de
Banach ou de Fréchet de fonctions analytiques. Autrement dit, si B(£2) désigne un
espace de Banach de fonctions analytiques sur un domaine €, I'égalité B(2; n Q) =
B(£21) + B(§22) est-elle vraie? Ce probleme est connu sous le nom de probleme de
séparation de singularités. Comme nous le verrons plus tard, bien que tres naturel
en analyse complexe, il joue un role prédominant dans la description de 'espace



atteignable qui se révele étre la somme de deux espaces de Bergman définis sur des
secteurs s’intersectant.

Dans la premiere partie de ce manuscrit, nous donnons le matériel de base néces-
saire pour mener a bien nos travaux, aussi bien en analyse complexe qu’en théorie
du controle. Du c¢6té de I'analyse complexe, nous rappellons la définition et les pro-
priétés classiques de quelques espaces de fonctions holomorphes classiques comme
ceux mentionnés plus haut. Nous introduisons également la théorie des noyaux re-
produisants et plusieurs théoremes de type Paley-Wiener. Ces derniers nous seront
tres utiles pour déterminer I'image de certains opérateurs de type Laplace qui sont
au coeur du probleme de controle considéré dans le deuxieme paragraphe ci-dessus.
Finalement, nous présentons le probleme de séparation de singularités pour les fonc-
tions holomorphes et ses généralisations pour des espaces de Banach (ou de Fréchet)
de fonctions analytiques. Du c6té de la théorie du controle, nous donnons quelques
bases de la théorie et nous construisons précautionneusement le cadre théorique des
systemes de controle au bord bien posés dont nous avons besoin pour définir correcte-
ment notre probleme. Finalement, nous introduisons le concept d’espace atteignable,
objet central de cette theése, et nous passons en revue les résultats précédents le
concernant.

Dans une seconde partie, nous donnons nos résultats originaux sur ce probleme
obtenus durant cette these. Ceux contenus dans les chapitres 3 et 4 ont fait 1’objet
de deux articles acceptés pour publication dans des journaux, tandis que le contenu
du chapitre 5 est une partie d’'un travail encore en préparation. Dans le chapitre
3, nous fournissons une caractérisation exacte de l'espace atteignable de I'équation
de la chaleur unidimensionnelle sur un segment avec contréle de type Dirichlet au
bord, comme somme de deux espaces de Bergman sur des secteurs dont l'intersec-
tion est le carré D défini plus haut. La premiere idée, développée par Hartmann,
Kellay et Tucsnak est d’écrire la solution de 1’équation comme une série dont les
deux termes principaux sont les solutions respectives du probleme de controle sur
les demi-droites |0, +o[ et | — oo, 7| et les termes restant sont traités comme des
perturbations. Enfin le résultat est obtenu en appliquant un certain théoréme de
Paley-Wiener pour les espaces de Bergman a une transformée de type Laplace. Dans
le chapitre 4, nous commengons pas résoudre le probléme de séparation de singulari-
tés pour les espaces de Bergman sur des secteurs, des polygones ou des configurations
plus générales d’intersections de parties convexes. L’idée repose sur un résultat clé
d’égalité entre noyaux reproduisants pour le quart de plan, sur des estimées LP de
type Hérmander pour la solution du ¢ et d’un découpage astucieux des polygones.
Puis nous appliquons nos résultats a la somme d’espaces de Bergman mentionnée
ci-dessus décrivant 'espace atteignable. Cela donne une solution définitive a notre



probleme initial : I'espace atteignable de I’équation de la chaleur est 'espace de
Bergman du carré D. Nous en déduisons également une caractérisation exacte des
espaces atteignables pour d’autres types de controles au bord, comme le controle de
type Neumann ou le controle unilatéral (de Dirichlet ou de Neumann). Dans le cha-
pitre 5, nous appliquons les méthodes développées dans les précédents chapitres a un
autre genre d’équation parabolique appelée équation de la chaleur de Hermite. Cette
équation consiste a remplacer le Laplacien par 'oscillateur harmonique, toujours en
une dimension d’espace sur un segment avec contréle de Dirichlet au bord. Nous
montrons que l'espace atteignable de cette équation est encore contenu dans I'espace
de Bergman du carré D. Au passage, nous obtenons une caractérisation exacte de
I'espace atteignable pour la demi-droite |0, +ool.

Finalement, dans I'appendice B, nous résumons brievement un autre travail effec-
tué durant ma these qui traite des ensembles dominants sur des espaces de Bergman.
Il consiste en une estimation optimale de la constante d’échantillonnage. Dans un
cadre étendu, ce sujet est aussi lié a la théorie du controle. Ces résultats ont aussi
donné lieu a un article accepté pour publication.

Une célebre citation du mathématicien Paul Painlevé, issue de son Analyse des
travauz scientifiques paru en 1900, affirme : « Entre deux vérités réelles, le chemin
le plus facile et le plus court passe souvent par le domaine complexe ». Dans un
certain sens, par ce travail, l'auteur espere donner, s’il en était encore besoin, une
autre preuve de la véracité de cette phrase.



Introduction (English)

Introduced by the mathematician Joseph Fourier at the beginning of the 19th century
to model the heat propagation through a given region, the heat equation is one of the
most famous differential equations of mathematics. In his famous volume Théorie
analytique de la chaleur published in 1822, Fourier wrote about it : “This theory will
henceforth form one of the most important branches of general physics”. Almost two
centuries later, the heat equation has gone far beyond the boundaries of physics and is
involved in many other fields such as biology, chemistry, fluid mechanics, probability
and differential geometry. Its central importance is due both to its omnipresence as
a prototypical parabolic equation, and to the multiplicity of powerful tools that its
systematic study has given birth to, like Fourier analysis or more generally harmonic
analysis. This thesis intends modestly to continue this study trying to develop new
approaches.

Control theory studies the possibility of acting on a dynamical system by means
of a command, also called control. A good example of such a system is given by the
one-dimensional heat equation on a segment with Dirichlet boundary control

%(t,x)—%(t,x)zo t>0, ze(0,m),
w(t,0) = up(t), w(t,m) = u(t) t>0,
w(0,z) = f(x) z € (0,m),

It models the evolution of the temperature w on a rod depending on the time ¢ when
we heat the rod at both ends. Here we act on the system by means of the boundary
heating function u := (ug, u,) at each instant ¢. If for any initial state f and any
final target g we can find a way to heat the rod at both ends in order to steer the
temperature from the initial state f (at time ¢ = 0) to the final target g (at time
t = 7), then we say that the system is (exactly) controllable. Unfortunately, this
controllability property is not fulfilled by our heat system. This is a consequence of
the extreme regularity in the space variable z of the temperature. Actually, it is a
folklore result of PDEs that the reachable states g are holomorphic on the square



D one diagonal of which is the interval (0,7). This leads to the natural question:
which are exactly the targets we can reach? The set of all the reachable final states
is called reachable space of the heat equation and its description is a central question
in control theory which goes back to the pioneering work of Fattorini and Russell 50
years ago. The aim of the present work is to provide a definitive exact description
of this reachable space.

Modern complex analysis is the part of functional analysis which deals with holo-
morphic function spaces. These functions enjoy surprising and beautiful properties.
Several classical holomorphic function spaces like Hardy or Bergman spaces are par-
ticular cases of so-called Reproducing Kernel Hilbert Spaces, on which we know a
function from testing on a kernel. This provides powerful computational tools to, for
example, determine the range of an integral Laplace-type transform. This method
has been applied by Aikawa, Hayashi and Saitoh to the description of the reachable
space of the heat equation on a half-line and provides a new approach for the heat
equation on a rod. Indeed, the description of the reachable states of the heat equa-
tion on a rod reduces to a fine analysis of a certain Fourier-Laplace type transform.
This allows us to move the problem into the field of complex analysis and use several
specific technics as separation of singularities. This last technique allows us to write
an analytic function on the intersection ; N 25 of two domains €2; and €2y of the
complex plane as the sum of two holomorphic functions respectively on €; and €2,.
Going further, we can ask if this result generalizes to Banach or Fréchet spaces of
analytical functions. In other words, if B(Q2) denotes a Banach space of analytical
functions over a domain €2, is the equality B(Q; n Qs) = B(€;) + B(£2) true? This
problem is known as the separation of singularities problem. As we will see later,
this very natural problem in complex analysis plays a central role in the control of
the heat equation, where it appears in the setting of the sum of two Bergman spaces
defined on intersecting sectors.

In a first part of this manuscript, we shall give the basic material needed to
carry out our work, both in complex analysis and control theory. On the complex
analysis side, we remind the definition and the basic properties of some classical
spaces of analytic functions as those mentioned above. We also introduce the theory
of reproducing kernels and several Paley-Wiener type theorems. They will be useful
to determine the range of Laplace type operators which will play a prominent réle in
the control problem we consider. Finally we present the separation of singularities
problem for holomorphic functions and its counter parts for Banach spaces. On the
control side, we give some background of the theory and we construct carefully the
framework of well-posed boundary control systems that our problem needs to be
well-defined. Finally, we introduce the concept of reachable space and we survey the



previous results on this topic.

In a second part, we give our original results on the problem. Those contained
in Chapters 3 and 4 have been accepted for publication, the contents of Chapter 5
is a part of a work still in preparation. In Chapter 3, we provide an exact charac-
terization of the reachable space of the 1-D heat equation on a finite interval with
Dirichlet boundary control as sum of two Bergman spaces on sectors whose intersec-
tion is the square D. The first idea, developed by Hartmann, Kellay and Tucsnak is
to write the solution of the heat equation as a series with two main terms given by
the solutions on the half-lines (0, o) and (—oo, 7) and to treat the remaining terms
as perturbation.The result is achieved applying a certain Paley-Wiener theorem for
Bergman spaces to a Laplace type transform. In Chapter 4, we start solving the sep-
aration of singularities problem for Bergman spaces on sectors, polygons and in more
general settings of intersections of convex sets. The proof is based on a key equality
between reproducing kernels for the quarter plane, Hérmander type LP-estimates for
the solutions of the d-equation, and a clever cutting of the polygons. Then we apply
our results to the sum of Bergman spaces mentioned above. This gives a defini-
tive solution of our initial problem: the reachable space of the heat equation is the
Bergman space on the square D. We also deduce an exact characterization of the
reachable spaces for other types of boundary controls, like Neumann type or unilat-
eral (Dirichlet or Neumann) boundary control. In Chapter 5, we apply the methods
developed in the preceding chapters to another kind of parabolic equation, namely
the Hermite heat equation. It consists in replacing the Laplacian by the harmonic
oscillator, again in the one-dimensional case on a segment with Dirichlet boundary
control. It follows that the reachable space of this equation is still contained in the
Bergman space of the square D. Actually, we obtain also an exact characterization
of the reachable space of this equation on the half-line (0, ).

Finally, in Appendix B, we resume another work carried out during my PhD and
dealing with dominating sets on weighted Bergman spaces. It consists in giving an
optimal estimate for the sampling constant. In some extended area, this topic is also
related to control theory. These results have also been accepted for publication.

A famous quote of the mathematician Paul Painlevé, from his Analyse des travauz
scientifiques published in 1900, claims: "The easiest and shortest path between two
real truths quite often passes through the complex domain"'. In a certain sense, by
this work, we hope to give another proof of the veracity of this sentence.



Part 1

Preliminaries



Chapter 1

Some spaces of analytic functions

1.1 Zoology

In this manuscript, we denote by D = {z € C| |z| < 1} the unit disc and by C* =
{z € C | Imz > 0} the upper-half plane. If Q < C is an open set, we write Hol(2) for
the algebra of holomorphic functions on €2.

1.1.1 Reproducing Kernel Hilbert Spaces
Basic properties.

In this subsection we give a brief introduction to the theory of Reproducing Kernel
Hilbert Spaces. It has been mainly developed by S. Bergman and N. Aronszajn. The
material we introduce here is classical and can be found in [PR16], [Aro50].

From now on, Q will be an arbitrary set and we will denote by F(2, C) the vector
space of complex valued functions defined on €.

Definition 1.1.1. Let €2 be a set and let H < F(£2, C) be a Hilbert space. We say
that H is a Reproducing Kernel Hilbert Space (RKHS) if for every A € Q the linear
evaluation functional E, : H — C given by

Ex(f) = f(A), VieH
is bounded.

By the Riesz-Fréchet representation theorem this is equivalent to the following
condition:

VAeQ, Ikye M, VFeH, FON) ={f k).

9



The function k) is called the reproducing kernel at A. The function K : Q2 x Q@ —- C
defined by K(z, ) := ky(2) is called the reproducing kernel of H. Important cases
appear when (2 is an open subset of C and H < Hol(€2). We shall see a few examples
of RKHS of holomorphic functions in the next subsections.

As immediate consequences of the definition, we obtain for every A, z € €2,

|kall? = ka(N),

and

kA('Z) = kz(/\)

It is also direct that the family (k) )ieq spans a dense subspace of H. Indeed, if f be-
longs to {kx, A€ Q}T, then f(A) = (f, kx> = 0 for every A € Q, so f = 0. In addition,
since the evaluation functionals are bounded, it follows that the convergence in H
implies the pointwise convergence. Actually, when the map A — ||k,|| is continuous
(as in the next subsections), we obtain with the Cauchy-Schwarz’s inequality that
the embedding H < Hol(£2) is bounded. This gives us an effective way to compute
the reproducing kernel from an orthonormal basis (e,)nen of H. Decomposing on
(en), we have

ka(z) = ). hnsenyen(z) = Y en(Vea(2), (1.1)

neN neN

where the series converge in H and hence pointwisely. Assume now that H is a
sub-Hilbert space of a Hilbert space G and let P denote the orthogonal projection
from G onto H. Then for every g € G, we have

Pg(z) ={(Pg,k,) =g, Pk,) ={g,k,), VzeQ. (1.2)

Conversely, if H is a Hilbert subspace of H, it is also obviously a RKHS. We de-
note by kY its reproducing kernel and we write Py .y for the orthogonal projection.
Therefore, for every f e H

fO) = k) = (Pruonf, k) = (fs Puonky).

Thus, by unicity of the reproducing kernel, we obtain k§ = Py, ,4k\. Nevertheless,
this equality does not permit to compute effectively the reproducing kernel in general.
Finally, the reproducing kernel characterizes its RKHS.

Proposition 1.1.2. [see Proposition 2.3 in [PR16]] Let Hy and Hy be two RKHS
on Q with reproducing kernel Ky and Ky respectively. If K1 = Ky then Hy = H,.

10



Proof. Write K(z,\) := K;(z,A) = Ks(z,\). We have seen in the discussion above
that X := Span{ky,, A € Q} is dense in H;. Moreover, for f := " k), € X,
we have | f5 =27, ity (kg by )y = Do @i K (A, A) and identically | f|3 =
D1 @i K (g, Ai). Hence,

[l =1fl2 VfeX (1.3)

Let us prove now that H; ¢ H,. Pick f € H;. By density, there exists a sequence
(fu)neny in X which converges to f in H; (and so pointwisely). Therefore, (f,)
is Cauchy in H; and then in Hs by (1.3). Hence, (f,) converges in Hy (and so
pointwisely) to a function g. This implies f(\) = lim,, o f(A) = g(N), i.e f belongs
to Hy. By the same arguments we obtain also Hy < Hy. Thus H; = H,.

Finally, the norms |- |, and ||- |2 are equal on X which is dense, so they are equal
everywhere. ]

Kernel functions.

Hence, if we know a priori that K is the reproducing kernel of a Hilbert space on
), this Hilbert space is necessarily unique. But, how can we recognize a reproducing
kernel? More precisely, given a map K : €2 x 0 — C, is there a necessary and
sufficient condition for K to be a reproducing kernel of an Hilbert space?

Definition 1.1.3. We say that a map K : 2 x Q — C is a kernel function, and we
will write K > 0, if for every finite sequence (\;)1<i<n of Q and every oy, ...a, € C,
we have

Z O?ﬂ)éjK()\i, )‘j) = 0,

ij=1
i.e. the matrix (K(\;, \j))1<ij<n 1S positive.
A reproducing kernel is a kernel function. Indeed,

Z O?Z‘OéjK()\i,/\j) = Z o?iozj <l€)\j,k’)\i> = HZO&Z]{?)\Z
i=1

ij=1 ij=1

2>0.

Conversely, it turns out that every kernel function is a reproducing kernel for some

RKHS.

Theorem 1.1.4 (Moore). [see Theorem 2.14 in [PR16]] Let Q be a set and K :
Q x Q) — C be a function. If K is a kernel function, there exists a unique RKHS H
on ) such that K is the reproducing kernel of H.

11



The idea of the proof is quite simple. Roughly speaking the RKHS associated
with K is the completion #H of the linear span W := span{(ky)eq} with respect
to the inner product given by B(Y}; aiky,, X; Biky;) == 25 ; Bijai K (\j, \i). The big
part of the proof consists of proving that this application defines actually an inner
product on W. It remains to identify the Hilbert space H with the Hilbert space of
functions H := {h, h e H} where h is defined by h(\) = (h, k»)q, for any A € Q. The
uniqueness comes from Proposition 1.1.2. The interested reader can find a complete
proof with all the necessary precautions in [PR16].

From now on, given a kernel function K, we will denote by Hg the RKHS asso-
ciated with.

Application to linear transforms.

Let © be a (non-empty) set and . be a Hilbert space (not necessarily a RKHS).
For a function h : Q — 5, we denote by L : 7 — F(£2,C) the linear mapping
given by

Vfe A (LI)A) = {fh(A)y, (Ae). (1.4)

An important problem is to determine the range Ran(L) of the mapping L. The
following theorem gives an answer.

Theorem 1.1.5. [see Theorem 1 p.21 [Sai97]] Let L denote the operator defined by
(1.4). Endowed with the Sarason norm

|9lran(z) := mf{|fle, fe A and Lf = g},

the space Ran(L) is a RKHS with reproducing kernel
K(z,A) = (h(X),h(2)),,, (2, A€ ).

Furthermore, the linear mapping L is an isometric isomorphism from S onto Ran(L)
if and only if the family (h(\))eq is complete in F.

Proof. Note that |Lf|ran(z) = inf{|f — f|, f € Ker(L)}, so that in particular L is
bounded. Hence, it is clear that L : Ker(L)" — Ran(L) is an isometric isomorphism.
Since Ker(L)L is a closed subspace of S, it is a Hilbert space and therefore Ran(L) is
also a Hilbert space. Indeed, its norm verifies the parallelogram identity by isometry
(i.e. it is induced by an inner product), and again by isometry the completeness is
conserved. Finally, we have also

<Lf7 Lg>Ran(L) = <f7 g>yf ) va ge KGI(L)L.

12



Obviously, k) := K(-,A) = (h(X),h(-)),, = L[M(N)] € Ran(L). Moreover, remark
that Ker(L)" is exactly the closure of the linear span of {h()), A € Q}. So we have
for every f e 7,

LRy = (L Py | L), = (Pt £:00Y))

—L [PKer(L)i f] \)
— Lf(N).

H

Hence, Ran(L) is a RKHS with reproducing kernel K.
Finally, if (7h()\))xeq is complete in .2, then Ker(L)™ = span{h(\), A e Q} = #
and L is an isometry as seen above. [

If we are able to identify the reproducing kernel of a well-known RKHS, the
previous theorem will permit to determine exactly the range of linear integral trans-
formations. We shall see in Section 1.2 how to use it in order to obtain several
Paley-Wiener theorems. This will also be the main tool of Section 2.6 where it will
be powerful in characterizing reachable spaces.

Operations on reproducing kernels.

Now, we will see how the operations on the kernel modify the RKHS. We will just
state the results. The proofs can be found in [PR16, Chapter 5.

Given two kernel functions K; and K5 on €2, we write K; < K5 to mean that
Ky — K1y > 01ie. Ky — K is a kernel function. Then we have

Theorem 1.1.6 (Inclusion). Fori = 1,2, let K; : Q x Q — C be kernel functions.
Then Hy, < Hg, if and only if there exists a constant ¢ > 0 such that K; < *Ko,.
Moreover, || f|a < c| fll1 for all f € Hy,.

If Ky and K5 are kernel functions on a set €2, then so is the function K = K+ K.
The next result describes the relationship between the three RKHSs.

Theorem 1.1.7 (Sum of reproducing kernels). For i = 1,2, let K; : 2 x Q — C be
kernel functions. If K = K; + K», then

Hi = /HKl + H}Q

as set equality, and the norm of Hy is given by
[F1? = {1} + | a3, fieHr, fori=1,2and f = fi + fo}.

13



Let Q4 be a set and let ¢ : {2y — €2 be a function. Given a kernel function K, we
define the pull-back p*K : Qy x Qy — C of K by ¢ as
O K(z,\) = K(p(2),0(N), YzAe Q.

Theorem 1.1.8 (Pull-back of a RKHS). Let Qg be a set, ¢ : Qy — Q be a function
and K denote a kernel function on 2. Then ©*K is a kernel function and

Hork = {fop, feHk}

with norm given by

Vg e Hyrx, |g| = min{|f[, feHk and fop = g}.

Obviously, if the linear mapping f — f o ¢ is one-to-one, then it is also an
isometric isomorphism from Hg onto H +x. Indeed, in that case the norm of a
function g € Herx is given by [glu ., = | f[#, where f is the unique element of
Hx such that fop =g.

When € is a subset of 2 and ¢ : {0y — ) denotes the inclusion, we obtain the
following result.

Corollary 1.1.9 (Restriction of a RKHS). Let Qy < Q and let K denote a kernel
function on Q). If we write Ko, the restriction of K to €y x (o, then

HK\QO = {flﬂm f € HK}

with norm given by

Vf € Higy || =min{|f]. feHx and fio, = f}.

Again, if the restriction is one-to-one in the previous theorem, i.e. €2y is a set of
uniqueness for H g, then it is also an isometric isomorphism.

Finally, we will see how the reproducing kernel changes when we multiply the
RKHS by a function.

Definition 1.1.10. Let H; and Hs be two RKHS on Q. A function f : @ — C
is called a multiplier of Hy into Ha if fHy := {fg, g € H1} = Ha. We denote by
M (H1,Hs) the vector space of all multipliers of H; into Hy. When Hy = Hy :=H,
we simply write M (H) := M (H,H).

Proposition 1.1.11 (Multiplication of a RKHS by a function). Let H be a RKHS
on Q) with kernel K and let f : 2 — C be a function. Then the space Hy := fH is a
RHKS on ) when it is endowed with the norm

VgeHy, |g| = int{|h[s, heH and fh = g}.
Moreover, its reproducing kernel is given by Ky(z,\) = f(2)K(z, X) f()).
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1.1.2 Hardy and Smirnov spaces

The Hardy space is probably one of the most famous spaces of analytic functions. We
give here the basic material which will be needed in this thesis. To go further, one
can read the numerous and complementary textbooks on this topic [Nik02], [Gar07],
[Dur70], [Koo98], [Nik19].

Let 0 < p < 4+o0. Let © be a simply connected domain in the complex plane
with at least two boundary points. We denote by H® the space of bounded analytic
functions on €. It is a Banach space under the norm | f|s = sup..q |f(2)|. We say
that f € Hol(Q2) belongs to the Hardy space H?(f) if the subharmonic function |f [P
admits a harmonic majorant on 2. We say that f € Hol(Q2) belongs to the Smirnov
space EP (Q) if there exists a sequence (7, )nen of rectifiable Jordan curves eventually
surrounding each compact subdomain of €2, such that

If1% = sup f F(2)Pldz] < .

neN

For Q0 = D, it is well-known that these two last spaces coincide, and we will simply
denote them by H? (see [Dur70, Theorem 2.12]). For an arbitrary conformal mapping
o : D — Q fe HP(Q) if and only if fop € HP, and f € EP(Q) if and only if
(fop)y UP e HP. Tt is clear that the two spaces coincide if there exists a, b > 0 such
that a < |[¢/| < b. Actually, this condition is also necessary (see [Dur70, Theorem
10.2]). When 1 < p < 400, EP(Q2) is a Banach space endowed with the norm | - ||g».
When Q2 = C*, the space EP(£2) consists of all the functions holomorphic on C* such
that

IfIE = Supf |f(z + iy)|Pdx < oo.
y>0 JR

This space is often called the Hardy space of the upper-half plane ([Gar07], [Nik02],
[Lev96], [K0098]), and denoted by H?(C*). Assume now that 2 is a domain bounded
by a rectifiable Jordan curve «y. In this case, each f € EP(Q) (1 < p < ) admits a
non-tangential limit almost everywhere on v (denoted again by f) which belongs to
LP(092), and satisfies the Cauchy formula

VeeQ, f(z) - % j(f)zdu. (1.5)
vy

We mention also the Smirnov-Zygmund space Ep .+, (§2) which, at least for the
domains we consider here (so-called Smirnov domains), can be defined as the space
of functions f € Hol(f2) such that f € E*(2) and the non-tangential limit of f on ~y

15



belongs to Llog™ L(09), that is

f [f(2)|1og™ (If (2)])|dz| < +o0. (1.6)

Therefore, the following inclusions are clear
Vl < P < +OO, EP(Q) - EL10g+L(Q> - EI(Q)

For more details on the Hardy space and the Smirnov space, we refer to [Dur70,
Chap. 10 and 11]. For the cases of the disc and the upper-half plane, see also
[Rud87],[Gar07], [Nik02], [Lev96], [Koo98|.

Boundedness of the Riesz projection.

In this paragraph, we restrict our attention to 2 = D or Q = C*. As written above,
if Q@ =D, we can identify the Hardy space H?(D) (1 < p < o) with the subspace of
LP(T) formed by all the non-tangential limits of its elements. Moreover, the norm
of an element f € HP(D) can be computed using the LP-norm of its non-tangential
limit: | f|g» = | f||zr(r). Hence it is closed subspace of LP(T). Since the Hardy space
of the half plane H?(C%) is isometrically isomorphic to the Hardy space of the disc,
this result also holds for H?(C") (see [Dur70, Section 11.2]). When p = 2, H?*(Q) is a
RKHS and if we write k) the reproducing kernel in A € D, the orthogonal projection
P, from L*(0Q) to H*(09) is given by

Vf € LQ(aQ)7 P+f(Z) = <P+f7 kz> = <f7 P+kz> = <f7 kz>7

where we have used that the orthogonal projection is self-adjoint. A famous theorem
of M. Riesz says that the orthogonal projection extends to a bounded operator from
LP(02) to H? for 1 < p < w0 (see [CMRO6, Theorem 3.2.1]). However, it is not
bounded neither from L* into H* nor from L' into H'. Actually, a theorem of D.
Newman shows that there does not exist any bounded projection from LP onto H?
for p = 1,00 (see [Nik02, Exercise 5.7.3.e]).

In the disc case, a Zygmund result (see [CMRO06, Theorem 3.2.7]) states that if we
permit a little more regularity, the projection is bounded into H*(T): P, is bounded
from Llog™L to H'(T).

On the upper half plane, the reproducing kernel at A € C* is given by

k’)\<2> = —5\ Vz e C+



and thus the projection P, coincides with the Cauchy Transform (or Borel Trans-

form) C defined by

Vfe L*R), (Cf)(2) = i Malt, VzeC.

m gt — 2
For more details on this operator, we refer to [CMR06, Section 3.8]. Unfortunately,
Zygmund’s theorem is no longer true, when the domain is unbounded. Nevertheless,
the result holds locally for compactly supported functions as stated in the following
result.

Proposition 1.1.12. Let f € Llog" L(R) have compact support. Let 2 be a square
in the upper half plane, one side of which is a segment I < R. Let L > 0 such that
Ic (-%,L) and supp f = (=%, %). Denote by Qp := (=L, L) x (0,2L) the square

272 272
contained in C*. Then the Cauchy transform Cf belongs to E* ().

This result is certainly known to the experts in harmonic analysis. Since we found
no reference and since we use it in Section 3.4, we include its proof for convenience
of the reader.

We start with a first intermediate result.

Lemma 1.1.13. Let f € Llog"™ L(R) having compact support. Then the Cauchy
Transform Cf satisfies:

L
sup f ICf(x +iy)|de < 400
y>0 J-L

This result is essentially based on the following theorem by Calderén and Zyg-
mund [CZ52, Thm 2p.100]. Let fy(z) = §,_, _, f(y)/(z—y)dy. Note that limy_o fi(z)
corresponds to the Hilbert transform of f.

Theorem 1.1.14 (Calderén-Zygmund). If |f|(1+log, |f|) is integrable over R, then
f is integrable over every set S of finite measure. Moreover,

[ 1o < s [ 1710+ v 0+ 3,
S R

where Ag and Bs are constants depending only on S, but neither on f nor on \.

Proof of Lemma 1.1.13. For y > 0, let Py(x) = m and Qu(x) = W be
the Poisson and the conjugate Poisson kernels (@) corresponds to the kernel of the
Hilbert transform). Then we have

Vze C*, Cf(z) = Pf(z) +1Qf(2)
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where we have written Pf(z + iy) = (P, * f)(x) and Qf(z +iy) = (Qy * f)(z). So
it suffices to show

L L
Supf |Pf(z + iy)|de < +oo  and supJ |Qf(z + iy)|dx < +o0.

y>0 J-L y>0 J—-L

The first inequality is clear from classical properties of the Poisson kernel (for this
it is even enough that f € L'(R), see [Gar07, Thm 3.1]). Indeed, for f € L*(R) we
have

Vy >0, [PFC+ i)l rr <IPFE+i)lnw
= |Py = f”Ll(R)
< Byl pa gyl fll 22y
= [fl @) < +oo.
Consider the second inequality. Recall the following estimate (see for example [Gar07,
p. 105])
Vy > 0,Vz e R, |Q,f(z +iy) — fy(a:) < CMf(x)

where M f is the Hardy-Littlewood Maximal function. This, together with the clas-
sical result on the regularity of M f(see [Gar07, p. 23|)

feLlog'L([~L,L]) < MfeL'([~L,L])
and Theorem 1.1.14 above yields the desired result. ]

We are now in a position to prove the proposition.

Proof of Proposition 1.1.12. In order to prove Cf € E*(Qyz), pick (we)o<e<es €0 <
L /2, a sequence of rectifiable Jordan curves given by the sides of the squares contained
in 0, one side of which is w.g = [-L + ¢, L — €] + ic and w.; corresponds to the
remaining three sides of the square (see Figure 1). Let w. = w. ¢ vw: 1 (concatenation
of the two Jordan curves, orientated counterclockwise). Then for any 0 < ¢ < &,
we have d(w. 1,supp f) > 0. Thus, from the very definition of the Cauchy transform
and triangular inequality,

sup | [eflldz] < +.
We, 1

O<e<eg
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It remains to show that

L—e
sup J ICf||dz| = sup J ICf(t +ie)|dt < +o0.

O<e<eg O<e<eg J—L+e
Using Lemma 1.1.13, we conclude that Cf € E'(Qp) O
A We 1
Qr
Q We 0
-L . L
T2 2

Figure 1: The squares €2 et €27, and the path w..

1.1.3 Bergman space.

In this subsection, we focus on another classical space, namely the Bergman space.
The material of this subsection can be found in the two main textbooks on this topic
[HKZ00], [DS04] and in the lecture notes [BBG*04]. For the interested readers, a
collection of open problems is proposed in [AHRO5].

Let € be an open subset of C. Let 1 < p < c0. The weighted Bergman space
AP (€2, w), where w is a non negative measurable function on {2, consists of all func-
tions f € Hol(€2) such that

i = [ 1@+ in)Poto + ig)dody <+
Q
Endowed with the norm || - | 4r(q,w), it is a Banach space. When w = 1, AP(Q, w) is

the classical Bergman space which we simply denote AP (€2). When p = 2, A%(Q) is
a RKHS and we denote by k! its reproducing kernel, i.e. for any f € A%(Q) and any
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AeQ, f(N) = {f, k§\2>L2(Q). Clearly, A%(Q) is a closed subspace of L*(2), and the
corresponding orthogonal projection, called Bergman projection, is given by

(Paf) (N) = {f k) o)y AEQ (1.7)

Also, if € and €25 are two open subsets of C, and ¢ : Q; — ()5 is a conformal
mapping, we have the following conformal invariance property (see [QQ17, Chapter
VIII, Theorem 4.9, p.280] or [DS04, Chapter 1, § 1.3, Theorem 3])

R (2) = gty (0(2)¢' (2) ' () (1.8)

Observe that in the last formula, A%(€)) is not exactly the pull-back of A?(€) as
introduced in 1.1.8 since we have to take into account also the Jacobian. The most
prominent case is when (2 is the unit disk in the complex plane D = {z € C: |z| < 1}
and w = 1. Then for A € D (see e.g. [DS04, Section 1.2]),

1

/CH)\)(Z) = m, z € D. (19)

Regularity of the Bergman projection and density of A% n AP in AP.

By definition, the Bergman projection Py is bounded on L?(92). As for the Riesz
projection, we can ask whether it extends to a bounded operator on LP(2). This
question is closely related to the geometry of the domain 2 and can be used as a
way to classify the domains. For simply connected domains, it is linked in a sense
to the regularity of the Riemann mapping on the closure of the domain. We refer
to the survey [Zey20| for more details. When ©Q = D or C,, the boundedness can
be obtained wvia Schur’s lemma. In both cases, Py is bounded on L? if and only if
1 <p<oo.

The boundedness of the Bergman projection is also related to the density of
A%(Q) n AP(Q) in AP(Q). Indeed, we have seen in 1.7 that the Bergman projection
Py can be written as an integral operator. It follows that the reproducing property

) = | FEREAG), Aeq

holds for f € L*(Q) n LP(Q), providing that & belongs to L. Hence assuming the
boundedness of Py on LP(2) and density of A%(Q) n AP(Q) in AP(Q), this equality
extends to all the functions in LP(£2). In Chapter 4, these two properties will allow
us to obtain another kind of reproducing property. Although the density of A%(Q) N
AP(Q) in AP(2) seems to be a difficult problem in general (see [Hed02, Proposition
2.2]), it is well-known in the particular case Q = C,.
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Proposition 1.1.15. [see [BBG* 04, Proposition 1.17] For all 1 < p < o0, the set
A%(CL) n AP(Cy) is dense in AP(C,).

We will give an adaptation of this proposition for Q@ = C** := {z € C; Re(z) >
0, and Im(z) > 0} in Lemma 4.2.1.

A Hardy-Littlewood Theorem. Finally we finish this subsection with the fol-
lowing interesting theorem which is due to Hardy and Littlewood [HL32, thm31] (see
also [Vuk03] or [QQ17, Thm4.11, p. 282] for a more elementary proof).

Theorem 1.1.16 (Hardy-Littlewood). The Hardy space H'(D) embeds continuously
into A%(D).

1.2 Paley-Wiener type theorems

In this section, we give an overview of the main Paley-Wiener type theorems. They
are theorems which describe the range of the Fourier (or Laplace) transform as a space
of holomorphic functions, depending on the space on which it is taken. They show
in the extreme case of analyticity, the well-known links between decay properties of
a function and regularity of its Fourier transform, and conversely. They are named
in reference of R. Paley and N. Wiener who gave the first two theorems in this way
([PW87, Theorem V and Theorem X], see also [Rud87, Theorems 19.2 and 19.3])
which are classical today. Paley-Wiener theorem will turn out to be powerful tools
for describing the reachable spaces. Since the Laplace Transform is a particular case
of the linear transform defined in (1.4), we will do an intensive use of Theorem 1.1.5
in this section, revisiting the original proofs.

1.2.1 On a segment

Let F denote the Fourier transform formally given by (Ff)(z) = \/%71 e f(x)da.
Remind that for A > 0 the Paley-Wiener space PW 4 consists of all entire functions
f of exponential type A, i.e. |f(2)] < A.e+El for every ¢ > 0 and every z € C
(as it turns out, in this context e4*l can be safely replaced by e4™2l) which satisfy
| flpw = $g | f(@)]Pde < co. Tt is a RKHS with reproducing kernel

kx(z) = sinc (AA—2z)), (X\,z€C)

sin(z) .

where sinc(z) 1= =
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Theorem 1.2.1 (Paley-Wiener). [see Theorem X in [PW87]] F : L*(—A, A) —
PW 4 is an isometric isomorphism.

We can now appreciate the power of Theorem 1.1.5 proving very easily this the-
orem.

Proof. Writing h(z) = \/%—Aeiz', we have

(Ffz) = <f7h(z)>L2(—A,A) :

Therefore, using Theorem 1.1.5, we obtain that the range of the Fourier transform
is a RKHS with reproducing kernel

ka(2) = Ch(A), 1(2)) g2 a, 4y = i J_A A2t = . z) = sinc (A(X — z))

which is the result expected. Finally, since the family (¢**').cc is complete in L?*(—A, A)
(it contains the Fourier basis), the Fourier transform is isometric. ]

Let £ be the Laplace transform defined formally by (Lf)(z So ~#Lf(t)dt. For
f an inner function of the right half plane, i.e. a function unlformly bounded by one
having non tangential boundary values of modulus one a.e. on iR, we denote by Kj
the associated model space, i.e. Ky = H*(C,)©0H?*(C,). It is a RKHS of analytic
functions on C, with kernel

—0(=)00\)

R = 27T(z MY

Proposition 1.2.2. Let 04 be the inner function defined by 04(2) = e=*4. L : L*(0, A)
is an isomorphism. Moreover, we have |Lf|k, = v27|f|L:.

In this particular case, we can show that Kj is a space of entire functions. Obvi-
ously, the result can be deduced from Theorem 1.2.1 by a translation and a dilation,
but we use only Theorem 1.1.5.

Proof. The proof is similar as the one above. We give only the computation of the
reproducing kernel :

A (e 3t 1— 6—(z+;\)A
k =y , e J e T = -
A( ) < >L2 0,A4) — 0 ~+ A
which is precisely, up to the constant 27, the reproducing kernel of Ky, as claimed.

O
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In Theorem 1.2.1, if we ask for more regularity on the starting function, we have
to add a decay condition on the Fourier transform as expected. This leads to the
following Paley-Wiener theorem for test functions.

Theorem 1.2.3. [see Theorem 8.1, p. 123, [Zui02]] Let A > 0. The following
conditions are equivalent :

1. F=Ff with f e CP(R) and suppf < [—A, A],
2. F is entire and satisfies

YN eN, 3Cy >0, |F(2)] < On(1 + |2]) Vet vzeC.

Let us give a little modification of this theorem, which can be useful for describing
the reachable space.

Theorem 1.2.4. Let A > 0. The following conditions are equivalent :
1. F = Lf with f € C¥(0, ) and suppf < [0, A],

2. F is entire and satisfies

YN eN, 3Cy > 0, |F(2)] < Cn(1 + |2|) NeAmax(O—Rez) =y, e C.

L. Schwartz gave an extension of the Paley-Wiener theorem to the space of com-
pactly supported distributions £. We recall that a distribution 7" € D'(R) is said of
order N € N if for every compact set K there exists C'x > 0 such that

N

(T, ¢)| < Cx Y. suple™(z)], Vpe CP(K).

k=0 zeK
In other words, the integer N € N does not depend on the compact set K. If
the previous inequality holds for a N € N, T is said to be of finite order. It is
well-known that compactly supported distributions are of finite order. The Paley-
Wiener-Schwartz theorem is the following.

Theorem 1.2.5 (Schwartz). [see Theorem 8.3, p. 123, [Zuwi02]] Let A > 0. The
following conditions are equivalent :

1. F=FT withT €&, T is of order Ng € N and suppT < [—A, A],

2. F is entire and satisfies

3C > 0, |F(2)| < C(1 + |z|)Noet™=l vz e C.

Remark 1.2.6. For Paley-Wiener type theorems on more general compact subset
of C, the reader can read [Lin02] and the references given there.
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1.2.2 On the half-line

We will now give the same type of results for functions which are supported on the
half-line (0, 0). Let us start with the second classical theorem of Paley and Wiener.
Let H?(C,) be the Hardy space of the right half-plane.

Theorem 1.2.7 (Paley-Wiener). [see Theorem V in [PW87]] L : L*(0, ©) —
H*(C.) is an isomorphism. Moreover, we have |Lf|3c,y = 27| f]72 for every
fe L0, o).

Proof. Again, the result follows essentially from Theorem 1.1.5. We compute the
reproducing kernel:

“ 5 1
kx(z) = f e~ TNt — =,

0 Z+ A
which is the reproducing kernel of the Hardy space H*(C,) up to the constant %
Finally, we have an isometry if and only if the family (e™*)\cc, is complete in
L?(0, o), which is equivalent (by the change of variable s = e~%) to the fact that
the family (¢*)jec, is complete in L2[0,1]. This follows from the classical Miintz
theorem (see [Rud87, Theorem p. 313]). O

Remark 1.2.8. In the previous proof, we have used the Miintz theorem to prove
the Paley-Wiener theorem. Conversely, the Paley-Wiener theorem can be used as a
bridge between the Miintz spaces (closure of the span of a family (#*)yca) and the
Hardy (or Model) space of the right half plane. The interested reader can see the
paper [FL19] for more information.

Let 7 be a positive regular measure on [0, o) which is doubling at the origin, i.e
AC5, Yz > 0, o([0, 2x)) < C30([0, x)) < .

Let A be the Lebesgue measure on R. We denote by v the positive regular measure
on C, := [0, ) x R given by v := ?®\. The Zen space A2 consists of all functions
f analytic on C, which satisfy

I£125 = sup j =+ o) 2dv(z) < 0.

e>0 JCO

These spaces have been constructed by Zen Harper in [Har09] and [Har10]. They gen-
eralize the Hardy space (which is obtained for # = §y) and the (weighted) Bergman
space (obtained for dv(zx) = 2*dx and o > —1). The next proposition generalizes
the Paley-Wiener theorem above for weighted L? spaces. It appeared in [JPP13,
Proposition 2.3|, a big part being already known in [Har09, Section 2] and [Har10,
Section 2|. Notice that it gives only an isometry (and not an isomorphism).
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Proposition 1.2.9. [see Proposition 2.3 in [JPP13]] Let A% be a Zen space, and let
w: (0, 00) —> R, be given by

Q0
w(t) = 27TJ e *dp, vt > 0.
0

Then L : L*(0, o0; w) — A2(C,) defines an isometric map.

The proof of this proposition is straightforward, using Plancherel’s and Fubini’s
theorems.

Proof. Note first that, since 7 is a doubling measure, the integral defining w converges
for all ¢ > 0. Indeed this can be seen using a dyadic decomposition of the interval
[1, +o0). Let Ff(y) = §z e ™ f(t)dt. For every f e L*(0, ©0; w), we have

sup [ (€N s i) sp [ f I iy + o) Pamte)

e>0 e>0

—sup [ (LR o+ 42 e di(o)
[0,0)

e>0

e>0

~ sup f[ L IEL Do)

—sup [ 2l g g dota)
[0, 00)

e>0

o0
~ sup j Fly)Pan f e 2 WD (1) dy
[0, 0)

e>0 Jo

_ foo () Poy)dy.

0

O

Let R,(C,) := L[L*(0, c0; w)] denote the range of the Laplace transform. It
is a closed subspace of A2(C,) and hence a RKHS endowed with the norm of
A%(C,). The following proposition gives an exact characterization of the range
Rw(C,) through of its reproducing kernel.

Theorem 1.2.10. [see Theorem 1.2.4, [Kuc17]] The reproducing kernel of R, (C,)
is given by

0 —t(z+A)
R () :L ew(t) dt, Yz, AeC,.
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As done in [Kucl7], it suffices to prove that the given function k;{w((c*) belongs
to R, (C,) and satisfies the reproducing property. But, once again we will just use
Theorem 1.1.5.

Proof. We have for every z € C,,

Vfe L*(0,00; w), Lf(z) = JOOO f(t)z)_(z;w(t)dt N <f7 %>L2(O ; ).

Hence by Theorem 1.1.5, the reproducing kernel of R,,(C, ) is given by
-\ —Z © —t(z+A)
QW%@=<iW€@> -] S
v w L2(0,00; w) 0 v

As said above, we have R,(C,) # A2(C,) in general. Harper gives several
counterexamples in [Har09, Section 2|. In [Harl0, Theorem 2.1}, he gives a sufficient
condition for the equality to hold when dv(z) = v(x)dz: if for every 0 < a < § < 0
there exists €(a, ) > 0 such that Siv(x)_e(a’ﬁ)d:v < oo, then R,(Cy) = A%(C,).
There are few simple known cases in which this condition holds. Some of them
are resumed in the following folk theorem which is proved in [DGGMRO7]. Let us
introduce some notations. For a > 0, let L2 (R, ) denote the space of complex-valued
measurable functions on R, for which

]

o0
w&%myzﬁ|ﬂm%aﬁ<QL

For > —1 and di(z) = 2°dx, we will denote as for the disc A%(C,) the weighted
Bergman space on the right half plane endowed with the norm

1P e,y = L F(2)[?Re(2)PdA(2).

Its reproducing kernel is given by

A2 -, I'(B+2)

k= [L] (= + /\)(<Z ) e C,.

The theorem states as follows.
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Theorem 1.2.11. [see [DGGMRO07, Theorem 1]] Let o > 0. L : LA(R,) —

AZ_(Cy) is an isomorphism. Moreover, we have |Lf|?. () = MHJE”%?(R”

cy) 20
for every f e LE(R,).

Remark 1.2.12. It seems that this theorem appears for the first time in [Rot60,
Theorem 2.7] for the (unweighted) Bergman space on tubes over self-dual cones
(e.g. the right half plane is a tube over the half line) and in [Kor62, Theorem1]
for the Bergman space of general tubes (unlike the first paper, the result is stated
explicitly). In these two papers, the theorem is used in order to obtain the expression
of the Bergman kernel. In our case, the one-dimensional setting allows us to get the
Bergman kernel from its expression on the disc using a conformal mapping. The
weighted case appears in [BBG*04, Theorem 1.22] for the upper half plane and in
[BBG*04, Theorem 3.11] for tubes over symmetric convex cones. The authors get it
as a consequence of the Paley-Wiener theorem for the Hardy space.

In our context, the proof is just a direct corollary of the Theorem 1.2.10 above.

Proof. By Theorem 1.2.10, the reproducing kernel of the range R,(C,) is given by

Ra(C4) 2) = Ooe—t(z+7) a g o P 1) — F(a+1)
B0 = | e = o] (4 ) T

which is, up to a constant the reproducing kernel of A2 ,(C,). In the computation
above, the last inequality is true (by changing the variable) on (0, c0) and thus holds
on C, by the identity principle. ]

In the proof given in [DGGMRO7], the main idea is to show that there is an
orthonormal basis of A2 ;(C,) which is in the range of the Laplace transform. For
this, remark that, if ¢ is a conformal mapping from C, to D, the operator f —
(fop)y' is an isometric isomorphism from A? (D) onto A%(C, ), where A2 (D) consists
of all functions holomorphic on D which satisfy

jD RO — 2Py dA(z) < oo,

Hence, we can carry the orthonormal basis (2"),en of A% (D) to its corresponding basis
in A2(C,). Finally, it suffices roughly speaking to show that the Fourier transform
of each element of this new basis belongs to L2(R,) and use the Fourier inversion
theorem. It is interesting to note that the Fourier transforms of these elements are
related to with Laguerre polynomials.
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All the previous methods (including Theorem 1.1.5) used to obtain Paley-Wiener
type theorems cannot get out of the frame of the Hilbertian case. There are also
LP-versions of the Theorems 1.2.7 and 1.2.11. They treat only the boundedness of
the Laplace transform (no isometry, no isomorphism), and are given by Rydhe in
[Ryd19]. They state as follows.

Theorem 1.2.13. [see Theorem 1.6, [Ryd19]] If 2 < p < o, then
L:LP(R,, 2P~ %dx) — HP(C,)
is bounded.

Theorem 1.2.14. [see [Ryd19, Theorem 1.5]] If 2 < p < q < © and o < p/q — 1,
then

E : LZ(R+, xadx) — A C+)

; (
q/p'—2—aq/p

1s bounded.

Remark 1.2.15. For more generalizations on the spaces, the reader can take a look
at the thesis manuscript of Kucik [Kucl7, Chapter 1].

1.2.3 Discrete case

For 6 > 0, let Hs denote the space of complex-valued functions which are continuous
on R, 2m-periodic and extend analytically to the strip S5 := {2z € C, |Imz| < d}.
Write

27
cn(f) = %L f(z)e ™ dx, nel

the (complex) Fourier coefficients of a function f. The following theorem is a classical
discrete (i.e. for Fourier series) Paley-Wiener theorem and can be found in [QZ13,
Chap.IV, sect.V, Theorem V.1 vi), p. 98].

Theorem 1.2.16. If f € Hy, then |ca(f)] = O(e=% ™) when |n| — c0. Conversely,
if there exists € > 0 such that |c,(f)| = O(e=") when |n| — oo, then f belongs to
H..

In our context, we will be more interested in sine Fourier series. So, we give a
little modification of the previous theorem. For § > 0, denote by HY the space of
continuous functions which are m-periodic on R, which extend holomorphically on
the strip S5 and which vanish with all its derivatives of even orders in 0 and in 7.
We remind that the family (sin(n7))y+ is an orthonormal basis of L?(0, 7) and we
write (a,(f))nen+ the sequence of sine-Fourier coefficients of a function f of L*(0, 7).
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Proposition 1.2.17. If f € H{ with § > 0, then |a,(f)| = O(e~2") when n — .
Conversely, if there exists § > 0 such that |a,(f)| = O(e™®") when n — o, then f
belongs to HS.

We give a proof for the sake of completeness.

Proof. Let § > 0 and pick f € HY. Using Cauchy’s inequalities on the compact
K =[-0/2, m+6/2] x [-§/2, §/2], we obtain

k k
vae[0,q], [fP() < <2> "“Sup\f(z)|<c(%) |
0 oK )

Pick n e N*. By multiple integrations by part and since the derivative of even orders
vanish, we obtain

lan(£)] = [n7*Jan (M) < [n~?| sup If@9], keN.
0,7

Combining the two previous estimates, we get

2%
lan(f)| < C (%) < exp <2klog (%)) .

We optimize the right hand side taking k = [%J. Then

4
2k log (ﬁ) < 2klog(l/e) = =2k <2 — %

and so |a,(f)] < ezl |
Conversely, if |a,(f)| < e, then the series Y. a,(f) sin(nm-) converges normally
on each compact subset of S5. So, the function defined by

F(z) = Z a,(f)sin(nrz),

is an analytic continuation of f on Ss. Moreover, it is clear that the function f and
all its derivatives of even orders vanish in 0 and in 7. [
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1.3 Separation of singularities

For Q2 < C, an open set in the complex plane, we denote by Hol(2) the space of holo-
morphic functions on 2. Given ; and 5 two open subsets of C with non empty
intersection, a natural question is to know whether every function f € Hol(€2; n )
can be written as a sum of two functions f; € Hol(€2;) and f; € Hol(€)s), i.e. does the
equality Hol(2; nQy) = Hol(€2;) + Hol(€22) hold? This problem is known as the sepa-
ration of singularities problem for holomorphic functions and has a quite long history.
A simple example is given by Qs = {z € C | |z| < ro} and Qy = {z € C| |z| > 1} with
0 <7y <re. Then 2 N s is a ring and the problem can be solved affirmatively
using Laurent series. Poincaré [Poi92, V, Ch. 3, § 21| discussed the solution in
the particular case when ; = C\[—1, 1] and Qs = C\ ((—o0, —1] U [1, +0)), and
Aronszajn [Aro35] gave a positive answer for any pair (€2, €2s) of open sets in C.

Theorem 1.3.1 (Aronszajn). [see [Aro35]] Let Q1 and Qq be two open subsets of C
with non empty intersection. For every function f € Hol(2y n Qs), there exist two
functions f; € Hol(21) and fo € Hol(2), such that

f=h+f, onQnQ.

Let us give a modern proof of this theorem. For that, we introduce the standard
Wirtinger derivative
p 0 1 /0 w 0
=== =—4+i—].
oz  2\dx oy

We recall also a classical result of complex analysis about solution of the d—equation
(non-homogeneous Cauchy-Riemann equation).

Theorem 1.3.2. [see [AMO04, Theorem 9.3.1]] Let Q be an open set of C and v €
C*(Q). Then there exists a function u e C*(Q) such that ou = v.

Modern proof of Aronszajn’s theorem. Pick f € Hol(£2; n €). Take x a bounded
C*-function on ; U Qs such that x = 1 on ©;\Qy and x = 0 on Q,\Q. So we can
define hy = f(1 — x) on Q4 and hy = fx on 2. Using the analyticity of f, we have
Ohy = — fgx — —0hy on Q N €y, which implies the existence of a C®-continuation v
on ©; U Qs such that v = dhy on Q1 and v = —dhy on Q. By the previous theorem,
there exists u € C®(Q; U Q) such that du = v. Finally, defining f; = h; — u on
Qy and fo = hy + u on 2y, we obtain f = f; + f> on Q; n Qs and f; € Hol(£2;) by
definition of u. The proof is complete. ]
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The separation of singularities problem is a special case of the First Cousin Prob-
lem which reduces the problem to solving a d-equation and can be reformulated in
sheaf cohomology terms (see [Hor90, Thm 1.4.5 and Thm 5.5.1]). The First Cousin
problem has been solved a few years after Aronszajn, first by Oka [Oka39] on do-
mains of holomorphy and then in the Cartan seminar [Car52] on Stein manifolds.
Today, it is well-known that the First Cousin Problem on C is equivalent to the
Mittag-LefHler theorem (see [Hor90, pp. 11-14] and [AMO04, section 9.4]).

We would also like to mention two other simple proofs of the separation of singu-
larities problem. The first one, given by Havin [Hav58] (see also [Aiz14] or [MKT71]),
is based on a very beautiful duality argument. We reproduce the proof here, with
additional details. See also [BKN18, p.16] for a concentrated proof.

Havin’s proof of the Aronszajn’s theorem. Let us start with a theoretic lemma.

Lemma 1.3.3. Let X, X1, X be locally convex topological vector spaces (LCTVS)
such that Xo < X1 and Xog < Xy (in the sense that Xq is algebraically isomorphic
to a subset of X;, i = 1,2). Let Xy be endowed with the topology generated by the
topologies induced on Xo by Xy and Xy. If Ty is a bounded linear form on Xg, then
there exist two linear forms Ty and Ty bounded respectively on X, and Xy such that

To(z) = Ti(x) + Tr(z), Yo € Xo.

Proof. Let X := {(z,x) |z € Xo} be endowed with the topology induced by X; x Xs.
Then the linear form defined by Tj(z, z) = Ty(z) is bounded on X,. By the Hahn-
Banach theorem, fo extends on X; x X5 as a bounded linear form. Finally, the
result is obtained setting 7 (z1) = fo(xl,O) for z; € X7 and Ty(z2) = fo(o,xQ) for
Ty € Xo. O

Let F} := C\Q, Fy := C\Qy and Fy := Fy U Fy = C\(2; n Q). Forie {1, 2}, let
(O%)en be a decreasing sequence of open sets which are bounded by a finite number
of rectifiable Jordan curves and such that (), O, = F;. For every n € N, set
OV = 0L uO?2. We write H*(O?) the classical Banach space of bounded holomorphic
functions on O!, endowed with the norm

[ £l 01y = sup [ f(2)]
ze0},
Finally, let Xp, := (J, .y H*(O%) be endowed with the topology of inductive limit
(of the topologies of H*(O})). Some reminders on this topology can be found at
Appendix A. With these notations in mind, it is an exercise to verify that the spaces

Xpy, Xry, Xp, satisfy the hypotheses of Lemma 1.3.3. We write it in the following
lemma which is proved in the Appendix A.

31



Lemma 1.3.4. The topology on Xy is the topology generated by the topologies induced
on Xg, by Xp, and Xp,.

Let us now prove the theorem. Pick f € Hol(2; n 3). We define the operator
Tp on Xp, by

e N, Vg€ HH(0} L 0), Tog = | 9(a)f(2)d

Tn

where -, denotes a finite union of rectifiable pairwise-disjoint Jordan curves which
forms the boundary of a domain containing Fy and such that O} U O2? includes the

closure of that domain (see Figure 2).

Figure 2: The Jordan curve 7,.

Note that 7, is contained in ; N 25, so f is well-defined on =, for every n € N.
It turns out that 7j is a bounded linear form on Xp,. Indeed, for all n € N and for
all g e H*(O} U O?) we have

| Tog| <J 19(2)f (2)[ldz| < gl m=(03002) sup | (2) ]
Tn Z€n
where |y| means the length of . Hence, combining Lemma 1.3.3 and Lemma 1.3.4
together, there exist two bounded linear forms 77 and 7% respectively on Xp, and
Xp, such that Tyg = T1g + Thg for every g € Xp,. But by Cauchy formula, we have
f(w) = Togw where g,,(z) = =—. Thus f(w) = Tigw + Togw = fi(w) + fo(w). By
continuity of 17 and T5, the functions f; and f; are holomorphic respectively on €2y
and €25. This completes the proof. O

The second one, given by Miiller and Wengenroth [MW98, Theorem 1], uses the
open mapping theorem, Roth’s fusion lemma and Runge theorem. It establishes a
link between the separation of singularities problem and approximation theory.
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In the n—dimensional setting, Aronszajn’s theorem is no longer true. One can
read [Aiz67] and [Yuz72] for more details.

A related question is to know whether there exists a bounded linear operator
T : Hol(2 n Q2) — Hol(1) x Hol(2), f — (fi, f2), such that f = f; + fo.
Mityagin and Khenkin proved in [MK71, Proposition 5.1] that such an operator does
not always exist.

The problem has attracted a lot of interest in particular in Banach spaces of
analytic functions. A challenging situation is the separation of singularities problem
in the space H® of bounded analytic functions, which arises naturally in connec-
tion with interpolation problems [Pol83, PK90]. Havin, Nersessian [HNO1], Havin
[Hav05], and Havin, Nersessian, Ortega-Cerda [HNOCO07] solved it in several general
configurations. Unlike the classical problem, they proved also that the problem has
not a positive solution for arbitrary pairs of open sets, giving a lot of instructive coun-
terexamples. The authors used an explicit Cauchy integral approach in the first two
papers cited above and a reduction to the d-equation (as in the modern proof of the
Aronszajn theorem) in the last paper. They constructed bounded linear separation
operators explicitly in both cases.

Another interesting situation previously studied concerns Smirnov spaces. Aizen-
berg solved the problem for the Smirnov space EP (1 < p < +0) in the case of
the intersection of k£ bounded domains with regular boundaries (Ahlfors-regularity).
Bounded domains with Ahlfors-regular boundaries are particular cases of Smirnov
domains (see [Zin85, Corollaire 1]). These last domains are exactly the domains on
which the space EP (identified with its set of non-tangential limits on the boundary)
coincides with the L? closure of the polynomials (see [Dur70, Section 10.3]).

Theorem 1.3.5 (Aizenberg). [see [Aiz1}, Theorem 2]] Let k € N* and let Qq, . ..,
be bounded domains with Ahlfors-reqular boundaries such that € := ﬂle Q; is non-
empty. If f € EP(Q) with 1 < p < o0, then there exist fi, ..., fr such that f; € EP(C);)
foranyi=1,... k andszlefi on €.

The proof relies heavily on a strong result by David [Dav84, Theorem 1|, who
studies the boundedness of the Hilbert transform on such regular curves. Since it is
a very short proof, we reproduce it here.

Proof. Let 1 < p < o0 and pick f € EP(€2). We recall that such a function satisfies the
Cauchy formula (1.5). Now, we decompose the boundary €2 into k parts I'y, ..., T
such that I'; < 0€); for any ¢ = 1,..., k. Thus we can write

L[ fw) 1 & ( Fw
fl2) = — —du—ﬁZLQrdu

211 Jyq u — 2
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where the functions F; are defined on 0€2; by

) flz) ifzely
Flz) = {o if 2 € 00\,

Finally, the curves 0€2; are also Ahlfors-regular, and as said above, the result of G.
David implies that, on such curves, the Cauchy transform is bounded from LP(0$2;)
onto EP(€);). Hence F; € EP(£;) as required. O

It can easily be generalized to finitely multiply connected domains using the
same argument (see [Dur70, p. 182] for the definition of Smirnov space on a finitely
connected domain). L. Aizenberg also gave the same kind of result (with more
regularity hypotheses) for the Hardy space in several complex variables (see [Aizl4,
Theorem 9] for the definition of this space and the theorem).

Miiller and Wengenroth [MWO98, Theorem 3| proved that solving the problem on
the space A of holomorphic functions which are continuous up to the boundary is
equivalent to prove a Roth’s fusion type lemma. In the same vein, Kaufman [HN94,
section 16.18] asked for a solution to the problem on the space A™ of functions which
have their first n derivatives in .A. He mentioned that a positive answer for any n > 1
would provide information on the triviality of AM™ (€ n ), where triviality means
AM(Q Q) = Hol(C)jg, na,-

One of the two aims of this thesis is to discuss the problem of separation of
singularities for the Bergman space. We shall do this in Chapter 4. Then we will
apply the separation of singularities to the other goal of this thesis, namely the
description of the reachable space of the heat equation.
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Chapter 2

Some background in Control
theory

In this chapter, we give the basic definitions and properties we need from control
theory, and we introduce the main object of this thesis, namely the reachable set
of a Linear Time Invariant (LTI) system. This chapter is essentially based on the
textbook [TW09].

2.1 Operator theory

Dual with respect to a pivot space. By the Riesz representation theorem, we
can identify a Hilbert space with its dual, but sometimes it can be more useful not
to do so. Especially in the theory of PDE’s, the dual with respect to a pivot space is
often a better choice of realization of the dual space. We explain shortly this concept
in this paragraph.

Let V and H be two Hilbert spaces such that V' < H densely and continu-
ously. Let V' and H’ their topological dual spaces. Then H' embeds densely and
continuously into V’. The Riesz representation theorem states that the operator
J:H3z— {2z, € H is an antilinear isometric isomorphism. Now, since H' < V'
our goal is to enlarge the space H in order to obtain an isometric isomorphism onto
V', For this purpose, we denote by V* the completion of H with respect to the norm
| - |l given by

|z« = sup |[<{z,0)y |, VzeH.

vE
lvflv<1

Since H is dense and continuously embedded into V* by construction, the operator
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J : H — V' extends as a bounded linear operator from V* into V’. Moreover, this
extension is an isometric isomorphism from V* onto V’. From now on, we identify
(through J) the spaces V* and V', i.e. we do not distinguish z and Jz for z € V*.
Also, for z € V* and v € V, we write (z,v)y, ,, instead of (Jz,v),, ;. Note that for
z € H, we have (Jz,v)y,y, = (2,v)y by construction. Finally, we have

VcHcV

densely and continuously. Under this identification, we say that V' is the dual of V
with respect to the pivot space H, and V < H < V' is called a Gelfand triple.

Remark 2.1.1. Denote D(2) the space of functions which are infinitely differentiable
on {2 and compactly supported. Assume that the embeddings D(Q)) « V < H are
dense and continuous. Using H as pivot space, it is clear that we have D(Q2)

Vo HcV < D(Q). Thus, the dual space V' can be viewed as a subset of the
distribution space.

Example 2.1.2. Let d € N* and let Q be an open space in R?. Let WOI’Q(Q) denote
the classical Sobolev space which consists of all L?—functions with all their first order
derivatives in L*(€2), and such that their Dirichlet trace is zero. If we take L*(Q2) as
pivot space, then the dual of W, *(Q) is the Sobolev space of negative order W~12(Q)
defined by

d
W2(Q) = {fo + Y OfeD(Q) | VO<k<d, fre LQ(Q)} .

k=1

Extension of operators. In order to define the notion of mild solution in the
next section, we need to extend an unbounded operator and its semigroup to bigger
spaces. We explain now how to do that. We insist on the fact that the following
construction can be made fairly general (see [TW09, Section 2.10]) but we focus here
on selfadjoint operators.

Let L(E, F) denote the space of bounded linear operators from a Banach space
E to another Banach space F'. We write £(F) instead of L(E, E).

Let H be a Hilbert space. Let A: D(A) € H — H be an unbounded self-adjoint
linear operator which generates a strongly continuous semigroup of operators (T;)
(see [TW09, Definitions 2.1.1 and 2.1.4]). Let H; denote the Hilbert space D(A)
when it is endowed with one of the equivalent norms

|z, == 11(BT = A)z|u
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where 3 belongs to the resolvent set p(A) of A. Note that this norm is equivalent to
the graph norm
@ lrapn == 27 + Az
With one of these norms, H; embeds densely and continuously into H (just write
x = (BI—A)"YBI— A)z). Let H_; denote the dual space of H; with respect to the
pivot space H. It can be defined alternatively as the completion of H with respect to
the norm |z g_, := [(BI — A)~'z||g. Hence, as explained in the previous paragraph,
we have
HicHcH_

densely and with continuous embeddings.

Proposition 2.1.3. [see [TW09, Propositions 2.10.3 and 2.10.4]] The operator A
has a unique bounded extension A:H— H_y and for every t = 0, T, has a unique
bounded extension ’]ft : H 1 — H_y. Moreover, (’]ft)t>0 is a strongly continuous
semaigroup on H_1 with generator A.

Proof. Let 8 € p(A). By definition of the norm || - |y, it is clear that I — A is a
unitary operator from H; onto H. Since H; embeds continuously into H, we have

BI — (BI —A) = Ae L(H,,H). Let us define A e L(H, H_) by <Avx,a:1> =

H_y,Hy
(x,Azxy) for all € H and xy € Hy (i.e. A is the Banach-adjoint A* : H' 3 ¢ —
po A€ H_y under the identification H ~ H'). Hence, using that A is selfadjoint, we
have for every x € Hy,

<Ex,x1> =z, Ax1)y = (Az,x1)y, Vo1 € Hy.
H_1,H,

Therefore A is an extension of A, and the uniqueness follows from the density of H;
in H.

Let us show that (31 — A)~! exists (and so belongs to £(H_,, H) by the Banach
isomorphism theorem) and is the unique bounded extension of (31 — A)~!. In the
same way as above, the unitary operator R := (81 — A)~!' € L(H, H,) has a unique
extension R € L(H_y, H) given by

<]§:1:_1,35> =, Re)y ., Vi€ H ,VreH.
H - b

Moreover, since |z|g_, = |Rz|g for every z € H_; and using the density of H in
H_;, R is an isometry. Finally, the equalities

(81 — A)Rz = x = R(BI — A)x
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holds for every € Hy. Thus by density of H; in H_; (for the left-hand-side equality)
and in H (for the right-hand-side equality), we obtain R= (BI — ﬁ)*l. This means
that (81 — A)~! exists and is a unitary operator which extends (31 — A)~'. Now,
for every t > 0, we define T, € L(H_,) by

T,z = (B — AT,(BI — A) 'z, Vze H_y.

It is clear that T, extends T, (T; commutes with A on H;) and it is bounded on H_;.
Finally, direct computations show that (']fft)tzo is a strongly continuous semigroup
whose generator (51 — K)A(ﬁl — E)_l € L(H, H_ ) is a bounded extension of A, i.e.
A generates (T,)io. O

Strictly positive operators and their extensions. For the boundary control
case, we will need to extend our operator (which will be the Laplacian or Schrodinger
operator) to a bigger space. This will be done using the positivity. We refer to
[TWO09, Sections 3.3 and 3.4] for this paragraph. Here, H is a Hilbert space and A
is a selfadjoint operator on H.

Definition 2.1.4. We say that A is positive and we write A > 0 if for all z € D(A)
we have (Az,z) = 0. We say that A is stricly positive and we write A > 0 if there
exists A > 0 such that A — AI is positive.

We also write A > Al to mean A — Al > 0. As for the bounded case, we have
A = M for X € R, if and only if the spectrum o(A) of A is included in [\, +oo[.

From now on, we assume that A is a strictly positive operator. So we can define
its square root Az ie. the unique positive operator S : D(S) — H satisfying S? = A.
Moreover, Az > 0.

Let H, and H_; be defined as in the previous paragraph. In the same way,
we denote by Hi the domain D(Az) with the norm HzH% .= |A2z|. Since Az
is selfadjoint, we have HZH% = /(Az,z)y for z € D(A) and H; can be defined
equivalently as the completion of D(A) with respect to that norm. We define also
H_ 1 the dual of H 1 with respect to the pivot space H, or equivalently the completion

of H with respect to the norm HZ\L% = A 22| = /(A 1z, 2) . Thus, we have the
following dense and continuous embeddings

chH%chHfécH,l.

Proposition 2.1.5. [see [TW09, Proposition 3.4.5 and Corollary 3.4.6]] If A is a
strictly positive selfadjoint operator which generates a strongly continuous semigroup
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(T¢)¢=0, then A has a unique strictly positive densely defined extension A on H_% with
domain H%, and for every t = 0, T, has a unique bounded extension ﬁ‘t € E(Hfé).
Moreover, (Pﬁt)tzo s a strongly continuous semigroup on H_1 with generator A.

1
2
Proof. By Proposition 2.1.3, A2 has a unique bounded extension Az e L(H, H_%).
Hence, writing
A=A A(Az)™
we obtain the expected extension. Furthermore, noting that A e L(Hy,H %) is a
unitary operator, we obtain the domain of A.
In a similar way, writing

T, = A2 T, (A2)~', Vt=0
the claim on the semigroup follows as in 2.1.3. ]

Remark 2.1.6. If we write H = H_ 1 the previous proposition implies that Aisa

strictly positive operator on H , and we have

Hy:=D(A) =H,,  Hy:=D(A2)=H,  H,=H,

[NIES

with equal norms. Again, Ais a strictly positive (densely defined) operator on H.

So, by Proposition 2.1.5 it has a unique strictly positive extension to H_1 = H_;

with domain H 1= H.

N

Finally, for a selfadjoint bounded perturbation, if the sum is strictly positive then
the spaces involved do not change.

Proposition 2.1.7. [see [TW09, Proposition 3.4.5 and Corollary 3.4.6]] Let A > 0
be selfadjoint and Q) € L(H) be selfadjoint such that B = A+ Q > 0. Then the space
H_4, H_%, Hé: Hy induced by A and B are the same.

Proof. It suffices to prove that the norms defined by | z[} := |Bz|| and | 2|, := |B2z|
2

are respectively equivalent to the norm | - |, and | - | 1. For that, let A > 0 be such

that A > AI. Then for all z € D(A),

[217 = I(A + @)z < [Az] + Q=] < (1 + ”%”)\AZH = (1+ @)Zh-
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The converse inequality can be proved in a similar way. So the norms | - |, and | - [},
are equivalent.
For the remainder norms, note that

Q<1Qlr < s < ka

where we have denoted k = @ Therefore we have for all z € D(A),
(I27)* = (B2, 2) < (Az,2) +{Qz,2) < (1 + k){Az,z) = (1 + k)|2[3.

Again, the converse inequality can be proved in a similar way. So | - |, and | - H% are
2
equivalent on D(A). O

From now on, the extension will be denoted as the initial operator.

Reminders on the Laplacian. For the convenience of the reader, we recall
quickly some well known facts about the Dirichlet Laplacian and its perturbations,
both on bounded and unbounded domains.

Let first Q < R™ be a bounded domain with boundary of class C2. Then Ay =
—A = =37 % is a strictly positive selfadjoint operator on H := L?*(Q) with

domain Hy := D(A,) = W?*2(Q) n Wy*(Q). Since Q is bounded, the embedding
D(Ap) = L?*() is compact and thus Ay has a compact resolvent. Hence, Ay is
diagonalizable with an orthonormal basis of L?(§2) formed by eigenfunctions (¢, )nen
and the corresponding sequence of eigenvalues (\,),en satisfies A, > 0 for every
n € N and A\, — oo. This implies that A = — Ay generates a strongly continuous
semigroup given by T, f = > e {f, on)p, for every t = 0.

Following Proposition 2.1.5, Ay admits a unique strictly positive extension on

H 1 with domain H 1.

1
2

Proposition 2.1.8. We have Hy = Wy*(Q) and H_y = W™"*(Q).

1
2

Proof. We remind that the Sobolev spaces W, () and W~2(Q) have been intro-
duced in the first paragraph of this section. The space H 1 is the completion of

Hy = W22(Q) n W, () with respect to the norm
11 = (Ao Py = 119 1l

Since W,*(Q) is the completion of D(Q) with respect to the previous norm and
D(Q)) < Hy, we have Hy = Wy ?(Q). Finally, the assertion on H_, is given in
Example 2.1.2 2. O
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Depending on the context, it should be convenient to consider the operator Ay on
L?(2) or on W~12(Q2). On both spaces, the operator —Ay = A is called the Dirichlet
Laplacian. Moreover, we have seen that the semigroup (T;);>0 extends boundedly
on Hfé- It is called Dirichlet Laplacian semigroup, or Dirichlet heat semigroup on
both spaces.

Remark 2.1.9. Note that on W;*(Q2), the Dirichlet Laplacian —Aq coincides with
the operator A defined in the distributional sense. This follows from the fact that
D(Q) is dense in W, *(Q). On the contrary, they are different on Hy = H = L3(2)

(see Remark 2.1.6 for an extension of — A on this space). This is because, if f € H 1=
L3(Q), — Ay f is now in ﬁ_% — H_, which is the dual of H; = W22(Q) nW,*(Q) with

respect to the dual space H = L2(€). But D(Q) is not dense in W22(Q) n Wy*(Q).
An other way to see that they do not coincide on L? is the following: if f is a
non-zero constant, then Af = 0 but —Ayf cannot be zero since Ay > 0.

Now, we restrict our attention to the one dimensional unbounded case. If 2 = R
or (0,00), then —A is still selfadjoint and generates a strongly continuous semigroup
which can be obtained using the Fourier transform (resp. the Laplace transform) for
2 = R (resp. for Q = (0,00)). But in these cases, —A is not strictly positive any
more, as o(—A) = [0,00). Nevertheless, note that the operator —A + [ is strictly
positive and now the same argument as above gives D((—A)z) = W2(Q). Since for
such Q we have W, ?(Q) = W2(Q), —A + I extends as a strictly positive operator
on W~12(Q) with domain W12(Q2), and so —A also does.

Finally, let ¢ be a positive and bounded real-valued function on 2. Then, the
operator —A + ¢ is still strictly positive and generates a strongly continuous semi-
group (see [TW09, Theorem 2.11.2]). The previous results hold with same spaces by
Proposition 2.1.7.

2.2 Well-posed Linear Time Invariant Control Sys-
tems

The notion of Linear Time Invariant (LTT) control systems provides the abstract gen-
eral framework unifying the concepts of control theory. As we shall see, it permits
also to extend rigorously the basic concepts to the case of boundary control systems.
Here, X will denote a complex Hilbert space and (T;);>¢ a strongly continuous semi-
group on X with generator A : D(A) — X. We write z for the time derivative of a
function z.
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Solution of a Linear Time Invariant system. We introduce now the notion of
solutions we will use here.

Definition 2.2.1. Let f € L ([0,0); X_1). Let 25 € X.
We say that z € L{ ([0,90); X) n C([0,0); X_1) is a (weak) solution in X _; of the

loc

Cauchy problem
{z@):4440%fu% (2.1)
2(0) = zo

if it satisfies for every ¢ € D(A*) and every ¢t = 0,

) = 2005, poam) = f (), A0y + F(5), s poamy 5.

Proposition 2.2.2. [see [TW09, Prop 4.1.4]] Let f € Li ([0,00); X_1). Let zo € X.
If z is a solution of (2.1), then z is given by

t

z(t) = Tyzo + J T, sf(s)ds, ¥t=0. (2.2)
0

Remark that the semigroup involved in the integral is in fact the bounded exten-
sion of (T);>¢ to X_; given in Proposition 2.1.3. The previous proposition implies
that there exists at most one solution in X_; of (2.1). The function z defined by (2.2)
is called the mild solution of (2.1). Obviously, the mild solution is not necessarily a
solution.

Admissible control operator. Let U (the input or control space) be a Hilbert
space. Let B € L(U,X_1) (the control operator). We are now interested in equa-
tions of the form z(t) = Az(t) + Bu(t) where v € L*([0,20);U). We shall see later
that a large class of partial differential equations with control on the boundary of a
domain can be written in this way. For every 7 > 0, we call input-to-state map (or
controllability operator) the bounded operator @, : L*([0,00);U) — X _; defined by

O u = JT T,_sBu(s)ds. (2.3)

0

Hence, when it exists, the solution of the Cauchy problem

Az(t) + Bu(t), t=0 (2.4)

/‘A"\
N N -
~—~~
= =
-
N

o
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for zg € X and uw € L?([0,0); U) is given by
2(1) = Trz0 + ®ru, Y7 =0. (2.5)

As we shall see in the next section, the operator ®, will play a central réle in the
rest of this thesis. We denote by Ran®, its range.

Definition 2.2.3. The operator B € L(U, X_;) is called an admissible control oper-
ator for the semigroup (T;);>¢ if there exists 7 > 0 such that Ran®, < X.
In this case, we say that (A, B) define a well-posed control LTI system.

If B is admissible, i.e. Ran®, < X for some 7 > 0, then for every ¢ > 0, we have
@, € L(L*([0,0);U), X). Obviously, if B € L(U, X) then B is admissible.

If I is a open interval of R, we denote by W*?(I) (1 < p < o and k € N) the
Sobolev space which consists of all the LP(I)-functions which have all their (distri-
butional) derivatives of order at most k in LP(I).

Proposition 2.2.4. [[TW09, Proposition 4.2.5]] If B is an admissible control op-
erator for (T;)i=0, then for every zo € X and every u € L2 ([0,00);U), the Cauchy
problem (2.4) has a unique solution z in X_y. This solution is given by (2.5) and
satisfies

ze C([0,0); X) n W2((0,00); X_4).

loc

This means that for every zy € X and every u € L2 _([0,00);U) there exists a

unique z € C'([0,00); X) such that for every ¢ € D(A*) and every t > 0,

((t) — 20,0y = f (a(s), A"y + uls), B, ds. (2.6)

The last writing can be useful to determine the control operator B for PDE’s with
control at the boundary of a domain.

Finally, we mention that the admissibility of a control operator B is often tested
using the duality notion of admissible observation operator. In fact, B is an admissi-
ble control operator for (T;)s~ if and only if B* is an admissible observation operator
for (T} )i=o (see [TWO09, Definition 4.3.1 and Proposition 4.4.3]). This duality will
also appear later to test the controllability of an admissible control operator B.

Example 2.2.5. Let €2 be an open bounded and connected set with boundary of
class C%. We denote X = L?(Q2) and we consider the Dirichlet Laplacian A = A :
D(A) — X where D(A) = W22(Q) n Wy*(). We have already seen in the last
section that this operator generates a strongly continuous semigroup (T;);>1.
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Let w be an open subset of Q and U = L?(w). We regard U as a closed subspace
of L*(Q) by considering functions in U to vanish on Q\w. Let B : U — X be the
inclusion operator of U into X (i.e. Bu = u). Since we have obviously B € L(U, X),
the pair (A, B) defines a well-posed control LTI system.

In terms of PDEs, the system defined by (A, B) can be written

g? (t,z) — Ay(t,z) = 1,(z)u(t, z) t>0, xe,
y(t,z) =0, t>0, e, (2.7)
y(0,2) = f(x) x € €,

Foru e L} ([0,0);U) and f € X, Proposition 2.2.4 implies that this equation admits
a unique solution y € C'(]0, 0); X).

Boundary control systems. A big part of the systems coming from PDFE’s; those
with control at the boundary of a domain, appears in the following form:

Z(t) = Lz(t)
Gz(t) = u(t) (2.8)
2(0) = 2o

where L is a differential operator and G' a boundary trace operator. The aim of this
paragraph is to give sufficient assumptions in order to translate such a system into
the previous form (2.4).

Let Z (the solution space) be a Hilbert space such that Z < X with continuous
embedding.

Definition 2.2.6. A boundary control system on U, Z and X is a pair of operators
(L, G) where
Lel(Z,X), GeL(Z,U),

if there exists § € C such that the following properties hold:

(i) G is onto,

)

(ii) Ker(G) is dense in X,

(iii) BI — L restricted to Ker(G) is onto,
)

(iv) Ker(BI — L) n Ker(G) = {0}.
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Given a boundary control system (L, G) we can define the operator A by
X1 = KGI'<G), A= L\Xl-

Then X, is a Hilbert space (as a closed subspace of Z) and A € £(X, X). Conditions
(73) and (iv) mean that SI — A is an isomorphism of X; onto X, i.e. (81 — L)™' €
L(X, X;). Hence, the norm on X is equivalent to the norm

|z x, == (81 = A)z|x

which we have already seen in the previous section. Again, X _; is the completion of
X with respect to the norm ||z|x_, := (8] — A)"'z|x and A admits an extension

Ae L(X,X_y).

Proposition 2.2.7. [[TW09, Proposition 10.1.2]] Let (L,G) be a boundary control
system on U, Z and X. Let A € L(X,X_1) be defined as above. There exists a
unique operator B € L(U, X_1) such that

L=A+ BG.
Proof. Since G is onto, it has a bounded right inverse H € L(U, Z). Set
B=(L- AH. (2.9)

By definition of H, we have G(I — HG) = G — GHG = G — G = 0. So the range of
I — HG is contained in Ker(G) = X;. Therefore (L — A)(I — HG) = 0 and then we
obtain BG = (L — E)H G=L-Aas required. The unicity is a direct consequence
of the surjectivity of G. N

This proposition means that the system (2.8) can be rewritten in the form (2.4).
When A generates a strongly continuous semigroup and B is admissible, we say that
(L,G) is a well-posed boundary control system. The control operator B is given by
(2.9), but this characterization is not very useful in the applications. Often, it is
more convenient to determine B* rather than B. We get it with the formula

(Lz, ) = (z, A*p) +(Gz, B*Y), Vze Z, Vi e D(A%) (2.10)

which follows from the proposition. Indeed, the expression (Lz,¢) — (z, A*1)) can
often be computed using integration by parts. Otherwise, when the solution of the
boundary system is well-known and explicit, the operator B can be determined from
this solution.
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The heat equation with Dirichlet boundary control. We end this section
with a translation of the previous concepts for the Dirichlet Laplacian. We consider
here the Dirichlet Laplacian —Ay extended to X = W~12(Q) where € is an open
bounded and connected set with boundary of class C2. It is the good framework in
order to write the heat equation with boundary control as a well-posed boundary
control system.

First, let us focus on the case Q = (0,7). Let D : C* — W'(0,7) be the
Dirichlet map defined by

X ™ —X
D(UI,UQ)(I) = %/UQ +

vy, Ve (0,m). (2.11)

™

Consider the Dirichlet trace o defined on C*([0, 7]) by 70z = (2(0), z(m)). Using
the density of C*([0,n]) in W2(0,7), o extends uniquely as a bounded operator
from W12(0,7) into C2, with kernel W,*(0,7) (as it is the closure of CX(0,7) in
Wh2(0,7)). Note that for every v € C?, we have

YoDv = v. (2.12)

We consider the following boundary value problem.

oy %y

g(t,x)—@(t,x)zo t>0, ze(0,m),

y(t.0) = uo(t), y(t,m) = un(t) t>0, (HE)
y(0,z) = f(z) z € (0,7),

To formulate this equation as a boundary control system, take X = W~12(0, 7),
U = C? and Z = Wy*(0,7) + DU and define the operators L € £(Z,X) and
Ge L(Z,U) by
d*z

Lz = 12 (in the distributional sense), Gz = 7pz. (2.13)
x

It is clear that L and G are well-defined and bounded since Z < W'2(Q).
We have the following result.

Theorem 2.2.8. [see [TW09, Proposition 10.7.1]] The pair (L, G) defined by (2.13)
is a well-posed boundary control system. Its generator A is the Dirichlet Laplacian
—Ag and its control operator is B = AyD.

In the last equality of this theorem, Ay means the unique extension of this oper-
ator given by Proposition 2.1.5 which belongs to E(X%,Xfé).
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Proof. Let us prove that the pair (L,G) defines a boundary control system. Con-
dition (¢) in Definition 2.2.6 is satisfied in view of equation (2.12), and condition
(ii) is the density of Wy?(0,7) in W "*(0,7). As explained in Remark 2.1.9,
L coincides with the Dirichlet Laplacian —Ay on W,?(0,7) = Ker(G). Hence,
A= Liker(@) = — Ao, and conditions (44i) — (iv) are fulfilled for 5 = 0 since Ay > 0.

By definition, the control operator B is determined (see Proposition 2.2.7) by the
equality

L-A=BG

where A e L(X, X_) coincides on X 1 with the bounded extension of — Ay mentioned

before the proof. Therefore, for every v € U, we have LDv — ADv = BGDv. Since
LDv = 0and GDv = v, we finally obtain Bv = —ADy = Ao Dv, which is the wanted
result.

It remains to show that this boundary control LTI system is well-posed. We have

already seen that the Dirichlet Laplacian generates a strongly continuous semigroup.
We refer to [TW09] for the admissibility of B. O

In the one-dimensional case, the operator B (or B*) is easy to compute.

Lemma 2.2.9. For g€ X, = L*(0,), we have

<_d(A01g‘) (0)
B*g = d Adinl .
(d(; 9) ()
Proof. Forve U and g € X%, we have

Bv,g)x | x, =CAoDv, )y | x, = <A0§Dv, Agg>X :

Since AZ is a unitary operator from D(AZ) := X, to X and X; = L*(0,7), we
obtain
<BU79>X7%,X% = <DU79>L2(0,71') : (214)

Now, writing g = AgA, g = LA;"'g and using integration by parts, this leads to

(Bv, g>X7%,X% = <va LA519>L2(0,W)

d(Ay'g)

= (Dv)(0)— —(0) = (Dv)(m)

d(Ay'g)
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where we have used that LDv = 0 and Ay'g € W22(0,7) n Wy (0, 7). Hence, by
definition of D, it follows

(Bu,g) < (J—‘“‘l” )
Bu,g)x | x, = U | g4 )
1 X1 (d(; 9) (7) .

Another way to see B is to replace g by the elements of the orthonormal basis
(¢n) = (4/5 sin(n-))pen+ of L*(0,7) in (2.14). This leads to

™ €T T —X ™. ™ (V1 n U2
<BU,(Pn>X_%7X% = L <;v2 + - vl) \/;sm(na:)da: =5 (z +(=1) E) .

Finally, since by the previous proposition B is admissible, the heat equation
(HE) admits a unique solution y € C([0,0), X) i.e. y satisfies (2.6). We give now
an equivalent formulation which is well-known by specialists of PDEs and which is
easier to use.

Proposition 2.2.10. [see [TW09, Proposition 10.7.53]] A function y € C([0,0), X)
is a solution of the equation (HE) if and only if for every t = 0, and every ¢ €

W22(0, ) n Wy2(0, ) such that dz—f e Wy?(0, ), it satisfies

R N KO-
+ L UO(S)d—SO(O)dS — Jt uw(s)zi (m)ds (2.15)

dz 0
where -, -)_ , stands for the duality W—"%(0, w) — Wy (0, 7).

Proof. Let us write equation (2.6) in our setting. It becomes

]

() — fidy = — j (), Ay + Culs), B ds

for every ¢ € D(Ag) = W,*(0, 7) and t > 0.
1

1 1
Using that Aj is a unitary operator from D(Ag) := X1 to X in the first two
inner products above, and lemma 2.2.9, we obtain for every t > 0,

) = 1, A7), = f<y RO 11+< (5), <()((2))>> ds,  Vibe D(4).

The results follows setting ¢ = Ay 4. [
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It is worth mentioning that the previous results extend to the n—dimensional
case with some additional technical efforts. We refer to [TW09, Sections 10.6 and
10.7] for more details.

The Hermite heat equation with Dirichlet boundary control. We give now
quickly the results for a perturbation of the heat equation. More precisely, we set
q(x) = 2* and we consider the so called Hermite heat equation.

ow 0?

E(t,x)—%(t,x)%—ﬁw(t,x)z() t>0, ze(0,7),
w(t,0) = u(t), w(t,r) = ux(t) £>0, (HHE)
w(0,z) = f(x) z € (0,m),

As in the previous paragraph, we set
U=C? Z=W,?0,7)+DU, X =W1%0,n)

where D is the Dirichlet map defined in (2.11). We define the operators L € £(Z, X)
and G € L(Z,U) by
Lz = & +2%, Gz="yz2
dr? Yoz

where ¢ 2% is the double derivative in the sense of distributions and g is the Dirichlet
trace given in the previous paragraph. Then the result is the same as for the heat
equation.

Theorem 2.2.11. [see [TW09, Theorem 10.8.3]] The pair (L,G) defines a well-
posed boundary control system on the spaces U, Z and X.

This theorem implies that for every control u € L%((0,0); C?) and every initial
condition f € X, the Hermite heat equation (HHE) admits a unique solution w €
C([0,0); X). As for the heat equation, we can reformulate this fact saying that
there exists a unique fonction w € C([0,00); X) which satisfies

Cw(t). )y, = f< e - ¢>
+Lu0( )fli’(())ds—L ﬂ(s)%@r)ds

for every ¢ € W22(0,7) n Wg2(0,7) such that £ L2yp € Wy*(0,7) and every ¢ = 0.
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2.3 Controllability and Reachability

In this section, we give the different notions of controllability and the definition of
the reachable set of a well-posed control LTI system. Throughout the section, U, X
and Y are complex Hilbert spaces. (Ty);>o is a strongly continuous semigroup on X
with generator A : D(A) — X. B e L(U, X_;) is an admissible control operator for
(Ty)¢=0- Hence, (A, B) defines a well-posed control LTT system.

Controllability. We now give three classical notions of controllability. We consider
the system defined by (A, B) which is

Az(t) + Bu(t), t=0 (2.16)

/‘A’\
N N -
—~~
°e =
-
N

o

2
loc

and we recall that for zp € X and u e L .((0,00); U) the unique solution is given by

the mild solution
2(1) = Trzg + ®ru, V7= 0. (2.17)

where @, € L((L*((0,90); U); X) is given by ®,u = §| T-_,Bu(s)ds for 7 > 0.
Definition 2.3.1. Let 7 > 0.

(i) The pair (A, B) is exactly controllable in time T if for any 2y, z; € X there exists
a control u € L?((0,7); U) such that the solution of (2.16) satisfies 2(7) = 2.

(ii) The pair (A, B) is approzimatively controllable in time 7 if for any zg,z; € X
and any ¢ > 0, there exists a control u € L?((0,7); U) such that the solution of
(2.16) satisfies |z(7) — z1]|x < e.

(iii) The pair (A, B) is null-controllable in time 7 if for any z; € X, there exists a
control u € L*((0,7); U) such that the solution of (2.16) satisfies z(7) = 0.

We say that (A, B) is exactly controllable (resp. approximatively controllable, resp.
null-controllable) if it is exactly controllable (resp. approximatively controllable,
resp. null-controllable) for some 7 > 0.

It is clear that (¢) implies (i4) and (i74). These three notions of controllability
can be reformulated in terms of the range of ®,. The following proposition is an
immediate consequence of equality (2.17).

Proposition 2.3.2. Let 7 > 0.
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(a) The pair (A, B) is exactly controllable in time 7 if and only if Ran ®, = X.

(b) The pair (A, B) is approximatively controllable in time 7 if and only if Ran &
is dense in X.

(c) The pair (A, B) is null-controllable in time 7 if and only if Ran T, < Ran ®..

These controllability concepts are often proved by duality using the so called
Hilbert Uniqueness Method (HUM): they are equivalent to observability notions for
the adjoint pair (A*, B*) which often consists in proving a good inequality. Since we
will not prove controllability properties, we let this part aside.

When the pair (A, B) is not exactly controllable, it is of interest to know which
states can be attained by the solution. This leads to the following definition.

Definition 2.3.3. For f € X and 7 > 0, we will say that g € X is reachable from f
in time 7 if there exists a boundary control u € L*((0, 7), C?) such that the solution
of (2.16) satisfies z(7) = g. We call reachable set and we denote RY the set of all
reachable functions from f in time 7.

When f = 0, the set RY is called null-reachable set and g € RY is said null-
reachable in time 7.

This set is the central object of this thesis. We remind its basic properties in the
next section.

Two examples. We give now two examples of controllability results for PDEs. We
will see in the next section that they are related to the reachable set. It is standard
to say that a PDE is controllable when the pair (A, B) associated with is.

Let © be an open bounded and connected set with boundary of class C? and w
be an open subset of 2. We start with the heat equation with internal control that
is

%(t,[[)) - Ay(ta ZL‘) = ]lw(x)u(t, ZL’) t>0, ze Q,
y(t, ) =0, t>0, zed, (2.18)
y(0,z) = f(z) zeq,

We have seen in Example 2.2.5 that it defines a well-posed control LTT system for
X=I1*Q), U=C* A=-A

and B equals to the injection of L?*(w) into L?(€2). This obviously still holds if we
replace the Dirichlet Laplacian A = —A by the harmonic oscillator A = —A + |z|?.
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Because of the smoothing effect of the heat equation, it is clear that the solution
of (2.18) cannot reach arbitrary functions ¢ in L?*(€2), whatever the initial condition
f € L*(2). This implies in particular that this equation is not exactly controllable.
However we have the following result.

Theorem 2.3.4. [see [TW09, Proposition 11.5.1] The heat equation with internal
control (2.18) is null-controllable in any time T > 0.

This theorem has been first proved in dimension one by [Ego63] and [FR71] using
the moment method. For the n-dimensional case, it has been proved by [LR95]
and [F196] using the Hilbert Uniqueness Method and Carleman estimates. Finally,
it follows from an argument of analyticity of the solutions that this equation is
approximatively controllable in any time 7 > 0. The previous results hold for the
Hermite heat equation.

Now, we consider the one-dimensional heat equation and Hermite heat equation
with Dirichlet boundary control which are given respectively by

oy %y
g(tafﬁ)—@(tw)=0 t>0, ze(0,m),
y(t’ 0) = Uo(t), y(tv 7T) = uﬂ(t) t > 0, ’ (HE)
y(0,z) = f(z) x e (0,m),
and
ow *w )
= (t0) = = (t,2) + 2w(t,z) = 0 t>0, ze(0,7),
w(t,0) = ug(t), w(t,m) = u.(t) >0, (HHE)
w(0,2) = f(x) e (0m),

We have seen in the last section that they define well-posed boundary control sys-
tems. For the same reason as for the equations with internal control, they are not
exactly controllable. Nevertheless, we can obtain, as a consequence of the null-
controllability of the corresponding equations with internal control, that they are
null-controllable (and approximatively controllable) in any time 7 > 0 (see [TW09,
Proposition 11.5.4]). (See also [Jon77] and [Lit78] for other important contributions
on the null-controllability with Dirichlet boundary control). As we will see in the
next section, this null-controllability in any time will have a heavy impact on the
structure of the reachable space. All results still hold in the n—dimensional setting.

Finally, if we consider the domain (0, o0) instead of (0, 7) in the last two equations
with a control at the boundary x = 0, the null-controllability does not hold. In fact,
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except the null function, there is no initial condition which can be steered to zero.
However, the approximate controllability still holds. We refer to [DE19] and the
references therein for more details.

2.4 Properties of the reachable set

We keep the same notation as in the previous section. In this last section, we have
given the definition of the reachable set R/ of a well-posed control LTI system.
Here we will focus on the general properties of the reachable set. This approach is
developed in [KNT19, Section 3]. It follows that the null-controllability in any time
of the pair (A, B) implies strong invariance properties.

Before giving these properties, let us make an obvious remark: it follows from
the definition of the reachable set and from (2.17) the equality

Vfe X, ¥r >0, Rl =T.f +Ran®,. (2.19)
The first invariance property is straightforward.

Proposition 2.4.1. If (A, B) is null-controllable in time T > 0, the reachable set
RIS does not depend on the initial condition f € X. Hence, it is equal to the linear
subspace Ran @ of X.

Proof. Let f € X. Pick g € R.. This means that there exists u € L2((0,7);U) such
that g = T, f+®,u. Since (A, B) is null-controllable in time 7 > 0, we have Ran T, <
Ran ®,. Hence there exists v € L?((0,7); U) such that g = ®,v+®,u = &, (u+v), i.e.
g € RY. Conversely, if g = ®,w e R, then g = &, v+ &, (w—v) =T, f + D, (w —v)
i.e. g€ RJS. The last assertion is a direct consequence of (2.19). ]

Hence, when the null-controllability holds, this set is Ran ®, (we will use this
notation from now on) and we call it reachable space.

The second invariant property concerns the time. It has been first proved by
Fattorini for the heat equation (HE) in [Fat78], and then by Seidman in [Sei79]
in all generality. Before stating the result we need to introduce a notation. For
we L*((0,7);U) and v e L*((0,¢); U), we define their concatenation u v by

o (s) u(s) f0<s<r
uov(s) =
T v(is—71) fr<s<t+r.

With this notation, we obtain easily

q)7+t(u < U) = Tt¢7—u + (Dt'U.
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Proposition 2.4.2. [f the well-posed control LTI system (A, B) is null-controllable
in any time T > 0, then the reachable space Ran ®, does not depend on time T > 0.

Proof. We follow Seidman’s proof [Sei79).
Let 0 <7 <t Ifue L*((0,7);U) then Otf we L2((0,);U) and we have

®,(0 o u) =T, 9,0+ DPu= Du.

t—1

So Ran ®, < Ran ®,.
Let us prove the converse inclusion. Take g € Ran ®; and v € L?((0,¢);U) such
that g = ®v. Remark that if

u(s)=u(s+t—r71), Vse(0,7)

then we have © = u ¢ u. Therefore with the concatenation formula we obtain

t—1

g = Oy = (b(t*T)JrT(utO ?7) =T, 9 ;u+ ®Tﬁ

—T

Finally we have RanT, < ®. by hypothesis, so the last equality implies that g
belongs to Ran ®,.. The proof is complete. O

The last general result we will present has been found very recently in [KNT19,
Proposition 3.2]|. It means that we can ask the control to be very flat in zero without
changing the reachable space.

Proposition 2.4.3. Let (A, B) be a well-posed control LTI system which is null-
controllable in any positive time. Then for every a > 0 and 7 > 0, we have

Ran @, = ®, (L*((0,7); U;t~“dt).

Proof. Tt suffices to prove that Ran ®, < &, (L?((0,7);U;t"“dt). Let g € ®,. By
Proposition 2.4.2, there exists u € L*((0,7/2); U) such that ®,u = g. Then setting

=0 o u, it follows
/2

.U =d,.(0 </>2 u) = T )9Pr 20 + Orpu = g.

Obviously, @ € (L?((0,7);U;t~%dt), so g € ®, (L?((0,7);U;t~“dt). This ends the
proof. O
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2.5 Overview on the reachable space of the heat
equation on a segment

We focus now on the main object of this thesis, namely the reachable space of the
heat equation on (0,7) with Dirichlet boundary control. The description of this
space is a central question in control theory which goes back to the work of Fattorini
and Russell, 50 years ago and has gained quite some renewed interest in recent years.
It turns out that this reachable space can be identified with a space of holomorphic
functions and this thesis is devoted to obtaining a complete characterization of it.

In the first paragraph, we recall the problem and resume the properties viewed
in the previous sections which are related to this specific equation. In the second
paragraph, we present a survey of the many results achieved over the years, from the
pioneer work of Fattorini and Russell to this thesis.

Problem setting. In this paragraph we present the central problem of this thesis
and we regroup the results of control theory obtained in the previous sections which
are related to it.

Let X = W=12(0,7) and U = C2. We consider the following boundary control
problem of the heat equation.

ow *w

o b)) =0 t>0, xe(0,m)

w(t,0) = up(t), w(t,m) =ug(t) t>0, (HE)
w(0,z) = f(x) z e (0,7),

We have seen in Section 2.2 that this equation determine a well-posed control LTI sys-
tem. This implies that for any control (or input) w:= (ug, u,) € L% ((0,+00),U) and
any initial condition f € X, this equation admits a unique solution w € C' ([0, +0), X)

defined by

where (T;);o is the Dirichlet Laplacian semigroup and ®, € £(L?([0,7],C?), X) is
the input-to-state map (or controllability operator) defined in (2.3). As explained in
Section 2.4, we can thus define the reachable set of the equation (HE).

We have seen in Section 2.3 that this equation is null- controllable in any time
7 > 0. By Propositions 2.4.1 and 2.4.2, this implies that the reachable set does not
depend neither on the initial condition f € X nor time 7 > 0 and it is equal to the

linear space Ran ®.. In the rest of this thesis we will denote the reachable space by
Ran ®..
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Because of the smoothing effect of the heat kernel, it is clear that for arbitrary
control u € L*((0,7),C?), we cannot reach any non-regular functions g € X. So,
Ran®, ¢ X.

With all these properties in mind, it is thus natural to seek for more precise
information on Ran ®.. This question has been the source of an effervescent research.
An historical account of related results is given below.

2.5.1 Known results

Trying to be exhaustive, we give now an overview of the results obtained over the
years and which led to the starting point of this work thesis.

It seems to be known for a long time that the solutions of the heat equation (HE)
extends analytically (in the space variable) to the square (see Figure 1)

D={z=m+iye@)’x—g‘+|y|<g}. (2.21)

Although this result is considered as a folk result by specialists of PDEs, it seems
that it appears for the first time in the literature in the work [MRR16, Theorem 2.1]
of Martin, Rosier and Rouchon. This result is independent of the type of control
considered (e.g. u can be choosen L' instead of L?) and generalizes a result of Gevrey
[Gev13] in which the control is assumed to be continuous. In our setting, identifying
as usual the function and the holomorphic extension, it reads as follows.

Proposition 2.5.1. We have Ran ®, < Hol(D).
We give a proof! for the convenience of the reader.

Proof. Let K denote the heat kernel on the whole line, given by

1 (z—y)?
e @, VYt>0,Vr,yeR.
\Aart Y

Pick g € Ran®,. Then, there exists u € L?((0,7); C?) such that the solution w of
(HE) satisfies w(r,-) = g on (0,7). Let € > 0 and let n € C§°(0,7) be a cut-off such
that n =1 on I, := {z € (0,7)| min(z,7 —x) > €}. Then v = nw can be extended
on R and satisfies

K(t,x,y) =

ow—0*v=f t>0 zeR
v(0,z) =0, zeR
v(r,z) = g(x), wel

T would like to thank Sylvain Ervedoza for bringing this proof to my attention.
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d
with f := —2—n8mw — (An)w supported in (0, 7)\I.. Hence, we can write

dx
rTor
v(T, 2) = ] K(t—t,2z,y)f(t,y)dydt

0 JR
rTor

= K(t —t,2,y)f(t,y)dydt
0 J(0,m)\I
" [ 1 F(t,y)dydt

= e 100 f(t,y)dydt.
) Jomng A/4Ar(T — 1)

This integral is holomorphic on {z € C| Vy € (0, )\, Re((z — y)?) > 0}. But for
every y € (0, m)\I., we have

Re((z —9)*) = (Re(z) —y)* — Im(2)* > (min(|Re(z)], | — Re(2)|) — £)* — Im(2)".
Hence, z — v(7, 2) extends holomorphically to the domain
{zeC| Re(z) € (0,7) and (min(|Re(2)|,|m — Re(2)|) — £)* — Im(2)* > 0}.
Since g = v(7,-) on I. and £ > 0 is arbitrary, we obtain that ¢ is holomorphic on

{zeC| Re(z) € (0,7) and min(|Re(2)|, |7 — Re(2)])* — Im(2)* > 0} = D.

This proof can be easily generalized to the n—dimensional setting.

C

Figure 1: The square D.

Remark 2.5.2. The previous proof uses the analyticity of the heat kernel for the
whole line. We refer to [Joh82, p.219] for another proof using this kernel. Make
it appear seems to be determinant in order to obtain analytic properties or more
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precisely to show a membership in a holomorphic function space. Although he uses
the heat kernel of the segment instead of that of the whole line in [Can84, Section
10.5], Cannon writes the kernel in terms of the heat kernel on the whole line. This is
the systematic strategy that we shall choose in this thesis to determine the reachable
space.

It seems that the first actual work which considers explicitly the reachable space
(or the reachable states) of the heat equation (HE) is in [FR71]. Using a moment
method, Fattorini and Russell showed that if there exists A > 0 and B > 0 such that

Vn e N*| |a,| < Aexp(—(7 + B)n) (2.22)

then the function defined by g(z) = Y.'™ a,sin(nz) is reachable. We recall from
Subsection 1.2.3 that, for § > 0, we denote HY the space of continuous functions
which are m-periodic on R, which extend holomorphically on the strip |[Imz| < ¢ and
which vanish with all the derivatives of even orders in 0 and in 7. Using Proposition
1.2.17, we obtain from (2.22) that for § large enough, Hj is included in Ran ..

In a series of papers in the eighties [Sch80], [SS81], [Wec84a], [Wec84b], [Sch86],
the authors tried successively to enlarge the class of reachable states (see [Sch86]
for an overview). In particular they proved that it is not necessary to vanish at the
boundary of the interval to be reachable, and they showed that the polynomials are
reachable. In the last paper [Sch86|, the author considers that "a characterization of
reachable states remains elusive".

The investigation of Ran @, has gained quite some renewed interest with an ac-
celeration in the last five years (2016-2020). Indeed, Martin, Rosier and Rouchon
improved substantially the previous results in [MRR16, Theorem 1.1] using the flat-
ness approach and showing that the holomorphic functions on the disk

™ ™ -1
z e z 5 < 5 e

are reachable. Dardé and Ervedoza improved again this latter result in [DE18, The-
orem 1.1] showing that all the functions which are holomorphic on a neighborhood
of D are reachable. Their method method is based on a Carleman type estimate
and on Cauchy’s formula. This result combined with Proposition 2.5.1 means that
Ran @, is a space of holomorphic functions on D.

Finally, before the works exposed in this thesis, the best known result on this
problem to our knowledge was given in [HKT20], where the authors proved that the
reachable space is sandwiched between two Hilbert spaces of holomorphic functions
on the square D. More explicitly, it satisfies the inclusions

E%*(D) < Ran ®, ¢ A*(D)
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(see Section 1.1 for a definition of these spaces). The authors conjectured also (see
[HKT20, Remark 1.4]) that Ran ®, should not be "too far from A?(D)". Based on this
observation, in what follows, we will call the following equality the HK'T-conjecture:

Ran ®, = A*(D).

Key tools used in that paper include a unitary Laplace type integral operator studied
by Aikawa, Hayashi and Saitoh [AHS90] (see Theorem 2.6.2), as well as a Riesz basis
of exponentials in F?(D) discussed by Levin and Lyubarskii [LL75]. Writing the
solution as a series involving the heat kernel of the half-line, they identified two main
terms and treat the remaining terms as perturbation. The main terms correspond
to the solution of the boundary control solutions on half-lines.

In Chapter 3, we will follow the strategy of [HKT20], examining precisely the
integral transforms involved. We shall remind some of their arguments there. In
that Chapter we shall prove that the reachable space is exactly the sum of two
Bergman spaces. Finally, we shall see in Chapter 4 that this sum is equal to the
Bergman space on D.

The last substantial results we would mention are in [KNT19]. The authors gave
subsequently another proof of the result we obtain in Chapter 3. Using Proposition
2.4.3, they also proved that the reachable space equals the sum of two weighted
Bergman spaces. We will come back on these results in Chapters 3 and 4.

2.6 Reachable space for the half-line

In this section, we recall the situation for the reachable space of the heat equation
on the half-line (0, c0). This has been treated essentially in [AHS90] and [Sai91] (see
also the textbook [Sai97] for a survey).

Let us remind the setting. We consider the following heat equation.

2
%—f(t,x)—z—f(t,x):o t>0, x>0,

xr
w(t, 0) = ug(t), t>0, (2.23)
w(0,x) = f(x) x>0,

This equation defines a well-posed boundary control system for X = W ~12(0, )
and U = C. But as explained briefly at the end of Section 2.3, it is not null-
controllable. Worse, it turns out that the lack of null-controllability is maximal:
there is no non trivial initial condition f € X which can be steered to zero in
whatever time. In other words, if (T;);>¢ denotes the heat Dirichlet semigroup on
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the half-line and 5770 the controllability operator of (2.23), then for any 0 # f € X
and any 7 > 0, we have '/]I‘\T f ¢ Ran 5770. This means that the reachable space of
this equation, given by 725 = 'ﬁ‘: f + Ran 5%70 is an affine space which is linear only
for f = 0. Also, since the null-controllability is not fulfilled, the results of Section
2.4 are no longer true. The reachable space depends on the initial condition and on
time. N

From now on we consider only the null-reachable space Ran®,,. It can be
characterized by its reproducing kernel and turns out to be a strange sum of a
Bergman space and a Hardy (Smirnov) space on the sector A = {z € C, |arg(z)| <

il

Proposition 2.6.1. [see [Sai91, Section 2] The (null-)reachable space Ran 65770 is a
RKHS of holomorphic functions on A with reproducing kernel

_ .2 4 1
kx(z) = e Te i [ — + — ] . Z,AEA. (2.24)
(22 +A2)2  1m(22 4+ \?)

Proof. The unique solution of (2.23) in C'([0,0); X) is given by

2

T reTi—s
U}(t,l') = J;) WUQ(S)dS.

Hence, the proposition follows from Theorem 1.1.5. Indeed, we have

2
~ :L'€4(‘rfs)
Frou0() = w(r2) = (g2 DN
TT =5V /o)

Therefore Ran 6770 is a RKHS with reproducing kernel

i e 4(2123) ze 4(1123)
&) = T = 2R =5
L2(0,00)

- _22-%—;\2
A [T e A=)

= — —d
A Jo (7 —s)3 5
5\ 0 L2432
- e~ ' 7do
4 1/7

-2 _)\2[ 4 1 ]
= z\e e dr —— + — .
(22 +A2)2  1w(22 4+ \?)

It is clear that k) extends holomorphically to the sector A. O
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Precisely, Ran CTDT,O is the restriction to the half-line of a space of analytic functions
on A. Now, note that the reproducing kernels of the Hardy space of the right half-
plane H%(C,) and of the Bergman space of the right half-plane A?(C,) are given
respectively by

1
ka(C+)(z) =— MNzeC,
2m(z + A)
and ]
R0y = —, MNzeC,.
yo ) m(z + )2 i

Therefore, combining formula (1.8), Theorem 1.1.7 and Proposition 1.1.11, we obtain
that g belongs to Ran @, if and only if there exists g1 € H2(A, wy) and gy € A2(A, wy)
such that

9(2) = V2g1(2) + ga2(2)

e 22
where we have denoted by wy the weight wy(2) = e~ "3, In view of this weight, it

is clear now that the reachable space depends on time 7 > 0.
Moreover, if we restrict a little bit the class of controls wug picking them in
L? ((O, T), %), we obtain a simpler description of the (modified) reachable space.

Theorem 2.6.2. [see [AHS90, Section 2|] The operator &)T,o (L2 ((0,7),4)) —
A%(A,wp) is an isometrical isomorphism.

As for the previous proposition, the proof is a direct application of Theorem 1.1.5.
This result is one of the main tools of the paper [HKT20]. Indeed, we will see
later that the controllability operator @, of the heat equation on (0, 7) can be written
as N N
D, (ug, ur) = ©roug + Prrur + R(ug, ur)

where (fm is the controllability operator for the half-line (—oo, 7) and R is a pertur-
bation term. This writing is fundamental in our work. It also allowed Kellay, Tucsnak
and Normand to obtain in [KNT19] another exact characterization of the reachable
space on (0, ), using Proposition 2.4.3.

Finally, the last achievement of [AHS90] is to identify the trace of the Bergman
space A%(A) on the half-line with a space of C®—functions whose norm is computed
on the half-line.

Theorem 2.6.3. [[AHS90, Theorem 4.1 and Corollary 4.1]] A function f belongs
to A%2(A) if and only if f belongs to C*(0,00) and satisfies

0 o)
2n
2 - 2n+1 £(n) 2
1f & (0,00) = E (2n + 1)!L " M (2)[Pdr < oo

n=0
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Moreover, we have HinQ(A) = ||fH20w(o,oo)'

This isometrical identity is derived from the heat equation and Theorem 2.6.2.
It permits to identify the reachable states of the heat equation of the half-line with

functions of class C'° on the half-line.
We mention also a generalization of these results to the n—dimensional half-space

by Saitoh in [Sai94].
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Part 11

Main results
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Chapter 3

The reachable space as sum of
Bergman spaces

This chapter is based on the paper [Ors20]. Here, we shall prove our first result for
the reachable space of the heat equation. It gives an exact characterization of the
reachable space as a sum of two Bergman spaces on sectors the intersection of which
is D. Using tools from classical harmonic analysis, we will also make a first step into
the direction of a more precise information on this sum of Bergman spaces, proving
that it contains the Smirnov-Zygmund space Ep ..+ (D). This result will be the
starting point of Chapter 4 where differents tools lead to a complete characterization
of this sum, even in more general geometric settings.

3.1 Main results

We remind that we consider the reachable space of the following heat equation

2
Wity — Y, m) = 0 t>0, ze(0,7),
ot ox? HE
y(t,0) = uo(t), y(t,m) = uel) t=0, 0¥
y(0,2) =0 z e (0,m).
It has already been discussed in Section 2.5. We recall the result of [HKT20]
E*(D) < Ran®, < A*(D). (3.1)
and the HKT-conjecture
Ran ®, = A*(D). (3.2)
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Let A = {zeC||arg(z)] < Z}. The first central result of this thesis is the
following explicit characterization of the reachable space.

Theorem 3.1.1. We have Ran ®, = A%(A) + A%(m — A).

We mention another characterization which was very recently observed in [KNT19].
Denote by wy and w, the weights defined by

Re(z2)
Vze A, wy(z) = < and Vzerm— A, we(z) = wo(m— 2), (3.3)
T
then
Ran ®, = A%(A,wp) + A%(7 — A, wy), (3.4)

independently of 7 > 0. It is a direct consequence of Proposition 2.4.3, Aikawa-
Hayashi-Saitoh’s theorem 2.6.2 and the decomposition (3.6) that we shall see later.
Note that the inclusion “>” in (3.4) was already known in [HKT20] and was used
to prove the left inclusion in (3.1) (see the proof of Theorem 1.2 in [HKT20]). Since
it is also used in the proof of Theorem 3.1.1, we will recall some ideas leading to
this inclusion below, in Section 3.2. It should be mentioned that based on (3.4), the
authors of [KNT19] were subsequently able to produce a new proof for the unweigthed
case.

To prove Theorem 3.1.1, the main idea is to write a certain integral operator as
a Laplace type transform for which we have a Paley-Wiener type theorem. We will
also use suitable analyticity properties of this transform and the fact that functions
holomorphic in a neighborhood of D are reachable (as proved by Dardé and Ervedoza,
see Section 2.5).

In this chapter, we will also discuss a first approach to the sum based on tools
from harmonic analysis. Our starting result in this direction is the following.

Theorem 3.1.2.
Ep g+ (D) © AY(A) + A% (m = A).

Note that in view of Theorem 3.1.1, this result improves the left inclusion (3.1)
obtained in [HKT20] since E*(D) & Ep .+ (D). The methods involved in the
proof of Theorem 3.1.2 are for the most part harmonic and complex analysis meth-
ods. More precisely, we use essentially the Cauchy formula for Smirnov functions,
a local regularity result for the Cauchy Transform on the upper-half plane and the
embedding H'(D) < A%(D) due to Hardy and Littlewood. The theorem is almost
sharp in terms of growth of functions regarding the HK'T-conjecture (3.2). Indeed,

1

a function in A?(D) cannot grow faster than azep) While the growth of a function
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in B4+ (D) is bounded by A=2D) loé(d( — This last estimate comes from the

Cauchy formula and the Holder inequality for Orlicz spaces.

This chapter is organized as follows. In Section 3.2, we recall some auxiliary
results on representations of solutions of (HE), in Section 3.3 we prove Theorem
3.1.1. Finally, Section 3.4 is devoted to the proof of Theorem 3.1.2.

3.2 Reminders on solutions of (HE)
We recall several central facts for our discussion from Section 2.3 and [HKT20].
For f e W10, 7) and u := (ug, u;) € L*([0, 7],C?), the unique solution y €

C([0, o0), W=12(0, 7)) of (HE) satisfies for every ¢ > 0, and every ¢ € W22(0, 7) N
W,?(0, ) such that £2 e W (0, =),

ther-as = [ (uts) fl—@> s

+ L uo(s)— t

d
(0)ds — J un ()22 () ds (3.5)
0 dx
where (,-)_; ; stands for the duality W~2(0, ) — W;*(0, ). The operator Ay
defined by

=

d*p

Ago = ——2

0¥ dr2
on L?(0, 7) with domain W22(0, 7) n W,*(0, ), admits an orthonormal basis of
L*(0, w) composed of the eigenfunctions ¢, (x) = \/gsin(nx), n € N* (associated
with the eigenvalues n?). Moreover, Ay has a unique strictly positive extension to
W=12(0, ) and the family of eigenfunctions (¥, )nen+ given by ¥, = nyp, is an
orthonormal basis of W~12(0, 7). Decomposing y(t) on this orthonormal basis for
each ¢t > 0 and replacing in (3.5) with ¢ = ¢, it is not difficult to check that the

reachable states of the 1-D heat equation can be represented in the following way:

(@) (z) = % Sn [ f "0 (o) do] sin(nz)

n=1 0

2 T
2 e f -7y (o) do | s 0 0
+7T2n( ) l e ug(o)do | sin(nx), 7>0, xe(0,n)

n=1 0
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where the series converge in W~12(0, 7). With the elementary formula cosu =

€+e™ in mind, the authors of [HKT20] showed that

T 0K, T 0K,
(®,u)(z) = O a—;@ — 0, x)up(0) do + T (1 — 0, 2)u.(0) do,
where
2 2o 1
Ko(o,x) = - (T;e cos(nzx) + 5)
1 2 . ) 1
_ = Z e~ (emw + e—znx) -
™= 7r
1 —n20 inx
= ——Ze e o>0, ze(0,m).
T
neZ
and K, (0,z) = —Ky(o,m — x). And finally, using the Poisson summation formula

applied to a suitable Gaussian function, they obtained

1 €T m7r2
Ko(a,x)z—q/%Ze_(ﬁo : , 0>0, 2z (0, 7).

meZ
-4 z42mm)?2
Hence, setting Ko(o,2) = —4/== >, o7 e~ we can write (see [HKT20,
equation (2.18)])
(I)T(U'07 uﬂ‘) = &)O,Tuo + éﬂ',T'u’ﬂ' + RO,TuO + Rﬂ',TU’TI' (36)

where

ENICE f "¢ )de and (@ f] (5) = = [0 f] ()
(3.7)

[Ror ] (5) = f T 9fe)de and  [Rerf](s) = — [Rorf] (7 — ).

o 0S

Note that the operator &)077 is the controllability operator of the heat equation
for the half-line introduced in Section 2.6.
Finally, since the inclusion

A% (A, wo) + A% (7 — A, wy) < Ran @, (3.8)
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will be used later, we remind rapidly how the authors of [HKT20] proved it. Writing

z+2m7‘r) z+2m7r)2
Ko(o,2) = ”WJZ “wa Z = A(o,2) + B(o, 2),

m<—1
we can decompose Ry, and R . as

[Rorf(5) = | Grr=o) 0ot | S r-0.8)7(0)de i= [Rarf) (5)+ RS ()
and

[Rrrf1(s) = = [Rprf] (7 = 5) = [Rarf](m = 5) := [Rer f1(s) + [Bp . f] (s).

Let us start by assuming that for some small enough 7 > 0 the matricial operator
M. defined by

M. = (50,7' + RA,T RC,T _ &)O,T 0 + RA,T RC,T
T RBJ— (I)ﬂ—ﬂ— + RDﬂ— 0 (I)ﬂ—ﬂ— RB,T RD,T
is bounded and invertible from (L?([0, 7], %))2 onto A%(A,wp) x A*(m—A, w,). Then

for every couple (g, pr) € A*(A,wy) x A%(m — A, w,), there exists u = (ug, u;) €
(L2([0, 7] ﬂ))2 such that

"1
<900> =M (UO) _ (&)O,T + RA’,\T)UO + RC’,TUﬂ'
Pr T \Un RB,’TUO + (CI)WJ— + RD,’T)uﬂ' '

So, w9 + @r = ®,u. In other words, we have

A (A wo) + A*(m — A wy) € @, (L*((0,7),dt/t; C*)) < Ran®,
(it is relevant to mention that the second inclusion is in fact an equality, as proved in
[KNT19, Prop. 3.2]). Hence, it remains to prove the assertion above claiming that
there exists 7 > 0 such that M, is boundedly invertible from (L?([0, 7], %))2 onto

A%(A,wp) x A%(m — A, w,). For that, we can use that &)Oyf (resp. CBWJ) is an isometric
isomorphism from L2([O 7], %) onto A%(A,wp) (resp. A*(m — A, w,)) by a result of
Aikawa, Hayashi and Saitoh [AHS90] (see also Remark 3.3.3 for another proof) and
the Lemma 4.1 of [HKT20] which can be stated

RA T RC’,T
RB T RD,T

The proof of this lemma is essentially the one which is recalled for Lemma 3.3.2
below since for u € L([0, 7], %) we have [u 2, - < VTl 2o, 7,2

— 0.
7—0

£((22([0,71,4))*, A2(Aw0)x A2(m—Awn) )
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3.3 Sum of Bergman spaces

We are now in a position to prove our first main result.

Proof of Theorem 3.1.1. The key of the proof is that Cfo,f is an isometry from L?(0, 7)
to A%(A) and we can compute its range. Indeed, let C, be the right half-plane (not to
be confused with the notation of the upper half plane C* introduced earlier). Denote
by L the normalized Laplace transform defined by L£(f)(s) = \/LE S(J)r Cestf(t)dt and

G : A%(C,) — A%(A) the unitary operator associated to the conformal mapping
z — 2% from A to C,, defined by (Gf)(z) = 22f (2?).

By the change of variables t = ﬁ, we obtain

—0

2

- T se_ﬁ s +00 e—s2t 1
ea (bor) 0= || o = [ ()

%
Define for f € L*(0, 1),

fr—47)

(Th)E) = { 2

0 if 0<t< 4.

: 1
lft>E,

It is easily seen that the operator T is an isometry from L*(0,7) to L?*(R™, 4) with
range L* ((4=, +0) ,%). Hence

(Forf) (s) = 25L(TS) (%) = (GLT ) (s)

where £ denotes the normalized Laplace transform

1 * —zt
LN - = f (1)t

(note that this is not the normalization chosen in Section 1.2). The last step is the
following Paley-Wiener type theorem 1.2.11 for Bergman spaces. With the normal-
ization above of the Laplace transform, it states

Proposition 3.3.1. The Laplace transform L is a unitary operator of L* (R+, %)
onto A* (C,) where C, = {z | Rez > 0}.

So, if ~ means that the operator is unitary, we have the following diagram.

L*(0,7) — L? ((% +oo) %) < L? (R+, %) 5 A2(Cy) -5 A% (D)
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Hence, by composition, &D(M is isometric from L?(0,7) to A% (A), and

Ran ., = GL [L2 ((i +oo) : dt)] c A%(A).
’ 4T t

By (3.7), we have also Rancfﬁﬁ < A% (r — A). In order to discuss the range of @, we
thus have to investigate the remainder terms Ry ; and R, , which, morally speaking,
are sums converging very quickly since they involve gaussians centered essentially at
mn, n € Z*. For these remainder terms we will use the lemma below which is a
straightforward modification of Lemma 4.1 of [HKT20], the main difference being a
square root in the integral operator, which does not change the boundedness.

Lemma 3.3.2. Let wy and w, be the weights defined in (3.3). Then Ry, and R, ;
are bounded from L*(0,7) to A%(A,wg) + A%(m — A, wy).

For the sake of completeness, we recall the proof which corresponds essentially
to the one given in [HKT20].

Proof. 1t is clear that the ranges of Ry, and R, , are contained in Hol(A) + Hol(m —
A). Tt remains to prove the boundedness from L?(0,7) to L*(A,wp) + L*(7 — A, wy).
This will be done for Ry, = Ra, + Rp, only, the boundedness of R, follows by
symmetry. Pick u e L?(0,7). Writing

)2

T s+ mm  _(stmx
N — - 4(t—o) d ,
purle) = | e (oo

we have

[Ra-ul(s \F > pamels), seA (3.9)

m=1

and analogously for Rp . where we replace pa, - by p_om - and s e t—A. Form > 1,
the norm of p,,  may be estimated via the triangular inequality and Cauchy-Schwarz
inequality (see [HKT20] for details) to obtain:

z 7y2
ol = 7 | [ €
_(z+m7r)27y2

< Jul? = 2oy [ rdad
< 2on || e 7 (lz+mnl®+y7) 3 odxdy
T 0 o
A

2

dxdy

T+ +mr _(tiyimn?
[ e S o
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With elementary computations, it easy to prove that

_ (z+m7‘r)2 7y2

222 5 9 T e 20 3_—m2n2/27
e = (le+mn|"+y°) | ————dodedy < C7(1+7)% :
A

0 o3

Hence for m > 1,

[ 4220y < C 20,0 (1 + 7)™/,

Using (3.9), we obtain

7T — m 271'2 T
HRA,TuHAQ(A,wo) < %Cl“u‘LQ(O,T)(l +T)3/2 Z e (2m)*m?/4
m=1
Y e
< 7 Clulzon @+ 1)
Rp; is estimated similarly using [pm.r|a2(r—aw) = [Pimi=1,71142(aw), for m < =2,
and the result follows. O

Since A%(A,wp) + A% (7 — A, w,) < A%(A) + A%*(m — A), the inclusion Ran @, <
A%(A) + A%(m — A) is a direct consequence of the decomposition (3.6), the above
discussion and Lemma 3.3.2.

For the converse inclusion, we will prove A%(A) < Ran®, and A%*(r — A) <
Ran ®,. Using that G and £ are unitary, we have the decomposition

) - e[ (5. 0)]

Cee (0 2) 1Y @ (L) @
e ((0h) 1) o (L)
ZX()@REHI(T)O’T

where we wrote Xy := GL [L2 ((0, i) , %)] and where, as usual @ means orthogonal
sum. Similarly, we have A?(mr—A) = X, ® Ran CT)WJ, where X is the image of X, by
the transformation f +— f(7m —-). Hence, it is enough to prove that Xy, X, Ran 5077
and Ran &)W,T are contained in Ran ®,. For this, note that for every ug € L(0,7), we
have

&)O,TUO = &, (uo,0) — Ry uo.
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Since A?(A,wg) + A%(m— A, w,) < Ran ®, (see 3.8 and discussion after), we get from

Lemma 3.3.2 that Ry ,uy € Ran®,. It follows that Ran ®;,, < Ran®,. The case
of Ran (T)mf is similar. Finally, note that L? ((O, ﬁ) , %) is included in the space of
functions in L'(R) with compact support. Therefore, up to the change of variable
G which does not change the holomorphy, an element of X is essentially a Fourier
transform of a compactly supported integrable function, so it is entire by Theorem
1.2.5 (actually £ [L2 ((0, i) , %)] is a Model space by Proposition 1.2.2). Thus, X,
is a space of entire functions and, as such, is contained in the reachable space. The
same argument proves also that the reachable space includes X, and the proof is

complete. O

Remark 3.3.3. Note that the same Laplace integral method gives in a straightfor-
ward way the Aikawa-Hayashi-Saitoh Theorem 2.6.2.

3.4 Inclusion of the Smirnov-Zygmund space

We prove now Theorem 3.1.2.
Let P(z) = z + 2im. It suffices to prove the following assertion.

Vf € Ep (D), % e A%2(A) + A%(7m — A) (3.10)

Indeed, assume that (3.10) is true and let g € Ej .+ (D). Since P is bounded
analytic on D, Pg belongs also to Ej ..+ (D). Hence, by (3.10), g = (Pg)/P
belongs to A%(A) + A%(m — A) and then to Ran ®, by Theorem 3.1.1, which proves
the inclusion.

Remark 3.4.1. With a more refined argument, as used in [HKT20, corollary 3.6], we
can prove that Ep .+, (D) © A*(A,wo) + A*(1m— A, w,) where wy and w;, are defined
in (3.3). This observation also follows from Thm 3.1.2 and (3.4) (see [KNT19]).

So, pick f € Ep e+ (D) and let us prove (3.10).

Decomposition. Let v be the boundary of D parameterized counterclockwise side
by side as follows (see Figure 1).

T+t [07 1] - grj Y- ¢ [07 1] - C T
Y4 : [0,1] — C Yo ¢ [0,1] — C
to— 7r(1—t)+t<(1+i)g> t (1—i)g(1—t)+t7r
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Figure 1: The square D, the path v and the sector A.

The key idea is to decompose f via the Cauchy formula for functions in E'(D)
(see (1.5)) :

1 U
v
1
- NS
ey Jmwe W2
ee{+}
1
=3 D fee2)
ke{l1,2}
ee{t}

where we have written

fro(z) = %L j@zdu, ke {l, 2}, ce {4},

For the reader acquainted with Hardy spaces, the crucial observation here is that
fre can be seen — modulo rotation and translation — as a scalar product between a
(compactly supported) function and a reproducing kernel of the Hardy space, which
thus yields a (Riesz-) projection on the Hardy space. It is known that this projection
is bounded when f € LP, p > 1, but not when p = 1. As it is explained in Subsection
1.1.2, on the real line, this boundedness remains valid when f € Llog® L and f is
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compactly supported (see Proposition 1.1.12 and Theorem 1.1.16).

The remainder part of the section will be devoted to show that f;./P € A? (A)
and fo./P € A?(m — A) for e € {+}. We cut each sector A and 7 — A in two disjoint
parts, which will be treated separately. For that, given a fixed a > 0, denote by D,
the homothetic dilation of D with center 0 and obtained by adding length a > 0 to
the sides of D (see Figure 2). We will consider the disjoint union A = D, u A\D,
(and similarly for 7 — A). The proof is composed of two steps.

Figure 2: The squares D, D, and the sector A.

e Step 1 : In this step we prove the following claim:
fre/P e A* (A\D,) (3.11)

(the case fo./P e A?((m — A)\ (7 — D,)) follows in a similar fashion).
To do so, remark that there exists a constant C'; > 0 such that for any z ¢ D,,

|z| + 1 < Chd(z,0D). Using the triangular inequality, we have for any k € {1, 2} and

€€ {i}7

1
Vz ¢ D, |fre(2)] < —f
T Vi,

1
<[/l @p) 7d(z,0D)
C

|z| + 1
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where we have used that Llog* L < L' on a segment.
So, since —2im ¢ A\D,, we obtain

f fre(2)]?
A\Dq

P(z)
This proves claim (3.11).

dA(z) < C J ‘ dé(@ < +o0.
A\D, |2im + 2|7 (1 + |2])?

e Step 2 : This step is more delicate and uses the Cauchy (or Hilbert) transform
and the inclusion H'(D) < A*(D) (see Theorem 1.1.16).
We need to show the following claim

fre/P € A*(D,) (3.12)

(and fo./P € A% (m — D,)). It is enough to treat the case fi, the others follow in
a similar way:.
We recall that for g € L'(R), its Cauchy Transform Cg is defined by

(Cg)(z)z,if]lgﬂalt,ze(fr :={zeC|Im(z) > 0}.

(s

See Section 1.1.2 for more details.

We first explain briefly how to translate f; ; to Cg for some suitable g. It is
essentially rotating and translating the line through ~; , to R. To be more explicite,
let a1 29— 1+ gei?’f z. This is a direct similarity transformation which sends D,
to C* and in particular 7, 4 onto [0,1] (note that the orientation is preserved, e.g.
the endpoint 0 of v 4 is sent to 1). Let f)', (t) = Ljo,13(¢) f(71,4+()). For all z € D,,
we have

O Wv (t)dt
1 fili(t)

CimJr (1 —t)Z(1+4) —

1 fii(t

)
i Jgt —ay 4 (2)

= (Cf1,+) (n,+(2))

—————dt
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So, since P does not vanish on D,, we obtain

J, e

JA(z) < C L s (2)2dA(2)

-] len) @ @)P )
= O, f [(CF7.) (2)] dA(2), (3.13)
ai1,+(Da)

where we have used in the last step that «;  is an affine change of variable with
constant jacobian. As already written, oy 4 (D,) is a square in the upper-half plane
with a segment of the real line as one of its sides. We will next appeal to the
following regularity result of the Cauchy transform which is essentially a combination
of Proposition 1.1.12 (and so the Calder6n-Zygmund theorem[CZ52, Thm 2, p.100))
and Theorem 1.1.16 of Hardy-Littlewood which gives the inclusion between H! and
A? on the disk.

Proposition 3.4.2. Let f € Llog"L(R) have compact support. Let 2 be a square

in the upper-half plane one side of which is a segment I < R. Then the Cauchy
transform Cf belongs to A%(Q).

Remark 3.4.3. Note that in this proposition, we do not need to assume any link
between the (compact) support of f and the segment I. However, we will apply later
on the result for the case when the support of f is included in I (and I = [0, 1]).

Proof of Proposition 3.4.2. In view of Proposition 1.1.12, we already know that Cf €
EY(Qr) where Q < Q. Now, if ¢ : D — Qp is a conformal mapping, then we will
have (Cf o )¢’ € H'(D). From Theorem 1.1.16 we obtain (Cf o p) ¢’ € A%(D), or
equivalently, by simple change of variable, Cf € A%(;). Since Q2 < Q, we obtain
Cf e A%(Q2) which is what we want to prove. O

From the preceding discussions we can now deduce the claim (3.12). Indeed,
recall from (3.13) that

J f1,.4(2)

P(z)
Clearly, when f € Llog® L with compact support, the same will be true for fly
(which is essentially a truncation of f composed with a rotation/translation). From
Proposition 3.4.2 (with Q@ = «a; 4 (D,) being a unit square in the upper half plane
with base on the real line we deduce (3.12) (the argument is the same for f; _).

dA(z) < C’f 1(Cf1L) (Z)’QdA<Z>.

a1,+(Da)

76



Proof of Theorem 3.1.2. By (3.10) it is enough to show that f/P e A*(A) + A*(m —
A). The decomposition will be given by Fy = (fi1++f1-)/P and Fy = (fo+fa_)/P.
By (3.11) we have Fy € A*(A\D,), and (3.12) implies that F; € A?*(D,). The case
F; is treated in exactly the same way. ]
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Chapter 4

Separation of singularities for the
Bergman space and exact
characterization of the reachable
space

In Chapter 3 we have discussed a first approach to the description of the sum of two
Bergman spaces defined on intersecting domains (more precisely on intersecting sec-
tors). In particular we have seen that classical harmonic analysis allows to connect
this separation of singularities problem with Hilbert transforms giving some inclu-
sion relations. Pushing forward those tools led to the containment of the Smirnov-
Zygmund space in the sum.

In this chapter, based on the paper [HO20|, we solve completely the separation
of singularities problem for Bergman spaces at least for certain geometries. More
precisely, we show that if P < C is a convex polygon which is the intersection of n
half planes, then the Bergman space on P decomposes into the sum of the Bergman
spaces on these half planes. We obtain also a theorem for more general convex
domains. This will allow us to give an affirmative answer to the HKT-conjecture
(3.2) and solves definitively the problem.

78



4.1 Introduction

4.1.1 Results on separation of singularities in Bergman spaces

In Section 1.3, we presented the separation of singularities problem and its different
counter parts for some Banach spaces of analytic functions and Theorem 3.1.1 showed
its particular relevance in the setting of control problems. Following this way, we
discuss here the separation of singularities problem for the Bergman space. Note that
this problem is mentioned explicitly in [BKN18, p.17] without an exact reference. We
refer to Section 1.1.3 for the basic properties of these spaces.

Let us now turn to our first set of results concerning separation of singularities
in Bergman spaces.

The following weight will play a central role in our study: for N € N, we write

wn(z) = (14 |2))7N. (4.1)

We start with a quasi separation of singularities theorem, in the sense that we
have to add a weight with decay at infinity. It deals with general open sets 2; and
Q2 of C such that Q;\Qs and 5\ are far away. Note that this condition already
appears in [HNO1, Cor. 3.3| as an easy case for solving the separation of singularities
problem in H®.

Theorem 4.1.1. Let 1 < p < . Let Qy and Qy be open sets of C such that
Q0 Qo #= . If dist(1\Q2, 2\Q1) > 0, then we have AP(Q; N Qy) < AP(Qy,wq) +
AP(Qg, wy).

The previous theorem is based on a reduction to the d-equation, as in the modern
solution of Aronszajn’s theorem (see Theorem 1.3.1), and on Hérmander type LP-
estimates for the d-equation. This method was already used in [Ors20, Thm 1.2] to
prove another kind of weighted separation theorem (see Corollary 4.1.10 below for an
improvement of this theorem). Using the fact that polynomials not vanishing on
are invertible multipliers of the Bergman space on a bounded domain €2, will allow us
to show our first “real” (i.e. unweighted) separation result for bounded intersections.

Corollary 4.1.2. Under the same hypotheses as in Theorem 4.1.1, if in addition
Q1 0 Qq is bounded and 0y U Qg # C, then AP(Qq N Qy) = AP(Qq) + AP(Ly).

The case when dist(€2;\Qs, 22\Q) = 0 is more intricate. Let us begin with
the simplest configuration of interest for us: €2y and {2, are half planes which
intersect perpendicularly. By rotation and translation we can of course reduce
the situation to the upper and right half planes: C* = {ze C|Im(z) > 0} and
C, ={z€ C|Re(z) > 0}. We write Ct** = C, nC* for the resulting quarter plane.
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Theorem 4.1.3. Let 1 < p < oo. Then AP(CT) 4+ AP(C, ) = AP(CTY).

The proof of this theorem is strikingly simple when p = 2 where it uses only the
explicit form of the reproducing kernels of the two half planes. Though the same
idea does not apply to arbitrary sectors we can reduce that general situation to right
angle sectors which leads to our next result.

Theorem 4.1.4. Let 1 < p < . Let Hy, Hy be two half planes such that ¥ :=
Hy n Hy # & is a sector. Then AP(X) = AP(Hy) + AP(H,).

The main result of this part of the chapter is the separation of singularities
problem for n half planes, the intersection of which is a convex polygon.

Theorem 4.1.5. Let 1 < p < w. Let Hy,Hs, ..., H, be half planes such that
P =\, Hi # & is a convex polygon. Then AP(P) =Y, _ AP(Hy).

It is worth mentioning that when €2 is a polygon it is known that Schwarz-
Christoffel mappings allow to send the upper half plane conformally onto €, so that
with (1.8) it is possible to determine the Bergman kernel for A?(2). However, al-
ready for a square, the understanding of the corresponding reproducing kernel is a
very non-trivial matter.

Let us consider a special case illustrating the above results:
Q={z=z+iyeC:0<zx<1,0<y <1}

i.e. Qis the unit square with lower left corner 0. Let ; = C** and Qs = (1+47)—C**.
Then © = Q; n Qy, and Theorems 4.1.4 and 4.1.5 yield the following immediate
consequence which will resolve the conjecture on the reachable states of the 1-D heat
equation on a finite rod with boundary controls as discussed in the next section.

Corollary 4.1.6. We have AP(Q)) = AP(CT*) + AP((14+4) — C*H).

It turns out that we can apply Theorem 4.1.5 to more general domains. More
precisely, we will consider non-empty, bounded intersections of convex domains 2,
and 5. Then the boundaries 0€2; and 023 can meet in single points or along
curves. We will assume that there are only finitely many single points and arcs, i.e.

(0 N GQQ) is finite (by 02 we mean the boundary of a two dimensional manifold
2, and by JF the boundary of a one-dimensional manifold F).

Theorem 4.1.7. Let 1 < p < 0. Let 2y and €y be two open convex sets in C such
that
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(i) Q1 N Qy is non-empty and bounded,
(ii) The set 0 (09 N Q) is finite.
Then Ap(Ql M Qg) = Ap(Ql) + AP<QQ)

All these theorems have weighted versions with weights w; (I € N). Let us mention
another direct consequence. Recall that the Dirichlet space D(§2) consists of all func-
tions f holomorphic on € satisfying f' € A%(Q) (since the formerly stated results for
Bergman spaces work for 1 < p < o0, we can also consider the corresponding Dirichet
type spaces which are rather called Besov spaces). Applying the above decomposi-
tions to f’ and taking anti-derivatives yields the corresponding decompositions in
Dirichlet spaces. Note the following general results.

Proposition 4.1.8. Let 1 and €2y be two simply connected domains in C such that
Ql M QQ #* @ ]fA2<Ql M QQ) = A2(91> +A2(Qg) then D(Ql M Qg) = D(Ql) +D(Qg)

An application of this observation solves the control problem of the heat equation
with Neumann boundary control.

Finally, we emphasize that our proofs do not work for p = 1. This situation al-
ready occurs in Aizenberg’s result for the Smirnov space [Aiz14]. While in his work
it is the failure of boundedness of the Riesz projection which makes obstruction, here
it is the Bergman projection which is not bounded on L!. This leads to the following
open question.

Question: Is there a positive solution to the separation of singularities problem in
E' and AY?

4.1.2 The reachable states of the 1-D heat equation

Let us now explain how we apply the preceding results to give a definitive solution
to the description of the reachable space of the heat equation.
The key result proved in Chapter 3 is the following.

Theorem 4.1.9. Let A = {z € C| |arg (2)| < 7/4}.
We have Ran®, = A*(A) + A%(m — A).

By rotation and rescaling, Corollary 4.1.6 immediately yields
A%(D) = A%(A) + A*(m — A), (4.2)

which gives the following characterization of the reachable space.
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Corollary 4.1.10. We have Ran®, = A?(D).

Hence, this proves the HKT-conjecture (3.2). This implies also obviously the
following inclusion.

Corollary 4.1.11. We have A*(D) < X := W~12(0, ).

The rest of this chapter is organized as follows. In Section 4.2 we prove the
separation of singularities results, and in Section 4.3 we give a more transparent
proof to Corollary 4.1.6 and apply the results to several related problems on reachable
spaces of the heat equation.

4.2 Proof of theorems

Proof of Theorem 4.1.3. Obviously we only have to show the reverse inclusion. So,
let us start with f € A>(C*"). Using the conformal invariance property (1.8) applied
to the kernel on D introduced in (1.9) and using the conformal map ¢ : C* — D,

zZ—1
z2 41

p(z) =

we obtain first the reproducing kernel on C*,

—1

+
m, )\,ZGC.

Ky (2) =

The kernel for C, is deduced from this just by a suitable rotation

1
St (2) = ———— A\ zeC,.
v ) (2 + A)? i
Finally, for the kernel on the quarter plane C**, use ¢ : Ct** — C,, p(z) = 22 to
get -
—4zA
m(22 — 5\2)2’

An easy computation leads to the following key observation:

KT (z) = A\ zeCH

Cct++

T kS = kST, waecCt (4.3)
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For a function f defined on C**, we write Sc+f (resp. Sc, f) for the trivial
extension of f by 0 on C* (resp. C. ) outside C** i.e.

f(z)  ifzeCH

S+ f(2) = {0 it 2 e CH\CH

and correspondingly for Sc, f. Hence, since f was assumed in A?(C*Y), for every
A e C*T*, we have

F =™y = R EAR)

L2(C+r)  Jo++

_( f(z)(k§+(z)+kf+(z))dz4(2)

JCH++

= [ Seof@IT A + f Se, f(2)k5 (2)dA(2)

JC
<S<c+ 7, k§*> o+ <S@+ 7, kf*>L2(C+).

Finally, using the Bergman projection introduced in (1.7), we obtain on C**

f="Pcr (Sc+ f) + Pe, (Sc, f) € A*(CH) + A%(C,). (4.4)

I

L2(C+

The result follows.
Consider now the case p # 2. We shall use the following density result.

Lemma 4.2.1. Let 1 < p < o0. The set A*(CT) n AP(C*™) is dense in AP(CTT).

Proof. As explained in Subsection 1.1.3, for a general open set 2 < C, the density of
A%(Q) n AP(Q) in AP(Q) is a difficult problem (see [Hed02, Proposition 2.2]) but in
our specific case it follows from Proposition 1.1.15 which gives the result for Q = C*.
Indeed, moving back and forth between AP(C*) and AP(C**) wia the change of
variables formula T,F(z) = 2¥PF(2%), F € AP(C"), z € C**, will produce the
desired result. More precisely, in [BBG*04, Proposition 2.2| the authors regularize
the function F by shifting and multiplying with a suitable function: F; ,(z) = F(z +
i£)Go(e2), where Go(2) = (1 —iz)"%*% o > 0 and e > 0. Clearly F, ,(z) — F(z),
when ¢ — 0, for every z € C*. As observed in [BBGT04, Proposition 1.3], the
function F(z + ie) is in the Hardy space of the upper half plane H?(C*) which
allows an application of the dominated convergence theorem (actually to horizontal
p-means of F;,) when ¢ — 0. It remains to prove that

TR PR 4G = o F
Jea =TyFeq =2 (22 +1ie)Gqo(e27) = ~T to(2)

(1 —iez?)
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is in A?(C*"). Since F.p < C./(1 + |z|)?, we have F.q € A*(C"), and so f., €
A?(C™*) can now be reached by an appropriate choice of o depending on p (note that
T5F,  is locally bounded at 0, so that only the case 1 < p < 2 needs consideration
of a suitable «). O

Pick f e AP(C*+). Since kS* (resp. ky*) belongs to LI(C*) (resp. L?(C.)) for
g > 1, the right hand side is well-defined for f e LP(C**) if 1 < p < 0. In addition,
it is well-known (see Subsection 1.1.3) that P+ (resp. Pc, ) is bounded from LP(C™)
(resp. LP(C.)) onto AP(C™*) (resp. AP(C,)) if and only if p > 1. Finally, equality
(4.4) holds for all f € A?*(C*T) n AP(C*™") and this last space is dense in AP(C*)
by Lemma 4.2.1, hence it holds also for every f € AP(C**) by continuity . The proof

is complete. O
4_ i +
C// / \X/\Q\
AL
VYOI i 9:99%
A %% %
NNNANN
NN
NONNNN
oGy

Figure 1: The half planes C* and C,, and their intersection, the quarter plane
Ct+.

It should be pointed out that the above argument yields a linear bounded sepa-
ration operator.

Remark 4.2.2. Obviously, the theorem holds for every half plane the intersection
of which is a right-angle sector.

We will now move on to the proof of Theorem 4.1.4. For —m < a < b < 7, we
denote by A’ the angular sector A’ = {z € C | a < arg(z) < b}.

We can of course reduce the situation to the case a = 0, and consider Aj =
C* n H, where H, is the half plane A’ . While it is very tempting now to apply the
same idea above to arbitrary sector Ab, the magic decomposition of the reproducing
kernel on the right-angle sector breaks down. Indeed, with formula (1.8) in mind
one can of course explicitly compute the kernel for H; which amounts essentially to
multiply z and \ by a suitable unimodular constant a (more precisely a = (")
in the expression of k" (2). However, the same transformation formula (1.8) applied
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Figure 2: The sector A®.

to transform the kernel of C* to that of A} involves a power function: o(z) = 2™°.

A computation shows that the kernels of the half planes do not add up to the kernel
of the sector.

Proof of Theorem 4.1.4. As already mentioned it is enough to prove the result for
> = Ag, H, =C*" and Hy = Cy := Ae_ﬂw, with 0 < 0 < 7

AP(AY) = AP(CF) + AP(A? ). (4.5)

The heart of the proof is contained in the following lemma which shows in a way
that we can double the opening of the sector.
Lemma 4.2.3. Let a,b be real numbers such that —m < a < b < 7. Then AP(A?) =

min(m, 2b—a)
AP (Aa ) + AP (A?nax(—wﬂa—b)> :

Proof. Let ¢ : AL — C** be the conformal mapping given by o(z) = (e~z)20-
where we have chosen the branch cut to be (—oo, 0]. Let T : AP(CT) — AP(A?) be
the isometric isomorphism associated with ¢, i.e

Vg e AP(CHY), Tg = (go)(¢)?.

Pick f € AP(A?). Then g := T~ f belongs to A?(C**). So, by Theorem 4.1.3, there
exist g1 € AP(C*) and go € AP(C,) such that g = g; + g2 on C**. Hence

f=Tg=Tg +Tg=(g1090) ()" + (g2 00)()".
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Remark now that the branch cut has been chosen such that ¢ continues analytically
on AP 2079 and Ab )- Moreover, gp(A?m(ﬂ’ Qb_a)) < C* and p(A®

max(—m,2a—b max(—m,2a—b)
C,, so that g; o ¢ and gy o  are well defined holomorphic functions. Thus, f €
AP (Azmn(ﬂ’%*a)) + AP (Ab ), which proves the lemma. O

max(—m, 2a—b)

K
/.

Figure 3: One step of the induction.

We are now in a position to prove the theorem. We start from AP(Af), where we
assume for the moment that 7/2 < 6 < w. Since min(m,260) = 7, the lemma yields

AP(AD) = AP(AT) + A(A?)

so that f € AP(A§) decomposes as f = fi+ f» (considered on A§) with f; € AP(Af) =
AP(C*) and fy € AP(A?,). Since 7/2 < 6 we have A? ; 5 A _ which yields (4.5).

We will proceed by an inductive application of the lemma. In order to better
understand this induction, let us also illustrate the case when 7/4 < 6 < 7/2. In
order to not overcharge notation we will only mention the underlying sectors and not
write out the Bergman spaces, see Figure 4. We stop the procedure when we have
reached H; = C, or Hy = A§__.

It is clear from here that after n steps of applications of the lemma, there are
2" sectors A%, k= 0,...,2" — 1 (when (2" — k)8 > 7 or kf > = it should be
replaced by 7).

In the general case, let N € N* be the least natural number such that 27 < 29
(in the example above, where 7/4 < 6 < 7/2, we had to choose N = 3). Observe
that when 0 < k < 2V~! (which corresponds to one half of the possible &’s), then
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Arfén(w,?@) =T Hl
/
~a

AT;H(W,SQ)

min(m,36)
/ Amax(—ﬁ,—59):—w - H2
AG

max(—m,—30)

/
\ Agnin(TrAG):W 5 H1

\ Arjizré(ﬂ,ﬁe):ﬂ' - Hl

Figure 4: Iterative applications of Lemma 4.2.3 in the decomposition of the sector
A

DHQ

A

2V — k)0 = (2V — 219 = 2V-19 > 7 s0 that A% 7YY 5 C*, while for 2¥-1 <
k < 2¥ —1, we have kf > 7 so that Ag;ﬁk)e S5 A% 5 A) . (We mention again
that as soon as (2¥ — k)f > 7 or kf > 7 in the procedure, it should be replaced by

T.)

Hence, any function f € AP(AY) will be decomposed into 2V functions, one half
of which is in A?(C") and the other one in AP(A? ). O

The next result claims that Theorem 4.1.4 also holds for Bergman spaces with
the same weight wy(2) = (1 + |2]?)™" (see (4.1)).

Corollary 4.2.4. Let Hy, Hy be two half planes such that Sy := Hy n Hy # & is
an angular sector. For any N € N, we have AP(Sp,wn) = AP(Hy,wn) + AP(Hy, wy).

Proof. The direct inclusion is obvious, let us prove the converse one. Denote by
2o a complex number such that dist(zg,Sp) > 0 and P(z) = (2 — 29)*. Pick f €
AP(Sy, wy ), then % belongs to AP(Sp), and by Theorem 4.1.4, there exists f; € AP(H,)
and f, € AP(H,) such that % — fi + fo. Hence, f = Pfi + Pfy := fi + f» with

fi € AP(Hy,wy) and f € AP(Ha, wy). u
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We will now prove Theorem 4.1.1 which is an almost-separation of singularities in
the simplest case. Denote by ¢ the Cauchy-Riemann operator ¢ = %(% + id%). The

main idea is to reduce the problem to a 0-equation and to use Hormander type LP-
estimates for the solution of the d-equation. The estimates are certainly well-known
to experts but we include a proof for completeness.

Lemma 4.2.5. Let 1 < p < . Let Q@ < C be an open connected set such that
Q= C. If f e LP(Q) then there exists a solution u of the equation du = f on Q such
that uw e LP (Q, wy).

Note that we do not look for a solution in LP(€2) but we allow a weight to appear
which makes the problem solvable in the setting under consideration. Still, this
solution will be sufficient for our purpose.

Proof. The case p = 2 is a particular case of the famous Hérmander L?-estimates
[Hor07, Thm 4.2.1]. From now on, let 1 < p # 2 < o0.

For bounded €2 the result can be found in [FS91, Sec. 2, p.134] and follows from
Young’s inequality and properties of the Cauchy kernel ﬁ Indeed, the classical
solution (i.e the solution with minimal weighted L?-norm) of du = f on € is given
by

u(z) = L G dA(s)

TJogs—2

and satisfies .

< Clflm) (4.6)
L1(Q-0)

lulzri) < [ flzre

where C' depends only the diameter of Q — Q = {u—v:ue Q,ve Q}.
For the general case, let 2y € C be such that dist(z, 2) > 0 and set Q(z) = z— z.

Denote by ¢ the function g = é Clearly, u, satisfies (_9ug = g on () if and only if

éu 5 = f, where uy = Qu,. It thus suffices to prove the existence of a solution u, to
dug = g such that ug € LP (€, (1 + |z|”)~"). For this, we choose u, to be the classical
solution of du, = g on 2 defined by

ug(z) = ul(z) = 1J 96) ga(s).

QS — %<

Let ¢ € €2, then for every z € Q¢ := D((, 1) n Q we have

ug(z) = f 9) 44(s) + J 965) 1 A(s) = D PG (2) 4 20D (),
2\D(¢,2)

S —Zz QﬁD(C,Q)S_Z
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Considering Ug D(62) a5 the solution to the O-problem on the bounded domain © N
D((,2), we obtain by (4.6)

lug ™ P ooy < g™ CP | oannic, )
< Clglizr@npic,2))
C
< A
T, |C,HfHLp(Q D(¢,2))
C
<
1+ ]
where C' is essentially given by H HL1 D, 2)-D(C,2) < ”%HLl(D(O,zL)) and thus indepen-
dent on (.
For uéz\D(C’z), Holder’s inequality gives for all z € €,
1 if p<2
Q\D(¢,2) - 1+[¢]
U z)| < <
487 (3)| < Lot | =g | oA e
LP (Q\D(¢,2)) p

where p’ is the conjugate exponent of p, and C is independent on (.

Putting the above estimates together, and observing that 1 + [(| ~ 1 + |z| for
z € D((,1) (the symbol “~” means that both quantities are comparable up to mul-
tiplicative constants), we get for every ( € €,

cr & ifp<?2
PAA(C) € ———— + (1+[¢ch?
LC PN < e+ {CP itp > 2

where the constants again do not depend on ¢. Hence, covering suitably €2 by €.’s,
we get

yug(z)\pdA( < {gQ 1+|z|2pdA( Z)  ifp<?2

ol+|z[ SQl+||P (z) ifp>2
]

Restating the previous lemma in the spirit of Hormander’s result is to say that
the solution u of du = f satisfies

| mep+spraac) < 6, | 1repiAc)

In particular, this is coherent in the power of (1 + |z|?) with Hoérmander’s result
which yields exactly the above estimate for p = 2 (with a simpler proof). However,
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our argument does not work for p = 2.

The proof below follows essentially the argument given in the proof of Theorem
1.3.1 combined with the LP-estimates from the previous lemma.

Proof of Theorem 4.1.1. Pick f e AP(21 n€)). Take x a bounded C*-function such
that x = 1 on ©;\Qy and x = 0 on Q,\Q;. Since dist(2;\Q9, 2\Q21) > 0, we can
assume that Vy is uniformly bounded (and vanishes outside €; n €23). So we can
define hy = f(1 — x) on ©y and hy = fx on . Using the analyticity of f, we have
Ohy = — fgx = —0hy on € N s, which implies the existence of a C®-continuation
v such that v = dhy on Q; and v = —dhy on . Since EX is bounded, v belongs to
LP(Q; U Q) and by Lemma 4.2.5, there exists u € LP(Q; U Qg,w;) such that du = v.
Finally, defining f; = hy —u on € and f3 = hy + u on s, we obtain f = f; + f5 on
QN Qs and f; € AP(Q;,wq) by definition of u. The proof is complete. O]

Now, a multiplier argument gives us a general separation of singularities result.

Proof of Corollary 4.1.2. Let zy be such that dist(zo, ; U Q2) > 0, and write P(z) =
(2 — 29)?. Pick f e AP(Q; n ), then g := Pf belongs also to AP(Q; N §)y) since P
is bounded on ; N 5. So, by Theorem 4.1.1, g = g1 + g2 with g; € AP(Q;,w;) and
g2 € AP(Qg,w1). Therefore f = £ belongs to AP(€y) + AP(Q,). O

With the same argument used in Corollary 4.2.4, we obtain the following weighted
version of Theorem 4.1.1.

Corollary 4.2.6. Let )y and Qo be open sets of C such that Q1 n Qs # . If
dist(21\Qa, Q\Qy) > 0, then for anyl € N, we have AP(QynQo,w;) < AP(Qy,wip1)+
Ap(927wl+1)'

Before proving Theorem 4.1.5 we need an auxiliary result on decompositions of
Bergman spaces on unbounded intersections of half planes. This is provided by the
following lemma.

Lemma 4.2.7. Let n > 2 and Hy, ..., H, be half planes such that Q0 := (,_, Hy is
non-empty, convexr and unbounded. Then for anyl € N, we have

AP(Q,wy) < Z AP (Hp, Wi (n-1y)-
P
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Proof. Pick f e AP(Q,w;). We can assume that € has exactly n sides, otherwise just
add the zero function. Let us prove the result by induction. If n = 2, Q is either a
sector or a strip. In the first case, the result follows from Corollary 4.2.4. When €2
is a strip, then dist(H;\Q, H>\2) > 0 and the result follows from Corollary 4.2.6. So
the base case of the induction is established.

Assume now that the lemma is true for every 2 < n < N. We shall prove it for
N. Since € is convex and N > 3, the boundary 052 is path connected. Without
loss of generality we can assume that the half planes Hy,... Hy are ordered such
that the sides Si,..., Sy of 0Q satisty S; < 0H;, S;n Siy1 # @ (1 <i < N —1),

and S; and Sy are the unbounded sides of 0€2. Then, writing 2 = (ﬂlj\:ll Hi> N

Figure 5: The decomposition of €2 as the intersection of €2; and €.

(Hy_1n Hy) := Q110 Qy (see Figure 5), we obtain f = fi + fo with f; € AP(Qq,wi41)
and fy € AP(Q,w;.1). Indeed, this follows from Corollary 4.2.6 since §) is convex,
and dist(2;\Q2, 2\Q1) = |Sy_1] > 0. Here |S;| means the length of S;. Finally,
using the induction hypothesis on €2; and €25, we conclude the inductive step, which
proves the lemma. O

Proof of Theorem 4.1.5. Again we will prove the result by induction. If n = 3, P is
a triangle and we make the decomposition P = 332 where >3 is the angular sector
H; n Hy and € is an unbounded domain, as in Figure 6. We will again denote by S;
the sides of P and S; € 0H;. As previously, dist(X3\2, Q\X3) > 0, so by Corollary
4.1.2 we have

AP(P) = AP(S3) + AP(Q). (4.7)

(Observe that the corollary does not require any convexity assumption, and no
weights appear here.) Hence, it remains to decompose 2 which will be done writing
Q = O1 N Oy, as in Figure 6. Again, dist(0;\, 02\Q) > 0, so by Theorem 4.1.4,

we have

AP(Q> c Ap(@l,wl) + Ap(@g,wl). (48)
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Define ¥y = Hy n H3 and ¥y = Hy n H3. Clearly ¥, < O, k = 1,2, and so
AP(Op,wy) € AP(Eg,wr), k=1,2. (4.9)
From (4.7)-(4.9), we obtain AP(P) < 30 | AP(Sy,w;). It can be checked that

Ul_ 2 # C, so that there exists z, with dist(zo,(J;_, Xx) > 0. Define P(z) =
(2 — 20)%. Then, for f € AP(P), the function g = Pf is also in AP(P) (multiplication
by P is actually a norm conserving operation on AP(P)), which implies that g can
be written as g = g1 + g2 + g3 with g; € AP(X;,w;). Thus, f = % = Zizl % . Hence,
setting fi = %, and since |gillar(s, o) i3 comparable to | fi|arsy) = 9%/ Pllars,),
we obtain that f belongs to Y°_, AP(X;). This means that AP(P) = 300 AP(%,)
and using Theorem 4.1.4, we obtain the base case of the induction.

Figure 6: Decomposition of a triangle.

Now, assume that the result is true for every 3 < k& < n. We have to prove
it for n. There are two cases. First suppose that P has two non-consecutive non-
parallel sides (see Figure 7). Denote by Si, ..., S, its ordered sides (S; N Si11 # O,
S, NSy # &) and Hy,..., H, the corresponding half planes. Let S; and S; be
two non-parallel sides with j > i + 2. Write ; = (),_, Hy and Qy = ﬂkm’j) H,
(we denote [i,j] = {i,i+1,...,5} and (i,j) = {i+1,...,5 —1}). Observe that
2y and €y have the sides S; and S; in common. It is clear that P = Q; n Qy
and dist(£21\22, 22\Q1) == min(|S;],[5;]) > 0. So, by Corollary 4.1.2, we have
AP(P) = AP(€y) + AP(€)y). Since S; and S; are non-parallel, one of the sets (); is a
polygon and the other one is unbounded. Les us assume that €2 is a polygon. Using
Lemma 4.2.7 with [ = 0, we obtain AP(2) < >, ;) AP (Hy, wn-1), and hence

AP(P) c AP(n) + ) AP(Hi,wao1),
ke (i, 5)

where €2 is a polygon with lower degree. By the induction hypothesis, AP(£2;)-
functions decompose in the required way into AP(Hj)-functions where k € [z, j].
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In order to manage the second term, we need to get rid of the weight w,_;. This
will again be done using the multiplication by an appropriate polynomial vanishing
neither on Hy, k ¢ (i,7) nor on €. For that, observe that € is an unbounded
convex domain, and S; and S; are non-parallel. We claim that there exists z, ¢

Uk¢(i,j) Hy, u . Indeed, for every k ¢ (i,7), H, < H; v Hj, and moreover Q; <
H; v H; (convexity comes into play here). Since S; and S; are non parallel, H; U
H; # C, and it is enough to pick zo ¢ H; v H; with dist(zo, H; U H;) > 0. The
polynomial we are looking for is P(z) = (z — 29)?™ Y. Pick now f € AP(P). As in
the previous corollary, writing g = P f, we have g € A?(P) and so, by the reasoning
above, g = g1 + Zke(z‘,j) Go, with g1 € AP();) and gop € AP(Hy, wy—1), and hence
for = gax/P € AP(Hy). Also, since multiplication (and division) by P is a norm
conserving operation on AP(€);), we have f; = g;/P € AP(€;), and by the induction
hypothesis (applied to Q) fi decomposes into a sum of AP(Hy)-functions, k € [z, j]:

f=fir Y, Bhe Y a(H)+ Y, AHY).
)

k¢ (i, 4) keli,f] k(4.5

Figure 7: Decomposition of P as €21 n €2y with a possible numbering of S;, and the
domain H; u H;. (Sz and Sg are two non-consecutive non-parallel sides.)

Secondly, suppose that all non-consecutive sides of P are parallel. Then n = 4
and P is a parallelogram. We treat this case directly. As in the first case, we denote
by Si,...,54 the consecutive sides of P, Hy,..., Hy the corresponding half planes
and ¥, = Hyp n Hypyq (with Hy = H;) the angular sectors. We make the same
decomposition : AP(P) = AP(Q) + AP(Qy) where Q; = H; n Hy n Hz and Qy =
Hs;n Hyn Hy. This time Q; and Qy are both unbounded and dist(€2;\$22, 22\82;) > 0.
Using Theorem 4.1.1 we get AP(P) < AP(Qy,wq)+ AP(Qy,w;). Next we apply Lemma
4.2.7 to each of these spaces to get AP(P) < 31_, AP(Hy, ws)(notice that the weight
is given by 1+ (n—1) = 3 since we intersect 3 half planes). Observe that in this case
Hy, U Hy u H3 = C (and similarly for Hs, Hy, Hy), so that at this step we cannot
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find a 2 allowing the multiplication trick by a polynomial. Instead, we use Corollary
4.2.4, to get sectors:

Hk,u)g Ap(zh(,dg) + Ap<23,w3),

HM»

where >y = Hy n Hy and X3 = H3 n H,. Now, there exists a point z; which
is not in ¥; U X3, so that we can use the multiplication trick as in the first case:
f € AP(P) implies g = fP € AP(P) splits into g = g1 + go with g1 € AP(31,w;3),
g2 € AP(X3,ws3). With the suitable choice of P we compensate again the weight so
that f; = g1/P € AP(3,) and fo = g2/ P € AP(33). Hence AP(P) < AP(3,) + AP(3s3),
and we conclude using Theorem 4.1.4. [

Let us indicate how the above results apply to more general separation of singu-
larities problem in Bergman spaces, and not only on polygons.

Proof of Theorem /4.1.7. Assume that 2y & 2 and Q5 ¢ €24, otherwise the problem
is trivial. Let us make some additional observations.

« By assumption, 2; and Qy are convex, so that ; n € is also convex (and
non-empty), hence 0(2; N €) is the image I' of a Jordan curve ~.

e 00 N 0y includes at least two points and if we write 5((391 N Of) =

{z1,...,2,} (n = 2), we have
é’(Ql M QQ = U 2hy 2 1) Zn+1 = Zl)
where I';, ., ., is the path in 0(€ N ) connecting 2, to 2z;11. Moreover,

.oy © 0 or T
891 M 092

c 0f)y. Note that it can happen that I' c

Zks%k+1 ZkyRk+1

o By convexity, [zk, zx11] < Q1 N Q.

Let us start assuming n > 3. Pick f e AP(Qy n Q). Write
Py oz = Int (Conv({zy,...,2,})) ﬂ R

where H., ., ., is the half plane associated with the side [z, 2x11] of the polygon (see

Figure 8), and note that by convexity P, ., < Q1 nQy. So f e AP(P,, . .,) and by
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Theorem 4.1.5 there exist fi,..., f, such that f, € AP(H,, .,.,)and f =27 fi. It
remains to prove that each f; belongs either to AP(€21) or to AP(€s). Let i) € {1, 2}
be the index such that I',, ., ., < 0, (when T, ., ., is in both boundaries, we can
pick either of the values 1 or 2 for ij). Two cases may occur. If I',, ., ., = [2k, Zk+1],
then, by convexity, Q;, < H, ., ,, and the result follows: fj, € AP(H., ., ) < AP(£;,).

So, assume that I',, . | # [2k, 2k41] and write

Ospoos = [ | Heyys 0y = 0y
itk
(one side of the polygon has been replaced by the arcI',, ., ). Since f, € AP(H., ,..)
it is obviously in A?(H., .,,, N, ). We claim that it extends to a function in AP(€2;,).
By definition O < H., ., J # k. Therefore, we have

Zks k41

|
21 ——— —

21,22

Ql Ox4721 PZ1,22,Z37Z4

= |3————

| 2’2723{

Figure 8: Intersection of two convex open sets.

— p
fk = f - § fj €A (Ozk,zkﬂ)'
~—— 7k ~——
€AP(Q1nQ2)CAP(Ozy, 2 1) EAP(sz,szrl)CAP(Ozk,zk+1)

Thus fr € AP(H., 2, U 0.y zyty) © AP(S,).

Finally, assume that n = 2. It is sufficient to add a point z3 which belongs to
0 (1 N Q) \ {21, 22}, and construct P, ., ., as before. The rest of the proof is dealt
with as in the previous case. O]

It it worth mentioning that convex sets 2 = ; N 5 with 5(691 N 0€)) infinite
can be constructed easily.
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4.3 Reachable states of the heat equation

As already discussed in the first section, the result of Chapter 3, which states that
Ran®, = A%(A) + A%(7 — A) (4.10)

together with our Corollary 4.1.6 yield the final characterization of the reachable
states of the 1-D heat equation with L?-boundary controls

Ran®, = A*(D), (4.11)

as stated in Corollary 4.1.10.

In this section we would like to make some additional observations on this and
related control problems. Also, the general arguments presented in Section 4.2 lead-
ing to Theorem 4.1.5 might hide the very simple ideas which are actually behind
Corollary 4.1.6 and thus leading to (4.11). For this reason, we would like to present
here a more direct proof of Corollary 4.1.6 based on Theorem 4.1.1, Corollary 4.1.2
and Theorem 4.1.3 (case p = 2).

4.3.1 A direct proof to Corollary 4.1.10

As already mentioned several times (see for instance Remark 4.2.2), the decomposi-
tion (4.10) is invariant by rotation and dilation. So, writing 35 := (1 +1i) —C** and
denoting by D’ the square D' := C** n Xy (see Figure 9), it is enough to show that
A%(D') = A%2(CTF) + A%(B,). Let zp € C\(Ct+ U Xy) and P(z) = (2 — 29)? which
is bounded and non-vanishing on D’, so that multiplication by P is an isomorphism
on AP(D'). In particular f € A%(D’) if and only if g = Pf € A%(D’).

The proof decomposes into 3 steps. We have already met some arguments in the
proof of Theorem 4.1.5 when considering the case of a parallelogram P.

Step 1: Let S; and Sy be the half strips S} = {zr =z +iyeC|y >0, 0 <z < 1}
and Sy = (1+4)—S;. Note that D’ = S1n.Ss (see Figure 10). Since D’ is bounded and
dist(S;\D', So\D’) > 0, by Corollary 4.1.2, there exist g; € A?(S;) and g, € A%(S)
such that g = g1 + go on D’. This step is complete.

Step 2: Denote by (11 and Q2 (respectively Q21 = Yo and (22) the left
and right quarter planes the intersection of which is Sy (resp. Ss) (see Figure 11).
We can repeat the same argument as in the previous step (applying Theorem 4.1.1)

and obtain g1 = gi1 + g2 (resp. ga = ga1 + g22) With g1; € A*(Qr,w1) (rvesp.
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Figure 9: The decomposition of D" as the intersection of C** and X,.

\\\\

N\
N
5

Figure 10: Step 1 — Decomposition of D’ as the intersection of S; and S,.

g2, € AZ(QQ,@H Wl))-

Step 3: Remark that Q12 = C* and Q21 = ¥2. So that we already have
Gr2 + go1 € A2(CTH wy) + A%(3y, w1), solving the problem for g;2 and go;. Let us
show the same for ¢;; and gs5. Denote by Hy 17 = C* the upper half plane and
by Hi12 = 1 — C, the left half plane translated by 1 (resp. Hso; the lower half
plane translated by 1 and Hy s o the right half plane) the intersection of which is @1 ;
(resp. (22), see Figure 12. By Corollary 4.2.4 with Remark 4.2.2, ¢;; belongs to
A?(Hyp 1, w1) + A%(Hyp,w1) and go o belongs to A*(Hap1,wi) + A*(Hapo,wi).

Now, observing that Q12 = C*" < Hy 11, C't < Hypo, ¥o < Hy12 and Xy ©
Ha 51, we obtain that g;; belongs to A?(C*T,w;) + A%*(32,w) and the same is true
for goo. Thus g € A*(CT",wy) + A*(X2,w;). Finally, by definition of P, f = £
belongs to A?(C*") + A%(%;), which concludes the proof. [J
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Figure 11: Step 2 — The decompositions of S; and Ss.
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Figure 12: Step 3 — The decompositions of ()11 and Q2.

4.3.2 Remarks on related control problems

In this subsection we discuss some related control problems for the heat equation.
The first one is mentioned in [KNT19] and the others in [HKT20].

Smooth boundary control.

In [KNT19], Kellay, Normand and Tucsnak gave a characterization of the reachable
space when the control is smooth. Let s € N and denote by W;>*((0, 7), C?) the
Sobolev type space given by

W ((0, 7), C?) := {v e L*((0, 1), C?)

k
viskss, Trer?((o, 7)7C2)}

and V0<k<s—1, %(0):0
Write also
(A2(A) + A%(m — AN = {f e A2(A) + A(r — A) | VI <k <s, f®P e A%(A) + A2(r— A)}
Then, combining their propositions 5.1 and 7.1, they proved that
(s)
Ran (P ryp o)) = (A3(A) + 4%(r — ). (4.12)
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Similarly as above, we let (A2?)®)(D) be the space of functions f € A?(D) such that
f@R) e A%(D) for all 1 < k < s. Using Corollary 4.1.10, result (4.12) immediately
leads to

Corollary 4.3.1. We have Ran <¢T|WE’2((O,7),C2)) — (A2)©)(D).

Neumann conditions.

It is also possible to ask for a description of the reachable space for other types of
boundary conditions. For Neumann boundary conditions, the result follows directly
from Corollary 4.1.10 and a trick used in [HKT20]. We remind that we are searching
the reachable space of the equation

oy 0%y B

E(t,x)—@(t,x) = t>0, xe(0,m),

dy B 0y B (4.13)
§_x<t’ 0) = up(t), . (t,m) = ur(t) t >0,

y(0,z) = g(z) z € (0,m),

Again, for every initial condition g € L?*(0, ) and every control function u =
(ug, uz) € L?*(R.,C), the previous equation (4.13) admits a unique solution y €
C ([0, +0), L*(0,7)). As for Dirichlet boundary control, the null-controllability in
any time 7 > 0 holds in this case, and so the invariance of the reachable space with
respect to the initial condition and to the time also. We denote by ®¥V the con-
trollability map associated to this equation. Let D(D) be the Dirichlet space on D,
which consists of all holomorphic functions F in D such that F’ € A%(D). As noted
in [HKT20, Prop. 5.2], w is a solution of (4.13) if and only if y = £ is a solution of
(HE) with initial condition f = ¢’. Thus the next result follows.

Corollary 4.3.2. We have Ran®NY = D(D).

Dirichlet condition at one end.

Now, we are looking for the reachable space for Dirichlet boundary condition at one
end on the interval i.e. the reachable space of the equation

dy %y

g(t,l’)_@(t,‘r): t>0, ze(0,7),

y(t,0) =0, y(t,m) = ug(t) >0, (4.14)
y(0,2) = g(x) x e (0,7).
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Note that if y is a solution of (4.14), then its odd extension ¥ to [—7, 7] is a solution

of
Wy

o (t,x)—a?(t,m) = t>0, ze(—mmn),
g(t7 _7T) = _uﬂ'(t)ﬂ g(tﬂ-) = u7r<t) t > 0, (415)
30.2) = §() v (cmm)

where § means the odd extension of g to (—m, 7). Denote by Dy the square Dy =
{z=x+1iyeC||z| + |y| <7}. So, using Corollary 4.1.10 on [—m, m] we obtain
7 € A%(Dy) and §(—z) = —¥(2),Vz € Dy. Conversely, if § € A*(D,) and Vz €
D,, §(—z) = —¥(2), then ¥, -] is a solution of (4.14). Thus, we have proved

Corollary 4.3.3. Denote by Ran®°P the reachable space of (4.14).
We have Ran®%P = {f € A%(Dy) |Vz € Dy, f(—2) = —f(2)} := A% 14(Dy).
Neumann condition at one end.

Finally, let Ran®%" be the reachable space for Neumann boundary condition at one
end, i.e the reachable space of (4.13) with uy = 0. Using an even extension and with
the same kind of arguments as in the previous case, we obtain

Corollary 4.3.4. We have

Ran®? = {f e D(D,) | Vz € Dy, f(—2) = f(2)} := Deven(D2)
= {f e Hol(D,) | f' € AZq(D2)}.
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Chapter 5

Reachable space of the Hermite
heat equation

Some of the tools developped in the preceding chapters apply to the case of the heat
equation with the potential 22 since in this case we know explicitly the kernel. This
equation is called the Hermite heat equation. The aim of this chapter is to present
some corresponding results for the inclusion of the reachable space in the Bergman
space.

5.1 Introduction
For u = (ug, uy) € L*((0, 7), C?), we consider the following equation.

ow — w4+ 2w =0, t>0, xe(0,n)
w(t,0) = ug(t), w(t, ) = ug(t), t>0 (5.1)
w(0,x) = 0.
We have seen in Section 2.2 that this equation can be formulated as a well posed

boundary control system for X = W~1%(0, 7) and U = C2. Therefore, for every
uwe L2 .((0,00);U), it admits a unique solution w € C ([0, w0), X). We recall that

loc

w e C ([0, o), X) is called solution of (5.1) if it satisfies

olt), )y, = J< i 2w>mds

- L Uo(S)d_(O)dS - J “w(s)@(ﬂ)ds (5.2)
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for every t = 0 and every 1 € W22(0, 7) n Wy (0, 7) such that %ﬁ’ e Wy (0, ).
Here (-, -)_, ; denotes the duality W~"*(0, 7) — Wy (0, 7).

As in the classical case, the Hermite heat equation (5.1) is null-controllable in
any time. So, its reachable space does not depend on time. We denote by ®H its
controllability operator and Ran ®! its reachable space.

5.2 Computation of the solution

In this section, we compute the solution of equation (5.1). In Chapter 3, we followed
the method of [HKT20] computing the solution of the heat equation with a decompo-
sition on a Fourier basis and a use of the Poisson summation formula. This allowed
the heat kernel of the line to appear. Here we use the method of images to avoid the
Poisson formula step and obtain directly an expression involving the Mehler kernel
of the line.

Mehler kernel. Let us recall some facts about the fundamental solution of the
Hermite heat equation on R, i.e. the solution of

(5.3)

5tK1—0§K1+x2K1=O, t>0, zeR
K1<0,I7') = (51«

where ¢, stands for the Dirac delta distribution at x. It is given by the Mehler kernel

1 % + 92 Ty
Ki(t = —coth(2t . 5.4
1( ,x,y) o Slnh(Qt) exp ( €O ( ) 2 + smh(Qt) ( )

It can be obtained using the normalized Hermite functions defined by

2
_1kw— dk
( )612 e reR keN

T

which are known to form an orthonormal basis of L?(0,7) and to be the eigenfunc-
tions of the operator —A + 2% on L?(R) associated with the eigenvalues A\, = 2k + 1.
Thus, the solution of (5.3) can be derived decomposing on this orthonormal basis.
Finally, the above form of the Mehler kernel is obtained using the so called Mehler
formula.

More general Mehler kernels can be found in [DE19, Subsection 2.1].

102



Computation of the solution using the method of images. For ¢ € D(R) := C*(R),
we denote by ¢per the function

Pper = Z QO( + 2]{?71') - 90(2]{;71— - )

keZ

Remark that the sum is finite and @per, % e Wy (0, 7). Hence, for T e W~12(0, 7),
we can define Ty, € D'(R) by duality

Vo € D(R), (Tper, ‘P>D/(R),D(R) =T, Pper)_1 1 -

It is easy to check that T}, is well defined as a distribution and T € S'(R). Note
that Ty is the continuation (in the sense of distributions) of T" to R, first by odd
extension to (—m, ) and then by periodic extension to R with period 2.

Let w be the unique solution of (5.1) in the sense of (5.2). Recall that D(R;) ®
D(R,) is dense in D(R; x R,). Write W the tempered distribution defined on R; x R,
by

V(e D(Ry), Vo e D(R,), (W, (® 90>D’(Rt><Rz),D(Rt><R1) = (w(t)per, ‘P>D/(R),D(R) ¢(t)dt.

Ry

Note that
Wirs x(0,m) = W- (5.5)

Lemma 5.2.1. The distribution W is the unique solution in S'(R; x R,) of the
equation

oW — a?cw +2?W = _2u0]lR+ ® ZkeZ (%kw + 2u7f]lR+ ® ZkeZ 5€2k+1)7r =F
supp(W) c R, x R.
(5.6)

Proof. Since W and F belong to §'(R; x R,) (recall that the L? = &), it suffices to
prove the equality in D'(R; x R,). For each t = 0 and for every ¢ € D(R), we have
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(using (5.2))

pera 90>D’ DR) — <w(t)7 Qoper>71, 1

2 t t
j (ot ,ddﬁ‘;” ) st () BEm0)ds - [ uno e
1,1

) T Ur(S) s (m)ds

0
J < : 332<p) > ds
per/ 4

J 2uo(s )Z fl (2km)ds — f dp

- 2un(s) Y ——(2(k + 1)m)ds
keZ 0

keZ
[ o 55
D', D
J <2 O 80> ds + 2f <Z Ok +1)ms <P> ds (*)
keZ D', D D', D

kEZ

Hence, for every ¢ € D(R;) and every ¢ € D(R,)

<atW g ® 90>D’ (R¢ xRz ), D(RexRy) <W atC ® S0>D/(Rt xRg),

dg
(w(t)per, S0>Dr(R), DR) ¢ (t)dt

= JR % <<w<t)per7 <P>D/(R),D(R)> C(t)dt.

(]Rt XRI)

Ry
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Finally using (), we obtain

W, C® P)pir, xRy, DR xR.)
d2
= J <w(t)pera d_f - :L‘2(,0> B 2u0 Z 52]“” ('0>
R, €z D, D keZ DD

+2u, (t Z (k1) <,0> C(t)dt
DD

keZ

= <(§3¢ - IL‘2)VV, C® S0>D’,D —2 <UO]IR+ ® Z 52k7r7 <® 90>
D', D

keZ
+ 2 <uﬂ-]lR+ ® Z (s 1ymr C® 90> :
keZ D', D
O
Proposition 5.2.2. The solution of the Hermite heat equation (5.1) is given by
t
oK
Vt >0, Ve e (0,7), w(tz)= 2f Z —L(t — s, 2, 2km)ug(s)ds
0 kez ay

"« 0K,
-2 Z p (t—s,z,(2k + 1)m)u,(s)ds.
0 kez Yy

Proof. By Lemma 5.2.1, W is the unique solution of equation (5.6) in &’ which is by
Duhamel’s formula

W( <F Kl t—- >S’ (RsxRy), S(RsxRy)

= _QJ < Sopns K1(t— s, 2, )> uo(s)ds
keZ S8
+2J < (2k+1 - Kt S>$,')> ur(8)ds
keZ S.S

0K,
=2 t—s,x,2km)ug(s)ds
jZa ( Jua(s)

8[(
J Lt — sz, (2k + 1)7)ux(s)ds
0 kez.
The results follows from (5.5). O
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5.3 Inclusion in the Bergman space of the square

In this section we prove that the reachable space of the Hermite heat equation (5.1)
is contained in the Bergman space A?(D). We prove also that the (null)-reachable
space of the Hermite heat equation on the half-line is included in the Bergman space
of the sector A. Hence, the results are similar as those proved in Chapter 3.

In view of Proposition 5.2.2, we can write the solution of (5.1) as

w(r, x) == O (ug, up) = O jug(z) + O ur(2) + Ry ouo(z) + Rr ntir (1),

where ®Iug and I u, are respectively the zero-term of the first sum and the
second sum. It can be proved easily that R, gug, R ru, € A%(D) with the explicit
structure of the Mehler kernel in mind (the proof is essentially the same as the one
from [HKT20] given in Chapter 3).

In order to obtain information on the reachable space of the equation (5.1), it
suffices to describe the range of ®¥ j and @

Range of ®!'. Using a change of variable z = a(s) := tanh(2(7 — s))/2 (which

2x

leads to ds = ——% and sinh(2(7 — s)) = \/TW)’ we obtain

T oK

O jup(2) = ZJ —L(r — s, 2,0)uo(s) ds
' 0o Yy

—coth(? T—8))22/2

d
\/27TJ0 sinh(2(7 — s))3/2 to(s)ds
tanh(27) 7&
2 > e w _ _
= NG 3 (1 —42®)Viug(a ™ (z))dx.
0

Now, setting 7" = tanh(27)/2 and the change of variable © = T — ¢ leads to
[CI)E,OUO] (Z) = [(5077“170] (Z)

where &)O,T denotes the controllability operator of the heat equation for the half-line
defined in (3.7), and y is given by

Go(t) = (1= AT = 1)*) Y ug(a™ (T~ 1)).
It is clear that the operator S : L%((0,7); C) — L%((0,T);C) defined by
Suy = Uy
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is boundedly invertible and we have

JOT o(t) Pt = LT cosh(2(17 —5)) [uo(s)[*ds = JOT |uo(s)]?ds.

Hence, we have

Ran @Y ) = Ran 507T c A*(D). (5.7)
It is of interest to note that the function y(t,z) = (®fguo) () is the unique
solution in C ((0,00), W~12(0,0)) of the Hermite heat equation on (0,0) given by
Oy — Py+a2?y=0, t>0, ze(0, )
y(6,0) = ug(t), 10 (5.5)
y(0,2) =0, x€(0,0).
Hence, we have proved the following result.

Theorem 5.3.1. For every T > 0, the (null-)reachable space Ran (I)E,o of the equation
(5.8) is included in A*(A).

Actually, in view of Section 2.6, equality (5.7) characterizes the reachable space
Ran (IDEO by its reproducing kernel.

Remark 5.3.2. As for the heat equation on the half line, the Hermite heat equation
on the half-line is not null-controllable. Therefore its reachable space REJ(R*)
should depend on time 7 and on the initial condition f. Actually, it can be proved
that the null function is not contained in R™/ (R* ), except if f = 0 (see [DE19] for
more details).

Range of ®I .
Lemma 5.3.3. We have Ran ®' < A*(D).

Proof. Let us write the expression of ® ..

[ Lur] (2) := —2 JT aﬁ(T — 8,2, m)ur(s)ds

o 0y
. 5 e coth(2(7—s)) 223"2 ST Gl
= -2 —coth(2(7 — s)m + —
L ( (2( ) sinh(2(7 — 8))) /2 sinh(2(1 — )

__coth(2(1—s))
2

Ug

1—cosh(2(Tt—s
(m—2)*+ sinh(2((7'(—s))>>

Tz

_ 9 JOT (_ coth(2(7 — s)m + Sinh(Q(ZT _ 3))) : /27 sinh(2(7 — )
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We remind that for the heat equation, the equality
(P72 f)(2) = =(Pr0f) (7 — 2) (5.9)
holds. It is no longer true here. However, we can make (I)E,o appear in the above

expression of (I)EWUW. For that, remark that the function ¢ defined by ¥(s) =
1—cosh(2(r—s

WH)))) is bounded on [0,7]. Hence writing e*()™ = S T Fye o,
tain

o (Y(s)mz)" z e~ G (r2)?
= —2J Z e (— coth(2(7 — s)m + Snh(2(r 3))) o smh(2(r = 8))%(3)

_ - (ﬂ-z)n 4 n > Q_W(W—Z)Q
=23 O [ (~emer o+ it 2msmh(2(r —5)

Now, since — coth(2(T — $)7 + Grei—a7 = mmee ) + ¥ (s), it follows

ur(s)ds.

(Wz)n 2 fT m™—Z _COth(?(Tfs))( _ )2
= — s))" e 2 T u.(s)ds
n=0 nl /21 Jo (1/}( Sinh(Z(T — s))% ( )
o0 (7_[_2:)” T 67 Coth(22(7—73)) (ﬂfz)z
— A2 f s n+1 un (s ds
vor 3 O | o el

s (52" (7 s ot
a mnz_;) n! fo (¥(s)) sinh(2(7 — 8))uﬂ(s)ds
= 2 ) - )

We treat these two terms separately. On the first hand, we have an oscillatory



integral that we estimate as follows

[ Al a2y = || [®7 (¥ un)] (7 = )] a2 ()
< [ [DF (" un)] (7 = )] 42(r-n)
= |08 o (¥ ur) | a2(a)

s HwnuﬂHLQ(O,T)
< [url 221970 (0,00)

On the other hand, we have an integral which converges easily. Indeed, using the
Cauchy-Schwarz inequality

|Bﬁam$HUHémﬂJ‘LJ¢@H%“
0

—coth(2(1—s))(m—2)2

sinh(2(7 — s))

e

dA(z)ds.

SO, uSlng that ’e— COth(2(T—S))(7r—Z)2‘ < 1 on D, we Obtaln

S
sinh(2(7 — s))

T 1
<l V10 | )y

wmmﬂmawwaml

Finally, we have
|97 il a2y < - (1ALew) + 1 BlLaxo)

n=0

NgE

s
S‘ﬁw 3‘>1M
3 S

< - (luelz2n) 11 0.00) + ClYI L (0.00) [l 2200,)

0

n

o 1922 0,00)m2)
= (14 O sl zagom) 3 =7

|
0 n.

Since the last sum converges (to e”w”L"O@m)”Q), the proof is complete. ]

Remark 5.3.4. Since the potential 22 is even, one could want to take a symmetric
interval with respect to zero. In that setting, the symmetry (5.9) holds but the
difficulty of describing the ranges of (IDEO and @Eﬂ does not change.

Combining the last results, we obtain the following theorem.
Corollary 5.3.5. We have Ran ®!! = A%(D).

The converse inclusion is more tricky if one wants to use the same kind of argu-
ments as in the case of the heat equation. While @EO is still isomorphic, the situation
for CIDEF is more complicated and awaits further investigation.
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Chapter 6

Perspectives

In this chapter, we list few open questions that we plan to investigate in future
researches.

Trace of the Bergman space on the real axis.

We have seen in Chapter 4 that the reachable states of the heat equation are ex-
actly the functions which extend holomorphically to the square D and belong to the
Bergman space of the square D. A natural and interesting question is whether we
can get a testing condition on the segment (0,7) to know whether a C* function
is reachable or not. In other words, can we characterize the trace of the Bergman
functions on the segment (0,7)? We have seen in Theorem 2.6.3 that such a char-
acterization has been established in [AHS90] for the half-line. For the heat equation
on (0, ), the question is still open.

Strongly continuous semigroup on the Bergman space.

The previous question is related to another important question that we expose
now. We have seen in Section 2.1 that the (one-dimensional) Laplacian % generates
a strongly continuous semigroup on the Sobolev space X = W~12(0,7) which is
called Dirichlet heat semigroup. It can be viewed as an obvious consequence of our
results that the range of this semigroup is contained in the Bergman space A?(D).
We formulate now the question: can the Dirichlet heat semigroup be defined as a
strongly continuous semigroup on A%(D)? A positive answer should permit to make
work fixed-point methods and obtain controllability results for non-linear parabolic
equations. Such kind of results has been obtained in [LR95] for semilinear parabolic
equations by another way.
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Higher dimensional setting.

The question of describing the reachable space can be generalized to the n—dimensional
setting considering a bounded convex open set €2 instead of (0, 7). If a general answer
seems to be difficult to obtain for now, it seems accessible to prove results for some
particular geometries. We would like to mention that very recently Strohmaier and
Waters have made in [SW20] a big step forward giving an optimal result about the
domain of holomorphy of the reachable states.

Separation of singularities.

The separation of singularities turned out to be very efficient in the above problem
of control theory. It could also become a systematic tool in the theory of holomor-
phic functions. Hence, it seems important to develop this method on more general
domains and in higher dimensions. This last point is obviously closely related to the
reachable space in dimension n.

Internal control.

Although we mentioned it as an example in 2.2.5 or in Section 2.3, we did not treat
the case of the reachable space for internal control in the present thesis. The problem
seems trickier than for boundary control but it can be interesting to investigate this
way.

More general inputs.

Finally the question of determining the reachable states has still a sense when we
choose the control in L? or in C. Partial results can be given using for example
the Paley-Wiener type theorems 1.2.14 and 1.2.4 but the converse inclusion seems
difficult to obtain without the Hilbertian setting. It would be more interesting to take
the control in L*. This would permit to obtain the result for intermediate spaces by
interpolation. Finally, it would be also natural to take the control in C°[0, 7] or in
the Gevrey class G?[0, 7] since inside of the square the solution of the heat equation
is G? in time.

Other type of equations.

The reachable space problem holds also for other evolution equations which are not
of parabolic type as the linear Korteweg- de Vries equation or the linear Zakharov-
Kuznetsov equation. For these equations, some results can be found respectively in
[MRRR19] and [CR20].
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Appendix A

Proof of Havin’s lemma

In this appendix, we give a proof of Lemma 1.3.4. Whilst it is a key result of the
Havin proof of Aronszajn’s theorem 1.3.1, this lemma is not proved in the original
paper [Hav58] nor in the papers [Aizl14] and [MK71] which reproduce the Havin’s
proof.

First, we recall some topological generalities and introduce some notations. We
conserve the definitions given in Section 1.3. We write

]z’ . XFO —>XF1

for the canonical embedding given by : if f € H*(O} U O2) then I;(f) = fioi. We
remind that the topology of inductive limit on Xp, is the topology generated by the
family P; of all the seminorms p such that for every n € N, p : H®(O!) — R, is
continuous. Also, the topology generated by the topologies induced on Xg, by Xg
and Xp, is the topology generated by the family of seminorms

,Pl\XFO U PZ‘XFO.
With this in mind we can start the proof.

Proof of Lemma 1.3.4. Let us start proving that the topology generated by the fam-
ily of seminorms Py Xp, VY P2ixp, is included in the topology induced by the family
Po. For that, we will show that the seminorms p € Py Xpy Y Py Xry belong to Pj.
Without loss of generalities, we can assume that p € P;, the other case is similar.
Let n € N. By definition of p, there exists €}, > 0 such that

p(f) < Cul fllu=on), V.f € H*(O,).
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So for every f e H*(O} u O2?), we have

p(f) < Cul flla=o01) < Cul flla=(01002),

i.e. p is continuous on H*(O} U O?%). Hence p € P.

Conversely, we shall prove that the topology generated by the family P, is con-
tained in the topology generated by the family Py Xpy Y Py Xry - For that, it is enough
to show that every py € Py is continuous from (Xg,, PllXFo U P2‘XFO) to R,. So, pick
po € Po. By definition of py, for every n € N there exists C! > 0 such that

po(f) < Coll flu=orooz), V.fe H?(O, v Oy). (A.1)
We need now the following preliminary result: the seminorm
P (Xry, Pixg, Y Poixy) — Ry

defined by p(f) = Ch|flu=(oro02) for f e H*(O} U O2), is continuous. To prove
this result, it suffices to write p = max(p; o I1, ps o I3) where we have denoted by
pi : Xp, — Ry the seminorm given by p;(f) = Cb| fllg=(0:) for f e H®(O}). Since
the seminorms p; are clearly continuous, p also is. Therefore the inequality (A.1)
becomes

po(f) < Collfla=opo0z) = p(f),  Vfe H*(O, v Oy,

which means that py < p on Xpg,. Hence py is also continuous from (Xg,, Py Xp, Y Po XFO)
to R,.
]
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Appendix B

Dominating sets and sampling
constants

During my PhD, I have also worked on another kind of problems in collaboration with
Andreas Hartmann, Dantouma Kamisso and Siaka Konate. This work constitutes
a part of the PhD thesis of Siaka Konate. Here, I shall resume it briefly. For more
details, the interested reader can refer to Siaka Konate’s thesis and to the paper
[HKKO20].

A challenging question for complex and harmonic analysts is whether we can
recover the norm of an analytic function from its values on a sequence (sampling)
or on a set (dominating sets). Both settings are particular cases of reverse Carleson
measures (see [FHR17]) and they have wide applications in signal theory or control
theory.

The most famous result concerning dominating sets is probably due to Logvi-
nendo, Sereda [LS74] and Panejah [Pan66] and has been stated on the Paley-Wiener
space (see Section 1.2 for a definition). In this setting, a set E is said dominating for
the Paley-Wiener space if there exists C' > 0 such that for every f € PW, we have

| flBw, = JR |f(z)Pdx < CJE |f(2)|?d.

The Logvinenko-Sereda-Panejah result said that E is dominating for PW, if and
only if there exists 7,7 > 0 such that for every z e R, |[En [z —r, x +r]| = yr. In
that case, we say that F is relatively dense.

The inequality of domination above can be viewed as a form of uncertainty prin-
ciple and several variants of Logvinenko-Sereda-Panejah inequality have been proved
useful in the very last years in control theory (see e.g. [LM19],[GJM19], [ES20],
[EV20]).
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The characterization of the dominating sets is known in other spaces of analytic
functions like Fock spaces, Model spaces or Bergman spaces, and also relies to relative
density type properties. Let us recall how the question is stated on Bergman spaces.

Let D be the open unit disc of the complex plane. The weighted Bergman space
AP(D) consists of all the holomorphic functions on D which satisfy

e = (@ D) | P = PraA) <+

where dA denotes the normalized planar Lebesgue measure. We say that a measur-
able set E < D is dominating for the (weighted) Bergman space AP(DD) if there
exists C' > 0 such that for every f e AP*(D),

|20 := (a+1) JD [f(2)P(L = [2])*dA(2) < C"(a + 1) L [F(2)P(1 = [2*)*dA(z).

Dominating sets in AP(ID) have been completely characterized by Luecking in [Lue81]
as the sets which are relatively dense. In this special geometric setting, this means
that there exists v > 0 and r > 0 such that
|E N Dphb(z, 7“0)’

| Dy (2, 70)|

Vz e D,

where
Dphb(zar> = {U) € ]D)7 |p(sz)| < T}

is the pseudohyperbolic disc of center z € D and radius 0 < r < 1, and

Z—w

plz,w) =

1—zw
is the pseudohyperbolic distance.

Having precise estimates on the sampling constants C' is important in applications
when one has to decide on the trade-off between the cost of the sampling and the
accuracy of the estimates. It is also important that the constant is small enough to
be useful in control theory.

In 2000, Kovrijkine [Kov01] considered the Paley-Wiener space and gave a precise
and optimal estimate on C' in function of the density 7. His method is based on
Remez-type inequalities, and Bernstein’s inequalities which hold in the Paley-Wiener
space. Bernstein’s inequalities are known are no longer true in Bergman spaces or
Fock spaces.

In the work [HKKO20] in collaboration with Andreas Hartmann, Dantouma
Kamissoko and Siaka Konate, we gave an estimate on C' in function of v and r
in the case of the Bergman spaces AP*(ID). Our main result is the following
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Theorem B.0.1. Let 1 < p < 4. There exists L such that for every measurable
set E < D which is (y,r)-dense, we have

v L
[flereiey = () [ flave
C

for every f e AP,
The constants ¢ and L depend on r. For L we can choose

1 1 1
L=c ra In ,
p (1—=r)* 1-—r

where ¢; is some universal constant.

To obtain this result, we used planar Remez-type inequalities established by An-
drievskii and Ruscheweyh and we avoid Bernstein’s inequalities defining "good" disks.
Our method is quite general and can be used for other spaces.

116



Bibliography

[AHS90]

[Aiz14]

[Aiz67]

[AHRO5]

[AMO4]
[Aro35]

[Aro50]

[BKN18]

[BBG104]

A. Aikawa, N. Hayashi, and S. Saitoh. The Bergman space on a sector
and the heat equation. Complex Variables Theory Appl., 15:pp. 27-36,
1990.

L. Aizenberg. Separation of singularities for holomorphic functions.
Analysis and Mathematical Physics, 4:pp. 13-21, 2014.

L. A. Aizenberg. Linear convexity in C" and the distribution of the
singularities of holomorphic functions. Bull. Acad. Polon. Sci. Sér. Sci.
Math. Astronom. Phys., 15:487-495, 1967.

Alexandru Aleman, Hakan Hedenmalm, and Stefan Richter. Recent
progress and open problems in the Bergman space. In Quadrature
domains and their applications, volume 156 of Oper. Theory Adv. Appl.,
pages 27-59. Birkhauser, Basel, 2005.

E. Amar and E. Matheron. Analyse compleze. Cassini, 2004.

N. Aronszajn. Sur les décompositions des fonctions analytiques uni-
formes et sur leurs applications. Acta Math., 65:1-156, 1935.

N. Aronszajn. Theory of reproducing kernels. Trans. Amer. Math.
Soc., 68:337-404, 1950.

A.D. Baranov, S. V. Kislyakov, and N.K. Nikolski. Victor Petro-
vich Havin, a life devoted to mathematics. In 50 years with
Hardy spaces, volume 261 of Oper. Theory Adv. Appl., pages 3-55.
Birkhéauser /Springer, Cham, 2018.

David Békollé, Aline Bonami, Gustavo Garrigds, Cyrille Nana,
Marco M. Peloso, and Fulvio Ricci. Lecture notes on Bergman projec-
tors in tube domains over cones: an analytic and geometric viewpoint.

117



[CZ52]

[Can84]

[Carb2]
[CR20]

[CMRO6]

[DE18]

[DE19]

[Davs4]

[DGGMRO7]

[DS04]

[Dur70]
(ES20]

IMHOTEP J. Afr. Math. Pures Appl., 5:Exp. I, front matter + ii +
75, 2004.

A.P. Calderon and A. Zygmund. On the existence of certain singular
integrals. Acta Math., 88:85-139, 1952.

John Rozier Cannon. The one-dimensional heat equation, volume 23
of Encyclopedia of Mathematics and its Applications. Addison-Wesley
Publishing Company, Advanced Book Program, Reading, MA, 1984.
With a foreword by Felix E. Browder.

H. Cartan, editor. Séminaires ENS, 1951-1952.

Mo Chen and Lionel Rosier. Exact controllability of the linear
Zakharov-Kuznetsov equation. Discrete Contin. Dyn. Syst. Ser. B,
25(10):3889-3916, 2020.

J.A. Cima, Alec L. M., and W.T. Ross. The Cauchy Transform, volume
125 of Mathematical Surveys and Monographs. American Mathematical
Society, 2006.

J. Dardé and S. Ervedoza. On the reachable set for the one-dimensional
heat equation. SIAM J. Control Optim., 3:1692-1715, 2018.

Jérémi Dardé and Sylvain Ervedoza. Backward uniqueness results
for some parabolic equations in an infinite rod. Math. Control Relat.
Fields, 9(4):673-696, 2019.

G. David. Opérateurs intégraux singuliers sur certaines courbes du
plan complexe. Ann. Sci. Ecole Norm. Sup. (4), 17(1):157-189, 1984.

P. Duren, E.A. Gallardo-Gutiérrez, and A. Montes-Rodriguez. A
Paley-Wiener theorem for Bergman spaces with application to invari-
ant subspaces. Bull. London Math. Soc., 39:pp 459-466, 2007.

Peter Duren and Alexander Schuster. Bergman spaces, volume 100
of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 2004.

P.L. Duren. Theory of HP spaces. Academic Press, Inc., 1970.

Michela Egidi and Albrecht Seelmann. An abstract Logvinenko-Sereda
type theorem for spectral subspaces, 2020.

118



[EV20]

[Ego63]

[Fat78]

[FR71]

[FS91]

[FHR17]

[FL19)

[F196]

[Gar07]

[Gev13]

Michela Egidi and Ivan Veseli¢. Scale-free Unique Continuation Es-
timates and Logvinenko-Sereda Theorems on the Torus. Ann. Henri
Poincaré, 21(12):3757-3790, 2020.

Yu.V. Egorov. Some problems in the theory of optimal control. Zh.
Vychisl. Mat. Mat. Fiz., pages 887-904, 1963.

H. O. Fattorini. Reachable states in boundary control of the heat
equation are independent of time. Proc. Roy. Soc. Edinburgh Sect. A,
81(1-2):71-77, 1978.

H. O. Fattorini and D. L. Russell. Exact controllability theorems for lin-
ear parabolic equations in one space dimension. Arch. Rational Mech.
Anal., 43:272-292, 1971.

J.E. Fornaess and N. Sibony. On L? estimates for . In Several com-
plex variables and complex geometry, Part 8 (Santa Cruz, CA, 1989),
volume 52 of Proc. Sympos. Pure Math., pages 129-163. Amer. Math.
Soc., Providence, RI, 1991.

Emmanuel Fricain, Andreas Hartmann, and William T. Ross. A survey
on reverse Carleson measures. In Harmonic analysis, function theory,
operator theory, and their applications, volume 19 of Theta Ser. Adwv.
Math., pages 91-123. Theta, Bucharest, 2017.

Emmanuel Fricain and Pascal Lefévre. L2-Miintz spaces as model
spaces. Complex Anal. Oper. Theory, 13(1):127-139, 2019.

A.V. Fursikov and O.Y. Imanuvilov. Controllability of evolution equa-
tions, volume 34 of Lecture Notes Series. Seoul National University
Research Institute of Mathematics Global Analysis Research Center,
1996.

John B. Garnett. Bounded analytic functions, volume 236 of Graduate
Texts in Mathematics. Springer, New York, first edition, 2007.

M. Gevrey. Sur les équations aux dérivées partielles du type
parabolique. Journal de Mathématiques Pures et Appliquées, 9(6th
series):p.305-476, 1913.

119



[GIM19]

[HL32]

[Har09]

[Har10]

[HKKO20]

[HO20]

[HKT?20]

[Hav58]

[Hav05]

[HNO1]

[HNOC07]

[HNO4]

Walton Green, Benjamin Jaye, and Mishko Mitkovski. Uncertainty
principles associated to sets satisfying the geometric control condition,
2019.

G.H. Hardy and J.E. Littlewood. Some properties of fractional integrals
ii. Math. Z., 34:403-432, 1932.

Zen Harper. Boundedness of convolution operators and input-output
maps between weighted spaces. Complex Anal. Oper. Theory, 3(1):113—
146, 2009.

Zen Harper. Laplace transform representations and Paley-Wiener the-
orems for functions on vertical strips. Doc. Math., 15:235-254, 2010.

A. Hartmann, D. Kamissoko, S. Konate, and M.-A. Orsoni. Domi-
nating sets in Bergman spaces and sampling constants. Journal of
Mathematical Analysis and Applications, page 124755, 2020.

A. Hartmann and M-A Orsoni. Separation of singularities for the
Bergman space and application to control theory. Preprint, April 2020.

Andreas Hartmann, Karim Kellay, and Marius Tucsnak. From the
reachable space of the heat equation to Hilbert spaces of holomorphic

functions. J. Eur. Math. Soc. (JEMS), 22(10):3417-3440, 2020.

V.P. Havin. The separation of the singularities of analytic functions.
Dokl. Akad. Nauk SSSR, 121:239-242, 1958. (Russian).

V.P. Havin. Separation of singularities of analytic functions with
preservation of boundedness. St. Petersburg Math. J., 16:pp. 259-283,
2005.

V.P. Havin and A.H. Nersessian. Bounded separation of singularities of
analytic functions. In Entire Functions in Modern Analysis (Tel-Aviv,
1997), volume 15, pages 259-283. Israel Math. Conf. Proc., 2001.

V.P. Havin, A .H. Nersessian, and J. Ortega-Cerda. Uniform estimates
in the Poincaré-Aronszajn theorem on the separation of singularities of
analytic functions. Journal d’Analyse Mathématique, 101:65-93, 2007.

V.P. Havin and N.K. Nikolski, editors. Linear and Complex Analysis
Problem Book 3,, volume II, page 330. Springer-Verlag Berlin Heidel-
berg, 1994.

120



[Hed02]

[HKZ00]

[Hor90]

[Hor07]

[JPP13]

[Joh82]

[Jon77]

[KNT19]

[Koo98]

[Kor62]

[Kov01]

[Kucl7]

[LR95)

H. Hedenmalm. The dual of a Bergman space on simply connected
domains. Journal d’Analyse Mathématique, 88:311-335, 2002.

Haakan Hedenmalm, Boris Korenblum, and Kehe Zhu. Theory
of Bergman spaces, volume 199 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 2000.

L. Hérmander. An introduction to complexr analysis in several vari-
ables. North-Holland Mathematical Library, 7. North-Holland Pub-
lishing Co., Amsterdam, third edition, 1990.

L. Hoérmander. Notions of Convexity. Birkhduser Boston, Reprint of
the 1994 edition, 2007.

Birgit Jacob, Jonathan R. Partington, and Sandra Pott. On Laplace-
Carleson embedding theorems. J. Funct. Anal., 264(3):783-814, 2013.

Fritz John. Partial differential equations, volume 1 of Applied Mathe-
matical Sciences. Springer-Verlag, New York, fourth edition, 1982.

B. Frank Jones, Jr. A fundamental solution for the heat equation which
is supported in a strip. J. Math. Anal. Appl., 60(2):314-324, 1977.

Karim Kellay, Thomas Normand, and Marius Tucsnak. Sharp reach-
ability results for the heat equation in one space dimension. working
paper or preprint, October 2019.

P. Koosis. Introduction to H, Spaces. Cambridge University Press, 2
edition, 1998.

Adam Koranyi. The Bergman kernel function for tubes over convex
cones. Pacific J. Math., 12:1355-1359, 1962.

Oleg Kovrijkine. Some results related to the Logvinenko-Sereda theo-
rem. Proc. Amer. Math. Soc., 129(10):3037-3047, 2001.

A.S. Kucik. Spaces of Analytic Functions on the Complex Half-Plane.
PhD thesis, School of Mathematics, University of Leeds, March 2017.

G. Lebeau and L. Robbiano. Contrdle exact de I’équation de la chaleur.
Comm. Partial Differential Equations, 20(1-2):335-356, 1995.

121



[LM19]

[LL75]

[Lev96]

[Lin02]

[Lit78]

[LS74]

[Lue81]

[MRR16]

[MRRR19)]

[MKT71]

[MWOS]

[Nik19]

Gilles Lebeau and Ivdn Moyano.  Spectral inequalities for the
Schrodinger operator, 2019.

B.Ja. Levin and Ju.l. Ljubarskii. Interpolation by entire functions
belonging to special classes and related expansions in series of expo-
nentials. Izv. Akad. Nauk SSSR Ser. Mat., 39(3):657-702, 704, 1975.

B.Ya. Levin. Lectures on Entire Functions. American Mathematical
Society, 1996. In collaboration with Yu. Lyubarskii, M. Sodin and V.
Tkachenko.

Niklas Lindholm. A Paley-Wiener theorem for convex sets in C". Bull.
Sci. Math., 126(4):289-314, 2002.

Walter Littman. Boundary control theory for hyperbolic and parabolic
partial differential equations with constant coefficients. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4), 5(3):567-580, 1978.

V. N. Logvinenko and Ju. F. Sereda. Equivalent norms in spaces of
entire functions of exponential type. Teor. Funkcii Funkcional. Anal.
i PriloZen., (Vyp. 20):102-111, 175, 1974.

Daniel H. Luecking. Inequalities on Bergman spaces. Illinois J. Math.,
25(1):1-11, 1981.

P. Martin, L. Rosier, and P. Rouchon. On the reachable states for
the boundary control of the heat equation. Appl. Math. Res. FExpress.
AMRX, pages 81-216, 2016.

Philippe Martin, Ivonne Rivas, Lionel Rosier, and Pierre Rouchon.
Exact controllability of a linear Korteweg—de Vries equation by the
flatness approach. SIAM J. Control Optim., 57(4):2467-2486, 2019.

V.S. Mityagin and G.M. Khenkin. Linear problems of complex analysis.
Russ. Math. Surv., 26:99-164, 1971.

J. Miiller and J. Wengenroth. Separating singularities of holomorphic
functions. Canad. Math. Bull., 41(4):473-477, 1998.

Nikolai Nikolski. Hardy spaces, volume 179 of Cambridge Studies in Ad-
vanced Mathematics. Cambridge University Press, Cambridge, french
edition, 2019.

122



[Nik02]

[Oka39]

[Ors20]

[PW87]

[Pan66]

[PR16]

[P0i92]

[Pol83]

[PK90]

[QQLT]

Nikolai K. Nikolski. Operators, functions, and systems: an easy read-
ing. Vol. 2, volume 93 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 2002. Model oper-
ators and systems, Translated from the French by Andreas Hartmann
and revised by the author.

K. Oka. Sur les fonctions analytiques de plusieurs variables. III-
Deuxieme probleme de Cousin. J. Sci. Hirosima Uni. Ser., A 9:7-19,
1939.

Marcu-Antone Orsoni. Reachable states and holomorphic function
spaces for the 1-D heat equation. Journal of Functional Analysis, 2020.
Accepted for publication.

Raymond E. A. C. Paley and Norbert Wiener. Fourier transforms
in the complex domain, volume 19 of American Mathematical Society
Colloguium Publications. American Mathematical Society, Providence,
RI, 1987. Reprint of the 1934 original.

B. P. Panejah. Certain inequalities for functions of exponential type
and a priori estimates for general differential operators. Uspehi Mat.
Nauk, 21(3 (129)):75-114, 1966.

Vern 1. Paulsen and Mrinal Raghupathi. An introduction to the theory
of reproducing kernel Hilbert spaces, volume 152 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge,
2016.

H. Poincaré. Sur les fonctions aux espaces lacunaires. Amer. J. Math.,
14:201-221, 1892.

P.L. Polyakov. Continuation of bounded holomorphic functions from
an analytic curve in general position into the polydisc. Funktsional.
Anal. @ Prilozhen., 17(3):87-88, 1983.

P.L. Polyakov and G.M. Khenkin. Integral formulas for solution of the
O-equation, and interpolation problems in analytic polyhedra. (Rus-
sian). Trudy Moskov. Mat. Obshch., 53, 1990. translation in Trans.
Moscow Math. Soc. 1991, 135-175.

H. Queftélec and M. Queftélec. Analyse complexe et applications. Cal-
vage & Mounet, 2017.

123



[QZ13]

[Rot60]

[Rud87]

[Ryd19]

SS81]

[Sai9l]

[Sai97]

[Sai94]

[Sch80]

[Sch&6]

[SeiT9]

[SW20]

[TWO09]

H. Queffélec and C. Zuily. Analyse pour l'agrégation. Dunod, 4 edition,
2013.

Oscar S. Rothaus. Domains of positivity. Abh. Math. Sem. Univ.
Hamburg, 24:189-235, 1960.

W. Rudin. Real and Complexr Analysis. McGraw-Hill, third edition,
1987.

Eskil Rydhe. On Laplace-Carleson embeddings, and LP-mapping prop-
erties of the Fourier transform, 2019.

Ekkehard Sachs and E. J. P. Georg Schmidt. On reachable states in
boundary control for the heat equation, and an associated moment
problem. Appl. Math. Optim., 7(3):225-232, 198]1.

S. Saitoh. Isometrical identities and inverse formulas in the one-
dimensional heat equation. Appl. Anal., 40(2-3):139-149, 1991.

S. Saitoh. Integral transforms, reproducing kernels and their applica-
tions, volume 369 of Pitman Research Notes in Mathematics Series.
Longman, Harlow, 1997.

Saburou Saitoh. Analyticity of the solutions of the heat equation on
the half space RY. In Proceedings of the Fourth International Collo-
quium on Differential Equations (Plovdiv, 1993), pages 265-275. VSP,
Utrecht, 1994.

E. J. P. Georg Schmidt. Boundary control for the heat equation with
steady-state targets. SIAM J. Control Optim., 18(2):145-154, 1980.

E. J. P. Georg Schmidt. Even more states reachable by boundary
control for the heat equation. SIAM J. Control Optim., 24(6):1319—-
1322, 1986.

Thomas I. Seidman. Time-invariance of the reachable set for linear
control problems. J. Math. Anal. Appl., 72(1):17-20, 1979.

Alexander Strohmaier and Alden Waters. Analytic properties of heat
equation solutions and reachable sets, 2020.

M. Tucsnak and G. Weiss. Observation and Control for Operator Semi-
groups. Birkhauser, 2009.

124



[Vuk03]

[Wec84al

[Wec84b]

[Yuz72]

[Zey20]

[Zin85]

[Zi02]

D. Vukoti¢. The isoperimetric inequality and a theorem of Hardy and
Littlewood. Amer. Math. Monthly, 110:532-536, 2003.

N. Weck. More states reachable by boundary control of the heat equa-
tion. SIAM J. Control Optim., 22(5):699-710, 1984.

N. Weck. On exact boundary controllability for parabolic equations. In
Optimal control of partial differential equations (Oberwolfach, 1982),
volume 68 of Internat. Schriftenreithe Numer. Math., pages 243-261.
Birkhauser, Basel, 1984.

A. P. Yuzhakov. A sufficient condition for the separation of analytic
singularities in C™ and a basis of a Certain space of holomorphic func-
tions. Mat. Zametki, 11:585-596, 1972.

Yunus E. Zeytuncu. A survey of the LP regularity of the Bergman
projection. Complex Anal. Synerg., 6(2):Paper No. 19, 7, 2020.

Michel Zinsmeister. Domaines réguliers du plan. Ann. Inst. Fourier

(Grenoble), 35(1):49-55, 1985.

C. Zuily.  FEléments de distributions et d’équations auzr dérivées
partielles- Cours et problemes résolus. Sciences Sup. DUNOD, 2002.

125



	Introduction (Français)
	Introduction (English)
	I Preliminaries
	Some spaces of analytic functions
	Zoology 
	Reproducing Kernel Hilbert Spaces
	Hardy and Smirnov spaces 
	Bergman space. 

	Paley-Wiener type theorems 
	On a segment
	On the half-line
	Discrete case 

	Separation of singularities 

	Some background in Control theory
	Operator theory
	Well-posed Linear Time Invariant Control Systems 
	Controllability and Reachability 
	Properties of the reachable set 
	Overview on the reachable space of the heat equation on a segment 
	Known results

	Reachable space for the half-line 


	II Main results
	The reachable space as sum of Bergman spaces 
	Main results 
	Reminders on solutions of (HE) 
	Sum of Bergman spaces 
	Inclusion of the Smirnov-Zygmund space 

	Separation of singularities for the Bergman space and exact characterization of the reachable space 
	Introduction
	Results on separation of singularities in Bergman spaces
	The reachable states of the 1-D heat equation

	Proof of theorems 
	Reachable states of the heat equation 
	A direct proof to Corollary 4.1.10
	Remarks on related control problems


	Reachable space of the Hermite heat equation 
	Introduction
	Computation of the solution
	Inclusion in the Bergman space of the square

	Perspectives
	Proof of Havin's lemma 
	Dominating sets and sampling constants 
	Bibliography


