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Abstract

Stochastic optimization algorithms are a central tool in machine learning.
They are typically used to minimize a loss function, learn hyperparameters
and derive optimal strategies. In this thesis we study several machine learn-
ing problems that are all linked with the minimization of a noisy function,
which will often be convex. Inspired by real-life applications we choose to
focus on sequential learning problems which consist in situations where the
data has to be treated “on the fly” ¢.e., in an online manner. The first part of
this thesis is thus devoted to the study of three different sequential learning
problems which all face the classical “exploration ws. exploitation” trade-off.
In each of these problems a decision maker has to take actions in order to
maximize a reward or to evaluate a parameter under uncertainty, meaning
that the rewards or the feedback of the possible actions are unknown and
noisy. The optimization task has therefore to be conducted while estimating
the unknown parameters of the feedback functions, which makes those prob-
lems difficult and interesting. As in many sequential learning problems we are
interested in minimizing the regret of the algorithms we propose 4.e., minimiz-
ing the difference between the achieved reward and the best possible reward
that can be done with the knowledge of the feedback functions. We demon-
strate that all of these problems can be studied under the scope of stochastic
convex optimization, and we propose and analyze algorithms to solve them.
We derive for these algorithms minimax convergence rates using techniques
from both the stochastic convex optimization field and the bandit learning
literature. In the second part of this thesis we focus on the analysis of the
Stochastic Gradient Descent (SGD) algorithm, which is likely one of the most
used stochastic optimization algorithms in machine learning. We provide an
exhaustive analysis in the convex setting and in some non-convex situations
by studying the associated continuous-time model. The new analysis we pro-
pose consists in taking an appropriate energy function to derive convergence
results for the continuous-time model using stochastic calculus, and then in
transposing this analysis to the discrete case by using a similar discrete en-
ergy function. The insights gained by the continuous case help to design the
proof in the discrete setting, which is generally more intricate. This analysis
provides simpler proofs than existing methods and allows us to obtain new
optimal convergence results in the convex setting without averaging as well as
new convergence results in the weakly quasi-convex setting. Our method em-
phasizes the links between the continuous and discrete models by presenting
similar statements of the theorems as well as proofs with the same structure.






Résumé

Les algorithmes d’optimisation stochastique sont centraux en apprentis-
sage automatique et sont typiquement utilisés pour minimiser une fonction
de perte, apprendre des hyperparametres ou bien trouver des stratégies op-
timales. Dans cette these nous étudions plusieurs problemes d’apprentissage
automatique qui feront tous intervenir la minimisation d’une fonction brui-
tée qui sera souvent convexe. Du fait de leurs nombreuses applications nous
avons choisi de nous concentrer sur des problémes d’apprentissage séquentiel,
dans lesquels les données doivent étre traitées “a la volée”, ou en ligne. La
premiere partie de cette thése est donc consacrée a I'étude de trois différents
problemes d’apprentissage séquentiel qui font tous intervenir le compromis
classique entre “exploration et exploitation”. En effet, dans chacun de ces pro-
blemes on considére un agent qui doit prendre des décisions pour maximiser
une récompense ou bien pour évaluer un parametre dans un environnement in-
certain, c’est-a-dire que les récompenses ou les résultats des actions possibles
sont inconnus et bruités. Il faut donc mener a bien la tdche d’optimisation
tout en estimant les parameétres inconnus des fonctions de récompense, ce qui
fait toute la difficulté et I'intérét de ces problemes. Comme dans de nombreux
problemes d’apprentissage séquentiel, nous cherchons a minimiser le regret de
nos algorithmes, qui est la différence entre la meilleure récompense que l'on
pourrait obtenir avec la pleine connaissance des parametres du probléme, et la
récompense que l'on a effectivement obtenue. Nous mettons en évidence que
tous ces problemes peuvent étre étudiés grace a des techniques d’optimisation
stochastique convexe, et nous proposons et analysons différents algorithmes
pour résoudre ces problémes. Nous prouvons des vitesses de convergence op-
timales pour nos algorithmes en utilisant a la fois des outils d’optimisation
stochastique et des techniques propres aux problemes de bandits. Dans la se-
conde partie de cette thése nous nous concentrons sur ’analyse de l'algorithme
de descente de gradient stochastique, qui est vraisemblablement I'un des algo-
rithmes d’optimisation stochastique les plus utilisés en apprentissage automa-
tique. Nous en présentons une analyse compléte dans le cas convexe ainsi que
dans certaines situations non convexes, en analysant le modeéle continu qui lui
est associé. L’analyse que nous proposons est nouvelle et consiste & étudier une
fonction d’énergie bien choisie pour obtenir des résultats de convergence pour
le modele continu avec des techniques de calcul stochastique, puis a transposer
cette analyse au cas discret en utilisant une énergie discréte similaire. Le cas
continu apporte donc une intuition tres utile pour construire la preuve du cas
discret, qui est généralement plus complexe. Notre analyse donne donc lieu a
des preuves plus simples que les méthodes précédentes et nous permet d’ob-
tenir de nouvelles vitesses de convergence optimales dans le cas convexe sans
moyennage, ainsi que de nouveaux résultats de convergence dans le cas faible-
ment quasi-convexe. Nos travaux mettent en lumiere les liens entre les modeles
discret et continu en présentant des théorémes similaires et des preuves qui
partagent la méme structure.
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Introduction

1 Motivations

Optimization problems are encountered very often in our everyday life: how to optimize
our time, how to minimize the duration of a trip, how to maximize the gain of a financial
investment under some risk constraints? Constrained and unconstrained optimization
problems appear in various mathematical fields, such as control theory, operations re-
search, finance, optimal transport or machine learning. The main focus of this thesis will
be to study optimization problems that arise in the machine learning field. Despite its nu-
merous and very different domains of application, such as Natural Language Processing,
Image Processing, online advertisement, etc., all machine learning algorithms rely indeed
on the concept of optimization, and more precisely on stochastic optimization. One usu-
ally analyzes machine learning under the framework of statistical learning, which aims at
finding (or learning) on a precise task the best predictive function based on some data,
i.e., the most probable function fitting the data. In order to reach this goal optimization
techniques are often used, for example to minimize a loss function, to find appropriate
hyperparameters or to maximize an expected gain.

In this thesis we will focus on the study of a specific class of statistical learning
problems where data is obtained and treated on the fly, which is known as sequential or
online learning (Shalev-Shwartz, 2012), as opposed to batch or offline learning where data
have been collected beforehand. The major difficulty of sequential learning problems is
precisely the fact that the decision maker has to construct a predictor function without
knowing all the data. That is why online algorithms usually perform worse than their
offline counterpart where the decision maker has access to the whole dataset. However
online settings can have advantages as well when the decision maker plays an active role
in the data collection process. In this domain of machine learning, usually called active
learning (Settles, 2009), the decision maker will be able to choose which data to collect
and to label. Being part of the data selection process can improve the performance of
the machine learning algorithm, since the decision maker will collect the most informative
data. In sequential learning problems the decision maker may be required to take decisions
at each time step, for example to select an action to perform, which will impact the rest of
the learning process. For example, in bandit problems (Bubeck and Cesa-Bianchi, 2012),
which are a simple way to model sequential decision making under uncertainty, an agent
has to choose between several actions (generally called “arms”) in order to maximize
a reward. This maximization objective implies therefore choices of the agent, who can
choose to select the current best arm, or instead to select another arm in order to explore
the different options and to acquire more knowledge about them. This trade-off between
exploitation and exploration is one of the major issues in bandit-related problems. In
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the first three chapters of the present thesis we will study sequential or active learning
problems where this kind of trade-off appears. The goal will always be to minimize a
quantity, known as “regret” which quantifies the difference between the best policy that
would have been chosen by an omniscient decision maker, and the actual policy.

In machine learning, the optimization problems we usually deal with concern objective
functions that have the particularity to be either unknown or noisy. For example, in
the classical stochastic bandit problem (Lai and Robbins, 1985; Auer et al., 2002) the
decision maker wants to maximize a reward which depends on the unknown probability
distributions of the arms. In order to gain information on these distributions, the decision
maker receives at each time step a feedback (typically, the reward of the selected arm) that
will be used to make future choices. In the bandit setting, we usually speak of “limited
feedback” (or “bandit feedback”) as opposed to the “full-information setting” where the
rewards of all the arms (and not only the selected one) are revealed to the decision maker.
The difficulty of such problems does not only lie in the limited feedback setting, but also
in the noisiness of the information: the rewards of the arms correspond indeed to noisy
values of the arms’ expectations. This is also the case of the Stochastic Gradient Descent
(SGD) algorithm (Robbins and Monro, 1951) which is used when one wants to minimize
a differentiable function with only access to noisy evaluations of its gradient. This is
why machine learning needs to use stochastic optimization, which consists in optimizing
functions whose values depend on random variables. Since the algorithms we deal with
are stochastic, we will usually want to obtain results in expectation or in high probability.
The field of stochastic optimization is very broad and we will present different aspects of
it in this thesis.

One of the main characteristics of an optimization algorithm, apart from actually
minimizing the function, is the speed at which it will reach the minimum, or the precision
it can guarantee after a fixed number of iterations, or within a fixed budget. For example,
the objective of bandit algorithms is to obtain a sublinear bound (in 7', the time horizon
of the algorithm) on the regret, and the objective of SGD is to bound E[f(z,)] —min,cga f
by a quantity depending on the number of iterations n. A machine learning algorithm has
indeed to be efficient and precise, meaning that the optimization algorithms it uses need
to have fast convergence guarantees. Deriving convergence results for the algorithms we
study will be one of the major theoretical issues that we tackle in this thesis. Furthermore,
after having established a convergence bound of an optimization algorithm, one has to ask
the question whether this bound can be improved, either by a more careful analysis of the
algorithm, or by a better algorithm to solve the problem at hand. There exist two ways to
answer this question. The first and obvious one is to compare the algorithm performance
against known results from the literature. The second one is to prove a “lower bound”
on the considered problem, which is a convergence rate that cannot be beaten. If this
lower bound matches the convergence rate of the algorithm (known as “upper bound”),
the algorithm is said to be “minimax-optimal”, meaning that it is the best that can be
developed. In this thesis, whenever it is possible, we will compare our results with the
literature, or establish lower bounds, in order to obtain an insight of the relevance of our
algorithms.

An important tool to derive convergence rates of optimization algorithms is the com-
plexity of the problem at hand. The more complex the problem (or the less specified),
the slower the algorithms. For example, trying to minimize an arbitrary function over R¢
is much more complicated than minimizing a differentiable and strongly convex function.
In this thesis, the complexity of a problem will often be characterized by measures of the
regularity of the functions we consider: the more regular, the easier the problem. Thus
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each chapter will begin with a set of assumptions that will be made on the problem, in
order to make it tractable and to derive convergence results. We will see how relaxing
some of the assumptions will impact the convergence rates. For example, in Chapter 3
and Chapter 4 we will establish convergence rates of stochastic optimization algorithms
depending on the exponent of the Lojasiewicz inequality (Lojasiewicz, 1965; Karimi et al.,
2016). We will see that varying this exponent increases or decreases the complexity of the
problem, thus influencing to the convergence rates we obtain. However real-life problems
and applications are not always convex or smooth and do not always verify such inequal-
ities. For example, stochastic optimization algorithms such as SGD have often known
guarantees (Bach and Moulines, 2011) in the convex (or even strongly convex) setting,
whereas very few results are available in the non-convex setting, which is nevertheless the
most common case, for example in deep learning applications. Tackling those issues will
be one of the challenges of this thesis.

The actual performances of an optimization algorithm can be considerably better than
the theoretical rates that can be proved. This is typically the case of the aforementioned
stochastic optimization algorithms which are extensively used in deep learning without
proven convergence guarantees. In order to compare against reality we will illustrate the
convergence results we obtain in this thesis with numerical experiments.

In the rest of this opening chapter we will present the different statistical learning and
optimization problems that we have studied in this thesis, as well as the main mathemat-
ical tools needed. We will conclude with a detailed chapter-by-chapter summary of the
contributions of the present thesis and a list of the publications it has led to.

2 Presentation of the problems

2.1 Stochastic contextual bandits (Chapter 1)

Consider a decision maker who has access to K € N* arms, each corresponding to an
unknown probability distribution v;, for i € {1,..., K'}. Suppose that at each time step
t € {1,...,T}," the decision maker can sample one of those arms i; € {1,..., K} and
(it)

receives a reward Y, "’ distributed from v;,, of expectation p;,. The goal of the decision

maker is then to maximize his cumulative total reward Y7, Yt(it). Since the rewards are
stochastic we will rather aim at maximizing the expected total reward E [Zle uit} , where

the expectation is taken on the randomness of the decision maker’s actions. Consequently
we are usually interested in minimizing the regret (or more precisely the “pseudo-regret”)

T
R(T) =T max pi —E L; mt] : (1)
This is the classical formulation of the “Stochastic Multi-Armed Bandit problem” (Bubeck
and Cesa-Bianchi, 2012) which can be solved with the famous Upper-Confidence Bound
(UCB) algorithm introduced by Lai and Robbins (1985).

This problem can be used to model various situations where an “exploration vs. ex-
ploitation” trade-off has to be found. This is for example the case in clinical trials or online
advertisement where one wants to evaluate the best ad to display while maximizing the
number of clicks. However such a setting seems too limited to propose an appropriate
solution to the clinical trials problem or to the online advertisement problem. Indeed,

!The time horizon T' € N* is supposed here to be known, even if the so-called “doubling trick” (Auer
et al., 1995) could circumvent this issue.
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all patients or Internet users do not behave the same way, and an ad can be well-suited
for someone and completely inappropriate for someone else. We see here that the afore-
mentioned setting is too restricted, an in particular the hypothesis that each arm ¢ has
a fixed expectation p; is unrealistic. For this reason we need to introduce a context set
X =0, l}d which corresponds to the different possible profiles of patients or web users
of our problem. Each context x € X characterizes a user and we now suppose that the
rewards of the K arms depend on the context x. This problem, known as bandits with
side information (Wang et al., 2005) or contextual bandits (Langford and Zhang, 2008),
models more accurately the clinical trials or online advertisement situations. We will
now suppose that at each time step ¢ € {1,...,T}, the decision maker is given a random

context variable X; € X and has to choose an arm i; whose reward Y;(Zt) will depend on
the context variable X;. We denote therefore for each i € {1,..., K}, p; : X — R the
conditional expectation of the reward of arm ¢ with respect to the context variable X,
which is now a function of the context x:

EY®|X = 2] = pi(x), forallze X .

In order to take full advantage of the context variables, we have to make some regularity
assumptions on the reward functions. We want indeed to ensure that the rewards of an
arm will be similar for two close context values (i.e., two similar individuals). A way
to model this natural assumption is for example to suppose that the u; functions are
Lipschitz-continuous. This setting of nonparametric contextual stochastic bandits has
been studied by Rigollet and Zeevi (2010) for the case of K = 2 and then by Perchet and
Rigollet (2013) for the general case. In this setting the objective of the decision maker
is to find a policy m : X — {1,..., K}, mapping a context variable to an arm to pull.
Of course, as in classical stochastic bandits, the action chosen by the decision maker will
depend on the history of the previous pulls. We can now define the optimal policy 7* and
the optimal reward function p* which are

7 (x) € argmax p;(z) and p*(z) = max pi(x).
€{l,...,K} ie{1,...,K}

This gives the following expression of the regret after T' samples:

T

R(T) = Y B [ (X0) = iy (X0)] - (2)
t=1

Even if (2) is very close to (1), one of the difficulties in minimizing (2) is that one cannot
expect to collect several rewards for the same context value since the context space can
be uncountable.

In nonparametric statistics (Tsybakov, 2008) a common idea to estimate an unknown
function f over X is to use “regressograms”, which are piecewise constant estimators of
the function. They work similarly to histograms, by using a partition of X into bins
and by estimating f(x) by its mean value on the corresponding bin. Regressograms are
an alternative technique to Nadaraya-Watson estimators (Nadaraya, 1964; Watson, 1964)
which rather use kernels as weighting functions instead of fixed bins.

A possible solution to the problem of stochastic contextual bandits is to draw inspi-
ration from these regressograms and to use a partition of the context space X into bins
and to treat the contextual bandit problem as separate independent instances of classical
stochastic (without context) bandit problems on each bin. This is done by running a clas-
sical bandit algorithm such as UCB or ETC (Even-Dar et al., 2006) separately on each
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of the bins, leading for example to the “UCBogram” policy (Rigollet and Zeevi, 2010).
Such a strategy is of course possible only because of the smoothness assumption we have
previously done, which ensures that considering the reward functions p; constant on each
bin does not lead to a high error.

Instead of assuming that the p; functions are Lipschitz-continuous, Perchet and Rigol-
let (2013) make a weaker assumption that is very classical in nonparametric statistics,
and assume that the p; functions are §-Holder for 8 € (0, 1], meaning that for all
ic{l,...,K}, forall (z,y) € X2,

i(x) — pi(y)| < Lz —yl|®

and obtain under this assumption the following classical bound on the regret R(7") (where
we only kept the dependency in 7', and not in K)

R(T) < T1-8/(28+d)

Now that we have a solution for the contextual stochastic bandit problem we can wonder
whether this setting is still realistic. Indeed, let us take again the example of online
advertisement. Suppose that an online advertisement company wishes to use a contextual
bandit algorithm to define its policy. The company was using other techniques but does
not want to risk to lose too much money by setting up a new policy. This situation
is part of a much wider problem which is known as safe reinforcement learning (Garcia
and Fernandez, 2015) which deals with learning policies while respecting some safety
constraints. In the more specific domain of bandit algorithms, Wu et al. (2016) have
proposed an algorithm called “Conservative UCB” whose goal is to run a UCB algorithm
while maintaining uniformly in time a guarantee that the reward achieved by this UCB
strategy is at least larger than 1 — a times the reward that would have been obtained
with a previous strategy. In order to do that the authors’ idea is to add an additional
arm corresponding to the old strategy and to pull it as soon as there is a risk to violate
the reward constraint. In Chapter 1 we will adopt another point of view on this problem:
instead of imposing a constraint on the reward we will add a regularization term to force
the obtained policy to be close to a fixed policy chosen in advance.

In bandit problems the decision maker has to choose actions in order to maximize a
reward but he is generally not interested in precisely estimating the mean value of each
of the arms. This is a different problem that also has its own interest. However the task
of estimating the mean of each of the arms is not compatible with the one of maximizing
the reward, since one also has to sample the suboptimal arms. In the next section we will
discuss a generalization of this problem which consists in wisely choosing which arm to
sample in order to maximize the knowledge about an unknown parameter (which can be
the vector of the means of all the arms).

2.2 From linear regression to online optimal design of experiments
(Chapter 2)

Let us now consider the widely-studied problem of linear regression. In this problem a
decision maker has access to a dataset of input/output pairs {(z;,y;)},_; ,, of n obser-
vations, where (z;,y;) € RP x R for every ¢ € {1,...,n}. These data points are assumed
to follow a linear model:

Vie{l,...,n},yi:xjﬁ*—i—ei,
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where 8* € RP is the parameter vector’ and ¢ = (e1,...,&,) " is a noise vector which
models the error term of the regression. In the following we will assume that this noise is
centered and that is has finite variance:

ViE{l,...,n},E[sﬂ =02 <o00.

We first consider the homoscedastic case, meaning that o? = o2 for all i € {1,...,n}. In
order to deal with linear regression problems, one usually introduces the “design matrix”
X and the observation vector Y defined as follows

I w
X= : ER™P and Y=|:|eR",
:E?'—Ll— oo yTL

which gives
Y =Xp"+¢.

The goal of linear regression is to estimate the parameter 5* by a § € RP in order to
minimize the least squares error L(/3) between the true observation values y; and the
predicted ones Xi—r B:

n

L(B) = (i — ] B)? = ||y —XB]l5 .

i=1

We define then 8 £ arg mingcgy, L(B) as the optimal estimator of 4*. Using standard
computations we obtain the well-known formula of the Ordinary Least Square (OLS)
estimator:

f=X"X)"XTYy,
giving the following relation between S* and j:
B=p+XTX)xTe.

Consequently, the covariance matrix of the estimation error g* — B is
n -1
@2 B[~ )5 - A7) =T = (Sl )
i=1

which characterizes the precision of the estimator B.

As demonstrated above, linear regression is a simple and well-understood problem.
However it can be the starting point of several more complex and more interesting prob-
lems. Let us for example assume that the vectors z1,...,x, are not fixed any more, but
that they rather could be chosen among a set of candidate covariate vectors of size K > 0
{X1,...,Xk}. The decision maker has now to choose each of the of the x; as one of the
X}, (with the possibility to choose several times the same X}). The motivation comes from
situations where one can perform different experiments (corresponding to the covariates
X1,...,XKk) to estimate an unknown vector 5*. The goal of the decision maker is then
to choose appropriately the experiments to perform in order to minimize the covariance

20ne can add an intercept term and assume that y; = 85 + z; 8* + €5, with 8* € RP*! which does
not alter much the discussion of this section.
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matrix €2 of the estimation error. Denoting n; the number of times that the covariate
vector X has been chosen, one can rewrite

n -1
Q=o? (anXkX;> .

k=1

This problem, as formulated above, is known under the name of “optimal experiment
design” (Boyd and Vandenberghe, 2004; Pukelsheim, 2006). Minimizing Q is an ill-
formulated problem since there is no complete order on the cone of positive semi-definite
matrices. Therefore several criteria have been proposed, see (Pukelsheim, 2006), among
which the most used are the D-optimal design which aims at minimizing det(€2), the E-
optimal design which minimizes ||€2||, and the A-optimal design whose goal is to minimize
Tr(£2), all these minimization problems being under the constraint that S>5 | nj, = n. All
of them are convex problems, which are therefore easily solved, if one relaxes the integer
constraint on the ny.

Let us now remove the homoscedasticity assumption and consider the more general
heteroscedastic setting where the variances of the points X}, are not supposed to be equal.
The covariance matrix {2 becomes then

n -1
Q= <Z %ka,j ) .
k=1 "k

Note that the heteroscedastic setting corresponds actually to the homoscedastic one with
the X} rescaled by 1/0} and therefore the previous analysis still applies. However it
becomes completely different if the variances o are unknown. Indeed minimizing €2 with
unknown variances requires to estimate these variances. However using too many samples
to estimate the values of o, can increase the value of 2. We face therefore again in this
setting an “exploration vs. exploitation” dilemma. This setting corresponds now to online
optimal experiment design, since the decision maker has to construct sequentially the best
experiment plan by taking into account the feedback gathered so far about the previous
experiments. It is also close to the “active learning” setting where the agent has to choose
which data point to label or not. As explained in (Willett et al., 2006) there are two
categories of active learning: selective sampling where the decision maker is presented a
series of samples and chooses which one to label or not, and adaptive sampling where
the decision maker chooses which experiment to perform based on previous results. The
setting we described above corresponds to adaptive sampling applied to the problem of
linear regression. Using active learning can have many benefits compared to standard
offline learning. Indeed some points can have a very large variance and obtaining precise
information requires therefore many samples thereof. Using active learning techniques for
linear regression should therefore improve the precision of the obtained estimator.

Let us now consider the simpler case where p = K and where the points X are
actually the canonical basis vectors ey, ..., ex of RE. If we note also p £ 3*, we see that
X ,;r 6 = eg,u, = up and we can identify this setting with a multi-armed bandit problem
with K arms of means p1,..., ux. The goal is now to obtain estimates fi1, ..., fix of the
means ji1,..., M of each of the arms. This is setting has been studied by Antos et al.
(2010) and Carpentier et al. (2011) with the objective to minimize

éf}fiSXKE [(Nk - ﬂk:)ﬂ :

which corresponds to estimating equally well the mean of each arm. Another criterion
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that could be minimized instead of the £>°-norm of the estimation errors is their ¢2-norm:

K K A
> E [(Hk - ﬂkz)2] =E [Z(ﬁﬁ - ﬁk)Q] =E U
k=1

k=1

o=l

Note that this problem is very much related to the optimal experiment design problem
presented above since E[||* — 3|3] = Tr(€2). Thus minimizing the ¢2-norm of the estima-
tion errors of the means in a Multi-Armed Bandits (MAB) problem corresponds to solving
online an A-optimal design problem. The solutions proposed by Antos et al. (2010) and
Carpentier et al. (2011) can be adapted to the £2-norm setting, and leverage ideas that are
common in the bandit literature to deal with the exploration wvs. exploitation trade-off.
Antos et al. (2010) use a greedy algorithm that samples the arm k& maximizing the current
estimate of E [(ux — fig)?] while using forced sampling to maintain each ny, greater than
ay/n, where a > 0 is a well-chosen parameter. In this algorithm the forced sampling guar-
antees to explore the options that could have been underestimated. In (Carpentier et al.,
2011) the authors use a similar strategy since they pull the arm that minimizes 6,% /g
(which estimates E [(ur — fix)?]) corrected by a UCB term to perform exploration. Both
strategies obtain similar regret bounds which scale in O(n~3/2). However they heavily
rely on the fact that the covariates X1,..., X form the canonical basis of RX. In order
to deal with the general setting one will have to use more sophisticated ideas.

We have seen that actively constructing a design matrix for linear regression requires
to use stochastic convex optimization techniques. In the next section we will actually ex-
hibit more fundamental links between active learning and stochastic convex optimization,
highlighting the fact that both fields are deeply related to each other.

2.3 Active learning and adaptive stochastic optimization (Chapter 3)

Despite their apparent differences the fields of stochastic convex optimization and active
learning bear many similarities beyond their sequential aspect. Feedback is indeed central
in both fields to decide which action to choose, or which point to explore. The links
between active learning and stochastic optimization have been exhibited by Raginsky
and Rakhlin (2009) and then further explored by Ramdas and Singh (2013a,b) among
others, who present an interesting relation between the complexity measures used in active
learning and in stochastic convex optimization. Consider for example a (p, pt)-uniformly
convex differentiable function f on [0, 1] (Zalinescu, 1983; Juditsky and Nesterov, 2014)
i.e., a function verifying, for p > 0 and p > 2,

V(z,y) € 0,1, f(y) = f(z) + (Vf(x),y —z) + % lz—yl” .

Suppose now that one wants to minimize this function f over [0, 1] 7.e., to find its minimum
x* that we suppose to lie in (0,1). We have, for all z € [0, 1],

@)= @) 2 & lle Il .

Notice that this condition is very similar to the so-called Tsybakov Noise Condition (TNC)
which arises in statistical learning (Castro and Nowak, 2008).

Consider now the standard classification task on [0,1]: a decision maker has access
to a dataset D = {(X1,Y1),...,(Xp,Yn)} of n independent random copies of (X,Y) €
[0,1] x {—1,+41}, where Y; is the label of the point X;. His goal is to learn a decision

3More details on uniformly convex functions will be given in Section 3.2.2.
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function g : [0,1] — {—1,+1} minimizing the probability of classification error, often
called risk
R(g) =P (g(X) #Y) .

It is well known that the optimal classifier is the Bayes classifier g* defined as follows

g (z) =20 (p)>12 — 1,

where n(x) = P(Y =1|X = x) is the posterior probability function. We say that n
satisfies the TNC with exponent x > 1 if there exists A > 0 such that

Vo € [0,1], [n(z) = 1/2[ = Az — 2*||" .

Now, go back to the minimization problem of the uniformly convex function f on [0, 1].
Suppose we want to use a stochastic first order algorithm i.e., an algorithm that has
access to an oracle giving noisy evaluations g(x) of V f(z) at each step. Suppose also for
simplicity that §(z) = Vf(x)+ z where z is distributed from a standard gaussian random
variable independent of x. Moreover, observe that f/(x) <0 for x < z* and f'(z) > 0 for
x > x* since f is convex. We can now notice that if all points = € [0, 1] are assigned a label
equal to sign(g(z)) then the problem of minimizing f is equivalent to the one of finding
the best classifier of the points on [0, 1], since in this case n(z) =P (§(z) > 0]x) > 1/2 iff
T > x*.
The analysis conducted by Ramdas and Singh (2013b) shows that for = > z*,

n(x ) P(g(x) = 0] z)
P(f'(z)+2z>0]|x)
P(z20)+P(z € [-f(2),0])
21/2+)\f(a:) for A\ >0,
and similarly for x < z*,
n(z) = 1/2+ Alf'(2)] .

Using Cauchy-Schwarz inequality, the convexity of f and finally its uniform convexity we
obtain that

Vi@)lle — 2™ = (Vf(2),x —a") = f(z) - f(27) =

This finally shows that

=

[l — 2"

A
va € [0,1], In(2) = 1/2] = 5 la — |0

meaning that 7 satisfies the TNC with exponent kK = p — 1 > 1. This simple analysis
exhibits clearly the links between actively classifying points in [0, 1] and optimizing a
uniformly convex function on [0, 1] using stochastic first-order algorithms. In (Ramdas
and Singh, 2013a) the authors leverage this connection to derive a stochastic convex
optimization algorithm of a uniformly convex function only using noisy gradient signs, by
running an active learning subroutine at each epoch.

An important concept in both active learning and stochastic optimization is to quan-
tify the convergence rate of any algorithm. This rate generally depends on regularity
measures of the objective function and in the aforementioned setting it will depend either
on the exponent x in the Tsybakov Noice Condition or on the uniform convexity constant
p. Ramdas and Singh (2013b) show for example that the minimax function error rate
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of the stochastic first-order minimization problem of a p-uniformly convex and Lipschitz
continuous function is 2 (n*p/ (QP*Q)) where n is the number of oracle calls. Remark that

we recover the Q(n~!) rate of strongly convex functions (p = 2) and the Q(n~'/2) rate
of convex functions (p — oo0). Note moreover that this convergence rate shows that the
intrinsic difficulty of a minimization problem is due to the local behavior of the func-
tion around the minimum x*: the bigger p, the flatter the function and consequently the
harder the minimization.

One major issue in stochastic optimization is that one might not know the actual reg-
ularity of the function to minimize, and more particularly its uniform convexity exponent.
Despite this fact many algorithms rely on these values to adujst their own parameters. For
example the algorithm EpochGD (Ramdas and Singh, 2013b) leverages the — unrealistic
in practice — knowledge of p to minimize the function. This is why one actually needs
“adaptive” algorithms that are agnostic to the constants of the problem at hand but that
will adapt to them to achieve the desired convergence rates. Building on the work (Nes-
terov, 2009), Juditsky and Nesterov (2014) and Ramdas and Singh (2013a) have proposed
adaptive algorithms to perform stochastic minimization of uniformly convex functions.
They obtained the same convergence rate O(n*p/ (20=2))but this time without using the
knowledge of p. Both of these algorithms used a succession epochs where an approximate
value of x* is computed using averaging or active learning techniques.

Despite the fact that stochastic convex optimization is often performed using first-
order methods i.e., with noisy gradient feedback, other settings can be interesting to
consider. For example in the case of noisy zeroth-order convex optimization (Bach and
Perchet, 2016) one has to optimize the function using only noisy values of the current
evaluation point f(x;) + . This corresponds actually to using “bandit feedback” i.e., to
knowing only a noisy value of the chosen point, to optimize the function f. Generally
when speaking of bandit feedback one is more interested in minimizing the regret

T
R(T) =Y flxe) — f(z¥)

t=1
rather than the function error f(Zr) — f(x*). The former is actually more challenging
because the errors made at the beginning of the optimization stage count in the regret.
This problem of stochastic convex optimization with bandit feedback has been studied
by Agarwal et al. (2011) who proposed for the 1D case an algorithm sampling three
equally-spaced points z; < x. < x, in the feasible region, and which discards a portion of
the feasible region depending on the value of f on these points. This algorithm achieves
the optimal rate of (5(\/T ) regret. The idea developed by Agarwal et al. (2011) have
similarities with the binary search, except that they discard a quarter of the feasible
region instead of half of it. We also note that some algorithms performing active learning
or convex optimization with gradient feedback actually use binary searches. It is for
example the case of (Burnashev and Zigangirov, 1974) on which the work of Castro and
Nowak (2006) is built.

It is interesting to see that stochastic optimization methods using gradient feedback
usually aim at minimizing the function error, while it could also be relevant to minimize
the regret as in the bandit setting. It is for example the case in the problem of resource
allocation that we will define later.

We have discussed so far of many stochastic optimization algorithms using first-order
gradient feedback. In the next section we will study the well-known gradient descent
algorithm and its stochastic counterpart with an emphasis on the convergence rate of the
last point iterate f(xp) — f(x*).
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2.4 Gradient Descent and continuous models (Chapter 4)

Consider the minimization problem of a convex and L-smooth? function f : R¢ — R:

min f(z) . (3)

There exist plenty of methods to provide solutions to this problem. The most used
ones are likely first-order methods i.e., methods using the first derivative, as gradient
descent, to minimize the function f. These methods are very popular today because of
the constantly increasing sizes of the datasets, which rule out second-order methods (as
Newton’s method).

The gradient descent algorithm starts from a point 2o € R% and iteratively constructs
a sequence of points approaching z* = arg min, g« f(z) based on the following recursion:

Tpt1 =z — NV f(zg) withn=1/L. (4)

Even if there exists a classical proof of convergence of this gradient descent algorithm,
see (Bertsekas, 1997) for instance, we propose here an alternative proof based on the
analysis of the continuous counterpart of (4). Consider a regular function X : R, — R?
such that X (kn) = xy for all £ > 0. Using a Taylor expansion of order 1 gives

Tpy1 — T = —nV f(zp)
X((k+1)n) — X(kn) = —nV f(X(kn))
nX (kn) + o(n) = =V f(X (kn))
X (kn) = =V f(X(kn)) +o(1)

suggesting to consider the following Ordinary Differential Equation (ODE)
X(t)=-Vf(X(1), t>0. (5)

The ODE (5), which is the continuous counterpart of the discrete scheme (4), can be
easily analyzed by considering the following energy function, where f* = f(z*),

E(t) 2 t(f(X (1) — )+ % 1X () — 2|1

Differentiating £ and using the convexity of f give, for all ¢ > 0,

(1)) = F* + H{VF(X(0), X () + (X(1) — 2%, X (1))
(6)) = f* = tIVAXD)* = (VF(X (), X () —2*)
< —tIVAXE)IF<0.

£'(t)

X

X

Consequently £ is non-increasing and for all ¢t > 0, we have t(f(X(t)) — f*) < &(t) <
1

£(0) = 5 | X (0) — 2*||>. This gives the following proposition

Proposition 1. Let X : RY — R be given by (5). Then for allt >0

* 1 *
FX@) = f7 < 5 1X(0) — [

4A L-smooth function is a function whose gradient is L-Lipschitz-continuous.
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We now want to transpose this short and elegant analysis to the discrete setting. We
propose therefore to introduce the following discrete energy function

1
Ek) = kn (f(zx) = f(@")) + 5 llzx — .
First state and prove the following lemma.

Lemma 1. If z; and xp.q are two iterates of the gradient descent scheme (4), it holds

that
1

1 2
flre) < fla*) + 5<ka+1 — g, T — Tp) — 2 @1 — x| (6)
Proof. We have 1 = 2 — 0V f(xy) which gives V f(zy) = Lk~ Tkt
The descent lemma (Nesterov, 2004, Lemma 1.2.3) and then the convexity of f give
L
F@rsn) < flar) + (Vf(zn), 2hp1 = 26) + 5 e = i

. . Tk — T 1
< 1@+ (VI @)an = a%) + (5 5 me — ) + o o — o

1 1
< f(a*) + 5<$k+1 —xp, " — xp) — % Zk+1 — $k||2 .

O
This second lemma is immediate and well-known
Lemma 2. If z;, and x;11 are two iterates of the gradient descent scheme with have
1 2
f@py1) < flog) — o7 |ep1 — 22" - (7)
Proof. The descent lemma (Nesterov, 2004, Lemma 1.2.3) gives
L
F@rrs) < flae) +(VF(@r) 21 = 2) + 5 2041 — )
1
< flaw) - o [E e
O

Let us now analyze £(k). Multiplying Equation (6) by 1/(k + 1) and Equation (7) by
k/(k + 1) we obtain

k 1 1
f(@p41) < mf(xk) + mf(l“*) ~ o |zks1 — 2l
11 X
+k+1ﬁ<$k+1—$k7l’ - Tg)
k 1
Flaen) = f@) < o= (flaw) — £(27)) = % [l
11 X
+k+1ﬁ<$k+1_$k’x - Tg)
(k+1)n (f (@r41) = f(27) < kn (f(zr) — f(27)) = k; ! 2kr1 — 2el” + (har — 2, 2 — 1) -
We note Ay, £ (k+1)n (f(zx11) — f(@*)) = kn (f(zx) — f(z)). Tt gives

E+1

Ap < - |zks1 — zpl)® + (@per — 2p, 2 — a)
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k+1
< 5 (= llwwr = 21 = llan = 2*° + 2wnss —2*, 20 —2¥))
+ (wrr — 272" — ) + g — 2
E+1 k-1

<

lzpsr — 2| — g — a1 + k(zpsr —a*,2p — 2%) .

2

Thus we have
E(k+1) = (k+ Dn(f(zr1) — f(2)) + % [

<k (flow) — 1) ~
+ k(xgs1 — %,z — %)

k

<&(k) -5

k
< E(k) = 5 lows — wil|* < E(k) .

2 2
| |

k 1
[ 5 e =217+ 5 llag — 2*

e N e )

1
This shows that (£(k))x>0 is non-increasing and consequently £(k) < £(0) = 5 |zo — 2*|°.
This allows us state the following proposition, which is the discrete analogous of Propo-

sition 1.

Proposition 2. Let (x1)ren be given by (4) with f : R? — R convex and L-smooth. It
holds that for all k > 1,

Flaow) = ) < 5 llmo — o

With this simple example we have demonstrated the interest of using the continuous
counterpart of a discrete problem to gain intuition on a proof scheme for the original
discrete problem. Note that the discrete proof is more involved than the continuous
one, and that will always be the case in this manuscript. One reason is that we can
compute the derivative of the energy function in the continuous case, whereas this is
not possible in the discrete setting. In order to circumvent this we can use the descent
lemma (Nesterov, 2004, Lemma 1.2.3) which can be seen as a discrete derivative, but at
the price of additional terms and computations.

Following these ideas, Su et al. (2016) have recently proposed a continuous model
of the famous Nesterov accelerated gradient descent method (Nesterov, 1983). Nesterov
accelerated method is an improvement over the momentum method (Polyak, 1964) which
was already an improvement over the standard gradient descent method, which actually
goes back to Cauchy (1847). The idea behind the momentum method is to dampen
oscillations by using a fraction of the past gradients into the update term. By doing that,
the update uses an exponentially weighted average of all the past gradients and smooth the
sequence of points since it will mainly keep the true direction of the gradient and discard
the oscillations. However, even if momentum experimentally fastens gradient descent, it
does not improve its theoretical convergence rate given by Proposition 2, contrarily to
Nesterov’s accelerated method, which can be stated as follows

Try1 =ye —nVf(yr) withn <1/L
k—1 : (8)

(g, — p—1)

Yk =TRE TS

Nesterov’s method still uses the idea of momentum but together with a lookahead com-
putation of the gradient, which leads to an improved rate of convergence:
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Theorem 1. Let f be a conver and L-smooth function. Then Nesterov’s accelerated
gradient descent method satisfies for all k > 1

P
Flaw) - fla) < 2200 27

This convergence rate which improves the one of Proposition 2 matches the lower
bound of (Nesterov, 2004, Theorem 2.1.7), but the proof is not very intuitive, nor the
ideas leading to scheme (8). The continuous scheme introduced by Su et al. (2016) provides
more intuition on the acceleration phenomenon by proposing to study the second-order
differential equation

3} 3

X(t)+¥X(t)+Vf(X(t)) =0, t>0.

The authors prove the following convergence rate for the continuous model:

_ 20X O — o)

for all t > 0, f(X(t)) — f* 12 )

again by introducing an appropriate energy function, which they choose to be in this
case £(t) = 2 (f(X(t)) — f*) + 2| X (¢) + tX(t)/2 — *|?> and which they prove to be
non-increasing.

After having investigated the gradient descent algorithm and some of its variants, a
natural line of research is to consider the stochastic case. One important use case of
gradient descent is indeed machine learning, and more particularly deep learning, where
variants of gradient descent are used to minimize the loss functions of neural networks
and to learn the weights of these neurons. In deep learning applications, practitioners are
usually interested in minimizing a function f of the form

1
flz)= NZfz(l") ) (9)
i=1

where f; is associated with the i-th observation of the training set (of size N, usually
very large). Consequently computing the gradient of f is very costly since it requires to
compute the N gradients V f;. In order to accelerate training one usually uses stochastic
gradient descent by approximating the gradient of f by V f; with ¢ chosen uniformly at
random between 1 and N. A compromise between this choice and the standard classical
gradient descent algorithm is to use “mini-batches” which are small sets of points in
{1,..., N} to estimate the gradient:

| M
Vf(z) =~ i > Ve (),
i-1

where o is a permutation of {1,..., N} and M is the size of mini-batch. Both of these
choices provide approximations §(z) of the true gradient V f(z), and since the points
used to compute those approximations are chosen uniformly at random we have E [§(x)] =
V f(z). Using these stochastic approximations of V f(z) instead of the true gradient value
in the gradient descent algorithm leads to the “Stochastic Gradient Descent algorithm”
(SGD), which has a more general formulation than the one derived above. SGD can
indeed be used to deal with the minimization problem (3) with noisy evaluations of V f
for a wider class of functions than the ones of the form (9).

26



Obtaining convergence results for SGD is more challenging than for gradient descent,
due to the stochastic uncertainties. In the case of SGD, the goal is to bound E [f(zx)] — f*
because the sequence (z)r>0 is now stochastic. Convergence results in the case where
f is strongly convex are well-known (Nemirovski et al., 2009; Bach and Moulines, 2011)
but convergence results in the convex case are not as common. Most of the convergence
results in the convex case are indeed obtained for the Polyak-Ruppert averaging framework
(Polyak and Juditsky, 1992; Ruppert, 1988) where instead of considering the last iterate
TN, convergence rates are derived for the average Ty defined as follows

1 N

Obtaining convergence rates in the case of averaging, as done by Nemirovski et al. (2009),
is easier than obtaining non-asymptotic convergence rates for the last iterate. Indeed if
one is able to derive non-asymptotic rates for the last iterate, using Jensen inequality
directly gives the convergence results in the averaged setting. Note moreover that all
the algorithms presented in Section 2.3 do not consider the final iterate but rather some
averaged version of the previous iterates. To the author’s knowledge there is no general
convergence results in the convex and smooth case for SGD. One of the only results for
the last iterate is obtained by Shamir and Zhang (2013) who assume compactness of the
iterates, a strong assumption. Moreover Bach and Moulines (2011) conjectured that the
optimal convergence rate of SGD in the convex case is @(k~'/3), which we disprove in
Chapter 4.

3 Outline and contributions

This thesis is be divided into four chapters, each corresponding to one distinct problem.
Each of these chapters led to a publication or a pre-publication. We decided to group the
first three chapters in a first part about sequential learning, while the last chapter will
be the object of a second part, which is quite different, about stochastic optimization.
Chapter 3 can be seen as a link between both parts.

We present in the following a summary of our main contributions and of the results
obtained in the next chapters of this thesis. The goal of the following sections is to
summarize our results, not to give exhaustive statements of all the hypotheses and theo-
rems. We tried to keep this part easily readable and refer the reader to the corresponding
chapters to obtain all the necessary details.

3.1 Part I Chapter 1

In this chapter we study the problem of stochastic contextual bandits with regularization,
with a nonparametric point of view. More precisely, as introduced in Section 2.1, we
consider a set of K € N* arms with reward functions p; : X — R corresponding to
the conditional expectations of the rewards of each arm given the context values drawn
uniformly at random from a set X = [0,1]%. We assume that each of these functions is
B-Holder continuous and, denoting p : X — AX the occupation measure of each arm we
aim at minimizing the loss function

L) = [ (@) (@) + Ma)p(p(@) da

27



where A is the unit simplex of R¥, p : AKX — R is a convex regularization function
(typically the entropy) and A : X — R is a regularization parameter function. Both are
supposed to be differentiable and chosen by the decision maker.

We denote by p* the optimal proportion function

p*= arginf L(p),

pe{f: X—AK}
and we design in Chapter 1 an algorithm whose aim is to produce after T iterations a
proportion function (or occupation measure) pr minimizing the regret

R(T) = E[L(pr)] — L(p") -

Since pr is actually the vector of the empirical frequencies of each arm, R(T') has to be
considered as a cumulative regret.

We analyze the proposed algorithm to obtain upper bounds on this regret under
different assumptions. The algorithm we propose uses a binning of the context space and
solves separately a convex optimization problem on each bin.

We begin by establishing slow rates for constant A under mild assumptions. We call
“slow rates” convergence results slower than O(T~'/2) (and conversely by “fast rates”
convergence bounds faster than O(T~1/2)).

Theorem 2. If )\ is constant and p is a convexr and smooth function we obtain the
following slow bound on the regret after T' > 1 samples:

0= (i)

If we further assume that p is strongly convex and that the minimum of the loss
function on each bin is reached far from the boundaries of AKX, then we can obtain faster
rates.

Theorem 3. If X\ is constant and p is a strongly convex and smooth function and if L
reaches its minimum far® from OAK, we obtain the following fast bound on the regret
after T'> 1 samples:

w0 <0 ()

However this fast rate hides a multiplicative constant involving 1/ and 1/n (where
n is the distance of the optimum to OAX) which can be arbitrarily large. We consider
therefore also the case where A is a function of the context value, meaning that the agent
can modulate the weight of the regularization depending on the context. In that case the
distance of the optimum to the boundary will also depend on the context value and we
define the function 7 as follows

n(z) = dist(p* (), 0AF) ,

where p*(x) € AK is the point where (p — (u(x),p) + A(x)p(p)) reaches its minimum. In
order to remove the dependency in A and 7 in the bound of the regret, while achieving
faster rates than the ones of Theorem 2, we have to consider an additional assumption
limiting the possibility for A and 7 to take small values (that lead to large constant factors
in Theorem 3). This is classical in nonparametric estimation and we make therefore the
following assumption known as a “margin condition”:

®See Section 1.4.2 for a more precise statement.
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Assumption 1. There exist 61 > 0, 03 >0, a > 0 and C,, > 0 such that
Vo € (0,61], Px(M(z) < ) < Cpnd® and Vo € (0,8)], Px(n(z) < 6) < C,pd® .

This condition involves a margin parameter « that controls the difficulty of the prob-
lem and allows us to obtain intermediate convergence rates that interpolate perfectly
between the slow and the fast rates, without any dependency in n or A.

Theorem 4. If p is a convex function then with a margin condition of parameter a € (0,1)
we obtain the following rates for the regret after T > 1 samples

—L_(1+a)
T 2B8+d
=0 () )

We can wonder whether the convergence results obtained in the three theorems pre-
sented above are optimal or not. Note first that the convergence rates we obtain are clas-
sical in nonparametric estimation (Tsybakov, 2008). Moreover we derive a lower bound
on the considered problem showing that the fast upper bound of Theorem 3 is optimal
up to the logarithmic terms.

Theorem 5. For any algorithm with bandit input and output pr, for p that is strongly
convex and p B-Holder, there exists a universal constant C' such that

inf sup {E[L(pr)] — L(p*)} > CT 757 |
P opp

We conclude the chapter with numerical experiments on synthetic data to illustrate
empirically our convergence results.

3.2 Part I Chapter 2

In this chapter we consider the problem of actively estimating a design matrix for linear
regression, detailed in Section 2.2. Our goal is to obtain the most precise estimate of the
parameter 8* of the linear regression i.e., to produce with T samples an estimate 3 which
minimizes the 2-norm E[||8* — B||2]. If we introduce the matrix

K
Qp) = > (pr/op) Xu Xy
=1

for p € AKX, our problem corresponds to minimizing the trace of its inverse (which is the
covariance matrix), since

E (I8 - 5°17) = (@) ™)

This shows that our problem consists actually in performing A-optimal design in an
online manner. More precisely we introduce the loss function L(p) = Tr(Q(p)~!) which is
strictly convex and which admits therefore a minimum p*. Our goal is then to minimize
the regret of the algorithm i.e., the gap between the achieved loss and the best loss that
can be reached. We define therefore

1

R(T) =E [|I3 = 5P| - min B[54 ~ 5*|2| = 2 (B [Lrm)] - L") -
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Note that, similarly to Section 3.1, R(T) is again not a simple regret but a cumulative
one.

In Chapter 2 we construct an active learning algorithm building on the work (Berthet
and Perchet, 2017) to solve the problem of online A-optimal design. We obtain a concen-
tration result on the variances of subgaussian random variables and we use it to analyze
our algorithm. Note that in the case where K < d, the matrix op is degenerate and
hence the regret is linear, unless we restrict the analysis to the subspace spanned by the
covariates. Therefore we consider from now on that K > d.

We consider two cases in our analysis. The first one handles the case where the number
K of possible covariates is equal to their dimension d. In this case we know that all the
covariates have to be sampled. The control of the number of samples of each arm that
can be sampled is crucial and our algorithm uses a well-designed pre-sampling phase to
force the loss function to be locally smooth, which helps us to achieve a fast convergence
result.

Theorem 6. In the case where K = d we obtain the following fast rate for all T > 1

bﬁ@»

i o [

We need to mention that this fast rate is hard to obtain. In Section 2.3 we propose
indeed a naive algorithm for our problem using UCB-like techniques and we prove that it
only achieves O(T~3/2) regret.

In the second case where K > d the problem is much more difficult. Different situa-
tions can arise and the optimal allocation p* can be reached either by not sampling some
covariate points, or by sampling all of them. Finding out which is the optimal scenario is
a hard problem justifying the worse upper bound we obtain in this case

Theorem 7. In the case where K > d we obtain the following upper-bound on the regret

forallT > 1
1
mn:o(fﬁﬁ.

This upper bound is not tight as we were able to derive the following lower bound in
the case K > d:

Theorem 8. For any algorithm, there exists a set of parameters such that R(T') 2, T-3/2,

The numerical experiments we perform at the end of Chapter 2 illustrate the fact that
the case where K > d is more challenging and that the optimal convergence rate certainly
lies between T—%/% and T—3/2.

3.3 Part I Chapter 3

In this chapter we study a problem that lies at the boundary between sequential learning
and stochastic convex optimization. We consider the problem of resource allocation which
we formulate as follows. A decision maker has access to a set of K different resources,
on which he can allocate an amount xj, generating a reward fi(zx). At each time step
the agent can only allocate a fixed budget, meaning that Zsz1 xzr, = 1. Consequently the
decision maker receives at each time step ¢t € {1,...,T} the reward

K
Fa®W)y=3%" fk(xz(:)) with 2 = (21", . 73351?) e AR,
=1
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that has to be maximized. Noting z* € A the optimal allocation maximizing F', the goal
of the decision maker can be equivalently restated as minimizing the cumulative regret

1 T K . 1 T
R(T) = F(a") — SN fl@l) = max F(z) - - S Fa®).
t=1

K
t=1 k=1 z€A

Resource allocation has been considered in many fields for centuries and we make therefore
a classical assumption that goes back to Smith (1776) which is known as the “diminishing
returns” assumption that postulates that the reward functions are concave. In this chapter
we assume that the decision maker has also access at each time step to a noisy value of
VF (x(t)) in order to perform minimization, which makes us compete against other first-
order stochastic optimization algorithms.

In order to measure the complexity of the problem at hand we make an additional
assumption that is based on the Lojasiewicz inequality (Lojasiewicz, 1965), which is a
weaker form of uniform convexity. The precise assumption is explained in details in
Section 3.2.3 but we state here a particular case for simplicity

Assumption 2. For allk € {1,--- | K}, fi is p-uniformly concave.

With this assumption we say that we verify “inductively” the Lojasiewicz inequality
with parameter § = Fpl, see Proposition 3.5. The goal of Chapter 3 is to design an
algorithm adaptive to the unknown Yojasiewicz exponent and which minimizes the regret.
Going back to the discussion of Section 2.3 we are interested in the more challenging task
of regret minimization instead of function error minimization, which actually rules out
the algorithms proposed by Juditsky and Nesterov (2014) or Ramdas and Singh (2013a),
which only achieve linear regret.

The algorithm we design uses as its central ingredient the concept of binary search. Let
us sketch it in the simpler case of K = 2 resources. In that case F(x) = fi(z1) + fa(z2) =
fi(m1) + fo(1 —z1) = fi(x) + fo(1 — ) can be seen as a function defined over [0, 1]. The
idea of the algorithm is to sample each query point x a sufficient number of times to
obtain with high confidence the sign of VF(z), which will tell whether x lies to the right
or to the left of *. We run therefore a binary search by discarding half of the search
interval at each epoch. Since points that are far from x* will be sampled a small number
of times, because the sign of their gradient will be quickly found, this algorithm achieves
sublinear regret. It is easy to show that our algorithm achieves @(T‘l) regret in the
strongly concave case, reaching therefore the classical rate of stochastic optimization of
strongly convex functions. In the more general case we obtain the following rate, using
imbricated binary searches.

Theorem 9. Assume that our problem satisfies inductively the Lojasiewicz inequality with
B > 1. Then we obtain the following bound on the regret after T > 1 samples

logs (K)
in the case > 2, E[R(T)] <O (KW) ;

log, (K)+1 B/2
in the case § <2, E[R(T)] <O (K (W)T2> ) '

Note that in the case of Assumption 2, 8 = p/(p — 1) < 2 and we obtain a bound on
the regret which scales as T~?/(2¢=2) which is exactly what was obtained by Ramdas and
Singh (2013a,b) and Juditsky and Nesterov (2014), but this time for the regret and not
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for the function error. As in the previous chapters we also analyze the optimality of the
upper bound obtained in the previous theorem. We prove the following lower bound in
the case where 8 € [1, 2]

Theorem 10. For any algorithm there exists a pair of concave non-decreasing functions
f1 and fo such that

E[R(T)] > csT"7 ,

where cg > 0 is some constant independent of T'.

This result proves that our upper bound is minimax optimal up to the logarithmic
terms. We finally illustrate these theoretical findings with numerical experiments per-
formed on synthetic datasets.

Moreover we also demonstrate how our setting can generalize the case of Multi-
Armed Bandit by considering linear resources. In Section 3.3.5 we retrieve the classical
log(T")/(T'A) rate of Multi-Armed Bandit algorithms.

3.4 Part II Chapter 4

In this chapter we analyze the widely-used algorithm of Stochastic Gradient Descent
(SGD) that was discussed in Section 2.4. Let f : R? — R the objective function to
minimize. We will assume that f is continuously differentiable and smooth, and that we
do not have access to V f(x) but rather to unbiased estimates given by H(z, z) where z
is a realization of a random variable Z on Z of density uz verifying

vz e RY, / H(x,z)duz(z) = Vf(x) .
z
We then define SGD as follows
Xn+1=Xn —y(n+1)""H(Xn, Znt1) (10)

where 7 > 0 is the initial stepsize, a € [0, 1] allows the use of decreasing stepsizes and
(Zn)nen is a sequence of independent random variables distributed from uz. As ex-
plained in Section 2.4 we want to study SGD by performing the analysis of its continuous
counterpart that we show to be the following time-inhomogeneous Stochastic Differential
Equation (SDE)

dX; = —(Ya + 1) {VF(X)dt + 7Y (X)V2dB} (11)

where o = /1", $(2) = pz({H(z, ) = Vf(2) {H(x,) = Vf(2)}T) and (B¢)i>o is a
d-dimensional Brownian motion.

One of the contributions of Chapter 4 is to propose a new method to derive the conver-
gence rates of SGD, by analyzing the corresponding SDE. We argue that this method is
simpler than existing ones. We demonstrate first its efficiency on the case of strongly con-
vex functions. The method we propose consists in using an appropriate energy function
to obtain convergence results in the continuous case, and then to adapt the proof to the
discrete case by using similar techniques. The continuous case gives therefore intuition.
For example we are able to prove the following result in the strongly convex case

Theorem 11. If f is a strongly convex and smooth function then the SGD scheme (10)
with decreasing stepsizes of parameter o € (0,1] has the following convergence speed for
any N > 1,

E || Xy —2*|*] <ON"*.
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Even if this theorem is well-known, the proof we propose is simpler than the one
of Bach and Moulines (2011). In order to prove our results in the continuous case, we use
Dynkin’s lemma (which consists essentially in taking the expectation in Itd’s lemma, see
Lemma 4.13) in order to compute the derivative of the energy function. In the discrete
case, we replace Dynkin’s lemma by the descent lemma (Nesterov, 2004, Lemma 1.2.3)
which is an approximate discrete counterpart of Dynkin’s lemma, but without a second-
order derivative term, which will lead to some differences in the proofs.

The main contribution of Chapter 4 is a complete analysis of SGD in the convex
setting, for the function value error of the last iterate. We consider the case where f
is convex and smooth and we do not make any compactness assumption. We prove the

following two results thanks to similar proofs. The first one concerns the convergence rate
of the SDE (11).

Theorem 12. If f is a smooth and convex function there exists C' > 0 such that the
sequence (X¢)i>0 given by the SDE (11) with o € (0,1) verifies for any T > 1,

E[f(Xr)] — f* < C(1 + log(T))2/T* 12 .

We derive a second similar result in the discrete case. The proof is a bit more in-
volved, since the correspondence between Dynkin’s lemma and the descent lemma is not
perfect. We nevertheless obtain the following result, whose resemblance with Theorem 12
emphasizes the links between discrete and continuous models.

Theorem 13. If f is a conver and smooth function there exists C' > 0 such that the
sequence of SGD (10) defined for a € (0,1) verifies for any N > 1,

E[f(Xn)] - f* < C(1+log(N + 1))?/(N + 1)* 0= |

This result disproves the conjecture of Bach and Moulines (2011) who postulated that
the optimal rate for the last point iterate in SGD was N~1/3.

Finally we study a relaxation of the convexity assumption. We consider a general-
ization of the “weakly quasi-convex” setting (Hardt et al., 2018) by assuming that there
exist 1 € (0,2), 72 > 0, 7 > 0 such that for all z € R%,

f@) = f() < IVF@)I™ [l = 2] /7.

This condition embeds also the f.ojasiewicz inequality mentioned in Section 3.3 which can
be defined as follows, for 5 € (0,2) and ¢ > 0,

Vz € RY, f(z) — f(z*) < c|VF@)|P

which has been widely used in optimization.

In this setting we are also able to derive convergence rates for both the SDE (11) and
the discrete SGD scheme (10). Our results, which are precisely stated in Section 4.3.4
generalize and outperform the results obtained in the weakly quasi-convex case by Orvieto
and Lucchi (2019).

3.5 List of publications
This thesis has led to the following publications:

o (Fontaine et al., 2019a) Regularized Contextual Bandits, Xavier Fontaine,
Quentin Berthet and Vianney Perchet, International Conference on Artifical In-
telligence and Statistics (AISTATS), 2019
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o (Fontaine et al., 2019b) Online A-Optimal Design and Active Linear Re-
gression, Xavier Fontaine, Pierre Perrault, Michal Valko and Vianney Perchet,
submitted

o (Fontaine et al., 2020b) An adaptive stochastic optimization algorithm for
resource allocation, Xavier Fontaine, Shie Mannor and Vianney Perchet, Inter-
national Conference on Algorithmic Learning Theory (ALT), 2020

o (Fontaine et al., 2020a) Convergence rates and approximation results for
SGD and its continuous-time counterpart, Xavier Fontaine, Valentin De Bor-
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In addition, the author also participated in the following publication that is not dis-
cussed in the present thesis:

o (De Bortoli et al., 2020) Quantitative Propagation of Chaos for SGD in Wide
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Simsekli, Advances in Neural Information Processing Systems, 2020.

In what follows we made the choice to postpone the long proofs to the end of each
chapter in order to improve readability.
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Introduction en francais

1 Motivations

Les problémes d’optimisation sont tres fréquents aujourd’hui et peuvent servir par
exemple a utiliser au mieux notre temps, & minimiser la durée d’un trajet, ou a maximiser
le gain d’un produit financier avec des contraintes de risque. Les problémes d’optimisation
avec ou sans contraintes sont présents dans de nombreux domaines des mathématiques
comme la théorie du controle, la recherche opérationnelle, la finance, le transport optimal
ou l'apprentissage automatique. Nous nous intéresserons principalement dans cette these
aux problemes d’optimisation qui apparaissent en apprentissage automatique. Malgré ses
domaines nombreux et variés d’application, comme le traitement automatique du langage,
I’analyse d’image, la publicité ciblée, etc., tous les algorithmes d’apprentissage reposent
en effet sur le concept d’optimisation, et plus précisément sur ’optimisation stochas-
tique. Les algorithmes d’apprentissage automatique sont généralement analysés a travers
le formalisme de I'apprentissage statistique, dont le but est d’estimer (ou d’apprendre) la
meilleure fonction de prédiction sur une tache précise a I'aide de données, c’est-a-dire de
trouver la fonction la plus probable qui corresponde aux données. Pour ce faire on utilise
souvent des techniques d’optimisation, par exemple pour minimiser une fonction de perte,
pour trouver les bons hyperparametres ou pour maximiser un gain moyen.

Dans cette these nous nous concentrons sur ’étude d’une classe spécifique de problémes
d’apprentissage statistique ou les données sont obtenues et traitées a la volée, et qui est
connue sous le nom d’apprentissage séquentiel, ou apprentissage en ligne (Shalev-Shwartz,
2012), en opposition a l'apprentissage hors-ligne ou les données ont été récupérées avant
I’apprentissage. La principale difficulté de 'apprentissage séquentiel est précisément le fait
que l'agent que l’on considére doit construire une fonction de prédiction sans connaitre
toutes les données. C’est pour cela que les algorithmes en ligne sont généralement moins
performants que les algorithmes hors-ligne pour lesquels I’agent a acces a ’ensemble des
données. Les situations d’apprentissage en ligne peuvent cependant avoir aussi des avan-
tages quand 'agent joue un role actif dans le processus de collection des données. Dans
ce domaine de 'apprentissage automatique, que ’on appelle généralement apprentissage
actif (Settles, 2009), 'agent est capable de choisir quelles données collecter et quelles
données labelliser. Faire partie intégrante du processus de sélection des données peut
améliorer la performance de 'algorithme d’apprentissage puisque ’agent choisira les don-
nées qui apporteront le plus d’information. Dans les problemes d’apprentissage séquentiel
on considere donc un agent qui doit prendre des décisions & chaque pas de temps, sachant
que les actions qu’il aura choisies pourront avoir une influence sur la suite du processus
d’apprentissage. Ainsi dans les problemes de bandits (Bubeck et Cesa-Bianchi, 2012), qui
sont une fagon simple de modéliser les prises de décision avec incertitude, 'agent doit
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sélectionner une action (que l'on appelle généralement “bras”) parmi plusieurs dans le
but de maximiser son gain. Pour atteindre son but I'agent doit donc faire des choix, par
exemple sélectionner le meilleur bras actuel, ou bien en choisir un autre afin d’explorer
les différentes options a sa disposition et ainsi obtenir des informations sur celles-ci. Ce
compromis entre ’exploitation des données et leur exploration est une des principales diffi-
cultés des problemes liés aux bandits. Dans les trois premiers chapitres de cette these nous
allons étudier des problémes d’apprentissage séquentiel ou actif ou ce genre de compromis
est trés présent. Notre but sera toujours de minimiser une quantité, que ’on nomme “re-
gret” et qui quantifie la différence entre la meilleure stratégie qu’aurait choisie un agent
omniscient et la stratégie effectivement adoptée.

Les problemes d’optimisation que l'on traite en apprentissage automatique ont géné-
ralement la particularité de concerner des fonctions qui sont inconnues ou bruitées. Par
exemple, dans le cas classique des bandits stochastiques (Lai et Robbins, 1985; Auer et al.,
2002) on veut maximiser une récompense qui dépend des distributions de probabilité des
bras, qui sont inconnues. Pour en savoir davantage sur ces distributions ’agent recoit a
chaque pas de temps un retour d’information, ou “feedback” (typiquement la récompense
du bras choisi) qui sera utilisé pour prendre les décisions suivantes. Dans les problémes
de bandits, on parle d’information “limitée” (ou de type bandit), en opposition & l'in-
formation “compleéte” obtenue quand les récompenses de tous les bras (et pas seulement
de celui qui a été choisi) sont dévoilées a I'agent. En outre, la difficulté des problémes
de bandits n’est pas uniquement due a 'information limitée mais aussi a son caracteére
bruité : les récompenses des bras sont effet des valeurs bruitées des moyennes de chaque
bras. C’est aussi le cas pour l'algorithme de Descente de Gradient Stochastique (SGD
en anglais) (Robbins et Monro, 1951) qui sert & minimiser une fonction différentiable au
moyen des valeurs bruitées de son gradient. Du fait de 1’aléatoire inhérent aux problemes
d’apprentissage on utilise donc en apprentissage automatique des méthodes d’optimisa-
tion stochastique, qui consistent en 'optimisation de fonctions dont les valeurs dépendent
de variables aléatoires. Puisque 'on travaille avec des fonctions aléatoires, les résultats
que nous obtiendront seront donc généralement énoncés en espérance ou avec grande
probabilité.

Une des caractéristiques principales d’un algorithme d’optimisation (en plus de réaliser
effectivement sa tdche de minimisation) est la vitesse a laquelle il atteint le minimum, ou
bien la précision qu’il peut garantir aprés un certain nombre d’itérations, ou avec un
budget fixé. Par exemple 1'objectif des algorithmes de bandits est d’obtenir un regret
sous-linéaire en T' (I’horizon de temps de I'algorithme), et 'objectif de 'algorithme SGD
est de borner E[f(x,)] — min,cga f en fonction du nombre d’itérations n. Il faut en effet
que les méthodes d’apprentissage automatique soient efficaces et précises, c’est-a-dire que
les algorithmes d’optimisation qu’elles utilisent doivent converger rapidement. Obtenir
des vitesses de convergence pour les algorithmes que I'on étudie ici sera I'un des objectifs
théoriques majeurs de cette these. En outre, apres avoir obtenu une borne de convergence
il faut se demander si cette vitesse peut étre améliorée, soit grace a une analyse plus précise
de lalgorithme, soit par un meilleur algorithme pour le probleme que 1’on considere. 11
existe deux réponses a cette question. La premieére réponse est évidente et consiste a
comparer les performances obtenues avec celles d’autres méthodes de la littérature. La
deuxiéme réponse consiste a trouver une “borne inférieure” pour le probléme, c’est-a-dire
une vitesse de convergence qui ne peut pas étre battue. Si cette borne inférieure coincide
avec la vitesse de convergence de l'algorithme (appelée aussi “borne supérieure”) on dit
que l'algorithme est “min-max optimal”, c’est-a-dire que l'on ne peut pas faire mieux.
Dans ce manuscrit nous nous efforcerons des que possible de comparer nos résultats avec
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I’état de l'art et d’établir des bornes inférieures, afin de pouvoir avoir un avis sur la
pertinence de nos algorithmes.

Pour obtenir des vitesses de convergence en optimisation il est important de s’inté-
resser a la complexité du probléme considéré. Plus le probléme est complexe (ou moins
il est précis), plus les algorithmes seront lents. Par exemple, il est bien plus compliqué
de minimiser une fonction arbitraire sur R? que de minimiser une fonction différentiable
et fortement convexe. Dans cette theése on caractérisera la complexité d’un probléme par
des mesures de complexité des fonctions que l'on considere : plus les fonctions seront
réguliéres, plus le probleme sera facile. C’est pourquoi chaque chapitre débutera par un
ensemble d’hypotheses qui permettront a la fois de trouver une solution au probléme et
d’obtenir des vitesses de convergence. Nous verrons comment un changement de ces hy-
potheses modifiera les vitesses convergence obtenues. Par exemple dans les Chapitres 3
et 4 nous obtiendrons des vitesses de convergence pour des algorithmes d’optimisation
stochastique qui dépendront de ’exposant dans une inégalité de Lojasiewicz (L.ojasie-
wicz, 1965; Karimi et al., 2016). Nous verrons que des variations de cet exposant font
augmenter ou baisser la complexité du probléme, et donc les vitesses de convergence as-
sociées. Une difficulté que nous rencontrerons dans ce manuscrit est due au fait que les
problémes que I'on étudie ne vérifient pas toujours ce genre d’hypothéses de régularité. Les
problemes réels ou les applications pratiques ne concernent en effet pas toujours des fonc-
tions lisses ou convexes. Ainsi, les algorithmes d’optimisation stochastique tels que SGD
ont souvent des garanties de convergence (Bach et Moulines, 2011) dans le cas convexe
(ou méme fortement convexe), alors que trés peu de résultats existent dans le cas non
convexe, qui demeure néanmoins la situation la plus fréquente, par exemple en apprentis-
sage profond. Un des défis de cette these sera donc de traiter ces cas. Notons par ailleurs
que la performance réelle d’un algorithme d’optimisation peut étre bien meilleure que sa
vitesse théorique. C’est typiquement le cas des algorithmes d’optimisation stochastique
mentionnés plus haut qui sont beaucoup utilisés dans les réseaux de neurones sans avoir
pour autant de garanties théoriques dans ce cas. Afin de pouvoir comparer les perfor-
mances théoriques et pratiques de nos algorithmes nous présenterons dans cette theése des
simulations numériques de nos méthodes.

Dans la suite de ce chapitre introductif nous présenterons les différents problemes d’ap-
prentissage séquentiel et d’optimisation que nous avons étudiés au cours de cette these,
ainsi que les principaux outils mathématiques dont nous aurons besoin. Nous conclurons
par des explications détaillées chapitre par chapitre des différentes contributions de cette
these ainsi que par la liste des publications réalisées.

2 Présentation des problemes étudiés

2.1 Bandits stochastiques contextuels (Chapitre 1)

Considérons un agent qui a acces a K € N* bras qui sont chacun associés a une
distribution de probabilité v;, pour tout i € {1,..., K}. Supposons qu’a chaque pas de
temps t € {1,...,T},! agent peut choisir un bras i; € {1,..., K} et qu'il regoit une
récompense Yt(it) qui suit la distribution v;,, loi de probabilité sur R, d’espérance u;,.
L’agent a comme objectif de maximiser sa récompense totale 37, l/;(it). Puisque les
récompenses sont aléatoires, nous allons plutét tadcher de maximiser 'espérance de la
récompense totale E {Zthl ,uit}, ou l'espérance porte sur l'aléa des décisions de ’agent.

1On suppose ici que 'horizon de temps T € N* est connu, méme si le “doubling-trick” (Auer et al.,
1995) permettrait de s’affranchir de cette contrainte.
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Ainsi nous sommes généralement intéressés par minimiser le regret (ou plus précisément
le “pseudo-regret”)
T
R(T) =T max pi —E L; mt] : (1)
C’est la formulation classique du probleme de “bandits stochastiques multi-bras” (Bubeck
et Cesa-Bianchi, 2012) qui peut étre résolu en utilisant 1’algorithme bien connu UCB
(Upper Confidence Bound) qui est dii & Lai et Robbins (1985).

Ce probleme peut servir a modéliser de nombreuses situations ot un compromis de
type “exploration vs. exploitation” apparait. C’est par exemple le cas des essais cliniques
ou bien de la publicité en ligne ou 'on veut trouver la meilleure publicité a afficher tout
en maximisant le nombre de clics. Cependant, le modele décrit ci-dessus semble trop
simpliste pour proposer une solution adéquate aux problemes mentionnés ci-dessus. En
effet tous les patients, ou tous les internautes, ne se comportent pas de la méme facon,
et une publicité peut étre appropriée pour quelqu’un et ne pas du tout étre adaptée
pour quelqu’un d’autre. Nous comprenons donc que le modele évoqué plus haut est trop
restrictif, et nous voyons en particulier que ’hypotheése que 'on a faite que chaque bras ¢
a une espérance fixe p; n’est pas réaliste. C’est pour cela que nous devons introduire ce
que l'on va appeler un ensemble de contextes X = [0, 1]d qui correspond aux différents
profils possibles de patients ou d’internautes de notre probléeme. Chaque contexte z € X
donne les caractéristiques d’un utilisateur et nous allons donc maintenant supposer que
les récompenses des K bras dépendent du contexte x. Ce probleme est connu sous le
nom de bandits avec information (Wang et al., 2005) ou de bandits contextuels (Langford
et Zhang, 2008) et modélise mieux les probléemes d’essais cliniques ou bien de publicité
ciblée. Nous supposerons donc maintenant qu’a chaque pas de temps ¢ € {1,...,T} 'agent
observe un contexte aléatoire X; € X et doit choisir un bras i; dont la récompense y (i)
dépendra du contexte X;. Notons donc pour chaque bras i € {1,..., K}, u; : X - R
I'espérance conditionnelle de la récompense du bras ¢ par rapport a la variable de contexte
X, qui est maintenant une fonction du contexte x :

E[Y®|X = 2] = pi(2), pour tout 2 € X .

Afin de tirer profit des contextes nous devons faire quelques hypotheses de régularité sur
les récompenses. Nous voulons en effet nous assurer qu’un bras donnera des récompenses
similaires pour deux variables de contexte proches (c’est-a-dire deux utilisateurs qui ont
un profil semblable). Une fagon de modéliser cette hypotheése naturelle est par exemple de
supposer que les fonctions p; sont Lipschitz. Ce probleme non paramétrique de bandits
contextuels stochastiques a été étudié par Rigollet et Zeevi (2010) dans le cas de K = 2
bras et ensuite par Perchet et Rigollet (2013) dans le cas général. Dans ces deux travaux,
le but de I'agent est de trouver une stratégie 7 : X — {1,..., K} qui associe a un contexte
un bras a tirer. Bien évidemment, comme dans le cas des bandits stochastiques classiques,
I’action choisie dépendra de I'historique des précédents tirages, et la dépendance de 7 en
temps est implicite. Nous pouvons maintenant définir la stratégie optimale 7* ainsi que
la fonction de récompense optimale p* :

7*(z) € argmax p;(x) et p*(zr) = max p(x) .
ie{1,..,K} ie{1,.,K}

Cela donne donc 'expression suivante pour le regret apres T tirages
T
R(T) = >F |11*(X0) = e (X0)| - (2)
t=1
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Méme si les expressions (2) et (1) sont similaires, 'une des difficultés que ’on va rencontrer
pour minimiser le regret est due au fait que 'on ne peut pas espérer obtenir plusieurs
récompenses d’'un bras pour une méme valeur de contexte, puisque 1’espace des contextes
est indénombrable.

Une idée courante en statistiques non paramétriques (Tsybakov, 2008) pour estimer
une fonction inconnue f sur X est d’utiliser des “régressogrammes”, qui sont des estima-
teurs constants par morceaux de la fonction. Leur construction est similaire a celle d’his-
togrammes, en partitionnant X en différents sous-ensembles et en approximant f par sa
valeur moyenne sur chacun des sous-ensembles de la partition. Les régressogrammes sont
une alternative aux estimateurs de Nadaraya-Watson (Nadaraya, 1964; Watson, 1964) qui
eux utilisent des noyaux en guise de poids au lieu d’utiliser une partition de ’espace.

Une facon de résoudre le probleme de bandits stochastiques contextuels consiste a
s’inspirer des régressogrammes et a partitionner l'espace de contextes X en différents
sous-ensembles et a traiter le probléme de bandits contextuels en différentes instances
indépendantes d’un probléme de bandits sans contexte sur chacun des sous-ensembles de
la partition. Cela peut-étre réalisé au moyen d’un algorithme classique de bandits comme
UCB ou ETC (Even-Dar et al., 2006) déployé indépendamment sur chaque sous-ensemble,
ce qui donne lieu a une stratégie appelée “UCBogramme” (Rigollet et Zeevi, 2010). Une
telle stratégie n’est bien siir possible que grace a I’hypothese de régularité que 1’on a faite
précédemment, et qui garantit que considérer une approximation constante des fonctions
1; ne crée par une erreur trop importante.

Au lieu de supposer que les fonctions p; sont Lipschitz, Perchet et Rigollet (2013) font
une hypotheése plus faible et tres classique en estimation non paramétrique qui consiste
a supposer que ces fonctions sont S-Holder pour § € (0,1], c’est-a-dire que pour tout
i€{l,...,K} et pour tout (z,y) € X2,

|ui(2) — i(y)] < Lz —y])” .

Avec cette hypothese ils obtiennent la borne classique suivante sur le regret R(7T") (ou ’on
a uniquement fait figurer la dépendance en T et pas celle en K)

R(T) < T1-8/(28+d)

Maintenant que ’on a obtenu une solution pour le probléeme de bandits stochastiques
contextuels nous pouvons nous demander s’il est toujours réaliste. Prenons en effet a
nouveau ’exemple de la publicité en ligne. Supposons donc qu’'une société de publicité
ciblée souhaite utiliser des bandits contextuels pour définir sa stratégie. L’entreprise uti-
lisait d’autres techniques précédemment et ne veut pas risquer de perdre trop d’argent
en mettant en place sa nouvelle stratégie. Cette situation est une instance d’un pro-
bléme bien plus vaste que 1'on appelle apprentissage par renforcement sécurisé (Garcia
et Fernandez, 2015) et qui étudie les politiques d’apprentissage qui doivent respecter cer-
taines contraintes de sécurité. Dans le cas spécifique des bandits, Wu et al. (2016) ont
proposé un algorithme qu’ils ont appelé “UCB conservatif” qui consiste a faire tourner
UCB tout en garantissant uniformément dans le temps que la récompense obtenue est
plus grande qu’une portion 1 — « de ce qui aurait été obtenu par la stratégie précédente.
Pour obtenir ce résultat les auteurs ajoutent un bras supplémentaire correspondant a
I’ancienne stratégie qu'’ils tirent des que la contrainte sur la récompense risque de ne plus
étre vérifiée. Dans le Chapitre 1 nous adoptons un autre point de vue sur ce probleme : au
lieu d’imposer une contrainte sur la récompense nous ajoutons un terme de régularisation
pour forcer la nouvelle stratégie a étre proche d’une stratégie déterminée a 1’avance.

39



Dans les probléemes de bandits 'agent doit choisir des actions pour maximiser une
récompense mais il n’est généralement pas intéressé par les valeurs précises de chacun des
bras. Estimer ces valeurs est un autre probléme qui présente aussi un certain intérét. En
revanche les deux tdches d’estimation des moyennes des bras et de maximisation de la
récompense totale ne sont pas compatibles puisque la tache d’estimation nécessite aussi
d’échantillonner les bras sous-optimaux. Dans la section suivante nous nous intéresserons a
une généralisation du probleme d’estimation qui consiste a choisir intelligemment quel bras
tirer pour maximiser sa connaissance sur un parametre inconnu (et qui peut typiquement
étre le vecteur des moyennes de chaque bras).

2.2 De la régression linéaire a la planification en ligne d’expériences de
fagon optimale (Chapitre 2)

Considérons maintenant le probleme de régression linéaire qui a déja été tres étudié
en apprentissage. Dans ce probléeme un agent a acceés a un ensemble de données et de
labels {(zs,%i)},_1 _, de n observations, ou (x;,1;) € RP x R pour tout 7 € {1,...,n}.
On suppose que ces 7p0ints sont linéairement reliés :

Vie{l,...,n},yi:xjﬁ*+€i,

oft B* € RP est le vecteur des parametres” et € = (g1,...,&,)! est le vecteur de bruits qui
modélise le terme d’erreur de la régression. Dans la suite de cette section nous supposerons
que le bruit est centré, c’est-a-dire que E [¢] = 0 et qu’il a une variance finie :

Vi e {1,...,n},E[Eﬂ =02 < +00.
Nous considérons tout d’abord le cas homoscédastique, c’est-a-dire que les variances o?
sont toutes supposées égales & o pour chaque bras i € {1,...,n}. En régression linéaire

on considere généralement la “matrice de design” X ainsi que le vecteur des observations
Y définis ainsi

xf - Y1
X= : ER™P et Y=|:]|eR",

ce qui donne
Y =XpB"+¢.
L’objectif d’'une régression linéaire est d’estimer le parametre * par un 8 € RP afin de

minimiser l'erreur des moindres carrés L(/3) entre les vraies valeurs observées y; et les
valeurs prédites par le modele linéaire XZ-T B

n

L(B) = (i — ] B)? = ||y —XB]l5 .

i=1

7 . . . A A .
Nous définissons donc I'estimateur optimal de * comme 3 = argmingegy, L(3) et nous
obtenons aisément la formule bien connue des moindres carrés

B= XXXy,

20n peut aussi ajouter un terme d’ordonnée & lorigine et supposer plutot que y; = 8§ + x; B* + i,
avec 8% € RPT! mais cela ne changera pas grand chose & la discussion qui va suivre.

40



ce qui donne la relation suivante entre 5* et ,5’ :
B=p+X'X)"'X"e.

Nous pouvons donc définir la matrice de covariance de I’erreur d’estimation g* — B
n -1
@2 B[~ ) - A7) =8 = (Sl )
i=1

qui caractérise la précision de 'estimateur B .

Comme nous l'avons montré ci-dessus, la régression linéaire est un probleme simple et
bien compris aujourd’hui. Il peut toutefois étre la brique de base de plusieurs problemes
plus complexes et plus intéressants. Supposons par exemple que les vecteurs z1,...,x,
ne sont plus fixes, mais qu’ils peuvent étre choisis parmi un ensemble de points de taille
K >0{Xy,...,Xk}. L’agent doit maintenant choisir chacun des points x; parmi les X},
(avec la possibilité de choisir plusieurs fois un méme point Xj). Ce probléme présente
un intérét quand l'on peut réaliser différentes expériences (qui correspondent aux points
X}) pour estimer un vecteur inconnu S*. Le but de 'agent est donc de choisir de fagon
adéquate les expériences a réaliser pour minimiser la matrice de covariance €2 de ’erreur
d’estimation. Si on note nj le nombre de fois que le vecteur X a été choisi, on peut écrire

) sous la forme suivante .
" _

k=1

Ce probleme, tel qu’il a été formulé ci-dessus, a été étudié sous le nom de “conception
optimale d’expériences” (Boyd et Vandenberghe, 2004; Pukelsheim, 2006). Nous pouvons
toutefois remarquer que le probleme de minimisation de §2 est mal posé. En effet il n’existe
pas de relation d’ordre total sur le cone des matrices symétriques positives. C’est pourquoi
plusieurs critéres ont été proposés (Pukelsheim, 2006), dont les plus utilisés sont le critere
D qui minimise det(2), le critere E qui minimise [|€2]|,, ainsi que le critere A dont le but
est de minimiser Tr(2). Tous ces problémes de minimisation ont lieu sous la contrainte
que Zi(:l ng = n. Ce sont tous des problémes convexes pour lesquels il est donc facile de
trouver une solution, pourvu que ’on relache la contrainte qui force les n; a étre entiers.

Omettons maintenant ’hypothése d’homoscédasticité et considérons la situation hété-
roscédastique plus générale suivante, ou ’on ne suppose plus que les variances des points
X}, sont égales. La matrice de covariance {2 se récrit donc

n -1
Q= <Z XX ) .
k=1"k
Remarquons que la situation hétéroscédastique correspond en fait au cas homoscédastique
en faisant subir aux points X} une homothétie de facteur 1/o0y. Ainsi I'analyse effectuée
plus haut continue a s’appliquer dans ce cas général. En revanche la situation devient
completement différente si I’on ne connait pas les valeurs de 0. En effet il faut commencer
par estimer les variances pour pouvoir minimiser? €2 dans ce cas-la. Cependant la tache
n’est pas aisée puisque ’on risque d’augmenter la valeur de €2 si ’on utilise trop de points
pour estimer certaines variances 0. Nous faisons donc a nouveau face & un compromis de
type “exploration vs. exploitation”. Cette situation correspond maintenant & la conception
optimale d’expériences en ligne, puisque l'agent doit construire de facon séquentielle le

3Nous sous-entendons ici que Pon cherche & minimiser un critére A, D ou E pour .
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meilleur plan d’expériences en prenant en compte les résultats obtenus lors des expériences
précédentes. Ce probléme se rapproche donc de I’“apprentissage actif” dans lequel ’agent
peut choisir quel point labelliser. Comme 'expliquent Willett et al. (2006) il y a deux types
d’apprentissage actif : I’échantillonnage sélectif dans lequel I’agent peut choisir de labelliser
ou non les données qui lui sont présentées, et I’échantillonnage adaptatif ou I'agent choisit
quelles expériences réaliser en fonction du résultat des expériences passées. La situation
que nous avons décrite plus haut correspond au cas de I’échantillonnage adaptatif appliqué
au probléme de la régression linéaire. Utiliser un algorithme d’apprentissage actif peut
améliorer les performances des algorithmes par rapport & 'apprentissage hors-ligne. En
effet certains points peuvent avoir des variances élevées et il est donc nécessaire de faire un
grand nombre d’expériences sur ce point pour obtenir une réponse précise. On doit donc
pouvoir améliorer la précision de ’estimateur en utilisant des techniques d’apprentissage
actif pour la régression linéaire.

Considérons maintenant le cas plus simple ou p = K et ou les points X} sont les
vecteurs eq,...,ex de la base canonique de R¥. Si nous notons yu = B* nous voyons
que X ];r * = eg,u = uj et nous pouvons identifier ce probléeme avec celui des bandits
avec K bras de moyennes 1, ..., ux. L’objectif est désormais d’obtenir des estimateurs
i1, .., Ax des moyennes 1, ..., ux des bras. Ce probléeme a été étudié par Antos et al.
(2010) et Carpentier et al. (2011) avec comme objectif la minimisation de

A2
max B {(:UJk: — fik) } :
qui correspond a estimer avec la méme précision les moyennes de chacun des bras. Il peut
étre intéressant de minimiser un autre critére que cette norme ¢*°, et par exemple nous
pouvons considérer la norme ¢ des erreurs d’estimation

K K )
> E [(Hk - ﬂk)2] =E [Z(ﬁ;ﬁ - ﬁk)Z] =k U
k=1 K

=1

o=l

Notons que ce probleme est tres relié a celui de la planification optimale d’expériences
dont nous avons parlé plus haut puisque E[[|3* — 3/|3] = Tr(). Ainsi donc, minimiser
la norme ¢2? des erreurs d’estimation dans un probléme de bandits multi-bras correspond
a résoudre en ligne un probléme de planification optimale d’expériences avec le critere
A. Les solutions proposées par Antos et al. (2010) et Carpentier et al. (2011) peuvent
étre adaptées & la norme ¢2, et utilisent des techniques classiques de la littérature de
bandits pour gérer le compromis exploration vs. exploitation. Antos et al. (2010) utilisent
un algorithme glouton qui sélectionne le bras k qui maximise ’estimation courante de
E [(ur — fix)?] tout en forgant a sélectionner les bras qui ont été choisis moins souvent
que ay/n fois, ott @ > 0 est un parameétre bien choisi. Les étapes d’échantillonnage forcé
garantissent que les options qui ont pu étre sous-estimées soient quand méme explorées. La
stratégie proposée par (Carpentier et al., 2011) est similaire puisque les auteurs choisissent
de tirer le bras qui minimise la quantité 67 /ng (qui est une estimation de E [(ux — fix)?])
corrigée par un terme d’exploration similaire & celui d’'UCB. Les deux méthodes obtiennent
des regrets au méme comportement asymptotique en 6(n‘3/ 2) mais s’appuient sur le fait
que les covariables X1, ..., X forment la base canonique de R¥. Il nous faudra donc des
idées plus élaborées pour traiter le cas général.

Nous avons donc vu que construire activement une matrice de design pour faire une
régression linéaire nécessite des techniques d’optimisation stochastique convexe. Dans la
section suivante nous mettrons en évidence des liens encore plus forts entre ’apprentissage
actif et 'optimisation stochastique convexe, montrant a quel point ces deux domaines sont
liés.
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2.3 Apprentissage actif et optimisation stochastique adaptative (Cha-
pitre 3)

Malgré leurs apparentes différences, les domaines de ’optimisation stochastique convexe
et de 'apprentissage actif ont de nombreuses similitudes qui sont dues a leur aspect sé-
quentiel. Le feedback est en effet essentiel dans ces deux domaines pour décider quelle
nouvelle action choisir, ou quel point explorer. Ces liens ont été mis en évidence par Ra-
ginsky et Rakhlin (2009) et ont ensuite été étudiés plus en détail par Ramdas et Singh
(2013a,b) entre autres, qui ont présenté un lien entre les mesures de complexité utili-
sées en apprentissage séquentiel et en optimisation stochastique convexe. Considérons par
exemple une fonction f sur [0, 1] différentiable et (p, u)-uniformément convexe (Zalinescu,
1983; Juditsky et Nesterov, 2014), c’est-a-dire une fonction qui vérifie, pour u > 0 et
p>2"

V(w,y) € 10,17, f(y) > f(z) + (Vf(2),y — z) + % lz = yll” .

Supposons maintenant que ’on souhaite minimiser cette fonction f sur [0, 1], cest-a-dire,
trouver son minimum x* que 'on supposera appartenir a (0,1). Nous avons donc, pour
tout = € [0, 1],

f@) = f@) = Sl a1 .

Notons que cette condition est trés proche de ce qu’on appelle la condition de bruit de
Tsybakov (TNC en anglais) qui apparait en apprentissage statistique (Castro et Nowalk,

2008).
Considérons maintenant la tache classique de classification sur [0, 1] : un agent a acces
a un ensemble de données D = {(X1,Y1),...,(X,,Y,)} qui contient n copies alétaoires

indépendantes de (X,Y) € [0,1] x{—1,+1}, ou Y; est I’étiquette du point X;. Son objectif
est d’apprendre une fonction de décision ¢ : [0,1] — {—1, 41} qui minimise la probabilité
de faire une erreur de classification, que 1’on appelle souvent le risque

R(g)=P(g9(X)#Y) .

Le meilleur classifieur est le classifieur de Bayes g* qui est défini comme suit

g (z) =21y )>12 — 1,

ou n(z) = P(Y =1|X = x) est la distribution de probabilité a posteriori. On dit alors
que 7 vérifie la condition TNC avec exposant « > 1 s’il existe A > 0 tel que

vz € [0,1], [n(z) = 1/2[ = Az — 2" .

Revenons maintenant au probleme de minimisation d’une fonction uniformément convexe
f sur [0,1]. Supposons que l'on veuille utiliser pour cela un algorithme d’optimisation
stochastique du premier ordre, c’est-a-dire un algorithme ayant acces a un oracle qui
donne des évaluations bruitées §(z) de Vf(x) a chaque étape. Pour plus de simplicité,
supposons que §(z) = V f(x)+z ou z suit une loi normale standard. Observons maintenant
que f'(z) < 0 pour z < z* et que f'(x) > 0 pour z > x* puisque f est convexe. Nous
voyons donc que si 'on associe a tous les points x € [0,1] le label sign(g(z)), alors le
probléme de minimisation de f est équivalent a la classification de ces points sur [0, 1]
puisque dans ce cas n(x) =P (g§(x) >0|z) > 1/2 si x > a*.

4Plus de détails sur les fonctions uniformément convexes sont donnés dans la Section 3.2.2.
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L’analyse de Ramdas et Singh (2013b) montre que pour x > z*,

() P(g(z) > 0|z)
P(f(z)+2>0]|x)
P(z>0)+P(z € [-f'(2),0])

>1/ +Af'(z) for A >0,
et que de méme pour z < z*,
n(z) = 1/2+ A f'(z)] -

Remarquons maintenant qu’en utilisant 'inégalité de Cauchy-Schwarz, la convexité de f
et ensuite son uniforme convexité, nous trouvons que

Vi@)lz — 2" 2 (Vf(2),x —a") = f(z) - f(z") 2

=

[l — 2"

Cela montre finalement que
A _
Ve €[0,1], [n@) - 1/2| > T v — 2",

ce qui signifie que 7 vérifie le TNC avec ’exposant kK = p — 1 > 1. Cette analyse montre
assez simplement les liens qui existent entre le probléme de classification active sur [0, 1] et
la minimisation d’une fonction uniformément convexe sur [0, 1] en utilisant un algorithme
d’optimisation stochastique du premier ordre. Dans (Ramdas et Singh, 2013a) les auteurs
mettent & profit ce lien pour obtenir un algorithme d’optimisation stochastique convexe
d’une fonction uniformément convexe en utilisant seulement une information bruitée sur
les signes du gradient de la fonction. L’algorithme qu’ils proposent utilise une succession
de blocs qui contiennent tous une routine d’apprentissage actif.

Un concept important & la fois en apprentissage actif et en optimisation stochastique
est la quantification de la vitesse de convergence des algorithmes. Cette vitesse dépend
généralement de la mesure de régularité de la fonction a optimiser, et ainsi dans les
problemes détaillés plus haut cette vitesse dépendra soit de ’exposant « de la condition
TNC, soit de la constante de convexité uniforme p. (Ramdas et Singh, 2013b) ont par
exemple montré que la vitesse de convergence min-max pour le probléeme de minimisation
stochastique du premier ordre d’une fonction p-uniformément convexe et Lipschitz était
Q(n="/2r=2)) ol n est le nombre d’appels & 'oracle. Nous remarquons d’ailleurs que I'on
retrouve la vitesse de convergence Q(n~!) pour les fonctions fortement convexes (p = 2) et
la vitesse Q(n~1/2) pour les fonctions convexes (p — c0). Notons en outre que cette vitesse
de convergence montre bien que la difficulté intrinséeque d’un probleme de minimisation
est a chercher dans le comportement local de la fonction autour du minimum z* : plus p
est grand, plus la fonction est plate autour du minimum et plus il est donc compliqué de
la, minimiser.

Cependant lorsque I'on essaye d’optimiser une fonction on ne connait pas forcément
sa régularité, et plus particulierement son exposant de convexité uniforme. Cela constitue
donc I'une des difficultés de 'optimisation stochastique. Malgré cela plusieurs algorithmes
ont besoin de connaitre ces valeurs pour ajuster leurs propres parametres. Par exemple,
lalgorithme EpochGD (Ramdas et Singh, 2013b) utilise la valeur de p, ce qui peut étre
irréaliste en pratique. C’est pour cela que l'on a besoin d’algorithmes “adpatatifs”, qui
n’ont pas besoin des valeurs des parametres du probleme considéré mais qui peuvent
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s’y adapter afin d’obtenir les vitesses de convergence souhaitées. En s’inspirant de (Nes-
terov, 2009), Juditsky et Nesterov (2014) et Ramdas et Singh (2013a) ont proposé des
algorithmes adaptatifs pour le probléeme de minimisation stochastique de fonctions uni-
formément convexes. Ils ont obtenu la méme vitesse de convergence O(n~"/(2¢=2)) que
précédemment, mais cette fois-ci sans utiliser la valeur de p. Ces deux algorithmes uti-
lisent une succession de blocs dans lequels une valeur approchée de z* est calculée en
utilisant soit des techniques de moyennage soit d’apprentissage actif.

Malgré le fait que les méthodes d’optimisation stochastique convexe soient souvent
du premier ordre, c’est-a-dire qu’elles utilisent des valeurs bruitées du gradient, il est in-
téressant d’étudier d’autres modeles. Par exemple les méthodes d’optimisation convexe
d’ordre zéro (Bach et Perchet, 2016) visent & optimiser une fonction en utilisant unique-
ment des valeurs bruitées du point courant f(z;) + . Cela correspond en fait a utiliser
un feedback de type “bandit”, c’est-a-dire a connaitre seulement la valeur de la fonction
au point choisi pour optimiser f. Généralement, lorsque I'on parle de feedback de type
bandit on est plut6t intéressé par minimiser le regret

R(T) =Y flxe) — fz¥)

t=1

plutdt que erreur f(Z7)— f(2*). Minimiser le regret est d’ailleurs plus compliqué puisque
les erreurs faites au début de la phase d’optimisation comptent dans le regret. Ce pro-
bléme d’optimisation stochastique avec feedback de type bandit a été étudié par (Agarwal
et al., 2011) qui ont proposé dans le cas unidimensionnel un algorithme qui utilise trois
points équidistants z; < z. < x, de I'intervalle a explorer, et qui rejette une partie de cet
intervalle en fonction des valeurs de f aux trois points. Cet algorithme réalise le regret
optimal (5(@ ). L’idée proposée par Agarwal et al. (2011) est assez semblable & la di-
chotomie, sauf que les auteurs choisissent de rejeter un quart de I'intervalle au lieu de la
moitié dans une dichotomie. Notons en outre qu’il existe des algorithmes d’apprentissage
actif ou d’optimisation convexe du premier ordre qui utilisent effectivement des dichoto-
mies. C’est par exemple le cas de (Burnashev et Zigangirov, 1974) sur lequel s’appuie le
travail de Castro et Nowak (2006).

Il est intéressant de voir que les méthodes d’optimisation stochastiques qui utilisent
le gradient ont généralement comme objectif la minimisation de I'erreur sur la fonction,
alors qu’il pourrait aussi étre pertinent de minimiser le regret, comme dans les problemes
de bandits. Ce sera par exemple le cas dans le probleme d’allocation de ressources que
nous définirons prochainement.

Nous avons évoqué ici de nombreux algorithmes d’optimisation stochastique qui uti-
lisent le gradient. Ainsi, dans la prochaine section nous étudierons le célébre algorithme
de descente de gradient ainsi que sa version stochastique en insistant particulierement sur
lanalyse des vitesses de convergence pour le dernier point f(z7) — f(z*).

2.4 Descente de gradient et modéles continus (Chapitre 4)

Considérons maintenant le probléme de minimisation d’une fonction f : R? — R
convexe et L-lisse’

min f(z) . (3)

z€R4

S’il existe de nombreuses méthodes pour résoudre ce probléme, les plus courantes sont
vraisemblablement les méthodes du premier ordre, c’est-a-dire celles qui utilisent la dé-

®Nous appellerons ici une fonction L-lisse une fonction dérivable dont le gradient est L-Lipschitz.
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rivée premiere pour minimiser f. C’est par exemple le cas de l'algorithme de descente
de gradient. Ces méthodes sont trés en vogue aujourd’hui puisque la taille des données
explose et rend impossible la mise en ceuvre de méthodes du second ordre, telles que la
méthode de Newton.

L’algorithme de descente de gradient part d’un point 2o € R? et construit de facon
itérative une suite de points approchant * = arg min cga f(x) avec la récurrence suivante

Tpt1 =k — NV f(zg) avecn=1/L. (4)

Méme s’il existe une preuve classique de la convergence de cet algorithme, par exemple
dans (Bertsekas, 1997), nous voulons proposer ici une analyse différente qui s’appuie sur
I’équivalent continu de (4). Considérons donc la fonction réguliere X : R, — R? qui est
telle que X (kn) = zj pour tout k& > 0. En utilisant un développement de Taylor a l'ordre
1 on trouve

Tpy1 — Tk = —nV f(zp)
X((k+1)n) — X(kn) = —nV f(X(kn))
nX (kn) +o(n) = —nV (X (kn))
X (kn) = =V f(X(kn)) + (1),

ce qui nous incite & considérer ’'Equation Différentielle Ordinaire (EDO) suivante
X(t)=-Vf(X(#), t>0. (5)

L’EDO (5), qui est I’équivalent continu du schéma discret (4) peut étre facilement étudiée
en analysant la fonction d’énergie suivante, ou 'on a noté f* = f(x*),

1
E() = t(F(X(®) = )+ 51X (1) - ||
En dérivant £ et en utilisant la convexité de f on obtient pour tout ¢ > 0,

FIX(0) = f*+ (VX (2)), X () + (X (1) — 2™, X (1))
FX(@) = f* = tIVFX DI = (VX (), X (1) —a7)
< —tIVAXE)I*<0.

£'(t)

X
X

Ainsi £ est décroissante, et pour tout ¢ > 0 on a t(f(X(¢)) — f*) < E(t) < £(0) =

1
5 | X (0) — 2*||?. Cela nous conduit & la proposition suivante

Proposition 1. Supposons que X : R? — R vérifie (5). Alors, pour tout t > 0

* 1 *
FX@) = f < 5 1X(0) — I

Nous voulons maintenant transposer cette preuve rapide et élégante au cas discret.
Nous proposons donc d’introduire la fonction d’énergie discrete suivante

£(k) =k (F(ex) = (@) + 1 i — 2* .

Commengons par un premier lemme.
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Lemma 1. Sixy et xgy1 sont deuz points successifs de la descente de gradient (4) alors
* 1 * 1 2
flare) < F@7) + 5<xk+1 — g, 2" — T) — o7 @1 — il (6)

Prewve. On a xp41 = o —nV f(xy) ce qui donne V f(xy) = Tk — Thtl

Le lemme de descente (Nesterov, 2004, Lemme 1.2.3) et ensuite la convexité de f donnent

Flowsn) < fGon) + (VA ), znen — o) + 5 s =l

< f(a*) + (Vf(zp), xp — ) + <M

1 1 2
< f@) + = (@pg1 — g, 2 — 2p) — — ||Thg — @|” -
n 2n

x Tr) + T — T
s Lk+1 k 2 k+1 k

Ce deuxiéme lemme est immédiat et bien connu

Lemma 2. Sixy et xgy1 sont deuz points successifs de la descente de gradient (4) alors
1 2
(@) < flze) — o7 k1 — @ill” - (7)
Preuve. Le lemme de descente (Nesterov, 2004, Lemme 1.2.3) donne
L 2
F@rrr) < flae) +(VF(@r) w1 = 2x) + 5 leees — 2]
1
< flxg) - m ke — il -
O

Nous étudions maintenant £(k). En multipliant 'Equation (6) par 1/(k+1) et I'Equa-
tion (7) par k/(k + 1) on obtient

k 11
f(xrg1) < Pl (7x) + mf(x ) — 2 2k — @l
11 X
+ m;(xkﬂ — X, F — xp)
ok 1
f(rg1) — f(o¥) < Pl (f(zr) = f(2¥)) — o 21 — 2l
o e o — )
k+17 LTkl — Tk, T Tk

(k -+ ) (F(nsn) = F@R) < b (FGew) = F@)) = "t s =l o+ (o — o 2* = )

Notons alors Ay 2 (k + 1)1 (f(zrr1) — f(x*) — kn (f(zx) — f(2*)). 11 vient

k+1
Ap < — |zkrs — 2ell” + (Trs1 — 20, 2% — )
k+1
< o (= llwwr = 2P = llan = 2 + 2ngs —2* 20 —2¥))
+ (pr — 27,0 = ag) + [z — 2
E+1 k—1
S ks — ¥ — 5 o — 2*||* + k(@prr — 2%, 2 — 2%) .
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Et ainsi on a

E(k+1) = (h+ 10 (Faken) = F@) + 3 s — |

* k * k * 1 *
<k (F(an) = f@) = 5 llewes = I = 5 llow — 1 + 5 llaw — 2]
+ k(xgrr — ",z — )
k * *
< E(k) = 5 (lwnrr = 2*1P + llan — @*° = 2anrs - 2* 20 — 2¥))

k
< E(k) = 5 ok = wil* < E(K) -

1
Cela montre que (£(k))g>0 est décroissante et donc que E(k) < £(0) = 3 |zg — *||%.
Cela nous permet donc d’établir la proposition suivante qui est ’analogue discret de la

Proposition 1.

Proposition 2. Soit (z)ren vérifiant (4) avec f : RY — R une fonction conveze et
L-lisse. Alors, pour tout k > 1,

Flow) ~ £ < o oo — P

Avec cet exemple simple nous avons montré 'intérét d’utiliser I’équivalent continu
d’un probleme discret pour intuiter un schéma de preuve pour le probleme discret initial.
Nous pouvons remarquer que la preuve dans le cas discret est plus complexe que dans le
cas continu. Ce sera toujours le cas au long de ce manuscrit. Une des raisons est qu’il est
possible de calculer la dérivée de la fonction d’énergie dans le cas continu alors que c’est
impossible pour une fonction discréte. Un moyen de contourner ce probléme est d’utiliser
le lemme de descente (Nesterov, 2004, Lemme 1.2.3) qui peut étre vu comme une fagon
de calculer une dérivée discrete, mais avec des termes et des calculs supplémentaires.

A la suite de ces idées, Su et al. (2016) ont récemment proposé un modele continu pour
la célebre méthode d’accélération de Nesterov (Nesterov, 1983). La méthode d’accélération
de Nesterov est une amélioration de la méthode du moment (Polyak, 1964) qui était
déja elle-méme une amélioration de la descente de gradient standard, qui date en fait
de Cauchy (1847). L’idée sous-jacente derriere la méthode du moment est de faire diminuer
les oscillations en utilisant une fraction des anciennes valeurs des gradients pour calculer
le nouveau point. Ce faisant, la récursion utilise donc une moyenne pondérée (avec des
poids qui décroissent de fagon exponentielle) des précédents gradients et lisse donc la
suite de points en maintenant principalement la direction de descente et en supprimant
les oscillations. Cependant, méme si la méthode du moment accélere expérimentalement la
descente de gradient, elle n’améliore pas sa vitesse théorique donnée dans la Proposition 2,
a la différence de la méthode d’accélération de Nesterov que 1’on peut écrire ainsi

Tre1 =yr —nV[f(yr) avecn <1/L
E—1 (o — 251) - (8)
k T 9 k k—1

La méthode de Nesterov utilise aussi I'idée d’un moment, combinée avec un calcul tardif
du gradient, ce qui conduit a une meilleure vitesse de convergence :

Yk =L+

Théoréme 1. Soit f une fonction convexe et L-lisse. Alors la méthode d’accélération de
Nesterov vérifie pour tout k > 1

- oL ||z — *||?

fzg) — f(2¥) 12
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Cette vitesse de convergence qui améliore celle de la Proposition 2 atteint la borne
inférieure de (Nesterov, 2004, Théoréeme 2.1.7), mais la preuve n’est pas du tout intui-
tive ni les idées aboutissant au schéma (8). Le schéma continu introduit par Su et al.
(2016) apporte en revanche davantage de compréhension au phénomene d’accélération en
proposant d’étudier I’équation différentielle du deuxiéme ordre

. 3

X(t)+¥X(t)+Vf(X(t)) =0, t>0.

Les auteurs prouvent la vitesse de convergence suivante pour le modele continu

*112
pour tout ¢ > 0, f(X(t)) — f* < 2”X(022_$H ,
anouveau en introduisant une énergie appropriée, et dans ce cas £(t) = t2 (f(X (t)) — f*)+
2|| X (t) + tX(t)/2 — 2*||? qui est décroissante.

Apres avoir effectué cette analyse de 'algorithme de descente de gradient ainsi que de
certaines de ses variantes, il est naturel de s’intéresser au cas stochastique. La descente de
gradient est en effet trés utilisée en apprentissage automatique, et plus particulierement
en apprentissage profond ou des algorithmes proches de la descente de gradient servent
a minimiser les fonctions de perte de réseaux de neurones, et a apprendre les poids de
ces neurones. En apprentissage profond on est généralement intéressé par minimiser des
fonctions f qui ont la forme suivante

1 N
fla) = 5 2 file) ©)

ou f; est associée a la i-éme observation des données d’entrainement (qui sont en nombre
N, généralement tres grand). C’est pour cela que calculer le gradient de f est tres cotiteux
puisque que cela nécessite de calculer les N gradients V f;. Afin d’accélérer la phase
d’entrainement on choisit donc généralement d’approximer le gradient de f par V f; ou ¢
est choisi uniformément au hasard entre 1 et N. On peut aussi faire un compromis entre
ce choix et la descente de gradient classique en utilisant un “mini lot”, c’est-a-dire un
petit ensemble de points de {1,..., N} pour calculer le gradient :

| M
Vf(z) =~ i vaa(i)(ﬂf) )
i-1

ol o est une permutation de {1,...,N} et M est la taille du mini lot. Ces deux choix
permettent de calculer une valeur approchée g(z) du vrai gradient V f(z) qui en constitue
un estimateur non biaisé (E [§(x)] = V f(z)) puisque les points utilisés pour calculer ces
approximations sont choisis uniformément au hasard. En utilisant ces approximations
stochastiques de V f(z) a la place de la valeur exacte du gradient dans l'algorithme de
descente de gradient on obtient l'algorithme de “Descente de Gradient Stochastique”
(SGD en anglais), qui a une formulation plus générale que celle obtenue ci-dessus. En
effet I’algorithme SGD apporte une solution au probléme de minimisation (3) en utilisant
des valeurs bruitées de V f et ne se restreint pas aux fonctions de la forme (9).

Obtenir des vitesses de convergence pour SGD est bien plus complexe que pour la
descente de gradient, a cause des incertitudes dues a son c6té stochastique. Dans le cas
de SGD le but est en réalité de borner E [f(zy)] — f* parce que la suite (xj)r>0 est
maintenant aléatoire. Dans le cas ou f est fortement convexe les résultats de convergence
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sont bien connus (Nemirovski et al., 2009; Bach et Moulines, 2011) mais dans le cas ou f
est simplement convexe ils ne sont pas aussi communs. En effet la majorité des résultats
de convergence connus dans le cas convexe sont obtenus dans le cadre du moyennage de
Polyak-Ruppert (Polyak et Juditsky, 1992; Ruppert, 1988) ot au lieu de considérer le
dernier point x on considere la valeur moyenne Iy

1 N

11 est plus facile d’obtenir des vitesses de convergence dans le cas du moyennage (Nemi-
rovski et al., 2009) que d’obtenir des vitesses non asymptotiques pour le dernier point.
En effet ces dernieres impliquent directement avec 1’inégalité de Jensen des vitesses de
convergence dans le cas du moyennage. Il est d’ailleurs intéressant de remarquer a ce
propos que les algorithmes présentés dans la Section 2.3 portent sur la version moyennée
des itérés et non sur le dernier point. A notre connaissance il n’existe pas de résultat de
convergence général dans le cas convexe et lisse pour SGD. L’un des seuls résultas dont
on dispose pour le dernier itéré est en effet dit & Shamir et Zhang (2013) qui font 1’hypo-
these que les points restent dans un compact, ce qui est évidemment une hypothese forte.
Finalement Bach et Moulines (2011) conjecturent que la vitesse de convergence optimale
pour SGD dans le cas convexe est (’)(kfl/ 3), ce que nous contredisons dans le Chapitre 4.

3 Plan du manuscript et contributions

Cette these sera divisée en quatre chapitres, qui correspondent chacun a l'un des
problémes que nous avons étudiés. Chacun de ces chapitres a donné lieu a une publication
ou a une pré-publication. Nous avons décidé de regrouper les trois premiers chapitres
en une premiere partie qui porte sur I'apprentissage séquentiel, tandis que le dernier
chapitre fera ’objet d’une seconde partie assez différente sur ’optimisation stochastique.
Le Chapitre 3 peut étre vu comme un lien entre les deux parties.

Nous présentons maintenant un résumé de nos contributions principales ainsi que des
résultats obtenus dans les prochains chapitres de cette these. L’objectif des sections qui
suivent est de résumer ces résultats, et non de donner les énoncés exacts et exhaustifs
des différents hypotheses et théorémes. Nous nous sommes efforcés de rendre cette partie
facilement lisible et nous invitons le lecteur a se diriger vers les chapitres correspondants
pour obtenir tous les détails souhaités.

3.1 Partie I Chapitre 1

Dans ce chapitre nous étudions le probléme de bandits stochastiques contextuels avec
régularisation en adoptant un point de vue non paramétrique. Plus précisément, comme
expliqué dans la Section 2.1 nous considérons un ensemble de K € N* bras a qui I'on
associe les fonctions de récompense i : X — R qui correspondent aux espérances condi-
tionnelles des récompenses de chaque bras sachant le contexte, qui est tiré uniformément
au hasard parmi un ensemble X' = [0, 1]d. Chacune de ces fonctions est supposée S-Hélder.
En notant p : X — AX la mesure d’occupation de chaque bras notre objectif est alors de
minimiser la fonction de perte

L) = [ (@) (@) + Ma)p(p(@) da
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ot p: AKX — R est une fonction de régularisation convexe (typiquement ’entropie) et
A X = R est une fonction modulant la régularisation. Nous allons supposer que ces deux
fonctions sont connues par I'agent et sont différentiables.

Nous notons p* la fonction des proportions optimales

p*= arginf L(p),

pe{f: X—AK}
et nous développons dans le Chapitre 1 un algorithme qui renvoie au bout de T itérations
une fonction de proportions pr qui minimise le regret

R(T) = E[L(pr)] — L(p") -

Puisque pr est en fait le vecteur des fréquences empiriques de chaque bras, R(T') doit étre
vu comme un regret cumulé. Nous analysons ensuite I’algorithme que nous avons proposé
afin d’obtenir des bornes supérieures sur le regret avec différentes hypotheses. Notre al-
gorithme utilise une partition de I’espace des contextes et résout de facon indépendante
un probleme d’optimisation convexe sur chacun des sous-ensembles de la partition.

Nous commengons par établir des vitesses de convergence dans le cas ou A est une
fonction constante et avec des hypotheses faibles sur les autres parametres du probléeme.
Nous appellerons “vitesses lentes” les vitesses plus lentes que O(T~1/2) (et réciproquement
“vitesses rapides” les bornes de convergence plus rapides que (’)(Tﬁl/ ).

Théoréme 2. Si \ est constante et que p est une fonction convexe et lisse alors nous
obtenons la vitesse de convergence lente suivante pour le regret, pour tout T > 1,

Si nous supposons en plus que p est fortement convexe et que le minimum de la
fonction de perte sur chaque sous-ensemble de la partition est atteint loin des bords de
AX alors nous obtenons des vitesses plus rapides

Théoréme 3. Si A est constante et que p est une fonction fortement conveze et lisse, et
si L atteint son minimum loin® de OAK, alors nous obtenons la vitesse de convergence
rapide suivante pour le regret, pour tout T > 1,

Cette vitesse rapide cache cependant un facteur multiplicatif qui fait intervenir 1/X et
1/1 (o1 1 est la distance de 'optimum aux bords de AX) et qui peut étre arbitrairement
grand. Nous nous intéressons donc maintenant au cas ou A est une fonction du contexte,
c’est-a-dire que 'agent peut moduler le poids de la régularisation en fonction du contexte.
Dans ce cas la distance de 'optimum au bord 9AX dépendra aussi de la valeur du contexte
et nous définissons donc la fonction n comme suit

n(z) = dist(p* (), 0AF) ,

ot p*(x) € AK est le point ot (p — (u(z),p) + A(x)p(p)) atteint son minimum. Afin
de pouvoir supprimer toute dépendence en A et 1 dans notre borne du regret, tout en

5Voir Section 1.4.2 pour un énoncé plus précis.

o1



obtenant des vitesses plus rapides que celles du Théoréme 2 nous devons faire une hypo-
these supplémentaire qui va empécher A et 1 de prendre trop souvent des petites valeurs
(qui sont la raison d'un facteur multiplicatif trop important dans le Théoréeme 3). Ceci
est classique en estimation non paramétrique et nous faisons donc ’hypothese suivante,
autrement appelée “condition de marge”

Hypotheése 1. [l existe 61 > 0, 62 > 0, a > 0 et Cp, > 0 tels que
Vo € (0,61], Px(A\(z) <) < Cd®® et V8 € (0,8)], Px(n(z) <6) < Cpd.

Cette condition dépend d’un parameétre de marge o qui controle la difficulté du pro-
bleme et qui permet d’obtenir des vitesses de convergence intermédiaires qui interpolent
parfaitement entre les vitesses lentes et les vitesses rapides, sans avoir de dépendance en
7 ou en A.

Théoréme 4. Si p est une fonction conveze, alors avec une condition de marge de pa-
ramétre a € (0,1) nous obtenons la vitesse de convergence suivante pour le regret, pour
toutT > 1,

— 5253 (1+a)
T 2B+d
RT)=0|| ==
log™(T")

Nous pouvons nous demander si les résultats de convergence obtenus dans les trois
théoremes présentés ci-dessus sont optimaux ou pas. Remarquons déja que ces vitesses
de convergence sont classiques en estimation non paramétrique (Tsybakov, 2008). Qui
plus est, nous prouvons aussi a la fin du chapitre une borne inférieure pour notre pro-
bléme, qui montre que la vitesse de convergence du Théoréme 3 est optimale aux termes
logarithmiques preés.

Théoréme 5. Pour tout algorithme de bandits qui renvoie pr, avec p fortement conveze
et u B-Hélder, il existe une constante universelle C' telle que

inf sup {E[L(ﬁT)] - L(p*)} > cT T
Popp

Nous terminons ce chapitre avec des expériences numériques sur des données synthé-
tiques qui illustrent de facon empirique nos résultats de convergence.
3.2 Partie I Chapitre 2

Dans ce chapitre nous cherchons a estimer de fagon active la matrice de design pour le
probléme de régression linéaire détaillé a la Section 2.2. Le but ici est d’obtenir la meilleure
estimation possible du parametre g* de la régression linéaire, c’est-a-dire de construire
un estimateur 3 & D'aide de T échantillons qui minimise la norme ¢2 E[||g* — 5]|2]. En
introduisant la matrice suivante

K
Z pe/o ) Xe Xy

nous voyons que notre probléme correspond en réalité a minimiser la trace de I'inverse de
la matrice (p) (qui est la matrice de covariance du probléme), puisque

E (I8 - 5°17) = 2 Tx(00) ™)
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Ainsi notre probléme est équivalent & la planification en ligne et optimale d’expériences
avec le critére A. Plus précisément, introduisons la fonction de perte L(p) = Tr(Q(p)~!)
qui est strictement convexe et qui admet donc un minimum p*. Notre objectif se reformule
donc en la minimisation du regret de notre algorithme, c’est-a-dire que nous cherchons a
minimiser ’écart entre la perte de ’algorithme et la plus petite perte réalisable

R(T) =E [|I3 = 5°I] - minB || — 5*)?] = = E[L(r)] ~ L)

De la méme facon qu’a la Section 3.1 notons que R(7") n’est pas un regret simple mais
bien un regret cumulé.

Dans le Chapitre 2 nous construisons un algorithme d’apprentissage actif pour ré-
soudre le probléeme de planification en ligne et optimale d’expériences en nous appuyant
sur le travail de Berthet et Perchet (2017). Remarquons que lorsque K < d la matrice
Q(p) est dégénérée, ce qui conduit & un regret linéaire, & moins de restreindre ’analyse au
sous-espace induit par les covariables. C’est ce que nous ferons par la suite, ce qui permet
donc de considérer maintenant que K > d.

Apres avoir obtenu un résultat de concentration sur les variances de variables aléa-
toires sous-gaussiennes nous analysons notre algorithme, en distinguant deux cas. Dans le
premier cas le nombre de covariables K est égal a la dimension de ’espace d. Nous savons
donc que tous ces points doivent étre tirés un nombre non nul de fois, mais le contrdle de
la quantité de tirages est crucial. Nous utilisons donc au début de I’algorithme une phase
de pré-échantillonnage de chaque bras qui force la fonction de perte a étre localement lisse
et qui nous permet d’obtenir des vitesses de convergence rapides.

Théoréme 6. Dans le cas ou K = d nous obtenons la vitesse de convergence rapide
sutvante, pour tout T > 1,
1%%@)

R(T) =0 (TQ

Il est important de mentionner que cette vitesse rapide n’est pas facile a obtenir. En
effet, a la Section 2.3 nous présentons un algorithme naif qui s’appuie sur des techniques
similaires a celles utilisées par UCB, et qui n’atteint qu'un regret en (5(T*3/ 9,

Dans le second cas ou K > d le probleme est bien plus difficile. En effet de nombreuses
situations différentes peuvent avoir lieu et le point d’optimum p* peut étre atteint soit en
n’échantillonnant pas certains points, soit en les tirant tous. Trouver la stratégie optimale
est donc un probleme difficile, ce qui explique la vitesse de convergence plus faible que
nous obtenons dans ce cas

Théoréme 7. Dans le cas ot K > d nous obtenons la vitesse de convergence suivante

pour le regret, pour tout T > 1
log(T
RU?zO(Og ».

T5/4

Cette borne supérieure n’est pas optimale et nous prouvons d’ailleurs la borne infé-
rieure suivante dans le cas ou K > d

Théoréme 8. Pour tout algorithme sur notre probléme il existe un ensemble de para-
métres tels que R(T) > T3/,

Les expériences numériques que nous réalisons a la fin du Chapitre 2 illustrent bien
le fait que le cas K > d est bien plus complexe que le cas K = d et que la vitesse de
convergence optimale se trouve certainement entre T—5/% et T—3/2,
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3.3 Partie I Chapitre 3

Dans ce chapitre nous étudions un probléme a la frontiere entre 'apprentissage séquen-
tiel et 'optimisation convexe stochastique, qui est un probleme d’allocation de ressources
que nous formulons de la fagon suivante. Supposons qu'un agent a acces & un ensemble
de K différentes ressources auxquelles il peut allouer un montant x;, qui génere une ré-
compense fi(xy). A chaque pas de temps I’agent ne peut qu’allouer un budget total fini,
c’est-a-dire que Zle xr = 1. Ainsi I'agent recoit a chaque pas de temps t € {1,...,T} la
récompense

K
F(m(t)) = Z fk(x;(:)) avec zlt) = (ﬂfgt)a o vag?) e AR )
k=1

qui doit étre maximisée. En notant 2* € A¥ Dallocation optimale qui maximise F, I’ob-
jectif de 'agent est équivalent a la minimisation du regret cumulé

1 I K . 1T
R(T) = F(a*) = 3 3 fila;)) = max F(a) - = > F(al).
t=1

t=1 k=1 zeAK

Les problémes d’allocation de ressources ont été étudiés pendant des siecles dans de nom-
breux domaines d’application et nous faisons maintenant une hypothese classique qui
remonte a Smith (1776) et qui porte le nom d’hypothese des “rendements décroissants”,
et qui peut étre modélisée par des fonctions de récompense concaves. Dans ce chapitre
nous supposerons que ’agent a aussi acces a chaque pas de temps & une valeur bruitée
de VF(z") pour réaliser la minimisation du regret, ce qui place agent en compétition
avec d’autres algorithmes d’optimisation stochastique du premier ordre.

Afin de mesurer la complexité du probléme que nous étudions nous faisons une hy-
pothése supplémentaire qui s’appuie sur 'inégalité de Lojasiewicz (Lojasiewicz, 1965),
qui correspond a une forme plus faible de la convexité uniforme. L’hypothese précise sur
laquelle nous travaillons est expliquée en détails a la Section 3.2.3 mais nous en énongons
un cas particulier ici par simplicité.

Hypotheése 2. Pour tout k € {1,--- , K}, fi est p-uniformément concave.

Avec cette hypotheése nous dirons que nous vérifions “inductivement” l’inégalité de

Lojasiewicz avec le parametre 3 = 2=, comme le montre la Proposition 3.5.

L’exposant dans I'inégalité de Ifojlasiewicz étant supposé inconnu, ’objectif du Cha-
pitre 3 est de construire un algorithme adaptatif a cet exposant et qui minimise le regret.
Si nous revenons a la discussion de la Section 2.3 nous cherchons ici a minimiser le re-
gret, ce qui est plus compliqué que de minimiser lerreur sur la fonction. Ce faisant, cet
objectif nous empéche d’utiliser les algorithmes proposés par Juditsky et Nesterov (2014)
ou Ramdas et Singh (2013a) qui obtiennent un regret linéaire.

Nous construisons un algorithme dont le concept central est la dichotomie. Nous en
présentons ici un apergu dans le cas de K = 2 ressources, ou l'on a donc F(x) = f1(z1) +
fo(m2) = fi(z1) + fo(1 — 1) £ fi(z) + f2(1 — z), qui peut étre vue comme une fonction
définie sur [0, 1]. L’idée de I'algorithme est d’évaluer chaque point d’échantillonnage x un
nombre suffisant de fois pour obtenir avec grande probabilité le signe de VF(x), qui nous
dira si x* est a droite ou a gauche du point courant z. Notre algorithme consiste donc en
une dichotomie qui supprime la moitié de I'intervalle de recherche a chaque phase. Puisque
les points qui sont loin de 2* seront peu échantillonnés (car le signe du gradient & ces points
est facile & déterminer) notre algorithme a un regret sous-linéaire. Il est facile de montrer
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que son regret est méme 6(T ~1) dans le cas fortement convexe, ce qui coincide avec la
vitesse classique d’optimisation stochastique pour des fonctions fortement convexes. Dans
le cas général nous obtenons la vitesse de convergence suivante en imbricant plusieurs
dichotomies les unes dans les autres.

Théoréme 9. Si le probléeme vérifie inductivement linégalité de Lojasiewicz avec § > 1
alors nous obtenons la borne suivante sur le regret, apres T' > 1 échantillons

log, (K)
dans le cas 5 > 2, E[R(T)] <O (KW)T2> :

log, (K)+1\ /2
dans le cas 5 <2, ER(T)]| <O | K (W)
Notons que sous 'Hypothese 2, f = p/(p — 1) < 2 et nous obtenons donc une borne
sur le regret en T-P/(20=2) e qui est exactement la vitesse obtenue par Ramdas et
Singh (2013a,b) et Juditsky et Nesterov (2014), mais cette fois pour le regret et non
pour la minimisation de la fonction. Comme dans les chapitres précédents nous analysons
I'optimalité de la borne supérieure du théoréme précédent en prouvant la borne inférieure
suivante dans le cas ou S € [1, 2]

Théoréme 10. Pour tout algorithme il existe une paire de fonctions concaves et crois-
santes f1 et fo telles que

B
E[R(T)] = cgT™ =,
ot cg > 0 est une constante indépendante de T'.

Ce résultat montre que notre borne supérieure est optimale aux facteurs logarith-
miques pres. Nous finissons le chapitre en illustrant nos résultats théoriques par des ex-
périences numériques réalisées sur des données synthétiques.

Par ailleurs nous mettons aussi en évidence dans ce chapitre que notre probleme géné-
ralise le probléeme des bandits multi-bras, en s’intéressant au cas des ressources linéaires.
Nous retrouvons ainsi a la Section 3.3.5 la borne classique en log(7)/(T'A) des bandits
multi-bras.

3.4 Partie II Chapitre 4

Dans ce chapitre nous analysons 'algorithme de Descente de Gradient Stochastique
(SGD) que nous avons évoqué & la Section 2.4. Soit f : RY — R la fonction & minimiser,
que I'on suppose continliment dérivable et lisse. Nous faisons ’hypothése que nous n’avons
pas acces V f(z) mais plutot a des estimations non biaisées H (z, z) ol 2z est une réalisation
d’une variable aléatoire Z sur Z de densité uz qui vérifie

vz € RY, / H(z,z)dpz(z) = Vf(z) .
z
Nous définissons alors SGD comme suit
Xp+1=Xn —y(n+1)""H(Xn, Znt1) (10)

ol v > 0 est le pas initial, a € [0, 1] est un parameétre permettant d’utiliser des pas dé-
croissants et (Z,)nen est une suite de variables aléatoires indépendantes distribuées selon
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puz. Comme expliqué dans la Section 2.4 nous étudions SGD en analysant son pendant
continu qui vérifie 'Equation Différentielle Stochastique (EDS) suivante

dX; = —(ya + 1) {VF(Xe)dt + 7Y/ *2(X,)/2dBy} (11)

ot o = M, B(x) = pz({H(w,-) = Vf(@)H{H(z,) = Vf(2)}T) et (By)i>o est un
mouvement brownien d-dimensionnel.

Une de nos contributions dans le Chapitre 4 est de proposer une nouvelle méthode pour
obtenir les vitesses de convergence de SGD, qui utilise I’analyse de 'EDS correspondante.
Cette méthode a ’avantage d’étre plus simple que les preuves existantes, et nous mettons
cela en évidence avec 'exemple des fonctions fortement convexes. Notre méthode consiste
a trouver une fonction d’énergie appropriée qui va donner les vitesses de convergence dans
le cas continu, et ensuite a adapter la preuve au cas discret en utilisant des techniques
similaires, le cas continu servant donc a obtenir 'intuition de la preuve. Nous prouvons
par exemple le résultat suivant dans le cas fortement convexe.

Théoréme 11. Si f est une fonction lisse et fortement conveze, le schéma SGD (10) qui
utilise des pas décroissants de paramétre a € (0,1] a la vitesse de convergence suivante
pour tout N > 1,

E [| Xy —2*|*] <ONT*.

Malgré le fait que ce résultat est déja connu, la preuve que nous proposons est beaucoup
plus simple que celle de Bach et Moulines (2011). Pour faire I’analyse du schéma continu
nous utilisons le lemme de Dynkin (qui consiste essentiellement & prendre 1’espérance
dans le lemme d’It6, voir Lemme 4.13) afin de calculer la dérivée de I’énergie. Dans le cas
discret nous remplagons le lemme de Dynkin par le lemme de descente (Nesterov, 2004,
Lemme 1.2.3) qui est un équivalent approché discret du lemme de Dynkin, mais qui ne fait
pas intervenir la dérivée seconde, ce qui va conduire a des preuves légerement différentes.

La contribution principale du Chapitre 4 est une analyse exhaustive de SGD dans
le cas convexe pour la convergence de la fonction au dernier itéré. Nous considérons en
effet la situation ou f est convexe et lisse sans faire d’hypothese de compacité. Nous
prouvons alors les deux résultats suivants grace a des arguments assez similaires. Le
premier théoréme donne la vitesse de convergence de I'EDS (11).

Théoréme 12. Si f est une fonction lisse et convexe, alors il existe C > 0 tel que la
suite (X¢)e>o définie par ’EDS (11) avec paramétre a € (0, 1) vérifie pour tout T > 1,

E[f(Xr)] - f* < C(1+1og(T))? /T~

Nous prouvons un deuxiéme résultat similaire dans le cas discret. La preuve est un
peu plus complexe du fait des différences entre le lemme de Dynkin et le lemme de
descente, mais nous obtenons néanmoins le résultat suivant dont la ressemblance avec le
Théoréme 12 illustre bien les liens entre les modeles discret et continu.

Théoreme 13. 5i f est une fonction lisse et convexe alors il existe C' > 0 tel que la suite
de SGD définie par (10) pour o € (0, 1) vérifie pour tout N > 1,

E[f(Xn)] — f* < C(1+log(N + 1))2/(N + 1)2A(1=e)

Ce dernier résultat vient contredire la conjecture de Bach et Moulines (2011) qui
supposaient que la vitesse optimale de convergence pour le dernier itéré dans SGD était
N—3,
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Pour finir nous nous intéressons au cas ou f n’est plus convexe. Nous considérons
pour cela une généralisation du cas “faiblement quasi-convexe” (Hardt et al., 2018) en
supposant qu’il existe r; € (0,2), 72 > 0, 7 > 0 tels que pour tout z € R,

f@) = f(a") < IVF@)I™ [l =2 /7.

Notons en outre que cette condition englobe le cas ou f vérifie I'inégalité de t.ojasie-
wicz mentionnée a la Section 3.3 qui peut étre définie de la fagon suivante pour g8 € (0, 2)
et ¢ >0,

Vo € RY, fz) - f(a*) < c||VI@)]7

et qui a été abondamment utilisée en optimisation.

Sous ces hypothéses nous sommes & nouveau en mesure d’obtenir des vitesses de
convergence, a la fois pour 'EDS (11) et pour le schéma discret de SGD (10). Ces ré-
sultats qui sont rigoureusement établis a la Section 4.3.4 généralisent et améliorent les
bornes précédemment obtenues dans le cas faiblement quasi-convexe par Orvieto et Lucchi
(2019).

3.5 Liste des publications

Cette these a donné lieu aux publications suivantes :

o (Fontaine et al., 2019a) Regularized Contextual Bandits, Xavier Fontaine,
Quentin Berthet and Vianney Perchet, International Conference on Artifical In-
telligence and Statistics (AISTATS), 2019

o (Fontaine et al., 2019b) Online A-Optimal Design and Active Linear Regres-
sion, Xavier Fontaine, Pierre Perrault, Michal Valko and Vianney Perchet, soumis

o (Fontaine et al., 2020b) An adaptive stochastic optimization algorithm for
resource allocation, Xavier Fontaine, Shie Mannor and Vianney Perchet, Inter-
national Conference on Algorithmic Learning Theory (ALT), 2020

o (Fontaine et al., 2020a) Convergence rates and approximation results for
SGD and its continuous-time counterpart, Xavier Fontaine, Valentin De Bor-
toli and Alain Durmus, soumis.

L’auteur a aussi participé a la publication suivante, qui n’est pas traitée dans cette
these :

o (De Bortoli et al., 2020) Quantitative Propagation of Chaos for SGD in Wide
Neural Networks, Valentin de Bortoli, Alain Durmus, Xavier Fontaine and Umut
Simgekli, Advances in Neural Information Processing Systems, 2020.

Dans la suite de cette thése nous avons fait le choix de déplacer les preuves les plus
longues dans les appendices de fin de chapitre pour des raisons de lisibilité.

57



o8



Part 1

Sequential learning

99






1 Regularized contextual bandits

In this chapter we consider the stochastic contextual bandit problem with additional
regularization. The motivation comes from problems where the policy of the agent
must be close to some baseline policy known to perform well on the task. To tackle this
problem we use a nonparametric model and propose an algorithm splitting the context
space into bins, solving simultaneously — and independently — regularized multi-
armed bandit instances on each bin. We derive slow and fast rates of convergence,
depending on the unknown complexity of the problem. We also consider a new
relevant margin condition to get problem-independent convergence rates, yielding
intermediate rates interpolating between the aforementioned slow and fast rates'.

1.1 Introduction and related work

In sequential optimization problems, an agent takes successive decisions in order to min-
imize an unknown loss function. An important class of such problems, nowadays known
as bandit problems, has been mathematically formalized by Robbins in his seminal pa-
per (Robbins, 1952). In the so-called stochastic multi-armed bandit problem, an agent
chooses to sample (or “pull”) among K arms returning random rewards. Only the re-
wards of the selected arms are revealed to the agent who does not get any additional
feedback. Bandit problems naturally model the exploration/exploitation trade-offs which
arise in sequential decision making under uncertainty. Various general algorithms have
been proposed to solve this problem, following the work of Lai and Robbins (1985) who
obtain a logarithmic regret for their sample-mean based policy. Further bounds have been
obtained by Agrawal (1995) and Auer et al. (2002) who developed different versions of
the well-known UCB algorithm.

The setting of classical stochastic multi-armed bandits is unfortunately too restrictive
for real-world applications. The choice of the agent can and should be influenced by addi-
tional information (referred to as “context” or “covariate”) revealed by the environment.
It encodes features having an impact on the arms’ rewards. For instance, in online ad-
vertising, the expected Click-Through-Rate depends on the identity, the profile and the
browsing history of the customer. These problems of bandits with covariates have been
initially introduced by Woodroofe (1979) and have attracted much attention since Wang

!This chapter is joint work with Quentin Berthet and Vianney Perchet. It has led to the following
publication:
(Fontaine et al., 2019a) Regularized Contextual Bandits, Xavier Fontaine, Quentin Berthet and
Vianney Perchet, International Conference on Artificial Intelligence and Statistics (AISTATS), 2019.
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et al. (2005); Goldenshluger et al. (2009). This particular class of bandits problems is now
known under the name of contextual bandits following the work of Langford and Zhang
(2008).

Contextual bandits have been extensively studied in the last decades and several im-
provements upon multi-armed bandits algorithms have been applied to contextual ban-
dits, including Thompson sampling (Agrawal and Goyal, 2013), Explore-Then-Commit
strategies (Perchet and Rigollet, 2013), and policy elimination (Dudik et al., 2011). They
are quite intricate to study as they borrow aspects from both supervised learning and
reinforcement learning. Indeed they use features to encode the context variables, as in su-
pervised learning but also require an exploration phase to discover all the possible choices.
Applications of contextual bandits are numerous, ranging from online advertising (Tang
et al., 2013), to news articles recommendation (Li et al., 2010) or decision-making in the
health and medicine sectors (Tewari and Murphy, 2017; Bastani and Bayati, 2015).

Among the general class of stochastic multi-armed bandits, different settings can be
studied. One natural hypothesis that can be made is to consider that the arms’ rewards
are regular functions of the context i.e., that two close context values have similar expected
rewards. This setting has been studied in (Srinivas et al., 2010), (Perchet and Rigollet,
2013) and (Slivkins, 2014). A possible approach to this problem is to take inspiration
from the regressograms used in nonparametric estimation (Tsybakov, 2008) and to divide
the context space into several bins. This technique also used in online learning (Hazan
and Megiddo, 2007) leads to the concept of UCBograms (Rigollet and Zeevi, 2010) in
bandits.

We introduce regularization to the problem of stochastic multi-armed bandits. It
is a widely-used technique in machine learning to avoid overfitting or to solve ill-posed
problems. Here the regularization forces the solution of the contextual bandits problem
to be close to an existing known policy. As an example of motivation, an online-advertiser
or any decision-maker may wish not to diverge too much from a handcrafted policy that
is known to perform well. This has already motivated previous work such as Conservative
Bandits (Wu et al., 2016), where an additional arm corresponding to the handcrafted
policy is added. By adding regularization, the agent can be sure to end up close to the
chosen policy. Within this setting the form of the objective function is not a classical
bandit loss anymore, but contains a regularization term on the global policy. We fall
therefore in the more general setting of online optimization and borrow tools from this field
to build and analyze an algorithm on contextual multi-armed bandits. As a substitute
of the UCB algorithm we use the recently introduced Upper Confidence-Frank Wolfe
algorithm (Berthet and Perchet, 2017).

Our main contribution consists in an algorithm with proven slow or fast rates of
convergence, depending on the unknown complexity of the problem at hand. These rates
are better than the ones obtained for classical nonparametric contextual bandits. Based
on nonparametric statistics we obtain parameter-independent intermediate convergence
rates when the regularization function depends on the context value.

The remainder of this chapter is organized as follows. We present the setting and
problem in Section 1.2. Our algorithm is described in Section 1.3. Sections 1.4 and 1.5 are
devoted to deriving the convergence rates. Lower bounds are detailed in Section 1.6 and
experiments are presented in Section 1.7. Section 1.8 concludes the chapter. Postponed
proofs are put in Appendix 1.A.
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1.2 Problem setting and definitions

1.2.1 Problem description

We consider a stochastic contextual bandit problem with K € N* arms and time horizon
T. Tt is defined as follows. At each time ¢t € {1,...,T}, Nature draws a context variable
X; € X = [0,1]% uniformly at random. This context is revealed to an agent who chooses

an arm 7; amongst the K arms. Only the loss Y;(m) € [0,1] is revealed to the agent.

For each arm k € {1,..., K} we note j,(X) 2 E(Y®)|X) the conditional expectation
of the arm’s loss given the context. We impose classical regularity assumptions on the
functions ug borrowed from nonparametric estimation (Tsybakov, 2008). Namely we
suppose that the functions py are (3, Lg)-Hélder, with 8 € (0,1]. We note Hg 1, this

class of functions.

A 1.1 (B-Hélder). There exists 3 € (0,1] and Lz > 0 such that for all k € [K)?, p is
B-Holder i.e.,

Yo,y € X, |p(z) — ue(y)| < Lg |z —y|° .

Unless explicitly specified we will only consider the classical euclidean norm on R?
in this chapter. We denote by p : X — AX the proportion function of each arm (also
called occupation measure), where AKX is the unit simplex of R¥X. In classical stochastic
contextual bandits the goal of the agent is to minimize the following loss function

L) = [ (u@).p(@) do

We add a regularization term representing the constraint on the optimal proportion func-
tion p*. For example we may want to encourage p* to be close to a chosen proportion
function ¢, or to be far from OAX. In order to do that we consider a convex regularization
function p : AKX x X — R and a regularization parameter A : X — R. Both p and X are
known and given to the agent, while the uz functions are unknown and must be learned.
We want to minimize the loss function

L(p) Z/XW(HS),P(JU))+A($)P(p(ﬂf)7w)dw- (L.1)

This is the most general form of the loss function. We study first the case where the
regularization does not depend on the context (i.e., when X is a constant and when p is
only a function of p).

The function A modulates the weight of the regularization and is chosen to be regular
enough. More precisely we make the following assumption on the regularization term.

A1.2. )\ is a C® non-negative function and p is a C' convex function.

We will see later the convexity of p is not enough and that we actually need strong
convexity.

Definition 1.1. We say that p is a C! (-strongly convex function with ¢ > 0 if p is
continuously differentiable and if

Y(p.0) € (AFV, pla) 2 pp) + (Vplp)a —p) + 5 Ip —all
K] ={1,...,K}.
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In the rest of this chapter all strongly convex functions will be assumed to be of class
C!. We will also be led to consider S-smooth functions.

Definition 1.2. A continuously differentiable and real-valued function f defined on a set
D C RE is S-smooth (with S > 0) if its gradient is S-Lipschitz continuous, i.e.,

Y(z,y) € D%, |[Vf(z) = V)l < Sllz—y] .

The optimal proportion function is denoted by p* and verifies

p*= arginf L(p).

pe{f: X—AK}
If an algorithm aiming at minimizing the loss L returns a proportion function pr we define
the regret as follows.

Definition 1.3. The regret of an algorithm outputting pr € {p: X — AKX} is
R(T') = EL(pr) — L(p") -

In the previous definition the expectation is taken on the choices of the algorithm.
The goal is to find after T samples a pr € {p : X — AK} the closest possible to p* in the
sense of minimizing the regret. Note that R(T') is actually a cumulative regret, since pp
is the vector of the empirical frequencies of each arm i.e., the normalized total number
of pulls of each arm. Earlier choices affect this variable unalterably so that we face a
trade-off between exploration and exploitation.

1.2.2 Examples of regularizations

The most natural regularization function considered throughout this chapter is the (neg-
ative) entropy function defined as follows:

K
p(p) =Y pilog(p;) forpe AF.
=1

Since VZp(p) = 1/p; > 1, p is 1-strongly convex. Using this function as a regularization
forces p to go to the center of the simplex, which means that each arm will be sampled a
linear amount of time.

We can consider instead the Kullback-Leibler divergence between p and a known

proportion function ¢ € AK:

K
i
p(p) = Dir(pllg) = _pilog <q) for p € AK .
=1 ?

Instead of pushing p to the center of the simplex, the KL divergence will push p towards
q. This is typically motivated by problems where the decision maker should not alter too
much an existing policy ¢, known to perform well on the task. Another way to force p to
be close to a chosen policy ¢ is to use the £2-regularization p(p) = ||p — q||g

These two last examples have an explicit dependency on x since g depends on the
context values, which was not the case of the entropy (which only depends on z through
p). Both the KL divergence and the £2-regularization have a special form that allows us
to remove this explicit dependency on x. They can indeed be written as

p(p(z),x) = H(p(x)) + (p(x), k(x)) + c(z) ,
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with H a (-strongly convex function of p, k a S-Holder function of x and ¢ any function
of x.

Indeed,
Dru(oll) = Y- o (22
KL\P||q i:1p2 g QZ(m)
K
=Y pi(x) log pi(z) +(p(x), —log q(x)) .
i=1
H(p(z))
And

Ip(z) — q(2)]|5 = |p(2)|]* +(p(z), —2q(2)) + q(2)[* .
—— ——

With this specific form the loss function writes as
L) = [ (1@). (@) + A@)plp(a). ) da
= [ {1(a) + M@k (). p(a)) + A Hp@) do + [ Aa)ew) da
X X

Since we aim at minimizing L with respect to p, the last term [ A(x)c(z) da is irrelevant
for the minimization. Let us now note i = p + Ak. We are now minimizing

E(p) = [ Gila),p(a)) + Aa)H(p(w) da

This is actually the standard setting of Section 1.2.1 with a regularization function H
independent of x. In order to preserve the regularity of i we need Ap to be [-Holder
which is the case if ¢ is sufficiently regular. Nonetheless, we remark that the relevant
regularity is the one of u since A and p are known.

As a consequence, from now on we will only consider regularization functions p that
only depend on p.

1.2.3 The Upper-Confidence Frank-Wolfe algorithm

We now briefly present the Upper-Confidence Frank-Wolfe algorithm (UC-FW) from
Berthet and Perchet (2017), that will be an important tool of our own algorithm. This
algorithm is designed to optimize an unknown convex function L : A¥ — R. At each
time step ¢ > 1 the feedback available is a noisy estimate of VL(p;), where p; is the vector
of proportions of each action. The algorithm chooses the arm k£ minimizing a lower confi-
dence estimate of the gradient value (similarly to the UCB algorithm (Auer et al., 2002))
and updates the proportions vector accordingly. Slow and fast rates for this algorithm
are derived by the authors.

1.3 Description of the algorithm

1.3.1 Idea of the algorithm

As the time horizon T is finite, even if we could use the doubling-trick, and the reward
functions g, are smooth, we choose to split the context space X' into B¢ cubic bins of
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side size 1/B, where B € N*. Inspired by UCBograms (Rigollet and Zeevi, 2010) we are
going to construct a (bin by bin) piecewise constant solution pr of (1.1).

We denote by B the set of bins introduced. If b € B is a bin we note |b| = B~ its
volume and diam(b) = v/d/B its diameter. Since pr is piecewise constant on each bin
b € B (with value pr(b)), we rewrite the loss function into

Lipr) = [ (nla).Br(@) + A@)p(pr (@) da

= 5 > Lu(Br (b)), (1.2)

where Ly(p) = (ji(b), p) + A(B)p(p) and ji(b) = “1)' J, () de and A(b) = |z1)| JoMx) da are
the mean values of ; and A on the bin b.

Consequently we just need to minimize the unknown convex loss functions L; for each
bin b € B. We fall precisely in the setting of Section 1.2.3 and we propose consequently
the following algorithm: for each time step ¢ > 1, given the context value X;, we run
one iteration of the UC-FW algorithm for the loss function L; corresponding to the bin
b > X;. We note pp(b) the results of the algorithm on each bin b.

Algorithm 1.1 Regularized Contextual Bandits

Require: K number of arms, T time horizon
Require: B = {1,..., B?%} set of bins

. (b) ,,\\ PEB . .
Require: (t = oy, (t)) pre-sampling functions

ke[K]
1: for b in B do
2 Sample ozl(f) (T/B%) times arm k for all k € [K]
3: fort>1do
4: Receive context X; from the environment
5 by < bin of X;
6 Perform one iteration of the UC-FW algorithm for the L;, function on bin b;
7: return the proportion vector (pr(1),...,pr(B%))

Line 2 of Algorithm 1.1 consists in a pre-sampling stage where all arms are sampled
a certain amount of time. It guarantees that py(k) is bounded away from 0 so that pp is
bounded away from the boundary of AX, which will be required when L; is not smooth
on OAK. We will see how this can be used to enforce constraints on the p; and especially
to force p to be far from the boundaries of A®. More details on this pre-sampling stage
will be given in the following sections.

In the remaining of this chapter, we derive slow and fast rates of convergence for this
algorithm, depending on the complexity of the current instance of the problem.

1.3.2 Estimation and approximation errors

In order to obtain a bound on the regret, we decompose it into an estimation error and
an approximation error.

66



We note for all bins b € B, py = arginf,cax Ly(p) the minimum of L, on the bin b.
We note p* the piecewise constant function taking the values py on the bin b.

The approximation error is the minimal achievable error within the class of piecewise
constant functions.

Definition 1.4. The approzimation error A(p) is the error between the best piecewise
constant function p* and the optimal solution p*.

The estimation error is due to the errors made by the algorithm.

Definition 1.5. The estimation error E(pr) is the error between the result of the algo-
rithm pr and the best piecewise constant function p*.

Blpr) = BL(pr) ~ L(7*) = 73 3 BLy(pr(5)) — Lo(})
beB

where the last equality comes from (1.2).

We naturally have R(T") = E(pr)+ A(p*). In order to bound R(7T) we want to obtain
bounds on both the estimation and the approximation error terms.

1.4 Convergence rates for constant A

In this section we consider the case where A is constant.
A1.3. ) is a constant positive function on R?.

We derive slow and fast rates of convergence.

1.4.1 Slow rates

In order to derive the slow rates we begin with a lemma on the concentration of T3, the
number of context samples falling in a bin b.

Lemma 1.1. For all b € B, let T}, the number of context samples falling in the bin b. We

have LT T
>t ) <opd ).
= 2Bd) = eXp( 12Bd>

T

]P’(Hbel’j’, Ty~ 5

Proof. For abinb e Band t € {1,...,T}, let Zt(b) = lyx,epy which is a random Bernoulli
variable of parameter 1/B¢.

We have T), = 23:1 Z; and E[Ty] = T/B®. Using a multiplicative Chernoff’s bound (Ver-
shynin, 2018) we obtain:

P (5 i1 > Joima) <2 (-5 (3) 52 ) =20 (-5 -

We conclude with an union bound on all the bins. O

The analysis of the UC-FW algorithm gives the following bound.
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Proposition 1.1. Assume A1.1, A1.2, A1.3 and that p is S-smooth on AX. If pr is
the result of Algorithm 1.1 and p* the best piecewise constant function on the set of bins
B, then for all T > 1, the following bound on the estimation error holds®

EL(pr) ~ L") = 0 VB [T

Proof. We have

Blpr) = BL(pr) ~ L(¥) = 357 3 ELpr(8) — Lo(ph)
beB

Let us now consider a single bin b € B. We have run the UC Frank-Wolfe (Berthet and
Perchet, 2017) algorithm for the function L; on the bin b with T}, iterations.

For all p € AF, Ly(p) = (a(b),p) + Ap(p), then for all p € A%, VLy(p) = a(b) + AVp(p)
and V2L,(p) = AV?p(p). Since p is a S-smooth convex function, L is a AS-smooth convex
function.

We consider the event A:

T 3T
AS Ty € | =57 227 ¢ -
{wes te|smam |

T
L 1.1 shows that P(Al) < 2B? —~ :
emma 1.1 shows that P(A") < exp( 12Bd>
Using (Berthet and Perchet, 2017, Theorem 3) we obtain on event A:

3K log('T; Sl T 2 2||VL +||L
BLupr(5) ~ La(s5) < 4y gty SOEE)  (T p) 2Rt el

Ty Ty 6 Ty

<4

K1 2 2||VL L
6K log(T) | 28log(eT) () 20¥Lsll + Lol
T/B? T/B? 6 T/Bl
Since p is of class C!, p and Vp are bounded on the compact set AX. Tt is also the case for
Ly and consequently || Ly|| ., and ||V Ly ||, exist and are finite and can be expressed in function
of [[pll o> [V ollo and [[A[|.. On event A%, ELy(pr (b)) — Lo(p}) < 2| Lol < 242 [ Apl-
Summing over all the bins in B we obtain:

6K1;g(T) | pa2Slog(el) | gt t? ||wp¥0c v

+4BY1+ | Aplo)e 1257 (1.3)

EL(pr) — L(p*) < 4B%/?

The first term of Equation (1.3) dominates the others and we can therefore write that

BL(pr) - L(p) = O <x/EBd/2 bg;}”) ,

where the O is valid for T — oo. O

Some regularization functions are not S-smooth on AX | for example the entropy whose
Hessian is not bounded on AX. The following proposition shows that the previous result
still holds, at least for the entropy.

3The Landau notation O(-) has to be understood with respect to T. The precise bound is given in the
proof.
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Proposition 1.2. Assume A1.1, A1.2, A1.3 and that p is the entropy function, then for
all T > 1, the following bound on the estimation error holds

Eum@wdwv=0@wﬂ§?).

The idea of the proof is to force the result of the algorithm to be “inside” the simplex
AK (in the sense of the induced topology) by pre-sampling each arm.

Proof. We consider a bin b € B containing ¢ samples.
Let S£{pec AK | Vie K], p;>—
{p | (K], pi = i

of p; to be in S we sample each arm A/t times. Thus we have Vi € [K], p; > A/v/t. Then
we apply the UCB-Frank Wolfe algorithm on the bin b. Let

}. In order to force all the successive estimations

A A . *x A .
= min L and = min L .
by = min Ly (p) pp = min 5(p)

We now have to distinguish two cases.

(a) Case 1: py = pj, i.e., the minimum of L is in S.
For all p € AK, Ly(p) = (iu(b), p) + Ap(p), then for all p € AX, VLy(p) = fu(b) + A(1 +log(p))
and V2 Ly(p) = \/p;. Therefore on S we have

V2 Ly(p) < Vit.

And consequently Ly, is v/#-smooth. And since V,;Ly(p) = 1+ Alog(p;), [[VLs(p)| ., < log(t).
We can apply the same steps as in the proof of Proposition 1.1 to find that

ELs(p: (b)) — Lo(p}) < 4 3K1;’g(t) n \/ilotg(et) n (7;2 N K) 2log(t) —tl—log(K)

_o <log(t)> .
Vit
(b) Case 2: p, # p;. By strong convexity of Ly, p, cannot be a local minimum of L; and
therefore py, € 9S.

The Case 1 shows that

Eu@@»—u@w=0C%@).

Vit

Let 7 = (m1,...,7x) with m; £ max(\/V/Z,pp;). We have |7 — ppll, < VEN/VE.

Let us derive an explicit formula for p; knowing the explicit expression of p. In order to
find the optimal p* value let us minimize (p — Ly(p)) under the constraint that p lies in the
simplex AX. The KKT equations give the existence of ¢ € R such that for each i € [K],
fi(b)+Alog(p;) +A+€ = 0 which leads to pj ; = e~ Fi®)/A ) 7 where Z is a normalization factor.

Since Z = Ef; e Hi(0)/X we have Z < K and Phi > e_l/’\/K. Consequently for all p on the
segment between 7 and pj we have p; > e~1/* /K and therefore A(1+log(p;)) > A(1—log K)—1
and finally V;Ly(p)] < ]| log(K).

Therefore Ly, is 4v/K log(K)-Lipschitz and
IZs(p}) = Lo(m)lly < 4[1All VE log(K) [lm — poll, < 4K log(K) A%, /VE = O(1/V1) .
Finally, since Ly(7) > Ly(pp) (because w € S), we have

ELy(p: (b)) — Lo(ph) < ELy(pi (b)) — Lo(Po) + Lo (D) — Lu(p})

:O(%?>+MM—M%)
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o)
t

We conclude by summing on the bins and using that ¢ € [T//2B¢,3T/2B¢] with high proba-
bility, as in the proof of Proposition 1.1.

O
In order to obtain a bound on the approximation error we notice that
Lopi) = ing L) = inf, Olp) — (-8} =~ () = - (-4
peEAK pEAK ’ A
where p* is the Legendre-Fenchel transform of p.
Similarly,
Jtn@).p* @) + 2" @) do = [ it —(~p(w),p) + Ap(p) do
b bpEA
= [ =) (=) do
Kz
= /b—)\p (—/\) dx .
We want to bound
Ap) =) /(#(SE)’p*(l‘» + (P () — (@), p* (@) — Ap(p*(2)) dx
beB
= /(M(b)7pb> + Ap(py) — (@), p*(2)) — Ap(p*(2)) da
beB
= ([t ar = futa).p (@) + 20001 )
=AY [ (nl@)/X) ~ 7 (b N) da (1.4)
beB

With Equation (1.4) and convex analysis tools we prove the

Proposition 1.3. Assume A1.1, A1.2, A1.3. If p* is the piecewise constant function on
the set of bins B minimizing the loss function L, we have the following bound

L(p*) — L(p*) < \/LsgKdPB™" .

Proof. We have to bound the quantity

L") = L") =AY [0 (u@)/3) ~ o (-0)/3) da
beB b
Classical results on convex conjugates (Hiriart-Urruty and Lemaréchal, 2013a) give that
Vp*(y) = argmingcax p(x) — (z,y) for all y € RE. Consequently, Vp*(y) € AX and for
all y € RE | ||[Vp*(y)|| < 1 showing that p* is 1-Lipschitz continuous. This leads to

L) - Lp) <A /b

p(x) = (h)
beB A

‘dx

<> W(‘f)ﬁdx

beB VP

<\/LgKd’B™#

because all the py, are (Lg, 3)-Holder. O
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Combining Propositions 1.1 and 1.3 we obtain the following theorem

Theorem 1.1 (Slow rates). Assume A1.1, A1.2, A1.3 and that p is S-smooth. Applying
Algorithm 1.1 with choice B = © ((T/ log(T))l/(25+d)) gives* for all T > 1,

T \ "%
R(T)=0
(T) = Oy p.rca <1Og(T))

Proposition 1.2 directly shows that the result of this theorem also holds when p is the
entropy function.

The proof of this theorem consists in choosing a value of B balancing between the
estimation and the approximation errors. Since 5 € (0, 1], we see that the exponent of
the convergence rate is below 1/2 and that the proposed rate is slower than T-1/2 hence
the denomination of slow rate.

Proof. We will denote by C} with increasing values of k the constants. Since the regret is
the sum of the approximation error and the estimation error we obtain

R(T) < Lot KB + 0 VR g2 W80 pa2S1o8(eT)

+CKBd—|—4Bd(1+||)\ ) T
— xp| ——==5 | -
2R Plloc) P\ 715 ga

With the choice of

)

1(+d/2) (T Y2
B= /Lgd?/?>1 —
(CapvEaa2) (1og<T>>

we find that the three last terms of the regret are negligible with respect to the first two.
This gives

asenn N
R(T) = O (3VRLY/@#+20 gatesar/ a0 g, ) -5/125+0) (10gm) |

O

When A = 0 we are in the usual contextual bandit setting. The propositions of this
section hold and we recover the slow rates from (Perchet and Rigollet, 2013).

1.4.2 Fast rates

We now consider possible fast rates i.e., convergence rates faster than O(T~'/2). The
price to pay to obtain these quicker rates compared to the ones from Section 1.4.1 is to
have problem-dependent bounds i.e., convergence rates depending on the parameters of
the problem, and especially on A.

As in the previous section we can obtain a bound on the estimation error based on
the convergence rates of the Upper-Confidence Frank-Wolfe algorithm.

This result needs additional assumptions, namely strong convexity and the following
assumption that we will make in the rest of this section. It consists in assuming that the
minimum of the loss function on each bin is reached far from the boundaries of AX.

“The notation OL,,8,K,0 means that there is a hidden constant depending on Lg, 3, K and d. The
constant can be found in the proof.
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A1.4. There exists 1 > 0 such that for all b € B, dist(p}, OAKY > 1, where Py s the point
where Ly, : p — (u(b), p) + A(b)p(p) attains its minimum.

Proposition 1.4. Assume A1.1, A1.2, A1.3, A1.J and that p is (-strongly convezr and
S-smooth. Then running Algorithm 1.1 gives the following estimation error for allT > 1,

K\ log?(T)
>\2c2774> T :

EL(pr) — L(5*) = O (Bd (SA +

Proof. The proof is very similar to the one of Proposition 1.1. We decompose the estimation
error on the bins:

EL(pr) — L") = 53 3 BLy(pr() ~ Lo(rf)
beB
Let us now consider a single bin b € 5. We have run the UCB Frank-Wolfe algorithm for the
function L on the bin b with T; samples.
As in the proof of Proposition 1.1 we consider the event A.
(Berthet and Perchet, 2017, Theorem 7) applied to L; which is a AS-smooth \{-strongly
convex function shows that on event A:

log?(T) _._log(T) _ 2
2
Vo pd T pa TS gl

EL(pr) — L(p*) < 2¢

96K 24 20 \? ACn?
with ¢ = W7 Co = W + AS and ¢3 =24 (C/\UQ) K+ <277 4+ AS. Consequently
o) log(T) 2 o T
EL(pr) — L(p*) < 2¢; T/B + 2¢, /B JrCST/Bd +4B%(1 + [[Ap| o) exp “gl)

In order to have a simpler expression we can use the fact that A and 7 are constants that can
be small while S can be large. Consequently ¢3 is the largest constant among ¢, ¢ and ¢3

and we obtain )
. K alog”(T)
EL(pr) — L(p*) < O <<A2<2n4 + S>\> BI=2 )

because the other terms are negligible. O

The previous bound depends on several parameters of the problem: A, distance n of
the optimum to the boundary of the simplex, strong convexity and smoothness constants.
Since A can be arbitrarily small, n can be small as well and S large. Therefore the
“constant” factor can explode despite the convergence rate being “fast”: these terms
describe only the dependency in T'.

As in the previous section we want to consider regularization functions p that are not
smooth on OAK. To do so we force the vectors p to be inside the simplex by pre-sampling
all arms at the beginning of the algorithm. The following lemma shows that this is valid.

Lemma 1.2. On a bin b € B if there exists a € (0,1/2] and p° € A® such that Dy = ap’®
(component-wise) then for all i € [K], the agent can safely sample arm i ap?T times at
the beginning of the algorithm without changing the convergence results.

The intuition behind this lemma, is that if all arms have to be sampled a linear amount
of times to reach the optimum value, it is safe to pre-sample each of the arms linearly at
the beginning of the algorithm. The goal is to ensure that the current proportion vector
p¢ will always be far from the boundary in order to leverage the smoothness of p in the
interior of the simplex.
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Proof. We consider a single bin b € B. Let us consider the function
Ly:p— Ly(ap® + (1 — a)p) .

Since for all 4, pj ; > apf and since AKX is convex we know that ming, e x f/b(p) = Ly(p;).

If p is the frequency vector obtained by running the UCB-Frank Wolfe algorithm for
function L;, with (1 — )T samples then minimizing Ly is equivalent to minimizing L with a
presampling stage.

Consequently the whole analysis on the regret still holds with T" replaced by (1 — «)T.
Thus fast rates are kept with a constant factor 1/(1 — a) < 2. O

Proposition 1.5. If p is the entropy function, sampling each arm Tefl/)‘/K times during
the presampling phase guarantees the same estimation error as in Proposition 1./ with
constant S = Kel/*.

Proof. For the entropy regularization, we have

(AN exp(-1/N)
Py = 174 - = K .
Zj:l exp(—pu(b);/N)

. 1 1
We apply Lemma 1.2 with p°® = R and a = exp(—1/A). Consequently each arm
is presampled T exp(—1/A)/K times and finally we have

—1
Vi€ [K],pi > w .

Therefore we have )
Vi € [K], Viip(p) = e Kexp(1/A),
i
showing that p is K exp(1/A)-smooth. O

In order to obtain faster rates for the approximation error we use Equation (1.4) and
the fact that Vp* is 1/¢-Lipschitz since p is (-strongly convex.

Proposition 1.6. Assume A1.1, A1.2, A1.3 and that p is (-strongly convex. If p* is
the piecewise constant function on the set of bins B minimizing the loss function L, the
following bound on the approximation error holds

LsKdP
L")~ L") < <55

In order to prove Proposition 1.6 we will need the following lemma which is a direct
consequence of a result on smooth convex functions.

Lemma 1.3. Let f : R* — R be a convex function of class C' and L > 0. Let g : R 5

B~

L
T g ||| = f(x). Then g is convex if and only if V f is L-Lipschitz continuous.
Proof. Since g is continuously differentiable we can write
g convex < Va,y € R g(y) > g(z) + (Vg(z),y — )
L L
& Vry R yl* — f) 2 5 N2l = f(2) + (La = Vf(x),y —2)
d L 2 2
& ¥,y €RY f(y) < (@) + (Vf @),y — o) + 5 (Il + lle]® - 26z, 1))

L
& Vr,y €RY f(y) < f(2) + (VI(@@)y —2) + 5 lz =yl
< Vf is L-Lipschitz continuous,

where the last equivalence comes from (Nesterov, 2004, Theorem 2.1.5). O
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We can now prove Proposition 1.6.

Proof. Since p is (-strongly convex then Vp* is 1/(-Lipschitz continuous (see for example
(Hiriart-Urruty and Lemaréchal, 2013b, Theorem 4.2.1, page 82)). Since p* is also convex,
Lemma 1.3 shows that g :  — i |z||* — p*(2) is convex.

Let us now consider the bin b and the function p = (u1,...,ur). Jensen’s inequality

gives:
3 Lo dx>g<2|/@dx>'

/ g(—p(x)/N) dz > / g(—i(b)/) dz
b b
1 ) . 1. L
/b 3¢ =@ /X2 = ()N do 2 /b e IO 13 = p* (=0 da
* * — 1 2 — 2
/b P (—ulz)/N) — p (—u(b)/A)dxs—w /b la(@)I? - |G dz

This leads to

We use the fact that [, Hu _( )||2 dx = [ u@)|” + [|la )|| = 2(u(x), (b)) dz =
I+ IR 0 S0, 1) 1) = P+ TR 2 — 265, ) —
Iy ()2 = |2(b)||”> dz and we get ﬁnally

« - 1 _ 2
@) = b A) do < 2z [ lta) = )] da

Equation (1.4) shows that

L) = L0") < 555 3 [ 1) = pta)]* ao

beB

28
LsK
;B/ (B> -

_ LsKd® (1 20
=2y \B)

because each py, is (Lg, §)-Holder. O

Combining Propositions 1.4 and 1.6, we obtain fast rates for our problem.

Theorem 1.2 (Fast rates). Assume A1.1, A1.2, A1.3, A1.4 and that p is (-strongly con-

. . . . 9 1/(28+d)
vex and S-smooth. Then applying Algorithm 1.1 with the choice B = © (T/ log (T))
gives the following bound on the regret for all T > 1,°

T _%
R(T) =0 — :
(T) Lo 8K AN GS | | 107

Proof. We denote again by C} the constants. We sum the approximation and the estimation
errors (given in Propositions 1.6 and 1.4) to obtain the following bound on the regret:

LgKd® 4 log®(T) ., ( 1 K )
R(T)gClTB +Cr—r—B CAn3+<2A2n4+A<n +AS

T
d
+4B%(1 + || Ap|l o) exp (—qu) .

®The precise dependency in the constants is again given in the proof below.
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LgKdP 1 K
For the sake of clarity let us note &, £ C, ﬂO\ and & £ Oy (O\U C2>‘2 v An? + /\S).
We have

_ log*(T T
R < 657 + B E T L ani s vl e (15 )

/(2B8+d) /(d+2B)
B_ <2£ 5) + ( Zw >1 +2 |
&2 log=(T)

we notice that the third term is negligible and we conclude that
—28/(28+d) —28/(28+d)
2 T
R(T) =0 | 2¢ ( flﬁ) <2> :
& log*(T)

The rate of Theorem 1.2 matches the rates obtained in nonparametric estimation (Tsy-
bakov, 2008). However, as shown in the proof this fast rate is obtained at the price of
a factor involving A, n and S, which can be arbitrarily large. It is the goal of the next
section to see how to remove this dependency in the parameters of the problem.

Proposition 1.5 shows that the previous theorem can also be applied to the entropy
regularization.

Taking

O

1.5 Convergence rates for non-constant \

In this section, we study the case where A is a function of the context value and do not
assume any more A1.3. This is quite interesting as agents might want to modulate the
weight of the regularization term depending on the context.

1.5.1 Estimation and approximation errors

Equation (1.2) implies that the estimation errors obtained in Propositions 1.1 and 1.4
are still correct if \ is replaced by A(b). This is unfortunately not the case for the
approximation error propositions because Equation (1.4) does not hold anymore. Indeed
the approximation error becomes

= 3 [lu@), 5 @)+ A@)p(* @) = (@) (@) = Ma)p(p' (@) da

beB

= 3 [(0).55) + M@)o h) = (@) (@) = M@)olp" (@) do

beB

- / Lo} d - / () () + Aol @)

beB

=3 [~ ) + (@) (—pta)) do

beB
_I;/A ( g) YT <_i§2> dz . (1.5)

The main difference with Equation (1.4) is that A is not constant anymore. From this
expression we obtain the following slow and fast rates of convergence. These rates are the
same as in Section 1.4 in term of the powers of B but have worse dependency in A.
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Proposition 1.7. If p is a strongly convex function and A a C* integrable non-negative
function whose inverse is also integrable, we have on a bin b:

[O@0) (—n(@) = A(B)p)* (<)) do = O(Lsd* 2B
We begin with a lemma on convex conjugates that will help us proving Proposition 1.7.
Lemma 1.4. Let \, ;i > 0 and let y € R” and p a non-negative convex function on AK,
Then
(A0)"(y) = (up)"(y) < IX = pl llpll
Proof. Let A, > 0 and let y € R™. (Ap)*(y) = supgeax (2,y) — Ap(z) 2 (zx,) — Ap(22),

where z) € AX is the point where the supremum of the concave problem is reached.

And (up)*(y) = supyear(@,y) — pp(x) = (wu,y) — pp(zn) = (xr,y) — pp(ey), where
NS AKX is defined as above.

Then, (Ap)*(y) — (kp)* (y) < (xx,y) — Ap(xa) — ((zr, y) — pp(xr)) = (1 — A)p(zA).
Finally (Ap)*(y) — (up)*(y) < |X — p|||pllo, because p is continuous hence bounded on
the compact set AK. O

Proof of Proposition 1.7. There exists xog € b such that A(b) = A(zg) and x; € b such that
i(b) = p(x1). We use Lemma 1.4 to derive a bound for the approximation error.

/ (@) (—u(x) — (b)) (—(h)) da

b

= /(A(x)p)* (=) = (M@)p)" (=q(b)) dw+/(A(x)p)* (=a(b)) = (A(®)p)* (—u(b)) dz

b

< [ (o (-55) - (H5)) oo+ o -
< [a| 52 - 50 st ol [13@) - Man)laa
< [Lale— P do+ loll [N be = ool
< B (Lpd®2 B + ||pll, IV lo VAB™) = OB
O

The important point is that the bound does not depend on Ay, which is not the case
when we want to obtain fast rates for the approximation error.
In order to do that we need a stronger assumption on A than the one made by A1.2

A 1.5. X is a C*° non-negative integrable function whose inverse is also integrable.

Proposition 1.8. Assume A1.1, A1.5 and that p is a (-strongly convex function. Then
we have on each bin b € B:

- —23—d
J @) (=) = A(B)p)* (<) = 0 (KdL - ) -

min

For clarity reasons we postpone the proof to Appendix 1.A.1.
The rate in B is improved compared to Proposition 1.7 at the expense of the constant
1/A3 . which can unfortunately be arbitrarily high.
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1.5.2 Margin condition

We begin by giving a precise definition of the function 7, the distance of the optimum to
the boundary of AX.

Definition 1.6. Let x € X a context value. We define by p*(z) € AKX the point where
(p = (u(x),p) + A(z)p(p)) attains its minimum, and

n(z) = dist(p*(z), 0AK) .

Similarly, if p; is the point where Ly : p — (ju(b), p) + AD)p(p) attains its minimum, we
define
n(b) := dist(p}, 0AK) .

The fast rates obtained in Section 1.4.2 provide good theoretical guarantees but may
be useless in practice since they depend on a constant that can be arbitrarily large. We
would like to discard the dependency on the parameters, and especially A (that controls
n and S).

We begin by proving that 7 is S-Holder continuous.

Lemma 1.5 (Regularity of n). Assume A1.1, A1.2 and that p is a (-strongly convex
function. If n is the distance of the optimum p* to the boundary of AXK as defined in
Definition 1.6, then n is f-Hdolder. More precisely we have, for all bin b € B

C
e el

)\mll’l

Ao + [1X o ”

1B
K—1 Cwin(b)? i

V(z,y) € b, n(x) —n(y)| <

Proof. Let x € X. Since n(x) = dist(p}, 9AK) we obtain

K
1(z) = | 77— minp;(z) .

And

p* (@) = arg min {{ju(2), p(&)) + A@)p(p(e))} = V@) (—u(x)) = Vo' (—‘;g;) .

Since p is ¢-strongly convex, Vp* is 1/¢-Lipschitz continuous.
Let b € B. We have, for (z,y) € b2,

N p(z)  ply) ’
p (T NS =I5 — s
o) vl < g 3 - 500
L () — p(y)
< Z
S L e
/
< Iz ||B '”2|| B
C/\min( ) CA ( )
since all uy are bounded by 1 (the losses are bounded by 1). O

Difficulties arise when A and 7 take values that are very small, meaning for instance
that we consider nearly no regularization. This is not likely to happen since we do want
to study contextual bandits with regularization. To formalize that we make an additional
assumption, which is common in nonparametric regression (Tsybakov, 2008) and is known
as a margin condition:
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A 1.6 (Margin Condition). We assume that there exist 61 > 0 and d2 > 0, o > 0 and
Cy, > 0 such that

Vo € (0,61], Px(\(x) < 6) < Crd® and V6 € (0,689, Px(n(z) <) < Cpd®™ .

The non-negative parameter « controls the importance of the margin condition. The
presence of a factor 6 is most likely a proof artifact.

The margin condition limits the number of bins on which A or 1 can be small. There-
fore we split the bins of B into two categories, the “well-behaved bins” on which A and 7
are not too small, and the “ill-behaved bins” where A and 7 can be arbitrarily small. The
idea is to use the fast rates on the “well-behaved bin” and the slow rates (independent of
A and n) on the “ill-behaved bins”. This is the point of Section 1.5.3.

K |x A
Let Cp =\ 17— 1Mo +CHV ”00, c1 =14Vl d%6 and ¢y = 1 + Cd?/2.

We define the set of “well-behaved bins” WB as
WB={beB, 3z b A1) 2B and 3z € b, n(a) 2 2B~}

and the set of “ill-behaved bin” as its complementary set in B.
With the smoothness and regularity Assumptions 1.1 and 1.2, we derive lower bounds
for A and 7 on the “well-behaved bins”.

Lemma 1.6. Assume A1.1 and A1.2 and that p is a (-strongly convex function. If b is
a well-behaved bin then

Ve eb, ANz)> B ?® and Vxeb, nz)>B P,
Proof. We consider a well-behaved bin b. There exists z; € b such that A(z1) > ¢ B~P/3,
Since A is C* on [0, 1]¢, it is in particular Lipschitz-continuous on b. And therefore
Va € b, Az) > ;B3 — | N||_ diam(b) > ¢; B~%/% — |N'|| diam(b)?/3 = B=F/3 .

Lemma 1.5 shows that 7 is B-Holder continuous (with constant denoted by Cr /A2, ) and
therefore we have

Vo € b, n(z) > B3 — )\mi?b)zdiam(b)ﬁ =B P13

1.5.3 Intermediate rates

We summarize the different error rates obtained in the previous sections.

Table 1.1 — Slow and Fast Rates for Estimation and Approximation Errors on a Bin

Error ‘ Slow ‘ Fast
. B log(T) logQ(T) 1
Estim. | B~%/2 (S)\ )
stim T T + TN
—dp8 372,37d
Approx. BB e
1 1
B < T >2ﬂ+d T 2B+d
log(T) log*(T)
T N\t T\
o | ()™ | (2
log(T) log*(T)
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For the sake of clarity we removed the dependency on the bin, writing A instead of
A(b), and we only kept the relevant constants, that can be very small (X and 7)), or very
large (.59).

Table 1.1 shows that the slow rates do not depend on the constants, so that we can
use them on the “ill-behaved bins”.

Theorem 1.3 (Intermediate rates). Assume AI1.1, A1.2, Al.6 with parameter o €
(0,1) and that p is the entropy function. Applying Algorithm 1.1 with the choice B =
1

) (T/ log2(T))m gives the following bound of the regret for all T > 1,

T >_2/£i—d(1+a)

R(T) = OK,d,a,ﬂ,Lﬁ (logz(T)

As explained in the proof in Appendix 1.A.2 we use a pre-sampling stage on each bin
to force the entropy to be smooth, as in the proofs of Propositions 1.2 and 1.5.
We consider now the extreme values of a. If & — 0, there is no margin condition and

__B
the speed obtained is T 28+d which is exactly the slow rate from Theorem 1.1. If « — 1,

__2p
there is a strong margin condition and the rate of Theorem 1.3 tends to T 28+d which
is the fast rate from Theorem 1.2. Consequently we get that the intermediate rates from
Theorem 1.3 do interpolate between the slow and fast rates obtained previously.

1.6 Lower bounds

The results in Theorems 1.1 and 1.2 have optimal exponents in the dependency in T.
For the slow rate, since the regularization can be equal to 0, or a linear form, the lower
bounds on contextual bandits in this setting apply (Audibert et al., 2007; Rigollet and
Zeevi, 2010), matching this upper bound. For the fast rates, the following lower bound
holds, based on a reduction to nonparametric regression (Tsybakov, 2008; Gyorfi et al.,
2006).

Theorem 1.4. For any algorithm with bandit input and output pr, for p that is 1-strongly
convex, we have

28
inf  sup {E[L(ﬁT)] — L(p*)} >CT 2+
p neHg
pE1-str. conwv.

for a universal constant C.

Proof. We consider the model with K = 2 where u(x) = (—n(z),n(x)) ", where 7 is a 3-Holder
function on X = [0,1]¢. We note that 7 is uniformly bounded over X as a consequence of
smoothness, so one can take A such that |n(xz)| < A\. We denote by e = (1/2,1/2) the center
of the simplex, and we consider the loss

L(p) = /X ({u(2), p(x)) + Allp(z) — e]|*) dz .

Denoting by po(x) the vector e + u(x)/(2)), we have that po(z) € A? for all z € X. Further,
we have that

(u(x), p(x)) + Allp(z) = e]|* = Alp(x) = po(2)|* + 1/(4N) | u()]1* ,
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since (p(x),e) = 0. As a consequence, L is minimized at py and
Lp) = L) = | Alp(o) = mo(@)*de =1/ [ [nta) = m(a) P do

where 7 is such that p(z) = (1/2 — n(z)/(2X),1/2 + n(z)/(2X)). As a consequence, for any
algorithm with final variable pr, we can construct an estimator 7 such that

E[L(pr)] — L(po) = 1/(2))E /X () — mo ()2 de |

where the expectation is taken over the randomness of the observations Y;, with expectation
+n(X;), with sign depending on the known choice m; = 1 or 2. As a consequence, any
upper bound on the regret for a policy implies an upper bound on regression over S-Holder
functions in dimension d, with T observations. This yields that, in the special case where p
is the 1-strongly convex function equal to the squared ¢2-norm

inf sup E[L(pr)] — L(po) > inf sup 1/(2)\)]E/ 7 (x) — no(x)|? dz > oT 7
x

P peHtg M neHep
p=14;
The final bound is a direct application of (Gyorfi et al., 2006, Theorem 3.2). O

The upper and lower bound match up to logarithmic terms. This bound is obtained
for K = 2, and the dependency of the rate in K is not analyzed here.

1.7 Empirical results

We present in this section experiments and simulations for the regularized contextual
bandits problem. The setting we consider uses K = 3 arms, with an entropy regularization
and a fixed parameter A = 0.1. We run successive experiments for values of T ranging
from 1000 to 100000, and for different values of the smoothness parameter 8. The arms’
rewards follow 3 different probability distributions (Poisson, exponential and Bernoulli),
with g-Hoélder mean functions.

The results presented in Figure 1.1 shows that (7'~ T - R(T)) growths as expected,
and the lower (, the slower the convergence rate, as shown on the graph.

1,500 | —3=0.3

—3=05

B=07

&~ 1,000 ¢ B=0.9
&
S8

500 |

0 25,000 50,000 75,000 100,000
T

Figure 1.1 — Regret as a Function of T’

In order to verify that the fast rates proven in Section 1.4.2 are indeed reached, we
plot on Figure 1.2 the ratio between the regret and the theoretical bound on the regret
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__2B
(T/ logQ(T)) 771 We observe that this ratio is approximately constant as a function of
T, which validates empirically the theoretical convergence rates.

_030]
S
o 0.25 §
§ 0.20 W
PN O
g|& 0157 —3=03
T 0.1 — (=05
= B =07
& 0051 B=0.9

0 25,000 50,000 75,000 100,000
T

Figure 1.2 — Normalized Regret as a Function of T’

1.8 Conclusion

We proposed an algorithm for the problem of contextual bandits with regularization
reaching fast rates similar to the ones obtained in nonparametric estimation, and validated
by our experiments. We can discard the parameters of the problem in the convergence
rates by applying a margin condition that allows us to derive intermediate convergence
rates interpolating perfectly between the slow and fast rates.

1.A Proof of the intermediate rates results

In this section we prove Proposition 1.8 and Theorem 1.3.

1.A.1 Proof of Proposition 1.8

Proof of Proposition 1.8. As in the proof of Proposition 1.6 we consider a bin b € B and the

goal is to bound )
foeon (S5) - (55)

We use a similar method and we apply Jensen inequality with density to the function

Agx)
A(b)

g:x— i |z||* = p*(x) which is convex.

([ < [o (43
g( i?)g (’iﬁii)ﬁﬁ
L il 2
z|-5al - (z;)m /M e (4 o
(b)

oo (43) o (48) = £ 20



Consequently we have proven that

« [ mx) S w [ H(D) 1@ [z’
[ (‘m)‘wp (-W dos g | o) ap

< AL
20 = Jy Alx) A(D)
2 (b 2
Therefore we have to bound, for each k, I = () - ’u}f( ) dz.
by A@) A(b)
Let us omit the subscript k£ and consider a S-Holder function u.
We have
2 =132
[ [p@)® p®)”

b
/M(m (D) * A(b) A
_ 2)2 — (b2 11 x ()2 L—_L T
- [ (wto) u(@)(Mx) ) + [t (W) A(b))d
I Iz
1 2 2
+/b/\(b)(u() b)) dx

We now have to bound these three integrals.

(a) Bounding I;:

_ 1 1
S/b?W(JU)—M(b)‘)\(m)—;\(b) da

va\’ 1 1
SQLﬁ(B> ool

Since 1/ is of class C!, Taylor-Lagrange inequality yields, using the fact that there exists
xo € b such that A(b) = A(xp)

1Nl Vd
A2 B

min

| — 20| <

We obtain therefore

1
A2

min

B+1
I < 2L | V|| Vd %

min

B7(1+ﬁ+d) -0 (B(1+5+d)>

(b) Bounding Io:
We have



()
Without loss of generality we can assume that the bin b is the closed cuboid [0,1/B]%. We
suppose that for all x € b, A\(x) > 0.

Since A is of class C*°, we have the following Taylor series expansion

1 1
because / ( — ) dz > 0 from Jensen’s inequality.
b \A A(b)

2
) =0+ 30 5 3 e ollel).

d d
. 11 <L0M0) 11 «=82200) 11 < a2\0) 1
MO =AO 352 50 * 35 2w, 55 2 o To\BE)

Consequently

dr 1
s A(b)  BAA(D)
1 1
~ BiX0) d

d
L 1R D2A0) 1< 92A(0) 1
' S0 B 2 o ( Z (‘33016367 T52 o | T\ B

i=1

d

1 11 OX(0) 11 92X(0) 1= 92X(0)
= 500 <12)\(OBZ . N0 B (g%axiaxng 52 )

111 oA0) 1 1 7282()+12d: 2)(0)
© BIN0)  2X(0)? B & Oz A(0)? BIF2 « Or,0x; 6 = 0x?

s (5 02) +=(3)-

Let us now compute the Taylor series development of 1/\. We have

o 1 1 0\z) and 0? 1 9?\(z) n 2 OA(x) OA(z)
oz Mz)  MNzx)? Ox; . Ox;0x; N(z)  Nx)2 0z;0x;  Az)3 Ox; Ox;
This lets us write
d
11 1 O (0) 11 9?X(0) 2
Nz)  A0) )\(0)2; 9z, 71T 2N0)2 2~ 0mi0m, T T SZ 3% oz, Laa; + o(lal)

/do:i 111 oA0) 1 1 7262)\()4_15162)\(0)
p A(@)  A(0) B 2M(0)2 BH & 9z A(0)% B2 8 £ Omidx; 6 0x?

1 1 (1= 0A0)0N0) 1K /9A0))? 1
s (IE 050 15 (50)') 4o (gha)

And then




Since the derivatives of A are bounded we obtain that
B—2—d

(c) Bounding I3:

1 2
= - x) — (b)) dx
S, o) = )
1 B-(26+d)
< L2d3 B—(28+d) _ ]
- )\min /Bd © )\min
B—(28+d)

Putting I, I and I3 together we have I = O ((dL% ||V)\Hio) pE; ) And finally

min

S * 2 2 B~
L) ~ L") = O (KdZ3 [9ME ) -

min

1.A.2 Proof of Theorem 1.3

Before proving the theorem, we need a simple lemma.

Lemma 1.7. If p is convez, n is an increasing function of .

Proof. As in the proof of Proposition 1.2 we use the KKT conditions to find that on a bin b
(without the index k for the arm):

A(b) + AB)Vp(ph) +€=0.

ni= v (<552,

Since p is convex, Vp is an increasing function and its inverse as well. Consequently p; is an
increasing function of A(b), and since n(b) = /K /(K — 1) min; p; ;, 1 is also an increasing
function of A(b). O

Therefore

Proof of Theorem 1.3. Since B will be chosen as an increasing function of 7" we only consider
T sufficiently large in order to have ¢;B=?/3 < §; and ¢oB~#/3 < §,. To ensure this we
can also take smaller §; and d5. Moreover we lower the value of d2 or §; to be sure that
g—z = n(%). These are technicalities needed to simplify the proof.

The proof will be divided into several steps. We will first obtain lower bounds on A and 7
for the “well-behaved bins”. Then we will derive bounds for the approximation error and the
estimation error. And finally we will put that together to obtain the intermediate convergence
rates.

As in the proofs on previous theorems we will denote the constants Cj with increasing

values of k. We divide the rest of the proof into 4 steps.

(a) Lower bounds on 1 and A:

Using a technique from (Rigollet and Zeevi, 2010) we notice that without loss of generality
we can index the B? bins with increasing values of A\(b). Let us note ZB = {1,...,7;} and
WB = {j1 +1,...,B%}. Since 7 is an increasing function of A (cf Lemma 1.7), the n(b;) are
also increasingly ordered.
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- 1)
Let jo > j1 be the largest integer such that A(b;) < =, Consequently we also have that j, is
1

0
the largest integer such that n(b;) < 2.
C2
Let j € {j1 +1,...,j2}. The bin b; is a well-behaved bin and Lemma 1.6 shows that

A(b;) > B7P/3. Then \(b;) + (c1 — 1)B78/3 < ¢ \(b;) < 1 and we can apply the margin
condition (cf Assumption 1.6) which gives

Px(A(J?) S /_\(bj) + (Cl — 1)B7ﬁ/3) S Om(clj\(bj))(ia .

But since the context are uniformly distributed and since the A(b;) are increasingly ordered
we also have that

Px(Mz) £ Mby) + (e — DB) 2 Px(A@) SAb;) 2 77
1

1/6
Clcn@/ @

. 1/6a .\ 1/6a
< 1
This gives A(b;) > <‘7d> . The same computations give n(b;) > —176a (‘7d) .
B ca Ol 5 B

J

1/« B
We note Cy, 2 min((c;Co! **) =1, (c2Cn/%*)~1)) and v, £ C, (Bd) . Consequently A\(b;) >

7; and 7(b;) > ;.
Let us now compute the number of ill-behaved bins:
#{be B,b¢ WB} = B P(b ¢ WB)
= BYP(Vz € B, n(z) < caB7P/3 or Vo € B, Az) < ¢;BP/?)
< B¢ P(n(z) < caB~P/3 or Az) < clB_B/B)
< C(S* + ™) BB~ £ BB~
where Z is the mean context value in the bin b. Consequently if j > j* £ C;B*B~2*F then
bj € WB. Let j £ C;BYB~*# > j*. Consequently for all j > j*, b; € WB.

We want to obtain an upper-bound on the constant SA(b;) + 5 that arises in the

1(b;)* (b))
fast rate for the estimation error. For the sake of clarity we will remove the dependency in
K
b; and denote this constant C' = S\ + ——.
A2y

In the case of the entropy regularization S = 1/ min; p¥. Since n = /K/(K — 1) min; p}, we
have that min, pf = /(K —1)/Kn > n/2. Consequently S < 2/v; and, on a well-behaved
bin b;, for j < ja,
K+2]|A C
<22 6“ oo 2 =, (1.6)
75 75
where the subscript F stands for “Fast”. When j > ja, we have A(b;) > 61/c; and n(b;) >

d2/co and consequently

K 2[ Moo &

C= GGl T e

Cmax M

Let us notice than A being known by the agent, the agent knows the value of S\(b) on each bin
b and can therefore order the bins. Consequently the agent can sample, on every well-behaved

~

bin, each arm Ty;/2 times and be sure that min; p; > ;/2. On the first \\jJ bins the agent
will sample each arm A(b)+/T/B9 times as in the proof of Proposition 1.2.

(b) Approximation Error:

We now bound the approximation error. We separate the bins into two sets: {1,...,|j*|}
and {[j*],...,B%}. On the first set we use the slow rates of Proposition 1.7 and on the
second set we use the fast rates of Proposition 1.8.
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We obtain that, for a < 1/2,

Li°) U
L(p*) — L(p*) < Lpd™? 3" B 4 ||o]| , [ VA, VA Y B~
i=1 o
Bd
37257d
+ (KL ||V S
(KALEIVAIL) 3 =5
J=T13*1
< CrLgd?/?B~PB~20
J2 —2p—d B —26—d
B B
(KL [VAIR) | D) ———+ (c1/61)?
i=r1 Y st T

+ o(B~208-9)
< CILﬁdﬁ/QB*QOcﬁ*ﬁ

KdL2 T2 B—28-d J2 j —1/2a o 5 3 v
+ ( 3 IIVAIL) %) Z Bl + - + o )
T =] “

< C]Lgdﬂ/QB_QaB_ﬁ
1 1
+ (KdLE||VA%) =B~ / 72 g 4 o(BT22AP)
C’Y C[szaﬁ
20 C§2a71)/2a
— 2« Cs3

< (CzLﬁdﬂ/Q + KdL? | VA2 - > BP72a8 4 o(BT2087F)
=0 (B~ P29) |

since av < 1/2. We step from line 3 to 4 thanks to a series-integral comparison.

For o = 1/2 we get
L") = L") < (CrLpd®? + (KdL3 [VAIL, ) (6%er® + 285 10g(B))) B~ + o(B~%)
=0 (B *"log(B)) .

And for o > 1/2 we have

. N 1 20 s5\%\ . ~ ~
L) — L(p*) < (KdL?, ||w|\§o) <032a1+ (;) >B % 4 o(B2) = 0 (B
ol

because 5+ 2a8 > 206.
Let us note

&1

9a ((20-1)/2a
CrLgd?/? + KdIL2 |V L__ ;

&2 (@Lgdﬁ/ 2 (KdL% ||VAH30) (67¢r® +26C5° log<B)>) ;

1 2« 1\’
) 2\ (1 22  [(&\"),
(KdLﬁ HVAHOO) (cg 2a—1 " (a) ) ’

gapp £ max(§17 §2a€3> .

lI>

€3

Finally we obtain that the approximation error is bounded by fappB’min(ﬁ”aﬁ’w) log(B)
with a > 0.

(c) Estimation Error:
We proceed in a similar manner as for the approximation error, except that we do not split
the bins around j* but around j.

86



In a similar manner to the proofs of Theorems 1.1 and 1.2 we only need to consider the terms
of dominating order from Propositions 1.1 and 1.4. As before we consider the same event A
(cf the proof of Proposition 1.1) and we note C4 = 4B%(1 + ||Ap||_). We obtain, for o < 1,
using (1.6):

EL(pr) ~ L") = 757 > ELy(pr) — L(p})

beB
B4 1 7]
= Bd > BLy(br) = L(p}) + 5z > ELy(pr) — L(p})
J=M J=1
g*(T) log(T) __T_
< 4V12K 1284
_Bd Z CT/Bd Z % T/Bd—i-CAe
i=[7]
J2 B 2
lOg 76 IOg (T)
<2
j= H Jj=j2+1

+6 / 1Og( )Bd/ZB aﬁ—FCAe 12Bd
20k log?(T) <~ (5 \ V° log?(T) 4
< - 2Chax———=B
- Ccs T Z Bd - T
i=[il
L 6V3E 10%( )Bd/z B L Cye” 5T

207 1 1 log?(T
S 6F og ( )Bd/ x—l/a dz + 2Cmax og ( )Bd
cs T o B T

463K 1og( )Bd/2 “'B—&-CAe 5T

< 2CF log? (T)Bd a
- cs T 1-«

+6VAR 1og(T)Bd/2 aB L e =z

2
B0 1 90,0 %8 )

20p 1og*(T) « d+f—af og(T) La/2—ap
< BB 4 63K —=—=BY*7
-C T 1-a + T

log®(T)

Bd—l—CAe_ﬁ .
T

+ 20]1]&)(

(d) Putting things together:

2CF «
A
We note Ca:cigl—a

. This leads to the following bound on the regret:

1 1 ‘(T
R(T) < Ca OgT( ) pits—as 4 63K Og; ) pirz-as i 90, gT( ) pi

+ C’Ae_ﬁ + Eapp B~ min(24,5+205) log(B) .

T 1/(28+d)
> we get

Choosing B = | —5—
oosing < o2 %)

T >—/3(1+a)/(2ﬁ+d) ( T >—B(1+a)/(2ﬁ+d)
+ o

R(T) < (Cy + 6V3K) <1Og2(T) o
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which is valid for a € (0, 1).

Finally we have
T —B(1+a)/(28+d)
R(T)=0 ( 5 > .
log“(T)
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2 Online A-optimal design and active lin-
ear regression

We consider in this chapter the problem of optimal experiment design where a deci-
sion maker can choose which points to sample to obtain an estimate B of the hidden
parameter 5* of an underlying linear model. The key challenge of this work lies in the
fact that we allow heteroscedasticity, meaning that each covariate can have a different
and unknown variance. The goal of the decision maker is then to figure out on the
fly the optimal way to allocate the total budget of T' samples between covariates, as
sampling several times a specific one will reduce the variance of the estimated model
around it (but at the cost of a possible higher variance elsewhere). By trying to mini-
mize the ¢2-loss E[||3—3*||2] the decision maker is actually minimizing the trace of the
covariance matrix of the problem, which corresponds then to online A-optimal design.
Combining techniques from bandit and convex optimization we propose a new active
sampling algorithm and we compare it with existing ones. We provide theoretical
guarantees of this algorithm in different settings, including a O(T~2) regret bound
in the case where the covariates form a basis of the feature space, generalizing and
improving existing results. Numerical experiments validate our theoretical findings'.

2.1 Introduction and related work

A classical problem in statistics consists in estimating an unknown quantity, for example
the mean of a random variable, parameters of a model, poll results or the efficiency of a
medical treatment. In order to do that, statisticians usually build estimators which are
random variables based on the data, supposed to approximate the quantity to estimate. A
way to construct an estimator is to make experiments and to gather data on the estimand.
In the polling context an experiment consists for example in interviewing people in order to
know their voting intentions. However if one wants to obtain a “good” estimator, typically
an unbiased estimator with low variance, the choice of which experiment to run has to be
done carefully. Interviewing similar people might indeed lead to a poor prediction. In this
work we are interested in the problem of optimal design of experiments, which consists
in choosing adequately the experiments to run in order to obtain an estimator with small
variance. We focus here on the case of heteroscedastic linear models with the goal of

!This chapter is joint work with Pierre Perrault, Michal Valko and Vianney Perchet. It has led to the
following publication:
(Fontaine et al., 2019b) Online A-Optimal Design and Active Linear Regression, Xavier Fontaine,
Pierre Perrault, Michal Valko and Vianney Perchet, submitted.
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actively constructing the design matrix. Linear models, though possibly sometimes too
simple, have been indeed widely studied and used in practice due to their interpretability
and can be a first good approximation model for a complex problem.

The original motivation of this problem comes from use cases where obtaining the label
of a sample is costly, hence choosing carefully which points to sample in a regression task
is crucial. Consider for example the problem of controlling the wear of manufacturing
machines in a factory (Antos et al., 2010), which requires a long and manual process.
The wear can be modeled as a linear function of some features of the machine (age,
number of times it has been used, average temperature, ...) so that two machines with
the same parameters will have similar wears. Since the inspection process is manual and
complicated, results are noisy and this noise depends on the machine: a new machine,
slightly worn, will often be in a good state, while the state of heavily worn machines can
vary a lot. Thus evaluating the linear model for the wear requires additional examinations
of some machines and less inspection of others. Another motivating example comes from
econometrics, typically in income forecasting. It is usually assumed that the annual
income is influenced by the individual’s education level, age, gender, occupation, etc.
through a linear model. Polling is also an issue in this context: what kind of individual to
poll to gain as much information as possible about an explanatory variable? Finally the
setting we investigate is also relevant to the design of nuclear fusion experiments (Stoian
et al., 2013), which are costly, and require the parametrization of a large quantity of
dynamic variables (to control the target quality and the temporal laser pulse shape).
Using machine learning techniques to reach a controlled thermonuclear fusion can only
be done on small size experiment history. It is therefore crucial to design the experiences
in order to improve the predictive model in the best possible way.

The field of optimal experiment design (Pukelsheim, 2006) aims precisely at choosing
which experiment to perform in order to minimize an objective function within a budget
constraint. In experiment design, the distance of the produced hypothesis to the true one
is measured by the covariance matrix of the error (Boyd and Vandenberghe, 2004). There
are several criteria that can be used to minimize a covariance matrix, the most popular
being A, D and E-optimality. In this chapter we focus on A-optimal design whose goal
is to minimize the trace of the covariance matrix. Contrary to several existing works
which solve the A-optimal design problem in an offline manner in the homoscedastic set-
ting (Sagnol, 2010; Yang et al., 2013; Gao et al., 2014) we are interested here in proposing
an algorithm which solves this problem sequentially, with the additional challenge that
each experiment has an unknown and different variance.

Our problem is therefore close to “active learning” which is more and more popular
nowadays because of the exponential growth of datasets and the cost of labeling data.
Indeed, the latter may be tedious and require expert knowledge, as in the domain of
medical imaging. It is therefore essential to choose wisely which data to collect and to
label, based on the information gathered so far. Usually, machine learning agents are
assumed to be passive in the sense that the data is seen as a fixed and given input that
cannot be modified or optimized. However, in many cases, the agent can be able to
appropriately select the data (Goos and Jones, 2011). Active learning specifically studies
the optimal ways to perform data selection (Cohn et al., 1996) and this is crucial as one
of the current limiting factors of machine learning algorithms are computing costs, that
can be reduced since all examples in a dataset do not have equal importance (Freund
et al., 1997). For example Bordes et al. (2005) proposed a SVM algorithm where example
selection yields faster training and higher accuracy compared to classical passive SVM
techniques. This approach has many practical applications: in online marketing where
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one wants to estimate the potential impact of new products on customers, or in online
polling where the different options do not have the same variance (Atkeson and Alvarez,
2018).

There exist different variants of active learning (perhaps depending on the different
understandings of the word “active”). Maybe the most common one is the so-called
“pool-based” active learning (McCallumzy and Nigamy, 1998), where the decision maker
has access to a pool of examples and chooses which one to query and to label. Another
variant is the “retraining-based” active learning (Yang and Loog, 2016) whose principle
is to retrain the model on well-chosen examples, for instance the ones that had the higher
uncertainty. Castro and Nowak (2008) have proven general minimax bounds for active
learning, for a general class of functions, with rates depending on noise conditions and
on the regularity of the decision boundary (see also Tosh and Dasgupta (2017); Hanneke
and Yang (2015)).

In this chapter we consider therefore a decision maker who has a limited experimental
budget of T" > 1 samples and who aims at learning some latent linear model. The goal
is to build a predictor B that estimates the unknown parameter of the linear model
B*, and that minimizes E[||3 — 8*[|?]. The key point here is that the design matrix is
constructed sequentially and actively by the agent: at each time step, the decision maker
chooses a “covariate” X, € R? and receives a noisy output X ,;r B* + e. The quality of the
predictor is measured through its variance. The agent will repeatedly query the different
available covariates in order to obtain more precise estimates of their values. Instinctively
a covariate with small variance should not be sampled too often since its value is already
quite precise. On the other hand, a noisy covariate will be sampled more often. The major
issue lies in the heteroscedastic assumption: the unknown variances must be learned to
wisely sample the points.

Antos et al. (2010) introduced a specific variant of our setting where the environment
providing the data is assumed to be stochastic and i.i.d. across rounds. More precisely,
they studied this problem using the framework of stochastic multi-armed bandits (MAB)
by considering a set of K probability distributions (or arms), associated with K variances.
Their objective is to define an allocation strategy over the arms to estimate their expected
values uniformly well. Later, the analysis and results have been improved by Carpentier
et al. (2011). However, this line of work is actually focusing on the case where the
covariates are only vectors of the canonical basis of R?, which gives a simpler closed form
linear regression problem.

There have been some recent works on MAB with heteroscedastic noise (Cowan et al.,
2017; Kirschner and Krause, 2018) with natural connections to this chapter. Indeed,
covariates could somehow be interpreted as contexts in contextual bandits. The most
related setting might be the one of Soare (2015). However, they are mostly concerned
about best-arm identification while recovering the latent parameter 8* of the linear model
is a more challenging task (as each decision has an impact on the loss). In that sense we
improve the results of Soare (2015) by proving a bound on the regret of our algorithm.
Other works as (Chen and Price, 2019) propose active learning algorithms aiming at
finding a constant factor approximation of the classification loss while we are focusing on
the statistical problem of recovering 8*. Yet another similar setting has been introduced
in (Riquelme et al., 2017a). In this setting the agent has to estimate several linear
models in parallel and for each covariate (that appears randomly), the agent has to decide
which model to estimate. Other works studied the problem of active linear regression,
and for example Sugiyama and Rubens (2008) proposed an algorithm conducting active
learning and model selection simultaneously but without any theoretical guarantees. More
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recently Riquelme et al. (2017b) have studied the setting of active linear regression with
thresholding techniques in the homoscedastic case. An active line of research has also been
conducted in the domain of random design linear regression (Hsu et al., 2011; Sabato and
Munos, 2014; Derezinski et al., 2019). In these works the authors aim at controlling
the mean-squared regression error E[(X 3 — Y)?] with a minimum number of random
samples Xj. Except from the loss function that they considered, these works differ from
ours in several points: they generally do not consider the heteroscedastic case and their
goal is to minimize the number of samples to use to reach an e-estimator while in our
setting the total number of covariates K is fixed. Allen-Zhu et al. (2020) provide a similar
analysis but under the scope of optimal experiment design. Another setting similar to
ours is introduced in (Hazan and Karnin, 2014), where active linear regression with a
hard-margin criterion is studied. However, the minimization of the classical £?>-norm of
the difference between the true parameter of the linear model and its estimator seems to
be a more natural criterion, which justifies our investigations.

In this work we adopt a different point of view from the aforementioned existing
works. We consider A-optimal design under the heteroscedasticity assumption and we
generalize MAB results to the non-coordinate basis setting with two different algorithms
taking inspiration from the convex optimization and bandit literature. We prove optimal
(5(T ~2) regret bounds for d covariates and provide a weaker guarantee for more than
d covariates. Our work emphasizes the connection between MAB and optimal design,
closing open questions in A-optimal design. Finally we corroborate our theoretical findings
with numerical experiments.

The remainder of this chapter is organized as follows. We describe the setting of our
problem in Section 2.2, then we present a naive algorithm in Section 2.3 and a faster
algorithm in Section 2.4. We discuss the case K > d in Section 2.5 and present numerical
simulations in Section 2.6. Finally Section 2.7 concludes the chapter. Appendix 2.A
contains the postponed proofs.

2.2 Setting and description of the problem

2.2.1 Motivations and description of the setting

Let X1,...,Xx € R? be K covariates available to some agent who can successively sample
each of them (several times if needed). Observations Y are generated by a standard linear
model, i.e.,

Y =X'p*+e with 8 eR?.

Each of these covariates correspond to an experiment that can be run by the decision
maker to gain information about the unknown vector $*. The goal of optimal experiment
design is to choose the experiments to perform from a pool of possible design points
{X1,..., Xk} in order to obtain the best estimate B of #* within a fixed budget of
T € N* samples. In classical experiment design problems the variances of the different
experiments are supposed to be equal. Here we consider the more challenging setting
where each covariate has a specific and unknown variance a,%, i.e., we suppose that when
X}, is queried for the i-th time the decision maker observes

v = X[l

where E[e,(;)] =0, Var[e,(;)] =02 >0 and 553) is x2-subgaussian. We assume also that the
(i)

€;,” are independent from each other. This setting corresponds actually to online optimal
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experiment design since the decision maker has to design sequentially the sampling policy,
in an adaptive manner.

A naive sampling strategy would be to sample the covariates X with the static ho-
moscedastic proportions. In our heteroscedastic setting, this will not produce the most
precise estimate of 5* because of the different variances a,%. Intuitively a point X with a
low variance will provide very precise information on the value X ,;r 5* while a point with
a high variance will not give much information (up to the converse effect of the norm
|| Xk||). This indicates that a point with high variance should be sampled more often than
a point with low variance. Since the variances O',% are unknown, we need at the same time
to estimate a,% (which might require lots of samples of X} to be precise) and to minimize
the estimation error (which might require only a few examples of some covariate Xj).
There is then a trade-off between gathering information on the values of a,% and using
it to optimize the loss; the fact that this loss is global, and not cumulative, makes this
trade-off “exploration wvs. exploitation” much more intricate than in standard multi-armed
bandits.

Usual algorithms handling global losses are rather slow (Agrawal and Devanur, 2014;
Mannor et al., 2014) or dedicated to specific well-posed problems with closed form losses (An-
tos et al., 2010; Carpentier et al., 2011). Our setting can be seen as an extension of the
two aforementioned works that aim at estimating the means of a set of K distributions.
Noting s = (p1,...,ux) ' the vector of the means of those distributions and X; = e; the
ith vector of the canonical basis of R¥ we see (since X;'u = p;) that their objective is
actually to estimate the parameter p of a linear model. This setting is a particular case
of ours since the vectors X; form the canonical basis of RE.

2.2.2 Definition of the loss function

As we mentioned it before, the decision maker can be led to sample several times the
same design point X} in order to obtain a more precise estimate of its response X ’;r 5.
We denote therefore by T} > 0 the number of samples of X}, hence T' = Zle Ty.. For
each k € [K]?, the linear model yields the following

Ty ) Ty ]
(R RED RN e P
=1 =1

We define Y, = ZZTL Y,fz)/ak\/ﬁ, X, = VT, Xy,/op, and &, = ,L»T:’“l z-:,(;)/ak\/ﬁ so that
for all k € [K], Yy = X}I'B* + &, where E[¢] = 0 and Var[§;] = 1. We denote by
X = (XlT, e ,X}T{)T € REXd the induced design matrix of the policy. Under the as-
sumption that X has full rank, the above Ordinary Least Squares (OLS) problem has an
optimal unbiased estimator 3 = (XTX)~'XTY. The overarching objective is to upper-
bound E[||3 — 8*|?], which can be easily rewritten as follows:

-1

K -1 K
E[IB - 547 = (X TX)") = Tr (Z KX ) = T (zpkxkxi /oz> ,
k=1

k=1

where we have denoted for every k € [K], pr = T)/T the proportion of times the covariate
X}, has been sampled. By definition, p = (p1,...,pr) € AF, the simplex of dimension
K — 1. We emphasize here that minimizing E[||3 — 8*|%] is equivalent to minimizing

K] ={1,...,K}.
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the trace of the inverse of the covariance matrix XX, which corresponds actually to
A-optimal design (Pukelsheim, 2006). Denote now by Q(p) the following weighted matrix

K
b
p) =Y XX =X'X.
k=1 %
The objective is to minimize over p € AX the loss function L(p) = Tr (Q(p)~!) with
L(p) = o0 if (p — Q(p)) is not invertible, such that

E (I8~ 517] = 2T (20) ) = 7L

For the problem to be non-trivial, we require that the covariates span R%. If it is not the
case then there exists a vector along which one cannot get information about the param-
eter §*. The best algorithm we can compare against can only estimate the projection of
(5 on the subspace spanned by the covariates, and we can work in this subspace.

The rest of this work is devoted to design an algorithm minimizing Tr (Q(p)~!) with
the difficulty that the variances a,% are unknown. In order to do that we will sequentially
and adaptively choose which point to sample to minimize Tr (Q(p)_l). This corresponds
consequently to online A-optimal design. As developed above, the norms of the covariates
have a scaling role and those can be renormalized to lie on the sphere at no cost, which is
thus an assumption from now on: Vk € [K], || Xj||, = 1. The following proposition shows
that the problem we are considering is convex.

Proposition 2.1. L is strictly convex on A* and continuous in its relative interior Ad,

Proof. Let p,q € Ad, so that Q(p) and (q) are invertible, and A € [0,1]. We have L(p) =
Tr(Q(p)~1) and L(Ap + (1 — N)g) = Tr(QAp + (1 — A)g) 1), where

d
Q0w+ (1-2g) =3 A]”’“*fj%‘”q’“xkx,;r = 2Q(p) + (1 - NAa).
k=1

It is well-known (Whittle, 1958) that the inversion is strictly convex on the set of positive
definite matrices. Consequently,

QA+ (1= 2g) ™" = (A2(p) + (1 = N)2Ag) ™" < AQp) ™ + (1= 1))~ 2
Taking the trace this gives
LAp+ (1= A)q) <AL(p) + (1 = A)L(q).
Hence L is strictly convex. O

Proposition 2.1 implies that L has a unique minimum p* in Ad and we note

p* = argmin L(p) .
pEAL

Finally, we evaluate the performance of a sampling policy in term of “regret” i.e., the
difference in loss between the optimal sampling policy and the policy in question.

Definition 2.1. Let pp denote the sampling proportions after T samples of a policy. Its
regret is then

R(T) = 7 (B[L(pr)] — L") -

3where < denotes the strict Loewner ordering between symmetric matrices.
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We will construct active sampling algorithms to minimize R(T"). A key step is the
following computations of the gradient of L. Since VQ(p) = XX} /o2, it follows

Oy, L(p) = —JlgTr (22X, X7) = —011% w1 x)

As in several works (Hsu et al., 2011; Allen-Zhu et al., 2020) we will have to study different
cases depending on the values of K and d. The first one corresponds to the case K < d.
As we explained it above, if K < d, the matrix Q(p) is not invertible and it is impossible to
obtain a sublinear regret, which makes us work in the subspace spanned by the covariates
Xj. This corresponds to K = d. We will treat this case in Sections 2.3 and 2.4. The case
K > d is considered in Section 2.5.

2.2.3 Concentration arguments

Before going on with algorithms to solve the problem described in Section 2.2.2, we
present results on the concentration of the variance for subgaussian random variables.
Traditional results on the concentration of the variances (Maurer and Pontil, 2009; Car-
pentier et al., 2011) are obtained in the bounded setting. We propose results in a more
general framework. Let us begin with some definitions.

Definition 2.2 (Sub-gaussian random variable). A random variable X is said to be k>-
sub-gaussian if
VYA >0, exp(A(X —EX)) < exp(\2k%/2) .

And we define its o-norm as
|X]l,, = inf { > 0| Efexp(X2/t*)] < 2} .

We can bound the 12-norm of a subgaussian random variable as stated in the following
lemma.

Lemma 2.1 (yo-norm). If X is a centered k?-sub-gaussian random variable then

22
W/ﬁ}.

Proof. A proposition stated in (Wainwright, 2019) shows that for all A € [0, 1), a sub-gaussian
variable X verifies

X1y, <

X2 1
E < .
262 ) 7 V1=X
Taking A = 3/4 and defining u = %m gives
E(X?/u?) < 2.
Consequently || X, < u. O

A wider class of random variables is the class of sub-exponential random variables
that are defined as follows.

Definition 2.3 (Sub-exponential random variable). A random variable X is said to be
sub-exponential if there exists K > 0 such that

V0<A<I1/K, Elexp(\X])] < exp(K\) .
And we define its iy -norm as

1 X1ly, = inf{t > 0| Elexp(|X[/?)] <2} .
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A result from (Vershynin, 2018) gives the following lemma, that makes a connection
between subgaussian and subexponential random variables.

Lemma 2.2. A random variable X is sub-gaussian if and only if X? is sub-exponential,
and we have
2 _ 2
||, =1z,

We now want to obtain a concentration inequality on the empirical variance of a sub-
gaussian random variable. We give use the following notations to define the empirical
variance.

Definition 2.4. We define the following quantities for n i.i.d. repetitions of the random
variable X .

17’!»

— E[X d jm=-3X:,
p=E[X]  an fi ”;:1
1TL

2 — m[x?2 d a2 = =N" x2

W =B and = 3K

The variance and empirical variance are defined as follows

o> =p® -y and  Gp=piP —pl

n
We are now able to state the main result of this section.

Theorem 2.1. Let X be a centered and k*-sub-gaussian random variable sampled n > 2
times. Let 6 € (0,1). Let c = (e —1)(2e(2e —1))~! = 0.07. With probability at least 1 — 4,
the following concentration bound on its empirical variance holds

log(4/6 log(4/0
6,21—02’ < 3k2 - max Ogin/ ), Ogﬁn/)

This theorem provides a concentration result on the empirical variance of a subgaus-
sian random variable, whereas usual concentration bounds are generally obtained for
bounded random variables (Maurer and Pontil, 2009; Carpentier et al., 2011), for which
the concentration bound is easier to obtain.

Proof. We have

62 = 0| = [ = 32 = (u® - )
< [a2 = @]+ |52 - 2
< |2 = 1P|+ 17 =l + 1

< |32 = 1| + |fnf?
since p = 0.

We now apply Hoeffding’s inequality (Vershynin, 2018) to the X, variables that are x2-
subgaussian, to get

1 — n2¢2 nt?
— § - < — = ).
F <n Py Xi—p> t> P ( 2nn2> P ( 2;@2>
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And finally
2log(2/6
P<|ﬂn—u|>f€ Og(/)> <.

n

log(2/6
Consequently with probability at least 1 — §, |ﬂn|2 < QKQM. The variables X7 are
n

sub-exponential random variables. We can apply Bernstein’s inequality as stated in (Chafai

et al., 2012) to get for all ¢ > 0:
(0t
>t | <2exp| —cnmin | —, —
s2'm

P<1ZX?—M(2’
(ot
<2exp(—cnmin| —, — .
m?'m
1

n 4
=1
with ¢ = m, $2 = %Z?zl HXEH% < m? and m = maxi<i<n HXZ?H%. Inverting the
inequality we obtain

]P (
And finally, with probability at least 1 — 9§,
52 — 02| < m - max <log(4/5) 10g(4/6)> o log(4/6)

cn cn

B2 — ) > m - max <1og<2/6>7 1og<2/6>>> -

n

62 —0o
" cn cn

Using Lemmas 2.2 and 2.1 we obtain that m < 8x2/3. Finally,
log(4/6 log(4/d log(4/6
|&2_02;<§H2.max<0g</> og</>>+2m2 0g(4/9)

en cn cn

en cn

< 342 . max <1og<4/5> 1og<4/6>> |
since 2¢ < 1/3. This gives the expected result. O
We now state a corollary of this result.
Corollary 2.1. Let T > 2. Let X be a centered and k?*-sub-gaussian random variable.

9 4
Let ¢ = (e — 1)(2e(2e — 1))! = 0.07. Forn = ’77 n

cot

log(QT)-‘ , we have with probability
at least 1 — 1/T2,

1
~2 2 2
0,—0C ’ < 50 .
log(4/6) (6x2\°
Proof. Let 6 € (0,1). Let n = {og(/) (,{2)
c o
log(4/6 2\?
Then % < ((;2) < 1, since 02 < w2, by property of subgaussian random
variables.
With probability 1 — &, Theorem 2.1 gives
2
1
|62 — 0| < 3K2 6(;2 < 502 .
2 . . 5 72k%
Now, suppose that 6 = 1/T*. Then, with probability 1 — 1/T%, for n = T log(27)
co
samples,
1
52 — o < 502 .
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2.3 A naive randomized algorithm

We begin by proposing an obvious baseline for the problem at hand. One naive algorithm
would be to estimate the variances of each of the covariates by sampling them a fixed
amount of time. Sampling each arm 7" times (with ¢ < 1/K) would give an approximation
6y of o, of order 1/4/T. Then we can use these values to construct Q(p) an approximation
of Q(p) and then derive the optimal proportions pj to minimize Tr(fl(p)_l). Finally the
algorithm would consist in using the remainder of the budget to sample the arms according
to those proportions. However, such a trivial algorithm would not provide good regret
guarantees. Indeed the constant fraction ¢ of the samples used to estimate the variances
has to be chosen carefully; it will lead to a 1/T regret if c is too big (if ¢ > pj for some
k). That is why we need to design an algorithm that will first roughly estimate the pj. In
order to improve the algorithm it will also be useful to refine at each iteration the estimates
pr- Following these ideas we propose Algorithm 2.1 which uses a pre-sampling phase (see
Lemma 2.6 for further details) and which constructs at each iteration lower confidence
estimates of the variances, providing an optimistic estimate L of the objective function L.
Then the algorithm minimizes this estimate (with an offline A-optimal design algorithm,
see e.g., (Gao et al., 2014)). Finally the covariate X}, is sampled with probability py .
Then feedback is collected and estimates are updated.

Algorithm 2.1 Naive randomized algorithm

Require: d, T, § confidence parameter
Require: Ny,..., Ny of sum N

1: Sample N, times each covariate X

2: PN — (Nl/N,. . .,Nd/N)

3: Compute empirical variances 62, ... ,63

4: for N+1<t<T do

5. Compute p; € argmin L, where L is the same function as L, but with variances
replaced by lower confidence estimates of the variances (from Theorem 2.1).

6:  Draw 7(t) randomly according to probabilities p; and sample covariate Xr(t)

7. Update pry1 = pr + H%(ew(tﬂ) — p¢) and 672r(t) where (eyp,...,eq) is the canonical
basis of R%.

Proposition 2.2. For T' > 1 samples, running Algorithm 2.1 with N; = p?T /2 (with p°
defined by (2.2)) for all i € [K], gives final sampling proportions py such that

where I' is the Gram matriz of X1,..., Xk.

Notice that we avoid the problem discussed by Erraqabi et al. (2017) (that is due to
infinite gradient on the simplex boundary) thanks to presampling, allowing us to have
positive empirical variance estimates with high probability.

Proof. We now conduct the analysis of Algorithm 2.1. Our strategy will be to convert the
error L(pr) — L(p*) into a sum over ¢ € [T] of small errors. Notice first that for ¢ € [K], the
quantity
_ 2
1o)X
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2

1
can be upper bounded by m maXe(x) %’;0, for p = pr, where we have denoted by
I the Gram matrix of Xi,..., Xk and where A\pin(T') denotes the smallest eigenvalue of T

2

For p = p;, we can also bound this quantity by maxpe[K] 0057’“0, using Lemma 2.6
-Op

4
O—z)\min(l—‘)
to express p; with respect to lower estimates of the variances — and thus with respect to real
variance thanks to Corollary 2.1. Then using the convexity of L we have

T T
L(pr) — L(p*) = L(pr) — L <1/TZﬁt> +L (; Zﬁa) — L(p")

Ak 1 & 1
(pk,T -7 ﬁk,t) tT Z (L(pe) — L(p")) -

Using Hoeffding inequality, (pva — % th:1 ﬁk,t> = % Zthl (I{%k is sampled at t} — Py ;)

is bounded by M with probability 1 — 4. It thus remains to bound the second term
* Zle (L(p:) — L(p*)). First, notice that L(p) is an increasing function of o; for any i.
2

%

If we define L be replacing each o? by lower confidence estimates of the variances &
Theorem 2.1), then

(see

A

L(py) — L(p*) < L(pe) — L(p*) = L(pe) — L(p) + L(pe) — L(p*) < L(pe) — L)

Since the gradient of L with respect to o2 is (20_%
by '

!Q(p)_lXiH;) , we can bound L(p;) — L(p)

7
1/ in S0P 192060 7 X2 > 2pielo? — 62 .
7

Since p; ; is the probability of having a feedback from covariate i, we can use the probabilisti-

1
cally triggered arm setting of (Wang and Chen, 2017) to prove that T Zthl > 2pilo? 52| =

o < logT(T)) Taking & of order T~! gives the desired result. O

2.4 A faster first-order algorithm

We now improve the relatively “slow” dependency in T in the rates of Algorithm 2.1 —
due to its naive reduction to a MAB problem, and because it does not use any estimates
of the gradient of L — with a different approach based on convex optimization techniques,
that we can leverage to gain an order in the rates of convergence.

2.4.1 Description of the algorithm

The main algorithm is described in Algorithm 2.2 and is built following the work of Berthet
and Perchet (2017). The idea is to sample the arm which minimizes a proxy of the gradient
of L corrected by a negative error term, as in the UCB algorithm (Auer et al., 2002).
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Algorithm 2.2 Bandit algorithm
Require: K, T
Require: Ny,..., Nk of sum N

1: Sample N, times each covariate X
2: pN — (Nl/N,. . ,NK/N)
3: Compute empirical variances 67, ...,6%
4: for N+1<t<T do
5. Compute VL(p;), where L is the same function as L, but with variances replaced
by empirical variances.
6: for k € [K] do
R N 3log(t
7: Gk +— ViL(p) — 2 T( )
k

8 w(t) «— arg mingc g gr and sample covariate Xr ()
9:  Update pr1 =p + t%(eﬂ(tﬂ) — p¢) and update 6727(0

N1, ..., Nk are the number of times each covariate is sampled at the beginning of the

algorithm. This stage is needed to ensure that L is smooth. More details about that will
be given with Lemma 2.6.

2.4.2 Concentration of the gradient of the loss

The cornerstone of the algorithm is to guarantee that the estimates of the gradients
concentrate around their true value. To simplify notations, we denote by G = kaL(p)
the true k'™ derivative of L and by G}, its estimate. More precisely, if we note Qp) =
Zszl(pk/@)XkX,;r, we have

G =—02|Qp) ' Xk|3 and Gi & —6.7|0p) " Xl

Since Gy, depends on the 6,%, we need a concentration bound on the empirical variances
of sub-gaussian random variables.

Using Theorem 2.1 we claim the following concentration argument, which is the main
ingredient of the analysis of Algorithm 2.2.

Proposition 2.3. For every k € [K], after having gathered Ty, < T samples of covari-
ates Xy, there exists a constant C > 0 (explicit and given in the proof) such that, with
probability at least 1 — §

2 3
Gu— Gl < <0k1 e ) - (log(4TK/6)7 10g(4TK/6)) |

i€[K] i T, T,

For clarity reasons we postpone the proof to Appendix 2.A. Proving this proposition
was one of the main technical challenges of our analysis. Now that we have it proven we
can turn to the analysis of Algorithm 2.2.

2.4.3 Analysis of the convergence of the algorithm

In convex optimization several classical assumptions can be leveraged to derive fast con-
vergence rates. Those assumptions are typically strong convexity, positive distance from
the boundary of the constraint set, and smoothness of the objective function, i.e., that it
has Lipschitz gradient. We prove in the following that the loss L satisfies them, up to the
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smoothness because its gradient explodes on the boundary of A?. However, L is smooth
on the relative interior of the simplex. Consequently we will circumvent this smoothness
issue by using a technique from Chapter 1 consisting in pre-sampling every arm a linear
number of times in order to force p to be far from the boundaries of A%,

We denote Xo £ (X', ,X])" and T' £ XoX] = Gram(X7,...,X4). Noting also
Cof (M );; the (4, j) cofactor of a matrix M and Com (M) the comatrix (matrix of cofactors)
of M, we prove the following lemmas.

Lemma 2.3. The diagonal coefficients of Q(p)~! can be computed as follows:

| 02 Cof(X])2 1
vie[d], Qp);' = Wf .
= 00) Py

Proof. We suppose that Vi € [d], p; # 0 so that Q(p) is invertible.
L Com(Q(p)”

det(Qp)) We compute now det(Q2(p)).

We know that Q(p)

det(Q(p)) = det (Z M) = det((VT1X)"VT-1X) = T4 det(X")?

k=1 Tk
2 2
g 5 ~d _ VP X, \/ded
g1 gd
= det(Xo)2 2L .. B4
o1 04

We now compute Com(2(p));;.
Com(Q(p)) = Com(T~/2XTT71/2X) = Com(T~/2XT) Com(T~1/2XT)T .

o1

Let us note M £ T—1/2X = . Therefore

VI
oK
d d »
k
Com(Q(p))i = Z Com(MT)fj = Z o Cof(X(—)r)?]
j=1 J=lk#j F

Finally,

This allows us to derive the exact expression of the loss function L.

Lemma 2.4. The loss function L verifies for all p € A?,
d

1 o2
Lp) = —— 3" ZE Cof (XoX! ) pre -
(p) det(XJXO) kgl pk o ( 0 0 )kk
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Proof. Using Lemma 2.3 we obtain

d
L(p) = Tr(Qp) ™) =>_Qp)j
d 2 d 1 d_ 2
I Zk Yk T
det(XTX ; i ZCQf (%9 )ik = det(X] Xo) 21 o, Com(XoXo )i
O

With this expression, the optimal proportion p* can be easily computed using the
KKT theorem, with the following closed form:

d
Pk = Ukm/zdi Cof(T); - (2.1)
i=1

This yields that L is strongly convex on A?, with strong convexity parameter

p=2det(I")” mmCof( )iio?

Moreover, this also implies that p* is far away from the boundary of A€

Lemma 2.5. Letn £ dist(p*, 0A?) be the distance from p* to the boundary of the simplex.
Then
K min; 0;1/Cof(I");

’]’I =
K =135 03/Cof (T)
Proof. This is immediate with (2.1) since n = T 7 ming Dr. O

It remains to recover the smoothness of L. This is done using a pre-sampling phase.

Lemma 2.6 (see Lemma 1.2). If there exists o € (0,1/2] and p° € A? such that p* = ap®
(component-wise) then sampling arm i at most ap?T times (for alli € [d]) at the begmnmg
of the algorithm and running Algorithm 2.2 is equivalent to running Algorithm 2.2 with
budget (1 — )T on the smooth function (p — L(ap® + (1 — a)p).

We have proved that pj is bounded away from 0 and thus a pre-sampling would be
possible. However, this requires to have some estimate of each O']%. The upside is that those
estimates must be accurate up to some multiplicative factor (and not additive factor) so
that a logarithmic number of samples of each arm is enough to get valid lower/upper
bounds (see Corollary 2.1). Indeed, the estimate @3 obtained satisfies, for each k € [d],
that o7 € [72/2,352/2]. Consequently we know that

1 7p/Cof M 1 o _ _ or/Cof(D)pe
Vk € [d], py, > \[Z, 1az\/m> —p°?, where p° = e (2.2)

This will let us use Lemma 2.6 and with a presampling stage as prescribed, p is forced to
remain far away from the boundaries of the simplex in the sense that p;; > p?/2 at each
stage t subsequent to the pre-sampling, and for all ¢ € [d]. Consequently, this logarithmic
phase of estimation plus the linear phase of pre-sampling ensures that in the rest of the
process, L is actually smooth.
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Lemma 2.7. With the pre-sampling of Lemma 2.6, L is smooth with constant C's where

3
< gy (1 o /Col(T)r )
5= det(T")o3. \/ming Cof (T)pr

min

Proof. We use the fact that for all ¢ € [d], p; > p?/2. We have that for all i € [d],
o2 2
V2 L(p) = Cof(T)0; 33 < 2 Cof(F)“UZ! .
det(T)  p; ~ det(I')(p7/2)?

O/ COf(F)kk
Z?:l i/ COf(F)”

We have py = which gives

3
O ax (ZZ:I Tk Cof(F)kk) .
ViL(p) < 16 2 Cs.
det(F)Ef’nin ming COf(F)kk

And consequently L is C'g-smooth.
We can obtain an upper bound on Cg using Corollary 2.1, which tells that o4 /2 < 7 <
3Uk/2:

Tiax (Zizl ok COf(F)kk>3

Cg <432 .
det(T)o3 ; /miny Cof (T) g

We can now state our main theorem.

Theorem 2.2. Applying Algorithm 2.2 with T > 1 samples after having pre-sampled each
arm k € [d] at most p3T/2 times gives the following bound*

This theorem provides a fast convergence rate for the regret R(T') and emphasizes the
importance of using the gradient information in Algorithm 2.2 compared to Algorithm 2.1.

Proof. Proposition 2.3 gives that

log(4TK/6) [log(4TK/6)
T; 7 T;

. 1 2\ 3
G, — Gy < 678[(0max max Tk ‘K2 -max
| 4 max
Ui)\min(r) ke[K] Dk

min

Since each arm has been sampled at least a linear number of times we guarantee that
log(4T'K/§)/T; < 1 such that

7 2
A Omax 1 K log(4TK/§)
G; — G| < 678K S :
| ‘ (Urnin ) Amilﬂ (F)S p‘fnin \/T

Thanks to the presampling phase of Lemma 2.6, we know that pyi, > p°/2. For the sake of

8 A log(4T'K/¢)
p"s)\min(r)?’n?nax such that |G; —G;| < Cy | ———.

T;
We have seen that L is p-strongly convex, C'r-smooth and that dist(p*, JA?) > . Conse-
quently, since Lemma 2.6 shows that the pre-sampling stage does not affect the convergence

7
clarity we note C' £ 678K <0max)

Omin

4The notation Or,s,, means that there is a hidden constant depending on I' and on the ox. The explicit
dependency on these parameters is given in the proof.

103



result, we can apply (Berthet and Perchet, 2017, Theorem 7) (with the choice o7 = 1/T2,
which gives that

log*(T log(T 1

o’(T) | loa(T) |

— *) < _
E[L(pr)] = L(p*) < &1 T 2 CsT )
96C?K 24C? 30722K 2
with ¢; = 5 02 = e +S and c3 = e HLHOO—G-%—FCS. With the presampling

stage and Lemma 2.4, we can bound ||L| ., by

-(72 Cof (I jj
I < = JCof((F)) > 75/ Cot(T);;

Omin min j

1
We conclude the proof using the fact that R(T') = T (L(pr) — L(p¥)). O

2.5 Discussion and generalization to K > d

We discuss in this section the case where the number K of covariate vectors is greater
than d.

2.5.1 Discussion of the Case K > d

In the case where K > d it may be possible that the optimal p* lies on the boundary
of the simplex A¥, meaning that some arms should not be sampled. This happens for
instance as soon as there exist two covariate points that are exactly equal but with different
variances. The point with the lowest variance should be sampled while the point with
the highest one should not. All the difficulty of an algorithm for the case where K > d
is to be able to detect which covariate should be sampled and which one should not. In
order to adopt another point of view on this problem it might be interesting to go back to
the field of optimal design of experiments. Indeed by choosing vy = Xy /oy, our problem

consists exactly in the following constraint minimization problem given v; ..., vx € R%:
K -1
min Tr ijvjva under contraints p € AKX (P)
j=1

It is known (Pukelsheim (2006)) that the dual problem of A-optimal design consists in
finding the smallest ellipsoid, in some sense, containing all the points v;:

max Tr(vVIW)? under contraints W > 0° and v;erj <lforalll<j<K. (D)

In our case the role of the ellipsoid can be easily seen with the KKT conditions.

Proposition 2.4. The points X}, /oy, lie within the ellipsoid defined by the matriz Q(p*)~2.

Proof. We want to minimize L on the simplex AX. Let us introduce the Lagrangian function

K
L (p17~-~>pK7)\>M17~-~>NK) ERK XRXRK’—)L(}?)-‘-A(ZP}C—l) —<,U/,p>
k=1

Applying Karush-Kuhn-Tucker theorem gives that p* verifies

0L

Vk € [d], o

(p*) =0

W > 0 means here that W is symmetric positive definite.
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Consequently
2

‘Q(p*)‘le =X~ <A\

2

Vk € [d],

Ok

This shows that the points X}, /o, lie within the ellipsoid defined by the equation z T Q(p*) 2z <
A. 0O

This geometric interpretation shows that a point X} with high variance is likely to be
in the interior of the ellipsoid (because X} /oy is close to the origin), meaning that py > 0
and therefore that py = 0 4.e., that X} should not be sampled. Nevertheless since the
variances are unknown, one is not easily able to find which point has to be sampled.
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Figure 2.1 — Different minimal ellipsoids

Geometrically the dual problem (D) is equivalent to finding an ellipsoid containing
all data points X /o such that the sum of the inverse of the semi-axis is maximized.
The points that lie on the boundary of the ellipsoid are the one that have to be sampled.
We see here that we have to sample the points that are far from the origin (after being
rescaled by their standard deviation) because they cause less uncertainty.

We see that several cases can occur as shown on Figure 2.1. If one covariate is in
the interior of the ellipsoid it is not sampled because of the KKT equations (see Proposi-
tion 2.4). However if all the points are on the ellipsoids some of them may not be sampled.
It is the case on Figure 2.1b where X is not sampled. This is due to the fact that a little
perturbation of another point, for example X3 can change the ellipsoid such that X7 ends
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up inside the ellipsoid as shown on Figure 2.1d. This case can consequently be seen as a
limit case.
2.5.2 A Theoretical Upper-Bound and a Lower Bound

We derive now a bound for the convergence rate of Algorithm 2.2 in the case where K > d.

Theorem 2.3. Applying Algorithm 2.2 with K > d covariate points gives the following
bound on the regret, after T > 1 samples

R(T) =0 <1‘;§5(Z)) .

Proof. In order to ensure that L is smooth we pre-sample each covariate n times. We note
a =n/T € (0,1). This forces p; to be greater than « for all i. Therefore L is Cs-smooth
Qmaxk COf(F)kkU?nax A C

a3 det(T) T ad
We use a similar analysis to the one of (Berthet and Perchet, 2017). Let us note p; =
L(p:) — L(p*) and €141 = (ex(r1) — €xppy) VL(py) with e,,,, = arg mMax, e x ' VL(pt).
(Berthet and Perchet, 2017, Lemma 12) gives, for t > nkK,

with Cg <

Cs
t+1 <t —_—
(t+1D)py1 < pt+5t+1+t+1

Summing for ¢ > nK gives

T
Tpr < nKpni + Cglog(eT) + Z €t

t=nK
T
. N Clog(eT) 1
Lipr) = L(p*) < Ka(L(pax) = L") + —5 o +T2%Q
3K log(T
We bound Z?:nK e¢/T as in Theorem 3 of (Berthet and Perchet, 2017) by 4 #

2 2||VL L
(W+K>nvu¢wnmo<l%@>

5 T > . We are now interested in bounding a(L(pnx)—

T
L(pY)).
By convexity of L we have

L(pux) = L(p") < (VL(pnk ) pur = ") < [[VL(Puk )|y [Ionk ="y < 2V L(pas) |l -

We have also

oL Xk
— Q “L2E
apk (an) H (an) ok ||y
Proposition 2.5 shows that
— 1 Urznax
126) ], <

>\min (F) Hlil’lk Pk ’

In our case, ming p,x = 1/K. Therefore

Ko?
O n —1 < max )
H (Pnk) ||2 = Amin (D)
And finally we have
K Umax
VL(py < — .
IVL(pnr )l o (©) T
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2K max
We note C; £ 2R Tmax g gives
)\min(F) Omin

The choice of o = T—'/* finally gives

L(pr) = L(p") =0 (%@) .

O

One can ask whether this result is optimal, and if it is possible to reach the bound of
Theorem 2.2. The following theorem provides a lower bound showing that it is impos-
sible in the case where there are d covariates. However the upper and lower bounds of
Theorems 2.3 and 2.4 do not match. It is still an open question whether we can obtain
better rates than 7-5/4,

Theorem 2.4. In the case where K > d, for any algorithm on our problem, there exists
a set of parameters such that R(T) > T—5/2.

Proof. For simplicity we consider the case where d = 1 and K = 2. Let us suppose that there
are two points X; and X, that can be sampled, with variances 07 =1 and 03 = 1 + A > 1,
where A < 1. We suppose also that X7 = X5 = 1 such that both points are identical.

The loss function associated to this setting is

—1

pP1, P2 1+A 1+A
Lp) = (B4+2) - = :
®) (‘7% U%) p2tpi(1+4A)  1+Ap

The optimal p has all the weight on the first covariate (of lower variance): p* = (1,0) and
Lp*) =1.

Therefore

1+ Apy 1+ Apy — 2
We see that we are now facing a classical 2-arm bandit problem: we have to choose between

arm 1 giving expected reward 0 and arm 2 giving expected reward A/2. Lower bounds on
multi-armed bandits problems show that

L(p) — L(p*) Ds .

1
EL(pr) — L(p*) 2 —= -
T
Thus we obtain )
R(T) 2

2.6 Numerical simulations

We now present numerical experiments to validate our results and claims. We com-
pare several algorithms for active matrix design: a very naive algorithm that samples
equally each covariate, Algorithm 2.1, Algorithm 2.2 and a Thompson Sampling (TS)
algorithm (Thompson, 1933). We run our experiments on synthetic data with horizon
time T between 10* and 108, averaging the results over 25 rounds. We consider covariate
vectors in R of unit norm for values of K ranging from 3 to 100. All the experiments
ran in less than 15 minutes on a standard laptop.
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Let us quickly describe the Thompson Sampling algorithm. We choose Normal Inverse
Gamma distributions for priors for the mean and variance of each of the arms, as they are
the conjugate priors for gaussian likelihood with unknown mean and variance. At each
time step ¢, for each arm k € [K], a value of 6, is sampled from the prior distribution. An
approximate value of Vi L(p) is computed with the & values. The arm with the lowest
gradient value is chosen and sampled. The value of this arm updates the hyperparameters
of the prior distribution.

In our first experiment we consider only 3 covariate vectors. We plot the results in
log—log scale in order to see the convergence speed which is given by the slope of the
plot. Results on Figure 2.2 show that both Algorithms 2.1 and 2.2, as well as Thompson
sampling have regret O(1/T?) as expected. We see that Thompson Sampling performs

|
W~

—e— naive — slope=—1.0 —e— naive — slope=—1.0
w- Alg. 2.2 — slope=—2.0 w— Alg. 2.2 — slope=—1.9
—o— TS —slope=-2.0 —o— TS —slope=—1.9

log(R(T))
\

log(R(T))
|

—+— Alg. 2.1 — slope=—1.9

/

\‘\‘\z
4 45 5 55 6 1 45 5 55
log(T) log(T)
Figure 2.2 — Regret as a function of 7" in Figure 2.3 — Regret as a function of T in
log—log scale in the case of K =3 log—log scale in the case of K =4
covariates in R3. covariates in R3.

well on low-dimensional data. However it is approximately 200 times slower than Algo-
rithm 2.2 — due to the sampling of complex Normal Inverse Gamma distributions — and
therefore inefficient in practice. On the contrary, Algorithm 2.2 is very practical. Indeed
its computational complexity is linear in time 7" and its main computational cost is due
to the computation of the gradient VL. This relies on inverting Q € R4 whose com-
plexity is O(d?) (or even O(d*%7) with Strassen algorithm). Thus the overall complexity
of Algorithm 2.2 is O(T(d?>® + K)) hence polynomial. This computational complexity
advocates that Algorithm 2.2 is practical for moderate values of d, as in linear regression
problems.

Figure 2.2 shows that Algorithm 2.1 performs nearly as well as Algorithm 2.2. How-
ever, the minimization step of L is time-consuming when K > d, since there is no close
form for p*, which leads to approximate results. Therefore Algorithm 2.1 is not adapted
to K > d. We also have conducted similar experiments in this case, with K = d+ 1. The
offline solution of the problem indicates that one covariate should not be sampled, i.e.,
p* € OAK. Results presented on Figure 2.3 prove the performances of Algorithm 2.2.

One might argue that the positive results of Figure 2.3 are due to the fact that it is
“easy” for the algorithm to detect that one covariate should not be sampled, in the sense
that this covariate clearly lies in the interior of the ellipsoids mentioned in Section 2.5.1.
In the very challenging case where two covariates are equal but with variances separated
by only 1/ VT, we obtain the results described on Figure 2.4. The observed experimental
convergence rate is of the order of 7136 which is much slower than the rates of Figure 2.3,
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and between the rates proved in Theorems 2.3 and Theorem 2.4. Finally we run a last

; - K=5 — slope=—1.98
9, =~ K =10 - slope=—2.11
- K =20 - slope=—2.23
4l —— K =50 - slope=—2.15
P~ 0l K =100 — slope=—2.06
% —e— Alg. 2.1 — slope=—1.0 =
= w- Alg. 2.2 — slope=—1.36 %
g —6 = _91
o0
'_‘O -
~8 | ‘ ‘ - —4 | -~
4 45 5 5.5 ; ; ; e,
T 3 3.2 3. 3.6 3.8 4
log(T")
Figure 2.4 — Regret as a function of T' in
log—log scale in the case of K =4 Figure 2.5 — Regret as a function of T' for
covariates in R? in a challenging setting. different values of K in log—log scale.

experiment with larger values of K = d. We plot the convergence rate of Algorithm 2.2
for values of K ranging from 5 to 100 in log —log scale on Figure 2.5. The slope is
again approximately of —2, which is coherent with Theorem 2.2. We note furthermore
that larger values of d do not make Algorithm 2.2 impracticable, as inferred by its cubic
complexity.

2.7 Conclusion

We have proposed an algorithm mixing bandit and convex optimization techniques to
solve the problem of online A-optimal design, which is related to active linear regression
with repeated queries. This algorithm has proven fast and optimal rates @(T*Q) in the
case of d covariates that can be sampled in R?. One cannot obtain such fast rates in the
more general case of K > d covariates. We have therefore provided weaker results in this
very challenging setting and conducted more experiments showing that the problem is
indeed more difficult.

2.A Proof of gradient concentration

In this section we prove Proposition 2.3.

Proof of Proposition 2.3. Let p € AK and let i € [K]. We compute

2 2

A R X, X,
Gi—G; = || _1% —HQ 1=
() w2, () ol
R X; Xl A X, X,
<|Qp) = - Q)= Q)T o) T =
< H (p) 5, () ol (p) 2, + Q(p) ol

Let us now note A £ Q(p)é; and B 2 Q(p)o;. We have, supposing that || X, = 1,

Ar—1 Xk Xk B
Qp)~ 2= —p) 27||(A BN X4,

< A7 =BT, Xk,
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<|A7H(B-A)B7,
< A7 1B, 1B = All; -

One of the quantity to bound is ||B7!||,. We have

-
min(Sp(B)) ’

where Sp(B) is the spectrum (set of eigenvalues) of B. We know that Sp(B) = ¢;Sp(Q(p)).
Therefore we need to find the smallest eigenvalue A of Q(p). Since the matrix is invertible we
know A > 0.

We will need the following lemma.

1B, = p(B™) =

Lemma 2.8. Let Xy = (X;r,-~~ ,X,:)T, We have

)\mm(Q(p)) Z min %Amin(XJXO)~

Proof. We have for all p € AK,

2
k=1 j=1 Tk
Therefore
krg{l}{l] U;% 0 2o (p)
And finally
min pl)\min(XOTXO) < Amin(22(p)) -
ke[K] O3 -

O

Note now that the smallest eigenvalue of XJ X is actually the smallest non-zero eigenvalue
of XoXg , which is the Gram matrix of (X1, ..., X,), that we note now T.
This directly gives the following

Proposition 2.5. If B is defined as Q(p)o; for i € [K], we have the following bound

[B7H], < T (D) et pr.

We jump now to the bound of ||A‘1H2. We could obtain a similar bound to the one of

||B_1 H2 but it would contain &5 values. Since we do not want a bound containing estimates
of the variances, we prove the

Proposition 2.6. If A is defined as Q(p)&i and B as Q(p)o; fori € [K] we have the following
inequality
-1 -1
1AM, < 2Bl

Proof. We have, if we note H = A — B,
[AH ], =B+ A=B) |, <[[B7Y|, (I + BT H) M, < 2|[B7H,
from a certain rank. O

Let us now bound ||B — Al|,. We have

i Xka us Xka
Jzzpk Zpk

1B — Ally =
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k=1 Tk 2
K o G
‘ 2
<Y % - SlIx:
X o o
<> k| — AZ‘
The next step is now to use Theorem 2.1 in order to bound the difference 0—; — % .
9% Ok
Proposition 2.7. With the notations introduced above, we have
113K 0max o log(4TK/§) [log(4TK/$)
HB - AHZ < Tdﬁmax - max T s T
K3 1

min

Proof. Corollary 2.1 gives that for all k € [K], 102 < 67 < 307.
A consequence of Theorem 2.1 is that for all k& € [K], if we note T} the (random)
number of samples of covariate k, we have, with probability at least 1 — ¢,

log(4TK/§) [log(4TK/6) P log(4TK/§)

8
< —g2-
- 3/€k max Ty, ’ cTy, Tk

Vk € [K], |o} — 67

We note Ay the r.h.s of the last equation. We begin by establishing a simple upper
bound of Ay. Using the fact that \/1/c < 1/c and that 8/(3¢) < 38, we have

log(4TK/5) [log(4TK /) , log(4T K /3)
) + 2R —
T, Ty Ty

8
Ay < 3—&% - max
c

log(4TK/6) [log(4TK/6) 5 log(4TK/§)
. + 2Ry ———
Ty, Ty, Ty

< 38k} - max

log(4TK/6) [log(4TK/6)
Ty, ’ Ty,

< 40k} - max

Let k € [K]. We have
2

o 0i| _ 067 — 608 0,67 — 0,03 + 0,08 — 603
2T 22| T 252 - 252
o, 0% 0i.0% 00k
A2 2 A
< 0i(67 — o) n o; — 65
- 0262 62
K%k k
) 2 2 _ 22
< 0i(6j — o) + 0; —0;
= 2 A2 ~ 0 ~
loptopt Gi(oi+ 63)
~92 2 2 _ 22
< 0i(0}, — o};) + 0; — 95
- 0262 6204
K%k k9i
<‘A2_ 2| [ +’ 2 A2 1
S |0k — Okl 33 i = 0| %3
o G,.0;
20 max 2v/2
SAp—F— +Ai—5—.
min min

Finally we have, using the fact that T' > T}, for all k € [K]

K o G;
IB=All, <> pk| = — =5
=1 1% Tk
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IN

PrAL + \prkA >

k=1

log(4TK/§) log(4TK /)
T T +124;

LOK? -t <1og (ATK/5) \/7 [log( 4TK/<S ) fA)
A0x2 - m <log ATK/5) [log( 4TK/6 ) >

20 max 1 4TK 5 /1 4TK 0)
;“4 <K40Hmax - Inax Og / Og /

IN

O/ik

(
(
o=
(

IN

IN

IN

max 1 4TK 0) /1 4TK J)
< (K +V?2) 80(; K2, - max og( / A o8 /
O min
O
N X X
The last quantity to bound to end the proof is ||Q(p) 1= LA Q(p)_l—]’C
O O 2
Proposition 2.8. We have for any k € [K],
A1 X 1 X _
HQ(p) R ap) T R <3 B,
Ok (X 9
Proof. For any k € [K], we have
A Xk X
Q(p)~* Qp) ' ZE| = (A~' 4+ B~
o3 a2k | — s 5,
<[ A7+ BT, Xl
—1 —1 -1
< (AP =B +2B71,
—1 —1 —1
< |47 =BT, +2{[ B,
A X X
For T sufficiently large we have ||Q(p)~1= by Q(p)_l—lC <3 HB_1H2' O
Ok Ok ||o

Combining Propositions 2.5, 2.6, 2.7 and 2.8 we obtain that G;—G; < 6 ||B’1 ||; |B — Al
and

1 0,3)3_ ) log(ATK/5)  [log(4ATK/5)

A Omax
[N S K B )
Gi — G; < 678K — ( p—y Kiax - AX T T

max
; min(r) ke[K] Dk

min

which proves Proposition 2.3.

112



3 Adaptive stochastic optimization for re-
source allocation

In this chapter, we consider the classical problem of sequential resource allocation
where a decision maker must repeatedly divide a budget between several resources,
each with diminishing returns. This can be recast as a specific stochastic optimization
problem where the objective is to maximize the cumulative reward, or equivalently to
minimize the regret. We construct an algorithm that is adaptive to the complexity
of the problem, expressed in term of the regularity of the returns of the resources,
measured by the exponent in the Lojasiewicz inequality (or by their universal concav-
ity parameter). Our parameter-independent algorithm recovers the optimal rates for
strongly concave functions and the classical fast rates of multi-armed bandit (for linear

reward functions). Moreover, the algorithm improves existing results on stochastic

optimization in this regret minimization setting for intermediate cases'.

3.1 Introduction and related work

In the classical resource allocation problem, a decision maker has a fixed amount of budget
(money, energy, work, etc.) to divide between several resources. Each of these resources
is assumed to produce a positive return for any amount of budget allocated to them, and
zero return if no budget is allocated to them (Samuelson and Nordhaus, 2005). The re-
source allocation problem is an age-old problem that has been theoretically investigated
by Koopman (1953) and that has attracted much attention afterwards (Salehi et al.,
2016; Devanur et al., 2019) due to its numerous applications (e.g., production planning or
portfolio selection) described for example by Gross (1956) and Katoh and Ibaraki (1998).
Other applications include cases of computer scheduling, where concurrent processes com-
pete for common and shared resources. This is the exact same problem encountered in
load distribution or in project management where several tasks have to be done and a
fixed amount of money /time/workers has to be distributed between those tasks. Flexible
Manufacturing Systems (FMS) are also an example of application domain of our prob-
lem (Colom, 2003) and motivate our work. Resource allocation problems arise also in the

!This chapter is joint work with Shie Mannor and Vianney Perchet. It has led to the following
publication:
(Fontaine et al., 2020b) An adaptive stochastic optimization algorithm for resource allocation,
Xavier Fontaine, Shie Mannor and Vianney Perchet, International Conference on Algorithmic Learning
Theory (ALT), 2020.
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domain of wireless communications systems, for example in the new 5G networks, due to
the exponential growth of wireless data (Zhang et al., 2018). Finally, utility maximization
in economics is also an important application of the resource allocation problem, which
explains that this problem has been particularly studied in economics, where classical
assumptions have been made for centuries (Smith, 1776). One of them is the diminish-
ing returns assumption that states that “adding more of one factor of production, while
holding all others constant, will at some point yield lower incremental per-unit returns”?.
This natural assumption means that the reward or utility per invested unit decreases, and
can be linked to submodular optimization (Korula et al., 2018).

In this chapter we consider the online resource allocation problem with diminishing
returns. A decision maker has to partition, at each stage, $1 between K resources. Each
resource has an unknown reward function which is assumed to be concave and increasing.
As the problem is repeated in time, the decision maker can gather information about the
reward functions and sequentially learn the optimal allocation. We assume that the reward
itself is not observed precisely, but rather a noisy version of the gradient is observed. As
usually in sequential learning — or bandit — problems (Bubeck and Cesa-Bianchi, 2012),
the natural objective is to maximize the cumulative reward, or equivalently, to minimize
the difference with the obtained allocation, namely the regret.

This problem is a generalization of linear resource allocation problems, widely studied
in the last decade (Lattimore et al., 2015; Dagan and Crammer, 2018), where the reward
functions are assumed to be linear, instead of being concave. Those approaches borrowed
ideas from linear bandits (Dani et al., 2008; Abbasi-Yadkori et al., 2011). Several UCB-
style algorithms with nearly optimal regret analysis have been proposed for the linear case.
More general algorithms were also developed to optimize an unknown convex function
with bandit feedback (Agarwal et al., 2011; Agrawal and Devanur, 2014, 2015; Berthet
and Perchet, 2017) to get a generic O(v/T)? regret bound which is actually unavoidable
with bandit feedback (Shamir, 2013). We consider instead that the decision maker has a
noisy gradient feedback, so that the regularity of the reward mappings can be leveraged
to recover faster rates (than v/T') of convergence when possible.

There are several recent works dealing with (adaptive) algorithms for first order
stochastic convex optimization. On the contrary to classical gradient-based methods,
these algorithms are agnostic and adaptive to some complexity parameters of the prob-
lem, such as the smoothness or strong convexity parameters. For example, Juditsky and
Nesterov (2014) proposed an adaptive algorithm to optimize uniformly convex functions
and Ramdas and Singh (2013a) generalized it using active learning techniques, also to
minimize uniformly convex functions. Both obtain optimal bounds in O (T*p/ (2p*2)> for

the function-error || f(z) — f*| where f is supposed to be p-uniformly convex (see Sec-
tion 3.2.3 for a reminder on this regularity concept). However those algorithms would only
achieve a VT regret (or even a linear regret) because they rely on a structure of phases
of unnecessary lengths. So in that setting, regret minimization appears to be much more
challenging than function-error minimization. To be precise, we actually consider an even
weaker concept of regularity than uniform convexity: the Lojasiewicz inequality (Bier-
stone and Milman, 1988; Bolte et al., 2010). Our objective is to devise an algorithm that
can leverage this assumption, without the prior knowledge of the f.ojasiewicz exponent,
i.e., to construct an adaptive algorithm unlike precedent approaches (Karimi et al., 2016).

The algorithm we are going to introduce is based on the concept of dichotomy, or bi-

?See https://en.wikipedia.org/wiki/Diminishing_returns

3The 5() notation is used to hide poly-logarithmic factors.
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nary search, which has already been slightly investigated in stochastic optimization (Bur-
nashev and Zigangirov, 1974; Castro and Nowak, 2008; Ramdas and Singh, 2013b). The
specific case of K = 2 resources is studied in Section 3.3. The algorithm proposed is quite
simple: it queries a point repeatedly, until it learns the sign of the gradient of the reward
function, or at least with arbitrarily high probability. Then it proceeds to the next step
of a standard binary search.

We will then consider, in Section 3.4, the case of K > 3 resources by defining a
binary tree of the K resources and handling each decision using the K = 2 algorithm as a
black-box. Our main result can be stated as follows: if the base reward mappings of the
resources are (3-f.ojasiewicz functions, then our algorithm has a (5(T —B/ 2) regret bound
if 5 <2 and (5(T*1) otherwise. We notice that for § < 2 we recover existing bounds
(but for the more demanding regret instead of function-error minimization) (Juditsky and
Nesterov, 2014; Ramdas and Singh, 2013a) since a p-uniformly convex function can be
proven to be S-Lojasiewicz with § = p/(p — 1). We complement our results with a lower
bound that indicates the tightness of these bounds. Finally we corroborate our theoretical
findings with some experimental results.

Our main contributions are the design of an efficient algorithm to solve the resource
allocation problem with concave reward functions. We show that our algorithm is adaptive
to the unknown complexity parameters of the reward functions. Moreover we propose a
unified analysis of this algorithm for a large class of functions. It is interesting to notice
that our algorithm can be seen as a first-order convex minimization algorithm for separable
loss functions. The setting of separable loss functions is still common in practice, though
not completely general. Furthermore we prove that our algorithm outperforms other
convex minimization algorithms for a broad class of functions. Finally we exhibit links
with bandit optimization and we recover classical bandit bounds within our framework,
highlighting the connection between bandits theory and convex optimization.

The remainder of this chapter is organized as follows. First, let us introduce in Section
3.2 the general model and the different regularity assumptions mentioned above. We study
the case K = 2 in Section 3.3 and the case K > 3 is Section 3.4. Numerical experiments
are presented in Section 3.5 and Section 3.6 concludes the chapter. Postponed proofs are
put in Appendices 3.A, 3.B and 3.C.

3.2 Model and assumptions

3.2.1 Problem setting

Assume a decision maker has access to K € N* different resources. We assume naturally
that the number of resources K is not too large (or infinite). At each time step t € N*
the agent has to split a total budget of weight 1 and to allocate m,(:) to each resource
k € [K] which generates the reward f(zx(t)). Overall, at this stage, the reward of the

decision maker is then

Fa®)y= %" fk(mg)) with = = (21", . 71‘&?) e AR,
kE[K]

where the simplex AK = {(p1,...,px) € RE; S, pr = 1} is the set of possible convex
weights.

We note z* € AX the optimal allocation that maximizes F' over AX; the objective of
the decision maker is to maximize the cumulated reward, or equivalently to minimize the
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regret R(T), defined as the difference between the optimal reward F(z*) and the average
reward over T' € N* stages

K T
R(T) = Fa) = 375 fulol!) = mag F(a) — 13" FG).
t=1

K
t=1 k=1 z€A

N~

The following diminishing return assumption on the reward functions fj is natural and
ensures that F' is concave and continuous, ensuring the existence of x*.

A 3.1. The reward functions fi : [0,1] — R are concave, non-decreasing and verify
fx(0) = 0. Moreover we assume that they are differentiable, L-Lipschitz continuous and
L'-smooth.

This assumption means that the more the decision maker invest in a resource, the
greater the revenue. Moreover, investing 0 gives nothing in return. Finally the marginal
increase of revenue decreases.

We now describe the feedback model. At each time step the decision maker observes
a noisy version of VF(z®)), which is equivalent here to observing each Vf; (m,(f)) + C,gt),

where ¢ ,gt) € R is some white bounded noise. The assumption of noisy gradients is classical
in stochastic optimization and is similarly relevant for our problem: this assumption is
quite natural as the decision maker can evaluate, locally and with some noise, how much
a small increase/decrease of an allocation x,(f) affects the reward.

Consequently, the decision maker faces the problem of stochastic optimization of a con-
cave and separable function over the simplex (yet with a cumulative regret minimization

objective). Classical stochastic gradient methods from stochastic convex optimization
would guarantee that the average regret decreases as O (\/K /Tl/ 2) in general and as

O (K/T) if the fy are known to be strongly concave. However, even without strong con-
cavity, we claim that it is possible to obtain better regret bounds than O (N/K /T ) and,
more importantly, to be adaptive to some complexity parameters.

The overarching objective is then to leverage the specific structure of this natural
problem to provide a generic algorithm that is naturally adaptive to some complexity
measure of the problem. It will, for instance, interpolate between the non-strongly concave
and the strongly concave rates without depending on the strong-concavity parameter, and
recover the fast rate of classical multi-armed bandit (corresponding more or less to the
case where the fj functions are linear). Existing algorithms for adaptive stochastic convex
optimization (Ramdas and Singh, 2013a; Juditsky and Nesterov, 2014) are not applicable
in our case since they work for function-error minimization and not regret minimization
(because of the prohibitively large stage lengths they are using).

3.2.2 Reminders on the Lojasiewicz inequality

We present here results on the famous F.ojasiewicz inequality (Lojasiewicz, 1965; Bierstone
and Milman, 1988; Bolte et al., 2010). In this section we state all the results in their
most general and classical form, 7.e., for convex functions. Their equivalents for concave
functions are easily obtained by symmetry. Let us begin with some definitions.

Definition 3.1. A function f : R* — R satisfies the Lojasiewicz inequality if

Vo€ X, f(z) - min f(a”) < p| V()|
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Definition 3.2. A function f : R* — R is uniformly-convex with parameters p > 2 and
p > 0 if and only if for all x,y € R? and for all a € [0,1],

flaz + (1= a)y) < af(@) + (1 - a)f(y) = Sa(l—a) [0 + (1= )| = y].

A first interesting result is the fact that every uniformly convex function verifies the
t.ojasiewicz inequality.
Proposition 3.1. If f is a differentiable (p, p)-uniformly convex function then it satisfies
p—1

o\ 1/(p—1)
the Lojasiewicz inequality with parameters = p/(p —1) and c = () — .
Ju! pP/(Pil)

Proof. A characterization of differentiable uniformly convex function (see for example (Ju-
ditsky and Nesterov, 2014)) gives that for all z,y € R?

Fl) > F@) 4V f(@)oy — ) + gl — ol

Consequently, noting f(z*) = inf f(z),

) 2 gt { 1@ + (V) = o) + qulo = o}

9(y)

We now want to minimize the function g which is a strictly convex function. We have
_ K p—2
Vy(y) = V(@) + 5plle —yl" " (y — ).

g reaches its minimum for Vg(y) = 0 and Vf(z) = *%P |z —y||”~? (y — ). This gives

@) = @)+ 5 lle = yll” (1= p).

Since |V f(z)] = % |z —y[|”~" we obtain

. w2 p/(p—1)
@)= 16 < (o= 0% (S 195

1/(p—1)
2 p—1 _
<(3)" L.

O]

In particular a p-strongly convex function verifies the Y.ojasiewicz inequality with
f=2and c=1/(2u).
In the case of a convex function we have the following result.

Proposition 3.2. Let f : R — R be a convez differentiable function. Let x* = argmin,cp f(z).
Then for all x € R,

fl@) = f@) < [f'(@)llz — ¥,
meaning that f satisfies the Lojasiewicz inequality for § = 1.
Proof. Let x € R. N
1@ = 1) = [ Fway.

Let us distinguish two cases depending on = < * or x > z*.
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< x*: since f’ is non-decreasing (because f is convex) we have for all y € [z,z*],
> f (:C) and therefore, since f'(x) <0

(a) z
')

f@ - fa) <= [ Wy <= allf @)
(b) = > x*: similarly we have for all y € [2*,z], f'(y) < f/(z) and therefore, since f'(x) > 0,
flx) = f(z¥) = / f(y)dy < |a* —z|f'(x) = |f'(2)]|z* — | .

O

We recall now the definition of the local Tsybakov Noise Condition (TNC) (Castro
and Nowak, 2008), around the minimum z* of a function f with vanishing gradient.

Definition 3.3. A function f : R* — R satisfies locally the Tsybakov Noise Condition
with parameters > 0 and k > 1 if

Vo e X, f()—;nelr;(f( *) > plle — 2",

where in the above the =* on the r.h.s. is the minimizer of f the closer to x (in the case
where f has non-unique minimizers).

Uniform convexity, TNC and Y.ojasiewicz inequality are connected since it is well
known that if a function f is uniformly convex, it satisfies both the local TNC and the
Y.ojasiewicz inequality. Those two concepts are actually equivalent for convex mappings.

Proposition 3.3. If f is a convex differentiable function locally satisfying the TNC with

parameters k and j then it satisfies the Lojasiewicz equation with parameters k/(k — 1)
and =t/ =1,

Proof. Let x,y € R?%. Since f is convex we have, noting 2* = arg min f,

fy) =z f(x) + (V[f(z),y — z)

flx) = f(@*) < (Vf(z),z —2")

f(@) = f(@") < |[Vf(@)| [lz — 2]
The TNC gives f(z)—f(x*) > p|lz — 2*||", which means that ||z — z*|| < u='/* (f(x) — f(x*))l/ﬁ
and consequently,

Flx) = f@*) < |V F@) a5 (f@) = fa)"
(f(@) = f@ )" < V5|V f ()]
(f(x) = f(a*) < =D fa)/ 00

This concludes the proof. O

We now show that the two classes of uniformly convex functions and Y.ojasiewicz func-
tions are distinct by giving examples of functions that verify the fojasiewicz inequality
and that are not uniformly convex.

Example 3.1. The function f : (z,y) € R? = (z —y)? verifies the Lojasiewicz inequality
but is not uniformly convex on R?.
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Proof. Vf(z,y) = 2z — y,y — )7 and |V (@, p)|? = 8(z — ) = 8/(z,y). Consequently,
since f is minimal at 0, f verifies the Yojasiewicz inequality for § = 2 and ¢ = 1/8.

Let a = (0,0) and b = (1,1). If f is uniformly convex on R? with parameters p and
then, for o = 1/2,

fla/2+b/2) < f(a)/2+ f(b)/2 = p/4(2' ") la — b||”
0< —p/a2 ")V

This is a contradiction since p > 0 and p > 2. O

Example 3.2. The function g : (z,y,2) € A3 — (z —1)2 4+ 2(1 — y) + 2(1 — 2) is not
uniformly convex on the simplex A3 but verifies the Lojasiewicz inequality.

Proof. g is constant on the set {x = 0} (since y + z = 1). And therefore g is not uniformly
convex (take two distinct points in {z = 0}).

We have Vg(z,y,2) = 2z —2,-2,—-2)7 and ||[Vg(z,y,2)||* = 4((x — 1)2 +2) > 8. Since
y+2z = 1—x on A3, we have g(z,y, z) = (x—1)?+4—2(1—x) = 22+3. Consequently min g = 3.
Hence g(z,y,z) —ming = 22 < 1 < ||[Vg(z,v, Z)H2 and g verifies the Lojasiewicz inequality
on A3. O

We conclude this section by giving additional examples of functions verifying the
t.ojasiewicz inequality.

Example 3.3. Ifh:z € RX s ||z —2*||* with o > 1. Then h verifies the Lojasiewicz in-
equality with respect to the parameters f = a/(a — 1) and ¢ = VK.

The last example is stated in the concave case because it is an important case of
application of our initial problem.

Example 3.4. Let f1,..., fx be such that fi(x) = —apx® + bz with by, > 2ax > 0. Then
F =37, fr(xy) satisfies the Lojasiewicz inequality with = 2 if at least one ay, is positive.
Otherwise, the inequality is satisfied on AX for any B > 1 (with a different constant for
each ().

Proof. Indeed, let x € AK. If there exists at least one positive ay, then F is quadratic, so
if we denote by z* its maximum and H its Hessian (it is the diagonal matrix with —a; on
coordinate k), we have

F(x) = F(z*) = (x —2*)"H(z — 2*) and VF(z) =2H(z — z*).
Hence F satisfies the Lojasiewicz conditions with 5 = 2 and ¢ = 1/(4miny ai). If all f; are
linear, then F(2*) — F'(z) < max; b; —min; b; and | VF(z)| = ||b]|. Given any 8 > 1, it holds
that

F(a*) — F(x) < s VE(@)° = esb]° with 5 = (maxd; — minb,)/[b]}° .
J J

3.2.3 The complexity class

We present now the complexity class of our problem. In all the following, we will handle
concave functions. All results from Section 3.2.2 remain valid, with considering their
concave counterpart.
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3.2.3.1 Definition and properties of the complexity class

As mentioned before, our algorithm will be adaptive to some general complexity parameter
of the set of functions F = {f1,..., fx}, which relies on the Lojasiewicz inequality (Bier-
stone and Milman, 1988; Bolte et al., 2010) that we state now, for concave functions
(rather than convex).

Definition 3.4. A function f : R* — R satisfies the Lojasiewicz inequality with respect
to f € [1,+00) on its domain X C R? if there exists a constant ¢ > 0 such that

Vo€ X, max f(a*) - (z) < | V@)

Given two functions f,g : [0,1] — R, we say that they satisfy pair-wisely the f.o-
jasiewicz inequality with respect to § € [1,+o00) if the function (z — f(z) + g(x — 2))
satisfies the Lojasiewicz inequality on [0, ] with respect to 8 for every x € [0, 1].

It remains to define the finest class of complexity of a set of functions F. It is defined
with respect to binary trees, whose nodes and leaves are labeled by functions. The trees we
consider are constructed as follows. Starting from a finite binary tree of depth [log,(|F])],
its leaves are labeled with the different functions in F (and 0 for the remaining leaves if
|F| is not a power of 2). The parent node of fier and fright is then labeled by the function
T — maX <z fleft(z) + fright(x - Z)'

We say now that F satisfies inductively the Lojasiewicz inequality for § > 1 if in any
binary tree labeled as above, any two siblings* satisfy pair-wisely the Lojasiewicz inequal-
ity for 5.

We provide now some properties of the labeled tree constructed above.

We begin with a technical and useful lemma.

Lemma 3.1. Let f and g be two differentiable concave functions on [0,1]. For x € [0,1]
define ¢y = z € [0,2] = f(2) +g(x —2). And z, = argmax_,co ;] ¢z (2). We have the
following results:

o ¢, iS concave;

e VO0<ao<y<1, 2 <2 and x—2; <y— 2y In particular the function
T vz, is 1-Lipschitz continuous.

Proof. The fact that ¢, is concave is immediate since f and g are concave functions.

If0<ax<y<1, wehave ¢'(y — 2;) < ¢'(x — z,) since y — z, > = — z, and ¢ is non-
increasing (because g is concave). Consequently, ¢y (2.) = f'(22) — ¢'(y — 22) > ¢l (22). If
zy =0, 2y > z, is immediate. Otherwise, z; > 0 and ¢’(z;) > 0. This shows that (bi/(zx) >0
and consequently, that the maximum z, of the concave function ¢, is reached after z,. And
Zy 2 Zg.

The last inequality is obtained in a symmetrical manner by considering the function
Yy 2z € [0,2] = f(x — 2) + g(x) whose maximum is reached at z = x — z,. This gives
T—2g S Y — 2y O

We now prove two simple lemmas.

Lemma 3.2. If f and g are two concave L-Lipschitz continuous and differentiable func-
tions, then H : x +— max,cp 4 f(2) + g(x — 2) is L-Lipschitz continuous.

4To be precise, we could only require that this property holds for any siblings that are not children
of the root. For those two, we only need that the mapping fierc(2) + frignt(1 — 2) satisfies the local
t.ojasiewicz inequality.
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Proof. With the notations of the previous lemma, we have H(z) = ¢,(z,) for all z € [0, 1].
Let z,y € [0,1]. Without loss of generality we can suppose that z <y. We have

[H(x) = H(y)l = [f(2) + g(x — 22) = f(zy) — 9(y — 2]
< Llzg — 2zy| + Lz — 25 — (Y — 2]
< L(zy — 2g) + Ly — 2y — x + 23)
< Lly — z|.

We have used the conclusion of Lemma 3.1 in the third line. O

Lemma 3.3. If f and g are two concave L'-smooth and differentiable functions, then
H @z max,cp, f(2) + g(x — 2) is L'-smooth.

Proof. Let x,y € [0,1]. Without loss of generality we can suppose that x < y. We treat
the case where ¢, € (0,z) and ¢, € (0,y). The other (extremal) cases can be treated
similarly. The envelop theorem gives that VH(z) = V f(z,) and VH (y) = V f(z,). Therefore
\VH(z) — VH(y)| = |V f(zs) = Vf(zy)| < L'|zy — 24| < L'|x — y| with Lemma 3.1. O

Proposition 3.5 and Lemmas 3.2 and 3.3 show directly the following proposition:

Proposition 3.4. If the functions f1,..., fx are concave differentiable L-Lipschitz con-
tinuous and L'-smooth then all functions created in the tree are also concave differentiable
L-Lipschitz continuous and L’'-smooth.

3.2.3.2 Examples of class of functions satisfying inductively the Y.ojasiewicz in-
equality

Since the definition proposed above is quite intricate we can focus on some easier insight-
ful sub-cases. In particular, a set of functions of cardinality 2 satisfies inductively the
Y.ojasiewicz inequality if and only if these functions satisfy it pair-wisely. Another crucial
property of our construction is that if fiery and frignt are concave, non-decreasing and zero
at 0, then these three properties also hold for their parent « — max, <z fiefs(2) + fright (€ —
z). As a consequence, if these three properties hold at the leaves, they will hold at all
nodes of the tree. See Proposition 3.5 for similar alternative statements.

Proposition 3.5. Assume that F = {f1,..., fx} is finite then F satisfies inductively the
Lojasiewicz inequality with respect to some Sr € [1,+00). Moreover,

1. if fx are all concave, non-decreasing and fr(0) = 0, then all functions created in-
ductively in the tree satisfy the same assumption.

2. If fr. are all p-uniformly concave, then so are all the functions created and F satisfies
inductively the Lojasiewicz inequality for Br = pfpl.

3. If fr. are concave, then F satisfies inductively the Lojasiewicz inequality w.r.t. fr =
1.

4. If fr are linear then F satisfies inductively the Lojasiewicz inequality w.r.t. any
Br > 1.

5. More specifically, if F is a finite subset of the following class of functions
Co={x—=0(y—2)*—-07y";0 € R,y >1}, ifa>1

then F satisfies inductively the Lojasiewicz inequality with respect to 8 = -%5.

121



Proof. 1. We just need to prove that the mapping  — H(z) = max,<y f1(2)+ fa(r—2) =
max,<; G(z;x) satisfies the same assumption as f; and f2, the main question being
concavity. Given x1,z2, A € [0,1], let us denote by z; the point where G(-;x1) attains
its maximum (and similarly zo where G(-; z2) attains its maximum). Then the following
holds

H(/\xl + (1 — /\)xg) > fl(/\zl + (1 — )\)22) + fl(/\xl + (1 — /\)$2 — Az — (1 — /\)22)
> Mi(z1) + (1= A fi(z2) + Afa(1 — 21) + (1 = A) fa(z2 — 22)
=AH(z1)+ (1 — X\)H(x2)

so that concavity is ensured. The fact that H(0) = 0 and H(-) is non-decreasing are
trivial.

2. Let us prove that the mapping (x — H(r) = max0 < z < zf1(2) + fa(z — 2)) is also
p-uniformly concave.
Let a € (0,1). Let (x,y) € R2. Let us denote by z, the point in (0, ) such that H(z) =
f1(2z) + fo(x — z,) and by z, the point in (0,y) such that H(y) = fi(zy) + fo(y — zy)-
We have

al(z)+ (1 - a)H(y) = afi(z:) + afa(z = 2) + (1 =) fi(z) + (1 =) foly — 2)
< filaz +(1-a)z) = Lal—a) (@ + (1= )™ |z — 2,

+ faola(@ = z) + (1 - ) (y — 2y))

—La(l—a) (@ + (1= ) ) le— 2 —y+ 2

2
< H(oz + (1 - a)y) - Fo(l - a)(|z — || /2"

where we used the fact that f; and fo are p-uniformly concave, and the definition of
H(az + (1 — o)y), and that a®” +b” > ((a + b)/2)?, for a,b > 0.
This proves that H is (p, u/2”)-uniformly convex. Finally Proposition 3.1 shows that F
satisfies inductively the Lojasiewicz inequality for Sr = p/(p — 1).

3. This point is actually a direct consequence of the Proposition 3.2.

4. If f1 and fo are linear, then z — max, < xf1(z) + fa(x — z) is either equal to f; or to
f2 (depending on which one is the biggest). Hence it is linear.

5. Assume that f; = 0;(y; — 2)® — ;7% for some parameter 7; > 1 and 6; < 0. Then
easy computations show that H is equal to either f; or fy on a small interval near 0
(depending on the size of V f;(0)) and then H(x) = 0y(yo —x)* — ¢o for some parameters
fp < 0 and 79 > 1. As a consequence, H is defined piecewisely by functions in C,,
a property that will propagate in the binary tree used in the definition of inductive
satisfiability of L.ojasiewicz inequality.

The fact that those functions satisfies the Lojasiewicz inequality with respect to f = —%=

—1
has already been proved in Example 3.3. :
O

One could ask why the class of Lojasiewicz functions is interesting. A result of L.o-
jasiewicz (1965) shows that all analytic functions satisfy the Lojasiewicz inequality with a
parameter § > 1. This is a strong result motivating our interest for the class of functions
satisfying the Lojasiewicz inequality. More precisely we have the following proposition.

Proposition 3.6. If the functions {f1,..., fx} are real analytic and strictly concave then
the class F satisfy inductively the Lojasiewicz inequality with a parameter S > 1.

The proof relies on the following lemma.

Lemma 3.4. If f and g are strictly concave real analytic functions then H : x +—
maxo<z<g f(2) + g(x — 2) is also a strictly concave real analytic function.
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Proof. The fact that H is strictly concave comes from Proposition 3.5. Since f and g are real
analytic functions we can write

f(x) = Z anz"” and g(x) = Z bpa™.

n>0 n>0

Let us consider the function ¢, : z — f(2) + g(x — z) for z € [0,z]. Now, for all 0 < z < «z,
we have

¢x(2) = f(2) + 9(z - 2)

= Z anz" + Z bp(z — 2)"

n>0 n>0

= Z anz" + Z bn Zn: <n> "R (1) R
n>0 n>0 k=0 k

= Z apz® + Z Z b (—1)Fan=F | 2*
k>0 k>0 \n>k

= Z cr(z) 2,
k>0

with cx(z) = ax + 55 bn(—1)Fz" k.

Since f and g are concave, ¢, is also concave. Let z, = arg max, ¢ 4 P (). We have
H(z) = ¢p(zz) If 2z, € (0,2) then V¢,(z,) = 0 because ¢, is concave. Consequently
Ykzo Ch1 (@) (k + 1)z5 = 0.

Let us consider the function W : (z,2) — >, 5 ckr1(z)(k + 1)zF = V@, (2). Provided
that V,U(x, z,) is invertible then z, is unique and is an analytic function of z thanks to
the analytic implicit function theorem (Berger, 1977). Since f and g are strictly concave
the invertibility condition is satisfied since V,¥(z, z,) = f"(z) + ¢"(x — z), and the result is
proved.

O

Proof of Proposition 3.6. Let us show that F satisfies inductively the f.ojasiewicz inequal-
ity. Let f and g be two siblings of the tree defined in Section 3.2.3. Inductively applying
Lemma 3.4 shows that (z — maxo<.<s f(2)+g(x — z) is a strictly concave real analytic func-
tion. Since a real analytic function verifies the Lojasiewicz inequality (Lojasiewicz, 1965), the
result is proved. We set 5 to be the minimum of all Lojasiewicz exponents in the tree. O

In the following section, we introduce a generic, parameter free algorithm that is
adaptive to the complexity Sr € [1,+00) of the problem. Note that Sr is not necessarily
known by the agent and therefore the fact that the algorithm is adaptive to the parameter
is particularly interesting. The simplest case K = 2 provides many insights and will be
used as a subroutine for more resources. Therefore, we will first focus on this case.

3.3 Stochastic gradient feedback for K =2

We first focus on only K = 2 resources. In this case, we rewrite the reward function F' as

F(z) = fi(x1) + fa(z2) = fi(z1) + fo(1 — 21).

For the sake of clarity we simply note x = x; and we define g(z) £ F(z) — F(2*). Note
that g(x*) = 0 and that g is a non-positive concave function. Using these notations, at
each time step ¢ the agent chooses z; € [0, 1], suffers |g(Z;)| and observes ¢'(Z;) +&; where
e € [~1,1] iid.
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3.3.1 Description of the main algorithm

The basic algorithm we follow to optimize g is a binary search. Each query point z (for
example z = 1/2) is sampled repeatedly and sufficiently enough (as long as 0 belongs to
some confidence interval) to guarantee that the sign of ¢/(z) is known with arbitrarily
high probability, at least 1 — 0.

Algorithm 3.1 Binary search algorithm

Require: T time horizon, ¢ confidence parameter
1: Search interval Ip < [0,1] ;t <+ 1;j« 1
2: while ¢t <T do

3: xj < center(lj_1); Sj <= 0; Nj <~ 0

) . S5 2log(2L 5 Ly

4: while 0 € [N]- + N } do

5: Sample z; and get Xy, noisy value of Vg(z;)
S%S‘—i-Xt, N%N]—i-l

no s 200 then

I; + [xj, max(I;_1)]

9: else
10: Ij — [min(Ij_l),:vj]
11: t+t+Nj;j<j+1

12: return T

Algorithm 3.1 is not conceptually difficult (but its detailed analysis of performances
is however): it is just a binary search where each query point is sampled enough time
to be sure on which “direction” the search should proceed next. Indeed, because of the
concavity and monotone assumptions on f1 and fo, if x < x* then

rx<z* <= Vg(xr)=Vfi(z) = Vfa(l—2)<0.

By getting enough noisy samples of Vg(x), it is possible to decide, based on its sign,
whether z* lies on the right or the left of z. If z; is the j-th point queried by the binary
search (and letting jmax be the total number of different queries), we get that the binary
search is successful with high probability, i.e., that with probability at least 1 — §7T for
each j € {1,..., jmax}, |7; — 2*| <277, We also call N; the actual number of samples of
x; which is bounded by 81og(27'/6)/|¢'(z;)?| by Lemma 3.5.

Lemma 3.5. Let x € [-1,1] and § € (0,1). For any random variable X € [x — 1,2z + 1]

of expectation x, at most N, = — log (27°/6) i.i.d. samples X1, Xa, ..., X, are needed to
x

figure out the sign of x with probability at least 1 — 6. Indeed, one just need stop sampling
as soon as
2log(27/6)

n

{ZXi

and determine the sign of x is positive if % Yo X >/ w and negative otherwise.

Proof. This lemma is just a consequence of Hoeffding inequality. Indeed, it implies that, at
stage n € N|



. . 1 N, 2log(2F) .
thus with probability at least 1 — ¢, = belongs to |5~ >, X¢ £/ —x——| and the sign of

x is never mistakenly determined.
On the other hand, at stage N, it holds on the same event that i Ei\]:ll Xy is §-close

. 1 N, 210%( 25 )
to x, thus 0 no longer belongs to the interval | >, X; £ N O

The regret of the algorithm then rewrites as

1 T 1 ]max ]max
== lg(@)| = ZN!g mj)|+6<—1o (2T°/5) Z l9(z;) +6.  (3.1)
TH ] 1 9'(x;)?

Our analysis of the algorithm performances are based on the control of the last sum in
Equation (3.1).

3.3.2 Strongly concave functions

First, we consider the case where the functions f; and fs are strongly concave.

Theorem 3.1. Assume AS3.1 and that g is a L'-smooth and a-strongly concave function
n [0,1]. If Algorithm 3.1 is run with 6 = 2/T?, then there exists a universal positive
constant k such that log(T)
k log
ER(T) < — .
()= - —
This results shows that our algorithm reaches the same rates as the stochastic gradient

descent in the smooth and strongly concave case.

Proof. Let j € [jmax]. By concavity of g, we have that —g(z;) < |¢'(z;)||z* — z;|. Since g is
negative, this means that |g(z;)| < |¢'(z;)||z* — z;].
Since g is of class C? and a-strongly concave,

2
(9'(z)) — g' @)z — 2*) < —arlz; — ¥
2
—alla =2 2 g/ 2y) = o )y = %) = g/ ()l s = 27

|

l9'(z;)| = orf|z; — =

Then

(i)l _ g (@j)lle” — 5] _ 2" —2] 1
g'(x)? = g'(x))? l9'(z;)] ~ «

Consequently we have

1
We have for all j € [jmax], Nj = 210g(2T/6)m. Then
J

jIIlaX 1

T = 8log(2T/6 —_
Jmax 1
j=1
1
> 8log(27'/9) e

dex

12 '

_ m*)2

]ma

> 810g(2T/5)
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TL/2
where we used the fact that ¢’ is L'-Lipschitz continuous. Therefore jmax < log, () <

8log(27/6)
log(T"). And finally (T
R(T)=0 (aogT()> .

3.3.3 Analysis in the non-strongly concave case

We now consider the case where g is only concave, without being necessarily strongly
concave.

Theorem 3.2. Assume AS3.1 and that g satisfies the local Lojasiewicz inequality w.r.t.
B> 1 and c > 0. If Algorithm 3.1 is run with § = 2/T?, then there erists a universal
constant k > 0 such that

. A/BLI=2/8 10g(T)
in the case where > 2, E[R(T)] < k (o1

log(7)*\""?
in the case where 8 <2, E[R(T)] < kc —7 .

The proof of Theorem 3.2 relies on bouding the sum in Equation (3.1), which can
be recast as a constrained minimization problem. It is postponed to Appendix 3.A for
clarity reasons.

3.3.4 Lower bounds

We now provide a lower bound for our problem that indicates that our rates of convergence
are optimal up to poly(log(7')) terms. For 8 > 2, it is trivial to see that no algorithm can
have a regret smaller than ©(1/7"), hence we shall focus on § € [1,2].

Theorem 3.3. Given the horizon T fized, for any algorithm, there exists a pair of func-
tions f1 and fa that are concave, non-decreasing and such that f;(0) = 0, such that

NI

ER(T) > c3T" 7 ,

where cg > 0 is some constant independent of T'.

The proof and arguments are rather classical now (Shamir, 2013; Bach and Perchet,
2016): we exhibit two pairs of functions whose gradients are 1/v/T-close with respect to
the uniform norm. As no algorithm can distinguish between them with arbitrarily high
probability, the regret will scale more or less as the difference between those functions
which is as expected of the order of T—#/2. More details can be found in Appendix 3.B.

3.3.5 The specific case of linear (or dominating) resources - the Multi-
Armed Bandit case

We focus in this section on the specific case where the resources have linear efficiency,
meaning that f;(z) = a;x for some unknown parameter a; > 0. In that case, the optimal
allocation of resource consists in putting all the weights to the resource with the highest
parameter «;.
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More generally, if f{(1) > f5(0), then one can easily check that the optimal allocation
consists in putting again all the weight to the first resource (and, actually, the converse
statement is also true).

It happens that in this specific case, the learning is fast as it can be seen as a par-
ticular instance of Theorem 3.2 in the case where § > 2. Indeed, let us assume that
arg max,cg g(z) > 1, meaning that max,c(o,1) g(z) = g(1), so that, by concavity of g it
holds that ¢'(x) > ¢’(1) > 0 thus g is increasing on [0, 1]. In particular, this implies that
for every 8 > 2:

A

o € [0.1], 9(1) = 9(2) = lo@)] < 9(0) < 0/ < S @)° = el ()]
showing that ¢ verifies the f.ojasiewicz inequality for every 8 > 2 and with constant
c = g(0)/¢g'(1)?. As a consequence, Theorem 3.2 applies and we obtain fast rates of
convergence in O (log(T")/T).

However, we propose in the following an alternative analysis of the algorithm for that
specific case. Recall that regret can be bounded as

Jmax Jmax ]
R(T) = ;log (2T/0) Z 7 _ 3 log (2T°/6) Z (11//22])”
7j=1

‘We now notice that

o (1-29) [ oo (1-27) = [ i <2 (127

And finally we obtain the following bound on the regret:

1 7/5)

o 810g(2T/9)
ST g'(1)

R(T) <

ﬂ\oo

0g(2T/6) i%

since ¢’(1 — 1/27) > ¢/(1) and with the choice of § = 2/T2. We have noted A = ¢/(1) in
order to enlighten the similarity with the multi-armed bandit problems with 2 arms. We
have indeed ¢'(1) = f{(1) — f5(0) > 0 which can be seen as the gap between both arms.
It is especially true in the linear case where f;(z) = a;x as A = |ag — ag| and the gap
between arms is by definition of the multi-armed bandit problem |f(1) — f(0)| = |aq — 2.

3.4 Stochastic gradient feedback for K > 3 resources

We now consider the case with more than 2 resources. The generic algorithm still relies on
binary searches as in the previous section with K = 2 resources, but we have to imbricate
them in a tree-like structure to be able to leverage the Y.ojasiewicz inequality assumption.
The goal of this section is to present our algorithm and to prove the following theorem,
which is a generalization of Theorem 3.2.

Theorem 3.4. Assume A3.1 and that F = {f1, fa,..., fx} satisfies inductively the Lo-
jastewicz inequality w.r.t. the parameters B > 1 and ¢ > 0. Then there exists a universal
constant k > 0 such that our algorithm, run with § = 2/T?, ensures

. c2/BF [1-2/BF 10g(T)log2(K)
in the case 8r > 2, E[R(T)] <k 1 _22/Br1 T ;
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log(T)los2(K)+1 ) br/2

in the case r <2, E[R(T)] < kcK ( 7

Let us first mention why the following natural extension of the algorithm for K = 2
does not work. Assume that the algorithm would sample repeatedly a point z € AKX until
the different confidence intervals around the gradient V fi(x) do not overlap. When this
happens with only 2 resources, then it is known that the optimal z* allocates more weight
to the resource with the highest gradient and less weight to the resource with the lowest
gradient. This property only holds partially for K > 3 resources. Given z € AX, even
if we have a (perfect) ranking of gradient Vfi(z1) > ... > Vfx(zx) we can only infer
that 27 > x; and z}, < xg. For intermediate gradients we cannot (without additional
assumptions) infer the relative position of :cj* and ;.

To circumvent this issue, we are going to build a binary tree, whose leaves are labeled
arbitrarily from {fi,..., fx} and we are going to run inductively the algorithm for K = 2
resources at each node, i.e., between its children fiery and frigne. The main difficulty is
that we no longer have unbiased samples of the gradients of those functions (but only
those located at the leaves).

3.4.1 Detailed description of the main algorithm

To be more precise, recall we aim at maximizing the mapping (and controlling the regret)

K
F(z) = ka(wk) with z = (z1,...,2x) € AK.
k=1

As we have a working procedure to handle only K = 2 resources, we will adopt a divide-
and-conquer strategy by diving the mapping F' into two sub-mapping Fl(l) and Fz(l) defined
by
[K/2] K
Fl@) = 3 fuler)  and  B@) = Y filaw):
k=1

k=[K/2]+1

Since the original mapping F' is separable, we can reduce the optimization of F' over the
simplex AKX to the optimization of a sum of two functions over the simplex of dimension
1 (thus going back to the case of K = 2 resources). Indeed,

[[=]l,=1 z€[0,1] \ l|lz[l,== llell, =12

max F(r) = max (max Fl(l)(x) + max Fz(l)(gv))

(1) (1)
max H + H7(1—2).
Ze[%ﬁ] 1 (2) 2 ( z)

The overall idea is then to separate arms recursively into two bundles, creating a
binary tree whose root is F' and whose leaves are the fr. We explain in this section the
algorithm, introducing the relevant definitions and notations for the proof.

We will denote by F’ j(z) the function created at the nodes of depth i, with j an increasing

index from the left to the right of the tree; in particular Fl(o) =F =YK fi(z). This
is the function we want to maximize.

Definition 3.5. Starting from FI(O) = F = Zszl fre(zk), the functions Fj(i) are con-
structed inductively as follows. If Fj(i) (x) = Ziikl fr(xk) is not a leaf (i.e., k1 < ko) we
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define

- [(k1+k2)/2] - ko
EV@ = Y fw) and  FST@) =Y )
k=k1 k:=|_(k'1+k‘2)/2j+1

The optimization of Fj(i) can be done recursively since, for any z, € [0, 1],

max FO(z) = Y@+ max  Fy V(e )).

J X Jj—1
llzll,=2n Zn+1€[0,2n] \ |2]l;=2n+1 llzll,=2n—2n+1

The recursion ends at nodes that are parents of leaves, where the optimization problem
is reduced to the case of K = 2 resources studied in the previous section.
For the sake of notations, we introduce the following functions.

Definition 3.6. For every i and j in the constructed binary tree of functions,

HY(2)2 max F\'(z)  and GV (zy) 2 HE) (2) + HEV (y - 2).

el ==~
With these notations, it holds that for all z, € [0,1],

(%) _ (%) . _ (i+1) (i+1)
Hj (zn) = Zn+11n€8t€)(72n] Gj (2n415 2n) = Znﬁﬂea[é(,m] HQJ 1 (2n41) + H2 (2n = Zn41)-

In order to compute H J(»i)(zn), we aim to apply the machinery of K = 2 resources to

the reward mappings H2(§+11) and Hy; (D) The major issue is that we do not have directly

access to the gradients VH%HR and VH,; (1) of those functions because they are defined
via an optimization problem, unless they correspond to leaves in the aforementioned tree.
In that case their gradient is accessible and using the envelope theorem (Afriat, 1971) we
can recursively compute all gradients. We indeed have the following lemma (whose proof
is immediate and omitted).

Lemma 3.6. Let w} € [0, 2| be the mazimizer of HQZH)( )+ Hél“)( w), then

. VHST) (i) = VHY T (2 —wf) ifwl € (0,2)
vH(2) = VH2;“ (2) ifwt =0
VH)(2) ifwi =2

Recall that gradients of Hl(l)(z) and Hél)(l — z) were needed to apply the K = 2
machinery to the optimization of F' once this problem is rewritten as max, Hil)(z) +
Hél)(l —z). Lemma 3.6 provides them, as the gradient of yet other functions HF) and/or
H§2). Notice that if K = 4, then those two functions are actually the two basis functions
f1 and fa, so the agent has direct access to their gradient (up to some noise). It only
remains to find the point w? which is done with the binary search introduced in the
previous section.

If K > 4, the gradient of H 1(2) (and, of course, of Héz)) is not directly accessible, but
we can again divide H£2) into two other functions Hfs) and HQ(?’). Then the gradient of
H {2) will be expressed, via Lemma 3.6, as gradients of H f?’) and/or H§3) at some specific
point (again, found by binary searches as in K = 2). We can repeat this process as
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long as ka) and Hék) are not basis functions in F and F can be “divided” to compute
recursively the gradients of each H ](k) up to Hl(l) and Hél), up to the noise and some
estimation errors that must be controlled.

As a consequence, the gradients of H ]@ can be recursively approximated using esti-
mates of the gradients of their children (in the binary tree). Indeed, assume that one has

access to e-approximations of VHQ(;tll) and VH%H). Then Lemma 3.6 directly implies

that a e-approximation of its gradient VH j(l)(z) can be computed by a binary search on
[0, z]. Moreover, notice that if a binary search is optimizing H j(-i) on [0, z] and is currently
querying the point w, then the level of approximation required (and automatically set
to) is equal to ]VHQ(;J:? (w) — VHé;H)(z — w)|. This is the crucial property that allows a
control on the regret.

The main algorithm can now be simply summarized as performing a binary search for
the maximization of Hl(l)(z) + Hél)(l — z) using recursive estimates of VHF) and VHél).

We detail now how to perform those binary searches. In order to compute H ](-Z) (z), one
has to maximize the function (u — Ggi)(u; z)) (see Definition 3.6). In order to maximize
it, we run a binary search over [0, z], starting at u; = z/2:

Definition 3.7. We note @gi)(v) the binary search run to mazimize (w — ng‘) (w;v)).

We define z*g-i) (v) as arg max G§-i)(- ;v) and we also call TJ@ (v) the total number of queries
used by Dg-i) (v).

Inductively, the binary search Dgi) (v) searches on the left or on the right of u,,, de-

pending on the sign of VGg.i) (Um; zn). As it holds that, by definition, VGg-i) (U 2n) =
VHé;tll) (um)—VH%H) (zn—um,), we need to further estimate VH%J:II) (u,) and VH2(§+1) (zn—
U, ). This is done using Lemma 3.6.

Thanks to Lemma 3.6 we are able to compute the gradients VG? (v;u) for all nodes
in the tree. This is done recursively by imbricating dichotomies.

The goal of the binary searches @gijtll) (v) and ngﬂ)(u — ) is to compute an approx-

imate value of VGg-i) (v;u). Indeed we have

VG (v;u) = VHSTY (0) = VHS (u — )

and to compute H. Q(Etll) (v) (respectively VH é;—H) (u—1v)) we need to run the binary search
@éijtll) (v) (respectively @gfl) (u—w)). Let us denote by @Gy) (v;u) the approximate value

of VGgi) (v;u) computed at the end of the binary searches @g@tll) (v) and @%H)(u — ),

that compute themselves @Hé;tll) (v), approximation of VH;;tll)(v) and @HQ(;-H)(@L — ),

approximation of VHg(;H)(u — ).

The envelop theorem gives that VHQ(;JLII) (v) =VH i;t? (w*) =VH égté) (v —w*) where
w* = arg max ngtll) (w;v). Therefore in order to compute @Hé;tll) (v) we run the binary

search ngtll) (v) that aims at maximizing the function (w — G%tll) (w; v)) At iteration

N of 'ngtll) (v), we have

IVGSY (wn;0)| = [VHE) (wy) — VHTS (0 — o)
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We use the following estimate for VHQ(EHR( ):

VHT) (v) £ (wﬁ’*”( )+ VHG (0 = wy))
Since w* € (wy,v —wy) (or (v —wn,wn)), we have that
i+1 i+1 i+1
VEEY ) - VA ()] < 5IVGST (wni o))
Consequently we can say that with high probability,

VG;i)(v; u) € [@Gg-i) (v;u) — a, @G;i) (v;u) + a} ,

where

= 5 (VG5 twons o) 1965 (0~ wws)])

In order to be sure that the algorithm does not make an error on the sign of VGg-i) (v;u)

as in Sectlon 3.3) we have to run the binary searches DY (1) and DIV (u — v) until
275—1 27

0 ¢ [ (v u) — a, VG( )(v;u) —i—a} which is the case as soon as a < \VG(i)(v'u)\

Therefore we decide to stop the binary @gijtl)( ) when \VGzl]Hl)(wN, | < |VG(1 (v;u)]

v)
and to stop the binary ngﬂ) (u — v) when |VG2j )(v —wn;v)| < ]VG§ (v u)|.
This leads to the following lemma:

Lemma 3.7. During the binary search Dg; 1)( ) we have, for all point w tested by this

binary search,
i+1 7
VGE (wsv)| = V6P )]
And during the binary search D(Hl)( )
search,

we have, for all point w tested by this binary
i+1 %
VG (0 — w;0)] = VGV ()]

3.4.2 Analysis of the algorithm

Before going on with the proof of Theorem 3.4, we begin with a very natural intuition in
the case of strongly concave mappings or 8 > 2, as well as the main ingredients of the
general proof.

Recall that in the case where > 2, the average regret of the algorithm for K = 2
scales as log(T)/T. As a consequence, running a binary search induces a cumulative
regret of the order of log(T). The generic algorithm is defined recursively over a binary
tree of depth log,(K) and each function in the tree is defined by a binary search over
its children. So at the end, to perform a binary search over Hl(l)(z) + Hél)(l — z), the
algorithm imbricates logy(K) binary searches to compute gradients. The error made by
these binary searches cumulate (multiplicatively) ending up in a cumulative regret term
of the order of log(T')lg2(5),

For 8 < 2, the analysis is more intricate, but the main idea is the same one; to compute
a gradient, logy(K') binary searches must be imbricated and their errors cumulate to give
Theorem 3.4.

In order to analyze our algorithm, we associate a regret for each binary search.

131



Definition 3.8. We define Rg.i) (v) the regret induced by the binary search @gi) (v) as the
regret suffered when optimizing the function (w — Gg-i) (w; v))

This notion of subregret is crucial for our induction since the regret of the algorithm
after T samples satisfies R(T") = R(()O)(l)/T.

Since we have more than 2 resources we have to imbricate the binary searches in a
recursive manner in order to get access to the gradients of the functions H ](Z) This will

lead to a regret R;i) (v) for the binary search Dg-i) (v) that will recursively depend on the

regrets of the binary searches corresponding to the children (in the tree) of Dg-i)(v). This
will lead to the following proposition, which is one of the main ingredients of the proof of
Theorem 3.4.

Proposition 3.7. The regret Rgi) (v) of the binary search pti) (v) is bounded by:

J
(i
X Tmax g (’u}r’ ’U) . . .
RPw) <> 8 10g(2T/5)M log(T)*e:(0=1=1 4 RED (w,) + RY) (v — wy),
r=1 ’Vg](-l) (wy; U)‘

where {w1,...,wy,. } are the different samples of Py) (v) and gj(.i)(- v) 2 G(.i)(- V) —
max, Gg-i) (z;0).

This proposition is a direct consequence of the following two lemmas: Lemma 3.8

gives an expression to compute the subregret R§-i)(v) and Lemma 3.9 gives a bound on
(@)

the number of samples needed to compute VG, (w;v) at a given precision.

Proof. The statement of Proposition 3.7 is a restatement of Lemma 3.8 using the fact that
each different point of the binary search 'D;Z)

log(T")P
810g(2T/5)% thanks to Lemma 3.9. The fact that rpax < logy(T) comes from
]vc:y) (w;v)’

the fact that running a binary search to a precision smaller than 1/LT does not give improved
bound on the regret since the reward functions are L-Lipschitz continuous. Therefore the
binary searches are stopped after more than log,(7") samples. O

Lemma 3.8. The subregret R (v) verifies

(v) is sampled a number of times equal to

J
Tj(“(v)
B = 3 (|6 Gt -6 e e)
Y BHe+RT -2

2 {zij(t),4=1,.. T (v)}

where z*g-i) (v) is the point where Ggi)(- ;v) reaches its maximum and where the successive
points tested by the binary search Dgi (v) are the (not necessarily distinct) zij(t).

Proof. The regret of the binary search D;i)(v) is the sum for all steps ¢t € [TJ@ (v)] of the sum
of two terms: the difference of the function values of G;i)(- ;v) between the optimal value
Z*S_i)(v) and zij(t) and the sub—regrets Réijtll)(zij(t)) and jo“)(v — 2ij(t)) of the binary
searches that are the children of Dgl)(v). O
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Lemma 3.9. A point w tested by the binary search Dgi) (v) has to be sampled at most a
number of times equal to
log(T)”

27

8log(2T/) ———————
’VG;-Z) (w;v)

where p is the distance of the node Dgi)(v) to the bottom of the binary tree: p = logy(K) —
1—1.
Proof. The binary search D;i)(v) aims at minimizing the function (w Gg.i) (w;v)). Let
us note wy, ..., Wn,... the values that are tested by this binary search. During the binary
search the signs of the values of VGE-Z) (wpm;v) are needed. In order to compute them the

algorithm runs sub-binary searches (unless D;i)(v) is a leaf) Dg]tll)(wm) and ngﬂ) (v —wp).
Let us now prove the result by recurrence on the distance p of D;i) to the closest leaf of

the tree.
4 4 2
e p=0: Dy) is a leaf. The point w,, needs to be sampled 81og(2T/6)/‘ng(-l) (wm)‘ (this

has been shown in Section 3.3).
e p € N*: the point w,, has to be sampled a number of times equal to the number of

iterations of ngﬂl (wy,) and ngﬂ)(v — Wp,). Let us therefore compute the number of
samples used by Dgzjﬂl)( m)- This binary search is at distance p — 1 of the closest leaf.

Therefore by hypothesis recurrence each point zj will be sampled a number of times

equal to
log(T)P~1
N, = 8log(2T/5)L2.
1
VG5 @)
Now Lemma 3.7 shows that VG%HI ‘ ‘VG (wp,)|. This gives
1
Ny, < 810g(2T/6)&—.
VG (w)
The same reasoning applies for the binary search @gfl) (v—wyy,), which is run in parallel

to 9(2?_11) (wp,). Since there are at most log, (7') different points zj that are tested during

the binary search 'Dé J+11)( m), we have a final number of iterations for w,, which is

log(T)P

8log(2T/6) —B\ )"
]va? (wpm)

This proves the result for the step p.
o Finally the recurrence is complete and the result is shown.
O

Finally it now remains to control the different ratios ‘ g](z) (wy; v)‘ / ‘Vg]@(wr; v) 2, using
the Lojasiewicz inequality and techniques similar to the case of K = 2. The main differ-
ence is the binary tree we construct that imbricates binary searches. The overall idea is
that each layer of that tree adds a multiplicative factor of log(T').

The goal of the remaining of the proof of Theorem 3.4 is to bound Rgo)(l). The very
natural way to do it is to use the previous proposition with the Y.ojasiewicz inequality
to obtain a simple recurrence relation between the successive values of Ry). The end of
the proof is then similar to the proofs done in the case K = 2. Finally we can note that
the statement of Proposition 3.7 shows clearly that adding more levels to the tree results
in an increase of the exponent of the log(T") factor. The detailed proof is postponed to
Appendix 3.C for clarity reasons.
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3.5 Numerical experiments

In this section, we illustrate the performances of our algorithm on generated data with
K = 2 resources. We have considered different possible values for the parameter 5 €
[1,00).

In the case where § = 2 we have considered the following functions:

5 5 6655 5 /11 3
: - - 2-x)p d : ——— ==
fiiwem o= g@-on  and o fraoe o 48(5 x) )

such that g(x) = —(x — 0.4)2. g verifies the Lojasiewicz inequality with 3 = 2 and the
functions f; and f are concave, non-decreasing and take value 0 at 0.

31073 4 —2 4
N (1 10g(T)2) "
—— R(T)
2-1073 | T-8/2 3t
. \N \
41
e —>| I I I
0 5.10° 1-1051.5-1052- 106 5 5.5 6
T T
(a) Regret as a function of T (b) Regret in log — log scale
Figure 3.1 — Regret, Upper-bound and Lower bound for § = 1.5
3-1073 ¢
== (1/10g(T)?) ""*
- R(T) -3\
2-1073 | T-8/2
44
1-1073 |,
\\‘*‘“‘_A_, 1
- — — == == ; ; 1
0 5.10° 1-10°1.5- 1092 - 106 5 5.5 6
T T
(a) Regret as a function of T (b) Regret in log — log scale

Figure 3.2 — Regret, Upper-bound and Lower bound for 5 = 1.75

We have computed the cumulated regret of our algorithm in various settings corre-
sponding to different values of 5 and we have plotted the two references rates: the lower
bound T—#/2 (even if the functions considered in our examples are not those used to prove
the lower bound), and the upper bound (7'/log?(T"))~#/2.

Our experimental results on Figures 3.1, 3.2, 3.3 and 3.4 indicate that our algo-
rithm has the correct expected behavior, as its regret is “squeezed” between T—5/2 and
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(T/1og?(T))=B/2 for B < 2 and between T~ and log(T)/T for B > 2. Moreover, the
log — log scale also illustrates that —/3/2 is indeed the correct speed of convergence for
functions that satisfy the Lojasiewicz inequality with respect to 8 € [1,2].

3-1073 »
——1log(T)?/T _31
—-— R(T)
2.1073 | = T! 4
1-1073 44 -5
6|
0 5.10° 1-1051.5-10%2- 105 5 5.5 6
T T
(a) Regret as a function of T' (b) Regret in log — log scale
Figure 3.3 — Regret, Upper-bound and Lower bound for § = 2
3-107% 4
——1log(T)/T -3 1
—— R(T)
2-1073 | 7! 4
1-1073 | =57
_6 1
0 5.10° 1-1001.5-1092 109 5 5.5 6
T T
(a) Regret as a function of T' (b) Regret in log — log scale

Figure 3.4 — Regret, Upper-bound and Lower bound for 5§ = 2.5

We plot in Figure 3.5 the regret curves obtained for different values of the parameter
B. This validates the fact that the convergence rates increase with the value of 8 as proved
theoretically.
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1-107° +ﬁ5:11.%55
8-1074 | +§;§§
6-1074 | \

4-1074

N
2.107* | \‘\H""‘M

0 2-10° 4-10° 6-10° 8-10° 1-106
T

Figure 3.5 — Regret as a Function of T for different values of /3

3.6 Conclusion

We have considered the problem of multi-resource allocation under the classical assump-
tion of diminishing returns. This appears to be a concave optimization problem and we
proposed an algorithm based on imbricated binary searches to solve it. Our algorithm is
particularly interesting in the sense that it is fully adaptive to all parameters of the prob-
lem (strong convexity, smoothness, Lojasiewicz exponent, etc.). Our analysis provides
meaningful upper bound for the regret that matches the lower bounds, up to logarithmic
factors. The experiments we conducted validate as expected the theoretical guarantees
of our algorithm, as empirically regret seems to decrease polynomially with T with the
right exponent.

3.A Analysis of the algorithm with K = 2 resources

In this section we prove Theorem 3.2. We split the proof into 3 subsections, depending
on the different values of (.

3.A.1 Proof of Theorem 3.2, when 5 > 2

Proof. Let x € [0,1]. We know that |g(z)| < c|g’(x)|’3.
1 2/8 _
en < — 275 & |g(m)|2 < Pg()| ',
l9'(@)[" " g(=)] |9/ ()]
Since g is L-Lipschitz on [0, 1], we have |g(z) — g(«*)| < L|x — a*|. Since g(z*) = 0 then
|9(9U)|2 < Cz/aLkz/@kc _ T/*|172/ﬁ.
|9’ ()]

) 1 J .
For j € [jmax], m < 2/BL-2/8 (212/5> , because |z* — xj| < 277, as a conse-
J

Th
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quence of the binary search. Since 1 —2/8 > 0,

Jmax 1 j 1
Z 2172/5 < 1_22/671 :

J=1

Finally we have, using that § = 2/72,

8 % o)l
R(T) = = log(27/9) LA A
T ; g ()
24¢*/PL1=2/8 10g(T)
= 1-22/8-1 T

3.A.2 Proof of Theorem 3.2, when [ =2

Proof. As in the previous proof, we want to bound

jmax |g(

x )| .jn\ax . ( 1 )
R= I < min (¢, — | .
; g'(x;)? ; 9;%’

1
Let us note g; = 57 we have to distinguish two cases:
c

if gj, th i = _ !
1L g; > gj, €n min c,ﬁ _QTQJ-
1

if g; < g5, then min c,ﬁ =c

We note jl £ {] € [jmax]agj > gj} and \72 £ {] € [jmax]vgj < g]}

We have 1
R< Z % 4+Zc.

jen 9 jea,
N— e N~
Rl R2

We note as well
1 1
TléZ—z and TgéZ—z such that T/ =Ty + T .
jeg I jET2 I

We now analyze J; and J» separately.

(a) on Ja:
Ty = Z 9712 > Z .@% > Z 247 > 4z max

Jj€T2 7J JjE€ET2 7J JET>2
Which gives jo max < log(7T'). Finally,

Ry = Z ¢ < ¢jo,max < clog(T) .

JjET2
(b) on Ji:
1 1
We want to maximize R; = Z . under the constraint 77 = Z —-
jea =i jen 9i

Karush-Kuhn-Tucker conditions give the existence of A > 0 such that for all j € Ji, g; =
2)\ -2/, As in the previous proof this shows that R, = 2A\T;. We can show as well that, if
Jje g, .
2 927 J1,min
2\ < — :
V3 VT
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1 , 1
And since j € J1, g; > — and then 2A 27 > — which means

c2J c2J

1

C4j1,min :

22 >

Putting these inequalities together gives

2c .
VT < —271min |
b= \/§

Finally, ‘
2 27 J1,min 4c
Ri=2\T1 < ——+-T1 < —.
VG B FE
This shows that lou(T o (T2
R(T) < clog(27/6) Og} ) <. Og(T) .

3.A.3 Proof of Theorem 3.2, when 3 < 2
Proof. We know that

Jmax

RT) = 2 Y lg(a) N,

1 Jmax

?Z h2-.

1 Jmax |

= 8log(2T/9)

< 8log(27'/6)

8log(2/0)

where h; > g; is such that N; = 12
j

. We note

e TRD) =gl

8log(27/0) =

By hypothesis, Vo € [0,1], |g(z)] < ¢|¢'(z)|”. Moreover Proposition 3.2 gives lg(z;)] <
g (j)le; — %] < |g'(x5)[277.
If we note g; = |¢'(z;)| we obtain
jnlax 1

: B 95
R< Z;mm(cgj,y_) hjz .
]:

Let us now note

T
Te ——
8log(2T'/6)
We have the constraint '
Jmax
1
T/ - ﬁ
j=1 "

Our goal is to bound R. In order to do that, one way is to consider the functional

Jmax

. Jmax . B8 9j 2
Fi(g1s-- s Gjmar) € RY — Zmln (cgj,g) /hj
i=1
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and to maximize it under the constraints

Jmax

1
T/:Zﬁ and g; < h;.
j=1 "1

Therefore the maximum of the previous problem is smaller than the one of maximizing

A

Jmax
. 1
A * Jmax 1 ﬁ72
F (s ) € R0 Y i (ol 7hj2j>

j=1
and to maximize it under the constraints

Jmax

1
T’:Zﬁ.
j=1"17

For the sake of simplicity we identify g; with h;. The maximization problem can be done
with Karush-Kuhn-Tucker conditions: introducing the Lagrangian

Jmax 1

L1 s G N) = F(G1s s Gnn) FA T =D 2|
j=1 "1
we obtain
32X N
oL (B -2)g] "+ . ifg <y 1\ V6D
— = 95 ,where §; = | — .
9y, _L+Q if g; > §; ! 2c
QJQJ gj’)7 J J

g; is the point where the two quantities in the min are equal. And finally
22 \Y? oo
_ if 0. .
9; 6(2 - 6) ) gj < gj
gj=2/\-2j, ifgj>gj.

We note Ji £ {j € [Jmax)s9j > 9;} and Jo £ {j € [jmax],9; < §;}. We have

1 _
‘F(gla"'agjmax):Zng,+ZCgf ’ ’
J

JET JjET2
—_— —
F1 F2

We note as well

1 1
nEDY — and T2 ) — such that 7' =T} + Ty .
JjeTr 7I Jj€T2 7
We again analyze [J; and J, separately.
(a) on Ja:

. 2\ /B
Since g; < g; on Ja, noting g2 = () =g,
T c(2 - B) ’

1 1 1 .
Ty = § — =|Jo|5 > || forall j € Ts .
jeds 7I 92 Ji

In particular,

—1/(B-1) _ _
1 1/(B-1) 1/(8-1)
T > T > |7 (624.721U’LX) > | 7| ((324“72‘) > (4\(72|) 7
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because ¢ can be chosen greater than 1. This gives |Ja| <

B —
< ()log( ).

e g evi(ata)

JET2 J

22 <T2>ﬁ/2
c2-p)  \|7l '

We can now compute the cost of Js:

- Y

JET2

And we know that

This gives

(b) on Ji:
We know that Vj € J1, g; = 2\ 2J. This gives

Tl:z 4)\22

JET g] JET

| J€J1
[ 4 4 J1,min

S

/(8-
and O\ > ¢~ M/(B=1)(20)=B/(B=1),
2i¢ =

Since j € J1, we know that g; > g; and 2\ 27 (
With j = ji min We obtain

B (g ) =B/ (5-1) < AT
= 3Ty

| S

(itmin) O /1) o L
24 min < 1B

And we have

1 1 1
F1 ZQJQAQJ 2/\Z4a !

jeTL JET

5 \/EQ*jl,min

< chl_B/2 < ert=hz
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log(T" B/2
Finally we have shown that R < ¢T” <0g7(1/)> and consequently

TR(T) _ T <1og(T’))5/ 2
8log(21/6) ~ 8log(2T'/9) T
log(T")

B/2
R(T) < c(8log(2T/6))°/? (T> .

And using the fact that 8 < 2 and § = 2/T?, we have

iy o (50%)

3.B Analysis of the lower bound

In this section we prove Theorem 3.3.

Proof. The proof is very similar to the one of (Shamir, 2013) (see also (Bach and Perchet,
2016)) so we only provide the main different ingredients.

Given T and 3, we are going to construct 2 pairs of functions fi, fo and fl, ]?2 such that

ra B ra &
i = filloo < —= d |[Vfi = Vil £ —= .
I~ Flloe <2 and [V~ Vil < 2

As a consequence, using only T samples®, it is impossible to distinguish between the pair
f1, fo and the pair f1, fo. And the regret incurred by any algorithm is then lower-bounded
(up to some constant) by

min max{g* — g(x); g* — g(«)}
where we have defined g(z) = fi(z) + f2(1 — x) and ¢* = max, g(z) and similarly for g.

To define all those functions, we first introduce g and g defined as follows, where ~ is a
parameter to be fixed later.

—gB/B=1) if p < v
g:x— 153
8—1

and

1
A/ Bz 4 ﬁ75/(5—1) otherwise

—|z — ’y|_6/(’6—1) if v <2y
gz B vy B sy -
b T+ — otherwise.
5-1"7 e
The functions have the form of Proposition 3.5 near 0 and then are linear with the same slope.
Proposition 3.5 ensures that g; and go verify the Lojasiewicz inequality for the parameter (.
The functions g; and go are concave non-positive functions, reaching their respective maxima
at 0 and ~.
We also introduce a third function h defined by

(v — x)ﬁ/(ﬁ—l) — gB/B-1) it % <z <y

B _ .
h:x— 2ﬁ—1(%)1/(ﬁ 1)(% —z) if v<3
1

S VA (Chal ) P SRRV VA CC R DR T SPVED S

B— 1'7 5= 1’7’ =9

SFormally, we just need to control the f,, distance between the gradients, as we assume that the
feedbacks of the decision maker are noisy gradients. But we could have assumed that he also observes
noisy evaluations of fi(x1) and fa2(x2). This is why we also want to control the £, distance between the

functions f; and f;.
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The functions f; and ﬁ are then defined as

filz) =0 and fi(z) = §(z) = g(z) + h(z) = G(0) — g(0) + h(0)
falz) = g(1 —2) —g(1) and fa(z) = g(1—x) = h(l —x) — g(1) + h(1)

It immediately follows that f1(x) + f2(1 — 2) is equal to g(x) and similarly f(z) + fo(1 — )
is equal to g(x) (both up to some additive constant).

We observe that for all = € [0, 1]:

lel/w—l) if ¢ <

Vy(z) = 3
—%71/(5’1) otherwise
and
B 1/(8-1) .
—ﬁ_lslgn(x—yﬂ ol if v <2y
Vy(z) = 8
—ﬁ'yl/(ﬁ’l) otherwise
Similarly, we can easily compute the gradient of h:
— ((7 —2)V/B-1) 4 xl/(6—1)> if T<z<y
Vh(a) ={ ~252 (O it 2 <3
7/6[5 VD it o>y
We want to bound [|[Vg — Vg as it is clear that ||[VA| Biv /(B=1),
o For z <7,
Vg(a) — Via)] = 52 |-/ (5 /61|

2V B=1 | (4 — I)l/wfl)‘
= 1!

B ( a/e-1) 1/(6-1)
< 7 _
1 (I +v—a) )

< 2L171/<ﬁ—1> _

o For v <z <29,

Vg(z) — Vi(z -1 _ 1/(&1)’
<5 5 ‘l_ HED| g [ /5-0)]
<1+ 21/<ﬁ1))(5 1/(8-1)

-1
o For x > 27, |Vg(z) — Vg(x)| = 0.

Finally we also have that |Vg — V| <~*/¥~Y | where the notation < hides a multiplica-
tive constant factor.
Combining the control on |Vg — Vgl and ||Vh]|, we finally get that
VA =VA|_ £ and |V -VRE| $yME.
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As a consequence, the specific choice of v = T1=#)/2 ensures that !/(#—1) < 1/\/T and thus
the mappings f; are indistinguishable from the f;.
Finally, we get

R(T) > Tminmax(g(x)|. [§()]) > Tg(1/2) 2 4%/ 2 79/

3.C Analysis of the algorithm with K > 3 resources

We provide here the complete proof of Theorem 3.4. As before, we divide it into 3
subsections, depending on the value of 5.
We begin with a very simple arithmetic lemma that will be useful in the following.

Lemma 3.10. Let (up)nen € NY defined as follows: ug = 1 and up1 = 2uy, + 1. Then
VneN, u, =2"" — 1.
Proof. Let consider the sequence v,, = u, +1. We have vy = 2 and v,,+1 = 2v,,. Consequently
Uy =227 =27t O]
3.C.1 Proof of Theorem 3.4 with § > 2

Proof. Let us first bound a sub-regret Rg»i)(v) for i # 0. Proposition 3.7 gives with p the
distance from Dgi) (v) to the bottom of the tree,

logz(T) (2)
) (y 9; (wmiv) (i+1) (i+1)
R} Z 8log(21'/6) 5 1085 (T)? + Ry, { (W) + Ry (v — wy)
m=1 ‘Vg] wm,v)‘

For the sake of simplicity we will note g = g(.i)

;7 (+3v), and we will begin by bounding

e 5w,
R =log(T)? =
mzzl Vg(wn)[*

We use the Lojasiewicz inequality to obtain that |g(wy,)| < ¢/Vg(wy,)|”. This gives

log, (T)
R < P logy (T >~ |g(w)|' /"

We are now in a similar situation as in the proof of Theorem 3.2 in the case where 5 > 2.
Using the fact that |g(w,,)| < L27™, we have

1 _
R< 22/571&/%1 2/810g, (T)P.

a A 1 2 1-2
Let us note C' = WC /6L /ﬁ We have R S OlOgQ(T)p

We use now Proposition 3.7 which shows that

] log, (T') 10%2 (T) )
R (v) < 81og(2T7/6) - C'log,(T) + Z RE T wa) + Y RET (0 - w).
m=1
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Let us now define the sequence A, = 24, 1 + 1 for p > 1, and Ay = 1. The bound we have
just shown let us show by recurrence that

R (v) < 8log(2T/6) - A,C log(T)P.

Lemma 3.10 shows that A, = 2P*1 —1 < 2P+ Moreover for i = 0, we have p = log, (K) — 1.
Consequently for ¢ =0, 4, < K.
With the choice of § = 2/7? we have finally that

R (1)

R(T) = <8-KC

log(T)*5: ) 1 gy gy Jog(T)5 00
~1-—22/8-1 T ’

3.C.2 Proof of Theorem 3.4 with 5 =2

Proof. Let us first bound a sub-regret Rg»i)(v) for i # 0. Proposition 3.7 gives with p the
distance from Dgi)(v) to the bottom of the tree,

‘ log, (T) gﬁi)(wm;v)‘ (i+1) (i+1)
R{(w) < Y 8log(27/8) 5 108y (T)7 + Ry (wnm) + Ry (0 = win).
m=1 ‘Vg]@ (o v)‘

For the sake of simplicity we will note g = gj(»i)

|9 (wnm)|
= IVg(wn)l®

(-;v) and and we will begin by bounding

log(T')

log(T)P.

Lojasiewicz inequality gives |g(wym)| < ¢/Vg(wnm)|?, leading to

log(T')
R< Z clog(T)? < clog(T)P*.
m=1

An immediate recurrence gives that, as in the case where 8 > 2,
R (v) < 84,clog(2T/6) log(T)"*.
And finally we have, noting g = g%o)(o ;1) and p = log,(K) — 1
R (1) < 84,clog(2T/8) log(T)"08a(K).
Giving finally, with the choice § = 2/T? and since A, < K for p = log,(K) — 1,

10g(T)log2(K)+1

R(T) = 8Apclog(2T/5)§ < 24cK T

3.C.3 Proof of Theorem 3.4 with § < 2

Proof. Let us first bound a sub-regret R;i)(v) for ¢ # 0. Proposition 3.7 gives with p the
distance from Déi)(v) to the bottom of the tree,

log(T')

(1)
RV (w) < 3" 8log(21/0) (
m=1

5 (Wi v)

; 5 log(T)? + RS (w) + RV (v — wy).
ng (Wi U)‘
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For the sake of simplicity we will note g = g]( )( v) and we will begin by bounding

PeD 5w,
R= ——"_log(T)P.
mzzl Vg(wn)[*

Lojasiewicz inequality gives |g(wp,)| < C|Vg(wm)|ﬁ, leading to

IOEQ(T)
R< Y o Vg(wm) logy(T).

m=1

We want to prove by recurrence that, with p = logy(K) — 1 — ¢ and A, defined in Ap-
pendix 3.C.1.

R (0) < Slog(2Te)ed, 3 [0 wrin)| oy 7y (3:2)
j = P J T 82 ’ ’
r=1

The result is true for p = 0 using what has be done previously. Suppose that it holds at level
i+ 1 in the tree. Then, Proposition 3.7 shows that

9$ (wy;v)

Tmax

R (v Z 8log(2T/6)

L log(T) + By (wr) + Ry (0 — wy)
]vaj (wy; v)‘
Tmax Tmax Smax B—

ﬁ7
< 810g(2T/6)(10g2(T)” Z c VGJ wy) + Z cAp_q Z VGl (z

2
2j— 1 Ts; wT‘) 10g2 (T)p_l
r=1
Tmax Smax B—2

+ Z cA,_1 Z G(lH) (Zs;v —wy)
(i+1)

We have noted by x5 and Z; the points tested by the binary searches D" | (w,.) and Dgifl) (v—
wy) and Spmax < logy(T") the number of points tested by those binary searches. We now use

the fact that § —2 < 0 and Lemma 3.7 shows that ‘VG%Jr_ll)(xs; wm)’ > ’VGED (wy)],

log, (T)p‘1> .

giving

(i , R OV L »
R (v) < (1+24,_1)c- 8log(21/6) Y |VG (wr;v)| logy(T)P,

J
r=1

proving Equation (3.2). And finally we have, as in the proof of Theorem 3.2, noting g =
(0)
g1 ( ; ]-)a

R (1) < Kc-8log(2T/8) Y |Vg(u,)|”* log(T)oz2F) =1,
r=1
T
8log(27'/8) log(T)os=(K)~1

We note now g, = |Vg(u,)| and we have the constraint, with 7" =

T'max 1
T=3 -
r=1 gr
We want to maximize R £ 3"/™% g5~2 under the above constraint.
In order to do that we introduce the following Lagrangian function:

Tmax P
Lt(gl,...,grmax’ Zgﬁ 2_|_)\< Zgl2> _

r=1 77
The Karush-Kuhn-Tucker theorem gives

0L

0= i A
8gr (917 » Irmax )
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= (B—2)g ’3‘3+A(2gr‘3)

a0\
w=\3-3 :

=Y g°
r=1
Tmax /gy o\ /8
=2 (2—/3)

r=1

The expression of T gives

A28 — T
ST (- /2270
A=T"PPrl2(1-B/2).

We can now bound R:

Tma 1-2/8
< Z( 2\ )

< Tmax(1 — B/2)/P7INI72/8

1-2/8
< (1= B/2)2571 (712032 (1 - B/2))
< Tl

(0)
Ry
Now we use the fact that R(T) = B and R\" (1) < Kc-81log(2T/5) log(T)\0s2(K)-1R.

Taking 6 = 2/7?, we have log(27'/8) = 31og(T). We have, since rpyax < log(T),

R(T) < %Kc - 81log(27/6) log(T) 2K =1 R

S 24K ec log(T)IOgZ(K)R
< B dog (1) s 202
2UKec T 1-5/2
< IOg(T)logQ(K) IOg(T)B/Q (24 10g(T)10g2(K) )
logy (K)+1\ #/2
< Ul Ke (1g<T>T> _
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Part 11

Stochastic optimization
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4 Continuous and discrete-time analysis of
Stochastic Gradient Descent

This chapter proposes a thorough theoretical analysis of Stochastic Gradient Descent
(SGD) with decreasing step sizes. First, we show that the recursion defining SGD
can be provably approximated by solutions of a time inhomogeneous Stochastic Dif-
ferential Equation (SDE). Then, motivated by recent analyses of deterministic and
stochastic optimization methods by their continuous counterpart, we study the long-
time convergence of the continuous processes at hand and establish non-asymptotic
bounds. To that purpose, we develop new comparison techniques which we think are
of independent interest. This continuous analysis allows us to develop an intuition
on the convergence of SGD and, adapting the technique to the discrete setting, we
show that the same results hold to the corresponding sequences. In our analysis, we
notably obtain non-asymptotic bounds in the convex setting for SGD under weaker
assumptions than the ones considered in previous works. Finally, we also establish
finite time convergence results under various conditions, including relaxations of the
famous FLojasiewicz inequality, which can be applied to a class of non-convex func-
tions!.

4.1 Introduction and related work

Recently, first-order optimization algorithms (Su et al., 2016) have been shown to share
similar long-time behavior with solutions of certain Ordinary Differential Equations (ODE).
The starting point of this kind of analysis is that these schemes can also be regarded as
discretization methods. In particular, gradient descent (GD) defines the same sequence
as the Fuler discretization of the gradient flow corresponding to the objective function
f, i.e., the ODE dz(t)/dt = —V f(x(t)). Then, the analysis of the long-time behavior of
solutions of this gradient flow equation can give insights on the convergence of GD. This
idea has been adapted to the optimal Nesterov acceleration scheme (Nesterov, 1983) by Su
et al. (2016) which derived that this algorithm has a limiting continuous flow associated
with a second-order ODE. This result then allows for a much more intuitive analysis of
this scheme and the technique has been subsequently applied to prove tighter results (Shi

!This chapter is joint work with Valentin De Bortoli and Alain Durmus. It has led to the following
publication:
(Fontaine et al., 2020a) Convergence rates and approximation results for SGD and its
continuous-time counterpart , Xavier Fontaine, Valentin De Bortoli, Alain Durmus, submitted.

149



et al., 2018) or to analyze different settings (Krichene et al., 2015; Aujol et al., 2019;
Apidopoulos et al., 2020).

Following this approach, this work consists in a new analysis of the Stochastic Gradient
Descent (SGD) algorithm to optimize a continuously differentiable function f : R? —
R given stochastic estimates of its gradient. This problem naturally appears in many
applications in statistics and machine learning, see e.g., (Berger and Casella, 2002; Gentle
et al., 2004; Bottou and Cun, 2005; Nemirovski et al., 2009). Nowadays, SGD (Robbins
and Monro, 1951), and its variants (Polyak and Juditsky, 1992; Kingma and Ba, 2014)
are very popular due to their efficiency. Using ODEs, and in particular the gradient
flow equation, to study SGD has already been applied in numerous papers (Ljung, 1977;
Kushner and Clark, 1978; Métivier and Priouret, 1984, 1987; Benveniste et al., 1990;
Benaim, 1996; Tadi¢ and Doucet, 2017). However, to take into account more precisely
the noisy nature of SGD, it has been recently suggested to use Stochastic Differential
Equations (SDE) as continuous-time models for the analysis of SGD. (Li et al., 2017)
introduced Stochastic Modified Equations and established weak approximations theorems,
gaining more intuition on SGD, in particular to obtain new hyper-parameter adjustment
policies. In another line of work, (Feng et al., 2019) derived uniform in time approximation
bounds using ergodic properties of SDEs. To our knowledge, these techniques have only
been applied to the study of SGD with fixed stepsize.

The first aim and contribution of this chapter is to show that SDEs can also be
used as continuous-times processes properly modeling SGD with non-increasing stepsizes.
In Section 4.2, we show that SGD with non-increasing stepsizes is a discretization of a
certain class of stochastic continuous processes (X;):>o solution of time inhomogeneous
SDEs. More precisely, we derive strong and weak approximation estimates between the
two processes. These estimates emphasize the relevance of these continuous dynamics to
the analysis of SGD.

However, most of approximation bounds between solutions of SDEs and recursions
defined by SGD are derived under a finite time horizon T" and the error between the
discrete and the continuous-time processes does not go to zero as T' goes to infinity, which
is a strong limitation to study the long-time behavior of SGD, see (Li et al., 2017, 2019).
Our goal is not to address this problem here, showing uniform in time bounds between
the two processes, but to highlight how the long-time behavior of the continuous process
related to SGD can be used to gain more intuition and insight on the convergence of
SGD itself. In that sense our work follows the same lines as (Su et al., 2016; Krichene
et al., 2015; Aujol et al., 2019) which use continuous-time approaches to provide intuitive
ways of deriving convergence results. More precisely, in Section 4.3 we first study the
behavior of (¢ — E[f(X¢)] — minga f) which can be quite easily analyzed under different
sets of assumptions on f, including a convex and weakly quasi-convex setting. Then, we
propose a simple adaptation of the main arguments of this analysis to the discrete setting.
This allows us to show, under the same conditions, that (E[f(X,)] — minga f)nen also
converges to 0 with explicit rates, where (X,,)nen is the recursion defined by SGD.

Based on this interpretation, we provide much simpler proofs of existing results and,
in some settings, obtain sharper convergence rates for SGD than the ones derived in
previous works (Bach and Moulines, 2011; Taylor and Bach, 2019; Orvieto and Lucchi,
2019). In the convex setting, we prove for the first time that the convergence rates of SGD
match the minimax lower-bounds (Agarwal et al., 2012) in the case where the variance
is bounded and f is convex with Lipschitz gradient. As a consequence, we disprove a
conjecture stated in (Bach and Moulines, 2011) on the optimal rate of convergence for
SGD. Finally, we consider a relaxation of the weakly quasi-convex setting introduced in
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(Hardt et al., 2018). Indeed, since in many applications, and especially in deep learning,
the objective function is not convex, studying SGD in non-convex settings has become
necessary. A recent work of (Orvieto and Lucchi, 2019) uses SDEs to analyze SGD and
derive convergence rates in some non-convex settings. However the rates they obtained
are not optimal and in this chapter we show that our analysis leads to better rates under
weaker assumptions.

The remainder of this chapter is organized as follows. We present the discrete and
continuous models in Section 4.2 and we give convergence results in Section 4.3. Finally
Section 4.4 concludes the chapter. The postponed proofs are deferred to Appendices 4.A,
4.B, 4.C and 4.D.

4.2 From a discrete to a continuous process

4.2.1 Problem setting and main assumptions

Throughout the chapter let f : R — R be an objective function satisfying the following
condition.

A4.1. f is continuously differentiable and L-smooth with L > 0, i.e., for any x,y € R?,
[IVf(z) =Vl <Lz -yl

We consider the general case where we do not have access to V f but only to unbiased
estimates.

A4.2. There exists a probability space (Z,Z,uz), n > 0 and a function H : R? x Z — R?
such that for any x € R?

| @) = Vi@ [ IH ) - V@) d() <.
z z

Note that A4.2 is classical (Bach and Moulines, 2011; Orvieto and Lucchi, 2019)
and weaker than the bounded gradient assumption considered in (Kingma and Ba, 2014;
Shamir and Zhang, 2013; Feng et al., 2019; Rakhlin et al., 2012). Under A4.1 and A4.2,
we consider now the sequence (X, )nen starting from Xy € R? corresponding to SGD with
non-increasing stepsizes and defined for any n € N by

Xn+1 = Xn - 7(” + 1)7QH(Xn7 Zn+1) ) (41)

where v > 0, a € [0,1] and (Z,,)nen is a sequence of independent random variables on
the probability space (2, F,P) valued in (Z, Z) such that for any n € N, Z,, is distributed
from pz. We now turn to the continuous counterpart of (4.1). Define for any x € R?, the
semi-definite positive matrix ¥(z) = uz({H(z,-) — Vf(x)}{H(z,-) — Vf(z)} ") and, for
a € [0,1), consider the time inhomogeneous SDE,

dXy = —(Ya + ) "V F(Xe)dt + 75/ 22(X4)/2dB, } (4.2)

where v, = v/~ and (B¢)t>0 is a d-dimensional Brownian motion. For solutions of
this SDE to exist, we consider the following assumption on z +— ¥ (z)%/2.

A4.3. There exists M > 0 such that for any z,y € RY, ||Z(z)Y/? — S(y)V/2|| < M|z — y]|.

Indeed, using (Karatzas and Shreve, 1991, Chapter 5, Theorem 2.5), strong solutions
(X¢)ier, exist if A4.1 and A4.3 hold. In the sequel, the process (X;)icr, is referred to
as the continuous SGD process in contrast to (X,,)nen which is referred to as the discrete
SGD process.
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4.2.2 Approximations results

In this section, we prove that (X;)>o solution of (4.2) is indeed, under some conditions,
a continuous counterpart of (X,)nen given by (4.1). First, let (X;)¢>0 be the linear
interpolation of (X, )nen, i.e., such that for any t € [n7a,(n+1)7.], n € N, X; =
Y (= 170) Xng1 + 75 (4 1)ya — t) X, with 44 = 41/(1=®), Using a first-order Taylor
expansion and assuming that the noise is roughly Gaussian with zero-mean and covariance

matrix ¥(X,,, ), we have the following approximation,

X(n+1)'ya - anya = Aptl — X~ *’V(R + 1)_aH(Xn'yaa Zn+1)

~ —Ya(NYa + 'Ya)ia{vf(xn'ya) + Z(Xn'ya)l/QG}
(n+1)7a - 19 [t = \1/9
~— / (s +7a) OV f(X)ds — 7/ / (s +7a) *2(X,) /2B, ,  (4.3)
NV Yo
where G is a d-dimensional standard Gaussian random variable. The next result justifies
the ansatz (4.3) and establishes strong approximation bounds for SGD.

Proposition 4.1. Let ¥ > 0 and a € [0,1). Assume A4.1, A4.2 and A4.3. Let
((Xn)nen, (Xt)i>0) such that (X¢)e>o is solution of (4.2) and (Xp)nen is defined by (4.1)
with Xo = Xo

(a) Assume that (Zp)nen and (Bi)i>o are independent. Then for any T > 0, there exists
C > 0 such that for any v € (0,7], n € N with vq = yY/1=% ny, < T we have

EY? ([ X, = Xal] < O (1 +10g(v7h)), with § = min(1,(2 - 20)7").  (44)

(b) If (Z,2) = (RY, B(RY)) and for any x € RY, 2 € R? and n € N*, H(z,2) = Vf(z) +

N(@)22, Zn = a1 100 B then (4.4) holds with 6 = 1.

For clarity reasons we postpone the proof to Appendix 4.A.3. It relies on a coupling
argument which is made explicit in in the supplementary Lemma 4.9. To the best of
our knowledge, this strong approximation result is new and illustrates the fundamental
difference between SGD and discretization of SDEs such as the Euler-Maruyama (EM)
discretization. Consider the SDE

dY; = b(Y,)dt + o(Y;)dB; , (4.5)

where b : R4 — R% and o : R? — R%*9 are Lipschitz functions, so solutions (Y¢)t>0 of
(4.5) exist and are pathwise unique, see (Karatzas and Shreve, 1991, Chapter 5, Theorem
2.5). Let (Y;)nen be the EM discretization of (4.5) defined for any n € N by Y, 41 =
Y, +vb(Yy) + /70(Yn)Gry1, where v > 0 is the stepsize and (G)nen is a sequence
of i.i.d. d-dimensional standard Gaussian random variables. Then for any T° > 0, there
exists C' > 0 such that for any v > 0, n € N, ny < T, EV2[||[Y,,y — Yp||?] < C° where
d = 1/2 if o is non-constant and 6 = 1 otherwise; see e.g., (Kloeden and Platen, 2011;
Milstein, 1995).

Another difference (for strong approximation) between SGD and the EM discretization
scheme is the noise which can be used in these algorithms. Indeed, if (G,)nen in EM is
no longer a sequence of Gaussian random variables then for b = 0, 0 = I, (but it holds
under mild conditions on b and ©), there exists C' > 0 such that for any 7' > 0, v > 0,
neN ny<T, E1/2[||Ym —Y,|!] > CVT , i.e., no strong approximation holds. The
behavior is different for SGD for which we obtain a strong approximation of order 1/2 at
least, whatever the noise is in the condition A4.2.

152



We also derive weak approximation estimates of order 1 between continuous and dis-
crete SGD. Note that in the case where o > 1/2, these weak results are a direct conse-
quence of Proposition 4.1. Denote by G, ; the set of k-times continuously differentiable
functions ¢ such that there exists K > 0 such that for any = € R,

max(||Vg ()|, .. [[V*g(@)[]) < K1 + [|z[) -

Proposition 4.2. Let ¥ > 0, a € [0,1) and p € N. Assume that f € Gp 4, »/2 ¢ Gyp3,
A4.1, Ad2 and A4.3. Let g € Gpo. In addition, assume that for any m € N and x € RY,
pz(|H(z,-) — VF(@)|*™) < nm with nym > 0. Then for any T > 0, there exists C > 0
such that for any v € (0,7], n € N with v, = A/ A=2) oy < T we have

IE [9(Xnye) — 9(Xn)] | < Cy(1+log(vh)) .

These results extend (Li et al., 2017, Theorem 1.1 (a)) to the decreasing stepsize case.
Once again, the result obtained in Proposition 4.2 must be compared to similar weak
error controls for SDEs. For example, under appropriate conditions, (Talay and Tubaro,
1990) shows that the EM discretization Y, 11 = Y, +b(Y,) + /70(Y,)Gry1 is a weak
approximation of order 1 of (4.5). For clarity reasons the proof of Proposition 4.2 is
postponed to Appendix 4.A .4.

4.3 Convergence of the continuous and discrete SGD pro-
cesses

4.3.1 Two basic comparison lemmas

We now turn to the convergence of SGD. In the continuous-time setting, in order to
derive sharp convergence rates for (4.2), we will consider appropriate energy functions
V: Ry xR — R, which will depend on the conditions imposed on the function f. Then,
we show that (¢t — v(t) = E[V(t,X;)]) satisfies an ODE and prove that it is bounded
using the following simple lemma.

Lemma 4.1. Let F € CI(Ry x R,R) and v € CY(Ry,Ry) such that for all t > 0,
do(t)/dt < F(t,v(t)). If there exists to > 0 and A > 0 such that for all t > ty and for
allu > A, F(t,u) < 0, then there exists B > 0 such that for all t > 0, v(t) < B, with
B = max(maxe 1) v(t), 4)
Proof. Assume that there exists ¢ > 0 such that v(t) > B, and let t; = inf {¢ > 0 : v(¢t) > B}.
By definition of B, t; > tg, and by continuity of v, v(t1) = B. By assumption, F(t;,v(t1)) <
0. Then dv(ty)/dt < 0 and there exists to < ¢; such that v(tz) > v(t1) = B, hence the
contradiction. O

Considering discrete analogues of the energy functions and ODEs found in the study
of the continuous SGD process solution of (4.2), we also derive explicit convergence
bounds for the discrete SGD process. To that purpose, we establish a discrete analog
of Lemma 4.1. Note that we have to add an additional assumption to F' in order to have
a correct statement.

Lemma 4.2. Let F : NxR — R satisfying for anyn € N, F(n,-) € CL(R,R). Let (uy)nen
be a sequence of nonnegative numbers satisfying for all n € N, upt1 — up < F(n,uy).
Assume that there exist ng € N and Ay > 0 such that for all n > ng and for all x > Ay,
F(n,z) < 0. In addition, assume that there exists As > 0 such that for all n > ny and
for all x > 0, F(n,z) < Ay. Then, there exists B > 0 such that for alln € N u, < B
with B = max(max,<npg+1 Un, A1) + As.
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Proof. Assume that there exists n € N such that u, > B, and let n; = inf {n >0 : w, > B}.
By definition of B we have n; > ng + 1. Moreover we have u,, — tp, -1 < F(ny — 1, up,—1).
Since nq — 1 > ng we get that wp, —up,—1 < Ag and up,—1 > up, — Az > A;. Consequently,
F(n1 —1,upn,-1) < 0 and u,, < uy,—1, which is a contradiction. O

4.3.2 Strongly convex case

First, we illustrate the simplicity and effectiveness of our approach by recovering optimal
convergence rates under the first following assumption.

A4.4. f is p-strongly convex with p > 0, i.e., for any x,y € R, (Vf(x) =V f(y),z—y) >
2
pllz =yl

The results presented below are not new, see (Bach and Moulines, 2011) for the discrete
case and (Orvieto and Lucchi, 2019) for the continuous one, but they can be obtained
very easily within our framework. For clarity reasons, stochastic calculus technicalities
such as Dynkin’s lemma Lemma 4.13 are presented in Appendix 4.B.

4.3.2.1 Continuous case

First, we derive convergence rates on the last iterates. Denote under A4.4 by x* the
unique minimizer of f.

Theorem 4.1. Let o,y € (0,1) and (Xy)i>0 be given by (4.2). Assume A4d.1l, A4.2,
A4.3 and A4.4. Then there exists C > 0 (explicit in the proof) such that for any T > 1,
E[|X7 - 2*]%] < CT2.

Proof. Let a,v € (0,1] and consider £ : Ry — Ry defined for ¢t > 0 by £(t) = E[(t +
Yo )| X — 2*||?], with 74 = v/ (17%) Using Dynkin’s formula, see Lemma 4.13, we have for
any t > 0,

_ L E(s) CEMEX))] o, [ -
5(t)-8(0)+a/0 — ds+/0 A Tl 2/0 E[(VF(X,), X, — 2*)] ds .

We now differentiate this expression with respect to ¢t and using A4.4 and A4.2, we get for
any t > 0,
dE(t)/dt = &)t +7a) ' = 2E[(VF(X), Xt — 2%)] + Vo E [Tr(Z(Xe))] (£ + 7o) ™
< a€(t)/(t + Ya) = 2UE[|1X¢ — 2] + yan/ (t +7a)®
S F(E() = al(t)(t +7a) ™" = 2pE @)+ 7a) ™ +7an(t +7a) "%,
where we have used in the penultimate line that Tr(X(z)) < n for any z € R? by A4.2.
Hence, since F satisfy the conditions of Lemma 4.1 with ty = (a/p)Y/ (=% and A = 2v,n/pu,

applying this result we get, for any ¢ > 0, £(t) < B with B = max(max¢[o,¢,) £(s), A) which
concludes the proof. O

We state now an immediate corollary on the function error, which converges at the
same rate.

Corollary 4.1. Let o,y € (0,1) and (X¢)i>0 be given by (4.2). Assume Ad.1, A4.2 A4.3
and A4.4. Then there exists C > 0 such that for any T > 0, E[f(Xr)]—minge f < CT ™.

Proof. The proof is a direct consequence of A4.1, (Nesterov, 2004, Lemma 1.2.3) and Theo-
rem 4.1. O
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We state now an equivalent result of Theorem 4.1 under weaker assumptions, namely
the Lojasiewicz inequality with r = 2, that we restate as it is usually given, with ¢ > 0
(see also Section 3.2.2 for additional details on the Lojasiewicz inequality)

Vz € RY, f(z) — f(a*) < c|[ Vi) . (4.6)

Note that (4.6) is verified for all strongly convex functions (see Proposition 3.1). Under
this condition we have the following proposition.

Proposition 4.3. Let a,v € (0,1) and (X¢)i>0 be given by (4.2). Assume A4d.1, Ad.2,
A4.3 and that f verifies (4.6). Then there exists C > 0 such that for any T > 0,

E[f(Xr) - f]<CT*.

Proof. Let a,y € (0,1) and (X¢)¢>0 be given by (4.2). Without loss of generality we can
assume that f* = min,cgas f(z) = 0. We note £(t) = E [f(X;)] and we apply Lemma 4.13 to
the stochastic process ((t4+74)%f(X¢))t>0, and using A4.1, A4.2, A4.3, (4.6) and Lemma 4.12
this gives, for all t > 0,

£t) - £0) = [ als-+200BUXK)] as - [ B[I950x017] as

+ 00/ [ (54 7) B [T(V2F(X)D(X.)] ds
dE(t)/ dt < a€(®)(t+7a) ™" = (1/ED)(E +7a) ™" +Ln(t +7a) 7 .
We can now apply Lemma 4.1 to F(t,z) = az(t + Vo) ' — (1/e)z(t + Vo) ™% + Lt + 7o)~

with tg = (2ca)'/(1=®) and A = 4cLn, which shows the existence of C' > 0 such that for all
t >0, £(t) < C, concluding the proof. O

Note that in the statement of Theorem 4.1 and Corollary 4.1 we did not precise the
dependency of C' with respect to the parameters u, n and the initial condition. In order
to obtain that (i) the constant in front of the asymptotic term T~ scales as n/u (ii) the
initial condition is forgotten exponentially fast, we need a more careful analysis, that we
propose now.

We first state a specific version of Lemma 4.1 in the case where there exists tg > 0
such that for any ¢ > 0 and F(¢,z) > —f(x)g(t) with f superlinear.

Lemma 4.3. Let F € CY(Ry x R,R) and v € CY(Ry,R,) such that for all t > 0,
do(t)/dt < F(t,v(t)). Assume that there existsf: R - R, g € C(R+,Ry), to >0, A>0
and 3 > 0 such that the following conditions hold.

(a) For anyt >to, r € (0,1] and x >0, rF(t,z) < F(t,rz).
(b) For anyt >ty and x >0, F(t,x) < —f(x)g(t).
(c) For any x > A, {(z) > Bx.

Then, for any t > 0, v(t) < max(A,exp[B(G(to) — G(t))] maxc(o s, v(s)) and G(t) =
5 g(s)ds.

Proof. Let T > 0 and yr(t) = v(t) exp[B(G(t) — G(T))]. Using Lemma 4.3-(a) and that G is
non-decreasing since for any ¢ > 0, g(t) > 0, we have for any t € (0,T]

dyr(t)/dt < exp[B(G(t) — G(T)|F(t,v(t)) + Bg()yr(t) < F(t,yr(t)) + Be)yr(t) .
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Using this result and Lemma 4.3-(b)-(c), we have for any ¢ > to such that yp(t) > A

dyr(t)/dt < —f(yr(t))g(t) + By ()g(t) <0 . (4.7)

Let B = max(A, max,ejo,,] yr(s)). Assume that A = {t € [0,T] : yr(t) > B} # 0 and let
t; = inf A. Note that ¢; > ¢y and yr(¢t1) > A. Therefore, using (4.7) we have dyr(¢1)/dt <0
and therefore, there exists 0 < ty < ¢; such that yp(t2) > yr(t1) but then ¢ € A and
to < inf A. Hence, A = () and we get that for any ¢ € [0,7T], yr(¢t) < B. Therefore, we get
that for any ¢t > 0,

v(t) = pu(t) < max(A, exp[B(G(to) — G(1))] max v(s)),

which concludes the proof. O

Theorem 4.2. Let a,y € (0,1) and (X¢)i>0 be given by (4.2). Assume A4.1, Ad.2, A4.3
and A4.4. Then there exists C > 0 (explicit in the proof) such that for any T > 0,

E[|Xr — "] < max {471/, CE[|Xo — 2*2] expl—pu(va + T)'"/(2 — 20)]} (ratT)
Proof. Let a,v € (0,1] and consider £ : Ry — R, defined for t > 0 by £(t) = E[(t +

Yo ) |1 X; — 2*||?], with 74 = 4%/ (1=%) Using Dynkin’s formula, see Lemma 4.13, we have for
any t > 0,

_ b E(s) CEMEX))] [ -
E(t)f5(0)+a/0 S+%ds+/0 Ky 2/0 E[(Vf(X,), X, —2*)] ds .

We now differentiate this expression with respect to t and using A4.4 and A4.2, we get for
any t > 0,

dE(t)/dt = al(t)(t +7a) " = 2B [(Vf(Xy), Xy — 2%)] + 7 [Tr(2(X))] (t+ 7a) "
< af(t)/(t+va) — 2uE[|Xs — 2¥|1*] + Yan/(t + 7a)®
S F(tE() =al(t)(t+7a) " = 2uEM) ([t +7a) ™ + Yan(t +7a) ™%

where we have used in the penultimate line that Tr(X(z)) < 7 for any » € R? by A4.2. Let
to = max((a/p)" =) — 44,74 ). We have for any t > to, and 2 > 0

F(t’l') < —f(x)g(t) ) g(t) = (t + ’7(1)_@ ) f(x) = [T — Yall -

Hence the conditions (a) and (b) of Lemma 4.3 are satisfied. Let B = p/2 and A = 4y,n/p.
We obtain that for any ¢ > ¢y and = > A, f(xr) > pxz/2 and therefore condition (c) of
Lemma 4.3 is satisfied. Applying Lemma 4.3, we obtain that for any ¢t > 0

(t) < max(4yan/p, exp[—p(va +1)' /(2 - 20)]B)

with B = exp[u(ya + to)'™*/(2 — 2a)] max,ejo 4,) ©(s). We have that max,ep,]2(s) <
(to 4 7a)® max,eo,¢,] E[||Xs — z*|[]*>. Using Dynkin’s formula, see Lemma 4.13, we have for

any t > 0,
E([X; — 2 l)* < E[Xo — 2*[]” + n¥(asto) .
with
7 /(2a = 1) if 200> 1,
(o, to) = { Yo log(v5 (to + 7a) Y/ 17) if 2a=1 ,

Yalto + 7o) 1 729/0=9) /(1 — 94a)  otherwise .

We conclude the proof upon letting C' = (1 + n¥(a, to)) exp[u(Ya + t0) 7%/ (2 — 22)](Va +
to)“. O
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4.3.2.2 Discrete case

We extend now Theorem 4.1 to the discrete setting using Lemma 4.2 and recover the
rates obtained in (Bach and Moulines, 2011, Theorem 1) in the case where « € (0, 1]. In
particular, if @ = 1 then we obtain a convergence rate of order O(7~!) which matches
the minimax lower-bounds established in (Nemirovsky and Yudin, 1983; Agarwal et al.,
2012).

We state now a discrete analogous of Theorem 4.1. Note that the proof is considerably
simpler than the one of (Bach and Moulines, 2011).

Theorem 4.3. Let v € (0,1) and a € (0,1]. Let (Xp)n>0 be given by (4.1). Assume
A4.2 and A4.4. Then there exists C > 0 such that for all N > 1,

E [| Xy —2**] <ONT*.

In the case where a = 1 we have to assume additionally that v > 1/(2u).

Proof. Let v € (0,1) and a € (0,1]. Let (X,)n>0 be given by (4.1). Using A4.4 we get for
alln >0,

2
|

E||Xpe1 — J—‘n} =E [HXn —z*—y(n+1)""H(X,, Z

2 ]—‘n] (4.8)
= X0 — | +72(n + b~ 2E (| H(Xn, Zos1)II
= 2y(n + 1) B [(Xn — 2, H(Xn, Zn41))I )

< X0 — 2 +42(n + 1>-2a [+ 19 (X011
—2y(n+1)"YX, — 2", Vf(X,))
E[IXns1 = ] <E [1X0 = || [L= 2900+ 1)+ 4200+ 1) 7212 +my2(n +1)

We note now u,, = E [||Xn - J;*HQ} and v,, = n%u,. Using (4.8) and Bernoulli’s inequality
we have, for all n > 0

Unt1 — Up = (n+ 1)%upy1 — n%uy,
= (n+ 1)*(tn41 = un)) + un((n+1)% —n%)
< [2vp+ L2 (n+ 1) up + 73 (n+ 1) + upn® [(1 4 1/n)* — 1]
< [“2yu+ L2 (n+ 1) 7 + an® " up + 0y (n+1)7°

Therefore, in the case where o < 1, there exists ng > 0 such that for all n > ny,
< —ypug + 0y (n+1)7°

< —yun” v, + P (n 4+ 1)7°

< (n+1)7 (= + 1) -

Un+1 — Up

And in the case where a = 1, if 4 > 1/(2u) we have the existence of n; > 0 such that for all
n > ni,

Unt1 = v < [(1/2 = yp) +¥°L2(n+ 1) + an® u, + 7% (n +1)7°

Using Lemma 4.2 this shows that, for « € (0, 1], there exists a constant C' > 0 such that for
all n > 0, v, < C. This proves the result. O

Using A4.1 and the descent lemma (Nesterov, 2004, Lemma 1.2.3) we have the im-
mediate corollary
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Corollary 4.2. Let o € (0,1] and v € (0,1). Let (Xn)n>0 be given by (4.1). Assume
A4.1, A4.2 and A4.4. Then there exists C' > 0 such that for all N > 1,

E[f(Xn) = f]<CNT*.
If & =1 we have also assumed that v > 1/(2p).

We now state the discrete counterpart of Proposition 4.3, which is an equivalent of
Corollary 4.2, under the Lojasiewicz inequality (4.6).

Proposition 4.4. Let o € (0,1] and v € (0,1). Let (Xy)n>0 be given by (4.1). Assume
A4.1, A4.2 and that f verifies (4.6). Then there exists C > 0 such that for all N > 1,

E[f(Xy) — ] < ON"2.

In the case where o = 1 we have to assume additionally that v > 2/c.

Proof. Let o € (0,1] and v € (0,1). Let (X,,)n>0 be given by (4.1). Let n > 0. Applying the
descent lemma (using A4.1) gives

E[f(Xns))lFn] = E[f(Xn = v/(n+ 1) H(Xn, Zny1)| Fa]
< f(Xn) =7/(n + D ELVF(Xn), H(Xn, Zni1))| Fnl

92/ (0 + 12 (/DB | H(Xn, Zns)|P| Fu
< F(Xa) =7/ (0 + D IVFG)IP + @02/2) (n+ )72 [0+ [ VG|
E[f(Xnr0)] = /" SE[(X)] = " 450+ 1)F [IVF(Xa)P] [-1+ ©y/2)(n +1) 7]
+ (Ly?/2)(n +1)"2*7 .

This shows the existence of ny > 0 such that using (4.6) we have for all n > no,

E [/ (Xorn)] ~ I* SE(X)] ~ F* — (/20 + DB [IVF(X0)[7] + @r2/2)n + 17>
< EF(Xn)] = ) 1= (e /2)(n+ )7 + (Ly?/2)(n + 1) 7 .
We note now for all n > 0, u,, = E[f(X,,)] — f* and v, = n®u,,. We have
=(n+4+ 1)%Upt1 — n%uy
= (n+1)%(unt1 = un)) + un((n +1)% —n®)
< —(yeH/2un + Ly*n/2)(n+ 17 +upn® [(1+1/0)% — 1]
< un(=(7e71/2) +an®h) + (Ly*n/2)(n + 1) .

Un4+1 — Un

If < 1, or if 1 — y¢=1/2 < 0 we have the existence of nz > ny and C' > 0 such that for all
n > ns,

Vps1 — Vp < —Cuy + (Ly*0/2)(n+1)7°
< {~Cuvp + (L¥?*n/2)} (n+ 1)~

This proves the existence of C' > 0 such that for all n > 0,
v, <O,

concluding the proof. O
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In Figure 4.1a and Figure 4.1b, we experimentally check that the results we obtain are
tight in the simple case where f(x) = ||z||?> and using synthetic data. In our experiments
E[f(X,)] is approximated by Monte-Carlo using 10* SGD trajectories.

0.90
10° 4 0.84 * Regression rate *
. 0.80 Theoretical rate p
Q 107 0.7 *
3 0.70 o >
£ 1072 4 &
8 0 5 064 *
g 0.60 o0 »>
1073 4 3
| > 054 »
= 0.50 3
S 1044 S *
i~ “ 0.4 *
jo) 0.40
< 10 9 *
\% ® 0.39 *
@ 10-5 ] 0.30 = *
< 0.2 «
10-7 ] 0.20 *
014 *
v v v v v 0.10 v : v - . . . .
10® 104 10° 108 107 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
n (%
(a) (b)

Figure 4.1 — In (a) we show (log(E[f(X,)] — minga f))nen and in (b) we observe that
empirical rates match theoretical rates for different values of a.

We emphasize that the strong convexity assumption can be relaxed if we only assume
that f is weakly pu-strongly convex, i.e., for any = € R%, (Vf(z),z —a*) > u|lz — 2*||*.
In (Kleinberg et al., 2018), the authors experimentally show that modern neural networks
satisfy a relaxation of this last condition and it was proved in (Li and Yuan, 2017) that
two-layer neural networks with ReLU activation functions are weakly p-strongly convex
if the inputs are Gaussian. Finally, under the additional assumption that f is smooth, we
show in Corollary 4.1 and Corollary 4.2 that Theorem 4.1 also implies convergence rates
for the process (E[f(X¢)] — minga f)¢>0 and its discrete counterpart.

4.3.3 Convex case

In this section, we relax the strong-convexity condition.

A 4.5. f is convex, for any x,y € RY, (Vf(z) — Vf(y),z —y) > 0 and there emists
x* € argminga f.

We start by studying the continuous process as for the strong convex case under this
weaker condition. The discrete analog is given in Theorem 4.6 after.

Theorem 4.4. Let o,y € (0,1) and (X¢)i>0 be given by (4.2). Assume f € C2(R% R),
A4.1, A4.2, A4.3 and A4.5. Then, there exists C > 0 (explicit and given in the proof)
such that for any T > 1

E [f(X7)] — mingaf < C(1 + log(T))?/T*N1=) |

To the best of our knowledge, these non-asymptotic results are new for the continuous
process (Xi);>o defined by (4.2). Note that for & = 1/2 the convergence rate is of
order O(T~/?10g?(T)) which matches (up to a logarithmic term) the minimax lower-
bound (Agarwal et al., 2012) and is in accordance with the tight bounds derived in the
discrete case under additional assumptions (Shamir and Zhang, 2013). The general proof
is postponed to Appendix 4.C.1 for readability reasons. The main strategy to show
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Theorem 4.4 is to carefully analyze a continuous version of the suffix averaging (Shamir
and Zhang, 2013; Harvey et al., 2019), introduced in the discrete case by (Zhang, 2004).

We can relax the assumption f € C2(R% R) if we assume that the set argminga f is
bounded.

Theorem 4.5. Let o,y € (0,1) and (X¢)e>0 be given by (4.2). Assume that arg minga f
is bounded, A4.1, A4.2, A4.3 and A4.5. Then, there exists C > 0 (explicit and given in
the proof) such that for any T > 1,

E[f(Xr)] — mingaf < C(1+ log(T))? /TN =),

The proof relies on the fact that if f is convex then for any ¢ > 0, f * g. is also
convex, where (g:)->¢ is a family of non-negative mollifiers. We now turn to the discrete
counterpart of Theorem 4.4.

Proof. Let o,y € (0,1] and T > 0. (f:)e>0 be given by Lemma 4.14. Let 6 = min(a, 1 — ).
We can apply, Theorem 4.4 to f. for each € > 0. Therefore there exists Cgc) such that

E[f(Xre)] = f(zf) < € [log(T)*T~° +1og(T)T~° +T7° + (T = 1)7*] | (4.9)
where (X¢.)i>0 is given by (4.2) with X . = Xo (upon replacing f by f.) and
0l = 4max(2057, +2 | Xo — 2|*, (an + 20C1) (1 — @) 7).
Using (4.9) and Lemma 4.14 we have

B [f(Xq)] = f* < liminf B [£(X,,.)] — limsup /. (27)

e—0
< lim inf {E [fo(X¢ )] = fe(2?)}
e—0
< lim inf ¢l [log(T)*T =% + log(T)T~° + T~ + (T — 1)72%]
e—
< ¢! [log(T)*T % +10g(T)T 2 + T~ + (T — 1) ,

with Cgc) = 3max(2C§%+4 HXUH2+4C2, (’yan—i—QC(C) )(1—a)~ 1), where C' = MaXycarg ming, f Y-
O

1,

Theorem 4.6. Let v, € (0,1) and (Xy,)n>0 be given by (4.1). Assume A4.1, A4.2 and
A4.5. Then, there exists C > 0 (explicit and given in the proof) such that for any N > 1,

E [f(XN)] — mianf < C(]_ + lOg(N + 1))2/(N + 1)0{/\(170{) .

The proof is postponed to Appendix 4.C.2 and takes its inspiration from the proof
of the continuous counterpart Theorem 4.4. Note that in the case o = 1/2 we recover
(up to a logarithmic term) the rate O(N~'/2log(N + 1)) derived in (Shamir and Zhang,
2013, Theorem 2) which matches the minimax lower-bound (Agarwal et al., 2012), up to
a logarithmic term. We also extend this result to the case o # 1/2. Note however that
our setting differs from theirs. (Shamir and Zhang, 2013, Theorem 2) established the
convergence rate for a projected version of SGD onto a convex compact set of R? under
the assumption that f is convex (possibly non-smooth) and (E[||H (X, Zni1)||?])nen is
bounded. In that sense the result provided in Theorem 4.6 is new and optimal with
respect to minimax bounds (Agarwal et al., 2012). Our main contributions in the convex
setting are summarized in Table 4.1 and Figure 4.3a.
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Table 4.1 — Convergence rates for convex SGD under different settings (B: Bounded
Gradients, L: Lipschitz Gradient), up to the logarithmic terms

Reference Theorem 4.6 (L) | (BM'11) (B, L) | (BM’11) (L)
a € (0,1/3) a X X
a€(1/3,1/2) a (Ba—1)/2 X
a € (1/2,2/3) l-—« a/2 a2

a € (2/3,1) 1-—« 1—« 1—«

In addition to these two conditions, one crucial part of the analysis of (Shamir and
Zhang, 2013, Theorem 2) uses that (E[||X,, — 2*||?])nen is bounded which is possible since
(X3 )nen in their setting stays in a compact. In Theorem 4.6, we replace the conditions
considered in (Shamir and Zhang, 2013, Theorem 2) by A4.1. Actually our proof can be
very easily adapted to the simpler setting where (E[||H(Xy, Znt1]/?])nen is supposed to
be bounded instead of A4.1. We present this result in Corollary 4.4.

On the other hand, the setting we con-
sider is the same as (Bach and Moulines,
2011), but we always obtain better con-
vergence rates and in particular we get an
optimal choice for « (1/2) different from
theirs (2/3), see Table 4.1. Hence, we dis-
prove the conjecture formulated in (Bach
and Moulines, 2011) which asserts that the
minimax rate for SGD in this setting is G er G G @ 9 o7 <@
1/3.

In Figure 4.2, we experimentally assess Figure 4.2 — Convergence rates for the
the results of Theorem 4.6. We perform functions ¢, match the theoretical results of
SGD on the family of functions (¢p)pens, Theorem 4.6 asymptotically, 4.e., when p is
where for any x € R, p € N* large.

(@) z% if z € [-1,1],
€Tr) =
o 2p(lz] — 1)+ 1, otherwise .

rate of convergence
s o o o o o
S 8 2 & & 2

°

For any p € N, ¢, satisfies and A4.1 and A4.5. Denoting o the non-increasing rate « for
which the convergence rate 7 is maximum, we experimentally check that lim, o7 =
1/2 and limy, 1 o o, = 1/2. Note also that a; decreases as p grows, which is in accordance
with the deterministic setting where the optimal rate in this case is given by p/(p — 2),
see (Bolte et al., 2017; Frankel et al., 2015).

As an immediate consequence of Theorem 4.6, we can show that (E[||V f(X,)|I?])nen
enjoys the same rates of convergence as (E[f(X,,)] — minga f)nen, using that f is smooth.

Corollary 4.3. Let v, € (0,1) and (Xy)n>0 be given by (4.1). Assume A4.1, A4.2 and
A4.5. Then, there exists C' > 0 (explicit and given in the proof) such that for any N > 1,

E [[|VF(Xn)IIP] < OO+ log(N + 1)/ (N 4 1)1,

In particular, (E[||Vf(X,)|?])nen is bounded which is often found as an assumption
for the study of the convergence of SGD in the convex setting (Shalev-Shwartz et al.,
2011; Nemirovski et al., 2009; Hazan and Kale, 2014; Shamir and Zhang, 2013; Recht
et al., 2011). Our result shows that this assumption is unnecessary.
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We present now a corollary of the previous theorem under a different setting. Let us
assume, as in (Shamir and Zhang, 2013), that V f is not Lipschitz-continuous but bounded
instead.

Corollary 4.4. Let y,a € (0,1) and Xo € R? and (X,,)n>0 be given by (4.1). Assume
A4.5, A4.2 and V f bounded. Then there exists C > 0 such that, for all N > 1,

E[f(Xn)] = f* < C1 +log(N + 1))%/(N + 1)min(el=a)

The proof follows the same line of proof as the one of Theorem 4.6 and is consequently
postponed to Appendix 4.C.2.

4.3.4 Weakly quasi-convex case

In this section, we no longer consider that f is convex but a relaxation of this condition.
We will analyze the convergence of SGD under the following assumption.

A4.6. There exist v € (0,2), 72 > 0, 7 > 0 such that for any x € R?
V(@)™ lo — 2™ = 7(f(z) — f(2¥)),  where 2* € argminga f # 0 .

This setting is a generalization of the weakly quasi-convex assumption considered in
(Orvieto and Lucchi, 2019) and introduced in (Hardt et al., 2018) as follows.

A 4.6b. The function f is weakly quasi-convez if there T > 0 such that for any x € R?
(Vf(@),r —a*) > 7(f(x) — f(z*)), where z* € argminga f # 0.

This last condition itself is a modification of the quasi-convexity assumption (Hazan
et al., 2015). It was shown in (Hardt et al., 2018) that an idealized risk for linear dynam-
ical system identification is weakly quasi-convex, and in (Yuan et al., 2019), the authors
experimentally check that a residual network (ResNet20) used on CIFAR-10 (with differ-
entiable activation units) satisfy the weakly quasi-convex assumption.

The assumption A4.6 also embeds the setting where f satisfies some Kurdyka-fojasiewicz
condition (Bolte et al., 2017), i.e., if there exist r € (0,2) and 7 > 0 such that for any
z € RY,

IVf(@)I" = 7(f(z) — f(2")), (4.10)
then A4.6 is satisfied with r;1 = r, 7o = 0 and 7 = 7. Kurdyka-f.ojasiewicz conditions
have been often used in the context of non-convex minimization (Attouch et al., 2010;
Noll, 2014). Even though the case 1 = 2 and ry = 0 is not considered in A4.6, one can
still derive convergence of order « for a € (0, 1), see Proposition 4.4, extending the results
obtained in the strongly convex setting. We now state the main theorem of this section.

Theorem 4.7. Let a,y € (0,1) and (X;)i>0 be given by (4.2). Assume f € C2(R%R),
A4.1, A42, A4.3 and A4.6. In addition, assume that there exist 3, > 0 and Cg. > 0
such that for any t > 0,

E[|X: — 2*]2"] < Cpe(7a +1)7 (1 +log(1 + 75 1)),

where vo = /7Y and r3 = (1 —r1/2)"". Then, there exists C > 0 (explicit and given
in the proof) such that for any T > 1

E [f(Xr)] — mingaf < CT (1 +log(1 4+ ~,'T)],

where 01 = (r1/2)(1 —r1/2) Y1 —a)— B8 and 6y = (r1/2)a—B(1—7r1/2). (4.11)
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Note that if f satisfies a Kurdyka-f.ojasiewicz condition of type (4.10) then A4.6 is
satisfied with r;1 = r and ro = 0 and the rates in Theorem 4.7 simplify and we obtain that
§ =min((r/2)(1—7r/2)"1(1 —a), (r/2)a). The rate is maximized for a = (2 —7/2)~! and
in this case, § = r/(4 —r). Therefore, if r — 2, then § — 1 and we obtain at the limit the
same convergence rate that the case where f is strongly convex A4.4.

Proof. Without loss of generality, we assume that f* = 0. Let a,y € (0,1), o € R%,
as = Yo +t, by = 1 +1og(1 +v,1t) for any ¢t > 0 and § = min(dy,d2) with §; and & given in
Theorem 4.7. Using Lemma 4.13, we have for any ¢t > 0

B [f(0afti] = 100 = [ {650l BT FRI) + (/2065 a2 [(V21(X,), 2(K,)]
O E 0l B f (X)) — o6 B (X)) ds

Define for any t > 0, £(t) = E[f(X;)]adt; . (t — E(t)) is differentiable and using A4.1 and
A4.2 we have for any ¢t > 0,

dE(t)/ dt < —£;%ay  E [|Vf(Xo)I?] + (va/2); “ai>*Ln + da; 'E(2) .
Using, A4.6 and Holder’s inequality we have for any ¢t > 0
TE [f(X0)] < E[|X; — a*[27]" E[[|V£(Xa)|P)7/?

Noting that (r3r1)~' =" — 1/2, we get for any ¢t > 0

— -1 _ogp—1
E[|VF(X)[*] > 7 E[f (X E[X, — o) 7
- —or7 1t —2r7 1Y) e(1—2r7t rt
Z 7_27‘1 102762 1 atﬂ(l 2 1 )‘gt(l 2 1 )]E[f(Xt)]Q 1

-1 _1-2r7t B(1-2r7h)—2r716 e(1—2r7 ) —2r7 = ~1
ZT2T1 Cﬁg 1 atﬁ( Ty ) 1 g*ts( ) Ty Eg(t)2r1 )

Therefore, we have for any ¢ > 0

_ gt _op—1 —a - _ _ _
dE(t)/dt < —r2ri Oy 2 alt T ORI e ()2 el 0Ly + Sa; e (1)

Let D3 = max(Dy,Dy) with

D, = (|5|02Tf1*17—2“—1,Ygrfl*1)(5+5)+a*1)(2r;171)—1

76 ’

ril—1 9,1 r7t—1)(8 d—a r
Dy = ((Ly/2)C57 ~lrr S TRtz
If £(t) > D3 then d&(t)/dt < 0. Let C' = max(D3, £(0)), then for any ¢t > 0, £(¢t) < C, which
concludes the proof. O

In the general case ry # 0, the convergence rates obtained in Theorem 4.7 depend on
B where (E[||X; — 2*["2"3](va + t)?)¢>0 has at most logarithmic growth. If 8 # 0, then
the convergence rates deteriorate. In what follows, we shall consider different scenarios
under which 8 can be explicitly controlled. These estimates imply explicit convergence
rates for SGD using Theorem 4.7.

Corollary 4.5. Let o,y € (0,1) and (X¢)i>0 given by (4.2). Assume f € C?*(RYR),
A4.1, A42 and A4.3.
(a) If A4.6b holds, then there exists C' > 0 such that for any T > 1

E [f(X7)] — minga f < C[T173)/2 4 p=a/2 4 po-i]
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(b) If A4.6b holds and there exist ¢, R > 0 such that for any x € R? with ||z — z*| > R,
f(x) = f(z*) > c||lx — x*|| then there exists C' > 0 such that for any T > 1

E[f(Xy)] — minga f < C[T~%/? 4 T271. (4.12)

(c) If A4.6 holds and if there exists R > 0 such that for any x € R? with ||z| > R,
(Vf(x),z —2*) >nl|lz—z*|?, then there exists C > 0 such that for any T > 1, (4.12)
holds.

The proof is postponed to Appendix 4.D. The main ingredient of the proof is to control
the growth of ¢ — E[||X; — 2*||?] using either the SDE satisfied by (|| X; — 2*||?);>0 in the
case of (a) and (c), or the SDE satisfied by (f(X;) — minga f);>0 in the case of (b).

Under A4.6b, we compare the rates we obtain using Corollary 4.5-(a) with the ones
derived by (Orvieto and Lucchi, 2019) in Table 4.2 and Figure 4.3b. Note that compared
to (Orvieto and Lucchi, 2019), we establish that SGD converges as soon as a > 1/3 and
not o > 1/2. In addition, the convergence rates we obtain are always better than the
ones of (Orvieto and Lucchi, 2019) in the case o > 1/2. However, note that in both cases,
the optimal convergence rate is 1/3 obtained using @ = 2/3. Finally, under additional
growth conditions on the function f, and using Corollary 4.5-(b)-(c) we show that the
convergence of SGD in the weak quasi-convex case occurs as soon as a > 0.

Table 4.2 — Rates for continuous SGD with non-convex assumptions

Reference Corollary 4.5-(a) | Corollary 4.5-(b) | (OL’19)
a € (0,1/3) X a2 >
ac(1/3,1/2) Ba—1)/2 a2 >
a=1/2 1/4 + log. 1/4 + log. X
a € (1/2,2/3) a/2 l-—a 200 —1
a € (2/3,1) l-«a l-—«a -«

As in the previous sections, we extend our results to the discrete setting.

Theorem 4.8. Let o,y € (0,1) and (Xy,)nen be given by (4.1). Assume A4.1, A4.2
and A4.6. In addition, assume that there exist 3,e,Cg. > 0 such that for any n € N,
E[| X, — 2*]|"2"3] < Cge(n + 1)°{1 +log(1 +n)}, where r3 = (1 —r1/2)~L. Then, there
exists C > 0 (explicit and given in the proof) such that for any N > 1

E[f(Xy)] — mingaf < CN9%2 (1 4 log(1+ N)))F ,

where 61,02 are given in (4.11).

Proof. Without loss of generality, we assume that f* = 0. Let o,y € (0,1), 2o € R Let
d = min(d1, d3), with 1, given in Theorem 4.8 and let (Fj)gen such that for any k € N,
Ej = (k+1)°E[f(X%)] (1 + log(k + 1))~¢. There exists c¢s € R such that for any = € [0, 1],
(14 2)° <1+ csz. Hence, for any n € N we have

m+2°—(m+1)°<(n+1)° {1+ m+1)71) —1} <es(n+1)°7L. (4.13)
Using (Nesterov, 2004, Lemma 1.2.3) and A4.2 we have for any n € N such that n > (2Ly)!/®
B [f(Xas 1)l < £(Xa) = 50+ 1)~ E (TS (X0), H(Xn, Zus1)) 1 F]

+ (L/2)7 (0 + 1) || H (X, Zota) |

(4.14)
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E[f(Xn11)] < E[f(Xa)] = 7(n+ 1) B [IVF(X)|]
+192(n+ 1) [[VAX)IP] + Lo (n+ 1) 72
<E[f(X)] = 7(n+ 1) {1 = Ly(n + D} E [IVS(Xa)P] + Ly (n +1)72
E[f(Xa)] = (0 +1)°E [IVF(X)IP] 2+ La*(n 4+ )72
Combining (4.13) and (4.14) we get for any n € N such that n > (2Ly)'/?

Bni1 = En = (n+2)°E [f(Xnt1)] (1 +1og(n +2)) 7 — (n+ 1)°E [f(X,)] (1 + log(n + )15)
< (L+log(n+ 1)~ [{(n +2)° = (n+1)°} (B[f(Xnt1)])
+(n 4+ D) {E[f(Xp41)] = E[f(Xa)]}]
<(1+logn+1)[{(n+2)°—(n+1)°}(E] )]+ Ly (n+ 1))
2

+(n+1)7 {1+ 1)°F ||V £(X0) ] /2+L'y n+1)72}]
< (1+1log(n+1)) [es(n+1)°HE [f(Xn)] + 27%(n + 1) 2*n)
+n+ 1) {1+ DB IV 2+ 12+ 1) 2}
< csBn + 2072 (1 + ¢5)(n 4+ 1)°72*(1 + log(n + 1)) "°n
—3(n+1)""* (1 +log(n + 1) E [ VA(Xn)[] /2.

Using (4.6) and the fact that for any k € N, E[|| X}, — 2*||"2"] < Cg.e(k+1)?(1 +1log(1+k))®
and Holder’s inequality and that 7173 = 2(2r;* — 1)~ we have for any k € N

— —1 — — _ —
E |:HVf(Xk)||2:| Z ]E [f(Xk)]er 1 Cﬂ_7£(':27“1 —1) 17_27’1 1(k+1)7[3(2’r‘1 171)(1+10g(k_+1))78(27‘1 171) .
(4.16)
Combining (4.15) and (4.16) we get that for any n € N with n > (4v)%/

Eni1— Ep < csEy + 2Ly (1 + ¢5)(n+1)°2* (1 + log(n + 1)) 7
— (4 1) PR DR (X)) G YT 2 (L4 log(n 4 1) 2
< 5 En + 277 (14 ¢5)(n +1)°72* (1 + log(n + 1))~

Let D3 = maX(Dl,Dz) with
—1_ _ _
Dy = (2leslChr I
D2 = (4L’YZ(1 + Cg)CQTI 17'727“171)7“1/2 .

If £, > D3 and n > (47)1/0‘ then E,, 1 < E,. Therefore, we obtain by recursion that F, < C
with C:max(EO,...,E[(2L7)1/017D3). O]

We can conduct the same discussion as the one after Theorem 4.7 and Corollary 4.5
can be extended to the discrete case.

Corollary 4.6. Let o,y € (0,1) and o € R?. Assume A4.1, A4.2. Then we have:

(a) if A4.6b holds then, there exists C' > 0 such that for any N € N*

E[f(XN)] - f* <C [N(173a)/2 +N70‘/2 _|_Na71} 7
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(b) if A4.6 holds and if there exists R > 0 such that for any x € R? with ||z|| > R,
(Vf(x),z —2*) >mllz —z*|?, then there exists C > 0 such that for any N € N*

E[f(Xn)] - f* < C[N72 4 No71] .

Proof. Let o, € (0,1) and zo € R?. We have for any n € N,
E I Xns1 = I) = E |I1X0 = || + 2B [(Xo = 2%, X1 = Xa)] +E || Xns1 = Xallf]7)
<E[IXn - o*IF] = 2v(n + ) E[(X, - 2%, VF(X0))]
+ 2930+ 1) [|VF(X)IP] + 2900+ 1) 72

We now divide the proof into two parts.

(a) Using A4.6b and Lemma 4.16 we have for any z € R,

(Vf(),x—a*) = 7(f(2) - fl@*) = 7|V f(2)|* /(2L) . (4.18)

Using A4.1, (4.17) and (4.18) we have for any n > (44L/7)1/®

E[IXns1 = o I] S E[I1X0 — 21| + 2900+ )7 (=7/(2L) + 7(n + ))E [IVF(X0) ]
+2y(n + 1)
<E [||Xn - x*ﬂ + 2y(n+ 1) "2 .

Therefore, there exist 3, > 0 and Cs. > 0 such that E[||X,, — 2*||?] < Cse(n+1)7A(1 +
log(14+mn)) with f=0ande=0ifa>1/2,f=1-2aande =0if @ <1/2 and f =0 and
e =1if @« =1/2. Combining this result and Theorem 4.8 concludes the proof.

(b) Finally, assume that there exists R > 0 such that for any » € R? with ||z]| > R,
(Vf(z),z —a*) > m|lz —2*||°. Therefore, since (z — Vf(z)) is continuous, there exists
a > 0 such that for any 2 € R, (Vf(z),z — 2*) > m|jz — 2*||° — a. Combining this result
and (4.17) we get that for any n € N such that n > (2/7)*

E ||| Xns1 — x*||2} <(A=7yn+1)""E {||Xn - x*\ﬂ +2y(n+ 1) a4+ 29 (n+1)7*.
Hence, if n > (2/'7)_‘"71 and E[|| X,, —2*||?] > max(2a, 2yn) then E[|| X, 11 —2*||?] < E[|| X, —

2*||?]. Therefore, we obtain by recursion that for any n € N, that (E[||X,, — 2*||*])nen is
bounded which concludes the proof by applying Theorem 4.8.

O
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(a) Convex setting : comparison with (Bach  (b) Weakly quasi-convex setting : comparison
and Moulines, 2011) with (Orvieto and Lucchi, 2019)

Figure 4.3 — Comparison of the convergence rates in the convex and weakly quasi-convex
settings.

4.4 Conclusion

In this chapter we investigated the connection of SGD with solutions of a particular
time inhomogenuous SDE. We first proved approximation bounds between these two
processes motivating convergence analysis of continuous SGD. Then, we turned to the
convergence behavior of SGD and showed how the continuous process can provide a better
understanding of SGD using tools from ODE and stochastic calculus. In particular, we
obtained optimal convergence rates in the strongly convex and convex cases. In the
non-convex setting, we considered a relaxation of the weakly quasi-convex condition and
improved the state-of-the art convergence rates in both the continuous and discrete-time
setting.

4.A Proofs of the approximation results

In this section?, we present the proof of Proposition 4.1 in Appendix 4.A.3 and the one
of Proposition 4.2 in Appendix 4.A.4. We begin this section by some useful technical
lemmas and results on moment bounds. Throughout this section we will denote all the
constants by the letter A followed by some subscript.

4.A.1 Technical Lemmas

The following lemma is well-known but is recalled as well as its proof for completeness

Lemma 4.4. Let f € CY(RY R). Assume that there exists L > 0 such that for any
z,y € RY, Vf is L-Lipschitz and that f admits a minimum. Then for any x € R?

IV £(@)|* < (L/2)(f(2) — min f) . (4.19)
Proof. Using (Nesterov, 2004, Lemma 1.2.3), we have for any z,y € R¢

F) = (@) < (Vf(@),y —2) + L/2) [ly — =|* .
We obtain (4.19) by minimizing both side of the previous inequality. O

2This section is mainly the work of Valentin De Bortoli, but is put here for completeness.
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Lemma 4.5. Let (tun)nen, (Vn)nen and (wp)nen such that for any n € N, up, vy, wy, > 0,
ug >0 and upy1 < (1 4+ vy)up +wy. Then for any n € N

n—1 n—1
Uy < exp lz vk] (uo + Z wk> .
k=0 k=0
Proof. The proof is a straightforward consequence of the discrete Gronwall’s lemma. O

Lemma 4.6. Let r >0, v >0 and a € [0,1). Then for any T > 0, there exists Ao, > 0
such that for any N € N with Nv, < T we have

N-1 .
_ ar?Y (1 + log(y 1+log(T)), ifa>1/r,
77”2(]{_’_1) a?”S{ r(on“ 1 1( ar ))( ()) /
k=0 Ay v, T otherwise .

Note that if » = 1 then A" E o (k+1)7°" < A, 1T, Using a slight modiﬁcation of
Lemma 4.6 we also obtain that there exists A such that if r = 1 then " Z (k:+ 17 <
Tl o 4 A

Proof. Let r >0,y >0 and « € [0,1). If & > 1/r then there exists A, , > 0 such that

N—

VY (ke + 1) < Aay”
k=0

,_.

If o < 1/r then there exists A, > 0 such that

N—
,77" Z k-i—l —ar < AQ,T,YT’N—CW‘-"-l <A, Y ’YCW 1T1 ar
k=0

,_.

if &« = 1/r then there exists A, > 0 such that

N-1

'YT Z (l{) + 1)*Olr < ,YT(]_ + IOg(N)) < AOL7TP)/T(1 + IOg(T))(l 4 log('yfl)) )
k=0

4.A.2 Moment bounds

The following result is well-known in the field of SDE but its proof is given for complete-
ness.

Lemma 4.7. Let p € N, ¥ > 0 and o € [0,1). Assume A4.1 and A4.2. Then for any
T > 0, there exists Ay > 0, such that for any s > 0 and t € [s,s+T], v € (0,7] and
Xo € R%, we have

E [1+[1X:]] < Az (14 ]| Xo|™) |
where (X¢)i>0 is the solution of (4.2) such that X5 = Xo.
If in addition, for any v € RY, uz(||H (z, )=V f(2)||*?) < 0, withn, > 0, then for any
T >0, there exists Apq > 0, such that for any ko > 0, v € (0,7] and k € {ko, ..., ko+ N}
with Nvo < T, and Xy € R, we have
E [1+[|1X4]?] < Ara(1+ || Xol|)
where (Xk)ken satisfies the recursion (4.1) with Xy, = Xo
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Proof. Let pe N, a € [0,1), 5,T € [0, +00), t € [s,5+ T, Xo € R? and g, € C*(R%, [0, +00))
such that for any € R%, g,(z) = 1+ ||lz[|*”. Let 5 > 0 and ~ € (0,7].
We divide the proof into two parts

(a) Let (X4)¢>0 be a solution to (4.2) such that X, = Xo. We have for any x € R?
_ T _
Vop(z) = 2p|a|** Ve,  Vg,(x) = 4p(p— 1) ||2*P 2 22" +2p||z|*P "V 1d . (4.20)

Let n € N, and set 7, = inf{u > 0 : ¢,(X,) > n}. Applying Itd’s lemma and using (4.2)
and (4.20) we get

tATh

Bl (Xenn )] - Elap(Kone )] = | [ =0 4 0) (010, VoK) a2

S\ T

+ (7a/2)E { / o (Va + 1) 72 (2(X.), V2gp(Xu)>du} .

NTn

Using A4.1, (4.20) and the Cauchy-Schwarz inequality we get that for any u € [s, s + T

(VF(Xu), Vp(Xu))| < 20lIXa PP~ {(VF(Xu) = VF(0), Xo) | + [V F(O) ][ X[ 4-22)
< 2p(L+ [IVF(0)[gp(Xu) -

In addition, using A4.1, A4.2, (4.20) and the Cauchy-Schwarz inequality we get that for any
u€ls,s+T]

(2(X.), V24, (X)) = 2p X, 7Y /Z IVf(Xu) = H(Xy, 2)[|* dpz(z)

+ap(p — 1) X, 272 /Z (X H(Xo, 2) — V(X)) dpiz(2)
< 2p(2p — 1) [|Xu|[PP7 5 < 2p(2p — 1)ngp(Xa) - (4.23)

Combining (4.22) and (4.23) in (4.21) we get for large enough n € N
tATh
Bl (Xenn, )] - 5(X0) <20+ IFODE | [ XK
tATH
+ ;Yozp(zp - 1)E |:/ gp(Xu)du:|

t
< {2000+ [ VIO +7p(20 - D} [ Elgy (K )]
Using Gronwall’s lemma we obtain

E [gp(Xinr, )] < gp(Xo) exp [T {2p(L + [V F(0)[]) + Yap(2p — 1)}] .

We conclude upon using Fatou’s lemma and remarking that lim, 7, = 400, since X; is
well-defined for any ¢ > 0.

(b) Let (Xi)ren be a sequence which satisfies the recursion (4.1) with X, = Xo. Let
A, = X — ’}/(k + 1)_(XVf(Xk) and By = ’y(k + 1)_a<Vf(Xk) — H(Xk,Zk+1)). We have,
using Cauchy-Schwarz inequality and the binomial formula,

1 X1 77 = 14 + Bel” = {4kl> + 204y, Bi) + 1 Bsl”}
P [
ZZ()()A||2<’”“||B|2”><2J
=0 j J
- ||Ak2p+2pzz( )( ) JAZPDH B H L (a2

=1 j=0
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Using A4.1, there exists A(T )1, A(T)l, A(T) > 0 such that for any £ € {0,...,2p}

Al < Z( ) e+ 1)L X (v + D) IV FO)) T

m=0
—aj(a 4 —ai (b
< (L4(k + 1) B X0l + vk + 1) B (1 + | Xk]*P)
< (14 y(k + 1) B A+ 1 X)) -

Combining this result, (4.24), Jensen’s inequality and that for any ¢ € N, E [|| By||*|F%] <
v (k + 1)722%, we have

E [ X112 Fe] < 1+ 70k +1)7 A5 [1Xkl|” +v(k + 1) 7 AP, (1 + || Xk]*?)

+2P(1+ 4k + 1) TR (1 + [ X)) ZZ( )( >n;{2ﬂ?% I(k +1)7@=D)

i=1 j=0

Therefore, there exists Agfl’ )1 > 0 such that

E[1+ 1 Xesa ] < (LA (ke + 1D)7E [1+ 1 X)) + Ak + 1)

We conclude combining this result, Lemma 4.5 and Lemma 4.6.

We use the previous result to prove the following lemma.

Lemma 4.8. Let p € N, ¥ > 0 and o € [0,1). Assume A4.1, A4.2 and that for any
r € RY, pz(|H(z,-) — Vf(2)||?P) < np, with n, > 0. Then for any T > 0, there exists
A7 > 0 such that for any v € (0,7], k € N with (k4 1)ya < T, t € [kva, (k+ 1)7,] and
Xo € R%, we have

max {E [[| Xp41 — Xol] . E [|X; — Xo[ | } < Ak + 1)729% (1 + || Xo|™) ,

where (Xi)ken satisfies the recursion (4.1) with Xi = Xo and (Xy)i>0 is the solution of
(42) with Xk'ya = Xo.

Proof. Let p € N, a € [0,1), ¥ >0, v € (0,7], k €N, t € [kVa, (k + 1)74] and X, € RY. We
divide the rest of the proof into two parts.

(a) Let (X¢)¢>0 be a solution to (4.2) such that X, = Xo. Using A4.1, A4.2, Jensen’s
inequality, Burkholder-Davis-Gundy’s inequality (Rogers and Williams, 2000, Theorem 42.1)
and Lemma 4.7 there exists B, > 0 such that

2p‘|

t
4 o2l /k (7 + 5)"*S(X,) /2B,
Y

t
B 1% = Xl < 2B || [ (0 + 979 (X, )as

Yo

t
<2t [ ()2 (9K 1] ds

kYo

ez (| " (5B [TH(E(X,)] ds>p

Yo

2p

t

<ty )2, 0 { [ B [I950)17]as

kYo
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+f B IT0C)) ds )

t

< 29P=2(1 4 1L2P) 2Py (k + 1)72P(B, + 1) {/ IV £(0)[1 ds

Eva
t
o) (E ] +w) s}

< 272(1 4 L)y (k4 1)27(B, + 1) { [V F(O)

+nP 4+ sup E {XSHQP}}
s€[kva,t]

< 272(1 4+ L)y (k 4+ 1)72°P(B, + 1) (va(O)HQP +n" + AT.,l) 9p(Xo) -
(4.25)

(b) Let (X,)nen satisfying the recursion (4.1) with X = Xy. Using A4.1 and A4.2 we get
that

E [ X1 — Xo|*] =E [H—V(k +1)7*(Vf(Xo) + H(Xo, Z41) — Vf(Xo))HQP}
<92 (k +1)7203% L (L2 [V F(0)]*7 + L2 | Xo |
+ [ 1(X0,2) = V7)1 a2
VA

< 2P (k +1)72P3 L (14 122) (14 [V £ 4 ) (1 + [ Xl ) -

(4.26)
Combining (4.25) and (4.26) and setting
Ao =2"72(1+1%) (||Vf(0)||2p + 1p + max (A1, 1)) ’
conclude the proof upon remarking that n? < 1,. O

4.A.3 Mean-square approximation

Now consider the stochastic process (Xt)tzo defined by Xy = X and solution of the
following SDE

+oo
AX; = =971 Y T 1)) D1+ B) ™ { VI (RKiy, )t + 7522 (X, ) /2dBy |
k=0
(4.27)
Note that for any k& € N, we have

Xkt 1)7e = Xhya — V(b +1)7" {Vf(ima) + E(kaa)l/QGk} :

with G = va /> fk(f;jl)% dB;. Hence, for any k € N, Xy, has the same distribution as

X}, given by (4.1) with H(z,z2) = Vf(z) + X(2)?z, (Z,2) = (R% B(R?)) and pz the
Gaussian probability distribution with zero mean and covariance matrix identity.

Lemma 4.9. Let 4 > 0 and a € [0,1). Assume A4.2. Then for any T > 0, there exists
A7z > 0 such that for any v € (0,7], k € N with (k+ 1)y, < T and Xo € R? we have

E X (ke — Xrtl?] < Aray? (e + 1) 722 (1 + [ Xol ),

where (Xy)ren satisfies the recursion (4.1) with X = Xo and (Xy)i>0 is the solution of
(4.27) with X, = Xo.
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Proof. Let a € [0,1), 7 > 0, v € (0,7], k € N, t € [kVa, (k + 1)7,] and X, € R?. Let

(X&) ren satisfy the recursion (4.1) with X = Xo and (Xt)¢>0 be the solution of (4.27) with
Xkvy, = Xo. Using A4.2 we have

— 2
E [ R (s1) — Xir1 2] =720k +1)"2E [HVf(XO) + S2(Xo)Gi — H(Xo, 24| }

<292(k+ 1) {E[IIV(Xo) = H(Xo, Z4)*] + E |[=Y2(X0)Gil1?] }
<4y (k+1)7%,
which concludes the proof. O

Lemma 4.10. Let ¥ > 0 and o € [0,1). Assume A4.1, A4.2 and A4.3. Then for any

T > 0, there exists Ap4 > 0 such that for any v € (0,7], k € N with (k+ 1)y, < T and
Xo € R? we have

E X (k10 = g1y l?] < Az {7 0+ 1) 7% 4 92k + 1) 20 (14 [ Xo])

where (Xy)i>0 be the solution of (4.2) with Xy, = Xo and (Xi)i>0 be the solution of
(4.27) with X, = Xo.

Proof. Let a €[0,1),5 >0,y € (0,7], k € N, t € [k7a, (k+ 1)74] and Xo € R%. Let (X¢)i>0
is the solution of (4.2) with Xy, = X, and (X¢)¢>0 is the solution of (4.27) with Xj,, = Xo.
Using Jensen’s inequality and that v,7~1 = 72 we have

E [ X170~ Keernmall’]
(k+1)va

(k+1)7a
- / (Vo + )7V f(Xo)ds — 75/ / (Yo + 5)"*2(X,)"/2dB,
k

Yo kYa

<E

(k+1)7a
+y(k +1)"V f(Xo) +v75 /2 (k +1)7*S(Xo) Y2 / dB,

kYo

(k+1)va
—v;a/k (1475 18) OV f(X)ds + 7 (k + 1)~V f(Xo)

Yo

<2E

(k+1)7a
+ 2F | ||—~L/% / (1+~51s)72(X,)/2dB,
k

Yo

(k+1)7va
975 2 (k + 1) 78 (X0) /2 / dB,
kYo

(k+1)va
<o e (| [ {4 )7OVA) - () VK s
k

Yo

(k+1)7a 2
/ {(k+1)772(X0) /2 = (1475 15)*B(X,)"/?} dB,
k

Yo

+ 297K ‘

(4.28)

We now treat each term separately. Using Jensen’s inequality, Fubini-Tonelli’s theorem, the
fact that for any u > 0, u= — (u+1)"* < au™(@*Y A4.1 and Lemma 4.8 we get that

(k+1)va 2
/k [(k+ 1)V f(Xo) — (1+75%8) *VF(Xa)} ds

Yo

E ’
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<92 s {E[[|(k+1)7OVF(Xo) - (145 "s) V(X)) ds}
s€lkva,(k+1)va]

<2z oswp  {VAX)IPI(k+1)7 = (1 +5"s)
Se[kwav(k‘i‘l)’)’a]

1+ 70s™) B [|VA(X) = VI (X0) ]}

<293 [P VF(Xo)|P(k + 1) 720F) 4 (k4 1)L B ]E 1%, - XOQ}]
s Ve Yo

<292 [PV F(Xo) P (k + 1) 72 4 (kb + 1) L2Ar 092 (1 + ||Xo||2)}

< 292 [a2(IVO)I +L2)(k + 17204 4 (b 1) 4027092 (14 1 Xol?) . (4.29)

In addition, using Jensen’s inequality, It0 isometry, Fubini-Tonelli’s theorem, A4.1, A4.3
and Lemma 4.8 we have

|

(k+1)7a 2
/k {(k+1)*a2(X0)1/2 — (1+7;15)*QE(X3)1/2}dBS

Yo

(k+1)va
<2+ [ B [I906) 2 - 2K 2] as
Yo

(k+1)va
+1| {(k+1)7% = (147, "5)}2ds]
kva

< 27,

(k+1)"2om2 sup E [|Xs — Xol?] + na’(k +1)=20+)
s€[kva(k+1)7val

< 290 [(k+ )7 M AT + na?(k + 17205 | (141X )2) (4.30)
Combining (4.28), (4.29) and (4.30) concludes the proof upon setting
AT,4 =4 [MZAT,Q + 77()42 + 042(||Vf(0)||2 + LQ) + LZAT,Q] .

O

Proposition 4.5. Let ¥ > 0 and o € [0,1). Assume A4.1, A4.2 and A4.3. Then for
any T > 0, there exists Ars > 0 such that for any v € (0,7], k € N with (k+ 1)y, < T
and Xo € R% we have

E ([ Xhs1y = Xer1?] < Ars {7k + 174 + 220k + 1) 722} (1+ | Xo]%)
where (Xy)ken satisfies the recursion (4.1) with Xy = Xo and (X¢)i>o0 is the solution of
(4.2) with Xy, = Xo.
Proof. The proof is straightforward upon combining Lemma 4.9 and Lemma 4.10. O
We obtain now the following proposition which is a restatement of Proposition 4.1.
Proposition 4.6. Let ¥ > 0 and o € [0,1). Assume A4.1, A4.2 and A4.3. Then for
any T > 0, there exists Ay > 0 such that for any v € (0,7], k € N with kv, <T we have
EY? [ Xpy, — Xil?] < M17° (1 +log(v 1))
with 6 = min(1, (1 — a)~'/2). If in addition, (Z, Z) = (R?, B(R?)) and for any = € RY,
zeR? and n €N,
(n+1)va

H(z,z)=Vf(x)+2(x) %2, Zyy = 'y;l/ dB; ,

NYa

then 6 = 1.
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Proof. Let p € N, a € [0,1), ¥ > 0, v € (0,7], ¥ € N, and Xy € R% Let (Ep)ren
such that for any k € N, Ej, = E [||X,% kaﬁ. Note that Ey = 0. Let Y(jp1)y, =
Xye — ’}/(k‘—F 1)‘QH(X;€%,Z;€+1). We have

Brpr =E {||X(k+1m - Xk+1||2}
=E {HX(M)% ~ Yttra T Yrt1)ya — Xea ||2}
=E [HX(HU% = Y (i1, HQ} +2E [(Xks1)70 = Ykt Dvar Y(kt1)va — Xb1)]
+E [||Y(k+1m — Xkt ||2}
= B[ [IXusre = Yoo '] + B [[¥oerns, = Xea|]

+ 2E [<X(1f+1)rya - Y(k-‘,—l)'yaaxk’ya - Xk]

+29(k + D)7 [(Xpt1)y, = Yoty H( Xk, Zisr) = H(Xpy, s Zit1))] -
(4.31)

Let ar = v*(k + 1)~ + 42(k 4+ 1)2®. We now bound each of the four terms appearing in
(4.31)

(a) First, we have using Proposition 4.5 and Lemma 4.7

E (X100 = Yoorimall'] = E [E [[Xir1mn = Yo [XKen, ]|
<E [ars(v (k4175 4720k + 1)) (14 X, )

ag

< Arahrs (v (k4 1) 920+ 1)) (14 1 Xol”) < AT
(4.32)

with Agﬂl’ﬁ > 0 which does not depend on v and k.
(b) Second, we have using A4.1, A4.5 and that for any a,b > 0, (a + b)? < 2a® + 2b?

E ([ Yo = Xert|*] = B[ K. = Xi =1k + 1) (H(Xpn,, Zs1) = H(X, Zin))|]
=E [HXW =k + 1)V (Xpy,) = Xi +(k + 1)*QVf(Xk)||2]
+ 72k + DB | H Xk s Zis1) — VI (Xir,)
+H (X, Ziy1) — Vf(Xk)||2]
< (L4AL(k + 1)) Xy — Xil* + 497 (k + 1) 72
<A+ 2Lk + 1) + 4212 (k +1)72) By + 492 (k 4+ 1) 2

(1 +APsay*) Br + day (4.33)

IN

with Ag,?,)(s > 0 which does not depend on v and k.

F1ve 4B,

() Let Yrpayy, = X =7 (E+1) " {VF (X, ) + S(Xpy, V3G }, with G = 75/ fk(%

Let by =73k +1)73% + y(k + 1) 720 +e/2),
Using A4.2 we have E W(kJrl)% ’U(X;wa)] =E [Y(kJrl)'ya |0‘(X}€,Yu>}. Combining this result,
the Cauchy-Schwarz inequality, Lemma 4.10, Lemma 4.7 and that for any a,b > 0, (a+b)'/? <
al’? +b1/2 and 2ab < a2 + b2 we obtain
E (X410 = Yt e Xiva = Xn)]

= E[(E [Xeet1a = Yot e | oXiye: Xe)] s Xiyo = Xi)]

=B [(E [Xt17a = Y170 [0(Knas Xe)] s Xiyo = X))
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<E[EY2 [| X1 = Yirsnmal oK Xo)] 1Ko, = X
<E'/? [HX(ka =Y (s 1)y HQ} E'/? [HXMQ - XkHQ]
< A1/2A1/2 {74(k+1)74a +72(k+1)72(1+a)} 1/2 (1 + || X0 ” )E. B2
MM {2 1) 782 2 (e 1) L (L X2 2k + 1) 2By

< AG (P 0+ )7 (k4 )72 2 4 2B 2 < A2+ 0 B /2
(4.34)

with A(TC,)G > 0 which does not depend on v and k.

(d) Finally, using the Cauchy-Schwarz inequality, (4.32), A4.2 and A4.1 and that for any
a,b>0, (a+b)'/2 < a'/? + b2, we have

Yk +1D)7E [(Xhs1)ya = Yrt1)var H( Xk, Zes1) = H( Xy, Zi1)))
—a 2
<(k+1)""EY? [HX (k170 — Ykt D | } E'/? [”H(ka Zri1) = HX ko, Ze) |

< (A(a))1/2’y(k—|— 1) @ 1/2 {LE1/2 [”Xk'ya _XkH } + \[77}
< A2k + 1) 0> {VBLEY2 [ Xy, — Xul| + VG }

IN

(A(a))l/Q (k+1)"° 1/22LE1/2+W\/*(A(G))1/2 (kJrl)faallc/?
A2k +1)72a)*L? + a2 By + Vo /(a8 Py (k + 1)~ %a;/?
Agf% {a +a3/2} +a,1€/2Ek, (4.35)

\ /\

IN

with Ag,ff % > 0 which does not depend on v and k.
Finally, we have using (4.32), (4.33), (4.34) and (4.35) in (4.31)

B < {1 F(2+ A%)a}/?} By + (44 A + 85 ap + 8022 1 a0, (4.36)
< {1 F 2+ Ag?)ﬁ)a}f} Ep+ (4+ A5 + 2850 4 A (an + a2/ + by) .

Using Lemma 4.6 and that a1/2 < vk +1)7* + ~%(k + 1)722, there exists AE,% > 0 which
does not depend on v and k buch that

2+ A%%) Z a,/* < A% . (4.37)

In addition, we have
a + ai/2 + by,
< (1 272) [0k 4 1)72 9P (e 1) 7 by (k4 )71 950k +1)70 (R + 1) 7204

Therefore, using that yy§ = v, and Lemma 4.6 there exists A(f ) > 0 which does not depend
on 7 and k such that

N-l A(f)'yz(1+log(7_1)) ifa>1/2,
ST+ AT + 285 + A5 (ar + a)? + by) < (Tff (4.38)
= A e if o< 1/2.

We denote v, = (2 + Ag{’_’)ﬁ)a}cm and wy, = (4+ A( 6+ 2A(d) (P) o) (ak + a3/ + by). Using
(4.36) and Lemma 4.5 we obtain that

N-1 N—1 N—-1
E. < Z wy, + exp vkl VW (4.39)
k=0 k=0 k=0




N-1
< Z Wy + exp
k=0

N—1 N—1 N—1
| (L) ()
k=0 k=0 k=0
Combining (4.37), (4.38) and (4.39) concludes the first part of the proof.

For the second part of the proof H(z,z) = Vf(z) + X(z)"/?z and for any k € N, we have
Zpy1 = fk(jjl)% dB,. We denote ¢, = v*(k + 1)74 4+ 42(k + 1)720+42) In (4.32), ay, is
replaced by c¢;. The bound in (4.33) is replaced by (1 + A%)Gai/z)Ek. The bound in (4.34)

remains unchanged and in (4.35) the upper-bound is replaced by Agf)fja,lc/ ep + a,lc/ ’Ey. The
rest of the proof is similar to the general case. O

4.A.4 Weak approximation

We recall that G, is the set of twice continuously differentiable functions from R? to R
such that for any g € G, there exists K > 0 such that for any = € R

max { | Vg(a)l,

Vig(a)||} <k + J2ll?) , (4.40)

with p € N.
The following lemma will be useful.

Lemma 4.11. Let p €N, g € G, and let K > 0 as in (4.40). Then, for any z,y € R?

l9(y) — 9(x) — (Vg(@),y — )| <K@+ [|lz]” + |ylI?) |2 — y]|* .

Proof. Using that for any x — ||z||P is convex, and Cauchy-Schwarz inequality we get for any
z,y € RY

1
IM@*Q@%%VMMW*IHSA\V%@+ﬂyfwﬂyfﬂwﬁt

1
gnx—mf/|v%m+ww—x»@—x@ﬂa
0
<K+ el + Iyl o — ]l -
O

Before giving the proof of Proposition 4.2, we highlight that the result is straightfor-
ward for a € [1/2,1).

Proposition 4.7. Let ¥ >0 and a € [1/2,1) and p € N. Assume A4.1, A4.2 and A4.3.
In addition, assume that for any x € R, pz(|H(x,-) — Vf(2)|?) < np, with n, > 0.
Then for any T' > 0 and g € Gy, there exists Ap7 > 0 such that for any v € (0,7], k € N
with kvo <T and Xg € R? we have

E[lg(Xkye) — 9(Xp)[] < Arzy(1 +log(v ™) |

where (Xj)ren satisfies the recursion (4.1) and (X¢)i>o is the solution of (4.2) with Xo =
Xo

Proof. Let pe N, g€ G,, a € [1/2,1),7 >0, v € (0,7], k € N, and X, € R Using that for
any x > ||z||P is convex, for any z,y € R? we get

|mm—g@nsA|@mw+uy—m»y—@anm—wanvmm+ay—mmw

< lly = =K@+ [lz]” + ly]") -
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Combining this result, Proposition 4.6, Lemma 4.7 and the Cauchy-Schwarz inequality we
get that

E[|g(Xky.) — 9(Xi)|] < KA ey(1 +log(y ™) (Ar,1 + Ara) /2 (1 + || Xo[ ™)/,
which concludes the proof. [

Proposition 4.8. Letp € N and g € Gp. Let 7 > 0 and a € [0,1). Assume A4d.1, A4.2,
A4.3 and that for any x € RY, uz(|H(x,) — Vf(2)||?P) < np, with n, > 0. Then for any
T > 0, there exists Apg > 0 such that for any v € (0,7], k € N with (k+ 1)y, < T and
Xp € Rd we have

[ [g(X (h1)70) = 9k 11) || < A {720k + 1) 72 4 y(k + 1)7H L (14 |10 |72)

where (Xy)ken satisfies the recursion (4.1) with Xy = Xo and (X¢)i>0 is the solution of
(4.2) with Xy, = Xo.

Proof. Let Xk 11y, = Xo—7(k+1)"" {V f(Xpr.) + Z(X0) /%G }, with Gy, = *Wf(’““)% dB..

Using A4.2 we have E[X(;11),.] = E[X441]. Using Lemma 4.7, Lemma 4.8, Lemma 4.10,
Lemma 4.11 and the Cauchy-Schwarz inequality we have

E [9(X(kt1)7a) — 9(Xps1)]]
< [E[(Va(X0)s X(kt1)7e — Xi41)]| +KE {HX(/@H)% — Xo|* (1 + | Xo|” + HX(kH)%Hp)}
+ KE [[|Xis1 = Xoll” (1 + | X0l + | X))
< {Vg(X0), E [X(kt1)ya — Xit1])]
1/2 1/2
+32KE | [Xksay, = Xol|'| [0+ 1Kol + 1 Xesa] )]
r 1/2 1/2
+3Y2KE [ Xpr = Xoll'] T E [0+ 10 + [ Xt | )]
» _ 971/2
R(L+ X0 |")E [[[Xht17 — K]

+ 3Y2KE || X (es1)5, — Xol| ] (1 A7) (1 + | X ])

+ 3V%E _HXkH - X0||4} (1+Ap,1)2(1 + || Xo|”)
< K(L+ | Xol"AS {72k +1)72 45+ 1)7 0} (14 | Xol)
+3Y2RA5 502 (k + 1) 72 (1 + || Xol*) (1 + Az )Y2(1 + | Xo|1”)
+ 32K 572 (k + 1) 72 (1 + || Xol*) (1 + Ara) Y21 + || Xo1?)
which concludes the proof. O

Proposition 4.9. Let ¥ > 0 and a € [0,1). Assume that f € Gp4, ©V/? € G,3 A4.1,
A4.2 and A4.3. Let p e N and g € Gpo. In addition, assume that for any m € N and
r € R, uz(|H(z,-) — V(2)]|?™) < N with 9, > 0. Then for any T > 0, there exists
Arg > 0 such that for any v € (0,7], k € N with kv, < T and Xo € R? we have

IE [9(Xiyo) — 9(Xp)] | < Apoy(1+log(v™)),

where (Xj)ren satisfies the recursion (4.1) and (X¢)¢>0 is the solution of (4.2) with
Xo = Xo.
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Proof. For any k € N with kv, < T, let gi(z) = E [g(Xkn, )] with Xo = 2. Since f € Gp 4,
$1/2 € G, 3 and g € G, 5 one can show, see (Blagovescenskii and Freidlin, 1961) or (Kunita,
1981, Proposition 2.1), that there exists m € N and K > 0 such that for any k¥ € N g €
C™(R?, R) and
max {[|gr(@)[, ..., [[V"g(2)[I} < K(1+ [lz]”) .

Therefore, g € Gy, with constants uniform in & € N. In addition, for any k¥ € N with
kva < T, let B (2) = Bgr(Xpy1)] with Xg = 2 and A (2) = E [gx(X(ks1)y,)] with
Xky. = ®. Using Proposition 4.8 we have for any k € N, kv, <T

1D (@) — B (@)] < A {320k +1)72 (k4 )70 L (1 ]2
Therefore, using Lemma 4.7 we have for any k € N with kv, < T and j <k,

B (A1 (X)) = b, ()] < A {9206+ 1)72 06+ 1)70F b (14 X))
(4.41)
Now, let k € N with kv, < T and consider the family {(X )geN : 7=0,...,N}, defined

by the following recursion: for any j € {0,..., N} X} I = X, and for any ¢ € N:

(a) if £ > j,

X7

/+1 _X _7(k+1) (XH(XZ7Z€+1)a

(b) if £ <j, X7, =X/

(4+1)7,» Where Xz% = X7 and for any t € [(74, (£ 4+ 1)7,] we have

. ) t ) t '
XJ = X/ - /Z (a4 5) " VHKs = [ (a4 5) 22X B,

o

We have

k—1
IE [9(Xks.) = 9(X0)]| = |E [9(XF) - g(X}) I*ZIE[ (X7 —g(xXD|I-

Using (4.41) we get
E[g(xg™) - o(x))] | = IE [E [g(X,zd - g(xi™|xi]I
= [E [h2, 1 (x5) = 2,y (X))
< Brabrs {720+ D72 4 (k+ )70} (1 4+ X0 ™)

< B2k +1)72 4y (k + 1)~ 0F)

with A(Ta’ )9 > 0 which does not depend on k or v In addition, using Lemma 4.6 there exists
Ag% > 0 such that

N—

,_.

[P0+ 1072 4+ 1)"0F L <l
k=0

Combining these last two results concludes the proof. O

4.A.5 Tightness of the mean-square approximation bound

In this section, we show that the upper-bound derived in Proposition 4.1 is sharp (up to
a logarithmic term).
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Proposition 4.10. Let 5 > 0, a € [0,1), (Z, Z) = (R4, B(RY)), (Z1)ken a sequence of in-

dependent d-dimensional Gaussian random variables independent from ( k(j:l)% dBg)ken,

H(z,z) =z and f = 0. Then there exists Ay > 0 such that for any v € (0,7] we have
EY? X, — Xel?] 2 A1y’

with N = |T/va| and § = min(1, (1 — a)~1/2).
Proof. First, remark that for any € RY, ¥(x) = Id. We have using It6’s isometry

N-1
(k+1)"Zpt1

Nva
%i/z/ (s + 7o) *dB, —
0 k=0

(k+1)7a
/ (5 + 7o) " 2“ds
k

Yo

|

+ 2 (k + 1)2a}
1 N+1/2
272 (k+1)_2a2’72/ (8_1_1)—2(1.
1/2
We now distinguish three cases.
(a) If « =1/2 then
E [[[ Xy, — Xn[?] = 72 (log(N +1/2) —log(1/2)) > A2,
with A{*) which does not depend on N or 7.
(b) If a > 1/2,
E [ Xnq, — Xnl?] > 42(3/2) 72 (20 - 1)t > A{"42
with Agb) which does not depend on N or 7.

(¢) fa<1/2,

E ([ Xy, = Xnl*] = v*(N +3/2)72F (1 = 20) 7"
> 5T+ 8%0/2) 2T (1 = 20) 7!
> 9,

with Agc) which does not depend on N or ~.

4.B Technical results

We present in this section technical results that are useful for all the proofs of the dif-
ferent convergence rates. Most of them are known but are recalled here for clarity and
completeness.

Lemma 4.12. Let f € C?(R%R). Assume A4.1 and A4.2. Then for any v € R% we
have

(V2f(2), S@) <Lln,  (Vf@)VF(2)",Z@)] <nllVI@)* .
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Proof. Let z € R%. Using Cauchy-Schwarz’s inequality, we have |(V2f(z), X(2))| < V2 £(@)||[|Z(2)]]«,
where |-|| is the operator norm and ||-||, is the nuclear norm. Using A4.1 we have ||V? f(z)]| <
L for all z € R?,

In addition, denoting (A;);e{1
definite and A4.2 we have

4y the eigenvalues of (), using that ¥ is positive semi-

.....

d d

IS@), =Y Nl =D A = Te(S(x) <.

i=1 =1

This concludes the first part of the proof.
For the second part we have

(V@) VF(2)", B(@)] < sup NIV @)* < |VF@))*

1ed,...,

O

The following lemma consists into taking the expectation in It6’s formula, and is
known as Dynkins’s lemma.

Lemma 4.13. Let a € [0,1) and v > 0. Assume f,g € C>(R4,R), A4.1, A4.2 and
A4.3 and let (Xy)i>0 solution of (4.2). Then for any ¢ € CL([0,+0c0),R), Y € Fy and
E[|Y]? + |g(Y)|] < +o0, we have the following results:

(a) For anyt >0,
E (X, = Y|P o(t)] = E[IXo — Y*(0)] — 2 / (o 5) P E[(V(X.), X, — V)] ds

+ % /Ot('ya +5) 2% (s)E [Tr(3(X,))] ds + /Ot S ()E [IIXS B Ylﬂ 0.
(4.42)

(b) For anyt > 0,
E[(7(X0) — 9")plt)] = E[7(X0) — 90 Ne(0)] = [ Ga +5) (I [IV S s
+0a/2) [ O+ s) o) (V1K) 500 ds + [ SELFK) = g(¥)]ds.
(c) IfE[|Y|?*] < +o0, then for anyt >0
E [[X; = Y|P ¢()] = E [|IXo - Y[ (0)]
—2p [+ ) GE [(9F(X), X~ ¥ X = Y0 ds
+70p [ (a+ 5 5)E [THE() X, - V%] ds
+72pp = 1) [ Ga-+ 5) (9B (50K, (0% — V)% = V) T) X, = VIP-2] ds
+ [ PR [70%) - 9] as.
(d) IfE[|g(Y)|F] < +oo, then for any t >0
E[(/(X0) — ()P0t = E[((Xo) — g(¥)}"o(0)
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- p/Ot(’Ya +8) “p(s)E [IIVf(Xs)II2 (f(Xs) = g(Y))p‘l] ds
+20(0/2) [ (a9 PR [(V2F(X), HKINFK) — oV~ s
+Yap(p —1)/2 /Ot(va +5) " p(s)E [(Vf(Xs)Vf(XS)T, S (X)) (F(Xs) — g(y))p—ﬂ

+ [ ORI~ gr))7ds.

Proof. Let a € [0,1), v > 0 and (X;);>0 the solution of (4.2). Note that for any ¢ > 0, we
have

(X)t = Ya /0 (Yo + 8) 72 Tr(2(X,))ds

We divide the rest of the proof into our parts.

(a) First, let y € RY and Fy, : [0, +00) x R? such that for any ¢ € [0, 4+00), z € RY, Fy(t,z) =
o(t)|lz —y||*. Since (X;);>0 is a strong solution of (4.2) we have that (X;);>0 is a continuous
semi-martingale. Using this result, the fact that FF € C%2(]0,+00),R%) and It&’s lemma
(Karatzas and Shreve, 1991, Chapter 3, Theorem 3.6) we obtain that for any ¢ > 0 almost
surely

Fy(t, X,) _Fy(O,X0)+/t 81Fy(s,XS)ds+/t<82Fy(s,Xs),dXs> (4.43)
0 0
+(1/2) / (022F, (5, X,), d(X).)
:Fy(O,X0)+/O <p’(s) ||Xs—y||2ds+/O <32Fy(s,Xs),dXs>

+(1/2) / (022F, (5, X,), d(X).)

= Fy(0,Xo) +/O ¢'(5) 1K — yll* ds — 2/0 (Yo +5)""(s)(VF(Xs), Xs —y)ds

t

oyl / (o +8) 0 (5)(X, — 1, £(X0)/2dB.) + 7 / (o + 5)~20(5) Tr(S(X,))ds

Using A4.1 have for any = € R?,

(V@) =)l <[IVFO)| lz = yll + L[] [l =yl -

Therefore, using this result Lemma 4.7, Cauchy-Schwarz’s inequality and that E[||Y||?] < +o0,
we obtain that for any ¢ > 0 there exists A > 0 such that

sup E [||xs - yuﬂ <k, sup E[(Vf(X,),X,—Y)[]<h. (4.44)
s€[0,t] s€[0,¢]

In addition, we have using A4.2 that for any ¢ > 0, E[| Tr(2(X;))]] = E[Tr(2(Xs))] < 7.

Combining this result, (4.44), (4.43), that (fg(fya + 1) %(t)(X; — Y, B(X)V2dBy))i>o0 is a
martingale and Fubini-Lebesgue’s theorem we obtain for any ¢ > 0

E [p(t) IX; ~ YIP] = E[E [Fy (4, X0)\ 5]
~E[p0) %0~ YI] + | G [IX. - V1] as

2 / (o + 8) " (S)E [(VF(Xo), X, — V)] ds
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e / (o + 8) 2 (5)E [Tr(S(X.,))] ds ,

which concludes the proof of (4.42).

(b) Second, let y € R% and F : [0,+00) x R? such that for any t € [0,+00), z € RY,
F,(t,z) = p(t)(f(xz) — g(y)). Using that (X;);>0 is a continuous semi-martingale, the fact
that F € C12([0, +00) ,RY) and 1t6’s lemma (Karatzas and Shreve, 1991, Chapter 3, Theorem
3.6) we obtain that for any ¢ > 0 almost surely

Fy(t,Xt):Fy(O,Xo)—i—/O 81Fy(s,XS)ds+/O (82Fy(s,Xs),dX5>+(1/2)/O (Ds0F,(5,X,),d(X),)

— F,(0.X,) + / & (5)(F(X.) — g(y))ds + / (02F, (5, X,),dX,)

+ (1/2)/0 <82,2Fy(57X5)7 d<X>S>

— F,(0.X,) + / &(5)(F(X.) — g(y))ds — / (o + 8)p(s) [ V(X [12 s
0 0
T / (o + 8)~p(5)(V f(X,), £(X.) V2dB,)
+ (af2) / (o + 8)"2 () (V2 £(X,), £(X,))ds .

Using A4.1 and that for any a,b > 0, (a + b)? < 2(a? + b%) we have for any x,y € R4,

£ (@) =g()| < [FO+HVLONall+@/2) ]| Hgw) ,  [VF ()] < 2[1VF(0)*+2L2 ]| .

Therefore, using this result Lemma 4.7, Cauchy-Schwarz’s inequality and that E[g(Y)?] <
+00, we obtain that for any ¢ > 0 there exists A > 0 such that

sup E[If(X,) =gV <&, swp E[|IVAX)] <A
s€[0,t] s€[0,t]

Combining this result, Lemma 4.12, the fact that (f(;5 P(s)(Vf(Xy), B(X)/2dBy))is0 is a
martingale and Fubini-Lebesgue’s theorem we obtain that for any ¢ > 0

E[F,(t,X4)] = E[E [Fy (¢, X;)|Fol]

~Bp(0)(/(Xo) =)+ [ ¢ (BIX) = g¥))]ds
- [ a9 B [IV A s
+(7a/2)/0 (Va + ) 0(s)E (V2 F(X,), B(X,))] ds .

(c) Let y € R? and F, : [0,4+00) x R? such that for any t € [0,+00), x,y € R, F,(t,z) =
¢(t) |z —y|*". Using that (X¢)t>0 is a continuous semi-martingale, the fact that F, €
C12(]0,+00) ,RY) and Ito’s lemma (Karatzas and Shreve, 1991, Chapter 3, Theorem 3.6)
we obtain that for any ¢ > 0 almost surely

FEX0 = BO.X0) + [ 0B, 6. X)ds+ [ 0B (5.X0.0%0) 4 (1/2) [ (002, (5.X.).0%).)

— F,(0,Xo) + / o (5) 1K, — |7 ds + / (02F, (5, X.), dX.,)
(12 / (D22F, (5, X,), d(X).)
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= 50X+ [ 96 1%~ ds
2 [t 9 (K0, X, ) 1)~ s
+2pyL/? /t(% +5)7%(s)(Xs — 3, B(X,) 21X, — y?P7Y dBy)
F 0 [ Gt 972000 T 1~y as
#20=1) [ G720 (X )V~ )T 0K X, ol s

Using A4.1 and that for any a,b > 0, (a+b)? < 2(a?+b?) we have for any z,y € RY, Therefore,
using this result Lemma 4.7, Cauchy-Schwarz’s inequality and that E[||Y|?] < 400, we obtain
that for any ¢ > 0 there exists A > 0 such that

sup B [[X, = Y[*] <&, sup E[(VA(X,),X, = V)X, - V[**7V]] <&.
s€[0,t] s€[0,t]

Combining this result, Lemma 4.12, the fact that (fot O(s)(Vf(Xs), Z(X)V2(f(Xs)—g(Y))P~1dBs) )0
is a martingale and Fubini-Lebesgue’s theorem we obtain that for any ¢ > 0

E[Fy(t, X)) = E[E [Fy (t, X4)| Fol]

=E[p0) 1% = Y1¥] + [ (0 [I1X, - v as
=20 [ (a9 0B (VS0 X — ) I1X0) 91207 ] s
0
#7900 [ (a4 9) Gl [T X — ]
+ 27ap(p — 1)/0 (Yo + 5)"2%p(s)E {((Xs V(X — )T BX)) X — g2 P ds

(d) Let y € R? and F : [0, +00) x R? such that for any t € [0, +00), 2,y € R, F,(t,z) =
o(t)(f(x) — g(y))*. Using that (X;);>0 is a continuous semi-martingale, the fact that F €
CH2([0, +00) ,R?) and Itd’s lemma (Karatzas and Shreve, 1991, Chapter 3, Theorem 3.6) we
obtain that for any ¢t > 0 almost surely

t

Fy(t. X)) :Fy(O,XO)—f—/t ale(s,xs)ds+/t<ang(s,xs),dxs>+(1/2)/ (D22 F, (5, X,), d(X).)
0 0 0

— F,(0,X0) + / &(5)(F(X,) — g(y))?Pds
+ / (0uF,(5.X.),dX,) + (1/2) / (Dr2F, (5, X.), d(X),)

— F,(0.X,) + / &(5)(F(X.) — g(y))?*ds
- 2p/0 (o + 5)~%0(5) IV F(Xa) |2 (F(X,) — g(3)2P~Dds
+ 2pyL/? / (Yo + 8) " 0(8)(VF(Xy), 2(X) 2 (F(Xs) — g(1))2P~VdBy)
-~ / (o + 5)~220(5)(V2 £(X,), S(X)) (F(X,) — g()2P~Dds

20— 1) [ (0 90 (TFX)TLK)T DK K = 90" s
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Using A4.1 and that for any a,b > 0, (a + b)? < 2(a? + b?) we have for any x,y € R?,
|f (@) = g)IP < 4P FO)P + 42 H|VF(0)|*P[||* + (427~ L/2) lo[|*F + 47~ g ()7,
IVf@)* < 20|V O] +2L* || .

Therefore, using this result Lemma 4.7, Lemma 4.12, Holder’s inequality and that E[g(Y)?] <
+00, we obtain that for any ¢ > 0 there exists A > 0 such that

sup B [|f(X) = g)PP] <E, sup E[IVS(X)IP[£(X,) - g(V)P*™V] <&,
s€(0,t] s€[0,1]

sup. B[|(V(X) V)T S (X = g(1) P02 <5

Combining this result, Lemma 4.12, the fact that (fot () (Vf(Xs), (X )2 (f(X)—g(Y))P~1dBs) >0
is a martingale and Fubini-Lebesgue’s theorem we obtain that for any ¢ > 0

E[F,(t,X,)] = E[E [Fy (1. X,)| %]
— E [p(0)(f(Xo) — g(Y))**] + / & ($)E [(F(X.) — g(¥))*] ds

=2 [ (o + 5 GIE IV K (FX.) — 920 ds

0

+ vap/o (Vo +5) 7> p(s)E [<V2f(Xs), S(X)) (f(X) — g(Y))Q(p_l)} ds
+ 27ap(p — 1)/0 (Yo + )2 @(s)E [(Vf(Xs)Vf(Xs)T, DX (F(X,) — g(¥)2P=2 | ds .

O

The following lemma is a useful tool that converts results on C? functions to smooth
functions.

Lemma 4.14. Assume A4.1, A4.5, A4.3 and that argmin,pa f is bounded. Then there
exists (f-)eso such that for any € > 0, f- is convex, C? with L-Lipschitz continuous
gradient. In addition, there exists C > 0 such that the following properties are satisfied.

(a) For all e > 0, f. admits a minimize xf and limsup,_, fe(z%) < f(x*).
(b) liminf._ o ||2%|| < C.

(¢c) for any T > 0, lim. o E[|f-:(X7:) — f(X7)|] = 0, where (X¢z)e>0 s the solution
of (4.2) replacing f by fe.

Proof. Let ¢ € CZ(R? R,) be an even compactly-supported function such that Jga p(2)dz =
1. For any € > 0 and z € R?, let ¢.(z) = e ~%p(z/e) and f. = ¢. * f. Since p € C(R%, R,)
and is compactly-supported, we have f. € C*°(R% R). In addition, we have for any ¢ > 0,
(Vf)e =Vfe.

First, we show that for any ¢, f is convex and V f. is L-Lipschitz continuous. Let € > 0,
z,y € R? and t € [0, 1]. Using A4.5 we have

fltr+(—ty) = [ flo+ 0 -ty - 2)p.(2)dz < / S =)+ (1= )y — )} pe(z) dz

Rd

<tfo(z)+ (1 —1t)f(y) .
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Hence, f. is convex. In addition, using A4.1 and that fRd ve(2)dz = 1 we have

IVfe(x) = Vi(y)l < /Rd IVf(z—2) =V f(y —2)l[¢e(z)dz <Lllz -yl ,

which proves that V f. is L-Lipschitz continuous.
Second we show that f. and V f. converge uniformly towards f and Vf. Let ¢ > 0,
x € R?%. Using the convexity of f and that ¢, is even, we get

fole) = F@) = [ (f@=2) = F@)pe(aas (4.45)
>~ [ (VH@) 2z d
> —(Vf(a), [ zpel2)d) 2 0.

Conversely, using the descent lemma (Nesterov, 2004, Lemma 1.2.3) and that ¢, is even, we
have

fla) = @) = [ (f@=2) = Fa)pe(a)as (4.40)

< [ ((95@12 + @/ 11 o) d
21z/e|? e %o (2 z 2 ull? o(u) du .
<@ [ SN/l e ole/0de < 126 [ ul oty

Combining (4.45) and (4.46) we get that lim._,o ||f — f:|lcc = 0. Using A4.1 we have for any
r €R?

IVfe(2) = V@) < I(V)e(x) = V()] < /Rd IV (z=2)=V f(z)[¢e(2)dz < Le /Rd I2llp(z)dz

Hence, we obtain that lim._,¢ |V fe = Vf||cc = 0. Finally, since f is coercive (Bertsekas, 1997,
Proposition B.9) and (f.)>0 converges uniformly towards f we have that for any € > 0, f.
is coercive.

We divide the rest of the proof into three parts.

(a) Let € > 0. Since f. is coercive and continuous it admits a minimizer z. In addition, we
have

fe@l) < fe(a®) < f(2) + [ fe = flloo - (4.47)
Therefore, limsup,_, fe(2%) < f(z*).
(b) Let e € (0,1]. Using (4.47), we obtain that |f(z*)] < [f(2*)] + sup.c1) I fe = flloo-

Since f is coercive, we obtain that (z%).c(o,1) is bounded and therefore there exists C > 0
such that liminf._,q ||z%|| < C.

(c) Let e > 0, T > 0 and (X;¢)i>0 be the solution of (4.2) replacing f by f.. Using (4.2),
the fact that lim. o ||Vf — Vfe|loo = 0, A4.1 and Gronwall’s inequality (Pachpatte, 1998,
Theorem 1.2.2) we have

2

T
E || X7 — XTHQ} <E H/O (Yo +8) " {=Vfe(Xpe) + Vf(Xy) }dt (4.48)

T
<2977 [ B [|9(Xe0) = VI dt + 22TV - VLI
0

T
<2027 [ E[IX0e - Xl dt 4 20,272V S - VAL
0

<2972V f = V|3 exp [2L75 20T
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Therefore lim._,g E {||XT7€ — XT||2] = 0. In addition, using the Cauchy-Schwarz inequality,
A4.1 and Lemma 4.7 we have

Ellf(Xre) = f(X7)[] <E {/01 V(X7 +t(Xr,e — X)) || X7e — XT”dt] (4.49)
SE[(IXrell + Xl + [l D) IX7,e — Xell]
<32 (¥ | + B [ IXe )] + E [IXr,|)) Pk (I1X7.e = Xr ] v
< 32l + 247,0)/2(1 + a0l )/2E [ |Xr.c - X ]
Therefore, using (4.48), (4.49) and the fact that lim._,¢ || f — f-|lcc = 0 we obtain that
lim B[] fe(Xre) = f(Xr)[] < Im E[|f(Xre) = f(Xr)|] + lim || f = felloo = 0,

which concludes the proof.

O

Lemma 4.15. Let v,y > 1. Let a € (0,1/2]. If y < z then 2% — y® < o1~ — yl=,
Proof. Let A € (0,1) such that y = Az. Then 2 — y® = 2%(1 — \%) < z17%(1 — A\179) =
27 —yl=* because z > 1, A< land a < 1 —a. O

The following property is a well-known property of functions with Lipschitz gradient
but is recalled here for completeness.

Lemma 4.16. Assume A4.1. Then for any x € R, |V f(2)||? < 2L(f(z) — f*).
Proof. Using A4.1 and that f* = minga f, we have for any x € R?
fr=f@) < fle=Vf@)/L) - f@) < = V@) L+ |V f@)]* /(2L) < = IV f(@)]* /(2L) ,
which concludes the proof. [

4.C Analysis of SGD in the convex case

4.C.1 Proof of Theorem 4.4

In this section we prove Theorem 4.4. We begin with a lemma to bound E [||Xt - 17*H2] .

Lemma 4.17. Assume A4.1, A4.2, A4.3 and A4.5. Let (X¢)i>0 be given by (4.2). Then,
for any o,y € (0,1), there exists Cgczy >0 and Cgcl > 0 and a function 3 . Ry — Ry
such that, for any t > 0,

E [|IX; - 2*°] < i@ (t + ) + €5 -

)

And we have
=2 fa<1/2,

(1) = {log(t) ifa=1/2,
0 ifae>1/2.

The values of the constants are given by

Yan(1 =22)71 ifa<1/2,
Cfi: YaT) ifa=1/2,
0 ifa>1/2.

186



1Xo — 2| ifa<1/2,
c5) = 4 [1X0 — 2*|* — yan log(7a) ifa=1/2,
1Xo — 2*|* + (20— 1) 79272 ifa>1/2,

Proof. Let o,y € (0,1) and ¢ > 0. Let (X¢)¢>0 be given by (4.2). We consider the function
F:R xR? = R, defined as follows

V(t,z) e R x R, F(t,z) = ||z —z*|° .

Applying Lemma 4.13 to the stochastic process (F(t,X)):>0 and using A4.5 and A4.2 gives
that for all ¢ > 0,

E |IX: - 2*|*] ~ E [ Xo - *|*] = 2 / (t+7) B [(X, = 2", V(X)) dt
T
+ [l 0) B[R] dt

T
< ’ycm/ (t+7a) 2> dt .
0

We now distinguish three cases:

(a) Case where a < 1/2: In that case we have:
E[IX, - 2*17] < 1o — 2*° + 21 - 20) (T + 7)1 = 41-22)
< [[Xo = 2| + yan(l = 20) N (T +7a)' 7>
(b) Case where a = 1/2: In that case we obtain:
E [IX: = "] < 1Xo = a*]1° + 7an(0g(T + 7a) — 10g(7a))
< Yan10g(T +7a) + [|1Xo — 2*|* — vanlog(va) -
(¢) Case where a > 1/2: In that case we have:
*12 *12 — —2a 2«
E[IX: = || < X0 = a1 + 7an(1 = 20) (T +70) 72 = 7472)

< | Xo = 2*||* + (20— 1) 12

We now turn to the proof of Theorem 4.4.

Proof of Theorem j.4. Let f € C*(R%,R). Let v € (0,1) and o € (0,1] and T > 1. Let
(X¢)t>0 be given by (4.2).
Let S: [0,T] — [0,400) defined by
T

S(t)y=t" B - s, ife>0,

S(0) =E[f(XT)] .
With this notation we have

Elf(Xp)] = f7=5(0) = 5(1) +5(1) = S(T) + S(T) = f* .

We preface the rest of the proof with the following computation. For any 39 € R? we define
the function F, : Ry x R? — R by

@ 2
Eyo(t2) = (£ +70)" [ = yoll” -
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In the following we will choose either yo = z* or yo = X; for s € [0,7]. Using Lemma 4.17,
that @&C) is non-decreasing and that for any a,b > 0, (a + b)? < 2(a? + b?), we have
E[IX: = woll*] = B [IIXe = %) + (& = o) ]
< 2B [I1X, — 2*1°] + 28 [llgo — 211’
< 20080 (1 4 70) + 405, + 2615, B(T + %)
<2010 @O (t + 74) + 2010, @ (T + ~4) +CY

with ¢{© = 4cl) .

3,a 2«

This gives in particular, for every ¢ € [0, T],

(t+7,)* 'R [||Xt - y0||2} < [cgi)l + 2C(1%(T + Yo ) 2 log (T + %,)} (t + va)* " 1(4.50)
+2¢() log (T + 7a ) (t + 7)™ ,

with C(lczE = 0 if & > 1/2. Notice that the additional log(T + v,) term is only needed in the
case where a = 1/2. For any (¢,7) € Ry x R? we have

0 Fy, (@) = alt+7a)" " o = goll* o 0uFy(t,2) = 2(t+7a) (2=30) »  DuaFyy (t, @) = 2(t+7a)" -

Using Lemma 4.13 on the stochastic process (Fy, (t,X¢))t>0, we have that for any u € [0, 7]

T

B [Fyy (T, Xr)] — E [Fy (T — u, X )] = /

alt+70) ' [IX —pol?] at (451)
T—u

T
i / E [(X; — yo, VF(X,))] dt

;qu
+ / ot + 70)"E [Te(2(X,))] d
T—u

Combining this result, A4.5, A4.2, (4.50) and (4.51) we obtain for any u € [0, T

~ (T = u+72)°E [ Xr-u — w0l

T T
gcgfg/ a(t+7a)°‘_1dt+n7a/ (t+ 7o) dt
T—u T—u

T

T
—|—20¢le2l log(T + 7a) {/ (t+7q) " dt + (T+7a)1—2a/
T—u T—u

(t+7a)* " dt}

T
~2 [ BLK) ~ ) de
T

<O (T 0" = (T —ut 7)) =2 [ BLK) — )]

+ (e +20CE0) (1 — a) 7 (T +7a) ™% = (T = u+72) ") log(T + 7a)
+ 208 108(T + 7o) {(T + 7a)® = (T = u+ )} (T + 7a) 72 .
Therefore, we get for any u € [0, 7]

[ B~ fn)) dt < (©0/2) (T +7)" = (T = ut70)%) (4.52

T—u
+ (1/2)(T = u+70)°E | |[Xr— — 30l
+(€1/2) (T +70)" ™" = (T = u +7a)" ") 10g(T +7a) ,
with C; = maX(C:(,fZX, (Yan + 40[C§f()l)(1 —a)™1). We divide the rest of the proof into three
parts, to bound the quantities S(1) — S(T), S(T) — f* and S(0) — S(1).
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(a) Bounding S(1) — S(T):
In the case where o < 1/2, Lemma 4.15 gives that for all u € [0, T:
(TH+72)* = (T —u+7a)") < ((T + 'Ya)lia —(T'—u+ 'Ya)lia) )
and we also have, for all u € [0, T7:
(T+7a)1_a - (T+7a _u)l—a (453)
= (T +7)"" = (T + 70 =) ") (T +7a)* + (T + 70 —uw)*)) /(T +72)* + (T + 70 —u)%)
< (T+7) = (T+9 —u) + (T +7%) (T + 7 —u)* = (T +75)"(T + 7 —u)' %) /(T +7)"
<2u/(T + 7va)” -
And in the case where « > 1/2, for all u € [0,T]:
(7 +7) = ~ (T =t 7) ) < (T4 70)" — (T~ ut7)")
and we also have, for all v € [0, T7:
(T + 7)™ = (T + Yo —uw)*
= (T +7%)* = (T+ 7% = wW)(T+7)""* + (T + 7% —w)'™) /(T +7)""" + (T + 70 —u)' ™)
< (T+7) = (T+9 —u) + (T +75) (T + 70 =)~ = (T +7)" " (T + 70 —u)*) /(T +7) "
< 2u/(T + 7o) 7% .
Now, plugging yg = X7_,, in (4.52) we obtain, for all u € [0, T):

T
E

F(Xy) — fXp—w) dt] < 2C1 log(T + v )(T + rya)—min(a»l—a)u ) (4.54)
T—u

Since S is a differentiable function and using (4.54), we have for all v € (0,T),

T
S'(u) = —u? /Ti E[f(Xe)] dt +u 'E[f(Xr-u)] = —u"(S(u) — E[f(Xr-u)]) . (4.55)

This last result implies —S’(u) < 2C; log(T + 7o) /(T 4 7o)~ ™M@ 1=y =1 and integrating we
get _
S(1) = S(T) < 2C; log(T + 7o) log(T)(T + 7o)~ ™=

(b) Bounding S(T) — f*:
Using (4.51), with u = T and yo = 2*, and || Xy — 2*|| < C; we obtain

/OT E[f(X,)] ds = Tf* < (€1/2) (T +7a)* =78 + {(T +72)' "% =7} log(T + 7a))
+(1/2)7.E [||X0 - x*ﬂ . (4.56)
Using this result we have
S(T) = f* < T7'Cu(T + 7)™ 1og(T + 7a) + C17aT /2 < 26, T~ og(T +7,) -

(¢) Bounding S(0) — S(1):
We have

S(0)=S1) =E[f(X)] - 5(1) = /T_1 (E[f(Xr)] = E[f(X,)]) ds . (4.57)
Using Lemma 4.13 on the stochastic process f(X;);>0 and A4.1, we have for all s € [T'—1,T]
T T
B(f(X0)] - E(f(X) == [ (o + 0B [IVFK0I] e+ @/2)7 [ (¢4 7) B (X)) de
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T
< (77L/2)’Ya/ (t+7a) 2 dt
< (CUL/2)(5 + ) (T —5)
Plugging this result into (4.57) yields

T

S(0) — S(1) < (C1L/2) /Tfl(T —8)(5 4 Vo) 2¥ds < CIL(T — 1 4 v4) 2* < CIL(T — 1) 72> .

(4.58)

Combining (4.55), (4.56) and (4.58) gives the desired result
E [f(XT)}*f* < C(c) [log(T)QTf min(a,1—a) + log(T)Tf min(a,1—a) + T min(a,1—c) + (T _ 1)7204 ’

with ¢(¢) = 4¢;(1 +L). We note C' = (). O

4.C.2 Proof of Theorem 4.6

In this section we prove Theorem 4.6. The proof is clearly more involved than the one
of Theorem 4.4. We will follow a similar way as in the proof of Theorem 4.4, with more
technicalities. One of the main argument of the proof is the suffix averaging technique
that was introduced in (Shamir and Zhang, 2013).

We begin with the discrete counterpart of Lemma 4.17.

Lemma 4.18. Assume A4.1, A4.2 and A4.5. Let o,y € (0,1) and let (X,,)n>0 be given
by (4.1). Then there exists Cg(z >0, Cgflc)y > 0 and a function 3 Ry — Ry such that,
for any n >0,
E || X, — 2*°] < c{a@(n+1) + i) .

And we have

=20 fa<1/2,

SO(t) = dlog(t) ifa=1/2,
0 ifae>1/2.

The values of the constants are given by

292 (1 —2a)7t ifa<1/2,
ci) = 42 ifa=1/2,
0 ifoa>1/2.
2maxy(,pjo)/e B || X — 2*? ifoa<1/2,
Cgflo)t = 4 2max; (., joy1/a B ||| Xf — o*|*| + 29%n ifa=1/2,
2maxy (e B |1 Xk — 2)°| + 4020 = 1)71 ifa > 1/2,

Proof. Let f : R — R verifying assumptions A4.1 and A4.5. We consider (X,,),>0 satisfying
(4.1). Let z* € R be given by A4.5. We have, using (4.1) and A4.2 that for all n > (yL/2)/2,

E || Xnir — |

]—"n] =E [HXn —z* —y(n+ 1) H(X,, Zn+1)H2

) (4.59)
= [[Xn = 2*|[* = 29/(n + V)Xo = 2" E[H(Xn, Zat1)| Fa))

+92(n+ )72 || H(Xn, Zas1)|| 7]
= [[Xn = @ |* = 29/(n + 1)*(Xo = 2, V(X))
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+ 920+ )72 (| H(Xn, Zus1) = VI (Xa) + VI (X0)
= [1Xn = @ > = 29/(n + 1)*(Xa = 2, V(X))
920+ 1) 2 F | H(Xn, Zns) = VI(X)|

7

7|
+ 92+ )72 (B [V £(Xa)]?

7]
+ 2B [(H(Xn, Znin) = VF(Xa), VI (X)) 1F0])
= [1Xn = @ |* = 29/(n + 1)*(Xn = 2, VF(X0)) + 9200 + 1) 72
720+ )72 [V (X))
< X0 = 7| = 29/Ln + 1) [ VS (Xa) [P + %00+ 1) 72
+9(n+ 1) 7 V(X))
< |Xn = 2*7 + 7/ (0 + D IVFIP [/ (n+ 1) = 2/L] + 2P + 1) 72
< 1% = |+ 42n(n + 1)~
E I Xns1 - 1] <E [I1X0 = "] + 920+ )72,

where we used the co-coercivity of f. Summing the previous inequality leads to

B (1 — 1] ~E [IXo — "] < 20 3050
k=1

As in the previous proof we now distinguish three cases:

(a) Case where o < 1/2: In that case we have:
E (11X, - 1] < X0 — > + 401 - 20) 71 (n + 1)1 < |[Xg — 2> + 29%n(1 — 20) 12
(b) Case where oo = 1/2: In that case we obtain:
E (11X, — o] < X0 - *[1> + 7?n(os(n) + 2).
(¢) Case where a > 1/2: In that case we have:
E (11X, = a*I1°] < 10 — "I +4*n2a— 17"

O

We now turn to the proof of Theorem 4.6 by stating an intermediate result where
we assume a condition bounding E [HV f(Xn) ||2} This Proposition provides non-optimal

convergence rates for SGD but will be used as a central tool to improve them and obtain
optimal convergence rates.

Proposition 4.11. Let y,a € (0,1) and z9 € R and (X,,)n>0 be given by (4.1). Assume
A4.1, A4.2 and A4.5. Suppose additionally that there exists o* € [0,1/2], f > 0 and
Co > 0 such that for alln € {0,--- ,N}

Co(n+1)Plog(n+1) ifa<a*,

4.60
Co ifa>a*. ( )

E [|VF(X0)]°] < {
Then there exists Co > 0 such that, for all N > 1,
E[f(Xn)] = f* < Ca {(1+10g(N + 1))?/(N + 1)@ (N +1) + 1/(N + 1)},
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with

U, (n) = {Tﬁ(l +log(n)) #a<at

if o > a*

Proof. Let o,y € (0,1) and N > 1. Let (X,,)n>0 be given by (4.1). Let (Sk)reqo,... v} defined

by

VEe{0,--- N}, Sp = (k+1)" Z E[f
t=N—k

With this notation we have E[f(Xn)] — f* = (So — Sn) + (Sny — f*). As in the proof of
Theorem 4.4, we preface the proof with the following computation. Let £ € {0,--- , N}, let

k>0, let yo € Fy. Using A4.5 we have
E (|| X0 — yon‘]-"k} ) [HXk —yo =k + 1) CH (X, Zk+1)||2‘fk] (4.61)
= 1Xk = goll* +72(k + 1) [ H(Xx, Zis1) || Fi
— 2y(k + 1) (X — g0, VF(Xi))
E[£(X0) = flyo)] < 29)7 0k + 1) (B [I1X = yol*] ~ B [I1Xes1 = wol?))
+ (1/2) 0+ 1) [E [| H (Xe, Ze1)I?| e ]
E[f(Xk) = f(3o)] < 29) 7 Gk + 1) (B [I1Xk = wol*] — E [ Xes1 = wol*])
+ (/2 + 1) (n+E VA1) |
Let u € {0,--- ,N}. Summing now (4.61) between k = N —u and k = N gives

N

yo)] < (yn/2) (k+1)7% (4.62)

k k=N-—

—Uu

N
@D S E I poll?] (k1) - k%)
k=N-—-u+1

+(1/2) Y E[IVAR)I] e+ 1)

k=N-—-u

+(20) N —ut B [ Xy~ w0l*] -

In the following we will take for yo either z* or X, for m € [0, N]. We now have to run

separate analyses depending on the value of a.
(a) Case a < a*: In that case (4.60) gives that

E[IVF (X0 < Co(V +1)° log(V + 1),
and Lemma 4.18 gives that for all k € {0,..., N},
E [I1Xk - vol| < 2E [IXe = 2*I1°] + 2 [lyo — 2|1
< 26\ (k + 1)1 2 log(k + 1) + 2¢{) (N + 1) 2" log(N + 1) +4cy?),
<4\ (N +1)122 log(N + 1) + 4¢3 .

We note ng; = 4nggt. Equation (4.62) leads therefore to, with C®) = ((yn/2) + (7/2)Co)(1 —

a)~ L.

f(Xk) = yo)] < (/21 =) (N +1)7 = (N —u)'™?)

k —u
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+ (207 N = u+ 1B [ Xn-u - 30l
(d) (d) 1-2a a _ o
+(29)7t (€30 +4CY (N +1) log(N+1)) (N+1)%—(N—-u+1)%)
+ (7/2)Co(N + 1) log(N +1)(1 — ) 7" (N + 1)17* — (N —u)' ™)
< CO(N +1)°(1 +log(N + 1)) (N + 1)1 — (N —u)' ™)
+ (@207 N = u+ 1B [ Xn-u - 30l
+(2) 710 (N + D)% = (N —u)*)
+ ( ) 14C(d) ((N + 1)1—a _ (N . u)l—a)
< (N +1)P(1+1og(N +1))? (N + 1) — (N —u)' ™)
+ (@) N = u+ DB [ Xy~ 30l
where we used Lemma 4.15 and where we noted ¢(9) £ ¢(®) 4 (2)~ (C(d) + 4C(d))
Notice now that, similarly to Equation (4.53) we have
(N+ 1)17a o (N o u)lfa
= {(N+ D" = (N =) (N + D)+ (N =)} (N + D)% + (N —u)*) ™
<2(u+1)/(N+1)*
(b) Case «a € (a*,1/2]: In that case Lemma 4.18 gives that for all k € {0,..., N},
E [I1Xk - o] < 2E [I1X, — *I°] + 2E [lyo — oI
< 26\ (k + 1)1 "2 log(k + 1) + 2¢{") (N + 1)1 "2 log(N + 1) +4cy?),
<4\ (N +1)1722 log(N + 1) + 4¢3, .

Using (4.60), Equation (4.62) rewrites

yo)] <(m/2)A=a)H (N +1)7 = (N —u)'™?)

k —u

+(29)7 V= u+ 1)°E [| Xy — 30ll’]
+(29)7" (S + 4Ci Tog(V + (N +1)172%) (N +1)° = (N = u+1)°)
+(7/2)Co(1 —a)TH (N + 1) — (N —u)' ™)

< OO (N +1)17% = (N =)' 7%) + (29) " (N =+ D)°E || Xn - — g0l
+ (27)7" (S +4c1 ) (1 4+ Tog(N + 1) (N + 1) = (N = w)°)

< (1 +1log(N +1)) (N + 1)1 — (N —u)' ™)
+ ()7 N —u+ D [ Xy — w0l -

(c) Case a > 1/2: In that case, @ > o* and Lemma 4.18 gives
vk € {0, N}, E [ Xk — woll*] < 2 11X = 2|1*] + 28 [llyo — 2*|*] < ac§?) = .

Using Lemma 4.15 and (4.60) we rewrite Equation (4.62) as

N
Y f(Xk) - f(yo)] < ((9n/2) +9C0/2)(1 =) (N + 1)1 7% = (N = u)' ™)

k=N—u

+(@0)7HN = ut DB Xy -u — 0l
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+(21) c“) (N +1)* = (N —u)?)
< CD (N + 1) = (N = )*) + (29) "V = u+ 1)° [|Xn- = woll*] -
Notice now that, similarly to Equation (4.53) we have
(N+1)* - (N — u)a

={((v (N —w)*) (N + D)7+ (N —u)) } (N + 1)+ (N —u)t™?)
2(u+1)/(N+1)1 @,

-1
Finally, putting the three cases above together we obtain

> (X))~ f(XN—u)] < 2619 (u + 1) /(N + )™ 179 (1 4 log(N + 1)) W, (N(4:63)
k=N—u

+(29) 7 (V — u+ D°E [ | Xy — 3ol
with

O, (n) = nB(1 4+ log(n)) %f a<ar,
1 ifa>a*.
Note that the additional log(N + 1) factor can be removed if o # 1/2.
We bound now the quantities (So — Sy) and (Sy — f*).
(a) Bounding (Sy — Sy):
Let u € {0,..., N}. Equation (4.63) with the choice yo = Xny_,, gives

> (X —f(XN_u)] <20 (u+1) /(N + 1)1 (1 4 log(N + 1)) W4 (N + 1) .

kE=N—u
And then,
N
Su=(+ 1) S E[F(X) (4.64)
k=N—u

< 2CD(N 4 1)~ min(@l=a) (] 4 og(N + 1) W, (N + 1) +E[f(Xn_u)] -
We have now, using (4.64),

USy_1 = (u+1)Sy —E[f(Xn_u)] (4.65)
=uSy + Sy — E[f(Xn-u)]
< uSy + 20D (N 4 1)~ min(@l=a) (] 4 Jog(N + 1)) W, (N + 1)
Su_1 — Sy < 20Dy (N 4 1) min(@l=) oo (N 4 1)

N
So — Sy < 26 (N + 1)@l =e) (1 4 log(N + 1)) W (N +1) > (1/u)
u=1

So — Sy < 2D (N 4 1)7min(@1=a) (] 4 Jog(N 4 1))2® (N + 1) .

(b) Bounding (Sy — f*):
Equation (4.63) with the choice yo = 2* and u = N gives

(N+1)'E

N
> F(Xk) - f(x*)] < 2¢D (1 4 log(N + 1)) (N + 1)~ min(@1=e)g (N 41)66)
k=0
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+(29) 7 (N + D)7 X — 2|
Sy = f* < 26D (1 +log(N + 1)) (N + 1)~ ™=@ (N + 1)
+(27) 7 (N + D)7 X — 2|

And finally, choosing Co £ 2max((2y)~! || Xo — *||*,2¢(®) and putting Equations (4.65)
and (4.66) together gives

B [£(X0)] — f* < Ca {(1+10g(N + 1))2/(N + 1)@= (N + 1)+ 1/(N + 1)} .
O

We can finally conclude the proof of Theorem 4.6.

Proof of Theorem 4.6. We begin by proving by induction over m € N* the following statement
Hom:

For any o > 1/(m+1), there exists CI > 0 such that foralln € {0,...,N}, E [HVf(Xn)HQ} <
Cas

and for any o < 1/(m+1), there exists C,, > 0such that foralln € {0,...,N}, E [||Vf(Xn)H2} <
c,n'=(mtDa(1 4 log(n))?.

For m = 1, H; is an immediate consequence of A4.1 and Lemma 4.18, with C} = L2C;") and
¢, = L?max(c{’), ci").

Now, let m € N* and suppose that H,, holds. Let « € (0,1). Setting o* =1/(m + 1) we
see that (4.60) is verified with 8 =1 — (m + 1)a.

Consequently, using A4.1, A4.5, A4.2 we can apply Proposition 4.11 which shows that,

fora <1/(m+1):

(d)

E[f(Xn)] - f* <Ca

<Cq

(1 +log(N +1))2/(N + 1)min(@1=0)g (N + 1) + 1/(N + 1)(}1.67)

(1+10g(N + 1)*(N +1)7*(N + =040 1 /(v 4 1)}

—~

<C (1+log(N+1))3(N+1)1—<m+2>a+1/(N+1)} .

In particular, if & > 1/(m+2) we have the existence of C,, > 0 such that for alln € {0,--- , N},
E[f(X,)] — f* <Cs. And using A4.1 and Lemma 4.16 we get that, for all n € {0,--- , N}

E[IIVFO0)I] < 2LE[f(Xa) = £] < 2LCa |

which proves Hp,41 for a > 1/(m + 2), with C& = 2LC,. And (4.67) proves Hm,41 for
a < 1/(m+ 2) with C; = 2C,.

Finally this proves that H,, is true for any n > 1.

Now, let a € (0, 1). Since R is archimedean, there exists m € N* such that « > 1/(m+1)

and therefore H,, shows the existence of Cy > 0 such that E [HVf(Xn)HQ} < Cp for all n € N*.
Applying Proposition 4.11 gives the existence of ¢(® > 0 such that for all N > 1

E[f(Xx)] = f* < (1 +1log(N +1))*/(N + 1)mintet=e),
with ¢(4 = 2C,. Choosing C = ¢® concludes the proof. O
We finally prove Corollary 4.4.

Proof of Corollary 4.4. The proof follows the same lines as the ones of Lemma 4.18 and
Proposition 4.11. We show that both conclusions hold under the assumption that Vf is
bounded instead of being Lipschitz-continuous.
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In order to prove that Lemma 4.18 still holds, let us do the following computation. We
consider (X,,)n>0 satisfying (4.1). We have, using (4.1), A4.5 and A4.2 that for all n > 0,

E [ Xns1 - 2|1

fn} ) [Hxn — 2 =+ 1) OH (X, Zo)|| }‘n}
= X0 = 2*11° = 27/(n +1)*(Xo — 2%, E [H(Xn, Zns1)|F])
930+ 1) E | H(Xn, Zns)|IP|
= X0 = @*]” = 27/(n 4+ 1)*(Xn — 2%, VS (Xa)

+ 9700+ 1) + 97 (n 4+ 1) [V F (X))
E I Xns1 = I] SE [I1X0 = & I?] + 920 + IV o) (0 + 1) 72

And we obtain the same equation as in (4.59), with a different constant before (n + 1)72<.
Hence the conclusions of Lemma 4.18 still hold, because A4.1 is never used in the rest of the

proof.
We can now apply safely Proposition 4.11 (since A4.1 is only used to use Lemma 4.18)
with a* = 0. This concludes the proof. O

4.D Analysis of SGD in the weakly quasi-convex case

In this section we give the proof of Corollary 4.5.

4.D.1 Technical lemmas

We begin with a series of technical lemmas.

Lemma 4.19. Assume that f is continuous, that * € argmingcpa f(x) and that there
exist ¢, R > 0 such that for any x € R? with |z—z*|| > R we have f(z)—f(z*) > c||lz—z*].
Letp € N, X a d-dimensional random variable and Dy > 1 such that E[(f(X)— f(2*))??] <
Dy4. Then there exists Ds > 0 such that

E [||X — 2*(|*"] < DsDs .

Proof. Since f is continuous there exists a > 0 such that for any x € R?, f(x) — f(z*) >
c|lx — «*|| — a. Therefore, using Jensen’s inequality and that Dy > 1 we have

*||2p —2p & k * 2p—
E[Ix -] <e kZ:O<2p>E[(f(X)—f(w )] a2k

<Y (3 B0 - flay) o st

2p

2p
_ K\ k/@p)_2p—
< 2P§ D/ P g2p—k < p.p
= ko(2p>4 : =

. _ 2 k _
with Dy =22 37,7 (2p) a?r=k, O
Lemma 4.20. Assume A4.6 with r1 = ro = 1. Then for any p € N with p > 2 and
d-dimensional random variable X we have

B [IVCOI (F(X) — @)P™] 2 B - )P [x - o) 7
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Proof. Let p € N with p > 2 and let @ = 2p/(p + 1). Using A4.6 we have for any = € R?
lz = 2* |7 [V £ (@) (f(2) = f@)TCTV2 > (f(2) = f@)7CTV2 > (f(2) = fa™))"

Let ¢ = 2w~ ! =14 p~! and » such that ¢~' + 2! = 1. Using Holder’s inequality the fact
that »w = 2p we have

E[IX = &I V£ (F(X) = f() =0 D/?]
2 1/s o1/
<E[IVAE)* (£) = £ T E [IX - o]

Since, >~ ! = (1 + p)~! we have

E ||Vf(X)||2 (f(X) . f(x*))p71i| >E [(f(X) B f(:v*))p]1+1/p]E [HX . x*HZP} -1/p 7

which concludes the proof. O
Lemma 4.21. Let a,y € (0,1). Assume A4.1, A4.2, A4.3 and A4.6b holds. Then for
any p € N, there exists Dp4 > 0 such that for any t > 0

E X0 -2 7] 7 <D {14 (0 + 072 .

Proof. Let o,v € (0,1) and p € N. Let &, = E [HXt — at*HQ”]. Using Lemma 4.12 and
Lemma 4.13 we have for any ¢ > 0

A€,/ dt = =2p(70 + 1) [(VF(X)), X, — ") [ X, — 220V (4.68)
+ Yol + )7 {B [ Tr(E(X0) X0 — o7V
+2(p — DE [{(X: —2*)T(Xs —2*), Z(Xo)) X — 2 |7* | }
< 2p7an(2p — 1) (e + )7E [|X, - "7V
< Pran(2p = 1)(va + 1) 2 E 1) -
If p = 1, the proposition holds and by recursion and using (4.68) we obtain the result for
p€eN. O]
4.D.2 Control of the norm in the convex case

Proposition 4.12. Let o,y € (0,1). Let m € [0,2] and ¢ > 0 such that for any p € N
there exists Dpa > 0 such that for any t > 0, E[|X; — 2*||*]V/P < Dy {1 + (ya +1)™ %},
Assume A4.1, A4.2, A4.3 and A4.6b and that there exist R > 0 and ¢ > 0 such that for
any x € R, with ||z|| > R, f(z) — f(x*) > c|lx — 2*||. Then, for any p € N, there exists
Dp2 > 0 such that for any t > 0,

* 1/]) m— (0%
E [[|1X; — 2" [*#] 7" < Dpa{l + (ya + )"}

Proof. 1f e > m/¢ the proof is immediate since sup;sq{E[||X; — 2*||*]V/P} < +o00. Now
assume that o < m/p. Let p € N, 6, = p(1 + ¢)a —pm and (¢t — &) such that for any
t>0,Ep=(f(Xi) = f(2%))? (7o + )% . Using Lemma 4.13 we have for any ¢ > 0

A€,/ dt = =2p(v0 + 1)~ VE [V XI (F(X0) = fa*)? ] (4.69)
+ P (Yo + 1) 72T {E [(V2F(X0), 2(X0)) (F(X) = f(a*)* ]
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+ (20~ DE [(VFA(X)VF(Xe) ", BXa)) (F(Xe) = f(@)P )]} +6p(va + 1) Ep -

Combining (4.69), Lemma 4.12, Lemma 4.16, Lemma 4.20 and the fact that for any ¢ > 0,
E[[[X; — a*|[*]V/@P) <Dy 1 {1+ (ya + )™ %} we get

—1/(2p)
A€,/ dt < ~2p(y0 + ) VB [(F(X0) - f*)*] O E [, - 2]

+pYa(Ya + )72 {LgE [(f(Xe) — f(27)* 7]
+L(2p — DB [(f(Xe) = f(@")*P 7} +0p(va + 1) €y

—1/(2p)
< —2p(7a +t)7a75p/(2p)5t1;1/(2p)E [th - x*HQp}

+ pYald + 2p — DLy(1 + 1) (ya + ) 200/ g (0 4 1)7he,,
< (e + 1)/ OO I (o ymesay o]

F pald 4 2p — VL(1 + ) (o + ) 200 /PE P L5 (v, + 1) 71E,,
< 2p(ya + 1) ORI VI (o 1) e

+ 2p7a(d + 2p — DLy(1 + 1) (e + t)~2T00/(2) gt{;l/(zp) by (e ) En
< —pD, {1 + 45T (e + t)(w—1)a—5p/(2p)_mgt{;1/<2p>

+ 200 (d 4 2p — D)Ln(1 + 1) (Yo + t)_2°‘+5p/(2p)gt17;1/(2p) 6y (e ) Er

Since m € [0,2], we have that 1 —m + (¢ — 1)a > (1 + p)a/2 — m/2. Hence,

(1= @)a—b,/2) —m<2a+8,/(2p), (1-pla—8,/(2p)-m<1.
Therefore, using Lemma 4.1, there exists Dl(ja) > 1 such that for any ¢ > 0, & , < DZ(,a). Hence,
for any t > 0,

E[(f(Xe) = f(2*)*] DI (1+ (ya + t)Pm PIFO)
Using Lemma 4.19, there exists D5 > 0 such that

E [”Xt - x*IIQ”] < Ds5(1 + (Yo + t)pmPte)y
which concludes the proof upon using that for any a,b >0, (a +b)'/? < a'/2 4+ b'/2. O

The following corollary is of independent interest.

Corollary 4.7. Leta,y € (0,1). Assume A4.1, A4.2, A4.3 and A4.5 and that arg minga f
is bounded. Then, for any p > 0 and t > 0,

E[||X: — 2*||”] < 400 .

Proof. Without loss of generality we assume that z* = 0 and f(2*) = 0. First, since
arg minga f is bounded, there exists R > 0 such that for any = € R? with ||z| > R, f(x) > 0.
Let S = {z € R% ||z|| = 1} and consider m : S — (0,+0c0) such that for any § € S,
m() = f(RO). m is continuous since f is convex and therefore it attains its minimum and
there exists m* > 0 such that for any § € S, m(0) > m*. Let x € R? with |lz|| > 2R. Since
fo :[0,400) = R such that f,(¢) = f(tz) is convex we have

(f(z) = f(Re/ |zID) (]l = B)™! = (f(Rz/ ||=]))R™ = m*R™.

Therefore, there exists ¢ > 0 and R > 0 such that for any = € R? with |z|| > R, f(z) > c|z]|.
Let p € N. Noticing that A4.5 implies that A4.6b holds we can apply Lemma 4.21 and
Proposition 4.12 with m = 1 and ¢ = 2. Applying repeatedly Proposition 4.12 we obtain
that there exists D, > 0 such that

1/p _
E[IX: = I] 7 < Dp{1+(ratt)™ 17719} < D, {14 (yatt) ™" I/0T0} < Dy {1y Im/ele)

which concludes the proof. O
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4.D.3 Proof of Corollary 4.5

Proof of Corollary 4.5. Let o,y € (0,1) and X, € R%. Using Lemma 4.13, we have for any
t>0

B[1X - "] = o = ') = [(ra+9) (X)X —atds (470)
+00/2) (o 9)72(S(X,), V21 (X))ds.

Let & = E[||X; — 2*||?]. Using, (4.70) we have for any ¢t > 0,
&S ~(a + )T E[VF(Xs), Xs — ") + (yaln/2) (ya + )7 (4.71)

We divide the proof into three parts.

(a) First, assume that A4.6b holds. Combining this result and (4.71), we get that for any
t >0, & < vaLn?d(ye + t)72%. Therefore, there exist 8,6 > 0 and Cge > 0 such that
E[IX: — 2*|?] < Cpe(Va +t)7P(1 + log(l + v, ') with B = 0 and e = 0 if « > 1/2,
B=1-2cande=0if e« <1/2and 8 =0and e =1 if « = 1/2. Combining this result and
Theorem 4.7 concludes the proof.

(b) We can apply Lemma 4.21 and Proposition 4.12 with m = 1 and ¢ = 2. Applying
repeatedly Proposition 4.12 we obtain that there exists D, > 0 such that

1/p —[a o m—|m/a|a m—|mjo|a
E (11X — 2| 7 < Dy {1+ (ratt)" [ 10} < D, {14 (qatt) /210 } < Dy {1 lm/eley

which concludes the proof.

(c) Finally, assume that there exists R > 0 such that for any 2 € R? with ||z| > R,
(Vf(zx),z — 2*) > m|lz —2*||>. Therefore, since (x — Vf(z)) is continuous, there exists
a > 0 such that for any = € R, (Vf(z),z —2*) > m|z — 2*|> — a. Combining this result
and (4.71), we get that for any ¢ > 0,

E <o+ 1)+ (Ya + 1) @+ Yaln(va +1) 7

Hence, if & > max(a/m,Ln) we have that & < 0 and for any ¢ > 0, & < max(a/m,Ln, &)
and is bounded. Therefore, there exist 3, > 0 and Cs. > 0 such that E[||X; — z*[|?] <
Cpe(Ya +1)7P(1 +log(1 + v5 1)) with 8 = & = 0, which concludes the proof.

O
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Conclusion

As we have seen in this thesis, stochastic optimization techniques are central in statisti-
cal learning and machine learning. Moreover they are very diverse because of the large
amount of problems and settings that can be encountered in machine learning. In the first
part of this thesis we have focused our study on sequential learning and we have exhibited
links between sequential learning and stochastic optimization, and particularly for convex
functions. The situations that we analyzed in the previous chapters of this manuscript,
though relatively different, were all instances of the classical trade-off between exploration
and exploitation that arises often in sequential or active learning. In these chapters we
demonstrated how stochastic convex optimization algorithms could help to solve these
problems. Thus in Chapter 1 we explored the problem of stochastic contextual bandits
in the case where regularization has been added to the loss function. This study was
motivated by situations where the decision maker did not want to deviate too much from
an existing policy by using bandits techniques. We adopted a strategy which consisted in
partitioning the context space into bins on which separate convex optimization problems
had to be solved. We constructed then a piecewise constant solution using an algorithm
mixing convex optimization and UCB techniques. Using regularity assumptions on the
reward functions we were able to obtain fast convergence rates for this problem, that coin-
cide with classical nonparametric regression rates. We further discarded the dependency
in the problem parameters by adding a margin condition on the regularization term and
obtained convergence rates interpolating between slow and fast rates for this problem.
The results we obtained show that it is possible to implement a contextual bandit strat-
egy without diverging too much from an existing policy. This is an incentive for decision
makers to try and adopt bandit algorithms by continuously decreasing the weight of the
regularization term. A possible extension of this line of research would be to consider the
adversarial setting and not only the stochastic one.

In Chapter 2 we considered an active learning problem where the goal was to perform
linear regression in an online manner, or equivalently to solve online A-optimal design.
It consisted in choosing actively which experiment to perform while the variance of the
experiments were unknown. The goal was therefore to be able to estimate those variances
while minimizing the estimation error on the parameter to measure. Once again the
exploration/exploitation trade-off appeared and we used a similar idea as in the previous
chapter to deal with it. With a stochastic convex optimization algorithm using confidence
estimates on the variances of the different covariates we obtained optimal convergence
rates in the particular setting where the number of points is equal to the dimension and
probably suboptimal convergence rates in the general case. Despite the fact that the
results we obtained are probably not optimal in the general case our algorithm has still
good experimental results and can be used as a first brick toward finding a minimax
optimal algorithm for this problem. We do not know yet if the lower bound we provided
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can be reached by an algorithm i.e., whether it is the lower bound or the upper bound
that has to be improved.

In Chapter 3 we continued on the path linking active learning and convex optimiza-
tion. In this chapter we exhibited connections between those two fields by studying the
problem of resource allocation under the diminishing returns assumption. In this problem
our goal was to repeatedly allocate a fixed budget between several resources. We pro-
posed an algorithm using imbricated binary searches to find the optimal allocation. Since
we were working under a noisy gradient feedback assumption, the idea was to sample
several times each query point in order to obtain the sign of the gradient of the function
to maximize with high probability, which helped us to find out which region of the fea-
sible domain to discard. Thus we have seen that in order to solve what was originally
a sequential learning problem we ended up designing a stochastic convex optimization
algorithm. In this problem we were interested in the more challenging objective of regret
minimization instead of function error minimization. In order to quantify the difficulty
of the problem at hand we assumed that the reward functions followed what we called
an inductive t.ojasiewicz assumption that we leveraged to obtain convergence rates de-
pending on the exponent in the Y.ojasiewicz inequality. We obtained this result, which we
showed to be minimax optimal up to the logarithmic terms by deriving a lower bound,
in an adaptive manner, meaning that the algorithm does not need to know the values of
the parameters of the objective function to be run, but will adapt to them. Obtaining
adaptive algorithms is currently an active domain of convex optimization because in most
of the real-world situations the decision makers do not know the convexity constants and
the other regularity measures parameters. Future work on this subject of adaptive regret
minimization could consist in dealing with functions that are not restricted to the resource
allocation problem, and hence of a more general form.

In the second part of this thesis we did not work on particular machine learning
problems but we rather focused on one of the most used stochastic optimization algo-
rithms, which is Stochastic Gradient Descent (SGD). After having explored several se-
quential learning problems and having worked on their links with stochastic optimization
we wanted to analyze the central brick of stochastic optimization, which is used in many
domains of application, such as neural network training. The goal of Chapter 4 is to pro-
vide an extensive analysis of SGD in the convex case and in some non-convex situations,
such as the weakly quasi-convex setting. In order to do that we adopted a new viewpoint
consisting in analyzing the continuous-time model associated with the discrete scheme of
SGD, that can be obtained by considering the limit of SGD when the learning rate goes
to 0. This continuous-time model consists in a Stochastic Differential Equation (SDE),
which is non-homogeneous in time since we consider the case of decreasing stepsizes in
SGD. Using appropriate Lyapunov energy functions we can derive convergence results
for the associated SDE and this provided us with good insights to design similar discrete
energy functions for the analysis of SGD. We were thus able to obtain more intuitive and
shorter proofs in the strongly convex case, as well as new optimal results in the convex
case, removing the compactness assumption that was made in a previous work. In this
chapter we obtained convergence bound for the last point iterate, while most of the works
analyzed the case of averaging, which is easier. Our analysis in the convex setting finally
disproved a conjecture on the rate of SGD. We concluded the chapter with new rates in
the weakly quasi-convex setting which outperform existing results. These results, together
with the new analysis framework we developed in this chapter, can be interestingly used
to push forward the analysis of SGD in other non-convex landscapes.

Finally we have studied in this thesis several learning and optimization problems which
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are all linked together, with a particular emphasis on settings which can be applied to
real-world situations. This was the goal of adding regularization in contextual bandits,
this was also the idea of using active learning techniques in optimal design, because online
learning is much more appropriate than passive learning in many real situations. This
was also the aim of designing adaptive algorithms in Chapter 3. In the second part of this
thesis we wanted to study a well-known stochastic optimization algorithm to understand
why and how it worked. We have continued in this direction with the work (De Bortoli
et al., 2020) which we did not discussed in the present thesis, where we investigated the
behavior of SGD in wide neural networks in the over-parameterized setting, the goal of
this work being to gain a better understanding of neural networks. All of these works,
though different in appearance, are therefore similar in the sense that they aim at finding
solutions to real-life learning and optimization problems. We can consequently say that
using mathematics to solve and understand real-world learning problems was one of the
goals of this thesis, which we wish to continue exploring in the future.
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