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Notations

N ={0,1,2,...}, the set of nonnegative X : a Banach space.
integers.
B(X) : the space of bounded operators

Z : set of integers. acting on X.
R : set of real numbers. Ix : the identity operator of X.
R, = [0, 00). A : a (possibly unbounded) operator

acting on X.
C : set of complex numbers.
Ker(A) : the kernel of A.
E* = E\{0}, for any set £ of numbers.
Ran(A) : the range of A.
D(a,r) : the open disc centered at
a € C with radius r > 0. o(A) : the spectrum of A.

D = D(0,1), the open unit disc of C. R(A\, A) = (Mx — A)~! : the resolvent
B operator of A (A € C\ o(A)).

T=D\D.

d : an integer of N*.

O : an open subset of C.

00 : the boundary of O in C%.
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H>(0; X) : the set of bounded holo- A : a finite set.
morphic functions f: O — X.
|A| : the number of elements of A.

H>(0) = H*(0O;C).
1 llo.0 =

sup {[[f (2155 za) [l (2155 2a) € OF, 7 : a countable non empty set.
for any f in H*(O; X).

(A) = A\ A, for A C A.

p : a number of [1,00) or (1,00) if
stated.

(Q, ) : a measure space.
L,(Q;X) or LP(%; X) : the Bochner

space of measurable functions f : Q — X
such that [, [|f(w)]|” du(w) < co.

3 =

11, = (Jo If @)I” dpu(w))?, for f in

L,(9; X).
Ly(2) = Ly(2; C).

SP(H) : the Schatten classes of an
Hilbert space H, may be denoted as SP
(see e.g [35, Appendix DJ).

[P : the space of complex sequences (uy,)
for which "7 |u,|P < oo with its corre-
spondig norm.

H>(0) is a Banach algebra for the pointwise multiplication. We refer the reader
e.g. to [34] for more details on Bochner spaces.

In certain proofs, we use the notation < to indicate an inequality valid up to a
constant which does not depend on the particular elements to which it applies. We use
as well notation A ~ B to say that we have both A < B and B < A.
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Chapitre 1

Introduction (frangais)

1.1 Introduction générale

Soit A une algebre de Banach unitaire. Soit d > 1 un entier naturel.

Soit P, 'algebre des fonctions polynomiales sur C?. Soit x,...,z4 des éléments
commutants de A. On peut définir un calcul polynomial sur Py en associant a toute
fonction de P, écrite sous la forme f = > ax, dzlfl . zsd (avec une somme finie)
I’élément

O(f) = f(@r, ) = D @y g1 T

Soit maintenant o(zy) C C le spectre de xg, k = 1,...,d. Soit O) un voisinage
ouvert de o(zy) dans C et I'y un contour de o(zy) dans Oy orienté dans le sens
trigonométrique, k = 1,...,d. Soit H(O; x --- x O4) l'algebre des fonctions holo-
morphes sur O; x .-+ x Q4. On peut définir un calcul fonctionnel holomorphe sur
H(Op x -+ x Oy) en posant pour toute fonction f de H(O; x -+ x Oy),

d d
1
U(f) = —/ f(z1, s za) | | R(zk, zx) | | d2k (1.1.1)
olt R(zp, xx) = (zxla—xx) ! est la résolvante de xy, en tout z, de C\o(zy), k =1,...,d.

Cette définition ne dépend pas du choix des I'y selon la formule de Cauchy. Quand
d = 1, cette définition coincide avec le calcul de Dunford classique. De plus, pour toute
fonction polynomiale f, on a ¥(f) = ®(f), ce qui signifie que ¥ étend ®. Ces deux
éléments seront désormais notés communément f(z1, ..., zq).

On en vient a présent a A = B(X), 'algebre de Banach des opérateurs bornés sur
un espace de Banach X, munie de la norme classique d’opérateurs. Soit Fj; un sous-
ensemble de C tel que o(zy) C Ex, C Ok, k =1, ...,d (en prenant les notations ci-dessus).
Si f est une fonction holomorphe sur O; x --- x Oy et bornée sur £ = Fy X --- X Fy,
on pose

[l = sup{lf(2)] : z € E}.

Une question classique du calcul fonctionnel est de savoir s’il existe une constante
C > 0 telle que

1 (21, za)ll < Cllifllee (1.1.2)

3
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pour f parcourant une certaine sous-algebre de fonctions holomorphes et bornées sur
Ol X X Od.

Des résultats classiques en théorie des opérateurs hilbertiens sont des réponses a ce
probleme générique. L’inégalité de von Neumann assure que pour toute contraction T’
sur un espace de Hilbert H et pour toute fonction polynomiale P a une variable on a

PO < N1Plloep-

Ensuite, I'inégalité de Ando, qui généralise celle de von Neumann, affirme que pour
toute paire (77, T») de contractions qui commutent sur un méme espace de Hilbert H
et pour toute fonction polynomiale () de deux variables on a

1Q(T, To) || < [1Ql o p2 - (1.1.3)

Un contre-exemple de Crabb-Davie montre qu'une telle inégalité ne peut étre satis-
faite pour trois contractions qui commutent sur un espace de Hilbert. Aussi, en fixant
T1,...,T; des contractions commutantes sur un méme espace de Hilbert, la question
de l'existence d’une constante C' > 0 telle que pour toute fonction polynomiale p de
d variables on ait ||p(T1, ..., Ta)|| < Ca||pll, pa est toujours une question ouverte (voir
[69] pour tous les résultats qui précedent). Néanmoins, une telle inégalité se produit si
T, ..., Ty sont des opérateurs normaux qui commutent, selon le calcul fonctionnel sur
les C*-algebres.

Il est aussi possible d’étudier des inégalités similaires sur les espaces non-hilbertiens,
ce qui engendre d’autres difficultés. On peut également traiter le cas d’opérateurs non
bornés.

Le fait que I'inégalité d’Ando ne s’étende pas a d > 3 donne lieu au type de question
suivant :

(Q) Si T4, ..., T, sont des opérateurs commutants chacun vérifiant une inégalité du
type [[f(Te)ll < Cx|fllop,: & = 1,...,d, sous quelle condition le d-uplet (71, ..., Ty)
satisfait une estimation du type (1.1.2), a savoir l'existence d’une constante C' > 0 telle
que pour toute fonction adéquate f on ait || f(T1,....Ta)|| < C|[fllp ?

Cette discussion illustre le fait que I’étude du calcul fonctionnel d'un d-uplet ne se
restreint pas a I’étude du calcul fonctionnel individuel de chaque élément du d-uplet.

Notre travail concerne le calcul fonctionnel des opérateurs de Ritt et des opérateurs
sectoriels. Chacun de ces opérateurs vérifie une condition sur sa résolvante qui per-
met de définir un calcul fonctionnel avec une formule comme en (1.1.1), en choisissant
judicieusement les contours des spectres des opérateurs.

Les opérateurs sectoriels apparaissent dans nombre de problemes de I'analyse fonc-
tionnelle. Ils apparaissent comme les générateurs négatifs de semi-groupes analytiques
bornés, qui interviennent dans la résolution d’équations elliptiques (voir [42], [10] et
[47]), en analyse harmonique (voir [16], [33] et [73]) et dans les problemes de régularité
maximale (voir [3], [13], [21], [22], [38], [78] et [79]). Pour des informations générales
sur les semi-groupes d’opérateurs, on renvoie a [64].
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Les opérateurs de Ritt jouent un role dans la résolution de certaines équations
linéaires par des méthodes d’itérations (voir [63]). Les problemes de régularité maximale
font également appel & ces opérateurs (voir [11]).

Les opérateurs de Ritt et opérateurs sectoriels ont fait 1'objet d’études du point
de vue de leur calcul fonctionnel dans maintes situations, comme on peut le voir dans
[5], [14], [15], [39], [43], [40], [41], [46], [53], [60], [61], [75], [76] et [77]. Pour un large
résumé sur le calcul fonctionnel des opérateurs sectoriels, on renvoie a [31]. De plus, la
subordination de semi-groupes continus ou discrets met en jeu le calcul fonctionnel des
opérateurs de Ritt ou des opérateurs sectoriels (voir [23], [28] et [29]).

Le point de départ des travaux mentionnés ci-dessus est le calcul fonctionnel H*
élaboré par Alan Mclntosh (voir [60]). Dans cette derniere référence, Alan McIntosh
a mis en relief le role des fonctions carré. Il a montré des caractérisations du calcul
fonctionnel H* des opérateurs sectoriels sur les espaces de Hilbert en terme de fonctions
carré. Suivant ce chemin, Cowling, Doust, McIntosh et Yagi ont trouvé des fonctions
carré pour caractériser le calcul fonctionnel de ces opérateurs sur les espaces L, (voir
[15]). Ceci admet une généralisation naturelle aux treillis de Banach. Un cadre plus
général a été donné par Kalton et Weis dans [41], lorsqu’ils ont utilisé les espaces ~y
dans le but de définir des fonctions carré sur les espaces de Banach généraux. Le cas
des espaces L, non commutatifs est traité par Junge, Le Merdy et Xu dans [56]. Un
résumé de ces méthodes est donné dans [52] et le cas des opérateurs de Ritt est traité
dans [53].

Un autre sujet proche du calcul fonctionnel est celui des dilatations. Premierement,
I'inégalité de von Neumann repose entre autre sur le Théoreme de dilatation de Nagy.
Ce dernier résultat affirme que pour une contraction 7" sur un espace de Hilbert H, il
existe un opérateur unitaire U sur un espace de Hilbert K contenant H tels que

Tn:PHUn‘H, n €N,

ou Py désigne la projection orthogonale de K sur H. Une des conséquences d'un tel
résultat est que le générateur négatif d’'un semi-groupe de contractions sur un Hilbert
admet un calcul fonctionnel H>.

Deuxiemement, l'inégalité de Matsaev, qui repose sur le Théoreme de dilatation
d’Akcoglu-Sucheston pour les contractions positives sur un espace L, (voir [1]), entraine
que le générateur négatif d’un semi-groupe de contractions positives sur un espace L,
admet un calcul fonctionnel H* .

On peut également trouver des résultats de dilatations sur les espaces L, non com-
mutatifs dans [56] qui fournissent des propriétés de calcul fonctionnel H> .

La question réciproque, qui recherche des dilatations a partir d’un calcul fonctionnel H*°,
admet également des réponses remarquables. En particulier, un tournant sur ce sujet
est un article de Frohlich et Weis, qui ont montré qu’un calcul fonctionnel H* implique
une dilatation d’opérateurs sectoriels en des isomorphismes (voir [27]). Cet article a
mis en évidence les liens tres étroits entre les résultats de dilatations et le calcul fonc-
tionnel H*°. Plus récemment, Arhancet, Fackler et Le Merdy ont étudié dans [4] des
caractérisations du calcul fonctionnel H* pour les opérateurs de Ritt et pour les semi-
groupes en termes de dilatation sur des espaces ayant des propriétés spéciales, comme
la propriété UMD. En particulier, les auteurs ont obtenu I’équivalence entre un calcul
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fonctionnel H* d’opérateurs de Ritt et leur dilatation en contractions de Ritt sur un
espace de Bochner.

Cette these a pour sujet ’étude du calcul fonctionnel joint H* d’un d-uplet com-
mutant d’opérateurs de Ritt ou d’opérateurs sectoriels. Dans un premier temps, en
prenant (77, ...,T;) un d-uplet d’opérateurs commutants, on étudie la différence entre le
calcul fonctionnel H* de chaque élément du d-uplet et le calcul fonctionnel joint H*
du d-uplet. On exprimera ceci a 'aide d'une question du méme style que (Q). Ensuite,
nous nous fixerons pour objectif d’étudier les relations entre le calcul fonctionnel et les
notions discutées ci-dessus (fonctions carré, propriétés de dilatation) pour un d-uplet,
dans le but de dépasser le cas d'un seul opérateur.

1.2 Contenu de la these

Premiere partie

Le premier chapitre de cette partie donne les bases nécessaires sur les moyennes de
Rademacher et les moyennes gaussiennes. Considérant des variables indépendantes de
Rademacher r; : Q — {—1,1} définies sur un méme espace probabilisé ) et indexées
par un ensemble dénombrable Z, on regarde

Zﬁ'@lﬁm

€T

ou (z;)iez est une famille finie d'un espace de Banach X.
De la méme fagon, si g; : 2 — C, sont des gaussiennes standards et indépendantes,

on regardera
Z i @ x;.
i€l

En particulier, on définit les espaces Rad(X) et Gauss(X) sur tout espace de Banach
X. Des notions sur les opérateurs basées sur ces moyennes, telles que celles d’opérateurs
R-bornés ou y-bornés, sont introduites. Enfin, on rappelle les propriétés fondamentales
de géométrie des espaces de Banach que sont le type et le cotype.

Le deuxieme chapitre présente les notions de géométrie des espaces de Banach qui
interviennent dans des questions variées sur le calcul fonctionnel des opérateurs de Ritt
et des opérateurs sectoriels. En particulier, on traitera les espaces K-convexes, les
espaces UMD et les espaces bénéficiant de la propriété (a) ou (A). On donne les liens
de base entre ces propriétés et on présente des exemples simples d’espaces de Banach
disposant de telle ou telle propriété.

On termine cette partie par les définitions élémentaires sur les opérateurs de Ritt
et opérateurs sectoriels. On choisit également des définitions appropriées du calcul
fonctionnel joint H*> de d-uplets de tels opérateurs. Le cas des d-uplets des opérateurs
sectoriels avait été pour partie traité par Albrecht dans [2].

Dans la suite, on utilise des objets et notations introduits dans cette partie et on y
réfere pour les détails et les définitions précises. Ceci inclut les domaines de Stolz B,,
a € (0,%), dont voici une figure dans le plan complexe.
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-
N

On considere également les secteurs Yy = {z € C* : |Arg(z)| < 0}, 0 € (0, 7).

Pour 6y, ...,04 dans (0,7), on considere alors les classes de fonctions holomorphes
bornées de d variables ne dépendant que des (z;)ien, A C {1,...,d}, vérifiant une
inégalité du type

Si

Fo )l S T2

en b |22

(z:)ien € [ ] Zo,

ieA
et on note H{° (Hze A Zgi) I’algebre de fonctions correspondantes.

On définit ensuite f(Ay, ..., Aq) pour toute f de Hg® ([T.cp Za:) et (Ar, ..., Ag) un
d-uplet d’opérateurs sectoriels commutants par une formule du type (1.1.1), soit

|A]
f(Al,...,Ad) = (%) /H s f(Zlavzd)HR(z’mAz)HdZ’L

€A €A

Ceci permet de définir un calcul fonctionnel sur la classe

H(?i(z]@l X X 29d) = @ Hgo (H 291’) )

Ac{1,....d} i€

de sorte que l'on considére par ce biais toutes les sous-familles de (A, ..., A;) et notam-
ment les singletons Ay, ..., Ag.

Définition 1.2.1 (Calcul fonctionnel joint H> des opérateurs sectoriels) On dit
que (Ay, ..., Aq) admet un calcul fonctionnel joint H* (X9, X - -xXy,) st f — f(Ai, ..., Aq)
est borné, c’est-a-dire qu’il existe une constante K > 0 telle que pour toute f dans
Hgﬁ(ZQI X+ X ng),

Hf(Al? s 7Ad)H <K ”fHoo,Eglx---ngd :

On parle simplement de calcul fonction joint H* si la définition précédente est
vérifiée pour certains 6y, ...,0, de (0, ).

Les définitions sont identiques pour les opérateurs de Ritt en remplacant les ¥4 par
les domaines de Stolz B,.
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Deuxiéme partie

La deuxieme partie s’occupe de la décomposition de Franks et McIntosh des fonctions
holomorphes bornées. Ces auteurs ont construit une telle décomposition dans [26] pour
des fonctions d'une ou plusieurs variables, dans le but d’étudier des formes variées de
calculs fonctionnels.

Cette partie consiste en trois étapes. Premierement, on présente le travail issu de
[26] en lien avec les secteurs 3y, 6 € (0,7). Deuxiemement, on donne les résultats
analogues pour les domaines de Stolz, élaborés en vue d’applications aux opérateurs de
Ritt. Enfin, on donne une décomposition de I'unité dans les deux cas.

Pour le cas sectoriel, les estimations reposeront sur les deux théoremes a venir. Le
théoreme suivant apparait implictement dans [26].

Théoréme 1.2.2 Soit d > 1 un entier, soit v, dans (0,7) et p dans (0,v,), k =
1,...,d. Il existe des suites (Wi, )i>1 €t (Wi, )i>1 dans HZ®(X,,) vérifiant les pro-
Priétés sutvantes.

(1) Pour tout réel p > 0 et pour tout k =1,...,d,

sup {Z Wk (G 2 G € E#k} < oo et sup {Z ’\ilk,ik(g“k)‘p (k€ EM} < 00.

ix=1 ir=1

(2) 1l eziste une constante C' > 0 telle que pour tout h dans H®(3,, X --- x ¥,,), il
existe une famille (a;, . i,)i...i;>1 de nombres complexes tels que

’ai1,~~~,id’ <C Hh”oo,Eulx---xEyd ) (ila s >id) € N*da
et pour tout ((y,...,Cq) dans HZ=1 DI

WG C) = ) i Wi () W16 (G) - - Wy (o) Wy (Ca)-

11,8 >1

La proposition ci-dessous fournit une décomposition de l'unité sur les secteurs et
provient de principes analogues. Les détails seront donnés au Chapitre 6.

Proposition 1.2.3 Soit p dans (0,7). 1l eziste des suites (A;)i>1, (¥i)i>1 et (@L)izl
de H$®(X,) satisfaisant les propriétés suivantes.

(1) 1l existe une constante C' > 0 telle que

vees,  Slul<c Y &i(z)( <c.
=1 =1

(2) Pour tout v € (0, u), il existe une constante K > 0 telle que

A
Vi>1, / 2 < ke
0%,

E
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(8) Il existe une constante C' > 0 telle que
Vi>1,VzeX,, 1A ()| < C

et
VzeN,, 1= A(2)i(2)di(2).
=1

Dans 'optique d’obtenir des résultats sur le calcul fonctionnel joint H*® des opérateurs
de Ritt, on apporte une preuve détaillée de la décomposition de Franks-McIntosh sur les
domaines de Stolz. Le résultat ci-apres est implicite dans [26, Section 4], pour autant
aucune preuve n’a été écrite jusqu’ici. Celle que nous donnons dans notre travail est
proche de celle pour les secteurs que 'on trouve dans [26, Section 3|, et plus simple que
celle ébauchée dans [26, Section 4] pour des domaines a plusieurs points de contact.

Théoreme 1.2.4 Soit d > 1 un entier, soit By, dans (0,%) et ap dans (0,5), k =

1,...,d. Il eziste des suites (W, )i,>1 et (Wi )i,>1 dans HS(By,,) vérifiant les pro-
priétés suivantes.
(1) Pour tout réel p > 0 et pour tout k =1,...,d,

sup {Z [Uhi (CG)” : G € Bak} < oo et sup {Z ‘@k,lk(@)’p (g € Bak} < 0.

ip=1 ix=1

(2) 1l existe une constante C > 0 telle que pour tout h dans H>®(Bg, X --- x Bg,), il
existe une famille (a;, . i,)i...i;>1 de nombres complexes tels que

|@i,....i0] < CA] (i1, .. iq) € N7,

OO,B@1 ><~~~><BBd ?

et pour tout ((y,...,Cq) dans HZ:I B,

MG, Ca) = Z ail,..,,z'd‘IfLil(Cl)@ul(ﬁ) Wy, (Cd)\i’d,id(Cd)-

11,821
L’énoncé qui suit est un analogue de la Proposition 1.2.3.

Théoréme 1.2.5 Soit o dans (0,%). 1l ewiste des suites (¢)i>1, (@i)iz1, (0i)i>1 et
(;)i>1 de H®(B,,), telles que

(i) Pour tout i > 1, on a ¢; = 0;0:0;;

(ii) 1l existe une constante ¢ > 0 telle que pour tout z de B,

Yolpil e Yo i) <
i=1 i=1
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(11i) Pour tout v de (0, «), il existe une constante e > 0 telle que pour tout 1 > 1

[ L.,

OB, 1 — 2|

(i) Pour tout z dans B,, la série .., ¢i(z) converge absolument et il existe une
constante ¢ > 0 telle que

sup {Z lpi(2)] : 2 € Ba} < /.
i=1
De plus, on a

> ¢i(z) =1,  z€B..
i=1

On notera que les théoremes 1.2.2 et 1.2.4 sont vrais pour les fonctions holomorphes
h a valeurs dans un espace de Banach Z quelconque.

Troisieme partie

La troisieme partie traite trois questions indépendantes en lien avec le calcul fonctionnel
joint H*> de d-uplets commutants d’opérateurs de Ritt ou d’opérateurs sectoriels.

Le premier chapitre de cette partie donne une réponse positive a la question de
I’automaticité du calcul fonctionnel joint H* sous ’hypothese que chaque élément du
d-uplet a un calcul fonctionnel H*. 1l s’agit d’une propriété clef pour de nombreux
résultats de cette these. Elle consiste en le théoreme suivant.

Théoreme 1.2.6 Soit X un espace de Banach. Supposons que soit X est un treillis
de Banach, soit que X ou X* a la propriété (o). Soit d > 2 un entier. Alors les deux
propriétés suivantes sont vraies :

(P1) Soit (T1,...,T,;) un d-uplet d’opérateurs de Ritt commutants sur X et supposons
que pour certains 0 < v1,...,7a < 5, T) admet un calcul fonctionnel H*(B,, )
pour tout k = 1,...,d. Alors pour tout v, € (W, 5), k= 1,...,d, (T1,...,Tq)
admet un calcul fonctionnel joint H*(B, X --- X By.) .

(P2) Soit (Aq,...,Aq) un d-uplet d’opérateurs sectoriels commutants sur X et sup-

posons que pour certains 0 < 01,...,04 < mw, A, admet un calcul fonctionnel
H>(Xy,) pour tout k = 1,...,d. Alors pour tout 0, € (Op,7), k = 1,...,d,
(A1, ..., Adg) admet un calcul fonctionnel joint H>(Xg X -+ X Xgr ).

La propriété (P2) pour d = 2 est prouvée dans [48]. La preuve pour d > 3 est une
simple adaptation de I'argument élaboré dans ce dernier article. Dans le cas spécifique
ou X est un espace L, p € [1,00), la propriété (P2) renvoie a [2]. La preuve de (P1)
nécessitera la décomposition de Franks-McIntsh que 'on a décrit dans la Deuxieme
Partie.

Ensuite, le deuxieme chapitre de cette partie considere les combinaisons convexes
d’opérateurs de Ritt.
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Proposition 1.2.7 Soit d > 2 un entier. Soit X un espace de Banach. Soit T, ..., Ty
dans B(X) des opérateurs de Ritt commutants. Soit ¢y, ...,cq des réels positifs tels que
22:1 cp, = 1. Alors 22:1 ci Ty est un opérateur de Ritt.

On obtient alors le calcul fonctionnel d'un telle combinaison, si I’espace de Banach
sous-jacent a la propriété (A), une propriété plus faible que la propriété (o).

Théoréme 1.2.8 Soit X un espace de Banach ayant la propriété (A) et d > 2 un
entier. Soit T, ..., Ty des opérateurs de Ritt commutants sur X. Soit ¢y, ...,cq des réels
positifs tel que ZZ:1 ¢ = 1. Supposons que tous les Ty, admettent un calcul fonctionnel
H> k=1,..d. AlorsT = Zizl ¢ T admet un calcul fonctionnel H*.

Le dernier chapitre de cette partie donne un résultat de réduction d’angle du calcul
fonctionnel H*. Rappelons que si (Ay, ..., A4) est un d-uplet d’opérateurs sectoriels qui
commutent sur un espace de Banach X ayant un calcul fonctionnel joint H>(3y, X

+ X Xp,), alors il admet aussi un calcul fonctionnel joint H*(3g, x - -+ x g ) pour
tout 6, > 0, k = 1,...,d. De méme, si (T1,...,Ty) est un d-uplet d’opérateurs de Ritt
qui commutent sur un espace de Banach X ayant un calcul fonctionnel joint H*>(B,, X
-+ x B,,), alors il admet aussi un calcul fonctionnel joint H*(B,; x --- x B,) pour
tout v, = vk, k =1,...,d. Le but est d’avoir une réciproque de tels résultats.

Meclntosh a prouvé dans [60] que le calcul fonctionnel H*(3y) d'un opérateur sec-
toriel sur un espace de Hilbert ne dépend pas de 6, tant que celui-ci est bien défini.
Cependant, Kalton a montré que cette propriété n’est pas vraie sur des espaces de Ba-
nach généraux (voir [37]). Enfin, Kalton et Weis ont montré une extension du résultat
de McIntosh dans les espaces de Banach généraux sous une condition de R-sectorialité
de 'opérateur considéré. Le théoreme ci-dessous est une généralisation au cas multivarié
du Théoreme de Kalton-Weis. La partie (2) est une adaptation au cas des opérateurs
de Ritt et la partie (3) est une variante de cette derniere.

Théoreme 1.2.9 Soit X un espace de Banach. Soit d > 2 un entier. Alors les deux
propriétés suivantes sont vraies :

(1) Soit (Aq,..., Aq) un d-uplet d’opérateurs R-sectoriels commutants sur X, de R-
types respectifs wy, ..., wq. Soit Oy € (wg, ), pour k =1,...,d, et supposons que
(A1, ..., Ag) admet un calcul fonctionnel joint H® (X, X --- x Xg,). Alors pour
tout 0}, € (wy,m), k=1,...,d, led-uplet (Ay,...,Aq) admet un calcul fonctionnel
joint H>(Xg, X -+ x Xgr).

(2) Soit (T1,...,Ty) un d-uplet d’opérateurs R-Ritt commutants sur X, de R-types

respectifs ai,...,aq. Soit v € (ax, %), pour k = 1,...,d, et supposons que
(T1,...,Tq) admet un calcul fonctionnel joint H>*(B,, X --- x B,,). Alors pour
tout vy, € (Wi, 5), k=1,....d, le d-uplet (Ty,...,T;) admet un calcul fonctionnel
joz’nt HOO(E.A X X E’Y&)'

(8) Soit (11, ..., Ty) un d-uplets d’opérateurs commutants sur X tel que chaque Ty, est
un opérateur R-Ritt, k = 1,...,d. Supposons que (11, ..., Ty) est polynomialement
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borné, c’est-a-dire qu’il existe une constante C > 1 telle que pour toute fonction
polynomiale h de d variables on ait

IR(T1, ., Ty)|| < Csup {|h(21, ..y 2a)| ¢ (21, .y 2a) € T} (1.2.1)

Alors (T, ..., Tyq) admet un calcul fonctionnel joint H™.

Quatrieme partie

La quatrieme partie propose des caractérisations du calcul fonctionnel joint H* sur les
espaces UMD ayant la propriété (a). Ce travail utilise celui initié dans [4].

Le premier chapitre traite des espaces UMD et L,. Dans la mesure ou ’on utilisera
des dilatations de chaque opérateurs d’un d-uplet commutant, il apparait nécessaire
d’envisager la combinaison de celles-ci.

On établit le lemme suivant, qui permet une telle combinaison de dilatations.

Lemme 1.2.10 Soit d > 2 un entier, soit Ty, ..., Ty des opérateurs commutants sur
un espace de Banach X et soit p € [1,00). Soit 1 < m < d. Supposons que :

(1) Pour tout k = 1,...,m, il existe un opérateur positif Vi sur un espace LP(2) et
deuz opérateurs bornés Ji: X — LP(2; X) et Qp: LP(Q; X) — X tels que

T = Qr(Vi®Ix)"™ Ji, ni € N.

(2) Sim < d, il existe un espace de Banach'Y, deux opérateurs bornés Jy,1: X =Y

et Qumy1: Y — X ainsi que des opérateurs commutants Vi, i1,...,Vy sur'Y tels
que
MNm+41 ng __ Nm+1 ng d—m
Tm+1 w1y —Qm+1vm+1 c Vg e, (nerla"-»nd) eN .

(8) Pour touti=1,... metj=1,...,d, on a
JiTy = (Io()@T})J;.
Alors il existe deuzx opérateurs bornés J: X — LP(Q™Y) et Q: LP(Q™Y) — X

tels que

T - Tyt = QU™ --- U, (n1,...,nq) € N,
ot les opérateurs Uy, ..., Uqg: LP(Q™Y) — LP(Q™,Y) sont donnés par
Uy =I%1Q V, QI * R Iy, k=1,...,m;

Uk:[®m®Vk, k:m—l—l,,d
Ici, I = Ipoq) et I® = 1@ Q@I pour tout entier | > 1.
—_———

| facteurs
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La premiere étape vers la caractérisation sur les espaces UMD se trouve dans le
théoreme suivant.

Théoréme 1.2.11 Soit p € (1,00). Soit X un espace de Banach reflexif tel que X et
X* ont chacun un cotype fini. Soit Ty, ..., Ty des opérateurs de Ritt commutants sur X
tels que tout T}, admet un calcul fonctionnel H*(B.,) pour certains v € (0,5).k =
1,...,d. Alors il existe un espace mesuré €2, des isomorphismes isométriques com-
mutants Uy, ..., Uy sur LP(Q% X), et deux opérateurs bornés J: X — LP(Q% X) et

Q: Lp(Qd;X) — X tels que
Tfl---T;d:QUfl"'Ung, (nl,...,nd)ENd.

L’application du théoréme précédent et du théoreme 1.2.6 sur les espaces («) donne
alors la caractérisation suivante du calcul fonctionnel joint H* en termes de dilatation.

Théoréme 1.2.12 Soit X un espace de Banach ayant les propriétés UMD et («) et
soit d > 1 un entier. Soit Ty, ..., Ty des opérateurs de Ritt commutants sur X et soit
p € (1,00). Les deux assertions suivantes sont équivalentes.

(1) (T4, ..., Ty) admet un calcul fonctionnel joint H*(B,, X --- x B,,) pour certains
we D), k=1, 4d

(2) 1l existe un espace mesuré 2, des opérateurs de Ritt commutants et contractants
Ry, ..., Rq sur LP(Q; X) tels que tout Ry admet un calcul fonctionnel H*(B.;)
pour certains v, € (0,5), k=1,...,d, ainsi que deux opérateurs bornés J: X —
LP(Q; X) et Q: LP(Q; X) — X tels que

T - TH = QR -+ R}, (ni,...,nq) € N%

L’implication principale est (1) = (2)”. Le fait remarquable dans la propriété de
dilatation est que les opérateurs Ry, ..., Ry sont contractants.

Le théoreme prend une forme spéciale lorsque X est un espace L,, donnant lieu a
une caractérisation en terme de contractions positives sur L,,.

Theorem 1.2.13 Soit ¥ un espace mesuré et soit p € (1,00). Soit Ty,..., Ty des
opérateurs de Ritt commutants sur LP(X). Les deuz assertions suivantes sont équivalentes.

(1) (Th,...,Ty) admet un calcul fonctionnel joint H*(B,, X --- x B,,) pour certains
Y€ (0.5), k=1, d

(2) 1l existe un espace mesuré Q, des opérateurs de Ritt commutants, contractants
et positifs Ry, ..., Ry sur LP(Q), et deux opérateurs bornés J: LP(¥) — LP(Q) et
Q: LP(Q) — LP(X) tels que

T = QR - R4, (nl,...,nd)ENd.
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Ensuite, ces résultats permettent de trouver une généralisation du théoreme de
dilatation d’Akcoglu-Sucheston, affirmant qu'une contraction positive sur un espace L,
se dilate en un isomorphisme isométrique. On obtient une telle dilatation pour un d-
uplet de contractions positives commutantes pourvu que d — 1 parmi celles-ci soient des
opérateurs de Ritt.

Théoréme 1.2.14 Soit ¥ un espace mesuré et soit p € (1,00). Soit Ty,...,T; des
contractons positives commutantes sur LP(X). Supposons de plus que Ty, ..., Ty_1 sont
des opérateurs de Ruitt.

Alors il existe un espace mesuré ), deux opérateurs bornés J: LP(¥) — LP(Q) et
Q: LP(Q) — LP(X), ainsi que des isomorphismes isométriques Uy, ..., Uyg: LP(Q2) —
LP(Q) tels que

Ty = QU™ --- Uy, (n1,...,nq) c N°.

L’autre section du chapitre consacrée aux espaces UMD donne les analogues en ter-
mes de semi-groupes et de leur générateurs infinitésimaux, supposés étre des opérateurs
sectoriels. Rappelons a ce sujet qu'un opérateur A sur X est sectoriel de type w < 7 si
et seulement si —A engendre un semi-groupe analytique borné (e=*4);5o sur X.

Comme pour les combinaisons de dilatations pour les opérateurs de Ritt, on ef-
fectuera des combinaisons de dilatations de semi-groupes. Ainsi, on fera appel au
lemme suivant.

Lemme 1.2.15 Soit d > 2 un entier, soit (11¢)t>0,-- -, (Tut)i>0 des Cy-semi-groupes
commutants sur un espace de Banach X et soit p € [1,00). Soit 1 < m < d. Supposons
que :

(1) Pour tout k =1,...,m, il existe un Cy-semi-groupe (Vi1)i>0 d’opérateurs positifs
sur un certain espace LP(S) et deux opérateurs bornés Ji: X — LP(Q;X) et
Qr: LP(; X) — X tels que

i = Qu(Vit®Ix)J, t>0.

(2) Sim < d, il existe un espace de Banach'Y', deux opérateurs bornés Jy,.1: X =Y
et Qm+1: Y — X ainsi que des Cy-semi-groupes commutants (Vii1.¢)i0, - - -, (Var)eso
sur'Y tels que

Tonittmss Tty = Quat Vit 1t - VaggIms1, ty1 > 0,...,85 > 0.
(8) Pour touti=1,...,metj=1,...,d, et pour toutt >0, on a
JiT5e = (Iv()®@Tj4) Js.
Alors il existe deux opérateurs bornés J: X — LP(Q™Y) et Q: LP(1™Y) — X

tels que
Tig - Typy = QUiy, -+ - Ugy,J, t1 >20,...,t4 20,
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ot (Ur4)t>05 - - -, (Uar)iso sont des Cy-semi-groupes sur LP(Q™;Y") donnés par
Uy = ]®k_1®‘/k7t IR Iy, k=1,...,m;

Ui = I*"&Vis,  k=m+1,....d
Ici, I = Ipp) et 1% = [®---®I pour tout entier | > 1.
—_—

| facteurs

Tenant compte des résultats obtenus sur les dilatations d’opérateurs de Ritt (et
donc sur les semi-groupes discrets (7"),en+), on obtient les résultats analogues sur les
semi-groupes continus du type (e7');>o.

Théoréme 1.2.16 Soit p € (1,00). Soit X un espace de Banach réflexif tel que X
et X* ont chacun un cotype fini. Soit Ay, ..., Aq des opérateurs sectoriels commutants
sur X tels que chaque Ay admet un calcul fonctionnel H®(Xy,) pour certains 0y dans
0,%), k=1,....d.

Alors il existe un espace mesuré 2, des Cy-groupes commutants d’isométries
(Urt)ter, - - -, (Uat)ter sur LP(Q; X), et deur opérateurs bornés J: X — LP(2;X) et
Q: LP(; X) — X tels que

eitlAl . ..eftdAd _ QUl,t1 . Ud,th, t, > 0’ ot > 0.

Ce théoreme ainsi que le théoreme 1.2.6 permettent d’obtenir la caractérisation
suivante du calcul fonctionnel joint H*> en terme de dilatation de semi-groupes.

Théoréme 1.2.17 Soit X un espace de Banach ayant les propriétés UMD et («) et
soit d > 1 un entier. Soit Aq,...,Aq des opérateurs sectoriels commutants et soit
p € (1,00). Les deux assertions suivantes sont équivalentes.

(1) (Ay,..., Aq) admet un calcul fonctionnel joint H>®(3g, X - -+ X Xq,) pour certains
O € (0,5), k=1,....d.

(2) Il existe un espace mesuré ), des opérateurs sectoriels commutants By, ..., By
sur LP(Q; X) tels que tout By admet un calcul fonctionnel H* (%, ) pour certains
0, € (0,%), k=1,...,d, ainsi que deux opérateurs bornés J: X — LP(; X) et
Q: LP(2; X) — X tels que

et gttt — Qe B otaBa g >0 8, >0,
et tous les (e7'Br);~ sont des semi-groupes de contractions.

On retrouve dans le théoreme précédent le fait remarquable d’avoir des opérateurs
contractants (ici, des semi-groupes de contractions).
On a alors la caractérisation suivante sur les espaces L.

Théoréme 1.2.18 Soit ¥ un espace mesuré et soit p € (1,00). Soit Ay, ..., Ay des
opérateurs sectoriels sur LP(X). Les deux assertions suivantes sont équivalentes.
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(1) (Ay,..., Aq) admet un calcul fonctionnel joint H>®(Xg, X - -+ X Xg,) pour certains
0, € (O,%), k:L,d

(2) Il existe un espace mesuré 2, des opérateurs sectoriels commutants By, . .., By sur
LP(Q) de type < %, et deux opérateurs bornés J: LP(X) — LP(Q) et Q: LP(Q2) —
LP(X) tels que

e Al gtada — Qe‘tlBl e e_tdBdJ, t1 >0,...,t4 >0,
et tous les (e7'Br)5q sont des semi-groupes de contractions positives sur LP(€2).

Théoreme 1.2.19 Soit ¥ un espace mesuré et soitp € (1,00). Soit (T14)i>0, - - -, (Tat)i>0
des Cy-semi-groupes de contractions positives sur LP(X). Supposons de plus que
(T1.4)t505 - - - (Tu—1.4)t>0 sont des semi-groupes analytiques bornés.

Alors il existe un espace mesuré ), deux opérateurs bornés J: LP(X) — LP(Q)
et Q: LP(Q) — LP(X), ainsi que des Cy-groupes commutants (Uyt)io, .-, (Uat)i>o
d’isomorphismes isométriques sur LP(2) tels que

Tigy o Tye, = QUiyy -~ Ugy,J, t1 >20,...,t4 2> 0.

Le deuxieme chapitre ce cette partie traite du cas des espaces de Hilbert. Rappelons
qu'un opérateur de Ritt sur un espace de Hilbert admet un calcul fonctionnel H* si
et seulement s’il est semblable & une contraction (voir [53, Théoreme 8.1]). On étendra
cette caractérisation aux d-uplets.

La question de la similarité jointe de plusieurs opérateurs commutants n’est pas
simple. En effet, Pisier a montré dans [68] I'existence d’une paire (77, 73) d’opérateurs
commutants sur un Hilbert H tels que T} et T5 sont tous deux semblables a des con-
tractions (ce qui signifie qu’il existe des opérateurs inversibles S1, Sy : H — H tels que
Sy 7Sy et Sy 7,5, sont des contractions sur H ) mais il n’existe pas d’opérateur in-
versible S : H — H tel que S™'T1S et S™1T5S soient des contractions sur H (similarité
jointe).

On obtient des caractérisations du calcul fonctionnel H* joint de d-uplets d’opérateurs
de Ritt commutants en terme de similarité jointe a des contractions commutantes.

Théoreme 1.2.20 Soit d > 3 un entier et soit H un espace de Hilbert. Soit Ty, ..., Ty
des opérateurs commutants sur H tels que :

(1) Pour tout j dans {1,...,d —2}, T; est un opérateurs de Ritt semblable a une
contraction.

(i) 1l existe un opérateur borné et inversible S: H — H tel que ST, 1S et S~'T,S
sont tous deux des contractions.

Alors on a les propriétés suivantes :

(1) Il existe un espace de Hilbert K, deux opérateurs bornés J: H — K et Q: K — H
et des opérateurs unitaires et commutants Uy, ..., Uy sur K tels que

Tyt = QU™ --- Uy, (n1,...,nq) c N,
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(2) Il existe C > 1 tel que pour toute fonction polynomiale de d variables ¢,
(11, ..., Ta)ll < C Nl ]l g pe -

(8) 1l existe un opérateur borné et inversible S: H — H tels que pour tout j =
1,...,d, ST'T;S est une contraction.

On note que la propriété (ii) est vérifiée si T, 1 et Ty sont des contractions. En
particulier, la propriété (2) ci-dessus fournit une généralisation de I'inégalité de Ando
et répond dans le cas d’opérateurs de Ritt au probleme ouvert de l'existence d'une
constante C' > 0 telle que |[¢(T1, ..., Ty)|| < C'[|¢]|, p« Pour toute fonction polynomiale
¢. De plus, toujours dans le cas d’opérateurs de Ritt, on obtient une similarité jointe
a des contractions sous condition de similarité individuelle de chaque opérateurs a des
contractions. On I'exprime avec le corollaire suivant.

Corollaire 1.2.21 Soit d > 2 un entier et soit (11, ...,Ty) des opérateurs de Ritt com-
mutants sur un espace de Hilbert H. Les deux assertions suivantes sont équivalentes.

(1) (Th,...,Ty) admet un calcul fonctionnel joint H*(B.,, x --- X B,,) pour certains
% € (0,35), k=1,....,d.

(2) Il existe un opérateur borné inversible S: H — H tels que pour tout k =1,...,d,
S~IT.S est une contraction.

On donne aussi des résultats analogues pour les semi-groupes d’opérateurs sur un
Hilbert. Ils sont dans la continuité du travail initié dans [49)].

Cinquieme partie

On note que des résultats variés sur les dilatations des opérateurs de Ritt ou sectoriels
reposent sur des fonctions carré sur un espace de Banach. On ambitionne d’étudier
les propriétés de dilatations pour les d-uplets d’opérateurs sur un espace de Banach
ne vérifiant pas les hypotheses du Théoreme 1.2.6. Pour ce faire, on introduit un
outil incontournable : les fonctions carré relatives au d-uplets d’opérateurs de Ritt ou
sectoriels. Ces définitions généralisent celles connues pour un seul opérateur.

Pour les opérateurs de Ritt, la fonction carré associée a un d-uplets T = (17, ..., Ty)
d’opérateurs commutants et a un d-uplet a = (ay, ..., o) de réels strictement positifs
s’exprime par

[ellzo = :

Rad((N*)4;X)

d
) H’fl gy ® (HT&(JX—TZ»)%)
=1

ki,...kg>1 1=1

pour tout z de X. On s’intéresse alors aux d-uplets (a1, ..., ay) de telle sorte que pour
tout x de 'espace X on ait

12l 7o < Nl
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Les fonctions carré correspondantes pour les d-uplets d’opérateurs sectoriels (Ay, ..., Ag)
se définissent par des fonctions F' de H{®(Xg, X --- x Xy,) et non avec des d-uplets
(v, ...,cq). Elles sont plus abstraites et n’admettent pas d’expression explicite con-
trairement a celles relatives aux opérateurs de Ritt. On s’intéresse également aux
fonctions F' de telle sorte que pour tout x de I'espace X on ait

el p < Nzl

Dans un premier temps, on étudie les liens possibles entre le calcul fonctionnel joint
H® et ces fonctions carré.

On montre d’abord que le calcul fonctionnel joint H*> entraine des estimations
carré, pourvu que l’espace sous-jacent soit de cotype fini. Ce résultat fait appel pour les
opérateurs sectoriels comme pour les opérateurs de Ritt a la notion de calcul quadratique
H®>.

Définition 1.2.22 Soit X un espace de Banach. Soit T = (11,...,Ty;) un d-uplet
d’opérateurs de Ritt commutants sur X tels que Ty est de type ap pour k = 1,...,d.
Soit vy, € (ax, 5) pour k = 1,...,d. On dit que T admet un calcul fonctionnel quadra-

tique H39(B,, X -+ x B,,) s’il existe une constante C' > 0 telle que pour toute famille
finie (i)iez dans H3®(B., X --- x B,,) et x dans X,

1
2
2
<0l (Zmr ) ,
Rad(Z;X) i€l

00,By; XX By,

Z’/’i ® Soi(le ,Td)<l’>

1€T

avec (1;)ier une famille de variables de Rademacher indépendantes.

Proposition 1.2.23 Soit X un espace de Banach de cotype fini. Soit T = (T4, ...,Ty)
un d-uplet d’opérateurs de Ritt commutants sur X. Supposons que T' admet un calcul
fonctionnel joint H*(By, x --- x By,) pour certains by, ...,bq dans (0, 7).

Alors pour tous i, ...,vq tels que 5 > vy > by for k = 1,....d, T admel un calcul
fonctionnel quadratique H*(B,, X --- X B,,).
Proposition 1.2.24 Soit X un espace de Banach ne contenant pas co. Soit T =
(Ty, ..., Ty) un d-uplet d’opérateurs de Ritt commutants sur X. Supposons que T admet
un calcul fonctionnel quadratique H*(B,, X --x By,) pour certains 1, ..., 74 dans (0, 5).
Soit a = (v, ..., aq) dans (R%)%. Alors T satisfait une estimation carré, c’est-a-dire
qu’il existe une constante K > 0 telle que

[l 7 < K fl2]] -
On combine les deux propositions précédentes pour obtenir le théoréeme suivant.

Théoreme 1.2.25 Soit X un espace de Banach de cotype fini. Supposons que T =
(T, ..., Ty) est un d-uplet d’opérateurs de Ritt commutants sur X qui admet un calcul
fonctionnel joint H*(B,, x --- x B,,) pour certains 7i,...,7q dans (0,%). Soit o =
(a1, ...y aq) dans (R%)%. Alors T wvérifie une estimation carré, c’est-a-dire qu’il existe
une constante K > 0 telle que pour tout x dans X on a

]l < K (2]l -
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Les résultats analogues pour les sectoriels sont alors les suivants.

Proposition 1.2.26 Soit X un espace de Banach de cotype fini et soit (A, ..., Aq)
un d-uplet d’opérateurs sectoriels commutants admettant un calcul fonctionnel joint
H>(3g, X -+ x Xy,). Alors pour tout vy, € (0, m), k=1,....,d, il existe une constante
K >0 telle que

)
oo,Z‘l,1><~-~><2ud

n n 1
@ Fi(Ar,.. A ’ < K (K FﬁQ
H;w o]y < 0 (1

pour tout n > 1, pour toutes Fi, ..., F, dans H{°(X,, x --- x ¥,,) et pour tout v € X.

Théoréme 1.2.27 Soit X un espace de Banach de cotype fini. Soit A = (Ay,..., Ay)
un d-uplet d’opérateurs sectoriels commutants sur X, admettant un calcul fonctionnel
joint H* (X, X - -+ x ¥y,). Alors pour toute fonction F' € Hg5 (X, x --- x X,,), avec
v € (O, m), (A1,...,Aq) admet une estimation carré relative a F, c’est-a-dire qu’il
existe une constante K > 0 telle que pour tout x de X on a

][4 < K [l2]]

En référence aux résultats connus dans le cas d’un seul opérateur, on étudie une
réciproques des théoremes précédents dans le cas ou ’on considere des opérateurs R-Ritt
ou R-sectoriels. Si (T, ..., Ty) est un d-uplet d’opérateurs de Ritt, (ay, ..., aq) € (0, 00)?
et A est une partie de {1, ..., d}, il est nécessaire de considérer ||z, , la fonction carré
relative a la sous famille (T} )ken et (ax)ren (x dans X).

Théoréme 1.2.28 Soit X un espace de Banach réflexif tel que X et X* ont chacun
un cotype fini. Soit T = (Ty,..,Ty) des opérateurs de Ritt commutants sur X tels que
tous les Ty, sont R-Ritt de R-type 0, € (0,3) pour k =1,...,d. Soit a = (uy, ..., q) et
B = (B1,...0q) des d-uplets de (R*%.)®. Supposons qu’il existe une constante C' > 0 telle
que pour tout A, partie de {1,...,d}, il existe an = (ap)pen €t Ba = (Be)rea dans (RF)A
tels que

ey < Cllal.  zeX

et
Yllrs, <Cllyll,  yeX*

Alors (Th,...,Ty) admet un calcul fonctionnel joint H*(B,, X ---B.,) pour tout
Ve € (5167 %)

L’hypothese de réflexivité assure 1’équivalence des fonctions carré sur X, ce qui
autorise a se ramener aux d-uplets « = 5 = (1, ..., 1). Sans cette hypothese, le théoreme
persiste en fixant lesdits d-uplets a (1,...,1).

On utilise alors pleinement ce théoreme pour obtenir une caractérisation du calcul
fonctionnel joint H* sur les espaces ayant la propriété (A). Cette classe contient plus
d’espaces que ceux ayant la propriété («), notamment les espaces L, non commutatifs.
En particulier, on obtient une caractérisation du calcul fonctionnel joint H* sur des
espaces pour lesquels I'automaticité d’un tel calcul n’est pas nécessairement assurée
(Théoreme 1.2.6).
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Corollaire 1.2.29 Soit X un espace de Banach ayant la propriété (A). Soit T, ..., Ty
des opérateurs de Ritt commutants sur X. Les deux assertions suivantes sont équivalentes.

i) (T1,...,Ty) admet un calcul fonctionnel joint H>*(B,, x --- x B,,) pour certains
Vi € (0, %), k=1,...d.

i1) Chaque Ty, est R-Ritt et il existe une constante C > 0 telle que pour tout A partie
de {1,...,d}, il existe ap et By dans (R} tels que

12l e, < Cllzll,  zeX,

Yl 5, < Cllyll,  ye X

Les résultats analogues pour les opérateurs sectoriels s’expriment comme suit.

Théoreme 1.2.30 Supposons que X est réflexif de cotype fini et que pour tout k =
1,...,d, Ay est R-sectoriel de R-type wy, € (0,7) d’image dense dans X. Supposons de
plus qu’il existe des fonctions non nulles Fy, Fo € H(X,, x --- X X,,), pour certains
v € (wg, ), telles que (Ay, ..., Ag) admet une estimation carré relative a Fy, soit

lellam <Klall,  z€X, K>0

et que A* = (A3,..., A}) admet une estimation carré relative a Fy, soit

||y’ A% Fy <K Hy” ) (VRS X*, K > 0.

Alors pour tout Oy € (wg,m), k=1,...,d, (A1,...,Aq) admet un calcul fonctionnel
jJoint H® (X, X -+ X Xy,).

Corollaire 1.2.31 Soit X un espace de Banach réflezif avec la propriété (A) et tel que
X* est de cotype fini. Les deux assertions suivantes sont équivalentes.

(i) Pour tout 0y € (wg,m), k = 1,...,d, (A1,...,Aq) admet un calcul fonctionnel
joint HOO(EQI X X E@d).

1) Pour tout 0y € (wp,m), k = 1,...,d, et pour toute F € g, X -+ X Xg,),

i) P tout 0 k=1 d, et toute F' € Hq (X, Yo,
(A, ..., Ag) et A* = (A5, ..., A}) admettent tous deuz une estimation carré rel-
ative a F, c’est-a-dire qu’il existe une constante K > 0 telle que

|zllap < Klzll,  z€X

et

[yl e p < K [yl ye X
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Sixieme partie

Le sujet de cette partie est de trouver des connexions entre le calcul fonctionnel joint H*
et les propriétés de dilatations. Premierement, on exploite les fonctions carré relatives
aux d-uplets pour montrer que le calcul fonctionnel joint H* implique des résultats de
dilatations. Le résultat ci-dessous utilise les fonctions carré a travers une hypothese de
calcul fonctionnel joint H* et non un calcul fonctionnel H* de chaque opérateur.

Théoréme 1.2.32 Soit X un espace de Banach réflexif et K-convezxe et p dans (1,00).
Soit T = (T4, ..., Tyq) un d-uplet d’opérateurs de Ritt commutants sur X. Supposons de
plus que T' admet un calcul fonctionnel joint H*(B.,,, X - - - x B,,) pour certains vi, ..., Va
dans (0,7).

Alors il existe un espace mesuré ¥, un d-uplet d’isomorphismes commutants (Uy, ..., Uy)
sur L,(X; X) et deur opérateurs bornés J : X — L,(3;X) et Q : L,(X; X) — X tels
que

a) (Ui, ...,Uy) admet un C(T?) calcul borné.

b) Pour tous entiers ny,....,ng >0, on a

T . Th = QUM - - UM, (n1,...,nq) € N¢. (1.2.2)

On montre aussi dans une certaine mesure que la propriété de dilatation énoncée
précédemment implique un calcul fonctionnel joint H*°. La réciproque que 1’on obtient
repose sur le Théoreme 1.2.9.

Théoréme 1.2.33 Soit X un espace de Banach et p € (1,00). Soit (T1,...,Ty) un
d-uplet d’opérateurs commutants sur X tel que tout T} est un opérateur R-Ritt, k =
1,...,d. Supposons qu’il existe un espace mesuré 2, un d-uplet d’isomorphismes (Uy, ..., Uy)
sur L,(3; X) admettant un C(T?) calcul borné et deux opérateurs bornés J : X —
L,(3;X), Q:L,(3;X)— X tels que (1.2.2) est vérifié.

Alors il existe 1, ...,7va dans (0,3) tel que (11, ...,T;) admet un calcul fonctionnel
joint H*(B,, x --- x B,,).

Les résultats analogues pour les opérateurs sectoriels s’expriment comme suit. On
remarquera quelques différences dans I'expression des résultats, qui s’explique par une
approche différente du travail par deux articles séparés, I'un concernant exclusivement
les opérateurs de Ritt et 'autre les opérateurs sectoriels.

Théoréme 1.2.34 Soit X un espace de Banach reflexif et K-convexe. Soit p dans

(1,00). Soit ((T})iz0s-- -, (T)e0) un d-uplet de semi-groupes analytiques bornés qui
commutent et soit (Aq, ..., Ag) leur générateurs négatifs respectifs. Supposons que (Ay, ..., Aq)
admet un calcul fonctionnel joint H®(Xg, X --- X Xg,), pour certains 0y de (0,7),

k= 1,..,d. Alors il existe un espace mesuré (X,dm), deux opérateurs bornés J :
X = L5 X) et Q : Ly(S;X) — X, ainsi quun d-uplet (U})is0,- .., (U)so) de
Co-semi-groupes sur L,(X; X) tel que
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a) Le d-uplet (B, ..., Bg), ot By, est le générateur négatif de (UF)i>o pour tout k =

t
1, ...,d, admet un calcul fonctionnel joint H*(Xz X --- x Xx).

b) Pour tout ty,....,ty de Ry, on a

Ttl1 .. ‘Tt‘i — QUtll . UtCiJ- (1.2.3)

Theorem 1.2.35 Soit p dans (1,00). Soit ((T})iz0;-- -, (T{)e=0) un d-uplet de semi-
groupes analytiques bornés qui commutent sur un espace de Banach X, et soit (A, ..., Ag)
leurs générateurs négatifs respectifs. Supposons que chaque A soit R-sectoriel de R-
type wp < 5, k= 1,...,d. Supposons également qu’il existe un espace mesuré (X, dm),
deux opérateurs bornés J : X — Ly(3;X) et Q : L,(3;X) — X, ainsi qu’un d-uplet
(U0, - - (Uf)is0) de Co-groupes bornés qui commutent tels que (1.2.3) est vérifié.
Supposons de plus que le d-uplet (By, ..., Bg), ot By est le générateur négatif de (UF)i>o
pour k =1,...,d, admet un calcul fonctionnel joint H*(Xx X --- x Y= ).

Alors (Ay, ..., Ag) admet un calcul fonctionnel joint H>(Xg; X - - x Xy ), pour tout
0 de (w,5), k=1,..,d.



Chapter 2

Introduction

2.1 General introduction

Let A be a unital Banach algebra. Let d > 1 be an integer.

Let P; be the algebra of polynomial functions on C?. Let 1, ..., 24 be commuting
elements of A. One can define a polynomial calculus on Py, associating to each funtion
of Py the form f = > ag, .. kdzfl e zfjd (with a finite sum) the element

Let now o(zy) C C be the spectrum of xy, k = 1,...,d. Let Oy be an open neigh-
bourhood of o(xy) and I'y a contour of o(xy) in Ok, .k =1,...,d. Let H(O1 x -+ x Oy)
be the algebra of holomorphic function on Oy x - -- x Q4. One can define a holomorphic
calculus on H(Op x -+ x Oy), setting for any function f of H(O; x -+ x Oy),

1 d d
U(f)= —/ f(z1, .0y 24 Rz, xk dzy, 2.1.1
D= [, S LR ] (211)

k=

where R(zy, zr) = (2x14—z3) "' denotes the resolvent of xy, k = 1,...,d. The definition
does not depend on the choice of the I'y’s. When d = 1, this definition coincides with
the Dunford calculus. Moreover, for any polynomial function f, we have ®(f) = U(f),
meaning that ¥ extends the homomorphism ®. Both of these latter elements will be
denoted by f(x1,...,xq).

We turn now to the Banach algebra A = B(X), the algebra of all bounded operators
on a Banach space X equipped with the operator norm. Let Ej be a subset of C such
that o(xy) C E, C O, k =1, ..., d (taking notations above). If f is an analytic function
on O x ---O, which is bounded on F = E; X --- X Ey, we let

[l = sup{[f(2)] : 2 € E}.

A classical question in functional calculus is to know whether there exists a constant
C > 0 such that

1 (15 za)ll < Cllifllee (2.1.2)

23
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where f runs over a certain subalgebra of bounded holomorphic functions on Oy x - - - X
Od.

Some classical results on Hilbertian operators theory are answers to this generic
question. First, von Neumann’s inequality says that for any contraction 7" on an Hilbert
space, for any P a polynomial function of one variable we have

PO < [[Plloe -

Next, Ando’s inequality, which generalises the von Neumann’s inequality, claims that
for any two commuting contractions 77,75 on an Hilbert space H and any polynomial
function () of two variables we have

1Q(Ty, To)]| < 1@l o p2 - (2.1.3)

A counterexample of Crabb-Davie shows that this inequality fails for three commut-
ing contractions on an Hilbert space. However, fixing commuting contractions T, ..., Ty
on an Hilbert space H, the existence of a constant C' > 0 such that for any polynomial
function p of d variables ||p(T1,...,Tu)|| < C||pl|..pe is still an open question (see e.g
[69] for all the facts above). Nevertheless, such an inequality happens if 717, ...,T; are
commuting normal operators, according to functional calculus on C*-algebras.

It is also possible to study similar inequalities on non Hilbertian spaces, which
generates other difficulties. One can treat the case of unbounded operators as well.

The fact that Ando’s inequality does not extend to d > 3 leads to the following type
of question :

(Q) If Ty, ..., Ty are commuting operators each verifying an inequality of type
1f(T)[l < Ck | flloo.55,» when does the d-tuple (11, ..., Ty) satisfy an estimate (2.1.2) for
E = F; x--- x Eg, that is there exists a constant C' > 0 such that for any suitable f

we havel|| f(T1, ..., Ty)|| < C||f]l

2
oo, B X-xEg *

In a nutshell, we claim that the study of the functional calculus of a d-tuple does
not reduce to the study of the individual functional calculus of each of the element of
the d-tuple.

Our work is devoted to the functional calculus of Ritt operators and sectorial op-
erators. Both of these operators verify a resolvent condition which allows to define a
rather general functional calculus with formula as (2.1.1), taking suitable contours of
their spectra.

The sectorial operators appear in many areas of functional analysis. They appear
as negative generator of analytic bounded semigroups, which intervene in resolution of
elliptic equations (see [42], [10] and [47]), harmonic analysis (see [16], [33] and [73]),
maximal regularity (see [3], [13], [21], [22], [38], [78] and [79]). For general informations
about semigroups of operators, see [64].

The Ritt operators play a role in the resolution of certain linear equations using
iterations (see [63]). Problems of maximal regularity use these operators as well as
sectorial operators (see [11]).

Ritt and sectorial operators have been studied from the standpoint of functional
calculus in many situations, as one can see in [5], [14], [15], [39], [43], [40], [41], [46],
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[53], [60], [61], [75], [76] and [77]. For a large survey on functional calculus of sectorial
operators, see [31]. Furthermore, subordination of discrete or continuous semigroups
appeal to functional calculus of Ritt or sectorial operators (see [23], [28], [29]).

The starting point of the works mentioned above above is the H* functional calculus
devised by Alan McIntosh (see [60]). In the latter reference, Alan McIntosh emphasized
the role of square functions. He showed characterisations of the H* functional calculus
of sectorial operators acting on Hilbert spaces in terms of square function estimates.
Later on, Cowling, Doust, McIntosh and Yagi found square functions to characterise
the functional calculus of sectorial operators (see [15]) on (commutative) L,-spaces.
Their results admit natural generalisations to Banach lattices. A much more general
context was given by Kalton and Weis in [41], when they used ~y-spaces to define square
functions in general Banach spaces. The case of non commutative L,-spaces was treated
by Junge, Le Merdy and Xu in [56]. A survey of all these methods is given in [52] and
the case of square functions related to Ritt operators is treated in [53].

Another topic closely related to H* functional calculus is dilations. First, von
Neumann’s inequality relies on Nagy’s dilation Theorem. The latter result says that
for a contraction T on an Hilbert space H, there exists a unitary element U of B(K)
where K D H an Hilbert space, such that

Tn:PHUn‘H, n €N,

where Py denotes the orthogonal projection from K onto H. One of the consequences
of von Neumann’s inequality is that the generator of a semigroup of contractions on an
Hilbert space admits an H* functional calculus.

Second, Matsaev’s inequality, which relies on the Akcoglu-Sucheston dilation Theo-
rem for positive contractions on Ly-space (see [1]), implies that the negative generator of
a semigroup of positive contractions on an L,-space admits an H* functional calculus.

One can find examples of dilations on noncommutative L,-spaces in [56, 3.2] which
also yield H* functional calculus properties.

The converse question, which searches dilation results from an H* functional cal-
culus, admits some remarkable answers. A turning point on this subject is the work of
Frohlich and Weis, who showed that H* functional calculus implies dilation of sectorial
operators into isomorphisms (see [27]). This paper brought to light the close relationship
between dilation results and H* functional calculus. More recently, Arhancet, Fackler
and Le Merdy studied in [4] characterisations of H* functional calculus for Ritt opera-
tors and semigroups in terms of dilations on space with special geometric properties (as
UMD property). In particular, the authors obtain equivalence between H* functional
calculus of Ritt operators and dilation into Ritt contractions on a Bochner space.

This thesis deals about H* joint functionnal calculus of a d-tuple of either commut-
ing Ritt opertors or sectorial operators. First, taking (71, ..., Ty) a d-tuple of commuting
operators, we will study the differences between H* functional calculus of each of the
T}’s and the H*™ joint functional calculus of the d-tuple. This will be expressed by a
question in the style of (Q). Next we aim to study the relationship between functional
calculus and the notions we discussed above (square functions, dilation properties) for
a d-tuple of commuting operators, in order to override the case of a single operator.
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2.2 Contents of the thesis

First part

The first chapter is devoted to the averages upon Rademacher variables and Gaussian
variables. In particular, we will define the spaces Rad(X) and Gauss(X) on some Ba-
nach space X. Notions on operators based on Rademacher and Gaussian averages, such
as R-boundedness and y-boundedness, are introduced. Finally, we recall the fundamen-
tal notions of type and cotype of a Banach space.

The second chapter presents notions of Banach space geometry which play a role
in various questions concerning functional calculus of Ritt operators and sectorial op-
erators. In particular we discuss K-convex spaces, UMD-spaces and spaces having
property («) or (A). We give the basic comparisons between these notions and we
present large classes of Banach spaces which satisfy or do not satisfy theses properties.

We end this part giving basic definitions of Ritt operators and sectorial operators
and we give definitions of H* joint functional calculus of a commuting d-tuple of these
operators. The case of a d-tuple of sectorial operators was adressed by Albrecht in [2].
We naturally generalise it to d-tuples of Ritt operators, considering a suitable class of
bounded analytic functions.

In the sequel, we use objects and notations introduced in this part, we refer to it
for details and precise definitions. This includes the Stolz domains B., o € (0, %) of C,
sectors Xy = {z € C* : |Arg(z)| < 6}, 0 € (0,7) as well as H°(3g, x - -+ x Xy,) (resp.
HE(Bay, X +++ X Bq,)) and Hgq(Xg, X -+ x Xg,) (vesp. H§G(Ba, X -+ X B,,)), which
are subalgebras of bounded holomorphic functions on the corresponding domains.

Second part

The second part deals with Franks-McIntosh decompositions of holomorphic functions.
These authors constructed in [26] such decompositions for holomorphic functions of
either one or several variables, in order to study various forms of functional calculi.

This part is divided into three steps. Firstly, we present the work from [26] related to
sectors. Secondly, we give analogous resulsts for Stolz domains, devised for applications
to Ritt operators. Finally, we give decomposition of the unit in both cases.

For the sectorial case, all the useful estimations rely on the two theorem below. The
following theorem implicitly appears in [26].

Theorem 2.2.1 Letd > 1 be an integer, let vy in (0,7) and . in (0,1), k=1,....d.
There exist sequences (Wi, )iz>1 and (Wi, )i>1 in HP(E,,) verifying the following
properties.

(1) For every real number p > 0 and for any k =1,...,d,

sup {Z Wk (G 2 G € Euk} < oo and sup {Z )@k7ik(§“k)‘p (G € Zuk} < 0.

ir=1 ip=1
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(2) There exists a constant C' > 0 such that for every h in H*(X,, X ---xX,,), there
exists a family (a;, . i,)iy...ig>1 Of complex numbers such that

.....

. . d
|ai1 id’ < CHhHoo,Eylx-uXE,,d? (217 st vld) e N )

.....

and for every ((i,...,Cq) in Hi:l DI

WGenCa) = D iV ()W (G) - Wiy (o) Wy (Ca).

i1, ,ig 21

The proposition below yields a decomposition of the unit on sectors and follows
from analogous principles. Details will be supplied in Chapter 6.

Proposition 2.2.2 Let u € (0,7). There exist three sequences (A;)i>1, (¥i)i>1 and
(¢i)i=1 in HG®(X,) satisfying the following properties.

(1) There exists a constant C' > 0 such that
VeeX,, > ()| <C and Y |di(2)] < C.
i=1 i=1

(2) For any v € (0, ), there exists a constant K > 0 such that

d
Vi> 1, / A E] <K
%, <
(8) There exists a constant C' > 0 such that
Vi>1 VzeX, A (2)] <C,

and

Veey,, 1= Z A(2)0s(2)1i(2).

For the purpose of having results for H*° joint functional calculus of Ritt operators,
we provide a detailed proof of the Franks-McIntosh decomposition on Stolz domains.
The result below is implicit in [26, Section 4], however no proof has been written yet.
The one we provide in our work is close to the one for sectors given in [26, Section 3],
and simpler than the one which is sketched in [26, Section 4] for domains having several
points of contact.

Theorem 2.2.3 Letd > 1 be an integer, let By, in (0, %) and oy in (0, ), k=1,...,d.
There exist sequences (Wi, )iv>1 and (Wrg, )1 in HS®(Ba,) verifying the following
properties.
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(1) For every real number p > 0 and for any k =1,...,d,

sup {Z Uk (CG)P 2 Gk € Bak} < oo and sup {Z ‘\ifmk(ck)‘p (€ Bak} < 0.

ir=1 ir=1

(2) There ezists a constant C' > 0 such that for every h in H*(Bg, X --- X Bg,), there
exists a family (a;, . i,)iy...ig>1 0f complex numbers such that

.....

. ) d
015 e id’ SCHhHoo,Bﬁlx---xBBd? (Zlv"'72d> € N* )
and for every ((i,...,Cq) in HZZI B,

h((b ce Cd) = Z Qiy,..., id\I’l,il(Cl)‘ifl,il(Q) te \Dd,id(Cd)qjd7id(Cd>-

ity ig>1
The following statement is an analogue of Proposition 2.2.2.

Theorem 2.2.4 Let o in (0,75). There ewist sequences (¢;)i>1, (@i)i>1, (0i)i>1 and
(¢i)i>1 of H3°(By,) such that

(i) For every i > 1, we have ¢; = 0;p;1;;
(ii) There exists a constant ¢ > 0 such that for every z in B,

Slel<e. Sl <e
=1 =1

(11i) For every v € (0, ), there exists a constant e > 0 such that for every i > 1

0;
/ 16 (=) ds) < e
0

B, 11— 2|

(iv) For every z in By, the series Y .., ¢i(z) absolutely converges and there exists a
constant ¢ such that

sup{z lpi(2)] : z € Ba} </d.
i=1
Moreover, we have

Zgbz(z) =1, z € B,.
i=1

Note that Theorem 2.2.1 and 2.2.3 hold true for holomorphic functions h taking
values in some Banach space Z.
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Third part

The third part treats three independent questions related to the H* joint functional
calculus of a commuting d-tuple of Ritt operators or sectorial operators.

The first chapter gives an answer to the question of the automaticity of H* joint
functional calculus of a d-tuple under the assumption that each element of the d-tuple
has an H* functional calculus. This is a key property for lots of the result of this
thesis. It consists in proving the following theorem.

Theorem 2.2.5 Let X be a Banach space. Assume that either X is a Banach lattice,
or X or X* has property (o). Let d > 2 be an integer. Then the following two properties
hold :

(P1) Let (T1,...,Ty) be a commuting d-tuple of Ritt operators on X and assume that
for some 0 < y1,...,7¢ < 5, T}, has an H*(B,,) functional calculus for any
k =1,...,d. Then for any v, € (m,5), k = 1,...,d, (T1,...,T;) admits an

H>(B,, x -+ X By) joint functional calculus.

(P2) Let (Ay, ..., Aq) be a commuting d-tuple of sectorial operators on X and assume
that for some 0 < 6y,...,0;4 <7, Ay has an H>®(Xy,) functional calculus for any
k=1,...,d. Then for any 0; € (Ox,7), k = 1,...,d, (A1,...,Aq) admits an
H>(Xg;, % -+ x Xy ) joint functional calculus.

Property (P2) for d = 2 was proved in [48]. The proof for d > 3 is a simple
adaptation of the argument devised in the latter paper. In the special case when X is
an LP-space for p € [1,00), property (P2) goes back to [2]. Proving property (P1) will
require the Franks-McIntosh decomposition we described in the Second Part.

Next, the second chapter of this part considers the convex combinations of Ritt
operators. We prove that a convex combination of Ritt operators is still a Ritt operator.
We obtain a functional calculus property of such a convex combination, if the underlying
Banach space has property (A), a weaker property than property («).

Theorem 2.2.6 Let X be a Banach space with property (A) and d > 2 be an integer.
Let Ty, ..., Ty be commuting Ritt operators acting on X. Let cq,...,cq be positive real
numbers such that ZZ:1 ¢ = 1. Suppose that any Ty, admits an H* functional calculus,
k=1,...d. ThenT = ZZ:1 ci Ty admits an H* functional calculus.

The last chapter provides a result of angle reduction of H* functional calculus.
Recall that if (A4, ..., Ag) is a d-tuple of commuting sectorial operators on some Banach
space X having an H>(Xg, X - -+ X Xy,) joint functional calculus, then it also admits an
H®(Xg; x -+ x Xy ) joint functional calculus whenever 6 > 6, k =1,...,d. Likewise,
if (71, ..., Ty) is a d-tuple of Ritt operators having an H>°(B,, x- - -x B.,,) joint functional
calculus, then it also admits an H*°(B,; x -+ X B, ) for any v, > v, k= 1,...,d. The
aim is to have a converse property.

MeclIntosh proved in [60] that the H*(%,) functional calculus of a sectorial oper-
ator acting on Hilbert does not depend on 6, as long as it is well defined. However,
Kalton showed that this property does not hold true on general Banach spaces (see
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[37]). Finally, Kalton and Weis showed an extension of McIntosh’s result in general
Banach spaces provided they consider an R-sectorial operator. The theorem below is
a generalisation to the multivariate case of the Kalton-Weis theorem. Part (2) is the
adaptation to the Ritt case and part (3) is a variant of the latter.

Theorem 2.2.7 Let X be a Banach space. Let d > 2 be an integer. Then the following
three properties hold :

(1) Let (Ay,...,Aq) be a d-tuple of commuting R-sectorial operators on X, of re-
spective R-types wy, ..., wq. Let Oy € (wg,m), for k =1,...,d, and assume that
(A1, ..., Ag) admits an H>®(Xg, X - - -xXy,) joint functional calculus. Then for any
0 € (wk,m), k=1,...,d, the family (A, ..., Aa) admits an H*(Xg X -+ X Xy1)

joint functional calculus.

(2) Let (T1,...,Ty) be a d-tuple of commuting R-Ritt operators on X, of respective
R-types ai, ... aq. Lety, € (a, %), fork =1,...,d, and assume that (11, ..., T;)
admits an H®(B,, X+ --X B,,) joint functional calculus. Then for any - € (ax,7),
k=1,...,d, the family (Ty, ..., Ts) admits an H>®(B.; X+ - -x B, ) joint functional
calculus.

(8) Let (11, ...,Ty) be a d-tuple of commuting operators acting on X such that every Ty
is a R-Ritt operator, k =1, ...,d. Suppose that (11, ..., Ty) is polynomially bounded,
that is there exists a constant C' > 1 such that for any polynomial function h of d
variables we have

IR(T1, ..., Ty)|| < Csup {|h(21, .., )| ¢ (21, ..y 2a) € T} (2.2.1)

Then (T4, ..., Ty) admits a H*> joint functional calculus.

Fourth part

The fourth part explores characterisations of H* joint functional calculus on UMD-
spaces having property («) in terms of dilations. This uses the work initiated in [4] and
generalises it. Theorem 2.2.5 will be useful here.

Theorem 2.2.8 Let X be a UMD Banach space with property (o) and let d > 1 be
an integer. Let Ty, ..., Ty be commuting Ritt operators on X and let p € (1,00). The
following two conditions are equivalent.

(1) (Th,...,Ty) admits an H*®(B., X --- x B,,) joint functional calculus for some
Y€ (0.5), k=1, d

(2) There exist a measure space €, commuting contractive Ritt operators Ry, ..., Ry
on LP(%; X) such that every Ry admits an H*®(B,,) functional calculus for some
Y €(0,%), k=1,...,d, as well as two bounded operators J: X — LP(Q; X) and
Q: LP(Q; X) — X such that

Tyt = QR -+ - R4, (nl,...,nd)ENd.
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The main implication is ”(1) = (2)”. The remarkable fact in the dilation property
(2) is that Ry, ..., Rq are contractive.

This theorem takes a special form if X is an L,-space, leading to a characterisation
in terms of positive contractions on L.

Theorem 2.2.9 Let ¥ be a measure space and let p € (1,00). Let T, ..., Ty be com-
muting Ritt operators on LP(X). The following two conditions are equivalent.

(1) (Th,...,Ty) admits an H*®(B., X --- x B,,) joint functional calculus for some
Y€ (0.2), k=1,...d

(2) There ezist a measure space 2, commuting positive contractive Ritt operators
Ry, ..., Ry on LP(R2), and two bounded operators J: LP(X) — LP(Q) and Q: LP(2) —
LP(X) such that

TM T = QRM - R4, (n4,...,nq) € N

Next, we show that the Akcoglu-Sucheston dilation of one positive contraction on
a L,-space admits a generalisation to d-tuples of commuting positive contractions pro-
vided d — 1 of them are Ritt operators.

Theorem 2.2.10 Let X be a measure space and let p € (1,00). Let Ty,..., Ty be

commuting positive contractions on LP(X). Assume further that Ty, ..., T4 1 are Ritt
operators.

Then there exist a measure space ), two bounded operators J: LP(X) — LP(Q2) and
Q: LP(Q) — LP(X), as well as commuting isometric isomorphisms Uy, ..., Uy: LP(Q) —

LP(Q2) such that
Ty = QU™ --- Uy, (n1,...,nq) c N,

There are adaptations of these results to the semigroups. Recall that an operator

A on X is sectorial of type w < 7 if and only if —A generates a bounded analytic

semigroup (e~*);>o on X. We cite the main results.

Theorem 2.2.11 Let X be a UMD Banach space with property () and let d > 1 be
an integer. Let Ay, ..., Aq be commuting sectorial operators and let p € (1,00). The
following two conditions are equivalent.

(1) (Ay,..., Aq) admits an H® (X, X --- x Xy,) joint functional calculus for some
O, € (O,%), k=1,...,d.

(2) There exist a measure space ), commuting sectorial operators By, ..., By on
LP(Q; X) such that every By admits an H* (g ) functional calculus for some
0, €(0,5), k=1,...,d, as well as two bounded operators J: X — LP(Q; X) and
Q: LP(Q; X) — X such that

e AL gtada — Qe_tlBl cee e_tdBdJ, t7, >0,...,t4 >0,

and all the (e7'Pr),o are semigroups of contractions.
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Consequences of the theorem above are similar to the ones for Ritt operators, as
follows.

Theorem 2.2.12 Let ¥ be a measure space and let p € (1,00). Let Ay,..., Ay be
commuting sectorial operators on LP(X). The following conditions are equivalent.

(1) (Ay,..., Aq) admits an H® (X, X --- x Xy,) joint functional calculus for some
O, € (O,%), k=1,...,d.

(2) There exist a measure space §), commuting sectorial operators By, ..., By on LP(2)
of type < %, and two bounded operators J: LP(¥X) — LP(Q2) and Q: LP(Q2) —

27

LP(X) such that
e AL pmtada — Qe B gmtaBa ] ty >0,...,t4 >0,
and all the (e7'Pk)>o are semigroups of positive contractions.

Theorem 2.2.13 Let X be a measure space and letp € (1,00). Let (11¢)i>0, - - - (Tat)i>0
be Cy-semigroups of positive contractions on LP(X). Assume further that (T 4)i>0, - - -, (Ta—1.t)t>0
are bounded analytic semigroups.

Then there exist a measure space §2, two bounded operators J: LP(X) — LP(§2) and
Q: LP(Q) — LP(X), as well as commuting Co-groups (Uy t)i>o, - - -, (Udt)i>o of isometric
isomorphisms on LP(QQ) such that

Tl,tl e Td,td = QUl,tl e Ud,th7 tl Z 07 cee 7td Z 0.

The second chapter of this part is devoted to the Hilbert space case. Recall that a
Ritt operator acting on a Hilbert space admits an H* functional calculus if and only if it
is similar to a contraction (see [53, Theorem 8.1]). We will extend this characterisation
to d-tuples of Ritt operators.

The question of the joint similarity of several commuting operators is not straight-
forword. Indeed, Pisier showed in [68] the existence of a pair (77,73) of commuting
operators on Hilbert space H such that 77 and T3 are both similar to contractions (that
is, there exist bounded invertible operators S;,Sy: H — H such that S;'71S; and
S, 1T, S, are contractions) but there is no common bounded invertible S: H — H such
that S~'71S and S~'7T,S are contractions.

We obtain the following properties of d-tuples of Ritt operators having an H* joint
functional calculus.

Theorem 2.2.14 Let d > 3 be an integer and let H be a Hilbert space. Let Ty, ... Ty
be commuting operators on H such that:

(i) For every j in {1,...,d — 2}, T} is a Ritt operator which is similar to a contrac-
tion.

(ii) There exists a bounded invertible operator S: H — H such that S™'Ty 1S and
S=T,S are both contractions.
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Then we have the following three properties:

(1) There exist a Hilbert space K, two bounded operators J: H — K and Q: K — H
and commuting unitary operators Uy, ..., Uy on K such that

T{ll"'T;d:QU{ll"'Ugd‘L (nl,...,nd)ENd.

(2) There exists C' > 1 such that for any polynomial ¢ in Py,

lo(Th, -, T) | < Cll¢ll o pe

(8) There exists a bounded invertible operator S: H — H such that for any j =
1,...,d, ST'T;S is a contraction.

Note that property (ii) is satisfied if T, 1, Ty are contractions. Thus, this theorem
yields a generalisation of Ando’s inequality for a d-tuple of commuting contractions
provided that d — 2 of them are Ritt operators. Further, we obtain that if T}, ...,T; are
commuting Ritt operators on an Hilbert space each similar to a contraction, then they
are simultaneously similar to a contraction.

We also obtain analogous results for semigroups on Hilbert space. This is a contin-
uation of the work initiated in [49].

Fifth part

We note that various results of dilations of a Ritt operator or a sectorial operator rely
on square function related to this operator. We aim to study dilation properties for
d-tuples of operators acting on Banach spaces which do not verify the assumption of
Theorem 2.2.5. In order to do that, we introduce a tool which is inescapable : the
square functions related to a d-tuple of either commuting Ritt operators or sectorial
opertors.

Given T = (T4, ...,T;) a d-tuple of commuting Ritt operators, and o = (ay, ..., ayg)
in (R%)4, we give a suitable definition of square functions ||, for z in the underlying
Banach space X. This generalises the case of a single operator given in [6].

Likewise, we generalise the square function ||zl , . for a sectorial operator A given
in [40] to a d-tuple of commuting sectorial operators and a multivariated function F'.

Then we study the links between H> joint functional calculus and these square
functions. We show that H* functional calculus implies square function estimates,
only supposing the finite cotype of the underlying Banach space.

Theorem 2.2.15 Let X be a Banach space with a finite cotype. Suppose that T =
(Th, ..., Ty) is a d-tuple of commuting Ritt operators on X which has an H*(B., X --- X
B,,) joint functional calculus for some 71, ...,7q in (0,%). Let @ = (ov, ..., o) in (R%)%
Then T verifies a square function estimate, that is there exists a constant K > 0 such
that for any x in X we have

[l 7 < K fl2]] -
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The analogous result for sectorial operators is the following.

Theorem 2.2.16 Assume that X has finite cotype and that (Ay,..., Aq) admits an
H>®(Xg, X - -+ x Xg,) joint functional calculus. Then for any F € HgS(X,, x --- x X,,),
with vy € (O, ), (A1, ..., Aq) admits a square function estimate with respect to F.

In analogy with the case of a single operator, we study a converse result for either
R-Ritt operators or R-sectorial operators. If (71, ...,Ty) is a d-tuple of commuting Ritt
operators, (aq,...,aq) € (0,00) and A is a subset of {1, ..., d}, it is necessary to consider
2|7, the square function related to the subfamily (7y)rea and (ax)rea (7 € X).

Theorem 2.2.17 Let X be a reflexive Banach space such that X and X* have finite
cotype. Let T = (Ty,...,Ty) be commuting Ritt operators on a reflexive Banach space
X such that every Ty is R-Ritt of R-type 6y € (0,%) for k =1,...,d. Suppose that there
exists a constant C' > 0 such that for any A, subset of {1, ...,d}, there exist apn = (a)ren
and Ba = (Br)ken i (RF) such that

[2llpe, <Cllzl,  zeX

and
Yllrs, < Cllyll,  ye X
Then (11, ...,Ty) admits a H>*(B,, x --- x B,,) joint functional calculus for every
Y € (Ok, 5)-

We use of the preceding theorem to obtain a characterisation of H* joint functional
calculus in spaces having property (A).

Corollary 2.2.18 Let X be a Banach space with property (A). Let Ty, ..., Ty be com-
muting Ritt operators on X. The two assertions are equivalent :

i) (T1,...,Ty) admits a H*(B,, X --- x B,,) joint functional calculus for some y;, €
(0,2), k=1,....d.

it) Every Ty is R-Ritt and there exists a constant C' > 0 such that for every A subset
of {1, ...,d}, there exist ap and By in (R%)™ such that

el <Clizll,  z€X,

1Yl 7 5, <Cllyll,  ye X"

The analogous results for sectorial operators consist in the following two results.

Theorem 2.2.19 Assume that X is reflexive with finite cotype, and that for any k =
1,...,d, Ay is R-sectorial of R-type wy € (0,7) and has dense range. Assume fur-
ther that there exist non zero functions Fy,Fy, € H(X, x --- x ¥,,), for some
vp € (wg,m), such that (Aq,...,Aq) admits a square function estimate with respect
to Fy and (A7,...,A}) admits a square function estimate with respect to Fy. Then
for any Oy € (wi,m), k=1,....d, (A1,...,Aq) admits an H>®(3g, X --- X Xy,) joint
functional calculus.
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Corollary 2.2.20 Assume that X is a reflexive Banach space with property (A) and
that X* has finite cotype. The following are equivalent.

(i) For any 0y € (wi,m), k=1,....d, (A1,...,Aq) admits an H>®(Xg, x --- X Xy,)
joint functional calculus.

(i) Ay is R-sectorial of R-type wy and for any 0, € (wg,m), k = 1,...,d, and for
any ' € H5G (g, X -+ X Xg,), (A1,..., Aq) and (A7, ..., A}) both admit a square
function estimate with respect to F.

Sixth part

The purpose of this part is to find connections between H> joint functional calculus
and dilation properties. Firstly, we exploit square functions for d-tuples to show that
H® joint functional calculus implies dilation results.

Theorem 2.2.21 Let X be a reflexive K-convexr Banach space and p in (1,00). Let
T = (T1,...,Ty) be a d-tuple of commuting Ritt operators on X . Suppose moreover that
T admits an H*(B,, x ---x B,,) joint functional calculus for some 1, ...,7q in (0,7).

Then there ezists a measure space 33, a d-tuple of commuting isomorphisms (Uy, ..., Uy)
on L,(3; X) and two bounded operators J : X — L,(3;X) and Q : L,(3; X) — X such
that

a) (Uy,...,Uy) admits a C(T?) bounded calculus.
b) For any integers ny,...,ng > 0, we have

- T = QUM --- Uy J. (2.2.2)

We also show that to some extent the dilation property stated in the previous
theorem implies H* joint functional calculus. The following converse result relies on
Theorem 2.2.7.

Theorem 2.2.22 Let X be a Banach space and p € (1,00). Let (11, ..., Tq) be a d-tuple
of commuting operators acting on X such that every T}, is a R-Ritt operator, k =1, ..., d.
Suppose that there exist a measure space 2, a d-tuple of isomorphisms (Uy, ..., Uy) acting
on L,(3; X) having a C(T?) bounded calculus and two bounded operator J : X —
L,(3;X), Q:L,(3;X)— X such that (2.2.2) is verified.

Then there exist y1,...,7q n (0,5) such that (11, ...,Tg) admits an H>(B
B,,) joint functional calculus.

’le...x

Again, we obtain analogous results for semigroups.

Theorem 2.2.23 Assume that X is reflezive and K-conver. Let p in (1,00). Let
(TH)e0, - - -, (TM)i=0) be a d-tuple of commuting bounded analytic semigroups, and
let Ay, ..., Ayq denote their negative generators. Assume that (Ay,..., Aq) admits an
H> (X, X --+ X Xy,) joint functional calculus, for some 0, € (0,5), k=1,...,d. Then
there exist a measure space (X,dm), two bounded operators J: X — L,(X;X) and
Q: L,(3;X) = X, as well as a d-tuple ((U})ier, - .., (Uf)er) of commuting bounded
Co-groups on L,(Q; X) such that:
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(a) The d-tuple (By, ..., By), where By is the negative generator of (UF); for all k =
L,...,d, admits an H*(Xx X -+ x X joint functional calculus;

(b) For any ty,...,tq in Ry, we have

Ttl1 .. Tti — QUtl1 . Utij. (2.2.3)

Theorem 2.2.24 Let p in (1,00). Let ((T})iso0, - .-, (Tf)i=0) be a d-tuple of commuting
bounded analytic semigroups on some Banach space X, and let Ay, ..., Ay denote their
negative generators. Assume that each Ay is R-sectorial of R-type wy < 5. Assume fur-
ther that there exists a measure space (¥,dm), two bounded operators J: X — L,(3; X)
and Q: L,(3;X) — X, as well as a d-tuple ((U})ier, ..., (Ul)wer) of commuting
bounded Cy-groups on L,(3; X) such that (2.2.3) is verified. Suppose moreover that the
d-tuple (By, - -, Bg), where By, is the negative generator of (UF); for all k = 1,...,d,
admits an H>*(Xz X -+ x Xz ) joint functional calculus.

Then (A, ..., Ag) admits an H* (g, X --- x g, ) joint functional calculus, for all
0, € (Wi, 5), k=1,....,d.
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Chapter 3

Rademacher averages and (Gaussian
averages

3.1 Definitions and basic properties

In this subpart, we recall elementary background on Rademacher, Gaussian variables
and their averages.

Proposition 3.1.1 Let T be a nonempty set. Let Q = {—1,1}" equipped with its
normalised Haar measure (1. Let j be an element of L. Let r; be the fonction from €2
into {—1,1} defined by

] (w) = Wy, W = (wi)iez € Q, W; = +1.
Then (rj) ez is a sequence of independent random variables.
The system (7;) ez is an orthonormal system of Lo(£2).

Definition 3.1.2 The family of functions (r;);ez is called the Rademacher func-
tions for 2.

Frequently, we will use Z = N* in order to consider a sequence of Rademacher
functions or even a countable set Z (as Z = Z).

Let now X be a Banach space, (r;);ez a family of Rademacher averages and (z;);ez
a family of X. We will identify the element r; ® x; with the function from €2 into X
defined as

(r; ® zj)(w) =rj(w)z;, w = (wy)iez, w; = 1.

It is clear that every function r; ® z; is a strongly measurable function from §2 into
X and belongs to every Bochner space L,(2; X), p € [1,00]. We take the following
definition for the linear span of these functions.

Definition 3.1.3 Let p € [1,00). The closed linear span of the r; ® x;’s, j € I,
considered as a subspace of L,(2; X) with the corresponding norm, will be denoted by

Rad,(Z; X), that is

Il
Rad,(Z; X) = {er Qx;: 0% JCZ,J finite | (z;)jer C X} :

jeJ

39
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In general, we will call a Rademacher average of a family () e, with J a non empty
finite subset of Z the quantity
-

> i ®;
for some p in [1,00). We note that if X = H is an Hilbert space and p = 2, we have

jeJ
1
2
2
Y rj @, = <§ ||9Cj||H>
Rada(Z;X) ied

jed
as the r;’s are an orthonormal system of L, ({—1,1}7).
If Z = N*, we will denote Rad,(X) = Rad,(N*; X).
A very important fact is the Khintchine-Kahane’s inequality (see [57, Theorem
1.e.13]), which says that the Rademacher averages are equivalent with constant which
does not depend on the Banach space X.

p

dp(w)

D rilw) @

jedJ

Rad, (Z;X) X

Theorem 3.1.4 Let p,q in [1,00). There exists a constant K, , > 0 such that for every
Banach space X and for any finite family (x;);e; we have

ZTj@iL‘j ZTj@iEj

jeJ jeJ

(KP:Q)_l S

S Kp,q

Rad,(Z;X)

ZTj@.ij

jedJ

Rad, (Z;X) Rad, (Z;X)

(3.1.1)

A consequence of the Khintchine-Kahane’s inequalities is that the Banach spaces
Rad,(Z; X) are canonically isomorphic for p € [1,00). We take the following notation.

Definition 3.1.5 We will denote by Rad(Z; X) the space Rads(Z; X) with its under-
lynig norm ||| gaa,z.x)- In particular, we set Rad(X) = Rad(N*; X).

We turn now to the case of Banach lattices. Let x1,...,z, be elements of a Ba-
nach lattice X. We refer the reader to [57][1.d] for the definition of square function

|ty

lattice the inequality

. It turns out that we have for any family z1, ..., z,, of such a Banach

(ﬁj |xk|2> <

k=1

[NIE

n

Zm@xk

k=1

(3.1.2)

Rad(X)

We now pass to the Gaussian averages. Let Z be a nonempty set. We consider a
family (g;);ez of independant standard normal complex-valued Gaussian variables on
some probability space (X, ). Every function g; belongs to L, (3) for every p € [1, 00),
but not for p = oco.

If X is a Banach space and (z;);ez is a family of X, we also identify the element
g; ® z; with the function ¢ — g;(0)z; from ¥ into X.

Then we take the following definition, similar to the one for the spaces Rad(Z; X).
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Definition 3.1.6 Let p in [1,00). The closed linear span of the g; ® x;’s, j € I,

considered as a subspace of L,(X; X) with the corresponding norm, will be denoted by
Gauss,(Z; X), that is

lI-1l,
Gauss,(Z; X) = {Zgj Rwx;: 0% J CT finite , (x;) C X} :
jeJ

Then we call gaussian average the quantity

> 9@ > gl0) @,

jedJ jed

d\(o)

%
Gaussp (Z;X)

for some p in [1,00). If X = H is an Hilbert space, we have

1
2
Y gi@x = (ZH%’M)
5 jeJ

jed
as (g;) is an orthonormal system of Ly(X).
In the case where Z = N*, we will set Gauss,(Z; X) = Gauss,(X).
There exists a similar result to the Khintchine Kahane inequalities stated as follows.

Theorem 3.1.7 Let p,q in [1,00). There exists a constant K, , > 0 such that for every
Banach space X and for any finite family (x;);c; we have

Zgj@)l’j Zgj@)l’j

jeJ jeJ

(szq)_l S S Kpaq

Gaussp (Z;X)

Zgj ® ;

jeJ

Gaussq(Z;X) Gaussq(Z;X)

(3.1.3)

Thus, all the spaces Gauss,(Z; X) are also canonically isomorphic for p € [1,00). We
will denote Gauss(Z; X) = Gaussa(Z; X) C Lo(2; X) and Gauss(X) = Gaussy(N*; X).
A very important property which benefits the g;’s is the following.

Proposition 3.1.8 Let (g;);j>1 be a sequence of independant standard normal complex
valued Gaussian variables, M = [m; jl1<ij<n be a matriz, with complex coefficients,
n € N*. Then for any x1,...,z, in X

Z m;.;g; & x;

ij=1

< [1M]]

Y

Gauss(Z;X)

Z gi ® T;
j=1

where ||M]|| is the norm opertor of M, considered as an element of B(I?).

Gauss(Z;X)

To conclude this section, we give a comparison between the Rademacher averages
and Gaussian averages. Indeed, there exists a constant C, > 0 (which does not depend
on X) such that for any finite subset J of Z and (x;),ecs a family of X, we have

ZTJ‘ ® z; Zgj ®Q z;
jeJ jeJ

(see [35, Corollary 6.1.17]).

<C (3.1.4)

Radp(Z;X) Gaussy (Z;X)
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3.2 Type and cotype

Most of the results we present here may be found in [35, Chapter 7] or [19, Chapter
11].

Unless stated otherwise, (7%)r>1 will always denote a sequence of Rademacher inde-
pendent variables defined on some probability space (€2, P).

Definition 3.2.1 Let X be a Banach space, let p in [1,2] and q in [2, 00].

(1) The space X is said to have type p if there exists a constant ¢ > 0 such that for
any finite family (vx)1<k<n , n > 1, we have

1
< (Z ||xk||p> .
Rad(X) k=1

(2) The space X is said to have cotype q if there exists a constant ¢ > 0 such that for
any finite family (vx)1<k<n , n > 1, we have

n 3
(z uxkuq) .
k=1

It is clear that type p and cotype ¢ properties passe to closed subspaces.

By the Kahane-Khintchine inequalities, the exponents p and ¢ in (1) and (2) (with
the exception of ¢ = 00) could be replaced by any exponent r € [1,00), which may
change constant ¢ > 0.

Taking X = C, one can see that inequalities in (1) and (2) cannot be satisfied for
p > 2 and ¢ < 2. Indeed, suppose that inequality in (1) is satisfied for some p > 2.
Then Kahane-Khintchine inequalities implies that there exists a constant K > 0 such
that for any complex numbers (ag)1<x<n, 7 > 1 we have

n 3 n .
(z w) éK(ZI%IP) |
k=1 k=1

If we take now a, = 1 for any k = 1, ..., n, we obtain n: < Kn%, which is impossible
when n tends to oo. It is the same for inequality (2).

It is easy to prove that any Banach space has type 1 and cotype oco. We will talk
about non trivial type p if (1) is satisfied for some p € (1, 2] and finite cotype q if (2) is
satisfied for some ¢ € [2, 00).

If we fix a family zy,...,2,, n > 1 in X, the function

n :
. (z uxkuf)
k=1

n

Zm@xk

k=1

n

Zm@mk

k=1

Rad(X)
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decreases on [1,00). Thus, if X has non trivial type p € (1, 2], then it has type p’ for any
p € (1,p]. Likewise, if X has finite cotype ¢, then it has cotype ¢’ for any ¢’ € [g, 00).

We give some examples of spaces with non-trivial type, finite cotype or not. We
refer the reader to [35, Prop 7.1.4, Cor 7.1.5, 7.6.6 and 7.1.10] for the details.

Examples 3.2.2 (1) Any Hilbert space has type and cotype 2.

(2) If ¥ is a measure space, r € [1,00) and X has type p € [1,2] and cotype q € [2, ],
the Bochner space L.(¥; X) has type min(r,p) and cotype max(r,q).

(3) In particular, L.(¥) = L.(X;C) has type min(r,2) and cotype maz(r,2), for any
rin [1,00).

(4) The spaces ¢y and [*° do not have non-trivial type or finite cotype.

Important results about Rademacher and Gaussian averages related to finite cotype
are the following (see [35, 7.2.d]). We recall (3.1.4).

Theorem 3.2.3 Let X be a Banach space. The following two assertions are equivalent.
(1) X has finite cotype.

(2) The spaces Rad(X ) and Gauss(X ) are isomorphic. More precisely, there ezists
a constant C' > 0 such that for any finite family (xy)i1<k<n of X we have

Z gk & Ty,
k=1

n

ZTk(XJJJk

k=1

<C

Gauss(X) Rad(X)

A very useful result of Kwapien on convergence of series in Rad(X) apply to X with
finite cotype.

Theorem 3.2.4 (Kwapien, 1975) Let X be a Banach space which does not contain
co. Let (rr)g>1 be a sequence of independent Rademacher functions and (xg)k>1 a se-
quence of X. The following two assertions are equivalent.

(1) The series D ;) e @ xy converges in Rad (X ).

(2) The partial sums (3, i @ T)n>1 are uniformly bounded in Rad (X ).

We recall results making links between type and cotype. According to [35, Prop
7.1.13], we have the duality result below.

Proposition 3.2.5 If X has type non trivial type p € (1,2], then X* has finite cotype
q with % + % = 1.

A more difficult result of Kénig and Tzafriri concerns a space itself (see [35, Theorem
7.1.14]).
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Theorem 3.2.6 (Ko6nig-Tzafriri) If X has non-trivial type, then it has finite cotype.

The converses of these two results above are wrong. Indeed, ! has cotype 2 but
neither its dual [ nor its predual ¢y has non-trivial type and ! has non finite cotype.
Finally, we give a special result for Banach lattices with finite cotype X. Let
T1,...,Z, be a family of X (n € N*). We recall (3.1.2). If X has finite cotype, we

have a converse inequality, that is,
n 3
N (Z |Ik|2>
Rad(X) k=1

In other words, we have for Banach lattice of finite cotype an equivalence

n 3
~ (Z |xk|2> . (3.2.1)
Rad(X) k=1

X

n

Zm@%

k=1

X

n

Zrk®xk

k=1

As Rademacher and Gaussian averages are equivalent on spaces with finite cotype,
these inequalities hold as well for Gaussian averages in the finite cotype case.

3.3 R-boundedness and -boundedness

In this section, we fix X a Banach space and E a subset of B(X). In addition we take Z a
countable non empty set, (1;);ez and (g;) ez some families of independent Rademacher
variables and Gaussian variables respectively, being defined on some probability space
(Q,P) for one or the other of the families.

Definition 3.3.1 (R-boundedness, y-boundedness)

(1) We say that the subset E of B(X) is R-bounded if there exists a constant C' > 0
such that for any finite family (T;)c; of E and any finite family (x;)e; of X
(J # O finite) we have

<C

Rad(Z;X)

ZTj@J]j

jeJ

> 1 @ Ty(ay) (3.3.1)

jeJ

Rad(Z;X)

(2) We say that the subset E of B(X) is y-bounded if there exists a constant C' > 0
such that for any finite family (1});es of E and any finite family (x;);e; of X
(J # 0 finite) we have

<C

Gauss(Z;X)

Zgj@)xj

jedJ

(3.3.2)

> @ Ty(x;)

jedJ

Gauss(Z;X)

In each of these cases, we let R(E) (respctively v(E)) be the infimum of all the C
verifying (3.3.1) (resp. (3.3.2)).
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Every R-bounded (resp. y-bounded) subset of B(X) is a bounded subset of B(X)
(for the operator norm), taking a subfamily with only one operator in (3.3.1) (resp.
(3.3.2)) and we have ||T|| < R(E) (resp. ||T|| < v(E)) for any T in E. The converse
is true for X = H an Hilbert space. Indeed, using that the r;’s are orthonormal in
Ly(2; X)) we obtain

2

=D Tl < K2 llall = K*

Rad(7;H) J€J jed

ZTj@LEj

jeJ

> ry @ Ty(xy)

jed

Rad(Z;X)

if we supposed that ||T|| < K for any T in E.

One can prove that a Banach space X such that any bounded subset of B(X) is a
R-bounded subset of B(X) is isomorphic to an Hilbert space H (because it has type
and cotype 2, see Kwapieni’s characterisation e.g [35, Theorem 7.3.1]).

A simple useful fact on product of R-bounded and y-bounded family is the following
technical lemma (see e.g [35, Proposition 8.1.19]).

Lemma 3.3.2 Let X be a Banach space and E, ..., Eq be subset of B(X) such that
every Ey is R-bounded (resp.y-bounded) , k = 1,...,d. Let

El---Ed:{Sl"'SdlSkEEk,/{:L...,d}. (333)

Then E - - - Eq is R-bounded with R(Ey - -+ Eq) < R(Ey) -+ R(Ey) (resp. y(Ey -+ Eq) <
V(EL) -y (Ea)).

We will also use the following result, which is taken from [35, 8.5.2].

Lemma 3.3.3 Let X be a Banach space and (X, 1) a measure space. Let E be a R-
bounded (resp. y-bounded) subset of B(X) and K > 0. Let

Ex = {/Eh(w)F(w)du(w)/F Y > E he Ll(Z;u),/Z |h(w)|dp(w) < K} :

Then Ek is R-bounded (resp. y-bounded) with R(Ex) < 2KR(E) (resp. 7(Fk) <
E~(E)).

We recall that any y-bounded family of B(X) is R-bounded by (3.1.4). On spaces
having finite cotype, every R-bounded family of B(X) is 7-bounded. Thus, the two
notions are equivalent on spaces X having finite cotype.

3.4 The ~v-spaces
We recall in this section the necessary background on ~-spaces in order to define square

functions related to sectorial operators in many cases. For details and complements on
this subject, see [35, Chapter 9].
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We let H be an Hilbert space and X be a Banach space. We denote by F(H; X)
the space of all finite rank operators from H into X. An element of F(H;X) can be
written as

k=1

with hf,...,h} in H* and 2, ...,2,, n € N. More precisely, the notation Y ,_, hj ®
names the operator

T:hes Y (b h)ag.
k=1

This expression allows us to identify F(H; X) to H* ® X.

We may suppose that hf, ..., h} is an orthonormal system of H* (in the sense of the
natural structure of Hilbert space of H*) and we do as well for the sequel.

Let now (g,)n>1 be a sequence of independent complex-valued standard normal
variables on some probability space S. Let p in [1,00). For any operator T' = >} | hi®
xy (with A, ..., hY is an orthonormal system), we let

hy, & xy, k. & T,
> >
=1

k=1
which defines a norm on F(H; X). Note that the right hand side of the formula (3.4.1)
does not depend of the choice of the expression Y ,_, hj ® x chosen for the operator
T, as long as hj,...,h’ is an orthonormal system. This is a consequence of Proposition
3.1.8.

Now we consider a larger class of operators form H into X containing F(H;X)
equipped with its new norm.

(3.4.1)

B (H;X) Gaussp (X)

Definition 3.4.1 Let p in [1,00). We let v2 (H; X) be the Banach space of all the
bounded operators T : H — X such that

sup < 00,

Lp(5'§X)

> 9k @ T(hy)

k=1

where the supremum is taken over all finite orthnormal systems {hy,...,h,} of H, n €
N* equipped with the norm

170, g xy = sup (3.4.2)

> 9k @ T(hy)
k=1

Gaussp(X)
We denote by voo(H; X) =72 (H; X) the corresponding space for p = 2.

By the Khintchine-Kahane inaqualities (Theorem 3.1.7), all the norms |||,z .x)
are equivalent for p in [1, 00) and then all the spaces 7% (H; X) are naturally isomorphic.

It turns out that F(H; X) is included in 72 (H; X) for any p in [1, 00) and the norms
defined by (3.4.1) and (3.4.2) coincide on the space F(H;X).
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Definition 3.4.2 Let p in [1,00). We let v?(H; X) be the closure of F(H;X) in the
V5% (H; X) for the norm H'H'ygo(H;X)'

We note by [35, Proposition 9.1.6] that +*(H; X) is included in K(H; X), the space
of compact operators from H into X.

An important fact related to the geometry of Banach spaces is the following (see
[35, Theorem 9.1.20]).

Theorem 3.4.3 Let X be a Banach space which does not contain a closed subspace
isomorphic to cy. Then ~?(H; X) = ~2,(H; X) for any p in [1,00). In particular, this
applies to Banach spaces with finite cotype.

We now give a fundamental tensor extension property, which is a direct consequence
of Proposition 3.1.8.

Lemma 3.4.4 Forany S € B(H*), the mapping S®1Ix: H*®@X — H*®X (uniquely)
extends to a bounded map

S@Ix:y(H; X) — vy(H; X),
with |S®Ix|| = ||S].

Now we give some particular cases for special Banach spaces X.

In the case where X = L is an Hilbert space, the class of operator v*(H; L) coin-
cides with the class C*(H; L) of Hilbert-Schmidt operators. This means that the space
v2(H; L) is the space of operators T : H — L for which

sup ST (i) [1* < oo
k=1

where the supremum runs over all the orthonormal systems {hq, ..., h,} in H, n € N*.
Letting [|7'llgo(zr.0) = SUp d_jmy |7 (hi)||? , it turns out that

||T||72(H;L) = ||T||C2(H;L)‘

For the case of X = L,(S") with p in [1, 00), the space v(H; L,(S")) is characterised
in terms of square functions (see [35, Proposition 9.3.1]).

Proposition 3.4.5 Let p in [1,00). For any operator bounded operator T : H —
L,(S"), the three following assertions are equivalent.

(1) T € "(H; Ly(5"));
(2) T € V&(H; Ly(S");
(3) We have 1
up (Z |T<hk>|2> <o,
k=1

Lp(S')

where the supremum is over all finite orthonormal systems {hy,...,hy} in H.
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In this case, we have

1
HTHWP (H;Ly(s7)) — SUP (Z T ()| )

Lp(S")

We end this section giving the special case where H = Ly(Q2) where (Q,dm) is a
measure space. We identify L?(Q)* with L?(Q2) through the standard duality pairing

(i ha) = /th(t)hg(t) dm(t), i, hy € LX(Q, dm).

Thus we have inclusions L*(Q) ® X C v(L*(Q); X) C B(L*(Q), X).

Let ¢: 2 — X be a measurable function. We say that ¢ is weakly-L? provided that
the function y o ¢ belongs to L?(Q) for any y € X*. In this case, one can define a
bounded operator uc: L*(2) — X by

(. uc(h)) = / (. CONR(L) dm(t),  ye X"

The above formula a priori defines an operator u; from L?*(2) into X**; however it
turns out that its range is included in X. We refer to [41, Section 4] and [35, Section
9.2] for details.

We let v(2; X) denote the space of all weakly-L? measurable functions ¢: Q — X
such that u, belongs to v(L*(Q); X). For such a function ¢, we set

[Cllv@x) = [lucllyz2)x)-

It is plain that through the identification ¢ +— u¢, 7(Q; X) contains L?(2) ® X. Thus
7(€Q; X) is a dense subspace of y(L*(Q); X).

Lemma 3.4.6 Assume that X does not contain co and let (: Q — X be a weakly-L?
measurable function such that ¢-h € L'(; X) for any h € L*(Q). Then uc belongs to
v(2; X) if and only if there exists a constant C' > 0 such that

[Eae ([ cte i)

for any finite orthonormal sequence (e;);>1 of L*(Q). In this case, ||C||yq:x) is the
smallest constant C' satisfying this property.
In particular, this characterisation applies to spaces X having finite cotype.

< C

Gaussa (X)

Proof of Lemma 3.4.6. It is clear that for any j > 1, [, ((t)e;(t)dm(t) = uc(e;).
Hence the result follows from Definition 3.4.1 and Theorem 3.4.3. 0



Chapter 4

Geometry of Banach spaces

4.1 K-convexity

K-convexity is a tool to understand the link between type and cotype under duality.
For history and details about this, we refer the reader to [65] and [59]. All the proofs
of the results of this section can be found in [35, Section 7.4] and [34, Section 4.3.b].

Let (rn)n>1 be a sequence of independent Rademacher variables on any probability
space . Denote by R the orthogonal projection from Ls(£2) onto Rad(N*;C), the
closed subspace spanned by all the r,.

A Banach space X is called K-convex if the operator R ® Ix defined a priori on the
space Ly(€2y) ® X extends to a bounded operator on La(§2y; X) (see [70] and [59, Section
6]). Using Khintchine Kahane’s inequalities, one can see that if X is a K-convex space,
the space Rad,(X) is complemented in L,(£2p; X) for any 1 < p < oo, that is R ® Ix
extends extends to a bounded operator on L,(€y; X). We call ”canonical projection”
from L,(£20; X) onto Rad,(X) this extension.

There exists an equivalent manner to define K-convexity, which is related to the
Gaussian averages.

Let (g;);>1 be a independent family of complex valued standard Gaussian variables
on some probability space (S,P). Let G C L*(S) be the closed linear span of the g;
and let ¢: L*(S) — L*(S) be the orthogonal projection with range equal to G. X is
K-convex if and only if ¢ ® Ix: L*(S) ® X — L*(S) ® X extends to a bounded map
qx from L?(S; X) into itself. In this case, the range of ¢x is equal to G(X), the closure
of all finite sums . g; ® x;, with z; € X. We refer the reader to [59] for various
characterizations of K-convex spaces and more information. For readers not familiar
with this notion we mention that for any 1 < p < 0o, either classical or noncommutative
LP-spaces are K-convex. Also we note that if X is K-convex, then its dual space X* is
K-convex as well. Further any K-convex Banach space has finite cotype.

It follows from the definition of v-spaces that if H is any separable Hilbert space,
then v(H*; X) is isometrically isomorphic to G(X). In this section we will work with
H = L*(R%), that we identify with its dual space in the usual way. It follows from
above that if X is K-convex, we have a direct sum decomposition

L*(S; X) = v(L*(RY); X) @ Zx, (4.1.1)

49
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for some subspace Zx of L?(S; X).

Examples 4.1.1 (1) Every Hilbert space is K -convex.

(2) Let p in (1,00) and S be a measure space. If X is a K-conver space, then every
Bochner space L,(S; X) is K-convex. In particular, every space L,(S) = L,(S; C)
is a K-conver space.

(3) The spaces I*, ¢y and [ are not K -convex.

The notion of K-convexity says that the tensor operator I ® Iy from L,(Q2) ® X
into Rad,(N*) ® X extends to a unique operator from L,(€2; X) into Rad,(N*; X') where
we denote by II the Rademacher projection from L,(£2) onto Rad, (N*).

According to [35, Proposition 7.4.5], we see that the K-convexity passes to the dual
space.

Proposition 4.1.2 A Banach space X is K-convex if and only if its dual X* is K-
conver.

A very important result about K-convexity is Pisier’s theorem.

Theorem 4.1.3 (Pisier) Let X be a Banach space. The following three assertions are
equivalent.

(1) X is K-convex.

(2) X has non trivial type p > 1.
Using duality result (Proposition 4.1.2), we deduce the following.

Corollary 4.1.4 A Banach space X has non-trivial type if and only if its dual X* has
non-trivial type.

We recall that if X is a K-convex space, there is a natural isomorphism between
Rad(X)* and Rad(X™*), that is the inclusion J from Rad(X*) into Rad(X)* which is
defined by

n

=3 (an ),

k=1

J (irke@xz) [im@m

k=1 k=1

for any families z1, ..., z, of X and z3,...,x} of X*, is a linear mapping from Rad(X*)
onto Rad(X)*, n > 1.
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4.2 The UMD property

Most of the results we present here may be found in [34], [66].

We recall the basic definitions about the martingales. Let (5,4, 1) be a o-finite
measure space. We call filtration an increasing sequence (F,)n>o of sub-c-algebras of
A. Tt is called a o-finite filtration if u is o-finite on each F,.

A family of function (f,)n>0 from S into X is called adapted to the filtration (F,)n>0
if for any interger n, f,, is a measurable function from (S, F,, p) into X. This sequence
of functions is called a martingale with respect to the o-finite filtration if for any integers
m < n, the function f,, is o-integrable over F,,, and satisfies the conditional expectation
condition

E(folFin) = fin-

For any sequence (f,)n>o of functions, we denote by df,, the functions

dfn:fn_fn—b nZl

Definition 4.2.1 (UMD spaces) A Banach space X is said to have the property of
unconditional martingale differences (UMD property) if for any p in (1,00) there exists
a constant f > 0 (depending on p and X ) such that the following holds.

Whenever (S, A, 1) is a o-finite measure space, (F,)N_, is a o-finite filtration and
(fa)N_y is a finite martingale in L,(S; X), N > 1, then for all scalars ¢,, n =1,.... N
such that |e,| = 1, we have

N N
> endf, < B df
n=1 Lp(S;X) n=1 Lp(S;X)

A Banach space having the UMD property is called a UMD-space.

It is clear that the UMD property passes to the closed subspace and the isomorphic
spaces.

Non trivial properties of UMD-spaces related to duality are the important two the-
orems below (see [34, Proposition4.2.17] and [34, Section 4.3]).

Theorem 4.2.2 If X is a UMD-space, then X s a reflexive space.
Theorem 4.2.3 X is a UMD-space if and only if X* is a UMD space.
We now give basic examples of UMD-spaces.

Examples 4.2.4 (1) Every Hilbert is a UMD-space.
(2) Every space L,(T) where (T, B,v) is a UMD-space for p in (1,00).

(3) If X is a UMD-space, then any Bochner space Ly(T;X) is a UMD-space, p €
(1,00).
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(4) Every infinite dimensional non commutative L,-space for p in (1,00) is a UMD-
space (in particular, the Schatten classes S are UMD-spaces).

(5) The spaces cg, I and [ are not UMD-spaces.

There exist an independant way from martingales to consider the UMD-property.
Indeed, we define for any function f in L (R; X), e > 0and R > 0

loc

1
maf == [ g er
T Je<lz—y|<R r—y
and we let in the case of existence
Hf(x)= d%}%w H.rf(x), z€eR (4.2.1)

where we consider that € and R tends to their limits independently and then the limit
H f(x) is independent of this approach. In this case, we call Hilbert transform of f the
function H f.

A result due to Burkholder and Bourgain shows that one can take another definition
of the UMD-property.

Theorem 4.2.5 Let X be a Banach space and p in (1,00). The following assertions
are equivalent

(1) X is a UMD-space.

(2) For every f in L,(R; X)n the limit (4.2.1) exists in L,(R; X) and there ezists
C > 0 a constant which does not depend on f such that

IHfll, < CIAI, -

In particular, in UMD-space, the Hilbert transform f +— H f is a bounded operator
from L,(R; X) into itself for any p in (1, 00).

We now give links between the UMD property and the geometric properties of
Banach spaces we presented in this chapter.

Proposition 4.2.6 (UMD = K-convex) FEvery UMD-space is K-convet.
Using Theorem 4.1.3 and Theorem 3.2.6, we deduce the following.

Corollary 4.2.7 (UMD = non trivial type and finite cotype) FEvery UMD-space
has non-trivial type and finite cotype.

Note that an ingenious counter-example due to Qiu shows that the converse proper-
ties of Proposition 4.2.6 and Corollary 4.2.7 are wrong (see [34][4.3.c]), even for reflexive
space.

We will see in the sequel that UMD-property plays a major role in our subject of
H®° functional calculus (see Section 5.3).
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4.3 The property (a)

We fix a sequence of Rademacher independent functions (r,),>1 on some probability
space (2, P).

As an introduction to the property («), we recall an elementary inequality meaning
that the Rademacher averages are unconditional. More precisely, for any Banach space
X, for any interger n > 1 and sequences (a)r>1 and (xy)r>1 respectively of C and X,
we have

n
E apTr Q Tp
k=1

The spaces for which unconditionality property holds true for averages in Rad(Rad(X))
are said to have property («). This property was introduced by G. Pisier in [67].

Zrk®xk

k=1

< 2sup{lax| : 1 <k <n} (4.3.1)

Rad(X) Rad(X)

Definition 4.3.1 (Property («)) Let X be a Banach space. We will say that X has
the property («) if there exists a constant C > 0 such that for any interger n > 1, for
any families (a; ;)1<ij<n and (z; j)1<ij<n Tespectively in C and X we have

n
E T QT QX

ij=1

Z Q5 5T & T & ZTij < C’sup{|ai,j| 1< 1,] < n}

ij=1

Rad(Rad(X))

It is clear that the property («) passes to closed subspaces. We give classical Banach
spaces which have property (a) and counterexamples. This goes back to [67].

Examples 4.3.2 (1) Any Hilbert space has property (a).
(2) Any L, (commutative) space has property (c) for [1,00).

(3) The infinite dimensional non commutative L,-space for p # 2 do not have property
() (in particular, the Schatten classes SP do not have this property).

Let X be a Banach space, n > 1 an integer and (2;;)1<i j<n be a family of X. Let
(r;;) be a family of independent Rademacher function indexed by (N*)2. Set

n

il = || rig ® =i
b=l Rad((N*)2;X)
and
n
zigllly = || D ri®@r; @y
i,j=1

Rad(Rad(X))

According to the inconditionality given by (4.3.1), we obtain the following charac-
terisation of the property ().
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Proposition 4.3.3 A Banach space X has property («) if and only if there ezists a
constant K > 0 such that for any integer n > 1, for any family (x;;)1<ij<n of X we
have

K || ]

Iy < ligllly < K[zl -

In other words, a Banach space X has property («) if and only if the linear mapping

E T QT & Tij HZW,N@%J

extends to an isomorphism from Rad(Rad(X)) into Rad((N*)% X) (see [67, Remark
2.1]).

Using the fact that the property («) implies that space does not contain [5° uni-
formly, n > 1, we obtain the following.

Proposition 4.3.4 ((a) = finite cotype) Every Banach space with property (o)
has finite cotype.

The converse property does not hold true, taking the infinite dimensional non com-
mutative L,-spaces. There is no more link between () and UMD because of the non
commutative L, spaces and the commutative L; space, which have property («) but
are not UMD-spaces. Moreover, L; is not K-convex.

However, Banach lattices benefit of the following property, which is due to the two
variables version of (3.2.1). In fact, in the case where the Banach lattice X has finite
cotype, the Rademacher averages of type

n
E T ®’I“j ®$i,j

2,j=1

, (zij)i<ij<n € X
Rad(N2,X)

where (7,) denotes a sequence of Rademacher indepedent functions, is equivalent to

1
n 2
(Z |9Uz‘,j|2>
ij=1

defined by the Krivine’s calculus. As this last expression benefits of the property of
inconditionality, we conclude that X has property (a).

X

Proposition 4.3.5 Let X be a Banach lattice. Then X has finite cotype if and only if
X has property (a).

We conclude with the case of UMD lattices.

Proposition 4.3.6 (UMD lattices) Every Banach lattice X with UMD-property has
property ().
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4.4 The property (A)

We present in this section a weaker property than property («). The property (A) was
introduced in [40]. In particular, we will see that more classes of Banach spaces have
this property. We always fix (7,),>1 a sequence of independent Rademacher variables
on some probability space (€2, P).

Definition 4.4.1 (Property (A)) We say that a Banach space X has property (A)
if there exists a constant C' > 0 such that for any finite family (x;;)1<ij<n, 7 € N, we
have

ZZH@’Q’@J&J

i=1 j=1

<C

ZZTi@Tj@xi’j

i=1 j=i

(4.4.1)

Rad(Rad(X)) Rad(Rad(X))

This means that the triangular projection

ZZW@)?}'@%J'->ZZH®7"J-®1'Z-J

i=1 j=1 i=1 j=i
is a bounded map of Rad(Rad(X)).

Clearly, any Banach space with property («) has property (A), taking a; ; = 1 for
j >t and a;; = 0 otherwise in the inequality (4.3.2), which yields inequality (4.4.1).

Proposition 4.4.2 ((a) = (A)) Ewvery space with property («) has property (A).

The converse property fails. This follows from Proposition below (see [40, Proposi-
tion 3.2]).

Proposition 4.4.3 (UMD = Property (A)) Every UMD-Banach space has prop-
erty (A).

The converse property is wrong, considering the space L!.

In particular, it turns out that any infinite dimensional non commutative L,-space
for p € (1, 00) has property (A) (in particular, the Schatten classes SP have this prop-
erty). This is the main example of spaces having property (A) but not property («).

Proposition 4.4.4 Every Schatten classes SP, p € (1,00), has property (A).

On the other hand, the property (A) does not hold uniformly on the spaces [2°,
n > 1, hence we have the following.

Proposition 4.4.5 (Property (A) = finite cotype) Every Banach space with prop-
erty (A) has finite cotype.

Considering the Schatten class S' (which does not have property (A)), one sees
that the converse property of the preceding proposition does not hold true. Moreover,
considering space Li, the property (A) does not imply K-convexity. The issue of
converse property is not resolved yet.

2
We finally note that the Banach space @I is a reflexive space without finite
n>1

cotype. Thus, this space is a countexample to all the properties of K-convexity, («),
non trivial type and (A).
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4.5 A summary

We summarise all the notions of geometry of Banach spaces we presented before. In all
the diagram below, p belongs to (1, c0) unless stated otherwise. H denotes an arbitrary
Hilbert space and K an infinite Hausdorff compact space.

Banach spaces

CQ,LOO,ZOO,C(K)

cotype < 0o
gl
type > 1 or K — convex —
fffffffffffffffffffffffffffffffffffffffffffffffffffffff @) -
UMD —
S'(p # 2)
ffffffffffffffffffffffffffffffffffffffffffffffffff (@
L, H Ly, 1!

We turn now to the Banach lattices.
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L

Dy

type > 1 or K — convex

UMD —

H

o7

Banach lattices

C(),LOO,ZOO7C(K)

cotype < 00, (CY), (A) ]

Ly, 1!
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Chapter 5

Sectorial and Ritt operators

5.1 Definitions and basic properties
Throughout we let X be an arbitrary Banach space. For any 6 € (0, 7), we let
Yog={z€C":|Arg(z)| < 0}.

Definition 5.1.1 We say that a closed linear operator A: D(A) — X with dense do-
main D(A) C X is sectorial of type w € (0,7) if 0(A) C Xy, and for any 0 in (w, ),
there exists a constant Cy such that

2R (2, A)|| < C, z € C\ 2. (5.1.1)

It follows from the Laplace formula that if —A is the generator of a bounded cy-
semigroup on X, then A is sectorial of type 7. It is well known that A is a sectorial
operator of type w < 7 if and only if it is the negative generator of a bounded analytic
semigroup, which is (e '), (see [64] for more on semigroup).

Let now Ay, ..., Ay be commuting sectorial operators on X, d > 1. We recall that if

X is reflexive, then for any k= 1,...,d, we have a direct sum decomposition

X = Ran(A) & Ker(Ay), (5.1.2)

see [35, Section 10.1]. We call it “ergodic decomposition” in the sequel.
For any A C {1,...,d}, set

Xy = (ﬂ Ran—(Ak)) ﬂ(ﬂ Ker(Ak)). (5.1.3)

keA k¢A

Lemma 5.1.2 If X is reflexive, we have a direct sum decomposition

where the X, are defined by (5.1.3).

29
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Proof of Lemma 5.1.2. We start from the decomposition X = Ran(A4;) & Ker(A4;)
given by (5.1.2). Since A; commutes with A;, the subspaces Ran(A;) and Ker(A;) are
both As-invariant. Thus we have restrictions

Ay D(As) NRan(A;) — Ran(A4,) and Ay ot D(As) NKer(A;) — Ker(4,)

of Ay, which are sectorial operators. Since Ran(A;) and Ker(A;) are reflexive, Az and
Ay 5 admit ergodic decompositions. Since

RaH(AQJ) = Ran(AQ) N Ran(Al) and Ker(Ag,l) = Ker(Ag) N Ran(Al),
we obtain that

Ran(A;) = (Ker(A;) NRan(A;)) @ (Ran(A4;) N Ran(4,)).

Likewise,

Ker(A;) = (Ker(Ay) NKer(A4;)) ® (Ran(A4z) N Ker(A)).
Gluing these two ergodic decompositions together, we obtain the result in the case
d = 2. The general case follows by induction. [
We end the basics on sectorial operators with the notion of R-sectoriality. If A is a
sectorial operator on X, we say that A4 is R-sectorial of R-type w € (0,7) if 0(A) C X,
and for any 6 in (w, ), the set

{zR(z,A) : z€ C\ 54} C B(X)

is R-bounded. We refer e.g. to [35, Chapter 8] for information and references.
We now introduce Ritt operators, giving an equivalence between boundedness of
certain sequences of B(X), resolvent condition and semigroup condition.

Proposition 5.1.3 (Ritt conditions) Let T : X — X be a bounded operator. The
following assertions are equivalent.

(1) There exists a constant C' > 0 such that
7" <C and  |n@ TN <0 nxt

(2) o(T) C D and there exists a constant K > 0 such that
IA=DRAT)| <K, XeC, [Al>1L

(3) The semigroup (e=*U=T)),5q is a bounded analytic semigroup and o(T) C DU{1}.

Definition 5.1.4 (Ritt operators) We will say that a bounded T : X — X is a Ritt
operator if it verifies one the condition (1),(2) or (3) of Proposition 5.1.3.

In particular, we see that T is a Ritt operator if and only if A = Iy — T is a sectorial
operator of type w < 7 and o(T") C DU {1}(see e.g [28, Theorem 4.1]).

We precise the spectrum of a Ritt operator. For any « in (0, §), let B, denote the
Stolz domain of angle «, defined as the interior of the convex hull of 1 and the disc
D(0,sin(w)).
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Clearly, the Stolz domains have an increasing property, that is if 0 < a < 8 < 7
then B, C Bg. Moreover, we have

) B.=Du{1}.

0<a<y

It turns out that if 7" is a Ritt operator, then o(T") C B, for some « in (0, ). More
precisely (see [53, Lemma 2.1]), one can find a € (0,%) such that o(T) C B, and for
any (3 € (a, %), there exists a constant K > 0 such that

[A=1DRA\T)|<Ks, AeC\Bg. (5.1.4)

If this property holds, then we say that 7" is a Ritt operator of type a. We refer to
[58, 62, 63| for the above facts and also to [53] and the references therein for complements
on the class of Ritt operators.

Now we give another useful characterisation of the Stolz domain. For every o in
(1,00), we let

1 - 2]

ng{zeD / 1_|Z|<a}u{1}.

By [28, Section 4], we have

. 1
1-S5,CX,, W = arccos (—> )

g

Moreover, using compactness argument, one sees that there exists v in [w, Z) such

2
that S, C B,. As a consequence, the set

1
| Z’:ZGBQ
1— 2]

is bounded for every a in (0, §).
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Let now T1,...,T; be commuting Ritt operators on X, d > 1. We recall the "mean
ergodic theorem” allows us to say that if X is reflexive, then for any £k = 1,...,d, we
have a direct sum decomposition

X =Ran(Ix —Ty) ® Ker(Ix — Ty),

as every T} is a power bounded operator, k = 1,...,d. We call it “ergodic decomposi-
tion” in the sequel.

For any A C {1,...,d}, set

X, = (ﬂ m) ﬂ(ﬂ Ker(Ix — Tk)). (5.1.5)

keA kgA

Mimicking the proof of Lemma 5.1.2, we obtain an analogue result for the Ritt case.

Lemma 5.1.5 If X is reflexive, we have a direct sum decomposition

where the X, are defined by (5.1.5).

We end this section with R-Ritt operators. A Ritt operator T" on X is called R-Ritt
provided that the two sets

{T",n € N}, {n(T”—T"‘l),nz 1}
are R-bounded. In this case, there exists 0 in (0, 5) such that the set
{(A=1)R(\,T):z€ C\ Bs}

is R-bounded. We call R-type of T' the infimum of all § for which this holds true (see
[5] for the details).

5.2 H* joint functional calculus of a d-tuple of sec-
torial operators or Ritt operators

Recall that for any 6 € (0,7), we let ¥y = {z € C* : |Arg(2)| < 6}.

Let d > 1 be an integer and let 6y,...,60; be elements of (0,7). For any subset
A c {1,...,d}, we denote by Hg® ([T,cn Zo,) the subalgebra of H* (3g, X - -+ x g,)
of all holomorphic bounded functions depending only on the variables (z;);ea and such
that there exist positive constants ¢ and (s;);ea verifying

|23
‘f(zlw"u CHl—i—‘Z

When A =0, Hg® ([1,cp Zo;) is the space of constant functions on Xg, X - -+ x 3.

25, (2i)ien € H Y, (5.2.1)
ieA
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Let (Ag, ..., Ay) be a family of commuting sectorial operators on X. Here the com-
muting property means that for any k,[ in {1,...,d}, the resolvent operators R(z, Ax)
and R(z;, A;) commute for any z; in C\ o(Ax) and z; in C\ o(A4;). Assume that for
every k =1,...,d, Ay is of type wi € (0,0;) and let vy € (wy, Ok).

For any f in HG°([[,cp 2o,) with A C {1,...,d}, A # 0, we let

"
f(Al,...,Ad):<%> /n e [[RG AN [ (G22)

S €A

where the boundaries 0%, are oriented counterclockwise for all 7 in A. By the commut-
ing assumption on (Ai,...,Ay), the product operator [[.., R(z;, A;) is well-defined.
Further the conditions (5.1.1) and (5.2.1) ensure that this integral is absolutely conver-
gent and defines an element of B(X). By Cauchy’s Theorem, this definition does not
depend on the choice of the v;’s. Moreover the linear mapping f — f(A;z,..., Ay) is an
algebra homomorphism from H§°(] ;.. X9,) into B(X). The proofs of these facts are
similar to the ones for a single operator and are omitted.

If f = ais a constant function on Yy, X -+ x Xy, (the case when A = (}), then we
set f(Aq,...,Ay) = alx.

Next we let

HGq (39, X -+ x Bg,) C H* (g, X -+ X Xy,)

be the sum of all the H5® (T];cq Zo,), with A C {1,...,d}. We claim that this sum is
a direct one, so that we actually have

H(So, x - xSg,) = P H (Hz&). (5.2.3)
d} i€A

Let us prove this fact. For any ¢ in {1,...,d}, let p; be the operator defined on the
space H§q (X, X - -+ X Xy,) by

[pz(f)] (21, . ,Zd) = f(Zl, ey 2ic1, 0, 201, - .,Zd), f € H&ol(zgl X e X Egd).

(5.2.4)
In this definition, f(z1,...,2i-1,0, 241, ..., 24) stands for the limit, when z € ¥y, and
z — 0, of f(z1,...,2i-1,2, Zi+1,-- -, 24), provided that this limit exists. This is the
case when f belongs to Hgfl(Egl X --+ X Xp,). Note that the operators p; commute,

i=1,..d
For any A C {1,...,d}, we can therefore define

Py = H(I — i) H Di- (5.2.5)

It is easy to check that Py(f) = f if f belongs to H§® ([T,cp Xo,) and Py(f) = 0 if f
belongs to Hg® ([T;car Xo,) for some A’ # A. The direct sum property (5.2.3) follows at
once.

Moreover,

PAZ Hgfl(zgl X - X Z@d) — ng(Egl X e X Egd)
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is the projection onto H{° (HieA Eai) with kernel equal to the direct sum of the H§° (HieA/ 29i> ,
with A’ # A.

.....

FAL . A) = Y falArn.. . Ag), (5.2.6)
AC{1,...,d}
the operator fa(Aj,..., Aq) being defined by (5.2.2). In the sequel, f — f(Ay,..., Aq)
is called the functional calculus mapping associated with (Aq,..., Aq).

We note that if fx is in H§® ([[;ca So,) and far is in H® ([T,cpr So,), then fafar is
in H5® (TTieavn Zo,)- Thus HgS (3g, X - - - X g, ) is a subalgebra of H> (g, x - - - x Xg,).

Lemma 5.2.1 The functional calculus mapping f — f(Ay, ..., Aq) is an algebra ho-
momorphism from HgS (g, X -+ x ¥g,) into B(X).

Proof of Lemma 5.2.1. The linearity being obvious, it suffices to check that for any
subsets A, A’ of {1,...,d}, for any fx in H5® ([T;cp Zo,) and far in Hg® ([Ticp Zo,) s we
have

(A, o A far(Ary oo Ag) = (Fafar)(Ag, .o Ag). (5.2.7)
We let Ag = AN A" and we set Ay = A\ Ag and A} = A"\ Ay. For convenience we set,
for any subset K of {1,...,d},
K = (Zi)iEKa dZK = H dZZ‘, RK(ZK) = H R(ZZ,AZ) and FK = H 82'&
€K i€k i€k

Using Fubini’s theorem, we have

fa(Ay, ooy Ag) fv(Ag, oo Ag)

1\ AR
— (_) ( fa(z1, .o, za) Ra(za) dZA> ( far(zr, - za) R (2) dZA’)

211

1 A
() [ ([ AR dan ) A i,
e FAl FAO

X / ( far(z1, ooy za) Rag (2a,) dzA0> R (za) dzar
FAll FAO

[AJ+[A]

1

= <2—> / [( fA(Zl, .. 7Zd>RA0 (ZAO) dZAO)
m Tay Tyt T,

X ( far(z1, ooy za) Rag (2a,) dzA0> R, (zp,) RA/I(ZA’I) dzp,dzyy -
Ta,

For fixed variables z;, for i ¢ Ay, the two functions

(Zi)iEAo = fA(Zh <o )Zd) and (Z’i>i€/\0 = fA’(Zl) v 7Zd)
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both belong to Hg° (Hle Ao Egi). We noticed before that the functional calculus mapping

is a homomorphism from H§® (IT;c,. Z,) into B(X). Consequently,

i€Ao

271

2|Ao]
(L) ( fA(Zl7 e ,Zd>RA0 (ZAO) dZAO) ( fA/(Zl, e ,Zd)RAO (ZAO) dZAO>

[Ao|
— (L) / fAfA/(Zl, ceey Zd)RAo (ZAO) d’ZAO :
FAO

211

Hence the above computation leads to

oA, A (A, Ag)

1\ Ao
- (2_> / fAfA/(Zl, . ;Zd)RAO (ZAO) dZAO RA1 (ZAl)RA’l (ZA’l)dZAleA’l
™ FAIXFA/l FAO
1\ A =[Ao]
= (2—) / Iafar(z1s - za) Raoar (zaua ) dzaon
m Taua

= (fAfA’)(Alv ce 7Ad)7

since A U A’ is the disjoint union of Ag, Ay and A}. This proves (5.2.7). O

Definition 5.2.2 (H* Joint functional calculus of sectorial operators) We say
that (Ay, ..., Aq) admits an H® (e, X --- x Xy,) joint functional calculus if the func-

tional calculus mapping associated with (Ay, ..., Aq) is bounded, that is, there exists a
constant K > 0 such that for every f in Hg3 (3, X -+ X ¥q,),
||f(A17 s 7Ad)H <K HfHoo,Eelx-uxﬁgd : (528>

It will be convenient to extend Definition 5.2.2 to the limit case when 6, is replaced
by wy, as follows.

Definition 5.2.3 We say that (Ay, ..., Aq) admits an H>®(X,,, X --- X X,,) joint func-
tional calculus if it admits an H™ (X, X -+ X Xy,) joint functional calculus for any
Or € (wk, ), and there exists a constant K > 0 such that (5.2.8) holds true for any
O € (wg,m), k=1,...,d.

Each p; from (5.2.4) is a contraction, hence each P, from (5.2.5) is a bounded opera-
tor on Hgq (X, X+ - -xXyp,). This implies that (Ay, ..., Ag) admits an H> (X, X+ - -x Xy,
joint functional calculus if and only if f +— f(Ay,..., Ay) is bounded on H§® ([T,c, Ze,)
for any A C {1,...,d}. Consequently if (Ay,..., Ay) admits an H>(Zy, X -+ X Xg,)
joint functional calculus, then every subfamily (A;);ca, where A C {1,...,d}, also ad-
mits an H>(]],., Xp,) joint functional calculus. In particular, for every & = 1,...,d,
Ay admits an H*(Xy,) functional calculus in the usual sense (see [31, Chapter 5]).
The converse does not hold true. Indeed it follows from [48, Theorem 3.9] that for
any 1 < p # 2 < o0, there exists a commuting couple (Aj, Ay) of sectorial operators
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on the Schatten space SP such that A; admits an H> (X, ) functional calculus for any
0, € (0,7), k =1,2, but (A1, Ay) has no joint functional calculus.
For any integer m > 1, we set

mzz

D,.(2) = T 0T me) ze C\R_. (5.2.9)

A key property of this sequence is that whenever A is a sectorial operator, we have

Vz € Ran(A), lim®,,(A)r ==, (5.2.10)

see e.g. [52, 2.C|. We show below that this approximation property allows to simplify
the definition of H* joint functional calculus in the case when all the A; have a dense
range (Hg9 is replaced by Hg® in the estimate (5.2.8)).

Lemma 5.2.4 Assume that Ran(Ay) = X for all k = 1,...,d. If there exists a con-
stant K > 0 such that

1F(Arr- o A < K [ fll oy sy, (5.2.11)

for any f € HS (g, X -+ X Xy,), then (Ay,...,Aq) admits an H®(Xg, X -+ X Xq,)
joint functional calculus.

Proof of Lemma 5.2.4. Let f € Hg(Xg, X - -+ x ¥y,). For any m > 1, let
P =0, @@, (5.2.12)

be the element of Hi®(X, X -+ x Xp,) defined by ®&(zy,...,24) = ®p(21) -+ Pru(24).
Then the product f®%? belongs to H5®(Xg, X - -+ X Xg,) and

(fO2N) (A, ..., A)) = f(AL, ..., A)) P (AL) - - - D, (Ag).
Applying (5.2.11) to this function we obtain that
d
1£ (A, A @un( A1) -+ @ (Al < (T 1Pl ) 11l x5,
k=1
The dense range assumption and (5.2.10) ensure that
f(Al, . ,Ad)q)m(Al) s q)m(Ad) — f(Ah c ,Ad)

strongly, as m — oo. Moreover (®,,),,>1 is uniformly bounded on all sectors ¥y. Hence
the above inequality yields an estimate

1AL s AN S 1 F s, s,
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We now pass to the case of d-tuples of Ritt operators. H>-functional calculus
for Ritt operators was formally introduced in [53]. We now extend this definition to
commuting families. We follow the same pattern as for families of sectorial operators.

Let d > 1 be an integer and let 71,...,7q be elements of (0,75). For any subset A
of {1,...,d}, we denote by Hg® ([],c, B-:) the subalgebra of H* (B,, x --- x B,,) of
all holomorphlc bounded functlons f depending only on variables (\;);ea and such that
there exist positive constants ¢ and (s;);ea verifying

fOu ) <e [T - (A\)iea € [ [ By (5.2.13)

iEA €N

When A =0, Hg® (IT;cp B-:) is the space of constant functions on By, x --- x B,,

Let (T,...,T;) be a d-tuple of commuting Ritt operators. Assume that for any
k=1,...,d, Ty is of type ay € (0,7%) and let By € (g, Vk)-

For any f in HS*([[;cp By) with A C {1,....d}, A #0, we let

L\
Ty, ..., 1) = | — T;) 2.14
1= (5) [ PRI ) § G0 | T

€A €A

where the 0Bpg, are oriented counterclockwise for all ¢ € A. With (5.2.13) and char-
acterisation (2) of Proposition 5.1.3, we see that this integral is absolutely convergent,
hence defines an element of B(X), its definition does not depend on the f3; and the
linear mapping f +— f(1%,...,T) is an algebra homomorphism from Hg*(J[,., B,,)
into B(X). If f = a is a constant function, then we let f(T1,...,Ty) = alx.

Next we define

H3 (B, % - @ H® (H B%> .
iEA

As in the sectorial case, the above sum is indeed a direct one. More precisely, set

[qz(f)} (/\1,. . .,)\d) = f<>\17 .. ‘;)\i—h 17)\i+1)~ . .,>\d>, f S H(()),OI(B’Yl X X BWd)’

fori=1,...,d, and
Qn = H(I — ) H i (5.2.15)

€A 1€EAC

for A C {1,...,d}. These mappings are well-defined and
Qn: H{)’f’l(B,y1 XX B,,)— 15[(‘;‘@1(}9“,1 XX B,,)

is the projection onto Hg® ([T,c, B,,) with kernel equal to the direct sum of the spaces
H§® (ITicar Boi)» with A’ # A.
For any function f =, 4 fain HG3(By, X+ -xB,,), with fy € H§® (ITica B):

we let f(TY,...,Ty) = ZAc{l ..... d} fa(Th, ..., Ty), where every fa(T1,...,Ty) is defined
by (5.2.14). The mapping f — f(T4,...,Ty) is called the functional calculus mapping
associated with (71, ...,Ty). Asin the sectorial case (see Lemma 5.2.1), one shows that

this is an algebra homomorphism from HgS(B,, x --- x B,,) into B(X).
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Definition 5.2.5 We say that (T1,...,Ty) admits an H>*(B,, X --- x B,,) joint func-
tional calculus if the above functional calculus mapping is bounded, that is, there exists
a constant K > 0 such that for every f in H39(B,, x -+ x B,,), we have

(T T S Kl s, - (5.2.16)

As in the sectorial case, we observe that (11, ...,Ty) admits an H*(B,, X --- X B,,)
joint functional calculus if and only if f — f(T7,...,Ty) is bounded on Hg® ([[,cx By:)
for any A C {1,...,d}. This follows from the fact that each ¢; is a contraction, hence
each ), is bounded.

Further if (71,...,T,) admits an H*(B,, X ---x B,,) joint functional calculus, then
every subfamily of this d-tuple admits an H* joint functional calculus. In particular,
for every k = 1,...,d, T admits an H>°(%y,) functional calculus in the sense of [53,
Definition 2.4].

It is natural to consider polynomial functional calculus in this context. We let Py
denote the algebra of all complex valued polynomials in d variables. Clearly P, can
be regarded as a subalgebra of HgS(B,, X -+ x B,,) and for ¢ € Py, the definition of
o(T, ..., Ty) given by replacing the variables (z1, ..., z4) by the operators (11, ...,T},)
coincides with the one given by the functional calculus mapping. This follows from the
basic properties of the Dunford-Riesz functional calculus. We will show below that to
obtain an H*(B,, X --- x B,,) joint functional calculus for (71,...,7T,), it suffices to
consider polynomials in (5.2.16).

To prove this result, we will use the following form of Runge’s Lemma.

Lemma 5.2.6 Letd > 1 be an integer and V1, ..., Vy be compact subsets of C such that
C\ V; is connected for alli =1,...,d. Let Qq,...,Qq4 be open subsets of C such that
V,CQ foralli=1,....d. Let f: Qy x---x Q43— C be a holomorphic function. Then
there exists a sequence (¢m)m>1 in Pq which converges uniformly to f on Vi x -+ x V.

In the case d = 1, this statement is [71, Theorem 13.7]. The proof of the latter
readily extends to the d-variable case so we omit it.

Proposition 5.2.7 Let d > 1 be an integer and let (T1,...,Ty) be a commuting fam-
ily of Ritt operators. Let v; € (0,5) fori = 1,...,d. The following assertions are
equivalent.

(1) (Th,...,Tq) admits an H*(B,, X --- X B,,) joint functional calculus.

(i) There exists a constant K > 0 such that for any ¢ € Py we have

16T T < K16l v, - (5.2.17)

Proof of Proposition 5.2.7. The implication (i) = (ii) is obvious. Conversely assume
(ii). As noticed after (5.2.16) it suffices, to prove (i), to establish the boundedness of
= f(Th,...,Ty) on H® ([1,cq By:) for any A C {1,...,d}. By induction, it actually
suffices to prove the estimate

AT Tl < KN f e, e, (5.2.18)
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for any f in H{°(B,, X --- X B,,).
Let f be such a function and consider r € (0,1) and 7" € (r,1). Let I' = 9(+'B,,) X
- x 0(r'B,,), where all the 0(r'B,,) are oriented counterclockwise. By Lemma 5.2.6
applied with V; = T/B_%. and §; = B,,, there exists a sequence (¢, )m>1 of Py such that
¢m — f uniformly on the compact set 7' B,, x -+ x r'B,,
Since we have o(rT;) C »'B,, for all @ = 1,...,d, the Dunford-Riesz functional
calculus provides

Gm(rTh, ... 1Ty) = (2m> /qu ALy oo M) RO T - R(Ag, 7Ty) dAy - - - d)Ag

and
frTy, ... ,rTy) = (2 z) /f Ay M) RO rTY) <o - R(Ag, 7 Tg) dAq - - - dAg.
T

The uniform convergence of (¢ )m>1 to f on 7B, x --- x r'B,, implies that

Om(rTy, ... 17Ty) — fOTy,...,rTy) and ||¢m||oo7r’B.yl><-~><r’B,Yd — ||f||oo’T,BﬁXer,Bm

Using (5.2.17) we have, for any interger m > 1,

1@ (T, - P T) | < K\ 0mllas oy, snrmy, < Kl Omlloc i, o, -

Passing to the limit when m — oo, we deduce that

“f(rTb s ’er)H <K Hf”oo,r’Ble---xr/Byd <K HfHoo,BMx---wad :

Finally, we have lin% frTy, ..., rTy) = f(Ty,...,T,) by Lebesgue’s dominated conver-
r—
gence Theorem. We deduce (5.2.18). O

5.3 The role of the UMD property

We give in this section statements which explains the role of UMD-property in the
H® functional calculus. The first result concerns the generator of a bounded c¢q group,
which is a sectorial operator of type 7.

Theorem 5.3.1 Let X be a UMD Banach space. Let (Uyp)ier be a bounded co group
acting on X. Let —A be its generator. Then for any 0 > 7, A admits an H>(X)
functional calculus.

Remark that this theorem fails if we consider a pair of commuting bounded ¢y group
(U)ter and (U?)er. Indeed, a counterexample due to Lancien ([45]) shows the necessity
of the property («) to obtain a joint functional calculus. Combining this result with the
Akcoglu-Sucheston’s dilation Theorem, one can show that the negative generator of a
bounded c¢y-semigroup of positive contraction on L, admits an H*°-functional calculus

(p € (1,00)) (see [32]).
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The second result, which relies on Theorem 5.3.1, considers fractional power of an
isomorphism. Recall that for any a in (0, 1) and z in DD, we have a power series expansion

(1—2)=1+ ch,azk
k=1

with ¢, the complex coefficients of the series. Then we can define
o0
To=Ix—(Ix—T)"=-) cI"
k=1

for any power bounded operator 7" on an arbitrary Banach space X. According to [23],
T, is a Ritt operator. [4, Theorem 3.3] provides the following result.

Theorem 5.3.2 Let X be a UMD Banach space. Let U be a isomorphism acting on
X such that (U™)nez is bounded. Then for every a in (0, 1), the operator U, admits an
H*(B,) functional calculus for some v in (0, 7).
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Chapter 6

Franks-McIntosh decomposition on
sectors

Here we recall the original Franks-McIntosh decomposition which is done in [26, Section
3]. Furthermore we give adaptation of these results in order to have other suitable
decompositions for our work. This decomposition deals with bounded holomorphic
functions on some X, where

Y, ={z€C :|Arg(2)| < v}, v e (0,m).

It uses sequences of holomorphic functions of H§°(X,) for some g in (0,v). The
generalisation to multivariate bounded holomorphic functions on ¥, x---x3,,, d > 2,
vy € (0,m), k =1,...,d is sketched in [26, Section 4] and we pay a particular attention
to obtain a complete proof.

In the next two lemmas, we fix two angles 0 < u < v < m. The following can be
extracted from [26, Section 3.

Lemma 6.0.1 There exist constants p > 1 and C > 0, and a family (¢mk;) m=1,2; in
kEZ; j>0
H§(E,) such that:

(1) For any n € Z and for any z € ¥, satisfying p™ < |z| < p"*t, we have

|Gms(2)| < C27pslnl e (1,2}, keZ, j>0.

(2) For any f € H*®(X,), there exists a family (mpj) m=12; of complex numbers

k€Z: 10
such that
lamiil < Clliflleos,, me{l,2},keZ, j>0,

and

)= > iy bmis(2), €N
m=1,2;
ke€Z;j>0
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(3) For any m € {1,2}, k € Z, j > 0, the function

1—1—22)5
z

2 e (2)
is bounded on X,,.

Let p > 1 be given by Lemma 6.0.1. For any k € Z, we define 0, € H*(X,,) by

k
4

=

op(z)= —L 20 e, (6.0.1)

(prem)s — 2

ol

Lemma 6.0.2 There exist two constants 0 < ¢; < co such that for any k,n € Z and
for any z € ¥, satisfying p"™ < |z| < p"*!, we have

cip i < oy (2)] < eopilEml

Proof of Lemma 6.0.2. Consider z € ¥, satisfying p" < |z| < p"*!. On the one hand,

we have
1

[(pFe™)2 = 22 < p3 4 |22 < (L p2) prmtin)
On the other hand, we observe that for some § > 0 (only depending on p,~ and p),
the distance ‘(pkew)% — z%‘ is bounded from below by either 6 pz if k < n, or 5p§ if
k > n. Thus we have
’<pkew)% . Z%| > 5p% max{k,n} )

These estimates imply

k n
ptlz]
|ow(2)] = —

= max{k,n}

p2
under the condition p™ < |z| < p™*1. This yields the result. OJ
Using Lemma 6.0.1, we obtain the following.

f%max{k,n} — p7i|kfn|
’

kE n
R optpip

Theorem 6.0.3 Let d > 1 be an integer, let vy in (0,7) and py, in (0,1), k=1,....d.
There exist sequences (Wi, )iz>1 and (Wi )i>1 in H(X,,) verifying the following
properties.

(1) For every real number p > 0 and for any k =1,...,d,

sup {Z Wk (G o G € Euk} < oo and sup {Z )i’k7ik(§“k)‘p (G € Zuk}
" (6.0.2)

ir=1

(2) There exists a constant C' > 0 such that for every h in H*(X,, X ---xX,,), there
exists a family (a;, . i,)i...ig>1 Of complex numbers such that

.....

id’ <C HhHoo,Eylx---xEl,d ) (ib cee 7id> S N*da (6'0'3)

.....

and fOT’ every (Cla cee >Cd) mn Hcklzl E/%’
h(Ci,---,Ca) = Z Qiy,..., id‘yl,il(Q)‘I’l,il(Q) T ‘de,id(Cd)qjd:id(Cd)' (6.0.4)

i1, ,iqg>1
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Proof of Theorem 6.0.3. First, we prove the result for d = 1 (single variable case).
Let v € (0,7) and p € (0,v). Considering the functions ¢y, ; given by Lemma 6.0.1,
we let
1+ 22

z

1
Fogj(z) = ( ) ki (2), zeY,,

for m € {1,2},7 > 0,k € Z. By assertion (3) of Lemma 6.0.1, all the functions F}, s
belong to H>(X,). Then we apply inner-outer decomposition to each function F,

1
= |G| = |Fmkj|?, a-e on

to write F, 5 = Gk jGmk,; on X, and having ‘GmJgJ

0%,. According to the maximum principle, all the functions G, ; and émk] belong
to H*(X,), m € {1,2},7 > 0,k € Z. Hence we deduce a factorisation of ¢, ; as

¢m,kvj<z>=( : )4Gm,k,j<z>( : )4ém,k,j<z>, ex,,

1+ 22 14+ 22

1 ~
for m € {1,2},5 > 0,k € Z. Now we let ¥, ;. :(z) = (1;2)Z Gmkj(z) and W, i (2) =

1 <
(122) " Gmk.j(2), which are functions of Hg®(%,).

Next we prove the estimations (1) of Theorem 6.0.3. Using the maximum principle
on the partial sums of the series and part (1) of Lemma 6.0.1, one obtain for every real

number p > 0,

sup{Z Wi Q) : C € Eu} <o and sup{z [Fis (O s e Eu} < o0,

m,k,j m,k,j

where the summations run over all m € {1,2},57 > 0,k € Z. Applying part (2)
of Lemma 6.0.1, for any holomorphic function f of H*(X,), there exists a family
(. k.j) m=1,2; of complex numbers such that

€Z; 520

kgl < Ol flloos,, me{l,2},keZ,j>0,

and .
FE = D kg Unnj(2)Umpi(z),  z€I

m=1,2;
k€Z;5>0

Reindexing the families (), (Wi ki) (Wimk,;) and (Gmk,;), one we can write
F(2) =) ali(2)Wi(z) = Y igi(z),  zE€X,
i=1 i=1

We now give the generalisation for any d > 2 (multivariable case), starting with the
case d = 2. Let vy, 15 be elements of (0,7) and (1, p2) € (0,11) % (0, v2).

Let now h be in H*(X,, x %,,). Fixing z; in 3, and applying the preceding
decomposition of h(zi,-), we obtain that

h(Zl, ZQ) = Z Oéi2<21>¢2’i2<22>, z9 € EMZ, (605)

i9=1
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with a uniform estimate [a;,(21)| < Col| flco,x,, x5, 21 € X, for some constant Cy > 0.
By [26, Section 4], which gives an explicit expression of the functions a;, : £,, — C, we
see that these functions are all holomorphic functions on 3, i > 1. Moreover we have
iy lloo2,, < Cllflloo,s,, x51,, Which ensures that these functions belong to H>(,,).
Thus, we apply the case d =1 to all the «;,, which yields

o0
O{Z'Q (Zl) = Zaihmgbl,il (21), 21 - ZMU ’ig Z 1, (606)
i1=1
where the coeffcients «;, ;, verify a uniform estimate
|y iy | < CLC|| f o050, xS0 i1 2 0,12 > 0.

Since the series Zth ®1.,(#1) and thl ¢2.4,(22) are absolutely convergent for any

(z1,22) in X, X ¥,,,, the implementation of (6.0.6) into (6.0.5) allows us to write

H1 12

h(z1, 22) = Z Qi iy D1, (21) 2,45 (22), (21,22) € Xy X Xy

i1=1,ip=2

It remains to use factorisations of the functions ¢, = \11171-1\11171-1 and ¢9,, =
Wy, Vs, as we decribe in beginning of this proof to obtain the complete formula (6.0.4)
with d = 2. The general result for d > 2 follows by iterating this process. [J

Now, the following decomposition of the unit (of independent interest) will be de-
rived from the above two lemmas.

Proposition 6.0.4 Let p € (0,7). There exist three sequences (A;)i>1, (Vi)i>1 and
(¢i)i>1 in HG®(X,) satisfying the following properties.

(1) There exists a constant C' > 0 such that
VzeX,, Z [i(z)] <C and Z Mz(z)\ < C.
i=1

(2) For any v € (0, u), there exists a constant K > 0 such that

dz

Vi>1, / |A;(2)] < K.
%, z
(8) There exists a constant C' > 0 such that
Vi>1, VzeX,, |1Ai(2)] <C,

and

Vzex, 1= ZAi(Z)@z)j(z)Ji(z).
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Proof of Proposition 6.0.4. We fix v € (u,7) and consider p > 1 and the family
(Gmkj) m=12; given by Lemma 6.0.1. We apply part (2) of the Lemma 6.0.1 to the
kEZ; 520

€Z;j2
constant function f = 1. This yields a bounded family (a4 ;) m=1,2; of C such that
kEZ; j>0
L= > mkjbmii(z), 2€3 (6.0.7)
m=1,2;
kEZ;5>0

Consider m € {1,2}, k € Z, j > 0. We define, with o}, given in (6.0.1)

Pk,
O .

Pmkj =

According to part (3) of Lemma 6.0.1 and Lemma 6.0.2, this is an element of Hg°(X,,).
As in Theorem 6.0.3, the inner-outer factorisation of functions in H>°(%,,) provides two

functions ¥, ; and ¥, 4 in H§*(X,) such that
Pk (2) = mpi(2) bmps(2), 2 €35y,

and _ )
[Ympi () = [Ympri(2)] = lemrs(2)]7,  ae-z€ 0%,
According to part (1) of Lemma 6.0.1 and the lower bound in Lemma 6.0.2, there

exists a constant ¢y > 0 such that for any z € ¥, satisfying p" < |z| < p"*!, we have
| omni(2)] < o279 p il me{1,2}, kez, >0
This implies that
1
sup Z |Vmki(2)] = sup Z | omk(2)]2 < o0.
z€08, m—1,2; z€0X, m—1,2;
kEZ; >0 kEZ; >0
Using the maximum principle of holomorphic functions we deduce that
sup > [ty (2)] < o0, (6.0.8)
Z€EX, m=—1,2;
kEZ; >0
Likewise we have B
sup Z [Vm ., (2)] < o0. (6.0.9)
2€ o192
keZ;3>0

Let v € (0, ). Applying the upper bound in Lemma 6.0.2, we obtain that for any
k € Z, we have

/ louts)

dz

dz

z

ok (2)]

nez /f’Evﬂ{P"<|Z|<p”+1}

<oyt |

nez aBuN{pn<z|<pntl}

dz
~|
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This last term is equal to

2z log(p) Y _p %,

meZ

which is independent of k. Hence
sup [ [ou(2)
kez Jos,

Apkj = Qmpk,j Ok,

dz

< 00. (6.0.10)

Now define

for any m € {1,2}, k € Z, j > 0. This is a uniformly bounded family and (6.0.7) now
reads B
1= Z Am,kz,j(z) ¢m,k,j (Z),lvz)m,k:,j('z) ) z € ZM‘
Kz
Reindexing the families (A, k. j)m.k.js (Vmk.j)mk,; and (@f/;m,m)m’k,j as sequences, the
result follows from this identity and the estimates (6.0.8), (6.0.9) and (6.0.10).03



Chapter 7

Franks-MclIntosh decomposition on
Stolz domains

We saw in the preceding Chapter that Franks and McIntosh gave in [26] a decomposition
of bounded holomorphic functions on sectors, using series of specific functions. In
[26][Section 4], they actually considered more general domains than sectors. The case
of Stolz domains B, is implicit therein.

In the chapter, we provide a detailed proof of the Franks-McIntosh decomposition
on these Stolz domains (see Section 5.1 for the definition.

Then we generalise it for holomorphic functions on the open unit disc, which is
suitable when we deal with bounded polynomial calculus of the Ritt operators.

The main purpose of this chapter is the following result.
Theorem 7.0.1 Letd > 1 be an integer, let By in (0,5) and oy in (0, 5By), k=1,...,d.
There exist sequences (Wi, )i>1 and (Wi )i>1 in H(Ba,) verifying the following
properties.

(1) For every real number p > 0 and for any k =1,...,d,

sup {Z Wk (G 2 G € Bak} < oo and sup {Z ‘\ik%(g‘k)‘p (G € Bak} < 0.
" (7.0.1)

ir=1

(2) There ezists a constant C' > 0 such that for every h in H*(Bg, X --- X Bg,), there
exists a family (a;, . i,)iy...ig>1 0f complex numbers such that

.....

660l € C Wl sy, - (i1 via) €N (7.0.2)

~~~~~

and for every ((i,...,Cq) in Hcklzl B,

h(Ci,...,C) = Z @iy ..., id‘I’Lil(Q)q’Ln(Q) e \de,id(Cd)qjd,id(Cd)- (7.0.3)

i1, 5ig2>1
The main part of the proof will consist in showing the following one-variable result.
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Proposition 7.0.2 Let 0 < a < 8 < §. There exist a sequence (®;);>1 in Hi®(B,)
and a constant C' > 0 such that

sup{Z|<I>i(§)|p (e Ba} < 00
=1

for any p > 0, and for any h € H>*(Bpg), there exists a sequence (a;);>1 of complex
numbers such that |a;| < C|| | 5, for any i >1 and

h(¢) = Zaﬂ%(C), ¢ € Ba- (7.0.4)

=1

Remark 7.0.3 Since B, is a simply connected domain bounded by a rectifiable Jordan
curve, any element of H*(B,) admits boundary values. Further for any ® € H§°(B.,),
there exist W, ¥ in H§°(B,) such that

W)= [¥(Q)] = [®(C)[5,  ae( € DB, (7.0.5)

Indeed given ® € H{°(B,), there exists s > 0 and F' € H>(B,) such that (1 —
¢)*®(¢) = F(¢) for any ¢ € B,. Then using inner-outer factorisation, we may write
F = o@ with |¢| = |@| = |F|2 on the boundary of B,. Then we obtain (7.0.5) by
taking W(¢) = (1 — )3 p(¢) and B(C) = (1 - O)33(Q).

Combining the above factorisation property with Proposition 7.0.2, we immediately
obtain Theorem 7.0.1 in the case d = 1.

Before proceeding to the proof of Proposition 7.0.2, we need some preliminary con-
structions. We fix some 0 < a < p < < 3.

We let Ty denote the arc of the circle centered at 0 with radius sin(u), joining
sin(u)ei<%_“) to sin(,u)ei(”_%) counterclockwise. Then we let I'y and I'y denote the
segments joining 1 to sin(u)ei(%_“> and sin(u)ei(“_g> to 1, respectively. Clearly 'y, I'y
and I'y divide 0B,,.

We divide I'y into a finite number of arcs {70,;2},]::0 with fixed length ¢ < 1dist(9Ba, T).
For any 0 < k < N, we denote by zy; the center of 7y, and we let Dy be the open
ball centered at zg; with radius 6. Thus Dy does not intersect 0B5,.

Let | = cos(pu); this is the length of the segment I';. We introduce the sequence of

points of I'y '
e =1+1pFem k>0 (7.0.6)

which divide I'y into a sequence of segments vy x = [Y1k, Y1.6+1), that is
Tk = {z€F1 R Slp_k}, k>0,

for some p > 1 which will be chosen below. Let z;; be the center of v, 5 and let Dy
be the open ball centered at z; ; with radius

sp=1(p™" —p7F ). (7.0.7)
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We choose p such that for every k& > 0, the closure of D, ; does not intersect 0B5,,.
We divide I's in the same manner by setting, for any k£ > 0,

Yok = Yk Yo ={Z 12 €k}, 2ok = 21k and Doy ={Z:2€ Dyx}.
(7.0.8)

20,k
0,k

Lo

72,0
Y2,0

For any ¢ in B, and any z in the union of UY_ Dy 1, U2 Dy and U2 Dy, we let
(1-2)}1 -}
z—C ‘

For z, ( as above, elementary computations yield estimates

K(z,¢) =

1-¢Slz=¢  and [1-z[Z]z—(]. (7.0.9)
We derive that for m = 1,2 and for any » € N, we have estimates
sup {|K(2,0)| © 2 € Dypy CE€ By I "< 1= <lp7}Sp 2. (7.0.10)

Indeed for z, ¢ as above, we have |1 — 2| < p7*, |1 — (] < p" and by (7.0.9), we have
p~min(kr) < |2 — ¢|. These three estimates yield (7.0.10).
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It readily follows from the above definitions that for m = 1,2 and k£ > 0, we have

/ dz ): log(p). (7.0.11)

. 1—=2

Form = 1,2and k > 0, we let {e,, 1 };‘;0 be an orthonormal family of L (Y., |12 D
such that for any n € N, Span{en 10, --,€mxrn} is equal to the subspace of polyno-
mial functions with degree less than or equal to n. Likewise, for 0 < k < N, we
let {eo,k,j};io be an orthonormal family of L? (70,1“ |%D such that for any n € N,
Span{em, ko, ---,emrn} is equal to the subspace of polynomial functions with degree
less than or equal to n.

Next for any m € {0,1,2} and any k& > 0 (with the convention that k < N if

m = 0), we define @, ;: B, — C by

1

P— d
s (€)= —— / (@) K (2,0) -2
Ym,k

11—z

= , € B,.
271 ¢

These functions are well defined holomorphic functions. Moreover, we prove that
they all belong to Hi°(B,) with a special estimate.

Proposition 7.0.4 For every function ®,,;, m € {0,1,2}, k>0, j > 1, there exists
a constant Cy, . > 0 such that

(@i (O] < Cougll = C|2, (€ B (7.0.12)

Morevoer, there exists a constant C' > 0 (which does not depend on (m,k,j)) such
that .
[ o, (Q)] <ClL—(¢J2, (€ Ba. (7.0.13)

Proof of Proposition 7.0.4. Indeed according to the definition of K and the Cauchy-
Schwarz inequality, we have
1

1 o ldz| \* _ [1—¢|2 / dz| \° 1
D, i < — K _ < < 1-(|?
‘ m,k,J(C)’ = 9or (L ’ (ZGC)‘ |1 Zl) = o - K Z|2 >~ Cm,k| C‘ )

m,k

since |z — ¢| > dist(Ba, Ymk) > 0 and we obtain (7.0.12). The underlying constant
Cink; above only depends on k and the distance dist(B,, Ymk). As we have a finite
number of indexes k for m = 0 (which come from the finite division of I'y) and that
dist(Ba,Y0x) > d > 0 for every k > 0, one can chose constant Cy independent of k,
which give (7.0.13). O

A more precise estimate is now given to compute series of the ®,,  ;’s.
Lemma 7.0.5 There exists a constant ¢ > 0 such that if ( € B, satisfies
7P <= <lp" (7.0.14)

for some r € N, then for any k >0, 7 > 1 and m = 1,2, we have

[k—r|

1Pos;(Q) <c 277 and | P ()] <c 277p7 7. (7.0.15)
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Proof of Lemma 7.0.5. We start proving the second estimate. Let m € {1,2} and
k > 0. For any fixed ¢ € B,, the restriction of K(-,() to Dy, is analytic. Recall (7.0.7)
and consider the normalised power series expansion,

> 2= Zme \
K(z,¢) = me,k,n (Tk) .
n=0

Assume the estimate (7.0.14). Then according to (7.0.10), we have

[k—r|

sup {|K(z,Q)| : 2 € Dy} Sp~ 2

(7.0.16)

Using Bessel-Parseval in H = L? <0D Jdz] > and (7.0.16), one obtains

m,k> 27 sk,

) : d=
(% ‘bm,k,nP) = “K(,C)HH = (/ ’K(z,C)‘Q 27.‘.Sk) 5 p 2. (7017)

m,k

By construction, 7, is included in the ball centered at z,,; with radius % . Hence
for any z € 7, » and any integer N > 0, we have

1 1
0o P p n o] 2 00 - P 2n\ 2
— Am,k 2 — Am,k
E bm,k:,n (—) ‘ S § |bm,k,n| E -
— Sk — — Sk
n=j n=j n=j

1 1
o0 2 o0 2
—n 7|k7'r\ )
g<z\bm,k,n|2) <Z4 ) < g
n=j n=j

Now recall that in L? (’ymk, }1‘%‘), em,k,; 1s orthogonal to every polynomial function

with degree < j, hence orthogonal to (z — 2,,,)" for any n < j. Further ldfz is the

opposite of ‘ 1d_zz|. This implies that

1 - & 2= zZmrk | dz
(I)m j = |5 m,k,j bm n :
(@ (C)] 27Tz'/7 ke kj(z)z s ( Sk ) 1—2z
m, n=j
lo—r| . dz
<p 2z 2_3/ lemk.;(2)] ‘ .
~ P m,k,j
TYm,k 1 -z

Applying (7.0.11), we deduce the second estimate in (7.0.15).
The proof of the first estimate is similar, using the fact that on each oy, df is
proportional to !% , and replacing (7.0.16) by the observation that the set

N
{M : zeUDo,k,CeBa}

1—=2
k=0

is bounded. O
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Proof of Proposition 7.0.2. Lemma 7.0.5 implies that for any p > 0 and m € {0, 1,2},

sup { > 1@ (QF : C € Ba} < 0. (7.0.18)

k,j=0

Let h € H>*(Bg). By Cauchy’s formula,

1 dz
h(¢) = — h(z)K € B,. 7.0.19
© zwﬁé&L<a (0% (7.0.19)
Form=1,2, k>0 and j > 0, set
dz
mig = [ 1 emis(2 ‘1 (7.0.20)
TYm,k -z
Likewise, for 0 < k < N and j > 0, set
dz
o.k,j = / h(z) eorj(2) |[— (7.0.21)
Y0,k z

By the Cauchy-Schwarz inequality and (7.0.11), we have a uniform estimate
amesl S Il (7.022)

for m € {0,1,2}, k > 0 and j > 0.
Form =1,2 and k& > 0, let H,,; denote the subspace of all polynomial functions of

L*(Ymks ld_zz |) This is a dense subspace. Hence we have a series expansion

hh’m,k = Z Qm k,j€m k,j (7023)
7=0

in the latter space.

Likewise, for 0 < k < N, let Hyj, denote the subspace of all polynomial functions of
L* (Yo, |%’) This is no longer a dense subspace. However by Runge’s approximation
Theorem (see e.g. [71, Theorem 13.8]), every holomorphic function on an open neigh-

borhood of vy, is uniformly approximated by polynomials, hence belongs to Hy
This implies that the series expansion (7.0.23) holds true as well in this case.
From (7.0.19), we can write h(¢) = ho(C) + h1(¢) + ha(() for any ¢ € B,, where

ho6) = 5 [ K0 17

- 2mi

lI-1l2

for each m = 0,1,2. The L?-convergence in (7.0.23) a fortiori holds in the L!-sense,
hence
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and hence o
- Z Z ke j P (2). (7.0.24)
k=0 j=0
Finally, we have for any ( in B, the equality

D7 DD ki Poni(2)

me{0,1,2} k=0 j=0

After a suitable reindexing, we obtain the result by combining (7.0.22), (7.0.24) and
(7.0.18). O

Proof of Theorem 7.0.1. The case d = 1 was settled at the end of Remark 7.0.3.

Assume that d = 2. Let h € H®(Bs, X Bg,). Let (®3;);>1 be the sequence
of H§°(B,,) obtained by applying Proposition 7.0.2 to the couple (g, 32). For any
(1 € Bg,, the one variable function h((y,-) belongs to H*(Bg,). Hence we have a
decomposition

Cl,(2 Zaz Cl Dy CQ C1 € Bg,, (2 € B,,,

=1

with a uniform estimate [a;(1)| < Cs||hl[oo,B,, x B, - Recall from the proof of Proposition
7.0.2 that the complex numbers a;({;) are defined by (7.0.20) and (7.0.21). This implies
that each a;: Bg, — C is a holomorphic function. Further the above estimates show
that for any i > 1, a; € H*(Bpg,) with [|ai|cc,B,, < Callhl|co,Bs, x B, -

Let (®1,;);>1 be the sequence of Hi°(B,,) obtained by applying Proposition 7.0.2 to
the couple (a1, £1). Applying the latter to each a;, we deduce the existence of a family
(@ij)ij>1 of complex numbers such that

|aij| < CiCa||bllco,Bs xBsy, 45 =1,

for some constant C; > 0, and

o0

a;(¢1) =Y _ay®1;(G), G €Ba, i>1

=1

Since » ., [®1,;(¢1)| < oo and Y, [P2:(C)| < oo for any (Ci,(2) € Ba, X Ba,, we deduce
from above that

(G, G) = Zazﬂmcl ®2i(G2),  (C1:G2) € Bay X Ba,.

i,7=1

Now using Remark 7.0.3 as in the case d = 1, we deduce the result in the case d = 2.
The general case is obtained by iterating this process. [
We end this chapter with a useful result for the sequel, which is an analogue of
Proposition 6.0.4. We denote by H3°(D) the algebra of all holomorphic functions on D
such that there exists positive constant ¢ > 0,s > 0 for which

W) <cll—=¢P, ¢eD.
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Theorem 7.0.6 Let a in (0,7). There ewist sequences (¢;)i>1, (@i)i=1, (0i)i>1 and

(¢i)i>1 of H3°(By,) such that
(i) For every i > 1, we have ¢; = 0;0;1;;

(ii) There exists a constant ¢ > 0 such that for every z in B,

SleEl<e Sl <e
=1 =1

(1ii) For every v € (0, ), there ezists a constant e > 0 such that for every i > 1

[ <
19}

B, 1 — 2|

(i) For every z in By, the series Y., ¢i(2) absolutely converges and there exists a
constant ¢’ such that

sup{z lpi(2)] : 2 € Ba} <d.
i=1

Moreover, we have

Z@-(z) =1, 2 € B,.
i=1

This theorem is a straightforward consequence of Proposition 6.0.4 taking angle
pr = 5 and changing variable 2z, by 1 — 2z to define functions Ok, , @i, Yrs, Of
HE D), k=1,...d.

Remark 7.0.7 All the decomposition results of this Part hold true for bounded holo-
morphic multivariated functions f defined on product of sectors or Stolz domains and
taking their values in an arbitrary Banach space Z (vectorial valued functions). One
can see that the proofs readily work in this more general case.
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Some key properties of H°° joint
functional calculus
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Chapter 8

Automaticity of joint functional
calculus

Let (T4, ...,Ty) be a commuting family of Ritt operators or sectorial operators on some
Banach space X. If this d-tuple admits an H* joint functional calculus, then each T}
admits an H* functional calculus (see Section 5.2).

In this part, we are interested with the Banach spaces X for which the following
property holds true.

(P) : If (Ty, ..., Ty) is a d tuple of commuting Ritt operators or sectorial operators
such that each of the T admits an H* functional calculus, then the d-tuple admits
an H* joint functional calculus.

Let us recall the known answers to problem (P).

In [26, Theorem 4.3], the authors shows that any commutative L, space admits a
positive answer to the problem (P). This uses the so-called Franks-McIntosh decom-
position for holomorphic functions on sectors around the real axis.

Further, Lancien, Lancien and Le Merdy proved a deeper property for a larger class
of Banach space, that is the spaces with property («) (see [48]) and the Banach lattices.
Indeed, the authors shows that if Ay, Ay are sectorial operators acting on one of these
spaces and each having an H* functional calculus, then (A;, A;) has an H™ joint
functional calculus.

Combining these approaches and appealing to the Franks-McIntosh decomposition
on Stolz domains, we are ready to study the joint functional calculus of a d-tuple of
Ritt operators or sectorial operators.

The purpose of this section is to show that (P) admits a positive answer if either
X is a Banach lattice or X (or its dual space X*) has property («).

We refer the reader to [57] for definitions and basic properties of Banach lattices.

The main result of this section is the following.

Theorem 8.0.1 Let X be a Banach space. Assume that either X is a Banach lattice,
or X or X* has property («). Letd > 2 be an integer. Then the following two properties
hold :

89
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(P1) Let (Th,...,Ty) be a commuting d-tuple of Ritt operators on X and assume that
for some 0 < ~1,...,7a < 5, Ty has an H*(B,,) functional calculus for any
k=1,...,d. Then for any v, € (m,5), k = 1,...,d, (T1,...,T,) admits an
H>(B,, x -+ X By) joint functional calculus.

(P2) Let (Ay,...,Ay) be a commuting d-tuple of sectorial operators on X and assume
that for some 0 < 0y,...,04 < m, Ay has an H*(Xy,) functional calculus for any
k=1,...,d. Then for any 0, € (O, 7), k = 1,...,d, (A1,...,Aq) admits an
HOO(ZQ/I X oee X 29&) joint functional calculus.

Proving property (P1) will require the Franks-McIntosh decomposition presented
in Chapters 6 and 7.
To proceed we need more ingredients on Rademacher averages. Let d > 1 be an
integer.
We denote by Rad?(X) the closure in L?(Q¢; X) of the space of all elements of the
form
Z T @ - Q15, ® Tiy iy n € N*, Tiy g € X.

1<i1,.ig<n
Clearly we can rewrite this space as
Rad?(X) = Rad(Rad(- - - Rad(X)---)). (8.0.1)

TV
d times

For convenience we set

Z Tig @ - Q@Tiy @ Tiy,. iy (8.0.2)

1<iy,...,ig<n

for any famlly (ZEZ'I ..... id)1§i1,...,id§n in X.

We will say that X satisfies property (Ay) if there exists a constant C' > 0 such that
for any integer n > 1, for any family of complex numbers (a;, . ;,)1<i .. i,<n and for
any families (74, i, )1<is,...ig<n 10 X and (27 ; 1<iy,..ig<n in X, we have

~~~~~~~~~~

,,,,,

(8.0.3)
Theorem 8.0.1 is a straightforward consequence of the next three propositions, that
will be proved in the rest of this section.

Proposition 8.0.2 If X satisfies property (Aq) for some integer d > 2, then (P1) and
(P2) hold true.

Proposition 8.0.3 Every Banach lattice satisfies property (Aq) for every integer d >
2.

Proposition 8.0.4 If X or X* has property («), then X satisfies property (Aq) for
every integer d > 2.
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Proof of Proposition 8.0.2. Assume that X satisfies property (Aq) for some d > 2.
We only prove (P1), the proof of (P2) being similar. We consider commuting Ritt
operators Ti,...,T; such that, for every £k = 1,...,d, T} has a bounded H*(B,,)
functional calculus. Let y; in (7%, 5). By Section 5.2, and a simple induction argument,
it suffices to have an estimate ||h(T1,...,Ty)| < ||h||oo,B,yi><~~-><B,y/ for functions A in

d
HSO(B% X X B'Yfi)'
For h € H§*(By; x -+ x B, ), we consider the Franks-McIntosh decomposition given
by Theorem 7.0.1. According to this statement we may write, for every ((i,...,(s) €

d
Hk:l B’ka

WGy )= Y i Y ()T (G) - Wai, (C) Wi, (G), (8.0.4)

where (a;, _;,) is a family of complex numbers satisfying an estimate

-----

il Sl g, (inreenia) €NV, (8.0.5)

.....

the functions ¥y, and \i/;m-k belong to H§°(B,,) and they satisfy inequalities

sup {Z Wk (Co)| = Gk € Bw} <C and sup {Z ’\Pkw@k)‘ (k€ B%} <C

=1 =1

(8.0.6)
for every k =1,...,d, and for a constant C' > 0 not depending on h.
We consider the partial sums in (8.0.4), defined for every n > 1 and every (1, ..., (q)

in HZ:I B, by

(GG = Y @i W (C) W10, (G) - Way (Ca) Wai, (Ca)-

1<in,...,ig<n

The functions ¥y ;, and \ifkyik both belong to H§°(B.,,) hence this implies

ha(Ti, Ty = Y aiyig Ui (T0) P, (T1) - o (Ta) W, (Ta).  (8.0.7)

1<iy, ..., ig<n

Let us prove the existence of a constant K > 0, not depending either on n or h,
such that

th(T17 s 7Td>H S K ||h”oo,B%><--~><B“/(/i ' (808>
We let x € X and z* € X*. Applying (8.0.7), we write
<$*7 hn(Th ce ,Td)$> = Z Qiq,..., id<‘ijl,i1(T1)* T \i]d,id (Td)*if*, \1’1,1‘1(T1) e ‘l’d,id(Td)90>-
1<i1,0nyig<n
We let
Tiyoig = V1, (T1) - Vo, (T)r and  af, 5 = Uy (1) W, (Ty)
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Using property (A4) and the estimate (8.0.5), we have

{27, hn (T, - Ta) )| S [l Na ([@iy,.onia)) Na ([25,i,])

OO’B’Yi X".XB"/Q
Recall that (r;);>1 is a sequence of Rademacher independent variables on . Let us

momentarilty fix some (¢y,...,t4) in Q2. By (8.0.6) and the H>(B,,) functional calculus
property of Ty for all k =1,...,d, we have estimates
) ]l

> () ri,(t) P (Th) -+ W, (To)z|| < H( > v (1) s (Te)

1<in,oyig<n k i=1
d n
ST DS rie () Wa [l
k=1 \ |lix=1 50, By,
d n
ST 1w ]l
k=1 \ |lix=1 00, By,
S =l
Now taking the average on (t1,...,t4), we deduce that

77777

@ hn(Th - T)@)] S R llse, e, 120127
Next the Hahn-Banach Theorem yields the inequality (8.0.8).

The same estimate holds true when (71, ..., Ty) is replaced by (rTy, ..., rTy) for any
r € (0,1). Further the above argument also shows that (h,),>1 is a bounded sequence
of the space Hg®(By; X -+ X B,.). Moreover, the sequence (h;,),>1 converges pointwise
to h. Hence applying Lebesgue’s dominated convergence Theorem twice we have

lim h,(rTy,...,rT,) = h(rly,...,rT},)

n—oo
for any r € (0,1) and

lim h(rTy,...,r1,) = h(Ty,...,T,).

r—1-

We therefore deduce from (8.0.8) that

[h(Th, ..., Ta)|| < K ||R]]

Y
007371 X XB’Y(li

which concludes the proof. [J
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Proof of Proposition 8.0.3. Let X be a Banach lattice and let d > 2 be an integer.
For any integer n > 1, for any family of complex numbers (a;, . i,)1<i...iy<n and for
any families (24, 4, )1<iy...i;<n 0 X and (2} 1<iy....ig<n i X*, we have

1,...,id>
VLyeesd NV ,00ytq? ULy 0d

1<, ig<n

< sup {lai, ) ( 2{: i1, i

1<i1, e ig<n

NG

—_
A
=
<
AN
3
V)
N——
[N

2

*

( z : mi1,~-~,id| >
1<t ig<n

1
where (Zlgil,...,idgn |leld|2) * and (Zlgil,...,idgn ]lezdlg) * are defined in [57, Sec-
tion 1.d]. This follows from basic properties of Krivine’s functional calculus on Banach
lattices.
By the d-variable Khintchine inequality, there exists a constant C' > 0 (not depend-
ing on the x;, _;,) such that we have an inequality

( Z ‘xil,..-,id‘2> < C /Qg

1<i1,.ig<n

X X*

Z ril(tl)...nd(td) ZIZ',L'L.”’@'d de<t1,...,td)

1<i1,.ig<n

in X. By the triangle inequality and recalling (8.0.2), this implies that

1

(: > |Imrn¢A2> < ONy ([@in,...4)) -

1<it,.oyig<n X

Likewise, we have

1
2
2
( 2 : x:h-uyid’ ) < CNd ([mjl,-.-,id]) :
1<i1 00 ig<n

X*

Combining these three estimates we obtain that X satisfies property (A4). O
Before giving the proof of Proposition 8.0.4, we show that any Banach space with
property («a) verifies a d-variable version of inequality (4.3.2).

Lemma 8.0.5 Let X be a Banach space with property (o). For any integer d > 2, there
exists a constant C' > 0 such that for any integer n > 1, any family (ai, .. i,)1<iy....ig<n
of complex numbers and any family (x;, . i, )1<iy,...ig<n 1 X,

-----

Na([ai,...i9%i1,.00) S C sup {laiy,.igl} Na([74,,..3,]) - (8.0.9)

1<iy,..ig<n

Proof of Lemma 8.0.5. According to [67, Remark 2.1] and results we cite in Propo-
sition 4.3.3, property («) is equivalent to the fact that the linear mapping

E Tz’,j®xi,j HZTz‘@Tj@xi,j

1] 1]
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induces an isomorphism from Rad(N*2; X) onto Rad(Rad(X)) = Rad*(X). This readily
implies that for any countable sets I, I, we have a natural isomorphism

Rad(I; x I; X) ~ Rad(I;; Rad(I5; X))

when X has property («).
Under this assumption, we thus have

Rad(Rad(N'%; X)) ~ Rad(N" x N**; X) = Rad(N*?; X)

and
Rad(Ra,d(N*Q;X)) ~ Rad(Rad(Rad(X))) = Rad3(X),

whence a natural isomorphism

Rad(N*3; X) ~ Rad®(X).
Proceeding by induction, we obtain that

Rad(N*%; X) ~ Rad*(X).

This means that for finite families (x;, ;,) of X, Na([z4,. 4,]) and [|>° 75 a0 @ @iy i |l
are equivalent. Now recall that by (4.3.1), we have

Rad(N*4; X)

<2 sup {‘ail ,,,,, id|}

1<i1,.ig<n

§ : Tiy, ..., id®xil ~~~~~ iq

1<iy,....ig<n

Rad(N*4; X)

for every finite family (a;,
once. [

i,) of complex numbers. The inequality (8.0.9) follows at

.....

and (a;,
N,
By the independence of Rademacher variables, we have

,,,,,

15+ 150452

* *
E Qiy,...iq <le ..... iqr Lit,.., Zd) < E Tiy @ Q1 @ Liy g
L yeeey iq L yeeny iq Radd(X*)
X E iy ,.yigTin ® ® Tiq & Tiy,..., id
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By Lemma 8.0.5, we deduce an estimate

< Csup{|ag ..., }

*
E iy, ig <xi1,m,z‘da x’tl,"'7id>

X E Ti1®"'®’f’id®$i17...7id

1,0 0d

*
E Tip @ QTig @T;, .. 4

1,0 0d

Rad?(X*) Rad?(X)

which proves (Ay).
The same proof holds true if X* verifies the property («). O

Proof of Theorem 8.0.1. Let (T1,...,Ty;) be a d-tuple of commuting Ritt operators
acting on X, a Banach space. If X is a Banach lattice, then it has property (Ay)
by Proposition 8.0.3. If X or X* has property («), then X has property (Aq) by
Proposition 8.0.4. In one or the other case, the properties (P1) or (P2) hold true on
X. This concludes the proof. []

)
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Chapter 9

Convex combinations of Ritt
operators

In this chapter, we show that any convex combination of commuting Ritt operators is
a Ritt operator too. Then we give a consequence on the spaces with property (A) (see
Section 4.4).

9.1 Stability under convex combinations

Proposition 9.1.1 Let X be a Banach space. Let d > 2 be an integer. Let Ty, ..., T}
be commuting Ritt operators acting on X. Let cy,...,cq be positive real numbers such
that 22:1 ¢, = 1. Then 22:1 e Ty is a Ritt operator.

We note that we may proceed by induction on d. Thus, the case where d = 2 is the
key result. It is possible to show the result obtaining one or the other characterisation
(1),(2) or (3) of Proposition 5.1.3. We will give two of the three proofs.

Proof of Proposition 9.1.1 by (1) of Proposition 5.1.3. Let d = 2 and let Ty = T,
T, = S be two commuting Ritt operators. Let Cy > 0, Cy > 0 such that

IT"| < Co,  [IS"I<Co,  n>0 (9.1.1)
and
|nT" M Ix —=T)|| <Cr,  ||nS"'(Ix—9)|[|<Ci, n>1 (9.1.2)

Let ¢ in (0,1) and n > 0 an integer. We prove that U = ¢T' + (1 — ¢)S is a Ritt
operator.
We prove that (U"),>¢ is bounded in B(X). Indeed, as T" and S commute, we have

n

vr=Y" (Z) F(1 — )nhTRgnk, (9.1.3)

k=0
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Using (9.1.1) et (9.1.2), we have
<Y () -t = - e orci =t
k=0

which shows that (U™) is bouned.
Next we study the sequence (n(I — U)U"!),>;. Writing

n(Ix —U)U" ' =cn(Ix — T)U 4 (1 — o)n(Ix — S) U™,

we begin by cn(I —T)U™ !, n > 1. Using again (9.1.3), we have
< /n—1
en(Ix —TYU ! = cnz < )ck(l — )"k (I — TYTEGn Ik,

Thus, noting that H(IX — T)TkH < % we obtain the inequality

n—1
. n—1 n1—1 CoC'
||cn(I—T)U Y <en E ( i )ck(l — )"t kko—%—i'

Recall that kLH(";l) = (kil) for 0 < k <n — 1. Hence we obtain

n—1 n
cn Z (n R 1) (1 — c)”_l_k—C’OC1 = CyCy Z (n)cj(l — )"
—~\ k k+1 —— \ j

Jj=1

= 0001 (1 — (1 — C)n) < Cocl.

Then we obtain that ||cn(Ix — T)U™ Y| < CoCy and similary ||(1 — ¢)n(Ix — S)U™ || <
CyC1, which allows us to write

|[n(Ix — U)U" || < 2C,Ch.

The proof is complete.[]

A way to use condition (3) in Proposition 5.1.3 make use of the following Lemma
(see e.g [18, Theorem 3.3]).

Lemma 9.1.2 Let A and B be closed and densely defined sectorial operators with re-
spective types wa and wp (and domains D(A) and D(B)). Suppose that A and B are
commuting operators (which means that their resolvent commute) and that wa+wp < 7.
Then we have the three following properties

(i) D(A)N D(B) is dense in X.
(ii)) A+ B: D(A) N D(B) — X is closable in A+ B.

(i11) A+ B is sectorial of type mar(wa,wp).
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Proof of Proposition 9.1.1 by (3) of Proposition 5.1.3. We always take T and S two
commuting Ritt operators acting on some Banach space X. By [72, Theorem 11.23], we
see that o(T + S) C o(T) + 0(S) where o(T) + o(S) ={A+u: A€o(T),u€ (S}
Let cin (0,1) and U = ¢T'+ (1 — ¢)S.

We prove that o(c¢T'+ (1 —¢)S) C DU{1} and that I — U is a sectorial operator of
type w < 7.
Firstly, we have

o(cT + (1= ¢)S) C o(cT) + o((1 - ¢)S) C e(DU{1}) + (1 — )(DU{1}) c DU {1}

where we used that DU {1} is a convex set.

Secondly, let us write Ix — (¢cI'+ (1 —¢)S) = ¢c(Ix = T) + (1 —¢)(Ix — S). By
hypothesis, operators Ix —T et Ix —.S are sectorial operators with type wr, 7 < 7 and
Wry—s < 5. This holds for ¢(Ix —T) and (1 — ¢)(Ix — S). According to Lemma 9.1.2,
we know that ¢(Ix —T")+ (1 —c)(Ix —.5) is sectorial with type max(wr, 7, wrc—s) < 5.
By (3) of Proposition 5.1.3, we conclude that ¢TI+ (1 — ¢)S is a Ritt operator. [J

9.2 The special case of the spaces with property (A)

Once we know that any convex combination of commuting Ritt operators 77, ..., Ty is
also a Ritt operator, a natural question is whether such a convex combination admits
an H° functional calculus if all the T}’s admit one. The answer is positive for Ritt
operators acting on a Banach space X with property (A) (see Section 4.4).

We recall first a known result for the case of sectorial operators ([51, Theorem 1.1]).

Theorem 9.2.1 Let X be a Banach space with property (A). Let A and B be two
commuting sectorial operators acting on X and let 0,05 be angles of (0,m) such that
01 + 0y < 7. Assume that A has an H*®(Xg,) bounded functional calculus and B has
an H®(Xy,) bounded functional calculus. Then A+ B is closed and for any m > 6 >
maz(6y,0s), A+ B has an H*(Xy) bounded functional calculus.

Using the relationship between sectorial operators and Ritt operators, we deduce
the following.

Theorem 9.2.2 Let X be a Banach space with property (A) and d > 2 be an inte-
ger. Let Ty, ..., Ty be commuting Ritt operators acting on X. Let cq,...,cq be positive
real numbers such that ZZ=1 cr = 1. Suppose that each Ty admits an H* functional
calculus, k =1,...,d. Then T = Zzzl ey admits an H*>® functional calculus.

Proof of Theorem 9.2.2. First, using Proposition 9.1.1, we know that T" = Zzzl cr Ty,

is a Ritt operator. By induction, one sees that it suffices to prove the result for d = 2.

Let ¢1,¢o > 0 such that ¢; + ¢ = 1 and 71, 72 be elements of (0, %) such that T}, admits
an H>(B.,,) functional calculus for £ =1, 2.

We let A; = Ix—T) and Ay = Ix —T5, which are bounded sectorial operators of type

w < 5 on X according to Section 5.1. As the T}’s admit H>(B,,) functional calculus,
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k = 1,2, we can use a transfer principle ([53, Proposition 4.1]) to say that there exists
01,0, in (0, 7) such that Ay admits an H*°(X,,) functional calculus for k£ = 1,2. Then
¢ T admits an H*(X,,) functional calculus for £ = 1,2 and as we have 6; + 6, < 7,
A = c1 Ay + c2 Ay admits an H>°(Xy) functional calculus for any 7 > 6 > max(6:,6,) by
Theorem 9.2.2.

Using the converse property of the transfer principle ([53, Proposition 4.1]), we
obtain that T' = Ix — A = ¢;T1 + ¢T» admits an H*°(B,) functional calculus for some

v in (0, 3. O

Remark 9.2.3 One can prove Theorem 9.2.2 for X having property («) or X being
a Banach lattice not using Theorem 9.2.1 but appealing to Theorem 8.0.1. Indeed,
taking an holomorphic function ¢ on some B, v € (0, 7), one can consider function ¢
on B,, x---xB,,, defined by ¢(z1, ..., z4) = p(c121+- - +cqza) with v, < v, k=1, ....d.

Remark 9.2.4 Theorem 9.2.2 applies to the noncommutative L,-spaces, although they
do not have property («).



Chapter 10

Angle reduction of H* joint
functional calculus

Let (Aq,...,Aq) be a d-tuple of commuting sectorial operators on some Banach space
X. It is plain that if (Ay,..., Ay) admits an H>®(Xg, X -+ X ¥p,) joint functional
calculus, then it also admits an H>(3g; X - -+ x Xy ) joint functional calculus whenever
0, > 0y, k=1,...,d. Likewise, if (T1,...,Ty) is a d-tuple of Ritt operators having an
H>(B,, x---x B,,) joint functional calculus, then it also admits an H*(B,; x---x B.)
for any v, > v, k=1,...,d.

The purpose of this section is to prove the following theorem, which allows to con-
sider the case when 6, < 6, or v, < Y.

Theorem 10.0.1 Let X be a Banach space. Let d > 2 be an integer. Then the
following two properties hold :

(1) Let (Ay,...,Aq) be a d-tuple of commuting R-sectorial operators on X, of re-
spective R-types wy, ..., wq. Let Oy € (wg,m), for k =1,...,d, and assume that
(A1, ..., Ag) admits an H>®(Xg, X - --x3y,) joint functional calculus. Then for any
O € (W, ), k=1,....d, the family (Ay, ..., Aq) admits an H>®(Zg X -+ x Sy, )
joint functional calculus.

(2) Let (T1,...,Ty) be a d-tuple of commuting R-Ritt operators on X, of respective
R-types ai, ... aq. Let v, € (ay, %), fork =1,...,d, and assume that (11, ..., T;)
admits an H®(B,, X---X B,,) joint functional calculus. Then for any v, € (ax,5),
k=1,...,d, the family (Ty, ..., Ts) admits an H>®(B.; X+ - -x B, ) joint functional
calculus.

(8) Let (11, ...,Ty) be a d-tuple of commuting operators acting on X such that every Ty,
is a R-Ritt operator, k = 1, ...,d. Suppose that (T4, ..., Ty) is polynomially bounded,
that is there exists a constant C' > 1 such that for any polynomial function h of d
variables we have

IW(T1, o, Ta)|| < Csup {|R(21, s 2a)| ¢ (21, ..y 24) € T} (10.0.1)

Then (T4, ..., Ty) admits a H*> joint functional calculus.

101



102CHAPTER 10. ANGLE REDUCTION OF H* JOINT FUNCTIONAL CALCULUS

Part (1) of this theorem is a multivariable version of a widely used result due to
Kalton-Weis [40, Proposition 5.1]. The proof below is a new one the last reference.

Proof of Theorem 10.0.1. We prove (1). We assume that (Ay,...,Aq) admits an
H>(Xg, X --- x Xy,) joint functional calculus. We consider ), > wy, k =1,...,d, and
we fix vg, u € (0,7) such that

wp <y <O, <p and O < p, k=1,...,d.
k

We consider the three sequences (A;);>1, (¢;)>1 and (%)izl from Proposition 6.0.4.
For any 4q,...,iq > 1, we let

Ap o i,=0 @ @A, € HP (S, X -+ x 3,)

denote the function taking any (z1,...,24) in X to A; (21) -+ Ay, (24). We similarly

define ¥y, i, = Vi, @ -+ @y, and Py, i, = Vi @ - @ Yy,
According to Proposition 6.0.4,

1= Z Ail ..... id,[l)zj ..... id¢i1 ----- id (1002)
i1srig=1
on X4 and
sup Z ‘ (A’u ..... idwil ~~~~~ idwil ~~~~~ id) (Zl’ T Zd)| < . (1003)
(Zl 7777 Zd)ezu 1] 4eeey ldzl

Let f € Hg(Xg, X -++ X Xg,). For convenience we set A = (Ay,...,A4) and in
this proof, we write f(A) instead of f(A;,..., Ay). It is easy to deduce from (10.0.2),
(10.0.3) and Fubini’s theorem that

Z Hf('A)AZl ----- Zd(A)w’bl ----- 1d("4)¢l1 ----- Zd(A>H <0
B1yeeyig=1
and
FA) = Y A, (A (A ig(A)
11 ,4..0ytg=1

set
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Let now (7, ._i,)i>1,..i,>1 be a family of independent Rademacher function indexed by
(N*)4. By Cauchy-Schwarz, we have

[(Ex Az ) =] D (D iAo (A, Dy oia(A)D)

.....

A
3
&
®
Py
=
I
=
=
=

8

Rad(X*)

We shall now estimate each of the two factors in the upper bound.
According to the R-sectoriality assumption, each set {zR(z,Ax) : z € 0%, } is
R-bounded, hence by [35, Proposition 8.1.19], the product set

d

{H(ZkR(Zk,Ak» D2 € 62%, k= 1,...,d}

k=1

is R-bounded. Further it follows from part (2) of Proposition 6.0.4 that

de
Z_lc S HfHOO,Ee/lx---xE%-

d d

FA, oA = (=) /H U [ (e A) 1%

zZ
k=1 k=1 K

Applying [35, Theorem 8.5.2], we deduce from the above two results that the set

ff = {f(.A)A“ id(A) : il,...,id 2 1}

-----

is R-bounded, with an estimate
R(-Ff) S Hf”oo,Eg/IX---xZ%-

Consequently,

U1,8q=1
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By part (1) of Proposition 6.0.4, there exists a constant C' > 0 such that

N
H E Miv,igQin o ia
~ 00

<C

.....

U15eesig=1

Consequently, we have an estimate

N
| > v, id(A)xHRad(X) <l
U] yeeny ig=1
and hence an estimate
N
H Zz-df“ ..... 0 @ [ i (A, Zd<A>xHRad(X) S [ fllooy x5, o]l

not depending on .
The second factor in the majorisation of |(fx(A)x,y)| can be treated similarly and
we obtain an estimate

<
-~

not depending on .
Altogether we thus have

(v (A2, )| S 1 llocsyy xxy, 2yl

Passing to the limit and taking the supremum over all z,y of norms less than or equal
to 1, we obtain

1 (AL A S [ lloo g x4,

This estimate can be proved as well for any f € Hgq(3g X --- x X6), which yields
the result. Appealing to Theorem 7.0.6 in place of Proposition 6.0.4, one can obtain
assertion (2) by mimicking what preceeds. (3) is a straightforward consequence of (2).
We omit the details. [J

Combining Theorem 10.0.1 and Theorem 8.0.1, we easily have obtain this last result.

Theorem 10.0.2 Let X be a Banach space. Assume that either X is a Banach lattice,
or X or X* has property («). Letd > 2 be an integer. Then the following two properties
hold :
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(1) Let (Ay,...,Aq) be a d-tuple of commuting R-sectorial operators of types wy €
(0,7), k = 1,...,d. Suppose that Ay admits an H*®(3y,) functional calculus for
some Oy € (wg, ), k=1,....;d. Then (Ay, ..., Ag) admits an H* (g, X --- X Xg1 )
joint functional calculus for any 0}, € (wy, ), k=1, ...,d.

(2) Let (T, ...,Ty) be a d-tuple of commuting R-Ritt operators of types a;, € (0, 7),
k =1,..,d. Suppose that T}, admits an H*(B.,) functional calculus for some
W € (ak, 5), k=1,....,d. Then (T1,...,Ty) admits an H®(B,; X --- X B.) joint
functional calculus for any v, € (ar, 5), k=1,...,d.
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Part 1V

Characterisations by dilations and
contraction properties
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Chapter 11

The case of UMD spaces with
property («)

In this chapter, we give characterisations of H* joint functional calculus for commuting
families of either Ritt or sectorial operators acting on a UMD Banach space X with
property (). We pay a special attention to the case when X in an LP-space, for
p € (1,00). These characterisations generalise some of the main results of [4].

We refer the reader to [12], [66, Chapter 5], Section 4.2 and Section 5.3 for informa-
tion on the UMD property

11.1 Characterisations for commuting Ritt opera-
tors

We first establish a general result about combining dilations of commuting operators
through Bochner spaces. Given any p € [1,00), any measure space (2, any Banach
space X, and any bounded operators T': LP(2) — LP(2) and S: X — X, consider the
operator T'® S acting on LP(Q) ® X. If this operator extends to a bounded operator
on LP(€; X), we denote this extension by

T®S: LP(Q; X) — LP(Q; X).
By the density of LP(Q) ® X in LP(2; X), this extension is necessarily unique. We recall

that if 7" is a positive operator (meaning that 7'(z) > 0 for every x > 0), then T'® S
has a bounded extension as described above.

Lemma 11.1.1 Let d > 2 be an integer, let T, ..., Ty be commuting operators on a
Banach space X and let p € [1,00). Let 1 < m < d. Assume that:

(1) For every k =1,...,m, there exist a positive operator Vi, on some LP(2) and two
bounded operators Ji: X — LP(2; X) and Qp: LP(Q); X) — X such that

T:k = Qk(%@@]){)nkq}k’ ng € N. (11.1.1)

109
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(2) If m < d, there ezist a Banach space Y, two bounded operators Jyi1: X — Y

and Qma1: Y — X as well as commuting bounded operators Vi, i1,...,Vqg on'Y
such that
Tt Tt = Qe V- Vi T, (Mmst, -+ ng) € N (11.1.2)

(8) For everyi=1,..., mandj=1,...,d, we have

J/Z} - (ILP(Q)@]})JZ (1113)

Then there exist two bounded operators J: X — LP(Q™Y) and Q: LP(Q™;Y) — X
such that

T = QU™ -+ Uy, (ni,...,nq) € N%, (11.1.4)
where the operators Uy, ..., Ug: LP(Q™Y) — LP(Q™;Y) are given by
U, =119V, @I°"*Q Iy, k=1,...,m; (11.1.5)

Here I = Ippq) and I®' = I®---®1 for every integer | > 1.
—_——

| factors

Proof of Lemma 11.1.1. We define Q,: LP(0™: X) — X and Jp: X — LP(Q™; X)
by letting

Qm = Q1(IRQ2)(I°RQ3) - - (I*™'RQ,) (11.1.7)

and
I = (IP"RJ,) - - (IP*R3) (I®.Jy) J;. (11.1.8)

Then we define Sy, : LP(2™; X) — LP(QQ™; X) by
Sem = I @ V, RIF™TF @ Iy, 1<k<m. (11.1.9)
Our first aim is to prove by induction on m that we have the following dilation property,
TP T = QST -+ S Ty (na,. . ) € N (11.1.10)

We will see that this property only depends on the assumptions (11.1.1) and (11.1.3).

The case m = 1 is trivial. Let m > 2, suppose that (11.1.7), (11.1.8), (11.1.9) and
(11.1.10) hold true for m — 1, and let us prove the latter dilation property for m. For
every (ny,...,n,) € N we write

TP T T = Qg S St T T (11.1.11)

m—1 m—1""""m—1m—1
We compute the last term jn:/ngm. First by (11.1.3), we have

ST = (IRT™) Jy.
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Applying (11.1.3) again, we then have
(IRJ)(IRT™)Jy = (IP°*RT") (IR Js) J;.
Repeating this process with each factor of jn:;/h we obtain
T a T = (1™ YT Ty (11.1.12)
Using (11.1.1) for T,,, we see that
19T = (19 '20Q,,) (1P 'RV, @1 )" (19 R.J,,).

Combining with (11.1.11) and (11.1.12), and using the fact that I '®V,,&Ix = Sy,m,

we deduce that
T .. S = 6;_/1511}1_1 ... gnmot ([®m—1®Qm)S:TLLm ([®m_1®n]m)z7m\—/1~

m—1,m—1 m

A thorough look at (11.1.9) reveals that for any £ =1,...,m — 1,
Sk,m—l(l®m_1®Qm) - (I®m_1®Qm)Sk,m-
Consequently

Tlm . _Tan — é;_/l([@n—l@Qm)Silm Ce Snm—l qnm ([®m—1®Jm)le:.

m—1m~m,m
Since . . o
Qm = Qm—l([®m_1®Qm) and Jm = (Im_1®Jm>Jm—la
this yields property (11.1.10).
If m = d, the preceding computation proves the lemma. Assume now that m < d—1.
It follows from (11.1.10) that for any (ny,...,ns) € N¢ we have

TP T = QST Si T T
Using (11.1.3) we obtain that for any k =m +1,...,d,
T T = (I @T})™ T, (11.1.13)
Applying (11.1.2), we therefore obtain that

T Ty = QuSTh -+~ S
X (I BQua1) (I BV 1) - (17" BV) ™ (1B Ty 1) T
Using (11.1.6), this yields
TP T = QST -+ S (1B Q) Uit - U (19 @ J 1) T (11.1.14)

m

Now it follows from (11.1.9) that for any k = 1,...,m,
Sih (I¥"@Qmi1) = (1" @Qm+1) Uk, (11.1.15)
where the Uy, are given by (11.1.5). Set

Q = @\;L<I®m®Qm+1) and J = (I®m®<]m+l)‘]m

Then (11.1.4) follows from the factorisation (11.1.14) and the relation (11.1.15). O
The following result is a d-variable version of [4, Theorem 4.1].
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Theorem 11.1.2 Let X be a reflexive Banach space such that X and X* have finite
cotype. Let Ty, ..., Ty be commuting Ritt operators on X such that every Ty has an
H>(B,,) functional calculus for some vy € (0,%). Let p € (1,00). Then there exist

a measure space S, commuting isometric isomorphisms Uy, ..., Uy on LP(Q% X), and
two bounded operators J: X — LP(Q% X) and Q: LP(Q% X) — X such that
Tyt = QUM --- UL, (n1,...,ng) € N (11.1.16)

Proof of Theorem 11.1.2. We shall apply Lemma 11.1.1 in the case m = d, using the
construction devised in the proof of [4, Theorem 4.1].
We recall this construction. We let (7,),ez be an independent sequence of Rademacher
variables on some probability space 2.
Forany k = 1,...,d, recall the ergodic decomposition X = Ker(/—T})®Ran(I — Ty).
It is shown in [4] that the operator

X =Ker(I = Ty) ®Ran(I - T},) — X &, LP(Qp; X)
To + X1 — ([L’o,zn IT’n@Tn(I Tk) <I+Tk)(l‘1))

is well-defined and bounded, under the assumption that 7}, has an H>(B,,) functional
calculus for some ;. € (0, 7). More precisely, the series

Jki

o0

> @ T - T)

n=1

N[

(I + Tp) (1)

converges in LP(€; X) for any x; € X and the norm of the resulting sum is < ||z1]].
Define () as the disjoint union of 25 and a singleton, so that

X @, LP(Qo; X) ~ LP(Q; X).

It also follows from the proof of [4, Theorem 4.1] that there exist an isometric isomor-
phism U: LP(Q2) — LP(§2) (which does not depend on T}, k = 1,...,d) and operators
Qr: LP(2; X) — X such that

T]?k :Qk(U®IX)”’ka, ng € N.

We set Vi, = U for any k =1,...,d, so that T},..., T, satisfy (11.1.1).
Let us show that 71, ..., Ty also satisfy (11.1.3). Consider arbitrary i, jin {1,...,d}i #
j and an element o+ x; € X = Ker(/ —T;) @ Ran(/ — T;). Since T; and 7; commute,
T;(xo) belongs to Ker(T;). Consequently,
JiTy(o +20)) = (Ty(a0). D ra @ TP = T3 (1 + T)T(a))

n=1
S

= (Ty(x0), Y ra @ TyTII = T)3 (1 + Th)(a1))

n=1

=<TJ( 0), (Ir(00)®T}) (Zrn ® (T - T)%(I+T)(:c1)))

= (Ir()®T)) Jiwo + a1).
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This proves (11.1.3).
Applying Lemma 11.1.1, we deduce the existence of two bounded operators Q: LP(2¢; X) —
X and J: X — LP(Q% X) such that

T Tyt = QU™ -+~ Uptd,  (ni,...,nq) € N
where Uy, ..., Uy are given by
Us = (Ip@)®" ' @ U @Iw)®" '@ Ix, k=1,..d

Since U is an isometric isomorphism of LP(f), it is clear that each Uy is an isometric
isomorphism of LP(Q% X) as well. O
We are now in position to extend [4, Theorem 5.1] to d-tuples of Ritt operators.

Theorem 11.1.3 Let X be a UMD Banach space with property («) and let d > 1 be
an integer. Let Ty, ..., Ty be commuting Ritt operators on X and let p € (1,00). The
following two conditions are equivalent.

(1) (Th,...,Ty) admits an H*®(B., x --- x B,,) joint functional calculus for some
we D), k=1, d

(2) There exist a measure space ), commuting contractive Ritt operators Ry, ..., Ry
on LP(%; X) such that every Ry admits an H*(B,,) functional calculus for some
Y €(0,%), k=1,...,d, as well as two bounded operators J: X — LP(Q; X) and
Q: LP(; X) — X such that

TM . T = QR - R, (n,...,ng) € N (11.1.17)

Proof of Theorem 11.1.3. The implication “(2) = (1)” is easy. Indeed (11.1.17)
implies that for any ¢ € P, (the algebra of complex polynomials in d variables), we
have

o(Th, ..., Ty) = Qo(Ry, ..., Ry)J,

and hence
lo(T1, .. Ta)| < QI NI | A(Ry, - .., Ra)ll -

By assumption each Ry has an H>(B, ) functional calculus, with v; € (0, 7). Since
X has property («), the Bochner space LP(); X) has property (a) as well. It therefore
follows from Theorem 8.0.1 that the d-tuple (Ry, ..., Ry) has an H*(B,, x --- x B,)
joint functional calculus for some 7 € (0,%). Applying Proposition 5.2.7, we deduce
that (11,...,Ty) also has an H>*(B,, x --- x B,,) joint functional calculus.

To prove the converse (and main) implication “(1) = (2)”, we assume (1). Every
UMD Banach space is reflexive and has finite cotype, so we can apply Theorem 11.1.2
on X.

As in [4, Section 3], set

(Tk)azlx—(])(—Tk)a, CL>0,
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where we recall the definition of Section 5.3. Since (71, ...,7Ty) has an H* joint func-
tional calculus, every Tj has an H* functional calculus. Hence according to [4, Propo-
sition 3.2|, there exists a > 1 such that every (7}), has an H* functional calculus.
Applying Theorem 11.1.2, we deduce a dilation property

(T1)a)™ - (Ta)a)"™ = QU™ - Uy*J,  (ma,...,nq) € NY,

where J: X — LP(Q; X) and Q: LP(Q; X) — X are bounded operators and Uy, ..., Uy
are isometric isomorphisms on LP(€); X) .

Let b = %, so that 0 < b < 1. Arguing as in the proof of [4, Theorem 5.1] (see also
[24], where this argument appeared for the first time), we derive that

T T3 = QU™ - (Un)"J,  (ma,....ng) €N

We let Ry = (Uy)y for every k = 1,...,d. By [4, Theorem 3.1 and 3.3] (see also Theorem
5.3.2), and the assumption that X is a UMD Banach space, every Ry is a contractive

Ritt operator having an H*>(B,,) functional calculus for some v, € (0, §), which proves
(2). O

Remark 11.1.4 It follows from the proof of [4, Theorem 4.1] that the isometric iso-
morphism U: LP(Q2) — LP(Q)) appearing in the proof of Theorem 11.1.2 is positive.
This implies that if X is an ordered Banach space, then the isometric isomorphisms
Upy ..., Ug: LP(Q; X) — LP(Q; X) in the latter theorem are positive operators. It there-
fore follows from [4, Theorem 3.1 (c)] that if X is an ordered Banach space in Theorem
11.1.3, then the contractive Ritt operators Ry,..., Rqy: LP(Q2; X) — LP(€; X) in this
theorem are positive operators.

We note that any UMD Banach lattice has property («). Hence any UMD Banach
lattice satisfies Theorem 11.1.3.

We also observe that thanks to Theorem 8.0.1, assumption (1) of Theorem 11.1.3
is equivalent to the property that each T} admits an H*(B,,) functional calculus for
some 7 € (0, 7).

We now give a specific result on LP-spaces. This is a d-variable version of [4, Theorem
5.2].

Theorem 11.1.5 Let ¥ be a measure space and let p € (1,00). Let Ty,..., Ty be
commuting Ritt operators on LP(X). The following two conditions are equivalent.

(1) (Th,...,Ty) admits an H*®(B,, x --- x B,,) joint functional calculus for some
Vi € (0,%), k=1,....,d.

(2) There exist a measure space 2, commuting positive contractive Ritt operators
Ry, ..., Ry on LP(Q), and two bounded operators J: LP(X) — LP(Q) and Q: LP(Q) —
LP(X) such that

Ty = QR -+ - R4, (nl,...,nd)ENd.
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Proof of Theorem 11.1.5. We apply Theorem 11.1.3 above with X = L?(3), which
is a UMD Banach space with property (a). We note that for any measure space €2,
LP(Q2; LP(X)) is an LP-space. Further conditions (1) in Theorem 11.1.3 and Theorem
11.1.5 are identical.

Assuming (1) and applying Theorem 11.1.3 together with Remark 11.1.4, we obtain
condition (2) in Theorem 11.1.5.

The converse implication follows from Theorem 11.1.3 and the fact that any positive
contractive Ritt operator on an LP-space has an H*°(B,) functional calculus for some
v € (0,%). This result is proved in [54, Theorem 3.3]. OJ

A celebrated theorem of Akcoglu and Sucheston (see [1]) asserts that if 7: LP(X) —
LP(Y) is a positive contraction, with p € (1,00), then there exist a measure space
¥, an isometric isomorphism V: LP(¥') — LP(X') and two contractions J: LP(X) —
LP(3') and @Q: LP(X') — LP(X) such that 7" = QV™J for any n € N. It is an open
problem whether the Akcoglu-Sucheston Theorem extends to pairs. The question reads
as follows.

Consider a commuting pair (77, 7Ts) of positive contractions on LP(X). Does there
exist a commuting pair (V1, V3) of isometric isomorphisms acting on some L? (%), as well
as bounded (or even contractive) operators J: LP(X) — LP(X') and Q: LP(X) — LP(X)
such that Ty Ty? = QV"' V52 J for any (ny,ny) € N2?

The next result shows that the answer is positive if either T} or T5 is a Ritt operator.
More generally we have the following.

Theorem 11.1.6 Let X be a measure space and let p € (1,00). Let T,..., Ty be
commuting positive contractions on LP(X). Assume further that Ty, ..., T4 1 are Ritt
operators.

Then there exist a measure space (2, two bounded operators J: LP(X) — LP(Q) and
Q: LP(Q) — LP(X), as well as commuting isometric isomorphisms Uy, ..., Uq: LP(Q) —
LP(Q2) such that

Tlnl__.T;d :QU{H"‘Ung, (nl,...,nd) e N

Proof of Theorem 11.1.6. We aim at applying Lemma 11.1.1 with m = d — 1 and
X = LP(X). Forany k = 1,...,d — 1, T} is a positive Ritt contraction on LP(X).
According to [54, Theorem 3.3], this implies that it has an H>°(B,, ) functional calculus
for some v, € (0,%). By [4, Theorem 4.1] and its proof, this implies that T1,..., T,
satisfy the assumption (1) of Lemma 11.1.1.

According to the Akcoglu-Sucheston Theorem quoted above, Ty satisfies the as-
sumption (2) of Lemma 11.1.1, with Y = LP(X).

Moreover the argument in the proof of Theorem 11.1.2 shows that (77,...,Ty) ver-
ifies the assumption (3) of Lemma 11.1.1.

The result now follows from this lemma and the fact that LP(Q™;Y) = LP(Q4-1; (X))
is an LP-space. Details are left to the reader. [J
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11.2 Characterisations for commuting sectorial op-
erators

In this section, we give analogues of our previous results for sectorial operators and
semigroups.

We refer the reader to e.g. [64] for definitions and basic properties of Cy-semigroups
and bounded analytic semigroups. We recall that if (73);>0 is a Cyp-semigroup on X,
with generator —A, then A is sectorial of type < 7 if and only if (7});>¢ is a bounded
analytic semigroup.

We say that two Cyp-semigroups (77 )i>0 and (T54)i>0 on X commute provided that

Tl,t1T2,t2 - TZ,tle,tp tl 2 O,tg 2 0 (1121)

Assume that (77;)i>0 and (Ts:):>0 are bounded analytic semigroups with respective
generators —A; and —Ay. Then (11.2.1) holds true if and only if the sectorial operators
Ay, Ay commute (in the resolvent sense, see Section 5.2).

It is easy to adapt the proof of Lemma 11.1.1 to semigroups to obtain the following
result. We skip the proof.

Lemma 11.2.1 Let d > 2 be an integer, let (T14)i>0,- -, (Tat)i>o be commuting Cy-
semigroups on a Banach space X and let p € [1,00). Let 1 < m < d. Assume that:

(1) For every k = 1,...,m, there ezist a Cy-semigroup (Vi+)i>0 of positive operators
on some LP(Q2) and two bounded operators J,: X — LP(£2; X) and Qy: LP(Q; X) —

X such that
Thr = Qk(vk,tglx)Jk, t>0. (11.2.2)

(2) If m < d, there exist a Banach space Y, two bounded operators Jyy1: X — Y
and Qm+1: Y — X as well as commuting Cy-semigroups (Vi41.4)i0, - - -, (Var)eso
on'Y such that

Tttt Ty = Qmet Vindttmar =+ Vg Ime1s ty1 > 0,...,85 > 0.

(8) For everyi=1,...,m and j=1,...,d, and for any t > 0, we have
Then there exist two bounded operators J: X — LP(Q™;Y) and Q: LP(Q™Y) — X

such that
Tl,t1 "'Td,td :QULtl "'Ud’th, tl Z 07-~~7td Z 0, (1124)

where (U14)i>0, - - - (Uat)eso are Cy-semigroups on LP(Q™;Y') given by
Upy = I 'QVy, RIF™ &1y, kE=1,...,m;
U = I®"&Viy,  k=m+1,....d
Here I = Ippq) and 19 = I®---®I for every integer | > 1.

| factors
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The construction in the proof of [4, Theorem 4.5] is an analogue of the construction
in the proof of [4, Theorem 4.1] where discrete square functions based on Rademacher
averages are replaced by continuous square functions provided by Brownian motion.
Using this construction and using Lemma 11.2.1 instead of Lemma 11.1.1, we obtain
the following sectorial version of Theorem 11.1.2.

Theorem 11.2.2 Let X be a reflexive Banach space such that X and X* have finite
cotype. Let Ay, ..., Aq be commuting sectorial operators on X such that every Ay has
an H*(Xy,) functional calculus for some 6y in (0,5). Let p € (1,00). Then there
exist a measure space 2, commuting Co-groups of isometries (U t)ier, - - -, (Udat)er on
LP(Q2; X), and two bounded operators J: X — LP(Q; X) and Q: LP(Q; X) — X such
that

e et — QU - Uy, J, t1>0,...,t4>0.

Proof of Theorem 11.2.2. We shall apply Lemma 11.2.1 in the case m = d, using
the construction devised in the proof of [4, Theorem 4.5] and we refer the reader to [4,
Section 4] for the details. We let (Tyy, )i, >0 = (e7"*4%);, >0 be the semigroups generated
by the Ay, k=1,...,d.

Let Q be a probability space. We note first that the construction in [4] uses a
Gaussian random process W, : Ly(R) — Lp(ﬁ) such that the operator W, ® Ix :
Ly R)® X — Lp(ﬁ) ® X extends to an isometry W), x : 77(L2(R); X) — Lp(ﬁ; X).

An important fact for the computations below is the following. Let T be a bounded
operator acting on X. We have

(ILP(Q) ® T) O (Wp ® ]X) = (Wp ® Ix> 0] (]LQ(R) X T)
and passing to the extended operators we obtain

(I

1@ @T) 0o Wy x =W, x o (Ir,®®T). (11.2.5)

Since X is reflexive, we have X = Ker(A,)@®Ran(A;) fork =1,...,d. Let x = x(0,00)-
It is shown in [4] that the operator
X = Ker(Ay) ® Ran(4,) — X @, LP(; X)

Jki 1
To + 21 = (20, Wpx (s = x(5) AL Tk s71))

is well-defined and bounded, under the assumptions that Ay has an H>(%,, ) functional
calculus and X has finite cotype. This follows from the more general fact (see [41]). Let
z in X and let ¢ be a function of H§®(X,), 6 > 0. Then the function s — @(sA)x
defines a bounded operator wu,, of v*(Ly(R%,dt/t); X), such that

s +— ‘P(SA)xHWP(Ri,dt/t;X) = ‘|u<p||’yp(L2(R1,dt/t);X) S

(see Section 3.4 for the precise definition of v7(Ly(RY, dt/t); X)).
Define €2 as the disjoint union of {2 and a singleton, so that

X @, LP(Q; X) ~ LP(Q: X).
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It also follows from the proof of [4, Theorem 4.4] that there exist a co-group of
positive isometric isomorphisms (V;)ier: LP(Q2) — LP(Q2) (which does not depend on
the Ag, k =1,...,d) and operators Q: LP(£2; X) — X such that

T, = Qu(Ve, @1x) g, ty > 0.

Weset Viy, =V, forany k= 1,....d, tx > 0, so that T1,,...,Ta,, satisfy (11.2.2)
of Lemma 11.2.1.

Let us show that T%4,,...,Ty, also satisfy (11.2.3). Consider arbitrary ¢,;j in
{1,....d}, i # j and an element 2o + 21 € X = Ker(4;) @ Ran(4;). Since T},
and T},, commute for any t;,t; > 0, T}, (x0) belongs to Ker(A;).

Consequently, taking in account relation (11.2.5), we have for any ¢; > 0

Wox (s 7 x(8)A2T Ty, (1))
1
Wox (s 7= x(8) T4, A Ty i(21))
1
Wox o (Inym) @ Tiy, ) (s = x(8)A? Ty i(x1))

Ji(Tj, (w0 + 11)) =

This proves (11.2.3).

Applying Lemma 11.2.1, we deduce the existence of two bounded operators J: X —
LP(Q%4Y) and Q: LP(Q4Y) — X such that

Tl,t1 e Td,td = QUl,tl o Ud,tha tl Z 07 s 7td Z 07
where (Uy4)i0, - - -, (Uat)eso are Co-semigroups on LP(Q%Y") given by
Uk = (]Lp(Q))@)k_l@VM @(]Lp(g))(gd_k@.fx, k=1,....,d, t>0.

Since (Vi.t, )t,>0 is a semigroup of isometric isomorphisms of LP(2), it is clear that

each (U, )i, >0 is an isometric isomorphism of LP(Q4; X) as well. O

Using the previous result and adapting the proof of [4, Theorem 5.6] to the d-variable
case, we obtain the following sectorial version of Theorem 11.1.3.

Theorem 11.2.3 Let X be a UMD Banach space with property () and let d > 1 be
an integer. Let Ay, ..., Aq be commuting sectorial operators and let p € (1,00). The
following two conditions are equivalent.

(1) (Aq,...,Aq) admits an H>®(Xg, X --- X Xg,) joint functional calculus for some
O € (O,%), k=1,...,d.

(2) There exist a measure space 2, commuting sectorial operators By, ..., By on
LP(Q; X) such that every By admits an H*(3g ) functional calculus for some
0, €(0,5), k=1,...,d, as well as two bounded operators J: X — LP(Q; X) and
Q: LP(Q; X) — X such that

e AL emtida — Qe B gtaBa gy >0 Lty > 0, (11.2.6)

and all the (e7'Pr),>o are semigroups of contractions.
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Proof of Theorem 11.2.3. The proof of implication ”(2) = (1)” is similar to the
one for Theorem 11.1.3. Indeed, relation (11.2.6) implies using the Laplace formula for
semigroups that

R()\l, Al) e R()\d, Ad) - QR()\l, Al) e R()\d, Ad)J,

for any A\, € C\ (0(Ax) Uo(Bg)),k = 1,...,d. Now we use definition 5.2.2 to obtain
that for any function f in H§q (X, x --- x X,,) (with v > 6}) for which both of terms
are well defined, we have

F(A1, ey Ad) = QF(By, ..., Ba) .

Hence we deduce |[f(Ar, ... Ad)ll < QIS (Br . Ball S [/ llc.5, sy,

which proves that (A, ..., Ag) admits an H>(3g X - - - X 29&) joint functional calculus.
To prove the converse implication “(1) = (2)”, we assume (1). Every UMD Banach
space is reflexive and has finite cotype, so we can apply Theorem 11.2.2 on X.
Since (Aj,..., Ay) has an H* joint functional calculus, every Ay has an H* func-
tional calculus. Hence according to [4, Lemma 2.1], there exists o > 1 such that every

Aj has an H*(X,) functional calculus with v < 7. Applying Theorem 11.2.2, we
deduce a dilation property

e AT L pemtaAG — QUl,tl - Ud7th, t1>0,...,ts > 0.

where J: X — LP(; X) and Q: LP(€); X) — X are bounded operators and (U 4, ), . .., (Uay,)
are commuting Cy-groups of isometries on LP(€2; X). We denote by Ci, ..., Cy the re-
spective negative generators of the Co-groups (Ui, ), ..., (Uay,). As X is a UMD-space,
every Cy admits an H>°(X,, ) functional calculus for every wy > 7,k =1,...,d (see The-
orem 5.3.1).

1

Let § = 7, so that 0 < 8 < 1. Choose wy, > 7 sufficiently close to 7 such that
0, = Bwr < 5, k=1,...,d. As we see in the proof of [4, Theorem 5.6], every C’,f admits
an H*(0,) functional calculus for some ¢;, in (0, 7). Using subordination (see [80, XI
11]), we know that for any ¢, > 0, there exists a nonnegative function f;, 5 in L;(Ry)
with [ fi, 6(s)ds = 1, such that we have in the strong sense

o0
8
el = [ Ui
0
which shows that every semigroup (e~ ), ¢ is a semigroups of contractions. Likewise
P o0
ot = — [ g e s
0

Using now the commutation of the Cy-groups and the Fubini’s Theorem, we have
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for any t; > 0,...,t3 >0

o) o)
6—t1A1 e e—tdAd _ (/ fthﬁ(sl)e—&A?dSl) C (/ ftdﬁ(sd)@_SdAgdsd)
0 0

B / d ftl’ﬂ(sl) T ftdaﬂ(sd)e_slA% s 6_SdAgdS1 .. .de
(0,00)

= / ., ftluﬁ(sl) N ftdvﬁ(sd)QUl,tl ce Ud,thd31 e de
(0,00)

= Q (/(() Ja ftlﬂ(sl) e ftdﬁ(sd)Ul,tl ce Ud,tddsl N d5d> J
— Qe Ol ... etCl

We conclude setting B, = C,’f , which ends the proof. [
We now give the sectorial version of Theorem 11.1.5.

Theorem 11.2.4 Let ¥ be a measure space and let p € (1,00). Let Ay,..., Aq be
commuting sectorial operators on LP(X). The following conditions are equivalent.

(1) (Ay,..., Aq) admits an H® (e, X -+ X Xy,) joint functional calculus for some
O (0,5), k=1,....d.

(2) There exist a measure space §), commuting sectorial operators By, ..., By on LP(2)
of type < %, and two bounded operators J: LP(X) — LP(Q) and Q: LP(Q2) —

LP(X) such that
e~ emtada — Q1B ptaBa ] t1 >0,...,t4 >0,

and all the (e7'P),>o are semigroups of positive contractions.

Proof of Theorem 11.2.4. If B is a sectorial operator of type < J on LP(2) such that
e~ 'B is a positive contraction for any ¢ > 0, then B has an H>*(%,) functional calculus
for some § < %. This result is due to Weis, see [78, 40]. Using this and arguing as in
the proof of Theorem 11.1.5, the result follows at once.[J

We conclude with a semigroup version of Theorem 11.1.6. We first recall that Fendler
[25] proved the following semigroup version of the Akcoglu-Sucheston Theorem: Let
(T3)1>0 be a Cy-semigroups of positive contractions on LP(X), with p € (1,00). Then
there exist a measure space ¥/, a Cy-group (V;);>o of isometric isomorphisms on LP(X')
and two contractions J: LP(X) — LP(X') and Q: LP(¥X') — LP(X) such that T; = QV;J
for any t > 0.

Using this result and Lemma 11.2.1, and arguing as in the proof of Theorem 11.1.6,
we obtain the following.

Theorem 11.2.5 Let X be a measure space and letp € (1,00). Let (T14)i>0, - - - (Tut)i>0
be Cy-semigroups of positive contractions on LP(X). Assume further that (T 1)i>0, - - - (Ta—1.t)t>0
are commuting bounded analytic semigroups.
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Then there exist a measure space ), two bounded operators J: LP(X) — LP(S2) and
Q: LP(QY) — LP(X), as well as commuting Co-groups (Uy t)i>0, - - - » (Uat)e=0 of isometric
isomorphisms on LP(Q) such that

Tl,tl e Td,td = QUl,tl T Ud,th7 tl Z 07 cee 7td Z 0.



122 CHAPTER 11. THE CASE OF UMD SPACES WITH PROPERTY («)



Chapter 12

The case of Hilbert spaces

12.1 Characterisations for commuting Ritt opera-
tors

This chapter is devoted to commuting operators on Hilbert space H. We will be inter-
ested in the following two issues.

First recall that if T': H — H is a Ritt operator, then 7" has an H*(B,) functional
calculus for some v < 7 if and only if 7" is similar to a contraction, that is, there exists
a bounded invertible operator S: H — H such that S~'T'S is a contraction on H. This
is proved in [53, Theorem 8.1]. We will extend this characterisation to d-tuples of Ritt
operators, see Corollary 12.1.2 below.

Second let (T1,...,T,) be a d-tuple of commuting contractions on H. Recall that
P, denotes the set of polynomial functions on d variables, d > 1. If d = 2, Ando’s
Theorem [9] (see also [69, Theorem 1.2]) asserts that ||¢(11,713)|| < ||¢]|cop2 for any
polynomial ¢ € Ps. This result does not extend to d > 3 and it is unknown whether
there exists a universal constant C' > 1 such that

for any ¢ € Py (see [69, Chapter 1] for more on this problem). Theorem 12.1.1 below
shows that an estimate (12.1.1) holds true when at least d — 2 of these contractions are
Ritt operators.

Theorem 12.1.1 Let d > 3 be an integer and let H be a Hilbert space. Let Ty, ... Ty
be commuting operators on H such that:

(1) For every j in {1,...,d — 2}, T; is a Ritt operator which is similar to a contrac-
tion.

(ii) There exists a bounded invertible operator S: H — H such that STy 1S and
S=T,S are both contractions.

Then we have the following three properties:

123
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(1) There exist a Hilbert space K, two bounded operators J: H — K and Q: K — H
and commuting unitary operators Uy, ..., Uy on K such that

T T = QUM - Ut (n,...,nq) € N% (12.1.2)

(2) There exists C' > 1 such that for any polynomial ¢ in Py,
lo(T1, .., Ta) |l < |9l o pe (12.1.3)

(8) There exists a bounded invertible operator S: H — H such that for any j =
1,...,d, ST'T;S is a contraction.

Proof of Theorem 12.1.1. The proof of (1) will rely on Lemma 11.1.1. The Ritt
operators T1, ..., Ty o are similar to contractions hence according to [53, Theorem 8.1],

T has an H>°(B,,) functional calculus for some 7, in (0,%), forall & = 1,...,d — 2.
The argument in the proof of Theorem 11.1.2 shows that there exist a measure space

Q, unitaries V4,..., V5 on L*(Q2) and bounded operators
Jiy ooy Jao: H— L*(S; H) and Q1,...,Qqo: L*(u H) — H,
such that for any k =1,...,d — 2,
T = Qr(Vi®Ip)"™ Jy, ng € N,

and
J.R = (IL2(9)®R)Jk

for any R: H — H commuting with T}.

By assumption there exists an invertible W: H — H such that W=7, ;W and
W=IT,W are contractions. By Ando’s Theorem [9], there exist a Hilbert space L
containing H as a closed subspace and two unitaries V1, Vy;: L — L such that

(WA W) =1 (WA Ty W )" = PV Ve Jy, (ng_1,nq) € N2,

where Jy: H — L and Py = J};: L — H denote the inclusion map and the orthogonal
projection, respectively. This can be written as

_ d—1
Ty Ty = Qa VI Vi Ty y, (na_1,nq) € N?,

with Qd,1 = WPy and J;_; = HHW_I.

We can therefore apply Lemma 11.1.1 to (731,...,Ty) with m =d —2 and Y = L.
Thus there exist two bounded operators J: H — Ly(Q472; L) and Q: Lo(Q7% L) — H,
as well as operators Uy, ..., Uy on Ly(Q%%; L) such that

T3 = QUM --- U, (ny,...,ng) € NY (12.1.4)
and the operators U, are given by

Uy =I%*1QV, I®** g I, k=1,...,d—2;
U, = 1% U,, k=d—1,d.
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Clearly K = Ly(2¢72; L) is a Hilbert space and Uj,...,U; are commuting unitaries
operators. This shows (1).
(2) is a direct consequence of (1). Indeed for any ¢ € Py, (1) implies

(T, - Ta)l < [IQU NI MU, - -, Ua)ll

and by the functional calculus of unitary operators which asserts that ||¢(Uy, ..., Uy)|| <
|6]lc0a, We obtain

(11, -, Tl S (|l oc,pe-

We turn now to the proof of (3). We appeal to [4, Proposition 2.4]. Consider the
algebraic semigroup G = (N%, +) and its representations

g — B(H) g — B(K)

™ (g, ng) o TP T (n1,...,ng) — UM...U"

and p:
where K and Uy, ..., Uy are provided by (1).

According to (12.1.4), we have two bounded operators J: H — K and Q: K — H
such that

7-[-(77‘17"'777‘61):C2p(n17"'and)‘]7 (nlv"'and>€g-

Hence by [4, Proposition 2.4], there exist two p-invariant closed subspaces M C N C
K, as well as an isomorphism S: H — N/M such that the compressed representation
p: G — B(N/M) satisfies

m(ni,...,nqg) =S p(n,...,ng)S, (n1,...,nq) €G. (12.1.5)

—~
Forany k =1,...,d, define Ry: N/M — N/M by Ri(z&) = Uy(x) for any x € N, where
& denotes its class modulo M. Then Ry, ..., R4 are contractions and (12.1.5) can be
equivalenty written as

Tr... Tt = STIRM.URMS (ny, ... ng) €G.

This implies that
Ty = ST' RS

for any £k = 1,...,d. By construction, N/M is a Hilbert space. Since it is isomorphic
to H, through S, it is isometrically isomorphic to H. In other words, there exists a
unitary V': N/M — H. The above identity can be written as

T, = ST'V*VR.V*VS

for any k = 1,...,d. Now changing S into V.S and Ry into V R, V*, property (3) follows
at once.l]

The next corollary is a straighforward consequence of the previous theorem.

Before stating it, we recall that Pisier showed in [68] the existence of a pair (77, T5)
of commuting operators on Hilbert space H such that T} and T, are both similar to
contractions (that is, there exist bounded invertible operators Sy, Se: H — H such that
Sy 7S, and Sy 7,8, are contractions) but there is no common bounded invertible
S: H — H such that S7!'7}S and ST, are contractions.
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Corollary 12.1.2 Let d > 2 be an integer and let (T, ...,T;) be a commuting family
of Ritt operators on Hilbert space H. The following assertions are equivalent.

(1) (Th,...,Ty) admits an H*(B,, X --- x B,,) functional calculus for some 7 €
0,3), k=1,....d.

(2) There exists a bounded invertible operator S: H — H such that for any k =
1,...,d, ST'T,S is a contraction.

12.2 Characterisations for commuting sectorial op-
erators

We finally mention that Theorem 12.1.1 and Corollary 12.1.2 have semigroup versions,
that can be obtained by adapting the previous arguments.
The following results come from [49, Theorem 3.1].

Theorem 12.2.1 Let H be an Hilbert space and d > 2 be an integer. Let (T1¢)i>0, ---, (Tat)i>0
be a family of commuting co-semigroups, such that

(i) For any 1 < k < d — 2, (Txt)t>0 is an analytic semigroups and there exists a
bounded invertible operator Sy, : H — H such that (Ska,tSk_l)tzo 1S a SEmMIgroup
of contractions.

(11) There exists a bounded invertible operator S : H — H such that (STy_1:5 1 )i>0
and (STyS™1)is0 are semigroups of contractions.

Then the two following properties hold.

(1) There exist an Hilbert space K, two bounded operators J : H — K and Q : K —
H and commuting co-semigroups of unitary operators (U 1)i>o, ..., (Udt)iso0 such
that

Tig o Tap, = QUiyy - - Ugy,J, t1>0,...,tg > 0.

(2) There ezists a bounded invertible operator W : H — H such that for any 1 < k <
d, WT W0 is a semigroup of contractions.

Corollary 12.2.2 Let H be an Hilbert space and d > 2 be an integer. Let (T1¢)t>0, -, (Tut)t>0
be a family of commuting bounded analytic co-semigroups. Let — Ay be the negative gen-
erator of (T1)i>0), k =1,...,d. The two following assertions are equivalent.

(1) (Ay,..., Ag) admits an H® (X, X -+ X y,) joint functional calculus for some 6y
in (0,2), k=1,...d.

(2) There exists a bounded invertible operator W : H — H such that for any 1 < k <
d, WT:W )0 is a semigroup of contractions.
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Chapter 13

Square functions on general Banach
spaces

13.1 Square functions for d-tuple of Ritt operators

In this section, we introduce the square functions related to a commuting family of Ritt
operators on general Banach spaces.

Theorem 13.1.2 below gives a criterion of summability, which is a generalisation of
Kwapien’s Theorem saying that if X is a Banach space which does not contain cg, a
series » 1, ® x, converges in Rad(X) if and only if its partial sums are uniformely
bounded.

This generalisation uses the following lemma (see [35, Prop. 6.1.5]).

Lemma 13.1.1 Let X be a Banach space and (2,P) be a measure space. Let & and n
be random variables from Q to X. If n is real-symmetric (i.e n and —n are identically
distributed) and independant of &, then for all 1 < p < oo we have

||£”LP(Q;X) <[|§+ 77HLP(Q;X)' (13.1.1)

Theorem 13.1.2 Let X be a Banach space which does not contain cy. Let d > 2 be an
integer and (xy,

..........

<K, NeN. (13.1.2)

777777777777777

Proof of Theorem 13.1.2 : Let ¢ : N* — (N*)¢ be an arbitrary bijection. We prove
that > 7ym) ® Ty converges in Rad(X). By Kwapien’s Theorem, it suffices to prove
that the partial sums of this series are uniformely bounded. Let M > 1 be an integer.
There exists N > 1 such that

{0(1),..., (M)} C {1,..,N}*.
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Then by Lemma 13.1.1 and assumption (13.1.2), we have

< K.

Rad((N*)4;X)

<

M
Z Ty(n) & Ty(n)
n=1

Rad(X) 1<ky,....kg<N

This yields the result. [J

For a > 0, define p, : z +— (1 — 2)* which is an element of H°(B,) for every ~ in
(0,%). Then we let (Ix —T)* = po(T') in the sense of the functional calculus defined
in (5.2.14).

We now define the square functions for commuting Ritt operators. Let T' = (11, ..., Ty)
be a d-tuple of commuting Ritt operators on X and a = (ay,...,a,) in (R%)% Let A
be a subset of {1,...,d}. Define

ap = (Oéi>i€/\ € (Ri)A

Then we let (r@4,),.,) be a family of independent Rademacher variables indexed by
(N*)A. Define now for any (k;)iea € (N*)* and z in X

vy = | [ B 2T Iy — T | o

LISHN
We let for any = of X
[z /|7 0y = Z T(k) @ T(ky) ; (13.1.3)
(ki)ien€(N*)A Rad((N*)A;X)

if the family (r@,) ® x(ki))(k-)e(N*)A is summable and we let ||x]|7., = 00 otherwise.

If A ={1,...,d}, we will simply use the notation

d d
2. (H k?i_2> Thyyeky @ (H T (Ix — Tz‘)aix>
i=1

k1,kg>1 \i=1

[ellz0 =

Rad((N*)4;X)
(13.1.4)
In the case where X = E(S) is a Banach lattice of functions with finite cotype, the
Khintchine-Maurey inequalities imply that the family (r(,) @ (k;)) (k,)e@+)a is summable

1
2)5

|2 7,0y 2 > ww

is finite and in this case, we have
E(S)

=

E(S)

(see [35]).
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We are interested in the d-tuples (77, ..., T;) for which there exists a constant K > 0
such that for any subset A of {1,...,d} and for any x in X, we have

[2]l7.0, < Kll]), (13.1.5)

for some d-tuple (aq,...,aq). If such an inequality (13.1.5) happens, we will say that
the d-tuple (717, ...,Ty) admits a square function estimate.

Note that this square function estimate depends a priori on the d-tuple . We will
get back to this problem with Theorem 14.2.1 below.

13.2 Square functions for sectorial operators

This section is devoted to the definition of square functions for a d-tuple of sectorial
operators. We use here all the background given in Section 3.4. In particular, we keep
its notations letting X a Banach space, H an Hilbert space and (g,) a sequence of
complex valued independant Gaussian variables on some probability space.

For any measure space (£, 1), we let (€2, X) be the space defined at the end of
Section 3.4.

In the sequel we will work with the measure space Qg = (R?, %) and its powers Qd
equipped with

dt dt
AM(t) = — . =2 = (ty,... 1y € QL (13.2.1)

131 la
Throughout the rest of this section, we let (Ay,..., Ay4) be a commuting family of
sectorial operators on X, with respective types wy,...,wq. Let F' € H&"l(Eyl XXXy,

with v € (wg, ) for all k =1,...,d. By Lebesgue’s Theorem and (5.2.2), the function
(Pit: (tl,...,td) — F(tlAl,...,tdAd) (1322)

is continuous from Q¢ into B(X). Let z € X. If t = F(t1Ay,...,t4A4)x belongs to
(2% X), then we set

HxHF = ||t — F(tlAl, c. 7tdAd):CH»y(Qg;X)'

We set ||z||r = oo otherwise.
Extending the usual terminology for single sectorial operators (see [41, 30, 35]), we
introduce the following.

Definition 13.2.1 We say that (Ay,..., Aq) admits a square function estimate with
respect to I € HgG (X, x --- x %,,) if there exists a constant K > 0 such that

|zl < Klz|, z¢€X. (13.2.3)

We end this section telling a word on Banach lattices. Let (S,7,v) be a measure
space. If X = E(S) is a Banach lattice of functions on S with a finite cotype, [35,
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Theorem 9.3.8] says that ||z[|, » < oo if and only if the function ¢ defined by (13.2.2)
belongs to E(S; Ly(€24)), that is

1
dt dt.\ 2

||( ‘90<t1,7td)|2—1_d)
Qa 131 tq

and in this case, we have

< 0
E(S)

2ty dta

el | [ ottt &2 (1324
Q 1 d

E(S)



Chapter 14

H®° joint functional calculus and
square functions

14.1 From H® joint functional calculus to square
function estimates

In this section, we aim to show the following theorem.

Theorem 14.1.1 Let X be a Banach space with a finite cotype. Suppose that T =
(T1, ..., Ty) is a d-tuple of commuting Ritt operators on X which has an H>®(B,, X - - X
B,,) joint functional calculus for some v, ...,vq in (0,%). Let oo = (o, ..., aq) in (R%)%
Then T verifies the following square function estimate : there exists a constant K > 0
such that for any x in X we have

[l < K]l (14.1.1)

Remark 14.1.2 We recall that every subfamily of a d-tuple (11, ...,T,) as in Theorem
14.1.1 has an H™ joint functional calculus too. Thus, one can obtain the inequality
(14.1.1) replacing o« by ax, A C {1,...,d}, where we refer to (13.1.3) for the definition
of square function.

This result appeals to the notion of quadratic functional calculus which is defined
as follows.

Definition 14.1.3 Let X be a Banach space. Let T = (Ti,...,T;) be a d-tuple of
commuting Ritt operators on X such that Ty is of type ay for k = 1,...;d. Let vy €
(ax,5) fork =1,....d. We say that T admits a quadratic H*(B,, x---x B,,) functional

calculus if there exists a constant C > 0 such that for any finite family (¢;)iezr in
H3G(By, X -+ X B,,) and w in X,

<ol (zw) w1y
Rad(Z;X)

1€

N

Z’I“i ® SOi(Tla de)(x)

1€

00,By; XX By,

with (r;)iez a family of independent Rademacher variables.
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Theorem 14.1.1 is obtained by combining the following two propositions.

Proposition 14.1.4 Let X be a Banach space with a finite cotype. Let T = (T4, ..., Ty)
be a d-tuple of commuting Ritt operators on X. Suppose that T has an H>®(By, X -+ X
By,) joint functional calculus for some by, ..., by in (0,5). Then for any v, ...,7a such
that 5 > v, > by for k = 1,....,d, T has a quadratic H*(B,, x --- x B,,) functional
calculus.

Proposition 14.1.5 Let X be a Banach which does not contain co. LetT = (T4, ..., Ty)
be a d-tuple of commuting Ritt operators on X. Suppose that T has a quadratic
H>*(B,, X---x B,,) functional calculus for some y1,...,7a in (0,5). Let a = (au, ..., aq)
in (R%)%. Then T satisfies a square function estimate, that is there exists a constant
K >0 such that

[l < K]l (14.1.3)

Proof of Proposition 14.1.4 : 'The first step of the proof relies on a decomposition
principle for holomorphic functions of several variables. The original idea of such a
decomposition is due to Franks and McIntosh (see [26]). We have a decomposition for
Stolz domain (see [6, Section 6]) which is useful for d-tuple of Ritt operators.

We let 0 < by <y, < 5 be angles for k =1,...,d.

The decomposition in [6, Section 6] provides sequences of holomorphic functions
(Wri )inen and (Uy;, )ien in HS(By,) for k = 1,...,d such that the two following
properties hold.

(i) For every p > 0, there exists a constant C},, > 0 such that

sSup {Z |\Ijk,zk(Ck)|p : Ck S Bbk} < va k= 17 "'ad7 (1414)
ip=1
s ~ p

sup Z ‘\Iszk(fk)‘ 2 Ck € By, p <G, k=1,..,d; (14.1.5)
ip=1

(ii) For any Banach space Z and a function h in H*(B,,, X ---x B,; Z), there exists a

.....

we have
h(gh T <d) = Z Qiy,..., id‘I]Lh (Cl)\ill,il (Cl> to \Ild,id(gd)\ijd,z’d (Cd)a (1416)
i1, id
and there exists a constant C' > 0 (independent of h) such that for every (i1, ..., 74)

in (N*)and k =1, ..., d,

@iy....iall < CA (14.1.7)

00va1 X"'XBbd :
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The original proof is done for Z = C in [6, Section 6]. However, This proof works
as well for any Banach space Z and for any function h in H*(B,, X --- x B,;; Z).

Let now (7;, . ;,) be a finite family of complex numbers and let m > 1 be an integer.
As (Th, ..., T;) has an H®(By, X - - - X By,) joint functional calculus, we have the estimate

m m
§ Mis,..., Zd\IlLil(Tl) \deld(Td) S sup § : Niy,..., idqjlﬂi(zl) \dem Zd
i1 ig=1 (21 ..... Zd)EBbl X XBbd ey ig=1
m

BbIX XBbd’Ll ..... ig=1
Hence, using (14.1.4), we have
sup > Diia Vi (T1) -+ W, (Ty)|| < o0, (14.1.8)
’IT'L>1,’I77;1 ..... zd:il i1, ’idfl
Likewise, by (14.1.5), we also have
sup > Diia Vi (Th) -+ W, (Tw)|| < o0. (14.1.9)
MLy g = ||, S

We now prove the quadratic H*(B,, x --- x B,,) functional calculus property. Let
(¢5)jez be a finite family of functions of H3S(B,, x - -+ x B,,). Considering Z = 7 with
its canonical basis denoted by (e;);ez, we define

h=>) ¢®e¢ (14.1.10)
JEL

regarded as an element of H*(B,, x --- X B,,; Z).
Let now (a;, . ;,) be the family of Z provided by (14.1.6) for h defined in (14.1.10).
i, on basis (e;) as

.....

77777

iy ooy = Z ,,,,, ):5€5 s (i1, ... q) € (N*)2

JET

For convenience, we will use notations (i) = (i1, ..., 44). Then we can write for every
JjinZ and ((y,...,Cq) € By, X -+ X By,

@i (G, ey Ca) = Z c Vi (G W16, (C1) -+ Waiy (Ca) Way (Ca). (14.1.11)

(i)eNd

We now use that

2
HhHoo,Bwlxu-wad = (Z‘QOJ‘ )

JET

1

00,By; XX By,
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together with estimation (14.1.7) to say that

% %
sup (Z\cm;jf) S (Z!%!Q) . (14.1.12)
(il ..... ’id)E(N*)d

€L €L
€ I€ 00, By XX By,

For any 7 in Z and any integer m > 1, we consider the function

Pjm = Z (i) Wiy ‘111,2‘1 & qjd,id\ijd,ida

1<ty ig<m

which belongs to H3°(B,, x --- x B,,) and pointwise converges to ¢; when m — oo,
according to (14.1.11).

Fix now (7;)jez and (74, i, )ir,...i,>1 two families of Rademacher independent vari-

ables on some probability space (£29,P). Let x in X. By the Khintchine-Kahane
inequality, we have

Z Tj X hj;m<T1, cey Td)flf

JET

(14.1.13)

Rad(X)
2 3
2

= /Q > i @) P (T W, (Ta) -+ Va, (Ta) Vi, (T)z|| dP(w)
O] ).

S /g D W (Th) - Wa, () (Z o) (W)W, (Ty) - ‘i’d,z‘d(Tdﬂ) dP(w),

J

where indexes are such that 1 <1y,...,ig < m and j in Z.
For any (x;, _;,), we note that

-----

Z W (Th) -+ W, (Ta) s, iy

1<iy,..ig<m

:/Q < Z Tip, ..., z‘d((.U)\Ijl,il (T1) s 'qjd,id(Td)> ( Z Tiy,..., id(W)I‘il 77777 id) dP(W),

1<y, ig<m

using that the r;, ;. ’s are independent.
Hence, by (14.1.8), we obtain

Z Uy, (Tl) Wi, (Td)l‘z‘l ..... iq

1<it, . ig<m

We apply it in (14.1.13) with
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to have

Z’I“j X hj;m(Tla ...,Td)ZL‘

jET

S cairs @ o P (T) -+ W, (To)x
Rad(X) ()3 Rad(Rad(X))

We recall now that from [36], we have

2

Z Z(i);5T (@) D T5 @ Y(i) N s(%p (Z |25 \2> Z T @ Y
J

(@): Rad(Rad(X)) (@) Rad(X)

for any finite family of complex numbers (z(;).;) and elements (y;)) of X.
We apply this last inequality with yu) = vi, i, = Y14, (1) -+ Vau, (Ty)x together

with (14.1.9), (14.1.12) and (14.1.5) to obtain

1

2
2
< el (Z!%!) . (14.1.14)
Rad(X)

Z T'j & hj;m<T1, ceey Td)l’

JET

JeL oo,Bﬂ,1><m><Bvd

The final step of the proof uses approximation arguments. We use the same ar-
gument as in the end of the proof of [6, Proposition 3.2]. We reproduce it here for
convenience.

The inequality (14.1.14) holds true when (71,...,T,) is replaced by (rTy,...,71Ty)
for any r € (0,1). Further, we know that (h;,,)m>1 is @ bounded sequence of the space
H{(B,, % ---x B,,). Moreover, the sequence (h;.,)nm>1 converges pointwise to ;.
Hence applying Lebesgue’s dominated convergence Theorem twice we have for any j

Bm o, (rTy, ..., 1) = pi(rTy, ..., r1Ty)

m—r0o0

for any r € (0,1), and

lim @;(rTy, ..., 7Ty) = ¢;(Th, ..., Ty).

r—1-

We therefore deduce from (14.1.14) that

1
2
2
< el (zw ) ,
Rad(X) JeL

00,By; XX By,

31y @0y (Tir o T

jeT

which concludes the proof. [
The proof of Proposition 14.1.5 will require the following lemma.

Lemma 14.1.6 Let a > 0 and v € (0,%). There exists a constant C > 0 such that for

2
any z i B, we have
+oo

1= 2> k() < (14.1.15)

k=1
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Proof of Lemma 14.1.6 :  We fix x in [0,1) and o > 0. Let f : t — t>* 1gt™!
from (0,00) into R. If 2 — 1 > 0, f is incresing on (0, 22=L-) and f is decreasing on

. ? —log(z)
(STogay» -
Using a comparison test, we obtain an estimate
o0 e}
I C/ 2 gt 1ae, (14.1.16)
k=1 0

where the constant C' > 0 does not depend on z.
Changing variable u = —log(x)t in (14.1.16), we obtain

ikm—lx’f—l < [2a) (14.1.17)
pt ™ a(—log(x))*

where I'(y) = [;~ u’" e "du,y > 0.
If we now take z in a Stolz domain B,, with z in a neighbourhood of 1, we can
apply (14.1.17) to have

: I'(2a) 1 — z|* I'(2a)[1 — z* 1—z\*
|1 . Z|2a Zk_2a—1(|z|2>k—1 s ( a) | 22| - 5 - ( O;) | Z| - S (| Z|) ]
1 |22 (= log (|2]%)) 22 2|7 (1 — [2])? 1 —lz]

We know that there exists a constant A > 0 such that for every w € B, \ {1}, we

have |11:|ZI < A. Thus, [1— 2> 337, K> (|2[2)*~! is uniformly bounded for z € B,
and n € N*.

If 2 — 1 < 0, the function f : t +— t?**12'~1 is decreasing on R** and one can
proceed in the same way to obtain (14.1.16) and (14.1.17). O

Proof of Proposition 14.1.5 : Let T = (1, ...,T;) be a d-tuple of commuting Ritt

operators and a = (ay, ..., ag) in (R%)% In all this proof, we will use notation

in order to rewrite (13.1.4) as

2] 7,0 = (14.1.18)

Rad((N*)%;X)

As X does not contain ¢y, Theorem 13.1.2 ensures that we only need to prove the
existence of a constant K > 0 such that for any integer n > 1 we have

< K ||zl (14.1.19)

1<k, kg<n Rad((N*):X)

To have inequality (14.1.19), we apply (14.1.2) with the functions

1 1
Okyoka (21, s 2d) = Ky 2---k3d szrl(l—zl)al---zfjrl(l—zd)ad.
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It is clear that all these functions belong to HgS(B,, x -+ x B,,) for any 71, ...,74
in (0, 7). Moreover, definition of fractional power calculus says that

a1 ool N
Oryroka(T1y s Ta) = ky o 2o k" 2T (I — Ty)™ - kd YIx —Ty)*

As (T, ..., T;) has a quadratic H*(B,, x- - - x B,,) functional calculus by Proposition
14.1.4 we have an estimate

1<ky,....kg<n

1
2

2

||.l’|| ( Z ‘Spkl ----- kd|>

<ki,...kq<
1<k1,....kqg<n 00,8, XX B,

Next we study the right hand side. Let (z1,...24) € B,, X -+ X B,,. We write

d
2 .
Z |()0k’1 ..... k‘d Zl’ H |1_Z]|2a] Zk T |ZJ| - )

1§k1,...,kd§n ]:1 k]=1

According to Lemma 14.1.6, there exists constants C', ..., Cyq > 0 such that for any
jin {1,...,d}, z; in B,, and n in N*, we have

11— 2| Z S (P D L e

Combining these inequalities, we see that H?Zl [\1 — 2| (ZZJ:I k?aj_l(\zj|2)kj—1>}
is uniformly bounded on z; € B,,, j = 1,...,d and n € N*, that is there exists a constant

K > 0 such that

1
( Z Pk kd\2> < K,

00,By; XX By,

with K not depending on n. We finally obtain (14.1.19) and this suffices to prove the
result. UJ

We now pass to the sectorial operators. For this case, the main result of this
section is the following theorem, which generalises [35, Theorem 10.4.16] (see also [41,
Proposition 7.7] and [15, Corollary 6.7] and [56, Theorem 7.6]) from the single to the
multivariable case.

Theorem 14.1.7 Assume that X has finite cotype and that (Ai,..., Ag) admits an
H>(Xg, x -+ x Xy,) joint functional calculus. Then for any F' € Hg5 (X, x -+ X ¥,,),
with v, € (O, ), (A1, ..., Aq) admits a square function estimate with respect to F.
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The proof of this theorem will use the following proposition, which extends [53, The-
orem 6.3]. In the case of a single sectorial operator, a similar approach was developed
in [30] (see also [35, 10.4.c]).

Proposition 14.1.8 Assume that X has finite cotype and that (Ay, ..., Aq) admits an
H>(Xg, x -+ x Xy,) joint functional calculus. Then for any v, € (O, 7), k=1,....d,
there exists a constant K > 0 such that

n 1
< ()
< K1l (15

for anyn > 1, for any Fy, ..., F, in H(X,, x --- x %,,) and for any v € X.

Hzrj@@Fj(Al,...,Ad)x’
j=1

7
oo,Z,,1 ><---><El,d

The proof of [53, Theorem 6.3] (which corresponds to Proposition 14.1.8 in the case
d = 1) relies on the Franks-McIntosh decomposition and more precisely on Theorem
6.0.3 and Remark 7.0.7 in place of Theorem 7.0.1.

The proof of Proposition 14.1.8 is a repetition of the proof of [53, Theorem 6.3], so
we skip it.

Proof of Theorem 14.1.7. We may and do assume that F € H{°(X,, x --- x X,,).
If © € N(Ag) for some k € {1,...,d}, then F(t;Ay,...,tqAs)z = 0 for any t =
(t,...,tq) € Q% hence ||z||p = 0. It therefore follows from Lemma 5.1.2 that to prove
an estimate (13.2.3), we may assume that

x € Ran(A4;) N--- N Ran(Ay). (14.1.20)

Recall (13.2.1). Let (e;);>1 be an orthonormal sequence of L*(Qd). For any j > 1,
define a function Fj: ¥, x --- x ¥,, = C by

Fi(ar,. . z) = / Ftiz, . taza) e5(t) dM(E)
QO

It is clear that F; € H>®(X,, x --- x %,,). (Note that F; does not necessarily belong to
H (X, x -+ x %,,); this is why we need the approximation process below.)

For any integer m > 1, consider ®,, and ®2? defined by (5.2.9) and (5.2.12). Then
F;®% belongs to H(X,, X -+ x %,,) for any j > 1.

The argument in the proof of [56, Lemma 6.5] shows that the function

t— F(tlAl, . ,tdAd)q)m(Al) S (I)m<Ad)
belongs to L*(Q%; B(X)). Then for any j > 1, the function
t—= F(th1Ay, . taAg) @ (Ar) - - D4 (Ag)e;(t)

belongs to L'(Q%; B(X)) and by Fubini’s theorem, we obtain that

(F00)(Ay, .., Ay) = / FltiAv, . taAd) D (Ar) - By (Ag) () dM(E)
o
(14.1.21)
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According to Proposition 14.1.8 and to the finite cotype assumption, there is a constant
K such that

Hzg]@)(};}q)?;zd)(fll?vAd)xH )
=1

n 1
< Kl | (31 e5)

G(X) =1 00,8y XX By,
(14.1.22)
foranyn>1,m>1and x € X. Let (21,...,24) € Xy, X --- X X,,. Since (e;);>1 is an

orthonormal family of L?(Qd), we have

<i|Fj(21,...7zd)|2>é < (/Qd |F(t121""7tdzd)|2dM(t)>2_

By assumption, F' € H{°(X,, x --- x 3,,) hence by (5.2.1) there exist real numbers
C >0 and s1,...,84 > 0 (not depending on z1, ..., z4) such that

n 1 1
3 trzg|* 3
Filz, ..., 2a) 2 <C/ B T th)
<jz=;| i ’ QdH (1 + [tezg|s)? )
© tezel™ dtp\3
:CH(/ B L7 Byt
o1 o (1 + |tk2k’5k) tr

A standard calculation shows that that the right-hand side of the above inequality is
bounded on X, x -+ x %,,. Moreover the sequence (¢£?),,>; is uniformly bounded on

¥, X -+ x X,,. Implementing these estimates in (14.1.22) we obtain a constant K’ > 0
such that

HZ g @ (FO5 (Ar. . Ade| < Kz, zeX,
G(X)
for all n,m > 1.
Since X has finite cotype, it does not contain ¢y. Hence according to (14.1.22) and
Lemma 3.4.6, the above estimate shows that the function

(tl, Ce ,td) —> F(tlAl, C.. ,tdAd)(I)m<A1) s (I)m(Ad)x

belongs to y(Qd; X), and that its norm in the space v(L*(Q3); X) is < K'||z]|.

Now assume that x satifies (14.1.20). Applying (5.2.10) to Ay for any k =1,...,d,
we obtain that ®,,(A;) - ®,(Ag)r — = when m — oo. It therefore follows from
[41, Lemma 4.10 (b)] that the function (t1,...,tq) — F(t141,...,t4Aq)x belongs to
7(02¢; X) and that its norm in the space v(L*(Q%); X) is < K’||z||. This proves the
square function estimate. [

14.2 From square functions to H* joint functional
calculus
In this section, we show that square function estimates imply the H* joint functional

calculus property supposing we have R-Ritt commuting operators or R-sectorial oper-
ators.
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Let T1,...,T; be commuting Ritt operators or let Ay, ..., A; be commuting sectorial
operators acting on reflexive Banach space X. We recall by Lemma 5.1.2 and Lemma
5.1.5 that we have an ”ergodic decomposition”

X= P X (14.2.1)

where we let

Xa = |[\Ran(Ix = T3)| () |[ | Ker(Ix = T)) |, (14.2.2)
ieA i Li¢A

Xa = |[Ran(4) | () |[)Ker(4)]| (14.2.3)
icA i LigA

for any subset A of {1,...,d}.

Theorem 14.2.1 Let X be a reflexive Banach space such that X and X* have finite
cotype. Let T = (T4,...,T;) be commuting Ritt operators on X such that every Ty is
R-Ritt of R-type 6, € (0,%5) for k=1,...,d. Suppose that there exists a constant C' > 0
such that for any subset A of {1,...,d}, there exist ay = (ax)ren and Br = (Br)ken in
(R%)A such that

|2l 0, <Cllzll, z € X, (14.2.4)

1Yl s, <ClYll,  yeX (14.2.5)

Then (11, ...,Ty) admits a H>®(B,, x --- x B,,) joint functional calculus for every
Y € (Ok, 5)-

Remark 14.2.2 We note that Theorem 14.2.1 and Theorem 14.1.1 are new results,
even for a single operator T', when o ¢ N*.

Firstly, we prove the equivalence between square functions on reflexive spaces.

Theorem 14.2.3 Let X be a reflexive Banach space with finite cotype. Let T =
(T, ..., Ty) be a d-tuple of Ritt operators such that every Ty is an R-Ritt operator,
=1,...,d. Let o = (o, ..., o) and 3 = (B, ...04) be d-tuples of (R% ). Then |||,

and ||-|| 1.5 are equivalent, that is there exists a constant C > 0 such that
Call, < allry < C el (1426)

Proof of Theorem 14.2.3. This proof uses many ideas of the one of [5, Theorem 3.3].
Let 71, ...,74 be positive numbers such that every N; = «; + v, is a positive integer,
j=1,...,d. For every integers k > 1 and j =1, ...,d, we let

k(k+1)---(k+ N; —2)

ks

Ck,j =
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if N;>2and ¢, ; = ka,li% if N; = 1. By [5, Theorem 3.3], we have for j =1, ...,d and
rin (0, 1)

> kTR (TP Iy — (0T3P = (N — Dy
k=1

the series being absolutely convergent and as every (Ix + r7};)™i is invertible

> e (FT) T (I =Ty k=2 (P Ty (I =Ty = (Nj= 1) (L +rTy) ™. (14.2.7)

k=1

Now let for any intergers ki, ..., kg, my,...,mg > 1, 7in (0,1) and j = 1,...,d,

1
Sty =y (T (L — rT) 5,

a;—L o o
Rjp, = ky” 2 (rTy)M " (Ix — rT)™

Then we define for any intergers my,...,mg > 1, r in (0,1) and = in X

Yomsama) (1) = | TTOV; = DN+ 7)™ N2 ()™ =1 = )"

Yima,..., md)(T) = E Cky1 de,dsl,ml,kl ce Sd,md,del,kl s Rd,kdl’-

Yim,ma)in () = E Chyd " ChgdStmy k" Sdimaka Lk Rk,

Next we consider the square functions as follows. For any integers ky, ..., kg > 1 we
let

o) = k1 : kgt 3 (rT) =t (T e (I — rT)™ - (Ix — 7Ty
and similary for other integers my,...,mq > 1

mfl 3 -mgd_ﬁ(rTl)ml’l o (T (I —r TP - - (Ix—1Ty)Pa.

Rad (N4, X)
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and
Hx”(rTl ..... rT4),(B1,B4) Z Tmi,ecima @ T(myecma);(Bre..,Ba) (14.2.8)
mi,...,mg=1 Rad(N4,X)
The aim is to have an estimate
||x||(TT1 ..... rTq),(B1;---,84d) S—’ ||x||(TT1 ..... rTy),(a1,..., aq) (1429)

..........

Y., md)(r> = [H(N] - 1)'<IX + rTj)’Nj

Jj=1

As every set of operators {(N; —1)~'(Ix +rT;)™ :r € (0,1)} is bounded for j =
1, - d, we can consider Zil 77777 =1 Tml,_.:m @ Y(my,....,mg)(r) i place of
Zml mg=1"Tm1,....,mq © T(my,.sma);(Brye..Ba) 11 <14‘2‘8>‘

.....

Fix now integers n, M > 1. Let (m) = (mq,...,mq) and (k) = (ky, ..., kq). Consider-
ing that the summations run over all indexes 1 < myq,....mqg < M and 1 < ky, ..., kg < n,
we have

= E T(m)®< E Ckl,l“'ckd,dsl,ml,kl"‘Sd,md,del,kl"'Rd,kdfc>
k

MMy 1yeesKd
= E : T'(m) ® ( E : 5k1,m1 T 5kd7de1,m1,k1 T Wd,md,del,kl T Rd,kdx>
mi,...,Mq ki,....kq
Bi—%
ij ’jmjj

where we write 0y, = T in order to have ¢ jSjm; k; = Ok;m;Wim; k;» With

(myth; 1)
Wik, = (my + ky — D540 (p Tyt =2 (I — ¢ T)5%05 0 j=1,...d.

All the sets Fj = {W;, 1, : mj, k; > 1,7 € (0,1]} are R-bounded according to [5,
Proposition 2.8] for j = 1,...,d and using Lemma 3.3.2, the set F}---F, is also R-
bounded (using notation (3.3.3)). Since X has finite cotype, this last set is then -
bounded.

Moreover, the infinite matrices [0x;m;|k;m;>1 Tepresent an element of B(I?) de-
noted by h;, for j = 1,...,d. Then the operator h; ® --- ® hg, whose matrix has

2 2
coefficients Ok, m, - -+ Ok, m, represents an element of B (l2 ® --~®l2) and we have

|h1 @ -+ @ hg|| = ||h1]| - ||hal|]- Moreover, the coefficients of h; ® -+ ® hg belong
to [0, 00).
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With all these properties in hand and considering Gaussian averages in place of
Rademacher averages, we can use [5, Proposition 2.6] to say that we have an inequality
of type

E , T'miyemg & y(mh---,mcl)m(?n)
1<miy,....mq<M Rad((N*)?;X)
o
S; E Thiyeika @ Tk, ka)i(ar )
k1,....kq=1 Rad((N*)4;X)

which suffices to have the finiteness of square functions and to have inequality (14.2.9).

It remains to study the case where r — 17 to obtain the result. Choose v an integer
such that v > a; +1and v > 5,4+ 1, j = 1,...,d. Using [5, Lemma 3.2 (3)], the limit
r — 17 exists for x in ﬂ;lzl Ran((/ —7})”) and we have for such an element x

||xH(Tl,_,_,Td),(ﬁl,.._,gd) N ||x||(Tl,...,Td),(al,...,ad) :
Let now for some integers py, ..., pg the operators
T

0,, = I-1), k=1,..4d

pr 1=

and
@pl,m,pd - 9}?1 T de'

It is clear that ©,  maps X into ﬂ?zl Ran((/—1;)"). Thus, we have the uniform
estimate

e

PLoPd )H(Tl,...,Td),(Bl,...,,Bd) ~ H P1,Pd x)H(Tl,..‘,Td),(al,.‘.,ad)
for any x in X and py,...pq > 0.

Since all the T} are power bounded, the sequences (6, ),,>0 are bounded. Using [5,
Lemma 3.2 (1)], we obtain

H P1,-- 7pd H Td ([‘317 Bd ~ H H T17 aTd) (a17 o3 d)

for any x in X and py,...pq > 0.

Further, we know that for any x € ﬂ?zl Ran(/ — T;) we have ©,, ., (v) — x
and ©)  (x) — x for py,...,pg — 0o. Considering finite sums with ¢ > 1 in square
functions with estimates

d
Z Hmfj_%rml,..‘,md (HTm’ [X — B]@Zh ’pm(x)>

1<my,..;mg<q j=1

Rad((N*)4;X)

S ||"L‘|| (Th,....Tq), (a1 s.s00q)

and passing to the limit pq, ..., pg — oo in the left hand sum then letting ¢ — oo yields
estimate ||z|| < |lz| for every = in (°_, Ran(J — T})
(T, Ta) (01 eeera) ~ WD, T, (B Ba) Y =1 il

-----
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To conclude the proof, take ergodic decomposition given by (??) and (77?).
We remark that square functions H:IUH(T1 ..... ) (1o 0Tl 7y 0
on every subspace Ker(I — T}), k = 1,...,d, and then on every subspace X, where

,,,,,,,,,, (@1,e0q)

on ﬂ;l:l Ran(/ — Tj) suffice to have this one in all the space X, which ends the proof.

Proof of Theorem 14.2.1. Taking into account Theorem 14.2.3, we may and do
assume that o = = (1,...,1). Let 7 € (0, 5) for k=1,...,d. Let x € X, y € X* and
o € Hy1(B, X -+ x B,,). The aim is to have an estimate

(o (Th, -, Tz, )| S 2l lello 5, e, - (14.2.10)

By [6, Propostion 2.5], it suffices to prove (14.2.10) when ¢ is a polynomial function
on d variables.
We suppose first that ¢ is such a polynomial function of the form ¢(z1,...,z4) =
(1 —=21)-- (1= 2zq)p1(21,..., 24) where ¢y is another polynomial function.
Then we see that (T}, ..., Ty)z € (i_, Ran(I — T}) for every = in X
According to [53, Lemma 7.2], we have for every k =1, ..,d and y in Ran(/ — Tj)
> inlip + DTENI = Ti)’y = 2.

ip=1

We deduce that

o o0
> o> Cdalig + 1) i (i DTE TN = TP - (1= T)(Th, oo, Ta)a
ig=1 i1=1

(14.2.11)
= 2%(Ty, ..., Ty), r € X.

Consider the polynomial function ¢ defined by ¢(z) = (1 + z + 2%)* Also for any
integers i1, ...,1q > 1, we set

d
flir,oia) = [ [+ D T T (T = To)e(Th, .., T),
k=1 k=1
d ) d ‘
glin, ia) = [ [ iz [ T (1 — Th),
k=1 k=1

k=1 k=1

For convenience, we will write only Z in place of Z e Z, keeping the order
i1ymid ig=1  i1=1
of summation. Then it follows from (14.2.11) that for any z in X and y in X* we have

(p(Th,....,Ty)x,y) = Z (f(i1y .y iq)g(in, .oy ig)x, h(i1, ...y 1q)Y)- (14.2.12)
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..........

Ni,..., N,i Ny Ny
any integers Ny, ..., Ny > 1, writing Z in place of Z e Z, the independance of
=1 i=1
the r;, . i, yields
Ni,...,Ng Ni,...,Ng Ni,...,Ng
Z <~Tz1 ..... igr Yit,..., ’Ld> = / < Z Ti1,.. g (U)ZI?“ ..... iq Z it g (U)yu ..... iq d]P(’LL)
Q
(14.2.13)
We now let

SNeea = > (Flirsorsia)g(in, ooyia) T, Bin, .y ia)y),
the partial sums of (14.2.12) for any integers Ny, ..., Ny > 1. Letting

{L‘il 77777 iq — f(il, ceey id)g(il, ...,id)m, yil ..... g — h(il, ceey id)y,
for any integers iy, ...,iq > 1 and using the Cauchy-Schwarz inequality in (14.2.13), we
obtain

.....

X (14.2.14)
Rad(X)

Rad(X*)

We now prove that the family of operators (f(iy,...,74)) is R-bounded. First, as ¢
is a function of H°(B,, X --- x B,,), operators f(iy,...,iq) are defined by

d d
Flin,oyig) = <2 > / H i+ DA, Aa) [T A% = D) ] RO Th)d
m 9B(y) k=1 k=1 k=1
where 0B,y = 0B,, X --- x 0B,, and d(\) = d\; - - - dAq.
We consider the subset of B(X)

E={M-1DR\,T1)--- (M —1R(M,T1) : (M1,..., \g) € 0B, X --- x 0B,,}.
(14.2.15)

Every Ej, = {(Ax — 1)R(Ai, Ti) = Ay € 0B, } is R-bounded as T}, is R-Ritt of R-type
0r and 0 < ;. Using Lemma 3.3.2, we know that F is R-bounded.

Let us now use Lemma 3.3.3. Consider the function F : (/\1,.. Ad) — (A —
DR(A,TY) - - (A — 1) R(Ay, 1) from 0B to £. We prove that x;, ., t (A, ey Ag)
T, (i + D)A*@(Ay, ..., Ag) is uniformly bounded in LY(8B,y, |d(\)]) When (i1, .ey0a) €
(N*)%. Recall that for any angle 0 € (0, %), one can check that

sup{/ (m+1)|z|™|dz|,m € N} < oo
2By
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~~~~~ iall L1 omey Jaoo) S
Hgo||oo,83<7). We apply Lemma 3.3.3 to obtain that the family (f (i1, ...,44)) is R-bounded
with

R{f(lla "'7'éd) : (2.17 "'7id) € (N*)d} S_, ||90||oo,83(7 : (]‘4216)

)
We now use (14.2.16) together with (14.2.14) to have

X

Rad(X)

Rad(X*)

Finally, we let successively N; — oo, ..., Ny — 0o to obtain

,,,,,

Then it suffices to use (14.2.4) and (14.2.5) with a = 8 = (1, ..., 1) to deduce that

(T T, )] S el s, el ol

which provides ||o(T1, ..., Ta)|| < H90|‘oo,B(7)-

To conclude the proof, one sees that we have the estimation (14.2.10) for any function
polynomial function ¢ of type ¢(z1,...,25) = [[ica(1 = 2)@1(21, ..., 24) Where ¢ is
another polynomial function depending on variables (z;);ea with A a subset of {1, ..., d}.
Indeed, arguments above holds verbatim using square functions |[-[|;,, and ||
Hence, (14.2.10) is verified for any polynomial function. O

T*,6A"

Remark 14.2.4 Looking at the preceding proof, one sees that we do not need to
suppose that X is a reflexive space or X has finite cotype in Theorem 14.2.1 if we only
consider square functions estimates |||, 1y < |zl and [[y[lp. o 1) S [lyll for z € X
and y € X*.

Recall that for p € (1,00), p # 2, the noncommutative L,-spaces do not have prop-
erty (a) (see e.g [6, Section 3] for a definition of this property). Thus, the results of [6,
Section 3] do not apply to this class of Banach space and in particular, noncommutative
L,-spaces do not have the joint functional calculus property (see [48]). The following
result, which generalises [53, Corollary 7.5], gives a characterisation of the joint func-
tional calculus of a d-tuple of Ritt operators on spaces having property (A) (see [40]
for the definition). This result applies to the noncommutative L,-spaces. Note that we
must appeal to Theorem 14.1.1 and Remark 14.1.2 to obtain the next corollary.

Corollary 14.2.5 Let X be a Banach space with property (A). Let T, ..., Ty be com-
muting Ritt operators on X. The following two assertions are equivalent.

i) T =(Ty,....,Ty) admits a H*(B,, x --- x B,,) joint functional calculus for some
Y€ (0,2), k=1,..d.
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it) FEvery Ty is R-Ritt and for every A subset of {1,...,d} and for any ay and Ba in
(R*%)A, there exists a constant C' > 0 such that we have

||x||T,ozA < C H,’L‘H ) VS XJ

Yl 5, < Cllyll,  ye X

We now pass to the case of sectorial operators. It is well-known that if X is reflexive,
then each Aj is a sectorial operator on X*. It is plain that if (Ay,..., Ay) admits an
H>(Xg, x --- x Xy,) joint functional calculus, then (A7, ..., A%) admits an H>®(X,, X
-+ X Yp,) joint functional calculus as well. Indeed for any f € Hgq(¥g, X -+ x ¥y,),

FIAS, AD) = F(Ay, . A (14.2.17)

where f € HEq (39, X -+ x By,) is defined by ]?(zl, ooy za) = f(Z, .0, Za)-

It therefore follows from Theorem 14.1.7 that when X is reflexive and X and X* both
have finite cotype, we have the following result: if (A,. .., Ay) admits an H* (34, X« - X
Yp,) joint functional calculus, then both (Ay,..., As) and (A7,..., AS) admit square
function estimates with respect to any F' € Hgq(X,, X -+ x X,,), with v, € (0, 7).

In the single case, Theorem 14.1.7 has various converse statements. These state-
ments all assert that under certain assumptions, some square function estimates for A
and A* imply that A has an H*-functional calculus. The next statement, involving
R-sectoriality, is essentially a multivariable version of [35, Theorem 10.4.9].

Theorem 14.2.6 Assume that X is reflezive with finite cotype, and that for any k =
1,...,d, Ay is R-sectorial of R-type wy € (0,7) and has dense range. Assume fur-
ther that there exist non zero functions Fy,Fy € H(X, X --- x X,,), for some
Vi € (wg,m), such that (Aq,...,Aq) admits a square function estimate with respect
to Fy and (A7,..., A}) admils a square function estimate with respect to Fy. Then
for any 0y, € (wg,m), k=1,...,d, (A1,...,Aq) admits an H>(Xg, X --- X Xy,) joint
functional calculus.

Proof of Theorem 14.2.6. We use classical arguments so we will be deliberately brief.
We set A = (Ay,...,Ay) and we write F(tA) instead of F(t;Aq,...,t4As) for any
t=(t1,...,tq) € R* whenever F € H°(Zg, X -+ x 5y,), with O € (wy, 7).

We may assume that 6), < v, for any k = 1,...,d. Define F € H (3, x - xX,,)
so that .
Fy(Aq, ..., Ag)" = Fy(Af, ..., A)), (14.2.18)

see (14.2.17). Since F, F are non zero, we can find ¥ € Hg°(X,, x --- x X,,) such that

/ W) B (0 By (t) dM(E) = 1.

d

0
By analytic continuation, this implies that for any (z1,...,24) € Xp, X -+ X Xy, We
have

U(thz,. . teza)Fa(tiz, . taza) Fa(tiz, . taza) dM(E) = 1.
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Fix f € H{(Xg, X --- X Xp,). The argument in the proof of [56, Lemma 6.5 (1)]
shows that the function ¢ — f(A)W¥(tA)F;(tA)Fy(tA) belongs to L'(Qd; B(X)) and by
Fubini’s theorem,

y FA)U(LAVF (LA Fy(tA) dM(t) = f(A). (14.2.19)
0
Arguing as in the proof of Theorem 10.0.1, we may deduce from the assumption that
Ay is R-sectorial of R-type wy that the set
Fr o= {f(A)T(tA) : t e RY}
is R-bounded, with an estimate
RIF1) S ooy, s, (14.2.20)

We assumed that (Aj,..., A4) admits a square function estimate with respect to
Fy. Thus for any z € X, t — Fy(tA)z belongs to v(Qd; X), with an estimate

[2llm = ([t = Fi(tA)z]l opx) S [l

Since X has finite cotype, it therefore follows from (14.2.20) and the so-called ~-
multiplier theorem (see [35, Theorem 9.5.1]) that the function t — f(A)U(tA)F\(tA)z
belongs to y(Qd; X) for any x € X, with an estimate

[t = FIAVEA) FL (EA) 2|0 x) S 1 oo, g, 1] (14.2.21)

Furthermore (Aj,..., A}) admits a square function estimate with respect to Fy hence
for any y € X*, the function ¢ — Fy(t.A")y belongs to v(Qd; X*), with an estimate

1Yl = It = F2(tA") Yl 0gx < Nl (14.2.22)

Let us now use the identities (14.2.19) and (14.2.18). Applying the so-called trace
duality theorem on y-spaces (see [35, Theorem 9.2.14]), the estimates (14.2.21) and
(14.2.22) imply that

|[(f(A)z,y)|

\ /ﬂ (FAVREAF (LAY, B(tA7)y) dM(t)‘
[t = TEA) P (A

IN

[t = B(ta)”

Qd:x y”y(Qg;X*)

S [ lloo s, x5, 12l 19l

for z € X,y € X*. This yields an estimate

IFCAN S 11 oo, x5,

for f € H§®(Xp, X -+ X ¥p,). By Lemma 5.2.4 and the dense range assumption, this
shows that (Ai,...,As) admits an H>°(Xy, X -+ X Xp,) joint functional calculus. OJ
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Remark 14.2.7

(1) The following variant of Theorem 14.2.6 is easy to deduce from the above proof:
Assume that X is reflexive with finite cotype, and that for any & = 1,...,d, Ay is
R-sectorial of R-type wy € (0,7). Let v € (wg,m) for any k = 1,...,d, and assume

that for any ' € Hgq(X,, x --- x 5,,), (A1,...,Ag) and (Aj,..., A}) both admit a
square function estimate with respect to F'. Then for any 6y € (wg,m), k = 1,...,d,
(A1,...,Aq) admits an H>®(Xy, X --- X Xg,) joint functional calculus.

(2) Combining the above part (1) and Theorem 14.1.7, we obtain a new proof of
Theorem 10.0.1 in the case when X is reflexive and both X and X* have finite cotype.

We refer the reader to Section 4.4 for definitions of property (A). It is proved in
[40, Theorem 5.3] that if A is a sectorial operator with an H* (%) functional calculus
on X with property (A), then A is R-sectorial of R-type . Combining that result with
Theorem 14.1.7 and Remark 14.2.7 (1), we obtain the following.

Corollary 14.2.8 Assume that X is a reflexive Banach space with property (A) and
that X* has finite cotype. The following are equivalent.

(i) For any 0y € (wi,m), k=1,....d, (A1,...,Aq) admits an H>®(Xg, x --- X Xy,)
joint functional calculus.

(i) For any O € (wp,m), k = 1,...,d, and for any F € H§q(Zp, X --+ X Xg,),
(A1,...,Ag) and (A5, ..., A}) both admit a square function estimate with respect
to F'.

In the rest of this section, we discuss the following natural problem :

(P) Let Fy, € H*(X,,), with vy, € (wg, ) forallk =1,...,d. Consider F1®---®Fy in
H (2, x---x%,,) given by (F1®---®@Fy)(z1,...,24) = Fi(z1) -+ Fy(zq). Assume
that for each k = 1,...,d, A, admits a square function estimate with respect to
Fy. Does it imply that the d-tuple (Ay, ..., Aq) admits a square function estimate
with respect to F1 ® -+ ® Fy?

Assume first that d = 2. Observe that if A; (resp. Ay) admits a square function
estimate with respect to Fj (resp. Fy), then for any x € X, the function (¢,t5) —
Fy(t1 A1) Fy(taAs)z belongs to v(Q0;v(L?(Q0); X)) and we have an estimate

)z Hv(ﬂm(LQ(Qo;X)

Indeed for ¢ = 1,2, let T';: X — (L?*(£); X) be the operator taking any x € X to the
function ¢ = Fj(tA;)z. Let To: v(L*(Q0); X) — v(L*(Q0); 7(L*(Q); X)) be the tensor
extension of I'y defined by I's(u) = I'y o u for any u € v(L*(2); X). Then the operator

[0l X — V(L (0); (L (Q0); X))

takes any x € X to the function (¢1,t3) — Fi(t1 A1) Fy(taAz)x. This yields the estimate
(14.2.23).
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It follows from this observation that (A;, A2) admits a square function estimate with
respect to Fy® Fy provided that the natural inclusion L?(Q0)® L*(Q0)®@X — L*(Q3)®X
extends to a bounded map

Y(L*(Q0); 7(L*(Q0); X)) — y(L*(Q5); X). (14.2.24)

By a simple reiteration argument, the above result extends to any d > 2. That is, if
X satisfies (14.2.24), if Ay admits a square function estimate with respect to Fj for
any k= 1,...,d, then (A4y,...,A,) admits a square function estimate with respect to
Fl R--RE .

We note that property (14.2.24) is satisfied if either X has property («) or X has
type 2 [74, Proposition 2.7]. Consequently, the above problem (P) has an affirmative
answer if either X has property («) or X has type 2.

Example 14.2.9 We now turn to a counterexample. For any 1 < p < oo, let SP
denote the p-Schatten class on (2. Let (e;)x>1 denote the standard basis of ¢* and let
¢ € B(£?) be the positive selfadjoint operator satisfying c(ey) = 2 "¢, for any k > 1. Let
Ay, Ag: SP — SP be the left and right multiplication operators defined by A;(z) = cx
and As(z) = xc, respectively, for z € SP. Tt is well-known that A;, Ay are sectorial
operators with dense range, and that they admit an H>(X4) functional calculus for
any 0 € (0,7) (see e.g. [56, Section 8.A] for details). Further A; and A; commute. It
follows from the proof of [48, Theorem 3.9] that if p # 2, then for any 6,6, € (0, ),
the couple (A, As) does not have an H* (X, x Xy,) joint functional calculus.

Assume that 1 < p < 2 and let p’ = # be its conjugate number. Let Fi, F5 be non
zero functions in H§°(X,) for some v € (0,7), and let F' = F} ® F,. Since A; admits an
H*>(%y) functional calculus for any 6 € (0,7), both A; and A} admit square function
estimates with respect to Fj. Likewise As and A} admit square function estimates
with respect to Fy. The Banach space SP* = S? has type 2, hence it follows from
the discussion preceding this example that (A7, A%) admits a square function estimates
with respect to F. If (A;, As) admitted a square function estimates with respect to F'
as well, it would follow from Theorem 14.2.6 that (A;, A3) admits an H> (¥, X ¥y) joint
functional calculus for some 6, which is false. Consequently, (A;, As) does not admit a
square function estimate with respect to F' = F} ® F5.

We refer the reader to [56, Chapters 8-10] for more examples of sectorial operators
on non-commutative LP-spaces with an H* functional calculus.
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Chapter 15

Dilation from H®° joint functional
calculus

15.1 The case of commuting Ritt operators

In this section, we give an application of square functions in terms of dilation of a
d-tuple of Ritt operators. The framework of this part is K-convex spaces. We refer to
Section 4.1 for background on these spaces.

Let now Y be another Banach space and Uy, ..., U; be commuting isomorphisms on
Y. We say that U = (Uy, ..., Uy) admits a C(T%) bounded functional calculus if there
exists a constant C' > 1 such that for any trigonometric polynomial of d variables

QZS(Sl, . Sd) = Z ny ..., ndei(n151+"‘+nd5d)’

where (ap, . n,) is a finite family of complex numbers, we have

-----

16(Ur, ..., Ug)|| < Csup {|@(s1, ..., $a)| : (51, ..., sa) € R}, (15.1.1)

where we let ¢(Uy,...,Uq) =D an,,. n, U - U2

As trigonometric polynomial functions of d variables are dense in the space C(T?) of
all continuous functions on T¢, C'(T?) bounded functional calculus property is equivalent
to the existence of a unique unital bounded homomorphism w : C(T%) — B(X) such
that w(e(j)) = U; where e(j) : (s1, ..., 84) —> €.

Theorem 15.1.1 Let X be a reflexive K-conver Banach space and p in (1,00). Let
T =(T1,...,Ty) be a d-tuple of commuting Ritt operators on X. Suppose moreover that
T admits a H*(B,, x --- x B,,) joint functional calculus for some 71, ...,7q4 in (0, 7).

Then there ezists a measure space X2, a d-tuple of commuting isomorphisms (Uy, ..., Uy)
on L,(3; X) admitting a C(T?) bounded calculus and two bounded operators J : X —
L,(3;X) and Q : Ly(X; X) = X such that

T . Tr = QUM - - UM, (n1,...,nq) € N (15.1.2)
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Proof of Theorem 15.1.1 : Throughout the proof, we let A be a subset of {1, ...,d},
denoted by

A={iy,in}, i <-e <, (15.1.3)

.....

by Z* for A # () on some probability space (2. Consider then space Radp(ZA; C), letting
Rad,(Z’;C) = C.

For any jin {1, ...,d} and A # (), we define the operator v; 5 on the space Rad,(Z"; C)
by Uj,A(r(lil 77777 lik)) = T(t,, 0, i J ¢ A and if j =i, € A, we let ,ijA<,r(li1 77777 Lo lik)) =

Then v; 5 is an isometric isomorphism of Rad,(Z";C). Further, every v, ® Ix
extends to a unique operator V;, from Rad,(Z"; X) into itself, which is an isometric
isomorphism too.

Next we define

..........

Recall now (??) and similary (X*), = [ﬂieARan(I — Tj)} ) [NigaKer(I —T7)]. As

X is reflexive, by (??7), we have

For any A C {1,...,d}, taking notation of (15.1.3), we know that T = (T}, ..., T3,)
has a joint functional calculus as a subfamily of 7. Using Theorem 14.1.1 with the

|A|-tuple o = (%, i %), we can define a bounded operator Jj; using square functions.
We let
Xy — Rad,(Z*; X)
k
J : lisi 1 .
MUaoe Y e @ [[T T U -T2 e
Ly yodi, >1 s=1

Since H* functional calculus passes to the adjoint, we have square function esti-

*

mates for (77, ..., 7)) and we can define in the same way
(X*)a — Rad,(Z*; X*)

Jro ol — !
M5y s T ey @ U@ Iy = (T2 y

where p' is the conjugate exponent of p (verifying % + % =1).
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For any x € X\, y € (X*)a and ng, ..., ny integers, we compute

k
(Vi VI Iaae, o) = <HTZ T I = T2 O T (e = (1))

s=1

(15.1.4)

>1

s=1
> <HT“8”<’“ 12 Uy + Tis>1x,y> |
Now recall that for any x in Ran(Ix — T;), i =1, ..., d we have

S TN Iy ~ T ) =

k=1

Indeed, one has 20 7% V(Iy — T2)(2) = = — T?P(z) for any z and P > 1. If
z = (Ix —T;)z, z € X, we have | T2 (Ix — T})z|| < L2l using Ritt condition and this
term tends to 0 as P tends to oo.

Hence, letting Sy = Hle(] + T;,)~! and developping the last sum in (15.1.4), we
finally obtain

(Vi Vi daaw, Japy) = (17 - - T, " Saz, ).

Next, for any j ¢ A, we see that Tj(x) = z,(T)*(y) = y for x € X, and y € (X*),.

Moreover, V; acts as identity operator on Rad(Z"; X), so that for any integers n, ..., ng

<V1n1 . V JA 1z, N 2?/) <T”1 .. -T;dSA:v,y), xr E XA7 Yy e (X*)A (15.1.5)

Note that for any a in Ker(Ix —7;) and b in Ran(/x — T}*), we have clearly (a,b) = 0,
i =1,...,d. Thus, for any a in X, and b in (X*), with A # A’, one has (a,b) = 0.
Since each T; maps X, into itself for any i in {1,...,d} and A C {1, ...,d}, one obtains
that for subsets A £ A’, we have

<‘/1"1 C. V;lndJA,lxa JA/’2y> = O, xr € XA, Yy E (X*>A/. (1516)

X being a K-convex space, every space Rad,(Z"; X) is complemented in L,(Q; X).
Thus, the space W = é/\cu ,,,,, o Rad, (Z ; X) is complemented in EBAC{I ..... ay Lp(Q05 X)),

-----

Then we write L,(X; X) =W @ E. It is the same for

/

77777

which is complemented in L, (X; X*).

(NI

)
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We can define operators Jy and () as follows. We let

from X into W, then we let J, = ©acq1,..q1 a2 from X* into W’ and finally Qo = J3,
which maps (W’)* into X. Using that W acts by duality on W’ and the natural
complementation of W in L,(X; X) as well as complementation of W’ in L, (3; X*)
(which relies on the canonical projection), we identify (W')* to W, so that Qg maps W
into X. Identities (15.1.5) and (15.1.6) guarantee that we have

T T = QoVy™ - Vi), my,....ng €N (15.1.7)

We let J = J o Jy where J : W — L,(3; X) is the inclusion, @ = Qo o II where
IT is the canonical projection from L,(X;X) onto W and finally let U; =V, & I,
j=1,...,d. Then every U; is an isomorphism of L,(X; X) for j =1, ..., d having with
(15.1.7)
Ty =Qu ---UjtJ Ny, ...,ng € N.

It is clear that Uy, ..., Uy are commuting operators and we obtain (15.1.2).

It remains to prove that U = (Uy,...,U;) admits a C(T?) bounded calculus. It
suffices to prove this fact for V' = (V4,..., V) and hence for any (Vi a,..., Vaa) for any
AcC{l,...d}. Let ¢ =3 an, .  n,™ €™ be a trigonometric polynomial function.
Noting that V; » = v;A®Ix, we have ¢(Vip, ..., Var) = ¢(v1a, s Van) R x.
space = and we can define the space Go(Z") as the closed subspace of Ly(Z) spanned
by (i, ..., )- Next we define vjx on Ga(Z") in the same manner as v; 5 on Rad,(Z").
It is clear that v, is a unitary operator of the Hilbert space Go(Z"). According to the
Spectral Theorem, we obtain

[@(Vi A, - Van)ll gy za)ay(za) = SUP {1p(s1, -y 83)| + (51, .-, 84) € R} (15.1.8)

Recall that for any bounded operator 1 : Go(Z*) — Go(Z*), the operator ¢ ® Ix :
Go(ZM)®@X — Go(Z*)® X extends to a unique bounded operator Y &1y : Go(Z*; X) —
Go(Z*; X) with ||[9®@Ix|| = ||¢] (see [35, Prop. 6.1.23]).

As X is a K-convex space, it has finite cotype. Thus, the Rademacher averages and
Gaussian averages on X are equivalent. More precisely, the spaces Rad,(Z*; X) and
Gy(Z*; X) are naturally isomorphic and we have therefore an equivalence

1O(Vins - Vi)l Rady 2030 sRadp@hi) = 100145 - van)OIx [l 6y 20,305 a0 @nix)
and then

[e(Via, oo Vd,A)HRadp(zA;X)%Radp(zA;X) ~ [|p(via, .o UczA)HGQ(ZA)_@Q(ZA) : (15.1.9)

Combining (15.1.8) and (15.1.9), we obtain an inequality of type

||¢(‘/1,A7 ey VdvA)HRad(ZA;X) ,S sup {|¢(317 cee 8d)| ) (Slv sy Sd) S Rd} )

which is exactly the property of C'(T?) bounded calculus. [
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15.2 The case of commuting semigroups

This section is devoted to dilation properties of commuting families of bounded analytic
semigroups and their connections with joint functional calculus. We refer to Section
4.1 for background on K-convexity and state two elementary lemmas.

Let X be a Banach space.

Assume that X is a reflexive Banach space and let (Ay,...,A;) be a commuting
d-tuple of sectorial operators on X. For any A C {1,...,d}, let X, be defined by
(5.1.3). Recall that (A7,..., AY) is a commuting d-tuple of sectorial operators on X*.
Then we similarly define X3 C X* as the intersection of [, R(A}) and [,45 N(A).
Let us use the notation (X,)* for the dual space of X,. The closeness of the notations

(Xa)* and X} is justified by the fact they are isomorphic, as follows.

Lemma 15.2.1 The mapping X5 — (Xa)* which takes any n € X} to its restriction
Nxy, 1S an isomorphism.

Proof of Lemma 15.2.1. For any k = 1,...,d, N(A,)* = R(A;) and R(Ak)L =
N(A3). Hence we have

Then the result follows from standard duality principles. [
Recall the sequence (®,,),,>1 given by (5.2.9). According to [56, Lemma 6.5], which
holds true on any Banach space, we have the following fact.

Lemma 15.2.2 Let (T})i>0 be a bounded analytic semigroup on X, and let A be its neg-
ative generator. For anym > 1, the function s — AT, ®,,(A) belongs to L*(R* ; B(X)),
and

/ T AT, (A)ds = By (A).

Let ((T})e>0, - -, (T{)i>0) be a d-tuple of bounded Cy-semigroups on X and for any
k=1,...,d, let Ay be the negative generator of (T})io. It is plain that the secto-
rial operators Aj,..., A; commute if and only if the semigroups (T}')i>0; - - -, (T) 0
commute, that is, TFTK = TFTF for any 1 < k, k' < d and any ¢,#' > 0.

The following theorem should be regarded as a multivariable version of [27, Theorem
5.1] on K-convex reflexive spaces. It is also related albeit different from [6, Theorem
4.8]. Note that Definition 5.2.2 is used in the statement.

Theorem 15.2.3 Assume that X is reflezive and K -convez. Let ((T})iso, - - ., (T{)1>0)
be a d-tuple of commuting bounded analytic semigroups, and let Ay, ..., Aq denote their
negative generators. Assume that (Ai,..., Aq) admits an H>(Xg, x --- X Xg,) joint
functional calculus, for some 0, € (0,%), k = 1,...,d. Then there exist a measure
space (§2,dm), two bounded operators J: X — L*(2;X) and Q: L*(:; X) — X, as
well as a d-tuple ((U})ier, - .., (Uf)er) of commuting bounded Cy-groups on L*(Q; X)
such that:
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(a) The d-tuple (By, ..., By), where By is the negative generator of (UF); for all k =
L,...,d, admits an H*(Xx X -+ x X joint functional calculus;

(b) For any ty,...,tqy in Ry, we have
Ty T = QUi -+ UL

Proof of Theorem 15.2.3. We set X1 = R(A;)N---NR(Ay) and X7 = R(A;)N---N
R4, o
For any z € X1, let ,: RY — X be defined by @, (s1,...,sq4) = AFT), --- AZT¢ x if
(81,...,84) € Rid, and @, (s1,...,84) = 0 otherwise.
Consider F' € H§°(Xy, X - -+ X Xy,) defined by

F(zi,...,24) = (z%e’zl) (22%6’22) e (zée’zd). (15.2.1)

By the joint functional calculus assumption and Theorem 14.1.7, (A4, ..., Ay) admits
a square function estimate with respect to F'. Since
1

1 1 1 1
F(s1A1, ..., 54Aq) = s AFT, -+ s3A3TY

1-+s1

for any sy,...,s4 > 0, this implies that ¢, belongs to v(R% X) for any z and that we
have a uniform estimate

lzllr = lleally@exy S llzll, =€ X
Using the embedding of (L?(R%); X) into L*(S; X), this yields a bounded operator
Ji: Xy — L*(S; X)

given by Ji(z) = ¢, for any = € Xj.
Likewise we have a bounded operator
Ji: X — LX(8; X7)

_ ol oL
given by Ji(y) = @, for any y € X{, where @y(s1,...,5q) = A2Tor - AP2TH
(51,...,5q4) € RY and @y(s1, ..., sq) = 0 otherwise.

For any k = 1,...,d, and any t € R, let 7F: L?(RY) — L*(R?) be the translation
operator defined by setting

y if

[Ttk(h)](sh R Sd) = h(sb <oy Sk—1, Sk+t7 Sk+1y- -+ 7Sd)7 (817 o Sd) € Rda (1522)

for any h € L*(R?).
According to Lemma 3.4.4, 7F @ Ix extends to an isometric isomorphism

VP (LA(RY); X) — y(L*(RY); X).

A thorough look at this tensor extension process shows that V}*(u) = u o 7%, for any
u € y(L*(R%); X). We deduce that for any ¢ € v(R%; X), we have

[V (ue)] = ugr, (15.2.3)
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where (F € y(R% X) is given by
Qf(sla"wsd) :C(Sla"'7Sk—175k+t73k+17"'a8d)’ (Sla"'78d) ERd (1524)

Moreover for any k = 1,...,d, (V}*),cr is an isometric Cy-group on (L?(R?); X). Using
(4.1.1), we now define
UF: LA(S; X) — L*(S; X)

by setting UF(u, w) = (Vi¥(u),w) for any u € v(L?(R%); X) and any w € Zx. It follows
from above that ((U})er, ..., (Ul)ier) is a commuting family of bounded Co-groups
on L*(S; X).

Let x € Xy, let y € X7 and let ¢4,...,t53 > 0. Since X is reflexive, we have

L*(S; X*) = L*(S; X)* (15.2.5)

isometrically, see e.g. [20, Section IV.1]. Then according to (15.2.3), (15.2.4) and trace
duality on ~y-spaces (see [35, Section 9.1.f]), we have

<Ut11 > = / <gpm 51+t1,...,sd+td),@y(31,...,sd)>d31---dsd.

Let z,,, = ®,,(Ay) -+ D,,(Ag)z for any m > 1. Using the definitions of ¢,, , and
the above identity, we obtain that

<Ut11... Jl (Zm),
/ / (AT, 40, P A1) -+ (AaTg, 10, P (A1) (), y) dsy - - - dsa

/ / Al 251 Al)) (AdTQSd(I) (Al))(Ttll ce nif), y> d81 s de .
Applying Lemma 15.2.2 for each A, we deduce that

<Ut11 e Utcijl(xm)a i(y)> - 2_d<Tt1 Td,il',’m7 y>

Since € X, we know that x,, — z, by (5.2.10). We infer that
(UL - UL (), Ju(y)) = 27UTL - Tla,y).

Using Lemma 15.2.1, let us identify X} with (X;)* and note that L*(S; X*)* = L*(S; X),
by (15.2.5). Set @, = 24J;: L?(S; X) — X;. Then the above identity shows that

QU - UL J, = Ty b x

For any k = 1,...,d, let By (resp. Cj) be the negative generator of the Cy-group
(UF); (resp. (VF);). Then let ¢, be the negative generator of the Co-group (7F);. It is
easy to check that for any 60y,...,0q in (7,7) and any f € HgG(3g, X --- x Xg,), the
operator f(Cy,...,Cq): y(L*(RY); X) — v(L*(R?); X) coincides with f(cy,...,cq) @ Ix
on L?(RY) ® X. According to Lemma 3.4.4, this implies that

1 (Cr, s Call = N f(ers s ca) -
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Now since (71)y, . . ., (1) are commuting unitary groups, it follows from spectral theory

that [[f(c1,...,ca)ll < [|fllso,ga . This proves that (Cy,...,Cy) admits an H*(Xx X

- X Zg) joint functional caléulus. It readily implies that the same holds true for
(B1,...,By).
What we have proved so far is that the theorem holds true on X; instead of X.
Now it is easy to adapt the argument to show that more generally, the theorem holds
true on X, for any A C {1,...,d}, using

Fra(z1, .., 2q) = H(zée_zk)

keA

instead of (15.2.1).
Finally the result holds true on X using Lemma 5.1.2 and a simple direct sum

argument. []

Remark 15.2.4 Using the «P-spaces (see [35, Section 9.1]) in place of the ~y-spaces
considered in the present paper, we easily obtain that for any 1 < p < oo, Theorem
15.2.3 holds as well with LP(Q; X) in place of L*(Q; X).
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H® joint functional calculus from
dilation

16.1 The case of commuting Ritt operators

For the purpose of having a converse property of Theorem 15.1.1, we give Theorem
16.1.1 below whose proof relies on (3) of Theorem 10.0.2.

Theorem 16.1.1 Let X be a Banach space and p € (1,00). Let (11, ...,Ty) a d-tuple of
commuting operators acting on X such that every Ty, is a R-Ritt operator, k=1, ...,d.
Suppose that there exist a measure space 3, a d-tuple of isomorphisms (Uy, ..., Uy) acting
on L,(X : X) having a C(T?) bounded calculus and two bounded operator J : X —
L,(3;X), Q:L,(3;X)— X such that (15.1.2) is verified.

Then there exist 1, ..., 74 in (0, 5) such that (11, ..., Ty) admits a H*(B,, X+ --x By,)
joint functional calculus.

Proof of Theorem 16.1.1. If (15.1.2) is verified, then for any polynomial function P
of d variables we have P(Ty,...,Ty) = QP(Uy,...,Uy)J and then

I1P(Ty, -, Tl < QI Py, -, Ua)l] -

Now, if (Uy, ..., Uy) admits a C(T?) bounded calculus, then for any polynomial func-
tion P as above we have

|P(Uy, ..., Ug)|| S sup | P(z1, ..., z4) : (21, ..., za) € T}
Thus, (T, ...,T,) is polynomially bounded and as every T}, is a R-Ritt operator, (3)
of Theorem 10.0.2 implies that (77, ...,7,;) admits a H* joint functional calculus. O
16.2 The case of commuting semigroups

The following result provides a converse to Theorem 15.2.3, up to an R-sectoriality
assumption on the Ay.

163
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Theorem 16.2.1 Let ((T})iso, - - -, (I{)i=0) be a d-tuple of commuting bounded ana-
lytic semigroups on some Banach space X, and let Aq,...,Ayq denote their negative
generators. Assume that each Ay, is R-sectorial of R-type wy, < 5. Assume further that
there exist a Banach space Y, two bounded operators J: X — Y and Q:Y — X, as
well as a d-tuple ((Utl)teR, ce (Utd)teR) of commuting bounded Cy-groups on Y such
that:

(a) The d-tuple (By,--- ,Bg), where By is the negative generator of (UF); for all
k=1,....d, admits an H>®(Xg, X --- X Xy,) joint functional calculus, for some
ekz € [gﬂT);'

(b) For any ty,...,tq in Ry, we have

Ttlng - QUtll"'UtCiJ-

Then (Ai, ..., Aq) admits an H>(Xg, X - x Xg) joint functional calculus, for all
0, € (wr,5), k=1,...,d.

Proof of Theorem 16.2.1. By condition (b) and the Laplace formula, we have

R(Zl, Al) Tt R(Zd, Ad) = QR(Zl, Al) T R(Zd, Ad)J

for any complex numbers zq, - - - , z; with negative real parts. This implies, by (5.2.2),
that
f(A, ... Ay) = Qf(By,...,Bg)J,
and hence
1f(Ar, - Al < QINJIHIF(By, - ., Ba)ll, (16.2.1)
for any 0,...,04 € (5,7) and any f € Hgq(Xg, X -+ x Xy,).
By condition (a), we may choose 6y, ...,60, in such a way that (By,--- , By) admits

an H> (X, x -+ x Xy,) joint functional calculus. Then by (16.2.1), (Ay, ..., Aq) admits
an H>(Xg, x - -+ x Xy,) joint functional calculus as well. Now applying Theorem 10.0.1,
we obtain the result. [

Recall that if X has property (A), then any sectorial operator A on X with an
H™> (%) functional calculus is automatically R-sectorial of R-type 6 [40, Theorem 5.3].
Combining this result with Theorems 15.2.3 and 16.2.1, we obtain the following corol-
lary. We note that any UMD Banach space is both reflexive, K-convex (see e.g. [35,
Section 4.3]) and has property (A) (see [40, Proposition 3.2]); hence the next result
applies to such spaces.

Corollary 16.2.2 Let X be a reflezive, K-conver Banach space, with property (A).

Let (T})eso0,- -, (T{)i=0) be a d-tuple of commuting bounded analytic semigroups on
X, and let Ay, ..., Ay denote their negative generators. The following assertions are
equivalent.

(i) The d-tuple (A, ..., Aq) admits an H® (X, X - - - X Xg,) joint functional calculus,
for some 0, € (0,5), k=1,...,d.



16.2. THE CASE OF COMMUTING SEMIGROUPS 165

(ii) Each Ay is R-sectorial of R-type < 5 and there exist a measure space (2, dm), two
bounded operators J: X — L*(Q; X) and Q: L*(; X) — X, as well as a d-tuple
(UNeers - - -, (Uer) of commuting bounded Cy-groups on L*(Q; X) such that:

(a) The d-tuple (B, ..., Bq), where By, is the negative generator of (UF); for all
k=1,...,d, admits an H*(Xz X --- x ¥ ) joint functional calculus;
(b) For any ty,...,tq in Ry, we have

Ttll"'ﬂci — QUtll...UthiJ_

To conclude, we wish to emphasize that for a commuting family of generators of
bounded Cy-groups, to have an H OO(Eg X oo X Zg) joint functional calculus is a very
strong property.

Proposition 16.2.3 Let (U} )i, - . ., (U)wer) be a commuting family of bounded Co-
groups on some Banach space Y. The following are equivalent.

(i) The d-tuple (By, ..., By), where By is the negative generator of (UF); for all k =
., d, admits an H®(Xz x -+ X Xx) joint functional calculus.

(ii) There exists a constant K > 0 such that for any b € L'(R%),

H/ (tr, .. ta)UL - UL dt, - dth<K||b||ooRd (16.2.2)
Rd

In this statement, b: R? — C denotes the Fourier transform of b € L*Y(R?) and
the integral in the left-hand side of (16.2.2) is defined in the strong sense. Property
(i) means that the mapping b — [o.b(t1,. .. ta)U, -+ Uf dty - - - dty “extends” to a
bounded homomorphism Cy(R?) — B(Y). More precisely, there exists a (necessarily
unique) bounded homomorphism p: Cy(R?) — B(Y') such that

o(b) = /db(tl, UL U dn -dts, be L'(RY.
R

This property is optimal since by Fourier-Plancherel, HZHOQRd coincides with the norm
of the operator [p, b(ty,... ta)U}l -+ U dty---dtq in the case when Y = L*(R?) and
UF = 7 is given by (15.2.2).

Proof of Proposition 16.2.3. For any non empty A C {1,...,d} and any 8 € L*(R%),
we let Lg: ¥4 — C be the Laplace transform of 3 defined by
2

Lﬁ Zlyeeey / B tk keA He ki Hdtk, (21,...,Zd) € 2%

keA keA

This function only depends on the variables (zj)gen-
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(i) = (i): We fix 0 € (Z,7). Let f € HZ(X)), for some A C {1,...,d}, A # 0.

bR
Arguing as in [31, Section 3.3], we find that there exists § € L'(R%) such that Lg
coincides with f on Edg and

f(Buvo Ba) = [ Bl(ten) [[UE T (16.2.3)
RA keA keA

For any integer n > 1, define

bn(th o 7td) = B((hﬂ)kGA) H(neintj% tl; v 7td € IR-ﬁ-‘
JEA

Then b, € L'(R%) and

6;1(51,~-->5d):B\((Sk)keA)H< ~ >, 51,...,84 €R.

iéA n + 18
Consequently, R
lonllsoe = llfllocsz, — m21.
Moreover for any n > 1, we have
/ bu(ts, ... ta)UL - Ul dty - dty = (1) f(By, ..., By) H(n(n[y +B)™)
R4 ,
JEA

by (16.2.3) and the Laplace formula. Hence (ii) implies that for any n > 1,

|#B1.. o) [T (ntnty + B)™) | < K1l
JEA

Since n(nly + B;j)~' — Iy strongly, the above inequality yields || f(Bu,..., Ba)| <
K||f]loo.xa - According to the comment after [6, Definition 2.2], this implies (i).
2

(i) = (ii): Assume (i) and set Kj = sup{||UF|| : t € R} for any k = 1,...,d. To
prove (ii), it clearly suffices to prove an estimate (16.2.2) for b lying in a dense subset
of LY(RY). Let b € L*([—s,00)) ® -+ ® L*([—s,00)) for some s > 0. Let by € L'(R?) be
defined by by(t1,...,tq) =b(t1 — s,...,tq — s) for any (ty,...,tq5) € Ry. Then

/ b(ty, ... ta)U. - UL dty - dty = / bs(ty, ... ta)Up g+ Ul _ dty -+ dtg
R4 Rd

= Uls“'Uds/ﬂ{dbs(tlv"'atd)Utll"'Ut(idtl"'dtd-
Hence

[ U U ] < By | [ it 0
R R
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Moreover ||/5||007Rd = ”B;”OQRd and b, has support in [0, 00)%, that is, by € L*(R%). Hence
to prove (ii), it sufices to establish an estimate (16.2.2) for
be LN(R,) ® - @ LY(R,). (16.2.4)

If, for any b as above, L, had an extension to an element of ng(zg) for some 0 > 7,

then the argument in the proof of “(ii) = (i)” would provide an estimate (16.2.2). This

does not hold true in general and the rest of the proof is just a way to circumvent that.
Following [31, Section 2.2] we let

E(Xg) = Hg*(X9) ® Span{l, R} C H>(%,),
where R is defined by R(z) = (1+2)~'. Then for any 6 € (%, 7), holomorphic functional
calculus associated with (By,. .., By) can be naturally defined on
E(Sg) @+ @ E(By) C HX(Z)).
It is easy to check (left to the reader) that the assumption (i) implies the existence of

a constant K > 1, not depending on 6, such that
IF(Br. . B < Kl|Fllase,  FEEE) @@ E(S). (16.2.5)
2

For any ¢ > 0, we set h.(z) = ¢+ 2(1 +¢e2)"! and we define
Bk,s :h5<Bk) = €[Y+Bk([y—|—€Bk)71, k= 1,...,d.

Each of these operators is bounded and invertible, with spectrum included in Yz. For
convenience we set

H.(z1,...,2q4) = (ha(zl),...,hg(zd)), (21,...,24) € Z‘é.

For any a € L*(R;), L, o h. extends to an element of H>(34) for some 6 € (Z,n)
depending on €. This extension is holomorphic at 0 and oo, hence belongs to £(X).
Further by the composition rule (see [31, Section 2.4]), L, o ho(By) = Lo(By.) for any
k=1,...,d.

This readily implies that for any b as in (16.2.4), we have
| Lo o He(By, ... Ba)| < K|[Lyo Hell o < KDl
2

by (16.2.5), and
Lb(Bl,aa c. 7Bd,e) = Lb O Hg(Bl, ey Bd)

Now observe that

Ly(Bie, ..., Bac) = / b(ty, ... tg) e Bhe . etaBasqr  dt,.

R4
Consequently,

H/ b(ty, ... tq)e 1BLe. .. gtaBie dtl...dth < K|[b]|sope
R4

for any € > 0.

For any k = 1,...,d, the semigroups (e 'Pr<);5q are uniformly bounded and for
any t > 0, e tPre — UF strongly, when € — 0. This follows from the classical Yosida
approximation principle. Hence using Lebesgue’s dominated convergence Theorem, the
above inequality implies an estimate (16.2.2) for b satisfying (16.2.4). O
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Résumé : Ce travail de recherche est consacré au H* calcul fonctionnel joint de
d-uplets commutants d’opérateurs sectoriels ou opérateurs de Ritt. La premiere par-
tie donne les outils nécessaires, notamment les moyennes de Rademacher et gaussi-
ennes ainsi que la notion d’opérateurs R-bornés et ~v-bornés. On décrit ensuite les
propriétés géométriques des espaces de Banach qui interviennent dans les résultats
obtenus. Ensuite, on étend une décomposition de fonctions holomorphes, originelle-
ment due a Franks et MclIntosh, au cas des fonctions de plusieurs variables. Les pre-
miers résultats traitent du caractere automatique du calcul joint dans le sens suivant : si
chaque élément du d-uplets admet un H* calcul fonctionnel, sous quelles conditions ce
d-uplets admet-il un H*° calcul fonctionnel joint 7 On donne apres des caractérisations
en terme de dilatation de d-uplets sur des espaces de Bochner, sous certaines conditions
géométriques sur l'espace de Banach sous-jacent. Le cas des espaces de Hilbert donne
lieux a d’autres caractérisations en terme de similarités a des contractions. Les autres
résultats traitent du H* calcul fonctionnel joint relié aux fonctions carré associées a
de tels d-uplets. Enfin, on propose des résultats de dilations nouveaux qui ne font pas
directement appels au H* calcul fonctionnel de chaque opérateurs mais aux fonctions
carré ou au H* calcul fonctionnel joint du d-uplet.

Mots-clés : Ritt et sectoriels ; Calcul fonctionnel H*> ; Fonctions carrés ; Dilata-
tions ; Espaces de Banach .

Abstract : This research work is dedicated to the H* joint functional calculus of
d-tuples of commuting sectorial operators or Ritt operators. The first part of this work
gives the necessary tools, particularly the Rademacher averages and Gaussian averages
and the notions of R-boundedness and «-boundedness. We describe next the geometric
properties of Banach spaces which intervene in our results. Next, we extend a de-
composition result of holomorphic functions, due to Franks and McIntosh, to the cas
of multivariated functions. The first results deals with the automaticity of the joint
calculus in the following sense : if any elements of the d-tuple admits an H*> func-
tional calculus, when does the d-tuple admits an H* joint functional calculus? We
give in the sequel some characterisations in terms of dilation of d-tuples on Bochner
space provided certain geometric conditions on the underlying Banach space. The case
of Hilbert spaces lead to other characterisations in term of similarity to contractions.
The other results deals with H* joint functional calculus related to square functions
associated to such d-tuples. Finally, we offer new dilation results which does not appeal
to H* functional calculus of each of the operators but to square functions or H* joint
functional calculus of the d-tuple.

Keywords : Ritt and sectorial ; H* functional calculus ; Square functions ; Dila-
tions ; Banach spaces.



