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1.1 Présentation générale et éléments de physique des plas-
mas

Dans ce travail de these on s’intéresse d'un point de vue mathématique au compor-
tement de particules chargées dans un plasma. Plus précisément on s’intéresse a la fonc-
tion de distribution de ces particules et a son évolution au cours du temps décrite par
des modeles, des systémes d’équations aux dérivées partielles (EDP), issues de la théo-
rie cinétique des gaz et des plasmas. Notre étude porte sur le régime asymptotique dit
non-relativiste dans lequel la vitesse caractéristique des particules est supposée faible de-
vant la vitesse de la lumiere. Dans un premier temps on effectuera quelques rappels de
physique des plasmas afin notamment de préciser le cadre dans lequel nos modeles sont
pertinents. Pour de plus complétes informations sur le sujet nous renvoyons le lecteur
aux monographies de Bellan [20], Boyd etSanderson [28] ou de Rax [124].

1.1.1 Leplasma

Le plasma est un état de la matiere que 1'on peut qualifier de gaz ionisé. Lorsque les
conditions de température ou de pression sont réunies au sein d'un gaz de particules alors
le nombre de particules chargées libres (c’est a dire les électrons libres ou les ions posi-
tifs) devient comparable au nombre de particules neutres. Le milieu est alors conducteur
électriquement et les phénomenes de nature électromagnétique concurrencent ou sup-
plantent les phénomenes relevant de la mécanique tels que les phénomeénes collisionels.
Le mot de plasma est introduit par le physicien Langmuir en 1928 pour décrire ces gaz
ionisés.

Les conditions thermodynamiques requises sont rarement atteintes sur Terre mais
sont tout a fait répandues dans 'univers puisque 99% de la matiére y est al’état de plasma.
Les étoiles et les vents occupant les milieux interstellaires en sont majoritairement com-
posés. Sur Terre on le rencontre de maniére naturelle dans les éclairs, 'ionosphére ou les
aurores boréales. Les applications industrielles sont nombreuses, que ce soit les applica-
tions déja maitrisées telles les écrans plasmas ou les néons ou les applications en cours
de développement comme la gravure a froid ou la fusion nucléaire controlée (par fusion
inertielle a I'aide de laser de grande puissance ou par confinement magnétique dans des
tokamak [124],[112], [49]).

Quelque soit le type de plasma, un modele le décrivant tiendra compte de la dyna-
mique des particules (relativistes ou non) et du couplage avec les interactions électroma-
gnétiques entre ces mémes particules chargées. Nous allons donc décrire brievement le
type d’interactions électromagnétique régnant au sein d'un plasma.

1.1.2 Interactions électromagnétiques dans un plasma

Afin de simplifier la présentation nous considérerons que les particules chargées en
interactions sont des électrons de charge g, = —q, ou des ions de charge g; = g, ou g dé-
signe la charge élémentaire. On désignera indifféremment par ¢, avec s € {e, i} la charge
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d'une particule chargée. On indicera de la méme maniere par s toute quantité physique
qui dépendrait de la nature de la particule. La généralisation a des systémes multi-espéces
pose peu de probleme en soi puisque que les équations que 'on étudiera ne dépendent
pas du numéro atomique.

La répartition des particules chargées et leur dynamique sont mesurées macroscopi-
quement par la densité de charge et la densité de courant notées p = p(t, x) et j = j(£,x),
et induisent un champ électromagnétique (E, B), phénomene décrit par les équations de
Maxwell dans le vide [108]

v.E=F
€o
V.-B=0,

A 1.1.1
VXE‘FG[B:O, ( )

1 .
VXB_?GIEZHOJ'

Ces équations sont définies localement au voisinage de tout point de 'espace x € R3 et
peuvent étre également considérées sur des variétés différentielles. Lopérateur V désigne
ici I'opérateur différentiel classique (0y,,0x,,0y;). Ces équations sont respectivement dé-
nommées Maxwell-Gauss, Maxwell-Thompson, Maxwell-Faraday et Maxwell Ampere. La
constante ¢ désigne la vitesse de la lumiere, €) est la constante de permittivité du vide, po
la constante de perméabilité du vide.

Dans la littérature mathématique, le systeme de Maxwell est préalablement redimen-
sionné (selon une procédure que I'on présentera en section 1.2.3) et est le plus souvent
considéré (par exemple dans le chapitre 1 de [57] ou le chapitre 3 de [98]) sous la forme

V-E=p
V-B=0,

1 (1.1.2)
VxE+-0,B=0,
(4

cVxB-0E=j.

Il est a noter que nous conservons volontairement la constante c, bien qu’elle soit souvent
omise dans la littérature, dans la mesure ou il s’agit pour nous du parametre principal
pour déterminer de la prédominance ou non des effets relativistes.

Il est également possible par des manipulations algébriques simples de réduire ce sys-
teme d’équations aux dérivées partielles a un systeme de deux équations d’ondes

1
~AE+—E=-Vp—9;j

“ (1.1.3)
~AB+ EG%B =Vxj.

Ce systeme présente I'avantage de rendre apparent la nature hyperbolique du systeme
des équations de Maxwell et le caractere ondulatoire du champ électromagnétique.

L'approximation électrostatique, qui peut étre également vue comme une approxima-
tion non-relativiste de premier ordre, consiste a considérer que le champ magnétique

4
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auto-induit B est nul et a ne conserver que I’équation de Maxwell-Gauss. Nous revien-
drons sur cette approximation en des termes plus précis une fois le cadre formel posé.

De plus, en présence d'un champ électrique E et d'un champ magnétique B, une par-
ticule de charge g; et de vitesse v, sera soumise a la force de Lorentz

Fs=¢qs(E+v;xB), (1.1.4)

ou x désigne le produit vectoriel usuel. Il est a noter que le champ électromagnétique
(E,B) qui régne au sein d’'un plasma est la somme d’'une composante collectivement gé-
nérée (phénomeéne decrit par les équations de Maxwell (1.1.1)) et évetuellement d'une
composante imposée de I'extérieur et donc indépendante de la répartition de charge

Ainsi la force Lorentz dirige le mouvement des particules, modifiant par la méme les
répartitions de charge et de courant p et j mésurées a I’échelle du fluide, ce qui influence
en retour le champ électromagnétique (E, B). Cette dynamique non linéaire est source de
nombreux effets cinétiques et électromagnétiques au sein d'un plasma et il existe donc
une variété de modeles se focalisant selon le contexte physique sur le ou les aspects pré-
dominants. Dans la prochaine section on introduira un certain nombre de parametres
faisant intervenir des constantes physiques et qui permettent de situer le domaine de
pertinence du systéme que I'on étudie.

1.1.3 Parametres physiques

Dans cette section on notera par n le nombre caractérisitique d’ions ou d’électrons par
unité spatiale, et on dénotera par 6, la température caractéristique d'une espece. On peut
considérer cette température commune a toutes les especes uniquement si le plasma est
tres énergétique, hypothese aussi dénommée plasma chaud. Pour de plus amples infor-
mations sur les divers parametres physiques caractérisant un plasma, exposés ci-dessous,
le lecteur pourra se référer a la section 1.2 de [75] et aux références qui y sont citées, ainsi
qu’a [98] et au chapitre 1 de [57].

Parametre cinétique. En mécanique classique les vitesses caractéritiques de déplace-
ment des particules de masse m sont reliées a la température du plasma par la relation

kbe 1/2
V= ( ) , (1.1.5)
ms

ol kj désigne la constante de Boltzmann.

Dans notre étude on sera amené a considérer le parametre adimensionnel

Vs
€=—,
c
mesurant le rapport entre la vitesse caractéristique des particules et la vitesse de la lu-

miere, et la limite € — 0 caractérisera ce que 'on dénomme la limite classique ou la limite
non-relativiste.

Pour un plasma froid (la ionosphére par exemple) I'ordre de grandeur de € est de 1074,
pour un plasma chaud, au sein d'un tokamak par exemple, il est de 0.1.
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Parametre électromagnétique On définit la longueur de Debye Ap par la relation

1—4nn2 (1.1.6)
AT 7 "

ou T désigne la température globale du plasma. C’est la distance au-dela de laquelle on
considere que le champ Coulombien émis par une particule est écranté (de I'ordre de
10~° metres dans un plasma de fusion par exemple [112]).

La distance moyenne entre deux particules est r ~ n~ /3, Lorsque

r2

- 1,

a
on considere les collisions entre particules comme négligeables en comparaison avec les
effets électromagnétiques collectifs auto-induits. On parle dans ce cas d'un plasma raré-

fié.

On peut aussi considérer le ratio ATD,otl L désigne lalongueur caractéristique du plasma
considéré. Lorsque ce ratio tend vers 0 le plasma est considéré comme quasi-neutre dans
la mesure ou1 une perturbation de charge locale ne modifiera pas la neutralité de charge
globale du plasma. Bien que I’étude de la limite quasi-neutre ne soit pas a proprement
parler le sujet de cette thése, nos travaux sur la limite non relativiste, du chapitre 4 no-
tamment, y ont puisé plusieurs méthodes.

Rapport de masse Il peut étre également pertinent de considérer le rapport A entre la
masse d'un électron et la masse d’'un ion,

A=—.
ms

Ce rapport est de I'ordre de 10~ pour un plasma composées d’atomes légers. Si le plasma
est suffisamment énergétique pour considérer que I'énergie thermique m;V? des diffé-
rentes especes sont comparables, alors on peut constater que la vitesse des ions, qui sont
bien plus lourds, est négligeable devant la vitesse des électrons.

Lorsque nous serons amené a étudier le systeme de Vlasov-Poisson ou de Vlasov-
Maxwell sur le tore T3 nous reprendrons cette hypothése. Pour des justifications de celle-
ci, le lecteur pourra se référer a la these de Herda [75].

1.1.4 Potentiel électromagnétique

Il existe une autre maniere de représenter le champ éléctromagnétique (E, B) satisfai-
sant les équations de Maxwell (1.1.1). Il s’agit du formalisme des potentiels scalaires et
vecteurs, aussi appelés potentiels retardés ou potentiels de Liénard-Wiechert. On renvoit
alasection 14.1 de la monographie de Jackson [89] ou au chapitre 8 de Landau et Lifschitz
[99] pour une présentation plus compléte de ces potentiels.

L'analyse vectorielle montre aisément que

V-Vx =0,
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ainsi il est naturel de postuler I'existence d'un potentiel vecteur A tel que
B=VxA.

De méme notant que
VxV=0,

on pourra supposer I'existence d'un potentiel scalaire ¢ satisfaisant
E=-V-e€0,A.

On remarquera que ces potentiels ne seraient alors pas définis univoquement puisque
toute transformation

A—A+V],
¢—b-0:f,

laisse invariante le champ électromagnétique (E,B) quelque soit la fonction f réguliere
choisie. C’est pourquoi lorsque I'on utilise le formalisme potentiel on y adjoint générale-
ment une contrainte géométrique que I'on nomme condition de jauge. Les deux condi-
tions de jauge les plus classiques sont la condition de jauge de Lorentz

1
V-A+ i =0,
et la condition de jauge de Coulomb
V-A=0.

Dans la suite et dans tous les articles de cette thése c’est muni de la condition de jauge de
Coulomb que I'on travaillera.

Sous cette hypothese le potentiel vecteur A et le champ magnétique B sont liés par la
relation
—AA=V xB,

ol A désigneicile laplacien vectoriel (nous utilisons I’abus de notation consistant a conser-
ver la méme notation pour le laplacien scalaire et le laplacien vectoriel).

Par ailleurs si 'on note par P le projecteur de Leray, c’est a dire 'opérateur de pro-
jection de I'espace des champs de vecteurs a valeurs dans L? sur 'espace des champs
de vecteurs a valeurs dans L2 de divergence nulle, alors le potentiel vecteur est défini de
maniére univoque par I’équation suivante

e°0°A— AA = eP(j). (1.1.7)
Le potentiel scalaire vérifie quant a lui I’équation de Poisson
-Ap=p. (1.1.8)

Sous ce formalisme il est donc possible de réduire le systeme d’équation de Maxwell a une
équation elliptique (1.1.8) et une équation hyperbolique (1.1.7).
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1.2 Physique statistique et modeles cinétiques

La théorie cinétique est la branche des sciences qui, s'inscrivant dans I'histoire longue
de la compréhension de la matiere, cherche a poser les fondations mathématiques d'une
description statistique des fluides. Nous rappelons ici les grandes étapes de son dévelop-
pement et renvoyons le lecteur a I'introduction de la monographie [31] pour une chro-
nologie plus exhaustive. On peut faire remonter 1'origine de la discipline aux philosophes
matérialistes antiques Démocrite (Ve siecle avant J-C), Epicure (341 — 270 avant J-C) et
Lucrece (99 — 55 avant J-C), qui les premiers envisagerent la matiere constituée de sphere
dures microscopiques, les atomes.

C’est réellement avec D.Bernouilli (1700—1782) que cette théorie entre dans le champ
scientifique. Il est le premier a tenter d’expliquer des mesures macroscopiques réalisées
sur un gaz, telles que la pression ou la température, a partir d'une description statistique
de la matiére. L'introduction de la notion de libre parcours moyen par Clausius (1822—-188)
fait franchir un pas décisif a la théorie cinétique. Sur cette base, J.C Maxwell (1831 —1879)
développe une premiere théorie des processus de transport, dans laquelle il dérive de
maniere heuristique la célebre distribution de vitesse qui porte son nom. En 1866 [108],
bien qu’il n’ait pas tout a fait réussi a établir d’équation d’évolution des distributions de
particules dans un état hors-équilibre, il jette de maniere plus rigoureuse les bases de la
théorie cinétique. C’est Boltzmann (1844 — 1906) résoudra ce probleme, et qui introduira
donc I'’équation qui porte son nom dans l'article fondateur [24] dans lequel il déduisit
également le célebre théoreme H.

Toutefois I'approche de Boltzmann ne fit pas immédiatement consensus dans la me-
sure ol elle amenait a des paradoxes apparents. Dans la pratique I’équation s'imposa tou-
tefois comme un outil utile dans la compréhension des gaz. En 1912, le mathématicien
allemand Hilbert proposa une méthode pour trouver un solution approchée de I'équa-
tion de Boltzmann [77], utilisant un développement en série dont les termes sont des
puissances d'un parametre inversement proportionnels a la densité du gaz. Quelques an-
nées plus tot en 1900, lors de la célebre conférence de Paris [76], il ouvre la question de
la fondation rigoureuse des équations cinétiques a partir des équations du mouvement a
I’échelle microscopique.

La méthode de développement de Hilbert suivant un petit parametre a ensuite été re-
prise et affinée simultanément mais de maniere différente par Chapman (1888 — 1970) et
Enskog (1884 —1947) en 1917. Chapman et Cowling adopterent finalement la méthode de
Enskog, qui porte désormais le nom de méthode de Chapman-Enskog, dans leur traité
[34].

La discipline s’est ensuite fortement diversifiée et de nombreux autres modeles te-
nant compte des forces collectivement produites par les particules furent mis au point.
En 1946, afin de modéliser I'évolution de la densité d’électrons dans un plasma, le phy-
sicien théoricien Vlasov introduisit I’équation aux dérives partielles qui porte son nom
[143].

Avant d’introduire les systeme d’équations aux dérivées partielles cinétiques que nous
avons étudiés dans cette these, on rappellera brievement les trois échelles de modélisa-

tion d'un systeme de particules en interaction afin de situer la théorie cinétique dans cette

8
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hiérarchie. Pour une présentation plus compléte des modeles collisionnels on renverra
aux articles de Villani [139; 140], ainsi qu’aux notes de cours [27].

Dans la suite d désignera en toute généralité la dimension de I'espace considéré et
pourra en particulier étre égale a 3 dans tous les chapitres de cette these. On notera I'es-
pace physique

Q=R% ouT?,

o1 T4 = (R/21Z)% est le tore plat d-dimensionnel, correspondant donc a un domaine pé-
riodique. Cela permet en pratique de ne pas se préoccuper des effets de bord et corres-
pond expérimentalement a une situation ou le plasma est confiné dans une cavité toroi-
dale sans contact avec les parois, tel un tokamak par exemple.

1.2.1 Trois échelles de description

Lorsqu'il s’agit de décrire la dynamique d'un systeme physique il existe essentiel-
lement trois échelles d’observation. Le microscopique ot 'on étudie la dynamique de
chaque particule, le mésoscopique oul’on étudie la dynamique d'une densité de probabi-
lité dans I'espace des phases, et le macroscopique oli, en dézoomant d’avantage, on sup-
pose que toutes les particules en un point de I'espace physique ont la méme vitesse. Au
fur et a mesure que 'on dézoome la justification de la modélisation que 'on emploie se
complexifie tandis que le nombre de variables et d'inconnues diminue lui drastiquement.

La description microscopique

Considérons un systeme composé d'un nombre N de particules de masse m (chargées
ou non) évoluant dans I'espace Q, chaque particule étant soumise a un champ de force
F dépendant de ses caractéristiques propres. Dans le cadre de la mécanique classique,
la connaissance de la position et de la vitesse de chaque particule suffit a décrire comple-
tement I'état du systeme. Mathématiquement, si on dénote ¢ € R, la variable de temps,
X (1) € Q, et Vi(£) € RY, respectivement la position et la vitesse au temps ¢ de la particule
numérotée k, alors le mouvement de la k-ieme particule est donnée selon le principe
fondamental de la dynamique par les équations

iX (1) = V()
dt k)= Vi

d
maVk(l‘) = Fr (2, Xk (1), Vi (2)).

(1.2.1)

La résolution de ces 2N équations différentielles ordinaires permet la description la plus
complete de I'état du systeme que 1'on peut encoder dans une densité de probabilité de

présence f (X, V1, ..., Xn, VN) sur 'espace des phases (Q x Rd)N. Toutefois dans un gaz ou
un plasma, 'ordre de grandeur typique du nombre de particules N est le nombre d’Avo-
gadro, c’est a dire N ~ 10?%. De plus les équations sont couplées les unes aux autre via
le champ de force qui est en partie créé par la dynamique du systeme. Il est ainsi inen-
visageable de résoudre analytiquement une telle quantité d’équations ou d’en faire une
analyse numérique. Les limites de cette échelle de description ne portent donc par sur ses
fondements théoriques mais sur son utilisation pratique. Ainsi, pour le modele historique
des spheres dures dans lequel les particules d'un gaz rebondissent de maniere élastique les

9
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unes sur les autres telles des boules de billard, il a été prouvé que le flot associés au sys-
teme des équation de la dynamique est bien défini pour presque toute condition initiale
(voir chapitre 4 de [31]).

Description macroscopique

Une autre approche historiquement plus ancienne que la théorie cinétique consista
a faire I'hypothese d’'une continuité de la matiére, et de déduire des bilans de matiére et
de force sur des volumes infinitésimaux dans Q, les équations d’évolution de grandeurs
macroscopiques fonctions de (¢, x), telles que la pression, la température, ou la vitesse
moyenne. Ce sont typiquement les équations d’Euler ou les équations de Navier-Stokes
en mécanique des fluides, et dans le domaine de la physique des plasmas les équations
de la magnétohydrodynamique (MHD) introduites par le physicien suédois Alfvén dans
les années 1940.Ces systémes présentent 'avantage d’étre d'une étude plus simple pour
I’analyse numérique, et de modéliser I'évolution de quantités que 'on peut mesurer ex-
périmentalement.

Il est théoriquement possible de justifier le passage d’'un modele microscopique a
un modele macroscopique par des méthodes probabilistes (en considérant que la dyna-
mique a I’échelle microscopique suit un processus aléatoire de Markov, voir par exemple
[92]). Plus fréquemment on justifie les modeles macroscopiques a partir des modeles ci-
nétiques sous-jacent, c’est ce qu'on appelle les limites hydrodynamiques (voir a ce su-
jet [11; 12; 65]). Les modeles macroscopiques reposent cependant sur I’hypothese que le
fluide est localement a I’équilibre thermodynamique, c’est a dire qu’en tout point x de
I'espace et a chaque instant ¢, la distribution de vitesse des particules suit une loi nor-
male centrée sur la vitesse moyenne au point (z, x) (plus généralement, une distribution
de probabilité invariante sous I’action des termes d’interaction, la distribution maxwel-
lienne correspondant au cas de I'opérateur de collisions de Boltzmann).

Description cinétique

La théorie cinétique se situe donc a une échelle de description intermédiaire entre
le microscopique et le macroscopique, que I'on qualifie généralement de mésoscopique.
Pour chaque espéce s, on étudie I"évolution au cours du temps ¢ € R, d'une fonction de
distribution f; = f;(¢, x, v) des particules dans I’espace des phases Q x R%. Cette fonction
de distribution est toujours supposé mesurable et intégrable (ce qui correspond en pra-
tique a 'hypothése raisonnable que la masse totale est finie) de sorte que I’on considere
souvent la fonction de distribution normalisée (qui est alors une distribution de proba-
bilité). Concretement cela signifie que pour tout espace mesurable v < Q et 7 € R%, le
nombre de particule au temps ¢ de 'espéce s dans la région w x 7 de I'espace des phases

est
//fs(t,x,v)dxdv.
wJV

Toutes les quantités hydrodynamiques, ou mesurables macroscopiquement, du moins les
grandeurs extensives, peuvent s’exprimer comme des moments de la fonction de distri-
bution f;. Ainsi de la densité de particules de '’espéce s,

pS(t)x):/ fs(tyx) l/)dl),
R4

10
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de la densité de courant,
Js(t,x) = / vfs(t,x,v)dv,
Rd

ou encore de la densité d’énergie cinétique,

lv|?
e(t,x) = — fs(t,x)dv.
R4 2
En I'absence de collisions et de force extérieure ou collectivement produite par les
particules, un bilan de masse sur un volume infinitésimal de I’espace des phases conduit
al’équation de transport libre
0:fs+v-Vyfs=0. (1.2.2)

La trés classique méthode des caractéristiques (voir par exemple l'introduction de [27])
démontre que pour toute donnée initiale fy : Q x R — R, intégrable il existe une unique
solution a cette équation. Si I'on tient compte des collisions alors il faut introduire un
terme intégral bilinéaire, souvent noté Q(fs, f;) dans le second membre de (1.2.2). L'ex-
pression de cet opérateur intégral de collision dépend bien évidemment du choix de la
modélisation. Lorsque I'on se place dans le cas du modele de spheres dures et que ’'on ne
considere que les collisions binaires alors on obtient ’équation de Boltzmann.

Si on néglige les collisions mais que les particules sont soumises a un champ de force
F =F(t, x, v) (dont tout ou partie peut étre collectivement produit), alors le bilan de masse
sur un volume infinitésimal de I'’espace des phases aboutit a I'équation de Viasov [143],

Orfs+v-Vyfs+F-V, fs =0. (1.2.3)

C’est ce type d’équations qui est au coeur de notre étude.

Enfin, afin de compléter le panorama des systémes existants, il existe également des
équations modélisant les phénomenes collectivement auto-induits et les collisions. L'équa-
tion prend alors la forme

Orfs+v-Vyfs +F-V, fs =C(fs, f5),

ol l'opérateur de collision C dépend de la nature de la modélisation. On pourra citer
par exemple les modeles de Fokker-Planck-Landau ou de Viasov-Maxwell-Boltzmann.
Le probleme du passage de ce type d’équations aux équations de la magnétohydrody-
namique est également source de recherche. On pourra se référer a I'ouvrage [5] de Arsé-
nio et Saint-Raymond concernant la transition du modele cinétique de Viasov-Maxwell-
Boltzmann aux modeles de la MHD.

1.2.2 Equation de Vlasov, modeles non collisionnels

Nous considérons désormais un plasma non collisionnel, c’est a dire dans lequel les
conditions physiques sont réunies pour qu'il soit pertinent de ne pas tenir compte des
collisions entre les particules dans les équations.

Plutot que de raisonner directement a I’échelle mésoscopique il est possible de retrou-

ver I'équation de Vlasov a partir des équations de Newton s’appliquant a notre systeme de
N particules de positions XECS) (1), et de vitesses V](Cs) 1, k=1,...,N.

11



CHAPITRE 1. INTRODUCTION

Pour cela, on considére la mesure dite empirique, son action sur une région de I’espace
des phases étant exactement I’action de comptage des particules dans cette région :

1 N
MN(E X, 0) = Y S8 (x—Xp () ®8(v—Vi(1).
k=1
Lorsque le champ de force F est suffisamment régulier, disons C! (R, x R3), alors il est aisé
de vérifier par le calcul (c’est 'objet du Théoréme 1.4 de [27]) que la mesure empirique
vérifie I'équation de Vlasov (aussi appelée équation de Klimontovitch dans la littérature
de physique des plasmas [133], lorsque I'on parle de la mesure empirique) :

OuN+v-Vipun+F-V, un =0.

Lorsque la force F est réguliere et non auto-induite, c’est a dire qu’il n’y a pas de couplage
non-linéaire, alors on peut prouver par compacité dans I’espace des mesures de Radon
finies et positives, qu’a I'extraction d’'une sous-suite pres la mesure empirique converge
vers une densité f(f,x, v) vérifiant I’équation de Vlasov linéaire (1.2.3). Les hyptoheses
amenant a la convergence de la mesure empirique vers la solution de I'’équation de Vla-
sov sont affinés par Fournier et Guillin dans [48].

Le probleme du passage a la limite du niveau microscopique au niveau cinétique est
en revanche bien plus complexe et encore largement ouvert lorsque I’on considere les in-
teractions entre les particules, s’'inscrivant dans le champ de recherche associé au sixiéme
probleme de Hilbert [76]. Pour étre physiquement réaliste et mathématiquement rigou-
reux cette limite de champ moyen s’est munie petit a petit d'un cadre théorique. On pourra
consulter a ce propos les ouvrages de Braun et Hepp [29], Spohn [137] ou le chapitre de
Golse [63] recensant I’état actuel de la recherche. Dans le cas de l'interaction coulom-
bienne, donc dans le cas de la limite de champ moyen pour les systemes de type Vlasov-
Poisson, le probléme n’est pas entierement résolu. Les premiers résulats sur la question
ont été obtenu par Dobrushin et Fritz [42; 43; 50] et Neunzert et Wick [115], et concernant
I’état actuel de la recherche on pourra consulter les résultats de Hauray et Jabin [87; 88] et
ceux de Lazarovici et Pickle [100]. Concernant le systeme de Vlasov-Maxwell, en 2012, un
résultat de champ moyen pour une version régularisé a été démontré par Golse [62].

Quoique lajustification rigoureuse des modéles de Vlasov-Poisson ou de Vlasov-Maxwell
a partir des équations de Newton régissant la dynamique du grand nombre de particules
ne soit pas achevée, ces modeles sont courrament utilisés par les physiciens et source
d’'une recherche active dans le domaine des équations aux dérivées partielles cinétiques.

Le modele de Vlasov-Poisson, qui décrit I’évolution de la densité d'une espece de par-
ticule chargée (disons pour simplifier des électrons) dans le cadre de I'approximation
électrostatique s’écrit

q
0 -V —V,.b-V,f=0,
tf+v xf+m x$-Vyf (1.2.4)
—€pAP =p.

En toute généralité il faudrait considérer toutes les especes de particules chargées du
plasma (le plasma étant globalement neutre il y a nécessairement plusieurs telles es-
peces), et considérer I’éventuel composante non auto induite (Ey, Bey;) dans I'expres-
sion de la force de Lorentz. Nous I'omettons ici car c’est le couplage non-linéaire qui est
'objet de notre attention.
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Le systeme de Vlasov-Poisson qui est a I’origine d’une littérature mathématique four-
nie n'en reste pas moins une approximation du systeme plus completement descriptif
qu’est le systéme de Vlasov-Maxwell. De plus, jusqu’a présent nous nous sommes pla-
cés dans le cadre de la mécanique classique, ou vitesse des particules et impulsion de
celles-ci sont reliées par une simple relation de proportionnalité. En toute généralité il
faut se placer dans le cadre relativiste, et 'espace des phases Q x R? précédemment dé-
crit, concerne alors les variables d’espace x et d'impulsion &. La vitesse relativiste d'une
particule de masse m et d’'impulsion ¢ est alors selon la théorie de la relativité restreinte

V() =

z
m

2 \1/2°
(1+ nllecz)

Dans ce cadre (cf I'article de Weibel [144]), on peut écrire le systeme de Vlasov-Maxwell
relativiste (dans la littérature I’adjectif relativiste est parfois omis) comme suit

0 f"™M+v(E) -VxﬁVM+%(E+ v(E) xB)- Ve fM =0,

VM
vV.E=P _
€0
4 V-B=0, (1.2.5)
VxE+0,B=0,

1 .
VxB- 0=y,

oi1 p"M et jYM désignent respectivement la densité de charge et le courant

pVM(t,x)=/fVM(t,x,£)dﬁ, jVM(t,x):/v(&)fVM(t,x,&)dz.
R R

1.2.3 Modele adimensionné de référence

Pour finir, nous expliquons ici la méthode de rééchelonnement qui permet de réduire
le systeme de Vlasov-Maxwell, tel que donné par la théorie physique, au modele réduit tel
qu’il est étudié dans la littérature mathématique. La méthode présentée ici est fortement
inspirée de celle exposée dans [47]. Pour ce faire, pour chaque grandeur physique A in-
tervenant dans les équations de Vlasov ou de Maxwell nous dénoterons par A la grandeur
caractéristique associée, et nous écrirons ensuite A = AA’. Les équations seront alors sim-
plifiées en tenant compte des rapports qui existent entre les constantes physiques et les
grandeurs caractéristiques, soit qu’ils soient donnés par le contexte physique soit qu’ils
soient eux méme issus des équations.

Nous pouvons en premier lieu déterminer le rapport entre I'ordre de grandeur du
champ électrique E et celui du champ électrique B. Considérant les équations de Max-
well sous leur forme ondulatoire (1.1.3), on constate que les grandeurs E et B se propagent
dans le vide a la vitesse de la lumiére. Si on dénote par A la longueur caractéristique d’os-
cillation et 1 le temps caractéristique d’oscillation de ces deux quantités alors elles sont
reliées par la relation
=c.

A
T
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En implémentant cette relation dans 'une ou I'autre des équations de Maxwell-Farraday
ou Maxwell-Ampere, on obtient alors

=C.

o9 o

Nous considérons désormais les échelles caractéristiques suivantes

L = longueur caractéristique de I'espace physique,
f = temps caractéristique,
€ = impulsion caractéristique des particules,
U = vitesse caractéristique,

0, f = densité et courant caractéristique,

E,B = Champ électrique caractéristique et champ magnétique caractéristique,

f = densité de particules caractéristique.
Il est important de noter que la longueur et le temps caractéristiques désignent ici un
ordre de grandeur de I'échelle a laquelle on étudie le systeme et n’a pas de rapport avec

I’échelle d’oscillation du champ électromagnétique dont nous avons discuté auparavant.

On impose naturellement les conditions suivantes

j=p

~i1|
Il
<
m
I
[a—

De plus on choisit d'imposer la relation
eoE
2o
Lp

Par ailleurs on dénotera par le parametre €, qui sera amené dans le cadre de I'étude du
régime non-relativiste a tendre vers zéro, le rapport entre la vitesse caractéristique des
particules et la vitesse de la lumiere :

m
Il
o |

Pour finir on supposera que la quantité

B
We = q%)

. 2 . ’ €
aussi appelée pulsation cyclotron, est de 'ordre de 3.

Pour alléger les notations on persistera a dénoter f,E, B ce qui devrait étre écrit f',E’,B’.
L'équation de Vlasov initialement écrite sous la forme

0rf+vE&) -Vyf+qgE+vE xB)-Vef=0,
devient

atf+%v(§)-vxf+ gBE %%m%ma xB|Vf =0,
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ol par ailleurs

£
(1455 |£|2)”2

m?c?

§

(1+e2g2)"

V() = 3
m

Il suit des relations entre les différents ordres de grandeur que la densité de particule,
apres rééchelonnement, est régie par I’équation d’évolution

O f + V(&) Vif+(E+evE) xB)-Vef =0. (1.2.6)

Enfin le systeme des équations de Maxwell une fois redimensionné s’écrit

V-E=p
V-B=0

(1.2.7)
€0;B+VxE=0

VXB:(':atE+€j.

C’est la conjonction des équations (1.2.6) et du systéeme (1.2.7) auquel nous ferons réfé-
rence lorsque nous parlerons du systeme de Vlasov-Maxwell relativiste.

1.3 Sur le probleme de Cauchy

Dans cette section nous dressons un état de I’art concernant le probleme fondamen-
tal dit de Cauchy, c’est a dire le probleme de I'existence et de I'unicité d’'une solution,
étant donnée une donnée initiale, aux systemes de Vlasov-Poisson et de Vlasov-Maxwell.
Concernant ce dernier, I'existence de solutions fortes globales en temps est aujourd’hui
encore un probleme ouvert, la derniére grande avancée étant le critere de Glassey et
Strauss démontré en 1986 [55]. Dans leur article les auteurs établissent un critere de non
formation de singularités. Dans le chapitre 2 nous insistons sur ce critere de Glassey Strauss
et illustrons son argument crucial de non résonance sur un systeme d’EDPs couplant une
équation de Vlasov et une équation de transport.

1.3.1 Lesysteme de Vlasov-Poisson
Le systeme de Vlasov-Poisson une fois adimensionné s’écrit de la maniere suivante

0. f+v-Vef+YE-V,f=0, x,veQxR3,

1 -
B(rx) = - (x-y)p(,y)
4 lx—y|3

p(t,x):/f(t,x, vdv,
£0,x,v) = fOx, v),

M

(1.3.1)

ol1 0 est la donnée initiale du systéme, et y est égale a +1 ou —1 selon que I'on se place
dans le cadre électrostatique ou gravitationnel (par défaut et sauf mention contraire on
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prendra toujours y = —1 dans la suite). On peut aussi noter que I’on peut remplacer direc-
tement le champ électrique E par —V, ol le potentiel ¢ vérifie I'équation de Poisson

—Ad=p, (1.3.2)
ce qui permet de considérer le méme systeme dans des dimensions différentes de trois.

Dans la suite, on entendra par solutions faibles, des solutions (f, E) qui sont des fonc-
tions continues en temps a valeur dans un espace de Sobolev pas assez régulier pour dé-
finir leurs dérivées par rapport a x ou § en un sens classique (typiquement C([0, T), L” (Q x
R®)) pour un exposant 1 < p < oo) qui sont des solutions de (1.3.1) au sens des distribu-
tions. On entendra par solutions fortes des fonctions (f,E) de régularité au moins Lip-
schitz (typiquement W ou C?) vérifiant 'équation (1.3.1) au sens classique.

Pour obtenir des solutions faibles au systeme de Vlasov-Poisson, on considere tout
d’abord un systeme "régularisé". On considere une suite de fonctions régularisantes &, (, x)
et on remplace le champ électrique E dans (1.3.1) par E,, := E * §,, ( de maniere équiva-
lente le produit de convolution peut porter sur la densité de charge p dans I'équation de
Poisson (1.3.2)),

Orfutv-Vyfu =V, -Vyfn=0,
—Ap, =pn*0,%8,, avec Vyibd, — 0 quand |x|— oo,

< pn(t»x):/ fn(t)x)v)dv)
R3

fult=o(x,v) = dp * (IOSIxISnIOSIUISnfO(X, V)) .

(1.3.3)

I s’agit toujours d'un systeme non linéaire intégro-différentiel mais dont le potentiel est
régulier. De plus I'’équation de Poisson étant elliptique, le champ E,, gagne un degré de
régularité par rapport a la fonction de distribution f (c’est a dire que V.E ala méme régu-
larité que f). La structure de I'’équation propage de plus certaines propriétés de la donnée
initiale. Si fj est positive, fy € L N1°(Q x R?) (masse finie et densité finie), et I'énergie ini-
tiale

/ |v|2f0(x, v)dxdv+/|Eo(x)|2dx (1.3.4)
QxR3 Q

est finie, alors sous réserve qu’'une solution existe (ce que I'on nomme les estimations a
priori) ces propriétés seront vérifiées tout au long de son existence. Avec une méthode
de point fixe de type Schauder ou Banach on peut alors prouver I'existence de solutions
faibles (ou méme l'existence de solutions classiques globales, on pourra en trouver la
preuve dans [13] ou [114]) pour ces systemes régularisés. Les estimations a priori énon-
cées précdemment étant uniformes en n il s’avere (sous réserve de vérifier les hypotheses
du Théoreme de Dunford-Pettis) qu’il est possible a I'extraction d'une sous-suite pres de
passer a la limite faible dans L1(Q x R3) sur n, et obtenir ainsi des solutions faibles glo-
bales au probleme initial. Les premiers travaux prouvant ces résultats sont dus a Arseniev
en 1975 [4] puis Illner et Neunzert [85] et Horst et Hunze [83].

Proposition 1.3.1. Si fo e L' nL>® (R® xR?), fy = 0, est telle que

lwifoel'(R*=xRY), A (/fo(x, v)dv) cI2R3),
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alors il existe f € C([0,00), L°(R® x R®) — w=) solution de (1.2.4) avec la donnée initiale f;
et vérifiant pour tout t = 0,

||f(t’-)||Lp(R3xR3) = ||f0||LP(R3xR3)! l=sp=oo,

%f[lvlzf(x, U)dxdv+%/|E(x)|2dxs%fflvlzfo(t,x, U)dxdv+%/|E0(t,x)|2dx.

Ces résultats ont tous été démontrés dans le cas Q = R mais se généralise aisément si
I'on se place sur le tore T4, dans ce dernier cas la condition sur la donnée initiale étant

ALl (/fo(x, v)dv - 1) e L2(T%).

Lexistence et 'unicité de solutions fortes pour une donnée initiale réguliere donnée
(par exemple C! (Qx Rd)) ad’abord été prouvée en dimension 1 localement en temps par
Kurth en 1954 [97] puis globalement en temps en 1964 par lordanski [86]. Le probleme
de l'existence locale de solutions classiques fut ensuite résolue en toute dimension par
Arsenev [3] et Ukai et Okabe [138]. Schématiquement, si 'on adopte le point de vue La-
grangien et que |’on suit les courbes caractéristiques de I’équation de Vlasov, pour obtenir
une solution classique il faut contréler la norme L*° du champ électrique E et de son gra-
dient. Partant d'une donnée a support compact, Batt a montré que I'on peut obtenir de
telles estimées a priori sur le champ électrique si 'on arrive a controler 1'évolution au
cours du temps du diametre du support en vitesse de la fonction de distribution

Q(#) :=sup{lvl|IFT€[0,1),x€Q, f(T,x,v) #0}. (1.3.5)

Proposition 1.3.2. (Batt, 1977 [14]) Soit f solution forte de (1.2.4) sur un intervalle [0, T],
ot 0 < T < 0o, avec un support compact en la variable v :

dR>0, telque f(t,x,v)=0 si |v|>R.

Il existe alors une constante positive C, dépendant uniquement des quantités || folly 1 xr3),
[l follLeoaxr3)» I follwreooxr3) R, et'T, telle que pour tout t € [0,T]

[|E(t, ~)||WL<><>(Q) =C, ||f(t,-,~)||wl|0°(QxR3) =C.

Dans un premier temps le controle de Q(¢) s’est avérée plus simple en dimension 2
(voir les travaux de Ukai et Okabe [138] et Wollman [145]) ou dans le cas de solutions a
symétries particulieres ramenant a une dimension inférieure : symmétrie sphérique [14],
ou cylindrique [80]. En 1984 Bardos et Degond [10] prouvent un résultat d’existence glo-
bale en dimension 3 pour des données "petites" (hypotheése également nommé plasma
dilué), c’est a dire pour des données initiales petites devant leurs deux premieéres déri-
vées, exploitant pour ce faire le caractere dispersif des équations de Vlasov-Poisson. Leur
technique s’inspire d'une méthode développée dans le contexte de I'équation des ondes
par Klainermann et Ponce [93]. Finalement le probleme de I’existence globale de solu-
tions classiques a été résolu en 1990 par Pfaffelmoser [122], une étude fine des équations
caractéristiques de 1'équation de Vlasov lui ayant permis de contrbler suffisamment la
croissance de Q(f). Par la suite de meilleurs controles de Q(#) ont été obtenus par Schaef-
fer [130] puis par Horst [82] permettant d’affaiblir les hypotheses de régularité sur la don-
née initiale.
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Parallelement, adoptant une approche distincte, Lions et Perthame [102] prouverent
également un résultat d’existence globale de solutions classiques, et cela pour des solu-
tions non nécessairement a support compact en vitesse mais avec un certain nombre de
moments finis (permettant ainsi de considérer des distributions maxwelliennes comme
donnée initiale). Le résultat clé étant la propagation des moments de la distribution ini-
tiale a la distribution considérée a des temps ultérieurs. Cette propagation des moments
permet ensuite de démontrer la propagation de la régularité C!.

Proposition 1.3.3. (Lions et Perthame [102], 1990) Soit ky > 6, et T > 0. Soit une distribu-
tion initiale fy € L' nL>®°(R® x R3) telle que presque partout fy(x, v) = 0, et telle que I'énergie
initiale (1.3.4) du systeme est finie. On suppose de plus que,

ff 101 fo (x, v)dxdv < oo.

Alors il existe une solution faible f du systeme de Vlasov-Poisson (1.2.4) avec donnée initiale
fo, telle que pour tout0 <t <T,

ff|vlkf(t,x, v)dxdv < oo,

pour tout0 < k < k.

Cette propagation des moments a depuis été améliorée notamment par Pallard [119].
Batt et Rein [15] prouverent avec des modifications mineures en 1993 un résultat similaire
sur le tore T3. Le lecteur trouvera les preuves des propriétés marquant chaque étape du
raisonnement décrit dans cette section dans le chapitre 1 de la synthese [27] ou les cha-
pitres 4,5 de [57].

Les méthodes précédemment exposées pour prouver |'existence de solutions fortes
prouvent également 'unicité de telles solutions pour une donnée initiale prescrite. En
revanche, pour les solutions faibles, le premier résultat d'unicité est dii a Robert en 1997
[127], et ne concerne que les solutions faibles a support compact. En 2005, en utilisant
le formalisme et les outils du domaine du transport optimal, Loeper prouve un résultat
d’unicité sous la condition plus faible et d’avantage physique de finitude de la densité
macroscopique p. Ce résultat fut ensuite amélioré par Miot [111] et Holding et Miot [78],
I'hypotheése de controle L sur la densité p étant réduite a un controle de la croissance en
I'indice p des normes L” de p.

1.3.2 Lesysteme de Vlasov-Maxwell

Le systeme de Vlasov-Maxwell relativiste apres redimensionnement s’écrit

0 f ™M+ v@E) Vi f™M+ E+ev® xB)- Ve f™M=0, re[0,00), x,EeT>xR?,
€0, E=VxB-j'M,

V-E=p"M -1,
€6tB:—V><E,
{V.B=0 (RVM)

o"M(t, x) =/fVM(r,x,a)dﬁ,

jVM(t,x)=/v(€)fVM(t,x,E)d£.
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De la méme maniere que dans le systéme de Vlasov-Poisson (1.2.4), le champ de trans-
port (v(€), (E+ev(€) xB)) du systeme (RVM) est a divergence nulle dans I'espace des phases
QxR%. Ainsi la positivité et les normes L” de la donnée initiale seront conservées par la dy-
namique de (RVM). La principale et fondamentale différence entre le systeme de Vlasov-
Poisson et le systeme de Vlasov-Maxwell réside dans le fait que les équations gouvernant
I’évolution des champs dans ce dernier sont hyperboliques et non elliptiques. Par consé-
quent, le champ (E, B) posséde, dans un espace de Sobolev de type H?, a priori le méme
degré de régularité que la distribution f'M elle méme (tandis que nous pouvions gagner
un degré de régularité dans le cas du systeme de Vlasov-Poisson).

La théorie de I'existence locale de solutions fortes (et a fortiori faibles) n’est pas for-
tement influencée par la remarque précédente. Les premiers résultats sont obtenus en
petite dimension par Duniec [44] et Cooper et Kilimas [36] respectivement en 1973 et
1980. En adaptant une méthode développée par Kato dans le cadre abstrait des systémes
d’équations aux dérivées partielles quasi-linéaires [91], Wollman montre les premiers ré-
sulats d’existence locale dans des espaces H® (avec s = 5) [146; 147]. Une méthode ité-
rative plus classique est utilisée par Degond [38] pour montrer I'existence locale de so-
lutions fortes, pour des données initiales de régularité H* (s = 3) a support compact, du
systeme de Vlasov-Maxwell non-relativiste. Lhypotheése de compacité du support de la
donnée initiale est utilisée dans ce contexte pour surmonter la difficulté supplémentaire
a controler les effets des grandes vélocités provenant du terme ¢ x B dans I’expression de la
force de Lorentz. Cette difficulté qui est spécifique au cas du systeme de Vlasov-Maxwell
non-relativiste peut étre également surmontée en travaillant avec des espaces de Sobolev
a poids, ce que fait concomitamment Asano [7]. En tout état de cause, nous travaillons
pour notre part avec le systeme de Vlasov-Maxwell relativiste dans lequel la vitesse des
particules ne dépasse pas celle de la lumiere c.

Lexistence globale de solution faibles est obtenue en 1989 par DiPerna et Lions [40]
(pour le modele de Vlasov-Maxwell non-relativiste, la preuve étant adaptable avec des
modifications mineures au cas de (RVM) [126]). De méme que pour Vlasov-Poisson, la
premiere étape du raisonnement consiste a régulariser le systeme (RVM) en convolant les
termes de sources p*™ et jYM par une fonction §,, de régularité C*™ a support compact,
paire, de masse totale égale a 1, amenée a tendre vers la distribution de Dirac lorsque
I'indice n tend vers l'infini. Un tel systeme régularisé admet des solutions fortes globa-
lement en temps (on pourra trouver une démonstration de ce fait dans l'article de Horst
[81]), et ses solutions vérifient de plus certaines estimations uniformes. On dénote par
(fYM E,,B,,) les solutions des systémes régularisés. Le passage a la limite sur l'indice n
procure, a I'extraction d’'une sous-suite pres, une solution faible de (RVM). La principale
difficulté est de justifier que la limite est bien un solution au sens des distributions de
(RVM), car il n’est pas évident que le terme non-linéaire (E, +€v(§) xB,,)- f,YM ait bien une
limite, dans la mesure ol a priori chaque facteur ne converge que faiblement, ce qui est
insuffisant. Dans le cas de Vlasov-Poisson cette difficulté est surmontée par le degré de ré-
gularité supplémentaire du champ électrique E par rapport a la fonction de distribution
f, et un théoréme de compacité de Rellich donne alors la convergence forte du facteur
de force. Pour Vlasov-Maxwell le facteur de force n’est pas a priori plus régulier que la
fonction de distribution, mais le lemme des moyennes pour les équations de transport
permet tout de méme d’obtenir la propriété de compacité nécessaire [40]. Les lemmes de
moyenne, initialement établi par Golse, Perthame et Sentis [64], s’est révélée depuis trés
fécond pour la théorie cinétique (concernant les récentes avancée sur ce sujet son ren-
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voit le lecteur a I'article de Arsénio et Masmoudi [6]). On donne ici la version simplifiée
utilisée par Rein dans son article [126].

Lemma 1.3.4. SoitR > 0 et v € C°(B(0,R)). Il existe une constante C > 0 telle que pour
toutes fonctions h, gy, g1 € L? (R x R® x B(0,R)) qui satisfont I'équation de transport inho-
mogene suivante

0ch+v(€)-Vih=go+Ve- g1

au sens des distributions, on a les estimations suivantes

/ W©h(,.,odie H* (RxR?),

et
o

Un résultat d’existence globale de solutions faibles analogue a celui de DiPerna et
Lions dans le cas d'un domaine borné a par ailleurs été démontré par Guo peu de temps
apres [68].

e C (”h|lL2(RxR3xB(0,R)) + |80l 2k cniomy + 181 ||L2(R><R3><B(0,R))) :

La théorie del’existence globale en dimension 3 de solutions de (RVM) est aujourd’hui
encore ouverte. Une étape fondamentale a été franchie en 1987 par Glassey et Strauss [56]
qui démontrent dans leur article qu'une solution forte réguliere (que I'on sait exister au
moins localement en temps) ne développe pas de singularités tant que son support en
moment reste compact, ou de maniere équivalente tant qu’il n’existe pas de particules
(de maniere mesurable) dont la vitesse serait arbitrairement proche de la vitesse de la
lumiére c. Le critere de Glassey-Strauss est analogue dans son énoncé au critere énoncé
par Batt et Horst pour le systeme de Vlasov-Poisson mais repose sur des arguments diffé-
rents dans la mesure ol la structure des équations qui régissent I’évolution des champs
électriques et magnétiques est ici hyperbolique. En dimension strictement inférieure a
3, Glassey et Schaeffer ont été en mesure de prouver que des données génériques sa-
tisfont leur critére et ont donc résolu le probleme d’existence et d’'unicité de solutions
fortes globalement en temps en petites dimensions [58-61]. On notera également que
le controle du support en moment est possible dans le cas de données initiales petites
[56], proche de la neutralité électrique [54], ou proche de la symétrie sphérique [125].
Plus récemment, Bouchut, Golse et Pallard [25], et Klainerman et Staffilani [94] ont sim-
plifié 'obtention du critére de Glassey-Strauss par des approches novatrices. Par ailleurs,
des récents travaux ont amélioré successivement le critere de non formation de singu-
larités [104; 105; 116; 119; 136] en énongant des conditions suffisantes (de plus en plus
faibles) sur une solution a priori pour contréler son support en moments. Néanmoins, si
ces améliorations affaiblissent nettement le critere selon lequel des solutions fortes de-
meurent réguliéres, nous ne savons pas a ce jour si pour des données initiales générales,
la solution du systeme de Vlasov-Maxwell correspondante développera ou non des sin-
gularités en temps fini.

Plus précisément, le résultat le plus abouti a ce jour [119] démontre qu'un controle
a priori de la norme L° de la densité macroscopique p est une condition suffisante de
non explosion du support en moment d’une solution réguliere. Toutefois, les estimations
dont on dispose, pour I'instant, pour une solution réguliere donnée du systeme de Vlasov-
Maxwell (1.2.5), sont au mieux en norme L*/3. Le probleme reste donc ouvert.
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La méthode des champs de vecteurs, provenant du domaine de la relativité générale,
a initié une nouvelle approche du probléme de Cauchy. On renverra le lecteur aux articles
[23; 46] et aux références qu’ils contiennent.

1.3.3 Non-résonance d’'un systéme couplant une équation de Vlasov et
une équation de Transport (Chapitre2)

Le critere de Glassey-Strauss, qui est le fondement des développements récents sur
la théorie de I'existence de solutions fortes au probleme de Cauchy pour le systéme de
Vlasov-Maxwell, peut s’écrire de la maniere suivante.

Theorem 1.3.5. (Glassey-Strauss, 1987) Soit0 < fy € CL(R® x R®), Eg, By € C? satisfaisant les
relations de compatibilité
V'Eo = Po, V'B() =0.

Supposons qu'il existe une estimation a priori sur le support en la variable de moment¢ : il
existe de plus une fonction continue telle que pour tout t € Ry, x € R3, toute solution f du
systeme de Vlasov-Maxwell (RVM) satisfait

flt,x,v)=0 pourlE|>p(1).
Alors, il existe une unique solution C' de (RVM) sur [0,00).

On peut reformuler le théoreme précédent en définissant le diameétre du supoort en
moment d'une solution locale de (RVM), que 'on nommera f, et que 'on supposera a
priori définie sur un intervalle de temps [0, T ,4x),

R¢() :=inf{r =0 s.t supp(f(s,x,.)) =B(0,r) V(s,x) €0, ] x R3. (1.3.6)
Le critere de Glassey-Strauss devient alors équivalent a

limsupR¢(#) <oco = limsup (lf(t,.,.)|w1,oo(R3xR3) + | (E,B) (t, .)le,oo(RSXRZS)) < 00.

1=Tax —=Thax

Lidée de la preuve consiste a écrire en coordonnées physiques les champs E et B
comme solutions d’'une équation d’ondes. Comme nous 'avons déja explicité, le prin-
cipal obstacle a I'obtention de solutions régulieres pour le systeme de Vlasov-Maxwell,
en comparaison avec le systeme de Vlasov-Poisson, provient du controle de la régularité
des dérivées du champ électromagnétique. Pour surmonter cet obstacle, sous ’hypothése
que R (7) est fini pour tout ¢ € [0, T;,4x), Glassey et Strauss réaliserent une astucieuse in-
tégration par partie dans la représentation intégrale des champs E et B. Si la preuve releve
d’'une certaine technicité calculatoire, I'idée sous-jacente est plus facilement appréhen-
dable. Lorsque I'on considere des particules strictement dans I'intérieur du cone de lu-
miere, micro-localement I'’équation des ondes n’est plus hyperbolique mais elliptique. Le
caractere résonnant de I’équation des ondes couplée a I'équation de Vlasov n’apparait
que lorsque la vitesse des particules transportées approche la vitesse de propagation de
I’équation des ondes régissant |’évolution du champ accélérant les particules.

Nos premiers travaux, conjointement menés avec EGolse, ont consisté a illustrer ce

phénomeéne sur un systeme couplant une équation de Vlasov et un systéme d’équations
de transport, jouant le role des équations de Maxwell dans le systeme (RVM).
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Modeéle jouet et non-résonance Le modele jouet que nous avons étudié est le suivant
A f+vE Vif+E-Vef =0, xE€R’,
@:+0-VId=-f(t,x8), ¢lig=0 weS?

4 éa(t,x,w):/ v(E)d(t,x,&w)dE, (1.3.7)
R3

¢

E(t,x) = ][g(t,x,w)dw,

ou ][ désigne I'intégrale normalisé sur la sphere unité en dimension 3,

§3 .= {w€R3,|w| =1}.

On définit également les densités de charges et de courant de la maniere suivante :

pf(t,x)=/3f(t,x,€)di, jf(t,x)=/3f(t,x,€)v(é)d€- (1.3.8)
R R

Le champ électrique qui accélere les particules est ici le fruit de la somme de champs
transportés a une vitesse w, pour w parcourant toute la sphere unité (qui joue ici I'ana-
logue du cone d’onde pour Vlasov-Maxwell, ot I'on aurait considéré la renormalisation
¢ = 1). On conserve ainsi la structure hyperbolique des équations gouvernant le champ
accélérateur mais la structure algébrique est plus simple.

On peut montrer pour ce systeme 'existence globale de solutions faibles a la manieére
de Rein [126].
Nos deux résultats principaux sont les suivants :

Theorem 1.3.6. Soit (f,$) € C1([0,T) x R®) x C1([0,T) x R® x §2)) une solution classique de
(1.3.7). Le critere d’extension suivant est valide :

limsupRy(#) <oco = sup (IV;, xef(t, %8+ 1Vxg0d(x,§ 0)) <oo.
1T 0<t<T
x,E€R3

Il s'ensuit que, étant donné une donnée initiale positive f'"' € CL(R), il existe T > 0, tel qu'il
existe une unique solution forte

(f,d) e WH([0,T) x R®) x WH*([0,T) x R® x 82
de (1.3.7).
De maniere similaire a ce qui est fait pour Vlasov-Maxwell, on peut améliorer ce critere

en I'étendant a des données initiales qui ne sont plus nécessairement a support compact
en { mais avec les propriétés de décroissance adéquates.

On dénotera par p € C!(R) la fonction de poids utilisée pour controler la décroissance
en || de la donnée initiale. On fait I'’hypothese suivante sur p :

0<p<l1, p'=<0, etp(r)=0(r %Haveca>7.
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Theorem 1.3.7. Supposons que " e C'(R®* xR%), p|t=0=0 et

0< ini &) < ,
{ < f"(x,8) < p(Eh (1.3.9)

Ve f (x, )| < p(IED

Alors il existe'T > 0 tel qu'il existe une unique solution classique, (f, D) € W10, T) x R3 x
R%) x WL°°((0,T) x R® x R® x §2)), au probléeme de Cauchy associé au systeme (1.3.7) .

La preuve s’appuie fortement sur la méthode employée par Bouchut, Golse et Pallard
dans leurs articles [25], [26]. L'idée consiste a €crire les dérivées spatiales 0,,,7 = 1,2,3 ou
temporelle 0; comme une combinaison linéaire de I’opérateur de transport

S:=0;+v() Vyx

et de 'opérateur
T(D = (J.)at - Vx.

Il s’avere que les coefficients de ces combinaisons linéaires ne sont singuliers que lorsque
v(€) tend vers 1.

Enfin, le dernier résultat de ce chapitre est I'affaiblissement de la condition de com-
pacité Glassey et Strauss en une condition sur la finitude de la norme L3 de la densité
macroscopique. Pour ce faire on étudie de maniere plus fine les courbes caractéristiques
en exploitant les récents travaux de Pallard [116; 121].

Theorem 1.3.8. Soit une donnée initiale positive f'*' € CL(R3 x R%). Soit f € C' ([0, T pax)
R3 x R%), la solution classique correspondante au probleme de Cauchy associé a (1.3.7) et
soient p s et Ry définis respectivement dans (1.3.8) et (1.3.6). Alors, on a

limsupR¢(#) = limsup [|p7(z,.)] ;3 gs) = +0o-

[—

max max

On obtient une condition plus faible que celle requise a ce jour pour le systéme de
Vlasov-Maxwell (condition sur la norme L°%) mais cet affaiblissement provient essentiel-
lement de la plus grande simplicité de notre modele jouet, qui requiert une utilisation
moindre de 'inégalité de Holder dans les estimations. Toutefois, I'exposant 3 reste stric-
tement supérieur al’exposant 4/3 correspondant aux estimations a priori dont on dispose
réellement.

1.4 Approximation non-relativiste et systéme de Vlasov-Darwin

On se focalise dans ce chapitre sur les modeles réduits de Vlasov-Maxwell que sont les
systemes de Vlasov-Poisson et de Vlasov-Darwin. On rappelle que ce sont des systemes ré-
duits, dans la mesure ou I’on ne conserve qu'une partie des équations de Maxwell, et sont
par conséquent des modélisations moins précises de I’évolution de la densité de parti-
cules dans le plasma, mais ils possedent la propriété intéressante de combiner I’équation
de Vlasov avec une ou plusieurs équations de type elliptique. De plus, ces systemes sont
des approximations non relativistes, puisqu’on peut montrer qu’ils sont des approxima-
tions, dans un sens qui sera précisé par la suite, du systéme de Vlasov-Maxwell a une
puissance de € pres (ol € est le rapport entre la vitesse caractéristique des particules et la
vitesse de la lumiere).
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1.4.1 Le systéeme de Vlasov-Poisson : limite non-relativiste du systeme
de Vlasov-Maxwell

Formellement, si on passe a la limite € — 0 dans le systeme des équations de Maxwell
(1.2.7), on obtient
V-E=p,
VxE=0,
V-B=0,
VxB=0.

(1.4.1)

On en déduit qu'il existe un potentiel ¢ tel que
E=-Vp, et —Adp=p,

et que le champ magnétique est nul
B=0.

Ainsi, d'un point de vue formel, le systeme de Vlasov-Poisson est la limite classique ou
non-relativiste du systeme de Vlasov-Maxwell, aussi parfois appelée approximation élec-
trostatique.

Les premiers résultats validant rigoureusement cette approximations sont diis de ma-
niere simultanée a Degond [38], Schaeffer [129], et Asano et Ukai [8]. Dans tous ces ar-
ticles, la premiere étape consiste a prouver un résultat d’existence locale pour le systeme
de Vlasov-Maxwell (RVM) ot 'intervalle de temps [0, T;,4x) ne dépend pas du parametre
€ (ou du moins ne décroit pas lorsque € tend vers 0.) Enfin on démontre que la différence
entre les solutions (fY™,EYM, BYM) et (f'?,E'P) est, uniformément en temps, dans un es-
pace de Sobolev (ou dans un espace de Sobolev a poids similaire dans I’article de Asano
et Ukai), un O(e). On donne ici une version proche de celle proposée par Schaeffer.

Theorem 1.4.1. (Schaeffer [129], 1986) Soit fy un fonction positive appartenant a C}(R)
et soit

Eo :f x=»foy&

FETE

On notera (f'*,E"?) la solution du systéeme de Vlasov-Poisson (1.2.4) muni de cette donnée
initiale, et (f"™,E/™, BYM) la solution locale sur [0, T) du systéme de Vlasov-Maxwell (RVM)
avec les mémes données initiales auxquelles on ajoute la condition

BM0,x) =0, VxeR®

Alors il existe une constante C > 0, dépendante de'T et des données initiales mais indépen-
dante du parametrege, telle que pour toute <1, t € [0,T), (x,&) € R3 xR3,

1P = M+ B —EM) + BPM) < Ce.

Dans I’énoncé initial du théoréme la solution de Vlasov-Poisson est seulement locale
en temps car il est antérieur aux travaux de Pfaffelmoser et Lions et Perthame. Par ailleurs,
Pallard a depuis montré dans I'article [118] que le temps de vie d'une solution du systeme
de Vlasov-Maxwell (RVM) est minoré par une quantité tendant vers +oo lorsque € tend
vers 0, plus précisément O(e~1/401,
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1.4.2 Unsysteme d’approximation d’ordre supérieur : le systéme de Vlasov-

Darwin

En 1920 le physicien Darwin propose un nouveau systeme d’équations aux dérivées
partielles décrivant I’évolution d'un champ électromagnétique (E, B) en présence de par-
ticules chargées [37]. Son systeme d’équations est plus simple que le systeme des équa-
tions de Maxwell mais, contrairement a I’approximation électrostatique, ne néglige pas
les effets magnétiques.

Son approximation repose sur la décomposition de Helmoltz du champ électrique E :
E=E{+ET,

ol la composante longitudinale (aussi appelée irrotationnelle) Ey, et la composante trans-
versale (aussi appelée solénoidale) Er du champ électrique satisfont

VxE. =0, V-Er=0.

L'approximation de Darwin consiste ensuite a négliger dans I’équation d’Ampere la déri-
vée temporelle de la composante transversale du champ électrique, ou la partie solénoi-
dale du courant de déplacement, c’est a dire

0,E1 <« 0;E;.

Les équations restantes forment alors un systeme d’EDPs elliptique. Pour s’en convaincre
on peut reprendre le formalisme potentiel introduit dans la section 1.1.4. Les champs Et
et Ep, s’expriment simplement en fonction des potentiels (}p, A) :

EL=-V¢, et Er= —€0A.
Dans ce contexte les équations de Darwin se réduisent au systéme elliptique

{—A¢=m

. (1.4.2)
— AA=P(j).

On peut ainsi voir 'opération d’approximation de Darwin comme la troncature de I'équa-
tion des ondes (1.1.7) gouvernant I’évolution du potentiel A .

Combiné a I'équation de Vlasov on obtient un nouveau systeme d’EDPs modélisant
I’évolution au cours du temps d'une densité de particules chargées dans un plasma. Ce
systeme est généralement dénommé systeme de Vlasov-Darwin dans la littérature. Il s’écrit,
lorsque Q I'espace physique est indifféremment R® ou T3, de la maniére suivante

0rfP +v(® - Vuf P+ (-Vib—e_tA+ev(®) x (VxA))-Ve [P =0,
—Axp = p_)\Q’
—AA=P()).

VD VD (R )
p (¢, x) =/3f (t,x,8)dg,
R

JP(t,x) = / (& fYPdE,

ol la constante A prend respectivement les valeurs 0 ou 1 selon que Q désigne respecti-
vement R ou T3,
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Il a été 'objet d’'investigation récentes, démontrant I'existence globale de solutions
faibles et de solutions fortes pour des données initiales "petites" (on renverra le lecteurs
aux articles [21; 47; 117; 136] pour les différentes étapes aboutissant a ces résultats).

Similairement au systeme de Vlasov-Poisson le systeme de Vlasov-Darwin s’avere étre
une approximation qualifiée de quasi-statique dans la littérature physique et non-relativiste
dans la littérature mathématique. Degond et Raviart montrerent [39] en développant un
schéma numérique pour le modéle de Vlasov-Darwin que ce dernier constituait une ap-
proximation d’ordre €2 du systeme de Vlasov-Maxwell. De plus le caractere elliptique per-
met d’utiliser des outils numériques plus performant s’affranchissant par exemple d'une
condition CFL (voir aussi [22; 47]). En dimension strictement inférieure a 3 des résultats
analogues ont été démontrés par Lee [101], et par McGillen a des fins de modélisation
numérique [109; 110].

Le modele de Poiswell est un autre modele intermédiaire entre le systeme de Vlasov-
Poisson et celui de Vlasov-Maxwell, consistant a effectuer un développement en € du po-
tentiel ¢ et du potentiel A. Il s’exprime donc a 'aide du formalisme potentiel mais muni
de la jauge de Lorentz et non de Coulomb. On en trouvera une présentation dans I’article
de Besse, Mauser et Sonnendriicker [22].

A des fins de modélisations numériques, Sonnendriicker et Raviart ont introduit une
méthode, s’inspirant du développement de Hilbert initialement utilisé dans le contexte
de I'’équation de Boltzmann décrivant I’évolution d'un gaz de faible densité, pour établir
une échelle hiérarchique de modeles approchant I'équation de Maxwell [123]. Leur mé-
thode est essentiellement abstraite et non constructive.

Plus récemment, Bauer et Kunze, reprenant eux aussi la méthode du développement
de Hilbert en un petit parametre, ont ébauché une méthode de construction de systemes
de type Vlasov-Elliptique d’ordre arbitrairement élevé en € [19]. Leur but est de batir,
en s'inspirant des modeles post-newtoniens dans le cadre gravitationnel [96], des mo-
deles descriptifs de la physique des plasmas suffisamment proches du modele de Vlasov-
Maxwell pour pouvoir interpréter les effets radiatifs (on renverra sur ce sujet précis le
lecteur aux articles [16-18] et a leurs références). La méthode consiste a écrire les déve-
loppements suivants

f=forefi+ef2+..,
E=Ey+¢€E; +€°Ey+...,

B=By+¢eB; +€°By +...,

puis a introduire ces développement dans le systeme de Vlasov-Maxwell (RVM) et enfin
identifier terme a terme selon la puissance en €. Ainsi a 'ordre 0, le champ By est nul et
(fo,Eo) satisfait le systeme de Vlasov-Poisson (1.2.4). A 'ordre 1 on retrouve une version
légerement modifiée du systéme de Vlasov-Darwin. Les auteurs montrent en outre que ce
systéme de Vlasov-Darwin modifié est bien une approximation d’ordre €3 du modele de
Vlasov-Maxwell, et retrouve par voie de conséquence le résultat de Degond et Raviart [39]
qui montrait que le systeme de Vlasov-Darwin était une approximation non-relativiste du
meéme ordre de Vlasov-Maxwell.

Le principal défaut de cette méthode est son caractere non constructif, le systeme a
I'étape 2n+1, n € N possédant des termes de sources qui sont dépendants de solutions des
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systemes d’ordres inférieurs. La structure algébrique de ces sources n’est pas explicitée (et
n’est pas évidente en raison de la non-linéarité de I’équation de Vlasov) si bien qu’il n’est
pas a priori évident que les approximations d’ordres élevés soient bien posées. De méme,
les systemes ne sont pas auto-cohérents et ne possédent pas de structure hamiltonienne,
ce qui rend leur interprétation physique plus difficile.

1.4.3 Approximation nonrelativiste d’ordre arbitrairement élevé de type
Vlasov-Elliptique (Chapitre 3)

On dispose donc de deux systemes combinant une équation de Vlasov et des équa-
tions elliptiques, les systémes de Vlasov-Poisson, et qui constituent une approximation
non-relativiste a € ou €3 pres du systéme de Vlasov-Maxwell. On peut donc se demander
si cette hiérarchie de systemes ne pourrait pas étre complétée en une échelle de systemes
de type Vlasov + Elliptique, le k-iéme systeme étant une approximation non-relativiste
d’ordre e2F+1,

Dans le chapitre 3 nous nous sommes attelés a établir une méthode de construc-
tion de systeme de type Vlasov-Elliptique approximant le systéme de Vlasov-Maxwell a
un ordre arbitrairement élevé en €. Notre méthode pourrait étre implémentable dans un
algorithme, et du reste nous sommes en mesure de préciser la structure des sources des
équations elliptiques que satisfont les termes de la force de Lorentz. Il s’agit d'une com-
binaison de moments en ¢ d’ordres élevés de la fonction de distribution.

Plutdt qu'un développement hilbertien nous avons employé une technique plus proche
de la méthode de Chapman-Enskog [34], c’est a dire que seul le potentiel vecteur A est
I'objet d'une écriture en somme de puissances de €. Autrement dit seules les parties trans-
verses du champ électrique et le champ magnétique satisfont des équations modifiées.
Ceci permet a peu de frais de conserver la structure hamiltonienne de notre systéme de
Vlasov-Darwin d’ordre élevé. Cette idée fut inspirée par la lecture des travaux récents de
D. Han-Kwan, T. Nguyen etE Rousset, [73] dans lequel les auteurs démontrent un résultat
de limite non-relativiste pour des ordres arbitrairement élevés en € pour un un systéme
de Vlasov-Maxwll linéarisé autour d’un solution stationnaire a symétrie radiale sur T%. La
principale difficulté réside dans la généralisation au cas général non-linéaire. Dans notre
étude, effectuée en collaboration avec D.Han-Kwan, N. Jiang et L. Xiong, aussi bien que
dans larticle [73] nous nous sommes placés dans le cas Q = T3,

Sur le tore T 'équation de Poisson n’est résoluble que lorsque le terme de source est
de moyenne nulle, c’est pourquoi on écrit en premier lieu

A=A—(A)+(A):=A+(A),

A=A—(A)
et

(A) = / A(t,x)dx.
T3

Pour des raisons de simplification des preuves de I'existence locale de solutions fortes et
du taux de convergence en €, nous avons fait le choix de développer conjointement le
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potentiel vecteur et sa dérivée temporelle
. too
A= Z el o,
i=0

R +00 . ﬁ
_ i
€0;A= .Eoe ;.
i=

(1.4.3)

Nous rappelons que selon le systeme de Vlasov-Maxwell la partie de moyenne nulle du
champ de vecteur satisfait les deux équation des ondes

e20°A— AA = €P(}),

3 o (1.4.4)
%9%(0,A) — A (9,A) = eP(@, ).

Le but de notre méthode est d’écrire les équations elliptiques que satisfont les termes <7;
et ,szfiﬁ, pour tout i € N, et de décrire la structure des termes de sources de ces équations.

On pourra tout d’abord remarquer par un raisonnement par récurrence que pour tout
i€eN,
ohio=0 et ‘Q{Zﬁi+2 =0.
Dans la suite on désignera par H® I'espace de Sobolev standard de degré s, basé sur L?
muni de la mesure de Lebesgue. On aura également besoin de travailler avec des espaces
de Sobolev a poids basés sur L2(T), que I'on notera Jfrk, et qui seront définis, pour k €

N, r € R de la maniére suivante

1/2

W= [ [ ooy s
lal+[pl<k/ T3 JR?

ol1 a, p désignent des multi-indices dans N3.

Afin de rendre plus simple la compréhension de notre systeme de Vlasov-Darwin d’ordre
k, que I'on dénommera VDk, nous donnons les définitions liminaires suivantes.

Definition 1.4.2. Soit n € N, pour une distribution donnée f € 4" (T x R®) solution d’une
équation de Vlasov, on dénotera par M,,, ou M,,(f), U'ensemble de moments en vitesse de la
fonction de distribution f :

R

31<i<n apan)e(1,2,3N)"

(B1--Bn)e(1,23N)"

On désignera indifféremment par m,(f) n'importe quel élément de M, (f). Lorsque
qu'une application g a comme argument un ou plusieurs éléments de M,,(f) on utilisera
I'abus de notation suivant g = g(m,,). Lorsque la fonction de distribution f a laquelle on
se réfere est identifiable sans ambiguité, on procédera aux abus de notation M, = M,,(f)
et m, = my(f).

Definition 1.4.3. Soit j,n €N, avec n > 4. On dit qu'une application
L L2AL= (0, 5 HET x RY)) x L2 L™ (0, 5H(T?)) — L (0, £; HE(T3))
satisfait I'hypothese de régularité (I]-I]S;?) (j désigne la taille des moments en vitesse et n le

degré de régularité) si pour tout f € L2 nL® (0, ; HA(T® x R®)) x L2n L™ (0, ; HA(T?)) :
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— Z(0)=0,

— il existe une positive constante C telle que pour tout t = 0, & satisfait,
| (f2 @20, 0y cr(t,(||m2]-+2(f)||L2(0,[;H;+1(Ta))),||g||Hg+1), (1.4.6)
|7, 8 oo eanasy = CT (& Umaja(Dlli o aazer o) N8t ), (1:47)
avecT,T" deux polynémes croissants en chacune de leurs variables.
Dans la section 2 du Chapitre 3 nous exposons une méthode itérative permettant de
construire, a partir du systeme de Vlasov-Poisson, le "k-ieme" systeme de Vlasov Darwin.

On considere des données initiales "bien-préparées" dans le sens suivant.

Definition 1.4.4. On dira qu'une donnée initiale ( fy, Eo, Bo) est "bien-préparée” d'ordre2k+
1 a un degré de régularité Ny € N si

k
-1 2i—1 2k+1
(=A0) 'V xBo=) e a1l + O ) N
i=1 2k+1

(1.4.8)
k .
Va-Ay™! ( /R o, é)d&—Eo) -2 ety |0+ O,

2k+1
Notre résultat principal est le suivant.

2
Theorem 1.4.5. SoitkeN,Ng>4etr>2k+2. Let fy € Jfr"NOH, (Eo,Bo) € (HI;IO“) satis-
faisant les conditions de compatibilité

Vx-Eoz/gfodﬁ—l, V,-B%=0,
R

et "bien-préparées” d'ordre 2k + 1 de régularité Ny au sens de la Définition 1.4.4.

1l existe alors des applications (S”j(k),y#’(k) satisfaisant U'hypothese (IH]SI;IO ) définie

J )1sjsk
dans la Définition 1.4.3, telles que le systéeme

3 fYPF 4+ p(©) -V, fVOF + (Ek +ev(E) x Bk) Ve fVPk =0,

- Ax(bk = pk -1,
=P o)z 2k
dznj(f)l _ yjﬁ,(k) (fVDk,EO), Vi<j<k,
JEF = vk + (Bp) - /0 (s — »klezf"ldﬁfﬂ, (1.4.9)
=

k
k _ 2j-1_4(k)
B _vX(Zlef ,szj_l),
]:

pk(t,x):/afVD’“(t,x,a)da, jk(t,x):/3v(ﬁ)fVDk(t,x,£)dﬁ,
RE R

3

P 0= fo,

soit bien posé, et telles que de plus on ait 'approximation non-relativiste suivante :

HfVM—fVD’“H + H (E—Ek,B—Bk)H <erkH, (1.4.10)

L°(0,Tg;. 7 0) Lo0(0,T;HN0) ™~
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Ainsi, on est en mesure de batir un systéme de type Vlasov-Darwin approchant le sys-
teme de Vlasov-Maxwell a une puissance arbitrairement élevé du parametre non-relativiste
€. La finesse de I'approximation étant indexée sur le nombre de moments en ¢ de la don-
née initiale que 'on peut controler.

1.5 Meéthodes de Transport optimal et limite non relativiste

Dans le chapitre 4 nous démontrons un résultat de limite non relativiste pour des so-
lutions faibles des systeme de Vlasov-Maxwell et Vlasov-Poisson sous la condition que la
densité macroscopique de charge est uniformément bornée en €. La limite est considé-
rée en un sens plus faible que dans les travaux classiques [8; 38; 129], plus précisément en
norme de Wasserstein. Pour ce faire nous avons adopté une approche lagrangienne, parti-
culierement propice al'utilisation des outils du transport optimal, qui est 2 mettre en rela-
tion avec la méthode utilisée par Dobrushin pour démontrer des résultats de convergence
de champ moyen [43], ou plus récemment la preuve de l'unicité des solutions faibles a
densité bornée de Vlasov-Poisson par Loeper [103]. Dans un premier temps on fera un
bref rappel des outils élémentaires du transport optimal.

1.5.1 Le transport optimal et les équations aux dérivées partielles ciné-
tiques

Lobjet de la théorie du transport optimal, dont on peut dater la naissance au mémoire
de Monge Mémoire sur la théorie des délais et des remblais paru en 1781, est 'étude du
probleme d’optimisation sous contrainte du transfert d'une mesure donnée a une autre.
Cette théorie est reliée a beaucoup de domaines et on renverra le lecteur au livre de Villani
[142] pour une introduction sur le sujet.

Lorsque I'on adopte le point de vue Lagrangien en théorie cinétique, c’est a dire que
I'on suit les particules le long des courbes caractéristiques, il est équivalent de dire que
la fonction de distribution des particules (qui est une mesure de probabilité si on 1’a nor-
malisée) est transportée le long des caractéristiques. De ce fait certains outils développés
dans la théorie du transport optimal se révelent utiles dans I’étude de retour a I’équilibre
[141], de champ moyen (voir par exemple la méthode utilisée par Dobrushin [42]), etc.
En 2005, Loeper améliore les résultats d'unicité obtenus par Robert [127] pour le systeme
de Vlasov-Poisson et par Yudovitch [90] pour le systeme Euler-2D, en adoptant un point
de vue Lagrangien et les outils du transport optimal. Nous donnons ci-dessous les défi-
nitions et les propriétés dont nous aurons l'usage par la suite. Les démonstrations de ces
propriétés pourront étre trouvées dans la Section 2 de I'article de Loeper[103].

Definition 1.5.1. Soient X et Ydeux espaces polonais. Soient p,, p2 deux mesures boré-
liennes de probabilité sur respectivementX etY. On définit la distance de Wasserstein d’ordre
2 entre p) etpy, dénotée W, (p1,p2), par:

1/2
Wz(pl,pz)=inf(/ d(x,y)?dyx,y)|
Y \Uxxy

ou l'infimum inf est considéré sur l'ensemble des mesures de probabilité y surX xY dont les
marginales Py et P,y sont respectivement égales a p, erp;.
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On peut formuler deux remarques suite a cette définition. En réalité nous n’aurons pas
besoin d'un tel degré de généralité et dans notre étude les espaces X et Y désigneront soit
R? soit T?. Ces distances, que I'on peut généraliser en remplacant d(x, y)? par d(x, y)?,
sont liées ala norme de SobolevH™! (on pourra consulter le chapitre 7 de [142] a ce sujet).
On énonce ici un résultat dit a Loeper concernant les solutions d'une équation de Poisson.

Theorem 1.5.2. (Loeper [103].) Soit p1, p2 deux mesures de probabilité sur R? avec des
densités L™ par rapport a la mesure de Lebesgue. Soit\y;, i = 1,2, les solutions des équations
de Poisson :

-Ay; =p;, on Rd.

Alors
IV = V2l 2 ey < (maxlips lliss, llpzlisod) > Wa (p1, 02).

On peut également démontrer une version analogue de ce théoréme dans le cas du
tore, ot 'équation de Poisson est modifiée en conséquence.

1.5.2 Limite non-relativiste en distance de Wasserstein pour des solu-
tions a densité bornée (Chapitre 4)

Le point de départ de notre travail mené en collaboration avec D.Han-Kwan est la si-
militude des preuves de limite non-relativiste du systéme de Vlasov-Maxwell vers le sys-
téeme de Vlasov-Poisson dans des espaces de Sobolev [8; 38; 129], et les preuves d’unicité
des solutions fortes locales du systéme de Vlasov-Maxwell [56] ou de solutions faibles du
systeme de Vlasov-Poisson par Robert [127]. Elles reposent sur des estimations Lipschitz
ou Sobolev dans un cas sur la différence fV* — fYM, dans l'autre sur la différence entre
deux éventuelles solutions flVP - fZVP. Lamélioration du résultat de Robert par Loeper re-
pose sur 'abandon du point de vue Eulerien o1 I'on effectue les estimations directement
sur I’équation de Vlasov elle méme, et a procéder a des estimations de type Gronwall sur
une fonctionnelle quantifiant la distance en norme de Wasserstein de deux potentielles
solutions de Vlasov-Poisson. C’est ce point de vue que nous avons adapté a la probléma-
tique de la limite non-relativiste.

Dans cette section nous exposons le principal résultat du chapitre 4 qui énonce un
résultat de limite non-relativiste en distance W» sous conditions de borne uniforme en €
sur la densité marcroscopique p¥™ (et a fortiori sur p'?).

Avant d’énoncer notre principal résultat, nous établissons quelques définitions préli-
minaires.
On dénotera par &, (Q x R®), 'ensemble des mesures de probabilités sur Q x R3 dont les
deux premiers moments sont finis, muni de la topologie faible-* standard.

Nous précisons maintenant la notion de solution faible que nous emploierons.

Definition 1.5.3. (Solution faible (VP)). PourT > 0,on appellera f'* une solution faible de
(1.3.1) sur[0,T) associée a la donnée initiale f0 Si

— feC([0,T),2(QxR3) — wx),
— -v¢p"PeLl(0,T;C(D),

31



CHAPITRE 1. INTRODUCTION

— pour toutes fonctions test @ € C([0,T) x Q x R3),

/ (at(P+ V(a)vx(P_qu)VPvE(P) f(t;dévdx)dt:_/ (-Pll'ZOfO(dE)dx))
[0,T)xQxR3 QxR3 (L5.1)

— pour tout t € [0,T), pVP(1) est une solution de I'équation de Poisson :
~Ap"P =p" - Aq.
— pour tout t € [0,T), la densité de courant j'? satisfait la loi de conservation :
0]+ Vi (fi10 1) = -V, "

On rappelle que le scalaire Ag désigne 0si Q =R3 et 15i Q ="T5.

Definition 1.5.4. (Solution faible de Vlasov-Maxwell). Pour T > 0, on appellera (f "™, E, B)
une solution faible de RVM) sur [0,T) associée aux données initiales (f°,E°, B%) si

— f™MeC(0,T);2(Q x R®) — wx),

— E,Be L0, T;C°nL>®(Q)) nL(0,T; LogLip((2)),

— pour toutes fonctions test @ € C([0,T) x Q x R3),

/ ) (0/p+ V(&) Vi@ +E-Vep+ev(§) xB-Ve) f(t,dE, dx)dt
[0,T)xQxR:
:_/ (-p|t:0f0(df,,dX),
QxR3

— pour toutes fonctions testy € C°([0,T) x Q,R), ¥ € C2([0,T) x Q,R%)3,

e(E,0,¥)gr2 +(VxB,W)g9 —(j M, W)y g = —e(E”, ¥l 1=0)2,2,
(V-EWa g =0 Ao, Waoa
£((B, W)g1,9 —(V X E, )19 = e(B’, ¥li0)o 9
<V . B) W)@’,@ =0.
Definition 1.5.5. On dira qu'une solution faible f'* du systéme de Vlasov-Poisson dans

le sens de la Définition 1.5.3 est adaptée si la densité macroscopique de charge possede un
moment d’ordre 4 borné dans le sens suivant :

< +00.
L>(0,T;LH(Q)

1%
0™ oo, T;L1 AL0 () < +00,

/ € 7P (1, x, dE)
R3

Une telle solution est de plus unique selon [103].

On requerra de plus certaines conditions sur les données initiales.

Definition 1.5.6. On dit que la donnée initiale (f°,E2, BY) € 22,(Q x R3) x 2'(Q)? est nor-
malisée si les conditions suivantes sont respectées. Premierement,

V'E2=/ fPx,d&) =g, et V-BY=0 dansP'(Q).
R3
Dans le cas Q = T3, on demande de plus que
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— la moyenne spatiale de la densité de courant est supposée initialement égale i zéro*
/ £f°(dx, dg) = 0;
T3 xR3
— La moyenne spatiale de E? satisfait
(EY) := / E2(x)dx = 0.
T3

Certaines des conditions imposées dans les définitions précédentes peuvent sembler
inhabituellement abstraites, et sont en effet des conditions ad hoc pour que notre théo-
reme soit vrai. Nous expliquons cependant plus en détail dans le chapitre 4 pourquoi les
criteres usuels demandés aux conditions initiales sont compatibles avec les notres.

Notre résultat principal, obtenu en collaboration avec D.Han-Kwan, est le suivant :

Theorem 1.5.7. Soit f° dans 2,(QxR3), (EQ,BY) € 2'(Q)? des données initiales normalisées
dans le sens de la Définition 1.5.6. Soit T > 0 (indépendant du parameétre €) et supposons
que ' et (fYM,E¢, Be) sont des solutions faibles respectives de (1.3.1) et (RVM) sur l'inter-
valle de temps [0, T], de donnés initiales respectives f0 et (fO,Eg,Bg). On suppose de plus
que f'? est une solution faible dans le sens 1.5.5.

Enfin, on suppose qu'il existe des constantes Co > 0 , et («,B, Y1, Y2) € [0,1)* vérifiant

K:=min(a— (B +2y2),1—-(y1+Y2) >0, (1.5.2)

telles que

— la densité macroscopique p"™ est uniformément bornée ene :
VM
”p8 ”LOO(O,T;LI NL®(Q)) < C(), (153)

— le moment d’ordre a

VM
m(x(t,X)::/ f;.; (t,x,da)ll/(ﬁ)la,
R3
possede une borne uniforme dont on contréle la croissance ene :

| mallieo ;1000 < CoeP, (1.5.4)

— le champ électrique longitudinal et le champ magnétique croissent en norme L? au
plus commeg™2 :

l€d¢Aelliooqo,1;12(02)) < Coe™ ", (1.5.5)
IBellpoo(o,m;12(02)) < Co€™ 2. a

Alors il existe gy > 0, une constante C > 0 dépendant uniquement de la condition initiale,
telle que pour tout € € (0,€¢] et pour tout t dans [0,T],

exp(-C(1+T)?)

Wo(f7, £ (1) = (CA +T)%e¥) (1.5.6)

1. On notera que cette hypothese sur la densité de courant correspond physiquement a un changement
de repere Galilléen.
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La démonstration repose sur 'obtention d’'une inégalité de type Gréonwall pour la
fonctionnelle

Q(t)::% Sfo(dx,dﬁ)(IXVP—XVM|2+IEVP—EVMIZ) (1.5.7)
QxR

ou, (X'P =VP) (respectivement (XYM =VM)) désigne le flot Lagrangien associé associé a
Vlasov-Poisson (respectivement Vlasov-Maxwell). On remarquera ainsi que

(XY, 2P (1), X™, =My (1) # f°

est une mesure de probabilité sur (T x R3)2, de sorte qu'’il nous sera possible d’établir les
relations suivantes entre la fonctionnelle Q et la distance de Wasserstein entre les deux
solutions ' et f'M

Wi (P (0, F™M 1) <2Q(),

et
Wie"P(0,0™(5) < 2Q(1).

1.5.3 Une classe de solutions a valeurs dans un espace de mesures véri-
fiant les hypothéses du Théoréme 1.5.7

Similairement au résultat de Loeper [103], le Théoréme 1.5.7 est un "if-théoreme". Les
solutions de Vlasov-Maxwell pour lesquelles Degond, Asano-Ukai, et Schaeffer [8; 38; 129]
démontrent leurs résultats de limite non-relativiste, satisfont également notre critere.Afin
de justifier que notre critére est en effet moins contraignant, dans une deuxieme partie du
chapitre 4, nous avons démontré |’existence d’une classe particuliere de solutions faibles
des équations de Vlasov-Poisson et de Vlasov-Maxwell, qui ne sont pas compatibles avec
les hypotheses des résultats connus de Degond, Asano-Ukai, et Schaeffer, mais qui satis-
font toutefois les hypotheses de notre théoréme.

Solutions fortes en x et faibles en ¢ Les solutions que nous serons amenés a considé-
rer seront tres réguliéres en la variable d’espace x (de régularité analytique) mais faible-
ment réguliere en la variable de moment ¢ ( de simples mesures possédant un nombre
fini de moments). Nous donnons ici la définition, donnée par Baradat dans [9], d'une so-
lution forte en x et faible en &.

Soit T > 0. On consideére une fonction f : [0,T] x T3 — 22(R3), telle que pour toutes
fonctions test ¢ € C; (R®), I'observable hydrodynamique correspondant a ¢ :

(frp)(t,x) = /3(p(€)f(t,x, dc), (1.5.8)
R

est une fonction lisse, plus précisément dans C' ([0, T) x T3).

Definition 1.5.8. On dit que f : [0, T] x T3 — 2 (R3) est une solution faible en € et forte en x
de (1.3.1) si elle satisfait au sens classique, pour toutes fonctions test @ € CZ(RE‘), le systeme

O, @) (1, X) + V- {[LEP) (1, X) + VP - (£, V) (2, x) =0,
~ AP =(f, 1)1, (1.5.9)
10, x, d&) = fO(x, d).
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Definition 1.5.9. On dit que f : [0, T] x T3 — 2 (R3) est une solution faible en € et forte en x
de (RVM) si elle satisfait au sens classique, pour toutes fonctions test ¢ € C}?(Rs), le systeme

0 {f,P)(£,x)+ V- (f, v ) (L, x)
3
i=1
_qu):<f)1>_1y
Y €20,A— A,A = eP((f, 1)),
10, x, d&) = fO(x, db),

£0;Al1—0 = B + V,dlsoo,
V x Al—o =B = (B%, (Al;=) =0,

(1.5.10)

out o désigne la permutation o = (1,2,3).

Une représentation multi-fluides Nous donnons ici une autre formulation du sys-
teme de Vlasov-Maxwell, que I’on nommera "multi-fluides". Elle a été introduite par Gre-
nier [66] pour analyser la limite quasi-neutre de systemes de type Vlasov-Poisson.

On cherche une solution f sous la forme

f(t,x,de) = / Po (L, x)8(E —&p (2, X)) p(db), (1.5.11)
M

ou (M, 1) est un espace de probabilité donné, & la masse de Dirac centrée en 0, (pg)gem,
(€p)pem sont des familles de fonctions et de champs de vecteurs lisses sur T3. Cela corres-
pond physiquement a diviser ’ensemble des particules du plasma en différentes phases,
chacune d’entre elles étant caractérisée par sa densité macroscopique ponctuelle pg(t, x)
et son moment &g (¢, x). Chaque densité est transportée par la vitesse relativiste v(&g) se-
lon une équation de continuité, et chaque phase est accélérée par une force de Lorentz Fy,
collectivement générée.

Plus précisément, étant donnée une donnée initiale (pg)eeM, (ég)eeM on considere le
systeme suivant :

VO eM, d,p0(t, %) + V- (v(Eg (2, X))pg(t,x)) =0,
VO eM, d,&q(t, x) + (v(Eg(t, X)) - V) Eg (L, %)
= (Vb —ed;A+ev(Eg) x (Vi x A+ (B%) (£, %),

£20°A— AyA =P (/

3v(Ee(l‘,x))pe(l‘,x)u(dﬂ) ,
T

(1.5.12)
—Axcbz/ po(f, x)p(dO) -1,
M

VOeM, pol=0=po(0), &plr=0=2Ep(0),
—€0,Al=0 = E* + VPl =0,
V x Al =B = (B%, (Al;=o) =0,

auquel on ajoute la définition suivante des champs électriques et magnétiques E; etB,

Ec:= —EatA—vx(b;

(1.5.13)
Be:=V, x A+ (BY).

35



CHAPITRE 1. INTRODUCTION

On notera que ceci correspond a la condition initiale

fOx,de) = / Po(0, x)8(§ — Ep(0, x)) (d6).
M

Comme cela est expliqué dans [66], plusieurs configurations peuvent étre modélisées de
la sorte, notamment

db
1+62

— les fonctions continues en x et ¢, en prenant (M, p) = (Rs, A ) (ol A > 0 est choisi

pour normaliser cette mesure),
£0(0,x) =0, pg(0,x) =n(1+6%f(t,x,6);

— les sommes finies de masses de Dirac en vitesse supportées en vy, ---, v, € R3, ce qui
correspond a une somme de données initiales mono-cinétiques.

Un calcul sans difficulté montre que la formule (1.5.8) rend les résolutions du systeme
(1.5.10) et (1.5.12) équivalentes.

Existence locale par une méthode de type Cauchy-Kowalevskaia. Pour prouver I’exis-
tence locale de solutions faibles en & et fortes en x au systeme multi-fluide précédent on
adapte la méthode employée par Grenier dans [66]. Il s’agit d'une méthode de point fixe
de type Cauchy-Kovalevskaia inspirée de la reformulation qu’en propose Caflisch [32].
Avant d’énoncer le théoréme, il nous faut définir la hiérarchie d’espaces de Banach avec
lequel nous travaillons.

Definition 1.5.10. Pour 8 > 1, Bs est 'espace des fonctions a valeurs réelles f sur T telles
que
Ifls:= Y |ZfU)|8™ < +o0,
kez3
ou (Z f(k)) sont les coefficients de Fourier de f . On désignera par Bg l'espace des fonctions a
valeurs vectorielles réelles h sur l'espaceT® dont les composantes sont dans Bs. On gardera
la notation |hls pour désigner la somme des normes |.|5 des composantes de h.

Le second résultat principal du chapitre 4 est le suivant.

Theorem 1.5.11. Soit (M, n) l'espace de probabilité utilisé pour définir le systeme multi-
fluides (1.5.12), soit &y > 61 > 1, soit Cy > 0 et soit (pg(0))g une famille de Bs,, et (§9(0))g et
(B2, BY) deux familles de B, satisfaisant

v-EQ:/pe(O)dp(e), V-B? =0,
M

et telles que
suplpg(0)ls, < Co,
0

(1.5.14)
sup|&p(0) 15, < Co.
0
On suppose aussi qu'il existey € [0, 1], tel que
IEZl, +Bgls, < Coe™ . (1.5.15)

Alors, il existe une constante g > 0, et une constanteT > 0, telles que pour tout € € (0,¢€g), il
existe des fonctions (pf)g dansC ([0,T],Bs, ) , et (§5)g dans C ([0, T], By, ), solutions de (1.5.12)
avec les données initiales (pg(0))g, (€o(0))g, (EQ,BQ).
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De plus, les solutions satisfont les estimations uniformes suivantes : il existe C > 0 telle
que pour toute € (0,¢gpl,

sup|pglieo,1;85,) + SUPI&g|Lo(0,1;8,) < C (1.5.16)
0 0
|Eelreo(0,1;85,) + Belreo(o,1;85,) < CE™ Y. (1.5.17)

Nous montrons de plus que les solutions obtenues dans le Théoreme 1.5.11 satisfont
les conditions requises par le Théoreme 1.5.7.

1.6 Perspectives

Nous abordons dans cette ultime section les améliorations et les perspectives qui sont
susceptibles d’étre entamées a la suite des travaux précédemment exposés.

1.6.1 Généralisation des résultats du Chapitre 3 au cas Q) = R®

La méthode itérative aboutissant au systeme (1.4.9) ne dépend pas de I'espace phy-
sique dans lequel on aura choisi de se placer. Toutefois, la preuve de I'existence locale de
solutions fortes pour ce systéme repose sur la théorie établie dans un cadre plus géné-
ral par Han-Kwan dans [69]. Or elle y est développée dans le cas du tore T3. 1l faudrait
donc modifier la preuve par une méthode de point fixe pour 'adapter au cas Q = R3. La
preuve du taux de convergence devrait étre modifiée dans les mémes proportions mais
est essentiellement le fruit de la structure du systeme (1.4.9).

1.6.2 Amortissement radiatif

Les developpements post-Newtoniens effectués par Bauer et Kunze[19] ont été en par-
tie motivés par I'obtention du modele d’approximation suivant Vlasov-Darwin (que I'on
dénommerait VD —2) afin de justifier des phénomenes d’amortissement radiatifs [16-18].
On sait qu’'une particule chargée qui accélere perd de I'énergie par émission d’'un champ
radiatif (voir [137]). Ce phénomene, lorsque |’on utilise un systéme d’équations non com-
pletement relativiste pour décrire un phénomene électromagnétique, se manifeste pour
la premiere fois a 'ordre €* [16; 137].

Dans le cas d'un plasma non-collisionnel a deux especes de charges opposées, de den-
sités respectives (f*, f7), on peut définir le dipole,

D(r)::/ x(/ £ 5,8 = (%, dE | dx.
R3 R3

On dénotera par &, la quantité d’énergie d'un systeme contenue dans une boule de rayon
r, c'est a dire

& (1) :/ e(t,x)dx,
|x|<r

ol e désigne la densité d’énergie. Pour le systeme de Vlasov-Maxwell en particulier,

— 4 20 £+ - 2 2
e(t,x) /RS\/E +EI1“(fT + )t x,8)dE+ |E(L, x)|° + |B(£, x)[°.

On peut alors montrer [18] que pour des solutions adéquates du systéme de Vlasov-Maxwell
(isolées des radiations entrantes, ce qui revient a ne considérer que la partie "retardée" de
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la solution de I'’équation des ondes que satisfait (E,B) [16; 18]), lorsque € tend vers zéro,
. . L - 3. g2 .

la part de I'énergie qui se dissipe par radiation est 2% | #@(I) 2. Autrement dit, pour tout

teRtel que |t —re| <1, lorsque € tend vers 0 et r vers +o0o, on a I’équivalence suivante

d 2e3 d?
— & (1) ~ —1-=2)*.
dr ' 3 dr?
Motivé par ce résultat, Bauer [16] introduit un systeme semi-relativiste similaire a ce-
lui de Vlasov-Poisson mais dont le champ de force est corrigé d’'un terme de réaction da
aux radiations.

Apres avoir adapté notre méthode au cas d'un systeme a deux especes posé sur Q =
bR3, il pourrait étre intéressant de voir dans quelle mesure il est possible de reconnaitre
les termes qui sont liés aux phénomenes de radiation.

1.6.3 Faire usage de I'approximation d’ordre élevé pour I'analyse nu-
mérique du systeme de Vlasov-Maxwell

Pour des raisons précédemment évoquées, il semble que I’analyse numérique des sys-
temes de type Vlasov-Elliptique est plus commode que celle de Vlasov-Maxwell, du fait
qu’elle ne nécessite pas de conditions CFL et donc de contraintes sur les pas de temps.
En effet une partie des recherches sur les modeles d’approximation non relativiste, ou
basse-fréquence dans la littérature numeéricienne, a été effectuée dans le but de produire
des simulations numériques (voir les articles de Degond et Raviard et Sonnendriicker ou
ceux de McGillen [39; 109; 110; 123]). Des codes numériques aboutis ont étés mis au point
pour le systeme de Vlasov-Darwin [22; 35] et il pourrait étre intéressant de voir dans quelle
mesure ces méthodes peuvent s’appliquer a notre systeme d’approximation d’ordre arbi-
trairement élevé.

Il pourrait également étre intéressant de comparer notre approche avec celle utilisée
pour produire le modele de Poiswell, introduit dans le cadre de la mécanique quantique
[107], qui semble étre ’analogue de ’appoximation de Vlasov-Darwin pour la jauge de Lo-
rentz. Il y a cependant des raisons de penser que la difficulté technique pour développer
un modele d’approximation d’ordre arbitrairement élevé avec la jauge de Lorentz serait
plus conséquente. En effet, la jauge de Lorentz s’écrit,

€0,;b+V-A=0,

et il serait alors nécessaire de considérer également le développement en € du terme €0,¢.
De plus, le potentiel ¢ ne satisfait plus une équation de Poisson mais une équation des
ondes et il faudrait alors procéder a la méme méthode de troncature que celle que 'on
utilise pour le potentiel vecteur A.

1.6.4 Affaiblissement de la condition sur p"™ dans le Théoréme du Cha-
pitre 5

Nous l'avons expliqué, le point de départ de notre étude de la limite non-relativiste

du systeme de Vlasov-Maxwell est I'article de Loeper [103]. Loeper y démontre un résul-

tat d’'unicité pour le systéme de Vlasov-Poisson sous la condition de finitude de ||p"" ||, -
Or ce résultat a depuis été amélioré par Miot et Holding dans [78; 111]. Ils y démontrent
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que I'on peut remplacer la condition de borne uniforme par une condition de croissance
linéaire en p des normes ||p"¥ |,

On peut donc se demander s’il est également possible de transposer les techniques
employées par Holding et Miot dans le cadre de I’étude non-relativiste.
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Chapitre 2

Non-Resonant system coupling Vlasov
and transport equations.

This chapter is a collaboration with EGolse.

Abstract :
This chapter tackles the Cauchy problem for a coupled system of PDEs close to the Vlasov-
Maxwell system. We study a toy-model where the Maxwell equations are replaced by a
collection of transport equations. The goal is to illustrate the key argument of the seminal
work of Glassey and Strauss [56] about formation of singularities for strong solutions to
the Vlasov-Maxwell system. To this end we make use of the formalism settled by Bouchut,
Golse, and Pallard in [26].

Résumé :
Ce chapitre traite du probleme de Cauchy pour un systeme d’EDPs couplées proche du
systeme de Vlasov-Maxwell. On étudie un modele jouet ol les équations de Maxwell sont
remplacées par une famille d’équations de transport. Le but est d’illustrer I'argument clé
du travail fondateur de Glassey et Strauss [56] sur la formation de singularités pour les
solutions fortes du systeme de Vlasov-Maxwell. A cette fin on utilise le formalisme mis en
place par Bouchut, Golse et Pallard dans [26].
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2.1 Introduction

2.1.1 The Toy-Model and the Vlasov Maxwell system

This paper tackles the Cauchy problem for a coupled system of PDEs (Partial Differen-
tial Equations) close to the Vlasov-Maxwell system. These systems govern the evolution
of a distribution function f(z,x,§) describing a system of identical particles interacting
through electromagnetic forces, ¢ € [0,00) being the time variable, x € R® the space va-
riable, and ¢ € R® the momentum variable. More precisely, for any t € [0,00), f(t,.,.) is the
probability density of particles with phase-space coordinates (x,£) € R3 x R3.

Such systems come from the study of magnetized collisionless plasma. The difference
between them lies in the way the electromagnetic force is defined. One can look to the
monography of Glassey [57] (in particular the chapters IV, V, VI) for an overview on the
background of these kinetic equations.

For the sake of simplicity we consider a system with a single species of particles with
charge and mass equal to one. For a given momentum & € R3, the particles have a relati-
vistic energy

e(®):= 1+,

and a velocity

3

v(€) =Ve(E) = W

(2.1.1)
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Their motion is governed by the Vlasov equation :
0rf+v(@) - Vyf+F-Vef=0,

where F designates the electromagnetic force. The evolution of the force F is then go-
verned by a set of equations (depending then on the model one chooses) describing the
interplay between the evolution of the macroscopic distribution of the charged particles
and the electromagnetic force they collectively induce.

Such systems are well understood when the self-induced force F is the result of an
elliptic equation, as in the Vlasov-Poisson system where one only considers the action
of the electric field stemming from the Coulomb potential. The proof of the existence of
global weak solutions for this system is due to Arseniev [2] and the uniqueness under
certain conditions of such weak solutions has been proved by Robert and later by Loe-
per citeRobert-97,Loeper-2006). Since the seminal works of Lions and Perthame [40] and
Pfaffelmoser [122] (see also [130] for a revisited and simplified proof) the initial value pro-
blem for strong solutions defined globally in times is solved.

When the force F is the Lorentz force produced by the electromagnetic field (E,B),
which is a solution to the Maxwell equations, the system takes the form

v(E)

c

of + v(é)-fo+(E+

3E=cVyxB— j,

XB)-V,gf:O, te[0,00), x,E€R?,

VV-E=p;, (2.1.2)
0;B=—-cV, xE,
V-B=0,

where V:= (0y,,0y,,0y,) is the standard derivation operator and V- and V x designate res-
pectively the divergence and the rotational operators. Moreover, p¢(t,x) stands for the
macroscopic density function of particles in the plasma, and j¢(, x) for the current den-
sity vector, defined as following,

pf(t,x)z/ f(t,x,8)dg, J'f(t,x)z/ ft,x,8)vE)de
R3 R3

The global existence of weak solutions to the system of Vlasov-Maxwell is known since the
work of DiPerna and Lions [40] (although their proof is done for the case of the nonrela-
tivistic case, it is adaptable with minor changes, and the reader can find this adaptation
in the very didactic paper of Rein [126]). At the same time, the existence locally in time of
strong solutions has been proved by a fix point theorem in some Banach spaces in the si-
multaneous works of Degond [38] and Asano and Ukai [8]. Yet the main question of global
existence of strong solutions in the whole space in the 3-dimension case is still open. One
has nevertheless due to the seminal work of Glassey and Strauss [53] in 1987 a criterion
under which a solution remains regular , a result which has been then reformulated in
[25; 26; 94].

More precisely, given an initial data " € C!(R® x R®), and initial electromagnetic
fields E/"%, B/ € C?(R®) satisfying the classical compatibility conditions associated to the
Maxwell equations,
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we denote by f € C1([0, Tjqx) x R® x R®) the corresponding classical solution to the initial
value problem to (2.1.2) and the size of the support in the momentum variable of f by

R¢(2) :=inf{r =0, supp(f(s,x,.)) =B(0,r), V(s, x) € [0, £] x R3}. (2.1.3)

Glassey and Strauss showed that a classical solutions remains regular as long as the size
of the support is bounded :

limsup (”f(t,.,.)”wl,oo(RSXRS) + ”(E,B)(t, -)||W1v°0(R3><R3)) =400 — hmsupr(t) = +o0.

1—=Thax 1=Thax

After this pioneering work, several conditions under which a solution remains regular
have been found. It was first found by Glassey and Strauss in [55] that is was enough to
bound uniformly the kinetic energy density :

limsupR(#) = limsup / V1+IEPf(t,.,8)dE = +o0.
=Thnax 1=Thax R3 L (R3)
In [116; 136], it has been shown that for any8>4/p and 6 < p < +o0,
. . 2,0/2
limsupRf(#) = limsup / (1+181°)" " f(t,.,0)dE = +oo0.
=Thax =Thax R3 LP(R3)

Finally, in [119], Pallard proved that controlling the L® norm of the macroscopic density is
enough, namely,

limsupR(f) = limsup |[ps(t,.) | ;s gs) = +00-

—=Tax 1=Tnax

(R3)

It remains insufficient to obtain the global existence since, as we shall see later, one only
have estimates on the L*/3 of the macroscopic density of a given classical solution.

The main difference between the Vlasov-Poisson system and the Vlasov-Maxwell sys-
tem is that the system of Maxwell equations is hyperbolic. Thus there is no gain of re-
gularity for the field (E,B), compared to the sources pys and j¢. Unlike the Poisson equa-
tion where the gradient of the field lives in the same L”-space as py (1 < p < 00), by the
Calderén-Zygmund continuity theorem for singular integrals (Theorem 4.12 in [45]).

The argument of Glassey-Strauss is based on the fact that, assuming the momentum
support of the solution is bounded, the velocity v () of the particles remains in the interior
of the wave cone of the Maxwell equations. Which means that micro-locally, in the region
where the dynamics of the Vlasov equation are, the Maxwell equations is not hyperbolic
anymore, yet elliptic. Then they are able to develop an integration by parts technique,
writing all derivatives as a combination of the streaming operator

S:=0;+v() Vy,
and the tangential operator to the wave cone
T, =w0;—V,.
The toy model we are working with in this article is the following coupled system
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O f+v(E) Vif+E-Vef =0, xE€R’,
(6t+m'vx)(b(f>x,ﬁ,0)) = —f(l‘,x,ﬁ), (b|t=0 :O,(DESZ,

&(t,x,0) =/ vEG(L, x,E, W) dE, (2.1.4)
R3

N

E(t, x) :][é"(t,x,w)dw,

where f designates the normalized integral, that is

1
][hdw =— hdw.
4n lw|=1

In the following we will often denote by S2 the 2-dimensional sphere {®w € R |w| =1}

The unknown of this coupled system is (f, ¢), where

f=ft,x8 and b=d(t,x,Ew).

Moreover we will keep the same notations concerning the macroscopic density and
the density of current,

pf(t,x):/gf(t»x,ﬁ)da, jf(t,x):/Sf(t,x,ﬁ)v(ﬁ)dﬁ. (2.1.5)
R R

The acceleration field E is computed in terms of a function ¢ as described by (2.1.4). Loo-
sely speaking it is a sum of transported moments of f over all the possible velocities lying
on the unit sphere 82. The transport equation defining ¢ is hyperbolic as the wave equa-
tion is but the underlying algebraic structure is easier to manipulate.

2.1.2 Motivation of the Model

This work aims to develop a series of results analogous to those already obtained in
the context of the Vlasov-Maxwell system in [53], [25] to highlight the crucial arguments,
needed in the hyperbolic case. To explain why we can replace the Maxwell equation by
a simple transport equation we need to recall the key idea of the work of Bouchut, Golse
and Pallard [25].

The authors first rephrase the Maxwell equations in terms of the Lienard-Wiechert
potentials formulation (for a physical background see chapter VIII of [99] or the section
14.1 of [89]). To build these potentials we first consider the solution of the following wave
equation

{ DCt,xuf:f(t)x)E,)) (2.1.6)
Ugle=0 =0rufli=0 =0,
where

1
Oet,x = ?att = Ay,

is the d’Alembert operator for waves propagating at speed c. The constant c is left in the
equations to make appear the transport equation more naturally, yet eventually ¢ will be
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replaced with 1.

In fact all the information on the (non linear) interaction-part (E,B) is contained in
ur. The electromagnetic potential (¢, A) is defined in the following way :

(P(I,X)z/ ur(t,x,6)dg, A(t,x)=A°(t,x)+/ v ur(t,x,8)de. (2.1.7)
R3 R3
Then one obtains an electromagnetic field (E ¢, Bf) by the usual formulas :
1 1
Bf=-—>0A-Vxp, Bp=-VixA (2.1.8)

The term A® is added to fit the initial conditions :
OeexA’=0, Almg=A;, 9,A°o0=—c*E™, (2.1.9)
with Aj defined by the conditions
V,-A=0, V,xA=cB", (2.1.10)
This construction makes sense in view of the following result

Lemma 2.1.1. If we consider (f,E,B) a C' solution of the system of Vlasov-Maxwell on
[0,T] x R® x R®, with T > 0, and (f,E,B)|;=¢ = (f'",E""™ ,B/") € C}(R3 x R®) x C2(R3) satis-
fying
vx.Bil’li :0, Vx.Elnl — flnlda’
R3
then (Er,Byf) = (E,B).

With this formulation, estimating the WL_norm of (E,B) means estimating the se-
cond derivatives of u.

To do so one introduces the fundamental solution Y of the d’Alembert operator defi-
ned as the solution of

OrxY =8(1,9=00, suppY <Ry xR,

where supp stands for the support of the tempered distribution Y. In space dimension 3
this solution is given by the Kirchoff formula

11.‘>0
Amc?t

Y(¢,x) = O(|x|—ct). (2.1.11)

Estimating the derivatives of u¢ finally leads to control the derivatives of Y. This is the
approach chosen by the authors of [25]. With that approach, the ingenious integration by
parts argument in the seminal work of Glassey-Strauss [53] is a consequence of certain
properties of the fundamental solution Y of the wave equation.

The key idea in [25] is to represent all derivatives of the form 6§6§Y with |a] +|p| <2 as
linear combinations of S¥Y for k = 0, 1,2, with smooth (in (z, x)) coefficients.
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For j =1,2,3 we define th Lorentz boosts as

Xj

and we observe that these operators commute with the d’Alembert operator
[,Lj]1=0,j=1,2,3.
Together with the relation
L;ib(t,x=00 =0,

itimplies that
L;Y=0, j=1,23,
A suitable combination of these relations
3
xL;Y=0
=1

1

leads to the right integration by parts. It yields indeed to

|x|2 3
— 0+ Zl Cctxj0,,Y=0
1=

which can be formally simplified in

ct cx
0,Y+——-V,Y=0,
[x| [ x|

with the condition
suppY(¢,.) c{|lx| = ct}.

At this point one only uses that Y satisfies a transport equation with a velocity field of
norm c. For that reason, in (2.1.4), the governing equation for the field is taken right away
in the form of a transport equation with unit speed of propagation.

2.1.3 Main results

In the first section we recall the standard steps used to obtain the existence of weak
solutions, with an initial distribution

flizo:= f" e 'R nL®R®) L}, (R, (2.1.12)

with L} . (R®) the set of functions with finite kinetic energy
L, (R := {f eL'RS), (/1+E2fmell (RG)} : (2.1.13)

The statement of the theorem and its proof follow the compactness arguments used
inin [40] and [126] on the original Vlasov-Maxwell system.
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Theorem 2.1.2. Let f'" = 0 be an initial data such that condition (2.1.12) holds, then a
weak solution (f, ) of (2.1.4) exists, satisfying

[ €Cp([0,00),L°R%) — w=), ¢ €€ Cp([0,00)L°(R® x §) — wx)), (2.1.14)

and
Jjf€Cp([0,00), L**(R*) = w), EeCpy((0,00),L*R*) — w)).

Moreover, the energy of the system remains finite : for all t = 0 one has

E(t) = lff e(E)f(t,x,E)dxdE+l/ IE(t,x)Ides &(0). (2.1.15)
2 JIR3xR3 2 Jg3

Remark 2.1.3. Even formally, €(t) is not conserved , contrary to the energy in the case of
the Vlasov-Maxwell system. In fact this is the quantity

1/ e(E)f(t,x,E)dxd&l][/ 1&(t, x, w)|*dxdw
2 R3 2 R3

which is formally conserved. In virtue of the Jensen inequality, we loose the conservation
for €. Besides, the quantity formally conserved is only bounded by its initial value when we
take the limit in the compactness method.

Secondly we establish a criterion, analogous to the one used by Glassey and Strauss in
[53], making the continuation of local (in time) classical (C') solution of (2.1.4) possible.

Given a smooth solution (f, E) to (2.1.4) with a bounded momentum support, we recall
the definition of the size of the -support (2.1.3)

Ry (7) :=inf{r =0, supp(f(s,x,.)) =B(0,r), V(s,x) € [0, £] x R3.

Theorem 2.1.4. Let (f,}) € CL([0,T) x R®) x C1([0,T) x R® x S?) be a classical solution to
(2.1.4), we have the following continuation criterion

limsupR¢(f) <co = sup (IVy e (6, X,8)]+ Ve xg0d (L x,E w)]) < co.
1T 0<t<T
x,E€R3

It follows that, given an initial positive data '™ € CL(R®), there is T > 0, such that there
exists a unique strong solution

(f, ) € WH([0, T) x R®) x WH*°([0, T) x RS x §?)
to the system (2.1.4).

Based on the same approach, we prove a local in time regularity result which does not
need to assume the compactness of the momentum support of the initial data, yet good
decay property in [&|]. This is indeed closer to what is expected in physical settings, for
instance a Maxwellian distribution (see paragraph 29 of [98] for the physical background),
namely

F7,8 = h(x) £ (x,8) = h(x) exp(—Cy/1+ €2,

with £ a sufficiently smooth function.

Let precise the notion of good property of decay in the variable |¢|. We will denote by
p € C(R) the weight function used to control this decay of the initial data. We make the
following assumptions on p :

0<p<l, p'<0, and pr)=00"% witha>7.

The local existence of classical solution result is then the following.
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Theorem 2.1.5. Suppose we are given ' € C'(R® x R3), ¢|,—¢ = 0 and

0< ini ’ = ’
{ (8 = pagh (2.1.16)

Ve f (x, )] < pUED.

Then, there is T > 0 such that there exists a unique classical solution to the initial va-
Iue problem associated to the system of equations (2.1.4) (f,p) € WH®((0,T) x R® x R%) x
WHo((0,T) x R® x R® x §2)).

In view of reducing the problem of global classical solvability, we revisit the method
used by Pallard in[121], and prove that a control of a Lebesgue norm of the macroscopic
density py is sufficient to prove the boundedness of the momentum support. Our last
theorem is the following.

Theorem 2.1.6. Suppose we are given a non-negative initial data f'*' € CL(R3xR3). Let f €
C([0, T nax) x R® x R®) be the corresponding classical solution to the initial value problem
associated to (2.1.4) and let p and Ry a defined in (2.1.5) and (2.1.3). Then we have,

limsupR(f) = limsup [|py(t,) |5 gs) = +00-

1=Thax max

Remark 2.1.7. One can observe that we manage to obtain a condition on the® norm and
not the 1% norm as in the Vlasov-Maxwell case. This is due to the simpler structure of the
equation ruling the evolution of the field &. The estimates will need a use of less Holder
inequality compare to the Vlasov-Maxwell case. However the exponent 3 remains far from
the exponent 4/3 and we are not able to prove the global classical solvability problem.

2.1.4 Outline of the paper

In the sequel, we shall work with regularized systems, meaning that we regularize the
field E, and the source term in the transport equation governing the evolution of ¢, by
using a sequence of mollifiers. A mollifying sequence is built in the following standard
way : one takes a non-negative function d € C‘C’O(Rd) (the space of smooth compactly sup-
ported functions), radially symmetric and satisfying

/ dx)=1,
R3

and d,, is defined by the following formula
d,(x) = ndd(f), n=1.
n

The sequence of regularized systems is then the following

Otfnt V(E.)'fon"'En‘vﬁfn =0,
Or+w0-Vy)by=—fult,x,8) kxdp x5 dp,

En(t,x,w) = /R3 v(E©) (L, x, & w)dE, (TMn)

E,(t,x) =][5n(t,x,w)dw,

fli=o= fr(z) = ((fini *E dp) *x dp)Xn-
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The symbols %, and ¢ respectively designate the convolution product with respect to
the the variable x and t the variable &, and by x, € C®(R®) a cut-off function constantly
equal to 1 on [0, n]. The reason for making a double convolution in the equation defining
¢, is technical, needed for the energy conservation and will be explained in detail in 2.2.1.

One knows by standard arguments —that can be found in [21] for instance (in the
context of Vlasov-Darwin, or in the work of Horst for the Vlasov-Maxwell system [79])—
that there exists a smooth global in time solution (f,}) € Ci([O,oo) x R%) x C1(]0,00) x R3 x
$?) to this system. Assuming that the index 7, the mollifier d, and x are fixed, we prove
some a priori estimates that are uniform in n > 1.

The proof of Theorem 2.1.2 uses the conservation of energy and an interpolation in-
equality that enable us to control some L” norms of f, E, j and then to take a weak limit of
our sequence of approximate solutions. To pass to the limit in the nonlinear term, we use
the weak compactness of one factor and prove strong compactness for the other factor
with the help of the velocity averaging lemma (see [64] for a generic version of averaging
lemmas and the section 3 of [40] for its application in the context of Vlasov equations).

Theorem 2.1.4 and Theorem 2.1.5 are proved with the Glassey-Strauss integration by
parts technique. As in [53], the key argument in this proof is the separation between the
characteristic curves of the Vlasov equation and those of the transport equation satisfied

by ¢.

The proof of Theorem 2.1.6 is very similar to the one of [119], but requires less compu-
tations. The idea is to estimate the integral over a period of time of the force field against
the velocity field along the characteristic curves.

2.2 Global existence of weak solutions : proof of Theorem
2.1.2.

2.2.1 Conservation of the energy and a priori bounds

One assumes in this section that one already has a smooth solution (f, ) € Cg ([0, 00) x
R x C!([0,00) x R3 x §?) of the system (2.1.4), provided with a non negative initial data
1% e CL(R®); and one will then prove that certain quantities remain bounded through the
dynamics.

Firstly, since f satisfies a transport equation whose transport field (v(),E(z,x)) is a
divergence-free vector field, one can say by the Liouville theorem (stating that the phase-
space volume is preserved by such a flow) that

0= I1f(t, Mp@sxry) < 1F°0 lpmexps) foranyl < p<oo, forall £ >0.

Secondly one shall prove by a sequence of formal computations, that the energy of the
system, defined by

@(r):lff e(E)f(t,x,E)dxd&+1/ |E(¢, x)|%dx,
2 JJR3 <R3 2 Jg3

decreases in time.
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We will denote by
1
Coin(t) = f f e(® £ (£, x,E)dxdE,
2 JJR3xR3

the total kinetic energy of our system.
A standard computation using the Vlasov equation leads to

R3

dat
= —][/ jr(t,x)-&(t, x,w)dxdw.
R3

Then multiplying the equation of (2.1.4) defining ¢ by v(€), and integrating with respect
to &,

(2.2.1)

0/6(t,x,w) +w-Vy (/ v(©)d(t, x,8, u))di) =—jr(t,x), (2.2.2)
RS
is obtained, and then it comes that

d (1
][/ —jf-é"dxdw:—(—][ Ié”(t,x,w)lzdxdw)+][w-(/ Vxléf(t,x,w)lzdx)dw,
R3 dt 2 R3 R3

d

= (2][ .y |&(t, x,w)] dxdw).
(2.2.3)

Finally, it implies

d (1 1 2 _
E(E/Rg e(a)f(t,x,z)dxdag][/m &2, x, )] dxdw)—O-

By the Jensen inequality we deduce that the energy of the system (sum of the kinetic
energy and the electromagnetic energy) remains bounded :

€(t)::1ff e(ﬁ)f(t,x,é)dxdﬁ+l/ |E(t,x)|*dx < C. (2.2.4)
2 JJR3xR3 2 Jg3

A result that one can summarized in the following lemma :

Lemma 2.2.1. Let (f,E) be a classical solution to (2.1.4) with initial data f0 € ch(RG) non-
negative, as long as this solution exists, its energy and the quantities || f (¢, )||Lr, 1 < p < 0o,
are bounded by some constant C independent of the time

lff e(&)f(t,x,ﬁ)dxd€+1/ |E(t, x)|*dx < C < oo. (2.2.5)
2 JJR3 <R3 2 Jg3

An interpolation argument gives the boundedness in some Lebesgue space of the ma-
croscopic density py :

pr(t,x)= f(t,x,8)dg+ f(t,x,8)dg
|xi<R [E|>R

4
< —JTR‘Q’IIf(t)IILoo +R_1/ e(©) fds,
3 R3

3/4
sc(/ e(ﬁ)f(t,x,ﬁ)dﬁ) ,
R3
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the result being a consequence of a suitable choice of R:

/
o[ Jree@f 6 x,0dt H
1f (D)oo '
Moreover, as we are in the relativistic case, v(£) < 1, the density of current j is dominated

by pr, and one has therefore the same estimate on j. We can gather these two estimates
in the following lemma :

Lemma 2.2.2. For any solution satisfying the conditions of Lemma 2.2.1, the following es-
timates on the first moments of f hold

o (D llars, 11jr(Dllars = C, (2.2.6)
where the constant C only depends on the initial data.
In addition, as
O(t,x,8w) = —/Otf(s,xﬂo(s— 1),6)ds,

we immediately get that for any bounded interval I c [0, 00),

Iz xrsxroxsz) < M fllLe. (2.2.7)

These estimates will be needed for the compactness argument in the following section.

2.2.2 Weak limit

This part is standard, but for the sake of completeness we will resume and adapt to
our system the frame of what is done in [126], sections 3 — 5.

As mentioned in the Section 2.1.4, we consider a sequence of solutions (f;, $,) —
which are known to exist— to the sequence of regularized systems described by (TMn).
This sequence of solutions satisfy the estimates derived in the previous Section 2.2.1 uni-
formly in n. To simplify the notations, the density of current associated to f; will be de-
noted by jj,.

By compactness arguments we can extract from this sequence a weak solution to the
initial system (2.1.4). This is the purpose of the following proposition.

Proposition 2.2.3. There are functions
f€L®([0,00),L};, NL®(R®), EeL™([0,00),L*R’)),
& € L([0,00),L*(R® x §°),
pf jr €L°([0,00), L3 (RY)),
¢ € L*([0,00) x R® x §%)

(2.2.8)

such that, up to a subsequence,
fo—f inL*IxR°—w),
E,—E inl*>(IxR°-w), &, —& inl>IxS*xR3-w),
jn—Jjr inL*?IxR®-w),
Gp—¢ inL>Ix R x 8% — w)
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for every bounded interval 1 c R,

f=0, jf:/ v()dE a.e
R3

and the transport equation (2.2.2) is satisfied by & .

For almost every t € [0,00), the energy of (f(¢),E(t)),

@m:lff e(a)f(t,x,a)dxd&l/ (¢, 0 2dx
2 JJR3xR3 2 Jg3

is bounded by its initial value.

The existence of a weakly-convergent subsequence is a consequence of the Banach-
Alaoglu theorem and the uniform estimates (2.2.5),(2.2.6), (2.2.7) . The fact that one can
choose the sequence independantly of the interval I follows from a diagonal extraction
argument.

Otherwise the transport equation defining & is linear and

dn*xdn*xjn_’jf

in 2'((0,00) x R%) (see Theorem 6.32 in [128] for instance), so that the limits & and f satisfy
(2.2.2) in the sense of distributions. Likewise,

0rfn+divy(v(©) fr) — 0 f +dive(v(©) f)
in 2'((0,00) x R® x R3).

2.2.3 Compactness and averaging lemma

This paragraph deals with the limit of the non-linear term of the Vlasov equation,
which is the main difficulty of the method. More precisely, one has to prove that for all
$ € C((0,00) xRY),

f f f (En(t, 2)Veb(t, %,E ) fo 1, x, £ d tdxdE — f ff (E(t, x)-Vedb(t, 5, &, ) f (1, x, E)) d td xdE
IxR3xR3 IxR3xR3

up to the choice of a subsequence.

By a classical argument of density on the test functions, one can separate the variables
and restrict itself to the case where

O, x,€) = P1(T, x)d2(E).

To prove the convergence of the nonlinear term we will prove that one factor converges in
fact strongly in L2. Namely, we will obtain the desired convergence once proved that, for
all open bounded interval

I1c[0,00), Br:={[E|<R}, weCPR,

/SW(E)fn(-,.,ﬁ)dﬁ—'/SW(E)f(-,.,E)dE strongly inL*(I x B) (2.2.9)
R R

up to the choice of a subsequence.

The crucial tool at this step is the averaging lemma (or velocity averaging lemma), a
draft of which can be the following (see Lemma 5.1 in [126])
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Lemma 2.2.4. LetR > 0 and y € C2°(BRr). There is a constant C > 0 such that for all func-
tions

h,g0,81 € LR x R3 x Br),

satisfying in 2' (R x R® x B) the inhomogeneous transport equation :
d:h+v(E)-Vih=go+diveg in2 (RxR xR, (2.2.10)

we have

/ V@) h(,.,0)dg
R3

<C (||h||L2(R><R3><BR) +118oll 2R3 xR3) + |Ig1I|L2(R3xR3)) .
H1/4(R><R3)

One can not directly apply the previous lemma to the system because the function &
is defined on the whole R (which is necessary for the proof of the averaging lemma, whose
proof requires the Fourier transform), and this is is not the case of the functions f;,.

We consider an open bounded interval
1< [0,00), ¥ € CX(R* and R > 0,

such that,
supp(y) < Bg.

We also pick a truncation function ¢ € C2°(R) such that,

O0<({<land{=1,

and we define

Fut, %,8) := (D) fult, x,8).

The Vlasov equation under the conservative form can be rewritten as
Ofn+v®-Vifn=go+Ve-gi,

with
8o = C/fn’ g1 =E,(fn.

According to the inequality (2.2.7), the L? norms of the previous functions are uniformly
bounded in 7; which implies by the average lemma that

<C,
H1/4(RXR3)

/ v© fn(,.,&dE
R3

with C a uniform bound in 7. Yet, on the bounded open set I x Bg the Rellich theorem
ensures that the embedding

H'4(Q) — 1L2(Q) , for any bounded regular set Q € R x R?,

is compact. The function { having been chosen so that f,, is equal to f,, on I x Bg, we have
shown that the limit (2.2.9) holds.
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2.2.4 Continuity in time with respect to the weak topologies

In order to justify that the weak solution (f,}) satisfies the initial conditions to com-
plete the proof of Theorem 2.1.2), one needs to prove that there is some continuity pro-
perties with respect to the time ¢. We will only consider the case of f since the arguments
for all the other functions, ¢, &, E are similar.

By integrating in time the Vlasov equation in divergence form satisfied by f;,, we obtain

t
fn(t,x,€)=f’”’(x,ﬁ)+/ (Vi (fu(s, %, 8 () + Ve - (fu(s, x,&)E(s, 1)) ds.
0

We then multiply then by a test function y € C2°(R®) and integrate with respect to x and
&. After an integration by parts, one obtains :

ff Fot, %, W (0, &) dxd = ff FI7 (e, By (o, £ dxdE
R3xR3 R3xR3

t
+/ ./:/I; R fn(s,x,ﬁ)(V(ﬁ)-Vx\p(x,ﬁ)+E(s,x).v£w(x,€))dxd€d&
0 3« R3

(2.2.11)
For ¢ € R, one can prove, by taking the weak-limite as 7 — oo in (2.2.11), that the follo-
wing relation defines a distribution f(¢) € D'(R®) :

<f~(t)yw>(@/’@) :ffs 3fini(X,€)l|/(x,E)dxdE'
o (2.2.12)
+/ ffl;g - f(sy x)&)(v(a) 'V_xl.'](x, é) +E(S, x) .vﬁw(x’é))dxdads.
0 X

The mapping
t— f(1),
is continuous in the sense of distributions, because of the bounds gathered in (2.2.8). Es-
pecially, it implies that ) o
f(o) — fll’ll’
and since C®(R®) is dense in any L”(R®), for any 1 < p < oo, it follows that f belongs to
Cp([0,00), LX(R®) — w=). Finally, the Theorem 2.1.2 is proved.

2.3 Local classical solvability : proof of Theorem 2.1.4.

2.3.1 Glassey-Strauss criterion

We wish to obtain a similar result to the one stated in [53] for the Vlasov-Maxwell sys-
tem. Namely that, if (f,E) is a local classical solution of (2.1.4), it remains regular as long
as its momentum-support remains bounded.

We then assume that (f,¢) is a local classical solution and that we have the a priori
estimate on the size of the ¢-support,

R¢(#) :=inf{r =0, supp(f(s,x,.)) =B(0,r), Y(s, x) € [0, ] x R%} = r, < oo,

and we aim to prove that,
(s, E)“WLOO(QD < o0.
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First, the method of characteristics ensures that
F (o lree = 11F7 [pee.
As,
t
E(t, x) :][ / v(E,)/ f-1,x—1tw,&)d1dédw, (2.3.1)
s2 JR3 0
we have the following estimate :
| IEl |L°°((0,T) XR3) < 4/37[r3T| |fini | |LOO. (232)

In the following, the notation C will be used for any constant independent of the time ¢
(yet it could depends on T, r, or on the initial data and have a different expression from a
line to another).

The main difficulty lies in bounding the norm of the time and space derivatives of the
force , namely the quantities

||axiE||Loo(R3), i:(), 1,..,3.

One has,

t
axiE(t,x):/ v({)][/Gxif(t—T,x—Tw,E)dewdE,
RS §2J0 (2.3.3)

|z|?

The idea is to express the partial derivative 0, as a combination of the streaming ope-
rator

d
:/ 0@ [ 8w fie—12x—202 e,
[El<rs lzl<t

S :=0,+v()Vy,

and the operators
T(lf) = wkat - ak)

as it is done in [25], where € is fixed with || < ¢, and w = (0], w3, w3) is a vector of norm 1.
The result is summarized in the following lemma.

Lemma 2.3.1. There are homogeneous functions of degree 0,
a€,0) e W [R’ x §%),

and
brEw) eW R xS§?), i=0,1,2,3,k=1,2,3,

such that for any w € S* and & € R,

3
3 =alws+ Y bFEwTk,
k=1

5 (2.3.4)
Ay, = alE,w)S+ Y. bF(E w)TE.
k=1
Moreover, these functions satisfy the following inequalities :
)
supla(§, o)l <2(1+ &%),
2
©es - (2.3.5)
sup|Vea(E, w)| <4(1+1E)°,
wes?
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forall& € R3,
ii)
sup|bF (€, w) =201+ &),
2
v - (2.3.6)
sup|Veb; (€, w)| <41 +E])°,
weS?
foralli=0,1,2,3,k=1,2,3 and & € R®.
Démonstration. Taking
) = ————, 2.3.7
a(€, ) 1700 o (2.3.7)
and ©
WV
brE w) = ——2— —§; 2.3.8
FEw) = e =Bk (2.3.8)

for all (i, k) € {1,2,3} we have indeed (2.3.4).

These functions are well defined since |v () -w| < 1. The first estimate of (2.3.5), follows
from the fact that for any € € R,
lv@©)l=<1, [Vv@)l=1l.
One has indeed £
B — & — ISk
Moreover, since the mapping

x€(0,1)— —,
0,1) 1—x

is increasing, one can deduce that,

1

1+v@E) o’
1

=s—,
1-v(ry)
(1+rH? 1
< ;
re (1L+-p2-1

ag,w(z) =

(2.3.9)

<2(1+72).

Concerning the other estimates of (2.3.5),(2.3.6) the computations are very similar and we
postpone them to the Appendix. O

One obtains

| z|?

d
axiE(t,x)=/ v(€) a(é,w(Z))Sf(t—IZI,x—z,E)—ZdE
[El<Ts lz|<t

3 d
+/ V() Z bf(ﬁ,w(z))Tf)f(t_ Izl,x—z,ﬁ)—zdg, (2.3.10)
[El=rs

2
lzI<f k=1 | z]
=1+7,

where we used the change of variable
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Estimate on I.

The first term of the right-hand side can be simplified since f satisfies the Vlasov equa-

tion
Sf=-V¢-(fB),

so by integration by parts in ¢,

d
I:/ Ve(v(€)a(E, w(z)) - f(t—IZI,x—Z,E)E(t—IZI,x—Z)—ZdE-
[El=Ts

lzl<t |z|?

Then
[1(z, X)| < Crllv|lwreoms) SUpIIa(ﬁ,w(Z))IIWELoo.
Z

The boundedness of I follows from
||Ullwl,oo(R3) <1,

and

sup sup ||a(, w(2))|lwieogs) < (1 + rf)-
£eR3 zeR3

Estimate on J.
For the second term, one estimates each integral

dz

]k;:/ V(&) b (& w(@)TE f(t - |zl, x - 2,§) — dE.
[E|<rs lzl=t

|z|?

One can integrate by parts since

d L P el g —
—d—zk(f(t—IZI,x—z,E))— i 0 f(t—|zl,x—2z,8) + 0y, f(t— 2|, x— 2,8),

= (wa)(t—|X—y|,J/»€)

Integrating by parts, we obtain

w(2))

bEE,
]kz—/ v(€) —Zf(O,x—z,E)dsz,
[El<r+ lzl=t a

d [bFE ()
+/ v(€) ft—lzl,x—z,8)dzdg,
|£|SI’*

\z1<t A2k |z|?

=T +J3.
The function
SNPE
belonging to L;__(R%), it follows that
Tl < CILF™ 100 (10,00 xR3 < RS)-

Concerning ]i one has to deal with the estimate of the factor

Z2

d [bFE w)
de '
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This difficulty can be overcome with the technique of section II of [53], noticing that

d (b{f(a,w(z))

_ Rk 3
dzr )—Bi(i,w(Z))/IZI )

22
with Bf being zero-average on 82. One can take this fact for granted for the moment (we

postpone the proof to the section 2.6.2) and observes that,

|z|3

0; _ _ _ _
- / bE) / / BE(E, —o) LT DA TTOOD T SUTDDY) ygoge (23.09)
[El<T4 0 S2

r

t — —
+/ V(E)/ / Bf(i,—w)f(t LY rw’a)drdwdﬁ,
lEl<rs 0, /s r

with 6, to be chosen later.

BX(E, w(2))
2= / b (—) =12l x - 2,8)dzd0,
[El<rs lz|<t

Furthermore,

i k 3 22
2 - (b2) = T eEE S 2a e

and so that for all £ € R® and z € R3,
BF(E w(=) =C+EM.
It follows that
071 = Cra|[BF 1|l fllLeo 10g(2/0,) + COr21IBF ooV fll oo (0, 1y x RO RS- (2.3.15)

Taking
0
t

IV f Lo (0,0 xRS xR3)
the inequality becomes

%l = CA +1og, U1V flleo(o, 0 xR xr3))>

where
log, (z) := max(0,log(z2)).

Then
110, E(%, )l = C(1 +10g, (IIV fllLeo(0, 1) xR3xR3)))» (2.3.16)

which is enough to obtain a Gronwall inequality in the logarithmic shape, in order to es-
timate | |f| |W1'°°([0,T) xR3 xR3) and then | |E| |W1'°°([0,T) xR3)-

To estimate the quantity

N8 = [IVie f (£, lpoo®s «r3)»

we apply V¢ to the Vlasov equation satisfied by f, and we obtain the following inhomo-
genous transport equation :

59



CHAPITRE 2. NON-RESONANT SYSTEM COUPLING VLASOV AND TRANSPORT
EQUATIONS.

0 ~V,ET
0t (Ve f) + v Vi (Vi f) +E(t,x) - Ve (Ve f) = v® o Veef, (2.3.17)

where we used the notations
((VV(E'))” = aéj Vi (Er))

and
(VE(x))j = 0x,Ei(5).

Integrating on a characteristic curve, the following estimate is obtained

t
N@) <1 f e + / (IVev@©llie + [IV<E($) [l ) N(5) ds.
0

Given the inequality (2.3.16), N(#) satisfies a logarithmic-Gronwall inequality on (0,T) :

t
N(#) =N(0) + C/ N(s)(1+log, (N(s))ds.
0

It gives
N(#) = exp(Cexp(CT)),

and so
||nyﬁf(t, .,.)llLOO(R3XR3) < CT (2318)

Plugging it in (2.3.16), it also proves that

Ee W' ®([0,T] x R®).

2.3.2 The initial value problem.

Local existence in time.

In the sequel we will prove that, given an initial data f ini ¢ Ci(R3 x R3), there exists a
local in time strong solution (f,®) to the system of equations to (2.1.2) such that f|;- =
fi" To do so, we use the continuation criterion derived before. More explicitly, we consi-
der a global weak solution, obtain as we explained previously, to the regularized system
(TMn). We prove that for such a solution f there exists a time T > 0, such that the diame-
ter of the ¢-support of f, R¢(#), is finite. To do so we derive an a priori estimate on R¢(¢).
All the estimates being uniform in n, they remain valid passing to the weak limit, and due
to the continuation criteria the weak solution happens to be a strong one. For the sake of
simplicity the a priori estimate is derived without the indexes n.

Let us pick (x,&) € R3xR3, and consider the characteristic curve (X(s, t, x,&), (s, t, x, £))
associated to the Vlasov equation in (2.1.4) :

0,X(s,£,0,8) = v(E(s, 1, x,8)),
X(t! t? x’&) = x}

asE(S, L, x, E') =E(s,X(s, £, x, E))’ (Char)
E(t) t; X, E) = E,
Thus, t
&=2(0,1,x,¢) +/ E(s,X(s, t,x,8))ds, (2.3.19)
0
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and together with the estimate on the field (2.3.2), the following Grénwall inequality is
obtained :

t
Ry(1) <R/(0)+Cr /0 R (s)ds. (2.3.20)
We consider next the solution R of the Riccati equation

ds _ =3
{ R0 =CrR (1), 2.3.21)
R(0) = 2R (0),

and T < 0 the blow up time of R. By continuity of Rf,R and since R(0) = 2R£(0), it comes
that the set _ _
A:={te(0,T)s.tforall s€[0,), Rr(s) <R(s)},

is closed and non empty. Moreover if one takes ¢, € A, then

t*
Rf(z*)st(O)JrcT/ R} (s)ds,
0 (2.3.22)

te
<Rf(0) + CT/ R3(s)ds, <Rp(ts).
0
Thus, A is non empty open and closed in [0,T), and therefore
R (1) <R(1) forall 7€ [0, T).

Finally the local in time boundedness of the radius of the momentum support is proved.

Uniqueness.

Concerning the uniqueness, one assumes that there are two solutions (f, ¢ ), (g, $g)
to (2.1.4) with the same initial data and proves that,

h(t’x)z,):E f(t,x»f,)—g([yx,ﬁ), h|t:0:0y

is in fact the zero function.

Let T > 0 be such that both f and g exist on [0, T). Then the function h satisfies the
following system :
dh+v(E -Vih+Ep-Veh=(Eg—Ef)-Veg, t€(0,T) x,E€R’,
(at+(’~)vx)q)h = g(f,X, E,) _f(t)x) Ey) = _h(t) x;a)’ q)h|t:0 = 0)

\ Ent, x, ) :/3 v(&)bp(t, x,Ew)dE, (2.3.23)
R

Ej(t,x) =][é"h(t,x,w)dw,

where E¢, Eg, Ej, designate respectively the force fields associated to f, g, h.

Since the field (v, E ) is Lipschitz, the characteristics are well defined on [0, T) (see for
instance [41]),
0sXn(s, 1, x,€) = v(Ep(s, 1, x,8)),
Xn(t, t,x,8) = x,
0sZn(s, £,x,&) =E (5, Xp(s, 1, x,8)),
=5t x,&) =C¢.

(2.3.24)
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and integrating along a characteristic curve, one can say that the inhomogeneous trans-
port equation in (2.3.23) leads to the inequality

t
0 < [Ih(D)l| g3 xg3) =< Rl s=ol +/ I[Eg(8) —E ¢ ()llrooms) [IVe& ()l (g3 xr3) A S-
0

Then, by linearity of the equation defining the fields & and E,
Eg—Ef=Ey,
and with the help of the estimates (2.3.1), we deduce that
||Eg_Ef||L°°([O,T)><R3) = ||Eh||L°°([0,T)><R3) SC(r*)Tl|h||Lo<>([0yT)stxR3). (2325)

Moreover, by (2.3.18) one knows that the gradient with respect to & of the density function
remains bounded, and therefore

||Vﬁg(s)||Loo([0,T)xR3) <C<oo.

Then, the following Gronwall inequality

t
|h(t)|SC(T*)T/ 1R ()] l20(10,T) xRE xR3)
0

implies that
h=0,

and the uniqueness of a strong local solution associated to a given initial data as stated in
the Theorem 2.1.5 is proved.

2.4 Alarger class of adapted initial data : proof of Theorem
2.1.5.

One of the limitations of the classical Glassey-Strauss criterion ,as they formulated it
initially in[56], is its nonphysical nature. Indeed, in reality, physicists may prefer to work
with distributions of particles that are not compactly supported but may have very good
properties of decayin [{|. The typical exemple is the case of Maxwellian (see the paragraph
29 of [98]) :

F(x,€) = h(x) exp(—p/1+ €[,
with )
P= o0’
kg beeing the Boltzman constant, and 0 the temperature of the medium.
Therefore, it would be natural to look for a different condition on the initial data on

which one should only require good decay properties as || — oo, as Lions and Perthame
did in [102] for the Vlasov-Poisson system.

In the sequel, we will denote by
peC'R),
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a weight function used to control the decay in [¢| of the initial data. We make the following
assumptions on the function p :

0<p<l1, p'<0, andp(r)=00"“witha>7. (2.4.1)

Moreover, all the computations are done formally, but they can be done on an approxi-
mate solution (f”,E"), with uniform estimates in n which are therefore preserved by the
limit as n — oco.

L°° bound on the field E

It is already known that o
Osf(trxra) =< ||flnl||L°°;

and we want to estimate the quantity [|E(,.)[| . gs), which leads to estimate

t
//f(T,x+w(t—T,E,))dEdT.
o JR3

The first step is then to see how the decay property in |[{| on the inital data propagates.

We a priori assume that (f, ) is a classical C! solution of (2.1.4), with the additional
assumptions (2.1.16) of Theorem 2.1.5.

Moreover, we assume that there is T > 0 such that the estimate

At := sup IIE(S,-)||L°°(R3) <o
0<t<T

holds.

In the sequel we will denote by A(T) the quantity

A(T) = sup ||E(S, .)||L00(R3).

O=sr=t
One has, by the method of characteristics,
f,%,8) = F" (X(0,1,%,8),2(0, £, x,8)),
where
0sX(s, 2, x,8) = v(E(s, 1, x,8)),
X(t,1,x,6) = x,

0,E(s, 1, x,8) =EX(s, 1, x,8)),
266,08 =&,

Then, forall x,E e R® xR3and forall0< ¢t <T,
0= f(t,x,8) =< p(E(0,¢,x,8E)).

Furthermore,

t
120, 7, x,8)| = [&] —/ A(s)ds = [§] — tA(1)
0
and p is nonincreasing, therefore, finally for all (z, x,£) € [0, T] x R® x R3,
0= f(£,x,8) < p(IE] - tA(1)).
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In this paragraph, it is shown that the a priori assumption (2.4) on the boundedness of
Ar leads to a Gronwall inequality on A(t1), which implies the boundedness of this quantity
locally in time.

One has, for all xe R, w € $2, and £ € [0, T),

|E(¢,x)| = |&(t, x,w)],

t
S//f(T,x+w(t—T),E)deE,
rR3Jo
t
5/ / p(&] = TA(T))d1dE,
R3J0
t
< (1€l — TA(T))d&dT
/IEIStA(t)/O P (2.4.2)

t
+/ /p(IEI—TA(T))dEdT,
E1=tA() Jo

t t 00
< 47[/ vAT)dT+ 471/ / p(r)(r + TA(T)drdT,
0 0o Jo
t
<Cr (1 + / (A(T)® + A(T)Z)d‘r) :
0
where Cr is a constant depending only on T and on the inital data.

Therefore there exists a time 0 < T' < T such that,
A1 < 00.

We can indeed follow the same argument used at the end of Section 2.3.2, and compare E
to the solution E of the following Riccati ODE

{ LB =Cr(E0+F 1), (2.4.3)

R(0) = 2Cr.
Estimates of the derivatives
Estimate of V¢ f

We define
N(@®) :=IVye f(£,. Il o ®3xR3)-

Differentiating the Vlasov equation with respect to x and &, we obtain

0 —-V,ET
_VEV(E)T 0 Vx,ﬁf

0+ v(€) - Vi +E(£,x)-Ve) (Ve f) =
which leads, by integrating along a characteristic curve, and using the bound
Vev(E) < 1forallEeR%,
to

t
N(#) = N(0) +/ (1 +1IVE(s, )l eow3))N(s)ds, forall £ € [0,T).
0
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By the Gronwall inequality,
N(#) = N(0) exp(H(1)),

where

t
H(t) ::/ (1+||vxE(S,.)||L00(R3))dS.
0

The key issue is then to estimate H(t).

One can also notice with the above calculations that, the condition on the derivatives
of the initial data propagates in the following way

IVt f(5,%,8)] < Ve f7 (X0, £,x,8), 2(0, £, x,E)) exp(H(1)),

2.4.4
< p(l&| - Ar 1) exp(H(1)), sy

for all (¢, x,&) €,[0,T) x R3 x R3.

Estimate of V,E

Similarly to what is done in the section 2.3.1, concerning the case of compactly sup-
ported distribution functions, one has

d
0x,E(Z, x) =/3 V(&) a(ﬁ,w(Z))Sf(t—IZI,x—z,E)édﬁ
R

|z|<t

(2.4.5)

3 d
+/3v(&) Y bR 0@ TE f(t—12), x— 2,8 —dE
R

2
lzl<t k=1 |z|
=I+7.

Then we have to estimate [ and J, taking into account the decay porperty of f that we have
already studied.

Estimate of 1

Similarly to what we have already done in (2.3.11)

d
|I(t,x)|s/ /IVa((V(E)a(E,w))If(t—IZI,x—Z,E)dE—ZZ-
|z|<t JR3 <

Yet
0= f(t—lzl,x—2,8) < p(&l —Art)

for |z| < t, and due to estimate (2.3.5),
|L(¢, x)| < Ar,

for all x € R3, provided that
p(A+rHrie L' R).

It is indeed the case because of the condition a > 7.

Estimate of J
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We write 5
J=Y Tk
k=1
and by integration by parts as in (2.3.13), we see that
bF(E, w(2))
Je==[ v ———f0,x-2z,8)dzdg,
R3 lz|=t <
b (E, 0(2)) 2.4.6
+/ V(&) a_[bit >— | f(t—lzl,x - 2,8)dzdg, @40
RS lzl<t A2k ||

=] +]J2.
-z
We recall that here, as in the previous section, w(z) = =k The first term, ]}c is bounded
z

since by (2.3.6) we have
bF (&, 0(2) f(0,x -2, < CA+[E*)p(ED,

with C a constant. For the term Ii, we use the same technique as in (2.3.14) :

0; _ _ _ _
Ji:/ v(&)/ /B?(E,—w)ﬂt RXZro8) = SN N8 b
R3 0 S?

r

t — —
+/ v(é)//B?(a,—w)f” NXZTO8) b dwde.
R3 0, /82 r

lft=rx—rw,&) - f(t—r,x,8|<rp(x|-TAr), forall £€[0,T),

we conclude that

(2.4.7)

Since

2 t
[J5.(¢, )| < Cr (log 5 + 0 exp(H(1)|.
t
Choosing
0; = exp(-H(1)),
we obtain
J2(t, )| < Cr(1+H(1)), forall xeR®,
and then to

t
|axiE(t, x)l < CT(l +/ (1 + IIVxE(S, .)llLOO(R3)dS).
0
The Gronwall inequality implies that
[IDxE(%, )| o w3y < Crexp(Cri),

forall0<r<T.

Conclusion

Since
N(#) = N(0) exp(H(1),

we deduce from the previous bound on the field that
N(#) = N(0) exp(T exp(CtT)),

and the Theorem 2.1.5 is proved.
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2.5 Arefined criterion : proof of Theorem 2.1.6

In this section, we consider a given initial data f* € C!(R® x R®) and we denote by
(f,®) the corresponding classical solution on an interval of time [0, T;,,y). We pick T €
[0, T/n4x) and we want to derive a Gronwal inequality for the size of the momentum sup-
port R ¢(T) in the same Pallard did for the Vlasov-Maxwell in [119]. We will use the notation
C of any constant depending only on T and the initial data.

2.5.1 Time integral of the force field.

Rather than reasoning directly on R¢(#), we work on the increase of e(¢) along a cha-
racteristic line. Although it is not exactly the method used in section 2.3.2 the ideas and
the equations are very close to (2.3.19), (2.3.20). We pick (xo, &) in the support of £, and
we consider the characteristic curve (Xg, Z¢) of the transport equation

Xo,Z0) (1) = (W(Eo(1)), E(£,X0(1))), Xo,Z0) (0) = (x0,&)-

Because of (2.1.1) one has,

T
\/1+|E(T)|2:\/1+|E(0)|2+/ E(t,Xo (D) - v(Zo (1)) dt. (2.5.1)
0

Since,
vl <1, (2.5.2)

the problem is reduced to the estimation of

T
Ig:= / E(t,Xo(8))dt.
0

Remark 2.5.1. It has been noted in the work of Klainerman and Staffilani [94] that for a
class of initial data compactly supported, the control of the integral of the electromagne-
tic fields over a characteristic line is essentially equivalent to the Glassey Strauss criterion.
Moreover this makes sens for even non compactly supported solution, that is why this point
of view enables Luk and Strain [105] to prove a continuation criterion for a larger class of
initial data.

2.5.2 An upper bound for I.

Thanks to (2.3.1), and using Fubini’s theorem, we can write,

T t
IE:/ /// v(© f(s,Xo() — (1 - Sw,E)didwdsdt.
0 0 JS2JR3

Using the Fubini’s theorem and taking into account (2.5.2), one obtains,

T T do.( )
gl S/ / / Pr(8,Xo(1)=y) yzdtds,
0 Js Jl|yl=t-s |t — sl

where do designates the standard measure on the unit sphere S?. Then, we split the inte-
gral on the right hand side in two parts,

T s+e(s) T p,T
|IE|5/ / ...dtds+/ / wdtds:=Tg +1§.
0 s 0 s+e(s)
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The most singular term Ip' will be under control by setting
e(s) = T-s
T 1LR3 ()
1+R f(s)
Indeed, one has
T ps+e(s)
IESC/ / o £ (e,
0 S
T
< C/ e®pr(s)llLeds,
0 ) (2.5.3)

T R;(s)
<C / I s
0 1+R~}(s)

<C.
To deal with the term Ig» one has to perform the change of variable

where we set w = w(0, ) = (sin(0) cos(y), sin(0) sin(¢p), cos(0)).

The following is very similar to the method of Pallard in [116; 119], and we use in par-
ticular the following Lemma (Lemma 2.1 in [116]) whose proof can be found in these re-
ferences.

Lemma 2.5.2. Given0 < s< s < $p, defineQyg, 5, = (51, 52) x (0,7) x (0,2m). The map

70:Qy 5, — Qs 5,)
(t;e,(P) HXO(t) - (t_ S)w(ey(p)y
is a C' -diffeomorphism with JacobianJn(t,0,¢) = (v(Zo(1) - — 1) (£ — 5)?sin(0).

We thus make appear the factor (v(Zy(?))-w —1) in the integrand of Ig and then use
the most favorable Holder inequality :
I < / ds
0

t
/ / P75, Xo(1) =) (W(Eo(D) -0~ Ddo(y)dt
s+e(s) J |yl=t—s

/T / 1 do(y)dt
ste(s) J1yl=t—s W(Eo(D)) -w -2 [t—s]

By standard computations, that one can find in the section 2.3 of [119], we obtain that
forany t€[0,T),

” (2.5.4)

X

/1 du <C
1 (wE()u—-nte T

/T / 1 do(y)dt (T—s)
<Cln .
s+e(s) Jyl=t—s (V(Eo(t))'w—l)l/z |7:_S|3 €(s)

Using the change of variable of Lemma 2.5.2, we obtain

T
I < C/ / p(s, x)dx
0 H(Qs+€(s),T)

It implies,

1/3
In* (1+Ry(s)) ds.
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Finally,
T
If < c/ £ ()s@s) In*" (1+Rf(5)) ds. (2.5.5)
0

Gathering both (2.5.3) and (2.5.5) and bringing it in (2.5.1) we infer that,

T
\/1+|E(T)|2:\/1+|E(0)|2+C(1+/0 ||pf(s)||L3(R3)ln2/3(1+Rf(s))ds).

Therefore, for any T € [0, T,4x) we have the inequality

T
Ry(T) st(0)+c(1+/ ||pf(s)||L3(R3)ln2’3(1+Rf(s))ds),
0

and we conclude by the Gronwall lemma.

2.6 Appendix: Technical results

2.6.1 Estimates (2.3.5), (2.3.6)

We recall that,
al,w) = m,
and ©
WV
bRE w) = —22 5,
Z(E ) 1+ 00 -0 ik
Since,
[IVev|lieo =1,

one can deduce that,

[Vea(E, )| <

A+ vE)-w?’
<1+

In the same time, since |w| =1 and ||v||i~ <1,

k
b; (E,,u))’ Sl+—1+v(ﬁ)-w

. Therefore the estimates on bf.c and its {-derivatives are a direct consequences of the pre-
vious results.

2.6.2 Homogeneous distributions and average of Bf

First, we recall some of the results on homogeneous distributions, which can be found
in [52] (Chapter III section 3.3) or in [84] (pp 75— —79 and Theorem 3.2.3).

For all A € R*, one will denote by M), the application from R to itself :
M) : x— AX.
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Let Q be a cone of RY, one says that a distribution T € ©’(Q) is homogeneous of degree n
if, for all A > 0,
ToM,=A"T in D'(Q.

Another way to characterize homogeneous distributions f € ®'(R%) of degree n is the
Euler relation (in the sense of distributions) :

Ve-(xf)=n+d)f.
One has the following extension property :

Proposition 2.6.1. LetT be an homogeneous distribution of degree n on R\ {0}. Ifn > —d,
there exists a unique homogeneous distribution on R of degree n, noticed T, such that

T|Rd\{0} = T.

Whenever T € (D'R%\ {0}) is homogeneous of degree —n, the distribution divx((xT)) is

a homogeneous of degree —n sur R% supported on {0}. Therefore there exists a constant
A € R such that .

Vi (xT)) = cdx=0 (2.6.1)

in the distributional sense on R%.

The constant A in (2.6.1) is called the residue of T at 0, and is denoted by ResyT. It is
also defined by the following relation

1 d(x)
<T,b>=ResgT— —dx, 2.6.2
¢ 784 Jpa |xl (2:62)

where S¢ denotes the unit sphere in dimension d, for every
b(x) =@(x)) with ¢ € C2°((0, +00)).

Proposition 2.6.2. Every distributionT € ©'(R"\{0}) that is homogeneous of degree —n has
a homogeneous extension'T of degree —n toR", if and only if

ResyT =0.

To compute the average of Bf on the unite sphere, rather than calculations as in [53],
it is more simple to see the result as a consequence of the properties, recalled above, of
the homogeneous distributions of degree —3 on R®\ {0}.

A direct computation gives,

d
BF & 0(2) = 21— (bf € w(2))] - 20bf,
dzk
which is a homogeneous distribution of degree 0 on R3. Therefore

k k
1z3 TR\ |22

is a homogeneous distribution of degree —3 on R3\ {0}.
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Since
bk

i 1 3
W € Lloc(R ),

bk . R
one can deduce that 9y, (ﬁ) is a homogeneous distribution of degree —3 on the whole

BF
R’, and naturally defines an extension of i from R*\ {0} to R®.

BX
Reso| —= | =0,

which implies that for all x € CZ°((0,00)),

BF(E, w)
O:/ x(z]) dz
RS

Hence

|z|3

:/ w/ Bf({,w)dwdr.
0 rJs

/ B¥(E w)dw =0.
lwl=1

(2.6.3)

It immediately follows that

71



CHAPITRE 2. NON-RESONANT SYSTEM COUPLING VLASOV AND TRANSPORT
EQUATIONS.

72



Chapitre 3

High order Vlasov-Darwin systems as
high-order non-relativistic
approximation of the relativistic
Vlasov-Maxwell system

This chapter is a collaboration work with D. Han-Kwan, N.Jiang, L. Xiong.

Abstract :

In this chapter we tackle the problem of the nonrelativistic approximation of the Vlasov-
Maxwell system by a manufactured Vlasov-Darwin type system. Namely, when the cha-
racteristic speed of the particles is small compared to the speed of light ¢, one can re-
place the hyperbolic Vlasov-Maxwell system by a system coupling the Vlasov equation to
a system of elliptic PDEs, whose expression is obtained by a perturbative method inspired
by by a recent work [73] of Han-Kwan, Nguyen and Rousset and close to the Chapman-
Enskog method developped in another context. We explain the construction of the non-
linear high order Vlasov-Darwin type systems, study its local well-posedness and give its
rate of approximation in terms of inverse power of c.

‘Résumé :
Dans ce chapitre on traite du probleme de I'approximation relativiste du systéme de Vlasov-
Maxwell par un systeme de type Vlasov-Darwin. Plus précisément, lorsque la vitesse ca-
ractéristique des particules d'un plasma est petite devant la vitesse de la lumiere c, on
peut remplacer le systeme de Vlasov-Maxwell qui est hyperbolique par un systeme cou-
plant I'’équation de Vlasov a un systeme d’EDPs elliptiques, dont |’expression est obtenu
par une méthode perturbative inspiré d’un travail récent [73] de Han-Kwan, Nguyen and
Rousset et proche de la méthode de Chapman-Enskog développée dans un autre contexte.
Nous expliquons la construction de ces systémes de "Vlasov-Darwin d’odres élevés", étu-
dions leurs caracteres bien posés et donnons un taux d’approximation qui est une puis-

sance de l'inverse de c.
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NON-RELATIVISTIC APPROXIMATION OF THE RELATIVISTIC VLASOV-MAXWELL

SYSTEM
Contents

3 Introduction . . . . v v vttt it e e e et 74
32 Mainresults . . ... ...ttt it tntenenneneencnnes 81
3.2.1 Definitions and preliminarycomments . . . . ... ... ....... 81
3.3 Derivation of the higher Vlasov-Darwinsystems. . ............. 87
3.3.1 Description of the recursive construction method. . ... ... ... 88

3.3.2 Propagation of the structure through the iterative construction me-
thod. . .. ... . . 91
3.3.3 The system beyond the Vlasov Darwin system:VD-3. .. ... ... 96

3.4 Local well-posedness for the k-th Vlasov-Darwin approximation system
5 257 ) 98
3.5 Approximationrates . . . . . . ...t vttt ettt 101
36 AppendiX . . . . i i e e e e e e e et 104
3.6.1 ThelerayoperatorP . ... ... ... ... ... .. ... ... ..., 104
3.6.2 The space mean-value and the average freepart. . . . ... ... .. 105

3.1 Introduction

This article is concerned with the question of the description of the non-relativistic re-
gime in a dilute collisionless single species plasma with spatial periodic boundary condi-
tions. Such a plasma is described by a distribution function f(t, x,§) in the phase space
T3 x R3 (with T® = R3/Z3 the flat torus endowed with the normalized Lebesgue measure)
of a family of identical particles (typically electrons) interacting through electromagnetic
forces. The choice of periodic boundary conditions for the space variables is made here
for the sake of simplicity.

The conservation of the mass in the phase space yields the so-called Vlasov equation
0rf+v(@)- Vyf+F(,x,E) Ve f =0, (3.1.1)

where v is the velocity field, and F is the force field, satisfying V¢F = 0. The expression
of the field v depends whether one works in a relativistic or non-relativistic framework
and the choice of the force field F depends on the electromagnetic model one decides to
chose. After a rescaling, all the physical units (mass, elementary charge etc.) are reduced
to one and we consider the parameter

1
€:=-,
c

where ¢ designates the speed of light. The parameter € characterizes the transition bet-
ween a relativistic and a non-relativistic regime (it can also be seen as the ratio between
the characteristic speed of the particles and the speed of light).

In a classical framework the expression of the velocity field is simply v () = §, whereas
in the relativistic framework taking into account relativistic corrections it becomes

§

&) =——"——5.
Ve (1+e2g2)"?
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In the following v(£) will always designate the relativistic expression, even in systms consi-
dered as non-relativistic approximation, and we will explicitly write ¢instead of v(£) in the
classical case.

The force field F is most of the time the Lorentz force
Fi(t,x,8) := E(t,x) +ev(§) x B(t, x),

where (E, B) is the electromagnetic field in the system, and x is our notation for the vec-
tor product. Focusing on the part of the field which is self induced by the dynamic of the
system, one can expect different behaviour whether we choose the quasi-static approxi-
mation model (i.e there is no magnetic field and E is a gradient of a potential satisfying
the Poisson equation) or the full Maxwell equations model. In the first case the result is
the so-called Vlasov-Poisson system and in the second case the Vlasov-Maxwell system
(sometimes called the relativistic Vlasov-Maxwell system).

The Vlasov-Poisson system combines the Vlasov equation with an elliptic equation
and is particularly relevant in the non-relativsitic framework. The more fully descriptive
Vlasov-Maxwell system combines the Vlasov equation with the hyperbolic system of Max-
well equations, which makes the analysis more complicated, and is generally set up in the
relativistic framework. It is known since Degond [38] and Asano and Ukai [8], that the first
system can be seen as the non-relativistic limit of the second.

The objective of this work is to establish a scale of Vlasov-Elliptic systems approxima-
ting the Vlasov-Maxwell system at an arbitrary high order power of the parameter €. The
starting point of this scale is the Vlasov-Darwin model we will discuss later in the intro-
duction. Our method of expansion in € is inspired by a recent work of Han-Kwan, Nguyen
and Rousset [73] studying the stability of a class of homogeneous equilibria for the Vlasov-
Maxwell system and can be compared to the Chapman-Enskog method developed in the
context of the Boltzmann equations.

The Vlasov-Maxwell system

In dimension 3 the relativistic Vlasov-Maxwell system (which we will simply call the
Vlasov-Maxwell system) is, as established by Weibel in [144],

0 f"™M+ () Ve f ™M+ E+ev© xB)-Vef'™M=0, rel0,00),xEeT> xR,
€d;E=VxB-j"M
<V-E:/ folx,& -1, (3.1.2)
R3
€0;B=-VxE,
V-B=0
where

p"™M (1, x) = / MM x9dg, M) = / v@® ™1, x,8)d8,
R R
are respectively the macroscopic density and the density of current. The system is gene-
rally associated to a set of initial conditions :

f|t=0 = fO) (E;B) |I,‘=0 = (EO,BO), (313)
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and compatibility conditions

Vy-Eg=p"™M(0)-1, V. -By=0. (3.1.4)
The Cauchy problem for the system (3.1.2) has been intensively studied these last de-
cades. Here is a (non-exhaustive) list of significant results :

— the existence of global weak solutions has been proved by DiPerna and Lions [40];

— the existence of local strong solutions and the conditions under which they remain
regular has been tackled in many papers [7; 25; 38; 55; 56; 94; 104; 121; 146; 147].

The problem of the global existence of strong solutions remains open to this day, since
it is not clear that a general class of initial data can provide enough a priori estimates to
use the continuation criterion establish by Glassey and Strauss in [56]. The main diffe-
rence between the Vlasov-Maxwell and the Vlasov-Poisson systems, which prevents from
filling this gap, is the hyperbolic character of the Maxwell equations which do not provide
a gain of regularity, contrary to the Poisson equation.

One can also consider the Vlasov-Maxwell system using the formalism of the Liénard-
Wiechert potentials (we refer to the chapter VIII of [98] or to the section 14.1 of [89] for the
physical background and to the section 2 of [25] for the equivalence of the two formula-
tions in the context of the Vlasov systems). Since we work on the torus T® we need to pay
attention to the space mean value of the unknowns. Namely, for a function or vector field
G we define its spatial mean-value as

(G) := / G(x)dx,
T3
and its average free part as
G:=G-(G).

In the following we will consider electromagnetic fields (E,B) deriving from a couple of
potentials (¢, A) according to the expressions

E(t) x) = _qu)(t) x) - eatA(t) x)) B(t) x) - <B>(t) = Vx XA(tr x))
with the additional Coulomb gauge condition :
VX'A = 0.

To encode this gauge condition into the equations we will use the Leray operator P, which
is the projection from the set of vector fields whose components are in L?(T%) in the sub-
space of free-divergence free vector fields (we refer to the Appendix for its construction
and its continuity property into the Sobolev spaces).

As in [74], without loss of our generality, we assume the normalization

/ A|t:0d.x =0.
T3

In this context the Vlasov-Maxwell system takes the form

0 f™M+v@E) Ve f"™M+E+ev@ xB)-Ve f™M=0, re[0,00), x,EeT3xR3,
E=-V,b—€d;A, B=(Bg)VyxA,

—Axdp = pVM -1,

e??A—AA=¢j"M +€d,V,0'™, PA)=0.

(3.1.5)
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We can then decompose the vector potential A,
A=A+(A),

and since
@ Vo™ =0,

the integration over T of the wave equation (3.1.5)4 leads to
edi(A) = (M.
It follows that,
d ‘.
e——(A) = —(Ep) + / (G*™Ms)ds.
dt 0
Moreover, because of the conservation of the charge relation
atpVM + VX'jVM = 0,

one can check that
P = ™M +0,V, "M,

Gathering these observations, we are now able to set the Vlasov-Maxwell system under
the form we will study it.

0 f ™M+ vE) Vi f™M+ (E+ev®) xB)- Ve fM =0,
E=Er+EL,

t
ET(r,x):<Eo>+/ G™My(s)ds -V,
0
) EL:—ea[A,
B:VXA,
_A(DVM _ pVM 1
€®07A — AL A = eP(j).

(3.1.6)

The Vlasov-Poisson system.

In dimension 3, in the potentials formalism, the Vlasov-Poisson system takes the form

O fP+E- Vo fP+E(t, %) Ve fF =0,
E=-Vo'P,
—Ap=p"-1,
fli=0=fo, Eli=o=Eo,
with fy, Eg, some given initial conditions.

The Cauchy problem for the Vlasov-Poisson system (3.1.7) has been studied by many
authors :

(3.1.7)

— the existence of global weak solutions by Arseniev in [2], the uniqueness problem
under certain conditions by Robert [127] and Loeper [103],

— the existence of local strong solutions was first established by Ukai and Okabe in
[138], and the existence of global strong solutions firstly by Pfaffelmoser and Lions
and Perthame [102; 122] and other authors later [60; 82; 130], and in particular by
Batt and Rein on the torus [15].
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The arguments yielding to the existence of global strong solutions need in particular
the gain of regularity of the field E compared to the macroscopic density p, which is a
consequence of the elliptic structure of the Poisson equation.

One can verify that, at least formally, when the parameter € tends to zero, the Vlasov-
Maxwell system (3.1.2) reduced to the Vlasov-Poisson system (3.1.7). This quasi-static or
non-relativistic limit was justifed rigorously by Asano [8], Degond [38], and by Schaeffer
[129] on finite interval of times (necessarily since the existence of strong solutions for the
Vlasov-Maxwell system is only known locally). They compared the strong solutions of the
two systems, for a given well-prepared initial data, and proved that in a certain Sobolev
norm the asymptotic rate is of order O(e). We shall also mention that, when the physical
space is R3, Pallard [118] proved that the previous non-relativstic approximation is valid
on intervals of time of order O(e!/401).

The Vlasov-Darwin system.

Between the quasi-static Poisson equation and the Maxwell equations, there exists a
system of elliptic equations which does not neglect the magnetic effects, called the Dar-
win equations, named after the physicist Darwin who introduced them in 1920 [37]. His
idea is first to consider the Helmoltz decomposition of the electric field E :

E=Er+E;,

where the longitudinal component (or irrotational part) Ep, and the transverse part (or
solenoidal part) Ey, respectively satisfy

VxxEL=0, Vy-Er=0.
The Darwin approximation is based on the assumption
0,E1 <« 0,E;.

Neglecting the time derivative of the transverse part of the electric field, simplifies greatly
the Maxwell equations, and yields to the so-called Vlasov-Darwin system

A fP+ 0@ Vief'P+ (Br+Er +ev®) xB(£,x) Ve f'P =0, te[0,00),x,EeT xR?,
€0;B+V,xEr=0,

V. -EL=p'P-1,

—€d;EL+VyxB=¢j"P,

V. -B=0.

(3.1.8)

This system, particularly when settled on the space R® x R3, was studied per se :

— global weak solutions exist (for small-initial data) [21], or for initial data in LInL®
(117];

— the existence of local strong solutions was first proved by Pallard [117], the global
existence was first proved under smallness assumptions by Seehafer [134], and by
Sospreda-Alfonso, Agueh and Illner [135].
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With the potential formalism, it is possible to express the transverse and the longitu-
dinal components in terms of the electromagnetic potential (¢}, A) :

EL=-Vo,
and
ET = —EatA.

The Vlasov-Darwin system can then be rewritten

3 fYP+v®) Vi fYP + (E+ev®) xB(t,x) - Ve fYP =0,
E=-V,p—€dA,

B=V,xA,

—~Ap=p"P-1,

—AA=€P(jYD),

fPlico=fo, (EB)ls=0=(Eo,Bo).

(3.1.9)

Despite its apparent complexity, the Vlasov-Darwin system presents the advantage to
be a Vlasov-elliptic system. In particular it seems to be of interest for numerical analy-
sis, have investigated its numerical analysis and the rate of non-relativsitic approxima-
tion (sometimes called low frequency approximation in this literature) it provides for the
Vlasov-Maxwell system. We mention here the work of McGillen [109], or Besse, Mauer and
Sonnendriicker [22]. In particular, Degond and Raviart [39] proved that the Darwin ap-
proximation of the Maxwell equations is accurate at an order O(e?). It was proved more re-
cently by Benachour, Filbet et Laurencot [21] that the Vlasov-Darwin system also converge
to the Vlasov-Poisson system when € tends to zero. Bauer and Kunze [19], in a slightly
different way and framework, proved that the Vlasov-Darwin system is a non-relativistic
approximation at an order O(e®) of the Vlasov-Maxwell system.

High order non-relativistic approximation

The problem of non-relativistic approximation has been of interest also in gravitatio-
nal context (we refer to the work of Kunze, Rendall and Spohn [95; 96] and the references
therein). Because of the complexity of the Vlasov-Einstein system (or other similar sys-
tems, we refer to [96]) it was interesting to look for simpler system that could be seen as
truncated expansion in the parameter € of the whole system. In the gravitational context
this method is called post-newtonian expansion (and sometimes post-coulombian for
plasma systems). The method is somehow similar to the Hilbert expansion method for
the Boltzmann equation. Namely, for each quantity f, v, E, B, p, j one makes the expan-
sion in terms of the small parameter € :

f=forefi+efo+...,
E=Ey+€E; +€®Ey+...,

eeey

and then, after plugging this expansions in the initial system of PDEs, one identifies terms
by terms. It gives a list of systems whose sources will be some function of the solutions of
the systems of lower order.
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This method is also the one used by Bauer and Kunze to derive a Vlasov-Darwin like
system of equations in [19] which yields an approximation of order O(€®). This Hilbert ex-
pansion method has been the object of further investigations by Bauer [16; 17] in order to
find some higher approximations to the Vlasov-Maxwell system than the Vlasov-Darwin
system.

In a recent work [73], the authors used some linear tools devised by Mouhot and Vil-
lani [113] in the context of Landau damping to reach large time intervals for the non-
relativistic limit of the Vlasov-Maxwell system. They study the stability of a homogeneous
equilibrium in this non-relativistic limit, and they derived a different kind of expansion in
€ to reach approximation beyond Vlasov-Darwin. To do so, they chose the potential for-
malism we mentioned before, and chose to only make the expansion in € in the expression
of the potential A. More precisely, they write

4o
A= Zel&fi,
i=0

and then put this expansion in the wave equation (3.1.6); before identifying term by term.
It gives a hierarchy of Vlasov/elliptic systems, whose source terms are high order -moments
of the distribution function f. One can see the difference between the two methods simi-
lar to the difference between the Hilbert expansion method and the Chapman-Enskog
expansion method (we refer for instance to the chapter VII of the monograph of Chap-
man and Cowling [34]).

Our non-relativistic expansion method

In this paper we adapt the expansion technique derived in [73] to the non-linear Vlasov-
Maxwell case. Our expansion only concerns the magnetic part and the transverse electric
part of the electromagnetic field (E, B). More precisely, we write :

. too
A= Z €l=52¢i,
i=0
o (3.1.10)
6[A = Z eldiﬁ,
i=0
and we plug these expansions into the wave equations
EZG%A— ALA= eP(jVM),
(3.1.11)

€202 (3,A) — Ay (3,A) = eP(@, M),

In fact, due to the structure of the waves equations (3.1.11), only the odd terms in the ex-
pansions (3.1.10) will be non-zero.

To simplify the notations, in the following we will denote by P the operator which as-
sociates to a vector field G the quantity P(G).

Our goal is to write the consistent corresponding high-order Vlasov-Darwin type sys-
tems, to explain why each «/; and ,sziiti will satisfy an elliptic equation, to justify the well-

posedness in the appropriate Sobolev spaces of such systems, and finally to verify that it
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indeed is a well-suited approximation system with a rate of approximation being an arbi-
trary high power of €.

The obtained result is different from the one [16; 19] in the sense that for a given target
rate of approximation O(e?**1), we obtain a unique consistent Hamiltonian system and
not a list of linearized Vlasov-Poison like system whose source terms are computed from
a system to another.

The main difficulty compared to [73] is the complexity of the structure of the source terms
of the elliptic equation ruling the evolution of the potential A, due to the non-linearity that
we take into account here.

We will call our approximating system at a rate O(e?**!) the k-th Vlasov-Darwin sys-
tem (denoted VDk) and its unknown fYPk EF Bk,

3.2 Main results

3.2.1 Definitions and preliminary comments
The analysis framework

We first give the definitions of the weigthed Sobolev spaces (based on L?) we will work
with.

We consider the weigthed Sobolev norms, defined, for any k € N, r € R, by

1/2

||f||;f5:=( > / 1Py 1050 fiPdxdt | (3.2.1)
T JR

lal+IBI<k

where for a = (ay,...,a,),p = B1,-..Pn) € {1,2,3}", we denote the length of the multi in-
dices by
lal=n, IBl=n,

and
0% =B, Dy, Op 1= Oy Oy -

The inverse Laplacian operator A;! on the torus T® is defined by mapping an average
free distribution in L?(T®) to the only solution of the Poisson equation

Ax(@) =F.

As usual the notation H*® will stand for the standard without weighted Sobolev spaces.
When the considered function depends only on the space variable x we will precise it by
HS.

We also introduce the weighted W% spaces, to estimate the polynomial growth of func-
tions of the momentum €. Its norm is defined, for any k€ N, r € R, by

IRl koo == D
' Ipl<k

|a+ery2aln) . (3.2.2)
4

In all the computations we will designate by C any constant depending only on the initial
data and the lifespan of the solutions T. We will also use the notation < to write inequali-
ties without constant of proportionality C.
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One can notice that the operators P, and P are continuous in all the I.2-base Sobolev
spaces we defined above. This is essentially due to the Plancherel equality and we refer to
the Appendix for more details.

About the initial data.

The mean value (B)(¢) is in fact constant and then imposed by the initial data.

Lemma 3.2.1. The space mean-value of B is constant, for any t in [0,T) :
(B(#)) = (Bp)

Démonstration. It is straightforward since from the Maxwell equations, for any ¢ in [0, T)
we have

d
€%(B(t)> =¢€(0;B(1) = —(VxE(1) =0.

For the sake of simplicity, we will assume in the following that
(Bg) =0.

In particular, because of the previous lemma, it only shifts the magnetic field by a constant.
Because of the scaling of the Maxwell equations, (By) = O(e), and therefore our normali-
zation only subtracts a constant in the second term of the expansion in € of the Lorentz
force F;, =E+¢€v(£) x B.

The unknowns of our approximating system will be the quantities fVP¥, and the po-
tentials chDk,dik,diﬁ’k from which we build the electromagnetic field (EX,B¥). As in the
case of the Vlasov-Poisson or Vlasov-Darwin systems, and because we do it on purpose,
the equations governing the potentials are elliptic, and therefore we dot not need to pres-
cribe the initial data for them. It will be given by the trace at ¢ = 0 of some particular
combination of moments of fYP*. However, since we want to justify the approximation
in € at the right order compared to the solution of the Vlasov-Maxwell system, given an
initial data (fy,Eo,Bo) (or equivalently the data of (fy, Alt =0, €d;Al;~¢)), we need to pre-
cise that initially the approximation is at the correct order.

Let suppose that the dj,d]@ are properly defined (it is the object of Section 3.3), we
set here the definition of what we mean by well-prepared initial conditions.Our definition
will be very similar to Definition 8.6 of [74].

Definition 3.2.1. We say that the initial data ( fy, Eo,Bo) is "well-prepared” of order 2k + 1
at a degree of regularity Ny € N if

k
-1 2i—-1 2k+1
(=00 'VixBo=) e ahi1li=o+OE ) Ny
i=1 2k+1

(3.2.3)
k .
V(=2 ( /R ol E)da—Eo) = ; ety 1o+ O )y,

2k+1

Recall that
Ali=o = (-A) 'V, x By

and

€d;Ali=0 = V(-2 7" (/Sfo(x,ﬁ)dﬁ—Eo)-
R
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About high order moments of the distribution function f.

The more accurate will be our approximation system VD k the more higher degree and
complex will be the moments of fYP¥ arising in the source terms of the elliptic equations
ruling the «f;, o/ iﬁ_

We first set the definition of what we call high-order moments.

Definition 3.2.2. Let n € N, for a given distribution function f € .4* (T® x R®) solution to a
Vlasov equation like (3.1.1), we will denote by M,,, orM,,(f), the following set of momentum
moments of a distribution f :

M, =M, (f) = ( / [T 8 vp, @ fC,. O)dE (3.2.4)
R

3 1<i<p 0=p=n,(ay,..an)e((1,23N)"
B1.-Bn)e(11,2.3N)"

Remark 3.2.1. We formulate the following remarks on the previous definition.

— We emphasize the fact that M, is not a moment but a collection of moments in f
whose highest order is n. We can also notice that there exists a positive constant C,
such that for any k € N,

IVEvE©leome < CA+[@)]).

What really matters for our analysis is that the quantity H 62‘ v(€) has a polynomial
1<l=n
growth with a degree less than n.

— Our notation is to consider M,,, with a capital M, the space of all the &-moments as
defined above and to designate by m,,, with a little m, any elements of M,,. We will
also often use the notation (my,) to designate a subset of M,,, that is a finite collection
of moments of order less than n.

— Our definition is based on a given distribution function f in the set of bounded mea-
sures M4 (T3 x R®), hence we should writeM,,(f) or my(f). But in the following when
we will consider such moments it will be clear to which distribution function we refer
to and then we will often drop the reference to it.

We will now define a set whose elements are defined in a formal and general way, but
the source terms that will appear in the iteration process of construction of the k-th Vlasov
Darwin system VD k will embed into this abstract framework. Before explaining rigorously
the definition of these sets let us give an idea of what it will be. We will denote, for k € N
by Dy the set whose elements are of the form :

Ak (Q ((Ail (Qu (-t (Aot (i) By, )] )lsilsNQ)), (3.2.5)

where :

— each Q;,, . ;, designates a polynomial of degree 2 with valuation 1 taking N;, _;, ar-
guments,

— each A, ;,,, designates an operator being the composition of a pseudo-differential
operator of degree belonging to {—2,—1,0} with an operator P%, with o € {0,1},

— Ep:= -V + [1s Eo(x)dx - fot J1s 7 (s, x)dxds is the so-called transverse part of the
electric field,
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— (my42) designates a finite set of -moments of order at most k + 2 of fVDk.

Let us precise what we mean by a polynomial of degree less than 2 of valuation greater

than 1. We will denote the set of such element 2. For all n € N we denote by £,, the set

{PeR[X;,..X,]:P((,X;=0,)=0,Vje(l,.,n}}.

We then set 2 := U,;enZ2,.

Remarks.

— It is important to notice that this definitions is based at the end on {-moments of

a distribution function f in the set of bounded measure .#* (T® x R%). Then we
should write D (f)(t, x) but for the sake of simplicity we will not, most of the time,
make mention of the dependence to the variables ¢ and x. Also, in our context, the
set will be associated to the distribution function fVP/, the unknown of the system
VD j,and should then be noted Dy (fVP/). In order to enlighten the notations, when
it will be clear to which system and distribution function we work with, we will only
write Dy.

For our purpose it is enough to say that the considered operators are continuous
in the weight-Sobolev norms we will use to prove the local existence of a regular
solution. It is indeed the case because of the non-positive degree of the pseudo-
differential operators A of £ which are the cornerstone of the structure of Dy, and
because the Leray projector P is continuous in the Sobolev-spaces (the continuity
property of the Leray projector is proved in the Appendix).

Loosely speaking elements of Dy have a structure of "russian dolls" with at the very

end, arguments being either moments of order 2k or a combination Ej and By. In other
words, it is a quadratic form applied to arguments which are operators applied to quadra-
tic forms etc. At the end of this chain of composition lies a quantity which can be either a
part of the initial data (if one looks at what the longitudinal part E;, of the electric field E
is) or a &-moment of fVP* of order at most 2k. The index k measures the size of the v(&)-
moments and the length of the chain of composition in the "russian doll" structure.

Let formalize this structure in the following definitions.

For the sake of simplicity, we first introduce the following notation.

Definition 3.2.3. For any n € N we set,

M, :=M,, U{EL}

Definition 3.2.4. We introduce now some operations on the sets we will consider.
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— We introduce the shifting operator S in the following manner. For a given set A =

AMy,), we define
S(A) :=AMp+1).

We also define S**1(A) = S(S*(A)).

— Foragiven Q € 2 we define

QA):={Q(a):acA}.
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— We set
D’;(A) :={0%a:acA lal <k},
forany k e N.
— Wedefine
& :={DA({A; o P)} 14},
that is a space of pseudo-differential operators with degree in {-2,—1,0}.
— We set,
ZA):={Ala):acA,NeZ}.
— We define in the same manner the sets A (A) and A *oP (A).
— For any set A we define
A" :=80QoD.(A),
and recursively AUV := (AD)",
Remark 3.2.2. The definition of A’ has to be thought as the time derivative of Dy. Indeed,

if one look at the Vlasov equation, taking the time derivatives of moments is equivalent to
apply the operation SoQoDy to it.

We are now in position to define the sets Dy in which the terms <1, dzﬂk_l will live.
Definition 3.2.5. For k € N*, we define the sets Dy as follows :

D= AFoP ((QoZ)Zk‘l (Dik_l (M”Zk))) .

Remark 3.2.3. From the previous definition defined by iteration, there is a hierarchy bet-
ween the sets Dgc]) that we can resume in the following diagram

My = (M) < ... (My)V
N N N
D, «c D < .. p¥ . (3.2.6)

The definition of the set Dy is quite formal and much more general than the one of the
source terms % and 5”,5 that will appear in the next paragraph, but this little effort give
us the necessary flexibility to prove rigorously the evolution of the regularity of the source
terms % and 5”15 when transitioning from the system VDk to the system VD(k + 1).

The source terms

We now state the regularity assumptions we expect the source terms to satisfy in order
to justify the well-posedness of our approximation systems.

Definition 3.2.6. Let j,n € N, with n > 4. We say that an application
L LPNL® (0, ; HE(T? x R%)) x L2 N L™ (0, t; HE(T?)) — L (0,  HA(T?))

satisfies the regularity assumption ([HI§;?) (j stands for the size of the moments and n for the
degree of regularity) if for all f e L> L™ (0, ; H(T® x R®)) x LN L (0, ; HA(T%)) :
— Z(0) =0,

85



CHAPITRE 3. HIGH ORDER VLASOV-DARWIN SYSTEMS AS HIGH-ORDER
NON-RELATIVISTIC APPROXIMATION OF THE RELATIVISTIC VLASOV-MAXWELL
SYSTEM

— there exists a positive constant C such that for any t = 0, % satisfies,

||y(fr g) ||L2(0,I;H§(T3)) =CrI (t) (I | m2j+2(f)||L2(0,I;H¥+1(T3)))’ ||g| |H;l+1) ’ (327)
| (£, ) oo, 1057y = CT (8 Umajia(Dlloo o, g croy)s 18l ), 3:2.8)
withT,T" two polynomials non-decreasing with respect to each of their arguments.

Remark 3.2.4. In fact the maps & will not only satisfy some boundedness properties as
stated in the definition of the hypothesis (HS), they will also satisfy some stability estimates,
crucial for the well-posedness of the system, as we can see by looking at the results of [69].
But we do not add this stability property in the definition because it will be a consequence
of the bounds (3.2.7) and the Vlasov equation of the system.

Statement of the main result

We are now able to state the main result of this paper.

2
Theorem 3.2.1. Let k€ N, No >4 and r > 2k +2. Let fo € ZEN°1, (Eo, Bo) € (HY*™"| satis-

fying the compatibility conditions (3.1.4) and well-prepared of order 2k + 1 at regularity Ny
in the sense of Definition 3.2.1.

There exist then some applications (;S”j(k),:sﬂ]#'(k))
defined in Definition 3.2.6, such that the system

satisfying the assumption (IHISI;IO )

1<j<k

000k + v(®) Vo f PR + (X + ev(®) x BF) - Ve f'PF =0, 1€ [0,00), x,E € TP x R,

—ApF =pF -1,
(k) _ cplk) | £VDk .
P =P (PR E) V1< <k,

§.(k) _ phh(K) [ VDK .
styB) = 7O (PR E) V1< <k,

k
2j-1_/b(k)
€ U/ (3.2.9)

A

t
EX = —VoF + (Eg) - / G5y (s)ds -
0

J
k d 2j-1_4(k)
BY =V x Zlef Ay |
]:

p’“(t,x):/ngDk(t,x,é)da, jk(t,x):/3 (&) fVPk (1, x,8)dE,
Ri R

13

Pk 20 = fo,

is well-posed, and such that moreover the non-relativistic approximation holds :
VM _ £VDk
|-

Remarks.

+ H (E—Ek,B—Bk)” < g2k+1, (3.2.10)

L0(0,To; 7)0) L20(0,T;HNo) ™

— We must precise the convention about our indexation of the set of Vlasov-Darwin
systems. We index by k all quantities that appear in the system (3.2.9) called the
k-th Vlasov-Darwin system, or the VD system, but we will avoid to mention it as
the "Vlasov-Darwin system of order k", because the system (3.2.9) is in fact an ap-
proximation of order e2¥*1 of the Vlasov-Maxwell system. Then, without any pos-
sible confusion, the index k refer to the k-th step of the construction of the set of
approximating Vlasov-Darwin systems, and thus to a leading term of order e>**1.
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— The proof of the existence of the system (3.2.9) (the core of the Theorem) is construc-
tive. We will not be able to give an analytic expression of the source terms but we will
explain in detail how the structure and the regularity of the source terms propagates
from step k to step k + 1. The step k = 0 (the Vlasov-Poisson system) and k =1 (the
Vlasov-Darwin system) being already known.

— There is no uniqueness in our result, and for good reasons since an acceptable per-
turbation of order O(e?f*!) of the equations does not change the rate of approxima-
tion nor the well-posedness. In particular, our statement can be generalized on at
least two points :

— If we did not initially assume that the initial magnetic field satisfied (By) =
0, we could have take, in the Vlasov equation (3.2.9)1, BX + (B), with (B*) a
constant such that [(BX) — (Bg)| < e2k*1.

— In the same manner, we could have taken a slightly more general Definition of
well-prepared initial solution (Definition 3.2.1), that is to say a wider layer in
which the initial data (fYP*(0,.,.),E¥(0,.), B¥(0,.)) is acceptable. Taking

‘fVDk(O) —fo‘ 5€2k+1

does not change the result. However, since this generalizations can be made
with minor changes we choose to take the simplest case.

Outline of the proof

The proof of Theorem 3.2.1 is divided in three parts.

The first one, the most original, is the existence part. As explained in the Introduction
it will rely on an iterative process which builds the expansion of the potential A and its
time derivative by truncating the waves equations (3.1.11). The heuristic of the method is
detailed before justifying rigorously the propagation of the structure of the source terms
when building our expansions in € of A and 9,A. We then present in concrete terms the
system just after the Vlasov-Darwin system, that is VD3 to illustrate the particular struc-
ture of the source terms.

In section 4 we tackle the issue of the well-posedness of the system. It is essentially
a consequence of the Vlasov/elliptic structure. We use here a local existence result set-
tled by Han-Kwan in [69] for a wide class of Vlasov systems. Despite the complexity of the
structure of the source terms, they behave well for the H” norms since His a Banach al-
gebra for n > 4 and we do not lose any degree of regularity compared to the distribution
function because the pseudo-differential operators involved in the definition of the sets
Dy are all of non-positive degree.

Finally, in Section 5 we prove the prove the non-relativistic approximation by standard

arguments. To do so, the fact that the initial condition is well-prepared at the correct order
is essential.

3.3 Derivation of the higher Vlasov-Darwin systems.

We first give a heuristic of the iterative process that leads to the construction of (3.2.9).
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3.3.1 Description of the recursive construction method.

We recall the expression of the Vlasov-Maxwell system in its potential form :

0, f ™M+ v(®) - Vo f™ + (Ep +e(-9,A + 1@ x VA))-Ve fM = 0,
A= ™1, (3.3.1)
CZG%A\— Ax;‘; = eI]:Dﬁ: .

The idea of the construction is to approximate the potential vector A (and thus all its
spatial derivatives, in particular V x A) and its time derivative 8,A, which acts on the distri-
bution function through the Vlasov equation since the transverse part of the electric field
reads Et = —€d,A, by a sum of terms which satisfy high order elliptic equations.

The procedure is done at a formal level. Loosely speaking the approximation can be
seen as a truncation of the expansion in € of A and 9,A by keeping the right orders in
the auxiliary wave equations (3.1.11). Therefore one will have to manipulate {-moments,
that is elements of M,,(f'™) defined in Definition 3.2.2. One has to keep in mind that we
want to build a closed system for equations approximating (3.3.1). In this perspective the
definitive {-moments that will appear as sources in the final system will be elements of
M,,(fVP¥). We are going then to use the notation f(t,x,&) to designate the distribution
function, being either fY™ or fYP* for some integer k, when we will still be working at the
formal level of constructing the systems.

At first glance, one would have the idea to decompose A as follows
A=cly+ect +€cly+ - +€Xetf+--, (3.3.2)

in which each . is divergence-free and is O(1). Formally, d,A and d?A could also be ex-
panded as
GIR = a[.Q{() + Eatﬁf] + 626;,5%2 +--+ eka[dk + -

- (3.3.3)
0?A = 32ty + €02ty + €202ty + -+ PPt 4 -+,

assuming that again for each integer k, 9,/ and 02 are O(1). Then one will plug these
expansions into the equations (3.1.11) and obtain a series of relations between the </ and
the d7.¢7 for each integer k.

It leads to two observations. The first one, a consequence pf the structure of (3.1.11),
which is going to hold even after we modify the process described before, is obtained by
a straight forward induction : for any k € N,

_Adek =0,

and thus &) = 0. It implies in particular that we can write a similar expansion for the
Lorentz force Fy :
FL=¢F} +€*Ff +... (3.3.4)

Secondly one can observe that this method does not offer a closed system of elliptic equa-
tions due to the presence of time derivatives. To explain why, let us consider the case of
0;4/;. Namely,

~Ay Brsh) = PO, j '™,
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and looking at the Vlasov equation we obtain the relation

3, "M = —v-/3 (v© ® vE© f™(t, x,8)dE) + /3 V(&) (F +€F2 +..) - Ve f™M(1, x, ) dE.
R R

(3.3.5)
But Fﬁ for instance is defined through terms involving 0;A3 and so the easiest way to have

a closed system of elliptic equations is to only keep the 0-order term in the expression of
9,j"M.

For these reasons we will work on the expansions of both A and 3,A :
A=eot) + oty + ..+ €K ety + ...

O A =etf + 3t ..+ eZk“dzﬁkH +..

(3.3.6)

Using the Vlasov equation and the expansion of Fy, (3.3.4) we can formally write :

2 2 2k
0reh =Tio+eTi+-+e i+

2 2 20
at&fg =]3,0+€ 13,1+---+€ l]g,l‘+-'-

(3.3.7)
O etor—1 =Jak-1,0 +eZI§,€_M o € gy
and similarly
CHEA :]li,o"'ez]ﬁ,l +“'+€2k1§,i+“'
07ty = Ig,o +ezlg,1 +'“+€2ilg,i o
(3.3.8)
azdﬁ :Iﬁ +€2]ﬁ I +€2i]ﬁ +.--
t2k-1 = 12k-1,0 2k-1,1 2k-1,i ’

To compute these expansions we will use the expansion in € of the first two time de-
rivatives of the distribution function f obtained thanks to the Vlasov equation. However
it will require the expansion in € of 9;F; and consequently the expansions of 0,/ and
O%dk. Therefore we build in parallel the same tables for the single time derivative, that is

0roty =T g+€X 1+ +€2F ; +---

0rafs = Is o +€213y1 + ---+€2l13'l‘ +

(3.3.9)
0rok-1=lok-1,0 +€212k—1,1 ot € i+,
and
dpetf = Iﬁ,o +€21§,1 TR +52k1’i,i P
Opsly =15+ €T, | + -+, 4o
(3.3.10)

g _ gt 2f Lo 20
Orslyi 1 =g ot € gt be L ey
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The goal is now to give a method of construction of these two list of expansions,
the issue being that the term J,;_; ;, for some (k,i) € N2, depend on the term Jokr—1,i if
2k-1+i>2kK'-1+17".

We first give an heuristic of the method.

— we first construct &/, which we emphasize only depends on the first moments of f,
Ml l}

— then we can compute 0;</ and expand it in €, we can construct Aﬁ which will only
depend on Ey(x) and the second momentum of f, saying, I§,0 = Itlt'o (My),

— for the general case, after constructing <1 and ‘szﬁk—l’ we can expand them as

2 _ 2 2i
051 =Jok-10+€Jok—1,1+ - +€ Jop_1,i +-°+,

2
atde—l

. 3.3.11)
_ 2 2it (
- ]2k—1,0 te ]2k—1,1 toete ]Zk—l,i T
and then we define < as the inverse Laplacian of the sum of the main part of
G%dgk_l, the € part of G%dgk_g, .-+, the e2k=2 part of af.szfl, and the e2k+2 part of

P9, jYM, namely

Axstoji1 =Jok-1,0 tJ2k-31 tJ2k—52+ - +J3 k-2 +]J1 k-1, (3.3.12)
and likewise,
o1 = Jok10 Tok—31 Tok-3,2 5k-2 " I1,k-1 " ok -9

f
2k—1-2i,i

pend on the moments of f in M, and the already known ,szﬂ -1 dhj-1,forl<j=<k.

We shall emphasize here that each Jo;_;-2;; and J ,with0<i < k-1 only de-

Before describing step by step the construction we mention that by definition :
0,EL = ~0, V1 — (jr) = =V V- (AT (0)) = (). (3.3.14)

Step 1: k =1, calculate «¢; and g{f : We start from the Vlasov-Poisson system, in which

the force field is given by Fg :=—-V,p. We set :
— o= —-AtoP()),
— df = —AF oP(=V- [ps (@) @ v(©) f(1,x,8) +ELv(E) - Ve f (¢, X, E) dE).

Using the Vlasov equation we can write the expansion of 0;«/ and thlﬁ up to "order 0" :

0rt1 =1,

(3.3.15)
at.szfl = Iﬁl,O .

Step k < 2 : build dgj_l,ﬁgj_l forall 1 < j < k: We assume that the step k—1 has been

realized and that of,; l’dzuj—l €Dy, forall 1 < j < k. Then we can write

k=1
k_ N Q2ipk
Fp=) e'Fp,.
i=1
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From this expansion up to an order 2i, we have, thanks to the Vlasov equation integrated
against v(§)%, fora € {1,2,3N |a| < n, that for any my, € M,

(3.3.16)

o;m,=m 0+ +ekank,
azmn—m ot +e2km! k+e

mn;

with m/, j € $"1oQo % (Dj) and m” € $"™%0Qo£0Q(D%(Dj)), and the remainder

R, k(e) a polynomial in € of degree 2k 2, valuation 0, and with coefficients in $"2 o
Qo £ 0Q(DA(D;)). From the second line of these expansions, and the knowledge of the
structure of

m A0 0 b0
.52¢1 ’dl ’e ’de l’de 1’

in terms of v(£)-moments of f, we can deduce the list of expansions

k ,(k
8% =Tt 4 2k,

az,ng(k) I(k)+ +€2k](k) 2k+2R11c’

v +€2k]ﬂ (k) 2k+2Rti,k’
2 _4(k) (k) 2k (k) 2k+2 k
0 dzk 1 = kg0t TETT D Ryk_1
2 _4(k) (k) 2k (k) 2k+2 #,k
R Al Py O a PY I el S

We then set, forany2<i<k+1,

(k+1) _ (k) .
'de 1 - lzlz(z - 1I)ED“
(3.3.17)
#,(k+1) 1,(k) # (k)
"Q¢21 1 _A (ZIZ(Z nH-1,1 ]

From the first line of (3.3.16) we can upgrade the expansion in € of the first time deri-
vative of all the «f» j—b»szﬁj_l, 1< j<k+1uptothe "order 2k", which concludes the step
k+1.

The previous iteration process has a triangular structure. It means that going from
the k-th step to the next one consists essentially in adding (or constructing) the next dia-
gonal in the table formed by the expansions (3.3.11). More precisely, if we consider the
table whose (i, j) elements is the g2j—2 part of the expansion of G%Agi_l, then the iterative
construction of this table, on which relies our approximate system, is done by adding a
diagonal after another. The same is valid for the € expansions of the 6%Aﬁzi_l.

We furthermore say that the elements of these diagonals share the same structure. In
the following paragraph we will detail it and prove the validity of our induction.

3.3.2 Propagation of the structure through the iterative construction
method.

In this section we formalize the process described before by explaining how the struc-
ture of the terms in the expansion propagates from step k to step k + 1. It will yield the
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existence part of the Theorem 3.2.1.
Before going into the rigorous justification of the iterative construction method, we
verify that the elements of the set D have indeed the correct degree of regularity.

Lemma 3.3.1. Let k € N, then for any n > 4, for any di. € Dy, any t =0,
dr Ol ST (8 (IImis2llizas)) ) Eollizs) ) (3.3.18)

whereT is a polynomial and (|| my2|| 2(13)) designates a finite set ofL?-norms of € -moments
of order at most k + 2 of a distribution function f.

Démonstration. First, we shall recall that for n large enough (in the dimension 3 we chose
to work, n > 4 is enough), the Sobolev space H? has a Banach algebra structure and in
particular the norm of products are products of norms.

Then,

t
Ep:= -V, ((-A) 1 (p) + (Eo) +/ /3j(s,x)dxds,
0o Jr
and it follows that for any n >4 and any ¢ = 0,
EL()Ile ST (2 (1mallgn), [1Eollun).

with I a polynomial of degree 2.

The Leray projector P is continuous in HY (see the Appendix), any pseudo-differential
operators of non-positive degree from H” into H” is continuous, therefore any A € £ will
be continuous as well in these Sobolev spaces. For any dj € Dy the estimate 3.3.18 is a
consequence of the previous continuity property, the structure of Banach algebra of H?
for n large enough, and the structure of the set Dy. O

We are now in measure to state the "Induction process" Proposition.

Proposition 3.3.1. Let k € N*. We consider the following property (Py) :
— The system VDK (3.2.9) with dj(k),,szf]j.j’(k) €Dj forany0 < j <k, is built.

— Forany1 < j < k, we have the following expansions in €? for the partial time deriva-

tives :
k
k) _ 1k 21(k) 2ky(k) _ 214(k)
Oty =1y) g+ €L |+ +e L —Ze L
B (3.3.19)
k
f.(k) _ (k) 218 (k) 2k (k) _ 21+ (k)
Oredy; oy =157 o+ €L e LT _l;)e Lo
such that foranyl <1<k, Ig;)_1,z*lﬂg'](-li)1,l €SoQoD, (Dj+l).
— The remainders
k k k2'12(k) £ it (k)
. ol . + —
Iii= e = L eI ) e Ac(sP)), (3.3.20)
1= 1=
and . .
k. BA . J(k i (K
e = eP@, M) - Y 212l + Y e Al (3.3.21)
i:l l=1

are polynomials in € of valuation 2k + 1 with coefficients in A, (Dy).
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If the property (Py) is true then one can build he system VD(k + 1)such that (Py4,) is also
true.

The proof of this proposition will rely on two propositions, one about the propagation
of the expansion in € if one has access to the expansion of the time derivatives of the v(§)-
moments of f, the other on the justification of the expansion of the time derivatives of
the moments of f up to an order ¥ if the property (P) is known.

Proposition 3.3.2. Let i € N*. Let assume that the initial hypothesis (HY) is true :
foranyneN,d,eM,, :

i
my =) e?'mY

- nl’

-0 (3.3.22)
2 L2l (), 2042
atmn—l;)e my +e R, (€),

with, foranyl<l<1i,
— m(l) € M(U =810 Q(D, (D)),
(2) M(Z) — Sn+2 0QoAo Q(Di(Dl)):
— Rmn (€) a polynomial of degree 2k — 2 and valuation 0 with coefficients in Mﬁ)i.

Then, for any k €N, the property (H1) is true : for any dy. € Dy,

i
Oy =Y e*ldy),
=0 (3.3.23)
aidk = Z ezzdl(f} + 62’+2de (e),
=0

with
1) /
— di €D,
— de (€) € Ax (Dgs141), Veel0,1].

dl(cz; € Ax (Dg414+1) forany0<1l<n, and

We now state the initialization proposition.
Proposition 3.3.3. If (Py) is true, then ([I-[I(Z)k) is true.

We first explain why Proposition 3.3.3 and Proposition 3.3.2 imply Proposition 3.3.1.

Démonstration. (Proof of Proposition 3.3.1.) If (Py) is true, then by Proposition 3.3.3 (IH]%’C)
is true, and by Proposition 3.3.2, forany 1 <i < k,

2 4(k)
0 'Qf 2i— ll 2i— 1((-3),

2i— 1
ydw)kzmm e2ke2ps b 5320
i = D€ Jyii1te (@),

. ,(k \(k
withJ% | 55 € Ar(Dii141), and RSP, (€),RYY. (€ € A (Dyy41) foralle € [0,1].
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We then set, forany2<i<k+1,
(k+1) _ (k) .
dz; 1 - ZIZ(z - 11)€D“
(3.3.25)

k+1
dzﬁl(;)— (le(z - 11—1“)

The remainder Jy as defined in (3.3.20) appears to be, looking at both (3.3.24) and (3.3.25),
the lower triangular part of the table formed by the expansions (3.3.24). The Proposition
3.3.3 and in particular the expansions (3.3.23) prove the third point of the property (Pg).

O

The construction of the system VDk is now achieved and the expansion part of the

property (Px41) is a consequence of the first line of the equation (3.3.23) for the property
2k

(H55)-

Démonstration. (Proof of Proposition 3.3.2) We assume that (I]-I]é) is true. Let k € N and

dy € Dy.. By definition, dy € Az¥ o P ((Qo A)2F1 (D21 (Myy))).

Since 8,Er, D, (Er) € Qo A(M;) we will in the following, without loss of generality, make
our computations as if Mo = Moy

If we set
0:(A):={0fa:acA aeci{0,1}},

it is clear that
A0:A) =0 (AA), 0:Q(A) cQ(0+(A)).

Therefore,
didpe ATkoP ((QoA)Zk—l (Dik‘l (atM}k))) :

Noticing that
MY cMB vl
n,l n,l’ -

a combinatorial analysis yields

0,dy € lieﬂA;k oP ((Q o A)*! (Dik_l (M;lk) l)))

Then, foragivenl1 <1<,
AFoP(Qo M (D2 (MY ))) e 8% oAtk oB(@Qo Mo (DF D)),
c g2k+1 oA;k”of’((QoA)Zk_l o (D§k+2l (Dl))),
because D, (Q(A)) = Q (D (A)) for any set A and A ¥ = AL¥* o AL. Moreover,
Q(DZ D) < Qo (DA (M),
and finally

A;kof,((QoA)Zk—l (Dik—l (Méllz l))) c A;(k”) of’((QoA)Zk+Zl_1 (Di(k+l)—1 (M2k+21+1)))
(3.3.26)
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The same reasoning for G%dk holds, if we replace §2k+loQoD, by §2k+25QoA0Qo Di in
(3.3.26).
It gives,

i
2 _ 21 4(2) 20421 (i)
05dy = l;)e di+e Ry (6),
such thatforany0<1/<i,
a?) < ;5D 0P ((Qo MH*! (D2E) (Myyi2112)))
< Ax (Dk+l+1) y

and for any € € [0, 1], ,
Ry (€) € Ax (Dgsrs1).

O

Démonstration. (Proof of Proposition 3.3.3) We again assume for the sake of simplicity
that Mgk = M.

If (Py) is true, then by construction the Lorentz force

k
F](jc) = EI]f+ Z 621 1d§] ) +€U(E,) X (Vx X
]:

k .
Z €2J_I=52¢2]'_1))

j=1

can be rewritten as .
F=E.+ ) e*F®
i=1 ’
with
(k) #,(k) (k)
FR = o))+ 0(@) x (v x oty 1)

Let n € N and m, € M,,, such that

mn(t,x)z/ I1 a‘g’vﬁ,(é)f(t,x,,ﬁ)dé,
R

31<i=n

with (a,p) € (({1,2,3}N)n)2. We consider then the Vlasov equation of the system (VDk)
(3.2.9)
3 fYPF +v(®) -V VPR + (Ek +ev(E) x Bk,) Ve fPF =0,

and we integrate it over R® against [ ag’ v, ©) f(t,x,)dE, one has

1<i<n

atmn:—vx-( / I1 ag"vﬁ,(a)v(ﬁ)f(r,x,a)d&)
R

31<i<n

+/ ( I1 a"‘lvﬁl(ﬁ)) (EL+ > €*'Ff; ) (t,x,&)dE, (3.3.27)
R3 1<l<n

k
Z nl’

byassumptiononthe.szig,-_l,(szizti wehavem €SoQoDx(D,)
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Then we use the Vlasov equation one more time to compute O%mn :

2my =V, - (vx- [1 3'vp@vE@®vEf(2x, E)dé))

R 1<i<n

k .
+Vx. (/ l_[ agl Uﬁl(é)v(ﬁ) (EL+ Z GZIFIIii) f(ty Xya)dﬁ)
R i=1

31<i<n i=

+ /R [T 8% v, @ v(®) - Vxf(t,x,8)dE

31<i<n

2k
—/3v§ [T o'vp,©@v®|-[ X €| 3 FujFuj||f6x8dg
R

1<i<n i=0 j1+i2=i
0<j1,j2<k

2k
~ )
+/RsV5 [T 8'vp,©@v®|-[ Xe*| X I +v(€)><Vx><I§’j-)l_1,j2 [, x,8)dg,

2j1-1,j2
l<l<n i=0 J1+ia=i '
0=j1.j2<k

where for the last line we used the equations (3.3.19).Gathering terms by terms one can
check that (H2F) is true.
O

To conclude the existence part of Theorem 3.2.1 we justify that the property (P;) is
true.

Proposition 3.3.4. The property (Py) is true.

Démonstration. We consider the system VD1 as
0, f Pl +v@V, VPl + (EL + !+ () x ,efl) Ve fYPl =0,
= —N oP(j), (3.3.28)
eszflﬁ i=—A;! Op(—V'/RS W@ ®v(©) f(1,x,8) + ELv(8) - Ve f (£, x,8)dg |-

Using the Vlasov equation, one can check by a computation similar in all points to (3.3.27)
that

drs#1 €S0QoDy (Dy) +€*S0QoDy (D),

d,! €S0QoDy (Dg) +€°SoQoDy (Dy).

3.3.3 The system beyond the Vlasov Darwin system : VD-3.

We now give concretely what one would obtain for the second Vlasov Darwin system,
by giving the analytic expressions of the source terms for this system. It will illustrate the
structure analyzed previously and the increase of the complexity of the equation.

We then write : N
A= €=52¢1 + €3¢SZ¢3 + O(€4);

=R b3 4 s (3.3.29)
0 A=edl] +e oy +O(e").
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First we have that,

o =—A'(Pj)eDy,

(1, x) :—A;lof)(/3 v(E)(u(ﬁ)-fo+EL-V§f)d€) €D,.

R

Moreover, the integration of the Vlasov-equation against v(€) on R® leads to
0rj = Ig,O + ezlg,l +0(eh),
with
J?),0 = /3 U(E)(U(E) : vxf +Er- Vif)df,
R

= Jg,o (Mg (f),Eo) € Ax (Dl) ’

(3.3.30)

and
I =/ v(E) ((A;I oP(/ v(E) (v(E) - Vif +EL- Vef) da) —v(E) x (Vi x AL of’U)) -Vaf) dg
R3 R3

=Jb1 (M2(/), Bo, o1, o7 ) € A (D).
(3.3.31)
For the sake of simplicity we kept terms with factors V¢ f, but one can perform an integra-
tion by parts with respect to £ on R and recover moments in € of f.

Now, to determine the system VD-3 we need to compute the first terms of the expan-
sions of both 82¢7) and 8%</;. Namely,

d7aty =J1,0+0(€?),

and
o2et) =15 | +0(),
and we will then be able to conclude by setting
—Axel3 =]10,
f § f (3.3.32)
—Axely =—Jo 1 110

The double derivation of the Vlasov equation and the derivation of the electromagnetic
fields give :

3L =V, V- (AN ) - (),

(3.3.33)
O2EL =V V- (A7 (Vi- ) = 0 ) + O(€D),
and ) )
05f =€) -V f+ w(® Vy) (EL- Vi f)
EL-V V. Ve-)* (EL ® F
+E; a(V(E_)l f)+ Vo) (BLebif) (3.3.34)
+ ViV (AL (@) = (D) Ve f
+0(e).
We deduce that,
h,o:—A;lof’{/3 V@] (W@ V2 (f + W& - V) (EL-Vef))
R
(3.3.35)

+ (V¥ (A5 0)) = () -V +Ev- Ve (v©) - Vi f +EL- Ve f) fdE},
=J1,0 M3 (F),EL) € Ay (D2),
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and then that,

)= —loﬁ{/w u(&){(v(é)-vx+EL-va){(v(€)-vx)2f+(vax-(A;l(p))—<j>)-Vaf
+EL-V§(U(€)'fo)+(VE')2(EL®ELf)}
+ (vxvx (AN V) - <Iﬁ,0>) Ve f
+2(vxvx-(A;l(p))—<j>)-Va(v(€)-fo+EL-Vaf)}dﬁ}

=71}, (M4(f),EL) € A (D).

3.4 Local well-posedness for the k-th Vlasov-Darwin approxi-
mation system (3.2.9).

To prove the local well-posedness of our systems, we use a result proved by Han-Kwan
in [69], which justifies the local well-posedness character of a wide class of Vlasov sys-
tems. We first recall this result in a non-optimal form, in order to simplify the notations
and to make more clear that our systems enter into this framework.

The proposition will stand for Vlasov equations of the form :
0rf+ v -Vyf+FL-Vef =0, (3.4.1)

where the force field Fi, = Fy. (¢, x,&) satisfies some conditions that we state in the next
paragraph.

Assumptions on the force field.

We assume that the vector field Fy is divergence-free in { and can be written as

l .
FL(t,x,8) = ) AjQF (x,8).
j=1

We assume, that for all j € {1,..., I}, A; is a scalar function satisfying for all a € N,

198 A Il < Co.

Moreover, there must be C*® functions w(f),...,w,(§) with at most polynomial growth,
which means that there exist ry > 0 such that for all k € N,

i @1l ke < Ci g, (3.4.2)
e
such that defining the hydrodynamic quantities

My, (L, x) = /I{Sf(t,x,ﬁ)wi(ﬁ)dé,

for all j = 1,...,1, the vector field F/ is uniquely determined by these £-moments and by
the initial conditions.
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Finally we request the vector fields F/ to satisfy the following three hypothesis :

(T) : Forall n >4, and all t > 0 we have

[

with F&{) a polynomial function non increasing with respect to each of its arguments.

I
(7 i
20,60 T,/ (t’ 2y, 20,1175 o0 1110y, Ml 120, 1117)» P s (0)||H;g)
y Ly ]:1

(T,) : For all n > 4, and all £ > 0 we have,

l
j 624 ]
[E7] e ey =T (rw|nnwlan«Lang.n,Hnnw,an«Lqu),}:||Ff(0)an)
byl ]:1

N
with rﬁj’ a polynomial function non increasing with respect to each of its arguments.

(T3) : The force field satisfy some stability property. If f and g are two solutions of the Vla-
sov equation (3.4.1) with the same initial, if we denote by F [ f] and Fy [g] their associated
force fields, and if we assume the initial conditions to be the same, then forall j =1,...,[,
| My, (f_g)”LZ(o,t;H;))i'(”mwi(f) ”LZ(o,t;HQ))i’(” My (g)”LZ(o,t;H;‘))i)’

<1 o
(3.4.3)

where rﬁ{’ “isa polynomial function non-increasing with respect to each of its arguments,
and such that rﬁj”‘(.,o, ) =0.

|F/1-Fi1g)

L2(0,,HY)

This framework settled we can give a version of the Proposition 3.2 of [69].

Proposition 3.4.1. (Han-Kwan, 2018) Let n >4 and r > ro+3/2. Assume that fy € #, and
F/(0) e H?. Then there exists T > 0 such that there exists a unique solution (f (¢),F1(t)) with
initial data (fo,F(0)) to (3.4.1) such that f € C(0, T, ") and F/ e L>°(0,T; H}).

Remark 3.4.1. In our context, the index r, as defined in (3.4.2), represents the highest order
of €-moments of f being present in the equation VDk (3.2.9). Namely ro = 2k.

Proof of the well-posedness part of Theorem 3.2.1.
Before stating our well-posedness result, we state the following stability lemma.

Lemma 3.4.1. Letn >4, k€ N, dy € Dy, and f, g € /}'. We have the following stability
estimate :

|muﬂm—@gmmwsrﬁmmgq—@ (3.4.4)

Lz(o.r;HQ)),-) ’

Démonstration. We have dy € A~FoP ((Qo A)2k~1 o D2¥~1 (M), and the operators A=K oP
and A € £ are linear. If we denote by X the non commutative algebra whose elements
are the polynomials of valuation greater than one of elements of {Qo A,Q € 2,A € £}, we
have, foranyI'e X, ke N

T ((me(), mi(@)) mP () - mP(g),

Mz

T ((me(f)) =T ((mi(g)) =

~
I
(=]

=

T ((mi (), (me(8) mP (f - g).

~
Il
(=]
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The estimate (3.4.4) follows from the structure of Banach algebra of #”* when n > 4, and
the Cauchy-Schwarz inequality in the integral overt (0, 7). O

Our local well-posedness result is the following :

Proposition 3.4.2. Letke€N, No >4, ro =2k, andr >ry+3/2=2k+5/2. Given fy € Jf’}\]",
(Eo,Bo) € HI;IO satisfying the compatibility conditions (3.1.4), such that the following esti-
mate holds :

,+ | (Eo, Bo)l < M),

”fO ”LOO(OyT;]fi\]O LOO(O,T;HI;IO)

with My > 0 a constant independent of €. Then,
(i) there exists a time T, = T1(My) > 0 independent of €, such that there is a unique so-
lution to (3.1.5), (fYM(1), (1), B(£)) € C(0, T; #N°) x (L°° (o,T;HIEO))Z, satisfying the
following estimates

VM
1/ ”L°°(0,T;in\1°) + ”(E’B)”L"O(O,T;HI;O) = 2Mp.

(ii) There exists a time T, = T2(My) > 0 independent of €, such that there is a unique
solution

’

)2k+4

(PR @580+ Agkr 1AL -+ Al ) € CO,TTHY) x (L0, T YY)

to the system (3.2.9), satisfying moreover the estimate

Tagl JFIE B AL A AL AL < 2Mj.

Loo (0, T;. 7200 Loo(0,T;HY0)

Remark 3.4.2. The first part (i) of this theorem is in fact is the well-posedness of relativistic
Vlasov-Maxwell in 12 based Sobolev systems, a result which is known since Degond [38].
In our specific framework it has been proved by D. Han-Kwan in [69] (Section 8B), we just
state it here for the sake of completeness.

Démonstration. Let k € N be fixed and let us consider an a priori solution

(fVDk(t),Aly---)A2k+l’A§)--->Aﬁ2k+1)’

to the k-th Vlasov Darwin system (3.2.9). Thanks to Proposition 3.4.1, we only need to
prove the a priori estimates corresponding to the hypothesis (T;) — (T3). Instead of exhi-
biting a list my;,, ..., my,, of {-moments of fVDk, we will directly use the notations m, to
refer to moments of order n of M, ( fVDk) as defined in Definition 3.2.2.

We first estimate the longitudinal part of the electric field Eg, in L*°(0, ¢; HI;IO) .The scalar
potential q)k (¢, x) satisfies the Poisson equation, so we have, for all £ >0,

IVl o S 1 (O]l yo-1,

and thus
<
”qu’l|L<>O(o,t;H§°) S ”ml(t)”Loo(O’t;Hgo*l)-

Moreover, for ant ¢ € [0,T),

<
o > T g + £ o oy

t
“ (Eo) (1) — / Gs)ds)
0
< ||E0(l‘)||H§0 F Nl o, -
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We deduce that,

IEL O o 5 1B, + 1771 150,

For the magnetic field B* and the transverse part of the electric field Er one can just use
the structure of of>;,1 and esz¢2u i+ (see (3.3.1)) and the continuity property of the operator

ol
§j,S5
The stability property (T3) is a consequence of Lemma 3.4.1.

The three assumptions (T;),(T3),(T3) are satisfied and we can conclude the proof
with Proposition 3.4.1.
O

3.5 Approximation rates

In this section we justify that the k-th Vlasov-Darwin system (3.2.9) is indeed a non-
relativistic approximation of order O(e?**!) of the Vlasov-Maxwell system.

We fix k € N, Ny > 4, and consider a solution fVP* to the k—th Vlasov Darwin sys-
tem (3.2.9) and a solution fVM to the Vlasov-Maxwell system (3.1.6) on an interval [0, T).
We will call (E¥, B¥), (E,B) the corresponding electromagnetic fields. We define them the
following "remainder" quantities :

fa=f"M_ fVDk
Er =E - E¥,
Bgr =B - BF,
~ & i (3.5.1)
Ap=A-) "oty
=1

1

We assume moreover that for any (x,§) € T3 x R3,
™M0,x,8 = £YP%0,x,8) = fi,

and that the initial data ( fo, Eg, Bo) is well-prepared of order 2k + 2 at regularity Ny + 1 in
the sense of Definition 3.2.1.

We moreover assume that,

Hf o No+1, < M. (3.5.2)

k k
+ [ + [
H L(0,T;:7,,0) Leo(0,T;HNO ) Loo(0,T;HY O

We can deduce the system of equations governing the evolution of fg from (3.1.6) and
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SYSTEM
(3.2.9),
O fr+v(E) - Vifa+ (E+ev(E) xB)- Ve fr = (Eg +ev(€) x Br) - Ve fVPF,
t
Ep = —(Vxp"™ - V. k) - AL - / G™M = 5y (9)ds,
0

—Ax(G™M-") =pp, Br=VyxAg,

{ (3.5.3)

k . k .
GZG%AR—AXAR = GPjVM - Z 621_16%.52@1'_1 + Z GZI_IAx.Qfgi_l = ]Iﬁ,
i=1
€20%A% — AcAL =eP (@, ™) - Zlem 2ag). Z 2508 v at). = TEE
i= i=1

Jr(0,x,6) =0, Egr(0,x) =Egy.

=

Looking at our lists of expansion in € (3.3.23) and (3.3.25) on which our construction
lies, and using the Proposition 3.3.1, one can deduce the following Lemma.

Lemma 3.5.1. The following estimates holds forany0 <t <T,

|0555)

Démonstration. It suffices to remark that

Sel (|| +€* (3.5.4)

k k
k_p[:VM .k D sk 2i+1A2 2i—1
IR—P(] -] )+€P] —izzlél o atdgi_1+izzle ! Ax,szfgi_l,

and by the third point of the property (Py) as defined in Proposition 3.3.1,
ko o £ o k
=3 0%t + Y e Aratyiy = € IRy(e),
i=1 i=1

with Ry a polynomial whose coefficients are in Ay (D ( fVDk)). In particular, uniformly in
€€ [0,1), forany r € [0,T),

VDk
||Rk||H§osr((Hmzk+z(f HLOO(OTHNOH))
SL

by the assumption (3.5.2). The same proof holds for ]lﬁ}’k. O

By classical energy estimates for the wave equation, we deduce some regularity on the
differential of the remainders.

Lemma 3.5.2. The following estimates holds forany0<t<T,

H (VAR’VA%) (0 No Se ||fR(t)| No +e2krl, (3.5.5)

The two quantities Ag, VA% are average-free by construction, thus the standard Poin-
caré inequality on bounded domains gives the same estimates on the remainders them-
selves.

Lemma 3.5.3. The following estimates holds,

H (AR’A%)(” N Sel (] po +e 1. (3.5.6)
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A direct consequence of the two previous lemmas is abound on the field remainder
(Er, Br).
Lemma 3.5.4. The following estimates holds for0‘t < T,

t
IER(D)ll % S / IR o ds +e*5 4+ I fr(D] g

IBR(Dllo 5 SIROI, No +e2ktL

(3.5.7)

By definition (3.5.1)5 of the remainders AR,AﬁR, one gets the following Lemma (similar
to Lemma 8.8 of [73]), which is a direct consequence of the Definition (3.2.1) on our notion
of "well-prepared" initial data.

Lemma 3.5.5. Ifthe initial condition is well-prepared in the sense of Definition 3.2.1, then
| (€0¢AR, VxAR) | =0l ggno 5 €
H (€9, A%, VAR)| t=0‘ e,

HN()—] ~

(3.5.8)

Let us now state the main Proposition of the section.

Proposition 3.5.6. Let k € N, Ny > 4, and r > 2k +2. Let f"™, fVP¥ the two strong solu-

tions on a common interval of time [0, T) to respectively, (3.1.2) and (3.2.9) associated to an
2

initial data ( fo, Eo,Bo) € ny"“ X (HI;I"“) well-prepared of order k and regularity No + 1

in the sense of Definition 3.2.1. We moreover assume that there exist a positive constant

independent of €, My, such that

| foll o1+ 1o, Bo)l o1 < M. (3.5.9)
Then, the following non-relativistic approximation estimate holds :
fFYDk _pk r_nk < o2k+1
Hf HL"O(O,TO;in\IO)_‘_H (E-EB-B )HL“(O,T;HI;IO)NG ' (3.5.10)

Remark 3.5.1. The case k = 1, corresponding to the classical Vlasov-Darwin approxima-
tion system (3.1.8), is coherent with the approximation rate G(e®) proved by Bauer and
Kuncze in [19] or by Degond and Raviart in [39].

Démonstration. The classical energy estimate for the electromagnetic fields (E,B) asso-
ciated to the Vlasov-Maxwell system (3.1.2) (which can be found in section 4 of [38] for
instance) yields

ICE Bl yn S | MM N (3.5.11)

. o,p . . . .
To estimate || fz| N> we apply the operator 3, that is a derivatives with respect to x

and P derivatives with respect to &, a, p being some multi-index in {1, 2, 3N with |a| + 1Pl <
Ny, to the Vlasov equation (3.5.3);. We obtain then,

0,0%% fir+ V(®) - VO fir + (E+ev(®) x B) - Vedt fir =

_ Z ( )aﬁ BIU(E) vx (xf’lfR
1<f’

o) <q, lyﬁl
1=

-2 ((:)ai‘“lEme( P )aﬁ Pro@) x 0% ‘“BR) Vg fYPE
1

-2 (((x)ag'“lm ( P )aﬁ PryE) x 0B Vg a"‘1 ﬁlfR
(061 a,PBr

o] =q,
1<
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We then multiply the previous equation by (1 + [£[?)" OZE’ fr and integrate over T x

R3. Summing the results for all |a| + || < Ny, one obtains by using the Cauchy-Schwarz
inequality and the uniform boundedness of v () and its derivatives,

d
il o SR 0+ 1B BRI VP E st + N B o Uil (3.5.12)

Moreover, thanks to the assumptions of the Proposition 3.5.6 and to the Proposition 3.2.1,
we also have the estimates

1P o ST, NE B o S 1AM o S 1. (3.5.13)
We then plug the estimates (3.5.7), (3.5.11), and (3.5.13) into (3.5.12),
d 2k+1 '
%Illeljfi\lo S+ IIfR(t)Iljfi\fo +/0 ”fR(S)”%i\Iods- (3.5.14)
We integrate over [0, f], forany 0 < ¢ < T, and obtain
t N
”fR(t)”Jd\To < Ce?F*! +C/O (IIfR(S) IIJf;\Io +/0 ||fR(T)||J€}\10 dT) ds,

and thus the function x(¢) := supg<<, [l fr(D1l N, satisfies the following Grénwall inequa-

lity
x(0) < Ce?k*1 +C/tx(s)ds.
Ityields O
SUP IR0l 80 S e+, (3.5.15)

Going back then to the estimates (3.5.7), we can deduce

2k+1
sup [|ER(T)lgvo-1 S €FHL,

O=st=t
and,
sup [IBR(Dllggno-1 S,
Oo=st=<t
which concludes the proof. O

3.6 Appendix

3.6.1 The Leray operator P

We will in this paragraph give some remarks (taken from the Appendix of [134]) on the
Leray operator P : L2(T3) — L2(T3), its Fourier transform and its continuity property with
respect to any norm H?, s € [0, +00).

More generally let explain how a vector field can be decomposed in a divergence free
part and an irrotational part (the Helmoltz decomposition). Given F € CL(T3,T%) one can
define P(F) as follows :

P(F)(x) = F(x) + Vow(x), foranyxeT>,
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with y satisfying the equation
-Ay=V-E

One can check that it implies that
V,-P(F)=0.

Applying the Fourier transform, one obtains for any k € Z3 :

F PM) (k) = F (B) (k) + ikF (@),

and .
i
F W) (k) = Wk-?}(l:)(k),
which implies
k®k
FPME) (k) = (Id— e )Q(F)(k). (3.6.1)
Therefore

|7 (PE) (k)| < ClF (B)(K)I,

and by the Plancherel Theorem P extends to a continuous operator on L?(T?) characteri-
sed by the formula (3.6.1). From the same formula we have the continuity with respect to
any Sobolev norm H?, s € [0, +00).

3.6.2 The space mean-value and the average free part
In this section, we justify the fact that for a given function F € L2(T3),
1] 2 ep) =< IFll20rs) -
To do so, we invoke the Plancherel formula stating that

IFll 28y = Y IF B (0,
keZ

and just remark that for any k€ Z,
F (F) (k) = (1 - 8ox) F (F) (k).

This argument works also for weighted H® spaces.
From the previous description of the operators P and P in the Fourier space, we de-
duce that these operators commute with any spatial derivatives.
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Chapitre 4

The non-relativistic limit of the
Vlasov-Maxwell system with uniform
macroscopic bounds

This chapter is a common work with D.Han-Kwan accepted in Ann. Fac. Sci. Toulouse
(to appear).

abstract :
We study in this paper the non-relativistic limit from Vlasov-Maxwell to Vlasov-Poisson,
which corresponds to the regime where the speed of light is large compared to the typical
velocities of particles. In contrast with [8], [38], [129] which handle the case of classical
solutions, we consider measure-valued solutions, whose moments and electromagnetic
field are assumed to satisfy some uniform bounds. To this end, we use a functional ins-
pired by the one introduced by Loeper in his proof of uniqueness for the Vlasov-Poisson
system [103]. We also build a special class of measure-valued solutions, that enjoy no hi-
gher regularity with respect to the momentum variable, but whose moments and electro-
magnetic fields satisfy all required conditions to enter our framework.
Résumé :

Nous étudions dans cet article la limite non-relativiste de Vlasov-Maxwell vers Vlasov-
Poisson, ce qui correspond au régime ou la vitesse de la lumiere est grande par rapport
a la vitesse typique des particles. Contrairement a [8], [38], [129] qui traitent le cas de so-
lutions classiques, nous considérons des solutions a valeurs dans les mesures, dont les
moments et champ électro-magnétique sont supposés satisfaire certaines bornes uni-
formes. A cette fin, nous utilisons une fonctionnelle inspirée par celle introduite par Loe-
per dans sa preuve d’unicité pour le systeme de Vlasov-Poisson [103]. Nous construisons
également une classe particuliere de solutions a valeurs dans les mesures, qui ne sont
pas lisses par rapport a la variable de moment, mais dont les moments et champ électro-
magnétiques satisfont toutes les conditions requises pour entrer dans notre cadre de tra-
vail.
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4.1 Introduction

4.1.1 The Vlasov-Poisson and Vlasov-Maxwell systems

This paper is concerned with the non-relativistic limit of the relativistic Vlasov-Maxwell
system towards the classical Vlasov-Poisson system. These equations govern the evolu-
tion of a distribution function f(t, x,¢) describing a system of charged particles interac-
ting through electromagnetic forces, ¢ € [0,00) being the time variable, x € R3 or T3 (the
3-dimensional torus R3/Z3, equipped with the normalized Lebesgue measure) the space
variable, and £ € R® the momentum variable. Namely, for any ¢ € [0,00), f(£,,-) stands for
the probability density of particles with phase-space coordinates (x,€).

Such systems come from the study of magnetized collisionless plasma. The difference
between them lies in the way the electromagnetic force is defined. One can refer to the
reference monograph [57] of Glassey (in particular Chapters IV, V, VI) for an overview on
the background of these kinetic equations.

For the sake of simplicity we consider a system with a single species of particles with
charge and mass equal to one, say electrons. For the case of periodic boundary conditions,
we shall assume the presence of a background of fixed particles of opposite charge and
unit density (typically ions whose mass is much larger than that of electrons). We will
denote by c the speed of light and by |v,| the typical velocity of particles, and we will
consider

[vpl
e:=—¢€(0,1]
c
as the small parameter converging to 0, characterizing the so-called non-relativistic limit.

For a given momentum ¢ € R3, the particles have in the non-relativistic framework a

velocity

v() =¢,

while in the relativistic framework a velocity

S

1+ 82|§|2)1/2 :

V() =

Their motion is governed by the Vlasov equation :
O0:f +v(€)-Vyf+F-Vef =0,

where F stands for the electromagnetic force.

To avoid any confusion the quantity v(€) will always designate the relativistic velocity
in the following.

Such Vlasov equations are well understood when the self-induced force F enjoys a
gain of regularity compared to the distribution function f, as in the Vlasov-Poisson sys-
tem where one only considers the action of the electric field stemming from the Coulomb
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potential (in the non-relativistic framework). On the whole space, the existence and uni-
queness of global in time classical solutions has been known (either for smooth initial
data with compact support or with bounded high order velocity moments) since the se-
minal work of Lions and Perthame [102] and Pfaffelmoser [122] (see also [130] for a sim-
plified proof). For periodic boundary conditions, adapting the proof of [122], the global
existence of classical solutions has been established by Batt and Rein in [15].

In our framework, that is

— either with no other charged particles in the case of the space domain Q = R3,
— or with a background of massive fixed ions in the case of the space domain Q = T3,

the Vlasov-Poisson system is the following :

3 f P+ Vo fP+E(,x)- Ve fP =0, te[0,00), x,E€ QxR
E=-V$'P, (VP)
—2¢" =p" -1,

where p"? (¢, x) stands for the macroscopic density function of particles in the plasma and
jVP (¢, x) for the current density vector which are defined in the following way :

p“’(r,x)z/ Y%, x, dg), jVP(r,x)z/ EfVP (¢, x, dE).
R} R}

To distinguish between R® and T3, we use the notation
A =0, Ap=1.
The system is endowed with an initial condition
fli=o=f 0,
normalized so that fQXR§ f%dx, d&) = 1. We will denote by f'* a solution to (VP).
When the force F is the Lorentz force produced by an electromagnetic field (E(¢, x), B(z, x))

whose evolution is governed by the Maxwell equations, we obtain the Vlasov-Maxwell sys-
tem :

3 fi™M 4+ v(®) Vi f™M + (Be +€0(E) x B) - Ve M =0,
€0,Ee =V x B —e ™, t€[0,00), x,E€ Qx RS,
{ V- Ee=pt™-Aq, VM)
€0;B = -V x Eg,
V-Be =0,

where this time

pXM(t,x)z/SJ;VM(t,x,dé), ij(t,x):/3u(a)fEVM(r,x,dz).
R; R;

The system is endowed with an initial condition
0 0 0
fli=0=f", Eeli=0=Eg, Beli=0=Be.

We will denote by ( fEVM, E¢,Be) a solution to (VM). We will often omit to index the quanti-
ties involved in (VM) by € when not needed, in order to enlighten the notations.
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In the following we will use the potential formulation of the Maxwell equations, so-
metimes called the Lienard-Wiechert formulation (see for instance Section 2 of [25] for a
proof of the equivalence of the two formulations, and [99] for the physical point of view)
that consists in introducing the potentials (¢, A¢) solving

—ApM =p M 1,
2n2 VM (4.1.1)
€ atAg_AA(;:EP(jg ))
where P stands for the Leray projection, that is the projection from the set of vector fields
whose components belong to L2(Q) onto the subspace of divergence free vector fields. It
appears in the equations because to have a unique pair of potentials (¢p¢,A¢) correspon-
ding to the electromagnetic field (E¢, B¢) we need an additional gauge condition. We make
the choice of the Coulomb gauge condition

V-Ae =0,

which is encoded in the equations thanks to the operator P. Then one obtains E; by the
formula
Ee = VoM —ed A, (4.1.2)

while B is recovered

— for Q = R3, thanks to the equation
B =V xA,, (4.1.3)

— for Q = T3, this requires to take into account the mean space value, which results in
the equation

Be=V xA€+/ B dx. (4.1.4)
T3

We shall also endow (4.1.1) with initial conditions (A¢|;=o, €0sA¢l=¢) that must be compa-
tible with E¢|;— = EY, B¢| ;=0 = BL.

In this paper, as we shall manipulate solutions to the Vlasov-Maxwell and Vlasov-
Poisson systems, we will index the quantities f, p, j, ¢ etc. by VP or VM when needed
to make the distinction.

4.1.2 The non-relativistic limit

Formally taking € = 0 in the Vlasov-Maxwell system (VM), one almost readily obtains
the Vlasov-Poisson system (VP). The general goal is to determine, given a sequence ( f€VM) e
of weak solutions to (VM), whether it converges (in a sense to be made precise) to a solu-
tion fV? to (VP). This is what we refer to as the non-relativistic limit.

Until now this problem has been tackled in the pioneering (simultaneous and inde-
pendent) works of Asano-Ukai [8], Degond [38] and Schaeffer [129], which all concern
classical solutions to (VM) and (VP) on Q = R3. They rely on high order (Sobolev or Lip-
schitz) estimates on the difference ' — f'M, i.e. between two classical solutions stem-
ming from the same smooth initial distribution function. These non-relativistic limits re-
quire at least Lipschitz uniform regularity and boundedness for the distribution function
(with respect to x and &) and for the electromagnetic field (with respect to x). We would
like to be able to relax such an assumption. Let us also mention that the non-relativistic li-
mit has also been treated for the Vlasov-Nordstrém system in [33], for the Vlasov-Maxwell
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system in lower dimensions in [101] and more recently in [131]. Large time (with respect
to 1/¢) estimates are studied in [118] for Q = R3 and in [72], [73], in relation with Penrose
stability issues for Q = T3,

We observe that the structure of the proofs in [8], [38], [129] is in fact somehow simi-
lar to the one used by Robert in [127] to prove a uniqueness result for the Vlasov-Poisson
system, when the initial distribution function f is a bounded measurable and compactly
supported function. More recently, this assumption on the initial data has been weake-
ned by Loeper in [103] who was able to handle measure-valued solutions without com-
pact support. Using tools from optimal transport, he proved, given an initial condition,
the uniqueness of weak solutions to the Vlasov-Poisson system which have a bounded
macroscopic density. Let us mention that this result has been refined by Miot [111] and
Holding-Miot [78].

Our idea in this work is to adopt the same point of view as Loeper in [103], that is to
consider measure-valued solutions to (VM) and (VP) and prove the non-relativistic limit
with conditional bounds on macroscopic quantities (moments or force fields). Loosely
speaking, we shall prove that given a fixed initial distribution function f° and

— asequence of solutions (f"™) to (VM) with a bounded density p*M that is uniformly
bounded in € and with a higher order moment and and electromagnetic field of
controlled growth in €,

— asolution fY* to (VM) with a uniformly bounded density p*%,

together with some other milder conditions to be later stated, the sequence (") must
converge to f'? in the weak-* sense of measures (which will be quantified using a Was-
serstein distance). Perhaps surprisingly, this framework allows to consider solutions to
the Vlasov-Maxwell system with electromagnetic fields that are not even bounded in €.

To do so, we will derive an Osgood-type inequality on a functional involving the two
regular Lagrangian flows associated to the solutions f'* and f'M, an argument related
to the proof developed by Dobrushin in [43] for the purpose of the Mean-Field limit and
then used by Loeper in [103] to prove his uniqueness result for the Vlasov-Poisson system.
Finally, we mention that the idea of using Wasserstein stability estimates for studying sin-
gular limits of Vlasov equations has also recently been used in [71], [70] (in the context of
the so-called quasineutral limit).

4.1.3 Main results

Before being allowed to state our main result, we have to specify the notions of weak
solutions we will manipulate.

We denote by &, (Q x R3) the set of probability measures on Q x R3, with finite first two
moments, endowed with the standard weak-* topology. We look for solutions to (VP) and
(VM) such that

fli=o = f°.
with f0e 2, (Q xR®).
Definition 4.1.1. (Weak solution to (VP)). For T > 0, we will call f'* a weak solution to
(VP) on [0,T) associated to the initial condition f° if
— feC(0,T),2(Q xR®) — wx),
— -Vo'"PeL1(0,T;C(Q),
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— for all test functions @ € C2°([0,T) x Q x R®),

/[OT) QxR3 e U(ﬁ)-Vx(p—qu)VP.va(p) f(t,de,dx)dt
:_/ @lr=0 fO(dE, dx),
QxR3

— forallt€0,T), q)VP(t) solves the Poisson equation :
~Ap"P=p"P - Aq.
— forallt€[0,T), the density of current j'¥ satisfies the conservation law :
0, + Vi (f, 18187 = -V.0"p"”,

Remark 4.1.2. We should mention that in the following we only consider solutions such
that the macroscopic density p** belongs to L°(0, T;L! N L®(Q)) and therefore V'? will
actually be log-Lipschitz.

Definition 4.1.3. (Weak solution to (VM)). For T > 0, we will call (fVM,E,B) a weak solu-
tion to (VM) on [0, T) associated to the initial condition (f°,E°,BO) if

— f™eC(0,T);2(Qx R%) — wx),
— E,Be L0, T;C°nL®(Q)) nL}(0, T; LogLip,,.(Q)),
— for all test functions ¢ € C([0,T) x Q x R3),

/ i (0:p+v(E)-Vyp+E-Vep+ev(®) xB-Vig) f(t,dE, dx)dt
[0,T)xQxR
:_/ (P|t=0f0(d€)dx)r
QxR3

— for all test functionsy € C2°([0,T) x Q,R), ¥ € C2°([0,T) x Q,R3)3,

&(E,0,¥)gr,5 +(Vx B, W)gr g —e(j ™, ¥)g 5 = —€(E, ¥]1=0) 9 9,
(V-EWgg ="Aoo

€(0:B, ¥)g o — (VxE, ¥)g 5 = (B, ¥];=0)9 &

(V-B,W)g,5 =0.

Remark 4.1.4. Let us provide some remarks about Definition 4.1.3.

— Again, we shall only consider solutions such that the densityp"™ belongs to1.>°(0, T; L' n
L*°(Q)). The assumption on the regularity of E is therefore only a condition on €0;A.

— The LogLip-regularity on E and B is ad hoc in order to be able to define characteristics
using Osgood’s theorem. Note however that this regularity is not asked to be uniform
with respect to €. It is likely that less regularity can be asked for, using the more recent
theories developed by DiPerna and Lions [41] and Ambrosio [1], but the situation is
not clear as we deal with measure data.

— To ensure this regularity, we can for instance impose some Sobolev regularity for j V™.
Thanks to the wave equation satisfied by A in (4.1.1) and the Sobolev embedding, it
is for instance enough to set the condition j"™ € 1>°(0, T; H*(Q)) for some s > 3/2.
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Before stating our main result we also need to specify further assumptions that the
solutions we are considering need to satisfy.

Definition 4.1.5. We say that a weak solution f"* to the Vlasov-Poisson system in the sense
of Definition 4.1.1 is suitable if the macroscopic density and the fourth moment of f'* are
bounded in the following sense :

< +00.
L (0,T;L ()

o oo 0,501 Lo () < +00 H/3 €14 Y7t x, dE)
R

Such a solution is actually unique according to [103] (recalled in Theorem 4.1.8 below).
Finally, some normalization conditions are required for the initial conditions that we
are going to consider. These are stated in the following definition.

Definition 4.1.6. We say that the initial data ( fO, Eg, Bg) € 2,(Q xR%) x 2'(Q)? are norma-
lized if the following conditions hold. First of all,

V'E?=/ Px,d§)—Aq, and V-B'=0 in2'(Q).
R3

In the case Q = T3, we furthermore ask that

— the spatial mean of the current density is initially assumed to be zero'
/ £f°(dx, dg) =0;
T3xR3
— the spatial mean value of E? satisfies
(EYy := / E2(x)dx =0.
T3

We are finally in position to state our main result :

Theorem 4.1.7. Let f in 2,(Q x R3), (EY,BY) € 2'(Q)? be normalized initial data in the
sense of Definition 4.1.6. Let T > 0 (independent of the parameter €) and assume that f'*
and (fY™,Ee,B;) are weak solutions to respectively (VP) and (VM) on the interval of time
[0, T1, with respective initial data f0 and (fO, Eg, Bg). Assume furthermore that fVlD is a sui-
table solution in the sense of Definition 4.1.5.

Finally assume that there exists Co > 0 and (o, £, Y1,Y2) € [0, 1) such that

K:=min(a— (P +2y2),1-(y1 +Y2) >0, (4.1.5)

so that

— the macroscopic density p"M is uniformly bounded in e :
” p;ﬂw”LOO(O'T;Ll AL (Q)) < C(), (416)

— the moment of order «

me(t,x) := /Sﬁgm(t,x,dE)IV(E)l“,
R

has a uniform bound that has a controlled growth ine :

| ML, ;1000 < Coe P, (4.1.7)

1. Note that this assumption on the current density can be ensured by a Galilean change of frame.
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— the longitudinal electric and magnetic fields have a L?> norm that has a controlled
growthine :

1ed Ae |00 112 () < Coe ™Y,
tAellLoo(0,T;12(Q) 0 (4.1.8)

IBe ll Lo (0,1:12(02)) < Cog™ 2.

Then there exist £y > 0 a constant C > 0 depending only on the initial data such that?® for
alle € (0,e9] and forall t in[0,T],

exp(- C(1+T)2)

Wo (Y2, £ (0 < (C(1+T)%e¥) (4.1.9)
The proof of Theorem 4.1.7 is based on the study of the functional
1
Q) == Owdx, de) (IXYP —xM2 4 | =VP - =YM2) (4.1.10)

2 QxR3

where, loosely speaking, (X'?, =) (resp. (XM, ='M)) stand for the characteristic curves
(more precisely the lagrangian flow) associated to Vlasov-Poisson (resp. Vlasov-Maxwell).

The core of the proof will consist in proving the following Osgood-type inequality. For
all £ €0, T],

Q) <CA+T)%e* + / C1+T)%Q(s) (1 +log* (Q( ))) ds, (4.1.11)
from which we can deduce the stability estimate (4.1.9).

Of course, it is possible to apply Theorem 4.1.7 to the strong solutions built in [8],
[38], [129], for which we already know that the non-relativistic limits holds. But Theo-
rem 4.1.7 is designed to handle other types of solutions. It is the purpose of a second result
(see Theorem 4.4.4 later in this paper) to build measure-valued weak solutions to (VM)
and (VP) that do not enjoy higher regularity with respect to ¢, but whose moments and
electromagnetic field satisfy all required conditions.

4.1.4 Comments on Theorem 4.1.7

A few comments on the statement of Theorem 4.1.7 are in order.

1. Contrary to the classical results of [8], [38], [129], we obtain in the stability estimate (4.1.9)
a polynomial rate of convergence whose exponent decreases exponentially fast to zero
with the time running.

It is not clear whether the method of [78] instead of that of [103] can be adapted to
study the non-relativistic limit : if it were the case, this would allow to improve the rates of
convergence in the stability estimate (4.1.9). This is left to future studies.

2. As already mentioned, Theorem 4.1.7 allows electromagnetic fields that may blow up
in €. No well-prepared assumption is either required. Note however that the convergence
result only concerns distribution functions and not these fields.

3. One can observe that the condition on the moments of the solution to the Vlasov-
Maxwell system VM is (perhaps as expected) more restrictive than the one imposed on
fVP (which corresponds to the criterion of Loeper [103] in view of uniqueness), since we

2. Here W, stands for the Wasserstein-2 distance on which we refer to Section 4.2 for a definition and
some properties.
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require a control of a higher order moment m,. But the parameter « can be taken arbitra-
rily close to 0 and some growth in € is even permitted. The price to pay is that the rate of
convergence in (4.1.9) gets deteriorated at the same time.

4. Our framework shows little dependence on the space dimension : all statements could
be modified to handle other dimensions than 3. This aspect differs from the classical ap-
proaches on Q = R% where explicit formulas for solutions to wave equations are used and
are thus dependent on the dimension d (in particular on its evenness or oddness).

5. If additionally f° is in L' nL®°(Q x R®) and E?,B? € 1.2(Q), then for all € € (0,1], one
can build a global weak solution f"™ to (VM) satisfying an energy inequality (see Theo-
rem 4.1.10 below, and Proposition 1.6 of [27]). If we additionally assume that the initial
energy is uniformly bounded in €, that is to say

/ l(\/1+82|€|2—1)f0d€dx+%/(|E2|2+|Bg|2) dx
Q Q

XR3 82
1
S/ IEIZdeEdJH—/(IE2|2+|B2|2) dx < Cy,
QxR3 2 Ja

we obtain the existence of C; > 0 such that for all € € (0, 1],

VM
IELfe ™ oo 0, +00;11 @xR3) + 1BellLoo(0,+00;12(02))
+ [BellLo(0, +o0;12() = Ci-

This means that the control (4.1.8) with y = 0 is automatically ensured for such solutions.

6. In the case Q = T3, it is also possible to consider initial data such that that the spatial
mean-value of the initial electric field satisfies

I(EY)| < Coe?,

for some & > 0. The rate of convergence in (4.1.9) can get worse if § is close to 0.

7. It is finally possible to consider initial conditions that fully depend on ¢, i.e. (f2,EY,BY)
for Vlasov-Maxwell and an initial condition f° for Vlasov-Poisson. Loosely speaking, the
final stability estimate (4.1.9) is then replaced by

)exp (-C(1+T)?)

Wo(fYF, M) () < C(CA+T) e +CWa (£, f9) ) 4.1.12)

assuming W (f2, f) is small enough. To obtain such a result, this requires to modify the
functional Q introduced in (4.1.10) (see for instance the proof of Theorem 3.1 in [70]).

4.1.5 The Cauchy problem for the Vlasov-Maxwell and Vlasov-Poisson
systems : a short review

The study of the Cauchy problem (either for classical or weak solutions) for the Vlasov-
Poisson and the Vlasov-Maxwell system has a long history. We will only (quickly) review
some aspects that are pertaining to this work.

Vlasov-Poisson. For what concerns classical solutions, we have already discussed the
landmark works [102], [122] and [130], [15] (see also the earlier important works [138]
and [10]). On the other hand, Arsenev in [2] built the first global weak solutions to (VP).
Let us also state the uniqueness result of [103] to which this work is related.
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Theorem 4.1.8. (Loeper [103]) Given f 0 jn 2, (R3 x R3), there exists at most one weak solu-
tion f to (VP) such that

< +o00.
L>([0,T)xR3)

f(t,x,d?)
R3

The propagation of moments is also an important issue that was studied in [102] on
R3. Recently, Pallard in [119] was able to prove the propagation of moments on T® (see
also [120]).

Theorem 4.1.9. (Pallard [119]) Given k > 14/3 and a non-negative initial data f° € L' n
L®(T3 x R®) such that :

/ €17 fO(x, &) dEdx < +oo,
T3 xR3

there exists a weak solution f € C([0,T), 2, (T2 x R3) — wx) to the Cauchy problem for the
Vlasov-Poisson system (VP) such that for any T > 0 we have the following propagation of
the moments :

/ Iﬁlkf(t,x,ﬁ) dédx < +oo.
T3 xR3

Vlasov-Maxwell. The theory of (local) classical solutions to the Vlasov-Maxwell system
(seen as a quasi-linear equation) was first developed in [146], [7], [55]. In particular in [55],
Glassey and Strauss found a criterion for the formation of possible singularities : loosely
speaking, they can occur only at large velocities. This was later revisited in [25], [94]. We
also refer to [121] and [104] (and references therein) for some recent developments. Global
existence is only known for special cases, in particular for small data (see [54], [132], [23]).
The existence of global weak solutions was proved in the landmark work by DiPerna and
Lions in [40].

Theorem 4.1.10. (DiPerna-Lions [40]) Let f° € L' "L (R3 x R3) be a non-negative function
that satisfies :

/ 112 f0(x,8) dEdx < +oo0.
R3xR3

Let E°, B® € L2(R3) satisfy the following compatibility conditions on the initial data :
V,-E’= / fx,8ds, and V-B°=0 in2'R>.
R3

Then there exist f € L>°(0, +oo; L'NL®R3xR?)) and an electromagnetic field E, B € L>°(0, +oo; L2(RY)
which satisfy (VM) in the sense of distributions.

As far as we know, propagation of moments for solutions to (VM) remains largely open.

4.1.6 Organization of the paper

The paper is organized as follows. In the next Section 4.2 we recall some basic defini-
tions and facts about the Wasserstein distance in order to set up the framework we will
work in and also recall a very useful property proved by Loeper in [103]. Then we proceed
to the proof of Theorem 4.1.7 in Section 4.3. Namely we provide an Osgood inequality for
the functional Q. Finally in Section 4.4 and in Section 4.5, in the case Q = T3, we construct
a special class of measure-valued solutions, that have no higher regularity in § but that are
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very regular in x, namely real-analytic. This is based on a multifluid representation (intro-
duced by Grenier in [66]), with analyticity regularity in space variable but only measure in
the momentum variable.

Throughout this paper, C will designate a positive constant depending on the initial
data but independent of the parameter €, that may change from line to line.

Acknowledgements. Partial support of the grant ANR-19-CE40-0004 is acknowledged.

4.2 Definitions, notations and classical results about the Was-
serstein distance W,

This section is devoted to the exposition of a few classical results from Optimal Trans-
portation Theory (see [142] for an overview of the tools needed here) and the links bet-
ween the Wasserstein distances and the H™!-Sobolev norm. For the proofs of the following
theorems we refer to Section 2 of [103].

Definition 4.2.1. LetX andY be two polish spaces. Let py, p2 be two Borel probability mea-
sures on respectively X and Y. We define the Wasserstein distance of order 2 between p, and
P2, de”lOtedWZ (pl’pZ)) by

1/2
Wz(phpz):inf(/ dx,y*dy(x,y)|
Y \JxxY

where theinf runs over the set of probability measures y on X x Y whose marginals P,y and
P,y are equal respectively to py and p>.
Remark 4.2.2. Let us state some remarks about the previous definitions.

— Wedo not need this degree of generality for our purpose, in the followingX andY will
always be either T3 or R3.

— The Wasserstein distance of order p would have been defined in the same way, only
replacing d(x, y)2 by d(x, y)P but we restrict ourselves to the case p = 2.

— There is an important relation between this distance and the optimal transportation
theory. This is what enables to relate the distance W, and the H™! -norm, a relation
described in the next proposition. The proof and the intermediary lemmas that lead
to this result for measure onR3 are detailed in Section 2 of [103] (they adapt to T3 with
minor changes), based on the seminal results from optimal transportation theory by
Brenier [30] and McCann and Gangbo [51].

Theorem 4.2.3. (Loeper [103].) Letp1, p2 be two probability measures on Q with L density
with respect to the Lebesgue measure. Let \;, i = 1,2, solve :

-Ay;=p;—1, onQ.

Then 1o
IVy1 = Valliziq) < (max{llp1 e, Ip2llie}) ™ Wa(p1, p2)-

Definition 4.2.4. Letp, be a Borel probability measure on Q x R3 and T : QO x R® — Q x R3
be a measurable mapping. The push-forward of py by T is the measure p, defined by

VBc QxR3Borel, p,(B)=p;(T"1(B)).

We will use the notation py = T#p;.
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We shall now give a useful remark in view of the estimates of section 3.

Remark 4.2.5. Let (Q, W) be a probability space , and consider X,,X, two mappings from
(Qo, W) 10 QxR3. IfX #dp = py, Xo#dp = p, then y := (X1, Xo)#d W has marginals p, and pz,
which implies that

/ d(X1,Xp)%dp = / d(x, y)2dy(x,y) < W5 (p1,p2).
Q() QXR3

4.3 Proofof Theorem 4.1.7

In order to prove Theorem 4.1.7, we shall focus on the case Q = T? as the treatment of
space mean values requires a specific analysis compared to the case of R3. We explain in
a final subsection the (slight) required modifications to handle the case Q2 = R3.

4.3.1 Lagrangian formulation for weak solutions of Vlasov-Poisson and
relativistic Vlasov-Maxwell

We adopt a Lagrangian point of view, which means that our analysis will essentially
rely on following the particles along their path. It means in concrete terms that we consi-
der the two characteristic systems of ODEs corresponding to the Vlasov-Poisson system
and the Vlasov-Maxwell system, starting at (x, &) at time 0.

We consider a weak solution f'* to (VP) in the sense of Definition 4.1.1 and a weak
solution fYM to (VM) in the sense of Definition 4.1.3.

The macroscopic densities p’ are assumed to be bounded in L' N L® and therefore
V' classically satisfies the following regularity properties (see Lemma 3.1 of [103] or
Lemma 3.2 of [70]) :

Lemma 4.3.1. Let ¢ satisfy the Poisson equation
~Ab=p-1, inT.
Then there exists C depending only on ||p—1 ”Loo((oyT) <T5) such that
IVOllLeo (0,1 x18) = G,
and
Vte[0,T),V(x,y) e R® xR,

1
V(t,x) = V(L y)| <Clx—yl[1+] +(—)),
IVO(,x) = Vo(t, y) = Clx yl( %8 |1z oy

wherelog* (z) =logz ifz=1,log" (z) =0 ifz < 1.

This is enough to define a unique Hélder continuous flow (see e.g. [106]) that satisfies

GXVPZ‘,, :EVP’;;, )
{ XVE(t,x,) (t,x,&) s

0,27 (1, x,&) = —vp'P (£,X'D),

118



TABLE DES MATIERES

with the initial conditions

{XVP(O, x,&) = x,
(4.3.2)

=YP(0,x,8) =¢.
On the other hand, for the Vlasov-Maxwell system, by definition of a weak solution,

we also have that the electromagnetic field (E,B) belongs to L!(0, T; LogLip(T?)). This is
therefore enough to define a unique Holder continuous flow that satisfies

3, XM(t,x,8 = vE"™M(¢,x,9)), 433
0:.2M (¢, x,8) = E(t, X"™) + ev(E"™) x B(£,X'™), o
endowed with the initial data
X0, x,8) = x, w34
=M, x, &) =&. e
Moreover, we have the following representation formula :
vee[o,T), ="z, %0, (4.3.5)
and
vte(0,T), f'™M=x"™ zM)(t,.,)#f°. (4.3.6)
Likewise,
vee(0,T), p"¥=x"P(s,-,)#f°, (4.3.7)
and
veel0,T), p™M=x"M(,.,)#f°. (4.3.8)

4.3.2 Log-Gronwall estimate on the square of the W, distance between
the Lagrangian trajectories

We define the functional
1
Q(t):= > /3 3 Pdx,ag) (1IXVF —x"M2 4 |2VP - =M (4.3.9)
T° xR

which quantifies the distance between the two solutions in a weak sense that we are going
to explain. One can notice that

X2, 2% (0), X"™, ="M (1))# f©

is a probability measure on (T° x R3)2 with marginals f'* and f¥M, which leads to the
important preliminary lemma :

Lemma 4.3.2. Let Q be the quantity defined in (4.3.9), then
Wi (P, F™M0) =2Q(1),

and
W2 "P(),0™(1) < 2Q(1).
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Any control of the functional Q(¢) will consequently imply an estimate of the Wasser-
stein distance between f'* and M.

One can notice that the same considerations as above on the Lagrangian flows for the
quantities |[XV* —X"M|2 and |ZVP — 2YM|? Jead to

t
IXVP—XVM|2(t):2/ X -x"M)(5)- (Y - v(E™) (9)ds,
0

and

=P -EMP ) =
/ EP =M (5)- (BYP (5, X"P) - F"M(5, XM, =My 45,

with the notation
FYP(£,x) = -V, p"P (1, x),
F™M(¢, x,8) = =V, "™ (1, x) — €d,A(t, x) +ev(E) x B(1, X).

This yields for all £in [0,T) :
Q(1) =Q(0)

t
+ / / 3 Fodx,de) |(XF(s) - xM(s)) - (EVF (9) — v(EM(s)) | ds
0 T° xR

t
0 JT3xR3

(TP (X (5,2,8) = VoV (5, XM (s, ,8))| s

(EVP(S) X, E) - EVM(S) X, E))

(4.3.10)
+e/ / fodx,a®)|(2F - =2"M) - (wE"™) x B(s, X"™))| ds
T3><R3

+8/ f (dx,
T3xR3

In the following, the C will stand for a generic positive constant (independent of € but
that may depend on the initial data) that may change from line to line.

i (_VP—E )-9,A(5,X"M) ds|.

We will be able to somehow systematically replace =P (H)-vEM) () by =VP(H-=M(p),
up to some error terms. This is the content of the next lemma.

Lemma4.3.3. LetGe L}OC(T3 x R3). For almost all s € [0, T), we have the estimate

/Ts R3 fo(dx, dg) |(EVP_ V(EW)) 'G| =

C(52+/3 3fo(dx,da)|(}|2-|- /3 f (dx, dE,)|'—VP HVM||G|‘) (4.3.11)
T xR T3xR3

Démonstration. We can write
=P —pEM) = [2P - vED)] + [vED) - v(EM)]

We observe then that

2
@) -8 < — e,

V1+e2|E|?
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and by the Cauchy-Schwarz inequality and the Young inequality, we infer
/ fdx,de) |(EVF - v(E™)-Gx, )| <
T3 xR3

1

1 (Ez

2
and the first term is bounded by Ce? thanks to the assumption that the solution to Vlasov-
Poisson is suitable in the sense of Definition 4.1.5, which implies

/ &1 Y (L, dx, dE)| + / FOdx, dE)|G(x,8)|* didx |,
T3 xRS T3 xRS

< Co.
Lo (0,T;L1(T3))

/ € VP (1, x, dE)
RS

Moreover, a straightforward computation ensures that the gradient of the velocity is boun-
ded by a constant independent of € :

“vv”Loo(RS) <C.
Therefore we have the estimate

~VP —~VM —VP  —VM
lvE")—vE"|<CIE" —-E"

and we can conclude. O

We apply Lemma 4.3.3 to the first term in the expansion of the rhs of (4.3.10), for
G =X"P(s) —X"M(s). We deduce a control by

t
C(T€2 +/ Q(s) ds).
0

To derive a suitable estimate for Q we therefore focus on the remaining terms of (4.3.10).
We define the following three quantities Iy, I, and I for ¢ € [0, T), which we will tackle one
after another :

I := / fodx, dg) |XF (1) - x"™M | |=2¥* (1) - ="M (1|
T3 xR3

+ / O(dx, dg)
T3 xR3
(VP (1, 2P (1) - VeoM(s, EVM(t)))),

=P -=M1)

which will be estimated following the path traced in Section 3.2 of [103],
12::’3/3 3f°(dx,d£)|(EVP(t)—EVM(t))-(v(EVM) < B(t,X"™))],
T° xR

whose estimate is almost straightforward with the uniform control (4.1.8) on the L? norm
of the magnetic field B, and

t
/ ("0 -="m)-0.a0 XM @) ds|, (43.12)
0

I:=¢ / f(dx,de)
T3xR3

which requests a little more subtle integration by part arguments, which explains that we
need to keep the integral in time for estimating this contribution.
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Estimate on I;

In this paragraph we follow carefully the steps of the proof of Section 3 of [103].

By a straightforward Young inequality the first term of I; is bounded by Q(?). The
Cauchy-Schwarz inequality implies that the second term is bounded by :

Q)2 x

1/2
(/Tsxnsf(dx d&) [V,o"F (£, X"7) = V. (tXVM|) .

We then write

1/2
(/3 O, d9) [V P (X —vx(pVM(t,XVM)f)
T3 xR
1/2
T3 xR

1/2
+(/ £Odx, d) |V (1,XVP) = VP (1, XM) |2)
T3 xR3

=11 (02 +],(0Y2.

We are now going to estimate J; and J,.

For J;, the equations (4.3.7), (4.3.8) and Theorem 4.2.3 imply that
J1(0) = / o (1, 01V P (1, %) = V™M (1, %) * dx
T

< max{[lp ¥ llre, 0™} W3 (0¥F (1), oM (1)).
Using Lemma 4.3.2, we conclude that
J1(8) < 2max{llp*F ||z, 0™ 112 Q(2).

By assumption both ||pVP||Loo and ||pVM||Loo are uniformly bounded in € (see (4.1.6)). The
estimate of ], can be done from standard arguments relying on the Log-Lipschitz regula-
rity of V,$'?, see Lemma 4.3.1. We refer to the end of the section 3 of [103] for the com-
putations leading to the following estimate :

1
Jo(t)<C (t)(1+lo ( ))
2(0=CQ & lQw
Gathering the previous estimates finally gives :

I =CQ(n) (1 +log* (Qi ))) (4.3.13)

Estimateon I,

First, an application of the Cauchy-Schwarz inequality gives :

1/2
I <eQ(n'? ( / . fadx, dé)|v(EW)|2|B(t,XVM)|2)
T° xR

1/2
sst”z(/ f‘fM(r,dx,d€)|v(a)|2|B(r,x)|2)
T3XR3

1/2
<eQ(0)ZIB(®) 219

/ M, x, dE) | v(E) 2
RS

Lo°(T3)
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By the assumption (4.1.8), we have
”B(t) ||L2(T3) < CE_YZ.

It remains then to estimate the quantity 2| fR3 fVM(t, x,dE)|v©)|? Il Loo(13) -

To this end, we use the uniform bound (4.1.7) bearing on || 74 |;~(y3) and the general
fact that e|v(€)| < 1. This gives

<Ce”
L0 (T3)

82

/ ™M, x,de)| v
RS

/ Y™t x,dE) ()
R3

< Ce™ P,

L°(T3)

Consequently we obtain using Young’s inequality,

I, < Ce*~B+2v2) L Qo). (4.3.14)

Estimate on I,
The same direct approach fails for the estimate of I; because it gives
I3 < CQ() 2 11ed: A XYY (1, ) 2 rs),
but unfortunately, at first glance, we can only use (4.1.8), that gives
l€d;Allr2eps) < Ce™ ",
and we seemingly lose some power of €.

Remark 4.3.4. Even if we assume some uniform bound in1? for jYM, the same problem of
"loss of € " will occur. Indeed, the energy estimate for the wave equation

e20°A— A A=eP(j"™)

gives the estimate
led A, X"(2,.)) l2ersy < CTl jllpeoo,1512(13))»

and the small parameter € is lost as well.

This is the reason why we have to deal with the Gronwall inequality in its integral form
in order to perform an integration by parts with respect to the time variable.
One must first observe that

9,A (s, X"™M(s, x,8)) _4 (A(5,XM(s,x,8)) = 9:X"™M - VA (s, X'™M)

ds
=% (A (s X™M(5,%,8)) — vE™M) - VA5, X™).
We then define
Ié1 =€
/TsstfO(dx,dﬁ) /Ot% (A (s, XM(s,x,8) — )] - EF - =M)ds|,
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t
Iéz;:g/s 3/ Fodx,de) |(vE™) - VA X)) - (EVF - =YM)) ds,
T°xR°> J0

and .
Iy =€ / / fOdx, d&)| (@A) - EYF - =M)(9)| ds,
T3xR3 J0

so that
I3 <15 + 15 + 5.

To estimate I}, we perform again a Cauchy-Schwarz inequality in the integral over T3 :

t 1/2
I, < 8/ (Q(S)”2 (/ lw©1? f™(s, dx, dE)|VACs, x)Iz) )ds.
0 T3 xR3

The factor V,A can be bounded in L? by the L? norm of B thanks to the Biot and Savart
law.

Lemma 4.3.5. LetB € L2(T%) and A such that
VxA=B-(B).
Then we have the Biot and Savart law :
A—(A)=Vx (A1 (B-(BY).

where A~ selects the unique solution with zero mean to the associated Poisson equation. It
follows in particular that
||VA||L2(T3) < C”B - (B) ”LZ(TS).

Démonstration. There exist a unique distribution ¥ such that

—-Ay =B—-(B), / ydx=0.
TS
Then one can check that
Vx(A-Vxy)=-V(V-y)=0,

and therefore
A=V xy+(A).

The Biot and Savart law and the estimate follow. O
We also have the following conservation of the spatial mean of B.

Lemma 4.3.6. The space mean-value of B is constant, for any t in [0,T) :
(B(1)) = (B

Démonstration. It is straightforward since from the Maxwell equations, for any ¢ in [0, T)
we have

d
Sa(B(tD =€(0/B(1) =—-(VxE(1) =0.
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We deduce from the above lemmas and (4.1.8) that
IB—(B) ||L2(T3) = ||B||L2(T3) +[(By| < Ce™"?,

so that

” VxA” 10 (O,T;LZ (T?’)) < CE_YZ .

We then have using the Young inequality,
t
I, <C / Q(s)ds+Cre® PY2), (4.3.15)
0
To estimate I}, we first use the Cauchy-Schwarz inequality
t
Iy <e / Q) 21@sA(s)) s
0
and then rely on the fact that for any ¢ in [0, T), since €(0;A) satisfies
d
— @A) = ("™,
€ dt< A=)

we have ,
€(0,A) :/ G™y(s)ds +€(d:A)] 0. (4.3.16)
0

The initial data being normalized, the last term is by assumption on the initial electric
field EY equal to 0. We therefore must focus on the first term of (4.3.16).

We write that

t t t
/ (G"™y(s)ds = / (GY™y () = GV (s)) ds + / Gy (s)ds.
0 0 0

We then remark that

t
/(( (8) — (S) // foax, dﬁ)(li(— = )dS
0 T3><R3

/ / fPdx,de) (vE™) - v(E'D) ds
T3xR3
+ / / fO(dx,de) (v(E") - =) ds

0 JT3xR3

and since
lv(€) — &l <elgf?
and
Veviie =C,
we have
t
/ (GY™y(9) = (G¥E)(9)) ds
0
<CTQ(n)"? +CeT VP (¢, x, dE)
L1(T3)

Concerning fot( jVP) (s)ds, we use the fact that the Vlasov-Poisson equation preserves the
current density which therefore will be equal to 0 because the initial data is normalized
so that (j¥P)|,—¢ = 0.
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Lemma 4.3.7. We have the conservation of the spatial mean-value of the current density
for the Vlasov-Poisson system :

Vrel0,T), ()@ = (0.
Démonstration. We have the following conservation law ensured by Definition 4.1.1
3 jVP + Vi (f108% =p"E.
Therefore J
—(j*" = / Axd*TVb* dx.
d t T3
Forany i € {1,2,3}, we have
1
/ 9;i " 0,0\ dx = —/ 9:10;$"F1?dx =0.
T3 2 T3
Likewise, for any i # j, we have by integration by parts with respect to x;,
/ 0;ip""0; " dx = —/ ;70" dx
T8 T8
1 VP2
= —E/Tgaﬂai([) | dx
=0.
The lemma is finally proved. O

/

We end up with the following estimate for I3,

forany ¢in [0,T) :

t
Igg(t)sc(1+T)2(sz+/ Q(s)ds). (4.3.17)
0

To estimate I3, we first perform the integration by parts with respect to the time va-
riable, which yields
15,1 <K; +Ko, (4.3.18)

with

t
Kl::8/ /fo(dx,da)ds
T3xR3J0
|(A(s, XM (s, x,8) — (A () - (FP X VP () - F™M XM (5), =M ()|

M

K2:=8/3 st(dx,da)|(A(t,XVM(t))—<A>(t))-(EVP(r)—EVM(t))
T° xR
where we recall

FYM (5, x"M) —F'P(5,X'?) =

V™M, X™) — V.0V (5,XVP) + ev(E™) x B(5,X"™) + £0,A(5,X'M).

We first treat K;. We are somehow back to the terms I, I, but with a gain of a power of €.
Then by (4.1.8),
”€atA”L2(T3) (t) < COE_YI )
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and performing the same analysis, one has

|K_1| SC”pVM”ig(TS) ”A(t; ) - <A> ||L°°(0,T;L2(T3))
! 1
x (a/ Q(s)(1+log+ (6(3))) ds+Tel* 7 ok Y2 el
0

Now by the Poincaré inequality on T2 and the Biot and Savart law, we have
”A(t, ) - <A> ||L2(T3) = C”VA”LZ(TS) < C”B (B) ||L2(T3) = CE YZ (43].9)

Summing up all these estimates,and noticing that the condition on x in Theorem 4.1.7

implies O‘T_ﬁ —Y2 >0, we obtain that for all ¢in [0,T) :

t
IKi|<CA+T)?|el Y2+l v +/ Q(s)
0

1+log* (é(s))) ds) . (4.3.20)

For K3, we get by Cauchy Schwarz
Kz < elp™ @121 A - AN (D) l2q5 QD
Therefore, by the Young inequality, we conclude that

Kol < ™2 o™ 7l (A= AN (D17, pay + €V 7V2Q(0)

4.3.21
SCSI_(Y1+Y2)+C81+Y1_Y2Q(t), (4.3.21)

where we have used again the Biot and Savart law and (4.1.8). Finally, gathering (4.3.15),
(4.3.17), (4.3.18), (4.3.20) and (4.3.21), since Y2 < 1, we obtain

|Ig| <C(1+T)2 min(a—(B+2y2),1-(y1+Y2))

t 1
C(+T)? (1 1 +(—)
+/0 1+T1)°Q(s)|1+1og Q)

4.3.3 Final estimate

ds+Cel™2Q(p). (4.3.22)

Finally by (4.3.13), (4.3.14) and (4.3.22) (for € € [0, gg] with €y small enough to absorb
the term Ce!'*Y17Y2Q(¢) in (4.3.22) by Q(t) of the left-hand side) we have the following
Osgood estimate on the quantity Q(?) :

Q(H) =C(1+T)%¢€" / C1+D%Q(s)

0

1+log* (Q( ))) S. (4.3.23)

with
K =min(ax— (B +2y2),1 - (y1 +Y2)).

The procedure to obtain (4.1.9) from (4.3.23) is standard : let us quickly explain it for the
sake of completeness. Set

1z =CA+T)?z(1+log™(1/2),
(p(t):C(1+T)2€K+/ Ca+1 Q(s)(1+log ( L ))ds.
0 Q(s)
Since p is non-decreasing, we have
@' (1) = pQ(R) = ple).
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Set then
U (1) =logy().

It follows that U satisfies
U'(n<Cqa +T)2(1 —Uu(1)).

which we can explicitly integrate, yielding
U(t) < U0)e~CO+TI*E 4 (] — g=CU+D?1y.

Coming back to Q, by a continuity (in time) argument, taking €y > 0 small enough, we
finally obtain that for all € € (0,&¢] and ¢ € [0, T],

Q(1) < Cexp (log (C(1 + T)%*e") exp (-C(1 +T)?)),

which implies the desired inequality (4.1.9) and the proof of Theorem 4.1.7 is complete.

4.3.4 ThecaseQ=R3

As already mentioned, the proof for Q = R3 is very similar, yet simplified in some as-
pects. The main difference is that we do not need to handle space mean values as in
the torus case. This is in particular apparent in the treatment of the term I; (as defined
in (4.3.12)). We have this time

<y +1,

where

t
I, :e/ fo(dx,dﬁ)‘/ 4 [A(s,XM(5,x,8)] - " —="M) ds|,
R3xR3 0 ds

t
Iy =¢ / / FOdx, dg) | (vE™) -V A(s, X)) - (BT - EYM) | ds,
R3xR3 J0

To study I},, we rely on the same integration by parts in time argument. Only the final
estimate is different : in R® the Biot and Savart law gets simplified compared to the case of
T3, so that

”va”LZ(RS) =< C”B”LZ(R3)

and we use the Sobolev embedding instead of the Poincaré inequality (4.3.19), which
yields
||A(S)||L6(R3) =< C||VxA||L2(R3)
< C|B(s) ||L2(R3)-
Writing
15,1 <K; +Kop,

t
K ¢ / / Fdx, de)
R3xR3J0

|(AGs, XM(s,x,8) - (F" X" - F™MxY™)) | ds,

with

’

Kzzzs/ fodx,de) |(ae,x™M@) - (V0 -=M@)
R3xR3
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the outcome is the estimate

K1l = Clio"™ll s g IB(2, )l 2 g3

t 1
1+log* =
x(s/o Q(s)( +log (Q(s

Kzl < ellp"™ (1) ll 615 sy IB(E) 2 ey +€Q(1).

) ds+e" P el

The remaining of the proof applies, mutatis mutandis.

4.4 A class of measure-valued solutions which satisfies the
assumptions of Theorem 4.1.7

Let Q = T3. The goal of this section is to build measure-valued solutions to (VM) and
(VP) that are not in the class of compactly supported C! solutions in x and &, and to which
Theorem 4.1.7 can nevertheless apply. More precisely we are interested in solutions with
high regularity in the space variable x, namely real-analytic, and very little in the mo-
mentum variable & : basically we only ask for f(z,x,.) to be a measure with some finite
moments. The corresponding weak solutions to (VM) and (VP) will in fact be induced by
a family of strong solutions in x to a related fluid system. In the first subsection we will
give the definition of what we call weak in ¢ and strong in x solutions, following Baradat
[9]. Then we explain a multifluid representation (used by Grenier [66]) that will allow us to
rewrite the Vlasov-Maxwell system as a system of fluid equations that we will effectively
study. Finally we will prove a small time existence result for these systems by a Cauchy-
Kovalevskaya argument, again following [66] (see also [67]).

4.4.1 Weakin ¢ and strong in x solutions

We will consider in the following a particular class of the more general solutions we
handled previously in Definitions 4.1.1 and 4.1.3. It concerns weak solutions that are re-
gular in x, at least C!, for which another convenient definition can be given, following
Baradat [9].

Let T > 0. We consider a function f : [0, T] x T3 — 2 (R3), such that for any test function
PpE CZ(R3), the hydrodynamic observable corresponding to ¢ :

fro)(t,x) = /3@(€)f(t,x, dg),
R

is a smooth function, namely in C!([0, T) x T%).

Definition 4.4.1. We say that f : [0, T] x T3 — 2 (R3) is a weak in € and strong in x solution
to (VP) ifit satisfies in the classical sense, for all test functions ¢ € Cé(Rg) the system

31 (f, @) (£, %) + V- {fLEP) (L, X) + VP - (£, V) (2, x) = 0,
~A P =(f, 1)1, (4.4.1)
f0,x, d&) = fO(x, d).
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Definition 4.4.2. We say that f : [0, T] x T3 — P(R®) is a weak in & and strong in x solution
to (VM) if it satisfies in the classical sense for all test functions ¢ € Cz(Rg) the system

0{f, @) (£, x) + Vi -(f, v @)(t,x)

3
+E- <fy VCP> +E€ Z Bo’z(i) <f! Vg (i) (E)a,(m _B()'(i) (fy U()‘Z(i) (&)al(p> = 0)

i=1

_Ax(p: <f»1>—1,
) £20,A— ALA = eP((f, bE)),
f(0,x,d&) = fO(x, d¥),
€d/Al1=0 = E* + V|-,
VxAlizo=B"—(B%), (Al;=0)=0,

(4.4.2)

where o stands for the permutation o = (1,2, 3).

4.4.2 A multifluid representation

In this section we will set another formulation of the Vlasov-Maxwell system of equa-
tions, which we refer to as the multifluid representation, as introduced in [66] to prove a
small time uniform existence result and analyze the quasineutral limit for Vlasov-Poisson
type systems. It has also been used in [9] for studying nonlinear instabilities around rough
velocity profiles in Vlasov-Poisson systems. We will be able to prove the existence of strong
solutions to this system which in turn will provide some weak in ¢ and strong in x solu-
tions to the Vlasov-Maxwell system.

We look for solutions f under the form

f(t, x,dg) :/ po (%, x)8(E —Ep (2, X)) n(dO), (4.4.3)
M

where (M, p) is (fixed) a probability space, 6 stands for the Dirac mass at 0, (pg)gem, (£g)oem
are families of smooth functions and vector fields on T3. This is a representation where
the whole set of particles in the plasma can be divided into several phases, each of them
characterized by its pointwise macroscopic density pg(t, x) and its pointwise momentum
&o(t, x). Each density will be transported by the relativistic velocity v(§g) according to a
continuity equation and each phase will be accelerated by the same electromagnetic field,
producing a Lorentz force Fp, that is computed by taking into account all the different
phases.

More precisely, given smooth initial data (pg)eeM, (ig)eeM we consider the following
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system :
VO eM, 0;pg(t, x) + V- (0o (£, X))pg(2, X)) =0,
VO eM, 0,&y(2, x) + (v(Ep(F, X)) - Vi) Ep (2, X)
= (-Vip—edA+ev(Eo) x (Ve x A+ (B%) (£,x),

e°0°A— A A=¢P (/

) v(&o(t,x))pe(t, x)p(dO) |,
T

1 (4.4.4)

—Axd = / Po(t, x)u(dB) -1,
M
VOeM, pgli=0=pg(0), &gli=0=2Ep(0),
- EatAl =0 = EO + Vx(bl =0,
VxAlizo=B"-(B%, (Ali=0) =0,
to which we can add a definition of the electric fields E¢ and B,
Eg = _EatA_ Vx(b,
(4.4.5)

Be:= V, x A+ (B').

Note that this corresponds to an initial condition

fo(x,dﬁ)Z/ P6(0, x)8(E —&o(0, X)) u(d0).
M

As explained in [66], this allows to model a variety of initial conditions, including

— continuous functions in x and &, taking (M, u) = (R3, A%) (where A > 0 is chosen
in order to normalize the measure),

£(0,x) =0, pg(0,x) =m(1+0° f(t,x,6);

— finite sums of Dirac masses in velocity supported on vy,---,v, € R3, that corres-
ponds to a sum of monokinetic data, in which case (M, ) is a discrete probability
space with uniform measure.

Assuming that we are able to solve this system, we can define the measure f(t,x,.)
according to (4.4.3). Given a smooth test function ¢, we have then

<f,tp>(t,x)=/ @ (o (1, x))po(t, X)(dO).
M

This is a straightforward computation to check that if (pg)gem, (€o)oem solve (4.4.4) then
the measure valued function f defined above is a strong in x and weak in & solution to
(4.4.2).

As System (4.4.4) does not seem to possess any hyperbolic structure, we are forced to
solve it for initial data with analytic regularity, using a Cauchy-Kovalevskaya type scheme.
The precise analytic spaces we work with are as follows.

Definition 4.4.3. For 8 > 1, Bj is the space of real functions f on'T3 such that
Ifls:= Y |FfU0|8™ < +oo,
kez3

where (¥ f(k)) are the Fourier coefficients of f. We will designate by Bs the space of the
vector-valued real functions h on T whose components are in Bs. We keep the notation
|h|s to designate the sum of all the |.|s norms of the components of h.
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We are now able to state the second main result of our paper.

Theorem 4.4.4. Let (M, |) the probability space used to define the multifluid system (4.4.4),
let 8o > &, > 1, let Cy > 0 and let (pg(0))gbe a family of Bs,, and (£¢(0))g and (E2,BY) be
families of Bs, satisfying

v-EQ:/pe(O)dp(e), V-BY =0,
M

and such that
sup|pg(0)[5, =< Co,
0

(4.4.6)
Slgplie(o)lao < Co.

Assume also that for somey € [0, 1],
IEZl5, + BLls, < Coe ™. 4.4.7)

Then there exist a constant €y > 0, and a constantT > 0, such that for any € € (0,€), there
exist functions (pg)e in C([0,T],Bs,) , and (&5)e in C([0,T],B5,), solutions to (4.4.4) with
initial conditions (pg(0))g, (E¢(0))g, (E,BY).

Moreover the solutions enjoy the following uniform estimates. There exists C > 0 such
that for all e € (0, €],

SuplngLoo(o,T;Bﬁl) + SuplﬁglLW(o,T;Bﬁl) =C (4.4.8)
0 0
|Eelre(0,1;85,) + IBelieo(o,1;85,) < Ce™ Y. (4.4.9)

The sequence of solutions that we have obtained thanks to Theorem 4.4.4 are so re-
gular in x (see Lemma 4.5.2 below) that all requirements of Definition 4.1.3 are of course
satisfied. The uniform initial controls required in Theorem 4.1.7 also follow : (4.1.8) with
Y1 = Y2 =Y is a consequence of (4.4.9) (and of Lemma 4.5.2). We also have, by (4.4.8),

||p¥M”L°°(O,T;L°°(T3)) =

/ pg (£, X)(d6)
M

L0 (0,T;Lo°(T8))
€
< Slelp||pe||L°°(0,To;L°°(T3)) =G,

and likewise, fora =1,

lw@©1f™M(t, x, dE)
R3

Lo (0,T;L1(T®))

<

/ €l fM(, x, dE)
R3

Lo (0,T;Lo°(T3))

/Pg(t,x)lég(t,x)lu(de)
M

L0 (0, T;L°(T3))

= S‘;P”PE ||L°°(0,T;L°°(T3))Slép||€§ o0, ;10013 < G,
that corresponds to § = 0.
Section 4.5 is dedicated to the proof of Theorem 4.4.4. In order to be able to apply
Theorem 4.1.7, we need to check that the associated Vlasov-Poisson solution is suitable,

which is done in Theorem 4.5.11 in Section 4.5.5.
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4.5 Proofof Theorem 4.4.4

In this section we prove an existence result to the multifluid system (4.4.4) by adap-
tating the proof of Grenier in the paragraph 2 of [66], which is itself an adaptation of a
simplified proof of the Cauchy-Kovalevskaya Theorem due to Caflisch [32].

4.5.1 Definitions, notations and preliminary results

To set up our Cauchy-Kovalevskaya argument we first need to consider a scale of Ba-
nach spaces Bg.

Definition 4.5.1. Let0<p <1, 8y > 1 andn > 0 be fixed, we consider the following Banach
space

Bgo = {u € CO([O,T](SO —-1)] x T3), VO<st< r|(80 -1), u(re BSO_T_t]},

endowed with the norm :

£\P
lulls, =2 sup (Iu(t)|5+ 60_6_5) Iqu(t)Ia)-

1<8<9,
0<t=n(89—9d)

The space Bgo is a space of functions that are continuous with respect to time with

values into the set of analytic functions over the torus T® which takes into account loss of
analyticity (in other words, the shrinking of the analyticity domain) as time goes by. Time
is as a result bounded by the parameter n(§p — 1). In the following we are going to prove a
local existence result thanks to an iteration scheme, and will consider the parameter n as
a small parameter.

We list some lemmas that are useful for the analysis, whose proofs except the very last
one are detailed in Section 2.2 of [66]. The proof of the last lemma is postponed to the
Appendix.

Lemma 4.5.2. Forall§,6' > 1,
— Bs < By if6' <9,
— VseR, BscH?, the map being compatct.

— Bg is a Banach algebra. Moreover, for f, g € Bs, we have

Ifgls<Iflslgls.

The advantage of the norms |.|5 lies in particular in the following lemma : loosely spea-
king, the |.|sy norm of the derivative of a function f in Bg, 1 <8’ < §, can be controlled by
the |.|s norm of f.

Lemma4.5.3. Let 6> 1, if f € Bg then forany1 <8’ <6, i€({1,2,3},

)
10; flor < 5_ 5

[fls.

We have related results around the space Bgo.
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Lemma4.5.4. — Iffandgarein Bgo, then fgisin Bgo as well and

I £8lisy = Il flls, 815

and in particular if 8 + % < 8o,

£\ P
9 2)ls < I f s, I 8ll5, (50 - ﬁ) .

— iffisin Bgo, and if 5 + % < 8y,

—-B-1
t
3 F 0l =Cl o (-5

Finally, we have

Lemma 4.5.5. If h is analytic and can be written as
+00
h(z)=)_ anz",
n=0

for z in the disk of center 0 and radius R, B(0,R), and if f is in Bs with | f|s <R, then h(f) is
in Bg, and

+00
hls= L lanll {13

4.5.2 Estimate on the force field F;.

Ultimately, we are going to set up an iterative scheme, therefore we will need some a
priori analytic bounds on the different quantities that show up in the equation. We begin
with the Lorentz force.

Before starting, let us state a useful consequence of Lemma 4.5.5.

Lemma 4.5.6. If

1
sup  suplépls, = —
0<t<n@o-5)0eM  V2€

then there is C > 0 such that for all® e M,
lv(€e)lls, < CliSolls,- (4.5.1)

Démonstration. We have for d € (1,8¢], by Lemma 4.5.2,

12 (12-Dx..x (/2= (n=1) ,,

>

n=0

|E1°"Eq

lv(&o)ls =

n!
1/2x(1/2-1)x..x(1/2—-(n-1))
n!

8

+00

=5
n=0

2 2n+1
€ nlaﬁlgn

1€ol5
= 1/2
(1-€2Ig2)
< V2[&ls,
where we have used the bound on (£g) to conclude.
The other part of the estimate likewise follows, according to the formula

0xSp €289 (&o - 9x&o)
(1+€2(8H)12  (1+€2|gp»)%

0xV(Ep) =
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In the following we shall accordingly systematically assume the following uniform

bound: )
sup  suplépls, = —.
0<t=n(do-8)0eM  /2€

We recall that each phase labeled by 0 is accelerated by a Lorentz force Fy (¢, x,&g) pro-
duced by the electromagnetic field (E, B), produced collectively by all the phases, and we
have

Fo(t,x,0) 1= =V (£, x) —€d,A(f, x) + ev(Ep) x (V x A(Z, x) + (BY)),

with
— A= / Peu(d0) —1, (4.5.2)
M
and
ezaiA—AxA:eP( / v(Ee(t, x)pe(t, X)(dB)|. (4.5.3)
M

We introduce the quantity

t
GrLo(t,x,8) = / Fi(s,x,89)ds,
0

because to obtain a priori estimates on the phase density pg and the phase momentum
field &g, if we have a closer look at the equations (4.4.4), one can see that we need to control
the force field integrated with respect to time. This is reminiscent of the characteristic
equations (4.3.3) for the Vlasov-Maxwell system where the time derivative of the velocity
of the particles are driven by the Lorentz force Fy.

Lemma 4.5.7. Assume sup sup|&pls, < \/_Lz
0=1=n(80—5)0eM €

ding only on the parameters 3 and 0y (and not on € norn) such that

There exists a positive constant C depen-

IGLells, = Cnsuplipg — 15,
0

+Cn

1+ Supllﬁelléo) (Supllﬁe lls,supllpe IISO) (4.5.4)
0 0 0
+Ce (1 + suplléellso) (|B0|60 +E°5, + Suplpe(O)lso) :
0 0

and such that if we consider two solutions (py,&y) and (0§,&7) to (4.4.4), we also have the
following stability estimate

IGL o — GE glls, < Cnsuplipg — p 5,
0

+cn(1 ; (supll&éllso +sup||£§||ao))
0 0

X

(sgplléé s, + sgpllié ||50) s%pllpé —pglls, (4.5.5)
+ (SuPllpéllso + supnpguao) supl|&y — aénso]
0 0 0
+Cesupli& — &5 15, (IIBOIIst +1E%I5, +Sup||pe(0)||50)-
0 0

The rest of the section 4.5.2 will be devoted to the proof of Lemma 4.5.7 and done in
several steps. In the following § is a fixed constant in [1, §).
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Estimates on || fO[V(Pllso.

First from (4.5.2), we have for any k in Z3\ {0} :

1
|Z (D) (k)| =—=F (/ PpLL(d0) — 1) (k).
|kl M

Lemma 4.5.4 implies then that for any # < n(§p— 1),

t t 1
/qu) 5/ —ﬁds /pep(dﬂ)—l (4.5.6)
0 5 Jo (80—6—2) M 8o
N
Likewise, for any j in {1,2, 3}, for any ¢ € [0,1(0¢9 — 1))
t t 1
/ajvxq) 5/ ﬁHds /pep(dﬂ)—l (4.5.7)
0 5 Jo S M 8o
==
n
Moreover one has
t d 1 1-[5 t
[l
0 (5 5 S)E' 1- n 0
0—86—=
N (4.5.8)
n AR 1-p
<——[06p—-06—— <——=0, ',
l—ﬁ( ’ n) 1-p°
and y
‘ d -1 -p1T
u = | ==(sp-5-2 <Voo—5-1P. (4.5.9)
0 s\PH p n p
= o
n
Therefore we have proved
t
/qu) = Cnsuplpe — 1ll5,- (4.5.10)
0 8o 0

Likewise, if we consider two solutions (pg, &, ¢',A') and (p, &5, d*,A%) to (4.4.4), it comes

t
/ (V' =V p?)
0

< Cnsupllpg — P l15,- 4.5.11)
do 0

Estimates on H fotsv(ﬁe) x B”8 .
0

Using Lemmas 4.5.2 and 4.5.6, we obtain

t
'(/ ev(Eg) x Bds)
0

t
< Cssupllv(ﬁe)llaollBllao/
0 0

8
< Cesupl|&glls, IBll5,
0
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Likewise, for i in {1,2,3}, using Lemma 4.5.4, the formula (4.5.9), and proceeding as for
the estimation of 3; V¢ in (4.5.7) :

t S B
SCssupllﬁellaollBllso/ (60—5——) ds
0 0

t
/ €0; (V(&p) x B) ds
0 n

1)

AL
< Censupl&sll5, IBlls, (50 -6- ﬁ) .
0

In other words, we have

t
[ s
0

The next natural step consists in estimating ||B|s,.

< Cesupl|&plls, IBlls,- (4.5.12)
8o 0

L

Lemma 4.5.8. Assume  sup sup|&pls, < NTS

0<t=n(89—8)0eM

The following estimate holds :

IBlls, = CnsupliSelis,suplipells,
0 0

(4.5.13)
+[B® — (B% |5, +21<B%)| + |E°|5, + suplpg (0) s,
0

Démonstration. We first solve the wave equation (4.5.3) in the Fourier variable k € Z3\{0} :

t
g(A)(t,k):/ iQ«T(P(/ v(ﬁg)pep(de)))(s,k)sin(m(t—s))ds
0 |k| M €

+Al;=o(k) cos (lkg) (4.5.14)

. ism('—k' t)g(atAltzo) (k).
|kl €

Consequently, for any k € Z3\ {0},
F (Ve xA)(t, k)

t
:/ i;@(VXXP(/ v(Eg)pep(dG)))(s,k)sin(l—kl(t—s))ds
0 |k| M €

t
+V, x A%(k) cos(%)

k
+ % sin(% L‘)Pf (Vi x 0Al=0) (k).

(4.5.15)

Let us study the | - || 5, norm corresponding to these terms. For the first term in (4.5.15), we
use the fact that (see e.g. the appendix)

|F (P(x)) (k)| < 2|5 () (k).
We can then argue as for the previous estimates to bound its contribution by

Cnsupl|&ells,suplipells,
0 0
The treatment of the contributions of the initial data is straightforward, yielding a bound

by
C(IA%5, + €0 Alr=ols,) = CIB® = (B%) |5, + IE°|5, + suplpe(0)5,,
0
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where we have used Lemma 4.3.5. Recalling that
B=V, xA+(BY,

the proof of the lemma is finally complete.

Gathering (4.5.12) and (4.5.13), we finally obtain

< Cen
do

t
/ ev(&p) x (Vx A+ (BY) stelpnaengo Slépllpellsol
0

(4.5.16)
+ Cesup|| &gl 5, (IB°|50 + |E0|60 + Suplpe(O)Izso) .
0 0

Similarly, considering two solutions with the same initial data to (4.4.4) indexed by i €
{1,2}, we moreover obtain the stability estimate

t
/ ev(Ey) x (Vx A+ (BY) —ev(&]) x (V x A* + (BY)
0

8o

< Cen( (supu&éngo + supnéguéo) supllpg — Pgla,
0 0 0 (4.5.17)

+ (SuPllpéllso + supnpéuso) (supuag s, + supnagnso) supli&g — ﬁgnao)
0 0 0 0 0

+Cesupll& — &35, (|B°|50 +[E%s, +Suplpe(0)|60)-
0 0

Estimates on H fot €0,A(s, x)clsH8 .
0

As we do not need to estimate directly €0,A(s, x) but its integral over (0, t), we actually
need to study

t
/ €d,A(s, x)ds =€ (A(t,x) - A°(x)).
0
We can then use the formula (4.5.14) to obtain

F (A=A (1, k) =

t
/ ig(p(/ v(Eg)pep(dG)))(s,k)sin(l—kl(t—s)) ds
0 |k| M €

(4.5.18)
+A%k) (cos ('kg) — 1)

N ism('—k' t)gr 0:Al1—0) (k).
ko e

We study this term exactly as in the proof of Lemma 4.5.8. It follows that

t
8/ 0:A(s,x)ds
0

< Cen (supllﬁe 5,100 IIzso)
0

B0 (4.5.19)

+Ce(|B° — (B%]s, + [E%5, +sup|pe(0)|5o).
0
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Again if we consider two solutions with the same initial data to (4.4.4), we obtain

t t
/ €0,A! ds—/ €0,A%ds
0 0

< CHE[ (Sl;pllﬁé s, + Slépllﬁéllso) s%pllpé —pg s, (4.5.20)

do

+ (supupénao + supupgnao) supliEy - EBlls, |
0 0 0

Remark 4.5.9. The gain of a power of € in (4.5.19) and (4.5.20) which is due to the inte-
gration in time is somehow reminiscent of the treatment of I, in Theorem 4.1.7 (see Sec-
tion 4.3.2).

Gathering (4.5.10), (4.5.16) and (4.5.19), we find that

IGLells, = Cnsupllipe — 15,
0

+Cn

1+ Sl;pllﬁellao) (Sl;pllﬁe ||605161P||pe ||60) (4.5.21)
+Ce (1 + suplliellso) (|B°|50 +|E |5, + Suplpe(O)lso) :
0 0

and by (4.5.11), (4.5.17) and (4.5.20) , we deduce the stability estimate

1G] o= G? 4lls, < Cnsuplipy — palls,
0

+Cn (1 + (SUPlliéllao + SUP”ﬁ%”So))
0 0

d

Slépllﬁéll&o + sn;pllaéllso) s%pllpé ~pglls, (4.5.22)
+ (stépﬂpéﬂso + Slépllpéllao) sgpnaé ~& ||50]

+ Csmelpllﬁé — & lls, (I|B0||5O +1IE%I5, + sgpllpe(O) ||50) :
This concludes the proof of Lemma 4.5.7.

4.5.3 Estimates for pg and &g

In this section, we prove some a priori analytic bounds on pg and &g. As in the previous
subsections we assume that

sup  suplépls, = —,
0=t<n(80—8)8eM V2e

which we recall by Lemma 4.5.6 implies that

supllv(&p) lls, = Csupll&ells,-
0 0

We consider &g the solution to
0,80+ (V&) V)& =Fro,  &o(0) =&p(0).
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By Lemma 4.5.2, Lemma 4.5.4 and Lemma 4.5.6, it comes that

t
|£‘e<t)|ss/ 10:E0(5)l5ds + 1€ (0) 5
0

t s\P
Sllie(0)||50+C/ (50—5—5) ||€6”{230ds+”GL,6”60
0

< 1€ (0ll5, + Cnli&ol3, + IGr,0l5,-

The same argument holds for the estimate bearing on 10;£0(1)|5 and it comes

€015, = 1€ (0) 5, + Cl€elI3, + IGLoll5,- (4.5.23)

Similarly, considering two solutions to (4.4.4), this analysis provides the stability estimate
-1 o2

1€ —&0"lls, <Cn (I1€glls, + 1EG 5 ) 1€ — EGllse + IGL g — G gll5,- (4.5.24)

Now working on the equation for pg, we consider the solution pg to the equation
0tPo+ Vi (v(&)pe) =0,  Po(0) = pp(0).
By a similar argument it turns out that

Ipolls, < lPe(0)lI5, + CnliSolls, llpolls,, (4.5.25)

and 1 2 1 2 1 1
166" = B lls, = Cn ((IEgls, + €515, I10g = Ppla,

(4.5.26)
+Cn(lipglls, + 10§ 115,11 — €5 1150

4.5.4 The iterative scheme

We define inductively (p’g)neN, ({6’) neNs (Gfe) nen as follows.
For n =0 we set
0
FL,e =0,
£0(1) = £(0),
and
po (1) = po(0),
forall 0 < ¢t < n; for n =1, we rely on the induction relation
d:pp ™+ Vi (WEDPE) =0,
0:&™ ! + (v(EY) - Vi) E) = F]y,
with pf "1 (0) =pf(0) and &1 (0) =£(0),
in which
FY (1, x,&9) := =V " (1, x) —€d,A" (1, x) +€v(E]) x (V x A" (1, ) + (B%)),
where ¢" and A" solve
—Ayp" = / P (dO) -1,
M
and

e205A" — A,A" =P (/ V(&g (2, x))pg (£, X)u(d6) |,
0eM

with the initial condition

VxA",—g=B"—(B%, —ed;A";—o=E"+V,0’.
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Contraction estimates for n > 1

Lemma 4.5.10. There existn >0, C;,Cy >0 and ey > 0 such that ife € (0,&o], then:

— foralln=0:

supllpg lls, < C1,
0

supll&g s, < 2C1, (4.5.27)
0

supllGy glls, = Cy;
0

— foralln=1:
C
n n—1 2
n n-1 Co
supli&g — &4 ls, < o (4.5.28)
0
Co

n n-1
s%p”GL,e - GL,G ”50 = 2n+2 .

Démonstration. Let us first focus on the first item, that is (4.5.27). We argue by induction.
For n =0, we can choose

C1 = 4C0,

which enforces (4.5.27) according of the assumptions on the initial data. We then pick

€9 > 0 such that gy < , which will enable us to apply Lemma 4.5.6 and thus all the

2Cy
estimates of the previous subsections are valid.

Let assume that (4.5.27) holds for some n = 0. Then using (4.5.4) and (4.5.27), it follows
that
IG5 15, = Cnsuplipg — 115,
0

+Cn (1 +supllﬁglla(,) (SUpllégllaosupllpgllao)
0 0 0 (4.5.29)

+Ce (1 +sup||Ef ||50) (IIBollao + IEll5, + supllpo 0) ||ao)
0 0
<NC(Cy +1+(2C; +1)2C3) +3e, "C(1 +2C1)Co.
Recalling that y € [0, 1), choosing 1 and g sufficiently small, we get
IG]'5 15, < C1.

Similarly, using (4.5.27) and the estimates (4.5.23), we obtain

1€ N5, <ENI5, + CNIEGIE, + 1G] gll5,
<Cy+nCC: +Cy (4.5.30)
<2C;,

up to taking n small enough. We omit the treatment of ||pg+1 5, which is completely simi-
lar. We have therefore proved by induction (4.5.27).
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We now prove (4.5.28) by induction. The case n = 1 requires a special treatment. We
actually use the rough bounds

1 0 1 0
sgpllpe —pglls, = Sl;pllpellso + Sl;pllpellﬁo =2GCy,
supll&y — €I, < . 05, <4C
pligg — &glls, = supli&glls, +supli&ylls, <4Cy,
0 0 0
1 0 1
SgpIIGL,e —Gpplls, = s%pIIGL,e s, = C1,

and we choose C, := 23Cy, so that (4.5.28) holds for n = 1.
Assume now (4.5.28) holds for some n = 1. Using (4.5.27) and (4.5.5) we obtain

+1
”Gﬁe - Gﬁg”&g

1+

=Cn s%pllpg —pg s, +Cn s%pllﬁgllso + m(;pllég‘1 IIaO))
x [ (supllégllzs0 +sup|lEf ||50) supllipg —pg s,
0 0 0

+ (stgp||pg||50 + Sl;pllpg_l ||50) stelpllég —ep ! ||50] (4.5.31)

+ CesupliEg — &7 5, (||B°||50 +11E s, + SuPllpe(O)llao)
0 0

C v C
<nC(L + (1+2C1)2C; +2c1)2—j +3e, choz—,f
< Co

- 2n+3’

up to taking n and gy small enough. Likewise, using (4.5.27), (4.5.28) and (4.5.24) we obtain

1 -1 -1 -1
168+ — &2 l15, < Cn (1€ oy + 158 Ml5p) €7 — €8 sy + 1G] — Girg s,

1) C,
= 4T]CC1 + E 2—n
< C2
~ ontl’
up to taking n small enough. We argue similarly for ||pg+1 — Py ll5,, which allows to close

the induction argument.
O

To conclude, Lemma 4.5.10 proves that for all 0 € M, (p’g) . (Eg) n are Cauchy sequences
in the Banach spaces Bgo for a suitable small parameter n. As a result, they converge to
functions pg and &g belonging to Bgo. Letting n tend to infinity one can check that the pair
(P, Ep)o is a solution to the system (4.4.4). Now let §; € (1,0p). We pick T = n(dp — 0;) to
conclude the existence part of the theorem.

There remains to derive the claimed uniform in € estimates. The uniform bound in €
for (pg)g, (Eg)e is a consequence of (4.5.27). The control of (E,B) is a consequence of the
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formula (4.5.14), of the formula for €9;A
F(e0:A)(t, k) =

t k
/ ‘g (P( / Ve (Eo) : 9,E0po + V(Ee)atpeu(de)))Sin(u(l‘—S))dS
LY M €

1 . (k| 04,0
+msm(?t)9(P( /M v(&e)peu(de)))(k) (4.5.32)

+F (Al=0) (k)| k| sin ('kg)

+ cos (% t) F (€04A|;=0) (k),

of the assumption on the initial electromagnetic field (4.4.7) and of the above uniform
bounds for (pg)g, (€e)e-

4.5.5 The Vlasov-Poisson case

In order to be able to apply Theorem 4.1.7, we also need to check that there exists
a suitable weak solution to the Vlasov-Poisson system (in the sense of Definition 4.1.5)
associated to the initial condition

Ox,dE) :/ o (0, x)3(§ — & (0, x)) u(d0).
M

We recall that according to [103], such a suitable weak solution is then unique. As in the
Vlasov-Maxwell case, we look for the solution under the form

P, x8) = / Po(Z, X)8(E —&o (2, x))u(db),
M

with (p?, £9) solving the multifluid system

VO €M, 0,pp(t, %) + V- (Eo(2, X)po(t,x)) =0,
Ve € M; at&e(ty x) + (Ee(t) x) vx) E'e(ty x) = _vx(by

1
-Adp = / po(t, X)u(dO) -1,
M

VOeEM, ppli=0=p0e(0), &plr=o0=2Ep(0).

(4.5.33)

We can obtain the following result.

Theorem 4.5.11. Let (M, y) the probability space used to define the multifluid system (4.5.33),
letdy > 81> 1, let Cy> 0, and (pg(0))g, (£p(0))g be families ofBg0 such that

sup|pg(0)15, =< Co,
0

(4.5.34)
supl&p(0)15, < Co.
0

Then there exists a time Ty > 0, and functions (pg)g, (Eg)e in C([O,To],Bg;l), solutions to
(4.5.33) with initial conditions (pg(0),&g(0))g.
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We will not give the proof of this result as it is already contained in that of Theo-
rem 4.4.4 (see also [66]). We can check that this solution is suitable. Indeed,

/ po (£, x)u(d0)
M

< Sl;pllpellLOO(OyTO;LOO(TS)) < +00,

”pVP ||L°°(0,T0;L°°(T3)) =

L2°(0,To;L(T3))

and likewise

/ €1 VP (1, x, dE)
R3

L>(0,To; L1 (T%))

/pe(t,x)lie(t,x)|4p(de)
M

L(0,To; L1 (T%))
4
< Sl;p”pﬂ||L°0(0,T0;L°°(T3))Sl;p”E'G I oo 0,7ps150 013y < +00-
This finally shows that we can apply Theorem 4.1.7 to such solutions (note though that to

completely enter the framework of Theorem 4.1.7, one also needs to enforce all conditions
on the initial data of Definition 4.1.6).

4.6 Appendix

4.6.1 On the Leray projection P

We gather in this paragraph some remarks on the Leray projection P : L2(T3) — L2(T3),
its Fourier transform and its continuity properties with respect to any norm H?, s € [0, +00).

More generally let us explain how a vector field can be decomposed in a divergence
free part and an irrotational part (the Helmholtz decomposition). Given F € Cg(T3 ,T3) one
can define P(F) as follows :

P(F)(x) =F(x) +Vy(x), foranyxe T3,

with y satisfying the equation
—-Ay=V-E

One can check that it implies that
V- -P(F)=0.

Applying the Fourier transform, one obtains for any k € Z3 :

F PM) (k) = F (B) (k) + ikF (@),

and .
i
F W) (k) = Wk-g(F)(k),
which implies
k®k
FPME) (k) = (Id— e )g(F)(k). (4.6.1)
Therefore

|7 (P(E) (k)| = ClF (B)(K)I,

and by the Plancherel Theorem P extends to a continuous operator on L.2(T3) characteri-
zed by the formula (4.6.1). From the same formula we have the continuity with respect to
any Sobolev norm H?, s € [0, +00).
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4.6.2 ProofofLemma4.5.5

We recall that all the proofs concerning the properties of the analytic norms we use
can be found in Section 2.2 of [66]. Let us however explain Lemma 4.5.5.

One can define the function k(f) over T® by the power series :
+00
() =) anf(0)"

n=0

Then we have the following inequality, thanks to Lemma 4.5.2 according to which the
space Bg is a Banach algebra,

+00
GIEDNITEY

n=0

and we can conclude.
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Titre : Sur le systéeme de Vlasov-Maxwell: régularité et limite non relativiste.
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Résumé : Cette these est consacrée a I'étude
du systeme d’équations aux dérivées partielles de
Vlasov-Maxwell qui décrit I'évolution au cours du
temps de la fonction de distribution des particules
chargées dans un plasma. Nos travaux portent plus
particulierement sur la régularité des solutions de ce
systeme et le probleme de la limite non-relativiste.
Dans un premier temps, on étudie un modéle jouet
combinant une équation de Vlasov et un systéme
d’équations de transport. On utilise les méthodes uti-
lisées pour obtenir et améliorer le critére de Glassey-
Strauss qui donne une condition suffisante sous la-
quelle une solution forte du systeme de Vlasov-
Maxwell ne développe pas de singularités. La perte
de régularité se manifeste lorsque la vitesse des par-
ticules est proche de la vitesse de résonnance du
systeme hyperbolique adjoint. Le méme phénomene
se produit pour les solutions de notre systeme jouet,
mais il posseéde une structure moins complexe.

Dans un deuxiéme temps, on aborde la question
de la limite non relativiste. Apres redimensionne-

ment, la vitesse de la lumiere peut étre considérée
comme un grand parametre du systéme. Lorsque
celui ci tend vers l'infini, on parle de limite non-
relativiste. Au premier ordre, la limite non relativiste
du systeme de Vlasov-Maxwell est le systeme de
Vlasov-Poisson. Dans un premier chapitre, on établit
une méthode itérative qui permet formellement d’ob-
tenir des systémes couplant I'équation de Vlasov a un
systeme elliptique et formant une approximation non
relativiste d’ordre arbitrairement élevé du systéme
de Vlasov-Maxwell. Ces systémes sont de plus bien
posés dans certains espaces de Sobolev. Dans un se-
cond chapitre on démontre un résultat de limite non
relativiste vers le systeme de Vlasov-Poisson sous
des conditions ne portant que sur la densité macro-
scopique de charges. Pour ce faire on étudie une
fonctionnelle quantifiant la distance de Wasserstein
entre les solutions faibles des deux systemes. Ceci
rend valide la limite non-relativiste pour une nouvelle
classe de solutions, a valeurs dans des espaces de
mesures.

Title : On the Vlasov-Maxwell System: regularity and non-relativistic limit.

Keywords : PDEs, kinetic Theory, Vlasov-Maxwell, regularity, non-relativistic limit.

Abstract : In this dissertation, we study the Vlasov-
Maxwell system of partial differential equations, des-
cribing the evolution of the distribution function of
charged particles in a plasma. More precisely, we
study the regularity of solutions to this system, and the
question of the non-relativistic limit. In the first part,
we study a Toy-model, combining the Vlasov equation
with a system of transport equations. We use the me-
thods developed to obtain and improve the Glassey-
Strauss criterion, which gives a sufficient condition un-
der which strong solutions do not develop singulari-
ties. The loss of regularity occures when the speed
of the particles is close to the characteristic speed
of the joined hyperbolic system. The same phenome-
non occures for the solutions of the Toy-model, but
its structure is easier to handle. In the second part,
we focus on the question of the non-relativistic limit.

After a rescaling of the equations, the speed of light
can be considered as a big parameter. When it tends
to infinity, it is called the non-relativistic limit. At first
order, the non-relativistic limit of the Vlasov-Maxwell
system is the Vlasov-Poisson system. First, an itera-
tive method giving arbitrary high non-relativistic ap-
proximations is established. These systems combine
the Vlasov-equation with elliptic systems of equa-
tions, and are well-posed in some weigthed Sobolev
spaces. We also prove a result on the non-relativistic
limit to the Vlasov-Poisson system under the weaker
assumption of boundedness of the macroscopic den-
sity. We study a functional quantifying the Wasserstein
distance between weak solutions of both systems. It
enables to justify the non-relativistic limit in this wea-
ker sense for a larger class of solutions, taking value
in a space of measures.
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