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Contribution à la modélisation mathématique et numérique pour des modèles
d'écoulement non-linéaires dispersifs en eaux peu profondes

Résumé

Cette thèse porte sur la modélisation et l'analyse mathématique de modèles asymptotiques
utilisés en océanographie et décrivant la propagation des ondes longues. L'objectif de
cette thèse est de construire et de justi�er de nouveaux modèles asymptotiques en tenant
compte de la variation de la topographie et de la section transversale. Pour ce faire,
plusieurs hypothèses sont formulées sur la profondeur de l'eau et les déformations de
la section transversale. La première partie de cette thèse consiste à dériver et à étudier
les caractéristiques linéaires de dispersion et de shoaling des modèles asymptotiques.
Dans la deuxième partie, un modèle unidimensionnel des ondes longues moyenné par
section, est développé. Des équations tridimensionnelles du mouvement des �uides non
visqueux et incompressibles sont d'abord intégrées sur une section transversale du canal,
ce qui donne les équations de type SGN. Le nouveau modèle est donc adéquat pour
décrire des ondes fortement non linéaires et faiblement dispersives le long d'un canal
de section transversale arbitraire et non uniforme. Plus précisément, le nouveau modèle
étend le modèle de Saint-Venant moyenné par section et généralise les équations de
Serre-Green-Naghdi à toute section. Ce nouveau modèle a été reformulé d'une manière
plus appropriée pour la résolution numérique en conservant le même ordre de précision
que l'original et en améliorant ses propriétés de dispersion. En�n, nous présentons
quelques simulations numériques pour étudier l'in�uence du changement de section sur
la propagation d'une onde solitaire. La dernière partie de cette thèse est consacrée à la
simulation numérique du modèle SGN avec une nouvelle reformulation.

Mots clés : Équations aux dérivées partielles, Modélisation mathématique des écoule-
ments à surface libre, Écoulement en canal ouvert, Fluide incompressible, Analyse
asymptotique, Lagrangien, Dispersif, Non-Linéaire, Volumes Finis, Saint-Venant, Boussi-
nesq, Serre-Green-Naghdi.
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Contribution to mathematical and numerical modeling for non-linear dispersive
shallow water �ow models

Abstract

This work focuses on the modeling and mathematical analysis of asymptotic models
used in oceanography describing long wave propagation. This thesis aims to derive and
justify new asymptotic models taking into account the variation in topography and cross-
section. To do so, several hypotheses are formulated on water depth and cross-sectional
deformations. The �rst part of this thesis consists in deriving and studying the linear
dispersion and shoaling characteristics of the asymptotic models. In the second part, a
one-dimensional model of section-averaged long waves is developed. Three-dimensional
equations of motion of non-viscous and incompressible �uids are �rst integrated over
a cross-section of the channel, resulting in the SGN-type equations. Therefore, the
new model is adequate to describe fully non-linear and weakly dispersive waves along
a channel of an arbitrary and non-uniform cross-section. Speci�cally, the new model
extends the Saint-Venant model to cross-section mean and generalizes the Serre-Green-
Naghdi equations to any cross-section. This new model has been reformulated in a way
more appropriate for numerical resolution by maintaining the same order of accuracy
as the original and improving its properties of dispersion. Finally, we present some
numerical simulations to study the in�uence of the change of section on the propagation
of a solitary wave. The last part of this thesis is devoted to the numerical simulation of
the SGN model with a new reformulation.

Keywords: Partial di�erential equations, Mathematical modeling of free surface �ows,
Open channel �ow, Incompressible Fluid, Asymptotic Analysis, Lagrangian, Dispersive,
Non-Linear, Finit Volumes, Saint-Venant, Boussinesq, Serre-Green-Naghdi.
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Notations

Notations concerning the physical settings

ˆ � ¹x; zº = � ¹x; zº � � ¹x; zº: width of the section atz with � ¹x; zº (resp. � ¹x; zº) is
the right (resp. left) boundary point at elevationz

ˆ d¹x; yº: de�nition of the boundary of the channel/river cross-section as a function
of y

ˆ d� ¹xº = d¹x; y� ¹xºº = min
y

d¹x; yº: z-coordinate of the deepest point of the cross-

section

ˆ ' ¹x; zº =
�
� ¹x; zº if ' ¹x; zº < y� ¹xº

� ¹x; zº otherwise:
: de�nition of the boundary of the

channel/river cross-section as a function ofz

ˆ 
 ¹t; xº : �uid cross-section

ˆ � ¹t; x; yº: z-coordinate of the free surface level

ˆ h¹t; x; yº = � ¹t; x; yº � d¹x; yº : local height of water in
 ¹t; xº

ˆ A¹t; xº = j
 ¹t; xºj : wet area

ˆ nfs: outward normal vector to the free surface boundary� fs of 
 ¹t; xº

ˆ nwb: outward normal vector to the wet boundary� wb of 
 ¹t; xº

Notations concerning the asymptotic parameters

ˆ H2: characteristic water depth

ˆ H1: characteristic scale of the channel width

ˆ h1 : characteristic wave-length in the transversal direction.

ˆ L: characteristic wave-length in the longitudinal direction

ˆ � 1 =
h2

1

L2
: dispersive parameter in the transversal direction

ˆ � 2 =
H2

2

L2
: usual dispersive parameter

xvii



Notations xviii

Notations concerning the model

ˆ 
 eq¹t; xº : �uid cross-section (�at free surface approximation of
 ¹t; xº)

ˆ � eq¹t; xº : z-coordinate of the free surface level

ˆ heq : local height of water in
 eq¹t; xº

ˆ Aeq : wet area of
 eq¹t; xº

ˆ Qeq : discharge

ˆ Ph : hydrostatic pressure

ˆ Pnh: non hydrostatic pressure

Other notations

ˆ hXi¹ t; x; zº : width-average of the function¹t; x; y; zº 7! X¹t; x; y; zº

ˆ u¹t; xº : 
 ¹t; xº-averaged velocity

ˆ �ueq¹t; xº : 
 eq¹t; xº-averaged velocity

ˆ Xq¹t; x; zº := X ¹t; x; q¹x; zº; zº whereq = � or q = �

ˆ fb¹t; xº = f� ¹t; x; d� ¹xºº

ˆ S¹x; zº =
¹ z

d� ¹xº
� ¹x; sº ds

ˆ S¹u; x; zº =
1

� ¹x; zº
@
@x

¹uS¹x; zºº

ˆ r k1;k2 ¹Xº : gradient of a functionX with respect to the variablek1 andk2

ˆ divk1;k2 »X¼: divergence of a vector functionX with respect to the variablek1 and
k2

Bold characters are used for vectors notations.
For almost all computations, we assume thatx andt are �xed.

Numerical analysis notation

ˆ x1•2 : upstream node of mesh (upstream interface)

ˆ xN•2 : downstream node of mesh (downstream interface)

ˆ xi+ 1
2

: internal mesh node

ˆ mi =
�
xi � 1

2
; xi+ 1

2

�
: mesh



Notations xix

ˆ xi =
xi � 1

2
+ xi+ 1

2

2
: centre of mesh

ˆ ¹� xºi : variable mesh-step

ˆ � x : constant mesh-step

ˆ � tn : time step

Dé�nition 0.0.1.
The phase velocity is the speed of propagation of a particle on the free surface:

Cp =
!
k

: (1)

! is the frequency of the wave andk is the wave number of the wave.

Dé�nition 0.0.2.
The group speed is the speed of propagation of a wave packet:

Cg =
d!
dk

: (2)
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1.1 Contexte et motivation

La modélisation des écoulements en eau peu profonde est d'une importance majeure dans
l'étude de la dynamique des �uides et plus particulièrement en océanographie; étude des
mers, océans, leurs limites et leurs interactions avec l'air, la topographie y compris les
organismes vivants. Plus particulièrement, la modélisation de l'hydrologie des bassins
versants et des rivières occupe une place centrale dans les sciences de l'environnement,
notamment en ce qui concerne la disponibilité de l'eau, les réseaux d'égouts urbains, les
risques d'inondation et en particulier pour les tsunamis. Les vagues pénètrent dans les
rivières beaucoup plus rapidement à l'intérieur des terres que l'inondation côtière ne le
fait sur le sol, et peuvent provoquer des inondations dans les zones de basse altitude situées
à plusieurs kilomètres des côtes [90]. La modélisation de ces processus et la prévision
du mouvement de l'eau est une tâche di�cile à laquelle des e�orts considérables ont été
consacrés [49, 94].

L'un des modèles les plus utilisés pour décrire le mouvement des cours d'eau est le
modèle à surface libre moyenné par section [34, 15, 39] qui est une généralisation du
système bien connuSaint-Venant(introduit par Adhémar Jean Claude Barré de Saint-
Venant au 19ème siècle [31, 46]) :

8>>><

>>>
:

@
@t

A +
@
@x

Q = 0 ;

@
@t

Q +
@
@x

�
Q2

A
+ I1¹x; Aº

�
= I2¹x; Aº :

(1.1)

Dans ces équations,Aest l'aire mouillée,Q est le débit d'eau,I1 est la pression hydrosta-
tique etI2 est le terme source de la pression hydrostatique qui tient compte de la variation
de la section. Le modèle (1.1) est l'approximation du premier ordre en eau peu profonde
des équations de Navier-Stokes ou d'Euler moyennées par section, sous des hypothèses
appropriées sur les échelles horizontale et verticale (voir, par exemple, [48, 34]).

Grâce à la structure hyperbolique de ces équations, les transitions brusques entre deux
états d'écoulement di�érents donnent lieu à une solution discontinue, tant au niveau de
la surface de l'eau que de la vitesse. Ces solutions discontinues appelées chocs sont bien
adaptées à la rupture brusque des vagues avec des rouleaux turbulents pour les grandes
transitions du nombre de Froude. Cependant, pour des transitions faibles ou modérées,
le front de vague qui avance peut être suivi d'un train d'ondulations à surface libre,
parfois appelées "whelps". Ce phénomène, appelé ondes de choc dispersives, est induite
par une distribution de pression non hydrostatique [75]. En conséquence, les ondes se
répandent dans l'espace au fur et à mesure de leur évolution dans le temps, c'est-à-dire
que des ondes de di�érentes longueurs d'onde se déplacent à des vitesses di�érentes.
C'est ce qu'on appelle l'e�et dispersif. Par conséquent, les ressauts undulaires ne sont
pas reproductibles avec le système de surface libre non dispersive et une pression non
hydrostatique est nécessaire.

Les équations dispersives ont été introduites pour la première fois par Boussinesq
[17] en 1872 pour justi�er mathématiquement l'existence d'ondes solitaires observées
par les expériences de Russell en 1834. Ces équations entrent dans le cadre des équations
des eaux peu profondes. Elles peuvent être obtenues par approximation asymptotique du
second ordre des équations d'Euler moyennées en profondeur par rapport à un paramètre
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� . Ici, � =
�
H
L

� 2

est un paramètre d'aspect-ratio, oùH représente une profondeur d'eau

caractéristique etL est une échelle horizontale caractéristique. Les équations de type
Boussinesq, qui sont faiblement non linéaires et faiblement dispersives, sont dé�nies par
un petit paramètre de non-linéarité supplémentaire" =

a
H

= O¹� º � 1 où a est l'ordre

de l'amplitude de la surface libre. Ces équations pour un fond plat, par exemple en 1D,
sont données par

8>>><

>>>
:

@
@t

� +
@
@x

¹huº = O¹� 2º
@
@t

u + " u
@
@x

u + r � + � D = O¹� 2º
(1.2)

où h est la profondeur de l'eau,� est l'élévation de la surface libre etu est la vitesse
moyenne en profondeur. Le termeD représente le terme dispersif.

En 1877, l'équation de KdV a été découverte par Boussinesq [17] et a ensuite été
dérivée par Korteweg et Gustav de Vries (KdV) [55]. Cette équation décrit approxima-
tivement l'évolution de longues vagues unidimensionnelles dans de nombreux contextes
physiques, y compris des vagues en eau peu profonde au comportement faiblement non
linéaire. Cette équation peut également être obtenue dans le cas d'ondes unidirection-
nelles pour lesquelles le cadre théorique permet de calculer une solution analytique telle
que la propagation d'une onde solitaire 1D sur fond plat (voir par exemple Boussinesq
[17, 55, 7]). Nous avons également l'équation de Benjamin, Bona et Mahony (BBM) qui
est une amélioration de l'équation KdV [10].

Cependant, dans la pratique et surtout dans les applications du génie côtier, la dy-
namique des vagues littorales étant souvent variable - dépendante du fond, dispersive
et non linéaire, les équations de type Boussinesq ne sont pas appropriées. En 1967,
Peregrine [77] a introduit les premières équations de type Boussinesq bidimensionnelles
faiblement non linéaires pour les fonds non plats. Witting [93] a proposé une méthode
basée sur le développement de Padé pour améliorer les caractériqtiques de dispersion
des équations de type Boussinesq. A partir de cette méthode, plusieurs équations d'ordre
O¹� 2º avec une caractéristique de dispersion améliorée ont été proposées, voir par exem-
ple [69, 71]. En 1953, une équation unidimensionnelle, fortement non linéaire (" = O¹1º)
et faiblement dispersive pour fond plat a été dérivée par Serre [86], indépendamment de
Su et Gardner [89] avec

D¹vº =
1
h

@
@x

�
h3

3
D¹ vº

�
(1.3)

où

D¹ vº =
�

@
@x

v
� 2

�
@
@x

@
@t

v � v@2
xv : (1.4)

Ce modèle a ensuite été étendu aux fonds non plats par Seabra-Santos [85], voir aussi
[25]. En�n, Green et Naghdi [50] ont dérivé les équations dispersives bidimensionnelles
entièrement non linéaires pour les fonds irréguliers qui sont l'extension des équations
de Serre. Dans la littérature, ce système est souvent appelé équations de SGN. D'autres
extensions intéressantes sont également présentées dans [91, 60, 61, 80] basées soit sur
les équations d'Euler, soit sur les équations d'ondes de surface ou les principes varia-
tionnels. Tous les modèles dispersifs précédents sont obtenus par réduction 3D-2D ou



CHAPTER 1. INTRODUCTION 6

2D-1D, mais, à notre connaissance, la réduction 3D-1D n'a jamais été réalisée auparavant.

Mes travaux de thèse s'inscrivent dans cette optique de modélisation mathématique
et numérique des écoulements à surface libre. Ainsi, le principal objectif est de dériver à
partir des équations d'Euler tridimensionnelles incompressibles et irrotationnelles avec
des conditions aux limites appropriées, des modèles similaire à (1.2)�(1.4) via la moyenne
de section sous l'hypothèse d'eau peu profonde qui tient en compte la variation de la
topographie et de la géométrie.

1.2 Descriptif des travaux de thèse

L'objectif de cette thèse est de proposer de nouveaux modèles dispersifs en eau peu pro-
fonde pour prendre en compte l'in�uence de la topographie et de la section transversale
sur les ondes de surface. La réalisation de cet objectif est divisée en trois étapes:

ˆ Une étape demodélisation, où les méthodes de construction des modèles sont
présentées en détail.

ˆ Une étape d'analyse mathématique linéairedes caractéristiques de la dispersion
et de shoaling a�n d'optimiser les modèles.

ˆ La dernière étape est lasimulation numérique où ces modèles sont implémentés
et des cas de tests numériques prenants en compte la variation de la section et de
la bathymétrie ont été réalisés.

Dans le premier chapitre, nous présentons la dérivation formelle des modèles réduits
par approximation en eaux peu profondes. Ces modèles réduits sont généralement
obtenus à partir des équations de Navier Stokes, Euler irrotationnel ou les équations
d'ondes de surface. Dans ce type d'écoulement, le pro�l suivant la profondeur est

faiblement parabolique et fonction du paramètre� =
H2

L2
. Cette propriété " écoulement

par tranches " ou encore " motion by slices " est celle qui permet de négliger les variations
des pro�ls de vitesses verticaux par rapport aux pro�ls des vitesses horizontaux. En
outre, cela justi�e la réduction du problème à n dimensions à n-1 dimensions et par
conséquent l'approximation des équations de la mécanique des �uides initiales par ces
équations réduites. Dans le cadre des équations de Navier-Stokes, le �uide est supposé
faiblement visqueux et les équations sont munies de conditions aux limites de Navier
avec friction (traduisant les e�ets de rugosité de la topographie) et de non-pénétration
(de la topographie), et d'une condition de pression atmosphérique à la surface libre. La
propriété " motion by slices " est induite par les forces de friction, voir par exemple
[46, 39].

Dans le cadre des équations d'Euler, le �uide est supposé incompressible et irro-
tationnel. Les équations d'Euler sont munies des conditions aux limites à la surface
libre de condition cinématique et d'une condition d'imperméabilité de la topographie.
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Comme dans le cadre des équations de Navier-Stokes, par développement asymptotique,
le modèle réduit de Saint-Venant est obtenu. Dans cette approche la propriété " motion
by slices " est issue de la contrainte d'irrotationnalité. S'a�ranchir de cette condition ne
permettrait donc pas de retrouver cet aspect avec la limite faible profondeur qui permet
d'obtenir les équations de Saint-Venant (au moins formellement). Cette propriété est
cruciale pour établir les modèles réduits.
Ces modèles asymptotiques peuvent également être dérivés via un principe variationnel
tel que la méthode de relaxation [37, 26] ou le Lagrangien augmenté [43]. Les premières
formulations variationnelles ont été proposé par Lagrange [56] pour dériver les équations
de la dynamique des �uides parfait. Le premier principe pour les écoulements à surface
libre a été proposé par Riabuchinsky [79] et le principe variationnel pour un écoulement
sur un plan a été proposé bien plus tard par Luke (voir [67]). D'autres variantes ont
été proposées ultérieurement, voir, par exemple, [37] pour un Lagrangien "relaxé" et
[43] pour un Lagrangien "augmenté". Les termes de relaxation permettent au principe
variationnel "relaxé" de se donner de la liberté dans la construction de modèles. Le
Lagrangien "augmenté" permet d'étudier des variations du Lagrangien en imposant une
condition d'équilibre (sous forme de pénalisation) à la surface libre. Cette approche
permet ainsi de construire des variantes de modèles SGN dispersives mais à l'instar de
[43], les équations obtenues forment un système hyperbolique à 4 équations. Dans ce
chapitre, nous considérons le principe variationnel classique pour dériver certains mod-
èles asymptotiques en eaux peu profondes, à savoir les équations de Saint-Venant non
dispersives et les équations dispersives de Boussinesq et de Serre-Green Naghdi.

En faisant intervenir des paramètres supplémentaires tels que la non-linéarités de la

houle" =
A
H

où A est une amplitude caractéristique des ondes, couplées au paramètre

d'aspect-ratio (appelé aussi paramètre de dispersion)� =
H2

L2
, on obtient une classe de

modèle non-linéaire ou faiblement non- linéaire avec caractère dispersif ou non dispersif.
En particulier, c'est suite à l'étude de l'existence d'ondes solitaires que Boussinesq [17]
montra que la dispersion est nécessaire pour contrebalancer la non-linéarité du modèle
de Saint-Venant a�n de propager un soliton (i.e. une onde solitaire se propageant dans
un milieu non-linéaire et dispersif sans se déformer). Il démontra ainsi la nécessité de la
présence de termes dispersifs dans les équations pour établir l'existence de ces solitons
observables dans de nombreux phénomènes physiques (hydrodynamique, optique, acous-
tiques, etc). Il dériva ainsi, probablement, le premier modèle faiblement non-linéaire
et faiblement dispersif. Le modèle de Saint-Venant décrit ci-dessus est un modèle non-
linéaire et non dispersif. L'emploi de multiparamètres asymptotiques est à la base de
la dérivation de nombreux modèles de type "couche mince" Korteweg-de Vries [55],
Boussinesq [17], Serre[86], Green and Naghdi [50], etc. à partir des équations d'Euler.
Notons également que Lannes et Bonneton [60] ont proposé une méthode générale pour
dériver les équations réduites (faiblement) non-lineaires et (faiblement) dispersif à partir
des équations d'ondes de surface à l'aide de l'opérateur de Dirichlet-Neumann. De nou-
veau la contrainte d'irrotationnalité est nécessaire comme nous l'avons cité plus haut.

Le deuxième chapitre de cette thèse est consacrée à la reformulation des modèles
asymptotiques en introduisant des opérateurs linéaires pour éviter le calcul direct des
dérivées partielles d'ordre 3. Le problème reformulé est en général plus adapté pour
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construire un schéma numérique robuste de volume �ni pour sa résolution. De plus, ce
problème reformulé permet de construire un modèle équivalant à (1.6) pour lequel on peut
améliorer les caractéristiques linéaires du modèle, en ajoutant quelques termes d'ordre
O¹� 2

2º à l'équation de conservation de la quantité de mouvement sans a�ecter la précision
du modèle. Les propriétés linéaires couramment utilisées sont la vitesse de phase, la
vitesse du groupe, le gradient de shoaling et la cinématique des ondes [69, 68]. Les e�ets
non linéaires sont évaluées en analysant le transfert d'énergie entre les composants [71].
Dans [35], Dingemans propose une séquence d'étapes dans laquelle les modèles de type
Boussinesq peuvent être analysés et améliorés :

ˆ le comportement linéaire des fréquences

ˆ le comportement linéaire de shoaling

Des améliorations signi�catives peuvent être obtenues à la fois pour les propriétés
linéaires telles que la dispersion de fréquence linéaire, le shoaling linéaire, le pro�l
de vitesse, et pour les propriétés non linéaires tels que la dispersion d'amplitude [21].
Il est observé que pour la fréquence de dispersion des équations de SGN, voir aussi (1.6),
convergent vers la théorie de Stokes du premier ordre. Cependant, les caractéristiques
de dispersion du système (1.6) peuvent être améliorés (voir par exemple [14, 24]). Elle
peut être réalisée en ajoutant des termes d'ordreO¹� 2º et/ou en paramétrant la vitesse à
une certaine profondeurz = � au lieu dez = d ([71]), et/ou en considérant une vitesse
modi�ée (voir [24]). Tous ces modèles introduisent des paramètres pour lesquels plus la
valeur den est élevée, plus les améliorations des propriétés dispersives sont importantes.
Par exemple, en suivant la méthode BBM [12], nous pouvons ajouter des termes arti�ciels
dans l'équation du moment pour améliorer le comportement linéaire dans les équations

8>><

>>
:

@t � + r � »¹� + dº �u¼= 0

@t �u + r »
1
2

�u2 + g� ¼+ D¹ u; �; � º = 0
(1.5)

où � est un coe�cient libre, pour améliorer les propriétés dispersives linéaires. Ce
modèle a été développé dans [71, 69, 68, 70] (voir [45] pour une analyse de la légère
di�érence entre ces méthodes).

Le troisième chapitre propose un nouveau modèle dispersif en eau peu profonde
prenant en compte l'in�uence de la topographie et de la section transversale sur les ondes
de surface. Il s'agit d'une extension du modèle du type Serre-Green-Naghdi au cas d'une
section variable.
Nous présentons ici, brièvement, la stratégie permettant de dériver le modèle dispersif non
linéaire moyenné sur la section. Nous introduisons d'abord le problème sans dimension
en introduisant le paramètre dispersif classique� 2. Nous introduisons également un
paramètre dispersif� 1 mais dans le sens transversal. Dans ce travail, nous supposons
que� 1 < � 2 pour obtenir le modèle dispersif moyenné par section par rapport à� 2 comme
on le fait habituellement. En raison de la structure des équations, nous ne pouvons pas
obtenir le modèle par une moyennisation sur section directe. Nous devons d'abord
développer des développements asymptotiques appropriés en deux étapes, brièvement
résumées ci-dessous :
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ˆ Première étape : les équations d'Euler sont moyennées en largeur pour obtenir le
développement asymptotique suivante de la vitesse horizontale du �uide

u¹t; x; y; zº = hui¹ t; x; zº + O¹� 1º

où hui est la vitesse moyenne en largeur.

ˆ Deuxième étape : les équations d'Euler moyennées en largeur permettant d'obtenir
le développement asymptotique de la vitesse horizontale moyenne en largeur du
�uide

hui¹ t; x; zº = u¹t; xº + � 2 f ¹u¹t; xº; 
 ¹t; xºº + O¹� 2
2º

où �u est la vitesse moyenne de la section pour une fonctionf donnée.

Ainsi, le développement asymptotique deu jusqu'à l'ordreO¹� 2
2º, le "motion by

slices" (voir [46]), peut s'écrire comme suit :

u¹t; x; y; zº = u¹t; xº + � 2 f ¹u¹t; xº; 
 ¹t; xºº + O¹� 2
2º :

En�n, en utilisant ces développements asymptotiques, nous sommes capables de faire
la moyennisation sur section des équations d'Euler pour obtenir les nouvelles équations
dispersives non linéaires unidimensionnelles

8>>>>><

>>>>>
:

@
@t

A +
@
@x

Q = 0

@
@t

Q +
@
@x

�
Q2

A
+ I1¹x; Aº

�
+ � 2

@
@x

¹G¹x; AºD¹uºº = I2¹x; Aº + G¹x; A; Qº

+O¹� 2
2º

(1.6)

où Aest l'aire mouillée,Q = Auest le débit d'eau,u est la vitesse moyenne de section,I1

(resp. I2) est la pression hydrostatique (resp. source),G¹x; Aº généralise
h3

3
dans (4.3),

le termeG¹x; A; Qº étend le terme source de fond irrégulier,D est le terme donné par
(1.4).

La deuxième partie de ce chapitre est consacrée à la reformulation du problème
(1.6) en introduisant un opérateur linéaire et un opérateur quadratique a�n d'améliorer
le modèle. Comme mentionné précédemment, di�érentes méthodes existent dans la
littérature pour étudier les caractéristiques linéaires des modèles dispersifs. Comme
la méthode BBM a montré de très bonnes corrections au niveau de la dispersion et le
shoaling, nous la considérons dans ce chapitre. Elle est basée sur l'observation que:

@tQ = �
@
@x

�
Q2

A
+ I1¹x; Aº

�
� I2¹x; Aº + O¹� 2º (1.7)

=�@tQ � ¹ 1 � � º
�

@
@x

�
Q2

A
+ I1¹x; Aº

�
� I2¹x; Aº

�
+ O¹� 2º (1.8)

avec� un réel. Comme les termes ajoutés sont d'ordreO¹� 2º, la précision du modèle
n'est pas a�ecté.
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En appliquantl'astuce BBM à (1.6), on obtient une famille d'équations SGN à un
paramètre avec une dispersion améliorée sous la forme conservatrice :

8>>>>>>><

>>>>>>>
:

@
@t

A +
@
@x

¹Auº = 0
�
Id � � 2� L»A; d; � ¼

�
�

@
@t

¹Auº +
@
@x

¹Au2º +
¹� � 1º

�

�
@
@x

I1 � I2

� �

+
1
�

�
@
@x

I1 � I2

�
+ � 2AQ»A; d; � ¼¹uº = O¹� 2

2º

(1.9)

où Id représente l'opérateur d'identité,� ¹x; zº est la largeur de la section àz donné,
d¹x; yº désigne la limite de la section transversale du canal/de la rivière en fonction dey,
L»A; d; � ¼est un opérateur linéaire etQ»A; d; � ¼est un opérateur quadratique.
Cette nouvelle formulation (1.9) ne contient aucune dérivée du troisième ordre, on peut
donc s'attendre à des calculs numériques plus stables et plus robustes.

Dans la dernière partie de ce chapitre, nous nous intéressons uniquement au cas
d'une section variable rectangulaire. Un schéma volumes �nis d'ordre 1 équilibre pour
le modèle dispersif reformulé (1.9) a été construit et quelques cas tests numériques ont
été e�ectués. La construction d'un schéma bien équilibré peut être facilement réalisée
en ne considérant que la partie hyperbolique des Eqs. (1.9), par exemple, par l'utilisation
de la reconstruction hydrostatique (voir par exemple [4]).
Dans le premier cas test, la précision de la méthode et l'in�uence de la variation de
section dans le cas de la propagation d'une onde solitaire ont été testé. Pour cela, on
considère les solutions exactes d'ondes solitaires des équations de Green-Naghdi dans
le cadre unidimensionnel sur un fond plat (voir [61]), données dans les variables avec
dimensions, par

8>>>><

>>>>
:

� ¹t; xº = asech2¹k¹x � ctºº; u¹t; xº = c
�

� ¹t; xº
� ¹t; xº + z0

�
with

k =

p
3a

2z0
p

z0 + a
andc =

p
g¹z0 + aº

(1.10)

où z0 est la profondeur du �uide eta est l'amplitude relative.

Précision: La propagation de l'onde solitaire (1.10) est initialement centrée àx0 = 10
m avec une amplitude relativea = 0:2m sur une profondeur d'eau constantez0 = 1m. Le
domaine de calcul estLc = 100m et discrétisé parN cellules. L'onde solitaire se propage
de gauche à droite. Dans ce test, puisque l'onde solitaire est initialement éloignée des
limites du domaine, les conditions limites n'a�ectent pas le calcul, nous choisissons donc
d'imposer des conditions limites sortie libre aux extrémités aval et amont. La solution
exacte est calculée dans un canal de largeur� = 1.

Dans ce qui suit, nous quanti�ons la précision numérique de notre schéma numérique
en calculant la solution numérique pour ce cas particulier pour un nombre croissant de
cellulesN sur une duréeT = 20 s. En commençant par un nombre de cellulesN = 100,
nous multiplions successivement le nombre de cellules par deux. Les erreurs relatives

EL2¹� º =
k� � � � xk

k� k
et EL2¹uº =

ku � u� xk
kuk

sur la déformation de la surface de l'eau et la
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vitesse moyenne présentée sont calculées àt = 20s, en utilisant la norme discrèteL2 où
¹�; uº est la solution exacte et¹� � x; u� xº est la solution numérique. Pour tous lesN, nous
comparons, dans la Fig. 1.1,Mn := max

0� i � N+2
¹hn

i º de notre solution numérique fournie par

Eqs. (1.9) avec l'exacteM¹tnº := maxh¹tn; xºx2»0;Lc¼= 2:2 donnée par les (1.10). On
peut facilement remarquer que la discrétisation du premier ordre n'est pas précise pour
une simulation à long terme en raison de la dissipation numérique. Cependant, pour
limiter la dissipation numérique du schéma numérique du premier ordre, on peut soit
limiter le temps de simulation, soit considérer un très grand nombre de cellules. Il est
cependant préférable d'augmenter l'ordre du schéma numérique mais ceci est laissé à un
travail futur. Par conséquent, dans ce qui suit, nous considérons un temps de simulation
plus court et un grand nombre de cellules, juste pour illustrer l'in�uence de la variation
de la section du canal.

 2.13

 2.14

 2.15

 2.16

 2.17

 2.18

 2.19

 2.2

 0  2  4  6  8  10  12  14  16  18  20

N = 200
N = 400
N = 800
N = 1600
N = 3200

Figure 1.1:Mn := max
0� i � N+2

¹hn
i º

In�uence de la variation de la section: Nous considérons à nouveau la propagation
d'une onde solitaire initialement centrée enx0 = 10 m d'amplitude relativea = 0:2 m,
sur une profondeur d'eau constantez0 = 1 m sur un domaine de calcul deLc = 50 m et
discrétisée avec desN = 5000cellules. Commençant initialement par¹� ¹0; xº; u¹0; xºº
(voir Eqs. (1.10)), nous calculons la simulation numérique pour les canaux dé�nis par

� ¹x; " º = � ¹x; " º � � ¹x; " º with � =
1
2

�
"
2

exp
�
� " 2

�
x � L•2º2

� �
et � = � �

avec� = 0, � = 0; 1, � = 0; 2, � = 0; 3 et � = 0; 4. Les résultats obtenus sont présentés
dans la Fig 1.2. Dans la Fig.1.2(a), pour chaque géométrie, nous montrons l'évolution
du maximum du niveau de l'eauMn := max

0� i � N+2
¹hn

i º. Comme prévu, puisque la première

partie dex � 25 converge linéairement, le niveau de l'eau augmente alors que pour
x > 25, le canal diverge linéairement et donc, l'amplitude du niveau de l'eau diminue.
De plus, dans toutes les simulations numériques, la masse est conservée. En e�et,
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pour chaque valeur de" , nous avons a�ché dans la Fig. 1.2(b), le rapport de
mn

m0
où

mn :=
1

N + 2

N+1Õ

i=0

An
i est la masse d'eau au momenttn. Le rapport

mn

m0
est quasiment égal

à 1.
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(a) Mn := max
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1
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N +1Õ

i =0

An
i

Figure 1.2: in�uence of�

Le quatrième chapitre est le fruit d'une collaboration lors de la session de recherche
du CEMRACS 2019. L'objet est l'étude du système de Serre-Green-Naghdi a�n de
modéliser des écoulements incompressibles à surface libre en peu profondeur, tout en
tenant compte les e�ets de la pression non-hydrostatique et les phénomènes dispersifs
qui jouent un rôle important en particulier en océanographie côtière. Plusieurs schémas
numériques sont présentés, basés sur une méthode de splitting, en séparant la partie
hyperbolique (prédiction) et la partie non-hydrostatique (correction). Les algorithmes
sont comparés en temps de calcul à travers des simulations avec des ondes solitaires. Le
modèle est également validé avec des données expérimentales concernant les ondes de
Favre [23].
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Le système de Serre�Green-Naghdi (apparu initialement dans [86], [50]), également
connu sous le nom de système de Boussinesq entièrement non linéaire se lit comme suit
:

8>>>>>>>>>>><

>>>>>>>>>>>
:

@t h + @x¹huº = 0;

@t¹huº + @x¹hu2º + @x¹hqº + qb@xzb = � gh@x¹h + zbº � h@xpatm;

@t¹hwº + @x¹huwº � qb = 0;

@t¹h� º + @x¹hu� º � 2
p

3
�
q �

qb

2

�
= 0;

w � u@xzb �
p

3� = 0;

2
p

3� + h@xu = 0

(1.11)

où h¹t; xº : R+ � R ! R+ est la hauteur du �uide à une positionx donnée, au temps
t ; u¹t; xº : R+ � R ! R est la vitesse horizontale moyennée en profondeur du �uide,
w¹t; xº : R+ � R ! R est la vitesse verticale moyennée en profondeur,� ¹t; xº : R+ �
R ! R est la correction verticale associée àw. En�n, q¹t; xº : R+ � R ! R est la
pression hydrodynamique moyenne verticale etqb¹t; xº : R+ � R ! R est la pression
hydrodynamique au fond.
zb¹xº : R ! R est la topographie du fond indépendante du temps, etg = 9; 81 est
l'accélération standard due à la gravité. Le système est complété par de multiples
conditions aux limites possibles, en fonction du cadre physique modélisé.

Dans ce travail, nous élaborons le schéma desplittingde type volume �ni - di�érence
�nie. Il consiste à résoudre d'abord la partie hyperbolique, puis la partie dispersive.
L'étape de prédiction hyperbolique implique la résolution numérique des équations clas-
siques des eaux peu profondes avec une topographie de fond non plat. Quant à la
résolution du système résultant de l'étape de correction non hydrostatique - qui est le
c÷ur de ce travail - nous présentons deux algorithmes itératifs : l'algorithme d'Uzawa
appliqué au problème mixte vitesse-pression et la méthode de Gauss-Seidel pour l'étape
de projection elliptique. Les di�érents choix de conditions aux limites en fonction de
la situation physique en question, ainsi que leurs conséquences sur les procédures de
discrétisation, sont également étudiés.

Pour comparer les stratégies numériques, trois cas tests sont considérés :

ˆ Une solution exacte (onde solitaire) où les trois méthodes numériques sont com-
parées

ˆ Une onde de choc dispersive provenant d'une rupture de barrage simulée avec
l'algorithme d'Uzawa dans la Fig. 1.3

ˆ Des comparaisons avec des données expérimentales (ondes de Favre) et les résultats
numériques obtenus avec l'algorithme d'Uzawa
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Figure 1.3: Dam-break: La surface de l'eau à di�érentes reprises.

1.3 Perspectives de recherche

Actuellement et dans les années à venir, je compte développer deux axes de recherche
qui s'inscrivent dans le cadre de mes travaux de recherche actuels. Le premier thème
porte surl'analyse mathématique (l'existence et l'unicité de solution) des modèles
Serre-Green-Naghdidérivés dans ma thèse, tandis que le deuxième thème s'intéresse à
l'optimisation du code de calcul1d pour prendre en compte les variations de bathymétrie
et de section non limité au cas rectangulaire. L'objectif de mon dernier axe de recherche
est de modéliser les risques d'inondation et la propagation des vagues de tsunami en
utilisant un couplage d'équations du type Green-Naghdi/Saint-Venant à section variable.

Analyse mathématique des équations de type Serre-Green-Naghdi

Le mouvement d'un �uide parfait, incompressible et irrotationnel sous l'e�et de la grav-
ité est décrit par les équations d'Euler ou les équations d'ondes de surfaces "water-waves"
à surface libre. L'existence et l'unicité de solutions pour ces équations est maintenant
bien comprises suite aux travaux de Wu [95, 96] (voir aussi Yasihara [98] et Lannes
[58]). Mais en raison de la complexité de ces équations, ils sont souvent remplacées
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par des équations réduites. Ces équations réduites sont obtenues en tant que limite
asymptotique formelle des équations d'Euler à surface libre ou les équations d'ondes
de surface. La dérivation formelle de ces équations remonte auXIXesiècle tandis que
leur justi�cation mathématique a commencé il y a seulement trois décennies avec les
travaux de d'Ovsjannikov [73, 72], Craig [28], Kano et Nishada [54] qui ont abordé pour
la première fois le problème de la justi�cation des asymptotiques formelles. Récemment
en 2008 B. Alvarez Samaniego et D. Lannes [3] ont donné une justi�cation rigoureuse
de tout les asymptotiques présentés dans la section précédente.
Les équations de Kortweg-de Vries (KDV) sont mathématiquement justi�ées dans [28],
les équations de Saint-Venant ou également "Non Linear Shallow Water" sont justi-
�ées dans [73, 3]. Les équations faiblement non linéaires et faiblement dispersives de
Boussinsq sont étudiées dans [28, 53, 13], voir également [77, 76, 91, 29] en présence de
la topographie. Finalement, les équations fortement non linéaires, faiblement dispersif
de Green-Naghdi, également les équations de Serre, sont justi�ées dans [65, 3].

En suivant ces travaux, mon objectif est d'apporter une justi�cation rigoureuse du
modèle développé dans ma thèse (1.6), plus particulièrement l'étude du caractère bien
posé de ce modèle et l'étude de la convergence des solutions vers celle du problème
d'Euler à surface libre.

Optimisation du code de calcul

L'ajout d'e�ets dispersifs dans un modèle ajoute des di�cultés importantes pour obtenir
un algorithme robuste. En e�et, ces termes supplémentaires changent la classe d'équation
et de nouvelles approches numériques doivent être développées. Les modèles dispersifs
du type Serre-Green-Naghdi (1.6) peuvent être écrits sous la forme suivante :

@X
@t

+ div F¹Xº + D = S¹Xº (1.12)

où X est dé�nis par

X =
�

h
h�u

�

F est le �ux associé etSest le terme source de la topographie. Nous notonsD les termes
dispersifs supplémentaires pouvant contenir des opérateurs di�érentiels en fonction du
modèle. Ainsi, pourD = 0, on trouve les équations de Saint-Venant, qui peuvent être
résolues avec la méthode des volumes �nis. PourD , 0, les di�cultés surviennent. De
nombreuses stratégies ont été étudiées dans une ou deux dimensions et nous résumons
ici brièvement quelques techniques. La détermination deD dépend de la formulation du
modèle etD contient généralement des termes dérivés d'ordre 3. Il est alors nécessaire
d'appliquer un schéma d'ordre supérieur pour discrétiserD . Plusieurs techniques ont
été proposées pour résoudre ce problème. Dans [24] un schéma de volumes �nis d'ordre
supérieur (WENO [97]) et un schéma de di�érence �nie pour le modèle unidimensionnel
de Green-Naghdi a été développé en se basant sur la méthode de splitting en séparant
la partie hyperbolique et la partie dispersive. De même, dans [63] les auteurs utilisent
un schéma HLL pour la partie hyperbolique sur un fond plat et discrétisent les termes
dérivés d'ordre supérieur présents dansD par approximation de di�érence �nie.
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Dans le troisième chapitre de ce manuscrit, nous avons construit un schéma numérique
d'ordre 1 pour résoudre numériquement le modèle (1.6). Un cas test pour étudier
l'in�uence de la topographie et de la section sur la propagation d'un soliton a été réalisé.
D'après la Fig 1.1, on peut remarquer que la discrétisation du premier ordre n'est pas
précise pour une simulation de longue durée à cause de la dissipation numérique.

Aussi, pendant la session de recherche CEMRACS, nous avons étudié le modèle de
Serre-Green-Naghdi en utilisant un schéma d'ordre1. La �gure 1.3 montre les e�ets
dispersifs générés par le système (5.1) lors de l'utilisation de données initiales discon-
tinues. Ici, nous avons choisi8000cellules parce que les e�ets dispersifs ne peuvent
pas être capturés si nous utilisons un schéma numérique du premier ordre1, et pour
capturer correctement les ondes de choc dispersives, nous avons dû utiliser des schémas
numériques d'ordre élevé.

L'objectif est alors, de construire un schéma numérique d'ordre supérieur pour la
simulation à long terme qui tient en compte la variation de la topographie et de la section
transversale.
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2.1 Introduction

The origin of the water wave problem in �uid mechanics dates back to the 1980s [30]. The
classical mathematical formulation of surface gravity waves consists of �ve equations:
�uid incompressibility, surface isobarity, bottom and surface impermeability and �ow
irrotationality [66] (Mei 1989). This system of equations does not admit an exact
analytical solution since the domain of de�nition of these equations is unknown (the
domain is determined by the elevation� ¹t; xº), therefore, various approximations have
been constructed.

For shallow water �ows, we have the nonlinear shallow water equations that were
derived by Jean Adhémar Saint Venant in 1876[31], Korteweg and Vries (1895) [55],
Boussinesq (1871) [17, 18], Serre (1953) [86], Green and Naghdi (1976)[50], Camassa
and Holm (1993) [22] and several other variations that were developed after that [60].
Models of type Saint-Venant, for example with �nite volume methods, can accurately
reproduce the dissipation of breaking waves. On the other hand, the absence of dispersive
e�ects restricts their range of validity to areas where non-linearities predominate. Outside
these areas, the absence of dispersive terms in these equations generally leads to an
incorrect prediction of the location of the breaking wave.

On the other hand, the Boussinesq type equations take into account the non-linear and
dispersive aspects of wave propagation. By introducing the characteristic amplitude of
the free surfaceA, H the characteristic depth, and �nallyL the characteristic wavelength,
we de�ne the dimensionless numbers

� =
H2

L2
; " =

A
H

aspect ratio respectively of non-linearity. The Boussinesq type models are in principle
derived from a shallow depth assumption� � 1 by imposing an equilibrium between
non-linearity and dispersion, i.e." = O¹� º thus limiting their use to weakly non-linear
and weakly dispersive simulations. In fact, these models are not very e�cient in surf and
swash areas where the amplitude" can reachO¹1º. In particular, it is shown that taking
into account the strongly non-linear e�ects for asymptotics in shallow depths� � 1 and
" = 0¹1º, allows to capture not only the propagation speed but also the wave heights
before sur�ng (see [91]). The highly non-linear model constructions were built by Serre
[86] and then generalized by Green-Naghdi [50]. These equations, also called Serre-
Green-Naghdi (SGN) equations, are currently described as the most relevant system for
dealing with highly nonlinear and weakly dispersive waves.

These asymptotic models are obtained from a �rst and second-order approximation of
the general equations of �uid mechanics, in particular, the water wave equations, [60], the
incompressible Navier Stokes equations [47, 82] and the incompressible Euler equations
[39, 61]. These asymptotic models can also be derived via a variational principle such
as the relaxation method [37, 26] or augmented Lagrangian [43]. In this chapter, we
consider the classical variational principle to derive some asymptotic models in shallow
water, namely non-dispersive Saint-Venant equations and Boussinesq and Serre-Green
Naghdi dispersive equations.

The chapter is organised as follows: in Ÿ2.2, we present the physical and geometric
settings of the governing equations. Ÿ2.3 is devoted to the modeling of waves in shallow
water, based on the underlying variational principle (least action principle). We then study
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Figure 2.1: Sketch of the Domain

the asymptotic behavior of the Lagrangian in Ÿ2.5 and derive the nonlinear equations of
shallow waters in Ÿ2.6.4. The �rst-order approximation in asymptotic shallow waters
gives the Saint-Venant model. We will then obtain in Ÿ2.6.2 the (SGN) model, which
provides a second-order approximation to the shallowness parameter. By adding other
smallness parameters under the wave amplitude hypothesis, we obtain the Boussinesq-
type models derived in Ÿ2.6.3. Finally, in Ÿ2.7, we derive asymptotic models from the
three dimensional Euler equations.

2.2 Physical and geometrical set-up

Let us consider an incompressible, homogeneous, and ideal �uid, of constant density� ,
in a domain
 ¹tº. At the timet 2 »0;Tº, the domain occupied by the �uid is, therefore,


 ¹tº = f¹ x; zº 2 R2 � R; � d¹t; xº � z � � ¹t; xºg; (2.1)

We note thatx = ¹x; yº is the horizontal cartesian coordinate,z is the upward vertical
coordinate,t is the time,r = ¹@x; @yºT is the horizontal gradient andr x;z = ¹@x; @y; @zºT

is the classical gradient.
There are also two functions,� : »0;Tº � R2 �! R andd : »0;Tº � R2 �! R, such that
z = � ¹t; xº andz = � d¹t; xº represent the free surface equation and the bottom equation
respectively. The local height of the water is

h¹t; xº = � ¹t; xº + d¹t; xº:

We denote byU¹t; x; zº 2 R3, the velocity of the �uid particle located at¹x; zº at timet,
u¹t; x; zº 2 R2 andw¹t; x; zº are its horizontal and vertical components respectively.
Incompressibilty of the �uid then takes the following form

div »U¼= 0: (2.2)

Irrotationality of the �uid is useful but not necessary [59], given as follows,

curl»U¼= 0: (2.3)
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In addition to the equations (2.2) and (2.3), we need boundary conditions. One of them
is the so-called kinematic boundary condition at the free surface and expressed the fact
that the �uid particle do not across the free surface, it read

U � n f s =
@m
@t

� n f s; (2.4)

wherem¹x; z = � ¹t; xºº is a point at the free surface andn f s is the unit outward normal
vector to the free surface given by:

n f s :=
1

p
1 + ¹r � º2

¹� r �; 1ºT :

This leads to the following explicit form:

@�
@t

+ u � r � = w: (2.5)

The next boundary condition is needed at the bottom, assumed to be impermeable,

U � nb =
@m
@t

� nb: (2.6)

Herem = m¹x; z = � d¹t; xºº represents a point at the bottom, andnb is the unit outward
normal at the bottom

nb :=
1

p
1 + ¹r dº2

¹� r d; 1ºT;

this leads to the following explicit form:

�
@d
@t

� u � r d = w: (2.7)

2.3 Variational principle and Euler-Lagrange equations

Let the �uid be ideal, incompressible, homogeneous and have a free unknown surface,
while the other part of the boundary is given. Then, the following variational principle
holds [11]:
Variational principle : The motion of the �uid must provide a stationary value to the
following functional action:

S¹Uº =
¹ t1

t0
� L dt;

on the set of all velocity �elds that satisfy the constraint (2.2) and the condition (2.4).
Here,� is the density of the �uid (taken to be constant) andL is the classical Lagrangian
density de�ned as:

L := K + P

whereK andP are respectively the kinetic and the potential energies of a shallow �uid
moving under the force of gravityg:

K :=
1
2

¹


 ¹tº
jU j2¹t; x; zºdzdx; and P =

¹


 ¹tº
� gz dzdx:
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We next incorporate the condition of incompressibility (2.2) into the functionalS¹Uº
using a Lagrange multiplier� , as follows:

S¹Uº =
¹ t1

t0

¹


 ¹tº
�

1
2

juj2 +
1
2

w2 � gz + � ¹r � u +
@w
@z

ºdz dx dt: (2.8)

Integrating by parts, it turns out that,

S¹Uº =
¹ t1

t0

¹


 ¹tº
�

�
1
2

juj2 +
1
2

w2 � gz � u � r � � w
@�
@z

�
dz dx dt

+
¹ t1

t0

¹

@

�� ¹U � nºdt; (2.9)

wheren is the outward normal at the boundary.
Using the following Reynolds transport theorem [51, 9], we have:

@
@t

¹


 ¹tº
� d
 =

¹


 ¹tº

@�
@t

d
 +
¹

@

� ¹U � nº d@
 ; (2.10)

then, the functional (2.9) can be written in the following way:

S¹Uº =
¹ t1

t0

¹


 ¹tº
�

�
�

@�
@t

+
1
2

u2 +
1
2

w2 � gz � u � r � � w
@�
@z

�
dz dx dt

+
� ¹

@

� dz dx

� t1

t0

: (2.11)

We can delete the last term of (2.11) by adding the following additional constraint on the
admissible values of the potential� :

� ¹

@

� dz dx

� t1

t0

= 0: (2.12)

It is clear that adding this constraint does not a�ect the equations and boundary conditions
for � , since it does not contribute to the variations [11], then we obtain:

S¹Uº =
¹ t1

t0

¹


 ¹tº
�

�
�

@�
@t

+
1
2

u2 +
1
2

w2 � gz � u � r � � w
@�
@z

�
dz dx dt: (2.13)

The variation� S of the functionalS¹Uº with respect to the variation of the velocities
u¹x; z; tº and w¹x; z; tº, the potential� ¹x; z; tº as well as with respect to the surface
elevation� ¹x; tº have to be zero.
Let us start by the variation with respect tou¹x; z; tº, let us consider a small variation� u
in the velocityu¹x; z; tº. Then the variation of (2.13) with respect tou gives,

0 = � uS = S¹u + � u; �º � S¹u; �º

=
¹ t1

t0

¹




� ¹ � ¹t;xº

� d¹t;xº
�� u ¹u � r � º dz

�
dxdt:
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Since� u is arbitrary, we deduce

u¹t; x; zº = r � � ¹t; x; zº : (2.14)

Similarly, the variation of the Lagrangian (2.13) with respect tow¹x; z; tº, gives,

0 = � wS = S¹w + � w; �º � S¹w; �º

=
¹ t1

t0

¹




� ¹ � ¹t;xº

� d¹t;xº
�� w

�
w �

@�
@z

�
dz

�
dxdt;

then, since� w can be given also arbitrary, we obtain

w¹t; x; zº =
@
@z

� ¹t; x; zº : (2.15)

Next, the variation of (2.13) with respect to� leads to,

� � S = S¹� + ��; �º � S¹�; �º

=
¹ t1

t0

¹




� ¹ � ¹t;xº

� d¹t;xº
� �

�
@��
@t

+ u � r ¹�� º + w
@��
@z

�
dz

�
dxdt :

Using the following Leibniz integral rule,

¹ b¹xº

a¹xº

@f
@x

¹x; sº ds=
@
@x

¹ b¹xº

a¹xº
f ¹x; sº ds

�
@b
@x

¹xº f ¹x; sºjs=b¹xº +
@a
@x

¹xº f ¹x; sºjs=a¹xº (2.16)

then, for a constant density� , we obtain:

� � S = �
¹ t1

t0

¹




�
@
@t

¹ � ¹t;xº

� d¹t;xº
��� dz+ r �

¹ � ¹t;xº

� d¹t;xº
� ¹u�� º dz

�
dxdt;

+ �
¹ t1

t0

¹




� ¹ � ¹t;xº

� d¹t;xº
��

�
r � u +

@w
@z

�
dz

�
dxdt;

+ �
¹ t1

t0

¹




�
��

�
@�
@t

+ u � r � � w
�

jz=� ¹t;xº

�
dxdt;

+ �
¹ t1

t0

¹




�
��

�
@d
@t

+ u � r d + w
�

jz=� d¹t;xº

�
dxdt;

=0

which gives for an arbitrary�� , the following equations

8>>>>>><

>>>>>>
:

r � u +
@w
@z

= 0; � d < z < �;

@�
@t

+ u � r � � w = 0; z = �;
@d
@t

+ u � r d + w = 0; z = � d :

(2.17)
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Finally, the variation with respect to� ¹t; xº, gives,

� � S = S¹� + ��; �º � S¹�; �º

=
¹ t1

t0

¹



���

�
�

@�
@t

+
1
2

u2 +
1
2

w2 � g� � u � r � � w
@�
@z

�
jz=� ¹t;xºdxdt :

One deduce from the above integral that

�
@�
@t

+
1
2

u2 + +
1
2

w2 � g� � u � r � � w
@�
@z

= 0; z = �; (2.18)

for an arbitrary�� .
Gathering equations (2.14)�(2.18), we obtain the following so-calledEuler-Lagrange
equations:

u = r �; � d < z < �; (2.19)

w =
@�
@z

; � d < z < �; (2.20)

r � u +
@w
@z

= 0; � d < z < �; (2.21)

@�
@t

+ u � r � � w = 0; z = �; (2.22)

@d
@t

+ u � r d + w = 0; z = � d; (2.23)

�
@�
@t

+
1
2

u2 + +
1
2

w2 � g� � u � r � � w
@�
@z

= 0; z = �; (2.24)

where equations (2.19) and (2.20) correspond to the irrotationality condition of the �ow.
Equation (2.21) is the continuity equation, and the two following equations (2.22), (2.23)
are, respectively, the kinematic conditions at the free surface and the bottom. The last
equation (2.24) corresponds to the dynamic boundary condition at the free surface.

Remark1. Injecting the irrotationality relations (2.19)�(2.20) into the Lagrangian (2.13)
yields to the following functional:

S¹Uº =
¹ t1

t0

¹




¹ �

� d

"
@�
@t

+
1
2

jr � j2 +
1
2

�
@�
@z

� 2

+ gz

#

dzdxdt; (2.25)

which is the functional proposed by Luke in 1967 [67]. It is used to derive approximate
wave models in shallow water.

Remark2. The water wave equations can be recovered by applying the standard procedure
of calcul of variations given above to the functional (2.25) with respect to� and� . It
read

� � S :

8>>>>><

>>>>>
:

r 2� + @2
z � = 0; � d < z < �;

@�
@t

+ r � � r � �
@�
@z

= 0; z = �;

@d
@t

+ r � � r d +
@�
@z

= 0; z = � d;

(2.26)

� � S :
@�
@t

+
1
2

jr � j2 +
1
2

�
@�
@z

� 2

+ g� = 0; z = � : (2.27)
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These are the equations commonly used to derive asymptotic models in shallow water
regimes (see [60, 59] for a clear and modern derivation of shallow water equations from
water wave equations). These equations can also be considered as benchmarks to correct
frequency dispersion errors due to the presence of non-hydrostatic pressure in dispersive
models [84, 14].

In the sequel, we consider the Euler-Lagrange equation (2.19)�(2.24) to derive asymp-
totic models in shallow water.

2.4 The nondimensionalized equations

In order to study the asymptotic behavior of the solutions to the Euler-Lagrange equations
(2.19)-(2.24), it is convenient to introduce nondimensionalized quantities based on the
typical scales of the problem. Five main lengths are involved, namely, a typical water
depthH, a typical wavelengthLx, a typical horizontal scaleLy, the order of free surface
amplitudeA, and the order of the bottom variationsB. We de�ne, therefore, the three
small parameters

� =
H2

L2
x
; " =

A
H

and � =
B
H

:

The signi�cations of these three parameters are the following

ˆ � is the so-calledshallownessparameter (also calleddispersiveparameter).

ˆ " is the amplitude parameter (also callednonlinearityparameter).

ˆ � represents thetopographyparameter

The shallow-water regime corresponds to the con�guration where the wave lengthLx of
the �ow is large compared to the typical depthH:

� =
H2

L2
x

� 1 :

For the sake of simplicity, we suppose in the rest of this section thatLx = Ly = L, then,
dimensionless parameters are de�ned as follows:

x =
~x
L

; y =
~y
L

; z =
~z
H

; d =
~d

B
; � =

~�
A

:

It is obvious that we nondimensionalizex and z by a unit lengths in a horizontal and
vertical direction respectively, and the surface elevation and the bottom by two amplitude
variationsA and B. But the nondimensionalization of the timeT and the potential�
di�er, they are obtained by the linear wave theory (see [59] for more details). They read

t =
~t
T

; � =
~�

�

whereT and� are a typical time and potential velocity scales given by:

T =
L
U

; � = " L U :
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From the irrotationality relations (2.19),(2.20), one can dimensionalize the velocities as
follows,

u =
~u

"U
; w =

~w
"W

whereU andW are the scales of �uid velocity. The nondimensionalized water height is
then,

~h¹t; xº = " ~� ¹t; xº + � ~d¹t; xº :

Injecting these quantities into equations (2.19)-(2.24), then yields the dimensionless form
of the equations. Omitting the "tildes" for the sake of clarity, they read

u = r �; � � d < z < "�; (2.28)

� w =
@�
@z

; � � d < z < "�; (2.29)

r � u +
@w
@z

= 0; � � d < z < "�; (2.30)

@�
@t

+ " u � r � � w = 0; z = "�; (2.31)

� ¹
1
"

@d
@t

+ u � r dº + w = 0; z = � � d; (2.32)

�
@�
@t

+
1
2

" u2 +
1
2

"� w2 � G� � " u � r � � " w
@�
@z

= 0; z = "�: (2.33)

where equations (2.28) and (2.29) are the nondimensionalized irrotationality conditions.
Equation (2.30) is the nondimensionalized continuity equation, and the two following
equations (2.31), (2.32) are, respectively, the kinematic conditions at the free surface and
the bottom given in the nondimensionalized form. The last equation (2.33) corresponds
to the dynamic boundary condition at the free surface.

2.5 Asymptotic expansion

Asymptotic expansion is an essential passage in the derivation of asymptotic models
from Euler equations, water wave equations, or, as in our case, the Euler-Lagrange
equations. To understand �ow's behavior, it is necessary to introduce the parameters
given in the previous section, namely the parameters of shallowness� , nonlinearity" ,
and bottom variation� . Many asymptotic regimes can be distinguished based on these
three parameters;

ˆ Shallow water regime which corresponds to the case when� � 1. Adding
assumptions with respect to thenonlinearityparameter, there are other asymptotic
regimes;

� Small/large amplitude regime corresponds to the case when" = O¹� º and
" = O¹1º respectively.

� Small/large bottom variations correspond to� = O¹� º and� = O¹1º respec-
tively.

ˆ Intermediate depth corresponds to the situation� � 1.
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ˆ Deep water regime when� > 1.

We are only interested in this work in the case of shallow water limit (see [59, 60] for
more details in the other asymptotic regimes).

2.5.1 Taylor-series-type expansion

Keeping in mind that we are in shallow water regime which means that the shallowness
parameter is too small (� � 1). From then on, we can consider the following formal
asymptotic expansion with respect toX¹t; x; zº :

X¹t; x; zº = X0¹t; x; zº + � X1¹t; x; zº + � 2X2¹t; x; zº + � � � : (2.34)

Applying this asymptotic expansion to� , u andv and substituting it in equations (2.28)�
(2.32). Formally, letting� goes to zero,

ˆ �rst order equations are obtained as follows:

u0 = r � 0; � d < z < "�; (2.35)

0 =
@�0
@z

; � � d < z < "�; (2.36)

8>>>>>><

>>>>>>
:

r � u0 +
@w0

@z
= 0; � � d < z < "�;

@�
@t

+ " u0 � r � � w0 = 0; z = "�;

� ¹
1
"

@d
@t

+ u0 � r dº + w0 = 0; z = � � d ;

(2.37)

ˆ and at a second-order, we get the following equations:

u1 = r � 1; � d < z < "�; (2.38)

w0 =
@�1
@z

; � � d < z < "�; (2.39)

8>>>>>><

>>>>>>
:

r � u1 +
@w1

@z
= 0; � � d < z < "�;

@�
@t

+ " u1 � r � � w1 = 0; z = "�;

� ¹
1
"

@d
@t

+ u1 � r dº + w1 = 0; z = � � d :

(2.40)

Moreover, from the irrotationality relations (2.36), we get the following important infor-
mation, the so-calledmotion by slices,

@�0
@z

= 0

which implies that :
� 0 = � 0¹t; xº :
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Thus, we deduce from (2.35) that:

u0 = r � 0 = u0¹t; xº :

Therefore, applying the asymptotic expansion to the free surface kinematic boundary
condition (2.31) and the dynamic boundary condition (2.33) respectively, by neglecting
all terms at orderO¹� 2º and taking into account thatu0 = u0¹t; xº, one obtain the
following equations:

8>>><

>>>
:

@�
@t

+ " u0 � r � + " � u1 � r � = w0 + � w1 + O¹� 2º; z = "�;
@�0
@t

+
1
2

" u2
0 + g� + � PNH = 0 + O¹� 2º; z = "�

(2.41)

where

PNH¹t; x; zº =
@�1
@t

+ " u0 � u1 +
1
2

" w2
0: (2.42)

The unknowns of the last system (2.41) arew0, � 1, u1 andw1. In order to obtain the
asymptotic equations, it is necessary to calculate their explicit expressions.

Computation of the term w0

The �rst order approximation of the continuity equation (2.30) reads,

r � u0 +
@w0

@z
= 0:

Integrating it with respect toz for s 2 »� � d; z¼and taking into account the boundary
condition at the bottom (2.32), gives

w0¹t; x; zº = �¹ z + � dºr � u0 + � wc; (2.43)

with wc is the vertical acceleration at the bottom given by

wc¹t; xº = �
1
"

@d
@t

� u0 � r d; (2.44)

therefore, one can compute the termw2
0¹t; x; zº,

w2
0¹t; x; zº = ¹z + � dº2¹r � u0º2 + � 2w2

c � � ¹z + � dºwcr � u0: (2.45)

Computation of the terms � 1

In order to compute the second term of the non-hydrostatic pressurePNH, we have to go
back to (2.36), which gives;

w0¹t; x; zº =
@�1
@z

¹t; x; zº:

Integrating it with respect toz and taking into account (2.43), we get,

� 1¹t; x; zº = �
1
2

¹z + � dº2r � u0 + � zwc; (2.46)

therefore,
@�1
@t

¹t; x; zº = � � ¹z + � dº¹r � u0º
@d
@t

�
1
2

¹z + � dº2@t¹r � u0º + � z@twc: (2.47)
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Computation of the terms u1

According to the irrotationality condition (2.38) we have the following equation,

u1¹t; x; zº = r � 1;

applying the gradientr to (2.46), then it reads as follows:

u1¹t; x; zº = � � ¹¹z + � dºr � u0ºr d �
1
2

¹z + � dº2r »r � u0¼+ � zr wc: (2.48)

Computation of the terms PNH

Injecting (2.45),(2.46) and (2.48) into (2.49), we get the expression of the termPNH as
follows,

PNH¹t; x; zº =
1
2

"� 2w2
c + � z¹@twc + " u0 � r wcº

�
1
2

¹z + � dº2
�
@t¹r � u0º + " u0 � r »r � u0¼ �" ¹r � u0º2

�
: (2.49)

Computation of the terms w1

One can compute the explicit expression of the second term of the vertical velocityw1
from the second-order approximation of the continuity equation. We have

r � u1 +
@w1

@z
= 0: (2.50)

Integrating this equation fors 2 »� � d; z¼, we get:

w1¹t; x; zº � w1¹x; z = � � d; tº = �
¹ y

� � d
r � u1¹x; s; tºds: (2.51)

At the bottom, we have the following kinematic condition:

w1¹x; z = � � d; tº = � �
�
1
"

@d
@t

+ u1¹x; z = � � d; tº � r d
�

:

Now from the expression ofu1 done in (2.48) and after straightforward computations,
one can obtain:

w1¹x; z = � � d; tº = � �
�
1
"

@d
@t

� � 2dr wc � r d
�

: (2.52)

Substituting equation (2.48) and equation (2.52) into equation (2.51) gives:

w1¹t; x; zº =
� ¹z + � dº2

2
r � »¹r � u0ºr d¼+

� ¹z + � dº2

2
»r d � r ¹r � u0º¼

+
¹z + � dº3

6

�
r 2¹r � u0º

�
+ � 2¹z + � dº

�
¹r � u0º¹r dº2�

� �
�
z2 � � 2d2

2

�
r 2wc � �

�
1
"

@d
@t

� � 2dr wc � r d
�

: (2.53)

The next step consists of collecting the above calculations and inject them into the system
(2.41). We kept all terms in the order of� , and we neglect all terms that have the order
of � 2. We do not make any assumptions for" and� . We assume that both have the order
O¹1º. Then, mass and momentum conservation equations can be achieved as follows.
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2.5.2 Mass conservation equation

The �rst equation of system (2.41) gives,

@t � + " u0 � r � + " � u1 � r � = w0 + � w1 + O¹� 2º; z = "�: (2.54)

From (2.43), one have,

w0¹t; x; z = "� º = � hr � u0 �
�
"

@td � � u0 � r d:

Plugging it into (2.54), one obtain,

@t h + " r � »hu0¼= �" F ¹x; u0º + O¹� 2º = 0; (2.55)

with F is the function given by the following formula,

F ¹x; u0º = � " u1¹t; x; z = "� º � r � + w1¹t; x; z = "� º; (2.56)

and hence, we can get its explicit expression from (2.48) and (2.53).

2.5.3 Momentum conservation equation

The momentum conservation equation is obtained from the dynamic boundary condition
at the free surface, which corresponds to the second equation of the system (2.41). It is
written,

@�0
@t

+
1
2

" u2
0 + g� + � PNH¹t; x; z = "� º + O¹� 2º = 0:

Applying the gradientr to the previous equation and replacing the non-hydrostatic
pressure by its expression given in (2.49), it yields to the following equation:

@t u0 + r
�
1
2

" u2
0 + g�

�
+ � r

�
1
2

� 2" w2
c + � ¹h � � dº¹@twc + " u0 � r wcº

�

+ � r
�
1
2

h2 �
" ¹r � u0º2 � " u0 � r »r � u0¼ �@t¹r � u0º

�
�

+ O¹� 2º = 0: (2.57)

2.5.4 Asymptotic model

Gathering (2.55) and (2.57), we present the following free surface model

8>>>>>><

>>>>>>
:

@t h +" r � »hu0¼= �" F ¹x; u0º + O¹� 2º = 0;

@t u0 +r
�
1
2

" u2
0 + g�

�
+ � r

�
1
2

� 2" w2
c + � ¹h � � dº¹@twc + " u0 � r wcº

�

+ � r
�
1
2

h2 �
" ¹r � u0º2 � " u0 � r »r � u0¼ �@t¹r � u0º

�
�

+ O¹� 2º = 0;

(2.58)

whereh = "� + � d is the nondimensionalized local water height,u0 is the �rst term
of the asymptotic expansion (2.34) applied to the horizontal velocityu¹t; x; zº, wc is the
vertical acceleration at the bottom given in (2.44) andF ¹x; u0º is given in (2.56)
The system of equation (2.58) shows a weakly-dispersive and fully nonlinear (" = O¹1º)
free surface model with large variation on the bathymetry (� = O¹1º) for moving bottom
( varies in time and in spaced = d¹t; xº).
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Remark3. Note that many other asymptotic models can be obtained from (2.58) ac-
cording to the speci�c regime in the �rst part of this section. For example, in addition
to the assumption on the shallowness parameter, we suppose a small amplitude regime
" = O¹� º, one can recover the Boussinesq type models (see [71] and reference therein
for more details). Besides, if we suppose a small variation of the topography, we recover
the Peregrin model given in [76].

2.6 Depth-averaged equations

This section is devoted to the derivation of depth-averaged shallow water models (when
the shallowness parameter� is small). The most general model is addressed in Ÿ2.6.1
when no assumptions are taken for" and � , then we obtain in Ÿ2.6.2 the Serre-Green-
Naghdi model (also called fully nonlinear Boussinesq model). Adding the assumption
small variation of the amplitude( " = O¹� ºº, Boussinesq type models are obtained in
Ÿ2.6.3. We �nish this section by giving the nonlinear shallow water equations (NSWE)
in Ÿ2.6.4, which are obtained by neglecting all terms at order� .
This section's key point is the link between the �rst-order term of the horizontal velocity
u0 and the average one. Let us start by looking for the average velocity�u¹t; xº as a
function ofu0¹t; xº,

�u¹t; xº =
1

h¹t; xº

¹ "�

� � d
u¹t; x; zº dz : (2.59)

Applying the asymptotic expansion (2.34) tou¹t; x; zº and substituting it into the previous
equation, we get:

�u¹t; xº =
1

h¹t; xº

¹ "�

� � d

�
u0¹t; xº + � u1¹t; x; zº + O¹� 2º

�
dz:

Replaceu1 by its explicit expression given in (2.48), we end up with:

�u = u0 +
�
h

�
�

1
2

� ¹h2r � u0ºr d �
1
6

h3r »r � u0¼+ �
¹"� º2 � ¹ � d2º

2
r wc

�
+ O¹� 2º:

After some straightforward calculation, we get:

�u¹t; xº = u0+ �
�
�

1
2

� ¹hr � u0ºr d �
1
6

h2r »r � u0¼+ �
"� � � d

2
r wc

�
+ O¹� 2º: (2.60)

We can then easily obtain the expression ofu0¹t; xº in terms of �u¹t; xº, as follows:

u0¹t; xº = �u � �
�
�

1
2

� ¹hr � �uºr d �
1
6

h2r »r � �u¼+ �
"� � � d

2
r wc

�
+ O¹� 2º: (2.61)

Then we can calculate its quadrature as follows:

u2
0 = �u2 � 2� �u �

�
�

1
2

� ¹hr � �uºr d �
1
6

h2r »r � �u¼+ �
"� � � d

2
r wc

�
+ O¹� 2º:
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2.6.1 Serre-Green-Naghdi equations for a moving bottom

The Serre-Green-Naghdi (SGN) equations are a second-order approximation of the Euler-
Lagrange equations, i.e., the terms of the orderO¹� º are kept in the equations. This
model's range is wider than the weakly dispersive weakly nonlinear Boussinesq type
models since it retains the termsO¹" � º andO¹"� º which are neglected in Boussinesq
equations, which makes it more complex. The model is obtained by replacingu0¹t; xº
by �u¹t; xº in (2.58) using (2.61). After straightforward algebraic, one gets:

8>>>>><

>>>>>
:

@t h+ " r � »h �u¼= 0;

@t �u +r »
1
2

" �u2 + G� ¼+
1
3h

� r
h
h3

�
¹r � �uº2 � r � ¹@t �uº � �u � r ¹r � �uº

� i

+ ��
1
2h

r
�
h2


�
� �� 2
 r d + �� Q¹ �uº = 0;

(2.62)

where:

Q¹ �uº = � "
h
2

»¹r � �uº2 � ¹ �u � r »r � �u¼º¼r d +
h
2

@t¹r � �uºr d;


 = @twc + �u � r wc;

and wc = �
@d
@t

� �u � r d:

Another reformulation of the previous system can be obtained by introducing operator
T :

8>>>>>><

>>>>>>
:

@t h + " r � »h �u¼= 0;

¹I + � T º@t �u + r »
1
2

" �u2 + G� ¼+
1
3h

� r
h
h3

�
¹r � �uº2 � �u � r ¹r � �uº

� i

+ �
�

1
2h

r
�
h2


�
� �
 r d � " � Q1¹ �uº

�
= 0:

(2.63)

with,

T � w = �
1
3h

r ¹h3r � wº +
h
2

r d r � w (2.64)

and Q1¹ �uº = "
h
2

»¹r � �uº2 � ¹ �u � r »r � �u¼º¼r d: (2.65)

The advantage of this form is that by inverting operator¹I + � T º, we add regularity,
since, the latter acts as an averaging term and should, therefore, facilitate the numerical
computations.
There are other particular reformulations of the Serre-Green-Naghdi system, namely, the
hyperbolic system given in [43] and the non-hydrostatic formulation.

2.6.2 Serre-Green-Naghdi equations for �xed bottom

Replacingd¹t; xº by d¹xº in (2.63), the vertical acceleration at the bottom becomes:
wc = � � �u � r d, consequently


 = � ¹@twc + " �u � r wcº = � �@t �u � r d � " � �u � r »�u � r d¼:
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Plugging into system (2.63), we get the following famous Serre-Green-Naghdi equation
for non-�at bottom

8>>>><

>>>>
:

@t h + " r � »h �u¼= 0;

¹I + � T »� d; h¼º@t �u + r »
1
2

" �u2 + G� ¼+ �"
1
3h

� r
h
h3

�
¹r � �uº2 � �u � r ¹r � �uº

� i

+ �" � Q1»� d; h¼¹�uº = 0;
(2.66)

where

T »� d; h¼� w = �
1
3h

r ¹h3r � wº+ �
1
2h

»h2r d r � w� r ¹h2r d � wº¼+ � 2r dr d � w (2.67)

and the topography termQ»� d; h¼is de�ned as:

Q1»� d; h¼=
1
2h

�
h2¹ �u � r »r � �u¼ � ¹r � �uº2ºr d � r ¹h2 �u � r »�u � r d¼º

�

+ � ¹ �u � r »�u � r d¼º r d: (2.68)

Remark4. The Serre-Green-equations (2.66) can be simpli�ed under the assumption" =
O¹

p
� º. We distinguish three di�erent regimes by varying the parameter of topography

� (the class of this equation is called in [60] moderately nonlinear). For example, if we
impose the assumption� = O¹" º, the model that we can obtain for a �at bottom¹d = 0º
corresponds to the Camassa-Holm equation [22] ( see [60] for more details).

2.6.3 Boussinesq equations

The Boussinesq equations are a second-order approximation of the Euler-Lagrange equa-
tions (2.19)�(2.24) with respect to the shallowness parameter� , which have a better ap-
proximation compared to the nonlinear shallow water equations (2.71) (O¹� 2º instead of
O¹� º). In addition to the parameter� , these equations are obtained under the assumption
weakly nonlinearityi.e " = O¹� º. We consider here two variants in di�erent topography
regimes :

1. Fully nonlinear topography¹� = O¹1ºº
Neglecting in (2.66) the terms at the orderO¹� 2º andO¹" � º under the assumption
" = O¹� º, we get the following equations:

8>><

>>
:

@t h + " r � »h �u¼= 0;

@t �u + r »
1
2

" �u2 + G� ¼+ � Q1¹uº = 0;
(2.69)

with

Q1¹uº = �
1
2h

� r »h2@t u � r d¼+ � r dr d � @t u;

which corresponds to the Boussinesq model with topography derived by Peregrine
in [77].
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2. Weakly non linear topography
In addition to the assumptionweakly nonlinearity, the supplementary assumption
weak variation of the topography(¹� = O¹� ºº is considered here to obtain the
following model

8>><

>>
:

@t h + " r � »h �u¼= 0;

¹1 �
�
3

� º@t �u + r »
1
2

" �u2 + G� ¼= 0:
(2.70)

The Boussinesq type model (2.69) was �rst derived in 1967 by D. Peregrine [77].
This model described the propagation of weakly non-linear long waves over a general
non-�at bottom. It was from this landmark study that the modern era of long-wave
modeling began. Over the past decade, these equations have captured the attention of
the mathematics and coastal engineering community. This is due to their ability to
correctly describe dispersive and non-linear e�ects (which is not the case with the Saint
Venant equations). The applicability of this model touches several areas such as coastal
engineering (harbor design, coastal defense structure, etc.) and o�shore engineering
(design of o�shore platforms, underwater cables, etc.) (see [21] for a reasoned review in
this �eld). This can be justi�ed by the fact that the Boussinesq-type model contains more
physics than the Saint-Venant equations. Based on this model, researchers have focused
on the development of new models, and there are many variants [71, 69, 14].

2.6.4 Nonlinear shallow water equations

The nonlinear shallow water equations are an approximation of the orderO¹� º of the
Euler-Lagrange equations (2.19)�(2.24) in the sense that the terms of the orderO¹� º are
dropped :

8>><

>>
:

@t h + " r � »h �u¼= 0;

@t �u + r »
1
2

" �u2 + G� ¼= 0;
(2.71)

This model was developed for the �rst time by Adhémar Jean Claude Barré de Saint-
Venant in the 19th Century as a reduction of the Navier-Stokes equations under certain
assumptions on the horizontal and vertical scales [31, 47]. Thanks to the hyperbolic
structure of these equations, sharp transitions between two di�erent �ow states result in
a discontinuous solution, both in the water surface and the velocity. These equations are
widely used in �uid mechanics because they can be solved analytically by the character-
istic method [88]. Also, they can be easily resolved numerically, namely, many e�cient
�nite volume schemes have been proposed [100].

2.7 Derivation via Euler equations

In this section, we present the strategy to derive the depth-averaged asymptotic models
via incompressible Euler equations. To this end, we �rst introduce the Euler equations
and the dimensionless problem by introducing the classical dispersive parameter� .
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We assume that the �ow is governed, on the space-time domain
 , by the three-
dimensional irrotational and incompressible Euler equations :

div »� 0U¼= 0;
@
@t

¹� 0Uº + div »� 0U 
 U¼+ r p � � 0F = 0
(2.72)

whereU = ¹u; wº is the velocity �eld,u = ¹u; vº is the horizontal velocity �eld,� 0 is the
density of the �uid (taken to be constant),F = ¹0; 0; � gº is the external force of gravity
with constantg andp is the pressure.

These equations are completed by the irrotational equation

curl»U¼= 0 (2.73)

and the kinematic boundary condition at the free surface

@
@t

� + u � r � = w on z = � : (2.74)

We also assume that the pressure at the free surface level is equal to the atmospheric
pressurep0

p = p0 on z = � : (2.75)

In the sequel, without loss of generality, we setp0 = 0.
The impermeability condition at the free surface is given as follows,

u � r d = w on z = d : (2.76)

2.7.1 Asymptotic expansions

Let us consider the following scales involved in the wave motion:L a characteristic
wave-length in the longitudinal and transversal directions andH a characteristic water
depth. We then de�ne the classical dispersive parameter� (seee.g. [59])

� =
H2

L2

We also introduceU = ¹U;W =
p

� Uº the scale of �uid velocity. The time scale is

T =
L
U

. We setP =
p
� 0

and we de�neP = U2. For the sake of clarity, and because the

calculations are given in the previous section, we consider here" = � = 1.
This allows us to introduce the dimensionless quantities of timeet, space¹ex;ezº,

pressureeP, depthed, water elevatione� and velocity �eld¹eU; eWº, via the following scaling
relation

ex =
x
L

; eP =
P
P

;

eu =
u
U

; ed =
d
H

;

ez =
z
H

; e� =
�
H

;

et =
t
T

; ew =
w
W

:

(2.77)
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Finally, we de�ne the non-dimensional Froude's number

Fr =
U

p
gH

:

For the sake of clarity and simplicity, droppinge�, dividing the Euler equations (2.72) by
� 0, using the dimensionless variables (2.77), and reordering the terms with respect to the
powers of� , the dimensionless incompressible Euler system (2.72) reads as follows:

r � u +
@
@z

w = 0 (2.78)

@
@t

u + u¹r � uº + w
@
@z

u + r P = 0 (2.79)

�
�

@
@t

w + u � r w + w
@
@z

w
�

+
@
@z

P = �
1

Fr
2

(2.80)

The boundary conditions (2.74), (2.75) and (2.76) read

@
@t

� + u � r � = w andP = 0 on z = � (2.81)

u � r d = w on z = d (2.82)

and the irrotational equation (2.73) becomes

@
@z

u = � r w : (2.83)

In what follows, we notefb¹t; xº = f ¹t; x; z = d¹xºº for a given functionf and �f

�f ¹t; xº =
1

� � d

¹ z

d¹xº
f ¹t; x; zº dz (2.84)

2.7.1.1 Asymptotic expansion of the �uid velocity

Let us �rst integrate Eq. (2.83) fors 2 »d¹xº; z¼, to get

u¹t; x; zº = ub¹t; xº + �
¹ z

d¹xº
r w ds+ O¹� 2º : (2.85)

Then, from the continuity equation (4.17), we have

@
@z

w = � r � u

and integrating the above equation fors 2 »d¹xº; z¼, keeping in mind the boundary
condition (2.82), we obtain

w¹t; x; zº = � r �
� ¹ z

d¹xº
u ds

�
:

By means of Eq. (2.85), the previous equation becomes:

w¹t; x; zº = � r � »¹z � d¹xººub¹t; xº¼+ O¹� º : (2.86)
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By injecting Eq. (2.86) in (2.85), we get

u¹t; x; zº = ub¹t; xº � �
¹ z

d¹xº
r »r � ¹¹s � d¹xººub¹t; xºº¼ds+ O¹� 2º :

Finally, we have

u¹t; x; zº = ub¹t; xº � � r
�
r �

�
¹z � d¹xºº2

2
ub¹t; xº

� �
+ O¹� 2º (2.87)

As a consequence and through Eq. (2.87), we obtain

�u¹t; xº =
1

� � d

¹ � ¹t;xº

d¹xº
u¹t; x; zº dz

=
1

� � d

¹ � ¹t;xº

d¹xº
ub¹t; xº � � r

�
r �

�
¹z � d¹xºº2

2
ub¹t; xº

� �
dz+ O¹� 2º

= ub¹t; xº �
�

� � d

¹ � ¹t;xº

d¹xº
r

�
r �

�
¹z � d¹xºº2

2
ub¹t; xº

� �
dz+ O¹� 2º ;

i.e.

ub¹t; xº = �u¹t; xº +
�

� � d

¹ � ¹t;xº

d¹xº
r

�
r �

�
¹z � d¹xºº2

2
ub¹t; xº

� �
dz+ O¹� 2º : (2.88)

Using the fact that
ub¹t; xº = �u¹t; xº + O¹� º

in Eq. (2.88) allows to writeub¹t; xº as a function of�u¹t; xº:

ub¹t; xº = �u¹t; xº +
�

� � d

¹ � ¹t;xº

d¹xº
r

�
r �

�
¹z � d¹xºº2

2
�u¹t; xº

� �
dz+ O¹� 2º : (2.89)

Finally, thanks to (2.85), (2.87), (2.89), we obtain

u¹t; x; zº = ub¹t; xº � � r
�
r �

�
¹z � d¹xºº2

2
ub¹t; xº

� �
+ O¹� 2º ;

= �u¹t; xº +
�

� � d

¹ � ¹t;xº

d¹xº
r

�
r �

�
¹z � d¹xºº2

2
�u¹t; xº

� �
dz

� � r
�
r �

�
¹z � d¹xºº2

2
�u¹t; xº

� �
+ O¹� 2º :

(2.90)

Repeating the computations with Eqs. (2.86) and (2.90), we �nd

w¹t; x; zº = � r � »¹z � d¹xºº �u¹t; xº¼+ O¹� º : (2.91)

2.7.1.2 Pressure decomposition

Integrating fors 2 »z; � eq¼, the equation (2.80), we get

P¹t; x; zº =
¹� ¹t; xº � zº

Fr
2

+
¹ � ¹t;xº

z
�

�
D
Dt

w¹t; x; sº
�

ds+ O¹� 2º ;
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where
D¹�º
Dt

= @t¹�º + u � r ¹�º + w@z¹�º is the material derivative.

Thanks to the free surface boundary condition (2.81), Eq. (2.90) and Eq. (4.66), we
obtain the asymptotic expansion of the pressureP at orderO¹� 2º

P¹t; x; y; zº = Ph¹t; x; zº + � Pnh¹t; x; zº + O¹� 2º

where

Ph¹t; x; zº =
¹� ¹t; xº � zº

Fr
2

(2.92)

is the usual hydrostatic pressure and

Pnh¹t; x; zº = �
¹ � ¹t;xº

z

@
@t

r � ¹¹s � dº �uº + �u � r »r � ¹¹s � dº �uº¼ds

+
¹ � ¹t;xº

z
¹r � �uº¹ �u � r dº + ¹s � dº¹r � �uº2 ds

is a non-hydrostatic pressure.
Handling the terms in the non-hydrostatic pressure di�erently, one can write

Pnh¹t; x; zº = D¹ �uº
�
h2

2
�

¹z � dº2

2

�
+ ¹� � zºQ¹�uº (2.93)

where

D¹ uº = ¹r � uº2 �
@
@t

»r � u¼ � u � r »r � u¼; (2.94)

and

Q¹uº = � u2r 2d +
�

@
@t

u + ¹r � uºu
�

r d : (2.95)

2.7.2 Depth-averaged models

2.7.2.1 Mass conservation equation

Let us start from the continuity equation

r � u +
@
@z

w = 0 :

Integration fromd to � gives
¹ �

d
r � u dz+ w¹t; x; � º � w¹t; x; dº = 0 :

Using the integral Leibniz rule (2.16), one gets

r �
� ¹ �

d
u dz

�
+ w¹t; x; � º � u � r � � w¹t; x; dº + u � r � = 0 :

Finally, from boundary conditions (2.74) and (2.82), we obtain

@
@t

� + r � ¹h �uº = 0 : (2.96)
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2.7.2.2 Momentum conservation equation

Let us start from the momentum equation (2.79),

@
@t

u + u¹r � uº + w
@
@z

u + r P = 0 :

Integrating fromd to � , as follows
� ¹ �

d

@
@t

u dz
�

+
¹ �

d
r u2 dz+

¹ �

d

@
@z

¹uwº dz+
¹ �

d
r P dz= 0 (2.97)

and using the integral Leibniz rule (2.16) and boundary conditions (2.74) and (2.82), we
get

@
@t

� ¹ �

d
u dz

�
+ r

� ¹ �

d
u2 dz

�
+ r

� ¹ �

d
P dz

�
= P¹t; x; dºr d :

It gives, using the asymptotic expansions (2.90)

@
@t

¹h �uº + r ¹h �u2 + Ghº + �
1
3h

r ¹h3¹D¹ �uººº+ � Q1¹ �uº = 0 (2.98)

where

Q1¹ �uº = r
� ¹ �

d
¹� � zºQ¹�uº dz

�
� hQ¹ �uºr d (2.99)

whereD andQ are given respectively in (2.94) and (2.95).

2.7.2.3 Depth averaged models

Gathering equations (2.96) and (2.98), we present the SGN equation given in Ÿ2.6.2 for
" = � = 1

8>>><

>>>
:

@
@t

� + r � ¹h �uº = 0 ;
@
@t

¹h �uº + r ¹h �u2 + Ghº + �
1
3h

r ¹h3¹D¹ �uººº+ � Q1¹ �uº = 0
(2.100)

whereD andQ1 are given in (2.94) and (2.99).
Note that the weakly nonlinear, weakly dispersive Boussinesq equations (2.69) and the
Nonlinear shallow water equations (2.71) can be also recovered from (2.100).

2.8 Conclusion

In this chapter, we have presented two methods, the �rst based on a variational principle
and the second based on Euler's approximation to derive asymptotic models. Next, we
derived some shallow water �ow models by choosing speci�c regimes; the non-linear
shallow water equations represent a robust system of hyperbolic equations that is not
di�cult to implement numerically but fails to describe the physical phenomena where
the dispersion is present. Dispersive equations such as the Boussinesq or Serre-Green-
Naghdi system are more physical than non-linear equations in shallow water because they
contain more terms in the momentum conservation equation. These terms have third
order derivatives that can lead to errors, including frequency dispersion errors. In the
next chapter, we will discuss some techniques to correct these errors due to the presence
of dispersion in dispersive models.
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3.1 Introduction

Due to the di�culty of solving general �uid mechanics equations (Navier-Stokes, Euler,
Water-Waves) from an analytical and numerical point of view, many asymptotic models in
shallow waters have been derived and developed. The Saint-Venant equations (introduced
by Adhémar Jean Claude Barré de Saint-Venant in the 19th century [31, 47]) describe
wave propagation. This model fails face to dispersive phenomena. Then, non-linear
and dispersive models, namely the SGN and Boussinesq equations, are developed (see
chapter 2 for the formal derivation of these equations). These equations have a hyperbolic
structure (the same as the Saint Venant equations) combined with higher order derivatives
(wave dispersion models) :

8>><

>>
:

@t � + r � »¹� + dº �u¼= 0

@t �u + r »
1
2

�u2 + g� ¼+ D¹ u; � º = 0
(3.1)

where� is free surface elevation,d is bathymetry,u is the mean velocity at depth,g is the
gravity constant, andD is dispersive terms. The termD¹ u; � º involved in these equations
contains third-order derivatives, which may create high frequencies instabilities. Thus,
di�erent techniques have been developed to correct these errors, for example, linear wave
theory. Since the linearized Boussinesq equation is the same as the SGN equation, we will
focus in this chapter only on the weakly nonlinear and weakly dispersive Boussinesq-type
equation (3.1).

The linear properties commonly used are phase velocity, group velocity, shoaling
gradient, and wave kinematics [69, 68]. Non-linear performance is evaluated by analyz-
ing the energy transfer between the components [71]. In [35], Dingemans proposes a
sequence of steps in which Boussinesq-type models can be analyzed and improved:

ˆ linear frequency behavior,

ˆ linear shoaling behavior.

Signi�cant improvements can be obtained both for linear properties such as linear fre-
quency dispersion, linear shoaling, velocity pro�le, and for non-linear properties such
as [21] amplitude dispersion. For example, following the BBM method [12], we can
add arti�cial terms in the equation of the moment to improve the linear behavior in the
equations

8>><

>>
:

@t � + r � »¹� + dº �u¼= 0

@t �u + r »
1
2

�u2 + g� ¼+ D¹ u; �; � º = 0
(3.2)

where� is a free coe�cient, to improve linear dispersive properties. This model was
developed as in [71, 69, 68, 70] (see [45] for an analysis of the slight di�erence between
these methods).

The analysis presented in this chapter is limited to linear dispersion and shoaling
properties of Boussinesq type models over a wide range of relative water depths using
standard procedures [71, 69, 68, 70]. Our goal is to compare some methods and choose
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the most e�cient method for the rest of this work. We do not intend to optimize these
properties.

The chapter is organised as follows; in Ÿ3.2 we recall the linear wave theory, and
we also calculate the dispersion relation and the shoaling gradient associated with the
water wave equations. In Ÿ3.3, we recall some improved models and compare their linear
behavior, in particular, the dispersion and the shoaling.

3.2 Linear �rst order stokes theory

The dispersion relation can be investigated by many methods, such as, the Fourier analysis
on a horizontal bottom or the PDE linearization. The method that will be considered in
this section is the Stokes linear theory. Let us start with the dispersion relation associated
with the equations of water waves.

3.2.1 Linear dispersion properties

To simplify the calculations and the notations, we will place ourselves in a con�guration in
2 dimensions of space (the calculations adapt perfectly to the problems in 3 dimensions).
We consider the following2D non-dimensional Water-Waves equations :

¹WWº

8>>>>>>><

>>>>>>>
:

�@xx� + @zz� = 0 � d0 + � d < z < "� ;

@t � + "@x�@x� � @z� = 0 z = "� ;
�
"

@td + �@x�@xd � @z� = 0 z = � d0 + � d ;

� @t � +
1
2

" ¹@x� º2 +
1
2

" ¹@z� º2 � G� = 0 z = "� :

Here� is the potential velocity,� is the elevation, andd represents the variation of the
bottom. We also recall that� is a characteristic parameter of the bottom, and" is the
nonlinearity parameter.
To obtain the dispersion relation, we will �rst need to linearize the previous system
around� = 0 andu = 0, or simply tend" and � to 0. The layer of water must be of
uniform depth, i.ed = d0 = cte

¹LWWº

8>>>>><

>>>>>
:

�@xx� + @zz� = 0 � d0 < z < 0 ;

@t � � @z� = 0 z = 0 ;

@z� = 0 z = � d0 ;

@t � + G� = 0 z = 0 :

(3.3)

In order to solve these equations and boundary conditions, we have to plug in a particular
solution, in this case, plug in a propagating plane wave.
Here we assume a solution for the surface of a plane wave of amplitudeAwith wavenum-
berk and frequency dispersion! . This solution for� ¹x; tº looks like

� ¹x; tº = Acos¹kx � ! tº : (3.4)
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The next step is to choose a particular form of the solution of� , the same as (3.4) but
separable onz as follows:

� ¹x; z; tº = sin¹kx � ! tº' ¹zº : (3.5)

Now, by injecting the expression of� into the �rst equation of the system (3.3), we obtain
the following ordinary di�erential equation of second order:

' 00¹zº � k2' ¹zº = 0; � d0 < z < 0 (3.6)

where the solution to the problem is in the following form:

' ¹zº = ' 1 exp¹kzº + ' 2 exp¹� kzº : (3.7)

The boundary condition at the bottom is

' 0¹� d0º = 0 (3.8)

which leads to
' 2 = ' 1 exp¹� kd0º :

Using now the surface kinematic boundary condition

@�
@t

�
@�
@z

= 0; z = 0 (3.9)

which result in, join to (3.4), (3.5) and (3.6),

A! sin¹kx � ! tº � k¹' 1 � ' 2º sin¹kx � ! tº = 0 : (3.10)

Gathering all the above expression, this leads to an expression for�

� ¹x; z; tº =
A!
k

cosh¹k¹z + d0ºº
sinh¹kd0º

sin¹kx � ! tº : (3.11)

Using the following surface dynamic boundary condition,

@�
@t

+ G� = 0 z = 0 : (3.12)

The dispersion relation is obtained by plugging (3.11) and (3.4) into (3.12), which leads
to:

! 2 = gk tanh¹kd0º : (3.13)

Accordingly, the expression of the phase velocity and the phase group of the linear wave
theory are respectively obtained:

Cp
S =

!
k

=

s

gd0
tanh¹kd0º

kd0
; (3.14)

Cg
S =

@!
@k

=
�
1
2

+
kd0

sinh¹kd0º

�
Cp

S : (3.15)
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3.2.2 Linear shoaling properties

The shoaling coe�cient is obtained in several ways. We prefer to follow the calculations
presented by Madsen and Sørensen [69] in order to �nd the expression of the shoaling
coe�cient of the Water Waves equations. We use the energy �ux conservation principle
taking into account a varying bottomd.
It is well-known that wave energyE can be thought of as a sum of kineticK and potential
P energy,

E = K + P : (3.16)

Depth-integrating the kinetic energy, it leads to,

1
2

�
¹ �

� d0

U2dz =
1
2

�
¹ �

� d0

¹u2 + w2º dz (3.17)

whereU = ¹u; wºT is the �eld velocity. Thus, for linear waves, by linearizing the last
equation with respect to� , we obtain,

1
2

�
¹ �

� d0

¹u2 + w2º dz �
1
2

�
¹ 0

� d0

¹u2 + w2º dz :

As the �ow is supposed to be irrotational, that means thatu = @x� andw = @z� , where
� is done in (3.11). Thus, from (3.11) one gets,

u¹x; z; tº = A!
cosh¹k¹z + d0ºº

sinh¹kd0º
cos¹kx � ! tº; (3.18)

w¹x; z; tº = A!
cosh¹k¹z + d0ºº

sinh¹kd0º
sin¹kx � ! tº: (3.19)

Then,

1
2

�
¹ 0

� d0

¹u2 + w2º dz =
1
2

�
A2! 2

sinh2¹kd0º

�
sinh¹2kd0º + 2kd0

4k

�
cos2¹� º

+
1
2

�
A2! 2

sinh2¹kd0º

�
sinh¹2kd0º � 2kd0

4k

�
sin2¹� º

with � = kx � ! t.
Now time average the last equation over a wave period, using the following identity

1
T

¹ T

0
cos2¹kx � ! tº dt =

1
T

¹ T

0
sin2¹kx � ! tº dt =

1
2

: (3.20)

Replacing! by its expression given in (3.13), one gets,

K =
1
4

� gA2 : (3.21)

The instantaneous potential energyP is obtained similarly,

� g
� ¹ �

� d0

z dz�
¹ 0

� d0

z dz
�

= � g
¹ �

0
z dz=

1
2

� g� 2 =
1
4

� gA2cos2¹� º : (3.22)
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Time average (3.22), using the identity (3.20), one gets

P =
1
4

� gA2 : (3.23)

Now consider the total mean energy, one gets from (3.21) and (3.23),

E = K + P =
1
2

� gA2 : (3.24)

From the linear wave theory, the energy �uxF is given as follows (see [87] for more
details),

F = ECg
S ; (3.25)

whereE (3.24) is the total energy andCg
S is the group velocity associated to the Stokes

linear theory.
From the energy �ux conservation principle, one gets

@
@x

¹A2Cg
Sº = 0 ; (3.26)

whereA is the amplitude of the wave andCg
S previously de�ned in (3.15)

Cg
S =

1
2

¹1 + GºCp
S ;

with G =
2kd0

sinh¹kd0º
andCp

S is the phase velocity given by equation (3.14) for a constant

bottom. Equation 3.26 gives

Ax

A
= �

1
2

 
Gx

1 + G
+

¹Cp
Sºx

Cp
S

!

: (3.27)

Now, using the following de�nition of the phase velocity:

Cp =
!
k

:

Di�erentiating this equation with respect tox and considering a constant frequency! ,
we get

¹Cp
Sºx

Cp
S

= �
kx

k
: (3.28)

Furthermore, assuming! andg are constants and using (3.13) we can expresskx• k as a
function ofdx•d as follows

kx

k
= �

�
kd0

kd0 + sinh¹kd0º cosh¹kd0º

�
dx

d
: (3.29)

Substituting equation (3.28) and (3.29) into the equation (3.27), after straightforward
computation, we get the following shoaling relation,

Ax

A
= � s

Stokes
dx

d
; (3.30)

where

� s
Stokes=

�
1 + 1

2¹1 � cosh¹2kd0ººG
�

G

¹1 + Gº2

is the so-called coe�cient of shoaling of Stokes.
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3.3 Linear theory for dispersive models

In this section, we study the linear properties of dispersive models, including linear
dispersion and shoaling characteristics. For the sake of simplicity, we consider here a
Boussinesq model that is weakly non-linear and weakly dispersive (the linear analysis
�ts perfectly with the SGN model). We recall that these equations can be obtained as
depth-averaged asymptotic approximations of incompressible Euler equations or Euler's
Lagrange equations. Ifa denotes a reference wave amplitude,H a reference water depth
andL a typical wavelength, the non-linearity parameter" and the dispersion parameter
� are de�ned by:

" =
a
H

; � =
H2

L2
:

The Boussinesq equations are obtained under the assumption of the low amplitude
" = O¹� º, in the form of asymptotic approximations of orderO¹� 2; " � º (we refer the
reader to chapter 2 for more details on the derivation of this model). Since the linear
dispersion analysis is the same in one or two dimensions, we recall the models in
unidimensional form.

In the remainder of this section,d denotes the bathymetry term,� is the elevation of
the wave relative to a reference zero level, andh = � + d represents the water depth.

Peregrine Model

The most common model of Boussinesq is the following model, derived by Peregrine in
1976:

8>><

>>
:

� t + »hu¼x = 0 ;

ut + uux + g� x �
�
d
2

»du¼xxt �
d2

6
uxxt

�
= 0 :

(3.31)

Hereudenotes the depth-averaged velocity. This model is presented in a non-dimensional
form as follows:

8>><

>>
:

� t + »hu¼x = 0 ;

ut + " uux + g� x � �
�
d
2

»du¼xxt �
d2

6
uxxt

�
= 0 :

(3.32)

The previous system can be reformulated by introducing the elliptic operatorT , so we
get:

(
� t + »hu¼x = 0

¹1 � � T ºut + " uux + g� x = 0
(3.33)

with

T ¹Wº =
d
2

»dW¼xx �
d2

6
Wxx : (3.34)

Starting from this model, several other variations can be constructed.
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3.3.1 Improved models

In this section, we recall various tricks to improve linear frequency dispersion and linear
shoaling characteristics. The �rst one is the so-called BBMtrick [12] which is based on
the observation that

@tu = � g@x� + O¹"; � º

=�@tu � ¹ 1 � � ºg@x� + O¹"; � º

with � is a real number. Then in Ÿ3.3.1.2 we recall Beji-Nadaoka method [8] which
consists to adding arti�cial terms in the momentum equation. We �nish this section by
giving the Nwogu method [71], which consists of a change of unknown for the velocity.
More precisely, we introduce the velocityu� by u� = u¹t; x; � dº.

3.3.1.1 BBMtrick

This method was introduced to derive the BBM equations from the KDV equation
[8]. This method has subsequently been used by various researchers to improve linear
dispersion and shoaling characteristics [14, 25, 61, 16]. Following these works, we can
improve the Peregrine model by adding a parameter that will allow the improvement
of the frequency dispersion. We perturb the system through a simple process while
remaining consistent with the original model (Peregrine). We begin by recalling the
Peregrine's system with a �at bottom:

8>><

>>
:

@t � + @x¹huº = 0 ;

@tu + @x¹g� + "
1
2

u2º � �
1
3

@t@2
xu = 0 :

(3.35)

We can rewrite problem (3.35) in the following form:

8>><

>>
:

@t � + @x¹huº = 0 ;

¹1 � � T º@tu + @x¹g� + "
1
2

u2º = 0 :
(3.36)

We come back to the problem (3.35), we notice that:

@tu = � g@x� � O¹� º : (3.37)

Let � 2 R, multiplying the previous equation by¹1 � � º, we get

@tu = �@tu � ¹ 1 � � ºg@x� � ¹ 1 � � ºO¹� º : (3.38)

We replace@tu by its expression given in (3.38) in the second equation of the system
(3.36), we obtain the following equation:

¹1 � � T º¹�@tu � ¹ 1 � � ºg@x� � ¹ 1 � � ºO¹� ºº + @x¹g� + " u2º + O¹� 2º = 0 :

After simpli�cation, we get:

¹I � �� T º@tu + ¹1 � � ¹� � 1ºT ºg@x� � ¹ 1 � � º¹@tu + g@x� º � ¹ 1 � � ºO¹� ºº

+ " u@xuº + O¹� 2º = 0
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and
¹I � �� T º@tu + 1 � � ¹� � 1ºT ºg@x� + " u@xuº + O¹� 2º = 0 :

Now, we have

¹1 � � ¹� � 1ºT ºg@x� =
1
�

g@x� +
� � 1

�
¹I � �� T ºg@x� :

As a result, the system (3.35) becomes:

8>><

>>
:

@t � + @x¹huº = 0 ;

¹1 � �� T º¹@tu +
� � 1

�
g@x� º + " u@xu +

1
�

g@x� = 0 :
(3.39)

After the inversion of the elliptic operatorT we get the following enhancement Boussi-
nesq equations:

8>><

>>
:

@t � + @x¹huº = 0 ;

@tu +
� � 1

�
g@x� + ¹1 � �� T º� 1¹" u@xu +

1
�

g@x� º = 0 :
(3.40)

3.3.1.2 Beji-Nadaoka model

Beji and Nadaoka derived their enhancement model as follows: adding and subtracting
term �� T ¹utº into the momentum equation of the non-dimensional Peregrine system
(3.33). The following fact is used

ut = � g� x + O¹"; � º :

Subsequently term�� T ¹utº is replaced by�� T ¹� xº to get the following system:
(

� t + »hu¼x = 0 ;

¹1 � � T ºut + " uux + g� x � �� T ¹utº � �� gT ¹� xº = 0 :
(3.41)

Another reformulation of the the Beji-Nadaoka model can be obtained as follows:
(

� t + »hu¼x = 0 ;

¹1 � �� T º¹ut + g� xº + " uux � � T ¹utº = 0 ;
(3.42)

whereT is the elliptic operator (3.34). It's noted that adding parameter� improves the
dispersion relation.

3.3.1.3 Nwogu Model

The extended model of Nwogu [71] is obtained by enhancing the Peregrine model by
replacing the depth-averaged velocity by the velocity at an arbitrary elevation ofz� . We
denoteu� = u¹x; z = � � d; tº. The Nwogu model in the non-dimensional form can be
written as:

(
� t + »hu¼x � � »dT a¹u� º¼x = 0 ;

¹1 � � T bºut + " uux + g� x = 0 ;
(3.43)
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with

T a¹Wº = a1
d
2

»dW¼xx � a2
d2

6
Wxx ; (3.44)

T b¹Wº = b1
d
2

»dW¼xx � b2
d2

6
Wxx : (3.45)

For � 2 ¹0; 1º, the values of such expression are given as follows:

a1 = � 2� � 1; a2 = 3� 2 � 1; b1 = � 2� ; b2 = 3� 2 (3.46)

Remark5. The addition of operatorsT a andT b to the Nwogu model (3.43) makes the
structure of the equations more complicated compared to the Peregrine model.

3.3.2 Dispersion properties

By following the section Ÿ3.2.1, the linear dispersion relation can be obtained from the
linear wave theory for the three extended Boussinesq models presented in Ÿ3.3.1. We
then compare the three methods at the same time.

3.3.2.1 Dispersion properties for Boussinesq models

BBM trick

The dispersion relation is obtained by looking for plane wave solutions in the form
u = u0ei ¹kx� ! tº and� = � 0ei ¹kx� ! tº, wherek is the wavenumber and! is the time pulse
of the next linearized system:

8>><

>>
:

@t � + @x¹huº = 0 ;

@tu +
� � 1

�
g@x� + ¹1 �

1
3

��@ 2
xº� 1¹

1
�

g@x� º = 0 :
(3.47)

We replace the solutions in the �rst equation of the system, then we obtain:

� 0 =
d0k
!

u0 : (3.48)

Therefore, from the second equation we obtain the following relation:

� u0! + g� 0k �
1
3

�! k2 +
1
3

¹� � 1ºg� 0k3 = 0 : (3.49)

Replacing the expression of� 0 given in (3.48), in equation (3.49), we obtain the dispersion
relation of the improved Boussinesq equations:

! 2
� = gd0k2

1 +
1
3

¹� � 1º¹d0kº2

1 +
1
3

� ¹d0kº2
: (3.50)

Hence

! � = �

s

gd0k21 + ¹� � 1º¹d0kº2•3
1 + � ¹d0kº2•3

: (3.51)



CHAPTER 3. LINEAR WAVE THEORY: DISPERSION AND SHOALING 51

We can now calculate the phase velocity associated with the improved Boussinesq equa-
tions:

Cp;� =
! � ¹kº

k
= �

s

gd0
1 + ¹� � 1º¹d0kº2•3

1 + � ¹d0kº2•3
: (3.52)

Similarly, the group velocity,

Cg;� =
@

@k
! � ¹kº =

�
� ¹� � 1ºd2

0¹d0kº4 + 6¹� � 1ºd2
0¹d0kº2 + 9

�
k

¹� ¹d0kº2 + 3º3•2
q

¹¹� � 1ºd2
0¹d0kº2 + 3ºk2

: (3.53)

Choice of parameter�
The parameter� can be determined in two ways, the �rst being to equalize the phase
velocity associated with the Water Waves equations (3.14) and that of the reduced model,
and then perform a Taylor series expansion in the neighborhood of¹kd0º = 0, as follows:

C2
p;�

gd0
= 1 �

1
3

k2 +
1
9

� k4 + O¹k6º (3.54)

¹Cp
Sº2

gd0
=

tanh¹kd0º
kd0

= 1 �
1
3

k2 +
2
15

k4 + O¹k6º (3.55)

then

¹Cp
Sº2

gd0
=

C2
p;�

gd0
yields to � = 1:2 :

Following [25], we can also �nd an optimal value for alpha by minimizing the joint Root
Mean Square (RMS) error of the phase and group velocity estimates on the dispersion
rangekd0 2 »0; 3¼. This can be done by introducing the following quadratic form for the
common error:

Err =

vuut ¯ 3
0 ¹Cp;� � Cp

Sº2d¹kd0º
¯ 3
0 Cp;� � ¹ Cp

Sº2d¹kd0º
+

¯ 3
0 ¹Cg;� � Cg

Sº2d¹kd0º
¯ 3
0 Cg;� � ¹ Cp

Sº2d¹kd0º
; (3.56)

whereCp;� andCp
S respectively, represent linear phase velocities associated to the im-

proved model (3.47) and the Stokes theory, whileCg;� and Cg
S correspond to group

velocities.



CHAPTER 3. LINEAR WAVE THEORY: DISPERSION AND SHOALING 52

1.1 1.12 1.14 1.16 1.18 1.2
0

0.01

0.02

0.03

0.04

0.05

0.06

a

E
rr

Figure 3.1: Optimum adjustment of dispersion correction parameter� : Joint RMS error
for phase and group velocities as a function of� .

The optimization process, therefore, consists in minimizing the error function (3.56)
for ¹kd0º 2 »0; 3¼. The associated error is plotted in Fig 3.1. It is clear that the functional
(3.56) has an absolute minimum in this dispersive range. The optimal value for� is
1:159, which corresponds to the result given in [14].

In Fig 3.3, the phase and group velocities obtained with the two di�erent values of� opt
are plotted and compared to the corresponding Stokes relations. The match between the
modeled dispersion relations and the theoretical relations is quite suitable for� = 1:159.

We can also compute� opt¹kº from the equality! WW = ! � for a large value ofk.
Such that

� opt¹kº = 3
tanh¹kº � k + k3•3

k2¹k � tanh¹kºº
: (3.57)



CHAPTER 3. LINEAR WAVE THEORY: DISPERSION AND SHOALING 53

0 0.5 1 1.5 2 2.5 3
1.15

1.16

1.17

1.18

1.19

1.2

k

a
op

t
(k

)

a
opt

(k)

Figure 3.2:� opt¹kº

Fig 3.2 shows the di�erent values function� min can take.
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Let us do the same calculations done previously to improve the model and calculate
the associated dispersion relationship. We also get these relations for the other models.

Peregrine model

The dispersion relation associated with the Peregrine system can be obtained by making
� = 1 in the relation associated with the improved model (3.47).

! = �

s

gd0k2 1
1 + k2•3

; (3.58)

and the phase velocity associated,

Cp =
! ¹kº

k
= �

s

gd0
1

1 + ¹d0kº2•3
; (3.59)

and the group velocity associated,

Cg =
@!¹kº

@k
= �

3
p

3gd0¹d0kº

¹¹d0kº2 + 3º2

s
¹d0kº2

¹d0kº2 + 3

: (3.60)

Beji and Nadaoka model

The dispersion relation can be obtained as in the case of the BBM trick. So, we repeat
the same rules, we get the following dispersion relation associated to Beji and Nadaoka
model:

! � = �

s

gd0k2 1 + �� ¹d0kº2•3
1 + � ¹1 + � º¹d0kº2•3

; (3.61)

and the following associated phase velocity:

Cp;� =
! � ¹kº

k
= �

s

gd0
1 + �� ¹d0kº2•3

1 + � ¹1 + � º¹d0kº2•3
; (3.62)

and the group velocity,

Cg;� =
@!� ¹kº

@k
:

Nwogu model

We carry out the same analyzes as we did for the �rst model, we obtain the following
dispersion relation

! 
 = �

vuut

gd0k2
1 � ¹ 
 +

1
3

ºk2

1 � 
 k2
; (3.63)
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with 
 =
� 2

2
+ �:

and the associated phase velocity is given by

Cp;
 =
! ¹kº

k
= �

s

gd0
1 + �� ¹d0kº2•3

1 + � ¹1 + � º¹d0kº2•3
; (3.64)

and the group velocity,

Cp;
 =
@!¹kº

@k
:

3.3.2.2 Comparison of linear dispersion between Boussinesq equations

Here we compare the phase speed ratio and group speed for all models. The comparison
is made using the optimal value of¹�; �; 
 º, which corresponds to1:159 for the BBM
and1•15 for the Beji and Nadaoka and� 0:39 for the Nwogu model. Figure 3.4 the
following results; the BBM gives the best approximation among the models considered
here. The Peregrine model already provides a large error for a small number of waves
Beji and Nadaoka model overestimates the wave amplitudes, with errors almost similar
to those of the Nwogu model.
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Figure 3.4: Comparisons between linear dispersion characteristics (phase velocity ratio
and group velocity ratio) of Boussinesq type models and exact Stokes relations.
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3.3.3 Shoaling properties

In the previous section, we have shown the linear dispersion characteristics for di�er-
ent �at-bottom Boussinesq models, the BBM trick gives the best approximation of the
frequency dispersion. We follow the study of linear shoaling characteristics for various
bottom presented by Madsen and Sørensen [69], to study the linear shoaling characteris-
tics of the di�erent models presented in the �rst section of this chapter.

3.3.3.1 Shoaling properties for Boussinesq models

We assume that the bathymetry varies slowly, which implies thatd = d¹� xº with � � 1.
Furthermore, for this study, we consider solutionsu and� of the form

u¹x; tº = U¹� xºexp
�
i¹

1
�

S¹� xº � ! tº
�

; (3.65)

� ¹x; tº = A¹� xºexp
�
i¹

1
�

S¹� xº � ! tº
�

; (3.66)

whereS¹xº =
¹

k¹xºdx.

By de�nition, the linear shoaling coe�cient relates the rate of change of the wave
amplitude to the rate of change of depth. So we are looking for a function� s = s¹d; kº,
such as:

Ax

A
= � � s

dx

d
: (3.67)

Plugging (3.66) into di�erent models leads to particular ODEs. When we keep all the
terms in the order of� 0, we get the phase velocity expression. Those of order� 1 provide
an analytical expression for the shoaling gradient coe�cient� s.

BBM trick

In this section, we recall the expression of the phase velocity associated with the improved
model (3.47), and we calculate the linear shoaling coe�cient of this system. Let us start
by recalling the linear part of the system

@t � + @x¹duº = 0 ; (3.68)

¹1 � �� T º¹@tu +
� � 1

�
g@x� º +

1
�

g@x� = 0 ; (3.69)

with T is designed in (3.34). The terms in� can be eliminated easily applying operator
@x to equation ((3.68) and@t to equation (3.69). That gives

¹1 � �� T º¹@ttu �
� � 1

�
g¹duºxxº +

1
�

g¹duºxx = 0 : (3.70)

The last equation can be written in the following form:

utt+g¹duºxx� ��
�
d
2

¹¹duºxxºtt �
d2

6
uttxx

�
+ � ¹� � 1ºg

�
d
2

¹d¹duºxxºxx �
d2

6
¹duºxxxx

�
= 0:
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Then, we substitute the expression ofu, given by equation (3.65) to obtain a relation
between! , kd andU. Keeping terms of orderO¹1º, we �nd the phase velocity

¹Cp;� º2 = gd
1 + ¹� � 1º¹dkº2•3

1 + � ¹dkº2•3
: (3.71)

When we keep all terms of order� , we obtain a relation in the following form

� 1
Ux

U
+ � 2

dx

d
+ �

kx

k
= 0 : (3.72)

Using Mathematica, the coe�cients� i , i = 1; 2; 3 are obtained,

� 1 = 2 + 4¹� � 1º
d2k2

4
+ 2� ¹� � 1º

d4k4

9
;

� 2 = 2 � ¹ 1 � 6¹� � 1ºº
d2k2

3
+ 4� ¹� � 1º

d4k4

9
;

� 3 = 1 + 2¹� � 1ºd2k2 + 5� ¹� � 1º
d4k4

9
:

In order to expresskx• k in terms ofdx•d, we di�erentiate (3.71) considering! as a
constant. It leads to the following relation

kx

k
= � � 4

dx

d
; (3.73)

where

� 4 =
1
2

1 + ¹2� � 3º
d2k2

3
+ � ¹� � 1º

d4k4

9

1 + 2¹� � 1º
d2k2

3
+ � ¹� � 1º

d4k4

9

:

Substituting this relation in equation (3.72), we expressUx•U as a function ofdx•d,

Ux

U
= � � 5

dx

d
; (3.74)

where
� 5 =

� 2 � � 3� 4

� 1
:

To conclude, substituting (3.66) in Equation (3.68), we get at the �rst order:

� i ! A + ikdU = 0 ; (3.75)

it leads to

A =
kd
!

U : (3.76)

Applying @x to Equation (3.76), we get after some calculation:

Ax

A
=

Ux

U
+

kx

k
+

dx

d
: (3.77)

Substituting (3.73) and (3.74) in Equation (3.77), we obtain the linear shoaling coe�cient,

Ax

A
= � � s

dx

d
; (3.78)

with
� s = 1 � � 5 � � 4 :
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Beji and Nadaoka model

Using the same computations presented above, one gets the following expression

Ax

A
= � � s

dx

d
: (3.79)

The shoaling coe�cient associated to the Beji and Nadaoka model (3.3.1.2) is obtained
similarly,

� s = 1 � � 5 � � 4 ;

where

� 1 = 2 + 4�
d2k2

4
+ 2� ¹� + 1º

d4k4

9
;

� 2 = 2 � ¹ 1 � 6� º
d2k2

3
+ 4� ¹� + 1º

d4k4

9
;

� 3 = 1 + �
d2k2

3
:

and

� 4 =
1
2

1 + ¹2� � 1º
d2k2

3
+ � ¹� + 1º

d4k4

9

1 + 2�
d2k2

3
+ � ¹� + 1º

d4k4

9

:

Nwogu model

Following the computation given for the BBM trick, one gets

Ax

A
= � � s

dx

d
; (3.80)

with � s is the shoaling gradient associated to the Nwogu model (3.43),

� s = � 3
 � ¹
2
3

� 
 º� 5 + 3
� 4 :

where,

� 1 = 2 � 4¹
 + 1•3ºd2k2 + 2
 ¹
 +
1
3

ºd4k4 :

� 2 = 2 + 2¹
b1

2
�

a2

2
+ 2a1ºd2k2 +

�
b2

3

� a2

2
� 2a1

�
� b1

�
a2

3
�

3a1

2

� �
d4k4 :

� 3 = 1 � 6¹
 +
1
3

ºd2k2 + 5
 ¹
 +
1
3

ºd4k4 :

and,

� 4 =
1
2

1 +
�

 � 3¹
 + 1

3º
�

d2k2 + 
 ¹
 + 1
3ºd4k4

1 � 2
 d2k2 + 
 ¹
 + 1
3ºd4k4

:
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3.3.3.2 Comparisons between Boussinesq models

Here we compare the behavior of the shoaling characteristics of all models presented
in this chapter. The comparison is made using the optimal value of¹�; �; 
 º, which
corresponds to1:159for the BBM and1•15 for the Beji and Nadaoka and� 0:39 for the
Nwogu model. Figure 3.5 the following results; the BBM gives the best approximation
among the models considered here, the Peregrine model already provides a large error for
a small number of waves, the Beji and Nadaoka model overestimates the wave amplitudes,
and the Nwogu model underestimates them.
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Figure 3.5: Linear shoaling: comparison between Boussinesq type models using the
shoaling gradient

3.4 Conclusion

This chapter has studied the linear properties of Boussinesq type models and expects
similar results for Green-Naghdi models on a �at bottom. The BBM method has shown
an excellent correction at the level of dispersion error, so we will adopt this method to
study a model of the Green-Naghdi type in the next chapter.
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4.1 Introduction

The modeling of the hydrology of catchment basins and rivers holds a central place in
environmental sciences, particularly in connection with water availability, urban sewer
systems, �ood risks, and in particular, for tsunamis. Indeed, rivers are known to be
tsunami highways. Waves penetrate through rivers much faster inland than the coastal
inundation reaches over the ground, and may lead �ooding in low-lying areas located
several km away from the coastline [90]. This is important today in understanding and
forecasting the impact of climate variability on the human and natural environment.
Modeling these processes and predicting the motion of water is a di�cult task for which
substantial e�ort has been devoted [49, 94, 90, 99, 42, 92, 81].

One of the most widely used models to describe the channel and river motion of
watercourses is thesection-averaged free surface model[34, 15, 39] which is a gener-
alisation of the well-knownSaint-Venant system(introduced by Adhémar Jean Claude
Barré de Saint-Venant in the 19th Century [31, 47]):

8>>><

>>>
:

@
@t

A +
@
@x

Q = 0 ;

@
@t

Q +
@
@x

�
Q2

A
+ I1¹x; Aº

�
= I2¹x; Aº :

(4.1)

In these equations,A is the wet area of �uid cross-section,Q is the water discharge,I1 is
the hydrostatic pressure andI2 is the hydrostatic pressure source term which takes into
account of the variation of the section. The Model (4.1) reduces to the well-known one-
dimensional Saint-Venant equations for uniform rectangular section. The free surface
model is the �rst order shallow water approximation of the section-averaged Navier-
Stokes or Euler equations under suitable assumptions on the horizontal and the vertical
scales (see,e.g., [48, 34, 47, 15, 39] and the reference therein).

Thanks to these equations' hyperbolic structure, sharp transitions between two dif-
ferent �ow states result in a discontinuous solution, both in the water surface and in the
velocity. These discontinuous solutions (called shocks and referred to as bores) are well-
suited to approximate breaking waves with turbulent rollers for large transitions of the
Froude's number. However, for small or moderate transitions, the advancing wavefront
can be followed by a train of free-surface undulations, sometimes called "whelps". This
phenomenon, called undular bore (also called dispersive shock waves), is induced by a
non-hydrostatic pressure distribution [75]. Consequently, wave solutions spread out in
space as they evolve in time,i.e. waves of di�erent wavelengths travel at di�erent speeds.
This is the so-called dispersive e�ect. Consequently, undular bores are not reproducible
with the non-dispersive free surface system, and non-hydrostatic pressure is required.

Dispersive equations were �rst introduced by Boussinesq [17] in 1872 to mathe-
matically justify the existence of solitary waves observed by Russell's experiments in
1834. These equations enter in the framework of shallow water equations. They can be

obtained as the second-order asymptotic approximation in� 2, with � =
�
H
L

� 2

, of the

depth-averaged Euler equations whereH represents a characteristic water depth andL is
a characteristic horizontal scale. The Boussinesq type equations, which are weakly non-
linear and weakly dispersive, are de�ned by an additional small non-linearity parameter
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" =
a
H

= O¹� º � 1 wherea is the order of the free surface amplitude. These equations

for a �at bottom, for instance in 1D, are given by

8>>><

>>>
:

@
@t

� +
@
@x

¹huº = O¹� 2º
@
@t

u + " u
@
@x

u + r � + � D = O¹� 2º
(4.2)

whereh is the water depth,� is the free surface elevation andu is the depth-averaged veloc-
ity. The termD represents the dispersive term. In 1877, the KdV equation was discovered
by Boussinesq [17] and was later derived by Korteweg and Gustav de Vries (KdV) [55].
This equation approximately describes the evolution of long, one-dimensional waves in
many physical settings, including shallow-water waves with weakly non-linear behaviour.
This equation can also be obtained in the case of unidirectional waves for which the the-
oretical framework allows to compute an analytical solution such as 1D solitary wave
propagation on �at bottom (see e.g. Boussinesq [17, 55, 7]). We have also the Benjamin,
Bona, and Mahony (BBM) equation which is an improvement of the KdV equation [10].
However, in practice and especially in coastal engineering applications, the nearshore
wave dynamics being often varying-bottom dependent, dispersive and non-linear, the
Boussinesq type equations are not appropriate. In 1967, Peregrine [77] introduced the
�rst weakly non-linear two dimensional Boussinesq type equations for the non-�at bot-
tom. Witting [93] proposed a method based on Padé expansion to improve the frequency
dispersion of the Boussinesq-type equations. From this method, several equations of
orderO¹� 2º with improved dispersion characteristics have been proposed; see, for in-
stance, [69, 71, 84]. In 1953, a one-dimensional, fully non-linear (" = O¹1º) and weakly
dispersive equations for �at bottom were derived by Serre [86], independently of Su and
Gardner [89] with

D¹vº =
1
h

@
@x

�
h3

3
D¹ vº

�
(4.3)

where

D¹ vº =
�

@
@x

v
� 2

�
@
@x

@
@t

v � v@2
xv : (4.4)

This model was then extended to non �at bottom by Seabra-Santos [85], see also [25].
Finally, Green and Naghdi [50] derived the two dimensional fully non-linear dispersive
equations for the uneven bottom, which are the extension of Serre equations. In the
literature, this system is often called SGN equations. Further interesting extensions are
also presented in [91, 60, 61, 80, 27, 78] based on either Euler equations, water waves
equations or variational principles.

All of the previous dispersive models are obtained either from 3D-2D or 2D-1D
reduction, but, up to our knowledge, the 3D-1D reduction has never been done before.
Thus, our main goal is to derive from the three-dimensional incompressible and irrota-
tional Euler equations with suitable boundary conditions, a model akin to (4.2)�(4.4) via
section averaging under the shallow water assumption. The section averaged model that
we obtain extends the section-averaged free surface model (4.1) and the SGN equations



CHAPTER 4. GENERALIZED SGN EQUATIONS FOR OPEN CHANNELS AND
RIVER FLOWS 67

(4.2)�(4.4):

8>>>>><

>>>>>
:

@
@t

A +
@
@x

Q = 0

@
@t

Q +
@
@x

�
Q2

A
+ I1¹x; Aº

�
+ � 2

@
@x

¹G¹x; AºD¹uºº = I2¹x; Aº + G¹x; A; Qº

+O¹� 2
2º

whereA is the wet area,Q = Auis the water discharge,u is the section-averaged velocity,

I1 (resp. I2) is the hydrostatic pressure (resp. source) term,G¹x; Aº generalises
h3

3
in

(4.3), the termG¹x; A; Qº extends the uneven bottom source term,D is the term given

by (4.4) and thereforeD =
@
@x

¹G¹x; AºD¹uºº represents the dispersive term.

The chapter is organised as follows: in Ÿ4.2 we present the geometrical settings of
the physical domain and the governing equations. In Ÿ4.3, we obtain the key asymptotic
approximation of the horizontal velocityu and the pressureP is decomposed into a
hydrostaticPh and a non-hydrostatic partPnh. Finally, we present in Ÿ4.4 the deriva-
tion of the new section-averaged non-linear dispersive model for arbitrary varying non
rectangular open channel/river �ows in Ÿ4.4.3 and for varying rectangular channel in
Ÿ4.4.4. We show in Ÿ4.5 that the section-averaged model is fully consistent with the
Euler system. Finally, in Sect. 4.7, we construct a �rst-order well-balanced �nite volume
approximation, and we present some numerical test cases.

4.2 The three-dimensional Incompressible Euler equa-
tions

We start in Ÿ4.2.1 by reviewing the irrotational and incompressible Euler equations in
the special geometric setting, describing the physics with a wet boundary on the bottom
of the watercourse and a free surface on the top. Boundary conditions are presented in
Ÿ4.2.2.

4.2.1 Geometric set-up and the Euler equations

Let T > 0 be an arbitrary time. We consider an incompressible and irrotational �uid
moving in the time-space box»0;T¼ � C with typical point ¹t; ¹x; y; zºº whereC is the
geometrical de�nition of a convex (non-rectangular) channel/river

C =
�
¹x; y; zº 2 R3; x 2 »0; Lc¼; � ¹x; zº � y � � ¹x; zº andd¹x; yº � z

	
:

Lc > 0 is the horizontal length of the domain and forz � d¹x; yº, � ¹x; zº (respectively
� ¹x; zº) is the left (respectively right) boundary point at the elevationz as displayed in
Fig. 4.1. The height of the surface of the water level and the boundary of the section are
modeled, respectively, by the functions� ¹t; x; yº andd¹x; yº with respect to a reference
horizontal heightz = 0. For all x 2 »0; Lc¼, we assume that the functiony 7! d¹x; yº,
has a global minimum at

y� ¹xº i.e. d� ¹xº = d¹x; y� ¹xºº = min
y

d¹x; yº
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where y� describes the transversal variation of the channel with respect to the main
channel/river direction.

We de�ne the local height of the water by

h¹t; x; yº := � ¹t; x; yº � d¹x; yº:

The boundary of the section can be also described as a function ofy by

8x 2 »0; Lc¼; ' ¹x; zº =
�
� ¹x; zº if ' ¹x; zº < y� ¹xº

� ¹x; zº otherwise:
(4.5)

The width of the section at the elevationz is given by an increasing function

z 7! � ¹x; zº = � ¹x; zº � � ¹x; zº :

The wet region is de�ned as the region in which the �uid resides at each timet 2 »0;T¼


 ¹tº =
Ø

0� x� L


 ¹t; xº

with its global counterpart

 :=

Ø

0� t � T


 ¹tº: (4.6)


 ¹t; xº is the cross-section of �uid at the positionx of the channelC:


 ¹t; xº =
�
¹y; zº 2 R2; � ¹x; zº � y � � ¹x; zº andd¹x; yº � z � � ¹t; x; yº

	
(4.7)

andA¹t; xº = j
 ¹t; xºj is the wet area of the cross-section of �uid:

A¹t; xº =
¹


 ¹t;xº
d! =

¹ y+¹t;xº

y� ¹t;xº
� ¹t; x; yº � d¹x; yº dy

=
¹ maxy � ¹t;x;yº

d� ¹xº

¹ � ¹x;zº

� ¹x;zº
1f d¹x;yº� z� � ¹t;x;yºg dydz (4.8)

where
y� ¹t; xº := minf y 2 R; � ¹t; x; yº = d¹x; yºgand

y+¹t; xº := maxf y 2 R; � ¹t; x; yº = d¹x; yºg

stands for the left and the right transversal limit atz = � as shown in Fig. 4.1.

Figure 4.1: Geometric set-up
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We assume that the �ow is governed, on the space-time domain
 , by the three-
dimensional irrotational and incompressible Euler equations

div »� 0 �u¼= 0;
@
@t

¹� 0 �uº + div »� 0 �u 
 �u¼+ r p � � 0F = 0
(4.9)

where�u = ¹u; v; wº is the velocity �eld,� 0 is the density of the �uid (taken to be constant),
F = ¹0; 0; � gº is the external force of gravity with constantg andp is the pressure.

These equations are completed by the irrotational equation:

curl»�u¼= 0 : (4.10)

4.2.2 Boundary conditions

For a given timet 2 »0;T¼andx 2 »0; Lc¼, the boundary of the �uid cross-section
 ¹t; xº
is composed of a free surface� fs¹t; xº = f¹ y; zº 2 R2; z = � ¹t; x; yºgand a wet boundary
(part of the boundary in contact with water)� wb¹xº = f¹ y; zº 2 R2; z = d¹x; yºg such
that

@
 ¹t; xº = � fs¹t; xº [ � wb¹xº : (4.11)

We prescribe a kinematic boundary condition at the free surface boundary and a no-
penetration condition at the wet boundary as described below.

4.2.2.1 Free surface boundary conditions

Assuming a kinematic boundary condition, we set for all pointsm¹t; x; yº = ¹x; y; � ¹t; x; yºº 2
� fs¹t; xº,

�u � nfs =
@
@t

m � nfs

where

nfs¹t; x; yº =
1

s

1 +
�

@
@x

� ¹t; x; yº
� 2

+
�

@
@y

� ¹t; x; yº
� 2

©
­
­
­
­
«

�
@
@x

� ¹t; x; yº

�
@
@y

� ¹t; x; yº

1

ª
®
®
®
®
¬

is the unit outward normal vector to the free surface. This leads to the following explicit
form of the kinematic boundary condition

@
@t

� + u
@
@x

� + v
@
@y

� = w on z = � : (4.12)

We also assume that the pressure at the free surface level is equal to the atmospheric
pressurep0

p = p0 on z = � : (4.13)

In the sequel, without loss of generality, we setp0 = 0.
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4.2.2.2 Wet boundary conditions

On the wet boundary,i.e., the part of the boundary in contact with water, prescribing a
no-penetration condition, we set for all pointsm¹x; yº = ¹x; y; d¹x; yºº 2 � wb¹xº,

�u � nwb = 0

which leads to the following explicit form:

u
@
@x

d + v
@
@y

d = w on z = d (4.14)

where

nwb¹x; yº =
1

s

1 +
�

@
@x

d¹x; yº
� 2

+
�

@
@y

d¹x; yº
� 2

©
­
­
­
­
«

@
@x

d¹x; yº
@
@y

d¹x; yº

� 1

ª
®
®
®
®
¬

is the unit outward normal vector to the wet boundary. In view of the de�nition of the
function' , see Eq. (4.5), the no-penetration condition can be also expressed as a function
of ¹x; zº by

u
@
@x

' + w
@
@z

' = v on y = ' (4.15)

where the unit outward normal vector to the wet boundary is

nwb¹x; zº =
1

s

1 +
�

@
@x

' ¹x; zº
� 2

+
�

@
@z

' ¹x; zº
� 2

©
­
­
­
­
«

@
@x

' ¹x; zº

� 1
@
@z

' ¹x; zº

ª
®
®
®
®
¬

:

In this work, we neglect some physical processes arising in river �ows: sedimentation,
exchange between groundwater �ows and subsurface �ows, porosities,etc. However,
these phenomena can be easily integrated to this work, see for instance [38, 40], by

considering the following boundary condition�u � nwb = ¹
@
@t

m + I º � nwb where
@
@t

m

models the evolution in time of the bed andI is the in�ltration function. I models the
amount of water that leaves (I > 0) or enters (I < 0) the �ow per elementary boundary
element.

4.3 Width-averaged and depth-averaged asymptotic ex-
pansions

In this section, we present the strategy to derive the section-averaged non-linear dispersive
model (see Ÿ4.4). To this end, we �rst introduce in Ÿ4.3.1 the dimensionless problem
by introducing the classical dispersive parameter� 2. We also introduce a dispersive
parameter� 1 but in the transversal direction. In this work, we assume that� 1 < � 2 to
obtain the section-averaged dispersive model with respect to� 2 as usually done. Due to
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the structure of the equations, we cannot obtain the model by a direct section-averaging.
We need to develop �rst suitable asymptotic expansions in two steps, brie�y summarized
below:

ˆ in Ÿ4.3.3, the Euler equations (4.9)-(4.10) are width-averaged to get the following
asymptotic expansion of the horizontal �uid velocity

u¹t; x; y; zº = hui¹ t; x; zº + O¹� 1º

wherehui is the width-averaged velocity.

ˆ in Ÿ4.3.4, the width-averaged Euler equations allows to obtain the asymptotic
expansion of the horizontal width-averaged �uid velocity

hui¹ t; x; zº = u¹t; xº + � 2 f ¹u¹t; xº; 
 ¹t; xºº + O¹� 2
2º

where �u is the section-averaged velocity for some functionf given later on.

Thus, the asymptotic expansion ofu up to orderO¹� 2
2º, the so-called "motion by

slices" (see [47]), can be written as follows:

u¹t; x; y; zº = u¹t; xº + � 2 f ¹u¹t; xº; 
 ¹t; xºº + O¹� 2
2º :

Finally, using these asymptotic expansions, we are able in Ÿ4.4 to section-average the
Euler equations (4.9)-(4.10) to obtain the new one-dimensional non-linear dispersive
equations.

4.3.1 Dimensionless Euler equations

Let us consider the following scales involved in the wave motion:L a characteristic wave-
length in the longitudinal direction,H2 a characteristic water depth,H1 a characteristic
scale of the channel width andh1 a characteristic wave-length in the transversal direction.
We then de�ne the classical dispersive parameter� 2 (seee.g. [59])

� 2 =
H2

2

L2

and� 1 =
h2

1

L2
where� 1 is also a dispersive parameter but in the transversal direction.

In the following, we consider the asymptotic regime:

h1 < H1 = H2 � L

such that the following inequality holds

� 1 < � 2
2 :

Under these assumptions, we get the following ordering:
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� 2
1 <

� 2
1

� 2
< min

 
� 2

1

� 2
2

; � 1� 2

!

< max

 
� 2

1

� 2
2

; � 1� 2

!

< � 1

< min
�

� 1

� 2
; � 2

2

�
< max

�
� 1

� 2
; � 2

2

�
< � 2 :

We also introduceU = ¹U;V =
p

� 1U;W =
p

� 2Uº the scale of �uid velocity so that

V < W < U. The time scale isT =
L
U

. We setP =
p
� 0

and we de�neP = U2.

This allows us to introduce the dimensionless quantities of timeet, space¹ex;ey;ezº,
pressureeP, depth ed, water elevatione� and velocity �eld ¹eU; eV; eWº, via the following
scaling relation

ex =
x
L

; eP =
P
P

; e' =
'
h1

;

ey =
y
h1

; eu =
u
U

; ed =
d
H2

;

ez =
z

H2
; ev =

v
V

; e� =
�

H2
;

et =
t
T

; ew =
w
W

:

(4.16)

Finally, we de�ne the non-dimensional Froude's number

Fr =
U

p
gH2

:

For the sake of clarity and simplicity droppinge�, dividing the Euler equations (4.9) by
� 0, using the dimensionless variables (4.16), and reordering the terms with respect to
the powers of� 1 and � 2, the dimensionless incompressible Euler system (4.9) reads as
follows:

@
@x

u +
@
@y

v +
@
@z

w = 0 (4.17)

@
@t

u + u
@
@x

u + v
@
@y

u + w
@
@z

u +
@
@x

P = 0 (4.18)

� 1

�
@
@t

v + u
@
@x

v + v
@
@y

v + w
@
@z

v
�

+
@
@y

P = 0 (4.19)

� 2

�
@
@t

w + u
@
@x

w + v
@
@y

w + w
@
@z

w
�

+
@
@z

P = �
1

Fr
2

(4.20)

The boundary conditions (4.12), (4.13), (4.14) and (4.15) read

@
@t

� + u
@
@x

� + v
@
@y

� = w andP = 0 on z = � (4.21)

u
@
@x

d + v
@
@y

d = w on z = d (4.22)

or u
@
@x

' + w
@
@z

' = v on y = ' (4.23)
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and the irrotational equation (4.10) becomes

@
@y

u = � 1
@
@x

v; � 1
@
@z

v = � 2
@
@y

w;
@
@z

u = � 2
@
@x

w : (4.24)

4.3.2 Validity of the asymptotic and the section-averaging process

In this section, we want to argue about the justi�cation of the asymptotic presented in this
chapter. The choice of the parameterh1 andH1 = H2 are crucial in this work. Indeed, as
we will see below, these parameters allows us to preserve the structure of the equations.

To simplify our justi�cation, we assume that the �uid motion is contained in a boxB
such as

B = f¹ x; y; zº 2 R3 ; 0 � x � L ; 0 � y � H1 and0 � z � H2g

As a consequence, there exists a potential function� such that�u = ¹u; v; wºT = r �
where� solves the Laplace problem

@z� jz=0 = 0; @z� jz=H2
=  ; (4.25)

� jz=0 =  ; � jz=0 = 0 ; (4.26)

@y� jy=0 = 0; @y� jy=H1
= 0 ; (4.27)

@x� jx=0 = 0; @x� jx=Lc
= 0 : (4.28)

Proposition 4.3.1. Using the separation of variables method, one can show that the
velocity potential can be solved explicitly as a sum of terms of the form, for all¹p; qº 2 N2,

� p;q¹x; y; zº =  cos
�
p�

x
Lc

�
cos

�
q�

y
H1

� cosh
�
� z

r

p2 H2
2

L2 + q2 H2
2

H2
1

�

cosh
�
�

r

p2 H2
2

L2 + q2 H2
2

H2
1

� :

Proof 1. Let us start by introducing three functionsXi; i = 1; 2; 3 such as
X : R �! R, then one can write the velocity potential� as follows:

� ¹x; y; zº = X1¹xºX2¹yºX3¹zº ; (4.29)

Plugging (4.29) into (4.25), one gets the following ordinary equation

@2
xxX1

X1
+

@2
yyX2

X2
+

@2
zzX3

X3
= 0

The next step consists to separate the variables, then the previous system can be written
as follows

�
@2

xxX1

X1
=

@2
yyX2

X2
+

@2
zzX3

X3
= � 2

1 ;

where� is a separation constant. Then, one has to resolve the following second order
ordinary equation:

� @2
xxX1 + � 2

1X1 = 0 ;
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which admits a solution in the following form:

X1¹xº = C1 cos¹� 1xº + C2 sin¹� 1xº ; (4.30)

whereC1 andC2 are two constants to be determined. Using the boundary condition
(4.28), the �rst one gives thatC2 = 0 and the second givesC1 sin¹� 1Lcº = 0, which
would allow us to deduce that� 1 =

p
Lc

� for p 2 N. Then

X1¹xº = C1 cos¹
p
Lc

� xº (4.31)

Similarly, using the same technique, one deduce an analytical expressions forX2¹yº and
X3¹zº,

X2¹yº = C2 cos¹
q

H1
� yº; q 2 N (4.32)

X3¹zº = C3 cosh

 

� z

s
p2

L2
c

+
q2

H2
2

!

: (4.33)

Finally, the expression of� is given as follows,

� ¹x; y; zº = C4 cos¹
p
L

� xºcos¹
q

H1
� yº cosh

 s
p2

L2
+

q2

H2
2

� ¹z + H2º

!

with C4 = C1C2C3. The value of the constantC4 is determined using the boundary
condition (4.26) forz = H2. That givesC4 =  .
Hence the result.

The function� p;q is of orderO¹1º but its k-th derivatives with respect toz are of

orderO

 �
H2

H1

� k
!

. More precisely, forz = 1, @z� p;q ! +1 if H1 < H2 � L whenever

H2 ! 0. To ensure that derivatives are small or of order O(1), we have to assume that
H1 � H2.

If we assume thatH2 < H1 � L and if we set� i =
Hi

L
, i = 1; 2 then the preponderant

dispersive parameter is� 1 but not � 2. As a consequence, the resulting dispersive model
will be de�ned through the transversal dispersive parameter and it is somehow unusual
(see Eqs. (4.19) and (4.20)).

If we set� i =
Hi

L
, i = 1; 2 and if we assume thatH1 = H2 then� 1 = � 2. In this case,

we are unable to write the asymptotic term ofu with respect tov andw simultaneously
up to the orderO¹� 2º. Indeed, in this case, the irrotational equations (4.24) become

r y;z ¹uº = � 2
@
@x

�
v
w

�
;

@
@z

v =
@
@y

w :

For all these reasons, we have introduced a parameterh1 < H1 = H2 such that
the velocity scalesV < W < U in order to obtain a dispersive model de�ned by the
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classical dispersive parameter� 2 and not� 1. Our asymptotic preserves the structure
of the equations. Once this parameter is introduced, we have to �rst average in the
transversal direction and second following the depth. This choice is naturally imposed

by the irrotational equations (4.24) and more precisely by the equation
@
@y

w =
� 1

� 2

@
@z

v

since
� 1

� 2
< 1.

4.3.3 3D-2D model reduction and asymptotic expansions

In this �rst step, we focus on the width-averaging of System (4.17)�(4.20). In particular,
we compute the asymptotic expansions of the velocity¹u; vº and the pressureP of
System (4.17)�(4.20) as a function of their width-averages. We obtain what we call
"�at free surface approximation" property which means that the variations of the free
surface followingy can be neglected in the three-dimensional Euler system (4.17)�(4.20).
Finally, the asymptotic approximation of the width-averaged Euler system is obtained.
This averaged model is the starting point for the second step (see Ÿ4.3.4).

4.3.3.1 Asymptotic expansions of the �uid velocity

Given a function¹t; x; y; zº 7! X¹t; x; y; zº and¹x; zº 7! q¹x; zº, we de�neXq as follows

Xq¹t; x; zº := X ¹t; x; q¹x; zº; zº

and we use the notations

w =
�
u
w

�
; divx;z »w¼=

@
@x

u +
@
@z

w andr x;z¹uº =
©
­
­
«

@
@x

u
@
@z

u

ª
®
®
¬

to represent the vectorw, the two dimensional divergence operator and the gradient
operator with respect to the variablex andz.

Integrating the two �rst equations of the irrotational equations (4.24) fors 2 »� ¹x; zº; y¼,
we get

u¹t; x; y; zº = u� ¹t; x; zº + � 1

¹ y

� ¹x;zº

@
@x

v ds (4.34)

and

w¹t; x; y; zº = w� ¹t; x; zº +
� 1

� 2

¹ y

� ¹x;zº

@
@z

v ds : (4.35)

Then, integrating the divergence equation (4.17) fors 2 »� ¹x; zº; y¼, we obtain
¹ y

� ¹x;zº

@
@y

v dy = �
¹ y

� ¹x;zº
divx;z »w¼dy : (4.36)

Thanks to Eqs. (4.34), (4.35) and (4.36) and the wet boundary condition (4.23) for' = �
the �uid velocity v is approximated by

v¹t; x; y; zº = � divx;z »w� ¹t; x; zº¹y � � ¹x; zºº¼+ O
�

� 1

� 2

�
: (4.37)
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Coming back to Eqs. (4.34) and (4.35) together with Eq. (4.37), the �uid velocity¹u; wº
can be written as

u¹t; x; y; zº = u� ¹t; x; zº �
� 1

2
@
@x

divx;z
�
w� ¹t; x; zº¹y � � ¹x; zºº2

�
+ O

 
� 2

1

� 2

!

(4.38)

and

w¹t; x; y; zº = w� ¹t; x; zº �
� 1

2� 2

@
@z

divx;z
�
w� ¹t; x; zº¹y � � ¹x; zºº2

�
+ O

 
� 2

1

� 2
2

!

:

(4.39)

4.3.3.2 Width-averaged Euler equations

Given a function¹t; x; y; zº 7! X¹t; x; y; zº, we de�ne the width-average ofX by the
quantity

hXi¹ t; x; zº :=
1

� ¹x; zº

¹ � ¹x;zº

� ¹x;zº
X¹t; x; y; zº dy

where� ¹x; zº = � ¹x; zº � � ¹x; zº is the width of the section at the elevationz.
We average the equations (4.17)�(4.20) fory 2 »� ¹x; zº; � ¹x; zº¼using Leibniz integral

rule, to get the width-averaged Euler system:

8>>>>>>>>>>>>>><

>>>>>>>>>>>>>>
:

@
@x

¹� hui º +
@
@z

¹� hwiº = 0

@
@t

¹� huiº +
@
@x

¹� hu2iº +
@
@z

¹� huwiº +
@
@x

¹� hPiº = P�
@�
@x

� P�
@�
@x

� 2

�
@
@t

¹� hwiº +
@
@x

¹� huwiº +
@
@z

¹� hw2iº
�

+
@
@z

¹� hPiº = �
�

Fr
2

+ P�
@�
@z

� P�
@�
@z

P� = P� � � 1

�
Dv
Dt

�

(4.40)

where
Dv
Dt

stands for the material derivative

Dv
Dt

:=
@
@t

v + u
@
@x

v + v
@
@y

v + w
@
@z

v :

Asymptotic expansions of the width-averaged terms in System(4.40).
Thanks to the expressions (4.38) and (4.39), the average of the terms in System (4.40)
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can be written

� ¹x; zºhui¹ t; x; zº = � ¹x; zºu� ¹t; x; zº

�
� 1

6
@
@x

divx;z
�
w� ¹t; x; zº� ¹x; zº3�

+ O

 
� 2

1

� 2

!

; (4.41)

� ¹x; zºhwi¹ t; x; zº = � ¹x; zºw� ¹t; x; zº

�
� 1

6� 2

@
@z

divx;z
�
w� ¹t; x; zº� ¹x; zº3�

+ O

 
� 2

1

� 2
2

!

; (4.42)

� ¹x; zºhu2i¹ t; x; zº = � ¹x; zºu2
� ¹t; x; zº + O

 
� 2

1

� 2

!

; (4.43)

� ¹x; zºhw2i¹ t; x; zº = � ¹x; zºw2
� ¹t; x; zº + O

 
� 2

1

� 2
2

!

; (4.44)

� ¹x; zºhuwi¹ t; x; zº = � ¹x; zºu� ¹t; x; zºw� ¹t; x; zº

� u� ¹t; x; zº
� 1

6� 2

@
@z

divx;z
�
w� ¹t; x; zº� ¹x; zº3�

+O

 
� 2

1

� 2
2

!

: (4.45)

Irrotationality.
We lose the irrotational condition (4.24) by width-averaging since we get

@
@z

¹� hui º = � 2
@
@x

¹� hwi º + ¹u�
@
@z

� � w�
@
@x

� � u�
@
@z

� + w�
@
@x

� º :

However, using the last equation in (4.24) together with Eqs. (4.38) and (4.39), we obtain

@u�

@z
= � 2

@w�

@x
+ O¹� 1º : (4.46)

The approximated irrotational condition can be also written as a function of¹hui ; hwiº
by means of Eqs. (4.41) and (4.42).

Asymptotic expansion of the pressure.
The last equation in System (4.40) allows to write

P� = P� + O¹� 1º : (4.47)

Thanks to (4.47), on one hand, the terms in the right hand side of the second and third
equations of System (4.40) can be simpli�ed in

P� r x;z ¹� º � P� r x;z ¹� º = P� r x;z ¹� º + O¹� 1º :

On the other hand, coming back to System (4.17)�(4.20) together with Eq. (4.47),
integrating Eq. (4.19) fors 2 »� ¹x; zº; y¼, we show that

P¹t; x; y; zº = P� ¹t; x; zº � � 1

¹ y

� ¹x;zº

Dv
Dt

ds= P� ¹t; x; zº + O¹� 1º : (4.48)
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As a consequence, the width-averaged pressurehPi can be approximated byP� at order
O¹� 1º, i.e.

hPi¹ t; x; zº = P� ¹t; x; zº + O¹� 1º :

Asymptotic expansion of the free surface.
Using Eqs. (4.39) and (4.48) in Eq. (4.20), we can write thez-gradient of the pressure

as
@
@z

P� ¹t; x; zº = �
1

Fr
2

� � 2
D
Dt

w� ¹t; x; zº + O¹� 1º :

Next, integrating this equation fors 2 »z; � ¹t; x; yº¼using the boundary condition (4.21)
with Eq. (4.48) lead to

P� ¹t; x; zº =
� ¹t; x; yº � z

Fr
2

+ � 2

¹ � ¹t;x;yº

z

D
Dt

w� ¹t; x; sº ds+ O¹� 1º :

Thus, taking they-derivative of this expression yields to

0 = @y�
�

1

F2
r

+ � 2
D
Dt

w� jz=�

�
+ O¹� 1º = � @y� @zPjz=� + O¹� 1º :

Consequently, since@zPjz=� , 0, we get@y� = O¹� 1º, i.e., we obtain the �at surface
approximation

� ¹t; x; yº = � eq¹t; xº + O¹� 1º (4.49)

for some function� eq de�ned hereafter. It means that one can neglect they-variations
of the free surface of the three-dimensional model (4.17)�(4.20) (see Fig. 4.2). In other
words, the �uid cross-section
 ¹t; xº (4.7) and the wet areaA¹t; xº (4.8) can be simpli�ed
in


 eq¹t; xº =
�
¹y; zº 2 R2; � ¹x; zº � y � � ¹x; zº andd� ¹xº � z � � eq¹t; xº

	
(4.50)

with
Aeq =

�
�
 eq¹t; xº

�
� (4.51)

thanks to

A¹t; xº =
¹


 ¹t;xº
dy dz

=
¹ y+¹t;xº

y� ¹t;xº
� ¹t; x; yº � d¹x; yº dy

=
¹ y+¹t;xº

y� ¹t;xº
� eq¹t; xº � d¹x; yº dy + O¹� 1º

=
¹ � eq¹t;xº

d� ¹xº
� ¹x; zº dz+ O¹� 1º

=
¹


 eq¹t;xº
dy dz+ O¹� 1º

= Aeq¹t; xº + O¹� 1º

(4.52)

Therefore, in the following, we consider the �uid cross-section
 eq instead of
 for which
computations are easier. In the following, we set� eq as

� eq¹t; xº = � ¹t; x; y� ¹xºº :
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Figure 4.2: Equivalent geometric set-up

Width-averaged equations.
Using all the previous equations (4.41)�(4.45) and (4.48)�(4.49) in System (4.40), we

obtain the width-averaged Euler equations expressed as the couple of unknown¹w� ; P� º:

divx;z »� w� ¼+ O

 
� 2

1

� 2
2

!

=
� 1

6� 2

@
@z

�
�

@
@z

�
divx;z

�
w� � 3� � �

@
@t

¹� u� º + divx;z »� u� w� ¼+
@
@x

¹� P� º + O

 
� 2

1

� 2
2

!

= P�
@�
@x

+
� 1

6� 2

@
@x

�
u�

@
@z

divx;z
�
w� � 3�

�

� 2

�
@
@t

¹� w� º + divx;z »� w� w� ¼
�

+
@
@z

¹� P� º = �
�

Fr
2

+ P�
@�
@z

+ O¹� 1º

(4.53)

where the �uid domain is now de�ned (see Eqs. (4.49)-(4.50) and Fig. 4.3) by

h
 i¹ t; xº =
�
z 2 R; d� ¹xº � z � � eq¹t; xº

	
:

For a given timet 2 »0;T¼and x 2 »0; Lc¼, the boundary of the �uid cross-section
@h
 i¹ t; xº is composed of a free surfaceh� fsi¹ t; xº = f z 2 R; z = � eq¹t; xºg and a wet
boundaryh� wbi¹ xº = f z 2 R; z = d� ¹xºgsuch that

@h
 i¹ t; xº = h� fsi¹ t; xº [ h � wbi¹ xº

The unit outward normal vector to the free surface is

hnfsi¹ t; xº =
1

s

1 +
�

@
@x

� eq¹t; xº
� 2

 
�

@
@x

� eq¹t; xº

1

!

and the unit outward normal vector to the wet boundary is

hnwbi¹ xº =
1

s

1 +
�

@
@x

d� ¹xº
� 2

 @
@x

d� ¹xº

� 1

!

:
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Figure 4.3: Width-averaged geometric set-up

These equations are completed with the irrotational condition (4.46) and the following
boundary conditions

@�eq

@t
+ u�

@�eq

@x
= w� + O

�
� 1

� 2

�
and P� = O¹� 1º on z = � eq (4.54)

u�
@
@x

d = w� + O
�

� 1

� 2

�
on z = d (4.55)

which are obtained through Eqs. (4.21) and (4.22) using Eqs. (4.37), (4.38), (4.39).
These end the �rst step.

4.3.4 2D-1D like model reduction and asymptotic expansions

In what follows, we notefb¹t; xº = f� ¹t; x; d� ¹xºº for a given functionf andS

S¹x; zº =
¹ z

d� ¹xº
� ¹x; sº ds (4.56)

the wet area of water betweend� ¹xº andz.
In the sequel, we consider the �uid cross-section (4.50)
 eq¹t; xº instead of
 ¹t; xº

thanks to (4.52) (see also (4.7)). Thus, we de�ne the local height of the water in
 eq¹t; xº
by

heq¹t; x; yº = � eq¹t; xº � d¹x; yº : (4.57)

In this new setting, the section-average�feq of a function f can be de�ned by

�feq =
1

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº

¹ � ¹x;zº

� ¹x;zº
f ¹t; x; y; zº dydz :

4.3.4.1 Asymptotic expansion of the �uid velocity

Let us �rst integrate Eq. (4.46) fors 2 »d� ¹xº; z¼, to get

u� ¹t; x; zº = ub¹t; xº + � 2

¹ z

d� ¹xº

@w�

@x
ds+ O¹� 1º : (4.58)
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Then, dropping all the lower terms inO
�

� 1

� 2

�
in the �rst equation of System (4.53):

@
@z

¹� w� º = �
@
@x

¹� u� º + O
�

� 1

� 2

�

and integrating the above equation fors 2 »d� ¹xº; z¼, keeping in mind the boundary
condition (4.55), we obtain

� ¹x; zºw� ¹t; x; zº = �
@
@x

� ¹ z

d� ¹xº
� u� ds

�
+ O

�
� 1

� 2

�
:

By means of Eq. (4.58), the previous equation becomes:

w� ¹t; x; zº = �
1

� ¹x; zº
@
@x

¹ub¹t; xºS¹x; zºº + O¹� 2º : (4.59)

By injecting Eq. (4.59) in (4.58), we get

u� ¹t; x; zº = ub¹t; xº � � 2

¹ z

d� ¹xº

@
@x

S¹ub; x; sº ds+ O¹� 2
2º (4.60)

where

S¹u; x; zº =
1

� ¹x; zº
@
@x

¹uS¹x; zºº : (4.61)

As a consequence, we have

�ueq =
1

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº

¹ � ¹x;zº

� ¹x;zº
u¹t; x; y; zº dy dz

=
1

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº
� ¹x; zºhui¹ t; x; zºdz

=
1

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº
� ¹x; zºu� ¹t; x; zº dz+ O¹� 1º

and through Eq. (4.60), we obtain

�ueq¹t; xº =
1

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº
� ¹x; zº

�
ub¹t; xº � � 2

¹ z

d� ¹xº

@
@x

S¹ub; x; sº ds
�

dz

+O¹� 2
2º

= ub¹t; xº �
� 2

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº
� ¹x; zº

� ¹ z

d� ¹xº

@
@x

S¹ub; x; sº ds
�

dz

+O¹� 2
2º

i.e.

ub¹t; xº = �ueq¹t; xº +
� 2

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº
� ¹x; zº

� ¹ z

d� ¹xº

@
@x

S¹ub; x; sº ds
�

dz+ O¹� 2
2º :

(4.62)
Using the fact that

ub¹t; xº = �ueq¹t; xº + O¹� 2º



CHAPTER 4. GENERALIZED SGN EQUATIONS FOR OPEN CHANNELS AND
RIVER FLOWS 82

in Eq. (4.62) allows to writeub¹t; xº as a function of�ueq:

ub¹t; xº = �ueq¹t; xº +
� 2

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº
� ¹x; zº

� ¹ z

d� ¹xº

@
@x

S¹ �ueq; x; sº ds
�

dz+ O¹� 2
2º :

(4.63)
Finally, thanks to (4.34), (4.60), (4.63), by linearity ofS (4.61), we obtain

u¹t; x; y; zº = u� ¹t; x; zº + O¹� 1º

= ub¹t; xº � � 2

¹ z

d� ¹xº

@
@x

S¹ub; x; sº ds+ O¹� 2
2º

= �ueq¹t; xº + � 2B0¹ �ueq; x; zº + O¹� 2
2º

(4.64)

where

B0¹ �ueq; x; zº =
1

Aeq¹t; xº

¹ � eq¹t;xº

d� ¹xº

�
� ¹x; zº

¹ z

d� ¹xº

@
@x

S¹ �ueq; x; sº ds
�

dz

�
¹ z

d� ¹xº

@
@x

S¹ �ueq; x; sº ds : (4.65)

Repeating the computations with Eqs. (4.39), (4.59) and (4.64), we �nd

w¹t; x; y; zº = �S¹ �ueq; x; zº + O
�

� 1

� 2

�
: (4.66)

4.3.4.2 Pressure decomposition

Integrating fors 2 »z; � eq¼, the third equation of System (4.53), we get

P� ¹t; x; zº =
¹� eq¹t; xº � zº

Fr
2

+
¹ � eq¹t;xº

z

� 2

�

�
@
@t

¹� w� º + divx;z »� w� w� ¼
�

ds

+O¹� 1º :

Thanks to the free surface boundary condition (4.54), Eq. (4.64) and Eq. (4.66), we
obtain the asymptotic expansion of the pressureP at orderO¹� 2

2º

P¹t; x; y; zº = Ph¹t; x; zº + � 2Pnh¹t; x; zº + O¹� 2
2º

where

Ph¹t; x; zº =
¹� eq¹t; xº � zº

Fr
2

(4.67)

is the usual hydrostatic pressure and

Pnh¹t; x; zº =
¹ � eq¹t;xº

z

1
2� ¹x; sº2

@
@z

� �
� ¹x; sºS¹ �ueq; x; sº

� 2 �
ds

�
¹ � eq¹t;xº

z

@
@t

S¹ �ueq; x; sº +
�ueq¹t; xº

� ¹x; sº
@
@x

�
� ¹x; sºS¹ �ueq; x; sº

�
ds

is a non-hydrostatic pressure.
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Handling the terms in the non-hydrostatic pressure di�erently, one can write

Pnh¹t; x; zº = D¹ �ueqº
¹ � eq

z

S¹x; sº
� ¹x; sº

ds+
¹ � eq

z
Q¹�ueq; S; � º ds (4.68)

where

D¹uº =
�

@
@x

u
� 2

�
@
@t

@
@x

u � u@2
xu ; (4.69)

and

Q¹u; S; � º =
u2

� ¹x; sº

©
­
­
­
«

@
@x

S¹x; sº
@
@x

� ¹x; sº

� ¹x; sº
� @2

xS¹x; sº
ª
®
®
®
¬

+
@
@x

�
u2

2

� S¹x; sº
@
@x

� ¹x; sº

� ¹x; sº2
�

�
@
@t

u + u
@
@x

u
� @

@x
S¹x; sº

� ¹x; sº

: (4.70)

The non-hydrostatic pressure (4.68) is more suitable to have a formulation akin to the
SGN equations (4.2)-(4.4).

4.4 A new non-linear dispersive model

In this section, we assume that the �ow is governed, on the space-time domain
 eq =Ø

0� t � 1


 eq¹tº, instead of
 (see Def. (4.6)), by the three-dimensional incompressible and

irrotational Euler equations (4.17)�(4.20), (4.24) where the wet region is de�ned as the
region in which the �uid resides at each timet 2 »0; 1¼, 
 eq¹tº =

Ø

0� x� 1


 eq¹t; xº with


 eq¹t; xº the �uid cross-section de�ned by (4.50).
These equations (4.17)�(4.20) are completed with the kinematic boundary condition

at the free surface (4.21)� fs¹t; xº = f z 2 R; z = � eq¹t; xºg, and a no-penetration condition
on the wet boundary (4.22)� wb¹xº = f¹ y; zº 2 R2; z = d¹x; yºgwhere

@
 eq¹t; xº = � fs¹t; xº [ � wb¹xº :

These boundary conditions can be written under the following form:

¹

@
 eq¹t;xº

�
@
@t

m + u
@
@x

m � v
�

� n ds= 0 on @
 eq¹t; xº (4.71)

wherem¹t; x; y; zº =
�

¹y; � eq¹t; xºº if m 2 � fs¹t; xº
¹y; d¹x; yºº if m 2 � wb¹t; xº

is a boundary point,

n =
�

nfs if m 2 � fs¹t; xº
nwb if m 2 � wb¹t; xº

stands for the outward unit normal vector in the


 eq¹t; xº-plane (see Fig. 4.2) andv =
�
v
w

�
.
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To work with the wet region, we introduce its indicator function

� ¹t; x; y; zº := 1
 eq¹t;xº for all t; x; y; z 2 R

where

1P :=

(
1 if P is true;

0 if P is false:

The function� is advected by the �ow so its material derivative, with respect to the
�ow �u, must, therefore, be zero. Moreover, thanks to the incompressibility condition,�
satis�es the following indicator transport equation

@
@t

� +
@
@x

¹� uº + divy;z »� v¼= 0 on 
 eq¹tº (4.72)

where divy;z »v¼=
@
@y

v +
@
@z

w with v = ¹v; wº.

4.4.1 Eq. of the conservation of the mass

Integrating Eq. (4.72) over the section
 eq¹t; xº and using Leibniz integral rule, we get
the following conservation of the mass equation

¹


 eq¹t;xº

@
@t

� +
@
@x

¹� uº + divy;z »� v¼dy dz =
@
@t

Aeq +
@
@x

Qeq = 0 (4.73)

whereQeq is the water discharge

Qeq = Aeq�ueq (4.74)

and �ueq is 
 eq¹t; xº section-averaged velocity given by

�ueq =
1

Aeq¹t; xº

¹


 eq¹t;xº
u¹t; x; y; zº dydz :

4.4.2 Eq. of the conservation of the momentum

In order to get the momentum equation of the section-averaged free surface model, we
integrate each term of (4.18) along the section
 eq¹t; xº as follows:

¹


 eq¹t;xº

@
@t

¹uº
|{z}

a1

+
@
@x

¹u2º
|   {z   }

a2

+ divy;z »uv¼
|       {z       }

a3

+
@
@x

P
|{z}

a4

dy dz = 0 :

Computation of the term
¹


 eq¹t;xº
a1 dy dz

We have
¹


 eq¹t;xº

@
@t

¹uºdy dz =
@
@t

¹


 eq¹t;xº
u dy dz�

¹

@
 eq¹t;xº
u

@
@t

m � n ds : (4.75)



CHAPTER 4. GENERALIZED SGN EQUATIONS FOR OPEN CHANNELS AND
RIVER FLOWS 85

Computation of the term
¹


 eq¹t;xº
a2 dy dz

Thanks to the asymptotic approximation of the termu (4.64) up to orderO¹� 2
2º, the

non-linear termu2 can be written as:

u2¹t; x; y; zº = �ueq¹t; xº2 + 2� 2 �ueqB0¹ �ueq; x; zº + O
�
� 2

2

�
:

Therefore, we have
¹


 eq¹t;xº

@
@x

¹u2º dy dz =
@
@x

¹


 eq¹t;xº
u2 dy dz�

¹

@
 eq¹t;xº
u2 @

@x
m � n ds

i.e.
¹


 eq¹t;xº

@
@x

¹u2º dy dz =
@
@x

¹Qeq
2• Aeqº + � 2

@
@x

�
QeqB¹x; Qeq• Aeqº

Aeq

�

�
¹

@
 eq¹t;xº
u2 @

@x
m � n ds+ O

�
� 2

2

� (4.76)

whereB stands for the quadratic part of the �uid velocity, de�ned viaB0 (4.65), and

B¹x; Qeq• Aeqº =
¹


 eq¹t;xº
2B0¹Qeq• Aeq; x; zº dy dz

= 2
¹ � eq¹t;xº

d� ¹xº
� ¹x; zºB0¹Qeq• Aeq; x; zº dz = 0 :

Computation of the term
¹


 eq¹t;xº
a3 dy dz

We have ¹


 eq¹t;xº
divy;z »uv¼dy dz =

¹

@
 eq¹t;xº
uv � n ds : (4.77)

Computation of the term
¹


 eq¹t;xº
a1 + a2 + a3 dy dz

Gathering the results of the computations (4.75), (4.76) and (4.77), using the boundary
conditions (4.71), we get

¹


 eq¹t;xº
a1 + a2 + a3dy dz =

@
@t

Qeq +
@
@x

¹Qeq
2• Aeqº + � 2

@
@x

�
QeqB¹x; Qeq• Aeqº

Aeq

�

�
¹

@
 eq¹t;xº
u

�
@
@t

m + u
@
@x

m � v
�

� n ds+ O
�
� 2

2

�

=
@
@t

Qeq +
@
@x

¹Qeq
2• Aeqº + O

�
� 2

2

�
:

(4.78)
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Computation of the term
¹


 eq¹t;xº
a4dy dz

We apply the Leibniz rule to the gradient of the pressure and we obtain
¹


 eq¹t;xº

@
@x

P dy dz =
@
@x

¹


 eq¹t;xº
P dy dz�

¹

@
 eq¹t;xº
P

@
@x

m � n ds (4.79)

where ¹

@
 eq¹t;xº
P

@
@x

m � n ds=
¹

� wb¹xº
P

@
@x

m � n ds

thanks to the free surface boundary condition (4.13).
To compute the above boundary integral, we consider the parametrisation

z 2 »d� ¹xº; � eq¹t; xº¼ 7!m¹x; zº =
�
' ¹x; zº

z

�

where' is given by (4.5). The unit speed curve parameterisation is










@
@y

m¹x; zº








 =

s

1 +
�

@
@y

' ¹x; zº
� 2

:

The outward unit normal is given by

n =

8>>>>>>><

>>>>>>>
:

1
knk

©
­
«

� 1
@
@z

�
ª
®
¬

if ' ¹x; zº < y� ¹xº

1
knk

©
­
«

1
@
@z

�
ª
®
¬

otherwise

where

kn¹x; zºk =










@
@y

m¹x; zº








 :

Thus, we obtain
¹

� wb¹xº
P

@
@x

m � n ds=
¹ � eq¹t;xº

d� ¹xº
P¹t; x; zº

@
@x

� ¹x; zº dz : (4.80)

which is the formulation of the pressure source term as done in, for instance [33, 32]

Hydrostatic part: (see Eq.(4.67)) UsingP = Ph in Eq. (4.79), we get:

¹


 eq¹t;xº
@xPh¹t; x; zº dy dz = @x¹I1¹t; xºº � I2¹t; xº (4.81)

where

I1¹t; xº =
¹


 eq¹t;xº
Ph¹t; x; zº dy dz =

¹ � eq¹t;xº

d� ¹xº

¹� eq¹t; xº � zº

Fr
2

� ¹x; zº dz (4.82)
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and

I2¹t; xº =
¹ � eq¹t;xº

d� ¹xº

¹� eq¹t; xº � zº

Fr
2

@
@x

� ¹x; zº dz (4.83)

are respectively the hydrostatic pressure term and the hydrostatic pressure source
term.

Non-hydrostatic part: (see Eq.(4.68)) UsingP = Pnh in Eq. (4.79), we get

¹


 eq¹t;xº
@xPnh¹t; x; zº dy dz = @x¹DI1¹t; xºº � DI2¹t; xº (4.84)

where

DI1¹t; xº =
¹ � eq¹t;xº

d� ¹xº
Pnh¹t; x; zº� ¹x; zº dz

= G¹x; Aeq¹t; xººD¹ �ueq¹t; xºº

+
¹ � eq

d� ¹xº
� ¹x; zº

¹ � eq

z
Q¹�ueq¹t; xº; S¹x; sº; � º ds dz

(4.85)

where

G¹x; Aeqº =
¹ � eq

d� ¹xº
� ¹x; zº

¹ � eq

z

S¹x; sº
� ¹x; sº

ds dz: (4.86)

The quantitiesD andQ are given by (4.69), (4.70), and

DI2¹t; xº =
¹ � eq¹t;xº

d� ¹xº
Pnh¹t; x; zº

@
@x

� ¹x; zº dz : (4.87)

Each termDI j for j = 1; 2 is the non-hydrostatic counterpart of the termI j for
j = 1; 2.

Remark6. The termsI j ¹t; xº andDI j ¹t; xº, respectively, can be writtenI j ¹x; Aeq¹t; xºº
andDI j ¹x; Aeq¹t; xº; Qeq¹t; xº for j = 1 and j = 2. In what follows, we make use of these
notations.

Finally, gathering Eq. (4.81) and Eq. (4.84), noting

G¹x; Aeq; Qeqº = �
@
@x

� ¹ � eq

d� ¹xº
� ¹x; zº

¹ � eq

z
Q

�
Qeq

Aeq
; S; �

�
ds dz

�
+ DI2 ; (4.88)

we obtain
¹


 eq¹t;xº
@xP dy dz = @x¹I1¹x; Aeqºº � I2¹x; Aeqº

+ � 2

�
@x¹G¹x; AeqºD¹ �ueqºº � G¹ x; Aeq; Qeqº

� (4.89)

Gathering results (4.78) and (4.89), we get the equation of the conservation of the
momentum.
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4.4.3 The dispersive model for arbitrary non rectangular chan-
nel/river

From now on, we omit the notationsXeq andX for the sake of readability.
Gathering Eqs. (4.73),(4.78) and (4.89), we present the new one-dimensional disper-

sive model for open channel/river �ows

8>>>>><

>>>>>
:

@
@t

A +
@
@x

Q = 0

@
@t

Q +
@
@x

�
Q2

A
+ I1¹x; Aº

�
+ � 2

@
@x

¹G¹x; AºD¹uºº = I2¹x; Aº + � 2G¹x; A; Qº

+O¹� 2
2º

(4.90)
where A is the wet area (4.51),Q is the water discharge (4.74),I1 (resp. I2) is the
hydrostatic pressure (resp. source) terms (4.82) (resp. (4.83)),G¹x; Aº (4.86) generalises
h3

3
in the classical SGN equations (see (4.3)),G¹x; A; Qº (4.88) extends the uneven bottom

source term in the classical SGN equations and
@
@x

¹G¹x; AºD¹uºº is the dispersive term

whereD is given by (4.69).
The new section-averaged model extends the section-averaged free surface model for

open channel �ows [38, 15] by taking� 2 = 0 and extends the SGN equations for uneven
bottom [86, 6, 85, 50] to arbitrary channel/river section.

4.4.4 The dispersive model for a rectangular section

For the speci�c case of the rectangular section (see [33] for instance), almost all the
previous computations are the same. The changes are mainly in the geometrical de�nition
and the boundaries of the channel.

We consider the motion of an incompressible and irrotational �uid with constant
density� 0 > 0 in a three dimensional domain (see Fig. 4.4)


 ¹tº =
�
¹x; y; zº 2 R3; x 2 »0; Lc¼; � ¹xº � y � y� ¹xº � � ¹xº; d¹xº � z � � ¹t; xº

	

wherey� ¹xº describes the transversal variation of the channel with respect to the main
channel direction, de�ned by

y� ¹xº =
� ¹xº + � ¹xº

2

where� and � are the transversal limit of the channel. Here the bottomd is now a
function of x only andd� ¹xº = d¹xº by de�nition. Thus, in view of the de�nition of the
�uid domain, since� = � ¹xº = � ¹xº � � ¹xº and y� ¹xº = � ¹xº and y+¹xº = � ¹xº, the
wet-area can be simply de�ned by

A¹t; xº = � ¹xºhh¹t; xºi

wherehh¹t; xºi is width-averaged of the local height of the waterh¹t; x; yº := � ¹t; x; yº �
d¹xº, i.e., hh¹t; xºi = h� ¹t; xºi � d¹xº.
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The boundary of the domain
 ¹tº is de�ned by@
 ¹tº and is decomposed into four
parts: the free surface� fs¹tº, the wet boundary� wb¹tº, the in�ow boundary� i¹tº and the
ou�ow boundary� o¹tº. The wet boundary can be decomposed itself in three parts: the
bottom� b¹tº, the left lateral boundary� lb¹tº and the right one� rb¹tº.

Figure 4.4: Geometric set-up

The kinematic free surface condition and the wet boundary condition are the same,
except the de�nition of the outward unit normal vector, which is now

nwb =

8>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>
:

1
s

1 +
�

@
@x

d
� 2

�
@
@x

d; 0; � 1
� T

if nwb = nb

1
s

1 +
�

@
@x

�
� 2

�
@
@x

�; � 1; 0
� T

if nwb = nlb

1
s

1 +
�

@
@x

�
� 2

�
@
@x

�; 1; 0
� T

if nwb = nrb

Thus, we have now

u
@
@x

d � w = 0 on � b¹tº ;

u
@
@x

� � v = 0 on � lb¹tº ;

u
@
@x

� + v = 0 on � rb¹tº :

In this section, we present the model in the case of a rectangular channel. We assume
that � ¹x; zº = � ¹xº, d¹x; yº = d¹xº = d� ¹xº as displayed in Figure 4.4. Thus, thanks to
(4.51), (4.57) and (4.56), we have

Aeq¹t; xº =
¹


 eq¹t;xº
dy dz =

¹ � eq¹t;xº

d¹xº

¹ � ¹xº

� ¹xº
dy dz = � ¹xºh¹t; xº

and

S¹x; zº =
¹ z

d¹xº
� ¹xº ds= � ¹xº¹z � d¹xºº :
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As a consequence, we have

ˆ Hydrostatic pressure (4.82) :

I1¹t; xº = � ¹xº
h¹t; xº2

2F2
r

:

ˆ Hydrostatic pressure source term (4.83):

I2¹t; xº = � 0¹xº
heq¹t; xº2

2Fr
2

� � ¹xº
heq¹t; xº

Fr
2

d0¹xº :

ˆ Dispersive pressure counterpart (4.68): we have

S¹u; x; sº = ¹s � d¹xºº� ¹u; xº � ud0¹xº

where

� ¹u; xº =
1

� ¹xº
@
@x

¹� ¹xºuº :

Therefore, the dispersive pressure writes:

Pnh¹t; x; zº =
¹ � eq¹t;xº

z

1
2

@
@z

S¹ �ueq¹t; xº; x; sº2 ds

�
¹ � eq¹t;xº

z

@
@t

S¹ �ueq¹t; xº; x; sº

+
�ueq¹t; xº

� ¹xº
@
@x

�
� ¹xºS¹ �ueq¹t; xº; x; sº

�
ds

=

 
heq

2 � ¹ z � d¹xºº2

2

!

Pi
nh¹ �ueq¹t; xº; xº

�¹ heq � ¹ z � d¹xºººPg1
nh¹ �ueq¹t; xº; xº

+¹� eq¹t; xº � zºPg2
nh¹ �ueq¹t; xº; xº

(4.91)

wherePi
nh, Pg1

nh andPg2
nh stands for the inertial term and the geometric terms

Pi
nh¹ �ueq¹t; xº; xº = � ¹ �ueq¹t; xº; xº2 �

@
@t

� ¹ �ueq¹t; xº; xº

�
�ueq¹t; xº

� ¹xº
@
@x

¹� ¹xº� ¹ �ueq¹t; xº; xºº ;
(4.92)

Pg1
nh¹ �ueq¹t; xº; xº = � ¹ �ueq¹t; xº; xº �ueq¹t; xºd0¹xº

and

Pg2
nh¹ �ueq¹t; xº; xº =

�
�ueq¹t; xºd0¹xº

� 2 +
@
@t

�
�ueq¹t; xºd0¹xº

�

+� ¹ �ueq¹t; xº; xº �ueq¹t; xºd0¹xº

+
�ueq¹t; xº

� ¹xº
@
@x

�
� ¹xº �ueq¹t; xºd0¹xº

�
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Finally, the dispersive counterparts of the pressure read:

DI1¹t; xº = � ¹xº
¹ � eq¹t;xº

d¹xº
Pnh¹t; x; zº dz (4.93)

and

DI2¹t; xº = � 0¹xº
¹ � eq¹t;xº

d¹xº
Pnh¹t; x; zº dz� � ¹xºd0¹xºPnh¹t; x; d¹xºº (4.94)

where
¹ � eq¹t;xº

d¹xº
Pnh¹t; x; zº dz =

heq
3

3
Pi

nh¹ �ueq¹t; xº; xº +
heq

2

2
Pg

nh¹ �ueq¹t; xº; xº

with

Pg
nh¹ �ueq¹t; xº; xº =

�
�ueq¹t; xºd0¹xº

� 2 +
@
@t

�
�ueq¹t; xºd0¹xº

�

+ +
�ueq¹t; xº

� ¹xº
@
@x

�
� ¹xº �ueq¹t; xºd0¹xº

� (4.95)

Finally, the system for rectangular channel is given by the following set of equations

8>>>>>><

>>>>>>
:

@
@t

Aeq +
@
@x

Qeq = 0

@
@t

Qeq +
@
@x

 
Qeq

2

Aeq
+

Aeq
2

2� ¹xºF2
r

!

+ � 2
@
@x

 
Aeq

3

� ¹xº2
Pi

nh

�
Qeq

Aeq
; x

�
+

Aeq
2

� ¹xº
Pg

nh

�
Qeq

Aeq
; x

� !

= S� ¹Aeq; Qeq; xº� 0¹xº � Sd¹Aeq; Qeq; xºd0¹xº + O¹� 2
2º

(4.96)
where the termS� andSd take into account, respectively, of the section and the bathymetry
variation

S� ¹Aeq; Qeq; xº =

 
Aeq

2

2� ¹xºFr
2

+ � 2
Aeq

3

� ¹xº3
Pi

nh

�
Qeq

Aeq
; x

�
+ � 2

Aeq
2

� ¹xº2
Pg

nh

�
Qeq

Aeq
; x

� !

and

Sd¹Aeq; Qeq; xº =

 
Aeq

Fr
2

+ � 2
Aeq

2

� ¹xº
Pi

nh

�
Qeq

Aeq
; x

�
+ � 2AeqP

g
nh

�
Qeq

Aeq
; x

� !

:

Therefore, in the case of a uniform rectangular channel on a �at bottom, we recover
the classical Serre-Green-Naghdi equations:

8>>>>>>>>><

>>>>>>>>>
:

@
@t

heq +
@
@x

¹hequeqº = 0

@
@t

¹hequeqº +
@
@x

 

hequeq
2 +

heq
2

2F2
r

!

+

� 2
@
@x

 
heq

3

3

 �
@
@x

�ueq

� 2

�
@
@t

@
@x

�ueq � �ueq¹t; xº
@
@x

@
@x

�ueq

! !

= 0 + O¹� 2
2º

(4.97)
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4.5 Energy

The generalised Serre-Green-Naghdi equations (4.90) are by construction asymptotically
consistent with the Euler system (4.17)�(4.20). We have the following result:

Theorem 1. System(4.90)admits a total energy

E = A
�u2
eq

2
+ A

�

F2
r

� I1 +
� 2

2

¹



S2¹u� ; x; zº dydz (4.98)

which satis�es the following energy equation

@
@t

E +
@
@x

¹¹E + I1 + � 2DI1ºu� º = 0 : (4.99)

Moreover, the quantityE is consistent with the total energyE =
u2 + � 1v2 + � 2w2

2
+

z

F2
r

of the Euler equation(4.17)� (4.20), in the sense that

@
@t

¹



E dydz+

@
@x

¹



¹E + Pºu dydz =

@
@t

E +
@
@x

¹¹E + I1 + � 2DI1º �ueqº + O¹� 2
2º :

Remark7. This is a positive feature of the approximate model (4.90), which provides
the richness of content for this model and can be used to estimate the accuracy of
numerical algorithms. Moreover, it is well-known that the energy conservation law plays
a fundamental role in justifying the theory of shallow water equations.

Remark 8. As a direct consequence of (4.98) and (4.99), we are able to recover the
energy conservation law of the usual models in the case of� � 1, i.e. A = h:

ˆ if � 2 = 0, we recover the classical total energy of the Saint-Venant system, namely

E =
hu2

2
+

h¹h + 2dº

2F2
r

:

ˆ if � 2 , 0, we recover the classical total energy of the Serre-Green-Naghdi system
(see for instance [44]), namely

E =
hu2

2
+

h¹h + 2dº

2F2
r

+ � 2

 
h3

6

�
@
@x

u
� 2

� d0h2

2
@
@x

u +
¹d0º2

2

!

:

Proof 2. Let us start by looking for the energy equation corresponding to the nondimen-
sionalized form of Euler system (4.17)�(4.20). Multiplying (4.18) byu, (4.19) byv and
(4.20) byw and summing, we �nd the following equation for the kinetic energy

@K
@t

+ u
@
@x

¹K + Pº + v
@
@y

¹K + Pº + w
@
@z

¹K + Pº +
1

Fr 2
w = 0 (4.100)

with K =
u2 + � 1v2 + � 2w2

2
.

The equation for the potential energyP = gz can be given as follows:

@P
@t

+ u
@P
@x

+ v
@P
@y

+ w
@P
@z

�
1

Fr 2
w = 0 (4.101)
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The equation for the total EnergyE = K + P is obtained by summing (4.100) and (4.101),

@E
@t

+ u
@
@x

¹E + Pº + v
@
@y

¹E + Pº + w
@
@z

¹E + Pº = 0 (4.102)

Integration equation (4.102) over the domain
 taking into account boundary conditions
(4.21)�(4.23), one obtains the following equation:

@
@t

¹



E dydz+

@
@x

¹



¹E + Pºu dydz = 0 (4.103)

In the other hand, applying the asymptotic analysis, thus, from (4.64) and (4.66), the total
energy equation (4.102) becomes

E =
�u2
eq + � 2S2

2
+ � 2 �ueqB0 +

z
Fr 2

+ O¹� 1; � 2
2º

Then

E =
¹



E dydz = A

�u2
eq

2
+ A

�

F2
r

� I1 +
� 2

2

¹



S2¹ �ueq; x; zº dydz+ O¹� 1; � 2

2º

Similarly, from (4.48), it's easy to get that:

¹



¹E + Pºu = ¹E + I1 + � 2DI1º �ueqº + O¹� 1; � 2

2º:

Hence the result.

4.6 Improved cSGN equations

This section is devoted to the reformulation of Problem (4.90) by introducing a linear
and a quadratic operator to avoid the direct computation of the partial derivatives of
order 3 (see, for instance, Equation (4.85)). The reformulated problem is, in general,
more adapted to construct a robust Finite Volume numerical scheme for its resolution.
Moreover, this reformulated problem allows us to construct an equivalent model to (4.90)
for which we can improve the frequency dispersion by adding some terms of orderO¹� 2

2º
to the momentum equation without a�ecting the accuracy of the model.

4.6.1 Reformulation of the cSGN equations

Let us �rst remark that, by de�ning the linear operator

T »Aeq; d; �; z¼¹uº =
@
@x

¹uº
¹ � eq

z

S¹x; sº
� ¹x; sº

ds+ u
¹ � eq

z

1
� ¹x; sº

@
@x

S¹x; sº ds; (4.104)
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and the quadratic operator

G»Aeq; d; �; z¼¹uº =
¹ � eq

z
2

�
@
@x

u
� 2 S¹x; sº

� ¹x; sº

+
u2

� ¹x; sº

©
­
­
­
«

@
@x

S¹x; sº
@
@x

� ¹x; sº

� ¹x; sº
�

@
@x

@
@x

S¹x; sº
ª
®
®
®
¬

+
@
@x

�
u2

2

� S¹x; sº
@
@x

� ¹x; sº

� ¹x; sº2
ds

we can write the pressurePnh as

Pnh¹t; x; zº = �T » Aeq; d; �; z¼
�

@
@t

ueq + ueq
@
@x

ueq

�
+ G»Aeq; d; �; z¼¹ueqº (4.105)

Remark 9. In view of the de�nition of S (4.56), we can also writeS = S¹d; �; zº,
therefore, we have written»Aeq; d; �; z¼instead of»� eq; S; �; z¼for the de�nition of the
operators.

Then, de�ning the averaged operators

T »Aeq; d; � ¼¹u;  º =
¹ � eq

d� ¹xº
 T »Aeq; d; �; z¼¹uº dz (4.106)

and

G»Aeq; d; � ¼¹u;  º =
¹ � eq

d� ¹xº
 G»Aeq; d; �; z¼¹uº dz (4.107)

we can write
¹ � eq

d� ¹xº
Pnh¹t; x; zº ¹x; zº dz = � T »Aeq; d; � ¼

� �
@
@t

ueq + ueq
@
@x

ueq

�
;  

�

+G»Aeq; d; � ¼¹ueq;  º :

In what follows, it is more convenient to use the second de�nition of the pressure source
term (4.80) withP = Pnh. Thus, if we set

L»Aeq; d; � ¼¹uº =
1

Aeq

�
@
@x

�
T »Aeq; d; � ¼¹u; � º

�
� T »Aeq; d; � ¼

�
u;

@
@x

�
� �

(4.108)
and

Q»Aeq; d; � ¼¹uº =
1

Aeq

�
@
@x

�
G»Aeq; d; � ¼¹u; � º

�
� G»Aeq; d; � ¼

�
u;

@
@x

�
� �

(4.109)
we get

@
@x

DI1 � DI2 = � AeqL»Aeq; d; � ¼
�

@
@t

ueq + ueq
@
@x

ueq

�
+ AeqQ»Aeq; d; � ¼¹ueqº :
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Finally, de�ning the operator

L»Aeq; d; � ¼¹uº = AeqL»Aeq; d; � ¼
�

u
Aeq

�
(4.110)

we can reformulate System (4.90) as follows:

8>>>>><

>>>>>
:

@
@t

Aeq +
@
@x

¹Aequeqº = 0
�
Id � � 2L»Aeq; d; � ¼

�
�

@
@t

¹Aequeqº +
@
@x

�
Aequeq

2
� �

+
@
@x

I1¹x; Aeqº

+ � 2AeqQ»Aeq; d; � ¼¹ueqº = I2¹x; Aeqº + O¹� 2
2º

(4.111)

where Id stands for the Identity operator. This reformulated model is valid for non
rectangular channel section since we have used the de�nition (4.80). For rectangular
section, the de�nition of the linearL and the averaged quadratic operatorsQ (4.108)-
(4.109) (according to the de�nition of the termDI2 (4.94)) are given by

L»Aeq; d; � ¼¹uº =
1

Aeq

�
@
@x

�
T »Aeq; d; � ¼¹u; � º

�
� T »Aeq; d; � ¼

�
u;

@
@x

�
� �

+
1

Aeq
� ¹xºd0¹xº T »Aeq; d; �; z = d¹xº¼¹uº

(4.112)
and

Q»Aeq; d; � ¼¹uº =
1

Aeq

�
@
@x

�
G»Aeq; d; � ¼¹u; � º

�
� G»Aeq; d; � ¼

�
u;

@
@x

�
� �

+
1

Aeq
� ¹xºd0¹xº G»Aeq; d; �; z = d¹xº¼¹uº

(4.113)
Let us remark that System (4.134) does not require the computation of any third-order

derivative as in System (4.90) (due to the termDI1). This is a crucial remark since it is
well-known that third-order derivatives involved in the a model such as (4.90) may create
high frequencies instabilities. The operatorId � L in the second equation reinforces
the stability of the numerical scheme. It also plays a crucial role in the well-posedness
problem (see the reference therein and [52]). However, due to the time-dependency of
L, the operatorId � L has to be inverted at each iterations and increases the cost of the
numerical method.

4.6.2 Improved dispersion frequency

It is observed that for the dispersion frequency for the SGN equations, see also (4.134),
converge towards the Stokes �rst-order theory for waves on arbitrary depth for small
wavenumbers. As the wavenumber increases, the celerity expressions become more and
more inaccurate relative to the Stokes theory. However, the frequency dispersion of
System (4.134) can be improved (see for instance [93, 70, 68, 69, 71, 91, 25, 14, 24]).
It can be achieved by adding suitable terms of orderO¹� 2º and/or by parameterising the
velocity at a certain depthz = � instead ofz = d ([71]), and/or by considering a modi�ed
velocity (see [24]). All of these models introduce parameters for which the moren large
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is the more is the improvements of the dispersive properties. For the sake of simplicity,
we consider in the sequel the one-parameter family of SGN systems (4.134) by adding
some terms of orderO¹� 2º to the momentum equation. Since the added terms are of
orderO¹� 2º, the model's accuracy is not a�ected.

Going back to the non conservative form of the momentum equation in (4.134),i.e.

using (4.108) and
@
@x

I1¹x; Aº =
@

@Aeq
I1¹x; Aº

@
@x

A + I2¹x; Aº, and dividing the equation

by Aeq, we can write

�
Id � � 2L»Aeq; d; � ¼

�
�

@
@t

ueq + ueq
@
@x

ueq

�
+

@
@Aeq

I1

A
@
@x

A + � 2Q»Aeq; d; � ¼¹ueqº =

O¹� 2
2º (4.114)

and in particular, we have

@
@t

ueq = � ueq
@
@x

ueq �

@
@Aeq

I1

Aeq

@
@x

Aeq + O¹� 2º : (4.115)

Let us �x � 2 R. Writing
@
@t

ueq = �
@
@t

ueq + ¹1 � � º
@
@t

ueq and using (4.115) leads to

@
@t

ueq = �
@
@t

ueq � ¹ 1 � � º

©
­
­
­
­
«

ueq
@
@x

ueq +

@
@Aeq

I1

Aeq

@
@x

Aeq

ª
®
®
®
®
¬

+ O¹� 2º :

or equivalently

@
@t

ueq + ueq
@
@x

ueq = �

©
­
­
­
­
«

@
@t

ueq + ueq
@
@x

ueq + ¹� � 1º

@
@Aeq

I1

Aeq

@
@x

Aeq

ª
®
®
®
®
¬

+ O¹� 2º : (4.116)

As a consequence of (4.116), in Equation (4.114), the term� 2L»Aeq; d; � ¼can be
approximated as

� 2L»Aeq; d; � ¼
�

@
@t

ueq + ueq
@
@x

ueq

�
=

� 2� L»Aeq; d; � ¼

©
­
­
­
­
«

@
@t

ueq + ueq
@
@x

ueq +
¹� � 1º

�

@
@Aeq

I1

Aeq

@
@x

Aeq

ª
®
®
®
®
¬

+ O¹� 2
2º (4.117)
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Finally, writing the term

@
@Aeq

I1

Aeq

@
@x

Aeq as

@
@Aeq

I1

Aeq

@
@x

Aeq =
¹� � 1º

�

@
@Aeq

I1

Aeq

@
@x

Aeq +
1
�

@
@Aeq

I1

Aeq

@
@x

Aeq

and using Equation (4.117) into (4.114), we get the one-parameter family of SGN equa-
tions with improved dispersion under the non conservative form:

8>>>>>>>>>>>>>><

>>>>>>>>>>>>>>
:

@
@t

Aeq + ueq
@
@x

Aeq + Aeq
@
@x

ueq = 0

�
Id � � 2� L»Aeq; d; � ¼

�
©
­
­
­
­
«

@
@t

ueq + ueq
@
@x

ueq +
¹� � 1º

�

@
@Aeq

I1

Aeq

@
@x

Aeq

ª
®
®
®
®
¬

+
1
�

@
@Aeq

I1

Aeq

@
@x

Aeq + � 2Q»Aeq; d; � ¼¹ueqº = O¹� 2
2º

(4.118)

Multiplying the second equation in System (4.118) byAeq and using

@
@Aeq

I1¹x; Aº
@
@x

A =
@
@x

I1¹x; Aº � I2¹x; Aº ;

we get the one-parameter family of SGN equations with improved dispersion under the
conservative form:

8>>>>>>><

>>>>>>>
:

@
@t

Aeq +
@
@x

¹Aequeqº = 0
�
Id � � 2� L»Aeq; d; � ¼

�
�

@
@t

¹Aequeqº +
@
@x

¹Aequeq
2º +

¹� � 1º
�

�
@
@x

I1 � I2

� �

+
1
�

�
@
@x

I1 � I2

�
+ � 2AeqQ»Aeq; d; � ¼¹ueqº = O¹� 2

2º

(4.119)
These new formulations (4.118) and (4.119) do not contain any third-order derivative,

thus we can expect more stable and robust numerical computations.

4.6.3 Stokes �rst-order theory and the choice of the parameter�

In this section, we present a qualitative discussion about the stability of our new model
(4.119) an how to choose the parameter� in order to improve the frequency dispersion,
compared to the Stokes �rst-order theory. Here, we consider the case of a rectangular
sectionAeq

0 = � ¹� eq
0 � d0º and we focus on the linear behaviour of small perturbation

¹� 1; ueq
1º to a constant state solution¹� eq

0; ueq
0º = ¹0; 0º. For a given quantityX, we note

X1¹�; " º :=
d
d"

X¹�; " º and to simplify the notations we omit the" -dependency unless

some confusion is possible. The perturbations are de�ned by the following relations

� eq¹t; xº = � eq
0 + "� eq

1¹t; xº + O¹" 2º andueq¹t; xº = ueq
0 + " ueq

1¹t; xº + O¹" 2º (4.120)



CHAPTER 4. GENERALIZED SGN EQUATIONS FOR OPEN CHANNELS AND
RIVER FLOWS 98

for some" > 0.
Since the calculations are almost similar to the one-dimensional SGN equations (see

for instance [14, 61] or [36]), we brie�y present how to obtain the linearized equations.
Let us �rst remark since we are looking for perturbed solutions around the state solution
¹Aeq

0; ueq
0º, we assume that� ¹x; zº = � 0 andd¹x; yº = d0. Therefore, System (4.118),

we get:

Mass equation:
Dividing by " , and taking the limit" ! 0, we obtain the linearised mass equation

@
@t

� eq
1 �

@
@x

d0ueq
1 = 0 : (4.121)

Momentum equation:
From the second equation of System (4.118), dividing by" and taking the limit" ! 0,

we get the linearised momentum equation

�
Id � � 2� L»Aeq

0; d0; � 0¼
�

�
@
@t

ueq
1 +

¹� � 1º

F2
r �

@
@x

� eq
1
�

+
1

F2
r �

@
@x

� eq
1 = O¹� 2

2º (4.122)

with

L»Aeq
0; d; � ¼¹uº =

1

Aeq
0

@
@x

 
@
@x

u

 ¹ � eq
0

d

¹ � eq
0

z
S¹sº ds dz

!!

= d2
0

@
@x

�
@
@x

u
� (4.123)

Dispersion relation.
Noting k the spatial wavenumber and! the time pulsation, we look for plane wave

solution of the form

¹Aeq; ueqº = ¹Aeq0; ueq0ºexp¹i¹kx � ! tºº

with � eq = � eq0 exp¹i¹kx � ! tºº =
� eq0

Aeq0
Aeq to this system (4.121)-(4.122). Without loss

of generality, one can consider the linearisation around the still water steady state solution
¹� eq

0; ueq
0 = 0º. We �nd the following dispersion relation

! SGN¹k; � º = �
k
Fr

s
1 + � 2¹d0kº2¹� � 1º

1 + � 2¹d0kº2�
(4.124)

for which the perturbations are always stable if and only if� � 1, i.e. ! SGN¹�; � º 2 R,
for all � � 1. The dispersion relation (4.124) is the classical one associated to the SGN
equations (see for instance [68, 69] and chapter 2 for more details). As mentioned before,
the parameter� can be helpful in minimising the dispersive error of linear phase and
group velocities denoted, respectively by

Cp
SGN¹k; � º =

! SGN¹k; � º
k
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and

Cg
SGN¹k; � º =

@
@k

! SGN¹k; � º

to the reference phase and group velocitiesCp
S andCg

S of Stokes �rst-order theory (that
we recall hereafter for the sake of completeness).

Stokes �rst-order dispersion relation.
To obtain the Stokes �rst-order dispersion relation, we �rst come back to the Euler

equations (4.9)-(4.10) with the boundary conditions (4.12)�(4.14) (see also (4.7) and
(4.11)) under the Bernouilli's formulation in terms of a velocity potential (i.e. the
velocity �eld is given by �u = r  ):

8>>>>>>>>>><

>>>>>>>>>>
:

�  = 0 in 

@

@n
 = 0 in � wb

@
@t

� + r x;y ¹ º � r x;y ¹� º =
@
@z

 in � fs

@
@t

 +
1
2

 
�
�r x;y ¹ º

�
�2 +

�
�
�
�

@
@z

 

�
�
�
�

2
!

+ gz = 0 in � fs

(4.125)

where

@
@n

 := r  � n; �u = ©
­
«

u
v
w

ª
®
¬

; r x;y ¹uº =
©
­
­
«

@
@x

u
@
@y

u

ª
®
®
¬

represent the outward normal derivative at the boundary of the �uid domain, the vector
�u and the gradient operator with respect to the variablex andy.

To obtain the �rst order Stokes dispersion relation, we linearise System (4.125) around
the rest state¹� 0 = 0; �u0 = 0º by considering the following perturbation

�u = �u0 + " �u1 + O¹" 2º
� = � 0 + "� 1 + O¹" 2º
 =  0 + " 1 + O¹" 2º
d = d0

� = � 0

� = � 0

where¹d0; � 0; � 0; � 0;  0º 2 R5.
Using these perturbations into System (4.125), collecting with respect to the power

of " , dividing by" and taking the limit when" ! 0, we get the linearised equations

8>>>>>>><

>>>>>>>
:

�  1 = 0 in 
 0

r  1 � n0 = 0 in � 0
wb

@
@t

� 1 �
@
@z

 1 = 0 in � 0
fs

@
@t

 1 + g� 1 = 0 in � 0
fs

(4.126)
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where

 0 =

�
¹x; y; zº 2 »0; L¼ �R2; � 0 � y � � 0 andd0 � z � � 0	

� 0
fs = f¹ x; y; zº 2 »0; L¼ �R2; z = � 0g

� 0
wb = f¹ x; y; zº 2 »0; L¼ �R2; z = d0g

and

n0 := lim
" ! 0

©
­
­
­
­
­
­
«

1
s

1 +
�

@
@y

d0

� 2

+
�

@
@z

d0

� 2

©
­
­
­
­
«

@
@x

d0

@
@y

d0

� 1

ª
®
®
®
®
¬

ª
®
®
®
®
®
®
¬

= ©
­
«

0
0

� 1

ª
®
¬

Let us remark that using the third and the fourth equation, we can write

@
@t

@
@t

 1 + g
@
@z

 1 = 0 in � 0
fs :

Let us also note that, �rst, in view of the boundary conditions of System (4.126), we can
reduce to the two-dimensional problem by omitting they-dependency, and second, if we
apply the Fourier transform with respect tox to the �rst equation of System (4.126), we
get the following equation

� y;z
c 1 � k2c 1 = 0 in 
 0

whose solutions are under the form

c 1 = A¹kºexp¹k
p

2zº + B¹kºexp¹� k
p

2zº :

Therefore, without loss of generality one can look for solutions under the form

 1 = 	 ¹zºexp¹i¹kx � ! tº :

Using this equation into System (4.126), we get for allk 2 R

8>><

>>
:

	 00¹zº � k2	 ¹zº = 0 d0 6 z 6 � 0
	 0¹zº = 0 z = d0

� ! 2	 ¹zº + g	 0¹zº = 0 z = � 0

(4.127)

whose solutions are

	 k¹zº = A¹kºexp¹kzº + B¹kºexp¹� kzº : (4.128)

Applying the boundary condition in� 0
wb, we get

A¹kº = B¹kºexp¹� 2kd0º (4.129)

and applying the boundary condition in� 0
fs, we get

! 2¹kº = gk
A¹kºexp¹k� 0º � B¹kºexp¹� k� 0º
A¹kºexp¹k� 0º + B¹kºexp¹� k� 0º

: (4.130)
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Finally, using Equation (4.129) into (4.130), we obtain the dispersion relation

! S¹kº = ! ¹kº = �
p

gk tanh¹kd0º (4.131)

with the reference phase and group speed

Cp
S ¹kº =

! S¹kº
k

= �

p
g tanh¹kd0º

p
k

(4.132)

and

Cg
S ¹kº =

@
@k

! S¹kº = �
! 2

S¹kº•k + kC2¹1 � tanh¹kd0º2º
2! S¹kº

(4.133)

whereC =
q

gd0 is the sound speed.

Comparisons of the dispersion relations and the choice of� .
One can easily check that the Taylor expansions of the dispersion relations (4.124) and

(4.131) are equivalent for small wavenumbers. As a consequence for small wavenumbers
the choice of� has no in�uence. However, since we are interested in large wavenumber
(i.e. small wavelength) dispersion cases, we are thus motivated to propose an optimal
value of� in order to minimise the dispersive error of linear phase and group velocities
to the reference linear phase and group velocities.
For our new model (4.119), the dispersion relation (4.124) is the same as that derived
for the standard SGN equations (see [68, 69, 25, 14] for instance), when we consider
the linearization around the rest state¹� eq; ueqº = ¹0; 0º and a rectangular geometry. The
discussion concerning the choice of� in order to improve the dispersive properties of the
model therefore follows the usual procedure is detailed in Chapter 3. We take throughout
this chapter� = 1:159.

4.7 A well-balanced �nite volume approximation in the
case of a non-uniform rectangular section

The main drawback of Eqs. (4.90) is that it has third-order terms in space, which may
lead to instabilities at the numerical level. Therefore, we �rst propose a more stable
formulation of Eqs. (4.90) before presenting its numerical approximation.

Skipping the technical details (it is presented in the next chapter) shows that System
(4.90) can be written:

8>>>>><

>>>>>
:

@
@t

A +
@
@x

¹Au� º = 0
�
Id � � 2L»A; d; � ¼

�
�

@
@t

¹Au� º +
@
@x

�
Au2

�

� �
+

@
@x

I1¹x; Aº + � 2AQ»A; d; � ¼¹u� º =

I2¹x; Aº + O¹� 2
2º

(4.134)
whereId stands for the identity operator,L is a linear operator

L»A; d; � ¼¹uº =
1
A

�
@
@x

�
T »A; d; � ¼¹u; � º

�
� T »A; d; � ¼

�
u;

@
@x

�
� �

+
1
A

� ¹xºd0¹xº T »A; d; �; z = d¹xº¼¹uº
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andQ is a quadratic operator

Q»A; d; � ¼¹uº =
1
A

�
@
@x

�
G»A; d; � ¼¹u; � º

�
� G»A; d; � ¼

�
u;

@
@x

�
� �

+
1
A

� ¹xºd0¹xº G»A; d; �; z = d¹xº¼¹uº

with T , G are given by

T »A; d; �; z¼¹uº =
@
@x

¹uº
¹ �

z

S¹x; sº
� ¹xº

ds+ u
¹ �

z

1
� ¹xº

@
@x

S¹x; sº ds;

and

G»A; d; �; z¼¹uº =
¹ �

z
2

�
@
@x

u
� 2 S¹x; sº

� ¹xº
+

u2

� ¹xº

©
­
­
­
«

@
@x

S¹x; sº
@
@x

� ¹xº

� ¹xº
�

@
@x

@
@x

S¹x; sº
ª
®
®
®
¬

+
@
@x

�
u2

2

� S¹x; sº
@
@x

� ¹xº

� ¹xº2
ds

with

X»A; d; � ¼¹u;  º =
¹ �

d¹xº
 X»A; d; �; z¼¹uº dz :

In particular, one can explicitly compute those operators:

ˆ if � 2 R+
� andd 2 R are constant then we recover the standard one dimensional

SGN equations (see for instance [60, 61, 62]) over �at bottom with

L»A; d; � ¼¹uº = L 0»A; � ¼¹uº =
1

� h
@
@x

�
� h3

3
@
@x

u
�

and

Q»A; d; � ¼¹uº = Q0»A; � ¼¹uº =
1

� h
@
@x

 
2
3

� h3
�

@
@x

u
� 2

!

:

ˆ if � 2 R+
� is constant andd = d¹xº then we recover the standard one dimensional

SGN equations (see for instance [60, 61, 62]) over uneven bottom with

L»A; d; � ¼¹uº = L 1»A; d; � ¼¹uº = L 0»A; � ¼¹uº �
1

� h
@
@x

�
� h2

2
ud0¹xº

�

+
h
2

@
@x

ud0¹xº � u ¹d0¹xºº2

and

Q»A; d; � ¼¹uº = Q1»A; d¼¹uº = Q0»A; � ¼¹uº +
1

� h
@
@x

�
�

h2

2
u2d00¹xº

�

+h
�

@
@x

u
� 2

d0¹xº + u2d0¹xº d00¹xº :
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ˆ if � = � ¹xº and d = d¹xº then we get the generalised one dimensional SGN
equations for non uniform rectangular channel over uneven bottom with

L»A; d; � ¼¹uº = L 1»A; d; � ¼¹uº +
1

� h
@
@x

�
� 0¹xº

h3

3
u
�

�
� 0¹xº

�

�
@
@x

u
h2

3
+ u

h2

3
� 0¹xº

�
� u

h
2

d0¹xº
�

and

Q»A; d; � ¼¹uº = Q1»A; d; � ¼¹uº +
1

� h
@
@x

�
¹� 0¹xºº2 u2

�
h3

3

�

+
1

� h
@
@x

�
d0¹xº� 0¹xºu2 h2

2

�
�

1
� h

@
@x

�
� 0¹xºu2 h3

3

�

+
@
@x

�
@
@x

�
u2

2

�
� 0¹xº

h3

3

�
�

1
� h

� 0¹xºR»A; d; � ¼¹uº

with

R»A; d; � ¼¹uº =
�

@
@x

u
� 2 h3

3
+ u2

�
� 0¹xº

�

� 2 h3

3
+ u2

�
� 0¹xº

�

�
d0¹xº

h2

2

� u2
�
� 00¹xº

�

� 2 h3

3
+ u2d00¹xº

h2

2
+

@
@x

�
u2

2

�
� 0¹xº

�
h3

3

� u2d0¹xº
� 0¹xº

�
h2

2
� u2� 0¹xº ¹d0¹xºº2 h + u2� 00¹xºd0¹xº

h2

2

�
@
@x

�
u2

2

�
� 0¹xºd0¹xº

h2

2
:

It is known that third order derivatives involved in the initial model (4.90) may create
high frequencies instabilities, but the presence of the

�
Id � � 2L»A; d; � ¼

� � 1 in the second
equation of (4.134) stabilises the equations with respect to these perturbations. Therefore,
in the following, we construct a numerical scheme for Eqs. (4.134) instead of Eqs. (4.90).

4.7.1 Numerical method

This section is devoted to the numerical method to solve the reformulated dispersive
model (4.134). It is rather natural to split the hyperbolic part to the dispersive one as
done by several authors (see for instance [25, 24, 16]).

Let N 2 N� . Let us consider the following uniform mesh on»0; Lc¼. Cells are denoted

for everyi 2 »0; N + 1¼, by mi = ¹xi � 1•2; xi+1•2º with xi =
xi � 1•2 + xi+1•2

2
the cell center

and� x = xi+1•2 � xi � 1•2 the space mesh. The interfacesx1•2 = 0 andx = xN+1•2 denote
the upstream and the downstream ends. We also consider a time discretisationtn de�ned
by tn+1 = tn + � tn where the time step� tn is computed through a CFL condition related
to the hyperbolic part.

Let us �rst highlight that the still water steady state for Eqs. (4.134) is independent
of � 2. Indeed, one has8� 2 > 0, the still water steady state equation reads

u = 0;
A
�

+ d = h0
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for some positiveh0. As a consequence, the construction of a well-balanced scheme can
be easily achieved considering only the hyperbolic part of Eqs. (4.134), for instance, by
the use of the hydrostatic reconstruction (see for instance [4]).

Let us de�nedi+1•2 = max¹di; di+1ºwheredi =
1
� x

¹

mi

d¹xºdx, � i+1•2 = max¹� i; � i+1º

where� i =
1
� x

¹

mi

� ¹xºdx and let us de�ne the reconstructed states

A�
i+1•2 = � i+1•2

�
Ai

� i
+ di � di+1•2

�
; A+

i+1•2 = � i+1•2

�
Ai+1

� i+1
+ di+1 � di+1•2

�

with
U �

i+1•2 = ¹A�
i+1•2; A�

i+1•2ui º; U+
i+1•2 = ¹A+

i+1•2; A+
i+1•2ui+1º

whereUi = ¹Ai; Aiui ºT �
1
� x

¹

mi

¹A; AuºTdx.

Let us introduce the �ux

F1¹Uº = Q; F2¹Uº = Q2• A andF3¹x;Uº = I1¹x; Aº + � 2G»A; d; � ¼¹u; � º

and

S¹x;Uº = I2 + � 2G»A; d; � ¼
�
u;

@
@x

�
�

� � 2� ¹xºd0¹xº G»A; d; �; z = d¹xº¼¹uº :

Then, one can write System (4.134) as follows:

@
@t

A +
@
@x

F1¹Uº = 0
�
Id � � 2L»A; d; � ¼

�
�

@
@t

Q +
@
@x

F2¹Uº
�

+
@
@x

F3¹x;Uº � S¹x;Uº = 0

With these settings, we de�ne the following numerical scheme:

An+1
i = An

i �
� tn
� x

�
F1

�
U � ;n

i+1•2;U
+;n
i+1•2

�
� F 1

�
U � ;n

i � 1•2;U
+;n
i � 1•2

� �

Q�
i = Qn

i �
� tn
� x

�
F2

�
U � ;n

i+1•2;U
+;n
i+1•2

�
� F 2

�
U � ;n

i � 1•2;U
+;n
i � 1•2

� �

Qn+1
i = Q�

i �
� tn
� x

¹Ynºi

where

A nYn =
�
F3

�
xi+1•2;U

� ;n
i+1•2;U

+;n
i+1•2

�
� F 3

�
xi � 1•2;U

� ;n
i � 1•2;U

+;n
i � 1•2

�
+ � 2N n

i

�

1� i � N
:

The matrixA n is the cell-centered approximation of the linear operator
�
Id� � 2L»A; d; � ¼

�

andN n
i is the cell-centered approximation of� G»A; d; � ¼

�
u;

@
@x

�
�
+� ¹xºd0¹xº G»A; d; �; z =

d¹xº¼¹uº.
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The numerical �uxes are de�ned by

F1

�
U � ;n

i+1•2;U
+;n
i+1•2

�
=

F1

�
U � ;n

i+1•2

�
+ F1

�
U+;n

i+1•2

�

2
� sn

i+1•2¹A+;n
i+1•2 � A� ;n

i+1•2º

F2

�
U � ;n

i+1•2;U
+;n
i+1•2

�
=

F2

�
U � ;n

i+1•2

�
+ F2

�
U+;n

i+1•2

�

2
� sn

i+1•2¹Q+;n
i+1•2 � Q� ;n

i+1•2º

F3

�
xi+1•2;U

� ;n
i+1•2;U

+;n
i+1•2
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such that whenever� 2 = 0, we recover the classical numerical scheme1for the hyperbolic
part

Un+1
i = Un

i �
� tn
� x

�
F ¹xi+1•2;U

� ;n
i+1•2;U

+;n
i+1•2º � F ¹ xi � 1•2;U

� ;n
i � 1•2;U

+;n
i � 1•2º

�

with F ¹x;U;Vº = ¹F1¹U;Vº; F2¹U;Vº + F3¹x;U;Vºº. In these expressions,

si+1•2 = max
j =1;2

�
�
�� j ¹xi+1•2;U

� ;n
i+1•2º

�
�
� ;

�
�
�� j ¹xi+1•2;U

+;n
i+1•2º

�
�
�

where� j ¹x;Uº = Q• A + ¹� 1º j

s
A

� ¹xºF2
r

, j = 1; 2 are the eigenvalues of the Jacobian

matrix of ¹F1; F2 + F3ºT.
The numerical scheme is consistent and stable under the CFL condition

max
1� i � N

���� 1¹xi;Un
i º

�
� ;

�
�� 2¹xi;Un

i º
�
�� � tn

� x
� 1 :

4.7.2 Propagation of a solitary wave

In this section, we test the accuracy of the method, and we show the in�uence of the
section variation in the case of the propagation of a solitary wave numerically. For this
purpose, we consider the exact solitary wave solutions of the Green-Naghdi equations
in the one-dimensional setting over a �at bottom (see [61]), given in variables with
dimensions, by

8>>>><

>>>>
:

� ¹t; xº = asech2¹k¹x � ctºº; u¹t; xº = c
�

� ¹t; xº
� ¹t; xº + z0

�

with k =

p
3a

2z0
p

z0 + a
andc =

p
g¹z0 + aº

(4.135)

1For the sake of simplicity and clarity, we have presented the �nite volume method using the Rusanov
solver but the method is not limited to this one.
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wherez0 is the depth of the �uid anda is the relative amplitude.

Accuracy The propagation of the solitary wave (4.135) is initially centered atx0 = 10
m with a relative amplitudea = 0:2 m over a constant water depthz0 = 2 m. The
computational domain isLc = 100 m and it is discretized withN cells. The single
solitary wave propagates from left to right. In this test, since the solitary wave is initially
far from boundaries, the boundary conditions do not a�ect the computation, thus we
choose to impose free boundary conditions at the downstream and upstream ends. The
exact solution is computed in a channel of width� = 1.

In what follows, we quantify the numerical accuracy of our numerical scheme by
computing the numerical solution for this particular test case for an increasing number
of cells N over a durationT = 20 s. Starting withN = 100 number of cells, we
successively multiply the number of cells by two. For alln, we compare, in Fig. 4.5,
Mn := max

0� i � N+2
¹hn

i º of our numerical solution provided by Eqs. (4.134) with the exact

oneM¹tnº := maxh¹tn; xºx2»0;Lc¼= 2:2 given by (4.135). One can easily remark that the
�rst order discretisation is not accurate for long time simulation due to the numerical
dissipation. However, to limit the numerical dissipation of the �rst order numerical
scheme, one can either limit the simulation time or consider a very large number of cells.
However, it is better to increase the order of the numerical scheme but this is left to future
work. Therefore, in what follows, we consider a shorter simulation time and a large
number of cells, just to illustrate the in�uence of the variation of the channel.

Figure 4.5:Mn := max
0� i � N+2

¹hn
i º
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In�uence of the section variation: We consider again the propagation of a solitary
wave initially centered atx0 = 10 m of relative amplitudea = 0:2 m, over a constant
water depthz0 = 2 m onto a computational domain ofLc = 50 m and discretized with
N = 5000cells. The �nal simulation time isT = 8 s.

Initially starting with¹� ¹0; xº; u¹0; xºº (see Eqs. (4.135)), we compute the numerical
simulation for the channels de�ned by
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� ¹x; " º = � ¹x; " º � � ¹x; " º with � =
1
2

�
"
2

exp
�
� " 2

�
x � L•2º2

� �
and� = � �

with � = 0, � = 0:1, � = 0:2, � = 0:3 and� = 0:4. The obtained results are presented
in Fig. 4.6. In Fig.4.7(a), for each geometry, we show the evolution of the maximum of
the water levelMn := max

0� i � N+2
¹hn

i º. As expected, since the �rst part forx � 25 is linearly

converging, the water level increases while forx > 25, the channel is linearly diverging
and therefore, the amplitude of the water level decreases. Moreover, in all numerical
simulations, the mass is conserved. Indeed, for each value of" , we have displayed in

Fig. 4.7(b), the ratio of
mn

m0
wheremn :=

1
N + 2

N+1Õ

i=0

An
i is the mass of water at timetn.

The ratio
mn

m0
is almost equal to 1, up to the order of accuracy of the numerical scheme.

Figure 4.6: In�uence of�
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(a) Mn := max
x2»0;Lc ¼

¹hn
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(b)
mn

m0
with mn =

1
N + 2

N +1Õ

i =0

An
i

In what follows, we quantify the numerical accuracy of our numerical scheme. Start-
ing with N = 100number of cells, we successively multiply the number of cells by two.
The errors on the water surface deformation are presented in Table 4.1 and in Table 4.2.
These errors are computed att = 8 s using theL2 :




 � num� � ref






2 =
s

� x
Õ

i

�
�� numi ¹t = 8º � � ref¹t = 8; xi º

�
�

and theL1 norms where� ref is the exact solution in the case" = 0 and is a reference one
computed with 10 000 cells for" = 0:4. Since the results are almost the same whatever
" is, we have decided to present only the results for" = 0 and" = 0:4 in Table 4.1 and
in Table 4.2.

As expected, the obtain numerical order is slow because of the numerical dissipation
of the solitary wave (as already pointed out in several works, see for instance [16] for
which we obtain almost the same order of convergence in the case of a uniform section).
Moreover, as expected, cross-sectional variations do not in�uence the convergence rate.
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Let us emphasise that the convergence rates are slightly better in the case of the non-
uniform section because we are comparing our results to a reference solution and not to
the exact one.

Table 4.1: Convergence rate of theL2 error for " = 0. The order is computed through
�rst order interpolation polynomial
N k� num� � exactk2 k� num� � exactk1

100 0.0789 0.0449
200 0.0497 0.0288
400 0.0304 0.0180
800 0.0198 0.0116
1600 0.0153 0.0081
3200 0.0138 0.0062
Order 0.53 0.58

Table 4.2: Convergence rate of theL2 error for " = 0:4. The reference solution is
computed with 10 000 cells. The order is computed through �rst order interpolation
polynomial
N




 � num� � ref






2




 � num� � ref






1

100 0.05212 0.02533
200 0.02096 0.01082
400 0.01079 0.00554
800 0.00748 0.00503
1600 0.00635 0.00412
3200 0.00505 0.00300
Order 0.64 0.56

4.8 Conclusion

This chapter has proposed to derive the �rst section-averaged non-linear dispersive model
for open channel and river �ows. These equations generalise both the classical section-
averaged free surface model and the well-known SGN equations to the arbitrary section.
We have presented a numerical �nite volume approximation for the uniform-rectangular
section, for which we have proposed two simple test cases.
In the next work, we will focus on the arbitrary channel section's case, and we will
propose a high order numerical scheme.
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5.1 Introduction

The simulation of incompressible, homogeneous, inviscid free surface �uid �ows as a
means to describe and examine the propagation of surface water waves has been a focal
point of research oriented towards oceanographic applications for the past several decades.
In general, such a physical system is governed by the free surface Euler equations, which,
to this day, remains an analytically and numerically challenging topic.

For coastal, or large scale applications, it is commonly replaced by an adequate
approximation based on the shallowness of the �uid domain. Diverse models based on
the (nonlinear) shallow water [or Saint Venant] system [31] have been proposed and
analysed in the past (see for instance [18, 77, 12, 69, 22, 71, 13]). Although the base
model provides a reasonable tool for capturing the nonlinear transformation of waves, it
fails to represent dispersive e�ects due to the underlying hydrostatic assumption.

The object of interest of the present work is the Serre�Green-Naghdi system (origi-
nally appeared in [86], [50]), also known as fully nonlinear Boussinesq system, a model
derived from the free surface Euler equations. The system reads [74, 41]

8>>>>>>>>>>><

>>>>>>>>>>>
:

@t h + @x¹huº = 0;

@t¹huº + @x¹hu2º + @x¹hqº + qb@xzb = � gh@x¹h + zbº � h@xpatm;

@t¹hwº + @x¹huwº � qb = 0;

@t¹h� º + @x¹hu� º � 2
p

3
�
q �

qb

2

�
= 0;

w � u@xzb �
p

3� = 0;

2
p

3� + h@xu = 0:

(5.1)

Unknowns. Hereh¹t; xº : R+ � R ! R+ is the �uid height at a given position in space
x, at timet; u¹t; xº : R+ � R ! R is the vertically averaged horizontal velocity of the �uid,
w¹t; xº : R+ � R ! R is the vertically averaged vertical velocity and� ¹t; xº : R+ � R ! R
is the vertical correction associated tow. Finally q¹t; xº : R+ � R ! R is the vertically
averaged hydrodynamic pressure andqb¹t; xº : R+ � R ! R is the hydrodynamic pressure
at the bottom.

Data. zb¹xº : R ! R is the time-independent bottom topography, andg = 9:81 is the
standard acceleration due to gravity. The system is complemented with multiple possible
boundary conditions, depending on the physical setting modeled.

The main focus of the chapter is to examine certain numerical algorithms for this
system as well as to analyze some of the properties of the system in the more general
two-dimensional case. Developing robust and e�cient algorithms for the numerical
resolution of the Serre�Green-Naghdi system has been of great interest lately, partially
due to the amassed knowledge from theoretical analyses and the surge in computational
power (see for instance [63, 14, 24, 64, 61, 74]). Our approach relies on a �nite volume
based splitting scheme that has shown promising results ([2],[1]) when applied to the
non-hydrostatic shallow water model introduced in [20].

The basic outline of the document is as follows. In Ÿ5.2 we elaborate the �nite volume
- �nite di�erence type splitting scheme. It consists in separating the hyperbolic part from
the dispersive part of the equations. The hyperbolic prediction step involves the numerical
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resolution of the classical shallow water equations, we opted for a �nite volume scheme
with hydrostatic reconstruction ([5]) to better incorporate the e�ects of a possibly non-�at
bottom topography. As for the resolution of the system arising from the non-hydrostatic
correction step, we present two iterative algorithms: the Uzawa algorithm for the mixed
velocity-pressure problem and the Gauss-Seidel method for the projected elliptic pressure
equations. The di�erent choices for the boundary conditions depending on the physical
situation at hand, as well as their consequences on the discretized numerical schemes,
will be presented at the end.

In Ÿ5.3, we describe the various numerical test cases simulated with the afore-
mentioned algorithms. Simulations concerning the propagation of exact solitary wave
solutions over a �at bottom topography will be presented in order to compare the two al-
gorithms, mainly in terms of computation time. It is followed by illustrations concerning
the dispersive dam-break problem as well as the perturbation of steady state solutions;
even though the scheme is not well-balanced, it behaves admissibly under small perturba-
tions. Finally, the numerical validation against the experimental data obtained from the
Favre secondary wave experiment [23] is presented and compared with previous results
[19].

At last, in Ÿ5.4, we present the two dimensional extension of system (5.1). The
reformulations and properties detailed in this section are also true for the original, one
dimensional counterpart as well. At the end, some pertinent remarks are made on the
variational formulation of the problem.

5.2 Numerical algorithms

In what follows we elaborate the two algorithms examined during our study. In order
to propose the corresponding discretizations of system (5.1), we present �rst of all a
semi-discretization of it in time, in order to establish some characteristics of the classical
splitting scheme adopted.

To compactify the notation, we introduce the following to vectorial variables:

X = ¹u; w; � ºT and Q = ¹q; qbºT :

We shall also make use of the following (dispersive) divergence and gradient type
operators:

r sgnQ = ©
­
«

@x¹hqº + qb@xzb
� qb

� 2
p

3q +
p

3qb

ª
®
¬

; and r sgn � X =

 
2
p

3� + h@xu
w � u@xzb �

p
3�

!

: (5.2)

A crucial remark concerning these two operators is that

Lemma 5.2.1.The dispersive divergence and gradient operators de�ned by (5.2) verify
the partial integration type formula:

Q � ¹r SGN � Xº + X � ¹r SGNQº = @x¹hquº: (5.3)

Indeed, this structural observation will be a key element in the correction step of the
splitting method, since it will allow us to simplify the spatial discretization due to the
"symmetry" of these two operators.
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5.2.1 The splitting scheme

With the previous notation, we have that system (5.1) writes as

@t h + @x¹huº = 0; (5.4a)

@t¹hXº + @x¹huXº + r SGNQ = S¹h; zbº; (5.4b)

r SGN � X = 0; (5.4c)

where
S¹h; zbº = ¹� gh@x¹h + zbº � h@xpatm; 0; 0ºT :

This condensed formulation highlights the interest in proceeding with a splitting
scheme. Indeed, let us taken 2 N and discretize the system in time. Given a series of
timesteps� tk, k 2 N (de�ned later by an appropriate CFL-condition) giving rise to the
timestn =

Õ

k� n

� tk, one has that for the stepn + 1, the system can be split into two parts:

1. A prediction step for the hyperbolic part of the system:

hn+1•2 � hn

� tn+1
+ @x¹hnunº = 0; (5.5a)

¹hXºn+1•2 � ¹ hXºn

� tn+1
+ @x¹hnunXnº = S¹hn; zbº; (5.5b)

for variablesh andhX, wherehn denotesh¹tn; �º, andhn+1•2 is the hydrostatic ap-
proximated value ofh¹tn+1; �º, and similarly for the other variables. Notice that this
system is essentially the Saint-Venant equations with uneven bottom topography,
its resolution is classical and well-known. In the numerical simulations to follow
(in Ÿ5.3) we opted for the implementation of a �rst order �nite volume approach,
a Rusanov solver with hydrostatic reconstruction for the well-balancedness for a
potentially uneven bottom [5].

2. A projection / correction step involving the non-hydrostatic (dispersive) part of the
system:

¹hXºn+1 � ¹ hXºn+1•2

� tn+1
+ r SGNQn+1 = 0; (5.6a)

r SGN � Xn+1 = 0; (5.6b)

for variablesX and Q. Herein lies the novelty of the problem, in the e�cient
resolution of this nonlinear problem. In what follows, we will detail two approaches
concerning the discretization and numerical resolution of this step, both of them
make use of some particular (structural) properties of the system and both of them
are iterative methods for computational e�ciency.

5.2.2 Spatial discretization

Let us give some general information on the discretization in space. We consider our
domain to be the (�nite) intervalI = »a; b¼with a; b 2 R. The mesh is de�ned as
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Figure 5.1: Schematic representation of the staggered grid

a homogeneous Cartesian grid onI , with N 2 N cells of size� x = ¹b � aº•N. All
variables of the system will be de�ned at the cell centersxi (i 2 f 0; : : : ;N + 1g) with x0
andxN+1 corresponding to ghost cells at the boundaries (see Figure 5.1). The use of a
colocated scheme (especially for the pressure variablesQ) is justi�ed by the presence of
the dispersive gradient termr SGNQ for the equation onX.

Hyperbolic step: System (5.5) consists of the classic1D shallow water equations for
¹h; huº and two transport equations for¹hw; h� º. As it was already mentioned before, a
�rst order �nite volume scheme was implemented, with a full discretization of:

¹hX� ºn+1•2
i � ¹ hX� ºn

i

� tn+1
+

F n
i+1•2 � F n

i� 1•2

� x
= S¹hn

i� 1; hn
i ; hn

i+1; zbº; (5.7)

whereX� = ¹1; XTºT. The numerical �uxesF n
i+1•2 (i 2 f 0; : : : ;Ng) approximate the �ux

at the interfaces; for the simulations, a Rusanov solver was chosen as an approximation.
Such a numerical scheme is stable, provided the following Courant�Friedrichs�Lewy

condition holds:

� tn+1 � cF
� x

max
i2f 1;:::;Ng

¹jun
i j +

p
ghn

i º
; (5.8)

wherecF is a constant dependent on the chosen numerical solver. We de�ne� tn+1 for
our scheme such that this CFL-condition is respected. For boundary condition treatment,
we refer to Ÿ5.2.5.

Velocity-pressure system: System (5.6) is a Stokes-type system in which no correction
is made on the variableh. Indeed, the height function has been completely determined
during the prediction step, therefore

hn+1
i = hn+1•2

i :

Let us denote byH n+1 2 M N;N¹Rº the diagonalN � N matrix with the corresponding

diagonal elementshn+1
i , and byH

n+1
2 M 3N;3N¹Rº the3N � 3N block-diagonal matrix

with block entriesH n+1.
The dispersive gradientr SGNQn+1 is discretized asBQn+1, as part of a �nite di�erence

type discretization scheme on the mesh of the intervalI . Here, and in what follows
throughout this section, boldfaced vectors refer to the discretized values over all cells
(i 2 f 1; : : : ;Ng), such as for instance

Qn+1 = ¹qn+1
1 ; qn+1

2 ; : : : ;qn+1
N ; qn+1

b;1 ; qn+1
b;2 ; : : : ;qn+1

b;N ºT :



CHAPTER 5. SIMULATION OF COMPLEX FREE SURFACE FLOWS USING
SGN TYPE MODELS 114

The matrixB 2 M 3N;2N¹Rº has a relatively simple structure:

B = ©
­
«

B11 B12
0N;N � IdN

� 2
p

3 IdN
p

3 IdN

ª
®
¬

;

where the matrixB12 2 M N;N¹Rº is diagonal, with elements¹@xzbºi , andB11 2 M N;N¹Rº
is an appropriate discretization for the term@x¹hqº. We consider two di�erent �nite
di�erence schemes for this

1. Second order central scheme on mesh points: for any interior cell (i 2 f 2; : : : ;N �
1g) we have that

¹@x¹hqººi '
1

� x

�
hi+1•2qi+1•2 � hi � 1•2qi � 1•2

�

=
¹hi+1 + hi º¹qi+1 + qi º � ¹ hi + hi � 1º¹qi + qi � 1º

4� x
:

(5.9)

Here, cell boundaries arexi+1•2 (i 2 f 0; : : : ;Ng) and the corresponding indexes
refer to the averaged values

hi+1•2 =
hi + hi+1

2
:

For this discretization, the corresponding tridiagonal matrixB1
11 has

1
2� x

�
: : : � hi � 1•2 ¹hi+1•2 � hi � 1•2º hi+1•2 : : :

�

as thei th row.

2. Second order central scheme on adjacent cells: for any interior cell (i 2 f 2; : : : ;N�
1g) we have that

¹@x¹hqººi '
hi+1qi+1 � hi � 1qi � 1

2� x
: (5.10)

For this discretization, the corresponding tridiagonal matrixB2
11 has

1
2� x

¹ : : : � hi � 1 0 hi+1 : : : º

as thei th row.

When not speci�ed, matricesB11 andB can refer to either of these discretization schemes.
Notice that the �rst and last rows ofB11 may contain only the truncated discretized
formulae; the missing terms in the discretization correspond to information on the two
ghost cells. With the establishment of the boundary conditions, the values on the ghost
cells call for corrections on the �rst and last elements of the diagonals, up to an error
termb0. The exact corrections to be made depending on the boundary conditions chosen,
they will be precised in Ÿ5.2.5.
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With this at our disposal, the equation (5.6a) is discretized as

H
n+1

Xn+1 � H
n+1

Xn+1•2

� tn+1
+ BQn+1 = b0; (5.11)

whereb0 is the error terms (independent of the variablesX andQ) due to the correction
associated to the boundary condition.

Owing to Lemma 5.2.1, equation (5.6b) admits a natural discretization ofBTXn+1 = ~0
sinceBT is a suitable discretization of the dispersive divergence, up to a boundary term
correction induced error term of~0 (independent of variablesX andQ).

To sum it up, we are left with the resolution of the following discretization of system
(5.6):

©
­
«

1

� tn+1
H

n+1
B

BT 02N;2N

ª
®
¬

�
�
Xn+1

Qn+1

�
= ©

­
«

1

� tn+1
H

n+1
Xn+1•2 + b0

~0

ª
®
¬

: (5.12)

In the next part, we detail two iterative algorithms for the resolution of this system,
both of them utilising the symmetric structure of equations (5.12). We chose the iterative
approach to circumvent solving directly the5N system of equations.

5.2.3 Iterative methods: the Uzawa algorithm

Given the symmetric nature of system (5.12) a natural alternative to directly solving the
mixed velocity-pressure problem is to consider the Uzawa algorithm. This consists in,
for an iterative parameter� , the following consecutive iterations:

Xn+1;p+1 = Xn+1•2 � � tn+1
�
H

n+1� � 1
BQn+1;p + � tn+1

�
H

n+1� � 1
b0; (5.13a)

Qn+1;p+1 = Qn+1;p + � ¹BTXn+1;p+1 � ~0º; (5.13b)

for p 2 N the current iteration index. We remark that the matrixH is diagonal, its
inversion has no additional computational cost. As the initialization of the iterative
process,Qn+1;0 = Qn is taken (sinceQ is not involved in the prediction step of the
algorithm).

One additional concern about the initialization has to be adressed, which is the very
�rst time step. Contrary to the variablesX, which are natural, physically easily measurable
quantities, obtaining a priori knowledge on the hydrodynamic pressure componentsQ is
rarely available. Throughout the implementation of the algorithm, an (arbitrary) initial
quess of0 was considered for these variables. This can obviously result in a high number
of iterations during the �rst timestep, which can be spread out on multiple timesteps by
imposing a maximal number of iterationsp � pmax (with pmax being constant).

Apart from the upper bound on the iterations, the Uzawa algorithm is carried out until
the error on the correction is reasonably small, namely an error threshold of� . The error
itself is measured as the discreteL1 -norm of the di�erence between two consecutive
iterations, that is:

kQn+1;p+1 � Qn+1;pkl1 ¹I º � � :
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Notice that the system (5.13) can be simpli�ed into an iterative algorithm onQ
uniquely, since

Qn+1;p+1 =
�
Id2N � � � tn+1BT¹H

n+1
º� 1B

�
Qn+1;p

+ � ¹BTXn+1•2 + � tn+1BT¹H
n+1

º� 1b0 � ~0º; (5.14)

which gives us direct information on the convergence of the Uzawa algorithm [57] as a

function of the eigenvalues of the matrix� tn+1C := � tn+1BT¹H
n+1

º� 1B.

Lemma 5.2.2.The algorithm converges i� the parameter� satis�es

0 < � <
2

� max
;

where� max is the largest eigenvalue of the aforementioned matrix� tn+1C. The optimal
iterative parameter is given by

� opt =
2

� min + � max
;

� min being the smallest eigenvalue of� tn+1C.

However, obtaining information on the eigenvalues of this matrix is highly nontrivial,
except for very particular cases (for example a lake at rest situation with �at bottom
topography).

5.2.4 Iterative methods: the Gauss-Seidel approach

Multiplying the �rst equation of (5.12) by� tn+1BT¹Hº � 1 and substituting the second
equation in it yields

� tn+1CQn+1
�
= � tn+1BT¹H

n+1
º� 1BQn+1

�
= BTXn+1•2 + � tn+1BT¹H

n+1
º� 1b0 � ~0 =: f;

(5.15)
an equation similar to (5.14), withf = ¹fT

q; fT
qb

ºT as the right hand side.

Remark10. In fact, this corresponds to a direct discretization of the projected system
obtained from (5.4) by essentially applying the dispersive gradient operator on the second
set of equations. Indeed, one has that system (5.1) can be rewritten as

� 12
q
h

+ h@x

�
1
h

@x¹hqº
�

+ 6
qb

h
+ h@x

� qb

h
@xzb

�
= � h@xx¹g¹h + zbº + patmº � 2h¹@xuº2;

(5.16a)

� 6
q
h

+
1
h

@xzb@x¹hqº + ¹4 + ¹@xzbº2º
qb

h
= u2@xxzb � @xzb@x¹g¹h + zbº + patmº:

(5.16b)

The symmetric matrixC has a particular block structure of the following form

C =
�
C11 C12

CT
12 C22

�
=

�
BT

11¹H
n+1º� 1B11 + 12¹H n+1º� 1 BT

11¹H
n+1º� 1B12 � 6¹H n+1º� 1

BT
12¹H

n+1º� 1B11 � 6¹H n+1º� 1 BT
12¹H

n+1º� 1B12 + 4¹H n+1º� 1

�
;
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with C11 andC22 being symmetric and positive de�niteN � N matrices.
Direct resolution of (5.15), much like the full velocity pressure system (5.12), is ill-

advised and rather time consuming, even though the matrix possesses a pleasant "quasi-
diagonal"-by-block structure. SinceC22 is, in fact, a diagonal matrix, one could once
again implement an Uzawa type iterative algorithm for the resolution of the discretized
elliptic problem.

However, we present instead of a block Gauss-Seidel type method. This basically
entails in performing a simple block-LU decomposition to separateC12 for the explicit
part of the algorithm and keeping the rest as an implicit part. For the iterative stepk 2 N
we have the following two subsequent iterations to perform:

C11qn+1;p+1 =
1

� tn+1
f � C12q

n+1;p
b ; (5.17a)

C22q
n+1;p+1
b =

1
� tn+1

fb � CT
12q

n+1;p+1; (5.17b)

up to a maximal iteration ofp � pmax, or su�ciently small error term, the error being
measured by the norm of the relative di�erence between two subsequent iterations, exactly
the same way as in the Uzawa algorithm. Once again, we initialize by takingqn+1;0

b = qn
b.

Owing to the positiveness of matricesC11 andC22 [83], one can show that

Lemma 5.2.3. The block Gauss-Seidel type algorithm converges (with respect to the
norm induced by the matrixC).

5.2.5 Boundary conditions for the iterative algorithms

As far as boundary conditions are concerned, the three important variables areh, u (or
equivalently the �uxhu) andq (or its conservative counterparthq). In what follows, we
analyze di�erent boundary conditions: the solid wall boundaries (mixed Dirichlet and
Neumann boundary conditions) and a �uvial type in�ow-out�ow setting. We remark that
boundary conditions on the boundary pressure termqb have no actual in�uence on the
algorithm since boundary terms forqb do not appear in the scheme at any given moment.

In what follows we will precise not only the appropriate boundary conditions but the
calculations concerning the related error terms for both discretization schemes:¹1º the
central scheme on mesh points and¹2º the central scheme on adjacent cells.

5.2.5.1 Solid wall boundaries

We assume that the boundary is a mirror, meaning that the spatial derivative (normal
derivative) of quantities vanishes, except for the horizontal velocity, which simply van-
ishes at the boundary. In particular, on the left hand side boundary, we have that

¹@xhºi=1•2 = 0; ui=1•2 = 0; ¹@xwºi=1•2 = 0; and¹@x� ºi=1•2 = 0;

that is, on the ghost cellsi = 0 these quantities are de�ned through basic discretization
as

h0 = h1; u0 = � u1; w0 = w1; and� 0 = � 1:
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For the Dirichlet boundary condition on the velocityu, we impose Neumann boundary
condition on the pressureq, as well as onqb, therefore

¹@xqºi=1•2 = 0; ¹@xqbºi=1•2 = 0 =) q0 = q1; qb0 = qb1:

Similarly, one has on the right hand side boundary:

hN+1 = hN; uN+1 = � uN; wN+1 = wN; � N+1 = � N; qN+1 = qN; andqbN+1 = qbN:

1. With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the �rst cell:

h1un+1
1 � h1un+1•2

1

� t
+

1
2� x

¹h3•2¹q1 + q2º � h1•2¹q0 + q1ºº + qb1¹@xzbº1 = 0:

Sinceq0 = q1, this means that

¹B1Qº1 =
1

2� x
¹h3•2 � 2h1•2ºq1 +

1
2� x

h3•2q2 + qb1¹@xzbº1;

and that no correction is required,b01 = 0.

So, given the matrixB1, we can compute the approximation for the divergence

¹¹B1ºTXº1 =
1

2� x
¹h3•2 � 2h1•2ºu1 �

1
2� x

h3•2u2 � 2
p

3� 1

= �
1

2� x
¹h3•2¹u2 � u1º + h1•2¹u1 + u1ºº � 2

p
3� 1:

Given thatu1 = � u0, we obtain that

¹¹B1ºTXº1 = �
1
2

�
h3•2

u2 � u1

� x
+ h1•2

u1 � u0

� x

�
� 2

p
3� 1;

which is exactly a �rst order discretization of�¹ h@xu + 2
p

3� º. Therefore no
corrections are necessary either;~01 = 0.

With the same reasoning, we have that

¹B1QºN = �
1

2� x
hN� 1•2qN� 1 +

1
2� x

¹2hN+1•2 � hN� 1•2ºqN + qbN¹@xzbºN;

and that corrections are not necessary neither for the gradient nor for the divergence:
b0N = 0, ~0N = 0.

2. With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the �rst cell:

h1un+1
1 � h1un+1•2

1

� t
+

1
2� x

¹h2q2 � h0q0º + qb1¹@xzbº1 = 0:

Sinceq0 = q1, and thath0 = h1, this means that

¹B2Qº1 = �
1

2� x
h1q1 +

1
2� x

h2q2 + qb1¹@xzbº1;
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and that no correction is required,b01 = 0.

So, given the matrixB2, we can compute the approximation for the divergence

¹¹B2ºTXº1 = �
1

2� x
h1u1 �

1
2� x

h1u2 � 2
p

3� 1

Given thatu1 = � u0 we obtain that

¹¹B2ºTXº1 = � h1
u2 � u0

2� x
� 2

p
3� 1;

which is exactly a �rst order discretization of�¹ h@xu + 2
p

3� º. Therefore no
corrections are necessary either;~01 = 0.

With the same reasoning, we have that

¹B2QºN = �
1

2� x
hN� 1qN� 1 +

1
2� x

hNqN + qbN¹@xzbºN;

and that corrections are not necessary neither for the gradient nor for the divergence:
b0N = 0, ~0N = 0

5.2.5.2 Fluvial in�ow-out�ow

For this case, we suppose that we are in a �uvial regime, meaning thatjuj <
p

gh. In
this case, it is enough to prescribe either the �uid height or the �ow �ux at each of
the boundaries. In our case we will prescribe a constant in�ow �uxQinc > 0 on the
left hand side boundary and a constant heightHout on the right hand side boundary.
The missing variables (h or hu respectively) can be recovered due to the underlying
hyperbolic problem and the conservation of the associated Riemann-invariant on the
outgoing characteristic.

Incoming �ux on the left hand side: Let us start with the lower end of the domain.
We prescribe a Dirichlet type condition on the �ux, that is¹huºi=1•2 = Qinc. This means
that

h0u0 + h1u1

2
= Qinc =) h0u0 = 2Qinc � h1u1: (5.18)

Since we are in a �uvial regime, the outgoing characteristicu +
p

gh is always posi-
tive, therefore the corresponding Riemann-invariant is preserved. This yields a second
equation onh0 andu0:

u0 + 2
p

gh0 = u1 + 2
p

gh1

Expressingu0 from one equation and substituting it in the other one leads to a third order
polynomial in

p
h0:

2
p

g¹
p

h0º3 � ¹ u1 + 2
p

gh1ºh0 + ¹2Qinc � h1u1º = 0; (5.19)

potentially having3 real roots, depending on the sign of the discriminant

� =
�
4¹u1 + 2

p
gh1º3 � 108g¹2Qinc � h1u1º

�
¹2Qinc � h1u1º:
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Remark11. Using Mathematica, one can compute the exact solution. With the auxiliary
quantities:

A1 = 16gh1
p

gh1 � 216gQinc + 132gh1u1 + 12
p

gh1u2
1 + 2u3

1;

A2 =
3

r

A1 +
q

� 4¹u1 + 2
p

gh1º6 + A2
1;

we have that

h0;1 =
1

6
p

g

�
u1 + 2

p
gh1 + 3

p
2¹u1 + 2

p
gh1º2 1

A2
+

1
3

p
2

A2

�
;

h0;2 =
1

6
p

g

 

u1 + 2
p

gh1 +
1 +

p
3i

2
3

p
2¹u1 + 2

p
gh1º2 1

A2
+

1 �
p

3i
2

1
3

p
2

A2

!

;

h0;3 =
1

6
p

g

 

u1 + 2
p

gh1 +
1 �

p
3i

2
3

p
2¹u1 + 2

p
gh1º2 1

A2
+

1 +
p

3i
2

1
3

p
2

A2

!

:

Depending on theQinc and initial state chosen, we cannot exclude the possibility of
having multiple adequateh0s for the problem. What is worse,h0 depends nonlinearly
on u1 which makes it impossible to correct the discretization forr sgn�. Therefore, one
could simply impose continuity of the �uid height on the boundaryh0 = h1, even though
this would theoretically make the problem overdetermined.

Onceh0 is determined, one can expressu0 from the in�ow �ux condition, so we have
that

u0 =
2Qinc � h1u1

h0
:

For the vertical components of the velocity, we impose Neumann boundary condition,
just as before, hence

¹@xwºi=1•2 = 0; ¹@x� ºi=1•2 = 0 =) w0 = w1; � 0 = � 1:

Since we imposed a Dirichlet type boundary condition on the velocityu, we prescribe
a Neumann type boundary condition on the conservative pressure termhq andqb:

¹@x¹hqººi=1•2 = 0; ¹@xqbºi=1•2 = 0 =) q0 =
h1

h0
q1; qb0 = qb1:

1. With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the �rst cell:

h1un+1
1 � h1un+1•2

1

� t
+

1
2� x

¹h3•2¹q1 + q2º � h1•2¹q0 + q1ºº + qb1¹@xzbº1 = 0:

Sinceq0 =
h1

h0
q1, this means that

¹B1Qº1 =
1

2� x

�
h3•2 � h1•2

�
1 +

h1

h0

� �
q1 +

1
2� x

h3•2q2 + qb1¹@xzbº1;
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and that no correction is required,b01 = 0.

So, given the matrixB1, we can compute the approximation for the divergence

¹¹B1ºTXº1 =
1

2� x

�
h3•2 � h1•2

�
1 +

h1

h0

� �
u1 �

1
2� x

h3•2u2 � 2
p

3� 1

= �
1

2� x

�
h3•2¹u2 � u1º + h1•2

�
1 +

h1

h0

�
u1

�
� 2

p
3� 1:

Given thatu1 =
2Qinc � h0u0

h1
, we obtain that

¹¹B1ºTXº1 = �
1
2

�
h3•2

u2 � u1

� x
+ h1•2

u1 � u0

� x

�
�

1
� x

h1•2

h0
Qinc � 2

p
3� 1;

which is a �rst order discretization of�¹ h@xu + 2
p

3� º up to a correction term

~01 =
1

� x

h1•2

h0
Qinc. It is at this point that we need thath0 is not a function ofu1.

2. Here we only treat the special case whenh0 = h1. With the boundary conditions
at our disposal, we can write the discretization of the momentum equation for the
�rst cell:

h1un+1
1 � h1un+1•2

1

� t
+

1
2� x

¹h2q2 � h0q0º + qb1¹@xzbº1 = 0:

Sinceq0 = q1, and our additional hypothesis onh0, this means that

¹B2Qº1 = �
1

2� x
h1q1 +

1
2� x

h2q2 + qb1¹@xzbº1;

and that no correction is required,b01 = 0.

So, given the matrixB2, we can compute the approximation for the divergence

¹¹B2ºTXº1 = �
1

2� x
h1u1 �

1
2� x

h1u2 � 2
p

3� 1

Given thatu1 =
2Qinc � h0u0

h1
and thath0 = h1, we obtain that

¹¹B2ºTXº1 = � h1
u2 � u0

2� x
�

h1Qinc

� x
� 2

p
3� 1;

which is a �rst order discretization of�¹ h@xu + 2
p

3� º up to the error term
~01 =

h1Qinc

� x
.

Remark12. We note that in case the incoming �ux has a vertical component as wellQvert
then one has to modify the boundary conditions associated tow and� in order to take
into account the divergence constraint. This means that, while one imposes the verical
�ux on hw, h� on the boundary has to verify the corresponding equation, yielding:

w0 =
2Qvert � h1w1

h0
; � 0 =

2¹Qvert � Qinc � ¹@xzbºji=1•2º �
p

3h1� 1
p

3h0
:
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Outgoing �ow with prescribed height : For the outgoing �ow, we impose a Dirichlet
type boundary condition for the �uid height:

hi=N+1•2 = Hout =) hN+1 = 2Hout � hN:

Once again, the outgoing characteristic of the hyperbolic problem preserves the corre-
sponding Riemann-invariant, so

uN + 2
p

ghN = uN+1 + 2
p

ghN+1:

This means that the velocity on the right hand side phantom cell is given by

uN+1 = uN + 2
p

g¹
p

2Hout � hN �
p

hNº:

For the vertical components of the velocity, we impose Neumann boundary condition,
just as before, hence

¹@xwºi=N+1•2 = 0; ¹@x� ºi=N+1•2 = 0 =) wN+1 = wN; � N+1 = � N:

Since we imposed a Neumann type boundary condition on the velocityu, we pre-
scribe a Dirichlet type boundary condition on the pressure terms. However, we have to
distinguish between the to discretizations when de�ning whether we impose Dirichlet
type boundary condition on the conservative variablehqor the nonconservative variable
q to ensure the compatibility for the transposed quantities.

1. In this case, we impose the Dirichlet type boundary condition on the nonconserva-
tive variableq:

qi=N+1•2 = 0; qb;i=N+1•2 = 0 =) qN+1 = � qN; qb;N+1 = � qb;N:

With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the �rst cell:

hNun+1
N � hNun+1•2

N

� t
+

1
2� x

¹hN+1•2¹qN+qN+1º� hN� 1•2¹qN� 1+qNºº+qb;N¹@xzbºN = 0:

SinceqN+1 = � qN, this means that

¹B1QºN = �
1

2� x
hN� 1•2qN� 1 �

1
2� x

hN� 1•2qN + qb;N¹@xzbºN;

and that no correction is required,b0N = 0.

So, given the matrixB1, we can compute the approximation for the divergence

¹¹B1ºTXºN =
1

2� x
hN� 1•2uN� 1 �

1
2� x

hN� 1•2uN � 2
p

3� N

=
1

2� x

�
� hN� 1•2¹uN � uN� 1º

�
� 2

p
3� N:
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Given thatuN = uN+1 � 2
p

g¹
p

2Hout � hN �
p

hNº, we obtain that

¹¹B1ºTXºN = �
1
2

 

hN+1•2

hN
hN +1

uN+1 � uN

� x
+ hN� 1•2

uN � uN� 1

� x

!

� 2
p

3� 1 �
1

� x
p

g¹
p

2Hout � hN �
p

hNº;

which is a �rst order discretization of�¹ h@xu + 2
p

3� º. The corresponding cor-

rection term is given by~0N = �
p

g¹
p

2Hout � hN �
p

hNº

� x
.

2. In this case, we impose the Dirichlet type boundary condition on the conservative
variablehq:

¹hqºi=N+1•2 = 0; qbi=N+1•2 = 0 =) qN+1 = �
hN

hN+1
qN; qbN+1 = qbN:

With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the �rst cell:

hNun+1
N � hNun+1•2

N

� t
+

1
2� x

¹hN+1qN+1 � hN� 1qN� 1º + qbN¹@xzbºN = 0:

SinceqN+1 = �
hN

hN+1
qN this means that

¹B2QºN = �
1

2� x
hN� 1qN� 1 �

1
2� x

hNqN + qbN¹@xzbºN;

and that no correction is required,b0N = 0.

So, given the matrixB2, we can compute the approximation for the divergence

¹¹B2ºTXºN =
1

2� x
hNuN� 1 �

1
2� x

hNuN � 2
p

3� N

Given thatuN = uN+1 � 2
p

g¹
p

2Hout � hN �
p

hNº we obtain that

¹¹B2ºTXºN = � hN
uN+1 � uN� 1

2� x
+

p
g¹

p
2Hout � hN �

p
hNº

� x
� 2

p
3� 1;

which is a �rst order discretization of�¹ h@xu + 2
p

3� º up to the error term

~0N = �
p

g¹
p

2H � hN �
p

hNº

� x
.

5.3 Numerical validation

The Serre�Green-Naghdi system admits analytic solutions for certain choices of bot-
tom topography and atmospheric pressure. In what follows we present two particular
solutions, that will be used for testing and validating the implemented numerical schemes.
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5.3.1 Solitary wave solution

It is a well-known fact that the system admits solitary wave solutions in the case of
constant atmospheric pressure and �at bottom topography.

Let us �x patm � cstandzb � cst. For a constantc 2 R, let us introduce the variable
� = x � ct. For a solitary wave solution, we are looking for solutions of the form

h¹t; xº = hc¹� º; u¹t; xº = uc¹� º; w¹t; xº = wc¹� º; � ¹t; xº = � c¹� º;

q¹t; xº = qc¹� º; qb¹t; xº = qbc¹� º:
(5.20)

with lake-at-rest limits

lim
� !�1

hc¹� º = H0; lim
� !�1

uc¹� º = 0; lim
� !�1

wc¹� º = 0; lim
� !�1

� c¹� º = 0;

lim
� !�1

qc¹� º = 0; lim
� !�1

qbc¹� º = 0:

HereH0 > 0 is a positive constant (base �uid depth).

Substituting the pro�les (5.20) into equations (5.1) and integrating with respect to� ,
one is able to express the other variables with the functionhc, yielding

uc = c
�
1 �

H0

hc

�
; wc = �

cH0

2
¹hcº0

hc
; � c = �

cH0

2
p

3

¹hcº0

hc
;

qc =
c2H2

0

3h2
c

�
hc¹hcº00� ¹¹ hcº0º2�

; qbc =
c2H2

0

2h2
c

�
hc¹hcº00� ¹¹ hcº0º2�

:

Here, the prime0denotes the derivative with respect to� .

Furthermore,hc veri�es the following second order ordinary di�erential equation

1
3

c2H2
0

�
hc¹hcº00� ¹¹ hcº0º2�

+
1
2

gh3
c �

1
2

H0

�
gH0 + 2c2

�
hc + c2H2

0 = 0: (5.21)

This equation can be solved by thesechor thetanhmethods. For an amplitude parameter
a > 0, we have that

hc¹� º = H0 + asech2
 p

3a

2H0
p

H0 + a
�

!

; (5.22)

and the propagation speed of the solitary wave is given byc =
p

g¹H0 + aº.
Gathering the quantities calculated above, the exact solitary waves for the one-dimensional
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Serre-Green-Naghdi equations (5.1) can be written as follows,

8>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>
:

hc¹t; xº = H0 + asech2
 p

3a

2H0
p

H0 + a
¹x � ctº

!

;

uc¹t; xº = c ¹1 � H0• hc¹t; xºº;

wc¹t; xº = �
cH0

2
¹hc¹t; xºº0

hc¹t; xº
;

� c¹t; xº = �
cH0

2
p

3

¹hc¹t; xºº0

hc¹t; xº
;

qc¹t; xº =
c2H2

0

3hc¹t; xº2

�
hc¹t; xº¹hc¹t; xºº00� ¹¹ hc¹t; xºº0º2�

;

qbc¹t; xº =
c2H2

0

2hc¹t; xº2

�
hc¹t; xº¹hc¹t; xºº00� ¹¹ hc¹t; xºº0º2�

;

c =
p

g¹H0 + aº:

(5.23a)

For this test case, we consider the propagation of a solitary wave from left to right,
initially centered atx0 = 10m, of relative amplitudea = 0:2m, over a constant water
depthH0 = 1m. The computational domain is100mon length and discretized with1280
cells. Since the solitary wave is initially far from boundaries, the boundary conditions
do not a�ect the computation, so we have chosen to impose free boundary conditions
at the downstream and upstream ends for the sake of simplicity. We compare the water
surface pro�le of our numerical solutions provided by the model (5.1), with the exact
pro�le given by (5.23) at several times using two iterative methods, namely Uzawa and
Gauss-Seidel, and a direct method (see Fig. 5.2).
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Figure 5.2: Propagation of solitary wave over a �at bottom: water surface pro�les at
t=5, 10, 15 and 20s. Comparison of the numerical and exact solutions for the Uzawa,
Gauss-Seidel and a direct method

Uzawa algorithm Gauss-Seidel approach Direct solver
N EL2¹hº EL2¹uº EL2¹hº EL2¹uº EL2¹hº EL2¹uº
80 1:2 � 10� 2 4:3 � 10� 1 2:19� 10� 2 1:34� 10� 1 2:19� 10� 2 1:34� 10� 1

160 8:4 � 10� 3 2:8 � 10� 1 1:7 � 10� 2 1:4 � 10� 1 1:7 � 10� 2 1:4 � 10� 1

320 5:4 � 10� 3 1:8 � 10� 1 1:2 � 10� 2 1:94� 10� 1 1:2 � 10� 2 1:94� 10� 1

640 3:4 � 10� 3 1:1 � 10� 1 7:78� 10� 3 1:54� 10� 1 7:78� 10� 3 1:54� 10� 1

1280 2:1 � 10� 3 6:9 � 10� 2 4:73� 10� 3 1:58� 10� 1 4:73� 10� 3 1:58� 10� 1

Table 5.1: RelativeL2-error table for the variablesh andu and and time execution

The table 5.1 shows the time execution and the relative error between the numerical
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solutions of the model (5.1) and the exact one given in (5.23) given by the following
relation:

EL2¹hº =
khnum � hexk2

khexk2
EL2¹uº =

kunum � uexk2

kuexk2

where¹hnum; unumº are numerical solutions of the1D SGN equations (5.1),¹hex; uexº
are solutions of the system (5.23) andk � k2 is the standard discretL2 norm. To obtain
these results, we set a timeT = 5s and calculate the numerical solution by increasing the
number of cells fromN = 80 to N = 1280.

Remark13. Note that the Gauss-Seidel method and the direct method were implemented
using python, whereas the Uzawa method was implemented using Fortran 95. This may
explain the delay in calculation times (CPU) between these 3 methods.

5.3.2 Stationary solution

The Serre�Green-Naghdi system (5.1) admits analytic steady (time independent) solu-
tions as well. A straightforward computation yields that for a constant in�ow �ux of
Q 2 R� , anyh¹xº, zb¹xº andpatm¹xº functions satisfying the di�erential equality:

@xpatm = � g@x¹h + zbº +
Q2

h

�
@xh
h2

�
1
2

@x

�
h@x

�
1
h

@x

�
2h
3

+ zb

� � �

� @xzb@x

�
1
h

@x

�
h
2

+ zb

� �

leads to a stationary solutions pro�le. For suchh andzb, one has

u =
Q
h

; w =
Q
h

@x

�
h
2

+ zb

�
; � =

Q

2
p

3h
@xh;

q =
Q2

2
@x

�
1
h

@x

�
2h
3

+ zb

� �
; qb = Q2@x

�
1
h

@x

�
h
2

+ zb

� �
:

More speci�cally, let us take an interval»a; b¼with a; b 2 R. Moreover, let

h¹xº = H0eP¹xº; and zb¹xº = K � h¹xº

with H0 andK real constants, andP¹xº a polinom to be chosen according to the boundary
conditions.

In this case, we have that

u =
Q
H0

e� P¹xº; w = �
Q
2

P0¹xº; � =
Q

2
p

3
P0¹xº; q = �

Q2

6
P00¹xº;

qb = �
Q2

2
P00¹xº; patm = � Q2

 
1

2H2
0

e� 2P¹xº �
1
6

¹P00¹xº � ¹ P0¹xºº2º

!

:

In the case a �uvial �ow, if we impose that a debitQ enters the domain ata and the
�uid height is given byhR at b, with the boundary conditions@xzbjx=a = @xzbjx=b = 0,
@x¹hqºjx=a = 0, hq¹bº = 0, we can prescribe the polinomP¹xº as

P¹xº = 8
� x � a
b � a

� 5
� 15

� x � a
b � a

� 4
+ 10

� x � a
b � a

� 2
+ �
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with an� constant given by the boundary condition on the height atb:

� = ln
�

hR

H0

�
� 3:

5.3.3 Dam-break

We next consider the dam-break problem in order to study the ability of our numerical
scheme to capture dispersive shocks. It is well-known that discontinuous initial data of
this type generate dispersive shock waves due to dispersive e�ects [14]. This dispersive
shock waves problem for non-linear and dispersive shallow water equations was also
carried out in [14, 24, 63]. We consider the following initial data :

� ¹0; xº =

(
1:8 if x � 0

1 else
(5.24a)

u¹0; xº = w¹0; xº = � ¹0; xº = 0 (5.24b)

The computation domain is the interval¹� 300; 300º and discretized with8000cells.
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Figure 5.3: Dam-break: water surface at several times
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The �gure 5.3 shows the dispersive e�ects generated by the model (5.1) when using
discontinuous initial data. Here, we chose8000cells because it is shown in [16, 63]
that the dispersive e�ect cannot be captured if we use a �rst order numerical scheme,
and to properly capture the dispersive shock waves, we had to use high-order numerical
schemes, and that is out of our objective in this manuscript.

5.3.4 Favre waves

In the following section, we compare our numerical scheme based on the Uzawa algorithm
with experimental data. A good example of a physical situation in which the non-
hydrostatic pressure terms pay a signi�cant role is the so called Favre wave experiment.
Favre waves are secondary free surface waves, undular bores that appear typically in a
channel following a sudden change in the �ow discharge.

One such situation arises in the case when a sluice gate is suddenly closed, realised
during the physical experiments carried out at EDF (Electricité de France) [23]. A
long and thin wave tank is considered with a small constant slope and open uphill entry
and downhill exit as well as vertical walls (see Figure 5.4). A stationary water �ow is
generated in the basin up until a timet0 at which point a gate rapidly descends at the exit
level, blocking the �ow and generating and upstream moving series of undulating waves.

In the experiments, a wave tank of length40m was taken, of which the lower30m
section plays a signi�cant role. The tank is of width0:4m, the walls on the side are
vertical and the bottom is of a constant slope of

@xzb = � 0:0004:

At the lower end of the basin, a vertical solid gate is placed perpendicular above the water
�ow. Additionally, three sensors were also placed over the basin, each one measuring
the water height at its horizontal position. The �rst sensor is situated2mfrom the exit of
the tank, the second sensor is15m from the lower end, and �nally the third sensor is at a
distance of30m from the gate (see Figure 5.5).
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Figure 5.4: The wave tank of the experiment

Figure 5.5: A cross section of the wave tank

Figure 5.6: Schematic representation of the Favre wave experiment

In the experiment chosen for validation, a stationary gravity �ow is generated in the
tank by a constant in�ow (and out�ow) volumic �ux of

Qin = 0:0351
1
s

:

The associated stationary water height is observed to be approximately0:2m.
As it was mentioned before, the gate is closed at timet0 (when the �ow has attained

a stationary regime with the above give physical parameters). The closure takes place
rapidly, in a time frame ofT = 0:07s, at which point the gate completely blocks the exit,
forming a solid wall boundary for the gravity �ow. Measurements on the water height are
available in the timeframe of»t0 + 1:31; t0 + 5:35¼for the �rst sensor, in the timeframe of
»t0 + 10; t0 + 16:9¼for the second sensor, as well as in the timeframe of»t0 + 21; t0 + 28:92¼
for the third sensor.

In the context of an extended Saint-Venant system, in which non-hydrostatic pres-
sure terms complement the classical shallow water equations, �rst and second order
�nite volume solvers have already been developed and validated against this particular
experimental case [19].

In our case, the simulations were implemented for a one horizontal dimensional
problem corresponding to the experiments (see Figure 5.5). The implemented physical
parameters were the same, except for the the �ux, which had to be recomputed for its one
dimensional equivalent:

Qinc =
1

0:4
Qin = 0:08775

1
s

:
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Figure 5.7: Comparison between the numerical solution and the experimental data for
sensor1.N = 3000
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Figure 5.8: Comparison between the numerical solution and the experimental data for
sensor2.N = 3000
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5.4 The two dimensional Serre�Green-Naghdi system

Here we are interested in the two dimensional extension of the aforementioned system
(5.1). For this, we are now considering the horizontal plane¹x; yº 2 R2 as the domain of
our functions. Moreover, in addition to the horizontal velocityu in the x-direction, we
have to add a new variablev which describes the (vertically averaged) horizontal velocity
in they-direction.

The system writes as

@t h + @x¹huº + @y¹hvº = 0; (5.25a)

@t¹huº + @x¹hu2º + @y¹huvº + @x¹hqº + qb@xzb = � gh@x¹h + zbº � h@xpatm; (5.25b)

@t¹hvº + @x¹huvº + @y¹hv2º + @y¹hqº + qb@yzb = � gh@y¹h + zbº � h@ypatm; (5.25c)

@t¹hwº + @x¹huwº + @y¹hvwº � qb = 0; (5.25d)

@t¹h� º + @x¹hu� º + @y¹hv� º � 2
p

3
�
q �

qb

2

�
= 0; (5.25e)

w � u@xzb � v@yzb �
p

3� = 0; (5.25f)

2
p

3� + h¹@xu + @yvº = 0; (5.25g)

or, with the classical two-dimensional gradientr = r x;y and divergencer� = r x;y�
operators, as well as the two dimensional horizontal velocityU = ¹u; vºT, we have that

@t h + r � ¹ hUº = 0; (5.26a)

@t¹hUº + r � ¹ hU 
 Uº + r¹ hqº + qbr zb = � ghr¹ h + zbº � hr patm; (5.26b)

@t¹hwº + r � ¹ hwUº � qb = 0; (5.26c)

@t¹h� º + r � ¹ h� Uº � 2
p

3
�
q �

qb

2

�
= 0; (5.26d)

w � U � r zb �
p

3� = 0; (5.26e)

2
p

3� + hr � U = 0: (5.26f)

5.4.1 Reformulations of the system

Remark14. System (5.25) can be rewritten under the Boussinesq formulation, in a more
compact form:

@t h + r � ¹ hUº = 0; (5.27a)

¹1 + T »h; zb¼º¹@tU + ¹U � rº Uº + gr¹ h + zbº + Q»h; zb¼U = 0; (5.27b)

where we have that

T »h; zb¼V = R1»h; zb¼¹r �Vº + R2»h; zb¼¹rzb � Vº;

Q»h; zb¼U = � 2R1»h; zb¼
�
@xU � @yU? + ¹r � Uº2

�
+ R2»h; zb¼¹U � ¹U � rºr zbº;

R1»h; zb¼f = �
1
3h

r¹ h3 f º �
h
2

f r zb;

R2»h; zb¼g =
1
2h

r¹ h2gº + gr zb:

Here we made use of the notationU? = ¹� v; uºT.
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Additionally, with the help of the vectorsX = ¹u; v; w; � ºT andQ = ¹q; qbºT, one
can de�ne the two-dimensional extensions of the dispersive divergence and gradient
operators, that is

r SGNQ =
©
­
­
­
«

@x¹hqº + qb@xzb
@y¹hqº + qb@yzb

� qb

� 2
p

3q +
p

3qb

ª
®
®
®
¬

; and r SGN � X =

 
2
p

3� + h¹@xu + @yvº
w � u@xzb � v@yzb �

p
3�

!

:

(5.28)
With the source term vector

S¹h; zbº =
�
� gh@x¹h + zbº � h@xpatm; � gh@y¹h + zbº � h@ypatm; 0; 0

�T ;

we have that the system (5.25) writes as

@t h + r � ¹ hUº = 0; (5.29a)

@t¹hXº + @x¹huXº + @y¹hvXº + r SGNQ = S¹h; zbº; (5.29b)

r SGN � X = 0: (5.29c)

Lemma 5.4.1.The dispersive divergence and gradient operators de�ned by (5.28) verify
the partial integration type formula:

Q � ¹r SGN � Xº + X � ¹r SGNQº = r � ¹ hqUº: (5.30)

Proof 3. A straightforward computation calculating the scalar products, using the de�-
nition (5.28), leads to the desired result.

The system (5.25) also admits a pressure based reformulation.

Proposition 5.4.2.Equations (5.25) can be rewritten as

� 12
q
h

+ hr �
�
1
h

r¹ hqº
�

+ 6
qb

h
+ hr �

� qb

h
r zb

�
(5.31a)

= � h� ¹g¹h + zbº + patmº � 2h¹@xU � @yU? + ¹r � Uº2º;

� 6
q
h

+
1
h

r zb � r¹ hqº + ¹4 + jr zbj2º
qb

h
= ¹U � rº 2zb � r zb � r¹ g¹h + zbº + patmº:

(5.31b)

Proof 4. One di�erentiates with respect to time the equations (5.25f)-(5.25g) (corre-
sponding tor SGN � X = 0). After that, one substitutes the quantities@tu, @tv, @tw and
@t � with their values given by the non-conservative reformulation of equations (5.25b)-
(5.25e). Regrouping the terms containingq andqb on the left hand side and the terms
with u, v, patm, h andzb on the right hand side yields the result.

5.4.2 Energy

The two dimensional Serre�Green-Naghdi equations (5.25), much like their one-dimensional
counterpart (5.1) admit an energy balance identity.
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Proposition 5.4.3.Smooth solutions of the system (5.25) satisfy the following identity:

@t

�
h

�
1
2

jXj2 + g
�
1
2

h + zb

�
+ patm

� �
+ r �

�
h

�
1
2

jXj2 + g ¹h + zbº + patm + q
�

U
�

= 0:

(5.32)

Proof 5. Let us multiply (5.25b) byu, (5.25c) byv, (5.25d) byw and (5.25e) by� and
sum the results. This leads to

@t

�
1
2

hjXj2
�

+ r �
�
1
2

hjXj2U
�

+
1
2

jXj2¹@t h + r � ¹ hUºº

+ r SGNQ � X + hU � r¹ g¹h + zbº + patmº = 0:

By making use of equation (5.25a), the third term is0, and one may add the following to
the equality:

¹@t h + r � ¹ hUºº¹g¹h + zbº + patmº = 0:

Furthermore, using the identity (5.30), we have that

X � ¹r SGNQº = r � ¹ hqUº � Q � ¹r SGN � Xº = r � ¹ hqUº

sinceX veri�es equations (5.25f)-(5.25g). Putting all this together, one obtains the
desired energy identity.

5.4.3 Variational formulation

One can associate a variational problem to the pressure formulation of the system (5.31).
Let us take a control volume
 , bounded, open, regular with regular boundaries.

We de�ne the following operators:

A¹ '; ~' º =
¹




1
h

r¹ h' º � r¹ h ~' º +
12
h

' ~' dx dy; '; ~' 2 H1¹
 º

A b¹ ; ~ º =
¹




1
h

�
4 + jr zbj2

�
 ~ dx dy;  ; ~ 2 L2¹
 º

B¹';  º =
¹




 
h

r¹ h' º � r zb �
6
h

' dx dy; ' 2 H1¹
 º;  2 L2¹
 º:

By multiplying the �rst equation of (5.31) with a test function' such thath' 2 H1¹
 º
and the second equation with 2 L2¹
 º, we obtain the following system:

A¹ q; ' º + B¹'; qbº =h'; � h� ¹g¹h + zbº + patmº � 2h¹@xU � @yU? + ¹r � Uº2ºi L2¹
 º

+ C¹'; q; qbº;

A b¹qb;  º + B¹hq;  º =h ; ¹U � rº 2zb � r zb � r¹ g¹h + zbº + patmºi L2¹
 º:
(5.33)

Here the boundary termC appears due to the integrations by part, it is given by

C¹ �'; ' 1;  1º =
¹

@

�' r¹ h' 1º � n ds+

¹

@

�' 1r zb � n ds:
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We remark that by choosing the test function' compactly supported in
 , the boundary
terms disappear automatically.

For what follows, let us suppose that the �uid height is bounded from below and from
above: that is,

9Hmin; Hmax 2 R+; 8¹x; tº 2 
 � R+Hmin < h¹t; xº < Hmax: (H)

Proposition 5.4.4.Let us suppose (H) as well aszb 2 C1¹
 º andh 2 H2¹
 º. For s > 1
real, we have that operatorsA overHs¹
 º2, A b overL2¹
 º2 andB overHs¹
 º � L2¹
 º
are continuous bilinear forms.

Proof 6. We check the de�nition of continuity for each bilinear form.

jA¹ ' 1; ' 2ºj �
1

Hmin
kr¹ h' 1ºkL2¹
 ºkr¹ h' 2ºkL2¹
 º +

12
Hmin

k' 1kL2¹
 ºk' 2kL2¹
 º

�
12

Hmin
max¹1; khkHs¹
 ººk' 1kHs¹
 ºk' 2kHs¹
 º;

using the Sobolev embeddingsHs¹
 º ,! H1¹
 º andHs¹
 º ,! L1 ¹
 º for s > 1 and for

 � R2 compact Lipschitz domain, as well as the product estimate:

kh' kHs¹
 º � k hkL1 ¹
 ºk' kHs¹
 º + khkL1 ¹
 ºk' kHs¹
 º:

Similarly,

jA b¹ 1;  2ºj �
4 + kzbk2

C1¹
 º

Hmin
k 1kL2¹
 ºk 2kL2¹
 º:

And �nally

jB¹' 1;  1ºj �
kzbkC1¹
 º

Hmin
kr¹ h' 1ºkL2¹
 ºk 1kL2¹
 º +

6
Hmin

k' 1kL2
 k 1kL2


�
1

Hmin

�
khkHs¹
 ºkzbkC1¹
 º + 6

�
k' 1kHs
 k 1kL2
 :

De�nition 5.4.5. For h 2 H1¹
 º, let us de�ne the following function space

H 1
h ¹
 º := f f 2 H1¹
 º; k f kh < 1g;

where the de�nition of theh-norm is as follows:

k f k2
h = k f k2

L2¹
 º + kr¹ h f ºk2
L2¹
 º:

By the aforementioned Sobolev embeddings and product estimates, as well as ele-
mentary properties of theL2-norm, one can easily ascertain that

Lemma 5.4.6. The h-norm is indeed a norm, the spaceH 1
h ¹
 º is a Hilbert space,

equipped with the scalar product

hf ; gi h = hf ; gi L2¹
 º + hr¹ h f º; r¹ hgºi L2¹
 º:

Furthermore, fors > 1 Hs¹
 º ,! H 1
h ¹
 º.
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Remark15. One can easily see that operatorsA andB are also continuous over¹H 1
h ¹
 ºº2

andH 1
h ¹
 º � L2¹
 º respectively.

Let us de�ne the bilinear formA on Hs¹
 º � L2¹
 º as follows:

A¹¹' 1;  1º; ¹' 2;  2ºº = A¹ ' 1; ' 2º + B¹' 2;  1º � B¹ ' 1;  2º + A b¹ 1;  2º

Proposition 5.4.7. Under hypothesis (H) as well as forzb 2 C1¹
 º, we have that the
operatorA is coercive overH 1

h ¹
 º � L2¹
 º.

Proof 7. We want to verify the de�nition of coercivity. For� > 0 we have that

2 r¹ h' º � r zb =
�
� r¹ h' º +

 r zb

�

� 2

� � 2¹r¹ h' ºº2 �
¹r zbº2 2

� 2
:

Therefore, we have that

A¹¹';  º; ¹';  ºº =
¹




1
h

�
¹r¹ h' ºº2 + 2 r¹ h' º � r zb + ¹r zbº2 2 + 12' 2 � 12' + 4 2�

dx dy

=
¹




1
h

"

¹1 � � 2º¹r¹ h' ºº2 +
�
� r¹ h' º +

 r zb

�

� 2
#

dx dy

+
¹




1
h

�
12' 2 � 12' +

� �
1 �

1
� 2

�
¹r zbº2 + 4

�
 2

�
dx dy:

Let us denote by� 2 the factor of 2, that is

� 2 :=
�
1 �

1
� 2

�
¹r zbº2 + 4:

To ensure the positivity of all the necessary terms, we impose that� veri�es the
following inequalities:

1 > � 2 > 1 �
1

1 + sup
 kr zbk2
; (5.34)

such� exists due to our hypothesis on the regularity ofzb. These inequalities on� ensure
that

1 � � 2 > 0; � 2 > 3:

Since

� 12' =
�
6
�

' + � 
� 2

�
36
� 2

' 2 � � 2 2;

we obtain that

A¹¹';  º; ¹';  ºº =
¹




1
h

"

¹1 � � 2º¹r¹ h' ºº2 +
�
� r¹ h' º +

 r zb

�

� 2
#

dx dy

+
¹




1
h

" �
12�

36
� 2

�
' 2 +

�
6
�

' � � 
� 2

#

dx dy:

Hence we can establish a lower estimate on the bilinear form using theH 1
h ¹
 º norm of

' . By choosing a slightly smaller� , we can guarantee that a term with 2 stays in the
integral as well, therefore we have the desired lower bound.
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5.5 Conclusion

The non-hydrostatic formulation of the well-known Serre � Green-Naghdi equations is
investigated in this chapter. Unlike the Boussinesq formulation, only �rst order derivatives
are involved. The consequence is a larger number of unknowns. The physical content
of this model is richer than the shallow water equations but the computational cost is
higher: at each time step, in addition to the resolution of a shallow water system, an
elliptic equation must be solved involving non-standard operators.
Before investigating the 2D case, we designed some numerical schemes in 1D. They
provide reliable results whether it be for analytical solutions or experimental solutions.
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Contribution à la modélisation mathématique et numérique pour des modèles
d'écoulement non-linéaires dispersifs en eaux peu profondes

Résumé

Cette thèse porte sur la modélisation et l'analyse mathématique de modèles asymptotiques
utilisés en océanographie et décrivant la propagation des ondes longues. L'objectif de
cette thèse est de construire et de justi�er de nouveaux modèles asymptotiques en tenant
compte de la variation de la topographie et de la section transversale. Pour ce faire,
plusieurs hypothèses sont formulées sur la profondeur de l'eau et les déformations de
la section transversale. La première partie de cette thèse consiste à dériver et à étudier
les caractéristiques linéaires de dispersion et de shoaling des modèles asymptotiques.
Dans la deuxième partie, un modèle unidimensionnel des ondes longues moyenné par
section, est développé. Des équations tridimensionnelles du mouvement des �uides non
visqueux et incompressibles sont d'abord intégrées sur une section transversale du canal,
ce qui donne les équations de type SGN. Le nouveau modèle est donc adéquat pour
décrire des ondes fortement non linéaires et faiblement dispersives le long d'un canal
de section transversale arbitraire et non uniforme. Plus précisément, le nouveau modèle
étend le modèle de Saint-Venant moyenné par section et généralise les équations de
Serre-Green-Naghdi à toute section. Ce nouveau modèle a été reformulé d'une manière
plus appropriée pour la résolution numérique en conservant le même ordre de précision
que l'original et en améliorant ses propriétés de dispersion. En�n, nous présentons
quelques simulations numériques pour étudier l'in�uence du changement de section sur
la propagation d'une onde solitaire. La dernière partie de cette thèse est consacrée à la
simulation numérique du modèle SGN avec une nouvelle reformulation.

Mots clés : Équations aux dérivées partielles, Modélisation mathématique des écoule-
ments à surface libre, Écoulement en canal ouvert, Fluide incompressible, Analyse
asymptotique, Lagrangien, Dispersif, Non-Linéaire, Volumes Finis, Saint-Venant, Boussi-
nesq, Serre-Green-Naghdi.
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Contribution to mathematical and numerical modeling for non-linear dispersive
shallow water �ow models

Abstract

This work focuses on the modeling and mathematical analysis of asymptotic models
used in oceanography describing long wave propagation. This thesis aims to derive and
justify new asymptotic models taking into account the variation in topography and cross-
section. To do so, several hypotheses are formulated on water depth and cross-sectional
deformations. The �rst part of this thesis consists in deriving and studying the linear
dispersion and shoaling characteristics of the asymptotic models. In the second part, a
one-dimensional model of section-averaged long waves is developed. Three-dimensional
equations of motion of non-viscous and incompressible �uids are �rst integrated over
a cross-section of the channel, resulting in the SGN-type equations. Therefore, the
new model is adequate to describe fully non-linear and weakly dispersive waves along
a channel of an arbitrary and non-uniform cross-section. Speci�cally, the new model
extends the Saint-Venant model to cross-section mean and generalizes the Serre-Green-
Naghdi equations to any cross-section. This new model has been reformulated in a way
more appropriate for numerical resolution by maintaining the same order of accuracy
as the original and improving its properties of dispersion. Finally, we present some
numerical simulations to study the in�uence of the change of section on the propagation
of a solitary wave. The last part of this thesis is devoted to the numerical simulation of
the SGN model with a new reformulation.
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Open channel �ow, Incompressible Fluid, Asymptotic Analysis, Lagrangian, Dispersive,
Non-Linear, Finit Volumes, Saint-Venant, Boussinesq, Serre-Green-Naghdi.
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