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Résumé/Abstract X

Contribution & la modélisation mathématique et numérique pour des modeéles
d'écoulement non-linéaires dispersifs en eaux peu profondes

Résumé

Cette thése porte surlamodélisation et I'analyse mathématique de modéles asymptotiques
utilisés en océanographie et décrivant la propagation des ondes longues. Lobjectif de
cette these est de construire et de justi er de nouveaux modéles asymptotiques en tenant
compte de la variation de la topographie et de la section transversale. Pour ce faire,
plusieurs hypothéses sont formulées sur la profondeur de I'eau et les déformations de
la section transversale. La premiére partie de cette thése consiste a dériver et a étudier
les caractéristiques linéaires de dispersion et de shoaling des modeles asymptotiques.
Dans la deuxiéme partie, un modele unidimensionnel des ondes longues moyenné par
section, est développé. Des équations tridimensionnelles du mouvement des uides non
visqueux et incompressibles sont d'abord intégrées sur une section transversale du canal,
ce qui donne les équations de type SGN. Le nouveau modele est donc adéquat pour
décrire des ondes fortement non linéaires et faiblement dispersives le long d'un canal
de section transversale arbitraire et non uniforme. Plus précisément, le nouveau modele
étend le modéle de Saint-Venant moyenné par section et généralise les équations de
Serre-Green-Naghdi a toute section. Ce nouveau modéle a été reformulé d'une maniere
plus appropriée pour la résolution numérique en conservant le méme ordre de précision
gue l'original et en améliorant ses propriétés de dispersion. Enn, nous présentons
guelques simulations numériques pour étudier I'in uence du changement de section sur
la propagation d'une onde solitaire. La derniére partie de cette thése est consacrée a la
simulation numérique du modele SGN avec une nouvelle reformulation.

Mots clés : Equations aux dérivées partielles, Modélisation mathématique des écoule-
ments & surface libre, Ecoulement en canal ouvert, Fluide incompressible, Analyse
asymptotique, Lagrangien, Dispersif, Non-Linéaire, Volumes Finis, Saint-Venant, Boussi-
nesq, Serre-Green-Naghdi.
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Contribution to mathematical and numerical modeling for non-linear dispersive
shallow water ow models

Abstract

This work focuses on the modeling and mathematical analysis of asymptotic models
used in oceanography describing long wave propagation. This thesis aims to derive and
justify new asymptotic models taking into account the variation in topography and cross-
section. To do so, several hypotheses are formulated on water depth and cross-sectional
deformations. The rst part of this thesis consists in deriving and studying the linear
dispersion and shoaling characteristics of the asymptotic models. In the second part, a
one-dimensional model of section-averaged long waves is developed. Three-dimensional
equations of motion of non-viscous and incompressible uids are rst integrated over

a cross-section of the channel, resulting in the SGN-type equations. Therefore, the
new model is adequate to describe fully non-linear and weakly dispersive waves along
a channel of an arbitrary and non-uniform cross-section. Speci cally, the new model
extends the Saint-Venant model to cross-section mean and generalizes the Serre-Green-
Naghdi equations to any cross-section. This new model has been reformulated in a way
more appropriate for numerical resolution by maintaining the same order of accuracy
as the original and improving its properties of dispersion. Finally, we present some
numerical simulations to study the in uence of the change of section on the propagation
of a solitary wave. The last part of this thesis is devoted to the numerical simulation of
the SGN model with a new reformulation.

Keywords: Partial di erential equations, Mathematical modeling of free surface ows,
Open channel ow, Incompressible Fluid, Asymptotic Analysis, Lagrangian, Dispersive,
Non-Linear, Finit Volumes, Saint-Venant, Boussinesq, Serre-Green-Naghdi.
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Notations

Notations concerning the physical settings

Toix 2= 0 1x; 2% width of the section ax with 1x; Z° (resp. x;2°) is
the right (resp. left) boundary point at elevatinn

dtx; y°: de nition of the boundary of the channel/river cross-section as a function

ofy

T d 1x0 = dix y 1x%° = myin dix; y°. z-coordinate of the deepest point of the cross-
section

. ix: 2 if "I, 22 <y 1X° .
"I 20 = . de nition of the boundary of the

1x: Z2° otherwise
channel/river cross-section as a functiorzof

1t; x°: uid cross-section
1t; x; y°. z-coordinate of the free surface level
hit; x;y°= 1t; x;y° dix; y°: local height of water in t; x°
Alt; x° =) 1; x%: wet area
Nis: outward normal vector to the free surface boundagyf 1t; x°

" nwp: outward normal vector to the wet boundary, of  1t; x°

Notations concerning the asymptotic parameters

" Hy: characteristic water depth
" Hj: characteristic scale of the channel width
" hy : characteristic wave-length in the transversal direction.

" L: characteristic wave-length in the longitudinal direction

h2
1 = —: dispersive parameter in the transversal direction

= —2: ysual dispersive parameter

Xvii
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Xvili

Notations concerning the model

A

A~

A

A

~

~

~

eqt; X° . uid cross-section ( at free surface approximation ott; x°)

eq't; X° : z-coordinate of the free surface level
heq: local height of water in eq't; x°
Aeq: Wet area of gglt; x°
Qeq - discharge
Pr : hydrostatic pressure

Pnh: non hydrostatic pressure

Other notations

~

~

hXilt; x; 2° : width-average of the functioH; x; y; 22 7! Xt; x; y; 22
Ut; x°: 1t; x°-averaged velocity

Ueq't; X°:  eq't; X%-averaged velocity

Xqit; X 2% := X, X, g*x; 2% 2 whereq = orq=

fplt; x° = f it; x;d 1x%
1
Z

Six; 2° = Ix:s°ds
d 1x°
@
11 v+ = =1 .
Siy; x; 2° X 2 @X usSx; zZ%°

I kok, YXO @ gradient of a functiorX with respect to the variable, andk;

divy,.k, » ¥4 divergence of a vector functiod with respect to the variable, and

ko

Bold characters are used for vectors notations.
For almost all computations, we assume thandt are xed.

Numerical analysis notation

" Xp.2 : upstream node of mesh (upstream interface)

~

XN.2 : downstream node of mesh (downstream interface)

B X1 internal mesh node
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X 1 + X|+%
2
1 X9 : variable mesh-step

X = : centre of mesh

~

X : constant mesh-step

t" : time step
Dé nition 0.0.1.
The phase velocity is the speed of propagation of a particle on the free surface:
[
C,= —: 1
p Kk ( )

I is the frequency of the wave akds the wave number of the wave.

Dé nition 0.0.2.
The group speed is the speed of propagation of a wave packet:

Cy = —Ik (2)
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CHAPTER 1. INTRODUCTION 4

1.1 Contexte et motivation

La modélisation des écoulements en eau peu profonde est d'une importance majeure dans
I'étude de la dynamique des uides et plus particulierement en océanographie; étude des
mers, océans, leurs limites et leurs interactions avec l'air, la topographie y compris les
organismes vivants. Plus particulierement, la modélisation de I'nydrologie des bassins
versants et des rivieres occupe une place centrale dans les sciences de I'environnement,
notamment en ce qui concerne la disponibilité de I'eau, les réseaux d'égouts urbains, les
risques d'inondation et en particulier pour les tsunamis. Les vagues pénétrent dans les
rivieres beaucoup plus rapidement a l'intérieur des terres que l'inondation cétiére ne le
fait sur le sol, et peuvent provoquer des inondations dans les zones de basse altitude situées
a plusieurs kilometres des c6tés|[90]. La modélisation de ces processus et la prévision
du mouvement de I'eau est une tache di cile a laquelle des e orts considérables ont été
consacrés [49, 94].

L'un des modeles les plus utilisés pour décrire le mouvement des cours d'eau est le
modéele a surface libre moyenné par section [34, 15, 39] qui est une généralisation du
systeme bien conn8aint-Venan{introduit par Adhémar Jean Claude Barré de Saint-
Venant au 19eéme siecle [31,146]) :

% A+— = 0;
; © Q@@Q_ e =
@( A 1-X = 2°X; .

Dans ces équationg,est I'aire mouilléeQ est le débit d'eaul;; est la pression hydrosta-

tique etl, est le terme source de la pression hydrostatique qui tient compte de la variation
de la section. Le modelg (1.1) est I'approximation du premier ordre en eau peu profonde
des équations de Navier-Stokes ou d'Euler moyennées par section, sous des hypothéeses
appropriées sur les échelles horizontale et verticale (voir, par exemple, [48, 34]).

Grace a la structure hyperbolique de ces équations, les transitions brusques entre deux
états d'écoulement di érents donnent lieu a une solution discontinue, tant au niveau de
la surface de I'eau que de la vitesse. Ces solutions discontinues appelées chocs sont bien
adaptées a la rupture brusque des vagues avec des rouleaux turbulents pour les grandes
transitions du nombre de Froude. Cependant, pour des transitions faibles ou modérées,
le front de vague qui avance peut étre suivi d'un train d'ondulations a surface libre,
parfois appelées "whelps". Ce phénoméne, appelé ondes de choc dispersives, est induite
par une distribution de pression non hydrostatiqué [75]. En conséquence, les ondes se
répandent dans l'espace au fur et a mesure de leur évolution dans le temps, c'est-a-dire
gue des ondes de di érentes longueurs d'onde se déplacent a des vitesses di érentes.
C'est ce qu'on appelle I'e et dispersif. Par conséquent, les ressauts undulaires ne sont
pas reproductibles avec le systeme de surface libre non dispersive et une pression non
hydrostatique est nécessaire.

Les équations dispersives ont été introduites pour la premiéere fois par Boussinesq
[17] en 1872 pour justi er mathématiguement I'existence d'ondes solitaires observées
par les expériences de Russell en 1834. Ces équations entrent dans le cadre des équations
des eaux peu profondes. Elles peuvent étre obtenues par approximation asymptotique du
second ordre des équations d'Euler moyennées en profondeur par rapport a un parametre
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2
. H R s )
el = T est un parameétre d'aspect-ratio, dureprésente une profondeur d'eau

caractéristique et est une échelle horizontale caractéristique. Les équations de type
Boussinesq, qui sont faiblement non linéaires et faibla?ment dispersives, sont dé nies par
un petit parameétre de non-linéarité supplément'ai:eﬁ =0t © 1louaestlordre

de I'amplitude de la surface libre. Ces équations pour un fond plat, par exemple en 1D,
sont données par

§ @ + G o
% D = O % o2
—u +"U u—u +ro o+ =
@

ou h est la profondeur de I'eau, est I'élévation de la surface libre &test la vitesse
moyenne en profondeur. Le terr@ereprésente le terme dispersif.

En 1877, I'équation de KdV a été découverte par Boussinesq [17] et a ensuite été
dérivée par Korteweg et Gustav de Vries (KdV)![55]. Cette équation décrit approxima-
tivement I'évolution de longues vagues unidimensionnelles dans de nhombreux contextes
physigues, y compris des vagues en eau peu profonde au comportement faiblement non
linéaire. Cette équation peut également étre obtenue dans le cas d'ondes unidirection-
nelles pour lesquelles le cadre théorique permet de calculer une solution analytique telle
que la propagation d'une onde solitaire 1D sur fond plat (voir par exemple Boussinesq
[17,55/71). Nous avons également I'équation de Benjamin, Bona et Mahony (BBM) qui
est une amélioration de I'équation KdV [10].

Cependant, dans la pratique et surtout dans les applications du génie cétier, la dy-
namique des vagues littorales étant souvent variable - dépendante du fond, dispersive
et non linéaire, les équations de type Boussinesq ne sont pas appropriées. En 1967,
Peregrinel[77] a introduit les premiéres equations de type Boussinesq bidimensionnelles
faiblement non linéaires pour les fonds non plats. Witting [93] a proposé une méthode
basée sur le développement de Padé pour améliorer les caractérigtiques de dispersion
des équations de type Boussinesq. A partir de cette méthode, plusieurs équations d'ordre
O! 20 avec une caractéristique de dispersion améliorée ont été proposées, voir par exem-
ple [69/71]. En 1953, une équation unidimensionnelle, fortement non linéair&(1°)
et faiblement dispersive pour fond plat a été dérivee par Serre [86], indépendamment de
Su et Gardner [89] avec

1,/0 — 1 @ h3 1,/0
Do = h& 3 —D1v (1.3)
ou X
_ e’ @g
Dive = @v @@v v@v : (1.4)

Ce modeéle a ensuite été étendu aux fonds non plats par Seabra-Santos [85], voir aussi
[25]. En n, Green et Naghdi [50] ont dérivé les équations dispersives bidimensionnelles
entierement non linéaires pour les fonds irréguliers qui sont I'extension des équations
de Serre. Dans la littérature, ce systeme est souvent appelé équations de SGN. D'autres
extensions intéressantes sont également présentées dans [91/ 60, 61, 80] basées soit sur
les équations d'Euler, soit sur les équations d'ondes de surface ou les principes varia-
tionnels. Tous les modéles dispersifs précédents sont obtenus par réduction 3D-2D ou



CHAPTER 1. INTRODUCTION 6

2D-1D, mais, a notre connaissance, laréduction 3D-1D n'a jamais été réalisée auparavant.

Mes travaux de thése s'inscrivent dans cette optique de modélisation mathématique
et numérique des écoulements a surface libre. Ainsi, le principal objectif est de dériver a
partir des équations d'Euler tridimensionnelles incompressibles et irrotationnelles avec
des conditions aux limites appropriées, des modeles similaire a (1.2) (1.4) vialamoyenne
de section sous I'hypothése d'eau peu profonde qui tient en compte la variation de la
topographie et de la géométrie.

1.2 Descriptif des travaux de these

Lobjectif de cette thése est de proposer de nouveaux modeles dispersifs en eau peu pro-
fonde pour prendre en compte I'in uence de la topographie et de la section transversale
sur les ondes de surface. La réalisation de cet objectif est divisée en trois étapes:

" Une étape denodélisation, ou les méthodes de construction des modeles sont
présentées en détail.

~ Une étape dinalyse mathématique linéairedes caractéristiques de la dispersion
et de shoaling a n d'optimiser les modeles.

" Laderniere étape est $amulation numérique ou ces modeles sont implémentés
et des cas de tests numériques prenants en compte la variation de la section et de
la bathymétrie ont été réalisés.

Dans le premier chapitre, nous présentons la dérivation formelle des modeles réduits
par approximation en eaux peu profondes. Ces modeéles réduits sont généralement
obtenus a partir des équations de Navier Stokes, Euler irrotationnel ou les équations

d'ondes de surface. Dans ce type d'écoulement, le prol suivant la profondeur est
2

faiblement parabolique et fonction du parametre = Cette propriété " écoulement
par tranches " ou encore " motion by slices " est celle qui permet de négliger les variations
des pro Is de vitesses verticaux par rapport aux pro Is des vitesses horizontaux. En
outre, cela justi e la réduction du probleme a n dimensions a n-1 dimensions et par
conséquent l'approximation des équations de la mécanique des uides initiales par ces
éguations réduites. Dans le cadre des équations de Navier-Stokes, le uide est supposé
faiblement visqueux et les équations sont munies de conditions aux limites de Navier
avec friction (traduisant les e ets de rugosité de la topographie) et de non-pénétration
(de la topographie), et d'une condition de pression atmosphérique a la surface libre. La
propriété " motion by slices " est induite par les forces de friction, voir par exemple
[46,39].

Dans le cadre des équations d'Euler, le uide est supposé incompressible et irro-
tationnel. Les équations d'Euler sont munies des conditions aux limites a la surface
libre de condition cinématique et d'une condition d'imperméabilité de la topographie.
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Comme dans le cadre des équations de Navier-Stokes, par développement asymptotique,
le modéle réduit de Saint-Venant est obtenu. Dans cette approche la propriété " motion
by slices " est issue de la contrainte d'irrotationnalité. S'a ranchir de cette condition ne
permettrait donc pas de retrouver cet aspect avec la limite faible profondeur qui permet
d'obtenir les équations de Saint-Venant (au moins formellement). Cette propriété est
cruciale pour établir les modéles réduits.

Ces modeles asymptotiques peuvent également étre dérives via un principe variationnel
tel que la méthode de relaxation [37] 26] ou le Lagrangien augmienté [43]. Les premieres
formulations variationnelles ont été proposé par Lagrange [56] pour dériver les équations
de la dynamique des uides parfait. Le premier principe pour les écoulements a surface
libre a été proposé par Riabuchinskyl[79] et le principe variationnel pour un écoulement
sur un plan a été proposé bien plus tard par Luke (voir [67]). D'autres variantes ont
été proposées ultérieurement, voir, par exemple, [37] pour un Lagrangien "relaxé" et
[43] pour un Lagrangien "augmenté". Les termes de relaxation permettent au principe
variationnel "relaxé" de se donner de la liberté dans la construction de modéles. Le
Lagrangien "augmenté" permet d'étudier des variations du Lagrangien en imposant une
condition d'équilibre (sous forme de pénalisation) a la surface libre. Cette approche
permet ainsi de construire des variantes de modeles SGN dispersives mais a l'instar de
[43], les équations obtenues forment un systeme hyperbolique a 4 équations. Dans ce
chapitre, nous considérons le principe variationnel classique pour dériver certains mod-
eles asymptotiques en eaux peu profondes, a savoir les équations de Saint-Venant non
dispersives et les équations dispersives de Boussinesq et de Serre-Green Naghdi.

En faisant intervenir des parametres supplémentaires tels que la non-linéarités de la

houle" = S ou A est une amplitude caractéristique des ondes, couplées au parameétre
2

d'aspect-ratio (appelé aussi paramétre de dispersicm)'l__l—, on obtient une classe de
modele non-linéaire ou faiblement non- linéaire avec caractere dispersif ou non dispersif.
En particulier, c'est suite a I'étude de I'existence d'ondes solitaires que Boussinésq [17]
montra que la dispersion est nécessaire pour contrebalancer la non-linéarité du modele
de Saint-Venant a n de propager un soliton (i.e. une onde solitaire se propageant dans
un milieu non-linéaire et dispersif sans se déformer). Il démontra ainsi la nécessité de la
présence de termes dispersifs dans les équations pour établir I'existence de ces solitons
observables dans de nombreux phénomenes physiques (hydrodynamique, optique, acous-
tiques, etc). Il dériva ainsi, probablement, le premier modéle faiblement non-linéaire
et faiblement dispersif. Le modéle de Saint-Venant décrit ci-dessus est un modeéle non-
linéaire et non dispersif. Lemploi de multiparamétres asymptotiques est a la base de
la dérivation de nombreux modeéles de type "couche mince" Korteweg-de Vries [55],
Boussinesq [17], Serie[86], Green and Naghdi [50], etc. a partir des eéquations d'Euler.
Notons également que Lannes et Bonneton [60] ont proposé une méthode générale pour
dériver les équations réduites (faiblement) non-lineaires et (faiblement) dispersif a partir
des équations d'ondes de surface a l'aide de l'opérateur de Dirichlet-Neumann. De nou-
veau la contrainte d'irrotationnalité est nécessaire comme nous l'avons cité plus haut.

Le deuxieme chapitre de cette these est consacrée a la reformulation des modéles
asymptotiques en introduisant des opérateurs linéaires pour éviter le calcul direct des
dérivées partielles d'ordre 3. Le probléme reformulé est en général plus adapté pour
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construire un schéma numérique robuste de volume ni pour sa résolution. De plus, ce
probléme reformulé permet de construire un modéle équivalpnia (1.6) pour lequel on peut
améliorer les caractéristiques linéaires du modéle, en ajoutant quelques termes d'ordre
ot %O al'équation de conservation de la quantité de mouvement sans a ecter la précision
du modele. Les propriétés linéaires couramment utilisées sont la vitesse de phase, la
vitesse du groupe, le gradient de shoaling et la cinématique des ondes [69, 68]. Les e ets
non linéaires sont évaluées en analysant le transfert d'énergie entre les composants [71].
Dans [35], Dingemans propose une séquence d'étapes dans laquelle les modeles de type
Boussinesq peuvent étre analysés et améliorés :

" le comportement linéaire des fréquences
" le comportement linéaire de shoaling

Des améliorations signi catives peuvent étre obtenues a la fois pour les propriétés
linéaires telles que la dispersion de fréquence linéaire, le shoaling linéaire, le pro |
de vitesse, et pour les propriétés non linéaires tels que la dispersion d'amplitude [21].

Il est observe que pour la fréquence de dispersion des équations de SGN, vojir aussi (1.6),
convergent vers la théorie de Stokes du premier ordre. Cependant, les caractéristiques
de dispersion du systenje ([L.6) peuvent étre améliorés (voir par exemplel[14, 24]). Elle
peut étre réalisée en ajoutant des termes d'd@ire® et/ou en paramétrant la vitesse a

une certaine profondewr= au lieu dez = d ([71]), et/ou en considérant une vitesse
modi ée (voir [24]). Tous ces modeles introduisent des parametres pour lesquels plus la
valeur den est élevée, plus les améliorations des propriétés dispersives sont importantes.
Par exemple, en suivant la méthode BBMI[12], nous pouvons ajouter des termes arti ciels
dans I'équation du moment pour améliorer le comportement linéaire dans les équations

§ @ +r » +d°u¥%=0

1 15
3 @J+r»§u2+gl/a+D1u;; °o=0 (13)
ou est un coe cient libre, pour améliorer les propriétés dispersives linéaires. Ce
modéle a été développé dansl[71] 69,68, 70] (Voif [45] pour une analyse de la légere
di érence entre ces méthodes).

Le troisieme chapitre propose un nouveau modele dispersif en eau peu profonde
prenant en compte I'in uence de la topographie et de la section transversale sur les ondes
de surface. Il s'agit d'une extension du modéle du type Serre-Green-Naghdi au cas d'une
section variable.

Nous présentonsici, brievement, la stratégie permettant de dériver le modeéle dispersif non
linéaire moyenné sur la section. Nous introduisons d'abord le probleme sans dimension
en introduisant le parametre dispersif classiqge Nous introduisons également un
parameétre dispersif; mais dans le sens transversal. Dans ce travail, nous supposons
gue 1 < »pourobtenirle modeéle dispersif moyenné par section par rappeit@mme

on le fait habituellement. En raison de la structure des éguations, nous ne pouvons pas
obtenir le modéle par une moyennisation sur section directe. Nous devons d'abord
développer des développements asymptotiques appropriés en deux étapes, brievement
résumées ci-dessous :
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" Premiere étape : les équations d'Euler sont moyennées en largeur pour obtenir le
développement asymptotique suivante de la vitesse horizontale du uide

ult; Xy, 2° = huitt; x; 22+ Ot 4©
ou hui est la vitesse moyenne en largeur.

" Deuxieme étape : les équations d'Euler moyennées en largeur permettant d'obtenir
le développement asymptotique de la vitesse horizontale moyenne en largeur du
uide
huilt; x; 2° = U; X+ o flult; X% 1t; x%°+ Ot §°

ou u est la vitesse moyenne de la section pour une fondtidonnée.

Ainsi, le développement asymptotique d¢usqu'a l'ordre Ot %0, le "motion by
slices (voir [46]), peut s'écrire comme suit :

Wt X Y, 2= Tl X0+ o IO X0 1t; X0+ O 50

En n, en utilisant ces développements asymptotiques, nous sommes capables de faire
la moyennisation sur section des équations d'Euler pour obtenir les nouvelles équations
dispersives non linéaires unidimensionnelles
é _@A+ _@Q =0
@ @

2
B+ 22, l11; A° + 2§1G1x; AODIU® = |pix A0+ Gix A Qe (1.6)

ou Aestl'aire mouilléeQ = Auest le débit d'eauy est la vitesse moyenne de sectibn,
3

. . . ... h
(resp. I) est la pression hydrostatique (resp. sourGék; A° generahse§ dans|[(4.B),
le termeGix; A QP étend le terme source de fond irréguliBr,est le terme donné par

()2

La deuxieme partie de ce chapitre est consacrée a la reformulation du probléme
(1.8) en introduisant un opérateur linéaire et un opérateur quadratique a n d'améliorer
le modéle. Comme mentionné précédemment, di érentes méthodes existent dans la
littérature pour étudier les caractéristiques linéaires des modeles dispersifs. Comme
la méthode BBM a montré de tres bonnes corrections au niveau de la dispersion et le
shoaling, nous la considérons dans ce chapitre. Elle est basée sur l'observation que:

2
@ = @@ % + [411x; A° [o1x; A+ O 0 (1.7)
2
=@Q *1 ° @@ %+ 11 A° DI A + O 0 (1.8)

avec un réel. Comme les termes ajoutés sont d'oi@te,°, la précision du modele
n'est pas a ecte.
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En appliquant'astuce BBM a (1.6), on obtient une famille d'équations SGN a un
parametre avec une dispersion ameéliorée sous la forme conservatrice :

Ops @ipp-
@ « @ @ o1 @
|(1, @i LA d, Ya @1Au°+ @1Au2°+ @ll P (1.9)

*S ol l2 t 2AQAd VP=0t R

ou |4 représente l'opérateur d'identité,1x; z° est la largeur de la sectionzadonné,
dtx; y° désigne la limite de la section transversale du canal/de la riviere en fonctign de
L»A d; ¥est un opérateur linéaire &A; d; Yest un opérateur quadratique.
Cette nouvelle formulatiorn (1.9) ne contient aucune dérivée du troisiéme ordre, on peut
donc s'attendre a des calculs numériques plus stables et plus robustes.

Dans la derniére partie de ce chapitre, nous nous intéressons uniqguement au cas
d'une section variable rectangulaire. Un schéma volumes nis d'ordre 1 équilibre pour
le modéle dispersif reformulé (1.9) a été construit et quelques cas tests numeériques ont
été e ectués. La construction d'un schéma bien équilibré peut étre facilement réalisée
en ne considérant que la partie hyperbolique des Eqgs. (1.9), par exemple, par I'utilisation
de la reconstruction hydrostatique (voir par exemple [4]).
Dans le premier cas test, la précision de la méthode et I'in uence de la variation de
section dans le cas de la propagation d'une onde solitaire ont été testé. Pour cela, on
considere les solutions exactes d'ondes solitaires des équations de Green-Naghdi dans
le cadre unidimensionnel sur un fond plat (voir/[61]), données dans les variables avec
dimensions, par
1t’ (0]

% 1t: x0 = asecllkix ct°® Ul x°=c 1t'x—°+zo with
’ (1.10)

Ek: —piandc:pglm+a°
I 2 pta

ou 7Zp est la profondeur du uide et est I'amplitude relative.

Précision: La propagation de I'onde solitairg (1]10) est initialement centrég=a10

m avec une amplitude relatige= 0:2 m sur une profondeur d'eau constamje= 1 m. Le
domaine de calcul est. = 100m et discrétisé paX cellules. L'onde solitaire se propage

de gauche a droite. Dans ce test, puisque I'onde solitaire est initialement éloignée des
limites du domaine, les conditions limites n'a ectent pas le calcul, nous choisissons donc
d'imposer des conditions limites sortie libre aux extrémités aval et amont. La solution
exacte est calculée dans un canal de largearl.

Dans ce qui suit, nous quanti ons la précision numeérique de notre schéma numerique
en calculant la solution numérigue pour ce cas particulier pour un nombre croissant de
cellulesN sur une duréd@ = 20s. En commencant par un nombre de celliNes 100,
nous multiplions successivement le nombre de cellules par deux. Les erreurs relatives

u xk . .
etE 2t = Tkx sur la déformation de la surface de I'eau et la
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vitesse moyenne présentée sont calculées 20 s, en utilisant la norme discréte ou

1. u° est la solution exacte &t 4; u x° est la solution numeérique. Pour tous snous

comparons, dans la Fi mn = . m?\lx Zlhi'”0 de notre solution numérique fournie par
| +

Egs. [1.9) avec l'exact®lt,® := maxh'ty, Xx2.01.1.= 2:2 donnée par leg (1.10). On

peut facilement remarquer que la discrétisation du premier ordre n'est pas précise pour
une simulation a long terme en raison de la dissipation numérique. Cependant, pour
limiter la dissipation numérique du schéma numériqgue du premier ordre, on peut soit
limiter le temps de simulation, soit considérer un tres grand nombre de cellules. Il est
cependant préférable d'augmenter l'ordre du schéma numérique mais ceci est laissé a un
travail futur. Par conséquent, dans ce qui suit, nous considérons un temps de simulation
plus court et un grand nombre de cellules, juste pour illustrer I'in uence de la variation
de la section du canal.

2.2
X
+X
219 x :
" X
X
+ X
X
2.18f + " x .
+ XX
X
+ Xxx
2.17¢ Yy B
+ xxxx
- xxxx
2.16 e Xy 1
e xXxx
++ xxxxx
215N = 200 . 1
N =400 x
2.14fN =800 |
N =1600
N = 3200
2.13 L L L L L L L L L

0 2 4 6 8 10 12 14 16 18 20

Figure 1.1:M" := max th™
0 i N+2

In uence de la variation de la section: Nous considérons a nouveau la propagation
d'une onde solitaire initialement centrée xn= 10 m d'amplitude relativea = 0:2 m,
sur une profondeur d'eau constamte= 1 m sur un domaine de calcul dg = 50 m et
discrétisée avec dé$ = 5000cellules. Commencant initialement pat0; x°, utQ; x°°
(voir Egs. [(1.1D)), nous calculons la simulation numérique pour les canaux dé nis par

. 1
U= e hgtowith =S Sexp "2 x Le20? et =
avec =0, =01 =02 =03et =04 Lesrésultats obtenus sont présentés
dans la Fig 12. Dans la Fig.1.2(a), pour chaque géométrie, nous montrons I'évolution
du maximum du niveau de l'ead" := 0 ma’}lleh{‘O. Comme prévu, puisque la premiere
| +

partie dex 25 converge linéairement, le niveau de I'eau augmente alors que pour
x > 25, le canal diverge linéairement et donc, I'amplitude du niveau de I'eau diminue.
De plus, dans toutes les simulations numériques, la masse est conservée. En e et,
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n
pour chaque valeur d& nous avons a ché dans la Fig. 1.2(b), le rapport% ou

1
1 @ m" . )
mh ;= N+ 2 Al-n est la masse d'eau au moméntLe rapportﬁ est quasiment egal
. i=0
al
2.215
221
2.2051
220 ¥ ¥ M
*"**“‘%¥§§xx
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2.19f P .
e=0 : o
2186= 0.1 x
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e= 0.2
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Figure 1.2: in uence of

Le quatrieme chapitre est le fruit d'une collaboration lors de la session de recherche
du CEMRACS 2019. Lobjet est I'étude du systeme de Serre-Green-Naghdi a n de
modéliser des écoulements incompressibles a surface libre en peu profondeur, tout en
tenant compte les e ets de la pression non-hydrostatique et les phénomeénes dispersifs
qui jouent un réle important en particulier en océanographie cotiére. Plusieurs schémas
numeériques sont présentés, basés sur une méthode de splitting, en séparant la partie
hyperbolique (prédiction) et la partie non-hydrostatique (correction). Les algorithmes
sont comparés en temps de calcul a travers des simulations avec des ondes solitaires. Le
modéle est également validé avec des données expérimentales concernant les ondes de

Favre [23].
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Le systeme de Serre Green-Naghdi (apparu initialement dans [86], [50]), également
connu sous le nom de systéme de Boussinesq entierement non linéaire se lit comme suit

@+ @hw =0
@hw+ @hu?°+ @hP+ @2 = gh@h+ z° h@Ppaim
@hwo + @huwe gy = 0
@h o+ @hu °© 2°3 g % -0 (1.11)
W, U@z p:_)) =0
?2 3 +h@u=0

ouhit;x°: R® R! R" estlahauteur du uide a une positiondonnée, au temps
t;ult;x°: R® R! Restlavitesse horizontale moyennée en profondeur du uide,
wit;x° : R® R! R estla vitesse verticale moyennée en profondedt, x° : R*

R ! R estla correction verticale associéava Enn, git;x° : R* R! Restla
pression hydrodynamique moyenne verticalggt; x° : R* R ! R est la pression
hydrodynamique au fond.

z,'x° : R! R est la topographie du fond indépendante du tempsg) ©t9; 81 est
l'accélération standard due a la gravité. Le systeme est complété par de multiples
conditions aux limites possibles, en fonction du cadre physique modélisé.

Dans ce travail, nous élaborons le schémaplitting de type volume ni - di érence
nie. Il consiste a résoudre d'abord la partie hyperbolique, puis la partie dispersive.
L'étape de prédiction hyperbolique implique la résolution numeérique des équations clas-
siques des eaux peu profondes avec une topographie de fond non plat. Quant a la
résolution du systéme résultant de I'étape de correction non hydrostatique - qui est le
c+ur de ce travail - nous présentons deux algorithmes itératifs : l'algorithme d'Uzawa
appligué au probléme mixte vitesse-pression et la méthode de Gauss-Seidel pour I'étape
de projection elliptique. Les di érents choix de conditions aux limites en fonction de
la situation physique en question, ainsi que leurs conséquences sur les procédures de
discrétisation, sont également étudiés.

Pour comparer les stratégies numeriques, trois cas tests sont considéres :

" Une solution exacte (onde solitaire) ou les trois méthodes numériques sont com-
parées

" Une onde de choc dispersive provenant d'une rupture de barrage simulée avec
I'algorithme d'Uzawa dans la Fig. 1.3

" Des comparaisons avec des données expérimentales (ondes de Favre) et les résultats
numeériques obtenus avec l'algorithme d'Uzawa



CHAPTER 1. INTRODUCTION 14

t=0s t=15s
1-9 T T T T T 1-9 T T T T T
1.8 . 1.8
1.7 ¢+ . 1.7
1.6} . 1.6
o 15¢ g o 1.5
14t 1 X 14
1.3} . 1.3
1.2} g 1.2
1.1+ . 1.1
1 B 1 1 1 1 1 1 1 1 1 1 1
-300-200-100 O 100 200 300 -300-200-100 O 100 200 300
XimP ximP
t = 30s t = 50s
1-9 T T T T T 1-9 T T T T T
1.8 1.8
1.7 1.7
1.6 1.6
o 1.5 o 1.5
X014 X 14
1.3 1.3
1.2 1.2
1.1 1.1
1 1 1 1 1 1 1 1 1 1 1 1
-300-200-100 O 100 200 300 -300-200-100 O 100 200 300
ximP XimP

Figure 1.3: Dam-break: La surface de I'eau a di érentes reprises.

1.3 Perspectives de recherche

Actuellement et dans les années a venir, je compte développer deux axes de recherche
qui s'inscrivent dans le cadre de mes travaux de recherche actuels. Le premier theme
porte surl'analyse mathématique (I'existence et l'unicité de solution) des modeles
Serre-Green-Naghdidérivés dans ma thése, tandis que le deuxieme theme s'intéresse a
l'optimisation du code de calculld pour prendre en compte les variations de bathymétrie

et de section non limité au cas rectangulaire. L'objectif de mon dernier axe de recherche
est de modéliser les risques d'inondation et la propagation des vagues de tsunami en
utilisant un couplage d'équations du type Green-Naghdi/Saint-Venant a section variable.

Analyse mathématique des équations de type Serre-Green-Naghdi

Le mouvement d'un uide parfait, incompressible et irrotationnel sous I'e et de la grav-

ité est décrit par les équations d'Euler ou les équations d'ondes de surfaces "water-waves"
a surface libre. Lexistence et I'unicité de solutions pour ces équations est maintenant
bien comprises suite aux travaux de Wul[95, 96] (voir aussi Yasihara [98] et Lannes
[58]). Mais en raison de la complexité de ces équations, ils sont souvent remplacées
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par des équations réduites. Ces équations réduites sont obtenues en tant que limite
asymptotique formelle des équations d'Euler a surface libre ou les équations d'ondes
de surface. La dérivation formelle de ces eéquations remonk€l Xie siecle tandis que

leur justi cation mathématique a commence il y a seulement trois décennies avec les
travaux de d'Ovsjannikov [73, 72], Craig |[28], Kano et Nishdda [54] qui ont abordé pour

la premiére fois le probleme de la justi cation des asymptotiques formelles. Récemment
en 2008 B. Alvarez Samaniego et D. Lannes [3] ont donné une justi cation rigoureuse
de tout les asymptotiques présentés dans la section précédente.

Les équations de Kortweg-de Vries (KDV) sont mathématiquement justi ées dans [28],
les équations de Saint-Venant ou également "Non Linear Shallow Water" sont justi-
ées dans|[73[ B]. Les équations faiblement non linéaires et faiblement dispersives de
Boussinsq sont étudiées dans [28, 53, 13], voir également [7,[76,/91, 29] en présence de
la topographie. Finalement, les équations fortement non linéaires, faiblement dispersif
de Green-Naghdi, également les équations de Serre, sont justi ées dans [65, 3].

En suivant ces travaux, mon objectif est d'apporter une justi cation rigoureuse du
modéle développé dans ma thése](1.6), plus particuliérement I'étude du caractére bien
posé de ce modele et I'étude de la convergence des solutions vers celle du probléme
d'Euler a surface libre.

Optimisation du code de calcul

L'ajout d'e ets dispersifs dans un modele ajoute des di cultés importantes pour obtenir

un algorithme robuste. En e et, ces termes supplémentaires changent la classe d'équation
et de nouvelles approches numériques doivent étre développées. Les modeles dispersifs
du type Serre-Green-Naghdi (IL.6) peuvent étre écrits sous la forme suivante :

& | GivFixo+ D = SX (1.12)
@
ou X est dé nis par
_h
X= hu

F estle ux associé eBest le terme source de la topographie. Nous nolibhss termes
dispersifs supplémentaires pouvant contenir des opérateurs di érentiels en fonction du
modéele. Ainsi, pouD = 0, on trouve les équations de Saint-Venant, qui peuvent étre
résolues avec la méthode des volumes nis. FDur 0, les di cultés surviennent. De
nombreuses stratégies ont été étudiées dans une ou deux dimensions et nous résumons
ici brievement quelques techniques. La déterminatioD d#pend de la formulation du
modele eD contient généralement des termes dérivés d'ordre 3. |l est alors nécessaire
d'appliqguer un schéma d'ordre supérieur pour discréti3erPlusieurs techniques ont

été proposées pour résoudre ce probleme. Dans [24] un schéma de volumes nis d'ordre
supérieur (WENO[97]) et un schéma de di érence nie pour le modele unidimensionnel

de Green-Naghdi a été développé en se basant sur la méthode de splitting en séparant
la partie hyperbolique et la partie dispersive. De méme, dans [63] les auteurs utilisent
un schéma HLL pour la partie hyperbolique sur un fond plat et discrétisent les termes
dérivés d'ordre supérieur présents déngar approximation de di érence nie.



CHAPTER 1. INTRODUCTION 16

Dans le troisiéme chapitre de ce manuscrit, nous avons construit un schéma numérique
d'ordre 1 pour résoudre numériguement le modégle](1.6). Un cas test pour étudier
I'in uence de la topographie et de la section sur la propagation d'un soliton a été réalisé.
D'aprés la Fig 1.]L, on peut remarquer que la discrétisation du premier ordre n'est pas
précise pour une simulation de longue durée a cause de la dissipation numérique.

Aussi, pendant la session de recherche CEMRACS, nous avons étudié le modéle de
Serre-Green-Naghdi en utilisant un schéma d'ortird.a gure [1.3 montre les e ets
dispersifs générés par le systéme](5.1) lors de l'utilisation de données initiales discon-
tinues. Ici, nous avons choi8000cellules parce que les e ets dispersifs ne peuvent
pas étre capturés si nous utilisons un schéma numérique du premierlpetreour
capturer correctement les ondes de choc dispersives, nous avons d( utiliser des schémas
numeriques d'ordre éleve.

Lobjectif est alors, de construire un schéma numérique d'ordre supérieur pour la
simulation a long terme qui tient en compte la variation de la topographie et de la section
transversale.
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2.1 Introduction

The origin of the water wave problem in uid mechanics dates back to the 1980s [30]. The
classical mathematical formulation of surface gravity waves consists of ve equations:
uid incompressibility, surface isobarity, bottom and surface impermeability and ow
irrotationality [66] (Mei 1989). This system of equations does not admit an exact
analytical solution since the domain of de nition of these equations is unknown (the
domain is determined by the elevatioft; x°), therefore, various approximations have
been constructed.

For shallow water ows, we have the nonlinear shallow water equations that were
derived by Jean Adhémar Saint Venant in 1876[31], Korteweg and Vries (1895) [55],
Boussinesq (1871) [17, 18], Serre (1953)/[86], Green and Naghdi (1976)[50], Camassa
and Holm (1993)([22] and several other variations that were developed after that [60].
Models of type Saint-Venant, for example with nite volume methods, can accurately
reproduce the dissipation of breaking waves. On the other hand, the absence of dispersive
e ectsrestricts their range of validity to areas where non-linearities predominate. Outside
these areas, the absence of dispersive terms in these equations generally leads to an
incorrect prediction of the location of the breaking wave.

On the other hand, the Boussinesq type equations take into account the non-linear and
dispersive aspects of wave propagation. By introducing the characteristic amplitude of
the free surfacd, H the characteristic depth, and nallythe characteristic wavelength,
we de ne the dimensionless numbers

_H2 ll_é
" H

L2’
aspect ratio respectively of non-linearity. The Boussinesq type models are in principle
derived from a shallow depth assumption 1 by imposing an equilibrium between
non-linearity and dispersion, i.€. = O! °thus limiting their use to weakly non-linear
and weakly dispersive simulations. In fact, these models are not very e cient in surf and
swash areas where the amplitddean reactD!1°. In particular, it is shown that taking
into account the strongly non-linear e ects for asymptotics in shallow depths1 and
" = 0119, allows to capture not only the propagation speed but also the wave heights
before sur ng (see [91]). The highly non-linear model constructions were built by Serre
[86] and then generalized by Green-Naghdil [50]. These equations, also called Serre-
Green-Naghdi (SGN) equations, are currently described as the most relevant system for
dealing with highly nonlinear and weakly dispersive waves.

These asymptotic models are obtained from a rst and second-order approximation of
the general equations of uid mechanics, in particular, the water wave equations, [60], the
incompressible Navier Stokes equatidns [47, 82] and the incompressible Euler equations
[39,61]. These asymptotic models can also be derived via a variational principle such
as the relaxation method [37,]26] or augmented Lagrang@ian [43]. In this chapter, we
consider the classical variational principle to derive some asymptotic models in shallow
water, namely non-dispersive Saint-Venant equations and Boussinesq and Serre-Green
Naghdi dispersive equations.

The chapter is organised as follows: [n"Y2.2, we present the physical and geometric
settings of the governing equation$. Y2.3 is devoted to the modeling of waves in shallow
water, based on the underlying variational principle (least action principle). We then study
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Figure 2.1: Sketch of the Domain

the asymptotic behavior of the Lagrangian|[in Y2.5 and derive the nonlinear equations of
shallow waters in[Y2.6.4. The rst-order approximation in asymptotic shallow waters
gives the Saint-Venant model. We will then obtain jn Y2.6.2 the (SGN) model, which
provides a second-order approximation to the shallowness parameter. By adding other
smallness parameters under the wave amplitude hypothesis, we obtain the Boussinesg-
type models derived i Y2.6.3. Finally, in ¥2.7, we derive asymptotic models from the
three dimensional Euler equations.

2.2 Physical and geometrical set-up

Let us consider an incompressible, homogeneous, and ideal uid, of constant density
in a domain t° Atthe timet 2 >0; T°, the domain occupied by the uid is, therefore,

Ho=fix:22R?> R di;x° z 1t;x°g (2.1)
We note thatx = 1x; y° is the horizontal cartesian coordinaieis the upward vertical
coordinatet is the timer =1@; @OT is the horizontal gradient andy., = '@; @, @’T
is the classical gradient.
There are also two functions,: »0;T° R?! Randd:»0,T° R?! R, such that

z= 1;x%°andz= di; x° represent the free surface equation and the bottom equation
respectively. The local height of the water is

hit; x° = 1t; x°+ dt; x°:
We denote byJt; x; 2° 2 R®, the velocity of the uid particle located ak; z° at timet,
ult; x; 22 2 R? andwit; x; z° are its horizontal and vertical components respectively.
Incompressibilty of the uid then takes the following form
div>U¥E 0: (2.2)

Irrotationality of the uid is useful but not necessary [59], given as follows,

curb>UveE 0: (2.3)
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In addition to the equationf (2.2) anid (2.3), we need boundary conditions. One of them
is the so-called kinematic boundary condition at the free surface and expressed the fact
that the uid particle do not across the free surface, it read

(2.4)

wherem!x; z = 1; x°is a point at the free surface ands is the unit outward normal
vector to the free surface given by:

1
Nfg = pil r; 107
1+lr 02

This leads to the following explicit form:

@
—+ur =w 2.5
@ (25)
The next boundary condition is needed at the bottom, assumed to be impermeable,
@n
U Np = 6 Np: (26)

Herem = m!x;z= d; x°°represents a point at the bottom, angis the unit outward
normal at the bottom

1
Np:= p——=——1 r d; 1°];
1+1r d°?

this leads to the following explicit form:

% urd=w: (2.7)

2.3 Variational principle and Euler-Lagrange equations

Let the uid be ideal, incompressible, homogeneous and have a free unknown surface,
while the other part of the boundary is given. Then, the following variational principle
holds [11]:
Variational principle : The motion of the uid must provide a stationary value to the
following functional action: L
1
Sue = L dt;
to
on the set of all velocity elds that satisfy the constrajnt {2.2) and the condition (2.4).
Here, isthe density of the uid (taken to be constant) dnds the classical Lagrangian
density de ned as:
L=K+P

whereK andP are respectively the kinetic and the potential energies of a shallow uid
moving under the force of gravity:

1 1

K := 5 juj?it; x; 2dzdx; and P = gz dzok:
1t0 ltO
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We next incorporate the condition of incompressibility [2.2) into the functi@al°
using a Lagrange multiplier, as follows:
1 1

f 1 1 @v
0= Zigi w2 1 — 0 .
SU SIS+ Swegz+ irou+ dz dx dt: (2.8)

to 1to0

Integrating by parts, it turns out that,

1 1
l 1 1
Sye= SjuiP+Zw? gz u r w2 4zt
W w2 2 @, .
t1
+ U noedt: (2.9)
th @

wheren is the outward normal at the boundary.
Using the following Reynolds transport theorem![51, 9], we have:

1 1 1
@ @
— d = —d + U n°d@; (2.10)
@ 1t0 1to0 @ @
then, the functiona[ (2}9) can be written in the following way:
1 ¢ 1
! @ 1 1 @
Siye = —+Zu?+-w? gz ur w— dzdxdt
w w @ 2 20 9 @
t1
+ dzdx : (2.11)
@ to

We can delete the last term ¢f (21 11) by adding the following additional constraint on the
admissible values of the potential

1
t1

dzdx =0: (2.12)
@ to

Itis clear that adding this constraint does not a ect the equations and boundary conditions
for , since it does not contribute to the variations [11], then we obtain:
1 1
i @ 1 1 @
Syo = = +2-u’+Zw? gz ur w— dzaxdt (2.13
o w @ 2972 ¢ @ @13

The variation S of the functionalStU° with respect to the variation of the velocities
ulx; zt° and wtx; z t°, the potential 1x;zt° as well as with respect to the surface
elevation x;t° have to be zero.

Let us start by the variation with respectudx; z t°, let us consider a small variatiomu

in the velocityu®x; z t°. Then the variation of (2.13) with respectuagives,

0= S=Su+ u;° Su?°
1 1 1
t1 1t:x°
= ulu r °dz dxdt:
to dit; x°
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Since uis arbitrary, we deduce

ultt, x;22=r ;) x2°: (2.14)

Similarly, the variation of the Lagrangian (2]13) with respeaita; z t°, gives,

0= 4,S=Sw+ w;° Sw ©°
1 1 1
1 1t;x° @

w w — dz dxdt
to dit;x° @

then, since w can be given also arbitrary, we obtain

@
wit; x; 2= —= U, x;2°:
@

(2.15)
Next, the variation off (2.13) with respect tdeads to,

S=3 +; ° &;°
1

1 1

1 1t:x° @ @
= —+u rl °+w—— dz dxdt:
to dit;x° @ @
Using the following Leibniz integral rule,
! btx° @ @1 btx°
—Ix;fds= — fix; s°ds
atxe @ @

arx°

@, . @ _
—1xof1x; & o+ —IXf1X; Lj=aie (2.16
& Js=bx & J=axe ( )
then, for a constant density we obtain:

1 1 1

t1 @ 1t;x° ! 1t;x°
S= — dz+r 1y °dz dxdt
tf @ dit;x° dit;x°
tll ! 1t;x°
+ r u+ dz dxdt
1t0t 1 dit;x°
! @
+ @+ ur W jz= 10 dxdt
1t0t 1
. @
+ —+U rd+w j= guxe dxdt
to @
=0

which gives for an arbitrary , the following equations

%r u+@:0; d<z<;

@ @

—+ur w =0 z=; (2.17)
§%+u rd+w=0; z= d:

24
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Finally, the variation with respect tdt; x°, gives,

S=+,;° &;°
1 1

b @ 1 @
- 2 2 : :
= + U+ -w ur w = 1.xo0Xdt :
to @ 2 2 g @ JZ tx
One deduce from the above integral that
@ 2 1, @
— 4+ U+ +—= _i =0 =, .
2u 2W g ur w o z=; (2.18)

for an arbitrary

Gathering equation$ (2.]14) (2.1.8), we obtain the following so-calteder-Lagrange
equations

u=r ; d<z<; (2.19)

w= %; d<z<: (2.20)

r u+%v=0; d<z<; (2.21)

%+u row=0 z=; (2.22)
Trurdew=o z= d (2.23)
%+%u2++%wz g ur w%:o, 2= ; (2.24)

where equation$ (2.19) arid (2. 20) correspond to the irrotationality condition of the ow.
Equation|[(2.2]1) is the continuity equation, and the two following equatjons|(2.22)] (2.23)
are, respectively, the kinematic conditions at the free surface and the bottom. The last
equation[(2.24) corresponds to the dynamic boundary condition at the free surface.

Remarkl. Injecting the irrotationality relation§ (2.119) (2.20) into the Lagrangian (R.13)
yields to the following functional:
1 1 1 ! #

ta @ 1 1 @ 2
Siyo = = +2jr 2+ = +g9z dzdxdt 2.25
. . @ SIF 17+ 5 @ g (2.25)

which is the functional proposed by Luke in 19671[67]. It is used to derive approximate
wave models in shallow water.

Remark2. The water wave equations can be recovered by applying the standard procedure
of calcul of variations given above to the functioral (2.25) with respect&md . It

read
§r2+@ =0 d<z< ;

=0 z= ] (2.26)

+
—_
—_

+g =0 z= . (2.27)
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These are the equations commonly used to derive asymptotic models in shallow water
regimes (see [60, 59] for a clear and modern derivation of shallow water equations from
water wave equations). These equations can also be considered as benchmarks to correct
frequency dispersion errors due to the presence of non-hydrostatic pressure in dispersive
models[84] 14].

Inthe sequel, we consider the Euler-Lagrange equdtion|(2[19)](2.24) to derive asymp-
totic models in shallow water.

2.4 The nondimensionalized equations

In order to study the asymptotic behavior of the solutions to the Euler-Lagrange equations
(2.19)-[2.24), it is convenient to introduce nondimensionalized quantities based on the
typical scales of the problem. Five main lengths are involved, namely, a typical water
depthH, a typical wavelengtlhy, a typical horizontal scaley, the order of free surface
amplitudeA, and the order of the bottom variatioBs We de ne, therefore, the three
small parameters

j— H2. LLJ— A d —_

= |__)2(' = ﬁ an =

The signi cations of these three parameters are the following

Ilw

is the so-calledhallownesparameter (also calledispersiveparameter).

A n

is the amplitude parameter (also calleahlinearityparameter).
represents thtopographyparameter

The shallow-water regime corresponds to the con guration where the wave lepgth
the ow is large compared to the typical depth

H2

= — 1:
L2

For the sake of simplicity, we suppose in the rest of this sectionlthat Ly = L, then,
dimensionless parameters are de ned as follows:

_ 4 -
"B A
It is obvious that we nondimensionalizeand z by a unit lengths in a horizontal and
vertical direction respectively, and the surface elevation and the bottom by two amplitude
variationsA and B. But the nondimensionalization of the tinfeand the potential

di er, they are obtained by the linear wave theory (se€ [59] for more details). They read

_x _ Yy -
x—L, y K d

whereT and are a typical time and potential velocity scales given by:

L

T=—;
U

="LU:
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From the irrotationality relation$ (2.119),(2]20), one can dimensionalize the velocities as

follows,
o W

n U 1 "W
whereU andW are the scales of uid velocity. The nondimensionalized water height is
then,

u=

it X0 =" 2t x°+  dit; xO:

Injecting these quantities into equations (2.19)-(R.24), then yields the dimensionless form
of the equations. Omitting the "tildes" for the sake of clarity, they read

u=r ; d<z<",; (2.28)
W:%; d<z<"; (2.29)
r u+%’=0; d<z<"; (2.30)
%+"u r w =0 z="; (2.31)
1%%+u rd°+w=0 z= (2.32)
@ 1!! 2 1" 2 n n @ - N _ .
@+§ u +§ we G ur W@—O, z=": (2.33)

where equations (2.28) arid (21 29) are the nondimensionalized irrotationality conditions.
Equation [(2.3D) is the nondimensionalized continuity equation, and the two following
equations|(2.31)] (2.82) are, respectively, the kinematic conditions at the free surface and
the bottom given in the nondimensionalized form. The last equdtion|(2.33) corresponds
to the dynamic boundary condition at the free surface.

2.5 Asymptotic expansion

Asymptotic expansion is an essential passage in the derivation of asymptotic models
from Euler equations, water wave equations, or, as in our case, the Euler-Lagrange
equations. To understand ow's behavior, it is necessary to introduce the parameters
given in the previous section, namely the parameters of shallownassnlinearity”,

and bottom variation . Many asymptotic regimes can be distinguished based on these
three parameters;

~ Shallow water regime which corresponds to the case when 1. Adding
assumptions with respect to thenlinearityparameter, there are other asymptotic
regimes;

Small/large amplitude regime corresponds to the case WherO! ° and
" = O1°respectively.

Small/large bottom variations correspond te O °and = O1°respec-
tively.

" Intermediate depth corresponds to the situationl.
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" Deep water regime wher> 1.

We are only interested in this work in the case of shallow water limit (see [59, 60] for
more details in the other asymptotic regimes).

2.5.1 Taylor-series-type expansion

Keeping in mind that we are in shallow water regime which means that the shallowness
parameter is too small ( 1). From then on, we can consider the following formal
asymptotic expansion with respectXét; x; z° :

X x; 22 = Xoit; x; 22+ Xy x; 22+ 2X21t; X, 22+ : (2.34)

Applying this asymptotic expansion tq u andv and substituting it in equations (2]28)
(2.32). Formally, letting goes to zero,

" rst order equations are obtained as follows:

Ug=r o d<z<"; (2.35)
@o

0= —; d<z<"; 2.36
@ (2.36)

%r uo+@:o, d<z<";

@ @

_+"u0 r WO:O; Z="; (237)

Rl

1;@+uo rdo+wpy=0; z= d;

" and at a second-order, we get the following equations:

ur=r 1 d<z<"; (2.38)
Wo = %; d<z<"; (2.39)
%r u1+@20; d<z<";

@ @

= +"U1 r  w =0 z=", (2.40)
el

1:@“11 rdo+w, =0 z= d

Moreover, from the irrotationality relations (2]36), we get the following important infor-
mation, the so-callethotion by slices

which implies that :
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Thus, we deduce from (2.35) that:

Up=T o= Uplt; x°:

Therefore, applying the asymptotic expansion to the free surface kinematic boundary
condition [2.311) and the dynamic boundary conditjon (R.33) respectively, by neglecting
all terms at ordeiO! % and taking into account thatg = uglt; Xx°, one obtain the
following equationS'

_+"u +" Up r =Wp+ W1+Ol 20; Z:",
2.41
§8 +_||u2+ + P 0+01 20 ] ( )
ot9g NH = z=
where @ 1
PNt X; 20 = 6; +"Up Uup+ E"Wg: (2.42)

The unknowns of the last systefn (2.41) arg 1, us andw;. In order to obtain the
asymptotic equations, it is necessary to calculate their explicit expressions.

Computation of the term wy

The rst order approximation of the continuity equation (3.30) reads,
ru+——=0:

Integrating it with respect ta for s 2 » d; zZ¥and taking into account the boundary
condition at the botton (2.82), gives

Wolt; ;2= 1 z+ d wug+ wg (2.43)
with w; is the vertical acceleration at the bottom given by

1a

Welt; X0 = g rd; (2.44)
therefore, one can compute the tengtt; x; 2°,
W3l X, 2= 12+ dOlr up®+ 2wZ 1z+ dWer  Up: (2.45)

Computation of the terms 4

In order to compute the second term of the non-hydrostatic preBsyyewe have to go
back to [2.3p), which gives;

@
Wolt; X; 22 = @1 t; X; 2°
Integrating it with respect ta and taking into accounft (2.43), we get,
1M X0 = %1z+ dor up+ zw (2.46)

therefore,

1
%1t;x;z°: 1z+ d%r uo"% élz+ d°@r U+ z@wg: (2.47)
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Computation of the terms uy

According to the irrotationality condition (2.B8) we have the following equation,
urt; x; 22=r g

applying the gradient to (2.46), then it reads as follows:

1
Ut x; 2= 1z+ dor  ugr d élz+ do°r s U zZr Wi (2.48)

Computation of the terms Pyy

Injecting (2.4%)[(2.46) and (2.48) intpb (2]49), we get the expression of theRgiTas
follows,

1
PNHlt;X;ZOZE" W2+ ZA@nc+"Ug I WP

1
512+ do? @r u+"ug r>r ug¥% "ir ug® : (2.49)

Computation of the termsw;

One can compute the explicit expression of the second term of the vertical velgcity
from the second-order approximation of the continuity equation. We have

@v
r up+ @1 =0: (250)
Integrating this equation fag 2 »  d; Z4we get: L

y
wilt; ;22 wilx;z=  d;te= r uplx;steds: (2.51)
d

At the bottom, we have the following kinematic condition:
1
wilx;z=  d;t°= ;%+u11x;z= dt® rd
Now from the expression afi; done in [(2.4B) and after straightforward computations,
one can obtain:

1
wilx;z=  d;to= ;% 2drwe rd (2.52)
Substituting equatiot (2.48) and equatipn (2.52) into equdtion](2.51) gives:
174+ (o2 174+ o2
wilt; x; 28 = ZTdr Bro ugr dva sz ¥ d rir ug™
1 03
+ —Z+6d r2r ue® + 2z+ d° i uelr d*?
7?2 2 1@
— 2w @ 2drwe rd : (2.53)

The next step consists of collecting the above calculations and inject them into the system
(2.47). We kept all terms in the order of and we neglect all terms that have the order

of 2. We do not make any assumptions‘faand . We assume that both have the order
Ot1°. Then, mass and momentum conservation equations can be achieved as follows.



CHAPTER 2. DERIVATION OF SHALLOW WATER EQUATIONS 31

2.5.2 Mass conservation equation
The rst equation of systen (2.41) gives,

@ +"Uup r +" up r =wp+ wp+0t % z=": (2.54)
From (2.438), one have,

wolt;x;z=" °= hr uy —-@d Ug r d:
Plugging it into [[2.54), one obtain,
@h+"r shug/s " Flx;ug®+ Ot 0= (2.55)

with F is the function given by the following formula,

Fix;ug®= "uit;x;z="°r +wit;x;z=" ¢ (2.56)

and hence, we can get its explicit expression from (2.48)[and|(2.53).

2.5.3 Momentum conservation equation

The momentum conservation equation is obtained from the dynamic boundary condition
at the free surface, which corresponds to the second equation of the dystem (2.41). Itis
written,

1
— =+ Z"Us+g + Pypltxz=" °+ 0Ot 2=0

Applying the gradient to the previous equation and replacing the non-hydrostatic
pressure by its expression given[in (2.49), it yields to the following equation:

1 1
@uo + 1 Q"U§+g tros Wi+ th  do'@wc+ "Ug T WP

1
+r éhz "It ug® "up rf Ug¥s @r ug® +Ot 2°=0: (2.57)

2.5.4 Asymptotic model
Gathering[(2.55) andl (2.57), we present the following free surface model

%@n +"r Shug¥/F= " Fix;ug®+ O 20=O;

1, 1o, "
@uio +r F'ugtg 1 5 Fwgr tho dM@tUo TWE () gg

_% +r %hz "I yg® "up rr Ug¥a @r ug® +Ot o=
whereh =" + d is the nondimensionalized local water heighg, is the rst term
of the asymptotic expansion (2]34) applied to the horizontal velagityx; 2°, w, is the
vertical acceleration at the bottom given|in (2.44) &id; ug® is given in [2.56)

The system of equatioh (2J58) shows a weakly-dispersive and fully nonlihea©¢1°)
free surface model with large variation on the bathymetry (O*1°) for moving bottom
(varies in time and in spaak= dt; x°).
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Remark 3. Note that many other asymptotic models can be obtained from|(2.58) ac-
cording to the speci c regime in the rst part of this section. For example, in addition

to the assumption on the shallowness parameter, we suppose a small amplitude regime
" = O 9 one can recover the Boussinesq type models [see [71] and reference therein
for more details). Besides, if we suppose a small variation of the topography, we recover
the Peregrin model given in [76].

2.6 Depth-averaged equations

This section is devoted to the derivation of depth-averaged shallow water models (when
the shallowness parameteris small). The most general model is addressed in ¥2.6.1
when no assumptions are taken foand , then we obtain in[Y2.8.2 the Serre-Green-
Naghdi model (also called fully nonlinear Boussinesq model). Adding the assumption
small variation of the amplitudé" = O! °, Boussinesq type models are obtained in
Y2.6.3. We nish this section by giving the nonlinear shallow water equations (NSWE)
in Y2.6.4, which are obtained by neglecting all terms at order

This section's key point is the link between the rst-order term of the horizontal velocity
up and the average one. Let us start by looking for the average veloHitx® as a
function of uplt; x°, 1

ult; x° = ult; x; 2°dz: (2.59)

hit; x° 4

Applying the asymptotic expansidn (2] 34)u#; x; z° and substituting it into the previous
equation, we get:
1

ult; x° = Uolt; X0+ uqlt;x; 22+ O 20 dz

hit; x° 4
Replaceu; by its explicit expression given if (2.48), we end up with:

Lo uerd ine "2 d 2
U=Uug+ — = h°r  ug®r =h°r>» UV —rw, +0? .
0 h 2 0 6 > 0 2 c

After some straightforward calculation, we get:

ult; X° = up+ % thr  ue°r d %hzr X UgYa CIr we +Ot 20 (2.60)

We can then easily obtain the expressiomugh; x° in terms ofult; x°, as follows:

1 1 d
Uolt; X° = u 5 throurd éhzr X uYa rwe +0Ot 20 (2.61)

Then we can calculate its quadrature as follows:

rwe +0t 2

1 1
up=u? 2 u > lhr  u°r d éhzr X uYa#
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2.6.1 Serre-Green-Naghdi equations for a moving bottom

The Serre-Green-Naghdi (SGN) equations are a second-order approximation of the Euler-
Lagrange equations, i.e., the terms of the oi@&r° are kept in the equations. This
model's range is wider than the weakly dispersive weakly nonlinear Boussinesq type
models since it retains the ter" ©andO ° which are neglected in Boussinesq
equations, which makes it more complex. The model is obtained by replagtyg®

by ult; x°in (2.58) using[(2.6]1). After straightforward algebraic, one gets:

@+ "r >hu¥sE O h i
1 1
@ +r »é"u2+G Vb h® i u® r 1@° urir u (262
E 1 2 2
+ — + o =0
> 2hr h rd Q=0
where: h h
Qe = "5»1’ u®® 1Tu ror u1/4q1/d+§@r uer d;
=@Vt u g
@
and w. = a u rd:
Another reformulation of the previous system can be obtained by introducing operator
T:
@h+"r >hu¥= .
1 1 h [
1+ TO@QuU+r »é"u +G Y+ —r h® u® urir ue (2.63)

1 3h
_§ oo h? rd " Qutu® =0:
with,
T w= Sridr we+ Prdr ow (2.64)
3h 2
and Q11U°:"g»¥ u® 1u rr  uYev: (2.65)

The advantage of this form is that by inverting operdiot T°, we add regularity,
since, the latter acts as an averaging term and should, therefore, facilitate the numerical
computations.

There are other particular reformulations of the Serre-Green-Naghdi system, namely, the
hyperbolic system given in [43] and the non-hydrostatic formulation.

2.6.2 Serre-Green-Naghdi equations for xed bottom

Replacingdt; x° by d'x° in (2.63), the vertical acceleration at the bottom becomes:
We= U r d, consequently

= 1@Vc+"u rwe®= @u rd " u r> rd%
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Plugging into systenj (2.63), we get the following famous Serre-Green-Naghdi equation
for non- at bottom

% @h+"r >hu¥e O ] i
1 1
1+ T» d;hl/L@J+r»é"u +G Y " " h® ir u®® u rir u°
:E + " Q» d hvg° =0
(2.66)

where

1 1
T» dhvaw= Zr hdr wo+ %»hzr dr w rih’rd wo ?rdrd w (2.67)

and the topography ter®@» d; h¥%s de ned as:

1
Q» d;hYE — h?u r>r u¥% T u°®rd rth?u r>u rdve

2h
+ u r>u rd¥rd (2.68)

Re[gnark4. The Serre-Green-equations (4.66) can be simpli ed under the assutiption

O ° We distinguish three di erent regimes by varying the parameter of topography
(the class of this equation is called in [60] moderately nonlinear). For example, if we

impose the assumption= O"°, the model that we can obtain for a at bottdith = 0°

corresponds to the Camassa-Holm equation [22] (Isee [60] for more details).

2.6.3 Boussinesq equations

The Boussinesq equations are a second-order approximation of the Euler-Lagrange equa-
tions (2.19) (2.24) with respect to the shallowness parameterhich have a better ap-
proximation compared to the nonlinear shallow water equatfons| (221 instead of

Ot 9). In addition to the parameter, these equations are obtained under the assumption
weakly nonlinearity.e” = O °. We consider here two variants in di erent topography
regimes :

1. Fully nonlinear topography = Q1%
Neglecting in[(Z.66) the terms at the ord®@r 2°andO*" °©under the assumption
" = O! ° we get the following equations:

§ @h+"r »>hu¥EQ

1 (2.69)
3 @J+r»§"u +G Y& Qtu°=0
with

Qilu° = 2_1h r>h°@ rdv+ rdrd @u;

which corresponds to the Boussinesq model with topography derived by Peregrine
in [[77].
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2. Weakly non linear topography
In addition to the assumptioneakly nonlinearitythe supplementary assumption
weak variation of the topographff = O! ° is considered here to obtain the
following model

§ @ +"r >hu¥s Q;
5 (2.70)

11 3 °@J+r»%"u +G Y= 0

The Boussinesq type modél (2169) was rst derived in 1967 by D. Peredrine [77].
This model described the propagation of weakly non-linear long waves over a general
non- at bottom. It was from this landmark study that the modern era of long-wave
modeling began. Over the past decade, these equations have captured the attention of
the mathematics and coastal engineering community. This is due to their ability to
correctly describe dispersive and non-linear e ects (which is not the case with the Saint
Venant equations). The applicability of this model touches several areas such as coastal
engineering (harbor design, coastal defense structure, etc.) and o shore engineering
(design of o shore platforms, underwater cables, etc.) (see [21] for a reasoned review in
this eld). This can be justi ed by the fact that the Boussinesg-type model contains more
physics than the Saint-Venant equations. Based on this model, researchers have focused
on the development of new models, and there are many variants [71,/69, 14].

2.6.4 Nonlinear shallow water equations

The nonlinear shallow water equations are an approximation of the @dé&rof the
Euler-Lagrange equatioris (2]19) (2]24) in the sense that the terms of the@¥rdeare
dropped :

§ @h+'r shuveo

1 (2.71)

3 @J+r»§"u +G Y& G

This model was developed for the rst time by Adhémar Jean Claude Barré de Saint-
Venant in the 19th Century as a reduction of the Navier-Stokes equations under certain
assumptions on the horizontal and vertical scéles[311, 47]. Thanks to the hyperbolic
structure of these equations, sharp transitions between two di erent ow states result in
a discontinuous solution, both in the water surface and the velocity. These equations are
widely used in uid mechanics because they can be solved analytically by the character-
istic method|[88]. Also, they can be easily resolved numerically, namely, many e cient
nite volume schemes have been proposed [100].

2.7 Derivation via Euler equations

In this section, we present the strategy to derive the depth-averaged asymptotic models
via incompressible Euler equations. To this end, we rst introduce the Euler equations
and the dimensionless problem by introducing the classical dispersive parameter
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We assume that the ow is governed, on the space-time domaity the three-
dimensional irrotational and incompressible Euler equations :

div» gUVYE O;

2.72
gl oUl+div» gU U¥arp oF=0 ( )

whereU = 1u;weis the velocity eld,u = u;v°is the horizontal velocity eld, ¢ is the
density of the uid (taken to be constang, = 10;0; @°is the external force of gravity
with constang andp is the pressure.

These equations are completed by the irrotational equation

curl>U¥% 0 (2.73)
and the kinematic boundary condition at the free surface
@
— +UTr =wonz= : 2.74
@ (2.74)

We also assume that the pressure at the free surface level is equal to the atmospheric

pressurey
p=poon z= : (2.75)

In the sequel, without loss of generality, we pgt= 0.
The impermeability condition at the free surface is given as follows,

urd=wonz=d: (2.76)

2.7.1 Asymptotic expansions

Let us consider the following scales involved in the wave motiana characteristic
wave-length in the longitudinal and transversal directions ldral characteristic water
depth. We then de ne the classical dispersive paramef{seee.g. [59])

H2
L2
We also introducé) = 1U;W = IC)_U" the scale of uid velocity. The time scale is
= 5 We setP = P and we de neP = U?. For the sake of clarity, and because the

0
calculations are given in the previous section, we consider'here = 1.
This allows us to introduce the dimensionless quantities of #mgpace!g;e°,
pressureé®, depth&, water elevatiore and velocity eld*8;®/"°, via the following scaling
relation

X P

E L1 Pl

u d
a=— &=—;
U H

(2.77)

e_ Z- e_ .
_Hl _H1
=t o= ¥,
T W
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Finally, we de ne the non-dimensional Froude's number

F = u_.
r ﬁﬁ :
For the sake of clarity and simplicity, droppiegdividing the Euler equation§ (2]72) by
0, using the dimensionless variables (2.77), and reordering the terms with respect to the
powers of , the dimensionless incompressible Euler sysfem [2.72) reads as follows:

@
rr-u+—=w = 0 2.78
@ (2.78)
@ @

—u+ulr u+w—u+rP =0 2.79
@ @ (2.79)

@ @ @ 1
—w+U rw+tw—w +—=P = — 2.80
@ @' '@ .2 (2.50)

The boundary condition§ (2.]74), (2]75) ahd (2.76) read

g +ur =wandP=0onz= (2.81)
urd=wonz=d (2.82)

and the irrotational equatioh (2]73) becomes

gu = rw: (2.83)

In what follows, we notefylt; x° = fit; x; z = dx°° for a given functionf and f

1
z

fit; x° = L fit; x; 2°dz (2.84)

dixe

2.7.1.1 Asymptotic expansion of the uid velocity

Let us rstintegrate Eq.[(2.83) fos 2 »d'x% Z4to get
1

z
ult; X; 2% = Uplt; X° + rwds+ Ot 20: (2.85)
dixe

Then, from the continuity equatiop (4]17), we have
@

—w=r1 u
@

and integrating the above equation ®r2 »dx% Z4 keeping in mind the boundary
condition [2.82), we obtain

1
z

wit; x; 22 = or uds :
dx°
By means of Eq.[(2.85), the previous equation becomes:

Wi ;22 = r ¥z diX®uplt; X%+ Ot ©: (2.86)
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By injecting Eq. [(2.8p) in[(2.85), we get
1
z
ult; x; 2° = uplt; x° ror s dix®uplt; x®°Yds+ Ot 20:
dixe
Finally, we have
1 d: 002
utt; X; 2= up't;x®  ror %ublt; X0 +0Ot 2 (2.87)
As a consequence and through Eq. (R.87), we obtain
1 1 1t:x0
ult;x° = —— ult; x; z2° dz
d 1 dlx‘; 2
1 1t x° 1 dixo
= — Ut x® 1 or =X yptx0  dz+ O 20
(o [ L 2 .
it x° 1Z dle
= Ul X —— rr ———uplt;x° dz+Ot %;
d leO 2
le.
t;x° 1z dlxo02
Uplt; X° = ult; x°+ ror Tublt; X° dz+ Ot %0: (2.88)
leO
Using the fact that
Uplt; X° = ult; x°+ O ©
in Eq. (2.88) allows to writeupt; x° as a function ofu't; x°:
1t;x° A
Uplt; X° = ult; X° + rr ——= ul;x° dz+O! %°: (2.89)
d leO 2
Finally, thanks to[(2.85)[ (2.87), (2.89), we obtain
1 1,002
Ult; X;2° = Uuplt;x® ror %ublt; X0 +Qt 2:
1t;x© 1 dix©o02
= ult;x°+ rr iult; X% dz (2.90)
leOOZ 2
muq; X° + Q1 20-
Repeating the computations with Eqs. (2.86) and (2.90), we nd
Wit x; 2= r Yz dx%ult; x% Ot ©: (2.91)

2.7.1.2 Pressure decomposition
Integrating fors 2 >z, ¢gv4the equation(2.80), we get

1
11t x0 2 it x°
S R — Wit x;© ds+ Ot 20:

Pi; x;2° =
K2 2 Dt
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10

where =@°+u rl°+ w@ °isthe material derivative.

Thanks to the free surface boundary condition (2.81), Eq. (2.90) and[Eq.| (4.66), we
obtain the asymptotic expansion of the pressgt orderOt 2°

P, X ¥, 2° = Pit; ; 22+ Prntt; x; 22+ Ot 20

where Lipye g0
P X
Phlt; X; 22 = ——— 2.92
= (2.92)
is the usual hydrostatic pressure and
1t:x0 @
Porlt; x; 22 = —r s d°°+u rxy s d°u®vgds
1z it;x° @
£ oyoy rde+is dor uds

z

is a non-hydrostatic pressure.
Handling the terms in the non-hydrostatic pressure di erently, one can write

h? 1z d%?
Pnnlt; X; 22 = D1 u® 5 > +1  Z2QW° (2.93)
where @
Diue=1r u% @ u¥s u rr uY (2.94)
and
Qwe= u’r?d+ gu +1r u°u rd: (2.95)

2.7.2 Depth-averaged models
2.7.2.1 Mass conservation equation
Let us start from the continuity equation
@
rru+—=w=0:
@
Integration fromd to  gives

1

r udz+wit x; © wit;x;d°=0:
d

Using the integral Leibniz rulg¢ (2.1.6), one gets

1

r udz +wWit;x; © u r wit; x;d°+u r =0:
d

Finally, from boundary condition§ (2.]74) arid (3.82), we obtain

g +r thu®°=0: (2.96)
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2.7.2.2 Momentum conservation equation

Let us start from the momentum equatipn (2.79),
Q@

@
—u+ulr u+w—=u+rP=0:
@ @

Integratin9 fromd to as follows

@

1

@

—udz + ru?dz+ —=tuwldz+ rPdz=0 (2.97)
d d d @ d
and using the integral Leibniz rule (2]16) and boundary conditions](2.74) and (2.82), we
get 1 1 1
@ 2 - . v+ Ao .
— udz +r ucdz +r Pdz = Pi; x;d°r d:
@ q d d
It gives, using the asymptotic expansions (2.90)
glhu°+ r thu?+ Ghe + 3—1hr 1h31p1yoo+ Qqlu=0 (2.98)
where 1
Qitu®=r 1 22Qw°dz hQwe°rd (2.99)

d
whereD andQ are given respectively in (2.p4) anid (2.95).

2.7.2.3 Depth averaged models

Gathering equation§ (2.96) arid (2.98), we present the SGN equation given i Y2.6.2 for
"= =1
@ +r  thu° = 0;
1 (2.100)
:§ g e+ thu? + GHP+ o th™D1ue s Quiue =
whereD andQ; are given in[(2.94) and (2.99).
Note that the weakly nonlinear, weakly dispersive Boussinesq equdtion§ (2.69) and the
Nonlinear shallow water equationjs (2.71) can be also recovered|from|(2.100).

2.8 Conclusion

In this chapter, we have presented two methods, the rst based on a variational principle
and the second based on Euler's approximation to derive asymptotic models. Next, we
derived some shallow water ow models by choosing speci c regimes; the non-linear
shallow water equations represent a robust system of hyperbolic equations that is not
di cult to implement numerically but fails to describe the physical phenomena where
the dispersion is present. Dispersive equations such as the Boussinesq or Serre-Green-
Naghdi system are more physical than non-linear equations in shallow water because they
contain more terms in the momentum conservation equation. These terms have third
order derivatives that can lead to errors, including frequency dispersion errors. In the
next chapter, we will discuss some techniques to correct these errors due to the presence
of dispersion in dispersive models.
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3.1 Introduction

Due to the di culty of solving general uid mechanics equations (Navier-Stokes, Euler,
Water-Waves) from an analytical and numerical point of view, many asymptotic models in
shallow waters have been derived and developed. The Saint-Venant equations (introduced
by Adhémar Jean Claude Barré de Saint-Venant in the 19th century [31, 47]) describe
wave propagation. This model fails face to dispersive phenomena. Then, non-linear
and dispersive models, namely the SGN and Boussinesq equations, are developed (see
chaptef P for the formal derivation of these equations). These equations have a hyperbolic
structure (the same as the Saint Venant equations) combined with higher order derivatives
(wave dispersion models) :

§ @ +r » +du¥s0

3 @J+r»%u2+g1/z+D1u; °=0 3.1

where is free surface elevatiod,is bathymetryu is the mean velocity at deptb,s the

gravity constant, anD is dispersive terms. The terDt u; °involved in these equations
contains third-order derivatives, which may create high frequencies instabilities. Thus,
di erent techniques have been developed to correct these errors, for example, linear wave
theory. Since the linearized Boussinesq equation is the same as the SGN equation, we will
focus in this chapter only on the weakly nonlinear and weakly dispersive Boussinesg-type
equation|[(3.11).

The linear properties commonly used are phase velocity, group velocity, shoaling
gradient, and wave kinematics [69, 68]. Non-linear performance is evaluated by analyz-
ing the energy transfer between the components [71]._Ih [35], Dingemans proposes a
sequence of steps in which Boussinesq-type models can be analyzed and improved:

" linear frequency behavior,
" linear shoaling behavior.

Signi cant improvements can be obtained both for linear properties such as linear fre-
guency dispersion, linear shoaling, velocity pro le, and for non-linear properties such
as [21] amplitude dispersion. For example, following the BBM methad [12], we can

add arti cial terms in the equation of the moment to improve the linear behavior in the

equations

§ @ +r » +du¥&= 0

3 @J+r»%u2+gl/4+D1u;; °=0 G2
where is a free coe cient, to improve linear dispersive properties. This model was
developed as in[71, 69, 68,170] (seel[45] for an analysis of the slight di erence between
these methods).

The analysis presented in this chapter is limited to linear dispersion and shoaling
properties of Boussinesq type models over a wide range of relative water depths using
standard procedures [71,/169, 68| 70]. Our goal is to compare some methods and choose
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the most e cient method for the rest of this work. We do not intend to optimize these
properties.

The chapter is organised as follows; in Y3.2 we recall the linear wave theory, and
we also calculate the dispersion relation and the shoaling gradient associated with the
water wave equations. Ifi YB.3, we recall some improved models and compare their linear
behavior, in particular, the dispersion and the shoaling.

3.2 Linear rst order stokes theory

The dispersion relation can be investigated by many methods, such as, the Fourier analysis
on a horizontal bottom or the PDE linearization. The method that will be considered in
this section is the Stokes linear theory. Let us start with the dispersion relation associated
with the equations of water waves.

3.2.1 Linear dispersion properties

To simplify the calculations and the notations, we will place ourselves in a con guration in
2 dimensions of space (the calculations adapt perfectly to the problems in 3 dimensions).
We consider the followin@D non-dimensional Water-Waves equations :

%@xw@z:o do+ d <z<";

@+'@a@& @ =0 z="

1W"‘”§;@1+ @@d @ =0 z= do+ d;
: @+%"1@ 02+%"1@°2 G =0 z=":

Here is the potential velocity, is the elevation, and represents the variation of the
bottom. We also recall that is a characteristic parameter of the bottom, and the
nonlinearity parameter.

To obtain the dispersion relation, we will rst need to linearize the previous system
around = 0andu = 0, or simply tend* and to 0. The layer of water must be of
uniform depth, i.ed = dy = cte

@Qx +@; =0 do <z<0;

e @ @ =0 2=0; (3.3)
@ =0 z= do;
@ +G =0 z=0:

In order to solve these equations and boundary conditions, we have to plug in a particular
solution, in this case, plug in a propagating plane wave.

Here we assume a solution for the surface of a plane wave of amphtudth wavenum-

berk and frequency dispersidn. This solution for 1x;t° looks like

1x;t°= Acostkx ! t°: (3.4)
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The next step is to choose a particular form of the solution,dhe same as (3.4) but
separable oa as follows:

Ix;zt°=sinlkx !t 12°;: (3.5)

Now, by injecting the expression ofinto the rst equation of the systerp (3.3), we obtain
the following ordinary di erential equation of second order:

'080 K21p=( dp<z<0O (3.6)
where the solution to the problem is in the following form:
"122=" jexpkZ+ "' sexpt kZ: (3.7)

The boundary condition at the bottom is

'%4 do=0 (3.8)
which leads to
"2="1expt kd®:
Using now the surface kinematic boundary condition
@ @
— — =0 z=0 3.9
@ @ (3.9)
which result in, join to[(3.4)] (3]5) anf (3.6),
Al sintkx t° k', '2°sintkx !t°=0: (3.10)

Gathering all the above expression, this leads to an expression for

_ Al coshiklz+ dg®®

1y (o]
Xz = A Sinhik

sintkx !11t°: (3.11)

Using the following surface dynamic boundary condition,

%+G =0 z=0: (3.12)

The dispersion relation is obtained by pluggipg (8.11) (3.4)[into](3.12), which leads
to:
| 2= gktantkdy®: (3.13)

Accordingly, the expression of the phase velocity and the phase group of the linear wave
theory are respectively obtained:

S
! tanhk dy®
p = — = _
Cs " gdo Ko (3.14)
@! 1 kdg
Cg: = -+ — ng (3.15)
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3.2.2 Linear shoaling properties

The shoaling coe cient is obtained in several ways. We prefer to follow the calculations
presented by Madsen and Sgrensen [69] in order to nd the expression of the shoaling
coe cient of the Water Waves equations. We use the energy ux conservation principle
taking into account a varying bottoth

Itis well-known that wave enerdy can be thought of as a sum of kinelicand potential

P energy,

E=K+P: (3.16)
Depth-integrating the kinetic energy, it leads to,
1 1
1 U2dz= 12 + w20 dz (3.17)
2 do 2 do

whereU = 1u;w°" is the eld velocity. Thus, for linear waves, by linearizing the last
equation with respect to, we obtain,
1 1

1 0
= 12 + w2odz = 142 + w2odz:
2 do 2 do

As the ow is supposed to be irrotational, that means that @ andw = @ , where
is done in[(3.I[1). Thus, from (3.11) one gets,

coshklz + dy®°

1y- 710 = Al 1 | tO-
ulx; zto= Al Sinhikdg® costkx !t (3.18)
coshiklz+ dg®° .
1y 710 = Al 1 | {o-
wix; zt° = Al Sinhikde sintkx ! t° (3.19)
Then,
1
2] 2 i (o}
1 W2+ w2odz =1 A-! sinht2k cy° + 2k dy codL ©
2 4 2 sinhftkdy® 4k
2] 2 i 0
} .A. sinfi2kdy®  2kdy Sirf1 o
2 sinkikdy® 4k

with =kx !t.
Now time average the last equation over a wave period, using the following identity
1 1

1 Tcoszlkx | odt = = Tsinzlkx | todt= © - (3.20)
T ¢ T ¢ 2
Replacing by its expression given if (3.]L3), one gets,
K = % gA? : (3.21)
The instantaneous potential enef@ys obtained similarly,
1 1 0 1 1 1
g zdz zdz = g zdz=5 g 2= 2 gA2cost ©: (3.22)

do do 0
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Time averagg (3.22), using the identity (3.20), one gets
P= % gA: (3.23)

Now consider the total mean energy, one gets fjom {3.21)[and (3.23),
E:K+P:%gA2: (3.24)

From the linear wave theory, the energy Uis given as follows (see [87] for more
details),

F=EC; (3.25)
whereE (3.29) is the total energy artcﬁ is the group velocity associated to the Stokes

linear theory.
From the energy ux conservation principle, one gets

@
@1Azcg° =0; (3.26)
whereA s the amplitude of the wave ai@f previously de ned in[(3.15)
1

g _— p.
Cg= 311+ GTL;

with G = a%iod& andcg is the phase velocity given by equatidn (3.14) for a constant

bottom. Equatiof 3.26 gives |

Ac_ 1 G 'Cx
A 2 1+G P

(3.27)

Now, using the following de nition of the phase velocity:
CP=—:
k

Di erentiating this equation with respect o and considering a constant frequency
we get

lcgox _ & .

Cs k

Furthermore, assumirg andg are constants and usirig (3.13) we can expkgsk as a
function ofdyed as follows

ky _ keb dx |

k ~ kd+sinfkdycoshkd® d
Substituting equatiori (3.28) and (3/29) into the equation [3.27), after straightforward
computation, we get the following shoaling relation,

s Ox.
Stokesd ’

(3.28)

(3.29)

AX _
ol (3.30)

where
1+ 311 cosh2kdy®G G

s —
Stokes™ 11+ G®

is the so-called coe cient of shoaling of Stokes.
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3.3 Linear theory for dispersive models

In this section, we study the linear properties of dispersive models, including linear
dispersion and shoaling characteristics. For the sake of simplicity, we consider here a
Boussinesq model that is weakly non-linear and weakly dispersive (the linear analysis
ts perfectly with the SGN model). We recall that these equations can be obtained as
depth-averaged asymptotic approximations of incompressible Euler equations or Euler's
Lagrange equations. #denotes a reference wave amplitublea reference water depth
andL a typical wavelength, the non-linearity paraméteand the dispersion parameter
are de ned by:

a _H?
H’ R
The Boussinesq equations are obtained under the assumption of the low amplitude
" = O! 9 in the form of asymptotic approximations of ord®t %" © (we refer the
reader to chapter] 2 for more details on the derivation of this model). Since the linear
dispersion analysis is the same in one or two dimensions, we recall the models in
unidimensional form.

In the remainder of this sectiod,denotes the bathymetry termijs the elevation of
the wave relative to a reference zero level, aned  + d represents the water depth.

Peregrine Model

The most common model of Boussinesq is the following model, derived by Peregrine in
1976:

§ (+>hug=0;
d d? 3.31
3 Utultg o Sl Flot =0 (831
Hereu denotes the depth-averaged velocity. This modelis presented in a non-dimensional
form as follows:

§ (+ohug=0;
d d? 3.32
.B U+ "Ulx + g x E»dl}/{(lxt guxxt =0: ( )
The previous system can be reformulated by introducing the elliptic op€erateo we
get:

tHohu4 =0 (3.33)
11 TOu+"uu+g x=0 '
with
d d?
TAWO = ZodWie =W (3.34)

Starting from this model, several other variations can be constructed.
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3.3.1 Improved models

In this section, we recall various tricks to improve linear frequency dispersion and linear
shoaling characteristics. The rst one is the so-called B&igk [12] which is based on
the observation that

@= 9@ +0v; °
= @u 11 Og@ +Ol"; (o]

with is a real number. Then if Y3.3]1.2 we recall Beji-Nadaoka meffod [8] which
consists to adding arti cial terms in the momentum equation. We nish this section by
giving the Nwogu method [71], which consists of a change of unknown for the velocity.
More precisely, we introduce the velocity by u = ult; x; d°.

3.3.1.1 BBMtrick

This method was introduced to derive the BBM equations from the KDV equation
[8]. This method has subsequently been used by various researchers to improve linear
dispersion and shoaling characteristics [14,25] 61, 16]. Following these works, we can
improve the Peregrine model by adding a parameter that will allow the improvement
of the frequency dispersion. We perturb the system through a simple process while
remaining consistent with the original model (Peregrine). We begin by recalling the
Peregrine's system with a at bottom:

8@ + @hwe=o0;
:B@_j +@g +" %UZO %@@u =0: (3.39)
We can rewrite problenj (3.85) in the following form:
8@ + @hw=0;
21 To@u @ +* 2= 0. @39
We come back to the problein (3]35), we notice that:
@= g@ Or°: (3.37)
Let 2 R, multiplying the previous equation B  ©°, we get
Q= @u 'l °%@ !'1 °O!°: (3.38)

We replace@u by its expression given i (3.88) in the second equation of the system
(3-38), we obtain the following equation:

11 Tor@u 1l °@ 1 ©°Ot %+ @lg +"y204+ 01 20=0:
After simpli cation, we get:

1| TO@J+ 11 1 10T09@ 1 1 Ol@J+ g@ 0o 1 1 001 00
+"u@uwe+ Ot 2=0
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and
1 To@+1 1 1°T°g@ +"u@u°+Ot *=0:

Now, we have

11 1 1T°g@ = Eg@ + 11I T°9@ :

As a result, the systerp (3]35) becomes:

§@ + @hwe=0:

511 Tol@Qu + (3.39)

19@ °+"u@u+ l@J@ =0:

After the inversion of the elliptic operatdr we get the following enhancement Boussi-
nesq equations:

8@ + @hw=0:

3.40
2@+ 19@ +11  T° 11"u@u+£9@°=0: (349

3.3.1.2 Beji-Nadaoka model

Beji and Nadaoka derived their enhancement model as follows: adding and subtracting
term  Tuy? into the momentum equation of the non-dimensional Peregrine system
(3.33). The following fact is used

W= g x+tO0¥ ©°:
Subsequently term T?u°isreplaced by T ,°to getthe following system:

t+)hul/{6: 0,

(3.41)
11 TOu+"uuk+4g x Ty gTt \°=0:

Another reformulation of the the Beji-Nadaoka model can be obtained as follows:

t +>hu=0;

(3.42)
1 Tolu +g x°+"uux  Ttu®=0;

whereT is the elliptic operator (3.34). It's noted that adding parametenproves the
dispersion relation.

3.3.1.3 Nwogu Model

The extended model of Nwogl [71] is obtained by enhancing the Peregrine model by
replacing the depth-averaged velocity by the velocity at an arbitrary elevation @fe
denoteu = ulx;z=  d;t°% The Nwogu model in the non-dimensional form can be
written as:

t+hu  »dT 3y %% =0;

3.43
11 Tb°ut+"uux+gX:0; ( )
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with
a1\A/O — d d2 .
T “IWe = alzﬂdVVl/{ex aZEWXX’ (3.44)
biypa/0 — d d2 .
T "1WPe = b1§>1dVV1/{ex bZEWxx- (3.45)

For 2 10;1°, the values of such expression are given as follows:
aa= 2 1, a=32 1, b= 2; b=32 (3.46)

Remark5. The addition of operators 2 and T ° to the Nwogu mode[(3:33) makes the
structure of the equations more complicated compared to the Peregrine model.

3.3.2 Dispersion properties

By following the section[Y3.2.1, the linear dispersion relation can be obtained from the
linear wave theory for the three extended Boussinesq models presenfed in ¥3.3.1. We
then compare the three methods at the same time.

3.3.2.1 Dispersion properties for Boussinesq models

BBM trick

The dispersion relation is obtained by looking for plane wave solutions in the form
u=uge™ '®and = od™* ' wherek is the wavenumber and is the time pulse
of the next linearized system:

8@ +@hwe=0;
1 1 1 3.47
3@+ —9@ +'1 3 @ "=g@ °=0: (347
We replace the solutions in the rst equation of the system, then we obtain:
k
0= d%uo ; (3.48)
Therefore, from the second equation we obtain the following relation:
1 2, 1 3
Up! +g ok §! k+§1 1°g ok®=0: (3.49)

Replacing the expression af given in (3.48), in equation (3.49), we obtain the dispersion
relation of the improved Boussinesq equations:

1+ 3 qogoke?

I 2 = gdok? (3.50)

1+ = tdok®?
3 0

Hence s

1+1  199Gpk©%3 |

I = dok?
9% 1+ 1dgk92.3

(3.51)
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We can now calculate the phase velocity associated with the improved Boussinesq equa-
tions:

! 1ko B 1+1 101d0k02,3 .
Cp == o3 1goko2e3 (3:52)
Similarly, the group velocity,
@ 1 1°d§1do kot + 6 1°d§1d0 k?+9 k
Cqy = @! 1ko = & (3.53)

1 1gyko2 + 303-2UI 1 1°d(2)1d0k°2 + 30k2

Choice of parameter

The parameter can be determined in two ways, the rst being to equalize the phase
velocity associated with the Water Waves equatipns [3.14) and that of the reduced model,
and then perform a Taylor series expansion in the neighborhoddigf = 0, as follows:

c2 1 1
=1 K2+ 2 K+ Oko
gdo ! 3k 9 K+ O% 29
1CE%2  tanMkoy® _ 1 L2 s 2y ongbo (3.55)
go kb T 3 15 |
then
Po2 2
G _ G yields to =12:
gdo gdo

Following |25], we can also nd an optimal value for alpha by minimizing the joint Root
Mean Square (RMS) error of the phase and group velocity estimates on the dispersion
rangekdy 2 »0; 3% This can be done by introducing the following quadratic form for the
common error:

Cp C§°2d1kdo° . _031(:9; Cgozdlkd)o .

Cp; 1 Cgozdlkdoo 03 Cg; 1 Cgozdlkdoo ’

(3.56)
0

whereC, and Cg respectively, represent linear phase velocities associated to the im-
proved model[(3.47) and the Stokes theory, wi@ile and Cg correspond to group
velocities.
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Figure 3.1: Optimum adjustment of dispersion correction parametéoint RMS error
for phase and group velocities as a function of

The optimization process, therefore, consists in minimizing the error fun€tior] (3.56)
for tkdy® 2 0; 3% The associated error is plotted in Fig|3.1. It is clear that the functional
(3.56) has an absolute minimum in this dispersive range. The optimal valueifor
1:159 which corresponds to the result givenlin|[14].

In Fig[3.3, the phase and group velocities obtained with the two di erent valuegof
are plotted and compared to the corresponding Stokes relations. The match between the
modeled dispersion relations and the theoretical relations is quite suitable=far159.

We can also computeqptk® from the equalityl ww = ! for a large value ok.
Such that

tanHk® Kk + k33
opK® = 3 o Tanfik® (3.57)
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Fig[3.2 shows the di erent values functionnin can take.
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Let us do the same calculations done previously to improve the model and calculate
the associated dispersion relationship. We also get these relations for the other models.

Peregrine model

The dispersion relation associated with the Peregrine system can be obtained by making
= 1in the relation associated with the improved mof@el (8.47).

S
1
I = dok?2 ; 3.58
9dok* a3 (3.58)
and the phase velocity associated,
S
I ko 1
and the group velocity associated,
o J—
1o 3 3gdotdok®
c = @k, 0 . (3.60)
@ 1d koz
11¢oko2 + 302 0
1dok®2 + 3

Beji and Nadaoka model

The dispersion relation can be obtained as in the case of the BBM trick. So, we repeat
the same rules, we get the following dispersion relation associated to Beji and Nadaoka
model: S

1+  1dok©%3

| = 2 :
' 9ok 1+ 11+ 01gyko2e3’ (3.61)
and the following associated phase velocity:
S
_botke 1+ tdgk9%3
Co = T gdo1+ 11+ Oldgko23’ (3.62)
and the group velocity,
@! ke
Cq = :
@&

Nwogu model

We carry out the same analyzes as we did for the rst model, we obtain the following
dispersion relation H
1

1 1 +_0k2
| = gdke—— 3 (3.63)
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2
with = —+ :

and the associated phase velocity is given by

s
REC 1+  1dok%%3
Cp = © gd°1+ 11+ 01ggko2¢3 "’ (3.64)
and the group velocity,
@!lko
Cy = :
T &

3.3.2.2 Comparison of linear dispersion between Boussinesq equations

Here we compare the phase speed ratio and group speed for all models. The comparison
is made using the optimal value f ; ©, which corresponds t&:159 for the BBM

and 1+ 15 for the Beji and Nadaoka and0:39 for the Nwogu model. Figurg 3.4 the
following results; the BBM gives the best approximation among the models considered
here. The Peregrine model already provides a large error for a small number of waves
Beji and Nadaoka model overestimates the wave amplitudes, with errors almost similar
to those of the Nwogu model.

/
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Figure 3.4: Comparisons between linear dispersion characteristics (phase velocity ratio
and group velocity ratio) of Boussinesq type models and exact Stokes relations.
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3.3.3 Shoaling properties

In the previous section, we have shown the linear dispersion characteristics for di er-
ent at-bottom Boussinesq models, the BBM trick gives the best approximation of the
frequency dispersion. We follow the study of linear shoaling characteristics for various
bottom presented by Madsen and Sgrensen [69], to study the linear shoaling characteris-
tics of the di erent models presented in the rst section of this chapter.

3.3.3.1 Shoaling properties for Boussinesq models

We assume that the bathymetry varies slowly, which impliesdhiatd® x° with 1.
Furthermore, for this study, we consider solutiorend of the form
ulx; t°= U xexp i&SL x0 1t ; (3.65)
1
Ix;t°= Al x°exp it=St x° It° ; (3.66)
1
whereStx° = kix°dx.

By de nition, the linear shoaling coe cient relates the rate of change of the wave
amplitude to the rate of change of depth. So we are looking for a functienstd; k°,
such as:

Ax _ dx .
A Sd
Plugging [3.6b) into di erent models leads to particular ODEs. When we keep all the
terms in the order of®, we get the phase velocity expression. Those of orderovide
an analytical expression for the shoaling gradient coe ciegt

(3.67)

BBM trick

In this section, we recall the expression of the phase velocity associated with the improved
model [3.47), and we calculate the linear shoaling coe cient of this system. Let us start
by recalling the linear part of the system

@ + @dw=0; (3.68)

1 1
9@ °+ —g@ =0; (3.69)

11 TorQu +

with T is designed in[(3.34). The terms ircan be eliminated easily applying operator
@ to equation ((3.68) an@to equation[(3.69). That gives

1

1
11 To@u gldPe,® + —gldPyx = O (3.70)

The last equation can be written in the following form:

d o d? o d o d?
Urt+01d WPy x 5 11d Uy %y Euttxx + 1 1% 5 tdrd WPy O« Elduoxxxx =0:
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Then, we substitute the expressionwfgiven by equation (3.65) to obtain a relation
between , kd andU. Keeping terms of orded*1°, we nd the phase velocity

1+1  1°dko%3

1. 02 — .
Cp gd 17 igkees - (3.71)
When we keep all terms of order we obtain a relation in the following form
UX dX kX
—+ ,—+ —=0: 3.72
17 2y ” (3.72)
Using Mathematica, the coe cients;, i = 1; 2, 3 are obtained,
d?k? d*k*
=2+4 1°%—+2 1t 19—
1 7 9
d?k? d*k?
= 1 1 00 + 1 o .
2=211 6 1 3 4 1 g
414
3=1+2t  1°d°k?+5 1 10%;

In order to expres&yek in terms ofdyed, we di erentiate [3.71) considering as a
constant. It leads to the following relation

kv _ Oy

X = = 3.73
” 45 (3.73)
where b o aa
d<k d*k
+1 0 + 1 (o]
- }1 2 3 3 1 5
2 d?k? dk*
1+20 10—+ 1 10—
3 9
Substituting this relation in equation (3]72), we exprdgslJ as a function ofixed,
UX dx
— = —; 3.74
U 5 (3.74)
where
_ 2 34
> 1
To conclude, substituting (3.66) in Equati¢n (3.68), we get at the rst order:
i A+ikdU =0; (3.75)
it leads to Kd
A=-—U: (3.76)
Applying @ to Equation|[(3.76), we get after some calculation:
&—&+Q+%- (3.77)

A U k d
Substituting[(3.73) and (3.V4) in Equatipn (3.77), we obtain the linear shoaling coe cient,
AX _ dX B

A Sd’

(3.78)

with
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Beji and Nadaoka model

Using the same computations presented above, one gets the following expression

A °d°
The shoaling coe cient associated to the Beji and Nadaoka mgdel (3]3.1.2) is obtained
similarly,

(3.79)

s=1 5 45

where
21,2 41,4
—oea d4k i +10d9k ;
212 41,4
,=2 11 6°—d3k 441 +1°—O'9k :
d2K2
=1+ —:
3 3
and 21,2 41,4
142 1Od3k oy el
4735 K2 a7k

142 —+ 1 +1°
3

Nwogu model

Following the computation given for the BBM trick, one gets

A S d ’
with s is the shoaling gradient associated to the Nwogu m@del|(3.43),

(3.80)

2
s= 3 15 °5+3 4:

where,

1=2 4 +1e3°d%Kk2+2 1 + %Od“k“:

by a o0 b & a
=2+ = —+ 0 + — — -
2=2+2 > 3 2a:°d“k 3 5 2, b 3

3=1 6! +%°d2k2+5 1 +%°d4k4:

and,
11+ 3t + 10 d%k2+ 1+ Logtk?

‘T2 1 2 dkes o+ logdkd
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3.3.3.2 Comparisons between Boussinesq models

Here we compare the behavior of the shoaling characteristics of all models presented
in this chapter. The comparison is made using the optimal valude of ©, which
corresponds t@:159for the BBM and1e 15 for the Beji and Nadaoka and):39 for the

Nwogu model. Figurg 3|5 the following results; the BBM gives the best approximation
among the models considered here, the Peregrine model already provides a large error for
a small number of waves, the Beji and Nadaoka model overestimates the wave amplitudes,
and the Nwogu model underestimates them.

— - ==
- -
R
-
-
e = = =

~ ~
~ ~
~ ~
1 S o N
~ - N
g Sl ---"7
) A Y
© N
N
2 \
N
N
AN
N\
A
3l BBM \
Beji&Nadaoka \
= = Nwogu S

= = Peregrin N
Stokes

Figure 3.5: Linear shoaling: comparison between Boussinesq type models using the
shoaling gradient

3.4 Conclusion

This chapter has studied the linear properties of Boussinesq type models and expects
similar results for Green-Naghdi models on a at bottom. The BBM method has shown
an excellent correction at the level of dispersion error, so we will adopt this method to
study a model of the Green-Naghdi type in the next chapter.
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4.1 Introduction

The modeling of the hydrology of catchment basins and rivers holds a central place in
environmental sciences, particularly in connection with water availability, urban sewer
systems, ood risks, and in particular, for tsunamis. Indeed, rivers are known to be
tsunami highways. Waves penetrate through rivers much faster inland than the coastal
inundation reaches over the ground, and may lead ooding in low-lying areas located
several km away from the coastlirie [90]. This is important today in understanding and
forecasting the impact of climate variability on the human and natural environment.
Modeling these processes and predicting the motion of water is a di cult task for which
substantial e ort has been devoted [49] 94,,90,/99/ 42, 92, 81].

One of the most widely used models to describe the channel and river motion of
watercourses is thgection-averaged free surface mof&d, (15, 39] which is a gener-
alisation of the well-knowrSaint-Venant systefiintroduced by Adhémar Jean Claude
Barré de Saint-Venant in the 19th Centuryl[31, 47]):

§ 2a+ 20 = 0;
3 904 @ Qg = ixae “
S @ AT T A

In these equationg\is the wet area of uid cross-sectiof, is the water dischargé; is

the hydrostatic pressure amhglis the hydrostatic pressure source term which takes into
account of the variation of the section. The Modlel|(4.1) reduces to the well-known one-
dimensional Saint-Venant equations for uniform rectangular section. The free surface
model is the rst order shallow water approximation of the section-averaged Navier-
Stokes or Euler equations under suitable assumptions on the horizontal and the vertical
scales (see.qg, [48,/34) 47| 15, 39] and the reference therein).

Thanks to these equations' hyperbolic structure, sharp transitions between two dif-
ferent ow states result in a discontinuous solution, both in the water surface and in the
velocity. These discontinuous solutions (called shocks and referred to as bores) are well-
suited to approximate breaking waves with turbulent rollers for large transitions of the
Froude's number. However, for small or moderate transitions, the advancing wavefront
can be followed by a train of free-surface undulations, sometimes called "whelps". This
phenomenon, called undular bore (also called dispersive shock waves), is induced by a
non-hydrostatic pressure distributian [75]. Consequently, wave solutions spread out in
space as they evolve in timieg. waves of di erent wavelengths travel at di erent speeds.
This is the so-called dispersive e ect. Consequently, undular bores are not reproducible
with the non-dispersive free surface system, and non-hydrostatic pressure is required.

Dispersive equations were rst introduced by Boussineésq [17] in 1872 to mathe-
matically justify the existence of solitary waves observed by Russell's experiments in
1834. These equations enter in the framework of shallow water equationzs. They can be

. : T T H
obtained as the second-order asymptotic approximatiorf,imwith = T , of the

depth-averaged Euler equations whEreepresents a characteristic water depth lamnsl
a characteristic horizontal scale. The Boussinesq type equations, which are weakly non-
linear and weakly dispersive, are de ned by an additional small non-linearity parameter
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a . . .
"= —=0' ° 1whereais the order of the free surface amplitude. These equations
for a at bottom, for instance in 1D, are given by

8@, e o

he = o %
% @@u 4.2)
:§@0+"U@U+r + D= O

wherehis the water depth, is the free surface elevation and the depth-averaged veloc-

ity. The termD represents the dispersive term. In 1877, the KdV equation was discovered
by Boussinesd [17] and was later derived by Korteweg and Gustav de Vries (KdV) [55].
This equation approximately describes the evolution of long, one-dimensional waves in
many physical settings, including shallow-water waves with weakly non-linear behaviour.
This equation can also be obtained in the case of unidirectional waves for which the the-
oretical framework allows to compute an analytical solution such as 1D solitary wave
propagation on at bottom (see e.g. Boussinesq[17), 55, 7]). We have also the Benjamin,
Bona, and Mahony (BBM) equation which is an improvement of the KdV equation [10].
However, in practice and especially in coastal engineering applications, the nearshore
wave dynamics being often varying-bottom dependent, dispersive and non-linear, the
Boussinesq type equations are not appropriate. In 1967, Peregrine [77] introduced the
rst weakly non-linear two dimensional Boussinesq type equations for the non- at bot-
tom. Witting [93] proposed a method based on Padé expansion to improve the frequency
dispersion of the Boussinesg-type equations. From this method, several equations of
orderOt 20 with improved dispersion characteristics have been proposed:; see, for in-
stance,/[68, 71, 84]. In 1953, a one-dimensional, fully non-linéar ©11°) and weakly
dispersive equations for at bottom were derived by Serre [86], independently of Su and
Gardner[[89] with

1,/0 — @ h3 1
Dty e 5D (4.3)
where
@ 2
D1yo = &' @@v v@v : (4.4)

This model was then extended to non at bottom by Seabra-Santos [85], seé also [25].
Finally, Green and Naghdi [50] derived the two dimensional fully non-linear dispersive
equations for the uneven bottom, which are the extension of Serre equations. In the
literature, this system is often called SGN equations. Further interesting extensions are
also presented in [91, 60,161,180,/ 27] 78] based on either Euler equations, water waves
equations or variational principles.

All of the previous dispersive models are obtained either from 3D-2D or 2D-1D
reduction, but, up to our knowledge, the 3D-1D reduction has never been done before.
Thus, our main goal is to derive from the three-dimensional incompressible and irrota-
tional Euler equations with suitable boundary conditions, a model akjin fo (4.2) (4.4) via
section averaging under the shallow water assumption. The section averaged model that
we obtain extends the section-averaged free surface nmjodel (4.1) and the SGN equations
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whereAis the wet ared) = Auis the water discharge,is the section-averaged velocity,

. : . h3

I1 (resp. I2) is the hydrostatic pressure (resp. source) teBix; A° generallses§ in

(4.3), the termGx; A Q° extends the uneven bottom source teBnjs the term given

by (4.4) and therefor® = —@161x; A°D1u® represents the dispersive term.

The chapter is organised as follows: jn Y4.2 we present the geometrical settings of
the physical domain and the governing equations[Tn|Y4.3, we obtain the key asymptotic
approximation of the horizontal velocity and the pressur® is decomposed into a
hydrostaticP, and a non-hydrostatic paRn,. Finally, we present in[Y4.4 the deriva-
tion of the new section-averaged non-linear dispersive model for arbitrary varying non
rectangular open channel/river ows ifi Y4]4.3 and for varying rectangular channel in
Y4.4%. We show in[Y4.5 that the section-averaged model is fully consistent with the
Euler system. Finally, in Sedt. 4.7, we construct a rst-order well-balanced nite volume
approximation, and we present some numerical test cases.

4.2 The three-dimensional Incompressible Euler equa-
tions

We start in V4.2]1 by reviewing the irrotational and incompressible Euler equations in
the special geometric setting, describing the physics with a wet boundary on the bottom
of the watercourse and a free surface on the top. Boundary conditions are presented in

Y4.2:2.
4.2.1 Geometric set-up and the Euler equations

Let T > 0 be an arbitrary time. We consider an incompressible and irrotational uid
moving in the time-space boY; T¥% C with typical pointt;1x;y; z°° whereC is the
geometrical de nition of a convex (non-rectangular) channel/river

C= Xy 222R% x20 L X2 vy 1x; 22 anddix; y° z

L. > Ois the horizontal length of the domain and for dx;y°, 1x;z° (respectively

1x; 2°) is the left (respectively right) boundary point at the elevatzaas displayed in
Fig.[4.1. The height of the surface of the water level and the boundary of the section are
modeled, respectively, by the function¥; x; y° and dx; y° with respect to a reference
horizontal heightz = 0. For all x 2 »0; L% we assume that the function7! dx; y°,
has a global minimum at

y Ix°i.e.d 1x° = dix; y 1x% = mindx; y°
y
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wherey describes the transversal variation of the channel with respect to the main
channel/river direction.
We de ne the local height of the water by

hit; x; y°:= ;x;y° dix yo
The boundary of the section can be also described as a functiphyof

8x 20, L' 1x 20 X2 XSy (4.5)
) = .
et 1x: 20 otherwise

The width of the section at the elevatiams given by an increasing function
z7! 2= 22 xZ°:

The wet region is de ned as the region in which the uid resides at eachtighed; TV
%]

lto = 1t’ XO

with its global counterpart %)
= 1to: (4.6)
0t T
1t; x°is the cross-section of uid at the positionof the channeC:

1t; X0 = 1y;z°2R2; ;22 vy Ix; 22 anddix; y° z 1t; x; y° 4.7)

andAlt; x° = | 1t; x9j is the wet area of the cross-section of uid:

1 1 JHio

ALXO= dt = ;X y°  dix; y° dy
X0 y X 1
max, t;xy° 1,20
= 1fd1x;y° z xy°g dydz (4.8)
d x° 1x,20
where

yi x0 = maxfy 2 R; i) x; y° = dix; y°g
stands for the left and the right transversal limizat as shown in Fig| 4]1.

Figure 4.1. Geometric set-up
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We assume that the ow is governed, on the space-time domaiby the three-
dimensional irrotational and incompressible Euler equations

div» qu¥E O;

4.9
gl ou®+div» gu u¥rrp oF =0 (4.9)

whereu = 1u; v; weis the velocity eld, gisthe density ofthe uid (taken to be constant),
F =10;0; g°is the external force of gravity with constagpandp is the pressure.
These equations are completed by the irrotational equation:

curl»u¥# 0 : (4.10)

4.2.2 Boundary conditions

For a given time 2 >0, T¥andx 2 >0; L¢%the boundary of the uid cross-sectiorit; x°
is composed of a free surfacglt; x° = fly; 22 2 R% z= 1t; x; y°gand a wet boundary
(part of the boundary in contact with wateR),!x° = fly; 2 2 R?; z = dix; y°g such
that

@ ;X0 = ;X[ wpiXxO: (4.11)

We prescribe a kinematic boundary condition at the free surface boundary and a no-
penetration condition at the wet boundary as described below.

4.2.2.1 Free surface boundary conditions

Assuming a kinematic boundary condition, we set for all pamis x; y° = 1x;y; 1t; X; y°° 2
st X°,

@
u nfs = —mMm nfs

@
where
@
© = Xy
1 - % ®
N X y° =8 - = It x YR
@ 2@ -@
1+ & Xy + @ XY o 1 -

is the unit outward normal vector to the free surface. This leads to the following explicit
form of the kinematic boundary condition

@ Q@ @

— +U— +V— =wonz= : (4.12)

@ @ @

We also assume that the pressure at the free surface level is equal to the atmospheric
pressure
p=poon z= : (4.13)

In the sequel, without loss of generality, we pgt= 0.
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4.2.2.2 Wet boundary conditions

On the wet boundary,e., the part of the boundary in contact with water, prescribing a
no-penetration condition, we set for all poimgx; y° = 1x; y; dx; y°© 2 pX°,

u nyp=20
which leads to the following explicit form:

u@@d + v@@d =wonz=d (4.14)

where

1 -
Nub?X; Y° = & :—dlx'
1+ @dl' 2+ @dl' e U F
@Y T g™« 1o

is the unit outward normal vector to the wet boundary. In view of the de nition of the
function' , see Eq.[(4]5), the no-penetration condition can be also expressed as a function
of 1x; ° by

u—@' +W—@' =vony=" (4.15)

(@ @

where the unit outward normal vector to the wet boundary is

62 ix 22

1 - @ ®)

NwbtX, 22 = 5 - 1 ®:
@, 1y 2 @. 1y~ 2 -_@' 1y Zo

1+ @ X,z + @ X; 2° @ %4

In this work, we neglect some physical processes arising inriver ows: sedimentation,
exchange between groundwater ows and subsurface ows, porosétes,However,
these phenomena can be easily integrated to this work, see for instance![38, 40], by

considering the following boundary conditian nyy, = 1@m +1° nwp Where—=m

models the evolution in time of the bed ahdbk the in Itration function. | models the
amount of water that leaves ¢ 0) or enters [ < 0) the ow per elementary boundary
element.

4.3 Width-averaged and depth-averaged asymptotic ex-
pansions

In this section, we present the strategy to derive the section-averaged non-linear dispersive
model (see[Y44). To this end, we rst introduce jn Y4.3.1 the dimensionless problem
by introducing the classical dispersive parametgr We also introduce a dispersive
parameter ; but in the transversal direction. In this work, we assume that , to

obtain the section-averaged dispersive model with respect & usually done. Due to
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the structure of the equations, we cannot obtain the model by a direct section-averaging.
We need to develop rst suitable asymptotic expansions in two steps, brie y summarized
below:

" in Y433, the Euler equatioris (4.p)-(4.10) are width-averaged to get the following
asymptotic expansion of the horizontal uid velocity

ult; x; y; 22 = huitt; x; 22+ Ot 4°
wherehui is the width-averaged velocity.

in Y434, the width-averaged Euler equations allows to obtain the asymptotic
expansion of the horizontal width-averaged uid velocity

huitt; x; 22 = Tt X0+ o f10it; X% 1t x%0+ Ot 20

whereu is the section-averaged velocity for some functfogiven later on.
Thus, the asymptotic expansion wip to orderO? %O, the so-called "motion by
slices” (se€[47]), can be written as follows:

U Xy, 22 = T X0+ of 1T X% 1 X0+ OF 20

Finally, using these asymptotic expansions, we are ablé i Y4.4 to section-average the
Euler equationg (4]19)-(4.1.0) to obtain the new one-dimensional non-linear dispersive
eqguations.

4.3.1 Dimensionless Euler equations

Let us consider the following scales involved in the wave motioa:characteristic wave-
length in the longitudinal directiorHl, a characteristic water deptH; a characteristic
scale of the channel width arng a characteristic wave-length in the transversal direction.
We then de ne the classical dispersive parametefseee.g. [59])

2
and ;= —2 where 1 is also a dispersive parameter but in the transversal direction.

In the following, we consider the asymptotic regime:
hy <Hi=H> L

such that the following inequality holds

2.

1< 2 -

Under these assumptions, we get the following ordering:
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! !
2

: 1.
;12 <max —5 1.2 < 1
2

2
2< L < min
2

I\)I\D|HI\)

. 1 1
<min —; 3 <max —; 3 < ,:
2 2
p

We also introducd®) = U;V = IO_1U;W =" ,U°the scale of uid velocity so that
P

. ) L
V < W < U. The time scale i§ = O We setP = — and we de neP = U2
0

This allows us to introduce the dimensionless quantities of @repacel®; g, e°,
pressureP, depth&, water elevatiore and velocity eld 18;¥%;&/"°, via the following
scaling relation

&= ;
1
y u d
== a== &=
¥ h U Mz
(4.16)
e — Z . g — V- e —
- st - Vl - H21
€= ! w = W
T’ W
Finally, we de ne the non-dimensional Froude's number
U
F = ==
r gH2

For the sake of clarity and simplicity droppiagdividing the Euler equation§ (4.9) by

0, using the dimensionless variablés (4.16), and reordering the terms with respect to
the powers of 1 and 2, the dimensionless incompressible Euler sysfenj (4.9) reads as
follows:

@@U"‘ @@V"‘ gw =0 (4.17)
—@u+u—@u+v—@u+w@u+ —@P =0 (4.18)

@ @ @ @ @&
Q@ Q@ Q@ Q@ @

1 @v+ u@v+ v@v+w@v +@P =0 (4.19)
@ @ @ @ @ 1
2 @W + U@W+ v@w + W@W + @P = ? (4.20)
The boundary condition§ (4.112)), (4]13), (4.14) gnd (4.15) read

@ @ @ _ _ _
@ +u@ +v@ =wandP=0onz= (4.21)
u@@d+v@@d:wonz: d (4.22)
@ @ =vony=" (4.23)

oru—"' +w—
@

(@
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and the irrotational equatioh (4]10) becomes

—@uz 1—@V' —@v: @ @ 2—@W: (4.24)

@ &' '@ ‘@"@ ‘&

4.3.2 Validity of the asymptotic and the section-averaging process

In this section, we want to argue about the justi cation of the asymptotic presented in this
chapter. The choice of the paraméterandH; = H, are crucial in this work. Indeed, as
we will see below, these parameters allows us to preserve the structure of the equations.
To simplify our justi cation, we assume that the uid motion is contained in a Box
such as
B=flxy22R>;0 x L;0 y Hiand0 z Hg

As a consequence, there exists a potential functisnch that = 1u;v;we" = r
where solves the Laplace problem

@0=0 @, = ; (4.25)

=0 = j=0 = 0; (4.26)
@ =0 @ j., =0; (4.27)
@ jo=0 @ j. =0: (4.28)

Proposition 4.3.1. Using the separation of variables method, one can show that the
velocity potential can be solved explicitly as a sum of terms of the form, fqx afl 2 N2,

r

H2 H2

y cosh z p?33+ %3

1

pgX ¥, 2= cos p = cos g Hll —————
C

cosh p2 +q2—22

Proof 1. Let us start by introducing three functioXg i = 1; 2, 3 such as
X:R! R, then one can write the velocity potentiabs follows:

Xy, 28 = X9IXOXolyO X312, (4.29)
Plugging [(4.2P) into[ (4.25), one gets the following ordinary equation

@ X + @YXZ + @, % -

X1 X2 X3

The next step consists to separate the variables, then the previous system can be written

as follows
@x — Gy Xo + @ - 2.
X1 Xo X3 1
where is a separation constant. Then, one has to resolve the following second order
ordinary equation:

@xxl"' %Xl =0;
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which admits a solution in the following form:
X11x0 = Cicost 1xX°+ Cosint 1x°; (4.30)

whereC; andC, are two constants to be determined. Using the boundary condition
(4.28), the rst one gives thaC,; = 0 and the second giveS; sit 1Lc° = 0, which

would allow us to deduce that = Lﬂ for p 2 N. Then
Cc

Xi*xl = C; coleB X° (4.31)

c

Similarly, using the same technique, one deduce an analytical expressio$y®and
X320,

Xty? =Gz COSIH% Sy°; q 2' N (4.32)
o
X312 = Czcosh z L_g + H_22 (4.33)
Finally, the expression of is given as follows,
s !
Xy, 22=Cy coslg x° coslHﬂ1 y°cosh E_z + 3_22 17+ Hy°

2

with C4 = C;C,C3. The value of the constamil, is determined using the boundary
condition [4.26) forz = H,. That givesC, =
Hence the result.

The functiop pq is of orderO*1° but its k-th derivatives with respect to are of

H . :
orderO H—2 . More precisely, foz=1, @ pq! +1 if HL < H, L whenever
1
H> ! 0. To ensure that derivatives are small or of order O(1), we have to assume that

Hy Ho.
. H; .
If we assume thatl, < H; L andifweset | = —,i = 1 2then the preponderant

dispersive parameter i but not ,. As a consequence, the resulting dispersive model
will be de ned through the transversal dispersive parameter and it is somehow unusual
(see Egs.[(4.19) and (4]20)).
Hi . : .
If we set | = —,i = 12 and if we assume thad; = Hy then 1 = . In this case,
we are unable to write the asymptotic termuoivith respect tor andw simultaneously
up to the orde! ,°. Indeed, in this case, the irrotational equatigns (4.24) become
rv,we = _@V-_@V:_@W'
v,z 2@ W' @ @ .
For all these reasons, we have introduced a paranmgter H; = Hy such that
the velocity scaleyY < W < U in order to obtain a dispersive model de ned by the
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classical dispersive parametes and not ;. Our asymptotic preserves the structure
of the equations. Once this parameter is introduced, we have to rst average in the
transversal direction and second following the depth. This choice is naturally imposed

by the irrotational equation§ (4]24) and more precisely by the equgww: —1@v
2

since—l <1
2

4.3.3 3D-2D model reduction and asymptotic expansions

In this rst step, we focus on the width-averaging of Systém (4.17) (4.20). In particular,
we compute the asymptotic expansions of the velotutyw® and the pressur® of
System [(4.1]7)[(4.2D) as a function of their width-averages. We obtain what we call
" at free surface approximation” property which means that the variations of the free
surface followingy can be neglected in the three-dimensional Euler system (4.17)|(4.20).
Finally, the asymptotic approximation of the width-averaged Euler system is obtained.
This averaged model is the starting point for the second step([(se€] Y4.3.4).

4.3.3.1 Asymptotic expansions of the uid velocity

Given a functiorit; x; y; 2° 7! Xt; Xy, 22 andx; 2° 7! qix; 2°, we de ne Xq as follows
Xg't; X, 22 = XU, X i, 2% 2°

and we use the notations

@
. @, @ ‘&'
w= s dive whE a'ta" andr sz = - %u
« =

to represent the vectar, the two dimensional divergence operator and the gradient
operator with respect to the variableandz.
Integrating the two rstequations of the irrotational equations (4.249 s> 1x; 2% y%

we get 1
Y@
ut, Xy, Z2=u 22+ 1 —vds (4.34)
1x:2° @(
and 1
1 Y@
Wit Xy, 22 =w i x 22+ — —vds: (4.35)
2 1x:2° @
Then, integrating the divergence equation (4.17sf@r» 1x; 2% y%we obtain
1 y @ 1 y .
—vdy= divy.z ww¥ady : (4.36)
1x;2° 1x:2°

Thanks to Eqs[(4.34), (4.B5) and (4.36) and the wet boundary condition (4.23¥for
the uid velocity v is approximated by

VI XY, 22 = diveow it x 20y X 2°% O 21 (4.37)
2
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Coming back to Eqs/[ (4.84) ard (4] 35) together with [Eq. (4.37), the uid velbajty®
can be written as

!
ut, xy; 22 = u it x2° Elgdivx;z w it x 2y  1x 22 + 0O — (4.38)

N

and

Wit Xy, 22 = w it x 22 2—1@@?divx;Z w it x; 2y 1x; 2% +0
2

NI\)|I—‘N

(4.39)

4.3.3.2 Width-averaged Euler equations

Given a function't; x;y; z2° 7! X; x;y; z°, we de ne the width-average oK by the

guantity
1 ! 1x2°

hXitt; x; 2° :=
o 120

X1t; x; y; 22 dy

where ix;2°= 1ix2° 1x: 2° is the width of the section at the elevatian

We average the equations (4.17) (4.20)yo2 » x; % *x; 224using Leibniz integral
rule, to get the width-averaged Euler system:

%1 rio+ S pyio =0
el mi°+@1 hﬁiué‘i’)1 mwi°+§1 hPi° = P% P%
2 gl h/vi°+§1 mmwgl hw?i° +§1 hPie = ¥+P%
p @
@ Dv
P = P 1 ﬁ
(4.40)

Dv : L.
whereﬁ stands for the material derivative

Dv
= @v+ u—@v + v—@v + w—@v :

Dt~ @ @& @ @

Asymptotic expansions of the width-averaged terms in Systerf@.4Q)
Thanks to the expressions (41.38) and (#.39), the average of the terms in $ysteém (4.40)
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can be written

Ix: Phuitt; x; 2 = Ix 7% A x2° |
1 @ 2
E@divx;z witx22 x22% +0 —i C o (4.41)
Ix: Phwilt; x 20 =  Ix 2w i; x 2° |
1 @ 3 2
——divx; Wit x2° X2 +0 = ; (4.42)
6 @ ' 2
,!
1 Phlitt x. 2 = Ix 2t x22+0 L (4.43)
? !
2
I 2PWALE X 22 = AW 2+ 0 = (4.44)
2
Ix: Phuwilt; x; 22 =  ix Z%u i x; 2°w i x; 2°
(@
Ut x 22— =divy, W it:x 2 1x 203
I 6 2@ X;Z
!
+0 — (4.45)
2

Irrotationality.
We lose the irrotational conditiof (424) by width-averaging since we get

@, .. @, . @ @ @ @

—1 i°= ,—1 wi°+lu = w-—= u-—= +w— °:

@ ‘& @ & @@ &

However, using the last equation in (4.24) together with Hgs. |(4.38] and (4.39), we obtain
@ @v
— = ——+ 0O {°: 4.46
2 ‘& 1 (4.46)

The approximated irrotational condition can be also written as a functiéhugfhwi®

by means of Eqs|[ (4.41) anid (4]142).

Asymptotic expansion of the pressure.
The last equation in Systein (4]40) allows to write

P=P +0! {°; (4.47)

Thanks to[(4.4]7), on one hand, the terms in the right hand side of the second and third
equations of Systerh (4.40) can be simpli ed in

Prx;zlo Prx;zl O:Prx;zl °+Ol 10-
On the other hand, coming back to Systédm (4.17) (#.20) together with Eq. |(4.47),
integrating Eq.[(4.19) fos 2 » 1x; Z° y*%awe show that
1
Y Dv

Pit;x;y; 2=P ;22 3 — ds=P i;x; 22+ O 1°: (4.48)
IX;ZO Dt
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As a consequence, the width-averaged pred®irean be approximated [y at order
or 19 i.e.
hPilt;x; 2= P it; x, 22+ O °:

Asymptotic expansion of the free surface.
Using Egs.[(4.39) and (4.48) in Eq. (4]120), we can writezlgeadient of the pressure

as
@ 1 D
=P ix2= — —W i, x; 22+ O °:
@ X F2 thw X 1
Next, integrating this equation fa&r2 »z t; x; y°Yusing the boundary conditioh (4]21)
with Eq. (4.48) lead to

1t x Z ;% y°
Xy oz, 2 —w it x; P ds+ Ot 1°;

Pitxz0 =
F2 z Dt

Thus, taking they-derivative of this expression yields to

1 D
0:@ F_r2+ ZEWJZ: + 0O 0= @@sz: + 0Ot 4°:

Consequently, sinc@P;- , 0, we get@ = O! .° i.e, we obtain the at surface
approximation

XY= gty X2+ O 1° (4.49)
for some function ¢q de ned hereafter. It means that one can neglecty#variations
of the free surface of the three-dimensional model (4.17) (4.20) (seq Fip. 4.2). In other
words, the uid cross-sectiont; x° (4.7) and the wet areé't; x° (4.8) can be simpli ed
in

eqit; X0 = y22R?% 22 y 1x2Z° andd x° z eqtt; X° (4.50)

with
Aeqg= eq'ti X° (4.51)
thanks to 1
Alt; x° = dy dz
1 1t;X°
y+1t;X°
= xy°e  dixy°dy
1y tx°
y+1t;X°
= it;x°  dixyedy+ O (°
Ly y* dy 1 (4.52)
eqlt;Xo
= x,2dz+ O ¢°
1d 1x°
= dy dz+ Ot ,°
eqlt;xo

= Aeqlt; XO + Ol 10
Therefore, in the following, we consider the uid cross-sectiainstead of for which
computations are easier. In the following, we sgtas

eqlt; XO - 1t’ X; y 1Xoo
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Figure 4.2: Equivalent geometric set-up

Width-averaged equations.

Using all the previous equatiorjs (4141) (4]45) ahd (4.48) (4.49) in Sysfem|4.40), we

obtain the width-averaged Euler equations expressed as the couple of urtkmown®:

divy,» W ¥4 O —g = 6—12@@ gdi\!/xz w 2
@1 u°+divx;z»uwl/zﬂr—@1 P°+0O —z = P%
5 (4.53)
+6—12@@ u @@?divx;Z w 3
2@C:’Dlw°+divx;z»wwVﬁé"b1 po = §+P@@+Ol 1°

where the uid domain is now de ned (see Eqg5. (4.40)-(4.50) and[Fid. 4.3) by
h itt;x°= z2R; dx° z eqtt; X°

For a given timet 2 »0; T¥and x 2 »0; L% the boundary of the uid cross-section
@ it; x°is composed of a free surfatessit; xX° = fz 2 R; z = ¢4't; x°gand a wet
boundaryh it x°=fz2 R; z= d 1x°gsuch that

@ itt;x°=h itt; X[ O ypit X°

The unit outward normal vector to the free surface is
|
@ -
. 1 = 1440
mfsllt; XO: S @ eq tyx
2
@ 1

1+ & eqt; X°

and the unit outward normal vector to the wet boundary is

|
1 @

_d lxo. .
@ :

@, 2 1

1+ —d 1x°
@

mwbll Xo = S
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Figure 4.3: Width-averaged geometric set-up

These equations are completed with the irrotational cond[tion](4.46) and the following
boundary conditions

@eq @eq 1
+u =w +O — andP =0t °0onz= 4.54
@ & . 1 eq (4.54)
@, 1 _
u—d=w +0 — onz=d (4.55)
@ 2

which are obtained through Eq§. (4.21) and (#.22) using Egs.] (4.37)} (4.38), (4.39).

These end the rst step.

4.3.4 2D-1D like model reduction and asymptotic expansions

In what follows, we notefplt; x° = f 1t; x; d 1x°° for a given functionf andS

1
z

Stx; 22 = 1x;s° ds (4.56)

d 1x°

the wet area of water between'x°® andz.

In the sequel, we consider the uid cross-sectipn (#.5@jt; x° instead of 1t; x°
thanks to[(4.52) (see aldo (#.7)). Thus, we de ne the local height of the wateg;it) x°
by

Peqtt; X; O = eqtt; X°  diX yO: (4.57)
In this new setting, the section-averafggof a functionf can be de ned by

1 1
1 eq't;x° 1x.2°

feg= ——— fit; x;y; 22 dydz:
ed Aeqlt; X® g iyo 1,20 ok yaz

4.3.4.1 Asymptotic expansion of the uid velocity

Let us rstintegrate Eq.[(4.46) fas 2 »d X% Z%to get
" oa
ult;xzZ2=uplt;x°+ » ——ds+ Ot {°: (4.58)
d 1x° @(
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Then, dropping all the lower terms® —- inthe rst equation of Systenj (4.53):

2
@1 0— _@)1 o 1
@ W @ oo 2

and integrating the above equation ®r2 »d x% Z% keeping in mind the boundary
condition [4.55), we obtain

1
@ * 1
uds +0 —
d 1x° 2

X, 2w i) x; 22 =

@

By means of Eq.[(4.58), the previous equation becomes:
1 @

— luplt; XOSIx; 729+ O ,0:
Ix 2 @ bl 2

By injecting Eq. [(4.5P) in[(4.58), we get
1

z

w it x, 22 = (4.59)

ult;xZ2=uplt;x° - —@Slub; X;s? ds+ Ot §° (4.60)

d 1x°

where @
— uSx; z° :

1 r .ZO:
Sy x; X B G

(4.61)

As a consequence, we have

1 ! eq't;x° ! 1x:2°
Ueqg = ult; x;y; 22 dy dz
ed Aeqlt; X° 1d 1x° 1% 20
1 eqlt;XO
= —— 1x; Z°huilt; x; 2°dz
Aedlt; X° | g 10
1 eqlt;XO
= 1%, °u i, x,22dz+ Ot 4°
Aedtt; X0 g 1x0 !

and through Eq.[(4.60), we obtain

1

1
1 e qlt; X°

z

—@Slub; x;s°ds dz

Uegt; X0 = Ix; Z° uplt;x° o
ed Aeqlt;zxo d 1x° d 1x°
1 (o]
+0! 3 T 1
e 2 " e T Qg veds d
= Uplt; X - X; —Slup; X; S az
Aeqlt, X° d 1x0 d 1x° @
+O1 20
2
i.e.
2 eq't;x° ! z @
Up't; X° = Ueglt; X° + 1x: 2° —Slup; x; L ds dz+ Ot %O:
Aedlt; X° g 1x0 d 1xe

Using the fact that

(4.62)

Up™t; X° = Ugglt; X°+ O 5°
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in Eq. (4.62) allows to writei,'t; x° as a function otleq:

1

2 eqtt;x° z @ 5
Upt; XO = Ueglt; X° + Aot ® g ue 1x, 2° e —SlUeg X;8°ds dz+ Ot 5°:
(4.63)
Finally, thanks to[(4.34)[ (4.60), (4.63), by linearity®f(4.61), we obtain
ut, Xy, 22 = u it x 22+ @t 4°
@
= WX — Sty x; $° ds+ O %0 (4.64)
d 1x° @
= Ueqlt; X°+ 2BolUeg X; 22+ O 5°
where
1
1 eqtt;x° z @ ds d
BolUeg X; 2° = —— Ix; 2° —SlUgg X;S°ds dz
o Aedt; X° g 1o g @ 0
’ @S1 sPds: (4.65)
—SUeg X; % ds: :
d ix° @ °
Repeating the computations with Egs. (4.39), (#.59) and|(4.64), we nd
WA Xy, 2= ST Ueg X; 22+ O 1 (4.66)

2

4.3.4.2 Pressure decomposition
Integrating fors 2 >z, ¢qvthe third equation of Syster (4]53), we get
1
Ledtix° 2° N eq tX° 2 _@)1
2 z @
+0t 4°:

Pixz0 = w °+ divy,» W W Ya ds

Thanks to the free surface boundary condition (4.54), Eq. |(4.64) and[Eq.| (4.66), we
obtain the asymptotic expansion of the pres$ued orderO? %0

PIt; X y; 22 = Pplt; X, 2+ oPpytt; X, 22+ O 20

where
Pty 0= 02X 7 (4.67)
h 1 tl Frz .
is the usual hydrostatic pressure and
1 @ 2
Paplt; x; 22 = —————  IXs°Slugg X;° ° ds
" 2 2 2@ o
eq't;X° @ Uett; X0 @
—SlUgg X; ° + —  1XS°Slugg x; ° ds
; @ 1x; $° @ *

is a non-hydrostatic pressure.
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Handling the terms in the non-hydrostatic pressure di erently, one can write
1 1
eq SL ,SO eq
Pnntt; X; 2° = Dt Ueg” X ds+ QlueqgS °ds (4.68)
z 1x; s° z
where )
@ @ @
Dlw= —u ——Uu u@u, 4.69
&' oo’ '@ (4.69)
and
W2 @gslx; 50@@ 1x; 0
. 0o = _ . @
QuS 1x; P - 1x; ° gsx so
« o . o (4.70)
2 SXs°— 1x<° —3'x; s°
s e @ Qi 8, @ "
@ 2 1x: P2 @ @x 1x; °

The non-hydrostatic pressufe (4.68) is more suitable to have a formulation akin to the
SGN equationg (4]12)-(4.4).

4.4 A new non-linear dispersive model

Igsthis section, we assume that the ow is governed, on the space-time dorggim
eq't instead of (see Def. [(4.6)), by the three-dimensional incompressible and

0t 1

irrotational Euler equation$ (4.117) (4.20), (4]124) where the wet gggion is de ned as the

region in which the uid resides at each time2 >0; 1% ¢'t® = eqtt; X° with
0x1

eq't; X° the uid cross-section de ned by (4.50).
These equation§ (4.]17) (4.R0) are completed with the kinematic boundary condition
atthe free surfacg (4.R1)'; x°=fz2 R; z= ¢4't; X°g and a no-penetration condition
on the wet boundary (4.22)n'x° = fly; 22 2 R?; z = dix; y°gwhere

@ eq't; X°= X[ WX
These boundary conditions can be written under the following form:

1
@m+ u@m V. nds=00n@ egt; x° (4.71)

@ eqlt;xo @ @

ly, edtt; X if m2 't x°
y,dix;y©  if  m2 yplt;x°
N If m2 gt x°

n = : .o Stands for the outward unit normal vector in the
Nwo If M2 pplt; X

eqt; X°-plane (see Fi.2) angd= \\/Iv

wheremtt; x; y; 2° = is a boundary point,
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To work with the wet region, we introduce its indicator function
XY, 22=1 axeforaltxy,z2R

where
1 if Pistrue

1lp = e
0 if Pisfalse

The function is advected by the ow so its material derivative, with respect to the
ow u, must, therefore, be zero. Moreover, thanks to the incompressibility condition,
satis es the following indicator transport equation

g + @@1 u®+ divy,» V¥& 0on  ggit° (4.72)
. @ @ .
where diy., WY& —Vv + —w with v = 1v; wP,
\{’12 - @ @

4.4.1 Eq. of the conservation of the mass

Integrating Eq. [(4.72) over the sectiorg't; x° and using Leibniz integral rule, we get
the following conservation of the mass equation

1
g + —@1 ue + diVy;Z » V:I/Ady dz= _@Aeq+ _@Qeq =0 (473)
egtt;x°

Q@ @
whereQeq is the water discharge

Qeq = Aegleq (4.74)

andueqis eq't; X° section-averaged velocity given by
1

1
Ueg= ——— ult; x;y; 2° dydz:
. Aeqlt; X° eqt;x° Y y

4.4.2 Eq. of the conservation of the momentum

In order to get the momentum equation of the section-averaged free surface model, we
integrate each term of (4.[18) along the sectiqqg't; x° as follows:

1
—@1u°+ —@1u2°+ div%zmgl/zr —@P dy dz=0:
7
a;

ooy %y | &

3
a1 a a4

1

Computation of the term a; dy dz
eqlt;Xo
We have
1 1 1
—@1u°dy dz= —@ udydz u—@m nds: (4.75)
eqttiX° @ eq'tiX° @ eq't;x° @
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T

Computation of the term ay dy dz

eqtt;X°

Thanks to the asymptotic approximation of the teunf@.64) up to ordelO! 29, the
non-linear termu? can be written as:

UPLE; X, Y; 22 = Uegtt; X + 2 2UeqBotleg X, 22+ O 5

Therefore, we have

_@1u20 dydz = = U2 dy dz UZ—C@m nds
eq't;X° @ eq't;X° @ eq't;x°
i.e.
1
1y o 0
@1U2° dydz = —@1Qeq2‘ Aeq® + 2@ QeqB™X Qe Aed
et @ @ @ Acq
! @ (4.76)
wv¥—=m nds+0O 3
@ eq't;x° @x

whereB stands for the quadratic part of the uid velocity, de ned \Ba (4.63), and
1

BX; Qeq® Aeq” 2B0'Qeqt Aeq X, 2° dy dz

1eqtX°
e qlt; X0

= 2 1X; Z°Bo'Qeq® Aeg X; 22dz=0:
d 1X0
1
Computation of the term az dy dz
eqlt;Xo
We have 1 1
divy., uvvady dz = uv nds: (4.77)
eq't;X° @ eq't;x°
1
Computation of the term ap+ay+azdydz

eqlt; x°

Gathering the results of the computations (4.75), (4.76) and|(4.77), using the boundary
conditions|[(4.711), we get

1

@ @ 2 @ QeqBX; Qeq® Aeq®
artatagdydz = —Qeqt ='Qeq*Ae’+ 2=
. 1+ ap + azdy @Qeq & Qeq ™ Aeq 2@ Acq
@ @ 2
u =—=m+u—m Vv nds+O
@@eqlt;xo@ @ @ 2
= @t g Qe A0

(4.78)
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T

Computation of the term audy dz

eqtt;X°

We apply the Leibniz rule to the gradient of the pressure and we obtain

1 1 1
@ @ @
—Pdydz= —= Pdydz P—m nds 4.79
eq't;x° @ y @ eq't;x° y @ eq't;x° @ ( )
where 1 1
P@m nds= P—@m nds
@ eq't;x° @ whX° @

thanks to the free surface boundary conditjon (4.13).
To compute the above boundary integral, we consider the parametrisation

"ix: 0

Z2>d X% eqtt; X% 7Imix; 2° =
V4

where' is given by [4.5). The unit speed curve parameterisation is
S
2
—@mlx;z0 = 1+ —@ . 20
@

@

The outward unit normal is given by

a
® if "I 22 <y 1x°

where
knix; z2°k = —@mlx,z0
@
Thus, we obtain
1 @ 1 1450 @
eq b
P—m nds= Pit; x; 22— ix 2°dz: 4.80
whiX° @ d 1xo @ ( )

which is the formulation of the pressure source term as done in, for instanc¢e [33, 32]

Hydrostatic part: (see Eq.(4.67) UsingP = P, in Eq. (4.79), we get:

1

@Pnhlt; x; 2dy dz = @'14; x%° 1Lt x° (4.81)

eqlt; X°

where
1

[11t; x° = Pplt; x; 22dy dz= 5
eqlt;Xo d x° Fr

eqtix® 1 eqlt; X0

Ix;2°dz  (4.82)
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and :
eq'ix® 1 eqlt; X0 70 @
[51t; X0 = —— Ix:2°dz 4.83
2 e T @& (4.83)
are respectively the hydrostatic pressure term and the hydrostatic pressure source

term.

Non-hydrostatic part: (see Eq.(4.68) UsingP = Py, in Eq. (4.79), we get

1

@Pnntt; X; 22dy dz = @'DIyt; x°°©  DIoit; x° (4.84)
eqlt;Xo
where
eqlt;Xo
DI, x° = Porlt; xX; 2° 1x; 2°dz
d 1x°
= GIX Aed't; XD Ueqtt; X°© (4.85)
eq eq
+ 1x;: 2° Qleq't; X% Stx; 8% °ds dz
d 1x° z
where 1 1 e 0
eq eq X
Gix; Ae’ = Ix; 20 _— ds dz: 4.86
Aeq d 1x° 7 1X; sP ( )

The quantitied andQ are given by[(4.69)[ (4.70), and

eqlt;Xo
Dl>it; x° = Pnnlt; x; 20—@ ix: 2°dz: (4.87)
@

d 1x°

Each termDl; for j = 1;2 is the non-hydrostatic counterpart of the terprfor
=12

Remark6. The termsljit; x° and Dljt; x° respectively, can be writteh)1x; Aeqt; X*©
andDIjx; Aeqt; X% Qeqtt; X° for j = 1andj = 2. In what follows, we make use of these
notations.

Finally, gathering Eq.[(4.81) and Eq. (4]84), noting
1 1

eq eq
GIX; Aeg Qeq® = @@ . 1x; 20 %]; ds dz + Dly; (4.88)
1x0 z q

we obtain
1

@Pdydz = @U1'X Aeq™ 121X Aeg®
eq't;X° (489)
+ 2 @'GX; Ae’DlUeg™® G X; Aeg Qed”

Gathering resultd (4.78) and (4}89), we get the equation of the conservation of the
momentum.
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4.4.3 The dispersive model for arbitrary non rectangular chan-
nel/river

From now on, we omit the notation&q andX for the sake of readability.
Gathering Eqs.[(4.73),(4.]78) arid (4.89), we present the new one-dimensional disper-
sive model for open channel/river ows

g _@A+ _@Q =0
@ . 6o @
—Q+ = — + 1A + ,=1Gx A°DIu® = I)Ix; A+ LG AQ°

% a2 e AT & 2 G AQ

: +Ol %0
(4.90)
where A is the wet area] (4.51)QQ is the water dischargé (4]74), (resp. ) is the

hydrostatic pressure (resp. source) tefms {4.82) (resp.| (4@X))A° (4.86) generalises
3
% inthe classical SGN equations (see 4.8 A Q° (4.88) extends the uneven bottom

source term in the classical SGN equations gdGlx; A°D*u® s the dispersive term

whereD is given by [(4.6D).

The new section-averaged model extends the section-averaged free surface model for
open channel ows[3€, 15] by taking, = 0 and extends the SGN equations for uneven
bottom [86/ 6, 85, 50] to arbitrary channel/river section.

4.4.4 The dispersive model for a rectangular section

For the specic case of the rectangular section (seé [33] for instance), almost all the
previous computations are the same. The changes are mainly in the geometrical de nition
and the boundaries of the channel.

We consider the motion of an incompressible and irrotational uid with constant
density o > 0in a three dimensional domain (see Hig.| 4.4)

0= 1y, 22R% X2 LY X0y yIxO X% dix oz x°

wherey 1x° describes the transversal variation of the channel with respect to the main
channel direction, de ned by

140 1yO0
ylxozu

where and are the transversal limit of the channel. Here the bottbm now a
function ofx only andd *x° = d'x° by de nition. Thus, in view of the de nition of the
uid domain, since = 1x°= 1x° 1x0andy x°= 1x°andy'lx°= 1x°, the
wet-area can be simply de ned by

Alt; X0 = 1x°Hlt; X%

wherehhit; x°i is width-averaged of the local height of the waltét; x; y° := t; x; y°
dixe, i.e, hht; X% = h 1t; x%  d*x°.
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The boundary of the domaint® is de ned by @ t° and is decomposed into four
parts: the free surfacegs!t®, the wet boundary't®, the in ow boundary ;1t° and the
ou ow boundary ,t°. The wet boundary can be decomposed itself in three parts: the
bottom p't°, the left lateral boundary,'t® and the right one ,t°.

Figure 4.4. Geometric set-up

The kinematic free surface condition and the wet boundary condition are the same,
except the de nition of the outward unit normal vector, which is now

T
Sl—— —@d, 0 1 if Nwp = Np
@ 2 @
1+ —d
@
T
Sl—— —@, 1,0 if Nwph = Nip
1+ —
@ T
s—l— @: 10 if Nwo = Ny
@ 2 &
1+ —
@

Thus, we have now

u—d w =0 on pi°;

u— v =0 on pi°;

RleRle

u— +v =0 on Ri°:
@

In this section, we present the model in the case of a rectangular channel. We assume

that 1x;22= 1x° dix; y° = dx° = d 1x° as displayed in Figurie 4.4. Thus, thanks to

(4.51), (4.57) and (4.56), we have

' eqlt;x01 1x°

Aedlt; X0 = dy dz= dy dz= 1x°hit; x°
eqt;x° dixe 1x°

and 1
zZ

Six; 22 = 1x0ds= 1x01z dix°°:
dixe
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As a consequence, we have
" Hydrostatic pressuré (4.82) :

- 02
oMt Xo
2F?

I11t; x° = 1x

" Hydrostatic pressure source tefm (4.83):

heg't; X2 1o hegtt; X°

|21t, XO = O_I_XO
2F2 F?

" Dispersive pressure counterpart (4.68): we have

Slux =1 dix® 1y x° udix®

where @
1u, XO e 1X0@1 lxouo
Therefore, the dispersive pressure writes:
eqlt;XO 1
Pt x 22 = ——@Slueqlt; X% x: 9 ds
2 2@
eq't;X°

@Slueqlt; X% X; &°

z

Ueq't; X°

+ eqlxo @@ 1x°!Slueqlt; X% x:° ds (4.91)

he® 1z dixo%®
2

Lheg 1z dx99PI1yeit; X2 XO

+1 ogtt; X0 22P%1Ugqlt; XO X°

I 1y 1t O %O
PrntUeq't; X% X

whereP!,, P% andP% stands for the inertial term and the geometric terms

Pl lUeglt; X% X0 = lugglt; X9 02 o LUggtt; X2 X°

—1 lxo lueqlt; XO; XOO;

1X0 @

PUUegt; X% X0 = Mgt X% XOUeqlt; XOdx?
and
PR1Uet; X% X0 = Uggtt; xd%x0 % + o Ueglt; x°dLx°
+ Mieg't; X, XUed't x°dx°
+ Ueq't; X _@—D LXOUgt; xod®xo

1Xo @
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Finally, the dispersive counterparts of the pressure read:
1
eqlt;xo
DIit;x° = 1x° Pnnlt; X; 2° dz (4.93)
dix°
and
eqlt;Xo
Dli;xe = OUxo Panlt; X, 2dz  1xOdAXOPyhlt; X; dix©  (4.94)
dix°
where
e heg” heq” g
Panlt; X; 2°dz = PrntUeq't; X% X° + > P Ueq't; X5 X°
dix°
with
PY 1.1t X% X0 = 14 +0{0Ly0 2 @ 1t xod% k0
hiUed s X% X0 = Ueg!t; XOd™XC T+ — Ugglt; X°d™X (4.95)
u 1t’ XO 495
+ —@ 1X%Ueqlt; xod%x0

lxo @

Finally, the system for rectangular channel is given by the following set of equations

% gAeq+ @@Qeq -0 ! I
@ @ Qef® | A @ A ;i Qe Aei” g Qeq
g @Qeq+ @ Aeq + 2 1X0Fr2 + 2@ 102 Pnh Aeq, X + 1X0Pnh E’X

=S 1Aeq; Qeq; x0 Oiyo SdlAeq; Qeq; XOdOlX°+ ot %o
(4.96)

wherethetern$ andS$;take into account, respectively, of the section and the bathymetry

variation
|

Aeq Aei® i Qeq Ae? g Qeq
S 1A Qeg X° = + P! X+ P9 P X
Aeg Qeq 2 1X°Fr2 2 1y03" nh Acq 2 102" nh Acq
and , I
Aeq Ped” i Qeq, g QeQ.X

S'Aeg Qeg X°= — + 2—— — X+ AP ——
G eq F.2 10 nh Aeq a" nh Aeq

r

Therefore, in the case of a uniform rectangular channel on a at bottom, we recover
the classical Serre-Green-Naghdi equations:

% gheq+ @@lhequeqo -0 !

@ s 2 hed?

@ oo’ g Mot * o ! (4.97)
e 2 "

§ 2@@ 3q gueq ggueq Ueq't; Xoggueq =0+ 0! %o



CHAPTER 4. GENERALIZED SGN EQUATIONS FOR OPEN CHANNELS AND
RIVER FLOWS 92

4.5 Energy

The generalised Serre-Green-Naghdi equatfons](4.90) are by construction asymptotically
consistent with the Euler system (4.17) (4120). We have the following result:

Theorem 1. Systen{4.90)admits a total energy

2 1

E= Al A I+ =2 S2y;x 2 dydz (4.98)
2 Frz 2 1 Ny
which satis es the following energy equation
@ @
—E+=1E+I1+ 2DI1°%u°=0: 4.99
- ' & 1+ 2Dy (4.99)
L . . U+ v2+ w2z
Moreover, the quantit is consistent with the total energy= > + =
of the Euler equatiofd.17) (4.20) in the sense that r
1 1
@ @ @ @ 2
— Edydz+ —= E+Pudydz= =E+ —YE+ I+ 32DI1%+ O 5°:
@ y @ dy @ @ 1 2 1 eq 2

Remark?7. This is a positive feature of the approximate model (4.90), which provides
the richness of content for this model and can be used to estimate the accuracy of
numerical algorithms. Moreover, it is well-known that the energy conservation law plays
a fundamental role in justifying the theory of shallow water equations.

Remark 8. As a direct consequence df (4198) and (4.99), we are able to recover the
energy conservation law of the usual models in the case ofl, i.e. A= h:

" if 2 =0, we recover the classical total energy of the Saint-Venant system, namely

_h?  hth+2d

E
2 2F?

“if 5, O, we recover the classical total energy of the Serre-Green-Naghdi system

(see for instancé [44]), namely
I
1 0 3 2 2 14®2
go DU, Ph+ae 0@ % o @ P
2 2F? 6 @ 2 @ 2

Proof 2. Let us start by looking for the energy equation corresponding to the nondimen-

sionalized form of Euler systerp (4]17) (4]20). Multiplying (4]18) by(4.19) byv and
(4.20) byw and summing, we nd the following equation for the kinetic energy

@& @ @ @ 1
=~ +U=1K + PO+ V—1K + PO+ W—1K + P+ —w=0 4.100
@ @ 2 ( )

@ @&

u?+ v+ ow?

with K = .
2
The equation for the potential enerBy= gz can be given as follows:

@+UQ+VQ+WQ iWZ 0 (4.101)

@ @&@ @ @ Fr?
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The equation for the total Energy= K + P is obtained by summing (4.100) and (4.1.01),

& @ pos v@@lE + PO+ ngE +Po=0 (4.102)

@ @&

Integration equatior (4.1D2) over the domairtaking into account boundary conditions
(4.21) (4.23), one obtains the following equation:

1 1

—@ E dydz+ —@ IE+ P dydz=0 (4.103)

@ (@

In the other hand, applying the asymptotic analysis, thus, from|(4.64) andl (4.66), the total
energy equation (4.102) becomes
2 2
_Uggt 25 Z .2
E‘T"‘ 2UquO"'ﬁ"'o1 1 5°

Then

1 1

2

— - Ueq 2 2 . v . 20
E= E dydz= A7+AE |1+? SlUeg X, 22 dydz+ O 1; 5
r

Similarly, from (4.48), it's easy to get that:

1

IE+PU=1E+ |1+ DI %L+ O 5 22

Hence the result.

4.6 Improved cSGN equations

This section is devoted to the reformulation of Problém (4.90) by introducing a linear

and a quadratic operator to avoid the direct computation of the partial derivatives of
order 3 (see, for instance, Equation (4.85)). The reformulated problem is, in general,
more adapted to construct a robust Finite Volume numerical scheme for its resolution.
Moreover, this reformulated problem allows us to construct an equivalent mofel tp (4.90)
for which we can improve the frequency dispersion by adding some terms of@?dg’r

to the momentum equation without a ecting the accuracy of the model.

4.6.1 Reformulation of the cSGN equations

Let us rst remark that, by de ning the linear operator

1 1
_ @ 5, 8° “ 1 @, .
T»Aeq, d, p ZYyaPe = @1U0 , T,SO ds+u , T;SO@QX, P dS, (4104)
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and the quadratic operator

Geg d; ; ZV4° = 2 —u

we can write the pressuf, as

Panlt; X, 2= T» Aeg d; ; zl/4gueq+ ueq@@ueq + GAcq 0, ; 2V  (4.105)
Remark 9. In view of the de nition of S [4.56), we can also writ8 = Sd; ; 2°,
therefore, we have writtemAeq d; ; Zvinstead of» ¢ S ; Z%4or the de nition of the
operators.

Then, de ning the averaged operators

1
eq

Trhegd; Yay © = T»Aeq 0; ; ZvA° dz (4.106)
d x°
and 1
— €q
GAggd; Yy, © = GA¢q 0, ; Z¥4°dz (4.107)
d x°
we can write
1
eq —
Panlt; X, 22 1X;22dz = T»Agqd;, Y @ueq+ ueq—@ueq ;
d 1X0 @ @

+GAeq 0, Yaleg ©:

In what follows, it is more convenient to use the second de nition of the pressure source
term (4.80) withP = Pyn. Thus, if we set

1 @ = = @
L»Aegd;, Ya° = E & »eg d; VAU, © T »Agq d; 1/4U;@
(4.108)
and
1 @=, .40 e = L@
QA d, Yat° = E @& GAeq 0, YU °©  GAgq d; 1/4U,@
(4.109)
we get

@ @ @
—DI; DIy, = L»Agg d; Ya—Uegq+ Ueg—Ueq *+ Weg 0, YL :
& 1 2 Acgl»Aeg 4 @ eq eq@ eq t AeqQPeg eq
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Finally, de ning the operator

Lofegd; Y80 = Acgl»Aeg d 1/4/% (4.110)
q

we can reformulate Systein (4]90) as follows:

% _@Aeq+ _@DlAequeqo =0
" & . . .
% g 2L»Aegd; Ya @1AeqU6q°+ & AeqUeq2 + @lllx; Aec? (4.111)

T+ 2AeQPeq O Vlled® = 121 A + O 3°

where |4 stands for the Identity operator. This reformulated model is valid for non
rectangular channel section since we have used the de nijtion](4.80). For rectangular
section, the de nition of the lineak and the averaged quadratic operatQr¢4.108)-
(4.109) (according to the de nition of the terBil, (4.94)) are given by

L»Aeg d; Yo = A% @@ TrAegd; YU ©  T»Acgd; 1/4u;§
+-— 1x°d%x0 TrAgg d; ; z = dixOUALO
Aeq
(4.112)
and
QA d, Va° = A% @@G»%q;d; U, ©  GAeqd; %u;éE
+-—— 1x°dUx° G d; ; z = dixO%AL°
q
(4.113)

Let us remark that Systein (4.134) does not require the computation of any third-order
derivative as in System (4.90) (due to the tébhy). This is a crucial remark since it is
well-known that third-order derivatives involved in the a model such as|(4.90) may create
high frequencies instabilities. The operatgr L in the second equation reinforces
the stability of the numerical scheme. It also plays a crucial role in the well-posedness
problem (see the reference therein dnd [52]). However, due to the time-dependency of
L, the operatoty L has to be inverted at each iterations and increases the cost of the
numerical method.

4.6.2 Improved dispersion frequency

It is observed that for the dispersion frequency for the SGN equations, seg alsa (4.134),
converge towards the Stokes rst-order theory for waves on arbitrary depth for small
wavenumbers. As the wavenumber increases, the celerity expressions become more and
more inaccurate relative to the Stokes theory. However, the frequency dispersion of
System|[(4.134) can be improved (see for instancel[93, 70, 68, 69, 71,191, 25] 14, 24]).
It can be achieved by adding suitable terms of ofder,° and/or by parameterising the
velocity at a certain depth= instead ofz = d ([[71]]), and/or by considering a modi ed
velocity (seel[24]). All of these models introduce parameters for which the miarge
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is the more is the improvements of the dispersive properties. For the sake of simplicity,
we consider in the sequel the one-parameter family of SGN sysfems](4.134) by adding
some terms of ordeD®! ,° to the momentum equation. Since the added terms are of
orderO! ,°, the model's accuracy is not a ected.

Going back to the non conservative form of the momentum equatign in (4i184),

using (4.10B) andglllx; AC = @@Illx; A°§A+ [,1x; A° and dividing the equation
q
by Aeq, We can write
@,
Id ZL»Aeq; d, Ya gUQq'l' UQq@@lJeq + @Zq @@A'I' 2Q>Aeq, d, 1/4:,||er:
Ot 20 (4.114)
and in particular, we have
@,
@ @ @Aeq ™ @
—Ueg= U u — + O ,° 4.115
@ eq eq@ eq Ae @Aeq 2 ( )
.. @ @ @ @ .
Letus x 2 R. Writing =Ueq= —Ueq+t 'l  °—=uUgqand using[(4.115) leads to
@ @ @
@ @ ° e aoh @,
“Ueq= —Ueqg *1  OUeg=leqt ———— AegR+ O ,°:
@ eq @ eq - eq@ eq Aeq @Ae 2
« =
or equivalently
@ @ Yo @ @L\@e " @
—lUeq+ Usg—Ueg = -~ —Ueq+ Usg—Ueq+ ! 10— =A R+t ,0: (4.116
@ eq eq@ eq _@ eq eq@ eq Aeq @Ae 2 ( )

«

—

As a consequence of (4.116), in Equatipn (4]114), the tepi»Aeg d; Yacan be

approximated as

@ @
2L»Aeq; d, Ya @Ueq + Ueq@Ueq =

Q@

- @
2 L»Agg d; 1/%@ueq + ueq@ueq +

«

—|
1 1°@eql@

@ a

®
A @Ae+ Ot 20 (4.117)
q

—
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@,
Finally, writing the term@%T:I gAeq as
@, @, Q.
@\eq @, _* 1° @Peq @ }@eq @
Aq @& 97 Ag @& T T A @

and using Equation (4.1117) into (4.114), we get the one-parameter family of SGN equa-
tions with improved dispersion under the non conservative form:

@ @ @

— + Ueqg—= + —Ueg=0
@Aeq eq@Aeq Aeq@ eq
© _(@|1 a
[ @ @ 1 1°QAyq @, B
I L»Acg d; Y4- =Ueg + Usg— Ueg + —AB
d 2 L»Aegg 4_@ eq * Ue'z Ueg Peq @Ae B (4.118)
« -
@,
1@ @ 5
+= — Aeq+ 2QWAGd; Vil = O 50
Aeq @Aeq 2Q Aeq, eq 2
Multiplying the second equation in Systeim (4.[118)Ay; and using

@ @ @
— 11X A— A= — 11X A° IIx A°;
@ & &
we get the one-parameter family of SGN equations with improved dispersion under the
conservative form:

_@Aeq + _@)1Aequeq0 =0
@ & @ @ 1 @
|01| @; LrAeq d;  ¥a @1Aequeq° + @IAeqUeq20 + @'1 P!

s +— @'1 l2 + 2AQeqd; Y’ = O %0

(4.119)
These new formulationg (4.1118) and (4.1.19) do not contain any third-order derivative,
thus we can expect more stable and robust numerical computations.

4.6.3 Stokes rst-order theory and the choice of the parameter

In this section, we present a qualitative discussion about the stability of our new model
(4.119) an how to choose the parametén order to improve the frequency dispersion,
compared to the Stokes rst-order theory. Here, we consider the case of a rectangular
sectionAer = 1 eqo do® and we focus on the linear behaviour of small perturbation

1 L ueql®to a constant state solutiéreg’; Ueq™® = 10; 0°. For a given quantity, we note
Xli:mo .= —X1:"0gnd to simplify the notations we omit tHedependency unless
some confusion is possible. The perturbations are de ned by the following relations

e X0 = e’ + " eqtl; X0+ O 2% andUgglt; X° = Ugq’ + " Ueqilt; X + O1" 20 (4.120)
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for some" > 0.

Since the calculations are almost similar to the one-dimensional SGN equations (see
for instancel[[14, 61] or [36]), we brie y present how to obtain the linearized equations.
Let us rst remark since we are looking for perturbed solutions around the state solution
1Aeq’; Ueq , We assume thatlx; 2 = o anddlx;y° = do. Therefore, Systenf (4.118),
we get:

Mass equation:
Dividing by ", and taking the limit' ! 0, we obtain the linearised mass equation

g ool @@doueql = 0: (4.121)

Momentum equation:
From the second equation of Systém (4]118), dividing bnd taking the limit ! 0O,
we get the linearised momentum equation

@ .. r*e, 1@

@ 7 @ 7@
with
TR I
1 @@ o -
L»Asld; vae = — = = S ds dz
! ACE @& 4 (4.123)

- £ 0 0@
- Ye &

Dispersion relation.
Noting k the spatial wavenumber andthe time pulsation, we look for plane wave
solution of the form

'Aeg Ueq” = *Aeqy Uegy €XPritkx 1 1%

With eq= eqyexplitkx ! t®= %Aeq to this system[(4.121)-(4.1p2). Without loss

[o'5)
of generality, one can consider the linearisation around the still water steady state solution
! eqo; ueqO = 0° We nd the following dispersion relation

S
k 1+ pidpkozr 10
otk 0= — 4.124
SGN Fr 1+ 21d0k02 ( )

for which the perturbations are always stable if and only if 1,i.e. ! .o\'; ° 2 R,

for all 1. The dispersion relatiof (4.124) is the classical one associated to the SGN
equations (see for instanc¢e [68] 69] and chapter 2 for more details). As mentioned before,
the parameter can be helpful in minimising the dispersive error of linear phase and
group velocities denoted, respectively by

| santk; ©
Ch i 0= Lt ”
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and @
CSgGle; °= @! sele; °

to the reference phase and group veloci@®sandC? of Stokes rst-order theory (that
we recall hereafter for the sake of completeness).

Stokes rst-order dispersion relation.

To obtain the Stokes rst-order dispersion relation, we rst come back to the Euler
equations[(4]9)-(4.10) with the boundary conditions (4.12) (B.14) (see (4.7) and
(4.11)) under the Bernouilli's formulation in terms of a velocity potentia(i.e. the
velocity eldis givenbyu =r ):

=0 in
@
= 4r, 10,10 = = in (4.125)
@ Xy Xy 2! @ fs
g+% r oy’ °2+§ +9z = 0 in s

where

@ Qe o
@ =r N u=-v® rx;y1u°::%
N <<@u—|
represent the outward normal derivative at the boundary of the uid domain, the vector
u and the gradient operator with respect to the varialdady.

To obtain the rstorder Stokes dispersion relation, we linearise Sygtem (4.125) around
the rest staté © = 0, u® = 0° by considering the following perturbation

u = u® + "yl + o

0 4 »1 4 Qw2

- 0 4 1 4 Q2o
d = d°
- 0

— 0

wheretd% 0 0 0. 0op RS
Using these perturbations into Systdm (4]125), collecting with respect to the power
of ", dividing by" and taking the limit wheri ! 0O, we get the linearised equations

1 =0 in ©

r 1 n0 =0 in O

%1 gl =0 in? (4.126)
%“gl -0 in g
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where
O 1xy 220 L% R% oy oanddgy z °©°

d=fixy,220LY% R%; z= Og
0 =Xy, 220 LY R% z= dog

and
©
n®:= I!ilmofs L
1+ —dp + —=d
. 0 @™
Let us remark that using the third and the fourth equation, we can write
@@ 1 @ 1 ; 0
——= "+0g—= ~=0in ¢:
@@ ‘@ .

Let us also note that, rst, in view of the boundary conditions of Sysfem (4.126), we can
reduce to the two-dimensional problem by omitting ykdependency, and second, if we
apply the Fourier transform with respectido the rst equation of Systen (4.1p6), we

get the following equation
Ci1 K?C1=Qijn ©

Y.z
whose solutions are under the form
C1= AlkOexplkp§z°+ Btk expt 20
Therefore, without loss of generality one can look for solutions under the form
L= 10expitkx !1t°;
Using this equation into Systein (4.126), we get forkal R

§ %xp K2 12 0 do6 26 ¢
Gz 0 z=do (4.127)
2 12 1049 920 = 0 z=

whose solutions are

k1Z° = Atk®expk 2 + BkPexpt kZ°: (4.128)
Applying the boundary condition in\?vb, we get
Ak® = Blkexpt 2kdy° (4.129)

and applying the boundary condition il,i, we get

Atkeexptk % Bikoexpg k %

| 210 = :
Alkeexptk 00+ Bikoexpt k 0°

(4.130)
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Finally, using Equatior (4.129) intp (4.1130), we obtain the dispersion relation
| Ako=1 1Ko = pm’ (4.131)
with the reference phase and group speed
ke granikar

p1k0: ) = 4.132
and 21k% k + kC? Hk dp©?
GiLo. @ 15Kk + kC11  tan -0

qulk°— @ ko= e (4.133)

whereC = gdQis the sound speed.

Comparisons of the dispersion relations and the choice of.

One can easily check that the Taylor expansions of the dispersion relationg (4.124) and
(4.131) are equivalent for small wavenumbers. As a consequence for small wavenumbers
the choice of has no in uence. However, since we are interested in large wavenumber
(i.e. small wavelength) dispersion cases, we are thus motivated to propose an optimal
value of in order to minimise the dispersive error of linear phase and group velocities
to the reference linear phase and group velocities.

For our new model[(4.119), the dispersion relation (4.124) is the same as that derived
for the standard SGN equations (seel [68,169,[25, 14] for instance), when we consider
the linearization around the rest statgg Ues® = 10, 0° and a rectangular geometry. The
discussion concerning the choice ah order to improve the dispersive properties of the
model therefore follows the usual procedure is detailed in Chpter 3. We take throughout
this chapter = 1:159

4.7 A well-balanced nite volume approximation in the
case of a non-uniform rectangular section

The main drawback of Eqs[ (4]90) is that it has third-order terms in space, which may
lead to instabilities at the numerical level. Therefore, we rst propose a more stable
formulation of Eqgs.[(4.90) before presenting its numerical approximation.

Skipping the technical details (it is presented in the next chapter) shows that System
(4.90) can be written:

§ Gp+ Lipyo=o
@ © @ @ @
§ o LA Ve AU o AP+ oAt 2AQAD Vit o

: 1y AO 1 20

(4.134)
wherely stands for the identity operatdr, is a linear operator
1 @ = = @
L»Ad;, Y4° = — — T»Ad, %u ° T»Ad %Yu—
»A Al & »A u »A au &
+2 1x0d%x0 T»A d; | z= dixOVAL°
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andQ is a quadratic operator
1 @ = — @
QAd Ya° = — — GAd Yu ° GWAd Yau —
A @& @
+%\ 1x0d%x0 GyA; d: ; z = dixOvAue
with T, G are given by
1 1
o _ @ S'x; s° 1 @, .
T»Ad; ; Zv/4° = @mo Z T30 ds+u ] 1XO@SLX,S°dS,
and
! 2 e ©@Slx;s°—@ 10 a
GAd: ; 20 = , @, Sx®, v & & QQy, &
' 7 @ 1Xo 1Xo_ 1X0 @@ ! @
@ « |
2 SIx;sP— 1x°
+_@ U_ —@ ds
@ 2 lXo2
with 1
X»Ad vy °= X»Ad; ; Zvaedz:

dix°
In particular, one can explicitly compute those operators:

~if 2 R" andd 2 R are constant then we recover the standard one dimensional
SGN equations (see for instancel[60, 61, 62]) over at bottom with

1@ hae
- 14340 = - /0= __ = =
LA d Vae= LoA Vi = — 3 &l

and !
1 @2 4

- 1430 = - 1/130 = — - —_—

QA d; Y = Qp»A V44 he 3 h @u

~if 2 R*is constant and = dx° then we recover the standard one dimensional
SGN equations (see for instancel[60, 61, 62]) over uneven bottom with
2
LeAd Ya° = LopAd Ya0= LA Vi Lt e —hudolx°
h @ hox 2

+5 —udtxe  uidhxeo?

and

2
QA d, V4P° = QA dvale = QuA, VAP + ih@@ %uzdoqxo
2
+h @@u d%xe + y2d%xe d%xe
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“if = 1x°andd = d'x° then we get the generalised one dimensional SGN
eqguations for non uniform rectangular channel over uneven bottom with
1 h3
Ly»Ad;, Yae = Lp»Ad;, Y+ —hg leogu
OLy0 2 2 Oyo
X _@uh_ + uh_ X uEdO.I.XO
@ 3 3 2
and

2 13
QA d Ve = QpAd Yiae+ ih@@l lemzu—%
1 @

2 3
+__ = dO.I.XO O.I.Xouzh_ i_@ Ql.xouzh_
h

2 h @ 3
@ @W¥ o h 1
+= = =2 o = OyoRyA d: w40
& @& 2 3 n CRAd YA
with
2 2
h3 OLy0 h3 OLy0 h2
RoAd; Ya° = gu §+u2 X z+ 2 X dolxo?
0@yo 2 13 2 O 3
2 XN gt @ U xoh®
3 2 @ 2 3
O
Pde—C 2 ayo1gaye2 4 2 0yogaiyo!

It is known that third order derivatives involved in the initial model (4.90) may create
high frequencies instabilities, but the presence of the JL»A d; Y Yin the second
equation of[(4.134) stabilises the equations with respect to these perturbations. Therefore,
in the following, we construct a numerical scheme for Egs. (4.134) instead of[Eqg. (4.90).

4.7.1 Numerical method

This section is devoted to the numerical method to solve the reformulated dispersive
model [4.13#%). It is rather natural to split the hyperbolic part to the dispersive one as
done by several authors (see for instance([25, 24, 16]).

LetN 2 N . Letus consider the following uniform mesh ghL % Cells are denoted
for everyi 2 >0; N + 1%by my = 1% 1.2; Xj+1.2° With X = w the cell center
and X = X+1.2 X 1.2 the space mesh. The interfacgs, = 0 andx = xn+1.2 denote
the upstream and the downstream ends. We also consider a time discretjsd¢ioed
by tn+1 = th + t, where the time stept, is computed through a CFL condition related
to the hyperbolic part.

Let us rst highlight that the still water steady state for Eds. (4]134) is independent
of ». Indeed, one ha8 , > 0, the still water steady state equation reads

u:0;é+d:ho
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for some positivéhg. As a consequence, the construction of a well-balanced scheme can
be easily achieved considering only the hyperbolic part of Eqgs. (4.134), for instance, by
the use of the hydrostatic reconstruction (see for instance [4]).
1
Letusde ned+1.0 = maxtd;; di+1°whered, = ~ dixCdX, j+1e2 = Max i; j+1°
1 m

1
where | = ~ 1x°dx and let us de ne the reconstructed states
m

Ai + Ai+1
Aio= i+e2 —+d diz2 3 AL = vl —
| i+1

+di+1 divger

with
Uirte2 = *Auged Argaot% Ulsp = *AL 1000 Al pUiet°
1
1
whereU; = 1A; Au°T = 1A AT dx.
Let us introduce the ux

FilU° = Q; FU° = Q% AandFaix U° = 111 A+ ,GA d; YAu, ©

and
SixU°=l,+ ,GAd; 1/4u;@@ > 1xedAx° GyA d; ; z= dLxOVALC :
Then, one can write Systein (4.134) as follows:
O —@F11U° =0
@ © @ @ @
lq LA d; Ya @Q+ @leuo +@F31X;U° Sixu° = 0
With these settings, we de ne the following numerical scheme:
ntl _ n trl F, U n .U+;n F U n .U+;n
A = A “x 1 s Vive2 1M 12V 102
— tn n . +:n n . +:n
Q = q Y Fa UitV Fa2 Ui Ul
t
in+1 — Qi _)r(]lYnoi
where
AN = F3 X2 U UL, Fa XU 0,00, + oNF LiN

The matrixA " is the cell-centered approximation of the linear operatpr ,L»A d; %
andN;" is the cell-centered approximation oBA d, Vau; g + xedixOGAd; ; z=

dixov4ue.
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The numerical uxes are de ned by

F U +F U
: " i+102 i+1e2 + :
F U n U n = n 1A],n N o
1 Vv Yis1e2 > S+12 ez Ai1e2
F, UT +F UM
. 4 i+1e2 i+1e2 + .
F U,n .U,n = n 1Q,n Q,no
2 Yisn2 Vi1 > S+102 Vit Nid1e2
Sy N LN
) ) F3 Xi+1'21Ui+1.2 +F3 Xi+1'2sUi+1.2
F . U )n .U+,n -
3 X412 Vi Yiv1e2 22
n2 N
+ ©A Ao %)
2 iFr2 2 i+l-2|:r2
« -1
UL . Hn
) ) Fs Xi+l°21Ui+l.2 + F3 Xi+l°2’Ui+l.2
F . U n .U+,n —
3 Xi+1:2 Vi Yis1e2
n 2 +n 2
o a
+ _©Ai+1 +1e2 ®

2 i+1F7 2 i+1-2Fr2_|
such that whenever, = 0, we recover the classical numerical sch@ifoethe hyperbolic
part

t . . . .
+1 _ n . N Lghn Y, oymn
Uin - Uin — FiXs1.2 U] Ui+1.20 FLX 20U 5 U 1.20

with F1x; U; V° = 1F1U; VC FotU; VO + F3tx; U; V. In these expressions,
S+1e2 = MaX 12 U000 e U0
S

where jix;U°= QeA+1 19

, ] = 1,2 are the eigenvalues of the Jacobian
1X0|:r

matrix of 1Fy; Fp + F3°' .
The numerical scheme is consistent and stable under the CFL condition

t
max 1ix;UM; o uMe — 1
1i N 1 2K X

4.7.2 Propagation of a solitary wave

In this section, we test the accuracy of the method, and we show the in uence of the
section variation in the case of the propagation of a solitary wave numerically. For this
purpose, we consider the exact solitary wave solutions of the Green-Naghdi equations
in the one-dimensional setting over a at bottom (seel [61]), given in variables with
dimensions, by

1t, XO

% 1t; x° = aseclkix ct®% ult;x°=c 1 X0+ z

(4.135)

3a pP—
with k= —p——andc= g'zp+ a°
:E 220 p+a gz

IFor the sake of simplicity and clarity, we have presented the nite volume method using the Rusanov
solver but the method is not limited to this one.
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wherez, is the depth of the uid and is the relative amplitude.

Accuracy The propagation of the solitary wave (4.135) is initially centerexhat 10

m with a relative amplitudex = 0:2 m over a constant water depth = 2 m. The
computational domain ik = 100 m and it is discretized witlN cells. The single
solitary wave propagates from left to right. In this test, since the solitary wave is initially
far from boundaries, the boundary conditions do not a ect the computation, thus we
choose to impose free boundary conditions at the downstream and upstream ends. The
exact solution is computed in a channel of width= 1.

In what follows, we quantify the numerical accuracy of our numerical scheme by
computing the numerical solution for this particular test case for an increasing number
of cells N over a durationT = 20 s. Starting withN = 100 number of cells, we
successively multiply the number of cells by two. Formlwe compare, in Fig[ 4]5,

M" = . m%leh{‘o of our numerical solution provided by Eqd. (4.134) with the exact
| +

oneMty° := maxhity, Xx2.01 1= 2:2 given by [4.13p). One can easily remark that the
rst order discretisation is not accurate for long time simulation due to the numerical
dissipation. However, to limit the numerical dissipation of the rst order numerical
scheme, one can either limit the simulation time or consider a very large number of cells.
However, it is better to increase the order of the numerical scheme but this is left to future
work. Therefore, in what follows, we consider a shorter simulation time and a large
number of cells, just to illustrate the in uence of the variation of the channel.

Figure 4.5:M" := max *h™
0 i N+2

2.2f

219 x

2.18} . X x

217} e
2.16f ++++ XXXXX"><><x
2.15rN = 200

N =400 x
214N =800

N = 1600 ..

N = 3200

2.13

In uence of the section variation: We consider again the propagation of a solitary
wave initially centered axy = 10 m of relative amplitudea = 0:2 m, over a constant
water depthzy = 2 m onto a computational domain & = 50 m and discretized with
N = 5000cells. The nal simulation time i§ = 8s.

Initially starting with® 10; X u0; x°° (see Eqgs.[(4.135)), we compute the numerical
simulation for the channels de ned by
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Ix;"0= 1x;"0 ix:"owith == —exp "2 x Le2°° and =
with =0, =01, =02, =03and = 0:4. The obtained results are presented

in Fig. [4:6. In Fid.4.7(@), for each geometry, we show the evolution of the maximum of

the water leveM" := o m%lehi”O. As expected, since the rstpartfor 25is linearly
| +

converging, the water level increases while for 25, the channel is linearly diverging
and therefore, the amplitude of the water level decreases. Moreover, in all numerical
simulations, the mass is conserved. Indeed, for each valliewé have displayed in

Fig.

. m
The ratio—

2.215

2211

2.205f

2.2F

2.195f

2.19r

2.185F

2.18r

2175

4.7(b

n

mP

N
, the ratio 0% wherem” ;=

N+2i,

&1
A{‘ is the mass of water at tintg.

is almost equal to 1, up to the order of accuracy of the numerical scheme.

Figure 4.6: In uence of
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In what follows, we quantify the numerical accuracy of our numerical scheme. Start-
ing with N = 100number of cells, we successively multiply the number of cells by two.
The errors on the water surface deformation are presented in[Taple 4.1 and i Table 4.2.
These errors are computedtat 8 s using thel.? :

S

Q:

X
i

num  ref ;= num't =28 reft=8x°

and theL! norms where o is the exact solution in the ca$e= 0 and is a reference one
computed with 10 000 cells fdr = 0:4. Since the results are almost the same whatever
" is, we have decided to present only the results fer0 and" = 0:4 in Table[4.] and

in Table[4.2.

As expected, the obtain numerical order is slow because of the numerical dissipation
of the solitary wave (as already pointed out in several works, see for instance [16] for
which we obtain almost the same order of convergence in the case of a uniform section).
Moreover, as expected, cross-sectional variations do not in uence the convergence rate.
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Let us emphasise that the convergence rates are slightly better in the case of the non-
uniform section because we are comparing our results to a reference solution and not to
the exact one.

Table 4.1: Convergence rate of thé error for" = 0. The order is computed through
rst order interpolation polynomial

N k num exactkz k num exactkl
100 0.0789 0.0449

200 0.0497 0.0288

400 0.0304 0.0180

800 0.0198 0.0116

1600 0.0153 0.0081

3200 0.0138 0.0062

Order 0.53 0.58

Table 4.2: Convergence rate of thé error for” = 0:4. The reference solution is

computed with 10 000 cells. The order is computed through rst order interpolation
polynomial

N num ref » num  ref 1
100 0.05212 0.02533

200 0.02096 0.01082

400 0.01079 0.00554

800 0.00748 0.00503
1600 0.00635 0.00412
3200 0.00505 0.00300
Order 0.64 0.56

4.8 Conclusion

This chapter has proposed to derive the rst section-averaged non-linear dispersive model
for open channel and river ows. These equations generalise both the classical section-
averaged free surface model and the well-known SGN equations to the arbitrary section.
We have presented a numerical nite volume approximation for the uniform-rectangular
section, for which we have proposed two simple test cases.

In the next work, we will focus on the arbitrary channel section's case, and we will
propose a high order numerical scheme.
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5.1 Introduction

The simulation of incompressible, homogeneous, inviscid free surface uid ows as a
means to describe and examine the propagation of surface water waves has been a focal
point of research oriented towards oceanographic applications for the past several decades.
In general, such a physical system is governed by the free surface Euler equations, which,
to this day, remains an analytically and numerically challenging topic.

For coastal, or large scale applications, it is commonly replaced by an adequate
approximation based on the shallowness of the uid domain. Diverse models based on
the (nonlinear) shallow water [or Saint Venant] systém [31] have been proposed and
analysed in the past (see for instance [18,[ 77/ 12, 69, 22, 71, 13]). Although the base
model provides a reasonable tool for capturing the nonlinear transformation of waves, it
fails to represent dispersive e ects due to the underlying hydrostatic assumption.

The object of interest of the present work is the Serre Green-Naghdi system (origi-
nally appeared ir [86][ [50]), also known as fully nonlinear Boussinesq system, a model
derived from the free surface Euler equations. The system reads [74, 41]

@+ @he =0
@hwe+ @huo+ @hP+ @z = gh@h+2,° h@parm
@hw® + @thuw® q%: 0} -
@h °+@hu ° 2 3 q %:o; ®-1)
w, u@z, p§ =0
°2 3 +h@u=0:
Unknowns. Herehit;x°: R" R! R"isthe uid height at a given position in space
X, attimet; ult; x°: R* R! Risthe vertically averaged horizontal velocity of the uid,
wit; x°: R" R! Risthe vertically averaged vertical velocity anét; x°: R* R! R
is the vertical correction associatedwo Finally git; x°: R* R! Ris the vertically
averaged hydrodynamic pressure ggil; x° : R® R! Risthe hydrodynamic pressure
at the bottom.

Data. z'x°: R! Ris the time-independent bottom topography, gne 9:81 is the
standard acceleration due to gravity. The system is complemented with multiple possible
boundary conditions, depending on the physical setting modeled.

The main focus of the chapter is to examine certain numerical algorithms for this
system as well as to analyze some of the properties of the system in the more general
two-dimensional case. Developing robust and e cient algorithms for the numerical
resolution of the Serre Green-Naghdi system has been of great interest lately, partially
due to the amassed knowledge from theoretical analyses and the surge in computational
power (see for instance [63,114,124] 64,161, 74]). Our approach relies on a nite volume
based splitting scheme that has shown promising results_([2],[1]) when applied to the
non-hydrostatic shallow water model introduced in [20].

The basic outline of the document is as follows. [In ¥5.2 we elaborate the nite volume
- nite di erence type splitting scheme. It consists in separating the hyperbolic part from
the dispersive part of the equations. The hyperbolic prediction step involves the numerical
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resolution of the classical shallow water equations, we opted for a nite volume scheme
with hydrostatic reconstruction ([5]) to better incorporate the e ects of a possibly non- at
bottom topography. As for the resolution of the system arising from the non-hydrostatic
correction step, we present two iterative algorithms: the Uzawa algorithm for the mixed
velocity-pressure problem and the Gauss-Seidel method for the projected elliptic pressure
equations. The di erent choices for the boundary conditions depending on the physical
situation at hand, as well as their consequences on the discretized numerical schemes,
will be presented at the end.

In Y5.3, we describe the various numerical test cases simulated with the afore-
mentioned algorithms. Simulations concerning the propagation of exact solitary wave
solutions over a at bottom topography will be presented in order to compare the two al-
gorithms, mainly in terms of computation time. It is followed by illustrations concerning
the dispersive dam-break problem as well as the perturbation of steady state solutions;
even though the scheme is not well-balanced, it behaves admissibly under small perturba-
tions. Finally, the numerical validation against the experimental data obtained from the
Favre secondary wave experiment/[23] is presented and compared with previous results
[19].

At last, in Y5.4, we present the two dimensional extension of system (5.1). The
reformulations and properties detailed in this section are also true for the original, one
dimensional counterpart as well. At the end, some pertinent remarks are made on the
variational formulation of the problem.

5.2 Numerical algorithms

In what follows we elaborate the two algorithms examined during our study. In order
to propose the corresponding discretizations of sysfem (5.1), we present rst of all a
semi-discretization of it in time, in order to establish some characteristics of the classical
splitting scheme adopted.

To compactify the notation, we introduce the following to vectorial variables:

" and Q=g g

We shall also make use of the following (dispersive) divergence and gradient type
operators:

X=uw,

@he + 6b @2,
I sgnQ = - p_ %op_ ® and rgn X=
« 2 30+ 30p-

2p§ + h@lﬂ

w u@z '3 (5.2)

A crucial remark concerning these two operators is that

Lemma 5.2.1. The dispersive divergence and gradient operators de ned by (5.2) verify
the partial integration type formula:

Q rsgn X°+ X rsenQ°= @thgu: (5.3)

Indeed, this structural observation will be a key element in the correction step of the
splitting method, since it will allow us to simplify the spatial discretization due to the
"symmetry" of these two operators.
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5.2.1 The splitting scheme
With the previous notation, we have that system|(5.1) writes as

@+ @hw =0 (5.4a)
@hX°+ @thuX®+r gsonQ = Sth; z,°; (5.4b)
rsen X=0; (5.4c)

where
Stz =1 gh@h+z° h@pam 0,0 :
This condensed formulation highlights the interest in proceeding with a splitting
scheme. Indeed, let us take2 N and discretize the system in time. Given a series of
timesteps@", k 2 N (de ned later by an appropriate CFL-condition) giving rise to the

timest" = tX, one has that for the step+ 1, the system can be split into two parts:
k n

1. A prediction step for the hyperbolic part of the system:

hn+1-2 hn
n, No — v
tn+l + @1h u 0= 01 (558.)
1hxon+1-2 1 hxon
T + @h"u"X" = Sh"; 7% (5.5b)

for variablesh andh X, whereh” denotesht™; °, andh™*"? is the hydrostatic ap-
proximated value ofitt™; ©, and similarly for the other variables. Notice that this
system is essentially the Saint-Venant equations with uneven bottom topography,
its resolution is classical and well-known. In the numerical simulations to follow
(in Y5.3) we opted for the implementation of a rst order nite volume approach,

a Rusanov solver with hydrostatic reconstruction for the well-balancedness for a
potentially uneven bottom [5].

2. A projection / correction step involving the non-hydrostatic (dispersive) part of the

system:
1hxon+1 1 hXon+1-2
T +1seN@™ =0 (5.6a)
I SGN Xn+1 =0 (56b)

for variablesX and Q. Herein lies the novelty of the problem, in the e cient
resolution of this nonlinear problem. In what follows, we will detail two approaches
concerning the discretization and numerical resolution of this step, both of them
make use of some particular (structural) properties of the system and both of them
are iterative methods for computational e ciency.

5.2.2 Spatial discretization

Let us give some general information on the discretization in space. We consider our
domain to be the (nite) interval = »a; bYwith a;b 2 R. The mesh is de ned as
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Figure 5.1: Schematic representation of the staggered grid

a homogeneous Cartesian grid bnwith N 2 N cells of size x = 1b a’N. All
variables of the system will be de ned at the cell centger§ 2 f0;:::;N + 1g) with Xg
andxy+1 corresponding to ghost cells at the boundaries (see Higure 5.1). The use of a
colocated scheme (especially for the pressure vari@dlesjusti ed by the presence of

the dispersive gradient termggnQ for the equation orX.

Hyperbolic step: System ) consists of the clas&b shallow water equations for
1h; hwP and two transport equations feamw; h °. As it was already mentioned before, a
rst order nite volume scheme was implemented, with a full discretization of:

1h X oin+1-2 1 hX Oin N Fi21-2 E in1

o2
v = S 1 g 20 (5.7)

whereX =11; X'°". The numerical uxes=",., (i 2 fG;:::;Ng) approximate the ux

at the interfaces; for the simulations, a Rusanov solver was chosen as an approximation.
Such a numerical scheme is stable, provided the following Courant Friedrichs Lewy
condition holds:
X
1 Ni p_no; (5'8)
max ju'j+  gh
i2f1::5Ng ! !

tn+1 CF

wherecg is a constant dependent on the chosen numerical solver. We defié for
our scheme such that this CFL-condition is respected. For boundary condition treatment,
we refer to ¥5.2]5.

Velocity-pressure system System ) is a Stokes-type system in which no correction
is made on the variable. Indeed, the height function has been completely determined
during the prediction step, therefore

n+l _ pnt+le2,
hrl = pi2,

Let us denote by "1 2 M n:NIRC the diagonaN N matrix with the corresponding

diagonal elementhi””, and byﬁm1 2 M 3n:antR2the3N 3N block-diagonal matrix
with block entriesH ™.

The dispersive gradientsgnQ™ L is discretized aBQ™?, as partofa nite di erence
type discretization scheme on the mesh of the intefvaHere, and in what follows
throughout this section, boldfaced vectors refer to the discretized values over all cells
(i 21 :::;Ng), such as for instance

ntl _ 14ntl 0+l ... 0+l o+l o+l ... 0t LT .
QU =10 50 5 AN Sy N
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The matrixB 2 M 3n:2nRC has a relatively simple structure:

© B11 B2 ,
B=- BN_;N p_IdN ®
« 2 3 IdN 3 IdN—|

where the matriBi2 2 M n:ntRCis diagonal, with elementg®z,%, andBi; 2 M n:NR®
is an appropriate discretization for the te@®@*hq®. We consider two di erent nite
di erence schemes for this

1g) we have that

1
@hg™ —~ Ni+120i+1.2 N 120G 1.2
hi+1 + W%+ + G° T hi+h 1% + g 1° (5:9)

4 X

Here, cell boundaries arg.1., (i 2 f0;:::;Ng) and the corresponding indexes
refer to the averaged values

h+h
hi+1°2 = ITH']':

For this discretization, the corresponding tridiagonal m@@has

1
> x hi 102 hivzeo Wi 12° v D0

as the ™ row.

2. Second order central scheme on adjacent:dellsiny interiorcell{ 2 f2,:::;N
1g) we have that

hi+1Gi+1  hi 1G 1.
2 X '
For this discretization, the corresponding tridiagonal m@ﬁfhas

1@thg®, '

(5.10)

1
> % Xlz:: hi 1 O hjyg :::©°
as the ™ row.

When not speci ed, matrice®;1 andB can refer to either of these discretization schemes.
Notice that the rst and last rows oB;; may contain only the truncated discretized
formulae; the missing terms in the discretization correspond to information on the two
ghost cells. With the establishment of the boundary conditions, the values on the ghost
cells call for corrections on the rst and last elements of the diagonals, up to an error
termB. The exact corrections to be made depending on the boundary conditions chosen,
they will be precised in[Y5.2.5.
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With this at our disposal, the equation (5.6a) is discretized as

HM I
tn+l

n+1xn+1-2

+BQ™ =0 (5.11)

whereD is the error terms (independent of the variabfeandQ) due to the correction
associated to the boundary condition.

Owing to Lemmé& 5.2]1, equatidn (5/6b) admits a natural discretizatiBhXf*! = 0
sinceB' is a suitable discretization of the dispersive divergence, up to a boundary term
correction induced error term 6f(independent of variable¥ andQ).

To sum it up, we are left with the resolution of the following discretization of system

G.8):

1 —n+1 1 —n1
© a n+1 © n+1e2 +
- tn+1H B ® Xn+1 =- tn+l|_| X b?@; (5.12)
« B O2n;2n Q « Y -

In the next part, we detail two iterative algorithms for the resolution of this system,
both of them utilising the symmetric structure of equatipns (5.12). We chose the iterative
approach to circumvent solving directly tBBl system of equations.

5.2.3 Iterative methods: the Uzawa algorithm

Given the symmetric nature of system (5.12) a natural alternative to directly solving the
mixed velocity-pressure problem is to consider the Uzawa algorithm. This consists in,
for an iterative parameter, the following consecutive iterations:

YMHLPHL — yen+1e2 1 ﬁm'l 1BQn+1;p+ tn+l Wm-l 1b; (5.13a)
QMIpl = omlp, 1gTx™Lptl o (5.13b)

for p 2 N the current iteration index. We remark that the mattixis diagonal, its
inversion has no additional computational cost. As the initialization of the iterative
process, Q™10 = Q" is taken (sinceQ is not involved in the prediction step of the
algorithm).

One additional concern about the initialization has to be adressed, which is the very
rsttime step. Contrary to the variable§ which are natural, physically easily measurable
guantities, obtaining a priori knowledge on the hydrodynamic pressure comp@hents
rarely available. Throughout the implementation of the algorithm, an (arbitrary) initial
guess oD was considered for these variables. This can obviously resultin a high number
of iterations during the rst timestep, which can be spread out on multiple timesteps by
imposing a maximal number of iteratiops pmax (With pmax being constant).

Apart from the upper bound on the iterations, the Uzawa algorithm is carried out until
the error on the correction is reasonably small, namely an error threshald b error
itself is measured as the discrdté -norm of the di erence between two consecutive
iterations, that is:

an+1;p+1 Qn+1;pk|1 1|0
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Notice that the systenj (5.13) can be simpli ed into an iterative algorithnQon
uniquely, since

—n+1

Qn+1;p+1= |d2N tn+1BT1H o 1B Qn+1;p

+ 1BTX™124 migTig "o g o (5.14)

which gives us direct information on the convergence of the Uzawa algorithm [57] as a
. . . —n+1
function of the eigenvalues of the matrix™C := t™1gT:H " o 1p,

Lemma 5.2.2. The algorithm converges i the parametersatis es
2

max

0< <

where naxis the largest eigenvalue of the aforementioned mattiXC. The optimal
iterative parameter is given by

— 2 .
opt— — s
mint  max

min being the smallest eigenvalue af"ic.

However, obtaining information on the eigenvalues of this matrix is highly nontrivial,
except for very particular cases (for example a lake at rest situation with at bottom

topography).

5.2.4 lterative methods: the Gauss-Seidel approach

Multiplying the rst equation of [(5.1p) by t™1BT*H° ! and substituting the second
equation in it yields

—n+1

(lcQMt = mIgTTH Mo 1ggMl = gT™I2 4 1T "o 1p o= f:

(5.15)
an equation similar td (5.14), with= 1fg; fg °" as the right hand side.

Remark10. In fact, this corresponds to a direct discretization of the projected system
obtained from[(54) by essentially applying the dispersive gradient operator on the second
set of equations. Indeed, one has that sysfem (5.1) can be rewritten as

12% +h@ f_];@lhqo + 6% +h@ %@Zb = h@dg*h+ z,°+ parm’® 2ht@ue?,
(5.16a)
q,1 1 1 1 020%db _ 2 101 0 0-
6. F £ @@ NP +14+1@2°0 - = UG @H@YHh + 2°+ Pam’
(5.16b)
The symmetric matrixC has a particular block structure of the following form

Ci1 Cip _ BJHM™lolg; + 12y mio 1 glaymlo 1g, gy ntlol

C= = ;
C-lr2 Co2 Bl—le nlo 1g ., gt Mlo 1 BIle mlo 1, 4 gip Mlo 1
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with C11 andCy, being symmetric and positive de nitd N matrices.

Direct resolution of[(5.7]5), much like the full velocity pressure sysfem [5.12), is ill-
advised and rather time consuming, even though the matrix possesses a pleasant "quasi-
diagonal"-by-block structure. Sing&: is, in fact, a diagonal matrix, one could once
again implement an Uzawa type iterative algorithm for the resolution of the discretized
elliptic problem.

However, we present instead of a block Gauss-Seidel type method. This basically
entails in performing a simple block-LU decomposition to sepatatefor the explicit
part of the algorithm and keeping the rest as an implicit part. For the iterativé &eéb
we have the following two subsequent iterations to perform:

; Lp.

Cllqn+1,p+1 = tn+1f Clzqg"' p’ (5.17a)
- 1 :

C22qrt1)+1,p+1 - tn+1fb CIzqn+l,p+1; (517b)

up to a maximal iteration b  pmax Or su ciently small error term, the error being
measured by the norm of the relative di erence between two subsequentiterations, exactly
the same way as in the Uzawa algorithm. Once again, we initialize by thTr’riﬂ = Qgp.

Owing to the positiveness of matric€g; andCy2 [83], one can show that

Lemma 5.2.3. The block Gauss-Seidel type algorithm converges (with respect to the
norm induced by the matrik).

5.2.5 Boundary conditions for the iterative algorithms

As far as boundary conditions are concerned, the three important variablesuafer
equivalently the uxhu) andq (or its conservative counterpdrt). In what follows, we
analyze di erent boundary conditions: the solid wall boundaries (mixed Dirichlet and
Neumann boundary conditions) and a uvial type in ow-out ow setting. We remark that
boundary conditions on the boundary pressure tggrave no actual in uence on the
algorithm since boundary terms fqg do not appear in the scheme at any given moment.

In what follows we will precise not only the appropriate boundary conditions but the
calculations concerning the related error terms for both discretization schéifigse
central scheme on mesh points &@¢ithe central scheme on adjacent cells.

5.2.5.1 Solid wall boundaries

We assume that the boundary is a mirror, meaning that the spatial derivative (hormal
derivative) of quantities vanishes, except for the horizontal velocity, which simply van-
ishes at the boundary. In particular, on the left hand side boundary, we have that

1@h%=1.2=0; U=1.2=0;, @W%z1.2=0, and'@ %=1.2=0;

that is, on the ghost cells= 0 these quantities are de ned through basic discretization
as

ho=h;; U= u; w=w; and o= 1:
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For the Dirichlet boundary condition on the veloaitywe impose Neumann boundary
condition on the pressuig as well as omy, therefore

'@i=12=0 '@p%=12=0 =)  Go=0y Opo = Gpa
Similarly, one has on the right hand side boundary:
hn+1 = PNy Un+2= UN; WN+1 = WN, N+1= N; On+1 = 0Ny @ndOons+1 = ObN:

1. With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the rst cell:

h1U2+l h;]_UTl.2
t T3 x1h3-21Q1 + % hiolo+ 1+ Un1'@2,° = O:

Sinceqp = qi, this means that

1 1
1B1Qo; = > X1h3-2 2h1.2°%0; + ﬂhs-z(h + 0o1*@27,°1;

and that no correction is requiredy, = 0.
So, given the matriB’, we can compute the approximation for the divergence

1 1 P—
uplofyo, = _—_1hss  2h.,%U1 =——hgotuy 2 3

1= 5 a2 12t 5 el 1

1 p—

= > X1h3.21U2 Ui+ hyolup +uy®® 2 3 1
Given thatu; = ug, we obtain that

1 p—

llBloTxol - é h3.2u2 ul + h]_.ZUl uO 2 3 1;

L : . P~
which is exactly a rst order discretization of h@u + 2 3 °. Therefore no
corrections are necessary eith@r= 0.

With the same reasoning, we have that
1RlMo,, = 1 1 1 0 1 N
B'Q°N = 5—hn 120N 1+ 5—="2hN+1e2 DN 12.2°0N + OGN @2:N;
2 X 2 X
and that corrections are not necessary neither for the gradient nor for the divergence:
by = 0,0y = 0.

2. With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the rst cell:

hu™!  hd™t? g
! tl L+ > X1h2Q2 hoOo® + Qb1 @2,°1 = O:

Sinceqo = g1, and thathg = hy, this means that

1 1
1B2Q0; = ﬂhlch + ﬂhz% + Op1* @201
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and that no correction is requiredy, = 0.
So, given the matriB?, we can compute the approximation for the divergence

1 1 P-
1182°TX°1: ﬂhlul ﬂhJ_Uz 2 334

Given thatu; = ug we obtain that

U2 Up P—

11|320T)(ol =

L . L P—
which is exactly a rst order discretization of h@u + 2 3 °. Therefore no
corrections are necessary eith@r= 0.

With the same reasoning, we have that

1 1
182 o, = —h +_—h + 1 ON;
Q%N > %M 10N 1+ 5— Pnan JoN' @2,°N
and that corrections are not necessary neither for the gradient nor for the divergence:
by=0,0n=0

5.2.5.2 Fluvial in ow-out ow

For this case, we suppose that we are in a uvial regime, meaninguhat pﬁ. In

this case, it is enough to prescribe either the uid height or the ow ux at each of
the boundaries. In our case we will prescribe a constant in ow @y. > 0 on the

left hand side boundary and a constant heighi; on the right hand side boundary.
The missing variablesh(or hu respectively) can be recovered due to the underlying
hyperbolic problem and the conservation of the associated Riemann-invariant on the
outgoing characteristic.

Incoming ux on the left hand side: Let us start with the lower end of the domain.
We prescribe a Dirichlet type condition on the ux, thather-1.o = Qjnc. This means
that

houp + hyuy
? Y
Since we are in a uvial regime, the outgoing characteristie  gh is always posi-

tive, therefore the corresponding Riemann-invariant is preserved. This yields a second
equation orhy andup:

=Qinc 9 houp = 2Qinc  hyuy: (5.18)

w+2 gho=u+2 ghy

Expressingig Bcln one equation and substituting it in the other one leads to a third order
polynomial in* hg:

_P— —
2p gt hoo3 Tu+ 2p gh1°h0 +12Qinc  h1u°=0; (5.19)
potentially having3 real roots, depending on the sign of the discriminant

p__
= 4u;+2 gh® 10832Qinc  hiur® 2Qine  hyug®:
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Remark1l Using Mathematica, one can compute the exact solution. With the auxiliary
guantities:

p— p—
A; = 16ghy ghy  2169Qinc + 132ghguy + 12 ghyu? + 2u3,
r

3 - N—
A= A+ 4'uy + 2 gh1°6 + Ai;

we have that

P— B P—
ho;]_:gé-a up+2 gh1+Q21U1+2 ghlozAiz"'@l_zAZ ;
|
21 1 "3 1

1+ P3in- p A'_
A 2 ’@—z 2

P

ho;zzg% up+2 ghy + 2'up +2 ghy
1 b 1 Pa3p b1 14P3 1
= + + 2y, + 02~ 4 :
h0,3 Epa Uz 2 ghl > 2U1 2 ghl A2 Q—EAZ

Depending on th&i,c and initial state chosen, we cannot exclude the possibility of
having multiple adequatbgs for the problem. What is worséy depends nonlinearly
on u; which makes it impossible to correct the discretizationrfgy, . Therefore, one
could simply impose continuity of the uid height on the boundagy= h;, even though
this would theoretically make the problem overdetermined.

Oncehg is determined, one can expraggdrom the in ow ux condition, so we have

that
_ 2Qinc hiup
Up= ————:
ho
For the vertical components of the velocity, we impose Neumann boundary condition,
just as before, hence

'@Wl=1.2=0, @ %=1.2=0 =) Wo=Wy; 0= 1

Since we imposed a Dirichlet type boundary condition on the velogitye prescribe
a Neumann type boundary condition on the conservative pressurdtgamdgy:

h
1@hq®-1.,= 0 @p%-1.2=0 ) o= h—;ql; b0 = i

1. With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the rst cell:

n+1 n+l1e2
h;]_U1 h]_U1

t T2 thS-zlfh + % hpoldo+ i+ gn*@2,° = O

. h .
Sinceqp = h—éch, this means that

1
1B1Qo; = > % hao hpo 1+ — qu+ ﬂhs-z% + 001 @27,°1;
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and that no correction is requiredy, = 0.
So, given the matriB’, we can compute the approximation for the divergence

1 hy 1 pP—
uglohxo, =~ hgp hpy 1+ — —ha. 2 3
1 2 % 3.2 1.2 ho Uy 2)(32U2 1
1 hy p—
= >— hs2t °+ hpp 1+ — 2 :
> x Me2l2 102 - Ug 31
) 20 h )
Given thatu; = M, we obtain that
1
1 Uy Ug up U 1 hy.o pP—
uglofxo, = = h, + hy. — —2Qipc 2 3 g
1 > Na2 i — X To Qinc 1

. . L P— .
which is a rst order discretization of h@u + 2 3 ° up to a correction term
o= L hy.2
1= ——<

< Qinc. Itis at this point that we need thhg is not a function ofl;.
0

2. Here we only treat the special case wingr= h;. With the boundary conditions

at our disposal, we can write the discretization of the momentum equation for the

rst cell:
hlun+1 hlun+1'2 1
L L+ thotz  hoGo® + Op1'@2°1 = O
t 2 X
Sinceqp = 01, and our additional hypothesis &g, this means that
1B?QC; = ihl(ill + ihzqz + Op1 ' @2,%s;
2 X 2 X ’

and that no correction is requiredy, = 0.
So, given the matriB?, we can compute the approximation for the divergence

1 1 pP_
1lBZOTX0]_: ﬂhlUl ﬂh1u2 2 3 1

2Qinc  houg

Given thatu; = h
1

and thathg = h;, we obtain that

U Up MQinc Px

1lBZOTX°1: h]_ 2 3 g

2 X X
. . o P—
which is a rst order discretization oft h@Qu + 2 3 ° up to the error term
0, = thinc
1= .
X

Remarkl12. We note thatin case the incoming ux has a vertical component ayel
then one has to modify the boundary conditions associatedaod in order to take

into account the divergence constraint. This means that, while one imposes the verical

ux on hw, h on the boundary has to verify the corresponding equation, yielding:

. P~
W = 2Quert  hywy _ 2"Quert  Qinc 1“@Zboli:1-20 3hy 1
e 0= P :
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Outgoing ow with prescribed height: For the outgoing ow, we impose a Dirichlet
type boundary condition for the uid height:

hi=n+1.2 = Hout =) hn+1 = 2Hout e

Once again, the outgoing characteristic of the hyperbolic problem preserves the corre-
sponding Riemann-invariant, so

p— p
Un+2 ghy = Un+1+ 2 ghnsrs

This means that the velocity on the right hand side phantom cell is given by

P p_
Une1 = Uy +2°G" 2How Pn DN

For the vertical components of the velocity, we impose Neumann boundary condition,
just as before, hence

1@Wo=n+1.2= 0 1@ %=N+1.2=0 =) WN+1 = WN;  N+1 = N

Since we imposed a Neumann type boundary condition on the velacite pre-
scribe a Dirichlet type boundary condition on the pressure terms. However, we have to
distinguish between the to discretizations when de ning whether we impose Dirichlet
type boundary condition on the conservative varidigj@r the nonconservative variable
g to ensure the compatibility for the transposed quantities.

1. Inthis case, we impose the Dirichlet type boundary condition on the nonconserva-
tive variableq:

Gi=N+12 = 0, QOpi=Nn+1.2=0 =) ON+1= ON;  OpN+1 = OpN:

With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the rst cell:

hNUn+1 I’]NUR]-'-:L.2 1

N n +2 thN+1-21QN+QN+1O hn 120N 1+ ONC+HOpN'@2Z°N = O:

Sincegn+1 = 0n, this means that

1 1
1BQoy = ﬂhN 120N 1 ﬂhN 120N + OoN@2Z:ON;

and that no correction is requir&h = 0.
So, given the matriB?, we can compute the approximation for the divergence
1 1 P-
upglolxoy = ~_hy 1.oU ——hy 12Uy 2 3
N= 55N 22UN 1 5 1IN 1.2UN N
p_

hN 1.28UN  UN 1° 2 3 N

|-

N

X
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P P— .
Given thatuy = Un+1 Zpgl 2Hout  hn hn©, we obtain that
!

hn
1 A UN+1 UN UN UN 1

16T _
1Bt Xo = > hN+1-2—X +hy 102

p— P pPp—
23, pgl 2How PN Pn®

which is a rst order discretiz tIOB ot h@u+ 2 F;%_O The corresponding cor-
g 2Hout hn

X

rection term is given b@y =

2. In this case, we impose the Dirichlet type boundary condition on the conservative
variablehq:

h
'hfi=N+1.2= 0, Opi=N+1.2=0 =) ON+1 = WquN; OoN+1 = ObN:
+

With the boundary conditions at our disposal, we can write the discretization of
the momentum equation for the rst cell:

hNuRIJrl hn url11+12 1 o )
n + 5 thN+1qN+1 hn 108 19+ Gon@2,°n = 0

Sinceqn+1 =

N+1

1 1
1B2Q0y = ﬂhN 10N 1 ﬂhNQN + QoN*@2y°N;

and that no correction is requirebh = 0.
So, given the matriB?, we can compute the approximation for the divergence

1 1 P—
11BZOTX':’N: ﬂhNUN 1 ﬂhNUN 2 3N

P P— .
Given thatuy = Un+1 2pg1 2Hout  hn hn© we obtain that

PP 2r v P po
1lBZOTXON - hNUN+Jé ;N 1, g out . N N P 3

P—
which IE rst order cascretlzatlon oft h@Qu + 2 3 ° up to the error term
gl 2H hN
UN = X

5.3 Numerical validation

The Serre Green-Naghdi system admits analytic solutions for certain choices of bot-
tom topography and atmospheric pressure. In what follows we present two particular
solutions, that will be used for testing and validating the implemented numerical schemes.
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5.3.1 Solitary wave solution

It is a well-known fact that the system admits solitary wave solutions in the case of
constant atmospheric pressure and at bottom topography.

Letus X patm CsStandz, cst Foraconstant 2 R, let us introduce the variable
= x ct. For a solitary wave solution, we are looking for solutions of the form

hit; x° = het % ult; x° = gl
O't; X° = Qct

Wlt, XO = WC1 0; lt’ XO ) Cl 0;
Op't; X° = Qpc*

L@ .9

(5.20)

with lake-at-rest limits

lim het °= Hg; lim 1o0=0Q Iim wyt °=0Q; lim 1o0=0Q
" c o} " Uc 0) " c 0; " c 0;

!|I1m gt °=0; !|I1m Ooct °©=0:

HereHp > Ois a positive constant (base uid depth).

Substituting the pro leg[(5.20) into equations (5.1) and integrating with respect to
one is able to express the other variables with the fundtiogielding

L=c 1 Ho . _ CHo*he® _ CHoth®

c — hc ’ c— 2 hC ’ c— Eﬁg hC l
C2H2 C2H2

Oc = 20 hclhcOOO 1 thQ)2 v Obc = > hclhcooo 1 hcOQJZ :
3hg 2hg

Here, the prim@denotes the derivative with respect to
Furthermoreh. veri es the following second order ordinary di erential equation

1 1 1
éczHg hethe?® 11 ho®2 + Eghg 5Ho gHo + 2¢? he+c®HZ=0:  (5.21)

This equation can be solved by tbechor thetanhmethods. For an amplitude parameter
a > 0, we have that

p_
3a

he! ©= Hg + asec : 5.22

S 2He o & 522

. . o P
and the propagation speed of the solitary wave is giveaby gHp + a°.
Gathering the quantities calculated above, the exact solitary waves for the one-dimensional
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Serre-Green-Naghdi equatiofis (5.1) can be written as follows,

Ho Ho + a
Uclt; X0 = c11 Hge hott; x0;
CHo thelt; x°©
2 I? G XOOO’
CHO 1 Clt Xo
1t, XO = _p_—’ 523a
¢ 23 hlt; x° ( )
14+ yO — CzHg 14+ w01 1t w0090 11 R 14+ yodb2 .
qct,x—w helt; XOthelt; X helt; X X
2142
qbclt; XO = —thlt. (;)(02 hclt; X01hclt; XOd)O 11 hclt; XOCQJZ :
c= g'Ho+a%

P—
3a
helt; X0 = Ho + aseck —pilx cte :
Welt; x° =

For this test case, we consider the propagation of a solitary wave from left to right,
initially centered atxg = 10m, of relative amplitudea = 0:2m, over a constant water
depthHp = 1m. The computational domain i€0m on length and discretized witt280

cells. Since the solitary wave is initially far from boundaries, the boundary conditions
do not a ect the computation, so we have chosen to impose free boundary conditions
at the downstream and upstream ends for the sake of simplicity. We compare the water
surface pro le of our numerical solutions provided by the mogel|(5.1), with the exact
pro le given by (5.23) at several times using two iterative methods, namely Uzawa and
Gauss-Seidel, and a direct method (see [Fig. 5.2).
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Figure 5.2: Propagation of solitary wave over a at bottom: water surface pro les at

t=5, 10, 15 and 20s. Comparison of the numerical and exact solutions for the Uzawa,

Gauss-Seidel and a direct method

Uzawa algorithm

Gauss-Seidel approach

Direct solver

N

EL21h0

EL21UO

EL21ho

EL21UO

EL21h0

EL21UO

80
160
320
640

1280

12 10°
84 10°
54 103
34 10°3
21 10°

4:3
2.8
1.8
11
6.9

10t
101
10t
101
10 ?

219 10°
1:7 1072
1:2 107?
7:78 103
473 10°

1:34 101
14 101
194 101
154 101
1:58 101

2119 107
1:7 1072
12 107?
7:78 103
473 10°

1:34 101
14 101
1:94 101
1:54 101
1:58 101

Table 5.1: Relative2-error table for the variablds andu and and time execution

The tabld 5.1 shows the time execution and the relative error between the numerical
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solutions of the mode[ (5.1) and the exact one giverj in {5.23) given by the following

relation:
Khnum  hexko KUnum  Uexko

110 =
Mede T T ede
wherehyym Unun® are numerical solutions of theD SGN equations (5} 1)}hey; Uex?
are solutions of the systern (5]23) akd k is the standard discrét, norm. To obtain
these results, we set a tifhie= 5s and calculate the numerical solution by increasing the
number of cells fronN = 80to N = 128Q

Remark13. Note that the Gauss-Seidel method and the direct method were implemented
using python, whereas the Uzawa method was implemented using Fortran 95. This may
explain the delay in calculation times (CPU) between these 3 methods.

EL21h0 =

5.3.2 Stationary solution

The Serre Green-Naghdi systein (b.1) admits analytic steady (time independent) solu-
tions as well. A straightforward computation yields that for a constant in ow ux of
Q 2 R, anyhx®, z,'x° and pa:m!x° functions satisfying the di erential equality:

2 @h 1 1_ 2h
@am= g@h+zo+ = B Zghe t@ 24z
1_h
Qx@ E@ §+Zb

leads to a stationary solutions pro le. For sutlandz, one has

_Q _Q_ h . _ Q .
U_E' W_F@ §+Zb' —ﬁ@h,

_ Q1. 2h Ca=02@ e D
9= h@3+zb ; qb—Q@h@2+zb

More speci cally, let us take an intervad;, bwith a;b 2 R. Moreover, let
hixo = HoeP™ and zix°=K hix°

with Hp andK real constants, arfé:x° a polinom to be chosen according to the boundary
conditions.
In this case, we have that

Q P1x° Q 0 Q O Q2 0q
u=—e" ", w= —PIX% = —p=PX5 = —PXG
Ho 2 F3 0 e ,
_ @ 0q _ a2 L oooee 10 0140020 -
G= S PEX5 pam= Q Ege g0 X FPEX

In the case a uvial ow, if we impose that a del@ enters the domain @ and the
uid height is given byhg at b, with the boundary condition®z,jx=a = @Zyjx=p = O,
@*hPjx=a = 0, hgtb® = 0, we can prescribe the polinoR#x° as
X as X a4 X a 2+

15 + 10

1y0 —
IDX8ba b a b a
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with an constant given by the boundary condition on the height at

5.3.3 Dam-break

We next consider the dam-break problem in order to study the ability of our numerical
scheme to capture dispersive shocks. It is well-known that discontinuous initial data of
this type generate dispersive shock waves due to dispersive € ects [14]. This dispersive
shock waves problem for non-linear and dispersive shallow water equations was also
carried out in[[14], 24, 63]. We consider the following initial data :

1.8 if 0
10, x° = "X (5.24a)
1 else
ulo; x° = wig; x°= 10, x°=0 (5.24b)

The computation domain is the interval30Q 30 and discretized witl8000cells.

t=0s t=15s
1.9 T T T T T 1-9 T T T T T
1.8 . 1.8
1.7+ . 1.7
1.6+ . 1.6
o 15¢ . o 1.5
14t 1 X 14
1.3+ . 1.3
1.2+ . 1.2
1.1+ . 1.1
1 B 1 1 1 1 1 1 1 1 1 1 1
-300-200-100 O 100 200 300 -300-200-100 0O 100 200 300
xtmP xtmP
t = 30s t = 50s
1-9 T T T T T 1-9 T T T T T
1.8 1.8
1.7 1.7
1.6 1.6
o 1.5 o 1.5
X 14 X 14
1.3 1.3
1.2 1.2
1.1 1.1
1 1 1 1 1 1 1 1 1 1 1 1
-300-200-100 O 100 200 300 -300-200-100 O 100 200 300
xtmP xtmP

Figure 5.3. Dam-break: water surface at several times
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The gure[5.3 shows the dispersive e ects generated by the mpdel (5.1) when using
discontinuous initial data. Here, we cha3@00 cells because it is shown ih [16,/63]
that the dispersive e ect cannot be captured if we use a rst order numerical scheme,
and to properly capture the dispersive shock waves, we had to use high-order numerical
schemes, and that is out of our objective in this manuscript.

5.3.4 Favre waves

In the following section, we compare our numerical scheme based on the Uzawa algorithm
with experimental data. A good example of a physical situation in which the non-
hydrostatic pressure terms pay a signi cant role is the so called Favre wave experiment.
Favre waves are secondary free surface waves, undular bores that appear typically in a
channel following a sudden change in the ow discharge.

One such situation arises in the case when a sluice gate is suddenly closed, realised
during the physical experiments carried out at EDF (Electricité de France) [23]. A
long and thin wave tank is considered with a small constant slope and open uphill entry
and downhill exit as well as vertical walls (see Fig[irel 5.4). A stationary water ow is
generated in the basin up until a tirgeat which point a gate rapidly descends at the exit
level, blocking the ow and generating and upstream moving series of undulating waves.

In the experiments, a wave tank of lengtbm was taken, of which the lowe30m
section plays a signi cant role. The tank is of wid@®m, the walls on the side are
vertical and the bottom is of a constant slope of

@z, = 0:0004

At the lower end of the basin, a vertical solid gate is placed perpendicular above the water
ow. Additionally, three sensors were also placed over the basin, each one measuring
the water height at its horizontal position. The rst sensor is situdteéfom the exit of

the tank, the second sensod&mn from the lower end, and nally the third sensor is at a
distance oB0m from the gate (see Figufe 5.5).
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Figure 5.4: The wave tank of the experiment

Figure 5.5: A cross section of the wave tank

Figure 5.6: Schematic representation of the Favre wave experiment

In the experiment chosen for validation, a stationary gravity ow is generated in the
tank by a constant in ow (and out ow) volumic ux of

Qin = 0:0351%:

The associated stationary water height is observed to be approxird2ely

As it was mentioned before, the gate is closed at tig{@hen the ow has attained
a stationary regime with the above give physical parameters). The closure takes place
rapidly, in a time frame of = 0:07s, at which point the gate completely blocks the exit,
forming a solid wall boundary for the gravity ow. Measurements on the water height are
available in the timeframe ofp + 1:31; tg + 5:35%4or the rst sensor, in the timeframe of
Mo+ 10 to + 16:9%dor the second sensor, as well as in the timefram&ef21; to+ 28:92v4
for the third sensor.

In the context of an extended Saint-Venant system, in which non-hydrostatic pres-
sure terms complement the classical shallow water equations, rst and second order
nite volume solvers have already been developed and validated against this particular
experimental case [19].

In our case, the simulations were implemented for a one horizontal dimensional
problem corresponding to the experiments (see Figufe 5.5). The implemented physical
parameters were the same, except for the the ux, which had to be recomputed for its one
dimensional equivalent:

1
Qinc = ﬂQin = 02087752:
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Figure 5.7: Comparison between the numerical solution and the experimental data for
sensorlN = 3000
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Figure 5.8: Comparison between the numerical solution and the experimental data for
sensor2.N = 3000
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5.4 The two dimensional Serre Green-Naghdi system

Here we are interested in the two dimensional extension of the aforementioned system
). For this, we are now considering the horizontal pfang® 2 R? as the domain of
our functions. Moreover, in addition to the horizontal veloaitin the x-direction, we
have to add a new variablewvhich describes the (vertically averaged) horizontal velocity
in the y-direction.
The system writes as

@h+ @hwe + @hve =0 (5.25a)
@hw+ @hue+ @hwe + @he + y@2 = gh@'h+2,° h@parm (5.25b)
@hv+ @hwe + @hv?° + @hP+ qo@z = gh@h+z° h@patm (5.25¢)

@hwe + @thuwe + @*hvw® gy = G; (5.25d)
@h o+ @hu o+ @hv © 2°3 g % =0 (5.25¢€)
p_

W U@z, VvV@z 3 =0 (5.25f)

2p§ +h@u+ @ =0, (5.250)
or, with the classical two-dimensional gradient= r , and divergence = r y
operators, as well as the two dimensional horizontal velddity tu; v°', we have that

@ +r *hue=gQ (5.26a)

@hu°+r *hU U°+rtho+qgpr zo= ghrt h+2z° hr pam (5.26Db)

@hwe+r T hwU® q,=0; (5.26¢)

@h o+r 1h ue 23 q % =0 (5.26d)

w U rz P3 - 0 (5.26¢€)

"3 +tr u=o (5.26f)

5.4.1 Reformulations of the system

Remark14. System|(5.25) can be rewritten under the Boussinesq formulation, in a more
compact form:

@ +r 1 hu°=0 (5.27a)
11+ Toh %@ +U roU°+grt h+ z,°+ Qoh; z,d = O (5.27b)
where we have that
T»h; 22X = Ryph; z¥alr VO + Roh; zpVatizy V©,
Qh W = 2Rphz2,%@U @U? +ir U% +RphzAU WU ror z,°;
Ryh; z,Y4 = 3—1hr1 h3fo gfr Zu;
Roh; 2,4 = 2—1hr1 h°ge + gr zp:

Here we made use of the notatiol =1 v u°'.
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Additionally, with the help of the vectorX = tu;v;w; ° andQ = q;gp°', one
can de ne the two-dimensional extensions of the dispersive divergence and gradient
operators, that is

©@1hq0 + qb@zba p_ !
-@*hoe + qb@zb 2 3 +h@u+ @y
r =- ® and r X = —
seNQ = - S, @ SGN W ou@n V@ @yg
« 2 30+ 30p-

(5.28)
With the source term vector
Shz°= gh@h+2z° h@pam 9h@h+z° h@pam 00 ";
we have that the systein (5]25) writes as
@ +r 1 hue=0 (5.29a)
@hX°+ @huX°®+ @*hvX°+r sgNQ = Sth; 2% (5.29b)
rsgcn X=0: (5.290)

Lemma 5.4.1. The dispersive divergence and gradient operators de nef by|(5.28) verify
the partial integration type formula:

Q rson XO+X IrgenQ°=r ! hqUe: (5.30)

Proof 3. A straightforward computation calculating the scalar products, using the de -
nition (5.28), leads to the desired result.

The system[(5.25) also admits a pressure based reformulation.

Proposition 5.4.2. Equations[(5.25) can be rewritten as

rthoe + 6% + hr %r Zy (5.31a)

= h 1gth+2°+ pan® 2N@U @U7 +1r U

q 1
12h+ hr o

6% + %r Zy " ho+14+jr ijzoqﬂb = 1°%% 1 2 r*gth+ 2,°+ Pam™
(5.31b)

Proof 4. One di erentiates with respect to time the equations (3.25f)-(5.25g) (corre-
sponding tor sgn X = 0). After that, one substitutes the quantitigs, @, @wv and

@ with their values given by the non-conservative reformulation of equations (5.25b)-
(5.25¢). Regrouping the terms containim@ndqy, on the left hand side and the terms
with u, v, patm, h @andz, on the right hand side yields the result.

5.4.2 Energy

The two dimensional Serre Green-Naghdi equatipns (5.25), much like their one-dimensional
counterpart/(5]1) admit an energy balance identity.
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Proposition 5.4.3. Smooth solutions of the systdm (5.25) satisfy the following identity:

@ h %J’Xi“g %h+zb +Patm +r h %jX12+91h+zb°+patm+q U =o:
(5.32)

Proof 5. Let us multiply [5.25p) by, (5.25¢) byv, (5.25d) byw and [5.25g) by and
sum the results. This leads to
@ éthj +r éhJXJ Uu + EJXj 1@ +r 1 hyee
+rsenQ X+hU 1t gth+ 2,0+ pan? = O:

By making use of equation (5.25a), the third terr,isnd one may add the following to
the equality:
'@+ 1 L hUIgHh + 20+ Pagn® = O

Furthermore, using the identity (5]30), we have that
X rgeN@°=r Thgu® Q rsen X°=r *hgle

since X veri es equations [(5.25f)F(5.2%g). Putting all this together, one obtains the
desired energy identity.

5.4.3 Variational formulation

One can associate a variational problem to the pressure formulation of the gystgm (5.31).
Let us take a control volume, bounded, open, regular with regular boundaries.

We de ne the following operators:
1

Al" 'O = }rl h'o i h-0+ 1_2' '~dx dy; 2 Hl1 o
. h h

Apt: 0= % 4+ jr zoj> ~dxdy - ~2 L% o
1

Bl o= Erl h'o rz g dx dy; '2Hl1 e 2% o

By multiplying the rstequation ofl) with a test functiorsuch that' 2 H11 ©
and the second equation with2 L?1 ©°, we obtain the following system:

ALG' °+BY; q°=H; h 1gth+ 2%+ par® 2M@U @U° +1r Ui s

+ CY g%
Al °+Bthg °=h; WU r°%z r z, rgth+ 2%+ panlipz o
(5.33)
Here the boundary teri@ appears due to the integrations by part, it is given by
1 1
cy' 1 1°= "t h' 1° nds+ " 1rz, nds

@ @
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We remark that by choosing the test functiomompactly supported in, the boundary
terms disappear automatically.

For what follows, let us suppose that the uid height is bounded from below and from
above: that s,

9Hmin Hmax 2 RT; 81x;t° 2 R"Hmin < hit; X° < Hmax (H)

Proposition 5.4.4. Let us supposé (H) as well ag2 C** °andh2 H* © Fors> 1
real, we have that operato’s overHS! °2 A poverL?t °andB overHSt © |21 ©
are continuous bilinear forms.

Proof 6. We check the de nition of continuity for each bilinear form.

12
_ kri h' 1°k|_21 okrt h' 2°k|_21 ot H

min min

2 maxl; khkys: o©K' 1Kys:t oK' 2Kyst o]

min

using the Sobolev embeddingst ©! H candHSt o) L1 °fors> 1and for
R? compact Lipschitz domain, as well as the product estimate:

jAll l;' 20j K' 1k|_21 ok’ 2k|_21 o

kh' kHSl o k hkLll ok’ k|_|51 o+ khkLll ok’ k|_|31 0.

Similarly,
_ A+ knk,
JAbl 1; ZOJ Hoe k 1k|_21 ok 2k|_21 o.
min
And nally
. . kZb 1 0 6
]Bll l; loJ Lkrl h' ]_okL21 ok 1kL21 o+ kI 1kL2 k 1kL2
Hmin Hmin
1

khkgs: 0kZbkC;11 0o+ 6 K 1kys k 1k|_2 :
Hmin

De nition 5.4.5. For h 2 H!1 ©, |et us de ne the following function space
Hpt ©:=ff 2H" 9kfk, < 1g;
where the de nition of thér-norm is as follows:
KfkZ = kfKZ, o+ Kkrthfok?,, .

By the aforementioned Sobolev embeddings and product estimates, as well as ele-
mentary properties of the>-norm, one can easily ascertain that

Lemma 5.4.6. The h-norm is indeed a norm, the spad:eﬁl ° is a Hilbert space,
equipped with the scalar product

hf;gin = hf;gi 2. o+ hrth %t hg® 20 o:

Furthermore, fors> 1 HSt °IH 11 o
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Remark15. One can easily see that operatrandB are also continuous ové i1 00
andH!t © L% °respectively.

Let us de ne the bilinear formA onHSt © |21 © 35 follows:
A g 101 o 20= AL ;" 0+ B 5 1% B g 2%+ AR 1 2°

Proposition 5.4.7. Under hypothesiﬂH) as well as fap 2 C* ©, we have that the
operatorA is coercive oveH 1t © L%t ©,

Proof 7. We want to verify the de nition of coercivity. For> 0 we have that

2 2 2
r r zy°
2 Mho rz= nhos 2 2111 ' 002 Zb—z:

Therefore, we have that
1

All:  O1- 00— % 1 h 024D 1RO rz+1rz% 2+122 120 +4 2 dx dy

1 1] 2#

= %11 2011 {002 4 1 R 04 r% dx dy
1
1 v 2 ! 1 2 2
+ h 12 12+ 1 — 'rz>+4 dx dy:

Let us denote by ? the factor of 2, that is
2:= 1 % 1r 7,0 + 4

To ensure the positivity of all the necessary terms, we impose thati es the
following inequalities:
1
1+ sup krz,k?’

such exists due to our hypothesis on the regularitgpfThese inequalities onensure
that

1> 2>1

(5.34)

1 2>0Q 2>3
Since )
. _ 6, 36,2, 22
12 - - + _2 3
we obtain that
1 " #
1 rz,
All'; o; 1l; 00 — H 11 2Olr-l h' 002 + rt h' o4 dX dy
1 " 2#
1
o 12 3_(23 '24 S, dx dy:

Hence we can establish a lower estimate on the bilinear form usirig je® norm of

' . By choosing a slightly smaller, we can guarantee that a term wit stays in the
integral as well, therefore we have the desired lower bound.
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5.5 Conclusion

The non-hydrostatic formulation of the well-known Serre Green-Naghdi equations is
investigated in this chapter. Unlike the Boussinesq formulation, only rstorder derivatives
are involved. The consequence is a larger number of unknowns. The physical content
of this model is richer than the shallow water equations but the computational cost is
higher: at each time step, in addition to the resolution of a shallow water system, an
elliptic equation must be solved involving non-standard operators.

Before investigating the 2D case, we designed some numerical schemes in 1D. They
provide reliable results whether it be for analytical solutions or experimental solutions.
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Contribution a la modélisation mathématique et numérique pour des modeles
d'écoulement non-linéaires dispersifs en eaux peu profondes

Résumé

Cette thése porte surlamodélisation et I'analyse mathématique de modéles asymptotiques
utilisés en océanographie et décrivant la propagation des ondes longues. Lobjectif de
cette these est de construire et de justi er de nouveaux modéles asymptotiques en tenant
compte de la variation de la topographie et de la section transversale. Pour ce faire,
plusieurs hypothéses sont formulées sur la profondeur de I'eau et les déformatipns de
la section transversale. La premiére partie de cette thése consiste a dériver et a étudier
les caractéristiques linéaires de dispersion et de shoaling des modeles asymptotiques.
Dans la deuxiéme partie, un modele unidimensionnel des ondes longues moyenné par
section, est développé. Des équations tridimensionnelles du mouvement des uides non
visqueux et incompressibles sont d'abord intégrées sur une section transversale du canal,
ce qui donne les équations de type SGN. Le nouveau modele est donc adéquat pour
décrire des ondes fortement non linéaires et faiblement dispersives le long d'un canal
de section transversale arbitraire et non uniforme. Plus précisément, le nouveau modele
étend le modéle de Saint-Venant moyenné par section et généralise les équations de
Serre-Green-Naghdi & toute section. Ce nouveau modéle a été reformulé d'une maniére
plus appropriée pour la résolution numérique en conservant le méme ordre de prgcision
gue l'original et en améliorant ses propriétés de dispersion. Enn, nous présentons
guelques simulations numériques pour étudier I'in uence du changement de section sur
la propagation d'une onde solitaire. La derniére partie de cette theése est consacrée a la
simulation numérique du modele SGN avec une nouvelle reformulation.

Mots clés : Equations aux dérivées partielles, Modélisation mathématique des écoule-
ments & surface libre, Ecoulement en canal ouvert, Fluide incompressible, Analyse
asymptotique, Lagrangien, Dispersif, Non-Linéaire, Volumes Finis, Saint-Venant, Boussi-
nesq, Serre-Green-Naghdi.
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Contribution to mathematical and numerical modeling for non-linear dispersive
shallow water ow models

Abstract

This work focuses on the modeling and mathematical analysis of asymptotic models

used in oceanography describing long wave propagation. This thesis aims to der

ve and

justify new asymptotic models taking into account the variation in topography and ¢ross-

section. To do so, several hypotheses are formulated on water depth and cross-s
deformations. The rst part of this thesis consists in deriving and studying the |
dispersion and shoaling characteristics of the asymptotic models. In the second
one-dimensional model of section-averaged long waves is developed. Three-dime
equations of motion of non-viscous and incompressible uids are rst integrated

ectional
near
part, a
nsional
over

a cross-section of the channel, resulting in the SGN-type equations. Therefore, the

new model is adequate to describe fully non-linear and weakly dispersive waves

along

a channel of an arbitrary and non-uniform cross-section. Speci cally, the new model
extends the Saint-Venant model to cross-section mean and generalizes the Serre-Green-
Naghdi equations to any cross-section. This new model has been reformulated in a way
more appropriate for numerical resolution by maintaining the same order of acguracy

as the original and improving its properties of dispersion. Finally, we present
numerical simulations to study the in uence of the change of section on the propa
of a solitary wave. The last part of this thesis is devoted to the numerical simulat
the SGN model with a new reformulation.

some
gation
on of

Keywords: Partial di erential equations, Mathematical modeling of free surface ows,

Open channel ow, Incompressible Fluid, Asymptotic Analysis, Lagrangian, Dispers
Non-Linear, Finit Volumes, Saint-Venant, Boussinesq, Serre-Green-Naghdi.
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