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Analyse mathématique de quelques modéles
tridimensionnels en mécanique des Huides et en
magnetohydrodynamique

Résumé. Cette these est essentiellement consacrée a I’étude de certaines propriétés math-
ematiques de trois équations : les équations de Navier-Stokes, les équations de Boussinesq
et les équations de Hall magnetohydrodynamique, dans le contexte tridimensionnel. Il
convient de noter que, pour le moment, la question de la solvabilité globale des équations
de Navier-Stokes 3D reste un probléme ouvert : nous ne savons pas si des données initiales
régulieres générent, de maniere unique, une solution réguliére et globale en temps, ou bien
si une formation d’une singularité peut se produire a temps fini. 1l est donc clair qu’un tel
probléme est aussi ouvert pour toutes les équations a I’'étude dans ce travail.

Le but de cette thése est d’étudier d’abord certaines conditions liées au phénomeéne de
lexplosion a temps fini des solutions fortes aux équations de Navier-Stokes 3D (Chapitre
II). Les Chapitres III, IV et V sont consacrés a la question du caractére bien posé du
systeme de Boussinesq avec différents cas de dissipations. Nous consacrerons le Chapitre
III aux équations de Boussinesq compléetement visqueuses avec des données initiales ax-
isymétriques appartenant aux espaces critiques de Lebesgue. Pour le méme systeme mais
sans dissipation dans I’équation de p, travailler dans des espaces critiques est plus délicat.
Toutefois, dans le Chapitre IV nous parvenons a traiter le cas des données initiales ax-
isymétriques qui sont critiques par rapport a I’échelle de la vitesse. Le résultat principal du
Chapitre V est I'unicité des solutions (dans une classe d’espaces anisotropes) du systéme
de Boussinesq avec des dissipations partielles (horizontales) dans toutes les équations. Nous
utilisons ensuite ce résultat pour améliorer certains théorémes déja établis. Enfin, dans le
Chapitre VI nous établissons quelques résultats du critére bien posé (local en temps ou
global pour les données initiales petites) et du comportement a long temps des solutions
globales (dans certains espaces fonctionnels) pour un model de Hall-MHD.

Mots-clés. Fluide incompressible, magnétohydrodynamique, équations de Navier-Stokes,
équations de Boussinesq, Hall-MHD, criteres d’explosion, invariance d’échelle, éspaces
critiques, éspaces de Besov, éspaces de Sovolev, solutions axisymétriques, probléme de
Cauchy.



Mathematical analysis of some three-dimensional
fluid and magnetohydrodynamic models

Abstract.  This thesis is basically devoted to the study of some mathematical prop-
erties of three equations: the Navier-Stokes equations, the Boussinesq equations and the
Hall-magnetohydrodynamic equations in the three-dimensional context. It is worth noting
that, for the time being, the question of the global solvability of the 3D Navier-Stokes
equations remains as an open problem: In particular, we do not know if a regular initial
data would whether uniquely generate a global (in time) regular solution, or if a formation
of a singularity at finite time can occur. Thus, it is clear that such a problem is still open
for all the equations studied in this work.

The goal of this thesis is to study first some conditions related to the blow-up phenomenon
of the 3D Navier-Stokes equations that can occur at finite time (Chapter II). Then,
Chapters III, IV and V are devoted to the question of the wellposedness of the Boussi-
nesq system with different cases of dissipation. More precisely, in Chapter III we establish
the global wellposedness of the completely viscous Boussinesq equations when the initial
data is axisymmetric belonging to the critical Lebesgue spaces. On the other hand, in the
case when there is no dissipation in the p-equation, it is hard to work in critical spaces.
However, in Chapter 1V we solve the problem globally in time in the situation where the
initial data is axisymmetric and critical with respect to the velocity’s scaling. The main
result in Chapter V is the uniqueness of the solution (in some class of anisotropic spaces)
to the Boussinesq system with partial dissipation in all the equations. We use then this
latest to improve some known results. Finally, in Chapter VI we establish several results
of the local (or global for small initial data) wellposedness and large time behavior of the
global solutions (in several functional spaces) to a model of Hall-MHD.

keywords. Incompressible fluid, magnetohydrodynamic, Navier-Stokes equations, Boussi-
nesq equations, Hall-MHD, Blow-up criterion, scaling invariance, critical spaces, Besov
spaces, Sobolev spaces, axisymmetric solutions, Cauchy problem.
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CHAPTER I. INTRODUCTION AND OVERVIEW

1.1 General Introduction and derivation of the Navier-
Stokes equations

In this thesis, we intend to present several results in the mathematical context of some
fluid mechanic and hydrodynamic models in dimension three. In particular, our study
treats some points in question related to the three dimensional Navier-Stokes equations,
the Boussinesq equations with different cases of dissipation in the equations and a model
of the Hall-magnetohydrodynamic equations. Note that in all these systems, the core
equations are the Navier-Stokes ones. In this introduction, we will briefly introduce the
derivation of the 3D Navier-Stokes equations and then we will give a short abstract about
the main results of this work.

.L1.1 General introduction to the Navier Stokes equations

The Navier-Stokes system is a mathematical model which describes the motion of Newto-
nian viscous fluid (gaz, liquid), and explains the resistance of a moving body in a fluid.
In the 19" century, in particular in 1845, C. Navier and G. Stokes proposed the following
model to describe the evolution of a viscous fluid

Ou+u-Vu—pAu+Vp=f, (t,z) € Rt x R3,
divu =0, (L.1)
Ujt=0 = U,

where p > 0 is the viscosity of the fluid, u = (u!, u? u®) represents its velocity, p denotes
the pressure forces, and f is the external force. We will see that the Boussinesq equations
is an example when the force f is a scalar quantity acting in the e3 direction in the first
equation of (I.1), and satisfying a transport or transport-diffusion equation.

As known in the literature, one may notice the special two terms: u-Vu and pAu appearing
in (I.1), also known as the convective and the viscous term. Roughly speaking, u - Vu is
non linear, instability generator and held responsible for the turbulent flow of the fluid in
certain situations. On the other hand, the term pAw is known by its opposite “smoothing”
effects. Based on these two terms it came the definition of the Reynold number Re, given
by

Re |u - Vul |

|nAul

As briefly explained in the introduction of [112], the experimental observations propose
the existence of a critical number Re* for which, any flow whose Reynold number satisfies
Re < Re* is said to be a "laminar flow”. Laminar flow is characterized by fluid particles
which are roughly flowing in the same direction. It is also the opposite of a turbulent
regime, made of vortices that contradict each other. Such flow is as well the kind of the
flows that we like to deal with when we want to circulate a fluid in a pipe or fly an airplane
(because it is more stable, and predictable by the equations).

16



CHAPTER I. INTRODUCTION AND OVERVIEW

1.1.2 The outlines of the derivation of the Navier-Stokes equations

In this subsection, we examine the physical meaning of the three-dimensional Navier-Stokes
equations and perform a simple mathematical derivation based on Newton’s second law.
While these equations may look intimidating and complicated to a lot of people, all they
really are is a statement that the sum of forces is equal to the product of the mass by the
acceleration.

The model we derive in this subsection is the following

p(Ou+u-Vu) = pAu—Vp+pg, (t,z)€ R xR?,
divu = 0, (NS,)

U,|t:0 = Ug.

Above, p is a scalar function representing the density of the fluid, and g = (g5, g,, g.) some
external forces (let us say the gravity force for instance).

The system (NS,) is written for a differential element of the fluid which is infinitesimally
small, the three forces we are concerned with here are the forces due to the gravity, the
forces due to differences in pressure and the forces due to the viscosity of the fluid. Let us
also point out that each of these terms is on a per unit volume basis.

If we denote (3" F,,>  F,, > F,) = Y, F = F*' + F™ being respectively the external
and the internal forces acting on our model, and similarly a = (a,,ay,a,) denotes the
acceleration, then the Newton’s second law gives

ma:ZF. (N)

In the left hand side we have the mass times the acceleration, keeping in mind that each
term above is on a per unit volume basis, that is the external forces might be the weight

of something given by
Ft = myg.

The mass is given by the density times a per unit volume V = dxdydz, that is for the
external force in right hand side of the equation above we have

Fext

For the left hand side of (N), after dividing by V', we should examine the quantity pa.

To make the presentation simple enough, we should deal here only with the z-direction,
the same mathematics would apply for the y and z-directions.

By definition of the z-acceleration, we have

d 1
ay = d_ljf = Out 4+ O,u'dr + 8yu13ty + 0,u' 0,2,

17



CHAPTER I. INTRODUCTION AND OVERVIEW

by using the fact that

o =ul, Oy=1u? 0Oz=1u’

we end up with
a; = ' +u - Vu', (1.2)

above, the first term in the right hand-side is known as the local acceleration, and the
second one is known as the convective acceleration.

We move now to examine the forces F**' acting on an elementary volume element of the
fluid, to do so, let us present formally this element by an infinitesimal cube in R3, see
figures below.

Typically, when we draw a free body diagram, gravity will be acting downward in the
y-direction, here we are considering an arbitrary case where a component of gravity could
act for example in the z-direction. The force due to gravity is then given by

F¥' = mg, = pdvdydz g, (1.3)

Let us now examine the forces F'** acting on the left and the right hand side of our element:
we could have a normal stress acting to the right on the right face, and another one acting
on the left outward from the left face, we respectively denote these two forces by 0., (x+dz)
and 0,,(z). On the top and bottom faces, we could have a shear stress acting to the right
on the top face, and shear stress acting to left on the bottom face, the notations we use
for these forces are, respectively, 7,,(y + dy) and 7,,(y), see figure I.1.

Tyz (Y + dy)
dy - dy

O-xa:(x) T | —— Ucca:(x + dl‘)

dx

Figure 1.1

Similarely, for the front and the back of the cube, we could have as shear forces 7,,(z + dz)
and T,,(z) presented in figure 1.2.
To resume, the result of all the forces defined above is

P = o) o) (i ) ) o))y
14

18



CHAPTER I. INTRODUCTION AND OVERVIEW

bPoocoo oo de e o

Figure 1.2

By substituting (I.2), (I.3) and (I.4) into the Newton’s second law formula (N) and dividing
the equation by the volume dzdydz, we end up with the following expression

O-MC(:E + d[L‘) - O-IUI(:E) Tym(y + dy) - Ty:c(y) Tzw(z + dZ) - Tzz(z)
+ +
dx dy dz

P9z + = pGy.
By letting dx, dy, dz approaching zero, the last equation above turns into the differential
form

PYx + axaxx + ayTyz + asz:E = Pay.

By doing the same computation for the y and z-directions, we would come up with the
following system
Pz = PGz + axgmm + ayTyac + 8sz;r)
Py = pGy + OuTay + Oyoyy + 0.7y, (M)
pa; = pg. + axsz + ay'ryz + aza—zz-

The three equations above are known as the equations of motion for a fluid. The next
step consists at getting from these equations to the Navier-Stokes equations (NS,). To do
so we need a way to relate the normal and the shear stress to the viscosity of the fluid
and the velocity profiles, and this is done by using the following equations which are the
constitutive relations for a Newtonian fluid, which we will not get into here (see [40] for
some details)

Ogx = =P+ Qluawul? Tey = Tyz = 'U’(ayul + aIu?)’
Oyy = —p + 200,u?, Tye = Toy = p(0:u® + Opu’), (R)
Uzz == _p + 2,Ltazu37 sz - T!L’Z - I’L(awug + azul)

If we accept the relations (R) as being true, then deriving the Navier-Stokes equations
form (M) form to the form given by (NS,) becomes a series of algebraic manipulations, let
us only mention that the incompressibility condition (V - u = 0) plays a significant role in
the simplification of some terms in this last step.

19



CHAPTER I. INTRODUCTION AND OVERVIEW

1.2 Principal results

The main results of this thesis are based on the following papers [80, 65, 82, 41, 81] that
we regroup them as follows

Accepted for publication

o About some possible blow-up conditions for the 3D Navier-Stokes equations. Accepted
for publication in Journal of Differential Equations.

e On the global wellposedness of axisymmetric Boussinesq system in critical Lebesque
spaces. Accepted for publication in J. of Discrete & Continuous Dynamical Systems
- A. (With A.Hanachi and M.Zerguine).

e On the global solvability of the axisymmetric Boussinesq system with critical regular-
ity. Published online in 05 June 2020 in J. of Nonlinear Analysis. (With M.Zerguine).

Submitted (waiting for decision)

o Wellposedness and long time behavior for the electron inertial Hall-MHD system in
Besov and Kato-Herz spaces.

o Uniqueness result for the 3-D Nauvier-Stokes-Boussinesq equations with horizontal
dissipation. (with P.Dreyfuss).

In progress (not included in this thesis)

e On the global wellposedness of the axisymmetric Boussinesq system with measures
as initial data (with A.Hanachi and M.Zerguine).

e Profile decomposition to the 3D MHD equations and applications.

e A new proof of the so-called Necas inequality in Lipchitz domain (with P. Dreyfuss).

As it will be explained with more details in the sequel of this work, what we can and what
we cannot prove concerning the mathematical analysis of the three dimensional Navier-
Stokes equations is the the motivation of all the questions we treat in this thesis. In order
to make our introduction simple enough, we choose to postpone the presentation of the
known important “technical” results for (NS,) and detail them in the Appendix B.

In the rest of this introduction, we briefly outline the statements of the main results in our
first five papers listed above.
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1.2.1 Some possible blow-up conditions for the 3D Navier-Stokes equa-
tions

It is well known that the question of the global resolution (in general) of the three-
dimensional Navier-Stokes equations is an open question till toady. These equations are
given by

Ov+v-Vo—puAv+Vp=0, (t,z)€ Ry xR3

div v =0, (NS,)

(v, p)i=0 = (vo, po),

where, v, p and pu represent, respectively, the velocity of the fluid, its pressure, and its
cinematic viscosity. It is also well known, due to the work of J. Leray [96], that the equations
above have at least one global weak solution u in L>(R; L?(R?)) N L*(R,; H'(R?)) if the
initial data is in L*(R3). The uniqueness of such solutions remains till today as an open
question. J. Leray proved also in his paper that the construction of a unique regular
solution is possible if the initial data is regular enough (saying vy € H*(R?).). However,
this solution is known only for short time if the size of the initial data is arbitrary large.
On the other hand, the maximal life of the solution 7™ can be chosen to be T* = oo if the
initial data is small enough.

The next step in this direction consists of trying to understand what happens to the solution
near the maximal time of existence 7™ if this latest is finite. The various answers we find
in the literature affirm that if 7% < oo then the solution will blow-up, in some spaces,
when we get close to T™. In this part of our work, we are more interested in critical the
blow-up criterion in terms of spaces respecting the natural scaling of the 3D Navier-Stokes
equations.

As a first example of this kind of results, we can mention the Prodi-Serrin criteria, saying
that if 7% < oo, then for all (p,q) € [1,00) X [1, 0], with % + g =1, we have

t
i [ o) e d = .
0

t—T*

More recently, better blow-up criterion have been proved. These results take in consider-
ation less components of velocity or its matrix gradient. The first result in this direction,
taking into account only one component of the velocity in some scaling invariant space,
has been proved by J-Y. Chemin and P. Zhang in [30]. their result is the following

t
* i 3 . pl 2 ==
" <00 = tli)l%l*/o |v%(r, )HH§+E(R3) dr =00, Vpé€ (4,6). (L.5)

(I.5) has been generalized, by the same authors together with Z. Zheng, to the case p €
(4,00). The special case p = 2 has been treated by J-Y. Chemin, I. Gallagher and P. Zhang
in [29]. The authors in [29] considered also the case p = oo, which is more harder to deal
with compared to the case p < 0o, and they showed that if T < oo, then it is not possible
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for one component of the velocity to tend to zero too fast (as t tends to 7%) in H%(R?’). In

order to prove a better result, the authors proposed to slightly reinforce the H %(R‘g)—norm

of one component in the horizontal frequencies. More precisely, for an arbitrary constant
1

E >0, they introduced the space H;?, (R?) as the sub-space of H=(R3) such that

def
lal” y =

logh E

[ Ieliog(El&] + o) @(©) de

and they proved the existence of some constant ¢y > 0 such that, if 7" < oo then

: 3
h?i?*lp (¢, -)HHE)% e > cp. (1.6)

Our first result in this thesis consists of proving a similar version of (I.6), but with a vertical
logarithmic perturbation. Our result is the following

Theorem 1.2.1. There exists a constant c¢g > 0 satisfying: If v is the maximal solution to
(NS,) in C([0,T%); H'), and if T* < oo, then for all E > 0 we have

limsup ||v*(t, )| .3 > ¢, (L.7)

t—T* }%igv (RS)

where,

def
lal” s =

/ Ellog(El&,| + ) [a(e)|? de.

logv

As a Corollary, we improve a little bit the two results above by replacing the spaces H 120 -

and H zig & by the space i log.2» defined by its norm

def

ol [ lelog(Bmindlel e} + ) GO de

log E

In the second part of [80] , we prove also two criterion considering some components of
the matrix gradient of the velocity in some critical Besov-type spaces. This results can be
summarized in the two theorems below. We will use as notation
e of 2 1 e *—2
wd:fov, spdf———, and qupdeq . (L.8)
p 2
Theorem 1.2.2. Let v be the mazimal solution to (NS,) in C([0,T*); H'). If T* < oo,

then 0 1 -
Vp,m € [2,4], Vo € {0,— — —], Vi e [0,— — —], we have
p 2 m 2

*

T*
/ 0502 . i + / e ()| dt” = 0.
0 0 200
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Theorem 1.2.3. Let v be the mazimal solution to (NS,) in C([0,T%); H'). If T* < oo,
then for all q1,qs € [3,00), and p1, ps be such that
3 2

—+=€(L,2), ie{1,2}, 1.9
P (1,2) {1,2} (1.9)

-
/0 |0s? t/}BMdtf+/0 Pzt = oo

we have

1.2.2 Global wellposedness of the axisymmetric completely-viscous
Boussinesq system in critical spaces

In the paper [65], we consider the system of the 3D Boussinesq completely viscous

0w + v - Vo — plAv + Vp = pés,

Op+v-Vp—rAp=0, (B,.)

div v =0, por

(v, p)t=0 = (o, po),
where, v designates the velocity of the fluid, p its pressure and p the fluctuation of its
density around a constant value. © > 0 and x > 0 represent, respectively, the cinematic
viscosity and the constant diffusion. We consider in [65] the Cauchy problem of (B, ) for
(t,z) € RT x R? and we are interested in the study of the global strong solutions. Tt is
well known that the question of the global solvability of (B, ) (in the general case) is still
open. In our paper [65], we consider the case of the axisymmetric solutions without swirl,
where the velocity and the density have the form

v(t,x) = 0" (t, 1 2)e, +v7(t,r,2)e,,  p(t,z) = p(t,r, 2),
with, 72 =) r3413, et 2 = x3. Our reasoning is strongly inspired by the work of Th. Gallay
and V. Sverak [56] who dealt with the Navier-Stokes case (p = 0).

by introducing the vorticity wy = 0,u” — O,u* and the auxiliary quantity ¢ = =2 we can
check that the system (B, ) is equivalent to the following one

2 O,
AV WANE =—— ~
0(¢ +v- V(¢ ,u( +raT>< P (Bor)
Op+v-Vp—rAp=0.

If we further assume that x = i, then we can see that the quantity I' = k(¢ — & satisfies a
transport-diffision like equation (without a force term):

atr+v.vr—M(A+gar)r_
T
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which, combined with the second equation in (B, ,)makes it possible to obtain some esti-
mates a priori global in time on the solutions of the system.

We also consider other interesting quantities to be able to establish more estimates which
eventually allow us to construct a unique global solution. More precisely, we find that the
quantities ﬁdéf rp and I’ “or play a very important role in our analysis. The equations
which govern these quantities are given by

- . 1\_. v _
8tp+v-Vp—u(A—ﬁ)p= 7p—28rp,
~ ~ 1\= V=
atrﬂ.vr—u(A——z)r: —T.
r T

Finally, our result can be summarized as follows

Theorem 1.2.4. Let p =k > 0, and vy be a divergence free, axisymmetric without swirl,
vector field satisfying V x vg € LY (R3). Let py be a scalar azisymmetric function in L'(R3).
Then the system of Boussinesq completely viscous has a unique global solution (u, p) be such
that, for allt > 0

1CON L+ 1oz + (¢ e + (@)l ) + 82 (IO o + 0] 1 ) < C.

where, C' > 0 is a constant depending only on ||<0||L1(R3) + ||p0HL1(R3)'

1.2.3 Global wellposedness of the axisymmetric Boussinesq system
with no diffusion in the p-equation

The paper [82] is a work in collaboration with M. Zerguine, which concerns the study of the
existence and the uniqueness of the global solutions of the three-dimensional Boussinesq
system, without dissipation in the density equation, in a case of the particular initial data.

More precisely, we consider the following Boussinesq system:

O +v- Vo —plAv+ Vp =pés, (t,r) € Ry x R3,

Op—+v-Vp=0, (t,z) € Ry x R3, (B,)
div v =0, "
(v, p)i=o = (vo, po),

and we study the global Cauchy problem, for axisymmetric initial data without swirl. The
main result of our work consists in improving the result of T. Hmidi and F. Rousset cite
Hmidi-Rousset in the sense of proving that the system is globally well posed with less
initial regularity while working in critical spaces compared to the scale of the velocity. The
proof we propose here is based on an idea due to Calderon and which has been used in
other papers like cite Abidi. The main result statement is as follows:
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Theorem 1.2.1. Let vy € H%(R3) N Bg’l(R3) be a divergence free, arisymmetric without
swirl, vector field. Let po be a scalar azisymmetric function such that py € L*(R3) N
ngl(R?’). Then (B,) has a unique global axisymmetric solution satisfying

. o ) i, )
(v,p) € BEr(H2)N L7 (Bg,l) N LIT(B?%J) x L (L*N Bg,1)-

The proof of Theorem (I.2.1) is essentially based on another version of the first Theorem
proved by H. Abidi in his paper [3] for the 3D Navier-Stokes equations with a forcing term

Ov+v-Vo—puAv+Vp=f (t,x) e Ry x R3,
div v =0, (NS,)

V=0 = Vp-

The proof of our version of the Theorem above is the subject of the first part of our paper.
The main idea of the proof is also based on a method of splitting in frequencies due to
Calderon, and our result consists in considering less spatial regularity for the source term
in front of asking a little more integrability in time compared to the work of Abidi [3]. The
summary of the result is as follows:

Theorem 1.2.2. Letvg € H %(R?’) be a divergence free, arisymmetric without swirl, vector
field. Let f be an azisymmetric without swirl vector field such that f € L? (R+; Hﬁ(R‘g)),

loc
for some 3 > }L, Then (NS,) jas a unique global azisummetric solution satisfying

ve C(Ry; H2) N L2, (Ry; HE).

1.2.4 Uniqueness result for an anisotropic model of Boussinesq system

In Chapter V, we consider the 3-D Boussinesq system with horizontal dissipation, where
there is no smoothing effect on the vertical derivatives, the system in question will be then

Or+u-V)u—Apu+ VP =pes, (t,x)€ R, x R3
O+u-V)p—AQpp=0,
divu = 0,

(u, p)j=0 = (uo, po)-

(Bn)

The partial diffusion in the above system is a natural assumption for several cases of interest
in geophysical fluid flows, we refer to [107] for more details. Recently, the Boussinesq system
with partial dissipation received a special attention, and a significant progress in its analysis
have been made, see for instance [101, 2, 120]. Note that the lack of the vertical gain in
this model makes it more difficult to study and establish the same results as in the fully-
dissipative case. Our principal goal here is to study the Cauchy problem of this model.
More precisely, we prove a stability-type result of solutions (u,p) € L (H** x H*'~%)
with (Vyu, Vip) € L4 (H x H*'=*) and s € [1/2,1]. The main theorem of Chapter V is
then the following
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Theorem 1.2.5. Let s € [1/2,1] and (u, p), (v,n) be two solutions for system (By) in

Lige(Ros H™) O Lipe(Rys H) % Ligy (Rys H™ %) 0 Lig (R H7°).

loc loc loc

Then (u, p) = (v,1)

The technics we use in this Chapter are based on several works dealing with the 3-D Navier
Stokes equations with only horizontal dissipation [28, 85, 106]. In particular one should pay
attention to the fact that the model is parabolic with respect to the horizontal variables,
but it is hyperbolic with respect to the vertical one. Hence, our analysis will be done in
spaces that are algebra with respect to the vertical variables, at least for the velocity.

As a consequence, we improve the conditions stated in the paper [101] in order to obtain
a global wellposedness result in the case of axisymmetric initial data. Our second result is
the following

Theorem 1.2.6. Let ug € HY(R3) be an axisymmetric divergence free vector field without
swirl such that =% € L? and let py € L? be an azisymmetric function. Then there is a
unique global solution (u, p) of the system (By,). Moreover we have

loc loc loc

p € C(Ry; L) N L, (Rys HY).

loc

we C(Ry HY N L2 (Ry; HM A H2Y), 2 e Lo(Ry; L) N L2 (R HMO),
T

We should mention that the main feature in our proof is the choice of the spaces in which

we do our estimates. This will be explained with more technical details in the introduction
of Chapter V.

At the end of this chapter, we provide another example of a local existence and uniqueness
result, where, for the existence part, we do not need to assume a high spacial regularity
for the initial density, while the uniqueness part is a direct application of our first theorem
above. The statement is the following

Theorem 1.2.7. Let s €]1/2,1] , § € [0, s] and (ug, po) € H** x H*. We have

o There exists Cy > 0 such that if

T
ool + T llonlls ol + lonlls (14 5) ) < G,
then (By) has at least one solution (u,p) in X*°(T), where
x0T E L HO N LZHY x LEH* 0 L2H'Y,

o The solution is unique if 6 > 1 — s
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1.2.5 Wellposedness and large time behavior of the electron inertia
Hall-MHD system

Finally, Chapter VI is devoted to the study of the wellposedeness of the Hall-MHD system
augmented by the effect of electron inertia. After simplification of some physical quantities,
the system we deal with here is

ou+u-Vu—Au+VP=(VxDB)xH,

OH—AH+2V x (VxB)xH)=Vx (ux H)+Vx ((VxB)x(Vxu)),
H = (Id—- A)B,

divu =divB =0,

(U|t:0, B\t:o) = (uo, Bo)-

Our main goal consists in generalizing the wellposedness topic proved in [46] from the
Sobolev context to the general Besov spaces.

L3
In particular, our first result deals with small initial data ug, By, V x By in By, 1(R3), for
(p,7) € [1,00) x [1,00]. The statement of our first result is the the following

.
Theorem 1.2.8. Let p € [1,00), 7 € [1,00] and Uy et (uo, Bo, V x By) be in B, 1(]RS) :

There exists cog > 0 such that, if
ol g1 < co

p,r

N
then the Hall-MHD model above has a unique global solution U in £ (B, 1), with

U 3, < 2c.

Wl g3, < 2

Then we show that we can reduce the required regularity on the initial magnetic field in

L3

the first result (in the case = 1) to be only in B} (R?), together with an additional

condition on the maximal time of existence. More precisely, we prove

Theorem 1.2.9. Let T > 0, p € [1,00) and (ug, By) be two divergence vector fields in

.3 1 .3

B?, (R?) x B | (R®), there exists co > 0 such that if
luoll s+ + (2 +T) || Boll

BP B

3
P
p,1 P,

1

then the Hall-MHD system above has a unique solution (u, B) on (0,T") with

lul] s, +@Q+T)||B|l 5 <2c.
Zr(By, ) Zr(BP))

Our proofs are essentially based on some fixed point arguments applied to a reformulated
version of the system above. The estimates we use in this Chapter are in particular a fine
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estimates proved for the heat-semi group together with some estimates in the homogeneous-
Besov spaces for the non-homogeneous operator (Id — A)~.

Finally, we study the large time behavior of the solution is some particular spacest. We
show that the L? (and eventually the L”) norm of the solution (u, B,V x B) associated to

3
an initial data in Bﬁool (R3) is controlled by t_%(l_%), for all p € (3,00), which provides a
polynomial decay to zero of the L? norm of the solution. The last result of this Chapter is
then the following

Theorem 1.2.10. Let p € (3,00) and ugy, By be two divergence free vector fields. There
exists cg > 0 such that if

Hemuonf(;% n HetABOHf(;% +[[e(V x BO)HIA(;,% < ¢,

3
then the Hall-MHD system above has a unique global solution U = (u, B,V x B) in IA(;_E
satisfying

et )l S 2070,
We also point out in Chapter VI some very interesting open questions related to the MHD
model in study, we make a link (at least formally) with other models and recent results by
comparing this latest to our main results. More details can be also found in our associated
paper [81]

1.2.6 Overview and the organization of the thesis

The rest of the thesis is organized as follows: We present our results in the form of three
parts, with an additional part as an Appendix. The chapters of each part can be read
independently, but some technical lemmata and propositions are proved in the appendix
because we believe that these latest can be also useful for more general problems and not
only for the models in question in this thesis.

e Part one About the Navier-Stokes equations: It contains one chapter in which
we prove the results described in the subsection 1.2.1.

Part two About the Boussinesq system: This part is composed of three Chap-
ters each one treats, respectively, one of the subsections 1.2.2, 1.2.3 and 1.2.4.

e Part three About the Hall-MHD system: The third part of this work is devoted
to the proof of the results aforementioned in the subsection 1.2.4.

Part Four Appendix: The finale part contains three chapters which are organized
as follows:

"We refer to the Appendix A for the definition of the hat-spaces.
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Appendix A is devoted to recall the definitions of the functional spaces used in
all our work, and to provide a general tool box of results which can be of a
constant use in the mathematical analysis of PDE’s.

Appendix B Is about the Navier-Stokes equations, which is also the technical
part associated to the introduction of the Navier-Stokes equations. We begin
by recalling some basic notions of the Navier-Stokes equations and we end with
briefly presenting some important results on these equations, starting from the
work of J.Leray till today.

Finally, Appendix C Is the perspective part of this thesis. In which, we briefly
comment on some open questions related to our results and we mention some
open questions that interests the author.
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About the Navier-Stokes equations
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CHAPTER II. BLOW-UP CONDITIONS -3D— NS

I1.1 Introduction and statement of the main results

In this chapter, we are interested in the study of the possibility of the blow-up for regular
solutions to the 3D incompressible Navier stokes equations

Ou+u-Vu—Au+Vp=0, (t,r)€RT x R3,

divu =0, (NS)

Ujt=0 = Uo,
where the unknowns of the equations u = (u',u?,u?), p are respectively, the velocity and
the pressure of the fluid. We recall that the set of the solutions to (/V.S) is invariant under
the transformation:

upx () © o), un(t,z) B hun (M2t Ax).

That is if u is a solution to (N.S) on [0, 7] x R? associated to the initial data ug, then, for
all A > 0, uy is a solution to (NS) on [0, \72T] x R? associated to the initial data ug,.

It is well known that (N S) has at least one global weak solution with finite energy

t
[G]F +2/0 Va7 dt" < [luollZ: (IL1)

This result was proved first by J. Leray in [96]. In dimension three, the uniqueness of
such solutions stands to be an open problem. J. Leray proved also in his famous paper
[96] that, for more regular initial data, namely for uy € H'(R?), (NS) has a unique local
smooth solution. That is to say, there exists 7 > 0 and a unique maximal solution u in

L3 (H'(RY)) () L3. (H2(RY)).
The question of the behavior of this solution after 7™ remains to be also an open problem.

In order to give a “formally” large picture, let us define the set

/
xr & ((L;°L2 NLZHY) - (LFL2N L%H1)> : (I1.2)

where xr is the dual of
(LEL* N I2HY) - (LA N I2HY) “ {uv: (u,v) € (LYL*NLEH") x (LYL* N LEH")}.

Multiplying (NS) by —Au, and integrating by parts yield to

d
o IVl + [Vl = —/ (Vu- V| V).
Rd

If we suppose that Vu is already bounded in G some sub-space of yr, then one may prove
that Vu is bounded in LL?* N LZH"'. This is the case in dimension two where we get, for
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free, by the L?-energy estimate (I1.1) a uniform bound of Vu in L4L? C ((L4TL4)-L4TL4))/ C
XT-

In the case of dimension three, several works have been done in this direction, establishing
a global wellposedeness of (NS) under assumptions of the type Vu € Gr.

We can set as an example of these results the well known Prodi-Serrin type criterion.
Saying that, if u € LP([0, T], L4(R?)), with 2 + 2 = 1 and ¢ €]3, oc], then (NS) is globally
wellposed.

The limit case where ¢ = 3 was proved recently by L. Escauriaza, G. Seregin and V. Sverak

in [42], proving that: if T* e (ug) denotes the life span of a regular solution u associated
to the initial data ug then

T* < oo = limsup [[u(t)|13s) = oo (IL.3)
t—T™*

This was extended to the full limit in time in Hz(R?) by G. Seregin in [114].

Several works have been done in this direction as well, the recent work of I. Gallagher, G.
143

Koch and F. Planchon [51] for instance extends (I1.3) to the critical Besov spaces Bpq *,
for 3 < p,q < oo.

In another hand, one may notice that the divergence free condition can provide us another
type of conditions for the global regularity (let us say anisotropic ones) under conditions
on some components of the velocity or its gradient. Several works have been done in this
direction, one may see for instance [103, 19, 20, 50, 66, 90, 104, 108, 111, 124] for examples
in some scaling invariant spaces or not of Serrin-type regularity criterion, or equivalently
proving that, if 7™ is finite then

T* T*
/0Hu3(t,.)yy§q: or /0 l058t, )|, = oo.

The first result in a scaling invariant space under only one component of the velocity has
been proved by J.-Y Chemin and P. Zhang in [30] for p €]4,6[ and a little bit later by
the same authors together with Z. Zhang in [32] for p €]4,00[. The case p = 2 has been
treated very recently by J.-Y Chemin, I. Gallagher and P. Zhang in [29]. As mentioned in
[29] such a result in the case of p = 0o, assuming it is true, seems to be out of reach for
the time being.

However, the authors in [29] proved some results for p = co. Mainly, they proved that if

there is a blow-up at some time 7™ > 0, then it is not possible for one component of the
velocity to tend to 0 too fast. More precisely they proved the following blow-up condition

Vo€ 2Vt <T*,  sup |u(t) ol = colog™? <e + T4

€[t T+

The last result proved in their paper needs reinforcing slightly the H 7 norm in some
directions. Mainly, without loss of generality, their result can be stated as the following
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Theorem I1.1.1. There exists a positive constant cy such that if u is a mazximal solution
of (NS) in C([0,T*[, H"), then for all positive real number E we have:

T" < oo = limsup Hu?’(t)HH% > ¢,

t—T* logp, E

where

def
lal® s =

/ €llog(E|&n] + €)|a(€)de < oo, and & < (€1,6).

logh E

Motivated by this result, we aim to show that, up to a small modification in the proof of
Theorem II.1.1, we can obtain the same blow-up condition in the case p = co, by slightly
reinforcing the H 2 norm in the vertical direction instead of the horizontal one. More
precisely, we define

Definition I1.1.1. Let E be a positive real number. We define Hlog & to be the sub space
of Hz (R®) such that:

5 def
oe ity = oty [ iliog(Ele] + e)lato)Rds < o0

We will prove

Theorem I1.1.2. There exists a positive constant cy such that if u is a mazximal solution
of (NS) in C([0,T*[, H), then for all positive real number E we have

T* < oo = limsup ||u’(t)|| .1 = Co
t—T* logy,E

Remark I1.1.1. The blow-up condition stated in Theorem II.1.2 above can be generalized
to the following one

Vo €S?, T <oo = limsup |lo-u(t )|| > ¢,
t—T* logo. E
where
def . def
lally, % [ lellog(Elés| + lal)Pde < oo, with &5 (¢ o
logo. E R3

As a corollary, by combining the arguments leading to prove our Theorem I1.1.2 together
with the ones leading to Theorem II.1.1 from [29], we can reach the same result under a

little bit better condition on one component of the velocity. Let us define the space H li 0.
by
2 def

l/mmEmmmmmuw<n&<m

Then we prove
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Corollary I1.2. There exists a positive constant cq such that, if u is a maximal solution
of (NS) in C([0,T*[, H"), then for all positive real number E, we have

T <00 = liltrrisTL}pHug(t HH% > ¢p.

log,E

The other results that we will prove in this Chapter can be seen as some blow-up criterion
under scaling invariant conditions on one component of the velocity and one component of
the vorticity, whether in some anisotropic Besov spaces of the form L”((B2 Oo)h(Bs’po;a)U),
for v € [0, 5], or LP(B,,), where

def
Sp =

def -2

1 12
— 5 and B,, = B;oop : (1L.4)

h<HR N

We will prove

Theorem I1.2.1. Let u be a mazimal solution of (NS) in C([0,T*[; H'). If T* < oo,

then 2 1 2 1
Vp,m € [2,4], Va € |0,— — =|, VB € |0, — — = |, we have:
p 2 m 2

*

T*
/}@u Wmaﬁ+/uwmmwwwzm
0 0 e

Theorem I1.2.2. Let u be a mazimal solution of (NS) in C([0,T*[; H'). If T* < oo,
then for all q1,q2 € [3,00], for all py,pe satisfying

3 2
2+ 2,2, ie{1,2). IL5
S ie(12) (1L5)

We have .
A(@u @mﬁ%l @zt = oc.

Remark I11.2.1. 1. All the spaces stated in Theorems I1.2.1 and Theorem I1.2.2 above
are scaling invariant spaces under the natural 3-D Navier-Stokes scaling.

2. The regularity of the spaces stated in the blow-up conditions in Theorem I1.2.2 is
negative, more precisely under assumption (11.5), %4— p%_ —2 €] —1,0[. Moreover, the
integrability asked for in the associated Besov spaces 1s always higher than 3, which
make these spaces larger than LY. (H%*%)

3. For Theorem I1.2.1, taking in mind the embedding LY (H%_%) — L (Ba’giiia) for
all a € [O = — —} (see Lemma A.2.6), it is obvious then that the blow-up conditions

stated in Theorem I1.2.1 implies the ones in L, (Hp 2).
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4. In the case p = 4 (resp. m = 4) in Theorem II.2.1, a (resp. ) is mecessary zero,
this means that the anisotropic space above is nothing but Ly(B3 ), which is still
larger than L3.(L?). The proof in this case can be done without any use of anisotropic
technics.

The structure of this Chapter is the following: in order to prove each one of Theorems
I1.1.2, I1.2.1 and I1.2.2, in a first time we will reduce their proofs to three lemmata. Then
we prove each one in its subsection.

We will make use of the following notations: if A and B are two real quantities, the notation
A < B means A < CB for some universal constant C' which is independent on varying
parameters of the problem. (cq)4ez (resp. (dy)qez) Will be a sequence satisfying Z <1
q€Z
(resp. Z d, < 1), which is allowed to differ from a line to another one.
q€EZ
Sometimes, we will use the notation
Lh(h L) < L7 ((0,7); LP(R3); LU(R,))),  H(F1L) < 154 (R?)

def def
H‘”H;L(Hg) = H'HHSJ(RS")’ H'HB;H = H'HBg’q(R?’)

In the rest of this Chapter, in order to simplify the notations, we will omit the dot in the
notation of the homogeneous dyadic operators. That is to say, we will be using only the
homogeneous version of Littlewood-Paley theory defined in the Appendix A, by denoting
the associated dyadic blocks A; instead of A]-.

1.3 Almost critical one component condition

11.3.1 Proof of Theorem I11.1.2

In this subsection, we reduce the proof of Theorem I1.1.2 to a proof of a crucial inequality.
For i,¢ € {1,2}, we denote

Jio(u, u?) dof D;ulOzuOu’. (I1.6)

R3
The proof of Theorem II.1.2 is then based on the following lemma

Lemma I1.3.1. There exists C' > 0 such that, for any E > 0, we have:

P
195" [

E2

2
ogv,E

1
atu®) < (35 + €1l ) 19wl +€
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Let us assume for a moment that Lemma I1.3.1 holds true, we show first how to derive
Theorem 11.1.2 from it, then we go back to prove Lemma I1.3.1 in the next subsection.

Proof of Theorem I1.1.2 Following the idea of [29] we begin by establishing a bound
of Vyu in L(L?) N L2 (H?'), then we use this estimate to establish a bound of d;u in the
same space. To do so we multiply (N.S) by —Apu, usual calculation leads then to:

d 4
> IV null7s + I VhulFn =D Eiw), (IL.7)

i=1
with

2

E1(w) = =) (O - Vau|Ou") 1
Eg(u) d:ef - Z (@uh . th3|0iu3) 2

40 & =3 (Do o) ..

=1
2

i) & =3 (o o) .

=1

A direct computation shows that & (u), £2(u) and E4(u) can be expressed as a sum of terms
of the form

I(u) = o 8 P ut Opu™,

where (j,¢) € {1,2}* and (i, k,m) € {1,2 3}3

Next, by duality, product rules and then interpolation, for any p € (1, 400], one may easly
show that!

I(u < thugHHz 1 H@u’“(’?gumHH%,%
Sl 34 1V mul-

S HugH 243 ||th||L2 ||th||
In particular, for p = oo we have:

I(u) S]], 3 IVnullf - (IL.8)

!'Notice that I(u) provides a global bound if u3 € LP(HP ) for some p € (1,00]. It is in fact the term
E3(u) which poses a problem, and this is why this method doesn’t give a complete answer to the regularity
criteria under one component only in the case p = 2 as mentionned in [29].
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The term E;(u), can be estimated by using Lemma I1.3.1, to obtain

1 Oyl
< (B ety )it ey 20l
We define then
def * 3 L
L {Te0 Tl g Il <0}

Therefore, for all ¢ < T, relation (II.7) together with estimate (II.8), Lemma II.3.1 and
the classical L?—energy estimate lead to

2
[[uol|z2
E?

t
IVhu(t)|72 +/ IV nu(s)l7 ds < [ Vauolz. + (IL.9)
0

On the other hand, as explained in [29], multiplying (N.S) by —03u, integrating over R,
integration by parts together with the divergence free condition lead to
Bl + 18sul% < 110 0
g 195ullze + [105ullfn S 10sull po [V aull s [|O5ull ..
1 2 2
S 5 10sullfn + CIVhul g2 [Vl o [|0ullr. -

(T1.9) above leads then to a bound for w in Lg% (H").
Thus, by contraposition, if the quantity ||u(t)||z: blows-up at a finite time 7 > 0, then

vt € [0, T*[: sup [[u(s)]|

72
s€[0,t] H

which gives the desired result by passing to the limit ¢ — T™.
Theorem I1.1.2 is proved. O

11.3.2 Proof of the main Lemma 11.3.1

Before presenting the proof of Lemma I1.3.1, we shall prove two simple lemmata based on
which frequencies dominate the horizontal or the vertical ones.

The first lemma can be used when the horizontal frequencies control the vertical ones

Lemma I1.3.2. Let s,t be two real numbers, let f be a reqular function, we define f& as

feEY ALy,
q<k
Then we have:
1055 || groe S IVAS o
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Proof Let us use Plancherel-Parseval identity to write:
x| o]
q<k
def

where: wf e(277&n]), b = ©(279)&,]), and ¢ is the function given in the Appendix to
define the dyadic blocks. Thus, using the support properties of %, ¢y, and the condition
q < k, we infer that, for all £ = (&,,&,) € Supp(p}) x supp(ey)

losr€lI;

( )|2de, (I1.10)

[l S 27 <28 Sl (IL.11)
Plugging (I1.11) into (I1.10) concludes the proof of the lemma. O
The second lemma that we will need is useful to estimate some parts of the anisotropic

Bony’s decomposition for functions having a dominated vertical frequencies compared to
the horizontal ones, and which are supported away from zero horizontally in Fourier side.

Lemma I1.3.3. Let f be a reqular function, and E > 0. We define ffE_l as
def v
fﬁE 1= ZAZAqfﬂ,E717
k<q

where df )
Jop1 = (1B§(O,E—1)f)-

Above, B(0, R) refers to the two dimensional ball of radius equals to R.
Then we have the following estimates

HAZSJh 1 me—l)HL%(LZO) < (log(E2q + e))ﬁcq HVthLQ(Rg) . (I1.12)

155831 () | ey S (09(E27 + €)) 2,22 [Vl asy (IL.13)

Proof According to the support properties we have
SUNT R (S SR SN P
1€{-1,0,1}

therefore, due to Bernstein’s inequality, we can write

HAZSJh 1 fﬁ,E—l)HLg(Lgo) N Z 2" HAZAZJCHB(R&)

E-1<2k<2q

< ( 3 ) 190

E-1<2k<2q

S (log(E27 + ) cq Vit 2y -

39



CHAPTER II. BLOW-UP CONDITIONS -3D— NS

Thus the first inequality is proved. For the second, one we first write
1951951 (Fe- ) e ) N%QQ 1A% S5 (Fe-0 2 ey
inequality (IL.12) gives then
S U i S (20287 o027 ) ) IV

m<gq
S (log(EQq + e))Ecq thfHLQ(R3)

Inequality (I1.13) follows.

Now we are in position to prove lemma II.3.1.
Proof of lemma I1.3.1 Let us write, for E € RT and a € S'(R?):

def —~_ ~ def _ N
ay, p-1 = F l(lBh(O,Eﬂ)a), ag p-1 = F 1(1Bﬁ(0,E*1)a)'

Based on this decomposition, we write
Jio(w,u®) = Ty 4 T,
where

b def

J 8iu3(93uf7E718¢u€,and Jt def/ 8u383uw L0l

R3

The main point consists in estimating Jﬁ;. Using Bony’s decomposition with respect to the

horizontal variables, to write
Jb=Jb + JE with

Jﬁ,l d_ef / ( 2 aﬂ/(xi“ $3)T£u3(xh,w3)a3u§,E71 (:L‘h, l’g)dl’h) dl‘g,
v R

(3

keZ

/ Aot (xy, m)ﬁﬁT&uz o (zp, xg)dxh) dxs,
R2 tE

_1(zn,z3)

and o
T 3" Siaalrid.

kEZ

J%l can be estimated by duality then by using some product laws, we obtain

81 <

h
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Using then the inequality: ||V ,ull

L) S [IVaull g gsy (see Lemma A.2.7), we infer that
1 2
JfﬁE S Hu3||H2 (R3) thUHHl(Rs)- (I1.14)

In order to estimate J%%, we split it into a sum of a good term J5>% and a bad one J5*P
based on the dominated frequencies of dsu’

aguﬁ -1 = 83uti 1T 83uﬁE . with
Osuy's BT ANl 0 and Ogupp T Y ALALOUL

q<k k<q

The good term can be easily estimated without using the fact that u! p—1 contains only
the high horizontal frequencies, but just by making use of the fact that the horizontal
frequencies control the vertical ones. We proceed as follows, by using the product Lemma
A.2.3, we find:

£,2,G 3 0G
T " S || Vau HH;%(L%) Hai*»“w gty HVhUHHg(H%)-
Lemma II.3.2 gives then
£,2,G 3 2
Ty 7 S || Vau HH;%(L%) HthHHh%(H%),
which yields finally, by using Lemma A.2.6
2,G 2
TE2S S || s IV null - (IL15)

In order to estimate the bad term J%’Q’B, we use the Bony’s decomposition with respect to
vertical variables to infer that

‘]m’B N Z HAhAUth”L? RS) Ili,lt; +Ilg,23 +Ilgi1))’ (11'16)
q,kEZ
where
(83%12 1) ’LOO (15°) HAhAUVhUSHLQ(Ri%)’

‘Sk A (DyulB )

’ HAZSg—lvh“ HLgo(Li) ’

I}gﬁ) def

24 Hsk LAY aguw )

Jj=q—No

(IN%SA

L2(L§®) L2(R3)

The estimates of these terms are based on Lemma I1.3.3, by taking fﬁBE 1 83% -1

We use inequality (I1.13) from Lemma I1.3.3 to estimate I,i 3, which gives

I;il < (log(E27 + 6))%%2% IV sl 2 gsy 2° HAZAZ“3HL2(R3)

4

S e 2525 IV RO3ul| 12 sy [ u® H
log»UE
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Thus, we obtain
Ty S 2822 | Vidsull o [°f] 3 - (I1.17)
lDQu

2)

In order to estimate Ilg, » we use inequality (I1.12) to infer that

2 1 v
T2 < (log(E27 + €))? ¢ |V sull 2 s, 2° 1ALy || 2 (I1.18)
k Lk v
S €22 || V30sul| 2 gsy (log(E27 4 ¢)) 22> HA’,;sq_lu?’HL?(Li) . (I11.19)

Next, we use the following estimate

274 (log(B27 + ¢)) 225 | ALy |, S D (2 Dlog(E21 + ) ))22% | ARAL ) i,

m<q

together with the fact that

log(E27 4+ ¢€) < log(2T™(E2™ +e€)), VYm <gq
<log(E2™ +e) + (¢ —m)
Slog(E2™ 4+ €)(1+ (¢ —m))

to achieve

1

%(log(E2q—|—e 29 gHAh 1u3HLw(L2 < Z O g—mCm)Ck Hu3|| .

m<q H, gv, B
ef V1 : . .
where o = j— € ﬁl (N). By using convolution inequality, we deduce that
23
A 2228 IV h05ul| L2 gsy || || : (I1.20)

logv

Finally, in order to estimate I,g q), we use again inequality (I1.13) from Lemma I1.3.3, we

obtain

I;(cg; N 232’5( Z (ZOQ(EQJ te ) HAhAU 3HL2(R3 ) th&%“”m(u{%

Jj=q—No

< 2823 IVROsull 2 gs) [ H

logv E

Together with (I1.17) and (I1.20) yield

PR YS cx282% ||Vl @) ||’ H

i€{1,2,3} Hisg,
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Plugging this last one into (I1.16) gives

Jﬁ2B < ( Z 2595 HAhA”thHLQ(Rg ) IV rull g s Hu H

quZ ogv E
SIVaull g ps ) IVal i es) ]
h 21 lOgv E
Lemma A.2.6 then gives
2B 2
Viaals IVnulli gs) H“3” A (IL.21)
ogv,

From (II.14), (II.15) and (I.21) we deduce
T S IVl oy 0] 3
10911 E

. .1
J}, can be estimated along the same lines as in [29], by using the product law (B3 ), - H? C
H?, together with the embedding H(R?) < L°(H?) (see Lemma A.2.7), we infer that

T SINVne |y -, 10500,
S HU?)HH% Ha?’U’ILE_IHL%(B%J)h th“”L%o(Hh%)
0
S HUBH a3 IVaull g %
|05l
100 thuHHl +C||u3H2§ ?)EQ L
Lemma I1.3.1 is then proved. O

11.3.3 Proof of Corollary 11.2

We end this section by giving the idea to prove the Corollary I1.2. As aforementioned,
the proof of Corollary I1.2 is simple if we apply the arguments leading to prove Theorems
I1.1.1 and II.1.1.

Indeed, all the machinery of the proof relies on estimating the trilinear term J;o(u, u?®) given
by (I1.6). As the proofs of Theorems I1.1.2 and II.1.1 are respectively based on Lemma
I1.3.1, and Lemma 2.3 from [29], the proof of Corollary I1.2 can be reduced to the proof of
the following Lemma

Lemma 11.3.4. There exists C' > 0 such that, for any E > 0, we have:

P
195" [

) 19wl + s 5

1
atw®) < (54 o]

log,E
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Proof
We recall the expression of J; o(u, u®)

def
Jio(u, u?) = Al osutou’.

Let us write

with def N
up = F (L, < u?(€)),  ul

This decomposition gives in particular

= F L <ie13(6)).

Jie(ua U’g) = JM(U,, uigz) + Jw(U, ug)?

and
oy =il

([
Hlog,E

3
g % Huv d %
H H
logy,E logp,E

The proof of Lemma I1.3.4 is achieved by applying Lemma I1.3.1 to Ji(u, u3) and Lemma
2.3 from [29] to Jip(u,ud). O

11.4 Critical two components criterion

11.4.1 Proof of the main Theorems 11.2.1 and 11.2.2

In order to prove Theorem II.2.1 and Theorem I1.2.2, we will be using, respectively, the
following two lemmata, the proofs of which are the purpose of the next subsection

Lemma I1.4.1. For all p €]2,4], for all a €0, s,[, where s, = 5, we have:

2
P

1 2 2
(£919) 2] < 75 I8l ey + C 1By 8l ey

The second lemma reads as follows

Lemma I1.4.2. For any p,q € [1, 00| satisfying 2 + ]% €|1,2[, we have

1 2 2
|(£919) 2| < 75 1915y + C N1 £115, , 191 22es) -

In the rest of this subsection, we outline the proofs of TheoremlII.2.1 and Theorem I1.2.2,
assuming the two lemmata above hold true
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Proof of Theorem II.2.1 Following for example the idea of [125], we multiply (N.S)
by —Awu and we integrate in space to obtain
d
o IVl + 180l = [ (u-va) -
2dt R3

3
= —/ Z 8ku18]u28kuz
R3

1,5,k=1

For the time being, we don’t know how to deal with the tri-linear term on the right hand-
side above in order to obtain a global-estimate of w in LPH! N L2.H?2, so to close the
estimates the idea is similar to the one in Theorems II.1.1 and II.1.2, and it consists in
looking at this term as a bi-linear operator acting on (L§H! N L%Hﬁf after assuming a
condition which allows to control some components of the matrix d;u’.

Let us recall the Biot-Savart law identity which allows to write the so-called div-curl
decomposition of u" as
u' = Vi AN (w?) — VA (0su?). (11.22)
Identity (I1.22) insures that, for (i,j) € {1,2}? 9;v/ can be writing in terms of w® and
O3u?®, modulo some anisotropic Fourier-multipliers of order zero, more precisely we have,
for (i,7) € {1,2}? ' )
&uj = Ri,ng + 72¢7j83u3,
where 7%13 and R, ; are zero-order Fourier multipliers bounded from L? into L7 for all ¢ in
]1,00[. On the other hand, the quantity dyu’/9d;u’dyu’ contains always, at least, one term
of the form d;u? with (i,7) € {1,2}* or i = j = 3, we infer that
d 2 2
o IVl 4 A s

(l7k7m7n)€{172’3}
(1.5)€{1,2}

. (IL23)

/ (Ri,jLU3 + ﬁi,jagu?’)akul&mu”
R3

Lemma I1.4.2 gives then
d 2 2 1 2 m 2
o 17l + 1Vl < 35 1Vuls + O Woutallyy e + ¥ [Fonms ) IVl
Gronwall’s lemma leads then to
t t
IV [ IVa(e) e de S [Vl cop [c / (||83u3<t’>||§;;,8p-a+Hw3<t’>II’;‘gﬁsm6 )df’] ~
0 0 00 00
(I1.24)
That is if, for some «, 8, p, m satisfying the hypothesis of Theorem II.2.1, the quantity in
the right hand side of (I1.24) is finite, then u is bounded in L (H!). By contraposition,

if there is a blow-up of the H' norm at some finite T* then, for all «, B, p,m as given by
Theorem I1.2.1

.
[ (10aat) iy o+ @y s Y =
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Theorem II1.2.1 is then proved. O

Proof of Theorem I1.2.2 'The proof of Theorem I1.2.2 does not differ a lot from the
previous one. We resume from (I1.23), applying Lemma I1.4.1 gives?

d 2 2 1 2 p 2
57 IVelle + IVl < 75 VUl + C{ N10susls,, ,, + lo”lls, ) Vel

Next, integrating in time interval [0, ¢], and applying Gronwall’s lemma gives

t
B,
0 4q2,P2

t
Vu s+ [ IVttt S 9wl eap[ [ (10wl + 11, )i

Same arguments as in the conclusion of the previous Theorem lead to the desired result.
Theorem 11.2.2 is Proved. O

11.4.2 Proof of the main lemmata 11.4.1 andll.4.2

The purpose of this is subsection is to outline the idea of the proof of Lemma I1.4.1 and
Lemma 11.4.2

Proof of lemma II.4.1 Letp € [2,4] and a € [O, % — %] We define ¢ and 6 such that
2 de 1
S (I1.25)
q p
pes a1 (11.26)
= > ) :
One may check that
8 1 11 1 2
24 9 - _ - = - It
q€}3, {C],oo[ and 96[2 p,JC[O,Q]C{O,q{,
which allow us to use the following embedding, due to Lemmata A.2.6 and A.2.9
. . . % . 3_9 .
Ly (LA(RY) N LA (RY) — LY(BS, (RY) = L (B, n(B,).).  (1L27)

.2_9 . .4 _op_ .99 1
Thus, by using Lemma A 2.3, if g € (Bg, )n(BS,), then g- g € (Bg, ’ l)h(Bzzi 2y

By virtue of (I1.25), (I1.26) and embedding (II.27), we infer that

~24lta S ||g||2.2 0

lg-gll . 2 24 .
(B;,?)h(Bz,f Jv (B2q,1 )h(Bg,l)v

2Note that the case ¢; = oo is considered in the estimates proved in Lemma I1.4.2. However, we did
not say anything about this case in Theorem I1.2.2 due to the lack of continuity of Riesz operators R; ;
and R; ; from L* into L.
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which gives by duality, embedding (I1.27) and Lemma A.2.9

< 2_1_ _241.,
‘(fg|g)L2} ~ Hf”(B?,oo)h(ng Hg g” 21)h(32,f’+7+ y
< Wl o ||gr| ’
’ 21
2 2(1_2)
S llsg oy, N9l gl 7
Finally, we obtain
[(folg) o] < 75 ol Oy ), ooy, N9l
Lemma II1.4.1 is proved. O

Proof of lemma II.j.2 According to Lemma A.2.9, in particular inequality (A.15)
gives

1—2
gt M 2 )y = N9t )IIHI(Rs lg(t, M p2sy, Ym €]2, 00l (I1.28)

We use then the Bony’s decomposition to study the product g - g.
Let (¢,p) € [1,00]? satisfying

2
€ [3,00] and §—i——€]1,2[.
q Pp

Let (mq, ms) be in [2, 00]Xx]2, 00|, given by

L\ dey

F3 2
and 2(1-——) §+z_9 €]1,2[ <= my €]2,00]. (I1.29)

Let us define the real number N,,, associated to the embedding H%(R?’) in LN=1 (R3)

L oaer 1 2 {1 1]

———c |z
Npo 2 3mp o |62

Let us also define r to be the conjugate of ¢, that is

We write
Aj(g-9) =24;Ty(g9) + AjR(g, 9)

where T and R are the operators associated to the Bony’s decomposition, defined in the
Appendix A.
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We turn now to estimate the two parts of A;(g-g). We have
12T - < 15519l vy (185911 -
2
S Mgl ;27772 gl 2
B
using then the embedding

Il S llgl, 2 (1L30)
together with the interpolation inequality (I1.28) gives

e 22 S22
1T S 277 d; gl 2

= 2
" lgll ™
3 Gl
r,1

For the remainder term, we proceed almost similarly

(I1.31)

18Rl S Y |[Brg]| . 1859l
i'>5-5
52 _(at -L
<277 N (2R gl v, loll 2.
,]./Zj*E) 21

where Aj/ = Z Aj4;. By convolution inequality, interpolation inequality (II.28)
ie{-1,0,1}

and the embedding one (I1.30), we get

2 2 2

iz 242 2--2.4 2
18;R(g 9l S 277 72di gl it ™ Nlgll. ™ ™
which gives, together with (I1.31)

2 2 2

—j2 ot o2 g
18509 - - S 27772 dsllglls ™ gl ™
On the other hand, by duality, we get

[(£919) 2] S D NAGF 1l 12509 - 9)I -

jEL
2 et 2 et
SO @7 A N di) gl ™ gl
jEL
242 9 2,2
< Hf“ 7@ Hg 7”1 mo ‘gHLz mi mo .
By virtue of (I1.29) we have
1 1 1 2 3 2
1o (o) =0 -2 222y
my Mo p ma q P
This gives
(F9l9) 2| < 75 ol +C 11, ol

Lemma [1.4.2 is proved.
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49



CHAPTER 111

G.W-P of the completely-viscous axisymmetric
Boussinesq system in critical spaces
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CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

111.1 Introduction

The description of the state of a moving stratified fluid in dimension three under the Boussi-
nesq approach, taking into account the friction forces is determined by the distribution of
the fluid velocity v(t,z) with free-divergence located in position x at a time ¢, the scalar
function p(t, z) designates either the temperature in the context of thermal convection, or
the mass density in the modeling of geophysical fluids and p(¢, ) is the pressure which is
relates v and p through an elliptic equation. This provides us to the Cauchy problem for
the Boussinesq system,

0w +v -V — plAv + Vp = pés, if (t,z) € Ry x R3,
Op+v-Vp—rAp=0, if (t,r) € Ry x R3, (B,.)
dive = 0, HoFE

(Ua p>|t:0 = (UO, po).

Above, p and k are two non-negative parameters which can be seen as the inverse of
Reynolds numbers and pe, models the influence of the buoyancy force in the fluid motion
in the vertical direction €, = (0,0, 1).

Boussinesq flows are ubiquitous in various nature phenomenon, such as oceanic circulations,
atmospheric fronts or katabatic winds, industry such as fume cupboard ventilation or dense
gas dispersion, see, e.g. [107].

Let us notice that the Navier-Stokes equations are obtained as particular case from (B, )
when the initial density is constant. Such equations are given as follows

Ov+v-Vo—puAv+Vp=0, (t,r)e R, xR
dive =0, (NS,)

U|t:0 = Up.

An important breakthrough was J. Leray’s paper in the thirties of last century where he
showed the global existence of weak solutions in energy space for any dimension. Never-
theless, the uniqueness of such solutions has been till now an open question, unless for the
two-dimensional case. Lately, the local wellposedness issue in the setting of mild solutions
for (NS,) was done by H. Fujita and T. Kato [44] for initial data belonging to the critical
Sobolev space H? in the sense of sca,le3 invariance. More similar results are established in
several functional spaces like L3, B, Oj ? and BMO™!. Tt should be noted that these types
of solutions are globally well posed in a time for initial data sufficiently small with respect
to the viscosity, except in two-dimensional, see [94, 113]. In a similar way, especially in
dimension two of spaces, the system (B, ) was tackled by many authors in various func-
tional spaces and different values for the parameters x and u. For the connected subject,
we refer to some selected references [70, 72, 73, 76, 92, 100, 119].

Before discussing some theoretical underpinnings results on the wellposedness topic for the
viscous Boussinesq system (B, ;) in three-dimensional, first let us point out again that the
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CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

topic of global existence and uniqueness for (NS,) in the general case is till now an open
problem in PDEs. It is therefore incumbent upon us to seek out a subclass of vector fields
which in turn leads to some conservation quantities, and so the global wellposedness result.
Such subclass involves to rewrite (NS, ) under vorticity formulation by applying the ”curl”
to the momentum equation, which is defined by w = V x v. Thus, we have:

. B _ ) . 3
{8tw+v Vo — plhw =w- Vo if (t,7) € Ry xR, (TIL.1)

Wjt=0 = Wo-
For three-dimensional flow the situation is more complicated due to the presence of stretch-
ing term w - Vo, which contributes additional drawbacks for the fluid motion.

The subclass we look for requires to assume that the velocity is an axisymmetric vector
field without swirl in the sense that v can be decomposed in the cylindrical coordinates
(r,0,z) as follows:

v(t,z) =v"(t, 1, 2)€, +v°(t,r, z)e,,

where for every z = (z1, 22, 2) € R* we have
xr1=rcost, xo=rsinf, r>0, 0<60<2rm.

Above, the triplet (€, €y, €,) represents the usual frame of unit vectors in the radial, az-
imuthal and vertical directions with the notation

é’rz(ﬂaﬁao)a 69:(_ﬁ7270>7 é;,:(0,0,l)

ror r o r

For these flows, the vorticity w takes the form w el wy€y, With
we = 0,0 — O,v°. (I11.2)

Taking advantage of divv = 0, the velocity field can be determined clearly in the half-space
Q= {(r,2z) € R?: r > 0} by solving the following elliptic system

(I11.3)

o,v" + %UT + 0.0* =0,
00" — 0,v* = wy,

under homogeneous boundary conditions v" = 9,v* = 0. The differential system (II1.3) is
wellknown as the azisymmetric Biot-Savart law associated to (NS,,), see Section II1.2.1.

A few computations claim that the term w - Vv becomes %we and that wy evolves,

T

W, v
Owwo + (v V)wp — pAwg + ur—;’ = —wp, (IIL.4)

with the notations v - V = v"d, + v*9, and A = 9? + %& + 02. By setting 1T = 20, we
discover that II satisfies

2
Ol + v - VII — u(A + ;ar>n —0, o= (IIL5)
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CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

Since the dissipative operator (A + %EL) has a good sign, thus the LP—norms are time
bounded, that is for ¢t > 0

L) ze < [[of[z»,  p € [1, 00]. (IT1.6)

Under this pattern, M. Ukhoviskii and V. Yudovich [116], independently O. Ladyzhenskaya
[91] succeed to recover (NS,) globally in time, whenever vy € H' and wp, ¥ € L* N L™.
This result was relaxed later by S. Leonardi, J. Malek, J. Necas and M. Pokorny for vy € H?
and weakened recently in [3] by H. Abidi for vy € Hz.

The majority of aforementioned results are accomplished within the framework of finite
energy solutions. For the solutions with infinite energy, in particular in two dimensions
many results dealing with the global wellposedness problem have been obtained by numer-
ous authors. Particularly, worth mentioning that Giga, Miyakawa and Osada have been
established in [60] that (NS,) admits a unique global solutions for initial vorticity is mea-
sure. Lately, M. Ben-Artzi [10] has shown that (NS,) is globally well posed whenever the
initial vorticity wy belongs to critical Lebesgue space L'(IR?) who proposed a new formal-
ism based on elementary comparison principles for linear parabolic equations. While, the
uniqueness was relaxed later by H. Brezis [13]. Thereafter, this result was improved by I.
Gallagher and Th. Gallay [48], where they constructed solutions globally in time, under
the assumption that wy is a finite measure. For more details about this subject we refer
the reader to the references [34, 55, 58].

More recently, the global wellposedness problem for (I11.4) was revisited in three-dimensional
by Th. Gallay and V. Sverdk who established in [56] that (NS,) posseses a unique global

solutions if the initial velocity is an axisymmetric vector field and its vorticity lying the

critical space L'(Q). In addition, they were extending their results in more general case,

i.e., wp is a finite measure, where Q is half-plane Q = {(r,z) € R : r > 0, z € R} endowed

with the product measure drdz. Actually, their paradigm uses specifically the standard

fixed point method to show in particular the local wellposedness for the system (I11.4)

under the form

. 1
Oywy + divy(vwy) = u(A - ﬁ)wg

combined with the special structure of the vorticity, in particular, the axisymmetric Biot-
Svart law, where div, f = 0, f" 4+ 0.f*. They showed that the local solutions constructed
can be extended to the global one by exploiting some a priori estimates for wy in various
norms. We point out that the uniqueness topic for initial vorticity is measure was done
by the same authors under some smallness condition on the punctual part. Furthermore,
they provide also an asymptotic behavior study for positive vorticity with a finite impulse.

For (B,.,), the global regularity in dimension three of spaces has received a considerable
attention. As shown in [36], for = 0 R. Danchin and M. Paicu investigated that (B, )
is locally well posed in time in any dimension in the framework of Fujita-Kato’s solutions.
Next, in the axisymmetric case, H. Abidi, T. Hmidi and S. Keraani proved in [5] that
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CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

(B,,x) is globally well posed by rewriting it under vorticity-density formulation:
Owy + v - Vwg — Zwy = (A — & )wyg — Orp,
Op—+v-Vp=0, (II1.7)
(w97 p)\t:O = (w()v pO)

Consequently, the quantity I = “¢ solves the equation

2
Ol +v - VII — (A + ;arm = —arp. (IT1.8)

r

They assumed that vy € H'(R?), Ty € L?(R3?), py € L? N L™ with supp po N (Oz) = () and
P_(supp po) is a compact set in R3, especially to dismiss the violent singularity of %, with
P, being the orthogonal projector over (Oz). Those results are improved later by T. Hmidi
and F. Rousset in [74] for £ > 0 by removing the assumption on the support of the density.
Their strategy is deeply based on the coupling between the two equations of the system
(II1.9) by introducing a new unknown which is called coupled function, this latest will play
a significant role in our analysis as well, we shall come back to this later. In the same way,
by using the advantage of the coupled function, C. Miao and X. Zheng studied in [101]
the Cauchy problem of the system in question where they replaced the full dissipation by
an horizontal one in all the equations. More recently in [41] P. Dreyfuss and H.Houamed
treated the system in question, where they replaced the full dissipation by an horizontal one
in all the equations, and proved the global wellposedness if the axisymmetric initial data
(vo, Iy, po) lies in H*(R?) x L?(R?) x L*(R?) . In the same direction, in [82] H. Houamed and
M. Zeruine succeed to solve (B,, ) globally in time for x = 0 and axisymmetric initial data
(vo, po) € (H? NBY,)(R?) x (L2NBY,) (R?), by essentially combining the works of[3, 36, 74].

In the present Chapter, we want to conduct the same results recently obtained in [56] for the
viscous Boussinesq system (B, ;) expressed by the following vorticity-density formulation.

Owy + v - Vwg — Zwy = (A — & )wy — Opp,
op+v-Vp—rAp=0, (II1.9)
(w97p)\t:0 - (W07P0)7

for initial data (wo, po) in the critical Lebesgue space L'(Q2) x L'(R?), with the following
notations

(Jolwn(r, 2)Pdrdz)" i p e [1,00),

lwollLe@) = _
essupg pealwe(r 2)] i p = oo
and )
1T oy = <fQ [TI(r, z)|p7’drdz> " ifpe|l,00),
essup,. , eq|lL(7, 2)| if p = o0.
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CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

Let us notice that the spaces L'(2) and L'(R?) are scale invariant, in the sense
N w0 [zi@) = lwolli@ys 1N oAl @s) = [lpoll 1 (we)

for any (wo, po) € L*(©2) x L'(R?) and any A > 0. This is derived from the fact
wolt,r, 2) = N2wp(N2t, A, A2),  p(t,r, 2) = A3p(A%t, Ar, \z).

is a symmetry of (I11.9).

At this stage, we are ready to state the main result of this Chapter. To be precise, we will
prove the following theorem.

Theorem II1.1.1. Let (wy, po) € L*(Q2) x LY(R3) be an azisymmetric initial data, then the
system (II1.9) for k = 1 admits a unique global mild solution. More precisely, we have:

(wn 7o) € (CO([0, 00 L'(©)) N (0 oo);LOO(Q))>2, (I11.10)

p € C°([0,00); L'(R?)) N C°((0, 00); L¥(R?)). (I11.11)

Furthermore, for every p € [1,00], there exists some constant f(p(Dg) > 0, for which, and
for allt > 0 the following statements hold.

_(1-1y ~
1(wa(®), ro() | ooy wrriey <t 77 Ky(Dy), (II1.12)

8011y~
lp(t) || oesy < 72172 K,(Do), (IT1.13)

where s
Dy = ||(w07p0)||L1(Q)><L1(R3)-

A few comments about Theorem III.1.1 are given by the following remarks.

Remark 111.1.2. By axisymmetric scalar function we mean again a function that depends
only on the variable (r,z) but not on the angle variable € in cylindrical coordinates. We
can check that the axisymmetric structure is preserved through the time in the way that
if (vo, po) is axisymmetric without swirl, then the obtained solution is also.

Remark TI1.1.3. The hypothesis wy € L'(2) doesn’t imply generally that the associated
velocity v is in L?(Q) space. Consequently, the classical energy estimate is not available to
provide a uniform bound for the velocity.

The proof is organized in two parts. The first one cares with the local well posedness topic
for (II1.9) in the spirit of [56] due to Th. Gallay and V. Svérak . We make use of fixed
point-method for an equivalent system (II1.9) on product space equipped with an adequate
norm with the help of the axisymmetric Biot-Savart law and some norm estimates in terms
of the velocity and the vorticity. But in our context, we should deal carefully with the
additional term % which contributes a singularity over the axis (Oz). The remedy is to
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CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

hide this term by exploiting the coupling structure of the system (II1.9) for k = 1 and
introducing new unknown functions I' and I' in the spirit of [74] by setting I' = =2 — £,

and I =7T. A straightforward computation shows that I' and r solve, respectively

VT _ 29 )T =
O +v- VI —(A+20,)I"' =0, (I11.14)
Ft:() — FO.
= VT — YT (A — I\ —
Ol +v- VI — 4T — (A = 5)I' =0, (IIL.15)

In fact, in the second part, we shall investigate some a priori estimates for all the unknowns
in order to establish the global regularity for the system in question. Significant properties
of the new unknowns, such as the maximum principle, are gained in this transition and I"
evolves a similar equation and keeps the same boundary conditions as II in the case of the
axisymmetric Navier-Stokes without swirl, see (II1.5). As a consequence, the function T’
(and eventually T in Q after some technical computations) satisfies an estimate as (I11.6)
which will be crucial in the process of deriving the global regularity of our solutions.

For the reader’s convenience, we provide a brief headline of this Chapter. In section 2,
we briefly depict the framework that exists regarding the axisymmetric Biot-Savart law.
Many results could be spent in explaining this framework in detail, in particular, the
relation between the velocity vector field and its vorticity by means of the stream function.
Along the way, we recall some weighted estimates which will be helpful in the sequel.
Afterwards, we focus in the linear equation of (II1.9) and some characterization of their
associated semi-group, in particular the LP — L9 estimate as in two-dimension space.
Section 3, mainly treats the local well posedness topic for the system (II1.9). The main
tool is the fixed point argument on the product space combined with a few technics about
the semi-group estimates. In section 4, we investigate some global a priori estimates by
coupling the system (I11.9) and introducing the new unknowns I and T". Considering these
latest quantities will be helpful to derive the global estimates for the equivalent system
(II1.9) and consequently the system (B, ).

111.2 Introduction to the axisymmetric without swirl vec-
tor fields and to the heat-semi group operator

In this section, we recall some basic tools which will be employed in the subsequent sections.
In particular, we devellop the Biot-Savart law in the framework of axisymmetric vector
fields, and we study the linear equation associated to the system (I11.9), usually specialized
to the local existence.
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111.2.1 The tool box of Biot-Savart law

Recalling that in the cylindrical coordinates and in the class of axisymmetric vector fields
without swirl the velocity is given by v = (v",0,v*) with v" and v* are independent of
f—variable, wy its vorticity defined from €2 into R by wy = d,v" — 0,v* and the divergence-
free condition divv = 0 turns out to be

Op(rv") + 0,(rv*) = 0.

In this case, it is not difficult to build a scalar function Q > (r, z) — ¥(r, z) € R which is
called azisymmetric stream function and satisfies

1 1
V= —=0, v =-0. (II1.16)
r r

Consequently, one obtains that v evolves the following linear elliptic inhomogeneous equa-
tion 1 ] 1
—=02 + 50,V — -2 = wy,
r r r
with the boundary conditions (0, z) = 9,¢(0, z) = 0. By setting £ = —192 + 59, — 202,
one finds the following boundary value problem

Ly(r,z) =wy(r,z)  if (r,2) €Q
{ Y(r,z) = &«1;(7“, 2) =0 if (r,z) € 09, (IT1.17)

where 9Q = {(r,z) € R? : r = 0}. It is evident that £ is an elliptic operator of second
order, then according to [115], £ is invertible with an inverse £~!. Consequently, the above
boundary value problem admits a unique solution given by

U(r,2) Y 2 y(r, 2) / / ‘/_< il T( ~)2>w9(?,2)d’fd5, (IT1.18)

where the function F : (0,00) — R is expressed as follows.

T cos ador
Fle) = /0 (2(1 —cosa) + s) 2 (ITL19)

Since, F' cannot be expressed as an elementary function, but it contributes some asymptotic
properties near s = 0 and s = oo listed in the following proposition. For more details about
the proof, see [43, 115].

Proposition I11.2.1. Let F' be the function defined by (111.19), then the following asser-
tions hold.

(i) F(s) :%1og§+1og8—2+o(slog§> and F'(s) :—%—i—O(log%) as s — 0.
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(i) F(s) = 557 +O< 5/2> and F'(s) = — 45/2 —l—O( 2) as s — 00.

(iii) For every k € N*, we have

ol smin ()5 () (5)). eeogl
o smn (2070 ol

: a 3 5
(iv) The maps s — s*F(s) and s — s°F'(s) are bounded for 0 < a < 3 and 1 < g < 2
respectively.

and

Now, let

rr

K(r,2,7,%) = \fﬁ’((r il G W). (IIL.20)

Thus in view of (IIL.18), ¥ takes the form

Wz = [ [ KR Dl D,
—o00 JO

with I can be seen as the kernel of the integral representation above. The last formula
together with (II1.16) claim that there exists a genuine connection between the velocity
and its vorticity, namely theazisymmatric Biot-Savart law which reads as follows

vr(r,z):/ / Ko (r, 2,7, 2)we (T, 2)drdz, vz(r,z):/ / IC.(r, 2,7, 2)wy(T, 2)drdz.
—0 J0 —o0 JO

(IT1.21)
Here, with the notation &2 = W we have
z
Ki(r,z,7,2) = = 7,3/2A1/2FI('£2) (II1.22)
and
~ L r— / 172 2 2 (2
K.(r,z,7,2) = Tg/gq/QF(f )+Em(F(5 ) — 282 F'(€7)). (111.23)

A worthwhile properties of the kernels K. and K, are given in the following result. For
more details about the proof see [56].

Proposition I11.2.2. Let (r,z,7,2) € Q x Q, then we have

C

Ko (r, 2,7, 2)| + |IC.(r, 2,7, 2)| < .
((r—’r 2—1—(2—272)1/2

(I11.24)
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Now, we state the first consequence of the above result, in particular the LP — L% between
the velocity and its vorticity, specifically we establish.

Proposition II1.2.3. Let v be an azisymmetric velocity vector associated to the vorticity
wy via the azisymmetric Biot-Savart law (111.21). Then the following assertions hold.

(i) Let (p,q) € (1,2) x (2,00), and 1_1_ % If wg € LP(Q), then v € (L1(Q))? and

s}

[v][La@) < CllwllLr)- (111.25)

+ 1_7". Then for wyg €

(ii) Let (p,q) € [1,2) x (2,00], we define o €]0,1[ by % =2
LP(Q) N LY(Q), we have v € (L=(Q))? and

[Vl o) < Cliwoll 7oy 1wl Lty (I11.26)

Proof
(i) Combining (II1.21) and (II1.24), we get

rz|<C// "”" )l Lz,
(r=7)2+(z—2)?)

rz\<c// T_T|“9(~>|~)2)1/2d~d~

The last two integrals on the right-hand side are singular integrals, so by hypothesis %_% =

and

%, Hardy-Littlewood-Sobolev inequality, see e.g. [23, Theorem 6.1.3] yields the desired
estimate.
(ii) Let R > 0, then in view of (II1.24) we have.

|wa(r — 7,2 = 2)| |wa(r =7, 2 = Z)|
IU(T,Z)\S/QR (r+ ) drdz +/Q\91R =Ry drdz,

where Qr = {(r,2) € Q: 0 <r < R,—R < z < R}. Thus, Hélder’s inequality implies

_2 1
[0(r, 2)] S llwsll ooy B 5 + llwsll ooy —5—-
P
. ¢ .
It is enoggh to tgke R = (“w@HLP(Q)/”W@“L(I(Q)) , with (= 57 = 2}p -, then easy
computations achieve the estimate. O

In the axisymmetric case the weighted estimates practice a decisive role to bound some
quantities like r®v in Lebesgue spaces for some a. Now, we state some of them, the proof
of which can be found in [43, 56].
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Proposition II1.2.4. Let o, € [0,2] be such that § — a € [0,1), and assume that

p,q € (1,00) satisfy
l4+a—-p

1
q 2
2 and the following bound holds

=

If rPuwg € LP(QY), then r*v € (L9(R2)

~—

17| Loy < CllrPwol| o). (I11.27)

111.2.2 Characterizations of the semi-groups associated with the lin-
earized equation

We focus on studying the linearized boundary initial value problem associated to the system
(IT1.9) and we state some properties of their semi-groups. Specifically, we consider

Oywy — (A — r%)wg =0, in €,
Op— Ap =0, in R3, (111.28)
(w9>0)|t=0 = (wo, po),

with Q = {(r,2) € R? : r > 0} is the half-space by prescribing the homogeneous Dirichlet

conditions at the boundary r = 0 for wy variable. For (wp, po) € L*(Q2) x L'(R?), the
solution of (II1.28) is given explicitly by

{ CUg<t) = Sl (t)wo,
p(t) = Sa(t)po

where (S1(t))i>0 and (S(t)):>0 being respectively the semi-groups or evolution operators

associated to the dissipative operators (A — =) and A.

Such are characterized by the following explicit formula, namely we have.

Proposition II1.2.5. The family (Si(t),S2(t))i>0 associated to (111.28) is expressed by the
following

(S1(t)wo) (r, 2) = 4% o T () e (7, B, 1129)
G e Gy LSOOG '
(Sa(t)po)(r,2) = 7 Jo T Aa (5 ) e =5 po (. B) 2,
where the functions (0,4+00) 3t — A (t), A5(t) € R are defined by
JV(t f7r/2 _sin?a (2 )d
v ;}f e (IIL.30)
M) = 7= |7 rp€ T da
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Proof

We assume that (wg, p) solves (II1.28), then a straightforward computations claim that
(w, p), with w = wyéy, satisfies the usual heat equation dyw — Aw = 0 and Jp — Ap =0 in
R3 with initial data (w(0,-), p(0,-)). Therefore, for every ¢t > 0 we have

w(t,z) = (4ms e fR3 -t w(O z)dz,

st (I11.31)
p(t,l’) = W fRS (0 I)dl’

We will develop each term in the cylindrical basis (€., €y, €,) by writing = (r cos 0, rsin 6, z)
and T = (Tcosf,7sinf, z), hence the first equation of (II1.31) takes the form

(II1.32)
—sinf e |2 —sinf _
we(t, T, 2) cos 6 = 7 / / / it wy(7, 2) cosO | rdodzdr
0 47Tt (47t)3/2 o 0

= 1.

Since, |z — Z* = (r — 7)? + (2 — 2)% + 47 sin? (%5), thus we have

5 [ —sinf
1 T _risin? Tg J Sln~ o~ (rf?)2 (2722 ~ ~ e
(W/ e cos | rdo |e” e wo(7, Z)dzdr.
R a -7

0

i (I11.33)

To treat Iy, we set a = % then we have
—rFq1n2 9 0 ~ ~ 1 9/2+7T/2 —rFsin2 a
7 (—sinf)Fdd = e ¢ sin # cos 2ac — cos 0 sin 2« ) rda
\/47T \/ 9/2—7/2 ( )
1 +7T/2 —r¥sin? o ( 9 )
= —— e ¢ sin 6 cos 2a) rda
V mt —7/2

1 +m/2

—— e
vVt —7/2

—r#sin? o

¢ ( cos 0 sin 2a) rdo.

For t € (0,00), define
1 /2 2

M(t) = N , e~ T cos(2a)da.

Then the last estimate becomes

1 T —rFsinQe%N ~ ~ 7’1/2 t
[ e (—sind)idd = S A (=) (—sing).
(4rt)z /ﬂe (=simb)r T1/2:/V1 rT (=sin6)

Similarly,

1 0 77‘7N"sin2 ;5 ~_ o~ ~1/2 t
/ et cosOrd = T—z/Vl <—~
T T
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Combining the last two estimates and plugging them in I; we reach the desired estimate.

For the second equation in (II1.31) we express the formula of p by

1 1 Q 7 sin r—7F z2—%)
p(t,r,z) = —/ <— e t(T)rdH) e (0 T, Z)drdz. (II1.34)
Q

4t 2v/ 7wt J
Setting
r7sin (M) —~
rdo.
L= 2\/
The same variable o = 9%5 allows us to write

L =— frda— - M
2 = ~"

with .45 is defined for ¢t > 0 by

rr/)’

Jl/( ) ]. 7I'/2 sin? o
o(t) = — et dao.
V mt —7/2
Plugging I, in (I11.34), we get the result. This ends the proof of the Proposition. O

The following Proposition provides some asymptotic behavior of the functions .47 and .45
near 0 and oo, which will be fundamental in the sequel.

Proposition I11.2.6. Let A7, 45 : (0,00) — R be the functions defined in (111.30). Then
the following statements hold.

(i) A(t) =1=340(t?) and A (t) = =2 4+ O(t) when t 1 0;

(i) (1) = Zm + O () and M (1) = =372 + O ) when t 1 00;
(iii) A5(t) =1+L+0(t?) and A3 (t) = 1 + O(t) when t 1 0;

12 g1/2 o172

(iV) '/1/2(t) = LT - t3/2 + O<t5/2> and ’/1/2/(t) = t3/2 _'_ t5/2 + O<+/2) when t T 0.

Proof
(i) Substituting ¢ =

1

_ L[V el

i
2 (Vi 12

N NZ ‘ \/1—tC2 a6

_ l( s 1—2tg e 1 — 212 d()
VT \ Jo \/1—t§2 NS

= II, + L.
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Note that lim II; = 0, so the behavior of .41 near 0 comes from II;. Hence, let us deal
with II;, we insert the Taylor expansion of the function { — \/11—_154 in the integral of II;

to obtain )
2 2Vt 2 3

_ 2 —¢2(1 2,02 2.4 3

. \/_/0 e (1 5162 = 1% )d¢ + O(t?).

It is straightforward to show that

[Teca=LE [Teeta- T

Consequently, limo II; = 1. Combining all the previous quantities, we find the asymptotic

/ Cleag =3 YT,

behavior of I near 0, that is,
3 2

By derivation of II;, we find the behavior of .47
(ii) The Mac Laurin’s expansion of the function y — e™¥ at 0 gives

sin? o Sln2a 1
S 0(5).
t + 12

e

Thus we get
1 w/2 : 2
-2 ) cos 2ada + O(

J%(t):ﬁ _m( - )

After an easy computations we achieve the estimate.
in .45 and we split the integral into two parts,

<~
w\ml —

(iii) To prove this assertion, setting y = S‘\n[a

one has ) , ) ,
2 2t eV viooe Y

s ([ [T )

2( ) ﬁ 0 1— tyZ *ﬁ 1— tyQ

We follow the same steps as .#;. For the second integral in right-hand side, we have

e~V

-

1 ) 2

2 Vi e Y du - J
VT ) (V1= Vi) (V1 + Vi)
1
< Cew 1 dy.
& V1-Viy

Let us observe that the last estimate goes to 0 as t T 0, so the asymptotic behavior of
N5 near 0 comes only from the first integral. To be precise, it is clear that t — 11 = is
-ty

bounded function whenever 0 < y < ﬁg and

= U
17%1\/_/ edyl
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Thus, the expansion of the function z +— (1 — x)_% for x = ty* enables us to write

M) = — / 1+ %)y + o)
= 1—14—0(?52).

(iv) Using Taylor series of the function e near 0, for y = sin o

el = f/g

thus the expansions of 45 and 45’ follow by an easy computation. O

, we get

SlIl Oé

1
d(x+0(t5/2)

Some remarks from [56] are recalled below

Remark 111.2.1. (i) We believe that the function ¢ — 41(t) is decreasing over ]0, oo,
but the proof seems very hard.

(ii) The functions ¢ — t*A1(t), t — t*A5(t) and t — t°A47(t),t — 747 (t) are bounded
for0<a<iand0<p<i

Other nice properties of (S;(t)):>0, with ¢ = 1,2, in particular the estimate LP — L9
are given in the following result.

Proposition I11.2.7. The family ((S1(t), Sa(t))i>0 associated to (111.28) is a strongly con-
tinuous semi-group of bounded linear operators in LP(Q) x LP(Q2) for any p € [1,00]. Fur-
thermore, for 1 < p < q < oo the following assertions hold.

(i) For (wo, po) € LP(Q2) x LP(QY), we have for every t > 0

C
[(S1(t)wo, Sa () po)llLa(@yxza) < = [[(wo, po) | Lr(@)x Lr(9)- (IT1.35)

tr 4«

(i) For f=(f",f%) € LP(Q) x L*(Q), we have for every t > 0

. C
IS1()divefllzoie) < =z [lfllzr)- (I11.36)

t2"p 4

(iii) For f=(f", f*) € LP(Q) x L*(Q), we have every t > 0

: C
[S2(t)div f|l ey < tljanLP(Q). (IT1.37)

2757 q

Here, div, f = 0, f" + 0,f% (resp. div f =0, f" 4+ 0. f* + 4) stands the divergence operator
over R? (resp. the divergence operator over R® in the axisymmetric case).
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Proof
(i) We follow the proof of [56] with minor modifications, for this aim let (r, 2), (7, 2) € €,
we will prove the following worth while estimates

~1/2 =24 (z-9)? (=724 (z-5)2
%m:uzt/’/l(#)e it < %e 5t ,
M2 2 52 2 (11138)
B ,,1/2% (=2 4(2=3) < C (=24 (-2
471't 7’1/2 2 4t < ?6 5t

We distinguish two cases ¥ < 2r and 1 > 2r.
e 7 < 2r. Employing the fact ¢ — (t*A41(t),t*A45(t)) is bounded for a € [0, 3], see, (ii)-
Remark I11.2.1 and ¢ — e~ ! is decreasing, we get the result.

1
e 7 > 2r. The remark 7 < 2((r — 7)? + (2 — 2)?)?, a new use of t — (t* A (t), t*A5(1)) is
t2 t2
bounded for « € [0, %] and te=s < (Ce 5 fort > 0 lead to

~1/2 r—7)24(2—3%)2 — 2 — 2 % r—7)24(2—%)2
Lr_ﬂ(i>e_< 2 +a=2) < g<(r )+ (2 2))6_( P4 (=2)

At r1/27 "\ 7 t 4t
C _-»24e-n?
< e s, ie {12}

Next, from (II1.38) and the last estimate we write

~1/2

T t\ _o-P%+e-n%
m%(j)@ 4t (,4)0(7’,5)

rr

1 e
IS1(t)wo| + [S2(t)po] < — / drdz
Q

A7t
1 T t\ _e-»21e-22
Y / m%(ﬁ:)e ()

_ (=74 (z—2)7 r) (z z) ~ ~ g~
< T[T (D) + I D)

1/2

drdz

The last line can be seen as a convolution product, then Young’s inequality gives the desired
estimate.
(ii) By definition for every (r,z) € €2, we have

71/2 r—7)24(2—3)2
St f)r2) = o [ S (E)e T 0 79+ oup )i

rT
1 T2 t P’ e5? o
= Im /Qr/z%(ﬁr)e O (7, 2)drdz

1 [ 72 t\ _renfren? ) o
T /Qm%(ﬁv)@ O=f*(7, Z)drdz
= Il 4+ II,.

After an integration by parts, it happens

1 T2t t 1 r—7r t (r=1)2+(:-2)°
I, = — —_= —,/VI<—~> — <—~ ( ))JV(—N) a £ " ~7 d~d~u
YT 4mt /Q rl/2 <T?Q Ve 2r * 2t o7 )¢ ' f(r 2)drdz

65




CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

and ”
1 T z—2 t (r=)2+(2-%)2
b [ TR0 () e e
2 47rt/Qr1/2 2t 7)) fF2)drdz

We proceed by the same manner as above. The fact that the functions A7, 4] and
t— tY A (t), t — t* A/ (t) are bounded, see Remark II1.2.1, one finds

C r—7)24(2—%)2 — e
uusT/e(WJ)wmaww
tz Jo

and

C e .
Mﬂgf/e (7 3)|dFdz.
2 Jo

Together with Young’s inequality, we obtain (II1.36).
(iii) Let (r, z) € Q, then we have

&@wﬂm)=4m/uz(%>
= o [ Sa(L)e

=
1 71/2 t rP?en? ) o
‘%z;ztl;;iab”é(;%)e s (B

(= r)2+(z z)2<

(73 + 07 D)+ S D)) drdz

_ (= r) +(z z)2

O f" (7, 2)7dzE

1 7/2 t a2l o
+E/Qme/1/ Ff)e —f ( ,E:)drdz
= IIIs + 111, + IIIs. (I11.39)

The two terms 1113 and 1114 ensue by the same argument as in (ii). It remains to treat the
term III5 in the following way

1 /2 t (=74 (=22 1
I, = — —JV(7> drdz
b At /Q P27\ p ¢ 1 2)drdz
L /—1 W(—t> ST o 5 3 drdE, (I11.40)
At Jo (b)) 27\

The fact that (-/r7)/245(-/r7) is bounded guided to

C r—)2+4(z-2)2 ~ e
|III5| < m/ 6_4( )42;( ) |fT(7‘,E)|deZ.
Q

By pluging the last estimate in (II1.40) and combine it with (II1.39), it follows

C r=m)?4(-3 ~ ~ g~
Sat)div f1 < g5 [ THET (@A) + 76D

Then a new use of Young’s inequality leads to the result.
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To reach our claim, it remains to establish that Ry 5 ¢ — S;(¢) (resp. Ry 3t — Sq(t)) is
continuous on LP(2) (resp. on LP(€2)). We restrict ourselves only to treat (S;(t))i>0. Let
wo € LP(Q) and define its extension on R? by @y which equal to 0 outside of Q. Thus, in
view the change of variables 7 = r + v/t and Z = z 4+ /17, the statement (II1.29) takes
the form

S = o [ (16 X0) ot ) e i, Vinyaon,

We write

1 242
S1(t)wo(r, z) — wo(r, z) = E/ e Y(t,r, z,9,v)dddy, (IIL.41)
R2

where

Y(t,r,2,9,7) = (1 + @) 1/2‘/‘/1 (m

Taking the LP—estimate of (II1.41), then with the aid of the following Minkowski’s integral
formula in general case

(/X1 </_><2 F(l’h$2)d)\2($2))pd/\1($1)>1/p < /XQ (/X1 F(arl,:cQ)Pd)\l(azl))1/pd)\2(x2),

one obtains for p € [1,00) that

)@o(r + V1, 2 + V1) — Do(r, 2).

1 19 'y
1S1(E)wo(r, 2) — wolr, 2) || Lee) < E/ (7 2,9, 79) | e dOdy.
RQ
Since
1 62+7

— didy =1,
47 7=

All we need to check is HT(t,r,z,ﬁ,’y)HLP(Q) — 0 as t 1 0. To do this, let » > 0 and
r+ /19 > 0, as we have seen above we have

\[19 1/2 t

1 t— N —m— | < C(1+ 9.
<+ ) 1<r<r+ﬁ0>)— (+ 12D
Therefore

It 9 vy < COAL+ D (llwol- + VEI, -+ VNl o) + llwoll o)

<
< O+ [I)lwollLr -

1/2
On the other hand, we have (1 + @) M (W)

dominated convergence asserts for (9,7) € R? that ||Y(¢,7,2,9,7)||re@) — 0 when ¢ 1 0.
A new use of Lebesgue’s dominated convergence, we finally deduce

goes to 1 as t 1 0. Thus, Lebesgue’s

12%1||Sl( Jwo(r, 2) — wo(r, 2)||Le@) — 0, (IT1.42)
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which accomplishes the proof. O

In the spirit of Proposition 3.5 in [56], another weighted estimates for the linear semi-group
(IT1.29) are shown in the following proposition, the proof of which can be done by the same
reasoning as in the previous proposition,

Proposition IT1.2.8. Let 1 < p < q < oo, i € {1,2} and (a, ) € [—1,2], with a < .
Assume that P f € LP(S2), then

N C
[rSi(t) fll o) < m”rﬁfﬂm(m- (111.43)
P q 2
In addition, if (o, 8) € [-1,1], « < B and rP f € LP(), then
o , ¢
7S, () dive f || o) < ErTcE 172 £l o) - (I11.44)
2'p g 2

We end this section by recalling the following classical estimate on the heat kernel in
dimension three, the proof of which is left to the reader.

Proposition I11.2.9. Let 1 < p < q < co. Assume that f € LP(R?), then

C
(1S2(t) £l Lagrsy < m“ﬂhp(n@). (IT1.45)

I11.3 Local wellposedness in critical Lebesgue spaces

We will explore the aforementioned results and some preparatory topics in the previous
sections. We begin by the the construction of the unique solution (II1.9).

111.3.1 The fixed point argument (Construction of the local solution)

In order to scrutinize the local wellposedness issue for the system (II1.9), we rewrite it in
view of the divergence-free condition in the following form

Oywy + div, (vwy) = (8,2, + 024 10, — T%)wg —0pp if (t,r,2) € Ry x Q,
Oyp + div(vp) — Ap =10 if (t,7r,2) € Ry x 0, (11.46)
(We» p)\t:O = (w07 /00)

The direct treatment of the local wellposedness topic for (I11.46) in the spirit of [56] for ini-
tial data (wp, po) in the critical space L'(€Q) x L' (IR?) contributes many technical difficulties.

This motivates to add the following new unknown ﬁdéf rp which solves
~ . 1 1y~
0,5 + div, (vp) = (a,? + 02420, — —2) 75— 20,p. (IIL.47)
r r
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We remark that p satisfies the same equation as wy with additional source term and their
variations are in 2.

To achieve our topic we will handle with the following equivalent integral formulation.
o(t) = S1(t)wo — tfot Si(t — 7)dive (v(7)we (7)) dT — J;Ot Si(t — 7)0pp(T)dT

p(t) =Si(t)po — fot Si(t — 7)dive (v(7)p(7))dT — 2 [ S1(t — ), p(7)dT (II1.48)

p(t) = Sa(t)po — fo Sa(t — T)diV(U(T)P(T))dT-

In order to analyze the above system, we will be working in the following Banach spaces.

€

Xp = {f € (0,7, L%(Q)) : || |, < o0},

Ve ={g€ (0,7}, () : llgll, < o},
Ty = {h € CO((0, 7, LY3(R®)) : [|h]l 2, < oo},
equipped with the following norms

1fllxr = sup e F @)l sy N9llve = sup 4 lrg(t)l| ooy Ihllzr = sup 5[A(0)] oo es).
0<t<T 0<t<T 0<t<T

Now, our task is to prove the following result.

Proposition II1.3.1. Let (wy, po) € L'(Q) x LY(R3), then there exists T = T (wq, po) such
that (111.48) admits a unique local solution satisfying

(wa, p) € C((0,T); Xr) x C((0,T]; Yy N Zr). (I11.49)

Proof
We will proceed by the fixed point theorem in the product space Z7 = X X X¢ X Zr
equipped by the norm

~ def ~
1w, £, P2 = llwallxr + [Pl xr + lloll 22 -

Notice that by definition, we have !

1Pl = Nlllve- (ITL.50)

For ¢ > 0, define the free part (wiin(t), prin(t), pin(t)) = (S1(t)wo, S1(¢)(rpo), S2(t)po), where
(Si(t),S(t)) is given in Proposition I11.2.5. In accordance with the (i)-Proposition I11.2.7,
it is not difficult to check that for (wg, po) € L*(2) x LY(R?), we have for T > 0

sup /4w (1)), 4

0<t<r i < Clwollze, (IIL51)

!By assuming (II1.50) we skip few parts of the proof for simplicity, see remark I11.3.1 for more details.
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and

sup V7l 4 ) < Cllrpollzsey = Clloollzes). (I1L.52)
0<t<T

On the other hand, the fact that
3
“Plin(t) ||L% (R3) = ||T4101in(t) HL%(Q)
together with (I11.43) stated in Proposition I11.2.8, we further get

sup /%] pun (t)1 4
0<t<T

L) < Cllreollzie) = Cllpoll o es). (II1.53)

Combining (IT1.51), (I11.52) and (I11.53) to obtain that (win, Plin, Pin) € Z7-

Next, define the following quantity which will be useful in the contraction.

A(wo, po, T') = C[(wWiin; Piin, Ptin) || 27 - (111.54)

We claim that A(wy, po,T) — 0 when T 1 0. To do this, we employ the fact (L*3(Q) N
LY(Q)) x (L¥3(R*)N LY (R?)) is a dense space in L'(2) x L} (R?). Then for every e > 0 and
every (wo, po) € L*(Q) x L*(R?) there exists (¢, 1) € (LY3(Q)NLY(Q)) x (LY3(R*)NLY(R?))
such that

[(wo, po) = (&, V)| L1@)x 1 re) < &

On account of (i)-Proposition I11.2.7 we write

||w1in(t)||L4/3(Q) = ||Sl(t)(w0_¢+¢)||L4/3(Q)
< [[Si(t)(wo = A)|| a3 (@) + 151Dl Lass )
C
< 751/4”“’0 Ollrr ) + CllAl Las@nLro)-

Multiply the both sides by /4 and taking the supremum over (0, 7] to get
sup "/ |win (8| pas) < Cllwo = dllri) + CT 0]l pars@ynri o
0<t<T
S C€+CT1/4||¢||L4/3 QNLL(Q)-

Thus, by setting
Co<wO, T) = Sup t1/4||whn(t)||L4/3(Q), (11155)

0<t<T

and let T' (resp. €) goes to 0, one deduces

By the same reasoning as above, it holds

sup /4| 7w (8) | asa(0) < Ce + CTY @l s @y ()
0<t<T
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with
Co(f0,T) = sup 7 n(®) 00 (11157)
o<t<T
Likewise

For pi,, a new use of Propositions I11.2.8 and I11.2.9 yield

o1 () | Las sy = [1S2()(po — ¥ + )| L3 sy
< [1S206)(po = )z + [S2(O) pasaray

A\

IN

t;%”ﬂo — Yllowsy + |19l Larsws)

Now, we multiply the both sides by 3/® and we take the supremum over (0,77 to deduce
Sup, 8ol pas@sy < Cllp = llms) + OT* S ¢l pasopesy  (1L59)

< Ot Ol arsnss

Similarly, by putting

Colpn, T) = sup_ #9/%| pint) | /s ey (ITL.60)
0<t<T
we shall obtain that

Collecting (I11.56), (I11.58) and (II1.61), so that by (II11.54), we end up with

1%101 A(wo, po, T) = 0.

Now, we are ready to contract the integral formulation (I11.48) in Z7. Doing so, define
for (we, p, p) € Z7 the map

(0,T] >t = T (t)(ws, p, p) € L3(Q) x L3(Q) x LY3(R?)
by

fot S1(t — 7)divy (v(7T)we (7)) dT + fg Si(t — 7)0rp(T)dT
T(t)(we, . p) = | Jo Si(t — 7)div, (v(r)p(7))dr +2 [ Si(t — T)Op(r)dr | . (111.62)
fOt Sa(t — 7)div(v(7)p(7))dr

We aim at estimating .7 (t)(wy, p, p) in L*3(Q) x LY3(Q) x L*3(R3). Due to the similarity
of the first two lines of (II1.62), we will restrict ourselves to analyze the first and the third
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ones. For fot Si1(t — 7)div, (v(T)wy(7))dr, we employ (II1.35) in Proposition 111.2.7 and
Holder’s inequality with respect to time to obtain

t t
. 1
|y /O St — 7)cliv. (o(r)wo () dr g g < /0 L Rl P
t 1
< 4 4 .
< [ T o len(r)l g

Thanks to (II1.25), it follows that

||/ Si(t—7 le*( (T)we (T ))dTHng @ S /0 T _1T)i||w0(7')||i§(9)d7'

! dr
S [l
A S

1
St el

We show next how to estimate fot S1(t—7)0.p(T)dT in L3 (). In view of Proposition I11.2.8
for&:()andﬁ:%,weget

t t
1
I sutt = nanptrlarly o S | ———5 il
0 Ls(@) 0 (t

3
e

t
1
<
S e [T

t
dr
5/ 7 §||p||ZT
o (t—7)s75s

_1
S tlpllze

The above estimates combined with (II11.54) provide the following inequality
lwsll e < Alwo, po, T) + Cllws |, + Cllpl z,- (I1.63)

As explained above, the estimate of f(f Si(t — 7)div, (v(7)p(7))dr can be done along the
same lines, so we have

t
I /0 Si(t = 7)divi (v(r)p(r)) Tl g o) St * lwollxr 1P (I1.64)
we deduce that
1Pl xz < Alwo, po, T) + Cllwsl| xr 2]l xr + Cllpll 2 (IL.65)
Let us move to estimate the last line in (II1.62). Under the remark div(vp) = % p-+div,(vp),
we write
t . v'(7)
18t = )i (o()o) o = (1= ) (5,70 [ ey PAITL6)

+/0 1S (t — 7)div(v(7)p(7))l LasagsydT
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So, for the first term, we shall apply (II1.43) stated in Proposition II1.2.8 for a@ = % and

B =2 to get

/ ' v'(7)
0

r

dr
L4/3(Q)

Sa(t - ) (= 0(r)

L4/3(R3)d7 = /Ot Hr3/482<t—T)(UTT(.T)p(T)>‘

1
/0 = ymaamz Y (o)l

N

A

t
1 , "
| = Olllflmedr
0

AN

t
1 -
/0 WHWHXTHPHXTW

5 t_S/SHWQHXTHﬁ“XT'

o0 [ sate = (i)

The second term of the r.h.s. in (II1.66), will be done by a similar way as above, but we
employ (II1.44) in Proposition I11.2.8 for a = % and $ = 1, one may write

Therefore

< o~

t
t3/8/ 1S2(t = 7)div (v(T) p(T)) | Lars sydm S Nlws o [| 1l -
0

Gathering the last two estimates and inserting them in (II1.66), one has

t
t?’/g/ 12t — 7)div (v()p(7)) | a7 sy d S Nwallxer 151l x7-
0
combined with (II1.60), it follows

10l ze < Awo, po, T) + l|wollxr 171 x- (I11.67)
Collecting (I11.63), (II1.65) and (II1.67) we finally find the nonlinear system

lwellxy < Alwo, po, T') + Cllwollk, + o]l ze- (I11.68)
10l x7 < Awo, po, T') + Cllwoll x. 10l x7 + 112l 21- (I11.69)
ol zr < Awo, po, T) + Cllwel| x2|12] x7- (I11.70)

In order to better justify the contraction argument, let us denote

Br(R) ™ {(a,b) € X7 x Xz : ||(a,b)||xpxxs < R}.

and we claim, for R, T sufficiently small, (wy, p) € Br(R).
By substituting (II1.70) into (II1.68) and (II1.69), the contraction argument is satisfied if

3A(wo, po,T) + CR? < R.
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Since A(wo, po, T) — 0 when T' 1 0, then an usual argument leads to the existence of 7* > 0
for which ||we||x, + ||p]|x, remains bounded by R for all 7' < T*. Finally by substituting
this latest in (II1.70) we deduce that ||p||y, remains bounded as well for all " < T™*. The
local existence and uniqueness follow then from classical fixed-point arguments. For the
continuity of the solution, we will postpone the proof after another asymptotic properties,
this completes the proof. O

Remark I11.3.1. In fact in the proof of the local existence above we skip two steps by
assuming that p = rp, the rigorous proof should be as the following: In a first step instead
of dealing with (II1.48), we need first to solve the system

wy(t) = S1(t)wo fo Si(t — T)le*( (T )wg(T))dT — thot Si(t — 7)0.p(T)dr
p(t) = Si(t)po fo Si(t — 7)div, (v(7 )p(T))dT —2 [, Si(t — 7)0,p(T)dr (II1.71)
p(t) = Sa(t)po fo Sa(t — 7)div(v(7)2(7))dr.
by following the idea explained in the proof above, and finally we check that p = rp by
solving a heat-type equation evolving the quantity p — rp with 0 initial data.

Remark 111.3.2. In the light of remark 4.2 from [56], the local time of existence T' given
by Proposition II1.3.1 above can not be bounded from below by using only the norm
[ (wo, po)|| L1 () x 21 (r3). However, in the case where (wo, po) € (L*(Q2)) x L*(R*)) N (LP(Q) x
Lp(Rg)), for some p > 1, it is easy to explicitly provide a lower bound on 7" from an upper
bound of [|(wo, po) || Lr)xLr®s) by making use of Propositions I11.2.7, I11.2.8, and II1.2.9.

111.3.2 The bootstrap argument (More properties for the local solu-
tion)

We supply the above local wellposedness result by the following properties of the solution
constructed in the previous part. Especially, we will prove.

Proposition II1.3.2. For any p € (1, 00|, we have

. (1-1) _
ltlTI(I)lt v’ |lwg(t)] Lr(@) = 0,

lim ¢ rp(t)]| @) = 0,

3(1-1) _
lin #2557 p(8) | o ey = 0-

For, p =1, the above quantities are just bounded as t tends to 0.

Proof
The proof is based principally on a bootstrap argument similar to that of [56]. For this
aim, we will use the notaions

def _1 def
Ny(f. 1) sup (9| fllwiys Jp(f.T)E sup ¢
0<t<T 0<

§
2

HfHLp(R3
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def def _1
My(fo.T) < sup. DS O foll oy Folfo. T) < sup. £2079)(1S,(t) fol Lo (eoy-

0< 0<t<

From the properties of the semi-groups S; and Sy, we have for all p € (1, o0]

lTnT%M (wo,T) = ITHTI[} M, (rpo, T) = IILITI[} F,(po,T) = 0. (II1.72)
In addition, from the local existence the desired inequalities hold also for p = 4 , assuming

for a moment that the L'(Q) x L'(R3)-norm of (we(t), p(t)) is bounded for all ¢ small
enough (for ¢ < T, with 7" denotes the local time of existence given by the local existence
theory). Thus, by interpolation the proposition in question holds for all p € (1, %] In order
to extend it to the other values of p we consider the Duhamel formula (I11.48), and we
will argue as in the local existence part, thus we omit some steps to make the presentation
simpler. In view of Proposition I11.2.8, we write

2 llwollfoqo)

w w
ol < [9s ol + € [ 0 [ Dl
0 (t — ’T ‘1 P t — 7' q1 @ P
5 el 4 T
C/ ey o HMH@@WT
0 (t—T7)iTes §(t—7)2"
Under the conditions ] 5 1 1 1 1 1
i S S (I11.73)
27q p 27 @ q p

we shall obtain

Np(wo, T) < My(wo, T)+Cp,g Ny (we, T)2+Cq1,q2Nq1 (wo, T') Ny, (wo, T)"’"CPJ% (p, T)+Cpdy(p, T).
(II1.74)
We recall that p evolves almost the same equation as wyg, so we have

Np(ﬁ> T) < Mp(ﬁoa T)"’Cp,qu(W% T)Nq<ﬁa T)+Cq1,q2NQ1 (we, T)qu (ﬁ? T)"’"Cp‘]% (p> T)+ijp(p> T)'

(I11.75)
Finally, to claim similar estimate for J,(p,T"), first we write
5 llwall 4 o 12114 g t o @)1 P(7) || e
Hmmmmggmﬁwmmmﬁc/ zmlm+o/vamu<mﬁﬂkzwﬂ
Do)t T (t-m)Etat
with

11 1 1

@ @ @ 2
Under the additional condition on p, g1, g2

1 1 3

1
G @ 2p 2
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and for ¢ = %, we obtain
T, ) < Fylpo, T) + CyN 0, TIN3 (5, T) + Cypu Ny (w0, )N (3, T).  (IILT6)

Plugging (I11.76) in (I11.74) and (IIL.75) for ¢ = 3, and by denoting

def ~ def ~
Up(T) € Ny(wo, T) + Ny(5.T),  Vo(T) € My(wo, T) + My(50, T) + Fy(po, T),

we deduce, that
Up(T) < Cp gy (V;?(T) + U% (T)2 + J% (P, T) + Uy (T) Uy, (T))

Now, to cover all the range p € (%, 00), we proceed by the following bootstrap algorithm:
For q1 = go = § we can check that U,(T) = 0as T — 0 forall 1 <p < 3.

Next, by taking ¢; = ¢» sufficiently close to %, we obtain the same result, for all p < %.
For ¢ = ¢» = %, the estimate in question will hold then for all p < 2.

Taking ¢, sufficiently close to 2, the result follows for all p < %qg and for all ¢o < 2.
Finally, we define the sequence p, by py = % and p, sufficiently close to %pn_l, by
induction, we find that p, is sufficiently close to (%)”po. Hence, letting n goes to oo, we

can cover all the range p < oo, and thus we obtain

Uy,(T)—0, T710, forallpe(1,00).
Finally, substituting this latest into (II1.76), leads to
Jp(p,T)— 0, T10, forallpe(l,o00). (II1.77)

In order to treat the case p = oo, we need to pay some more attention to the equation of
the density. We propose the following procedure: For the equations of wy and p, we just
need to chose 1 = 3, o = 4 and p = oo in (IIL.74) and (II1.75). Indeed, remark that
this choice of (¢i, g2, p) is admissible by the relation (I11.73). This leads to the following
estimates

Nu(3,T) < fo(T) + CJn(p, T), (I11.79)
with

f1(T) = Moo (wo, T) + CN4 (wg, T)? + CNs (wa, T)Ny(we, T') + C’J%(p, T) T—>>00’

f2(T) = Meo(po, T) + CNi(wy, T)* + CNy(wy, T)Na(wp, T) + CJ1(p, T) — 0.

Thus, all we need in order to close our estimates is to deal with J(p,T) as follows: By
using again the properties of the heat-semi group as in the case p < oo, we infer that

dr.

el 1Py / (e ey () sy

P Pl A s

o~

(t —7)2*

(I11.80)

2
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In order to insure that the last term on the r.h.s above is finite, we need to chose p such
that % + % < 1. Let us for, instance, take ¢ = 6.

On the other hand, let us remark that, due to the Biot-Savart law, we have , for some
l<m<2</il<o

a 1-a m{—2
() oy S 1007y o) iy, for @ = 22— € (0,1),

Which gives after simplification, thanks to the previous estimates in the case p < oo

() oo () S 72 (I11.81)

Finally, by using (I11.81), and by taking ¢ = 6 in (II1.80), we obtain

3 3 ~ 1
3 110(0) ey < 1 182(0)p0ll gy +C N (0, TINS BT+ sup {63 Ju(r) gy } oo, T).

7€(0,T)
(I11.82)
It is easy then to conclude that
Jo(p,T)— 0, T10, (II1.83)
and eventually we get as well
Neo(wg, T) + Noo(p, T) — 0, T 10. (I11.84)

This ends the proof of Proposition II1.3.2 provided that we prove that, there exists some
Cy > 0 for which

[(we(t), 6(8), P L1 (ayx 1 @yxrr @y < Co ll (o, po)l 1 (ayxrr e -

From the definition of T, we have

ol sy < PO, 0 + 16O 10

Li(

and since p = rp, our claim is equivalent to
|, o]

Let us then prove (I11.85), we will restrict our selves to the estimates of the non linear
terms since the linear part can be dealt with by applying the properties of the semi-groups
proved in the previous section, thus according to the equations of I' and p, we need to show

that
t
|

L1 (Q)x L (R3) < Co [|(wo, PO)HLl(Q)xLl(Rs) . (II1.85)

Si(t = 7)div, (v)(7)

< q
Ll(Q) dT ~ ||(W0, p0)||L1(Q)XL1(R5) s (11186)

7



CHAPTER III. THE COMPLETELY-VISCOUS BOUSSINESQ

and .
| 1att = )i o))y 7 S s )l e (11L87)
0

For (II1.86), Holder’s inequality, Biot Savart law and the definition of the X¢ norm, we
infer that

/

t 1 i
<
L1(Q) i s /0 (t — 7')% ||U(T)||L4(Q) HF(T)’ L3(Q) dr

t 1 5
S [ =g a0 [P0

(t—r7)2

¢

1 ~

< [ el |IT
/0 (t—T)%T% lollc,

r
X

Si(t = 7)div, (v)(7)

d
L3(Q) T

HXT

S “WGHXT
For (I11.87), we have

1S2(t = T)div(vp)(T)l| 11 sy = [I7S2(t = 7)div(vp)(T)] 11 (o)

then we use first Proposition I11.2.8 to infer that

¢ ¢

. 1
/ [7S2(t — 7)div(vp)(T)|| 1 @) dTS/ 7 [[orp(T)]l 1 ) dT,
0 0o (t—7)2

then, using the definition of p = rp, Holder inequality yields

185(t = 7)div(0p) ()] e, S / !

ot Ol 1501, 4,07

the rest of the estimate is then similar to the proof of (II1.87) above by replacing I by .
Finally, (I11.86) and (II1.87) follow from the local existence theory given by Proposition

IT1.3.1.
(|

Our last task of this section is to reach the continuity of the solution stated in (III.10)
and (II1.11) of the main Theorem III.1.1. For this aim, we briefly outline the continuity of
wy, the rest of quantities can be treated along the same lines. So, we will show that

wy € C°([0,T%); LP(Q)), Vp € [1,00).

To do so, let 0 <ty <t <T™*, so we have

wolt)—wi(to) = (S1(t—to)~T)w(to) — / $1(t—7)div, (v(r)w () dr— / S\ (t—),p(7)dr.
i ’ (IIL.88)
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The first term (free part) is derived by the same manner as in (II1.42), that is to say,

%Igol ” (Sl(t - to) — ]I)WQ(to, ) ||LP(Q) — 0. (11189)

Concerning the second term in the r.h.s of (II1.88), (II1.36) in Proposition I11.2.5 provides

[o(T) ]| o= (@) [ wo (7) | Loy -

I [ st =r)div. (ool drlimen 5 | —

to (t — 7—)%

By virtue of the following interpolation estimate, see, Proposition 2.3 in [56], we have for
some 1 < q <2< @ <00

o —0 . q1 ¢q —2
[o(7) ||z () S lwo (T T llwa(T)[| s, with o = Elq;_ o€ (0, 1),

one may conclude that

|| /t S1(t — )div. (0(r)wn (7)) dr ooy

t
o Y dr
< essup g, o) ([wo (7)o@ |wo (7) | Lan [lwn (7) | 2057) / T
to (t - T)2

o —o i
S e8P e 1o, 7+ ([wo (T) | ooy llwn (7)1 T lwo (7)1 ") (£ = 10) 2,

which is sufficient to obtain

lim | /t S1(t — 7)diva (0(7)wn(7)) d7 ]| 1oy = 0. (TI.90)

tTto

Let us move to the last term of (III.88) for which we distinguish two cases for p. For
p € (1,00), (II1.44) stated in Proposition I11.2.8 for « = 0 and 8 = % yield

t t
1 1
| 810 =menirlie & | b oldr. sy
to to

t—71)2" %

and the fact that p € L>((0,7™); L(R®)) ensures that

1-1
P rs (= t0)2 )

t
I [ 81t = 1ocptr)drlise) S essupeq
to
combined with (II1.91), one has

t
lim | / S1(t — )0, p(r)d | ey = 0. (T11.92)
to

tTto
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For the case p = 1, we will work with [ instead of wy to avoid the source term 0,p. The
fact ||rplli) = ||l rs) leads to

lwa(t) — walto) |2y < IT(E) — T(to) |1y + lo(t) — p(to) |l £1es),

so, the continuity of ||wy(+)||Lr() relies then on the continuity of IT(-) |l rco) and ||p(-) || L1 (ws).-
On the one hand, seen that the equation of T governs the same equation to that of wy, but
without the source term 0,p, hence we follow then the same approach as above to prove
that B B

i [F(0) = F(t0)] 120y = 0. (111.93)
On the other hand, p solve a transport-diffusion equation, for which the continuity property
is well known to hold, thus we skip the details. Therefore

lim ng(t) — WQ(to)HLl(Q) = 0.

tTto
Combining the last estimate with (I11.89), (II1.90) and (I11.92), we achieve the result.
In the case p = 1 and ty = 0, we should just be careful about the term 9,p which can be
completely avoided in the estimates by using the coupled functions I' and T, the details
are left to the reader. O

111.4 Proof of the global estimates

To reach the global existence for the local solution constructed in sections II1.3, we will
establish some a priori estimates in Lebesgue spaces. For this target, let

(wa, rp, p) € CO([0,T); LP(2) x LP(2) x LP(R?)), pe[l,00), T € (0,T%).

be a solution of the integral formulation (II1.48) and so does (wp, p) to the differential

equation (II1.46) associated to the initial data (wg, po) € L'(Q) x L' (R3), where T™* denotes

the maximal time of existence. The key idea here is to use the coupling functions I' = I1—£,
we

I' = 7T following [74] with IT = 2 combined with the approach of [56]. Some familiar
computations show that I' evolves

Rvia 2 —0 i 3
{ oL +v- VI — (A+20,)L =0 if (t,2) € Ry x R, (IT1.94)
Ljt—o = T,
while T solves
~ . —~ _ o i =~ — .
O + div,(vT') = (A = H) =0 if (,7,2) € Ry x O, (I11.95)
F|t:0 — FO.
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The role of the new function I' (resp. I') for the viscous Boussineq system (B,x) is the
same that II (resp. wy) for the Navier-Stokes equations (NS,). For this aim, it is quite
natural to treat carefully the properties of I" and T'.

The starting point of our analysis says that I' enjoys the strong maximum principle. We
will prove the following.

Proposition I11.4.1. We assume that T'g(z1,x9,2) > 0 (or, < 0), then T'(t,z1,x2,2) > 0
(or, < 0) for any (z1,z9,2) € R® and t > 0.

Proof

We follow the formalism recently accomplished in [43]. Up to a regularization of T" by
standard method we can achieve the result as follows: we suppose that Iy(zy, x9,2) > 0
(likewise the case ['g(z1,x2,2) < 0). Due to the singularity of the term %&F, we can not
apply directly the maximum principle. To surmount this hitch, we can be appropriately
interpreted the term A+ 29, as the Laplacian in R°. Thus we recast (IT1.94) in ]0, oo[xR®
by setting

F(ta X1,T2,T3,T4, Z) = F<t7 \/.T% + ZE% + .T% + x?b Z)

and

U(t, x1, T, X3, T4, 2) = V" (t, \/x% + 23 + 23 + 23, z)ér T <t, \/x% + 23 + 23 + 23, z)éz.

Above,

_ T] Ty T3 T4 _
r= \/x2—|—$2+x2+$2, e, = (—,—,—,—,0), e. = (0,0,0,0,1
tomz s r’r’r’r ( )

Thus the equation (I11.94) becomes

N 5
{@F+UVJ AsI'=0 if (t,z) € Ry x R, (I11.96)

F|t=0 - FO)

where V5 and Ajs designate the gradient and Laplacian operators over R® respectively.
Consequently, by the strong maximum principle for (I11.96), we deduce that

I'>0 in ]0,00[xR,

which leads to
['>0 in ]0,00[xR®

Thus, the proof is completed. O

The second result cares with the classical LP—estimate for I' and showing that t —
|T(2)||Lr(rs) is strictly decreasing function for p € [1,00]. We will establish the follow-
ing.
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Proposition I11.4.2. Let v be a smooth divergence-free vector field on R® and I' be smooth
solution of (I111.94). Then the following assertion holds.

IT@)llze@s) < [ Tollr@s),  p € [1,00]. (I1.97)

In particular, for p € [1,00] the map t — ||I'(t)|| r(r3) is strictly decreasing.

Proof

Thanks to the Proposition I11.4.1, we can assume that I'y > 0, thus we have I'(t) > 0 for
t € [0,7]. We developp an integration by parts and taking into account the I'—equation,
the fact that dive = 0 and the boundary condition over 952, one has

d
IOy = 7 /Q O (8T (t)rdrd= (TI1.98)

= —p/ v (VDI Yrdrdz +p/
Q

(AT)TP~rdrdz + Qp/(ﬁrl“)f‘p_ldrdz
0

Q

= —p(p—l)/ |VF]2Fp2rdrdz+/8erd7’dz
Q Q

= —p(p—l)/ IVF|2FP‘2rdrdz+/F”(t,o,z)mdz
Q R

= —p(p—l)/ ]VF]QF”_Qrdrdz—/Fp(t,(),z)dz<0.
Q R

where 7 = (n,,1,) = (—1,0) is a outward normal vector over 2. Thus, integrating in time
to obtain the aimed estimate for positive solutions.

Generally if T'y changes its sign, we proceed as follows: we split I'(¢) = I'"(t) =" (¢), where
I'* solves the following linear equation with the same velocity

OI* +v-VI* — (A+29)I'* =0 if (t,z) € Ry x R3, 11199

F\f:o = max(£[,0) > 0. (TI1.99)
Arguiging as above to obtain that I'* satisfies (I11.97). Thus we have:

IO sy < N0 ) liages) + 1T~ Olloes) (I11.100)

<
< TG e@s) + TG leesy = IIToll Lo (rs)-

If I'y # 0, we distinguish two cases: I'g > 0 or I'y < 0. For this two cases the last inequality
is strict and consequently (II1.97) is also strict. Therefore, ¢ — [[I'(¢)||L1(rs) is strictly
decreasing for ¢ = 0, and analogously we deduce that is strictly decreasing over [0, 7).

O

Now, we state a result which deals with the asymptotic behavior of the coupled function
I" in Lebegue spaces LP(R?). Specifically, we have.
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Proposition II1.4.3. Let po, 2 € L'(R®), then for any smooth solution of (I111.94) and

1 <p < oo, we have
C

< 5 <
IT®lleres) < —z5757

Lol 21 ), (I11.101)
where I'y = Iy — £

Proof
Due to (II1.97), the estimate (II1.101) is valid for p = 1.
From the estimate (II1.98) we have for p = 2"

d
%HF( )HLP RY) = p/QatF(t)Fp_l(t)rdrdz (I11.102)

= —p(p—l)/ |VP|2PP—2rdrdz—/ [7(t,0, 2)dz
Q _

o0

< —pp—1) | |VIPIr2da
R3

= —p(p—l)/gz 2

Thanks to the well known Nash’s inequality in general case

) ) 1—v 2 B 9
/RN |fI7dz < C(/RN IV f] dx) (/RN |f|d:c) TN (I11.103)

one obtains for N = 3

d Alp—1 ) 43 5/3
Fp( yrdrdz > p )C / T2 |rdrdz / [Prdrdz ) .
dt p Q 0

To simplify the presentation, setting E,(t) = ||U(¢)||zs = [o |T(t)[Prdrdz, then the last

inequality becomes
d 4 -

We prove (I11.101) for p = 2" with non-negative integers n by induction. Assume that
(IT1.101) is true for ¢ = 2% with k& > 0, and let p = 2571, Combined with (IT1.104)

d 4(p—1)C
2 =1

\VAR

4(p — 1 P
rdrdz = —M/ ‘Vfi ‘27’de2.
b Q

(th** q— 1)HF0HL1 ®) ) 4/3E;’/3(t).

Thus we have

-2/3 4P (¢ —
§di<Ept> = d§/3p() > A 1)0 4(’/3||1“o||£4é§3t2(q Y
2at Ep™(t)

4(p—-1C

_ —2p/3
Cq 2p/3||F0||L1p/

—2
(R3)t(p )
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Hence, integrating in time le last inequality yields

8C

B2 () 2 B, *(0) + G Dol i e~
p

p L1(R3)

After a few easy computations, we derive the following

7 3]9 210
[Pl = B (1) < (55) ¥ CallColliaast /2070,

3

By setting C), = (80) 2p C,, then (IT1.101) remains true for p = 2¥"1. Let us observe that

G = (2)%¢, = () o

8C 8C
3 \1Zkz0 5% 3 kil def
— 28 =020 9k () = (O
= (80) !
which means that C is independent of p. Letting p — oo, we deduce that
ID(#)]| oo sy < Coot ™32 To]| L1 (g (I11.105)

For the other values of p, we proceed by complex interpolation to get

IT(t) | 1o sy < CITE A g I

Lt (]R3) oo (]R3

combined with (IT1.105), so the proof is completed. O

Next, we recall some a priori estimates for p—equation in Lebesgue spaces. To be precise,
we have.

Proposition I11.4.4. Let py € L'(R?) and p € [1,00|, then there erists some nonnega-
twe unwersal constant C, > 0 depending only on p such that for any smooth solution of
p—equation in (I111.9), we have

(@) [lo()lr@s) < llpollres),
. C
(i) llollzeey < 25 llpollzr o).

Proof

(i) Can be done by a routine computations as shown in Proposition I11.4.2, while (ii) can
be obtained along the same way as Proposition I11.4.3.

We should mention also that the constant C), is bounded with respect to p (see the proof
of Proposition 111.4.3), and according to the proof of Proposition 111.4.3 Cy, is given by

c. (8‘027)24&>0 O < oo (I11.106)

O

Now we will prove another type of estimates for the quantities f, p and wy which is the
real purpose of this part. Namely, we establish.
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Proposition II1.4.5. Let py, 2 € L'(R?) and p € [1,00], then there exist a non-negative

constants ép, K,, depending only on p and the initial data, such that for any smooth solution

of (II1.95), (IIL.47) and (111.46), we have

(@) 1Ty < 282,

¢t

@\H

(i1) [|p()[|zr () Kt’i(_%“),
Cp(Do)+Kp(D
(i) ()10 5 Ce2RA)
where
Do = ||(wo, po)ll L1 () x L1 (m3) (I11.107)
and
sup C(s) «f Cols) <00, Cy(s) =0, ass10, Vpell, . (II1.108)
p€[L,00)
Proof

Let us point out that (iii) is a consequence of (i) and (ii). Thus, we shall focus ourselves
to prove (i) and (ii).

(i) Due to the similarity of the equation of T' and the one of wy for the Navier-Stokes (NS,,)
treated in [56], we follow the approach stated in Proposition 5.3 in [56]. The key point
consists to employ the following estimate,

z e S o, oo (II1.109)
Indeed, Proposition 2.6 in [56] gives
S R o =
r e (@) r L)
by using the fact that
[ ] e

combined with ¢ = £4-T", together with Propositions I11.4.3 and II1.4.4, lead to (II1.109).
So, the inequality (i) follows then by exploring (II1.109) and repeating the outlines of
the proof of Proposition 5.3 from [56], the details are left to the reader. We should only
mention that the constant C’p in our proposition is the same as the one from proposition
5.3 in [56], which guaranties (II1.108).

(ii) The estimate obviously holds for p = 1, whereas in the rest of the proof we shall deal
with p > 3. The case p € (1, 3] follows by interpolation.
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We multiply the p—equation by |p|P~!, after some integration by parts we obtain

1 d -1 P . ~ipy— ~p—
|| P < —4——— -1 IV(1p12) Pdrdz+|— [ div.(vp)|pl~ drdz— [ 8.p|pl"~'drdz|.
@) p Q Q Q

(111.110)

On the one hand, a straightforward computation gives
. iyl 1 v
— [ divi(vp)|plP" drdz = [ 1 — — —|p|Pdrdz,
Q p;)Jar
then (II1.109) provides

1
— / div, (vp)|pP~tdrdz < C’Do(l — Z—?)t_l / \plPdrdz, (IT1.111)
Q Q

where D is given by (I11.107).
On the other hand, the fact —0,p = a”’ + 4 2 yields

P
—/8Tp|ﬁ|p_1drdz = (1 - —) 7] ——drdz.
Q p/) Ja r?

!p!p

Next, let us write

Q

with o P
def p def P
Il = /{; 71{T§t1/2}drd2, IQ = /Q T—Ql{r>t1/2}(7", Z)d’l"dZ

For p > 3 we have,

L= [ oL oryrdrds < Tl
Q

So, by virtue of Proposition I11.4.4, we infer that

I, < CPt PG, (111.113)

where Gy & l|pol| 1 w3y, and C), is the constant given by Proposition I11.4.4.

For the term Z, an easy computation yields
T, <t /Q |p[Pdrdz. (I11.114)
Therefore, (I11.113) and (II1.114) give rise to
— /Qarpﬁﬂpldrdz < ]%1 (Cgthg’ + ¢t /Q \,5|pdrdz>. (II1.115)
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Finally, Nash’s inequality allows us to write

/ plPdrdz < ( / ]V(\ﬁ\g)|2drdz) ( / yﬁyidmz) (I11.116)
Q Q Q

Since p > 3, so we have 1 < £ < p, and then by interpolation method, it happens

P p—2
P - 2(p—1) » 2(p—1)
(/ |ﬁ|2drdz> S (/ \p\drdz) (/ ]p]pdrdz) :
Q Q Q

Plugging the last inequality in (II1.116), it holds

(/\p\pdrdz) & (/ V(713) ) </|p|drdz> .

Since the inequality we aim to prove holds for p = 1, accordingly

G ( / |p|pdrdz) ( / v (71) |drdz> (IIL.117)

Thus, by gathering (II11.111), (II1.115) and (II1.117) and insert them in (II1.110), it happens
C =2 2 _ _
ff)y<(p—1) ( - EGO PHf(®) P+ (CDo 4 1)t f(t) + C2t pGg), (IT1.118)

where, f(t) % Jo, [o(t) [Pdrdz.
We recall that one may deduce from Proposition I11.3.2, for all p € [1, 0o]

ft) < ep(De)Pt= 0=V Vo<t <T (T11.119)

for some e,(Dy) > 0.

In a first step, we will show that f(t) is finite for all ¢ > 0, then we prove that the decay
property (II1.119) holds as well for all ¢ > 0, for a suitable non negative constant K,(Gjy).
Indeed, the first step is easy, one should remark that (II1.118) implies

() S (0= D((CDo+ D F() + CRE7GE).

Via, Gronwall inequality on (%o, t), for some 0 < ty < T*, we get for all ¢ > ¢,

£ - D(CDo+)
) , (I11.120)

£) < (F(to) + o117 (5

which ensures that f(t) is finite for all ¢ > 0.
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Now, let us denote
T sup {t>0: f(t) < K2(Do)t~ 1}, (ITL.121)

where K,(Dy) will be chosen later, and we will prove that (III1.119) holds as well for all
t € [T, T + ¢], for some € > 0, this should be enough to contradict the fact that T < oo,
and we shall conclude then that (II1.119) is true for all £ > 0. If T" is finite then we deduce

F(T) = KB(Dy)T~#~1). (I11.122)

Now, define g by
9(t) = f(1) = Kp(Doyr= 7.
By virtue of (II1.118) and (II1.122), we find out that

J0) < T2 -1 = S6TT D)+ KD +500), (Lizs)

where ¥,(Do) = CDy+ 1+ C2Df. Since p’%zl > p, then if we choose K?(Dy) large enough,
in terms of 3,(Dy) and Gy, we may conclude that

g (T) <0,
which in particular gives, for ¢ < 1
g(T +¢) < g(T) =0.

This means that (III1.119) holds for ¢t = T + e, which contradicts the definition of 7. The
choice of K,(Dy) can be made as

=

K,(Dy) = max { (C’_lpG{]’l (CDo +2+ (Jng)) "1 ep(Do)}, (I11.124)
where, e,(Dy) is the constant from (III.119). Thus, we end with, for all p > 3
- (-1
15 |o0) < Kp(Do)t ™). (IT1.125)
By denoting
Ko (Dy) %l lim max { (C’_lpG(’)’_1 (CD0+2+C§OD8)> p, 1, ep(DO)} = max {1 4+ C Dy, ex(Do)} -
p—00

From proposition 111.4.4, C, is finite, hence K, (D) is also finite, thus by letting p — oo
in (II1.125), we end up with

1P(E) )| 2o () < Koo(Do)t .
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Remark 111.4.1. As pointed out for the Navier-Stokes equations in Remark 5.4 from [56],
for the global existence part in our case, we only need to mention that due to Proposition
[I1.4.5 (resp. Proposition 111.4.4) the LP(€)) norms of wy(t) and rp(t) (resp. the LP(R3)
of p(t)) can not blow-up in finite time, hence in view of remark II1.3.2, it turns out that
any constructed solution in the previous section is global for positive time, in addition of
that, all the assertions (II1.10)—(III.13) follow as a consequence of propositions I11.4.4 and
I11.4.5.
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IV.1 Introduction

IV.1.1 Set-up of the problem

In this Chapter we shall be dealing with two cases: the first one consists in treating the
3D Navier-Stokes equation with general external force with certain regularity, and the
second one is about the case where this external force is a scalar quantity, appearing in one
direction , transported by the flow of the velocity field v, namely the Boussinesq equation.
The axisymmetric Boussinesq system in three dimensions of space with zero diffusivity is
a singular perturbation at level zero of the Navier-Stokes equations. Such system reads as
follows

Ow +v-Vo—plAv+ Vp =pés, (t,r) € Ry x R3,

Op—+v-Vp=0, (t,z) € Ry x R3, (B,)
dive =0, "
(U>P)|t=0 = (vo, po)-

Above, v(t, z) € R3 refers to the velocity vector field localized in z € R3 at a time t, p(t, z) €
R is the force of internal pressure which acts to enforce the incompressibility constraint
dive = 0 and it may be determined by a type of Poisson’s equation and p(t,z) € R,
stands either the temperature in the context of thermal convection or the mass density
in the modeling of geophysical fluids. The condition divv = 0, means that the volume of
the fluid elements does not change (iso-volume) over time and p > 0 is well- known as the
"kinematic’ viscosity’s parameter of the fluid.

The key assumption of the Boussinesq system (B,,) is that the variations in density are
small and their effect is neglected everywhere except in the buoyancy term pes that driving
the fluid motion in the direction €5 = (0,0, 1).

The Boussinesq system occurs principally in the dynamics of geophysical fluids which
illustrates many models coming from atmospheric or oceanographic turbulence where ro-
tation and stratification play an important role, see e.g. [107].

Mathematically, this model is essentially limited to the case of dimension two due to
a formal resemblance (in the case p = 0) with three-dimensional axisymmetric swirling
flows. It can be shown that the fact that the solution develops singularities at time t is
related at the simultaneous blow-up of Vp and the vorticity in L} L™, see [119]. Unfortu-
nately, determining whether these quantities actually blow-up seems at least as difficult as
addressing the similar problem for the system of Euler incompressible in dimension three
of spaces.

For better understanding the analysis of (B,), we come first to the particular case
which we assume that the density is constant. Thus, we obtain the classical Navier-Stokes
equations
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Ov+v-Vo—puAv+Vp=0, (t,r)e R, xR3,
dive =0, (NS,)

Vjt=0 = Vo-

The significative leap was J. Leray’s paper [96] in the thirties of last century where suc-
ceeded to build a weak family of solutions to (NS,) globally in time in the energy space
for any dimension, via compactness method. Even though, the uniqueness issue is known
only in dimension two. Afterwards, H. Fujita and T. Kato formulated in [45] a mild-
solutions for (NS,,) locally in time for initial data in critical Sobolev spaces H %’1(RN )

which respect the so-called invariant by scaling. A similar topic are developed in several
N

functional spaces alike LY (RN), B,, i:; and BMO™!, for other connected subjects we re-
fer to [56, 77, 80, 86, 89, 94, 113, 109]. It should be noted that these kinds of solutions
are globally in time apart from small initial data with respect to the viscosity parameter,
except in dimension two. Thus, in general setting the global well-posedness for (NS,) is a
till now an open problem in PDEs. For this purpose, it is legitimate to search the "best”
conditions that guarantee the existence and uniqueness of a solution for (NS, ). This latter
gave the opportunity to many authors to require that the velocity enjoying a geometric
condition like azisymmetric without swirl. Namely, the velocity vector field can be splitted
in cylindrical basis of R? in the following way.

v(t,x) =v"(t, 1, 2)e, + v3(t,r, 2)e,,

where for every z = (z1, 22, 2) € R® we have
1 =rcosf, xo=rsinf, r>0, 0<60<2rm.

Above, the triplet (&,, €, €,) represents the usual frame of unit vectors in the radial, az-
imuthal and vertical directions with the notation

é’r:(ﬂaﬁao)a 59:(_ﬁ7270>7 é;:(0,0,l)

r T r r

Since, the vorticity in R? is defined by w = curlv = V x v, so if we apply the curl operator

to (NS,,) we obtain that the vorticity takes the form w = we€y with wy = J,v" — 0,v* solves
the following nonlinear parabolic equation

w v
Oywy + (v - V)wy — u(Awg — 7“_20) = —wy, (IV.1)

with the notation v-V = 09,4079, and A = §2+2+92. Deposit ( = 2, a straightforward
computations lead to

{Gt(+v-V(—,u(A+%0T>§:0, v2)
Cli=0 = Co-
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The fact that, the dissipative operator (A + %&) has a good sign, consequently, we may
estimate LP—norms of ¢ globally in time, that is

[C@Ole < lICollzr,  p € [1,00], t = 0. (IV.3)

In fact, M. Ukhovskii and V. Yudovich [116] independently O. Ladyzhenskaya [91] showed
that the bound (IV.3) is considered as a bulwark to prohibit the formation of singularities
in finite time for axisymmetric flows without swirl. More precisely, global existence and
uniqueness were established for axisymmetric initial data vy € H' and wy, EelS L? N L.
Lately, this latter was improved by S. Leonardi, J. Malek, J. Necas and M. Pokorny [95]
for vy € H? and external force f € L? (R,; H?) in the sense that vy € H? regains that

loc

wo, e € L* N L>®. Fairly recent, H. Abidi [3] relaxed the last result by assuming that
vp is in the critical Sobolev space Hz and f e L2 (Ry;H?) with 3 > L. For critical

loc 4
3

regularities, that is vy € Bpjlﬂ’, with 1 < p < oo and ¢ € L*! the second author
and Hmidi investigated in [77] that (NS,) admits a unique global solution uniformly with
respect to the viscosity in the absence of Beale-Kato-Majda criterion, see [9]. Furthermore,
they also provided the rate of convergence whenever the viscosity goes to zero.

For the Boussinesq system (B,,), an intensive attention has been gained to the local/global
well-posedness problem. In particular, in two dimensions of space and its dissipative coun-
terpart phenomena for the density, refer to [4, 17, 21, 22, 23, 35, 64, 70, 71, 72, 76, 78, 79,
41, 98, 100, 119, 121] for a more complete history and references. For three-dimensional,
the global regularity issue for the system (B,) in various spaces has received a consider-
able attention and widely studied in the last two decades. Worth mentioning, R. Danchin
and M. Paicu showed in [36] that (B,) is well-posed in time for Leray’s and Fujita-Kato’s
solutions in any dimension. Next, in the axisymmetric case, H. Abidi, T. Hmidi and S.
Keraani have established in [5] that (B,,) possesses a unique global solution by rewriting it
under vorticity-density formulation.

Owy + v - Vwg — (A — F)wp = Zwy — Orp,
Op+v-Vp=0, (IV.4)
(wea P)\tzo = (W()”Oo),
Consequently, the quantity ¢ = =% solves the equation
2 0,
O +v-V(— (A+;&,)(= - (IV.5)

r

They assumed that vy € H'(R?), & € L*(R3),po € L?> N L* with supp po N (0z) = 0
and P,(supp pg) is a compact set in R? especially for dismissing the singularity %, with
P, being the orthogonal projector over (Oz). Those results were enhanced later by T.
Hmidi and F. Rousset in [74] by removing the assumption on the support of density. Their
paradigm requires to assume that (vo, po) € H'(R*) x L*(R*) N By, and 2 € L*(R?) and
couples the two-equations of (IV.4) by introducing a new unknown which called coupled
function.
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The overall aim here is to show first that (NS,) admits a unique global solution once
vo € Hz(R?) is an axisymmetric vector field and f in Lic(RJr,LZ(R?’)), with 8 > 4.
Second, we exploit the previous result to prove that the system (B,) has a unique global
solution whenever vy € H7(R?) N BY, (R?) and py € L2(R?) N BY(R?). This kind of result
is considered as novel in the sense that interpolating the critical regularities following R.
Danchin and M. Paicu [36] and the axisymmetric constraint of T. Hmidi and F. Rousset
[74].

IV.1.2 Statement of the main results

Throughout this Chapter, we denote by C' a positive constant which may be different in
each occurrence, but it does not depend on the initial data. We shall sometimes alterna-
tively use the notation X <Y for an inequality of type X < C'Y with C independent of
X and Y. The notation Cy means that the constant depends on the involved norms of the
initial data.

In this Chapter, we will also be using some homogeneous Besov spaces of the form B;T(RE‘),
we refer to the Appendix part for the definition and more details.

For s € R, the standard Sobolev spaces denoted by H*(R?) is defined as the set of all
tempered distributions over R? be such that

ol = [ (1) e e < o

Likewise, the homogeneous standard Sobolev spaces designated by H $(R3) are defined as
the set of all tempered distributions over R? be such that @ € L} = and

loc
ol = [ 1€ RO P < o

The scalar product in H* and H® are denoted respective by (-|-); and (-|-)s, whereas the
case s = 0 will be simply denoted by (:|-).

About Navier-Stokes equations with external force.

The incompressible Navier-Stokes equations with the external force in the whole space with
the viscosity p = 1, still noted (NS) reads as follows.

Ow+v-Vo—Av+Vp=f if (t,z) € Ry x R?,
dive = 0, (NS)

'U‘t:() = Up.

If X is a spacial space, and X is the space of tempered distributions U such that VU
belongs to X, then we denote the energy space associated to X by

Er(X) € Lg(X) N LA(XW).
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The energy inequality associated to (NS) reads for all 7" > 0 as follows
lollge ey + IV0ll 22y S Nvollee + 1 f sy 1 € LE(HT).
and
[vllzge 22y + IV llzazy S llvollze + L+ V)| fll -y, if f € LR(H).

The scenario of mild solutions will be done by rewriting (NS) in terms of a fixed point
problem for the heat semi-group, and thus obtain a unique solution v which belongs to a
functional space, for example H*(R"), such that the linear term (8, —A)v and the nonlinear
term Pdiv(v ® v) have the same regularity, with P designates the Leray’s projector which
acts on the divergence free vector field. This involves the scaling invariance for (NS).
Indeed, if we denote by v the solution of (NS) with data vy and f. Thus, for A > 0 the
vector field
vyt () = M(A%t, \x)

with data

vo x> Mg Ax),  fr (tx) = AP F(OAR )
is also a solution of (NS).
It is simple to check that the Sobolev regularities according to Fujita-Kato for N = 3 are
H3(R®) for vy, L2(Ry; H3(R%) for fy and C(Ry; Hz) N LA(Ry; H?) for vy. Conse-
quently, Fujita-Kato [45] succeed to recover (NS) globally in time in the following way.

Proposition IV.1.1. Let vy € Hz(R%) and f € L2(H 3(R®)), there ewists some ¢y > 0
such that if

ool g + 171y -1, < o

Then (NS) has a unique global solution satisfying for all T > 0,

ol ety + 190 1) S Holla + 151 s e
Without smallness condition, H. Abidi [3] developed another result of global wellposedness
in time for (NS,), by interpolating the critical space of Fujita-Kato and the axisymmetric

condition of Malek- Necas- Pokorny. Especially he proved the following theorem.

Theorem IV.1.1. Let vy € H%(R:s) be an axisymmetric divergence free vector field vector
without swirl and f € L? (R+;H6(R3)) be an axisymmetric vector field, for some 3 > ;11.

loc
Then (NS) has a unique global axisymmetric satisfying

ve C(Ry; H2) N L2 (Ry; HE).

The approach suggested by H. Abidi to prove Theorem IV.1.1 is deeply based on the
argument introduced by C. P. Calderén [14] to show that the Navier-Stokes equations
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admit a solution in L for 2 < p < N with N = 3,4, ... and further performed by I.
Gallagher and F. Planchon [54] with the purpose to study the global existence for the
wave equations. This argument consists to split the data vy into two regular parts, the
first one is more regular, denoted by v, and supported spectrally in the ball of radius NNy,
with Ny being a large real number, the other one is less regular but small denoted by vy 4.
Likewise, for the external f = f, + fj, with the subscripts A and ¢ refer respectively the
high and low frequencies. More precisely, we write.

Vo,¢ El F 1 (Lig<mobo),  von el T (Le=ny0)-

def _ def —_

o2 7 (Mgenm ). fu € T (Mg f).
Since vy and f are axisymmetric, it is clear that the functions v ¢, vo s, f¢ and f,, are also
because the cut-off operator doesn’t disturb this structure.

Compared to Proposition IV.1.1 it seems that Theorem IV.1.1 is not optimal in terms
of the required regularity on f, whereas the optimal regularity on f would be something
like f € LA(H _%). For the Boussinesq system , the approach used in [3] isn’t applicable
directly if f € L3.(H"), with § < 1, instead of that, we will relax the regularity with
respect to 8 by means of asking for some more integrability in time. So, the general idea
is as follows: for f € L7 (R;;L?) and a < 0, we have

||fh||L2T(Ha) < ENp,as

with
Nl fll a2 if a <0

T ~ 5
<f0 H1|§|2N0f(7—7 £)H%2(R3)d7—> lf o = 0

ENg,oo =

If Ny is sufficiently large, then ey, , is small as much as we want, and eventually the
L2(H*)—norm of f; as well, for all a € [— %,0}. Then, for the data f;, we define v, as
the solution of the following Navier-Stokes equations

Owvp, + vy, - Vo, — Avy + Vpy, = f,
div Vp = 0 (NSh)
Unlt=0 = 0.

In the spirit of Proposition IV.1.1 for (NS,), we will prove the following result.

Proposition 1V.1.2. There exists No > 0 large enough and € small as much as we want
in terms of Ny for which (NS) has a unique global solution vy, in Ep(Hz2)N Ep(HY), with

Vel ity iy = €
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Next, we demonstrate that (/V.S) admits a unique global solution v of the form v = v, + vy,
with v, satisfying the following modified system

Owvg +vp - Vug — Avg + Ve = fo + Fy, (v0)
dive, =0 (NSy)
Vg t=0 = Yo,

where the operator Fj, is given by

F.(0)™ —a-Vb—1b-Va (IV.6)

Unless F,, (vg) = 0, it is not clear how to solve (NS;) by means of the previous proposition
with an external force term as a sum of f; in L?*(H') and a linear operator F,, . In
fact, Proposition IV.1.2 is not enough to establish the desired global control in time of
the H'—norm of the modified system (NS,), the issue is related to the fact that having
a L¥(H?) estimate of the small solution (v in our context) is crucial to deal with the
modified system. To remedy this, we will have to demand more regularity on v, which
comes from additional conditions on the external force f. We recall that in this work we
will later treat the Boussinesq equations as well, so we want to keep the regularity zero
with respect to the spacial variable, whereas we will add some integrability conditions with
respect to time. Hence, we shall prove the following proposition.

Proposition IV.1.3. Let v, be the solution obtained by Pmposztzon IV.1.2, if in addition
fis in LE(L?) for some > 4. Then vy, is actually in L3 (H?), with

”Uh”L%o(H%) SJ €
After this extensive explanation and a stack of important results, now we are ready to state
our first main result which deals by establishing the following version of Theorem IV.1.1.

Theorem IV.1.2. Let vo € H%(R‘g) be an axisymmelric divergence free vector field vector
without swirl and f € Lloc (R+; LQ(R3)) be an axisymmetric vector field vector, for some
B > 4. Then (NS) admits a unique global azisymmetric solution such that

veC(Ry; H ) N LlOC(RJF;H%).

Remark TV.1.3. Let us point out that, the condition 5 > 4 is essentially entailed to prove
that the solution vy, of (NS;) is in L3®(H 2), which is really important to get the global
bound of the modified system. Equivalently, any couple of real numbers («, 5) € (— ;, oo) X
[2, 0] such that the condition f € L2 (H®) allows to get a solution vy, to (NS,) in Ep(HzN
HY) N Lge(H?), is admissible ! to reinstate the condition f € L5 (L?) in Theorem IV.1.2.

'One may check that our proof works in particular if f € L5 (H®) such that o +3 > 5 2 and S € [2, o],
this condition comes from the proof of Proposition IV.1.3.
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About the Boussinesq system

Now, let us move to the Boussinesq system (B,) where we set the viscosity © = 1 to
simplify the presentation, the system often obtained still denoted by (B) and given by the
following coupled equations.

Ow+v-Vo—Av+Vp=rpes, (tz)eR, xR3,

Op+v-Vp=0, (t,z) € Ry x R3, (B)
dive = 0,

(U»P>\t:0 = (vo, po).

Let us recall that the system (B) respects the following scaling invariance
vy () = MV AT), o () = NP p(A, )

with initial data (vgx, po.x) given by vg(z) = Avg(Az) and po(z) = A3po(Ax). In other
words, the critical spaces for the velocity are the same as for the Navier-Stokes system, and
it is necessary to require two less derivatives on the density. A straightforward computation
claims that H2(R3) and BQI(RB‘) are critical for the velocity, whereas L'(R?) is critical
but for the density.

The second main result of this work handles with the global well-posedness for (B) and
reads as follows.

Theorem IV.1.4. Let vy € Hz(R3) N B, (R®) be an azisymmetric divergence free vector

field vector without swirl and py € L2(R®) N BY,(R®) be a scalar azisymmetric function.
Then (B) has a unique global solution satisfying for all T > 0

f o ) OO )
(v,p) € Er(H2)N L7 (Bg,l) N LIT(B?%J) x L (L*N Bg,1)-

A bunch of important remarks concerning the previous theorem are in order.

Remark 1V.1.5. An axisymmetric scalar function means a function that depends only on
the variable (r,z) but not on the angle variable # in cylindrical coordinates. We check
obviously that the axisymmetric structure is preserved through the time in the way that
if (vg, po) is axisymmetric without swirl, then the obtained solution is it also.

Remark 1V.1.6. As aforementioned above H2(R3) c Hz(R?) and B3, (R%) are critical
spaces with respect to the velocity, whereas L?(R3) and Bg’l(R?’) are not critical ones for
the density, as pointed out, for instance, in [36] it is not clear how to solve the equations
in critical spaces with respect to the density without additional required regularity on the
initial data, our choice of these additional conditions is highly inspired from [36, 74] where
the L? condition on py seems to be crucial to solve the momentum equation in H %, and
the condition Bgl is essentially helpful for the uniqueness.
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Let us briefly discuss the proof of Theorem IV.1.4, first by describing the formal energy
inequalities associated to our system. To do this, let (v, p, Vp) be a regular solution for
Boussinesq system which decreasing at infinity with initial data (vg, pg). First of all, we
recall that the velocity vector field is in divergence free, so

lp@®)llze = llpollze,  p € [1,00], £ 2 0.

In particular, for all r € [1, 00| we have

1
lolles.z2) = T[] pol| 2. (IV.7)

and thus )
[vllzge2y + VOl 22y S llvollze + T2 | pol| z2-

By virtue of Theorem 1.1 from [36], the assumption vy, po in L?(IR?) ensures the existence
of at least one global weak solution (v, p), that is, in view of (IV.7), p is in L5(L?), for
B > 4. Consequently, in accordance with Theorem [V.1.2 we may define the unique global
axisymmetric solution v to the equation (NS) with f = pes. Next step consists to propagate
the regularity alike v € L}(Lip) which seems to be crucial, according to [36], to prove the
uniqueness of the constructed solution for (B). But the lack of diffusion term in the density
equation contributes some technical drawback. To circumvent these difficulties we will need
to supply some additional summability conqition at the level of the dyadic decomposition

of the (vo, po), rather than being just in B3, x BS,Q, namely we will need them to be in
Bgl X Bg,r Theorem IV.1.4 is then a consequence of the following proposition.

Proposition IV.1.4. Let T > 0 and (v, p) be a solution to (B) on (0,T) in Er(Hz) x
LF(L?). If in addition (v, po) € BY | x B, then

(v,p) € L%O(Bg,l) N L%F<B§1) X L%O(Bg,l)

and (v, p) is actually the unique solution to (B) on (0,T).

IV.2 About the axisymmetric Navier-Stokes equations with
external force term

IV.2.1 Some key estimates in Sobolev and Besov spaces
To state the proof of the main results, we first need to analyze some classical estimates in

Sobolev and Besov spaces that will be more useful in the proof of our main theorems, we
begin with proving the following proposition
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Proposition IV.2.1. Fors € [2, 2) there exists C' > 0 such that for a,b and c are regular
enough, the following assertions hold.

2 2
(- Velb), < Clall IVelly. + 795 (IV.8)
<a . Vb|b> < C’||a|| 1 ||Vb||Hs (IV.9)

) 2
(b-Valb), < IVall’ 4 100 (IV.10)
- Vblb)., IV.11
(a-Vblp), < - (IV.11)

For s = %, we have

(div(a®b) |b> + (div(b®a) |b> < C(|lall%: 110l + 161151 lall?) —FmHVbH2 . (IV.12)

And for s = 2, we have
(a-Vble);  llalln (190l 3 + 1900 ) el (1v.13)
(a-Vble)y < (llall ;3 + lall =) VOl el (IV.14)

Proof
We restrict ourselves to establish (IV.8). Estimates (IV.9) and (IV.10) will be done by the
same method. By definition we have

(0 vep)? < [ 1€ VeIl
(/ € D]a Vel |d£) (/ EPEI[Re) ) "
< Jla- Vel

On the other hand, the product law in dimension three H*-H: C H ! for s e [
gives

Hs+1 .

N =

13):

la- Vel ger < Cllaf] ;4]

Putting together the last two estimates to obtain the scalar product < |- >S in H,

Hs

(a-Velp), < Cllall 41|Vl

So, Young’s inequality AB < C'A? + 11 B? gives the desired estimate.

The proof of (IV.11) is ensued from the following product law,

13

HS’%~H1CHS’1 for all s € [2 2)
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Indeed, the scalar product in H* together with the product law above give rise to

(a-Vblb), < llallm [IVOIl .y 11B]

HS_% Hs+1

Next, in view of the following interpolation inequality in general case

171 fl

1
2
Hs+1

1
2
Hs

et S

and a new use of Young inequality AB < CA* + TioB 5 implies
1

. < 4

$

2+ —||Vb|

2

Hs*

To establish (IV.12) for s = %, we apply Bony’s decomposition

a®b="T,b+ Tya+ R(a,b).

The two first terms can be estimated along the same lines as follows
18;T5bll2 S [1Sj-1allzee]| Al 2

< 2 bl ith S 2 <1

S 2 Blall g Pl with Y2 <1

. L1
Hence the Sobolev embedding H'(R?) < Bs%o(R?) gives the desired estimate for T,b.

For the remainder term, Bernstein inequality and the definition of Besov spaces allow to
conclude

1A;R(@,b)ll2 S 22 Y (| Agal|r2]| Axb 2

k>3+No

< 957 Z ck2_3k||a||H1||bH3§m
k>3+No

< 28 3 a0 P allpn bl
k>j+4+No

thus, by using Holder inequality, we finally obtain
_3,
1A R(a, b)|[L> S 272 ¢illall g |[bll 72

Finally, we only prove (IV.13) because (IV.14) will be done by the same fashion and we
left it to the reader. The definition of the scalar product in H? gives

(a-Vble)s < lla- Vbl llell g
Then, by using the following three-dimensional law product, see [§]
. .3 .
H'- B3 CH'
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we infer that

(a-Vble); S llall g VB llell s

combined with the following interpolation estimate, the proof of which can be found again
in [8],

||f||B§1 Sy + 11 e,

Proposition 1V.2.1 is then proved. O

The next lemma will be used to obtain the bound L%“(H %) of the small solution vy,.

Lemma IV.2.1. For a reqular enough divergence free vector fields u,v and 8 € [1, 00|, the
following estimate holds.

v (o el Sl Iolzgeag o+ Wil a Wollzgesy o (V-15)

1
2
2,00
Proof

The proof is classical and relies on continuity properties of Bony’s decomposition. To

make the presentation more reputable, we omit the tensor product and estimate the formal
product 0;(uv). Hence we need to prove

— . < — . ~a .
leollzgmy o S Wl g Wolzzeg o + 1005 g0 llellzgess )

Thanks to Bony’s decomposition, we write
w = Tyv + Tyu + R(u,v),

By changing the positions of u and v, the first two terms on the r.h.s can be dealt with
similarly as follows

||AkTuv||L§(L2) HSk—1u||L%°(Loo) ||Akv||L§(L2)

S
—k

S 2ullze s lvlze s )

By Sobolev embedding we have

For the reminder term, the same analysis gives

AR ey S 3 HAmullem 1Al s e

m>k—Ng

S 2" Z 2’“’m!\u\|z%o(3;/;)Hszg@;m)
m>k— Ny

thus, by Holder inequality we obtain
18R, )l 2y S 2l s Mollzass

Lemma IV.2.1 is then proved. O
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IV.2.2 Global estimates for the small solution part (Proof of Propo-
sitions 1V.1.2 and IV.1.3)

Proof of Proposition IV.1.2 Let us begin with establishing the Er(H?2) bound for vy,
Doing so, we take the inner product in Hz with v, solution of (NS,) to obtain

1d

§d—t||vh(t)

B3 + IV @®I < [Con - Vonlon) i | + 1 Fall -y V01144

By virtue of (IV.9) in Proposition IV.2.1 and Young’s inequality, we infer that

1d

5%”%(75)

Now, let

1
12 + IVo@I2y < Clon®)la IVen@I2,y + CIUADIE, + IVen@)? ;.

T = sup {T >0: [loa(m)ll 3 < 1/40}.
The definition of f;, provides that for all ¢t < T ,

< (Ce

2 2 2
lon @12,y + Vo2, 5 < O,y

We choose N large enough such that Cg?vo,—é < 1/(8C)?, hence for all t < T
lon(®)]l 3 < 1/8C. (IV.16)

On the one hand, we assume that T < 00, so the definition of T and solution’s continuity
yield B
lon(D)l,4 = 1/4C.

Hence, letting ¢ goes to T in (IV.16), we end up with

1/4C = [[on(T)| ;3 < 1/8C.

This contradicts the fact that 7 is finite, and thus [on(?)]l ;4 remains bounded for all ¢ > 0
and can not blow-up in finite time. In particular, one concludes that for all 7" > 0

Se. (IV.17)

thHET(H%)

Let us now prove the same estimate for ||vp[| g, z1). Similarly, as above, by virtue of (IV.9)
stated in Proposition IV.2.1, we write

1
57 lon Ol + IVon®lF: < Clloa®ll 5y V@1 + ClAONL: + Z1Von(®
1
< Oz + 51Von:-
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Hence
||Uh||ET(H1) Seno Se (IV.18)

Grouping (IV.17) and (IV.18), we end up with
1ol by iy € (IV.19)

Br(H3)NEp(HY) ~
For the uniqueness topic, it is well-known to hold in these kinds of spaces, hence the details

are left to the reader. The proof of Proposition IV.1.2 is now achieved. a

Proof of Proposition IV.1.3 The perception of the proof will be done in the following

27
way. First, we start by establishing that v, € L¥ (B, ;). Thereafter, remarking that for
B > 4 then 2 — % > %, so we conclude by making use of the interpolation argument that

2 3

LE(HY)Y N LE(By.0) < LE(B2,) < LE(H?).

_2
So, to prove that vy, lies in L (B;OO* ), we first write down the equivalent Duhamel’s formula
associated to system (NSj,)

vp(t,-) /St—T)Pdlv(Uh®vh dT—/ S(t —7)P fi(7,-)dr

where S represents the heat semi-group, defined by S(t) g

Next, we apply the Lemma A.2.1 from the Appendix for k1 = a, ks = § and p = 2 to write

| [ test = st

2j(—14+4-1)
) < %5 HAngLﬁ (2, foralla €[, 00]. (IV.20)
Accordingly, the fixed-point method for the above Duhamel’s formula can be done in the
following functional space.

def

Xr = {g e C(0,T); L) gllx, < oo},

equipped with the norm

def

lollar < Nl -5 +ollzzos

B
T 2,00 )

The external term can be estimated by applying (IV.20), while the bilinear form can be
carried out by employing (IV.15) in Lemma IV.2.1, we conclude that

[vnllar < Clionll, w3l [vnlloer + Cllfullz sy - (IV.21)

The fact that L? = 33,2 — Bgm leads to
Hfh”Zé{(Bgm) < HthL?(L?)'
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Similarly, on account of Proposition IV.1.2, one may write

thHf%"(BS‘%oo) < HUhHL%O(H%) <e/C,

plugging these into (IV.21) gives

thH-XT S Hfh”ng(LQ)

By definition of f,, for Ny large enough we obtain the desired estimate. O

IV.2.3 Global estimates for the modified system and proof of the main
Theorem IV.1.2

Before to lay down the proof of Theorem IV.1.2 we begin by proving the following result.

Theorem IV.2.2. Let vy be an axisymmetric divergence free vector field in H*(R3) and vy,
the unique global solution of (NSy) given by Propositions 1V.1.2 and IV.1.5. Then (NS;)
has a unique solution in Er(H"') for all T > 0.

The proof of Theorem 1V.2.2 will be orchestrate, first by showing that (NS;) has a unique
local solution in Er«(H®), for all s € [3,2], with 7* can be considered as the maximal
lifespan in H!. Second, we explore the axisymmetric structure to control the H!'—norm
over (0, 7], which allows to extend the solution beyond T*. This contradicts the fact that

T™* is maximal.

We start by proving the following proposition.

Proposition IV.2.2. Let vy be a divergence free vector field in H*(R?) and v, the unique
global solution of (NSy) constructed in Propositions IV.1.2 and IV.1.3. Then, there exists a
mazimal lifespan T* > 0 such that (NS;) has a unique solution in Ep«(H®) for all s € [3,2].

Proof

We will only show the existence part and we skip the uniqueness, since this latter is well-
known to hold in such spaces (the linear part with respect to v, can be dealt with as in
the existence part). Define the free solution as

def
v'(t, ) = e ()

and we look for a solution v* to (NS;) of the form v’ = o' + w’ with w* solving

o' + w' - Vw® — Aw’ + Vp' = f, + F,, (w*) + Fu(w®) — ot - V!
divo = 0 (NSY)
wﬁzo =0,
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with F,(b) = —a-Vb—b- Va.
Let us point out first that, for all s € [%, 2] and p € [2, 00|, we have

l
.

We only restrict ourselves to outline some a priori estimates while the construction of a
solution to (NS*), can be done by employing the well-known Friedrichs method based on
formal calculation that we will prove here. For more details about this method, we refer
the reader to [8].

We proceed in four steps.

o 1% Step: s = 1. Taking the scalar product in Hz for (NS’) with w’. Thus, (IV.8) in

Proposition IV.2.1 gives

1
St @Iy + IVl o < (Clotle ga) + Clonl e +1/4)\|Vwﬂ|

L3 ( Hf) H?Z) H?2
+Clwl?
L

LQ(H?

b ||th|| + O6(1), (IV.22)

-

l\.’)

(H

with -
o(t) = |lv'|]?

2 i IV

6”2

1 gl

2
+ HszL?(H_%
According to Proposition IV.1.2, we may choose Ny large enough so that

L( H7

1onll e iy + 19081 18 < min {1/4C,1/4VC},

2 2

this gives in particular

—_

2112 2 2112
Sl N - R =

By denoting
T Y sup {7’ >0: C’||w€||LOO(H < 1/4}

Inequality (IV.22) gives, for all t < T}
LTI
2l @y <€)

and seen that ||Vvl(-)||H% € L*(Ry) and |[v'(")||;: € L*(R,), one has
6(t) — 0, t—0".

Hence, if we denote Ty the first ¢ > 0 such that 6(t) < 1/64C? for all t < Ty. Setting

def

T = min{T}, To}, by usual continuity arguments, we conclude that, for all ¢t € [0,7%),
the E,(Hz) norm of w! remains bounded for all ¢ < T*, more precisely we have

[0l 3, < 1/4C.
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e 2™ Step: s € (3,2). Again the scalar product in H* for (NSY) with w’ and (IV.9) and
(IV.10) of Proposition IV.2.1 allow us to get

1
Sl Ol + IVwiliz,

gy S (CI ety Cllonll e g, + 1/4) V02,

+C ey (1901 %wwm”m)+c@®,

L2(H2
with it
€

0s(t) = N sy 1012

We may suppose that, for ¢ small enough (we keep the same notation for the maximal time

T*)

LA(E+E) + er\|L2(Hs 1y <00, VE< T

HulHL4 iy < 1/4C
to end with the following estimate, for all ¢ < 7™
(B 11

o 374 Step: s = % By similar arguments and by making use of inequality (IV.12), it holds

A V]

() < 05(t) < 0.

1 -
S O,y + IIVe'| < O¥(1) + %VWM2

L2(H3) — (H#)’
with
) S 01 g 10 2 i+ 10 e 10 iy + 01 g 10
0 ey 1 iy~ 100 1 2y 190 e 10 iy + 15212,
One deduces for all ¢ < T™ that

lw' (D% 5 + IVer|2, 5 S 6(t) < oo,

L2(H2)

e 4" Step s = 2. By using estimates (IV.13) and (IV.14), similar calculations to the
previous steps lead to

1 t
5Wﬂﬂ@rﬂWW(pra ()+C/’@V%UW%WMUN§)W
1 ¢ 2
+ IV )
with
< def
sz(mwamﬁwwmup+mwﬁm)owwn Q*WVMMWM)

(10 + 10 g ) (1902, 1)+ 19 i

+ ||VUhHL2 HY) vaEHiw(H? + ||ff”L2 H1))
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according to the previous steps 0(t) is finite for all ¢ < T, Gronwall lemma then insures
[’ (O + IV Oz, S 8(t) exp (Cllvnlly, ) < 00, VE< T

This completes the proof of Proposition 1V.2.2. O

Proof of Theorem IV.2.2 To prove Theorem IV.2.2, we consider the unique local
solution vy to (NS;) given by Proposition IV.2.2 in Ep(H®) for all T < T* and s € [3,2],
with T* can be considered as the maximal lifespan in H', and we show now how to benefit
of the axisymmetric structure to control the H' norm on [T* — n, T*] for some n << 1,
which allows to extend the solution, and contradicts the fact that 7™ is maximal.

The key idea to prove the H' global bound of v, is to explore the axisymmetric structure

to get a uniform bound of « = @ in Ep(L?) for all T > 0. Indeed, the solution
vy € Ep(H?), given by Proposition 1V.2.2, for all T < T*, combined with the Biot-Savart
law, (see Lemma 2.2 from [3]) ensure that « lies in Er(L?), for all T < T*. Now, we state
the proof of the H'—global bound of v, in the spirit [3]. For the rest of the proof we will
agree the following notations.

d —
Ty & (V x v)és, Te ™ (V x v)és, g0 2 (V x fo)é
Recall that v = v;, + v, and it is clear that I'y solves

r 8T 1 r
8JQ+<UTL+U%%—%£ﬁQ—(8&+3;+~;—73>F4:gn—vﬁhfh—ﬁﬁjm+£%Fm (IV.23)

with (v;,vf) and (v}, vj) refer respectively to the components of v, and v,.

Taking the L2-inner product of (IV 23) by I'y, integrating by parts, the incompressibility
condition divv, = 9,vy + 0,v; + -- = 0 and dive, = d,v," + O.vf, + 2 = 0 yield

® I + DTl + [

2d | :/ ( EFM— (Fg) (v;"@rl“g+vjazl“g)1“h
t (m,RR)

+ 2 FhF4> rdrdzdf
”
Via, Cauchy—SChwartz and Holder’s inequalities, we end up with

CITuRs + 1Dl + |

o < Mol Tl |52 lselirelos

+ el DTl Tles + 5] NeelseliTles

In accordance with the following Sobolev embedding ||gell -1 < | fellze2, ITell g2 &~ || DT || 22
and HwH o < ||Vol| 2 combined with Young inequality give rise to,

4
3 4 2
LNVl Tz + [V vellzalTallze-

Iy
S+ D+ ) S s + |22

2 dt
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After an integration in time and Young inequality with respect to time, it holds

ITe(t) 22 + DTl ) + H

2 2
san S Worls Vil

19 0l + [ 1907

L§°(L2)
(IV.24)
Now, we treat « = FZ which is governs the equation
3 v} ;T
O+ (00, +v0.)a — (07 + 02+ 20, Ja = & - —a T = LO.T + L=t (1V.25)
r ror

To do so, taking the L%-inner product of (IV.25) with  and integrating over R?, one has

1d

th”aHLQ +/ (v" 0, a+v70.0) adx —/ <82a + %o + 6 oz)ozdx (IV.26)

vy Iy,
‘ / ge 8 Iy, — 8 .1 + )ardrdzd@'.
(nR R” r ror
So, for the second term on the l.h.s we have
/ (vrﬁra + vzﬁzoz)adx = / (v" Oy + V70, ) ardrdzde
R3 I(mRR)
= —7?/ (8v + 0,v° + )ardrdz—()
RXRJr

where we have used the fact dive = 90" + 90" + = = 0 and v"(0,-) = 0 because v is
axisymmetric.

For the second term, we use the fact A = 97 4+ 92 + 19, to obtain

—/ <8fa+8§a+§aroz>adx = —/ (Aa)adx—/ 2((()Loz)ozdx
R3 r R3 rR3 T

— [IValls + 27 [ a2(t,0,2)d= > [ Vol

Collecting the last two estimates and inserting them in (IV.26), it follows

1d

o T
5 gllalE +lIDa(t)] < ‘/ (%——a Ty — - a T+ £ >ardrdzd9'. (IV.27)
WRR+)

rr

Now, for the second term on the r.h.s, a straightforward computation yields
’U; Fh

s z F F
—2o,Ty = LoDy + Lt — 0o (22) = vgo, (22),
T r r r

rr
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so, a new use of integration by parts, the fact dive, = 0 and v} (0,-) = 0 we further get

Iy, r
— / ( o'y, +— v 8 1y, — ——) ardrdzdf = / (v}f@ra + vf&u) L rdrdzdd.
I(ﬂ-:RyR‘F) r rr I(WvR’R+) r

Gathering the last two and plug them in (IV.27), thus Cauchy-Schwartz’s and Hélder’s
inequalities lead to

1d
2 dt

g
f e[z + | Dl 2

L2

E

—llallze + [|1Dallze < 1T s

Lﬁ

Integrating in time over (0,¢), then in view of Young inequality, one has

Ue
LY(L?)

For the first term on the r.h.s., Hardy inequality, Sobolev embedding H'(R?) — LS(R?)
and (A.17) provide that

r

2
Ja(®)lls + 1Dl 5 S Noolls + || £ nnlmgw),GV%>

~

ol S IVl

r
S IDTlse + |+

whereas, concerning the second one we have

<
sy S iz

Plugging these into (IV.28), it happens

: 1
FE 2 2
otz + I1Dallzae, S loolla + gy ([ (10Tl | 2] ) IEslE s
0
(IV.29)
Let us denote
0(T) “ sup 00z + IDTellzam + [~ .
t€[0,To] ‘ r L (L?)
In accordance with Sobolev embedding and Proposition IV.1.3, one obtains
Pl < Nonll s, < 2
Inserting this latest in (IV.29), then for all ¢ € (0,7}), we find
la(@)ll> + [Dallrzz) S llvollaz + | fell Ly 2y + €I1(To) (IV.30)
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Substituting (IV.30) into (IV.24), we infer that
I(To) < vl + 1 fell g w2y + IT)ITnll g ooy + el Zge (1) 1V0l 25 (p) ITel 7 (12

S lwollar + 1 fellzz, 22y + T ITnl 23, (29) + (HUOHH2 + || fell 22 a2y

Wi

2 1
+5H(T0)> X ”WHEZTO(L?)HVWHE%(,(L?)
Again, Sobolev embedding and Proposition IV.1.2 yield

2) ™~

Tl ) S lenl g 2, S &

Now, we choose Ny > 1 such that ¢ < 1, to end with
(To) < llvoll e + [Jvoll a2 + HféHLQTO(L?) + erHLlTO(Hz) + ’\DU’|:2§O(L2)'

The left hand-side of the last inequality is finite for all finite 7y > 0, more precisely we
have

(To) < lvolle + ol + (14T N fllz, 2y + (lwollz + 1+ v/ To) 1 £l 2z, ay)’ < oo

The last inequality provides the desired Er(H?'), for all finite T > 0. Theorem IV.2.2 is
then proved. O

Remark 1V.2.3. The L?(LQ)—norm of f does not explicitly appear in the last inequality
above, but according to the proof of Proposition IV.1.3, the choice of Nj is really related
to fact that [ f][ s .., is finite.

T

Proof of Theorem IV.1.2 In order to derive Theorem IV.1.2 from Theorem 1V.2.2,
we will proceed by the following argument. For vy in H %, we construct a unique solution
v = v, + vy, with v, is in Ey(H2) for all ¢ > 0, and v, solves (NS,) in Ep(H?), with
T < T* the maximal lifespan of existence in Hz. Since v, € L2(H?), there exists some

€ (0,7*) such that vy(ty) € H?2, then Proposition IV.2.2 enables to solve (NS,) again
on (to, T*) with initial data vy(to). So, due to the uniqueness of the solution, we infer that
v € L=((to, T*); H2) N L2((ty, T*); H?). By the same processes there exists ¢; € (to, T*)
such that vy(t;) € H? Hence, if we take v,(t;) as the new initial data we succeed to
construct a unique solution given by Theorem 1V.2.2 on (t;,7T) for all T' > t;, we denote
this solution by v,. The uniqueness property of the Navier-Stokes equations in ET(H %)
guarantees that vy = Uy on [t1, 7*) and Theorem IV.1.2 follows. O
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IV.3 Global wellposedness of the Axisymmetric Boussi-
nesq system (Proof of Theorem 1V.1.4)

The goal of this section is to show how to derive Theorem IV.1.4 from Theorem 1V.1.2.

Proof of Theorem IV.1.4 Since (vg,po) € H2(R3) x L2(R?), then in accordance of
Theorem 1.1 in [36] we can construct at least one global solution (v,p) to (B) which

satisfies the energy inequalities. Next, for p € L>(L?) c L (L?) for 8 > 4, by virtue of

loc
Theorem IV.1.2, we associate to this p, the unique global solution to (NS) in Ep(H?), for
all T > 0. The final step consists at proving that the solution (v, p) is the unique one.
Doing so, we will need some additional regularity on v and p, therefore the conclusion of
the proof is a direct application of Proposition IV.1.4 that we prove below. O

Proof of Proposition IV.1.4 We will only show how to propagate the regularity in
Proposition IV.1.4, the uniqueness part is well known to hold in these spaces, see for
instance Theorem 1.3 in [36].

We intend to extend the proof of the previous proposition to more general class of system
than (B). Such system takes the form

O — pAv + Vp = Q(v,v) + pé; if (f,7) € Ry x R’

Op+v-Vp=0 if (t,7) € Ry x R3,
dive =0, (By.q)

(Uv p)|t:0 = (U()? pO)
where

(Qw.v) =3 aia(D)(w'v?)

and {¢; ;}1<ij<3 are Fourier multipliers of order 1.

Thanks to Proposition A.3.1 with f = 0, we have the following estimate
t
ol g, % Inlsg, (1 [ 1900y 7)) (v.31)
: : 0 :

Therefore, the control of p in L%O(Bgyl) requires a control of v in L%F(B;og)a which can be
done, due to sobolev embedding, if we know how to control v in LIT(Bg,l). To do so, we
consider the Duhamel’s formula associated to the velocity equation

v(t,-) = S(t)ve(+) — /0 S(t —7)PQ(v,v)(r,-)dr — /0 S(t — 7)Ppes(t,-)dr.

To make the presentation simple enough, we will use in the rest of the proof the following
notation

112



CHAPTER IV. NON-DIFFUSIVE BOUSSINESQ SYSTEM

~ . def ~w . ~ .
gT(B§,1) = LT (B??,l) N L%“(Bg,l)'
Owing to the continuity property of the heat semi-group S(-), we have

lollg, sy, < eollsg, + 1@, )z ceg, + lellzs g, (1v.32)

In fact, if we deal directly with ZIT(Bgl) estimate we will end with the following issue. By
exploring the following estimate the proof of which is an easy application of para-product
law,

1@, )z < 1 )z ) < Molleamo Mol s

by denoting V(t) «f [0l Ly pz ) and K(t) = ot l|v HLOO and on account of (IV.31), one has

HY)
V(t) < Co + K(OV(1) + / CCoV(rydr. (1V 33)

Remark that the above estimate doesn’t provide a global control of V(¢) for all t < T < co.
The difference factor between our context and that of [74] is the following: in [74], the
authors dealt with an initial data vo in H*(R?®) which gives a solution v in L%(H ) and

.3
eventually by interpolation, one obtains in their context that v belongs to L7(B3,). Or,
this latter space in an algebra, whereupon the following estimate holds

. < 2
1R, V)llzasy,) < !|v|yL2(3221) (IV.34)
S Co@cot.

Therefore in [74], instead of (IV.33), they have

t
V(t) < Cp + Coe® + / CoV(7)dr.
0

which is sufficient to control V. Contrary, in our case we deal only with initial data in
H %, so the maximal gain of regularity is L2.(H %) Consequently, we are below to the
regularity threshold of Hmidi-Rousset’s approach[74] which in turn becomes not available
in our case. To remedy this latter, we must propose another argument, in particular to
control the non-linear term without using the L?(H 2) norm when we deal with the low
frequencies in the Bony’s decomposmon of v ® v. The first step consists to establish a

~4
control of the velocity v in L:”(B2 ) = L (33 4/3) in terms of the LY(H") and L3 (H2)
’3

norms of v, which are already controlled, for all t < T, since v € ET(H 5). In the next step,
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in order to control [[v]|,pz ), we estimate the bi-linear term in terms of the L (3324/3)
and the L}(H") norms of v , more details are given below.

Taking advantage of the continuity property of S(7) we have for all » > 1

. < .
ISC) w0l 55 el

In particular, for r = 4, we obtain

3
. < .
I8l g 51 ol

Defining

The following inequality

4 .3
Sl g

together with Sobolev embedding B2 s B 5 and the estimate

34/
”Q(”’”)“L?@gl) S ollzacm 1ol 8,
lead to
|!v\|z§(3g) lvollzg, + Cllollzacinllull o g8, + el s,

»

4
3

By means of (IV.31), it follows

lvll-4 .3
t (BB %)

t
S loulg, + Cllollgi g, + Il (14 [ virsar ). avas)

Finally, we come back to estimate V(t) = ||U||Eg<3§ ) to do so, we summarize from (I1V.32),

and instead of using (IV.34), we use the following estimates, which we will prove at the
end of this section

Qe D,y S Wlsgrmlvl g 5 (1V.36)
< .
S Mol ol 53

with the help of (IV.35) and the embedding Ep(Hz) < L4(H"), it happens
t
Qs Mgy S ol (el + ClOIE, g + ol e+ [ Vior) ).
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By setting

def

A S Yool g, + tlioolag, + ol 1, (leollsg, + CI0IE, .+ Hloollzg, ).

1
2

and def
B(t) ™ Npollsg, (1+ 0l 3 )

which are finite for all ¢ < co. Therefore, one concludes from (IV.32) that

V() < A(t) + B(#) / V()

Gronwall’s estimate yields
V(t) < A)eB ) for all ¢ < oo. (IV.37)

Once, we have established the bound of V(t) for all ¢ > 0, we can control v in gt(Bgl) and

pin Z?(Bgl) by substituting (IV.37) in (IV.32) and (IV.31). Proposition IV.1.4 is then
proved.

For the sake of completeness, we briefly outline the proof of (IV.36). For this aim, we
employ the following law product in three dimensions of space

(B'NB2,)- (H'nB2,) C BL,.
Indeed, Bony’s decomposition enables us to write
w = T,v+ Tyu+ R(u,v).
For T,v, we have

1A/ (T0) s S 11Sj—rul| poe | A ] 15

S E2ul Ly o],

3
5 )
0,2 3,2

NG

with >y cjz < 1. Whence, the 3D Sobolev embedding H' < B;OQ gives
ITuvllzy, S ullalloll g

Similarly, by exchanging the positions of v and v in the above estimates, we infer that

IToull gy, < Mfollllull 5 -
’ 3,2
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Finally, for the remainder term, we proceed as follows

1A;(Rw,o)lls S D Awulle=l|Agolls

k>j—No
S 2_j( ) 2j_k0ﬁ>||u||--%||vll.g,
. B002 B32
k>j—No ’ ’
S 27dilul vl g, Y di <1
Bg o

JEZ

O

Remark 1V.3.1. The uniqueness part of Proposition IV.1.4 can be established as well for
the general system (B, ) by following the proof’s approach of Theorem 1.3 from [36], and
by estimating the difference between two solutions still noted by (dv,dp) in B3_ I B3_ L
one may notice that the proof of the uniqueness in Theorem 1.3 in [36] doesn’t use at any
step the special structure of the bi-linear term.
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CHAPTER V. BOUSSINESQ — HORIZONTAL DISSIPATION

V.1 Introduction and statement of the main results

In this Chapter we consider the following Navier-Stokes-Boussinesq equations with hori-
zontal dissipation

(3t+u-V)u—Ahu+VP:p63, in Rt x R3
(O +u-V)p—Dpp=0

divu =0

(U’7 p)|t:0 = (UO7PO)>

(NSBy)

where A, % 07 4 03 denotes the horizontal laplacian and ez = (0,0,1)7 is the third vector
of the canonical basis of R3.

The unknowns of the system are u = (u',u? u?®), p and P which represent respectively:
the velocity, the density and the pressure of the fluid.

In the following we will say that (u,p) is a solution to (NSB) if it is a weak solution
in the classical sense (see for instance [28] pages 123,132 and 204). We recall also that
from a solution (u, p) we may use a result of De Rham in order to recover a pressure P
(which depends on u and p) and to obtain a distributional solution (u, p, P) of the system
(NSBy).

Note that in (NSB),) the diffusion only occurs in the horizontal direction. This is a natural
assumption for several cases of interest in geophysical fluids flows (see [107]). However —A,
is a less regularizing operator than the laplacian —A and we cannot expect a better theory
than for the classical Navier-Stokes-Boussinesq equations:

(6t+u-V)u—Au—|—VP:p63, in Rt x R3,
(@—l—u-V)p—Asz,

divu = 0,

(Uap)n:o = (o, po)-

(NSB)

In particular, the question of the global well-posedness of (NSB) and consequently of
(NSBy,) remains largely open, but recently the system (NSB},) has received a lot of at-
tention from mathematicians (see for instance [101, 2, 120]) and significant progress in its
analysis have been made. See also [65, 68, 72, 82] for more related results for other models
of the Boussinesq system.

Note again that (NS B},) involves the operator —Aj which smooth only along the horizontal
variables. Hence, we need to estimate differently the horizontal and the vertical directions,
and the natural functional setting for the analysis involves some anisotropic Sobolev and
Besov spaces. The definitions of these spaces and some of their important properties are
recalled in the next section.

In order to analyse (NSB},) it is useful to forget its second equation for a while, and to
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consider first the Navier-Stokes equations with horizontal laplacian:

(8t—|—u-V)u—Ahu+VP:0, in Rt x R3,
divu =0, (NSh)

Ult=0 = Up-

Several interesting studies for this last system were done. In [28], the authors proved the
local existence and the global one for small data in H%* for some s > % The proof of the
existence part in [28] uses deeply the structure of the equation and the fact that u is a
divergence free vector field. The key point used in their estimates is related to the fact!
that H2(R2) < L*(R?) and that H*(R) is an algebra. Hence, it is easy to deal with the
term u” - Vju by using some product rules in the well-chosen spaces. Next, after using the
divergence free condition together with some Littlewood-Paley stuffs in a clever way they
were able to treat the term u?0su with the same argument.

Always in [28], the authors proved also a uniqueness result (but only for s > %, because
of the term w3dsu) by establishing a H%*-energy estimate for a difference between two
solutions w = u — v, where sy €]3, s]. Later, in [85], D.Iftimie had overcome the difficulty

by remarking that it is sufficient to estimate w in H =3 with respect to the vertical variable,
and this only requires an H?z regularity for u in the vertical direction. Then he proved a
uniqueness result for any s > %, and the gap between existence and uniqueness was closed.

To do something similar with system (NSB}), we begin by estimating the horizontal
terms (terms which contain only horizontal derivatives) by using some product rules in
the adequate Besov and Sobolev spaces. For the vertical terms (terms which contain only
vertical derivatives) we follow in general the idea in [28] in order to transform them into
terms similar to the horizontal ones by using the divergence free condition. Hence, for
S E]%, 1], we first propose to estimate the difference between two solutions w = v — v in

H%~1 instead of H% 2 providing that the solution u already exists in the H%* energy-
space (see Appendix for a proof of an existence result). For the second equation, denoting
the difference between two solutions 8 = p; — ps we remark that:

e The function p only appears in the third equation of u (the equation for the compo-
nent u?). Hence, a priori, we only need to estimate p in the H*!-norm with respect
to the vertical variable.

e In order to deal with the term u"- V0, we must estimate § with respect to the vertical
variable in some space H~ %, with a > 0 and such that H*(R) x H~*(R) holds to be
a subspace of H™*(R). In fact, Lemma V.2.1 bellow says that the minimum index
—a that can be chosen is —a = —s.

e For the term w" - V,p, if we consider that p lies in some H”-space, with respect to
the vertical variable, then a direct application of the product rules shows that we

'Recall that this argument permits to prove the uniqueness of weak-solution for the classical Navier-
Stokes problem in dimension two.
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need 5 > 1 —s. Moreover, because the system is hyperbolic in the vertical direction,
we expect the loss of one derivative.

Hence, we will estimate vertically p in '~ and # in H~*.

For the critical case where s = %, in [106] M.Paicu proved a uniqueness® result for (N .S},)

in L(H%2) N L2(H"2). Tt is clear that such a space falls to be embedded in L* in
the vertical direction which is the major problem that prevents using similar arguments
to those in the case where s > % In order to prove the uniqueness, the author in [106]
established a double logarithm estimate (see (V.6)) and concluded by using the Osgood’s
Lemma. We will provide some details to adapte the idea of [106] and apply it to (NSB,).

Our main result is the following:

Theorem V.1.1. (Uniqueness)
Let s € [3,1] and (u,p), (v,n) be two solutions for system (NSBy) in
LOO

loc

Then (u, p) = (v,n).

(Ry; HO*) N L2 (R HY) x Li®

loc loc

(Rs H'7%) N Lo (Ry; H 7).

loc

As an interesting consequence, we can improve the results of global well-posedness in the
case of axisymmetric initial data established in [101].

Let us first recall some basic notions: We say that a vector field u is axisymmetric if it
satisfies
R_o(u(Ra(7))) = u(z), Va € 0,27], Vo € R?

where R, denotes the rotation of axis (Oz) and with angle ov. Moreover, an axisymmetric
vector field w is called without swirl if it has the form:

u(z) =u"(r,2)e, + u?(r,2)e,, = (x1,79,13), 7 =1/22+23and z = z3.

We say that a scalar function f is axisymmetric, if the vector field z — f(z)e, is axisym-
metric. We also denote by w = curl u the vorticity of u. Then we will prove:

Theorem V.1.2. (Global well-posedness)

Let ug € H'(R3) be an azisymmetric divergence free vector field without swirl such that
“ e L? and let py € L* be an azisymmetric function. Then there exists a unique global
solution (u, p) of the system (NSBy). Moreover, we have:

u € C(R-i-v Hl) N Ll200<]R+; Hl’l N H270)7 . E Lloc(R+> Lz) N LlOC(R+; HLO)’
pE C(R-H LQ) N LlQOC(R"F; Hl,o)‘

2We should mention that the existence of solution in such scaling-invariant space is still an open problem
even for the classical Navier-Stokes system.
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Note that in Theorem V.1.2, we only assume that (ug, pg) € H' x L? whereas in [101] the
authors consider a stronger condition. Namely, in addition of the hypothesis of Theorem
V.1.2 they assume that (V x ug, po) is in H%' x H%! or in L>* x H%'. In both works
the key point consists to establish an uniqueness result: it is the Theorem V.1.1 for us,
whereas in [101] the authors assume a strong initial condition in order to obtain some
double exponential control in time for the gradient of u.

The last result we prove in this Chapter is a sort of a local wellposedness of NS By, where
the uniqueness of the solution is a direct application of Theorem V.1.1, namely we will
prove

Theorem V.1.3. (Local well-posedness)
Let s €]3,1] , 6 € [0, 5] and (uo, po) € H** x H*. We have:

o There exists Cs > 0 such that if

T

2

ool + 7 ool (ool + Il (14 5) ) < €2

then (NSBy,) has at least one solution (u, p) in X*°(T), where:
x9(T) € LpH 0 L2HY x LEHY N L2HY.

o The solution is unique if 6 > 1 — s.

Remark V.1.1. Notice that, according to Theorem V.1.3, the construction of solutions to
(NSBy,) (at least locally in time) does not require high reqularity for the initial density po.
This is in fact possible due to the high vertical reqularity of the velocity which allows us to
rigorously justify the a priori estimates (as in the Friedrich’s method explained in the proof

of Theorem V.1.2).

Remark V.1.2. The constant Cs in Theorem V.1.3 tends in fact to zero when s tends to
%. In this case, our a priori estimates fall, and hence the existence of solutions in the case
5 = % remains open, even for the classical Navier-Stokes equations.

Remark V.1.3. In the case where s = %, one may prove a local well-posedness result if

the initial data (ug, po) is in (Li(B;l)vy. See for instance [106] where this is established
for (NS},).

Throughout this chapter we write R® = R} x R, and for any vector & = (£, &,&3) € R3,

we will denote the two first componants by &, and the last one by &,, that is to say:
§=(&,8,8) o (&4, &,). Similarly, for any vector field X = (X!, X2 X3) we will write
X = (X" X?) with the meaning that X" = (X!, X?) and X" = X3.

We will also use the notations

Hj = HY(R}), H: = H*(R,), LI(H}) = L"(R,; H}) and Ly L)LY = L(0,T; LM (B3 LY(R, ).
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Recall that (NS B;) involves the operator —A, which only regularizes along the horizontal
direction. Hence the regularity of the functions along the vertical variable must be mea-
sured differently than the horizontal ones, that is we need to work in anisotropic function
spaces, we refer to the Appendix part of this thesis for the definition and more details
about these spaces.

This Chapter is organized as follows: in section 2, we establish several a priori estimates
which are then used in section 3 to prove our theorems. Finally in section 4 we shall
prove Theorem V.1.1, then we outline the proofs of Theorems V.1.2 and V.1.3, where the
uniqueness part is an application of Theorem V.1.1.

V.2 A priori estimates and crucial lemmata

In this section we establish the main a priori estimates required to prove our theorems.
But before that, let us prove two lemmata which serves the purpose of this section.
The following lemma is a sort of product laws in non-homogeneous Sobolev spaces

Lemma V.2.1. Let 0,0',s,50 € R verifying 0,0’ < 1, o+’ > 0, s9 > %,s < s¢ and
s+ sg > 0 then there exists a constant C = C(0,0’,s,5¢) such that:

|ab|| osor-1.: < Cllal| gos

bl gorso s Va,beS.

Proof
Remark first that because ||ab|| yosor-1.s = H ||ab||

, ., we have only to prove that:
H;’«ko’ —1

H*(R) - H(R) C H*(R). (V.1)

Indeed, by using (V.1) together with the usual product rules with respect to the horizontal
variables, the desired result follows (see for instance [8]). Note also that when sy > s > 1,
the inclusion (V.1) is trivial since in this case the space H® is an algebra and clearly
H* — H*.

It remains then only to prove (V.1) in the situation sy > % > s and s+ sg > 0. In order to
do this, we use the Bony’s decomposition in the vertical variable: ab = T'b+T/a+ R"(a,b).
For the first term, let us consider the two cases: s < % and s = %
The case s < i: By using the embedding H*(R) < B;Q% (R), together with (A.5) we
obtain for any ¢ > —1:

v v v v 2a—a(s—1)a—gs
HAq(Ta b)”L?(R) N ”Sq—laHLOO(R) HAqu(L2R) N Cq2 e el BS}%(R) 1o Ho(R)
so0—i109—gs —qs
S Cg max{1,2%72}27 HaHHS(R) 0] H?0(R) S 022 ! HaHHS(]R) 6] H%(R) *
It follows that
T30l ey S Nall oy 1100 2750 ) - (V.2)
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The case s = % We use the following estimate:

HS:]LICL”LOO(R) < Z 2} HAJU"LHB(R) N \/aHaHH%(R)’

—1<5<¢q

in order to obtain:
IATTION oy < 155100 ey 1850 oy < v/ ™22 E ]y 0

Seen that Ve > 0, there exists C. > 0 such that for all ¢ € R*: |/g27% < C., we infer that:

H50(R) *

HT:bHH%(R) 5 HaHH%(R) Hb‘ HS0(R) »

and (V.2) follows for all s < 1 < sy. Moreover, by using the embedding H*(R) < L*(R)
together with the estimate:

||AZ(T5JG)HL2(R) N ||S¢11}*16HL°°(]R) HAZGHB(R) S HbHL°‘°(R) 6427% ”aHHS(R)’

we obtain:
1Ty al

H*(R) < llal H5(R) Id H%(R) *

For the reminder term, if s+ s¢ > 0, then applying Lemma A.2.2 together with (A.5) gives:

|85 (R @l ey $2F 3 1830l [ A52] ..o -
j2q—No
$28 ) (G275 lal ey 10l o gy »
Jj=2q—No
where —
AE D A
i={—1,0,1}

Consequently, for any ¢ > —1 we get:

2|85 (R(@, ) | ey S 2772 al

20—(j—q)(s+s
Hoo () Z 32 (=) (s+s0)

Jj=q—No

wsw) 1]

< ¢274073) g

H5(R) Hb“HSO(]R)'

It is then easy to show that [|R(a, )|l @y < llallgs ) 10l oo ()-
If s + 59 = 0, then along the same lines we can prove that:

1RG0,y ) Nl (Bl
The last step consists to use the following inequality by taking a = —% and € = sy — %:
[l = 3 24 [Auflle < CE I fllpg_» Va€Re>0.  (V3)
k>—1

123



CHAPTER V. BOUSSINESQ — HORIZONTAL DISSIPATION

We get:

[R(a, D)l -0 m) = [1B(a; )| o gy < llal

which ends the proof. O

Hs(R) 6] H0(R)

Another important result is the following commutator-type estimate:

Lemma V.2.2. Let u, f be reqular where u is a divergence free vector field in R3. We
have:

3 _
|[AL, 82 u (.,xg)}fHL%H;% <271 Hs;’_lvhu(.,xg)IILgoLi IIfIILth%.
Proof
The proof is essentially based on the fact that —d;u® = V), - u" and the following usual
commutator estimate used with respect to the vertical variable:

1 1

H [Aj,&}b‘ <27 [Val[, bl o, with o ]; +

(V.4)

1
Lr r~ 5
For the proof of estimates of type (V.4) one may see for example [8], and for a detailed
proof of Lemma V.2.2, one may see [28]. O

Let (f,g) = (f.9) 123 be the usual L*-scalar product, and (f, g)as denotes the scalar
product between f and g in H*#(R?). In order to simplify the redaction, we introduce the
following notations:

I, % Z 22D (AY (U - Vyw), Alw), Ly def Z 220D (AL (P Dw), Alw),

>-1 7=-1

L% 3 226D (AN (W - Vi), Alw), Ly = > 22T AL (wPdsv), Abw),
>-1 7=-1

L% Z 27205 (A (u” - V,,0), AL), L Z 2725 (AY(u’050), AL),
>-1 7=-1

L. def Z 2—2qs<Az(wh -Vun), A29>7 Lg def Z 2—2qs<AZ(w38377)7 Azma
¢>-1 a=-1

Lg déf Z 22q(sfl)<AZe7 Az<w3>>
q=—1

We shall prove:
Proposition V.2.1. Let s 6}%, 1]. Then for u,v,w, p,n, 0 verifying:

U7 U; vhu7 th e H07S’ p’ 777 vhp, th] E HO,l*S’
w, Viw € HO’S_l, 9>Vh9 c HO,—s7

divu = dive = divw = 0,
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we have:
2
Ly S lully  [Vewllg ooy lwlly ooy L2 SIVaullg, lwlly oy
2
Ly S Vnollo llwllx oy Ly Svlls s (lwllg sy + 1Vawllo ey ) lwlls oy s

2
Ls S lully IV00llo_ 005 . Lo S [¥aull, 1013 ..
Le S IVmnllons lholly oy 160 o Zs S nlly acy (el oy + [ me0lg 0 ) 1615
Lo < 16—, (13wl + rolly,):

Proof

In the following we denote by ¢, some constant ¢, = cq(u,v,w,0,p,t) with Z cg <1
q>—1

which comes from the fact (A.4) or (A.5). This constant is allowed to differ from one line

to another.

e [, estimate
1
Since s+ (s — 1) > 0, by using product Lemma V.2.1 between H2'* and H%*~!, we obtain

Ly = (u" - Vyw,w)o,-1 < |Ju"- VWH_;S_l w1 oy

S llulls  IVawllo oy [lwlls oy -

e [, estimate
We write Ly = Lgl) + Lg) + Lg’) where

L D 22N (AY(AY () S (Dsw)), Alw),

q>—1 l—ql<No

LéQ) déf Z 22q(s—1) Z <AZ (S;)_l(u3)A§(a3w))7Azw>a

q2—1 li—al<No

ng) def Z 92q(s—1) Z Z <AZ (A;H(u?’)A;(agw))aAZw>.

q>—1 1€{0,—1,1} j>q—No

Then, by using the embedding of H2(R2) in L*(R2), Bernstein Lemma for the vertical
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variable together with statement (A.4), we obtain

1 _
Lg) < ||wH%,s—1 Z Cq2q(s Dga/2 Z ||S;71wHLﬁL% A;thHLz
g=>—1 l7—al<No
_1 (1—8)o—s]
Slwlly oy llwlls oy [Vaully, D 20720 Y G-
q>-1 l7—ql<No
_1 )
Sllwlly oy lwlly oy IVaully, Y 2007220027
g=>—1
Ca(s—1
S HwH%,sﬂ HwH%,sﬂ thuHo,s Z Cq2 als=3)
q>—1

S HwH%,sﬂ HwH%,sﬂ thu”o,s :

To estimate ng), we consider the decomposition used in [28], by writing L§2) = A1 +Ay+As,

with

A ST 22D (S8 (W) AL (9w), Alw),

q>—1
def s— v v v v
Ay =Y 220 N (S — S0 ) (uP)AY(Dsw), Aw),
g2-1 li—al<No
def s— v QU v v
Ay =Y 2267 N (ALY Y (u)| AY(95w), Alw),
q>—1 l7—al<No

where [A2, SY_ (u?)] denotes the commutator between AY and SY_, (u®).

After integration by parts we obtain

1
A= > 2270 (O5u”) AL (w), Abw)
q>—1
1
=3 D 22ET(SH(V), - ut) AL (w), Abw)
q>—1
S ||w||%7s—1 Z CqQ_Q(S_l) HAngL‘}LL%

q>—1

S;)(vhu)HLngo

2
S HwH%,sﬂ thu”o,s :

In order to estimate Az, we remark first that S; —S7_; is supported away from 0 in Fourier
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side, that is we can use Lemma A.2.2 to estimate A, just like Lgl). Indeed

A2 5 ||w||%75_1 Z Cq2q(s_1) Z H(SU )63u wHL4L2
q>-1 l7—al<No
S ||w||%,s—1 Z Cqu(s_l) Z H(S:z) — 55 )vuhHLQLoo ||AUwHL4L2
q=—1 l7—q|<No
S HwHQ%,s—l ”thHo,s Z Z Cq2q e y,200 0079
[i|<No g>—1

2
S ||w||%,s—1 “thHo,s :

Finally, for A3 we use the commutator estimate proved in Lemma V.2.2 to obtain

Az S ||w||%,s—1 Z Cq 20~ Z H [AZ7SJU 1 ]Av(a?)w)”Lz(RzS;H*%(R?))

g2-1 li—al<No
q(s—1) v
Slwllyer D e > 157 Vaulzs)| s e 18500])
g2-1 l7—al<No

2
S HwH%,sﬂ thuHO,s Z Z CqCq+i

i€{0,—1,1} ¢>—1
2
S ||w|]%,s,1 thuHO,s'

Ditto for the last term in this part, using the fact that dsu® = —V, - u”, it happens

L;B) S HwH% - Z Cq 20(s=19a/2 Z Z |AJ+1wHL4L2 HA})thHB

qg>—1 1€{0,—1,1} j>q— N()
S ||w||%7s—1 ||w||%,s—1 ||th||075 Z Cq 210~ Z Z C]CJ‘HQJ (1=3)g=s
¢>—1 1€{0,—-1,1} i>¢—No
2 _1
N ||wl|%,s—1 thu”o,s Z Cq ga(a=z)9a(1-2¢) Z Z CjCi+is
g>—1 1€{0,—1,1} j>q—No

where we used the fact that s €]3,1] that is 1 — 2s < 0. We obtain finally

3 2 o
DS Nl 1Vl 3 2o

g>—1
2
S ||7~UH%,5—1 ||vhu”0,s :

Remark In the case where s = 1 we do not have to deal with L, + L, which is equal to 0
because of the identity (u - Vw,w) = 0.

e [; estimate

By using product Lemma V.2.1 between H%* and H2*~! we obtain

L3 = <whvhv,w>07s,1 S Hwhvhv”_%’s_l H’(UH%’S_l

2
S thUHO,s HwH%,sq
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e [, estimate
We write Ly = LS) + Lff), where

def o v v v v
L e 37 22N N AV (AW, 5(00)), Alw),

g>-1 Jj=q—No

de S— v v v v
L E N 92l N (AN(SY (0 AVD), Alw).

q2—1 li—al<No
Hence, by using again Lemma V.2.1, we infer that
1 _1
L < ooy 30 28 37 a0 [157a@00) -
g=—1 J=q—No
For s # 1, after certain calculations, we get
172050 [ o gy < > 27072 A 0] 1y

m<j+1
1

2
< (X 2) oy,

m<j+1
<SP oy,

Thus, by using Lemma A.2.2 together with the previous estimate and the divergence free

condition on w, we find

LY S lwlls oy ollyy D 22072 S 279 ATV,

g>—1 Jj=q—No
_1 (1—
S lwlly oy lolly o 190l g 3 20078 3 029
q=>—1 Jj2q—No
1
_1 (1—29) \ 2
S ”wH%,s—l ||U||%,s ||Vhw||o,s—1 Z CqQQ(S 2)< Z 2201 28)) ”CjHl?(NU{fl})
g>—1 Jj2q—No
_1 _
S lwlly o loly o [Vl oy S 200 D2a0-20
g=>—1
1_
S HWH%,s—l ||U||%,s IViwll sy Z cg21 ")
q>—1

SJ ”wH%,s—l ||U||%,s ”Vhw”O,s—l :
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For the second term we proceed as follows

2 _ i
LY S lwllyy Y 20020 7 2785w 70 12
g>—1 li—a|<No
Sl llollo, D0 D2 22 [1A7 0]l 4
|71<No g=—1
N ||v||%,s HwH%,sq Hw3”075 Z Z CqCq+i
[i|<No q=—1

Sliolly, lwlly oy ], -

In order to close the estimates of Lf) we remark that, for any s € [%, 1], we have
3
e lly,s < [l?[lg oy + (|95

<

il
0,s—1
+[[Vawllg,_y -

|
0,5—1

il
0,5—1

In the case where s = 1, note that the estimate can be obtained easily, by using product
rules and the previous inequality, as the following

(w030, w2 < ngaﬂH_%p ||wH%,o
3
S [l

S ol (lwll e + 1Vawll2) [[wlly o -

18501l o el

e [ 5 estimate
In order to estimate this term we proceed by duality by inferring firstly that

Ly < [t _, 61,
Moreover, Lemma V.2.1 gives
l"Vabl_y _, S Ml 1V38llo,— -

It follows that
5 S [lufls IVl 1011

o [ estimate
We use the Bony’s decomposition Lg = Lél) + LéZ) + Lé?’), where

DY ST (A(A ()T, (00)). A,

¢>—1 l7i—al<No

(2) def Z 924(~5) Z (AY(SY_, (u®)AY(050)), AL6),
q=-1 li—al<No

P ST TS AL A @), A0
>—1 i€{0,-1,1} j>g—No
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For the first term, we use the Bernstein Lemma together with usual Sobolev embedding
and the free divergence condition to obtain

1 —qs v v
T IS SR -TEN S L [ N AR
g=—1 l7—al<No
l—S
<1600 N6l [Vrall, 3 22 S &
q>—1 l7—al<No
< 1613 _. 1wl
For LéQ), we follow the same decomposition used for Léz), SO we write Léz) = By + By + Bs,
where
By N 272550 () AL(048), AL),
g=>—1
de —2qgs v v v v
By 3o N7 () - 57) () AY(@46). AL).
g=—1 l7—al<No
de —2qs v v v v
Bs < Z 27 Z ([Ay, S7_1(u?)] A} (056), AyH).
q=—1 l7—ql<No

After integration by parts, we obtain

1
By =3 D 2720 (SY(05u”) AL (), ALE)
g=—1
1 — S v v v
=3 D 27UV AY(6), AL6)
g=-1
SN0y - D a2 | A0
g=-1
S ||0||2%,s—1 ||th||0,s'

Sg(vhw HL%LgO

To estimate By we remark first that S — 57, is supported away from 0 in Fourier side,
that is we can use Lemma A.2.2 and estimate By as Ay, indeed

By S0 D2 Y |l(sy - 55—1)83“3“@@0

|A56]
JoNLir?

g>-1 l7—al<No
S ||9||%,—5 Z g2 " Z ||(S;’ o S;—l)vhuh”LiLgo ‘AgeHLng
q>-1 l7i—al<No
2
N ||‘9||%,—5 ||vh“||o,s Z Z CqCqti
[i|<No g=—1

2
<1613 _, [ ¥auly,
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Finally, for B3 we use the commutator estimate proved in Lemma V.2.2 to obtain

YIS SEEAND Dl [ EORCTIOS INTC IR,

q>—1 |7—q|<No
—qs v
SOl o D 2™ Y0 (157 Vhulz)|| s 12561
q>—1 l7—al<No

2
N ||6||%,—s thUHo,s Z Z CqCq+i

i€{0,—-1,1} ¢>—1

2
<1013 _ [ nuly,

,—S8

For Lé3), by using the same arguments we find

L S0y Do 22 7 AL 1AV

q=>—1 i€{0,—1,1} j>q—No
(sl
SOl 1011 [Vhullg D 27 NN e
¢>—1 i€{0,—1,1} 7>q—No

2
< 16013 _ [ Vnuly,

e [, estimate
This term can be estimated by using the following property based on product rules in
dimension one together with inequality (V.3)
_1
H'(R)-H'*(R) C B,2(R) — H".
Indeed, based on the Bony’s decomposition with respect to the vertical variable we write

Ly =LY + L + LYY, where
WAL N gk ST (AN(SE (W) AY(Van)), ALE),

g2-1 li—al<No

DT e 3T (AN )] (Vam)). AY6).

q=—1 li—al<No

DEN T o NS (A(AT WAL (Vi) ).

q=-1 i€{0,—1,1} 529—No

By using inequality (A.5), similar arguments give then

1 —a(s—1L
D6l Y0 e 0 (ISl (ATl
q=z—1 li—4l<No
—g(s—1
=327 P [ ey O S e W
g2-1 li—al<No

<19l el oy 1615
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For the second term we proceed as follows

Lr(72) S ||9||%7_5 Z Cq2 q Z 22(.7 q) ||AU,LU||L4L2 5 1))(2] 2) H _1 th ||L2Loo
g>-1 li—ql<No
<19l oy llly o 1611 - D7 272 30 &
00,2 -1 li—al<No

<19l ol oy 1615

where we used the embedding H%!=% «— B01 "% and the fact that 1 — s — 2 <0.
For the last term we proceed as follows

3 _1
POl Y 2D Y Y A 1A (V)
>—1 1€{0,—1,1} j>q—No
_o(s—1
< NVanllog lwll o 100 D0 D272 Y e
i€{0,—1,1} ¢>—1 j2q—No

<19l ool oy 101

e /5 estimate
We write Lg = Lél) + Lg) + Lég), where

def —92¢s v v v v
L S 2 T (AYANASL (B, A

q>—1 |7—q|<No

def —92¢s v QU v v
Ly = D27 Yy (AN(SE (w®)Ajasn), ALH),

q=-1 li—gl<No

VEENT g 3T ST (ANAWPAY, (5m)), ALG).

q>—1 1€{0,—1,1} j>q—No
Then, for the first term, we have
Lg) < HQH%,—S Z qu—qs Z ”A;')MSHL? ||S;),1(3377)HL%L30-
g2-1 li—al<No

Now we use

[S5-1@mll e < Zei2 O Ml g e,

00,2
< 29627907572 |||

H%,l—s )

and

[A%?]|,, < 27¢,277 || Vywl| oo -
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Therefore we find

1 1_g Lei_
L) < 1011y —, IVl oms 1l e D 2979 Y7 2zt

4>-1 lj—al<No
SOl s IVrwll oo [l

H%,l—s *

Next, for the second term

LY < 10y s> e Y, 27 HSJI')*leHL%LgO 0= HA;‘)(”)HLgL%

qz—1  |j—q|<No

S HGH;,S Hw3H07S ”n“%,lfs Z Cq Z Cj

q=—1  |j—q|<No

< (1611, [’ 30— > et

iI<No a1
S0l (1wl -y + VR0l oy ) 0l 1y -

For LS') we have

LTI SYERCTCD i Sl IS N INIC

q>—1 1€0,—1,1 j>g—No

<Ol D2 Y0 > [ AVawl| L AT

¢>—1 i€0,~1,1 j>q—No

<0y D0 2@ YT Y AV |ATVw]|, 20 [|AT

q=-1 1€0,—1,1 j>q—No

N ||0||%,—5 ||vhw||0,s—1 ||77||%,1—s‘

Finally, for the last term, we use the fact that s < 1 which implies that 2s — 1 < 1, and
that w is a free divergence vector field to infer that

Lo = 272070(S00, Spw®) + 3 2217 (AL), Avw?®)

q>0
SUS80 2 155wl 2 + D 27 [|AH]| . 2907 D20 | A,
q>0
SUS501 2 1Sl + > 27 || A%0]] . 27V [| AV - w”||
q>0

S0llo—s (IVawllg ey + wllg s )-

O

In the case where s = %, the estimates are more delicate since the space H %(R) is not an
algebra. In the present paper, and in this particular case, we will just take up again the
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reasoning due to M. Paicu in [106], and use his estimates to treat all the equations in the
same energy space of H%z.
More precisely one may prove the following proposition:

Proposition V.2.2. Let u,v, p and n be in space L%O(HO’%) with Vyu, Vv, Vip, Vi in
L%(HO’%) and u, v two divergence free vector fields. Let w, 6 be in L%O(HO’%) with Vyw and
V0 in L%O(HO’%) solution to the following equations

ow~+u-Vw — Apw + Vw = e — w - Vo,
00 +u-VO— A0 =—w-Vn, , (V.5)
divw = 0.

Let x(t) def Hw(t)H?),f% + HG(t)Hgﬁl. If x(t) < e ? | for all0 <t < T, then we have:

S < CHEX (1~ Inx()in(1 ~ Inx (1), (V.6)

where f s a locally integrable function depending on the norms of u,v,w, p,n, 0 in H%: N
H':.

Proof
As mentioned before, the strategy is similar to the case s > % but it needs more attention

because of the lack of the embedding H %(R) — L*(R). The proof we propose here is
a direct application of the estimates proved in [106]. In particular, note that the terms
u-Vw and u - VO (resp. w - Vv and w - V1) can be treated along the same way since we
assume here that u and p (resp. v and 7n) have the same regularity. Some details are given
below.

Let us recall the following estimate from the proof of Lemma 4.2 from [106]:

- v v v v 1
Z 2 4(<Aq(u V), Ajw) + (A7 (w - Vv), Aqw>) < =0 ||Vhw||207,%
g=—1
+ A [wll oy (1= [[w]l 03 = In]fw]?, ),
(V.7)

where

def 2 2 2 2 2 2
VE Ol ol el ) x (U I9aully s + 190l s + Vil ).

Similar arguments can be used to establish the following estimate for the the second equa-
tion in (V.5)

— v v v v ]'
> 2 q((Aq(u~V9),Aq9) + (A% - Vn),Aq0>) <5 IVR011% 0
g>—1

+ Cat) 10170y (1= 110170-)in(1 = ]|6]}0_3)), (V-8)
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where

def 2 2 2 2 2 2
fo = (Ll + Il g + 16115 5 ) > (1 IVnulll g + IVanlE g + IVa0IT ).

Both estimates (V.7) and (V.8) hold under the assumption x(t) = ||w(t) ||g,_;—|—||9(t)||g7_; <
e~2. Finally, the estimate of fes is the following
> 27UAes, Ayw) < [lwll oy 161]0-3 < ol -y + 161170y - (V.9)

q=—1

On the other hand, for 0 < x < 1, the function = —— z(1 — In(z))in(l — In(x)) is
non-decreasing. It is then easy to deduce (V.6) from (V.7), (V.8) and (V.9) by setting

£ S fi) + o) +1

V.3 Proof of the main theorems

V.3.1 Proof of the uniqueness result “Theorem V.1.1"

In this subsection, we aim at showing how one can benefit of the a priori estimates proved
in the section 1 in order to obtain the uniqueness result stated in Theorem V.1.1

Proof of theorem V.1.1 Let (u,p, P),(v,n,1I) be two solutions for system (NSB}),

and w & u — v, = p n, @ %/ P — 11 denote the difference functions. Then (w,0,w)
satisfies
(at—i—u-V)w—AhquVw:@eg—w-VU,
(O +u-V)0— Ay =—w- Vn,
divw = 0,
w‘t:() = Q‘t:() = 0.

(Q)

e The case: s #%

In the sequel, the constant C' denotes a universal constant which is allowed to differ from
line to line.

Recall first that, by interpolation, we have:

Hw||1 s—1 S ||wH03 1 ||Vhw||05 1

1 1
1611 —« S N8ll6—s VhOllG -

By using the above interpolation result with the estimates from Proposition (V.2.1), we
infer that L
L+ Ls S lully HVWHOS 1 [wligs- (V.10)
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Y LS (IVaullo + Vw0l + Va0l ) (lwllg ey + 161, )

i€{2,3,6,7}
X ( ”Vhw”o,sq + theuoﬁs )>
(V.11)

[SI[9Y
[N

Li+Ls S (Ivlly s+ Inlls 1) | Cllwllosmy + 1010 )* (IVRwllg ooy + IVnwll -y )

1 3
+ (llwllo ey 10005 ) (IVRwlo sy + 1 Vawllg 1 ) (V.12)

Finally, we recall the estimate of Lg
Lo S 10llo, s [Vhwllg -y 4 110llo, - l[wllg o1 - (V.13)

An easy consequence of the Young inequality tells that, for any non negative real numbers
a,B,A, B, D with o + 8 = 2, we have

1
DA®BP < —_B? + CA2D¥*,
=107 T

By a suitable choice of «, § in each one of the estimates (V.10),(V.11), (V.12) and (V.13),
we infer that

9
Z L; <
i—1

where f is a function, locally integrable in time 3, given by:

(IVhl oy + 198012 ) + CLO (w0l + 1612 _). (V14)

N | —

4 2 2 2
f=1lulls o +1IVhullo, + [IViollg s + 1Vanllg - + (0]

[SIIEREN
[SIEREN

4 4
Sl ol 1

717

On the other hand, by applying the operator A} to (Q), and by summing with respect to
q € NU{—1}, then (V.14) leads to

lw(®)llg,e—1 + 10015 < C’/O FO ()G oy + 1000 l5 -, ).

Finally, we can conclude by using Gronwall’s Lemma.

—

e The case: s =
The uniqueness in this case can be deduced by applying the Osgood’s Lemma to the
estimate (V.6) given in Proposition V.2.2. O

3Remark that the assumption on u, v being L%O(HO’S) N LZ(H"*) is enough to ensure, by interpolation
argument, that u and v belong to Li(H2).
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V.3.2 Global wellposedness in the axisymmetric case “Theorem V.1.2”

This subsection is devoted to a direct application of theorem V.1.1 to improve the minimum
required regularity on the initial data stated in [101] in order to uniquely construct a unique
axisymmetric solution of (NSBj,).

Proof of Theorem V.1.2 As aforementioned, the uniqueness part in Theorem V.1.2 is
a direct consequence of Theorem V.1.1 when we take s = 1. Then, we only have to prove
the existence of a global solution (u, p) for (NSBjy). The arguments given hereafter, based
on the Friedrichs method, are very classical. (see for instance [8, 106, 36] for more details)

For n € N, we consider the following approximate system

Oy, + By (up, - Vu,) — Apu, + VP, = ppes,

O1pn + En(tn - Vpn) — Appn = 0,

div u,, = 0, (Bn)
P, =E, Zk,j(_A)ilajak(uzzuZ)a

(Un, pn)\t=0 = (Enuo, Enpo),

where E, denotes the cut-off operator defined on L2(R?) by E,u ¢ 7-1(1 BOwL).
It is then easy to see by using a fixed point argument that there exists some 7, > 0 for
which (B,,) admits a unique solution (u,, p,) € C*([0, T,,[, £L%), where

e L < D(RY),

L7 =) {ve (L2(R3))3 :dive = 0 and Supp (0) C B(0,n)},

“ {p e L*R®) : Supp (p) € B(0,n)}.

Moreover, because u,, and p,, are regular, we can multiply the first equation in (B,) by w,
and the second one by p,. Then, for t € [0, T,,[, after integrating the corresponding terms
over [0,t[xR3, we obtain the classical uniform L*-energy bounds

L2(R?)

t
lun ()22 + 2 / IV k(1) 22 dr < 2( o2 + 2 00]22), (V.15)
t
lon (I +2 / IV 00 ()2 dr < 1o (V.16)
0

Hence, (uy,, p,) is a global solution, that is for any 7' > 0, (uy, p,) € C>([0,T], £>°) and
it satisfies (B,) on [0,T[xR3. Moreover, we may extract a sub-sequence, still denoted
(Un, pn), such that

(Un, pn) — (u,p) in LELL*N LAHM.
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However, in order to pass to the limit in the non-linear terms, we will need some strong
convergence property. To this end we can use the Proposition 3.2 established in [101]. We
obtain

t
Jan Iy + [ 190Dl dr < e
0
It follows that w,, is uniformly bounded in L H' N L3.(H' N H*Y).
Assume temporarily that
(LPL*NLZHY) N (LPH N LHYY) < LTLY(Ly,) N Ly LY (Ly). (V.17)
We infer that
e (uy,) is bounded in L}.L2(L;) N LELX(LY).
e (p,) is bounded in L¥L* N LAHY — LLLA(L}).

Hence, VP,, div(u,p,) and div(u, ®u,) are bounded in LA H !, and this gives a bound for
Oy, and Oy p,, in LAH 1. We can then use Aubin-Lions Theorem in order to extract a new

1 1
sub-sequence (still denoted (u,, p,)) that strongly converges to (u, p) in LAH?_ x L3(H, 2).

loc loc
Now, we can pass to the limit n — oo in all the terms in (B,,), and we show that (u, p) is

a solution to (N.SB},).

In order to be more convenient, we briefly outline some details about how to pass to the
limit in the non linear term in the p-equation: Let ¢, ¢ be smooth functions in C2°(RT xR?),
supported respectively in K € Rt x R? and K € R x R?, with K being strictly included
in K and (| = 1, we claim

lim Up P - VI = up - V. (V.18)

=% J(0,T)xR3 (0,T)xR3

According to the properties of ¢ and ( we have

/ U - Vi = / (Cun)(pm - V).
(0,T)xR3 K

We recall that, from the uniform bounds proved above, we have for s > %
e (u,) is bounded in L2 (H*) and (dyu,,) is bounded in L4(H ™).
e (p,) is bounded in L4(L?) and (d;p,) is bounded in LA(H™1).

hence, by simple product laws we obtain the same bounds for (Cu,,) and (p, - Vi) as (u,,)
and (p,) respectively. Therefore, by combining the Aubin-Lions Theorem, Theorem 2.94
from [8] * and the weak compactness property of the Hilbert spaces, we infer that

4Theorem 2.94 from [8] gives in fact a more general result in the Besov context, what we would apply
here is a particular case which says that the multiplication operator by a smooth function is a compact
operator from H?® into H*~¢, for any s € R and € > 0.
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e (Cu,) converges strongly to (Cu) in L2(H?),
e (pn - V1p) converges strongly to (p - Vab) in LE(H™2).

This should be enough to justify assertion (V.18).

To complete our proof, we shall justify (V.17). To this end, we will prove a more general
inequality: Let f € &'(R?) and s > % (note that in inequality (V.17) s is equal to 1). By
using Lemma A.2.2, we obtain for some non-negative number N to be fixed later

1 sy < D HAZA;ffHLW

k>—1j>—1
< > ¥ 232797 || ALAYF|| , + S 27 237929 ||V, ARAYF| , .
N>k>—15>-1 E>N+15>—1

Hence, because s > % and j > —1, the Cauchy-Schwarz inequality gives

N N
“fHL‘}L(LgO) S22 ||f||L%l(H5) +27 ||vhf||Li(H3) :

IVRflL2 (rs
Therefore, by choosing N such that 2V = h—L%(H”), we obtain

1 1
1Nz ngey S NFUZ2 sy IV 2 ) -

On the other hand, the Minkowski inequality ensures that L} (L) < L°(L}). This is
sufficient to conclude the proof of (V.17). O

V.3.3 Local wellposedness result in the general case

In this subsection we prove the result of wellposedeness for (NSBj,) given by Theorem
V.1.3 under some smallness conditions on 7', the norm of uy in H%*(R3) and the norm of
p in L*(R3). This result may not be optimal in this direction, but it gives the existence of
solutions in a some new® situations where the proof of the uniqueness part is reduced to
an application of Theorem V.1.1.

The proof of the existence part in Theorem V.1.3 in based on the following Lemma:

Lemma V.3.1. Let s 6]%, 1], 6 € [0, s], then for all regulars vector fields a, b with diva = 0,
we have

[ (- b5 | S 1805 (lall 1Bl 5+ lally, [5,5)- (V.19)

1
| (p,a®)y, | < 7 el llallz + llpll 2 I Vaally, - (V.20)

5We have already treated in Theorem V.1.2 some particular situations with axisymmetric initial data.
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Proof
In order to prove (V.19), we follow the same approach as in [28], so we write

(a-Vb,b)g5 = (a" - Vib,b), s+ (aDsb.b), . (V.21)
We remark next that Lemma V.2.1 gives H3* x Ho — H_%’(S, which implies
[ (a - Vb By | S 10l la” - Wb,y
< lblly s llall s 16l

It remains now only to estimate the second term in the right hand side of (V.21). Indeed,
Bony’s decomposition tells that

Ag(a3agb):Ag< D Sii2(0sb)Aja® + ) Sk_la?’A};b). (V.22)

k=2q—No lg—k|<No

Note then firstly that

1

2
1Sk+2(00) gy < D 2O V27™ IAL bl S( > 22”““”) 1ol 5

m<k+1 m<k+1
2D, 4.

Moreover, by using the fact that d;a® = —V, - v together with Lemma A.2.2, we obtain

1A% 2 < C2H AT - ] o

This implies

‘<AZ > sk+2<agb>Aza3,AZb>‘SHAzbllLﬁLgW > N1Su2(@blzyss [ Ake’] 1

k>q—No k>qg—No

IS PP S Sl [ PPy [PAVA A1 2

k>q—No

S 10l 2 Bl 22 37 2700,
k>q—No

2 _ 1_
< (011 5 llull, 272006, 296

Hence, thanks to the assumption s > %, we infer that

‘ < D Siia(05b)Ad?, b>
0,0

k>—1

2
< 01 5 -
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In order to estimate the second term in the right hand side of (V.22), we use the decom-
position proposed in [28]

<AZ Z Sk_1a3AZb,AZb>:<Sq(a3)83A;’b,AZb>+< Z [AZ,Sk_laS}ﬁgAZb,AZb)
lg—K|<No lg—k|<No

F 0N (Sy— Ske1)a®Apasd, Ay < i 4 I3+ IS

lg—k[<No

By using an integration by parts, we obtain
1
Ji = (S, (a®)0sALb, ALb) = 3 (S, (03a*)ALb, ALD) |

which shows that this term can be estimated in the same way as (V,a - b,b) due to the
divergence free condition. We get

37 2% (5,(a") 00, ADY | S Jall,, 0173 5.

q>—1

Next from Lemma V.2.2, it easily follows

Y g = | 3 22q5< S (AL S 10’ BA, Agb> ‘ < llall, > 22 (1A,

¢>-1 >-1 lg—k|<No q2-1

2
< llal,, 1613 5

Finally, to estimate .J3, we use the fact that the support of Sy — Sy, is far from zero in
Fourier side. This gives in particular

1655 = i S 2085 = S1)950°| 1 e -

)Q3HL3(L;;°)

Thus, we obtain

HS Y 28y = SE)050 a1z

lg—k|<No

‘Azb“L;ﬁ

(L3) "

By using the fact that diva =0 and s > %, we end up with

| > 225 < lally (1B 5 -

q>-1

This ends the proof of (V.19).
In order to prove (V.20), we use again the fact that diva = 0 together with s — 1 <0, to
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obtain

[ (p.a®), | = |27 (Sip. Spa®) + 3 2%(Atp, Ala®)|

q>0

15601l 2 155 all = + D [|ALpl[ . 297 D20 [|Avsa®|

q>0

1560112 1S5 all .2 + D [|Avpl] . 2 |ALVhal|

q=>0

IN IN
= =

IN

oMl 2 llall 2 + lpll 2 [[Vaallo s

This concludes the proof of Lemma V.3.1 O

Now we are in position to prove Theorem V.1.3

Proof of Theorem V.1.3 The uniqueness part of Theorem V.1.3 is a direct conse-
quence of Theorem V.1.1. Hence, it remains only to prove the existence part. This can be
done in a similar way than explained in the proof of Theorem V.1.2, and in particular the
construction of the approximate sequence (u,, p,) does not add any difficulty. However,
the uniform bounds must now be obtained in some new adequate norms. For simplicity,
in the following we will drop the index of the approximate sequence.

We apply A} in both equations for u and p from (NSBy,), then we multiply the first
equation by Afu, the second one by A¢p and we sum over ¢ > —1 to obtain

d
5 10O + 19Ol < [ (- Vg, |+ [ (o), | (v.23)
d
oI5 + V(B < | (u- Tp. o, . (v.24)

We prove firstly an uniform bound for u by using the L2-energy estimate of p and u.
Indeed, by taking a = b = u in Lemma V.3.1, then (V.23) gives

d 2 2 2 2 ~ 2
g ellos +21Vnullos < llplle llull 2 + [1Vnullos + llpllze + Cs llullos IVaully,s - (V-25)

where C; is a non negative constant that depends on s. Let us assume that

T 1
ool + T Il (ool + s (14 3) ) < C2< = (v

s

which ensures that [[ugll, < Cs < ;&
Let us now assume that there exists 7™ € (0,7 satisfying

T ing{t € [0,7] : |Ju(t)|]y,, = Cs}-
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It follows that, for all t € [0,77): |lu(t)|l,, < Cs < i

By using this last inequality in (V.25), and by integration on [0,t¢), we obtain for all
t € [0, Tm)

1 t t
IIU(t)||§,S+§/0 IVhu(r)|l5,, dr < ||U0||§,s+/0 (o2 + w2 1ol 2 ) dr-

Hence, by using the L? energy estimate for p and u given by (V.15) and (V.16), we infer
that

t max
(03 < ool + e olls (ol + lls (14 5) ). e € 0,779,

then by using (V.26) and passing to the limit ¢ — 7™ we obtain

T
02 < Juall, + T ol  Buolls + ool (14 5) ) < €,

which contradicts the existence of 7™ and gives for all ¢ € [0,T7]: |u(t)||,, < Cs. There-
fore we have proved an uniform bound of u in L H%*. Plugging this bound into (V.25)
gives a bound for u in L2 H"*. Note that by using an argument of interpolation, this also
gives a bound of u in L4 H2*.

Next, we can estimate the right hand side of (V.24) by using Lemma V.3.1 with @ = u and
b = p. We obtain after some calculations

d
o055+ 21 Vnp(7) 557 < [Vl 5 + CoAW®) o]l

where

A() = [IVnu()llg , + a1,
Finally, by applying Gronwall’s Lemma we obtain the adequate bound for p. O

e L'((0,7)).

s
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About the Hall-MHD system
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CHAPTER V1

Well-posedness and large time behavior of the
electron inertia Hall-MHD system
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VI.1 Introduction

VI.1.1 Presentation of the model

In this Chapter we consider the incompressible 3D electron inertia Hall-MHD equations
derived from the two fluid model of ion and electron

( Qu+u-Vu—pAu+ VP =jx[B-0(1—-08NAB],
B —nAB + (1 = 0)\2pA’B =V x {[u— (1 = 0)Aj] X B'} = A A(V X u),
J=+V XB, (1)
B'=B—0(1—6)NA%B =0V x u),
divu =divB =0

L (U|t=0,B\t:0) = (Uo, Bo)-

Here, u is the hydrodynamic velocity, B the magnetic field, the scalar function P denotes
the pressure which can be recovered, due the incompressiblity condition, from the relation
—~AP=V". (u -Vu—jx[B—-61- 5))\2AB]). ¢ is the speed of light and j denotes the
electric current density. . is the kinematic viscosity of the electron fluid, and if we denote
by pu; that of the ion fluid, then the kinematic viscosity p will be p; + pe. The very small
parameter ¢ is given by 6 = m./M, where M = m, + m;, which is the sum of the mass of
an ion and of an electron.

If we denote by e, n, Lg the charge, the number density and the length scale respectively,
and if we define wy, % (4me®n/M)z, then A will be A = ¢/wyy Ly.

As pointed out in the introduction of [46], the system above can be seen as a full two-fluids
MHD description of a completely ionized hydrogen plasma, retaining the effects of the Hall
current, electron pressure and electron inertia. For more details about the derivation of
the system, we refer the reader to [1, 46].

One may notice that if we neglect the presence of the electrons in the equations, that is if
we set (4, te) = (0,0) in (1), then it becomes the so-called Hall-MHD system as follows

ou+u-Vu—puAu+ VP =jxB,
OB —nAB+ =V x {(u—\j) x B},
j=LVxB, (Hall. MHD)
divu =div B =0,
(U\t:O; B|t:0) = (Uo, Bo)~
Hence, at least formally, the solution (u, B) to (Hall.M HD) can be seen as the limit of
the solution of (1) when (6, i) tends to (0,0).

Several works have been devoted to the study of the systems (1), (Hall.M HD) and to the
classical MHD as well '. One may see [46, 38, 39, 61, 62, 6, 24, 118] for more details.

IThe term AV x (j x B) is known in the literature as the hall-term. The classical MHD system is then
the case where A = 0.
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The main purpose of this Chapter is to deal with the system (1). It is easy to check, by
making use of the equation satisfied by (V xu), that (1) can be simplified into the following
system

ou+u-Vu—Au+VP=(VxB)xH

OH—AH+2V x (VxB)xH)=Vx (ux H)+V x ((VxB)x(Vxu))

H=(Id—A)B

divu =divB =0

(U|t:o, B\t:o) = (U07 Bo), o

(MHD)

where we omit the constants which will play no significant role in the proofs of our results.
Hence, all the constants in our results below will be modulo u,n,d and .

In a first stage, we aim at generalizing some of the results in [46] from the Hilbert spaces
H*(R?) to the general Besov spaces of the form B;T (R3). To the best of our knowledge, the
wellposedness of (1) in general critical Besov spaces has not been proved before this work?.
In the recent work [46], the authors consider initial data in spaces of the type H*(R?). It
is then interesting to check if similar results can be proved as well in the context of general
Besov spaces having the same scaling, which is the issue treated by our Theorem VI.1.1
below.

If we try to deal with (M/H/D) as it is, the structure of some of the nonlinear terms will
prevent us from establishing the wellposedness for all ® p € [1,00[. The issue will be in
fact at the level of estimating the remainder terms in Bony’s decomposition. Also, it is
worth noting that (M HD) does not have a scaling invariance structure as the classical
Navier-Stokes equations or the classical MHD equations.

We recall that, the following spaces

-1

Biin (R < HFR®) < B (RS o BT (R?) — Bl (RY),
for all m,n,p,q,r,r’ satisfying
m<2<p<g<oo, n<2<r<r <oo,
are critical for the 3D Navier-Stokes equations. On the other hand, the spaces
Biia(R?) < HHR?) o BL(R®) — B L(RY) — B __(R%)
are critical for the following 3D system
B —AB=-V x ((VxB) x B).

Based on this observation, one may ask the following question:

2We will explain in the sequel what do we mean by critical spaces to (1).

3p refers here to the integrability with respect to space variables in the Besov spaces B,
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Question: Can we solve (1) with initial data (ug, By) small enough in the above spaces?

As mentioned in [46] for (Hall.M H D), the difficulty in establishing the wellposedness result
under the condition that ||u0||H 3+ ||B||H% being small enough comes from the nonlinear
term V x (ux B). Up to our knowledge, all the existing results require additional smallness

assumptions on ||ug|| +[[Boll ;3 as in [118], or HuOHBgl_l + HBOHB%1—1 + |V x BOHBgl_l
P, P, P,

H%-‘-s
as in [38, 39].

In our analysis, we find that (MAH/D) is easier to deal with due to the flexibility of the
operator (Id — A)~! that appears in the Duhamel formula* of (M H D). This remarkable
feature is a key ingredient in our proofs, and it is in fact one of the reasons why, in

our Theorem VI.1.2 below, we can omit the smallness condition on ||Bol| .z, modulo an
BP,
additional condition on the maximal time of existence. This provides a partial answer to

the question above in the case of the Electron Inertial Hall-MHD.

On the other hand, to give a sense to the critical spaces in the case of (Hall.M HD), the
authors in [38] considered the following “equivalent” system

( Qu+u-Vu—pAu+ VP =j x B,
OB —nAB =V x {(u—\j) x B},
O —nAj =V x (V x {(u—Xj) x curl™'j}),
j =V x DB,
divu = diwv B =0,
L (U|t=0, B\t:o) = (Uo, Bo),

(Hall. MHD)

where the third equation is obtained from the second one by applying the curl operator.
Above, the curl™" is defined as

curl_lj def Fi (Z£|§>|<2]) )

The system (H all. M H D) has then a scaling invariance, which is exactly the same as that
of the 3D Navier-Stokes equations and the classical MHD system.

Hence, taking into account the fact that (Hall.M HD) can be seen as the limit system of
(1) when (0, p.) vanishes, a space will be called critical to (1) if it is critical to (Hall.M H D)
in the sense explained above and in [38].

We conclude this subsection by pointing out an interesting issue: One may notice that in
our first result below for (1) (see Theorem VI.1.1) we will be considering data ug, By, V x By

.31
in By, , where r can take any value in [1, co]. On the other hand, for (Hall.M HD) and as
mentioned in [38], proving the wellposedness in such spaces remains an open question for
the time being, except for the case p = 2 or r = 1. As explained in [38], one may benefit

4See next subsection for the Duhamel formula associated to (Afﬁ D), and Proposition A.2.2 to under-
stand what we mean by the flexibility of this operator (Id — A)~1.

148



CHAPTER VI. W.P AND LONG TIME BEHAVIOR - HALL-MHD

from some cancellations in the case p = 2 to get ride of the most nonlinear term in the

equation of J. Whereas, in the case p # 2, the index r is needed to be equal to 1 because,

at some point, they need to estimate a product of two functions in the critical Besov space
3

Bp;, ~.> This can be completely avoided in our case, thanks again to the flexibility of the
operator (Id — A)~.

We recall that, in the present work, we are not interested in studying the asymptotic limit
of the solutions to (1) when (0, ) vanish. But to be more precise and rigorous, we should
point out that, if we keep all the constants in our analysis, the operator (Id — A)~! will
be in fact (Id—§(1 —§)AA)~!, which means that, when § vanishes, we do not believe that
we can give an answer to the open question in [38] by studying the limit (as (6, ) vanish)
of our solution given by Theorem VI.1.1.

VI.1.2 Reformulation of the equations

We recall again that, for simplification, we will prove our theorems for (M/H/D) instead of
(1), whereas we should point out that all our results below hold as well for (1).

Let us then first rewrite the system (MAH/D) in an appropriate form. To do so, we recall
some vectorial concepts.
For U,V two divergence-free vector fields on R?, we have

Vx({UxV)=V-VU-U-VV, (VL1)

(VxU)xU=U VU — %vaP, (VL2)
Vx(VxU)+Ux(VxV)=-Vx(UxV)=2U-VV+V(U-V), (VL3)
Vx(VxU)=-AU. (VI4)

If we denote J < V x B , then according to VI.2 and VI.4, we obtain

|BI? - |J]?
(VX B)x (B=AB)=B-VB~J-VJ+ V(=)

On the other hand, we have
ux H+(VxB)x (Vxu)=uxB+ux(VxJ)+Jx(Vxu).
Thus according to (VI.3), we infer that

ux H+(VxB)x (Vxu)=uxB—-Vx(Jxu)—2J-Vu+V(J-u). (VL5)

® Fore more details on that we suggest to see in particular the estimates (3.5) and (3.6) in [38].

149



CHAPTER VI. W.P AND LONG TIME BEHAVIOR - HALL-MHD

Therefore, (M/ItI/D) can be written as follows

du—Au=B-VB—J-VJ—u-Vu+VP

OB —AB = (Id — A)_IV X O

8,J — AJ = —A(Id — A)~'0 + V(Id — A)"(V - ©) (S1)
divu=divB =divJ =0

(U,B, J)\t:O = (Uo,Bo,v X Bo),

where,

de;

B> —J?
;_, 1BE=1J

p :
2

and

O0Y uxB—2B-VB—J-VJ—-V x(Jxu)—2J -Vu+V(J-u).
One may notice that, in the expression of © above, the term u x B is not at the same level
of scaling compared to the rest of quantities, besides that the non-homogeneous behavior of
the operator (Id — A)~! destroys any chances for (S;) to have a scaling invariant structure
as the classical Navier-Stokes has for example, or as in the case of the system (H all. MH D)
studied in [38].
The justification of the choice of the functional framework in which we do our analysis is
then made by working in critical spaces as explained in the previous subsection.

Let us now write down Duhamel’s formula corresponding to (S;). Let P be the Leray
projector, we write

Qu,v) ¥ v . (u®v),
P(u,v) o x v,
R(u,v) YV x (u x v),
for a three dimensional vectors K = (K1, K, K3), L = (L1, Lo, L3), we define
Q(Ky, Ly) — Q(Ky, Ly) — Q(Ks, Ly)

T(K,L) ™ | P(Ky, Ly) — R(ks, L)) — Q(K3, Ls) — 2Q(K, Ly) — 2Q(K3, Ly) |,
P(Kh LQ) - R(k37 Ll) - Q(K?n L3) - 2Q<K27 LQ) - ZQ(K37 Ll)

T (K, L)
QE,L) Y P | (Id—A)'V x T (K, L) |, (VL6)
~A(Id— A)'Ts(K, L)
and
(K, L) ™ KoK, L), (VLT)
where

t
K@mozi/e“*m¢@,Ma
0
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Finally, if we write U el (u, B, J), then (57) is equivalent to

oU — AU = ¢(U,U)
divu = div B = divJ =0 (Se¢)
Uji—o = Uy

Remark VI.1.1. As mentioned in a paper of I.Gallagher, D.Iftime and F.Planchon [49]
for the classical Navier Stokes equations, the theory of weak solutions to the Navier Stokes
equations is related to the special structure of the equation, namely to the energy inequality,
while the Kato’s approach is more general and can be applied to more general parabolic or
dispersive equations, this work is an example among many. The main issue here consists

in writing the equations in an appropriate form in order to be able to adapt the techniques
used for the classical Navier-Stokes [8, 49, 96, 37].

VI.1.3 Statement of the main results

Before stating our results, let us fix some notations which will be of a constant use in this
Chapter, we refer to the Appendix for more details about the functional spaces we use

e For A, B two real quantities, A < B means that A < ¢B, for some ¢ > 0 independent
of A and B.

® (cjr)jez will be a sequence satisfying >, ¢f, < 1. This sequence is allowed to differ

from line to line. Let us point out that, due to the embedding (" (Z) € (*(Z), we
will often use the inequality ¢, < ¢,

e The L” norm of u is given by

def |\~
lullze = 1l

where p’ is the usual conjugate of p, and u denotes the Fourier transform of .

e We use the notation ,
2By () LPERSBL),
pE[1,00]
and for T > 0,
s S def ~p . . SPJ’_%
Zr(B2) Y () P(0.TLB)
pE[1,00]
e Finally, we point out that in this Chapter, we will be working only in the homogeneous

version of the spaces defined in Appendix A, especially the Besov spaces. However to
simplify the presentation, the notation A, in this Chapter refers to the homogeneous

dyadic blocs, i.e A, = A,
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Let us now define what we mean by a solution to (S¢) in this Chapter.

Definition VI.1.1. Let T > 0, and Uy be given in some Banach space X, we say that U
is a solution to (S¢) on (0,T) ifU € LS. ([0,T]; X) and satisfies, for a.et € [0,T]

loc

Ut,-) = e“Up(-) + CUU), in X

The authors in [46] proved the wellposedness of (M/[\{/D) under the condition that [|uol| 1 +
|Boll ;1 +[|Boll 3 is small enough. Our first result consists in generalizing this last one to
the Besov context, it reads as follows.

.
Theorem VI.1.1. Let p € [1,00), 7 € [1,00] and Uy = (ug, By, V x By) be in By, 1(R3).
There exists co > 0 such that, if
||U0||Bg71 < o,

p,r
3

then (S¢) has a unique global solution U in X(Bﬁ;l), with

Ul a0 < 2c.

Z(Byr )

Remark VI.1.2. One may show that the solution, in the case r < 0o, is continuous in
.31

time with value in By, , while in the case r = oo it 1s just weakly-continuous in time.

Remark VI.1.3. One may prove a local in time wellposedeness for large initial data,
by slightly modifying the proof of theorem VI.1.1, we will give some details about that in
corollary VI.3.

In terms of the required regularity, in Theorem VI.1.1 we ask for the initial data of B to
.31 .3
be in By, (R3) N BE,(R3).
It is worth noting that, it is because of the two non linear terms u x B in the equation of
B, and B-V B in the equation of u, that we do not know how to prove an analogous result
.3
to Theorem VI.1.1, starting from initial data By only in Bj,.
However, in the case r = 1, we will prove that a small enough “compared to the maximal
.3
time of existence 77 initial data By in B}, should generate a unique solution, at least up
to time T™. More precisely, we will prove

Theorem VI.1.2. Let T > 0, p € [1,00) and (ug, By) be two divergence-free vector fields
L3_ .3
in B}, 1(}R3) x B (R®), there exists co > 0 such that if

< Co,
1

s .+ 24+T)||Byll 3
HuOHlel ( )|l OHBE

then (S¢) has a unique solution (u, B) on (0,T) with

full a0 +Q@+T)IB| s
Zr(BP, ) Zr(By )
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The question of the behavior, for large time, of the solution obtained in Theorem VI.1.1
can be established along “approximately” the same lines as those used, for instance, for
the 3D Navier-Stokes equations in [49]. That is to say, it should be possible to prove that
HZ/{(t)HB%_I tends to zero as ¢ tends to infinity.

p,r

It is also well known for the Navier Stokes equations (see the appendix of [49]), that for

.31
an initial data ug € Bpr (R3), p € (3,00), the L™ norm of the velocity also decays to zero
at infinity. More precisely it is controlled by Ct .

The proof of this result relies on the fact that the bi-linear operator in Duhamel’s formula
acts well on the Kato’s space, together with the fact that we can iterate, as much as we
want, the solution u in Duhamel’s formula in order to obtain a solution of the form of a
sum of some N multi-linear terms of e**vg, and a more regular remainder term 7y, which
is unique in L*(L3).

A priori, this approach should work as well in our case, but we will not enter into these
details in this thesis.

~3_1 X
In contrast to that, we will treat the case of initial data in the Herz-space B, (R?) % and
we will give some details in the case » = oo as an example. More precisely, we will prove

Theorem VI1.1.3. Let p € (3,00) and ug, By be two divergence free vector fields. There
exists co > 0 such that if

”emu()”k;_% n HetABOHIA{;_% 1 Hem(v X BO)H;?;_% < ¢,

3

then (S¢) has a unique global solution U = (u, B,V x B) in l?;ig satisfying

ld(t, ), S 205

~Y

Remark VI.1.4. By virtue of the characterization (A.8), we can show that the solution

~3_1
obtained in Theorem VI.1.3 is also in £ (Bj~ ), by following approzimately the same steps
3

~3_1

in the proof of Theorems VI.1.1 and VI.1.5. In fact for Uy € B, (R?), small enough, we
~3_1

may construct a unique global solution in £ (Bf, ) by proceeding as in the proofs we will

show n the next section. The details are left to the reader.

The rest of this chapter is organized as follows: In section 2, we will prove the wellposede-
ness of the system in study in the context of Besov spaces as stated in Theorems VI.1.1
and VI.1.2. Then, in section 3, we provide the details of the proof of the wellposedeness
in the Kato-Herz space and the decay property described in Theorem VI.1.3.

Ssee Appendix A for the definition and some properties of such spaces.
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V1.2 Wellposedness for small initial data in Besov spaces

3 ‘s

VI.2.1 About the Cauchy problem for (ug, By) in Bl x B, N BL,

In this subsection we aim at proving Theorem VI.1.1, the proof of which is mainly based
on the following proposition.

L3_
Proposition VI1.2.1. Let (p,r) be in [1,00)?, u,v in Z(Bg, 1), Q, R, P be given as in
the introduction. We have

O(u,v 3., v 3 v 3.4 ,
H ( )H P(B prl) ” H,i”( pTl) H H 2( 5 1)
R(u,v 3., Sllu 3, ||v )
|| ( )H 1( pTI) || || ( prl) || || ( T )
Plu,v)|| s <lu 3 v 31 -
” ( >HL1( I?,T) ” H 2 pTl) H H 2( ;rl)

Proof
We will focus on the last inequality. The first two ones will follow by noticing that O and
R can be written as D'(P), where D! is a Fourier-multiplier of order 1.

We consider the Bony’s decomposition described in the Appendix, to write
wo =T+ Tyu + R(u,v).

For the first term, we have

1A Tl S D I1Sk-rull apee 140

L%Lg‘
ki
Using proposition A.2.1, we infer that
2 o—k3
I Turlpe S Sk ol Wl g
~J
< ;.27 ||u 3 1 |lv 3,1 .
S 277 || |’i4(B§T5)H HL%(BE,T%

T,u enjoys the same estimate: by commuting v and v in the previous one, we obtain then

Y E*

p'r

||A Z u” 17P <C]T2 ] ||U|| 3 ||u|| 1 .
LL; 2
r

)
Finally, the remainder term, can be dealt with along the same lines, we infer that

18R ) gy S 0 [[Bea], 1wl

3
4 .3
L3 (Bg,

L3 (LE)
k>j+No
i3 k—
<270 Yy McmH RPN L P
k>j+No (Bpir 7)
<o 970p
S r2 il g, ””“i%@?ﬁ) |
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Thanks to the embedding £ (Bg,) < L
uw 3 < |lu v 3 VI.8
el Sl s ol s (V1)
It follows that
P(u, 3 R 3 < 3_ 3, VI.9
Pl e~ lwll, s STl ol s (V19)
and
u,v 3, ~||R(u,v U 3, ||lv 3.4 . VI.10
190, yaos ™ IR, s S Tl s ol s (V.10
Proposition VI.2.1 is proved. O

Remark VI.2.1. We can replace L'(") and Z(-) in the previous proposition, respectively,
by LL(-) and £r(-), for T > 0.

In order to prove Theorem VI.1.1, we will use the following the abstract Banach fixed
point theorem stated in the following lemma. The reader can see Lemma 4 in [15] for more
details

Lemma VI1.2.1. Let X be an abstract Banach space with norm ||.||, let ¢ be a bi-linear
operator mapping X X X into X satisfying

Vay,xe € X, ||[C(21, 22)|| < nllza] ||z2]|,  for some n >0,

then for all y € X such that

1
Iyl < —
4n

the equation
T=1y+ g(xa l‘)

has a solution x € Bx (0,2 ||y ).
This solution is the unique one in the ball By (0, %)

Proof of Theorem VI1.1.1 In order to apply Lemma VI.2.1, all we need to show is that

UV o ST, s IV s
I<( >||$(B;r1)w|| lyesin VI g

IIemuoH g Sl s
pr

The second inequality follows directly from 1nequahty (A.12) from Lemma A.2.5 in Ap-
pendix, and the first one follows by combining Proposition VI.2.1, Proposition A.2.2 and
inequality (A.13) from Lemma A.2.5. Indeed, ¢ = ({1, (s, (3)T contains in each component
the bi-linear operators Q, P, R:
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e For Q and R:

— in (; we apply directly Proposition VI.2.1,
— in (3 we apply Proposition VI.2.1 and inequality (A.9) for p=1and k=1
— in ¢ we apply Proposition VI.2.1 and inequality (A.10) for p =1 and k = 2

e For P
— in ¢ we apply Proposition VI.2.1 and inequality (A.9) for p =1 and k=0
— in ¢y we apply Proposition VI.2.1 and inequality (A.10) for p=1and k=1

This ends the proof of Theorem VI.1.1. O

As a corollary, one may replace the smallness condition on the initial data in Theorem
VI.1.1, by another one on the maximal time of existence, namely we can prove:

.
Corollary VI.3. Let p € [1,00), r € [1,00], and Uy = (ug, By, V X By), be in B}, 1(R3).
3

There exists T* > 0 and a unique solution U to (S¢) in (,?T(B,é;l), forallT < T*.

Proof

We split the solution U into a sum
U=v+mw,

where V is given by
V(t, ) ety

then it remains to solve, by fixed point argument, the equation on W
W =2((V,V) +2((W, W) + (V. W) + (W, V).
Let us point out that, according to the previous calculations, we have

VW <y W
o) Zr(BY, )

Ly (B B
for some v > 0, where Q is given by (V1.6). We also have
V.,V 3, = ||KQV,V s, SQv, Y 3. .
lcv. Il i ik i V.V s )

T D,T T L%“(Bp,r

~. o .3_
On the other hand we know that Q(V,V) € LL(Bg. 1) from the estimates of Proposition
VI.2.1, and Lemma A.2.5, which gives in particular

12V, V) SIVIP s S HVollzg_l < 00.

3
.3
5 ~ 1.~

Li(Bgyr ) Zr(Bpr ) b
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For the linear term on W, by virtue of Lemma A.2.5 and the proof of Proposition VI.2.1,
where we showed that we can obtaln the estimates of Q, P and R, by using only the norm

of Vin 20 ® [4(B»7)n L3(Bp 7), we infer that
Y, W 3_, 147 % L <OV w 31
SO, oo+ IOV a0 CIVI, IV, 30

for some universal constant C' > 0. We chose T; such that, for all T < T}
ClVlz, <A<1,

we can then chose T* < T7 small enough so that, for all T' < T* < T}, we have

Q V’V 3 <g < —
1€2( I A prl) 1 4y
The result follows by a direct application of Lemma A.3.1. O

1
X B“

VI1.3.1 Local wellposedness for initial data (v, By) in B” o

p,1

We present in this subsection the outlines of the proof of Theorem VI.1.2. The following
a priori estimates will play a crucial role to reach our purpose

3 3

Proposition VI.3.1. Let p be in [1,00), T > 0, u in fT(Bﬁl_l) and w, z be in XT(BPI)
then we have

Qw,2)||. 3., STw 3 3 VI.11

1Q( )||L1T(B£11 lwll @by B || &by ( )

[Qw, 2| s Nllwll s ||z || 3 (VL12)
A (B Bl

Pl s Sl g ol (V1.13)
LT pl) TBpl TBp,l

Ru,w)||. s <Slu 3, |lw 3 VI.14

IR( )||L1T(B£1) | ||$T( 3 | ey ( )

.3
The proof does not work for r > 1, as the embedding Bj,(R3) — L>*(RR3) fails to be true

unless when r = 1. In this part of the thesis, we will denote d; = c;1 being a sequence in

MZ).

Proof of Proposition VI.3.1

. .3
Proof of (VL.11): Inequality (VI.11) follows directly from the fact that L>(B;,) is an
algebra and the (local in time) embedding

<T|al

lall . s e
L (Bp,l) LOO(BPJ)
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Proof of (VI.12):
According to Bony’s decomposition, we have

wz =Tyz+ Tow + R(w, z).
We then show how to estimate the first and the third term. We have
HAijZ“Ll p ~ HS leLooLoo ||A ZHLl Lp

< d277GH N .
W]l e 1 )lel L

.3
We deduce from the embedding B} | (R*) < L*(R?), together with Minkowski’s inequality,
give

1A T2l g 1 S 45277 oo [l

3 349 -
BBl LB
For the remainder term, we proceed as follows
(NN PSS SN V¥R [ V-V
k>j+No
S 276+ Z dy 271 +2>||w|| sive 12z, )
k>j+No Bra )
< —-i(3+2) 5
S2E 0l ||z||im(351).

Inequality (VI.12) follows.

proof of (VI.13): Let us point out again that, due to the fact that D'(P) ~ R, (VI.13)
and (VI.14) can be proved along the same way, we will thus concentrate on the proof of
(VI.13).

We consider again the Bony’s decomposition

ww = T,w + Tyu + R(u, w).
For T,,w, we have

HAJ'(Tuw)HLlTLp N HSj—luHL%oLoo HAijLlTLp

<270 ull g sy o
S 427 ullpee gz | HilT(Bp%,fQ)
< 2770 | g ol s

T( 1 ) T( p,1 )
.3
For T,u, by using the embedding B;,(R?) < L>(R?), we infer that
1A (Tww)ll 1y 1o S 155101 oo o [1A50l 1y 1

—i(341
<d27 Gt ]l oo 100y HuHi1 5

(By1 )
< d.Q—j(§+1)
~ Y P ||w||L§’?(B§1) ||UHZ%(B§:—1)
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Minkoski’s inequality then gives

148 (o)

HL%LP ~

S A2 wl| s
L Bp,1)

u 3 .
5 | HilﬂBé’,ﬁ

For the remainder term, we have
18R 0y S D [|Bun]| A0 e
k>3j+No T
—j(2+1) G-k (E+1) o
S2 Z di2 ||u||~1 (B%H) ||w||L§9(BO )

00,00
k>j+No TPl

< 2_j(§+1)d' u w i
~ P j H HElT(Bp%;l) ” Hi%O(BEl)

This ends the proof of inequality (VI.13), and eventually (VI.14).
Lemma VI.3.1 is then proved.

The proof of Theorem VI.1.2 is based on the following variation of Lemma VI.2.1.

Lemma VI.3.1. Let {A;}icqi,2,34) be a set of bi-linear operators with
[Ar (@1, z2) | v < mllzal e 22l 2

[A2(y1, v2)llx < (L4 T)n2 llyally llvally
[As(z1,92)lly < ms Mzl 2 192l
[As(yr, v2)lly < mallnlly llv2lly

for some non negative T', (1;)icq1,2,3.4} -

Letn et max{n; }. Then for all (zo,y0) € (X x Y) such that
i€{1,2,3,4}

1
lzoll x + (2 +T) llwolly < 57~ (VL15)

24’

the system

{ T =xy+ Al([E,l’) + A2(y’y)
y =10+ As(z,y) + Au(y, y)

has a unique solution (x,y) in X X Y, which also satisfies

1
24T < —.
Il + @+ 1) lylly < 35,

Proof
Let us present briefly the outlines of the proof, the idea is classical:
We define the sequence (z™,y™) by
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(xO’ y(]) = (an yO)
p = mo + Ay (2", 2") + Ag(y”, 2")

v =y + As(2y") + Ay, y")
If we write 2" </ (14 T)y™, then the system above is equivalent to

(xovyovz ) (x07y07(1 +T)y0>

2" = o + Ay (2, ) + Ay(y”, ")
yn+1 = %Yo + A3(xn7 yn) + A4(yn7 yn)
2= 20+ As(a™, 2") + Au(y™, 2")

(Seq)

with /12 T +TA2 whose norm is less than 7.

Let o HZU()HX + llyolly + ll20lly < 24 , we claim that (2™, y", 2™) is a Cauchy (bounded)

sequence in BXXyXy(O, 2a).
By virtue of the definition of (z™,y", 2™) and the continuity of A;, we proceed by induction
to obtain

|’$n+11||)( < H5130||X + 877@22
||y"+1||y < |lyoll +87702
1y 5 < ll20ll 4 + 8na

which gives
™ L+ g+ 1 < 2e

In order to prove that (™, y", 2") is a Cauchy sequence, similar computation lead to
def n n n n n P
L= e =t + g =y + = =21 < (24ne)
This is enough to conclude the proof. O

Proof of Theorem VI1.1.2 In order to apply Lemma VI.3.1, let us rewrite the system
(S¢) as follows. We define

wl(ivl,l"z) —Q(ﬂfl,@)

Va(y1,y2) | def Q(y1,42) — AV x 51, V X y2)

Y3(z1,y1) P(z1,y1) — R(V X y1,21) — 2Q(V X y1, 1)

Va(y1,Y2) —29(y1,92) — AV x 41,V X y)

so that
p1(z1, 1) Y1 (21, 22)
($1 $2) _ | w2y, 2) | des Ua(y1,2)

\u ©3(1,1) (Id = A)™'V X s(z1, 1)

0a(y1,y2) (Id — A) 'V X Yu(y1, y2)
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and then, we define
1(z1, m2)

(
2(y 2) def Ty T2
= KP
5($1,y1) S0<yl 92>’
(

4\Y1, )

o I 2

with .
KPo(t, ) :/ el =I2Py(s, -)ds.
0

Therefore, the system (S¢) is equivalent to the following one

1) = g 1 A 0,) + A4(5, )
B(t7 ) = etABO + A3(u, B) + A4(B7 B)

The proof of Theorem VI.1.2 can be reduced to a direct application of Lemma VI.3.1, thus
all we need to show then is that {A }16{1 2,34} satisfies the hypothesis of Lemma VI 3.1

with X = f(Bp ) and Y = Z(B - 1) To do so, according to Lemma A.2.5 we should
estimate ¢ in

~ .31 .3 1 .3 .3

Ly(Bry x By x Bry x BPY).
Now, each component of ¢ contains a combination of Q, P, and R, we will thus show how
to use Proposition VI.2.1, Proposition VI.3.1 and Lemma A.2.4 to deal with each one

e For Q

— in (1, we apply Proposition VI.2.1.

— in ¢y, for Q(y1,y2) we apply inequality (VI.11) from Proposition VI.3.1, and for
Q(V x 41,V X y3), we apply Proposition VI.2.1.
— in @3, we apply respectively Proposition VI.2.1, then inequality (A.9) from
Proposition A.2.2 for k = 2.
— In g,
x for Q(y1,y2), we apply inequality (VI.12) from Proposition VI.3.1, then
inequality (A.9) from Proposition A.2.2 for k=0
x for Q(V x 11,V X y5), we apply Proposition VI.2.1, then inequality (A.9)
from Proposition A.2.2 for k = 2.

e For P, we apply inequality (VI.13) from Proposition VI.3.1, then inequality (A.9)
from Proposition A.2.2 for k£ = 0.

e For R, we apply inequality (VI.14) from Proposition VI.3.1, then inequality (A.9)
from Proposition A.2.2 for k = 1.

(I
This ends the proof of Theorem VI.1.2.
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V1.4 Wellposedness for small initial data in the Kato-Herz
spaces and large time behavior

In this subsection, we shall give some details about the wellposedeness in the hat-Kato
3

~1—
space I, ”, and then we establish the decay property described in Theorem VI.1.3. It is
all based on the following proposition

3

~1-3 1
Proposition VI1.4.1. Let ¢ be given by (VI.7). Then ¢ maps K, * x K, 7 continuously
~1-3
into K, *. That is to say, there exists k > 0 such that

||C(L7M)||Al—% <K ||L||A17% ||M||A17% )
R, R, g,

3

forall L, M € IA(;_".

Proof
By taking into account the inequality, for all m € [0,2] and [£]| ~ 27
1 1
< VI.16
1+ |§|2 ~ 2jm’ ( )

~1-3
in order to prove the continuity property of ( on K, ”, we only need to show that, for all

t>0
t
té(l—i)/
0

that is, due to (VI.16), all the components of ¢ can be dominated by a Gaussian multiplied
by an order one Fourier-multiplier, as in the proof of Theorem VI.1.2.

~t=9)2 (T % M H ds < ||L M 11
e |- [(Lx M)(s,-) i s S| ||f{;-g | ||f<;_g, (VL17)

Let us then give some details about the proof of (VI.17). By setting, for p > 3,
1 def 2 1 1 1 1 1 1
—=l-—-= -t -== = -+ —=—--=1,
r p p oy popr T

by virtue of Holder inequality, we infer that

L(s,")

[ et E w3y, s 5 [ 166l
0 Le 0
where
G(r, &) ™ eIl g
By a change of variable in the L? norm of G(t — s, ), we obtain
19t = 5.0 S —— IG(L, -

(t—s)z 2
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This gives
/t ef(tfs)\-|2|,|@*]\/4\)(S’.)H ds S|L|| s | M| s /t 11 —ds
) 7 K, ? Ky " Jo (t—s)2Tows' o ,
St LY s (M| s
R, I
Inequality (VI.17) follows, and Proposition VI.4.1 is then proved. O

Proof of theorem VI.1.3 According to proposition VI.4.1, we can apply the fixed point
lemma VI.2.1, that is, if

1
e ol gs 11" Bol| s + |V > Bo) [ s <

~3_1
then we can construct a unique solution U of (S;) in K  with

1
1031 < 5

By virtue of the continuity of the Fourier transform, from L? into L7, for ¢ € [1,2], we
infer that, for p € (3, 00),

~

WAt = (U2 )

r

it follows then, for all £ > 0
leate, )l S e, S 307

Theorem VI.1.3 is then proved. O
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APPENDIX A

Harmonic analysis tool box and functional
framework

In this Chapter, we present briefly some definitions, functional framework and some results
witch were of a constant use in the previous Chapters.

A.1 Littlewood-Paley theory and Functional spaces

In this section, we recall the basic concepts about the Littlewood-Paley theory and we
define a bunch of functional spaces used in this thesis.
Let (¢, ¢) be a couple of smooth functions with value in [0, 1] satisfying:

4 3 8
Supp ¢ C{E € R:[¢] < 2}, Supp p C {E € R: - <[] < 2}
O +) (279 =1 VEER, > p(279%) =1 V¢ € R\{0}.

q€eN qEL

For every u € S'(R?), define the cut-off or dyadic operators by

def def

A_yu = ¢P(D)u, A = p(27D)u ifgeN, Su & Z Aju forqg>0, (A1)

J<q—-1

where, ¢(AD) is the Fourier multiplyer by ¢(A| - |).
Besides, other nice properties A, and S, are listed in the following points. Namely, for
u,v € S’(R?) we have

i) [p—q| >2= A,Au=0,

165



APPENDIX A. TOOL BOX — FUNCTIONAL FRAMEWORK

(i) |p—q| > 4= Ay(Sp_1ud,v) =0,
(ili) A, S, @ LP — LP uniformly with respect to ¢ and p.

(iv)
u= Z Agu.
g>—1
Likewise the homogeneous operators Aq and Sq are defined by
VgeZ Ay=¢(2 D, S,= Y Ap. (A.2)
J<q-1

Before we define the Besov spaces, let us introduce a subspace of the tempered distribution
space S(R?). This subspace will be useful in the sequel.

Definition A.1.1. We denote by S, (RY) the space of tempered distributions u such that

Jim |0(AD)ul|; =0, VO € D(RY).

Remark A.1.1. We can check that u € S, (R?) if and only if we can find some 0 € D(R?)
satisfying the above equality and 6(0) # 0.

Definition A.1.2. For (s,p,r) € R x [1,+00]%. The non-homogeneous Besov space By,

(resp. the homogeneous Besov space B;T) 18 the set of all tempered distributions u € S’
(resp. u € S} (R?)) such that

def
By = 1127 Agullzoll gy < 0.

dif‘

|

20°)| Agu] v

< 00),

(resp. ||ul o

5 S
Bp.r

We point out that, for s € R, the spaces H*(R?) and H*(R?) can be identified respectively
to B3 ,(R?) and Bj,(R?) with equivalent norms.

The well known Bony’s decomposition [11] enables us to split formally the product of
two tempered distributions u and v into three pieces. Especially, we have

Definition A.1.3. For a given u,v € S" we have
w = Tyv + Tyu + R(u,v), (A.3)
with

T, 0= Z Sg—1ulgv,  R(u,v) = Z Aquﬁqv and ﬁq =Ag1 + Ay + Ay
q

q

166



APPENDIX A. TOOL BOX — FUNCTIONAL FRAMEWORK

Remark A.1.2. Similar decomposition is available for the homogeneous blocks A,.

The mixed space-time functional spaces are more useful in several parts of this thesis which
motivates the following definition.

Definition A.1.4. Let T > 0 and (v,p,r,s) € [1,00]> x R. We define the spaces L}.B;,
and E}B;T respectively by:

1385, " {u 0.7 = 85 ull gy, = 1218 gul10),,

5 <o

~ s def s
@@W:{m@ﬁ%%%@hw%:@WAMmmM<m}

Next, we recall the definition of Kato spaces, then we introduce the Kato-Herz and the
Fourier-Herz spaces used in Theorem VI.1.3, for more details about the Fourier-Herz spaces
the reader can see for instance [33].

Definition A.1.5 (Kato spaces). Let p be in [1,00], 0 € R%, we define the space K7 (T)
(or simply K7 when T = 00), as the space of functions u on R x R?, such that

def
||u”Kg‘T(T) =

t3 t. - .
Hu( ) )HLP(]Rd) LT((O,T);%)

In the case r = oo, we simply denote K ., = Ky, such that

def a
lull g ry = sup {£2 [Jult, )l pora) } < 00
te(0,T)

Definition A.1.6 (Fourier-Herz and Kato-Herz spaces). Let p,r be in [1,00], (s,0) €
R xR, we define the Fourier-Herz space B;’T(]Rd) as the space of tempered distribution w
on RY such that

2js Aju

lulls,, | < oo,
Bir 17 Ly (z))

and we define IA(Z‘;T(T) (or simply ]?I‘;T when T = o0), as the space of functions u on
R* x R?, such that

o~

def
(t, ) e

lullzg ) = ||£2 |

Lr((0m))

In the case r = 0o, we simply denote I?;Oo = I?g, such that

def I~
[ullggiry = sup {2 At )l ga) } < oo
te(0,7)

Remark A.1.3. In terms of the scaling, the Fourier-Herz space B\;m (resp. the Kato-Herz

space IA(;’T) has the same scale as the usual Besov By, (resp. the usual Kato K}, ).

167



APPENDIX A. TOOL BOX — FUNCTIONAL FRAMEWORK

Let a be a tempered distribution in S’(R?), (v, ) by given as at the beginning of this
section, A € RY and £ = (&,,&,) € R? X R, by denoting ¢(ADy,) (resp. ¢(AD,)) the Fourier
multiplier by ¢(A|&]) (resp. ¢(A|&|)) we define the non-homogeneous dyadic blocks AZ

(resp. Ay ) and the homogeneous ones A, (resp. A}I’ ) by setting:

. ©(271Dp)a, forg e N ; ©(271D,)a, forjeN
AZa 2y Y(Dp)a, forg=—1 Ala & (Dy)a, forj=—1
0, forq< -2 0, forj< -2

stENT AL, ez, SeENTALL Viez

m<j m<j
Ara™ o(271D)aV, qeZ, Ata™ o(27D,)aV, jez,
SPENTAL wez, SeENTAL, Ve

m<j m<j

similarly to the classical case, we define the anisotropic Besov spaces as follows

Definition A.1.1. Let s,t be two real numbers and let p,qi,q2 be in [1,+00], we define
the space (B., (B2, )y as the space of tempered distributions u such that

p,q1 P,q2

< Q.

oktois ||AZA;)UHLP 0 (2:6 (7))
g

HUH(B;,ql)h(Bg,qg)v = H

Remark A.1.4. We point out that

e The homogeneous anisotropic Besov spaces can be defined similarly by replacing the
non-homogeneous blocks by the homogeneous ones.

e In the situation where q1 = g2 = q, we use the notation B = (B} )n(B3,)v-

o In the case p = q = 2 the above spaces are nothing but the anisotropic Sobolev spaces,
still denoted by Hb*.

o [f moreover t = 0 then we have:

. 1
el o~ (D 2% || A% 7, )2

=

A.2 Various results

We begin this section by recalling the Bernstein lemma from [§]
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Lemma A.2.1 (Bernstein). Let B be a ball of RY, and C be a ring of RY. Let also a be a
tempered distribution and a its Fourier transform. Then for 1 < py < p; < oo we have:

Suppa c 2B = 0%l < 201G a

2—kN

Supp a C 2F¢ = lall o S sup ||0%al| ;»,

|a|=N

similarly, one may prove an analogue result in the anisotropic case

Lemma A.2.2. Let By, (resp. B,) be a ball of R (resp. R,) and C;, (resp. C,) a ring of
R? (resp. R,). Let also a be a tempered distribution and a its Fourier transform. Then
for1 <p, <p; <o andl < q < q < oo we have:

&“Ll’l(qu) 5 Qk(|a‘+2(%_ﬁ))
< o8+ (%-4))

Supp a C 2¥C, = ||Cl||LP1 (L) S S 27 kN‘S|up HaghaHLfbl(Lgl)

Supp a C 2'C, = ||aHLP1(L‘“) 2~ ” aHL”l (L1

c 2B, = ||o°

Q>

Supp HaHLZQ(Lgl)

Supp a C 2'B, = H aHLPl(qu) < HaHLle(ng)

The above properties of the Littlewood-Paley theory allow to establish several important
results on the products and the embedding between the Besov spaces, we begin by recalling
an anistopic product version in dimension three (see Lemma 4.5 from [30])

Lemma A.2.3. Let ¢ > 1, p; > po > 1 with 1 plz <1, and s; < %, 59 < 3 (resp.
51<—1, 52_p— if ¢ = 1) with $1 + s9 > 0. Let01<—, 02<— (resp. o1 <—1, 02§i
if ¢ = 1) with 01 + 02 > 0. Then for a in B (R?) and b in B;g:;” (R3), the product ab

+s2— 20140
belongs to Bpi q32 TR (R3) and we have

||a’b|| 51+827—2 01+0275 ~ ||a“||BS1 01 ||b||Bs2 02
P1,9

In the next proposition we collect some very useful results related to some of the spaces
defined above, see [8, 33, 15, 80, 41] for more details.

Proposition A.2.1. Let (0,s) be in R x R* | and p,r, p,m be in [1, 0],

e [n the case of non positive regularity, one may replace, equivalently, Aj i the defi-
nitions of the Besov space by S;, that is we have

~
~
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26
Foru e B,,,

there exists some sequence (cj,)rez such that

HAju

s c;r27% ||u||B£’T ,and Zc?m <1.
JEZL

‘ L

. . . . 0,
similarly in the anostopic particular case, u € Bps, we have

¥ € R, 3eg = cq(u) : || AGul|,, < 27|l yos . and Y oa<u, (A.4)
’ g>-1
Vs <0, 32, = &(u) : ||Syull,, < &2 || fllgos, and Y & <1 (A.5)

q>—1

According to Minkowski’s inequality, we have

Lo(B,) = La(By,) if p<r. Lo(BL) = LMB,) if r<p.  (AS)

For1<p<g<oo,andl <r <m < oo, we have

. CS—d(l_1
B (RY) < By 7 7 (RY).

In terms of Kato spaces (resp. Kato-Herz spaces), we have the following characteri-
zation of Besov spaces (resp. Fourier-Hezr spaces) of negative reqularity s < 0

10y, 2 e s (A7)

17155, = [l s (4.8)

Remark A.2.1. Except for the last point of the proposition above, the rest of the results
listed above hold as well in the non-homogeneous case.

The following proposition, which has been used in the previous section, describes the
continuity in Chemin-Lerner spaces of some Fourier multipliers

Proposition A.2.2. let s be a real number, (p,r) be in [1,00]2, then we have, for all
f e L{(B;,(RY), for all k € [0,2]

[(7d = 8)7'Y % fll ey S W lzpcy ) (A.9)
H(Id - A)_lAfoJf(B;’tkﬂ) S ||f”1if(B;7r) (AlO)

The proof of proposition A.2.2 is based on Bernstein lemma and the following one
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Lemma A.2.4. Let C be an annulus in R, m € R, and k be the integer part of 1 + ;—1

(k = [1+42]). Let o be k-times differentiable function on R* such that for all o € N* with

la| < k, there exists C,, satisfying

VEER!, [0°0(§)] < Ca(l+ [E)™IE]°
Then there exists C > 0 depends only on C, such that for any p € [1,00] and A > 0, we
have, for any u € LP satisfying supp(u) C AC,

lo(D)ull, S C(L+ X2)™ |[ull,, with o(D)u e F~Y(ow)

~Y

Proof
Following the proof of Lemma 2.2 from [8], seen that supp(u) C AC, we can write

o(D)u = \K,(\) xu with

def

Ko@) r) [ g0 s

for some smooth function ¢ supported in an annulus and having value 1 in C.
Let M be the integer part of 1+ g. We have

(Ll s | [ e - 2 a0

Z Cayﬁ/\lm / ~ 6i($|§)aa¢~5(f)860()\§)d§‘

lal+|8l<2M supp(¢)
SO+ )™

As 2M > d, we deduce that
[l < CL+ )™,

thus Young’s inequality concludes the proof of the desired inequality. O

Proof of proposition A.2.2 According to Lemma A.2.4, we have
27

|ra =2V i) S g |8,
[ra-ara@n| <= ||as
ey ~ 1422 177 lpre
the result follows from the fact that, for all k& € [0,2] we have
27k <1 4 2%,
Proposition A.2.2 is then proved. O

Let us now recall a result describing how the dyadic blocks act on the heat semi-group
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Lemma A.2.1. There exists a positive constant C' such that for T'> 0,q € Z and p €
[1, 00] we have

< C22q(’1+1/"‘2’1/”1)HAquHL;z(Lp), for all Ky € [Ka, 0.

(A.11)

H / I{TS.}GTAAqu<T)‘
0

Lyt (LP)

Proof

Let uw € LP with p € [1,00]. Since, for all ¢ € Z, supp Aqu is included in the annulus
7 (0,29,2771) " then for t > 0 we infer that there exist two constants ¢ and C such that

—_

le Agu(t)]le < O A u(t)]| 1.

So, for all 7 € [0, ¢] we have

| [ et 72 B gutr)
0

L SC [ e A (e i
0

Via, Young’s inequality with respect to time, it follows for ki € [k, 00] with 1/k =

1+ ]./lil - 1/:‘12
1/k
1— 6—cn2t22q .
< C(w [Aqull 2o

H/ l{TS.}e('_T)AAu(T)‘
0

Ly Lp
S Pt Al

o
P
r LP»

this completes the proof. O

As a consequence of the lemma above, we deduce the following smoothing effect of the
heat semi-group, one may see [8, 36] for more details.

Lemma A.2.5. Let (s,p,r) € R x [1,00]* and the operators T and Ty be given by

(TokCo) (t,2) & €1y (),

t
TK(t,x) déf/ A=K (s, x)ds,
0

then,
IToKColl 5.,y < 1Kol

(A.12)

Bs,
and
1Tl sy ) S 1K s (A13)

where £(Bs,) = L=(Bs,) N LY(B:+?).
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The theory of interpolation is well known to be very useful in the analysis of PDE’s, here
we present some lemmata the proofs of which are based on this theory.

Lemma A.2.6. (Lemma 4.3 from [30]) For any s positive, for all (p,q) € [1,00] and any
6 €]0, s[, we have

115509

Next, we recall Lemma A.2 from [29]

Lemma A.2.7. For any function a in the space H%J“S(]R?’) with % < s < 1, there holds

lall e iz < V2llall 340 g

The following lemma shows the gain of summability with respect to the third index in

Besov spaces, for functions belonging to le N B;QT, with s; < s9

Lemma A.2.8. Let T > 0, s; < s < 53, a,b,c € [1,00] and < € (0,1) such that + = § 41
s =¢81+ (1 —<)sy. Then we have

[ullzg ps, < Cllull;
T p,1

(A.14)

Lt By BS%)O’

In order to give an idea of the proof of the three lemmas above, we chosed to prove the
following lemma, used in Chapter 2 which is also a particular case of Lemma A.2.8 if we
ignore the time variable

Lemma A.2.9. For all p €]2, 00, there exists a constant ¢, > 0, such that for all u in
LP(LA(R?)) N LA(H'(R?)) we have
2

HUHL’;<B§1(R3)) =G HUHL2 (H1(R3)) ”“”L??L?(RS))

Proof The proof is classical, we proceed as the following:
Let N(t) > 0 to be fixed later, we use Lemma A.2.2 and Cauchy-Swartz inequality, to
write

D2 I Ault, )= = Z 2o Ault Mg+ Y P AVult, i

JEZ ]<N J>N(t)
< 20% ult, Yo + 27O VUl
The choice of N(t) such that

2
oN(t) def (1 B 5) [Vu(t, )|
= |2

[Ju(t, )2
gives
1—2
[u(t, )”351 gy = Ju(t, )HHI @) [0 ) 2 sy - (A.15)
The lemma follows by taking the LP norm in time. O
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A.3 Other results

The following fixed point argument has been used to prove corollary V1.3, the proof of
which can be found for instance in [15]

Lemma A.3.1. Let X be a Banach space, L a linear operator from X to X, with norm
equals to A\ < 1, and let B be a bi-linear operator mapping from X x X in X, with norm
|B|| = =, then for all y € X such that

(1—79)?
4~

1yl x <

the equation
x=y+ L(z) + B(x,x)
1-)

has a unique solution in the ball Bx (0, 32).

We recall also the so-called Osgood’s Lemma (see for instance [8]):

Lemma A.3.2. Osgood’s lemma

Let g be a measurable function from [to, T] to [0,al, v a locally integrable function from
[to, T] to RT and p a continuous and non-decreasing function from [0,a] to R*. Assume
that for some non-negative real number ¢, g satisfies:

g(t) < e+ / V()ulg(r))dr, ae. te [to,T],

to

then we have for a.e. t € [to, T):

c>0 = —M(g(t))—l—M(c)g/t v(T)dT, where M(m)—/a%,
“dr
c:Oand/O m:oo — ¢g=0.

The compacity property is very helpful and it is needed to construct the weak solutions
as explained in some parts of this work. A very usufull tool to guarantee this property in
some special cases is the following result due to Aubin-Lions, for more details we suggest
to see [97]

Theorem A.3.1. Let Xy, X, X, be three Banach spaces such that
Xo— X — Xj,

we suppose also that the embedding Xy — X is compact.
For1 <p,q < oo, we define W to be

W fu e 17([0,T); Xo) | Oru € LU([0,TT; X1)}.

Then we have
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o [fp < oo then the embedding of W in LP([0,T]; Xo) is compact.
o [fp=o00 and q > 1 then the embedding of W in C([0,T]; Xo) is compact.

It is well known that the Sobolev embedding in the whole space R? fail to be compact,
which means that the above theorem does not guarantee any compactness result if X, X
and X; take the form of some B;yq(Rd). However we can rely on the following result in the
case of the whole space, we refer to Theorem 2.94 [8] for more details

Theorem A.3.2. Let s' < s, then for all ¢ in S(RY), the multiplication by ¢ is a compact
operator from Bj . (R?) to B;:I(Rd).

Now, we recall some estimates between the velocity and its vorticity in the framework of
axisymmetric geometry along the following lines which are strongly useful in section IV.2.

First, let us denote by v the velocity vector field and w its vorticity, with w “ curly = Wy€y.
Consequently, for z € R?® with r = \/2? + 22 > 0 we have |w(z)| = |wg(x)| and
wy(x
Vo] & 1an(a)| + o) + [ 222

So, some equivalent norms in terms of v and w are given by the following. The proof can
be found in [95].

Lemma A.3.1. Let v be a smooth vector field, divergence free and axisymmetric. Then
the following assertions hold.

lwllze = IVollLe,  p €]1, 00 (A.16)

||Dwg||Lp +

w
=\ ~1v%l,  pelt ool (A17)

ID%lss +[0(%7)

The symbol =~ means the equivalence of two norms and by D we understand (0., 0,), while
V designates (Oy,, Ory, 0.

= C||V?v]| 2. (A.18)

The last result we recall in this work precises a refined estimates for the transport equation
in Besov Spaces with Index 0, for more details one may see for instance [28]

Proposition A.3.1. For T > 0, let v be a divergence free vector field such that Vv belongs
to L%([0,7]; L®). Then for ©9 € BY,, f € LL(BY,), any solution © to the following
transport-diffusion equation.
{ 00 +v-VO=f
Ot=0 = Oy,

satisfies © € E%O(Bgm), and for all t € [0,T]

t
1007535, < € (I1€0ll sy, + 17117355, ) (1 + / IV0() o, d7).

with C' > 0 is a universal constant.
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The Navier-Stokes equations

As one may notice, all the presented results in this work are essentially related to the
classical Navier-Stokes equations, and all the models we dealt with have in their radical
form the equation

Ou—Au+u-Vu+Vp=f, (B.1)
coupled with the incompressibility condition
divu =0, (B.2)
and the initial condition
u(0,-) = uo(:). (B.3)

This part of the Appendix is then devoted to give an abstract to some of the important
results dealing with (B.1)-(B.3), then we briefly mention a couple of interesting open ques-
tions which are related to some topics studied in this thesis.

It is worth noting that, due to (B.2), the pressure p is in general negligated in several
studies since this latter can be recovered by solving the following elliptic equation (as long
as u has already been recovered)

— Ap = —div f + div(u - Vu). (B.4)

B.1 Basic properties

Before stating any results, we recall the two major facts of the 3D Navier-Stokes equations,
we will assume f = 0 in the sequel.
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Energy inequality

Any regular solution u to (B.1)-(B.3) should satisfy, for all positive time ¢

1 t 1
SO+ [ 19atrla dr = 5 ol (B5)

Scaling invariance

The second major property of these equations, is the fact of respecting some sort of scaling
in the following sense: if u is a solution to (B.1)-(B.3) on [0,7] x R3, then, for all A > 0,
uy is also a solution to (B.1)-(B.3), by replacing (B.3) with

de
() = w0a() < Mo(h),
where u) is given by
ux(t, x) «f (N2t Ax).

According to this property, a functional space X is said to be critical if its norm is invavriant
by the above A-transformation, that is if it satisfies

luxllx = llullx -
The following spaces are then critical regarding the above definition

P 1 .
— Bp,;+P — BMO™ — B!

00,007

. 3 .
B H

1
p,q

N

(B.6)

forallp<2<p<oo,and ¢ <2< q < o0.

B.2 What do we mean by a solution to the Navier-Stokes
equations?

The notions of a solution to PDE’s in general and for the Navier-Stokes equations in
particular depends on the methods used to solve the problem in study. For assertions (B.1)-
(B.3) the notion of a solution can be defined as the weak solution (turbulent solution) or
the strong solution (mild solution), the two notions are equivalent if the solution is regular
enough. We give in the sequel some more details
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B.2.1 Weak and turbulent solutions to the Navier-Stokes equations

The notion of weak solutions to the Navier-Stokes equations has been introduced at the
first time by J. Leray in 1934 in his famous paper [96], in particular this type of solutions
satisfies the equations in the distribution sense. !

In the sequel, d will denote the spacial dimension such that d > 2 unless we precise its
value.

Definition B.2.1 (Weak solution). We say that a divergence free vector field u €
L2 ([0,T] x RY) is a weak solution to the 3D Navier-Stokes equations (B.1)-(B.3) if it

loc
satisfies

/ u(t,z)-(t,x)de = / uo(z) - (0, x)dx —i—/ / (u AY+uu: Vi +u- 8tw)da:d7,
Rd Rd 0 Jrd (B.7)
for all t € [0,T], and divergence free ¢ in C>([0,T] x RY).

Let us now define the turbulent solution of J. Leray

Definition B.2.2 (Turbulent solution). Let uy € L*(R?), we say that u is a turbulent
solution to (B.1)-(B.3) on [0,T] if u is a weak solution satisfying

u € L([0,T); LA(RY) N L*([0, T): H'(R?)),

and for all t € [0,T]

1 2 ! 2 2
§||u<t>HL2+/O IVu(m)lz dr < luollz2 -

B.2.2 Mild solutions to the Navier-Stokes equations

We end up this subsection by introducing the definition of mild solutions, which does not
really use the special structure of the equations as the turbulent solutions do

Definition B.2.3 (Mild solution). We say that u is a mild solution to the Navier-Stokes
equations (B.1)-(B.3), if it satisfies its associated Duhamel formula. That is if u satisfies

t
u(t, ) = ePug(-) — / eIAPdiv(u @ u) (T, -)dr, (B.8)
0
where P denotes the Leray projector which is given by

P Y id— VA div.

!'Notice that J. Leray was able to give a sense to the weak solutions even before L.Schwartz introduces
the theory of distributions.
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The construction of Leray’s solutions is essentially based on compacity arguments, the
procedure takes in general the following form:

We begin by solving an approximate system based on regularizing the nonlinear term u-Vu
in order be able to solve the new system and to construct a sequence of unique and global
solutions (denoted (uy,)nen) to the approximate system. Then, we prove global uniform
bounds for u,, with respect to n in the energy space. Finally, by making use of an adequate
compacity arguments we prove the existence of a weak limit of the sequence (uy,)nen, and
we prove that this weak limit satisfies (B.7) together with the energy inequality (B.5). On
the other hand the construction of mild solutions relies on fixed point arguments.

Remark B.2.1. We often call a weak solution any solution given by compactness arqgu-
ments (in particular Leray’s solutions), and we call a strong solution any solution given by
the fixed point arguments.

Remark B.2.2. Remark that Leray’s solutions do not satisfy in general an energy equal-
ity, but just an inequality, this is in fact because of the lack of the strong compactness in
infinite dimension spaces as the Lebesgue and Sobolev spaces.

B.3 Some important results

This section is devoted to some technical results from the hystorical point of view of the
Navier-Stokes equations, the first brilliant result of the mathematical study of the Navier-
Stokes equations is due to J. Leray in his famous paper [96], in which he proved

Theorem B.3.1. Let ug € L*(R?) be a given divergence free vector field, then there erists
at least one global turbulent solution for (B.1)-(B.3), defined for all t > 0.

This was the first positive affirmation of a construction of solutions to the Navier-Stokes
equations since the derivation of the equations in 1845. It confirms the existence of solutions
that can be defined for large times. One may notice that the above theorem does not say
anything about the uniqueness of such solutions, in fact the question of the uniqueness here
stands to be open till today, unless in the case of dimension two, which was also proved by
J. Leray. Let us go back to dimension three, since the uniqueness is not known whether
it holds to be true or not, it is a worthy question to ask: Under what kind of hypothesis
one can prove that the Leray’s solutions are unique? In this direction, we may prove the
so-called weak-strong uniqueness property of turbulent solutions

Proposition B.3.1. Let u,v be two turbulent solutions associated to the same initial data

u € L*(R3), if in addition v € LP([0,T]; L1(R?)), for some p € [2,00) with

i |
p q

then uw = v.
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The previous proposition shows then the hope of reaching the wellposedness of the 3D
Navier-Stokes equations if one may construct a little bit more regular solutions, this fact of
matter inspires the following question: An additional regularity assumption on the initial
data, can it provide the global wellposedness of these equations? A first partial answer
was given by J. Leray as follows

Theorem B.3.2. Let ug be a divergence free vector field in Hl(R?)),.then there exists T > 0
and a unique solution to (B.1)-(B.3) in C°([0,T]; H') N L*([0, T); H?).
In addition of that, there exists ¢ > 0, such that if

[uoll 22 luoll g1 < ¢, (B.9)

then T = oo.

Theorem B.3.2 above, besides ensuring the uniqueness of the solution, it has two main
features:

e One may notice that it provides a local wellposedness result for any initial data
sufficiently regular (H'-initial data). On the other hand, a smallness condition on
the size of the initial data is needed in order to guarantee the life of the solution up
to T = oo. Point out that, till today we do not know if the local solution given by
the theorem above blows-up at some finite time 7™ or it can be extended to infinity,
also we do not know how to get rid of the smallness condition (B.9).

e The second remark that was the starting point for several research is the following:
Assertion (B.9) is invariant under the scaling of the 3D Navier-Stokes equations,
but it requires one gradient of the initial data to be in L?. Whereas such condition
does not say anything about initial data like being in H %(R?’), or critical data with
different properties.?

It was then due to H.Fujita and T.Kato in [44] the answer of the local wellposedness for
initial data being in the critical space H %(R?’), the following theorem gives some more
details (see also chapter 5 in [8] and chapter 15 in [94]).

Theorem B.3.3. Let uy be a divergence free vector field in H%(Ry’), then there exists a
unique mazimal life time T* = T*(ug) and a unique u solution to (B.8) for which the
following assertions hold

e u has the following reqularity, for allt < T*

we C[0,T); H2) N L*([0,T], H?2).

2We will go back to more detail about that in the comments on Theorem B.3.3, which traits the case
of some initial data which is not concerned by assertion (B.9).
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o If T* < oo then, for all p € [2,00)

T*
p —
/0 [u()I” )15 dr = 0. (B.10)
e There exists a universal constant ¢ > 0 for which, if
luoll 3 <, (B.11)

then T = oo. . L
e The solutions are Hz-stable on [0,] provided that they belong to LP([0,t]; H2"%), for
some p € [2,00), more precisely we have, for any u,v two solutions to (B.1)-(B.3),

lu(t) = o)1}, +/0 lu(r) = o(7)I[%, g dr

< |luo — vol? P P .
< o = wllyy cap(CCIIE, oy + 00, 1)

As aforementioned, the proof of Theorem B.3.3 relies on fixed point argument and the
solutions obtained satisfy in a first time the integral form (B.8). In fact the proof of the
above theorem provides more precise information concerning the size of the global solution
regarding the smallness conditions (B.11): if the initial data is of size ¢ << 1, then the
solution is of size 2c. In addition of that, we can prove that the map ¢ — [lu(¢)] 3 is

decreasing. These two facts together ensures that the H 2— norm of u(t, -) should tend to
0 as t tends to infinity.

An interesting question is then the following: supposing that some H 2 initial data ug (with
arbitrary large size) generates a global solution to (B.1)-(B.3), does the scenario of small
solutions shows up always at large time? A positive answer of that has been confirmed by
I. Gallagher, D. Iftimie, and F. Planchon in [49], more precisely they proved

Theorem B.3.4. Let ug be a divergence free vector field in H:z generating a global solution
o (B.1)-(B.3) u in CO([0,T]; Hz) N L2([0,T], H?), for all T > 0, then we have

lim_[|u(t)[| 3 = 0. (B.12)

t—+o00

Unlike the proof of Theorem B.3.3, the proof of Theorem B.3.4 uses the structure of the
equations, namely the energy inequality.

On the other hand, according to the embeddlng (B.6), Theorem B.3.3 does not say anything
about small data in spaces larger than Hz, a little bit after, in [87] T.Kato provided an
answer in the case of initial data in L3 by proving

181



APPENDIX B. THE NAVIER-STOKES EQUATIONS

Theorem B.3.5. Let uy be a divergence free vector field in L3, then there exists a unique
mazximum time of existence T = T*(ug) and a unique solution u to (B.8) in the Kato
space

1_1

def def 3(1_1
6 {ue CUOT Y e, s 2478 (e, forpe 6,00
te(0,T

If in addition, the L3-norm of ug is small enough then T* = co.

The strategy to prove the above theorem is similar to the one proving Theorem B.3.3, and
it relies on finding a fix point for the functional F given by

F(u) = e uo + B(u,u)

with t
B(u,v) & —/ e IAPdiv(u @ v)dr
0

A fact of matter is that F.Oru proved in [105] that B is not continuous from L*(L3) x
L>°(L?) into L*>(L?), which means that searching of a solution in spaces like the Kato
space K is necessary in the proof of Theorem B.3.5. However, for the uniqueness task
Furioli, Lemarié-Rieusset and Terraneo showed in [47] that there is only one mild solution
of the Navier-Stokes equations in C'([0, T|; L?). That is the uniqueness of solutions to (B.8)
holds in a space larger that K.

This is good in the point of view of the initial data that uniquely generates (at least local)
solutions, but what about the initial data that behaves like z — %? this kind of initial
data does not belong to any Lebesgue of Sobolev spaces, but it stiﬂ respects the critical

scaling of the initial data, besides of that it belongs to the critical spaces of the form
143
Bppj ?(R?). In order to treat the case of the initial data belonging to larger spaces such

143
Bppj ?(R3), p € [3,00), the fixed point argument shows up to be applicable again in the

Besov-type spaces, and the affirmative answer comes then due to M.Cannone in [16] (for
p € (3,6]) and F.Planchon in [110] (for p € [3,00)). We resume these results and announce
them in the following form (see also [26] for more details)

143
Theorem B.3.6. Let ug be a divergence free vector field belonging to Bp;:” (R3), for some
p € [3,00), then there exists T > 0 and a unique u solution to (B.8) in

L0, T); Byt * (%)) 0 L1 ([0, T); Byt (RY).

3

In addition of that, T' can be chosen to be 400 if ug s small enough in B;o:”

Above the space L([0, T7; B;’T) refers to the so-called Chemin-Lerner space defined in the
Appendix A.
A particularity of the above theorem is the ability to construct global solutions starting
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from initial data which is not necessary small in H > or even in L®. The fundamental
example of that is the data with a lot of oscillations in one direction. Indeed taking for
instance 1 € S(R3), and we define

u ™ sin()(0, -9yt (), Doth(a)),

3

we can check that the L? norm of u§ has a size 1 while its norm in B,, i: " is small for all
p > 3 as long as ¢ is small enough.

Next, one may ask: what is then the largest critical space for the initial data that guarantees
the global wellposedness (at least for small data)? According to (B.6) the space Bgo{oo
appears to be the largest one. Indeed Y. Meyer proved in [99] that any Banach space
X C S(R?) which is invariant by translation and dilatation in the following sense

Ifllx =AfFO-=a)llx, VfEX, a€R), A>0,

is continuously embedded in Bo_ofoo. But unfortunately it has been proved (see [12] and
[59]) that the Navier-Stokes equations are ill-posed in this space.

In the other hand, more recently H. Koch et D. Tataru proved in [89] the wellposedness
of these equations in BMO~! defined by the set of tempered distribution v whose the
following norm is finite

2 def 1
Hu||BMO,1 = sup

_ et u)?dtdy.
20eR3, 750 | B(20, VR)| J10,R1x Bzov/B)

Whereas the fixed point argument used to solve the equations has been done in the space
X defined by its norm
lul L supt fult, e+ sup u(t, ) Pdrdy
>0 z0€R3,R>0 |B(LC0, \/—)’ [0,R]x B(z0,VR)

More precisely, H. Koch et D. Tataru 3 proved

Theorem B.3.7. If the initial data ug is small enough in BMO™!, then (B.8) has a unique
global solution in the space X defined above, and we have in addition ||u| v < 2 |luol|gieo-1 -

3one may see [7] for a second proof of Theorem B.3.7
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Perspectives

Besides the millennium problem of the 3D Navier-Stokes equations, and despite the work
that has been done, a lot of interesting open questions are waiting for answers, here we
discuss some of them which are related to the main results of this thesis.

As it is well known, the global regularity question of the 3D Navier-Stokes equations is
still open. However we could establish blow-up criterion as (B.10) for p € [2,4+00). The
limit case p = 400 is considerably hard to prove compared to the rest of cases, a first
answer was due to L. Escauriaza, G. Seregin et V. Sverak in [42] where they proved that
if the maximal life span of the solution 7 is finite, then limsup, ;. |[|u(t)||,s = co. This
was extended * to the general critical Besov spaces by I. Gallagher, G. Koch, F. Planchon
in [52].

Recently, it has been shown that the divergence free condition, together with the structure
of the equations can provide better regularity criterion, better with respect to the number
of velocity’s components that should satisfy conditions like (B.10). Indeed, several works
have been done in this direction, but the first result involving only one component in
scaling invariant class of spaces was due to J-Y. Chemin and P. Zhang in [31]. Followed
by a result due to the same authors together with Z. Zhang in [32]. And more recently by
J-Y. Chemin, I. Gallagher and P. Zhang in [29]. More details are already given in Chapter
IT of this thesis.

As mentioned above, the limit case p = oo is hard to prove, the authors in [29] proved some
results concerning this case, and in the present work we slightly modified their proof to
obtain similar result in another type of spaces (see Theorems I1.1.1 and II.1.2 in Chapter
I1).

However we do not know if one component of the velocity being bounded in L*°(([0, T]; Y),

TAlso it has been extended to the full limit in time in H? by G. Seregin in [114]
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for some critical space ) being any one from (B.6), is sufficient to guarantee the smoothness
of the solution until time 7', or if a singularity can show up at some 7 < T'.

Another interesting question in this direction, besides the limit case, up to my knowledge
all the one component-blow-up criterion have been established in terms of the Sobolev
norms in space variables. Is it then possible to prove a Serrin-type criterion in critical
Lebesgue spaces under conditions involving only one component of the velocity?

Let us now move to another version of the Navier-Stokes equations. Recent works have
been addressed to the study of the 3D Navier-Stokes equations with partial dissipation,

Ou+u-Vu—Apu+ Vp =0. (C.1)

And eventually some similar systems as the Boussinesq system with different partial dissi-
pation. We may refer to Chapters V for more details and for the progress of studying such
systems. Here we would like to briefly mention two open questions concerning (C.1):

e In [106] M. Paicu was able to prove the first result of global wellposedness for small data
2 in the critical space B2 defined by its norm

def
|U|| Z 27 [AGull (R3) » (C.2)
LeZ
where A} stands to be the vertical version of the dyadic blocks defined in the Appendix A.

Remark first that this was a new result even for the classical Navier-Stokes equations.

Moreover, the uniqueness result that he proves in his paper requires the solution to be
only in L¥(H 0’%) NLA(H 1’%), which corresponds to the "horizontal”-energy space of H 03,
However, because of the lack of the embedding of this latter in L? (L), which is really
important in the proof of the existence part in [106], we do not know yet if initial data in
H%2 can generate local solutions to (C.1) or no.

e Based on the results of [28, 106], several works have been done. For instance a case of
initial data which is not necessary small in B%2 has been treated in [31] by introducing

11
the critical space B, *’* defined by its norm

TITED SE O oERT NI IS wed RO BT
4 €7

k>6—1 JET

2Up to my knowledge this was the first result that ensures the existence and the uniqueness in scaling
invariant spaces, before that I. Gallagher, J-Y Chemin, B. Desjardins and E. Grenier proved in [28] a
wellposedness result that requires the initial data to be in some sup-critical spaces, followed by the work
of D.Iftime who improved the uniqueness result of [28] and ensured that it holds in almost critical spaces,
this was before M.Paicu proved his result, more details can be found in Chapter V.
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The above norm is inspired by two facts:

The first one is when we look at the first part of the norm above, we remark that the
horizontal derivatives control the vertical ones. If we ignore the convective term in (C.1),
and if we assume that the solution preserves this structure, in this case will have A, ~ A.

That is to say, any initial data that has the form of the first term on the r.h.s of (C.3)
would generate a solution to

(O —An)f =0 (C.4)

which gains some regularity with respect to the vertical variables despite the lack of the
term —0,, in (C.4).

Secondly, the last term on the r.h.s of (C.3) considers the case where the vertical variables
dominate the horizontal ones. Here as there is no gain of regularity with respect to the
vertical variables in (C.1) the problem should be dealt with as hyperbolic system as well
explained in [31]. The work of M.Paicu [106] shows up to be crucial in this step.

l\’)\»—t
l\’)\»—t

As pointed out above and in [31], one of the advantages of solvmg the equations in B,

instead of B%? is to generate solutions from initial data like ¢. % e™1/2¢(z), ¢ € S(R),
which satisfies

1
[0 = Nollgos - Nl 5.4 < Coct.

Which means that this kind of initial data can not be treated by the result of [106] whereas
[31] ensures the global wellposedness of (C.1) with initial data like ¢. and € << 1.

The outlines of the proof in [31] relies on searching for a solution of the form u = up + w,

where def def
€ tA € h AV
Up = € Upp,  Upp = E AVAVATRS

E>6—1

and w belongs to an horizontal-energy-type space of B%:. The equation of w is then a
modified Navier-Stokes equation with source term up - Vup. It is in fact because of this

term, the maximal horizontal integrability chosen in the definition of the first term on r.h.s
of the norm (C.3) is L.

One may ask if we can generalize the result of [31] for small initial data belonging to

Jul gy D28 (ka(ilwmmzu}}iw) + 32| A, (C5)

(€7 E>e—1 JEL

A positive answer was given in [122], if in addition, the non linear term ug - Vup belongs to
2 1

LY. (B%2). This additional condition is true for all data belonging to B _175, and p € [2,4].
The choice of p = 4 in [31] is optimal regarding the idea they follow to prove their result
(which is the same in [122]).

The question that we address here is whether or not can we get rid of the additional
1
condition up - Vur € LL(B%2)? The major problem is the following:
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Roughly speaking, we would like to solve a modified version of (C.1) on w with ug-Vur as a
source term. At some point this modified equation should be solved in L (B8%2)NL2(B"2),
which justify the choice of the condition ug - Vug € L1(B%2). The use of the L? norm
in the last term on the r.h.s of (C.5) is crucial in order to follow the work of M.Paicu in
[106], and to benefit of the structure of the non linear term w - Vw.

That is to say, replacing L? in the last term on the r.h.s of (C.5) by some LP, for p # 2,

does not seem to be the key to solve the equations. Moreover, the choice of p = 4 in
1 2 1

2717 . . . . 77177 .
the space B '? seems to be optimal since having ur in some B) ' with respect to the
spacial variables infers that the best low integrability that we can have for the non linear
term up - Vurp would be g. Which means that p = 4 looks like to be the best choice here.

Similar and more are the questions that we can address to the rest of the models studied in
this thesis. For which we hope that we will be able to provide some answers in our future
works.
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