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Summary

Numerical Homogenization and Model Reduction for Transient Heat,

Diffusion and Coupled Mechanics Problems

This dissertation presents computationally efficient numerical homogenization tech-
niques for transient diffusion phenomena in heterogeneous materials. The transient
behavior arises due to the material properties, the characteristic length scales and
the time varying loading conditions. Homogenization of such materials generally
requires computationally expensive solution schemes for the transient diffusion
equations at the macro- and the micro-scale. Concepts from numerical techniques
like computational homogenization, component mode synthesis and data-driven
mechanics are used to efficiently homogenize problems for heat diffusion, mass
diffusion and mass diffusion coupled to mechanics. The background and motiva-
tion is presented in Chapter 1.

In Chapter 2, as a preliminary step, a model reduction for the transient heat
diffusion equation is performed at the micro-scale using component mode synthesis,
which provides an emergent enriched-continuum description of the homogenized
level at the macro-scale. Assuming linear material behavior and relaxed separa-
tion of scales, the microscopic response is decomposed into a steady-state and a
transient part. For the steady-state response static-condensation is used, whereas
for the model reduction of the transient response an eigenvalue problem is solved
and the system of equations is projected onto a reduced number of eigenbases. As
a consequence, the microscopic problem is replaced by a set of decoupled ordinary
differential equations which are computationally inexpensive to solve. The numer-
ical examples solved at the micro-scale confirm the accuracy and computational
efficiency of the method.

Chapter 3 deals with different solution methods for the macro-scale enriched-
continuum for transient mass diffusion problems. Two spatial discretization schemes
are discussed for the enrichment-variables. The primary macroscopic field is inter-
polated with finite element shape functions, while the enrichment-variables can ei-

ther be interpolated using finite elements, leading to a multi-field solution method,



or evaluated at the Gauss quadrature points, leading to an internal-variable so-
lution method. Different time integration methods are also presented for the
internal-variable solution method. Enriched-continuum results are compared with
those obtained from classical transient homogenization and direct numerical sim-
ulations for evaluating the accuracy and computational gains.

The proposed model reduction method is extended to the transient mass dif-
fusion coupled to the mechanics, in Chapter 4, with application to lithium-ion
batteries operating in a linear regime. Using the Legendre transformation, the
primary variables of the coupled model are converted to the chemical poten-
tial and strain fields, which allows the use of standard C°-continuous finite el-
ements. A model reduction using component mode synthesis is performed and
an enriched-continuum for mass diffusion coupled to mechanics is obtained. The
micro-scale problem, which usually involves an expensive solution of the coupled
mass diffusion-mechanics problem, is now replaced by a set of ordinary differential
equations.

Chapter 5 constitutes a novel model reduction and homogenization procedure
for history dependent diffusion at the macro-scale using data-driven mechanics. It
replaces the solution of the microscopic problems with a direct search in a data-set.
The data-set is generated efficiently using the enriched-continuum formulation in
an offline stage. The enrichment-variables serve as a pointer in time for keeping
track of the history dependent diffusion. It also provides a route to extend the
proposed model reduction method to the non-linear regime. Finally, conclusions

and future research directions are discussed in Chapter 6.

vi
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CHAPTER
Introduction

1.1 Background and Motivation

All physical phenomena in materials tend towards an equilibrium state. A non-
equilibrium state can be caused by a difference in the concentration of a quantity
across a region. For example, a gradient in temperature causes heat diffusion, and
the spatial difference in the mass concentration of species causes mass diffusion.
To achieve an equilibrium state, heat or mass irreversibly flows from a region of
higher concentration to a lower one. During the diffusion process, the material
also stores some part of the heat or species energy. The speed of diffusion of a
quantity and the storage capacity are the physical properties of the material. If
the net flow of a quantity across a region is constant, the diffusion is said to be
in a steady-state, otherwise it is transient. Heterogeneous materials are formed
when two or more materials with different physical properties are combined. The
effective diffusion and effective storage capacity of a heterogeneous material are
obviously different from those of its constituents. In this dissertation, the transient

diffusion phenomenon in heterogeneous materials will be analyzed.

1.1.1 Examples

Transient diffusion in heterogeneous materials occurs in numerous natural phe-
nomena and engineering applications. For example, in modern-day computers,
the increasing demand for computational power requires to pack as many tran-
sistors in a small processor (CPU) packaging as possible. During operation of
a CPU, a large amount of heat energy is generated which should be evacuated
to keep the system running. It involves a complex thermal management system
from the component level to the system level. Specifically tailored heterogeneous

materials with overall excellent diffusivity and low storage capacity are required.
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Figure [1.I{a) shows a heterogeneous material, made of 40% silicon-carbide (SiC)
inclusions embedded in the copper (Cu) matrix, used for the CPU heat sink [I].
The percentage of SiC in Cu is modified according to the application and desired

mechanical and thermal properties.
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Figure 1.1: Engineering applications of transient diffusion phenomena using het-
erogeneous materials. (a) The heat sink material for the processor of a com-
puter, the irregularly shaped silicon-carbide particles are embedded in a copper
matrix [IL 2]. (b) The electrolyte-electrode system of a lithium-cobalt-oxide bat-

tery, the large circular active particles are embedded in the matrix [3, [4].

For mass diffusion problems, in poly-crystalline materials [5], the diffusion in
grain boundaries happens faster than in the grains i.e., the grain boundaries reach
a steady-state while the grains remain in a transient-state. In the electrolyte-
electrode system of a lithium-ion battery, shown in Figure [1.1{(b) [4], the diffusion
of lithium ions follows a similar trend. The lithium-ions diffuse orders of magnitude
faster in the electrolyte, while coupled to the diffusion of lithium in the active

particles.

1.1.2 Analysis Techniques

To analyze such engineering problems, the governing equation describing the tran-
sient balance law needs to be solved in each constituent. The energy balance equa-
tion allows to determine the heat diffusion, whereas the mass balance equation
enables to determine the mass diffusion. Due to the complexity of the procedure,
numerical methods have to be used for analyzing diffusion in heterogeneous mate-
rials with complicated morphologies and random distribution of the phases. One of
the commonly used numerical techniques is the finite element method (FEM) [6].

It divides the region under consideration into sub-regions (elements) and solves
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the transient balance laws in the discretized domain. To approximate the phenom-
ena accurately enough, a large number of elements are typically required, which
renders the method prohibitively time consuming for transient diffusion problems
in heterogeneous materials.

To circumvent this pitfall, homogenization techniques [7H9] are used, which sub-
stitute the heterogeneous material domain by an equivalent homogeneous macro-
scale domain and a small but representative heterogeneous micro-scale volume
element. The homogeneous material response is obtained by averaging the prop-
erties of the constituents at the micro-scale. At the macro-scale, due to the adopted
homogeneous (smooth) description, usually, only a few finite elements are required
to accurately capture the diffusion response. If the diffusion through the micro-
scale is instantaneous, i.e., the material properties and the boundary conditions
are such that micro-scale reaches a steady-state instantly, then a full separation of
scales holds. Otherwise, if the micro-scale constituents show transient behavior,
the micro- and macro-scales can no longer be assumed to be completely separable.
In this regime, the micro-scale transient diffusion equation needs to be solved at
every macroscopic material point in time, which also becomes computationally
expensive.

Devising an efficient numerical solution technique enables a faster decision mak-
ing process during the design phase of a component. For example, if the simu-
lations are not time-consuming, one can analyze a large number of parameters:
shape, size, or percentage of inclusion material, to identify an application-specific
heat sink material. Model reduction techniques can be used to reduce compu-
tational costs. There exists a large body of related literature, see [10] and the
references therein, in the field of homogenization and model reduction. However,
the literature is mostly limited to elasticity problems or diffusion problems with a
full separation of scales. Hence, there is a clear need to develop numerical meth-
ods that efficiently solve diffusion problems in heterogeneous materials when the

assumption of full separation of scales does not apply.

1.2 Objective and Research Questions

The main objective of this dissertation is to develop reduced-order numerical ho-
mogenization techniques for capturing the transient diffusion in heterogeneous ma-
terials with transient micro-scale phenomena. To this end, this thesis addresses

the following research questions:
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e How to properly define the (non) separation of scales regimes for the homog-
enization of transient diffusion problem? In which regime is model reduction

applicable?

e What kind of homogenized macroscopic description is obtained when ho-
mogenization is performed by model reduction at the micro-scale? Is it as

accurate as the expensive homogenization methods?

e Which spatial and temporal discretization methods can be used to solve
the new, enriched, macroscopic description? Does it accurately capture the
expensive FEM solution and how efficient is it compared to the expensive

homogenization method?

e [s it possible to extend the newly developed reduced-order homogenization

technique to coupled multi-physics problems?

e What are the options to relax the assumptions on linear material properties?
Is there a different methodology available for the homogenization of transient

diffusion problems with nonlinear material properties?

1.3 Outline of the thesis

This thesis addresses the above-mentioned research questions in detail and is ar-
ranged as follows: In Chapter 2, first, the separation of scales is defined in
the context of heat diffusion problems in heterogeneous materials. Next, model
reduction is performed for a specific separation of scales regime and linear ma-
terial behavior. The homogenization is performed by the equivalence of power
between the micro- and macro-scales. Numerical examples demonstrate the ac-
curacy, computational efficiency and limitations of the proposed framework. The
macroscopic enriched homogenized description is implemented using different spa-
tial and temporal discretization schemes in Chapter 3. The solution procedures
are discussed and numerical examples are solved for transient mass diffusion prob-
lems. The developed reduced-order homogenization method is demonstrated to
capture the fully resolved FEM solution accurately with large computational time
gains. Chapter 4 extends the developed homogenization method to multi-physics
problem. To this end, the model reduction is performed at the micro-scale to re-

place the coupled mass diffusion-mechanics problem with a reduced model. The
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accuracy and computational efficiency are compared with expensive homogeniza-
tion methods. Chapter 5 presents the basis for extending the framework towards
nonlinear material behavior by using a data-driven approach. It uses the developed
reduced-order homogenization method to generate large data-sets in an efficient
manner. The emergent macroscopic behavior is well captured by the data-driven
approach and it presents a straightforward extension toward nonlinear regimes. Fi-
nally, in Chapter 6, conclusions based on the present work and recommendations

for future research are provided.
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Chapter 2. Model Reduction in Computational Homogenization for Transient
Heat Diffusion

Abstract

This chapter presents a computationally efficient homogenization method for tran-
sient heat conduction problems. The notion of relaxed separation of scales is in-
troduced and the homogenization framework is derived. Under the assumptions of
linearity and relaxed separation of scales, the microscopic solution is decomposed
into a steady-state and a transient part. Static condensation is performed to ob-
tain the global basis for the steady-state response and an eigenvalue problem is
solved to obtain a global basis for the transient response. The macroscopic quan-
tities are then extracted by averaging and expressed in terms of the coefficients
of the reduced basis. Proof-of-principle simulations are conducted with materi-
als exhibiting high contrast material properties. The proposed homogenization
method is compared with the conventional steady-state homogenization and tran-
sient computational homogenization methods. Within its applicability limits, the
proposed homogenization method is able to accurately capture the microscopic

thermal inertial effects with significant computational efficiency.

2.1 Introduction

With the advent of micro-fabrication technologies [11], the demand for miniature
devices utilizing heterogeneous materials is steadily increasing. These devices en-
compass a variety of applications, ranging from electronic machinery [12], T3] to a
special class of engineered materials called thermal meta-materials [14] which can
be used to harvest thermal energy [I5HI7], manipulate heat flux [I8], [19], as well
as to perform thermal cloaking [20H22]. In order to design these components, it is
important to correctly simulate and capture the underlying physics. Usually, an
energy balance equation is solved to capture the heat transfer using a numerical
method such as finite elements [6]. However, a high contrast in material proper-
ties, a complex topology and time varying thermal loads render the coefficients
in the energy balance equation highly oscillatory, which requires an excessively a
very fine discretization in both space and time. Consequently, simulations become
computationally intractable.

The homogenization of heterogeneous medium [23H27] introduces the concept of
an equivalent homogeneous macroscopic medium, representing an effective behav-
ior of the microscopic medium with highly variable coefficients. Homogenization

enables reduction of the computational cost, since an approximate response can
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be captured with a coarser discretization. It is achieved by solving a two-scale
problem in a coupled manner, which requires the solution of the energy balance
equation at the micro-scale, usually using a representative volume element (RVE),
associated to each macroscopic material point, followed by an averaging proce-
dure to extract homogenized effective macroscopic quantities that are used in the
energy balance equation at the macro-scale. To include transient terms in the
energy balance equation, certain conditions on the material properties and load-
ing should hold [7, 28-30], which requires a proper definition of the separation of
scales. For heat conduction problems, separation of scales is defined based on the
characteristic diffusion times t; associated to each k—th material constituent and
the characteristic loading time 7.

For the homogenization of transient diffusion problems, the ratios between the
different characteristic diffusion times and the loading time determines if the micro-
scale and the macro-scale are separated or not. A full separation of scales indicates
that the characteristic macroscopic loading time scale is much larger than all the
microscopic characteristic diffusion times, independently of the ratios between the
characteristic diffusion times of the different microstructural constituents. In such
regimes, transient effects are negligible at the micro-scale and it is appropriate to
use a steady-state energy balance equation at the micro-scale. This assumption has
been widely used in the literature, see for example [28] B0-H35]. The macroscopic
thermal gradient is then the only conjugate quantity for the macroscopic heat flux
and the macroscopic heat capacity can be calculated using the rule of mixtures. For
a linear material model, in the regime of full separation of scales, the microscopic
analysis and averaging performed only once to recover the (constant) effective
macroscopic quantities.

However, when the microscopic characteristic diffusion times are of the same or-
der of magnitude as the characteristic macroscopic loading time scale, the assump-
tion of full separation of scales is no longer valid and the macro and micro-scale
phenomena are coupled. In such regimes, significant transient effects are present at
the micro-scale, in some or all microstructural constituents, which must be taken
into account when homogenization is performed. If steady-state is assumed in such
regimes, the microscopic transient effects, due to so-called micro-scale thermal in-
ertia [9], will not be captured in the homogenized macroscopic description. Taking
into account the transient micro-scale effects, the energy balance equation with
the transient term should be solved at both scales. Homogenization in such tran-

sient regimes for thermal diffusional [8 9] 36], [37] and mechanical vibration [38-41]
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problems have already been developed. Since, the microscopic problem has to be
solved at each macroscopic material point in time, the homogenization in tran-
sient regimes comes with a substantially higher computational cost. The present
work aims at reducing the computational cost for homogenization in such transient
regimes.

A reduced order model based on sub-structuring technique such as Craig-
Bampton mode synthesis [42] was proposed for the homogenization of mechanical
acoustic meta-materials [43]. It makes use of material linearity and the relaxed
separation of scales. Substructuring of a mechanical system involves the divi-
sion of the whole structure into smaller sub-structures with connected boundaries.
Each substructure boundary is assumed to experience a rigid body motion and
the dynamic effects only exist internally. If the boundary of the substructure is
also dynamic then the substructuring provides a stiffer approximation [43]. For
the homogenization of transient mechanical problems, the relaxed separation of
scales implies that the matrix remains quasi-static under transient loading condi-
tions and only the inclusions experience dynamic effects [38]. In the context of
computational homogenization, when relaxed separation of scales is satisfied, each
microscopic domain attached to a macroscopic material point is assumed to be a
substructure attached to the macroscopic domain.

Similarly, in transient heat conduction problems, the relaxed separation of
scales constitutes a thermal diffusion phenomenon in which the matrix remains
in steady-state under transient thermal loads and only the inclusions exhibit tran-
sient heat diffusion. Assuming linear material properties and relaxed separation of
scales, an additive decomposition is performed to compute the microscopic steady-
state and transient response, separately. The reduced basis is obtained using a
static condensation for the steady-state part and an eigenvalue problem is solved
for the transient part. To benefit from the model reduction, the microscopic prob-
lem is projected on the reduced basis subspace, which yields an evolution equation
for the micro-scale thermal inertia in terms of the coefficients of the reduced basis.
These evolution equations for the amplitudes of the reduced variables, together
with the macroscopic energy balance and the effective homogenized constitutive
equations give rise to an enriched-continuum description at the macro-scale. This
chapter deals with the model reduction at the micro-scale and compares the pro-
posed formulation with a conventional transient computational homogenization
scheme [8,[9]. The solution of the macro-scale enriched-continuum, emerging from

the model reduction at the micro-scale, and the comparison to direct numerical
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simulations are beyond the scope of this contribution and will be addressed in the
future work.

A related work has been published recently [44], which focuses primarily on the
error analysis for the model reduction in transient computational homogenization.
However, in that work no discussion is made on the separation of scales and the
limitations it imposes on reduced order computational homogenization. To the
best of authors’ knowledge the novel aspects of the current work, in the context
of computational homogenization for transient heat conduction problems, are:

e introduction of the relaxed separation of scales.

e a model reduction technique for the micro-scale which leads to an enriched-

continuum formulation at the macro-scale.

2.1.1 Outline

In this chapter, the homogenization framework is derived in section [2.2} the notion
of the separation of scales is here defined, the generalized Hill-Mandel condition,
upscaling, and downscaling relations are presented. In section[2.3] a computational
method combined with model reduction is developed. Section presents the
proof-of-principle numerical examples. The chapter ends with concluding remarks

and future perspectives.

2.1.2 Symbols and Notations

Macroscopic quantities are represented with a bar on top: for example a scalar, a
vector and a second-order tensorial macroscopic quantity are written as @, @, and A,
respectively. Microscopic quantities are represented without a bar on top, a micro-
scopic scalar, vector and second-order tensorial quantity are written as a, a and A.
The same Cartesian basis is adopted at the macro and micro scales. The dot prod-
uct between two vectors and between a second-order tensor and a vector is repre-
sented as a-b := a;b; and A-a := A;ja;e;, respectively. A tensorial dyadic product
is denoted with a @ b := a;b;e; ® e; and A®a = A;jare; ® e; ® e;,. The gradient
of a scalar and a vector is defined as Va := da/0x;e; and Va := da;/0x;e; ® e;.
Similarly, the divergence operates as V - a := 0a;/0x; and V - A := 0A;;/0z;e;.
For linear algebra operations, columns are represented with a tilde underneath a
lowercase letter e.g., a and matrices are represented with a bar underneath an up-

percase letter e.g., A. A tensorial product between two column arrays of vectors
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is defined as a’ @b, where

_® )]
0 ®

® = (2.1)
00 ... @

The microscopic domain and its boundary are represented by 5 and 0€)g, re-

spectively. The volume average of a microscopic quantity e is defined as

<o> = %/QD e dQp, (2.2)

where, V' = fQEV d€)y is the volume of the microscopic domain 2g. Acronyms
RTH, CTH and SSH are used for reduced transient computational homogenization
(present contribution), conventional transient homogenization (i.e., without model
reduction) and steady-state computational homogenization, respectively. The ma-
terial with the lowest characteristic diffusion time is called “fast” and the material

with large characteristic diffusion time is called “slow”.

2.2 Homogenization Framework

In this section, the relaxed separation of scales is defined for heat conduction prob-
lems. The energy balance equations at the micro and macro-scales are presented

and finally, the downscaling and upscaling relations are derived.

2.2.1 Separation of Scales

The separation of scales in homogenization of transient diffusion problems is de-
fined in terms of the characteristic diffusion times that are linked to the loading
conditions, material properties and characteristic length scales. In this work, a
two-phase periodic medium is considered in which the connected phase is the ma-
trix and the embedded particulates are the inclusions. The characteristic diffusion
times for the matrix ¢,, and inclusions ¢; are defined as

l d?

2
t 1= D—:”n, and t; ;= E, (2.3)
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where ¢, and d are the characteristic lengths, e.g., the spacing between the in-
clusions and the inclusion diameter, respectively, and D,, and D; are the thermal
diffusivity coefficients of the matrix and inclusions, respectively. The characteristic
loading time T is the inverse of the ratio of the rate of change of the macroscopic

temperature field § with respect to the macroscopic temperature

1 AN
T ~ o= (5) , (2.4)

where w is the (angular) loading frequency. Different relations between t,,, t;
and T define different separation of scales regimes. For the development of the
reduced computational homogenization and comparison to conventional methods
a few separation of scales regimes are defined here.

Full Separation of Scales: In a full separation of scales regime the characteristic
diffusion times at the micro-scale are much smaller than the characteristic loading

time 7', i.e., the material constituents reach steady-state instantly
T>> (tm~t;), ot T>(t,<t),or T>(t,>1t). (2.5)

The ratio between the characteristic diffusion times of different constituents does
not matter in this case. Under these conditions, the classical steady-state homog-
enization is sufficient to capture the heat diffusion phenomena in a heterogeneous
medium. For example, the homogenization procedure adopted in [32] assumes a
steady-state micro-scale model for the simulation of refractory bricks used in a
furnace lining. The macroscopic heat flux is obtained through the computational
homogenization and the heat storage capacity is obtained by using the rule of
mixtures.

Non-separating Scales: In these regimes, the microscopic diffusion times of
the matrix, the inclusions or both are of the same order of magnitude as the
macroscopic loading time. As a consequence, transient phenomena are active at

the micro-scale. Some of these regimes can be represented as

T oty ~t;, (2.6a)
(T ~ tw) > i, (2.6b)
(T ~t;) >t (2.6¢)

In (2.6)(a) both the matrix and the inclusions are transient, in (2.6])(b) the matrix
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is more transient than the inclusion and (2.6])(c) shows the regime in which the
inclusions experience more transient effects than the matrix. The energy balance
equation with the transient terms has to be used at the micro-scale to capture
thermal inertia accurately. For example in [9], a sintering problem is solved using
transient computational homogenization, the material properties and the loading
conditions were such that they are adequately represented by the separation of
scales regime of equation (2.6))(c). Therefore, both the macroscopic heat flux and
the rate of change of the macroscopic internal energy are calculated by compu-
tational homogenization; if the rule of mixture would have been used instead, it
would entail significant errors.

Relaxed Separation of Scales: This intermediate regime is characterized by
specific material properties: a fast matrix, i.e., it attains the steady state almost

instantaneously, and slow inclusions. It can be defined as
(T ~t;) >t (2.7)

This is a limiting case of the regime given by equation (2.6))(c) and represents no
or negligible transient effects in the matrix. Heterogeneous materials operating
in this regime are characterized by a high conductivity and low heat storage ca-
pacity in the matrix and low conductivity and high heat storage capacity in the
inclusions. Since the evolution of the temperature field in the matrix is different
from that in the inclusions, the microscopic temperature field can be decomposed
into steady-state and transient parts. To capture the micro inertia effects, the
transient balance of energy has to be solved at the micro-scale and both, the
macroscopic heat flux and rate of change of macroscopic internal energy, must be

computed /upscaled using computational homogenization.

2.2.2 Energy Balance Equation at the Macro- and Micro-

scales

To model the transient heat conduction at the macro-scale, the energy balance

equation with the transient term is used
V-qg+ée=0, (2.8)

where g and € are the macroscopic heat flux and the rate of change of macroscopic

internal energy. The constitutive forms for @ and € are yet unknown, and in the
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computational homogenization are obtained through an upscaling procedure. The
macro-scale problem is complemented by boundary and initial conditions as given
by the particular problem at hand. To capture the thermal inertia effects, the

transient energy balance equation is considered at the micro-scale as well
V.q+é=0, (2.9)

where g and ¢ are the microscopic heat flux and the rate of change of the micro-
scopic internal energy. The constitutive relations, for each micro-scale constituent,
are assumed to be known and may in general be nonlinear. In the present work only
linear micro-constituent materials will be considered to facilitate the application
of the model reduction. For the microscopic heat flux, Fourier’s law ¢ = —A\V#
is used and for the internal energy e the constitutive relation € = pcf applied. In
this work, an isotropic material behavior is assumed for simplicity, even though
the methodology would be directly applicable to general anisotropic materials as
well. To ensure consistent scale transition in computational homogenization, spe-
cific types of boundary conditions are required at the micro-scale, which will be

defined through the downscaling procedure.

2.2.3 Downscaling

The microscopic temperature field is defined as a first order Taylor’s approximation

around a macroscopic point &

O(z,x,t) :=0(x,t)+Vi(z,t) (x —x)+0(x,x,1), (2.10)

where @ denotes the position vector at the micro-scale and 0 represents the higher
order term in the expansion which are the fluctuations in the temperature field at
the micro-scale. These fluctuations arise due to the difference in material prop-
erties between the constituents subjected to transient loading conditions. The
micro-scale is positioned relative to the macroscopic point such that (x — &) = 0.

Downscaling is a procedure to transfer information from the macro-scale to the
micro-scale. In the first-order computational homogenization, both the macro-
scopic temperature and its gradient are transferred to the micro-scale and assumed
to be constant over the considered microstructure domain. The downscaling re-
lations in transient computational homogenization provide two constraints to be

satisfied:
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1. The average of the microscopic temperature field should be equal to the

macroscopic temperature field at the macroscopic point &

0(z, 1) = <0(:E,:v,t)> : (2.11)

which by using equation (2.10) and (x — &) = 0, requires the average of the

fluctuation field at the micro-scale vanish

@) =0 (2.12)

2. The average of the microscopic temperature gradient field should be equal

to the macroscopic temperature field

Vo(z,1) = <V9(:1‘c,a:,t)> . (2.13)

It is obtained by taking the gradient of the microscopic temperature field,
in equation (2.10)), and averaging it over the microscopic domain

(Vo) =V0+ (Vi) (2.14)

where the identity V(x —&) = I is used. To fulfill the condition in equation
(2.14), the average of the gradient of the fluctuation field has to be zero

(Vé> = 0, which after applying Gauss’s divergence theorem, is written as

/ fn da=0. (2.15)
o0

where n is the unit-normal outward vector on the microscopic boundary 025

with infinitesimal surface area da.

Constraint enforces the macroscopic temperature (2, t) to be the reference
temperature in the microscopic domain and constraint requires specific types
of boundary conditions to be used at the micro-scale. Typical choices for these
boundary conditions adopted in the literature are (i) zero fluctuation boundary
conditions or (ii) periodic fluctuation boundary conditions. Now that, the micro-
scopic temperature field and the downscaling relations are defined, the upscaling

relations are established next.
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2.2.4 Upscaling

Upscaling is performed to transfer information from the micro-scale to the macro-
scale through an averaging procedure. For transient computational homogeniza-
tion, a generalized Hill-Mandel condition is used [8, [9], which states that the vol-
ume average of the virtual power at the micro-scale is equal to the virtual power

(per unit of volume) at the associated macroscopic point &
—Wé-q+59’é:<—v(59-q+5eé>. (2.16)

Substitution of the perturbation of the microscopic temperature field (2.10) and
its gradient in the right hand side of equation ([2.16)) provides

—Vi0-q+60e = < — <V(5(§+ Véé) q+ (55+V50_~ (x — %) + 6§> é> . (2.17)
Expanding and rearranging the above expression for 66 and 86 gives
_N60-g— 0% = < (V60 - (q + (z — 2)¢) + 00¢] + [—Vaé g+ 59&] > . (2.18)

The last term in equation ([2.18)) is the weak form of the microscopic balance of
energy with admissible temperature fluctuation field 66, which by using integration

by parts and the divergence theorem can be written as

<—Vaé-q+5ég>:<5é(vq+e)>— . 50q -n da. (2.19)
o]

The first term in the right hand side of the above equation is the balance of energy
at the micro-scale ([2.9)) which is satisfied by the micro-scale solution and therefore
equals zero. The second term is also zero when appropriate boundary conditions

are used, as discussed at the end of the previous section, for more details see [32].

Finally, equation (2.18)) reduces to
V60 -+ 60t = -0 - <q (- :‘n)é> + 60 <e> , (2.20)
from where the macroscopic heat flux is recognized as

g— <q (- a—c)e‘> , (2.21)
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and the rate of change of the macroscopic internal energy as

¢ = <e> . (2.22)

The second term in equation is the moment of the rate of change of the
microscopic internal energy, which is responsible for transferring the micro-scale
thermal inertia to the macro-scale. It also carries the information about the size
of the micro-scale, which makes transient computational homogenization sensitive
to the micro-scale size. In the limit, when the RVE size is vanishingly small, the
transient effects disappear and a classical SSH result g = (q) is obtained.
Substituting the definition of the microscopic temperature field into the
constitutive equation ([2.22) reveals that it is also a function of the macroscopic
temperature gradient i.e., ¢ = €(6, V#). This non-local dependence is not present
in classical irreversible thermodynamics and requires a non-local thermodynamic
description at the macro-scale. In the gradient enriched thermodynamics, an addi-
tional dissipation term is added in the entropy inequality at the macro-scale, upon
averaging the (classical) dissipation at the micro-scale and applying proper bound-
ary conditions, which can be recognized as the second term in the expression of
macroscopic flux in equation . For a more detailed analysis of the emerging
macroscopic thermodynamics in computational homogenization of transient dissi-
pative phenomena the reader is directed to the recent articles on the topic [45] 46).
Also in [47], a thermodynamical model including temperature gradients is devel-
oped and rationalized using homogenization of heterogeneous media. However a
steady-state assumption was made in that case. For a general analysis of extended

thermodynamic theories the reader is directed to the review article [48§].

Converting the volume integrals of equation (2.21)) and (2.22) into boundary

integrals using the divergence theorem and the microscopic energy balance ([2.9)),

allows to write the macroscopic heat flux as
q=— gn(x — ) da, (2.23)

and the rate of change of macroscopic internal energy as

. 1
E=—— qn da, (2.24)
V' Jooy

where ¢, = q-n is the normal outward heat flux at the boundary of the microscopic

domain. Once ¢, is known, the macroscopic quantities are obtained. Next, the
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solution procedure will be discussed, along with the model reduction to obtain g,.

2.3 Model Order Reduction

In this section, first the balance of energy at the micro-scale, equation (2.9), is
written in a discrete form using the finite element formulation. Next, the reduced
basis is obtained for the steady-state and transient parts of the microscopic re-
sponse. The macroscopic constitutive equations and the microscopic balance of
energy are then written in terms of the coefficients of the reduced variables leading
to a thermal enriched-continuum resulting from the model reduction. Finally, the

guidelines to identify the transient reduced basis are discussed.

2.3.1 Micro-scale Discrete Problem

The semi-discrete form of the balance of energy at the micro-scale reads
KO+Cl=—q,, (2.25)

where K and C' are thermal conductivity and capacity matrices, respectively, @ is
the column of nodal temperature values and —g,, is the incoming heat flux. The
constraints following from equations and are applied using the master-
slave approach [49]. The periodic boundary conditions are applied by setting the
fluctuation fields on opposite sides of the microscopic domain to be equal i.e.,
6F = AL and 67 = 6B, where R denotes right, L— left, T— top and B— bottom
boundary of the unit cell as shown in Figure . Inserting OF = 6L and 67 = 6B
in equation provides the constraint equations

oF — 0" =V - (2 — xf),

5 T o—r 5 . (2.26)
0% —0" =Vo- (" —x").

For temperature independent material properties, constraint can be applied
by prescribing the microscopic temperature 6(&, x, t) at a point in the microscopic
domain to be equal to the macroscopic temperature 6(z,t). It is allowed to fix
one point to apply the constraint under the following assumptions:

e the material properties are linear;

e the relaxed separation of scales hold true i.e., classical homogenization, g =

(q) and € = (pc)0, is sufficient to represent the matrix behavior;
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e a symmetric shaped RVE, as shown in Figure [2.1] is used and it is attached
to the macroscopic point at the center i.e., & = ¢ where x° is the center
coordinates of the RVE, providing (x — &) = 0;

e the prescribed point should be in the matrix.

However, if there are transient effects in the matrix then this constraint may not
be applied in this manner. In that case, can be enforced through Lagrange
multipliers, as implemented in [132, 133] for elastodynamics problem. Here, this
point is chosen to be node 1 at position z!. Then by applying to the corner
nodes 1,2,3 and 4, the temperature at these nodes is fully prescribed and given by

O =10+V0-(z" - I'z"), (2.27)

where p = {1, 2, 3,4} and I? is a column of ones with dimension (p x 1). The set of
the corner nodes thus will be called “prescribed”. The constraint equations
can then also be written in a discrete setting in terms of the prescribed corner
nodes as

0% =0" +16° - 16",

(2.28)
0" =6" + 16" - 19",

where [ is a column of ones. In equation , the temperature fields on the
left hand side are dependent on the temperature fields on the right hand side. To
apply these boundary conditions, the microscopic degrees of freedom (DOF) are
first split into tied (dependent) ‘¢” and retained (independent) r” DOFs. The
retained DOF's are then further subdivided into prescribed ‘p” (nodes 1,2,3,4) and
free ‘f’ parts as shown in Figure [2.1. Following the master-slave implementation
procedure, a matrix of tying relations M is created from the constraint equations
(2.28), which eliminates the tied DOFs by mapping the complete set of DOF's to
the retained DOF's only

et
9= 1" | =M@, (2.29)
Q’F
where ' are the temperature values of the tied DOFs and §" are the temperature

values of the retained DOFs. The constraints are applied by substituting the
expression of § from (2.29)) into (2.25]), and pre-multiplying it with M T, giving

MTKMO +MTCMO" = -M"q,, (2.30)
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R

e Tied (dependent) nodes ‘¢’

e Retained (independent) nodes ‘r’.
@ Prescribed nodes ‘p’.
® Free nodes ‘f’.

Figure 2.1: Discretized microscopic domain. The total set of DOFs are first di-
vided into tied (dependent) and retained (independent) parts and then the retained
DOFs are further subdivided into the prescribed and free parts. (This figure is for
illustrative purpose only; calculations were performed on a material and geometry

conforming mesh).

which reduces the dimensionality of the problem to the retained DOFs only
KO +C8 =—q,, (2.31)

where l_*( , and é are the reduced thermal conductivity and capacity matrices,
respectively, and ¢, is the column of the incoming reaction heat fluxes at the
retained DOFs. In the subsequent text the superscript ‘r’ will be dropped from
0" and g, for brevity.

2.3.2 Micro-scale Model Reduction

To calculate the macroscopic quantities g and €, the expressions given in
and are used. These expressions contain the incoming heat flux ¢,. In a
discrete setting, the incoming (reaction) heat flux at the prescribed nodes can be
post-processed once the solution of the micro-scale problem is available. After
further partitioning the system of equations into the prescribed and free

parts, it reads as

[*(pp [*(pf or C*'pp C*'pf HP —qP
P o =1 T (2.32)
Kir KIT 0/ cre Clf or of
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Solving this system for each macroscopic point & in time is a computationally
expensive task, especially for a large macroscopic problem with a complex mi-
crostructural topology that usually requires a fine discretization in space and time.
Therefore, a reduced model is sought which approximates the solution with a fewer
DOFs only. The incoming heat flux ¢f can then be written in terms of the coet-
ficients of the reduced basis, making the homogenization process computationally
efficient. To perform the model reduction at the micro-scale, the microscopic

temperature field 6 is decomposed into its steady-state 0y, and transient 6, parts
0 =0ss+ 04 . (2.33)

This additive split is always warranted for linear problems in the relaxed separation
of scales regime, where the transient temperature field in the inclusions evolves
independently of the temperature field in the matrix. This decomposition is also
advantageous because the reduced global bases for the steady-state and transient
parts are calculated separately, and later a linear superposition is performed to

reconstruct the total microscopic temperature field.

2.3.2.1 Steady-State Contribution

The steady-state part of the micro-scale solution 6 represents very slow time
variations, where the micro-scale still follows the macro-scale instantaneously. In
the physical sense, this is a micro-scale that reaches steady-state very quickly. To
obtain the steady-state response, the discrete system is written in terms of

0,5 only
KPPQP + KPIQ1 4+ CPrr + CP 90 = —¢t, (2.34)
Evgr 4 K01, + CPrgr 4 Tl =0 (2.35)

Equation (2.34) provides the steady-state reaction fluxes ¢f; at the prescribed
DOFs and is the evolution equation for the steady-state part of the micro-
scopic temperature field at the free DOFs. Imposing the steady-state assumption
on requires to fulfill the following constraint

Crgp + CIY! =0 (2:36)
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which provides the steady-state response 0, in terms of the prescribed temperature
field 6P as

oP PP
=g (2.37)
07, S

where S = —(K//)"'K/P and I" is the unit diagonal matrix with dimension

(p x p). The columns of S can be interpreted as the steady-state reduced basis for
each 6 in §P. To obtain the steady-state reaction fluxes in terms of the temperature
at the prescribed DOF's, the constraint is projected on the prescribed DOFs
by premultiplying it with S7 and the taking transpose of the expression i.e.,

s+ 8TCHSP =, (2.38)

and then added to equation ([2.34) which yields
¢ = —K, 0" — Cii 07, (2.39)
where the steady-state conductivity Ky, and capacity Css matrices are defined as

pp+;(pf5'7

KSS :
(2.40)
Css -

— K
—(m oCr S 4 STCHS

The steady-state contribution does not capture the thermal inertia and micro-scale

size effects. The transient contribution will therefore be added next.

2.3.2.2 Transient Contribution

The transient part of the microscopic solution is described through the reduced
basis vector ®*) and the corresponding reduced degrees of freedom n®*), where
k=1,2,..,N, and N, < N, with N, as the number of the reduced degrees of
freedom and N the total number of the degrees of freedom of the original problem.

The transient part of the microscopic solution can then be written as

opr 0re
Tl =1"s |n, (2.41)
9], o |~

*
where 077 is a (N, x N;) matrix of zeros, ® is the matrix combining all the reduced

basis vectors and n is the column of the coefficients of the reduced basis. The
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energy balance equation ([2.9) is a parabolic partial differential equation, which
has a natural solution that decays exponentially in time i.e., § = ®) exp[*a(k)ﬂ,
substituting this expression in the free part of (2.32)

K197+ C1o = of (2:42)

provides
(KT —a®he® = (2.43)

Since the transient heat problem at the micro-scale is linear, equation can
be solved as a classical eigenvalue problem leading to the eigenvalues a*) and
eigenvectors ®*). It is a standard procedure used in model reduction and stability
analyses of time integration schemes for transient diffusion problems see [6] [50),
51]. Provided that I_*( ff is semi-positive definite and Q*’f f is positive definite, the
eigenvectors ®*) are orthogonal and the corresponding eigenvalues o¥) are real

and can be arranged in a diagonal matrix «

a® 0 0
a=110 . 0 |. (2.44)
0 0 oW

When the eigenvalue problem is solved, the number of eigenvectors is the
same as the number of DOFs in the original discrete system of equations and at
this point no reduction has been performed. The reduction from the full tran-
sient basis ¢ to the reduced basis i) is performed by selecting a limited set of
eigenvectors, based on criteria proposed at the end of this section. In heat con-
duction problems, the eigenvectors are the temperature distributions inside the
domain and the corresponding eigenvalues are the inverse of decay/rise times i.e.,
) = 27 /a® [50]. Normalizing the eigenvectors ®*) with respect to the capacity

matrix,
(@) CH M = 1, (2.45)

yields the eigenvalues as
(@) T KT pH) — o®) (2.46)

Now that the the transient reduced basis ® is identified through the eigenproblem

analysis, it can be used for model reduction of the free part of the discrete system
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of equation ([2.32)). Substituting equation (2.41)) in (2.32]) yields

(K1 %

n+CHen=0, (2.47)

(K1 =

*
KTf

providing a set of decoupled ordinary differential equations (ODE). Using the
normalization conditions (2.45)) and (2.46) equation ([2.47]) takes the form

an+n=_0. (2.48)

Equation ([2.48)) represents the transient evolution of the microscopic solution in
terms of the variables 7, which in this form it is not influenced by the macro-
scale excitation. Next, the micro-scale steady-state and transient responses will

be coupled through linear superposition.

2.3.2.3 Linear Superposition

The microscopic steady-state and transient temperature fields, given by equations
(2.37)) and (2.41) are superposed to obtain the total response

ap or Jpp ()P4 op
= = ~ S R (2.49)
6/ 0!+ 6], S @ 7

The right-hand side of this expression resembles the Craig-Bampton reduction

matrix as originally proposed in [42] in the context of structural dynamics. Sub-
stituting (2.49) into (2.32)) yields a set of coupled equations

K0+ CP iy + K707 + KPS@ + 7P + PSP =~ (2.50)

}_’}ffi*)ﬂ+éffi*)ﬂ+f_"<fpgp+_f§ff§Qp+éprp LS = o (2.51)

Equation relates the incoming heat flux at the prescribed nodes to the
temperature at the prescribed nodes 67 and the coefficients 7 (i.e., macro-scale
variables) of the transient reduced basis. Equation (2.51)) is the micro-scale evo-
lution equation for 7 in terms of §”. Premultiplying equation with ST and

using the expression for the steady-state reduced basis S = —(K//) "1 K/? provides
the expression for the first term in equation (2.50) as K¥/®n = STC// 7. Adding
the constraint (2.38) to (2.50) and then rearranging for 7, 7 and 67, allows to
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write the heat fluxes at the prescribed nodes as

¢ = —0i) — Koo 8" — Co0” (2.52)

0:=87CHD + (VD (2.53)

o provides the coupling between microscopic transient effects and the macroscopic
quantities through 1. Equation (2.51) is projected onto the orthogonal basis by
premultiplying it with &7

STEN oy +@TCH0i + T KPP+
@T[_(ffé*gp +@Tgfpgp + @Tgffggp — @Tgf . (2.54)
Using K/ = —K//S cancels out the third and the fourth terms in the above

equation and finally using the normalization conditions ([2.45)) and ([2.46) leads to

an+i=—o"f". (2.55)

Unlike equation (2.48]), the above equation is coupled to the macro-scale through
_QTQ” , which is the forcing term for this ordinary differential equation and that
serves as the input from the macro-scale in terms of the prescribed temperature

field 7. Next, the expression for ¢” given by equation (2.52)) is used to express the

homogenized macroscopic constitutive equations (2.23) and ([2.24)) in terms of the

coefficients of the steady state and transient reduced bases i.e., 8 and 7.

2.3.3 Macroscopic Quantities

In the discrete form, the boundary integral of the macroscopic heat flux ([2.23))
reads,

_ 1 T

a=(02")q). (2.56)

where AzP = (2P — [Px), and the discrete form of the rate of change of the

macroscopic internal energy ([2.24]) is written as

. 1
e =——(I")'g? . 2.57
e=—y )@ (2.57)
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Substituting the expression for the reaction heat flux at the prescribed part of the
boundary ¢? from equation (2.52)) in equation (2.56)) and using the discrete form of
the prescribed temperature field, given by equation ([2.27)), the macroscopic heat

flux g is written as

g=-a")—bd—B-Vi-cf—C-V9, (2.58)
where,
a V(Aa:p) (Column of N, 1st-order tensors)
1
b= V(Ach) (K, I'] (1st-order tensor)
1
B = v [(Az?)" K, | @Az”, (2nd-order tensor)  (2.59)
1
V(Aw”) [st,[p] , (1st-order tensor)
1
C = v [(Az")TC, | @AZP. (2nd-order tensor)

Similarly, substituting the expression for the reaction heat flux from equation
(2.52) in (2.57) and using the discrete form of the prescribed temperature field,
given by equation ([2.27)), leads to the expression for the rate of change of the

macroscopic internal energy

t=d"p+el+e-VO+ f9+f-V, (2.60)
where
d= %(,{p)T_Q : (Column of N, scalars)
e= () [, 1) (Scalar)
e= %(ip)T [(Az")TK,, | , (1st-order tensor) (2.61)
f= %(:lpy [Cos I7] (Scalar)
= %(ﬂ’)T [(Az”)"C.] - (1st-order tensor)

The evolution of the microscopic (modal) DOFs 5 can also be expressed in terms
of # and V# using equation (2.55) in conjunction with equation (2.27))

ap+i=-V <¢T§+ a’ - Vé) . (2.62)
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For the selected microscopic RVE, with known (constant) material properties, the
calculation of, the steady-state basis, the eigenvectors ®*), decay times 7 and
the coefficients in equations and are performed in an off-line stage
once and for all. The online stage consists of the solution of only the macroscopic

enriched-continuum equations which are specialized in the following subsection.

2.3.4 Thermal Enriched-Continuum at Macro-scale

Together, the energy balance equation at the macro-scale , the constitutive
equation for the macroscopic heat flux , the constitutive equation for the
rate of change of macroscopic internal energy and the evolution equation
for n constitute an enriched-continuum model at the macro-scale

g=-a")—-b0-B-Vi—cf —C-V§

. _ . . 2.63
e=d'ij+el+e-VO+ [0+ f-V0O (2.63)

ﬂ:—gQ—V(dT§+gT-V§>

The modal amplitudes 7, can be considered at the macroscopic description as in-
ternal variables which are responsible for the representation of the lagging behavior
due to thermal inertia. To solve the system of equations different solution
schemes can be adopted. For example, 1) can be condensed out at the macroscopic
integration points leading to a single field (macroscopic temperature ) solution
scheme, or both n and 6 can be solved as macroscopic degrees of freedom, which
leads to a multi-field solution scheme. The solution of the enriched macro-scale
continuum is not the scope of the present work, but will be provided in future

work instead.

2.3.5 Identification of Transient Reduced Basis

Here, we discuss the selection of the transient reduced basis @_{*D from the complete
basis @ obtained by solving the eigenvalue problem (2.43)). Since the right-hand
side of equation acts as the forcing term for each k-th equation, the variable
n®) corresponding to a higher value of the coupling term d®) or az(k) will have a
higher amplitude. This information is exploited to identify the eigenvectors with
a significant contribution to the thermal inertia at the macro-scale, whereas the

other eigenvectors can be neglected in the analysis. The eigenvectors associated
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to d® with relatively high contribution are identified using

|d®]

Eyy = ———~
4 max )]’

(2.64)

(k)

and the eigenvectors associated to a; ' with relatively high contribution are iden-

tified by,
Euw=—21_ (2.65)

Then, a reduced transient eigenbasis ¢ can be obtained by requiring a minimum
threshold ¢

@, = {eW € ® : Byw > ¢}, (2.66a)
2, ={eW e Ew >e}, (2.66b)
2=0,U0, . (2.66¢)

2.4 Numerical Examples

In this section, numerical examples are presented for a microstructure with ran-
domly distributed circular inclusions. First, the steady-state and the transient
reduced basis are identified, then the identification criteria for the transient re-
duced basis are assessed by analyzing the n*) evolution and the error norms.
The temperature profile and the macroscopic quantities computed with the pro-
posed reduced order homogenization method are compared with the conventional
steady-state and transient computational homogenization. Finally, an analysis is
performed for different separation of scales regimes and micro-scale domain sizes,

which explores the range of validity of the proposed reduced order homogenization.

2.4.1 Problem Settings

A microscopic domain, shown in Figure 2.2, with mono-dispersed circular inclu-
sions is generated using a level set based random sequential adsorption method [52].
The inclusions are allowed to cross the RVE boundary under the applied periodic-
ity constraint. The RVE is discretized with a periodic finite element mesh, which
ensures that opposite sides of the domain have corresponding nodes to match pe-
riodicity. The default parameters used in the numerical examples are provided
in Table 2.1l A high contrast two phase material is considered in the simula-
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Figure 2.2: A microscopic domain (RVE) with mono-dispersed circular inclusions;

‘¢’ is the characteristic size of the RVE and ‘d’ the diameter of the inclusion.

tions, such that the ratio between the diffusivity of the matrix and the inclusion is
D,,/D; = 10°. The microscopic domain is excited by the macroscopic temperature

6 and its gradient V@ oscillating in time as

O max sin(wt)

o@.1) (2.67)
x,t

VO(z,t) = (V0)max sin(wt)
where w = 27/T is the angular frequency and T is the total loading time. In the
simulations, one period of the loading cycle has been considered. Note, that the de-
fault material parameters, microscopic length scales and the characteristic loading
time satisfy the relaxed separation of scales as presented in section The RVE
is discretized with three-node linear triangular finite elements with a finer mesh
inside the inclusion. The time integration is performed using a backward-Euler
scheme with a time step size of At = 1073T. Finally, a non-dimensional problem
is solved, in which the total time is normalized with respect to the characteristic
diffusion time of the inclusion i.e., £ = t/t;, the lengths are normalized with re-
spect to the characteristic length of the RVE i.e., (= x/l, and the temperature is
normalized with the maximum attainable temperature in the microscopic domain
ie., 0 = 0/0max, Where Omax = Omax + VOnax - Tmax and Tuay = [¢, £]. Next, we

identify the steady-state and transient reduced basis.

2.4.2 Reduced Basis Identification

The reduced bases are computed during an off-line stage, which consists in per-

forming the static condensation, solving an eigenvalue problem and computing the

coefficients given in equation (2.59) and (2.61]).
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Table 2.1: Default parameters used in the simulation.

Parameter Symbol Value Units

RVE length 14 1.0 [mm]

Inclusion diameter d 0.3 [mm]

Matrix volume fraction Vi 0.4349

Inclusion volume fraction Vr, 0.5651

Matrix Diffusivity Do 1x10° [m?/s]

Inclusion Diffusivity Dy, 1 [m? /s]

Matrix characteristic time tm =0*/D,, 1x107° s]

Inclusion characteristic time t;y=d*/D;  0.09 [s]

Number of elements 20620 TRI3

Number of nodes 10484

Total loading time T 0.1¢; [s]

Loading frequency w 1

Maximum macroscopic 0 o 30 K]
temperature (normalized)

Maximum macroscopic V Onax 3, 3] [K/m]

temperature gradient (normalized)

2.4.2.1 Steady-State Basis

The steady-state part of the microscopic temperature field 6, is given by equation
[2-37), where each column S®*) of S is a load case constituting the steady-state
global basis. The corresponding prescribed temperature degrees of freedom in 6
are the coefficients. The size of the steady-state reduced basis is dependent on
the type of boundary conditions used at the micro-scale. If, for example, zero
fluctuations boundary condition is applied to all nodes on the boundary to fulfill
the scale transition relations then the size of the steady-state reduced basis will
be equal to the number of nodes on the RVE boundary and the corresponding
coefficients will be the prescribed temperature degrees of freedom at all the nodes
of the RVE boundary. For the periodic boundary conditions, as used in this
work, 67 includes the temperature values of the three prescribed nodes, i.e., which
are defined at nodes 1,2 and 4 and the size of the steady state reduced basis
consequently equals three corresponding to the three load cases to be solved. For
the considered microstructural model, the steady-state response is decomposed

into its reduced basis and corresponding coefficients as shown in Figure [2.3
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O = SO7 = o'+

—1.2 0 1.2

Figure 2.3: The steady-state part of the temperature field 6, decomposed into

its reduced basis S and corresponding coefficients 7.

2.4.2.2 Transient Basis

To identify the transient basis, an eigenvalue problem is solved for the first 200
eigenvectors @, through which the transient reduced basis i) is identified. The
size of the transient reduced basis depends on the micro-structure topology and
material contrast between the matrix and the inclusions. It is selected by the crite-
ria provided in equation based on the relative contribution of the coupling
terms d and a@. The transient response 6, is decomposed into its reduced ba-
sis, @_{*D = {2M 9O dUD) (12 U 113 §(191 ¢ & and corresponding coeffi-
cients, as shown in Figure[2.4] Since the relaxed separation of scales is satisfied, the
eigenvectors have non-negligible contributions only inside the inclusions. In gen-
eral, when using a reduced basis description for the transient analysis of a heat con-
duction problem, only the first or first few consecutive eigenvectors with the lowest
eigenvalues are commonly used [0]. This is different in the current analysis, where
based on the coupling terms d and a, eigenvectors { @D, (12) U7 H(113) 11N
with high eigenvalues have also been selected, which are significantly important
for capturing the effect of the micro-scale thermal inertia at the macro-scale. This
will be verified in the following by assessing the evolution of the n®*) fields, and
comparing the error norms with respect to the reference CTH solution.

The evolution of 7 is obtained by time integration of equation for the
given § and V@. Seven n* with the highest amplitude are shown in Figure
m. These n*) values correspond to the reduced transient basis shown in Figure
, selected by the criteria . The selected eigenvectors, even these with
higher eigenvalues, are important for an adequate approximation of the macro-
scopic quantities g and €. Next, we perform an error analysis to verify this asser-

tion.
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Figure 2.5: The time evolution of the n®) coefficients acting on the transient

reduced basis @_{*D .

Considering the computational transient homogenization (CTH) solution as the
reference one, the selection criteria for the reduced transient basis i) can be verified
using a-posteriori error measures. To evaluate the effect of the addition of each new
eigenvector on the accuracy of the microscopic temperature field #R™ calculated
with the reduced transient homogenization (RTH), it is enriched sequentially with

N, eigenvectors i.e.,
Ng
O = s+ 0 = SO7+ ) 2WpH) N, =1,2,3,..,200. (2.68)
k=

A time averaged relative- Ly error norm with respect to the reference CTH solution

can be written as

QCTH RTH
19 ()HLQA
¢ N, =1,2,3,..,200.  (2.69)

HHCT“ Iz

Figure (a) shows that the decrease in the error 5?\51 only occurs with the addi-
tion of particular eigenvectors, which are exactly the ones identified by criterion
(2.66) and shown in Figure 2.4 Similarly, an error measure is formulated for the
macroscopic quantities, in this case for the rate of change of macroscopic internal

energy as
|ECTH _ &RTH|

€

ENq = W’ ./\/’q - 1,273, ...,200 . (2-70)
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Figure 2.6: (a) Time averaged relative-Ls error norm for the microscopic tem-
perature field. (b) relative error norm for the rate of change of macroscopic in-
ternal energy é. The error is computed relative to the reference CTH solution for
the sequential enrichment of the microscopic transient basis by addition of extra

eigenvectors.

The accuracy of the macroscopic quantity € also increases only with the addi-
tion the dominant eigenvectors indicated by the criteria in equation . This
a-posteriori analysis is carried out for validation purposes only. Because of its
associated computational costs, it is not recommended to be used in an actual

multi-scale analysis.

2.4.3 Homogenization Results

Next, we compare the microscopic temperature field and the macroscopic quanti-
ties computed with the proposed reduced transient homogenization (RTH), method

the conventional steady-state (SSH) and the transient computational homogeniza-
tion (CTH) methods.

2.4.3.1 Microscopic Temperature Field

In this work, conventional transient homogenization (CTH) is considered as the
reference solution, which is proven against DNS in the literature, for example

see [8, 9]. Therefore, we chose not to repeat the validation of CTH against DNS.
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In general, homogenization methods require the solution of the primary variable
at the micro-scale and then averaging is performed to obtain macroscopic quanti-
ties. To calculate the temperature fields in SSH and CTH standard finite element
computations (with periodic boundary conditions) on the microstructural domain
(RVE) are performed. For computing the temperature field in RTH, first the n
variables are solved using equation , then the total microscopic response
is obtained by substituting 7 and 67 into equation (2.49). Figure shows the
temperature profiles at time step ¢ = 156 x Ats|] for RTH in the center, SSH on
the left and CTH on the right. The RTH response is further decomposed into its
steady-state 0,5 and transient 6, parts. The steady-state RTH part is equal to the
SSH full microscopic response 85 (i.e., computed using steady-state assumption
at the micro-scale). The steady-state approximation is not able to capture the
transient effects and be used in the transient regimes represented by equations
and . The RTH properly accounts for the transient and inertial effects
and the resulting solution field is approximately equal to the reference, but compu-
tationally expensive, CTH response. Next, we compare the effective macroscopic

quantities calculated with the different homogenization methods.

2.4.3.2 Effective Macroscopic Quantities

The effective macroscopic quantities are post-processed from the microscopic tem-
perature field. The procedure for the evaluation of the effective quantities differ
for the different homogenization schemes. In the SSH and CTH schemes, the com-
putation of 7 and post-processing to obtain 4 follows from the solution of the
finite element system of equations and , respectively. For calculating the
macroscopic heat flux g, in both SSH and CTH, equation is used. For cal-
culating the rate of change of the macroscopic energy € for CTH, expression
is utilized. Since in SSH transient inertia effects are disregarded, following the
work of [32], the rule of mixtures for the effective thermal capacity is used. In
RTH, once the coefficients terms in and are calculated, the macro-

scopic heat flux g and the rate of change of the macroscopic internal energy é are

computed directly using (2.58)) and (2.60)), respectively. The expressions for the

macroscopic quantities used in different homogenization schemes are summarized
in Table 2.2 As shown in Figure 2.8 the effective macroscopic quantities calcu-
lated with the proposed RTH method approximate very well the reference solution
calculated with the CTH method. This indicates that the RTH method adequately

captures the macroscopic phenomena. The macroscopic heat flux calculated with
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Table 2.2: Expressions for the effective macroscopic quantities in different homog-

enization schemes.

Quantity RTH CTH SSH

q —QQ—bH_—B~V§—c§—C'V§ (gq—élz—z) (q)

: diy+el+e-Vo+ [0+ f V0 (€ 0(pc)
x10*

—CTH

ti/pcf

€ X

-1.5 -100

Figure 2.8: Comparison of (a) effective macroscopic heat flux g and (b) effective
rate of change of macroscopic internal energy € computed with the CTH, RTH and
SSH method.

SSH is nearly equal to the one calculated with the transient homogenization meth-
ods, which implies that for the considered example, the difference (é(x — &)) is
negligible compared to (g). Indeed, due to the “fast” connected matrix, the heat
flux reaches a steady-state almost instantaneously when the temperature changes
at the prescribed part of the boundary. When some transient phenomena in the
matrix are not negligible, for example in the regime given by equation ({2.6)) (c),
the difference (é(x — &)) becomes significant. However, such regimes are outside
the limits of applicability of RTH; this limitation is further examined in section
. In SSH, the rate of change of the macroscopic internal energy € is overesti-
mated due to the use of the rule of mixtures. The thermal inertia, due to the slow
transient inclusions, results in a lagging behavior which is well captured by CTH
and the proposed RTH method.
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Figure 2.9: CPU time as a function of the number of microscopic problems solved
with with computational expensive CTH and the proposed reduced order RTH
method.

2.4.3.3 Computational Costs

In RTH, the solution of the micro-scale problem is obtained in two steps; an
off-line step and an on-line step. In the off-line step, the eigenvalue problem is
solved and the coefficients and are calculated and stored. In the
on-line step, evolution of the modal coefficients is obtained by solving and
subsequently used to extract the effective quantities. In CTH, the solution to the
micro-scale problem is obtained by an on-line step, only involving the solution of
the system of equations . Comparison between the computational times for
CTH and RTH, should be made only for the on-line solution stage corresponding
to the costs of computing the effective quantities for a macroscopic point, since
the RTH off-line stage and storage of the coefficients is done once and for all on
beforehand. Figure[2.9|shows the computational times, as a function of the number
of the underlying microscopic problems (in a two-scale macroscopic simulation
this corresponds to an increasing number of elements at the macro-scale). The
simulations were performed on a computer with a core-i7@4.4GHz processor and
16Gb RAM using Matlab 2018b. The computational gain with RTH is significant.
The ratio between the simulation times using CTH and RTH was of the order of
10% in all cases. Considering the resulting high accuracy, as shown in Figure ,
and the computational gain observed here, RTH is qualified for replacing CTH in
the regimes where it is applicable. To properly assess the limits of applicability of
RTH the separation of scales due to changes in material properties and the size of

microscopic domain are scrutinized next.
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Table 2.3: Material properties used to achieve different scale separation regimes.

Scale separation regime D; [m?/s|] D,, [m?/s]

T~t,~t (264 1 5
(T ~ tn) > t; (2.6b 1x 103 1
(T ~ t;) >t (2.6 1 1 x 102

2.4.4 Applicability Limits of RTH

Performing RTH for mechanical problems [43] is equivalent to substructuring in
structural dynamics systems [42], in which the boundary of each substructure is
assumed to accommodate a rigid body motion with respect to the loading condi-
tions, for which neglecting the dynamic effects of the boundary may lead to a too
stiff mechanical response. Similar phenomena are observed here for heat conduc-
tion problems, i.e., when the combination of material properties of the micro-scale
constituents and the loading conditions do not satisfy the relaxed separation of

scale, pushing RTH outside its applicability limits, as illustrated in the following.

2.4.4.1 Scale Separation Regimes

To perform this analysis, only the material properties are varied to achieve different
scale separation regimes in equation (2.6)). These material properties are given in
the Table 2.3

When significant transient phenomena exist in the matrix, represented by equa-
tion (2.6p) and (2.6p), the results are shown in Figure (a and b). In this case,
the proposed RTH method over- or underestimates the macroscopic quantities as
compared to CTH. However, when the matrix is comparatively less transient, as

in equation (2.6c), RTH approximation becomes better again.

2.4.4.2 Size Effect

To obtain non-zero time averaged macroscopic quantities, the normalized loading
frequency is changed to w = 0.25. The effect of the non-dimensional microscopic
length ¢ on the time-averaged macroscopic quantities can be seen in Figure .
As discussed earlier, the SSH method relies on the steady-state assumption at the
micro-scale and is therefore unable to capture the size effects; the SSH response
remains constant as the RVE size increases. Both CTH and RTH methods capture

the size effect, however as the RVE size increases the characteristic diffusion time
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effective heat flux - (a),(b) and (c) and the rate of change of internal energy -
(d), (e) and (f), calculated using RTH and CTH with different material properties
leading to different separation of scales regimes as shown in Table
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Figure 2.11: Effect of RVE size ¢ on the time averaged (a) macroscopic heat flux
and (b) the rate of change of macroscopic internal energy calculated with the SSH,
CTH and RTH methods.

of the matrix also increases, which leads to a “stiff” response and RTH becomes

slightly less accurate compared to the reference CTH solution.

2.5 Conclusions and Perspectives

A reduced model for the homogenization of transient heat conduction problems
was developed. It is based on the relaxed separation of scales, under material
linearity, in which the matrix always remains in steady-state and only inclusions
experience transient effects. The effective macroscopic quantities for transient ho-
mogenization were obtained using the extended Hill-Mandel condition adopted for
the transient thermal problems. The main contribution of this work is the devel-
opment of a model reduction approach at the micro-scale, where the microscopic
solution and the macroscopic quantities are represented in terms of the steady-
sate and transient reduced bases along with their corresponding coefficients. This
reduced homogenization technique adequately captures microscopic transient ef-
fects in its target regime of scale separation. Significant computational gain was
observed as compared to the conventional transient homogenization scheme. In
future work, the enriched-continuum formulation resulting from the reduced tran-
sient homogenization procedure will be used to solve macroscopic boundary value

problems. A reduced model for coupled thermo-mechanical problems can also be
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formulated in which both the thermal and mechanical problems can be solved with

a similar reduced approach.
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Abstract

This chapter addresses the two-scale problem underlying the enriched-continuum
for transient diffusion problems, which was previously developed and tested at the
single scale level only. For a linear material model exhibiting a relaxed separa-
tion of scales, a model reduction was proposed at the micro-scale that replaces
the micro-scale problem with a set of uncoupled ordinary differential equations
(ODEs). At the macro-scale, the balance law, the ODEs and the macroscopic
constitutive equations collectively represent an enriched-continuum description.
Examining different discretization techniques, distinct solution methods are pre-
sented for the macro-scale enriched-continuum. Proof-of-principle examples are
solved for a mass diffusion system in which species diffuse slower in the inclusion
than in the matrix. The results from the enriched-continuum formulation are com-
pared with the computational transient homogenization (CTH) and direct numer-
ical simulations (DNS). Without compromising the solution accuracy, significant

computational gains are obtained through the enriched-continuum approach.

3.1 Introduction

Composite materials are used in a wide range of applications from large struc-
tures to micrometer size components [53]. The contrast between the properties
of the constituents may differ by several orders of magnitude [54]. In general,
it is computationally very expensive to simulate such heterogeneous materials at
the micro-scale since the analysis involves a large number of degrees of freedom
to capture the physical phenomena. Homogenization can be used instead, which
provides the effective properties through an averaging procedure. Various homog-
enization methods can be found in the literature, i.e., analytical bounds [55], 56],
self-consistent methods [57] and asymptotic homogenization [23], 24, 28]. Most of
these homogenization methods assume a steady-state condition at the micro-scale
to calculate the effective properties. However, in reality, due to the high contrast
in material properties and time varying loading conditions, this assumption is of-
ten not valid. For example, the steady-state assumption is not appropriate in the
case of diffusing species in polycrystaline materials, where the diffusion process
in the grain boundaries reaches steady-state while the grain interior still remains

transient [5]. Similar phenomena are observed for fluid and solute transport in
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geo-materials [58], diffusion in porous gels [59] and diffusion of Lithium-ions in
electrode-electrolyte systems of Li-ion batteries [60].

Computational homogenization (CH) [7, [32] 34, 61] is a more recent and robust
homogenization procedure, which has been extended to transient problems [38],
including diffusion [§, 9]. For a detailed review and perspectives of CH see [62-
64]. Computational homogenization for transient problems, despite its robustness,
suffers from a high computational cost. It requires the solution of a micro-scale
problem at each macroscopic material point, which in transient problems must
be solved at each time increment. To circumvent this problem, reduced models
for the effective diffusion response in transient regimes have recently been pro-
posed [65] [66], in which a chemical creep function is obtained. This chemical
creep function behaves similar to phenomenological models of viscoelasticity and
consists of an infinite number of Kelvin-Voigt units. A reduced model is then
obtained by selecting a finite number of Kelvin-Voigt units. In [66], an analyti-
cal expression is obtained for a transient inclusion, embedded in an infinitely fast
matrix, which is only possible for certain inclusion morphologies.

In the previous chapter, an alternative reduced order model was proposed for
the micro-scale problem, first for dynamics [43] and then for diffusion problems
in the context of heat conduction [67]. It is based on computational homogeniza-
tion and applies a reduction technique to the whole unit-cell (as opposed to the
inclusion only in [66]). This numerical approach accounts for different complex
RVE morphologies. It is applicable in the relaxed separation of scales regime in
which the characteristic diffusion time 7, of species in the matrix is much smaller
than the characteristic diffusion time 7; in the inclusions. Moreover, the macro-
scopic loading time 7' is such that the matrix can be assumed in a steady-state
regime while the inclusion exhibits transient inertia effects. The relaxed separa-
tion of scales can be expressed in terms of the characteristic diffusion times of the

constituents and the characteristic loading time as follows
Tm <K (T ~ TZ') ) (31)

For more discussion on the relaxed separation of scales in diffusion problems,
see [28, [66]. Assuming a linear material model for both the matrix and inclusions,
allows to perform an additive decomposition of the microscopic solution field into
a steady-state and a transient part. The reduced model is defined by means of
a static condensation of the steady-state part of the response, and by project-

ing the transient part onto a reduced (eigen)basis. The size of the microscopic
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system of equations is thereby reduced from A coupled finite element degrees of
freedom (d.o.f) to just a few N, decoupled d.o.f with N, < N. An averaging is
performed to obtain the macroscopic constitutive equations in terms of the co-
efficients of the reduced basis and the emerging macroscopic (internal) variables.
The resulting set of equations to be solved at the macro-scale describes what is
called an enriched-continuum, consisting of the macroscopic mass balance, consti-
tutive equations obtained by homogenization and an evolution equation for the
enrichment-variables. The coefficients of the micro-scale reduced basis are called
enrichment-variables and the vectors, constituting the micro-scale reduced basis
are called enrichment-functions. For a certain microscopic domain and material
properties, the enrichment-functions and the coupling terms in the macroscopic
constitutive equations are computed once and for all, and the subsequent on-line
computation only consists in solving N, decoupled ordinary differential equations
along with the macroscopic mass balance equation. Such an enriched-continuum
formulation can be applied to a heterogeneous medium which exhibits transient
diffusion phenomena within the assumption of linear material properties and the
relaxed separation of scales, for example mass diffusion problems in batteries where
these assumptions are valid in application for some ranges.

The enriched-continuum formulation for (heat) diffusion problems was devel-
oped in [67] and validated at the micro-scale unit-cell level against full transient
computational homogenization results. No macro-scale enriched-continuum simu-
lations were used in [67]. The aim of this work is to demonstrate the applicability of
the reduced order framework to the solution of transient problems with an under-
lying microstructure obeying the relaxed separation of scales. Since the resulting
macroscopic problem consists of an enriched-continuum with enrichment-variables
and corresponding evolution equations, dedicated solution techniques have to be
adopted. To this end, two solution methods based on different spatial discretiza-
tion schemes are analyzed. First, a multi-field solution method is presented, in
which both the enrichment-variables and the primary macroscopic field are com-
puted on the nodes and interpolated using finite element shape functions. Next, an
internal-variable solution method is presented, in which the enrichment-variables
are evaluated at the macroscopic quadrature points and considered as internal
variables, while the macroscopic primary field variable is interpolated in a classi-
cal manner using the finite element shape functions, as shown in Figure The
advantage of the multi-field solution method is that the macroscopic primary vari-

able and the enrichment-variables are solved in a coupled manner at each time
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O Macro-scale Variable

o Enrichment Variables

® ®
(a) Multi-Field (b) Internal-Variable

Figure 3.1: Spatial discretizations schemes for the enriched-continuum. (a) Multi-
field: both the macro-scale and enrichment-variables are interpolated using bi-
linear quadrilateral finite elements. (b) Internal-variable: the macro-scale variable
is interpolated by bi-linear quadrilateral finite elements while the enrichment-

variables are computed at the Gauss quadrature points.

step; the disadvantage is the significantly increased size of the finite element sys-
tem of equations. In the internal-variable method, the enrichment-variables are
eliminated by substitution and only the macroscopic primary field is solved at the
current time step. Once the solution of the macroscopic variable field is available,
the enrichment-variables are evaluated and stored for the next time increment,
i.e., a staggered approach in time is used. This allows to use different time inte-
gration schemes for the enrichment-variables as opposed to the primary field, e.g. ,
to better capture micro-scale transient effects. These two solution methods will
be assessed here. The novel contributions of the work presented here are:

e the two-scale enriched macroscopic continuum implementation emerging from
the model order reduction approach, applied to the solution of diffusion
boundary value problems with incorporation of micro-structural transient
effects;

e the proposed different solution methods for the enriched-continuum for tran-
sient diffusion problems;

e a comparison between the two-scale diffusion enriched-continuum macro-
scopic solution, the conventional transient homogenization and direct nu-
merical simulations, allowing to evaluate the associated computational cost

reduction.

3.1.1 Outline

Section summarizes the enriched-continuum equations with expressions for
the effective mass flux and the effective concentration rate. Section presents
the analyzed solution methods for the macro-scale enriched-continuum. First,

the time integration schemes are presented and, subsequently, the multi-field and
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the internal-variable solution methods are derived. In section [3.4] proof-of-concept
numerical examples are solved for species diffusion in a material with high contrast
material properties. This will demonstrate the ability of the enriched-continuum
formulation to reliably reproduce the results obtained by conventional transient
homogenization (CTH) or direct numerical simulations (DNS), which are both will

be shown to be outperformed in terms of computational efficiency.

3.1.2 Symbols and Notations

The (homogenized) macroscopic quantities are shown with a bar on top, e.g., a
scalar, a vector and a second-order tensor are represented with @, @, A. There is
no bar on top of a quantity belonging to the heterogeneous micro-scale problem,
i.e., a scalar, a vector and a second-order tensor are written as a, a, A. The
same Cartesian coordinate system is used at the micro- and macro-scale. Standard
calculus operators are used in this work. For example, the dot product between
two vectors is a - b = a;b;, between a second-order tensor and a vector is A -b =
A;;bje;. The tensorial dyadic product between two vectors is @ ® b = a;bje; ® e,
and between a second-order tensor and a vector is A ® b = A;;bre; ® e; ® ey,
where e; represent the vectors of the Cartesian basis. The gradient of a scalar,

a vector and a second-order tensor is defined as Va := %ei, Va = g;% e ® e
7 J

and VA = %ﬁjei ® e; ® ey, respectively. Similarly, the divergence operates
as V-a = % and V- A = aaii_j e;. For linear algebra notation, columns are

represented with a tilde underneath a lowercase letter, e.g.; a, and matrices with
a bar underneath an uppercase letter, e.g., A. A tensorial product between two

column arrays of vectors is defined as @’ ® b, where

® 0 0
0 ®

® = (3.2)
0 0 ®)

The microscopic domain and its boundary are represented by Qm and 09, re-

spectively. The volume average of a microscopic quantity e is defined as

<.> = %/QD o d(y (3.3)

where, V = fQE’ d€)g is the volume of the microscopic domain Q.
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3.2 Enriched-Continuum Formulation

In this section, the transient mass diffusion problem is presented briefly, first for
a heterogeneous domain and then for a homogenized domain, for which the two-
scale computational homogenization and the resulting enriched-continuum will be

considered.

3.2.1 Direct Numerical Simulation

The diffusion of species in solids is governed by the mass balance equation,
V-34+¢=0, in Q, (3.4)

where, ¢ is the rate of change of the concentration field ¢, 3 = —M - Vi is the
mass flux, © = A(c — ¢p) is the chemical potential, A is the chemical modulus,
o is the reference concentration of a specie, M is the mobility tensor; €2 is the
heterogeneous macro-scale domain, as shown in Figure [.2(a). The numerical
procedure to solve the diffusion equation in 2, with corresponding initial

and boundary conditions

IU(O) = Mo, n Q )
W=, on o9, , (3.5)
-7 -n=j,, on 0Q; .

is referred to as the direct numerical simulation (DNS) in this work. In here, 02,
and 0€); are the Dirichlet and Neumann parts of the heterogeneous domain €2,

respectively, and n is the outward unit-normal vector on its boundary 0.

3.2.2 Computational Homogenization

Given its exorbitant computational cost, the DNS problem is commonly replaced
by a computationally homogenized problem which represents an equivalent homo-
geneous problem by solving a coupled two-scale (macro-scale and a micro-scale)
problem, as shown in Figure [3.2(b). The heterogeneous domain, in Figure [3.2](a),
is replaced by a homogeneous one €2, to which at each point, a microscopic do-
main (g is attached. This microscopic domain is a representative volume element
(RVE) or a unit-cell in the case of a periodic medium. In transient computational

homogenization, at the macro-scale a transient mass balance equation is solved
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Reduction

SR A (Offtine Stage)
e eeoe H/\._”m&ﬂmum 1Y) ) e
i @ -
%bt\\ 7 Inclusion 9O’ 7 - 5 1 ob@@s@/ .
H Microscale i Microscale
(a) Direct Numerical Simulation (b) Coupled Two Scales (¢) Enriched Continuum

Figure 3.2: Schematic representation of the development of the enriched-continuum formulation: by performing computational homog-
enization: the DNS problem (a) is replaced by the coupled two-scale problem (b), followed by a model reduction on the micro-scale to

obtain an enriched-continuum formulation (c).
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which is complemented by the initial and boundary conditions i.e.,

V- -j+¢=0, in Q,
a0) =g, i Q,
(0) 0 ] (36)
ﬂ:ﬂ, on aQﬂ?
—j-n=ja, on 8(23.

Where, 8@,1 and (9(_23 are the Dirichlet and Neumann parts of the macroscopic
domain Q, respectively, 7 is the outward unit-normal vector to the macroscopic
boundary 9, j; is the prescribed mass influx and /i is the prescribed chemical
potential. The constitutive responses for the macroscopic mass flux j and the
macroscopic rate of change of concentration field ¢ are obtained by solving a micro-
scale problem for the microscopic chemical potential field y, which in the first-order

computational homogenization is based on the following ansatz
p=np+Vi-(x—x)+i, (3.7)

where, /i is the fluctuation in the chemical potential at the micro-scale due to the
difference in material properties of the microconstituents properties and transient
loading conditions, imposed through the macroscopic chemical potential iz and
its gradient Vi, see Figure (b) The transient mass diffusion problem which
is solved at the micro-scale is accompanied by specific boundary conditions that
satisfy the extended Hill-Mandel condition. In computational homogenization
it is assumed that the average of the microscopic chemical potential equals to
the macroscopic chemical potential and the gradient of the microscopic chemical

potential to be equal to the gradient of the macroscopic chemical potential.

V]+C:O, iIl QEI7
() =n, in O, (3.8)

(Vpuy =V, in  Qg.
The constitutive response of the microscopic mass flux 3 = —M -V and p =
A(c — ¢p) are the same as used in the DNS. By using the equivalence of virtual
power between the micro-scale and the macroscopic material point & (the extended

Hill-Mandel conditions) the macroscopic flux and concentration can be obtained
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from the micro-scale fields as
j= <j—c'(a:—c?;)> : and ¢= <c> : (3.9)

Despite of its robustness, computational homogenization is still very expensive
in solving a transient mass diffusion problem, since it requires the solution of
a microscopic problem at each macroscopic point & at each time instance
(increment). For more details on the transient computational homogenization and

its solution schemes, the reader is referred to [} [9].

3.2.3 Enriched-Continuum

To alleviate the computational cost of the transient computational homogenization
scheme, for linear problems, a model reduction technique was presented for heat
conduction in [67], which provides an enriched-continuum at the macro-scale. It
replaces the microscopic problem (3.8) with a set of uncoupled ordinary differential
equations by projecting the weak Galerkin form of onto an orthogonal set
of reduced basis functions @, here called enrichment-functions. The microscopic
chemical potential field is written in terms of the macroscopic quantities and the

enrichment-functions as
Ny
pe) =5 (p+Vi-(x—2)+ Y B (@mn®, (3.10)
k=1

where n®)| called enrichment-variables, are the coefficients of the corresponding
enrichment-function ®®). N, is the number of enrichment-functions used, which
is much smaller than the number of degrees of freedom N used to solve the mi-
croscopic problem in computational homogenization, i.e., N, < N. S rep-
resents the steady-state counter part of the ®®*) and it is obtained through static-
condensation. It maps the loading applied on the boundary of the micro-scale to
the inside of the micro-scale and in its discrete form, S has the dimension of free
times prescribed d.o.f. This reduction in the number of the degrees of freedom
at each macroscopic point & provides a significant reduction in computational
time. The effective macroscopic transient mass balance equation remains consis-
tent with the one used in transient computational homogenization scheme, i.e.,
equation . However, the expression for the macroscopic mass flux j and the

macroscopic rate of change of concentration field ¢ are now written in terms of the
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(reduced) enrichment-variables 7 i.e.

j—-a"i-B -Vi-¢i-C Vi, (3.11)

and
c=d"+e-Vi+ fi+f-Vi. (3.12)

The coefficients in (3.11]) and (3.12]) are computed only once for a given microstruc-

ture in an off-line computation stage and used at the macro-scale during the on-line
stage where /i and 7 are solved for. A detailed derivation of the expressions for the
coefficients in equation and are provided in Appendix for mass
diffusion problems. For more details on the enriched-continuum formulation and
its derivation the readers are directed to our prior work on heat conduction [67].
Through model reduction of the micro-scale problem, evolution equations for n

emerge, which are a set of (uncoupled) ordinary differential equations, given by

| %

Ql *

n=—an—a-Vi—dji, (3.13)

where « is the diagonal matrix of size (N, x NV,) containing the eigenvalues which

are obtained by solving a generalized eigenvalue problem at the micro-scale during

the off-line stage, expressions for @ and d are given in Appendix |A.1l Equations
(3.6), (3.11), (3.12) and (3.13]) represent the enriched-continuum model capturing
the diffusion problem in the relaxed separation of scales regime (3.1). Next, we

discuss the solution methods for the set of equations for the enriched-continuum.

3.3 Solution Methods

In this section, first the time integration schemes are presented for the macroscopic
variable i and the enrichment-variables 1. Then, the multi-field and the internal-

variable solution methods are derived.

3.3.1 Time Integration Schemes

The rate of change of the macroscopic chemical potential fi is integrated in time
using a backward-Euler time integration scheme. For example, the general equa-
tion

= F(t), (3.14)
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can be discretized as
-n+1 _ —n

i i
At

In the enriched-continuum formulation, the microscopic transient effects are cap-

= F(t"). (3.15)

tured at the macro-scale through the enrichment-variables n. This allows to com-
pute the transient effects, present at the micro-scale, on a coarse macroscopic
mesh. In the internal-variable solution method, the internal-variables 1 are con-
densed out of the final system of equations, therefore different time integration
schemes can be used for equations and . Following the literature on
visco-elasticity, as recalled in [68], a one-step second-order accurate time integrator
can be obtained by writing equation in a convolution form

t £ .
n= expl—@!] / exple?! [—Q -Vi(s) — dﬁ(s)] ds. (3.16)
0

Using the semi-group property of an exponential and the additive property of an
integral, the approximation in (3.16|) can be written as

gt *

Zszrl _ Qn eXp[—gAt] +/ eXp[*Qé(tJrAth)] {_é.Vﬁ(s) —dﬁ(s)} ds. (3.17)

tn

A midpoint approximation of the integral in equation (3.17]) provides a one-step

second-order accurate time integration scheme to evaluate n™*!,

*

ﬂn+1 — expl=e 4 oxpl-ed [ G (Tamtl - an) — d(amt — ﬁn)] 7
(3.18)

which, as argued in [68], is unconditionally stable. This second-order accurate
scheme will be compared to the first-order accurate backward-Euler scheme for

which the approximation for 7" is given by

*

"t = (I + Ata) ™ | - a- (V' —Van) - d@t - | . (3.19)

3.3.2 Multi-Field Method

In a multi-field approach, the primary field i as well as the enrichment field ),
are discretized on a finite element mesh. A combined residual Q(f, 6fi,7,0n) is
formulated by multiplying the macroscopic mass balance equation (3.6) and the

evolution equation (3.13)) with the appropriate admissible test functions du and
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on, respectively

Q(f1, 6131, 6m) = R(fi, 1) + E(n, 61) = 0
:/5/1(V.j+é) d@+/5g<g+gn+é~Vﬁ+@ﬁ> do =0.
Q Q
(3.20)

where, R(ji,0fi) and & (77, (577) are the individual residuals for the weighted residual
form of the equations and - Integrating by parts and applying the

divergence theorem on R(u, df), provides the weak form as follows

Q(ja, 6j1;m, o) = /Vé,u Jdv+/(5ucdv+/(5ﬁjnda
o0 (3.21)

+/6Q(Q+Qg+i-Vﬁ+@ﬁ) do =0,
Q

where j = —j-7 is the mass flux through the macroscopic boundary (%_23, n is the
outward unit normal, dv and da is the small differential volume and area elements
associated to the domain €. Substituting the constitutive expressions and
for the macroscopic flux j§ and the macroscopic chemical concentration rate

¢ yields a coupled system in terms of fi and n,

3.3.2.1 Finite element implementation

In the multi-field solution method, the macroscopic variable i and the enrichment-

variables 7 are interpolated using the finite element nodal shape functions

Ne Ne
p=Y N'p'=NIp,  and p=) N'p'= No{n}, (3.23)
=1 I=1

where, N7 is the shape function value associated to the I-th node of an element

and N, is the number of nodes in an element. N; and N, are the column and
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matrix, respectively, containing the respective shape functions and E is the column
of the degrees of freedom of pi, while {n} = {77 nj(\lf),nf) 77/(3),. ,771 .. } is
the column vector of degrees of freedom of the vector fields 7 containing the nodal
enrichment degree of freedoms. Equation , can then be written in discrete

form as

SiT (B1+EN i+ 05" (Ci+Co+F1+Fy)ji+ 0" (A+D){n}+
N K - o M a - N

H7F§0ﬂ+6hﬁﬁém}+5&ﬁT<§T+iﬁ)g=5gﬁh-<3Z®
\_?/_/

The matrices in the above equation are given by

A= [;NTa" - VN,dv, B,=[,(VNT -B)-VN,dv,

Ql:fﬁygé VNud@ ) CQ—fQ(VNZ C) VNHdi_} ,
D :fﬁﬁngNﬂd@ ) E1—f§V]Xg BNﬁdU ,
Fi=[gNIfNydv | Fy= [ VNT-FN.dv

&= [gNyN,dv A= [gN aN,d
Enz—:ggygyzmz, D= [, NTdTNdv,

Taking into account that equation (3.24) should hold for all admissible 5B and
d{n} provides

Kji+Mji+N{n} = F;,
- _ (3.25)
N+ E{n} + A{n} =0.

In the multi-field method, {n} appears in the final equation together with f,
which suggests the same time integration scheme for both variables. Selecting the
backward-Euler time integration scheme (3.15) for both ji and {n}, we obtain

A"+ M(E" = i) + N({n}" = {n}")

NT(+ = ) + AtA )™ + ()™ — {n}™) = 0

—AtF,, (3.26)

(3.27)
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Rearranging terms to gather all the unknowns at time t"*! on the left hand side,

the coupled system of equations to be solved at each time step can be written as

AtK + M N it —AtE +Mp" + N{n}" (3.28)
&T AtA +§ {n}n+1 &Tgn +§{77}n ' '

3.3.3 Internal-Variable method

In the internal-variable method, the macroscopic chemical potential ji is inter-
polated using finite element nodal shape functions, while the evolution equation
for 7) is integrated at the macroscopic Gauss quadrature points. The residual
R(f,0f) is built by multiplying equation with an admissible test function o/

X

(fi,0f1) = /Q(S/J(V -j+c)do=0, (3.29)

which, after applying integration by parts and the divergence theorem, takes the

following form

R(ji, o) :—/QVM-jd17+/95/1éd17+/méﬁjnda:0. (3.30)

Substituting the expressions for the macroscopic flux from equation (3.11]) and
the concentration rate from equation (3.12)), the weak form of equation (3.30) can

then be written as

3.3.3.1 Finite element implementation

Here, as an example, the derivation is performed using the backward-Euler time
integration scheme for both i and 7n; a similar derivation applies to the integral
form given by equation (3.18]). Using the finite element discretization (3.23) only
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for i, equation (3.31]) takes the following form

~ N T —T n+1 = T 97 n+1 —
/QVN,NS[{'(Q "t )dv+/QNu5g(£l, ") do
+0p" [AtB +¢ +C + AtE +f +F] ™!
T “n+1 3= T aAn THn
:—At/mjjﬁéw,j da + 6p° A" +6p° D

+op" [c+C+f+F]a", (3.32)

where the matrices are calculated using

B=JsVNL-B-VNudv , c= [ VN[eN;dv ., C=[;VN]-C-VNydo
E=JoNfe VNzdv ,  f=[N[fNado,  F=[Nif VNpdo
AY= [iVNT - @qde . D= [y NT dydo .

Next, substitution of the expression for n"*! from (3.19) into the above equation

leads to

—n+1
K

/

o’ [AtB +E)+c+CH+f+F+ 'A+ A+ A+ A

~ O
-~

K
= 0p A"+ 6" D" + 6" PA" +op" A" +op" [c+C+f +E1 "+

J/

-~

SpTFint™

T n+l 3=
—At/@Q ]ygég Jotlda (3.33)

J

~—
SuT Fextntl
where the finite element matrices are recognized as

A = o VL - (@A) do, A= [y NT(d" Ag) - VN, dp,
A= g NI(d" AN, do, SA" = [ NT(dTAy") do.

here A = (I + Ata)™!. Finally, taking into account that equation (3.33)) should

hold for all oy, the system of linear equations to be solved at each time step is

given by
K™+ = Fext™! 4 Fint”. (3.34)
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Once the solution for the chemical potential field g™+ is known, n"*! is calculated
using equation ([3.19)) (or (3.18]) if the second-order accurate scheme is used for 7)

at the Gauss integration point.

3.4 Numerical Examples

Numerical examples are conducted for species diffusion in a heterogeneous material
with high contrast in properties, with slower diffusion in the inclusion than in
the matrix. The microscopic domain is chosen to be a square unit-cell with a
single centered circular inclusion, as shown in Figure 3.3 A chemical potential
fi, harmonically varying in time is prescribed on the left side of the macroscopic
boundary 8§_2ﬁ while a zero-flux boundary condition is applied on the top, right
and bottom sides of the macroscopic boundary (%_25. The prescribed chemical

potential field and the boundary fluxes are given by

(1) = fimax(1 — azy) sin(wt) , on 09 ,Va, € [0, Ly,
Ji(t) = [imax( 2) sin(wt) fs Vg € [ ] (3.35)

ja=—j -n=0, Onaﬁj.

Hmax 1S the maximum achievable chemical potential in the matrix, given by fipax =
A(Cmax — ¢o), where A = k,T'/ ¢ is the chemical modulus, ¢yay and ¢y = 0.19¢ayx 18
the maximum and reference concentration values in the matrix, respectively. Using
a non-zero parameter ‘a’ in equation implies that the chemical potential
field can be linearly varied along 99Q; in w = 2?” is the angular loading
frequency and T is the total loading time. The material properties, length scales
and the loading conditions are such that the relaxed separation of scales is
satisfied. The default parameters for the geometry, material and mesh are given
in Table 3.1l To obtain the enrichment-functions and construct the coefficient
terms for equations , and , according to the expressions given
in Appendix [AT] an eigenvalue problem with the periodic boundary conditions
is solved on the unit-cell. The eigenvectors corresponding to the relatively higher
values of the coupling terms d and @ are chosen to constitute a reduced basis set;
for more discussion on the selection of the reduced basis see [67]. The selected
enrichment-functions ®* for the considered unit-cell are shown in Figure . To
solve the eigenvalue problem, a converged unit-cell mesh consisting of ~ 4400 linear
triangular elements (~ 2200 nodes) was used. The DNS domain was discretized
accordingly, with approximately the same number of linear triangular elements

in each unit-cell. The macroscopic homogenized domain Q, replacing the DNS
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Figure 3.3: Problem settings: Top: a heterogeneous domain with 1000 unit-cells. 100 in z;-direction and 10 in x,-direction. Bottom:

corresponding homogenized domain for the solution of the enriched-continuum formulation. The unit

cell shown inside is used to

obtain the coupling terms in equations (3.11) and (3.12) in the off-line stage. The material properties and geometrical parameters are

provided in Table E
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Figure 3.4: The selected enrichment-functions ®*) obtained by solving the gener-
alized eigenvalue problem (|A.7)) for mass diffusion equation ([3.8]). An associated
decay /rise time 7™ = = with a(®) the k-th eigenvalue, is also given for each

enrichment-function ®®*).

domain, is discretized with rectangular four node bi-linear elements for both i and
n in the multi-field method, or for fi only in the internal variable method. The
effect of the macroscopic mesh size on the homogenized results will be discussed in
section [3.4.3] The smallest and the largest element size in the macroscopic domain
are ¢ and 10/, respectively. A default time step size of At = 3.6[s] is used in all

the simulations unless otherwise stated.

3.4.1 Accuracy of the Time Integration Schemes for the
Internal-Variable Method

In the internal variable method, the time integration for ji and 7 can be chosen
independently. In section [3.3] two different time integration schemes for the ap-
proximation of 1 were presented, i.e., a second-order accurate approximation in
equation (3.18]) and a first-order accurate approximation in equation . In
this regard, simulations were performed using the internal-variable method on a
mesh of nel,, x nel,, = 50 x 5 elements, where nel,, and nel,, are the number of
elements in x; and x5 direction, respectively. For each time integration scheme, a
reference solution Qﬁ)f(t), which is the column of enrichment-variables in time, is

taken as the one with a time step size of At = 3.6 x 1072[s]. Then, a relative error

for the first enrichment-variable Q(l)(t) is computed by

1
1™ () — 7' @)l
1
[IsAGI

(3.36)

erra; 1=

where, || @ || is the vector Frobenius norm. The enrichment variable Q(l) (t) was

stored at the Gauss integration point located at @ = (4.2,4.2) x 107*[m] in the
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Fourier Number, F;,

Figure 3.5: Error analysis for the local time integration schemes, to be used with
the internal variable method. The one step second-order accurate time integrator,
equation (3.18]) reveals a higher accuracy than the first-order backward-Euler time
integrator, . The expression for erra,; is given in equation (|3.36|).

first element. In this example, a characteristic element length £, = 1 x 107%[m]
was used and the time step size At was varied resulting in different values of the
Fourier number F, = DY %—g, where D7 is the first component of the effective
macroscopic diffusivity tensor D¢/ = AB, the effective mobility B is given in
(A.9). The results are shown in Figure . As expected, the backward-Euler
first-order time integration scheme converges with a rate of convergence equal to
one, while the time integration scheme given in equation converges with a
rate of convergence of almost two, providing a more accurate approximation of 7.
However, the second-order method changes towards to first-order accuracy, which
due to the backward-Euler time integration scheme used at the macro-scale which
limits the overall convergence rate. For example, for the default time step size of
At = 3.6[s], the second-order scheme provides three orders more accurate result
than the backward-Euler time integration method. Since the second-order scheme
given by equation is a one-step time integration scheme, no extra memory
or computational costs are associated with it. Therefore, it is suggested to use the
second-order accurate time integration scheme whenever possible to capture the

transient effects more accurately.

3.4.2 Homogenized Solution

Next, the results computed using the homogenized enriched-continuum formula-

tion are compared to the direct numerical simulations (DNS). To do so, the DNS
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Figure 3.6: Comparison between the macroscopic concentration rate é(iz, t), com-
puted with equation (3.12)), and the DNS solution (%) » averaged over the unit-cell
sized domain A around a point & = & = (2.5,2.5) x 107%[m]. The homogenized
solution is computed using the internal-variable method and plotted with a blue

marker every 25 time step.

solution u(x,t) is averaged over the heterogeneous unit-cell sized domain A around
the point = (2.5,2.5) x 1072[m], as shown in Figure [3.3[ with a small square. In
this example, the homogenized domain was discretized with nel,, x nel,, = 10x 3
elements, with four Gauss quadrature points (ngp) per element. Figure shows
the time evolution of the macroscopic concentration rate ¢(z, t), given by equation
, and the averaged DNS solution (%) A .- These results are in perfect agree-
ment with each other, which demonstrates the ability of the enriched-continuum

formulation to capture the transient DNS solution.

3.4.3 Macroscopic Discretization Effect

In this section, the effect of the macroscopic mesh size (in both z;- and xo- di-
rections), on the accuracy of the macroscopic solution, f is examined. The DNS
solution is taken as the reference. The homogenization level ‘A’ is defined as the
ratio between the number of unit-cells ‘nuc’ composing the DNS domain to the
number of integration points to be solved in the homogenized domain. This pro-
vides an indicator for the trade-off between the accuracy and the computational
cost. A higher h value indicates more homogenization, and thus lower computa-
tional costs. In a two-dimensional setting, with a quadrilateral discretization, the

homogenization level can be written as

nuc
h = . 3.37
nel,, X nely, X ngp (3:37)
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In the subsequent simulations, the parameters, nuc = 1000 and ngp = 4 per
element are fixed. The number of elements in z;- and wzo-directions, nel,, and
nel,,, are varied, resulting in a different value of h.

In figure [3.7], the heterogeneous chemical potential field y, calculated with the
direct numerical simulation (DNS) is compared with the homogenized chemical
potential field g, obtained by the enriched-continuum formulation solved with
the multi-field method. The homogenization level A given in equation (3.37))

is increased by decreasing the number of elements in the macroscopic domain,

nelgg1
10

x1-direction nel,, = 50,40, 30,20,10 imply the following homogenization levels
h =1,1.56,2.78,6.25,25. At h = 1, where the number of unit-cells is the same

in both the heterogeneous and homogenized domains, the enriched-continuum

fixed. Different numbers of elements in

while keeping the ratio nel,, =

response captures the DNS almost perfectly. In this example, due to a non-
homogeneous boundary condition on 8(_2,;, as given in equation (3.35), the ho-
mogenization problem requires high finite element density in xo-direction in the

vicinity of (%_2;“ lower element density is needed in z;-direction.

3.4.4 Computational Efficiency

Next, the efficiency of the proposed approach compared to the direct numeri-
cal simulations (DNS) and conventional computational transient homogenization
(CTH) scheme is investigated. All simulations were performed on a computer
with a core-i5@3.2GHz processor and 8Gb RAM using Matlab 2018b. It can be
seen in Figure [3.8] that the CPU time increases for all the homogenization meth-
ods as h — 1. The CTH is the most expensive among the considered methods,
since (when implemented in its standard form) for each time increment at each
macroscopic Gauss quadrature point it requires the solution of a micro-scale fi-
nite element problem (one computation of the effective flux and two sensitivity
problems) followed by the assembly of the internal flux vector. For the complete
solution procedure of the CTH see [8] and [9]. For low levels of homogenization, it
becomes even more expensive than the DNS problem.

Since the enriched-continuum formulation replaces the microscopic finite el-
ement problem with a set of ordinary differential equations, the computational
gains are remarkably high. The internal-variable solution method is a little more
expensive than the multi-field method because it requires the assembly of the in-
ternal flux vector at each time increment using the data from the previous time

step. In the internal variable method, the enrichment-variables are computed at
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Figure 3.7: The chemical potential field p in the heterogeneous domain (top plot) obtained by the direct numerical simulation

(DNS). The homogenized chemical potential field i obtained by enriched-continuum formulation solved using multi-field method with
increasing homogenization levels A (from the second plot to the bottom).
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Figure 3.8: Computational effort in CPU time for different solution techniques
(internal-variable and multi-field) for the enriched-continuum formulation, con-
ventional computational transient homogenization (CTH) and direct numerical
simulation (DNS).

the macroscopic Gauss quadrature points entailing higher memory requirements
than the multi-field method, since the total number of integration points in the
model is usually (much) larger than the total number of finite element nodes.
The multi-field method is the least expensive because the finite element assembly
is performed only once and it does not require the assembly of the internal flux
vector at each time step. Moreover, if a reordering algorithm is used, such as
Cuthill-McKee [69], the direct linear solvers can be optimized resulting in even
lower computation times. The CPU time comparison has been performed for the
same time integration scheme, i.e., backward-Euler, for all considered methods.
Notice, however, that as discussed before, the internal variable methods allows for

more flexibility, e.g., in the choice of different time integration schemes.

3.5 Conclusions

In this work, the enriched-continuum formulation, which emerges from model re-
duction at the micro-scale, is applied to the solution of a heterogeneous diffusion
boundary value problem with pronounced microstructural transient effects. Dif-
ferent solution methods for the enriched-continuum transient diffusion problem
formulation are discussed. These solution methods make use of two discrete spa-

tial discretization schemes for the enrichment-variables. The primary macroscopic
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field variable is always interpolated using the finite element shape functions, while
the field of enrichment-variables can either be discretized using finite elements,
leading to a multi-field solution method, or evaluated at the Gauss quadrature
points, leading to an internal-variable solution method. To capture the transient
effects more accurately, a one-step second-order accurate time integration scheme
is proposed for the internal-variable method. Results for the enriched-continuum
formulation with the proposed solution methods are compared with the conven-
tional computational transient homogenization (CTH) scheme and direct numeri-
cal simulations (DNS). The proposed solution methods provide the same accuracy
with respect to DNS as the expensive CTH with high gains in computational times.
The CPU time and the memory requirements for the multi-field method was the

lowest among the proposed solution methods.
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Chapter 4. Enriched-Continuum for Multi-scale Transient Diffusion Coupled to
Mechanics

Abstract

In this chapter, we present a computationally efficient homogenization technique
for linear coupled diffusion-mechanics problems. It considers a linear chemo-
mechanical material model at the fine scale, and relies on a full separation of
scales between the time scales governing diffusion and mechanical phenomena,
and a relaxed separation of scales for diffusion between the matrix and the inclu-
sion. When the characteristic time scales associated with mass diffusion are large
compared to those linked to the deformation, the mechanical problem can consid-
ered to be quasi-static, and a full separation of scales can be assumed, whereas
the diffusion problem remains transient. Using equivalence of the sum of virtual
powers of internal and transient forces between the micro-scale and the macro-
scale, a homogenization framework is derived for the mass diffusion, while for the
mechanical case, considering its quasi-static nature, the classical equivalence of the
virtual work of internal forces is used instead. Model reduction is then applied at
the micro-scale. Assuming a relaxed separation of scales for diffusion phenomena,
the microscopic fields are split into steady-state and transient parts, for which dis-
tinct reduced bases are extracted, using static condensation for the steady-state
part and the solution of an eigenvalue problem for the transient part. The model
reduction at the micro-scale results in emergent macroscopic enrichment field vari-
ables, evolution of which is described with a set of ordinary differential equations
which are inexpensive to solve. The net result is a coupled diffusion-mechanics
enriched-continuum at the macro-scale. Numerical examples are conducted for the
cathode-electrolyte system characterizing of a lithium-ion battery. The proposed
reduced order homogenization method is shown to be able to capture the coupled
behavior of this system, whereby high computational gains are obtained relative

to a full computational homogenization method.

4.1 Introduction

Coupled diffusion-mechanics problems arise in many application areas, when the
diffusion of solute particles causes volumetric swelling of a host material, inducing
chemical stresses which in turn affect the mass flux [70, [71]. It has a broad range
of applications ranging from biological tissues to microelectromechanical systems
devices. For example, the swelling of brain tissues, known as edema, due to water

diffusion [72] or the bending of thin plates due to chemical saturation [73]. Another
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typical example is the swelling of the active material due to the lithiation process
in lithium-ion batteries [74], which is also governed by coupled diffusion-mechanics
phenomena.

The fundamental physics behind coupled diffusion-mechanics takes place at
the atomic scale where the atomic or ionic diffusion occurs [70, [75]. The diffusion
rate of the solute particles and the swelling of the host material depends on the
atomic size of the materials involved [76] and on the activation energy which causes
the jump of atoms inside the crystal lattice [77]. The jump directions and the
frequencies are affected by the stresses inside the material, which in turn alter the
activation energy and hence the mass flux. At the continuum level, the diffusion of
species are described as driven by the gradient of the chemical potential [78]. The
induced chemical stresses affect the chemical potential, which in turn influences
the mass flux in the material [T8-81]; this is known as the Gorsky effect [82].

This chapter addresses the application of coupled diffusion-mechanics described
by the simulation of swelling in lithium-ion batteries. A lithium-ion battery con-
sists of four components: two electrodes - a cathode and an anode, an electrolyte
and the separator. Through an electro-chemical reaction, the chemical energy is
converted to electrical energy in a discharge cycle; the reverse reaction takes place
during the charging cycle. During charging the chemical potential across the cell
forces the lithium-ions to diffuse towards the anode compartment via the elec-
trolyte while passing through the separator [83]. At the anode, the lithium-ions
are deposited in the active particles during an intercalation process which increases
the volume of the active particle. Upon discharging, a similar reaction occurs in
which the lithium in the anode is oxidized into lithium-ions and electrons. The
electrons flow through the external circuit to the cathode and lithium-ions diffuse
towards the cathode where they intercalate into the active particles.

The amount of swelling of the active particles depends on the cathode and
anode materials. For example, swelling in the cathode of up to 6.5% is reported in
different lithium-metal-oxides and up to 10% in lithium-cobalt-oxide [84], Silicon-
based anode active particles can swell up to 300% [85]. Even when the deformation
of cathode materials is small, e.g., LiCoOs, LiMnyO3 and LiFePOy, the cyclic
lithiation and delithiation of active particles leads to cracks and loss of contact
with the matrix, which gradually results in a capacity loss and eventually failure
of the battery [4, 86]. Hence, to design a longer lifetime and higher energy density
batteries, simulation of coupled diffusion-mechanics is of primary importance [87,
8§].
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Most of the work done in the literature on the simulation of coupled diffusion-
mechanics in batteries is based on the pioneering works of Larche and Cahn [89],
in which a framework for solid-state diffusion was developed for compositional
changes in the solid state [74]. In general, due to its multiphysics and multiscale
nature, the simulation of lithium-ion batteries is a challenging task [4]. Analyti-
cal methods for the solution of coupled diffusion-mechanics problems are limited
to simple geometrical shapes [90], therefore approximate solutions using numer-
ical techniques such as finite elements are often required [4]. However, with a
complex microstructures [91] and transient phenomena [92], the direct numerical
simulations (DNS) become prohibitively expensive.

Computational homogenization is a well known technique to reduce the com-
putational costs associated with the modeling of physical phenomena in complex
microstructures [93,[94]. It replaces a highly heterogeneous medium with an equiv-
alent homogeneous one by decomposing the problem into smooth macro-scale and
highly oscillatory micro-scale problems.The effective behavior is computed from
a representative microscopic element (RVE) [95] and transferred to the macro-
scale. The computational homogenization of transient phenomena, as associated
with lithium diffusion in batteries, has been the focus of research recently [66, 92].
Effective responses have to be computed at each macroscopic material point at
each time step, making homogenization of transient phenomena computation-
ally demanding. For a general overview of multi-scale computational modeling
of lithium-ion batteries, see [96), [97].

In this work, we propose a computationally efficient method for the homoge-
nization of coupled diffusion-mechanics for the cathode material of a lithium-ion
battery. The homogenization of the underlying diffusion and mechanical problems
is performed separately by using the method proposed in [92]. For the diffu-
sion problem, equivalence of virtual power (extended Hill-Mandel condition) is
considered, while for the mechanical problem equivalence of virtual work is used
(standard Hill-Mandel). Assuming linear material properties and small strains,
the relaxed separation of scales allows the decomposition of the microscopic fields
into their steady-state and transient parts. The mechanical response relies on
the assumption of full scale separation since the characteristic time of the elastic
deformation for the considered problem is very small compared to the charac-
teristic diffusion time [71], [78]. Moreover, the characteristic diffusion time in the
active material particles is several orders of magnitude larger, than the one of elec-

trolyte (considered here as a matrix in which active particles are embedded) [66].
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Therefore, the lithium-ions travel instantly in the electrolyte as compared to their
diffusion in the active material. This allows for a so-called relaxed separation of
scales, in which diffusive species migrate instantly in the matrix and very slowly
in the inclusions [67]. Next, a model reduction technique, inpired by [43] for
elasto-dynamic problems and applied in [67] to heat conduction problems, can be
performed to extract the reduced bases for the steady-state and transient parts of
the microscopic response. Although mechanical inertia effects can be neglected,
the mechanical deformation is coupled to the transient diffusion, i.e., it evolves
in time with the concentration field. Hence, a decomposition of the microscopic
displacement field into a steady-state and a transient part is also required.
Through model reduction, the fine scale coupled-diffusion equations are re-
placed by a set of ordinary differential equations for the emergent macroscopic
field variables, giving rise to an enriched-continuum at the macro-scale. These
equations are to be solved at the macro-scale together with the macroscopic mass
and linear momentum conservation and the constitutive effective mass flux, rate
of change of concentration and stress, obtained through the reduced order ho-
mogenization. The resulting enriched-continuum macroscopic problem is compu-
tationally significantly less expensive than the original fully resolved problem or

the direct transient computational homogenization.

4.1.1 Outline

The general framework of the coupled diffusion-mechanics framework is presented
in section where the classical formulation in terms of concentration and strain
is summarized. Next, a computationally more convenient formulation expressed in
the terms of the chemical potential and strain is derived. Section |.3| presents the
homogenization framework, in which the relaxed separation of scales is defined.
The downscaling is performed and the macroscopic effective constitutive responses
are obtained through an upscaling procedure. The model reduction is carried out in
section [4.4] First, a finite element discretization is introduced and the partitioned
equations are shown. The reduced bases are identified, the macroscopic quantities
are written in terms of the coefficients of the reduced bases and finally mode
selection criteria are discussed. Numerical examples for the cathode material of a

lithium-ion battery are presented in section 4.5
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4.1.2 Symbols and Notation

Macroscopic quantities are represented with a bar on top: for example scalar,
vector and second-order tensor macroscopic quantities are written as @, @, and A,
respectively. Microscopic quantities are represented without a bar; microscopic
scalar, vector and second-order tensorial quantities are written as a, a and A,
respectively. The same Cartesian basis is adopted at the macro and micro scales.
The dot products between two vectors, and between a second-order tensor and a
vector are represented as a-b := a;b; and A-a := A;ja;e;, respectively. A tensorial
dyadic product is denoted as a®b := a;b,e;®e; and A®a = A;jare;®e;®ey. The
g—;’iei and Va := ggj e; Qe
Similarly, the divergence operates as V - a := g—gz and V- A = 86?;?
algebra operations, columns are represented with a tilde underneath a lowercase

gradient of a scalar and a vector is defined as Va :=

e;. For linear

letter, e.g., a, and matrices are represented with a bar underneath an uppercase
letter e.g., A. The matrices and columns of vectors and tensor quantities are
written with bold symbol, for example a matrix of a vector or a tensor quantity is
written as A. A tensorial product between two column arrays of vectors is defined

as a’ @b, where

(% 0 0]
0 @

® = (1)
0 0 ... o

The microscopic domain and its boundary are represented by Q5 and 0€)g, re-

spectively. The volume average of a microscopic quantity e is defined as

<.> - %/Qm o d)p, (4.2)

where V' = me d€) is the volume of the microscopic domain €.

4.2 Coupled Diffusion-Mechanics Formulation:

Coupled diffusion-mechanics equations describing the fully resolved (heteroge-
neous) problem are presented in this section. The conservation laws and the
boundary conditions are written for the chemical and mechanical problems, fol-
lowed by the derivation of the form of the constitutive equations [78]. First, the

formulation considering the concentration and the displacement (strain) as the

76



Chapter 4. Enriched-Continuum for Multi-scale Transient Diffusion Coupled to
Mechanics

primary field variables is presented, which requires C'-continuity and is therefore
cumbersome to implement numerically. Next, using a Legendre transform, the pri-
mal field variables are transformed to the chemical potential and strain [92]. This
formulation requires only C°-continuity and standard finite elements can be used
for the implementation. Finally, the material model to be used for the micro-scale

constituents is presented.

4.2.1 Conservation Laws

To take into account the large time scales associated with the mass diffusion prob-
lem a transient mass conservation equation is considered (without the volumetric

source/sink term)
V.j+é=0 in Q, (4.3)

which states that the divergence of the mass flux 5 in a domain Q [[] is opposite
to the time rate of the concentration field ¢. Equation (4.3) is supplemented with

Dirichlet and Neumann boundary conditions, plus an initial condition

c=¢ on 0z,

c(0)=¢y at t=0,

where ¢is the prescribed value of the concentration field on the Dirichlet part of the
boundary 02, and jy\n is the prescribed normal outward mass flux on the Neumann
part of the boundary 9 such that 9z U 98k = 9 and 90N Ik = &. The
initial value of the concentration at time ¢ = 0 is denoted by cy.

Considering the short characteristic times of phenomena associated with the
mechanical problem, it is justified to assume a conservation of linear momentum

neglecting inertial terms, which without volumetric forces reads
V.-og=0 in Q, (4.5)

requiring the divergence of stress field o in a body €2 vanish. Conservation of linear

momentum (4.5)) is also supplemented with the Dirichlet and Neumann boundary

'Here, the domain 2 is used as a general description of a continuum body and should not be
confused with the description of a microscopic domain 2 used in computational homogenization.
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conditions

on 0% ,
on oy

I
)

“ (4.6)

o-'n

I
~
3

where w is the displacement field, u is the prescribed displacement value on the
Dirichlet part of the boundary 903, and t,, is the traction force applied on the
Neumann part of the boundary 9€) such that 0Q23 U0, = 9 and 0Q5NOQ,, =

. Constitutive equations for the mass flux 7, the concentration ¢ and the stress

o are required to close the problem (4.3)—(4.6).

4.2.2 (c,e) Formulation

Following [78], the dissipation inequality for a coupled diffusion-mechanics problem
can be written as

p=0:e+uc—1h—35-Vu=>0, (4.7)

where, p is the chemical potential, ¢ is the dissipation density at a material point
@ and ¢ is the time derivative of the Helmholtz’s free energy density. For coupled
diffusion-mechanics problems, the Helmholtz’s free energy density ¢ depends on
the concentration field ¢ and the strain e, related to the displacement field u by
e = sym(Vwu) (assuming linear kinematics). Using the chain-rule, its material

time derivative can be written as
¢:¢<67€):_é+_:é7 (48)

substituting the expression of 1/1 from equation (4.8)) into the dissipation inequality

(4.7) and rearranging terms yields

:(a—g—f):é—i—( —g—@i})c’—j-v,uZO. (4.9)

In the inequality (4.9)), the restriction on the dissipation density to be positive is
partially fulfilled by setting

_ o
e

_%

p= (4.10)

o and

which provides, for a given expression for the Helmholtz potential ¢, the constitu-

tive equations for the stress and the chemical potential, respectively. Considering
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a quadratic Helmholtz free energy density [78§]
Yv=1(ce)=1e:C:e+S:e(c—co) + 1A(c— ), (4.11)

results in linear constitutive expressions for the stress and the chemical potential

given by
U:%:CZ€+S<C—CQ), (4.12)
Oe
and
uz%—fzS:&—l—A(c—c@, (4.13)

where C is the elastic stiffness tensor, S the chemical strain modulus tensor, ¢y the
initial concentration and A is the chemical modulus. The constitutive model based
on energy density function given in equation (4.11]) is an alternative approach to
the approach in which the microscopic strain field is decomposed in an elastic and

volumetric swelling part, for more details see [98]. The remaining dissipation term

in (29
-3-Vu>0, (4.14)

asserts a restriction on the constitutive form of the mass flux 3. Here, we use Fick’s
second law which states that the mass flux J depends linearly on the gradient of

the chemical potential Vi i.e.,
j=-M-Vyu, (4.15)

where M is the second-order mobility tensor which has to be positive definite to

satisfy (4.14). Next, the constitutive equations (4.12)), (4.13)) and (4.15)) can be

introduced in the mass conservation equation (4.3),
V- [M-V(Alc—cy)+S:¢e)]—¢=0, (4.16)
and in the conservation of linear momentum (4.5))

V. [C:e+S(c—c)]=0. (4.17)

The mass and the linear momentum conservation equations (4.16|) and (4.17) can

be solved together for the concentration and displacement fields (¢, u). Equation
(4.16)), however, involves the third-order derivative of w and its numerical solu-

tion therefore requires a C''-continuous finite element formulation. Various other
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solution techniques have also been proposed in the literature for this type of prob-
lems, see for example [92, 99]. In the current work, following [92], a Legendre
transform is performed on the Helmholtz’s free energy density function (¢, €) to
obtain a dual energy density function (, for which the primary field variables are

the chemical potential p and the strain €.

4.2.3 (u,e) Formulation

Now, we derive the constitutive equations for stress o, concentration ¢ and mass
flux 7 considering (u, €) as the primary field variables. A Legendre transform can
be performed on the Helmholtz’s free energy density function (4.11)) to obtain the

dual energy density function ¢

C(p,€) = P(c(p,€),€) — pc(u, €), (4.18)

which is now a function of the chemical potential ;1 and the strain €. The consti-
tutive equations for the concentration and the stress fields (¢, o) can be obtained
by the standard Coleman-Noll procedure. Substituting ¢ = ¢ + uc from (4.18))
into provides the dissipation inequality

p=0:—(—pc—3-Vu>0. (4.19)

Using the chain-rule, the time derivative of the dual energy density C can be
written as o o

Cne) = St 2 e (4.20)
Substituting the expression for ¢, from equation (4.20), into the dissipation in-
equality (4.19) and rearranging terms yields

(o) (o E)amsue. g

From here, the constitutive forms for the stress o and the concentration field ¢

are found as

_ % _
o= and c= o (4.22)
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Using constitutive equations (4.22)) in conjunction with (4.18)) and (4.11)) provides
the constitutive equations for the stress

0 S®S S
_ 9% _ ((C _29 ) et B

== + 5 (4.23)

o

A

and for the concentration field
S
—K:E:—i-co. (4.24)

For the remaining dissipation term —j - Vu > 0, again Fick’s second law (4.15)
can be used. Introducing the stress (4.23)), the concentration field (4.24]) and the

mass flux (4.15]) into the mass conservation (4.3)) gives

S:é_

i
V. (M-V B
( WA

=0, (4.25)

while the conservation of linear momentum (4.5)) reads

S®S8, uS|
V. (C_T)'€+T =0, (4.26)

Equations (4.25) and (4.26]) are solved for the chemical potential p and the dis-
placement u. The requirement of C'-continuity on w is now relaxed by using the
(i, €) formulation, as can be seen from (4.26)), for which a standard C°-continuous

finite element formulation can be used.

4.2.4 Linear Isotropic Constitutive Model

A isotropic material model is considered for both mass diffusion and mechanical

problems. The isotropic mobility tensor is given by
M =MI, (4.27)

where I is the second order identity tensor and M is the scalar mobility coefficient.

The chemical strain modulus S is assumed to have the following form [71]
S =-—9KI, (4.28)

where K = % is the bulk modulus, A\, G are Lamé’s constants and v is the

partial molar volume of the material, which is the volumetric increase of a material
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by the introduction of one mole of other substance. The linear elastic stiffness

tensor C is expressed in terms of Lamé’s constants as
C=MN &I +2GT, (4.29)

where T is the fourth order identity tensor. Next, the computational homoge-
nization framework for the two-scale coupled diffusion-mechanics problem will be

presented.

4.3 Computational Homogenization

In this section, the computational homogenization of a two-scale coupled diffusion-
mechanics problem is presented. First, the separation of scales regimes are defined
for the mass diffusion and mechanics problems. Then, the governing equations at
the micro- and the macro-scales are presented. The boundary conditions on the
microscopic domain are defined through the constraints imposed by the downscal-
ing relations. Finally, the upscaling is performed via equivalence of the virtual
powers of the macro- and micro-scales providing the constitutive forms for the
macroscopic quantities.

The solution of the coupled diffusion mechanics problem on the fully resolved
heterogeneous domain, as shown in Figure[4.1(a), is referred to as direct numerical
simulation (DNS). Due to the computational expense of the DNS problem it is
preferred, when possible, to divide the problem into micro and macro scales and
solve a homogenized problem in a two-scale manner, as shown in Figure [£.1|(b).
The homogenizability of the DNS problem depends on the separation of scales,

which is discussed next.

4.3.1 Separation of Scales

The separation of scales can be defined through the material properties of the con-
stituents, their characteristic length and time scales, and the characteristic scales
of the physical phenomena under consideration [28]. For the coupled problem
studied here, coupled scales for the mass diffusion, have to be considered, while for
the mechanical phenomena a full separation of scales can be assumed. For more
details on separation of scales see for example [2§].

Mechanics: For the mechanical problem, a full separation of scales is adopted since

the microscopic characteristic length scales (¢; < {,,) are much smaller than the
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macroscopic characteristic length scale L, which is typically the length over which

the macroscopic fields vary over time i.e.,

where ¢, and ¢; are the characteristic lengths of the microstructural components
(matrix and inclusions, respectively) and L is the characteristic size of the macro-
scopic domain.
Mass diffusion: In the mass diffusion problem, the separation of scales can be
quantified based on the characteristic times associated with each material con-
stituent. The characteristic times for the matrix ¢,, and the inclusion ¢; can be
written as 2 2
Ly 1= D—’; and t; = 5: ,

where D,,, and D; are the mass diffusivity coefficients of the matrix and inclusions,

(4.31)

respectively. In the present work, a relazed separation of scales is considered for
the diffusion problem, which is a special case of coupled scales. In the regime of
relaxed separation of scales, the characteristic diffusion time of the matrix ¢, is
very small compared to the one of the inclusion ¢;, and the macroscopic loading
time 7"

tm < (T ~ t;) . (4.32)

A relaxed separation of scales is applicable to the homogenization of mass diffu-
sion problems in lithium-ion batteries, where the lithium-ions diffuse essentially
instantaneously through the electrolyte material (matrix) in contrast to the very
slow diffusion in the active particles (inclusions). The relaxed separation of scales
has a direct implication for the model reduction presented in section [.4] since it
allows the decomposition of the microscopic solution fields into the steady-state
and transient parts. The separation of scales also indicates whether the transient
terms in the conservation laws at the micro- and macro-scales should be included

or not. These conservation laws are stated next.

4.3.2 Conservation Laws at Micro and Macro-scales

Mass conservation: the mass conservation at the macro-scale reads:

V-j+é=0 in Q, (4.33)
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where j and ¢ are the macroscopic mass flux and the macroscopic rate of change of
the concentration field, respectively. To capture the time dependent mass diffusion
behavior inside transient inclusions, the mass conservation is considered at the
micro-scale:

V.j+é=0 in  Qg, (4.34)

where 7 and ¢ are the mass flux and the rate of change of concentration at the
micro-scale.

Conservation of Linear Momentum: For the considered problem, mechanical iner-
tia can be neglected, for which the macroscopic linear momentum balance equation
reads:

V.-dg=0 in (4.35)
where & is the macroscopic stress tensor. Given the full separation of scales for
the mechanical problem, the conservation of linear momentum at the micro-scale

also does not include transient terms neither and reads
V.o=0 in Q. (4.36)

where o is the microscopic stress tensor.

The constitutive equations for the macroscopic quantities &, 7 and ¢ are yet
unknown; in the computational homogenization, these are obtained through an
upscaling procedure. The boundary and initial conditions at the macro-scale are
given by the particular problem at hand. At the micro-scale, the constitutive
equation for o, 7 and ¢ are assumed to be known, as presented in section [4.2] The
boundary conditions at the micro-scale are obtained by downscaling relations,

which will be presented next.

4.3.3 Downscaling

In first-order computational homogenization, the microscopic fields are approxi-
mated as the first-order Taylor’s series expansion around a macroscopic point &.

The chemical potential ¢ in a microscopic domain 25 can then be written as

(&,t) + Vi(z,t) - [z — &)+ p(Z, x,t), (4.37)

p(e, x,t) =

=

where fi and Vi are the macroscopic chemical potential and its gradient, respec-
tively, and fi is the fluctuation field of the chemical potential at the micro-scale.

The latter is due to the difference in material properties of the constituents, and
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the transient loading conditions at the macro-scale. Similarly, the microscopic dis-
placement field w can also be expressed as the first order Taylor’s series expansion

around a macroscopic point &

u(Z, x,t) = u(xz,t) + Vu(z,t) - [z — =] + u(z, =, 1), (4.38)

|

where w and Va are the macroscopic displacement field and its gradient, respec-
tively, and u is the microfluctuation of the displacement field.

In computational homogenization, downscaling is referred to as the transfer of
macroscopic quantities to the micro-scale, as shown in Figure (b) Macroscopic
quantities which are to be transferred to the micro-scale depend on the physical
phenomena under consideration. For instance, in first-order transient computa-
tional homogenization, both for diffusion processes [8] and dynamics 38, [40], both
the primary macroscopic field and its gradient are transferred to the micro-scale.
In a steady-state/static computational homogenization scheme, only the gradient
information needs to be transferred to the micro-scale.

In transient computational homogenization, the first constraint on the micro-
scale solution is that the volume average of the microscopic primary field is enforced

to be equal to the corresponding macroscopic field

(n@.2,0) = (@.1),

<u(§;,w,t)> — a(z,1), 439

which, by using the definitions (4.37)) and (4.38)) a chosen positioning of the micro-
scopic domain such that (x — &) = 0, requires that the average of the microfluc-

tuations over the microscopic domain vanishes

(i@ 1)) =0,

<a<:z, z, t)> ~0. (4:40)

The second constraint on the microscopic solution fields is that the average of
the microscopic gradient fields should be equal to the corresponding macroscopic

gradients

(4.41)



Chapter 4. Enriched-Continuum for Multi-scale Transient Diffusion Coupled to
Mechanics

which by using equation (4.37) and (4.38) and the identity V(x — &) = I can be

written as

(4.42)

The last terms in the above equations, i.e., the average of the gradient of the
microfluctuation fields (Vi) and (V) should vanish to satisfy the requirements
(4.41). After applying Gauss’s theorem, these can be written as

/ pnda =0,
00n

/ u®nda=0.
905

where n is the outward unit-normal vector to the microscopic boundary 025 with

(4.43)

an infinitesimal surface area da.

Constraints (4.40) can be applied by prescribing the respective fields at one
point in the microscopic domain, along with the elimination of rigid body motion,
to the corresponding macroscopic field values. To apply constraints , specific
types of boundary conditions are used at the micro-scale. Typical choices for these
boundary conditions are (i) zero fluctuation boundary conditions or (ii) periodic

fluctuation boundary conditions as used later in this work.

4.3.4 Upscaling

Next, we discuss the upscaling relations which provide the constitutive equations
for the macroscopic quantities. In computational homogenization, upscaling refers
to the transfer of information from the micro-scale to the macro-scale by requiring
equality of the macroscopic and volume averaged microscopic (virtual) powers,
known as the (extended) Hill-Mandel conditions in the literature [9} 40, [67]. The
microscopic primary field ansatz e.g. , and , is then injected in the ex-
pression of the virtual power average and the macroscopic quantities are obtained
by applying proper boundary conditions.

Mass Diffusion: The micro-macro scale equivalence of the virtual power due to

mass diffusion
—Wﬁ.j+5ﬂé:<—wu-g‘+5uc>. (4.44)
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Substituting the variation of the microscopic chemical potential du using (4.37)) in
the right hand side of (4.44)) yields

;V@j+wé:<—V&uj—V&uj+mayVm-@—zﬁ+&m>44%)
Rearranging the above expression for du and d/i yields
;ij+&z:<—V&pu—dm—@»+m§+<—V&rj+&m>44%)

The last term in the above expression, after applying the chain rule and the diver-

gence theorem, reflects the weak form of the microfluctuation mass conservation
_ ~. . . 1 .
<—V(5u-]—|—5uc>:<5M(V-g+c)>——/ o1 - nda. (4.47)
V' Joag

The first term on the right hand side of the above expression is the weighted
residual of the microscopic conservation of mass (4.34), whose solution at the
micro-scale should vanish. For the prescribed zero microfluctuation boundary

condition or the periodic boundary conditions, the second term also vanishes and

equation reduces to
—Vdﬁ-jntéﬁé:—ﬁéﬁ-<j—c'(a:—5:)>+5/1 <c> , (4.48)
from where the macroscopic mass flux can be recognized as
3:<j—dm—i», (4.49)
and the rate of change of the macroscopic concentration as
¢ = <c> . (4.50)

The volume averages in equation (4.49)) and (4.50|) can also be converted to bound-
ary integrals using the divergence theorem and the microscopic mass conservation
(@.34)

-1
j=— Jn(x — ) da, (4.51)
Vv a0g
and .
¢=—— jnda . 4.52
V oo (4.52)

with j, = 7 - n the normal outward mass flux.
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Mechanics: In the absence of inertia effects, the standard Hill-Mandel condition
Viou:o = <V5'u, ; a‘> : (4.53)

applies for the homogenization of the mechanical problem. Following similar steps

as described above, allows identification of the (standard) macroscopic stress

&= <0'> , (4.54)

which can be converted to an expression in terms of tractions at the microscopic
boundary

o= L t,®(x—x)da. (4.55)

V' Joag

Once the solution to the microscopic problem (4.34) and is known, the
reaction mass fluxes j, and the reaction forces t, can be computed and post-
processed to obtain the macroscopic quantities j, ¢ and &. Next, we discuss the
solution procedure to obtain the reaction fluxes j,, and forces t,, through a reduced
order model, rather than the fully resolved model of the microscopic domain.

An alternative homogenization route is to average the dissipation, given in
equation , at the micro-scale and equating it to an assumed macroscopic dis-
sipation expression. For a first-order computational homogenization approach, the
ansatz in equations and can be inserted into the microscopic dissipa-
tion. Expanding and applying the required boundary conditions to eliminate the
fluctuation fields, the corresponding macroscopic quantities can be obtained along

with the weak forms of the balance laws at the micro-scale.

4.4 Model Reduction Leading to an Enriched-

Continuum

In this section, a model reduction of the microscopic coupled diffusion-mechanics
problem is presented. The microscopic chemical potential and displacement fields
are first decomposed into their steady-state and transient parts and reduced bases
are identified. The reaction fluxes and tractions, which are required to compute
the macroscopic quantities, are written in terms of the coefficients of these reduced
bases. Next, the expressions for the macroscopic quantities are derived explicitly.
Finally, an emergent macroscopic enriched-continuum formulation, which arises as

a consequence of model reduction at the micro-scale, is presented.
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4.4.1 Finite Element Discretization

Using the finite element discretization, the linear momentum balance (4.36)), the
mass conservation (4.34)) and the constitutive models (4.27)—(4.29)), the discretized
coupled diffusion-mechanics problem in terms of the unknown nodal values of the

chemical potential 1 and displacements w can be written as
[_(uuli‘l’Muuﬂ_l'I_{uu'u:_lna (456)

Koupi + K -t =1, (4.57)

where K ,,,, M ,,, K., and K, are the mobility, mass, stiffness and coupling
matrices, respectively, and K ,,,, = — [K w]T. The right hand sides j,, and t,, are
the vector of reaction fluxes and reaction forces.

In the computational homogenization framework, once the solution for the mi-
croscopic primary fields p and w is known, the reaction fluxes Jn and reaction
forces t,, can be computed. In a two-scale setting, this is an expensive task, espe-
cially in the transient regime, since it requires the solution of a coupled problem
at each macroscopic material point at each time step. Hence, an approximate
solution based on a model reduction technique is called for.

To apply the model reduction, instead of solving a coupled system of equa-
tion —, we first analyze each equation separately and then the coupling
effect is taken into account when the reduced bases are constructed. The homog-
enization conditions in equation amounts to kinematically constraint the
micro-scale to the macroscopic point & and requires the macroscopic chemical po-
tential i1 to be the average value of the microscopic chemical potential field p. In
a discrete setting, it can be achieved by prescribing the microscopic fields p and
u degrees of freedom (DOF), at a point @ in the microscopic domain, equal to
the corresponding reference values of macroscopic fields i and w. It is allowed to
fix the displacement field and the chemical potential at a point in the micro-scale
because all the material properties i.e., C, S, M and A are independent of these
solution fields. Also, the displacement field w at the micro-scale are defined up
to the rigid body motion and the chemical potential  can also be defined up
to a constant since the microscopic flux 7, given in equation , depends on
the gradient of chemical potential Vi and linear momentum balance, given in
equation , is not affected by adding a constant term to the chemical poten-

tial. In this study this point is chosen to be x; which is at the lower left corner
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of the rectangular microscopic domain. The constraint is satisfied by ap-
plying the periodic boundary conditions on the fluctuation fields i and w. Due
to the applied periodicity, the DOFs at the other three corner nodes, denoted as
points xo, x3 and x4, are also fully prescribed, while the rest of the DOF's in the
microscopic domain are considered free. More details on applying the boundary
conditions in a discrete setting for a scalar field like p can be found in [67] and
for a vector field like w in [43]. The discretized mass diffusion equation (4.56))

partitioned into prescribed ‘p” and free ‘f” degree of freedoms takes the form

Kpn Kyl \pe| (M Myl KR KL e

~ + ~ + . = -~

K K] W] (Mg Mag) [A] 0 [KG KL [w] [
(4.58)

Similarly, the mechanical equation after partitioning into its prescribed and free
DOF can be written as

K KU | |p K7, K| £ (4.50)
ki kif| v |Kh K] |w] |0

For the microscopic response, both the chemical potential y and displacement u

are next split into their steady-state and transient parts.

4.4.2 Microscopic Fields Decomposition

According to the relaxed separation of scales, the transient response of the sys-
tem evolves independently from the steady-state one. The steady-state response
depends on the macroscopic input parameters (i, @, Vi, and Va) through the
prescribed DOFs p? and w”, whereas the transient response only affects the in-
clusions that are part of the free DOFs. (In a discrete setting this requires that
the prescribed DOF's always reside in the matrix material so that the transient re-
sponse can evolve independently.) Consequently, the free parts of the microscopic
solution fields are decomposed into a steady-state and a transient part. The free

part of the chemical potential field can be written as

w =l + (4.60)

where 1/, is the steady-state and u{r is the transient part. Since the mechanical
response is coupled to that of the mass diffusion, the displacement field will also

evolve in time due to the change of the chemical potential. The free part of the
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microscopic displacement field w/ is also decomposed into its steady-state u/, and
transient y{r part
u = ul +uf, (4.61)

Next, the steady-state and transient reduced bases have to be determined for both

the chemical and mechanical fields.

4.4.3 Steady-State Response

The steady-state part of the micro-scale solution follows the macro-scale solution
instantaneously. To obtain the steady-state response, the discrete systems of equa-
tion (4.58) and (4.59) are written considering the steady-state contributions fis

and u,s only.

4.4.3.1 Mass Diffusion

Substituting the steady-state chemical potential field pgs in the second line of

equation (4.58) yields

b) I, f Ip; Irpyf fpo g g =of

Kptt? 4 Kyt + Mo i + My i, + Ky 07 + K, g, =00 (4.62)

Equation (4.62) is the evolution equation for uf,. Under the steady-state condition

it holds that
fo; frpf f y roqf —of

Mupy/p_}_Muugss—i_Kuz'g’p—i_Kﬂu'y’ss_,Q ) (463>

The steady-state part of the chemical potential jis5 can then be expressed in terms
of the prescribed DOF p? as

ply = Sihu’, (4.64)

where S /Jiﬁ = —[K ﬁﬁ]’lf_( ;{]Z is the Schur-compliment. When multiplied with the
macroscopic quantities S {Lﬂ provides the steady-state homogenized response for
the linear material model and thus can be considered as the steady-state reduced

basis for the chemical potential field.
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4.4.3.2 Mechanics

Similarly, to obtain the steady-state displacement field u/, the second line of equa-

tion (4.59) is considered

K[y + Kl + K -u+ K] -ul =0 (4.65)

Substituting expression (4.64)) for ﬁ{; in the equation (4.65) yields

f ffgf fo . . ul =of
Kuﬁ/ip_'_guugpigp—i_guz y,’p—i_Kuu y,’ssig ) (466>

from where the expression for w/, can be computed in terms of y? and u?

ul =S+ 8P, (4.67)

where S35, = —[K ) (K i + KIS0) and 85, = KK [,

uu — uu

4.4.4 Transient Response

As stated in section 4.4.2] due to the relaxed separation of scales, to identify the
transient reduced basis it is justified to use the free DOFs only. From equation
(4.58) with account for (4.64]), the free part of the discrete mass conservation

equation can be written as

Kl + Ml + KTl =0f (4.68)

and from equation (4.59) with account for (4.65)), the free part of the discrete

conservation of linear momentum can be written as

Kllpl + Kl ul =0, (4.69)
from where
ufl, = STl (4.70)

: -1
with Slf, = — [K{]] K.

Assuming that the transient part of the microscopic solution fields, ,u{r and

y{w can be expressed in terms of a set of reduced basis functions, the transient

chemical potential ,ufr is written in terms of these reduced basis functions @Lk) and
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the corresponding coefficients n,gk) as

IU/tT ~ Z q)(k T],u - er]/.l7 (471>

where i) ., 1s the matrix containing the columns of the reduced transient functions
@Lk) and N} is the number of reduced basis functions for the chemical potential,
which is much smaller than the total number of the free DOF Ny, i.e., N} < Ny
Similarly, the transient displacement field u,, can also be written in terms of the

reduced basis functions @Sf ) and their corresponding coefficients n&k) as

utr ~ Z ~u ?711. _unu' (472>

where N 4 1s the number of reduced basis for the displacement field. We will show
later that AV, 4 and N, , and n, and 7, are the same. The selection criteria for the set
of NV, basis functions will also be presented later. Next, the reduced basis functions
in equations and are identified using a spectral decomposition scheme.

4.4.4.1 Mass Diffusion

Substituting w!. from equation (4.70) into equation (4.68|) provides

K;fu]i:uﬁ{r + Mu,u,:utr - Qf ’ (473)
*
where M ;% =M ﬁfi—i— K /{{L§ {Li is the coupled mass matrix. The mass conservation
(4.34) is a parabolic partial differential equation which has a natural solution that
decays exponentially in time, i.e., yp = ®®*) exp[*o‘(k)t], substituting it in equation
(4.73) yields the eigenvalue problems
*

(KL — oMo =of, (4.74)
where &) is the k-th elgenvector and a® the associated k-th eigenvalue. For the
diffusion problem (4.34 , the eigenvectors are the chemical potential distribution
modes inside the domain and the corresponding eigenvalues are the inverse of a
k) _ 2m_

=2

decay /rise time, i.e., 7 %~ Normalizing the eigenvectors d*) with respect
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*
to the mass matrix M /f

- lj,lj, )
[@®]" M ITe® =1, (4.75)
yields
2] K [f2® = . (476)

*
The transient basis functions @ , in equation (4.71) can now be identified as the

eigenvectors ¢ obtained from the solution of the eigenvalue problem (4.74]) i.e.,

Ny .
ph,=> " oWn, = oy, (4.77)
k=1

where n*) can be interpreted as the modal amplitude, and 7 is a column of size

.

4.4.4.2 Mechanics

Substituting the expression of ,g{r from equation (4.77) in (4.70) provides the

transient mechanical response

Ny "
w, =y SLen® = sliey. (4.78)
k=1

with &, = S 1%@ Next, we reconstruct the total solution for the chemical po-
tential and displacement fields from their respective transient and steady-state

responses.

4.4.5 Linear Superposition

Substituting the expressions for fiss from (4.64) and fer from (4.77) into (4.60)),
the total chemical potential field at the micro-scale can be written as

B= s e = STEpP+ 2, (4.79)
where only the reduced basis ® is coupled to the microscopic mechanical problem
via the coupled mass matrix M % appearing in the eigenvalue problem (4.74]).

Similarly, the total microscopic displacement field w can be reconstructed by
substituting the expression for ug, from (4.67) and wu,, from (4.78]) into equation
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ie.,

U= U +uy = ST+ ST w + ST Py (4.80)

Both, the steady-state and transient parts of the microscopic displacement field
are coupled to the chemical problem as the coupling matrix K ,,, appears in the
matrices S {“’:, S 1% and Q*D Equations and shows that the micro-
scopic solution fields, p and u, are completely given by the chemical potential p?,
the displacement u? at the prescribed DOFs and the coefficients of the transient
reduced basis 7. Generally, in a two-scale setting, the microscopic fields at the
prescribed DOF's, where the microfluctuations i and w are zero, are given by the
macroscopic quantities, as can be seen in equation and . Therefore,
the only remaining unknown fields at the micro-scale are n which can be obtained

from the evolution equation, derived in the next subsection.

4.4.6 Evolution Equation

The time evolution of i can be obtained from the free part of equation (4.58))
f i oy Irpf f y r.onf —of
[—(Mﬂﬁp+l—(uuﬂ +Mﬂiﬁp+Mqu +KMZ'QP+KMU'Q’ =0, (4.81)

Substituting the expressions for y:f from equation (4.79) and u/ from equation

(4.80) into (4.81) and rearranging terms

(KJ@)n+ (M1 + KIS ®)iy=—(KL+ KIS

f ffaf frQfey, f frqf ;
_(M“z'f'M Sp"’Kuugu]:L)Ep_(Kuz_’_Kuuﬁu%)y’p (482)

=2 ppE pp

Using the definition S {Z’L = — [}_( iﬂ - K ﬁﬁ, the first term on the right hand side
of (4.82)) drops out. Pre-multiplying the remaining equation with [®]*, equation
(4.82)) is written as

(@ K@y + @] (M + K[LS]) @)=

= pu=up
— (@) (M b+ MISTE + KI1LSIE) i7 — (@] (K + KIS -4, (4.83)

2 pp= pp

which after using the normalization conditions in (4.75)) and (4.76]) takes the form

* *
an+n=— (Mﬁigp + K- @p) : (4.84)
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where,
ra — 11T (g S ffaf ffaf
MZI/)L_ [@] (Muﬁ+ﬂ—4#u§#ﬁ+£uu§u};) ) (4 85)
* * T .
K@ =[@]"(KIr+K/ISIh).

Equation (4.84)) is a set of N, decoupled ordinary differential equations (ODEs)
which represent the reduced order model for the evolution of diffusion-mechanics
behavior at the micro-scale. The right hand side of (4.84)) acts as the forcing term

to the set of ODEs in terms of macroscopic fields present in p? and u?.

4.4.7 Reaction Fluxes and Forces

Next, we write the reaction mass fluxes j2 and tractions t? in terms of the coeffi-

cients of the steady-state and transient bases functions.

4.4.7.1 Reaction Fluxes

The reaction mass fluxes j2 can be obtained from the first line of the discrete mass

conservation equation (4.58))

I f y f o f y fof = 5
KQp? + Kot + MOLAP + My o + K5, -4 + K, -4l = —j5. (4.86)
Substituting the expressions for ;/ and w/ from equation (4.79)) and (4.80) respec-
tively yields

Faf I : fafp; F &
K7LpP + K7LS e’ + K@ + MP " + MLS [P + My 1)

+ K7 uP+ KPS P+ KV STE i + KPS dn=—jb . (4.87)

Making use of gf = @7 in the free part of the mass conservation equation (4.73),
then pre-multiplying it with [§ {Lﬂ]T and using S ﬁﬁ = — [K rf rl K ﬁﬁ, with ac-

= pp

count for the symmetry of K ,,,,, replaces the third term K /%@ 7 in equation (|4.87)

. T * .
with [§£ﬂ] M,{,{@Q ie.,

o

T Y ffa : . g
K + KuS i + [Sun) My @i+ Mig e + MiLS i + My

+ K% -uP+ KPS P+ KL STE i + KPS on=—jb . (4.88)
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Now the steady-state constraint (4.63]), projected onto the prescribed DOF, should
be added to equation (4.88)). For projecting the steady-state constraint (4.63|) onto
the prescribed DOF, it is first pre-multiplied with [§ iﬁ}T, then the expressions of
the steady-state chemical potential from (4.64]) and the steady-state displacement
field from (4.67)) are substituted and finally the transpose of the whole expression
is performed
T % pp X . . *
K + KpuS i + [Sun) My @i+ Mip e + MiLS i + M@
+ K- u + KL ST+ KL STl + KULS 1+

. T . T .
ML + (S MILS i + [Si] KILS i+

KP Tspr,'p S /P TKffspr_'p:_~p 4.89
(K u] Sin) e+ | S]] KiShy| @ =g (489)

Rearranging terms gives the resulting reaction mass flux

* * * *
Jn = —Mn — Kp? — ML " — M7 - 4", (4.90)

where

* T * * * *
M? =[S M + MY ® + KPS
*

T
M PP :Mzi_i_Mpfop + MPprglr [ﬁﬁﬁ] MITgir

== pp e T R Ay Y = S g
T
Sir] K[lsir+ KT ST (4.91)

*

PP _ JCPP pf ¢ fp
L{uu_l—(w_"l—(wﬁw’

*

PP _ FPP »f Qfp 1T afp]” 1T gt afr]t
M = K+ K Ssi o+ |k sl + sk Kish] .

== pu == pu= uu == up= pp

4.4.7.2 Reaction Forces

Similarly, the first part of the equation (4.59)) provides the expression for the

reaction forces t? at the prescribed DOF

Kl + Koy + Ko’ + Ky, ul =t (4.92)

Substituting the expressions for /if and w/ from (4.79) and (4.80) into ([4.92)), gives

Ko+ KU Si + Kooy + K, - o

" =2 upt2 pp

+ K Sup’ + K5Sy, v+ K Sl on=1, (493)

u,
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which after rearranging for terms can be written as

* * *
t=Kyn+ Khp+ K5 -u, (4.94)
where
Kl =Ko+ KYSIIo,
- p faf faf
K =K% + K38+ KW S, (4.95)
K» =K + K Sk

In the expressions of reaction fluxes (4.90) and reaction forces (4.94), the only

unknown is 1 which needs to be solved for in combination with the evolution

equation (4.84), while u? and u? are written in terms of the given (prescribed)

macroscopic quantities.

4.4.8 Macroscopic Quantities

Next, the expressions for the macroscopic quantities &, j and ¢ are derived in

terms of macroscopic DOF, and the coefficients of the microscopic transient basis

n.

4.4.8.1 Macroscopic Flux
In the discretized form, the boundary integral (#.51)) of the macroscopic flux j can
be written as

n’

- 1
j=—[Az?]" 7 (4.96)
V
where Ag? = (x? — [PZ), with I is the column of ones with dimension (p x 1).

Substituting the expression for j7 from (4.90) in (4.96) gives

_ 1 * * * *

i=— 82" (M,’jjiﬁ + Ky + NP + M7 y) L (a9

which after substituting the discretized form of expression (4.37) for PP gives
pr=1"n+ Vi Ag?, (4.98)

and (4.38) for u? as
u? = [Pu+ Vu- AzP. (4.99)
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After rearranging terms, (4.97) takes the following form
G= "M 4+ MYV M+ MY Vi MY [Va] L (4.100)

Where, in the notation " A®, n is the tensorial order and e denotes the macroscopic

quantity to which the coefficient M belongs to. The coefficients on the right hand
side of equation (4.100) are given by

. 1 *
"M * v [Agp]T]\_/[ﬁi , (Row of N, 1st-order tensors (vectors))
— 1 *
27 Vi — [Aa?] T Ko Ag? (2nd-order tensor)
. 1 «
Ipgi = ~ [AQP]T]\_J%[}’ , (1st-order tensor)
— 1 *
IMVE = — [Az”] T Mo Az, (2nd-order tensor)
—. 1 *
SMYVY = . [AQP]T@M%@ JAV (3rd-order tensor)
(4.101)
where it has been taken into account that [Ag?] YK P = [Az?] * QMIEIP = 0.

4.4.8.2 Macroscopic Concentration Rate

In its discrete form, the expression for the rate of change of the macroscopic

concentration field ¢, equation (#.52)), can be written as

. 1
t=—= [ . (4.102)
v S
Substituting the expressions of u? and u? from equation (4.98) and (4.99) in equa-
tion (4.90)) for jh respectively, and then rearranging terms in expression (4.102)
gives
T

¢=["C’" i +°CHi+1CV* V20V [Va] | (4.103)

where the coefficients on the right hand side of equation (4.103]) are given by

[OQﬁ]T % [lp}TA_}ﬁZ, (Row of N scalars)
0CH = % [lp}Tﬂ_j[ﬁlep, (Scalar)
LoVE = % [ip}T]\_j[ZﬁAgp, (1st-order tensor)
20V = % Ljip}T_]\%ﬁﬁ@ Az? | (2nd-order tensor)

(4.104)
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where [ip}TI_*(ﬁﬂ,va = [LP}TI_*(%A:QP = [LP]T_J\*/I%B = 0 has been used.

4.4.8.3 Macroscopic Stress

Similarly, the expression (4.55)) for the macroscopic stress & in its discrete form

can be written as

=N

7= % [Az?]” ot (4.105)

Substituting the expression for the reaction forces ¥ from equation (4.94)) provides
1 * * *
o= [a2"]' (I_fﬁzg + K+ K y) : (4.106)

which after using the discretized p” and w? from equations (4.98) and (4.99) take

the following form
& =2C' +*C'i+°*CV" - Vi +1CV™ . Va)" . (4.107)

The coefficients in equation (4.107|) are given by

[2C"}T = % [A:gp}T@_I}fj‘i : (Rows of NV, 2nd-order tensors)
2CF = % [Az”] B @_I%ﬁﬁ[/p : (2nd-order tensor)
SCVr % [Az?] B @_I*('ﬁ’;@ Azl (3rd-order tensor)
Ve = % [Az”] * @_I%fjﬁ@ Az? (4th-order tensor)

(4.108)

g
e

4.4.9 Mode Selection Criteria

The microscopic fields p and u, given by equations (4.79) and (4.80)), can be fully

described by the macroscopic fields (fi, @), their gradients (Vji, V) and the
coefficients of the reduced bases 7. The size of the original eigenvalue problem is
equal to the number of free DOF N} present in the system, which provides the
complete set of eigenvectors ®. Owing to the fact that in diffusion problems the
lowest eigenvalues a®) are the most important ones, the eigenvectors correspond-
ing to the first (several hundreds) lowest eigenvalues could be taken as the reduced
basis. However, this would still entails a computationally inefficient scheme, since

in a two-scale setting, where 7 is solved at the macroscopic quadrature points
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as internal variables, solving hundreds of ordinary differential equations for the
internal variables would still require noticeable computational efforts. Therefore,

*

the reduced set of eigenvectors ® can be extracted from ¢ by taking into account
that the right hand side of acts as the forcing term and the modal coordi-
nate n®) corresponding to the forcing terms with a higher magnitude will have a
higher amplitude and therefore contribute more to the homogenized behavior at
the macro-scale. Substituting the expressions for the prescribed chemical poten-
tial 7 and displacement u” fields, equations and , in the evolution
equation (4.84) provides

an+1n=— (Mgf,'; [[Pli+ V- Az?] + K2 - [gpmvaﬂgp}) o (4.109)

which after using the definition of the coupling terms in (4.101)), (4.104)) and (4.108))

takes the following form

gg+@=—<°@’7p+ [U\?rﬁf-ﬁu [QQW}T:V&) , (4.110)
where 0C" = V (°C™), *M" = V(*M") and 2C" = V(2C"), and takes into account
that K* JdpIP = 09. The coefficients 0C%, 1M and 2C" couple the microscopic
transient behavior, in terms of n*), to the macro-scale fields. The higher the value
of a coefficient, the higher the contribution of the respective n®) to the macro-
scale behavior. This information can be exploited to identify a reduced set of eigen
vectors @_{*D The eigenvectors associated to Oéﬁ with a relatively high contribution
are identified using R

|0(]f77(k)|

— (4.111)
oA
max|C" |

Eogiw =

where | @ | is the absolute value of e. Similarly, for each component of 1]\2 " it can
be stated

1]/\Z[ﬁ’(k)
E g0 = I L NL‘ : (4.112)
max||' M|
and for each component of 2(:3" using
[I2Cr ]
Gty = ———=7— - (4.113)
T max L
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Then, a reduced eigenbasis ® can be obtained by requiring a minimum threshold
ee for a coefficient e, such that

Lognm = {(I)(k) € : Eogaw 2 €a},

Q=i = {o® € @ : B —nw = exzh,

* (4.114)
Logney = {@(k) € Evgpm = 6@},

* * * *
P =Dz U @11\7”‘<k> U @z -

For a macroscopic simulation, during an offline stage, individual threshold value

signifies the corresponding macroscopic quantity and it should be selected accord-

ingly.

4.4.10 Macro-scale Enriched-Continuum

The model reduction at the micro-scale leads to an enriched-continuum formula-
tion, as shown in Figure (c), at the macro-scale with 7 as the emergent (internal)
variables and the set of equations as their evolution equations. The de-
veloped reduced computational homogenization consists of two stages: an offline
stage and an online stage. For a specific microstructure with given material prop-
erties and the finite element matrices (equations and (4.57)), the offline
stage consists of the solution of the eigenvalue problem , the selection of
relevant eigenvectors using , and the computation of the coefficients for the
macroscopic quantities (4.101)), (4.104]) and (4.108)). Through the model reduction
of the microscopic problem, 7, each macroscopic material point entails
a set of N, decoupled ordinary differential equations, which are inexpensive to
solve. The evolution equations are to be solved during the online stage
along with the macroscopic conservation equations (4.33)) and (4.35)), the constitu-

tive equations obtained through the homogenization (4.100)), (4.103) and (4.107)).

All together this constitutes the enriched coupled diffusion-mechanics continuum

description as follows

103



Chapter 4. Enriched-Continuum for Multi-scale Transient Diffusion Coupled to
Mechanics

Macroscopic mass conservation:

V- j+¢=0
Macroscopic flux:

Macroscopic concentration rate:
¢=[°C" i+ °CH+ ' CYE - Vi 2OV [V
Macroscopic momentum conservation:
V.-5=0
Macroscopic stress:
g = [*C"]" n+2CPa+*CY - Vi +'CVe : [Va]'
Internal variable evolution:

~. . — 1T __. ~ 1T .
gﬂ+ﬁ=—(°Q”u+ ‘M| Vi T :Va)

Different solution methods can be adopted to solve the coupled diffusion-mechanics
enriched-continuum problem, depending on whether 7 is evaluated at the macro-
scopic quadrature points, leading to an internal variable solution scheme, or at the
nodes along with iz and w, which leads to a multi-field solution scheme. Numerical
analysis for the solution of the enriched-continuum formulation will be discussed

in a future contribution.

4.5 Numerical Examples

In this section, the proposed reduced order homogenization for coupled transient
diffusion-mechanics is analyzed at the micro-scale. First, the problem setting is
presented. The coupled transient bases are identified. Then, the microscopic fields
and macroscopic quantities computed with the reduced order homogenization are
compared with those obtained through the expensive, fully resolved, conventional
computational homogenization scheme. Finally, the computational efficiency of

the proposed reduced order homogenization is assessed.

4.5.1 Problem Setting

Lithium-ion battery electrodes are majorly composed of two components: the elec-

trolyte (matrix) and the active particles (inclusions). As an example, in this study
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~

(a)

Figure 4.2: (a) Two dimensional representation of a lithium-ion battery cathode-

electrolyte system with mono-dispersed circular active particles (inclusions); ¢ is
the characteristic size of the RVE and d is the diameter of the inclusions. (b) A
fragment of the finite element mesh corresponding to the area indicated by the box
in Figure [4.2(a). The full FE mesh consists of 25498 linear triangular elements
and 12494 nodes.

a cathode-electrolyte system is considered, in which the electrolyte is lithium hexa-
fluoro phosphate (LiPFg) and the embedded active particles are made of lithium
cobalt oxide (LiCOg). For simplicity, it is assumed that the active particles are
surrounded by the electrolyte only. All the other materials, e.g., the polymer
binders, conductive particles etc., are disregarded following similar simplifications
made in [97, [100]. The material and geometric parameters are listed in Table [4.1]
All material properties are assumed to be constant and do not change with the
chemical potential or stresses in the material. For a given material, the chemical
modulus A and the mobility coefficient M combine to form the diffusivity coef-
ficient D = AM of the material. The diffusivity D,, of the lithium-ions is much
larger in the electrolyte as compared to the diffusivity D; in the active particles,
indicating that the relaxed separation of scales holds for the considered
problem. It is assumed that the electrolyte material does not swell with the in-
troduction of lithium-ions. The active particles are spherical in shape, vary in
size and are placed randomly in the electrolyte which creates a poly-disperse het-
erogeneous medium [91]. In this example (for simplicity reasons), we consider a
two dimensional mono-dispersed heterogeneous medium, as shown in Figure [.2]
which is generated by a level set based random sequential adsorption method [52].
In the simulations, all the parameters were non-dimensionalized, the time was
normalized with respect to the characteristic diffusion time of the inclusion, i.e.,
t= t%’ the lengths are normalized with respect to the characteristic length of the

microscopic domain, i.e., & = 7, the chemical potential is normalized with respect
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to the maximum attainable chemical potential in the inclusion i = #L, where

fmax = Ni(Cmax — Co), the displacement field is normalized with respect to the
characteristic length of the microscopic domain, i.e., w = 7 and the stresses are
normalized with respected to the Young’s modulus of the inclusion E;.

The microscopic domain is excited by the chemical loading given in terms of
the macroscopic chemical potential i1 and the gradient of the macroscopic chemical

potential Vi as a function of time

A(t) = psinwt

m (4.115)
Vi(t) = Visinwt,

where w = 2% is the angular loading frequency, T is the time of one period and
[ = fimax and Vi = 0.1ptmay are assumed. Externally applied mechanical loads
to the micro-scale are neglected here. At the micro-scale, periodic boundary con-
ditions are used to satisfy the Hill-Mandel conditions for both the mass diffusion
and mechanical problems. The microscopic domain, shown in Figure [£.2|(b), is dis-
cretized with linear triangular finite elements. For time integration, the backward-

Euler method was used with a time step At =1 x 1073T'[s].

4.5.2 Reduced Basis Identification

After assembling the finite element matrices and applying the boundary conditions
at the micro-scale, the first step of the reduced order homogenization is the solution
of the coupled eigenvalue problem . This eigenvalue problem is solved for
the first two hundred smallest eigenvalues and the corresponding eigenvectors P.

Then, usrng the mode selection criteria given by equatron , the reduced
basis (I> € @ is based on the coupling terms °C"®) 1AL M and 267® with the
threshold value ez = eg; = ez = 0.1. The number of eigenvectors selected in
the eigenbasis iJ depends on the topology of the micro-structure, the strength of
the coupling in diffusion-mechanics and the material contrast between the matrix

(k) , there is a corresponding

and the inclusions. For each selected ergenvector D,
coupled mechanical eigenvector <I> = S/ <I> , both (ID and il'u are shown
for the considered micro-structure in a coupled manner in Figure [£.3] The ten
modes selected are not the modes corresponding to the 10 consecutive smallest
eigenvalues. The inclusions swell where the chemical potential is high, indicated
by the red regions inside the domain and the inclusions shrink where the chemical

potential is low, indicated by the blue regions. The modes have contributions
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Figure 4.3: eigenvectors ¢ , and &, are shown in a coupled manner: the color map indicates the chemical potential value and the
corresponding mechanical modes are indicated by the geometry change (swelling or shrinkage) of the inclusions. The displacement

field is scaled 5 times relative to the reference configuration. The quantitative contribution ¢®*) of the mode is defined in equation
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in the inclusions only, in accordance with the relaxed separation of scales. If
the material properties do not fulfill the requirements of relaxed separation of
scales then the eigenvectors might have contributions in the matrix and
consequently the proposed reduced homogenization method will not capture the
phenomena adequately.

Among the selected eigenvectors, shown in Figure [£.3] there is one eigenvector
with the highest relative importance of the eigenmodes in terms of their contribu-

tion to the macro-scale, which can be quantified by a measure £®*)

/\'7k
Hl]\477()

max||1Mn|| max||*C ||

~1,(k)
1{ |°C”
f(k) =3 | ,\,L +
max|'C’|

| IPC ™

(4.116)

where | @ | and || e || are the absolute value and Frobenius norm of a quantity e. In
this example, eigenvector numbered 7 has the highest contribution to the macro-
scale, while other eigenvectors in @_{*D make only small improvements in capturing
the phenomena. For a more detailed mode selection analysis, in the case of heat

diffusion, the reader is referred to [67].

4.5.3 Micro-scale Simulations

Next, we compare the microscopic fields computed by the model reduction method
and the (expensive) fully resolved finite element calculations. For the fully resolved
finite element analysis, the coupled system of equations f is solved for
p and w, directly on the finite element mesh of the considered RVE (b) For
the reduced model, the coefficients 7 are solved by using equation ; subse-
quently, the microscopic fields p and w, are reconstructed (localization operation)
by post-processing through equations and , respectively. Note that,
in a two-scale simulation the post-processing of microscopic fields p and u, is gen-
erally not done, unless the microscopic fields are also the quantities of interest
in addition to the macroscopic field. Figure 4.4 shows the contour plots of the
normalized chemical potential i and Figure 4.5 shows the contour plots of the
normalized hydrostatic stress opyq = % at time ¢ = 250A¢. The minor differ-
ences between the fully resolved solution and the reduced order model are due to

the approximate nature of the model reduction.
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| |
—23x 1072 —4.4x 1073 1.4 x 1072
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(a) Fully resolved f"® (b) Reduced order gf*OM (c) Error : %

Figure 4.4: Chemical potential field i = 1/ ftmax in the microscopic domain at time

step £ = 250A¢. (a) Fully resolved finite element solution " (b) reduced order

ROM ~FE_ ~ROM

solution /i and (c) the relative error with respect to their average W.

| [
—9.8 x 1074 —2.2x 1074 5.4 x 1074

- -

~ROM

SFE _
(a) Fully resolved &% (b) Reduced order 67OM (c) Error: ke Thud 5(’(’37*;1,2 ig’ﬁom
ONOhyd T hyd

Figure 4.5: Hydrostatic stress opyq = % induced at the micro-scale due to

diffusion mechanical coupling at time £ = 250A¢. (a) Fully resolved finite element

solution &5 (b) reduced order solution 6% and (c) the relative error with
O hya—Ohy

respect to their average 0B(oF E o0

4.5.4 Effective Macroscopic Quantities

Next, we compare the macroscopic quantities j, ¢, & computed with the conven-
tional transient homogenization and the developed reduced order homogenization.
For conventional computational homogenization, the fully resolved finite element
analysis of the coupled system of equations f is performed and then the
macroscopic flux j is computed using , the macroscopic concentration rate ¢
using and the macroscopic stress @ using , where the reaction fluxes
Jh and the reaction forces t? are post-processed using the expressions in and
, respectively. For the reduced model calculations, the eigenvalue problem

(4.74) is solved in the offline stage and the coupling terms in (4.101)), (4.104]) and
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Figure 4.6: Comparison between the macroscopic quantities computed with the
conventional computational homogenization (based on the fully resolved micro-
scale RVE analysis), shown in red, and the reduced order homogenization, shown in
blue. (a) Macroscopic mass flux j; in @; direction, (b) macroscopic concentration

rate ¢ and (c) macroscopic hydrostatic stress G,yq = Z45%22.

(4.108]) are calculated and stored. During the online stage, the evolution equation
({4.110) is solved for 7. Once 7 is known, the macroscopic quantities are calculated
directly from the expressions , and for the macroscopic mass
flux 3, the macroscopic concentration rate ¢ and the macroscopic stress @, respec-
tively. Figure shows the time evolution of the macroscopic quantities computed
with the (expensive) conventional transient computational homogenization (CTH)
method (shown in red) and the proposed inexpensive reduced computational ho-
mogenization (RTH) method (shown in blue). The reduced order homogenization
method shows an excellent approximation without any noticeable discrepancies.
The computational gains achieved with the reduced model are substantial. Ne-
glecting the off-line stage, motivated by the fact that for a specific microstructure
and set of material parameters the off-line stage only needs to be performed once.
Using Matlab 2018b on a computer with Core-i7 4.4GHz processor and 16Gb
memory, for the conventional computational homogenization the coupled problem
— takes approximately 5000 times more computational time than the
solution of the uncoupled ordinary differential equations . Next, we asses
the proposed reduced model with different value of coupling coefficient v and the

microscopic domain size /.
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Figure 4.7: The effect of the coupling term ~ on (a) the macroscopic rate term ¢
and (b) the macroscopic equivalent stress 7.,. The equivalent stress is calculated

as Oeqg = \/5%1 + G5y + 207,

4.5.5 Diffusion-Mechanics Coupling Effect

In diffusion-mechanics, the coupling is governed by the partial molar volume pa-
rameter v in equation . The higher the value of ~, the higher the coupling
will be. The constitutive equation has an upper limit of applicability since
the effective elastic tensor (*3 = (C — %) can become non-positive definite, which
will make the eigenvalues « equal to zero or even negative. However, for
the realistic material properties of the cathode in lithium-ion batteries, this is not
a problem since the upper limit for «y is 21 x 10~[mol m 3], which is much greater
than the physical value of v = 3.497 x 107%[mol m~3]. Figure shows the effect
of increasing the 7 value. The macroscopic rate term ¢ and the macroscopic stress
O increase as 7y increases in accordance with their microscopic counterparts
and , respectively. The proposed model reduction scheme captures the full
finite element solution very well, and hence for clarity the finite element solution
is not shown anymore. Next, we analyze the effect of the microscopic domain size

on the macroscopic quantities.
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Figure 4.8: Influence of the microscopic characteristic length scale { on (a) the

macroscopic concentration rate ¢ and (b) the equivalent macroscopic stress Ge,.

4.5.6 Size Effect

To measure microscopic size effect on the macroscopic quantities, the material
parameters are kept the same and the characteristic size of the microscopic domain
¢ is changed while keeping the inclusions size d the same or scaling it along with
the microscopic size. In the first case, the macroscopic quantities do not vary with
the changing RVE size. However, if the inclusions size d is scaled along with the
characteristic microscopic size ¢ the microscopic and the macroscopic quantities
change. For the later case, the normalized characteristic length of the micro-
scale is changed from (=1%x1021to ¢ =1x 10" and accordingly the inclusion
characteristic length from ¢; = 0.3 x 1072 to #; = 0.3 x 10!, respectively. As
expected, for the smaller microstructures (up to ¢ =1x10"" with 4; = 0.3 % 1071),
due to almost instantaneous mass diffusion in the inclusion at the micro-scale, the
averaged macroscopic transient effects are negligible as compared to the transient
effects computed with a larger unit-cell, as can be seen in Figure [1.§(a). For the
larger microstructural sizes the response is clearly size dependent. In particular,
the macroscopic stresses & are much higher for small microstructures compared
to the large ones. This is due to the coupling effect and the diffusion rate. For
smaller sizes, the chemical potential (and the concentration of a species) increases
in the inclusion domain, which causes the inclusions to swell and produce higher

stresses on average. Conversely, when the micro-scale size is increased, within the
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Figure 4.9: Hydrostatic stress field op,,q = % at the micro-scale with different

microscopic sizes /.

same time period, the mass diffusion happens to the outer layer of the inclusions,
swelling only that part of the inclusions, which creates higher local stresses, as
can be seen in Figure 4.9, However, due to overall increase in the volume of
the microscopic domain and the small relative volume of high stress regions, the

macroscopic volume average stresses decrease, as can be observed in Figure

4.6 Conclusions

In this work, a model reduction based homogenization technique for coupled
diffusion-mechanics problems has been presented. A formulation based on the
chemical potential and linear strain field is derived, which eases the implemen-
tation since it only requires a C°-continuous discretization. This is in contrast
with the conventional formulation used in diffusion-mechanics based on the con-
centration and strain fields, which requires a less convenient C'-continuous finite
element formulation. For the homogenization of the coupled diffusion-mechanics,
the equivalence of the virtual power for mass diffusion (extended Hill-Mandel con-
dition), and the virtual work of internal forces (standard Hill-Mandel condition)
are used for the diffusion and mechanical problems, respectively. A model reduc-
tion technique, inspired by the dynamic mode synthesis approach, is developed for
the coupled system of equations relying on the linearity of the problem and the
relaxed separation of scales. Accordingly, both the microscopic chemical potential
and displacement fields are split into their steady-state and transient parts. Using
static condensation, a reduced basis is first identified for the steady-state fields.
Then for the transient part, a coupled eigenvalue problem is solved for the free part
of the system. The expressions for the macroscopic effective quantities, i.e. , macro-

scopic flux, rate of change of concentration field and the macroscopic stress, are
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finally obtained. As an emergent result of the model reduction at the micro-scale,
a coupled diffusion-mechanics enriched-continuum is obtained, in which the fully
resolved microscopic coupled system of equations is replaced by a set of ordinary
differential equations which are computationally inexpensive to solve. Numerical
examples are presented, and a comparison is made between the fully resolved fi-
nite element calculations and the reduced order model for the cathode-electrolyte
system of a lithium-ion battery. The proposed reduced order homogenization has
been shown to capture the coupled behavior with an excellent accuracy and largely
improved computational efficiency.

Possible extensions to the current work are:

e two-scale implementation of the coupled diffusion-mechanics enriched-continuum,
which can be compared to direct numerical simulations;

e nonlinear regimes, both for elasticity and mass diffusion, can be analyzed,
for example, by using model reduction technique with modal derivatives in
combinations with a discrete empirical interpolation for the nonlinear forcing
terms [102];

e inelastic regimes and large deformations can be performed by using appropri-
ate model reduction methods, e.g. using proper generalized decomposition,

at the micro-scale [10].
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Abstract

In this paper, we propose a data-driven reduced homogenization technique to cap-
ture diffusional phenomena in heterogeneous materials which reveal, on a macro-
scopic level, a history-dependent non-Fickian behavior. The adopted enriched-
continuum formulation, in which the macroscopic history-dependent transient ef-
fects are due to the underlying heterogeneous microstructure is represented by
enrichment-variables that are obtained by a model reduction at the micro-scale.
The data-driven reduced homogenization minimizes the distance between points
lying in a data-set and points associated with the macroscopic state of the ma-
terial. The enrichment-variables are excellent pointers for the selection of the
correct part of the data-set for problems with a time-dependent material state.
Proof-of-principle simulations are carried out with a heterogeneous linear material
exhibiting a relaxed separation of scales. Information obtained from simulations
carried out at the micro-scale on a unit-cell is used to determine approximate values
of metric coefficients in the distance function. The proposed data-driven reduced
homogenization also performs adequately in the case of noisy data-sets. Finally,

the possible extensions to non-linear history-dependent behavior are discussed.

5.1 Introduction

Transient mass diffusion phenomena in heterogeneous materials are prevalent in
engineering applications, for example, Lithium-ion batteries [60], polycrystalline
materials [B], diffusion in porous gels [59], etc. For their analysis, numerical meth-
ods like finite elements in conjunction with transient computational homogeniza-
tion [8, @] are used. Computational homogenization represents the heterogeneous
domain by a homogeneous macro-scale and a heterogeneous micro-scale and solves
the transient diffusion phenomena in a coupled two-scale setting. Despite the fact
that the individual micro-scale constituents might reveal instantaneously linear
behavior, the homogenization of transient mass diffusion phenomena in hetero-
geneous materials provides an emergent non-Fickian diffusion behavior [66] [103].
This lagging and history-dependent diffusion behavior obtained at the macro-scale
is due to the transient nature of the mass diffusion occurring at the micro-scale.
Diffusion in a heterogeneous material, consisting of inclusions embedded in a ma-
trix material, can be characterized by a characteristic loading time 7', a charac-

teristic diffusion time for the inclusions 7; = d*/D; and a characteristic diffusion
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time for the matrix 7, = ¢2/D,,, where d is the inclusion size (e.g. diameter), £
is the characteristic size of the representative microscopic domain (e.g. the unit-
cell), D; and D,,, are the diffusivity constants for the inclusions and the matrix,
respectively. In the regime of the relaxed separation of scales (7, < 7, ~ T),
the non-Fickian behavior at the macro-scale is due to the slow diffusion inside the
inclusions. This gives rise to a lagging behavior at the macro-scale, which is more
prominent in the macroscopic storage term than in the diffusion term.

The homogenization in transient regimes is generally computationally very ex-
pensive. In previous work [67], a model reduction technique, based on component
mode synthesis [42] 43] was developed for transient diffusion phenomena in hetero-
geneous materials with linear material properties in the relaxed separation of scales
regime. The microscopic primary field variable was decomposed into a steady-
state and a transient part. Model reduction was achieved by solving an eigenvalue
problem and selecting only a few eigenvectors in the reduced bases set. When
projected onto the reduced bases subspace, the discretized mass balance equa-
tion at the micro-scale provides a set of ordinary differential equations in terms
of the activity coefficients of the eigenvectors. At the macro-scale, the macro-
scopic initial boundary value problem, the ordinary differential equations of the
activity coefficients, and the effective, homogenized, constitutive equations entail
an enriched-continuum description, where the activity coefficients are the emerg-
ing enrichment-variables. These enrichment-variables can be treated as separate
fields or as internal-variables, as used in the constitutive theories involving internal
variables [104]. This method was later extended to coupled diffusion-mechanics
phenomena [105], where diffusion induced stresses were correctly captured with
the reduced method. The major limitation of the enriched-continuum formulation
is the fact that it relies on the linear material models at the micro-scale to obtain
the well-defined eigenvector reduced bases by solving an eigenvalue problem.

In this work, a further extension of the enriched-continuum formulation is pro-
posed, which we call data-driven reduced homogenization. It combines of the
model reduction at the micro-scale to obtain enrichment-variables playing the role
of internal-variables, and the data-driven framework, which was first proposed
in [106].

The data-driven computing [106] eliminates the need for a material model in
computer simulations and instead directly uses raw data obtained from e.g. ex-
periments or micro-scale simulations. In essence, the data-driven method tries to

find a point in the data-set closest to the physical-state of the material obeying
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compatibility and the balance laws (or vice-versa). It was further extended to
noisy data-sets [107], dynamics [I08] and inelastic material behavior [109]. Data-
driven computational homogenization, was proposed in [110, 111], where the ex-
pensive micro-scale calculations were performed first to generate data containing
homogenized quantities in an off-line stage, while in an on-line stage, the homoge-
nized macro-scale problem was solved using the data-driven approach. It was also
showed that the search through the data-set is much more efficient than solving
micro-scale problems in a coupled manner.

The data-driven approach proposed in [106] is fundamentally different from
other data-driven methods used in mechanics, where the data is typically used
to learn the behavior of the material in terms of a stress-strain relationship or
an energy potential. Classically, this learning process involves linear/non-linear
regression through, experimentally collected, data points to build a model. The
regression analysis has recently been replaced by techniques such as artificial neu-
ral networks, deep learning, etc., borrowed from the field of data science. For
example, [I12] employed a data-driven method that uses artificial neural networks
to obtain a decoupled and efficient computational homogenization for non-linear
elastic materials by approximating a density energy function. For a data-set with
few points, a data-driven inverse problem was proposed in [113] to recover the
entire constitutive manifold. Notably, [I14] developed a multi-scale data-driven
method using recurrent neural networks, which can capture the history-dependent
behavior for plasticity and replaces the micro-scale calculations with a surrogate
model. Detailed reviews for modern data-driven model building techniques can be
found in [I15HIIS].

The data-driven reduced homogenization, that will be proposed in this work,
entails three stages, i.e. (1) model reduction, (2) data-generation, and (3) data-

search.

1. The model reduction at the micro-scale, depending on the material models
of the constituents, can be applied to the discrete mass balance equations. It
can be categorized as a pre-processing stage. In the context of data-driven
reduced homogenization, the central goals of performing model reduction
at the micro-scale are to be able to (i) solve a large number of micro-scale
problems in a computationally efficient manner during the data-generation
stage and (ii) obtain internal-variables to represent the effect of the micro-
scale transient behavior at the macro-scale. For the materials with memory,

the internal-variables approach provides a computationally efficient way to
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keep track of the history dependence [109], hence, easing the computational

efforts later in the data-search stage.

2. The data-generation stage involves the solution of many micro-scale prob-
lems, post-processing, and storage of the results in the form of the macro-
scopic conjugate quantities. The data-generation stage is typically an off-line
stage. To ensure that the data-set contains representative values of conju-
gate quantities involved in the problem, the micro-scale should be probed

under different loading conditions with different frequencies.

3. Finally, the data-search is carried out to find an optimum point that re-
flects the minimal distance from the current physical-state of the material,

satisfying balance equations.

In this work, following [106], 109, 119], a staggered distance-minimizing data-driven
solver is adopted. It iteratively minimizes a quadratic distance function, defined
on the material phase-space, while looking for a point in the data-set. The com-
patibility of the macroscopic primary field is enforced directly and the macroscopic
balance law is enforced with the help of Lagrange multipliers. To find the physical-
state of the material, the stationarity conditions are obtained and then solved by
taking all possible variations of the Lagrangian function. Then, the search through
the data-set is performed by an array indexing lookup operation. The data-search
stage constitutes the on-line stage. The material models (linear) are known at the
micro-scale and the data-driven approach is applied to the macro-scale only. Un-
like usual finite element formulation, where the structure of the problem is highly
dependent on the material model, the structure of the data-driven formulation is
independent of the underlying material behavior (linear or non-linear). Hence, it
can easily be extended to the non-linear history-dependent diffusion problems. In
this preliminary work, the analysis is limited to the linear material behavior, and
the results are compared with the reference enriched-continuum formulation [67],
while the data-driven reduced homogenization approach for non-linear materials
will be analyzed in future work. The novel contributions in this paper are:

e introduction of data-driven reduced homogenization for macroscopic history-

dependent linear diffusion behavior;
e capturing the emergent macroscopic diffusion history dependence via enrichment-

variables in the data-set;
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e proposing a methodology to evaluate optimal numerical values of the coef-
ficients in the distance function based on the information from micro-scale

simulations.

5.1.1 Outline

The diffusion enriched-continuum formulation and model reduction for linear ma-
terials are briefly presented in Section [5.2] The data-driven reduced homogeniza-
tion is derived in Section [5.3} first, the data-set and phase-space are defined; next
the solution procedure and the algorithm is elaborated for a distance minimiz-
ing data-driven solver. All stages of the data-driven reduced homogenization are
evaluated with numerical examples in Section [5.4], where after setting up the micro-
scale and macro-scale problems, the data-generation is performed by micro-scale
simulations. An important discussion is made on the selection of numerical values
of the coefficients in the distance function and the performance and convergence
of the proposed method is assessed with a noisy data-set. Future perspectives,
along with an outlook to extend the proposed data-driven reduced homogeniza-
tion method to non-linear history-dependent diffusion materials, are presented in
Section and finally the conclusions are given in Section [5.6]

5.1.2 Symbols and Notation

Macroscopic quantities are represented with a bar on top: for example scalar,
vector and second-order tensor macroscopic quantities are written as @, @, and A,
respectively. Microscopic quantities are represented without a bar; microscopic
scalar, vector and second-order tensorial quantities are written as a, a and A,
respectively. The same Cartesian basis e;,7 = 1,2,3 is adopted at the macro-
and micro-scales. The dot products between two vectors, and between a second-
order tensor and a vector are represented as a - b := a;b; and A - a = A;;a,e;,

respectively. A tensorial dyadic product is denoted as a ® b := a;bje; ® e; and

A®a = Ajae; ®e; ® e, The gradient of a scalar and a vector is defined
_ D . dai o .
as Va := jte; and Va := o, €i @ €j. Similarly, the divergence operates as
. A . .
V. .a = % and V - A := —-e;. For linear algebra operations, columns are
3 3

represented with a tilde underneath a lowercase letter, e.g. a, and matrices are

represented with a bar underneath an uppercase letter e.g. A.
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5.2 Enriched Continuum for Diffusion Problems

Assuming that the micro-scale material properties and microstructural topology
are known, the non-Fickian behavior at the macro-scale can be captured through
a multi-scale approach such as transient computational homogenization [8], 9] 66].
For diffusion problems, the macroscopic behavior, in terms of the macroscopic
chemical potential i as the primary unknown field, is obtained by solving a macro-

scopic transient mass balance equation

V- j+¢=0, in Q,
at=0)=f,, in Q,
. _ (5.1)
ﬂ:ﬂv on aQﬁ?
—j"ﬁ,:j, on 8@5.

where 8(_2,3 and 8@3 are the Dirichlet and Neumann sub-parts of the macroscopic
boundary OS2, respectively, and 7 is the outward unit-normal vector, ; is the
prescribed mass influx and /i is the prescribed macroscopic chemical potential. The
explicit expressions for the macroscopic constitutive equations of the macroscopic
mass flux j and the rate of change of macroscopic concentration ¢ are not known
and these are to be determined through homogenization, based on the micro-scale
material behavior and morphological information.

The micro-scale problem is described by the balance equation
V-j+e=0, (5.2)
with the known constitutive equations given by
j=—-M-g, where g = Vo and p = A(c — ¢), (5.3)

with M the mobility tensor, A the chemical modulus and ¢y the reference con-
centration. The material properties are assumed to be known for each micro-
structural constituent. Transient computational homogenization involves down-
scaling and up-scaling steps: the former consists in imposing the governing macro-
scopic quantities (fi,g), with g = Vi, on the micro-scale domain, and the latter
involves the computation of the effective conjugate quantities (j,¢), after solv-
ing the transient fully resolved micro-scale problem which can be computationally

rather expensive.
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In the relaxed separation of scales regime (requiring that the characteristic
diffusion time of the matrix 7, is much smaller than that of the inclusion 7;
which is of the same order of magnitude as the characteristic loading time T
i.e., T, < 1; ~T), for micro-scale constituents with a linear material behavior, a
reduced model has been proposed in [67]. Whereby the computationally expensive
solution of the transient micro-scale problem is replaced by an inexpensive solution
of a set of ordinary differential equations at the macro-scale by using computational
homogenization along with component mode synthesis. A similar approach can be
adopted for transient mass diffusion problems in heterogeneous materials. First,
discretized (e.g. using FEM) the microscopic chemical potential field p can be
decomposed into its steady-state [hss and transient fur parts. Next, an Eigenvalue
problem is solved at the micro-scale to obtain the reduced eigenmodes (@, where
q = 1,2,..,N,, with N, are the reduced number of eigenvectors. Finally, the
microscopic discretized problem is projected onto the subspace of the reduced

eigenbasis yielding a decoupled system of first-order ordinary differential equations

QI *

QI *

n+an=—-di—a-g. (5.4)

where 7 is the column of the modal amplitudes, having the meaning of activity

coefficients or reduced degrees of freedom 7(?, o is the diagonal matrix of eigen-
values a@ | and @@ and d@ are the coefficients that couple the micro-scale to
the macro-scale. Projection onto the reduced degrees of freedom, also provides the

expression for the macroscopic constitutive equations of the macroscopic flux

j=-a'h-B-g-¢ci-C-g, (5.5)

and the rate of change of the macroscopic concentration

1]

Th+e-g+fu+f-g. (5.6)

cC =

At the macro-scale, equations (5.1), (5.4)), (5.5) and (5.6) present a diffusion

enriched-continuum with nas the column of enrichment-variables. The effective co-
efficients (@, B, ¢, C) and (d, e, f, f) are the linear maps between the macroscopic
quantities (7, g, i1,g) and (j, ¢), respectively. Their magnitudes and directions de-
pend on the microstructural material properties and microstructural morphology.
The reader is referred to [67] for a detailed derivation of the enriched-continuum

formulation in the context of transient heat conduction, and to the Appendix
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for the expressions of the effective coefficients used in equations f and
the numerical implementation of the enriched-continuum for mass diffusion prob-
lems. The enriched-continuum formulation has also been extended to transient
mass diffusion problems coupled to mechanics in [105].

equation and ¢ = é(ﬁ’ g, [i,g) in equation (5.6)), allows to capture the complex
history dependence. The enrichment-variables 1) play similar role to the internal-
variables used in the constitutive theory of inelastic materials [I04]. However, here
the macroscopic model is non-classical one since the storage terms ¢ also depend on
the internal-variables, which is usually not the case for inelastic materials. In the
data-driven approach, n can serve as an indicator in time for the selection of the
conjugate quantities, hence capturing the history-dependent behavior efficiently.
On the other hand, if instead of an enriched-continuum, the standard transient
computational homogenization scheme [§] would be used for the data-driven ap-
proach, there would be no internal-variables 7 at the macro-scale. Instead, it would
require the storage of the complete history of the discrete microscopic fields /i(t)’
for the corresponding macroscopic quantities (fi,¢, g,7) together with the data.
The data-search stage would then consist of searching through the entire history
of the discrete microscopic fields p up to a given time ¢. This would consume
an enormous amount of computer resources for data-generation, data-storage, and
data-search. Hence, the extraction of an enrichment-variable like quantity through
the model reduction at the micro-scale is a crucial step towards an efficient data-
driven solver for transient diffusion problems in heterogeneous materials. In the
next section, the data-driven homogenization for transient diffusion problems with

history effects is formally derived.

5.3 Data-Driven Reduced Homogenization

In this section, the data-driven reduced homogenization is derived for transient
diffusion problems with history effects at the macro-scale. First, the notions of
data-set and phase-space are presented. Then, a specific class of data-driven solver,
i.e. a distance minimizing data-driven solver, is chosen for the current implemen-
tation, which results in a double minimization of the distance function. Next, the
solution procedure using a staggered scheme is presented and finally, each step

involved of the data-driven simulation algorithm.
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For the sake of simplicity, a temporally and spatially discrete macroscopic prob-
lem is considered. The time is discretized by backward-Euler scheme, in which a

rate term F can be approximated by

- f‘n+1 _JT_'n

F=r (5.7)

where At = t"*1 — " is the time increment between the current t"*! and previous
" time instance. Spatial discretization of the domain € is performed by finite ele-
ments containing m = 1,2, ..., M material (integration) points and i = 1,2, ..., N/

nodes. The notations and terminologies adopted here, follow from [109], 121].

5.3.1 Data-Set and Phase-Space

The data-driven reduced homogenization relies on a data-set generated by micro-
scale reduced-order simulations. The choice of the macroscopic quantities to be
stored in the data-set depends on the expressions of the constitutive equations
f and the data extracted from the micro-scale simulations. Here, we
choose to store all quantities and their rates (except for the flux rate). The local

data-set

Dos = { (s s Gos Gos o o'+ G o) | (5.8)

is available at each material point m of the macroscopic discrete model at each
time instant t"*!. In the prime o' differentiates between a quantity e be-
longing to the physical-state of the macroscopic material or to the data-set D,,;
ngp is the total number of data-points obtained from the micro-scale. However, it
should be noted that after the data-generation stage the homogenization model is
disregarded, and thereafter data-driven problems solely rely on the data at hand
collected in (5.8). The local data-sets D,,, in general, can be different for each
macroscopic material point m. Collectively, from all the material points, the total

number of data-sets available in a discrete system represent a global data-set
D =Dy X Dy x..x Dy. (5.9)

The physical-state of the material at the homogenized macro-scale can be char-

acterized by a point in the local phase-space Z™t!

. . - . n+1
Z’rrrbz—i_l = <p“m’ ﬂmagmvgm’ﬂm’ﬂﬁ7jm> Em? Em) 6 Z77rlz+1 ) (510)
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evolving in time, whereby the dimensions of the phase-space are dim(Z"!) =
R! x R! x R* x R* x RMe x RV x R% x R' x R', in which sd is the spatial
dimension of the problem under consideration. Once combined, all the local states

21 make up the global physical-state

m

1 . . - . n+l y M 1
= (s s G G s T G Gs )} € 2700 (5.11)

m=1

in the global phase-space 2"t = Z* x ZI*! x .. x Z'. The physical-state of

1

the material 2"*! at the macro-scale should obey the macroscopic compatibility

and the discrete macroscopic mass balance laws at each time instance t"*!.
For each material point, in an element of the discretized macroscopic domain,
the compatibility is expressed in terms of the discretized macroscopic chemical

potential, defined at the nodes "' as

N
gt => VNt (5.12)
=1

The macroscopic mass balance (/5.1]), once discretized in space and time and after
applying the Dirichlet and the Neumann boundary conditions, reads at each node

i and time instance t"*! as

m 1 ’

M M
A W VN T Y wn N (@ — &) = — At (5.13)
m=1 m=1
where: = 1,2,...,N. In equations and , w,, contains information
regarding quadrature weights and the volume of the elements, VN,,,; is the gradi-
ent of finite element shape function N,,; evaluated at integration point m. Here,
for the sake of simplicity of the notation, the finite element shape functions N
and their gradients VN, are defined globally on the whole finite element mesh.
Here, it should be noted that the macroscopic flux 7, as well as the concentration
Cm, 1N equation , are the constitutive quantities which are evaluated at the
material points. The primary unknown field is ji; defined on the nodes. This is
different from the typical finite element discretization of the mass balance equation
in which usually the concentration field are assumed primary unknown field. Note
also that similar expressions could be obtained by alternative spatial discretiza-
tion techniques. The compatibility and the terms in the macroscopic mass
balance law are coupled through the data-set D,,. Through this coupling

the discretized macroscopic chemical potential ™! is solved at the nodes. The
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compatibility (5.12)) and the balance law (5.13]) pose restrictions on the state z"*!

of the material, hence constraining the phase-space Z"! as

E" = {2 ¢ 7" compatibility (5.12]) and macroscopic mass balance (5.13)} .
(5.14)

5.3.2 Distance Minimizing Data-Driven Problem

A distance minimizing data-driven problem, as introduced in [106], seeks a com-
patible and equilibrated material physical-state z"** € E™*! that has a minimum
distance to a point in the global data-set D. To work with a distance, first the

local phase-space Z"™! is equipped with a local norm

|ZZL+1| — [% lém(ﬂn+1) 1 QC ( n+1) 1 3C ( n+1) 1 4C ( n+1> +

%(nnerl)T 5C (nzjl)_i_ 2(nn+1)T GC ( ;+1) 1 7C ( n—H) +

-~ ~m

N[ =

"Cn (T ) + 3 "Cr(E |7, (5.15)

N[ =

where “C,, with J = 1,2,...,9 are the coefficients which non-dimensionalize the
measure and do not represent any material property. The coefficients °C,,
and °C,, are diagonal matrices of size N, x N,. The numerical values of these
coefficients are important for the numerical convergence of the data-driven prob-
lem and will be discussed in Section m Each term in the measure is
quadratic, which, under the linear constraints of compatibility and equilibrium,
leads to a convex optimization problem. Then, locally, at the material point level,

the distance between two points y, 2"+ € Z™! can be measured as
(2 ) = Lzt =yt (5.16)

The global norm can be obtained by taking squares and integrating the local

norms over the entire domain

1

M
2" = (Z wm|zfn+1|2> : (5.17)
m=1
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which metrizes the global phase-space Z. Consequently the global distance from

a point y" 1 € Z"! to 2"t € Z™ is measured as
4=,y = [0 - . (.19

The distance minimizing data-driven problem is then written as a double mini-

mization
. : n+l  n+1\ : +1  n+1
min min  d(z"",y"") = min min d(z"" y" . (5.19)
yntleD zntlepntl zrtlepntl yntleD

It aims to find a point y™™! in the global data-set D which is closest to a compat-
ible and equilibrated material state E"*!, or equivalently, find a compatible and
equilibrated material state ™! which is closest to a point 4™ in global data-set
D while both minimizing the global distance function d(z"*1, y"1).

The double minimization problem is a combination of continuous and dis-
crete optimization problems, the former over the continuous manifold E™*!, the
latter in the discrete data-set D. It has a combinatorial complexity, since for each
material point m contributing to the global distance-function ({5.18]), ng, points
can be evaluated and the minimum should be chosen among those. To efficiently
solve this computationally intensive combinatorial problem, following [119, [121],
a staggered solution scheme is adopted here which freezes the continuous mini-
mization problem while solving the discrete one and vice-versa. It assumes at an

iteration £ the optimum point in the data-set y"Jrl € D to be known and finds

a closest state z; 7| € E"*! to that data-set point. This first step represents a
projection operation z,?jfll = PEn+1§,€”+1, where Pgn+1 denotes the closest point

projection from D onto E™*!.

Subsequently, in turn, the point z,?ill can be used to find the closest point in

the data-set for the next iteration yk = szzjll, where Pp denotes the closest
point projection from Z"*! onto D. The iterations are continued until there is no

other optimum point in the data-set to choose i.e. PD,Zkle = PDz”“.

5.3.3 Solution Procedure

*n41

Assuming a known minimizing point ;" € D, the projection z,?jfll Pgn+1 y”“

followed after mlnlmlzmg the quadratic distance function d*(e, "H) subject to the

constraints 2) and (j5.13] . The compatibility is imposed directly by introducing
the chemical potential ﬁeld as in equation (5.12)) and the discrete mass balance is
enforced by using Lagrange multipliers A?*! at the nodes. The Lagrangian can be
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written as

—n+1 M = * ’ — MnJrl ﬂ * ?
27 S e (St <) 4 (S )
nt+l _ -n

2 2
ZVNmzN?H *n+1> +%4@ <ZVNW/M N o grrzzﬂ) +

=1

(I
w
QA
3
-~
z

2 nnerl - nm ?
1°C,, (n?n“ nﬁfl) +16¢,, (At — — 7722“) +
I S A f N2 1ea (T e N
L . (jﬁ _jn’;l-"-l) +1 8. (Eyl _ EW?H) +1 9%, ( m N m En?-i-l) I
N M M A\
> K_At > w0 VN G N wn Nowa (@7 — ) + Aty ) A?H] , (5.20)
=1 m=1 m=1

where the rate terms in the distance function are approximated using the backward-

Euler time discretization introduced in (/5.7)).

Next, to find the stationarity conditions for all the variables appearing in the
Lagrangian (5.20)), it needs to be perturbed with respect to the admissible fields
St 577”“ 53t sevtt AT These stationarity conditions are discussed next,
one-by-one. The perturbation with respect to the macroscopic chemical potential

field *', discretized at the nodes, provides,

. azn+1
St PG =0 =
M 3 25
> W | Nows ( 'Cr + ) Z Nnj+V Ny ( Con + ) Z V N | 17 =
m=1
QCm 4Cm N
;1 Noni— Z N + V N — ; VN, | i+

M . * )
> Wan | N Confi ™+ *Confi ™) + V Niwi - (*Crng™ + 4Cmg£+l)],

(5.21)
which can be written in a matrix-column form as
KF ™t = MPp™ + F7 (5.22)

Equation ((5.21)) is a transient diffusion equation for i with corresponding bi-linear
forms (N, ® Nyy,j) and (VN,,,; @ VN,,;) as the capacity and diffusivity matrices,
respectively. The macroscopic chemical potential field Bn“ calculated by (5.22]),
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* n+1

with given (,375‘“7 ﬁ£+17 Im aén?ﬂ) in the forcing term F#, is locally compatible

* *
with (" "H, g,j;“) in a weak sense and also constrained by the corresponding rate

terms ( ﬁn?“

, énf“) in the data-set. The Dirichlet boundary conditions, appear-
ing in equation (5.1}, are enforced on the [ field, while homogeneous Neumann
conditions are considered on the complementary part of the boundary (‘9{_23.

The perturbation with respect to the enrichment-variables reads

8Zn+1
n+l . —
5,71 an%Jrl =0
1
— nt+l _ 6Cm n At 5Cm ntl At GCm it 5.23
e N T Comlm + Nm T w5 (5.23)

which means that locally 7" should be consistent with n”“ and its rate 7]"“
, present in the data-set. Since 7, does not appear in the macroscopic balance
equation there are no Lagrange multipliers A"*! in ; 7 18 connected
to the other physical-state variables via the data-set only.

The perturbation with respect to the macroscopic mass flux yields

~n+1 a£n+1 n+1 f n+1 1 a yn+1
57t 5y =0 = jut =37 +At72VNmi)\i : (5.24)

which states that the difference between the local macroscopic mass flux 57 and

*

its counterpart in the data-set j,"*!, at iteration k, should be balanced through the
Lagrange multipliers field )\?H. The perturbation with respect to the macroscopic
concentration can be written as

aﬁn—i-l

Sntl _
ocy, 3_"“ =0 =

N
1 * * _
-n+1 9~ = n+l 9,7 = n+l n+1
e = — — CmcCp, + At 8Cmln L+ AL °C, 6,0 — At NpiA]
(At 5Cpo + %Con) Zi:l

(5.25)

which gives a local macroscopic concentration field &% consistent with ( ntl CVQ'H)

in the data-set, whereby the difference is rectified by the Lagrange multipliers field
el
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Finally, taking the variation with respect to the Lagrange multiplier field A7

amounts to

ST or _ 0
Lo\

M M
= —AEY W VN G D wnNas(E ) + AT =0, (5.26)
m=1

m=1

which is the balance between the internal and the external macroscopic mass fluxes
at the nodes. Substituting the expressions of 5%“ and ¢! from equations
into equation and performing some straight forward manipulations
provides the system of equations for the Lagrange multiplier field A" as follows

M 1 N
2 yn+1
— At ZmeNmi-?ZVijAj -
m=1 m =1
M 1 N M N
R Nl N v
At Wi N AT ;ijxj =At > Wy VNpi - G, — At

m=1 m=1

M
1 - - _o

E Wi Nomi (f [At 8Cmcs, + Cmet + At 9Cméj;1] — 6’,;) . (.27

= At 8C,, + 9C,, ( )

which in the matrix-column form can be written as
KM\ = F. (5.28)

In equations (5.24)—(5.28]), the Lagrange multiplier field can be interpreted as an

equivalent macroscopic chemical potential which minimizes the difference between
the physical-state (57", &) and the point (;,,I}H, &t ZLT,?“) in the data-set,
which are present in Eg‘ In equation , the Lagrange multiplier field is subject
to A\t =0 on aﬁﬂ and there is an influx of mass 3, which is zero, at the Neumann
part of the boundary that naturally appears in the system of equations through
the weak form ([5.13). For a variational formulation and a detailed discussion on
the boundary conditions on the fields appearing in the data-driven problems, the
reader is directed to [119].

In a staggered approach, after solving for i"*' and A"t from equations
and (5.28)), the projection z | = Pgaiy"t! can be obtained by evaluating
ﬂﬁlﬂ,j&“ and ¢! from , and , respectively. The subsequent

projection gjzﬂ = szgjfll is achieved by a simple search through the data to find

n+1

a point in the global data-set D) which provides the minimum distance to z;/7,

as

discussed in more detail in the next section.
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5.3.4 Algorithm

The pseudo algorithm for distance minimizing data-driven reduced homogeniza-

tion is shown in Algorithm [ The data-driven solver initializes with setting the

Algorithm 1: Distance minimizing data-driven reduced homogenization.
» Initialize: maxlter = 100, k =0, tol = 10712, n =1 ;
» Assign: ypt =0 ;
» Assemble: Kﬂ,Kx,Mﬂ,E’z and Eé :
for n=0— T do
while £ < maxlter do

> Solve: Kigilt! = My, , + Ff (5:22) and K1) = F) (529
form=1—= Mdo

*
» Lvaluate: zﬁfklﬂ = Ppriy,it";

*
» Choose: y,"f1= Ppzhl. | such that

nt+l ¥ ntl n+1 .
dm(zm,k+17ym,k+1) < dm(zm,kJrl’ Dp,)
n+l *n+41

*
» Integrate: d(z [}, ypf1) from dm(zgjklﬂ,yw’j,ﬁl) :

*

X /3 b\ : *n4+l .
» Assemble: [, and [Fi;,, using yi7; ;

end
if (Ppzpfy — Ppzp™) < tol then
‘ » Terminate ;
else
‘ »k=k+1;
end
end

end

maximum number of allowed iterations maxIter, the data-driven iteration counter
k, the allowed tolerance tol and the time stepping variable n. An initial guess for
the optimum ﬂ,?“ € D is made. In the preliminary work [106], gjn’ﬁgl was initial-
ized by assigning randomly a point in the D,, to each material point m. However,
it was observed that an initial guess of g?,?“ = () requires less number of iterations
to converge to the desired tolerance, both for steady-state and transient problems.

Unlike material model based finite element solvers, independently of the exis-
tence of a potential non-linearity in the material behavior, the distance minimizing
data-driven solver requires the assembly of the matrices K, K* and M” only once.
For a specific physical phenomenon under consideration, for instance elasticity, dif-

fusion, or history-dependent materials, the same solver can be used for different

materials and different data-sets. Then, in the time stepping and data-driven
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Uand A\ problems are solved. In the current for-

loops, first the pertinent zi"*
mulation these two problems, ([5.22)) and , are algebraically independent,
the only coupling is through the data-set D. However, in some other data-driven
problems, as can be seen in the case of dynamics [107] and transient Fickian diffu-
sion [I19] (formulated in concentrations), a coupled system of equations emerges

after taking variations of the Lagrangian.

n+1
m,k+1

* .
= Ppnny, it is per-
n+1
m,k+17

i *nt+l mntl yn+l —nt1
previously calculated vy, 7y and Ap7,. The local values of i, | are evalu-

ated by interpolating ﬂ?ﬁl using the finite element shape functions V,,;, g;*,j 41 18

Next, at the material point level, the projection z

formed. It involves evaluating the physical-state of the material z from the

computed by using compatibility , while Q”erkl 15 ‘}ijl 41 and Ef;rkl 41 are calcu-
lated by (5.23)), (5.24) and (5.25)), respectively and their rates (fim, @y, 7, Cm)ii1
using the approximation in ((5.7)). -

The global distance function is minimized by finding the minima of the
local distance function , using all the points in the local data-set D,,, at each
material point m, and then integrating it using numerical quadrature. The mini-
mum for the local distance function is found through a simple lookup array

search algorithm, which amounts to performing the projection gan?};il: PDz;‘fklﬂ.
Searching through the data-set D,, is the computationally expensive part of data-
driven algorithm. If the data-set is large enough, a smart search algorithm, for
instance, based on a tree search algorithm [122], should be used to accelerate this

step. Then, using the newly found values of gjn?ﬁl , the flux columns IE’,Z 41 and

*

IE% 41 are assembled. Finally, the convergence is checked and the iterations are
terminated if there is no change in the optimum data point. For a noisy data-set,
convergence criteria based on the stagnation of the global distance function can

be used to terminate the data-driven iterations.

5.4 Numerical Examples

In this section, the proposed framework for data-driven reduced homogenization
for transient diffusion problems with history effects is illustrated through numerical
examples. First, the problem settings are presented for the micro-scale and the
macro-scale. Next, the data-generation step is performed by loading the micro-
scale, post-processing, and storing the relevant quantities. After that, the data-
driven simulations are carried out, whereby the homogenized chemical potential

fields obtained by the data-driven approach are compared with the ones obtained
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by the regular enriched-continuum formulation. Information from the reduced
micro-scale model is used to select the coefficients in the distance function. The
micro-scale chemical potential fields are post-processed and also compared. The
performance of the data-driven approach using noisy and different data-sets is also
analyzed. Finally, a convergence analysis, with respect to the number of points in

the data-set, is carried out.

5.4.1 Problem Settings: Micro-scale and Macro-scale

5.4.1.1 Micro-scale

The micro-scale consists of a two-dimensional square unit-cell with side length /¢
and a single circular inclusion of diameter d embedded in a matrix. The mate-
rial properties and linear constitutive material models for the inclusion and the
matrix are assumed to be known and complying with the relaxed separation of
scales regime (7, < 7; ~ T'). The unit-cell is discretized with nearly 4400 linear
triangular elements and 2200 nodes. The material properties and other param-
eters used in the simulations are listed in Table 5.1} After the assembly of the
finite element system and application of the periodic boundary conditions, at the
micro-scale, an eigenvalue problem is solved for the smallest 100 eigenvalues «
and eigenvectors ®. Next, a criterion based on either the energy consistency or
coupling terms, as proposed in [67, [105], is used to select a limited number (N)
eigenmodes that contribute most, in terms of transient effects, to the macro-scale
response. For the unit-cell with a single inclusion, as shown in Figure 5.1} and the
material properties given in Table [5.1] the selection criteria based on the coupling
terms provides 6 important eigenvectors as a reduced basis set, see [120] for more

details and the contour plots of the selected eigenvectors. Finally, the homoge-

nized coefficients (@, é, B.¢,C,d,d,e, f, f) are determined and stored [67]. The
values for the first components of these coefficients can be found in Table[5.2] Note
that, even though the macro-scale considered here is a one-dimensional domain,
a two-dimensional micro-scale problem has to be solved to obtain the required
values of the homogenized coefficients, since in a one-dimensional micro-scale do-
main the diffusion around the inclusion can not be represented at the macro-scale
through homogenization. The reduced order model (5.4)-(5.6) is now ready for

the data-generation stage.
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Table 5.1: Default parameters used in the simulations.

Parameter Symbol Value Units
Micro-scale

Characteristic unit-cell length ¢ 1 x 1072 [m]

Inclusion diameter d 0.6 x 1072 [m]

Mobility in matrix M, 1.1x 1074 [mol? J' m~ts™!]
Mobility in inclusion M; 1.85 x 107° [mol? J=tm~ts™1]
Reference temperature 6o 298 K]
Boltzman’s constant ky 8.314 [JK~t mol™]
Maximum concentration Cmax 24161 [mol m~3]
Minimum concentration o 0.0547Cmax [mol m~—3]
Chemical modulus A =kybo/co 1.83 [J m3 mol 2]
Characteristic diffusion time of inclusion 7; @ /m;n = 36000  [s]
Characteristic diffusion time of matrix 7, C/Man =1.69  [s]

Number of nodes in unit-cell mesh ~ 2.2 x 103

Macro-scale

Macroscopic domain length L 100 x 1072 [m]

Total simulation time 7' T 0.17; [s]

Number of elements (reference) 50

Number of nodes (reference) N 51

Time step size At T x 1073 [s]
Data-Driven Solver

Number of data points Nap 1000

Maximum number iterations maxlter 100

Tolerance for the termination criteria tol 10712
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Table 5.2: The values of the coefficients appearing in equations (5.5 and (5.6)), for
the unit-cell shown in Figure [5.1] with geometrical and material parameters given
in Table 5.1} A, indicates the (e) component of the tensor A.

Coefficient 683 B (1) Cu
Units molm=2s7!  [J7'mol?m~ts7!] [J7'mol?’m™2] [J7!mol?m™!]
Value 1.3 %1077 0.6 x 107* 1.3x1078 0.6 x 1075
Coefficient d® 1) f fo
Units molm=2s~!  [J7'mol?m=2s71] [J7'mol’m™3] [J7!mol>m™?]
Value —33.46 —0.6 x 10716 0.534 —0.13 x 1077

5.4.1.2 Macro-scale

The homogenized macroscopic domain €, both for the enriched-continuum and
the data-driven simulations, is a one-dimensional bar of length L with a Dirichlet
boundary condition on 0€2; on the left side of the domain and Neumann no-
flux boundary condition on the right side of the domain. It is discretized with
50 linear one-dimensional finite elements, unless stated otherwise, which are in-
tegrated using a two-point Gauss quadrature rule. For consistency, in the fol-
lowing the vectorial/tensorial quantities in one-dimension are still shown with a
tensorial notation. Total loading time is chosen to be T' = 0.17;[s] and both the
enriched-continuum and the data-driven problems are discretized in time using
the backward-Euler time integration scheme. The reference time step size At is
taken to be At =T x 1073[s]. For the macro-scale simulations, the ramp loading

conditions

L limax , if t < T (loadin
() = Tt <Tr 8) on 08y, (5.29)

JT— Tr <t <T (relaxation)

are used on the Dirichlet part of the macroscopic boundary 8(2/;, where [ipmax =
A(max — €o) is the maximum attainable chemical potential during mass diffusion
and Tgr = T/2. The first part of the ramp till Tr represents a loading path
and the second part from Tk to T represents a relaxation path. The data-driven
reduced homogenization solver is initialized with an initial guess ﬂ,?“ = 0 and
the stagnation criteria |d(z 1, yptl) — d(zpH1, v )| < tol is used to terminate
the iterations of the staggered scheme. The numerical solution of the enriched-

continuum formulation at the macro-scale is used as a reference solution.
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Figure 5.1: The macroscopic domain € with a prescribed macroscopic chemical
potential ji, at the Dirichlet part of the boundary 8(_2[“ and zero—ﬂux;' = ( at the
Neumann part of the boundary 8@3. The finite elements nodes are shown with
gray circles. The Gauss quadrature points, where the data-set D,, is available, are
shown with blue crosses. The unit-cell from which the reduced order model and
the data-set are obtained is also shown: the light-gray part of the unit-cell is the

matrix material while the dark gray is the inclusion material.

5.4.2 Data-Generation from Micro-Scale Simulations

5.4.2.1 Input Generation (i, g™t!)

To obtain the data-set D representative of the problem, the data-generation in-
volves micro-scale simulations, ideally with all possible loading scenarios. In prac-
tice, a wide spectrum of loading conditions, i.e. g™ and g with varying mag-
nitudes and frequencies, may be needed when a stand-alone micro-scale problem
is considered. In the current work, for the validation of the proposed data-driven
solver, the loading conditions (i, g™*!) are obtained via a post-processing the
solution of the enriched-continuum problem. The solution to obtained by
the enriched-continuum formulation subject to different loading conditions given
in Table 5.3z and g™ at each time step ¢"!, with a reference time step size of
At = T'x 1073 at the first Gauss quadrature point of each element. As an example,
the outcome for the ramp loading condition ({5.31)) is shown in Figure . In this

case, it

problem (5.1)) and each p' graph in Figure (a) corresponds to a graph of
grttin Figure (b), collectively representing an input in time to the micro-scale
reduced problem ([5.4)). The ramp effect smooths out as &,, — L, as indicated by

n+1

and g are connected through the macroscopic initial boundary value

the red arrow, which provides different magnitudes and types of loading conditions
for the micro-scale problems. In the following, local quantities of interest, such as

! and the rate of change of macroscopic concentration

macroscopic mass-flux 57"
é» 1 will be compared at, for the data-driven and the full enriched-continuum so-
lution will be made, a reference point &,,, located at the first Gauss quadrature
point of the tenth element, which is indicated with a dark black line in Figure

5.2l The global quantities, for example the macroscopic chemical potential field
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Figure 5.2: (a) Local macroscopic chemical potential field g™t and (b) local

gradient of macroscopic chemical potential field g™t (¢) to be used as the input for

the micro-scale data-generation step. These are post-processed, from the solution
of the enriched-continuum problem, at the first Gauss quadrature point of every

element in the macroscopic domain loaded with the ramp condition ([5.31)). The

dark black line represents ! and g™ at a reference macroscopic point &,

which will be used to compare the local elemental quantities. The dashed blue
line is at a reference time 7' = 0.557" at which the global quantities, at the nodes,
will be compared.

' at the nodes will be compared at a time instance 7' = 0.55T" as shown with

a dashed blue line in Figure [5.2]

5.4.2.2 Data-Generation

The data-generation is performed by solving the reduced model (5.4)—(5.6)), for
a1 (t) and g™t (¢) computed in the previous section, with the time discretization
performed using the approximation in equation ([5.7). The data is stored in a local

data-set

Dy = { (o> s> Gon Gos Wos s T Cons Cn) 124 (5.30)

In current work, for the data-driven simulations the same local data-set D,, is
available to all the material points i.e., D1 = Dy = ... = Dy,; in general, a
different data-set can be available for each material point.

As stated before, the selection criteria for the dominant eigenvectors, as pro-
posed in [67, [105], provide A, = 6 for the considered unit-cell. It turns out,

however, that out of these six, only one eigenvalue has the largest contribution
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to the lagging behavior at the macro-scale. This can be verified from the time

evolution of 77 Wt and nm O at &, as shown in Figure . Therefore, it has

(1),n+1 . (1),n+1

been chosen to use only nm, and 7, in the data-driven calculations to

capture the history-dependent response. The different loading conditions (Table
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Figure 5.3: (a) Time evolution of the enrichment-variables 7(?"+1(¢) and (b) their
rates 7+1 at the reference macroscopic point &,,. For the unit-cell shown in Figure

n+1

-, the eigenvalue and the corresponding eigenvector corresponding to 7"+ are

dominant one.

have provided different data-sets which are indexed as listed in Table .
The number of data-points ng, = T/At + 1 are also given in the table. After the
data-generation stage, the information about the micro-scale must be discarded,
as the data-driven solver should only rely on the raw data.

Pairs (g, 371, (ant, ety and (it )t , ¢ 1) in Dy are visualized in
Figure (a), (b) and (c), respectively. The pairs (g™, 771') show a negative
linear behavior that is independent of the loading path, which indicates that the
history effects are not prominent in the diffusion contribution at the macro-scale
and can also be sufficiently accurately calculated by the standard volume aver-
aging of the Fickian diffusion behavior at the micro-scale. However, a prominent
history dependence and non-Fickian behavior can be observed in the graphs of

(et emtl) | where there is neither a linear nor logarithmic relation between i+

? m

m+1 n+1 5(1)n+1 m+1)

at the macro-scale. This can also be observed in (", 7m ,C

graph, which clearly indicates that the history effect emerges from the storage/-

and ¢

capacitance term at the macro-scale and can be tracked by the internal-variable

,r-](l),n—i-l 1),n+1

. A correct value of f]T(n , at a spatial point &,, and time t"*!, selected

140



Chapter 5. Data-driven Reduced Homogenization for Transient Diffusion

Problems with Emergent History Effects

(47 — 1)/kg = mpue )/ = YT o10Uym

¢ G 14
OSIMIOYIO smtmy + (1) UIS iy

, . | a
000T (se) g Z UL 0, (ge9) 4SS nxdéd\ﬁ = (1) u” ourg 2y durey
000 | SHTDq | 1 e (zgd) pue (1g°q) | ourg + durey

wm ey

I/ tg = m amoym
0001 Sa z Oy (2€°G) (3m) s Xewyf = (7). Inf ourg

wd o
xouryy

¢/ L = Y[ d1oum

9STM IS0 ¢ xeutyf

q I u 0 . . _ d, dure
—

Py | jeg-eye | ydein (1), +m@ uoIssoIdxo UOIIPUod JUIpeor| oumreN

"Apnis quesard ur pasn sjos-vIRP JUIDPIP

10y %Py syurod-eyep Jo IaqUUNU O} pue [OqUIAS pue suonpuod Surpeoy ordossordewr o) Jo sydeld pue suorssordxa ‘SoweN :€°G o[qe],

141



Chapter 5. Data-driven Reduced Homogenization for Transient Diffusion
Problems with Emergent History Effects

by the projection g’};;gil PDzm r+1> Will direct the other quantities, in the data-
set D,,, to be either in the loading or the relaxation path, hence keeping track
of the history effects. Next, the macroscopic chemical potential field i and the
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Figure 5.4: From the data-set Dg, the pairs (a) (g7, 37), (b) (%, &%) and

(c) (amHt, pi ™™ ént1) are visualized.

microscopic chemical potential fields p obtained from the data-driven reduced ho-
mogenization and the enriched-continuum formulation will be compared to provide

an indication of the performance of the data-driven approach.

5.4.3 Homogenized and Microscopic Fields

In this section, the developed data-driven reduced homogenization is verified using
the data-set Dp generated from the enriched-continuum problem, with the same
loading condition as it is used for the data-driven boundary value problem.
In this scenario, the data-set can be assumed to be ideal and if the data-driven
problem is formulated correctly, both, the enriched-continuum and the data-driven
solutions must match very accurately. In Figure [5.5, the macroscopic chemical
potential field at time T obtained by the enriched-continuum formulation ,u"“
(reference) is shown with the gray line, while the one obtained by the proposed
data-driven reduced homogenization method fip using the data-set Dpg is shown
with the blue line. It can be observed that ,u”+1 and ,u ! lie on top of each other.
The micro-scale chemical potential fields u”“ and H mr ! shown in Figure , are
post-processed at &; = 0.6842[m] using

,LL%+1 S(IlunJrl nm+1 . Agm) + @(1)777(,}L)7n+1 : (534>
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Figure 5.5: Comparison between the macroscopic chemical potential fields ob-

tained via enriched continuum formulation %™ (reference), shown with the gray
line, and the data-driven reduced homogenization jist" using Dp, shown with the

blue line, at time step 7. The microscopic chemical potential fields x5 and p05™

are post-processed &; = 0.6842[m| .The marker is plotted at every tenth node of

the finite element mesh.

where S is the Schur-complement of the microscopic finite element matrices, [ is a
column of ones and Az, is the microscopic position vector connecting the spatial
coordinates to the center of the unit-cell. For more details on the post-processing
of the microscopic field i, by using the reader is referred to [67]. The post-
processed microscopic fields also reveal an excellent agreement with the reference

simulation where the maximum of the absolute error is of the order of 107, To

L |
0 1.5 x 103 3 x 103 [J mol’l}
n+1 n+1
HE Hp

(a) (b)
Figure 5.6: Microscopic chemical potential fields p/5™ and 5™ using D data-set

post-processed at time T and z; = 0.6842[m] using equation (5.34)).

obtain these results, the values of the coefficients “C,, were chosen based on the

information available from the micro-scale, as will be detailed next.
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5.4.4 Numerical Values of the Coefficients /C,,

In the data-driven simulations, the coefficients ’C,, in the norm used in
the distance function serve two purposes, one is to non-dimensionalize the
distance function and second is to give different weighs to the parts of the distance
function. In a data-set with a large number of data points n4y,, the influence of the
coefficients /C,, is insignificant [123]. However, these coefficients play a crucial role
when the data-set has a finite number of data points and if there are inconsistencies
in the data-set such as presence of noise or missing points. In a one dimensional
problem i.e., sd = 1, the solution of the data-driven reduced homogenization exists
on a manifold in a 7+ 2N/, dimensional space, which is computationally intractable
to fill in completely. Instead, in data-driven simulations, sparse data-sets are used
and the coefficients in the distance function should be selected carefully to achieve
minimum error with a limited number of iterations.

The total number of coefficients can be reduced by grouping them according
to their “classical” thermodynamic conjugacy. In the norm (fim, Cm) and
(9,,,3.,) are the conjugate quantities. The coefficient which goes along with one
of the conjugate quantities should be equal to the inverse of the other. Some
entries of the diagonal matrices °C,,, and °C,,, can be neglected if the activity of a

L and its rate 72" is smaller than that of

particular enrichment-variable 777(73
the other enrichment variables.
The values for these coefficients can be selected by using the information, if
available, from the micro-scale calculations. The coefficients which go along with
the macroscopic variables appearing in the distance function, are selected to be
equal to the corresponding coupling terms for the respective macroscopic variable
in the macroscopic constitutive equations and . The coefficients whose
corresponding macroscopic variables do not appear in equations and
and the ones with an insignificant value, as compared to the other coefficients, are
chosen to be zero. The values for these coefficients used in the simulations are
given in Table 5.4l To test the selected values of the coefficients, the data-driven
simulations were conducted with the data-sets D(g;g) and 5( r+s)- The relative
Ly-error norm, between the chemical potential fields iy and ™, is compared.
Both, the data-driven problem and the enriched-continuum problem are actuated
by the default boundary condition . The results are shown in Figures ,
A2 [A3] and [A.4]in Appendices and It can be observed, that the values

of the coefficients selected as proposed above (the black lines in the Figures), for

most of the cases, yield the smallest values of the relative Lo-error norms. Also,
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Table 5.4: The values of the coefficients appearing in the norm ([5.15)) distance
function ([5.18)).

Coefficient  Value Units

1Con 0 [J7t molm—3s71]
2Com 0.534 [J7! molm—3g]
3Com 0.6 x 107%*  [J7'molm~!s71]
iCon 0 [J7' molm™1!g]
58(1) 0 [Jmol =t m=3s71]
sgt) 33.46 [Jmol~! m~3 5]
Cp, 1666 [Jmol =3 ms]
8Com 0 [Jmol =3 m?s1]
9Cm 1.872 [Jmol =3 m3 5]

less iterations k are required for the convergence of the staggered scheme. Similar
trends have been seen using different data-sets with different number of data points

ngp (not shown here for brevity).

5.4.5 Noisy Data-Set

Uncertainties during the data-generation steps may result in a noisy data-set,
which can affect the final result and the convergence of a data-driven solver. To
analyze how the proposed data-driven solver behaves in the presence of the noise
in the data, a white Gaussian noise, with a signal-to-noise ratio of 30, is added to
each element of the orlglnal data sets D,, which results in a data-sets with noise
Do = { it ks Gt Gt 1.+ 1k Gt G Gl 12 ,Jm ") and
(,En’f*l 7, (1 ”“,EJH) in the data-set Dy the noise in the data is shown in Figure
b1

As can be seen in Figure [5.8] the relative Lo-error between the macroscopic

7% . For the pairs (g,

chemical potential fields u"“ and u"“ increases with the addition of noise in the
data-set. However, with the amount of added noise, this error is still reasonably
small, see Figure (a). The data-driven reduced homogenization also captures
the local quantities adequately in the presence of noise as can be seen in Figure
5.8(b) and (c), where the time evolutions of the macroscopic mass flux 57 and

the macroscopic concentration ¢

are evaluated at the macroscopic reference
point Z,, computed with the noisy and original data-sets. Different values of the

coefficient /C,, in the distance function were also checked with the noisy data-set
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Figure 5.7: The white Gaussian noise, with the signal-to-noise ratio of 30,

-2.5

was added to the original data-set. From the noisy data-set Dp, (a) the pair
(9,7, 7,71 and (b) the pair (f,7™, 5,0 &1+1) are shown with blue circular
markers on top of the corresponding points in the original data-set Dpg, shown

with light gray lines.

l~)( R+s), see Figure and Figure in Appendix In that case, the relative

La-error increases but there are less differences in the relative Lqo-error for different
values of the coefficients, which indicates that in the presence of noise the influence
of the value of the coefficient is less significant. However, the coefficients 7C,, still
play an essential role in terms of the convergence towards the expected solution.
To reduce the effect of noise in a data-set and obtain smoother fields, a re-
gression can be performed on neighboring data-points [124]. Noisy data-sets with
significant outliers may create a larger problem. In that case, clustering techniques
can be used, as proposed in [I07]. In the presence of noise, and considering the
way in which the data-set is generated, there is a chance that the first and second
laws of thermodynamics are not strictly obeyed. To circumvent this problem, [125]
formulated the problem in GENERIC framework to guarantee the thermodynamic

consistency in data-driven computations.

5.4.6 Different Data-Sets

For convergence of the data-driven procedure towards a true solution, data-sets
used in the simulations should include the states (and their histories) representa-
tive for the problem under consideration. To achieve this, a general data-set can be
generated by loading the stand-alone micro-scale problem with a complete range

of inputs and different loading conditions with different rates. In the following,
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Figure 5.8: Comparison between the results for the original data-set Dy (gray)

and the noisy data-set Dg (blue) (a) Time evolution of the relative Lo-error for

the macroscopic chemical potential z"*!, (b) macroscopic mass flux 3! and (c)

macroscopic concentration ¢t

the performance of the proposed data-driven reduced homogenization is studied
on an example where the data-set is obtained under another loading than the final
data-driven problem is solved for. To this end the data-set Dg that is obtained
by post-processing the enriched-continuum results with a sine loading, as given
in Table , is used to solve the problem under the ramp loading . This
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Figure 5.9: The comparison of the solutions of the data-driven initial boundary
value problem with the ramp loading condition ([5.29) using data-sets D shown

in black, Dg shown in gray and Dg shown in blue. The time evolution of (a)
the relative Lo-error norm, (b) macroscopic mass flux 5% at a,, and (c) the

macroscopic concentration ¢t at &,,.

provides a challenging test case, because there are (non-physical) negative values

of i1 present in the data-set, which do not appear in the solution of the problem
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with ramp loading. Also the time evolution of the state variables is different from
the one present in the data. The results of this analysis are shown in Figure [5.9]
In this case, the data-driven algorithm is still able to select the representative

state 21, for which the macroscopic mass flux 57 and the macroscopic concen-

-n+1
Cm

tration , evaluated at the reference macroscopic point Z,,, are shown in Figure
(b) and (c), respectively. There is an increase in the relative Lo-error, as shown
in Figure (a), when Dy is used instead of Dr and an even larger increase in
the case of the noisy data-set 135. Here, 55 is obtained by adding white Gaussian
noise, with signal-to-noise ratio of 30, to the data-set Dg. Reversely, the data-sets
Dpr and ER cannot be used for the macroscopic initial boundary value problem
under sine loading conditions at all, since the negative values are not present in

these data-sets. Therefore this analysis is not presented here.

5.4.7 Convergence Analysis

The convergence of the proposed data-driven reduced homogenization method with
respect to the increase in the number of data-points ng, = T'/At + 1 is analyzed
here. The data-sets D(gg), generated by the loading condition , and 15( RS)>
with added noise to Drs), were used in this regard to solve the macroscopic
problem with the ramp loading conditions . As observed in Figure m,
the increase in the number of data points ng, in the data-set decreases the time
averaged relative Lo-error for both the noisy and noiseless data-sets, where, the
noisy data-set 15( rs) reveals higher errors than the noiseless data-set D(gg). After
a certain data-set coverage, in this case ng, = 10?, the error first reaches a plateau
and then slightly increases. This behavior suggests, that, for the problem at hand,
the data-set D(gg) has reached its saturation at ng, = 10® and that it is incomplete
by construction, since it does not contain the data-points from all the possible
loading conditions with different frequencies. Even with a data-set containing the
reference solution, the staggered scheme, adopted for the solution of the double-
minimization problem , may converge to a local minimum. For an algorithm
able to seek the global minimum, see [124].

As the number of data-points ng4, increases, the data-driven problem becomes
computationally more expensive because the lookup search through an array of
distance functions in a large data-set is required at each iteration. Similar to the
observation in [106], the number of iterations also increases with an increase in the

number of data-points. In a large dimensional spaces such as here, computationally
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efficient search schemes thus rapidly become necessary. However, these algorithmic

aspects were not explored here.
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Figure 5.10: The convergence analysis of the proposed data-driven reduced ho-

mogenization upon increasing in the data-set size D(pg) (gray line) and 15( rs) (blue

line). /_fb“ is calculated with data-driven approach and ﬁ%“ is calculated with

the enriched-continuum approach.

5.5 Future Perspectives

The current work establishes a firm foundation, based on data-driven mechan-
ics, for a computationally efficient homogenization methodology for non-linear
history-dependent diffusion behavior. The model reduction preserves a prominent
two-fold advantage of cheap micro-scale calculations and provides the effective his-
tory tracking through the enrichment-variables. The challenge for the non-linear
case lies in the extraction of a reduced bases set, since an eigenvalue problem is
not at hand, complicating the identification of the enrichment-variables. Possible
extensions of the proposed data-driven reduced homogenization methodology to
the non-linear regime may be inspired by the literature. An example is the nonuni-
form transformation analysis (NTFA), as proposed in [126], where it is possible to
decompose the time-dependent non-linear micro-scale response into a linear and
a non-linear part. Then, the micro-scale is divided into several subdomains based
on, for example, the material distribution of the constituents. An analytical re-
duced bases set is found for the non-linear part of the response in each subdomain
of the micro-scale unit-cell, while the linear response can be obtained through a
simple linear micro-scale calculation. It should be possible to upscale the activity

coefficients of the non-linear reduced bases to the macro-scale.
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The downside of NTFA is the construction of the analytical reduced bases
set. In this context, a more general model reduction method, which relies on
reduced bases set by the proper orthogonal decomposition (POD) [127, [128] of
the primary micro-scale field, can be used instead. It entails performing micro-
scale simulations and collecting the snapshots collected from time responses of
the given micro-structure under various loading scenarios. The responses of these
micro-scale simulations, i.e. snapshots of the primary field variable, are collected
in a matrix format and the reduced bases set is obtained via a proper orthogonal
decomposition. Then, the Galerkin projection onto the reduced bases set can be
performed for the micro-scale discrete system of equations providing the evolu-
tion equations of the activity coefficients of the reduced bases set, which serve as
internal-variables that efficiently capture the history-dependent macroscopic be-
havior in a data-set. A different approach using proper generalized decomposition
(PGD) [129] can also be considered. It parameterizes the micro-scale solution in
spatial directions, time, constituents and nonlinear behavior. The reduced bases
are then constructed iteratively with an alternating direction algorithm.

The structure of the data-driven problems depends on the type of problem un-
der consideration, the terms considered in the distance function, and the form of
the evolution equations emerging as a result of the model reduction. The gen-
eral expressions obtained in , and remain valid when the modes
are obtained from a different approach, e.g. NTFA, POD, PGD. In non-linear
data-driven reduced homogenization, the coefficients /C,, in the distance function
might also be approximated by the eigenvalue analysis on the linearized micro-
scale material response as presented in section [5.4.4] or some analytical averaging
maybe used technique instead. If on top of the data-set also the micro-scale model
is known, there is not a sufficiently close point in the data-set, then an on-the-
fly micro-scale calculation can be performed to generate the desired point in the
data-set.

The current framework can also be extended to other physical phenomena,
where the emergent macro-scale behavior is caused by the underlying microstruc-
ture. For example, the homogenized response of locally resonant acoustic metama-
terials in the linear regimes was proposed in [43] in which an enrichment-variable
emerges at the macro-scale by performing model reduction at the micro-scale. The
evolution equation of these enrichment-variables is a second-order ordinary differ-

ential equation. To solve this problem by data-driven formulation, a combination
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of a data-driven approach for dynamics problems, as presented in [I0§], and his-
tory dependent materials using internal-variables, as proposed in [109], can be
used. Similar extensions apply to other multi-physics phenomena, as considered
in [105], where an enriched-continuum formulation for mass diffusion was coupled
to mechanics. There, taking the advantage of the linear material properties and
the relaxed separation of scales, a coupled eigenvalue problem was solved to ob-
tain the enrichment-variables representing the history-dependent coupled chemo-
mechanical behavior at the macro-scale. Obviously, the present work can be ex-

tended to an-isotropic macroscopic and two/three-dimensional behavior.

5.6 Conclusions

In this work, a data-driven reduced homogenization method is proposed for captur-
ing the non-Fickian and history-dependent transient diffusion behavior in hetero-
geneous materials. It is built on the enriched-continuum formulation, developed
earlier in [67] for linear material behavior exhibiting a relaxed separation of scales,
and the data-driven mechanics, proposed in [I06]. An enriched-continuum is a
macroscopically homogenized description of a heterogeneous material in which
the transient effects emerging from the micro-scale, through a model reduction,
are captured by enrichment-variables at the macro-scale. For linear material prop-
erties and the relaxed separation of scales, the model reduction at the micro-scale
can be performed by using the eigenvectors, obtained via the solution of an eigen-
value problem at the micro-scale, as the reduced bases. The data-driven method
seeks a physical-state of the material closest to a point in the data-set, which can
be obtained by experiments (in this work micro-scale simulations). Following [109],
instead of using the whole history of the microscopic primary field variables, the
enrichment-variables are used to efficiently keep track of the history-dependent
state of the macroscopic behavior. The data-driven reduced homogenization uses
a staggered solution scheme [121] to tackle the combinatorial complexity of a
mixed, continuous and discrete, double-minimization problem, in which the state
and the closest point in the data-set, which minimizes a global distance function,
are found iteratively. The macroscopic compatibility is imposed directly and the
macroscopic mass balance law is imposed through Lagrange multipliers.
Numerical examples are conducted for a macroscopically isotropic response in

a one-dimensional domain, showing an adequate performance and robustness of
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the proposed methodology. A two-dimensional micro-scale problem, under one-
dimensional loading conditions, is considered to obtain the macroscopic quantities
and to provide the input for generating the data-sets. The enriched-continuum
problem is used as a reference solution, and to generate the data-sets by post-
processing the primary field and its gradient, as well. The actual generation of the
data-set is done using stand-alone micro-scale simulations with different loading
conditions having different frequencies. The obtained point in the data-set can
then be added to the already existing data-set. The large number of coefficients
in the distance function make the current data-driven problem more prone to
numerical errors and instabilities, so a methodology is presented to carefully select
the numerical values of these coefficients, based on the information available from
the micro-scale simulations. By doing so, a substantial decrease in the number of
iterations and numerical error was obtained. Data-driven reduced homogenization
captures the homogenized enriched-continuum response very well and also the
post-processed micro-scale fields are in close agreement with each other. The
proposed data-driven approach performs adequately in the presence of noise in
the data-set and also in the case when a different data-set is used. Finally, by
increasing the number of points in the data-set the error is reduced substantially,
however at the expense of an increased number of iterations and computational
effort.
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Conclusions and

Recommendations

This PhD thesis was aimed at the modeling of transient heat and mass diffusion
problems in heterogeneous materials through the development of computationally
efficient homogenization methods. When the full separation of scales is violated,
a steady-state assumption at the micro-scale does not work. Instead, a transient
diffusion problem should be considered at the micro-scale and consequently the
homogenization methods require a computationally expensive solution of a FEM
problem at the micro-scale fully coupled to the macro-scale. In this thesis, a
model reduction was performed at the micro-scale in a two-scale computational
homogenization setting, through which an enriched macroscopic description was
obtained. It adequately captures the results obtained from conventional homoge-
nization methods and also direct numerical simulations at significantly lower com-
putational costs. The model reduction is performed by extracting reduced bases
from an eigenvalue problem, and projecting the solution of the discrete micro-
scale governing equations onto a lower-dimensional subspace. This methodology
was also extended to multi-physics problems. The expressions for the macroscopic
constitutive equations contain additional field variables, hence yielding a more
general micromorphic description at the macro-scale. More importantly, in the
developed homogenization method the micro-scale transient effects can also be
represented by internal-variables appearing in the effective constitutive equations.
These internal-variables are the coefficients of the reduced bases and their acqui-
sition via the model reduction procedure at the micro-scale is the crux of the
current development. The role of the internal-variables at the macro-scale bears a
resemblance to those in viscoelastic material models, however, unlike in viscoelas-
ticity, these are here not postulated but follow from the model reduction of a

well-established micro-scale RVE model. At the homogeneous macro-scale, due to
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the underlying microstructure, the transient diffusion reveals a history-dependent
behavior with internal-variables keeping track of the history. This concept enables
to extend it to nonlinear and more complicated material behavior, for example,
by using the data-driven homogenization approach.

In the following, the main concepts and results obtained in this dissertation are

summarized and followed by recommendations for future research.

6.1 Summary and Results

Model reduction at the micro-scale

Computational homogenization splits the heterogeneous problem into a micro-
scale and a macro-scale. Both scales are solved by finite element methods, because
of the transient nature of the problem; usually, the micro-scale is computationally
more expensive. Therefore, a model reduction can be performed at the micro-
scale to reduce computational cost. The reduced information is then used in
the homogenization procedure to obtain the macroscopic constitutive equations.
The homogenization in transient regimes entails the equivalence of virtual pow-
ers (extended Hill-Mandel conditions) between the micro- and macro-scales. The
proposed reduced order homogenization methods rely on the assumption of re-
laxed scale separation regime; i.e., short diffusion time in the matrix and long
diffusion times in the inclusions and linear material behavior. In relaxed separa-
tion of scales, the micro-scale primary fields are always steady-state in the matrix
which facilitates the use of a model reduction technique based on component mode
synthesis. The micro-scale primary field was divided into its steady-state and tran-
sient parts and the global reduced bases was found using the Schur-complement
and eigenvalue problem, respectively.

A few eigenvectors were selected for projecting the micro-scale discretized gov-
erning equations onto a lower-dimensional subspace. For this purpose, a criterion
based on the coupling terms is used and then verified by checking the convergence
in the error for the micro-scale field as well as the energy consistency. The activity
coefficients of the reduced bases, at the macro-scale, behave like internal-variables
and in this work are referred to as enrichment-variables. The macroscopic bal-
ance laws, constitutive equations and the evolution equations for the enrichment-
variables are combined together to form an enriched-continuum description. The

expensive solution of the micro-scale problem is, hence, replaced in the “on-line”
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stage with the solution of ordinary differential equations obtained through model
reduction in the “off-line” stage.

The developed reduced order homogenization procedure captures the micro-
scale fields accurately. The macroscopic quantities, which are averaged properly,
do not show substantial deviation compared to the quantities computed with con-
ventional transient homogenization. Size effects and the transient (inertial) be-
havior are also captured. However, if the size of the micro-scale RVE, material
properties, or loading conditions change such that the relaxed separation of scales
assumption gets violated, then results obtained with the proposed reduced order
homogenization method deviate from the true (reference) diffusion behavior. The
developed procedure is equally well applicable to both heat and mass diffusion
problems.

For the coupled mass diffusion-mechanics problems, at the micro-scale, the
Legendre transformation is used to obtain the constitutive equations and balance
laws in terms of the chemical potential field and strain field instead of the more
conventional concentration field and strain formulation. This allows to use, com-
paratively simpler, C finite element formulation. Next, the micro-scale fields were
decomposed into a steady-state and transient parts and, likewise, the global re-
duced bases were found by the Schur-complement and the solution of a coupled
eigenvalue problem. The mode selection was performed according to the coupling
terms. For the cathode-electrolyte system of a lithium-ion battery material the
transient effects, size-dependent macroscopic behavior, and the coupling effects are
captured very accurately. In the case of coupled micro-scale problems, the com-
putational time gains are substantial, since, the solution of the expensive coupled
chemo-mechanics balance laws is replaced by the solution of ordinary differential
equations.

Macro-scale Enriched-Continuum

Depending on the location of the evaluation of the enrichment-variables, either at
the nodes or the quadrature points of the finite element mesh, different numerical
methods can be used to solve the enriched-continuum at the macro-scale. When
enrichment-variables are evaluated at the quadrature points, these are treated as
internal-variables, hence, giving rise to an internal-variable solution method. The
placement of the enrichment-variables at the nodes yields a multi-field solution
problem. The internal-variable method has the advantage that it allows for the
use of higher-order time integration schemes for capturing the micro-scale transient

effect more accurately. For the number of enrichment-variables used in the current
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work, the multi-field method is computationally more efficient than the internal-
variable method, because it does not involve the calculation of the internal flux
vector and its assembly at each time step. As compared to conventional transient
homogenization and direct numerical simulations, the enriched-continuum based
homogenization has excellent accuracy and is O(10%) faster for the examples tested
here.

Data-driven mechanics can be used to homogenize the diffusion phenomena in
heterogeneous materials and poses a great potential to be extended to the nonlin-
ear regime. Transient effects at the micro-scale, represented by the enrichment-
variables at the macro-scale, make the diffusion phenomena at an enriched-continuum
level history-dependent. The enrichment-variables provide an efficient way to keep
track of history by eliminating the need to know the microscopic fields at all time
instances. Data-driven mechanics relies entirely on the data rather than a model.
The data-set can be efficiently generated by the reduced-order homogenization
presented in this work. Then, the data-driven reduced homogenization involves
minimizing the distance between the balanced state of the material and a data
point in the data-set. It poses a double minimization problem which is solved by a
staggered scheme. Different data-sets are generated by different loading conditions
at the micro-scale RVE. The values of the coefficients in the distance function play
an essential role in the rate of convergence and accuracy of the solution, so, these
are selected carefully by looking into the available information from the micro-
scale. The data-driven reduced homogenization scheme is capable of capturing
the enriched-continuum response accurately. However, with noisy and different
data-sets the error increases. Increasing the number of points in the data-set in-
creases the accuracy but on the downside, the computational cost to search a close
point in the data-set increases.

To conclude, it has been demonstrated that it is possible to capture the tran-
sient diffusion phenomena in heterogeneous materials efficiently by using numerical
techniques such as computational homogenization combined with model reduction.
The homogenized macro-scale is enriched by the coefficients of the micro-scale re-
duced bases. Different spatial and temporal discretizations can be chosen for the
solution of the enriched-continuum. The extension towards multi-physics problems
is also at reach. However, the developed methodology is limited to the relaxed
scale separation regimes and the material linearity. Ideas can be borrowed from
the field of data-science to obtain efficient homogenization methods for the non-

linear regimes. Next, recommendations for the future research are made, different
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than those already mentioned in the chapters.

6.2 Recommendations for Future Research

Realistic Micro-Scale Morphologies

In this work, simple morphologies were used to validate the developed homogeniza-
tion method. In reality, materials reveal more complex microstructural features,
e.g. they can contain poly-dispersed, randomly distributed, non-periodic inclu-
sions in a matrix, or randomly shaped grains with separating grain boundaries,
or more than two constituent materials, etc. Therefore, RVE containing a single
or mono-dispersed inclusions, as used in this work, is a crude approximation of
real materials. However, simulation of realistic microstructures with the proposed
reduced homogenization can lead to several complications. The micro-scale RVE
may not be very well defined due to the random and non-periodic material dis-
tribution. In that case, the periodic boundary conditions might not be a proper
choice, while the fully prescribed or flux boundary conditions would be leading to,
respectively, an over or underestimation of the actual response.

To address this concern, ensemble averaging of the macroscopic quantities can
be utilized [I30} I31]. It entails calculating macroscopic quantities and averag-
ing their values for different microstructural realizations. It is, however, unclear
which eigenmodes should be used to build the macroscopic quantities in the case
of ensemble averaging. Similar discussion holds for materials with defects, e.g.
when cracks and voids are present at the micro-scale. It can also be tested if
the proposed reduced homogenization is capable of dealing with a macroscopically
anisotropic medium. The macroscopic anisotropy can arise either as a result of
anisotropy present in one or multiple micro-scale constituents or a directional dis-

tribution of isotropic constituents.

Separation of Scales

This work is primarily based on the relaxed separation of scales assumption, which
states that the characteristic diffusion time of the matrix is much smaller than the
characteristic diffusion time of the inclusion. It does extends over the material
properties for which only the steady-state homogenization is applicable. However,
it is still limited to the heterogeneous materials obeying relaxed separation of
scales. It would be interesting to analyze how the proposed framework can be ex-

tended, at least to the vicinity where the relaxed separation of scales is not obeyed
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very strictly. If the characteristic diffusion time of the matrix is not small enough,
as compared to the characteristic diffusion of the inclusion and the characteristic
loading time, there may be transient effects present in the matrix. One conse-
quence of that can be that the application of boundary conditions by prescribing
a point in the microscopic domain to be equal to the macroscopic field, to satisfy
the extended Hill-Mandel conditions, yields a stiffer response. In this regard, La-
grange multipliers can be used to enforce the boundary conditions in a weak sense
at the micro-scale [132], 133]. Also, the size of the reduced basis might increase
due to the presence of transient effects in the matrix. The reduced bases selec-
tion criterion which relies on the coupling terms might not be sufficient, so the
alternative (but computationally expensive) energy consistency criterion can be
used in an off-line stage to build the reduced basis set. In the macroscopic model,
some terms which are negligible due the relaxed separation of scales will have a
significant contribution to the homogenized behavior at the macro-scale. Their
effect on the enriched-continuum description will need to be analyzed properly.
Nonlinear Physical Properties

A general transient nonlinear system can be written as @« = L(u)u, where u
is the primary field variable and L(u) is the nonlinear transformation operator
which depends on the primary field variable u. The nonlinearity is assumed to be
weak when it can be sufficiently represented by a linear and a nonlinear operator
@ = Lu + eN(u) where € is a small number and N (u) is a nonlinear opera-
tor. Strong nonlinearity appears when the split is of the form @ = Lu + N (u).
When the nonlinearity is weak, based on Taylor’s expansion, the eigenvectors
can be expanded and approximated around the solution of the linear eigenvalue
problem [102]. The derivatives in the higher-order expansion terms can be calcu-
lated by the finite difference method or by solving the sensitivity of the linearized
eigenvalue problem with respect to the activity coefficient (enrichment-variable).
The eigenvector expansion technique is inadequate if the nonlinearity is strong or,
for the coupled diffusion-mechanics problem, if inelastic/large deformations are
present.

In this case, more general model reduction methods such as a-posteriori proper
orthogonal decomposition (POD) or a-priori proper generalized decomposition
(PGD) [10] can be used. POD takes the discrete solution vectors, so-called snap-
shots, of a parameterized problem in a correlation matrix and determines the
reduced bases by solving an singular value decomposition problem. The reduced

system and the internal-variables are obtained by Galerkin projection. In PGD,
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first, the problem is parameterized in spatial directions, time, constituents, and
nonlinearity, then, the problem-specific reduced bases are constructed iteratively
with an alternating directions algorithm.

In nonlinear problems, at the micro-scale the discrete internal flux vector, which
is used to evaluate the macroscopic quantities, still depends on all degrees of free-
doms preserving the full computational complexity. To this end, hyper-reduction
techniques such as discrete empirical interpolation method (DEIM) along with
POD [134] or modal derivatives [102] can be used to efficiently reduce the com-
plexity of the problem.

When different model reduction techniques are used, different number of internal-
variables will appear at the macro-scale. For instance, Taylor’s expansion method
will introduce one extra type of internal-variables, at the macro-scale, which rep-
resent the activity coefficient of the eigenvector derivatives. PGD will introduce
internal-variables which are equal to the number of parameters for the micro-scale
problem. POD will introduce internal variables which are the activity coefficients
of the global shape functions obtained from SVD analysis. With different model
reduction methodologies, adopted at the micro-scale, the enriched-continuum rep-
resentation will be different and will require different solution techniques at the

macro-scale.

Source Term and Multi-Physics

In diffusion problems, the source term describes the addition of species or heat
generation due to e.g. a chemical reaction taking place inside the material. It
is possible to perform model reduction, similar to the one proposed in this work
when the source term belongs to the inclusions only, and instantaneous diffusion
in the matrix still holds. Otherwise, DIEM can be used to approximate the source
term contribution in the micro-scale internal flux vector.

The multi-physics problems tackled in this work consisted of only two fields.
For instance, lithium-ion batteries have a nonlinear and complex multi-physics
nature in which electro-magneto-chemo-thermo-mechanical fields are coupled. It
would be interesting to identify the fields that violate the steady-state assumption
at the micro-scale during charging/discharging cycles and how the model reduc-

tion can be performed for such a complex system.
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Microstructural Optimization

Microstructures can be optimized using topology optimization [135], in which mi-
crostructures can be reverse engineered for specific values of the macroscopic mate-
rial properties [136]. It can be extended to a two-scale setting for time dependent
problems as well [I37]. Multi-scale topology optimization entails definition of
macroscopic objective functions in terms of micro-scale design variables and con-
straints on the design space [138]. In continuum mechanics applications, optimiza-
tion is typically performed by a gradient based method, which requires sensitivities
of the objective function and the constraints with respect to the design variables.
It becomes an expensive task in a two-scale and temporal settings [133, [139]. The
proposed reduced order homogenization can provide an efficient way to perform
optimization in these cases.

Modern day material design for engineering applications requires robust and
fast analysis methods. This is a multi-disciplinary subject and involves in-depth
understanding of mechanics, numerical methods and computer science. At the
moment, when Moore’s law has reached its physical limits, the development of
efficient numerical methods for computer simulations bears an utmost importance.

This thesis was a small step towards that goal.
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APPENDIX
Appendix

A.1 Coupling Terms for Mass Diffusion Problem

The derivation of the coefficients appearing in the expressions for the macroscopic
mass flux 7 in equation (3.11)) and the macroscopic rate of change of concentration
field ¢ in equation briefly summarized here, for the detailed derivation in
the context of transient heat diffusion, see [67]. The mass balance equation at
the micro-scale , after using the constitutive forms for the microscopic mass
flux 3 and concentration ¢ and applying the necessary boundary conditions, which
satisfy the extended Hill-Mandel energy criteria, can be written in its semi-discrete

form as,

=

where I_*( and ]\_*4 are the so-called stiffness and mass matrices respectively, [ and
Jn are the columns of microscopic chemical potential field and the input mass
flux at the micro-scale. This microscopic system of equations is then partitioned
into prescribed ‘p’ and free ‘f’ parts. The reduced basis is determined using
the static condensation and the solution of the corresponding eigenvalue problem.
The discrete system of equations , when projected onto the steady state and

transient basis, can be written as,

I_{ss/ip—i_MssH/p—i_QQ: _lﬁa (A2>
.1 L
an+i+ et =0, (A.3)
where,
K, = K"+ K"S, (A.4)
M,, = M™ + 20! S + STMIYS (A.5)
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LS

+ M

I@**

0= ST : (A.6)

S = (K'7)71K'? is the Schur complement of the stiffness matrix and ® are the

enrichment functions obtained by solving the eigenvalue problem
(KM —aM™)® =0, (A7)

with « is the diagonal matrix of the eigenvalues arranged in the ascending order.
The model reduction is performed by selecting a limited set of enrichment functions
Q*D from a full set of eigenvectors ®. The expressions for the macroscopic mass
flux and concentration rate term in equation can be converted to boundary
integrals by using the divergence theorem, which in their discrete form can be
written as

F=pA@) R, and E=— () (A8)
where AzP = (xP — &) and I? is the column of ones of length (p x 1). By
substituting the expression for j7 from into (A.8)) and rearranging the terms,
the macroscopic constitutive form in equations and are obtained. The

coefficients in these equations are given as follows,

a= V(Amp o (Column of N, 1st-order tensors)

a-Va

B = % [(Az”)" K, | 9Az”, (2nd-order tensor)

c= %(Am”) (M, I7] (1st-order tensor)

C = % [(Az”)" M| @ AzP . (2nd-order tensor) o
d= %(ﬂ’)T_g : (Column of N, scalars) A
=V

e= %(IP)T [(Az”)TK,, | , (1st-order tensor)

f= %(IP)T (M, I7] (Scalar)

f= %([/p)T [(Az”)" M) . (1st-order tensor)

where V' is the volume of the microscopic domain Qg as shown in Figure 3.2(b).
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A.2 Relative Lo-Error for Different Coefficient
Values Using Data-Set Dp g

The performance of the data-driven reduced homogenization is checked with dif-
ferent values of coefficients /C,,, appearing in the definition of the norm (5.15]) for
the distance function ([5.18f), with the data-set D g, s). The results are presented

in Figure and [A.2]
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=100 e 107° = 10° *Cpn x 107
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Figure A.1: For the coefficients 'C,, 2C,, *C,and *C,, the time evolution of the
relative Ly-error norm, calculated as a5 — a5 II/a ), where fi"s™ is the chemical
potential field obtained by the data-driven reduced homogenization (proposed)
using the data-set D?Jﬁs and jist! is the chemical potential field obtained by
the enriched-continuum formulation (reference) under boundary conditions (5.29).
The default values and the units of the coefficients are given in Table [5.4, The
relative Lo-error computed with the proposed default value for the coefficients /C,,

is marked with the black lines.
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Figure A.2: For the coefficients 552) 652) and 5C,, the time evolution of the
relative Lo-error norm, calculated as llat — 3"l /jjawt!||, where [/L”)H is the chemical
potential field obtained by the data-driven reduced homogenization (proposed)
using the data-set D?;is) and jist! is the chemical potential field obtained by
the enriched-continuum formulation (reference) under boundary conditions (5.29).
The default values and the units of the coefficients are given in Table [5.4 The
relative Lo-error computed with the proposed default value for the coefficients /C,,

is marked with the black lines.

A.3 Relative Lo-Error for Different Coefficient
Values Using Data-Set with Noise lN)( R+5)

The performance of the data-driven reduced homogenization is checked with dif-
ferent values of coefficients /C,,,, appearing in the definition of the norm for
the distance function (5.18]), with a noisy data-set 5( R+5), the result is shown in
Figure and An increase in the relative Lo-error is observed as compared

to the data without noise Dgsy, With the introduction of the noise, the error is
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comparatively less influenced by the numerical values of the coefficients and more

by the noisiness of the data.
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Figure A.3: For the coefficients ¢, 2C,. 3C,,and *C,, the time evolution of the
relative Lo-error norm, calculated as Iz — ag"Il/jjaz|, where fi’s™ is the chemical
potential field obtained by the data-driven reduced homogenization (proposed)
using the data-set 5?52}5) and 5™ is the chemical potential field obtained by
the enriched-continuum formulation (reference) under boundary conditions (5.29).
The default values and the units of the coefficients are given in Table [5.4, The
relative Lo-error computed with the proposed default value for the coefficients /C,,

is marked with the black lines.
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Figure A.4: For the coefficients 5@7(7? 6@2) and ®C,, the time evolution of the
relative Lo-error norm, calculated as Il — i Il/jjaz)|, where fi’s™ is the chemical
potential field obtained by the data-driven reduced homogenization (proposed)
using the data-set ﬁ?ﬁjs) and 5™ is the chemical potential field obtained by
the enriched-continuum formulation (reference) under boundary conditions (5.29).
The default values and the units of the coefficients are given in Table [5.4, The
relative Lo-error computed with the proposed default value for the coefficients /C,,

is marked with the black lines.
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Homogénéisation numérique et réduction de modeéle pour les probléemes de transfert de
chaleur transitoire, de diffusion et de mécanique couplée

Mots clés : homogénéisation numérique, réduction de modéles, diffusion non-Fickienne,

mécanique data-driven

Résumé : Dans cette thése, des techniques
d'homogénéisation numérique efficaces en
termes de calcul sont présentées pour les
phénoménes de diffusion dans des matériaux
hétérogénes. Comme étape préliminaire, une
réduction de modele pour I'équation de diffusion
de chaleur transitoire est effectuée a la micro-
échelle en utilisant la synthése en mode
composants, qui fournit une description
émergente  enrichie-continuum I’échelle
macroscopique.

Sur la base de la localisation des variables
d'enrichissement, soit sur les nosuds d'éléments
finis, soit sur les points de quadrature, deux
schémas de discrétisation spatiale sont analysés
pour le diplacement milieu continu.

La formulation du potentiel chimique et des
champs de déformation est utilisée, ce qui permet

a

l'utilisation d'éléments finis continus en CO
standard. Le probleme de la micro-échelle, qui
implique généralement une solution colteuse
du probleme de la mécanique de diffusion de
masse couplée est maintenant remplacée par
un ensemble d'équations différentielles
ordinaires grace a la réduction du modéle.
Enfin, une approche alternative de réduction de
modele utilisant la mécanique basée sur les
données est explorée. Il repose sur une
recherche directe et une interpolation a partir
d'une base de données au lieu de la solution
d'un probléeme microscopique. La base de
données est construite et stockée en utilisant les
calculs microscopiques dans une étape hors
ligne. Il fournit également une voie pour étendre
la méthode de réduction du modéle proposée au
régime non linéaire.
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Abstract : In this thesis computationally efficient
numerical homogenization techniques are
presented for diffusion phenomena in
heterogeneous materials. As a preliminary step,
a model reduction for the transient heat diffusion
equation is performed at the micro-scale using
component mode synthesis, which provides an
emergent enriched-continuum description at the
macro-scale.

Based on the location of the enrichment-
variables, either on the finite element nodes or
the quadrature points, two spatial discretization
schemes are analyzed for the enriched-
continuum.

The proposed model reduction is also extended
to the transient mass diffusion coupled to the
mechanics with application to lithium-ion

batteries. Chemical potential and strain fields
formulation is used which allows the use of
standard CO-continuous finite elements. The
micro-scale problem, which usually involves an
expensive solution of the coupled mass diffusion-
mechanics problem is now replaced by a set of
ordinary differential equations through model
reduction.

Finally, an alternative model reduction approach
using data-driven mechanics is explored. It relies
on a direct search and interpolation from a
database instead of the solution of a microscopic
problem. The database is constructed and stored
using the microscopic calculations in an offline
stage. It also provides a route to extend the
proposed model reduction method to the non-
linear regime.



