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Eléments finis solide-coques hexaédrique et prisma-
tique pour la modélisation non linéaire des structures
minces et moyennement épaisses

Les structures a faibles ou moyennes épaisseurs sont naturellement présentes dans
la plupart des installations de production d’énergie : batiment réacteur, tuyauteries sous
pression, réservoirs métalliques ou baches, cuve de réacteur, liners métalliques des en-
ceintes de confinement pour ne citer que ceux-la. Un besoin actuellement exprimé par
les unités d’ingénierie d’EDF est la modélisation des phénomenes de cloquage de liners
métalliques des batiments réacteur. Un liner est une structures de type tole métallique
assurant la fonction d’étanchéité des centrales nucléaires. Sa modélisation nécessite la
prise en compte d’'un phénomene de contact-frottement engendrant du pincement sur
la coque, de la plasticité sous l'effet de cloquage et de la non linéarité géométrique (in-
stabilité de type flambement). Pour modéliser le comportement thermomécanique d’une
structure pareille, les éléments finis de plaques et coques actuellement disponible ne sem-
blent pas étre a la hauteur. Le premier verrou attribuable a ces éléments est 'hypothése
des contraintes planes qui empéche la prise en compte de certaines lois de comportement
nativement tridimensionnelles. En deuxiéme lieu, du fait de leur formulation avec des
degrés de liberté de rotations ces éléments n’offrent pas une facilité d’utilisation lorsqu’il
s’agit de résoudre des problémes prenant en compte les effets non-linéaires telles que les
grande transformations géométriques, le contact-frottement bi-facial, le flambement et
les pressions suiveuses. Une alternative serait d’utiliser des éléments volumiques stan-
dards. Cependant le cotit de calcul prohibitif des ces derniers est difficilement accessible
pour de nombreuses applications industrielles. Le but de ces travaux est de proposer
une solution a cette problématique. Nous avons proposé une formulation élément fini
de type solid-coque enrichie en pincement et capable de reproduire les comportements
des structures minces avec une précision satisfaisante. Ce nouvel éléments fini fonc-
tionnent avec tout type de loi de comportement tridimensionnelle sans restriction sur
les champs de contraintes. On peut également 'utiliser pour tous les types de prob-
lémes mécaniques : linéaire et non linéaire, contact frottement, grande transformation,
flambement, pression suiveuse etc. Les simulations numériques réalisées montrent des
performances satisfaisantes.

MOTS CLES : Eléments fini solide-coque, Loi 3D, Champs de déformation enrichis,
Intégration Réduite, Champ de déformation assumé, Contrainte normale enrichie
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Hexahedral and prismatic solid-shell finite elements

for nonlinear analysis of thin and medium-thick struc-
tures

Thin or medium-thick structures are naturally present in most power generation fa-
cilities: reactor building, pressurized pipelines, metal tanks or tarpaulins, reactor vessel,
metal liners of containment chambers, to name but a few. A need currently expressed
by EDF’s engineering units is the modeling of the blistering phenomena of metal liners
in reactor facilities. A liner is a metal sheet type structure that provides the imperme-
ability function of nuclear power plants. Its modeling requires taking into account a
contact-friction phenomenon causing pinching on the shell, plasticity under the effect
of blistering and geometric nonlinearity (buckling type instability).

To model the thermo-mechanical behavior of such a structure, the finite elements of
plates and shells currently available do not seem to be up to the task. The first limitation
attributable to these elements is the assumption of plane stresses which prevents the
consideration of some natively three-dimensional constitutive laws. Secondly, due to
their formulation with rotational degrees of freedom these elements do not offer facility
of use when solving problems that take into account non-linear effects such as large
geometric transformations, bi-facial friction-contact, buckling and following pressures.
An alternative would be to use standard volume elements. However, the prohibitive
computing cost of the latter is difficult to access for many industrial applications.

The aim of this work is to propose a solution to this problem. We have proposed a
solid-shell finite element formulation enriched in their pinching stress and strain and
capable of reproducing accurately the behaviour of thin structures. This new finite el-
ement works with any type of three-dimensional behaviour law without restriction on
stress fields. It can also be used for all types of mechanical problems: linear and nonlin-
ear, frictional contact, large transformation, buckling, displacement-dependent pressure,
etc. The numerical simulations carried out show satisfactory performances.

MOTS CLES : Solid-shell finite element, 3D constitutive Law, Enhanced assumed
strain, Reduced Integration, Assumed natural strain, Enhanced pinching stress
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Introduction

The mission of the EDF Group (Electricité de France), as the operator of its power gen-
eration facilities (nuclear, hydroelectric, wind power, etc.), is to contribute to the supply
of electricity in France and in some countries in Europe. To do this, it must maintain its
generating facilities in good condition, carry out any repairs and justify to the authorities
that they are in good working order both in operation and in the event of incidents. In
particular, the Fukushima accident in 2011 led the French nuclear safety authority (ASN)
to raise its requirements in terms of safety and security of production facilities. In addi-
tion, EDF wishes to extend the life of its nuclear fleet beyond 40 years (or even 50 years).
In order to meet these new safety requirements, while controlling repair and compliance
costs, EDF is relying increasingly on numerical simulation. This often proves to be the
only tool available to EDF because justification by experimental means, in addition to
being costly, is long and complex.

In this context, EDF R&D develops internally many numerical simulation codes ac-
cording to the physical problems to be addressed. For structural mechanics, the ER-
MES department is in charge of developing the finite element calculation code code_ -
aster. code_aster is an open-source software developed since 1989 to meet and
anticipate the needs of EDF’s engineering departments as well as for the needs of the
research carried out internally within EDF R&D for all that concerns the thermome-
chanics of non-linear structures. In addition, this code is developed with the quality
assurance system required by the nuclear industry. For several years now, code_ -
aster has been integrated into the numerical simulation platform salome_meca
in order to have in open-source all the tools necessary for complete mechanical studies,
including in particular pre- and post-treatments, and a user-friendly graphical interface
for data entry.

The higher requirements in terms of operating safety of production units necessitate
increasingly realistic simulations in order to justify the resistance of equipment to ag-
ing. A large majority of the equipment in the energy production facilities is composed
of thin or medium-thick structures like: reactor building, pipelines, tanks, reactor vessel,
metal liners, to name but a few. Numerical studies dedicated to the analysis of these thin
structures involve the use of complex numerical models in order to obtain very precise
results that can justify the long-term performance of the structures. A need currently
expressed by the ’Direction Technique’ (TD) is the modelling of blistering phenomena
of the metal liners in reactor buildings. These liners provide a sealing function of nu-
clear power plants. The TD thus seeks to model structures of the metal sheet type with
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(a) Nuclear power plant (b) Offshore wind turbines

Figure 1: Example of power generation facilities.
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(a) (b)

Figure 2: Metal liner in the reactor containment vessel

dimensional ratios (thickness/radius) that can be less than 0.5%, while taking into ac-
count strong non-linearity such as contact-friction causing pinching, the plasticity of
sheet under the effect of blistering and the geometric non-linearity (like buckling type
instability). To model the thermomechanical behavior of these thin structures, code_ -
aster has several types of finite elements, DKT/DKQ(QUAD4, TRIA3, Kirchhoff-love),
DST/Q4G(QUAD4, TRIA3, Mindlin-Reissner), COQUE_3D (QUADY, Naghdi-Reissner)
or SHB (HEXAS, solid-shell). The audit of the plate and shell modeling showed that
these finite elements are not complete (either in their formulation or in their numerical
implementation) to address EDF’s current specific needs in dealing with non-linear me-
chanical problems on shells. The DKT, which is the most complete element currently in
code_aster, is not usable (in code_aster) in large rotations and does not take
into account the displacement-dependent pressures. The finite element COQUE_3D, on
the other hand, does not take into account the continuous contact formulations and ex-
hibits eccentricity problems. The SHB, which works under the hypothesis of plane stress
(like DKT and COQUE_3D by the way), requires the modification of the constitutive laws
by using the Deborst type algorithms which, very often, converge hardly. An alterna-
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tive to shell-type finite elements would be to use classical isoparametric finite elements
(3D, D_PLAN, AXIS). These elements work with purely three-dimensional behaviour
laws and can handle several non-linearities such as contact/friction, fracture mechan-
ics, elasto-plasticity or large geometrical transformations. Unfortunately they have the
disadvantage of being too rigid to reproduce correctly the behaviour of thin structures.
They require very fine discretization in the thickness direction (leading to discretiza-
tion in other directions to avoid flattening the elements too much) to give good results.
This is very expensive in terms of calculation time. Overall, advanced studies in nu-
merical mechanics, in code_aster, on thin structures are limited by two obstacles.
The first is the hypothesis of plane stresses usually adopted in finite elements of shells,
which makes it difficult to carry out certain studies such as fracture mechanics or to take
into account certain natively three-dimensional constitutive laws. The second limitation
concerns non-linear effects (large geometrical transformations, elasto-plastic behaviour,
contact/friction) which require reliable, robust and high-performance finite elements.

Objectifs of this thesis

EDF’s need is to be able to carry out highly non-linear, robust and high-performance
quasi-static calculations to demonstrate the mechanical strength of important nuclear
components in critical situations. Recent work in the literature shows that the so-called
solid—shell finite elements are very promising in addressing the issue just discussed.
This is why their development is currently in full expansion. Indeed, both in the field
of process simulation (sheet metal forming) and in the calculation of elongated struc-
tures (under extreme solicitations), the demand for the use of three-dimensional solid
elements with behaviours close to the kinematics of shells is more and more important,
in particular due to their ability to use non-linear behaviour laws with a large number of
internal variables without the hypothesis of plane stress. The hypothesis of plane stress
requires to completely reconsider the modeling of the nonlinear three-dimensional be-
haviour laws and can lead to numerical difficulties such as plastic incompressibility for
example. In this context, the aim of this thesis is to develop a new class of solid-shell
finite elements which allows the kinematics of Kirchhoff-Love and Reissner Mindlin, but
without the hypothesis of plane stresses (in order to use three-dimensional behaviour
laws). These elements must have only translational degrees of freedom, authorizing
transverse shear as well as pinching stresses to be evaluated, but also contact and fric-
tion on the outer surfaces. This new class of solid-shell finite elements should also be
used for large transformations. More generally, the objective of this thesis is to propose
and develop a new solid-shell finite element that meets the following requirements:

» no restriction on the constitutive laws : indeed, the new finite elements will thus
be a break with respect to the classical shell approaches and work with full 3D
constitutive law.

« taking into account non-linear phenomena in thickness such as pinching or trans-
verse shear.
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« taking into account the large geometrical transformations involving displacement-
dependent pressures, buckling etc.

« No restriction on the interface laws: contact mechanics essentially, but without
restriction in the using of difficult interface laws such as de-cohesion or fracture
mechanics. Due to the plane stress hypothesis, the classical shell elements do not
deal with fracture mechanics.

In addition to these requirements we aim also to develop and implement solid-shell finite
elements that perform accurately with :

1. No locking for incompressible materials

2. Good bending behavior

3. No locking in the limit of very thin elements

4. Distortion insensitivity

5. Good coarse mesh accuracy

6. Simple implementation of nonlinear constitutive laws

7. Automatic and robust stabilization in nonlinear situations
8. Easy mesh generation

The first aim is essential requirement to be able to model nearly incompressible ma-
terials. Such material behavior occurs in rubber like materials or in metal plasticity.
The second and third aims are required for structural elements, such as plate, shell and
beams elements. The fourth aim is important because in discretizing an arbitrary ge-
ometry the existence of distorted elements is inevitable. In addition, elements can get
highly distorted during nonlinear simulations including finite deformations. The fifth
aim results from the fact that many engineering problems have to be modeled as 3D
problems. Due to computer limitations, quite coarse meshes have to be used often to
solve these problems. Thus, an element which provides good coarse mesh accuracy is
valuable in these situations. The sixth aim is associated with the fact that more and more
nonlinear computations involving nonlinear constitutive models have to be performed
to design engineering structures. Thus, an element formulation which allows a straight-
forward implementation of such constitutive equations is desirable. In many solid-shell
formulations available in the literature, the stabilization techniques used relies on some
coefficient that are often user-dependent. The seventh aim is to propose a more efficient
way of stabilization, automatic and user-independent.

This thesis includes an introduction in which the objectives of the thesis are de-
tailed, three chapters, a conclusion which sums up the work carried out, followed by a
few perspectives and finally supporting documents (appendices) to provide additional
information on subjects addressed but not detailed in the body of the document. The
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first chapter recalls the different methods available to model the behaviour of shell-like
structures, their evolution and their limits. The second chapter details the formulation
of two new solid-shell finite elements. Finally, in the third chapter these two solid-shell
finite elements are tested and validated on different types of mechanical problems.
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Chapter 1

Background on the modeling of shell like structures
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Introduction

1.1 Introduction

Shell-like structures are largely present in most engineering design and process control.
To model such structures, engineers generally use classical shell elements based on the
degenerated shell concept or classical shell theories. These elements perform well for the
simulation of bending problems ; in linear as well as for some nonlinear problems. How-
ever in certain engineering problems, like sheet metal forming or any structural problem
where strong nonlinearity are in play, those elements can show some inadequacy related
to the complexity of their formulations or the hypothesis they are embedded with. The
main limiting hypothesis being the plane stress state, which literally means that the
normal transverse stress is negligible. Under such assumption, one must modify the 3D
nonlinear constitutive law to be numerically integrated. This is very often a laborious
work particularly when the material law is intrinsically three dimensional. There are
several approaches one can use to overcome the problem of plane stress state in shell
element.

A first approach would be to use the so called ‘shell-solid’ element. These elements
are based mainly upon Mindlin—Reissner shell elements with three displacements and
two local rotational degrees of freedom at each node while the three-dimensional (3D)
constitutive behavior is enforced via additional degrees of freedom giving the so-called
5, 6 or 7-parameters shell models, see for example,[SIM 90a, BRA 94, BET 96, BIS 97,
KEM 98, BIS 00, ELA 00, CAR 02, BRA 02, CAR 05, BRA 05, SUS 13, KUL 08, KIM 08,
KLI 99] among many others.The 5-parameter shell models have been enriched by a de-
sired number of parameters at nodes to permit a representation of through-thickness
stretching. Several shell elements have been developed which explicitly account for the
thickness change as an additional degree of freedom leading to 6-parameter models.
But due to the coupling with the Poisson ratio in bending dominated cases, the linear
displacement field in thickness direction gives a constant strain which in turn causes
an artificial normal stress. As a remedy, either the coupling terms have to be removed
from the constitutive law by a plane stress state or the shell formulation has to be ex-
tended by a linear normal strain, leading to a 7-parameter model. This is achieved by
a quadratic variation of the normal displacement field and the details can be found in
References [SIM 90a, BRA 94, BET 96, BIS 97, BIS 00, ELA 00, CAR 02, CAR 05]. In a re-
cently published paper [SAN 11], Sansalone and co-authors have proposed a approach in
the same kind but a little different where an additional node is introduced in the center
of three-node and four-node shell elements with only two through-thickness transla-
tional degrees of freedom of the upper and lower surfaces of the shell. Then a full 3D
constitutive strain-stress behavior can be used. For triangles in bending state, either
based on Kirchhoff’s or on Mindlin’s assumptions, it has been shown that the results
are exactly the same as those given by the initial formulation of these elements using
a plane stress hypothesis. For quadrilaterals, the results are slightly different but many
numerical examples including nonlinear computations prove that those differences are
not significant. While these elements work without the plane stress hypothesis, they still
have a 2D topology and have rotational degrees of freedom which make their implemen-
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1. Background on the modeling of shell like structures

tation in nonlinear finite element very complex. Also their 2D topology is limiting in
a sense that it is hard to link them with 3D elements when a structure is composed of
structural part and continuum part.

A second way to model shell like structure would be to use 3D standard isopara-
metric finite elements as an alternative to the plane stress hypothesis. These elements
operate with purely three-dimensional behaviour laws and can handle several nonlin-
earities such as contact/friction, fracture mechanics, elastic-plastic or large geometrical
transformations. Unfortunately they have the disadvantage of being too rigid to repro-
duce correctly the behaviour of thin structures. They require very fine discretization
in the thickness direction (leading to a fine discretization in other directions as well, to
avoid flattening the elements too much) to give good results. This is very expensive in
terms of calculation time.

Faced with such an impasse, several works have been conducted over the last
thirty years leading to the development of the so-called solid-shell finite elements (see
[PAR 95, WRI 96a, HAU 98, HAU 00, SZE 00, VUQ 03, LEG 03, FON 05, KIM 05, REE 07,
DES 07, CAR 08, SCH 09, MAS 00, ABE 02, ABE 09, KLI 06, CAR 05, REE 00, SOU 06,
KLI 97, WRI 96¢] to name just a few contributions). Solid-shell finite elements have the
particularity of being able to model the behaviour of shell-like structures while giving an
overview of the existing phenomena in the thickness. The so called solid-shell elements
are very attractive and are still the subject of many researches. Like standard elements,
solid-shell elements can incorporate the normal stress along thickness direction if the
pinching is correctly handled. General 3D-constitutive material can be used without any
assumption on the normal stress. These elements have only translational degrees of free-
dom (DOF) which make their formulation very simple. The difficulties associated with
complex shell formulation with nodal rotation are then avoided. Moreover, since they
have only translational DOF, solid-shell elements can easily be connected with standard
solids elements when there is coexistence of three-dimensional and structural zones.

Now;, for a solid-shell to perform accurately, it must avoid the amount of locking phe-
nomena that standard low-order elements encounter when modeling shell structures. If
not handled conveniently, solid-shell elements suffer from locking pathologies that lead
the elements to give poor results, specially in case of out-of-plane bending load analysis
or isochoric plasticity.

The first locking pathology that low order solid-shell element encounter is volumet-
ric locking which arises when the material is incompressible or nearly-incompressible,
as for rubber like material (see the work of Reese and Wriggers [REE 97]) or for metal
plasticity (see Simo and Taylor[SIM 85], Miehe[MIE 04] to name just a few). In such
material the non-vanishing volumetric strain makes the element stiffer, resulting in ex-
cessively small deformations. Several solutions have been proposed to solve volumetric
locking. There are, among others, The reduced or selective integration technique pro-
posed by Zienkiewicz [ZIE 77], the B-bar approach of Hughes [HUG 81a], applied for
solid elements in the work of Belytschko [LIU 98] and the enhanced assumed strain ini-
tially proposed by Simo and co-authors [SIM 90a, SIM 92a, SIM 93]. These methods are
largely applied in many solid-shell formulations. See for example the work of Massud et

10
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al [MAS 00], Alves de Souza [SOU 03, SOU 05, SOU 06], Cardoso et al [CAR 05, CAR 08],
Sze and Yao [SZE 00], Klinkel et al [KLI 97]. It’s worth noting that the reduced integra-
tion or selective integration technique are not cost-free. Indeed appropriate hourglass
stabilization techniques are necessary to prevent the spurious deformations modes that
may arise and ensure a correct rank of the element stiffness matrix. It’s well known that
the spurious patterns or hourglass modes correspond to the kernel vectors of the stiffness
matrix, aside from the rigid body modes. Different techniques have been proposed to
deal with the rank deficiency due to selective or reduced integration technique. One can
see the remarkable work of Belytschko and co-authors [BEL 83, BEL 84, BEL 93], Reese
and co-author [REE 00, REE 07] as well as Combescure and co-authors [ABE 09, LEG 03].

Poisson thickness locking is due to resulting incorrect-constant distribution of the
normal stress in the thickness direction. To avoid this locking phenomenon it is nec-
essary to assure that the normal stress varies linearly along the thickness direction in
bending situation. It can be done using a quadratic interpolation or the compatible nor-
mal displacement e.g. Parisch [PAR 95]. Another and most often used method is to
enrich the transverse normal strain by mean of the enhanced-assumed stress method
[SIM 92a, SOU 06, REE 07].

A further locking effect observed for solid-shell element is the phenomenon of a so
called curvature locking or sometime trapezoidal locking. This phenomenon is found in
structures where the out of plane element edges are not perpendicular to the mid-layer,
which is the case for originally curved or heavily deformed structures. This locking effect
can be overcomed by using the naturally assumed interpolation of the normal strain as
proposed by Bischoff and Ramm [BIS 97] or Betsch and Stein [BET 96].

Another commonly encountered locking pathology in solid-shell is the transverse
shear locking. This happens because normal strains of linear element are coupled by
shear strain. Low order elements do not have pure bending modes to behave correctly
for pure bending load cases. Hence, there are parasitic shear strains that appear and be-
come more important than normal strain. This makes the element stiffer than necessary
resulting in a poor bending behavior. An interesting remedy is the Assumed Natural
Strain (ANS) method first proposed by Hughes and Tezduyar [HUG 81b], followed by
Wempner [WEM 82] then by Dvorkin and co-authors [DVO 84, DVO 95b, DVO 95a] for
shell elements. The approach has since then been applied in solid-shell formulation by
many authors. See e.g. [HAU 98, HAU 01, KLI 97, CAR 05, CAR 08, SCH 09].

The goal of this chapter is to give a short review about the different formulations used
to model shell like structures (as discussed above). We will highlight their fundamentals
assumptions and particularities as well as their advantages and limitations in the solving
of industrial problems. Section 1.3 is all about classical faceted-shell elements with 2D
topology. In section 1.4 we will discuss about the 3D standard element and why it’s not
convenient to use it for shell like structure due to many locking problems. And finally
in section 1.5 we will see how the standard 3D element is modified and enriched to give
solid-shell finite elements capable to efficiently model shell like structures.

11
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1. Background on the modeling of shell like structures

Figure 1.1: Initial and final configurations of a transformation

1.2 Nonlinear analysis of mechanical structures

Let’s consider a continuous domain with a reference configuration Qy which undergoes
a transformation over time ¢, making it pass into a current configuration Q. Following
this transformation, a point at the initial position X € € in the reference configuration
is transformed into a point x € Q, with x = ¢ (X,?), in the current configuration. So the
displacement field between the two positions is

uX,r)=x-X=0(X,r)—X (1.1)

To describe the motion of the solid between the current configuration and the reference
configuration a gradient tensor of transformation F is defined by
ox

An infinitesimal vector dx of the deformed configuration can be expressed as a function
of an infinitesimal vector dX of the reference configuration using the transformation

gradient tensor F
dx =F-dX. (1.3)

1.2.1 Green Lagrange strain tensor

To evaluate the deformation of the solid, the Green-Lagrange deformation tensor E is
defined as follows:

E=_(F'F-1) = (Vu+V'u+V'uvu) (1.4)

| =

1
2
1.2.2 Stress tensor

To evaluate the stresses that apply to a section of a solid, the Cauchy tensor ¢ is gen-
erally calculated. It is the natural stress tensor since it directly measures the force per

12
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Nonlinear analysis of mechanical structures

unit area in the current configuration. Let’s consider an oriented surface element NdS
in the reference configuration, where dS is the surface of the element and N is its uni-
tary outgoing normal, and after transformation this surface element is deformed into a
surface element nds in the current configuration with ds in the scalar measurement of
the surface and n its outgoing normal. Assuming that on this surface element (current
configuration) an elementary force df is applied, the Cauchy tensor, is written as follows

df = onds (1.5)
The second Piola Kirchhoff stress tensor is then described as follows :
S=JF loF 7 (1.6)

Where J = detF. If we assume the strain energy density to be W, the constitutive relation
can be obtained by differentiating W with respect to the Lagrangian strain E, to obtain

_OW(E)

S oE

(1.7)

1.2.3 Principle of Minimum Potential Energy

The weak form of a nonlinear elastic system can be obtained from the principle of min-
imum potential energy. The potential energy of an elastic system is the difference be-
tween the stored strain energy Ti,: and the work done by external forces Teyt. For sim-
plicity, it is assumed that the applied forces are conservative, which means that the ap-
plied load is independent of deformation. Therefore, these forces can be transformed to
the undeformed geometry. Using the strain energy and work done by applied forces, the
potential energy of an elastic system can be obtained as

7T (0) = Tint (W) — Texe (1)

— [ wE)aQ - / u’ - £d(9Q) — / u’ - bdQy
Q Q0 Q

(1.8)

where f represents a surface force and b a body force. In order to find the displacement
at the minimum potential energy, a perturbation method is often used. Let us assume
that the displacement field u is perturbed in the direction of du (arbitrary) and 7 is the
parameter that controls the perturbation size. The perturbed displacement is denoted
by

u; = u+1tou (1.9

du then corresponds to the virtual displacement in the principle of virtual work. The
first variation of the potential energy can be obtained by taking the first-order variation
of 7 (u) in the direction of du, as

on (u,du) = %n (u+1du) =0 (1.10)
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1. Background on the modeling of shell like structures

where the symbol  represents the first-order variation of a function. The process of
variation is similar to the differentiation of a function. Using the potential energy in
equation (1.8) and equating the first variation to zero, the following variational equation
can be obtained

om (u,du) = /Q avgg) : 8E dQg — » Su’ - £d(0Q) — A du’ -bdQ,  (1.11)
0 0 (]

For the variation of the strain energy, using the chain rule of differentiation, the strain
energy density is differentiated with respect to the Lagrangian strain, and then the vari-
ation of the Lagrangian strain is taken from its definition in equation (1.4)

SE(u,du) = ! (Vu+ V' 8u+ VvV uVdu+ V' duVu)
2 (1.12)

= sym(Vou!F)

where sym(-) denotes the symmetric part of a tensor. The principle of minimum potential
energy says that if the system is in equilibrium, the variation in equation (1.11) must
vanish for all du that belongs to the space of kinematically admissible displacements Z =

{V € (H! (Qo))d [v=0 in aQo}. The variational equation for the nonlinear elastic

system can be written as

a(u,du) =1(du),vou € Z (1.13)
where a(u,du) is the energy form and /(du) is the load form, defined as
oW (E
a(u,du) :/ M : OF dQy, (1.14)
Q JE
and
[(Bu)= [ du’ -fd(dQy)+ | Su’ -bdQy (1.15)
E)Qo Q0

Note that a(u,du) and /(du) are linear with respect to du but are nonlinear with re-
spect to displacement u. The nonlinearity comes from the fact that the stress and strain
implicitly depend on u.

1.2.4 Linearization (Tangent Stiffness)

In practice, the nonlinear variation equation (1.13) cannot be solved easily due to the
nonlinearity involved in the displacement-strain relation, or in the constitutive relation.
Newton-Raphson iterative method through a sequence of linearization is generally used
to solve this nonlinear equation. If we assume that the equilibrium in equation (1.13) is
not satisfied, then, the difference between the left- and right-hand sides is defined as a
residual,

R =a(u,du) —[(du) (1.16)

In the Newton-Raphson method, the Jacobian of the residual is required in each iter-
ation. Since the Jacobian in a one-dimensional problem is nothing but a tangent line
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Nonlinear analysis of mechanical structures

at the current solution, it is often called a tangent stiffness, and the process is called
linearization. Let the linearization of a function f(x) in the direction of Au is denoted
as

d afT
LIf] = = F(x-+ 0Au)omp = af—XAu (1.17)

If right superscript k denotes the iteration counter, then the linear incremental solution
procedure of the nonlinear equation f(x**!) = 0 becomes

ofT & k
WA“ = —f(x%)
u ! — ot 4 Ak

Xk+1 — X+uk+]

(1.18)

This way the nonlinear system (1.16) is solved iteratively until the residual term vanishes.
The nonlinear equation (1.13) can be linearized following the same procedure. Since the
load is assumed to be independent of displacement, it is not necessary to linearized it.
Linearization of the energy form in equation (1.13) is written as follows

Lla(u,du)] = A AS:E+S:A(SE)dQ (1.19)

where AS is the stress increment and A (SE) is the increment of strain variation. For
simplicity, let’s for example consider a St. Venant-Kirchhoff material, the stress-strain
relation is linear, and thus, the increment of stress can be written as

_ B AE—D:AE (1.20)

AS =—:
oE

where D is a four-order constitutive tensor and AE is the increment of Lagrangian strain.
By noting that the increment of deformation gradient is AF = VyAu, the increment of
Lagrangian strain and its variation can be obtained as follows

AE(u,Au) = sym(VoAu’F) (1.21)

and
A(SE)(Au, du) = sym(Vodu! VoAu) (1.22)

Thus, the linearization of the energy form can be explicitly derived with respect to
displacement and its variation as

Lla(u,du)] = A SE:D:AE+S:A(SE)dQ = a"(u;Au, du) (1.23)
0

We use the notation a*(u;Au, du) to show that the equation implicitly depends on the
total displacement u and is bilinear with respect to Au and du. The first integrand of
equation (1.23) depends on the stress-strain relation. Since it is similar to the stiffness
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1. Background on the modeling of shell like structures

term in linear systems, it is called the tangent stiffness. On the other hand, the second
integrand does not exist in linear systems. It only appears in geometric nonlinear prob-
lems. It’s the initial stiffness or geometric stiffness. Let’s consider that the current load
step is #, and the current iteration counter be k. Assuming that the applied loads are
independent of displacement, the linearized incremental equation (1.16) is obtained as

follows
a* ("uk; Auk Su) = 1(Su) — a("uk, Su) (1.24)

and the total displacement is updated using
nuk = gk 4 Auk (1.25)

Note that equation (1.24) is in the form of "K¥ - Auf = "R and is solved iteratively until
the residual vanishes, which means that the original nonlinear equation is satisfied.

1.2.5 Finite Element Formulation

So far, formulations and solution procedures of nonlinear problems have been discussed
in the continuum domain. In practice, the structure is discretized by finite elements and
the equilibrium equations are applied to these elements. This section does not aim to
recall all finite element theory but to provide elements for a better understanding of the
following paragraphs. It will also allow us to have clear ideas on the steps of construction
of a finite element and at the same time introduces some notations. A detailed presenta-
tion of the finite element method is made by Zienkiewicz [ZIE 77], Dhatt [DHA 05], or
Batoz [BAT 90b]. Finite element approximation is a move from the search for a contin-
uous variable (the displacement at any point) to the search for discrete variables (nodal
unknowns). The link between the two is made through the use of interpolation functions
that are generally polynomial. In the iso-parametric mapping and displacement-based
implementation of finite elements method, the approximation of the initial X and current
geometry vector X and displacement vector u at the element level are read as

no no no
X¢ = ZNIXI ;X6 = ZNIXI ;o ul= ZNIuI (1.26)
=1 =1 =1

where the superscript e refers to quantities at the element level and no being the number
of nodes of the element type considered (for example : no = 8 for hexahedral element
or no = 6 for prismatic element). N! are the standard shape functions, X!/ x! and u/
are respectively the vectors of nodal coordinates and displacements. The displacement
variation and increment required by the linearization of the variational are interpolated
as follows

no no
du’ = Z N'Su! and Au®= Z N AW’ (1.27)
I=1 I=1

The variation OE and increment AE of the Green-Lagrange strain at the element level
are interpolated and written in Voigt form as follows

OE=BdU and AE =BAU (1.28)
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Conventional 2D shell finite element

where B is the standard strain-displacement matrix and is function of displacement
u¢ and U a larger vector containing the nodal displacements u’. The increment of strain
variation A(du) is written as follows, (see equation (1.22))

A(SE) = SUT AU (1.29)

where 4 is the standard nonlinear strain-displacement matrix. Equation (1.23) can then
be discretized as follows

Lla(u,8u)] = 8UT ( / B DBdAQ + %’SdQ) AU = U K1AU (1.30)
Q

Q

Where Kr is the tangent stiffness matrix. In addition, the discrete external and internal
force vector can be derived from the definition of the load form as

[(Su) = SUT Fey (1.31)

a(u,5u) = 5U7 / B7SdQ = SUTFyy (1.32)
Q

The discretized version of incremental equation (1.23) can now be written in the form

of finite element matrix equation as

SUTKTAU = SU” (Fex; — Fint) (1.33)

The above linear system of equations needs to be solved iteratively until the residual
force (right-hand side) vanishes. Now that the basic fundamentals of continuum me-
chanics and finite elements method have been recalled, we can discuss about the differ-
ent numerical methods used to model shell like structures.

1.3 Conventional 2D shell finite element

In this section classical and degenerated shell elements are briefly introduced. We will
briefly discuss about the disadvantages of the conventional shell elements, such as mod-
ified material models, variation of thickness, contradictions of assumptions etc, without
going deep in the equations (for more details about these formulations, the reader is re-
ferred to the appendix C). Their are two approaches to formulate conventional shell finite
elements. The first formulation uses the classical strain, displacement and momentum
(equilibrium) equations for shell to develop a weak form of the equilibrium equations.
These elements are called classical shell elements. The second formulation is directly
derived from continuum element by structural assumptions on the weak form or on the
discrete equations. The continuum finite element is modified so that it behaves like shell;
this is called the continuum based approach. [AHM 70, DVO 84].
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1. Background on the modeling of shell like structures

1.3.1 Classical shell theories

A plate is an area in which one dimension, called thickness, is smaller than the other
two. It can be made of a homogeneous material or be obtained by the composition of
several layers of different materials. A shell therefore is considered as a curved form of
a plate and its structural action is a combination of stretching and bending [ZIE 00]. It is
possible to perform a finite element analysis of a shell by using what is called a facet rep-
resentation, meaning the shell surface is replaced by a flat triangular and/or quadrilateral
plate elements in which a membrane stiffness (membrane element) is superposed on a
bending stiffness (plate bending element). Such a model is understandably inaccurate in
the sense that with very coarse meshes, they do not capture the bending-stretching cou-
pling of thin shell behavior. There are two main theories to study plate-like structures:

+ Kirchhoff-love theory: based on the assumption of preservation of normal. In
other words, all material points located on a normal to the undeformed mid-surface
remain on the same normal to the deformed mid-surface. In this model, which is
well adapted to thin plates, the transverse shear is assumed to be zero. Kirchhoff-
love assumptions are generally accepted if % >20, L being a characteristic dimen-
sion of the plate in the mean plane.

« Mindlin-Reissner theory: based on the kinematic hypothesis of straight sec-
tions : the normal to the mid-surface remains straight. In this model, adapted to
the study of thick plates, transverse shear is taken into account. The Mindlin-
Reissner hypotheses are generally accepted if 5 < Iﬁ < 20, L being a characteristic
dimension in the mean plane.

Shell theories, see [ZIE 00], proved that the Kirchhoff-Love assumptions are the most ac-
curate in predicting the behavior of thin shells. For thick shells, the Mindlin-Reissner as-
sumptions are more accurate because transverse shear effects become important. Gener-
ally speaking, Kirchhoff’s theory can be interpreted as a special case of Reissner-Mindlin
theory. Indeed, the straight section hypothesis includes the so-called normal conserva-
tion hypothesis. Also a good finite element model based on the Reissner-Mindlin theory
should give results in accordance with the Kirchhoff-Love theory if the structure is thin
(negligible CT) (see [BAT 90a]). In plate theory, contrary to the three-dimensional solid
theory, the elementary mechanical entity is not a material particle (x1,x»,x3) but a ma-
terial segment of coordinates (x,x7,7)

N (x1,x2,2) = {(x1,%2,2), |z] <h(x1,x2)} (1.34)

A plate is therefore a family of N (x1,x7,z) line segments which, in the reference config-
uration, are normal and centered on the mean plane (O, x,x7). The fundamental premise
of plate theory is that each of these segments has a rigid body motion. The motion of any
segment is then described by a six-component kinematic torsor. Nevertheless, the rota-
tion of a segment around its axis being indifferent, it remains to consider five kinematic
variables: the membrane displacements («,v), the transverse displacement w and the
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Conventional 2D shell finite element
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Figure 1.2: plate theory kinematic

two rotations around the axes of the mean plane (B, 32) (see Figure 1.2). Shell elements
based on Mindlin-Reissner or Kirchhoff-love theories assume the following kinematic

1. The length of the normal remains unchanged throughout deformation €., = 0.

2. Transverse normal stresses are negligible 6, =0

When Poisson’s ratio is not equal to zero the latter two assumptions are contradictory
because the normal must stretch when 6, = 0. Furthermore, employing the second
assumption requires modifications of the 3D-material law. This work is not simple in
such an approach, especially for complicated material laws which are described only
for 3D-continuum. Moreover, due to the presence of rotational degree of freedom, the
equations for nonlinear shells are very complex and difficult to deal with. This makes
this theory very difficult to use in the modeling of nonlinear shell problems. There is
still a disagreement as to what are the best nonlinear classical shell equations [STO 95].
More details of the formulation of solid-shell are given in appendix C.

1.3.2 Degenerated shell elements

Among the first to attempt to provide an answer to the problems of shell were Ahmad
and co-authors [AHM 70] for proposing a degenerated shell finite element. It is simply a
matter of flattening a volume element into a shell element. An example for degenerating
a hexahedral finite element is that each pair of nodes having the same & and 1 coordinates
in the reference frame is replaced by a middle node of coordinates (§, 1, { = 0).
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1. Background on the modeling of shell like structures

Figure 1.3: Ahmad degenerated shell finite element

The shell element is thus defined by the 4 (if the flattened volume element had 8
nodes) nodes delimiting its mid-surface. On each of these nodes, a vector is defined
and directs the segment connecting the corresponding upper and lower vertices. In the
hypothesis of small deformations a point of the shell element, at instant &, in the natural
base (&,1, (), is defined by its cartesian coordinates as follows

4

4
N (EMD = YN (&M st S Y (&)Y (135)
j i=1

i=1

where : N, is the isoparametric interpolation function corresponding to node i

kx; position of node i at instant k

h; the thickness at node i (assumed invariant)

kV% the vector linking the initially degenerated nodes i. HleﬁH = 1. Assuming small
perturbations, the displacement at the moment k is written (for simplicity we omit the
superscript k for the displacement) as follows

4 C 4 ) )
w(En.0 = LN+ 3 Y ad Em (Vi Vi) (1.36

If we define at the node i two vectors OV"l and OVE such as the base (OV’i,OVé,OV%) is
orthonormal, we can write, assuming the small rotations that :
bvi =0vi 1kg; AOVE
0, oV + VS
V=0 VBV - Vs

Therefore the displacement of a point of the element can be written as follows

4 4
u(g,n,g) = ;Ni Enu;+ % ; hiN; (€,m) (B V] — o) V5) (1.37)
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Conventional 2D shell finite element

Thus each node of this element will also have 5 degrees of freedom (3 translations and the
2 rotations of the vector associated with this node). At first this may seem very similar
to what is known for Reissner/Mindlin shell elements but there are fundamental distinc-
tions : Ahmad’s degenerate finite elements function under a purely three-dimensional
formulation. Also quadrilaterals obtained by degeneracy of the 3D elements support
warping (non-planarity of the nodes) much better. However, one can note similar hy-
pothesises to those governing the classical plates :

1. the segments connecting two nodes (directed by a director vector) are straight
through the transformation.

2. A segment initially normal to the mean surface remains inextensible during the
transformation (which means that the deformation in the thickness is nil).

3. The stress in the thickness is nil. This necessitates modifying the 3D constitutive
law to respect this hypothesis.

It is immediately noticeable that the second hypothesis necessarily implies to remain
in the hypothesis of small deformations. Moreover, this hypothesis is in contradiction
with the one stipulating that the stress in the thickness is nil (3rd hypothesis) but also
with the fundamental hypothesis of mass conservation. If a plate element is extended
horizontally, it should lose thickness to conserve its mass. Thus, in order to satisfy all
these hypotheses at the same time, these elements operate with modified constitutive
laws. Unlike the classical shell element mentioned above, the continuum-base approach
is very straight forward. It is applicable to arbitrarily large deformations shell problems
[BOI 94] and yield excellent results for many structural problems. Although Ahmad’s
formulation is innovative, in terms of plate modeling, the degenerated finite elements
can suffer from severe locking problems. Several authors have proposed solutions to al-
leviate these locking problems. These include the work of Brendel and Ramm [BRE 80],
Parisch [PAR 95], Hughes [HUG 81a], Bathe and Dvorkin [DVO 84, DVO 95a], Bischoff
[BIS 97] among others. The main limitation of the two types of classical shell finite
elements discussed above is the plane stress hypothesis. In addition to being in contra-
diction with the zero normal strain, it requires the modification of the constitutive law.
For some constitutive laws, this is numerically feasible but for others, notably certain
constitutive laws of natively three-dimensional concrete, plane stresses hypothesises
are none-sense. Moreover, these flattened finite elements do not, to our knowledge,
handle structures with variable thickness and their connection with other structures of
thicker types is hardly manageable. As a result of all these difficulties, studies are in-
creasingly turning to 3D type finite elements which are generally more robust, operate
with three-dimensional tensors and handle several types of nonlinearities encountered
in mechanics.
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1. Background on the modeling of shell like structures

length a 1m
width a 1m
Thickness t 0.1then 0.01m
Young modulus E 21 x 10°Pa
Poisson ratio v 0.0
Applied force F 100N

Table 1.1: Geometrical and material characteristics of the bent plate

1.4 The 3D standard finite element

Another way to model shell like structure would be to use 3D standard isoparametric
finite elements as an alternative to the plane stress hypothesis. These elements oper-
ate with purely three-dimensional behaviour laws and can handle several nonlinearities
such as contact/friction, fracture mechanics, elastic-plastic or large geometrical trans-
formations. Unfortunately they have the disadvantage of being too rigid to reproduce
correctly the behaviour of thin structures. They require very fine discretization to give
good results, in the modeling of shell like structures. This is very expensive in terms of
calculation time.

1.4.1 Case study

To illustrate the difficulty of standard 3D finite elements for modeling thin structures,
a simple study is carried out. Let us consider a thin square plate with side length a =
Im and thickness e = 0.01m, clamped on one side and undergoing a bending force on
the opposite side. The material characteristics of the plate are given in the table 1.1.
The plate is then meshed with standard 3D finite elements. A mesh convergence study
is performed and compared with a reference solution given by a Discrete-Kirchhoff-
quadrangle (DKQ) mesh. The CPU time of each study is also collected and introduced in
the comparisons. The results are reported in the table 1.2. On the latter table we can see
how difficult it is for the 3D standard finite element to give a good result for this simple
bending problem. For the same number of elements, the 3D standard finite element gives
a displacement of 9.5¢~7m, where the DKQ element gives 1.9¢ >m. One can refine by
increasing the number of elements by x3000 and thus multiply the CPU time by a factor
of 1000 and still not get the right result. This shows the difficulty of first order standard
finite elements to model bending problems in thin structures. Due to the tri-linearity
of their shape functions, these elements suffer from several locking phenomena when
modeling bending problems of thin structures.
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The 3D standard finite element

Mesh Number of elements | CPU time | results Ref
Sx5x1 25 0.05s 9.5e-7m || 1.90e-3m
15x 15 x 10 2250 0.65s 8.2e-6m || 1.90e-3m
50 x 50 x 30 75 000 65.54s 6.3e-5m || 1.90e-3m

Table 1.2: Displacement of the eight-nodes standard element

L2
222
TR

e sas
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&
NS

(a) 10x15x15 mesh (b) 30x50x50 mesh

Figure 1.4: Simple Bending of a plate with 3D standard finite elements

1.4.2 Locking phenomena

To investigate the locking phenomena the low-order standard solid element goes trough,
let’s consider the following trilinear displacement field, which is conventionally em-
ployed for the eight-node standard element, see Figure 1.5. To facilitate understanding,
the analysis is restricted to a cubic geometry element so that the physical system (x,y,z)
and the isoparametric natural system (&,1,{) can be used interchangeably. In the frame
(x,,2), the displacements (u,v,w) of any point can be written in the following trilinear
form

u=ag+ayx+axy-+aszz+asxy+asyz+aexz+aixyz

v =bo+bix+byy+b3z+ baxy+ bsyz+ bexz + bxyz (1.38)

W = ¢+ C1X+ C2y + €32+ c4xy + ¢5yZ + CeXZ + C7XYZ

where a;,b;, and ¢;(i =0, ...,7) are constant coefficients. For the sake of simplicity, lock-
ing effects are simply considered with infinitesimal strains. It means we consider in-
finitesimal strains € instead of Green-Lagrange strain E. All types of locking and their
remedies for low-order solid elements will be mentioned in details in the following sec-
tion.

1.4.2.1 Transverse shear locking

Transverse shear locking occurs when the EF discretization overestimates shear stiffness
at the expense of bending stiffness, when modeling a thin or very thin structure. Shear
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1. Background on the modeling of shell like structures

2a

(a) Continuum mechanics Y, =0 (b) Low order element v,, # 0

Figure 1.6: Flexion in continuum mechanics Vs flexion of low order element

locking is the most frequently encountered locking phenomenon but also the most severe
locking. Not only does it slow down convergence but its numerical management requires
considerable effort. In classical elasticity theory, when an element is subject to pure
bending, the shear term should be zero. But this is not the case with the tri-linear form
defined in the hexahedral element. the shear strain is written as follows

u 0
Yoo = a—”Z‘ n gvc = (a1 +b1)+ (as+be)z+asx+bsy+axz+byx  (1.39)

In fact, the above shear strain can only be zero if all the coefficients of the linear shape
are zero. Which is impossible since this would be opposed to the completeness of the
shape function space. To better illustrate this phenomenon, it is simpler to consider
the deformation modes of a beam in a bending problem. Let’s consider a rectangular
beam as in the figures (1.6.a) and (1.6.b). Assuming that the deformation of the beam is
independent of the Y-direction, the displacements can be obtained in the following way
U=ci+c3x+csz+cxz (1.40)
W = Cy + C4X + CgZ + C8XZ
Logically, this means that the hexahedral element with tri-linear form functions is re-
duced to a quadrangular element with bilinear functions. The coefficients c; and ¢; are
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The 3D standard finite element

rigid body deformations, c3 and ¢4 are constant deformations, and ¢7 and cg are linear
deformation modes. During pure bending in the (x,z) plane (see figures 1.6) the shear
mode c7 remains active in the normal strain €. In other words, with the 1st order shape
functions, it is impossible to have a strain €, without it being accompanied by a parasitic
shear term.

Cq Cy C3 ‘4 . Cs Co c7 Cg
Modes D EI il:’,: EI D D D
u cl 0 C3X 0 52 0 Cc7XZ 0
w 0 2 0 C4x 0 62 0 Cc8XZ
€ 0 0 c3 0 0 0 c7Z 0
€ 0 0 0 0 0 Ce 0 cgx
Yxz 0 0 0 C4 Cs 0 c1X 8z

Table 1.3: Deformation modes of bilinear element

The phenomenon of transverse shear locking then occurs when this term is prepon-
derant. The example of the beam clearly shows this fact. When a beam is bent by a
moment couple M (figure 1.6.a), continuum mechanic predicts the following stresses

s M
=T (1.41)
Cx="T=0

I being the moment of inertia of the beam. By integrating equation (1.41), it comes:

M terzt
U= —IX C1Z )
El (1.42)

x? —|—Vz2) —Ccix+c3

~3571 ¢

c1, ¢2 and c3 are integration constants. By imposing a symmetry boundary condition
with respect to the plane x=0, the vertical displacements of the 4 nodes are zero. This
results in the following displacements

M
U= —Xxz

EI
" (1.43)

M s o M s
W= o @) g ()
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1. Background on the modeling of shell like structures

Which leads to the following strains

( M
Ex = E—IZ
g, = —%z ifv#0, g =0else (1.44)
ou Jdw
=5 T Y

This solution satisfies the conditions of pure bending. however, for the finite element
solution, when pure bending occurs, only the mode c7 is active (see table 1.3), it means

{ = (1.45)

w=20

Therefore the finite element solution commits an error AY,, = ¢7x which does not vanish
and is likely to be preponderant with respect to the pure bending mode, when the thick-
ness of the structure becomes small. This is the cause of shear locking. Note also that,
when the Poisson ratio is not null, the finite element commits also an error in the normal
strain Ag4 = —%z, which lead to Poisson thickness locking (see next subsection).

In conclusion, note that transverse shear locking occurs because normal strains of
linear elements are coupled by shear strains. Therefore, these elements do not have a
pure bending mode that allows a pure bending behaviour to be correctly modelled. When
the plate thickness becomes thin, shear modes become preponderant and absorb a large
part of the bending deformation energy. This results in very small bending deformations
compared to what would be obtained by analytical mechanics. Increasing the number
of elements will allow a more accurate modeling of the curvature, and reduce the effects
of shear locking. Shear locking can also be prevented through the use of higher-order
finite elements.

1.4.2.2 Poisson thickness locking

Considering still the bending beam problem, the analytical solution gives a pinching

strain worth: €, = —%z, whereas the linear finite element model gives
ow
& == =cCetcgx (1.46)
oz

This means that at a given position x, the pinching strain is constant in the thickness
direction. However in a real structure, the analytical solution of the beam gives a normal
displacement €, = % which by Poisson effect leads to a pinching strain depending on
the thickness direction €, = —ve,. With low-order finite elements, this is not satisfied.
Thus the pinching stress

. — E
S (14v)(1-2v)
is different from what an analytical solution would yield. This causes Poisson thickness
locking for low order elements.

((1—2v)e, +vey) (1.47)
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The 3D standard finite element

1.4.2.3 Volumetric locking

Volumetric locking is a stability problem encountered when finite elements, formu-
lated in displacement, are used to model the behaviour of incompressible or quasi-
incompressible materials. This instability is primarily related to the mathematical for-
mulation of the problem. Indeed, in mechanics, a material is said to be incompressible
when its Poisson ratio v is 0.5. If it is deformed, such a material does not undergo any
variation in volume and should verify the following relationship

_Odu  dv  ow

SVZ”(S)_aJr@JFa_Z_

0 (1.48)

However if one consider, the interpolations form in the sections above, the strain €, is
rather written as follows :

€ = (a1 +by+c3)+ (bg+ce)x+ (as+cs)y+ (ag + bs)z+ (c7xy +azyz + byzx) (1.49)

In other words, it’s impossible to satisfy the €, = 0 condition. Thus, for such a material,
the first-order finite elements cause an overrigidity of the elementary stiffness matrix
inducing a locking solution. Hooke’s law for continuous and isotropic materials is

c= E e+ v o | (1.50)
14V 1—2v"” ‘

One can see right away that when the v — 0.5, the ratio =5, tends towards infinity.

Therefore, the elasticity matrix in the product B' DB, see equation (1.30) is composed
of elements tending towards infinity. The resulting stiffness matrix becomes an infinite
wide number, providing infinitely small displacement values.

1.4.2.4 Membrane locking

Membrane locking is a locking phenomenon that usually occurs when beam and shell
type structures with high curvature are subject to bending. It is often confused with
trapezoidal or transverse shear locking because the latter affects membrane effects, how-
ever they are completely different types of locking. To better illustrate the membrane
locking phenomenon, consider a curved beam with a length of 2/ and a radius of cur-
vature R (Figure 1.7). The circumferential displacement is referred to as u and radial
displacement as w. The curvilinear abscissa carried by the mid-line of the beam is called
s. Membrane and bending deformations can be written as follows (see Prathap [PRA 01])

€ -I-w
:uS —_

" R

" (1.51)
X - ?E _W,ss

From these equations, we can immediately see that at least C* continuity is required for
the circumferential displacement and C? for the radial displacement. It is then possible
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1. Background on the modeling of shell like structures

Figure 1.7: Curved beam

to write the polynomial form of the displacements

u=aog+a§

(1.52)
w = by +b1E+ brE? + b3E?

where the coefficients a; and b; are generalized displacements corresponding to the de-
grees of freedom of the nodes. It is then possible to rewrite equations (1.51)

(a1 by bi, by, b3
8_(I+R)+RE’+R&+R§

_ (@ 2b2) 6bs,
X=\r 1 2

When this element is used to model a pure bending structure (without membrane ex-
tension) the membrane strain must vanish. This is only true if the following conditions

are met 5
(4
(1.54)

b;
Vi=1,23 —=0
l ) Y R

(1.53)

It’s possible to arrange to physically meet the first condition. However, the other condi-
tions % = 0 cannot be met without being in contradiction to the hypothesis of equation
(1.52). The coeflicients b;, (i = 1,2,3) are then the cause of membrane locking.

In conclusion, membrane locking occurs if the interpolations are unable to model the
in-extensional behavior in in-extensional bending problems. Consequently, a stiffening
effect occurs when pure bending deformations are accompanied by parasitic membrane
stresses.

1.4.2.5 Trapezoidal locking

Trapezoidal locking is a locking phenomenon encountered when the side faces of a 3D
finite element are not perpendicular to the mid-plane of the element. It usually occurs
when a mesh structure is curved (e.g. cylinder) or heavily deformed. However, curva-
ture locking only occurs when the elements include thickness strains. In other words,
degenerated shell elements and flat plate geometry for which the normal deformation
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The 3D standard finite element

in thickness is assumed to be nil do not suffer from trapezoidal locking problems. As
far as we know, this phenomenon was first illustrated by McNeal in 1987 [MAC 87]. To
illustrate his reasoning, we consider a reference element transformed into a trapezoidal
element of height H =2 and width W = H x A, A being the ratio between the reference
width and the width of the trapezoid (see figure 1.8. The coordinates in the local frame
can be written relative to the components in the reference base:

x=&(1-ag)

z=C (1.55)
oA = tan (9)
2A(1-0) 2
|
zZ
3
=
2A(1+0)

Figure 1.8: Trapezoidal element

To simplify, let’s consider the case of a beam such that % =1 and v = 0. The ana-
lytical solution of the beam in bending (as in the preceding cases) gives:

u =xz
2 (1.56)

Or by using the iso-parametric coordinates

u =§(—al?)

Wi = —8(1 - o)’
The displacements in terms of finite elements are written by (see McNeal [MAC 93])

utl = A(EC —af)

(1.57)

(1.58)
we = —%Az(l —af+0a?)
And the corresponding strains are written as follows
E_:ef — (C B a’)
o (1-ag)
e = Na (1.59)
oG —a)
2 =AE |1+ 22—
]
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1. Background on the modeling of shell like structures

While the analytical solutions are given as follows

el =C
X
e=0 (1.60)
2ﬁz =0

From equations (1.59) and (1.60), it is visible that the finite element solution is different
from the analytical solution when o #0. These parasitic terms that appear when o be-
comes large cause the trapezoidal locking. In conclusion, note that trapezoidal locking
occurs when 2D or 3D finite elements with oblique edges (with respect to the mean line
or surface) used to model the behavior of curved structures.

One way to avoid the locking problems of low-order 3D finite elements would be
to use them in a very refined mesh. Another natural strategy to overcome these lock-
ing phenomenon would be to use 3D finite elements with higher degrees of interpola-
tion. However, the latter is less attractive due to high computational cost, especially
in non-linear applications. And both methods are of high computational cost. It is
then preferable to use first order interpolations and to find ways to reduce locking phe-
nomena. Shear locking of solid element can be alleviated by using the assumed natural
strain (ANS) method [HUG 81b, WEM 82, DVO 84, DVO 95b, DVO 95a, KLI 97, HAU 98,
HAU 01, CAR 05, CAR 08, SCH 09]. Also the ANS method applied to the transverse
normal strain allows to eliminate trapezoidal locking as well, see Bischoff and Ramm
[BIS 97] or Betsch and Stein [BET 96]. To avoid Poisson thickness locking additional
terms with linear distribution in thickness direction is introduced for the transverse nor-
mal strain, see [SIM 92a, SOU 06, REE 07] to name just a few. This assures the normal
stress to vary linearly along the thickness in bending situations. The reduced integration
method allows to eliminate volumetic locking and some membrane locking. One can see
the remarkable work of Belytschko and co-authors [BEL 83, BEL 84, BEL 93], Reese and
co-author [REE 00, REE 07] as well as Combescure and co-authors [LEG 03, ABE 09].
3D standard element with all this methods incorporated in their formulations are called
solid-shell elements. They are naturally design to overcome the disadvantages of 3D
low-order standard element while correctly reproducing the behavior of shell like struc-
tures.

1.5 The rise of solid-shell elements

Because of their simplicity, first order finite elements are widely used for structural mod-
eling. However, as we have seen previously, when used to model the behavior of thin
structures, these elements exhibit severe locking problems like transverse shear lock-
ing, membrane, Poisson thickness, trapezoidal or volumetric locking. Parasitic
shear or membrane modes become predominant and engulf the bending modes resulting
in membrane or shear locking. When incompressible or quasi-incompressible materials
are used, volumetric locking occurs. Several methods have been proposed in recent years
to construct 3D finite elements capable of modeling the behavior of shell like structures :
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The rise of solid-shell elements

they are called solid-shell finite elements. The best known and used methods to alleviate
locking phenomenon are the assumed strain methods (EAS, ANS), and the selective or
reduced integration methods. In this section details about these methods are given as
they are useful to understand the solid-shell elements that are going to be presented in
the next chapter.

1.5.1 Reduced integration (RI) method

A very attractive method for removing locking phenomenon is the reduced integration
technique. It consists of taking a number of Gauss integration points aligned in the
thickness direction of the element and centred on the mid-plane. The main advantage is
the reduction of calculation time while removing membrane and volumetric locking.

ey .
S 7
S
4
,/ L] (]

Full integration Reduced integration

Figure 1.9: Full integration scheme to reduced integration scheme

However, reduced integration elements may generate zero energy modes associated
with non-zero deformations. This causes strong distortions, creating areas where no
stress accompanies the observed deformation of the element. This is known as the Hour-
glass (or hourglass) phenomenon. Several stabilization methods have been introduced by
Belytschko and co-authors [BEL 83, BEL 84] or Reese and co-authors [REE 00, REE 07]
in order to prevent the appearance of these Hourglass patterns. The selective integra-
tion technique is also often used and consists in cleverly combining the full and reduced
integration techniques (e.g. full integration for bending stiffness matrix and reduced
integration for shear stiffness matrix).

1.5.2 Incompatible method

Incompatible method, also called assumed displacement method, is derived from the
potential energy variational principle. We here present the incompatible method as a
reference to motivate for the EAS method presented in the next section. Hence, the in-
compatible method is briefly introduced and only considered in linear elastic theory. The
standard solid elements pose the following difficulties: locking phenomena for bending
and incompressible problems. By adding incompatible displacements to 3-D isoparamet-
ric nodes, the mentioned difficulties are canceled.

Consider a continuum body occupying a volume £ in a space of boundary surface
0Q . Let’s assume that the body force and the tension force are conservative and the
object is in static state. Under the theory of linear elasticity, the principle of minimum
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1. Background on the modeling of shell like structures

potential energy can be stated as :

1
T (u) = > (™ (u)) T De“™ (1) dQp — Text (1) (1.61)
Q
where £°°"" is the compatible small deformation. When the solid continuum is dis-

cretized into a finite number of elements, the above variational is rewritten in the form
as

—Nbr{1 Bu)/D(Bu).dQy — 1, (u)} 1.62
w(w) = 0 [, (BP0~ () (162

where Nbr is the number of elements. In the finite element formulation the ele-
ment displacements (u), are interpolated in terms of nodal displacements that may be
at both boundary nodes (Serendipity elements) and internal nodes (Lagrange elements).
Elements can also be formulated by adding to the original element displacements (u),,
which are in terms of nodal displacements (U), higher-order displacements o, which
are not expressed in terms of nodal displacements of the boundary nodes. For example,
the displacements u and v for the standard four-node quadrilateral element are based on
bilinear interpolation functions, see subsection (1.4.2). They are incomplete in quadratic
terms (see equation 1.40). Improvement of the performance of a four nodes element can
be made by adding terms such that the displacements are complete in quadratic terms.
Wilson et al [WIL 73] suggested the addition of incompatible displacements that van-
ish at all corner nodes. In these cases the element strain € = (Bu), can be expressed as
follows

e= [B* B%] Eﬂ (1.63)

where B” and B® are respectively the compatible and incompatible strain matrices.
U, = [U17V17W17---UNbrNode7VNbrNodeawarNode] and O, = [061, ---OLNbrInmode] are respec-
tively nodal displacement vector and incompatible mode vector element, with NbrNode
the number of nodes per element, NbrInmode the number of incompatible modes per
element. The element stiffness matrix is then written as follows

_ [B9)"DB* (B*)"DB*
K, = |:(BOL)TDBM (B(X)TDBOL (1-64)
where (B*)T DB is the standard stiffness matrix of the element, (B*)” DB* the incom-
patible stiffness matrix of the element and (B*)” DB the incompatible-standard stiffness
matrix of the element. In the same way we can define the standard nodal force vector
F¢,, and the incompatible nodal force vector F, as follows

F¢, = / N7 £d0Q + / N . bdQy
aQ() QO
(1.65)

= [ N-fdoQ +/ N’ - bdQ
o 290 o 0 0 o 0
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The rise of solid-shell elements

The incompatible vector 0 consists of internal variables. Hence it can be, in some cases,
condensed out of the variational formulation by setting g—g = 0 in order to get o, in
function of U, as

o, = —[(B*)'DB* ! ((B*)"DB*- U, —£2) (1.66)

Doing so, the equivalent element stiffness matrix and the equivalent nodal force are
written as

k. = (B*)"DB" — [(B*)"DB"|[(B*)"DB*| "' [(B*)" DB"] (1.67)
f, = £, — [(B%)"DB|[(B%)" DB%)~f; (1.68)

Finally, assembling k, into a global matrix K and f, into a global nodal vector F, the total
potential energy is

1
n(u)ZEUT-K-U—UT-F (1.69)

Where U is the global nodal displacement vector, K = Z]ev b 1ke and F = ZQZ’{ f.. The
variation of 7 (u) with respect to the global displacement vector U imposed equal to

zero, gives the equation for displacement solution :
K-U=F (1.70)

After solving the system (1.70), all the nodal displacements are known, and other vari-
ables like strains and stresses are obtained as in the standard manner. Note that for the
seven and nine nodes solid-shell elements presented in the next chapter, the conden-
sation technique mentioned in this section is not followed due to the pinching stress
enhancement that will be detailed in chapter 2.

In the next section, the EAS method, based on the three field Hu-Washizu variational
principle, is presented. The EAS method is considered as a generalized approach of the
incompatible method as pointed by Simo and Rifai [SIM 90b].

1.5.3 The Enhanced Assumed strain (EAS) method

Due to their efficiency and simple geometry, low-order solid elements are often pre-
ferred in structural mechanics. But, as mentioned above, the low-order standard dis-
placement elements exhibits, in many cases, severe stiffening effects known as locking.
Shear locking occurs when simulating thin-walled structures by the low-order standard
displacement elements, where pure bending modes are spoiled by parasitic shear strains.
Membrane locking is encountered in high aspect ratio elements when bending modes
cannot be separated from membrane strains and, thus, not allowing the verification of
pure inextensional modes. For incompressible or nearly incompressible conditions, vol-
umetric locking may also occur; in this case, deviatoric modes always come along un-
desirably with volumetric strains. The class of EAS elements presented below allows
the systematic development of low-order elements with enhanced accuracy for coarse
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1. Background on the modeling of shell like structures

meshes. This method whose formalism is based on the Hu-Washizu three-field formula-
tion was initially proposed by Simo and Rifai [SIM 90a, SIM 90b] in small deformations,
then extended to large deformations by Simo and co-authors [SIM 92b, SIM 93] before
being applied to thermomechanical problems by Adam and Ponthot [ADA 05]. The idea
of the EAS technique is to enhance the usual deformation of a finite element by enrich-
ing it with a deformation intelligently chosen to eliminate locking phenomena. Finite
elements with the EAS approach have been applied to simulate geometrically and ma-
terially nonlinear problems due to the fact that they perform well in severe situations
as the nearly incompressible limit and pure bending situations, when coupled with the
reduced integration technique.

1.5.3.1 Three fields variational formulation

The EAS method aims to enhance elements displacement gradient and further improves
volumetric and Poisson thickness locking. The Hu-Washizu principle is generally the
starting point. As being proposed by Simo and Rifai [SIM 90b], the displacement field
u € 7, the conjugated Green-Lagrange strain tensor E € & and the admissible second
Piola-Kirchhoff stress S € . are treated as independent variables. #',& and . being
respectively the space of admissible displacement, strain and stress. The Hu-Washizu
principle is derived as

7™V (u,E,S) = / W (E)dQo + s:[l (FTF—I)—E] dQo — Text(u)  (1.71)
Q Q 2

Where (W) is the strain energy, F the compatible deformation gradient depending on
the displacement field u and defined in section 1.2 and I the metric tensor. According to
the EAS method the independent strain field is given

1
E=E" —E'4+E“  with E'‘= 3 (FTF-1) (1.72)
Where we call E* the compatible strain field and E** the enhanced assumed strain field.
Let’s call E™? the modified strain field. Introducing the modified strain E”°¢ into equa-
tion (1.71), the variational basis for the EAS method is written

i (u,Em"d,S> _ / W(E)dQo+ | S: [E"—Emf’d} dQy — Texe(u)  (1.73)
Qo

Q

Emod Fmod

Once the modified strain tensor is obtained, the gradient deformation tensor
can be consistently derived through the use of a polar decomposition, (see section 1.5.5).
In general, as proposed by Simo [SIM 90a], the approximation of E°* and S are chosen
to satisfy the following orthogonality condiditon

S:E“dQy=0 (1.74)
Q
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The rise of solid-shell elements

Applying the orthogonality condition, the three field variational is reduced to a two field
variational principle as follows :

TV (u, Be%) — / W (B +E*“) dQ) — Tiext (u) (1.75)
Q

which immediately gives the first variation

STV (u, Ee) — / (SE" + SE“) : §"d 0 — Sexe(u) (1.76)
Qo

Where the modified second Piola-Kirchhoff stress 8¢ is given by

ow
mod __ 1.
8" = (1.77)

Following the finite element method detailed in section 1.2, The variation SE* and incre-
ment AE" of the compatible Green-Lagrange strain at the element level are interpolated
as follows

OE" =B"8U and AE"=B"AU (1.78)

where B is the compatible standard strain-displacement matrix and is function of the
compatible displacement u. The enhanced strains is function of a enhanced strain inter-
polation matrix I" and internal strain parameters o. The variation and increment of the
enhanced strains are

OE” =Tda, and AE*” =TAa (1.79)

Note that there are many ways to define the enhancement interpolation and the number
of internal parameters (see [AND 93, KLI 97, TAY 76] among many others). The EAS
method has two major roles: to reduce the volumetric locking (in the constant field)
and also the Poisson locking deficiency. Recently, in the works of Alves de Sousa and
co-authors [SOU 05, SOU 06] , it has been shown that only a single enhancing parame-
ter was enough to considerably reduce those locking pathologies on the constant strain
matrices, thus giving rise to an element that can retain its computational efficiency, of-
fering an almost perfect combination between EAS and reduced integration schemes.
Therefore in the following sections and chapters we will only consider the EAS method
with only one parameter.

1.5.3.2 Linearization of discrete weak form

Using equation (1.75), we formulate the linearization of the weak form 8n//V (u, E¢) at
the element level by employing the truncated Taylor series about the (k4 1) iteration

00m¢
9 (ur, E{*)
= om (uy, Ef*°) + D(81°))| (0 E) (Aug, AELY)

on (llk+1 , Ez:lfl) =0r (Uk, Eias) + |(uk7EiaS> : (Allk, AE]egas)

(1.80)
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1. Background on the modeling of shell like structures

Where D () is the Gateaux derivative operator, see Simo and Hughes [SIM 98]. To alle-
viate the notation, the right subscript “k” designating the iterative index is omitted. To
find (Au, AE**) we let the right hand side of equation (1.23) be nil, which gives

—oné  — Om’

int

odm® o
oxt = W\(U,ae)'(AU,AOC) (1.81)

The internal virtual work is then written as follows

Oy, = / (BSU®)T ™40y + / (080€)T 804 dQy,
. 0 (1.82)

= SUTE, + 5ol e

eas

With
o= [ BTS™a0y and £, = [ T7s™ag, (1.83)
Q Q

Assuming that the external force is displacement-independent, the external virtual work
is written as

on¢,, = —SUF (1.84)

ext

where £, is same as in section 1.2. Lets now derive the right hand side of equation (1.81)

d(dmf,) d (3,
ou AU,

d (oft ) B(SF )
TZ\""int) T=\"eas/
=0U 3 -AU + 0 5 AU (1.85)

SUT a (ggnz) A + SOCT a (32%5) A
= [SUTK, + 80" kS, | - AU+ [SUTKS, + 8 kG| - Act

D(81°) - (Au, AE*) = 2Tt Ay

Where k¢, is the compatible-standard stiffness matrix same as Kr in section 1.2, k{, the

incompatible stiffness matrix and k¢, the standard-incompatible stiffness matrix. The

constitutive tensor in the physical space is now expressed through the following stress-

strain relationship

as(l J)mod
oE[0d

D= D) = (1.86)

The standard stiffness matrix of the element includes the material part k¢, ,, and geomet-
rical part kg,, as

ke — affnt ke

uu = aU mat +ke

geo

/ BDB"dQ+ [ #5740 (1.87)
o o

where, for a geometrical nonlinear theory the strain-displacement matrix B, is a function
of the displacements u as in section 1.2. Furthermore, the strain-displacement matrix
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The rise of solid-shell elements

contains the derivatives of the shape functions with respect to the global coordinates X
in the reference configuration. Components of the geometrical part k¢, is defined as

o
Hii Hpp ... Hip

e, = |2 e He (1.88)
Hut Hool ... Hoowo

With no still being the number of nodes of the finite element considered. Hy; (1,J =
1,2,...,n0) is defined for a node combination I and J as Hy; = Hy;I3 ; where 13 is the
unit matrix of dimension 3 by 3 and

Hyy =/ NixSkiNj1dQo; K,L=1,2,3 (1.89)
Q

The enhanced-compatible stiffness matrix of the element is

o, \ "
K= (k)" = () = [ r7DBracy (150
o Q

while the enhanced stiffness matrix of the element is as follows

£
K = (aa?.?) = [ TTCrdQy (1.91)
Q

The combination of (1.83),(1.87),(1.90) and (1.91) gives the discrete linearized system of
equations to solve for the increment AU and At (see [KLI 97])

ki, k| |AU forr — Lt
= 1.92
lkgcu kfxoc Ao - feas ( )

The equation (1.92) is the elementary equilibrium equation of a solid-shell finite ele-
ment operating with the EAS method. The latter is very effective in eliminating Poisson
thickness and volumetric locking, see Andelfinger and Ramm [AND 93], Wriggers and
Korelc [WRI 96c], Alves de Sousa and al [SOU 03]. However, although interesting in
eliminating locking phenomena, solid-shell elements operating with the EAS method
can be computationally time consuming due to the additional degrees of freedom. How-
ever, according to Alves de souza and co-authors [SOU 05, SOU 06], it is possible to
reduce volumetric locking with just one EAS parameter. It has also been shown that
there are signs of instability under certain loads such as in compression, see Wriggers
and Reese [WRI 96b], De Sousa Neto et al [SOU 95]. Furthermore, EAS elements are
effective in eliminating volumetric and Poisson thickness locking but not in completely
eliminating transverse shear locking, especially for thin structures under bending situa-
tions. This is the reason why this method is very frequently associated with the assumed
natural strain (ANS) method.
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1. Background on the modeling of shell like structures

1.5.4 The Assumed Natural Strain (ANS) method

The EAS method presented above does not give satisfactory results in eliminating trans-
verse shear locking phenomena, especially when modelling a thin structure subjected to
bending loading. The method that is then widely used is the ANS or Assumed Natural ...
strain method, which has proven to be more effective in eliminating transverse shear
lockings [BIS 97]. This new Assumed Natural Strain technique consists of replacing the
transverse shear deformation with an assumed shear strain obtained by interpolation
in the natural base of the element, hence the name Assumed Natural Strain. The most
commonly used plate element currently used in design codes works with this technique
to overcome transverse shear locking [DVO 84]. In addition to facilitating the manage-
ment of shear locking, interpolation in the natural base gives elements working with this
method the ability to be accurate even with a more or less distorted mesh. Therefore, it
is necessary to define a convected description, which naturally preserves the objectiv-
ity (in the convected description, the material base vectors reflect the geometrical and
kinematic aspects, hence, the corresponding components are indifferent with respect to
their material base vectors). To this end, let’s denote the position vectors of the reference
configuration Qg and the current configuration €; in the local coordinates system by X
and x, respectively. the convected basis vector G; and its components G;; in the initial
basis system are defined by

;Gij=G;-G; ; =123 (1.93)

While the contravariant vector G/ and its components G%/ are defined as follow
Gi-G' =% G'=G'G; ; i,j=1.23 (1.94)

In the same manner the convected basis vector g;and its components g'/ in the cur-
rent basis system are defined as follows

ox ou
8=z ~Citom jeu=&g 3 (1.95)

While the contravariant vector g/ and its components g'/ are defined as following
gi-gj:83- gl =gs, ;. i,j=1,2,3 (1.96)

The deformation gradient can then be written by combining the equations (1.93) and
(1.95)

x ox ek
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The rise of solid-shell elements

The Green-Lagrange strain tensor defined in section 1.2 becomes

1
E= E(FTF—I) = Eijei®ej
1 . . .
= E(gij —Gij)G'®G’ =E;;G' @G’ (1.98)

1 du Jdu Ju Jdu) ;

(S5 o i) O
Now instead of using the standard computation of equation (1.98), which leads to shear
locking, the transverse shear strains Ej3 and E»3 are assumed, according to Dvorkin
and Bathe [DVO 95a], to be interpolated through the use of certain sampling points as
follows (using Voigt notations)

Ep 0.5(g11 — G11)
Ex 0.5(g22 — G2)
E_ Es | _ 0 0.5(g33 — G33) (1.99)
2E), (812 —Gn2)
2E13 s(1=m)(g13—G13)ay+35(1+M)(g13—G13)(¢)
| 2E23 | | 3(1-8)(g23— G23)(p) + 3(1 +8) (823 — Ga3)p) |

Where T is a function of G’ and convert the strain from the natural base to the ini-
tial base. These assumed strains can be implemented in the standard solid element in a
straightforward manner. These assumptions allow the element to represent pure bend-
ing modes without any spurious shear effect. The modified shear strains lead to the
new operator matrix B in the natural space. However, the formulation can be slightly
modified so that no explicit strain evaluation at the sampling points is necessary in the
numerical calculation. The physical assumed strain-displacement matrix at node I of the
eight-node solid element is

Npegl
Ning}
g
Nyegh +Ningl
(1=m) (N8l + Ny cgl) )+ 5(1+M) (N egl + Ny gl o)
(1—&)(Ningh +Nicg) o)+ 5(1+&) (Ningh + Ny cgh) )

B;=Q (1.100)

D= =

The ANS method has the advantage of being free of locking and is insensitive to small
mesh distortions. The results also remain correct even when the mesh is relatively coarse
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1. Background on the modeling of shell like structures

[PAR 86]. Initially the ANS method was a simple engineering intuition without a solid
mathematical basis to support it. Formulated in the 1980s, the ANS method was quickly
adopted by the research community: Hughes et Tezduyar [HUG 81b], Bathe et Dvorkin
[DVO 84], Wempner et al [WEM 82], Hauptmann et al [HAU 98] to name just a few. A
few years later, in two separate publications, Militello [MIL 90] provides a mathematical
justification of the ANS technique based also on the three-field mixed formulation of
Hu-Washizu. ANS elements are still widely used because of their simplicity but also
because of their effectiveness in eliminating transverse shear locking.

1.5.5 Modified deformation gradient

The ANS and EAS methods modify the initial Green Lagrange strain E and gives a new
Green Lagrange strain E"°?. The associated modified deformation gradient F¢ is re-
quired if the element is implemented in a source code based on the updated Lagrange
formulation or when a material algorithm for large elasto-plastic strains is needed. The
original deformation gradient can be split into right-stretch tensor U and rotation tensor
R as

F=RU (1.101)

Introducing U and R into the formulation for calculating Green-Lagrange strain tensor
we have:

E= %(FTF—I) (1.102)
_ L
= 2(U I (1.103)

Clearly, Green-Lagrange strain tensor depends only on the right-stretch tensor U. Thus,
from the modified strain E"°? we can derive the associated modified right-stretch tensor
U4 According to Hauptmann et al [HAU 01]., the modified deformation gradient F°¢
is calculated as

Fed — Rum4 (1.104)

One can see that the computation of F”¢ requires twice a polar decomposition. The
first step consists in the calculation of rotation tensor R in (1.101). The second step is
the calculation of the modified right-stretch tensor U"*? from E"*? . These calculations
will increase a little bit the computational cost of the algorithm when the deformation
gradient F"°? is required.

1.6 Conclusion

First-order solid elements suffer from many locking phenomena. When the materials
are incompressible, the rigidity matrix tends towards infinity, generating very small de-
formations: this is volumetric locking. This can be remedied either by using reduced in-
tegration techniques with additional use of stabilization techniques, or by using the EAS
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Conclusion

method by adding incompatible deformations to satisfy the incompressibility condition
[AND 93]. However, the EAS method can be time consuming due to the additional de-
grees of freedom. That’s why it is recommended to use only one EAS parameter, since it
is enough to reduce volumetric lockings. The reduced integration technique, in the other
hand, is very advantageous in terms of time calculations. However, it is necessary to en-
sure that zero energy modes are well stabilized. It should also be noted that these two
techniques also alleviate membrane and shear lockings. To eliminate transverse shear
lockings, e.g. for a thin structure in bending, the ANS assumed method is very suitable.
It is a method that has been proposed specifically to deal with transverse shear lockings.
It can also be used to eliminate the trapezoidal locking phenomenon with some interpo-
lation of the deformation in the thickness direction: see the work of Bischoff and Ramm
[BIS 97], Betch and Stein [BET 96]. In order to overcome Poisson thickness locking, the
transverse normal strain must be enriched in order to have at least a linear distribution.
Which is also satisfied by the EAS approach. Generally speaking, a solid element be-
comes a solid-shell if it is able to overcome all the locking difficulties encountered by
a standard solid element in modeling a thin structure in a bending-dominant situation
[WIL 73]. In the next chapter we present a hexahedral and prismatic solid-shell elements
using the methods presented in this chapter.

41

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés



1. Background on the modeling of shell like structures
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Chapter 2

Nine and seven nodes solid-shell elements
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Introduction

2.1 Introduction

The combination of the RI, ANS and EAS method in a standard solid element gives good
performing solid-shell using 3D constitutive law. In fact the EAS parameter is added to
solve Poisson thickness locking and volumetric locking by transforming a linear normal
strain into a quadratic normal strain. However the value of this parameter is so low that
it does not improve the pinching stress that much. In a problem with a shell structure
under pressure in one or both side, the solid-shell element with EAS parameter alone
gives a normal stress that is almost constant (see next chapter), and does not verify the
Neumann boundary conditions. To overcome this, Sansalone and co-authors [SAN 11]
add a additional node to a quadrangular and triangular shell element. The latter node
is added to create a quadratic interpolation of the transverse displacement and conse-
quently enrich the element pinching strain. This way the element can accurately work
with a three dimensional constitutive law without the common plane stress hypothesis.
Poisson thickness locking is then naturally avoided (like the EAS). But not only that,
the additional dof allows to enrich the element pinching stress (enhancement of nor-
mal stress) and further match the upper and lower boundaries condition of the shell.
This new method goes beyond the EAS approach. Therefore, the aim of this chapter is
to extend this methodology by using an additional node at the center of an eight-node
(respectively six-nodes) brick elements in a specific solid-shell formulation. Bassa and
co-authors [BAS 12] have proposed a similar approach. Nevertheless the studies have
shown alow convergence performance of that formulation in a implicit code, specially in
nonlinear problems, due to the three-parameters stabilization procedure. Furthermore,
the shear strain adopted in the SB9y25 was interpolated following the work of Dvorking
and Bathe [BAT 85, BAT 86, DVO 95b]. The Reissner multiplicative function was used as
interpolation through the thickness direction to ensure a static admissibility condition.
Such interpolation is only valid in linear isotropic situations.

It is then essential to realize that in this thesis, approach proposed by Sansalone
[SAN 11] is here applied to a hexahedral and prismatic solid-shell elements. The Hexa-
hedral solid-shell element is inspired by the work of Bassa [BAS 12] (see appendix D) but
with a perfectly new formulation. The first difference is this new formulation is writ-
ten in total Lagrangian. Secondly, the stabilization procedure that used to depend on
the user (the three-parameters stabilization) is now completely automatic and depends
only on the evolution of the problem. And finally, the assumed natural strain (ANS) is
changed in a way that should allow the element to perform with friction contact, which
was not the case with the initial formulation of Bassa. We also apply the ANS method
to the pinching strain in order to eliminate trapezoidal locking.

For the prismatic solid-shell element we almost implement the formulation proposed
by Hu and Hamila [XIO 18] with little improvement, due the lack of time, in the stabi-
lization coefficient and in the elimination of trapezoidal locking.

An additional node is then introduced with only one through-thickness translational
dof with a robust stabilization procedure that performs well in implicit code. This gives
a nine (SB9) and seven (SB7) nodes solid-shell elements. The first eight (respectively
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2. Nine and seven nodes solid-shell elements

six) nodes are those of a classical hexahedral (respectively prismatic) element and have
three translation degrees of freedom each. The ninth (respectively seventh) node is a ad-
ditional node that has only one translation degree of freedom, in the element-thickness
direction. Those central nodes act as EAS parameters, but not only. As been shown by
Voldoire [VOL 93], attempting to improve shell modeling using only kinematic assump-
tions is less effective than working on both kinematic and static assumptions. Thus from
those additional dof, a new distribution is made on the applied pressure forces, generat-
ing a volume contribution. This allows to go beyond the EAS method, allowing to im-
prove considerably the pinch stresses. These two elements work with three-dimensional
behaviour laws and are under integrated (reduced integration). Some stabilization pro-
cedures are necessary to handle hourglass modes resulting from the reduced integration
method. The stabilization technique used are following the work of Belytschko [BEL 93]
and Schwartz [SCH 09]. The ANS method is also applied in both formulation to reduce
transverse shear locking. We adopt the ANS technique with 4 tying points for the shear
strain as well as the normal transverse strain for the SB9 element while the 2 points
ANS method from [BOI 94] is applied for the SB7 element. These new elements have a
wide range of applications, showing very good convergence, robustness and accuracy
in nonlinear problems. These elements have been implemented implemented into the
quasi-static and dynamic implicit software code_aster [Ele 20] developed by EDF.

2.2 Variational formulation

The Hu-Washizu principle as prsented in the subsection 1.5.3.1 is the starting point for
the elements formulations. It is written as follows

7™V (u,E,S) = / W(E)dQo+ [ S: [1 (FTF-1) - E} dQo—Te(u)  (2.1)
Q Q 2
Where (W) is the strain energy, F the deformation gradient depending on the displace-
ment field u, I the metric tensor and " (u) the external force power. As being advocated
first by Andelfinger and Ramm [AND 93] and further by Bischoff and Ramm [BIS 97] for
large deformation with (EAS) method, the approach proposed herein is also based on an
enrichment of the Green-Lagrange strain tensor.

1
E=E'+E“  with E'=2 (F'F-1) (2.2)
This means that the eight (respectively six) vertices nodes displacement-dependent
strain tensor E” of the element is enriched by an additional enhanced assumed strain
E‘® € &£°* thanks to the ninth node (respectively the seventh). The variation of the

above functional is obtained from the directional derivative and leads to

ow oW
HW eas _ . H . eas o
StV (u, E*.S) = /Q 0 [—aE (8B 4 o 1 OF }dQO SMlext

— S : SE°“dQy — 0S : E““dQy
Q Q

(2.3)
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Nine nodes solid-shell element (SB9)

As in many researches, the three-field functional is reduced to a two field functional
as suggested by Simo and Rifai [SIM 90b], by choosing the interpolation such that S and
E°® become orthogonal. A slightly different approach is applied in this new formulation.
If the element is not pinched, in a sense that there is no pressure applied above or below
the element, the formulation goes with the orthogonality condition. Otherwise, if the
element is pinched, let’s say by an upper pressure P, and a lower pressure P, the second
Piola Kirchhoff stress S is chosen such that the corresponding Cauchy stress be linearly
dependent to the applied pressure

1 1
033:—5(1—@1)1—5(1"'@34 (2.4)
€ being the element thickness parameter, in the covariant frame. This way, the element
normal stress is statically enhanced so that a correct pinching stress is derived.
Assuming a nil body force, the Euler-Lagrange equations [BIS 97] associated with
equation (2.3) are the standard equilibrium equation of the domain

div (Faa—vg) =
G_ ow _o (2.5)
oE
E¢% =0

Although E** = 0 for the continuum problem, in general E{* # 0, when we introduce
finite element approximations. By denoting & the domain occupied by the body, we
can observe that the space of enhanced strain field is in [L>(2)]® (see Simo [SIM 90b]).
Hence, no inter-element continuity on the E*** needs to be enforced when constructing
the finite element approximation. Note also that the enhanced strain interpolation &;/*

and the standard strain interpolation defined by VS V), are independent in the sense that
U0V Y=o

2.3 Nine nodes solid-shell element (SB9)

2.3.1 Kinematics

The SB9 element has nine nodes, one in-plane integration point and the ability to accom-
modate several integration points along the thickness direction of the element. Figure
(2.1) represents the element topology with the order of node numbering (related to the
isoparametric coordinate system of the element, defined by the natural coordinates &,
M, €). Also, in the same figure, the distribution of Gauss-Lobatto integration points is
given. Compared with the other eight-node ‘solid-shell’ bricks, the presence of a sup-
plementary node has two main aims. First getting a linear normal strain component
which, along with a full three-dimensional constitutive strain—stress behavior, allows to
achieve similar results in bending cases as those obtained with the usual plane stress
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2. Nine and seven nodes solid-shell elements
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Figure 2.1: Location of the Gauss-Lobatto integration points for the SB9 element

state hypothesis. For that, the ninth node DOF plays the role of an extra parameter es-
sential for a quadratic interpolation of the displacement in the thickness direction. The
second advantage is that this DOF has a physical meaning and, for instance, a strength
equivalent to a normal pressure can be prescribed to improve the normal stress when
the shell structure is moderately thick. In this section we focus on the interpolation of
the 8 vertices nodes, we will give more details about the ninth node in the subsection
(2.3.6).

The location of nodes in the isoparametric coordinate system is given by the follow-
ing isoparametric vectors:

{(=1,+1,41,—1,—-1,41,+1,—1}
{=1,—=1,+1,+1,—1,—1,+1,+1} (2.6)
{1, —1,4+1,41,+1,+1}

I
1
a
I
3

where / means node number. Auxiliary vectors are defined from previous combinations
of the isoparametric vectors:

={-1,-1,+1,-1,41,—1,+1,—1}
By ={+1,+1,—-1,—1,—1,—1,+1,+1}
hg - {+17_17_17+17_17+17+1,_1}
Ry ={—1,+1,—1,+1,+1,—1,+1,—1}

(2.7)

These vectors form the basis for the interpolation field of the nodal displacements.
The shape functions N;(§,m,{) are obtained from a linear combination of the above-
mentioned (equations 2.6 and 2.7) isoparametric vectors

1
Ny = ¢ (1+8aj +na3 +Cak + &kl +0Ch5 +ECH +Enli) (2:8)

The derivatives of the shape functions with respect to the isoparametric coordinates are
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Nine nodes solid-shell element (SB9)

also spanned by the isoparametric vectors in the form :
Nig = g (af + BB+ + o)
Nin= ;<a2+h -+ Wi+ L) (29
Ny = e+ M+ BG4 i)

One of the advantages of the SB9 element is the use of only translational degrees of
freedom. Therefore the position of a point inside the element in the initial (X) or the
current (X) state is obtained from the interpolation of the nodal translational degrees of
freedom

X(E.nnat.:) :Nl(évT]?C)XI (2.10)
X(&,T],C) :NI(ENT]?C)XI (2.11)

where x; and X; are the nodal coordinates in the current and initial positions. The
displacement field is also obtained from nodal values after a proper interpolation with
shape functions

u(EﬂnaC) :NI(@WC)UI (2.12)

where u; are the nodal displacement. Keep in mind that the effect of the ninth node will
be discussed in a later section. The derivatives of displacements in the isoparametric
coordinate system are interpolated from the shape functions derivatives as

“,&(&»WC) = NI,?;(&J]?C)“I
Uy (E.nnaC) = Nl,n (&7“7@)“1 (2.13)
u,C(‘VS»T'I’ C) = NI,C(gﬂ n, C)ul

2.3.2 Mapping between the contravariant and the Cartesian basis

From equation (2.9) the Jacobian matrices in the initial and the current configurations
can be written as follows :

X
sz (2.14)
ox 0dX aU

=% ag % =J+D (2.15)

where § = {£,m,(} is the vector of natural coordinates and D = & U represents the deriva-

tive of the displacement vector U with respect to the vector of natural coordinates &. J
and D can be decomposed into constant, linear and bi-linear components depending on

Fwnv Z;v énv Cnv C& as follows

J=10+EI5+ I+ 0I5 +EnIS+nCInC + LIS (2.16)
D =D +ED5 +mD" + {D° + ENDSN + DM + ELDSE (2.17)
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2. Nine and seven nodes solid-shell elements

This procedure is required for the construction of the hourglass strain field that sta-
bilizes the SB9 element. The components of equation (2.16 and 2.17) are given as follows,
considering the Einstein convention for the repeated superscript

. 1]aX aX ekl [aUp qUs aUs]
V=2 X! dxi dxi| D =3 AUl dul dul (2.18)
aAX{ alX] aiXj ] (AUl aiU] ayUs |
0 0 0] 0 0 0 ]
1 1
ﬁ:g WX rix! Rx! Dg:§ Kol Wul RUl (2.19)
MX] MX5 MAXS | (MU WUS US|
L[ ] o ot o
= — = — 2.20
1 8\ Iyl pIvl Iy S A S A A 7 (2.20)
_h2X1 h2X2 h2X3_ _hZUl h2U2 h2U3
IR IRl 1y 17 1.l 771 Ir7l Ir7l
R | I B R e B e
0 0 0 | L0 0 0 |
0 0 0] 0O 0 0
1 1
F'=— 0o o0 o0 |DMN==| 0 0 0 (2.22)
8 \nix! mx! nx!| nul WUl rul
0 0 0] 0O 0 0
1 1
Jiflzg Wx! nixl nix!| D% = o |MUl mus WU (2.23)
0 0 0 | 0o 0 0
| [HaXT WX miXd] B A A
J“C:g 0 0 0 D“C:g 0 0 0 (2.24)
0 0 0 0O 0 0

An efficient hourglass stabilization of a reduced integration finite element should be in-
tegrated analytically over the element domain. The best way to do so is to work with
integrands which are polynomials. For this reason it’s interesting to seek for a poly-
nomial approximation of the inverse Jacobian matrix J~!, which still allows to display
arbitrary element shapes with sufficient accuracy. One possible way to obtain a polyno-
mial form of the inverse Jacobian matrix is to follow Legay and Combescure [LEG 03]
and Reese [REE 07] or many other authors, who evaluate the Jacobian matrix only in the
center of the element. Doing so the element is represented by means of its equivalent
parallelepiped. In this case the Jacobian as well as the inverse Jacobian matrix are con-
stant within the element. However, this assumption is only true for very fine meshes.
For this reason, we approximate the inverse Jacobian by means of a Taylor expansion
with respect to the center of the element, following the work of Schwatze [SCH 09]. This
formulation benefits from that in two important manners: on one hand we are able to
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Nine nodes solid-shell element (SB9)

Figure 2.2: Configuration of the SB9 element

work with a polynomial form of the inverse Jacobian matrix, on the other hand arbitrary
element shapes that deviate from the parallelepiped shape are more realistically taken
into account.

From equation (2.16), the inverse of the Jacobian matrix is decomposed keeping only
the constant and linear terms as follows

3
I =T o+ X T lemo&i (2.25)
i=1

The constant term being easily determined, the work will be to determine the linear
terms with very limited resources. To do so, equation (2.26) is simply derived with re-
spect to the corresponding convective parameter and gives the equation (2.27).

3
I = (I Do+ Y (7 gle—o (2.26)
i=1

0= ") glemo=J g lem0d gm0 +Ile=0d ¢ [0 (2.27)

From equation (2.27) one can easily determine the linear Jacobian terms, as follows, all
terms being known or determined easily.

Vel lemo =~ 500 (2.28)
Hence, a good representation of the inverse Jacobian matrix is :
3

J ' =3 o= LA T'IFA0 G (2.29)

i=1

2.3.3 Strain Field
The deformation gradient is written as follows

A S
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2. Nine and seven nodes solid-shell elements

F is a tensor which maps the reference basis G; to the current one g; (Figure 2.2). e; is
the Cartesian base vector. For simplicity, the superscript # will be omitted and E* will be
written as E. Further the Green Lagrange strain tensor is represented by it’s Cartesian
and covariant components as follows

1 . .
E=(gg -G G)G0G

—E;je;0e;=E;G'®G/ (2.31)
1 du Jdu Ju Ju ~ :

L I P e I Tl I o LE= o
2((}, 3 38 Gt 3 agi)G®G

E;j and E;; being respectively the components of the Green Lagrange tensor in the Carte-
sian and covariant frame. In Voigt notation the Cartesian and covariant Green-Lagrange
strain are related as follows

E=QE (2.32)
with
E = {E\1,Exn,E33,2E12,2E23,2E13} " and E = {Eyz, Eny, Eqe, 2Bz, 2B 2B}
(2.33)

and Q a second-order matrix which contains the terms of the inverse of the jacobian J

matrix as follows

: J21J31 J1J3
J12J22 J22J32 J12J32
J13J23 J23J33 J13J33
2s1J3 Jida+Jndn Jndsi+Jadzn Jiadi+Ji2d3
2333 Jisdn+Ji2das JaIn+Jndsz JisJn+J12033
231033 JisJa +J1ds Jdsi+Jad3z Ji3J3 411033

ng J11J21
J§2
In
2JiJ12 20010
2Ji0J13 2000
12711013 202123

(2.34)

By naming D, D>, D3 the row vectors of D and J1,J>,J3 the row vectors of J (see equa-
tion 2.16 and 2.17) the convective strain can be derived as follows

=

Ecg
Ecm
Ecgg
Uegn
Leng
_FcE_.C i

J’{Dl + 1/2D’1FD1

JiD,+1/2DID;

JID;+1/2DID;
JID, +JiD; + DD,
J'D;+JiD, + DID;

_JITD3 + Jng + DITD3_

(2.35)

From the variation of the first line of equation (2.31) we can write the covariant strain-
displacement B; at the node I(I = 1,...,8), such that 8£; = B;8U; as follows

NI,gng I N],gle 1
NI,ng§ Nl,n.!éw
B/ = Ny lylf%\? TN ‘]TV[%E?J H
£8 T NIng) 1g)y T HNIndy
Nyegh+ Ny gl Npeit +Npcil
(Nings+Niegs | [Nind5 +Nigis |

(2.36)
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Nine nodes solid-shell element (SB9)

The SB9 element utilizes a reduced integration scheme with integration points aligned
along the thickness direction § = (0,0, ) (see Figure 2.1). Following this way, the carte-
sian compatible Green-Lagrange strain (equation 2.35) can be split into one part related
to the integration and another part called hourglass strain
B = B 4 fsteb (2.37)
with o A
BT = R0+ RS

e ) ) A (2.38)

Bsteb — ERS 4 BN 4 EnES + ECRSS + nERNS

By considering equations (2.8) et (2.16), B; can also be decomposed into a reduced
integrated part B! and a stabilization part B$*" as follows

B, = By By (239)
with
Bj = B) + (B}
Bitab — gﬁé} + nﬁp + &nﬁ?n + T]Cﬁ}]c + gcﬁf'c

The components of equations (2.38) and (2.40) are the basic building blocks of all solid-
shell elements and are detailed in appendix A.

(2.40)

2.3.4 Assumed natural strain
2.3.4.1 Assumed shear strain

One way to reduce shear locking is to use the ANS concept following the work of Bathe
and Dvorkin [BAT 85, DVO 95b] (see chapter 1). The transverse shear strain is evalu-
ated in the four-middle edges points of the mid-surface of the solid-shell. To interpolate
through the volume certain authors multiplied the mid-plane shear strain with the well
known Reissner function [SAN 11, BAS 12]. This kind of interpolation ensures a system-
atic respect of the statical condition of shear stress in the element upper and lower faces.
However in non-linear problem involving material non linearity and large deformation,
that interpolation becomes obsolete since it does not guarantee the satisfaction of stat-
ical condition in the shell faces. Beside, such interpolation does not allow the element
to naturally handle frictional contact problems since the shear deformation is assumed
to be nil in the element upper and lower faces. Also it has been shown that such in-
terpolation lead to a ill conditioned rigidity matrix. To avoid those inconveniences we
applied the ANS technique following the work of Cardoso [CAR 08], Alves de Souza
[SOU 05, SOU 06], Schwarze [REE 07]. In the covariant frame, each of the shear defor-
mation EﬂC and E& are interpolated using the equivalent shear deformation from four
different tying points (figure 2.3). E(—1,0,—1),F(1,0,—1), G(1,0,1) and H(—1,0, 1), for
Eng; and J(0,—1,—1), K(0,1,—1),L(0,1,1) and M(0,—1, 1) for EiC' Hence the assumed
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2. Nine and seven nodes solid-shell elements

Figure 2.3: Positions of ANS tying points

shear deformations of the element is computed as follows

E"éACNS — N]EAgC —|—NKEA'£{€ —|—NLEA'§L§ —I—NMEAQZ)

R R N N - (2.41)
ANS __ E F G H
E\2® = NeEye +NpEye +NGEy, +NuEy)
with .
Ny = Z(l +8 Q) (1+mm) forI=J,....M
(2.42)

Ny = %(1 + Q) (1+EsE) forJ=E,....H

2.3.4.2 Assumed normal strain

In order to eliminate the curvature thickness locking, we follow the assumed pinching
strain as suggested by Bischoff and Ramm [BIS 97], Betsch and Stein [BET 96], Schwatz
and Reese [SCH 09].

E{N = NoEfy + NpEf, + NcEf + NpER, (2.43)

Nk:%(1+&k&)(1+nkn) fork=A,...,D (2.44)

2.3.5 Stabilization procedure
2.3.5.1 Green Lagrange strain stabilization

The goal of the stabilization procedure is to correct the rank deficiency of the stiffness
matrix coming from the adopted reduced integration scheme. The reader is referred to
the important work in this subject by Liu, Belytschko and co-authors [LIU 98, BEL 83],
Cardoso and co-authors [CAR 08, CAR 05], Alves de Souza [SOU 05, SOU 06], schwarze
[SCH 09]. In some solid-shell formulation, the Jacobian matrix and it’s inverse are only
evaluated at the element center, see for example [BAS 12, ABE 02, ABE 09]. Such ap-
proximation assumes that the real element can be represented by it’s equivalent paral-
lelepiped. And this is quite accurate for thin and not very distorted meshes. However
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Nine nodes solid-shell element (SB9)

for highly initially distorted meshes that assumption shows lack of accuracy [SCH 09].
In order to take into consideration the realistic shape of the element and stabilize prop-
erly the stiffness matrix, a polynomial decomposition of the inverse Jacobian matrix is
derived as explicit in the subsection 2.3.2. Using equation (2.29) the matrix Q of equation
(2.34) is decomposed into constant and linear terms as follows

Q~ Q" +£Q5+nQ"+¢Q° (2.45)

It has been shown in [SCH 09] that a very good accuracy is reached just using the con-
stant and linear terms of Q. Hence, the bilinear terms are ignored. In the same way, the
covariant Green Lagrange strain tensor can be split into it’s constant, linear and bilinear
terms and the Cartesian Green Lagrange strain can then be derived as follows

E~ (Q°+£Q%+mQ+CQ") (B -+ GRS + (2B + gB% 4 " + k1 + EORS + ngn®)
~ E° 4 LS + (PESS + EES 4 EN + ENES + ECESS +-nCEN®

Eti Estab
(2.46)
with

E’ = QR (2.47)
E¢ = QES + QSR (2.48)
ES = QESS + QSES (2.49)
E° = QUES + QR (2.50)
E" = QE" 4+ Q"E’ (2.51)
ES = QUES" 4+ Q5E" + QUES (2.52)
E"° = QEN¢ + QUES + QCEN (2.53)
ES¢ = QUESE + Q5K + QRS (2.54)

Thus .
E = E'' 4 Es®P (2.55)

The strain-displacement gradient can be split in the same way

B~ (Q"+8QE+1Q"+LQ) (B +LBC + B + EBE BN + B 4 ELB 4 LB
~ B + {B® + (*BY +EBS + B+ EnBS" + ELB +- (BN

Bri Bstab
(2.56)
with
BY = Q’B° (2.57)
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2. Nine and seven nodes solid-shell elements

B = Q"B% + Q°B°
BY — QB 1 QUBY

(2.58)
(2.59)
B = Q'B% + TR (2.60)
(
(

B" = Q"B" + Q"B 2.61)

B = Q"BE" + Q°B" + QBS 2.62)
B"¢ = QBN + QB + QBN (2.63)
B¢ = QUBE + Q5B + Q°B® (2.64)
so that B can be written as
B = B" + Bs*? (2.65)

Estab Bstab

and represent the terms cancelled in the reduced integration. The process
of stabilization consists in analytically restoring those terms into the stiffness matrix.
Furthermore to eliminate volumetric locking, the B-bar approach [HUG 80] is adopted.
Hence the hourglass counterpart of the stabilized strain end strain-displacement opera-
tors are split into there volumetric and deviatoric components, and only the deviatoric
part are kept

B = B3 (E..0) +BYP(0,0,0) (2:66)
Since no constant term is present in the expansion of Bs (see equation 2.56)
B:°(0,0,0) =0 (2.67)
and
B = B3V (€. ) (2.68)

The stabilization components of the strain and strain-displacement matrices being well
identified, a similar approach is used to identify the stabilization stress.

2.3.5.2 Second Piola Kirchhoff stress stabilization

From equation (2.55), since the two parts of the Green Lagrange strain tensor are or-
thogonal, the internal energy is split like

W(E) _ Wri(Eri) + Wstab (Estab) (2.69)

Since second Piola Kirchhoff tensor is the derivative of the internal energy with respect
to Green-Lagrange strain, the stabilization counterpart can be identified by simply writ-
ing the derivative

W (E)

S=—r (2.70)
B aWri(Eri) aEri aWstab (Estab) aEstab -
T OEF OE | ops JE &7
_ Sri(Eri) + Sstab (Estab) (2.72)
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Nine nodes solid-shell element (SB9)

S"(E™) is Piola Kirschhoff obtained from the integration of constitutive law and
Sstab(Est2b) Piola Kirchhoff stress for stabilization. The key point of the stabilization
is to find an optimal way to evaluate that stabilization stress without integrating it so
that the computation time is minimized. Now just as being explained before, to avoid
volumetric locking, only the deviatoric part of the Piola Kirchhoff stabilization tensor is
kept. Doing so, the stabilization of the stress is given as

Sstab — Cstab . EStab (273)

Cs2b being the deviatoric part of St Venant Kirchhoff material given as follows

Cstab _ ‘ustab (2'7 4)

S © oullpllme
S © Sullmed],
o © cuwsll
S o= O O O

o= O O O
- o O O O

With /JStab the shear modulus evaluated, in elastic material behavior, as ,UStab =E/2(1+
V), in which E and v are respectively the Young’s modulus and the Poisson ratio. For
inelastic materials, using the elastic shear modulus lead to an overestimation of the sta-
bilization stress. To overcome such problem the secant modulus as defined in Belytschko

and Bindeman [BEL 93] is used
T
= |25 (2.75)
TE

1 1
s = Esdev : Sdev , TE = _Edev . Edev (2'76)

2
These ways of evaluating the stabilization parameter % is very convenient because

there is no need for consistent linearization of stabilization constitutive matrix, which
is very interesting in terms of computation time. Moreover, the proposed definition
of C*2b ensures an efficient and robust stabilization as will be shown in chapter 3 in
different numerical examples.

where

2.3.6 The ninth node

The additional central node is endowed with only one translation degree of freedom in
the element thickness direction . The enhanced normal displacement in the thickness
direction is written as follows

ug(6,,0) = uf! (En.0) + (1 - )ud 277)
9

g being the one and only relative displacement of the ninth node, in through the thick-

ness direction g3 as proposed by ahmad [AHM 70], uél the normal displacement of the
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2. Nine and seven nodes solid-shell elements

eight node element considered alone. A new column is then added to the covariant ma-
trix B making it a 6 by 25 matrix B

B=[B" B’ (2.78)

with
B°=[0 0 —-2¢ 0 o 0]

One can then write the variation of the pinching strain in the covariant basis as follows
SEy; = BY duf —208u; (2.79)

ﬁg{ being the third line of matrix B.

2.4 Seven nodes solid-shell element (SB7)

The assumed strain method and reduced integration technique as applied in a hexahe-
dral element does not eliminate the locking problems in a prismatic solid-shell finite
element. Hence, in addition to using the assumed strain method, the reduced integra-
tion technique and the EAS method, the bending deformation of the DKT6 element is
used to enrich the deformation of the SB7 finite element. Since DKT6 is a classical shell
finite element with rotational degrees of freedom in small perturbation, it is then difficult
to formulate SB7 in Total Lagrangian as is the case with SB9. An updated Lagrangian
formulation with co-rotational frame is then adopted.

2.4.1 Local frame and objective stress rate

In the updated Lagrangian approach, it is useful to establish a set of configurations re-
lated to which each particle in the deforming body can be referred to. In this sense,
we distinguish three configurations: the material (reference), the spatial (current) and
the parametric (convective) configuration. Consider the natural coordinates s = (§,m, {)
representing the isoparametric prismatic domain (Figure 2.4). Without loss of generality,
the reference configuration can be related to a converged state (n, the last increment),
whereas the current configuration points corresponds to the next time increment (n+1).
For the solid-shell topology treated in this part, any point in the reference configuration
can be defined by the position vector x(s) as

3 3
"%(s) = %(1 +0) Y Nxi + %(1 —0) ) Nix,
i=1 i=1

Ni=& M=mn M=1--n

(2.80)

where the subscripts ¢ and b denote the projections of the variable onto the top ({ = +1)
and bottom ({ = —1) surfaces, respectively and N; the isoparametric shape function.
The corresponding position after incremental deformation (current configuration) can
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Seven nodes solid-shell element (SB7)
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Figure 2.4: Topology of the SB7 solid-shell element

be defined by an analogous expression, referred to state (n+ 1). The partial derivatives
of the position vector "x(s) allows for the definition of the covariant basis vector in the
current and reference configurations, in the form

an
nga: aX7 a:(17273)
S
anf’H (2.81)
n+1 o X
ga - a
Sa

The incremental deformation gradient F between configurations (n) and (n+ 1) and the
incremental displacement-based Green-Lagrange strain tensor (E") can then be written
as

an—HX
n+1
F = 2.82
" "X (2.82)
1
g — E(”’*,ﬁFT ntlp_1) (2.83)
1 an—Hu an—Hu an—Hu arH—lu
n+1lyu n n ne n n n
= — . . . 2.84
nab 2( Ba d"sp, + s, 8+ s,  dsp ) (2.84)

with I as the second-order identity tensor. The convective frame is selected as the depar-
ture point for the strain components and also for the enhancing strain field used in this
element. As work conjugate measure for the Green-Lagrange strain tensor, the second
Piola-Kirchhoff stress tensor S is chosen

S=5%"g,®"g, (2.85)

Due to the nonorthogonal character of the convective frame, a local orthonormal frame
r = (r',r?,r’) is defined at the element center (§ = 1/3,m =1/3,{ =0) as

1 g1
D e
»_ "Bt (2.86)
||ng2+ch
1'3 = l‘1 /\I‘2
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2. Nine and seven nodes solid-shell elements

where g, ensures orthogonality and is defined as follows

n n
g1 82,
B = g g, © (2.87)
After being defined in the undeformed configuration, the local frame is subjected to
the rigid-body part of the relative deformation gradient, evaluated between configura-
tions (n) and (n+ 1). In fact, the polar decomposition applied to the relative deformation

gradient of Equation (2.82) leads to
ntlp = ntlR*tly (2.88)

where ”*;R and ”+,ILU are, respectively, the rotation tensor and the right-stretch tensor.
Doing so, the local orthonormal coordinate system can be easily updated between stages
(n) and (n+ 1) in the form

ntlp — ntlgny (2.89)

In this way, the local coordinate system for a given point is only affected by the rigidbody
component of the total deformation, characterizing this frame as a corotational one, with
material strain (and stress) tensors being rotated as if they were frozen into the deformed
continuum [CAR 05]. The main advantage of the adoption of a corotational local frame
is the simplified treatment of nonlinearities, either geometric or material, for solids sub-
jected to finite rotations and displacements. A complete description of the constitutive
behaviour of a given body can be obtained resorting to material stress and strain corota-
tional tensors, continuously referred to the local frame and, consequently, following the
deformation path from the beginning. Examples of such tensors are the rotated second
Piola—Kirchhoff stress tensor and the rotated Green-Lagrange strain tensor, evaluated
at the continuously rotated local reference system. This fact turns to be very useful, once
the adopted EAS procedure is entirely designed resorting to the material frame. Addi-
tionally, the use of material tensors grants the objectivity within the formulation. In
fact, the primary choice of a reference system rotating with the continuum body fulfills
the objectivity requirements, for an observer situated at the body and affected by the
rotation (but not the stretch) part of the deformation [SIM 98]. The update of the stress
tensor and the internal force in the corotational framework is made under the assump-
tion that the magnitude of the incremental strain is small, and is comparable to the order
of strain in small deformation theory. The rotated stress rate & in an incremental form,
and without loss of generality, assumes the rate of change of 6 to be constant within the
step [MAS 00]
"o ="6+M6

="c+"",0 (2.90)

=G4 %n+r1tF n+1118 n+rleT
where 1o is the incremental Cauchy stress, "*1S the incremental second Piola-

Kirchhoff stress tensor in the rotated reference and J = det(""}F). If the load incremen-
tal or the step size is kept small, the pure deformation part of the incremental motion
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Seven nodes solid-shell element (SB7)

is a small quantity as compared to the element dimensions when measured in the local
co-rotated frame. Consequently, it is reasonable to make the following two assumptions:

 The changes in element shapes are small in each individual local increment, mean-
ing that ""!F ~ T and therefore J = 1.

+ The gradients of pure deformational part of the incremental motion, when mea-
sured in the local co-rotated frame are of order of magnitude as the small strains.
Therefore, quadratic terms in the Green-Lagrange strain tensor defined on the ro-
tated frame can be neglected. (See Belytschko and Hsieh [BEL 73])

Based on these assumptions, the stress update (2.90) can be expressed in an iterative

form as
"l ="6+CB" !rTAU (2.91)

with C as the constitutive tensor and B the standard strain—-displacement operator that is
defined in the next sections. This approach is equivalent to the adoption of a hypoelastic
constitutive model representative of a Green—Naghdi objective stress rate, which will
derive an additive constitutive update of the stress tensor also in the nonlinear material
range.

2.4.2 Strain tensor

The conventional Jacobian matrix in the local frame is written as follows

dx dy oz
9& g& 9&
_ | ox y Oz
J= o o on (2.92)
dx dy oz
L a ot

The Green-Lagrange strain tensor can be interpolated all over the element’s domain as
follows

E =B"d (2.93)
where B" is the standard [6 x 18] strain—displacement operator, well-defined in the lit-
erature . _

dE0 0

oN’
0 % 0
0o o0 %o
BY = |ow v %z (2.94)
dy ox
g v
dz 0x
0 v av
R 0z dy |

From the reduced integration scheme used in this work, the shape function derivative
can be split as follows

oN' _oN’ d ,oN'

X~ ax o T, GG0)ld o (2.95)
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2. Nine and seven nodes solid-shell elements

where X = (x,y,z). Considering the equation (2.95) the terms of matrix B can also
be split into two parts as follows

Bu:Bu’(%7%70)+ZBZ (2.96)

The deformation defined in equation (2.93) can be separated into tree parts : the in plane
(IP) part E;p, the normal or pinching part Ep and the transverse shear part Egy

E=E; p+Ep+Egy (2.97)

For the SB7 to perform well in the simulation of bending shell like structures, some
treatments have to be made to eliminate locking phenomena.

2.4.3 In plane strain enhancement

To treat properly the in-plane deformation E;p, it is splitted as the combination of two
contributions : the first, constant, being a membrane contribution and the second, de-
pending on z, viewed as a bending contribution (see equation 2.98).

E;p = Efp+2E]p (2.98)
where
Efy m{ 0 E?, YA
m=|En|=|0 ml|d and Efp=|EL|=|0 bl|ld  (299)
2ET myT m! 2ED, byT b!
with
T T
m; oN bx 3 IN
g ! Ne r = — —1 -
my | = 5l ye and by =5 (050l ) (2.100)
mZ bZ

Now if the bending contribution is kept as in equation (2.98) the SB7 element would
be very rigid and would show poor results in bending dominant problems. To circumvent
this issue, EJ, is replaced by a curvature k directly derived from shell theory (Discrete
Kirchhoff triangular element or DKT6, see [ROE 92])

E;p =Ejp 427K (2.101)

For the prism described here, Figure 2.5.(a) shows the mean triangular area defined
by points 1, 2 and 3 (midpoints of the edges i-1, j-m, k-n, respectively), the normal to this
surface being e,. Figure 2.5.(b) shows this mid-surface as a 6-node triangular element
whose degrees of freedom defining bending effects are three translations (wy,wy,w3)
in the e, direction and three rotations (84, 05,0¢) in the direction of each side, at the
nodes 4, 5 and 6 located at the midpoints of these sides. Finally Figure 2.5.(c) shows
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Seven nodes solid-shell element (SB7)

Figure 2.5: Description of prismatic solid-shell element

how to express, for example, 64 by using nodal displacement components (projection on
the axis rs ) of nodes i, j, m, | of the prism. And it would be the same for 05 by using
translational dof of nodes j, k, n, m and for 8¢ with translations of nodes k, I, 1, n of the
prism. Finally, rotations 04, 05, 0¢ are connected to the nodal displacements. Otherwise,
w is obtained with the translations of nodes i and 1, w, with the translations of nodes j
and m, and w3 with the translations of nodes k and n.

2.4.3.1 DKT6 Shell Finite element

The DKT6 [ROE 92] element defines the bending of a plate with a Kirchhoff kinematic.
It has three translational dof normal to the surface, located at the vertices, and three
rotational dof, located at midpoints of the sides (Figure 2.5.(b)). Conventionally, inter-
polation functions use area coordinates (A: area of the triangle)

w(x,y) = N1 -wi +Na-wz +N3-ws, Ni(x,y) = A;(x,y) /A (2.102)
Gx(x,y) = (1 — 2N3) -0y + (1 — 2N1) 0,5 + (1 —2N2) 0,6 (2.103)
ey(x,y) = (1 — 2N3) . 9y4 + (1 — ZNI) '9y5 + (1 — 2N2) 'ey6 (2.104)

Hence at node 4 (middle of the side 1-2), 6, = 6,4, 6, = 0,4 and the same goes for the
node 5 (middle of the side 2-3) and the node 6 (middle of the side 3-1). After derivations

1 1

Nix(x,y) = ﬂ(yz —¥3); Niy(x,y) = ﬂ(xz —X3) (2.105)
1

Ny x(x,y) = ﬁ()@ —y1); Nay(x,y) = ﬂ(xl —x3) (2.106)
1 1

N3.o(x,y) = S =y2); Nay(xy) = 57 (0 —x1) (2.107)

For simplicity, the following notation is used : X, = X — X3 Yimn = Ym — Yn We can
then write the curvature deformation as follows
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2. Nine and seven nodes solid-shell elements

Figure 2.6: Normal vectors and tangential vectors for each triangular side

ex4

04
Ky Oy x 1 V21 V32 Vi3 ey .
Ky | = —0yy = — | X21 X32 X13 9x5 (2.108)
2Kyy 0y — Oy Y2 X12 Y23 X23 Y31 X31 9y6

X

_9y6_

It is useful to express the normal vectors and the tangential vectors in the local basis
(see Figure 2.6)

n; =ciey+si€y (2.109)
t; = —s1ext+ciey (2.110)
X
;=22 ands; = -2 (2.111)
Ly Ly
ny = e+ 52ey (2.112)
t) = —sect+ ey (2.113)
Y13 X13
cp="—ands) = ——— 2.114
2= 2 L (2.114)
n3 = c3ex + s3ey (2.115)
t3 = —s3e, +c3ey (2.116)
Y21 X21
c3="—ands3 = —— 2.117
=T 3 Ls (2.117)

Ly,Ly,and L3 being respectively the side length 2-3, 3-1 and 2-1 (see Figure 2.6). The
decomposition of the rotation vectors in their local basis can be given as

Wy —Ww
04 = Ouyey + Byaey = Ot + ——n3 (2.118)
3

w2 — Wi w2 — Wi

2.119
L (2119

O = —5304 +c3 , By4 = 304 + 53
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Seven nodes solid-shell element (SB7)

05,06,0,5,0y5,0,6,0,6 are given by permuting the indices. The curvatures will be
expressed in terms of the rotational degrees of freedom and the normal nodal displace-
ment

04 wi
K=Bg |0s5| +B, |w? (2.120)
66 w3

where the matrices Bg and B,, are given like this

C%L3 C%Ll C%LZ
By =— S%L3 S%Ll S%Lz (2.121)
2c3s3L3 2c1s1L1 2c28200

| [c252— 353 cas3s—cisi cis1—cas
B, =— |[c3s3—casp c151—c383 2850 — 18] (2.122)
22 22 22
2(e5—c3) 2(c1—c3) 2 —cq)

2.4.3.2 Linking the triangle to the prism

In the local frame of the triangular finite element, which is also the frame of the as-
sociated prism, the displacement of the six nodes of the prism projected on e, are de-
noted : w;, w;, Wi, w;,Wp, w,. A trivial method gives directly wi, w2, w3 as a function of
w,-,wj,wk,wl,wm,wn

Wit wy
=

Wit W,
=

Wi t+wy
=

w1 wo w3 (2.123)
Using B,, (By; being the i"* row and the j”* column component ) and performing

a base change to make the nodal translations Uy;, Uy;,Uz;,Ux j,...,Uz, be expressed in

14 . . . .
the global frame of the structure (X,Y,Z), a matrix B,, detailed in equation (2.124) is
obtained. This matrix connects the part of the curvatures due to the normal translations
to the global displacements of the six nodes.

B, =[B! BY] (2.124)
with
B,1,€;
B, = |B,p.el |, i=1,23 (2.125)
B, €l

The last development for the expression of bending effects consists in linking
04,05, 06 to the 18 displacements Uy;, Uy;,Uz;,Ux , ...,Uz, of the prism’s nodes. For ex-
ample, for the rotation 04, we proceed as follows

Two points 'a’ and ’b’ are located on the middle of the edge i-j and m-1 (see Figure
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2. Nine and seven nodes solid-shell elements

Figure 2.7: Normal vectors and tangential vectors for each triangular side

2.7). A local basis at each mid-side node (4,5 or 6) is expressed as

L, — 12Aab (2.126)
* 7 12 Aab]| '
so= 2 (2.127)
4 p— .
112]]
g4 = T4 /\S4 (2.128)

with 12 is the vector connecting the middle point 1 to the middle point 2, see Fig-
ure 2.7. The area surface A4 formed by the points i-j-m-l can be evaluated using their
coordinates in the above defined frame

Ay = (s = s (gl = g) + 5 =) (g — 4 2 (2.129)

We can then define the rotation 04 like

o
04 = ., with {w,m} 1 a7 =g @) 4 -a) aV g [W
’ W g4 2A4 sl(4) —s§-4) s§4) —sf,? ) s§-4) —s§4) s,(,f ) —S§4) wﬁ,? )
W

2.130)

Precisely, it is possible to find the latter relation by analogy with a conventional shape
in the i-j-m-1 quadrilateral : ’s’ takes the place of ’x’ and ’q’ of ’y’ while 1’ corresponds
to’z’ and 'w’ is the translation in the normal surface defined by the nodes i,j,m,l. We are
therefore interested in the derivatives w , and w, while the usual interpolation in the
parent rectangular shape involves the parameter & and 1 ranging from -1 to +1

1 4 1 4 1 4 1 4
w=(1=8) 1=+ (148 (1=l + L (18 (1wl + - (1-8)(1-+m)w(?
(2.131)
The derivatives w ¢ and w y at & =0andn = 0 (position of the node ’4’ in the middle
of the face i-j-m-l) are expressed by the nodal displacements of the nodes of the face.
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Seven nodes solid-shell element (SB7)

Using these derivatives and the local coordinates of the nodes i, j, m, 1 the 4 components
of the matrix Jy(32) and those of J !'lead to the expression of 8.

04 = P4(rs4-U;) + Q4(rs-Uj) — Q4(rs - Uy) — Pa(rs-Up) (2.133)

“4)_ @ @_ @
S S L= . . . .
where Py = - 5 A4’ and Oy = 4 5 Aj’” . The expressions are similar for 85 and 6¢ with

just some index permutations. The following relations between the three rotations and
the translational displacements are then derived :

04
e5 = T3x18 'Unodes (2-134)
6

with U,pges the nodal displacements of the element and T3yg a transformation matrix
detailed like

P4I‘£ Q4I‘£ —P4I‘£ —Q4I‘£
Tix18 = Psrl Qsrl —Psrl —Qsr! (2.135)
Q6l'g P6I‘6T —Q6I'g —P6I'g

At this point we can finally write the expression of the curvature as follows

—b
K= (BeT3x18+B,,) - Unodes (2.136)

2.4.4 Assumed transverse shear strain
2.4.4.1 (° shell element

To avoid shear locking problems, a special treatment is needed. The adopted methodol-
ogy is extracted from Boisse [BOI 94]. It consists in interpolating the transverse shear
computed at the vertices of the triangle (1-2-3) of Figure 2.8. These transverse shear
strains are obtained assuming that the transverse shear is constant in each side and is
equal to the value taken at the center of each side. A similar solution was proposed in
the paper of Bathe [LEE 04] C shell element is based on the Mindlin kinematics. It is a
3 nodes triangle element 1, 2, 3, and for each node, there are three translations and two
rotations. The position of an arbitrary point M is defined as

X=X, +zZ (2.137)
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2. Nine and seven nodes solid-shell elements

3[0,1)

Lo 200 ¢

Figure 2.8: Geometry of C? triangular element

Where x,, is the position of the associated point of the mid-surface, and z is defined based
on the pseudo-nomal Z as shown in the figure. x,, and z are interpolated as follows, the
Einstein summation being applied

Xm =Ni(§aﬂ)Xf},

_ W (2.138)
2= N'(Em)5 CZ

Where N’ € [1 —& —n,&, 1] is the shape function associated to the ith DOF. The same
interpolation is used for the displacement

u=u,+u, (2.139)

Where u,, is the displacement at the associated point in the mid-surface and u, is the
displacement given by the pseudo-normal rotation, with

u=N'(&n)(u),+ul)
i h i i h i i’
u; = SL(x' —xp) = LR ~1)xp

(2.140)

where R’ is the orthogonal tensor vector that transform X6 to x, and I is the second-
order identity tensor. An orthogonal frame (V, V5,, V4,) is defined at each node with
Véo = Xf). Assuming that the rotations in the loading step are small enough and denoting
by 0 the rotation vector at node i,

0 =61 Vi, +85Vh

(R —I)xh = ' AX (2141
0= 0
The displacement interpolation is given as follows
u=N'(En)u,+ CN’(&,n)E(—G’lV‘zo +65V)) (2.142)
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Seven nodes solid-shell element (SB7)

Figure 2.9: Definition of the two covariant basis

According to the interpolation of displacement, strain components can be obtained in
different covariant frames. Here, the transverse shear is concerned, and is interpolated
directly from the values of those components at nodes

€as = N'els + N?e2, + N3ely0=1,2 (2.143)

In order to calculate the values of nodal transverse shear strains €43, a covariant frame
is built from the material coordinates along the element edges and the transverse shear
strain 83‘3 in the associated contravariant frame is assumed to be constant along the sides
connected to node i. In the middle of each edge of the prism, we define a covariant basis

f’i, é,fé associated to the contravariant coordinates (r!, 72, r3

;,17,r7) using the natural basis of
the prismatic element, see Figure (2.9)

R
gl—a&agz_arrg?)—ac

« Innode 1:fl =g, f% =goand r% =E, r% =1 which gives a transformation matrix
10
0 1

between the two frames as D! = [

« Innode 2: 2 = —g; —I—gz,fé = g> and r% = T],r% = 1 — & —n which gives a trans-

) ) 0 -1
formation matrix between the two frames as D* = L _ 1}

« Innode3: ff = —g>, B3 = —g, +g and r3 = &,r} = 1 —& — 1 which gives a trans-

' ‘ -1 1
formation matrix between the two frames as D3 = {_1 O]

The transverse shear strain components 83“3 in f’i ) f"z, fg along the sides can be expressed

as
. 1 du Jdu
8&3:§(a_§i?+@g3)|m o=1,2andm=4,56 (2.144)

The derivative g_lé;l in the middle node m is taken as the average of that derivative in nodes
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2. Nine and seven nodes solid-shell elements

iandi+1
= 2 (ul+ 22)
m = i+ i+1
T e
— Zhi(_eilvéo—i_eévim)—'_zhi_‘—l( eH—lvl—i—l eH—lVH—l)
and one can easily demonstrate that
a_q — itl _ui
or
. | (2.146)
- i—1 _ul
orh

The nodal transverse shear strain in f‘i,fg,fé can be transformed with the expressions
detailed in [BOI 94] by the following form

(X3 = C Ut”a3 and 280(3 = D12£ (2147)

The shear strain in the covariant base is then given as the combinations of the three
shear strain given in each node i

2803 = Y N'D'C’ Upig3 (2.148)

The transverse shear strain components in the cartesian basis and at the barycenter of
the triangle are interpolated and re-expressed in function of the dofs of the triangle

2603 = J35 Y N'D'C'- Upias, (2.149)

where J 2_x12 is the middle surface plane Jacobian matrix and

Uiz = [ut v, wh, 01,01, 4% V2 w?,87,05,1° v} w? 63,03]"

From now on, the next step is to link Uy,i43 to Uypges

2.4.4.2 Linking the triangle to the prism

Like in the in-plan shear part, the passage of this triangular element to the prismatic
element can be expressed by the displacements of the nodes of the prism. The displace-
ment of M (arbitrary point in the edge i of prism) w}, ,i = 1,2,3 can be interpolated by
the displacements of the two nodes (top and bottom) with relation

1 1
uy = 5 (1= Cuy + 5 (1+8)
I 1,
= 5 (uj+up) + 5 (w — )¢ (2.150)
—u’#—u}}

70

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés



Seven nodes solid-shell element (SB7)

Where u’ is the displacement of point i(i = 1,2,3), uj is the displacement due to the
relative rotation of the prismatic edge which can also be described

u}ezzCGl/\xéwithelzeﬁ Lo+ 05V (2.151)

The rotations G’i,eé of the points i = 1,2,3 can be expressed in function of nodal dis-
placements of the prism with the equations

: 1.
ellz—ﬁ(ui—%) 20
| , (2.152)
0 = = (ul —u}) Vi
with the vectors Vﬁo’ VEO, Véo defined as follows
, xi —x!
Vig= 2
|
i (XX AV (2.153)

10 = Vi A Vi
Hence, the relation of the displacements of triangular element and the displacements of
prism is linked with a transformation matrix T;s detailed like this

Utria3 = Tts : Unodes (2-154)
where _ -
I, L I I I I
(04] 0 0 —0l 0 0
I, L I I I I3
Ts=1, & 0 0 —a O (2.155)
L L I I L I
_0 0 (0% 0 0 —OC3_
with _ .
1 00
I),=(0 0 O
_0 0 0_
[0 0 0]
ILL=(1 0O
10 0 0 (2.156)
[0 0 O]
I;=10 0 O
_l 0 0_
_ 1V ]
%= |-V
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2. Nine and seven nodes solid-shell elements

The transverse shear stain matrix is then written as follows
T — 71 iy (i
Esg =15, ZN D'C" - Ty - Unodes (2.157)

Now Egy is the shear strain at the element middle surface. To obtain the shear strain
in all element thickness, the latter is multiplied by the well known Reissner function as
follows

Esy = 2(1 —)Esu (2.158)

2.4.5 Pinching Strain and seventh node

The normal strain is simply given as follows
Er=1[0 0 m!]Uuuqes (2.159)

Combining the different equations (2.99), (2.136), (2.159 and (2.158) the deformation-
displacement matrix B of the SB7 element can be derived.

As with the SB9, the additional central node of the SB7 is endowed with only one
translation degree of freedom in the element thickness direction . The enhanced normal
displacement in the thickness direction is written as follows

ug(§,M,8) = uf (€M, 8) + (1 - 8)uf (2.160)

uz being the one and only relative displacement of the seventh node, in through the

thickness direction g3, ug the normal displacement of the six nodes element considered
alone. A new column is then added to the deformation-displacement standard matrix
B making it a 6 by 19 matrix B

B=[B” B’| (2.161)

with A
B'=[0 0 _ZC 0 o0 o0

Where 4 is the element average thickness. The pinching strain is then written as follows
E. =Bl _ 2o 2.162
z = D3 U, — E Ur (2.162)

BY = m! being the third line of matrix B

2.4.6 Stabilization of twist mode

Now the reduced integration technique utilized with the SB7 introduces a twist hourglass
mode. To alleviate this mode it’s important to introduce a stabilization term as it has been
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Equivalent generalized nodal pressure forces

Figure 2.10: projected view of the SB9 under pressure

done with the SB9 element presented above.

h; =[0,0,—1,0,0,—1]7

h, =[0,—1,0,0,—1,0)" (2.163)
Y= 5~ (b xj) my) =123
We can then define a stabilization matrix B2 as follows
Bstab — [%T %} (2.164)
and a stabilization stress given like
gStab __ pyStab T3 {YIT OT} d, (2.165)
0 7
with
pStab — %amb ﬁ ﬂ , (2.166)

2
with o, = 0.01 Z?ﬁ ‘f \/ %Ei a stabilization coefficient and ®; Gauss-lobatto weight.
33

2.5 Equivalent generalized nodal pressure forces

The advantage of having real extra dof instead of simple parameters is the possibility to
physically act on them. For example, the nodal forces equivalent to a normal pressure
are prescribed at the vertices but also on the extra node in order to get the proper normal
stress distribution. This has been previously done for the element Q5TTS [SAN 11] and
a similar method is presented here for the SB7 and SB9 solid-shell elements. To easily
find the distribution of the required forces at each node, let us consider an element (Fig.
2.10) on which are defined two normal pressures P; in the upper face and P, in the lower
face. From equation (2.79), assuming a small change of direction of covariant vector g3
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2. Nine and seven nodes solid-shell elements

we can deduce the variation of the actual normal strain, in the Ahmad base frame as
follows
8Madd

h

+ J—
Ou,,, — Ouy,

d
—4
- g

de33 = (2.167)

where 514;; , and du_, , are respectively the variation of the average normal displacement
of the upper and lower face of the element, & the element average thickness and du,yy
the variation of the ninth node displacement [BAS 12]. Assuming the pinching stress
033 is linear through the element thickness

o3 = 5 (G~ )P~ (L )P, (2:168)

1
2

the virtual equilibrium condition in the thickness direction can then be written and the
equivalent nodal force distribution deduced as follows

8
Y Fidui + FuaqSuaaq = /S (P; — Py) du;dSo
1 0

=1 (2.169)
+/ de33 - 633dQg
Q

1 .

E:_HAia l:17"7n
n
1

F; = —PA;, j=n+1,.2n (2.170)
n

2
Fadd — § (PSAS - PiAi)

with A; and A being the element lower and upper surface area. Note that n = 3 for the
prismatic element and n = 4 for the cube element. It is well known that solid-shells with
only one layer of elements over the thickness are not able to reproduce a transverse
normal stress state which is equal to the applied facials pressures. The new formula-
tion herein (2.170) improves this lack, so the normal stress gives the accurate values
corresponding to the applied pressures in the boundaries with only one element in the
thickness direction.

2.6 Static equilibrium
In order to solve the nonlinear variational equation, we use a Newton-Raphson iterative

method through a sequence of linearization. Assuming that the external energy is dis-
placement independent, we only give details of the linearization of the internal energy.

L[] = /Q (AS : 8E + S : A(SE))dQq (2.171)
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Static equilibrium

Equation (2.171) can be split into a material stiffness and a geometrical stiffness.

AS : SEdQO =0U (/ (Bri)tDBridQO + (Bstab)lDBStabdQO) AU
QO Q() QO (2172)
i (Km + K,i:ab) AU
and
S : A(SE)dQo = 8U ( / BT, + %stabsstabdgo) AU
Q% Q Q (2.173)
— 8U' (Ki + K3™) AU
2.6.1 For SBY finite element
Material and geometric stiffness
. 1
Kl — 47, / (B + CBS + (2BY )" D(BO + (BS + 2BY)dC (2.174)
1
Kseb — g, [BWDBn + B‘“vaBi] g +Jo [B@VDHgn +BEDBE ¢ B“‘?fDB“C} g (2.175)
| ! |
Ki =J /_ 1 (B° + (B + 235 )smdg (2.176)
K™ = Jo [ #°5+ 278" g o [ NS+ NS 4 %S| g (2.177)

K" and K% are respectively the integrated stiffness matrix and its stabilization
counterpart, Kz,i and Kztab respectively the geometrical stiffness matrix and it’s counter-
part. Jo is the determinant of the Jacobian matrix. Note that the stabilization matrices
are computed analytically without numerical integration. Details about the components
of the geometric stiffness, 2° and similar matrices are given in appendix A.

Internal forces
In the same way, one can write the internal force and it’s stabilization counterpart as

, I
Fi — 4, / (B® + CBS + 2BY)7'Sd(
-1 (2.178)

int

Fstab — g [Bil SE 4+ B Sﬂ] g +Jo [Bﬁﬂf SEN - BEY LS L gn¥ SHC] g
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2. Nine and seven nodes solid-shell elements

2.6.2 For SB7 finite element

Material and geometric stiffness

‘ L .
K% = Jy / 1(B’“)TDB’“dz; (2.179)
1
K5 = Jy / (B*2)T DB d( (2.180)
-1
_ 1
KJ =Jo / 1(B.G)TZBGdc (2.181)
tab
KZ® =0 (2.182)

K and K" are respectively the integrated stiffness matrix and its stabilization
counterpart, Ky and Kz,tab respectively the geometrical stiffness matrix and it’s counter-
part. Jy is the determinant of the Jacobian matrix.

Internal forces

In the same way, one can write the internal force and it’s stabilization counterpart as

. I
Fil, =Jo / B"7Sd(¢
ol (2.183)
Flg’g?b :Jo(/IBStabTDStabTBStade)U
2.7 Elements Inertia Matrices
For a finite element of n nodes, the consistent mass matrix is written like this
M= / pINJT[N]aV, (2.184)
1%
with
N O O ... N, 0 O
INJl=10 N, O ... O N, O (2.185)
0O 0 N ... O 0 N,

For SB9 and SB7, since the last node has only one degree of freedom, we will write
the [N] matrix as follows:

N 0O O ... Nooy O 0 0
Nl]I=|0 N O ... O N,y O 0 (2.186)
0O 0 N ... O 0 Ny1 N,

where N;, i=1,2,...,n— 1 are the shape functions of the vertex nodes and N,, =
1 — {2 is the shape function associated with the additional node.
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Conclusion

Element inertia of the SB9 element

The matrix [N] of equation (2.186) is applied into the equation (2.184) to give the element
inertia matrix.

Element inertia of the SB7 element

It is the same as the SB9, but lets give some details.
« Fori,je{l1,2..6}

A typical element M;; of the element inertia of the SB7 is given as follows

+1
pc/ NideCdA
A 1

Cpe | L.

= (1+Cl€)(1+AC/C>dCALlLJdA (2.187)
2 L-rL

:% (1—|—%Ci§j)x y ]
E Li7éLj

Where A is the area of the triangular cross-section, c the height of the prismatic element
and L; € {m,1 —& —n}. Using this results gives the following inertia matrix

« Fori="7andj € {1,2...6,7}

M7,-:%/T(Hz;jc)u—cz)dc/ALjdA, jef{1,2..6)

My =P [

-1

(2.188)

2.8 Conclusion

In this chapter we have formulated two new solid-shell finite elements called SB9 and
SB7. Although inspired by the SB9Yy25 developed by Bruno Bassa et al [BAS 12] in their
way of adding an extra node in the middle of a hexahedral element, the SB9 is a com-
pletely different formulation from the SB9Yy25. Indeed, the new finite element is written
in total Lagrangian formulation, which eliminates the need for a local corotational frame
to ensure objective modeling. This new element uses an assumed transverse shear strain
with four control points per component instead of the 2 control points per component
as used in the SB9Y25. This eliminates the need for the Reissner function in the trans-
verse shear interpolation. In addition, the assumed natural strain method is also used in
the pinch strain to eliminate trapezoidal locking. The polynomial decomposition of the
inverse Jacobian is a plus, which allows to take more precisely the geometrical shape
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2. Nine and seven nodes solid-shell elements

of the element and thus to improve its accuracy. In addition, the new automatic and
user-independent stabilization (depends only on the problem) is analytically integrated.
The SB7, on the other hand, is a revision of the SB7y19 with a slight modification of
the stabilization coefficient. We have also used the assumed natural strain in the pinch
strain to eliminate trapezoidal locking. However the SB7 is formulated in a co-rotational
updated Lagrangian formulation due to the fact that this element incorporate some fea-
tures from the DKT6 element. This is necessary to enhanced the element strain and
avoid other locking phenomena.

In the next chapter, performance of the two solid-shell elements are investigated with
various linear and nonlinear tests.
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Numerical validations
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Introduction

3.1 Introduction

In Chapter 2 two solid-shell elements, SB9 and SB7, has been developed. In this chapter,
various numerical tests are presented to demonstrate the capabilities of the proposed
solid-shell elements. The SB9 elements is tested in linear as well as in nonlinear (geo-
metric and material), but also in modal analysis and linear buckling. The SB7 element in
the otherhand, implemented at the end of this thesis, has only been tested in linear and
nonlinear (geometric) analysis, due to lack of time. As mentioned in the Introduction of
this thesis, the aim of this work is to develop solid-shell element that perform accurately:

1. No locking for incompressible materials

2. Good bending behavior;

3. No locking in the limit of very thin elements

4. Distortion insensitivity

5. Good coarse mesh accuracy

6. Simple implementation of nonlinear constitutive laws

7. Automatic and robust stabilization in nonlinear situations when necessary.

These requirement are tested for both elements. The first two tests intend to show the
importance of the enhancement of the normal stress (advanced EAS method), which
is possible thank to the additional middle node. The following tests are classical tests
available in the literature or in the official documentation of code_aster (Doc aster), see
[Ele 20]. They show the performance of the elements in bending problems, in large de-
formation with or without material non-linearity and quasi-incompressibles materials.
Several of these test have been run independently by Pierre Klag, intern at EDF Lab. The
different finite elements used as reference for comparison are :

Q1STs : 8-nodes reduced integrated solid-shell element with EAS and ANS by Schwarze
[SCH 09]

Q5TTS : 5-nodes quadrilateral with through thickness stress by Sansalone [SAN 11]
SHBSPS : 8-nodes reduced integrated solid-shell with ANS by Abed Meraim and Combescure
[ABE 02]

S4R : ABAQUS’s four-node shell element models [HIB 98]

MITC4 : 4-nodes degenerated shell element of Dvorking

[DVO 95b] RESS : 8-nodes reduced enhanced solid-shell element of Alves de Souza [DES 07]
REEO07 : 8-nodes solid-shell concept based on reduced integration with hourglass stabiliza-
tion [REE 07]

Gru05 : ANS mixed stress resultant element, Gruttmann and Wagner [WAG 05]

Kas00 : Mixed-enhanced strain element H1/ ME9, Kasper and Taylor [KAS 00]

DKT : Discrete Kirchhoff shell element, see [BAT 92]

Coque_3D : 9 nodes, quadrilateral shell element, see [LAU 06] and www.code-aster.org
HEXAZ20 : 20-nodes hexahedral standard finite element.
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3. Numerical validations

3.2 Linear elastic studies

3.2.1 Patch test

The patch test has been originally proposed in the mid-sixties as a simple means to proof
convergence of an element. Beside a numerical verification there is also the possibility
of a theoretical analysis. The patch test checks, whether a constant distribution of any
state variable within an arbitrary element patch (i.e. a distorted mesh) can be repre-
sented exactly. It is especially useful for finite element formulations which violate the
compatibility condition (and thus cannot be proven to be consistent), such as the ANS,
EAS, etc. Nature of the patch test is to verify an element’s ability to represent a constant
strain/stress field, and thus ensure completeness and an ability to converge in the limit
as the element size decreases.

Coordinates [mm)|
4 1: (0.04, 0.02)

2: (0.18, 0.03)
Y s 3: (0.16, 0.08)

4: (0.08, 0.08)

Figure 3.1: Patch test geometry

Figure 3.1 shows a patch of elements that has been extensively used to assess quadri-
lateral shell elements and hexahedral solid-shell elements. The dimensions are: length
a = 0.24 mm, width » = 0.12 mm, and thickness t = 0.001 mm. The mechanical prop-
erties of the constitutive material are: elastic modulus £ = 106MPa and Poisson’s ratio
v =0.25. As the problem is linear, only 5 integration points are used across the thickness,
located at the usual positions of the Lobatto quadrature. Displacements are imposed at
the nodes on the contour and computed at the inner nodes to assess the test. For solid-
shell formulation to be competitive the membrane patch test must be strictly fulfilled,
but if the goal is to have a robust and reliable element the bending patch test must also
be passed.

3.2.1.1 Membrane patch test

The peripheral nodes of the plate are imposed a plane displacement such that :

Uy = <x+ %) x 1073 Uy = <y+ %) x 1073 (3.1)
To allow the contraction due to Poisson effect the lower face’s nodes are fixed in the
normal direction such that u, = 0. The present element gives the correct results for both
displacements of the inner nodes as defined in (Eq. 3.1) and the stress at all integration
points are also correct (Gy, = Oy, = 1333.3 MPa and oy, = 400 MPa).
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Linear elastic studies

3.2.1.2 Bending patch test

The displacement field in this cas is :

Z _ X\ 2z _ 1 _

ux:i(x+§> S X107 uy:i(y+§> Sx107 u= (P y?) 5 x 107
(3.2)
This displacement is imposed on the boundary nodes of both shell faces. Again the SB9
gives the expected values, for both the displacements applied and the stresses at the

Gauss points (6 = 6,y = £0.667 MPa and o, = £0.200 MPa).

3.2.2 Clamped square plate

In this example we study the fully clamped plate in the purpose of assessing the element
in-plane distortion sensitivity. The length of the plate is L = 100mm and its thickness
t = Imm. The mechanical properties of the material are E = 10*MPa and v = 0.3. A
central point load of value P = 16.3527N is chosen so that the analytic displacement
(Kirchhoff theory) of the plate center is #u, = Imm. For the sake of simplicity, only one-
quarter of the geometry is analysed, using meshes of 2 x 2 elements.To assess distortion
sensitivity the central node of the meshed domain is moved a distance inside the range
0 < d < 12mm as show in the Figure 3.2. Figure 3.3 gives the evolution of results with the
increasing distortion of the SB9 compared with the RESS element [SOU 05], the MITC4
element [DVO 95a] and the Q1ST element [SCH 09]. It can be seen that the distortion
sensitivity is similar for all elements compared and that the present element provides
results closer to the analytic solution. Now all these elements give sensibly the same
results because they all use the ANS method. Now since the SB7 is prismatic, it is less
sensitive to this test due to the prismatic form of the element. Therefore, for the most
distorted case, the element still gives a good result.

YIIIIV4 |/ _
|
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i
!
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Y

Figure 3.2: Clamped square plate with concentrated load
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Figure 3.3: Evolution of results with increasing distortion

3.2.3 Circular clamped plate

The goal of this test is to show the main advantage of the ninth node compared to a EAS
parameter alone. We consider a disk of radius R = 100mm and of thickness t = 1mm.
The material is isotropic. The Young modulus is E = 2 x 10°MPa and the Poisson ra-
tio v = 0.3. Two studies have been done. In the first study a uniform normal pressure
P, = 0.01172N /mm? is applied in the upper side of the plate. In the second study two
normal pressures P, = 2 x 0.01172N /mm? and P; = 0.01172N /mm? have been respec-
tively applied in the upper and lower faces of the circular plate. The theoretical dis-
placement of the plate center (C in Figure 3.4) is (U)¢ = lmm according to Kirchhoff’s
theory. Table 3.1 and table 3.2 show respectively the results for study 1 and study 2 from
different finite elements. It is interesting to notice that all different finite elements give
good result if we look at the plate center displacement. However the interesting thing to
notice is the pinching stress given by the different elements. The SHBSPS and the S4R
of abaqus give a nil value for the pinching stress, which is normal since they work with
plane stress state. The EAS-only (here used with 5 Gauss points), the SB7 and the SB9
elements are all using a full 3D constitutive law but we can see a non negligible differ-
ence in the pinching stress. In table 3.3 and 3.4 the pinching stress for the two elements
are detailed in order to have a broad view of what is happening in the shell thickness.
The pinching stress is almost constant in the thickness direction for the EAS solid-shell,
while for the SB9 or the SB7 element we have a better normal stress which satisfy the
boundary condition. This is the main benefice of utilizing a additional node compared
to a simple EAS parameter. It allows to split the applied pressure so that the pinching
stress is more accurate.
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Linear elastic studies

Q5TTS S4R  SHBS8PS SB9 SB7 EAS only
Uc 0.9874  0.995 0.995 0.995 0.995 0.995
top
o 0.0 0.0 0.0 0.0 0.0 -0.0058
bottom
-0.01172 0.0 0.0 -0.01172 -0.01172 -0.0058

Table 3.1: Center displacement and normal stress

Figure 3.4: Circular clamped plate.

Q5TTS S4R  SHBS8PS SB9 SB7 EAS only
Uc 0.9874 0.995 0.995 0.995 0.995 0.995
top
o -0.01172 0.0 0.0 -0.01172 -0.01172 -0.01757
bottom
-0.02343 0.0 0.0 -0.02343 -0.02343 -0.01757

Table 3.2: Center displacement and normal stress

¢ at Gauss points EAS-only SB9

1 -0.00585  -0.000000
-0.00585 -0.002021
-0.00585  -0.005857
-0.00585  -0.009693
-0.00585 -0.011717

(S0 BN IOLN B W)

Table 3.3: Pinching stress at Gauss Point : study 1
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3. Numerical validations

G at Gauss points EAS-only SB9
1 -0.01757 -0.01171
2 -0.01757  -0.01373
3 -0.01757  -0.01757
4 -0.01757  -0.02140
5 -0.01757  -0.02343

Table 3.4: Pinching stress at Gauss Point : study 2

Thanks to their additional nodes the Q5TTS, the SB7 and the SB9 use a 3D consti-
tutive law and give a pinching stress that is very accurate, on the contrary of the other
elements that use the plan stress assumption or only the EAS parameter.

3.2.4 Under pressure cylinder

This test case, like the previous one, is designed to study the pinch response of the SB9
element but this time with a curved structure. We consider a cylinder under internal and
external pressure and evaluate the normal stress (pinching stress). For symmetry reasons
only one eighth of the cylinder is meshed, the figure 3.5 being obtained by several re-
flections relative to the axes of symmetries. The results are compared to an approximate

analytical solution :

(c() PR _p)_pR (K 2

r)= —— —P—| -

" 2t 2t \ r
P=P—P, (3.3)
— 1
P:§m+g)

P; and P, are the pressures applied on the inner and outer walls of the cylinder. R and ¢
represent the radius and thickness of the cylinder.

Radius
Thickness
Young Modulus
Poisson Ratio
internal Pressure
external Pressure

R
t
E
v
Pi
Pe

0.01
1 x 107
0.0

Table 3.5: Geometric and material characteristics
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Linear elastic studies

Figure 3.5: Cylinder’s mesh

Pts Gauss 1 2 3 4 5

G Analyt || -2.00378 | -1.82894 -1.5 -1.17427 | -1.00373
G, SB9 -1.99915 | -1.82648 | -1.49915 | -1.17183 | -0.99915
Error (%) 0.04 0.00 0.05 0.02 0.45

Table 3.6: Pinch stress on the 5 Gauss points

In this test also, we find the static admissibility 6, = [6-n]-n = —p, where G is the
stress field, n the normal on the face and p the applied pressure. We can thus see the
interest of the additional term compared with a EAS parameter alone without enhancing
the pinching stress.

3.2.5 Spherical shell with 18° hole

This very popular test case is particularly severe due to the curvature of the geometry,
which considerably accentuates the transverse shear and membrane locking. We con-
sider a very thin hemispherical shell (radius R = 10, thickness t = 0.04) perforated at
its top at an opening angle equal to 18° [Figure 3.6], which is subjected to two dia-
metrically opposed pinching forces along the Y axis (F;, = —2N and F;, = 2N) and two
diametrically opposed extension forces along the X axis (Fy = —2N and F, = 2N). The
useful characteristics of the material are Young’s modulus (E= 6.825 x 107) and Poisson
ratio (v = 0.3). Using the (XZ) and (YZ) planes of symmetry, a quarter of the hemisphere
is meshed with two unit forces in the X and Y directions. The boundary conditions are
free, however, in order to avoid rigid body movements, the displacement in Z direction of
one point is blocked in addition to the conditions relative to the two planes of symmetry.
The reference solution given by many authors is 0.094 (see [SCH 09]). A convergence
study has been carried out with SB9 in comparison with other types of finite elements
of the solid-shell type, on different meshes. The results are reported in the table 3.7. The
figure 3.7 also compares the normalized displacements as a function of the number of
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3. Numerical validations

sgétrie symétrie

Figure 3.6: Pinched hemisphere

Mesh |[ 4x4 | 8x8 | 16x16 | 32 x32
SB9 1.043 | 1.002 | 0.993 0.994
Ree07 (| 0.062 | 0.723 | 0.919 0.969
Gru05 || 1.032 [ 0.999 | 0.993 0.995
Kas00 | 0.039 | 0.732 | 0.989 0.998

Table 3.7: Displacements of the solicited nodes, with SB9 modelization

elements per side, for the different solid-shell finite elements. It can be observed that
SB9 and Q1st give the best results for this test. The fact that the SB9 element passes this
very severe test demonstrates its ability to withstand the phenomena of membrane and
transverse shear locking. This test exhibits the crucial importance of the ANS method to
develop shear locking-free element formulations. Concerning the convergence behavior,
the SB9 element formulation is among the best if one considers all element formulations
here presented. A quick convergence study has also been curried with the SB7 element
with two different meshes as one can see in figure 3.8. The results given in table 3.8
shows a good convergence for the SB7 too.
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Figure 3.7: Spherical shell with 18° hole, study of convergence.

SB7 Mesh 1 | Mesh 2 | Ref
U 0.0929 0.0941 | 0.094
Error (%) 1.07 0.1

Table 3.8: Displacements of the solicited nodes

F
ISR
R

(a) Mesh 1 (b) Mesh 2

Figure 3.8: The SB7 meshes used for this simulation

3.2.6 Pinched cylinder

The purpose of this test case is almost the same as that of the pinched hemisphere:
to confront the element to a well curved environment to see its capacity to resist the
phenomena of membrane and transverse shear locking. With the help of symmetries,
only one eighth of the pinched cylinder is meshed with different discretizations to see
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3. Numerical validations

Rayon R 4.953
Longueur L 10.35
Epaisseur t 0.094

Module d’Young E 10.5x10°
Coefficient de poisson Vv 0.3125
Charge appliquée F 100N

Table 3.9: Geometrical and material characteristics of the cylinder

the effect of refinement on the solution. By stressing the structure with two equal and
opposite forces F=100N , we try to determine the displacement in the stress direction for
the different discretizations and then compare it to the reference displacement: 0.1139
[MAC 85]. The geometrical and material characteristics for this test case are given in
the table 3.9. The convergence diagram can be see in figure 3.10. Both the SB7 and SB9
elements converge with mesh refinement. One can also observe that the SB7 elements
is a little bit soft compared to the SB9 for this test case which is due to the difference of
the Assumed Natural strain used for each element.

DL N i{}ﬁ»‘y 0:6:.0‘
LS N
Avemy ;m nw; me ,}:,:::}:;‘, O

R ¥ mwm

R
mnm.
.
=
"‘“‘"""“"ﬂﬂﬂlﬂhz

(b) 32x32 SB9 Mesh

Figure 3.9: The SB7 meshes used for this simulation
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Figure 3.10: Pinched cylinder, study of convergence.

3.3 Geometric nonlinear elastic studies

3.3.1 Bending of a cantilever beam

In this test we investigate the out-of-plane bending of a cantilever beam under a tip load.
The problem has been analyzed by many authors [SIM 92a, BUC 94, MIE 98, HAU 01,
FON 05, REE 07]. As shown in figure 3.11, the beam has a side length of L = 10mm and a
rectangular cross section of width B = 1mm and a thickness ¢ = 0.1mm. The material is
isotropic and has a Young modulus E = 10’ N /mm? and a Poisson ratio v = 0.3. The total
load is F;,,; — 40N introduced in ten time increments for the SB9 modelization and 100
times for the SB7 modelization. Since the SB7 element is formulated in a co-rotational up-
dated Lagrangian formulation, it necessitate small time increment to converge correctly.
The Beam is discretized by one element along the width and thickness direction and 16
elements along the length. The numerical integration is performed with Gauss points
through the thickness direction. A first study has been made to assess the convergence
of the two finite elements for this test, using a regular mesh and then a highly distorted
mesh. Figure 3.12-a gives the load displacement path for the two different meshes and
for the two modelizations. The displacement at convergence is in agreement with the
analytic solution U, = 7.083mm given in [FRI 62]. The load displacement path is identi-
cal for both the regular and distorted mesh for the SB9 and and almost the same for the
SB7 element, proving that these two solid-shell finite elements are insensitive to mesh
distortion.
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3. Numerical validations

(c) Distorted mesh SB9 (d) Distorted mesh SB7

Figure 3.11: Mesh form used for this simulation

In a second time the behaviour of the two elements in the near quasi-incompressible
situations is investigated. The regular mesh is kept but this time the Poisson ratio is
varied between v = 0.0 to v = 0.4999. The elements gives good result showing no sign
of volumetric locking, see Figure 3.12-b.

- o~ distored SB9 “ -~ SB9v=0.3
0.8 |- = distored SB7 oo 08 |5 SB7v=03 £
5 -+~ regular SB9 » 3 3 -~ SB9v=0.4999 , /
S 0.6 we 1 % 0.6 = SB7Tv=0499 | .
e -’.’ o £
T 041 oy 1 B 04 |
s - 3
0.2 P : 0.2 - :
- /. g
Ow= - i I I Ot i I ]
0 2 4 6 8 0 2 4 6 8
Displacement [mm] Displacements [mm]
(a) Distortion analysis (b) near-incompressibilty analysis

Figure 3.12: Evolution of the cantilever beam’s free-edge displacement
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(a) SB9 Mesh

(b) SB7 Mesh

Figure 3.13: Pinched hemisphere with hole

3.3.2 Spherical shell with 18 degree hole

In this example the hemispherical shell with an 18 degree circular cut out at it’s pole is
studied. The shell is loaded by an alternating radial point forces F at 90 degree intervals,
see figure 3.13. This is a well known problem as it has been considered by many authors
[SIM 90a, SAL 90, SAN 92, SZE 04, REE 07], to name just a few. Thanks to symmetry,
only one-quater of the shell is modeled with a 16 x 16 mesh. The geometrical parame-
ters used are the same used by [SZE 04] with a radius of R = 10.0mm and a thickness of
t = 0.04mm which give a ratio R/t = 250. So this is a relatively severe test more likely
to exhibit locking effects. The structure is subdued to two concentrated force F = 100N
as shown in figure 3.13. This load is high enough to create a geometric nonlinear de-
formations. Therefore this test allows to observe the reaction of the SB7 and the SB9
in large geometric transformations. The material parameters are the Young modulus
E = 6.825 x 10’N/mm? and the Poisson ratio v = 0.3. The total number of increment
to reach the maximum load is 10. In Figure 3.14, the deformation path of the points A
and B are plotted and compared to the values given by Sze [SZE 04]. The results given
by the SB9 and SB7 elements is in good agreement with the reference solutions.
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Figure 3.14: Evolution of displacement of hemisphere

3.3.3 Stretched cylinder with free edge

Loaded by two opposite singles forces, see figure 3.9, the cylinder undergoes a signifi-
cantly large rotation combining bending and membrane effects. The geometric is defined
by a length L = 10.35, a radius R = 4.953 and a thickness 7" = 0.094mm. The material
properties are given by the Young modulus E = 10.5 x 105N /mm? and the Poisson ratio
v = 0.3125 and the applied load in each side is ' = 40KN. Due to the symmetry of the
problem, only one eighth of the system is discretized. In order to investigate the con-
vergence several meshes refinements are tested including 8 x 12, 16 x 24 and 20 x 30,
with only a single element through the thickness. Using the present formulation of the
SB9 the problem is modeled using a 16 x 24 mesh and the results are compared to those
tabulated in Sze et al [SZE 04]. Figure 3.16 shows the results in term of load versus radial
displacements at points A, B and C. Point A corresponds to the point under the loading,
while point B and C are on the side of the cylinder and undergo horizontal displacements
see figure 3.16. As it can be seen in the load-displacement curves, the overall response
exhibits two regimes : a first stage dominated by bending effect and characterized by
large displacements and rotations, and a second phase dominated by membrane effects,
which may cause locking. It’s also important to note the snap-through phenomenon
arising when the loading reaches the critical value of around 20KN. This can be seen
through the displacement reversal that occurs on the load displacement curve of point
C. This new formulation of the SB9 element gives results in very good agreement with
the reference solution, with no locking effect.
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Load Factor

Displacement [mm]

Figure 3.16: Evolution of displacement of stretched cylinder
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Figure 3.15: Stretched cylinder with free edge

3.3.4 Pinched cylindrical shell mounted over rigid diaphragms

This problem and its variations have been considered by many authors [SAL 90, SAN 92,
HAU 98, SZE 04], among others. The cylinder shell is mounted on a rigid diaphragms
and is subjected to two pinching forces load Py, = 12000 as shown is the Figure 3.17-a.
The dimensions of the cylinder are a length of L = 200, a radius R = 100 and a thick-
ness i = 1. The material properties are Young Modulus E = 30 x 10 and the Poisson
ratio v = 0.3. Thanks to symmetry, one-eighth of the shell is modeled. A commonly
employed mesh of 40 x 40 solid-shell elements is used in this test. Figure 3.18 shows
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the displacement of the points A and B, compared with those given in [SZE 04] with the
Abaqus S4R element.

E=30x10°
V=03

R= 100
L=200
) o
LV . P~ 12000
\’ Y
\y / h I _— e -
rigid élapnragm [ )
(a) Geometric description (b) Visual result

Figure 3.17: Pinched cylindrical shell mounted over rigid diaphragms
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Figure 3.18: Evolution of displacement of pinched cylinder

3.4 Plastic studies

Most of Code_Aster’s constitutive laws can be used under the hypothesis of small per-
turbations, which makes it possible to take the initial configuration as the current geo-
metrical configurations. However, when the deformations become significant (the limit
is usually set at 5%), this hypothesis is no longer verified. The notions of particle and
partial derivatives are then different, and as a result the incrementally formulated con-
stitutive laws lose their objectivity. In order to restore objectivity, which is therefore
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essential to guarantee a good reliability of the result, a large deformation strategy is
possible. This is the large deformation model based on a logarithmic measurement of
the deformation, with a particular duality stress tensor. A complete presentation of this
model can be found in C.Miehe, N.Apel and M.Lambrecht [MIE 04].

3.4.1 Preprocessing of the logarithmic strain space

A key point in the setting up of the logarlthmlc framework of finite plasticity is the
definition of an elastic strain measure E*. As pointed out in [Miehe, 36,37], there do exist
several conceptual possibilities for the definition of the elastic strain measure. Following
Miehe, we focus on the elementary additive form

E =E-E’ (3.4)
consistent with the approach proposed by Miehe in term of the logarithmic Langrangian

total and plastic strains

- 1

E:= ElnC’"Od and E’ = lnGp (3.5)
respectively. The logarithmic strain measure E is a function of the current metric C"°¢,
which in turn is a function of the deformation F°?, see section 1.5.5 of chapter 1. The
easiest way to compute C"%¢ is

Cmod — ggmod 4 q, (3.6)

E"? being the Green Lagrange strain of the solid-shell element. Of key importance
for the subsequent treatment is the sensitivity of the logarithmic strain measure with
respect to a change of the deformation. To this end, we introduce the relationships

E=P:Fd and P=1:Fmd (3.7)
where, in terms of the fourth- and sixth-order nominal transformation tensors
]P) = aFmodE and L = a%modFmodE, (38)

respectively. These transformation tensors play a central role in the subsequent treat-
ment. Closed-form algorithmic approaches to these types of tensors have recently been
outlined in the more general context for the class of Seth—Hill strain measures in [45].
The stress power can then be represented like

P(t)=T(t):E() with T:=P:P . (3.9)

T is the Lagrangian stress tensor work-conjugate to the logarithmic strain measure E
and P the first Piola Kirchhoff stress. The symmetric Lagrangian tensors T and E provide
a convenient pair of dual external variables of the local material element associated with
the logarithmic strain space.
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3. Numerical validations

3.4.2 Constitutive model in the logarithmic strain space

Now we assume a constitutive model of plasticity that is exclusively restricted to the
logarithmic strain space. This model is considered as a constitutive box, its input is given
by the logarithmic strains E and a set 7 := {Ep , } of internal variables consisting of

the logarithmic plastic strain tensor E” and some additional hardening variables. The
output of the box is the current stress T dual to the logarithmic strain and the associated
elastic—plastic tangent moduli EP

{E, T} — MODEL — {T,E®} (3.10)

In the continuous setting the tangent moduli exist for the rate-independent theory of
plasticity and govern the rate of the stress with respect to rate of the logarithmic strain

T=EP:E. (3.11)

The attractive feature of the constitutive model is that it can preserve the structure of
plasticity models of the geometrically linear theory. Thus the model may adopt standard
constitutive structures of the small strain theory. This section specifies a constitutive
model in the logarithmic strain space with a structure adopted from the geometrically
linear theory. We focus on a formulation suitable for the modelling of problems in metal
plasticity.

3.4.2.1 Energy storage and elastic stress response

The stress-strain relation can be obtained by defining a local dissipation function with
respect to unit volume and using the Clausius Planck inequality

D:=T:E—y>0 (3.12)
with y R x RO x R — R a free energy function defined like
W:W<E_EP7A5(X) (313)

where E” is the logarithmic plastic strain, A a symmetric second-order tensor for the
description of the kinematic hardening and o a scalar variable that models isotropic
hardening. Using the Coleman’s method, one can write the constitutive equation like

T=+3z¥(E—E" A, 0)
B=-0,y(E-E’ A a) (3.14)
B=—0uWw(E—-E" A a)

The first equation is the constitutive expression for the stresses in the logarithmic strain

space. The other equations define internal forces F := {T”,B,} dual to the above in-
troduced internal variables. It can be shown that the internal force T? that derives the
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plastic strain E” is identical to the stress T. The reduced dissipation inequality is then
rewritten like )
D:=T:E +B:A+Ba>0 (3.15)

Assuming metal plasticity, see [58] for a micromechanical motivation, a fully decoupled
representation of the energy function can be written as

v =y E-E")+y*(A)+yi(a) (3.16)

A typical example is the quadratic storage function
1= =p2 k 2 1
== |[E-E’||z+ 5 AP+ 502 1

where HEeHE :=VE‘:E:E’ is the norm of elastic strain measure E° with respect to
a constant fourthorder tensor [E that characterizes the macroscopic elasticity moduli.
k€ Ry and h € R, are elastic material parameters associated with the kinematic and
isotropic hardening, respectively. For this quadratic function, the stresses and internal
forces turn out to be linear functions of the strain-like variables

T=+E:(E-E")
B=—kA . (3.18)
B = —ho

3.4.2.2 Dissipation and plastic flow response

Consider the plastic flow to be constrained by a convex elastic domain in the space of
the internal forces

£ = {(T7B7 B) € -’R,|f(T7B7B) < O} (3.19)

where f = f(T,B, ) is a convex level set function. Then a canonical form of the evolu-
tion equations for the internal variables is determined by a thermodynamic extremum
principle, the well-known principle of maximum plastic dissipation. It yields the nor-
mality rules

TP = Yan(TaB7 B)
A =79 f(T,B,p) (3.20)

which determine the evolution of the plastic flow and the hardening variables in terms
of gradients of the yield criterion function. Here, the plastic parameter 7 is in the rate-
independent case determined by the Kuhn-Tucker-type loading—unloading conditions

’Y> 07 f < 07 Yf =0 (3.21)
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3. Numerical validations

3.4.3 Postprocessing

Once the stresses and tangent moduli in the logarithmic strain space have been obtained
from the constitutive model, equation (3.10), we map them to the nominal stresses and
nominal moduli based on straightforward application of the transformation rules intro-
duced in subsection 3.4.1. The combination of equations 3.7 and 3.9 gives

P=T:P and C®=P/:E®:P4+T:L (3.22)

Here, the fourth-order nominal elastic—plastic tangent moduli C*P govern the sensitivity
of the nominal stresses .
P=C®:F (3.23)

with respect to the rate of deformation. The symmetric Lagrangian stresses S := F~!P
and their associated elastic-plastic tangent moduli C;® are obtained analogously to the
above derivation of the nominal tensors. We get the formulations

S=T:P, and CF=P] EP:P +T:L, (3.24)

in terms of the fourth-and sixth-order Lagrangian transformation tensors Py, and L,
respectively. They appear in the closed form

Pp:=20cuE and  Li:=40gmicneE, (3.25)

as derivatives of the logarithmic strain measure with respect to the convected current
metric C"?. The Lagrangian elastic—plastic tangent moduli C;? govern the sensitivity
of the symmetric second Piola stress

. 1.
S=Cp: EC (3.26)

with respect to the Lagrangian rate C"¢ /2 of deformation.

3.4.4 Simply supported plate

In this example the simply supported plate under pressure is addressed. The problem has
been treated by many authors [BET 99, EBE 99, FON 05, HAU 01, REE 07] among others.
The geometric parameters of the plate are represented by the side length L = 508mm and
the thickness t = 2.54. Thanks to symmetry only one quarter of the plate is represented,
Figure 3.19-b being obtained by reflexion. As boundary conditions, the outer lower side
edge of the plate is fixed in the vertical direction (#3 = 0), hence the rotation around
these axes is possible. A uniform pressure p = Apg with p = 0.01N /mm? is applied. The
maximum of the load factor is A4, = 40. The material is taken ideally elastic-plastic with
E =6.9 x 10*N/mm?, v = 0.3 and the yield stress 6, = 248N /mm?. Figure 3.20 gives the
evolution of the normal displacement of the plate center compared to the results given
in [REE 07].
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\
uz=0

Figure 3.19: Simply supported plate : geometric description
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Figure 3.20: Evolution of the normal displacement of the plate center

101

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés
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(a) Index of plastification

(b) Plastic deformation

Figure 3.21: Plastic variables
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o —»

(a) Stress scale

(b) Stress scale

Figure 3.22: Stress Magnitude
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3.4.5 Cook’s membrane

44 —————=— 16 >

43—

Figure 3.23: Cook’s membrane geometry.

The Cooke’s membrane Figure 3.23 test simulates the deformation of a sheet metal of
thickness t=1mm, clamped on one edge and subjected to a shear stress F=6250N /mm?
in the opposite edge. Two tests are carried out. The first simulation is done with a
quasi-incompressible elastic material, with a Young’s modulus E=2.4 x 10°N /mm? and
a Poisson’s ratio v=0.4999 and the final displacement of the point C is evaluated as a
function of the number of elements, so it is a convergence study. The applied load is
100N for the elastic case and 5kN for the elastic-plastic material. The second simula-
tion uses the same membrane as before, but this time with an elasto-plastic material of
Young’s modulus E=2.069 x 10°N /mm? and a Poisson’s ratio v=0.29. The strain harden-
ing law follows the formula 6y, = 715+ 129.24¢” — 265010968 where e corresponds
to plastic deformation. Here also a convergence study was conducted. Figures 3.24.a and
3.24.b show a convergence analysis as the mesh is refined, where the vertical displace-
ment of point C has been plotted vs. the number of divisions per side. The results have
been compared with the reference Flores [MAT 18], and other results presented in the
same article, where the results that we have obtained present a very good convergence
in comparison.

3.4.6 Stamping of a sheet by a cylindrical punch (Doc aster)

This test represents a calculation of the drawing of a square sheet metal by a rigid cylin-
drical punch in the presence of large plastic deformations. This test is useful in the
simulation of sheet metal forming. The sheet metal is modelled in SB9 elements . The
punch and die are rigid elements. The contact between the different elements is modelled
by a continuous formulation. The side length of the sheet is L = 160mm and thickness
e = 2mm. the die is h = 35mm deep with a diameter of D = 100mm. The geometric
details of the tools are visible in the Figure 3.25. The elastic parameters are the Young
modulus E = 200000M pa and the Poisson ratio v = 0.3 and the hardening law is plot-
ted in figure 3.26. To stamp the sheet, the punch is imposed with a vertical displacement
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Figure 3.24: Evolution of the cantilever beam’s free-edge displacement
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v
z
Punch
L=160mm L)

D=100mm
H=35mm
e=2mm

Figure 3.25: Stamping of a sheet by a cylindrical punch, tools geometry
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Figure 3.26: Hardening law

from O to 35mm. Figure 3.27 shows the deformation state of the sheet. This concludes
that for these kind of problems the SB9 element is very robust, gives excellent results
and is quite efficient.

3.5 Modal analysis

3.5.1 Natural frequencies of a thick cylindrical ring (Doc aster)

This test is inspired by a vibration study carried out on the VVP collector (steam evac-
uation systems between the primary and secondary circuits). This collector is medium-
thick and has a maximum ratio of thickness to average radius of 0.13. This value, which
may be typical of an industrial structure, is slightly higher than the limit of validity
value usually recognized for plates and shells. In this study, the modeling of the shell
collector is then evaluated by comparison with a volume model on a ring, showing the
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Figure 3.27: Stamping of a sheet by a cylindrical punch, deformation state
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Modes SB9 (Hz) Ref  Errors SB9 Error DKQ Error Coque_3D

Ovalization 210.16 210.55 0.18% 0.44% 0.3%
210.16  210.55 0.18% 0.44% 0.3%
Trifoliated 587.86  587.92 0.01% 1.75% 0.24%
587.86  587.92 0.01% 1.75% 0.24%
Out of plane  209.66  205.89 1.79% 13.99% 0.36%
209.66  205.89 1.79% 13.99% 0.36%
596.99  588.88 1.35% 9.75% 0.23%
596.99  588.88 1.35% 9.75% 0.23%

Table 3.10: Natural frequencies of a thick cylindrical ring

Fourier modes of order 2 (ovalization) and 3 (trifoliate) as well as 2 out-of-plane modes.
It is a cylindrical ring, with mean radius R,, = 0.369m, thickness t = 0.048m and length
L = 0.05m. The material is homogeneous, isotropic, linear elastic. The elastic coeffi-
cients are Young’s modulus £ = 185000M Pa and v = 0.3. The density is constant and is
p = 7800kgm 3. The structure is free in space. The eigenmodes searched correspond to
the Fourier modes of order 2 and 3 of the ring. The frequencies of a ring can be estimated
from an analytical Euler curved beam model [bib1] or numerically with a very fine mesh
of 3D standard modelization. The search for clean modes is carried out in the 200-800Hz
band. The frequencies associated with the different modes, (see figure 3.28), are listed in
table 3.10.

The SB9 solid-shell element gives very good results for this modal analysis. This
element shows more accurate results for the ovalization and the Trifoliated modes com-
pared to the other elements (DKQ, Coque_3D) but a little less accurate results for the
out of plane compared to the Coque_3D shell element. This is due to the fact that the
Coque_3D shell element has quadratic interpolation functions, but not only that, the
Coque_3D is based on Reissner hypothesis allowing it the model medium thick shell
structures. The DKQ is based on Kirchhoff hypothesis and is limited to thin shell-like
structures while the SB9 solid-shell element can be used to model thin shell structures
as well as medium thick structures.

3.5.2 Free vibration of a compression vane (Doc aster)

This test is used to validate the calculation of the natural frequencies of a linear elastic
compression vane. It is a cylindrical panel whose dimensions and material characteris-
tics (homogeneous and isotropic) are given in the table 3.11. The structure is clamped
on its BD end, see figure 3.29. The first six natural frequencies are measured in the in-
terval [80.,570.] and compared with a reference solution corresponding to experimental
measurements given in Batoz [BAT 92]. Comparisons are also made with another shell
elements existing in code_aster called Coque_3D, which is a nine-node biquadradic clas-
sical shell finite element. The six different modes of vibration of the SB9 elements are
given in figure 3.30 and the equivalent frequencies are listed in the table 3.12. The results
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 3.28: Modes propres d'un anneau cylindrique épais
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Figure 3.29: Geometry representation

Table 3.11: Geometrical and material characteristics of the cylinder

Dimension Valeur
E 2.0685 x 10°N /mm?
v 0.3
P 7857 .2kg.m=>
Ry, 0.6096m
h 0.003048m
L 0.3048m
Lare 0.3042m

given by the SB9 elements are very satisfying.

mode | SB9 | Coque 3D | Référence | Erreur relative SB9
1 85.9 85.85 85.6 0.35%
2 138.5 138.56 134.5 2.97%
3 247 246.92 259 4.63%
4 342 342.71 351 2.56%
5 386 386.66 395 2.28%
6 530 531.59 531 0.19%

Table 3.12: Frequencies in Hertz: comparison SB9 Vs Coque_3D
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3. Numerical validations

Figure 3.31: Geometry representation

3.5.3 Free vibration of a corrugated metal sheet (Doc aster)

This test represents a calculation in dynamic modal analysis of a corrugated sheet in free
form, see figure 3.31. It is initially set up in doc_aster to validate the DKT finite element
modelling on a non-planar plate modelled in quadrangles. The goal here is to see if the
non-planarity has a consequence in the dynamic modal analysis of a SB9 model. The
natural frequencies are then compared with a reference solution obtained with code_-
aster from a Coque_3D modeling. The geometrical and material characteristics of the
corrugated shell are given in the table (3.13). The angle o is chosen so that the upper
surface of the shell at point X is at (y = 0), i.e. aligned with A and C.

cos(a) =1——— (3.27)

The SB9 element gives very accurate results despite the geometry being initially non
planar. The results are very close to those given by quadratic elements (Coque_3D and
HEXA 27 finites elements) thanks to the enhancements embedded in this element. The
DKT elements on the other hand is less accurate due it’s linear interpolations.
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Coque_3D SB9 Hexa27 | DKT
Frequencies (Hz) 1686.02 1696.25 | 1688.28 | 1797.5
relative Error 0.61% 0.13% | 6.61%
Table 3.16: Mode 3
Dimension Valeur
E 2 x 10°N /mm*
\Y 0.3
P 7800kg.m >
R 1m
h 0.05m
AB et CD 0.1m
o 9.07°

Table 3.13: Geometrical and material characteristics of the sheet

Coque_3D | SB9 | Hexa27 | DKT
Frequencies (Hz) 631.2 633.68 | 631.45 | 645.88
relative Error 0.39% | 0.04% | 2.33%
Table 3.14: Mode 1
Coque_3D SB9 Hexa27 | DKT
Frequencies (Hz) 1236.14 1238.96 | 1236.39 | 1256.35
relative Error 0.23% | 0.02% 1.63%

Table 3.15: Mode 2
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3. Numerical validations

(a) Mode 1 (b) Mode 2

(c) Mode 3

Figure 3.32: Free vibration of a corrugated metal sheet

3.5.4 Free thin circular ring (Doc aster)

This test represents a dynamic modal analysis calculation of a free-free circular ring,
figure 3.33. The geometrical characteristics and material of the corrugated shell are given
in the table 3.17. All points of the ring are free and no loading is applied. The calculation
method used for the reference solution is:

« Vibration modes in the plane

For these modes of vibration, the bending equation for curved beams by V. Boussinesq
(1883), without extension of the neutral fibre leads to

1 [2(2—=1)? EL

7\ ETT oAk i=0,1,2,.. (3.28)

fi=

The reference solution is established for thin archs such as

I
OR > 100\/% (3.29)

with o center angle in radians.
+ Off-plane vibration modes

For transverse vibration modes with rectangular cross section, the solution was estab-
lished from the results of two calculation codes, using different formulations, (see Guide
de Validation des Progiciels de Calculs des Structures: SFM, AFNOR technique, ISBN:
2-12-486611-7). The frequencies associated to the vibration modes are given in the table
3.18, and compared to the references solutions. The results, see figure 3.34, given by the
SB9 element are here also very accurate.
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Dimension Valeur
E 2 x 10°N /mm?
\Y 0.3
R 2m
e 0.02m
L 2m

Table 3.17: Geometrical and material characteristics of the ring

YA AZ'

v><
A~<
o

Figure 3.33: Geometry representation

Modes | SB9 (Hz) | Ref (Hz) | Relative error
1 318.05 318.36 0.10%
2 516.1 511 1.00%
3 898.31 900.46 0.24%
4 1566.28 1590 1.49%
5 1718.96 1726.55 0.44%
6 2772.73 2792.21 0.70%
7 3082.96 3184 3.17%

Table 3.18: Natural frequencies
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

(e) Mode 5 (f) Mode 6

T
i

(g) Mode 7

Figure 3.34: Free thin circular ring
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Linear buckling analysis

3.5.5 Vibration of a plate in transitory state (Doc aster)

This test case uses SB9 for linear dynamic transient analysis. It deals with a plate subject
to sinusoidal excitation on a vibrating table, see figure 3.35. The square plate is made
of steel and its dimensions are width L = 2m and thickness t = 0.03m. It is clamped
on one edge and subjected to a sinusoidal volume force. The material used is elastic,
with a Young’s modulus E = 2 x 10N /mm?, a Poisson’s ratio v = 0.3 and a density p =
8000kg.m 3. The input signal is a simple sine with a frequency of 15Hz. The amplitude
is 30g horizontally and 30g vertically down (g = 10m/s?) and the duration of the signal
is 0.5 seconds. We measure the displacement of the point P over time and compare it to
the displacement given by a model with standard 3D quadratic elements (3 elements in
the thickness direction vs 1 element in the thickness direction for the SB9). Figure 3.36
gives the displacement of the point P function of the time for the SB9 and the HEXA27.
The SB9 element gives the sames results as the HEXA27 element.

P
E
N
C
0.03 my A
S

z, Ly Ay
N > X
(a) Geometric description (b) Studied point

Figure 3.35: Vibration of a plate in transitory state

3.6 Linear buckling analysis

A complete non-linear calculation can be expensive in terms of the computer time that
is needed. For stability problems it is desirable to have a simple method which gives an
accurate estimate of the critical load at which loss of structural stability occurs. Such
a method is known as linear buckling analysis. In this method the complete non-linear
analysis in which the entire load—deflection path is followed up to, and possibly beyond
the critical load level, is replaced by an eigenvalue analysis. A derivation of the method,
starting from the complete set of the non-linear field equations and elucidating the as-
sumptions that are made, is given below. The basic assumption is that prior to the point
where loss of uniqueness occurs, the displacement gradients remain small. With this
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1074 — HEXAZ27
‘ —=- SB9

Displacement DZ [m]

Figure 3.36: Evolution of displacement of the Point P

assumption the equilibrium equation can be written as follows :

/Q (5Au)" B DBAUAQ + A (8Au)"BL, ZBy; AudQ =
0 0

[ (saw B taudse+ [ p(sau) B gauaQ (330
590 Qo

Since the latter equation must hold for any virtual displacement increment dAu, the
resulting set of equilibrium equations ensues :

{ / B DBAudQ + / B{,LZBNLdQ} Au = H’ tAuddQ + / pH gdQ  (3.31)
Qo Qo Qo

80
At the critical load level at least two solutions exist which both satisfy incremental equi-
librium [DEB 12]. If Au; denotes the incremental displacement field belonging to the
first solution and if Au; is the incremental displacement field of the second solution,
subtraction of the solutions, which must both satisfy Equation (3.31), yields:

{ / B'DBAudQ + / B,ELZCBNLdQ} (Au; — Auy) =0 (3.32)
Qo Q

with X, the stress matrix at the critical (buckling) load.

We now label X, as the stress matrix that is obtained in a linear-elastic calculation for
a unit load, and A the load factor that sets the relation between this elastic solution for a
unit load and the stress at the critical load X, : £, = AL, so that A is the multiplication
factor for a unit load to obtain the critical load at which loss of uniqueness (buckling)
occurs. Substitution of this identity in Equation (3.32) yields :

{ / B'DBAudQ + A / B{,LZeBNLdQ] (Au; —Aup) =0 (3.33)
Q Q
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Linear buckling analysis

Since by definition Auj; — Auy # 0, his equation forms a linear eigenvalue problem for
which a non-trivial solution exists if and only if the determinant of the characteristic
equation vanishes:

det (Ko +2KS,) =0 (3.34)

where

Ko = / B’DBAu and K$; = / Bl Z.Bnr (3.35)
Qo Qq

The solution of Equation (3.34) results in n eigenvalues, which belong to the load levels at
which loss of uniqueness (bifurcation) can occur. The lowest eigenvalue corresponds to
the lowest load level for which a bifurcation exists. Multiplication of the elastic solution
with this eigenvalue therefore gives the critical load level at which bifurcation is first
possible. It is noted that the load levels predicted by the higher eigenvalues can be so
high that the assumptions made for the linear buckling analysis may be violated, and
that these eigenvalues can therefore be unrealistic. In computations of structures that
have a fine discretization, high eigenvalues may arise that are merely artifacts of the
discretization, which is another possible source of unrealistic eigenvalues. In this section
we investigate the SB9 and the SB7 through some linear buckling studies following the
above mentioned assumptions.

3.6.1 Buckling of a free cylinder under external pressure (Doc
aster)

This test represents a stability calculation of a thin cylindrical envelope free at its ends
subjected to external pressure. The critical loads leading to Euler’s elastic buckling are
calculated. The matrix of geometrical stiffness used in solving the eigenvalue problem is
that due to the initial constraints. The critical load and eigenmode obtained are compared
with an analytical reference solution. The simulated cylinder has a mean radius R = 2m,
a length L = 2m and a thickness t = 0.02m. The material parameters are the Young
modulus E = 2 x 10°N/mm? and the Poisson’s ratio v = 0.3. The symmetry of the
problem makes it possible to model one eighth of the cylinder, with specific symmetry
conditions. A uniformly distributed pressure of P. = 1Pa is applied to the cylindrical
surface. The critical pressure found in the references [TIM 47, DON 75] are given as

E e
12(1—v2) R

Py = (3.36)

n being the mode’s number (with n =2,4,6).
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3. Numerical validations

Az

Figure 3.37: Geometry of the cylinder

mode SB9 Reference | Relative Error
2 71974 73260 1.76%
4 291378 293040 0.57%
6 668816 659340 1.44%

Table 3.19: Comparison of critical pressure load : SB9 vs reference
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Industrial application : study of a canopy joint

(a) Mode 2 (b) Mode 4

(c) Mode 6

Figure 3.38: Buckling modes of a free cylinder under external pressure

3.7 Industrial application : study of a canopy joint

Figure 3.39: Canopy Joint 3D mesh

The covers of PWR reactor vessels support the nuclear reaction control equipment: the
bundles, thermocouples, etc., which penetrate into the interior of the vessel via sealed
feedthroughs in the covers. At this level, the mounting flanges of the parts are connected
by welded parts used for their sealing. During repairs, it has been necessary to qualify the
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3. Numerical validations

performance of this so-called canopy joint under the pressure exerted by the installation
tool (approximately 30 MPa). We have carried out this study with an SB9 model to see the
behavior of this new element for an industrial problem. We performed 2 elastic-plastic
calculations (Von Mises isotropic hardening) in large deformations. We followed the
hardening law in the diagram of figure 3.40. The first study is made with a combination of
Axisymmetric quadratic elements (P2) with reduced integration (quadrangular elements)
and fully integrated (triangular elements). The second study is a three-dimensional one
and mixes an SB9 model (hexahedral elements) with classical 3D elements (Tetrahedrons
and pyramids), see figure 3.41. The Young’s modulus of the joint is E=147001.07 MPa
with a Poisson’s ratio: 0.30. The boundary conditions are : clamp of the edges 1,2,3,4,5
and a pressure load of 30 MPa is applied to the outer edge of the joint corresponding to
the edge P, see figure 3.41.a. Figures 3.42, 3.43, 3.44 and 3.45 shows the different results
: displacement, stress SXX, stress SXY, and the plastic deformation respectively. We can
see that the results given by the SB9 modelization are very similar with the results given
by the P2 axisymmetric modelization for all variables. This shows the applicability of the
SB9 for many engineering problems. From this study we can retain three very interesting
conclusions concerning the finite element SB9. The first is the quality of the results for a
finite element of type P1. With a single element in the thickness direction, the results are
quite close to those given by the under-integrated P2 elements. The second thing is the
ease with which this element fits into a 3D model with a natural connection due to the
fact that there are only translation degrees of freedom. The third important conclusion
is the ease and manageability of thickness variation that conventional plate elements
would be unable to achieve.

Isotropic hardening : Stress
(MPa) Vs Strain (mm)

500

400 40— i

300 f -

200 ¥ - ———-oop-——oo—-

_—— = - — 4+ — —

1004 oo

0 0,05 0,1 0,15 0,2

Figure 3.40: Isotropic hardening diagram
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Industrial application : study of a canopy joint

°*—»

5

(a) AXI model

(b) 3D and SB9 model

Figure 3.41: The different modelizations
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(b) SB9+3D P1

Figure 3.42: Displacements

124

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés



Industrial application : study of a canopy joint

Elementary stress - SIXX
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Figure 3.43: Stress SXX
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Figure 3.44: Stress SXY
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(b) SB9+3D P1

Figure 3.45: Plastic deformations

3.8 Conclusion

The ninth or seventh node, with one translational degree of freedom through the ele-
ments thicknesses, allow the unrestricted use of 3D constitutive law without encounter-
ing Poisson thickness locking. Furthermore the adjunction of these middle nodes allow a
redistribution of a pinching pressure force between a surface contribution and a volume
contribution. This improves considerably the normal stress and gives better results than
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3. Numerical validations

elements with the EAS parameter alone, without pinching stress enrichment. In addition
to eliminating pinching and volumetric locking thanks to the middle node, transverse
and trapezoidal shear locking are reduced by the assumed strain method applied to both
transverse shear and pinch strain. The two formulated solid-shell finite elements, SB9
and SB7, have been implemented in code_aster. In this chapter these two elements have
been test with different types of mechanical problems available in the literature or in
the documentation of code_aster. The results given by these two finite elements are
very satisfying. The elements have been used in linear elastic as well as in large defor-
mation bending problems including quasi-incompressible material. The results are very
accurate for both elements. The SB9 solid-shell element have been further tested with
material nonlinearity, for modal analysis as well as for buckling of shell like structures.
In these case too, the SB9 finite element gives very accurate results in comparison with
other classical shell finite elements.
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Conclusion and perspectives

The aim of this work was to develop a finite element formulation to model the behaviour
of thin structures without restrictive assumptions on the mechanical fields, i.e. stresses
and strains. The objective is to propose to EDF a robust and performant formulation
adapted to all the problems in terms of mechanical simulations that the company can
face to dimension thin and medium thick structures present in the nuclear power plant.
An advanced state of the art on finite element literature has shown the difficulty faced
by engineers in modeling the behavior of thin structures. Conventional plate and shell
finite elements are limited by several aspects of their formulation. First of all there is
the plane stress hypothesis which states that the stress in the thickness is null. This
hypothesis, which remains in contraction with the null pinch deformation, requires the
laws of behaviour to be modified, often laboriously, in order to respect the conservation
of mass and avoid pinch locking. Moreover, due to their bi-dimensional topology, these
classical shell finite elements are difficult to use in the presence of finite elements with
a tri-dimensional topology without developing techniques to connect the different ele-
ments. On the other hand, first order solid elements are very robust and almost usable
for many mechanical modelling. However they perform very poorly when used for shell
like structures. Indeed as shown in chapter 1 these elements suffer from several locking
problems that disqualify them for thin structure modeling. furthermore in chapter one it
has been shown that by using certain specific interpolations such as the assumed natural
method or by enriching the deformations it is possible to “soften” first-order solid finite
elements making them suitable for the modelling of shell like structures. This has given
rise to a new type of finite element called solid-shell finite elements. These elements
have the characteristic of being of three-dimensional topology and allow to model the
bending of thin structures without restrictive assumptions on the mechanical fields. The
goal of this thesis was to formulate a new all-terrain solid-shell finite element capable of
modeling the behavior of shell like structures in all mechanical situations. The starting
point of this work was the SB9y25 formulated by Bassa [BAS 12]. Bassa’s idea was to add
an additional node in the middle of a solid-shell element initially functioning under plane
stress hypothesis, to enrich its normal strain and thus allow the use of a 3D constitutive
law. Indeed, with a linear normal strain, pinch locking is eliminated and therefore there
is no need to impose a plane stress hypothesis. In this thesis work we have borrowed
Bassa’s idea but in a completely new formulation to propose the SB9 solid-shell finite
element. First of all this new finite element is written in total Lagrangian formulation.
Which eliminates the need to use a local corotational frame to guarantee an objective
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Conclusion and perspectives

modeling. Plus, the SB9 uses an assumed transverse shear strain (ANS) with four control
points per component instead of the 2 control points per component used in the Bassa
version. This eliminates the need for the Reissner function in transverse shear interpola-
tion which is limiting for the SB9Y25 element. Further important locking effect, namely
the curvature thickness locking , have been overcome utilizing also the ANS concept.
To circumvent the volumetric locking and Poisson thickness locking, the EAS concept
based on the Hu-Washizu variational principle has been implemented enhancing the
Green-Lagrange strain tensor evaluated at the integration points. Herein the EAS con-
cept is satisfy by the additional central node. It is then important to notice that the addi-
tional node effect go beyond the usual EAS parameter since, since this additional node
allows a distribution of the applied pressure in a way that enhance the pinching stress.
The mapping of the compatible Green-Lagrange strain terms from the contravariant
to the Cartesian basis is based on the Taylor expansion of the inverse Jacobian matrix.
Hence at the one hand the element geometry is taken into account very accurately and
on the other hand a polynomial form of the Cartesian Green-Lagrange strain is obtained
which improves the efficiency of the element. Further crucial points are the Taylor ex-
pansion of the compatible Green Lagrange strain tensor and the second Piola-Kirchhoff
stress tensor to derive an efficient adaptive hourglass stabilization concept. The corre-
sponding hourglass residual vector and the hourglass stabilization matrix are integrated
analytically. this new way of stabilization is automatic and user-independent. To ensure
a volumetric locking-free hourglass stabilization, the B-Bar method is adopted in the
so-called hourglass kernel. The SB7 finite element is a revision of the SB7y19 [XIO 18]
with a slight modification of the stabilization coefficient. We also used the assumed field
method in the pinch to eliminate trapezoidal locking. These elements have been imple-
mented in code_aster and tested on several test cases available in the literature or in the
code_aster documentation. The numerical results show that these solid-shell finite ele-
ments are well adapted to most engineering problems in thin structure modeling. In par-
ticular, for bending problems, under quasi-incompressible conditions, elasto-plasticity,
dynamics or for modeling buckling phenomenon of thin structures.

In perspective with the aim of having an all-terrain solid-shell finite element, it would
be conceivable to extend the formulation on issues like anisotropy and thermal dilata-
tion. The elements could also be tested on dynamic problems combining contact, mate-
rial and geometric nonlinearities. To go further, it would be interesting also to use these
solid-shell finite elements in formulations with the presence of cracks.
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Appendix A

Complement for SB9 formulation

A.1 Nine nodes solid-shell finite element SB9
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Nine nodes solid-shell finite element SB9
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Appendix B

Difficulty related to the Discretization of SB9 and SB7
in thickness

B.1 The pinch

In the theoretical part on the formulation of SB9 and SB7 we have seen the writing of the
generalized nodal forces when a SB9 or SB7 element is subjected to a pressure loading
applied on its upper and/or lower faces (figure B.1). Indeed, in the linear framework
with the quadratic interpolation of the transverse displacement, we can assume that the
pinching strain is linear €33, which allows to assume also a linear 6%, pinching strain.

N S0t — Vo™ — 1H
Gy =2 WO oMo TWO T AND (B.1)
I h
, 1 |
033=§(C—1)E—§(C+1)Ps (B.2)

Since the ninth node is only subject to translation in the thickness direction of the plate,
the application of pressure causes the generalized forces to be written as follows, con-
sidering only the components in the thickness direction (which are non-zero):

Wext — Wi =0 (B.3)
8
Y Fbi+ Fowg = H (P — Py)wids + ﬂf €33 0L,V (B.4)
=1 S v
1 :
E:+ZPIA07 l :1727374
1
Fj:_ZPSA()a ] :57677’8 (BS)
2
Fy = 3 (Ps—Pi)Ao
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B. Difficulty related to the Discretization of SB9 and SB7 in thickness

R
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5 °
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Figure B.1: SBY finite element under pressure

The equations (B.5) are written considering the relative displacement of the ninth
node. So far, there is nothing problematic. Knowing the applied pressures, we are able
to determine the generalized nodal forces. The difficulty comes when one wishes to
superpose two SB9 or SB7 elements. To illustrate that, let us consider two SB9 finite
elements superposed in the direction of the thickness of a plate subjected to pressure on
its upper and lower faces (Ps and P; respectively, see figure B.2).

Py
X ®10
T—» [
5¢ 96
5 [ J
1@ ® 2
[ 1 ]e

Figure B.2: 2 superposed SB9 finite element under pressure

If we call p, the pressure at the interface between the two elements, it is possible to
write the generalized nodal forces for each of the SB9 elements. Considering only the
direction where the components are non-zero, these efforts are written:

« Flement 1

1
E:+ZPIA07 i :1727354

1
F] = _ZPA()? .] :57677a8 (B6)
2
Fy = g(P—Pi)Ao
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The pinch

« Element 2

1 :
Fj:+ZpA07 J :5767778
1
Fo=—7PAo,  k =9,10,11,12 (B.7)
2
Fg =3 (Ps—p)Ao

Note that we have assumed that the area Ag is the same for both elements. However,
this has no impact on the argumentation. What matters is the surface of the interface
shared by the two elements. Now, if we want to put together these generalized nodal
efforts, it looks like this:

1
E:+ZPIA07 i:1a27374
1 1
Fj=—7pAo+ 1 pAc=0, j=5,6,7,8
1
F. = —ZPsAo, k=9,10,11,12 (B.8)
2
Fy :g(P—Pi)Ao
, 2
Fy :g(Ps_P>AO

We can see, in this assembly, that the pressure at the interface is always present, i.e.
it does not disappear as it is the case with classical 3D finite elements (HEXAS for ex-
ample). Since we don’t know the p pressure, we have an additional unknown in the
equilibrium system which becomes hypostatic. This is an obstacle in the discretization
of these elements in their thickness.

This difficulty can be solved by the following method. If we look at the equations
more closely we realize that we are facing a problem of interface continuity. This can be
solved if we find a way to impose the continuity of the pinch stress. One way to do this
would be to add an additional equation to this hypostatic system to make it isostatic.
This could be done by imposing a condition of C° continuity of the pinch deformations
at the interface between two elements, i.e. C! continuity of the displacement w (z):

e (C=1)=ex(({=-1) (B.9)
This condition can be rewritten as the sum of two scalar products:
(M)Uz + (H)W =0 (B.10)

So for each interface unknown p, we have an additional interface equation which
then allows us to solve the system. Let’s see in detail how we can do this.
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B. Difficulty related to the Discretization of SB9 and SB7 in thickness

B.1.1 Generalized nodal pressure forces for two superposed ele-
ments

The question that arises is what is the pressure p at the interface between the two ele-
ments. Considering the result of the previous section, the 25th component of the gener-
alized effort of each element can be written as follows: To simplify the demonstration,

we assume that the two elements have the same surface area and that this surface area
isAg=1:

« Flement 1
1
E:+ZIDLA07 l :1727374
1
FJ = _ZPA07 Jj =5,6,7,8 (B.11)
1 2
Fy = g(P—Pz)Ao
» Flement 2
1
Fj:+ZpAO7 J =5,6,7,8
1
= —ZPSAO, k =9,10,11,12 (B.12)
, 2
Fy = - (Ps—p)Ao

3

So we have an unknown in the writing of generalized nodal pressure efforts. The objec-
tive of this part is to propose a method to calculate the interface pressure. For this we
assemble the equations of these elements.

B.1.2 Assembly of the elementary matrices of the 2 interfacing

elements
Kxx Kxy Kxz O Ux Fx
Kyx Kyy Kyz O Ur| _ | Fy (B.13)
Kzx Kzy Kzz Kzw| |Uz Fz '
0 0 KZW wa W F w

We are here in the presence of a system of equations with 38 equations and 39 unknowns
(38 kinematic unknowns and one static unknown p). To identify the static unknown p,
we decompose the last line of the equation system (B.13) into two scalar equations:

K7,Uz + K,,,, W = Fy (B.14)

KUz KW =
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The pinch

{ KéwUZ‘*'Kv{zWW = F91 = 2(p_Pi) (B.lé)

K%WUZ—’_KV%WW = F91 =3 (PS _p)
To make the unknown p disappear in one of the above equations, the first line is replaced
by the sum of the two lines. The system becomes:

{ (K KG) Uz + (Ko + Kpp) W = 3 (P —=P) (B.17)
(KZ,) Uz +(Kg)W = 5(Ps—p)
The overall system can thus be written as follows:
Kxx Kxy Kxz 0 U Fx 0
Kyx Kyy Kyz 0 UX Fy 0
Kzx  Kzy Kzz Kz UY = Fz —10 (B.18)
0 0 (Kp, +K.) (KitKi)| || [5B-P)| |0
0 0 <KZW> <wa> §Ps 3P
By posing:
=1 2 — 2 2
Fy=z(F—-PR) Fy=3P P=_p (B.19)
3 3 3
The system is written
Kxx Kxy Kxz 0 [ Fx | 0
UX F
Kyx Kyy Kyz 0 U Y 0
Kzx  Kzy Kzz Kzw UY = | z |- 0 (B.20)
7 _
0 0 <K%w _|2_ K%w> <Kv{/w _lz_Kv%/w> 1% F‘éV 0
0 0 <KZW> <wa> _FW_ P

This system still has 38 equations for 39 unknown. To have an isostatic system, we need
an additional equation.

B.1.3 Interface continuity hypothesis of normal deformations

To have an additional equation, let’s impose a C® continuity condition of pinch deforma-
tions at the interface between two elements, i.e. a C! continuity of displacement w (z):

e ((=1)=e,((=-1) (B.21)
This condition can be rewritten as a scalar product:
(M)Uz+ (H)W =0 (B.22)

By adding this additional equation to the system (B.24), we obtain a system with as many
equations as there are unknowns (39-39). We can then pass the unknown P to the left
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B. Difficulty related to the Discretization of SB9 and SB7 in thickness

of the equation and rewrite the global system as follows:

[ KXX KXY KXZ 0 0- -UX- FX
KYX KYY Kyz 0 0 Uy FY
Kzx  Kzy Kzz Kz 01| |Uz| _ f z (B.23)
0 0 <KZIW+K%W> <Kv{/w+Kv2vw> 0 Wé B FW .
0 0 (K7, (Kiw) | L] |ws| |Fy
. 0 0 (M) (H) 0] [P] 0
By posing;:
Ux Fx 0
Uy Fy 0
U= |Uz|; F=|Fz|; C=|0|; L=[0 0 (M) (H)] (B.24)
wg EI,V 0
wg 7‘24, 1
and
Kxx Kxy Kxz 0
Kyx Kyy Kyz 0
K= |Kzx Kzy K77 Kz (B.25)
0 0 (K, +K5) (K, +K3)
0 0 (K2 (Kaw)

Solving the system of equation (B.23) is equivalent to writing the next block system

of equation:
K C||U F
BIERY o2

The interface pressure is then calculated using the following scalar equation:

a=LK C
aP=»>b avec o (B.27)
b=LK F

This method works in theory but in practice it is very complicated to implement numer-
ically, especially for software that already has an established architecture and often not
simple to restructure as code_aster. This method also has the disadvantage of making
the resolution matrix non-symmetric. This will require an adapted solver. It also re-
quires to know the neighboring elements of each element (in thickness) which requires
more resources in terms of data storage. It also makes the linear systems to be solved
considerably heavier, which is costly in terms of computing time.

Another more attractive method in code_aster, would be to add additional nodes
in the middle of the lower and upper faces of the element. Indeed, assuming that the
pressure is uniform on the face of an element, we can consider it as an unknown and
have it carried by a node in the middle of the face. This node will thus only be associated
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The transverse shear of the SB7

with static unknowns, as its displacements do not enter into the system of equations.
Since this node is coincident between two superposed elements, the two elements see
the same pressure at the interface. This solves the problem of pressure continuity at the
interface. Element SB9 would become, in a sense, an SB11.

In any case the solid-shell elements are implemented in order to model the behavior
of thin structures with simple elements and a relatively coarse mesh compared to what
would be required for modeling with standard 3D elements. Thus we recommend using
SB9 and SB7 only in cases where these elements can work precisely, without the need
to discretize in the thickness, that is in the case of thin and medium thick structures.

B.2 The transverse shear of the SB7

In the formulation of SB7 the transverse shear strain is written as follows:

et = Z (1-¢%) [Bé +EB; +nBﬂ U, (B.28)

Where U, is the local displacement vector, [Bé —l—&Bé —}—nBﬂ the assumed deforma-

tion gradient and % (1 — CZ) Reissner’s function. Multiplying the deformation gradient
assumed by the Reissner function makes it possible to respect the static admissibility of
the upper and lower faces of the element when these are free of stress. This gives the
parabolic form which is nullified at the free edges. However, such a formulation does not
hold if the edges are not free, or if SB7 elements are to be superposed in the thickness
direction. In fact, by superposing two SB elements, the shape of the transverse shear
deformation field resembles the shape in the following figure B.3 :

P,
ol0

Figure B.3: Shear profile

We have two parabolic pieces that both nullify at the interface, indicating that the
transverse shear at this location is zero. That’ s not correct. This transverse shear de-
formation will then have to be rewritten so that there are no inconsistencies during
discretization in thickness. One could consider omitting the multiplication of the shear
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B. Difficulty related to the Discretization of SB9 and SB7 in thickness

by the Reissner function. Indeed, SB7 is also a solid element and such an interpolation
does not exist with prism type solid elements.
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Appendix C

Classical shell theory and associated finite elements

C.1 Kinematics

C.1.1 Displacement field

Let’s consider two points M and P of a segment of the plate such that M is in the mean
plane (O, e, e,) and P has a z dimension with respect to this mean plane. The equipro-
jectivity hypothesis allows to express the displacement field of the point P with respect
to the displacement field of the point M supposedly known :

ur +2zB2
up = |uz — 2P (C1)
u3

uy,up,u3,B1, P2 being respectively the three displacements of the point M and the two
rotations of the segment MP.

C.1.2 Strain field

As in the general case, the deformations are obtained by calculating the symmetrized
gradient of the displacements, taking into account the kinematic assumptions mentioned
in the previous paragraph. We also remain under the hypothesis of small perturbations.
In Cartesian coordinates, the strain field is written in Cartesian coordinates :

&= (u,'J + ujy,-) (C.2)

| =

For simplicity reason and taking into account the local frame, it is possible to disso-
ciate in-plane deformations (e, e,) and transverse deformations (out-of-plane):
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C. Classical shell theory and associated finite elements

In plane strain

€11 ui1 52,1
el = len|= Uz +z Bi2 =e+z) (C3)
2e12 Ui+ un Ba2—Bi1
with
Ui, B2,1
e= U2 et x=1| —Bi2
upp+uz B2 —Bi.1

e et ) being the membrane and bending deformations, respectively.

Transverse shear strain

=l <

The €?P deformations are linear in z and the 7y transverse shear deformations are
constant across the thickness. Consequently, the shear stresses associated with these
deformations will be constant across the thickness and will not meet the boundary con-
ditions on the top and bottom faces of the plate. To remedy this a correction is applied to
the distribution of these deformations to have the actual transverse shear deformations,
respecting the static admissibility. The real deformations are then written as follows :

et = Bzg] = f@R7=f(2) {Ef j: x;} (C5)

f(z) is the transverse shear correction function or Reissner function.

€3

3 —_—
€1

Figure C.1: Allure des déformations.

C.1.3 Through-thickness integrated stress

Under the assumption of plane constraints and in using Voigt notations, the stress tensor
can be decomposed into two vectors: in-plane constraints 6°2 and out-of-plane (trans-
verse) constraints 6=

O11 G
o= |on| ;ot = { 13} (C.6)
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Kinematics

The integrated stresses are calculated by integrating the stresses on the thickness :

Ny £ |on
N=|M :/t Gy | dz
| N2 2|0
_Ml t |01
2
M= | M Z/t o2 | zdz (C.7)
[ M2 "2 |02
T /é 013
T = — dz
= Lo

Ni, N2, Ni»: membrane forces (en N /m)
My, M, M1,: bending forces or moments (en N - m/m)
Ty, T: resultant shear forces or shearing forces (en N /m)

C.1.4 Constitutive law

The stress-strain relationship is written as follows :

o’ =H-¢?? 6}’ ; 6t =H; " + o (C.8)
If the material is homogeneous, isotropic and elastic, it comes:
0

. E 10
O = 50 {o 1] €9

_E
C1—v2

1
\%
0

S =<

C.1.5 Resulting effort-strain relationship

It is possible to link the integrated stresses directly to the deformation :

N=H,,-¢e+Np
M=H, x+Mj (C.10)
T=H, y+T,
with
Hm:/éHdz— Eh iY 8 o TR (C.11)
1 1 —v2 00 v - 12
and . . :
Noz/i chdz;Moz/i G(Z)Dzdz;TO:/zt oildz (C.12)
) ) -2

The H; matrix takes into account the H; components and a k coeflicient called shear
strain correction coeflicient, obtained by integrating the Reissner function, explained in
the following section.
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C. Classical shell theory and associated finite elements

C.1.6 Transverse shear correction

As noted above, the transverse shear deformations y are constant across the thickness.
This results in non-admissible shear stresses on the top and bottom faces of the plate. To
remedy this, a correcting constant is applied to the distribution of these deformations
in order to have the actual transverse shear deformations meet the static admissibility.
Let’s consider a homogeneous and isotropic plate. The constitutive matrix Hy linking
the shear forces T to the y deformations is defined taking into account a continuous
shear stress distribution 6= respecting the equilibrium conditions. To simplify the rea-
soning, the plate is assumed to be free of initial stress and is placed in the context of pure
bend/shear behavior. Thus the following equations are valid :

N=Ny=My=0 (C.13)

From the equations ((C.10)) we can write x = H;l - M, then considering the relation
(C.9):
o’ =H(e+zy)

_H (sz_l . M) (C.19)

« Calculation of the matrix H;

The method used is based on static and energy equilibrium considerations so that the
transverse shear stiffness of the plate model corresponds as closely as possible to that
defined by the theory of three-dimensional elasticity. In other words, we define the
matrix Hy ((C.10)) so that the density of internal energy per unit area related to the shear
strain obtained by a 3D (exact) stress 613 et G»3, noted Uy, be identical to U,, associated

with the plate model based on Reissner-Mindlin assumptions. The problem is then to
find H; such that U; = U,, with:

1 2 T 1
Ul = E /Zr <GJ_> H,C_IGL dZ et U2 - ETTHS_IT (C15)
-2

1 tr
T:_/Qﬁdz (C.16)
2/

The calculation of Hy also requires knowing the distribution of 6= (z) in the thickness
direction. This is obtained by considering the homogeneous equilibrium equations as-
sociated with the free edge conditions :

Z
;3= —/ (o1,1+0122) dz

z (C.17)
623 = —/ ) (12,1 +0222) dz
—2
with conditions at the edges being :
t t
13 (Z 2) 023 (Z 2) (C.18)
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Kinematics

Still in the case of pure bending/shear behaviour and using the equations ((C.14)) and
((C.11)) then by integrating over the thickness of the plate we find the distribution of
ot (z):

csL()—g £_2 T (C.19)
)= t3 4 Z .
from where, after integration on the thickness
16
U =-—TH'T C.20
1 7 5¢ T ( )

The equivalence U; = U, gives the transverse shear correction coefficient k = %. One
can then write the stress-strain relationship in transverse shear and deduce the corrected
shear deformations :

5 472 5 472
ol (z) = 2 (1 — tiz) H;y  then et(z) == (1 — ti2> Y (C.21)

Not that this interpolation is only valid in linear isotropic.

C.1.7 Principle of virtual works

Two types of external forces can be applied to a plate. A distinction is made between
forces per unit length (tangential or normal to the mid-surface) applied to the plate con-
tour and forces per unit area distributed over the mid-surface, again tangential or normal
to the mid-surface. The equilibrium based on the deformation energy enables the inter-
nal forces to be related to the external forces. The principle of virtual work gives the
equilibrium :

W =Wy —Wery =0 (C-22)

with
WimZ/éZD-GzDJr?'GL dv
v ) ) (C.23)
Wy :/ ﬁ-f+B-de—|—/ﬁ-fS+B-msds
S c

f and m are the forces and moments per unit length applied on the mid-surface S, and f
and my are the forces and moments per unit length applied on the C contour of the plate.
In general, it is impossible to find the analytical solutions to the equilibrium equation
(C.22). In practice, to determine the displacements corresponding to the applied stresses,
the finite element approximate is used.

C.1.8 Finite elements based on classical shell theory

Starting from the plate kinematics established in the section above, it is quite straight-
forward to propose an associated finite element formulation. The complexity of a plate
finite element formulation is due to the rotational degrees of freedom considered at the
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C. Classical shell theory and associated finite elements

nodes of the elements and to the bending representation. An approximation of the bend-
ing effects can be done by considering elements based on standard kinematics, or by
introducing additional degrees of freedom. Therefore, there are various possibilities for
formulating finite plate elements. In this sub-section we focus on the main principles
and will only detail the plate finite element method based on displacement formula-
tion. Let’s consider the general case of the equilibrium discretization of a plate based on
Reissner/Mindlin kinematics. By defining the basic finite subspace of the shape func-
tions ¢ = Vect {¢1 02,y ¢n}, it is possible to write the displacement field of any point
of a plate.

C.1.8.1 Discretized displacement field

The Reissner/Mindlin kinematics leads to elements with five degrees of freedom per
node: two displacements in the plane u; and u», one transverse displacement w and two
rotations 1 and ;. Considering a linear isoparametric plate element, the approximation
of the elementary displacement is written as follows :

(

n
u=y 0ju;=>oUj
j=1
V= Z q)_,-uj = (I)UE
Jj=1
n
w=Y 0ju;=>U; (C.24)
j=1

Bi=Y o= B!
j=1

B = i%‘ﬁ? = Oy
=

\

U¢ (i=1,2,3) PB] and B3 are respectively the displacements and rotations at the nodes
of the element.

C.1.8.2 The discretized deformations field

Membrane deformation:

u 5 0 5 0
Nt X X e
cw=| va |=]0 2| [*=]o 2||® o] U (C.25)
T dy  Ox 9y ox
meaning
® 0
e X
e(u) =B, [Ué} and B, = aO % (C.26)
D P
9y ox
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Kinematics

B, is the discretized gradient operator for the membrane part.

Bending deformation

0
B »* U n
’ 2] 1P O
el T {1
Bi2+ B2 5
meaning
n
X=B¢ [54
B>
% a(c)p (C.28)
0 0d
dy  ox

B/ is the discretized gradient operator for the curvature part (bending).

Transverse shear strain

Bo+wo
& D 0 U ¢ (C.29)
Y(u) = ! B1"| =Bu BT
P, 0 @ n b
B2 2
meaning
Py @ 0

B, is the discretized gradient operator for the transverse deformation part.

C.1.8.3 Stiffness matrix

The virtual work of the internal forces is then used to calculate the stiffness matrix of
the element:

1
Win = > [U]" K[U] (C.31)
By identification, and assuming that there is no membrane-bending coupling, it is pos-
sible to decompose the elementary stiffness matrix according to the three contributions:

membrane, bending and shear.

K =K, + K+ 1K, (C.32)
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C. Classical shell theory and associated finite elements

s L<

Figure C.2: Quadrangular and triangular plate finite elements

with
K, =B’C,B,

K= B}:Cfo (C.33)
K =B,CyB
In other words, the overall stiffness matrix is a function of the matrices of membrane
stiffness K,;;, bending K  and transverse shear K. 7 represents the thickness of the plate.
The matrices C,,, Cr and C,; are behavioral matrices related to membrane, bending and

transverse shear effects, respectively. For a homogeneous and isotropic material these
matrices are written:

I v 0
E 1 E [10
Ch==——1|v 1 0 Ct=—Cp, Co=~——— C34
"T214V) g g mv| 127" T a(14y) [0 11 (€39
2

The generalized nodal efforts F,, are then calculated by discretizing the work of the
external efforts C.23. Finally, the algebraic system to be solved is the following:

K- U=F,, (C.35)

The displacement formulation just detailed allows to define a variety of finite plate
elements of triangular or quadrangular type. These elements are often referred to by
their shape (Quadrangle or Triangle) and the number of nodes on which the approxi-
mation is based: for example Q4 and T3 for 4 node quadrangles and 3 node triangles
(Figure C.2). In practice, the finite elements of plates formulated in this way are not di-
rectly usable to model the plates or shell type structures. Indeed, they suffer from many
locking phenomena, and in particular the transverse shear locking which appears when
the structure is very thin. To illustrate this transverse shear locking, let’s consider a
bending plate problem and the Mindlin/Reissner model. Thus, equation (C.32) becomes

K =K. +7K;

It is then necessary that K. tends towards 0 when ¢ (thickness) tends towards 0 in order
to avoid that the transverse shear term becomes preponderant in the expression of the
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Kinematics

stiffness. Otherwise, locking occurs due to the r dependence of the matrices. The element
thus leads to a solution influenced solely by shear instead of being associated with the
bending phenomenon. In this case there is less energy to deform the plate, resulting in
an erroneous solution that is too rigid. It is the existence of this artificial stiffness that is
called shear locking. This phenomenon appears significantly for plates that have a very
low £ ratio.

C.1.8.4 Importance of higher order interpolation

Increasing the degrees of interpolation improves performance by reducing blockages. In
Reissner/Mindlin plates a C” continuity is sufficient but it is possible to develop richer
interpolations to improve the performance of plate finite elements, especially when mod-
eling very thin structures in bending. The immediate approach is to increase the number
of nodes to increase the number of degrees of freedom. Two families of elements are gen-
erally distinguished: elements with additional inner nodes (Lagrange) and elements with
additional nodes just at the edges of the element (Serendip). The nodes inside the ele-
ment, although they can intervene in the distribution of forces, are not of direct interest
in the calculation codes because they do not contribute directly to the overall stiffness
through the interaction with the related elements. Generally, static condensing methods
are used to eliminate them. However, in Batoz [?], the authors showed that a simple
increase in the number of degrees of freedom is not enough to have efficient elements.
With the exact integration technique to model a square plate embedded on the contour
(L/t = 100), it was shown that Q9 and Q16 elements can give satisfactory results. Q4,
on the other hand, gives very poor results. Also when the L/t ratio becomes very low
(L/t < 100 for example) elements Q4, Q8 and Q12 give very poor results. Elements Q9
and Q16, although a little better, also give false answers as soon as the mesh is a little
distorted. Thus, despite a considerable number of degrees of freedom for some of these
elements, they also suffer from the transverse shear locking phenomenon.

Q4 Q8 Q9 Q12 Q16

Figure C.3: Enriched quadrangular shell elements

C.1.8.5 Mixed formulations

The displacement variable formulation is subject to various locking phenomena. This is
why it is often abandoned in favour of a richer formulation generally called mixed for-
mulation. There are different classes of mixed models associated with plate problems but
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C. Classical shell theory and associated finite elements

generally a formulation is mixed when the equilibrium equation contains both kinematic
unknowns u, 3 of type CY and static variables N, M, T of continuity C~ I Thus, QM ele-
ments (Quadrangle with Mixed formulation) have been proposed. They give much better
results than the classical moving quadrangles. The most noticeable improvement con-
cerns the QM4 quadrangle and to a lesser extent the QM8 and QM12 elements. Indeed,
it has been shown in [?] that QM8 and QM12 still suffer from the locking phenomenon
even though it is less important than the locking of quadrangles in simple displacement
formulation. The mixed formulation can also be extended to elements with triangular
geometry. This is the case of Zienkiewicz’s T6/3B3 element [ZIE 88].

C.1.8.6 Specific interpolation of the transverse shear

A solution to the locking problems induced by the consideration of transverse shear
kinematics in Reissner/Mindlin plates consists in replacing the classical shear terms by
substitution strain : this is the assumed strain method. There are several variants of the
assumed strain method depending on how the condition between the actual strain y and
the substitution strain ¥ (collocation or integral form) is imposed. The most commonly
used variant is the one based on an integral condition between actual and substitution
deformations. This method is find in the formulation of the family of MITC elements
(mixed interpolated tensoriel components) proposed in [BAN 87, BAR 81, ?]. This family
consists of quadrilateral elements at 4, 8, 9 and 16 nodes, and triangular elements at 7
and 12 nodes. In the Q4y example a transverse shear strain energy is considered in this
form :

U. = ! / ¥ H,7dA (C.36)
2J/a
with B
Ty = {sz} — Fey (C.37)
vz
and 1 1+
n m
Ten =19 1 et 1 YE} (C.38)
ThtN
Then along each side we connect y and 7y per:
1
[ (v =
! (C.39)

/_11 (% _,Yn> dn=20

The quadrangular elements whose transverse shear are thus defined are tested by sev-
eral authors and give good results (patch-test, convergence, influence of distortion), see
Batoz [?]. The technique of assumed strain, which is very efficient in eliminating the
transverse shear locking, is also taken up by the family of DST (Discrete Shear Triangle)
and DSQ (Discrete Shear Quadrangle) elements whose particularity is in the enrichment
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Kinematics

of discrete rotational degree of freedom. However, despite the use of the assumed strain
method, these elements can still show some locking issues when the modeled structure
is very thin. In such a situation one can get around the locking problem by turning
to the Kirchoff-Love hypothesis. The discretization of transverse shear deformations is
then neglected. This is the case for the DKT and DKQ finite elements.
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Appendix D

Recalls on the classic SB9Yy25

D.1 Formulation of the SB9y25

The SB9Y25 is a hexahedral element with nine nodes (eight vertex nodes and a central
node), isoparametric and with linear interpolation. Its design is largely inspired by the
solid-shell element named SHB8PS [ABE 02, ABE 09], the SB9Y25 uses the reduced inte-
gration method initially introduced by the work of Zienkiewicz and al[ZIE 77], Hughes
and al [HUG 81a] ato reduce membrane and shear locking and improve performance in
terms of computing time. The resulting zero-energy modes are then stabilized by fol-
lowing Belytschko’s numerous researches [BEL 83, BEL 84, BEL 93] on the stabilization
of hourglass modes. To go further in the elimination of transverse shear locking, the
authors [BAS 12] use the Assumed natural strain (ANS) method of transverse shear. In
addition, the special and innovative feature in the design of the SB9y25 was to add an
extra node in the center of the solid-shell element at eight vertex nodes and 24 degrees of
freedom (dof). This makes the SB9y25 a nine-node and 25 dof solid-shell element. This
central node has only one degree of freedom of translation normal to the mid-plane of
the element. Thanks to this additional dof, a quadratic normal displacement is assumed
which allows the assumption of a linear normal deformation. From then on it becomes
possible to calculate a true normal stress (pinch) using a purely three-dimensional be-
haviour law: this is the end of the plane stress hypothesis.
In this chapter, we will detail the different phases of the design of the SB9y25.

D.1.1 Variational formulation

The SB9Y25 element is nothing more than a classical hexahedral element enriched with
an assumed natural strain (ANS) of transverse shear and pinch strain (EAS), which is
accompanied by a assumed pinch stress. Therefore, the SB9y25 formulation is based on
the Hu-Washizu three-field formulation. Since the strain field is enriched, the new field
can be written as

E=E'+E (D.1)
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D. Recalls on the classic SB9Yy25

E" being the classical strain field of a hexahedral (derivation of the displacement vector)
and E°® the enriched strain field (pinch and assumed transverse shear field). The three-
field mixed variational formulation is written as follows

71U (w,E,§) — / W(E)dQo+ [ §: (E'—E)dQy— / pb-udQg — /a £ ud(9Q0)
Q0 Qo

Qo Qo
(D.2)
or alternatively
7V (u, B 8) = [ W(E"+E*“)dQo — / S:E“dQ) — / pb-udQy — / f-ud(9Q)
QO QO Q() BQO
(D.3)

where W is the constitutive law, S the assumed stress, b being the body forces and f
surface forces. The variation in energy can then be written as follows

Sl (u, B, §) — / B—W:SEM%—W:SEM] dQ— [ pb-sudQy
Q | OE E o (D.4)
— [ §:8EdQo— [ 8§:E@dQo— [ f-5ud(dQ0)
Q Q Q0

D.1.2 Kinematics
D.1.2.1 Displacement field

The SB9Y25 finite element is an isoparametric element with reduced integration. The
element therefore admits a privileged direction. This corresponds to the direction of its
thickness along which the integration points are distributed (3 for elasticity, 5, 7 or more
for plasticity).

Figure D.1: Reference geometry of the element and integration points

The reduced integration gives the element zero-energy modes that will be eliminated
by a stabilization stiffness matrix. In order to highlight these zero energy modes more
easily, the usual shape functions are rewritten in vector form :

N=—(s+a;§+am+a3{+hni+hEl+h3EN +hyEnL) (D.5)

oo | =—
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Formulation of the SB9Yy25

The vectors s, ag (B=1,...,3) and hg (0= 1,...,4) are given by :

p

s"=[1,1,1,1,1,1,1,1]
al =[-1,1,1,—-1,—1,1,1,—1]
~1,-1,1,1,—1,-1,1,1]

al =[-1,-1,—-1,—1,1,1,1,1]

T=]

=1

;=1

P=1

hl =[-1,-1,1,1,1,1,—-1,-1] (D-6)
T

2 =

P=1

i=1

1,-1,-1,1,—1,1,1,—1]
=[1,-1,1,—1,1,—1,1,—1]
~1,1,-1,1,1,—1,1,—1]

\

The position and the displacement field at a point on the element are then written:

8
xi=Y xiNi (§n,8) = xiN; (§1,C) (D.7)
i=1
8
ui =Y uiN; (€,1,8) = uiN; (§,0,¢) (D.8)
i=1

The small subscripts i range from one to three and represent the directions of the spatial
coordinates while capital subscripts I range from one to eight corresponding to the nodes
of the feature.

D.1.2.2 Deformation-displacement gradient

The interpolation of the displacement field (equation (D.8)) allows to write the relations
linking the strain field to the nodal displacements. The linear part of the strain tensor is
written:

1
gij = 5 (uij+uji) (D.9)
2

Combining equations (D.5), (D.8) and (D.9) we are able to develop the displacement field
as a linear combination of linear terms in x; and terms involving functions hq:

u; = ag; +ay;x1 +axixa +azixz + ci;hy 4 c2ihy + c3;h3 4 caihyg
i=1,23 (D.10)
hl = T]C, h2 = CE.H h3 = éna h4 = E.snc

The x; being the coordinates of a point of the element. In addition, the above equation
evaluated at the nodes of the element gives the following three systems of eight equa-
tions:

Uf = agis + a1, X] + a2, X5 + a3 X5 + ci;hy + cihp + c3ihz 4 c4hy (D.11)
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D. Recalls on the classic SB9Yy25

The constants aj; and cq; of the equations (D.10) and (D.11) are obtained by introduc-
ing the so-called Hallquist vectors [HAL 83] and taking into account the orthogonality
relations :

« Hallquist vectors

biT:Nyi(gznzgzo), i=1,2,3 (D.12)

+ Orthogonality relationship

bl U¢=0 bl .s=0 b/ - X4 =35
hl.s=0 h) -hg=83,5 «p=1,234 (D.13)
i,j=1,2,3

Provided with the three Hallquist vectors and the orthogonality relationships, the con-
stants a; et cq; are calculated by multiplying equation (D.11) by b] and hl, respectively.

aji :bl-T-Uf

coi =Yg - Uj (D.14)
1

Yo = 3 [hoc_Z;:l( a'Xj)bj

The displacement field can then be written in a very convenient form:
w; = ag; + (b} x;+Yoha)Uf i=1,2,3 (D.15)

Deriving this last formula with respect to the three spatial variables x; we find the de-
formation gradient:

u,-7j:(b]T~—|—Y5~ha7j)~Uf i=1,2,3 (D.16)

which then allows the construction of the discretized gradient operator linking the de-
formation fields to the nodal coordinates:

4 )
€11
€2 .
e 1
33
—B U (D.17)
2€12 .
3
2813
\2823 J
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Formulation of the SB9Yy25

b7+ YL g, 0 0
0 b2+ hex, 0
B= ’ ’ b5 + Taos (D.18)
bl +Yihayx, bl +Yohax 0
0 bl +ylhor,  bY +Ylha,
| b+ Vehox, 0 b +Vehox

D.1.2.3 Assumed natural shear strain

The Assumed natural shear strain method consists in interpolating the shear deforma-
tions from the calculated deformation in the middle of each face in order to avoid the
locking phenomenon. The points at the midpoints of the four faces transverse to the
mid-plane of the element are called P; {i =1,2,3,4}. At each of these points the cor-
responding transverse shear strain is calculated and then interpolated over the entire
element. The transverse shear strain at the point P, is given by the following equation:

e (P)=Jox2(P) B+ (P)U, (D.19)
T T T T
BJ_ — 0 b3 +Yaha7x3 bz +'Yoch0€7x2 (D.ZO)
bl + Yo hox 0 b + Y& hox,

J2x2 being the Jacobian matrix evaluated at the point P, considering only the in-plane
terms ({ = 0) and B~ (P;) representing the fifth and sixth line of the deformation gra-
dient matrix Eq:(D.20) corresponding to the transverse shear terms. U, is the element
displacement vector. It is then possible to write the interpolated transverse shear strain
in any point of the mid-plane. ({ = 0):

gl — j2><2 'Mint 'Ce 'Ue (D'21)

With J,,, the opposite of the Jacobian matrix taken at the origin of the frame (§ = 0,1 =
0, = 0) and M, the interpolation matrix such as:

 1f1-qn 00 0 1+m 00 0
Mie=31"0 00145 0 00 1-¢ (D.22)
Jax2 (P1)-BL(P))
Joso (P2) B+ (Py)
C, = D.23
Tos (Py)-B- (Py) (D.23)

Then the plane strain is simply multiplied by the Reissner weight function to get the
actual strain calculated at any given point on the element:
.5

e =7 (1-8) T2 M- Cc - U (D.24)

161

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés



D. Recalls on the classic SB9Yy25

Note that the only matrix that contains the space variables in this formula is the M;,; ma-
trix. Moreover, with the use of the reduced integration method, this matrix loses terms
that it needs to be stabilized. Indeed, we can decompose the matrix M;,; as follows:

My = (Mo +EMe +nMp) (D.25)
with )
(M. _L[1 0001000
°Z2000 10001
1[0000000 0
Mﬁ_§_0001000—1} (D-26)
M._L[-1 0001000
(""" 2[0 0000000

Hence, equation (D.24) can also be broken down into three terms:

el = Z (1-¢) [Bé +EB¢ +nBﬂ U, (D.27)

with B
By = Jax2-Mp - C,
Bé_ = 32><2 M& : Ce (D.28)
Bi =Tou2-My-C,

The first of these three matrices Bé represents the gradient matrix for the calculation

of non-stabilized stiffness. Multiplied by the Reissner function % (1 — Cz) this matrix

of shear effects (unstabilized) is used for the calculation of K while the matrices Bé

and Bﬁ allow, on the other hand, to obtain the stiffness matrices for stabilization of the
transverse shear below, calculated in the case of an isotropic linear material:

k=g m][6 4] w5

6 0 u 3

5 T w0 v (D.29)
1 _ - 1 ts1 "
Kn 6 [Bn} [() ‘u:| [Bn] 3

Identification of membrane and bending contribution.

Since transverse shear effects have been addressed, it may be useful to isolate membrane
and bending effects to better identify them. The first, second, and fourth lines of the
deformation gradient matrix can be decomposed to highlight the membrane and bending
parts. The pinch effect will be discussed in the following paragraphs.

€11 Ui
en o= [Br+IBS] S US (D.30)
2€13 US
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Formulation of the SB9Yy25

Avec B}’ la matrice des effets de membranes et Bg celle des effets de flexion:

bl 0
Bi=|0 bl (D.31)
bl bl
Juy, 0
Bf = 0 Joov] +Juv) (D.32)

Jovi +Javd Juys

D.1.2.4 Assumed normal displacement

In classical shell theory the transverse displacement is constant in the thickness direc-
tion, which means that the transverse strain is zero. Furthermore, this theory generally
works under the plane stress hypothesis which states that the stress in the thickness
direction is negligible. The novelty of the solid shell element SB9Y25 is to free itself from
this restrictive hypothesis of plane stress. It is well understood that in some studies, it
is essential to be able to evaluate the stresses in the thickness direction even if they are
relatively small. Thus, in order to be able to take into account the pinch stress and at the
same time to get rid of the plane stress hypothesis, an additional node is added to the
center of the hexahedral element constructed so far. This node is endowed with a single
degree of freedom of translation wy in the  direction of the element’s local frame. With
this node, it becomes possible to assume a parabolic transverse displacement w.
By defining:

_ 1
Wy =7 (u31 +uzp +u33 +usq)
1 (D.33)
Wg+ = 2 (U35 + u3e + uzy + usg)
The assumed normal displacement ~ w’ field is written:
222 z\ _ (22 z 272
w(&m,z) =w(En,0)+ (t_2 - ;) Wy — (t_2 + ;) wg — 2 (D.34)
Then, by deriving, we obtain the pinch component €33:
ow  wg —wy Wy —wy — 2w
€33 ==—— = 2 2 +2C 2 2 2 (D.35)
BX3 t

t being the thickness of the element given by the ratio between the volume of the element
and the surface area of the mid-plane ({ = 0). Note that z = 5. it then comes :

+ —
2 By U
1
Wg —wg — 2w (D.36)
,W9 —Wo 9:[32}. ¢ 1 BPwo

163

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés



D. Recalls on the classic SB9Yy25

( 1
BIC’:E[—I -1 -1 -1 11 1 1]
With Bg :2%[1 111111 1] the pinch strain is written:
4
p__=
\BW_ t
p p r] J U5
833=[Bc+CB§ | CBW}{ 3} (D.37)
w9

D.1.2.5 Stiffness matrix

The elementary stiffness matrix K is calculated by combining the effects of membrane,
bending, transverse shear and pinch Equation (D.38). Furthermore, the behaviour law
no longer includes a plane stress hypothesis because, with the ninth node, the stress is
no longer assumed to be zero in the thickness direction. The calculation of stiffness is
done with a purely three-dimensional behaviour matrix, without restrictions.

( e
€11 US
en = By +CBj] | Us Membrane and bending
2€12 U
5 Ui
es =7 (1 - Cz) Bé U Transverse shear (D.38)
2e03f 4 v
3
p p p1 | U%
€33 = [ ¢ —FCBC | CBW} {WS} Pinching
n
Ko = /QBT -D-BdV = 420)(%) 'BT(Cq) -D-B(E,) - detJ(0,0,8,) (D.39)
i=1

B being the gradient matrix, D the 3D constitutive law, which is given in linear elasticity
form by the equations D.40, n is the number of integration points in the thickness (at least
5 for elastic-plastic behaviour), ®({,) the Gauss-lobatto weight associated to {, along
the thickness direction. The factor 4 compensates the fact that detJ(0,0, ;) is evaluated
in the position § =1 = 0.

A+2u A A 00 0

A A+24 A 0 0 0

oA A A4+2u 0 0 0
D=| 0 0 400 (D.40)

0 0 0 0 u 0

0 0 0 0 0 g

The goal of reduced integration is to improve the performance of the element in terms
of computing time and to eliminate shear and membrane locking.
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Formulation of the SB9Yy25

D.1.2.6 Geometric rigidity matrix

G being the stress tensor, we can define two matrices £ and B¢ so that the geometric
rigidity matrix is written as follows:

Ko = /QBE-Z-BGdV = 4iw(§q) ‘BG(Gy) - Z-Ba(8y) - detJ(0,0,8y) (D-41)

i=1

with
Gi1 O12 ©O13
c= (071 O 023 (D.42)
031 O32 033
6] 0 0
Y=10 [o] 0 (D.43)
0 0 [o
bT + YL hox, 0 0 |
bl + YL Ao x, 0 0
bl + vl haxs 0 0
0 bl +vLho.x, 0
B; = 0 bl +vLho.x, 0 (D.44)
0 bl + ¥ haxs 0
0 0 blT + 'thoc,xl
0 0 bl -+ hex,
|0 0 b3 +Yohas |

D.1.2.7 Pressure matrix

Let’s consider a p pressure, applied to a surface dV of normal n. By neglecting the effects
of gravity, the virtual work of the external forces for the finite element SB9Y25 is written

W, = —/Q S335E33d.Q.0 — /av pJn()F_T -dud(aQ) (D.45)
0 0

Where S33 is the interpolated (assumed) stress written in a Piola Kirchhoff 2 form, £33
the assumed normal strain, ng the normal vector in the reference configuration, F the
gradient of the transformation and J = detF. The assumption that has been made on
the normal stress is that the pinch is linear over the thickness of the plate but statically
admissible. For example if p is applied on the lower edge of the element and assuming
that the upper edge is free, we have 65, = —% (1 — Q) p. The virtual work of the pressure

loads becomes linearized in this way:
Wi (Au) = —SUT ( / NTS‘33NdQ) AU, —1I] /a pIngFT.5ud(dQ)]  (D.46)
Qo Qo

L[f] representing the linearized function f. The second term on the right side of the
equation is the formula of the classical displacement-dependent pressure, while the first
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D. Recalls on the classic SB9Yy25

term is the effect of the pinching assumed with the ninth node. This additional term is
used to eliminate Poisson thickness locking in solid-shell finite elements.

D.1.3 Stabilization

The Reduced integration method of the SB9Yy25 element (5 Gauss points only) aims to
considerably reduce the computation time, but also to remove the various locking phe-
nomenon encountered in the numerical implementation of finite elements. However,
this reduced-integration has not only advantages: it unfortunately introduces parasitic
modes associated with zero energy (hourglass mode). This deficiency of the stiffness ma-
trix, due to the reduced-integration, must therefore be compensated by adding a stabiliz-
ing stiffness to the elementary stiffness. The kernel of the new stiffness, thus obtained,
must be reduced to the only modes corresponding to rigid body movements.

D.1.3.1 Lost terms

At the 5 Gauss-lobatto coordinate points (§; = 1n; = 0, {; # 0), some terms from hox;
(0 =3,4;i=1,2,3) and hgy, (¢ = 1,2; i = 1,2,3) becomes null. By elaborating the
derivatives hg x;, terms that do not enter into the construction of the stiffness matrix are
clearly identified:

h x,
h =nC= Q hy, (D.47)
h x;
(h2,x| ) (311 ) (313
hy=EC= S hyyy ¢ =CQ Jo1 ¢ +E& /4 (D.43)
Wry (J31 I3
(h3,x1 \ Jii Ji
h3=8&n= S hsy, ¢ =N3Jo ¢ +E /Ié (D.49)
L 13,3 ) J31 J32 |
hy x,
ha =ENC = q Iy, (D.50)
ha x,

Considering equations D.47 to D.50 it is easy to understand that the deformation
gradient matrix is deficient in the five Gauss points of the reduced integration method.
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Formulation of the SB9Yy25

By constructing a discretized displacement base, it is possible to show that the reduced
integration reduces the rank of the discretized stiffness. In fact, with a complete (exact)
integration we find six vectors in the kernel of the stiffness that correspond to the three
translations and three rotations of rigid bodies. In addition to these six vectors, the
reduced integration adds the six vectors [equation (D.51)] but also other vectors related
to the elimination of some terms of the modes /1 and 5.

0 p,<h3,, 0,0, ,<hy,;,¢0 (D.51)

This expansion of the kernel of the stiffness matrix is manifested by the apparition
of unrealistic deformations called hourglass modes that need to be stabilized.

D.1.3.2 Choosing the local stabilization reference frame

The SB9Y25 is a finite element built to simulate the behavior of thin structures, i.e. struc-
tures that have a dimension that is smaller than the two others . So to always identify
this direction, the local frame is constructed so that its axis z always coincide with the
thickness of the element £. Furthermore, the connectivity of the element is, at all times,
written in the order 1, 2, 3, 4 (bottom side) and 5, 6, 7, 8 (top side) to take into account
the thickness direction.

Figure D.2: Local frame

To define the local reference frame, it is more judicious to place oneself in a co-
rotational reference frame, rotating and aligned with the reference frame [BEL 93]. This
choice is justified by the rotation extracted from the decomposition of the gradient of
the transformation [ABE 02]. This co-rotational formulation has advantages such as the
simplification of the Jacobian of the element [BAS 12] but also of the formulas giving the
stabilization matrix. In addition to facilitating the efficient processing of shear locking,
this frame is best suited to geometric non-linearities. The construction of this local frame
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D. Recalls on the classic SB9Yy25

(in & =n = { = 0) starts with the definition of two vectors g; and g, such as:

g1i=a-X¢
gi=ay X7 (D.52)
i=1,23

a; and a; are the vectors defined in the equations (D.6) and the XZG are the coordinates,
in the global frame, of the 8 nodes of the element. These two vectors must then be
orthonormalized before calculating the co-rotational base vectors. The correction term
g. is computed to ensure the orthogonality relationship: g; - (g2 + g.) = 0, meaning

818

o 1 (D.53)
8 g1-81 .
Finally, the vectors of the co-rotational frame are written as follows:
o — g1
e =7
1]
o, — 5218 (D.54)
B Hg2 + gc H
e3=¢eNep

In the following we will call X¢ and U¢ respectively the coordinates and nodal displace-
ments in the local coordinate system. If we call J the Jacobian matrix such as:

o
dg;’

the co-rotational frame allows the following simplifications of the terms of the Jacobian
matrix:

Ji; (D.55)

(dx; 1

L _ “q..X¢

9g, g

ax,- aE_,]

=20 £ D.56
3~ ax i # ] (D.56)
g K58 Xl Xy

\ 8 8 8

D.1.3.3 Stabilization of modes /| and />

As already shown the reduced integration cancels some terms of the /; and 4, modes.
These combined modes would give a kind of false torsional deformation whose impact
can be neglected depending on the modeling. This is why these modes are not stabilized
in the initial formulation of the SHB8PS element which was originally intended for the
simulation of the forming of thin-thickness structures [BAS 12, ABE 01].

168

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés



Formulation of the SB9Yy25

By combining the terms /1 and A removed during reduced integration, we can write
as follows the deformation gradient matrix used to stabilize these modes.

[ T (Y + ) | 0 | 0 ]
0 [ T2 (Y] +&40) | 0
0 | 0 [ 73 (] +83)
2= 75 vl +&) [Jis (v +&v3) | 0 (D:37)
T3 (] +E77) | 0 [ T3 (v] +&0)
] 0 [ T3 (] +8%2) [ /o3 (v +8%3) |

It is then possible to calculate the stabilization stiffness matrix of the modes 4 and h»:

Ki? = [ (B12)"-D-Bjd0 (D58
Ki 0 0 Kii = 3Vu(my] +72v0)
K‘lgtzab =10 K>y 0 Ky = % Vu (Yl YlT + YzYZT ) (D.59)

0 0 Ks; Ksz = 1V(A+2u) (Y] +12¥)
K1,K>> and K33 being 8 x 8 matrices.

D.1.3.4 Stabilization of modes /13 et /iy

The stabilization matrix of the modes A3 and /4 is calculated in the co-rotational frame
which gives the Jacobian J the properties of a diagonal matrix. In addition, the simplifi-
cation of the Jacobian leads to the following simplifications:

(o
hi,i - a—XI - O
8
Jit ai . Xle (D60)
885Gk
\ - a;- Xz?
TS (T +E12) +T1viEm | 0 | 0 1
0 | 75 (NJ21 +8&722) +T23748M | 0
. 0 | 0 | 3 (/31 +8732) + 337, €N
M Yér (11721 +§722) +723Y£§ﬂ | Y3T (11711 +§712) +713Y£§ﬂ | 0
Y5 (31 +8&732) + 33748 | 0 |3 (11 +8712) + 137, €n
0 | Y3T (ﬂ731 +§732) +733Y£§T] | v§ (T]721 -1-5,722) +723YZ§1]
] (D.61) )
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D. Recalls on the classic SB9Yy25

In order to simplify as much as possible the calculation of the stabilization stiffness ma-
trix but also to deal more efficiently with transverse shear locking, the matrix B3, is
replaced by the simplified matrix Eq:(D.62). This simplified form is justified by the prop-

ox; _

erties of the co-rotational frame which simplify the Jacobian (f 0,sii=# j).
J

(o (8% | 0 | 0 :
0 | &7 (V5 +C17) | 0
0 | 0 | 0
B, = 5 | 5 | 5 (D.62)
0 | 0 | N1 (e +8vs)
I 0 | 0 | €722 (e +C13) |

Thanks to the behaviour matrix we can calculate the stabilization stiffness matrix of the
modes &3 and hy4 from the formula:

Kii 0 0 Kii = (A+2u) Hip [vav] + 3vav] ]

K§?=10 Ky 0 Koo = (A+2u) Hx [v3¥] + 377} | (D.63)
0 0 Kis3 K33 = u(Ho + Hy) [Pvav] + 3t ]

1 (a7 -X5) (af X))
Hij = g T e
al .Xl
with Hyj = / hiih;: dV (D.64)
1%
0= / B dV
\ vV

The simplifications made so far with the co-rotational frame work if the element has a
quite regular geometry with a quasi-constant thickness. In [ABE 09], the authors suggest
to take the factor ¢ = 0.1 in order to correctly stabilize the 43 mode along the thickness
if the thickness is not constant.

D.1.3.5 Consequence of assumed shear strain on stabilization

The Assumed strain method and its corresponding stabilization correct the deficiencies
of the 73 mode. In the same way, this stabilization also ensures the stabilization of the
missing parts of the modes /1 and &, a combination of which corresponds to a twist
mode around . As a result, the stabilization gradient matrix can be rewritten in a more
simplified way:

JhimM+&w) 0 0
B = 0 & (V5 +8v;) 0 (D.65)
0 0 J3s (v] +89 +&nvj)
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Formulation of the SB9Yy25

With the plane stress behaviour matrix, the stabilization stiffness matrix is rewritten as
follows:

Ki 0 0 K1 = (A+2u) Hyy [fu 3V + 3 fova]
Ks=| 0 Ky 0 Koo = (M-+2u) Ho [ f¥3V2 + 3 fovavh ] (D.66)
0 0 Kij; K33 = (M +2u) fH33 [117] + 1373 + %Y4Y£]

With H;; = jlzl% in the co-rotational frame. A and u Lamé’s constants. The coefficients
fm, fp and f), are three stabilization coefficients related to membrane, bending and pinch
effects. If these coeflicients are taken equal to 1, the results are close to those obtained
with a fully integrated classical hexahedral element ( 2 x 2 x 2). In other words, locking
phenomena appear. For the element to work well in solid-shell, these coefficients must
be taken small, 10~# for example. Recall that the matrix, Kg, defined above must be
added to the stabilization matrices of the transverse shears defined in the equation D.29

D.1.4 Equivalent nodal pressure forces

The advantage of the additional node is also to allow a redistribution of the pressure
forces so that the normal pinch stress is more correctly distributed. In order to easily
find the distribution of the latter, we consider a hexahedral element on which is applied
a pressure P, which for a classical shell element would be directly applied on the mid-
plane [figure D.3]. For an elastic material, it can be assumed that the pinching stress is
zero on the free side and is the opposite of the pressure on the side where the pressure is
applied. Moreover, in the elastic case, since the transverse displacement is assumed to be
parabolic, it immediately follows that the pinching stress is linear; hence the following
interpolation of 6,,, the pressure being applied to the bottom face of the element:

1
o33 =5 (E-DF (D.67)

pression
normale

Figure D.3: Reference geometry of the element and integration points
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D. Recalls on the classic SB9Yy25

By noting F; the contribution to node i of the { component of the generalized nodal
effort and W the virtual displacement, the equilibrium of the virtual works gives the
generalized nodal efforts:

8
Y. Fabi + Foréo = / P9:d(0Q) + / £33 - 64,d0 (D.68)
= 90 Q
( 1 .
Fi:§PiA07 l:1727374
1
Fj= 5Py, j=5638 (D.69)
2
Fy =—=PAy
\ 3

where A is the area of the mid plane of the element. We notice in these formulas that the
pressure applied on the lower face of the element is partly absorbed by the nodes of the
upper face. For linear calculations this distribution can work very well [BAS 12] but in
a perspective of carrying out non-linear calculations such as contact, this distribution of
pressure forces can be a real problem. To remedy this drawback the authors in [BAS 12]
recommend to consider the relative displacement of the ninth node wg rather than the
absolute displacement wy. The relationship between the two being:

wo = = (wg +wg ) +w (D.70)

SRR

Remember that wy and wy are respectively the averages of the transverse displace-
ments of the nodes of the upper and lower face. The use of the relative displacement
for the 9th node then leads to a new writing of the transverse strain, and then of the
generalized nodal forces:

A 1 A — "
A w9 —Wg Wo
gy =2 W e D.71
33 ; g p (D.71)
8
Z Fw; 4 Fovwg = / Pivf/id(a.Q.) +/ €33 ~G§3d.Q. (D.72)
i=1 0Q Q
1 :
E:ZPI'A(% l:1a27374
Fi=0, j=5,67,8 (D.73)
.2
F§ = SPio

This new distribution is closer to what is usually encountered; only the nodes on the
pressure side take up efforts. It may seem strange at first glance that equilibrium is
not reached in this configuration (4F; +4F; + Fy" # PiAy), as is the case with the first
distribution Eq:(D.69) but remember that the displacement wg is not a real (absolute)
displacement. For a SB9Y25 element loaded in pressure Py and P; respectively on their
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Numerical validations SB9y25

upper and lower faces, the generalized nodal forces can be obtained by superposition:

8
Y. Faby + Fyrdo = /a (B P)d(d0) + /Q €33 64,d0 (D.74)
i=1

1
E:+Z})1AO7 i:1723374

1
F] = _ZPSAO7 .]: 576a778 (D75)
)
Fy = 3 (Ps—P;)Ag

Note that these efforts are given in the element’s local frame. It will therefore be nec-
essary to put them back into the global frame before proceeding with the assembly.
This is also valid for the elementary stiffness and stabilization matrices developed in
this chapter. At this stage we have all the necessary elements for the implementation of
this element. Before going into the details of the implementation, we will show, in the
following section, the limitations encountered in the formulation of this element.

D.2 Numerical validations SB9y25

D.2.1 Study of a bending problem : SB9y25 vs HEXA20

The SB9Y25 element is a solid-shell element with quadratic interpolation of the trans-
verse displacement. It is then natural to ask what interest can the finite element SB9y25
have compared to the quadratic finite element HEXA20? The purpose of this test is to
provide an answer to such a question. We consider a square plate of length 1, clamped
on one edge and subjected to a bending load applied on the opposite edge. Two studies
were carried out: the first with a thickness of 0.1 and the second with a thickness of
0.01. In both cases, a null Poisson ratio coeflicient is considered in order to be able to
compare the solutions to the analytical solution of a beam in bending. We also ran this
test on using the two shell finite elements available in code_aster: DKT and Coque_3D.
The mesh size in each model is: 5 x5 x 1

Length L 1m
Width | 1m
Thickness t 0.1then 0.01m
Young Modulus E 21 x 10°Pa
Poisson ratio A% 0.0
Applied Load  Fz 100m

Table D.1: Geometrical and material characteristics of the plate
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reslin__DEPL DZ
0.000e+00

Z47721e-8
2-9.54426-8

1431687

-1.909e-07

Figure D.4: Bending plate: thickness=0.1, HEXA20

reslin__DEPL DZ
0.000e+00

£2.36926-7
-4.7385¢-7

7107767

-9.477e-07

Figure D.5: Bending plate: thickness=0.01,HEXA20

Hexa20 | DKT | Coque 3D | SB9g25
Uz(10~°m) 1.90 | 1.90 1.91 1.89

Table D.2: Normal displacement: plate of thickness 0.1

the plate thickness is reduced to 0.01

Hexa20 | DKT | Coque 3D | SB9g25
Uz(10~m) || 0.0094 | 1.90 1.90 1.89

Table D.3: Normal displacement: plate of thickness 0.01
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Numerical validations SB9y25

It can be seen that for a fairly large thickness the finite elements HEXA20 and SB9
give almost the same results; HEXA20 being slightly more precise than SB9y25. On the
other hand, for a thickness ten times smaller, HEXA20 remains far less accurate than
SB9725. Indeed when the thickness is small, in a real plate configuration, the HEXA20
element loses its flexibility and shows a severe locking problem. The SB9y25 element,
on the other hand, seems to fit both cases. When the plate is thick, because of its solid
character, SB9Y25 behaves quite well. When the plate becomes thinner in thickness, it
also gives good results due to the many techniques for eliminating locking phenom-
ena: reduced integration, assumed transverse shear fields. SB9Yy25 is comparable to the
HEXAZ20 solid finite element in terms of robustness. But in terms of the quality of the
simulation of thin structure behavior, the SB9Yy25 is far better than the HEXA20 element.

D.2.2 Study of a pinch problem : SB9y25 vs Axis

In this test case a pressurized cylinder is studied in order to see the efficiency of the
quadratic interpolation of the transverse displacement of the SB9y25 element. A mod-
erately thick cylinder is considered to observe the effect of thickness on pinch stress
accuracy. We then consider a cylinder of radius R = 1 and thickness e = 0.1 subjected
to an internal pressure P; = 200MPa and an external pressure P, = 100MPa. The ma-
terial parameters being Young’s modulus E = 210GPa and Poisson ratio v = 0.3. Two
calculations have been performed: the first one with SB9y25 elements and the second
one being a modeling with quadratic Axi-symmetric elements. For symmetry reasons,
only one eighth of the cylinder is meshed with SB9Y25 elements (8 x 8 x 1).

Radius R 1m
thickness t 0.1m
Young Modulus E 210 x 10°Pa
Poisson ratio \Y 0.3
Internal Pressure P, 2 x 108 Pa
external Pressure P, 1 x 108 Pa

Table D.4: Geometrical and material characteristics of the cylinder
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deplacement Magnitude
5.125e-03

£0.0050621
20.0049994
£0.0049367

4.874e-03

_DEPL DX

E—S.SSSS—OA

£000034167
.0.00085
~ 0.00035833

-3.667e-04

Axi (1 Elem) | Axi (5 Elem) | SB9 | ref
¢/ (10%Pa) 1.97 1.99 2.08 | 2
c%7(10°Pa) 0.97 0.99 0.93 | 1

Table D.5: Observation of pinch stresses in the inner and outer walls of the cylinder

The table D.5 gives three results: the result of a calculation with a single quadratic
axis element in the thickness of the plate, a calculation with a refinement (5 quadratic
axis elements in the thickness) then the calculation with the SB9y25 element. For a
curved structure with a rather large thickness the SB9y25 element gives less good results
compared to 3D quadratic elements. This is not surprising. The SB9Y25 element is a
solid-shell element, it can give fairly good results when the structures are medium thick
but when you get closer to 3p structures its performance decreases. This element is not
made to be used for 3p structure calculations. Moreover, due to facetization, the mapping
effects intervene in the results, which is less the case with quadratic 3D elements, which
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Conclusion

more or less match the cylindrical geometry. To improve this result, a refinement in
the circumferential and radial directions would have been necessary. However, in its
current formulation, SB9Y25 is not immediately discretizable in the thickness direction.
The designers of this element were based on the idea that SB9Y25 is a finite element that
can be used to model thin structures. Therefore they assumed that only one element was
needed to discretize the thickness of the plates.

D.3 Conclusion

The purpose of this chapter was to present and evaluate the SB9Yy25 element through a
few test cases. The results given by this element are globally satisfactory. The assumed
natural method and the reduced integration technique give this solid element a good
plate behaviour. Thus, SB9Y25 gives very good results in the bending tests, without any
sign of apparent transverse shear locking. This is not the case with the HEXA20 element,
which suffers severely from locking phenomena when the thickness is small. Moreover,
unlike many solid-shell elements, the SB9 finite element gives a normal stress. On the
one hand, if we compare with the classic plate and shell elements DKT and COQUE_3D,
we can see that the results provided by the SB9y25 is in agreement with the kinematics
specific to thin structures : this is one of the initial objectives which is satisfied with
this element. On the other hand, comparing (with axi-symmetric) the pinching quality
obtained by the SB9Y25, we find that the results are in agreement with the reference
solution on a test case of a medium thick pinched cylinder. Compared to the AXI fi-
nite elements of code_aster, we realize that for the same fineness of mesh, the SB9y25
gives quite comparable results. Nevertheless the SB9Y25 exhibits some weaknesses that
deserve to be investigated: stabilization and refinement in thickness direction. The sta-
bilization coefficient must be small to respect the shell kinematics. Moreover, the SB9y25
is formalized in updated Lagrangian which is much slower in nonlinear calculation be-
cause it requires a very fine temporal discretization. Moreover, the assumed field method
developed in this element is only valid for isotropic linear cases and does not support
frictional contact because the transverse shear is considered null on the upper and lower
faces. All these aspects motivated the development of a new solid-shell finite element,
inspired by the SB9Yy25 but with a more robust and automatic stabilization, without the
need for user-entered stabilization coefficients. This new element is also written in total
Lagrangian.
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Appendix E

Impacts on code_aster

In this chapter we will briefly introduce the implementation process of the SB9 element
in code_aster. Generally speaking, a finite element is composed of a geometrical sup-
port (its mesh), which is enriched with a physics that will drive its behavior during the
transformation. We have also seen in chapter 2 that the finite element SB9 has a 9 node
hexahedron as geometric support, in other words a classical hexahedron to which a cen-
tral node is added. Unfortunately, the Mesh module of code_aster does not currently
know how to produce HEXA9. The first implementation work then consisted in solving
this problem. Since SMesh (the Mesh module in Salome_meca) knows how to produce
HEXAS8, the simplest solution is to start from this mesh and then to append it with an
additional node directly in code_aster. This is what we will propose next. It should be
noted that this impact study does not aim to go through the source code in the slightest
details, but only to show the implementation process in a broad outline. Also we will not
comment on the Fortran routines but only the impacted parts of the python catalogs.

E.1 Mesh reading command : LIRE_MAILLAGE

As seen in the theoretical part, the geometrical support of the finite element SBY is a
hexahedron with 9 nodes located as follows:

« Vertices (8 nodes)
« Element center (1 node)

Since code_aster did not know a hexahedral element with 9 nodes, it was necessary
to start by creating this new (type_mesh) which is used as a geometrical (topological)
support and to which one can directly associate the reference element SB9. (ELREFE).

The creation of the new mesh HEXA9 is then done by enriching the mesh_types.py
catalog with the following code snippet:
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E. Impacts on code_aster

# Definition of a new mesh type to which a reference
element named SB9 is associated.

. HEXA9 = MeshType (nbno=9, dim=3, code='SH9 ')

s SH9 = Elrefe()

, SH9.addLocation( 'NOEU', 9)

s SH9.addLocation( 'NOEU_S ', 8)

s SH9.addLocation( 'SHB5 ', 5)

; SH9.addLocation( 'SHB7 ', 7)

s SH9.addLocation( 'FPG1 ', 1)

HEXA9.addElrefe (SH9)

Actually, this is not the creation of a mesh HEXA9, but just a way of defining in the code
what a HEXA9 is. With this piece of code, we teach code_aster to recognize a finite ele-
ment whose mesh type is a HEXA9. In this particular case it is informed that a HEXA9 is a
type of mesh of dimension 3, composed of 9 nodes. This mesh is also associated with a
reference element of 9 nodes (NOEU) of which 8 (NOEU_S ) are located at the vertices. The
reference element (ELREFE) works with integration schemes of types SHB5, SHB7 (5 or
7 integration points in thickness). Once this knowledge has been acquired, it is now nec-
essary to go further by specifying the geometrical characteristics of this element: shape
functions, position of the gauss points in the natural reference frame of the element, etc.
This is the reason why the following Fortran routines have been impacted:

« elraca.F90 General characteristics of the reference element: number and names
of the Gaussian point series, coordinates of the nodes, ...

+ elraga.F90: Definition of weights and coordinates of Gaussian points
o elrfvf.F90: Definition of shape functions

« elrfdf.F90: Defining Derivatives of Shape Functions

« elrfd2.F90: Definition of the second derivatives of shape functions

« nuelrf.F90: Gives the number of the jni00i routine associated with a reference
element.

In addition, the implementation of this new mesh has changed the number of mesh types
known to code_aster. This number went from 69 to 71 (plus SB7) meshes ntymax. Since
this number was coded as hard, it was necessary to go through a set of routines to update
this change: 1rmmdi.F90, lrmmfa.F90,lrmmma.F90,lrmtyp.F90,iradhs.F90 ... (voir
arbre thg).
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E.2 Mesh creation : CREA_  MAILLAGE

In the previous section, we taught code master to recognize a finite element whose ge-
ometrical support is a HEXA9. However, since the mesh module of Salomé_Méca is not
able to provide a mesh of type HEXA9 directly, we will also code a routine which allows
to transform a mesh of type HEXA8 into a mesh of type HEXA9, directly from code_aster.
This action is done in the CREA_MAILLAGE routine.

It’s then enriched with the following code :

from code_aster.Cata.Syntax import =
. from code_aster.Cata.DataStructure import -
from code_aster.Cata.Commons import =

# added keyword HEXA8_9 as input parameter for mesh
creation
s CREA_MAILLAGE=0PER (nom="CREA_MAILLAGE", op=
167 ,sd_prod=maillage_sdaster,
reentrant='n',fr=tr("Cree un maillage a
partir d'un maillage existant"),

w

8 regles=(UN_PARMI( 'COQU_VOLU', 'CREA_FISS',
"CREA_MAILLE', 'CREA_POI1l',

9 "ECLA_PG', 'HEXA20_27",
"LINE_QUAD ', 'MODI_MAILLE',

10 "QUAD_LINE ',

'REPERE ', '"RESTREINT ', 'PENTA15_18 "', 'GEOM_FIBRE ',
'DECOUPE_LAC', '"HEXA8_9'"),),

» # processing of the keyword factor HEXA8_9

s HEXA8_9 =FACT(statut='f',fr=tr("Passage HEXA8 —> HEXA9"),

.« regles=CAU_MOINS_UN(C'TOUT "', 'MAILLE ', "GROUP_MA"' ),),

5 TOUT =SIMP(statut='f',typ='TXM',into=("0UI",) ),

i« MAILLE
=SIMP(statut="'c',typ=ma,validators=NoRepeat () ,max="x+ "),

7 GROUP_MA =SIMP(statut='f',typ=grma
,validators=NoRepeat () ,max="++ "),

s« PREF_NOEUD =SIMP(statut='f',typ='TXM',defaut="NS"),

v PREF_NUME =SIMP(statut='f',typ='1"',defaut=1 ),

w ),

This tells code_aster that the user wishes to transform the mesh group from HEXAS to
HEXA9. On receipt of this information the Catalog crea_mesh calls the Fortran routine
op0167 which will call the routine cm0809 programmed to process the keyword factor
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HEXAS8_9. This routine calls the next two routines:
« cm09nd.F90: generates the coordinates of the middle node of a HEXA9
+ cm09ma.F90: takes care of the mesh update

From now on, it is possible to build a mesh of type HEXA9 directly in code_aster. The
command looks like :

 # creation of the HEXA9 mesh
» MESH=CREA_MATLLAGE (MAILLAGE=MESHO, INFO=2,
3 HEXA8_9=_F(TOUT="'0UI "',),);

Figure E.1: Cube maillé avec 8 éléments HEXAS

Figure E.2: Mesh cube with 8 elements HEXA9
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Figure E.3: Connectivité de I’élément

E.3 Mesh modification : MODI_MAILLAGE

Although solid, the SBY finite element is also a shell element. Therefore its connectivity
must be written so that the direction of the thickness of the shell it models is always
identified. In other words, the reference element identifies the direction of its thickness
from the connectivity of its geometric support HEXA8. To illustrate, let us consider the
volume element of the figure E.3. If the connectivity of the element is written as follows:
[N1 N2 N3 N4 N5 N6 N7 N8], the calculation will be made assuming that the thickness
of the plate coincides with the direction from the [N1 N2 N3 N4] face to the [N5 N6 N7
N3] face or vice versa (note that the thickness is a direction, not a vector, so it sense is
irrelevant). Now if the true direction of the thickness is that of the arrow (figure E.3), we
will have to rewrite this connectivity as follows: [N1 N4 N8 N5 N2 N3 N7 N6 N2] so the
element will know that the direction of the modeled plate is that of the drawn arrow.

As any HEXAS8 element produced by a Mesh module such as SMesh (Salomé) has no
predefined direction, i.e. its connectivity is written in a random order, it is then impera-
tive that the user indicates the direction of the thickness of the studied plate by asking
code_aster to rewrite the connectivity correctly. If this is not done, the calculation can
only be correct if, by chance, the mesher has given a correctly oriented connectiv-
ity, i.e. coinciding with the right direction (a probability of 1/3). This was the problem
with the SHB element. Because of the lack of correct orientation of the connectivity,
the gauss points were not aligned in the thickness direction (reduced integration) which
led to incorrect results. To avoid these errors, it is then necessary to rewrite the con-
nectivity to orient the element in the direction of its thickness. To do this, the Catalog
MODI_MAILLAGE is impacted by the keyword factor ORIE_SB9 which the user uses to
indicate to Code_Aster that certain elements of the mesh are SB9 elements and that they
must be oriented. The user then provides a group of volume elements corresponding to
the SB9 elements to be reoriented and a group of skin elements indicating the thickness
direction of these SB9 elements, see figure E.4.

. from code_aster.Cata.Syntax import =
. from code_aster.Cata.DataStructure import -
; from code_aster.Cata.Commons import =«
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E. Impacts on code_aster

(a) Volume Elements : (b) Skin elements : ' GROUP_MA_SURF’
" GROUP_MA_VOLU'

Figure E.4: The two groups of meshes necessary for the reorientation of connectivity

 #

5#

s MODI_MAILLAGE=0PER (nom="MODI_MAILLAGE", op=
154 ,sd_prod=maillage_sdaster,

7 fr=tr(C"...," "..."),
8 reentrant='o0:MAILLAGE ',
9 regles=(CAU_MOINS_UN(C'..."', 'ORIE_SB9',"'... "),

10 #

1w # Nouvelle implementation

» ORIE_SB9 =FACT(statut='f',max="++",

s # Volume group collection

14 GROUP_MA_VOLU
=SIMP(statut="£f',typ=grma,validators=NoRepeat() ,max="'1"),

5 #Skin mesh group collection

16 GROUP_MA_SURF
=SIMP(statut="'f"',typ=grma,validators=NoRepeat() ,max="'1"),
17 ),

The orientation work is done in the Fortran routine orish9.F90 which retrieves the
volume mesh groups ' GROUP_MA_VOLU’ to be oriented and the surface mesh groups
" GROUP_MA_SURF’ which indicate the orientation directions.

The algorithm consists in going through all the groups of volume meshes and for
each of the volume meshes we check if there is one of its faces in all the surface groups.
If this is the case, the connectivity is rewritten so that the element is oriented in the
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thickness direction.
With this algorithm it was possible to correct the orientation problems of the SHB8
finite element.

Figure E.5: Problem with the orientation of Gauss points for the SHB8

Figure E.6: Gaussian point orientation corrected with Ori_SB9

E.4 Model assignment : AFFE_ MODELE

So far, what has been developed concerns only the mesh, the geometrical support of the
SB9Y finite element. Now we will be able to go into the details of the modeling itself,
corresponding to the implementation of the physics that drives the finite element. Once
the user has defined his mesh and made the necessary modifications (modi_mesh), he
can proceed to the creation of the model by adding the following command lines in the
command file :

. MODELE = AFFE_MODELE(MAILLAGE = Nom_maillage,

2 AFFE=_F(TOUT = 'OUI',
3 MODELISATION = 'SB9',
4 PHENOMENE = 'MECANIQUE '))
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Thus, the user indicates to code_aster that he wishes to model a mechanical phe-
nomenon using the physics of the finite element SB9. This choice of modeling is made
through the operator AFFE_MODELE of code_aster. The catalogue affe_modele.py is
then enriched by an additional modeling which is that of SBY :

. # ATTENTION THIS CONTENT IS TRUNCATED / REDUCED TO THE
ESSENTIAL:

o RERHAHBHHAAHBRAHBRHAAHBRAHHRRAHBRHAAHRRAHBRHAAHBRAHBRHRAHBRAHBRRAH

; AFFE_MODELE=0OPER (nom="AFFE_MODELE" ,op=18, sd_prod=modele_sdaster,

4 fr=tr("..."),reentrant='n"',

5 regles=(CAU_MOINS_UNC(C 'AFFE ', "AFFE_SOUS_STRUC ") ,),

6 MAILLAGE .
=SIMP(statut="'o',typ=maillage_sdaster),

INFO -

=SIMP(statut="f"',typ='1I"',defaut=1,into=(1,2) ),

s #

s AFFE =FACT(statut="£f',max="+«+ ",

10 regles=(UN_PARMI( 'TOUT', 'GROUP_MA ', 'MAILLE",)),

1 TOUT -
=SIMP(statut="f"',typ="'TXM',into=("0UI",) ),

12 GROUP_MA e
=SIMP(statut="'f"',typ=grma,validators=NoRepeat () ,max="++ "),

13 MAILLE =SIMP(statut="'c',typ=ma
,validators=NoRepeat() ,max="++ "),

” PHENOMENE =SIMP(statut='0"',typ='TXM',

into=("MECANIQUE","THERMIQUE","ACOUSTIQUE") ),
16 b_mecanique =BLOC( condition =
"""equal_to("PHENOMENE", 'MECANIQUE') """,

fr=tr("modelisations mecaniques"),
5 MODELISATION
=SIMP(statut="'o"',typ='TXM',validators=NoRepeat () ,max=10,into=(
19 "SB9” y )

Then in the catalogue phenomenons_modelisations.py one defines more precisely
what this new choice of modeling contains by clearly indicating the meshes involved
in this modeling, the physical phenomenon at hand (mechanical), the geometrical and
topological dimensions of the elements, the main elements and the edge elements, the
attributes etc. The following code summarizes this information:
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HEHRBHHBABHRHBHBRABHHRABHRHRABRHABHHRABHHRABRARAHBABHHBABHHRAHRH
. # For the phenomenon: MECHANICS
BEHRBHHBABRHBHRHBRHBHHRABRHRHBRHRHHRABHHRABBHBHHBABLHHBHR SR HBHHHH
MECANIQUE = Phenomenon(code="'ME ")

s phen = MECANIQUE

; phen.add('SB9 ', Modelisation(dim=(3,3), code='SB9"',
8 attrs=(

9 (AT .NBSIGM, '6 "),

10 (AT .TYPMOD, 'COMP3D '),

11 ),

12 elements=(

13 (MT .HEXA9 , EL.MECA_SB9),

14 (MT.QUAD4 , EL.MECA_FACE4),
15 (MT.SEG2 , EL.MECA_ARETE2),
16 D))

Given that the 9th node of the finite element SB9 has only one degree of freedom of
translation in the thickness direction 'DZ’ of the natural frame of the element, it was
necessary to indicate this to code_aster through the local mode DDL_MECA in the class
of the element SB9. (meca_sb9.py):

: # local mode relative to SB9

; DDL_MECA = LocatedComponents (phys=PHY.DEPL_R,
type="ELNO ', diff=True,

; components=(

5 ('EN1',('DX','DY", 'DZ"',)),

6 ('EN2',('DZ',)),))

In this same catalog is defined the class of the finite element SB9. The class of the el-
ement contains in attribute the mesh type and the reference element with which this
finite element works. The methods of the class are the set of elementary options. For
code_aster, an elementary calculation option corresponds to a calculation leading to
the production of one or more fields per element. For example, the option ' RIGI_MECA’
calculates the stiffness of the element (elastic behavior).

#

1 1

. # Class of the element followed by these different
electrical options
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; class MECA_SB9(Element):

5 meshType = MT.HEXA9

6 nodes = (

7 SetO0OfNodes('EN1"', (1,2,3,4,5,6,7,8)),

8 Set0fNodes( 'EN2 "', (9,)),

9 )

10 elrefe = (

1 Elrefeloc(

12 MT.SH9, gauss=(

13 '"RIGI=SHB5', 'MASS=SHB5', 'FPG1=FPGl',),
mater=C 'RIGI', 'FPG1',),),

14 ElrefelLoc(MT.QU4, gauss = ( 'RIGI=FPG4"',
"MASS=FPG4 ',),),

15 )

16 calculs = ( # Options elemntaires

17 )

i # EXAMPLE OF A COMMAND FILE CONTAINING TESTED ELEMENTARY

CALCULATIONS
. # IN A MODELIZATION WITH THE ELEMENT SB9
; #
+ DEBUT Q) ;
« #Mesh : Reading a hexa8 mesh contained in a file 'MED'

; MESHO=LIRE_MAILLAGE (FORMAT="MED',);

s #fmodification of the mesh: orientation of the connectivity
o MESHO=MODI_MAILLAGE (reuse=MESHO,

10 MAILLAGE=MESHO ,

1 ORIE_SB9=_F (GROUP_MA_VOLU="cube ',

12 GROUP_MA_SURF="face_1",),
13 );

uw # creation of the HEXA9 mesh

s MESH=CREA_MAILLAGE (MAILLAGE=MESHO, INFO=2,

16 HEXA8_9=_F(TOUT="'0UI ',),);

s #MATERIAL: Definition and allocation of material

v MAT=DEFI_MATERIAU(ELAS=_F(E=1,

2 NU=0.3,),);

2o MATERIAL=AFFE_MATERTAU(MAILLAGE=MESH,
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2 AFFE=(_F (GROUP_MA="cube ',

23 MATER=MAT,) ,),);

x #Model creation

s MODEL = AFFE_MODELE(MAILLAGE=MESH,

2 AFFE=_F(TOUT="0UI "',

27 PHENOMENE="MECANIQUE ',

28 MODELISATION=(C'SB9 ', ),),
2 INFO=1,

30 VERI_JACOBIEN='NON "',

DISTRIBUTION=_F(PARTITIONNEUR="METIS ',

METHODE='SOUS_DOMAINE ',),
33 )

ss #IMPR_RESU(UNITE=8, FORMAT="RESULTAT ', RESU=_F(MAILLAGE=MESHO®))
s # TEST of the COOR_ELGA computation option

57 COOR_G = CALC_CHAM_ELEM(MODELE=MODEL ,

38 GROUP_MA="cube ',

39 OPTION="COOR_ELGA ',

0 );

» # TEST the creation of a field at the gauss points of ...
the SB9 element

s STIGMELGA=CREA_CHAMP (TYPE_CHAM="ELGA_SIEF_R ",

" OPERATION="'AFFE ',

45 MODELE=MODEL ,

46 PROL_ZERO="0UI ',

47 INFO=2,

m AFFE=_F(TOUT="'0UI ',

NOM_CMP=( 'SIXX', 'SIYY', 'SIZZ"',),

50 VALE=(1.,1.0,1.0)));

ss # TEST the creation of a field at the nodes of the SB9
element with given values

s> SIGMELNO = CREA_CHAMP(TYPE_CHAM='ELNO_SIEF_R',

53 OPERATION="AFFE ',

54 MODELE=MODEL ,
55 AFFE=_F(NOM_CMP=( 'SIXX', 'SIYY',
'SIZZ '),

56 VALE:(4®, 5, 6®),
. TOUT="'0UI",),
58 PROL_ZERO="'0UTI ',
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59 INFO=2,)

« # TEST the creation of a field at the nodes of the SB9
element with given values

«« DEPELNO = CREA_CHAMP (TYPE_CHAM='NOEU_DEPL_R "',

62 OPERATION="AFFE ',

63 MODELE=MODEL ,

64 AFFE=_F(NOM_CMP=('DX', 'DY', 'DZ"'),

6 VALE=(1.0, 1.0, 10),

66 TOUT="'0UI"',),

67 INFO=2,)

s # LOAD ASSIGNMENT (clamp—on)

o IMPO=AFFE_CHAR_MECA (MODELE=MODEL ,

70 DDL_IMPO=(_F(GROUP_MA = ('base '),

7 LIAISON ='ENCASTRE ',

7 ),

73 ) H

75 )

s # AFFECTATION D'UN CHARGEMENT (Pressure)

» CHAR=AFFE_CHAR_MECA (MODELE=MODEL,

7% PRES_REP=(_F (GROUP_MA=( 'face_1"',),
PRES=1),),

7 )

« # STATIC STUDY

+ RESU=MECA_STATIQUE (MODELE=MODEL,

2 CHAM_MATER=MATERIAL,

EXCIT=(_F (CHARGE=CHAR), _F(CHARGE=IMP0)))

85 FIN() H

E.5 Conclusion

The approach proposed here is valid for SB7 except that SB7 does not need reorientation.
The initial connectivity immediately gives the direction of the thickness.
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Matlab source code

F.1 SB9 Matlab Code

function HYPER3D(PROP,UPDATE, LTAN, XYZ,Connec)
o/o*********************************************************************
% MAIN PROGRAM COMPUTING GLOBAL STIFFNESS MATRIX RESIDUAL FORCE FOR
% Hyperelastic material model assembly

955k >k 3k >k >k 3k >k 5k 3k >k 3K >k >k 3K >k 5K 3k >k 3K >k >k 3K >k 5K >k >k 5K >k >k 3K >k 5K >k >k 3K >k 5k 3k >k 5K >k >k 3K >k 5K K >k 5K >k >k 3K K 5K kK >k 5K >k >k 3K K 5K 5k >k >k % >k >k K K
% dinitialisation

global DISPTD FORCE GKF SIGMA

[NUMNP, NDOF] = size(XYZ); % Analysis parameters
NE = size(Connec,1);
p1=NUMNP+1;

p2=NUMNP+NE;
DDLsup=pl:p2;

NEQ = NDOF*NUMNP;
LE=[Connec DDLsup'];

% Integration points and weights

ZG6=[-1 —sqrt(3/7) 0 sqrt(3/7) 1];

WGT=[0.1 49.0/90.0 32.0/45.0 49.0/90.0 0.1];

%% matrice tangente de stabilisation(Deviatorique)

Cstab=mattdev;

)
)

o®

% Index for history variables (each integration pt)
INTN=0;

)
“©

%LOOP OVER ELEMENTS, THIS IS MAIN LOOP TO COMPUTE K AND F
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F. Matlab source code

27 for IE=1:NE
28 % Nodal coordinates and incremental displacements
29 ELXY=XYZ(LE(IE,1:8),:);
30 % Local to global mapping
31 IDOF=zeros(1,25);
32 for I=1:8
3 II=(I—1)*NDOF+1;
34 IDOF(II:II+2)=(LE(IE,I)—1)*NDOF+1:(LE(IE,I)—1)*NDOF+3;
35 end
36 %6°%6%%°%6°6°6°6°6°6°6°6°6°66-5
3 IDOF (25)=NEQ+IE;
38 %65%6%%%6°%6°%6%6%6°6°6°%6 %66 6%
3 DSP=DISPTD(IDOF(1:24));
4 w9=DISPTD(IDOF(25));
" DSP=reshape(DSP,NDOF,8) ;
42 o/oo/c)
13 ELxy=ELXY+DSP"';
" %LOOP OVER INTEGRATION POINTS
45 Ueff=0.0 ’
46 [BO,BZETA,BZZ,BXIdev,BETAdev, ...
a7 BXIETAdev,BETAZETAdev,BXIZETAdev]=matriceBcart (ELXY,ELxy);
s JO=Jacobien(ELXY,[0 0 0]);
49 DET= det(JO);
50 o/o
51 for LZ=1:5
52 E3=7G ( LZ) ’
53 INTN = INTN + 1;
54 0/0
55 % Determinant and shape function derivatives
56 FAC=4+WGT (LZ) «DET;
57 o/o
58 % deformation de Gren Lagrange centrAl’e
59 EO=deformEcart (DSP,ELXY,[0 O E3]);
60 B9=calculB9(ELXY, [0 0 E3]);
61 EO=E0+B9%*w9;
62 % Computer stress and tangent stiffness
6 DTAN= matrice_D(PROP(1), PROP(2));
o % Loi de comportement de Saint Venant Kirchhoff
65 STRESS=DTANx*EQ H
66 % Update plastic variables
o if UPDATE
68 SIGMA(:,INTN)=STRESS;
69 continue;
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end

% Calcul du module de cisaillement effectif

Ueff=DTAN(5,5);

% calcul des matrices de gradient BN et BG

Bm=BO+E3+xBZETA+E3*E3+BZZ;

BN=[Bm B9];

%BG=BGO+E3xBGzeta;

%% pour force interne

%size(FORCE(IDOF))

FORCE (IDOF)=FORCE (IDOF)—FAC*BN'*STRESS;

% Tangent stiffness

if LTAN
Km=BN ' *DTAN*BN*FAC;
Kg=rigigeo(STRESS,ELXY,[0 0 E3]);
Km(1:24,1:24)=Km(1:24,1:24)+FAC*Kg;
GKF (IDOF, IDOF)=GKF (IDOF,IDOF)+Km;

end

end;

if UPDATE==false
IDOFS=IDOF(1:24);
[SH1,SH2,SH12,SH23,SH13]=contraintestab(DSP,ELXY,UeffxCstab);
Fintstab=DETx*(BXIdev'*SH1/3+...
BETAdev'=*SH2/3+. ..
O+xBXIETAdev'*SH12/9+. ..
BETAZETAdev'*xSH23/9+. ..
BXIZETAdev'*SH13/9)x*8;
FORCE (IDOFS)=FORCE (IDOFS)—Fintstab;
end
if LTAN
Kmstab=rigistab(BXIdev,BETAdev,BXIETAdevx0, ...
BETAZETAdev,BXIZETAdev,UeffxCstab);
Kgstab=rigigeostabl(ELXY,SH1,SH2,SH23,SH13,0%SH12);
GKF (IDOFS, IDOFS)=GKF (IDOFS, IDOFS)+DET+*Kmstab+DET*Kgstab;
end
end

end

[
1‘function [BO,BZETA,BZZ,BXIdev, ...
z‘BETAdev,BXIETAdev,BETAZETAdeV,...
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s | BXIZETAdev]=matriceBcart(XYZ,xyz)

XYZ

[*)
6 | ©

7| [BcO,BcZETA,BcZZ,BcXI,BCcETA, ...
s | BCXIETA,BCETAZETA,BcXIZETA]=matriceBc(xyz);
o| [TO, TXI,TETA,TZETA]=matriceTdecomp (XYZ);

¢
10 | ©

1 | BO=TOxBcO;
12 | BZETA=TOxBcZETA+TZETA*BcO;
13 | BZZ=TO*xBcZZ+TZETA*BCZETA;

(¢
14 | ©

15 | BXI=TO*BcXI+TXI*BcO;

16 | BETA=TO*BCETA+TETA*BCO;

7 | BETAZETA=TO*BCETAZETA+TETA*BCZETA+TZETA*BCETA;
18 | BXIETA=TO*BCcXIETA+TXI*BCETA+TETA*BCXI;

1o | BXIZETA=TO*BCcXIZETA+TXI*BCcZETA+TZETA*BCXI;

20 O/o

21 |% Enlever les parties deviatoriques sur les B de stabilisation
22 | BXIv=zeros(6,24);

23 o/oo/o

24 for i=1:8

»s | alphal=0;

% | alpha2=0;

27 | alpha3=0;

28 col=3x(i—1)+1:3x(i—1)+3;

2 B=BXI(1:3,col);

30 for j=1:3

31 alphal=alphal+B(j,1);

32 alpha2=alpha2+B(j,2);

33 alpha3=alpha3+B(j,3);

34 end

35 BXIv(:,col)=[alphal alpha2 alpha3;
36 alphal alpha2 alpha3;
37 alphal alpha2 alpha3;
38 0 0 0 H
39 0 0 0 H
40 0 0 0 1/3;
s | end

42

s | BXIdev=BXI-BXIv;

o0
44 | %0

s |% ICI IL FAUT RENTRER AVEC LES POSITIONS ACTUELLES xyz et Initiale ...
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BETAv=zeros(6,24);
for i=1:8
alphal=0;
alpha2=0;
alpha3=0;
col=3*(i—1)+1:3*%(i—1)+3;
B=BETA(1:3,col);
for j=1:3
alphal=alphal+B(j,1);
alpha2=alpha2+B(j,2);
alpha3=alpha3+B(j,3);
end
BETAv(:,col)=[alphal alpha2 alpha3;
alphal alpha2 alpha3;
alphal alpha2 alpha3;

0 0 0 ;
0 0 0 ;
0 0 0 1/3;

end
BETAdev=BETA-BETAv;
BXIETAv=zeros(6,24);
for i=1:8
alphal=0;
alpha2=0;
alpha3=0;
col=3%(i—1)+1:3x(i—1)+3;
B=BXIETA(1:3,col);
for j=1:3
alphal=alphal+B(j,1);
alpha2=alpha2+B(j,2);
alpha3=alpha3+B(j,3);
end
BXIETAv(:,col)=[alphal alpha2 alpha3;
alphal alpha2 alpha3;
alphal alpha2 alpha3;

0 0 0 ;
0 0 0 ;
0 0 0 1/3;

end
BXIETAdev=BXIETA-—BXIETAv;

)
i)

BETAZETAv=zeros(6,24);
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F. Matlab source code

for i=1:8
alphal=0;
alpha2=0;
alpha3=0;
col=3%x(i—1)+1:3x(i—1)+3;
B=BETAZETA(1:3,col);
for j=1:3
alphal=alphal+B(j,1);
alpha2=alpha2+B(j,2);
alpha3=alpha3+B(j,3);
end
BETAZETAv(:,col)=[alphal alpha2 alpha3;
alphal alpha2 alpha3;
alphal alpha2 alpha3;

0 0 0 ;
0 0 0 ;
0 0 0 1/3;

end
BETAZETAdev=BETAZETA-BETAZETAv;
BXIZETAv=zeros(6,24);
for i=1:8
alphal=0;
alpha2=0;
alpha3=0;
col=3*(i—1)+1:3*x(i—1)+3;
B=BXIZETA(1:3,col);
for j=1:3
alphal=alphal+B(j,1);
alpha2=alpha2+B(j,2);
alpha3=alpha3+B(j,3);
end
BXIZETAv(:,col)=[alphal alpha2 alpha3;
alphal alpha2 alpha3;
alphal alpha2 alpha3;

0 0 0 ;
0 0 0 ;
0 0 0 1/3;

end
BXIZETAdev=BXIZETA-BXIZETAv;

% BXIdev(5:6,:)=0.0;
% BETAdev(5:6,:)=0.0;
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% BETAZETAdev(5:6,:)=0.0;
% BXIZETAdev(5:6,:)=0.0;
end

% BXIETAdev(5:6,:)=0.0;
1)=0

function ...
[BcO,BcZETA,BcZZ,BcXI,BcETA,BcXIETA,BcETAZETA,BcXIZETA]=matriceBc (X

% ICI IL FAUT RENTRER AVEC LES POSITIONS ACTUELLES
[J10,J1ETA,J1ZETA,J1ETAZETA, ...
J20,32XI,J2ZETA,J2XIZETA, ...
~,~,~,~]=jacobienDecompose(XYZ);

o®

gl=-[-111-1-111-11/8;
g2=[-1-111-1-11 11/8;
9g3=[-1-1-1-11111]/8;

i)

hl=[1-11-11-11 —-1]/8;
h2=[11-1-1-1-11 11/8;
h3=[1-1-11-111 -1]/8;
h4=[-11-111-11 —-1]/8;

i)

%% TYING POINTS
s A A3 D
XAD=[—1 —1 0
1-10
1 10
-1 1 0];
% E TO H
XEH=[—-1 0 —1
1 0-1
1 0 1
-1 0 11;
% J TOM
XIM=[0 —1 -1
0 1-1
0 1 1
0 -1 1]1;

%

o

BcO=zeros(6,24);
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for I=1:8

aux33=zeros(3,1);

aux23=zeros(3,1);

aux1l3=zeros(3,1);

for AD=1:4
[~,~,)3]=colomnejacobien(XYZ,XAD(AD,:));
DSF = DSHAPE (XAD(AD,:));
aux33=aux33+DSF(3,I)*xJ3/4;

end

for EH=1:4
[~,J2,]3]=colomnejacobien(XYZ,XEH(EH, :));
DSF = DSHAPE (XEH(EH, :));
aux23=aux23+(DSF(2,I)*xJ3+DSF(3,I)*J2)/4;

end

for JM=1:4
[J1,~,J3]=colomnejacobien(XYZ,XIM(IM, :));
DSF = DSHAPE (XJM(JM, :));
aux1l3=aux13+(DSF(1,I)*J3+DSF(3,I)*xJ1)/4;

end

COL=3%(I—1)+1:3%x(I—-1)+3;

BcO(:,COL)=[g1l(I)*xJ10(1) gl(I)=*xJ10(2) gl(I)*J1O0(3);
g2(I)*J20(1) g2(I)=*J20(2) g2(I)*J20(3);

aux33(1) aux33(2) aux33(3);

gl(I)*J20(1)+g2(I)*J10(1)

g1(I)*J20(2)+92(I)*xJ10(2) gl(I)*J20(3)+g2(I)*J10(3);
aux23(1) aux23(2) aux23(3);
aux13(1) aux13(2) aux13(3)1;

end
%% BCZETA
BcZETA=zeros(6,24);
for I=1:8
aux23=zeros(3,1);
aux13=zeros(3,1);
for EH=1:4
[~,J2,]3]=colomnejacobien(XYZ,XEH(EH,:));
DSF = DSHAPE (XEH(EH,:));
aux23=aux23+XEH(EH,3)*(DSF(2,I)*J3+DSF(3,I)*J2)/4;
end
for JM=1:4
[J1,~,J3]=colomnejacobien(XYZ,XIM(IM,:));
DSF = DSHAPE (XJM(JM, :));
aux13=aux13+XIM(IM,3)*(DSF(1,I)*JI3+DSF(3,I)*J1)/4;
end
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COL=3%(I-1)+1:3*%(I-1)+3;
AUX12=h2(I)*J10+h3(I)*J20+92(I)*J1ZETA+gl(I)*J2ZETA ;
BCZETA(:,COL)=[ h3(I)*J10(1)+g1l(I)*J1ZETA(1)
h3(I)*J10(2)+gl(I)*J1ZETA(2) h3(I)*J10(3)+gl(I)*J1ZETA(3);
h2(I)*J20(1)+g2(I)*J2ZETA(1)
h2(I)*J20(2)+g2(I)*J2ZETA(2) h2(I)*J20(3)+g2(I)*J2ZETA(3);

0 0 0;

AUX12(1) AUX12(2) AUX12(3);

aux23(1) aux23(2) aux23(3);
aux13(1) aux13(2) aux13(3)];

end
%% ZETA ZETA
BcZZ=zeros(6,24);
for I=1:8
COL=3*(I—-1)+1:3%(I-1)+3;
BcZZ(:,COL)=[h3(I)*J1ZETA(1) h3(I)*J1ZETA(2) h3(I)*J1ZETA(3);
h2(I)*J2ZETA(1) h2(I)*J2ZETA(2) h2(I)*J2ZETA(3);
0 0 0;
h2(I)*J1ZETA(1)+h3(I)*J2ZETA(1)
h2(I)*J1ZETA(2)+h3(I)*J2ZETA(2) h2(I)*J1ZETA(3)+h3(I)*J2ZETA(3);

0 0 0;
0 0 0]1;
end
%% BcXI
BcXI=zeros(6,24);
for I=1:8

AUX33=zeros(3,1);

aux23=zeros(3,1);

for AD=1:4
[~,~,J3]=colomnejacobien(XYZ,XAD(AD,:));
DSF = DSHAPE (XAD(AD,:));
AUX33=AUX33+XAD (AD,1)*(DSF(3,I)*313)/4;

end

for EH=1:4
[~,J2,]3]=colomnejacobien(XYZ,XEH(EH,:));
DSF = DSHAPE (XEH(EH,:));
aux23=aux23+XEH(EH, 1)« (DSF(2,I)*J3+DSF(3,I)*J2)/4;

end
COL=3%(I-1)+1:3%x(I-1)+3;
BcXI(:,COL)=[ O 0 0;

h1(I)*J20(1)+g2(I)*J2XI(1)
h1(I)*J20(2)+g2(I)*J2XI(2) h1(I)*J20(3)+g2(I)*I2XI(3);
AUX33(1) AUX33(2) AUX33(3);
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h1(I)*J10(1)+gl(I)*J2XI(1)
h1(I)*J10(2)+g1(I)*J2XI(2) h1(I)*J10(3)+gl(I)*I2XI(3);

aux23(1) aux23(2) aux23(3);
0 0 0];
end
%% ETA
BcETA=zeros(6,24);
for I=1:8
AUX33=zeros(3,1);
auxl3=zeros(3,1);
for AD=1:4
[~,~,)3]=colomnejacobien(XYZ,XAD(AD,:));
DSF = DSHAPE(XAD(AD,:));
AUX33=AUX33+XAD (AD,2)*(DSF(3,1I)*J3)/4;
end
for JM=1:4
[J1,~,J3]=colomnejacobien(XYZ,XIM(IM, :));
DSF = DSHAPE (XJM(JM, :));
aux13=aux13+XJIM(IM,2)*(DSF(1,I)*J3+DSF(3,I)*J1)/4;
end
COL=3%(I—-1)+1:3%x(I-1)+3;
BCETA(:,COL)=[ h1(I)*J10(1)+gl(I)*J1ETA(1)
h1(I)*J10(2)+g1(I)*J1ETA(2) h1(I)*J10(3)+gl(I)*J1ETA(3);
0 0 0;
AUX33(1) AUX33(2) AUX33(3);
h1(I)*J20(1)+g2(I)*J1ETA(1)
h1(I)*J20(2)+92(I)*J1ETA(2) h1(I)*J20(3)+g2(I)*J1ETA(3);
0 0 0;
aux13(1) aux13(2) aux13(3);1;
end

%% XIETA
BcXIETA=zeros(6,24);
for I=1:8
AUX33=zeros(3,1);
for AD=1:4
[~,~,J3]=colomnejacobien(XYZ,XAD(AD,:));
DSF = DSHAPE(XAD(AD, :));
AUX33=AUX33+XAD (AD,2)*XAD (AD,1)*(DSF(3,I)*313)/4;
end
COL=3*(I—1)+1:3%(I—-1)+3

BcXIETA(:,COL)=[0 0 0;
0 0 0,
AUX33(1) AUX33(2) AUX33(3);
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h1(I)*J2XI(1)+h1(I)*J1ETA(1)
h1(I)*J2XI(2)+h1(I)*J1ETA(2) h1(I)*J2XI(3)+h1(I)=*J1ETA(3);
0 0 0;
0 0 01;
end

%% ETA ZETA
BCETAZETA=zeros(6,24);
for I=1:8
AUX11=h4(I)*J10+h3(I)*J1ETA+h1(I)*J1ZETA+gl(I)*J1ETAZETA;
AUX12=h4(I)*J20+h2(I)*J1ETA+h1(I)*J2ZETA+g2(I)*J1ETAZETA;
AUX13=[0 0 0]"';
for JM=1:4
[J1,~,J3]=colomnejacobien(XYZ,XIM(IM,:));
DSF = DSHAPE (XJM(JM, :));
AUX13=AUX13+XIM(IM, 2)*XIM(IM, 3)*(DSF(1,I)*I3+DSF(3,I)*J1)/4;
end
COL=3%(I—-1)+1:3%x(I-1)+3;

BCcETAZETA(:,COL)=[ AUX11(1l) AUX11(2) AUX11(3);
0 0 0;
0 0 0;
AUX12(1) AUX12(2) AUX12(3);
0 0 0;
AUX13(1) AUX13(2) AUX13(3);1;

end
%% XI ZETA
BcXIZETA=zeros(6,24);
for I=1:8
AUX22=h4(I)*J20+h2(I)*J2XI+h1(I)*J2ZETA+g2(I)*J2XIZETA;
AUX13=h4(I)*J10+h3(I)*J2XI+h1(I)*J1ZETA+gl(I)*J2XIZETA;
AUX23=[0 0 0]';
for EH=1:4
[~,J2,]3]=colomnejacobien(XYZ,XEH(EH, :));
DSF = DSHAPE(XEH(EH,:));
AUX23=AUX23+XEH(EH, 1) *XEH(EH, 3)*(DSF(2,I)*J3+DSF(3,I)*J2)/4;
end

BCXIZETA(:,COL)=[ O 0 0;
AUX22(1) AUX22(2) AUX22(3);
0 0 0;
AUX13(1) AUX13(2) AUX13(3);
AUX23(1) AUX23(2) AUX23(3);
0 0 0];
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199 ‘end
200 \end
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function [J10,J1ETA,J1ZETA,J1ETAZETA, ...
J20,32XTI, J2ZETA,J2XIZETA, ...

J30,J3ETA,J3XI, J3XIETA]=jacobienDecompose(XYZ)

% XYZ == CoordonnAl’es initiales

%

U=XYZ(:,1);
V=XYZ(:,2);
W=XYZ(:,3);

i)

gl=[-111-1-111 -1]/8;
g2=[-1-111-1-11 11/8;
g3=[-1-1-1-11111]/8;

6

hl=[1-11-11-11 -1]/8;
h2=[11-1-1-1-11 1]/8;
h3=[1 -1-11-111 -1]/8;
h4=[-11-111-11 —-1]/8;

i)

J10=[dot(gl,U) dot(gl,V) dot(gl,W)];
J1ETA=[dot(h1,U) dot(hl,V) dot(hl,W)];
J1ZETA=[dot (h3,U) dot(h3,V) dot(h3,W)];
J1ETAZETA=[dot (h4,U) dot(h4,V) dot(h4,W)];

[)
“©

J20=[dot(g2,U) dot(g2,V) dot(g2,W)];
J2XI=[dot(hl,U) dot(hl,V) dot(hl,W)];
J2ZETA=[dot (h2,U) dot(h2,V) dot(h2,W)];
J2XIZETA=[dot(h4,U) dot(h4,V) dot(h4,W)];

[)
“°

J30=[dot(g3,U) dot(g3,V) dot(g3,W)];
J3XI=[dot(h3,U) dot(h3,V) dot(h3,W)];
J3ETA=[dot (h2,U) dot(h2,V) dot(h2,W)];
J3XIETA=[dot(h4,U) dot(h4,V) dot(h4,W)];
end
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function [J1,J2,J3]=colomnejacobien(XYZ,XI)

%

[J10,J1ETA,J1ZETA,J1ETAZETA, ...

J20,32XI, J2ZETA,J2XIZETA, ...

J30,J3ETA,J3XI, J3XIETA]=jacobienDecompose(XYZ);
J1=J10+XI(2)*J1ETA+XI(3)*J1ZETA+XI(2)*XI(3)*J1ETAZETA ;
J2=320+XI(1)*JI2XI+XI(3)*J2ZETA+XI(1)=*XI(3)*I2XIZETA ;
J3=330+XI(2)*I3ETA+XI (1) *I3XI+XI(1)*XI(2)*I3XIETA;

%

J1=J1"';
J2=32";
J3=313"';
end

function [D1,D2,D3]=colomneDefconv(DSP,XI)

[D10,D1ETA,D1ZETA,D1ETAZETA, ...
D20,D2XI,D2ZETA,D2XIZETA, ...
D30,D3ETA,D3XI,D3XIETA]l=deformaconva(DSP);

D1=D10+XI(2)*D1ETA+XI(3)*D1ZETA+XI(2)=*XI(3)*D1ETAZETA ;
D2=D20+XI (1) *D2XI+XI(3)*D2ZETA+XI(1)=*XI(3)+*D2XIZETA ;
D3=D30+XI(2)*D3ETA+XI(1)*D3XI+XI(1)*XI(2)*D3XIETA;

D1=D1"';
D2=D2"';
D3=D3"';
end

function [SH1,SH2,SH12,SH23,SH13]=contraintestab(DSP,XYZ,C)
% CALCUL DES CONTRAINTES DE STABILISATION
%[EH1,EH2,EH23,EH13]=deformEcartStab(DSP,XYZ);
[EH1,EH2,EH12,EH23,EH13]=deformEcartStab(DSP,XYZ);

% On considAlre la partie dAl’viatorique de ces deformations

%
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I=s[111000]";
EH1=EH1—(EH1(1)+EH1(2)+EH1(3))*I/3;
EH2=EH2—(EH2(1)+EH2(2)+EH2(3) ) *I/3;
EH13=EH13—(EH13(1)+EH13(2)+EH13(3))*I1/3;
EH23=EH23—(EH23(1)+EH23(2)+EH23(3) ) *1/3;
EH12=EH12—(EH12(1)+EH12(2)+EH12(3))*1/3;

%

SH1=Cx*EH1;
SH2=C*EH2;
SH13=Cx*EH13;
SH23=Cx*EH23;
SH12=C*EH12;
end

function EO=deformEcart(DSP,XYZ,XI)

% XYZ == CoordonnAl’es initiales

% DSP == DAl’placement total
[EcO,Eczeta,Eczz,~,~,~,~]=deformatEc(DSP,XYZ);
[TO,~,~,TZETAl=matriceTdecomp (XYZ);

DEFORMATION DEPENDANT DE ZETA ET CONSTANTE
EO=TO*ECO+XI (3)*(TOxEczeta+TZETA*ECO)+XI (3)*XI(3)*(TOxEczz+TZETAxEczet

)
i)

end

function ...
[EcO,Eczeta,Eczz,EcXI,EcCETA,ECXIETA, ECETAZETA,EcXIZETA]=deformatEc(

% iCI LES COORDONNAL’ES SONT LES COORDONNAL’ES INITIALES

% ALERTE ECRITURE VERIFIEE
[J10,J1ETA,J1ZETA,J1ETAZETA, ...
J20,32XI,J2ZETA,J2XIZETA, ...
J30,J3ETA,J3XI,J3XIETA]=jacobienDecompose(XYZ) ;

[D10,D1ETA,D1ZETA,D1ETAZETA, ...
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1 D20,D2XI,D2ZETA,D2XIZETA, ...
12 D30,D3ETA,D3XI,D3XIETA]=deformaconva(DSP);

(¢
13 | 7©

o

u|% A A3 D

15 | XIAD=[—1 —1 0
16 1-10
17 1 10
18 -1 10];
vw|% E TO H

2 | XIEH=[-1 0 —1
21 1 0-1
2 1 0 1
23 -1 0 1];
ul|% J TOM

55 | XIIJM=[0 —1 —1
2 0 1-1
27 0 1 1
28 0 -1 1];

o

290/0
50 | ECO=zeros(6,1);

s | ECcO(1)=d t(JlO D10)+0.5+dot(D10,D10);
22 |ECO(2)=dot(J20,D20)+0.5*xdot (D20,D20);
13 | EcO(4)=dot(J10,D20)+dot(J20,D10)+dot

[eH)
)

(D10,D20);
34
55 | Eczeta=zeros(6,1);

s | Eczeta(l)=dot(J10,D1ZETA)+dot(D10,J1ZETA)+dot(D10,D1ZETA);

3 | Eczeta(2)=dot(J20,D2ZETA)+dot (D20,J2ZETA)+dot(D20,D2ZETA);

s | Eczeta(4)=dot(J10,D2ZETA)+dot (J1ZETA,D20)+dot(J20,D1ZETA)+dot (J2ZETA,D
39 +dot (D10,D2ZETA)+dot(D1ZETA,D20) ;

40

o

41 %
« | Eczz=zeros(6,1);

s |Eczz(1)=dot (J1ZETA,D1ZETA)+0.5«dot (D1ZETA,D1ZETA);
u | Eczz(2)=dot (J2ZETA,D2ZETA)+0.5«dot (D2ZETA,D2ZETA) ;
s |Eczz(4)=dot (J1ZETA,D2ZETA)+dot (J2ZETA,D1ZETA)+dot
s | %% STABILISATION XI

| EcXI=zeros(6,1);

s | ECXI(2)=dot (J20,D2XI)+dot (J2XI,D20)+dot(D2XI,D20);

» | ECXI(4)=dot(J10,D2XI)+dot(J2XI,D10)+dot (D2XI,D10);

s0 | %% STABILISATION ETA

s1 | ECETA=zeros(6,1);

s2 | ECETA(1)=dot(J10,D1ETA)+dot(J1ETA,D10)+dot (D1ETA,D10);
53 | ECETA(4)=dot(J20,D1ETA)+dot(J1ETA,D20)+dot (D1ETA,D20);

(D2ZETA,D1ZETA) ;
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%% STABILISATION XIETA
EcXIETA=zeros(6,1);
EcXIETA(4)=dot(J1ETA,D2XI)+dot (J2XI,D1ETA)+dot(D2XI,D1ETA);
%% CHAMPS ASSUMES
for AD=1:4
[~,~,)3]=colomnejacobien(XYZ,XIAD(AD,:));
[~,~,D3]=colomneDefconv(DSP,XIAD(AD,:));
EcXIETA(3)= ...
EcXIETA(3)+XIAD(AD,2)*XIAD(AD,1)=*(dot(J3,D3)+0.5*dot(D3,D3))/4;
end
%% STABILISATION ETAZETA
EcCETAZETA=zeros(6,1);

ECETAZETA(1)=dot(J10,D1ETAZETA)+dot (J1ETA,D1ZETA)+dot (J1ZETA,D1ETA)...

+dot (J1ETAZETA,D10)+dot (D1ETAZETA,D10)+dot (D1ETA,D1ZETA);

ECETAZETA(4)=dot(J20,D1ETAZETA)+dot (J1ETA,D2ZETA)+dot (J2ZETA,D1ETA)...

+dot (J1ETAZETA,D20)+dot (D1ETAZETA,D20)+dot (D1ETA,D2ZETA) ;
%% STABILISATION XIZETA
EcXIZETA=zeros(6,1);
ECXIZETA(2)=dot(J20,D2XIZETA)+dot (J2XI,D2ZETA)+dot (J2ZETA,D2XI)...
+dot (J2XIZETA,D20)+dot (D2XIZETA,D20)+dot (D2XI,D2ZETA) ;
ECXIZETA(4)=dot(J10,D2XIZETA)+dot(J2XI,D1ZETA)+dot (J1ZETA,D2XI)...
+dot (J2XIZETA,D10)+dot (D2XIZETA,D10)+dot (D2XI,D1ZETA);
%% CHAMPS ASSUMES
for AD=1:4
[~,~,J3]=colomnejacobien(XYZ,XIAD(AD,:));
[~,~,D3]=colomneDefconv(DSP,XIAD(AD, :));
EcO(3)= EcO(3)+(dot(J3,D3)+0.5xdot(D3,D3))/4;
EcXI(3)= EcXI(3)+XIAD(AD,1)=*(dot(J3,D3)+0.5xdot(D3,D3))/4;
ECETA(3)= EcETA(3)+XIAD(AD,2)x(dot(J3,D3)+0.5xdot(D3,D3))/4;
EcXIETA(3)= ...
EcXIETA(3)+XIAD(AD,2)*XIAD(AD,1)=*(dot(J3,D3)+0.5xdot(D3,D3))/4;
end

for EH=1:4
[~,J2,]3]=colomnejacobien(XYZ,XIEH(EH,:));
[~,D2,D3]1=colomneDefconv(DSP,XIEH(EH, :));
EcO(5)= EcO(5)+(dot(J3,D2)+dot(J2,D3)+dot(D3,D2))/4;
Eczeta(5)= ...
Eczeta(5)+XIEH(EH,3)*(dot(J3,D2)+dot(J2,D3)+dot(D3,D2))/4;
EcXI(5)= EcXI(5)+XIEH(EH,1)*(dot(J2,D3)+dot(J3,D2)+dot(D2,D3))/4;
EcXIZETA(5)= EcXIZETA(5)+XIEH(EH,1)*XIEH(EH,3)=*(dot(J2,D3)...
+dot (J3,D2)+dot(D2,D3))/4;

end
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94

s | Tor JM=1:4

%6 [J1,~,J3]=colomnejacobien(XYZ,XIIM(IM,:));

o7 [D1,~,D3]=colomneDefconv(DSP,XIIM(IM, :));

98 EcO(6)= EcO(6)+(dot(J3,D1)+dot(J1,D3)+dot(D3,D1))/4;

9 Eczeta(6)=
Eczeta(6)+XIIM(IM,3)*(dot(J3,D1)+dot(J1,D3)+dot(D3,D1))/4
100 ECETA(6)=
ECETA(6)+XIIM(JM,2)*(dot(J1,D3)+dot(J3,D1)+dot(D1,D3))/4;

101 ECETAZETA(6)= ECETAZETA(6)+XIJM(JM,2)*XIIM(IM,3)*(dot(J1,D3)+
102 dOt(J3,D1)+dOt(D1,D3))/4,

03 | end

104

05 | end

1| function T=matriceT(XYZ,XI)

[*)
2 | o

s | J=Jacobien(XYZ,XI);
4 [J=inv(J);
51J11=3(1,1);
61312=3(1,2);
71313=3(1,3);
s | J21= J(2 1);
01J322=3(2,2);
0 [J23=3(2,3);
n | J31=3(3,1);
2 J132=3(3,2);
1 [ J33= J(3 3);

[*)
14 | ©

5 T=[  J11xJ11  J21x%J21  J31%J31 J11%J21 J21xJ31
J11xJ31
16 J12xJ12  J22%J22  J32%]32 J12%]22 J22%]132
J12%]32
17 J13%J13  J23%J23  J33%J33 J13%J23 J23%J33
J13%J33

18 2%J11xJ12 2%J21%J22 2%xJ31%xJ32 J11%J22+J21xJ12 J22%xJ31+J21xJ32 ...

J11%332+131%J12

19 2%xJ12%xJ13 2%J22%xJ23 2%xJ32%xJ33 J13%xJ22+J12xJ23 J22%xJ33+]132%xJ23 ...

J12%333+332%J13

2 2+¥J11%J13 2%321%J23 2%331%333 J13%J21+J11x323 J23%J31+J21%J33 ...

J13%331+311%333];
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F. Matlab source code

21 ‘ end
\

1 | function [TXI,TETA,TZETA]l=matricetxi(JO,A,B,C)

3 | TXI=zeros(6,6);

4+ | TETA=zeros(6,6);

s | TZETA=zeros(6,6);

7 | TXI(1,1)=2%J0(1,1)*A(1,1) ;

s | TXI(1,2)=2%xJ0(2,1)*A(2,1) ;

o | TXI(1,3)=2%xJ0(3,1)*A(3,1) ;

0 | TXI(1,4)=J0(1,1)*A(2,1)+J0(2,1)*A(1,1);

u [ TXI(1,5)=30(2,1)*A(3,1)+J0(3,1)*A(2,1);

2 [ TXI(1,6)=J0(1,1)*A(3,1)+J0(3,1)=*A(1,1);

u | TXI(2,1)=2%x30(1,2)=*A(1,2) ;

5 | TXI(2,2)=2%30(2,2)*A(2,2) ;

16 | TXI(2,3)=2%30(3,2)*A(3,2) ;

v | TXI(2,4)=30(1,2)*A(2,2)+30(2,2)%*A(1,2);

s | TXI(2,5)=10(2,2)*A(3,2)+J0(3,2)*A(2,2);

v | TXI(2,6)=J0(1,2)*A(3,2)+J0(3,2)*A(1,2);

a | TXI(3,1)=2%J0(1,3)*A(1,3) ;

2 | TXI(3,2)=2%xJ0(2,3)*A(2,3) ;

| TXI(3,3)=2%xJ0(3,3)*A(3,3) ;

a | TXI(3,4)=30(1,3)*A(2,3)+10(2,3)*A(1,3);

5 | TXI(3,5)=30(2,3)*A(3,3)+10(3,3)*A(2,3);

56 | TXI(3,6)=J0(1,3)*A(3,3)+J0(3,3)*A(1,3);

s | TXI(4,1)=2%x(J0O(1,1)*A(1,2)+30(1,2)=*A(1,1));

2 | TXI(4,2)=2%x(J0(2,1)*A(2,2)+30(2,2)*A(2,1));

50 | TXI(4,3)=2%(J0(3,1)*A(3,2)+30(3,2)*A(3,1));

5 | TXI(4,4)=(J0(1,2)*A(2,1)+30(2,1)*A(1,2))+(J0(1,1)=*A(2,2)+10(2,2)*A(1,1));

2 | TXI(4,5)=(J0(2,2)*A(3,1)+30(3,1)*A(2,2))+(J0(2,1)=*A(3,2)+10(3,2)*A(2,1));

53 | TXI(4,6)=(J0(1,2)*A(3,1)+30(3,1)*A(1,2))+(J0(1,1)=*A(3,2)+10(3,2)*A(1,1));

55 | TXI(5,1)=2x(J0O(1,2)*A(1,3)+30(1,3)*A(1,2));

s6 | TXI(5,2)=2%x(J0(2,2)*A(2,3)+30(2,3)*A(2,2));

5 | TXI(5,3)=2%(J0(3,2)*A(3,3)+10(3,3)*A(3,2));

58 | TXI(5,4)=(J0(1,3)*A(2,2)+30(2,2)*A(1,3))+(I0(1,2)*A(2,3)+]0(2,3)*A(1,2));

5 | TXI(5,5)=(J0(2,3)*A(3,2)+J0(3,2)*A(2,3))+(30(2,2)*A(3,3)+J0(3,3)*A(2,2));
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SB9 Matlab Code

TXI(5,6)=(30(1,3)*A(3,2)+J0(3,2)*A(1,3))+(J0(1,2)*A(3,3)+30(3,3)=*A(1,2

TXI(6,1)=2*(J0(1,1)*A(1,3)+]0(1,3)*A(1,1));

TXI(6,2)=2%(J0(2,1)*A(2,3)+30(2,3)*A(2,1));

TXI(6,3)=2%(J0(3,1)*A(3,3)+J0(3,3)*A(3,1));

TXI(6,4)=(J0(1,3)*A(2,1)+30(2,1)*A(1,3))+(J0(1,1)*A(2,3)+J0(2,3)*A(1,1

TXI(6,5)=(30(2,3)*A(3,1)+J0(3,1)*A(2,3))+(J0(2,1)*A(3,3)+30(3,3)*A(2,1

TXI(6,6)=(J0(1,3)*A(3,1)+J0(3,1)*A(1,3))+(J0(1,1)*A(3,3)+10(3,3)*A(1,1

TETA(1,1)=2%J0(1,1)*B(1,1);

TETA(1,2)=2%30(2,1)*B(2,1);

TETA(1,3)=2+30(3,1)*B(3,1);

TETA(1,4)=30(1,1)*B(2,1)+J0(2,1)*B(1,1);

TETA(1,5)=30(2,1)*B(3,1)+J0(3,1)xB(2,1);

TETA(1,6)=J0(1,1)*B(3,1)+J0(3,1)*B(1,1);

TETA(2,1)=2+30(1,2)*B(1,2);

TETA(2,2)=2+30(2,2)*B(2,2);

TETA(2,3)=2+30(3,2)*B(3,2);

TETA(2,4)=30(1,2)*B(2,2)+30(2,2)%*B(1,2);

TETA(2,5)=30(2,2)*B(3,2)+J0(3,2)*B(2,2);

TETA(2,6)=30(1,2)*B(3,2)+J0(3,2)*B(1,2);

TETA(3,1)=2%J0(1,3)%*B(1,3) ;

TETA(3,2)=2%30(2,3)*B(2,3) ;

TETA(3,3)=2%J0(3,3)*B(3,3) ;

TETA(3,4)=30(1,3)*B(2,3)+3J0(2,3)*B(1,3);

TETA(3,5)=30(2,3)*B(3,3)+J0(3,3)*B(2,3);

TETA(3,6)=J0(1,3)*B(3,3)+J0(3,3)*B(1,3);

TETA(4,1)=2%(J0(1,1)*B(1,2)+J0(1,2)*B(1,1));

TETA(4,2)=2%(J0(2,1)*B(2,2)+J0(2,2)*B(2,1));

TETA(4,3)=2*(J0(3,1)*B(3,2)+J0(3,2)*B(3,1));

TETA(4,4)=(J0(1,2)*B(2,1)+J0(2,1)*B(1,2))+(J0(1,1)*B(2,2)+30(2,2)*B(1,1

TETA(4,5)=(30(2,2)*B(3,1)+J0(3,1)*B(2,2))+(J0(2,1)*B(3,2)+J0(3,2)*B(2,1

TETA(4,6)=(J0(1,2)*B(3,1)+J0(3,1)*B(1,2))+(J0O(1,1)*B(3,2)+J0(3,2)*B(1,1

TETA(5,1)=2%(J0(1,2)*B(1,3)+J0(1,3)*B(1,2));

TETA(5,2)=2%(J0(2,2)*B(2,3)+30(2,3)*B(2,2));

TETA(5,3)=2%(J0(3,2)*B(3,3)+30(3,3)*B(3,2));

TETA(5,4)=(30(1,3)*B(2,2)+J0(2,2)*B(1,3))+(J0O(1,2)*B(2,3)+J0(2,3)*B(1,2

TETA(5,5)=(J0(2,3)*B(3,2)+J0(3,2)*B(2,3))+(J0(2,2)*B(3,3)+J0(3,3)*B(2,2

TETA(5,6)=(J0(1,3)*B(3,2)+J0(3,2)*B(1,3))+(J0(1,2)*B(3,3)+J0(3,3)*B(1,2
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F. Matlab source code

s« | TETA(6,1)=2%(J0(1,1)*B(1,3)+J0(1,3)*B(1,1));

ss | TETA(6,2)=2%(J0(2,1)*B(2,3)+10(2,3)*B(2,1));

ss | TETA(6,3)=2%(J0(3,1)*B(3,3)+10(3,3)*B(3,1));

&7 | TETA(6,4)=(J0(1,3)*B(2,1)+3J0(2,1)*B(1,3))+(J0(1,1)*B(2,3)+30(2,3)*B(1

ss | TETA(6,5)=(J0(2,3)*B(3,1)+J0(3,1)*B(2,3))+(J0(2,1)*B(3,3)+30(3,3)*B(2

s | TETA(6,6)=(J0(1,3)*B(3,1)+J0(3,1)*B(1,3))+(J0(1,1)*B(3,3)+30(3,3)*B(1,

o | TZETA(1,1)=2+J0(1,1)*C(1,1);

o2 | TZETA(1,2)=2%30(2,1)*C(2,1);

s | TZETA(1,3)=2%30(3,1)*C(3,1);

o | TZETA(1,4)=30(1,1)*C(2,1)+30(2,1)*C(1,1);

s | TZETA(1,5)=30(2,1)*C(3,1)+30(3,1)*C(2,1);

o | TZETA(1,6)=30(1,1)*C(3,1)+J0(3,1)*C(1,1);

o | TZETA(2,1)=2%30(1,2)*C(1,2);

o | TZETA(2,2)=2%30(2,2)*C(2,2);

wo | TZETA(2,3)=2%J0(3,2)*C(3,2);

o1 | TZETA(2,4)=30(1,2)*C(2,2)+30(2,2)*C(1,2);

w2 | TZETA(2,5)=30(2,2)*C(3,2)+J0(3,2)*C(2,2);

s | TZETA(2,6)=30(1,2)*C(3,2)+J0(3,2)*C(1,2);

s | TZETA(3,1)=2%J0(1,3)*C(1,3);

s | TZETA(3,2)=2%J0(2,3)*C(2,3);

w7 | TZETA(3,3)=2%J0(3,3)*C(3,3);

ws | TZETA(3,4)=30(1,3)*C(2,3)+J0(2,3)*C(1,3);

wo | TZETA(3,5)=30(2,3)*C(3,3)+J0(3,3)*C(2,3);

o | TZETA(3,6)=30(1,3)*C(3,3)+J0(3,3)*C(1,3);

nz | TZETA(4,1)=2*%(J0O(1,1)*C(1,2)+J0(1,2)*C(1,1));

s | TZETA(4,2)=2%(J0(2,1)*C(2,2)+30(2,2)*C(2,1));

ue | TZETA(4,3)=2%(J0(3,1)*C(3,2)+30(3,2)*C(3,1))

us | TZETA(4,4)=(J0(1,2)*C(2,1)+J0(2,1)*C(1,2))+(JO(1,1)*C(2,2)+30(2,2)*C(1

us | TZETA(4,5)=(J0(2,2)*C(3,1)+J0(3,1)*C(2,2))+(J0(2,1)*C(3,2)+I10(3,2)*C(2

w | TZETA(4,6)=(J0(1,2)*C(3,1)+J0(3,1)*C(1,2))+(J0(1,1)*C(3,2)+J0(3,2)*C(1

w | TZETA(5,1)=2%(J0(1,2)*C(1,3)+J0(1,3)*C(1,2));

120 | TZETA(5,2)=2%(J0(2,2)*C(2,3)+30(2,3)*C(2,2));

21 | TZETA(5,3)=2*%(J0(3,2)*C(3,3)+J0(3,3)xC(3,2));

22 | TZETA(5,4)=(J0O(1,3)*C(2,2)+J0(2,2)*C(1,3))+(JO(1,2)*C(2,3)+J0(2,3)*C(1

123 | TZETA(5,5)=(J0(2,3)*C(3,2)+30(3,2)*C(2,3))+(J0(2,2)*C(3,3)+30(3,3)*C(2

e | TZETA(5,6)=(J0(1,3)*C(3,2)+J0(3,2)*C(1,3))+(J0(1,2)*C(3,3)+J0(3,3)*C(1
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SB9 Matlab Code

TZETA(6,1)=2%(J0(1,1)*C(1,3)+J0(1,3)*C(1,1));
TZETA(6,2)=2%(J0(2,1)*C(2,3)+10(2,3)*C(2,1));
TZETA(6,3)=2%(J0(3,1)*C(3,3)+10(3,3)*C(3,1));
TZETA(6,4)=(J0(1,3)*C(2,1)+J0(2,1)%C(1,3))+(JO(1,1)*C(2,3
TZETA(6,5)=(30(2,3)%C(3,1)+J0(3,1)*C(2,3))+(J0(2,1)*C(3,3
TZETA(6,6)=(J0(1,3)*C(3,1)+J0(3,1)*C(1,3))+(J0(1,1)*C(3,3

end

function [TO,TXI,TETA,TZETA]=matriceTdecomp(XYZ)

[)
“°

X=XYZ(:,1);
Y=XYZ(:,2);
Z=XYZ(:,3);
gl=[-111-1-111-1]/8;
g2=[-1-111-1-11 11/8;
g3=[-1-1-1-111111/8;
hl=[1-11-11-11 —-11/8;
h2=[11-1-1-1-11 1]/8;
h3=[1 -1-11-111 -1]/8;

i)

JO =[dot(X,gl) dot(X,g2) dot(X,g3);
dot(Y,gl) dot(Y,g2) dot(Y,g3);
dot(Z,gl) dot(Z,g2) dot(Z,g3)];

JO=1inv(JO);

%

JXI=[0 dot(X,hl) dot(X,h3);
0 dot(Y,hl) dot(Y,h3);
0 dot(Z,hl) dot(Z,h3)1];

o°

JETA=[dot (X,hl) O dot(X,h2);
dot(Y,hl) O dot(Y,h2);
dot(Z,hl) O dot(Z,h2)];

%

JZETA=[dot (X,h3) dot(X,h2) 0O
dot(Y,h3) dot(Y,h2) 0O
dot(Z,h3) dot(Z,h2) O

’

’

1;
)
]

=—J0+xIXI*J0O;
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F. Matlab source code

B=J0xJETA%*JO;

C=J0xJZETAxJ0;

TO=matriceT(XYZ,[0 0 0]);
[TXI,TETA,TZETA]=matricetxi(JO,A,B,C);

end

function [EH1,EH2,EH12,EH23,EH13]=deformEcartStab(DSP,XYZ)

%[EcO,Eczeta,Eczz,EcXI,ECETA,ECETAZETA,EcXIZETA]=deformatEc(DSP,XYZ);
[EcO,Eczeta,Eczz,EcXI,ECETA,ECXIETA, ECETAZETA,EcXIZETA]=deformatEc (DSP
[TO,TXI,TETA,TZETA]=matriceTdecomp (XYZ);

%% DEFORMATIONS DE STABILISATION
EH1=TOxEcXI+TXI*EcO;
EH2=TOxECETA+TETA*ECO;
EH23=TOxECETAZETA+TETAxEczeta+TZETA*ECETA;
EH13=TO*ECXIZETA+TXI*Eczeta+TZETA*EcXI;
EH12=TOxECXIETA+TXI*ECETA+TETA*ECXI;

end

function B9=calculB9(XYZ,XI)

% Calcul de la composante du neuvieme noeuds
[TO,~,~,~]=matriceTdecomp(XYZ);

Bc9=[0 0 —2xXI(3) 0 0 0]"';

B9=TOx*Bc9;

end

function Kg=rigigeo(S,XYZ,XI)

zeta=XI(3);

%CoordonnAl’es initiale en entrAl’e

% Cette matrice Kg est celle sur un points de Gauss
[TO,TXI,TETA,TZETA]=matriceTdecomp (XYZ);

sfunction ...
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SB9 Matlab Code

[BcO,BcZETA,BcZZ,BcXI,BCcETA,BCETAZETA,BcXIZETA]=matriceBc(XYZ)

gl=-[-1 1 1-1-1 11 -1]/8;
g2=[-1-1 1 1-1-11 1]/8;
g3=[-1-1-1-1 1 11 1]/8;

hl1=[1-11-11-11 —-1]/8;
h2=[11-1-1-1-11 1]/8;
h3=[1 -1-11-111 -1]/8;
h4=[-11-111-11 —-1]/8;

%

%% TYING POINTS
% A Aa D
XAD=[—1 —1 0
1-10
1 10
-1 1 0];
% E TO H
XEH=[—-1 ©
1 00—
1 0
-1 0
%J TOM
XIM=[0 —1 —1
0 1-1
0 1 1
0 -1 171;
Kg=zeros(24,24);
for I=1:8
for J=1:8
LIN=3%(I—1)+1:3%(I—-1)+3;
COL=3%(J—1)+1:3%(J—1)+3;

o

aux033=0;
aux023=0;
aux013=0;
auxZ23=0;
auxZ13=0;
%% BO
for AD=1:4

DSF = DSHAPE (XAD(AD, :));

© [M. Dial, [2020], INSA Lyon, tous droits réservés
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F. Matlab source code

50 aux033=aux033+DSF(3,I)*DSF(3,3)/4;

51 %

52 DSF = DSHAPE(XEH(AD, :));

53 aux023=aux023+(DSF(2,I)*DSF(3,J)+DSF(3,I)*DSF(2,]))/4;

54

auxZ23=auxZ23+XEH(AD,3)*(DSF(2,I)*DSF(3,J)+DSF(3,I)*DSF(2,]))/4;

o®

55

56 DSF = DSHAPE (XJM(AD, :));

57 aux013=aux013+(DSF(1,I)*DSF(3,J)+DSF(3,I)*DSF(1,3))/4;
auxZ13=auxZ13+XIJM(AD,3)*(DSF(1,I)*DSF(3,J)+DSF(3,I)*DSF(1,3))/4;
59 end

60 Smm

61 %aux033

62 GIJO=[gl(I)*gl(J);

6 g2(I)*g2(J);

64 aux033;

6 gl(I)*g2(J)+g2(I)*gl(J);

66 aux023;

67 aux013];

68 %% BZETA

6 AUXZ12=h2(I)*gl(J)+h3(I)*g2(J)+g2(I)*xh3(J)+gl(I)*h2(J) ;
70 GIJZ=[h3(I)*gl(J)+g1l(I)*h3(J);
7 h2(I)*g2(J)+92(I)*h2(J);
72 0 H

7 AUXZ12;

74 auxZ23;

75 auxz13];

76 %% BZZ

7 GIJZZ=[h3(I)*h3(J);

78 h2(I)*xh2(J);

79 0 H

80 h2(I)*h3(J)+h3(I)*h2(J);
81 0 H

82 01,

oP
o

83

84

8 Kg(LIN,COL)=dot(alpha,S)x*eye(3);
86 end
&7 | end

s | end

alpha=T0xGIJO+zetax (TOxGIJZ+TZETA*GIJ0)+zetaxzeta*x (TO*GIJZZ+TZETA*G
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SB9 Matlab Code

function [SH1,SH2,SH12,SH23,SH13]=contraintestab(DSP,XYZ,(C)
% CALCUL DES CONTRAINTES DE STABILISATION
%[EH1,EH2,EH23,EH13]=deformEcartStab(DSP,XYZ);
[EH1,EH2,EH12,EH23,EH13]=deformEcartStab(DSP,XYZ);

% On considAlre la partie dAl’viatorique de ces deformations
I=s[111000]",;

EH1=EH1—(EH1(1)+EH1(2)+EH1(3))*I1/3;
EH2=EH2—(EH2(1)+EH2(2)+EH2(3) )*I1/3;
EH13=EH13—(EH13(1)+EH13(2)+EH13(3))*1/3;
EH23=EH23—(EH23(1)+EH23(2)+EH23(3))*1/3;
EH12=EH12—(EH12(1)+EH12(2)+EH12(3))*1/3;

%

SH1=C*EH1;
SH2=C*EH2;
SH13=C*EH13;
SH23=C*EH23;
SH12=CxEH12;
end

function ...
Kmstab=rigistab(BXIdev,BETAdev,BXIETAdev,BETAZETAdev,BXIZETAdev,C)

Kmstab=8x(BXIdev'*C+BXIdev+BETAdev'*CxBETAdev)/3+...
8x (BETAZETAdev'*xCxBETAZETAdev+. ..
BXIETAdev'*CxBXIETAdev+. ..
BXIZETAdev'*CxBXIZETAdev)/9.0;

end

function Kgstab=rigigeostabl(XYZ,SH1,SH2,SH23,SH13,SH12)

%CoordonnAl’es initiale en entrAl’e
[TO,TXI,TETA,TZETA]=matriceTdecomp (XYZ);
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F. Matlab source code

s |%function ...
[BcO,BcZETA,BcZZ,BcXI,BcETA,BcETAZETA,BcXIZETA]l=matriceBc(XYZ)

7 | %%
¢/gl=[-111-1-111-1]/8;
9/02=[-1-111-1-111]1/8;
0[g3=[-1-1-1-11111]/8;
1%
2|hl=[1-11-11-11 -1]/8;
3h2=[11-1-1-1-111]1/8;
uw|h3=[1-1-11-111 -11/8;
5| h4=[-11-111-11 -11/8;
1« | IDEN=[1 1 10 0 0]";
17 O/o
18 %% TYING POINTS
v |% A A3 D
20 | XAD=[—1 —1 0
21 1-10
2 1 10
23 -1 1 0];
«|% E TO H
s | XEH=[—1 0 —1
2 1 0-1
2 1 0 1
28 -1 0 1];
2% J TOM
50 | XIM=[0 —1 —1
31 0 1-1
32 0 1 1
33 0 -1 1];
34 o/oc/o
55 | Kgstab=zeros(24,24);
36 | for I=1:8
37 for J=1:8
38 LIN=3%(I—-1)+1:3%(I-1)+3;
39 COL=3%(J—1)+1:3%(J—1)+3;
40 o/o% BO
41 aux33=0;
42 aux23=0;
3 aux13=0;
" for AD=1:4
s DSF = DSHAPE(XAD(AD, :));
46 aux33=aux33+DSF(3,I)*DSF(3,3);
47 end
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for EH=1:4

DSF = DSHAPE(XEH(EH, :));
aux23=aux23+(DSF(2,I)*DSF(3,J)+DSF(3,I)*DSF(2,]))/4;
end

for JM=1:4

DSF = DSHAPE (XJIM(JM, :));
aux13=aux13+(DSF(1,I)*DSF(3,J)+DSF(3,I)*DSF(1,J))/4;
end

GcO=[gl(I)*gl(J);

g2(I)*g2(J);
aux33;
g1(I)*g2(J)+g2(I)*gl(J);
aux23;
aux13];

%% BZETA

aux23=0;

aux13=0;

for EH=1:4

DSF = DSHAPE (XEH(EH,:));
aux23=aux23+XEH(EH,3)* (DSF(2,I)*DSF(3,J)+DSF(3,I)*DSF(2,3))/4;
end
for JM=1:4
DSF = DSHAPE (XJM(JM, :
aux13=aux13+XIM(JIM, 3)
end
AUX12=h2(I)*gl(J)+h3(I)*g2(J)+g2(I)*h3(J)+gl(I)*xh2(J) ;
GCZETA=[ h3(I)=*gl(J)+gl(I)*h3(J);
h2(I)*g2(J)+92(I)*h2(J);

);

)
*(DSF(1,I)*DSF(3,J)+DSF(3,I)*DSF(1,3))/4;

0 ;
AUX12;
aux23;
aux13];
%% BcXI

AUX33=0;

aux23=0;

for AD=1:4

DSF = DSHAPE (XAD(AD,:));
AUX33=AUX33+XAD (AD, 1) *(DSF(3,I)*DSF(3,3))/4;

end

for EH=1:4
DSF = DSHAPE (XEH(EH,:));
aux23=aux23+XEH(EH,1)*(DSF(2,I)*DSF(3,J)+DSF(3,I)*DSF(2,3))/4;
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91 end
92 GCXI=[ 0 H
o h1(I)*g2(3)+g2(I)*h1(1);
94 AUX33,
%5 h1(I)*gl(J)+gl(I)*h1l(J);
96 aux23;
97 0];
98
9 | %% ETA
100 AUX33=0;
101 aux13=0;
102 for AD=1:4
103 DSF = DSHAPE(XAD(AD, :));
104 AUX33=AUX33+XAD (AD,2)*(DSF(3,I)*DSF(3,3))/4;
105 end
106 for JM=1:4
107 DSF = DSHAPE(XJM(JM, :));
108 aux13=aux13+XIM(IM,2)*(DSF(1,I)*DSF(3,J)+DSF(3,I)*DSF(1,3))/4;
109 end
GCETA=[ h1(I)*g1(J)+gl(I)*h1(J);
111 0 H
12 AUX33;
113 h1(I)*g2(J)+g2(I)*h1(J);
114 0 B
115 aux13];
us | %% XIETA
117 for AD=1:4
us DSF = DSHAPE(XAD(AD, :));
19 AUX33=AUX33+XAD(AD,2)*XAD(AD, 1)*(DSF(3,I)*DSF(3,3))/4;
120 end
121 GCXIETA= [ 0;
122 0 ;
123 AUX33 ;
124 2xh1(I)*h1(J);
125 0 H
126 0];
127 | %% ETAZETA
128 AUX11=h4(I)*gl(J)+h3(I)*h1(J)+h1(I)*h3(J)+gl(I)=*h4(J);
129 AUX12=h4(I)*g2(J)+h2(I)*h1(J)+h1(I)*h2(J)+g2(I)*h4(J);
130 AUX13=0;
131 for JM=1:4
132 DSF = DSHAPE(XJM(JM, :));
133
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AUX13=AUX13+XIM(IM, 2)*XIM(IM,3)*(DSF(1,I)*DSF(3,J)+DSF(3,I)=*DSF(1,]
end
GCETAZETA=[ AUX11;
0 ;
0o
AUX12;
0 ;
AUX131;

%% XIZETA
AUX22=h4(I)*g2(J)+h2(I)*h1(J)+h1(I)*h2(J)+g2(I)*h4(J);
AUX12=h4(I)*gl(J)+h3(I)*h1(J)+h1(I)*h3(J)+gl(I)*h4(J);
AUX23=0;
for EH=1:4

DSF = DSHAPE (XEH(EH,:));

AUX23=AUX23+XEH(EH,1)*XEH(EH,3)*(DSF(2,I)*DSF(3,J)+DSF(3,I)*DSF(2,J
end
GCXIZETA=[ 0 ;
AUX22;
o
AUX12;
AUX23;
o I;

%

o

o®

CALCUL DES DEVIATORIQUES
GXIc=GXIc—(GXIc(1)+GXIc(2)+GXIc(3))*IDEN/3;
GETAc=GETAc—(GETAc(1)+GETAc(2)+GETAc(3))=*IDEN/3;

o®

o®

GETAZETAC=GETAZETAC—(GETAZETAc(1)+GETAZETAc(2)+GETAZETAc(3))*IDEN/3|;

o®

GXIZETAc=GXIZETAC—(GXIZETAC(1)+GXIZETAc(2)+GXIZETAc(3))*IDEN/3;
GXIETACc=GXIETAC—(GXIETAc(1)+GXIETAc(2)+GXIETAc(3))=*IDEN/3;

o®

%

GXI=TO*GCcXI+TXI*GcO;

GETA=TO*GCETA+TETA*GCO;
GETAZETA=TO*GCETAZETA+TETA*xGCZETA+TZETA*GCETA;
GXTZETA=TO*GCXIZETA+TXI*GCZETA+TZETAxGCXI;
GXTETA=TO*GCXIETA+TXI*GCETA+TETA*GCXI;
GXI=GXI—(GXI(1)+GXI(2)+GXI(3))=*IDEN/3;
GETA=GETA—(GETA(1)+GETA(2)+GETA(3) )*IDEN/3;
GETAZETA=GETAZETA—(GETAZETA(1)+GETAZETA(2)+GETAZETA(3) )*IDEN/3;
GXIZETA=GXIZETA—(GXIZETA(1)+GXIZETA(2)+GXIZETA(3))*IDEN/3;
GXIETA=GXIETA—(GXIETA(1)+GXIETA(2)+GXIETA(3))*IDEN/3;
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%

CONST=SH1'*GXI*(8/3)+SH2"'*GETA*(8/3)+(SH23'*xGETAZETA+SH13'*GXIZETA+SH1
Kgstab(LIN,COL)=CONSTx*eye(3);
end

%

end
end

F.2 SB7 Matlab Code

2 "' *GXIETA) * (8/

function [aire2D,h,volume,det],BmO,Bbo,...
Bc0O,Bcl,Bc2,Bp0,Bsz,Bgu,Bgv,Bgw]=MatricesBprisme(XYZ)

o°

%% Repere local
Xi=XYZ(1,1);
Yi=XYZ

o°

X12=(Xj+Xm—Xi—X1
Y12=(Yj+Ym-Yi—Y1l
212=(Zj+Zm-Zi—Z1
13=(Xk+Xn—Xi—X1
13=(Yk+Yn—Yi—Y1
Z213=(Zk+Zn—Zi—Z1

/2.0

/2.0

/2.0;
0
0
0

>

/2.
/2.
/2.

=<

(
(
(
(
(
(

~— O~ N N S~ ~—
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31
32 | XX=X12 ;

53 | XY=Y12 ;

s | XZ=212 ;

35 | NX=sqrt (XXsxXX+XY*XY+XZ*XZ) ;
36 | XX=XX/NX;

57 | XY=XY/NX;

38 | XZ=XZ/NX;

39
w | ZX=Y12%Z13—Z212%Y13;

a | ZY=Z12xX13—X12%Z13;

w2 | 2ZZ=X12xY13—Y12xX13;

s | Nz=sqrt (zX*«zX+zY*zY+zZxzZ) ;
a | ZX=2zX/Nz;

s | 2zY=2Y/Nz;

w | 2Z=2Z/Nz;

47
s | YX=2Y*XZ—2Z*XY;

19 | YY=ZZ*XX—2ZX*XZ;

so | YZ=ZXkXY—ZY*XX;

si | Ny=sqrt (yXxyX+yYxyY+yZ*yZ);
s2 | YX=yX/Ny;

53| YY=yY/Ny;

sa | YZ=YZ/Ny;

55
ss | %% CoordonnAl’es locales

57

58 X1=XX*kX1+XY*xYi+XZ*Z1i;
59 yi=yX«Xi+yY*Yi+yZ*Zi;
60 Zi=zXxXi+zY*Yi+zZ*Z1i;
61 XJ=XXkX]+XY*Yj+XZ*Z] ;
62 Vi=yX«Xj+yY*Yj+yZ*Zj;
63 Z2j=zX*«Xj+zY*Y]j+zZ*Zj;
64 Xk=xX*Xk+XY*xYk+xZ*xZK;
6 yk=yX*xXk+yY*Yk+yZ*Zk;
66 zk=zX*Xk+zYxYk+zZxZk;
67

68 XL=xX*XT+XY*xY1+XxZ*Z1;
69 yl=yX«X1+yY*Y1+yZ*Z1;
70 zl=zXxX1+zY*xY1l+zZ*Z1;
7 XM=XX*xXm+XY*xYm+XxZ*Zm;
72 ym=yX«Xm+yY*Ym+yZ*xZm;
73 zm=zX*xXm+zY*xYm+zZ*xZm;
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74 XN=XX*xXn+XY*xYn+xZ*xZn;
75 yn=yX*«Xn+yY*xYn+yZ*xZn;
76 zn=zX*Xn+zYxYn+zZx*Zn;
78 x1=(xi+x1)/2.0;

79 yl=(yi+yl)/2.0;

80

81 X2=(xj+xm)/2.0;

52 y2=(yj+ym)/2.0;

84 x3=(xk+xn)/2.0;

8 y3=(yk+yn)/2.0;

86

87 X3=x3—x1;

88 y3=y3—y1;

90 X2=x2—x1;

91 y2=0.0;

92

93 x1=0.0;

04 y1=0.0;

95

% aire2D=abs (x2*xy3—x3*y2)/2.0;
o7 h=abs (zl+zm+zn—zi—zj—zk)/3.0;

e | %% volume

9 | volume=aire2Dx*h;
100
01 | %% BbO=matriceflexion(XYZ,xX,xY,xZ,yX,yY,yZ,zX,zY,zZ,aire2D);
[Bt,Bw]=matricesBtBw(x1l,yl,x2,y2,x3,y3,aire2D);

0.0
103 | 670

102

w4 | %Bdonne les trois rotations aux milieux des cotifis du DKT6 en ...

fonction des
s | stranslations dans le repifire global des 6 noeuds
ws | Tt=TransformerTransRot (XYZ);

107

o

108 c’/0
109 Bbt=Btx*Tt ’
w0 | Bbw=zeros(3,18);

11 for p=1:3
12 Bbw(p,1)=0.5«Bw(p, 1) *zX;
13 Bbw(p,2)=0.5*xBw(p,1)*zY;
114 Bbw(p,3)=0.5%xBw(p,1)*zZ;
15 Bbw(p,10)=Bbw(p,1);
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116 BbW(p,ll) (p,2),
117 BbW(p,lZ) (p 3)
118 Bbw(p,4)=0.5«Bw(p,2)*zX;
119 Bbw(p,5)=0.5*xBw(p,2)*zY;
120 Bbw(p,6)=0.5*xBw(p,2)*zZ;
121 Bbw(p,13)= b w(p,4);
122 Bbw(p,14)=Bbw(p,5);
123 BbW(p 15) ( )

124 Bbw(p,7)=0. 5*Bw(p 3)*xzX;
125 Bbw(p,8)=0.5*xBw(p,3)*zY;
126 BbW(p,9)=0 5% BW(p,3)*ZZ;
127 BbW(p,16)= ( ),
128 BbW(p,17)= ( ),
129 BbW(p, 18)=BbW( ) ;

130 end
131

132 Bb0=Bbt+BbW;

133

13 | %% Jacobien en ksi=1/3, eta=1/3, zeta=0

135 matJ(1,1)=(—xi+X]j —x1+xm )/2.0;
136 matJ(1,2)=(—yi+y]j —yl+ym )/2.0;
137 matJ(1,3)=(—zi+z]j —z1l+zm )/2.0;
138 matlJ(2,1)=(—xi  +xk—x1l +Xxn)/2.0;
139 matJ(2,2)=(— yi +yk—yl  +yn)/2.0;
140 matJ(2,3)=(— +zk—z1 +zn)/2.0;
141 matJ(3,1)=(— x1—x3—xk+x1+xm+xn) .0;
matJ(3,2)=(—yi—yj—yk+yl+ym+yn)/6.0;
143 matJ(3,3)=(—zi—zj—zk+z1l+zm+zn)/6.0;

144
s | %%determinant de J
146 det]= (matJ( )*matJ(

)—matJ( )xmatJ(

’ ’ ’ ’

148 detJ=detJ+(matJ(
149
150 invJ1ls3=inv(matl]);
%% [bx,by,bz]=MatricesBxByBzauCentre(inv]);
152 | b=1. @/20,
153 t—1.0/2.0;
154 U=1.0/6.@;
155 | bx=zeros(1,6);
156 | by=zeros(1,6);
157 bZ=Zer05(1,6);
158 | %%<N,ksi> ; <N, eta> <N, zeta>

)xmatJ ( )—matJ( )*matJ(

’ ’ ’ ’

151

))*matJ(3,1);

2,2 3,3 3,2 2,3))*matl(1,1);
147 detJ=detJ—(matJ(1,2)*matl(3,3)—matl(3,2)*matI(1,3))*matl(2,1);
1,2 2,3 2,2 1,3

’

’
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159 BkSi(1,1)=—b;
160 BkSi(2,1)=—b;
161 BkSi(3,1)=—U;
162 Bksi(1l,2)= b;
163 Bksi(2,2)=0.0;
164 BkSi(3,2)=—U;
165 BkSi(1,3)=0.0;
166 BkSi(2,3)= b;
167 BkSi(3,3)=—U;
168 BkSi(1,4)=—t;
169 BkSi(2,4)=—t;
170 Bksi(3,4)= u;
171 BkSl(1,5)= t;
172 Bk51(2,5)=00,
173 Bksi(3,5)= u;
174 Bksi(1,6)=0.0;
175 Bksi(2,6)= t;
176 Bksi(3,6)= u;

177
s | %%sligne 1:<N,x>; ligne 2:<N,y>; ligne 3:<N,z> — en xi=1/3,
eta=1/3, zeta=0 —

179 for ]=16

180 bx(j)=invJ1s3(1,1)*Bksi(1,j)+invJ1s3(1,2)*Bksi(2,j)...
181 +inv]1s3(1,3)*Bksi(3,j);

182 by(j)=inv]1s3(2,1)*Bksi(1,j)+inv]1s3(2,2)*Bksi(2,j)...
183 +inv]1s3(2,3)*Bksi(3,7);

184 bz(j)=invJ1s3(3,1)*Bksi(1,j)+invJ1s3(3,2)*Bksi(2,j)...
185 +invJ1s3(3,3)*Bksi(3,j);

186 end

w7 | %% pour rigidite gAl’ometrique

88 | s%matrice B gifiomifitrique

w | [Bgu,Bgv,Bgw]=MatricesBg(xX,xY,xZ,yX,yY,yZ,zX,zY,zZ,bx,by,bz);
90 | %% [BmO]=MatriceBm0O (xX,xY,xZ,yX,yY,yZ,bx,by);

191 Bm(1,1 )=bx(1)*xX; Bm(2,1 )=by(1)*xyX; Bm(3,1 )=bx(1)*xyX+by(1)=*xX;
192 Bm(1,2 )=bx(1)*xY; Bm(2,2 )=by(1l)=*yY; Bm(3,2 )=bx(1l)*yY+by(1l)=*xY;
193 Bm(1l,3 )=bx(1l)*xZ; Bm(2,3 )=by(l)*yZ; Bm(3,3 )=bx(1l)*xyZ+by(1l)=*xZ;
194 Bm(1,4 )=bx(2)*xX; Bm(2,4 )=by(2)*xyX; Bm(3,4 )=bx(2)*xyX+by(2)*xX;
195 Bm(1,5 )=bx(2)*xY; Bm(2,5 )=by(2)x*yY; Bm(3,5 )=bx(2)x*xyY+by(2)*xY;
196 Bm(1,6 )=bx(2)*xZ; Bm(2,6 )=by(2)*yZ; Bm(3,6 )=bx(2)*xyZ+by(2)*xZ;
197 Bm(1,7 )=bx(3)*xX; Bm(2,7 )=by(3)*yX; Bm(3,7 )=bx(3)*xyX+by(3)*xX;
198 Bm(1,8 )=bx(3)=*xY; Bm(2,8 )=by(3)*yY; Bm(3,8 )=bx(3)*xyY+by(3)x*xY;
199 Bm(1,9 )=bx(3)*xZ; Bm(2,9 )=by(3)*xyZ; Bm(3,9 )=bx(3)x*xyZ+by(3)*xZ;
200 Bm(1,10)=bx(4)*xX; Bm(2,10)=by(4)x*yX; Bm(3,10)=bx(4)*xyX+by(4)*xX;
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m(1l,11)=bx(4)=*xY; Bm(2,11)
m(1l,12)=bx(4)*xZ; Bm(2,12)
m(1,13)=bx(5)*xX; Bm(2,13)
Bm(1,14)=bx(5)=*xY; Bm(2,14)
m(1,15)=bx(5)*xZ; Bm(2,15)
m(1,16)=bx(6)*xX; Bm(2,16)
m(1,17)=bx(6)*xY; Bm(2,17)
m(1,18)=bx(6)*xZ; Bm(2,18)
BmO=Bm;

%% parail pour le pincement

%% [BpO]=MatriceBp0(zX,zY,zZ,bz);

BpO(1l )=bz(1)=*zX;
Bp0O(2 )=bz(1)=xzY;
BpO(3 )=bz(1l)x*zZ;
Bp0(4 )=bz(2)=xzX;
BpO(5 )=bz(2)=xzY;
Bp0O(6 )=bz(2)*zZ;
BpO(7 )=bz(3)*zX;
BpO(8 )=bz(3)x*zY;
Bp0(9 )=bz(3)x*zZ;
Bp0(10)=bz(4)=*zX;
Bp0O(11)=bz(4)=xzY;
Bp0(12)=bz(4)*zZ;
Bp0(13)=bz(5)*zX;
Bp0(14)=bz(5)*zY;
Bp0(15)=bz(5)*zZ;
Bp0(16)=bz(6)*zX;
Bp0(17)=bz(6)*zY;
Bp0(18)=bz(6)*zZ;

%% [BcO,Bcl,Bc2]=MatriceBcO(..

o®

hl=sqrt((xl—xi)

h2=sqrt ((xm—xj)

h3=sqrt ( (xn—xk)

BcO=zeros(2,18);

Bcl=zeros(2,18);

Bc2=zeros(2,18);
%% Jacobien

’

*
*(Xm—xj)+
* (xn—xk)+

.)

(XT—xi)+(yl—yi)*(yl—yi)+(z1l—zi)*
(ym—yj)*(ym-yj)+
(yn—yk)*(yn—yk)+

%%) en ksi=0, eta=0, zeta=0
matJ(1l,1)=(—xi+X]j —x1+xm )/2.0;
matJ(1,2)=(—yi+yj] —yl+ym )/2.0;
matJ(1,3)=(—zi+z]j —z1l+zm )/2.0;

(zm—zj) =
(zn—zk) %

=by(4)xyY; Bm(3,11)=bx(4)*yY+by(4)*xY;
=by(4)*yZ; Bm(3,12)=bx(4)*yZ+by(4)*XxZ;
=by (5)*yX; Bm(3,13)=bx(5)*yX+by(5)*xX;
=by (5)*yY; Bm(3,14)=bx(5)*yY+by(5)*xY;
=by(5)xyZ; Bm(3,15)=bx(5)*yZ+by(5)*xZ;
=by (6)*yX; Bm(3,16)=bx(6)*xyX+by(6)*xX;
=by(6)*yY; Bm(3,17)=bx(6)*yY+by(6)*xY;
=by(6)*yZ; Bm(3,18)=bx(6)*yZ+by(6)*XxZ;

(zl-z1));
(zm—zj));
(zn—zk));

225

Cette thése est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2020LY SEI040/these.pdf
© [M. Dial, [2020], INSA Lyon, tous droits réservés




F. Matlab source code

244 matJ(2,1)=(—xi +xk—x1
245 matJ(2,2)=(—yi +yk—yl
246 matl(2,3)=(—zi +zk—z1
247 matJ(3,1)=(—xi +x1
248 matJ(3,2)=(—y1 +y1
249 matJ(3,3)=(—zi +z1

250
1| %%matrice J moins 1
252 invJo=inv(matl]);

o

253 %
[

254

+XN
+yn
+2Zn

~— — ~— ~— ~— ~—

/2.
/2.
/2.
/2.
/2.
/2.

g304,9305,9306,V1,V2,V3]=vecteurs_g30(xi,yi,zi,xj,yj,zj,xk,yk,zk, ..

x1,yl,zl,xm,ym,zm,xn,yn,zn);

256 | %%
257 Zl=(Zi+Z-l.)/2.0;
258 z2=(zj+zm)/2.0;
259 z3=(zk+zn)/2.0;
260
261 g10(1)=x2—x1;
262 glo(2)=y2—y1;
263 gl@(3)=22—21,
265 920(1)=X3—X1;
266 920(2)=y3—y1;
267 g20(3)=z3-z1;
269 g21(1)=x3—x2;
270 021(2)=y3—y2;
271 921(3)=z3-2z2;
a2 | %% calcul de matrices C
274 C111(2)=—1.0%g304(2);
276 C111(4)=—0.25%xh1xdot (V1 ),910);
277 C111(5)= 0.25xhlxdot(V1 ,910);
279 C112(1)=g304(1);
280 C112(2)=g304(2);
281 C112(3)=g304(3);
282 C112(4)=—0.25*h2*d0t(V2(2,:),glO H
283 C112(5)=+0.25*xh2*xdot (V2(1,:),ql0);
285 C212(1)=—1.0%g305(1);
286 C212(2)=—1.0%g305(2);
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C212(3)=—1.0%g305(3);

C212(4)=—0.25xh2xdot (V2(2,
C212(5)=+0.25xh2xdot (V2(1,
C213(1)=g305(1);
C213(2)=g305(2);
C213(3)=g305(3);
C213(4)=—0.25%h3xdot (V3(2,:
C213(5)=+0.25xh3xdot (V3(1,:
C311(1)=g306(1);
C311(2)=g306(2);
C311(3)=9306(3);
C311(4)=+0.25xh1xdot (V1(2,:
C311(5)=—0.25xh1xdot (V1(1,:
C313(1)=—1.0%g306(1);
C313(2)=—1.0%g306(2) ;
C313(3)=—1.0%g306(3) ;
C313(4)=+0.25*h3*dot (V3(2
C313(5)=—0.25*h3*dot (V3(1

);
);

C113(1)=0.0; C113(2)=0.0; C113(3)=0.0; C113(4)=0.0;

C113(5)=0.0;

C211(1)=0.0; C211(2)=0.0; C211(3)=0.0; C211(4)=0.0;

C211(5)=0.0;

C312(1)=0.0; C312(2)=0.0; C312(3)=0.0; C312(4)=0.0;

C312(5)=0.0;

for i=1:5
C121(i)=C311(1);
C122(i)=C312(1);
C123(1)=—C313(1);
C221(1i)=—C111(1i);
C222(1)=—C112(1i);
C223(i)=C113(1);
C321(i)=C211(1);
C322(1i)=C212(1);
C323(1)=—C213(1);

end

for i=1:3

C1(1,i) =Cl11(di);

C1(1,i+3)=C112(1i),;
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527 C1(1,i+6)=C113(1i),;
328 C1(2,i) =C121(i);
329 C1(2,1+3)=C122(i);
330 C1(2,i+6)=C123(1);
332 C2(1,l) =C211(l),
333 C2(1,i+3)=C212(1);
334 C2(1,i+6)=C213(i);
335 C2(2,i) =C221(i),;
336 C2(2,i+3)=C222(1);
337 C2(2,i+6)=C223(1i),;
338
339 C3(1,i) =C311(i);
340 C3(1,i+3)=C312(1i);
341 C3(1,1+6)=C313(1);
342 C3(2,l) =C321(l),
343 C3(2,i+3)=C322(i);
344 C3(2,1i+6)=C323(1);
345 end
347 for i=4:5
348 C1(1,i+6) =C111(i);
349 Cl(l,i+8) =C112(i);
350 Cl(l,i+10)=C113(i);
351 C1(2,i+6) =C121(i);
352 C1(2,i+8) =C122(i);
353 Cl(Z,i+1@)=C123(i);
354
355 C2(1,i+6) =C211(i);
356 C2(1,i+8) =C212(i);
357 C2(1,l+10)=C213(l),
358 C2(2,i+6) =C221(i);
359 C2(2,i+8) =C222(1i);
360 C2(2,1i+10)=C223(1i);
362 C3(1,i+6) =C311(i);
363 C3(1,i+8) =C312(1i);
364 C3(1,1+10)=C313(1);
365 C3(2,i+6) =C321(1i);
366 C3(2,1i+8) =C322(1i);
367 C3(2,1+10)=C323(1);
368 end
369 D1(1,1)= 1.0;
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D3(2,2)— 0.

%%calcul matrice
Bdl=zeros(2,15);
Bd2=zeros(2,15);
Bd3=zeros(2,15);

for p=1:2

for g=1:
auxl=
aux2=
aux3=

Bd = DxC

15

0.0;
0.0;
0.0;

for r=1:2

auxl=aux1l+D1(p,r)*Cl(r,q);
aux2=aux2+D2(p,r)*C2(r,q);
aux3=aux3+D3(p, r)*C3(r,q);

end

Bdl(p,q)=auxl;
Bd2(p,q)=aux2;
Bd3(p,q)=aux3;

end
end

%%calcul matrice Bdt dans la base global
%%calcul matrice transformation T

T=zeros (15,

for p=1:3

T(3*xp—2,3xp—2)=
(3*p—2,3*p—1)= .
(3%p—2,3%p)=0.5%xZ;
(3xp—1,3%xp—2)=0.5
(3xp—1,3%p—1)=0.5*yY;
(

(

T
I
I
I
I
T

3xp—1,3*p)=
3*p,3*p—2)= .5%zX;

18);
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413 T(3*p,3*p—1)=0.5xzY;
414 T(3*p,3%p)=0.5%zZ;
415
416 T(3*xp—2,3*xp+7)=0.5%xX;
T(3*%p—2,3%p+8)=0.5*xY;
T(3xp—2,3*p+9)=0.5%xZ;
419 T(3xp—1,3*p+7)=0.5xyX;
420 T(3*xp—1,3%p+8)=0.5xyY;
T(
T(
T(
T(

417

418

3xp—1,3*p+9 5*yZ
3*xp, 3*xp+7)
3*p, 3*p+8)
3%p,3*xp+9)=
425 end

421

422

423

0.
)=0.

0.5%

0.5%

424 G 5

426

27 |%% [Tr]l=matrice_trans_rot

428 Tm=zeros(6,18);

429 Tr=zeros(6,18);

30 | %

431 for i=1:3

a3 Tm(1l,1)=V1(2,1)/hl;

433 m(2,1)=—V1(1,1)/h1,
434 m(l,i+9)=—Tm(1,i);

435 m(2,i+9)=—Tm(2,i);

436

a3 Tm(3,1i+3)=V2(2,1)/h2;
438 Tm(4,i+3)=—V2(1,1)/h2;
439 Tm(3,1+12)=—Tm(3,1+3),
440 Tm(4,i+12)=—-Tm(4,1+3);

441
5,i+6)=V3(2,1i)/h3;
6 i+6)=—V3(1,1)/h3;
5,i+15)=—Tm(5,1+6);
6 1i+15)=—Tm(6,1+6);

442

443

444

P

445

446 end
447
448 for i=1:2
449 Tr(i,1)=Tm(i,1)*xX+Tm(i,2)*xyX+Tm(i,3)*zX;
450 Tr(i,2)=Tm(i,1)*xY+Tm(i,2)*xyY+Tm(i,3)*zY;
451 r(i,3)=Tm(i,1)*xZ+Tm(i,2)*xyZ+Tm(1i,3)*zZ;
452 (l 10) —Tr(l 1);
453 (1,11) —Tr(1 2),
454 r(i,12)=—Tr(i,3);
455 end
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o®
o®

for i=3:4
Tr(i,4)=Tm
Tr(i,5)=Tm
Tr(i,6)=Tm(1i,4)*xZ+Tm(i,5)*yZ+Tm(1i,6)*zZ;
Tr(i,13)=—Tr(i,4);
Tr(
Tr(

1,4)*xxX+Tm(1i,5)*xyX+Tm(i,6)*zX;
1,4)*xY+Tm(1i,5)*xyY+Tm(i,6)=*zY;

—_ o~

i,14)=Tr(i,5);

i,15)=Tr(i,6);
end
for i=5:6

Tr(i,7)=Tm(1i,7)*xX+Tm(i,8)*xyX+Tm(i,9)=*zX;

Tr(i,8)=Tm(i,7)*xY+Tm(i,8)xyY+Tm(i,9)*zY;
Tr(i,9)=Tm(i,7)*xZ+Tm(i,8)*xyZ+Tm(i,9)*zZ;
Tr(i,16)=—Tr(i,7);
Tr(i,17)=—Tr(4i,8);
Tr(i,18)=—Tr(1i,9);
end

for p=1:6
for g=1:18
T(p+9rQ)=Tr(p:Q);
end
end
Bdtl=zeros(2,18);
Bdt2=zeros(2,18);
Bdt3=zeros(2,18);
for p=1:2
for g=1:18
aux1=0.0;
aux2=0.0;
aux3=0.0;
for r=1:15
auxl=aux1+Bd1l(p, r)*T(r,q);
aux2=aux2+Bd2(p, r)*T(r,q);
aux3=aux3+Bd3(p, r)*T(r,q);

end
Bdtl(p,q)=auxl;
Bdt2(p,q)=aux2;
Bdt3(p,q)=aux3;
end
end
for p=1:2
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F. Matlab source code

)
i)

o°

for g=1:18
aux1=0.0;
aux2=0.0;
aux3=0.0;
for r=1:2
auxl=auxl+invJo(p, r)*Bdtl(r,q)
aux2=aux2+invJo(p,r)*(Bdt3(r,q
aux3=aux3+invJo(p,r)*(Bdt2(r,q
end
BcO(p,q)=auxl;
Bcl(p,q)=aux2;
Bc2(p,q)=aux3;
end
end

)—Bdtl(r,q));
)—Bdtl(r,q));

stabilisation
b=1.0/2.0;
t=1.0/2.0;
u=1.0/2.0;

T o on ﬂl T
| © © © © |

+~c +~~+- T- - - TC OO
O O O ~t ~= == =t O~ O O @O ~+ ~= == =a

~n

- o~

o o © o
- ~ - - -
o ~-

OoOo0oocouuu s, S, WWWNNNRERPR,
— = = = = — — — = = — — — — — — ~— ~—

for j=1:6

Bx(j)=invJo(1,1)*Bksi(1l,j)+invJo(1,2)*Bksi(2,j)+invJo(1,3)*Bksi(3, ]
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o®
o®

o®
o

By(j)=invJo(2,1)*Bksi(1l,j)+invJo(2,2)*Bksi(2,j)+invJo(2,3)*Bksi(3, ]

Bz(j)=invJo(3,1)*Bksi(1,j)+invJo(3,2)*Bksi(2,j)+inv]o(3,3)*Bksi(3,]j
end

[Vgamma]=VecteursGamma(xyz,Bx,By,Bz);
XYZe(1,1)=xi;

XYZe(1,2)=yi;
XYZe(1,3)=zi;
XYZe(2,1)=xj;
XYZe(2,2)=yj;
XYZe(2,3)=zj;
XYZe(3,1)=xk;
XYZe(3,2)=yk;
XYZe(3,3)=zk;
XYZe(4,1)=x1;
XYZe(4,2)=yl;
XYZe(4,3)=z1;
XYZe(5,1)=xm;
XYZe(5,2)=ym;
XYZe(5,3)=zm;
XYZe(6,1)=xn;
XYZe(6,2)=yn;
XYZe(6,3)=zn;
vecteurs {h}
matH(1,1)= 0.0;
matH(1,2)= 0.0;
matH(2,1)= 0.0;
matH(2,2)=—1.0;
matH(3,1)=—1.0;
matH(3,2)= 0.0;
matH(4,1)= 0.0;
matH(4,2)= 0.0;
matH(5,1)= 0.0;
matH(5,2)= 1.0;
matH(6,1)= 1.0;
matH(6,2)= 0.0;
Vgamma=zeros(6,2);
for j=1:2
hX=0.0;
hY=0.0;
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581 hZ=0.0;

582 for i=1:6

583 hX=hX+matH(1i,j)*XYZe(1i,1);

584 hY=hY+matH(i,j )*XYZe(1,2) ;

585 hZ=hZ+matH(i,j )*XYZe(1,3) H

586 end

587 for i=1:6

588 Vgamma (i, j)=(matH(i,j)—hX*Bx(i)—hY*By(i)—hZ*Bz(i))/2.0;
589 end

590 end

s2 | %%matrice gradient pour la stabilisation stabilisation
53 | Bsz=zeros(2,18);

594 for j=1:6

sss | %%Bsx pour qlx,qly; Bsy pour qly,q2y; Bsz pour qlz,q2z

596 k=3*(]_1):

597 Bsz(1,k+1)=zX«*Vgamma(j,1);
598 Bsz(1,k+2)=zY+*Vgamma(j,1);
599 Bsz(1,k+3)=zZxVgamma(j,1);
600 Bsz(2,k+1)=zX«Vgamma(j,2);
601 Bsz(2,k+2)=zY+Vgamma(j,2);
602 Bsz(2,k+3)=zZ«Vgamma(j,2);
603 end

st | Bsz=BszxinvJo(3,3);

05 | end

3 | %%appel des deux procifidures prificifidentes Bt _Bw
« | function [Bt,Bw]=matricesBtBw(x1l,yl,x2,y2,x3,y3,aire)
5

6 Xx21=x2—x1;

7 y21l=y2—y1;

8 L21=sqrt(x21%x21+y21xy21);
9 c4=x21/1L21;

10 s4=y21/L21,;

1 X32=X3—x2;

12 y32=y3—y2;

13 L32=sqrt(x32*xx32+y32xy32);
14 C5=X32/L32;

15 s5=y32/1L32;
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16 Xx13=x1—x3;
17 y1l3=y1l-y3;
18 L13=sqrt(x13+*x13+y13xyl3);
19 C6=X13/L13;
20 s6=y13/L13;

21

o®
o®

22

s |%%matrice gradient faisant intervenir les rotations au milieu des ...

cotAl’s
u |%%Bt du 1'AL’1AL’ment DKT6
»s | Bt=matriceBt(x21,y21,x32,y32,x13,yl3,aire,c4,s4,c5,s5,c6,s6);

26

o®
o

27

» | %%matrice gradient faisant intervenir les translations normales ...

aux sommets

» |%%de 1'AL’1AL ’ment DKT6

5 | Bw=matriceBw(aire,c4,s4,c5,s5,c6,s6);
31

52 | end

o®
o

cotAl’s
5 | %%Bt du 1'AL’1Al'ment DKT6
+ | function Bt=matriceBt(x21,y21,x32,y32,x13,y13,...

5 aire,c4,s4,c5,s5,c6,s6)

7 Bt(1l,1)=(y2l)*s4/aire;

8 Bt(1,2)=(y32)*s5/aire;

9 Bt(1,3)=(yl3)*s6/aire;

10 Bt(2,1)=(x21)*c4/aire;

1 Bt(2,2)=(x32)*c5/aire;

12 Bt(2,3)=(x13)*c6/aire;

13 Bt(3,1)=((—y21)*c4+(—x21)*s4)/aire;
14 Bt(3,2)=((—y32)*c5+(—x32)*s5)/aire;
15 Bt(3,3)=((—yl3)*c6+(—x13)*s6)/aire;
16 | end

2 |%%matrice gradient faisant intervenir les rotations au milieu des ...
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o®
o

%%matrice gradient faisant intervenir les translations normales ...

aux sommets
%%de 1'AL’1Al 'ment DKT6
function Bw=matriceBw(aire,c4,s4,c5,s5,c6,s6)

Bw(l,1)=(s4xc4—s6xcb)/aire;
Bw(1l,2)=(s5xc5-s4xcd)/aire;
Bw(1l,3)=(s6*xcb6—s5xch5)/aire;

o®

Bw(2,1)=Bw(1,1);
Bw(2,2)=Bw(1,2);
Bw(2,3)=Bw(1,3);

o°

Bw(3,1)=(s4*xsd4—c4*xcd+cbxcb6—s6*s6)/aire;
Bw(3,2)=(s5%xs5—c5*xc5+c4*xcd4d—sd4x*sd4)/aire;
Bw(3,3)=(s6xs6—c6xcb6+c5xc5—s5%s5)/aire;

end

%%Donne les trois rotations aux milieux des cotAl’s du DKT6 en ...
fonction des

%%translations dans le repAlre global des 6 noeuds

function T=TransformerTransRot (XYZ)

Xi=XYZ(1,1);

Yi=XYZ(1,2);
Zi=XYZ(1,3);
Xj=XYZ(2,1)
Yj=XYZ(2,2)
Zj=XYZ(2,3)
Xk=XYZ(3,1)
Yk=XYZ(3,2)
Zk=XYZ(3,3);
X1=XYZ(4,1);

)
)
)
)
)
)
)

’

’

’

’

’

’

Y1=XYZ(4,2
Z1=XYZ(4,3
Xm=XYZ(5,1
Ym=XYZ(5,2
Zm=XYZ(5,3
Xn=XYZ(6,1
Yn=XYZ(6,2

’

’

’

’

’

’
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SB7 Matlab Code

Zn=XYZ(6,3);
T=zeros(3,18);

%%theta 4
[xXf,xYf,xZf,yXf,yYf,yzZf,zXf,zYT,zZf. ..
xif,yif,xjf,yjf,x1f,ylf,xmf,ymf, dAT...
]=RepereFaceMilieuxij...
(Xi,Yi,Zi,Xj,Yj,Zj,Xm,¥Ym,Zm,X1,Y1,Z1);

Pf=(x1f—xjf)/dAf/2;
T(1,1)=PfxzXf;
T(1,2)=PfxzYf;
T(1,3)=PfxzZf;
T(1,13)=—Pf*xzXf;
T(1,14)=PfxzYT;
T(1,15)=PfxzZT;
Qf=(xif—xmf)/dAf/2;
T(1,4)=Qf*xzXf;
T(1,5)=Qf*zYf;
T(1,6)=QfxzZf;
T(1,10)=—QfxzXT;
T(1,11)=—QfxzYT;
T(1,12)=—QfxzZf;

%%theta 5
[xXf,xYf,xzZf,yXf,yYf,yzZf,zXf, zYT,zZf. ..
xjf,yjf,xkf,ykf,xmf,ymf,xnf,ynf, dAf...
]=RepereFaceMilieuxij...
(X3,Y3,Zj, Xk, Yk, Zk,Xn,Yn,Zn,Xm,Ym, Zm) ;
Pf=(xmf—xkf)/dAf/2;
4)=PfxzXf;
5)=PfxzYf;
6)=PfxzZf;
16)=—PfxzXf;
,17)=—PfxzYT;
18)=PfxzZf;
xjf—xnf)/dAf/2;
7)=Qf*zXf;
8)=Qfx*zYT;
9)=Qfx*zZf;
,13)=—Qfx*xzXT;

’

~

~

N NNDNDNDNI

’

~

A A4 40 44444

N NNDN
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F. Matlab source code

64 T(2,14)=—Qf*xzYT;

65 T(2,15)=—Qf*ZZf;

66

o7 | %theta 6

68 [xXf,xYf,xzf,yXf,yYf,yzf,zXf, zYT,zZf. ..
69 xkf,ykf,xif,yif,xnf,ynf,x1f,ylf,dAf...
70 ]=RepereFaceMilieuxij...

7 (Xk,Yk,Zk,Xi,Yi,Zi,X1,Y1,Z1,Xn,Yn,Zn);
73 Pf=(xnf—xif)/dAf/2;

7 T(3,7)=PfxzXf;

75 T(3,8)=Pf*ZYf;

76 T(3,9)=PfxzZf;

77 T(3,10)=—Pf*ZXf,

78 T(3,11)=—PfxzYT;

79 T(3,12)=—PfxzZf;

80 Qf=(xkf—x1f)/dAf/2;

81 T(3,1)=Qf*xzXf;

82 T(3,2)=Qf*zYf;

8 T(3,3)=QfxzZf;

84 T(3,16)=—QfxzXT;

85 T(3,17)=—Qfx*xzYT;

86 T(3, 8)=—Qf*ZZf;

87

s | end

1 | function PLAST3D2(PROP, UPDATE,LTAN, XYZ, Connec)

2 | Sk sk ok ok ok ok 3 ok ok ok K ok ok ok ok 3 ok ok K K ok ok oK ok ok sk K K ok ok K K ok ok oK K ok ok K K ok ok ok oK ok ok ok K K ok ok ok K ok ok K K ok ok oK KK
3 | % MAIN PROGRAM COMPUTING GLOBAL STIFFNESS MATRIX RESIDUAL FORCE FOR
+|% NON LINEAR MODELS

5| 9ok ok sk ok sk sk ok >k 3k sk 3k sk 3k 5k >k ok >k 3k sk 3k 3k 3k 5k >k 5k sk 3k sk 3k 5k 3k 3k >k 3k sk 3k >k 3k 5k >k 3k sk 3k sk 3k >k >k 5k >k 3k >k 3k >k 3k 5k >k 5k >k 3k >k 3k 5k K 5k >k %k >k k

6 | %%
7 |global DISPDD DISPTD FORCE GKF SIGMA

s | %

9 |% Integration points and weights (2—point integration)

10 [NUMNP, NDOF] = size(XYZ); % Analysis parameters

1 NE = size(Connec,1);
12 p1=NUMNP+1;

13 p2=NUMNP+NE;

14 DDLsup=pl:p2;

15 NEQ = NDOF*NUMNP;
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SB7 Matlab Code

LE=[Connec DDLsup'];
%NEQ = NDOF*NUMNP;
%LE=Connec;
% Integration points and weights
26=[—-1 —sqrt(3/7) 0 sqrt(3/7) 1];
WGT=[0.1 49.0/90.0 32.0/45.0 49.0/90.0 0.1];
NDDL=19;

6

% Index for history variables (each integration pt)
INTN=0;

%

%LOOP OVER ELEMENTS, THIS IS MAIN LOOP TO COMPUTE K AND F
for IE=1:NE

% Nodal coordinates and incremental displacements
ELXY=XYZ(LE(IE,1:6),:);

% Local to global mapping

IDOF=zeros(1,NDDL);

for I=1:6

II=(I-1)*NDOF+1;
IDOF(II:II+2)=(LE(IE,I)—1)*NDOF+1: (LE(IE,I)—1)*NDOF+3;
end

IDOF(19)=NEQ+IE;

DSP=DISPTD(IDOF);

DSPD=DISPDD (IDOF);

DSPDLigne=DSPD;

DSP=reshape(DSP(1:18),NDOF,6);
DSPD=reshape(DSPD(1:18),NDOF,6);

%LOOP OVER INTEGRATION POINTS

for LZ=1:5

E1=1/3; E2=1/3; E3=ZG(LZ);

INTN = INTN + 1;

% Determinant and shape function derivatives

[~, DET] = SHAPEL([E1 E2 E3], ELXY+DSP');
FAC=WGT(LZ)*DET/2;

%

% Previous converged history variables
STRESSN=SIGMA(1:6,INTN);

%

%
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F. Matlab source code

s | [BM,BG,Bs]=Bprisme (ELXY+DSP',[E1l E2 E3]);
« | DDEPS=BM*DSPDLigne;

(¢
61 | ©

e |% Compute stress;

3| [DTAN,~]= matrice_D(PROP(1), PROP(2));
e | STRESS = STRESSN + DTAN*DDEPS;

s | %——Stabilisation

o | Dsz=eye(2)*DTAN(3,3)/1200;

¢ | Kstab=(Bs')=*DszxBs;

68
o |% Update plastic variables
2 | 1f UPDATE

7 | SIGMA(1:6,INTN)=STRESS;

22 | continue;

7 | end

o®

[«
74 | ©

| % Residual forces

7 | FORCE(IDOF) = FORCE(IDOF) — FAC*BM'xSTRESS—FACxKstab*DSPDLigne;

)

77 | ©

75 |if LTAN

79 | SIG=[STRESS (1) STRESS(4) STRESS(5);
80 STRESS(4) STRESS(2) STRESS(6);
81 STRESS(5) STRESS(6) STRESS(3)];
s2 | SHEAD=kron (eye(3),SIG);

s« | EKF = BM'x(DTAN)*BM + BG'*SHEAD*BG+Kstab;
s | % Stiffness matrix

ss | GKF (IDOF, IDOF)=GKF (IDOF, IDOF)+FAC*EKF;

&7 | end

88
s | end
% | end
o1 | end
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