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Abstract

More than a century after its discovery, superconductivity is used today in many applications.
One of those is superconducting electronics, of which the Josephson junction is a basic building
block. This element has enabled the realisation of electronic circuits in the quantum regime, and
it has helped redefining the Volt in the SI system around quantum effects. Nowadays, a lot of
time and efforts are spent in order to improve Josephson-junction-based circuits to realise state
of the art Quantum-bits for quantum computing. One may think that those highly sensitive
experiments involving Josephson junctions and conventional superconductivity imply an exquisite
understanding of the component and its behaviour.

We show in this thesis work that this is not entirely the case, and we explore two types of
superconducting quantum circuits which are in need of clarification. The first one concerns the
Josephson junction itself, and a subtle issue regarding its interaction with its electromagnetic
environment. Indeed, it has been predicted nearly 40 years ago that a Josephson junction would
become insulating when connected to a resistance larger than RQ=h/4e2� 6.45k
. We find no
traces of such insulating state in our experiments which measure the admittance of a Josephson
junction connected in parallel to a resistance R>RQ.

The second circuit we explore is the supposedly dual circuit to the Josephson junction, the
quantum phase slip junction, which consists of a nanowire made of a highly inductive supercon-
ductor. In those nanowires, 2� phase slips of the superconducting phase should produce the dual
effects of the Cooper-pair tunneling in Josephson junctions. The control of such an effect would
then permit the realisation of a new class of superconducting quantum devices. We measured
microwaves resonators patterned in a thin film of an highly inductive superconductor. We find no
clear signal revealing the presence of quantum phase slips in our devices. However, we find a clear
signature of two-level system low frequency noise which may mask the presence of the quantum
phase slips, and we explore the implication of this noise in this kind of devices.
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Résumé Français

La théorie BCS de la supraconductivité conventionnelle

Découverte en 1991 par H.K. Onnes [1] dans le mercure, la supraconductivité a depuis fait

l'objet de recherches intensives. Elle est une des manifestations les plus spectaculaires de la physique

quantique à l'échelle macroscopique. La théorie Bardeen-Cooper-Schrieffer (BCS), proposée en

1957 [2], décrit ce phénomène dans les conducteurs métalliques par l'existence d'une force attrac-

tive entre électrons proches du niveau de Fermi, provenant d'une interaction électrons-phonons.

Cette attraction provoque la formation d'un condensat d'électrons appariés en paires de Cooper,

ce qui ouvre un gap d'énergie dans le spectre d'excitation des quasiparticules. Cette transition de

l'état normal vers l'état supraconducteur, qui a lieu à une température critique TC, est une transi-

tion de phase du deuxième ordre caractérisée par un paramètre d'ordre complexe local, le paramètre

d'ordre supraconducteur �. Son module correspond au gap d'énergie dans le spectre d'excita-

tion des quasiparticules, et sa phase est conjuguée au nombre de paires de Cooper dans le condensat.

Dans le cas où cette phase présente un gradient, un courant strictement non dissipatif traverse

le matériau. Cette propriété a permis l'application des supraconducteurs dans la réalisation de

puissants électro-aimants, utilisés pour l'imagerie médicale, dans des turbines d'éoliennes ou encore

dans des installations de recherches sur les hautes énergies (LHC, ITER,. . . ).

Les applications émergentes dans l'électronique supraconductrice impliquent cependant bien

plus que simplement transporter des courants sans effet Joule. En effet, la nature du condensat de

paires de Cooper permet la réalisation de circuits entièrement nouveaux. Par exemple, l'inductance

cinétique intrinsèque des supraconducteurs est maintenant largement utilisée dans des détecteurs

micro-ondes pour l'observation astronomique. Un autre composant simple mais très polyvalent est

la Jonction Josephson (JJ).

La jonction Josephson est une jonction tunnel entre deux électrodes supraconductrices. Dans

l'état normal, cette jonction est un ensemble de courts canaux de conduction, tous caractérisés

par une faible transmission causée par l'effet tunnel à travers la barrière isolante. Malgré la faible

valeur de l'interaction attractive résiduelle entre les électrons de chaque côté de la barrière, Brian

Josephson a montré en 1962 [3] que, dans l'état supraconducteur, cette jonction tunnel peut per-

mettre le passage cohérent de paires de Cooper, et donc de supercourants. Il démontra l'existence

des deux relations dites de Josephson. La première relie la tension aux bornes de la jonction V à

la différence de phase � entre les paramètres d'ordres supraconducteurs des électrodes : V =
~
2e

@�

@t
.

La deuxième définit le courant traversant la jonction I comme étant périodique vis-à-vis de la

différence de phase �: I=Ic sin(�) avec Ic le courant critique de la jonction Josephson. Une JJ est un

élément non-dissipatif qui peut être décrit comme une inductance non-linéaire. Cet effet Josephson

a largement été utilisé depuis, par exemple, pour réaliser des détecteurs de champs magnétiques

ultra-sensibles, les SQUIDs, formés de deux JJ en parallèle (sensibilité jusqu'à 3 fT/Hz1/2) [4], ou

encore dans des standards métrologiques du Volt qui ont aidé à rebaser le Système International
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d'unités uniquement sur les effets quantiques en 2019 [5].

Circuits supraconducteurs dans le régime quantique de la phase

Jusqu'à présent, nous avons seulement mentionné des applications dans lesquelles la différence

phase � pouvait être considérée comme classique. Cependant, aux énergies bien inférieures au

gap supraconducteur, la différence de phase aux bornes d'une JJ est l'unique degré de liberté de

ce système. Cette caractéristique a fait de la jonction Josephson le circuit modèle pour étudier

le régime quantique des circuits électroniques supraconducteurs. En effet, l'intérêt porté à ce

composant a considérablement augmenté après la prédiction par A.J. Leggett en 1980 [6] de l'effet

tunnel de la phase pour une JJ polarisée en courant. Des mesures expérimentales ont ensuite

confirmé cette prédiction [7, 8, 9]. Plus tard, il a été montré que des circuits basés sur des JJ

peuvent implémenter des bits quantiques (Qubits), c'est à dire des systèmes à deux niveaux [10, 11].

Aujourd'hui, beaucoup d'efforts sont dépensés pour réaliser des processeurs quantiques à plusieurs

dizaines de Qubits supraconducteurs, comme démontré par Google, IBM ou Rigetti.

Comprend-on parfaitement la supraconductivité conventionnelle ?

Au vu des connaissances sur les supraconducteurs conventionnels et de l'usage maintenant

quasi-industriel des circuits basés sur les JJ, il est normal de supposer que le sujet est parfaitement

maîtrisé. La motivation derrière ce travail de thèse est l'existence de prédictions et de phénomènes

qui n'entrent pas dans la description actuelle des circuits supraconducteurs, et qui méritent d'être

étudiés plus en profondeur.

Par exemple, il est connu que placer une petite JJ dans un environnement d'impédance finie

réduit le supercourant qu'elle peut transporter, car l'impédance s'oppose aux fluctuations de charge

quantiques présentes dans l'état fondamental supraconducteur. Il a même été prédit qu'une JJ

connectée à une résistance supérieure au quantum de résistance RQ=h/4e2' 6.5 k
, provoquant

des fluctuations importantes de la phase à ses bornes, deviendrait isolante via une transition de

phase quantique dissipative. Cette prédiction, réalisée il y a près de 40 ans, est en conflit apparent

avec plusieurs résultats obtenus sur les circuits supraconducteurs et elle n'a jamais été vérifiée

expérimentalement de façon convainquante.

Un autre exemple est la prédiction de l'existence d'un composant dual de la jonction Josephson.

En effet, il est prédit que les sauts de phase quantiques prenant place dans un nanofil de supra-

conducteur fortement désordonné réaliseraient le dual quantique de l'effet Josephson [12]. Dans ce

nanofil, la forte inductance cinétique intrinsèque réduit les fluctuations de charge ce qui, selon le

principe d'Heisenberg, induit corrélativement la présence de fluctuations quantiques du paramètre

d'ordre supraconducteur, permettant par exemple des sauts de phase de �2�. Mooij et Nazarov

[12] ont prédit des relations duales aux relations Josephson pour ces nanofils, avec une tension à

ses bornes variant de manière périodique avec le nombre de paires de Cooper transférées par le

nanofil. Le contrôle et l'utilisation cohérente de ces sauts de phase pourrait conduire à une nouvelle

catégorie de circuits supraconducteurs, sur lesquels s'appliqueraient des relations duales à leurs

homologues basés sur des JJ. Ainsi, alors que la JJ est une inductance non-linéaire, le nanofil se

comporterait, lui, comme un condensateur non-linéaire. Selon nous, cette perspective mérite une

étude approfondie.

Cette thèse explore donc ces deux exemples de circuits supraconducteurs. Dans un premier
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Figure 1. a: Schéma du circuit électrique considéré, avec une jonction Josephson d'énergie EJ en parallèle

avec sa propre capacitéC et une résistance R. b:Diagramme de phase schématique de la transition de phase

dissipative prédite dans ce système. Les barres verticales bleues correspondent au paramètres explorés par

nos deux échantillons. L'énergie EC=(2e)2/2C est l'énergie caractéristique de charge et RQ=~/4e2. [15]

temps, nous avons mesuré le comportement d'une JJ connectée à une résistance plus grande que

RQ. Dans un second temps, nous avons mis au point et mesuré des résonateurs micro-ondes basés

sur des nanofils de supraconducteur fortement désordonné pour essayer d'y observer l'effet de

charge non-linéaire des sauts de phase quantiques.

Absence de transition de phase dissipative dans les jonction Josephson

La première partie de cette thèse est donc consacré à la jonction Josephson et à la prédiction

de l'existence d'une transition de phase dissipative lorsque celle-ci est connectée à une résistance de

valeur R. Il a été prédit par Schmid en 1983 [13], que lorsque R>RQ=h/4e2�6.45k
, la jonction

deviendrait isolante à température nulle. Cette prédiction a été approfondie dans les années suiv-

antes [14] et a été confirmée et utilisée dans de nombreux travaux théoriques. Cependant, peu de

vérifications expérimentales existent sur cette prédiction, et les résultats existants sont critiquables

et peu convaincants.

La partie inférieure du diagramme de phase présenté figure 1b a été obtenu initialement par

Schmid [13] pour une particule massive dans un potentiel en tôle ondulée (washboard) en présence

de dissipation. Le reste du diagramme a ensuite été obtenu grâce à des arguments de dualité

position-impulsion. Schmid a suggéré le premier d'utiliser la JJ pour vérifier sa prédiction, en util-

isant la phase de la jonction comme analogue de la position de sa particule quantique. Cependant

dans cette analogie, certaines limites du diagramme de phase sont contradictoires vis-à-vis des

résultats simples et biens connus sur les JJ. En effet, dans la limite où R!1, le circuit présenté

dans la Figure 1a se réduit à celui d'une jonction Josephson d'énergie Josephson EJ parallèle à sa

propre capacité d'énergie EC=(2e)2/2C. Ce circuit est bien connu sous le nom de boîte à paires

de Cooper, et il se comporte comme un résonateur anharmonique. Les résultats obtenus sur ce

circuit [16] montrent qu'il existe des fluctuations de charge à travers la jonction quelle que soit la

valeur de EJ =/ 0. De plus, dans la limite où EJ /EC!1, la non-linéarité de la jonction devient

négligeable et ce circuit devient un oscillateur harmonique aux basses énergies et il est connu que

ce type d'oscillateur n'a aucune transition pour une quelconque valeur de R.
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Figure 2. Mesures de la transmission de nos deux échantillons à basse températures [15]. Si la jonction

devenait isolante, la transmission mesurée à travers la résistance devrait augmenter aux basses température

pour chaque valeur du flux. Ici, nous mesurons une modulation de la jonction en fonction du champ

magnétique appliqué qui tends vers une stabilisation à basse température. Cela implique que la jonction

est toujours supraconductrice.

Afin de résoudre ces contradictions, nous avons réalisé plusieurs dispositifs contenant une jonc-

tion Josephson modulable (un SQUID, deux JJ en parallèle) connectée en parallèle à une résistance

en chrome, de valeur R>RQ. Nos dispositifs se placent donc dans la partie isolante du diagramme

présenté Figure 1b. Nous avons mesuré la réponse linéaire de ces jonctions dans le domaine des

micro-ondes (�1GHz) à basse température. Les résultats obtenus (figure 2) indiquent que les

jonctions présentent une modulation, indicative d'un comportement supraconducteur, qui sature

à basse température. Ce comportement n'est pas compatible avec l'existence d'un état isolant à

température nulle. En effet, cet état isolant devrait se manifester par une dépendance de la réponse

linéaire en loi de puissance de la température et donc une diminution de la transmission de la

jonction et de sa modulation. Ces résultats sont compatibles avec d'autres résultats obtenus sur

les JJ dans un circuit contenant une résistance de 32k
 [17]. Nous en concluons donc l'absence de

transition de phase dissipative dans les jonctions Josephson.

Par la suite, nous explorons des pistes pouvant expliquer la différence entre les prédictions

théoriques et nos résultats expérimentaux. Nous montrons que la prédiction de transition dissi-

pative reposait crucialement sur l'hypothèse que la phase de la JJ puisse être traitée comme une

variable étendue dans la partie inférieure du diagramme de phase, et que, corrélativement, la théorie

négligeait la réponse inductive de la jonction. Nos résultats montrent qu'au contraire il convient

d'y considérer une phase compacte, et que la réponse inductive de la jonction la protège contre la

transition de phase.

Résonateurs micro-ondes basé sur des nanofils de supraconducteur désordonné
Dans cette deuxième partie, nous explorons le comportement de résonateurs micro-ondes réal-

isés à partir de couches minces de supraconducteur fortement désordonné, dans l'objectif d'observer

les effets des sauts de phase quantiques. Tout d'abord, nous introduisons les particularités de
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ces couches minces supraconductrices. Celles-ci présentent une transition supraconducteur-isolant

lorsque le désordre de la couche atteint un niveau tel que la résistance par carré dépasse RQ�
6.45k
 à l'état normal. Pour des couches minces de résistance légèrement inférieure à cette limite,

la résistance à l'état normal se traduit par une forte inductance cinétique dans l'état supraconduc-

teur.

Cette forte inductance permet au paramètre d'ordre supraconducteur d'avoir de fortes fluc-

tuations de point zéro, susceptibles d'induire des sauts de phase quantiques de �2� dans des

nanofils. Dans l'objectif d'observer de tels sauts de phase quantiques, nous explorons d'abord les

caractéristiques micro-ondes de deux supraconducteurs fortement désordonnés avec lesquels nous

pourrions fabriquer des nanofils, le diamant dopé au bore et le nitrure de titane. Les résultats

obtenus sur le diamant dopé au bore montrent la présence de fortes pertes micro-ondes dans ce

matériau, ce qui le rend inadapté pour notre projet. Au contraire, après développement de la

fabrication de couches minces de nitrure de titane, celles-ci permettent la réalisation de résonateurs

micro-ondes possédant des facteurs de qualité internes allant jusqu'à Qint� 40k (contre Qint� 10

pour le diamant dopé au bore). Nous utilisons ensuite ces couches minces de nitrure de titane pour

réaliser des résonateurs micro-ondes avec des inductances formées d'un nanofil.

C
L

ES

a.

b.

c.

Figure 3. a: Circuit électrique que nous cherchons à réaliser avec une jonction à sauts de phase d'énergie

ES et (b) une image d'un de nos résonateurs basé sur un nanofil de nitrure de titane. c: fréquence de

résonance d'un de ces résonateurs en fonction de la tension appliquée sur une grille locale. En insert, on

observe deux doubles anticroisement du résonateur avec deux systèmes à deux niveaux.

Malheureusement, la réponse attendue pour ces dispositifs dans le cas où les sauts de phase

prolifèrent, soit une modulation de la fréquence de résonance par l'application d'une tension sur

une grille locale [18], n'est pas observée. Cependant, nous observons un fort impact des systèmes

à deux niveaux (TLS) sur nos résonateurs (voir figure 3). Dans certaines conditions, nous arrivons

même à observer le couplage de TLS individuels avec nos résonateurs, ce qui nous permet de les

caractériser. Nous mesurons aussi des fluctuations et un bruit basse fréquence sur la fréquence de

résonance de nos dispositifs. Ces effets sont en partie décrits par les théories existantes concernant

l'impact de ces TLS dans les circuits supraconducteurs. Cependant, certaines de nos mesures sont
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difficilement explicables par ces modèles, telles par exemple les fortes valeurs de couplages TLS-

résonateur que nous observons. Nous proposons une approche différente pour décrire le couplage

de ces TLS avec nos résonateurs, basée sur une interaction entre le champ dipolaire des TLS avec

les canaux de conduction des nanofils. Nous concluons que les fluctuations induites par ces TLS

sont un énorme frein à la réalisation de ces dispositifs à sauts de phase quantiques.
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Part I

General introduction



1 Motivations

The standard BCS framework of low temperature superconductivity
Superconductivity has been the focus of intense research since its discovery in 1911 by H.K.

Onnes [1]. It is one of the most spectacular macroscopic manifestations of quantum physics in
condensed matter. The Bardeen-Cooper-Schrieffer (BCS) theory proposed in 1957 [2, 19] explained
superconductivity in metals by the existence of an attractive interaction between the electrons
near the Fermi surface induced by an electron-phonon coupling. The BCS interaction induces the
formation of an electronic paired condensate, the so-called Cooper-pair condensate, with a gap for
quasiparticle excitations. The transition from the normal state to the paired state that takes place
at a critical temperature TC is a second-order phase transition described by a local complex order
parameter, the superconducting order parameter �. Its modulus corresponds to the quasiparticle
energy gap, and its phase is conjugated to the number of Cooper pairs in the condensate.

In the presence of a gradient in the phase of �, a strictly non-dissipative electrical current
flows through the material. This amazing property led to the most widespread application of
superconductivity under the form of large-field persistent-current superconducting magnets used
for medical magnetic resonance imaging, in wind turbines or in large scale physics research facilities
(LHC, ITER, ...).

Applications in low power electronics developed since several decades involve more than wires
carrying supercurrents. While the dissipation-less supercurrents can be leveraged to increase the
performance of existing circuits, the nature of the Cooper-pair condensate enables novel electronic
components not previously possible. For example, the inductive response of superconductors is
now widely used in kinetic inductance microwaves detectors for astronomical observations. Another
simple and particularly versatile superconducting component is the Josephson Junction (JJ).

This component is a tunnel junction between two superconducting electrodes. In the normal
state, a tunnel junction is a parallel combination of weakly transmitted conduction channels thanks
to quantum tunneling across the insulating barrier. Despite the smallness of the residual pairing
between electrons on both sides of the barrier, Brian Josephson calculated in 1962 [3] that in the
superconducting state, a JJ supports the passage of Cooper-pairs, i.e. a supercurrent. He found
a periodic relation between the supercurrent through the junction I and the phase difference
between the superconducting electrodes �: I = Ic sin(�) with Ic the Josephson critical current of
the junction. This Josephson effect has since been exploited in several ways, for example to realise
extremely sensitive magnetometers known as SQUIDs (a SQUID is formed of two JJ in parallel;
they can have a sensitivity down to 3 fT/Hz1/2 of noise) [4] or to make practical Volt standards
in the International System of Units [5].

Superconducting devices in the quantum phase regime
So far, we only mentionned applications where the phase difference � could be describe classi-

cally. However, the phase difference across a JJ, conjugated to the number of Cooper-pairs having
crossed it, is the only degree of freedom of this system. As such, it became a model for investigating
the quantum regime of electrical circuits. A JJ is a non-dissipative component that can be thought
of as a non-linear inductor. Interest for JJ rose drastically after the theoretical prediction by A.J.
Leggett in 1980 [6] for the quantum tunneling of the phase in a current biased JJ. The experimental
observations [7, 8, 9] fully confirmed the quantum nature of the phase across a JJ. Quite later,
it was shown that simple JJ circuits can provide Quantum-Bits (Qubits), i.e. two-state systems,
suitable for quantum information processing [10, 11]. Nowadays, many efforts are spend towards
the realisation of multi-Qubits processors based on JJ circuits, with devices containing several tens
of JJ-based Qubits, as demonstrated by Google, IBM or Rigetti [20, 21].

Has a comprehensive understanding of superconductivity been achieved ?
Given the in-depth understanding of low critical temperature superconductors and of devices

made with them, one might think that a comprehensive understanding of the whole field has
been achieved. The motivation of this PhD research work is the existence of predictions and of
phenomena that do not fit in the existing framework, and that deserve further investigations.
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For example, it is known that embedding a small Josephson junction in an environment with
a finite impedance reduces the maximum supercurrent it can transmit. It has even been predicted
that if any Josephson junction is introduced in a highly resistive environment, which induces
enough quantum phase fluctuations across it, it would become insulating through a dissipative
quantum phase transition. This prediction, made nearly 40 years ago, is in apparent conflict with
some results obtained on superconducting quantum circuits, and has never been properly confirmed
experimentally.

Another related issue not fully understood in conventionnal superconductors is the prediction
of a component that would be the dual of the Josephson junction. More precisely, it has been
predicted [12] that nanowires made of highly disordered superconductors would realise the dual of
the JJ, the Quantum Phase Slip (QPS) junction. In such a device, the strong quantum fluctuations
of the order parameter would produce slips of �2� of the superconducting phase in the nanowire.
Mooij and Nazarov [12] have predicted for QPS junctions a relation dual of the dc Josephson
relation, with the voltage across the nanowire varying periodically with the transferred charge.
The controlled use of coherent QPS would open the door to the realisation of new category of
superconducting quantum devices, with known JJ circuits mapped to their dual counterparts. This
topic has barely been investigated sor far, with mixed results, and we think that its prospects make
it worth further investigations.

During this thesis, we explore those two examples of superconducting devices in high impedance
environments. In a first part, we investigate the predicted dissipative transition in Josephson
junction connected to a large resistor. In a second part, we explore the behaviour of resonators
with nanowires made of an highly disordered superconductor, whose intrinsic impedance allows to
implement quantum phase slip devices. Before that, we provide some details on superconductivity
and quantum circuits.

2 Superconductivity

Superconductivity was initially discovered in 1911 in mercury, and its presence in many other
materials was reported in the following years. The first signs observed in superconductors was a
zero-resistance state of the material below their superconducting temperature TC, which allowed
the presence of persistent supercurrents. In 1933, Meissner and Ochsenfeld discovered that during
the superconducting transition, magnetic fields were expelled from superconductors. This provided
the first evidence that superconductors were not simply perfect conductors. Conventional theo-
ries of superconductors were devised in the 50s, namely the phenomenological Ginzburg-Landau
(GL)theory and the microscopic Bardeen-Cooper-Schrieffer (BCS) theory.

Both those theories describe the superconducting state as a coherent quantum state, and
Cooper introduced the description of the charge carriers in superconductors as Cooper pairs,
correlated electrons interacting through virtual phonon exchange. In conventional superconduc-
tors, this interaction is originating from a second-order electron-phonon interaction, yielding an
effective attractive force between electrons of opposite wavevectors and spins. At sufficiently low
temperature, this attractive interaction results in a complete reorganisation of the Fermi sea of
the normal metal.

2.1 The superconducting state

In the BCS theory, the pairing interaction is treated in the mean field approximation, and the
resulting BCS Hamiltonian for the electronic system is [19]:

HBCS=
X
k;�

�kck�
y ck�−

X
k

j�kj<~!D

ck"
y c−k#

y �+��c−k#ck"−
j�j2
Veff

(1)
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with !D the Debye frequency, Veff a constant linked to the effective attractive interaction and ck�
y

and ck�, the creation and annihilation operators acting on the electrons of wavevector k, spin �
and energy relative to the Fermi level �k. The complex number � is called the order parameter or
the superconducting gap of the material, which is defined as:

�=Veff
X
k

j�kj<~!D

hc−k#ck"i (2)

where hi denotes the expectation value, which depends on �, thus calling for a self-consistent solu-
tion. The first term in equation (1) is the Hamiltonian of the non-interacting Landau quasiparticles
of the normal metal (hereafter simply called electrons) with no external force applied and the other
terms describe the attractive interaction between electrons. When �=0, the Hamiltonian reduces
to the one of a free electron bath. When �=/ 0, electrons within an energy range ~!D�EF of
the Fermi level, interact and condense into Cooper pairs which reduces the energy of the system.
The temperature at which � acquires a non-zero value is called the superconducting transition
temperature TC of the material. The condensation removes electronic excitations around the Fermi
level, opening an energy gap of 2j�j in the single electron excitations density of state. The BCS
theory gives the following formula for j�(T =0)j:

j�(T =0)j=�0= 1.76kbTC (3)

The complex superconducting gap � can vary in space and time, due to fluctuating effects or
external influence. Indeed, it is suppressed by temperature, magnetic field or magnetic impurities.
Associated with� is the characteristic length for the superconductivity called the coherence length,
which, in the clean case, is given by:

�0=
~vF
�0

(4)

This length corresponds to the distance paired electrons travel during the interaction time ~/�0,
and it can be viewed as the size of the Cooper pairs or the length scale on which the order parameter
� can vary. This ideal expression for the coherence length is only valid in perfect crystals, which
is usually not the case in metallic thin films. If the electronic mean free path le< �0, then the
diffusive nature of the electrons affects this coherence length which now can be expressed as:

�=
~D
�0

r
=

�0le
3

r
(5)

where D=
1

3
vFle the electronic diffusion constant.

2.2 Electromagnetic response of a superconductor

To describe the electromagnetic properties of superconductors, one has to consider spatial non-
uniformity of the order parameter �(x~ ) = j�(x~ )jei�(x~). The phase �(x~ ) of the order parameter
is called the superconducting phase. One way to describe this non-uniform system is to use the
Bogoliubov-de Gennes equation [22, 23]:

HBdG(x~ )	(x~ ) = E	(x~ )

HBdG(x~ ) =

�
H(x~ ) �(x~ )
��(x~ ) H�(x~ )

�
(6)

where H(x~ ) is the Hamiltonian of a single electron:

H(x~ )=
1
2m

(eA~ (x~ )− i~r)2− �(x~ ) (7)
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This Hamiltonian now encompass electromagnetic fields, and �(x~ ) is the electro-chemical potential.
In the case of a constant order parameter and in the absence of any field, this Hamiltonian is
equivalent to the BCS Hamiltonian in (1). At sufficiently low fields, the modulus of the order
parameter is quasi-constant in space j�(x~ )j�� and the phase �(x~ ) of the order parameter changes
very little over a length �, then one can derive the linear-response current density Js~ (x~ ) up to
the proportionality constant. In the case of a diffusive conductor with T � TC and at frequency
f��/h, using the �quasiclassical theory of superconductivity� [24, 25], one can even obtain the
exact prefactor:

Js~ =
���n
~

�
~
2e
r�+A~

�
(8)

where �n is the normal state resistivity or the material, and we dropped the x~ for clarity. The
(super)current in a superconductor is then proportional to the field ~

2e
r�+A~ instead of the electric

field E~ in a normal metal. As an observable physical quantity, Js~ is gauge invariant. However,
the potential vector A~ is gauge dependent. As a result, a gauge transformation A~!A~ +rf with
f an arbitrary scalar field dictates the following transformation for the superconducting phase:
�! �− 2e

~ f . In standard electromagnetism, the gauge transformation of the potential vector A~

is linked to the transformation of the scalar potential V ! V − @f /@t. Comparing this with the
gauge induced transformation of �, we deduce the following relation between the scalar potential
V and the phase �:

V =
~
2e

d
dt
�+ constant (9)

Using the definition of the electric field E~ =−rV − @A~ /@t, we have:

−
Z
E~ dt=

~
2e
r�+A (10)

and combining this result with the time derivative of (8), we have:

dJs~

dt
=−���n~ E~ (11)

We can draw two conclusions from this result. The first is that contrary to a normal metal where
Js~ /E~ , we have dJs~

dt /E~ in superconductors. This means that supercurrents do not need an electric
field in order to exist, and that they increase over time when one is present. This is exploited in
superconducting electromagnets, where a supercurrent can circulate in a superconducting coil
without losses as long as T � TC. The second conclusion relates to the inductive behaviour of
superconductors. Indeed, if we consider a linear piece of superconductor and integrate equation
(11) across its cross section then along its length, we have (assuming A~ is constant):

dI
dt

=
��
~Rn

Vab (12)

where I is the current flowing through the superconducting piece and Vab the potential difference
between its ends. Comparing equation (12) to the response of an inductor Vab= L

dI

dt
, we can

conclude that the electromagnetic response of a piece of superconductor is inductive. The corre-
sponding inductance is called the kinetic inductance of the superconductor and, in the linear limits
we introduced earlier, writes:

LK=
~Rn
��

(13)
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Part II

Josephson junctions in a
highly resistive environment



In this first part of this thesis, we explore the behaviour of a Josephson junction (JJ) connected to
a resistive environment. When the resistance R of the environment increases, it tends to induces
more and more phase fluctuations on the junction. In 1983, it was predicted by Schmid [26] that
a quantum particle in a periodic potential in presence of viscous friction would show a dissipative
quantum phase transition at a given value of the dissipation strength. He then proposed the JJ
as a experimental application of his model, suggesting that a JJ connected to a resistor R would
become insulating at zero temperature when R>RQ= h/4e2� 6.45k
. Quite surprisingly, this
prediction is supposed to not depend on the JJ characteristics. Schmid's prediction was refined
and theoretically confirmed to apply to JJs in the following years [27].

While phase fluctuations surely have an impact on JJs, the existence of this phase transition was
not properly investigated experimentally. Moreover, it contradicts experimental results on simple
devices, such as in the limit R!1 at which point the system is no longer dissipative and one
expects to recover the behaviour of a Cooper Pair Box (CPB) [28], where the JJ is superconducting.

We first rapidly summarise key characteristics of Josephson junctions, and then we reproduce
here our published article [29] which describes our experiments and their results, as well as theo-
retical discussions.

1 Josephson junctions

1.1 Description

Josephson junctions are non-linear components named after B.D. Josephson who predicted in 1962
the mathematical relations describing their electrical behaviour in the superconducting regime [3,
30]. They consist of a tunnel junction, i.e. two metallic electrodes separated by a thin insulating
layer, where the metal is a superconductor. Both superconducting electrodes have their own super-
conducting order parameter which can differs in modulus and/or in phase (see figure 1).

A BΔaeiΦa ΔbeiΦb

Figure 1. Left is a simple illustration of a Josephson junction, with two different superconducting material
A and B, each with their ownsuperconducting order parameter. On the right is the electrical representation
of an ideal JJ, i.e. without considering its capacitance.

Typically, a JJ has both electrodes made of the same superconductor. JJ are commonly made
of Aluminium, because of the ease of fabrication and the good results obtained with this material.
Indeed, such JJ can be made in a single lithography steps, using double angle deposition and the
oxidised surface of the first aluminium layer as the insulating material.
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1.2 Josephson relations

In the superconducting state, tunneling of Cooper pairs between electrodes enables the passage
of supercurrent through the junction. Josephson derived two relations between the supercurrent
through the junction I , the superconducting phase difference �=�a−�b between the electrodes
and the voltage across the junction:

I(�) = Ic sin(�) (14)

V (�) =
~
2e
@�
@t

(15)

where Ic is the critical current of the junction. The first relation predicts the presence of a super-
current even when no voltage is applied, as long as �=/ 0 . The second relation is the same as we
derived in section 2.2 of part I and links the voltage across the junction to the derivative of the
phase difference; it only proceeds from Maxwell's equations of electromagnetism and has nothing
to do with superconductivity, actually.

Within the Landauer formalism [31], JJs can be described as a set of short conduction channels
through the insulating material, all weakly transmitting. In the normal state, tunneling of electrons
through the insulator yields a conductance:

GT =
2e2

h

X
n

Tn

with Tn� 1 the transparency of the channel n. Using this formalism, one finds:

Ic=
e�

2~
X
n

Tn=
��

2e
GT

1.3 Shapiro steps and voltage standard

One of the implications of the Josephson relations is the AC Josephson effect. When a DC voltage
V is applied to a JJ, the phase difference increases linearly with time. This produces an alternative
supercurrent in the junction of the form:

I(t)= Ic sin(�0+2eVt/~) (16)

The frequency f of this supercurrent is related to V by the Josephson constantKJ=
2e

h
�483MHz/

�V , which is fixed by fundamental constants. Taking advantage of this exact voltage to frequency
converter, one can realise of perfect voltage reference. If we apply a voltage V (t)=Vdc+Vac cos(!t)
on a JJ, the phase difference writes:

�(t)= �0+
2eVt
~ +

2eVac
~! sin(!t) (17)

and the current is:

I(t)= Ic sin
�
�0+

2eVt
~ +

2eVac
~! sin(!t)

�
(18)

We can rewrite the current using the Bessel functions Jn:

I(t) = Ic
X

n=−1

+1

Jn(a) sin((n+�)!t+ �0) (19)

with a= 2eVac
~! and �= 2eVdc

~! . Each time �2Z, this sum produces a time-independent term. This
results in a DC supercurrent when Vdc= p

~
2e
! with p2Z, producing what is called Shapiro steps

in the I-V characteristic of the JJ (see figure 2).
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Figure 2. Shapiro steps in a weakly damped Josephson junction. From [5].

Since we can already accurately define frequencies (using atomic clocks), we can now have a
precise voltage definition using the exact frequency to voltage conversion of JJs. This effect is used
to realise the Josephson voltage standard [5] which is used since 2019 for the International System
of Units.

1.4 The Josephson Hamiltonian

Given that the current operator is Î =−2e

~
@Ĥ

@�̂
and using the first Josephson relation (14) for the

current in a JJ, we write the corresponding Josephson Hamiltonian:

HJ =−EJ cos(�) (20)

with EJ =
~
2e
Ic is the Josephson energy of the junction. A JJ can be viewed as as behaving as a

non-linear inductor. Indeed, the energy of an inductance L is:

EL=
1
2L

�
~
2e
�

�
2

For �� 2�, the Josephson Hamiltonian can be approximated as:

HJ�
~
2e
Ic
�2

2
+ cst: (21)

which is the energy of an inductor with equivalent inductance

LJ =
~

2eIc
=

�
~
2e

�
2
�
@2HJ

@�2

�
�=0

−1
(22)

21



For larger �, the quadratic relationship between HJ and � breaks down, but we can generalize the
writing of its effective inductance as the inverse curvature of the Josephson Hamiltonian for all
values of �:

Leff(�)=
~

2eIc

1

cos(�)
(23)

The Josephson Hamiltonian (20) can be expressed in the basis of the number of Cooper pairs
passed through the junction. This number and � are conjugate variables and we have:

[�;N ] = i

HJ=−
EJ
2

X
(jN +1ihN j+ jN − 1ihN j) (24)

The Josephson coupling couples the two superconducting electrodes through the hopping of Cooper
pairs back and forth across the junction. Due to its geometry, the JJ also present a capacitive
behavior with a capacitance C which we did not accounted for so far. This charging effect has to
be added to the bare JJ description presented above, which results in the so-called Cooper-Pair
Box (CPB) [32]. The capacitance presents a charging energy quadratic in the capacitor charge.
Assuming the junction is only connected to a gate capacitor Cg�C with a charge 2eng, for each
N 2Z the charging energy is then Ec(N −ng)2, where EC=4e2/2(C+Cg)'4e2/2C is the charging
energy of a single Cooper pair on the capacitance C . The Josephson coupling lift the degeneracy
of those charging states at each half integer values of ng (see figure 3).

Figure 3. Energy levels of a CPB for two different values of EJ /EC. From [33].

1.5 Use cases of JJs

Besides their use in Josephson voltage Standards, JJs have many other applications in quantum
information, microwave circuits or detectors. We will describe two of those applications in Quantum-
Bits (Qubits) and Superconducting Quantum Interference Device (SQUID).

1.5.1 Superconducting Qubit

Theoretical Qubits are perfect two-states systems, used in quantum information for various tasks.
JJ Qubits are implementations of those devices using JJ, which are today one of the most promising
Qubit realisation. As shown in figure 3, an isolated JJ voltage biased through a capacitor (a CPB)
can be considered a good two-states system near half-integer values of ng, due to the coupling of
charge states by the Josephson energy.

1.5.2 SQUID

The SQUID is simply two JJ placed in parallel in a superconducting loop (see figure 4). For
simplicity, we assume the inductance of the loop is negligible compared the JJs' inductances.
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Figure 4. a: Schematic of a SQUID, i.e. two JJs connected in parallel. b: SEM image of one of the SQUID
used in our devices. It is made using a double angle evaporation technique. A first layer of aluminium is
deposited, then oxidised. A second layer is deposited on top of the oxide at a different angle, thus making
a JJ.

The current flowing through such device is the sum of the current of each junctions:

I = Ia(�a)+ Ib(�b)

with Ia(�a) = Ica sin(�a) and Ib(�b) = Icb sin(�b). We have:

�a+ �b= �

�a− �b=
2�
�0

I
A~ dl=2�

�
�0

= � (25)

with �0=
h

2e
and � the magnetic flux threading the loop. The current through the device becomes:

I(�)= Ia sin
�
�+

�
2

�
+ Ib sin

�
�− �

2

�
which can be written as:

I(�) = (Ia+ Ib) cos
�
�
2

�
sin(�) + (Ia− Ib) cos(�) sin

�
�
2

�
In the case of identical junctions Ia= Ib= Ic, the current reduces to:

I(�) =2Ic cos
�
�
2

�
sin(�) (26)

The SQUID then acts as a single JJ with an effective critical current Iceff(�) = 2Ic jcos(� /2)j
modulated by the magnetic flux through the loop. This effective critical current vanishes each
time the flux � reaches half integer values of �0. This effect is used in magnetometers to measure
magnetic flux of the order of the flux quantum �0. It is also used to realise JJs whose critical
current can be modulated by the application of a magnetic flux, as we use in our experiment.

2 �Absence of a dissipative quantum phase transition in
Josephson junctions�

Here we reproduce the article [29] published in Physical Review X
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Half a century after its discovery, the Josephson junction has become the most important nonlinear
quantum electronic component at our disposal. It has helped reshape the International System of Units around
quantum effects and is used in scores of quantum devices. By itself, the use of Josephson junctions in volt
metrology seems to imply an exquisite understanding of the component in every aspect. Yet, surprisingly,
there have been long-standing subtle issues regarding the modeling of the interaction of a junction with its
electromagnetic environment. Here, we find that a Josephson junction connected to a resistor does not
become insulating beyond a given value of the resistance due to a dissipative quantum phase transition, as is
commonly believed. Our work clarifies how this key quantum component behaves in the presence of a
dissipative environment and provides a comprehensive and consistent picture, notably regarding the treatment
of its phase.

DOI: 10.1103/PhysRevX.10.021003 Subject Areas: Superconductivity

I. INTRODUCTION

In 1983, Schmid [1] predicted that a dissipation-driven
quantum phase transition (DQPT) should occur for any
Josephson junction (JJ) connected to a resistance R: When
R > RQ ¼ h=4e2 ≃ 6.5 kΩ, the junction should be insulat-
ing at zero temperature, while ifR < RQ, the junction should
be superconducting (see Fig. 1). The prediction was made
more precise shortly after by Bulgadaev [2], and since
then, many theoretical works using different techniques
[3–12] have further confirmed it. Attempts to investigate this
prediction experimentally are scarce [13–15], and these early
experiments were all affected by technical limitations (see the
Appendix A) that made their interpretation debatable. In this
work, we revisit this prediction using well-controlled linear
response measurements on the insulating side of the phase
diagram, and we find no sign of the junctions becoming
insulating. By revisiting the theory, we provide arguments
explaining why, actually, no superconducting-to-insulating
transition is expected, and we propose an alternative com-
prehensive physical picture for this system.
Let us first motivate our work by explaining why the

predicted phase diagram is problematic. The left axis in the

Schmid-Bulgadaev (SB) phase diagram [Fig. 1(b)] corre-
sponds to R → ∞, where we can simply remove the resistor
from the circuit. In this limit, we are left with only the
junction represented as a pure Josephson element in parallel
with the junction’s geometric capacitor C defining the
charging energy EC ¼ ð2eÞ2=2C. Such a disconnected
junction is known as a Cooper pair box (CPB) in the
domain of quantum circuits; it behaves as a nonlinear
oscillator and has been extensively investigated theoreti-
cally and experimentally [16–19]. In particular, for any
junction with a nonzero Josephson coupling EJ, a CPB has
finite charge fluctuations through the junction, in contra-
diction with it being on the insulating side of the phase
transition, and it was shown that one can indeed drive finite
ac supercurrents through the junction [20]. Furthermore,
since the anharmonicity of the CPB vanishes upon increas-
ing the ratio EJ=EC [18], one expects (at least in the large
EJ=EC range) the effect of a finite parallel resistance R
on this nonharmonic oscillator to be similar to that on a
harmonic oscillator [21,22]: When R is varied, the phase
and charge fluctuations have no abrupt change at R ¼ RQ.
Approaches that go beyond considering the junction as a
pure inductor [23,24] confirm this intuition down to the
moderately large EJ=EC range: They predict a super-
conductive junction that smoothly retrieves the “bare”
(with no resistor) CPB behavior as the environment
impedance gets large and cold. More generally, any
Josephson junction connected to a large impedance Z is
intuitively expected to smoothly recover the (superconduct-
ing) behavior of the CPB in the Z → ∞ limit. This was
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confirmed theoretically in the specific case of a purely
inductive environment in Ref. [25]. In summary, several
known theoretical results [18,21–25], many experimental
results [16–18,20], and intuitive expectations in simple
limits are consistent among themselves and conflict with
the prediction of the insulating phase shown in Fig. 1(b).

II. EXPERIMENT

In order to test the SB prediction, we designed an
experiment that closely implements the circuit of
Fig. 1(a) while allowing us to probe the linear response
of Josephson junctions in ac. A schematics of the experi-
ment and a micrograph of a sample are shown in Fig. 2, and
the main sample parameters are given in Table I. Instead
of a single junction, we use a superconducting quantum
interference device (SQUID) behaving as an effective
tunable Josephson junction: By applying a magnetic flux
Φ in the SQUID loop, its Josephson coupling energy is
tuned as EJ ≃ EJmaxj cosðπΦ=Φ0Þj with Φ0 ¼ h=2e the
flux quantum. The input capacitor Cc is chosen small
enough that, at the measurement frequency, it essentially
converts the input ac signal into a current source for the
parallel junction-capacitance-resistance system. This cur-
rent is split between these components according to their
admittance. The fraction of the current flowing through the
resistor is routed off chip to a microwave bias tee. The dc
port of the bias tee is shorted to ground, closing the circuit
in dc and ensuring there is no dc bias applied on the
junction. At the high-frequency port of the bias tee, the ac
signal coming from the resistor is sent through circulators

and filters to a chain of microwave amplifiers with an
overall gain of 106 dB. We used microwave simulations of
the circuit to check that in this design, the actual impedance
seen by the junction is close to R kC up to frequencies well
above ðRCÞ−1 (note that the impedance to ground of the
circuit following the resistor is negligible compared to R at
all frequencies). We used a vector network analyzer to
perform continuous-wave homodyne measurements of the
transmission S21 through the sample. Although in this setup
we measure variations of the fraction of the ac current
flowing through the resistor, they are directly related to the
variations of the junction admittance (see Appendix E).
The operating conditions of the experiment are subject to

constraints that we now detail. First, in order to improve our
sensitivity to the junction’s admittance [26], the measure-
ments need to be performed at a frequency well below the
“plasma frequency” ωp ¼ ðCLeff

J Þ−1=2 of the junction, so
that, as seen from the input capacitance, the ac current
through C is negligible. The current is then essentially
divided between the resistor and the junction’s effective
inductance Leff

J , should it exist, in proportion of their
respective admittance 1=R and 1=iLeff

J ω. We selected an
operating frequency of order 1 GHz in order to simulta-
neously fulfill this constraint (except in the vicinity of the
maximal frustration of the SQUID) and have a reasonably

FIG. 2. Top: Simplified schematics of the experimental setup.
Bottom: One of the samples measured. Two SEM micrographs
are stitched to show the entire central part and colorized to
evidence the different metals used (see Appendix B for fabrica-
tion details).

(a) (b)

FIG. 1. (a) A Josephson junction connected to a resistor R
(abbreviated as JJþ R). The junction’s capacitance C deter-
mines the charging energy EC ¼ ð2eÞ2=2C, while the trans-
parency of the tunnel barrier and the superconducting gap set its
Josephson coupling energy EJ. (b) Sketch of the Schmid-
Bulgadaev phase diagram for the circuit in (a). In the phase
I (S), the junction is predicted to be insulating (superconduct-
ing) at zero temperature. The insulating phase is paradoxical
because the left axis (green line, where R ¼ ∞) is the location
of the Cooper pair box family of superconducting qubits for
which it is well known that the junction is superconducting.
Similarly, our samples S1 and S2 are found to remain super-
conducting when lowering the temperature, even though they
are supposed to be well inside the insulating phase.

TABLE I. Main sample parameters. See Appendix B for details
on their determination.

Sample Ec=kB (K) EJmax=kB (K) RðkΩÞ CcðfFÞ
1 2.6 0.12 12 0.3
2 0.64 0.39 8 0.3
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good noise temperature for our microwave amplifier.
Second, since we aim to probe the linear response of the
junction at equilibrium, the ac phase excursion must be
δφ ≪ 2π, so that the junction is properly described by an
admittance 1=iLeff

J ω. Assuming the worst case where all the
current flows through the resistor, this inequality restricts the
ac amplitude at the sample input V in ≪ Φ0=RCc (that is,
Pin ≪ −50 dBm for the values used in the experiment; see
below). Correspondingly, all the measurements that we show
here are taken in the low-power limit where S21 no longer
depends on the input power (see Appendix D). The last
constraint also restricts the admissible input power: The
Joule power dissipated by ac current flowing through the
resistor should not raise its temperature significantly. We use
the results of Ref. [27] to estimate the electronic heating.
Neglecting electron-phonon cooling in the resistor, for the
maximum S21 value of −50 dB, and at the input power of
−70 dBm used for the sample 2 data at the lowest temper-
ature (Tph ¼ 13 mK) in Fig. 3, one predicts an upper bound
for the electronic temperature rise of approximately 1.0 mK
(0.5 mK for sample 1) close to the junction (see
Appendix C). Note that for such a low power level, the
signal-to-noise ratio at the input of the first cryogenic HEMT
amplifier is such that each data point necessitates averaging
for about 20 min. Above about 50 mK, electron-phonon
cooling becomes effective (see Appendix C); it is then
possible to speed up the measurement by increasing the
excitation amplitude (still remaining in the linear regime)
without raising the electronic temperature.
In Fig. 3, we show the transmission S21 for the two

samples we measured, for different flux through the

SQUID and different temperatures. On the left panels,
we show S21 as a function of the flux in the SQUIDs at the
lowest temperature. We observe that when the flux is zero
in the SQUID, the junction has the highest admittance
(S21 minimum), whereas its admittance is minimum when
the SQUID is frustrated with half a flux quantum in the
loop. On the right panels, we show the temperature
dependence of S21 for several values of the flux in the
SQUIDs. We observe that in the low temperature range, for
any fixed value of the flux, S21 reaches plateaus indicating
that the junction admittance saturates to a finite value. In
other words, at low temperature, the modulation of S21 with
the flux proves that the SQUID still carries supercurrent,
and it shows no tendency to become insulating at lower
temperatures.

III. DISCUSSION

Would the predicted insulating phase exist, the junctions
would be in the quantum critical regime where one expects
the junction admittance to follow a power law of the
temperature [28]. This is clearly not the case in our
experiments. In a totally independent experiment with a
different objective, Grimm et al. [29] have recently
observed that a SQUID with Emax

J =EC ≃ 0.3 in series with
a 32-kΩ resistance ðRQ=R ≃ 0.2Þ had a clear dc super-
current branch that was modulated with the flux. We
consider their observation to support our results.
Together with the known R → ∞ limit of qubits and the

observed superconducting junctions at EJ=EC ≳ 7 and
RQ=R ∼ 0.6 in Refs. [14,30] (see Appendix A), we con-
clude that the experimental observations are consistent with
a complete absence of the predicted insulating phase.
We now turn to theoretical considerations. In the first

step, we revisit the framework in which the SB prediction
of a superconducting-to-insulating phase transition was
made. In the second step, we explain the exact nature of the
predicted transition and provide arguments according to
which JJs are actually not expected to become insulating in
any Ohmic environment.
The SB prediction was cast using the model introduced

by Caldeira and Leggett (CL) [31], which describes a
Josephson junction and its capacitor (forming a CPB)
analogous to a massive particle in a washboard potential,
coupling the particle position (the junction phase) to a
bath of harmonic oscillators that provide viscous damping.
The corresponding Hamiltonian is

H ¼ ECN2 − EJ cosφþ
X
n

4e2
N2

n

2Cn
þ ℏ2

4e2
ðφn − φÞ2

2Ln
;

where φ (resp. N) denotes the junction’s phase (resp.
number of Cooper pairs on the junction capacitance) which
are conjugate ½φ; N� ¼ i, and the φn (resp. Nn) denote
the phase (resp. dimensionless charge) of the harmonic
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FIG. 3. Measured modulus of the transmission S21 (as a power
ratio) for sample 1 (top panels) and 2 (bottom panels). Left
panels: jS21j as a function of the flux through the SQUIDs at the
base temperature. The modulation is periodic with the flux (data
not shown), as usual for a SQUID; only half a period is
represented. Note that the position of the zero flux is different
in the top and bottom panels. Right panels: jS21j for several flux
values (using the same colors as on the left panels) as a function
of the temperature. For sample 2, the error bars are smaller than
the symbols used (note the larger vertical scale).
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oscillators. H is not invariant upon φ → φþ 2π, so that
values of φ differing by 2π are naturally regarded as
distinguishable states of the junction, and φ is said to be
an “extended phase.” Correspondingly, N has its spectrum
in R, and we call it an extended charge too.
A unitary transformation H0 ¼ U†HU with U ¼

expðiφNRÞ and NR ¼ P
n Nn (the charge passed through

the resistor) yields another Hamiltonian of interest

H0 ¼ ECðN − NRÞ2 − EJ cosφþ
X
n

4e2
N2

n

2Cn
þ ℏ2

4e2
φ2
n

2Ln
;

where the CPB now couples to the environment through N,
here representing the number of transmitted Cooper
pairs through the junction. Unlike H, H0 is evidently
invariant upon the discrete translation φ → φþ 2π so that
the values of φ differing by 2π can be regarded as
indistinguishable (wave functions in φ are 2π periodic),
and the usual terminology is that φ is a “compact phase.”
In principle, φ can still be described as an extended
variable, in which case the periodicity of the potential
implies that wave functions in φ are Bloch functions
ΨqðφÞ ¼

P
n anðqÞeiðnþqÞφ. Here, the “quasicharge” q is

a conserved quantity fixed by initial conditions. However, a
Bloch function with quasicharge q can be transformed to
any other Bloch function by a global shift of the bath
charge, and the resistance is translationally invariant in both
charge and phase (this invariance being respected in the CL
model [31]). Thus, in this resistively shunted JJ, states with
different quasicharges can be considered degenerate in the
sense that no measurement on the circuit can distinguish
them after the initial charge shift of the bath has decayed
[32]. Thus, one can choose to use only compact phase states
(q ¼ 0 mod 2π) for convenience. In this case, N has a
discrete spectrum inZ (even though there is no island in the
circuit), and the Josephson coupling term can be written as
EJ cosφ ¼ 1

2
EJð

P
N∈Z jNihN þ 1j þ H:c:Þ as customary

for CPBs, which we expect to recover in the R → ∞ limit.
With these provisos, H and H0 operate on wave functions

with different symmetries; they almost seem to describe
different physical systems. This issue was known from the
start, and several theory papers considered the suitability
of either phase description for the system considered here,
but no clear-cut answer emerged (for an overview, see
Ref. [33]). However, a unitary transformation cannot break
a symmetry of the system, and the contradiction resolves
when one properly transforms the boundary and initial
conditions together with the Hamiltonian [33,34].
Provided this transformation is carried out properly and
barring any spontaneous symmetry breaking, H and H0 can
be used indifferently to describe the system, and any valid
state of the system should thus be representable with eitherH
or H0. As we mention above, in the R ¼ ∞ limit of the
bare CPB, the phase is known to be compact; hence, by
continuity, compact states are also the states to consider at

finite R, unless one shows a spontaneous symmetry breaking
of the discrete phase translation invariance occurs, a phe-
nomenon also known as the “decompactification” [6,35] of
the phase (and which goes along with an “undiscretization”
of the charge).
The SB theory is precisely all about dissipation causing

spontaneous symmetry breaking; we now describe the core
ideas of this theory. Close to the bottom axis of the phase
diagram, in the so-called scaling limit where EC → ∞
(which constrains N ¼ NR), H0 becomes equivalent to the
tight-binding model used in Refs [3,4] (see Appendix G).
In this model, at low friction (low R), the junction’s zero-
temperature reduced density matrix ρ is completely delo-
calized in the discrete charge basis, and thus corresponds to
a perfectly localized compact phase. For such a state, using
an extended description for both charge and phase, the
diagonal of ρ is a Dirac comb in both charge and phase
representation [Fig. 4(b), bottom right]. For R > RQ,
however, the discrete translational invariance symmetry
of the charge is broken, and the charge localizes at a given
value of hNi ¼ TrρN. In ρ, the result of this charge
localization can be seen as multiplying the charge Dirac
comb by a bell-shaped function b and broadening each
peak of the phase Dirac comb by convolving it with the
Fourier transform of b [Fig. 4(b), bottom left]. Across the
transition, the charge fluctuations (the width of b) vary
continuously [4], but the dc charge mobility μ (related
to the charge fluctuations according to the standard
Green-Kubo relations; see Appendix F) is predicted to

(a) (b)

FIG. 4. (a) Reinterpreted Schmid-Bulgadaev phase diagram,
in which the junction is superconducting everywhere, except for
EJ ¼ 0. In the S parts, the junction is superconducting with a
fully delocalized charge and, correspondingly, a fluctuationless
(classical) compact phase. Partial charge (phase) localization
occurs in the CL (PL) part. The classical phases S are artifacts
which disappear when improving the model (see text and
Appendix G). (b) Final description of the junction’s behavior
in the parameter space. Drawings are sketches of the diagonal
elements of the junction’s reduced density matrix in an extended
description (red, charge representation; green, phase representa-
tion). Close to the left (right) half of the upper (lower) axis, they
nearly take the form of Dirac combs where the phase is almost a
classical variable. In the lower left (upper right) sector, partial
charge (phase) localization occurs, as in (a). The density matrix
evolves continuously, interpolating between these limits, without
any phase transition.
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vanish (resp. diverge) for R > RQ (resp. R < RQ) at T ¼ 0,
hence, the prediction of a superconducting-to-insulating
transition.
At the time of the prediction, this mobility argument was

often associated with the simple picture of infinite polaronic
trapping in the insulating phase R > RQ and the correspond-
ing suppression of the coherence EJhcosφi between charge
states. More elaborate renormalization group (RG) flow
arguments [1–3,6,12,36] led to the conclusion that an
immobilization of the junction charge indeed occurred in
the whole domain where the cutoff frequency of the Ohmic
damping is the fastest dynamics in the system, i.e., EJ=EC <
ðRQ=RÞ2 [see part CL in Fig. 4(a); note that our experimental
parameters are in this zone].
However, works on the closely related spin-boson

problem (SBP; the CL model is an infinite-spin generali-
zation of the SBP) have shown that the picture of infinite
polaronic trapping is too naive. In this system, the spin and
the bath entangle in the ground state, involving an infinite
number of bosonic excitations and yielding resilient finite
coherences (possibly very small) [37–40] that depend
algebraically on the UV cutoff of the Ohmic bath. In the
CL model itself, perturbation theory in EJ shows as well
that, while EJhcosφi ¼ 0 at zeroth order, EJhcosφi ¼
OðE2

J=ECÞ (as in the bare CPB) at the next order [41] for
any R > RQ=2. Hence, it is no longer believed that the
coherences vanish in the “insulating phase,” and this has
dramatic consequences: (i) It enables a finite supercurrent
flow (as evidenced by our experiments), and (ii) previously
calculated dc charge mobility does not describe the actual
transport properties, because it does not take into account
the inductive behavior associated with the supercurrent (see
Appendix F). The qualitative explanation for the robustness
of the coherence is that the inductive response of the
junction shunts the low-frequency modes of the environ-
ment that were supposed to fully suppress the coherence
[23]. In this new understanding of the (previously believed)
insulating phase, the partially localized charge states are
similar to those of the bare CPB, and they very naturally
coincide with them in the R → ∞ limit. The difference
between the resistively shunted junction and the CPB with
an island is that in the first case there is a degenerate
continuum of localized charge states at all values of hNi,
while in the second case where no dc current can flow, hNi
is pinned, and the ground state is unique.
Close to the top axis of the phase diagram, one follows

similar reasoning in the “dual” picture [42], where charge
and phase are interchanged. One then starts from a tight-
binding description of Wannier states for the phase located
in the different wells of the cosine potential (and where the
strength of the friction is inverted [42]). Mirroring what
occurs on the bottom axis, this duality predicts that the
diagonal of ρ is again a Dirac comb in both charge and
phase representations [upper left of Fig. 4(b)] at low friction
(large R) and that a smooth spontaneous symmetry

breaking transition to partial “phase localization” occurs
for R < RQ [part PL in Fig. 4(a)]. We thus identify this
transition as a progressive decompactification of φ. This
shows that a generic decompactified phase state is the dual
of a CPB state, i.e., a superposition of classical phase states
differing by 2π in several adjacent wells of the cosine. To
our knowledge, this is the first time the decompactification
process is clarified, and it is a key result as it shows this
spontaneous symmetry breaking does not yield generic
extended phase states, contrary to what was generally
assumed so far (see Appendix H). In particular, Schmid
and subsequent authors treated φ as extended, which led
them to attribute an insulating character to the “delocalized
phase” in all the wells of the cosine (for R > RQ). However,
when considering a compact phase, the junction is insulat-
ing only when the phase is completely delocalized within
one period (all coherences vanishing: hcos nφi ¼ 0,
∀ n ∈ N�), meaning that the diagonal of ρ is completely
flat in the phase representation.
In Fig. 4(a), we show our reinterpretation of the SB phase

diagram, where the junction is superconducting every-
where, except at EJ=EC ¼ 0, in the so-called scaling limit.
Note that in actual implementations, EC is always finite, so
that the insulating state of the scaling limit can be achieved
only by choosing EJ ¼ 0, i.e., trivially, an already fully
insulating junction (even in the normal state). This reinter-
preted diagram is in agreement with experiments and
resolves the conflicts mentioned in the Introduction. At this
point, the vertical boundaries at R ¼ RQ which remain from
the SB prediction are continuous transitions from fluctua-
tionless phase states to states having finite zero-point phase
fluctuations, i.e., classical-to-quantum transitions. However,
one can show these transitions arise from properties of the
uncoupled bosonic bath (Ref. [3] and Appendix G), and one
expects that a better treatment (taking into account the
aforementioned entanglement of the junction with the bath)
should restore finite phase fluctuations in the phases S,
turning this transition into a crossover.
The emergent understanding of this system is represented

pictorially in Fig. 4(b): The junction is superconducting
everywhere, and its reduced density matrix evolves contin-
uously as a function of the parameters, interpolating between
the limit cases depicted. From this diagram, one sees that
when the effective Josephson Hamiltonian is deemed
adequate to model a Josephson junction (see Appendix I),
the junction phase can be essentially regarded as compact
(and one can use the discrete charge basis of a CPB) below
the main antidiagonal, while one expects a partial decom-
pactification of the phase above that antidiagonal.
Obviously, generic extended phase states do not have

the appropriate symmetries within this understanding.
Consequently, assuming an extended phase to describe
the low-energy states in such a system is at best approxi-
mate or it appeals to (perhaps unspoken) ingredients
external to the CL model. Yet, many predictions (besides
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the DQPT) were made assuming an extended phase and
have been checked to well describe the Josephson physics.
This raises the question of when can one safely use such a
description? A nonoperative answer is that such a descrip-
tion is fine as long as interference effects that would appear
in a proper treatment of the phase (more or less complete)
translation invariance play no significant role.
Before closing this discussion, let us comment on the

striking dips observed in the temperature dependence of the
transmitted power near T ∼ 100 mK corresponding to a
maximum of the junction admittance. They can be under-
stood at a qualitative level using the usual charge descrip-
tion of the CPB (consistent with the above discussion),
assuming the resistance is large enough. In the regime
EJ ≪ EC and at very low temperature, the state of the CPB
is nearly a classical state at the minimum of a charging
energy parabola with a given N. This state nevertheless
has quantum fluctuations that can be computed by
second-order perturbation theory, with virtual transitions
through the neighboring charge states. This process results
in an effective Josephson coupling for the ground state
Eeff
J ¼ EJhcosφi ∝ E2

J=EC, the energy denominator EC
being the energy of the virtual states. At finite temperatures
kBT ≲ EC, low-energy modes of the resistance are ther-
mally populated; they can lend their energy to the virtual
state, lowering the energy denominator and thus increasing
the effective Josephson coupling. At higher temperatures,
thermal fluctuations eventually reduce the gap of Al,
reducing the Josephson coupling.

IV. METADISCUSSION

Given that the present work contradicts more than 35 years
of literature on the understanding of a Josephson junction
in a resistive environment, one may rightfully wonder if
alternative explanations of our results could exist. One can
hypothesize that

(i) we might over- or misinterpret our experimental data
and that of Grimm et al. [29] when we conclude that
the junctions remain superconducting at low temper-
atures, and

(ii) there could be hidden flaws in our theoretical
analysis of the CL model, which leads us to
conclude that no insulating phase is expected in
JJþ R systems,

such that the original SB prediction regarding JJs could
stand. Within these hypotheses, signatures of the insulating
state could, for instance, appear only out of the experimental
windows for some reason to be worked out, making our
experimental data compatible with the original prediction.
However, we stress that the inconsistency of the insulating
phase with the intuitive limits that we point to in the
Introduction would still need to be addressed.
We thus encourage experimental and theoretical work

in this domain that could complete, clarify, or correct our
findings, in the hope that the community soon reaches

consensus on the expected behavior of this key quantum
component in the presence of an environment.

V. CONCLUSIONS

Our experimental results show no evidence of the
superconducting-to-insulating DQPT in Josephson junc-
tions predicted by Schmid and Bulgadaev, contrary to
present widespread expectations. We provide theoretical
arguments according to which the superconducting coher-
ence in JJs is actually resilient to dissipation, thereby
barring the occurrence of that DQPT in JJþ R systems
(the DQPT does occur in nonsuperconducting 1D systems,
however; see Appendix J). We reach a global and consistent
qualitative description of JJs with an environmental imped-
ance that dovetails all well-known limits. As an important
by-product, our analysis for the first time clearly exposes
how phase decompactification occurs in Josephson junc-
tions. This shows that generic extended phase states are
not rigorous solutions for this system, hopefully settling
decades of controversies. Our work also highlights that
there are presently no comprehensive and quantitative
predictions for the effect of dissipation on the CPB able
to reproduce our results. Finally, our results prompt for a
critical reexamination of the works where the Schmid-
Bulgadaev prediction regarding Josephson junctions was
used to draw predictions for other systems such as super-
conducting nanowires proposed to implement quantum
phase slip junctions [43–45].
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APPENDIX A: FORMER EXPERIMENTAL TESTS

The SB prediction has been researched experimentally
[13–15,30], but the scaling laws expected to be the hall-
mark of the predicted quantum critical regime have not
been thoroughly investigated.
In these experiments, the junction and its Ohmic shunt

resistance Rwere typically “current biased” using a voltage
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source in series with a large resistor Rbias>R and measured
using a lock-in technique at frequencies fLI ∼ 100 Hz
or below. Could such a setup properly measure the linear
response of the junction?
For junctions with small critical current, it is well known

that spurious noise in the setup rapidly reduces the apparent
maximum supercurrent [46–48], and particularly so for
underdamped junctions, i.e., when EJ=EC ≫ ðRQ=RÞ2.
However, even when the technical noises are completely
eliminated, a lock-in measurement has intrinsic limitations
when the junction’s admittance becomes smaller than 1=R.
In that case, keeping a small phase excursion in these setups
requires an ac voltage excitation at the junction Vac ≪
Φ0fLI < 1 pV which, even taking into account the resistive
bridge division R=ðRþ RbiasÞ, is several orders of magni-
tude smaller than required to have a sufficient signal-to-
noise ratio in lock-in measurements. Thus, the former
experiments aiming to test the DQPT could not properly
measure the linear response of junctions with very low
admittances: Several periods of the cosine were explored,
rapidly averaging any small supercurrent to zero. In
contrast, in our setup, measuring at much higher frequen-
cies enables us to use larger excitation voltages while
remaining in the linear phase response regime, even when
the admittance of the junction becomes very low.
On the other hand, it is easy to observe the supercurrent

branch of junctions having a large critical current, even
with an imperfect setup, because the junction very effec-
tively shunts noise. Indeed, the authors of Refs. [14,30]
found that a superconducting branch was observed for all
junctions supposed to be in the insulating phase, provided
that EJ=EC ≳ 7. At the time of this result, the discrepancy
with the DQPT prediction was resolved by arguing that the
observed superconducting state was a transient and that the
true equilibrium insulating state would be reached only
after a possibly cosmologically long time [6,14,30]. The
argument given was that when the junction’s (extended)
phase starts localized in one well of the cosine potential, it
will eventually delocalize in all other wells of the cosine by
tunneling (and this delocalized state was assumed insulat-
ing), but the tunneling rate becomes immeasurably small
for large EJ=EC. However, when timescales become very
long and energies very small, one should seriously recon-
sider all other approximations made in the modeling, such
as, for instance, neglecting the level separation in the
electrodes. When considering a compact phase, such a
slow phenomenon simply does not exist: The phase is
always instantly delocalized in all wells of the cosine, and
moreover, that state is superconducting. The superconduct-
ing state observed in these experiments was then the
genuine equilibrium state.

APPENDIX B: FABRICATION DETAILS

The fabrication of the sample starts from a gold 50-Ω
coplanar waveguide (CPW) defined by optical lithography

and providing the input and output ports for the microwave
signals. The central conductor of the transmission line is
interrupted on a length of 38 μm, creating a cavity in which
the resistor and junctions are fabricated in two subsequent
steps, using e-beam lithography and evaporation through
suspended masks. The resistor consists of a 8.5-nm-thick,
approximately 100-nm-wide and 16-μm-long Cr wire, peri-
odically overlapped with 45-nm-thick, 1 × 1 ðμmÞ2 Cr cool-
ing pads. One end of the resistor connects to the output
transmission line. The junctions are produced by standard
double-angle evaporation of aluminum. The SQUID is
connected on one side to the ground plane of the CPW,
and on the other side to the other end of the Cr resistor.
Microwave simulations of the circuit are used to check that in
this design the actual impedance seen by the junction is close
to R kC up to frequencies well above ðRCÞ−1. In order to
meet this condition, it is important that the whole SQUIDþ
resistor layout is very compact to avoid stray inductances and
capacitances.

1. Determination of the sample parameters

Since the values of EJ and R cannot be independently
measured directly on the sample, the values reported in
Table I come from the room-temperature measurements of
the resistance of several other junctions and resistors having
the same dimensions and fabricated at the same time on the
sample. From the scatter of these measurements, the values
reported are believed to be accurate within �15%. The
value of Ec is estimated from the area of the junction using
the commonly used value 100 fF ðμmÞ−2 for the capaci-
tance per unit area of aluminum-aluminum oxide junctions.
The value of the coupling capacitance is obtained from
microwave simulations.

APPENDIX C: JOULE HEATING
IN THE RESISTOR

Here we show that for the measurements shown in Fig. 4,
the Joule power dissipated in the chromium resistor does not
substantially raise the electronic temperature. For this, we
rely on the analysis of heating in diffusive wires detailed in
Ref. [27], where it is assumed that the electron temperature
can be well defined locally, i.e., that the thermalization
between electrons occurs faster than their diffusion through
the wire and that we can neglect the radiative cooling of the
wire. In this reference, the diffusive wire is supposed to be
connected to two normal-metal reservoirs at both ends, and
these reservoirs are supposed to be large enough so that their
electronic temperature is equal to the phonon temperature.
In our case, on the junction side the Cr wire is connected to
superconducting Al which blocks any heat exchange at very
low temperatures. We can nevertheless obtain the electronic
temperature at this point by considering the results of
Ref. [27] in the middle of a wire with twice the length,
twice the resistance, and twice the dissipated power.
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We first evaluate the maximum Joule power PR dissipated
in the Cr resistor for the measurements performed at the
lowest temperature (13 mK) in Fig. 4. This power is
proportional to the power Pout at the output of the sample by

PR ¼ R
Z0

Pout;

where Z0 ¼ 50 Ω is the impedance of the microwave
circuitry, and

Pout ¼ PVNA10
½ðS21−GÞ=10�;

where PVNA is the power at the vector network analyzer
(VNA) output, S21 is the measured transmission of the setup
(in dB), and G ¼ þ106 dB the overall gain (in dB) of the
microwave chain from the sample output to the VNA input.
For sample 2, using the maximum value MaxðjS21jÞ ¼
−50 dB, PVNA ¼ þ3 dBm, and R ¼ 8 kΩ, this leads to a
maximum PR≃80 aW [for sample 1: MaxðjS21jÞ¼−50 dB,
PVNA ¼ −4 dBm, and R ¼ 12 kΩ give a maximum
PR ≃ 25 aW].
Looking for an upper bound for the electronic temper-

ature, we consider the simple “interacting hot-electron”
limit, where electron-phonon interaction in the wire is
neglected, so that cooling occurs only through diffusive
electronic exchange with the reservoir (here the gold central
conductor of the CPW). In this limit, the maximum
temperature (reached in the middle of the wire in
Ref. [27] and at the Cr-Al interface in our case) is

Tmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
ph þ

3

4π2

�
e
kB

�
2

2R2PR

s
;

where Tph is the phonon temperature in the reservoir. At the
lowest temperature Tph ¼ 13 mK, and for the above values
this yields

Tmax ≃ Tph þ
�
1 mK for sample 2;

0.5 mK for sample 1;

which sets an upper bound for the electronic temperature of
the electromagnetic environment in our experiments. These
considerations show that in the entire experimental range,
Joule heating of the resistor is negligible.
In the above analysis, the thick intermediate pads

incorporated in the wire design (see Fig. 2) play absolutely
no role. They are meant to increase electron-phonon
coupling, but they are effective only at higher temperature,
as we now discuss. At the maximum power dissipated in
the resistor, we can estimate the electronic temperature
TΣ ¼ ðP2

R=ΣΩÞ1=5 [27] that would be reached if only
electron-phonon cooling was taking place. Taking the
entire volume of the resistive wire and of the intermediate
cooling pads Ω ≃ 0.20 ðμmÞ3 and assuming the standard

electron-phonon coupling constant Σ ≃ 2 nW ðμmÞ−3K−5

gives TΣ ≃ 36 mK (for sample 2). We could thus increase
the measurement power at temperatures above 50 mK in
order to speed up the measurements while still not heating
the electrons.

APPENDIX D: CHECKING THE LINEARITY
OF THE RESPONSE

In order to ascertain that we measure the linear response
of the junction properly, we check that S21 no longer
depends on applied power at low power. In Fig. 5, we
show the variations of jS21j as a function of the applied
measurement power for various fluxes in the two samples at
the lowest temperature (13 mK). We indeed observe that in
the low-power range, jS21j no longer changes, confirming
that we measure the linear response and that we are not
heating the resistor. We used such measurements to choose
the operating power for the data presented in Fig. 3,
selecting the value at the end of the horizontal plateau
(shown as the dashed vertical line in Fig. 5), i.e., −77 dBm
for sample 1 and −70 dBm for sample 2.

APPENDIX E: LINK BETWEEN THE MEASURED
S21 AND THE JOSEPHSON-JUNCTION

PARAMETERS

Assuming a probe signal has a low enough amplitude,
the circuit between the input port and the output port of
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FIG. 5. Variations of the transmission through the samples (top,
sample 1; bottom, sample 2), as a function of the power at the
sample input, for different values of the flux through the SQUIDs,
at the lowest temperature (variations are taken with respect to the
value at Pin ¼ −80 dBm). The size of the error bars does not vary
monotonically because the averaging time was increased when
reducing the power. The dashed lines indicate the power levels
that were chosen to take the data shown in Fig. 3.
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the sample chip is then a linear quadrupole as depicted in
Fig. 6, with the junction described as a linear admittance
YðωÞ corresponding to the parallel combination of the
capacitance and the SQUID of Fig. 2. For such a quadru-
pole, the input and output waves’ amplitudes at both ports
(assumed to have the standard microwave characteristic
impedance Z0 ¼ 50 Ω) are related by an S matrix [49].
Considering that at the frequency of the experiment
ðiCcωÞ−1 ≫ R ≫ Z0, the S matrix of the sample is
approximately

S ≃ I þ S21σx;

where I is the 2 × 2 identity matrix, σx the Pauli matrix, and

S21 ¼
2iCcωZ0

1þ RYðωÞ
is the transmission amplitude from the input to the out-
put port.
Thus, in principle, a measurement of the (complex-

valued) transmission S21 with a vector network analyzer
can give access to the complex junction admittance.
However, in order to access this ideal on-chip S, one must
carefully calibrate the whole microwave setup using several
reference devices (e.g., thru, reflect, and line) in place of the
sample [49] in order to deembed the effect of the rest of the
setup. Such a procedure is needed, in particular, to define a
reference for arg S21 and to cancel any stray transmission
between input and output (Ystray in Fig. 6). As our
demonstration involves evidencing only a SQUID modu-
lation that saturates at low temperature, it requires only
qualitative measurements, and thus, for simplicity, such a
calibration is not performed. The measured (uncalibrated)
jS21j variations can nevertheless be qualitatively compared
to the ideal prediction

jS21j2 ¼
ð2CcωZ0Þ2
j1þ RYðωÞj2 :

Given our choice of parameters RCω ≪ 1, the capacitive
contribution in Y can be neglected for the evaluation of S21,
and we can consider only the contribution of the Josephson
element YðωÞ ≃ 1=iLeffω (assuming a superconducting
character). Under this form, it is clear that larger values
of jS21j correspond to small junction admittance (large
effective inductance, small supercurrent) and vice versa.
For sample 1, in the low-temperature limit, the modu-

lation of jS21j with flux is small, showing that jYjR ≪ 1.
Assuming the junction behaves as a usual symmetric
SQUID, its inductance depends on the flux Φ as
LeffðΦÞ−1 ¼ 2eIeff0 j cosðπΦ=Φ0Þj=ℏ, with Ieff0 the effective
critical current. By adjusting the amplitude of the S21
modulation for sample 1 in the low-temperature limit, this
gives Ieff0 ∼ 70 pA, much smaller than the Ambegaokar-
Baratoff I0 ¼ EJ2e=ℏ ¼ 5.0 nA value obtained from the
junction’s tunnel resistance. This decrease is qualitatively
expected, because zero-point phase fluctuations [23,50,51]
are known to reduce the effective critical current, or,
equivalently, to “renormalize” the apparent Josephson
coupling. One can also check that the change of jS21j of
approximately −1.4 dB between the maximum frustration
of the SQUID at low temperature (where Y ≃ 0) and the
critical temperature Tc ∼ 1.2 K of Al (where all lines merge
at Y ≃ 1=RT) is consistent with RT ≃ 62 kΩ, the junction
normal-state tunnel resistance. This line of reasoning is also
true for sample 2: The change of jS21j of approximately
−3.6 dB is consistent with RT ≃ 19 kΩ.
For sample 2, however, it is not possible to correctly

reproduce the shape of the variations of S21 in the bottom
left panel of Fig. 3 by assuming the SQUID behaves as a
standard one with LeffðΦÞ−1 ¼ 2eIeff0 j cosðπΦ=Φ0Þj=ℏ and
adjusting the effective Ieff0 as done for sample 1. Given the
shape of the modulation, it seems very likely that a weak
stray transmission in our setup (as Ystray in Fig. 6) causes
jS21j to saturate at a minimum value of approximately
−65.7 dB. Note that even if this were not the case, we
expect the modulation curve could still not be accurately
fitted using LeffðΦÞ−1 ¼ 2eIeff0 j cosðπΦ=Φ0Þj=ℏ, because in
this sample, the jS21j measurements show that the junction
admittance is modulated from jYj≲ or ≪ 1=R at the maxi-
mum frustration to jYj ≫ 1=R at minimum frustration, such
that the total effective impedance at the junction and the
corresponding zero-point phase fluctuations (which deter-
mine Ieff0 ) vary much with Φ. This variation of admittance
should lead to a strongly flux-dependent Ieff0 ðΦÞ, and hence,
an overall non-abs(cos) modulation of the inverse induct-
ance [23].
Finally, the striking nonmonotonic dependence of the

transmission on the temperature is explained qualitatively
in the main text before the Conclusion.
Our experiment demonstrates that when quantitative

predictions become available for the junction inductance
in high-impedance Ohmic environments, calibrated S21

FIG. 6. Quadrupole model of the on-chip components for the
calculation of the transmission S21. In the ideal case where the
external circuit can be fully calibrated by measuring reference
samples, S21 would depend only on Cc, R, and Y, the admittance
of the junction. In our experiment, this full calibration is not
performed, and a weak stray admittance jYstrayj ≪ jiCcωj very
likely dominates our measurements at lower values of S21, when
the junction admittance is large ðjYjR ≫ 1Þ.
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measurement in such a setup should allow a quantitative
comparison.

APPENDIX F: LINEAR RESPONSE
AND MOBILITY IN THE

CALDEIRA-LEGGETT MODEL

Considering the Hamiltonian H0 of the main text

H0 ¼ ECðN − NRÞ2 − EJ cosφþ
X
n

4e2
N2

n

2Cn
þ ℏ2

4e2
φ2
n

2Ln
;

the operator for the current flowing through the junction is

I ¼ 2e
ℏ
∂H0

∂φ ¼ 2e
ℏ
EJ sinφ ¼ I0 sinφ:

Now we consider a thought experiment where the junction
phase φ is given a time dependence φ → φþ δφðtÞ, so
that the Hamiltonian acquires a time dependence too,
H0 → H0ðtÞ. We can obtain the corresponding change in
the current by using the general response formula of
Ref. [52] [Eq. (1) with Xðt0Þ≡ φðt0Þ and ÔðtÞ≡ IðtÞ],

δIðtÞ
δφðt0Þ ¼

−i
ℏ
θðt − t0Þ

��
IðtÞ; ℏ

2e
Iðt0Þ

�	

þ δðt − t0Þ 2e
ℏ
EJhcosφiðtÞ;

where h…i ¼ tr½ρðtÞ…� with the time-dependent density
matrix ρðtÞ. This result expresses the exact Hamiltonian
evolution, making essentially no assumption on the system
or on the drive δφðtÞ. However, it involves the time-
dependent density matrix ρðtÞ. The linear response of
the system is obtained from this general formula by
considering vanishingly small δφðtÞ, in which case, we
can use the equilibrium density matrix in the above
expression (with the last term becoming time independent
and the first one depending only on t − t0).
Using the fact that the voltage fluctuations across the

junction are δV ¼ ðℏ=2eÞðd=dtÞ½δφðtÞ�, and going to the
frequency domain, the above result yields the junction’s
linear admittance

YðωÞ ¼ δIðωÞ
δVðωÞ ¼

1

ℏ

Z þ∞

0

2h½IðtÞ; Ið0Þ�i e
iωt − 1

ω

dt
2π

þ
�
2e
ℏ

�
2 EJhcosφi

iω
: ðF1Þ

In the first term, one recognizes the standard linear
susceptibility of the usual Kubo formula. The second term
is due to the (change in the) current carried by the ground
state, yielding a purely inductive response of the junction.
Even if we do not know what the equilibrium density
matrix is in our system (because the junction is entangled

with the bath), this term is nonzero as long as
EJhcosφi ≠ 0.
Using the fact that 2e _N ¼ I, the first term in the above

expression can also be formulated in terms of the junction’s
charge correlator

YðωÞ ¼ 4e2

ℏ

Z þ∞

0

2h½NðtÞ; Nð0Þ�iωeiωt dt
2π

þ
�
2e
ℏ

�
2 EJhcosφi

iω
:

The impedance defined by this thought experiment is an
equilibrium property of the junction coupled to its environ-
ment. In practice, when one wants to measure this linear
response, indirect driving of the junction phase can be
realized in several ways, say, by threading an ac magnetic
field in the circuit loop or by using a capacitive bias as in our
experimental setup. As long as the probing circuitry does not
alter the impedance seen by the junction, the measured linear
response is (and it must be) independent of the biasing
scheme chosen. We further stress that the linear response
theory naturally embraces finite frequencies so that YðωÞ is a
genuine equilibrium property of the system, even at finite
frequency. In this regard, our probing of the system at
approximately 1 GHz poses no problem of principle.

1. dc mobility vs full linear response

In the entire literature on the Schmid-Bulgadaev tran-
sition, the transport quantity that was focused on is the
so-called dc charge mobility,

μ ¼ δIdc
δVdc

¼ ReYðω ¼ 0Þ;

which entirely comes from the first term of the admittance
(F1) and that is obtained considering only the equilibrium
charge (or current) correlator. Note that, by definition, μ
describes dissipative transport.
However, if the inductive term in YðωÞ is nonzero

(i.e., if the system can sustain a supercurrent), the zero-
frequency limit of Eq. (F1) considered in μ is disregard-
ing a diverging term, and, given that there are never
strictly zero-frequency measurements, one may wonder
about the relevance of this quantity for describing trans-
port. Indeed, we now show that no experimental meas-
urement protocol gives access to μ in a superconducting
system. Let us, for instance, consider the initial unbiased
equilibrium state with hφi ¼ 0 in which there is no
current flowing [Iðt ≤ 0Þ ¼ 0] and assume that at t ¼ 0, a
voltage step δVðtÞ is applied, ending on a plateau δV ≠ 0
after a time τ. If mobility were appropriately describing
the linear dc response, one would expect that after a
transient, δIðt ≫ τÞ → μδV. However, this is clearly not
the case for a linear superconducting inductor because
the inductive response to the voltage pulse is a linearly
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increasing current, not a transient. It is also incorrect for
a Josephson junction and its nonlinear inductance
because the interplay of the Josephson nonlinearity and
the non-Markovianity due to the retarded response of the
RC circuit results in a complex dynamics of the system
involving potentially many harmonics of the Josephson
frequency ωJ ¼ 2eδV=ℏ. There is presently no general
theory that is able to predict the resulting dc current for
all parameters and, in particular, when phase fluctuations
are large. Here we assume a voltage bias scheme, but one
can similarly show that the inductive response cannot be
ignored in other biasing schemes and that this cannot be
fixed by changing the frequency, the amplitude, or the
temperature at which the measurement would be per-
formed. In a nutshell, the linear mobility simply does not
properly describe transport in a system that can sustain a
supercurrent (i.e., where EJhcosφi ≠ 0 in the case we
consider) because it ignores the dominant effect of the
supercurrent.
Consequently, finding a vanishing dc mobility (as in

Refs. [1–6,9,11,12]) is not by itself a correct way of
proving the system is insulating. For being an acceptable
proof, it requires, in addition, that the coherences are
suppressed in the ground state. Note that interestingly,
Schmid [1] also considered the renormalization of the
coherence factor EJhcosφi (see the following section), but
he regarded this as an independent proof of his mobility
result, and not a condition for it.

2. Insulating state in the
Caldeira-Leggett model?

From the above material, it emerges that for an
insulating state to exist in this Caldeira-Leggett model,
it is necessary (and sufficient) that the environment fully
suppresses the coherences between charge states in the
ground state.
As explained in the main text, RG flow analysis on the

Josephson coupling initially indicated that coherences
also vanished in the insulating phase, seemingly validat-
ing the mobility calculation (on the insulating side).
However, results on the spin-boson problem, as well
as perturbation theory in EJ in the CL model contradict
the RG analysis and indicate that finite coherences
always survive in the ground state of the CL model
(as long as EJ=EC > 0). Hence, from the theory point of
view, it is clear by now that within the CL model, a
dissipative environment can reduce the coherence only to
a certain point. So, a remaining finite supercurrent is to
be expected, and that is indeed what we and Grimm et al.
[29] observe. Beyond our experiment, this behavior is
expected for the entire parameter space: The junction is
superconducting everywhere. This resolves the conflicts
evoked in the Introduction.
Note that our conclusion that mobility calculations

do not correctly describe transport in the CL model (and

therefore cannot be used to predict a superconducting-
insulating transition) is independent of whether one
considers a compact or extended phase description; it
applies also to old works which explicitly considered an
extended phase for evaluating the mobility. The compact
phase symmetry put forward by our analysis is still very
important because it enables us to reach a simple
consistent picture in all known limits, and, through the
self-duality of the model, it clarifies how decompactifi-
cation occurs.

APPENDIX G: THE PREDICTED
PHASE TRANSITION IN

THE PðEÞ THEORY

In Ref. [4], Aslangul et al. use a tight-binding model
to describe junctions coupled to a linear environment in
the so-called scaling limit, and they confirm Schmid’s
prediction of a phase transition. Here we go over their
derivation using the notations more commonly used at
present for Josephson circuits.
First we express the Hamiltonian H̃ considered in

Ref. [4] as

H̃ ¼ EJ

2

�X
N∈Z

jNihN þ 1jeiφ̃þ2ieVt=ℏ þ H:c:

�
þHbath;

where N is the number of charges passed through the
junction, and φ̃ is the fluctuating phase across the
(disconnected) environment (in the notations of Ref. [4],
Bþ ¼ eiφ̃, ℏΔ ¼ EJ). For more generality, we consider the
case where a voltage source is present (the results of
Ref. [4] are recovered taking V ¼ 0). This Hamiltonian is
also considered in Ref. [53]. Note that when using this
tight-binding description of discrete charge states, it implies
the junction phase is considered compact.
The current operator through the junction is

Î ¼ i
2e
ℏ
EJ

2

�X
N∈Z

jNihN þ 1jeiφ̃þ2ieVt=ℏ − H:c:

�
:

We now evaluate the current correlator

SIIðtÞ ¼ hÎðtÞÎð0Þi;

assuming that the backaction of the junction on the
environment is weak enough to not modify the equilib-
rium properties of the bath. At first view, this assumption
can be justified if the junction impedance at its plasma
oscillation is much larger than the environment resistance
(i.e.,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=EJ

p
≫ R=RQ), in which case the environment

imposes its phase fluctuations onto the junction. This
condition is indeed fulfilled in the scaling limit consid-
ered in Ref. [4]. Within these hypotheses, the correlator
evaluates to
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SIIðtÞ ¼
�
2e
ℏ
EJ

2

�
2
��X

N∈Z
hNjρjNi

�
ðheiφ̃ðtÞe−iφ̃ð0Þie2ieVt=ℏ þ he−iφ̃ðtÞeiφ̃ð0Þie−2ieVt=ℏÞ

−
�X

N∈Z
hNjρjN þ 2iheiφ̃ðtÞeiφ̃ð0Þie2ieVt=ℏ þ hNjρjN − 2ihe−iφ̃ðtÞe−iφ̃ð0Þie−2ieVt=ℏ

��
; ðG1Þ

where ρ is the reduced density matrix of the junction.
Considering that the linear environment remains in equi-
librium, its fluctuations are Gaussian, and one has

he�iφ̃ðtÞe∓iφ̃ð0Þi ¼ eJðtÞ

and

he�iφ̃ðtÞe�iφ̃ð0Þi ¼ e−JðtÞþ2Jð∞Þ

with

JðtÞ ¼ h½φ̃ðtÞ − φ̃ð0Þ�φ̃ð0Þi

¼
Z þ∞

−∞

dω
ω

ReZðωÞ
2RQ

e−iωt − 1

1 − e−βℏω
;

with Z being the total environment admittance as seen from
the Josephson element, including the junction capacitance
[i.e., ZðωÞ ¼ ðR−1 þ iCωÞ−1]. For an Ohmic environment
ReJð∞Þ ¼ −∞, so that the terms in the second line of
Eq. (G1) vanish, and using tr ρ ¼ 1, the correlator finally
reduces to

SIIðtÞ ¼
�
2e
ℏ
EJ

2

�
2

eJðtÞ cos
2eVt
ℏ

;

or, in the frequency domain,

SIIðωÞ ¼
�
2e
ℏ
EJ

2

�
2

½Pðℏωþ 2eVÞ þ Pðℏω − 2eVÞ�;

where

PðEÞ ¼ 1

2πℏ

Z
∞

−∞
exp½JðtÞ þ iEt=ℏ�dt

is the usual PðEÞ function considered in dynamical
Coulomb blockade. For the RC environment considered
here, at zero temperature one has [53]

PðEÞ ∝ E2R=RQ−1: ðG2Þ

1. Charge transport

The standard Green-Kubo relations link the admittance
YGK to SII,

ReYGKðω; VÞ ¼
1

2ω
½SIIðωÞ − SIIð−ωÞ�: ðG3Þ

Note that, even after applying Kramers-Kronig relations to
get the imaginary part, this admittance YGK corresponds
only to the first term in Eq. (F1) and therefore lacks the
inductive response of the junction, which we know is
important (see Appendix F). If we nevertheless proceed,
from Eq. (G3) one predicts a differential conductance

dI
dV

ðVÞ ¼ ReYGKðω → 0; VÞ

¼ 2e2

ℏ
E2
J½P0ð2eVÞ þ P0ð−2eVÞ�;

and the I − V characteristics are obtained by straightfor-
ward integration

IðVÞ¼ e
ℏE

2
J½Pð2eVÞ þ Pð−2eVÞ�: ðG4Þ

The above results are already found in Ref. [53]. They
describe inelastic tunneling processes of Cooper pairs
with real transitions in the environment modes. The I − V
characteristic (G4) is known to quantitatively describe
experiments [50,54] at finite voltages when the Josephson
coupling is small enough that the environment modes remain
in equilibrium.
From the above results, one predicts the junction zero-

bias conductance

G ¼ YGKðω → 0; V ¼ 0Þ

¼ 2e
ℏ
E2
JP

0ð0Þ; ðG5Þ

which corresponds to the dc charge mobility calculated by
Aslangul et al. [4]. Thus, for the RC environment considered
here, at T ¼ 0, using Eqs. (G2) and (G5), one recovers the
“superconducting-to-insulating” phase transition at R ¼ RQ,
as found by Aslangul et al. [4] (Schmid [1] and Bulgadaev
[2] obtained the same results for the mobility by mapping the
problem onto a log-gas). However, as noted above, the
charge-transfer processes described here are inelastic, and it
is therefore not correct to describe this type of process as
superconducting transport for R < RQ.

2. Conclusions on the phase transition

(i) As shown in Appendix F, YGK is not the full linear
admittance; it entirely misses the inductive response
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of the junction and cannot properly describe charge
transport (and notably the supercurrent branch in the
I-V characteristics) because of that. This perturbative
tight-binding approach does predict a transition in
the charge correlator (a partial charge localization),
but it is incorrect to infer from this result that a
superconducting-insulating transition exists.

(ii) The predicted transition in the junction charge
correlator arises entirely from the PðEÞ function,
i.e., from the equilibrium fluctuations across the RC
environmental impedance not connected to any-
thing. It has nothing to do with the junction. This
is already noted in Ref. [3].

(iii) As we mention in the main text, for R < RQ, the
charge is predicted to be fully delocalized, and
correspondingly, the junction phase is fluctuation-
less (and its dynamics is that of a classical quantity).

The last two points seem odd and most likely too sketchy.
Just as it is now understood that the coherence factors do
not actually vanish in this system, it is quite clear that
taking into account the backaction of the junction on the
environment (causing their entanglement) would suppress
the above sharp transition in the charge correlator and turn
it into a smooth crossover with finite but small phase (resp.
charge) fluctuations in the (resp. dual of the) delocalized
charge state. Actually, we know this is the expected
behavior when EJ ≫ EC and R ≫ RQ [upper left corner
of the diagram in Fig. 4(b)]: At low temperatures, such a
junction behaves essentially as a linear inductor, and it is
well known that parallel RLC circuits have finite charge
and phase fluctuations for all parameters. Then, using the
duality argument, the presence of finite charge and phase
fluctuations should also be true for EJ ≪ EC and R < RQ.
Finally, by continuity, this should be also true in the entire
diagram.
The continuous crossover that emerges from our analysis

contrasts with the results of the Monte Carlo simulations
performed assuming an extended phase in Ref. [11], where
an abrupt transition in the phase correlator at T ¼ 0 and
R ¼ RQ is found. This discrepancy illustrates that consid-
ering an extended phase can lead to results inconsistent
with our analysis (see Appendix H).
In conclusion, we expect no DQPT transition in the CL

model: neither a superconducting-insulating transition nor
a transition in the charge or phase correlator.

APPENDIX H: COMPACT VS EXTENDED
JUNCTION PHASE

The analysis of the CL model conducted in the main text
is based on symmetry considerations and leads to a “phase
diagram” [Fig. 4(b)], which is theoretically consistent
(including at its boundaries) and consistent with experi-
ments. In this phase diagram, the junction phase is compact
below the antidiagonal and it progressively decompactifies
above the antidiagonal in a smooth crossover.

We stress that when this decompactification does not
occur, compact phase solutions are dictated by the sym-
metry of (the effective Josephson Hamiltonian in) the CL
model; this symmetry is not for the physicist to choose.
As a corrollary, choosing to use an extended phase in
many earlier works on the CL model cannot be rigorously
justified theoretically because there are no known mech-
anisms within that model that would break the system’s
fundamental symmetry in this way. The only established
symmetry breaking for the phase is the partial decom-
pactification we describe in the main text (but it cannot be
found starting from an extended phase).
Since it cannot be justified within the model, making use

of an extended phase implicitly and forcefully adds poorly
controlled hypotheses or ingredients to the model, with
essentially unknown consequences. (In practice, it adds an
additional variable indexing the wells of the cosine and
enabling us to distinguish all of them in all circumstances,
which is not possible in the original model.) For sure,
this can be done theoretically—it works. But does such a
treatment still yield fully relevant predictions for the real-
world system that the model was originally meant to
describe? Clearly not. It is certain that predictions will
differ in circumstances where interferences between the
wells matter, and this difference is unavoidable in a system
with superconducting coherences such as the one we
consider. In other words, in the parameter space where
we now know the phase discrete translational symmetry is
not spontaneously broken, there exists mathematically
correct extended phase solutions for H that cannot be
unitarily transformed to a suitable (i.e., compact) solution
for H0. Such solutions do not respect the intrinsic system
symmetry, but it is nearly impossible to figure this incon-
sistency by considering only the extended phase hypothesis.
This subtle point on the junction phase symmetry and its

spontaneous breakage has never been properly understood
so far. We think that bringing this point up and clarifying it
is a significant achievement of the present work.

1. Retrospective on the compact
vs extended phase debate

Prior to this work, it was intuited that phase decom-
pactification must take place somehow (at least for some
parameters), but it was not understood how it was occur-
ring, and this resulted in a lot of ambiguities and confusion.
Here, we try to put into perspective why the situation was
so confusing.
An extended phase description contains the compact

phase solutions as solutions of higher symmetry (periodic
solutions in phase representation), so that, in principle, it
should be the only description ever needed. Indeed, when
starting from a Hamiltonian such as H in the main text, for
which an extended phase is the “natural” point of view, one
can obtain the compact phase solutions by considering
highly nontrivial initial and boundary conditions [33,34].

ABSENCE OF A DISSIPATIVE QUANTUM PHASE TRANSITION … PHYS. REV. X 10, 021003 (2020)

021003-13



However, in the existing literature based on using H, this
was not done, and, as a consequence, compact phase
solutions (which are of utmost importance as our work
shows) were not found or not recognized as such.
Until now, this seemed not too problematic, and it was

even rationalized that compact phase states were irrelevant
in systems that are most conveniently described using H
(essentially, systems where a dc current can flow). The
rationale was that in these systems, a “full decompactifi-
cation” process (i.e., yielding only nonperiodic extended
phase states solutions of H) would always occur for all
parameters and all temperatures. At first, this was just
argued for qualitatively [55]. Soon after, Zwerger et al. [56]
showed that such a full decompactification process should
indeed always occur for Ohmic environments, but their
derivation can no longer be considered conclusive as it
did not take into account the entanglement of the junction
with the environment, which we now know is key. Later,
Apenko proposed another justification [35], but in his
derivation, the identification of different phases in the
circuit was not rigorous (similar to what we discuss
about the Hamiltonian of the fluxonium circuit in
Appendix H 4).
Hence, schematically, for a very long time, it was

broadly considered that the symmetry of the phase and
the Hamiltonian used were somehow tied: (H ⇔ extended
phase assumed to be a decompactified phase) XOR
(H0 ⇔ compact phase).
To support this dichotomic view, several arguments or

criteria were used to favor using a compact or an extended
phase description, depending on the problem considered.
For instance, it was frequently argued that a compact
junction phase is suitable only in circuits having an “island”
connected to the junction, as it would be a manifestation of
the charge quantization in the island or of the tunneling of
individual Cooper pairs through the junction. In other
words, a compact phase should not be appropriate in a
circuit where the charge can flow continuously (and thus,
consideringH0 to describe the Ohmic shunted junction was
not considered appropriate). Although the general discus-
sion of the main text already shows such arguments are not
relevant, in the following subsections of this Appendix we
nevertheless specifically discuss why these arguments do
not hold.

2. Phase compactness is not due to the tunneling
of individual Cooper pairs through the junction

If instead of a Josephson junction one considers a
superconducting ballistic (or nearly ballistic) weak link,
then the current-phase relation is still periodic with the
phase, so that one can again use a discrete charge basis to
describe the state of the weak link. In that case, this
apparent “charge discretization” obviously cannot be
directly linked to an underlying charge quantization due
to the tunneling of charge carriers.

3. Is charge quantization due to the
presence of islands?

As we discuss in the main text, using the discrete charge
basis of the CPB (equivalent to considering a compact
phase) arises from the symmetries of the system. It does not
require the presence of “an island” in which the charge is
“naturally quantized.” The simplest argument against this is
that in a CPB the mere presence of the Josephson junction
destroys this charge quantization (the ground state of the
CPB consists of a coherent superposition of charge states,
with finite zero-point fluctuations). This “charge quantiza-
tion” is not observable, it is only a mathematical illusion,
actually.
Our statement is further supported by the fact that the

form of the Caldeira-Leggett Hamiltonian is independent of
whether the circuit has an island or not. This can be shown
using the explicit decomposition of the total circuit imped-
ance into oscillators according to the rules in Ref. [22].
Finally, one can show that the Hamiltonian of a circuit

with an island has a smooth limit to the islandless case by
taking the limit where the capacitance defining the island
becomes infinite. Correspondingly, all the finite-frequency
linear response functions of the system have smooth limits
too. However, as the system is nonlinear, the linearity
range may vanish at low frequency (see, e.g., Appendix A),
depending on the type of response probed. This agrees with
the obvious expectation that at strictly zero frequency no dc
current can flow when there is an island, while it can if there
is no island. As we explain in the main text, the absence of
dc current in a circuit with an island results from having a
single ground state, while there is a continuum of them in
the islandless case permitting a dc current flow.
As a conclusion, whether one considers a CPB with an

island or a galvanically shunted junction does not radically
change the way the system is modeled.

4. The junction’s phase in the fluxonium

It is frequently argued that one must use an extended
phase description for describing the fluxonium circuit [57]
where a Josephson junction is connected in parallel with a
inductor (instead of a resistor in this paper).
Indeed, for the fluxonium, the Hamiltonian proposed in

Refs. [25,57] is

Hf1 ¼
q2

2C
− EJ cosφþ ðΦext − ℏ

2eφÞ2
2L

; ðH1Þ

where ðℏ=2eÞφ and q denote the branch flux and charge
of the junction, and Φext is the magnetic flux enclosed by
the loop formed between the junction and the inductor
considered as an external control parameter, i.e., a fixed
real number. In this model, obviously not invariant upon
φ → φþ 2π, the junction’s phase clearly appears as
extended. However, the eigenstates of the system have
current fluctuations that, in addition to vacuum flux
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fluctuations, cause fluctuations of the flux in the loop,
which contradicts the assumption that Φext is a fixed
parameter. Thus, the model is not fully consistent.
Another fluxonium Hamiltonian is derived in Ref. [45].

It reads

Hf2 ¼
ðQþ qÞ2

2C
− EJ cosφþΦ2

2L
: ðH2Þ

In this writing, Φ and Q denote the branch flux and charge
of the inductor, while ðℏ=2eÞφ and q still denote the branch
flux and charge of the junction. This Hamiltonian thus has 2
quantum degrees of freedom (each with fluctuations), and
the flux in the loop is given by Kirchhoff’s law

ℏ
2e

φ −Φ ¼ Φloop

so that Φloop fluctuates too (as expected) and has an
expectation value related to the externally applied flux
Φext. It is only by suppressing one of the quantum degrees
of freedom, turning it into a classical one, that Eq. (H2)
becomes Eq. (H1) (and, strictly, φ can no longer be
considered as a degree of freedom describing the sole
junction). The junction’s phase appearing as extended in
Eq. (H1) thus results from an approximation (perhaps a
very good one); it is not an obligation.
The inconsistency pointed out above is a general

problem of the circuit quantization scheme proposed in
Ref. [22], where loop fluxes are always assumed constant.
It can be easily fixed though. Other quantization schemes
have also been proposed [45,58,59] which do not neces-
sarily force this approximation.

a. The fluxonium is not in the phase diagram

In the fluxonium circuit, the impedance seen by the
junction has ReZðω ¼ 0Þ ¼ 0, which would naively locate
it on the right axis of the SB phase diagram. However, in
that limit, the system considered in the main text is ill-
defined as neither the loop inductance L (which defines a
new energy scale EL ¼ ℏ2=8e2L in the problem) nor the
external flux Φext threading the loop are specified. Thus,
the phase diagram would need to be refined with extra
parameters close to the right axis.
Nevertheless, depending on its parameters, we expect

the fluxonium’s junction phase will evolve between fully
decompactified (in a single well of the cosine) when
EL ≫ EJ and Φext mod Φ0 ≠ 1

2
, partially decompactified

(in several wells) when EL ∼ EJ, and essentially compact
(populating many wells nearly equally) [25] when EL → 0.

5. Phase in current-biased junctions

When considering the case of a current-biased junction,
where the current source “tilts the washboard potential,”
the different wells of the cosine appear as nonequivalent.

Here again, the obligation to use an extended phase is
only apparent.
First, the current source can be modeled by considering a

very large inductor loaded with an initial flux. So we are
back to considering the fluxonium case for which we argue
above that there is no obligation to use an extended phase.
One can arrive at a similar conclusion by performing a

time-dependent unitary transformation [34] that removes
the tilt of the washboard, restoring the periodicity of the
cosine potential. In this case, however, the states of the
system will be time dependent.
In such a current-biased junction, the final degree of

phase decompactification will depend on the dissipation
in the system and on the ratio EJ=EC (as in the unbiased
case) but certainly also on the current bias Ib which sets an
extra energy scale IbΦ0 in the system, with an associated
dynamics.

APPENDIX I: VALIDITY OF THE EFFECTIVE
JOSEPHSON HAMILTONIAN AND

CONSISTENCY OF THE
CALDEIRA-LEGGETT MODEL

In the CL model, the junction is modeled using the
effective Josephson Hamiltonian (i.e., the celebrated wash-
board potential for the junction phase) which describes
only Cooper pair tunneling, and one couples this effective
Hamiltonian to the linear environment.
This effective Josephson Hamiltonian emerges from the

tunneling of quasiparticles at second order in perturbation
theory in the absence of an environment [60,61], and it is
commonly admitted it describes well a junction at energies
much lower than the superconducting gap Δ and in the
absence of quasiparticles (which is expected at kBT ≪ 2Δ).
Even when these conditions are fulfilled, one may wonder
whether considering the effect of the environment on this
effective Hamiltonian—as done in the CL model—is fully
consistent.
A more rigorous and consistent way of considering the

effect of the environment on the junction consists of going
back to the tunneling of quasiparticles [23,62,63]. Doing
so, one however finds that at second order in tunneling
(corresponding to the effective Josephson Hamiltonian
used in H or H0), the junction sees the bare zero-point
fluctuations of the RC circuit. However, at that lowest order
in perturbation, phase fluctuations are divergent for any
Ohmic environment, and this divergence predicts a com-
plete suppression of the supercurrent at all temperatures
[23], even for R < RQ, in the phase where a classical
compact phase is predicted. This shows that the CL
description of the system (using H or H0) is inconsistent
when considering an Ohmic environment. These incon-
sistencies resolve at higher orders in the tunneling
Hamiltonian (or using a self-consistent approximation
[23]), when the inductive backaction of the junction on
the environment is taken into account: The junction and
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environment become entangled, voltage and phase fluctu-
ations are reduced, and they acquire an effective super-
Ohmic spectral density for which no DQPT is expected, the
junction preserving a finite supercurrent at T ¼ 0 for all
environmental impedances.
Our present work shows that even within the CL model

(although it is not fully consistent), the predicted phase
transition similarly disappears when considering the back-
action of the junction on the environment.

APPENDIX J: RELATIONSHIP WITH PHASE
TRANSITIONS IN OTHER SYSTEMS

The phase transition predicted by SB is closely related to
a number of other phase transitions predicted in different
systems (see Ref. [64]).
In particular, it is related to the impurity-induced transition

in a 1D conducting channel of interacting spinless fermions
(i.e., a Tomonaga-Luttinger liquid, TLL) predicted by Kane
and Fisher [65] (KF), according to which, at T ¼ 0, for any
nonzero strength of the impurity potential, the channel
conductance should vanish for repulsive interactions
g < 1, while it should reach the perfect TLL conductance
ge2=h for attractive interaction g > 1. This behavior is akin
to the SB prediction of a superconducting-to-insulating
transition. Kane and Fisher showed that these systems are
indeed described by the same effective action, and, accord-
ing to the principle “the same equations have the same
solutions” made famous by Feynman, no one questioned
they would have the same phase transition physics until now,
even when it became evident that the SB prediction con-
flicted with known results on Josephson junctions.

1. Confirmations of the KF phase transition

Repulsive Luttinger liquids with rational values of g < 1
have been extensively studied theoretically since they
notably describe the low-energy physics of fractional
quantum Hall edge states [66]. Thanks to the methods
of integrable systems, exact results have been obtained
for the specific values of g ¼ 1=2 [67], g ¼ 1=3 [68], and
g ¼ 2=3 [69]. All these results corroborate the perturbative
RG analysis [65] predicting universal scaling laws for the
dc conductance which drive the system to an insulating
state as the temperature is lowered for all impurity back-
scattering strength.
The KF phase transition physics was confirmed exper-

imentally by taking advantage of a second mapping put
forward by Safi and Saleur [70], who noticed the action of
an impurity in a TLL is also equivalent to that of a single-
channel quantum point contact in series with a resistor
(QPC+R). In this mapping, the TLL interaction parameter g
is controlled by the resistance g ¼ 1=ð1þ R=4RQÞ, and
thus covers only the dynamics of repulsive TLLs. Since the
physical implementation of QPCþ R is much better con-
trolled than that of fractional quantum Hall physics, this

mapping enabled precise experimental investigations of the
dc-conductance scaling laws. The experiments reported in
Refs. [69,71,72] provide stringent tests of the predicted
universal critical behavior at low energies (temperature and
dc voltage), even though the system is not strictly in the
scaling limit because of the finite charging energy.

2. Same equations but different solutions?

At first sight, it is quite shocking that we invalidate the
SB phase transition after the KF one was accurately
confirmed; it obviously violates “the same equations have
the same solutions” principle.
The key of this paradox is that the principle makes

implicit assumptions on the equations’ context. Everyone
knows a given real-coefficient polynomial pðxÞ may have
roots or not depending whether the context is x ∈ C or
x ∈ R. The SB and KF systems can be described by the
same effective action, but when one goes back to the
underlying microscopic descriptions, different phenome-
nologies arise, providing different contexts for searching
the solutions to the equations.
For a Josephson junction, there is a gap in the excitation

spectrum of its electrodes. Consequently, after a slow enough
2π phase slip, the junction is still in its ground state, and
since the initial and final states of the junction are indis-
cernible, the junction’s phase is compact. Superconductivity
also yields a static phase coherence hcosφi ≠ 0, and an
inductive response. Our work shows that this “superconduct-
ing context” is robust to connecting a resistor to the junction:
The junction and the bath entangle, preserving finite
coherences which forbids the phase transition. To put it
more simply, in circuit engineering terms, the superconduct-
ing (ground-state) inductive response shunts the low-
frequency phase fluctuations arising from the series resis-
tance; this makes the global system super-Ohmic, allowing
the junction to preserve its superconducting character.
No such mechanism can take place in KF or QPCþ R

systems. In the case of an open 1D electonic channel with a
barrier connected at both ends to reservoirs, a 2π phase slip
at the barrier (however slow) corresponds to a voltage
pulse which, at T ¼ 0, can excite electrons and/or holes
at arbitrarily low energy and which will be dissipated in the
reservoirs. Thus, a phase slip takes this system to an
orthogonal (distinguishable) state, such that the phase needs
to be regarded as an extended phase. The Fermionic baths
hence provide a subtle mechanism that is not contained in
the equations of the effective model (where the Fermions no
longer appear) and that allows breaking the discrete trans-
lational invariance of the phase in a way that totally differs
from the partial decompatification mechanism we identify in
JJs. Furthermore, in this system there is no possibility of
a supercurrent in the ground state, and thus no static
coherence (hcosφi ¼ 0). Connecting a resistor to the chan-
nel brings the system in the critical regime of the DQPT,
with the expected localization effect described by Schmid
and Bulgadaev.
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The above discussion in the main text suggests that the
compactness of the phase—which we justify in the main
text from the symmetry of the effective Josephson
Hamiltonian—cannot be detached from the superconduct-
ing character of the Josephson junction and the existence of
the inductive response.

3. Superconducting-to-insulating transition
in 1D JJ arrays

Another superconducting-to-insulating phase transition
is predicted in 1D JJ arrays [73]. This latter transition was
related to the disordered-induced transition (i.e., Anderson
localization) predicted in fermionic 1D systems [74].
Recently, Kuzmin et al. investigated experimentally 1D
JJ arrays and observed they remained good superconduct-
ing transmission lines well beyond the threshold line
impedance predicted for their transition to the insulating
state [75]. Given the similarities between that system and
the one we consider, we believe it could be worth revisiting
the predicted transition in 1D JJ arrays taking into account
what we understood on the sensitivity of the SB transition
to the superconducting character of the underlying system.
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Part III

The quantum phase slip box



In this second part, we explore the behaviour of nanowires made of highly disordered supercon-
ductor, supposedly implementing the dual of the Josephson junctions. Indeed, fluctuations of
the superconducting order parameter � in those nanowires can induce quantum tunneling of the
superconducting phase. This results in phase slips of �2�, and it was predicted by Mooij et al.
[12] that such nanowire would display the dual properties of a Josephson junction. More precisely,
it was predicted [34] that a microwave resonator based on a highly inductive nanowire would
realise the dual of the Cooper-pair box. Such device would then show a periodic modulation of its
resonance frequency with the voltage applied on a local gate. Our goal here is to realise this device
and measure its properties and, hopefully, this modulation.

To realise this goal, we first need to obtain a suitable disordered superconductor which presents,
at the same time, a high kinetic inductance and low microwave losses. We explore two different
materials, boron doped diamond and titanium nitride. Using titanium nitride, we proceed to fabri-
cate superconducting resonators based on highly inductive nanowires, and measure their behaviour.
But before those results, we first introduce highly disordered superconductors and their peculiar-
ities, quantum phase slips being one of them.
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Chapter 1

Introduction

1.1 High kinetic inductance superconductors

Passing current through a superconductor requests the superconducting phase to have a gradient,
which results in an energy linked to an inductive response, i.e. the kinetic inductance (see section
2.2 in part I). The kinetic inductance LK of a superconducting structure is linked to its normal
state resistance RN:

LK=~RN /�� (1.1)

with � the modulus of the superconducting gap. This inductance adds up with the geometrical
inductance of the structure. Large kinetic inductance materials are now used in a variety of devices.
Their main application is for microwave kinetic inductance detectors, pioneered in 2003 for astro-
nomical observations by J. Zmuidzinas [35]. They have also applications in quantum devices, such
as in phase slip devices [36, 37]. More generally speaking, they can be used to miniaturise any
inductances in a microwave circuit.

In large superconducting structures, the kinetic inductance is small due to their small normal
state resistance RN, and hence negligible compared to their geometrical inductance. However, if
we consider superconducting thin films, the normal state resistance increases. One usually uses
the sheet resistance RN� and the sheet inductance LK� to describe the properties of such thin film.
They are defined by:

RN
�=

w
L
RN=

�
t

LK
�=

w

L
LK

where RN and LK are the resistance and kinetic inductance of a rectangle of width w and length
L patterned in a superconducting thin film of thickness t and resistivity �. The bulk parameters
can be freely replaced by their sheet counterparts in equation (1.1):

LK
�= ~RN�/� (1.2)

The sheet resistance RN� naturally increases when t is decreased for a constant material. However,
due to the production processes of those thin films, there is a lower limit for the thickness of the
films one can make before they become discontinuous.

To further increase LK� at a constant t, one usually switches to disordered superconductors such
as alloys which have a higher � than usual pure superconductors like niobium. Other means to
obtain high kinetic inductance are also under investigations, like using graphene sheets to realise
small footprint room temperature inductors [38].

Using the relation (1.2), one expects to increase LK� of a disordered superconductor thin film
linearly with RN�. However, a large disorder may also affects �, and can even suppress it.
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1.2 Disorder driven superconducting insulator transition

In highly disordered 2D superconductor thin films, fluctuations becomes significant and several
effects affect superconductivity [39, 40]. A quantum phase transition is observed at a certain
level of disorder at which superconducting thin films become insulating, i.e. the Superconducting-
Insulator Transition (SIT). This T = 0 quantum phase transition has observable effects at finite
temperature. For example, in figure 1.1a is shown the temperature dependance of a homogeneous
lead thin film of different thickness, deposited and measured without breaking the vacuum at
cryogenic temperature.

Figure 1.1. Temperature dependence of the sheet resistance of thin films during their cryogenic deposition,
with increasing thickness (top to bottom). a: A thin Ge film of several atomic layers is deposited prior
to Pb deposition, resulting in an homogeneous layer. b: Pb is deposited on a SiO bare substrate with no
intermediate layer, resulting in the formation of a granular thin film. Reproduced from [41].

When the disorder is increased in those thin films (i.e. when the thickness is decreased, bottom
to top curves), TC first decreases. When the disorder reaches a point where the sheet resistance
of the thin film RN

� approaches RQ= h/4e2� 6.45k
, the superconducting state disappears and
is replaced by an insulating state with diverging resistance as T ! 0. This insulating state has
peculiar properties, with some experimental evidences of the persistence of local superconducting
coherence in the insulating regime [42, 43]. This transition has different origins, depending on the
specific material under consideration.

Two main scenarios are used to describe this SIT, either fermionic or bosonic [39, 40]. In the
fermionic scenario, the disorder gradually reduces the effective electron-electron interaction until no
Cooper pairs can be formed. Localisation effects then take the place of the superconducting inter-
actions in the resulting fermionic system. In the bosonic scenario, similar to the superconducting
BKT transition [44], phase fluctuations destroy the global superconducting coherence, but Cooper
pairs can still exist in the material. This view explains the residual superconducting coherence
observed in some of those systems.

The second scenario yields a different temperature dependence than the first one, and is favored
in strongly granular films (see figure 1.1b). Indeed, in those thin films, the superconductivity can be
described as an ensemble of superconducting grains in a normal metal lattice. When the disorder
is increased, the global coherence between those grains is lost before the internal Cooper pairs are
destroyed.
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Below the SIT, the presence of strong fluctuations in those materials also induces large effects
at T =/ 0. For example, in some TiN thin films, the sheet resistance can increase just before TC
by a large amount [45]. The so called Quantum Corrections to Conductance (QCC) are used to
described those effects at T & TC. Those effects include weak localisation and superconductivity
fluctuations, like the out of equilibrium flickering of Cooper pairs above TC, resulting in the non
monotonic features of some of those films.

1.3 Quantum phase slips
In low dimensionality conductors, transport properties strongly depend on geometry, and are
affected by thermal and quantum fluctuations. In 1D superconducting nanowires, i.e. wires with
transverse dimensions smaller than the superconducting coherence length �, the DC resistance
does not vanish below TC due to phase slips events [46]. During those events, fluctuations of
the superconducting order parameter �(x) =j�(x)jei�(x) bring the modulus j�(xqps)j to zero
at some point in the wire (see Figure 1.2), effectively suppressing the superconductivity locally.
The constraints on the phase �(xqps) thus vanishes, and the phase can jump by �2�n, where n
is an integer. As soon as the modulus recover its non-zero value, the phase can no longer vary
discontinuously. When a current is passed through the wire, phase jumps mostly occur with the
same sign, resulting in a phase difference across the wire increasing over time, corresponding to
a mean voltage difference across the wire. Assuming that those events are rare, we consider only
individual phase slips events with n=1. The length scale of those phase slips is of the order of the
superconducting coherence length �.
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Figure 1.2. Variation of the superconducting order parameter�(x)=j�(x)jei'(x) around a phase slip event
in a nanowire. The superconductivity is suppressed on a length scale of the order of � and j�(x)j vanishes
at this point, allowing a shift of �2� of �(x).

Just below TC, thermal fluctuations are driving the phase slip events and explain the phase
slip rate related to the non-zero resistance [47, 48] that generally vanishes exponentially at lower
temperature [48]. However, in some experiments with ultra-thin superconducting wires [49, 50, 51],
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the resistance did not follow this thermal dependence, and the non-zero resistance did not vanish
at lower temperature. In those experiments, quantum fluctuations of the order parameter were
proposed as the origin of the phase slips, hence the name Quantum Phase Slips (QPS). During a
QPS, the order parameter is virtually suppressed due to quantum tunneling of the order parameter
through a barrier [46] and the phase winds up around the suppressed zone by �2�. This quantum
description for the phase slips enabled physicists to explain the persistance of a finite resistance
observed in superconducting nanowires down to the lowest temperature.

Following the theoretical treatment [52] and the first experimental results [53] on QPS in
nanowires, several propositions emerged concerning the use of QPS in coherent quantum devices.
It was proposed by Mooij and Harmans [54] to use the QPS tunneling to coherently couple states
in a superconducting loop and thus create a Quantum-bit (Qubit). Soon after, Mooij and Nazarov
proposed that coherent QPS in a nanowire could realise a exact quantum dual to the Josephson
Junction (JJ), the QPS junction [12].

1.3.1 The QPS junction

To illustrate the duality of the QPS junction with the JJ, we will follow the discussion presented
in [12] and use the circuits presented in figure 1.3. The first one is a Cooper pair box [28] in which
a JJ is voltage-biased through a capacitor C. In the second, a QPS junction is introduced in a
closed superconducting loop with an inductor L.
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Figure 1.3. Circuit and energy levels of a Cooper pair box (a) and a QPS Qubit [12] (b), in the limits
EJ�EC and ES�EL, respectively. The diamond shape with the energy ES represents the QPS junction.
The dashed lines represents the unmixed charging and inductive energy for each N . From
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In the limit EJ�EC, with EC=
(2e)2

2C
and ng=

CV

2e
, we can write the following Hamiltonian for

the Cooper-pair box [55]:

HJJ =EC(N −ng)2−

 
EJ
2

X
n

jN +1ihN j+h:c:

!
(1.3)

where h:c: represents the hermitian conjugate. In the case of the QPS Qbit (figure 1.3b), this is now
the inductive energy that depends parabolically on the applied flux f=�/�0, with N now defining
the number of fluxoid in the loop. The QPS junction mixes the states of neighbouring values of the
fluxoid number N , lifting the degeneracy at half integer values of f . In the limit ES�EL, where

ES is the energy associated with the phase slip junction and EL=
�0
2

2L
is the inductive energy scale,

Mooij and Nazarov [12] have proposed the following Hamiltonian for the QPS Qbit:

HQPS=EL(N − f)2−

 
ES
2

X
n

jN +1ihN j+h:c:

!
(1.4)

As is evident by the comparison of (1.3) and (1.4), both the Cooper-pair box and the QPS Qbit
presented in figure 1.3b are equivalent, given we exchange EC for EL, EJ for ES and ng for f .

The duality of the JJ with the QPS junction can be derived from the canonically conjugated
quantum variables of phase and charge. Indeed, the operator of charge q̂ and phase �̂ obey the
commutation relation [q̂ ; �̂] =−i~. We can write the Hamiltonian of any circuit containing a JJ
with either a voltage or current bias as [56]:

ĤJJ =EC

�
q̂
2e

�
2

−EJcos(�̂)+ Ĥenv+ Ĥcoupl (1.5)

where Ĥenv describe the bosonic environment and Ĥcoupl represent the coupling terms, which
depends on the coupling scheme used. Similarly, for the Hamiltonian of a QPS junction in a circuit
we have [12]:

ĤQPS=
EL
(2�)2

�̂2−EScos
�
2�

q̂

2e

�
+ Ĥenv+ Ĥcoupl (1.6)

Considering the canonical transformation, [q̂ ; �̂]$
h
− �̂

2�
; 2�q̂

i
, which conserve the commutation

relations, we can transform the Hamiltonian of a JJ into the one of a QPS junction, and vice-versa.
The transformation also comes with the exchange between the current and voltage bias scheme
and changes in the characteristic energies: EC$EL and EJ$ES.

This duality relation allows one to map the known result of JJ circuits (see section 1 in part II)
to the new dual circuits containing QPS junctions. Those circuits include the JJ circuit used as a
voltage standard, i.e. the current biased Josephson junction. The dual of this standard, the voltage
biased QPS junction, would then realise a current standard with possible metrological accuracy.

Some devices containing a QPS junction can, like the ones using JJ, be considered as two level
systems and used to realise Qubits. The duality relation allows one to map results concerning JJ
based Qubits on the dual QPS based Qubits.

1.3.2 Phase slip energy ES

The characteristic energy ES in (1.4) and (1.6) was obtained from the quantum phase slip rate
qps derived by Zaikin et al. [52] to explain the low temperature saturation of the resistance of
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superconducting nanowires. The energy ES is linked to the rate qps by:

ES=hqps

The rate qps was obtained using path integral formalism and the results are summed up here.
The QPS rate in a superconducting nanowire can be expressed as:

qps= b
SqpsL
�0x0

exp(−Sqps)

where �0, x0 and Sqps are the timescale, the spatial scale and the action associated with the QPS
event, respectively, and L is the nanowire length. The coefficient b is of order one. To maximise
qps, one needs to obtain Sqps� 1. The QPS action is composed of two parts:

Sqps=Score+Sout

where Score is the action associated with the phase slip core, where the superconductivity is sup-
pressed, and Sout is the action associated with the long range electromagnetic part outside the core.
Using parameters relevant for superconducting nanowires, we usually are in the limit Sout�Score,
which allows us to neglect Sout. The core action Score takes a different expression in the short or
long wire limit, i.e. depending if one can neglect the capacitive effect of the nanowire or not. If

L� �
e2N0s

C
, with s the nanowire section, C its linear capacitance and N0 the density of states at

the Fermi energy, one has [46]:

Score=A
RQ
RN

L

�
=A

RQ
R�

with A a coefficient of order 1, RQ=h/4e2, RN the nanowire normal state resistance, L its length
and R� =

RN �

L
the normal state resistance of a length � of the nanowire. In the opposite limit

L� �
e2N0s

C
, we have to take the capacitive effects of the wire into account and the core action is

more complex:

Score=A
0RQ
RN

�
L
�

�
3/2 C

e2N0s

r
=A0

RQ
R�

�
L
�

�
1/2 C

e2N0s

r

with A0 a coefficient of order 1. Both of those Score expressions illustrate the variation of qps with
the resistance of the nanowire. Indeed, in both limit Score/ RQ

R�
and to obtain Score� 1, one needs

to increase R� close to RQ. In the short wire limit, using �0�h/�0 and x0� � we obtain:

ES=hqps�h�0
RQ
R�

L
�
exp
�
−ARQ

R�

�
(1.7)

where �0 is the superconducting energy gap of the material. Given the exponential dependence of
ES on A, precisely estimating ES for a given device is difficult. However, we can consider equation
(1.7) as an upper bound on ES. To derive this formula, it is assumed that the nanowire presents
a constant width and homogeneous parameters such as QPS events would occur all along its
length. This idela regime is not achievable in experiments, where fluctuations of the width or the
conductance of the nanowire have to be taken into account. Typically, if the nanowire presents
width variations, one expects most of the QPS events to take place in the thinner parts due to the
exponential dependence of qps. This results in a different expression [57]:

ES� 0.3h�0
RQ
R�

r
L
�
exp
�
−0.36 RQ

R�

�
(1.8)
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which holds for a long diffusive wire with weak inhomogeneities. This last expression results in
lower values for ES, and we will use it for our estimations in our devices.

1.3.3 QPS experiments

Several implementations of the circuit presented in figure 1.3b have already been realised [37, 58,
59], and we present some of their results here. In those experiments, an inductive loop containing
a QPS junction is coupled to a readout CPW resonator (see figure 1.4). Coherent QPS occur in a
40nm wide constriction of the inductive loop. Using two-tone spectroscopy measurements of the
readout resonator, the presence of QPS Qubits was revealed and their frequency measured (figure
1.4a).

Figure 1.4. a: Two tones spectroscopy of the QPS Qubit made in Ref. [37] (b) realised with an inductive
loop made of InOX and (c) a nanowire implementing the QPS junction. d: The readout resonator made of
InOX connected to gold coplanar microwaves transmission lines. Reproduced from Ref. [37].

Several materials have been used to realise those experiments (InOX, NbN, TiN), and the
results were quite similar, demonstrating the presence of a two level system attributed to the QPS
junction inside the inductive loop (see figure 1.4b). The transition linewidth of those Qubits varied
from 20MHz to 250MHz, which is large compared to the typical values presently obtained in JJ
Qubits [60].

Recent experiments by the same authors [36] have measured charge control of Cooper-pairs
blockade in highly inductive nanowires compatible with the presence of QPS. The dual of the
well known SQUID (see section 1.5.2 in part II), the Charge Quantum Interference Device, has
been investigated and a behaviour similar to the SQUID was observed [61, 62]. Tentative imple-
mentations of a quantum standard for current using QPS junctions have also been reported [62].
However, most of those applications have encountered significant challenges, like spurious heating
or quasiparticle poisoning, which reduced the overall coherence of the devices.
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1.3.4 QPS box proposition

The proposition by Hriscu et al. [18, 34] is the basis for our circuit design: the so-called QPS
box, which is a Cooper-Pair box where the JJ is replaced by a QPS junction made of a thin
superconducting wire. In this circuit, represented in figure 1.5b, a QPS junction made of a thin
superconducting wire is coupled through a capacitor to a voltage source. We neglect the self
capacitance of the wire in our description. The voltage source provides DC and AC excitation to
the circuit.

a b
EJ

Cg

V
CgL ES

VV

C

Figure 1.5. a: Cooper-pair box with a JJ associated with the energy EJ and a capacitance C, b: Quantum
Phase Slip box (QPS box) with a QPS junction associated with the energy ES and inductance L.

In absence of QPS (i.e. ES=0), the resulting circuit is a simple LC resonator with frequency

!0=
1

LCg
p and characteristic impedance Zc=

L

Cg

q
, with energy levels En=~!0

(
n+

1

2

�
. If ES=/ 0

and ES� ~!0, the effect of the QPS junction on the resonator can be treated pertubatively. If
ES�~!0, the system develops strong coulomb blockade. In the perturbative case, the presence of
a QPS junction in the device induces a shifts �En in the energy levels, and the first order correction
was calculated in [18]:

�En=2ES cos
�
�q
e

�
exp(−2/2)1F1[−n; 1; 2] (1.9)

where = �R2q

Zc

q
, and 1F1 the hypergeometric function. If  2 [0.3; 3] and n=/ 0 , this shift can be

approximated by:

�En� 2EScos
�
�q
e

�cos(2 n
p

− �

4

�
�

p
n1/4

(1.10)

It depends periodically on the induced charge q and is proportional to ES. The QPS junction
introduces strong non-linearities in the resonator, with �En oscillating with n

p
. The shift is also

suppressed when n� 1 or � 1. This energy shift produces a frequency correction in the n: 0! 1
transition frequency which, in the limits kBT � ~!0 and � 1, writes [18]:

�!0!1=(�E1− �E0)/~=−
2ES2

~ cos(�q/e) exp
�
−

2

2
cotanh

!0
2Γ

�
(1.11)

Like �En, �!0!1 is modulated periodically with the induced charge q on the capacitor and pro-
portional to ES. However, in most experiments, n�1, and as described by formula (1.10) the
amplitude of the modulation in q is reduced as n increases. The resulting transition frequency
correction �!(n)= (�En+1− �En)/~ is presented in figure 1.6, normalised by 2EScos

( �q
e

�
/~.
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Figure 1.6. Transition frequency shift �!(n) of the QPS box proposition obtained using (1.10), normalised
by 2EScos(�q/e), where =1.

It is argued in Ref. [18] that to obtain a measurable value of �!(n) with n� 1, one needs to

have ES>~Γn
3

4 where Γ is the resonator linewidth resulting from spurious losses.

Experiment design considerations
Our goal here is to implement the QPS box and observe those modulation of its frequency

with q. To realise this goal, we need a material suitable with this device. As we have seen, the
modulation �! is linked to several characteristics of the device and the material used for its
realisation. We need ~Γ�ES<~!0 and 61. Both those values are related to the superconducting
material used to realise the inductive wire, and in particular, to its kinetic inductance LK. Indeed,

/ 1

LK+LG
p , where LG is the geometrical inductance of the wire, and ES/ e

− 1

LK. We thus need

to have an inductive superconducting wire with high linear inductance. At the same time, we
need the microwave losses in the devices to stay small, in order to obtain a Γ as low as possible.
To achieve such wire, we will look into disordered superconductors thin films, which present high
sheet inductance. However, as we saw before, those materials present a disorder driven SIT. While
we will aim for a disordered superconducting thin film laying on the superconducting side of this
transition, several other effects could pose some problems in their use: the self-Kerr non linearity
and the coupling of the device to spurious defects.

1.4 Self-Kerr effect in superconducting resonators

An important nonlinear effect known in superconducting resonators is the self-Kerr effect, due
to the supercurrent circulating in the resonator. When a supercurrent is passed through a super-
conductor, its superconducting gap � is reduced through depairing [63]. In 2D superconducting
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resonators, this effect translates into a non linear behaviour caused by the increase of the sheet
kinetic inductance of the material LK� = ~RN�/�. The frequency fm of the resonant mode m
decreases with the average number of photons n� stored in the resonator as:

fm= fm
0 −Kmn� (1.12)

where Km is the self-Kerr coefficient of the mode m. To estimate the value of Km for a �/2 CPW
resonator, one needs to integrate the depairing effect caused by the oscillating supercurrents in the
superconductor [64]. The resulting Kerr coefficient for mode m is:

Km��m29�
2

8
ZC
RQ

�
�
l

�
2

~!0 (1.13)

where � = LK
LK+Lgeom

is the kinetic inductance ratio, ZC is the characteristic impedance of the

resonator, l the resonator length and !0 the first mode resonance frequency. In the case of a �/4
CPW resonator of length l 0, one needs to replace l by 2 l0 in formula (1.13). Similar derivation can
be done for a lumped resonator, which host only one resonating mode:

K��3�
4
ZC
RQ

�
�
l

�
2

~!0 (1.14)

As we consider highly inductive wires for the inductance in our devices, their length l will be small
compared to regular low inductance wires. We thus expect the Kerr coefficients to be large in our
devices made of highly inductive superconductor.

1.5 Two Level Systems in solids

Amorphous solids host a variety of defects that can interact with microwave devices. The low
temperatures properties of these defects follow an universal behaviour well described by the so-
called Standard Tunneling Model (STM) [65, 66, 67], which describes the existence of Two Level
Systems (TLSs). Those TLSs are noticeably known to occur in amorphous oxide layers and at
interfaces between thin films [68]. Their presence in superconducting quantum devices, such as
in the oxide layer of Josephson junctions, is a major source of noise and decoherence [69]. In this
section, we will give a quick description of the STM and its implications for our high impedance
devices, mainly following the ideas presented in [67].

Two level systems can fall in two different regimes, coherent or incoherent TLS, differentiated
by their level of interaction with their environment. A coherent TLS has sufficiently low coupling
to its environment to exhibit coherent dynamics between its two states. It can resonantly absorbs
energy from any coupled system. On the other hand, an incoherent TLS, or fluctuator, is in strong
interaction with its environment, leading to incoherent dynamics. It presents random flips between
its two states, which prohibits any resonant interaction. A fluctuator can still couple to the host
circuit and produces random fluctuation in the circuit, resulting in low frequency noise [70].

1.5.1 Standard Tunneling Model
While the exact nature of those TLSs is usually unknown, the STM makes the following assump-
tions for their description:

� They exist in two energetically similar configurations.

� They can be modeled as the two minima in a double-well potential separated by a barrier.

� Their dynamics is supposed to be governed by quantum tunneling through this barrier and
transitions can be induced between the states by coupling to an appropriate field.

� Due to the random origin of the defects, a TLS ensemble is spanning large range of char-
acteristic energy and switching rates.
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1.5.1.1 Tunneling two level system

The double-well potential of a TLS is presented in figure 1.7, with an asymmetry energy � and an
energy associated with the tunneling through the barrier "0. The Hamiltonian of the system is the
following:

HTLS=
1
2

�
� "0
"0 −�

�
(1.15)

The tunneling between the two wells hybridise the two lowest eigenstates of the left (jLi) and right
(jRi) well to form the eigenstates:

j +i = sin
�
�
2

�
jLi+ cos

�
�
2

�
jRi (1.16)

j −i = cos
�
�
2

�
jLi− sin

�
�
2

�
jRi (1.17)

with the mixing angle � defined by tan �= "0/�. The Hamiltonian can be expressed as:

HTLS=
1

2
"tls�z (1.18)

with "tls= ~!tls=E+−E−= "0
2+ �2

p
is the difference between those two eigenstates.

ε0

δ

Figure 1.7. Two wells potential of a TLS with the tunneling energy "0 and the asymmetry �. From [67].

If the TLS has a dipole moment p~ , the asymmetry can be tuned by an external electric field
E~ : �= �0+2p~:E~ , where �0 is the asymmetry imposed to the TLS by its local environment. We can
write the asymmetry as:

�= ~ :(E~ −E0)

with ~ =2p~ and E0=− �0 p~

2kp~k2 . The resulting TLS energy then writes:

"tls= "0
2+(~:(E~ −E0))2

q
(1.19)

which, for E~ =E0, is minimal at "tls= "0. Experimentally, the electric field is often applied via
a local gate on the device, and we can consider an external field applied only in one direction,
E~ =Ex~ . We can thus reduce (1.19) to:

"tls= "0~ 2+ ~2(E −E0e )2q
(1.20)
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where ~=2p~:x~ , E0e =E0:x~ and "0~ 2 now contains the terms of ~:E0 orthogonal to x~ .

1.5.1.2 TLS dissipation and TLS-TLS interactions

Nearly every TLS is strongly impacted by its close environment, which causes dissipation in its
dynamics. Depending on the intensity of this dissipation, a TLS follows a coherent dynamics or
is subject to incoherent jumps between state. This can be described using the TLS decoherence
rate Γtls=

1

2
Γ1+Γ', where Γ1 is the inverse TLS lifetime and Γ' is the pure dephasing rate. This

dephasing rate originates mainly from coupling to the phonon modes, which induce variations in the
TLS wells groundstate energy and results in fluctuations of the asymmetry energy �. Additionally,
low energy TLS can be thermally excited, which results in a bath of low frequency incoherent
fluctuators.

Interactions between TLSs were originally neglected in the STM, but further observations
revealed the importance of TLS-TLS interactions [71, 72]. Indeed, if their separation is of the order
of several nanometers, TLS can interact between each other via elastic or electric dipole coupling.
Two coherent TLS can even display a strong interaction which dominates their dynamics [73].
Furthermore, the interaction of a coherent TLS with incoherent fluctuators, which is considered in
an extension of the STM [74], gives rise to fluctuations in the coherent TLS energy. Each fluctuator
coupled to a coherent TLS induces random telegraphic noise in its excitation frequency. A large
number of fluctuators yields temporal drifts, or spectral diffusion [71] of this frequency.

1.5.1.3 TLS origin

While those TLSs have been studied intensively in amorphous materials [75, 76], their origin still
remains unclear. We will quickly describe in this section several microscopic models for the TLS,
but because of the complexity of the amorphous oxide layers in superconducting devices, one does
not expect all the TLSs in a device to fall in a single category.

A first category involves the motion of atoms in the solid: collective motions of a small group of
atoms between two energy minima, individual motion of an atom tunneling between two positions,
dangling electronic bonds and other effects leading to change in the local lattice of the solid. A
similar description can be done using the electrons instead of the atoms, which results in higher
TLS energy, usually far above microwave frequencies. However, non trivial descriptions involving
collective phononic states or metal-induced gap states find lower energy for those electronic TLS
[77, 78].

Figure 1.8. Types of possible movements in an atom lattice. Reproduced from [67].

Another category of TLSs involves the spin of electrons or atoms in the device. Those spins
may fluctuate between two or more states and result in the formation of magnetic TLS. More
exotic models have been proposed, and the list presented here is far from complete. However, this
large amount of models illustrates the overwhelming presence of TLS in condensed matter and the
many efforts deployed to understand their origin. Most of those models have similar implications,
and we can safely use the STM framework without knowing the exact origin of the TLS involved.
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1.5.2 Types of interaction with quantum devices
We now discuss the effects of TLSs on quantum devices. Indeed, beside interacting between each
other in the host material, TLS can also couple to any electronic devices.

The most widespread model for TLS-device interaction is the electrostatic interaction. In this
model, the TLS hosts an electric dipole of moment p~ which couples to the electric field E~ in the
capacitive parts of the device. This model successfully describes most of the results obtained in
superconducting devices.

A second model describes the TLS as magnetic impurity creating a stray magnetic field. This
magnetic field depends on the TLS state and can couple to devices like SQUID loops, which
produces flux noise. The magnetic and electrostatic interaction models are closely related, as
illustrated in [79].

Finally, in a less common model that applies to Josephson junctions, a TLS in the junction
dielectric barrier induces critical current fluctuations. The two states of the TLS are associated with
two configurations of a close-by conduction channel, modifying its transparency. If the junction
has a small number of conduction channels, this interaction can have a large impact on its critical
current, and thus its Josephson energy EJ. This results in an additional fluctuating term in the
Hamiltonian of the circuit.

1.5.3 Effects of TLS on superconducting resonators
The coupling of TLS to superconducting resonators is one of the main limits to the realisation of low
loss devices. It has been shown that TLS mainly reside in oxide layers at the resonator interfaces
[80]. The main coupling scheme used to describe those experiments is the interaction of the TLS
dipoles with the electric field in the capacitance of the resonators. Using this approach, we describe
some of the effects of a single TLS and an ensemble of TLS on a superconducting resonator.

1.5.3.1 Coupling of a single TLS to a resonator

In the case of the coupling of a coherent TLS to a superconducting resonator, and neglecting
dissipation, we can describe the system using the Jaynes-Cumming Hamiltonian [81] under the
rotating wave approximation [82]:

Ĥ = ~!0
�
âyâ+

1

2

�
+ ~!tls �̂z+~g

(
�̂
+
â+ �̂−ây

�
(1.21)

where ây and â are the photon creation and annihilation operators of the resonator, �̂
+
= j"ih#j and

�̂−= j#ih"j are the raising and lowering operators acting on the ground j#i and excited j"i states
of the TLS and g the coupling strength between the TLS and the vacuum field of the resonator.
The resulting hybridised eigenstates and eigenenergies of the Jaynes-Cummings ladder are [83]:
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Eg = −~!tls/2

where �!=!tls−!0, tan(�n)= g n+1
p

�!
, and jn;�i the states of the hybrid system with n photons

stored. The resonance frequency of the resonator writes:
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In the dispersive limit, i.e. j�! j � n+1
p

g or in the case of the jgi ! j0; �i transition, the
excitation frequency of the resonator writes:

f�=(E0
�−Eg)/h=(En+1� −En�)/h�

f0+ ftls
2

�
�
�!
4�

�
2

+
�
g
2�

�
2

s
(1.24)

Those frequencies are presented in figure 1.9a for a linear variation of ftls and in figure 1.9b when
ftls is tuned by the electric field to cross the resonator, as described in section 1.5.1.1. Note that
we plot the values of f� even at �!'0 although the dispersive limit does not hold in that range.
Indeed, when ftls approaches fres, one should use the exact formula (1.23). However, fn

� depend
on the value of n: their variations with ftls are reduced when n is increased (see inset of figure 1.9a).

4 6 84

5

6

7

8

- 0 . 4 - 0 . 2 0 . 0 0 . 2 0 . 44 . 0

4 . 5

5 . 0

5 . 5

6 . 0

6 . 5

7 . 0

7 . 5

8 . 0

3 4 5 6 7 8 95 . 9

6 . 0

6 . 1

f� � (
GH

z)

f t l s  ( G H z )

 f  +
 f  -

f� � (
GH

z)

f t l s  ( G H z )

a

f� � (
GH

z)

V g a t e  ( V )

b

Figure 1.9. Excitation frequencies f� (lines), f0
� (dash) and f10

� (dots, inset). The black dashed lines
correspond to the resonator and TLS bare frequencies. a:Anticrossing of a resonator of frequency f0=6GHz
with a TLS of varying ftls, with g=150MHz. b: Anticrossing of a resonator of frequency f0=3GHz with
a TLS whose energy follows equation (1.20) with E0e =0V :m−1, ftls0 = "0~ /h=4GHz, ~=15.109J:V −1 and
g= 150MHz.

When using the approximation (1.24) instead the exact values in (1.23) to describe our system,
we neglect a reduction of the frequency shift which depends on n. With this in mind, we can view
f+ (f−) as an upper (lower) bound for the measured frequency. Hence, given experiments are
carried out with a finite photon number, when using f� to fit experimental data, we obtain a lower
bound for the coupling g.

If the TLS frequency does not cross fres and j�! j� n+1
p

g, the TLS is always weakly coupled

and induces a small dispersive shift �f �� g2

2��!
, depending on the TLS state.

1.5.3.2 Coupled ensemble of TLS

The effects of any individual TLS coupling are usually smeared out by the large number of uni-
formly distributed TLS. In the case of dipole TLSs electrostatically coupled to a resonator, the net
effect of the ensemble is to induce dielectric losses, a resonance frequency shift and low frequency
1/f noise. Each TLS has its own relaxation rate Γ1 and dephasing rate Γ'. A TLS is considered
coherent if ftls>Γ1;Γ' and incoherent if ftls�Γ1;Γ'. Coherent TLSs can be resonantly or thermally
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(if ftls<
kbT

h
) excited. If a TLS is excited at an effective Rabi-frequency 
R> Γ1Γ'

p
, with 
R=

2p~:E~
"0
~"tls

where p~ is the TLS dipole and E~ is the resonant electric field, then it saturates with a
stationary excitation probability of 1/2. This saturation effect removes most of the impact of the
TLS on the resonator, the only remaining impact would be high frequency noise at 
R. Figure
1.10 gives an overview of the effects of a TLS bath on a resonator.

kbT

E
resonator

TLS

hfres

hftls

�luctuators, phonons

δε(T)

δε(T, n̄)

Γ1

Γtls(T, n̄)

δfres(T, n̄)

δftls
(T)

Figure 1.10. Overview of the effects described by the STM of a bath of coherent and incoherent (thermal
fluctuators) TLS on a superconducting resonator. The orange paths represent energy transfers from the
resonator to a coherent TLS of dissipation rate Γ1 and then to the environment (fluctuators, phonons). The
blue arrows depict the mean contribution of the TLSs increasing the dielectric constant. The green arrows
stand for the time dependent fluctuations of the coherent TLS frequency which in turn induce fluctuations
in the resonance frequency of the resonator.

Dielectric losses
The coupling of coherent TLSs to the resonator introduces new relaxation paths for the energy

(see orange path in figure 1.10), resulting in an increase of the dielectric losses. These losses are
reduced when the average number of photons in the resonator n� increases above a certain critical
value nc, which results in saturation of the coherent TLS coupled to the resonator. This reduction
can also arise from thermal saturation of the TLS ensemble. Experimentally, when TLS losses
dominate in the low power regime, it is expected that the internal quality factor Qint of the
resonator scales as [84, 85]:

1

Qint
/
X
i

pi tan �i
tanh

�
~!r
2kbT

�
1+
�
n�

nc

�
�

r + tan �0 (1.25)

where the sum runs over each volume i with a TLS dielectric loss rate tan �i and participation
ratio pi (ratio of the electric field energy of the volume i over the total electric field energy of the
resonator), !r is the resonant frequency of the resonator and tan �0 is the residual loss rate due to
other mechanisms. The exponent � is of the order of unity. This loss mechanism results in a non
monotonic variation of Qint with the measurement power. When n� is increased from zero, Qint
initially increases up to a maximum, and then decreases due to other processes at high value of n�
(e.g. depairing or non-linear losses).
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Frequency shift
Coherent and incoherent TLS, as dipoles, contribute to the dielectric constant of their host

material (blue arrows in figure 1.10), and thus reduce the resonance frequency fres. Similarly to the
dielectric losses described above, the dielectric contribution of coherent TLSs reduces when they
saturate. However, the bath of incoherent TLSs also contribute to the dielectric constant, and those
TLSs do not saturate with increasing power. In fact, their number grows when the temperature
is increased. As observed for the dielectric losses, this results in a non-monotonic variation of fres
at constant temperature, with a maximum obtained at intermediate probing power.
Low frequency noise

While the impact of strongly coupled coherent TLS is large, their number is usually small, and
the main contribution to the frequency comes from the numerous weakly-coupled coherent TLSs.
On top of the frequency shift discussed above, the individual weak coupling of coherent TLS induces
fluctuations in fres (green arrows in figure 1.10). Indeed, each weakly coupled coherent TLS shifts

fres by � g2

2��!
. Those coherent TLSs are also coupled to fluctuators in their environment, which

introduces random jumps between their states or even spectral diffusion. When considering a large
TLS ensemble, this results in low frequency fluctuations of fres.

Following the derivations in Ref. [86, 87, 88], we describe the fluctuators as Random Telegraph
Signals (RTS) of switching rates  with distribution P () = P/ where P= 1/ ln(max/min).
Their effect is to induce spectral diffusion of the coherent TLSs coupled to the resonator, which
in turn produce fluctuations of fres(t). This is measured as low frequency noise in the fractional
frequency fluctuations of the resonator y(t)= fres(t)− fres

0

fres
0 , which can be written as:

Sy(f)=
1

f

F 2P

1+
n�
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q �

Ntls(T )

�
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��
(1.26)

where F =

R
Vh
"hjE~ j2dV

2"
R
V
jE~ j2dV

is a filling factor, �= P0U0 with P0 the TLS density and U0= d0
2/"h the

TLS-TLS interaction energy scale and Ntls(T )�P0VhT the number of fluctuators (thermal TLS).
This expression holds for kbT � ~!res and jE~ j�Ec, and one finds:

Sy(f) / f−1

Sy(f) / T−(1+�)

Sy(f) /
�
1+

n�

nc

�−1/2
Experiments have confirmed the frequency, temperature and power dependence of the TLS induced
noise in superconducting resonators [89, 90, 91, 92] with �� 0.2 to 0.7 [67].

1.5.4 TLS coupled to highly inductive nanowires devices
In the highly inductive nanowires we consider (see section 1.3.4), the number of conduction channels
should be small (�100−1000), and the characteristic impedance of the resulting resonators (ZC=
L/C

p
) should be of a magnitude comparable to RQ=

h

4e2
.

1.5.4.1 Capacitive coupling of TLS to high impedance resonators
If we consider the capacitive coupling of a dipole TLS p~ to a resonator, the coupling energy writes
~g= p~:E~ zpf, with E~ zpf the zero point fluctuation electric field in the capacitor of the resonator. If L is

the distance between the capacitor pads, we have E~ zpf=
hf0
eL

�ZC
4RQ

q
l~ where l~ is the unitary vector of

the capacitor. The resulting coupling strength g for a dipole p~=ea0~ , i.e. a dipole of 1 Debye, writes:

g� a0hf0
~L

�ZC
4RQ

q
(1.27)

In the case of a coplanar waveguide superconducting resonator with the common value ZC �
50
 and L� 10�m, this results in g/2� � 2.103 Hz. However, in our case, we aim to realise
high impedance lumped resonator with ZC�RQ, which increases g ten folds over the usual 50

resonator. We thus expect the electic dipole TLS ensemble in our devices to have a significant
impact on their properties.
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1.5.4.2 Critical current fluctuations of nanowires

Similarly to the critical current fluctuations described for Josephson junctions (see section 1.5.2),
we can also expect TLSs to affect the critical current of our nanowires. If a TLS is close to
a nanowire, its dipole electric field can interact with the conduction channels of the nanowire,
changing their transparencies Ti, and thus the nanowire conductance GN=G0

P
iTi. In the normal

state, this results in fluctuations of GN, which, in the superconducting state, translates into fluc-
tuations of the nanowire kinetic inductance LK.

The qualitative derivation of this model, as well as its implications, are laid out in one of our
previous work [93]. While this work is incomplete, we nonetheless reproduce it here. Its main
point is the description of the so-called TLS Induced Dephasing Mechanism (TLSIDM) which
would result in a stronger impact of the TLS ensemble on high impedance devices, such as higly
disordered superconducting nanowires.

1.5.4.3 �Microscopic charge fluctuators as a limit to the coherence of disordered
superconductor devices�
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By performing experiments with thin-film resonators of NbSi, we elucidate a decoherence mech-
anism at work in disordered superconductors. This decoherence is caused by charged Two Level
Systems (TLS) which couple to the conduction electrons in the BCS ground state; it does not
involve any out-of-equilibrium quasiparticles, vortices, etc. Standard theories of mesoscopic disor-
dered conductors enable making predictions regarding this mechanism, notably that decoherence
should increase as the superconductor cross section decreases. Given the omnipresence of charged
TLS in solid-state systems, this decoherence mechanism affects, to some degree, all experiments
involving disordered superconductors. In particular, we show it easily explains the poor coherence
observed in quantum phase slip experiments and may contribute to lowering the quality factors in
some disordered superconductor resonators.
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Introduction. In highly disordered superconductor films, the kinetic inductance of carriers can
exceed the geometrical inductance by orders of magnitude. These materials have been proposed
for fabricating new, purely dispersive, high-impedance electronic devices such as tunable (su-
per)inductors [1, 2], slow-wave transmission lines [3], photon detectors [4, 5] and coherent Quantum
Phase Slip Junctions (QPSJ)[6], the latter being the dual component of the celebrated Josephson
Junction (JJ). The QPSJ proposal has drawn particular interest, as it enables designing new su-
perconducting quantum circuits [7–10] that operate in the previously inaccessible high impedance
domain, and which could find applications in quantum technologies. In the recent years, circuits
embedding QPSJ of different materials have been tested [11–16], but they all displayed low coher-
ence times compared to those routinely achieved in JJ-based circuits. In the present work, we bring
to light a new decoherence mechanism in highly disordered superconductor, due to the charged TLS
omnipresent at interfaces and in insulators in solid state systems. This mechanism easily explains
the poor coherence observed in QPSJ devices. It also likely contributes to lower-than-expected
quality factors reported in resonators made with disordered superconductors [12, 15, 17–19], even
though this mechanism is non-dissipative. This mechanism should affect all the proposals mentioned
above, but also experiments probing the Superconductor to Insulator quantum phase Transition
(SIT) [20, 21], or the Berezinskii–Kosterlitz–Thouless (BKT)[22–24] phase transition.

Thin-films of various disordered superconductors have been used to implement high kinetic in-
ductance circuits. Provided they are not too close to the SIT (occurring at a normal state sheet
resistance RN2 of order h/4e2 ' 6.5 kΩ), these materials can still be qualitatively described by
the BCS theory. In this framework, well below the critical temperature, the low-frequency linear
response of a diffusive superconductor is described by a kinetic inductance LK proportional to its
normal state resistance RN [25],

LK =
RN
πωgap

, (1)

where ωgap = ∆/~, with ∆ the superconducting gap. With thin films having RN2 ∼ 1kΩ, and
given the common superconducting gaps are in the range 0.2-2.0 meV, one can then achieve sheet
kinetic inductance LK2 of the order of 1 nH. Thus, these materials should enable highly inductive
components that operate up to frequencies of the order of ωgap (i.e. tens to hundreds of GHz)
which are otherwise unfeasible.

Experiments. In this work we have used Nbx Si1−x alloy, with x = 0.18, and a film thickness
t = 15 nm, deposited on an intrinsic Si substrate. The alloy was co-evaporated as described in Ref.
[26]. In the normal state, this film has a sheet resistance RN2 of about 600 Ω, weakly dependent
on temperature. The RF properties of the Nb Si layer were first characterized by fabricating a
half-wavelength coplanar waveguide resonator with a 10 µm-wide, 700 µm-long central conductor
and measuring it at 17 mK, well below the critical temperature of 0.85 K. From the fundamental
resonance (at 6.687 GHz), we extracted the sheet inductance LK2 = 0.83 nH. The measured
quality factor Qmeas = 1.6 × 104 of the resonance was much lower than the designed external
quality factor Qext = 1.6 × 105, set by the capacitive coupling to the input and output 50Ω lines.
Lower-than-expected quality factors have been reported in several resonators made of disordered su-
perconductors [12, 15, 17, 18]; they are usually attributed to unspecified “internal losses”, although
dissipative mechanisms are unexpected at these temperatures in BCS superconductors. Finally,
the non-linear response to the amplitude of the probe signal gave access to the superconducting
coherence length ξ ' 40 nm of the material (see Ref. [27] for details).

Using the above value for LK2, we designed lumped-element LC resonators in which the inductors
were narrow wires 100-180 nm in width, and the capacitors were rectangular pads at both ends of
the inductor (see Fig. 1a). The dimensions were chosen with the aid of numerical simulations in
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order to produce well-separated resonance frequencies between 6 and 8 GHz (see Table 1). The
resonators were all capacitively coupled to the same input and output 50 Ω transmission lines,
weakly enough to all have quality factors larger than 104 in absence of internal losses. The design
was transferred into the NbSi layer using e-beam lithography and dry etching in a CF4−Ar mixture
with the negative ma-N resist acting as a mask. After removal of the mask, the sample was wire-
bonded on a printed-circuit board and cooled down in a dilution refrigerator. As shown in Fig.
1a, the wiring of the sample incorporated a bias tee and a DC voltage source letting us apply an
electric field on the resonators.

Figure 1. (a) Simplified schematic of the setup. Five different NbSi nanoresonators are measured in
transmission, using a Vector Network Analyzer. A bias tee and a voltage source Vg enable applying an
electric field along the resonators. (b) Simulated (assuming zero internal losses) and measured transmission
S21 of the sample. The resonance peaks have a Fano resonance shape due to the stray direct coupling of the
input and output transmission lines in addition to the coupling through the resonator. The experimental
curve is offset vertically to account for the total attenuation and amplification of the setup at 6 GHz.
Experimental resonances reach much lower peak transmissions than the simulations, usually indicating
that internal losses dominate.

Resonator w(nm) ` (µm) a(m) b(m) fdes (GHz) fmeas (GHz) Qext Qmeas

1 100 50 10 10 6.44 6.21 17100 1890

2 120 50 12 10 6.76 6.44 20900 2280

3 140 50 14 10 7.02 6.73 14000 2020

4 160 50 15 10 7.35 7.00 12900 2140

5 180 50 16 10 7.68 7.29 16000 2650

Table I. Design parameters of the five resonators and results of their experimental characterization (see Fig.
1a for resonator dimensions). fdes is the designed resonance frequency and Qext is the designed external
quality factor (i.e. simulated total quality factor, with no internal losses). fmeas and Qmeas are the measured
resonance frequency and total quality factor, obtained by fitting S21.

In Fig. 1b we show the simulated and measured transmission S21 through the five resonators.
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The measurements were done at 30 mK, with sufficiently low power for the resonators to be well
within their linear response regime. We observe that the resonance frequencies are well-spaced,
as designed, with, however, a systematic shift towards lower frequencies which we attribute to a
slightly non-nominal fabrication process. We also observe that the measured resonance peaks are
markedly lower than the simulated values. Correspondingly, the measured quality factors Qmeas,
obtained by fitting the S21 data as a function of frequency, are much lower than the external quality
factors Qext predicted by simulations (see Table 1). We further observe that Qmeas is about an order
of magnitude lower than what had been determined in the large half-wavelength resonator. Since
the small and large resonators were made out of the same NbSi layer and following nominally the
same process, the large decrease in Qmeas suggests the quality factor in NbSi resonators depends
on the lateral dimension, and is higher in wider structures.

In Fig. 2a we show the variations of the phase of S21 at a fixed frequency f = 6.2086 GHz,
close to the maximum transmission of resonator #1, while the gate voltage is repeatedly swept
from 0 to 110 mV over 3.5 s. In each sweep, we observe several abrupt changes in the phase. The
gate voltage at which these jumps occur varies from one sweep to another, showing slow drifts
and telegraphic signal-like jumps. Furthermore, such measurements repeated at different times
displayed long-term variability typical of 1/f -like noise. Figure 2b shows that the observed flicker
noise corresponds to fluctuations in the resonance frequency . Similar features were observed in
the other 4 nanoresonators. Due to the frequency fluctuations, the phase of the (electromagnetic)
quantum state of the resonator becomes unknown after some time (the dephasing time) and the state
can no longer be manipulated deterministically –a phenomenon known as dephasing or decoherence.

Figure 2. (a) Variations of the phase of S21 at a fixed frequency f = 6.2086 GHz, close to the maximum
transmission of resonator #1, while the gate voltage is repeatedly swept from 0 to 110 mV over 3.5 s
(b) S21 in the complex plane for resonator #1. Red dots were obtained by varying the frequency across
the resonance. The cloud of black dots corresponds to all the data points in (a). It is aligned along the
resonance circle, showing that the jumps observed are really resonance frequency jitter.

Interpretation. It is tempting to attribute the fluctuations in the resonance frequency of our
nanoresonators to the mechanisms already known to occur in superconducting resonators. Indeed, it
was understood in the recent years that microscopic charge systems present in the dielectric material
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surrounding superconducting resonators cause frequency jitter and losses in these resonators [28–
31], on the grounds of the so-called Generalized Tunneling Model (GTM) [32]. In this model, the
losses are due to TLSs resonantly coupled to the resonator via the AC electric field, each of these
TLSs also interacting strongly with other, non-resonant, thermally activated TLSs. Overall, these
couplings result in fluctuations of the dielectric constant at the resonant frequency, i.e. fluctuations
in the effective capacitance of the resonator. While this TLS-induced dielectric loss mechanism
is certainly present in our experiments, one does not expect it to yield observable individual TLS
switching events. This is because in our geometry, any TLS occupies an extremely small volume
fraction of the resonator mode, and it can only modify the capacitance accordingly. Coupling to
spin impurities (magnetic TLSs) may also be a source of fluctuations in superconducting resonators
[17, 33], but strong resonant magnetic coupling with individual localized spin impurities is similarly
ruled out.

A new dephasing mechanism. Here, we propose an alternative explanation for the observed
fluctuations. We argue it is the direct interaction of the TLSs with the conduction electrons which
causes flicker noise of the kinetic inductance. In the GTM [32], the corresponding interaction
Hamiltonian for a single TLS reads

HTLS-el = σz
∑
kk′η

Vkk′c
†
kηck′η (2)

where Vkk′ describes the scattering potential, c†kη(ckη) creates (annihilates) a fermion of wave vector

k and spin η, and σz is the Pauli matrix describing the TLS. However, in Ref. [32] this term is only
considered for its relaxation effect on the TLS, neglecting the corresponding back-action on the
conduction electrons. We show below this is legitimate in conventional superconducting resonators
in which the kinetic inductance is a negligible part of the total inductance (it happens to be the case
for all experiments where TLS losses were carefully analyzed [28–31]), but not in highly disordered
superconductors.

For simplicity, we first consider the case where the length ` of the inductor wire in our resonators is
shorter than the electronic coherence length Lϕ in NbSi and use the Landauer-Büttiker framework
[34] to describe transport. The normal-state conductance of the wire is given by the Landauer
formula,

GN = 2G0

∑
n

Tn

where G0 = e2/h, and the Tn are the transmission probabilities of the channels, i.e. the square
modulus of the transmission eigenvalues. For disordered materials like our wires, the transmission
results from multiple-path interferences though the wire, analogous to a speckle pattern in optics.
In other words, the Tn depend in an intricate manner on the specific disorder realization which is
unknown. Theory [34] nevertheless provides statistical predictions regarding GN , namely that it
has

− an expectation value related to the macroscopic sheet resistance of the material and wire
dimensions

〈GN 〉 =
w

`RN2

(3)

− a standard deviation σG according to Universal Conductance Fluctuations (UCF), i.e. σG ∼
G0 in the “metallic case” (GN > G0), and slowly decreasing approximately as σG ∼ G0 ×
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GN/G0 in the crossover to the Anderson insulator regime (GN < G0) [35], independently

of the wire material or dimensions.

When a TLS changes state, it locally modifies the electronic scattering potential in its vicinity,
imparting new phaseshifts to the electronic trajectories. For the whole wire, this results in a change
of the global electronic speckle pattern, i.e. a modification of the channels, with a change of the
conductance GN → GN + δG. If the TLS is located far away from the wire, the change in the
potential is vanishingly small and δG = 0. In the opposite limit of “strong interaction” where the
switching of the TLS radically changes the speckle pattern, δG has a random value with a standard
deviation constrained by the UCF. Hence, for any given TLS one expects 0 6 |δG| . G0 depending
on the type of TLS and its distance to the wire. In other words, the random conductance jumps
of the individual TLSs follow a distribution, itself derived from the distribution of the coupling
strengths (hereafter denoted Dcs). Another important characteristic of a TLS is its switching time;
for the TLS ensemble, switching times are random, following a distribution Dst.

In the superconducting state, δG causes a change of the kinetic inductance of the wire (Eq. (1)

with RN = G−1N ). This has an effect on the resonance frequency f = 1/2π
√

(LK + Lgeom)C with
C the capacitance of the resonator and Lgeom the geometrical inductance. To first order, a TLS
Switching Event (SE) induces a relative change in the resonance frequency

δf

f
= −α

2

δLK
LK

=
α

2

δG

GN
, (4)

where α = LK/(LK +Lgeom) is the participation ratio of LK in the total inductance. While α ' 1
in our disordered resonator, it is vanishingly small in “conventional” superconducting resonators
which are then not dephased by TLS through this mechanism (the dielectric losses of the GTM
then being dominant).

Successive single TLS SEs produce a random-walk-like evolution for the conductance (bounded by
UCF) and of the resonance frequency. Measured over many SEs, this leads to an increased resonance
width ∆fFWHM accompanied with a reduction of the peak transmitted power because the resonator
never stays long in optimum transmission condition. Assuming the TLS fluctuations are the main
cause of the resonance width ∆fFWHM, the corresponding quality factor QTLS = f/∆fFWHM is
given by

Q−1TLS ∼
2〈δf〉rms

f
= α
〈δG〉rms

GN
(5)

where 〈. . .〉rms denotes the rms-averaged quantity over all single TLS jumps during the measurement.
〈δG〉rms can be obtained from the distributions Dcs and Dst. The UCF upper bound 〈δG〉rms =
σG ∼ G0 is reached when the speckle pattern is sufficiently reorganized during the measurement,
requiring sufficiently strongly coupled and fast TLSs. From Eqs. (4) and (5), one expects a larger
effect of TLSs in systems with a smaller conductance, i.e. a smaller number N of conduction
channels, as N ∝ GN ∝ w × t.

Microscopic and macroscopic dephasing. The above discussion brings to light a TLS-Induced
Dephasing Mechanism (TLSIDM) in disordered superconductor resonators, i.e. the dephasing of col-
lective, macroscopic, electromagnetic degrees of freedom in the circuit. These results were obtained
considering that electrons in the inductors are fully phase-coherent. However, this assumption is
unrealistic because our inductors are longer (` = 50µm) than the largest published values for Lϕ
in metals. Moreover, TLS SEs themselves introduce random electronic phase shifts, contributing
to shortening Lϕ. In the following we take into account such (microscopic) dephasing of individual
electrons in our analysis, and work out how it modifies the (macroscopic) TLSIDM.
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To this effect, we first examine electronic dephasing only. On average, SEs dephase the electrons
after a time τTLS stemming from Dcs and Dst (which already determine 〈δG〉rms). Assuming TLSs
are the main source of electron dephasing, one then has Lϕ =

√
DτTLS where D is the diffusion

constant. Yet, the value of Lϕ in the experiment is not known, partly because the standard
weak localization determination cannot be performed in the superconducting state. How does this
dephasing of individual electronic states affect the collective superconducting state (i.e. the BCS
state)? As long as τTLS is large compared to the timescale of the pairing interaction ~/∆ (i.e. Lϕ �
ξ), the superconducting order adapts to such fluctuations and |∆| remains essentially unchanged,
just as if the disorder were static (Anderson’s theorem). The phase of the order parameter, however,
is a macroscopic electromagnetic degree of freedom which is affected by TLS-induced dephasing
proportionally to α, as in Eq. (4). In the opposite limit τTLS < ~/∆, fast electron dephasing
simply inhibits the formation of the superconducting state. In the crossover, one expects |∆| to be
reduced and the density of states to be modified, which could be related to anomalous properties
reported in some disordered superconductor resonators [36]. In the following, for simplicity, we
assume Lϕ � ξ.

How does the finite coherence length of electrons modify the TLSIDM? In a quasi-1D incoherent
inductor wire (i.e. with w, t � Lϕ < `), an individual TLS SE modifies the normal state conduc-
tance of the wire only over an Lϕ-long segment, yielding a δG typically smaller by a factor (Lϕ/`)

2

than in the coherent case (i.e. 0 6 |δG| . (Lϕ/`)
2G0). The resistance changes corresponding to

SEs in different segments add in a random walk fashion, so that, averaged over many TLS configu-
rations, 〈δG〉rms is smaller than in a coherent wire by a factor (Lϕ/`)

3/2, just like σG is reduced in
incoherent mesoscopic conductors [34]. Assuming strongly coupled TLSs, one then gets the upper
limit for 〈δG〉rms

〈δG〉rms ∼
(
Lϕ
`

)3/2

G0 (6)

(recalling however that Lϕ and 〈δG〉rms are not fully independent). Then, using Eqs. (5) and (3),
this yields the strong-coupling prediction

Q−1TLS ' α
(
Lϕ
`

)3/2
`

w
G0R2, (7)

setting an absolute lower bound for the quality factor due to TLSIDM.
Comparison with our experiments. The above analysis is in qualitative agreement with our ob-

servations. In the first place, the mechanism we propose can explain the observed telegraphic-like
frequency jitter, the resulting dephasing and the lower-than-expected quality factors. In the second
place, the prediction of larger relative frequency fluctuations in systems with fewer conduction chan-
nels explains why the nanoscale resonators appear more lossy than the larger resonator, although
they are made of the same material, with (nominally) the same density of volume and surface de-
fects. The data from our 5 nanoresonators is also qualitatively compatible with the proportionality
between the quality factor and the nanowire width (Eqs. (5) & (3)), but there are too few samples
and a too narrow range of widths to regard this as a solid demonstration.

Let us now try to be more quantitative. The largest jumps in Fig. 2 are of the order of 10°,
which, given the S21 resonance circle, corresponds to δf ' 0.6 MHz, and, according to Eq. (4), a
change in the normal state conductance |δG| ' 1.4 × 10−5G0. Since we have selected the largest
jump observed, we boldly assume it corresponds to a strongly coupled TLS inducing a change of
conductance of the order of the disorder-averaged rms value ∼ (Lϕ/`)

2G0, which then yields an
estimate of Lϕ ∼ 0.2µm. Similarly, if we assume a strongly coupled TLS ensemble, then, matching
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the measured quality factor Qmeas ∼ 2 × 103 with QTLS in Eq. (7) yields Lϕ ∼ 0.6µm, which
is of the same order than the above crude estimate. This assumption of strongly coupled TLSs
yields a lower bound for Lϕ. It could be that there are no strongly coupled TLS in our resonators
(|δG| � (Lϕ/`)

2G0 for all individual TLSs), in which case the observations would be consistent
with a larger Lϕ.

TLS types. We now discuss the type of TLS that cause such decoherence. As NbSi is an
amorphous material, TLSs may be atoms jumping between metastable positions in the bulk of the
material. However, the observed effect of a DC electric field proves that charged traps or dipolar
defects in the vicinity of the wire are at work. It is indeed well known that such charged TLSs are
omnipresent in insulators or at interfaces in solid-state electronic devices where, besides the GTM
dielectric noise already mentioned [32], they cause charge noise by coupling to surface electronic
states (within a Thomas-Fermi screening length λTF). This charge noise is well documented in
mesoscopic circuits such as single electron transistors [37, 38], charge qubits [39, 40] or quantum
point contacts [41], but also in MOS transistors [42]. The microelectronics industry has shown that
a careful choice of materials and process engineering can much reduce the number of charged TLSs,
but never completely suppress them. Note that besides the TLSIDM dependence on the number
of channels N ∝ w × t, for charged TLSs one further expects the TLSIDM to become stronger
when the thickness t is reduced to become comparable to λTF, as charged TLSs then interact with
a larger fraction of conduction electrons.

Comparison with other experiments. The TLSIDM we point out also directly affects QPS ex-
periments in disordered superconductors. The phase slip energy of a uniform quasi-1D nanowire is
predicted [6, 43] to scale as

ES = ∆
GN
G0

(
`

ξ

)2

exp

(
−AGN

G0

`

ξ

)
(8)

where ∆ is the superconducting gap energy, ξ the superconducting coherence length, ` the nanowire
length, and A a numerical factor of order 1. In order to have non vanishing ES , one needs nanowires
with a small number of conduction channels. In Ref. [14], it was already noticed that the random-
ness in disorder realizations induces a relatively large (static) dispersion in values of GN of order
G0, resulting in an irreproducibility of ES among nominally identical samples. It was also pointed
that random offset charges (i.e. essentially frozen charged TLS) were likely contributing to this
disorder. Here, we simply extend this reasoning, arguing that charged TLS in the vicinity of the
wire also induce dynamical fluctuations in ES . These fluctuations of ES are dual to fluctuations in
the Josephson energy of JJs due to TLS in the tunnel barrier [44], both resulting in decoherence.

We now examine whether the TLSIDM we propose could explain a few published experimental
results. In Ref. [18], using the values given for the granular Aluminum resonator shown in Fig.
3a, the measured quality factor would be consistent with QTLS of strongly coupled TLSs (Eq. (7))
provided Lϕ ∼ 0.5µm. In Ref. [15], using the values given for the InOx QPSJs and Eq. (8),
one predicts that a conductance noise 〈δG〉rms ∼ 1.4 × 10−2G0 due to charge fluctuators would
yield a 〈δES〉rms/ES ∼5% fully explaining the observed Gaussian spectroscopic linewidth. Strongly
coupled TLSs (Eq. (6)) would yield such 〈δG〉rms figure provided Lϕ '15 nm, however, this seems
exaggeratedly low for the quoted ξ = 30 nm. Similar analysis carried out for the NbN QPSJs in
Ref. [14], the NbTiN resonators in Ref. [17], or the granular Aluminum resonator #4 in Ref.
[19] all lead to similarly low estimates of Lϕ ∼ ξ. As discussed in the case of our resonator, all
these experiments could also (more realistically) correspond to weakly coupled TLS and larger Lϕ.
Thus, given a suitable ensemble of charged TLS, the mechanism we propose could entirely explain
the observed decoherence in all these devices. On the other hand, in some of these devices other
mechanisms are clearly contributing to the overall decoherence (in which case the TLSIDM must be
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weaker than we have just estimated). For instance, in Ref. [17] spin impurities are shown to play
an important role; for the granular Al resonator of Ref. [18], out-of-equilibrium quasiparticles have
been identified as a limiting factor [45], and in Ref. [19] the power dependence of the quality factor
suggests that TLS dielectric losses of the GTM contribute to the resonance width. Note however
that, in the latter Ref. [19], telegraphic fluctuations in the resonance frequency are reported. This
is similar to what we observe in our resonators and, for the same reasons, we believe this is a
manifestation of the TLSIDM.

Discussion. Let us address or clarify a few points regarding the TLSIDM presented above.

− In resonators, internal energy losses (with an energy decay rate κint > 0) imply a lowering
of the quality factor. The reciprocal connection is generally assumed to exist (i.e. lower-
than-expected Q ⇒ κint > 0), but the TLSIDM is a counter-example disproving it. Indeed,
this mechanism operates within the BCS ground state and it is thus strictly non-dissipative
(κint = 0). If it were possible to measure fast enough between TLS switching events, one
would observe at all times the narrow resonance limited by Qext, with the peak frequency
jumping randomly. It is only after averaging over many TLS configurations (e.g. due to the
measurement bandwidth) that one gets the reduced quality factor (Eq. (5)), mimicking what
internal losses would yield. As well, in Fig. 1b, the fact that the measured peak transmission
is much lower than in the lossless simulations does not indicate energy being dissipated in
the resonator, but power reflected to the input line when the TLSs shift the resonator out of
resonance with the probe frequency. Given the jump dynamics involved in the disguise of the
dissipationless mechanism as a lossy mechanism, in dubious cases, the relevant mechanism
could be diagnosed by measuring with sufficient bandwidth the time-resolved transmitted
power at a fixed frequency.

− The TLSIDM does not require any out-of-equilibrium quasiparticles, vortices, etc. which are
usually invoked to explain decoherence in superconducting systems. The presence of such
features would of course open additional decoherence channels.

− Although the TLSIDM we discuss is lossless, the GTM [32] shows that the TLS ensemble
provides a dissipative bath able to absorb the resonator’s microwave photons. This different
GTM mechanism does yield internal energy losses (and decoherence) which are not taken into
account in the present work, but which may contribute in some experiments. A distinctinctive
feature in the GTM predictions is the non-monotonic dependence of losses on microwave power
and temperature, due to the saturation of the resonant TLS. For the TLSIDM, TLSs couple
to the wire independently of their energy splitting. Thus, for an ensemble of weakly coupled
TLSs (|δG| � (Lϕ/`)

2G0), we rather expect that the frequency fluctuations (respectively, the
quality factor) due to this mechanism should decrease (resp., increase) monotonically when
lowering the temperature, because less and less TLSs get thermally excited.

− It is well known that disordered superconductors develop spatial inhomogeneities in |∆| [46]
that eventually dominate the properties of the material close to the SIT [47]. Since we only
consider superconductors sufficiently far away from the SIT, we assume these inhomogeneities
remain small and we have not taken them into account (e.g. in Eq. (1)), but accounting for
them would not qualitatively modify the TLSIDM we describe.

− Could the effect of charge noise be engineered-out for achieving highly coherent disordered
superconductor circuits? After all, in JJ-based qubits this was achieved by operating the
Cooper pair box at a “sweet spot” [39, 40], or by using the Transmon design [48, 49] in which
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charge sensitivity is suppressed exponentially. However, in these qubits, charge noise affects
the charge degree of freedom in the system Hamiltonian, while in disordered superconductors
charge noise modulates a parameter (LK) of the Hamiltonian and, therefore, it cannot be
mitigated in a similar way. Short of reducing TLS charge noise itself to an acceptable level,
the only way to reduce the effect of TLSIDM is to reduce accordingly the kinetic inductance
participation ratio α, giving up at the same time the desired high kinetic inductance properties
of the circuit. As an alternative, one may wonder if 1D topological superconducting channels,
which are impervious to fluctuations in scattering, could form a basis for decoherence-free
QPSJs or other high kinetic inductance devices.

Conclusions. Because of the omnipresence of charged TLS, the TLSIDM we describe is certainly
at work in disordered superconductors devices. We show it can easily explain the disappointing
coherence of QPSJ, and that it is likely contributing to the lower-than-expected quality factors
of some disordered superconductor resonators. Our results call for more in-depth theoretical and
experimental explorations of this TLSIDM, in order to determine the expected distributions Dcs and
Dst for known TLSs, and obtain quantitative predictions for the various noise spectra, coherence
times, temperature dependence, etc.

Finally, beyond disordered superconductors devices, we also ponder that fluctuators could have
some impact on experiments investigating the SIT [20, 21] or BKT [22–24] phase transitions in
these materials. For instance, it is plausible that the recently reported [50] telegraphic-like re-
configurations in a disordered superconductor are due to the coupling to charged TLS described
above. As far as we know, all the theories for these phase transitions assume a static disorder, and
one may thus ask if and how the TLS-induced dynamics would modify the characteristics of these
transitions. Then, the different densities and types of TLS in various experiments could perhaps
explain departures from the expected universality of the SIT [21].
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Chapter 2

Material characterisation

To implement the QPS box presented in section 1.3.4, we need need a disordered superconducting
thin film with a large sheet kinetic inductance and low microwave losses. We consider two different
superconductors: Boron-Doped Diamond (BDD) and Titanium Nitride (TiN). We investigated
their characteristics using DC and microwave measurements.

We first looked into superconducting thin films made of BDD. We found that the microwave
losses in those thin films where so large that they render these films not suitable for our experi-
ments.

We then switched to Titanium Nitride (TiN) thin films for which high quality factor microwave
resonators had already been reported [94, 95]. We developed in-house deposition of TiN thin films,
and the results obtained on those films are compatible with our requirements.

The characterisation of BDD and TiN thin films is presented in this chapter.

2.1 Boron Doped Diamond

2.1.1 Introduction

Diamond has been the focus of many interests throughout the years because of its remarkable
characteristics. It possesses exceptional hardness due to its diamond cubic structure with each
carbon atom forming 4 covalent bonds, it is a high breakdown field insulator with a wide 5.47 eV
band gap, it is chemically inert under normal condition making it biocompatible and it is of course
highly valued in jewelry. However, natural diamond price is high, and variations of characteristics
(linked to the variation of natural dopants concentration) render its systematic use quite chal-
lenging. Artificial synthesis of diamond by High Pressure High Temperature (HPHT) techniques in
the 50s led to a broadening of its use in both research and industry [96]. This technique reproduces
the high pressure (P>7 GPa) and the high temperature (T>1400 °C) found in the birth place
of natural diamond, deep within the earth crust. While this method transforms graphite into
diamonds, their characteristics are poorly controlled, especially concerning impurity concentrations
[97]. Furthermore, HPHT growth of diamond is incompatible with thin films production.

The development of Chemical Vapor Deposition (CVD) diamond in the 80s enabled the pro-
duction of controlled purity diamond thin films. The CVD growth of diamond is performed at
high temperature (�850 °C) in a hydrocarbon-hydrogen (usually methane-hydrogen) low pressure
(�10kPa) plasma. Nowadays, CVD growth of diamond with controlled doping is easily performed,
and using a single-crystal diamond as the substrate leads to the growth of a single-crystal epitaxial
diamond thin film. Several dopant can be added in the resulting material, and one dopant is of
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particular interest here: boron.

Boron-doped diamond is a p-type semiconductor [98, 99] and was theoretically predicted in
2003 [100] to be a superconductor when doped at boron concentration above its Metal to Insulator
Transition (MIT) value (nBMIT�4.1020cm−3 [101]). Experimental confirmation came in 2004 [102] in
a boron doped polycrystalline HPHT diamond (nB� 1021 cm−3). It was also confirmed that BDD
prepared with different techniques, single-crystalline or polycrystalline, was also superconducting
[103, 104, 105, 106, 107] above the MIT boron concentration. A maximum superconducting tem-
perature TC of around 10 K has been reached [108, 97], well below predictions of up to 60 K [109,
110]. This type II superconductor [107] is intrinsically disordered, as the boron atoms randomly
replace the carbon atoms and randomly occupy the interstitial sites in the diamond lattice. At
low boron concentration, the resistivity increases and the fluctuations of disorder are enhanced.
Given that slightly doped BDD thin films (thickness�50nm, nB�1021cm−3) exhibit a large sheet
resistance in the normal state (RN�>100
), their sheet kinetic inductance LK� should also be large
in the superconducting state. This material could match our requirements, and the fact that it is
crystalline and extremely stable in normal condition lead us to think that microscopic TLS could
be fewer and less problematic in this material.

In this section, we investigate the microwave properties of CVD-grown single-crystal BDD thin
films deposited at Institut Néel, in Grenoble [111, 97]. A 60 nm thick layer of CVD BDD with a
boron concentration nB of around 2.1021 cm−3 was grown on top of several 4x4x0.5 mm HPHT
diamond substrates. This boron concentration places our samples in the metallic phase, but close
to the MIT of BDD, and yields an highly disordered conductor. While their DC characteristics
have already been investigated [97, 111], their Radio-Frequency (RF) properties have not been
fully characterised. In the aim to fill this gap, we performed several DC and RF measurements
down to 300 mK on 4 BDD thin films, referred below as sample 1 to 4. Those samples were
fabricated following the same process, with slightly different nB. Only sample 3 and 4 were used for
the measurements described in sections 2.1.3.2 and 2.1.3.3 (3D cavity and broadband impedance
measurements), while only samples 1 and 2 were used for the CPW resonators experiments (section
2.1.3.3).

2.1.2 DC characteristics

2.1.2.1 Sheet resistance versus temperature

The standard theory of superconductivity �the BCS theory [112], see section 2.1 in part I� predicts
that when the material is cooled below its transition temperature TC, its resistivity drops sharply
to zero, due to the opening of a gap in the density of states. Hence, we measured the tempera-
ture dependence of the sheet resistance of BDD thin-film samples down to 300 mK to find their
superconducting transition temperature TC. In all the samples, the sheet resistance falls down to
zero under a temperature ranging between 1 K and 1.7 K. Four-probe measurements of the sheet
resistance of samples 3 and 4 are presented in figure 2.1.
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Figure 2.1. Variations of the sheet resistance of samples 3 and 4 with temperature. Four-probe measure-
ments made using an SR830 lock-in amplifier at 78 Hz in the sample holder described in section 2.1.3.3.

The superconducting transition, which we define as the temperature where the sheet resistance
equals half of its maximum value just above the transition, occurs around 1 K and 1.2 K for sample
3 and 4 respectively. The normal state sheet resistance RN� above the transition is equal to 231 and
227 
 for films 3 and 4 respectively. While the transitions are significantly broadened, the sheet
resistance does reach zero in both films, which is also true for the two other samples not presented
here. Despite this non-ideal behavior, we still use the BCS theory to estimate the sheet kinetic
inductance of those films from the measured values of TC and RN�:

LK
�
=
~RN

�

��0
(2.1)

where �0= 1.764kBTC. Using this formula, we predict LK� to be around 310 pH and 277 pH for
samples 3 and 4 respectively.

Sample TC RN
�
(
) Thickness (nm) �N (�
:cm) LK

�
(pH) le(nm) nB (cm−3)

3 1.03 231 60 1386 310 1.30 2.1021

4 1.13 227 60 1362 277 1.32 2.1021

Table 2.1. Summary of the electrical and superconducting characteristics of samples 3 and 4.

Those TC will allow us to use the 300mK cryostat used for the DC measurement presented here
for further investigation into the RF behaviour of those films. It might even allow the measurement
of microwave devices made of those BDD films at 300mK. Furthermore, the high value for the
estimated sheet kinetic inductance suits our needs.

2.1.2.2 Two step superconducting transition in sample 4

We will now discuss a bit further on the particular dependence of sample 4 sheet resistance with
temperature. Broad superconducting transition0s have already been observed in other works con-
cerning BDD [113, 114, 115] and have been explained by the non-homogeneous characteristics of
this material. Indeed, we know that the superconducting gap can strongly fluctuate, even within
single-crystal grains [114, 116, 117], and lead to non-homogeneous superconducting transition.
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This non-homogeneity leads to the formation of isolated superconducting islands around TC, that
progressively coalesce at lower temperature to enable the percolation of the superconducting state
throughout the sample. We believe this percolation picture, similar to the superconducting BKT
transition [45, 44], can describe the broad transition of sample 3 as well as the two-step supercon-
ducting transition observed in sample 4:

� At TC, superconducting islands start to form within the thin film, without any global
superconducting phase coherence. The islands are linked through the non-superconducting
metallic BDD. This initially decreases the sheet resistance of the sample.

� When the temperature is decreased, the islands grow and start to interact. Percolation is
starting to take place and connected islands share the same superconducting phase.

� At low temperature, islands coalesce and a global superconducting state sets in the whole
sample.

In a large ensemble of islands with different TC, this percolation picture naturally results in a
broadening of the superconducting transition, as observed in sample 3. Similarly, two sets of islands
with different critical temperatures would yield a two-step superconducting transition, as observed
in sample 4. We will see in section 2.1.3.3 that this percolating picture can also explain some of
our other results.

2.1.3 RF measurements

To probe the RF behaviour of our samples at different frequencies, we use resonant and non-
resonant measurements. In the resonant technique, we used either planar CPW or 3D cavity
resonators. The BDD films were placed in the microwave field of the resonant cavity. In the non-
resonant technique, the BDD samples were embedded in a section of a CPW transmission line. We
measured the transmission of this line, and using proper calibration, we extracted the value of the
sample impedance over a large range of frequencies.

2.1.3.1 CPW resonator measurements

We fabricated several �/2 CPW resonators on sample 1 which is similar to sample 3 and 4
presented in the previous section. We used only sample 1 here in order to keep the other samples
unprocessed. The resonance frequency of such CPW resonators gives direct access to the material's
kinetic inductance and the quality factor provides information on the losses within the material.
We patterned transmission lines and resonators on the BDD thin film using an aluminum mask
and RIE techniques, and the resulting devices are presented in figure 2.2.

Figure 2.2. Devices realised on sample 1. a: Three CPWhanger resonators coupled to a 50
 transmission
line. b:Two impedance mismatch resonator each embedded in a 50
 transmission line.

In the device of figure 2.2a, three CPW hanger resonators are coupled to a 50
 transmission line
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and short it to the ground at their resonance frequency. This should manifest as several dips in the
measured S21 of the transmission line. The resonator coupling factors Qc range between 16k and
500k. We measured the transmission of this device at 300 mK using a standard microwave setup
(i.e. with a VNA). However, we did not observe any resonance for this device. This indicates that
either the fabrication of the device failed or that the internal quality factors Qint of the resonators
were far smaller than the values of Qc.

To clarify this issue, we realised two other devices, implementing resonators with lower Qc.
Those devices are presented in figure 2.2b, where we embedded �/2 CPW impedance mismatch
resonators within 50
 transmission lines. Such resonators achieve very low Qc (�10) and are
measured in transmission, i.e. they let the signal through only at their resonance frequencies. We
measured those devices in the same conditions as before, and this time we found a resonance peak
presented in figure 2.3.
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Figure 2.3. Transmission measurement at 300 mK of one of the devices presented in figure 2.2b. The
resonance of interest here is the central peak around 6.5 GHz. The sharp resonances around 4 and 9 GHz
were identified as spurious box modes.

By fitting the resonance shape, we extracted the value of the internal quality factor Qint of this
resonator, and we found it to be around 10. This value is extremely low, indicating the presence
of huge microwave losses inside our BDD thin films. Although this clearly renders those BDD thin
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AntennasSample

1 cm
Figure 2.4. Niobium 3D cavity used in this experiment. The samples are glued with PMMA to a silicate
slab standing in the RF field (left picture). The lid of the cavity (right) contains two RF antennas used to
measure the transmission of the cavity. An indium seal is used when assembling both parts to ensure lossless
contact and avoid radiation leakage.

films unsuitable for our experiments, we decided to further characterise those losses with two other
techniques.

2.1.3.2 Niobium resonant cavity measurements

We used another resonant technique to measure the microwave losses in unprocessed BDD samples
3 and 4. This technique is based on a cylindrical 3D cavity resonator made of niobium, with the
sample under test placed in the center of the cavity as shown in figure 2.4. By comparing the
resonance overall quality factor Q with and without the sample inside, we get access to the losses
induced by the sample. However this technique as two drawbacks:

� it relies on a indium seal to properly close the cavity lid, which has to be manually made
anew each time the cavity is opened. The internal quality factor Qint of the resonance is
also highly dependent on this seal, and thus suffers from the variability of the seal's quality.

� The positions of the antennas used to measure the transmission S21 of the cavity (and thus
its resonance shape) affect the cavity coupling, Qc. While these antennas are not supposed
to move when opening the cavity, they are not perfectly fixed (in fact, they are SMA
connectors held by screws). Simulations show that even a small change in their position
leads to a sizeable change in Qc.

This measurement is thus subject to potentially large variations and is only qualitative for small
changes in the total Q, i.e. samples with small losses. However, it is truly quantitative for samples
with huge losses that dominate the cavity damping. Nevertheless, we took great care to avoid any
displacement of the antennas and to achieve a reproducible indium seal.
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As presented in figure 2.5, the introduction of a BDD sample inside the 3D cavity has a profound
impact on its resonance properties at 300 mK. While the empty cavity has an overall quality factor
of the order of 100k, the same cavity loaded with our samples drops to Q�100. In some cases, we
could not observe the cavity resonance at all.
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Figure 2.5. Transmission measurement of the Nb cavity at 300 mK in different conditions: empty (black),
a bare 4x4x0.5 mm HPHT diamond substrate (red) and sample 4, ie. 60 nm of BDD on top of the HPHT
diamond substrate (blue).

On the other hand, we measured the HPHT diamond substrate prior to BDD deposition,
and we found that it only induces negligeable losses, contrary to BDD samples. Furthermore, we
tested two pure CVD diamond films deposited on HPHT substrate without boron doping. Those
films are 50 nm and 1 �m thick, and their results are presented in figure 2.6. While we can see
the impact of the CVD diamond presence on the resonance frequency, the resonance itself is still
clearly observable with a large quality factor. This confirms that the huge losses found are caused
by the presence of the conductive BDD thin films themselves.
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Figure 2.6. Transmission measurement of the Nb cavity at 300 mK in different conditions: empty (black),
50 nm of undoped CVD diamond (blue) and 1 �m of undoped CVD diamond (red). The CVD diamond is
on top of 4x4x0.5 mm HTHP diamond substrate.

Together with the CPW resonator experiment previously discussed, this result clearly indicates
that huge microwave losses occur in our BDD samples. That makes those BDD thin films not suit-
able for our project. However, those two experiments were restricted to a set of given frequencies.
We found interesting to characterise these BDD samples over a large frequency range.

2.1.3.3 Broadband Impedance Measurement

We measured the impedance of our BDD samples over a large frequency range (100 Hz to 3 GHz)
using an impedance mismatch measurement setup [118].

Impedance mismatch measurement concept

Z0Z0 Z Z
Port 1 Port 2

Figure 2.7. Adding a impedance Z in series in a CPW transmission line with characteristic impedance Z0
can be, if the length of the impedance is lower than the wavelength �, treated as a two-port network of an
impedance Z.

A short sample of impedance Z is embedded in a RF transmission line of characteristic imped-
ance Z0 (commonly 50
). The impedance mismatch between the sample and the transmission line
leads to the reflection of the incident microwave, which reduces the transmitted power. If we use
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network analysis, we can describe the sample as a two-port network (see figure 2.7) and write its
scattering matrix S as [119]:

S=

0BB@ Z

2Z0+Z

2Z0
2Z0+Z

2Z0
2Z0+Z

Z

2Z0+Z

1CCA (2.2)

By measuring the sample's scattering parameters, we can deduce its impedance. For example, from
S21 we obtain:

Z =2Z0
1−S21
S21

(2.3)

One difficulty that arises with this kind of measurements is the impossibility to directly measure
the sample's scattering parameters, especially when using complex RF setup like those present
in our cryostats. Indeed, each and every single RF element in the setup (RF cables, connectors,
attenuators, amplifiers, . . .) adds its own imperfections to the final measurement, such as spurious
reflection, attenuation or even cross-talk between cables.

Setup calibration
A proper calibration of the setup allows us to remove those spurious effects and obtain the

sample's S parameters [119, 118]. To do so, we need to obtain the scattering matrix of our setup
with the sample replaced by proper calibration standards. This will enable us to quantify its
deviation from the scattering matrix of a perfect RF transmission line, i.e. the Pauli matrix �x.
This procedure is similar to the standard procedure used for a VNA calibration, albeit with far
from perfect cables and standard devices.

a. b.

c. d.

Figure 2.8. The different calibration devices and the sample holder used in our setup. a: 50
 transmission
line on copper PCB, acting as a THROUGH standard. b: the same transmission line as the one in a. but
with the transmission line cut by a 4x4 mm recess, made to fit our 4x4 mm samples. Without any sample,
it acts as a REFLECT standard. c: the actual sample holder, same as c., with a BDD sample in its recess.
The sample is glued to the PCB and bonded to the copper transmission line with aluminium wire. d: Same
PCB as the sample holder, but with an inductance and a resistance in parallel soldered instead of a sample.
This device was used to confirm the model presented in (2.7).

Our devices presented in figure 2.8a and b implement the THROUGH (perfect transmission)
and REFLECT (perfect reflection) standards, respectively. The impedance of these standards is:

Zthrough=0 Zreflect=1
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Those devices, as well as the sample holder (figure 2.8c), where sandwiched between two machined
RF absorbing urethane pads, in order to eliminate spurious resonances inside the cryostat. Because
our setup (see figure 2.9) includes RF amplifiers, we don't have access to the S22 and S12 parame-
ters, we thus measured only the S11 and S21 parameters of our setup with each standard at 300
mK. The calibrated S11 and S21 parameters of a sample write as:

S11
cal=

S11
meas−S11

through

S11
reflect−S11

through S21
cal=

S21
meas−S21reflect

S21
through−S21reflect

(2.4)

The measured value for S11
through and S21reflect were negligible with respect to the other calibration

measurements as well as the samples measurements Smeas. The value for the calibrated S parame-
ters then simplify to:

S11
cal=

S11
meas

S11
reflect S21

cal=
S21
meas

S21
through (2.5)

Measurement setup
In our experiment, we used a VNA and a UHF lock-in amplifier (100 Hz to 600 MHz) from

Zurich Instrument to measure the transmission parameter S21 of our BDD thin films from 100 Hz
to several GHz. Prior to each run, we measured the THROUGH standard device at 300 mK to
calibrate the measurement as presented above. Despite the fact that no cables were disconnected
between the cooldown of the standard and the sample, the calibration still suffers from slight
imperfections. The RF setup used is presented in figure 2.9.

300 K

1 K

300 mK

VNA port 1 VNA port 2

-3
0

 d
B

-3
0

 d
B

-3
 d

B

Sample

Figure 2.9. Cryogenic RF setup used for broadband impedance measurements. The sample was placed in
a 300 mK cryostat with two RF coaxial lines. The signal input line (Port 1) was strongly attenuated with
a 30 dB attenuator both at room temperature and at 1K. The signal output line (Port 2) is amplified by
room temperature amplifiers, and a 3dB attenuator was placed just after the sample at 1K to attenuate the
thermal noise coming from the input stage of the first amplifier.

Samples were placed in the recess of a PCB similar to the REFLECT calibration device (see
figure 2.8c), and connected to the 50
 copper transmission line with aluminium bonding wires.
To facilitate the bonding procedure, and to provide a clear delimitation of the probed area of
the sample, Ti-Al pads (4 and 96 nm resp.) were deposited on opposite sides of samples 3 and 4.
This reduced the effectively probed BDD samples to 3x4 mm (i.e. 3/4 of a square). The copper
transmission lines are connected to the rest of the circuit through SMA launchers.
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Results below the superconducting transition temperature
We measured the transmission of our setup at different temperatures from 300mK to 1.2K

using the lock-in amplifier from 100 Hz to 600 MHz and the VNA from 600 MHz to 3 GHz. The
measurements were then concatenated to provide data from 100 Hz to 3 GHz.
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Figure 2.10. Sample 4 RF measurements at different temperatures. top: Calibrated transmission mea-
surement of the sample as function of the frequency. bottom: Sheet impedances extracted from the
transmissions using formula (2.3).

We plot the transmission of sample 4 at different temperatures in figure 2.10, along with the
sheet impedance extracted using formula (2.3). Similar results were obtained for sample 3, and
are not presented here. The real part of the sheet impedance significantly differs from zero above
500 MHz, down to the lowest temperature probed of 300 mK. This points to the presence of a
dissipation in those samples, even at 300 mK, in agreement with the low quality factors measured
in section 2.1.3.1 and 2.1.3.2.

The conductivity of a superconducting thin film is as the sum of a real and an imaginary part:

�=�1+ i�2 (2.6)

where �1 describes dissipation and �2 describes the reactive behaviour of the superconductor (i.e.
its kinetic inductance). We model � as the conductance of a perfect resistor in parallel with a
perfect inductor [120]. The corresponding impedance writes:

ZL//R=
iL!R
iL!+R

=
(L!)2R

(L!)2+R2
+ i

L!R2

(L!)2+R2
(2.7)

For a perfectly BCS superconductor thin film (such as aluminium), one would expect:

L=1 and R=RN
� forT >TC (2.8)

L=LK
� and R=1 forT =0 (2.9)
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Applying this model to the sheet impedance of a sample, R and L are respectively the sheet
resistance and the sheet inductance. The fit of this model to sample 4 measurements are presented
in figure 2.11 for three temperatures, along with the fit values for R and L at all temperatures.
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Figure 2.11. Fit of the sheet impedance of sample 4 at different temperature with the model in (2.7) top:
Same data as in Fig. 9, and plain lines represent the model fit. bottom: Extracted values for the fitting
parameters R and L between 300 mK and 1.2 K. Above 1K, our model (2.7) is not sufficient to fit the data
and additional parameters, discussed in the next paragraph, are needed.

We observe that for the different temperatures shown, the fits reproduce the main variations
of the sheet impedance between 100 Hz and 3 GHz. Repeating those fits, we can extract the value
of the sheet parallel inductance and the sheet parallel resistance at all temperatures. The sheet
parallel inductance decreases when temperature is lowered, with a plateau at about 540 pH at low
temperature. This value is 1.95 times the BCS estimate of section 2.1.2. The extracted parallel
resistance is not the one expected for a perfectly BCS superconductor. Indeed, whereas we would
expect R to diverge toward infinity below TC, we find it decreases instead, from 200 
 at 1 K down
to about 50 
 at 300 mK. This value at 300 mK is in agreement with the observation of huge
losses in our two previous resonant measurements.

Results close to TC
Close to the transition temperature (T > 1K), our model (2.7) can no longer suitably fit the

data and we need to introduce an extra series impedance Zfit=ZL//R+Zoff. This extra impedance
can be interpreted as the loss of percolation of the superconducting state in the sample (see section
2.1.2.2). This introduction of Zoff has an impact on the expected value for our model at T > TC
initially presented in (2.8). Indeed, Zoff acts as a new fit parameter, and we now have several
possibilities, depending on the initial values used for the fits:

L=

8<:1)R+Re(Zoff)=RN
�

0)Re(Zoff) =RN
�

forT >TC (2.10)
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If L=0, R is irrelevant, and thus can take any possible value. This is what we observed for our
fits (see figure 2.11) at 1.2K, where L goes to zero and R to a large value. We chose the initial
parameters for our fits in order to be in this case for both sample 3 and 4. We have shown above
that in the low temperature range this Zoff was not needed to fit the measurements and it is indeed
found to become very small (see figure 2.12); its residual values can perhaps be attributed to
imperfect calibrations. If we look at the value of Zoff near TC, we can observe a noticeable similarity
between Re(Zoff) (the offset resistance) and the R(T) curve presented in figure 2.1.
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Figure 2.12. Fit offset as a function of temperature for sample 4. The straight red line is the sheet resistance
versus temperature measured in section 2.1.2 for the same sample.

The value of Re(Zoff) is following quite well the variations with temperature dependence of the
measured sheet resistance. The fact that those measurements, one in RF and the other in DC,
agree with one another further support the picture presented in section 2.1.2.2:

� At T=300 mK, the superconducting state percolates through the sample. Zoff=0 and we
measure an inductive response of the sample through a non zero value of L. The presence
of a finite value of R can be interpreted as the fact that some parts of the sample have not
undergone the superconducting transition, i.e. that the sample has not coalesced completely.

� At the foot of the transition (around 1.05 K) the percolation path breaks down, thus
introducing a resistive part in series to what remains of the superconducting percolating
state. This translate in a non-zero value for Zoff and a drop in the value of L, because the
superconducting path is shorter. We also measure a smaller R parallel to L because of this
shorter path.

� When T reaches 1.2 K, every remaining superconducting islands in the samples are gone,
and Zoff value goes to RN, the normal sheet resistance measured in section 2.1. The value
of L goes to zero, and R becomes meaningless, as explained earlier.

While we focused on sample 4 in this section, the same conclusions were drawn for sample 3.
Indeed, we also fitted its impedance with the same model, and the results were qualitatively the
same: there is a parallel resistance with non infinite value at 300 mK. The series offset resistance
is also similar to the R(T) measured in section 2.1.2 for this sample.

2.1.4 Conclusions on BDD
We have shown that, despite the fact that our BDD thin films are superconducting with a TC
around 1.1 K, they present high losses at microwave frequencies, down to the lowest temperature
probed here of 300 mK. Those losses can be modeled by a low resistance parallel to the super-
conducting kinetic inductance, with finite value even at 300 mK. We hypothetically attribute this
resistance to a inhomogeneous coalescence of superconductivity in our sample, suggesting that
some parts of the BDD thin films remain in a normal state at 300 mK.

As a final note on BDD, we point out that recent works [121, 122] report the presence of
dissipative state within superconducting gap of polycrystalline BDD on Si substrate. Although our
single-crystal BDD samples on diamond substrate differ, the presence of such states in our samples
could also explain the losses we observed.
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Our conclusion here is that our BDD samples are of no use for our project. We must then
explore different options regarding high kinetic inductance material. Our interest was drawn to
titanium alloys, and more precisely to titanium nitride.
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2.2 Titanium nitride thin films

2.2.1 Introduction

Titanium nitride (TiN) is an extremely hard ceramic with a metallic behaviour commonly used
as a protective coating for metallic tools such as drill bits, for a decorative purpose or even as a
non toxic passivation layer for medical implants. TiN is also known to be a superconductor since
1930 [123] with transition temperature up to 6 K [124] for single crystals. In TiN thin films, the
properties (resistivity, TC,..) are known to be extremely dependent on sample preparation [125,
126, 127, 128]. Those thin films undergo a disorder-driven Superconducting to Insulator Transition
(SIT) at sufficiently high disorder [45, 129], effectively creating an insulator, which presents an
infinite resistivity at zero temperature, as discussed in section 1.2.

Titanium nitride thin films have been used to realise superconducting devices [94, 130, 131,
132], including CPW resonators with quality factors as high as 106 [94]. Closer to the SIT, this
material presents a large kinetic inductance, while still maintaining decent quality factors [133].

For our project, those low loss and large kinetic inductance TiN thin films provide an appealing
choice worth being investigated. The tunability of their properties (normal state resistivity and
TC) is furthermore quite attractive. Indeed, a wide range of disorder is attainable when changing
the deposition parameters (from low resistivity/high TC to high resistivity/low TC). We can even
increase this disorder by reducing the film thickness, as we will see further in this section.

2.2.1.1 The TiNx system

The properties of the TiNx system highly depend on the nitrogen to titanium ratio x. A the nitrogen
content in the titanium lattice is increased, TiNx can be present in different phases [134]:

� an hexagonal close-packed (hcp) Ti phase with inclusion of nitrogen in interstitial sites for
x< 0.5,

� a body-centered cubic (bcc) Ti2N phase in a small range around x= 0.5

� and a face-centered cubic (fcc) TiN phase for x> 0.5.

Each phase has different mechanical, electrical and structural properties. Only the Ti (TC �
400mK[135]) and the TiN (TCbulk � 6K [124]) phases have been found to be superconducting,
Ti2N remaining in a normal state down to 50mK [135, 136] (see figure 2.13). We have only inves-
tigated the TiN phase, i.e. TiNx material with x> 0.5, which we simply write TiN for simplicity.
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Within this phase, the superconducting properties are highly related to the nitrogen content,
which is controlled by the deposition parameters, as depicted in figure 2.13.

Figure 2.13. Superconducting transition of 35 nm thick TiNx thin films sputtered at different nitrogen
flow, which directly relates to the nitrogen content in the films. The argon is kept at 15 sccm. The dashed
red lines represent the phase changes in the TiNx system. From [136].

We investigated the properties of TiN thin films that we can produce in-house, their repro-
ducibility and their suitability for making low-loss highly inductive circuits.

2.2.1.2 In-house deposition of TiN

Titanium nitride is commonly produced by reactive sputtering of titanium in a nitrogen/argon
plasma. The nitrogen present in the plasma is reacting with the sputtered titanium to form TiN,
which deposits a TiN thin film on the substrate. We developed titanium nitride deposition in our
nanofabrication facility using two different sputtering machines: one with a DC voltage and the
other with an RF voltage driven plasma. Whereas the RF machine provides a precise control over
the gas mass flow and the total pressure in the chamber, the DC machine only has a precise control
over the total pressure. Besides these differences, they also present other differences concerning:
the substrate temperature during sputtering, target size, chamber size, etc., but the role of those
variables was not investigated.

The DC sputtering machine was initially used to realise our TiN thin films and for the first
investigations. Those first films did not fully reached our expectations (e.g. TC < 4K), and were
poorly reproducible. The RF sputtering machine yielded higher quality (higher TC) and better
reproducible TiN thin films. In this manuscript, all thin films were thus realised using the RF
sputtering machine.

2.2.2 DC characteristics of TiN thin films

2.2.2.1 Optimisation of the RF sputtering process

Description

We made about 50 samples, each using different deposition parameters, in order to find a
suitable recipe for TiN deposition in our sputtering machine. We measured their room temperature
properties (thickness, surface texture, resistivity), as well as their electronic properties (TC, RN�)
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using a 3He 300mK cryostat. The main independent parameters of this optimisation are:

� the total pressure inside the sputtering chamber during deposition (Ptot),

� the nitrogen flow and

� the RF power injected into the plasma.

We used three different values of Ptot, 5, 10 and 20�bar, which is regulated independently of
either the nitrogen or argon flow. The argon flow was kept at a constant value of 15 sccm, and the
distance between the target and the substrate held at 8 cm. The substrate was not heated during
this optimisation, and its temperature during deposition did not increase significantly (�T < 20
°C) from ambient temperature (�20 °C). For these tests, we used 7x7 mm 300�m thick oxidised
silicon substrates. Finally, due to the lack of film thickness monitoring during the sputtering, the
deposition time was kept constant at 180 seconds for most of the samples. The thickness of the
deposited films was measured using a KLA Tencor Alpha-step IQ profilometer, and the deposition
rates were deduced from this measurement. The resulting film thicknesses ranged between 3 and
220 nm. For samples deposited at low power (100 W), and thus at very low deposition rates, we
increased the deposition time to obtain thicknesses from 23 to 220 nm.

In each sample, we cut a rectangle of 1.5x7mm and placed it into a DC sample holder in order
to measure its sheet resistance temperature dependance down to 300mK. A typical measurement
is shown in figure 2.14, which yields RN�= 523
 and TC= 2.25K for this sample.
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Figure 2.14. Typical sheet resistance versus temperature measurement for a TiN thin film on silicon,
starting from room temperature. The initial increase just belowRT is due to the substrate loss of conduction.
On this sample, RN�= 523
 and TC= 2.25K.
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Nitrogen flow and Ptot dependence

The nitrogen flow, and thus the nitrogen-to-argon ratio in the deposition plasma, controls the
amount of nitrogen included in the deposited TiN thin film. As explained in section 2.2.1.1, the
nitrogen content of those films affects their properties. We first use nitrogen flow from 1 to 4 sccm,
at three different Ptot (5, 10 and 20�bar), while keeping the RF power injected into the plasma
set at 500W. The obtained TC, normal state sheet resistivity and deposition rates are presented
in figure 2.15.
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Figure 2.15. Characteristics of deposited TiN thin films under different total pressure versus nitrogen flow.
a: Superconducting transition temperature; b: Resistivity; c: Deposition rate.

We find that TC sharply increases with the nitrogen flow rate up to a threshold value of 2 sccm
for Ptot= 10 and 20�bar (2.5 sccm for Ptot=5�bar, see figure 2.15). Below this threshold, TC is
around 500 mK (under 300 mK for Ptot=5�bar at 2 sccm, so out of reach of our 300 mK cryostat;
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it is shown here at 0 K). Above the threshold, TC is roughly stable around 4K. This variation of
the superconducting temperature of our film is compatible with published works [136]. This is the
sign that the deposited material phase changes from TiN at large N2 flow to Ti2N and/or titanium
below the threshold value.

We also find a sharp decrease of the deposition rate of our films up to this threshold (figure
2.15c), and a slower decrease above. This can be explained by the poisoning of the Ti target, i.e.
the formation of a nitrided layer on the surface of the target. This layer has a lower sputtering
yield than pure metallic titanium, thus reducing the effective deposition rate [134]. These low rates
allow us to achieve a fine control over the thickness of the films, and thus of the effective disorder.
Deposition rates of around 0.5 nm/s as is obtained here is suitable to deposit down to 10 nm thick
thin films in a reproducible way. We will see later that this rate can even be lowered further.

2 sccm (2.5 for 5�bar) 3 sccm 4 sccm

5�bar

200 nm 200 nm 200 nm

10�bar

200 nm 200 nm

20�bar

200 nm 200 nm 200 nm

Figure 2.16. SEM images of the TiN film surfaces under a 30° angle for different N2 flow and Ptot. The
deposition power was fixed at 500 W.

Most samples made using an N2 flow rate above 2 sccm (2.5 sccm for Ptot=5�bar) have a TC
above 4K, and some samples made using Ptot= 5�bar even have a TC close to 5K. While those
samples have a TC approaching the bulk value of 6K, they also illustrate the impact of Ptot on TC
and the resistivity. As Ptot is increased, the superconducting critical temperature decreases and
the resistivity increases (at larger N2 flow). These variations can be linked to the morphology of
the film surface (see figure 2.16), which present different degrees of roughness. The higher Ptot
samples have a more irregular surface and more visible TiN grains than the lower Ptot ones. This
increased surface roughness leads to an increased resistivity and a decreased TC at higher Ptot.

Sputtering at a nitrogen flow rate of 4 sccm ensures that the deposited material is stoechiometric
or slightly over-nitrided TiN, with a regular surface. For the remaining part of this optimisation,
we only use a nitrogen flow rate of 4 sccm.

Sputtering power dependence

The last main parameter to vary is the RF power fed to the plasma. We realised a set of samples
to probe the RF power dependency of the thin films characteristics, while keeping the nitrogen flow
rate at 4 sccm. Due to the excessive roughness obtained at Ptot= 20�bar, this value is omitted in
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this section.
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Figure 2.17. Characteristics of deposited TiN thin films under different total pressure versus RF power
used during the deposition. a: Superconducting temperature; b: Resistivity; c: Deposition rate.

While having a low impact on resistivity and TC, the RF plasma power greatly modifies the
deposition rates. Indeed, those rates go from around 0.4 nm/s at 500 W to approximately 0.025
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nm/s at 100 W, allowing us to deposit extremely thin TiN films. The increase of resistivity (and
the decrease in TC) at the intermediate power of 250 W is explained by the thickness difference
of these films. Indeed, whereas the thickness for all the other samples is around 80 nm, the two
samples made at 250 W have a thickness of the order of 20 nm (26 nm at 10�bar and 23 nm at 5
�bar). Those values are of the order of the �15nm elastic mean free path of the electrons in those
layers, which explains this resistivity increase.

100 W 250 W 500 W

5�bar

200 nm 200 nm 200 nm

10�bar

200 nm 200 nm 200 nm

Figure 2.18. SEM images of the TiN film surfaces at a 30° tilt angle for different RF power and Ptot. The
N2 flow was fixed at 4 sccm.

Concerning RF power dependence of the surface morphology, we observe an increase of the
roughness for lower power. For 10�bar, samples made at 100 W and 250 W present a rough surface
with clearly discernible grains, while the one made at 500 W is a lot smoother. At 5�bar, the
surfaces show less irregularities and only on the 100 W sample can we start to clearly discern the
grains.

Conclusions on the sputtering parameters

While not exhaustive, this investigation leads to the conclusion that the lower total pressure of
5 �bar is suitable to obtain high value for TC (above 5K which is, in fact, the highest value ever
obtained in this optimisation). We chose a nitrogen flow rate of 4 sccm to ensure the deposition
of near-stoechiometric TiN, and an RF power of 100 W to obtain a low deposition rate. Using
those parameters, a TC of 5.04K was achieved, with a resistivity of 48.84 �
:cm on a 84 nm-thick
sample. The BCS estimation for this film yields a sheet kinetic inductance LK

�
� 1.47pH. This

value, while not high initially, is easily increased by using a lower thickness film, deposited with the
same parameters. Taking advantage of our low deposition rate of �0.025nm:s−1, we then realised
TiN thin films under 5 nm.

2.2.2.2 TiN thin films under 5 nm thickness

In those film under 5 nm, i.e. well below the electron mean free path of around 15 nm measured
in thicker TiN films, we expect an increase in resistivity and a decrease of TC. Because of those
low thicknesses, it was no longer possible to use the profilometer as earlier to measure the thick-
ness of the deposited film. We thus estimated the film thickness from the deposition time using
the deposition rate of 0.0278(�0.0026) nm:s−1 measured on a 16 nm sample made in the same
conditions. Those thin films were also deposited on 7x7 mm SiO2 substrates and measured as the
previous ones. The temperature dependence of their sheet resistance with temperature is given in
figure 2.19. Below thickness of 1.95 nm, TiN becomes an insulator at low temperature. Here, the
sheet resistance of a 1.67 nm sample reaches 19k
 at 330mK, translating to a resistivity of around
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3200�
:cm, well above the SIT of the material, theoretically expected at R�=RQ=
~

(2e)2
�6.45k


[45].
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Figure 2.19. Sheet resistance versus temperature for TiN thin films of different thickness. The horizontal
orange dashed line represent the theoretical value for the SIT at R�=RQ� 6.45k
.

Compared to the 88 nm-thick sample, the TC of the thinner samples is lower and their normal
state sheet resistance is higher, as expected. Indeed, the sheet resistance is linked to the inverse of
the thickness, so it gets higher on thinner samples. However, this is not the only effect responsible
for this increase in sheet resistance, as we can measured the resistivity of the film is also increasing
as its thickness is reduced (see figure 2.20). As mentioned earlier, the electron mean free path in our
thicker layer is of the order of 15 nm. Hence surface effects dominate the conduction in sub-10 nm
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films [137], yielding a significant increase of the resistivity and a variation of the sheet resistance
much stronger than simply the inverse thickness.
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Figure 2.20. Resistivity (black) and sheet resistance (red) of the samples presented in figure 2.19, measured
above the superconducting transition at the maximum value of the sheet resistance. For the 1.67 nm point, the
resistivity and sheet resistance is measured at 330mK.

Out of the samples presented in figure 2.19, we chose to work with the 3.34 nm-thick sample,
as it provides the best compromise between a large value for TC around 2.2 K and a high normal
state sheet resistance of around 630 
, yielding LK� 350 pH in the superconducting state. This
sample presents two advantages:

� It enables us to performs further measurements, and especially microwave measurements, in the
same 300 mK cryostat that we used here. Indeed, this base temperature is lower than the commonly
used limit of TC/5 for the onset of losses in superconducting circuit caused by quasiparticles.

� Unlike the thinner samples which reach a finite sheet resistance at 300mK, this sample shows a
sheet resistance that goes below the limit of our DC measurement setup under 2K.

2.2.2.3 Impact of the substrate on sub 5 nm TiN thin films

We now discuss the effect of the substrate on our films properties. Indeed, the samples we described
so far were deposited on thermally oxidised Si substrates (350 nm of SiO2 on Si) for the sake of
simplicity and cost. However, while working with superconducting circuits, we know that using high
resistivity intrinsic silicon substrates with as little as possible silicon oxide is beneficial. For this
reason, we used HF cleaned intrinsic silicon wafers as a substrate for the rest of our experiments,
in order to get rid of the silicon oxide. Typically, a two inch high resistivity (�10k
:cm) intrinsic
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silicon wafer is cleaned in a dilute HF acid solution before being rinsed in deionized water. This
etches away the natural oxide on the surface of the wafer. It is then quickly (under 5 minutes)
put into the sputtering machine and the chamber is pumped down. This reduces the oxide layer
thickness from several nanometers to an individual atomic layer [94]. Titanium nitride is then
sputtered using the chosen parameters and, after deposition, the wafer is transferred into a electron
beam evaporation machine, in order to evaporate a 50 nm-thick aluminium film, which acts as a
protection layer.

We measured the superconducting properties of a film deposited on a wafer prepared as described
above with the same parameters as the 3.34 nm sample measured before (on SiO2), and we found
that the values of TC and RN were different. Indeed, we found TC� 1.45K (2.2 K on SiO2) and
RN�1319
 (630
 on SiO2), as shown in figure 2.21. The deposition rates measured on 16nm thick
samples were roughly the same, at 0.027 nm:s−1 on HF cleaned Si and 0.0278(�0.0026) nm:s−1

on SiO2, and so there is only a slight variation in thickness between the previous sample on
SiO2 and this one on Si (3.34 nm and 3.24 nm respectively). We tentatively explain the dis-
crepancy of results between those two samples by the nature of the material that makes the
substrate interface with the deposited TiN. Indeed, silicon oxide is an amorphous material, while
silicon is crystalline. Thus on silicon oxide, the TiN lattice is less perturbed at the substrate/TiN
interface than on intrinsic silicon. Indeed, while silicon and TiN share the same cubic crystalline
structure (fcc), their lattice constant are not in perfect agreement: 0.543 nm [138] for silicon
and 0.425 nm [139] for TiN. This mismatch leads to strains and deformation near the Si/TiN
interface, which can lead to changes in the deposited film properties. As our films are under
5 nm thick, this effect can have large consequences. To compensate for this different interface,
we then deposited a slightly thicker layer of 4.86 nm under the same deposition parameters.
The resulting values for TC and RN

�
are 2.2 K and 530 
, yielding LK

�
� 330pH.
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Figure 2.21. Sheet resistance measurements of two TiN thin films deposited on HF cleaned intrinsic high
resistivity silicon wafers.
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Film TC RN
�
(
) d (nm) �N (�
:cm) LK

�
(pH) le(nm)

A 1.45 1319 3.24 427 1256 4.21
B 2.22 530 4.86 256 330 6.99
C 2.35 20.5 16.2 33.21 12.05 54.2

Table 2.2. Summary of the characteristics for the three TiN thin films. We estimated le using n �
5.1022 cm−3 [140].

As a result, we characterised 3 different TiN films (denoted A, B and C) deposited on high
resistivity intrinsic silicon that can be used for further experiments, especially for microwave mea-
surements. Their characteristics are summed up in table 2.2. As expected, the thicknesses are lower
than the rough estimations of le.

2.2.2.4 Film spatial non-uniformity

TiN deposition, and more generally every physical deposition technique, suffers from non-unifor-
mity over the scale of a wafer [127, 136]. This results in variations in the deposited layer thickness
and/or its composition and characteristics [136]. In the case of TiN, the edge of the wafer presents
a higher sheet resistance [127] and lower TC [130] due to lower thickness and higher contaminants
concentration [127]. To quantify this increase in our films, we deposited two wafers in the same
conditions as films A and B (see table 2.2). We then cut 7x1.5 mm samples from the center of each
wafer and from their edges. We measured those samples in the same way as in section 2.2.2.1. The
values of those measurement are summed up in table 2.3.

A clone B clone

Center RN
�
(
) 1770 531

TC (K) 1.1 2.2

LK
�
(pH) 2222 333

Edge RN
�
(
) 1927 (+8.9 %) 573 (+8.1 %)

TC (K) 0.92 (-16.4 %) 2 (-9.1 %)

LK
�
(pH) 2893 (+30.2 %) 396 (+18.9 %)

Table 2.3. Measurements of the normal sheet resistance, the superconducting critical temperature and the
associated BCS kinetic inductance of two TiN thin films, clone to film A and B, deposited on intrinsic Si
substrate, at the center and at the edge of each wafer.

We measure an increase of the sheet resistance and a decrease of the superconducting temper-
ature when going from the center to the edge of the wafer. The increase of the kinetic inductance
ends up as 30.2 % for film A's clone and 18.9 % for film B's clone. Those values are the maximum
expected variation of the kinetic inductance over the size of a wafer for our films. To mitigate this
effect, we did not use the edge of the wafers for the rest of this work. We also point out that the
clone of film A has an higher sheet resistance and a lower superconducting transition temperature
than film A, regardless of the position within the wafer. This illustrates the limited reproducibility
we can expect for this set of deposition parameter.

2.2.2.5 Effect of an oxygen plasma on TiN thin films

Such extremely thin films may be sensitive to some of the processes used during subsequent
nanofabrication steps. One particular step that affects them is the plasma ashing process, i.e. the
application of an oxygen plasma for resist removal. We characterised the effect of such a 100 W,
0.2 mbar and 40 sccm oxygen plasma on 3.34 and 25 nm-thick TiN samples.
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Figure 2.22. Room temperature measurements of the relative sheet resistance variations of thin TiN films
deposited on SiO2 after a time in a 100 W oxygen plasma at 200 �bar.

We measured the room temperature (300K) sheet resistance of several samples after exposing
them to this cleaning plasma for an increasing period of time (see figure 2.22). For the thinner
samples, we measured a sizeable increase in sheet resistance of around 65% and 240% for a 30 and
120 seconds treatment, respectively. For the thicker sample of 25 nm, this increase reached only 3%
after 120 seconds. We tentatively attribute this increase to the insertion of oxygen in the TiN films,
either as a contaminant or as an oxide. Indeed, as titanium oxides are thermodynamically more
stable than titanium nitride [141], it is possible to oxidise TiN under highly energetic conditions,
such as in a plasma or at high temperature (>800 °C). This increase of oxygen content is only
taking place at the free surface of the films, and it has limited impact on the 25 nm thick sample.

As the Residual Resistivity Ratio (RRR) of our films is just slightly below 1 (see figure 2.21
for example), we thus estimate that the normal state resistance just above TC RN

� is affected in
the same manner. Moreover, as illustrated in figure 2.19, a higher sheet resistance also leads to a
lower TC. This valuable information indicates that, if we use an oxygen plasma cleaning step of 30
seconds on a sample (typical cleaning step), one can expect its normal sheet resistance to increase
by about 60%. This increase, together with a probable decrease in TC (though we did not measured
TC here), would lead to an increase of its sheet kinetic inductance by more than 60%.

It is worth noting that the effect of such oxygen plasma on our TiN thin films can be mostly
reversed by a nitrogen plasma (produced in a RIE machine with low acceleration voltage and at
45 �bar). After 120 seconds in an oxygen plasma, the sheet resistance of the thin sample increased
by 240%. The subsequent application of a nitrogen plasma for 60 seconds reduces the resistance
to only a 30% above its value before the the O2 plasma. This effect could be of interest as a tool
to change the kinetic inductance of a superconducting device after fabrication, but we did not
investigated it in more details.

2.2.2.6 Scaling of superconducting and metallic properties

As suggested by Ivry et al. [142], superconducting thin films of different materials (including TiN)
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seem to follow an universal scaling:

d:TC=A:RN
�−B (2.11)

with A and B fit parameters, B being close to unity. We used this formula to fit all the data points
we obtained during our sputtering optimisation, and the results are shown in figure 2.23.
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Figure 2.23. Values of the d:TC product for all the samples made during sputtering optimisation with
respect to RN

�. Red line is a fit using formula (2.11). Deviating samples at high total pressure and low
nitrogen flow rates as well as film C are highlighted, see text for more details.

We also find that most of our TiN thin films follow the scaling of (2.11), with B= 0.82 and
A=2082. This result is close to those obtained in [142] for TiN thin films from different research
groups. This scaling could be use to assess the superconducting characteristics of future TiN
thin films. Indeed, because of their RRR close to unity (for d> 3nm), a measure of their room
temperature sheet resistance together with the knowledge of their thickness leads to an estimate of
their TC. The only samples that somewhat deviate from this scaling are the ones made at high Ptot
or low N2 flow rate and film C. The samples at high Ptot present some extremely high resistivity
and rough surfaces, while the ones at low N2 flow rate are probably not made of TiN anymore
(see section 2.2.2.1). This suggests that samples not following this scaling strongly deviate from
homogeneous TiN thin films.

2.2.3 Microwave response of sub 5 nm TiN thin films

2.2.3.1 Introduction

To explore the response of our TiN thin films in the microwave (MW) regime, we patterned CPW
resonators, and measured them at low temperature to characterise their resonance. We extract the
resonances frequencies fres, their intrinsic quality factors Qint and their coupling quality factor Qc,

101



at different temperatures and power.

Resonator design and fabrication
For samples made from films A and B (see table 2.2), the resonator design is described in

figure 2.24a, and the design used for the sample made from film C is depicted figure 2.24b. On
each sample, several resonators (2 to 3) were coupled to the same 50
 transmission line as so-
called hanger resonators, using two different coupling geometries (see figure 2.24). The coupling
length Lc was chosen in order to set the coupling factor Qcsim in the 10-60k range, using microwave
simulations. The length of the CPW cavity l was adjusted to obtain a resonance frequency between
2 and 4 GHz for each resonator. On the same sample, we chose frequencies separated by at least 130
MHz, in order to measure each resonator independently. The width w of the central conductor and
the gap g of the CPW resonators were maintained at 5 �m and 10�m respectively for all samples.

a
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Figure 2.24. CPWTiN resonators with zoom on the coupling zone to the transmission line. Highlighted in (false-
color) gold on the zoomed pictures is the CPW resonator TiN central conductors. Numerical values are in �m

a: A resonator of sample B1, with aluminium ground plane. The ground plane width between the CPW and the
transmission line is 4�m. The coupling length Lc is the length where the CPW resonator and the transmission
line are parallel. b: A resonator of sample C1, with niobium ground plane. The coupling length Lc is the length
where the CPW central conductor is in between the two sides of the fork. The fork is made out of niobium and
is galvanically connected to the transmission line.

The ground planes were realised in low LK
� superconducting films such as aluminium or niobium

films. Sample B1 has a ground plane made of 50 nm-thick aluminium, while all the other ones have
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100 nm-thick niobium instead. A summary of the geometrical characteristics of all the resonators
made is given in table 2.4. For sample B1, a 30s oxygen plasma (see section 2.2.2.5) was used to
clean the surface after fabrication, a step which was not used for the other samples. Resonators on
sample C1 have a slightly modified coupling design (see figure 2.24b), in order to achieve a larger
coupling for the same coupling length, and thus a lower Qc.

Sample l (�m) w (�m) g (�m) Lc (�m) Qc
sim f0

sim (GHz)
A1 800 5 10 100 16k 3.44

850 5 10 150 12k 3.26
900 5 10 200 9k 3.08

B1/B2 2000 5 10 100 62k 2.66
2500 5 10 200 28k 2.19

C1 7000 5 10 130* 14k 3.2
9000 5 10 70* 40k 2.5
11100 5 10 40* 91k 2.0

Table 2.4. Characteristics of the TiN resonators investigated here. The star indicates a different coupling
design (see figure 2.24).

The fabrication of samples with a niobium ground plane was made of two main steps (see figure
2.25):

� The resonator central wire is patterned in an electron sensitive positive resist (PMMA A3)
using an eLINE electron beam masker (a,b). After development, the resist acts as a positive
mask for the deposition of a 20 nm aluminium layer (c). After lift-off (d), this layer is used
as a negative mask for the RIE etching of the TiN layer, leaving only the resonator wire in
the TiN layer (e).

� Niobium is then deposited using an a DC sputtering machine on the full surface of the sample
(f). PMMA is applied again and patterned (f, g), to selectively etch away the ground plane
material using RIE (h). The aluminium mask still on top of the resonator central wire acts
as a stopping layer for the RIE. Aluminium is then removed using a basic solution based
on TMAH, which attacks neither TiN nor niobium (i).

a b c

def

g h i

Resist

TiN

Si

Al

Nb

Figure 2.25. Detailed fabrication steps for samples with niobium ground plane (samples A1, B2 and C1).
a: PMMA layer deposition on top of TiN layer. b: Exposition and development of the resist. c: Aluminium
evaporation. d: Lift-off. e: RIE etching of TiN. f: Niobium and PMMA deposition. g: Exposition and
development of the resist. h: RIE etching of the niobium. i: Resist removal.
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Microwave measurement setup
The samples from films B and C were cooled down to 300 mK, and the one from film A to 50

mK. They were measured using a VNA from 1 to 10 GHz (see figure 2.26). Their resonances were
characterized by measuring the transmission parameter S21 that we fitted to extract the resonance
parameters [143, 144].
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Figure 2.26. Experimental microwave setup used for sample measurement. left: 300 mK cryostat setup
used for samples B1, B2 and C1. right: 50 mK setup used for sample A1.

2.2.3.2 Resonances characterisation
The values of the resonance frequency and quality factors of all the resonators are summarised in
table 2.5. As Qint varies with the probing power, those values are given for the power at which
Qint is maximum. The power dependence of Qint will be discussed later on.

Sample l (�m) Qc
sim f0

sim (GHz) f0
meas (GHz) Qc

meas Qint
meas LK

�;BCS (pH) LK
�;meas(pH) ZC(
)

A1 800 16k 3.44 3.91 10k 1700 1256 1053 �1.3k
850 12k 3.26 3.70 10k 1400 1256 1042 �1.3k
900 9k 3.08 3.55 9k 1500 1256 1009 �1.3k

B1 2000 62k 2.66 2.03 51k 32.6k 330 601 �1k
2500 28k 2.19 1.65 32k 30.2k 330 621 �1k

B2 2000 62k 2.66 3.02 33k 2.3k 330 282 �700
2500 28k 2.19 2.38 25k 4.4k 330 288 �700

C1 7000 14k 3.2 2.98 18k 20k 12.05 20.8 �180
9000 40k 2.5 2.52 35k 43k 12.05 17.2 �170
11100 91k 2.0 2.15 180k 33k 12.05 15.6 �160

Table 2.5. Summary of all the low-power value for the resonance frequency, the internal quality factor and
the coupling quality factor for all the resonators. All the samples were measured at 300 mK, except A1 which
was measured at 50 mK.

We extract the sheet kinetic inductance LK
�;meas from the resonance frequency and compare it

to the calculated value of the corresponding TiN film LK
�;BCS (see section 2.2.2.3).

Sheet kinetic inductance
For sample A1 and B2, LK

�;meas is lower than LK
�;BCS of film A and B by 19.7% and 12.8%,

respectively. If we take into account that deviation, it will not hinder future use of those TiN films.
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On the other hand, sample B1 exhibits a significant 85% increase in sheet kinetic inductance from
the BCS value of film B. We attribute this drastic increase to the oxygen plasma cleaning that
was used during the fabrication of this sample. Indeed, as shown in section 2.2.2.5, such an oxygen
plasma leads to an increase of the sheet resistance of 65% which, together with a hypothetical
decrease of TC from 2.2 to 1.95K, perfectly explains the increase of LK� measured on this sample.
Sample B2, made of the same film as sample B1, was not submitted to this oxygen plasma and
indeed has an inductance closer to expectations for this film.

Internal Quality factor
We observe that the internal quality factor tends to decrease with the sheet kinetic inductance.

We tentatively attribute the sizeable difference of Qint between sample B1 and B2 to a different
fabrication process regarding the ground plane. Indeed, the Al ground plane of sample B1 was
deposited on the freshly sputtered TiN. On the other hand, the Nb ground plane of sample B2 was
sputtered after the removal of the TiN layer by RIE etching. This RIE step leaves a rough surface
on the sample, leading to a potentially lossy Si/Nb interface. This particular effect was not further
investigated here.

2.2.3.3 Power dependence of the internal quality factor
We have measured how the properties of resonators on A1 and B1 sample evolve with the applied
power (see figure 2.27). We observe variations of Qint with the average number n� of photons in the
cavity frequently seen in superconducting resonators [145, 94, 136]: at high power, Qint drops due to
depairing, and, at low power, the coupling of the resonator to TLSs may decrease Qint (see section
1.5). This latter effect is observed in sample B1, but not in sample A1. We also observed similar
behaviour for the higher harmonics of each resonator on both samples (figure 2.27b and 2.27c).
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Figure 2.27. Internal quality factors Qint of the resonances of samples A1 and B1. a: fundamental reso-
nances of the resonators. b: fundamentals and higher harmonics of sample A1. c: fundamentals and higher
harmonics of sample B1.

For sample B1, every harmonic follows this common behaviour: upon reducing the number of
photons in the resonator n� down to 105− 106 photons, Qint increases , then reaches a maximum
value and then slightly decreases at lower power. For sample A1, while some harmonics seem to
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reach a plateau at low power, it is not the case for all of them. Indeed, some Qint curves only reach
the beginning of a plateau at very low power, around one photon in the resonators, and do not
reach a TLS dominated regime.

2.2.3.4 Ageing process in TiN thin films

Given that the films we consider here are very thin and that Ti can react with oxygen, one can
expect that exposing our samples at ambient conditions without taking any precautions could
affect their properties. We already know that an O2 plasma treatment increases film resistivity (see
section 2.2.2.5 and 2.2.3.2); we now discuss the potential ageing of those films in ambient conditions.
For this purpose, we measured sample B1 over several weeks, and we compared the resonance
frequency and Qint for the second harmonic of the 2.5 mm resonator. We chose this particular
harmonic at 3.27 GHz for practical reasons, as it is the one with the most data available. Between
the first and the second measurements, the sample was left roughly 3 weeks at ambient conditions.
Between the 2nd and 3rd ones, the sample was left in the 300 mK cryostat at room temperature but
at low helium pressure for 3 days. As depicted in figure 2.28, the storing conditions of the sample
had an effect on its properties:

� The quality factor during the 2nd measurement was an order of magnitude lower than
during the first one, but it recovered some of this loss after storage at low helium pressure.
However, its variation with respect to n� did not changed much: it still reaches a maximum
around 105 photons and then slightly decreases.

� The value of the resonance frequency did not changed much (it changed by less than 10 MHz
between measurements), but its variation with n� did. Indeed, while the resonance frequency
reached a plateau at low power during the first measurement, it decreases when lowering n�
below 104 photons during the 2nd. Again, this decrease was nearly removed during the 3rd

one.
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Figure 2.28. Internal quality factor Qint and relative change of the resonance frequency of the second
harmonic of the 2.5 mm resonator (3.26 GHz) of sample B1 versus the number of photons in its cavity. a:
Internal quality factor; b: relative frequency variation.
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This behaviour is compatible with an increase of the TLS density at the surface of our sample
during its stay at ambient conditions. Indeed, the presence of a TLS ensemble coupled to a super-
conducting resonator has a negative impact on its internal quality factor and reduces its resonance
frequency at low power [74, 145] (see section 1.5.3). Interestingly, those added TLS can be mostly
removed by putting our sample at low helium pressure for a few days. This suggests that they are
only adsorbed at the sample surface, and do not originate from chemical modification of the thin
films (e.g. oxidation). For the rest of this work, we took the precaution of storing all the samples
in a vacuum chamber, to avoid any uncontrolled modification of their properties during storage
(even reversible).

2.2.3.5 Power dependance of the resonance frequency: Self-Kerr effect in TiN

All superconducting resonators become nonlinear at sufficiently high power, a phenomenon that
manifests notably through a change of the resonance frequency. A typical power-dependence mea-
surement for our devices is presented figure 2.29a. We identify three regions on this graph:

� In region A, the resonance frequency slightly increases at low n� due to the interaction of
TLS with the resonator.

� In region B, the frequency is decreasing. This is due to the Self-Kerr nonlinearity of the
disordered superconductor.

� In region C, higher order non-linearities become significant and the internal quality factor
collapses, thus we can no longer correctly measure the resonance.
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Figure 2.29. Typical power dependence of our non linear TiN CPW resonators, measured here at 3.27GHz
and 300 mK. a: Relative variation of the frequency versus the number of photons in the resonator cavity.
Red dotted lines are region separators, see main text for more details. b: Resonance shape at 7.103 (black)
and at 5.105 (red) photons in the resonator.
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We now focus on region B, in which we can apply the theory for the self-Kerr non-linearities
described in section 1.4. The resonance shape in this region is shown in figure 2.29b for a small
and a large probing power. At large power (red curve), the resonance shape becomes asymmetric
and the resonator is approaching a bistable regime. By fitting these shapes at different power
using a non-linear model and using the parameters extracted in section 2.2.3.2, we obtain the self-
Kerr coefficients Km of the resonator. We applied this procedure to the two resonators present on
sample B1 for all their modes.
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Figure 2.30. Kerr coefficients for each modes of the 2 mm resonator (a) and the 2.5 mm resonator (b)
of sample B1. Black dots are measured values using non linear fits, red curve is a simple n2 fit of the data
and red triangles are calculated values using formula (1.14).

Our results for the self-Kerr coefficients of both resonators are given in figure 2.30. They are
following quite loosely them2 fit (red curves in figure 2.30) expected for the coefficientsKm. Fitting
the data using equation (1.13) yields �= 38nm and �= 33nm for the resonator lengths 2 mm and
2.5 mm, respectively. These values are larger than both the electron mean free path le and the
thickness d of this film, thus placing it in the dirty limit (le� �) of a 2D superconductor (d� �).
Note that sample B1 has been exposed to an oxygen plasma prior to measurement, but we expect
the other samples made using this film to remain in this 2D dirty superconductor limit.

2.2.4 Conclusions on TiN
We have deposited superconducting TiN thin films with a large range of properties in a reproducible
manner. Using sputtering conditions that lead to high TC, low resistivity, good surface morphology
and low deposition rates in �100nm thick films, we deposited ultra thin films of TiN. We have
characterised those sub-5 nm films using both DC and microwave measurements. We verified that
those films are still superconducting and selected 3 of them with TC between 1.45 and 2.35 K.
We used those films to pattern CPW resonators, whose measurements confirmed their high sheet
kinetic inductance. We found internal quality factors ranging from 2k to 43k, with film B providing
the best compromise between good internal quality factors and a large kinetic inductance. We have
also measured the power dependence of resonators on sample B1, from which we extracted their
self-Kerr coefficients and the value of the superconducting coherence length � in this film.

TiN film B is a suitable low-loss high kinetic inductance material, and we will use it in the
experiments described in the following sections.
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Chapter 3

Nanowire resonators

As explained in section 1.3.4, we aim at realising the QPS box proposed by Hriscu et al. [34] in
order to investigate QPS physics. As far as we know, this device has not yet been experimentally
investigated. We patterned several lumped 2D resonators on TiN thin film B. One of them is
presented in figure 3.1, alongside its equivalent electrical circuit. These devices are based on a long
(>10�m) nanowire inductor with a width w below 200 nm, implementing a QPS junction. The
low wire width together with the large RN� of TiN thin film B naturally leads to highly inductive

nanowires. The QPS energy resulting from this design is expected to be large (ES/ exp
�
− w

RN
�

�
)

and should allow us to probe the effect of the QPS junction: the modulation of the resonance
frequency by the charge offset applied to the two ends of the wire.

C
L

ES

Figure 3.1. Optical photograph of a TiN nanowire lumped resonator fabricated in film B (see section
2.2.2.3) and used in this chapter. The material highlighted in (false-color) gold is TiN. On the right is the
equivalent electrical circuit.

The large value of the inductance in those devices also makes their characteristic impedances
ZC= L/C

p
larger than 1k
. This renders them likely to be sensitive to charge defects, such as

charged dipoles. Indeed, the electrostatic coupling of such dipole to a resonator scales as ZC
p

(see
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section 1.5.4.1) and induces fluctuations in the resonance frequency. Thus the observation of the
QPS junction modulation could be difficult.

3.1 Sample design and fabrication

3.1.1 Design details

Our lumped TiN resonators consist of capacitor made of two pads connected by a 50�m-long
nanowire, which provides the inductance and possibly a QPS junction. One of our resonator
is shown in figure 3.2, where the TiN is highlighted in gold. They are placed in a recess in the
ground plane of a 50
 niobium microwave transmission that runs close to the resonator. This line
couples the resonator to the rest of the measurement circuit. We can apply a DC voltage to this
transmission line, in order to apply a DC electric field in the recess, and thus on the resonator.

Vg

Cres
L

ES

Vg

CC

Cg

wL

wcapa

Lcapa

lc

20 μm

15 μm

8 μm

Figure 3.2. Optical photograph of a TiN nanowire lumped resonator fabricated in film B (see section
2.2.2.3) and used in this chapter. The material highlighted in gold is TiN. on the right is the equivalent
electrical circuit. The central conductor of the 50
microwave transmission line used to couple the resonators
to our measurement setup is visible on top of the bottom left picture. A DC voltage can also be applied
to this conductor to generate an electric field. Here w=146 and lC=8�m, which leads to an inductance of
113nH and a resonance frequency of 7GHz.

The dimensions defined in figure 3.2 are summed up in table 3.1. Only the wire width w and
the coupling distance lC were varied. The coupling quality factor QC of the resonator strongly
increases with lC, resulting in QC between 1000 and 10000 for the chosen range of lC.
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l w Lcapa wcapa lC
50�m 40− 400nm 50�m 10�m 8− 24�m

Table 3.1. Geometrical characteristics of our resonators.

Using Sonnet microwave simulations and assuming the absence of any QPS junction, we chose
resonant frequencies fres in the 4 to 8 GHz band for which we have a complete set of microwave
components (circulators, filters, HEMT amplifiers.. .). Several resonators were coupled to the same
measurement line. Test zones containing multiple nanowires of each chosen w were also fabricated
at the periphery of the sample in order to measure their width using a SEM and estimate the
reproducibility and the dispersion of w in the fabrication process.

VgCc

Cres

Cg
top

Cg
bot

20 μm

Figure 3.3.

Using electrostatic simulations, we estimated the DC capacitance of our devices, presented in
figure 3.3. The values of the coupling capacitance Cc, the resonator capacitance Cres and the ground
capacitance of each pads of the resonator Cg

top and Cgbot are presented in table 3.2.

Cc (fF) Cres (fF) Cg
top (fF) Cg

bot (fF)
3.3 - 1.6 0.43 2.3 - 2.9 5.3

Table 3.2. Capacitance of our devices using electrostatic simulations without taking into account the
nanowire. The different values for a single capacitance correspond to lc=8 and 24�m.

3.1.2 Resonator nanofabrication

The resonator nano-fabrication process is sketched in figure 3.4. This process, similar to the one
described in section 2.2.3.1, requires two lithographic steps:

� a first e-beam lithography step of the aluminium mask used to etch away the TiN and define
the resonators (a to e in figure 3.4).
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� A second e-beam lithography to define the niobium transmission line and ground plane (f
to i in figure 3.4).

a b c

def

g h i
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TiN

Si
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Nb

Figure 3.4. Detailed fabrication steps for our nanowire lumped resonator. a: PMMA layer deposition on
top of TiN layer. b: Electron beam exposure of the resonator's pattern. c: Aluminium evaporation. d: Lift-
off. e: RIE etching of TiN. f: Niobium and UV3 deposition. g: Exposition and development of the resist.
h: RIE etching of the niobium. i: Resist removal.

After fabrication, the width of nanowires in the test zones is measured and the mean value is
used to adjust the microwave simulations. We did not observe the resonator themselves with the
SEM prior to measuring them, to avoid any SEM-induced contamination. The resulting resonance
frequencies are shown in table 3.3 for the sample used in this chapter.

Resonator a b 1 2 3 4 5 6
w (nm) 45 70 78 99 122 147 169 191
lC (�m) 8 8 8 8 8 24 24 24

fres
sim (GHz) 4.33 5.09 5.11 5.76 6.39 6.98 7.45 8.32
QC
sim 3550 3040 2550 2210 1970 6840 6480 5780

Table 3.3. Measured geometrical parameters, simulated resonance frequency and coupling quality factor
for all our resonators.

Using the values of w and the characteristics of our TiN thin film, we can estimate the values
of the QPS junction energy Es for our resonators, which are presented in table 3.4.

Resonator a b 1 2 3 4 5 6
w (nm) 45 70 78 99 122 147 169 191
ES/h 84GHz 3.4GHz 1.2GHz 69MHz 2.9MHz 92 kHz 4.3 kHz 194Hz

Table 3.4. Estimation of Es/h using RN�= 530
, Tc= 2.2K and �=30nm, obtained in section 1.3.4. [36]

Given that ES/h� ~!a and ES/h� ~!b, we do not expect the measurement of resonator a
and b can be easily done, if not entirely impossible.

3.2 Measurement setup

3.2.1 Cryogenic setup
We used a cryogen-free dilution refrigerator with base temperature of 50mK, fitted with microwave
cryogenic lines to measure the transmission of the sample (see figure 3.5). The input line thermal
noise is filtered by two 30dB attenuators and passes through a bias-tee. This bias-tee, together
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with a DC-block at the sample's output, enables the application of a DC voltage to the sample.
The transmitted microwave signal goes through a 4 to 8 GHz bandpass filter and an isolator,
before being amplified by a 37dB cryogenic High Electron Mobility Transistor (HEMT, LNF-
LNC0.3_14A, 0.3 to 14 GHz) amplifier with a noise temperature of 4.2 K.
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50 Ω

Figure 3.5. Microwave cryogenic lines used to characterise our sample.

3.2.2 Room temperature setup

In order to characterise our resonators, we used either a VNA to measure the frequency dependent-
transmission of our sample, or a so-called Pound-Drever-Hall (PDH) setup to track the fast changes
of the resonance frequency (without measuring the entire resonance curve).

3.2.2.1 The Pound-Drever-Hall measurement scheme

To measure shifts in the resonance frequency of a superconducting resonator, one usually measures
the phase of the complex transmission S21 at a fixed frequency fvna close to the resonance frequency
fres. The measured phase of S21 varies linearly with the small detuning fvna− fres, while the
magnitude jS21j does not change. This phase measurement is very sensitive to spurious phase drifts
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in the entire measurement setup, such as temperature fluctuations of the microwave components.
In order to remove those large phase fluctuations that do not originate from the sample, we use a
Pound Drever Hall (PDH) setup which is insensitive to global phase shifts.

The PDH technique was initially developed for laser frequency stabilisation [146, 147]. Its
application to microwave superconducting resonator characterisation is illustrated in ref. [92]. It
is well suited to characterise our side coupled resonators measured in transmission with a �notch�
type frequency response as shown in figure 3.7. In this technique, a carrier signal at frequency
fc� fres, phase-modulated to add sidebands at � fm, is used to excite the resonator. The value
of fm is chosen so that sidebands fc� fm fall out of the resonance dip, but close to it. Since the
frequencies fc and fc� fm are close-by, the uncontrolled phase drifts in the various cables and
microwave components will be nearly the same for the carrier and its sidebands. At the output
of the refrigerator, a square law power detector (typically a diode detector) is used to measure
the output signal power from the resonator, which is then demodulated at fm. This demodulated
signal is insensitive to global phase shifts and is used as the error signal for a PID controller which
regulates the value of fc, keeping fc= fres.

fuhfli ± fm

f0 f0 + fuhfli ± fm

DC + fm+2fm

0.1 - 20 GHz

fm+2fm

S
a
m

p
le

Out
In

UHFLi

MWG

Figure 3.6. Simple view of our Pound Drever Hall room temperature measurement setup used to track and
measure the resonator frequency with high accuracy. A radio frequency signal at 300MHz from the Ultra
High Frequency Lock-in (UHFLi) amplifier modulated at a frequency fm is up-mixed with a microwave
signal f0 from a microwave generator (MWG). This up-mixed excitation is sent to the sample and the
transmitted signal is detected by a diode-based RF power detector. The DC component of the detection is
blocked by a DC block and the resulting signal at fm is demodulated by the lock-in amplifier.

For implementing this measurement technique (see figure 3.6), we use a Zurich Instrument
Ultra High Frequency Lock-in (UHFLi) amplifier which produces a carrier at fuhfli�300MHz and
its sidebands, demodulates the output signal from the diode and implements a PID control over
fuhfli. The modulated signal from the UHFLi is upconverted using a mixer and a high frequency
microwave signal at f0 up to the 4-8 GHz band. To produce the sidebands at fc� fm, the UHFLi
uses amplitude modulation with a phase shift of � to the lower band, in order to emulate a phase
modulation. The complex signal sent to the resonator is then:

Vin=A
�
ei!ct+

m
2
(ei(�!

+)t− ei(�!−)t)
�

with !c=2�(f0+ fuhfli), m the modulation depth and �!�=!c�!m. Assuming a perfect trans-
mission line side-coupled to a perfect notch resonator, the output signal from the resonator writes:

Vout=S21(!c)e
i!ct+

m
2
(S21(!

+)ei!
+t−S21(!−)ei!

−t)
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with S21(!) the complex transmission of the resonator. The diode signal is:

S(!c; t) = k jVoutj2 (3.1)

with k a conversion constant specific to the diode detector, hence:

S(!c; t) = k A2
�
jS21(!c)j2 +

m2

4
(jS21(�!+)j2 + jS21(�!−)j2) +

m
2
Im(ei!mt(S21(!c)S21(�!−) −

S21(!c)S21(�!
+))) +2!m terms

�
(3.2)

where the overbar denotes the complex conjugate. The DC terms are blocked by a DC block and
the 2!m terms are of no interest for us. The PID error signal is obtained by demodulation of the
!m component of S(!c; t) at !m:

kA2
m
2
Im(ei!mt(S21(!c)S21(�!−)−S21(!c)S21(�!+)))

This signal is present along two quadratures and, given a correct choice of the demodulation phase
(empirically found for each resonator), they have a typical shape presented in figure 3.7. The error
signal for the PID controller is finally the in phase x quadrature that vanishes at fc= fres and
varies linearly with small detuning fc− fres.
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Figure 3.7. top:Magnitude of the complex transmission S21 of a perfect 5GHz notch resonator, with Qint=

10000 and Qc= 2000. bottom: In phase (x) and out of phase (y) quadratures of the signal demodulated
at !m from S~ (3.2), with S~(!c; t) =

2S(!c; t)

mA2
and fm= 5MHz. The dashed lines represent frequencies at

fres� fm.

Any small global phase fluctuations will only result in the slope dx
dfc

������
fc=fres

to slightly change,

which does not hinder the operation of the PID controller and thus the measurement of fc.
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3.2.2.2 Room temperature setup: PDH and VNA

The complete room temperature setup we use in this chapter is shown in figure 3.8. Using microwave
switches, we can connect either a VNA or a PDH setup to our dilution refrigerator. This allows
us to consecutively characterise our resonators using the VNA (to obtain their resonance fre-
quencies and quality factors) and perform faster experiments using the PDH, e.g. for measuring
the resonance frequency noise.
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Figure 3.8. Microwave room temperature setup used to measure our resonators. RF switches allow us to
alternate between measurements with PDH or VNA. A voltage-controlled attenuator is inserted before the
refrigerator to finely tune the injected power. A −20dB coupler is used to inject a second microwave tone.
Several 4-8 GHz bandpass filters and isolators are present to reduce noise and spurious reflections in the
setup. We use two microwave amplifiers with a total gain of 58dB, and two low frequency amplifiers with
a total gain of 40dB after the Schottky diode detector.

We have several microwave components in the common path of both setups. After the input
microwave switch, there is a voltage controlled attenuator and a −20dB coupler. These enable
the fine adjustment of the input power and the addition of a second RF signal for two-tone mea-
surements (coming from MWG 2), respectively. At the RF output of the refrigerator, and before
the second microwave switch, we placed several bandpass filters, low-noise microwave amplifiers
and isolator, all working within the 4-8 GHz band. This is to amplify the RF signal coming out
of the refrigerator while filtering any spurious signal outside our selected band of frequencies. The
isolators remove any waves reflected by the bandpass filter.

The PDH setup contains additional components, aside from the common ones described above
and those described in figure 3.6. Those are an adjustable bandpass filter (and its associated
isolator) before the diode detector and two low-noise low frequency (<500 MHz) amplifiers, each
with their lowpass filter, before the UHFLi input. The adjustable filter is a YIG bandpass filter
tunable from 2 to 8 GHz, with a bandwidth of 30 MHz. We use this filter to remove as much
unwanted signal as possible before the diode detection, in order to keep the best sensibility of the
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detector, and its adjustability enables us to measure all our resonators. The lowpass filters and
the low frequency amplifiers amplify the signal at the modulation frequency (<5 MHz) before its
demodulation by the UHFLi.

3.3 Experimental results

We measured our sample during several cooldowns. Some results, like the resonance frequencies
and the quality factors, changed over the course of those cooldowns spanning several weeks, similar
to what we measured in section 2.2.3.4. However, the noise measurements, the gate dependence,
etc. was qualitatively reproducible at each cooldown. The results presented in this section are thus
representative of all our cooldowns. The temperature of the sample during the measurements was
50mK, unless specified otherwise.

3.3.1 Resonators characterisation

3.3.1.1 Resonance frequencies and quality factors

After each cooldown, we first measure the transmission of the sample using the VNA, in order to
characterise each resonance. By fitting the obtained S21 for each resonator we extract the resonance
frequencies and their quality factors. The values for the first cooldown are presented in table 3.5.
The measured values of fres and Qc qualitatively agree with the ones simulated without considering
the presence of QPS junctions. The designed increase in QC between resonator 3 and 4 is well
apparent in the results.

Resonator a b 1 2 3 4 5 6
w (nm) 45 70 78 99 122 147 169 191
lC (�m) 8 8 8 8 8 24 24 24

fres
sim (GHz) 4.33 5.09 5.11 5.76 6.39 6.98 7.45 8.32
QC
sim 2550 2210 1970 6840 6480 5780

fres (GHz) 4.529 5.644 6.492 7.223 7.495 8.21
QC 2200 1630 2300 5800 5800 6800
Qint 10000 6250 14500 9000 3300 4200
ZC (
) 6020 5910 5517 5094 4598 4456

Table 3.5. Resonance parameters measured during the first cooldown of our 6 resonator samples. The
values of the characteristic impedance ZC are calculated using ZC=L!res and the theoretical value of the
total inductance L from the wire width w.

The values of f0 and Qint present some fluctuations over the course of the different cooldowns.
Indeed, similar to the results in section 2.2.3.4, both values tend to decrease when we thermally
cycle the sample. However, the values of Qint were always sufficient for proper measurement of f0
with our PDH setup (i.e. Qint> 1000), and the shift in f0 did not exceed 300 MHz.

We did not measure any traces of either resonator a or b. We can explain this in two ways:
either their nanowire suffered damage during fabrication, or the value of ES corresponding to those
two devices was too high. In the latter case, the description given in section 1.3.4 is not valid, the
resulting devices are not resonators with a gate dependence but rather fall in the Coulomb blockade
category. The non-linearities are so high that only their ground state is accessible, and we can not
measure them using the same techniques as the other resonators. We decided to concentrate on
the visible resonances for the rest of this work.
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3.3.1.2 Power dependence of the resonances

We measured the power dependence of the resonance frequency fres and the internal quality factor
Qint, and the results are shown in figure 3.9 for the first cooldown. As expected, fres decreases with
the approximate average number of photons n�0 due to the self-Kerr effect (see section 1.4), and
Qint follows the same trend. Note that we use here the approximate value n�0 instead of the average
number of photons in the resonator n� because we do not know precisely the spurious attenuation
along our cryogenic lines (usually several dB). Thus the value n�0 is calculated using the resonance
fit considering perfect cryogenic lines, and we have n�/n�0.

For n�0<1000 the value of Qint stays above 1000 for all our resonators, the lowest being resonator
5 at around 1500. Those Qint> 1000 are sufficient to allow us to measure the resonance either via
the VNA or PDH setup. Most of our measurement were done with n�� 100.
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Figure 3.9. Power dependence of the relative variations of fres and internal quality factors Qint of our
resonators during the first cooldown. Note here that n�0 is the estimated number of photons in the resonators
assuming perfect cryogenic transmission lines.

We do not observe any significant decrease of fres or Qint when n�0 is reduced towards 1. This
behaviour is different from the preliminary measurements we made on TiN CPW resonators (see
section 2.2.3), where the central conductor was much larger than the nanowire, the charactyeristic
impedance much lower, and where both fres and Qint were lower at n�� 1 than at intermediate
power (n�� 100), as explained by the GTM model [74] (see Sec. 1.5).

3.3.1.3 Estimation of n� using the self-Kerr effect

In order to obtain an independent and more precise estimation of n�, we used the non linear
behaviour of our resonators described by their theoretical self-Kerr coefficients presented in section
1.4:

K � 3�
4
�r
ZC
RQ

�
�
l

�
2

~wres
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From the preliminary measurement on our TiN thin film, we have an estimation of � � 35nm,
leading to K� 5kHz for our resonators. With those values and the measurement of the resonance
frequency at a very low measurement power fres0 , we can estimate the number of photons present
in its cavity, as:

n��
�
fres− fres0

K

�
This method has two main sources of errors:

� to estimate the coefficients K, we used the value of ZC from the first cooldown. During the
subsequent cooldowns, ZC changed slightly, with �ZC��2 10−2ZC.

� And we assume that the resonance frequency reaches a plateau at low power, which is
sometimes not exactly the case due to TLS influence on our devices. During some cooldowns,
the fres presents an initial increase with n�. In those cases, the determination of n� is not
possible before the maximum of fres is reached, and after this maximum the estimation
is impacted by the constant frequency error �fres0 = fres

0;real − fres
0;meas. We estimate that

�fres
0 6 400 kHz, which translates into an error on the number of photons �n�6 80.

However, most of our measurement were done at relatively high power, with n�>100. The potential
errors due to ZC and fres

0 imprecisions are thus not significant. As expected, we find values for n�
using this method that are smaller than n�0. These values are in quantitative agreement with n�0

corrected by spurious 3 to 10dB losses between the refrigerator input and the sample.

3.3.2 Gate dependence of fres

Hriscu and Nazarov have predicted that whenever quantum coherent phase slips occur in the
nanowire inductor of our resonators, their resonance frequency should be modulated periodically
with the DC charge present on the electrode of the capacitance, with a 2e period [34] (see section
3.1.1). Given the estimate of the gate capacitances (see section 3.1.1), we calculate the corre-
sponding period for the gate voltage for the potential QPS junction modulation of �1.46 and
2.46mV, for lc=8 and 24�m, respectively.

We have thus systematically investigated the gate voltage dependence of the resonance frequen-
cies, using the PDH setup. Unfortunately, we have not found any repeatable modulating signal in
those gate measurement, whatever the resonator.

3.3.2.1 Lack of gate modulation

During the first cooldown, we confirmed the lack of observable, stable, periodic gate dependence
of fres, at any voltage scales. From this lack of modulation, we discuss several point regarding the
QPS in this system.

The QPS energy ES could be too low to measure any modulation in our devices, but given the
estimations in table 3.4, ESres1�1GHz and ESres2�70MHz, we should observe a significant charge
modulation in resonator 1 and 2. At higher ES, such as in resonators a and b, the resulting device
is not measureable. For resonators 3 and up, ES decreases rapidly below �1MHz, and we did not
expect to observe any modulation, as ES� ~Γ� 1MHz the linewidth of our resonators. As we
mentioned before, estimating ES can lead to significant error, due to the exponential dependence on
not so well defined constant of order one. Thus our estimations could be some order of magnitude
higher than the actual values.

We can also explain the lack of modulation in resonator 1 and 2 by the chosen measurement
parameters, and especially by the number of photons n� in the resonator. We have seen that
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such QPS box devices are highly nonlinear and that the charge modulation amplitude is itself
modulated by n� (see figure 1.6) and decreases for high n�. During our measurements, n� may have
happened to be at a value resulting in a low charge modulation amplitude. Indeed, during our
measurement we mainly used 2006n�< 1000, and we have seen in section 1.3.4 that one needs to
have ES> ~Γn3/4� 50 to 180MHz to observe a significant effect of the QPS modulation. Adding
this effect to the uncertainty in estimating ES, this could explain the lack of charge modulation.
The simple solution, however, would be to reduce n�. But we now come to the main reason, in our
opinion, that we did not observed charge effect: frequency noise and fluctuations of fres.

Indeed, at low values of n�, our measurement of fres was plagued by large fluctuations and large
noise. We decided to focus our efforts on understanding and controlling those fluctuations before
going any further in exploring the QPS physics of our devices.

3.3.2.2 Global linear shift

We first observe that the resonance frequency of our resonators present a small linear shift with the
gate voltage, as illustrated figure 3.10. The slope p= dfres

dVg
is different between resonators and varies

slightly between cooldowns around p� 10 kHz:V −1. This value leads to a small relative frequency
shift p~= p/fres0 �2.10−6V −1 for large electric fields up to 104−105V :m−1. We tentatively attribute
this small shift to the variations of the capacitances with the large electric fields applied in the
substrate.
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Figure 3.10. Gate dependence of the resonance frequency of Res2. The dashed red line is a linear fit with
a slope of 10.8kHz/V .

Indeed, when using doped semiconductors, electric fields can be used to interact with the
dopants and tune the conductivity of electronic devices such as in Metal Oxide Semiconductors
(MOS) field effect transistors. In the case of very low dopants concentration, these effects of
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accumulation or depletion of charge carriers lead to change in the permittivity "r of the substrate,
which affects the capacitance of the devices used (see [148] for an illustration based on low doped
BDD MOS capacitors). In the case of p-type semiconductors, the capacitance of MOS devices
decrease when a positive gate voltage is applied due to depletion of charge carriers, which would
result in an increase of fres.

3.3.2.3 Coupling to TLS: presence of anticrossings

A striking feature of those gate sweeps is the presence of clear, reproducible, sharp peaks in the
resonance frequency (see inset of figure 3.11) at specific gate voltages. The shape of these peaks
is characteristic of an anticrossing between the resonator and a charged TLS whose energy gap
"tls varies with the gate voltage (see section 1.5.1.1). This energy gap "tls(Vg) takes the form:

"tls (Vg)= "0
2+ 2(Vg−V0)2

q
[149], where "0 is the energy minimum at V0 of the TLS and  is the

strength of its coupling with Vg. When the energy of the TLS matches that of the resonator, the
two systems hybridize, causing the appearance of an avoided crossing, or anticrossing, in the energy
levels of the coupled system. Experimentally, this manifests as what is shown in the inset of figure
3.11: two symmetric anticrossings for each TLS. Note that two TLS anticrossings are visible in
this inset, with a narrow one nested in a wider one.
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Figure 3.11. Gate dependence of the resonance frequency of resonator 2. Highlighted in red and presented
in the inset is two of the �6 TLS anticrossings visible on this resonator during this run. The inset shows a
small TLS anticrossing within a larger one.

We always find TLS anticrossings during large gate voltage sweeps, their number ranging from 2
to 30. The exact number and position of those TLS anticrossings changed between each cooldown,
and sometimes even while during a cooldown. In most cases however, they were stable enough for
measurement.
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3.3.2.4 TLS parameters extraction

From the Jaynes-Cummings description of a TLS dispersively coupled to a resonator (see section
1.5.3.1), we have the frequencies f+ and f− for the upper branch and lower branch of the TLS
anticrossings, respectively:

f�=
fres+ ftls

2
�

�
fres− ftls

2

�
2

+
�
g
2�

�
2

s
(3.3)

with the TLS frequency in a static electric field ftls =
"tls
h
= (ftls

0 )2+
( 
h
(Vg−V0)

�
2

q
, the TLS

minimum frequencyftls0 =
"0
h
and the coupling strength g from the Jaynes-Cummings Hamiltonian.

For simplicity, we dropped the factor 2� in g/2� and express g directly in Hz. Using this model,
we can fit the obtained TLS anticrossings by using the frequency of the branch closest to the one
of the resonator:

ffit=

�
f+ if �f+<�f−

f− if �f+>�f−with �f�= jf�− fresj (3.4)

Those fits provide the characteristics of the coupled TLS such as its coupling strength g and its
minimum frequency fTLS0 = "0/h (see figure 3.12 for examples).
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Figure 3.12. Example of two TLS anticrossing fitted on the gate dependence of the resonance frequency
of resonator 2.

We applied this fit to all the clearly visible anticrossings measured during our different cooldowns,
and the distribution of the resulting coupling strength g is shown in figure 3.13 for each resonator.
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The lower limit on g is set by the standard deviation of our resonance frequency measurement,
around 10kHz. The red lines on the histograms represent the capacitive coupling g10D=10ea0Ezpf/

h of a 10 Debye dipole to the resonator, with Ezpf =
~!res
el

�ZC
4RQ

q
the characteristic amplitude

of the zero point fluctuating electric field in the resonator. While the majority of the measured
g fall under these lines, several anticrossings have values of g well above them; resonator 6 even
has one TLS anticrossing with g� 4 g10D.
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Figure 3.13. Distribution of the coupling factors g for all the resonators and all the detected TLS anti-
crossings during all our cooldowns. Red lines are the values of g10D= 10:e:a0:EZPF corresponding to the
electric coupling of a 10 Debye dipole to the resonators.

3.3.2.5 Two Level System anticrossing power dependence

For one TLS anticrossing on resonator 1, we measured its dependence with the measurement
power. Gate sweeps at different power are presented in figure 3.14. We first observe that the
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resonance frequency of the resonator fres decreases with n� due to the self-Kerr effect. This frequency
variation provides a spectroscopy of the TLS anticrossing. The TLS anticrossing switches between
two discrete positions in Vg over time (−0.6829 and −0.7429V ), but we were able to measure it
nonetheless. We fitted the TLS anticrossing at n�� 190 using the model presented in 3.3.2.4, and
the resulting parameters (ftls0 = 4.4622GHz,  = 3.291.109Hz/V and g� 76 kHz) gave us the the
value of ftls(Vg), which is the red hyperbola in figure 3.14.
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Figure 3.14. Spectroscopy of a TLS anticrossing coupled to resonator 1. The number of photons in the
resonator n� is increased which reduces fres and thus allow us to probe lower frequencies.. The position of
this TLS anticrossing in gate voltage is fluctuating between two discrete values with time, but it still remains
in the measurement window. The red data curve is corresponding to n��190. The red hyperbola is the TLS
frequency with ftls

0 = 4.4622GHz, = 3.291.109Hz/V and V0=−0.743V . Those parameters were extracted
using a fit of the TLS anticrossing (see inset), which also gave g� 76kHz.

Interestingly, the measured width of the TLS anticrossings at higher power do not follow the
expected width of the hyperbola of ftls(Vg), extracted from n�� 190. Indeed, assuming the TLS
parameters were independent of n�, the TLS anticrossing should be located on the red hyperbola
for all n�. Thus the TLS anticrossing should become narrower at higher n� and disappear above
n�� 350, i.e. when fres< ftls

0 . This is not the case in our measurement, where a TLS anticrossing
happens at all powers with similar width.

We performed the fit of the TLS anticrossing for all the measured n�, and the results are
presented in figure 3.15 and 3.16. To obtain accurate results, we performed brute force global
minimisation fits, because non-linear least square minimisation did not provide good results on
this TLS anticrossing, unlike the fits presented in figure 3.12. The 3 explored parameters were g,
 and ftls0 ; we fixed V0 and fres for each values of n� as the center of the TLS anticrossing and the
mean value of the resonance in the measurement window, respectively. The steps of the parameters
were 1.4 kHz, 90MHz/V and 30kHz for g,  and ftls0 respectively, and we took a grid of 100 steps
per parameters, resulting in 106 candidate fits. We took the mean of the parameters over the first
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100 best fit candidates as their final values, and the standard deviation of the same set of fits as
the error estimation.
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Figure 3.15. The coupling factor g in Hz (black) and the sensitivity  (red) extracted from the TLS
anticrossing fit at different number of photons in the resonator n�. The vertical dashed line corresponds to
n� 190.

The values of g and  decrease roughly by a factor 2 from n�� 130 to n�� 700, as is shown in
figure 3.15. The dependence of fTLS0 =

"0
h

with power is presented in figure 3.16 along with the
resonator frequency fres. The TLS minimum frequency fTLS0 decreases alongside fres with n�, and
nearly at the same rate for n�>400. This nearly linear relationship between fres and fTLS0 (see inset
of figure 3.16) seems to indicate that the energy of the TLS "0 is linked to the same superconducting
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properties responsible for the self-Kerr effect as the resonator itself.
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Figure 3.16. Resonance frequency fres and TLS minimum frequency ftls
0 extracted from the TLS anti-

crossing fits as a function of the number of photons n in the resonator. The vertical dashed line corresponds
to n�190. The inset respresent ftls0 as a function of fres, with a linear fit of slope 0.75 in red.

While the present common view on TLS coupled to superconducting resonator describes the
TLS as weakly coupled and independent from the resonator itself, this behaviour has also been
observed by S. E. de Graaf et al. [149] on NbN resonators. In this work, the authors attribute the
observed TLS to quasiparticles trapped by the superconducting gap fluctuations. Those quasipar-
ticles occupy a few bound states, thus creating TLSs, named qTLS. Those qTLS are dependent
on the superconducting gap � of the material, and their frequency decreases when � is reduced
(e.g. with a magnetic field). Moreover, the distribution of qTLS energy would be different from the
STM description. Indeed, given the nature of qTLS, the authors expect their DOS to be peaked
just below the value of �, in contrast with the constant distribution of the STM.

We measured the same behaviour on several different TLS anticrossings, on different resonators.
However, one has to keep in mind that our model for the fitting of the TLS anticrossings does not
take into account the effect of the number of photons in the resonator. It could be possible that this
introduces a bias in the obtained values of g and ftls0 , and that the actual values are different (higher
for g and lower for ftls0 ). To confirm those results, we would need to realise two-tone spectroscopy
of the TLS in order to obtain its frequency parabola. Unfortunately, due to time constraint, we
did not yet realise two tone spectroscopy measurement when changing the measurement power.

3.3.2.6 Two-tone spectroscopy of a TLS anticrossing

In order to directly measure the TLS frequency hyperbola, we performed 2-tone spectroscopy of
some of the TLS anticrossings. We use the −20dB coupler to inject a second microwave signal
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alongside the main measurement excitation, and we measure the variation of the resonance fre-
quency (with the PDH) or the phase of the signal (with the VNA). When the 2nd tone excites the
TLS, the resonator frequency or the phase of the signal shifts, producing a 2D spectroscopic map,
as shown in figure 3.17 for a VNA spectroscopy.
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Figure 3.17. Two tone phase spectroscopy of resonator 1 done using a VNA in continuous wave mode,
set at the unperturbed resonator frequency of 4.4959GHz with n�� 30. The plain line is the frequency of
a TLS ftls(Vg) =

"tls(Vg)

h
with ftls

0 =
"0
h
= 4.316GHz,  = 5.64 10−23 J /V and V0=−0.2367V . The dashed

hyperbola equals the plain hyperbola shifted by 1.7mV. This duplication of a TLS signal is the sign that
this particular TLS is not only strongly coupled to the resonator, but also to another TLS with different
frequency (which is higher than the measurement bandwidth).

The plain line in figure 3.17 represents the TLS frequency ftls(Vg) =
"tls(Vg)

h
which forms a

hyperbola with ftls
0 =

"0
h
= 4.316 GHz,  = 5.64 10−23Hz/V and V0=−0.2367V . The dashed line

is the same hyperbola, but shifted by 1.7mV. We interpret presence of this shifted hyperbola
as the indication that this TLS, while being strongly coupled to our resonator, is also strongly
coupled to another slower TLS [86]. This second TLS randomly produces a shift in the first
TLS electromagnetic environment, which moves the first TLS V0 between two values, hence the
two shifted hyperbolas. Those two-tone measurements, while of great interest, did not usually
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result in a visible hyperbola, unlike the one shown in figure 3.17, and we did not performed them
systematically on all TLS anticrossings.

3.3.3 Noise measurements

The resonance frequencies fres of our resonators present significant fluctuations over time. To
characterise them, we obtain the frequency noise of our devices from the error signal of the PDH
setup without activating the PID controller. This error signal almost linearly follows the resonance
frequency shift (see section 3.2.2.1).

Using the fractional frequency fluctuations y(t)= fres(t)− fres
0

fres
0 , we calculate the Power Spectral

Density (PSD) Sy(f) using Welch's method [150], from which we subtract a background signal
measured 10 to 40MHz away from the resonance. We also calculate the Overlapping Allan Devia-
tion (OADEV, see [151, 152] for exact definitions) �y(�), which gives the RMS value of the relative
frequency fluctuation over a given timescale � . Typical noise results can be seen in figure 3.18 and
3.20. At low frequency and for all our resonators, we observe roughly a 1/f behaviour for Sy(f)
and a plateau for �y(�), similar to what is expected for TLS-induced noise (see section 1.5.3.2).

3.3.3.1 Low frequency 1/f noise

The measured Sy(f) (figure 3.18) of all our resonators follow a linear trend on the log-log plot up
to the 10 Hz measurement bandwidth, above which Sy(f) is reduced by the UHFLi input filter.
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Figure 3.18. Power spectral density of the fractional frequency fluctuations of our resonators at Vg=0V

and for 18<n�< 235, depending on the resonator, with Npts= 3.105 and a sampling rate of 107 Hz. The
dashed black line is the PSD of a flicker frequency noise, i.e. a �

f
line on the log-log plot.
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We fitted the linear part of these log-log plots with the function A/f� to obtain the values of
the dimensionless amplitude A and the slope � of the noise. The extracted values are presented in
figure 3.19 for each resonator, and we have afitted value of �� 1.01. We thus identify this signal
with a 1/ f noise, which is the noise type expected for TLS-induced noise in the STM. We also
obtain A�5 to15.10−14, with resonators 1 and 2 displaying higher values than the other resonators.
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Figure 3.19. Amplitude A and slope � of the PSD presented in figure 3.18 fitted with A/f�.

For the OADEV (figure 3.20) there is an initial increase at low � due to the measurement filter
at 10Hz, and then all curves stay roughly stable on a plateau. The high � parts of these curves
(corresponding to the low frequency components in the PSD) suffer from low precision, due to the

129



finite number of data samples acquired. Nonetheless, the values of the plateaus B � 3 to 7.10−7

are in good agreement with the measured coefficients A on the PSD. Indeed, the theoretical [152]
relation between those two coefficients is in the case of a perfectly 1/f noise is:

B/ A
p

= 2ln(2)
p

� 1.18

which gives, using A� 5 to 15.10−14, B/10−7� 2.64 to 4.6. Those noise amplitudes are one order
of magnitude higher than those reported in low impedance Nb resonator [153].
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Figure 3.20. Overlapping Allan Deviation (OADEV) of the fractional frequency fluctuations of our res-
onators at Vg=0V and for 18<n�<235, depending on the resonator, with Npts=3.105 and a sampling rate
of 107 Hz. The thin dashed lines represent the baseline's OADEV measured next to the resonators (40MHz
shift). The thick dashed line is the OADEV of white noise, i.e. a �

�
p line on the log-log plot.

As described in section, the STM model for an ensemble of uniformly distributed TLS weakly
coupled to a microwave resonator yields a 1/f dependence for the PSD Sy(f) [86, 149]. This trans-
lates into a plateau for the OADEV �y(�) [152], which describes well our results. The amplitude of
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this 1/f noise is predicted to depend on temperature and measurement power following equation
(1.26).

3.3.3.2 Power dependence of the noise

We measured the PSD of resonator 3 at different probing power, and we fitted the linear part of
the PSD (on a log-log plot) of the low frequency noise in the same way as in previous section. The
results are presented in figure 3.21. At lower n�, the white noise coming from the measurement loop
becomes dominant, reducing the crossover frequency to white noise. Thus fits at lower n� present
higher uncertainties, but overall, we find ��1. We do not observe any significant change of A with
n�. The value of A stays around 7.10−14 for n�2 [200; 460], which is similar to the value presented
in figure 3.19 corresponding to a different cooldown.
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Figure 3.21. Amplitude A and slope � of the low frequency PSD of resonator 3 fitted with A/ f� at
different n�.

The STM predicts that the 1/ f noise should decrease at higher probing power, due to the
saturation of the coherent TLS coupled to the resonator. This effect is not observed in our case,
where the amplitude A reach a plateau at higher power. One explanation for this would be that
the critical number of photons in equation (1.26) nc� 400. Considering that at n�� 400 strong
effects like non-linearities (see figure 3.9) start to become significant, we do not find this explanation
satisfactory.

3.3.3.3 Temperature dependence of the noise

Similarly, we repeated the noise measurement for resonator 3 at different temperatures, from 60 to
300mK with n��200 (see figure 3.22). Up to 200 mK, we find ��1 and A�7.10−14. At 300mK, we
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observe an increase of A to �14.10−14. These observations are also in conflict with the STM, which
predicts a reduction of A caused by the thermal saturation of coherent TLS. Indeed, given that
kbT �~!res at 300mK, we would expect a significant saturation of the coherent TLS bath up to fres.
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Figure 3.22. Amplitude A and slope � of the low frequency PSD of resonator 3 fitted with A/ f� for
n�� 200 and at different temperatures.

3.3.3.4 Added TLS noise at a TLS anticrossing

We measured the noise of resonator 2 at specific values of Vg corresponding to the position of a TLS
anticrossing. In figure 3.23, two consecutive Vg sweeps, separated by �100 s, of this anticrossing
are shown. Like in in section 3.3.2.6, this particular TLS appears to be also strongly coupled to
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another slower random fluctuators, leading to V0 jumps between two discrete values. We measure
the PSD of the resonance frequency shift with Vg ranging from 1.19V to 1.64V (see figure 3.24).
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Figure 3.23. Gate voltage dependence of the resonance frequency of resonator 2measured prior to the noise
measurement at different gate voltage measured at n��87. The two curves were taken with a slight wait time
between them. An anticrossing is present around 1.6 V and seems to alternate between two positions with
a low frequency. This behaviour is similar to the one presented in section 3.3.2.6, except here the second
TLS coupled to the one visible here switches less frequently.

When Vg is far from the anticrossing (e.g. Vg= 1.19V ), we found the same type of PSD than
in figure 3.18. However, when Vg is close to one of the spike of the TLS anticrossing (i.e. when the
TLS is strongly interacting with the resonator) the noise increases. This increase is particularly
visible at Vg=1.36 and 1.64V , which corresponds to the two discrete values for the left side of the
TLS anticrossing. At Vg=1.36V the PSD shows a typical response for a Random Telegraph Signal
(RTS) superposed with the 1/f noise coming from our resonator. This RTS like PSD is due to
the random switching of this TLS during the measurement window, bringing the TLS anticrossing
either on or away from the fixed value of Vg, and it induces an excess noise:

Sy
RTS(f)=

4C2�0
1+ (2�f�0)2

(3.5)

with C the RTS amplitude and �0 its time constant. For Vg= 1.3V , this RTS noise contribution
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dominates the resonance frequency noise between 1 and 100 Hz.
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Figure 3.24. Power Spectral Density of the fractional frequency fluctuations of resonator 2 at different gate
voltage around a TLS anticrossing (see figure 3.23) measured at n�� 87, with Npts= 2.105 and a sampling
rate of 429 Hz. The dashed black line is the PSD of a flicker frequency noise, i.e. a �

f
line on the log-log

plot. The plain line is the noise PSD of a Random Telegraph Signal (see formula (3.5)), with C =410−6

and �0=510−3 seconds.

The value �0= 5.10−3 s extracted from the fit of the PSD with formula (3.5) translate into a
characteristic frequency of 200 Hz for the considered fluctuators. This 200 Hz fluctuator cannot
be identified as the slow TLS producing the variations presented in figure 3.23. Indeed, the period
of the fluctuations present in figure 3.23 are of the order of 100 s. This places the RTS like noise
added by this slow fluctuator outside of the accessible range of frequencies in this measurement.
This shows that several individual slow incoherent TLSs can dominate the low frequency noise of
our resonators at specific gate voltage.

3.4 Discussion

While we did not observe any gate modulation of the resonance frequency of our devices, we
measured the presence of a large low frequency noise that could mask a weak modulation. To
describe this noise, we made some comparisons along the way between our results and the STM
presented in section 1.5 (and depicted again in figure 3.25 for reference). Some of our results are
in agreement with this model, while others do not match its prediction. We now summarise and
discuss the main similarities and difference between our results and this theory on the TLS in
superconducting devices.
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Figure 3.25. Overview of the effects described by the STM of a bath of coherent and incoherent (thermal
fluctuators) TLS on a superconducting resonator. The orange paths represent energy transfers from the
resonator to a coherent TLS of dissipation rate Γ1 and then to the environment (fluctuators, phonons). The
blue arrows depict the mean contribution of the TLSs increasing the dielectric constant. The green arrows
stand for the time dependent fluctuations of the coherent TLS frequency which in turn induce fluctuations
in the resonance frequency of the resonator.

TLS coupling strength
As described by the STM, we find that our resonators are coupled to a set of coherent TLS,

some of which we can bring to strong resonant coupling using the gate-induced electric field. The
resulting TLS anticrossings are well fitted by the Jaynes-Cummings Hamiltonian describing the
electrostatic coupling of a TLS with a resonator in the dispersive regime. However, the values we
extract for the coupling strength g of those TLSs are, for some of them, require surprisingly large
electric dipoles. While this fact alone is not sufficient to rebute the STM, it raises the question of
how to achieve such large couplings.

One way to explain those would be to consider that the fluctuating vacuum electric field E~ zpf
is not constant in our devices, and presents larger values due to geometrical effects. Another
explanation would be the presence of dipoles with moments larger than 10 Debyes. We think that
both those explanation are not suited for our experiments, as we now explain. Indeed, most of the
naturally occurring dipoles in a laboratory environment have moments up to 3 or 4 Debyes (e.g.
jp~H2O j�2). Such dipoles moments are known to exist in superconducting devices [154], and dipoles
of 10 Debyes is already the maximum value attainable in solids. Using a reference of 10 Debyes,
as we did here, is then a safe estimation for the maximum value for the dipoles of the defects in
our devices. If we consider dipoles of 3 or 4 D, the large value of 10 D somehow also encompasses
a potential increase of Ezpf by geometrical factors of up to 3 times. Moreover, as our TiN thin
film is highly inductive, we also expect the penetration depth of the microwave fields to be large
(�1�m [128]), reducing any AC charge accumulations at the edges of our devices. This should
prevent any strong increase of E~ zpf by geometrical factors.

As a result, it seems likely that some of the TLS we observe are not coupled to the resonator
only through the resonant electric field, usually considered within the STM. An additional coupling
mechanism could come from TLS coupling directly to the conduction channels in our resonators,
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as described in section 1.5.4.2. While we do not yet have a direct proof of that alternative coupling
mechanism, we obtain several other results concerning the applicability of the STM and, more
importantly, the electrostatic coupling of the TLSs in our experiment.

TLS-TLS interaction
We measure several TLS anticrossings that present clear signature of TLS-TLS interaction.

Indeed, the double parabola in figure 3.17 and the anticrossings shifts in figures 3.14 and 3.23 arise
from the coupling of the observed coherent TLS to at least one other incoherent fluctuator. This
behaviour is considered in an extension of the STM, in the so-called Generalised Tunneling Model
(GTM) [74]. These interactions of coherent TLS with incoherent fluctuators are responsible for
the low frequency noise we observe in our resonators. Indeed, in some cases we observed a clear
signature of a random telegraph noise in the low frequency PSD of our resonators, as can be seen
in figure 3.24.

Low frequency noise and TLS saturation
We found a 1/f dependency of the low frequency PSD of the resonance frequency of our res-

onators. This result is perfectly described by the STM and an electrostatic coupling, and we found
such results whatever the measurement conditions. This seems to indicate that the low frequency
behaviour of the frequency noise is dominated by the TLS interacting with our resonators. However,
while probing for the temperature or power dependence of this 1/ f noise, we found no clear
variation, in contradiction with the predictions. Indeed, the STM, together with an electrostatic
coupling, predicts that the saturation effect of the coherent TLS, through thermal or resonant
excitations, would reduce their impact on the host device (see section 1.5.3.2). We find no such
effects in the low frequency PSD of our resonators.

Moreover, this saturation effect should also impact the resonance frequencies and internal
quality factors. We measured this impact during preliminary measurement on TiN (section 2.2.3,
but it was much less pronounced on our nanowire resonators.

Altogether, this tends to indicate that the impact of coherent TLSs on our devices is negligeable
compared to the bath of incoherent fluctuators (except for coherent TLSs in strong interaction at
specific gate voltage). As we described earlier, direct non-resonant interaction of fluctuators with
the conduction channels in the nanowires can also be taken into account. This would explain the
lack of power and temperature dependence of the noise in our devices.

3.5 Conclusions and perspectives

During this work, we investigated the behaviour of microwave resonators based on nanowire of an
highly disordered superconductor, titanium nitride. While these nanowires and devices were sup-
posed to implement the dual of the Josephson junction and of RF-SQUID, respectively, we found
no evidence of this duality. More precisely, we did not observed the predicted charge modulation
of the resonance frequency with the voltage applied to a local gate in our devices. This lack of
observation is not, however, sufficient to conclude the absence of this duality. Indeed, results by
other authors [61, 37, 62] seem to indicate that ultra-thin nanowires do exhibit a behaviour dual
to the Josephson junction.

We found that, in our devices, resonance frequency fluctuations were larger than expected if
they were caused by conventional coupling to electric dipoles and we observed an overwhelming
low frequency noise caused by spurious Two-Level Systems. The impact of those two-level systems
could not be entirely described by the Standard Tunneling Model or its extensions when using an
electrostatic coupling. We discussed a novel description for the coupling of two-level systems to
the electrons in the conduction channels of highly inductive nanowires, which could explain the
large coupling observed in our devices. However, we could not obtain a clear answer as to which
coupling scheme was dominant. We nonetheless expect that both coupling mechanism coexist, and
that in any highly inductive nanowire both should be considered.
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In order to realise quantum phase slip devices of the same quality as state of the art JJ based
Qubits, one would then need to reduce drastically the impact of TLS. This issue is also becoming
a concern in low impedance devices containing JJs as their quality factors increase. While special
steps can be taken in the fabrication process to reduce the TLS density, it is improbable that this
density will ever come close to zero. Using special design considerations could also decrease the
number of TLS coupled to the nanowires. For example, one could use short constriction in relatively
thick wires in order to implement QPS junctions, instead of a long continuous nanowire like we did
here. This is the design considered in succesful works by other authors [37, 61], however we think
that the poor coherence obtained in those works can be explained by the extra impact of the TLS
bath on the conduction channels we describe.

Altogether, our results highlight the dire need for investigations in the field of highly disordered
superconductors and their application in highly impedant quantum devices.
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Titre : Transition de phase dissipative et dualité de la jonction Josephson 

Mots clés : supraconducteurs, jonction Josephson, sauts de phase, système à deux niveaux 

Résumé : Plus d'un siècle après sa découverte, la 

supraconductivité est aujourd'hui utilisée dans de nombreuses 

applications. Une de ces applications est l'électronique 

supraconductrice, et un des blocs de base de celle-ci est la 

jonction Josephson. Cet élément a permis la réalisation de 

circuits électroniques dans le régime quantique et il a aidé à 

redéfinir la valeur du Volt dans le Système International d'unité à 

partir d'effets quantiques. Ces dernières années, beaucoup de 

temps et d'efforts sont dépensés pour améliorer ce composant 

et les circuits l'intégrant dans l'objectif de réaliser de meilleurs 

circuits à bit quantique pour l'informatique quantique. Il est donc 

normal de se demander si l'existence de ces circuits de pointe 

contenant des jonctions Josephson et des supraconducteurs 

conventionnels indique une maîtrise parfaite de ceux-ci. Dans ce 

travail de thèse, nous montrons que cela n'est pas entièrement 

le cas via l'exploration de deux circuits quantiques 

supraconducteurs pour lesquels des études plus approfondies 

sont nécessaires. Le premier concerne la jonction Josephson elle-

même et son comportement lorsqu'elle est mise en présence 

d’un environnement électromagnétique. 

 

En effet, il a été prédit il y a presque 40 ans qu'une jonction 

Josephson deviendrait isolante lorsqu'elle est connectée à une 

résistance plus grande que 𝑅𝑄 =
ℎ

4𝑒2
~6.45 𝑘𝛺. Nous ne trouvons 

aucunes traces de cet état isolant dans nos expériences qui 

mesurent l'admittance de jonctions Josephson connectées en 

parallèle de résistance de valeur 𝑅 > 𝑅𝑄. Le deuxième circuit 

explore le composant supposé dual de la jonction Josephson, la 

jonction à sauts de phase quantique, qui consiste en un nanofil 

de supraconducteur fortement inductif. Dans ces nanofils, des 

sauts de 2π de la phase supraconductrice sont censés produire 

les effets duals des paires de Cooper passant par effet tunnel 

dans la jonction Josephson. La maîtrise de ces effets duals 

permettrait la réalisation d'une nouvelle classe de circuits 

supraconducteurs quantiques. Nous avons fabriqué des 

résonateurs micro-ondes à partir de couches minces de 

supraconducteur fortement inductif. Nous ne trouvons aucune 

signature de l'effet des sauts de phase quantiques dans nos 

dispositifs. Cependant, nous mesurons un fort bruit basse 

fréquence causé par des systèmes à deux niveaux, et nous 

explorons ses implications dans ce type de résonateur. 

 
 

 

Title : Dissipative phase transition and duality of the Josephson junction 

Keywords : superconductors, Josephson junction, phase slips, two level systems 

Abstract : More than a century after its discovery, 

superconductivity is used today in many applications. One of 

those is in superconducting electronics, of which the Josephson 

junction is a basic building block. This element has enabled the 

realisation of electronic circuits in the quantum regime, and it has 

helped redefining the Volt in the SI system around quantum 

effects. Nowadays, a lot of time and efforts are spent in order to 

improve Josephson junction based circuits to realise state of the 

art Quantum-bits for quantum computing. One may think that 

those highly sensitive experiments involving Josephson junctions 

and conventional superconductivity imply an exquisite 

understanding of the component and its behaviour. We show in 

this thesis work that this is not entirely the case, and we explore 

two types of superconducting quantum circuits that are in need 

of clarification. The first one concerns the Josephson junction 

itself, and a subtle issue regarding its interaction with its 

electromagnetic environment. 

Indeed, it has been predicted 40 years ago that a Josephson 

junction would become insulating when connected to a 

resistance larger than 𝑅𝑄 =
ℎ

4𝑒2 ~6.45 𝑘𝛺. We find no traces of 

such insulating state in our experiments which measure the 

admittance of a Josephson junction connected in parallel to a 

resistance 𝑅 > 𝑅𝑄 . The second circuit we explore is the 

supposedly dual circuit to the Josephson junction, the quantum 

phase slip junction, which consists of a nanowire made of a highly 

inductive superconductor. Slips of the superconducting phase in 

those nanowires should produce the dual effects of the Cooper-

pairs tunneling in Josephson junctions. The control of such an 

effect would then permit the realisation of a new class of 

superconducting quantum devices. We measured microwaves 

resonators patterned in a thin film of an highly inductive 

superconductor. We find no clear signal revealing the presence 

of quantum phase slips in our devices. However, we find a clear 

signature of two-level system noise, and we explore its 

implication in this kind of devices. 
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