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Résumé

L’objet de cette these est ’étude du probleme de comptage orbitale pour
des couples symétriques pseudo-Riemanniens sous ’action des sous-groupes
de type Anosov du groupe de Lie sous-jacent.

Premieérement nous étudions ce probleme pour le couple symétrique
(PSO(p, q),PSO(p,q — 1)) et un sous-groupe de PSO(p,q) de type pro-
jectivement Anosov . Nous regardons l'orbite d’une copie géodésique de
I'espace symétrique Riemannien de PSO(p, ¢ — 1) dans 'espace symétrique
Riemannien de PSO(p, ¢). Nous prouvons un comportement asymptotique
purement exponentiel, lorsque ¢ tend vers 'infini, pour le nombre d’éléments
dans cette orbite qui sont a distance plus petit que t de la copie géodésique
originale. Nous interprétons ce résultat comme le comportement asymp-
totique du nombre de segments géodésiques de type espace (dans 'espace
hyperbolique pseudo-Riemannien) de longueur maximale ¢ dans ’orbite d’un
point base. Nous prouvons des résultats analogues pour d’autres fonctions
de comptage.

Ensuite nous regardons le couple symétrique (PSL4(R), PSO(p,d — p))
et un sous-groupe Borel-Anosov de PSL;(RR). Nous présentons des contribu-
tions vers la compréhension du comportement asymptotique de la fonction
de comptage associée a une copie géodésique de I'espace symétrique Rieman-
nien de PSO(p,d — p) dans l'espace symétrique Riemannien de PSLg4(R).

Mots-clés: espaces symétriques, représentations d’Anosov, problémes
de comptage.



Resumen

El objeto de esta tesis es el estudio del problema de conteo orbital para
pares simétricos pseudo-Riemannianos bajo la accién de subgrupos del tipo
Anosov del grupo de Lie subyacente.

En la primera parte estudiamos este problema para el par simétrico
(PSO(p, q),PSO(p,q — 1)) y un subgrupo de PSO(p,q) de tipo proyecti-
vamente Anosov. Miramos la 6rbita de una copia geodésica del espacio
simétrico Riemanniano de PSO(p, ¢—1) dentro del espacio simétrico Rieman-
niano de PSO(p, ¢). Demostramos un comportamiento asintético puramente
exponencial, cuando t tiende a infinito, para el nimero de elementos en esta
orbita que se encuentran a distancia menor que t de la copia geodésica orig-
inal. Interpretamos este resultado como el comportamiento asintético del
numero de segmentos geodésicos de tipo espacio (en el espacio hiperbdlico
pseudo-Riemanniano) de longitud méxima ¢ en la 6rbita de un punto base.
Probamos resultados andlogos para otras funciones de conteo.

A continuacién miramos el par (PSLy(R), PSO(p,d — p)) y un subgrupo
Borel-Anosov de PSL;(R). Presentamos contribuciones hacia la comprensién
del comportamiento asintotico de la funcién de conteo asociada a una copia
geodésica del espacio simétrico Riemanniano de PSO(p,d — p) en el espacio
simétrico Riemanniano de PSL4(R).

Palabras clave: espacios simétricos, representaciones de Anosov, prob-
lemas de conteo.



Abstract

This thesis addresses the study of the orbital counting problem for pseudo-
Riemannian symmetric pairs under the action of Anosov subgroups of the
underlying Lie group.

In the first part we study this problem for the pair (PSO(p, q), PSO(p, g—
1)) and a projective Anosov subgroup of PSO(p, ¢). We look at the orbit of a
geodesic copy of the Riemannian symmetric space of PSO(p, ¢—1) inside the
Riemannian symmetric space of PSO(p, q). We show a purely exponential
asymptotic behavior, as ¢t goes to infinity, for the number of elements in
this orbit which are at distance at most ¢ from the original geodesic copy.
We then interpret this result as the asymptotic behavior of the amount of
space-like geodesic segments (in the pseudo-Riemannian hyperbolic space)
of maximum length ¢ in the orbit of a basepoint. We prove analogue results
for other related counting functions.

In the second part we look at the pair (PSL4(R),PSO(p,d —p)) and a
Borel-Anosov subgroup of PSL4(R), presenting contributions towards the
understanding of the asymptotic behavior of the counting function associ-
ated to a geodesic copy of the Riemannian symmetric space of PSO(p, d —p)
inside the Riemannian symmetric space of PSL4(R).

Key words: symmetric spaces, Anosov representations, counting prob-
lems.
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Introduction

A symmetric pair is a pair (G,H) where G is a semisimple Lie group with
finite center and no compact factors and H is a union of connected compo-
nents of the subgroup

Fix(o) :={g€ G: o(g9) =g},

for some involutive automorphism o of G. The associated symmetric space
is

X:=G/H

and carries a non degenerate G-invariant metric coming from the Killing
form of G (see Chapter 1). When H is a maximal compact subgroup of
G this metric is Riemannian, the associated symmetric space is called the
Riemannian symmetric space of G and it is denoted by Xg. When H is non
compact, the pair (G,H) is called a pseudo-Riemannian symmetric pair.
For instance, the hyperbolic plane H? is the Riemannian symmetric space
of PSLy(R), and the space of geodesics of H? is a pseudo-Riemannian sym-
metric space associated to PSLa(R).

Let (G,H) be a pseudo-Riemannian symmetric pair. To a basepoint o
in X one can associate a totally geodesic submanifold S° of Xg, which is a
copy of the Riemannian symmetric space of the stabilizer H® = H of o (see
Section 1.3). The general problems that we address in this thesis are the
following.

Problem A. Let (G, H) be a pseudo-Riemannian symmetric pair and E be
a discrete subgroup of G. Describe the set of points o € X for which the
orbital counting function

t—#{geZ: dx,(5%¢9-5°) <t}

is finite for every t and study its asymptotic behaviour as ¢ — co. Provide
geometric interpretations for this orbital counting function in the context of
the pseudo-Riemannian symmetric space X.
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Problem B. Study analogous questions for the function
t—=#{geZ: dx,(r,9-5°) <t}
where 7 is a given point in Xg.
o

In the previous formulations dx, (-, -) denotes the distance on Xg coming
from the G-invariant Riemannian structure and, for closed subsets A and B
of Xa, we let

dx (A, B) :=inf{dx,(a,b) : a€ Abe B}.

More classically, the orbital counting problem concerns the study of the
asymptotic behaviour of the function

t—#{geZ: dx(o,g-0) <t} (0.0.1)

as t — oo, where = is a discrete group of isometries of a given proper non
compact metric space X, and o is a basepoint in X. This problem has a
long history and has been studied in many cases, by authors among who
we find notably Gauss, Huber, Patterson and Margulis. Of course, this list
is highly incomplete (we refer the reader to Babillot’s survey [1] for a more
complete picture). Let us mention here that the asymptotic behaviour of
the function (0.0.1) has been studied when X coincides with the Riemannian
symmetric space Xg of a semisimple Lie group G. Indeed, when Z < G is a
lattice, it has been treated by Duke-Rudnick-Sarnak [19] and more generally
by Eskin-McMullen [21]'. In the non lattice case one also finds the work of
Quint [57] and Sambarino [61], which deal with A-Anosov subgroups of G.
Sambarino’s approach is inspired by Roblin’s method [58].

0.1 Anosov representations

Fix a semisimple Lie group G with finite center and no compact factors. In
this thesis, the discrete subgroup = of G that we consider will always be
the image of a non elementary word hyperbolic group I' under an Anosov
representation p: I' — G. In order to formally state our results we need to
recall this notion and some of its main features. The reader familiarized with
this concept can go directly to Section 0.2, where the main contributions of
this thesis are properly stated.

Anosov representations are (a stable class of) faithful and discrete rep-
resentations from word hyperbolic groups into semisimple Lie groups that

!These works also deal with pseudo-Riemannian symmetric spaces, we will come back
on this point latter.



0.1. ANOSOV REPRESENTATIONS 11

share many geometrical and dynamical features with holonomies of con-
vex co-compact hyperbolic manifolds. They were introduced by Labourie
[37] and further extended to arbitrary word hyperbolic groups by Guichard-
Wienhard [26]. Since Labourie’s work, Anosov representations have been
object of intensive research in the field of geometric structures on manifolds
and their deformation spaces as they provide a unified framework to deal
with large classes of discrete subgroups of semisimple Lie groups coming
from different type of constructions (see for instance the surveys of Kassel
[32], Pozzetti [53] or Wienhard [64] and references therein for an account on
the current state of art on the subject).

Let us recall now the definition of Anosov representations in the special
case in which the target group is PSLy(R). The definition that we present
here is not Labourie’s (and Guichard-Wienhard’s) original definition but
an equivalent definition given by Guichard-Guéritaud-Kassel-Wienhard [25]
and Kapovich-Leeb-Porti [29] (see also Bochi-Potrie-Sambarino [7]). Let 7
be an inner product of R? and, for g € PSLg(R), let

al(g) >+ > aj(g)

be the logarithms of the 7-singular values of g. By definition, these are
the (logarithms of the) lengths of the semi axes of the ellipsoid which is the
image by g of the unit sphere (associated to 7). Let 6 be a non empty subset
of A:={1,...,d—1}. A representation

p:T = PSLy(R)

is said to be 6-Anosov if there exist strictly positive constants ¢ and ¢ such
that
Q) — alas (p9) = e — ¢ (0.1.1)

holds for any v € I" and every j € 6. Here |- | denotes the word length of T’
(with respect to some prefixed finite symmetric generating set). Note that
condition (0.1.1) can be asked to hold for a representation of any finitely
generated group. In fact, this condition implies that the group I' must be
word hyperbolic (see Kapovich-Leeb-Porti [31, Theorem 1.4] and also Bochi-
Potrie-Sambarino [7, Section 3]).

Let OxoI' be the Gromov boundary of I'. A central feature of 0-Anosov
representations (see [7, 25, 29]) is that they admit a continuous equivariant
limit map

fpﬁ : 8001“ — F@.

Here Fy denotes the 0-flag variety of G, that is, the space of tuples of the
form

(§j1 cC--- Cé’ji)
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where 6 = {j1,...,5;} and, for every k = 1,...,i the element &* is a jj-
dimensional subspace of R%. It can be proven further that the map §p,0 18
transverse and dynamics preserving (see Section 2.1 for precisions). The
image of {, ¢ is called the 0-limit set of p.

The reader is referred to the surveys mentioned above [32, 53, (4] for a
detailed discussion of examples of Anosov representations (which include no-
tably Schottky representations and Hitchin representations). Some of these
examples will be discussed in Section 2.1.

Let us remark here that the notion of Anosov representation can be
extended to representations into G. In this setting, the choice of 0 is sub-
stituted by the choice of a conjugacy class of parabolic subgroups of G (see
Chapter 2).

0.2 Contributions of the thesis

In order to state our results we need to fix some notations and general
terminology. Let (G, H) be a pseudo-Riemannian symmetric pair and o be
a basepoint in X. We denote by ¢ the corresponding involution of G and
note that the tangent space T,X identifies with

q° := {do® = —1},

where do® denotes the differential of ¢ at the identity element of G. Let 7
be a point in S° and ¢” be the corresponding involutive automorphism of G
(it is a Cartan involution). Define

p"i={do” = -1} 2 T: Xg.

Maximal abelian subalgebras of p”™ N q° (resp. p”) will be denoted with the
symbol b (resp. a). The dimension of b (resp. a) is called the rank of the
pseudo-Riemannian symmetric space X (resp. Riemannian symmetric space
X@a). Geometrically, the submanifold

exp(b) - o

is a totally geodesic space-like flat in X. Here flat means that sectional curva-
ture vanishes over this submanifold and space-like means that the restriction
of the Killing form to tangent spaces of exp(b) - o is positive definite (see
Section 1.1 for further precisions). The norm on b given by this restriction
is denoted by || - ||p-

Finally, let

g7 :={do%do™ = 1}.

Weyl chambers of the system (g™, b) (resp. X(g, a)) will be denoted by b™
(resp. a™). For further precisions and more concrete descriptions of these
objects in the examples that interest us see Sections 1.1 and 1.4.
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0.2.1 The case G = PSO(p,q) and H = PSO(p,q — 1)

What we present here is the subject of the article C. [14].
Fix two integers p > 1 and ¢ > 2 and denote by RP¢ the vector space
RP*4 endowed with the bilinear symmetric form (-, -), , defined by

P ptq
(@15 Tprg)s (Y15 Ypta) Jpg = Z$2yl - Z LilYi-
i=1 i=p+1

Until otherwise stated, G will denote the Lie group PSO(p, ¢) of projectivized
matrices in SLy(IR) preserving the form (-, -), 4. The first pseudo-Riemannian
symmetric pair that we look at is the following

(G’H) = (PSO(p, q)7PSO(p7q - 1))7

where H = PSO(p, ¢ — 1) is embedded in G as the stabilizer of a line of RP?
which is negative for the form (-, -), ;. The corresponding involution of G is
given by conjugation by the matrix that acts as id (resp. —id) on that line
(resp. the (-, -)pq-orthogonal complement of that line).

The associated pseudo-Riemannian symmetric space is denoted by HP4~1
and it is called the pseudo-Riemannian hyperbolic space of signature (p,q —
1). We think here the space H”4~! as the space of lines in R”9 on which the
form (-, ), is negative. The rank of H”4~1 is equal to one (see Example
1.2.4).

A concrete description of the Riemannian symmetric space Xg as well
as the submanifold S° (for a given o € HP4~!) can be found in Sections 1.1
and 1.3.

Given a {1}-Anosov representation

p:I'=G
we consider the set”
Q,:={oeHPIL: (0,&,(2))pq # 0 for all x € 9T},

where ¢, is the limit map of p in projective space. In the study of discrete
groups of projective transformations, it is standard to consider sets similar
to ©, (see for instance Danciger-Guéritaud-Kassel [18, 17] and references
therein). Without any further assumption the set €, could be empty. A
large class of examples of representations p for which the subset Q, is non
empty is given by HP9~l-convex co-compact representations introduced by
Danciger-Guéritaud-Kassel [18, 17] (c.f. Example 2.1.10 and Section 4.1).
We first show the following (see Propositions 4.4.1 and 4.4.2).

?Here we abuse notations because o and £,(x) are points in the projective space P(RP:?).
Note however that the condition (0,&,(x))p,q # 0 does not depend on the choice of repre-
sentatives of these lines in RP9.
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Proposition (C. [14]). Let p: T' — G be a {1}-Anosov representation and
fix points 0 € Q, and 7 € S°. Then for every t > 0 one has

#{yel': dx,(r,py-5°) <t} <o0
and
#{yel: dx,(5%py-S°) <t} <oo.

Our main contributions in the present framework are Theorems A and
B. The notation f(t) ~ g(t) stands for

. f@)
tlggo g(t) L

Theorem A (C. [14]). Let p: I' — G be a {1}-Anosov representation and
0 € Q,. There exist constants h, >0 and m,, > 0 such that

oot

#{yvel: dx,(S%py-S°) <t} ~

My,0

Theorem B (C. [14]). Let p : I' — G be a {1}-Anosov representation, a
point o € Q, and T € S°. There exist constants h, > 0 and m,, r such that

ohot
#{yel: dxg(r,py-S°) <t} ~

Mp,0,7

The constant h, is the same in both Theorems A and B and it is in-
dependent on the choice of o in , (and 7 in S°). It coincides with the
topological entropy of the geodesic flow ¢” of p, introduced by Bridgeman-
Canary-Labourie-Sambarino [12], and can be computed as

h, — limsup 22 #ihl € [T]: Mlpy) <t}

t—o00 t

Here [y] denotes the conjugacy class of v and A1(py) denotes the logarithm
of the spectral radius of py. The constants m,, and m,, . are related to
the total mass of specific measures in the Bowen-Margulis measure class of
¢” (recall that the Bowen-Margulis measure class is the homothety class of
measures maximizing entropy of ¢”).

Let us mention some previous work that has some intersection with The-
orems A and B (the reader is referred to Parkkonen-Paulin’s survey [417] for
a more complete picture):
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e When p equals one, the space Xg coincides with the hyperbolic space
H? of dimension ¢. In that case Theorem A is covered by a result
of Parkkonen-Paulin [48]. The results of [48] are valid also in some
situations of variable strictly negative curvature and in some of these
situations the authors obtain estimates on the error terms for their
counting results (see [48] for precisions). On the other hand, Theorem
B is also covered by [48] when p equals one. In this case, the results of
[48] generalize work of Oh-Shah [46], Lee-Oh [39] and Mohammadi-Oh
[45].

e When p is strictly bigger than one the space Xg is higher rank, i.e.
it has non positive curvature but contains isometric copies of R for
some [ > 2. We remark here that Eskin-McMullen’s work [21] deals
with pseudo-Riemannian symmetric pairs as well and that they obtain
counting results similar to Theorem B in some situations that include
higher rank Lie groups. We emphasize however that, in contrast with
[21], the discrete subgroup Z we look at here is not a lattice.

Since the work of Margulis [41], in order to obtain a counting result one
usually studies the ergodic properties of a well chosen dynamical system.
All the works quoted above use this approach and in particular rely on the
mixing property of some appropriate measure invariant under some appro-
priate flow. Here we follow the approach by Sambarino [60] and construct a
dynamical system on a compact space that contains the required geometric
information. In order to do that is useful to look at the space HP4~1. Fur-
ther, in the process of this construction we obtain geometric interpretations
for Theorems A and B in this pseudo-Riemannian setting.

Let 0,0’ € HP9~! be two points joined by a space-like geodesic and let
1, be the length of this geodesic segment (see Subsection 3.1.1). We denote
by %, the set of points of HP~!1 that can be joined to o by a space-like
geodesic and we define

o

Coa={9€G: g-o€%;}.

The following gives a Lie theoretic description of the subset ‘K;G which
can be thought as a “Cartan Decomposition” adapted to our setting (see
Proposition 3.2.1).

Proposition (C. [14]). Leto € H?9~1 7 € S° and b C p” Nq° be a mazimal
subalgebra. Fiz a Weyl chamber b™. Given g € €, there exists h,h' € H°
and a unique X € b* such that

g =hexp(X)I.

We then introduce a generalized Cartan projection



16 CONTENTS

b Cq — bt
by means of the equality
g9 = hexp(b”(g))h'
for some h, h’ € H°. We deduce the following (see Proposition 3.2.2).
Proposition (C. [14]). Let o € H»4~! and g € €, - Then

de(SO,g -S9) = [[b°(g) e = logo-

16°(9) e

In Corollary 4.2.2 we prove that given a {1}-Anosov representation p :
I' = G and a basepoint o in €2,, then apart from possibly finitely many
exceptions v in I' one has py € ‘K;G. Theorem A now becomes

ohot

#{vET: py€C g and 1, pyo <t} ~ -
0,0

The following proposition, which is again deduced from Proposition
3.2.1, is the key ingredient in our approach because it provides a tractable
way of working with the projection b° (see Proposition 3.2.4 for a proof).

Proposition (C. [14]). For every g in 6, one has

16°(9)[ls = $M1(0°(9)g ™).

Proposition 3.2.4 allows us to apply Ledrappier’s [38] and Sambarino’s
[60] framework to our setting and suggests the construction of some partic-
ular flow space that allows us to obtain the desired counting result (see the
introduction of Part II for complementary information).

Before discussing the next symmetric pair we look at in this thesis, we
make few remarks:
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e Glorieux-Monclair [23] introduced an orbital counting function for
HP9~!_convex co-compact representations that differs from

t—#{yel: pye CKO?G and 1, py.0 < t}
by a constant. Indeed, they define an HP4~!-distance

1, . if 0, S Cg>
dyp.a—1 (O, OI) = { 0070 otherWiSOe

and show that it satisfies a version of the triangle inequality in the con-
vex hull of the limit set of p. This is used to prove that the exponential
growth rate of the counting function

t— #{’7 el: de,q—l(O,p’y . 0) < t}

is independent on the choice of the basepoint o. The authors interpret
this exponential rate as a pseudo-Riemannian Hausdorff dimension
of the limit set of p, with the purpose of finding upper bounds for
this number (see [23, Theorem 1.2]). A consequence of Theorem A
and Proposition 3.2.2 (see Remarks 4.4.3 and 5.1.12) is that this rate
coincides with the topological entropy h, of ¢*.

e A counterpart of Theorem B in the space HP4~! is also available and
the link in this case is provided by the well known polar projection
of G. To keep this introduction in a reasonable size we refer the
reader to Section 1.4 for this link, but we mention here that the rela-
tion between Theorem B and the polar projection of G addresses the
problems treated by Kassel-Kobayashi in [33, Section 4]. Indeed, the
authors study the orbital counting function of Theorem B for sharp
subgroups of a real reductive symmetric space (see [33, Section 4]).
Kassel-Kobayashi obtain some estimates on the growth of this func-
tion, but no precise asymptotic is established. We mention also that
very recently Edwards-Lee-Oh [20] published a preprint in which they
prove a counting theorem for the polar projection of a symmetric pair.
Their result is therefore related to Theorem B (c.f. [20, Theorem
1.11]).

The method of [23] is based on pseudo-Riemannian geometry. As out-
lined earlier, our approach has Lie theoretic flavor and it is inspired by [33].
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0.2.2 The case G = PSL(V) and H = PSO(p, q)

What we present here is work still in progress.

Let V be a real vector space of dimension d > 2. In this section G will
denote the Lie group PSL(V') of projectivized matrices in SL(V'). Fix two
integers p > 1 and g > 1 such that d = p+q. The second pseudo-Riemannian
symmetric pair that we look at is the following

(G, H) := (PSL(V), PSO(p, q)),

where H = PSO(p, q) is embedded in G as the stabilizer of a quadratic form
on V of signature (p,q). Explicitly, the associated involution of G is given
by

g9
where *- is the adjoint operator induced by this quadratic form.

The associated pseudo-Riemannian symmetric space is denoted by Q4
and we think it as the space homothety classes® of quadratic forms on V of
signature (p, ¢). In contrast with the previous case, the rank of Q, , equals
d—1: maximal subalgebras in p” Nq° are in fact maximal in p” (see Example
1.2.6). That is, in this case we can take b = a and we have the inclusion
%(g™,b) C X(g, a).

Given a A-Anosov representation
p:I'—=G
we define’
Q, ={0€Quy: &()is transverse to &,(z)Le for all x € 0T},

where &, is the limit map of p in the space of full flags F(V') of V. Another
way of expressing the set €, is the following: a point o belongs to Q,, if and
only if the limit set {,(0-cI") of p is contained in the union of the open orbits
of the action

H® ~ F(V),

3Two quadratic forms on V belong to the same homothety class if they differ by
multiplication by a strictly positive real number.

‘For a quadratic form o € Q,, and a full flag & = (£*,...,&%), the flag ¢+o =
(él, e ,éd) is defined by the equalities

&= ()
for every j = 1,...,d. Here -1° denotes the orthogonal complement with respect to the

form o. Recall that £ is transverse to £€1° if & is linearly disjoint from éd_j for every
j=1,...,d.
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where H° denotes the stabilizer of 0 € Q4. We refer the reader to Section
6.4 for further precisions on this point. Examples of representations p for
which the subset €2, is non empty are discussed latter in this introduction
(see also Section 9.1).

Counting problems in higher rank are more involved than in rank one
(c.f. [57, 61]). Nevertheless, in Subsection 9.1.2 we can prove the following.

Proposition (Corollaries 9.1.2 and 9.1.3). Let p : I' — G be a A-Anosov
representation and o be a point in Q,. Then for every positive t one has that

#{yel: dx.(5%py-S%) <t} (0.2.1)
1s finite. Moreover, the exponential growth rate

: ° .59 <
hmsuplog#{vd“ dx (S°, py - S°) <t}

t—o00 t

is positive, finite and independent on the choice of the basepoint o € ,. It
coincides with

1 r: d Ty <t
5, = Tim sup og # {7 € Xa TPy - 7) St}

t—o0 t
for any point T € Xg.

Our main objective is to find an asymptotic of the counting function
(0.2.1) as t = co. We will now describe some partial results in this direction
(the main one being Theorem C below). In order to do that we introduce,
for a given basepoint o € Q, 4, the subset

f@o,G

consisting on elements of G that take some o-orthogonal basis of lines of
V into another o-orthogonal basis of lines of V. Here by o-orthogonal basis
of lines of V' we mean a set of d different lines in V which are pairwise
orthogonal with respect to the quadratic form o. Note that when o is a
(positive or negative) definite form, the set %, ¢ coincides with G. However,
we are assuming that o is indefinite and in this case %, g is strictly contained
in G.

Geometrically, the subset %, g coincides with the set of elements g in
G for which there exists a geodesic copy of R%~! inside X both orthogonal
to S? and g-S° (see Subsection 7.3.1). On the other hand, the Lie theoretic
description of %, g is as follows. Fix a point 7 € $° and a maximal subalge-
bra b C p” Nq°. Fix as well a Weyl chamber b™ C b of the system X(g™, b).
Recall that we can take b = a in this case. We let W be the Weyl group of

(g,0).
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Proposition (Propositions 7.1.1 and 7.1.2). The subset %, q decomposes
as

B, = H°W exp(bt)H°.

Further, the b™-coordinate in this decomposition is uniquely determined.

The presence of the “W-coordinate” in the previous decomposition can
be roughly explained by the fact that the choice of the subalgebra b does not
determine a space-like flat in Q, , but rather a disjoint union of space-like
flats in Qp,4. This disjoint union is parametrized by certain subset of the
Weyl group W which is in one to one correspondence with

(WNH?)\W.
The reader is referred to Subsection 6.1.2 for further precisions.

The decomposition of %, given by the previous proposition will be
called (p, q)-Cartan decomposition. We then introduce a (p, q)-Cartan pro-
jection

b By — bT
characterized by the equation

g = hwexp(b°(g))h

for every g € %o, where h,h' € H® and w € W. As in the previous case,
in Lemma 7.3.1 we show the equality

15°(g)lo = dx (5% g - S°).

However, the presence of the “W-coordinate” makes the geometric interpre-
tation of the projection b° in the pseudo-Riemannian setting less clear (see
Subsection 7.3.2 for discussions).

Fix a A-Anosov representation p : I' — G and a basepoint o € Q,. In
Corollary 9.1.2 we show that apart from possibly finitely many exceptions
v € I' one has

Py € Bog-

We briefly (and informally) outline some examples. Suppose that d = 3
and p =2 = ¢+ 1. In Example 9.2.2 we exhibit the following:
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o If p: ' = G is a Hitchin representation (see Example 2.1.8) and o is
a basepoint in €, then the (p, ¢)-Cartan decomposition of (large) ele-
ments py always has a non trivial “W-coordinate”. Geometrically, this
means that if we consider a maximal geodesic flat subspace [f] C Xg
both orthogonal to S° and pvy - S° and that intersects these submani-
folds respectively in 7 and 7o, then the following phenomenon occurs:
if we translate the submanifold py - S° “along” the geodesic segment
connecting 7o with 7, we do not obtain S° but rather the submanifold
S “shifted” by an element of the Weyl group of [f].

e On the contrary, if p : I' — G is of Barbot type (see Example 2.1.9)
and o is a basepoint in £,, then the (p,q)-Cartan decomposition of
(large) elements py always has trivial “W-coordinate”.

We now continue with the exposition of our results. As a next step we
introduce the asymptotic cone £ of p as the subset of b consisting on
all possible limits of the form

b° (P’Yn)
ty

where ¢, — oco. This is the analogue of Benoist’s asymptotic cone .Z),, which
was introduced in [4] in the same way, but using the usual Cartan projection

a”: G —at
of G instead of the projection b°. We show the following.

Proposition (Proposition 9.1.6). Fiz a Weyl chamber a™ C b of the sys-
tem 3(g,a). Then there exists a subset W, o+ of the Weyl group W for which
one has

= | w2

weWp,a+

The subset W, ;+ is explicitly described in terms of the open orbits of
the action of H* ~ F(V') that intersect the limit set £,(0xI"). In particular,
the limit cone .Z}"? is not necessarily convex (c.f. Benoist [4]). Whenever
the limit set of p is contained in a single open orbit of the action H> ~ F(V),
the Weyl chamber a™ C b™ can be chosen in such a way that the equality

L1 =4,

holds (see Remark 9.1.4).
The main result that we obtain in the present framework is the following.
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Theorem C (Proposition 9.2.10). Let p : I' — G be a Zariski dense A-
Anosov representation and o be a basepoint in ,. Suppose further that
there exists a unique open orbit of the action

H° ~ F(V)

that contains the limit set {,(01"). Then for every linear functional ¢ € b*
which is strictly positive in the interior of 57 there exist constants hjj > 0
andm,,, > 0 such that

hft

#{vel: pyeHB,c and p(b°(py)) <t} ~ —
P,0,p

The constant k) in Theorem C coincides with the -entropy of p, which
is defined by

BE = lim 128 #hlell: e(Apy) <t}

t—o00 t

Here A(-) denotes the Jordan projection of G. In other words, hj is the
topological entropy of certain reparametrization of the geodesic flow ¢ of p
(see Subsection 2.3.3). On the other hand, the constant m, , ., is related with
the total mass of a specific measure in the Bowen-Margulis measure class
of this reparametrization. The Zariski density assumption in Theorem C is
needed to ensure that this reparametrization is topologically weakly-mizing.
This is a necessary input to obtain the desired counting result (see Appendix
A for further precisions).

We find the following bound for our main problem (recall that d, is the
exponential growth rate of the counting function (0.2.1)).

Corollary D (Corollary 9.2.11). Under the assumptions of Theorem C,
there exists a strictly positive constant C such that for every t large enough
one has

#{y el dx.(S%py-S°) <t} <Cedol.

We finish this part of the introduction with a comment on the hypothesis
over the limit set in Theorem C. Proposition 9.1.6 is not “intrinsic”: the
description of the limit cone 27 that we obtain strongly depends on the
choice of a Weyl chamber of the system Y(g,a) contained in b*. On the
other hand, as in Proposition 3.2.4 one would like to relate the projection
b°(g) with the Jordan projection of 6°(g~!)g and write

1(9) = 5M0°(57)0), (022)
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and then try to estimate the right side of the last equality. However, this
right side depends again on the choice of a Weyl chamber a™ C b (because
the Jordan projection A(-) does) and there seems to be no obvious choice
to make. We will see that the assumption on the limit set in Theorem
C canonically selects a Weyl chamber a™ C b™. Provided with this, the
equation (0.2.2) can be assumed to hold and this is why we can obtain our
result under this assumption (see the introduction of Part III for further
comments on this point).

0.3 Final remarks

As a final comment, a word on the sets €, defined above for the pairs
(PSO(p, q),PSO(p,q — 1)) and (PSL(V),PSO(p, ¢)). Both constructions fit
into a general framework which is the following. Let G be any connected
semisimple Lie group with finite center and no compact factors. Fix a closed
subgroup H of G and set

X := G/H.

Fix a self opposite parabolic subgroup P of G (see Section 1.5 for a definition)
and let F := G/P be the associated flag manifold of G. We emphazise that
we do not assume that (G, H) is a symmetric pair, the sole assumption that
we make here is that the quotient of F x X under the diagonal action of G
is finite. For instance, if X is a flag manifold of G or a symmetric space of
G this hypothesis is satisfied. For a point o € X, let H° be its stabilizer in
G and F° be the union of open orbits of the action

H° ~ F.
In joint work in progress with Florian Stecker we prove the following.

Theorem 0.3.1 (C.-Stecker). Let p:T' — G be a P-Anosov representation
with limit map &, : Ol — F and define

Q,:={oeX: £(0I") C F°}.
Then the action of I' on Q, induced by p is properly discontinuous.

For the symmetric pairs discussed above, the set €, coincides with the
one of Theorem 0.3.1.

In order to prove Theorem 0.3.1 we develop a notion of fat ideal in the
present setting that generalizes the notion introduced by Kapovich-Leeb-
Porti [30]. Provided this notion, one can associate to a fat ideal a domain
of discontinuity for p in the same way as Kapovich-Leeb-Porti do in [30].
Theorem 0.3.1 is a special case of this construction, as the set §2, corresponds
to a particular fat ideal in G\ (F x X). These constructions are described in
a detailed way in Stecker’s Ph.D Thesis [63] and outlined in Appendix C of
this thesis.
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Outline of the thesis
The thesis is structured in three parts:

e Part [ treats preliminaries on symmetric spaces and Anosov represen-
tations. No original results are presented in this part, but we discuss in
detail the Riemannian symmetric space of PSO(p, ¢) and of PSL(V),
as well as the pseudo-Riemannian symmetric spaces H?¢~! and Qp,q-
Concrete ways of thinking the general structure theory of symmetric
pairs will be proposed for these examples.

The original contributions of this thesis are detailed in Parts II and III.
Each of these parts contains a little introduction with a reminder on what is
proven there and also meant to exhibit the key results needed in each part.

e In Part II we prove our counting results for the symmetric pair

(PSO(p,q), PSO(p,q — 1)).

e In Part III we prove our counting results for the symmetric pair
(PSL(V),PSO(p, q)).

We also include three appendices. In Appendix A we recall results on
products of (r,e)-proximal matrices. In Appendix B we briefly recall part
of the theory of metric Anosov flows. In Appendix C we outline our joint
results with Stecker.
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Chapter 1

Symmetric spaces

We begin by recalling the definition and some basic facts about symmetric
spaces associated to a (semisimple) Lie group. We will be mainly inter-
ested in three families of examples: Riemannian symmetric spaces, pseudo-
Riemannian hyperbolic spaces and “spaces of quadratic forms”. Even though
we introduce the properties that we need using the general structure theory
of semisimple Lie groups, we will use these three families as a source of ex-
amples and introduce some specific terminology for each of them that will be
used throughout the thesis. We also include two sections (Sections 1.5 and
1.6) in which we recall the notion of flag manifold and the well known Iwa-
sawa decomposition of G. Standard references for this chapter are the books
of Helgason [27], Knapp [35], Kobayashi-Nomizu [36] and Schlichtkrull [62].

1.1 Definition and Lie theoretic generalities

Fix a connected semisimple Lie group G with finite center and no compact
factors and let g be its Lie algebra. The Killing form of g will be denoted
by

K:gxg—R.

1.1.1 Definition

A G-homogeneous space is a smooth manifold X endowed with a transitive
action of G by smooth diffeomorphisms. A symmetric space of G is a G-
homogeneous space X for which point stabilizers are unions of connected
components of

Fix(o) :={g€ G: o(9) =g},

for some involutive automorphism o of G.
Fix a point o in a symmetric space X and let H® be its stabilizer in G.
The associated involution of G is denoted by ¢°. The map

27
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X — exp(tX)-o

il
dt 1t=0

gives a G-equivariant identification between
q° :={do® = -1}

and the tangent space to X at the point o. Let h° = Lie(H°) be the Lie
subalgebra of g consisting on fixed points of do®. One has the following
decomposition

g=b"®q°

of the Lie algebra g, which is orthogonal with respect to the Killing form x.
Thus, since x is non degenerate, its restriction to q° is also non degenerate.
The space X carries then a G-invariant non degenerate metric, called the
Killing metric. Geodesics through the basepoint o for this metric are the
curves of the form

t—exp(tX)-o

for some X € q° (see Kobayashi-Nomizu [36, Theorem 3.2 of Ch. XI]). A
submanifold of X is said to be space-like if the Killing metric is positive
definite on its tangent spaces.

1.1.2 The Riemannian symmetric space

A Cartan involution of g is an involutive automorphism
Tig—¢
for which the bilinear form on g given by
(X,Y)— —r(X,7-Y)

is positive definite.

The stabilizer in G of a Cartan involution 7 is compact. On the other
hand, there exists an involutive automorphism ¢” of G, whose derivative
coincides with 7 and for which the fixed point subgroup K7 is a maximal
compact subgroup of G (see Knapp [35, Theorem 6.31]). It follows that K™
coincides with the stabilizer of 7 in G.

Let Xg be the set of Cartan involutions of g. Since two elements of X¢
always differ by the action of an element of G (c.f. [35, Corollary 6.19]), we
obtain the identification

Xg = G/KT
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for any point 7 in Xg. Therefore Xg is a symmetric space of G.
In this case we use the special notations

p":={r=—1} and ¢ := {r =1},

and note that the Killing form is positive definite on p”. Hence the Killing
metric on Xg is Riemannian. The set Xg endowed with this metric will be
called the Riemannian symmetric space of G. It is well known (see Helgason
[27, Theorem 4.2 of Ch. IV]) that X¢ is non positively curved.

Let dx(-,-) denote the (G-invariant) distance on X¢ induced by the
Riemannian structure. For every X € p” one has

dx (1,exp(X) - 7) = VK(X, X). (1.1.1)

1.1.3 Further Lie theoretic considerations

Fix any symmetric space X of G and a basepoint o € X. There exist Cartan
involutions 7 of g for which ¢° and ¢” commute and two of them always
differ by the action of Hf, the connected component of H° containing the
identity element (see Matsuki [43, Lemmas 3 and 4]).

Fix a point 7 € X¢g for which ¢” and ¢° commute. Then one has the
following decomposition

g=(p"Ng°) @ (P NH°) @ (7 Nq°) @ (E7 NH°)
of the Lie algebra g. In particular, we have
q° = (pT N qo) D (ET N qo)

and thus the signature of the Killing metric on X is (dim(p™ N q°), dim (¢ N
q%)).

Let b C p” Nq° be a (necessarily abelian) maximal subalgebra: two of them
differ by the action of an element in K™ N H? (see Schlichtkrull [62, p.117]).
Its dimension will be called the rank of X and for X € b we set

1X [l := v/A (X, X). (11.2)

This defines a (positive definite) norm on b. The submanifold exp(b) - o of X
is totally geodesic, space-like and flat (see [36, Theorem 4.3 and Proposition
4.4 of Ch. XI)]).

Remark 1.1.1. In the special case X = X, we will use the special notation
a instead of b for a maximal subalgebra of p™. These subalgebras are called
Cartan subspaces of g.
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1.2 Examples

We now discuss two families of examples of symmetric spaces. The first fam-
ily is associated with the projectivized special orthogonal group PSO(p, q),
for positive integers p and gq. The second one is associated with the projec-
tivized special linear group PSL(V), for a real vector space of dimension > 2.
In each case we provide concrete descriptions of the Riemannian symmet-
ric space and introduce certain families of pseudo-Riemannian symmetric
spaces. We also compute their rank and provide explicit descriptions of the
Lie subalgebras b C p™ N q°.

1.2.1 Two symmetric spaces associated to G = PSO(p, q)

Fix two integers p,q > 1 and let d := p 4+ q. We assume here that d > 2.
Denote by RP? the vector space R? endowed with the symmetric bilinear
form

j4 d
<($17"'7$d)7(y17"'7yd)>p7q = leyl - Z TiYq
i=1

1=p+1

of signature (p, q). Let PSO(p, q) be the subgroup of PSL;(R) consisting on
elements whose lifts to SLy(R) preserve this form. Throughout the thesis,
the notation PSO(p, q) will always mean that all these choices have been
made.

Until otherwise stated, denote G := PSO(p, ¢). The Killing form of g is
given in this case by

K(X,Y) = (d — 2)tr(XY)

(see Helgason [27, p.180 & p.189)).
For a subspace 7 of RP? we denote by 77« its orthogonal complement
with respect to (-, )p ¢, 1.€.

mira = {2 € RPY:  (3,9)p, =0 for all § € 7}.

The Riemannian symmetric space of G

The space Xg can be identified in this case with the space of ¢g-dimensional
subspaces of RPY on which the form (-,-),, is negative definite. Explic-
itly, the identification is as follows. Given a g-dimensional negative definite
subspace 7, one defines the inner product

(o) (12.1)

of RY that coincides with —(-,-), 4 (resp. (-,-)p4) on 7 (vesp. 71#4) and for
which 7 and 7174 are orthogonal. It can be seen that the adjoint operator
*7. agsociated to this inner product preserves the group G. The involution
do™, for
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o"T:G—=G: 0o7(g9):="*g !,
is a Cartan involution of g. The group K7 is in this case isomorphic to

PS(O(p) x O(q)).

Ezxample 1.2.1. Cartan subspaces can be described as follows. Let 7 € Xg,
which we think as a negative definite g-dimensional subspace of RP4. Since
7174 ig linearly disjoint from 7 we can define the linear transformation’

J7 = id, @ (—id_1,.,).

Let [ be the minimum between p and ¢ and pick a maximal collection C of
pairwise (-, -), g-orthogonal J7-invariant 2-dimensional subspaces of RP¢ on
which the restriction of the form (:,-),, has signature (1,1) (note that C
contains [ elements). Define ac to be the subset of g consisting on elements
that preserve each element of C and such that in the orthogonal complement
of span C are equal to zero. Then a¢ is contained in p” and it is a Cartan
subspace of g. Conversely, every Cartan subspace of g arises in this way.

The pseudo-Riemannian hyperbolic space HP:¢~!

For a vector & in RPY denote by x = [Z] its class in the projective space
P(RP?) of RP4. Set

HPa—1 .= {o = [o] € P(RPY) :  (6,0)pq < O}

Note that G acts transitively on H?9~!, Fix a point o in H”¢~! and
consider the matrix

JO :=ido @ (—id,1p, ).

One can see that the stabilizer in G of o equals the fixed point subgroup of
the involution ¢° of G given by

o°(g) == J°gJ° (1.2.2)

and therefore H?¢~1 is a symmetric space of G. This space is called the
pseudo-Riemannian hyperbolic space of signature (p,q—1). Note that when
q = 1 one has the equality

Hp,q—l = Xg.

Note that the subgroup K™ can be now described as the set of fixed points of the
involution g — J7gJ" of G.
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For this reason, from now on the notation H?4~! will always mean that g is
strictly larger than 1.

Remark 1.2.2. There exists a G-equivariant identification
T, HPa=1 =2 ol

for tangent spaces to H?¢~ 1. Hence, one can endow HP¢~! with a G-invariant
metric coming from restriction of the form (-, ), , to o« for all 0 € HP4~L,
It can be seen that this metric is a positive multiple of the Killing metric
(this is an explicit computation that we omit). The precise scaling factor
can be found in C. [14, Remark 2.3]. We will sometimes abuse of notations
and consider these two metrics as being the same whenever convenient.

o

Remark 1.2.3. Let o € H?9"1. Then the action of H} (the connected
component of H° containing the identity element) on T,HP9~! is conjugate
to the action of SO(p,q — 1) on RP4~1,

o

We now give a concrete description of a subalgebra b C p” N q° in this
special case.

Example 1.2.4. Let o be a point in H?9~! and 7 be a point of Xg. Suppose
further that the line o is contained in the subspace 7. Then the involution
o” commutes with o°.

Pick a line ¢ in 7177 and define b to be the set of elements X in g whose
restriction to the subspace ¢ @ o is diagonalizable and such that

(0 © o)tra C ker(X).

It can be seen that b is a maximal subalgebra in p” N q°. The subspace
exp(b) - o is in this case a (space-like) geodesic.

The following remark will be used repeatedly Part II.

Remark 1.2.5. Even though G does not act on R, it makes sense to ask
if an element g of G preserves a norm on R? (this notion does not depend
on the choice of a lift of g to SLy(R)). Let 0 € H»9~! and 7 € X¢ such that
o C 7. Let (-,-); be the inner product of R? defined as in (1.2.1) and || - ||,
be the associated norm, which is K™-invariant. One can see that this norm
is preserved by the matrix J°.
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1.2.2 Spaces of quadratic forms of fixed signature

Let d > 2 be an integer and V be a real vector space of dimension d.
Throughout the thesis, the notation PSL(V') will always mean that all these
choices have been made.

In this subsection we denote G := PSL(V'). The vector space consisting
on quadratic forms on V is denoted by Q(V). Note that G acts on the
space of rays of Q(V') and each open orbit of this action consists on the set
of non degenerate quadratic forms of a given signature. For non negative
integers p and ¢ satisfying d = p+ ¢, the orbit consisting on quadratic forms
of signature” (p, q) is denoted by Qp 4.

The goal now is to show that Q,, 4 is a symmetric space of G. In order to
do this, we fix a point 0 in Q, 4 and let (-, ), be the bilinear form associated
to a representative of 0. We will say in short that the form (-,-), is a
representative of 0. Since o is non degenerate, we can define the o-adjoint
operator

o gl(V) = al(V)

where, for T' € gl(V'), *T is the unique linear transformation of V' that
satisfies the equality

'U,’UO:’U,,D *V)o
T *ol

for all w and v in V. Note that the o-adjoint **T" does not depend on the
choice of the representative (-,-), of 0. Moreover, **- preserves SL(V) and
descends to a map G — G, that we still denote by *°-. Define ¢° to be the
involutive automorphism of G given by

Then Q4 identifies with G/H®, where H® = PSO(p, q) is the subgroup of G
consisting on fixed points of the involution o°. We conclude that Q,, is a
symmetric space of G.

We now explicitly describe a maximal subalgebra b C p™ N q°. In order
to do that, we fix some terminology that will remain valid for the rest of the
thesis. For a subspace 7 of V denote by w1 its orthogonal complement with
respect to the form (-,-),. A set is said to be o-orthogonal if its elements are
pairwise (-, -),-orthogonal. The o-sign of a vector v in V' is defined by

1 if (v,v) >0
sg,(v) =< —1 if (v,v), <0 .
0 if (v,v)o=0

2That is, forms that admit a diagonal expression with p (resp. gq) positive (resp.
negative) eigenvalues.
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A vector v in V' is said to be (-, -),-unitary if

(v,v)o € {—1,1}.

A basis B of V is said to be (-, -)o-orthonormal if it is o-orthogonal and its
elements are (-, -),-unitary. Finally, the o-sign of a line ¢ in V' is defined in
an analogous way and a basis of lines of V' is a set of d lines in V' that span
V.

Ezample 1.2.6. Let B be a (-,-),-orthonormal basis of V' and (-,-) be the
inner product of V for which this basis is orthonormal. The associated
point in Xg will be denoted by 7 and we emphasize the link between the
inner product (-, -) and the point 7 by denoting (-, ), := (-,-). It can be seen
that ¢ and 07 commute.

Pick b to be the subset of g consisting on elements which are diagonal in
the basis B. Since B is both (-, -),-orthonormal and (-, -)-orthonormal, one
has

bCp Ng°

and one can see that b is a maximal subalgebra® in p™ N q°. Note that in
this case b is also a maximal subalgebra in p” and therefore we can denote
b = a whenever convenient.

On the other hand, one has the equality

exp(b) 0= {0 € Qpq: Bis o-orthogonal and sg,(v) = sg,(v) Yv € B}.

The submanifold exp(b) - o is then a totally geodesic isometric embedding
of R4 inside Qp,q or, in short, a space-like flat.

Remark 1.2.7. Note that one has natural identifications

Qo,d = Quo = Xa.

Indeed, to an element 7 € Qg0 one asigns the Cartan involution do” of g.
For this reason, from now on the notation Q) , will always mean that p and
q are strictly positive.

Cartan subspaces of g contained in p” (for a given basepoint 7 € Xg)
bijectively correspond to T-orthogonal bases of lines of V.

o

3Conversely, a maximal subalgebra contained in p” N q° determines a basis of lines C
of V which is both o-orthogonal and 7T-orthogonal.
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1.3 The submanifold S°

We now come back to the case in which G is any semisimple Lie group
with finite center and no compact factors and we fix a symmetric space X
of G. To each point 0 € X one associates a totally geodesic copy S° of the
Riemannian symmetric space of H° inside Xg as follows.

Given a point o in X let

S ={reXg: o70°=0%"}.

The submanifold S° will play a central role in our thesis, because it will
allow us to define certain geometric quantities in Xg from which we build
our counting functions. These quantities will have a geometric counterpart
in the space X.

Note that S° is H-invariant and because of Matsuki [43, Lemmas 3 and
4] one has

S°=H§ -1
for any 7 € S°. In particular, the tangent space to S° at 7 identifies with
pTNbH°
and S° is totally geodesic (see Helgason [27, Theorem 7.2 of Ch. IV]).
Further, it is a copy of the Riemannian symmetric space® of HJ.

Ezample 1.3.1.
e When X = X, the set S° is reduced to the single point o.

e Let 0 be a point in H?9~1. A negative definite ¢-dimensional subspace
7 belongs to 5S¢ if and only if it contains the line 0. We see then that

the isometry S? — Xpgo(p,q—1) 18 given by

T TNotra,

e Let o be a point in Q4. An homothety class of inner products 7
belongs to S if and only if there exist representatives (-,-), of o and
(-,)7 of 7 and a basis B of V which is both (,-),-orthonormal and
(-;+)r-orthonormal. We see then that the isometry S — Xpgo(p,q) 18
given by the map that sends each 7 € S° to the subspace of V' spanned
by the vectors of B which are negative for the form o.

“Note that, rather than semisimple, the Lie subgroup H is reductive: since the Killing
form k restricts to a non degenerate Hg-invariant symmetric bilinear form on h°, the Lie
algebra h° splits as a direct sum of its center and a semisimple Lie algebra. As in the
semisimple case, one can develop a theory of Cartan involutions and Cartan decomposition
in the setting of reductive Lie groups (see Knapp [35, Chapter 7]). The submanifold S°
identifies then with the space of Cartan involutions of Hg. We have decided in this thesis
to focus on semisimple Lie groups: in the two examples we deal with, namely X = HP»?~!
and X = Qp,q, the subgroup Hg is semisimple.
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o

A geometric interpretation in X of the maximal subalgebras b of p™ Nq°
is provided by the following lemma.

Lemma 1.3.2. Fiz a point 7 in S° and a mazximal subalgebra b contained
m p” N q°. Then

exp(b) - 7

is a totally geodesic flat subspace of Xa, orthogonal to S° at T and isometric
to RIMY It is mazimal dimensional for these properties.

Here by “orthogonal to S° at 77 we mean that the tangent space of
exp(b) - 7 at 7 is contained in the orthogonal complement of 7;5°.

Proof of Lemma 1.3.2. Tt is well known that exp(b) - 7 is totally geodesic
and isometric to RY™Y Since T,:S° = p™ N h°, it is orthogonal to S° at 7.
It remains to show maximality, but this follows from the fact that max-
imal totally geodesic flat subspaces of Xg through 7 bijectively correspond
to maximal subalgebras of p7. O

1.4 Polar, Cartan and Jordan projections

In this section we recall the well known polar decomposition of G associated
to a symmetric space X, which generalizes the classical Cartan decomposition
of G and that is well adapted to the study of the geometry of X. We discuss
these geometric interpretations and establish some basic relations between
the two decompositions, which are friutful to study the polar projection by
means of the Cartan projection.

Fix an element 7 in S° and a maximal subalgebra b C p™ N ¢°.

1.4.1 Weyl chambers
Let
g7’ = (" Ng%) & [E NH°)

be the Lie algebra consisting on fixed points of the involution do”do®. A non
zero functional o € b* is called a restricted root of b in g7° if the subspace

gro:={Y eg”: [X,Y]=a(X)Y forall X €b}

is non zero. In that case, g7° is called the associated root space. The set of
restricted roots of b in g7 is denoted by ¥(g7° b) (c.f. Schlichtkrull [62, p.
117)).

Let b™ be the closure of a connected component of
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b\ U ker(a).

a€X(gTo,b)

This is called a closed Weyl chamber of the system (g7, b). Let ¥ (g7, b)
be the corresponding positive system, that is, the set of restricted roots in
(g™, b) which are non negative on b™.

Before proceeding with the general theory, let us discuss some examples.

Weyl chambers in Riemannian symmetric spaces

When X = X¢ the Lie algebra g7° coincides with g (because o and 7 must
coincide) and b = a is a Cartan subspace of g. In this case we denote by ¥
the set of restricted roots X(g,a) and by a™ a closed Weyl chamber. The
corresponding positive system is denoted by 3+.

Ezample 1.4.1. Suppose that G = PSO(p, q) and let a be given by a maximal
collection C of (-, ), -orthogonal J"-invariant subspaces of RP¢ of signature
(1,1) (c.f. Subsection 1.2.1). Pick an isotropic line ¢, in each element w € C
and let €, € a* be the map that assigns to each element X € a its eigenvalue
in the line ¢,. In this case one has

Y={te,t+ey: w#w inC}
if p=¢q and
Y={te,tey: w#w inClU{te,: weC}

if p # q. The choice of a closed Weyl chamber corresponds then to the choice
of a total order

C=Awi,...,w}

on C and the choice of an isotropic line /; in each w; € C. If these choices
are given, we set

€5 1= 5w]-
for each j =1,...,] = min{p, q}.
o

Ezample 1.4.2. Suppose that G = PSL(V') and that a is given by 7-orthogonal
basis of lines C of V' (Remark 1.2.7). Given a line £ € C, let g, € a* be the
map that assigns to each element X € a its eigenvalue in the line ¢. For
different ¢ and ¢ in C, set

g (X) = e¢(X) — v (X).
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The set of restricted roots is in this case
Y ={ay: (# inC}.

The choice of a closed Weyl chamber corresponds then to the choice of a
total order

C={ly,....0q}
on C. If this choice is given, we set
gj =€y and aj; == €5 — &

for each j different from ¢ in {1,...,d}.

Weyl chambers for pseudo-Riemannian hyperbolic spaces

Consider the case X = HP9~! and b constructed from the choice of a line
¢ in 71ra (see Example 1.2.4). A closed Weyl chamber b* is given in this
case by the choice of a ray in b starting at the origin. This is equivalent to
the choice of an isotropic line in the subspace £ & o.

Weyl chambers for spaces of quadratic forms

Consider now the case X = Q,,, and fix an o-orthogonal and 7-orthogonal
basis of lines C of V. Let b = a be the associated Cartan subspace of g,
which is a maximal subalgebra both in p” N q° and p” (c.f. Example 1.2.6).
It can be seen that one has the equality

Y(g7°,b) = {ap € X(g,a): £ #¢ inC and sg,(¢) = sg,(¢)}.

Indeed, recall from Example 1.4.2 that a non zero functional a € b* belongs
to X(g, a) if and only if there exist two lines ¢ # ¢ in C such that

Q= Q.
The associated root space
go=1{Y eg: [X,)Y]=aX)Y forall X €b}

intersects the Lie subalgebra g7 if and only if sg,(¢) coincides with sg,(¢').

An explicit way of prescribing a Weyl chamber b™ is the following. Write
C =CtUC™ where Ct (resp. C7) is the subset of C consisting on o-positive
definite (resp. o-negative definite) lines. Fix total orders
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ct={¢,....fyand C- ={¢y,....¢;}
on C* and C~. Then a positive system in 3(g™°, b) is given by
2 b) = {ap: 1<j<i<piu{a,, i 1<j<i<q)
and the corresponding closed Weyl chamber is
br:={Xeb: «oX)>0forall ae X (g7, b)}.

Conversely, the choice of a Weyl chamber b™ for the system (g7, b) induces
total orders on the sets C*.

Figure 1.1: Weyl chambers for Q1. In
light grey, a Weyl chamber bt of the
system 3(g7° b). This Weyl chamber is
a union of three Weyl chambers af, a;

and a of the system Y(g, a).

1.4.2 Polar projection

We now go back to the general theory. Fix a closed Weyl chamber b™ for
the system X(g7° b). It is well known (see e.g. Schlichtkrull [62, Proposition
7.1.3]) that the polar decomposition of G holds:

G =K  exp(b™)H?,
where the exp(b™')-component is uniquely determined and one can define

TG — bt
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by taking the log of this component. This is a continuous map called the
polar projection of G associated to the choice of o, 7 and b™.

Remark 1.4.3. Note that 5> descends to a map X & G/H° — b™ which,
by definition, is proper.

Cartan and Jordan projections

Observe that in the case X = X, the map b>7 coincides with the well known
Cartan projection, associated to the Cartan decomposition

G =K  exp(at)K"™
of G. We will use the notation
a”:G—at
for this map in this special case. Recall that one has the Jordan projection
A:G—at
of G, which is characterized by the formula

A(g) = lim a(g")

n— o0 n

(1.4.1)

for every ¢ in G.

Remark 1.4.4. Suppose that G = PSO(p,q) or G = PSL(V). For j =
1,...,min{p, ¢} in the first case or for j = 1,...,d in the second one, we
will use the notations

-
aj

i=¢jo0a” and \j :=¢j0A

(c.f. Examples 1.4.1 and 1.4.2). Note that in both cases one has that aJ(g)
equals the logarithm of the operator norm of g (computed with respect to
the inner product 7) and that A;(g) is the logarithm of the spectral radius
of g.
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Relation between polar and Cartan projections

When X is different from the Riemannian symmetric space of G we still have
a relation between polar and Cartan projections, which is the following. Let
a C p” be a maximal subalgebra containing b. Let W = W(g, a) be the Weyl
group of the pair (g,a). It is defined by the equality

W :=W/M

where W = N~ (a) (resp. M = Zx-(a)) is the normalizer (resp. centralizer)
of a in K7, and naturally acts on a by linear isometries of the norm || - ||q.
This action induces an action on the set of Weyl chambers of the system
Y = ¥(g,a) which is simply transitive.

Fix a Weyl chamber a™ for the system ¥ and let g be any element of G.
Write

g = kexp(b”7(g))h
in polar coordinates. Since do® acts as —id on b we have
90°(g7") = kexp(2b>7(9))o (k™).

Observe that o preserves K™ and therefore we find an element w, € W for
which one has

b7 (g) = qwg - a(90°(g7h))-
In particular, the following equality holds for any g € G:
1527 ()l = 167 (9)lla = 3lla™(90°(g™"))la-
More concretely we have the following.

Example 1.4.5.

e Let X = HP% ! and || - ||, be the norm on R? induced by the choice of
7. Then for every g in PSO(p, ¢) one has’

16°7(g)|lo = 3 log [lgJ°g~T°]|-.

Note also that thanks to Remark 1.2.5 one also has

15°7(9)lle = 5 log [17°9T°g "]+

e Let X = Qpq. Then for every g € PSL(V), the number |[6%7(g)|ls
can be interpreted in terms of the singular values (computed with
respect to 7) of the element go°(g~!) (see Horn-Johnson [28, Section
7.3 of Chapter 7] for the definition of singular values of an element in

PSL(V)).

o

SHere we are abusing notations, because the equality actually holds up to a scalar
positive constant only depending on d = p + ¢q (c.f. Remark 1.2.2).
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Geometric interpretation of polar projection

We now discuss geometric interpretations of the polar projection b*7. We
will assume here that X is not the Riemannian symmetric space. Indeed
when X = Xg, because of equations (1.1.1) and (1.1.2) one has

dxe (1,9 -7) = [la”(g)lla

for every g € G and the geometric interpretation is straightforward in this
case. The following generalization of the previous equality is inspired by
the work of Oh-Shah [46], which is concerned with the symmetric pair
(PSO(1,3),PSO(1,2)) (c.f. Figure 1.2 below).

Proposition 1.4.6. For every g in G one has

167 (9)ll6 = dx (7,9 -S°).

Proof. The function g +— dx.(g7! - 7,5°) is K -invariant on the left and
H°-invariant on the right, hence it suffices to check that the equality of the
statement holds when g = exp(X) for some X € b™.

Since X¢ is non positively curved, there exists a unique geodesic through
g~ 17 = exp(—X)-7 which is orthogonal to S°. By Lemma 1.3.2 this geodesic

is exp(RX) - 7 and intersects S° at 7, hence
dx (exp(—X) - 7,5%) = dx, (exp(=X) - 7, 7).

Thanks to equations (1.1.1) and (1.1.2) the proof is complete.
O

Another geometric interpretation of the polar projection, directly in the
space X, is proposed by Kassel-Kobayashi in [33, p.151]: in order to go from
o to g - o, we first travel along the flat subspace®

exp(b) - o

a “distance” [[b>7(g)|lp, and then we move along the compact K™-orbit of
the point exp(b>7(g)) - o.
Let us illustrate this in the more concrete case X = HP4~1. Let

HZ .= (TLM @o)N HP-a—L,

Observe that H? is a totally geodesic copy of the p-dimensional hyperbolic
space HP inside HP~! because the subspace 7177 @0 has signature (p, 1) for
the form (-, -), . It can be seen that the tangent space at o of H? naturally
identifies with

5This flat subspace can be proven to be a maximal flat inside a totally geodesic space-
like copy of Xgre inside X, where G™° := Fix(c7¢°).
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1577 (9)llo

Figure 1.2: Geometric interpretation of polar projection in Xg.

pTNg°.

Then H? is space-like and since b C p” N q° one has that the geodesic ray
exp(b™) - 0 is contained in HY. Let

og :=exp(b>7(g)) - o.

The number ||b*7(g)||s equals then the length of the geodesic segment con-
necting o with oy (see Figure 1.3).

1.5 Parabolic subgroups and flag manifolds

In the next chapter we recall the notion of Anosov representation into G.
In order to do that, we give a quick reminder on the structure theory of
parabolic subgroups of G, as well as the notion of Cartan attractors and
prozimal elements in G.

Fix a point 7 € Xq, a Cartan subspace a C p” and a Weyl chamber a™
of the system Y. Denote by ¢,+ the opposition involution associated to these
choices. By definition, if w,+ denotes the unique element of the Weyl group
that takes the Weyl chamber —a™ to a® then

lgt ta—>a: 1o+ (X) = —wgr - X.

Let X% be the positive system and A C X7 be the set of simple roots. For
any non empty subset § C A define
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Figure 1.3: Geometric interpretation of polar projection in HP4~1,

Po =90 D @ Ja @ @ J—a

aext acspan(A\O)NT+

and similarly set

po=00® Poae P o

aext a€span(A\)NT+

The subgroup of G associated to the Lie algebra py (resp. pg) is denoted by
Py (resp. Pg). The pair (f’g, Py) is a pair of opposite parabolic subgroups of
G. The subgroup P is a minimal parabolic subgroup of G, sometimes also
called a Borel subgroup of G, and it is canonically determined by the choice
of the Weyl chamber at. Because of this, we will sometimes denote it by
Pg+.

Define

tgr(0) :={aoig+ 1 a€b}.
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The subgroup Py is conjugate to PLa +(0)- The parabolic subgroup Py is said
to be self opposite if 1,+(0) = 6.

A flag manifold of G is a manifold of the form Fy := G/Py, for some
) # 6 Cc A. The corresponding “opposite” flag manifold G/Py will be
denoted by Fy. The action of G on Fy x Fy admits a unique open orbit,
denoted by (Fg x Fg)® (or by F§2) if Py is self opposite). The flag £ € Fy is
said to be transverse to the flag & € Fy if the pair (f, ¢€) belongs to this open
orbit.

Ezxample 1.5.1. We give here two explicit examples of flag manifolds that
will be important in this tesis. We also fix some particular terminology and
notations in each case.

e When G = PSO(p,q), let P? be the stabilizer in G of an isotropic
line in R4 i.e. an element £ = [¢] in the projective space P(RP:?) for
which one has

<éu é>p,q = 0.

It can be seen that PP is a parabolic subgroup of G. The associated
flag manifold is identified with the set of isotropic lines in P(RP¢) and
it is called the boundary of HP4~1. We denote this flag manifold by
OHP9~1 The corresponding opposite flag manifold is identified in this
case with the set

{¢lra: ¢ € OHPAI1Y,

A pair (ff‘p’q,fg) with & and & in OHP9~! is transverse if and only if

p,q

the hyperplane ff‘ is linearly disjoint from the line &.

e Suppose now that G = PSL(V). For j =1,...,d, denote by Gr;(V)
the Grassmannian of j-dimensional subspaces of V. Denote by F(V')
the space of complete (or full) flags of V', that is,

F(V):={¢=('C---C&h): & eGry(V) for every j =1,...,d}.

It can be seen that F(V') identifies with the flag manifold associated
to a minimal parabolic subgroup of G. Two complete flags & and &2
are transverse if and only if for every j = 1,...,d — 1 one has that the
subspace & is linearly disjoint from 5‘21_j )
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1.5.1 Cartan attractors

Fix a non empty subset § C A. An element g of G is said to have a gap of
indez 0 if for every element o € 6 one has

a(a’(g)) > 0.

In this case, write

g = kexp(a”(g))!

a Cartan decomposition of g. The Cartan attractor of g in Fy is the flag

Ug(g) ==k - & € Fy,

where &y denotes the coset Py in the flag manifold Fy. Since g has a gap of
index 6, it does not depend on the particular choice of the Cartan decom-
position of g (c.f. [35, Chapter VII]).

Note that ¢ has a gap of index 6 if and only if g~! has a gap of index
tg+(0). In this case we denote

Si(9) =U]_ g(97") € Fp,

and call this flag the Cartan repellor of g in F.
The following remark is classical (see for instance Stecker [63, Lemma
3.1.3)).

Remark 1.5.2. Let {g,},>0 be a sequence in G such that

min a(a’(gn)) — o0
agh

as n — 0o. Assume further that one has
Ug(gn) — § and Sg(gn) — g

for some flags ¢ € Fy and € € Fy. Then given any compact set C' C Fy whose
elements are transverse to the flag &£, the sequence

gn’CZC—>F9

converges uniformly to the constant function & as n — oo.
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1.5.2 Proximality

Given a flag € in Fy we denote by
V() :={£ €Fy: ¢&isnot tranverse to £}

the annihilator of £&. Note that V(£) is a compact subset of Fy. An element
g in G is said to be prozimal in Fy (or Fg-prozimal, or Pg-proximal) if it has
two fixed points € and € in Fy and Fy respectively, with € ¢ V(£), and such
that for every &, ¢ V(£), one has

g"-& =&

as n — oo. In this case, the fixed points & and & are uniquely determined
by g and are denoted respectively by g4 € Fg and ¢g_ € Fy.

Fix a continuous distance d(-,-) on Fy, a positive ¢ and flags £ € Fg and
f S |v:9. Let

be(§) :={& €Fo: d(&,§) <e}

and

Be(§)={& €Fg: d(&,V(E)) > e},

where d(&;1,V(€)) denotes the minimal distance between the flag £; and points
in the annihilator V(£).

An important notion is the following quantified version of proximality.
Fix numbers 0 < ¢ < r and an element g € G which is Fyg-proximal. We say
that g is (r,¢)-prozimal (in Fg) if one has

d(g+,V(g-)) > 2r

and”

g- Bs(g—) C ba(g-i-)'

1.6 Iwasawa decomposition

We finish this chapter recalling the Iwasawa decomposition of G. This de-
composition plays a central role in the study of the Cartan projection of G
(c.f. Quint [506]).

Keep the notation from the previous subsection and consider the Lie
algebras

"Sometimes one also requires that the restriction g| B.(g_) is e-contracting. We do not
need this assumption.
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n:= @ go and 1 := @ I—a-

aext aext

Let N and N be the corresponding connected Lie subgroups of G. The
Iwasawa decomposition theorem states that the map

K'xaxN—=G: (kX,n)— kexp(X)n (1.6.1)
is a diffeomorphism (see [35, Chapter VI]).

1.6.1 Busemann cocycle of G

Let &+ be the coset Py+ in the flag manifold F.+ = G/Pg+. Quint [56]
introduces the® Busemann cocycle of G

BT:GxFg — b
which is defined by the equality

gk = lexp(B7(g,&))n

where k,l € K", n € N and k - £;+ = £. Note that for every g; and g3 in G,
and every & € F + one has

B7(9192,€) = B7(91,92 - &) + B (g2, &).

In this thesis we call this cocycle the 7- Busemann cocycle of G.

8Sometimes also called the Iwasawa cocycle of G.



Chapter 2

Anosov representations

Anosov representations were introduced by Labourie [37] for surface groups
and extended by Guichard-Wienhard [26] to word hyperbolic groups. In
Section 2.1 we recall this notion and some well known facts concerning
(r,e)-proximality of elements in the image of such a representation. We also
discuss some examples. In Section 2.2 we recall the definition (and main
dynamical properties) of the geodesic flow of a projective Anosov represen-
tation, introduced by Bridgeman-Canary-Labourie-Sambarino [12]. Section
2.3 is devoted to reminders on the work of Sambarino [60], which is an
important tool that we will use in Parts Il and III to prove our counting
results.

2.1 Definition and first properties

2.1.1 Definition

A lot of work has been done in order to simplify the Labourie’s original
definition of Anosov representations. Here we follow mainly the work of
Bochi-Potrie-Sambarino [7], Guichard-Guéritaud-Kassel-Wienhard [25] and
Kapovich-Leeb-Porti [29].

Let I be a finitely generated group. Consider a finite symmetric gener-
ating set S of I" and take |- |p to be the associated word length: for v in T,
it is the minimum number required to write v as a product of elements of
St

Let G be a connected semisimple Lie group with finite center and no
compact factors and fix a point 7 in Xg. Let a™ be a closed Weyl chamber
of the system ¥ = ¥(g,a), for some Cartan subspace a C p”. Fix a non
empty subset 6 C A.

!This number depends on the choice of S. However, the set S will be fixed from now
on hence we do not emphasize the dependence on this choice in the notation.

49
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Let p : I' — G be a representation. We say that p is 6-Anosov (or Py-
Anosov) if there exist positive constants ¢ and ¢ such that for all v € I" and
all & € 0 one has

al@ (o) = chle - . (2.1.1)

When 6 coincides with the set of simple roots A, the representation p is said
to be Borel-Anosov.

Remark 2.1.1. Every 6-Anosov representation is a quasi isometric embed-
ding. In particular, it is discrete and has finite kernel.

o

By Kapovich-Leeb-Porti [31, Theorem 1.4] (see also [7, Section 3]), con-
dition (2.1.1) implies that T' is word hyperbolic?. In this thesis we assume
that T is non elementary. Let JxI" be the Gromov boundary of T" and 'y
be the set of infinite order elements in I'. Every ~ in I'y has exactly two
fixed points in 0, I': the attractive one denoted by 4 and the repelling one
denoted by v_. The dynamics of v on JxI" is of type “north-south”.

Fix a 6-Anosov representation p : I' — G. By [7, 25, 29] there exist
continuous equivariant maps

€50 0ol = Fgand €, : O — Fy
which are transverse, i.e. for every z # y in 05" one has

(&p0(z),E00(y)) € (Fo x Fo)2. (2.1.2)

Moreover, these maps are dynamics-preserving. This means that for every
v in 'y the element &, (74 ) (vesp. £,9(74)) is an attractive fixed point of
py acting on Fy (resp. Fg). It follows that pvy is proximal in Fy with

&o0(74) = (p7)+ and &, p(v-) = (p7)—.

In particular, both &,y and fpﬁ are injective and uniquely determined by
p. These are called the limit maps of p. Note that when Py is self opposite
both limit maps coincide.

Labourie’s (and Guichard-Wienhard’s) definition of Anosov representa-
tions involves the construction of certain flow space associated to p which
satisfies a “uniform contraction/dilation property”, the contracting and di-
lating “directions” being directly related to the limit maps (see [37, 20]
for precisions). Standard techniques coming from hyperbolic dynamics give
then the following (for a proof see [26, Theorem 5.13] and [12, Theorem
6.1]).

*We refer the reader to the book of Ghys-de la Harpe [22] for definitions and standard
facts on word hyperbolic groups.
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Proposition 2.1.2. The space of 0-Anosov representations is open in the
space of homomorphisms from T' to G. The limit maps of an Anosov repre-
sentation are Holder continuous and vary continuously with the representa-
tion.

O

We denote by L, ¢ and Lp,g the respective images of &, ¢ and fp,g. These
are called the limit sets of p(I') and admit the following characterization
(see [25, Theorem 5.3] or [7, Subsection 3.4] for a proof).

Proposition 2.1.3. Let p : I' — G be a 0-Anosov representation. Then
Lyo (resp. L,g) coincides with the set of accumulation points of sequences
of the form {Uj(pyn)}tn (resp. {S§(pyn)}tn), where v, — oo. Moreover,
given (continuous) distances d(-,-) and d(-,-) on Fg and Fgy respectively and
any positive £, one has

d(UF (p), (p7)+) < € and d(S(pv), (py)-) < &

for every v € T'y with |y|r large enough.

2.1.2 Proximality properties

Anosov representations have strong proximality properties (see Guichard-
Wienhard [26, Subsection 5.2]). We now establish one of them that will
be useful in Parts II and III of this thesis: they will provide the correct
framework to estimate the geometric quantities involved in our counting
functions.

Let p : I' — G be a 6-Anosov representation and fix a continuous distance
d(,-) on Fy.

Lemma 2.1.4 (c.f. Sambarino [60, Lemma 5.7]). Fiz real numbers 0 <
e < r. Then there exists a positive L such that for every v € I'y satisfying
|v|r > L and

d((py)+,V((py)-)) > 2r,

one has that py is (r,e)-prozimal in Fg.
Proof. Consider a sequence 7y, — oo in I'g such that
d((prn)+,V((pm)-)) = 2r

for all n. By Proposition 2.1.3, for every n large enough the following holds

bg(UJ(P’Yn)) - bs((pyn)+)
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and

Be((pyn)-) C B (S5 (pvn))-

By Remark 1.5.2 and equation (2.1.1) the condition

P - Be((pn)-) C be((pvn)+)

is satisfied for sufficiently large n.

2.1.3 Examples

The class of Anosov representations is very rich an provides a unified frame-
work for examples coming from different constructions. We will now discuss
few of these examples for the Lie groups G = PSL(V) and G = PSO(p, q)
(see the surveys of Kassel [32] or Wienhard [64] and references therein for
other examples).

Remark 2.1.5. It is standard to use the following special terminology. A
representation

p:T'"— PSL(V)

which is Anosov with respect to the parabolic subgroup of PSL(V') stabiliz-
ing a point in P(V) will be called projective Anosov. Note that a represen-
tation

p: T — PSO(p,q)

is P"?-Anosov if and only if the representation

I % PSO(p, q) — PSL(RP9)

is projective Anosov.

Some examples for G = PSL(V)

In Part III of this thesis we will be interested in Borel-Anosov represen-
tations into PSL(V'), hence we focus here on examples of these type of
representations.

Ezample 2.1.6 (Schottky subgroups). The simplest way of constructing Borel-
Anosov subgroups of PSL(V) is to use a “ping-pong construction”: fix a
family

{617"'a€87£1""755}
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of pairwise transverse elements in F(V'). Let 7 be an element in Xpsr(v) and
a positive e such that, for every i,j7 = 1,..., s one has®

Be(§) € be(&;) and Be(&) € be(§))-
For each i = 1,...,s let g; be an element in PSL(V') satisfying
UT(gi) = & and S7(gi) = &,
where U7 (g;) := UX(g;) and S7(g;) := SA(gi). Further suppose that
9+ Bz (&) € be(&) and g7+ Be(&) € be(&).

Let T" be the (free) subgroup of PSL(V') generated by the elements g1, . .., gs.
The inclusion representation

I' = PSL(V)

is Borel-Anosov (c.f. [7, Lemma A.7]).

Similar constructions work to produce #-Anosov (free) subgroups of
PSL(V), for any parabolic subgroup Py of PSL(V'). All these subgroups
will be called of Schottky type.

o

Example 2.1.7 (Teichmiiller representations). Let g > 2 be an integer and I',,
be the fundamental group of a closed orientable surface of genus g. By the
Svarc-Milnor Lemma (see [22, Proposition 19 of Ch. 3]), a representation

p:T, — PSLy(R)

is (Borel-)Anosov if and only if it is faithful (i.e. injective) and discrete.
These representations will be called Teichmiiller representations.

Let
A" SLy(R) — SL(V)

be the representation induced by the (unique up to conjugation) irreducible
action of SLo(R) on V. For any p > 1, the image of the diagonal matrix

_(r O
K <0 ul)

3 As explained in Appendix B, the choice of 7 induces a continuous distance d(-,-) on
F(V).
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is a diagonalizable element of SL(V') with eigenvalues

=1 d=3 - 3=d ,l=d (2.1.3)

Ezample 2.1.8 (Hitchin representations). Let
po:Tg = PSL(V)

be the representation induced by the composition of (a lifted to SLa(R) of)
a Teichmiiller representation with Agr. Then pg is Borel-Anosov, essentially
because of the previous consideration on the eigenvalues of A (a,,) for u > 1.
Labourie’s Theorem [37] states that any deformation of pg is Borel-Anosov.
Representations obtained in this way are called Hitchin representations.

Ezample 2.1.9 (Deformations of reducible representations). Let
A : SLe(R) — SL(V)
be a representation. We look at a representation
po: Ty = PSL(V)

obtained from A and a Teichmiiller representation as in the previous exam-
ple. Since A can be written as a direct sum of irreducible representations, it
induces some parabolic subgroups of PSL(V') for which pg is Anosov. Note
that if we assume that A is reducible then py will be Borel-Anosov if and
only if A splits as direct sum of two irreducible representations of dimensions
dy and ds, for some integers d; and ds which are different modulo 2. By
Proposition 2.1.2 small deformations of such a pg are still Borel-Anosov. We
call these representations of Barbot type (c.f. Barbot [2]).

Some examples for G = PSO(p,q)

In Part II we will focus on P¥*?-Anosov representations into PSO(p, ), where
PP? is the stabilizer in PSO(p, q) of an isotropic line in P(RP?). As we now
discuss, the class of PJ"’-Anosov representations is rich enough to make its
study worthwhile.

Example 2.1.10.

e Fix an integer m such that p > m > 2 and consider a representation

A :SO(m,1) — PSO(p, q)



2.2. THE GEODESIC FLOW 95

induced by the choice of a (m + 1)-dimensional subspace of RP*? on
which the quadratic form (:,-), , has signature (m,1). Let I' be the
fundamental group of a convex co-compact hyperbolic manifold of di-
mension m and ¢g : I' = SO(m, 1) be the holonomy representation.
The representation

po = Ao

is PP"Y-Anosov, because ¢ is P]" -Anosov and A is proximal.

e The previous example generalizes to a class of representations studied
by Danciger-Guéritaud-Kassel in [17, 18] and called HP4~!-convex co-
compact. Very briefly, these are inclusion representations induced by
the choice of an infinite discrete subgroup I' < PSO(p, ¢) which pre-
serves some properly convex non empty open set 2 C P(RP) whose
boundary is strictly convex and of class C'. One also requires that T
preserves some “distinguished” non empty convex subset of {2 on which
the action is co-compact (see [17, Definitions 1.1 & 1.24 and Theorem
1.25] for precisions). If T' < PSO(p, q) is an HP4~!-convex co-compact
group, the inclusion representation I' < PSO(p, ¢) is P"?-Anosov (see
[17, Theorem 1.25]).

e By a Schottky type construction one can find P}*?-Anosov representa-
tions into PSO(p, ¢) whose image is not HP~!-convex co-compact (c.f.
[18, Examples 5.2 & 5.3]). However, if dx I is connected every P7"-
Anosov representation into PSO(p, q) is H??~!-convex co-compact (or
H%P~!_convex co-compact) as shown in [18, Theorem 1.7].

2.2 The geodesic flow of a projective Anosov rep-
resentation

For the remainder of this chapter we denote G := PSL(V) and we fix a
projective Anosov representation

p:I'—= G,

The main goal of this section is to recall the definition of the geodesic flow
of p (introduced in [12]) and to discuss some of its dynamical properties.
Notably, we are interested in some explicit descriptions of its topological
entropy and its probability of maximal entropy (Fact 2.2.4 below). The
key tool to obtain these descriptions is the fact that the geodesic flow of p
is a (transitive) metric Anosov flow (see Pollicott [51] or Appendix A for
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reminders on this notion). Some specific reparametrizations of the geodesic
flow of p will be used in Parts II and III to obtain our counting results.
Note that we have two limit maps in this case, one with image in pro-
jective space P(V) and the other one with image in the Grassmannian
Grg_1(V). To make formulas more readable, we denote this maps by

€:0' > P(V) and 1 : 0’ = Grg_1(V).

We also use the special notation L; for the image of £ in this case.

2.2.1 Definition and the metric Anosov property

The standard reference for this subsection is the work of Bridgeman-Canary-
Labourie-Sambarino [12]. Let

02T = {(z,y) € (01)?: x # y}.

For a point (z,y) € 02T define’
M(z, ) = {(9,0) € n(z) x £(3) : V() = 1}/ ~,
where (9,v) ~ (=19, —v). Consider the line bundle over 92 T" defined by
F, = {(z,y,9,v): (z,y) € 0T and (J,v) € M(z,y)}.
Fact 2.2.1 (see [12, Sections 4 and 5]). The following holds:

e The action of I' on F), induced by p is proper and co-compact. The
quotient space is denoted by U,I'.

e The flow ¢; on F), defined by
¢t($7 Y, 197 U) = (LL‘, Y, e_t'l9, etv)

descends to a flow on U,I', still denoted by ¢;, and called the geodesic
flow of p. The geodesic flow of p is conjugate, by a Holder homeomor-
phism, to a Holder reparametrization® of the Gromov geodesic flow of
I (see Mineyev [14] for a definition of the latter).

e Periodic orbits of ¢; are in one to one correspondence with conjugacy
classes of primitive elements v in I', that is, elements that cannot be
written as a positive power of another element in I'. The period of the
periodic orbit corresponding to the conjugacy class [v] of a primitive
element v is A1 (py).

“Here we use the natural identification Grg—1(V) 22 P(V*) (see Subsection B.1.1).
5In Appendix A we recall the notion of Hélder reparametrization of a continuous flow.
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e The geodesic flow ¢, is a transitive metric Anosov flow (see Appendix
A for reminders on this notion). Explicitly, given a point Zy =
(20, y0,Y0,v0) in U,I' the strong stable and strong unstable leaves
through Zy are given by:

W (Zo) = {(x,90,9,v0) € U,I': ¥ €n(x) and d(vg) = 1}
and

W (Zo) = {(z0,y,Y0,v) € U, L' s v e (y) and Jg(v) = 1}.
The central stable and central unstable leaves are given by:
W (Zo) = {(z,y0,0,v) € U,I': I €n(z), ve(y)and ¥(v) =1}
and
W Zoy) = {(z0,y,9,v) € U, L' ve(y), ¥en(xo) and ¥(v) = 1}.

o

2.2.2 Entropy and distribution of periodic orbits

The following proposition, interesting in its own right, provides the correct
framework on which our counting results are based. The proof is inspired
by Benoist’s work [5].

Proposition 2.2.2. Let p: I' — PSL(V) be a projective Anosov represen-
tation. Then the subset

{Mpy): yeT}CR

spans a dense subgroup of R.

Proof. Suppose by contradiction that there exists a constant a > 0 such
that the group spanned by the set {\1(p)},er is contained in aZ.
Denote by

0L T = {(z1,22,73,74) € (D) : (w4, 7;) € OXT for all i # j}.

Since {(v—,7+)}yery is dense in 91T (see Gromov [24, Corollary 8.2.G]),
Benoist’s Theorem B.1.5 implies that

{B'(n(z'),£(y)n(=),£(v) : (&, m,y) € 05T} C aZ, (2.2.1)

where B! is the projective cross-ratio (see Subsection B.1.1 of Appendix B
for definitions).

Fix three different points 2/, 4y’ and y in d,,I". Transversality condition
(2.1.2) implies that the intersection
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n(x) N (E(y) ®£(Y)

is one dimensional for every = ¢ {y,y'}. Equation (2.2.1) implies then that
for every & € 0,1 such that (z/,y/, z,y) € OLT there exists a neighbourhood
V of z and a point &, in the projective line {(y) & &£(y’) such that

(@) N (Ey) @ W) = {&yy} (2.2.2)

holds for every £ € V.

Claim 2.2.3. Assume that (2.2.2) holds. Then the limit set Lll) is not con-
tained in £(y) @ £(v').

Proof of Claim 2.2.3. Suppose by contradiction that Lllj = &(y)®é(y'). Then
one has

£(z) € n(@) NL, = n(@) N (&(y) @ €(Y)

and equation (2.2.2) implies {(Z) = &, for every € V. This contradicts
the injectivity of €.
0

Because of Claim 2.2.3 we can take y” in 05" such that £(y”) does not
belong to £(y) @ &£(y'). We can assume further that y” # 2.

By equation (2.2.1) we have again that for every = ¢ {2/, y,vy’,y"} there
exists a neighbourhood V' of x and a point &, ., in the projective line
€(y) ® &(y”) such that

(@) N (&(y) ®E(W")) = {&ay

holds for every z € V.

As in Claim 2.2.3 we conclude that the limit set L}) cannot be contained
in &£(y) @ &(Y) @ £(y") and now an inductive argument yields the desired
contradiction.

O]

In dynamical language, Proposition 2.2.2 states that the geodesic flow
¢ is topologically weakly-mizring. On the other hand, recall that it is a
transitive metric Anosov flow. The work of Pollicott [51] implies then that
it admits a Markov coding. Further this coding is strong (see [12, 16]). All
these facts imply the following (the reader is referred to Appendix A for
precisions).

Fact 2.2.4 (c.f. Fact A.1.1). The following holds:

e The topological entropy h,lJ of ¢, is positive and finite. It is called the
entropy of p and it is given by
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Bl — lim log#{[y] € [I'] : ~ is primitive and A\ (py) <t}

t—o00 t

e There exists a unique probability m, of maximal entropy for ¢;, called
the Bowen-Margulis probability of p. Periodic orbits become equidis-
tributed with respect to this measure.

2.3 Hopf coordinates

Let M be a closed negatively curved manifold and 71 (M) be its fundamen-
tal group (for any basepoint in M). In [60] Sambarino explains how Holder
reparametrizations of the geodesic flow of M correspond to Hoélder cocy-
cle over 0o (M). Further, he uses Patterson-Sullivan theory to describe
the probability of maximal entropy of this reparametrization. Whenever an
Anosov representation of O, (M) is given, the author explains how these
results and Roblin’s method [58] combine to obtain some counting results
in this higher rank setting. We now recall part of these results and explain
a way to adapt them to cocycles over a general word hyperbolic group ad-
mitting an Anosov representation: the geodesic flow of M is replaced by
the geodesic flow of p. Since in Parts II and III we will be interested in
some specific reparametrizations (and not just “any” reparametrization) of
the geodesic flow, we will focus here in concrete examples of Holder cocycles
over I' associated to p, namely, “Busemann cocycles”.

2.3.1 Holder cocycles and Livsic cohomology

We first fix some terminology that will remain valid throughout the thesis.

Holder cocycles

A Hoélder cocycle over Ox1" is a function
c: T X 0 I' > R
satisfying that for every vg,y1 in I and = in d,I" one has

c(yov1, ) = c(y0,71 - ®) + c(n, ),

and such that the map ¢(7, -) is Holder continuous (with the same exponent
for every 7p). The period of an element v € I'y for such a cocycle is defined
by the equality

pe(v) = (v, 7+)-
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Note that the period of v only depends on the conjugacy class of v. When-
ever ¢ has strictly positive periods, we let

he i lim sup 8D € T2 pe) <6

t—o0 t

€ [0, 0]
be the entropy of c.

Patterson-Sullivan probabilities

Let § > 0 be a real number. We say that a probability measure p. on 0T’
is a Patterson-Sullivan probability of dimension § for a Holder cocycle ¢ if
the equality®

Dhctle 1y _ p=be(yLa) (2.3.1)

dpte

is satisfied for every v € I'. Note that if such a probability exists, the number
§ must be strictly positive’. Whenever T' is the fundamental group of a
closed negatively curved manifold, a consequence of Ledrappier’s work [38]
is that if a probability satisfying equality (2.3.1) exists, then the entropy
he must be strictly positive and finite and further it coincides with ¢ (in
Subsection 2.3.2 below we give a hint of why this is still true in our setting,
in a particular case).

Translation flow

Let UT := 02T x R and consider the action of T' on UT given by

v (w,y,8) = (v 2,7 y,8 — c(7,9)). (2.3.2)

The quotient space will be denoted by U.I. The translation flow on UT
defined by

¢t(l‘a Y, S) = (:I:7 Y, s — t) (233)
descends to a flow on U.I', still denoted by ¢, and still called the translation
flow.

One can see that I-invariant measures on 9% I are in one to one corre-
spondence with ¥s-invariant measures on U I'. Explicitly, if v is a I’-invariant
measure on 92T the corresponding y-invariant measure on U.I is

my ;= v Q® dt.

One way of producing T'-invariant measures on 92T is the following. A
Holder cocycle € is said to be dual to c if the equality

SRecall that if f: X — Y is a map and m is a measure on X then f.(m) denotes the
measure on Y defined by A — m(f~*(A)).

“Otherwise p. would be a I'-invariant probability on d.I'. One can see that T-invariant
finite measures on 0" do not exist when I' is non elementary.
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pe(7) = pe(v7)

holds for every v € I'i;. Note that dual cocycles must have the same entropy.
A Gromov product for the pair (¢, c) is a map

[l 1 0% = R
such that for every v € I' and every (z,y) € 02T one has

[7 T X,y y](E,c) - ['rvy](E,c) = _(6(7’1') + 6(779))'

If e (resp. pz) is a Patterson-Sullivan probability of dimension 6 for ¢ (resp.
¢) then the measure

Viee) = 676[-7.}(6’8) He @ e

on 92T is I-invariant.

Livsic cohomology

Two Holder cocycles ¢ and ¢ are said to be cohomologous (in the sense of
Livsic) if there exists a Holder continuous function V' : 0" — R such that
for every v in I and x in OxI" one has

c(v,z) = (v,2) =V(y-z) = V(2).

In that case the periods of ¢ and ¢’ coincide. Moreover, thanks to the work
Livsic [40], cocycles having the same periods are always cohomologous.

Remark 2.3.1. If ¢ and ¢’ are cohomologous cocycles, then there exists a
Holder homeomorphism

UJ — Ul

that conjugates the respective translation flows (see [60, Section 3]). Further,
if there exists a Patterson-Sullivan probability of dimension § for ¢, it is
not hard to construct a Patterson-Sullivan probability of dimension & for
¢ (similar statement for Gromov products of pairs of dual cohomologous
cocycles).



62 CHAPTER 2. ANOSOV REPRESENTATIONS

2.3.2 Hopf coordinates for U,I' and distribution of periodic
orbits

Projective Busemann cocycles for p

An important family of Holder cocycles associated to p, used by Sambarino
in [60, 61] to study asymptotic properties of the Cartan projection of p(T'),
is the following. Let 7 be a point in Xg and || - ||; be a norm on V' invariant
under the action of (the lifted to SL(V') of) the group K”. Set

o - vall-

cl:Tx 0’ > R:  cl(y,z) :=log T
x||T

9

where v, is any non zero vector in the line £(z). Then c! is a Holder cocycle
over I' called the projective 7-Busemann cocycle of p. Note that the period
of v € I'y is given by

per(7) = Ai(py) >0

and in particular the entropy of ¢l coincides with the entropy h; of p. It is
therefore positive and finite (Fact 2.2.4).

Remark 2.3.2. Let a® be a closed Weyl chamber of the system (g, a)
for some Cartan subspace a C p”. Recall that 87 denotes the 7-Busemann
cocycle of G (Subsection 1.6.1) and that e € a* is the functional defined in
Example 1.4.2. One has the equality

(v, @) = e1(B7(py, £(2)))

for every v € I" and x € 01

Denote ULT := UuT.

Lemma 2.3.3 (Hopf parametrization). The action of T on UT induced by
the Hélder cocycle ck is properly discontinuous and co-compact. Further,
there exists a Hdélder homeomorphism

U, - Uil

that conjugates the flows ¢y and . Finally, for every point (xo,yo,to) €
UiF the central unstable and strong stable leaves of ¥, through (xo,yo,to)
are given respectively by

W (20,90, t0) = {(w0,y,t) € UL : 3y € 9T\ (T'-20) and t € R}

and
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W5 (20,90, to) = {(z,v0,t0) EULT : 2 € 0T\ (T - 0)}-
Proof. The map F, — UT defined by

(z,y,9,v) = (x,y,—log ||v])

is Holder continuous, injective and equivariant. Moreover one can prove
that it is proper and surjective, hence a homeomorphism. The statement
involving the flows and the laminations is straightforward.

O

Patterson-Sullivan measures for c!
Fix a Weyl chamber a™ C a for a Cartan subspace a C p” and let

1 T': af <
51— limsup CEF LV EL: allp) <t

r t—o00 t

be the projective critical exponent of p. We now briefly discuss a construction
of a Patterson-Sullivan probability ! of dimension 5}, for the cocycle cl.

There are several ways of showing the existence of pl. In the case in
which p(T") is Zariski dense one can apply directly the work of Quint [506].
Another approach could be to apply the thermodynamical formalism to the
flow ULT (this is explained in C. [14, Appendix A]). However, because of
the contraction properties of p, Patterson’s method [19] works correctly in
our seting®. Indeed, one can suppose that the Poincaré series

(b}_(s) = Z e_saI(P’Y)

yel

diverges at s = (5[1,. For every s > 5[1) consider the measure’

1 saT
Dl(s) Z;e 1(P7)5U17(m)_
T ve

Any weak-star limit as s — 6; of this familiy of measures (pushed back to
0D by the limit map &) satisfies the desired properties. For details, see
e.g. Pozzetti-Sambarino-Wienhard [54, Lemma 5.11] and Quint [56, Lemme
6.6].

Let pl be then a Patterson-Sullivan probability of dimension (5; for the
cocycle cl. The following property of ul will be important in the future
(notably in the proof of Proposition 5.1.8). The proof presented here is
adapted from Glorieux-Monclair [23, Proposition 4.3].

8This is the method used by Ledrappier [38] for his general construction.
If z is a point in a metric space X, the symbol d, denotes the Dirac mass at .
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Lemma 2.3.4. The measure jik has no atoms.

Proof. Recall that 6; > 0, so in fact it is strictly positive. Suppose by
contradiction that there exists an atom y € 95 for ul. Then the point y
cannot be fixed by any element of I' and therefore

L= 3 (01) 2 ) e O W p(y). (2.3.4)
el

Claim 2.3.5. There exists a sequence 7, — oo such that cl(v,1,y) — —oc0.

Proof of Claim 2.3.5. Let x be a point in d,[" different from y and take a
sequence vy, — oo such that

(7n)+ —Y and (771)— — .

By taking a subsequence if necessary we may assume that -, converges
uniformly to y on compact sets of d,I' \ {z} (c.f. Bowditch [8, Lemma
2.11]). Let B(x) C 0xI' be the complement of a small neighbourhood of
z in OsI' and b(y) C B(z) be a small neighbourhood of y. Then we can
suppose that the inclusion ~, - B(x) C b(y) holds for every n.

By Proposition 2.1.3 there exists € > 0 such that for all n one has

§(B(z)) C Be(Sq_1(pn)),

where S7_,(pyn) is the Cartan repellor of pvy, in Grg_1(V). Take a positive
A with the following property: for every n and every vector v in the set
B:(S]_1(pyn)) one has

lpvn - vl = Allpyall-llv]l7-

Let v # 0 be a vector in &(y). We have that py,! - v belongs to
B.(S]_,(pyn)) hence

Pt v =0

as n — oo. The divergence cl (v, !,y) — —oo follows.
U

A combination of equation (2.3.4) and Claim 2.3.5 yields the desired
contradiction.

O
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The Bowen-Margulis probability on UiF

Note that the dual representation
p: T — PSL(V*)

is also projective Anosov and hence the previous construction applies. The
projective T-Busemann cocycle for  is dual to ¢} and it is explicitely given
by

107 - Vall7

cl(y,z) == log A
TllT

for any non zero linear functional 9, in n(x) (here ||-||% denotes the operator
norm on V* associated to the norm || - || on V). Note that one has the
equality

1 T': al(py) <t
51 = limsup og#{y € ai(py) <t}

t—o00 t

and therefore we have a Patterson-Sullivan probability 7l := pz1 of dimen-
sion 5; for ¢l

Recall the definition of the projective 7-Gromov product GL from Sub-
section B.1.1. The map

[z,y]} := GL(n(x),&(y))

is a Gromov product for the pair (e, cl).

We now explain why Sambarino’s results [60] still hold in our present
setting'’.

Proposition 2.3.6 (Sambarino [60, Theorem 3.2] and [60, Theorem 6.5]).
The number 5}) coincides with the topological entropy hll) of p and the measure

e Mol lrnl @ pl @ dt

induces a measure on the quotient space UiI‘ proportional to the Bowen-
Margulis probability of ;.

Proof. From explicit computations one can show that
e %l @ ul @ dt

coincides with a product of measures 1. and 14 as in Fact A.2.1 of Ap-
pendix A. O

1ORecall that [60] deals with the case in which T' is the fundamental group of a closed
negatively curved manifold, while here we only assume that I is a word hyperbolic group
admitting an Anosov representation.
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For a metric space X we denote by C¥(X) the dual of the space of com-
pactly supported real continuous functions on X equipped with the weak-
star topology. The following is a consequence of Fact 2.2.4 and Proposition
2.3.6.

Proposition 2.3.7 (Sambarino [60, Proposition 4.3]). There exists a posi-
tiwe constant m = m, » such that

met N6, @0, »e e
~v€TH,A1(py)<t
ast — oo on C*(OXT).
([

As mentioned earlier, once Proposition 2.3.7 is established the method
of Roblin [58] adapts to show that the function

t=#{yel: log|py|- <t}

is equivalent to a purely exponential function as ¢ — oo (see [60, Theorem
6.5]). This is the type of techniques that we use in this thesis to obtain our
counting theorems.

Remark 2.3.8. Let ¢ (resp. ¢) be a Hélder cocycle cohomologous to ct
(resp. ¢l). Then a result analogous to Proposition 2.3.7 holds for the pair
(¢,c) (c.f. Remark 2.3.1). Note however that the constant m in the statement

may change.

2.3.3 The Borel-Anosov case

The results of the previous subsection can be generalized when p is further
Borel-Anosov. Indeed, assume that this is the case and let

€: 0" = F(V)

be its limit map. Denote by .Z), the asymptotic cone of p(I'), introduced by
Benoist in [4]. By definition, it is the subset of a™ consisting on all possible
limits of sequences of the form

a’ (pvn)
ty

(2.3.5)

where ¢, — co. Benoist [4, 5] showed that, for Zariski dense subgroups of
G, the set .Z), coincides with the smallest closed cone containing A(p(I"))
(which is also showed to be convex and with non empty interior).

Let
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£y ={pea’: ¢lg >0}

be the dual cone and fix a linear functional ¢ € Z;. By equation (1.4.1)
one has p(A(py)) > 0 for every v € I'. The p-entropy of p is defined by

: ) L <
hg = lim log# {[y] € [I']: ~ is primitive and p(A(py)) < t}‘

t—o00 t

Suppose further that ¢ belongs to the interior of £, that is, the restriction
¢|.z, is strictly positive. In this case one can find positive constants d < D
for which the inequalities

de1(X) < @(X) < Dey(X) (2.3.6)

hold for every X € .£,. Since the entropy h; = hg' of p is positive and
finite, we conclude that the p-entropy of p is also positive and finite.
On the other hand, equation (2.3.6) implies

o(A(py)) > dAi(py)

for every v € I'p. Therefore there exists a strictly positive Holder continuous
function

f=f:U, =R

for which

2= (py))

[v]

holds for every v € I'y (see Potrie-Sambarino [52, Corollary 4.5] and Sam-
barino [60, Lemma 3.8]). Let qﬁ{ be the Holder reparametrization of the
geodesic flow of p by the function f (see Section A.3 for a quick reminder on
this notion). By Proposition A.3.1 and Fact A.1.1 the topological entropy
of ¢/ coincides with h¥.

We finish this part with a description of the Bowen-Margulis probability
of gZ){ by means of Patterson-Sullivan theory as in [60, Theorem 3.2] and a
distribution statement as in [60, Proposition 4.3]. In order to do that, note
that there exists a one to one correspondence between the set of I'-invariant
finite Radon measures on 92T and the set of qﬁ{ -invariant finite Radon
measures on U,I'. If v is a I'-invariant measure on 02T, the corresponding
¢{ -invariant measure on U,I" is denoted by m,,.

The (¢, 7)-Busemann cocycle of p is defined by

F: T x 0l = R: E(y,2) := (B (p7,&(2))),

and we consider the dual cocyle
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cF T X 0l > R CE(7,2) := @(tg+ 0 B7(p,&(2))).

Note that for every v € 'y one has p.¢(v) = p(A(p7)).
The map

[ 71 0% = R [2,y]7 = 0(G-(E(2),£(y))),

where G is the 7-Gromov product of Subsection B.2.1, is a Gromov product
for the pair (¢7,cf). Let

1 I: T <
87 = lim sup og#{7 € pla”(py)) <t}

t—o0 t

be the @-critical exponent of p. As in the previous subsection, we have a
Patterson-Sullivan probality uf (resp. f) for ¢f (resp. ¢f) of dimension
5.

With the same proof of Proposition 2.3.6 (see also Remark A.2.2) one
has the following.

Proposition 2.3.9 (Sambarino [60, Theorem 3.2] and [60, Theorem 7.13)).

The number 6 coincides with the topological entropy hj; of qb{ and the mea-
sure m,,, for

R eihﬁ['v']fﬁf X Mf7

is proportional to the Bowen-Margulis probability of qﬁ{.

As in Proposition 2.3.7 one obtains the following.

Proposition 2.3.10 (Sambarino [60, Proposition 4.3]). Assume that p is
Zariskt dense. There exists a positive constant m = m, r , such that

et S 0, @0, = e I @ g
YELH (A (p)) <t
ast — oo on C*(OLT).
([l

Remark 2.3.11. Let ¢ (resp. ¢) be a Holder cocycle cohomologous to ¢f
(resp. ¢f). Then a result analogous to Proposition 2.3.10 holds for the pair

(c,c).



Part 11

Counting for G = PSO(p, q)
and H = PSO(p,q — 1)
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What we present here is the subject of the article C. [14].

Throughout this part of the thesis, G denotes the Lie group PSO(p, q)
for some integers p > 1 and g > 2. The goal here is two folded. On the one
hand, let o be a point in the pseudo-Riemannian hyperbolic space HP4~1,
We introduce the subset

>
Cgo,G

consisting on elements of G that map the basepoint into a point that can
be joined to o by a space-like geodesic, i.e. a geodesic tangent to positive
vectors for the Killing metric on H?9~!. We show that a decomposition of
% analogue to the classical Cartan decomposition of G holds: one has the
eq{lality

€ o = HCexp(b™)H®
and this allow us to define a projection
b° CK;G — bt

as in the Riemannian setting (this is done in Chapter 3). In Proposition
3.2.2 we provide geometric interpretations for the norm of b°(g) for a given
element g in CKO?G: on the one side, it coincides with the distance between
S? and its image by g and, on the other, it is the length of the (space-like)
geodesic segment in HP4~! joining o with g-o. Further, in Proposition 3.2.4
we give a concrete linear algebraic method to calculate the norm of b°(g):
it is (one half of) the spectral radius of 0°(g)g~1.

The second goal of this part is to find a simple asymptotic of the function

t=g{yel: [[b°(p)lle <t} (2.3.7)

as t — oo. Here p : I' — G is a PP?-Anosov representation and o is a
basepoint in the set

Q,:={oe Hpa—1 . (0,£(x))p,qg # 0 for all z € 05T},

where ¢ is the limit map of p in projective space. The key results for ob-
taining this counting result are Lemma 4.3.3 (item 4.) and Lemma 5.1.6.
Indeed, Proposition 3.2.4 tell us that we need to estimate the spectral ra-
dius of the product of the ((r,e)-proximal) elements o°(py) and py~!. The
fact that o belongs to £, will give us a “genericity” condition between at-
tractors and repellors of these elements. Benoist’s Theorem B.1.5 provides
a precise estimate for the spectral radius of the product o°(py)py~! under
these conditions. We then find a Holder cocycle ¢, over 05", analogue to
the projective 7-Busemann cocycle of p, for which the associated Gromov
product coincides with the projective cross-ratio of attractors and repellors
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of 0°(py) and py~!. Equipped with these definitions, we are in position to
apply Sambarino’s adaptation [60] of Roblin’s method [58] in our concrete
framework to obtain the desired result (Proposition 5.1.10).

Finally, in Subsection 5.2.3 we apply similar ideas to show an asymptotic
for a counting function similar to the given by equation (2.3.7), but with b°
replaced by the polar projection b*" introduced in Section 1.4.



Chapter 3

Generalized Cartan
decomposition

3.1 (Geometric preliminaries

We begin with some well known geometric facts about the space HP4~1,
Even though this section is intended mostly to fix some terminology and
notations, Subsection 3.1.3 will be particularly important in the future: for
a basepoint 0 € HP¥~1 we describe the unique open orbit of H° acting
on the space of isotropic lines OHP?~! in several equivalent ways. These
equivalences will be used repeatedly in the sequel.

3.1.1 Geodesics of HP¢1

One can see that geodesics of HP¢~1 coincide with the intersections of
straight lines of P(RP:?) with HP4~!. They are divided in three types:

e Space-like geodesics: associated to 2-dimensional subspaces of RP¢ on
which (-,), 4 has signature (1,1). They have positive speed and meet
the boundary OHP?~! in two distinct points.

o Time-like geodesics: associated to 2-dimensional subspaces of RP? on
which (-, -)p 4 has signature (0,2). They have negative speed and do
not meet the boundary (they are closed).

o Light-like geodesics: associated to 2-dimensional subspaces of RP? on
which (-, )4 has signature (0, 1), that is, it is degenerate but has a
negative eigenvalue. They have zero speed and meet the boundary in
a single point.

For a point 0 € HP9~! we denote by %2 (resp. %,) the set of points of
HP4~! that can be joined with o by a light-like (resp. space-like) geodesic.
Its closure in P(RP) is denoted by €9 (resp. €;). For a point o’ in €,

73
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we denote by 1, the length of the geodesic segment connecting the point
o with o’.

3.1.2 Light-cones

The following lemma is proved by Glorieux-Monclair in [23, Lemma 2.2].

Lemma 3.1.1. Let o € HP9~1, Then €0 N OHPI~1 = otva 0 gHP4—L,

3.1.3 End points of space-like geodesics
Let o be a point in H?9~! and recall that J° denotes the matrix
JO =1ido @ (—id, 1)
Note that J° preserves the form (-, ), , and therefore acts on OHP4~1. Let
(OHPa-1)o = {g € OHPI1 s o€ £ g).

This set is the unique open orbit of the action H® ~ OHP?~! and it is not
the whole boundary of HP4~1,

Proposition 3.1.2. Let o € HP9~. Then the following equalities hold:

(OHP 1) = (£ c P o ¢ ¢ hoa)
= gHPa L \ otrea

— QHP9~1\ Z0.

Proof. The equality OHP4~ 1\ otra = 9HP9~ 1\ @ is a consequence of Lemma
3.1.1. The other equalities follow from definitions.
O

3.2 Cartan decomposition
Define
Coa=19€G: g-o€%;}.

Fix an element 7 € S°, a maximal subalgebra b C p” N q° and a closed Weyl
chamber b™ C b. Recall that b is in this case one dimensional and that b™
is a ray in b.

Proposition 3.2.1. For every g in €, one can write
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g = hexp(X)n'

for some h,h' € H° and a unique X € b™.

Note that since H° acts on T,HP*?~! and preserves the pseudo-Riemannian
structure, this decomposition of g can only hold when g € ‘K;G.

Proof of Proposition 3.2.1. Take h in H° such that h='g -0 € exp(b™) - o
(c.f. Remark 1.2.3). There exists then X € b™ and A’ € H® such that
h~lg = exp(X)h'. Note that X is unique since it is determined by the
length of the geodesic segment connecting o with g - o. O

We define the map
WG = b g b°(g) (3.2.1)

where g = hexp(b°(g))h’ for some h,h’ € H°. Note that b° descends to the
quotient €, C HP4~! but this map is not proper (compare with Remark
1.4.3).

Proposition 3.2.2. For every g in €, one has

Logo = |[6°(9)|ls = dx (5% g - S°).

Proof. The first equality was already discussed in the proof of Proposition
3.2.1. For the second one write g = hexp(b°(g))h’. Since S° is H-invariant
we have

dx (8%, hexp(b(g))R - S) = dx (5%, exp(b°(g)) - S°).

Set X :=0°(g). If X = 0 there is nothing to prove, so assume X # 0. In
that case S° is disjoint from exp(X)-S°: since the action of b on the geodesic
exp(b) - 7 is free, this follows from the fact that X¢ is non positively curved
and the fact that exp(b) - 7 intersects orthogonally S° (resp. exp(X) -S°) in
7 (resp. exp(X) - 7).

Claim 3.2.3. Take 7/ € S° and 7" € exp(X) - S°. Then the following holds:

dx (7', 7") > dx (T, exp(X) - 7).

Proof of Claim 3.2.5. Let 1 C S° (resp. B2 C exp(X)-S°) be the unit speed
geodesic connecting 31(0) = 7 (resp. [2(0) = exp(X)-7) with 7/ (resp. 7).
Then p; and Py are disjoint and from the fact that Xg is non positively
curved follows that the map

(t,8) = dx (B1(t), Ba(s))
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is smooth (see Petersen [50, p.129]). Moreover, since exp(b) -7 is orthogonal
both to S° and exp(X) - S° we conclude that the differential at (0,0) of this
map is zero.

Take to > 0 such that f;(t9) = 7" and a positive a such that the geodesic
t — Pa2(at) equals 7" in tp. By Busemann [13, Theorem 3.6] the map

t = dx (81(t), Ba(at))

is convex. Since it has a critical point at ¢ = 0 the proof of the claim is
finished.
O

Since
dxq (T,exp(X) - 7) = || X[[o

the proof of the proposition follows.
O

Recall that A1(g) denotes the logarithm of the spectral radius of g € G.

Proposition 3.2.4. For every g in €, one has

16°(9)le = A1 (JogJ%g 7).

Proof. Recall from Example 1.2.4 that exp(b) is a one parameter subgroup
of G consisting on diagonalizable elements. Further, for X # 0 in b all the
eigenvalues of X are zero, except for two of them which are opposite. If
s > 0 is the unique strictly positive eigenvalue of X then one has'

A(X) = s = [ X[lo-

Now let g = hexp(X)h' be a decomposition of g as in Proposition 3.2.1.
Since J° commutes with elements of H’, the number %Al(JOgJOg_l) coin-
cides with

X (J°hexp(X)J%exp(X)Th™1) = A (J° exp(X)J® exp(X)71).

But X belongs to q° and therefore we have J exp(X)~! = exp(X)J°. This
completes the proof. O

!As in Example 1.4.5 here we are abusing of notations because the equality actually
holds up to a scalar positive constant only depending on d = p + q.



Chapter 4

Counting functions and first
estimates

Let p: T' — G be a PP"%-Anosov representation. As in Section 2.2 we will
denote by

€: 0T — OHPa-1

its limit map in projective space and by 7 := £ »4 the dual limit map in the
Grassmannian Grg_1 (RP9). Also, the image of £ will be denoted by Lll,.
Define

Q,:={oc HPa=1 . Jo.€&(x) ¢ n(z) for all x € O T'}.

This chapter is structured as follows. In Section 4.1 we discuss some ex-
amples of projective Anosov representations p for which the set £, is non
empty. In Section 4.2 we show that if o is a point in €, then the geodesic
connecting o with py - o is space-like (apart from possibly finitely many ex-
ceptions v € T'). In Section 4.3 we study the matrices J°(pv)J°(py~!) for a
point o in £2,: we apply to them Benoist’s work on proximality. Finiteness
of our counting functions is proved in Section 4.4. Finally, in Section 4.5 we
prove a proposition that will be needed in the proof of Theorem A.

4.1 Examples

From Proposition 3.1.2 we know that the following alternative description
of 2, holds

Q,={o=[0] eHPIL: (6,€),,#0forall & =[¢] €Ll}.

In the following we discuss non emptyness of 2, for the examples treated
in Example 2.1.10.

7
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FExample 4.1.1.

e Fix an integer m such that p > m > 2. Consider a representation pg
given by the composition of the holonomy representation of a convex
co-compact hyperbolic manifold of dimension m with the representa-
tion

A:SO(m,1) - G

induced by the choice of a subspace m of RPY of signature (m,1). Let
7’ be a (¢—1)-dimensional negative definite subspace of RP¢ contained
in wt»a. Then for any point o € HP4~! for which the subspace o & «’
is negative definite one has o0 € Q.

e Let ' < G be a HPYlconvex co-compact group (as in Danciger-
Guéritaud-Kassel [17, 18]) and p : I' — G be the inclusion representa-
tion. Let € be a non empty I'-invariant properly convex open subset
of HP9~1. By [17, Proposition 4.5], Q is contained in €,.

e By Schottky type constructions one can find examples of P}"?-Anosov
representations p into G whose image is not H”~!-convex co-compact
but satisfy Q, # 0 (see [18, Examples 5.2 & 5.3]).

4.2 Dynamics on (2,

The following proposition is well-known, we include a proof for completeness.

Proposition 4.2.1. Let p: T' = G be a P)""-Anosov representation. Then
the action of I' on Q, is properly discontinuous, that is, for every compact
set C C Q, one has

#{yeT: py-CNC #£0} < 0.

Moreover, for any point o in Q, the set of accumulation points of p(T') -0 in
HPa=1 U gHP9~1 coincides with the limit set L}).

Proof. Let C' C Q, be a compact set and fix a point 7 € 5°. By definition
of 2, we can take a positive ¢ such that

cn |J be(éz)=0andCc () Ben(x)).

€D €I

By Proposition 2.1.3, Remark 1.5.2 and equation (2.1.1) we know that,
apart from possibly finitely many exceptions « in I', the following holds:
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b:(UT(py) € | be(&()),

TEDoo

() B:(n(x)) € B(S3_1(p))
€00

and

py - B (S5_1(p7)) C bs (U (p7))-

For these « we have then that pvy - C is contained in the e-neighbourhood of
L}) and thus is disjoint from C.

We have shown that the action of I' on €, is properly discontinuous and
that for any point o in , the accumulation points of p(I") - 0 belong to Lfl).
Conversely, the I'-orbit of any point in L,l) is dense in the limit set and now
the proof is complete.

O

Let o € 2, and recall the notations introduced in Subsection 3.1.1. Given
an open set W C OHP4~! disjoint from CZ?H OHP9~! we denote by €. the
subset of € consisting of points o for which the (space-like) geodesic ray
connecting o with o' has its end point in W.

The following corollary has been proved by Glorieux-Monclair [23] under
the assumption that p is H?¢~!-convex co-compact.

Corollary 4.2.2. Let p: T — G be a PP?-Anosov representation, a point
0€Q, and W C OHPI~1 an open set containing L}) with closure disjoint
from ‘Z?ﬂ OHP4=1 . Then apart from possibly finitely many exceptions v in
T one has py-o0 € €;W. In particular the geodesic joining o with py - o is
space-like.

Proof. Let C be the closure of HP4~1\ €>w in HP4~1 Uy 9HP4~!. Note that
C is compact and by Proposition 4.2.1 does not contain accumulation points
of p(T') - o0, hence p(I') - 0N C is finite. Since the map v +— p7v - o0 is proper
the proof is complete.

O

4.3 Proximality of J°(py)J°(py™1)

For the rest of the section we fix a P{"?-Anosov representation p: I' — G, a
point 0 € Q, and a norm || - || induced by the choice of a Cartan involution
7 € S°. Let d(-,-) be the induced distance in P(RP?) (c.f. Appendix B).

The next lemma is a direct consequence of Proposition 2.1.3, equation
(2.1.2) and the definition of £,.

Lemma 4.3.1. There exists a positive constant D such that
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#{yel: d(J°-U(py),S5_1(py ")) < D} < 0.
O

Lemma 4.3.2. There exist 0 < € < r such that, apart from possibly finitely
many exceptions v € T, the matriz J°(py)J°(py~1t) is (r,e)-prozimal.

Proof. We apply a “ping-pong” argument together with Lemma B.1.2. By
Lemma 4.3.1 we can take a positive constant r and a finite subset F' C I’
such that for every v € I' \ F' one has

A(T° - U (p7), Sa_1(py ™)) = 6r (4.3.1)
Take 0 < & < r such that for every v € '\ F one has

be(J° - UT (py)) C Be(S7_1(pv™1)).

By Remark 1.2.5 the matrix J° preserves the distance d(-,-) thus

J? b (U7 (7)) C B=(S7_1(py™1)).

By taking F' larger if necessary we have that

Pyt Be(ST_ (o)) Cb(UT (py 1))

holds for every v in I' \ F. It follows that

J(py™1) - Be(SG_1(py™ 1)) € Be(S7_1(p7))

and applying py we obtain

() J°(py 1) - B=(S7_1(pv™ 1)) C b(UT (p7))-
Then

J(py) Ty~ 1) - B(S7_1(py™1)) C be(J° - UT (p)).

By equation (4.3.1) and Lemma B.1.2 the proof is finished.
O

The following is a strengthening of Lemma 4.3.2. It provides a link
between the projections b° and b®7 and the spectral radii of proximal ele-
ments in p(I'). For the remainder of the section we fix a maximal subalgebra
b C p"Ng° and a closed Weyl chamber b™ C b. Recall from Appendix B that
B! (resp. Gl) denotes the projective cross-ratio (resp. projective 7-Gromov
product).

Lemma 4.3.3. Fiz any 6 > 0 and A and B two compact disjoint sets in
Oscl'. Then there exist 0 < & < r such that, apart from possibly finitely many
exceptions v € I'y with v_ € A and vy € B, the following holds:
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1. The matrices J°(py)J° and py~!

AT (p) 45 (py™1)=) 2 61 and d((py ™)+, J° - (p7)-) > 6.

- d(J°(p7) )+, (py 1) =) = 6r and d((py )+, (JO(py)J)=) > 6r.

. The matriz py belongs to %O>G and the number

are (r,e)-prozimal.

N L

16°(p)le — A1(py)

is at distance at most & from

3BT (p7) =, T (p7)+, (07 )=, (v H) ).

5. The number

167 (py) [l — A1(py)

is at distance at most 0 from

3BT (07)=, T2 (07) 45 (07 )= (7)) =3 G ((oy )=, T (07)+)-
Proof. By transversality condition (2.1.2) there exists » > 0 such that
y y

d(&(x),n(y)) > 2r and d({(y),n(x)) > 2r (4.3.2)

holds for all (z,y) € A x B. Further, since o € 2, we may assume
d(J? - &(x),n(z)) > 6r (4.3.3)

for all x € 0, I'. Given these r > 0 and 20 > 0, we consider € > 0 as in
Benoist’s Theorem B.1.5.

By Lemma 2.1.4 there exists a finite subset F' of I'y outside of which
elements satisfying d((py)+, (py)—) > 2r are (r,e)-proximal. Thanks to
equation (4.3.2), for all v € I'y \ F with yv_ € A and 4 € B one has that
py*lis (r,e)-proximal. Moreover, since J° = (J°)~! preserves || ||, we have
that J°(py)J° is (r,e)-proximal with (J°(pvy)J%)+ = J°- (py)+. In fact, by
equation (4.3.3) we have

d(J - (py)+, (py~1) =) = 6r and d((py~ "), J° - (py)-) = 6r.

Thanks to Proposition 3.2.4 (and Corollary 4.2.2), Example 1.4.5, Theorem
B.1.5 and the fact that A1(py~!) equals A;(py) for all v in T, the proof is
finished.

O
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4.4 Orbital counting functions
Proposition 4.4.1. For every t > 0 one has

#{vel: (1677 (py)lle <t} < oo.

Proof. By Remark 1.4.3 the map b descends to a proper map in HP4—1 =
G/H°, that we still denote by b*7. Hence

C = {0 e HPT= 1. ||p°7(d)||p <t}

is compact. By Proposition 4.2.1, apart from possibly finitely many excep-
tions « in I', we have that py - o does not belong to C.
O

The next proposition follows from a combination of Proposition 3.2.4,
Example 1.4.5, Lemmas 4.3.2 and B.1.1, and the previous proposition.

Proposition 4.4.2. For every t > 0 one has

#{ver: pyetzy and bl <t} < oo.
O

Remark 4.4.3. Assume that p is H??"!-convex co-compact and that the
basepoint o belongs to the convex hull of the limit set of p. By Corollary
4.2.2 and Proposition 3.2.2 we have that

. log#{y €T : py€ €, g and [[b°(py)lls <t}
lim sup

t—o00 t

coincides with

: _ . <
i sup log#{yeT: dypa-1(0,py-0) < t}7

t—o00 t

where dypq-1(-,-) is the HP4~!distance introduced in [23].
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4.5 Weak triangle inequality

The following proposition is inspired by Glorieux-Monclair [23, Theorem
3.5].

Proposition 4.5.1. There exists a constant L > 0 such that for every
Y € I there exists D, > 0 with the following property: for every v € T’
with |y|r > L one has

$M(T2(070) (0N Iy DY ") < Dy + 5M(J°(p0) I (py 7).

We can think about the content of Proposition 4.5.1 as follows. Fix
o € T such that pyg € (55 - By Corollary 4.2.2, apart from possibly finitely
many exceptions v in I' one has py € ‘KO?G and (p0)(py) € CK;G. Thanks to
Propositions 3.2.2 and 3.2.4, the inequality established in Proposition 4.5.1
can be stated as

10,( SD’YO_'_]'

pv0)(py)-o p0-0,(pv0)(pY)-03

where the constant D., depends on the choice of 0 and vy (and p) but not
on the choice of 7. Even though the function 1.. is not a distance, we can
heuristically think about D, as the term that replaces 1, ,,., in the usual
triangle inequality for distances.

Proof of Proposition /.5.1. Take 0 < € < r as in Lemma 4.3.2. Let L > 0
such that for every v in I' with |y[r > L the matrix J°(py)J%(py ") is
(r,e)-proximal. Fix 79 € I' and let v be a element in I with |y|p > L. We
have

3 (T(070) (07) (v ) (e ) < 510g [17°(00) (07) T (o) (035 )l
By Remark 1.2.5 the right side number equals
3102 [[(p70) (07) T (v ) (035 Dl
which is less than or equal to
D, + 3 log [[7°(om) J°(py ) |I+

where D}, := S log [pvolle + 3 log 975l Since J(py)J°(py ) is (r,e)-
proximal, we conclude by applying Lemma B.1.1.
O
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Chapter 5

Distribution of the orbit of o
with respect to 0° and b7

5.1 Distribution of the orbit of o with respect to
bO

In this section we prove Theorem A. The section is structured as follows: in
Subsection 5.1.1 we define a Holder cocycle over 0,.I" and the corresponding
flow. In Subsection 5.1.2 we study the associated Gromov product. Theorem
A is proved in Subsection 5.1.4. The contents of Subsection 5.1.3 represent
an intermediate step towards the proof of Theorem A.

For the rest of the section we fix p : I' = G a P{"?-Anosov representation
and a point o in Q,,.

5.1.1 The cocycle ¢,

Observe that by definition of €, and equivariance of the curves { and 7 the
following map is well defined. Let

1 Vg -1y jo Uy
Co: X0’ >R co(y,2) := 3 log ((pg (30 (Pﬁ;) v ) ,
x * Uy

where ¥, : RP? — R is a non zero linear functional whose kernel equals 7(z)
and v, # 0 belongs to the line &(x).
The proof of the following is straightforward.

Lemma 5.1.1. The map ¢, is a Holder cocycle. The period of v € I'yy is
given by

Pe,(7) = A1(py) > 0.

85
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Remark 5.1.2.

e The cocycle ¢, admits the following geometric interpretation. One can
prove that for every v € I' and x € Jx 1" one has

00(7a .’IJ) = 5{(1:) (pﬁyil -0, 0)

where £.(+, ) is the pseudo-Riemannian Busemann function defined by
Glorieux-Monclair [23, Definition 3.8]. This description will not be
used in the future.

e Let 7 be a point in S°. The cocycle ¢, is cohomologous to the projective
7-Busemann cocycle of p (Subsection 2.3.2). Explicitly, the function

V0 - R: V(z) :zllog%
2 [(Vas T Va)pql’

where v, is any non zero vector in the line £(x), gives the cohomological
relation

071'(’771‘) - 60(771") = V(’Y ’ :L‘) - V(CL‘)
for every (v,z) € I' x 0T
o

Denote by U,T" the quotient space of UT under the action of I' induced
by ¢,. By Remark 5.1.2 the translation flow v is Holder conjugate to
the translation flow on UiF. In particular, the topological entropy of
coincides with the entropy h}, of p.

Remark 5.1.3. One can prove that if we “push” this construction by the

limit map £ : O’ — Lllj we recover the geodesic flow defined in [23, Sub-
section 6.1] for H?%~1-convex co-compact groups. This remark will not be
used in the sequel.

5.1.2 Dual cocycle and Gromov product

The cocycle ¢, is dual to itself, i.e. pe,(7) = pe,(y~1) for every v € Ty.
Indeed, this follows from Lemma 5.1.1 and the fact that A;(g) = A1 (g~!) for
all g in G. In particular, ¢, is cohomologous to the cocycle ¢- of Subsection
2.3.2.

Thanks to transversality condition (2.1.2) and the fact that o belongs to
2, the following map is well defined. Let
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Vo (J7 - v2) 0y (J° - vy)
Uz (vy) Oy (v2) ’

1
['7 ']0 : agor —R: [Ji,y]o = _5 IOg

where ¥, (resp. ¥,) is a non zero linear functional whose kernel is () (resp.
n(y)) and v, (resp. vy) is a non zero vector in the line £(z) (resp. £(y)).
The proof of the following lemma is a direct computation.

Lemma 5.1.4. The map [-, -], is a Gromov product for the pair (co,co).
O

Remark 5.1.5. The map [, |, coincides, up to a sign, with the Gromov
product introduced in [23, Subsection 3.5]. The authors give geometric
interpretations of this function using pseudo-Riemannian geometry.

o

The following lemma will be very important in the proof of Theorem A.
It provides a geometric interpretation of the Gromov product different from
the one given in Remark 5.1.5.

Lemma 5.1.6. Let v be an element of I'y. Then

= vtlo = =3B (T (07) = T - (074, (071 = (7™ 1)+)-
Proof. Recall that py*! is proximal and that the following holds:

(s =€), (e =€), (p-=n0-), (e )= =n(r)
Since J° = (J°)~!, the matrix J°(py)J° is proximal and one has the equal-
ities

(J°(p7)J°)4 = J? - &(v+) and (J°(py)J?)— = J° - n(y-).

The proof finishes by a direct computation.
O

5.1.3 Distribution of attractors and repellors with respect to
bO

By Remark 2.3.1 and Proposition 2.3.6 there exists a Patterson-Sullivan
probability (of dimension h := h};) associated to c,. From Proposition 2.3.7
and Remark 2.3.8 one has the following.

Proposition 5.1.7 (Sambarino [60, Proposition 4.3]). There exists a con-
stant m' = m), , > 0 such that

mleiht Z 677 ® 67+ - e_h[.y‘]oﬂo & Ho
vETH,A1(pY)<t
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ast — co on C*(O2T).
([l

Fix a point 7 € $°, a maximal subalgebra b C p” N q° and a closed Weyl
chamber b™ contained in b. The following proposition is an intermediate
step towards the proof of Theorem A. It implies

ht
e
#{v€Tu: py€C,qand [[0°(py)|le <t} ~ —

In order to obtain Theorem A we still need to count torsion elements ~ for
which [|6°(py)|ls < t. This counting will be a consequence of Proposition
5.1.8.

Proposition 5.1.8. There exists a constant m’ = m), , > 0 such that

mle_ht Z 5’“{— ® 5’Y+ — Mo @ po
YELH,[|b° (o)l <t

ast — 00 on C* (0" X 0s).

Recall that the projection b° is only defined in the set CK;G. The sum in
Proposition 5.1.8 is taken then over all elements v € I'yy for which py € ‘KO?G
and [|b°(py)|lp < t. To make the formula more readable we do not emphasize
this. On the other hand, by Corollary 4.2.2 this condition holds except for
finitely many exceptions vy € I

Proof of Proposition 5.1.8. Set
0, :=m'e Z Oy ® 0y, .
yElw, |62 (p7) o<t

We first prove the statement outside the diagonal, that is, on subsets of
O2T. Let § > 0 and A, B C 0sI disjoint open sets. Consider an element
v € T'g such that 7_ € A and vy € B and let s := [y_,v4]o. By taking A
and B smaller we may assume

[, ylo — 5| <0 (5.1.1)

for all (z,y) € A x B.
By Lemma 4.3.3, apart from possibly finitely many exceptions v € I'yg
with (y—,v4+) € A x B, the following holds:

[15°(o)lle = A (py) = 3BT (p7) =, I - (p7)+, (v D)=, (v 1) 4)| < 6.

Applying Lemma 5.1.6 we conclude that

16°(e)le — Ar(py) + [v=s v+]ol < 0.



5.1. PROOF OF THEOREM A 89

By equation (5.1.1) it follows that

AM(py) —s =20 < [[b°(p)[le < M(py) — s+ 20

holds apart from finitely many exceptions v € I'y such that v € A and
v+ € B. From now on, the proof of the convergence

0:(A X B) = p1o(A)po(B)

follows line by line the proof of [60, Theorem 6.5].

It remains to prove the convergence on the diagonal {(z,z) : z € 0T},
but once again, the proof is the same as the one given in [60, Theorem 6.5].
For completeness we briefly sketch it.

Since p, has no atoms (c.f. Lemma 2.3.4), for every « in I' the diagonal
has (o ® Y« to)-measure equal to zero. We fix two elements 7,1 € 'y with
no common fixed point in JI" and let g > 0. There exists a finite open
covering % of OxI" such that for i = 0,1 one has

> wo(U)po(; ' U) < eo.

Ueu

We can assume that for every U € % there exists ¢ € {0,1} such that
v 1. T is disjoint from U. There exists an open covering ¥ of dsI' with
the following properties:

LY io(V)po(y; - V) < e for i =0, 1.
Vey

2. The closure of every element in % is contained in a unique element of
¥ and if 7, 1.7 is disjoint from U the same holds for this element in

V.

3. Suppose that fyi_l .UNU =0 and let V € ¥ be the unique element
such that U C V. Then apart from finitely many exceptions 7 such
that v+ € U one has (y; 'y)_ € V and (y; 'y)4 €, 1+ V.

Set D := m%ﬁ({qu} where D_-1 is the constant given by Proposition
1= 5 K3 K3

4.5.1 and take U € % as in item 3. above. By Proposition 4.5.1 we have

0,(U x U) <m'e ™ > 5y (V)6 (771 V)
YETH,[16°(py) e <t+D
+ m’e_ht#F

where F' is a finite set independent of ¢. Since V' x v, L.V is far from the
diagonal the right side converges to
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e po(V)po(v; - V)

as t — 0o. Adding up in U € % we conclude

lim sup Z 0;(U x U) < 2ePey.

t—00 Uew
Hence 0,({(z,x): x € 0xI'}) converges to zero and since the diagonal has
measure zero for p, ® o the proof is finished.
O
5.1.4 Proof of Theorem A

The following is a corollary of Proposition 5.1.8.

Corollary 5.1.9. There exzists a constant m' =m), , > 0 such that

m'e "t Z 5,)771.0%0#1 ® 6P’Y'0 - n*(MO) ® 5* (Mo)
YE R, [[6°(p7) [ls <t

on C*(P((RP9)*) x P(RP)) as t — oo.
Proof. Set
Vg—l = m’e_ht Z 5p,yfl,oi—p,q & 5p'y-o
YETm, b2 (p7) [0 <t

and take 6; the measure defined in the proof of Proposition 5.1.8. We know
that

(1,€)(0) = 0+ (10) @ Ex(po)-
Hence we only have to show the following convergence
v = (0,€)4(6) — 0. (5.1.2)
Take a small positive . By Proposition 2.1.3 and the proof of Proposition

4.2.1 we know that, apart from finitely many exceptions « in 'y, one has

1

d(py - 0,(py)+) <6 and d(py~" -0, (py™")4) < 9.

By taking -+7¢ we can assume further that'

d*(py~t ot (py)-) < 6.

Now the proof of the convergence of equation (5.1.2) follows from evaluation
on continuous functions of P((RP?)*) x P(RP-?).
O

'Recall that d*(-,-) denotes the distance in P((RP?)*) induced by the operator norm.
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We finally finish the proof of Theorem A.
Proposition 5.1.10. There ezists a constant w’ =m, , > 0 such that
w'e Z 0 y—1.0tp.0 @ Opy-0 = (o) ® &Eu(to)
vEL |62 (py)lle<t
on C*(P((RP1)*) x P(RPY)) as t — oo.

Proof. The structure of the proof is the same as that of Proposition 5.1.8,
that is, we first prove the statement outside the diagonal and deduce from
that the statement on the diagonal. Here by diagonal we mean the set

2 :={(9,v) € P((RP?)*) x P(RP?) :  ¥(v) = 0}.
Let

e ! p—ht
v =m'e g (5/)7,1,041,41 ® dpy-0
vEL,[[6°(py)lle<t

and take v} as in the proof of Corollary 5.1.9.
Consider first a continuous function f on P((RP9)*) x P(RP?) whose
support supp(f) is disjoint from Z.

Claim 5.1.11. The following holds

#{yel: (py ' -otv1,py-0) €supp(f) and v ¢ P} < 0.

Proof of Claim 5.1.11. Fix a positive D such that for every (9, v) € supp(f)
one has d(¥,v) > D. As we saw in the proof of Proposition 4.2.1, the
distances

d(py - 0,Uf (py)) and d*(py~* - otra, 57, (7))

converge to zero as v — co. We conclude that, apart from possibly finitely
many exceptions 7 in I with (py~! - ot»e, py - 0) € supp(f), one has

d(UT (p7),S]_1(p7)) > D.

Now apply equation (2.1.1), Remark 1.5.2 and Benoist’s Lemma B.1.2
to conclude that for |y|r large enough the matrix py is proximal.
[

From Claim 5.1.11 we conclude that

lim v¢(f) = lim v/ (f)

t—o0 t—o00
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which by Corollary 5.1.9 equals (1 (o) @ &x(1o))(f)-

It remains to prove the convergence on the diagonal. It suffices to prove
that for every positive ¢ there exists an open covering {U* x U} of Z such
that

lim sup 14 (U(U* X U)) < go.

t—o00

The proof is the same as that of Proposition 5.1.8. Namely, take two
elements 7,71 in I'g with no common fixed point in ' and coverings
U = {U* x U} and ¥ = {V* x V} of 2 by open sets with the following
properties:

1. For every U* x U in % there exists ¢ = 0,1 such that pvi_l U is
transverse to U*.

2. Y (Me(po) ® &ulpo))(V* x py; - V) < &g for i = 0,1.
VExVey

3. The closure of every element in % is contained in a unique element of
¥ and if py;” L. U is transverse to U* the same holds for this element
in 7.

4. Suppose that p'yi_l -U is transverse to U* and let V* x V € ¥ be the
unique element such that U C V and U* C V*. Then, apart from
possibly finitely many exceptions v such that (py~! - o7, py - 0) €
U* x U, one has

() er ™) -0t (3 () -0) €V x pyt - V.

Provided with this construction, the proof finishes in the same way as
that of Proposition 5.1.8.

O
Remark 5.1.12. From Proposition 5.1.10 we deduce that
gy €T: py € G and [|b°(py)lle < t}
t—o0 t
coincides with the entropy h = hll) of p.
o

5.2 Distribution of the orbit of o with respect to
poT
The proof of Theorem B follows the same lines of the proof of Theorem A,

we just have to pick a (slightly) different flow ;.
Fix a P}"Y-Anosov representation p : I' — G, a point 0 in Q, and 7 € S°.
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5.2.1 The cocycle ¢,

Let || - || be the norm on RP? associated to T and || - || be the induced norm
on (RP?)*. Let

1 19:1: : S Ux||T
ey T x 8OOP—>]R 67(77x) = ~1lo <||p’y ”THp’Y v || >

2 10217 [0z |-

where ¥, : RPY — R is a non zero linear functional whose kernel equals n(z)
and v, is a non zero vector in the line {(x).
Since A\1(g) = M\ (g~!) for every g € G, one can prove that the following
equalities hold
1_ 2l

Cr = ¢ = Cy,

where ¢! and e are the projective 7-Busemann cocycles of p (Section 2.3.2).

5.2.2 Dual cocycle and Gromov product

Recall that ¢, is the cocycle defined in Section 5.1. The cocycle ¢, is dual
to Co, i.€. Pe, (1) = pe. (Y1) for every v € I'yy. Let

Uy (V) Vs (Uy) .
JO - vy) ||19y||:HUy||T

[ Jor 1 02T = R [2,9]or = %log I
The proof of the following lemma is a direct computation.
Lemma 5.2.1. The map [-,|o+ is a Gromov product for the pair (co, cr).
O
Recall that G is the projective 7-Gromov product (see Subsection B.1.1).

Lemma 5.2.2. Let v be an element of I'y. Then the number [y_,vy]or
coincides with

3BT (py) =, T ()4, (pv )=, (pv 1) 4) + 3GE((py D)=, T - (p)+)-

Proof. Recall the definition of [, ], from Subsection 5.1.2. One has

1 |0y, (J% vy,
V= Y+lor = V= Y4]o + 5 log T
? 22 10, 1 vy |l

The proof then follows from Lemma 5.1.6 and Remark 1.2.5.
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5.2.3 Distribution of attractors and repellors with respect to
bO,T

Let p; be a Patterson-Sullivan probability (of dimension h = h})) for the
cocycle ¢; and recall that pu, is the one associated to c,. By Remark 2.3.8,
the Bowen-Margulis measure of the flow v; on ULT' admits the following
disintegration

e—h[-,.]o,ruo ® L ® dt.

Let b™ be a closed Weyl chamber of a maximal subalgebra b C p™ N q°.

Proposition 5.2.3. There exists a constant n” =, , >0 such that

m’e Z Oy @y, = Ho @ fir
YELH,[[6*7 (py)l[e <t

ast — 00 on C* (0" X 0).

Proof. The proof is the same that the one given in Proposition 5.1.8 adapted
to the pair (c,, ¢;) and the Gromov product [, ], -: apply item 5. of Lemma
4.3.3 and Lemma 5.2.2.

O

5.2.4 Proof of Theorem B

Provided Proposition 5.2.3, the following proposition can be proved in the
same way as Proposition 5.1.10.

Proposition 5.2.4. There exists a constant m” =m} , - > 0 such that

m’ et Z 5p771.01-p,q & 5p'y-o = (o) ® Ex(pir)
YET, (62T (p)l[6 <t

on C*(P((RP9)*) x P(RP?)) as t — oco.
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Counting for G = PSL(V) and
H® = PSO(p, 9)

95






97

Throughout this part of the thesis G denotes the Lie group PSL(V) for
some real vector space V' of dimension d > 2. We now initiate the study of
some quantitative geometric aspects of the pseudo-Riemannian symmetric
space Q4 of (homothety classes of) quadratic forms of signature (p, q) and
provide, as in the previous part, an interpretation of these quantities in
the context of the Riemannian symmetric space Xg. Notably, for a given
basepoint o € Q, , we introduce the subset

%0,(}

consisting on elements of G that take some o-orthogonal basis of lines of V
into another o-orthogonal basis of lines. We then show (Proposition 7.1.1)
the analogue of Proposition 3.2.1 in the present setting: we have a (p, q)-
Cartan decomposition

B, = H°W exp(bt)H?
of %, G. We define the associated (p, q)-Cartan projection
b Bog — b

Geometric interpretations of this projection are discussed in Section 7.3.

We then begin the study of the (p, ¢)-Cartan projection. Recall that in
this case we can take b = a, that is, the maximal subalgebra b C p” N q°
is also maximal in p7 (Example 1.2.6). Therefore b" is a union of b-
compatible Weyl chambers, i.e. Weyl chambers of the system ¥(g, a) which
are contained in b*. In Proposition 7.2.3 we actually compute the b™-
compatible Weyl chamber that contains 5°(g) under the assumptions that g
has a sufficiently strong gap of index A and a “genericity condition” for its
Cartan attractor and repellor (they must belong to F(V')?, the union of open
orbits of the action H> ~ F(V')). This makes the study of the (p, ¢)-Cartan
projection tractable. For instance in Section 7.3.3 we show that under these
assumptions one has

b°(g) = %wg “Ao°(g71)g) and [[1°(g) — wy - a”(g)|| < D (5.2.1)

for some positive constant D and an element w, of the Weyl group that we
can precisely describe. Whenever a Borel-Anosov representation

p:I'=G
and a basepoint o in the set

Q, ={0€Qpq: &l(x) e F(V)?forall x € 0}
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are given, these results are sufficient to study the asymptotic cone of b°(p(T"))
and its growth indicator, by means of Benoist’s asymptotic cone [4] and
Quint’s growth indicator [55] (see Subsection 9.1.3 for further precisions).
Also, we show in Corollary 9.1.3 that the (p, q)-critical exponent

y log#{y €T : py€ Boc and ||b°(py)|s < t}
im sup

t—o0 t

of p is positive, finite and independent on the choice of the basepoint o € €,,.
Let us emphasize however that equalities (5.2.1) strongly depend on the
choice of a b*-compatible Weyl chamber (which is needed to define the
projections A and a”) and that there seems to be no canonical way to choose
this Weyl chamber.

In Chapter 8 we introduce an o-Busemann cocycle and a correspond-
ing o-Gromov product for %, which are, as in the Riemannian setting,
the key objects for the study of more precise asymptotic properties of the
(p, q)-Cartan projection. Again these objects seem to be not canonical: their
definition depends on the choice of a b*-compatible Weyl chamber. In Sec-
tion 9.2 we prove our asymptotic results for b°(p(T")) (Proposition 9.2.10)
under the assumption that the limit set £(0xI") of p is contained in a single
open orbit of the action

H? ~ F(V).

As we will see, this assumption selects a b+-compatible Weyl chamber and
therefore an o-Busemann cocycle for p can be naturally defined.



Chapter 6

Preliminaries

We begin with some geometric and linear algebraic considerations in our
framework. In Section 6.1 we treat with flat subspaces of Xg and Qy 4:
these considerations will allow us to discuss geometric interpretations of the
(p, q)-Cartan projection in both settings. Sections 6.2 and 6.3 are mainly
technical and intended to introduce some terminology that will be used
throughout this part of the thesis. The most relevant section of the present
chapter is Section 6.4, in which we study the set of open orbits of the action
of H? on F(V).

6.1 Flat submanifolds

6.1.1 Flats in Xg orthogonal to S°

A flat in Xg is a maximal dimensional totally geodesic submanifold of X
on which sectional curvature vanishes. Let 7 be a point in Xg. The set of
flats in Xg (through the basepoint 7) is in one to one correspondence with
the set of Cartan subspaces of g (contained in p7). Further, the choice of
a Cartan subspace of g (contained in p7) is equivalent to the choice of a
(T-orthogonal) basis of lines of V' (recall Remark 1.2.7). More concretely, to
a basis of lines C one associates the flat

{r' € Xg: C is 7'-orthogonal}.

If C is T-orthogonal and a C p” is the Cartan subspace associated to C, this
flat coincides with

exp(a) - 7.

From Example 1.2.6 and the contents of Section 1.3 we deduce the fol-
lowing.

Proposition 6.1.1. Let o € Qpq, T be a point in S° and a C p” be a
mazximal subalgebra. Then the following are equivalent:

99
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1. The flat exp(a) - T is orthogonal to S° at T.
2. The inclusion a C p” N q° holds.

3. The basis of lines C associated to a is o-orthogonal (and T-orthogonal).

0

6.1.2 Space-like flats in Q,,

In contrast with the Riemannian case, the choice of a Cartan subspace in g
does not determine a flat in Q) 4, but rather a disjoint union of flats. To see
this, let C be a basis of lines of V. In analogy with the Riemannian setting,
it is natural to consider the subset

{o€Qpq: Cis o-orthogonal} (6.1.1)

of Qp 4 associated to this choice. Let
Tpq={v:C—{-1,1}: #{{:v(() =1} =p}.
Each element v € T}, , determines the subset of Q, 4 given by
[fo] ={0o€Qpq: Ciso-orthogonal and sg,(¢) = v(¢) V¢ € C}

and the set (6.1.1) coincides with the (disjoint) union of the sets [f,] as v
ranges over Y, .. The choice of a point

oc || [f]

veEYp 4

determines an element v, € T, characterized by the equalities

Uo(£) = sgo(f)

for every £ € C. Further, if b is the Cartan subspace of g associated to C
then one has b C ¢° and

exp(b) - 0 = [fu,]-

Because of Example 1.2.6 we can take an element 7 € S° for which one has
further b C p”™ N q° and we conclude that the set (6.1.1) is a disjoint union
of space-like flats in Q4.



6.2. WEYL GROUPS AND WEYL CHAMBERS 101

6.2 Weyl groups and Weyl chambers

6.2.1 Geometric interpretation of Weyl chambers of ¥(g™, b)

We fix for the rest of the chapter a basepoint o € Q, 4, a Cartan involution
7 € S° and a closed Weyl Chamber b of the system (g7, b) for a maximal
subalgebra b C p™ N q°. From Subsection 1.4.1 we recall that if C the basis
of lines of V associated to b then the choice of b™ corresponds to the choice
of a total order in C* and in C~, where C* (resp. C~) is the subset of C
consisting on positive (resp. negative) lines for the form o.

Let int(b™) be the interior of b*.

Lemma 6.2.1. Let X be an element of int(b%) and \ be an eigenvalue of
X. Then multiplicity of \ is at most two. Moreover, if the multiplicity of
A s equal to two, then the form o restricted to the corresponding eigenspace
of X has signature (1,1).

O

We now provide a geometric interpretation of Weyl chambers for the
system (g7 b).

Proposition 6.2.2. Let X be an element of b™. Then the following are
equivalent:

1. The basis C is the unique o-orthogonal and T-orthogonal basis of lines
of V that diagonalizes X .

2. The submanifold exp(b) - T is the unique flat of Xg orthogonal to S° at
T that contains the geodesic

exp(RX) - 7.

3. The element X belongs to int(b™).

Proof. The equivalence 1.<<2. is a consequence of Proposition 6.1.1. Let us
show then the equivalence between 1. and &.
Suppose first that X € int(b"). Then one has a unique splitting

J k
V—G_?&@G_?wi

where £1,...,¢; (resp. wi,...,w) are the eigenspaces of X corresponding
to eigenvalues of multiplicity one (resp. two). Further, the signature of o
restricted to w; is (1,1) for each i« = 1,...,k and therefore this subspace
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admits a unique splitting into a direct sum of two lines which is both o-
orthogonal and 7-orthogonal. Since C is o-orthogonal and T-orthogonal and
diagonalizes X we conclude that 7. must hold.

Conversely, suppose by contradiction that 7. holds and that X does not
belong to int(b"). Then there exists two lines in C with the same sign for
the form o which are associated to the same eigenvalue of X. Say these two
lines are positive for the form o (the negative case being analogous) and let
V be the subspace of V spanned by them. We can take representatives (-, ),
of 7 and (-,-), of o that coincide on V (c.f. Example 1.3.1). Since any basis
of lines of V diagonalizes X |7, we find a contradiction.

O

6.2.2 'Weyl groups

Recall that b C p™ N q° is a maximal subalgebra in p” and therefore we can
denote b = a. Recall also that W := Nkr(a) (resp. M := Zkr(a)) is the
normalizer (resp. centralizer) of a = b in K" and that

W :=W/M

is the Weyl group of the pair (g, a).

Fix a representative (-, -), of o'. Since the involutions ¢° and o™ commute
and the basis C is o-orthogonal and 7T-orthogonal, we can find a representa-
tive (-,-); of 7 for which the following holds: for each line ¢ € C and each
vector v € £ one has

{0, 0)o| = (v, 0)7.

We deduce the following technical lemma that will be used several times in
the future.

Lemma 6.2.3. Let w be an element of G that preserves the set C. Then
the following holds:

1. If w belongs to H®, then it belongs to K.

2. Suppose that w belongs to K. Then for every line £ € C and every
vector v € £ one has

In particular, if W preserves the o-sign of each line of C then w belongs
to H®.

'Recall that by definition this is a symmetric bilinear form associated to a quadratic
form in the ray o.
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0

By Lemma 6.2.3 we have that M coincides with the centralizer of b in
H? and in particular it is contained in H°. Set

[W] := (WNH®)\W/M.

Note that [W] is not necessarily a group. We fix from now on the following
notations: for an element @ of W we denote by w its class in W and we set
[w] to be the class of this element in [W]. The following is a consequence of
Lemma 6.2.3.

Corollary 6.2.4. Let wi and we be two elements of W. Then the following
are equivalent:

1. One has the equality [w1] = [wa].

2. For every £ € C one has

Sgo(wl ’ f) = Sgo(wQ ’ 6)

The following technical lemma will be used repeatedly in Chapter 7.

Lemma 6.2.5. For every w € W one has that m := o°(i~ )i belongs to
M. Moreover, the eigenspace of m associated to the eigenvalue £1 coincides
with

span{f € C: sg,(w-0) = +sg,({)}.

Proof. One has that m = *°ww belongs to K™. Further, for every pair of
lines £ # ¢/ in C and vectors v € £ and v' € ¢ one has

(m v, = (0-v,w-v"), =0.

Thus m - £ = ¢ for every £ € C and this shows that m belongs to M. The
statement concerning the eigenspaces of m follows from similar arguments.

O

6.2.3 Opposition involution of b™

Let wy+ € W be the unique element that preserves C* and C~ and acts on
these sets by reversing the total order induced by b*. By Lemma 6.2.3 we
have that g+ belongs to H® and, by definition, it satisfies

Wp+ - (—b+) = b+.
The opposition involution of b™ is defined by
Lb+lb—)bi Lb+(X) = —wb+-X.

Note that ¢+ preserves bT.
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6.2.4 Compatible Weyl chambers

Recall that b = a is a Cartan subspace of g. A b*-compatible Weyl chamber
is a Weyl chamber of the system Y(g, a) that is contained in b*. The choice
of a bT-compatible Weyl chamber corresponds to the choice of a positive
system X7 (g,a) that contains X1 (g7°,b). Equivalently, it corresponds to
the choice of a total order on C that in restriction to C* coincides with the
total order induced by b*.

The following lemma will be important notably in Subsection 6.4.4.

Lemma 6.2.6. Let a™ C b be a Weyl chamber of the system (g, a). There
exists a unique w € W such that o € H® and

w-at CbT.

Proof. Let {f1,...,£4} be total order on C induced by the choice of a™, we
define the element w inductively. If sg, (¢1) = 1, we define w - ¢1 to be the
first element of C* and if sg,(¢1) = —1 we define w-¢; to be the first element
of C~. To fix the ideas, let us say that sg, (/1) = 1. Now we define w - f5
to be the first line of C~ if sg,(f2) = —1 or the second line of C* if not.
The inductive process is now clear and defines an element w € W for which
w - a* is bT-compatible. Further, thanks to Lemma 6.2.3 we have w € H°.
To show uniqueness, observe that the above process is the only one

possible.
O

Recall from Section 1.5 that if a® is a Weyl chamber of the system (g, a)
one has the opposition involution

lg+ 16—
of at.

Corollary 6.2.7. Let a™ be a bT-compatible Weyl chamber and let C =
{l1,...,Lq} be the total order on C induced by this choice. Then the following
are equivalent:

1. One has the equality tp+ = to+.
One has the equality ty+(at) =a™.
One has the equality wy+ = Wa+.

The element wqy+ belongs to HC.

Cvo o

For every j =1,...,d one has sg,({;) = sg,(la—j+1)-

Proof. The implication 1.=2. is straightforward. Now if tp+ (a™) = a™ holds
one has
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at = Wp+ (—a*) = Wp+Wq+ - at

and therefore wy+ = wq+. Since wy+ belongs to HY the implication 3.=4.
follows. Also, the implication 4.=5. is direct. Finally, assume that

5€,(05) = 88o(la—j11) = 88, (War - £5)

holds for every j = 1,...,d. By Lemma 6.2.3 we have that w,+ belongs to
H°. Then wy+wy+ belongs to H® and takes a™ into a bT-compatible Weyl
chamber. Lemma 6.2.6 implies then wy+ = wy+ and therefore the equality

Lp+ = Lg+.

O
Corollary 6.2.8. There exists a b™-compatible Weyl chamber a*t satisfying
v+ (at) =at

if and only if either d is odd, or d is even and p is also even.

6.3 Invariant forms on exterior powers

Certain objects of this part of the thesis (notably o-Busemann cocycles and
o-Gromov products) will be introduced by appealing to the exterior power
representations A7 of G. It is then worthwhile to observe that the restriction
to H° = PSO(p, q) of these representations still preserves a non degenerate
quadratic form. Indeed, for each j = 1,...,d define the bilinear form (-, ), ;
on the exterior power AV of V' by the formula

J
(Ul /\ e /\ ,Uj7vll /\ e /\ U.;'>Oj = H<U'L’,U;>o.

=1

This form is invariant under the action of AJH® and if B = {vy,...,vq} is
an (-, -)o-orthonormal basis of V', then the basis

NB = {vi, A+ Aoy, bi<iy<ocij<d

of AV is (-, )o,-orthonormal. In particular, (-,-),, is non degenerate.
We denote by o; the ray in Q(A/V') generated by (,-),,. Note that for
every g € G one has
5 (Ag) = A(*g), (63.1)

and therefore the following equality holds:

o (A g) = No®(g). (6.3.2)
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6.4 Generic flags

The relevant notion of this section, introduced in Subsection 6.4.2, is the
notion of o-generic flags: they provide a concrete way of working with the
open orbits of the action of H on F(V). This notion is built from the
existence of an involution

Lo L F(V) = F(V),

which is introduced in Subsection 6.4.1. In Subsection 6.4.4 we provide a
link between o-generic flags and b™-compatible Weyl chambers. This link
will be of central importance in the next chapter, notably in Subsection
7.2.2.

6.4.1 Involution on F(V)

The following lemma is direct.

Lemma 6.4.1. Let j =1,...,d. For every g in G and every j-dimensional
subspace 7 in Gr;j(V') one has

0°(9) - (whe) = (g-m) e = g (whate).
In particular, the following holds:
(g-m)tee =g (nte).
O

Given a full flag ¢ = (¢,...,¢&%) in F(V) we denote by £+¢ the complete
flag of V' defined by the equalities

(E1o)) = (§77)*
forj=1,...,d.
Corollary 6.4.2. For every g in G and every & in F(V) one has
o°(g) - (E1o) = (g-&)to =g (€707 o).
In particular, the following holds:

(g-&tre=g- ().
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Action on (Cartan) attractors

As we show in the next chapter, the subset %, ¢ coincides with the set of
elements g € G for which 0°(g~!)g is proximal on F(V). We now compute
the Cartan attractor (resp. attractive fixed point in F(V)) of 6°(g~!) in
terms of the Cartan repellor (resp. repelling fixed point in F(V)) of g,
provided ¢ has full gaps (resp. is proximal on F(V')). This will be an
important ingredient for understanding the dynamics of elements of the
form

a°(g7 g

acting on F(V).

Let a* C b be a closed Weyl chamber of the system ¥(g,a). Let a”
(resp. A) be the Cartan (resp. Jordan) projection of G. Since o preserves
K" and acts as —id on b, Lemma 6.4.1 implies the following.

Corollary 6.4.3.

1. The following equality holds:

a" oo’ =14+0a’.

In particular, if g € G has a gap of index A then 0°(g~') also has a
gap of index A and one has

UT(0%(g7")) = S7(g) "

2. The following equality holds:

Aoo® =14+ 0.

In particular, if g in G is prozimal on F(V') then 0°(g™?) is also proz-
imal on F(V') and one has
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6.4.2 Genericity of flags with respect to the basepoint o

A full flag ¢ € F(V) is said to be o-generic if it is transverse to ¢, Equiv-
alently, we have the following.

Lemma 6.4.4. Let £ = (¢',...,£%) be an element of F(V). Then the fol-
lowing are equivalent:

1. The flag £ is o-generic.

2. For every j = 1,...,d, the restriction of the form o to & is non
degenerate.

3. There exists a unique o-orthogonal ordered basis of lines

{62(8) -+, £a(&)}

of V such that the equality
g=06Oo- ol

holds for every j =1,...,d.

4. For every j = 1,...,d, the line A€ is transverse to the hyperplane
(AIg) ™.

Proof. Suppose that £ is o-generic and let j = 1,...,d. By definition &/ is
transverse to (£10)977 = (¢7)1e and thus the restriction of o to &7 is non
degenerate.

Now suppose the 2. holds. Define £(¢) := &' and suppose by induction
that we have £9(¢),...,¢5(§) as in the statement, for some j < d. Define
Zg 11(&) to be the orthogonal complement, wifch respect to the form o, of
¢J inside &/F1. Since the restriction of o to &/ is non degenerate, we have
that £7 +1(&) is transverse to &’ and this shows existence. Uniqueness is
straightforward.

Assume that 8. is satisfied. Since
{Z?l ({) A A KZOJ (5)}1§i1<"'<ij§d

is an o;-orthogonal basis of lines of AV, we conclude that 4. must hold.
To finish we show the implication 4.= 1. By contradiction, suppose that
4. holds and that there exists j = 1,...,d — 1 for which the intersection
£7N(&7)% is non trivial. Take a (necessarily o-isotropic) line £ in &/ N (&7)Le.
This implies that the line AJ¢ is oj-isotropic and therefore contained in
(AIE) .
O
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Remark 6.4.5.

e Every pair (§1,&) € F(V)(z) of transverse flags determines an ordered
basis of lines {¢1(&1,&2),...,4q(&1,&2)} of V defined by

(&, 6) =& neg 7t

for every j = 1,...,d. If a flag £ is o-generic, then the ordered basis
of lines given by Lemma 6.4.4 coincides with the one induced by the
pair (§,&40) € F(V)®.

e Fix j=1,...,d. Recall that one has a map
AL F(V) = P(AIV¥)

which is equivariant (Subsection B.2.1). Let £ be an o-generic flag.
Then the following equality holds:

A(gh) = (g .
In particular, if ¢ € F(V) is a flag transverse to £ then the hyperplane
(M ()

is transverse to the line AJ¢’.

e Let g be an element of G. A flag £ is o-generic if and only if g - £ is
(g - 0)-generic (Corollary 6.4.2).

6.4.3 Open orbits of point-stabilizers
Denote by F(V)? the subset of F(V') consisting on o-generic flags.

Proposition 6.4.6. The set F(V)° coincides with the union of open orbits
of the action of H® on F(V).

Proof. By Corollary 6.4.2 we know that F(V)? is a union of H%-orbits.
Further, for every j = 1,...,d, the map that asigns to each j-uple of
linearly independent vectors (v1,...,v;) € V7 the determinant

det ({vis Vk)o); g1,

is analytic and therefore the preimage of 0 by this map has empty interior.
By Lemma 6.4.4 we conclude that F(V)° is open and, since the map
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(v1,...,v5) = span{vi,...,vj} € Grj(V)

is open, the set F(V) \ F(V)? must have empty interior.

The proof of the following proposition is direct.

Proposition 6.4.7. Let & and £ be two o-generic flags. Then the following
are equivalent:

1. The flags & and & belong to the same orbit of the action H® ~ F(V).

2. For every j = 1,...,d, the signature of o restricted to & coincides
with the signature of o restricted to £".

8. For every j =1,...,d, one has sg,(£9(£)) = sg,(£3(&))-

4. For every j=1,...,d, one has

Sng (AJS) = SgoJ- (Ajg/) :

6.4.4 Open orbits and compatible Weyl chambers

We now describe the link between open orbits of the action
H ~ F(V)

and the set of b-compatible Weyl chambers. In order to do that, recall that
there exists a W-equivariant identification between the set of Weyl chambers
of the system (g, a) and the set of (o-generic) flags determined by the lines
of C. If a* C b is such a Weyl chamber the corresponding flag is denoted
by &.+. Conversely, the Weyl chamber of the system X(g, a) determined by
a flag £ spanned by C will be denoted by ag.

A flag ¢ € F(V) is said to be bt-compatible if it is spanned by the
elements of C and the Weyl chamber al is b*-compatible.

Matsuki [43, Section 3] and Rossmann [59, Theorem 13 and Corollaries
15 to 17] study the structure of the quotient space

P\X

where X is any symmetric space of a semisimple Lie group and P is a
parabolic subgroup. They give a Lie theoretic description of this set and in
particular provide a description of the subset consisting on open orbits. In
our concrete case, we have the following.
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Proposition 6.4.8. The map
= F(V)g:=H"-¢

defines a one to one correspondence between the set of b -compatible flags
and the set consisting on open orbits of the action H> ~ F(V').

Let a™ be a b™-compatible Weyl chamber. We will often use the notation

F(V)2, = F(V)2

Eat”

Proof of Proposition 6.4.8. We first show injectivity. Let & and £ be two
b'-compatible flags in the same H°-orbit. By Proposition 6.4.7 we have

sgo(£7(8)) = sg,(£3(¢"))

for every j = 1,...,d. Now note that, us unordered sets, one has the
equalities:

{£2(6), .., £q(&)} = C ={65(&), .- £3(EN) }-

Therefore Lemma 6.2.3 implies the existence of an element & € WNH® such
that

w- 13(8) = £5(¢)

holds for every 7 = 1,...,d, that is, w - ag = agr,. Thanks to Lemma 6.2.6
we know that w = 1 and therefore £ = ¢'.

For surjectivity, let £ be any o-generic flag. By Lemma 6.4.4 we can find
an element h € H? such that

h-t9(¢') eC

for every 7 = 1,...,d. That is, h - £ determines a Weyl chamber of the
system (g, a). By Lemma 6.2.6 the proof is complete.
O

We finish this chapter by giving a necessary and sufficient condition for
the existence of a bT-compatible Weyl chamber which is fixed by the oppo-
sition involution ty+ (this condition can then be added to Corollary 6.2.7).
Given a bT-compatible flag ¢ we define ¢+ (£) to be the (bT-compatible) flag
determined by the Weyl chamber

Lp+ (ag) = —Wp+ * a?
By Corollary 6.4.2 the map

Lo L F(V) = F(V)
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takes H?-orbits into H?-orbits and since
Lo+ (§) = wyt - (§5) € (H? - &),
we conclude that the following equality holds:

(FV)R)e = FOV)? o)

Corollary 6.4.9. Let a* be a bT-compatible Weyl chamber. Then the fol-
lowing are equivalent:

1. One has the equality (F(V)§+)l0 =F(V)e,.

2. One has the equality v+ (at) =a™.



Chapter 7

Generalized Cartan
decomposition

Fix a point 0 € Q, 4 and let %, be the space of o-orthogonal bases of lines
of V. The first goal of this chapter is to show that the set

Boc ={9€G: ICe€ HB,suchthat g-C € A}

admits a decomposition analogue to the Cartan decomposition of G, and to
define and associated projection b°. We then begin the study of this decom-
position, discussing geometric interpretations and studying it for elements
g € G having full gaps and o-generic Cartan attractor and repellor (Section
7.2). The contents of Subsection 7.3.3 will be crucial for our understanding
the new decomposition: we will be able to interpret the vector b°(g) using
the Jordan projection of A(c°(g~1)g) and to estimate b°(g) in terms of the
Cartan projection a”(g).

7.1 Cartan decomposition for %,
Fix a point 7 in S°, a maximal subalgebra b C p™ N q° and a Weyl chamber

b* C b of the system X(g7°,b). Let C € %, be the element determined by
the choice of b.

7.1.1 Statement of the result

Proposition 7.1.1. Let g be an element of G. Then the following are
equivalent:

1. The element g belongs to A, .

2. The element g belongs to HOW exp(bT)HC.

113
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3. The element 0°(g~1)g = *°gg is diagonalizable’.

In this case, let C be an element of B,. Then g-C belongs to B, if and only
if C diagonalizes a°(g~1)g.

Note that the element o0°(g~!)g is fixed by the o-adjoint operator or,
in short, it is *,-symmetric. Since the form o is not definite, x,-symmetric
are not necessarily diagonalizable. However, when they are then they are
diagonalizable in an o-orthogonal basis.

A decomposition g = hw exp(X )ﬁ of an element g € %, g, where h, he
H°, @ € W and X € bT will be called a (p, q)- Cartan decomposition of g.

Proof of Proposition 7.1.1. Suppose first that g belongs to %, ¢ and let Ce
A, be an element such that g-C € %,. Write C = CTUC~ the decomposition
of C into positive and negative lines for the form o. There exists h € H° such
that h='g - C = C. Further, we can take @ in W such that W thTlg - c*t =
C*. Now let h € H° such that A1 - C = C. We can further assume that
W~ th1gh™! fixes each line of C. Then one has

W hlgh™! = mexp(X)

for some X € b and m € M. Since M is contained in W and X is conjugate
to an element in b™, by an element in wn H°, we conclude that g belongs
to HOW exp(b+)HC.

Now suppose that g admits a (p, ¢)-Cartan decomposition

g = hwexp(X)h.

Then
c°(g7 g = h ™t exp(X)o°(w™Hw exp(X)h (7.1.1)

and now it suffices to show that exp(X)o?(w ™! )w exp(X) fixes the elements
of C. But this follows from the definition of C and Lemma 6.2.5.

Finally, suppose that 0°(¢g~1)g is diagonalizable. Then it is diagonaliz-
able in an o-orthogonal basis of lines C. Given ¢ # ¢ in C we have

<g A,g- £/>o = <Uo(971)9 : £v€/>o = <£7£l>o =0,

where the equalities hold up to scalar multiples. Hence g - C € %,.
O

!Formally, the element U"(g*l)g is not a linear transformation of V' but rather a
projective class of linear transformations. Nevertheless it makes sense to speak about
“diagonalizable” elements of G (c.f. Subsection B.2.2).
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7.1.2 (p,q)-Cartan projection

Proposition 7.1.2. Let g be an element of %, c and write
hﬂf]l eXp(Xl)]Nll =g = hg'lf)g eXp(XQ)iLQ

two (p, q)-Cartan decompositions of g. Then X; = Xo.

Proof. Write
V=DV
o

where V/(g) is the eigenspace of 0°(g~')g associated to the eigenvalue pu.
It can be seen that the restriction of o to V7 (g9) is non degenerate, we let
(Pu, qu) be the signature of this restriction.

Fori = 1,2let m; := 0°(w; *); € M. Since 0°(g71)g = ﬁ;lmi exp(X;)2hs,
the set of eigenvalues of exp(X;)? coincides with

{lul: V2(g) # 0}

Moreover we conclude that V,?(g) = ili_l : V/f, where V/j is the eigenspace of
m; exp(X;)? associated to the eigenvalue p.

Write V\Ll = Vlf &) Vﬁu, the eigenspace of exp(X;)? associated to the

eigenvalue |u|. We claim that V‘L

be an eigenvalue of 0°(g~!)g such that |u| is maximal. Then V|L| coincides

| does not depend on ¢ = 1, 2. Indeed, let

with the subspace of V spanned by the first” pu + p—p lines of C* and the
first g, + q—, lines of C™. This description does not depend on ¢ = 1,2 and
the claim follows by an inductive argument.
Set Vi, = V|}L| = V‘Z‘ For every p and every ¢ = 1,2 the restriction
exp(X¢)2|VM equals |p[idy;, and this completes the proof.

O

Remark 7.1.3. Even though is not needed, let us remark that one can
prove the following. Write

hlﬁq eXp(X)ill =g = hgﬁ)g eXp(X)hQ

two (p, ¢)-Cartan decompositions of an element g € %, ¢. Then there exists
an element @ € W N H® such that [wy] = [wow] in [W]. If moreover X
belongs to int(b™), then [w1] = [ws] in [W]. In this case, there exist m and
m/ in M and @ € W N H® such that

hllf)m/ = ho, h1 = m~!

w;lm/’d)g h2 .

2Recall that the choice of bT induces a total order on C*.



116 CHAPTER 7. CARTAN DECOMPOSITION

Define the (p, q)-Cartan projection
b : %o,G — b+,

where g = hw exp(bo(g))ﬁ is a (p, ¢)-Cartan decomposition of g € %, g.

7.2 (p,q)-Cartan decomposition for elements with
gaps

We now begin a more detailed study of the dynamics of matrices of the
form 0°(g~')g under the assumption that the element ¢ € G has a gap of
index A and that the flags U"(g) and S7(g) are o-generic. We start by
introducing an analogue of these flags in our context and establishing some
initial properties for them (Subsection 7.2.1). Then we compute the b*-
compatible Weyl chamber that contains 5°(g) and the W-coordinate of g in
a (p, q)-Cartan decomposition (Subsection 7.2.2).

7.2.1 (p,q)-Cartan attractors

Let g € %, be an element such that 0°(g~1)g is loxodromic. It follows from
Lemma 6.2.5 and equation (7.1.1) that this is equivalent to the existence of
a bT-compatible Weyl chamber a* for which one has

g € H°W exp(int(a't))H,
where int(at) denotes the interior of a™. In this case we set
U°(g9) = (90°(97"))+ € F(V).
By similar reasons the element ¢°(g)g~! is loxodromic as well and we denote
S°(g) = U°(g™).
Note that
S°(9) = (0°(g™H)g)-.

Remark 7.2.1. Suppose that g = hid exp(X)h is a (p, ¢)-Cartan decompo-
sition of g such that X € int(a™t) for some Weyl chamber a™ C b*. Then

U°(g) = h - &+ and S°(g) = hleg o =ht (falf)‘

In particular, both U°(g) and S°(g) belong to the set F(V)? of o-generic
flags on V.
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o

Recall that the choice of 7 induces a distance in all exterior powers A7V
and in the flag manifold F(V'). Recall also that an (r, €)-loxodromic element
is an element of G that is (r,¢)-proximal on F(V) (Subsection 1.5.2). We
have the following analogue of Lemma 4.3.2 in this setting.

Lemma 7.2.2. Let C C F(V)° be a compact set. Then there exist 0 <
o < 1o such that for every 0 < e < r with ¢ < g9 and r < ro there exists
a positive L with the following property: fixz a b*-compatible Weyl chamber
at. For every g € G for which

i T > L
Lo a(a’(g))

holds, and such that U (g) € C and S7(g) € C, then one has that 6°(g~1)g
is (2r,2¢)-lozodromic. Further, given a positive 0 the number o can be
chosen in such a way that

d(U°(g),U"(g)) < é and d(5°(g),57(g)) <.

Proof. The proof is essentially the same as that of Lemma 4.3.2. Namely,
because of Lemma 6.4.4 there exists a positive rg for which for every j =
1,...,d—1 and every £ € C one has

A(NIE, (M) ) > Bry and d(AT(§-2), (AT(6-)) ) > 6ro.
By Remark 6.4.5 this implies that
d(N€, AL(£5)) > 6ro and d(N(§7°),ALE) > 6rg  (7.21)

holds for every & € C. We now find an ¢y < rg for which for every j =
1,...,d—1 and every £ € C one has

beo (AV€) C Bey (AL(€77)) and beo (A (£7)) C Bey (L), (7.2.2)

Fix 0 < e < r with ¢ < gy and r < ryp. We can find a positive L for
which for every g such that

i T > L
Lo a(a’(g))

one has
Ng - B (AS7(g)) C b-(AU"(g)). (7.2.3)

for every j =1,...,d — 1. Further, by Corollary 6.4.3 we have as well

No®(g™") - B (ALST(0%(971))) C 0-(MUT(a%(971)))- (7.2.4)
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Now suppose moreover that U (g) € C and S7(g) € C. By (7.2.1) and
Corollary 6.4.3 we have

d (AU (0°(g71)), ALS(g)) > 6r. (7.2.5)
Now by (7.2.3) we have
N (0°(g71)g) - B=(ALS7(g)) C Mo®(g™") - (AU (g))
and by Corollary 6.4.3 and (7.2.2) is contained in
Na%(g7) - B-(ALST(0%(g71))).
By (7.2.4) we have therefore
A (0°(g7Y)g) - B<(ALST(g)) C be(ATUT(0°(g71))).

This inclusion together with (7.2.5) and Benoist’s Lemma B.2.3 gives that
o°(g~1)g is (2r, 2¢)-loxodromic and

d((c°(g7)g)-.S7(9)) <e.

Therefore the distance d(S°(g), ST( )) can be made arbltrarlly close to zero.
Finally, working with go°(g~!) (instead of 0°(g~!)g) the estimate

°(
d(U°(9),U7(g)) < e

also follows.
O

7.2.2 Computation of the Weyl chamber and the W-coordinate

Let € and 5 be two flags spanned by C. We denote by Weg the unique element
of the Weyl group W for which one has

weg & =&

Recall that ¢ is said to be b™-compatible if the associated Weyl chamber
agr is bT-compatible.

Proposition 7.2.3. Let & and &, be two bT-compatible flags. Fiz two
compact sets Cs C F(V)g and C, C F(V)g . Then there exists a positive L
with the following property: let a™ be a b -compatible Weyl chamber. For
every g € G for which

i T > L
acmin a(a’(g))

holds, and such that S7(g) € Cs and U7 (g) € Cy, one has
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o

9 € Howe,, (. exp(int(aw(azs)))H .

Proof. By Lemma 7.2.2 we can take a positive L such that for every g as in
the statement one has

Ue(g) € F(V)E, = H° &,
and
S°(g) € F(V)g, = - ¢,

If hab exp(b°(g))h is a (p, q)-Cartan decomposition of g we then have

U°(g) = hiv - b°(g)+ € H” - &,
and

5°(g) = h™" - 1°(g)- € H* - &
In particular,

w-b°(g)+ € H? - &, and b°(g)— € H? - &.
We conclude that
b°(9)+ = b°(g)2° € H - ()10 = HO - 11 (&),

because wy+ belongs to H®. Since both b°(g) .+ and ¢+ (£5) are b -compatible,
Proposition 6.4.8 implies

b°(9)+ = to+ (&)
and therefore b°(g) belongs to int(Lb+(aZ)). Further, we have
W - 1+ (&) € H? - &y
and Lemma 6.2.3 implies the existence of an element @' € W N H® such that
W' - 1+ (§s) = Eu-

Then w'w = We,., . (¢,) and the proof is complete.
O

Corollary 7.2.4. Let £ be a bt -compatible flag and C C F(V)¢ a compact
set. Then there exists a positive L with the following property: let a* be a
b"-compatible Weyl chamber. For every g € G for which

i T > L
L a(a’(g))

holds, and such that S™(g) € C and U (g) € C, one has
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o

g € Howg, , (¢) exp(int(cp+ (ag)))H .
In particular, if (F(V)g)LO = F(V)g we have

geH° exp(int(ag'))Ho.

0

Let us emphasize here the fact that, depending on d, p and ¢, an open
orbit F(V)¢ for which the equality

(FV)2te = F(V)g

holds may or may not exist (c.f. Corollaries 6.2.8 and 6.4.9).

7.3 Geometric and linear algebraic interpretations

7.3.1 Geometric interpretation in Xg

Note that an element g belongs to %, g if and only if there exists a basis of
lines C’ of V' which is both o-orthogonal and (g - 0)-orthogonal. By Proposi-
tion 6.1.1, this is equivalent to the existence of a flat of Xg orthogonal both
to S and S9° = ¢ - S°.

Lemma 7.3.1. Let g be an element in B, and g = hivexp(b°(g))h be a
(p, q)-Cartan decomposition of g. Then

hwexp(b) -7 = hexp(b) - 7

is a flat of Xg orthogonal to S° at h -7 and to g-S° at hwexp(b°(g)) - 7. In
particular, one has

dx, (5%, 9-5%) = [1b°(9)[e-

Proof. Indeed, this follows from the fact that exp(b) - 7 is orthogor}al to S°
(resp. exp(b°(g))-S°) at 7 (resp. exp(b°(g)) - 7) and the fact that W fixes 7
and preserves exp(b) - 7. O

7.3.2 Geometric interpretation in Q,,

Let g be an element in %, ¢ and suppose first that g admits a (p, ¢)-Cartan
decomposition of the form

g = hexp(b°(g))h.



7.3. INTERPRETATIONS 121

The geometric interpretation of the (p,q)-Cartan projection of ¢ is in this
case straightforward: b°(g) can be interpreted as the “vector” inside the
space-like flat

hexp(b) - o

that connects the basepoint o with g - o.
Now suppose that g admits a (p, ¢)-Cartan decomposition of the form

g = wexp(b(g))h
for some @ € W \ H°. Then the space-like flat
wexp(b) - o

is disjoint from exp(b) - o (c.f. Subsection 6.1.2). We can interpret the
element b°(g) in this case as the “vector” connecting the points w - 0 and
g - o inside the space-like flat

wexp(b) -o=-exp(b) - (w-o0).
In the general case g = haexp(b°(g))h, the vector b°(g) connects the
point hw - o with g - o inside the space-like flat hw exp(b) - o.
7.3.3 Linear algebraic interpretation

For the rest of the section we fix a b™-compatible Weyl chamber a*. Lemma
6.2.5 and equation (7.1.1) imply the following: for every element g of %4, g
there exists an element w, € W such that

In particular, one has:

16°(9)lle = 51M (g )9)le-

Whenever g has a (sufficiently large) gap of index A and the Cartan
attractor and repellor of g are o-generic, we have the following more precise
result.

Proposition 7.3.2. Let & be a bT-compatible flag and fix compact sets
Cs C F(V)g, and C C F(V)°. Then there exists a positive L with the
following property: for every g € G for which

i T > L
Lo a(a’(g))
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holds, and such that ST(g) € Cs and U™ (g) € C, one has

(9) = 3w, e - A0°(971)9)

In particular, if vp+(&s) = g+ we have

°(g9) = 5A(0°(g7)9).

Proof. Apply Proposition 7.2.3 to each intersection of C' with each open
orbit of the action H> ~ F(V). For every ¢ as in the statement we know
that there exists some X € int(a™t) such that

b02(9) = W,y (ger - X
Hence
3AM0°(971)9) = Mexp(b°(9))) = X = (w,  (ee., )" - b°(9)-
0

Proposition 7.3.3. Let & be a b -compatible flag and fix compact sets
Cs C F(V)g, and C C F(V)°. Then there exist positive numbers L and D
with the following property: for every g € G for which

i T > L
acmin a(a’(g))

holds, and such that S7(g) € Cs and U™ (g) € C, one has

16°(9) = W, (e, a7 (9l < D-

Proof. As we saw in the proof of Lemma 7.2.2, there exists a positive con-
stant rg such that for every j = 1,...,d —1 and every ¢ as in the statement
one has

4 (AU7(9). AS"(0°(g71))) 2 0

It is not hard to show (see e.g. Bochi-Potrie-Sambarino [7, Lemma A.7])
that this implies the existence of a constant D such that

a5 (0%(g71)g) — aj(c°(g7")) — af(9)| < D
holds for every j =1,...,d — 1. By Corollary 6.4.3 we have
503 (0°(g7g) —af(9)| < D/2

and we conclude that, up to changing D by larger constant if necessary, one
has
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1307 (0°(97)g) — a”(g)]|, < D

for every ¢g in G as in the statement.

Fix r, ¢ and L as in Lemma 7.2.2 and Proposition 7.3.2 (for each inter-
section of C' with F(V)?). By Lemma B.2.2, we can enlarge D if necessary
in order to have

1307 (0°(g7)9) = 3A(0°(g™ )|, < D

for every ¢ as in the statement. To finish apply Proposition 7.3.2 and the

fact that the norm || - ||, is W-invariant.
O
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Chapter 8

Busemann cocycles and
Gromov products

Fix points 0 in Qp 4, 7 in S? and a Cartan subspace b C p” Nq°. Recall from
Subsection 1.6.1 that one has the 7-Busemann cocycle of G:

BTG xF(V)=b

which is introduced by means of Iwasawa decomposition of G. The goal
of this chapter is to introduce an analogue (° of this cocycle adapted to
our setting: in the same way that 7 “asymptotically controls” the Cartan
projection of G, the cocycle 8¢ “asymptotically controls” the projection 4°.
This is done in Section 8.1 while in Section 8.2 we also introduce the analogue
of the 7-Gromov product in our setting. Again, as in the Riemannian setting,
this analogue “controls” the difference between the (p, ¢)-Cartan projection
of g and its Jordan projection.

8.1 o-Busemann cocycle

Let bt C b be a Weyl chamber of the system (g™, b) and a™ be a b*-
compatible Weyl chamber. For j = 1,...,d — 1 recall that x; € b* denotes
the highest weight of the exterior power representation A7 associated to the
choice of a*.

Set

(G xF(V))?:={(9,6) € GXF(V)?: g-&eF(V)%},
Define the o- Busemann cocycle of G
B (GxF(V))° —b
by the equations for j=1,...,d — 1:

125
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<Ajg-v,Ajg-v>oj

(v, )0,

’

xX;(B°(g,8)) = %log

where (-, ), ; is any form representing o; and v is any non zero vector in the
line A7¢. Note that thanks to Lemma 6.4.4 the map 3° is well defined.
The proof of the following is straightforward.

Lemma 8.1.1. Let g1 and g2 be two elements of G, & be a flag in V and
suppose that (g192,&) and (g2,&) belong to (G x F(V))°. Then

B°(9192,&) = B°(g1, 92 - §) + B°(92,&)-
O

Remark 8.1.2. The o-Busemann cocycle generalizes the 7-Busemann co-
cycle of G, in the sense that whenever pg = 0 and 0 = 7 one has

(GxF(V))?=GxF(V)

and f° coincides with 57 (c.f. Quint [56, Lemma 6.4]). On the other hand,
since we are assuming pg # 0, the set (G x F(V'))? does not coincide with
G x F(V), but we still have a relation between $° and S7: there exists an
smooth function

Vor :F(V)° — b
for which one has

Vor(g &) — Vor(§) = B°(9,€) — 87(9,6)

for every pair (g,&) € (G x F(V))°.

8.1.1 (p,q)-Iwasawa decomposition

The classical relation between Iwasawa decomposition and Busemann cocy-
cles still holds in our setting. To see that, recall that N is the unipotent
subgroup of G associated to the choice of a™ (Section 1.6). A (p, q)-Twasawa
decomposition of an element g in G is a decomposition of the form

g = hwexp(X)n

where h € H°, w € W, X € b and n € N. Note that if this decomposition
holds, then the element X is uniquely determined: for every j =1,...,d—1
one must have
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<Ajg-v,Ajg-v>oj

(v, )0,

I

where (-,-),; is any representative of o; and v is any non zero vector in the
line A7¢,+. Indeed, this follows from the fact that A7H® preserves the form
oj and that the fact that one has the equality

](Aju?-v,Ajﬁ)-v)oj\ = ](v,v)oj\ (8.1.1)

for every j =1,...,d —1 (c.f. Lemma 6.2.3).
On the other hand, if an element g € G admits a (p, ¢)-Iwasawa decom-
position then one has

(9:&a+) € (G x F(V))°.
Conversely, we have the following.

Lemma 8.1.3. Suppose that the pair (g,&,+) belongs to (G x F(V'))°. Con-
sider an element © € W for which the Weyl chamber @ -a™ is b™ -compatible
and such that g - §or € F(V)2 . Then g admits a (p, q)-Iwasawa decompo-
sition of the form

g = hwexp(X)n.

Proof. There exists h € H° such that g-£,+ = hib-£,+ and therefore w~'h=1g
belongs to P,+. Since by Iwasawa decomposition (1.6.1) one has

P.+ = Mexp(b)N,
we conclude that
W th7tg = mexp(X)n

for some m € M, X € b and n € N. Now wm = m/w for some m' € M C H

and the lemma follows.
O

Corollary 8.1.4. Let (g,§) be an element in (G x F(V))? and take h' € H°
and W' € W such that Wi’ - g+ = €. Then gh'w' admits a (p, q)-ITwasawa
decomposition of the form

gh'w" = hab exp(B°(g, &))n.

Proof. Since gh'w' - £,+ is o-generic, there exists W € W such that @ - Eat
is bT-compatible and gh'w’ - &+ € F(V)9 4. By Lemma 8.1.3 we find a
(p, q)-Iwasawa decomposition of gh/iw’ of the form

gh'w" = hav exp(X)n.
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Now we know that the element X in this decomposition is given by

1 (A (gh'w") - v, N (gh'd") - v),,

J
(v, U>0j

)

where v is any non zero vector in the line A7¢,;. Since A7H° preserves the
form o;, equality (8.1.1) finishes the proof.
O

8.1.2 Dual cocycle

The following is a consequence of Corollary 8.1.4.

Corollary 8.1.5. Let (g,&) be an element in (GxF(V))°. Then (¢°(g), &)
belongs to (G x F(V'))° and one has

B(0°(9),€) = ta+ © (9, €).

Proof. Corollary 6.4.2 implies that (6°(g), +°) belongs to (G x F(V))°. Fur-
ther, let ' € H? and @' € W be two elements such that

R - &+ = €.
By Corollary 8.1.4 we can write

gh'w' = hiv exp(8°(g,))n

and therefore
0°(g) = ho() exp(—B°(g, €))o°(n)o (')~ (h') 1.
Now by Corollary 6.4.2 we have
o? (@) BT (610) = € = war G

and since 0°(n)wg+ = wq+n’ for some n’ € N, the result follows.
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8.2 o-Gromov product

Set
(F(V)) @ = {(£,€) e F(V)° x F(V)° : £ is transverse to &'}.

Let (£,€") be an element of (F(V)°)? and j =1,...,d—1. By Remark 6.4.5
we know that the hyperplane (Aj(fl"))l”j is transverse to the line AJ¢’.
Further, by Lemma 6.4.4 the lines AJ(¢1¢) and AJ¢" are not oj-isotropic.
Therefore we can define an o- Gromov product

Go: (F(V)°)® — b

by setting
1 (0,0 ). (0,0,
(Go(&,8)):==1o ! !
XJ( 0(§:€")) 9 g </Uv/U>0j <'U/7U/>0j
for every j = 1,...,d — 1, where v (resp. v') is any non zero vector in the

line AJ(&1e) (vesp. AIE).

Remark 8.2.1. The map G, generalizes that 7-Gromov product G, of
Subsection B.2.1, in the sense that whenever pg = 0 and 0 = 7 one has

(F(V)))® =F(V)®
and G, coincides with G.
o

The classical relation between Busemann functions and Gromov prod-
ucts is still satisfied in our framework.

Lemma 8.2.2. Let (§,¢) € (F(V)°)? and g € G be an element such that
(g,€) and (g,&") belong to (G x F(V))°. Then the following equality holds:

Go(g-€,9-&) = Go(§, &) = —=(ta+ 0 8%(9,€) + 8°(9,¢))-

Proof. Fix j =1,...,d — 1 and note that, by (6.3.2) and Corollary 6.4.2, if
v € A (&1) then

0% (Mg)-veM((g-&r).

Let v' € AJ¢ be a non zero vector. We have

1. [(09(Ng)-v,Ng-v') (0% (N g)-v,Ag-v),,
X](Go(g &§,9- 5/)) = 5 log

2 (09 (Ag) -v,0% (N g)-v)o, (A g-v',Ng-v),
_ 1 1 <U, U/>Oj <U7 UI Oj
— 5% (0% (Ng) -v,0% (A g) - v)o; (Ag-v',Ag-v'),, ’

where the last equality holds by definition of ¢%. If we subtract to the
previous equality the number



130 CHAPTER 8. BUSEMANN COCYCLE AND GROMOV PRODUCT

1

XG(Go(6, ) = £ log | ot 0 o

<’U, v>0j <U,> U/>0j

we obtain that x;(Go(9-&,9-&')) — x;(Go(&,£')) equals

(0, 0)0; (U, V)0,
<0'0](Ajg) . U7Uoj(Ajg) . /U>Oj <A]g . /Ule]'g . v/>0j

1
5 log

and by Corollary 8.1.5 the result follows.
O

Recall from Subsection B.2.1 that B denotes the vector valued cross-ratio.
The following gives a geometric interpretation for the o-Gromov product and
will be of central importance in Subsection 9.2.2 (c.f. Corollary 9.2.6).

Corollary 8.2.3. For every (£,£') € (F(V)°)® the following equality holds:
Go(ga 5/) = _%B ((gl)Lo ) 5l07 55 5/) .

Proof. Let j = 1,...,d — 1 and v € AJ(é1°) and v/ € AJ¢ be non zero
vectors. Then by Remark 6.4.5

(v, )0, € ALE and (V/,-)o, € AL((€)1e).
We have

(', v’>0j (v,0)0,

. /J_o . J_o y Ve AN
BHAGE) ), AT(65), A, €)= log | e =

and the result is proven.
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Counting

We now apply the previous results to the study of the projection b°(p(I"))
for a Borel-Anosov representation p : I' — G and a basepoint o in the set

Q= {06 Qpq: £(0T) CF(V)},

where £ : JooI' — F(V) is the limit map of p. In Section 9.1 we introduce
the counting function

tr gy el [[B°%(p)lle <t} (9.0.1)

associated to b° and show that its exponential growth rate is positive, finite
and independent on the choice of the basepoint o € £, (Corollary 9.1.3). We
also describe the asymptotic cone of b°(p(I")) (Proposition 9.1.6). In Section
9.2 we prove a purely exponential asymptotic for a counting function similar
to (9.0.1), namely, instead of counting with respect to ||b°(p)|ls we count
with respect to ¢(b°(py)) for carefully chosen linear functionals ¢ € b*
(Proposition 9.2.10). In order to obtain that result we need however an
extra assumption: the limit set of p must be contained in one connected
component of F(V)°.

9.1 Growth rate and asymptotic cone

9.1.1 Examples

We discuss here some examples of Borel-Anosov representations in G for
which the set £, is non empty.

Example 9.1.1.

e The easiest example comes from a Schottky type construction: one
fixes an element o € Q,, , and then “ping-pong” constructions provide
examples of Borel-Anosov representations whose limit set is contained
in F(V)°.
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e Suppose that p and ¢ are different modulo 2 and consider a splitting

V=nrtonr

where 7 (resp. m7) is a p-dimensional (resp. g-dimensional) subspace
of V. Consider the representation

A:SLy(R) = SL(V) : A:=AJ" @ A"

where Al : SLy(R) — SL(n") and AJ" : SLy(R) — SL(7~) are ir-
reducible. Let py : I'y — G be a Borel-Anosov representation con-
structed as in Example 2.1.9 for this choice of A.

Pick a quadratic form o € Q) 4 for which the splitting
V=rtonr

is orthogonal and such that 7 (resp. 77) is positive definite (resp.
negative definite) for this form. It follows from (2.1.3) that the point
o belongs to Q,,. Moreover the limit set £(0xI'y) is contained in a
single open orbit of the action

H° ~ F(V)

which is invariant under the map -+° : F(V) — F(V).

Let d =3, p=2 and ¢ = 1 and consider this time a Hitchin represen-
tation p : I'y — G. Suppose that o is a point in Q21 such that

(i) either £!(x) is negative definite for o, for every x € 9oy,
or

(i) the projective line £2(x) is positive definite for o, for every = €
oLy,

then o € Q,. Since the projective limit set £'(d5I'y) is contained
in an affine chart of P(V') (see Choi-Goldman [15]), it is not hard to
construct quadratic forms of signature (2,1) on V for which either (i)
or (ii) above are satisfied. Conversely, if a point 0 € Q2,1 belongs to
Q,, either condition (i) or two (ii) above must be satisfied (because
there exists an affine chart of P(V') that contains both the projective
limit set £!(0,I') and the projectivized isotropic cone of o).
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9.1.2 Counting function

Fix a Borel-Anosov representation
p: ' =G

and let £ = &, : 0xcI' = F(V) be its limit map. Fix points o in Q, and 7
in S°, a Cartan subspace a = b C p” N q° and a Weyl chamber b™ of the
system 3(g7° b). The following is a corollary of Lemma 7.2.2.

Corollary 9.1.2. There exist 0 < g9 < ro with the following property: for
every 0 < ¢ < r such that € < eg and r < rq, there exists a positive L such
that if v € T satisfies |y|r > L then one has one has that

a(py )y

is (2r,2¢)-loxodromic. In particular one has py € B, . Further, given a
positive § there number L > 0 can be chosen in such a way that

dU°(py), U (py)) <& and d(5°(py), ST (py)) < 6.

0

Since p is projective Anosov it follows that the projective critical ex-
ponent (5/1, of p is positive and finite: it coincides with the entropy h/l) of p
(Proposition 2.3.6). It follows from this fact that the critical exponent'

: T <
5, o limsup BF D ETE ()l <)

t—o00 t

of p is positive and finite. The following is a consequence of Proposition
7.3.3 and invariance of || - ||y under the action of the Weyl group W.

Corollary 9.1.3. The function

t—=#{vel': pye Bogand ||b°(py)|s <t}

18 finite for every positive t. Moreover, the following equality is satisfied

1 I: %o d ||b° <t
5, — limsup ‘BF L EL: 77 € Fog and [W(p)ls <8

t—o00 t

In particular, the right hand side of the last equality is finite, positive and
independent on the choice of the basepoint o € §2,.

g

!For any given Weyl chamber of the system X(g, a).



134 CHAPTER 9. COUNTING

9.1.3 Asymptotic cones
Fix a bT-compatible Weyl chamber a* for which the intersection
§(0") NF(V)gs
is non empty and set
at =+ (at).

Let ™ : G — a' be the associated Cartan projection. Recall that .Z,
denotes the asymptotic cone of p(I') (Subsection 2.3.3). We define a new
asymptotic cone, that we denote by .£2"%, and that consists on all possible
limits of sequences of the form (2.3.5) but with a”(p7,) replaced by b°(pyy)-
The main goal of this subsection is to give an explicit description of this
new cone by means of Benoist’s asymptotic cone (Proposition 9.1.6 below).
In order to do that, we set

W,ot i={w e W: w-at Cb" and £(0-.I') NF(V)° # 0}.

Lyt (weat)

Remark 9.1.4. By definition the neutral element 1 belongs to W, ,+. More-
over, the equality W, ;+ = {1} is equivalent to the inclusion

£(0T) € (V).

Remark 9.1.5. Let {7,} be a sequence in I" diverging to infinity and sup-
pose that there exists a bT-compatible Weyl chamber a* such that

ST(pm) € F(V)e4

for every n large enough. Let w € W, + be the element defined by the
equality

w - ClJr = lp+ (El+)
Then by Proposition 7.3.3 the sequence

16°(0vn) — w - a” (pyn)lo

is bounded.

Proposition 9.1.6. The following equality holds:
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= | w2

wEWp7a+

Proof. We first prove the inclusion

L0 U w - L.

wEWp7a+

Let

n—o00 tn

be a point in .27, By taking a subsequence if necessary we may assume
S™(pm) € F(V)g+,

for all n and some Weyl chamber a* C b™. Take w € W, o+ as in Remark
9.1.5. Then the sequence

=112 (pym) — w - a™ (pyn) o

converges to zero and we conclude that X belongs to w - .Z,.
Conversely, let w € W, ;+ and

X = fig & (Pm)

n—oo n

be an element in .Z),. Set
at = e (w-at),

which is b*-compatible and, by definition of W, o+, the intersection
§(0nD) NF(V)2.

is non empty.

By taking a subsequence if necessary, we may suppose that the sequence
{S™(pyn)} converges to a point &(y) as n — oo. Since the intersection
£(05c") NF(V)2, is non empty we can fix an element 4" in T such that

()"t -&ly) e F(V)Y,.

Further, we can assume that there exists a constant D such that for every
j=1,...,d—1 one has

a (AU (p7°), ALST(pa)) = D

for every n large enough. By [7, Lemma A.7] this implies that the sequence
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la” (p(n°)) — a” ()16

is bounded and therefore

a(pyn) _ o @ p(m"))

n—oo

X = lim
n—oo

n n

Thanks to Remark 9.1.5 in order to finish it suffices to show that

ST(p(vn"))

belongs to F(V)¢, for every n large enough. But applying [7, Lemma A.5]
we have

lim S7(p(17°)) = (17°) " &uly)

n—oo

which by construction belongs to F(V)¢, .
[

Remark 9.1.7. Let ¢, : b — RU {—o0} be the growth indicator of p(I'),
introduced by Quint in [55]. For X € b, it is defined by

(X 1= || Xy inf lim sup log#{y€T': a"(py) € € and |la”(py)llp < t}’
t—o00 t

where the infimum is taken over all open cones 4 containing X. This func-

tion is a central object in the study of asymptotic properties of the Cartan

projection a” (c.f. Quint [57] and Sambarino [61]). We can define a new

growth indicator

Pl b — RU{—o0}
in the same way, using the projection b° instead of a”. Using the same
arguments than in Proposition 9.1.6, the following can be proven: let X €

L1 and write X = w - X, for some w € W, o+ and Xo € Z,. Then one
has

Up (X)) = 1,(Xo).

Since 1), equals —oo outside the asymptotic cone .Z),, this describes com-
pletely the growth indicator ¢/5?. This remark will not be used in the sequel.

o



9.2. PROOF OF THEOREM C 137

9.2 Counting on a given direction in a special case

Through this section we assume further that there exists a single open orbit
of the action H® ~ F(V') that contains the limit set {(0xI"). The goal of
this section is to show that the function

t #{yeT: ob°(py)) <t}

is asymptotically purely exponential as ¢ — oo, for each ¢ € b* which is
positive in the interior of £%*? (Proposition 9.2.10 below).

Recall that a* is a b*-compatible Weyl chamber such that F(V)2, con-
tains a point in the limit set of p. Therefore our assumption gives the
inclusion

£(DocT) C F(V)G,.

Recall also that we set a™ := 1+ (a™) and let A : G — a™ be the Jordan
projection. By Remark 9.1.4 we have

va,ct7L = {1}

and Proposition 9.1.6 gives us the equality £ = &,
Let w € W be the unique element of the Weyl group such that

w-at =ar.
We have the following equalities:
w5+bb+(a+) = w and wLb+(ﬁ+)a+ =1.

Therefore the following is a consequence of Corollary 7.2.4, Proposition 7.3.2
and Remark 9.1.5.

Corollary 9.2.1. There exist positive constants L and D such that for every
v in T with |y|r > L one has

py € Howexp (3A(0°(py~1)py)) H

and

16°(py) — a™(py)lle < D.

Ezample 9.2.2.
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e Suppose that p is a small deformation of pg, where pg is as in the
second item of Example 9.1.1 and o € €, is the point constructed in
that example. The Weyl chamber a*t satisfies in this case

Lo+ (&*) = ﬁ*
and therefore

py € Hexp (5M(0°(py~1)py)) HO

holds apart from possibly finitely many exceptions v in I'.

e Suppose that d = 3 and p = 2. Let p be a Hitchin representation
and o be a point in , (c.f. second item of Example 9.1.1). Then the
(p, ¢)-Cartan decomposition of (large) elements py will always have a
non trivial (constant) W-coordinate.

9.2.1 o-Busemann cocycles and o-Gromov product for p

Fix a linear functional ¢ € b* in the interior of .. Set
6 T x 0l > Rt c5(v,2) = 0(B°(py,€(x)))
and
e T x 0l = R 2(7,2) := @i+ © B2(p7,€())).

These are called the (¢, 0)-Busemann cocycles of p.
The following lemma holds by direct computations.

Lemma 9.2.3. The pair (¢3,cy) is a pair of dual Hélder cocycles. The
periods of c§ are given by

Peg (7) = @(A(p7))
for every v € I'y.
O

Remark 9.2.4. Recall from Subsection 2.3.3 the definition of the pair
(¢£,c¥) of (p,7)-Busemann cocycles of p. By Remark 8.1.2, the cocycles
¢y and cf (resp. ¢ and ¢f) are cohomologous in the sense of Livsic.
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Set

[ )8 2T = R [2,y]8 == p(Go(€(2).£(y)))-
The following is a consequence of Lemma 8.2.2.
Corollary 9.2.5. The map [-,-]5 is a Gromov product for the pair (¢4, c).
]

We now state a crucial result that will allows us to compare the (p, q)-
Cartan projection of an element py with the period ¢(A(p7y)), by means of
the Gromov product. This is the analogue of Lemma 4.3.3 (item 4.) in the
present framework.

Corollary 9.2.6. Fix a positive 6 and A and B two disjoint compact subsets
of OsoI'. Then there exists a positive L such that for every v € I'y satisfying
|vlr > L and (y—,v+) € A X B one has

(b (7)) — (M) + 7=, 7+ 15] < 6.

Proof. From Corollaries 6.4.3 and 8.2.3 we know that

=, 7418 = =3eB(0°(py )=, a°(py 1) . (p7) =, (p7)+))

holds for every v € I';. Now observe that because of Corollary 9.2.1 we can
suppose that

b (py) = 5A(0° (07 1))

holds as well. As in Lemma 4.3.3, now it suffices to apply again Corollary
6.4.3 and Benoist’s Theorem B.2.4 to finish the proof.
O

9.2.2 Distribution of (p, ¢)-Cartan attractors and repellors

In this subsection we assume further that p is Zariski dense.

Let ug (vesp. fz5) be a Patterson-Sullivan probability of dimension hj
associated to the cocycle ¢f (resp. €5 ): these probabilities exist thanks to
the contents of Subsection 2.3.3 and Remark 9.2.4.

Proposition 2.3.10 and Remark 2.3.11 imply the following.

Proposition 9.2.7 (Sambarino [60, Proposition 4.3]). There exists a posi-

tive constant '’ =), , , such that

we it Y b @, e MR e g
YETH,(A(p7))<t
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ast — oo on C*(O2T).
(|

As in Section 5.1, the following is an intermediate step towards the proof
of Theorem C.

Proposition 9.2.8. There exists a positive constant &' =1, , , such that

wehot > Oy @06y, — If @ pf
YELH,p(b°(py)) <t

ast — 00 on C* (0" X OsT).

Proof. The proof is the same as that of Proposition 5.1.8. Namely, the
convergence outside the diagonal is implied by Corollary 9.2.6. The conver-
gence on the diagonal follows from this one by standard arguments, provided

Lemma 9.2.9 below.
O

Lemma 9.2.9 (c.f. Proposition 4.5.1). Fiz an element o € I'. Then there
exist positive constants L and D., such that for every v in I' satisfying
|v|r > L one has

16°(p(07)) — b°(pY) |6 < Do

Proof. By Corollary 9.2.1 there exist positive constants L and D such that
for every v with |y|r > L one has

16°(p(v07)) = b°(p) e < lla” (p(v07)) — a™ (p)]l6 + D-

To finish observe that there exists a positive constant d,, for which the
inequality

la™(p(h07)) — a™(pY)lle < dyg
is satisfied for every v € I. O
We finally prove Theorem C.

Proposition 9.2.10. There exists a positive constant m' = Iﬁ;w#, such that

ﬁl/e_hft Z 63"(;77) & 5U"(pv) — &x (ﬂf) ® g* (Mf)
YEL,p(b°(p7))<t

ast — oo on C*(F(V) x F(V)).

Proof. The proof is analogous to the proof of Proposition 5.1.10, the main
steps being:
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e Set

vl = qehit Z d50(py) ® Ouo(pry)-
YELH,p(b°(py)) <t

Provided with Corollary 9.1.2 and Proposition 2.1.3, the convergence
vt — &(18) @ & (u) = 0

follows as in Corollary 5.1.9.

e Set

Vg 1= Iﬁleihﬁt Z 550(,07) X 5U°(p’y)
YEL (b0 (py))<t

and fix continuous function f on F(V') x F(V) whose support supp(f)
is contained in F(V)®). An application of Corollary 9.1.2 and Propo-
sition 2.1.3 yields

#{yel: (5°pv),U%py)) € supp(f) and v ¢ T'u} < oc.

This implies the convergence v1(f) — v4(f) — 0.

e Finally, let 2 := F(V) x F(V) \ F(V)®. Given a positive £ one finds
an open covering % of 2 satisfying

lim sup 14 ( U U) <eg
=00 Uew

and this finishes the proof.

9.2.3 Proof of Corollary D
Recall from Corollary 9.1.3 that we have the equality

1 I: B d ||p° <t
8, = lim sup og #{y € Py € Bo,c and [|b°(py)|lp < }’

t—00 t

where 6, is the critical exponent of p.

Corollary 9.2.11. There exists a strictly positive constant C such that for
every t large enough one has
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#{yel: pyeBoc and [[b°(py)[ls <t} < Cel'.

Proof. In [55] Quint shows that there exists a form ©, € b* which is strictly
positive in the interior of £}, satisfies ||©,||f = §, and”

lim sup 28 #{yel: O, (py) <t}

t—o0 t

1.

Because of Corollary 9.2.1 we have

1 r: © <
limsup CEF EL: Py € Fog and O,(0%(p7) <t} _

t—o00 t

1.

By Proposition 9.2.10 we conclude that h,?” must be equal to 1.
Now

#{yvel': pyePB,cand [[b°(py)lle <t}

is less than or equal to

#{yvel': pyeRB,qand 0,(°(py)) < ot}
which by Proposition 9.2.10 is equivalent to

©
edohp "t edpt

~/ =/ .
m m
P707®p P,07®p

The corollary then follows.

2Explicitly, this is the linear functional on b that realizes the minimum

minflelly @ > Yo},

where 1, is the growth indicator of p.



Appendix A

Metric Anosov flows

In this appendix we give a quick reminder on the notion of metric Anosov
flows and its main dynamical features. The goal is, on the one side, to state
Bowen’s spatial distribution theorem [9, 10] and, on the other, to give a
description of the probability of maximal entropy of such a flow more in the
spirit of Margulis [42]. All these results are well known and can be found
in Pollicott [51] in the setting we need. The exposition will be informal in
order to quickly arrive to these results (Facts A.1.1 and A.2.1 below). For
complementary information see [51].

A.1 Definition and first properties
Let X be a compact metric space equipped with a continuous flow
qbt X = X.

Very informally, the flow ¢; is said to be a metric Anosov flow if there exist
invariant laminations #%%, #"* #'< and #“* of X, called respectively
strong stable lamination, strong unstable lamination, central stable lamina-
tion and central unstable lamination, defining a local product structure and
with the property that #°° (resp. #“") is exponentially contracted by the
flow (resp. the inverse flow). For precise definitions see [51].

Recall that ¢, is said to be transitive if it has a dense orbit and to be
topologically weakly-mizing if all the periods of its periodic orbits are not
multiple of a common constant.

We fix from now on a transitive, topologically weakly-mixing, Holder
continuous metric Anosov flow ¢; : X — X. As shown by Pollicott [51],
the flow admits a Markov coding. We will assume here that this coding is
strong (c.f. Constantine-Lafont-Thompson [16]). Roughly, this means that
the flow can be treated as the suspension of a subshift of finite type and thus
the techniques coming from the thermodynamical formalism apply. This has
strong dynamical consequences, for instance we have the following.
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Fact A.1.1 (c.f. Pollicott [51]). The following holds:

The topological entropy hg of ¢; is positive and finite. It is given by

1 : <
hy = lim og#{acp: pla) <t}

t—o00 t

where p denotes the set of periodic orbits of ¢, and, for a € g, the
number p(a) denotes the corresponding period.

e Ast — oo, one has
hgte hot#{a € o pla) <t} — 1.

e There exists a unique probability m, of maximal entropy for ¢;, called
the Bowen-Margulis probability of ¢;. This measure is ergodic.

e Periodic orbits become equidistributed with respect to mg: if Leb,
denotes the Lebesgue measure of length p(a) supported on the periodic
orbit a, then

1
h¢t€_h¢t Z ﬁLeba — m¢
pla

in the weak-star topology as ¢ — oco. Here the sum is taken over all
periodic orbits a for which p(a) < ¢.

A.2 The Bowen-Margulis measure

As shown by Margulis [42], for Anosov flows there exists a measure on
local central unstable leaves which is exponentially contracted by the flow’.
By reversing time and disintegrating along flow lines one finds a family
of measures on local strong stable leaves which is expanded by the flow.
Margulis [42] first showed how to combine these families to produce a finite
invariant Borel measure in the whole space which is, up to scaling, the
Bowen-Margulis probability of the flow.

In the following fact we briefly describe this process. A proof in the
Anosov flow case can be found in Katok-Hasselblatt’s book [34, Section 5 of
Chapter 20]. This proof equally applies in our setting.

In our context this measure is also available: this follows from the thermodynamical
formalism as explained by Bowen-Marcus [11, Section 4].
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Fact A.2.1. Suppose that there exists a real number §* > 0 such that
for every xp € X and any small relative neighbourhood #,5¢(xo) of x¢ in
W "(x0) there exists a positive and finite Borel measure v/ (zo) on %5 (xo)
for which the equality

(¢1)«Vige(w0) = e~ vie (1 (0))

holds for every t € R.
Further, suppose that one has a real number 6° > 0 and a family of
measures {1 (xo)} on local leaves of #*° for which

loc
(60)ige(w0) = € i (o)) (A2.1)

is satisfied for every t € R. Moreover, suppose that the family {v}% (zo)}
is a transverse measure’ of class C° for #*. Consider the measure on X

locally given by

)= [ AN )i ) @),

loc (:Eo)

Then one has the equalities 0% = 0° = hy, the measure m is ¢;-invariant
and it is proportional to the Bowen-Margulis probability m.

The following remark is sometimes useful.

Remark A.2.2. Let .% be a lamination on X that determines a local prod-
uct structure with #°°¢. Further, let {17 (z)},ex be a transverse measure
of class C° for #°* supported on local leaves of .#. It makes sense to
ask if equation (A.2.1) is satisfied for this family: one can uniquely extend
{17 () }zex to a familiy {vr}recs, where 7 is the set of transversals to
w . and condition (A.2.1) makes complete sense for the family {vr}recz
(see [38, p.109]).

Suppose then that {1/ (7)}.cx is a transverse measure of class C* for
W " supported on local leaves of . that satisfies equation (A.2.1) and con-
sider the measure on X locally given by

)= [ @A Furle) (o) @)

loc (:C())

Since locally one has the equality

2For a precise definition see Ledrappier [38, p.109]. Very informally, this means that
if we have a map between two local leaves #5:(z0) and # e (x1) of #°° which is defined
“following the leaves of #*”, then this map sends the measure v, (7o) to a measure
which is absolutely continuous with respect to the measure v, (x1).
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(¢t)*ml _ 6(5575“)tm/7

this condition must also be global and therefore §* = §° and the measure
m’ is ¢;-invariant. Further, it is absolutely continuous with respect to m,
which is ergodic because the Bowen-Margulis probability is. We conclude
that m’ must be proportional to my.

A.3 Reparametrizations

Let f : X — R be a strictly positive continuous function. The reparametriza-
tion of ¢ by f is the flow

ol - X - X
characterized by the formula

#(2) = Bt 1, 01 (®)

0

for every z € X and every t € R (see Sambarino [60, Section 2] for a precise
definition). If the function f is Holder continuous the flow gb{ is said to be
a Hélder reparametrization of ¢;.

Note that if qﬁ{ is a reparametrization of ¢; then g is still the set of
periodic orbits of qb{ . If a € p, the corresponding period for qﬁ,{ is given by

p(a)
A fon()dt,

where x is any point in a.

Proposition A.3.1. Let d){ be a Holder reparametrization of ¢+. Then qﬁ{
18 a transitive metric Anosov flow with the same central unstable and central
stable laminations than ¢;. Further, qﬁf admits a strong Markov coding.

Proof. The strong stable lamination of (;Sf can be computed as follows. Let
xo € X be a point. For every = € #%%(xg) we let

t t
IM@=hmAf@w®—AfQMW&

t—o0
Then the strong stable leaf of QS{ through the point x¢ is given by
V(o) = {91, (@) (x) 1 x €W (x0)}.

For the existence of a strong Markov coding for (Z){ see [60, Lemma
2.9]. O



Appendix B

Products of proximal
elements

In Subsection 1.5.2 the notion of Fyg-proximality and (r,e)-proximality was
introduced for a general semisimple Lie group with finite center and no
compact factors. In this appendix we give a finer analysis of this notion for
the special case G = PSL(V). We are interested notably in estimates of
the Cartan and Jordan projection of products of (r,¢)-proximal elements in
P(V) and in F(V') (Theorems B.1.5 and B.2.4 below). These results are well
known but we provide proofs for those not explicitly stated in the literature.
Standard references for this part are the works of Benoist [3, 4, 5].

B.1 Proximal elements in P(V)

B.1.1 Notations
Recall that for j =1,...,d the symbol

Gr;(V)

denotes the Grassmannian of j-dimensional subspaces of V' and that for
j = 1 we use the special notation P(V) := Gri(V). There exists a G-
equivariant identification P(V*) — Gry_1 (V') given by

¥ — ker

where the action of G on the left side is given by g -9 := ¥ o g~'. This
identification will be used whenever convenient.

A Euclidean norm || - || on V will be fixed in the whole appendix. For
&1,& € P(V) define the (continuous) distance

d(&1,&) == inf{|lve, —ve, || 1 vg €& and ||vg || =1 for all ¢ = 1,2},
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For n1,ma2 € Grg—1(V'), we denote by d*(n1,n2) the distance on P(V*) induced
by the operator norm || - ||* on V*.
On the other hand, let

P(V)® = {(¥,v) e P(V*) x P(V): o ¢ kerv},
that is, P(V)® = (P(V*) x P(V))?). Also, let
P(V)(4) ={(0,v,0,u) € P(V)(2) X P(V)(Q) : v ¢ ker¢ and u ¢ kerv}.

Observe that

v
Gy =G :P)® 5 R: G'(W,v):=log H1‘9H(*UH)’H (B.1.1)
v
is well defined. It is called the projective Gromov product of the pair (9, v)
(c.f. Sambarino [61, p. 1780]). Note that if || - ||’ is a Euclidean norm on V'
proportional to || - ||, then one has

1 _ 1
Gl = Gjj-

Because of this, if 7 € X¢ is the Cartan involution of G associated to || - ||,
we will sometimes use the notation Gl for the projective Gromov product
and call it the projective 7- Gromov product.

Similarly, following Benoist [5, p. 3] we let

BP0 S B0 =g X090

This map is called de projective cross-ratio of (9,v,$,u)". Both G! and B!
are continuous.

(B.1.2)

B.1.2 Product of proximal elements

Given ¢ in gl(V) \ {0} we denote by
A(g) =+ = Aalg)

the logarithms of the moduli of the eigenvalues of g, repeated with multiplic-
ity (we use the convention log 0 = —o0). The element g is said to be prozimal
in P(V) if A;(g) is simple?. In that case we let g, (resp. g_) to be the at-
tractive fixed line (resp. repelling fixed hyperplane) of g in P(V'). Note that
if g is non invertible then g_ contains the kernel of g. Let 0 < ¢ < r. The
notion of (r,¢)-prozimality in P(V') for elements in gl(V') \ {0} is analogous
to the one of Subsection 1.5.2.

1
!Sometimes e is called the projective cross-ratio.
2Note that this definition is consistent with the one introduced in Subsection 1.5.2.
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Lemma B.1.1 (Benoist [3, Corollaire 6.3]). Let 0 < e < r. There exists a
constant ¢, > 0 such that for every element g which is (r,€)-proximal in

P(V) one has

log [lg|l — ere < Ai(g) < log gl

The following criterion of (r, )-proximality is useful.

Lemma B.1.2 (Benoist [3, Lemme 6.2]). Let g be an element in gl(V)\ {0},
neGrg_1(V),E€P(V)and 0 <e <r. Ifd(&,n) > 6r and g- B<(n) C b:(£)
then g is (2r,2¢)-prozimal in P(V') with

d(g+,§) <e and d*(g—,n) <e.

Proof. Consider the Hilbert distance on the convex set B(n) (see [6]). The
condition g - B:(n) C b:(£) implies that g is contracting for this metric and
thus has a unique fixed point in B.(n), which belongs in fact to b.(¢). The
proof now finishes as in [3, Lemme 6.2].

O

Corollary B.1.3 (Benoist [5, Lemme 1.4]). Let 0 < e <r. If g1 and g2 are
(r,e)-prozimal in P(V') and satisfy

d(gl+792_) > 6r and d(92+7gl_) > 67
then g1go is (2r, 2e)-proximal in P(V).
O

Let g1 and g2 be two matrices as in Corollary B.1.3. The goal now is to
state a theorem (Theorem B.1.5) which provides a comparison between the
spectral radius and operator norm of g;gs in terms of the spectral radii of
g1 and go and the projective Gromov product and projective cross-ratio.

Lemma B.1.4. Fix r > 0 and § > 0. For every € small enough, the
following property is satisfied: for every pair g1 and go of (r,e)-proximal
elements in P(V') such that

d(g1,,92_) > 6r and d(g2,,91_) > 6r

one has

G (92_,91,) — G ((9192)— (9192) +)| < 6.

Proof. For every 0 < ¢ < r, consider the compact set C, . of pairs (g1, g2)
of norm one (r,e)-proximal elements in P(V') belonging to gl(V') \ {0} and
satisfying
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d(g1,,92_) > 6r and d(g2,,91_) > 6.
The function

(91.92) = |G (g2_, g1.) — G ((9192)—, (9192)+)]

is continuous and equals zero on C; := Nz50Cre C gl(V) \ {0}.
O

Theorem B.1.5 (Benoist [5, Lemme 1.4]). Fizr >0 and § > 0. Then for
every € small enough, the following properties are satisfied: for every pair
g1 and ga of (r,e)-proximal elements in P(V') such that

d(gl+a92_) > 67 and d(92+,g1_) > 6r
one has:

1. The number

[A1(g192) — (M(91) + M(g2) — B g1, 91,. 92 92,

1s less than 6.

2. The number

log llg1g2ll — (Ar(g1) + Ailg2)) — B (g1, 914, 92, 92.) + G (92-, 91)

is less than 6.

Proof. 1. See [5, Lemme 1.4].

2. Let € be as in (1). For every g; and go as in the statement, Corollary
B.1.3 implies that gig2 is (2r,2¢)-proximal in P(V). By [60, Lemma
5.6] (and taking e smaller if necessary) we have

log [lg1g2]l — A1(g192) + G| ((9192)-, (9192)+)| < &.

Lemma B.1.4 finishes the proof.
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B.2 Loxodromic elements

B.2.1 Notations

For j = 1,...,d let AJV be the j''-exterior power representation of G.
Recall that there exists an equivariant map

N F(V) = P(AIV)

defined in the following way. For a full flag £ = (¢!,...,¢9) € F(V) take an
ordered basis {v1,...,vg} of V such that for every i =1,...,d one has

¢ = span{vy,...,v;}.

Then A€ is, by definition, the line spanned by vy A -+ A v;. Also we have
an equivariant map

AL:F(V) = P((AV)"),

which is induced by the representation dual to AJ, and that can be computed
as follows: AZ¢ is the class of a functional on A7V whose kernel coincides
with

span{viy, A--- Awj; 0 iy <o <djand iy #d+k—jforall 1 <k <j}.

Remark B.2.1. Two full flags §; and & of V' are transverse if and only
if the line AJ¢; of A7V is transverse to the hyperplane AL&,, for every j =
1,....d—1.

O

The norm || - || induces a Euclidean norm || - ||; on A’V. For elements
&1,& € F(V), set

dm/) (€1,&2) .:{?%_1dH~||j(Aj§1,Aj§2)-

J

Then dﬁﬁ?/)(-, -) defines a continuous distance on F(V'). It will be denoted by
d(-,-) whenever there is no risk of confusion.

Let 7 be the point in Xg associated to the Euclidean norm || - || and fix
a Cartan subspace a C p” and a closed Weyl chamber a™ C a of the system
Y(g,a). For j =1,...,d — 1 denote by x; € a* the highest weight of the
exterior power representation A7 associated to the choice of a*. Explicitely

one has

J
Xj = E =
i=1
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where, for i+ = 1,...,d, the functional ¢; € a* is the one introduced in
Example 1.4.2. The map

X = (a(X),. ., xa-1(X))

is a linear isomorphism between a and R4,
Recall that F(V)? denotes the set of ordered pairs of transverse full
flags of V and let F(V)*) denote the set of elements of the form

(517 §27 ‘537 §4) € F(V>4

such that (&, &) belongs to F(V)? for all (i, k) € {(1,2), (1,4),(2,3), (3,4)}}.

Define the vector valued 7- Gromov product

G,r=G:F(V)® 5a (B.2.1)
by letting
Xi(Gl&1,62)) = G (A&1, M &)
for every j =1,...,d — 1. Similarly, the vector valued cross-ratio

B:F(V)* = a (B.2.2)

is defined by the equalities

X (B(E1, &2, €3, €4)) 1= BY(ALEG, Ny, AL, M Ey)

forevery j=1,...,d—1.

B.2.2 Product of loxodromic elements

An element g in G is said to be lozodromic (resp. (r,¢)-lozodromic) if Alg is
proximal (resp. (r,¢)-proximal) in P(A7V) for every j = 1,...,d — 1. Note
that the following are equivalent:

e The element g is loxodromic.
e The element g is proximal in F(V).
e The vector A(g) belongs to the interior int(a™) of a™.

e Any lift of g to SL(V) is diagonalizable, with eigenvalues of different
moduli.

e There exists a unique basis of lines C4 of V' whose elements are fixed
by g.
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If g € G is loxodromic, the elements of C, are said to be the eigenlines of g
and we say that C, diagonalizes the element ¢ (and that g is diagonalizable).
Also, note that in this case the line A7(gy) (resp. the hyperplane Ai(g_))
is the attractive line (resp. repelling hyperplane) of A7g acting on P(A/V),
forevery j=1,...,d—1.

The following results are direct consequence of the contents of Subsection
B.1.2.

Lemma B.2.2. Let 0 < ¢ < r. There exists a constant c,. > 0 such that
for every element g which is (r,e)-loxodromic one has

HaT(.g) - )‘(g)”a < Cre-
O

Lemma B.2.3. Let g be an element in gl(V') \ {0}, & and & be two flags
mV oand 0 < e < r. Suppose that for every j =1,...,d— 1 one has

d(N gy, Ags) > 6r
and
Ng - Be(N.&) C be(M&).
Then g is (2r,2¢)-lozodromic with
d(g+,&1) <€ and d(g-,&2) <e.
O

Theorem B.2.4 (Benoist [5, Lemme 3.4]). Fizr >0 and § > 0. Then for
every € small enough, the following properties are satisfied: for every pair
of (r,e)-loxodromic elements g1 and gz such that for every j =1,...,d—1
one has

d(A(g1,), Mi(g2_)) > 6r and d(M (g2, ), (1)) > 6r,
the product g1gs is (2r,2¢)-loxodromic. Further:

1. The number

[Mg192) — (A(g1) + A(92)) = B(91_,91,, 92,92, )],

is less than 6.

2. The number

[a™(9192) — (A(g1) + Mg2)) = B(91_, 91,92 ,92,) + Gr(g2_, 01, )|,

is less than 6.
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Appendix C

Domains of discontinuity in
some homogeneous spaces

What we present here is part of an still ongoing project joint with Florian
Stecker. The exposition follows closely the one presented by Stecker in his
Ph.D Thesis [63]. The reader is referred to [63] for a more complete and
detailed account on the subject.

The chapter contains two sections. In Section C.1 we introduce the no-
tion of fat ideal generalizing that of Kapovich-Leeb-Porti [30]. In Section
C.2 we show that the construction of [30], associating a domain of discon-
tinuity to each Anosov representation and each fat ideal, still holds in our
more general setting.

C.1 Relative positions and fat ideals

This section is structured as follows. In Subsection C.1.2 we define the set
of relative positions and a partial order in it. We also provide a topological
characterization of maximal positions that will be useful in Subsection C.2.3
(Lemma C.1.3 below). In Subsection C.1.3 we introduce the concept of fat
ideal in our setting.

C.1.1 Relative positions

Given a Lie group G and two closed subgroups H; and Hs of G, we call
the double quotient Hi\G/Ha the set of relative positions between points in
G/H; and G/Hj. The relative position map is

pos: G/H1 X G/Hg — Hl\G/HQ : pOS(ngl,QQHQ) = ngfngHg.

Note that G acts on G/H; x G/Hjy diagonally and that pos is G-invariant.
Conversely, we have the following remark.

155
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Remark C.1.1. Let 2 and 2’ be two points in G/H; and o and o’ be two
points in G/Hgy such that

pos(z,0) = pos(z’, o).
Then there exists an element g € G for which one has

g-(x,0)=(a',0).

C.1.2 Partial order and maximal positions

We suppose from now on that H; and Hsy are chosen in such a way that
the associated set of relative positions is finite. Two interesting classes of
examples that satisfy this hypothesis are the following:

e The case in which G is semisimple with finite center and both H; and
Hs are parabolic subgroups. Finiteness of the set of relative positions
follows in this case from the Bruhat decomposition of G (see Knapp
[35, Theorem 7.40]).

e The case in which G is semisimple with finite center, H; is a parabolic
subgroup and Hs is the fixed point subgroup of an involutive automor-
phism of G (see Wolf [65]).

Given two elements g and ¢’ in G, the notation HygHs < H;¢'Hs stands
for

ngHQ C ngIHQ.
The finiteness assumption on H;\G/Hy implies that the relation < is a

partial order in the set of relative positions (see Stecker [63, Lemma 2.1.3]).

Ezxample C.1.2. Let V be a real vector space of dimension 3 and G :=
PSL(V). In Figure C.1 we illustrate the partial order < in the following two
cases:

e The case in which H; = Hy = P+ is a minimal parabolic subgroup of

G.

e The case in which H;y = P,+ and Hy = PSO(2,1) is the stabilizer of a
point 0 € Q1.
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N / 7

/

Figure C.1: The partial order < in two
cases. Light blue objects are points in
G/H; while orange objects correspond
to points in G/Hy. On the left, the
case corresponding to the first item of
Example C.1.2. On the right, the case
corresponding to the second item (what
is drawn in orange is the projectivized
isotropic cone of a point in Qa1). The
arrows stand for the < relation. For in-
stance, positions a and b on the left are
related by b < a.

Even though is not formally needed to introduce the notion of fat ideal,
we finish this subsection with a topological characterization for a relative
position being maximal.

Two elements z € G/H; and o € G/Hsy for which

pos(z,o)

is maximal are said to be transverse. Because of the following lemma, this
definition is consistent with the notion of transverse flags given in Section
1.5 of Chapter 1.

Lemma C.1.3. Let o be a point in G/Hy. Then a relative position p is
mazimal if and only if the set

{x € G/H;: pos(z,0) =p}
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is open in G/Hj.

Lemma C.1.3 implies the following. Let o be a point in G/Hy and H° be
its stabilizer in G. Then the union of open orbits of the action

H® ~ G/H1
coincides with the set of elements x € G/H; for which pos(z, o) is maximal.

Proof of Lemma C.1.3. Let p be a relative position and take g € G such
that

p = HygHs.

It is not hard to see that p is maximal if and only if H; gH» is an open subset
of G. Further, since the projection

G— G/Hl
is open, this is equivalent to the fact that the set
{z € G/Hy: pos(z,Hz) = p}

is open. The result now follows from equivariance.

C.1.3 Fat ideals

In this section we suppose further that the quotient space H;\G /Hj is finite',
which gives us a notion of transversality between pairs of points in G/H;.
We can then introduce a symmetric relation <» on H;\G/Hz as follows. Let
p and p’ be two elements in H;\G/Hy and write

p<p

if there exist transverse elements xz and 2’ in G/H; and an element o in
G/Hj such that
/

pos(z,0) = p and pos(z’,0) = p’.

An ideal is a subset I of relative positions satisfying the following prop-
erty: for every p € I and every p’ € H;\G/Hs such that p’ < p one has

p el

It is said to be fat if for every p ¢ I there exists p’ € I satisfying

'In the next chapter we will assume moreover that H; is a self opposite parabolic
subgroup of G, so this condition is satisfied.



C.2. RESULTS 159

p<p.
Example C.1.4. Consider again Example C.1.2.

e When H; = Hy = P,+, the minimal fat ideal (with respect to the
inclusion) is given by I = {d, e, f}.

e When H; = P+ and Hy = PSO(2,1), the minimal fat ideal (with
respect to the inclusion) is given by the set consisting in the unique
minimal position.

A different example is discussed in [63, Example 5.1.11].
o

Remark C.1.5. The previous definition of fat ideal is inspired by the work
of Kapovich-Leeb-Porti [30]. Indeed, suppose that H; and Hy are parabolic
subgroups of G, with H; being self opposite. It can be seen in this case that
an ideal I of H;\G/Hs is fat if and only if it is fat in the sense of [30]. For
a proof of this fact see [63, Example 5.1.4].

C.2 Domains of discontinuity for Anosov subgroups

We now prove our main result (Theorem C.2.3), associating to a fat ideal
in P\G/H (where P is a self opposite parabolic subgroup of G) and a P-
Anosov representation p a domain of discontinuity for p in G/H. Further, in
Subsection C.2.3 we show that the union of non maximal relative positions is
always a fat ideal, providing a unified framework for the sets €2, considered
in Parts II and III of this thesis.

C.2.1 Properly discontinuous actions

Let = be a discrete group acting on a smooth manifold X by smooth diffeo-
morphisms. We say that an open subset €2 of X is a domain of discontinuity
for this action if it is Z-invariant and for every compact set C' C €2 one has

#{geZ: g-CNC#D} < o0

In this case, the action Z ~ 2 is said to be properly discontinuous.

In the context of this thesis, the basic example of a properly discontin-
uous action is the following: let Xg be the Riemannian symmetric space of
G. Since for any 7 € Xg one has

Xg & G/K”
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and the subgroup K" is compact, it is easy to see that X itself is a domain
of discontinuity for any discrete subgroup = < G.

Before going into the construction of domains of discontinuity, let us
state an equivalent formulation of this notion which will be useful. Let
2 C X be an open Z-invariant subset. Two points o0 and ¢’ in § are said to
be dynamically related if there exist sequences o, — o0 in € and g, — oo in
= such that

Gn - On — 0.

In this case one says that o and o’ are dynamically related via the sequence
{gn}n>0. The proof of the following is easy.

Lemma C.2.1. Let Q) C X be an open Z-invariant subset. Then €2 is a do-
main of discontinuity for = if and only if no two points in 2 are dynamically
related.

O

C.2.2 Statement and proof of the result

Suppose that G is a connected semisimple Lie group with finite center and

no compact factors. Fix an element 7 € X, a Cartan subspace a C p” and

a closed Weyl chamber at of the system X(g,a). Let Py be a self opposite

parabolic subgroup of G associated to some non empty subset 6 of simple

roots. Fix a closed subgroup H of G for which the set Pyp\G/H is finite.
Let p: I' = G be a Py-Anosov representation with limit map

5 = fpﬂ : 8OOF — Fg.

The following lemma is the key step in the proof of the main result of this
appendix. It is inspired by [30, Proposition 6.2].

Lemma C.2.2. Let {y,}n>0 be a sequence inI' going to infinity and suppose
that

Ug (pyn) = &+ and Sg(pyn) — -

as n — 0o, for some flags £+ € £(001). Let 0 and o be two points in G/H
which are dynamically related via py, and p € Pg\G/H be a relative position
satisfying

p <> pos(é-,0).
Then one has pos(&4,0') < p.

Proof. Since p <> pos(£_,0) we can find two transverse flags & and & in
Fg and a point 6 € G/H such that
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pos(¢1,0) = p and pos(§2,0) = pos({-,0).

By acting on the triple (&1,&2,0) with an suitable element of G we may
further suppose 6 = o. Since the action of G in a fixed relative postition is
transitive (Remark C.1.1) we find an element g € G such that

g- (& 0) = (&0).
The element ¢ := g~! - & is thus transverse to £_ and satisfies
pos(¢’,0) = p.

Now take a sequence 0, — o in G/H such that pv, - 0, — o' and write
0n, = gn -0 for some sequence g, — 1 in G. For every n large enough, the flag
gn & is transverse to £ and therefore Remark 1.5.2 together with condition
(2.1.1) gives

(Pn)gn - & — &4

as n — co. Hence

pos(§4,0) < pos((pVn)gn - &5 (PYn)gn - 0) = Pos({’,0) = p.

Given an ideal I in Pyp\G/H we define

Q= (G/H)\ |J {o€G/H: pos({(z),0) €T} (C.2.1)
TEDooT

One can see that Q}) is I'-invariant and open.
Now we can prove the main result of this part.

Theorem C.2.3. Let I be a fat ideal in Po\G/H. Then Q}, is a domain of
discontinuity for the action of I' on G/H wvia p.

Proof. Suppose by contradiction that o and o' are two points in Qi which
are dynamically related via p~,, for some sequence =, — oo in I'. We may
assume that

Ug (pyn) — &+ and S (pyn) — &=

as n — oo, for some flags &4 € £(Os0T).
Since pos(é_,0) ¢ I and I is fat, we find an element p € I such that

p <> pos(¢-,0).
By Lemma C.2.2 we have

pos(&4,0) <p
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and therefore pos(&4, o) belongs to I. Since o € Q{;, this yields the desired
contradiction.

O]

C.2.3 Existence of fat ideals

Without any further assumption the set Q}) could be empty for a given
Py-Anosov representation p and a fat ideal I in Pg\G/H.

We now show the that set Iy of non maximal positions is always a fat
ideal. Thanks to Lemma C.1.3, Schottky type constructions provide exam-
ples of Anosov representations for which Q})O is non empty (c.f. Example

2.1.6). Also, if fo’ is non empty for some particular representation p, then

for every small enough deformation p’ of p, the set Qi? will be non empty
(c.f. Proposition 2.1.2).

Note that it is implicit in the definition of fat ideal that the set of relative
positions must contain at least two elements.

Lemma C.2.4. Assume that Pg\G/H contains at least two elements. If
p € Py\G/H is mazimal, then there erists a non maximal position p' €
Py\G/H for which
p<p.
Lemma C.2.4 has the following straightforward consequence.

Corollary C.2.5. Assume that Pyg\G/H contains at least two elements and
define

Ip:={p €Pp\G/H: p isnot maximal}.
Then Iy is a fat ideal.
O

Remark C.2.6. The subsets , considered in Parts II and III of this thesis
coincide with Q,IDO in each context.

o

Proof of Lemma C.2.4. Note that since G is connected and Pyp\G/H con-
tains at least two elements, non maximal positions do exist (c.f. Lemma
C.1.3). Suppose by contradiction that every non maximal position p’ is not
related to p under <, and fix a flag £ € Fy and a point o € G/H for which

pos(¢; o)

is not maximal. Since p is not related to pos({,0) under <>, we conclude
that for every flag £ transverse to £ one has
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pos(¢',0) # p.

Since the set of flags in Fy which are transverse to £ is dense in Fy, we obtain
a contradiction with Lemma C.1.3. O
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