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INTRODUCTION (EN FRANCAIS)

Contexte

Grace a des modeles de calcul, les chercheurs et les ingénieurs peuvent remplacer des expéri-
ences physiques particulierement cofiteuses et complexes a mettre en ceuvre par des simulations
numériques. La réponse d’'un modele dépendant de certains parametres peut étre représentée par
une fonction u(zyq,...,x4) de plusieurs variables. Malgré ’amélioration continue des ressources de
calcul, la plupart de ces simulations restent tres coliteuses d’un point de vue informatique. En
outre, la résolution des problémes de quantification de I'incertitude (UQ), comprenant notamment
la propagation des incertitudes, la calibration des modeéles, les problemes inverses ou ’analyse de
sensibilité [87], nécessite un grand nombre d’évaluations des modeles. Une solution consiste alors
a remplacer le modele cotteux par un modeéle approché, moins cotliteux a évaluer, ce qui revient a

remplacer la fonction qui représente la réponse du modele par une approximation.

Le but de 'approximation est de remplacer une fonction u par une fonction plus simple (c’est-
a-dire plus facile a évaluer) de telle sorte que la distance (mesurant la qualité de approximation)
entre la fonction u et son approximation, notée u*, soit aussi petite que possible. En général,
I’approximation est recherchée dans un sous-espace de fonctions V,,, décrit par un certain nombre
de parametres m. Une séquence de tels sous-espaces (Vi,)m>1 est appelée outil d’approximation
(ou classe de modeles), dont la complexité est mesurée par son nombre de parametres m. L’erreur
de meilleure approximation de u par des éléments de V,,, est définie par la distance minimale entre
u et tout élément de V,,. L’outil d’approximation doit étre adapté & la classe de fonctions que nous
voulons approximer, ce qui se traduit par une erreur de meilleure approximation qui converge vers

zéro assez rapidement avec m.

Il existe différentes approches pour construire I'approximation d’une fonction, soit & partir
d’informations directes sur la fonction (par exemple des évaluations ponctuelles ou des mesures
linéaires...), soit a partir d’équations satisfaites par la fonction. Dans cette thése, nous nous intéres-
sons aux fonctions de type boite noire (éventuellement bruitées), ce qui correspond & la premiére
situation ou l'information sur w est donnée par des échantillons. Par conséquent, pour constru-
ire approximation de la fonction u, nous utilisons les évaluations y* = u(2!) pour un ensemble
de points z% ou y' = u(z’) + ¢’ dans le cas de données bruitées. Cependant, dans le contexte

d’un modele cofiteux, cette approximation devrait étre construite en utilisant un nombre réduit
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d’échantillons, idéalement proche du nombre de parameétres m. Les échantillons =’ peuvent étre
soit indépendants et identiquement distribués selon une mesure u, soit sélectionnés de maniere
adaptative. Cette seconde approche est particulierement pertinente lorsqu’aucune évaluation de la

fonction n’a encore été faite, ce qui sera le cadre de cette these.

Des méthodes typiques pour construire une approximation & partir d’échantillons sont I’interpolation
et les méthodes des moindres carrés [28]. Les méthodes d’interpolation classiques comprennent
I'interpolation polynomiale et l'interpolation par spline (ou les échantillons sont en général choisis
par rapport a V,,, pour garantir de bonnes propriétés des opérateurs d’interpolation), ainsi que le
krigeage (qui est assez efficace lorsque les échantillons sont donnés et peut étre amélioré avec une
sélection adaptative des échantillons) [82]. Pour un ensemble de m points, !, ..., 2™ 'interpolation

u* de v dans V,,, est définie par
u(z') = u* ("), pour tout 1 < i < m.

L’interpolation est bien étudiée dans le cas unidimensionnel mais dans le cas multivarié (d > 1),
trouver de bons points pour l'interpolation est un probleme difficile, en particulier lorsque V;;,, est
un espace d’approximation non classique. En pratique, [18, 19] proposent des stratégies pour con-
struire de bonnes séquences de points pour 'interpolation parcimonieuse utilisant des polynémes ou
splines tensorisés. Cependant, pour les espaces d’approximation non classiques, méme si certains
ensembles de points ont montré leur efficacité (voir [65, 15]), il n’y a pas de garantie pour I'erreur

d’interpolation.

1

Pour n échantillons z-, ..., z" indépendants et identiquement distribués selon une mesure yu, la

méthode des moindres carrés classique définit ’approximation de v comme le minimiseur de

Un aspect intéressant des méthodes des moindres carrés est qu’elles sont capables, sous certaines
conditions sur le nombre d’échantillons n, de garantir une approximation stable et une erreur proche
de l'erreur de meilleure approximation mesurée avec la norme Li. Toutefois, pour ce faire, elles
peuvent exiger une taille d’échantillon n bien supérieure a m (voir [22]). Les méthodes des moin-
dres carrés sont un cas particulier de minimisation de risque empirique en apprentissage supervisé
[30]. D’autres fonctionnelles de risque peuvent étre utilisées, mais elles nécessitent également de

nombreuses évaluations afin d’assurer la stabilité.

Lorsque les échantillons x* peuvent étre sélectionnés selon une mesure que ’on choisit, ’erreur
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d’estimation peut étre améliorée en utilisant les moindres carrés pondérés [32, 73|, qui définit
I’approximation de u par .
1 S .
min — ; w'(v(@) - y')?,

ou les poids sont adaptés a V;, et les points Z* sont des échantillons indépendants et identiquement
distribués selon une mesure bien choisie. Cela peut permettre de réduire la taille de I’échantillon n
pour atteindre la méme erreur d’approximation, par rapport aux moindres carrés standards. Dans
[24], les auteurs introduisent une mesure d’échantillonnage optimale dont la densité par rapport a
la mesure de référence dépend de I'espace d’approximation V,,. Ils montrent que la projection des
moindres carrés pondérés construite avec des échantillons de cette mesure est stable en espérance
avec des valeurs de n plus faibles qu’avec les moindres carrés classiques. Une approche similaire est
proposée dans [68], ou la principale différence est que les échantillons aléatoires sont plus structurés
tout en garantissant des résultats de stabilité similaires. Néanmoins, dans les deux cas, la condition
nécessaire pour avoir une stabilité exige toujours un nombre élevé d’échantillons n, par rapport a
une méthode d’interpolation. Les auteurs proposent également des méthodes de moindres carrés
pondérés optimales dans le cas d’une approximation adaptative (lorsque V;, est choisi dans une
séquence d’espaces d’approximation imbriqués), voir [67] et [4]. Dans cette thése, nous proposons
une nouvelle méthode de projection sur un espace d’approximation fixe V,,, qui assure la stabilité
de la projection des moindres carrés en espérance avec une taille d’échantillon proche de m. Nous
proposons également une nouvelle méthode pour le cadre adaptatif qui réduit de maniére significa-

tive le nombre d’échantillons et présente toujours des propriétés de stabilité.

Dans de nombreuses applications, les fonctions peuvent dépendre d’un nombre potentiellement
élevé de variables d > 1. Lorsque la dimension d augmente, 1'utilisation d’outils d’approximation
standards adaptés aux fonctions régulieres (par exemple les splines pour les fonctions de Sobolev)
conduit a une complexité des méthodes d’approximation qui croit de maniére exponentielle avec
d. C’est ce qu'on appelle la malédiction de la dimension, expression introduite par [12]. Par
conséquent, le nombre d’évaluations nécessaires pour approcher la fonction u avec des outils
d’approximation naifs peut exploser. Dans cette thése, nous supposons que les fonctions présen-
tent des structures de faible dimension, de sorte que nous pouvons nous attendre a une bonne
approximation en utilisant un nombre limité d’évaluations de la fonction. L’exploitation de ces
structures de la fonction nécessite généralement des outils d’approximation particuliers [29], qui
peuvent dépendre de 'application. Certains outils d’approximation parmi les plus courant sont

rappelés ci-apres.

Une premiere approche consiste a utiliser la parcimonie de u en choisissant un ensemble par-

ticulier de fonctions {¢;};cn parmi un ensemble de fonctions de base tensorisées, de sorte que

10
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. . . , , . . . .
u puisse étre écrit sous la forme > ;-5 ajp;j(x). Des méthodes d’approximation parcimonieuses
ont été envisagées pour résoudre les probléemes de quantification d’incertitude, voir par exemple

[23, 6, 5, 18, 19] pour une approximation polynomiale parcimonieuse.

Des classes de modeles plus structurées pour traiter les problemes de grande dimension sont les
modeles additifs, introduits par [41], Z?:j uj(z;) ou plus généralement 3", cp tq (24) ot T C 2{1-d}
est soit fixe (cela correspond a une approximation linéaire), soit un parametre libre (cela correspond
a une approximation non linéaire). Il existe également des modeéles multiplicatifs H?:l uj(x;) ou
plus généralement [],c7 ua(zo), ot T est également un sous-ensemble de 2{L-d} et 1a méme dis-
tinction entre approximation linéaire et non linéaire est faite, selon que T est fixe ou non. Ces
types d’outils d’approximation sont standards en statistique et en modélisation probabiliste (mod-

eles graphiques, réseaux bayésiens).

Des classes de modeles plus complexes basées sur la composition des fonctions ont également été
proposées. Parmi elles, les modeles ridge peuvent étre écrits sous la forme v(Wz) avec W € RF*9,
ou v appartient a une classe de fonctions de k variables avec une paramétrisation de faible dimen-
sion. Un exemple typique est le perceptron ac(w’ z +b), oul o est une fonction d’activation donnée,
introduit dans [83]. Ces modeéles de composition comprennent également le modele de projection
pursuit Z§:1 vj(ijm), oupour j =1,....k w; € R, voir [41, 42]. Un cas particulier est celui
des réseaux de neurones avec une couche cachée Z;l:l aja(ijx +b;). On peut aussi considérer des
compositions de fonctions plus générales, telles que vy ovy_q0...0v1. Dans le cas des réseaux de neu-
rones profonds, pour chaque j =1, ..., L, les fonctions v; s’écrivent v;(t) = o(A;t+b;), ol o est une
fonction d’activation choisie, tandis que b; € R et Aj e R¥*? sont des paramétres & estimer [45].
Malgré son formalisme général et les nombreux succes qu’ils ont acquis en matiere d’approximation,
les réseaux de neurones profonds nécessitent généralement un nombre élevé d’évaluations pour ap-
prendre les parametres, ce qui n’est pas possible dans le contexte d’évaluations cotiteuses. De plus,
lorsque I'on considere les fonctions d’activation non linéaires générales, il est difficile de garantir
une approximation stable dont I’erreur est proche de l'erreur de meilleure approximation, ce qui

est un objectif central de cette these.

Dans ce travail, nous nous concentrons sur les modeles de fonctions de faible rang et en partic-
ulier sur ’ensemble des fonctions dans les formats de tenseurs basés sur des arbres ou les réseaux de
tenseurs basés sur des arbres, qui peuvent étre considérés comme une classe particuliere de réseaux
de neurones. Plus précisément, pour « un sous-ensemble de D = {1,...,d} et a® = D \ « son
complémentaire dans D, nous considérons les fonctions qui peuvent étre écrites

c

(Xqe), forall o € T, (1)

o(m) = 3 U (za)ul
=1

11



Introduction

ou 7T est un arbre de partition de dimension. Un arbre de partition de dimension est une collection
particuliére de sous-ensembles de D, quelques exemples d’arbres sont donnés Figure 1. L’entier

minimal 7, tel que v peut étre écrit sous la forme (1) est appelé le rang o de v, noté rank, (v).

{17 27 37 47 5}

{17 27 3747 5}
{1,2,3,4}
{1,2,3,4,5}

omo N
{1,2}

{1 {2} {3y {4 {5}
Arbre trivial

{5}

2 {3}

Arbre de partition de dimension quelconque

{1} {2}

Arbre binaire linéaire

Figure 1 — Exemples d’arbres de partition de dimension

L’ensemble des fonctions dans un format de tenseurs basé sur des arbres est défini par 7,7 (H) =
{v € H :rank,(v) < rq,a € T}, avec r = (rq)aer un tuple d’entiers, et H un espace d’approximation
de fonctions multivariées. Il comprend le format de Tucker pour un arbre trivial, le format tensor-
train (train de tenseurs) pour un arbre binaire linéaire [79] et le format hiérarchique plus général
pour un arbre de partition de dimension quelconque [54]. Toute fonction dans 7, (H) admet une
paramétrisation multilinéaire avec des parametres formant un réseau de tenseurs de faible ordre,
d’ott le nom de réseaux de tenseurs basés sur des arbres, voir la Figure 2 pour une illustration
pour d = 5. Considérer les arbres de dimension pour 7" donne de bonnes propriétés topologiques
et géométriques a I'ensemble 7,7 (H) [35, 37]. Les réseaux de tenseurs basés sur des arbres sont
particuliéerement pertinents pour I'approximation en grande dimension, car la complexité de la
paramétrisation d’une fonction est linéaire en la dimension d et polynomiale en les rangs [53]. Ils
peuvent également étre utilisés pour 'approximation de fonctions univariées [2, 3|. Toutefois, les
rangs (et donc le nombre d’évaluations n) nécessaires pour calculer une approximation dans un
format de tenseurs basé sur des arbres avec une tolérance donnée peuvent dépendre fortement de
arbre choisi 7. La classe de modeles 7,7 (H) peut également étre interprétée comme une classe
de fonctions qui sont des compositions de fonctions multilinéaires, la structure des compositions
étant donnée par 'arbre. Elle a été identifiée avec une classe particuliere de réseaux de neurones
profonds (plus précisément les réseaux somme-produit ou les circuits arithmétiques) avec une con-
nectivité parcimonieuse [26]. L’erreur d’approximation associée a cette classe de modeéles a deux

contributions : erreur de troncature (due aux rangs finis r) et lerreur de discrétisation (due a

12
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{2} {3}

Figure 2 — Un réseau de tenseurs basé sur des arbres admet une paramétrisation multilinéaire avec
des parametres formant un réseau de tenseurs de faible ordre.

I'introduction de 'espace de dimension finie H).

Les réseaux de tenseurs basés sur des arbres sont un outil d’approximation qui permettent
d’obtenir de bonnes performances pour de nombreuses classes de fonctions. Dans [84] ou plus
récemment dans [7, 2, 3], les auteurs montrent que pour les fonctions u avec une régularité Sobolev,
ils atteignent (quel que soit ’arbre) un taux d’approximation optimal ou proche de 'optimal [61].
Ils prouvent également que pour les fonctions u avec une régularité Sobolev mixte, I’approximation
dans un format de tenseur basé sur des arbres atteint presque la performance idéale obtenue par
une approximation avec croix hyperbolique. Pour une revue de la littérature sur les méthodes
d’approximation de faible rang, voir [47]. Nous renvoyons également le lecteur a la monographie
[53] et a [8, 36, 59, 60, 77, 76].

Dans la littérature, des algorithmes construisant des approximations dans des formats de
tenseurs basés sur des arbres en utilisant des évaluations ponctuelles de fonctions ont déja été
proposés. D’une part, il y a des approches d’apprentissage statistique qui utilisent des évaluations
aléatoires et non structurées des fonctions [48, 55]. La robustesse et l'efficacité de ces algorithmes
sont démontrées par des expériences numériques, mais ces algorithmes sont principalement basés
sur des heuristiques et manquent d’une analyse approfondie. D’autre part, il y a les algorithmes qui
utilisent des évaluations adaptatives et structurées des tenseurs, voir [64] (pour le format Tucker),
ou [80] et [78] pour les formats de tenseurs basés sur des arbres. Parmi les approches adaptatives,
la méthode de [78] présente un intérét particulier. L’auteur propose une variante de la décomposi-
tion en valeurs singulieres d’ordre supérieur (HOSVD) (des adaptations antérieures de la HOSVD
ont été faites en [46] et [80]). Le principe consiste a construire une hiérarchie de sous-espaces

optimaux qui aboutit & la construction d’un espace produit tensoriel dans lequel la fonction wu

13
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est projetée, pour définir I’approximation finale u*. En se basant sur des hypothéses fortes sur
lerreur d’estimation faite dans la détermination des sous-espaces, ’auteur de [78] montre qu’avec
un certain nombre d’évaluations de 'ordre de la complexité de stockage du format de tenseurs,
I’approximation satisfait I’erreur souhaitée & des constantes prés dépendant de certains opérateurs

de projection, qui ne sont pas quantifiées.

Toutes ces conclusions montrent que les résultats théoriques sur la convergence des algorithmes
existants sont limités. Dans cette theése, nous proposons un algorithme qui construit une approxi-
mation u dans un format de tenseur basé sur des arbres, en utilisant un échantillonnage adaptatif
et structuré avec quelques garanties théoriques, et nous proposons des stratégies heuristiques pour

obtenir une approximation avec une précision souhaitée et une complexité quasi optimale.

Contributions

Plus précisément, les contributions de cette thése peuvent étre résumées a travers les objectifs

suivants :

1. Proposer une méthode de projection dans un espace d’approximation linéaire, basée sur des
techniques d’échantillonnage, qui soit stable et dont la construction nécessite un nombre

d’évaluations proche de la dimension de ’espace d’approximation.

2. Proposer une stratégie pour construire des projections linéaires sur une séquence d’espaces

d’approximation imbriqués, en utilisant un nombre réduit d’échantillons.

3. Proposer une méthode pour construire 'approximation d’une fonction dans un format de
tenseur basé sur des arbres, avec des garanties de stabilité théoriques et proposer des heuris-

tiques pour controler 'erreur.

4. Proposer une stratégie pour choisir 'arbre de dimension T afin de réduire les rangs de
I’approximation a une précision donnée et donc sa complexité et le nombre d’évaluations

requises.

Cette these est divisée en six chapitres. Les chapitres 1 et 4 font le point sur les méthodes de
projection sur les espaces d’approximation linéaires et les formats de tenseur basés sur des arbres
respectivement. Les chapitres 2, 3, 5 et 6 correspondent aux principales contributions de cette
these en traitant les quatre objectifs ci-dessus. Dans I'annexe, on présente les aspects pratiques
pour I’échantillonnage de distributions de probabilités multivariées dans des formats de tenseurs

basés sur des arbres.
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Dans le chapitre 2, nous proposons une nouvelle méthode de projection, appelée méthode des
moindres carrés pondérés optimaux boostés, qui assure la stabilité de la projection des moindres
carrés avec une taille d’échantillon proche de celui de l'interpolation (n = m). Elle consiste a
échantillonner selon une mesure associée a I'optimisation d’un critere de stabilité sur une collection
de n-échantillons indépendants, et a rééchantillonner selon cette mesure jusqu’a ce qu'une condi-
tion de stabilité soit remplie. Une méthode greedy est alors proposée pour enlever des points a
I’échantillon obtenu. Des propriétés de quasi-optimalité en espérance sont obtenues pour la pro-
jection des moindres carrés pondérés, avec ou sans la procédure greedy. Si les observations sont
polluées par un bruit, la propriété de quasi-optimalité est perdue, en raison d’un terme d’erreur

supplémentaire dii au bruit. Ce dernier terme d’erreur peut cependant étre réduit en augmentant n.

Afin de controler 'erreur d’approximation, on doit pouvoir choisir ’espace d’approximation de
maniére adaptative (jusqu’a une dimension suffisamment élevée pour atteindre une certaine préci-
sion). Pour I'approximation polynomiale et les applications en UQ, plusieurs stratégies pour con-
struire de maniére adaptative une séquence d’espaces d’approximation (V;,,);>1 ont été proposées,
voir [68, 18, 19]. Afin de limiter le nombre total d’évaluations de la fonction, il est important de
réutiliser les échantillons qui ont servis pour construire I’approximation dans V;,,, afin de construire

I’approximation dans V,, Cependant, la projection de la méthode des moindres carrés pondérés

+1°
optimaux boostés du chapitre 2 dépend de ’espace d’approximation, de sorte que la réutilisation
des échantillons qui ont servis a construire une projection pour en construire une autre n’est pas
simple. Dans [68], 'auteur propose une méthode adaptative optimale des moindres carrés pondérés
qui recycle tous les échantillons d’une étape a l'autre. Dans le chapitre 3, nous proposons une
méthode adaptative des moindres carrés pondérés optimaux boostés inspirée de [68], en utilisant a
nouveau des procédures de rééchantillonnage, de conditionnement et greedy. Cette stratégie fonc-
tionne pour une séquence générale d’espaces d’approximation imbriqués et nous ’appliquons pour

I’approximation adaptative parcimonieuse.

Le chapitre 5 fournit un algorithme adapté de [78] pour construire ’approximation dans un
format de tenseur basé sur des arbres 7,7 (H). En utilisant une approche allant des feuilles & la
racine, l’algorithme construit grace a analyse en composantes principales (ACP) séquentiellement
le long de l'arbre de dimension 7', des sous-espaces de faible dimension de fonctions de groupes
de variables associés a chaque noeud de ’arbre. Une illustration du principe de 'algorithme est
donnée dans Figure 3. Nous analysons 'algorithme dans le cas ot la projection vérifie une propriété
de stabilité et dans le cas particulier de la projection des moindres carrés optimaux boostés. En
utilisant cette stratégie, I'erreur d’approximation a plusieurs contributions venant de la discrétisa-
tion (due & #H), de la troncature (due a ’approximation de faible rang) et de l'estimation (due au

nombre limité d’échantillons). Nous proposons un algorithme adaptatif partiellement heuristique
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qui controle simultanément les erreurs de discrétisation, de troncature et d’estimation.

L’algorithme proposé au chapitre 5 fonctionne pour toute fonction u et tout arbre de parti-
tion de dimension 7. Cependant, les rangs et donc le nombre d’évaluations n nécessaires pour
atteindre une précision donnée peuvent dépendre fortement de ’arbre choisi T'. Le choix de ’arbre
qui minimise le nombre d’évaluations n pour une précision donnée est un probleme d’optimisation
combinatoire qui ne peut pas étre résolu en pratique. Dans [48], les auteurs proposent un algo-
rithme stochastique qui explore un nombre raisonnable d’arbres de dimension avec la méme arité
(nombre maximal d’enfants que des noeuds d’un arbre). L’idée clé est de favoriser I’exploration
des arbres conduisant & des faibles rangs. Dans [10], les auteurs proposent une stratégie détermin-
iste qui construit un arbre de dimension des feuilles a la racine par concaténation successive des
nceuds, comme le suggere la Figure 4. Les regroupements sont décidés de maniére & minimiser une
certaine fonctionnelle des a-rangs estimés. L’arbre sélectionné peut alors étre utilisé pour calculer
I’approximation de u. Au nombre d’évaluations nécessaires pour calculer 'approximation s’ajoute
le nombre d’évaluations de la fonction utilisée pour estimer les a-rangs. Ces deux cofits doivent étre
pris en compte pour évaluer l'efficacité d’une stratégie. Dans le chapitre 6, nous proposons trois
stratégies adaptatives différentes pour réaliser I'optimisation de I’arbre. Une stratégie stochastique
globale inspirée de [48] qui explore plusieurs arbres de dimension et sélectionne celui qui minimise
une fonctionnelle des a-rangs estimés. Les deux autres stratégies incluent ’optimisation des arbres
a l'intérieur de ’algorithme de construction de I’approximation présentée au chapitre 5. Au fur et a
mesure que l'algorithme va des feuilles a la racine, le nombre d’arbres possibles (et donc le nombre
de a-rangs a évaluer) diminue fortement. C’est pourquoi nous proposons (en plus de la stratégie

stochastique) une stratégie déterministe (qui permettra d’explorer un plus grand nombre d’arbres).
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Figure 3 — Illustration de I’algorithme allant des feuilles a la racine du chapitre 5 pour la construction
de 'approximation d’une fonction dans un format de tenseur basé sur des arbres.
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Figure 4 — Construction de ’arbre des feuilles vers la racine avec optimisation locale des regroupe-
ments.
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Context

Thanks to computational models, researchers and engineers are able to replace expensive physical
experiments by numerical simulations. The response of a model depending on some parameters can
be represented by a function w(z1,...,x4) of several variables. Despite the continuous improve-
ment of hardware resources, most of these simulations remain very costly to compute. Furthermore,
solving uncertainty quantification (UQ) problems, which include in particular forward uncertainty
propagation, model calibration, inverse problems or sensitivity analysis [87, 34], require a high num-
ber of model’s evaluations. One remedy is then to replace the costly model by a surrogate model,
cheaper to evaluate, which amounts in approximating the function that represents the model’s

response.

The goal of approximation is to replace a function u by a simpler one (i.e. easier to evaluate)
such that the distance (measuring the quality of the approximation) between the function u and
its approximation, denoted u*, is as small as possible. In general, the approximation is searched in
a subspace of functions V;,, described by a number of parameters m. A sequence of such subspaces
(Vin)m>1 is called an approximation tool (or a model class), whose complexity is measured by its
number of parameters m. The error of best approximation of v by an element of V,,, is defined by
the minimal distance between u and any element of V,,,. The approximation tool should be adapted
to the class of functions we want to approximate, meaning that the error of best approximation

should converge to zero quickly enough with m.

There exist different approaches to construct a function’s approximation either based on direct
information on the function (e.g. point evaluations, linear measurements...) or equations satisfied
by the function. In this thesis, we are interested in black-box (possibly noisy) functions (which
corresponds to the first situation where the information on w is given by samples). Therefore, to
construct the approximation of the function u, we rely on evaluations y* = u(x?) for a set of points
x® or y* = u(z') + €’ in the noisy case. However, in the context of costly model, this approximation
should be constructed using a reduced number of samples, ideally close to the number of parame-
ters m. The samples ' may either be independent and identically distributed from a measure u
or adaptively selected. This second situation is particularly relevant when no function’s evaluation

has already been made and this will be the framework for this thesis.
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Typical methods to construct a sample-based approximation are interpolation and least-squares
methods [28]. Classical interpolation methods include polynomial and spline interpolation (where
the samples are in general chosen relatively to V,,, to ensure good properties of the interpolation
operators), as well as kriging (which is quite efficient when the samples are given and may be
improved with adaptive selection of the samples) [82]. For a given set of m points, x!,..., 2™ the

interpolation u* of uw in V,, is defined by
u(z’) = u*(x?), for all 1 <i < m.

Interpolation is well-studied in the one-dimensional case, see for example [57], but in the multivari-
ate case (d > 1), finding good points for the interpolation is a challenging problem, in particular
when V,, is a non-classical approximation space. In practice, for sparse polynomial or tensor prod-
uct spline interpolation, [18, 19, 16] propose strategies to construct good sequences of interpolation
points. However, for non-classical approximation spaces, even if some sets of points have shown
their efficiency (see [65, 15]), there is no associated guarantee on the resulting distance between u

and its interpolation.

Given n samples ', ..., 2" independent and identically distributed from a measure j, standard

least-squares methods define the approximation of w as the minimizer of

An interesting aspect of least-squares methods is that they are able, under conditions on the num-
ber of samples n, to guarantee a stable approximation and an error close to the best approximation
error measured in Li norm. However, to do so, they may require a sample size n much higher
than m (see [70, 22, 69, 93, 1]). Least-squares methods are a particular case of empirical risk
minimization in supervised learning [30]. Other functionals can be used in this risk minimization,

but they also require many evaluations in order to ensure the stability.

When the samples ¢ can be selected, the estimation error can be improved using weighted

least-squares [32, 73], by solving

B i\2
gﬂglvlgjgw(v(w)—y),

where the weights are adapted to V;, and the points Z* are independent and identically distributed

samples from a well-chosen measure. It may allow to decrease the sample size n to reach the
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same approximation error, compared to standard least-squares. In [24], the authors introduce an
optimal sampling measure whose density with respect to the reference measure depends on the
approximation space Vj,. In [68], a similar optimal sampling approach is proposed whose major
difference is that the random samples are more structured than in [24]. They both show that the
weighted least-squares projection built with samples from this measure is stable in expectation
under a milder condition on n compared to classical least-squares. Nevertheless, to ensure the sta-
bility of the weighted projection, these two optimal sampling measures still require a high number
of samples n, compared to an interpolation method. The authors also propose optimal weighted
least-squares methods in the case of adaptive approximation (when V;, is picked in a sequence of
nested approximation spaces), see [68] and [4]. In this thesis, we propose a new projection method
onto a fixed approximation space V,,, which ensures the stability of the least-squares projection in
expectation with a sample size close to m. We also propose a new method for the adaptive setting

which significantly reduces the number of samples and still presents stability properties.

In many applications, functions may depend on a potentially high number of variables d > 1.
When the dimension d increases, using standard approximation tools adapted to smooth functions
(e.g. splines for Sobolev functions) leads to a complexity of the approximation methods which
grows exponentially with d. This is the so-called curse of dimensionality, expression introduced in
[12]. As a consequence, the number of evaluations necessary to approximate the function u with
naive approximation tools may explode. In this thesis, we assume that the functions present some
low-dimensional structures, so that we can expect a good approximation using a limited number of
evaluations of the function. Exploiting these structures of the function usually requires particular
approximation tools [29], which may be application dependent. Some of the most usual ones are
detailed hereafter.

A first approach consists in using the sparsity of u by choosing a particular set of functions
{®j}jen among a set of tensorized bases functions, such that u(x) can be written as an expansion
>jeA a;jpj(x). Sparse approximation methods have been considered for solving uncertainty quan-

tification problems, see e.g. [23, 6, 5, 18, 19, 74, 75| for sparse polynomial approximation.

More structured model classes to deal with high-dimensional problems are additive models,
introduced by [41], Zf:j uj(x;) or more generally > cp ua(xq) where T' C 2114} ig either fixed
(this corresponds to linear approximation) or a free parameter (this corresponds to non-linear ap-
proximation). There are also multiplicative models H;l:l uj(x;) or more generally [],c7 ta(za),
where T is also a subset of 2{1+4} and the same distinction between linear and non-linear approx-
imation is made, depending if T is fixed or not. These types of approximation tools are standard

in statistics and probabilistic modelling (graphical models, bayesian networks).
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Furthermore, more complex model classes based on compositions of functions have been pro-
posed. Among them ridge models can be written under the form v(Wz) with W € R**? where
v belongs to a model class of functions of & variables with a low-dimensional parametrization. A
typical example is the perceptron ao(w”z+b), where o is a given activation function, introduced in
[83]. These compositional models also include projection pursuit models of the form Z?Zl vj (wfx),
where for j =1,...,k, w; € R, [41, 42], a particular case being neural networks with one hidden
layer 2?21 aja(ijac +b;). More general compositions of functions vy, ovr_q0...ov; have been con-
sidered. They include the trendy deep neural networks, which are such that for each j =1,...,L,
the functions v; write v;(t) = o(A;t + b;), where o is a chosen activation function, while b; € RF
and A; € R¥*4 are parameters to estimate [45]. In spite of its general formalism and the many
successes that it has acquired in approximation, the use of deep neural networks generally requires a
high number of evaluations to learn the parameters, which is not affordable in the context of costly
evaluations. Furthermore, when considering general non-linear activation functions, it is difficult
to guarantee a stable approximation whose error is close to the best approximation error, which is

a central objective of this thesis.

In this work, we focus on the model class of rank-structured functions and in particular on
the set of functions in tree-based tensor formats or tree tensor networks, which can be seen as
a particular class of neural networks. More specifically, for a a subset of D = {1,...,d} and

a® = D\ « its complementary subset in D, we focus on functions that can be written as
Ta
v(x) = Zuf‘(ma)uf (xqe), foralla € T, (1)
i=1

where T is a dimension partition tree, which is a particular collection of subsets of D. Some exam-
ples of dimension trees are given in Figure 1. The minimal integer r, such that v can be written
under the form (1) is called the a-rank of v, denoted rank,(v). The set of functions in tree-based
tensor format is defined by 7,7 (H) = {v € H : rank,(v) < ro, € T}, with r = (r4)aer a tuple of
integers, and H some approximation space of multivariate functions. It includes the Tucker format
for a trivial tree, the tensor-train format for a linear binary tree [79] and the more general hierarchi-
cal format for a general dimension partition tree [54]. Any function in 7,7 (#) admits a multilinear
parametrization with parameters forming a tree network of low-order tensors, hence the name tree
tensor networks, see Figure 2 for an illustration in the case where d = 5. Considering dimension
trees for T gives nice topological and geometrical properties to the model class 7,7 (H) [35, 37]. Tree
tensor networks are particularly relevant for high-dimensional approximation, because the complex-
ity of the parametrization of a function in tree-based tensor format is linear in the dimension d

and polynomial in the ranks [53]. It can also be used for one-dimensional approximation [2, 3].
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Figure 1 — Examples of dimension partition trees with d = 5.

However the ranks and therefore the number of evaluations n necessary to compute an approxi-
mation in tree-based tensor format with a given tolerance may strongly depend on the chosen tree
T. The model class 7,7 (H) can also be interpreted as a class of functions that are compositions of
multilinear functions, the structure of compositions being given by the tree. It has been identified
with a particular class of deep neural networks (more precisely sum-product networks or arithmetic
circuits) with a sparse connectivity and without parameter sharing [26]. The approximation error
associated to this model class has two contributions : the truncation error (due to the finite ranks

r) and the discretization error (due to the introduction of finite-dimensional spaces H).

{2} {3}

Figure 2 — A tree-based tensor network admits a multilinear parametrization with parameters
forming a tree network of low-order tensors.

Tree tensor networks are an approximation tool that achieve good performances for many classes

of functions. In [84] or more recently in [7, 2, 3], the authors show that for functions u with Sobolev
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regularity, they achieve (whatever the tree is) an approximation rate which is optimal or close to
optimal [61]. They also prove that for functions v with mixed Sobolev regularity, the approxi-
mation in tree-based tensor format achieves almost the ideal performance obtained by hyperbolic
cross approximation. For a literature review on low-rank approximation methods, see [47]. Also,

we refer the reader to monograph [53] and surveys [8, 36, 59, 60, 77, 76].

In the literature, some algorithms constructing approximations in tree-based tensor formats us-
ing points evaluations of functions have already been proposed. On the one hand, there are learning
approaches that use random and unstructured evaluations of the functions [48, 55]. Robustness
and effectiveness of such algorithms are observed on numerical experiments. However these algo-
rithms are mainly based on heuristics and lack of theoritical analysis. On the other hand, there are
algorithms that use adaptive and structured evaluations of tensors, see [64] (for the Tucker format),
or [80] and [78] for tree-based tensor formats. Among adaptive approaches, the method from [78§]
is of particular interest, the author proposes a variant of higher-order singular value decomposition
(HOSVD) (previous adaptations of HOSVD can be found in [46] and [80]). The principle is to
construct a hierarchy of optimal subspaces that results in a final tensor product of subspaces in
which the function w is projected, to define the final approximation u*. Under strong assumptions
on the estimation error made in the determination of subspaces, the author in [78] shows that
with a number of evaluations scaling in the storage complexity of the tree-based tensor format, the
approximation satisfies the desired error up to constants depending on some projection operators,

which are not quantified.

All these conclusions show that theoretical results on the convergence of existing algorithms
are limited. In this thesis we propose an algorithm that constructs an approximation u in tree-
based tensor format, using adaptive and structured sampling with some theoretical guarantees,
and we propose heuristic strategies for obtaining an approximation with a desired precision and

near-optimal complexity.

Contributions

More precisely the contributions of this thesis can be summarized through the following objectives:

1. Propose a projection method in a linear space, based on sampling techniques, which is sta-
ble and whose construction requires a number of evaluations close to the dimension of the

approximation space.

2. Propose a strategy for computing linear projections onto a nested sequence of approximation

spaces, using a reduced number of samples.
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3. Propose a method to construct the approximation of a function in tree-based tensor format,

with theoretical stability guarantees and propose heuristics to control the error.

4. Propose a strategy to choose the tree structure 7" in order to reduce ranks of the approximation

at given precision and therefore its complexity and the required number of samples.

This thesis is divided into six chapters. Chapters 1 and 4 provide a state-of-the-art on projection
methods onto linear approximation spaces and tree-based tensor formats respectively. Chapters 2,
3, 5 and 6 correspond to the main contributions of this thesis addressing the four objectives listed
above. In the appendix implementation aspects for sampling multivariate probability distributions

in tree-based tensor formats are given.

In Chapter 2, we propose a new projection method, called boosted optimal weighted least-
squares method, that ensures stability of the least-squares projection with a sample size close to
the interpolation regime n = m. It consists in sampling according to a measure associated with the
optimization of a stability criterion over a collection of independent n-samples, and resampling ac-
cording to this measure until a stability condition is satisfied. A greedy method is then proposed to
remove points from the obtained sample. Quasi-optimality properties in expectation are obtained
for the weighted least-squares projection, with or without the greedy procedure. If the observations
are polluted by a noise, quasi-optimality property is lost, because of an additional error term due

to the noise. This latter error term can however be reduced by increasing n.

In order to control the approximation error, we should be able to choose the approximation
space adaptively (with a dimension high enough to reach a certain accuracy). For polynomial
approximation and applications in UQ), several strategies to construct adaptively a sequence of
approximation spaces (V,,);>1 have been proposed in [43, 67, 18, 19]. To limit the total number of
evaluations of the function, it is necessary to reuse the samples used to build the projection onto

the space V,,, in order to construct the one onto the space V;, However, the optimal weighted

1+1°
boosted least-squares projection from Chapter 2 depends on the approximation space, such that
reusing the samples used to construct a projection to construct another is not straightforward.
In [68], the author proposes an adaptive optimal weighted least-squares method that recycles all
samples from one step to another. In Chapter 3, we propose an adaptive boosted optimal weighted
least-squares method inspired from [68], using again resampling, conditioning and greedy proce-
dures. This strategy works for a general sequence of nested approximation spaces and we apply it

for adaptive sparse polynomial approximation.

Chapter 5 provides an algorithm adapted from [78] to construct the approximation in a tree-

based tensor format 7;T(7-L) Using a leaves-to-root approach, the algorithm constructs, thanks to
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a series of principal component analyses (PCA) along the tree structure 7', low-dimensional sub-
spaces of functions of groups of variables associated with each node of the tree. This algorithm is
illustrated by the Figure 3. We analyse the algorithm in the case where the projection verifies a
stability property and in the particular case where the projection is the boosted least-squares pro-
jection. Using this strategy the approximation error has several contributions due to discretization
(due to H), truncation (due to low-rank approximation) and estimation (due to the limited number
of samples). We propose a partially heuristic adaptive algorithm that controls simultaneously the

discretization, truncation and estimation errors.

The proposed algorithm from Chapter 5 works for any function u and any dimension partition
tree T. However the ranks and therefore the number of evaluations n necessary to reach a given
precision may strongly depend on the chosen tree T'. Choosing the tree which minimizes the number
of evaluations n for a given accuracy is a combinatorial optimization problem and it is not feasible
in practice. In [48], the authors propose a stochastic algorithm that explores a reasonable number
of dimension trees with the same arity (maximal number of children of any node of a tree). The
key idea is to favour the exploration of trees yielding low ranks. In [10], the authors propose a
deterministic strategy that constructs a dimension tree in a leaves-to-root approach by successive
concatenations of nodes. The groupings are decided in order to minimize a certain functional
based on estimated a-ranks. The selected tree can be used to compute the approximation of u. The
number of function’s evaluations used to estimate the a-ranks adds up to the number of evaluations
necessary to compute the approximation. This total number of samples should be used to evaluate
the efficiency of a strategy. In Chapter 6, we propose three different adaptive strategies to perform
tree optimization. A global stochastic strategy inspired from [48] which explores several dimension
trees and select the one minimizing a complexity functional depending on a-ranks estimations.
The two other strategies include tree optimization inside the algorithm for the construction of the
approximation presented in Chapter 5, as suggested in Figure 4. As the algorithm goes from the
leaves to the root, the number of possible trees (and thus the number of a-ranks to be evaluated)
decreases sharply. This is why we propose (in addition to the stochastic strategy) a deterministic

strategy (which will explore a larger number of trees).
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Figure 3 — Illustration of the leaves-to-root algorithm from Chapter 5 for the construction of the
approximation of a function in tree-based tensor format.
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1.1 Introduction

In this chapter we present two classical families of methods to construct the approximation of a

function onto a linear space V;,, using evaluations of the function at suitably chosen points: inter-

polation and least-squares regression [28].

The outline of this chapter is as follows. In Section 1.2, we present the approximation of mul-

tivariate functions by interpolation. In Section 1.3, we present weighted least-squares projections.

Then, we recall the optimal sampling measure from [24], and outline its limitations.

1.2 Interpolation

In this section, we begin by recalling the definition of interpolation of a real-valued function u

defined on a subset X C R% onto an approximation space V.
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Chapter 1 — Projection methods

We consider a m-dimensional linear space V;, whose basis is denoted {(;}2,, where the ¢; can

be polynomials, splines or wavelets for instance. We denote by

e =(p1,--- pm) : X = R

the m-dimensional vector-valued function such that ¢ (z) = (p1(z),. .., om(z))T.

Let T, = {z°}™, be a set of m points in X. The interpolation of u is defined as the approxi-
mation u* € V,,, such that

u*(z') = u(z?) for all z° € T,.
u* can be written under the form

w'(z) =) alp;(x),
j=1

where the coefficients (aj);f””:l are solution of the following linear system,

pi(at) (! pm(at) | [a]  [ula’
p1(2%)  pa(a? om(@?) | | 0| | u(?)
e1(@™)  pa(z™) ... em(@™)| [a™ u(z™)
Vo (xt,...,o™)
Here, the matrix Vw(:zl, ...,x™) is called the Vandermonde like-matrix. We say that I',, is uni-
solvent for the space V,,, = span{goj}gnzl if V¢(x1, ...,x™) is invertible, which implies that u* is

uniquely defined for any u. A set of points that maximizes the determinant of the Vandermonde-like
matrix Vy(z!,...,2™) is called a set of Fekete points [40]. If T, is unisolvent, the interpolation
operator Z,, : X — V,, is defined by Z,,u = u* and the associated Lebesgue constant L,, (in L*
norm) is defined by
L = [T = sup il
vr0  v]lLee
It holds

— U < (1+ L inf — .
=l < (14 L) inf flu =l

The Lebesgue constant L,, can be expressed in terms of interpolation functions, but in general an
expression of L,, can not be explicitly found. In dimension one, interpolation is well understood
for various types of approximations (e.g. with polynomials, splines). In particular for polynomial
spaces V;, there exists good sets of points I';,, such that the Lebesgue constant L,, is controlled.
Some of them are detailed in Section 1.2.1. However in higher dimension, finding good points for

polynomial approximation is a challenging problem. In Section 1.2.2, we consider the multivari-
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1.2. Interpolation

ate setting and present several sets of interpolation points that have demonstrated their efficiency
in practice. In Section 1.2.3, we consider the case where the approximation space is constructed
from tensor product bases and present the construction of interpolation operator for approximation
spaces associated to downward closed index sets. The purpose of these three sections is not to give
an exhaustive list of already studied interpolation points but an insight on the most classical inter-
polation points and in particular the ones to which we will compare the boosted optimal weighted

least-squares method, contribution of this thesis.

1.2.1 Interpolation in the one-dimensional case

In this subsection, we recall some well-known results for one-dimensional polynomial interpolation
i.e. with V,, a space of degree m — 1 polynomials. A lower bound for the Lebesgue constant is
given by the Erdos theorem [33], which shows that in the best case, L,, grows as the logarithm of

the dimension m. More precisely for any set of points, there exists a constant C' > 0 such that,

2
Ly, > —log(m+1)—C.
™

Uniformly distributed points.

For uniformly distributed points over [—1, 1], it holds

2m+1

m~ ——————— as m — 09,
emlog(m)

that shows that uniformly distributed points is clearly not a good option for interpolation.

Chebyshev points.

Another classical set of points is the Chebyshev set of points, which is defined as the solution of

m
min  max H |z — 27|.
iz xe[fl,l]j_l

For a given m, these points are near optimal asymptotically according to the Erdos theorem, since
2
L, ~ —log(m) as m — oc.
7r

However, T'), ¢ T')41 (i-e the set of the m Chebyshev points is not included in the set of m + 1
Chebyshev points), so that they are not really adapted for adaptive approximation.
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Chapter 1 — Projection methods

Gauss-quadrature type points.

When the approximation space Vj, is the span of the univariate Legendre polynomials {; };”:1,
the Gauss-Legendre points are well-suited for interpolation. For 1 < i < m, the " point of the
Gauss-Legendre set of m points is given by the i root of ¢,,, the Legendre polynomial of degree

m — 1. The Lebesgue constant for the point set consisting of the Gauss-Legendre points is
Ly, < Cy/m, see [88].

Similarly, when the approximation space is the span of the Hermite polynomials, the Gauss-Hermite

points can be defined as the roots of the Hermite polynomials.

Clenshaw-Curtis points.

Clenshaw-Curtis points are the extrema of Chebyshev polynomials. For m > 1, the sequence of m
Clenshaw-Curtis points is given by I',, = {cos(%) :j7=0,...,m—1} and the Lebesgue constant
verifies

L, < %log(m —-1)+ 1.

The interest is that I'om C ['gm+1, which is useful for adaptive approximation. But this requires to
double the dimension of the approximation space at each iteration.
Leja points.

Another sequence of points which is suitable for adaptive approximation is the Leja sequence,

which is defined recursively for j > 2 by

J
2/ € arg max x — !
gze[—m}l:l_[l’ :

with 2! taken equal to 0 or 1 in general. The definition is such that this sequence is not unique.

An equivalent definition for the Leja sequence of points is given by
2/ € arg max |detV,(z',... 2771 2)| for j > 2.
z€[—1,1]

Therefore Leja sequences can be seen as a greedy D-optimal experimental design [38]. It does not
exist any explicit expression for the Lebesgue constant associated to this set of points, but it has

been proven that it grows subexponentially [39].

R-Leja points are real part of the Leja points defined on the complex unit disc. In other terms,

they are defined as the projection on the real line of complex Leja points. In dimension one, it has
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1.2. Interpolation

been proven (see [21]) that
L < C(m+ 1)

1.2.2 Interpolation with any arbitrary approximation space
Leja points.

The definition of the Leja points can be extended to the cases where d > 1, for any compact set
E of R [66], for k > 2, by

2% € argmax | det V,(z!, ..., 2" 1 2)|.
el

When d is high, this sequence of points may be costly to compute, therefore it can be replaced by
a so-called sequence of discrete Leja points which relies on a LU factorization with row-pivoting of
the Vandermonde-like matrix [15]. To deal with the case of unbounded domains, weighted versions

of discrete Leja points have been proposed [16].

Fekete points.

A set of points that maximizes the determinant of the Vandermonde-like matrix Vj(z!, ..., 2™) is
called a set of Fekete points [40]. These points are not limited to polynomial approximation but can
be used in a very general setting. In general they are very expensive to compute because it requires
a multivariate optimization. Therefore methods to compute approximate Fekete points based on
QR factorizations with column pivoting of the Vandermonde-like matrix have been proposed in
[86], [14] and [15]. To deal with the case of unbounded domains, weighted Fekete points have also

been introduced [51]. There exist connections between Leja and Fekete points [66].

Magic points.

In [65], the authors propose a sequence of interpolation points called magic points which provides
in practice good results in terms of the behaviour of the Lebesgue constant. An interest of this
method is that it is not limited to polynomial approximation. Furthermore, these points can be
relatively simply determined through a greedy algorithm. The procedure is as follows: we start

from a candidate set of points I' and determine a first point 2! and an index i; such that

(2D = ,
[ir (27)] = max max |oi(z)].
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Then for k£ > 1, we define

k k
& () Zw(m)—zz z)afypi(a?),
=1 p=1

with the matrix A = (a’lp)1<l p<k being the inverse of the matrix

pin(zh) @i (zh) .. i (ah)
i (2%) @in(a?) ... @i (2?)
i (7%) @ig(z®) .. i (aF)

suchthat@ﬁ(x)zOforall1Slgkand$€?(and§5f(xp):Oforalllgpgkandlgigm.

Then we determine the point ¥t € I and an index 1k+1 such that

(¢**h)] = max max [7(x)].

|90““+1 zel 1<i<m

The Lebesgue constant associated with the magic points behaves relatively well in practice [92].

1.2.3 Interpolation with tensor product bases

In this subsection, we consider the case where X has a product structure X = &} x ... x Xy, then

multivariate interpolation on tensor product bases can be constructed from univariate interpolation.

For each k € {1,...d}, we consider {9} };,>1 a set of univariate functions defined on Aj. We
define for all i = (iy,...,iq) € N%,

d
= [T vk (). (1.1)
k=1

Let us introduce a set of multi-indices A,,, C N% such that #A,, = m. The set A,, C N? is
said to be downward closed if for all @ € A, and any 8 such that 8 < « (i.e. for all 1 < k < d,
Br. < ag), then 5 € A,,. We introduce V;,, the associated approximation space

Vi = span{y; 1 i = (i1,...,i4) € A}

Furthermore, for each k € {1,...d}, we consider {37 }birk ) a sequence of points in X}, unisolvent

for the basis {¢1 1k | therefore defining a unique interpolation operator denoted Ik c X = Vi,

=1
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1.3. Least-squares method

When A,, is a product set, i.e. Ay, = A}nl X ... X Afnd, the grid of interpolation points

d
r,, = X{:p,lc,wzﬁ”k}
k=1

is unisolvent for the tensorized basis {;}ieca,, from (1.1) and the associated interpolation operator

is uniquely defined as
d
In=QI},.
k=1

When A,, is a general downward closed set, for each k € {1,...d}, the univariate interpolation

operator If,flk can be expressed as a sum of differences operators:

my
I,’%k = Z AF, where A} = TF — 7' | and using the convention Z} = 0.
=1

When d > 1, we consider nested sequences of points {a:;c’“}m’“ for all k € {1,...d}. Further-

ip=1
more, for each i = (i1,...,iq) € A, we introduce the tensorized differences operators A; =
®g:1 Afk where ¢ = (i1, ...,44) and then the interpolation operator Z,, on the space V;;, = span{yp; :
i = (i1,...,14) € Ay} can be expressed as
In= Y A
€A,

It is associated with the sequence of interpolation points
L= {z' = (a:’f,...,acgd) 21 € A}

which is unisolvent for V,,, [23].

Remark 1.1. Kriging interpolation.

Another widely used interpolation technique is kriging. Contrary to the interpolation techniques
mentioned above, the approximation is not constructed in V,,, a linear space with a fixed basis but
in kernel-based space, which in general depends on the chosen points. This method has proved its
importance but is not used in this thesis (possibly in future work). For more details the reader is
refereed to [82].

1.3 Least-squares method

Let X be a subset of R? equipped with a probability measure pu, with d > 1. We consider a

function v from Li(é\? ), the Hilbert space of square-integrable real-valued functions defined on X'.
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Chapter 1 — Projection methods

We let || - HLi be the natural norm in L?(X) defined by

ol = [ v@) du(z).

When there is no ambiguity, L?(X) will be simply denoted by L, and the norm || - [|7, and asso-
n
ciated inner product (-, -) rz will be denoted by Il - || and (-, -) respectively.

Let V,,, be a m-dimensional subspace of LZ, with m > 1, and {y;}72; be an orthonormal basis

of V;,. The best approximation of w in V,, is given by its orthogonal projection defined by
B =a i —|.
Vit = arg min flu —of

Least-squares regression, which defines the approximation by solving

1S i i
min — ;(U(:v ) —v(@")?,

where the 2! are independent and identically distributed (i.i.d.) samples drawn from the measure .
However, to guarantee a stable approximation and an error close to the best approximation error,
least-squares regression may require a sample size n much higher than m (see [70, 22, 69, 93]). This
issue can be mitigated by weighted least-squares projection, which is obtained by solving
1 & i i V)2
min — > w(a)(u(a’) - v(a)?,

VEVm N “
i=1

where the 2! are points not necessarily drawn from p and the w(z?) are corresponding weights.
A suitable choice of weights and points may allow to decrease the sample size to reach the same
approximation error, see e.g. [32, 73|. In [24], the authors introduce an optimal sampling measure p
with a density w(z) ™! with respect to the reference measure x which depends on the approximation
space. Choosing i.i.d. samples z* from this optimal measure, one obtains with high probability 1—n
a stable approximation and an error of the order of the best approximation error using a sample
size n = O(mlog(mn~')). Nevertheless, the necessary condition for having stability requires a

sample size n much higher than m, especially when a small probability 7 is desired.

1.3.1 Weighted least-squares projection

Letting " := {2°}"_, be a set of n points in X, we consider the weighted least-squares projection
defined by

n .
@V, u 1= arg min [lu —vlgn,
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1.3. Least-squares method

where || - ||z~ is a discrete semi-norm defined for v in Li by

n

ol o= = S wlau(a)?

i=1
where w is a given non negative function defined on X. We recall that ¢ = (¢1,...,0m) : X = R™
denotes the m-dimensional vector-valued function such that ¢(x) = (¢1(2),...,pm(x))T. Also we

denote by Gz» the empirical Gram matrix defined by

n

S w(a)p(a') © plaf).

=1

1
Ga;n = —
n

The stability of the weighted least-squares projection can be characterized by
Zmn = HG:ZS" — IHQ,

which measures a distance between the empirical Gram matrix and the identity matrix I, with

|| - |2 the matrix spectral norm. For any v in V;,,, we have
(1= Zon)|[0]* < [0llZn < (1+ Zan)|0]|*. (1.2)

We have the following properties that will be useful in subsequent analyses.

Lemma 1.1. Let " be a set of n points in X such that Zgn = [|Ggn — I||2 < 0 for some § € [0,1).

Then, for any v in Vy,, we have
(L= 8)[Jv)* < [[ollzn < (L + )|l (1.3)
and the weighted least-squares projection Q%/;u associated with x™ satisfies
lu = QF, ull® < llu = Py, ul® + (1 = 8) " [lu = Py, ull3n- (1.4)

Proof. The property (1.3) directly follows from (1.2) and the assumption that Z,» < §. Using the
property of the orthogonal projection Py, u and (1.3), we have that

lu — QF, ull* = llu — Py, ull® + || Py, u — QF, ull?

< Jlu— Pyl + (1= 8) Y| Py, u — QY ull .

Using the fact that Q‘}”,:Z is an orthogonal projection on V,,, with respect to the semi-norm || - ||on,
we have that for any v, [|QF v||gn < [|v]|en. We deduce that

1Py, 0 = QF, uller = 1QV,, (Py,u = )llor < [1Pv;, 0 = ullar,
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Chapter 1 — Projection methods

from which we deduce (1.4). O

We now provide a result which bounds the Li error by a best approximation error with respect

to a weighted supremum norm.

Theorem 1.2. Let " be a set of n points in X such that Zzn = ||Ggn—I||2 < 0 for some d € [0,1).
Then,
o~ Q. ull < (B+(1=0)™) inf flu—vlocss (15)

where B2 = [, w(x)"tdu(z) and ||v]|sow = Supger w(x)/2|v(z)|.

Proof. Using the triangular inequality and Lemma 1.1 we note that for any v € V,,,
le = Q¥ ull < llu—oll + (1 = 8) 2o — QF, ullon,

and [lv — QF, ullzn = [QF,, (v = u)llan < [lu—v]lzn.
We then conclude by using the inequalities ||u — v|[z» < [|[u — v]|oo,w and
_ 1/2
lu —of| < (Jy wiz) " dp(@))"? supyer wiz) 2 [u(z) — v(z)|. O

In the case where w™! is the density of a probability measure with respect to p (which will be

the case in the rest of the paper), the constant B from Theorem 1.2 is equal to 1.

1.3.2 Random sampling

We consider the measure p on X with density w™! with respect to u, i.e. dp = w™ldu. If the
xl, ... 2" areii.d. random variables drawn from the measure p, or equivalently if " = (z!,..., 2")
is drawn from the product measure p®" := p" on X", then for any function v in Li (not only those

in V,,), we have

E([lv]lZn) = Ilv]*. (1.6)
The condition (1.6) restricted to all functions v € V;,, implies that the empirical Gram matrix Ggn
satisfies
1 ) . .
E(Gan) = — > E(w(z)p(a') @ p(a") = I
i=1
The random variable Zzn = ||Ggn — I||2 quantifies how much the random matrix Gz» deviates

from its expectation. For any ¢ € [0,1), if
P(Zgn > 6) <, (1.7)

then for all v € V,,,, Equation (1.3) holds with probability higher than 1 — 7. We directly conclude
from Theorem 1.2 that the weighted least-squares projection Q‘ﬂ”/:l satisfies Equation (1.5) with
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probability higher than 1 —n (and B = 1).

Now, we present results in expectation which relate the LZ error with the best approximation
in Li. We have the following result from [24] for a conditional weighted least-squares projection,

here stated in a slightly different form.

Theorem 1.3 ([24]). Let ™ be drawn from the measure p™ and let QF, u be the associated weighted
least-squares projection of u. For any 6 € [0,1) and n € [0,1] such that Equation (1.7) holds,

E(lu— QY “ul?) < 1+ 1= 08)"Yu— Py, ull® +nllul®, (1.8)
where Q@;’Cu = f‘”/;u if Zgn <0 and O otherwise.
Proof. We have
E(|lu — Q% “ul®) = E(|lu— Q¥ ul*1z,.<5) + [u|*E(1z,.>s),

with E(1z,,~s) = P(Zz» > §) and therefore according to Equation (1.7) E(1z_,>s) < n. Then

using Lemma 1.1 and Equation (1.6), we have

E(llu— QF, ul*1z,n<5) < E((lu — Py, ul? + (1 = 6) " lu — Py, ul3n) 17,0 <5)
< lu = Py, ull* + (1= 8) 'E([lu — Py, ulzn)
=1+ 1 =8)"lu— Py,ul?

which concludes the proof. O

Also, we have the following quasi-optimality property for the weighted least-squares projection
associated with the distribution p” conditioned to the event {Zzn < §}.

Theorem 1.4. Let x™ be drawn from the measure p" and let Q%’,:lu be the associated weighted

least-squares projection of u. For any 6 € [0,1) and n € [0,1) such that Equation (1.7) holds,
E(llu— Q% ull*|Zen <6) < (1+ (1 =871 —n)"Yllu— Py,ul* (1.9)
Proof. From Lemma 1.1, we have that
E(u— Q¥ ull!| Zen < 8) < lu— Pryul® + (1 — 6 E(u— Pyy ul2 | Zan < 6),

and
E([|u — Py, ull3n| Zan < 6) < E(|lu— Py, ul3)P(Zen < 6)7F,

and we conclude by using P(Z;» < §) > 1 — n and the property (1.6). O
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1.3.3 Optimal sampling measure

An inequality of the form (1.7) can be obtained by concentration inequalities. A suitable sampling
distribution can then be obtained by an optimization of the obtained upper bound. An optimal

choice for w based on matrix Chernoff inequality is derived in [24] and given by

m

W@ = Y g = @)} (1.10)
=1

1

m “
J

Using this distribution, we obtain the following result, for which we provide a sketch of proof

following [24]. The result is here provided in a slightly more general form than in [24].

Theorem 1.5. Let n € [0,1) and § € [0,1). Assume x™ is drawn from the product measure
p" = p®", with p having the density (1.10) with respect to u. If the sample size n is such that!

n > n(d,n,m) = dé_lmlog (Zmnfl) , (1.11)

with ds == —0 + (1 + 9)log(1 +9), then Zyn = ||Ggn — I||2 satisfies (1.7).

Proof. We have Ggn = 1377 | A; where the A; = w(2%)¢p(2") ® ¢(z') are random matrices such

that E(A;) = I and ||A;ill2 = w(2%)|¢(2%)]|3 = m. The matrix Chernoff inequality from [91,

Theorem 5.1] gives that the minimal and maximal eigenvalues of Gzn — I satisfy
PMpin(Ggn — I) < =06) V P(Apaz(Gan — I) > 0) < mexp(—nds/m).

Under the condition (1.11), we have that mexp(—nds/m) < n/2 and using a union bound, we
deduce Equation (1.7). O

Remark 1.2. Noticing that ds < 62, then a sufficient condition for satisfying the condition (1.11) is
n > 6 2mlog (2mn~1).

Remark 1.3. The quantile function of Zn is defined for ¢ € [0,1] by F;  (t) = inf{d : Fiz,,, (6) > t},
where Fz_, is the cumulative density function of the random variable Zz». For given n and 7,
Fy, (1 —n) is the minimal § such that Equation (1.7) is satisfied. Denoting by d.(n,n) = min{é :
n > n(é,n,m)}, we clearly have F; (1 —mn) < é:(n,n). The closer 4. is from F, (1 —n), the

sharper the condition on the sample size n is for satisfying Equation (1.7).

Theorem 1.5 states that using the optimal sampling density from Equation (1.10), a stable
projection of u is obtained with a sample size n = O(mlog(mn~!)) with high probability. Note that
a small probability n, and therefore a large sample size n, may be required for controlling the term

n||ul|? in the error bound (1.8) for the conditional projection, or for obtaining a quasi-optimality

!Note that the constant in the condition (1.11) differs from the one given in the reference [24] for § = 1/2, which
was incorrect.
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property (1.9) in conditional expectation with a quasi-optimality constant close to 1+ (1 — &)L,
This will be improved in the next chapter by proposing a new distribution (obtained by resampling,
conditioning and subsampling) allowing to obtain stability of the empirical Gram matrix with a

moderate sample size.
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2.1 Introduction

This chapter is based on the article [52]. We begin by recalling some notions and notations already

introduced in the previous chapter but necessary for a self-contained presentation of this chapter.

Here the goal is to construct the approximation of a function w onto a linear space V,, us-
ing evaluations of the function at suitably chosen points. We consider a weighted least-squares
projection, obtained by solving

1 & i i V)2
min — > w(a)(u(z') - ()2,

vEVm N 4
=1
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where the ¢ are points sampled according to a measure constructed from the optimal measure p
introduced by [24] and recalled in the subsection 1.3.3 from Chapter 1, and where w(x?) are the

corresponding weights.

Here we introduce a boosted least-squares method which enables us to ensure almost surely
some stability property of the weighted least-squares projection (i.e of the Gram matrix or of the
Ly — Lz projection) with a sample size close to an interpolation method (i.e n = m). It consists
in sampling according to a measure associated with the optimization of a stability criterion over a
collection of independent n-samples, and resampling according to this measure until a stability con-
dition is satisfied. A greedy method is then proposed to remove points from the obtained sample.
Quasi-optimality properties in expectation are obtained for the weighted least-squares projection,

with or without the greedy procedure.

If the observations are polluted by a noise, here modeled by a random variable e, then the
weighted least-squares projection is defined as the solution of
1 N V)2
min —» w(a)(y' —v(z'))?,

vEVm N 4
=1

where y¢ = u(z?) + ef, with {e'}?; ii.d realizations of the random variable e. Quasi-optimality
property is lost in the case of noisy observations, because of an additional error term due to the

noise. This latter error term can however be reduced by increasing n.

The outline of this chapter is as follows. In Section 2.2, we present the boosted least-squares
method and analyze it in the noise-free case. The theoretical results are extended to the noisy case

in Section 2.3. In Section 2.4, we present numerical examples.

2.2 Boosted optimal weighted least-squares method

Let X be a subset of R? equipped with a probability measure p, with d > 1. We consider a
function v from LZ(X ), the Hilbert space of square-integrable real-valued functions defined on X'.
Let V;,, be a m-dimensional subspace of Li, with m > 1, and {¢;}]2; be an orthonormal basis of
V. We also denote by

e=(p1,.-,pm): X > R™

the m-dimensional vector-valued function such that ¢(z) = (¢1(2), ..., pm(x))T.

In this chapter, we propose an improved weighted least-squares method by proposing distribu-

tions over X™ having better properties than p™ = p®", where p is the optimal weighted least-squares
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2.2. Boosted optimal weighted least-squares method

measure from [24] (see Subsection 1.3.3 from Chapter 1). The function w defining the weighted
least-squares projections will always be taken such that w™! is the density of the optimal sampling

measure p with respect to the reference measure p, defined by
g L& 2 1 2
w@)™h = =3 ¢i(@)’ = —[le()]3 (2.1)
m m

2.2.1 Resampling and conditioning

The first improvement we propose consists in drawing M independent samples {x™}}, = with

™ = (M, ... 2™, from the distribution p", and then in selecting a sample £™* which satisfies
Gynx —I|ls = min ||Gyni — T
|Gane = T2 = min |Gt —

where G, denotes the empirical Gram matrix associated with a sample @ in X". If several samples

"* is gelected at random among the minimizers.

x™" are solutions of the minimization problem, x
We denote by p™* the probability measure of ™*. The probability that the stability condition
Zgnx = ||Ggn.x — I||2 < 0 is verified can be made arbitrarily high, playing on M, as it is shown in

the following lemma (whose proof is trivial).

Lemma 2.1. For any § € [0,1) and n € (0,1), if n > n(6,n,m) := ds'mlog (2mn~'), with
ds == =6+ (1 +0)log(l +9) (the condition from (1.11)), then

P(Zgnr < 6)>1—n™M.

Therefore, we can choose a probability n arbitrary close to 1, so that the condition on the
number of samples from Lemma 2.1 requires a smaller sample size n, and still obtain the stability
condition with a probability at least 1 — n™. This latter can be made arbitrarily close to 1 by
choosing a sufficiently large M. Even if p” has a product structure, for M > 1, the distribution

™*) are not

p™* does not have a product structure, i.e. the components of =™* = (z'*, ... x
independent, and does not satisfy the assumptions of Theorems 1.3 and 1.4. In particular E(Ggn.+)
may not be equal to I and in general, E(||v]|2...) # ||v||? for an arbitrary function v when M > 1.

Therefore, a new analysis of the resulting weighted least-squares projection is required.

Remark 2.1. Note that since the function & — |Gy — I||2 defined on X" is invariant through
permutations of the components of @, we have that the components of £™* have the same marginal

distribution.

In order to ensure that the stability property is verified almost surely, we consider a sample "

of £™* conditioned on the event
As ={l|Gan+ — I|2 < 6}, (2.2)
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which is such that for any function f, E(f(z")) = E(f(x™*)|As). Let p™ be the distribution of z".
A sample " from the distribution p™ is obtained by a simple rejection method, which consists in

drawing samples ™* from the distribution p™* until As is satisfied. It follows that P(Z;, < ¢§) = 1.

Remark 2.2. Let J be the number of trials necessary to get a sample &™* verifying the stability
condition As. This random variable J follows a geometric distribution with a probability of success

P(As). Therefore J is almost surely finite and
P(J > k) = (1 - P(45))",

i.e. the probability to have J greater than k decreases exponentially with k. An other property
of the geometric distribution is that E(J) = @ < ﬁ (as P(As) > 1 — ™), such that the
average number of trials increases when 7 tends to 1. In particular for M = 1, we have E(J) = 2
for n = 0.5, and E(J) = 100 for n = 0.99. P(Aj) increases with M and therefore E(J) decreases

with M.

Now we provide a result on the distribution of ™ which will be later used for the analysis of

the corresponding least-squares projection.

Lemma 2.2. Let " be a sample following the distribution p"™, which is the distribution p™™*
conditioned on the event As defined by (2.2). Assume that n > n(d,n,m) for some n € (0,1) and
0 € (0,1). Then for any function v in Li and any 0 < e <1,

_ 2/e
E(|v]2.) < Cle, M)(1 — ™)' E(l0[[36)°, (2.3)
with ( e
1—¢)™
= <M.
C(e, M) M(M_€)1—€ M
In particular, for e =1,
E(v|3.) < M(1—n™)" o] (2.4)

Also, if ||v]lconw = SuPger w(x)?|v(x)| < oo,
E([[v]l%,) < Cle, M)A = n™) " HollZ55 o). (2.5)

Proof. See appendix. O

Corollary 2.3. Let " be a sample following the distribution p™ and assume that n > n(d,n,m)
for some n € (0,1) and § € (0,1). For any v € Li, the weighted least-squares projection Q%}:LU

associated with the sample " satisfies
E(1QY, 0l*) < (1 =8) " M1 —n™) " o]
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2.2. Boosted optimal weighted least-squares method

Proof. Since Q%/:LU € Vi, we have that
1%, v < (1 = 8)~HQF, vz, < (1—8) " |[vl|Z..

where we have used the fact that Q‘g/:l is an orthogonal projection with respect to the semi-norm

+n- Taking the expectation and using (2.4), we obtain
E(|QY,0lP) < (1= &) M1 — ™)~ o]
O

Theorem 2.4. Let " be a sample following the distribution p™ and assume that n > n(d,n,m)
for somen € (0,1) and § € (0,1). The weighted least-squares projection Qf/;u associated with the

sample T satisfies the quasi-optimality property
E(llu — QF,ul®) < 1+ (1 =871 = ™) M)l — Py ull” (2:6)
Also, assuming ||u|cow < L, we have
E(u— Qfull®) < (Ile = Prul® + (1= 8)7' (1 = ™)' D(M, L,m, u— Pyul®)  (27)
where for all o > 0, D(M,L,m,a) = infoce<i IN)(M, L,m,«,¢), with
D(M,L,m,a,e) := C(e, M)(L(1 4 ¢))*> %0’.

Here, C(e, M) is the constant defined in Lemma 2.2 and ¢y, the supremum of ||Py,, V|lcow over

functions v such that ||v||ec.w < 1.

Proof. From Lemma 1.1, we have that
lu = QF,ul < llu— Py, ull* + (1= 8)~"flu— Py, ul2,
holds almost surely, and from Lemma 2.2, we have that
E(|u— Py, ull2,) < Cle, M) — ™) T 'E(||u — Py, ull2)°
for all € € (0,1]. Combining the above inequalities and then taking the infimum over e, we obtain
E(lu— QF,ull®) < u = Prul® + (1 =87 (1 =)™ inf C(e, ME (Jlu— Py, ull2i7)". (28)

The particular case € = 1 yields Equation (2.6). The second property (2.7) is simply deduced from
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Equation (2.8) by using the property (2.5) of Lemma 2.2 and by noting that ||u — Py, tl/ccw <
(14 em) l|ulloow- O

Remark 2.3. The constant ¢, in Theorem 2.4 is such that ¢, < m. Indeed, Py, v(z) = > a;pi(x)
with

@ = (v.p) = [ v@ei@du) = [ o))

so that

1/2
i) < ol |, lou(@ @) o) < ol ( [ oil@Pula)dpla)) " = ol

where we have used Cauchy-Schwarz inequality. Therefore,

1Py, 0|00, < [V loow supw 1/22 i

reX

1/2
< ||vloo,w sup w(z 1/2 (Z e > = m|[v||co,w,

thanks to the definition of w (see Equation (2.1)).

Remark 2.4. About the constant D(L, M, m,«).

The value of € that minimizes ]_~?(M , L, m,a,¢) has no explicit expression, however numerical es-
timations can be calculated. Figure 2.1 illustrates the fact that D(M, L, m, ||u — Py, u||*) may be
lower than M||u — Py, u||?> for some conditions on M, L, m meaning that (2.7) should provide a
sharper result than (2.6). The legend "Initial bound" refers to the bound presented in Equation in
(2.6), and the legend "Improved bound" refers to the bound presented in Equation (2.7).

On the two Figures 2.1a and 2.1b, the x-axis represents the best approximation error, so that for

Initial bound — Initial bound with M = 500

Improved bound with L(1 + cp) = 1.1 ——
Improved bound with L(1 + cpm) =2 ===

1. Improved bound with L(1 + ¢p) = 11 —6—
Cd

Improved bound with M = 500 ——
40 | Initial bound with M = 100 = == -
Improved bound with M = 100 me—

1
0.5
:i5
0 002 004 006 008 0.1 0 002 004 006 008 0.1
@ «
(a) M =100, § = 0.5, n = 0.01/M () L(1 +¢n) =2, 6 = 0.5, 7 = 0.01/M

Figure 2.1 — Improvement of the bound for different values of L(c,, + 1) and M.
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[Py, ¥l 00, w
[vlloo,w

to functions w which can be well approximated in V,,, whereas on the contrary, the right part of

a given L = [|ul|oo,wy and a given ¢, = maxycvy,, , the left part of the curve corresponds
the curve corresponds to functions which are not well approximated in V,, (having a high best
approximation error in V;,,). We observe that the bound from (2.7) improves the bound from (2.6)
when M is high (M > 100), see Figure 2.1b and when L(1 + ¢,) is small (L(1 + ¢,) < 1.1), see
Figure 2.1a. The details of the calculations to obtain these graphs are given in the Appendix of
this chapter.

2.2.2 Subsampling

For a given ¢, without resampling, the number of samples necessary to guarantee the stability
with high probability 7 has to be greater than d; 'mlog (2mn~'). When resampling M times, only
dé_lmlog (2m17*1/ M ) samples are necessary to guarantee the stability with the same probability
1. Although the resampling enables us to choose ¢ and 1 such that n is smaller than with the
initial strategy from [24], the value of n may still be high compared to an interpolation method.
Therefore, to further decrease the sample size, for each generated sample ", we propose to select
a subsample which still verifies the stability condition.

We start with a sample " = (z!,...,2") satisfying |G, — I||> < § and then select a subsample
Z% = (Z¥)er with K C {1,...,n} such that the empirical Gram matrix defined by GE’;( =

7#1K Srer w(TF)p(T*) ® p(T*) still satisfies
|G — T2 < 6.
K

In practice, the set K is constructed by a greedy procedure. We start with K = {1,...,n}. Then
at each step of the greedy procedure, we select k* in K such that

HGET;(\W} —1Ifz = }gél[r{l HG?;{\M — I
If |Gz — I||2 < ¢ and #K > nypipn then k* is removed from K. Otherwise, the algorithm is

KA\{k*}

stopped. We denote by pg the distribution of the sample & produced by this greedy algorithm.

Theorem 2.5. Assume n > n(d,n,m) for some n € (0,1) and 6 € (0,1), and let T} be a sample
produced by the greedy algorithm with #K > Npn. The weighted least-squares projection Q:IE/:LIZU

associated with the sample T’ satisfies the quasi-optimality property

n

E(llu — QFul2) < (1+ ——(1 = 6)~ (1 — ™)~ M) u — Py, ul% (2.9)

mwn
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Also, assuming ||u)|cow < L , we have

E(llu— Qyful®) < llu— Py, ul® + (1 =07 1 = ") D(M, L,m, ||u— Py, ul?)  (2.10)

min
where D(M, L,m, ||u — Py, ul||?) is defined in Theorem 2.4.
Proof. Since ZETIL( < 4, from Lemma 1.1, we have that for any v € V,,, the least-squares projection
associated with @ satisfies
lu— Qv ul? < Jlu— Py, ul* + (1 - 5)_1||u - PvaH?m

<l = Py, ul® + (1= 8) 7' = llu — Py, ull

#K mn?
where the second inequality simply results from
1 1 “ n
2 _ 7k — 2

Therefore, since #K > ny;n, we obtain from Lemma 2.2 that

€

oe\—l¢q o My—1 _ 2
(1— 61— ™) Ogglc@,M)E(Hu Py ullin) |

E(llu— Quful®) < llu— Py, ul® +

min
The particular case € = 1 yields the first property. For the second property, the proof follows the
one of the property (2.7) in Theorem 2.4. O

Corollary 2.6. Assume n > n(d,n,m) for some n € (0,1) and § € (0,1), and let T} be a sample
produced by the greedy algorithm with #K > Npn. The weighted least-squares projection Qf/Ziu

associated with the sample T’ satisfies

I2.

[v

E(QTFo]?) < (1— 8)"1M(1 — 1)~

min
Proof. Since foﬁ v € Vi, we have that

1 N

Q¥ ol < (1 - 8) QK vlZ, < Q-0 vl <(1-06)” K

a2 vz,

where we have used the fact that Q?/K is an orthogonal projection with respect to the semi-norm
Il - ||m?{ and the fact that ||’UH2 < zgllvllz.. Taking the expectation, using Equation (2.4) and

assuming that #K < nip, we obtam

E(QTo]?) < (1 - 8)"1M(1 — 1)~ 12

Jv
min

50



2.3. The noisy case

O]

If we set nmin = m, it may happen that the algorithm runs until #K = m, the dimension of the
approximation space. Choosing n > n(d,n, m) then yields a quasi-optimality constant depending on
log(m). It has to be compared with the optimal behaviour of the Lebesgue constant for polynomial
interpolation in one dimension. If we choose 7, = n/f for some fixed 8 > 1 independent of m,
then we have ﬁ < B and a quasi-optimality constant independent of m in Theorem 2.5, but the

algorithm may stop before reaching the interpolation regime (n = m).

Remark 2.5. Concerning the greedy subsampling, a direct approach to remove a point is to calculate
the norm of HGE}%\{;@} — I||2 for each k € K. However, it involves to calculate this norm for #K
points and this each time a point is removed. In the appendix A of this thesis, we present a method
which enables us to choose k* by solving one eigenproblem and then performing simple matrix-
vector multiplications. Indeed, knowing the eigenvalues of a symmetric matrix, there exists bounds
on the eigenvalues of a rank-one update of this matrix (see [17] and [44] for more details, as well

as the more recent results from [13] that we use in practice).

2.3 The noisy case

We here consider the case where the observations are polluted with a noise, which is modeled by a

random variable e. More precisely the observed data take the form
yz' _ u(fl) + 61'7

where {e'};c are i.i.d realizations of the random variable e and {#'};cx = Z7 are the points built
with the boosted least-squares method. We assume the noise is independent of ™ and K and
centered, i.e. E(e) = 0, and with bounded variance 02 = E(|e|?) < co. More general cases could be
considered as in [22] or [71].

The weighted discrete least-squares projection of u over V,, is defined by

UK = arg min L Z w(@) (y' — v(@))2
vEVm #K pare

Theorem 2.7. Assume n > n(d,n,m) for some n € (0,1) and 6 € (0,1), and let % be a sample
produced by the greedy algorithm with #K > Npmin. The weighted least-squares projection uTk

associated with the sample % and the data affected by the noise e, satisfies

2n

E(lu — u®% %) < (1 4+ ——(1 =86~ (1 = ™)~ M)|lu - Py, ul)?

mwn

262mn (2.11)

2

min

(1—8)7'(1— ™)'

n
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Proof. Thanks to the Pythagorean equality, it holds

lu = w1 = u = Py, ull* + [| Py, u — u® |

= lu = Py, ull® + | QvE (Py,u — u) + QuFu — u"x

where Qf/ffl u is the boosted least-squares projection of the noiseless evaluations of w over V,,,. Then

using the triangular inequality,
lu— i ||* < [lu = Py, ull® + 2| Qv (Pyy,u — w)||* + 2] Qv u — u® || 2.
Taking the expectation and using Corollary 2.6, it comes

E(flu — u®k|%) < (1 4+ 2——(1 = 8) "' M1 = ™)™V |lu — Py, ul|?

Nmin . - (2.12)
+2E(| Qv u — ™k |?).

Then, we note that
~ _ m
1QVE 1 — ui | < |y

where b = (b))}, is solution to

zEK

ngb:,@,,B::< > etw(@ ) .
" 1<k<m

Since HG%,} |2 <(1—-0)"1 it holds
K

Z!bk|2 (1—-0)" ZWHQ

and
m

D16 =3
k=1

k=1

@K QZZew #)elw(@)on ().

€K jeK

We have,

( 7z > 2 ew( Delw (ﬂfj)s%(fj)) =

i€eK jeK

# QZzew e w(T)or(F)|K)) =

€K jeK

iz 2 2 E(w(@)on(@)e w(@)er(a) K)).

€K jeK
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By construction K is independent from the noise,

E(e'w(@')pr(@")e’ w(@)on(@) | K) = E(e'e! )E(w(@)or(T')w (@ )ow(@) | K).

Therefore, for ¢ # j
E(e'w(T')pr (@) e’ w(@ )pr (#7)| K) = 0
and for i = j
E(c'w(T')pr (#) e’ w(@ )pr (#7)| K) = o?E(w (@) ok (7)?| K).

Then using #K > npin,

>

k=1

by definition of w, see Equation (2.1)
zEK

IN

To bound the term E (37 w(z")), we use Equation (2.4) with v = 1,

E (Zw@@d) <nE ([[12,) < nM @ =)L = nM (1 - )7
=1

All in all,
m
SE(BI?) < 0® g (1 — M)
k=1 min

When there is no subsampling (1, = n) the bound from Equation (2.11) becomes

E(|lu— u®k|[2) < (14 (1= 8)~"(1 = p™) "' M) |Ju — Py, ul®

202%m

+ (1-0)"ta -yt

n
When n,,;, = m (allowing subsampling to reach #K = m), the bound becomes

Bl — K [[2) < (14 22 (1= 6)7 (1= ™) 7 M) — Pl

202 (1 =811 =My M.
+0m( 6) (1 —n")

(2.13)

(2.14)

In this particular case the influence of the noise may be more important, as for an interpolation
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method and there is no guarantee for convergence. Then in the noisy case, using nmin, = % for

some fixed S > 1 allows to better control the noise term.

2.4 Numerical experiments

2.4.1 Notations and objectives

In this section, we focus on polynomial approximation spaces V,,. The aim is to compare the
performance of the method we propose with the optimal weighted least-squares method and inter-
polation (see Chapter 1). We are not trying to be exhaustive in this comparison, but to cover a
quite large panel of state-of-the art approximation methods.

First, we consider interpolation performed on deterministic set of points (Gauss-Hermite points for
a Gaussian measure, abbreviated Z-GaussH and Gauss-Legendre points for a uniform measure,
abbreviated Z-GaussL), magic points, abbreviated Z-Magic, (see [65]), Leja points, abbreviated
Z-Leja, (see [9],[15] and [16] for their weighted version dealing with unbounded domains), and
Fekete points, abbreviated Z-Fekete, (see [86] and [51] for their weighted version dealing with
unbounded domains). The three last sets of points are chosen among a large set of points in X.
Then, we consider least-squares methods, more precisely standard least-squares methods, abbrevi-
ated SLS, optimal weighted least-squares projection (introduced in [24]), abbreviated OWLS, and
also the boosted optimal weighted least-squares projections we propose, abbreviated BLS, c-BLS
and s-BLS when we respectively use resampling, conditioning, and subsampling plus resampling
and conditioning. Algorithms 2.1, 2.2 and 2.3 present respectively the algorithms to generate the
sample for BLS, c-BLS and s-BLS.

Algorithm 2.1 Presentation of the BLS sampling
Inputs: 0, n, M, V,,.
Outputs: z™* for the BLS sampling.
fori=1,...,M do
Sample ™ ~ p"
end for
Select at random I* € arg minj<j<as [|Gyni — I|f2.
Set &"* = ™"

Remark 2.6. For a fixed approximation space V,,, it must be noticed that the methods OWLS,
BLS, Z-GaussH, Z-GaussL or Z-Leja points, do not depend on the choice of the orthonormal
basis associated with V,,, as the quantity Z,» is independent of this choice. This is however not
the case for the methods Z-Magic [65] or Z-Fekete [86], for which the particular choice of the
basis will be mentioned in each example.

Remark 2.7. The difficulty of the optimal least-squares methods lies in the fact that we sample from
a standard probability density function (PDF). We need a sampling technique that is both accurate
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Algorithm 2.2 Presentation of the c-BLS sampling

Inputs: 0, n, M, V,,.
Outputs: " for the c-BLS sampling.
zZ =00
while z > § do
fori=1,...,M do
Sample ™" ~ p"
end for
Select at random I* € argminj<;<ps ||Gyni — I|2.
Set ™* = ™" and set z = |Ggns — I|2
end while
Set ™ = x&™*

Algorithm 2.3 Presentation of the s-BLS sampling

Inputs: 0, n, M, V,,.
Outputs: ', for the s-BLS sampling.
zZ =00
while z > § do
fori=1,...,M do
Sample ™ ~ p"

end for
Select at random I* € argminj<j<ps ||Ggni — I||2.
Set ™* = ™" and set z = |Ggns — I|2

end while

Set " = x™*

Set K ={1,...,n} and 2% = 2"
Set z = ||Gzn — I|f2.
K
while z < ¢ do
Select k£* such that

1G5 ey ~ 12 = 1R 1)~
Set z = ||G5:'n - IHQ
K\{k*}
If 2 <9, set K «+ K\ {k*}
end while
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and as fast as possible. Sampling from univariate densities can be done with classical techniques
such as rejection sampling [31], inverse transform sampling [31] and slice sampling [81]. This latter
is used for all the numerical examples. To sample from multivariate densities we use a sequential

sampling technique, which only requires samplings from univariate densities, see appendix B.

In the next section, two kinds of comparisons are performed. First, we compare qualitatively
the distributions of the random variable Z;» and the distributions of the n-points sample ™. These
analyses depend only on the choice of the approximation space Vi, and does not involve a function
to approximate. Secondly, we compare quantitatively the efficiency of the different methods to
approximate functions. We consider analytical functions on R? or [~1, 1]¢ equipped with Gaussian

or uniform measures.

2.4.2 Qualitative analysis of the boosted optimal weighted least-squares method
Analysis of the stability

The objective of this paragraph is to compare the stability of the boosted optimal weighted least-
squares method, using subsampling from Section 2.2.2 or not, respectively s-BLS and c-BLS, with
two other state-of-the art methods, standard least-squares method, abbreviated SLS and OWLS
method. As explained in Section 1.3.1, the stability of the least-squares projection can be char-
acterized by the random variable Zzn = ||Ggn — Ilj2. The closer Zz» is to 0, the more stable
the approximation is. In this paragraph, we compare the distribution of this random variable Z;n
for the different sampling methods. For the SLS method, the sampling measure is the reference
measure . In the OWLS method, the sampling measure p is the measure with density w™! with

respect to the reference measure u, chosen as defined in (2.1).

In this paragraph, we consider d = 1 and we present results for polynomial approximation spaces
Vi = P, where 5 is the polynomial degree and with p a Gaussian or uniform measure. Figures 2.2a
and 2.2b show that using OWLS instead of SLS shifts the distribution of the random variable Zzn»
to the left. Without surprise, we see that conditioning Z,» by the event A5 = {Z;n < 0} yields a
distribution whose support is included in [0, §]. As expected, we also notice that very similar results
are obtained for the OWLS and c-BLS methods when choosing M = 1. In the same manner,
increasing the number of resampling M also shifts the PDF of Z » to the low values, and decreases
its variability. When interested in maximizing the probability of As, c-BLS method is therefore
an interesting alternative to SLS and OWLS. At last, looking at Figures 2.3b and 2.3a, we ob-
serve that the greedy selection moves the PDF of Z,» to the high values. This was expected: to
switch from c-BLS to s-BLS, the size of the sample is reduced, as points are adaptively removed.
However, as it is conditioned by Ag, it remains better than SLS and OWLS methods.
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Figure 2.2 — Probability density function of Zzn = ||Ggn — I||2 for V,, = P5, with § = 0.9 and

n = 100.
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(a) Gaussian measure

Distribution of the sample points

In this paragraph, we consider d = 1, we are interested in the distributions of the points sampled

with the ¢-BLS and s-BLS methods.

First, n = 10 points are sampled according to the c-BLS method for different values of M (from 1
to 50000). These points are then sorted in ascending order. After repeating this procedure r = 1000

times, the probability distributions of the sorted points are represented in Figures 2.4 and 2.5 (one

color per point).

SLS —|
OWLS —
¢-BLS (M =1)---

¢-BLS (M =1) ---
¢-BLS (M = 10) —|
¢-BLS (M =100) — ||

(b) Uniform measure
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Figure 2.3 — Probability density function of Zzn = ||Ggn — I||2 for V,, = P5, with § = 0.9 and
n = 100.

For p the Gaussian or the uniform measure, when M is small, (M =1 or M = 10), we notice
a strong overlap between the support of the different distributions. This is no longer the case for
the highest values of M (M = 10000 or M = 50000). Hence, the larger M, the further apart the
points are from each other with high probability, and the more they concentrate around specific
values. Secondly, n = 6 points are sampled according to the s-BLS method. To this end, a greedy
procedure is applied to remove points from an initial sample of 10 points until we get the required
number of points. In that case, as we fix the size of the sample, there is a priori no guarantee that
the value of Zzn remains smaller than §. The obtained 6-points sample is once again sorted in
ascending order, and we repeat the procedure » = 1000 times. As previously, the distributions of
the sorted points are represented in Figures 2.6 and 2.7 for different values of M. Only moderate

values of M are considered, as we empirically observed that choosing M higher than 100 had very

little influence on the results when considering subsampling.

Comparing the figures associated with the methods with or without greedy subsampling, we
finally observe that s-BLS method provides results that are very close to c-BLS method with a
very high value of M. This emphasizes the efficiency of the greedy selection to separate the support
of the distributions of points.

In Figure 2.6a, the distributions of the sorted points associated to the OWLS method are repre-
sented in dashed lines. This shows that even if no resampling is carried out (M = 1), using the

s-BLS method instead of OWLS improves the space filling properties of the obtained samples.

Remark 2.8. In Figures 2.4, 2.5, 2.6 and 2.7 black dots have been added to indicate the positions
of the first n Gauss-Hermite points in the Gaussian case, and the n first Gauss-Legendre points in

the uniform case. Interestingly, we observe that, in the Gaussian case, the distribution of points
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Figure 2.4 — Distributions of the z(®,i = 1,...,10, with ' sampled from the c-BLS method
for V,,, = P5 and p the Gaussian measure. On each graph, the black dots represent the 10 first
Gauss-Hermite points.

spreads symmetrically around zero and in the uniform case, the distribution concentrates on the

edges.

2.4.3 Quantitative analysis for polynomial approximations

In this paragraph, we want to compare the different methods introduced in Subsection 2.4.1 in
terms of approximation errors. The quality of the approximation u* of a function u € Li(z’\f’ ) is

assessed by estimating the error of approximation

E(u*)Z _ 1

Y. (ulz) —u*(2))?,

Ntest €T rest

with @yest a set of nges test samples. In practice, we choose nsest = 1000. To study the robustness

of the methods, we compute 10 times the approximations and draw 10 different test samples @;.st
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Figure 2.5 — Distributions of the 2@ i =1,...,10, with 2'° sampled from the c-BLS method
for V,,, = P5 and p the uniform measure. On each graph, the black dots represent the 10 first
Gauss-Legendre points.

and compute empirical confidence intervals of level 10% and 90% for the errors of approximation.

For each example, two kinds of comparisons are performed.

o Tables (a) present the results for the methods OWLS, ¢c-BLS, and s-BLS. The num-
ber of samples is chosen to ensure the stability of the empirical Gram matrix with high
probability or almost surely. For the OWLS method, the number of samples is equal to
n = [dy'mlog(2mn~1)], with § = 0.9 and 5 = 0.01 such that the stability of the empirical
Gram matrix is ensured with probability greater than 0.99. For the c-BLS method, the
initial number of samples n is also equal to n = [d; 'mlog(2mn~!)] but choosing § = 0.9
and 1 = 0.01YM (M is specified in the example). Since the resulting sample Z" satisfies the
event Ay from Equation (2.2), the stability of the empirical Gram matrix is guaranteed. For
the s-BLS method, the initial sample is the same than for the c-BLS method and a greedy
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Figure 2.6 - Distributions of the (") i = 1,... .6, with £° sampled from the s-BLS method (colored
histograms) and OWLS method (dashed lines) for V,,, = P5 with p the gaussian measure. On each
graph, the black dots represent the 6 first Gauss-Hermite points.

removal of points is performed as long as the event As is satisfied.

Tables (b) compare all the Z— methods with OWLS, BLS and s-BLS. For all methods,
except s-BLS, the number of samples n is taken equal to the dimension of the approximation
space m. In this particular comparison, the BLS method only consists in a resampling strat-
egy. For the s-BLS method, the initial number of samples is equal ton = (dé_lm log(2mn=1)],
with § = 0.9 and 1 = 0.01/M (M is specified in the example) and since the resulting sample
x" satisfies Ag, the stability of the empirical Gram matrix is guaranteed. Then the greedy
selection of points is performed as long as n > m, implying that the resulting sample used to

build the approximation may not lead to a stable empirical Gram matrix.

Remark 2.9. In the interpolation regime n = m, the stability condition from Equation (1.7)

can not be reached for the BLS method. Indeed, choosing M arbitrary big enables us
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Figure 2.7 — Distributions of the 2 i = 1,...,6, with 2% sampled from the s-BLS method for
Vi = P5 and p the uniform measure. On each graph, the black dots represent the 6 first Gauss-
Legendre points.

to choose 7 close to 1, but it still holds n < 1. It implies that the number of samples
n(d,m,m) necessary to get the stability condition from Theorem 1.5 has to be greater than
dé_lm log(2m), that is itself strictly greater than m. In the case of controlled cost, this explains

why we choose to use the BLS method without conditioning.

A first function

We consider X = R, equipped with the standard Gaussian measure p and the function

ui(x) = exp <—i(:p — 1)2) .

The approximation space is V,,, = Pp,—1 = span{y; : 1 <i < m}, where the basis {¢;}I"; is chosen

as the Hermite polynomials of degree less than m — 1. This is referred to as example 1.
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c-BLS c-BLS s-BLS
OWLS (M =1) (M = 100) (M = 100)

p o loge(w) | n | logelw) | n | logle@)) | n | logew) | n

5 [21;-1.8) | 134 | [2.2;,-1.9] | 134 | [2.2;-1.8 | 48 | [-2.1;-1.8] | [6; 6]
10 [3.1;-31 | 265 | [3.2:-3.0] | 265 | [-3.2;-3.1] | 108 | [3.0:-2.6] | [11; 13]
15 [45;-42] | 404 | [-4.5;-4.3] | 404 | [4.5 -43] | 176 | [4.6;-4] | [16;17]
20 [-5.8;-5.7] | 548 | [5.9:-5.7] | 548 | [-5.9;-5.7] | 249 | [-5.9;-5.3] | [21; 23]
25 [-6.9;-6.7] | 697 | [-7:-6.8 | 697 | [7:-6.7] | 326 | [-6.9;-6.6] | [26: 28]
30 [8.3;-8.1] | 848 | [-8.4;-8.2] | 848 | [-84;-8.2] | 405 | [-8.4;-8.0] | [31: 36]
35 [9.4;-0.3] | 1001 | [-9.4;-9.3] | 1001 | [-9.4;-9.2] | 488 | [-9.4;-8.9] | [37; 39]
40 [10.7:-10.5] | 1157 | [10.7: -10.5] | 1157 | [10.7; -10.6] | 572 | [-10.8; -10.3] | [42; 44]

(a) Guaranteed stability with probability greater than 0.99 for OWLS and almost surely for the other
methods.

Interpolation Least-Squares regression
Z-GaussH | Z-Magic Z-Leja Z-Fekete OWLS (MB:I?OO) s-BLS
p  log(e(u)) | log(e(u*)) | log(e(uw*)) | log(e(u®)) | log(e(u®)) | log(e(u*)) | log(e(u*))
5 [-2.2,-1.5] [-0.5;-0.5] | [-1.3;-1.2] | [-1.3;-1.2] | [-1.8;-0.3] [-2.1; -1.6] [-2.1; -1.8]
10 [-3.1,-3.0] [-0.8; -0.8] | [-2.1;-2.0] | [-1.9;-1.9] | [-2.6;-1.0] [-3.1; -1.9] [-3.0; -2.5]
15 [4.5,-4.2] [-1.4; -1.4] | [-2.6; -2.5] | [-2.4; -2.3] | [-4.4;-1.6] [-4.3; -2.2] [-4.6; -3.9]
20  [-5.9,-5.8] [-2.2; -2.2] | [-4.2;-4.2) | [-4.1;-4.1] | [-5.9; -3.2] [-6.1; -4.3] [-5.9; -5.1]
25  [-6.8,-6.7] [-3.4; -34] | [-4.4;-4.3] | [-5.1;-5.0] | [-6.8;-3.9] [-6.4; -4.7) [-6.9; -6.0]
30 [-8.6,-8.4] [-4.5; -4.4] | [-5.7; -5.6] | [-6.1; -6.1] | [-9.1; -4.4] [-8.8; -5.2] [-8.5; -7.2]
35  [-9.3,-9.2) [-5.3;-5.3] | [-7.1;-7.0] | [-7.7;-7.6] | [-10.4; -4.9] | [-9.0; -6.4] [-9.4; -8.5]
40  [-9.8,-9.7] [-7.0; -7.0] | [-8.6;-8.5] | [-8.5;-8.5] | [-10.9; -6.7] | [-10.8; -7.1] | [-11.0; -9.7]

(b) Given cost: n =m

Table 2.1 — Approximation error € in log-10 scale for the example 1. Abbreviations are defined in
Subsection 2.4.1.

For this example, looking at Table 2.1a, we first observe that the approximation error decreases

in a similar way for the four methods OWLS, c-BLS (M

= 1), c-BLS (M

= 100) and s-BLS

(M = 100) when the size of the approximation space increases. However, the results for the c-BLS
(M = 100) method are using less evaluations of the function. Indeed, by resampling, that is to
say by increasing the value of M, the bound of the probability of getting a stable approximation is
1—nM
higher values of M does not modify the bound of the probability of getting a stable approximation,

instead of 1 — 7. Hence if ) is chosen equal to 0.01 for M = 1, taking 1 equal to 0.01'/M for

but allows us to strongly reduce the number of samples needed to guarantee the same stability
condition (the minimum number of samples is given in Lemma 2.1 by n = [d(s_lmlog(an’lﬂ).
Regarding the number of evaluations of the function, the s-BLS (M = 100) method, which uses

greedy subsampling is even better.

Looking at Table 2.1b, we also observe that for all the methods, the error of approximation

decreases when the size of the approximation space increases. Nevertheless, it is interesting to
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notice that among the interpolation methods, the Z-Magic method is less accurate than the
others. In practice, for the s-BLS method, letting the greedy algorithm reach the interpolation
regime (m = n) may provide a sample " which does not guarantee the stability. However, focusing
on the upper bound of the errors, we also see that when n = m, only the s-BLS method seems to

be able to provide results that are compatible to the ones of the Z-GaussH method.
Remark 2.10. The points for the Z-Magic, Z-Fekete and Z-Leja are chosen among a sufficiently

large and dense discretization of X'. Here, in the case where X = R, we choose a uniform discretiza-
tion of the bounded interval [—10,10] with 10000 points.

A second function
In this section, we consider X = [—1, 1] equipped with the uniform measure and the function

1

ua(r) = 75

The approximation space is V,,, = Pp,_1 = span{y; : 1 <7 < m}, where the basis {¢;}I"; is chosen
as the Legendre polynomials of degree less than m — 1. This is referred to as example 2. For this

example, the same observations than for the first function can be made:

e when resampling, it is possible to guarantee the stability of the approximation at a lower

cost, without increasing the approximation error (see Table 2.2a),

e when resampling and also subsampling, it is possible to guarantee the stability of the ap-
proximation at a cost close to the interpolation regime, without increasing the approximation

error (see Table 2.2a),

e the s-BLS method is comparable to interpolation in terms of the accuracy of the approxi-

mation (see Table 2.2b).
The only difference is that the Z-Magic method behaves almost as well as the other Z- method,
which was not the case with the Gaussian measure.
A third function
We here consider the function

us(x) = gexp (-3) @)

where X = R is equipped with the Gaussian measure, (¢1,...,%m) = U(@1,...,om), with {@;}77,
the set of Hermite polynomials of degree less than p and U an orthogonal matrix. In practice U
is taken as the matrix of the left singular vectors of a m x m matrix A, whose elements are i.i.d.

realizations of a standard Gaussian random variable N (0, 1).
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c-BLS c-BLS s-BLS
OWLS (M =1) (M = 100) (M = 100)

p loglew)) | n |logew)) | n | logle(?)) | n |log(e(w?)) | n

5 [1.3;-1.2] | 134 | [-[1.3;-1.2] | 134 | [-1.3;-1.3] | 48 | [-1.2;-0.9] [6; 6]

10 [-2.4;-24] | 265 | [-2.4;-2.4] | 265 | [-2.4;-2.4] | 108 | [-2.3; -1.9] | [11; 11]

15 [-3.1;-3.1] | 405 | [-3.2;-3.2] | 405 | [-3.2;-3.2] | 176 | [-3.1; -2.8] | [16; 16]

20 [4.3;-4.2] | 548 | [-4.3;-4.3] | 548 | [-4.3;-4.3] | 249 | [-4.2; -4.1] | [21; 23]

25 [-5.0; -4.8] | 697 | [-5.1;-5.0] | 697 | [-5.1;-5.0] | 326 | [-5.0; -4.7] | [26; 29]

30 [-6.2;-6.1] | 848 | [-6.2;-6.2] | 848 | [-6.2;-6.2] | 405 | [-6.1;-5.8] | [31; 35]

35 [6.9;-6.9] | 1001 | [-6.9;-6.9] | 1001 | [-6.9; -6.9] | 488 | [-6.9; -6.6] | [36; 40]

40 [-8.0;-8.0] | 1157 | [-8.1; -8.1] | 1157 | [-8.1;-8.1] | 572 | [-8.0; -7.7] | [42; 46]

(a) Guaranteed stability with probability greater than 0.99 for OWLS and almost surely for the other
methods.
Interpolation Least-Squares regression

Z-GaussL | Z-Magic Z-Leja Z-Fekete OWLS (MB:I?OO) s-BLS
p  log(e(u®)) | log(e(u*)) | log(e(u®)) | log(e(u*)) | log(e(u*)) | log(e(u*)) | log(e(u))
) [-1.3;-1.3] | [-0.9;-0.8] | [-1.1;-1.1] | [-1.1; -1.1] | [-0.6; 0.5] [-1.1; -0.3] | [-1.2; -1.0]
10 [-2.3;-2.3] | [-2.2;-2.2] | [-2.2;-2.2] | [2.2;-2.2] | [-0.9; 1.1] [-1.7; 0.6] | [-2.3; -1.6]
15 [-3.2;-3.1] | [-2.9;-2.8] | [-3.0;-2.9] | [-3.0; -2.9] | [-2.0; 1.5] [-2.5; 1.2] | [-2.9; -2.6]
20 [4.2;-4.2) | [-4.0;-3.9] | [-4.1; -4.1] | [-4.1; -4.1] | [-1.9; 1.1] [-2.8; 1.4] | [-4.1; -3.3]
25 [-5.1;-5.0] | [-4.9; -4.8] | [-4.9; -4.8] | [-4.8; -4.8] | [-2.4; 1.5] [-3.5; 1.5] | [-4.8; -4.2]
30 [6.1;-6.0] | [-5.7;-5.7] | [-6.0; -5.9] | [-6.0; -5.9] | [-3.2; 2.1] [-4.0; 0.5] | [-5.8; -5.0]
35 [6.9;-6.9] | [-6.6;-6.6] | [-6.7;-6.7] | [-6.7;-6.7] | [-4.3; 3.0] [-4.0; 1.2] | [-6.7; -5.3]
40 [-7.9;-7.9] | [-7.7;-0.7) | [-7.8;-7.8] | [-7.8; -7.8] | [-5.6; 3.8] [-4.7; 0.1] | [-7.7; -6.6]

(b) Given cost: n = m.

Table 2.2 — Approximation error € in log-10 scale for the example 2. Abbreviations are defined in

24.1.

In this example, p is chosen equal to 40, the approximation space V,,, = span{t; : 1 <7 < m}, and

we consider different U for each trial. The basis (i1, ...

,¥m) is chosen as approximation basis.

This is referred to as example 3 and the associated results are summarized in Table 2.3a and Table

2.3b.

Hence, in the same manner than in Table 2.1 and Table 2.2, we notice that

the error of approximation decreases when the size of the approximation space increases for
all methods, we however notice that the Z-Magic does not perform as well as the other

methods,

the errors associated with s-BLS (M = 100) method are almost the same than the ones
associated with the OWLS, ¢-BLS (M = 1) and ¢-BLS (M = 100) methods while being

based on a number of evaluations of the function tending to the interpolation regime,

the s-BLS method provides better results than the OWLS and BLS (M = 100) methods
when n is chosen equal to m (interpolation regime). It also provides really better results than

all the Z-methods, except the Z-GaussH (Gauss-Hermite points are still used).
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c-BLS c-BLS s-BLS
OWLS (M =1) (M = 100) (M = 100)

p logle@) | n | logle(w)) | n | logle@w)) | » | logew) | n

5 [L7;-15] | 134 | [L7;-15] | 134 | [L7-14] | 48 | [1.6;-11] | [6;7)
10 [2.7;-2.6] | 265 | [2.8;-2.6] | 265 | [-2.8;-2.6] | 108 | [-2.7;-2.3] | [11;13]
15  [3.9;-3.7] | 405 | [-3.8;,-3.7] | 405 | [-3.9;-3.7] | 176 | [-3.7;-3.3] | [18; 23]
20 [5.0;-48 | 548 | [-5.0;-4.7] | 548 | [-5.0;-4.6] | 249 | [4.9;-44] | [24; 26]
25 [6.1:-57] | 697 | [-6.0;-5.8] | 697 | [-6.0;-5.8] | 326 | [-6.0:-5.6] | [29; 34]
30 [7.1;-6.9] | 848 | [7.1;-6.9] | 848 | [7.1;-6.9] | 405 | [7.1;-6.7] | [34; 38]
35 [8.2;-7.9] | 1001 | [-8.2;-8.0] | 1001 | [-8.2;-7.9] | 488 | [8.3;-7.7] | [40; 45]
40 [15.8;-15.4] | 1157 | [15.8 -15.5] | 1157 | [15.8: -15.2] | 572 | [-15.7; -15.4] | [A1; 47]

(a) Guaranteed stability with probability greater than 0.99 for OWLS and almost surely for the other
methods.

Interpolation Least-Squares regression
Z-GaussH | Z-Magic Z-Leja Z-Fekete OWLS (MB—L§OO) s-BLS
p  log(e(w)) | log(e(u®)) | log(e(w*)) | log(e(u®)) | log(e(u*)) | log(e(u®)) | log(e(u®))
5 [-1.5; 0.2] [-1.4; -0.7] [-1.4; -0.8] [-1.4; -1.0] [-1.5; 0] [-1.6; -1.0] [-1.6; -1.1]
10 [-2.8;-1.2] [-2.3; -1.6] [-2.4; -1.8] [-2.3; -1.5] [-2.4; -1.3] [-2.4; -1.4] [-2.6; -1.7]
15 [-3.6; -2.5] [-3.5; -2.6] [-3.4; -2.4] [-3.4; -2.7] [-3.4; -0.9] [-3.3; -1.6] [-3.5; -1.0]
20  [-4.6; -3.6] [-4.4; -3.6] [-4.5; -3.9] [-4.5; -4.0] [-4.7; -3.8] [-4.6; -3.4] [-4.6; -3.8]
25  [-5.5; -4.2] [-5.3; -4.7] [-5.5; -4.8] [-5.5; -4.9] [-5.4; -3.3] [-5.5; -4.1] [-5.6; -5.1]
30 [6.8; -5.6] [-6.5; -5.8] [-6.4; -5.9] [-6.5; -5.8] [-7.2; -5.5] [-6.6; -4.8] [-6.8; -5.8]
35  [-7.8;-6.5] [-7.4; -6.5] [-7.3; -6.9] [-7.3; -6.9] [-8.6; -6.8] [-7.7; -6.4] [-8.1; -7.2]
40 [-15.9; -14.6] | [-8.2; -6.3] [—13.2; -11.4] [—12.4; -11.1] | [-11.8; -4.2] | [-14.2; -7.7] [—15.7; -15.1]

(b) Given cost: n = m.

Table 2.3 — Approximation error € for the example 3. Abbreviations are defined in 2.4.1.

For this example, it is important to notice that the approximation space is not generated from
a set of commonly-used polynomials, for which there exists adapted sequences of points for inter-
polation. This highlights the interest of the s-BLS method, which guarantees good sequences of
The results obtained
with the other Z-methods show that it is difficult to choose a suitable set of initial points (in size
and distribution).

points for the approximation, no matter what the approximation space is.

Remark 2.11. As in example 2.4.3, the points for the Z-Magic, Z-Fekete and Z-Leja are chosen
among a sufficiently large and dense discretization of X'. Here, in the case where X = R, we choose

a uniform discretization of the bounded interval [—10, 10] with 10000 points.
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Multi-dimensional example

Here, we consider X = [—1, l]d, equipped with the uniform measure and the function
1
u(x) = d
(1- %3 f—1 @)

We consider the hyperbolic cross polynomial approximation space defined by
d d
Py = span{p;(x H : i€ A}, where A = {i = (i1, ... H ir+1)<p+1}

where the (wlkk )i,>1 are sequences of univariate Legendre polynomials. For each k € {1,...,d},

{1/Jfk}ik21 is an orthonormal basis of L2 (X%).

Qg
O - N W Hh OO N ®O©

0 1

2 3 45 6 7 8 9
aq

Figure 2.8 — Illustration of an hyperbolic cross index set for d = 2 and p = 9.

To define a set of interpolation points unisolvent for the tensorized basis {¢;}icp, we proceed
as follows. For each 1 < k < d, we introduce a set of points (sz)?;’;l € X} unisolvent for the space
span{z/;i }m’i | (either Gauss, Leja, Fekete or Magic points). Then we introduce the multivariate
sequence of points

FA:{ZZ‘:(Z;[ "'7ld> 1€ AN H#HA= m}

217
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c-BLS c-BLS s-BLS
OWLS (M = 1) (M = 100) (M = 100)

p m logle@) | n | logle(w)) | n |logle() | n |loge@) | n
4 10 [1.8;-1.7] | 238 | [1.8;-1.8] | 238 | [1.8;-1.8] | 96 | [-1.7;-1.5] | [10; 12]
9 27 [-3.3;-3.2] | 727 | [-3.3;-3.3] | 727 | [-3.3;-3.3] | 341 | [-3.2;-3.0] | [33; 38]
14 45 [4.2;-4.1] | 1282 | [-4.2;-4.2] | 1282 | [4.2;-4.2] | 641 | [-4.1;-3.9] | [58; 63]
19 66 [-5.6;-5.5 | 1960 | [-5.7; -5.5] | 1960 | [-5.7; -5.6] | 1019 | [-5.6; -5.5] | [92; 99]
24 87 [-6.5-6.4] | 2659 | [-6.6; -6.4] | 2659 | [-6.5; -6.4] | 1418 | [-6.4; -6.3] | [130; 137]

(a) Guaranteed stability with probability greater than 0.99 for OWLS and almost surely for the other
methods.

Interpolation Least-Squares regression
Z-GaussL | Z-Magic Z-Leja Z-Fekete OWLS (MB:LfOO) s-BLS
p m  log(e(u)) | log(e(u®)) | log(e(u*)) | log(e(u®)) | log(e(u*)) | log(e(u*)) | log(e(u*))
4 10 [-1.0;-1.0] | [-1.0;-1.0] | [-1.6;-1.6] | [-1.0;-1.0] | [-1.2; 0.5] [-1.5; 0.5] [-1.6; -1.4]
9 27 [-1.7;-1.6] | [-2.2;-2.2] | [-3.1;-3.0] | [-1.7; -1.6] | [-2.7; -0.5] | [-2.7;-0.9] | [-2.9; -1.§]
14 45 [-2.2;-2.1] | [-3.1;-3.0] | [-3.7;-3.6] | [-2.2; -2.1] | [-3.4; -1.5] | [-3.2;-2.0] | [-3.6; -2.4]
19 66 [-2.7;-2.6] | [-4.0; -4.0] | [-5.4; -5.0] | [-2.7; -2.6] | [-4.8; 0.5] [-4.5; -1.6] | [-5.1; -3.7]
24 87 [-3.1;-3.0] | [4.1;-4.1] | [-6.1;-6.0] | [-3.0; -2.9] | [-5.3;-2.8] | [-5.2;-2.7] | [-5.6; -4.2]

(b) Given cost: n =m

Table 2.4 — Approximation error ¢ for the example 4 with d = 2. Abbreviations are defined in
Subsection 2.4.1.

In Table 2.4, we observe that the best approximation errors are obtained with the least-squares

regression methods, when the stability is guaranteed:

e in Table 2.4a, the s-BLS method strongly reduces the number of samples necessary to get

this stability, it is about 1.5 times the interpolation regime.

e in Table 2.4b, the Z-Leja is the only interpolation method which performs better than the
s-BLS method with a given cost. However, the Z-Leja is less accurate than the s-BLS

method with guaranteed stability.

In Table 2.5, we observe that the conclusions are the same in dimension 4 than for the dimension
2. The only difference is that the number of samples necessary to get the stability is about 2 times

the interpolation regime.

2.4.4 A noisy example

In this example, we consider the case where the evaluations are affected by a noise e, which fulfils the
assumptions of Section 2.3 (the noise is independent from the sample ', centred with a bounded

conditional variance). Here we choose e ~ N (0, c2).
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2.4. Numerical experiments

c-BLS c-BLS s-BLS
OWLS (M = 1) (M = 100) (M = 100)
pom loge) | n | loglel) | n |logle(w)) | n |logew) | n
4 23 [15-14] | 608 | [1.5;-1.5] | 608 | [1.5;-1.5] | 279 | [1.5;-1.3] | [27; 33]
763 [-2.2;-2.0] | 1862 | [-2.2; -2.1] | 1862 | [-2.2; -2.0] | 963 | [-2.1;-1.9] | [99; 109]
10 93 [-2.2;-2.1) | 2861 | [-2.3;-2.1) | 2861 | [-2.3;-2.1] | 1535 | [-2.1;-2.0] | [164; 172]
13 153 [-2.4;-2.3] | 4946 | [-2.5; -2.4] | 4946 | [-2.5; -2.4] | 2763 | [-2.4; -2.3] | [291; 305]

(a) Guaranteed stability with probability greater than 0.99 for OWLS and almost surely for the other

methods.
Interpolation Least-Squares regression
Z-GaussL | Z-Magic Z-Leja Z-Fekete OWLS (MB—L?OO) s-BLS
p m  log(e(u?)) | log(e(u*)) | log(e(u®)) | log(e(u*)) | log(e(u*)) | log(e(u*)) | log(e(u*))
4 23 [-0.6;-0.6] | [[1.0;-0.9] | [-1.3;-1.2] | [-0.6; -0.6] | [-1.1; 0.7] [-1.2; 0.1] [-1.0; 0.1]
7 63 [-0.9;-09] | [-1.4;-1.3] | [-1.2;-1.1] | [-0.9;-0.9] | [-1.2;-0.2] | [-1.7; 0.1] | [-1.6;-0.5]
10 93  [-1.0;-0.9] | [-1.3;-1.3] | [-0.5;-0.4] | [-1.0; -0.9] [-1.2; 0] [-1.1; 1.0] [-1.4; 0.4]
13 153 [-1.2;-1.1] | [-1.6;-1.5] | [-2.2;-2.0] | [-1.2;-1.1] | [-1.7;-0.2] | [-1.5;-0.3] | [-1.6; -0.7]

(b) Given cost: n=m

Table 2.5 — Approximation error ¢ for the example 4 with d = 4. Abbreviations are defined in
Subsection 2.4.1.

Table 2.6 presents the obtained results for two different approximation spaces’ dimensions
(m = 10,27) and 3 different standard deviations of the noise (¢ = 0.1, 0.01, 0.001). The noiseless
case (corresponding to o = 0 is also recalled). When the stability is guaranteed, see Table 2.6a, we
observe that the influence of the noise is more important in the s-BLS method (which is in line
with the expression from Equation (2.11), the higher n is the smaller the contribution due the noise
is). Furthermore, when m = 10 (p = 4), the approximation error is determined by the dimension of
the approximation space, whereas when m = 27 (p = 9), the approximation error decreases when

o decreases.

In Table 2.6b, we observe that the Z-methods are not robust to the noise (except Z-Leja), the
approximation error is much higher than for the s-BLS method performed with m = n, for both

dimensions of approximation spaces.

2.4.5 Overall conclusion for all examples

When the stability is guaranteed (see Table 2.1a, Table 2.2a, Table 2.3a, Table 2.4a), the s-BLS
method, whose cost is close to m, behaves in the same way than the other least-squares regres-
sion methods and the best interpolation method. When n = m, the s-BLS method performs
better than most of the interpolation methods. Depending on the choice of the approximation

basis or the dimension of the problem d, the interpolation methods are more or less efficient. None
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c-BLS c-BLS s-BLS
OWLS (M =1) (M = 100) (M = 100)

mo o los(e(d) | n | logle(w) | n | logle() | n | logle(ut)) | # K
10 01  [-1.8;-1.8] | 238 | [-1.8;-1.7] | 238 | [-1.8: -1.8] | 96 | [-1.6;-1.3] | [10: 11]
0.01 [-1.8;-1.7] | 238 | [-1.8;-1.6] | 238 | [-1.8;-1.8] | 96 | [-1.6;-1.3] | [10; 11]
0.001 [1.8;-1.6] | 238 | [-1.8;-1.8] | 238 | [-1.8;-1.7] | 96 | [-1.7;-1.4] | [10; 12]

0 [1.8-17 | 238 | [1.8;-1.8] | 238 | [-1.8;-1.8] | 96 | [-1.7;-1.5] | [10; 12]

27 0.1 [-2.8-2.6] | 727 | [-2.8;-2.6] | 727 | [-2.8;-2.6] | 341 | [-2.0; -1.8] | [31; 35]
0.01 [-3.3;-3.2] | 727 | [-3.3;-3.3] | 727 | [-3.3;-3.3] | 341 | [-3.2;-3.0] | [30; 37]
0.001 [-3.3;-3.3] | 727 | [-3.4;-3.3] | 727 | [-3.3:-3.3] | 341 | [3.2;-2.9] | [31; 36]

0  [3.3;-3.2] | 727 | [-3.3;-3.3] | 727 | [-3.3;-3.3] | 341 | [-3.2; -3.0] | [33; 3¢]

(a) Guaranteed stability with probability greater than 0.99 for OWLS and almost surely for the other
methods.

Interpolation Least-Squares regression
Z-GaussL | Z-Magic Z-Leja Z-Fekete OWLS (M B_L?OO) s-BLS

m o log(e(u”)) | log(e(u”)) | log(e(u®)) | log(e(u*)) | log(e(u*)) | log(e(u®)) | log(e(u*))
10 01  [11;-0.5] | [1.1;-1.0] | [-1.5;-1.2] | [-1.2;-0.5] | [-0.8;2] | [-1.4;0.0] | [-1.6;-1.1]
0.01  [-1.0;-0.9] | [-1.0;-1.0] | [-1.4;-1.2] | [-1.0;-0.9] | [-1.3;1.2] | [-1.5;-0.1] | [-1.6;-1.2]
0.001 [-1.0;-0.9] | [-1.0;-1.0] | [-1.4;-1.3] | [-1.0;-0.9] | [-1.5; 1.0] | [-1.6;-0.1] | [-1.6;-1.0]

0 [-1.0; -1.0] | [-1.0; -1.0] | [-1.6;-1.6] | [-1.0; -1.0] | [-1.2; 0.5] [-1.5; 0.5] | [-1.6; -1.4]

27 01  [15;22] | [-0.8;0.1] | [15-15] | [1.4;22] | [0.87.6] | [-0.7;1.7] | [-1.8;-0.7]
001  [0.2;0.3] | [-25;-15] | [[2.8;-2.7] | [-0.2;0.3] | [-1.4;6.8] | [-2.3;0.4] | [-3.0;-2.3]
0.001  [-2.0; -1.4] | [-2.2;-2.2] | [-2.8;-2.8] | [-2.0; -1.5] | [-2.2; -0.3] | [-2.8;-0.6] | [-2.9; -1.9]

0 [-1.7; -1.6] | [-2.2;-2.2] | [-3.1;-3.0] | [-1.7;-1.6] | [-2.7;-0.5] | [-2.7;-0.9] | [-2.9; -1.8]

(b) Given cost: n =m

Table 2.6 — Approximation error € for the example 4 noisy with d = 2. Abbreviations are defined
in Subsection 2.4.1.

of them give the best results in all situations, whereas the s-BLS method with stability guaran-

teed is as efficient as the best interpolation method while having a number of samples tending to m.

The example where the data are polluted with noise shows a greater robustness of the s-BLS
method (with the stability guaranteed) compared to the interpolation methods with a number of

samples not too far from the dimension of the approximation space.

2.5 Conclusion

We have proposed a method to construct the projection of a function u in a given approximation
space V,, with dimension m. In this method, the approximation is a weighted least-squares pro-
jection associated with random points sampled from a suitably chosen distribution. We obtained
quasi-optimality properties (in expectation) for the weighted least-squares projection, with or with-

out reducing the size of the sample by a greedy removal of points.
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2.5. Conclusion

The error bound in the quasi-optimality property depends on the number of points selected by
the greedy algorithm. The more points removed, the larger the bound will be. Therefore, if the goal
is an accurate control of the error, as few points as possible should be removed. On the contrary, if
the goal is to reduce the cost as much as possible but allows a larger error, the maximum number
of points may be removed from the sample, which in some cases leads to n = m, the dimension of

the approximation space.

As the convergence of this greedy algorithm to the interpolation regime is not systematic, it
would be interesting to look for an optimal selection of the sub-sample with regard to the stability
criterion. That is to say that we would select the & points to remove at the same time, however it

is a combinatorial problem.

With this method, the points are sampled from a distribution which depends on the approxi-
mation space. In some cases, the approximation space is chosen adaptively among a sequence of
spaces, then to have a reasonable number of function’s evaluations, the samples used to build the
projection onto a given approximation space should be reused to construct the projection onto a
larger approximation space. In the next chapter, we propose an adaptive boosted optimal weighted
least-squares method which constructs a sequence of boosted weighted least-squares projections,

associated to a nested sequence of spaces.
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Appendix of this Chapter

Proof of Lemma 2.2

We recall that for any sample 2", Zzn = |[|Ggn — I||2 and P(45) > 1 — n™ (Lemma 2.1). By

n,I*

definition of £™*, we have ™* = ™", where given the M samples ™!, ..

., ™M the random
variable I* follows the uniform distribution on the set argminj<;<as Z,n: (possibly reduced to a
singleton). The property (2.4) is a particular case of Equation (2.3) for ¢ = 1. However, let us first
provide a simple proof of property (2.4). We have

E (v2.) = E (lol3n:145) <E (||vuin,*) P(A;)
M
<E (Jol2.) (1 =5 Z (Ilo)120) (1 = ™)
= lolPM (1 =),

Now let us consider the proof of the other inequalities. We first note that As; = {Z n» < 0} =
{mini<;<apr Zyzni < 6} . We consider the events B; = {I* = j} which form a complete set of events.
From the definition of I* and As and the fact that the samples ™' are i.i.d., it is clear that
P(B;) =P(By) = M~ and P(B; N As) = P(B1 N Ay) for all j. Therefore,

P(As N By) % (As N Bj) P(A)>w
§ 1 ]:1 6 M 6) Z M .

Then

M
E (Jfol3n|45) = SOE (o305l 45 0 By ) B(B;) = E ([ollzal 45 0 B1)

E([lv]2.) =E( )3
(
(
(

”UHm" 11145031) ]P)(A(S N Bl)_l

IN

Jv Hac’%l]lz n 1<5]1m1112<i§M Zmn,iZanJ) M(1— nM)_l

E

E
n,1 My—1

E HUHmn 11z 7 (<oE ( ming<i<M Zyn,i >Zgn,1 |z )) M@ —-n")

E 1—n

M-1
(HUHin’l]lZm"vl SéE (]lzmn,z >Zpn 1 ’xn’l) > M(

M)fl.

Using Holder’s inequality, we have that for any 0 < e <1,

M—1

2 c M—1 1—¢
E (lv]2..-|45) <E (||U||;n,1ﬂzmn,1ga) E <E (1z,, 052, ]1™") ) M(1—npM)—t

M—1
1

e M-1 1—¢
<E (Jlollz.) IE(]E (Mg oz |2™0) ) M M)
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2.5. Conclusion

For any measurable function f and any two i.i.d. random variables X and Y, we have that
E(1fx)>fy)lY) is a uniform random variable on (0,1). Therefore E (]lZmn,2>an,1 |a:”1) is uni-
formly distributed on (0,1) and

=L 1 1—¢
]E ]E(]].an,2>zmnyl‘a) ’ ) = =1 +1 = M—g'

By combining the previous results, we obtain

E (J[v]2e.|45) < E(llo]l3)°M(1 —W)l&‘_gfl

For ¢ = 1, we recover the result (2.4). The last result simply follows from

2
E(lollz) < E (vl ) 0252 = o] ol2552.

Details for the remark 2.4

We recall that D(M, L, m, a, ) = C(e, M)(L(14¢))2 2 af. Taking the logarithm of this expression

it comes,

log(D(M, L,m, a,¢)) = log(C(e, M)) 4 e log(a) + (2 — 2¢) log(L(1 + ¢m))
1 I

Considering I,

log(C/(e, M)) = log (M((J\l[_i)l_> — log(M) + (1 — ¢) log (Al[_i)

Taking the derivative with respect to ¢,

ol l—e 1-—
— =—log(l—¢) — 1
e og(l —e) 1—5+Mf + log(M —¢)
_ <M—5)+ 1—¢ 1
A= M-e
Looking at I1,
o011
e = —2log(L(1 + ¢p,)) + log(av).
All in all 81 + ‘9H =0 gives
1—¢ 1—¢

— log( =14 2log(L(1 + ¢m)) — log(a).

M—a)+M—£
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If, we set Y = ;[fg, it comes
—log(Y) 4+ Y =1+ 2log(L(1 + ¢p)) — log(a)

also
exp(Y) = exp(1 + 2log(L(1 + ¢p,)) — log(a))Y.

This equation has no explicit solution, however numerically we can found the value . Some

examples are shown in the remark 2.4 from this chapter.
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ADAPTIVE BOOSTED OPTIMAL WEIGHTED
LEAST-SQUARES
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3.1 Introduction

For adaptive approximation of functions, a classical approach is to consider approximations in a
sequence of nested approximation spaces (V,);>1 with increasing dimension m;. In some cases, the
sequence (Vi )i>1 may be given a priori [20, 27] but this sequence may also be adaptively generated
in the sense that the construction of V, depends on the projection onto the approximation space

mi4+1
Viny [18, 19].

In this chapter, we present an adaptive version of the boosted optimal weighted least-squares
method presented in Chapter 2 for computing projections associated with such nested sequences
of approximation spaces (Vip,);>1. The difficulty is that the optimal sampling measure (also used

to construct the boosted least-squares projection) depends on the approximation spaces (Viy,)i>1-
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However, to keep a reasonable number of function’s evaluations, we should avoid to draw new
samples to compute the weighted least-squares projection at each iteration of the adaptive strat-
egy. Here, the proposed adaptive boosted optimal weighted least-squares method relies on the
deterministic strategy from [68] (that recycles all the samples, going from the step [ to the step
[+ 1). In practice, at each step of the adaptive strategy we observe that the number of samples

used to build the projection is close to the one obtained with an interpolation method (i.e. n = my).

In Section 3.3, we recall the main results from [68], by presenting the weighted least-squares
projection in a given approximation space using block-structured sampling and then its adaptation
to the sequential setting which takes advantage of this particular structure of samples, and allows
to reuse all the samples from one step to another. In Section 3.4.1, we present the boosted optimal
weighted least-squares method with block-structured sampling and in Section 3.4.2 we present the

adaptive boosted optimal weighted least-squares method.

3.2 Notations

We begin by recalling some notions and notations already introduced in the two first chapters
of this thesis but necessary for a self-contained reading of this chapter. Let X be a subset of
R? equipped with a probability measure p, with d > 1. We consider a function u from Li(X ),
the Hilbert space of square-integrable real-valued functions defined on X. We let | - || 1z be the
natural norm in Li(z’\f ). When there is no ambiguity, Lﬁ(é\f ) will be simply denoted Li, the norm

Il - ”2L,§ and associated inner product (-,-) rz will be denoted | - || and (-,-) respectively. Let V;,

2
o

define a particular projection of a function u € Li(X ) onto V,,,, using n evaluations of this function

be a m-dimensional subspace of L%, with m > 1. The weighted least-squares methods allow to

at random points. Letting " := {z'}"_; be a set of n points in X, we consider the weighted

least-squares projection defined by

z" = i _ n 3.1

Qtu = axg min lu — v, (3.1)
where | - ||z is a discrete semi-norm defined for v in L2 by
1 ) .

ollgn =~ > wlav(a")?, (3.2)

=1

where w is a given non negative function defined on X'. We denote by {¢; };n:l an orthonormal basis
of V,, and we denote by ¢ = (p1,...,pm) : X — R™ the m-dimensional vector-valued function

such that ¢(z) = (p1(2), ..., om(z))T. Also Py, u denotes the orthogonal projection of u onto V;,.

76



3.8. Optimal weighted least-squares with block-structured sampling

In this chapter, the weight function w is chosen as
1 & 1 9
— — . 3.3
L= el = el (33)

The optimal sampling measure from [24] will be referred to as optimal weighted least-squares mea-
sure and the one from [68], because of the particular structure of the samples, will be referred to

as block-structured optimal weighted least-squares method.

3.3 Optimal weighted least-squares with block-structured sam-

pling

3.3.1 Approximation in a given space

Let us consider for each j = 1,...,m, the measure dp; associated to the basis function ¢; defined
by
2
p; = pj(x) dp.
For 7 > 1 an integer and n = 7m, let " := {z°}"_; be a set of n points such that for each
j=1,...,m, the samples 20~V 2i7 are drawn from the measure dp;. In other words, for a

given integer 7 > 1, the n independent samples (z!,...,z") are drawn from the product measure

Y= (®§”:10j)®T- (3-4)

It is important to notice that, contrary to the approach from [24], the samples {a: ', are not
identically distributed, they are only i.i.d by batch of 7 samples. We denote by G7. the empirical
Gram matrix associated to the basis {¢; }jzl of the approximation space V;, and the sample ",
which is defined by

Zw ') ® ('), (3.5)

The random variable ZJ% = ||Gh» — I||2 quantifies the numerical stability of the weighted least-

squares projection Q‘{”/; .

The proof of the following lemma is inspired from [68], where they show that considering ™ a

n-sample sampled from 4", with n = 7m, it holds E(GJ.) = I.

Lemma 3.1. Let 7 be an integer such that = > 1, and consider ™ a n-sample from ", with
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n=7m. For allv € Lz(X) it holds
E(||vl3n) = [lv]*. (3.6)

Proof. Using the definition of the discrete semi-norm recalled in Equation (3.2) and taking the

expectation, we have
2 RS i i\2
E(|[vllgn) = > E(w(z")v(a")?)
i=1

1177 . . .
= —— Z ZE(w(:c(J_1)T+l)v(az(]_1)7+l)2), where for all 1 <1 < 7, U~ D7+ o pj
mT21 5=

1™ . ) .
= — E E(w(z?)v(2?)?), where for each 1 < j < m, 27 ~ p;
m
J=1

1 m

“m z_: /X w(z)v(z)*dp;(x)

thanks to the definition (3.3) of w. O

We recall the following theorem, which states that the optimal weighted least-squares with

block-structured sampling verifies a stability property.

Theorem 3.2. [68, Theorem 2]
For any n,6 € (0,1), if n = 7m, with 7 := [d; " log (2mn™')] and ds = —5 + (1+6) log(1+4), and

n

x" is a n-sample sampled from 4™, then the following properties are verified:

(i) the random variable Z satisfies the tail bound

P(Z3 > 6) <, (3.7)

(ii) if u € Li(X) then the conditioned estimator Qi:@’cu, defined by Q‘m/;’cu = QU wif Zh <0

and Q‘w/:;cu = 0 otherwise, satisfies
E(lu—QF Cul?) < (14+ (1 —=08)"") |lu— Py, ul 2 3.8
(Il — Q5 Cul®) < (1+ (1= 6™ lu = Pygyull® + nuf® (3.8)

3.3.2 Adaptive approximation with a nested sequence of spaces

Using the particular block-structure of the sample ™ ~ ~4™, the author in [68] presents an adaptive

strategy, which constructs weighted least-squares projections of u in a sequence of nested spaces
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3.4. Boosted optimal weighted least-squares with block-structured sampling

Vingy CViny C ... C Vi, C Li(X ), of increasing dimension m;, ensuring that the projections remain

stable in expectation, simultaneously for all iterations from one to t.

Theorem 3.3. [68, Theorem 3] Let n € (0,1), s > 1 be a real number and t > 1 be an integer.

Given any sequence of nested spaces (Vi )1<i<t in LZ(X) with dimensions my < ... <my, if
ng =mmy, 7= [d;' In (C(s)mf“nfl)w foralll=1,...,t, (3.9)

where ((s) denotes the Riemman-zeta function, then

P (ﬂ {zm < 5}) > 1 (3.10)
=1

with Z3, = |Gt — I|2, where G, € R™*™ s the Gram matriz associated to an orthonormal
basis of Vi, defined by (3.5) and for any l =1,...,t, the sample ™ is generated according to the
distribution ¥™ (associated to the space Vp,, ).

If u € Li(X), then for any | = 1,...,t, the conditioned estimator Qf,:fl’cu defined by Qi"/:l’cu =

x™l . my z",C . .
Vo, wif Zygny <0 and Qy, " u =0 otherwise, verifies
l

xz"l,C —
E(flu— @7, “ull?) < (14 (1= 6)71) llu— Py, ul®+ nlul® (3.11)

3.4 Boosted optimal weighted least-squares with block-structured

sampling

3.4.1 Approximation in a given space

In this section, we propose a boosted least-squares method whose principle is exactly the same
than in Chapter 2 (or see also [52]) but exploiting the measure 4". For the sake of completeness,
we remind in this section the main steps that consist in resampling according to 4" until a stability
criterion Z7;, < ¢ is satisfied and then removing points from the samples using a greedy strat-
egy. Also we recall a theoretical result, which states that this method ensures the stability of the

weighted least-squares projection in expectation.

The first step consists in drawing M independent samples {x™*}M, with ¢ = (21, ... ™),

from the distribution 4™, and then selecting a sample x™* which satisfies

g = min Zons, (3.12)
where ZI" = |G — I|| is the distance between the empirical Gram matrix associated to « and the
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identity matrix, which quantifies the numerical stability for a sample & in X™. In the case where
several samples ™" are solutions of the minimization problem, x™* is selected at random among
the minimizers. We denote by v™* the probability measure of &™*. If n fulfills the condition from
Theorem 3.2, i.e n > m[dé_1 log (2m77_1ﬂ the probability that the stability condition ZJ% . < 4 is
verified is greater than 1 — n™ and can thus be made arbitrarily high, playing on M.

In order to ensure that the stability property is verified almost surely we consider the sample

x™* conditioned on the event
As ={Z0 <4} (3.13)

This conditioned sample is denoted ™ and the associated distribution 4™. Such a sample is
obtained by a simple rejection method, which consists in drawing samples &™* from the distri-
bution 4™* until Ag is satisfied. It follows that ]P’(Zg}l < 0) = 1 and that for any function f,

E(f(2")) = E(f(2"7)|45).

Although the resampling enables us to choose § and 7 such that n is smaller than with the
initial strategy from [68], the value of n may still be high compared to an interpolation method.
Therefore, to further decrease the sample size, for each generated sample £", we propose to select

a subsample which still verifies the stability condition.

We start with a sample " = (z',...,2") satisfying 27, < 6 and then select a subsample
Z% = (F¥)kex with K C {1,...,n} such that the random variable 7%, still satisfies
K
VACE )
mK -

In practice, the set K is constructed by a backward greedy procedure. Starting with K = {1,...,n},
at each step of the greedy procedure, we select k* in K such that

z%, =min 27, . (3.14)
Tr\{k*} k€K Tr\{k}

If zZz < 6 and #K > nyn then £* is removed from K. Otherwise, the algorithm is stopped.
K\{k*}

We denote by v, the distribution of the sample % produced by this greedy algorithm, the entire
strategy is given by Algorithm 3.1.
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3.4. Boosted optimal weighted least-squares with block-structured sampling

Algorithm 3.1 Boosted optimal sampling from vy

Inputs: 1, {¢i}i2y, M, 0,7

Outputs: Sample Z from 77
Set 7 = [dy ' log(2mn~")] with ds = —& + (1 + &) log(1 + &)
Set z = oo

Resampling and Conditionning
while z > J do
fori=1,...,M do
Sample 2™ according to 4"
end for
Select at random I* € argmini<;<p 277
Set * = ™" and z = 2
end while
Set " = x™*

Greedy subsampling
Set K ={1,...,n} and set z = 21,
while z < § do
Select k* € K such that
n = min Z%,
Tr\{k*} k€K Tr\{r}

Set z = 22

TN\ (k%)
If 2 <9, set K+ K\ {k*}
end while

Theorem 3.4. Assume n satisfies the condition from Theorem 3.2 for any n and 6 € (0,1). Let
Z'’ be a sample produced by the greedy algorithm with #K > nmin, then the two following properties

are verified:

(i) the random variable Z7, satisfies
K

P(Z% <6) =1 (3.15)
K

(i) The weighted least-squares projection Q?,flu satisfies the quasi-optimality property

n

T'min

Bju - QFul?) < (14 =8 = g™ M) Ju— Pl (310

Remark 3.1. Without subsampling, i.e. ny,, = n, the quasi-optimality property (3.16) is
E(llu— Qfull?) < (14 (1= 6) 711 = ™)~ M) [lu — Py, ul® (3.17)
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When n,,;, = Bn, the quasi-optimality property (3.16) holds too.

Proof. The first property is deduced from the definition of =’ .

As the property E(|[v|2.) = ||v||? is still verified when " ~ 4", see Lemma 3.1, the results are

obtained in a similar manner than in Chapter 2 (or see [52]).
For any function v € Li(z’\f ),

M

E([[v]|Z.) = E([vlZn.+45) < E([v]lZn.-)P Z (lollZn) (X =77 = JJolPM (1 — ™)~

Thanks to the Pythagorean equality, we have
lu = Qufull? = |lu — Py, ul® + | Py, u — Qpful”.

Using also that (Py,, — Q?,:{i)u € Vi, and that Z%, < 6 almost surely, it comes

K

~n on
lu = Qv ull® < flu— Py ull® + (1= )7 Py, u — QyfulZ,

Using the fact that Q:‘c/ﬁ is an orthogonal projection with respect to the discrete semi-norm || - ||5,;< ,

the Pythagorean equality for the discrete norm || - Hg% yields

1Py, 0= QuFul, +1QuKu— ul, =[Py, u—ulZ,
which implies || Py, u — Qi%u“%?( < lu — PvmuH%?(. Therefore,

Ju - QFul < lu— Pl + (1 - 6)~ fu— Py, ul,

By definition of the discrete semi-norm and since #K > nmnin, ||vH~ can be bounded by - Hv||2

for all v € Lz and thus,

lu — Qv ul® < Jlu— Py, ul® + (1= 0) " Pr,u — ulZ,.

min

Taking the expectation, it comes

E(llu— Qyful®) < llu— Py, ul® + ——(1 = &) M(1 =) Y|Py, u —ul?,

min

which ends the proof. O
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3.4.2 Adaptive approximation with a nested sequence of spaces

In this section, we present the adaptive boosted optimal weighted least-squares strategy, which
constructs a sequence of projections of u onto a sequence of nested spaces (Vp,,)i>1, of increasing
dimension m;. We let {¢;}i>1 be a set of orthonormal functions, such that for each I > 1, {¢;}:4

is a basis of V,,.

In practice, we build two increasing sequences of sets of points (™ );>1 and (i%)lzl, such that

foralll > 1, ™ C ™+ and :B’ll(ll C fﬁ?é“ with n; = 7ym; and 7; is an integer. By construction i}l{’l

N"l

is also a subsample from ™, and the discrete projection QV u is built with x N"’

. In the following

paragraphs, we describe the method to construct these samples.

Initialization step

Let 71 be defined by 71 = [d;'log(¢(s)mi*'n~!)]. For the initial space Vy,,, a ni-sample "1,
with ny = mym; is drawn from ™' and a backward greedy algorithm is used to obtain :cK

The sample Z'; &, whose distribution is ¢ is obtained from Algorithm 3.1, using the parameters
s pitiZy, M, 6,1,

Transmission step

For each step [, the overall number of samples is n; = 7ym; with 7; a constant, which is defined
by 7, = (dé_l log(¢(s)m f“n 1)]. At the previous steps already m;_; samples have been drawn
(with n;_1 = m;_1my_1), such that if we add p; + ¢; samples to n;_y with p; = (m; — (my—1))7 and
q = my—1(n—7-1) we have ny = ny_1+p+q = 7_1my—1+(my— (my—1))m+my_1(n—7-1) = M7

samples.

Remark 3.2. The particular choices of the values of 75, p; ¢;, that determine the number of samples
n; are based on the strategy from [68]. With these choices the author has proven that the optimal
weighted least-squares projections are stable in expectation (see Section 3.3). Even if we do not
have theoretical guarantees yet for our sampling strategy, the promising numerical results of the

following part justify these heuristic choices in our strategy.

At the step [, the sample ™ is constructed by reusing the sample £™-! and adding two blocks
of samples from two different measures. We resample M times a p;-sample from the measure
(@14, dp;j)®™, they are denoted {zPAM | and a g-sample from the measure (® T:lfdpj)@”_”*l),

they are denoted {mgll’d
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For each i in {1, ... M}, we denote by Z"** the concatenation of the three samples ™! a:p Lyd

dq and
xll such that z"" = [:B”l 1 a:ﬁ’d’d, wgll;i] The samples ™ has a total size equals to nj_1+p;+¢q =
T—1my—1 + (my — (my—1))7 + my_1 (1 — 11—1) = my7;, which is n; as desired. We select the sample

ng,*

x™* which satisfies,

m, . m
Zoidy e = min  Z7!

Ul

Z" are solutions of the minimization problem, &™* is selected at random

If several samples @
among the minimizers. The probability that the stability condition Zg}fl,* < § is verified can be
made higher, playing on M. Furthermore, in order to ensure that this stability property is verified

almost surely we consider the sample Z"* conditioned by the event
A(S - {Z%nnll,* S 5}

The resulting sample is denoted ™. In practice, the sample ™ is then obtained by a simple

rejection method, drawing samples until A; = {Z2! . < d} is satisfied.

mp—1

Remark 3.3. To condition the sample "* by the event As = {Zzn,» < J}, we assume that at
each step [, for any x verifying Z,'* < §,

P(ZM. <6 | &M =) >0,

where the first part -1 of the Z"* is assumed to be fixed equal to @. (This assumption remains

to be shown). Then, since -1 satisfies Z~nll L < 0, the event As has a non-zero probability of

happening and our algorithm is well-defined.

To obtain %7}} , We reuse & Kl 71 and select points in £™ with a forward greedy algorithm. More

precisely, starting from K; = K;_1 we select a k* in {1,...,n;} \ K; such that the new sample

P verifies
KU{k*}

Z = min zZ5 .
Klu{k*} k’E{l,...,nl}\Kl mKlu{k}
We add k* to K; and while z; K Uk} does not satisfy the stability criterion, i.e. Zinn’l > 9,
Klu{k*}

we repeat the procedure. At the end of each step [, we keep both samples " and &} . The
distribution of i?{ll is denoted ~g?. The overall strategy is described in Algorithm 3.2.

84



3.5. Numerical illustrations

Algorithm 3.2 Adaptive Boosted Least-Squares

Inputs: ¢, s, 0,1, M, (p;)j>1
Outputs: samples ™, ..., 2™ and = a:Kl, .. :E’}(t

Sample " and Z} using Algorithm 3.1 Wlth inputs p, {@itiy, M, d, n.

for!=2,...,tdo

Set 7 = [dy " log(¢(s)ymy ™ ™)1, pr = (m
Set z = oo.

Resampling and conditionning
while z > § do

fori=1,...,M do

Sample :cpijd (@521 m,_,05)

Sample :cgll’d ~ (@ )BT,

T

7=1
N (-1 pPLE it
Set T - [:B » Ladd> mold]
end for
Select I* € arg minj<;<s Z%nnll’i and se
z = Z%nnll,*.
end while

Set ™ ="

Greedy enrichment
Set K; = K;_; and %% = %7;(1:1.
while Zﬂll >0 do

Select k* in {1,...,n;} \ K; such that

Z~ﬂl =

min
TR ju{k*} ke{l,...,n }\ K,

Set K; = KU {k‘*}
end while
end for

- ml—l)Tl’ qi

t T =

my

E .
Kju{k}

=my_1(m —1-1), and ™ = g"™-1.

(3.18)

3.5 Numerical illustrations

3.5.1 [Illustration of the stability of the adaptive boosted least-squares strategy

Comparison with the adaptive optimal weighted least-squares with block-structured

sampling

In this section, we want to illustrate the efficiency of the adaptive boosted least-squares method
(abbreviated a-BLS) described by Algorithm 3.2, through ZTnll and #K;. It is compared to the

adaptive optimal weighted least-squares method from [68] (abbrev1ated a-OWLS), whose efficiency

is measured through Z+, and n;. Each algorithm is carried out 10 times and we provide 80% em-
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pirical confidence intervals for the variables Zgnll , #K; and Z,,. We study the methods for the
K

uniform measure on X = [—1,1]¢ and the standard Gaussian measure on X = R%.

For d = 1, we consider the nested sequence of polynomial approximation spaces (Vi )i_;, where
for each I > 1, Vp,,, = P11 (X).

Gaussian measure Uniform measure
a-BLS a-OWLS a-BLS a-OWLS
ey fj;zl #K ZZT"LZ m ’T“n"lz #K Z;n"lz n
Try Tr,
1 [0; 0] (15 1] [0; 0] 16 [0; 0] 15 1] [0; 0] 16
2 [0.01;0.07) | [2;2] | [0.050.18] | 28 | [0;0.21] [2;2] | [0.02;0.17] | 28
3 [0.1; 0.58] [3; 3] [0.07; 0.2] 60 [0.34; 0.6] [3; 3] [0.06; 0.2] 60
4 [0.23; 0.69] [4; 4] [0.1; 0.18] 95 | [0.25; 0.57] [4; 4] [0.1; 0.21] 95
5  [0.46; 0.60] [5; 5] [0.09; 0.22] | 130 | [0.53; 0.75] [5; 5] [0.09; 0.23] | 130
6 [0.62; 0.78] [6; 6] [0.12; 0.21] | 168 | [0.37; 0.78] [6; 6] [0.1; 0.22] | 168
7 [0.42; 0.78] [7; 7] [0.13; 0.22] | 202 | [0.67; 0.84] [7; 7] [0.12; 0.23] | 202
8  [0.46; 0.74] [8; 8] [0.14; 0.2] | 237 | [0.55; 0.8] [8; 8] [0.14; 0.24] | 237
9  [0.56; 0.87] [9; 9] [0.14; 0.19] | 282 | [0.6; 0.84] [9; 9] [0.13; 0.24] | 282
10 [0.54; 0.8] [10; 10] [0.15; 0.2] | 320 [0.6; 0.8] [10; 10] | [0.15; 0.25] | 320

Table 3.1 — Comparison between the a-BLS method and a-OWLS method in dimension 1, for the
uniform and the Gaussian measure using s =2, d = 0.9, n = 0.01, M = 10 and ¢ = 10.

Table 3.1 shows that with the a-BLS method, we ensure the stability of the empirical Gram
matrix with a number of samples #K; = m; and this for both the uniform and gaussian measures.
Compared to the a-OWLS method using n; = [dé_l In (Q(s)mf“n*l)}ml for all I = 1,...,¢,
which is the condition given by Theorem 3.3, the number of evaluations is divided by at least 20
for [ > 3.

In dimension d > 1, we consider the nested sequence of hyperbolic cross polynomial approxi-

mation spaces, (Vi,,)i_;, where for each [ > 1,

d
Vi, = Pa, = span{g;(z H xk , 1 € Ay}, where Ap = {i = (i1, ... H ir+1) <l}. (3.19)
For an illustration of an hyperbolic cross indices sets for d = 2, see Figure 2.8 from Chapter 2.

Both for the uniform and the gaussian measures, Tables 3.2, 3.3 and 3.4 show respectively for
d = 2,5 and 8 that the number of samples necessary to ensure the stability condition is slightly
larger than the dimension of the approximation space m;. However, the gain compared to n; is

important, more precisely for d = 2 the number of evaluations is divided by at least 20 between the
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my
1
3
5
8
10
14
16
20

23
27

Gaussian measure
a-OWLS

a-BLS

Zgnll #K,

[0; 0] [2; 2]
0.23; 0.4] | [3; 3]
0.56; 0.83] | [5: 5]
(0.64; 0.84] | [8; 8]
0.7, 0.89] | [10; 11]
0.77; 0.89] | [14; 16]
0.78; 0.89] | [16; 19]
0.84; 0.9] | [21; 23]
[0.86; 0.89] | [24; 28]
0.83; 0.9] | [30; 35]

m
zm,

[0; O]
[0.09; 0.28]
[0.19; 0.27]
[0.25; 0.3]
[0.22; 0.32]
[0.27; 0.34]
[0.26; 0.35]
[0.28; 0.37]
[0.29; 0.38]
[0.29; 0.37]

ny

16
62
136
256
348
532
616
808
943
1154

Uniform measure

a-BLS
my

~ny

:BKl

[0; O]
[0.18; 0.42]
[0.47; 0.76]
[0.69; 0.82]
[0.78; 0.89]
[0.81; 0.88]
[0.82; 0.87]
[0.82; 0.89]
[0.83; 0.9]
[0.85; 0.89)]

[
[
[
[
[
[

#K;

[2; 2]
3; 3]
[5; 6]
[8; 10]
10; 12]
15; 17]
18; 22]
24; 27]
28; 34]
34; 38]

a-OWLS

my
zZm,

[0; O]
[0.15; 0.27]
[0.18; 0.32]
[0.27; 0.38]
[0.29; 0.38]
[0.31; 0.41]
[0.31; 0.39]
[0.32; 0.37]
[0.33; 0.39]
[0.33; 0.37]

ny

16
62
136
256
348
532
616
808
943
1154

Table 3.2 — Comparison between the a-BLS method and a-OWLS method in dimension 2, for the
uniform and the Gaussian measures using s = 2, 6 = 0.9, n = 0.01, M = 10 and ¢t = 10.

my

1
6
11
26
31
56
61
96
111
136

Gaussian measure

a-BLS

Zgi, #K,

0; 0] 5; 5]
0.63;0.81] | [6; 6]
0.84; 0.89] | [11; 13]
0.87; 0.9 | [30; 32]
0.86; 0.9] | [36; 41]
(0.88; 0.9] | [72; 77]
0.88; 0.9] | [80; 86]
0.89; 0.9] | [129; 138]
0.89; 0.9] | [156; 169]
0.89; 0.9] | [199; 211]

a-OWLS

Zgi,ll ny

[0; 0] 16
0.36; 0.46] | 182
0.44; 0.54] | 396
0.46; 0.56] | 1189
0.48; 0.62] | 1429
[0.52; 0.61] | 2934
0.51; 0.62] | 3209
[0.53; 0.62] | 5457
[0.52; 0.61] | 6357
[0.55; 0.62] | 8018

Uniform measure

a-BL
m

Zgill

[0; 0]
0.57; 0.7]
[0.79; 0.89)]
(0.87; 0.9]
[0.87; 0.89)]
0.88; 0.9]
0.89; 0.9]
0.89; 0.9]
0.89; 0.9]
0.9; 0.9]

S

[98; 111]
[156; 174]
200; 218]
259; 287]

a-OWLS

Z;% ny

[0 0] 16
0.41; 0.61] | 182
0.45; 0.57] | 396
[0.56; 0.66] | 1189
[0.51; 0.64] | 1429
[0.56; 0.63] | 2934
0.53; 0.6] | 3209
0.58; 0.62] | 5457
0.55; 0.6] | 6357
[0.52; 0.59] | 8018

Table 3.3 — Comparison between the a-BLS method and a-OWLS method in dimension 5, for the
uniform and the Gaussian measures using s = 2, 6 = 0.9, n = 0.01, M = 10 and ¢t = 10.

my

1
9
17
93
61

Gaussian measure

a-B
my
e

K

[0; O]
[0.76; 0.89]
[0.83; 0.89]
[0.89; 0.9]
[0.89; 0.9]

LS
#K

(8; 8]

[9; 10]
[19; 22]
69; 77]
(86; 94]

a-OWLS
Z:Z%L )
[0; 0] 16
[0.48; 0.64] | 317
[0.53; 0.67] | 706
[0.6; 0.67] | 2767
[0.61; 0.64] | 3260

Uniform measure

a-BLS
S #K,
[0; 0] 8; 8]
0.72; 0.85] | [9; 10]
0.87; 0.9] | [20; 25]
0.88; 0.9] | [75; 83]
0.89; 0.9] | [98; 113]

a-OWLS

Z;%Lll ny

[0; O] 16
0.62; 0.81] | 317
[0.54; 0.68] | 706
[0.72; 0.87] | 2767
[0.67; 0.77] | 3260

Table 3.4 — Comparison between the a-BLS method and a-OWLS method in dimension 8, for the
uniform and the Gaussian measures using s = 2,6 =0.9, n =0.01, M =10 and ¢t = 5.
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a-OWLS method and the a-BLS method (for [ > 2) and even 30 for [ = 10, in dimension d = 5,
it is divided by at least 30 (for [ > 3) and 40 for [ = 10. In dimension d = 8 the ratio # is also
greater than 30 for [ > 3.

Comparison with the non-adaptive optimal boosted least-squares strategy

In this subsection, we compare the efficiency of the a-BLS strategy compared to the boosted
least-squares method, as defined in Section 3.4 and abbreviated s-BLS (without using the fast
algorithm described in Appendix A). For a given approximation space V,, (I > 1) of dimension
my, the a-BLS strategy reuses samples from the previous step whereas the s-BLS uses only new
samples. The efficiencies of the a-BLS strategy and the s-BLS strategy are respectively measured
through ZZ, nl ,#K; and Z2 an ', #K. We recall that z’ is the sample associated to the distribution

K
py' from Chapter 2 which is the boosted optimal weighted least-squares measure with subsampling

and #K the number of points that are in % after the greedy subsampling.

Gaussian Measure Uniform Measure
a-BLS s-BLS a-BLS s-BLS
my gLnll #K[ Zg:l #K glnll #Kl Zgnl #K
L0 |y | 0] | [y | 0] | 1| o | [
2 [0;0.18] [2:2] | [0.3;043] | [22] [0; 0.3] [2:2] | [0.33;0.39] | [22]
3 [0.13; 0.48] [3; 4] [0.17; 0.47] [3; 4] [0.17; 0.46] [3; 4] [0.16; 0.38] (3; 3]
4 [0.25;0.44] | [4;6] | [0.38;0.5] | [4;6] | [0.24;0.49] | [4;5] | [0.31;0.42] | [4; 6]
5 [0.22;048] | [5:7] | [0.31;047 | [5:7 | [0.3;0.48] | [5;6] | [0.33;0.48] | [5; 6]
6 [0.34;047 | [6:9] |[0.36;0.49] | [6;8] | [0.19;0.49] | [7;8] | [0.29;0.46] | [6; 9]
7 [0.32;0.49] | [8; 10] | [0.38;0.47] | [7; 10] | [0.27; 0.47] [7; 9] [0.38; 0.49] | [7; 10]
8 [0.37; 0.5] [8; 12] | [0.34; 0.48] | [9; 11] | [0.34; 0.48] | [8; 10] | [0.42; 0.48] | [9; 12]
9 [0.45; 0.5] | [10; 14] | [0.4; 0.47] | [10; 13] | [0.37; 0.49] | [11; 13] | [0.37; 0.49] | [10; 12]
10 [0.39; 0.48] | [12; 15] | [0.36; 0.49] | [10; 13] | [0.37; 0.49] | [11; 14] | [0.43; 0.48] | [11; 14]

Table 3.5 — Comparison between the s-BLS method and the a-BLS method in dimension 1, for
the uniform and the Gaussian measures using s = 2, 6 = 0.5, n = 0.01, M = 10 and ¢t = 10.

In Table 3.5, when d = 1 for a given my, we observe that using the a-BLS strategy requires
almost the same number of evaluations as for the s-BLS strategy and this both for the Gaussian
and the uniform measures. The advantage is that the adaptive strategy recycles the samples from

one step to another.

When d = 2, we observe in Table 3.7 that for m; > 16, the boosted optimal weighted least-
squares method s-BLS behaves a bit better than the adaptive boosted optimal weighted least-

squares method a-BLS, the difference is stronger with the Gaussian measure.
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3.5. Numerical illustrations

Gaussian Measure

a-BLS
my oy #K,
le
1 [0 0] [2; 2]
3 [0.16;0.31] | [3; 3]
5 [0.35 049 | [5: 7]
8  [0.41; 0.49] | [10; 15]
10 [0.42;0.5] | [13; 21]
14 [0.45; 0.49] | [21; 30]
16 [0.44; 0.49] | [24; 39]
20  [0.46; 0.5] | [31; 55]
23 [0.46; 0.5] | [44; 62]
27 [0.47;0.5] | [54; 71]

s-BLS

7z #K

[0; 0] [2; 2]
0.36; 0.5] | [3; 4]
0.36; 0.49] | [6; 7]
0.39; 0.49] | [9; 12]
0.42; 0.49] | [13; 15]
[0.44; 0.49] | [20; 22]
0.47; 0.5 | [22; 25]
[0.47; 0.5] | [28; 33]
0.47; 0.5] | [34; 42]
[0.48; 0.5] | [40; 45]

Uniform Measure

a-BLS
my

~ny

:BKl

[0; O]
[0.1; 0.35]
[0.37; 0.48]
[0.42; 0.49]
[0.42; 0.49]
[0.44; 0.49]
[0.47; 0.5]
[0.46; 0.5]
[0.47; 0.5]
[0.48; 0.5]

s-BLS

#K, 7z #K

[2; 2] [0; 0] (25 2]

3;3] | [0.15;0.45] | [3; 4]

[5;7] | [0.29; 0.49] | [6; 7]
[10; 14] | [0.41;0.5] | [9; 12]
[15; 20] | [0.47; 0.49] | [14; 16]
[24; 31] | [0.46; 0.49] | [21; 23]
[29; 38] | [0.47;0.5] | [26; 29]
39; 68] | [0.48; 0.5] | [33; 39]
[46; 73] | [0.48; 0.5] | [39; 47]
[63; 87) | [0.48; 0.5] | [51; 59]

Table 3.6 — Comparison between the s-BLS method and the a-BLS method in dimension 2, for
the uniform and the Gaussian measures using s = 2, 6 = 0.5, n = 0.01, M = 10 and ¢t = 10.

my

1
6
11
26
31
o6

Gaussian Measure

a-BLS
;’il{ #Kl
[0; O] [5; 5]
[0.32; 0.47] [6: 8]
0.46; 0.49] | [18; 25]
0.48; 0.5] | [61; 79]
0.49; 0.5] | [89; 115]
0.49; 0.5] | [192; 253]

s-BLS
z% #K
Ty

[0; 0] [5; 5]
(0.31; 0.49] | [8; 11]
[0.42; 0.5] | [20; 28]
[0.46; 0.49] | [66; 75]
0.46; 0.5] | [80; 104]
0.48; 0.5] | [171; 203]

Uniform Measure

a-BLS
;;ll(ll #Kl
[0; 0] [0; 0]
[0.34; 0.5] [6; 10]
0.46; 0.49] | [18; 24]
0.49; 0.5 | [66; 84]
0.49; 0.5] | [100; 126]
[0.49; 0.5] | [224; 258]

s-BLS
z% #K
Ty

[0; 0] [0; 0]
0.38; 0.48] | [7; 11]
0.44; 0.49] | [20; 27]
(0.48; 0.5 | [71; 92]
0.48; 0.5] | [98; 118]
0.49; 0.5] | [203; 256]

Table 3.7 — Comparison between the s-BLS method and the a-BLS method in dimension 5, for

the uniform and the Gaussian measures using s = 2, 6 = 0.5, n = 0.01, M = 10 and t = 5.

When d = 5, we observe in Table 3.7 that for m; > 11, the boosted optimal weighted least-

squares method s-BLS behaves a bit better than the adaptive boosted optimal weighted least-

squares method a-BLS, the difference is stronger with the Gaussian measure.

3.5.2 Illustration for polynomial approximation

Basis adaptation

Here we describe adaptive strategies for constructing a sequence of polynomial approximation

spaces.

This sequence will then be used to construct the boosted least-squares projection and

perform adaptive approximation. When d = 1, we simply successively increase the degree of the

polynomial space. In higher dimension, we adopt the following strategy originally proposed in [43]
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Chapter 3 — Adaptive Boosted Optimal Weighted Least-Squares

and adapted for interpolation in [18] with bulk chasing procedure with 6 a given parameter.

Let A; € N?, such that #A; = m; and we let Vi, = span{y; : i € Aj}. A; is a downward closed
set (or lower set) if
Vie A" <i=1i" €A

We recall that for i* = (i7,...,4)) and i = (i1, ...,44), the inequality * < ¢ means that i} < i for

all 1 < k < d. For A; a downward closed set, we define its reduced margin,
M, (A) ={i¢€ N4 \ A; : V k such that i, > 1, i — e € Ay} (3.20)

where e, € N? is such that (er); = djk, for k,j € N.

At each step I, the Algorithm 3.3 selects a subset N; of multi-indices in the reduced margin of
the downward closed set A;. The boosted least-squares projection associated to the set A; U IV,
is computed and a corresponding error is calculated, the procedure is repeated until a certain
tolerance is reached for this error.

In the next example, we want to compare the different methods for adaptive approximation:

Algorithm 3.3 Adaptive approximation for boosted least squares projection

Inputs: 0, n, M, 0, desired tolerance &£, function wu.
o

_ x
Outputs: Z/, QVZ“’ €.
Initialization
Set l=1, Ay ={1,...,1}, V},,, = span{yp; : i € Aj}.
Sample i%l from ! associated to the space Vi, and set g; = 1.
Adaptation
while ¢, > £ and [ < t do
Compute M, (A;) the reduced margin of the index set A;.
Set A = Ay UM,.(A;) and V3, = span{ep; : i € Af}.
Sample i%’l from ¢! associated to the space V7, .

~n

T
Compute QVZU = Zz‘eAl* a;P;.
Select N; C M,.(A;) the smallest set such that > ey, a7 > 0> iem.(A) a?.
Update Aj11 = AjU Np and Vi, = span{y; : i € Ajg1}.
Sample 5%111 from 4, associated to the space V;,

141"
P!
LY
Compute vaz+1u = Zz‘eAl+1 a; ;-
2
ZiENl %

Compute 7 = <=M,
! ZieA* a;

Update I =1+ 1.
end while

adaptive interpolation with magic points (abbreviated a-Z-Magic), adaptive optimal weighted
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3.5. Numerical illustrations

least-squares (abbreviated a-OWLS) and the method presented in this chapter (abbreviated a-
BLS), in terms of approximation w.r.t complexity. The quality of the approximation u* of a

function u € Li(?( ) is assessed by estimating the error of approximation with

1 1/2
E(U*)=< > (u(g;)—u*(g;))2> :

Ntest LE€Lpest

In practice, we choose ni.st = 1000. To study the robustness of the methods, we compute 10 times
the approximations and draw 10 different test samples x;cs; and compute empirical confidence in-

tervals of level 10% and 90% for the errors of approximation.

A first example with a bivariate function

Here, we consider X = [—1,1]%, d = 2 equipped with the uniform measure and the function

1
(1- %’ ?:1 ﬂfi)dﬂ

u(z) = (3.21)

Figure 3.1 shows that the number of samples necessary to reach a certain precision with the
a-OWLS-methods is much greater than the one used for the a-Z-Magic method or the a-BLS.
The a-BLS reaches the desired tolerance & = 10~° whereas the a-Z-Magic method does not,
furthermore, the number of samples n; necessary to reach a certain tolerance is greater with the
a-Z-Magic method than with the a-BLS method.

Now, we consider that we only have access to noisy evaluations, y* = u(z?) + €' where e’ are
i.i.d realizations from a Gaussian variable e ~ N (0, o).
Figure 3.2 shows that the same conclusions can be drawn in the noisy case than in the previous
one (see figure 3.1). However due to the noise, none of these methods reach the required precision
in this case. We notice that both the a-BLS method and the a-OWLS are more stable than the
a-Z-Magic method.

Figure 3.3 shows that, decreasing the noise level increases the reached precision. As in the pre-
vious case (with high noise-level), none of these methods reach the required precision in this case.
We notice that both the a-BLS method and the a-OWLS are more stable than the a-Z-Magic
method. Furthermore the a-BLS method requires fewer evaluations than the a-Z-Magic method

to reach a certain precision.
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Figure 3.1 — Illustration of the Algorithm 3.3 on the first example (3.21) with required precision
E=1075,6=0.9 and n = 0.01.

3.6 Conclusion

We have proposed a method to construct a sequence of boosted least-squares estimators associated
to a nested sequence of approximation spaces. Even if the numerical results are promising, we did
not manage to show that for each [ > 1, the constructed least-squares estimators are stable in
expectation. The proposed strategy has an overall cost n; that is in practice of the order of my. It

remains to understand the conditions for observing this nice property.
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Interpolation
a-OWLS —
a-BLS —

—0.5

logyo(e(u*))

Lo Lo Lol
10! 102 103

ng

Figure 3.2 — Illustration of the Algorithm 3.3 for the first example (3.21) with noise with required
precision £ = 1075, § = 0.9, n = 0.01 and ¢ = 0.01.
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Figure 3.3 — Illustration of the Algorithm 3.3 for the first example (3.21) with noise with required
precision £ = 1075, § = 0.9, = 0.01 and ¢ = 0.001.

94



CHAPTER 4

TREE-BASED TENSOR FORMATS
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4.1 Introduction

This chapter is devoted to the presentation of model classes of rank-structured functions with a

focus on tree-based tensor formats. In Section 4.2, we introduce the tensor spaces of multivariate

functions. We present in Section 4.3 the tree-based tensor formats. In Section 4.4, we present the

extension of principal component analysis (PCA) for multivariate functions. In Section 4.5, we also

recall results from [84] and [7] that provide conditions on the complexity of the tree-based tensor

necessary to approximate a function with Sobolev regularity.

4.2 'Tensor spaces

Let X be a subset of R? with a product structure X = X x ... x Xy and g = 11 ® ... ® pg be

a product measure on X. For each 1 < v < d, let us consider H, a Hilbert space of univariate

functions defined on X, equipped with the inner product (-,-)y, and the associated norm || - ||3,
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Chapter 4 — Tree-based tensor formats

The elementary tensor product v! ®...®v? of d univariate functions v* € H,, is defined as the mul-
tivariate function v such that for x = (z1,...,29) € X, v(z) = (W' @ ... @ vV (z1,...,2q4) =
vt (xl)...vd(md). The span of these elementary tensor products is the algebraic tensor space
Hi Rq ... ®qy Hg, which is the set of functions v that can be written as a finite linear combi-
nation of elementary tensors [50]. A canonical inner product over this algebraic tensor space is
defined by (v' ®@...@vLut @...@ud) = (vhub)y, ... (v4,ud)y,. The associated canonical norm,
denoted || - ||, verifies [[o! ®@ ... ® v¥|| = [[v}]3, - - [|v¢]|2s,. A tensor Hilbert space H is defined as
the completion of this algebraic tensor space H =H1 Q... Hg = H1 Qq . - - Qq ’HdH'”H. We will
use the notation H =H1 ® ... ® Hg = ®Cyl:1 Hy.

For each 1 < v < d, we consider Liu (X,), the Hilbert space of square-integrable, real-valued
univariate functions defined on X}, equipped with the probability measure y,. The natural norm
in LZV (X,), denoted || - H%EV(XV)’ is defined for v” € LZV (X)) by

10135, = [ v (@) dn o).
v Xl)

The space LZ(X ) of square-integrable, real-valued functions defined on X’ equipped with the canon-
ical norm [|v]|2, = [ v(x)?du(z) can be identified with the completion of the algebraic tensor space
o
L2 () ®...0 L2 (Xa).
From now, for the clarity of the notations and when there is no ambiguity Li(é’( ) will be simply
denoted Lz, the norm || - ||3. and associated inner product (., ')Lﬁ will be denoted || - || and (-, ")
m

respectively.

4.3 Tensor ranks and tree-based tensor formats

The canonical rank r of a tensor u € H is the minimal integer such that the multivariate function

4 can be written under the form
u(xy,...,x Z vi(z1) ... vi(zq), (4.1)

for v} functions in #,. An approximation in the form (4.1) is called an approximation in canonical
tensor format. This format has several drawbacks when d > 2 (see [85] and [56]) and is therefore
not very convenient for computational purposes. This is the reason why other notions of ranks

have been introduced. Of particular interest here is the notion of a-rank.

Let o denote a non-empty subset of D = {1,...,d}. We introduce z, = (2,)vea, ta = Qvealiv,
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4.3. Tensor ranks and tree-based tensor formats

Xo = Xyeady, and for its complementary set a® = D\ @, Tae = (Ty)veac, fac = Queactty, and
Xoe = XpeacXy. Ha = QueaHy and Hee = QpeqeHy denote respectively the corresponding Hilbert

spaces of functions of groups of variables z, and xec.

A multivariate function u(x1, ..., x4) in H can be identified with a bivariate function u(xq, Zac),
implicitly considering the reordering of the variables, which is an order-two tensor denoted by
My (u) € Ho @ Hae and called the a-matricization of the tensor u. In the literature the terms
unfoldings and flattenings are also employed. The a-rank of the tensor w is the canonical rank of
the order-two tensor M, (u), denoted rank, (u) = rank(M(u)), which is by definition the minimal
integer such that there exist functions v € H, and vz‘c € Hqe verifying

ranke (u)
u(xy, ..., xq) = Z V¥ (20)0 (Zae ). (4.2)

k=1

We also consider cases where a-ranks are infinite.

[RIEPS
For a function u that admits the representation (4.2), the space span{v,‘j}gﬁ{ a(u) is called the
a-minimal subspace of u, denoted U™"(u) and rank,(u) = dim(U7"(u)) = dim (U7 (u)) (see

35]).

4.3.1 Dimension partition tree

Considering T 2114} T is a dimension partition tree over D = {1,...,d}, if it has the following

properties:
e D is the root of the tree T,
e anode o € T is a non empty subset of D, whose cardinality is denoted by #«,

o for each node o € T', the set of sons S(«) of « is either empty, if #« = 1, or forms a partition
of o, if #a > 1.

The nodes « such that #a = 1 are the leaves of the tree 7" and the set of leaves is denoted L£(T).
By construction for each o € L(T), S(a) = 0. As an illustration, Figure 4.1 shows a particular

dimension partition tree, with d = 6,

T = {{1},{2}, {3}, {4},{5}.{6}.{2,3},{1,2,3},{4,5,6},{1,2,3,4,5,6} }.

For a node «, I(a) denotes the level of the node « in the tree 7. It is defined from the root to
the leaves, such that (D) = 0 and if 8 € S(«), [(8) = I(«) + 1. The maximum level of the nodes
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{1,2,3,4,5,6}

{21 {3}

Figure 4.1 — Dimension partition tree with its leaves represented in gray

in T is the depth of the tree depth(7T') = max,er ().

{1,2,3,4,5}
{1,2,3,4,5}

{1,2,3,4,5}

7 T

{13 {2y {3} {4+ {5}
Tucker

{2} {3}
{1} {2} Hierarchical Tucker
Tensor Train

Figure 4.2 — Examples of dimension partition trees

4.3.2 Tree tensor networks and their representation

Considering a function u which admits the representation (4.2) for each node « of a dimension
partition tree 7', we define the T-rank of the function w, as the tuple ranky(u) = {rank, (u)}aer,
with the convention rankp(u) = 1. With this notion of T-rank, we define an approximation format,

called tree-based tensor format, which is the set of functions with 7-rank bounded by r = (r4)acT,

TE(V) = {u eV : rankp(u) < r} = ﬂ {u € V :rank,(u) <7y}, (4.3)
acT

where V' is a certain finite-dimensional tensor space of multivariate functions.

A tensor format is an intersection of subsets of tensors with bounded a-rank, a € T', these for-
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4.3. Tensor ranks and tree-based tensor formats

mats inherit most of the nice properties of low-rank approximation formats for order-two tensors.

In particular, best approximation problems in the set 7,7 (V) are well posed [35].

Representation of tree tensor networks We consider a function u in tree-based tensor
format 7,7 (V), whose T-rank is the tuple (r4)aer and V = @2_, V,, a finite-dimensional tensor
product space. For each node «, the function u can be written under the form (4.2).

If « = {v} € L(T), we denote by {v} };”_; a basis of the minimal subspace U;""(u). If a ¢ L(T),
we denote its set of sons by S(a) and we have the relation of nestedness between the minimal

subspace U™"(u) associated to a, and the minimal subspace Ug””(u) associated to 5 € S(a) :

Ug”'”(u)c ® Ugm'"(u). (4.4)
peS(a)

Hence, if for all 5 € S(a), {vfﬁ};gzl is a basis of Ug”i”(u), then

Uz (w) < span{ T] of,(@s) 1< ks < 15,8 € S(@)} #5)
BeS(a)

contains a basis of UJ""(u).

For each a € T\ L(T), we let A* = XBeS(a){lﬁ""rﬁ} such that for each ko, € A%, ko, =
(kg)ses(a)- Thanks to (4.5), each element of a basis {vf, }}*_; of U™ (u) can be expressed as

B
Vg, (Ta) = Z Ci?a,(kﬁ)ﬁesm) H vkﬁ(xﬁ)
lgkﬁg’l‘ﬁ BGS(a)

BeS(a)

where C® is a tensor of coefficients in R™*Xses(a) 78)

For example, if a = {1, B2},

W @a) = D Y Cf ks, U (@)U (@),
1<kg, <rg, 1<kg,<rg,

Then, the function u can be expressed as

u@) = >l @) = Y s 11 v (@),

1<kp<np lgkggrﬁ ,BES(D)
pes(D)

with CP a tensor of order #S5(D), CP € R*#es) " We use the convention rp = 1, UR™(u) =

span{u}.
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If for each v € {1,...d}, {p} };'_, denotes an orthonormal basis of V,, this yields

w@)= Y T e, I X @l (4.6)

1<ka <ra a€T\L(T) veL(T) 1<k, <my
acT

Representation complexity of the tree tensor networks

The representation complexity of a tree-based tensor w is defined by the number of parameters
necessary for its representation. The parameters correspond to the tensors of coefficients C* for o €
T\ L(T') and the coefficients of the basis functions coefficients v, for v € L(T). The representation

complexity is thus given by

S(T,r,m) Z m,r, + Z Ta H 8, (4.7)

vel(T) a€T\L(T) BeS(a)

with m, = dim(V,) for v € L(T). Denoting s the arity of the tree, that is to say the maximal
number of sons a node can have, R = maxaer o the maximum a-rank and M = max,cz (1) my
the maximum dimension of the bases of the spaces V,,, as the number of interior nodes in the tree

#T is bounded by d — 1, the storage complexity is bounded by

S(T,r,m) < dMR+ (d — 2)R**! + R*. (4.8)

Tree-based tensor formats as deep neural networks with multilinear units

For a leaf node a = {v} € L(T), let denote ¢”(z,,) = (¢} (2v));~; € R™ and C” the tensor
corresponding to the coefficients of the basis (vy, (,));”_, into the basis (¢}, (x,));"_;. The tensor
C" can be identified with a linear function f : R™ — R™ and

(W, (@) =1 = [ (" (20))-

For each node a € T\ £(T), a tensor C® € R"**Xses(@)™8) can be identified with a R™-valued
multilinear function f< : X BeS(a) R" — R" and

(Wi, (@a))ie =y = (o7, (%6)) pes(a):
Finally the function u has the representation
u(@) = fP((vi (a))aes(p)):

so that u is a composition of multilinear maps, which is a particular class of deep neural networks,

known as sum-product networks (or arithmetic circuits).
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4.4 Principal Component Analysis for multivariate functions

We here consider functions in Li. For a subspace V,, C Lia (X,), we denote by Py, the orthogonal
projection from L2 (Xy) to Vo, and by Py, the orthogonal projection from L2 (X) to Va®L2 _ (Xae),
such that for all zq4c in Xye, (Py,w) (-, 2ac) = Pyu(-, Tac).

4.4.1 o-principal subspaces

Let u be a function of LZ. For each a C D, the function u admits a singular value decomposition

rankq (u)
u@) = > oo (ea)of (@), with ofl, v = 10 e vy =1 (49)
k=1

Here, 0l > ok > ... are the singular values, which are assumed to be sorted in decreasing order,
and v} € Lia(zl’a) and v € Liac (Xqe) are respectively the left and right singular functions. For

ro < rank,(u), the truncated singular value decomposition of v up to the rank r,, is then given by

Ta
Urg () = D o0vf (wa)vf
k=1

(Zac)- (4.10)

The 7, dominant left singular functions, {vj},*,, are called the a-principal components of u,
while the linear span of these r, functions, denoted by U,, is called the a-principal subspace of wu.
The function w,, = Py, u is optimal for the approximation of u, in the sense that it is the best

approximation of u with a-rank r, bounded by r,, i.e

u—Py.u = min U—v = min u— Pw.u . 4.11
[ Uatllr2(2) oo I 22 (x) ol e | W el 12 (2) (4.11)
rankq (v)<rqo dim(Wqa)<ra

We denote by ef (u) the best approximation error associated to Py, u, which verifies

rankeq (u)

k
er, (W) = lu—Puulliy = Y (0a)*
k=rqo+1

Noticing that ||u — PWauH%ﬁ(X) =E (Hu(.7Xac) - PW&U(WX&C)”%EQ(XQ))’ with X,e a random
variable whose probability distribution is pi4c, we introduce the empirical a-principal subspace of

u, written Ua, as the solution of

1 ZaC k:
. aE ) — Pl 22 4.12
e, S o) — Puutatolly (4.12)
WaCL2, (Xa)
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where the {zF.}72% are zoc 1.i.d. realizations of Xe.

l|lu— PUQUH is the reconstruction error associated to the empirical a-principal subspace. It is a
random variable and this is the reason why we are interested in quantifying E(|lu — PUQU’P ). In

the next paragraph, we present some recent results obtained in [72] and [25].

4.4.2 Accuracy of the empirical a-principal subspaces

Replacing U, by U, implies an estimation error. We would like to know how well can the em-
pirical a-principal subspace Ua approximate the a-principal subspace U,. In this paragraph, we
detail two existing results which connect the empirical reconstruction error of a function v with

the minimal reconstruction error ey (u).

In a first time, we recall the result from [72] which derives high-probability bounds for this
reconstruction error of the empirical a-principal subspace and look into the particular cases where
the singular values satisfy polynomial or exponential upper bounds. We recall the theorem from

[72] using our notations.

Theorem 4.1. [72, Theorem 2] Let u € Lz, and {o%}1>1 and {vti>1 be respectively the a-singular

values and the a-left singular functions of u. Assume that the random variables
Tk = L (u(:, Xoe),v8) }i>1 are independent and that there is a constant R > 0 such that

ok

supsup ¢ /2(E|[[E |9V < R. (4.13)
k>1 g>1

Consider 1 < rl, < rq such that oo > \/iag‘”l. If the number of samples zc verifies

O.k’
Zae > c1(R)max | 77, Z 5
k>7”a O-aa
with ¢1(R) a constant depending on R, then it holds
l|lu — PUauHQ < c(R)e® (u)? with probability at least 1 — exp(—ca(R)zqe), (4.14)

where €7 (u) and [|u— Py _ul| are respectively the minimal reconstruction error of u and the recon-
struction error of the empirical a-principal subspace of u, and c2(R) and ¢(R) two other constants

depending on R.

This theorem is applied in two particular cases of interest, when the singular values satisfy

either a polynomial or exponential upper bound, as summarized in the following corollaries.
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Corollary 4.2. [72, Corollary 3] Assume the Equation (4.13) of Theorem 4.1 is verified and that
for some B> 1 and K > 0, it holds (¢%)? < Kk for all k > 1.
If zoe > roc1(R, K, B), then

l|lu — PUauHQ < ¢(R, K, B)e? (u)* with probability at least 1 — exp(—ca(R, K, B)zac),

with ¢(R, K, B), c1(R, K, 8) and c2(R, K, 3) constants depending on B, K and R.

Corollary 4.3. [72, Corollary 4] Assume the Equation (4.13) of Theorem 4.1 is verified and that
the singular values of u satisfy an exponential upper bound, i.e. for some v € (0,1] and 5, K > 0
it holds K~ exp(—pBkY) < (05)? < K exp(—BkY) for all k > 1.

If zoe > roc1(R, K, B,7), then

l|lu — PUauHQ < (R, K, B,7)e% (u)* with probability at least 1 — exp(—ca2(R, K, 8,7)2ac),

with ¢(R, K, B,7), c1(R, K, 3,7) and c2(R, K, B,7) constants depending on 3, K,y and R.

In practice, the assumption on the independence of the F’; but also the assumption (4.13) is

restrictive and we would like to work with functions that do not necessary verify it.

Secondly, in [25], the authors show that in the case where the minimal reconstruction error

6
Ta

the reconstruction error of the empirical a-principal subspace of u if the number of samples zye is

e, (u) has a certain algebraic decay, the same rate of convergence can be obtained for [lu — Py ull

chosen sufficiently high.
Theorem 4.4. [25] Assume that Cy = [y . |u(:, Xae)||72 ditae < 00. For all v, zac > 0, one has
o P

12 [ Ta \ V2
0< Blflu— Py, ul) — e, (w? < 0 () .

Zac

In particular, when ef (u)? has an algebraic decay with a certain rate r* for some s > 1, the

same rate can be obtained for [|u — Py, ul/? if the number of samples zqe is greater than ri*2s.
[e3

Corollary 4.5. [25] Assume that Cy := [y . |u(-, Xae)||72 dpae < oco. If € (u)? < Cry® and
(e} o [e3

1+2s

o 2%, we have that

Zac 2T

E(|[u— Py ul?) < (C+C, ).

4.4.3 The case of functions with Sobolev regularity

The decay of singular values can be estimated for some classical regularity classes. Here we assume

X is compact and p is the uniform measure.
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Functions with Sobolev regularity

Sobolev classes. The Sobolev space of functions u denoted W;}Q is the space of functions v with

bounded norms

k
e = > I1D™ullZs

|k|<s

where for k € N9, |k| = ky + ... + kg and DFu(z1,...,24) = %(xl, cey )

We recall that the Kolmogorov r-width of a subset of functions ¢/ C H represents the best approx-
imation rate that can be achieved by an approximation g in a linear space V,. of dimension r, see
[61]. It is defined by

d, —  inf £
U)n i riugglg If —gll-

The behaviour of the Kolmogorov r-width of Sobolev balls has been studied in [63] and [90]. The
Kolmogorov r-width of the unit ball of Wj’Q is dT(Wlf’Q) Lz~ r~5/4_ This implies that to approxi-

mate a function u with tolerance e, r has to be such that r ~ =%/

From the above result and the relation between the Kolmogorov r-width and the minimal

reconstruction error, the authors in [7] showed the following result.
Proposition 4.6. [7] If u € W*(X), then

e, (u) < C(s,da)rg”®|ullyse, do =min{#a,d —#a}
with C(s,dy) a constant depending on s and dq.

The proposition 4.6 implies that to reach a certain accuracy e for the minimal reconstruction

error, the rank ro has to be of the order of e=%/5,

Mixed Sobolev classes. The mixed Sobolev space denoted Wj fml, is the space of functions u

with bounded norms

HuHWsz =) D g
k<s

The behaviour of the Kolmogorov r-width of balls of mixed Sobolev spaces has been studied
n [89]. The Kolmogorov r-width of the unit ball of u € Wy 2 . is such that d, (W fmx)
7~ 1log(r)*(@=1), Using [84, Lemma 1], this implies that to approximate a function u with tolerance

e, r has to be of the order of r ~ s —(d-1) 1/5] log(e )\(dfl).

Again from the above result and the relation between the Kolmogorov r-width and the minimal

reconstruction error, [7] showed the following result.
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Proposition 4.7. [7] If u€ W2 (X), then

H,miz
er, (u) < (Cls, da)ry” log(ra)s(d"_”)HUIIW;%, do = min{#a, d — #a}

with C(s,dy) a constant depending on s and dq.

4.5 Approximation power of tree tensor networks

4.5.1 Truncation in tree-based format

Let T be a dimension tree, V = ®%_, V, a finite-dimensional tensor product space and u € Li(X ).
Consider a collection of a-principal subspaces U, of dimension r, with a € T\ {D}, defined as
the solutions of Equation (4.11). The approximation u* obtained by successive suitably ordered

orthogonal projections,

u* = H Py, u (4.15)
aeT\{D}

satisfies u* € T.V(V) with V =11 ® ... ® Vg, r = (ra)aer and

Ju—u** < D el (u) (4.16)
aeT\{D}

For a proof see e.g [53] or [46].
If for all @ € T, the a-rank is chosen such that

e (U)2 <

Ta — #T—l”uHQ’

then u* provides an approximation of u with relative precision ¢, i.e.,
lu — ™| < ellul.

The approximation u* obtained by the truncated higher-order singular value decomposition
(HOSVD) is a quasi-best approximation of u in 7,7 (V) satisfying the following Theorem proved in
[46]. We state this result for u € LZ(X).

Theorem 4.8. [46, Theorem 17]. Let u € Li(X). Consider T a dimension partition tree and the
collection of a-principal component subspaces U, of u with dimension 7., determined by Equation

(4.11). Let u* be the approzimation obtained by successive orthogonal projections from FEquation
(4.15). It holds

u—wl < VET=T ot ol

veT, I (V
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To get more specific results, further assumptions have to be made on the function’s class. The

particular cases of Sobolev and mixed-Sobolev regularities have been studied in [84, 7].

4.5.2 Approximation rates for Sobolev functions

In [84], the authors provide asymptotic upper bounds for the storage complexity of the tree-based
tensor necessary to appproximate with precision € a function having Sobolev or mixed-Sobolev

regularity. More recent results from [7] propose some refinements of these results.

Sobolev spaces

Theorem 4.9. [7] Let u € W5*(X) and 0 < & < 1 and let S(u,e,d) be the minimal complexity
S(T,r,m) such that

inf u — v|| < ellullss,s.
B = vl < ey,

where V =V1 ®...® Vg with V,, a spline space of dimension m,,. For any dimension partition tree
T, it holds
S(u,e,d) < C(d)e=¥*, with C(d) a constant depending on d.

Mixed Sobolev spaces

Theorem 4.10. [7] For u € W2 (X) and 0 < ¢ < 1. We denote by S(u,e,d) the minimal

H,mix

complexity S(T,r,m) such that

i — <
ol < elhulgea

where V =V1 ®...® Vg with V,, a spline space of dimension m,,. For any dimension partition tree
T, it holds

e if T is a trivial tree (with depth one)

S(u,e,d) < C(d)e= %) 1og(e71)4d=2),

e if T is a binary tree
S(u,e,d) < C(d)gfs/(zs) log(€71)3(d72).

with C(d) a constant depending exponentially on d.
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In this Chapter, we present an algorithm adapted from [78] that constructs the approximation

in tree-based tensor format. We will use the same notations as in Chapter 4. Using a leaves-to-root

approach, the algorithm constructs thanks to principal component analysis a-principal subspaces

of u. In practice, we replace the a-principal subspaces of u by approximations, as explained in

Section 5.1. In Section 5.2, we detail how these a-principal subspaces are estimated in practice.

Section 5.3 describes the whole algorithm. Section 5.4 shows the efficiency of the algorithm on

numerical examples.
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5.1 Approximation of a-principal subspaces

In practice, we do not directly determine the a-principal subspaces of u, but an approximation
of U, is searched in a low-dimensional approximation subspace of Lia, denoted by V,, with m, =

dim(Vy) > rq, by solving

i — Pw,ulf2 = i — Pvoull7z + [|Pvau — Pw,ull:. 5.1
dim(mwlag%llu wa vz dim(”v%fi:m”“ vaullzg + [1Pvaw = Pw,ullzs (5.1)
WaoCVy WaoCVa

For a subspace V,, C Lia (X,), we recall that Py, is the orthogonal projection from Li(é’( ) to Vo ®
Liac (Xae), such that for all zae in Xye, (Py,u)(s, xqc) = Py u(-, xqc) where Py, is the orthogonal
projection from Lia (X,) to V.

Since Pw, = Pw,Pv,, solving (5.1) is equivalent solving

min || Py,u— Pw, Pvul?s,
dim(Wa)=rq W
WaClLZ,
whose solution is the a-principal subspace of Py, u.
Since the orthogonal projection is usually not computable, the orthogonal projection Py, is replaced
by an oblique projection Qy,, from Lia onto V,. An approximate a-principal subspace U} is then
obtained by solving
min u— P ul?2, 5.2
dimi . Qv wa Quaulzz (5.2)
WaC Iz,
whose solution is the a-principal subspace of Qy, u, where Qy,, is the oblique projection from Li to
Va ® Lzac defined by (Qv,u)(, Tac) = Qv u(-, Zac). Qv, may be a sample-based projection. In the
case where the samples are random, the quantity ||Qv, u — Pyx Qv, ul|3. is thus a random variable.
I
The objective of the next two sections is to define an oblique projection allowing us to control
| Qv u — Py QvauH?ﬂ the minimal reconstruction error associated to the a-principal subspace of
o
Qy, u defined by the Equation (5.2).

5.1.1 Choosing an oblique projection verifying a stability property

In this section, we consider the general case where @y, is an oblique projection from Lia to Vg

verifying a stability property, that is to say, for any function f* € Lia, it holds

1f* = Qua S < CIf* = Py f2l, (5:3)

where Py, is the orthogonal projection from Lia to V,, and C' a constant independent of the

approximation space V.
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5.1. Approzimation of a-principal subspaces

Lemma 5.1. Assume Qvy, is a projection from Lia to V,, wverifying the stability property from
Equation (5.3) for all f* € Lia and let Qy,, be the associated oblique projection from LZ to Va®Liac
such that (Qy, u) (-, xac) = Qv u(-, xac). Then it holds for all u € L;2u

1Qv, ul|? < C1||ul|? with ¢, = C2.

where C' the constant from Equation (5.3).

Proof. In a first time, let us show that the assumption (5.3) implies that for all u € Li,

|lu — Qv ul|| < C|lu — Py, ul|. The function u has a representation

rankq (u)

u@) = Y ug(a)uf (zae)

k=1

with {ug}rank“(u an orthogonal family of functions in L2, .
Then

ranke (u) ranke (u
lu—Quoul® =1 Y uweu —Qu, ( Z uf ® ug; ) I
k=1

rankq (u)
C
= > g - Quup) @ u |
k=1
rankq (u) ‘
= - Quagl, I3

k=1

Using the assumption (5.3), we obtain

rankeq (u)
lu = Quyull* < Z C?llugt — Py, ug|*||ug |
ranka( )
Y. Clug @ug” — (Prup) @ uf||?
k=1

= C’Q||u - Pvau||2.

For all u € L2, thanks to the Pythagorean equality [lu— Qy,ul|* = [lu— Py, ul|*+ || Py, u— Qv,ul?,

so that
u — Py ul® + | Prou — Quoul®> < C?lu — Py, ul/?, which implies

[Py, u— Qu,ul® < (C* = 1)|ju— Py, ul.

Using the triangular inequality ||Qyv, u| — ||Pyv,u| < ||Qv,u — Py, ul| and the Cauchy-Schwarz
inequality vC? — 1|ju — Py, u| + [Py, ul] < (1+VC? — 12)1/2(Hu — Py ul]? + | Py, ul|?) 2, we get

1Qv.ull < Cllu — Py ull® + [Py, ul?)/? < Cllul,
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which ends the proof. O

Theorem 5.2. Assume Qy, is a projection from Lza to Vi, wverifying the stability property (5.3)
for all f¢ € Lia.
Then, it holds

1Qv, u — Puz Qv ull* < Ciey (u)?, (5.4)

with Cy the constant from Lemma (5.1) and where e (u) and ||Qv,u — Pyx Qv u|| are respectively
the minimal reconstruction errors of w and Qy, u associated to the a-principal subspaces Uy and
U} defined in Equations (4.11) and (5.2).

Proof. By definition, for all v € Li with rank, (v) < rq,

|Qv,u —Py:Qv,ull = min  ||Qy,u—vl.
rankq (v)<rq

If we choose in particular v = Qy, Py, u, where U, is the a-principal subspace of u, defined in

Equation (4.11), it comes

Qv u — Pys Qv ull < [|Qv,u — Qv, Py, ul = [|Qv, (v — Pu,u)ll-

Using Lemma 5.1 it comes,

1Qv,u — Pus Qv ull? < [|Qv,, (u — Py u)|* < C2el (u)?.

5.1.2 Choosing the boosted optimal weighted least-squares projection

In this paragraph, we propose to use the projection presented in Chapter 2 (or [52]), which verifies

the stability property from Equation (5.3) in expectation.

Let {p%}"% be an orthonormal basis of the approximation space V, C Lia (Xa), and po be the

measure defined by

Apalra) = 0 (ra) ditalra), w7 (ra) = 3 o (ra)? (5.5)
& i=1

By construction, w®(z,)~! is the density of p, with respect to the reference measure po. As it
is invariant by rotation of {¢}7"9, po does not depend on the chosen basis but only on V. We let

Qv,, be the boosted optimal weighted least-squares projection introduced in Chapter 2, such that
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for all f* € L2 (X.),

QVafa = argggleiga Hfa - gani"U

with &z := {z,}72, a set of z, points in Xy and |- ||z« a discrete semi-norm defined for f* € L?
by

1 & ) )
1030 = = Do w(ag) (@)
& =1

Here, x}, ..., z% are dependent random variables drawn from a measure related to the measure
po from Equation (5.5). Without going into too much details (a precise description of the sampling
procedure can be found in Chapter 2), to select these z, points in X, we draw M times a nq-
sample according to the product measure p&™e and select in this collection of M samples the one
minimizing a stability criterion (based on the empirical Gram matrix). We resample in this way,
until a stability condition is verified. In a second time, we remove from this selected sample as many
points as possible while maintaining the stability condition and guaranteeing a resulting number
of samples z, higher than a chosen constant n4 min = prna, With p, a constant independent of m,,.
As proved in Chapter 2, this sampling procedure allows us to ensure in expectation the stability of

the projection. Indeed, Theorem 2.5 from Chapter 2 states that for any f* € Lia,
E([IF* = Qu f1?) < (L+ ) 1/ = P foII?, where v = p,(1=6)"' (1 —5") "' M. (5.6)

In the case where V, is a random linear space, the equation (5.6) becomes

E(I* = Qua fIPIVa) < (L + ) E(IF* = Pr, f*|Va).

Taking the expectation it comes

E(If* = Qv fI°) < A+ E(If* = Py, f2IP). (5.7)

By extension, the oblique projection Qy, from Li to Vo ® Liac such that (Qv,u)(-,zac) =

Qv,u(-, ae) is called boosted weighted least-squares projection.

Lemma 5.3. Let Qy, be the boosted least-squares projection verifying the property (5.7) for all
fe e Lia. Let Qy,, be the oblique projection from LZ to Vo ® Lzaw such that (Qy,u)(+, Tae) =
Qv u(-, zac) and assume ng > ds 'me log(2man™t), with d5' = —6 + (1 + &) log(1 + &) for some
n € (0,1) and some 6 € (0,1). Then for all u € Lz, it holds

E(|Qu,ull®) < Cillul|* with C1y = 2(1+7),

where v = p(1—6)" (1 — ™)~ M is the constant associated to the boosted weighted least-squares

projection with M the number of repetitions and p, the constant defining the maximal proportion
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of samples to be removed.

Proof. The reasoning is almost the same as for Lemma 5.1, but the stability is verified in expecta-
tion, which leads to some differences.
In a first time, let us show that the assumption (5.7) implies that for all u € Li, E(|lu— Qy,ul]?) <
(14 ) E(||lu — Py, ul|?), with v = p,.(1 —6)~ (1 — ™)~ M.
The function u has a representation

ranke (1)

u(x) = Z u (2a)ug (2o¢) with {uf} an orthogonal family of functions.
k=1

From Lemma 5.1, it holds

ranke (u)

C
lu—Quoul®= Y lluf — Quogllis llug’ I3,
«@

k=1
By hypothesis on projection Qv, we have E(|[u® — Qv,ug||?) < (1 +7) E(||[ug — Py, ug|/?). Then

rankeq (u)

E(lu—Quul®) < > (1 +7)E(luff — Prugl®)]lug” |
k=1

rankq (u

- Z (1+ 7 E(luf @ uf” — (Pruf) @ ufl'|?)

=1+ 7) (lu =Py, ul?).

Now, thanks to the Pythagorean equality, we have E(||u— Qv u||?) = E(||u— Py, ul|?) +E(||Qv, u —
Py, ul|?), and then

E(||u — Pvau||2) +E(|Qv,u — PvauH2) <(14+9)E(]Ju— PvauHQ), which implies
E(|Qv,u — Py ull?) < vE(|Ju — Py, ul?).

Using the triangular inequality ||Qy, u||? < 2||Qv,u — Py, ul|® + 2| Py, ul/?, we get
E([|Qv.ul®) < 29E(llu — Py, ull®) + 2E(||Pv, ull?) < 2(y + 1) [[ull?,

which ends the proof. O

Theorem 5.4. Let Qy, be the boosted least-squares projection verifying the property (5.6) for all
fe e LZQ. Let Qy,, be the oblique projection from L2 to Vo ® Lu ., such that (Qu, u)(-, Tac) =
Quau(-,Tac). Also assume ng > ds 'mglog(2man™), with d;* = =6 + (1 + 6) log(1 + ) for some
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n € (0,1) and some § € (0,1), then it holds for all u € Li,
E(||Qv,u — Pus QVaU”2) < C’lefa(u)2, with C1 =2 (1 +7), (5.8)

where e (u) and ||Qy,u — Pys Qv,ul| are respectively the minimal reconstruction errors of u and

Qv u associated to the a-principal subspaces U, and U} defined in Equations (4.11) and (5.2).

Proof. By definition, for all v € Li with rank,(v) < rq,

Qv ,u —PusQv,ull = min  [[Qy,u—v].
rankq (v)<rq

If we choose in particular v = Qy, Py, u, where U, is the a-principal subspace of u, defined in

Equation (4.11), it comes,
Qv u — Pz Qv ull < |Qv,u — Qv, Py, ull = ||Qv, (u — Py, u)|.
Taking the expectation and using Lemma 5.3 it comes,
E(| Qu,u — Puz Qu,ul®) < E(||Qv, (u — Py, u)[?) < Cref (u)*.
O

Remark 5.1. When Qy,, is a projection verifying a stability condition as in Equation (5.3), the term
E (||Qv,u — Pus Qv, ul?) is bounded by C?e2 (u)®. When Qy, is the boosted least-squares projec-
tion (verifying property (5.8)), the constant 2(1 4 ). We observe that having a quasi-optimality

property verified in expectation leads to a wider bound (multiplied by a factor 2).

5.2 Estimation of the a-principal subspaces

5.2.1 Accuracy of the empirical a-principal subspaces

The approximation U} of the a-principal subspace is solution of Equation (5.2), which is equivalent

to

sttt B (1@ 0l Xee) = PuQu- X3

where Qv u(-, Xqe) is a function-valued random variable. In practice, an estimation of U}, denoted
Zac

U*, can be obtained using z,c independent and identically distributed (i.i.d) samples {Qv, u(-, z%.) i)

of this random variable, where the {zX.}7%° are i.i.d. samples of X,e, and by solving

ZaC
: k k 2
min (-, x5c) — Prs u(-, The . 5.9
B <D IQwu( k)~ PoyQuantatllly (5.9)
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Let (¢%)9 be an orthonormal basis of V. Then Qy, u(-,z¥) can be written

Qv. Za;%? , (5.10)

where the coefficients a!* depend on the samples {:ca}l ; in X, used to define the projection
Qv,. Therefore, solving the Equation (5.9) requires evaluating the function v on a product grid
{(zl,2%) : 1 <1 < 24,1 < k < 24}, where the samples (2, 25.) are not i.i.d.. We denote
by A% € R™Ma*%¢ the matrix formed with the coefficients (a’¥). The truncated singular value

decomposition of A% is
Ta
_ Q00 (0 \T
- Z Uava(vac)
i=1

where v8, = (VF)1<p<m, € R™ and vic = (vE)<p<, . € R*° and the o} > 0! > ... 0% are the
singular values, which are assumed to be sorted in decreasing order.

The solution of Equation (5.9) is the subspace spanned by the functions
Zv’k (), for 1 <i<r,.

Letting V% = (v}, ..., vl), we have

o
ZaC
> 1Quu(ake) = PoQuulaho)lZ, = A% — V(T AL 3= 3 (oh)2
k=1 k>ro

The rank 7, can be chosen such that Y, (o) < &2 Zk21(02)2 implying that

2Za

the) — PoeQuyu(aho)lBs < 3 [Quaulah)[3 -

Fac 2

Remark 5.2. The determination of U * depends both on the samples {x B i, and on the projection
Qy,, and thus on the samples {z! }7* 2y

As underlined in Section 4.4.2, an interesting question is the behaviour of the reconstruction
error ||Qv,u — Py, Qu,u| associated with the empirical subspace U* compared to the minimal
recoustruction error | Qv,u — Pux Qv,ul associated with Uj}. But a major difficulty comes from
the fact that we have to deal here with the a-principal subspaces of Qv u. Choosing a sample-
based projection Qy,, where the samples are not deterministic but randomly drawn from a certain
measure implies that Qy;, is random and depends on samples of the function u, which makes tricky

the interpretability of the hypotheses made on wu.

Theorem 5.5. [72, Theorem 2] Let u be in Li and Qy,, an oblique projection, which is fized. For
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5.2. Estimation of the a-principal subspaces

a€eT\D, let {037*}2‘21 and {v{"*}i>1 be respectively the a-singular values and the a-left singular

vectors of Qv u.

Also assume that the random variables {T¢, = a} (Qu,ul(-, Xae), v ) }is1 are independent and that
there is a constant R > 0 such that ’
—1/2 iq 1/q
sup sup ¢ (E\Fa| ) <R. (5.11)

i>1 ¢>1

!
Consider 1 < rl, <rq such that 02?* > \/ﬁagfj‘l. If the number of samples z,c verifies

k

Zoe > ¢1(R) max(r),, Z Uﬁ‘ ) with ¢1(R) a constant depending on R.
k>rq oo
then it holds
1Qv.u = Py Quyull® < c(R)E(| Qv u — Pug Quiull?), (5.12)

with probability at least 1 — exp(—ca(R)zac), where ca(R) and ¢(R) are two constants depending on
R.
Qv u — Py Quul? and || Qu,u — Pux Qv,ull? are the reconstruction errors of Qv,u respectively

associated to the a-principal subspaces U; and U}.

As already pointed out, the results from [72] are obtained under strong assumptions of the

function u. In [25], the framework is wider.

Proposition 5.6. [25] Let u be in Li and Qy,, be an oblique projection, which is fized and assume

1/2
that Co = ([, |Quau(, Xac) 45 dptac ) " < . It holds
o Ha

1/2
B(|Qv,u - Py, Quulf) < B(IQu.u—PosQuul®) + Co (1) . (513)

aC

Under some assumptions on the function u, we could bound the term E(||Qy, u — Pys Qv ul|?).

Then, the number of samples z,c could be chosen to balance the second term C,, (;;—O‘c)l ? with the
first term, but in practice this number seems overestimated. Furthermore, due to the fact that Qy;,
is a random projection, the hypotheses that have to be made in practice on u to ensure Cy < 00
are difficult to validate on concrete examples.

For these reasons, in the next section, we propose an adaptive strategy to estimate the empirical a-
principal subspaces U, o with a given tolerance in order to choose a near-minimal number of samples

Zac-
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5.2.2 Adaptive estimation of the a-principal component subspaces

For a given number of samples z,¢, the reconstruction error of the empirical a-principal subspace
ﬁ; is estimated by leave-one-out cross validation. While this error is greater than the desired
tolerance €, we increase the dimension of [7; If for dlm(ﬁ;) = Zqe, the tolerance is not reached,
we increase the number of samples z,c and again estimate the leave-one-out error. We start from
zZae = 1 and have as upper bound, zoc < kpoamea, where kpoa € N* is a sampling factor. This
procedure, presented in Algorithm 5.1, provides in many experiments a near-minimal number of

samples z,c to get the desired accuracy.

Algorithm 5.1 Adaptive algorithm for the estimation of the a-principal components of a function-
valued random variable X, — Qv, u(-, Xoc) with prescribed tolerance e

Inputs: desired tolerance €, random variable u(-, Xoc), approximation space Vy, (¢;);24 an or-

thonormal basis of V,,, oblique projection Q}y,, and sampling factor kpc 4.
Outputs: V,* matrix of singular vectors of A
Set Zac = 1
Compute the vector A® corresponding to the coefficients of one realization Qv, u(-, Xqc) in the
orthonormal basis of V.
Set £ =0
while € > ¢ and 24c < kpca dim(V,) do
Update zqe < 2qe + 1
Update A* = [A%, a®], with a® the vector corresponding to the coefficients of one realization
of Qv u(+, Xqe) in the orthonormal basis of V.
Set r =10
while £ > ¢ or r < z,c do
Updater < r+1
Estimate £ the leave-one-out cross validation error,
fori=1,...,24c do
Determine the matrix V\‘jr of r main left singular vectors of A{;, which is A without its

ith column.
end for
Set
o XA Vi (Ve )T AL _—
> 1AL ' '
end while

end while
Determine the matrix V,* of r left singular vectors of A“.

Remark 5.3. The approximation space V, could also be adaptively selected. Instead of choosing

Vo = Qpe s(a) U, we could construct adaptively, relying on error estimates, Vo C & se S(a) Us-
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5.3 Learning tree tensor networks using PCA

Relying on the results from the two previous sections, we here present an algorithm that constructs
an approximation u* of the function u € Li in a tree-based tensor format (tree tensor networks).
This algorithm relies on the estimation of the a-principal subspaces of boosted optimal weighted

least-squares projections of u.

5.3.1 Description of the algorithm

For a given dimension tree T', the algorithm runs through all nodes « starting from the leaves
and going to the root of the tree, to determine the parameters of the tree-based tensor format
representation (4.6) of u*. For each node of the tree a € T'\ {D}, we construct a subspace U* C V,
that is an approximation of the a-principal subspace of u, as explained in subsection 5.2.2.

When a € L(T), V,, is a given finite dimensional approximation space of Lia(Xa) (e.g. splines,
wavelets, polynomials, ...).

When a ¢ L(T), V, is chosen as the tensor product space ®565(a)ﬁ5 for 5 € S(«a). Each space UE
is a statistical estimation of the a-principal subspace associated to the node 8 and therefore V, is
a random space, depending on the previously generated samples of u.

The final approximation u* is defined as the projection of the function u on the tensor product

space formed by the a-principal subspaces of S(D), that is to say

u* = Qy,u where Vp = ® Uz, (5.15)
aeS(D)

with Qy,, a boosted optimal least-squares projection. The final approximation is in 7,7 (V') with
r = (ro)acr and ro = dim(U,),a € T\ {D} and V = ®?_, V;,. The procedure is summarized in
Algorithm 5.2.

Also, we give an illustration of the algorithm in Figure 5.1 with d = 5. The step 1 corresponds
to the introduction of a finite-dimensional tensor product space V =V} ® ... ® V5 and a given
dimension partition tree 7. Then going from the leaves to the root, the algorithm constructs low-
dimensional subspaces U, C V, (corresponding to the trees with the blue nodes) and the final

approximation is defined as the projection of u onto Uty @ Ufs.

Remark 5.4. In practice, the boosted optimal weighted least-squares projection requires sampling
from the optimal measure from Equation (5.5). To this end, we now make explicit the expression

of this optimal measure, in the case where « is a leaf of the tree or an interior node.

o When a € L(T) is a leaf node, V,, is a given approximation space of univariate functions,

such that sampling only implies one-dimensional distributions. One can then rely on standard
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Algorithm 5.2 Construction of the approximation of a function in tree-based tensor format

Inputs: dimension tree 7', function to approximate u, measure y, finite-dimensional approximation
spaces V,, for v € L(T'), desired tolerance ¢.
Outputs: approximation u* in tree-based tensor format 7,7 (V)
for o € T going by decreasing level do
if a ¢ L(T) then
Set Va = ®,6’€S(a) UE
end if
Compute U; the estimation of the a-principal subspaces with relative reconstruction error ¢,
thanks to Algorithm 5.1.
end for .
Set Vb = Qaes(p) Ua-
Compute u* = Qy,, u.

simulation methods such as rejection sampling, inverse transform sampling or slice sampling

techniques, see [31].
e When a ¢ L(T), Vo = ®5€5U§. For each 3, we let {@Z),’fﬁ }Zzzl be a basis of UE The product

basis of V, is denoted by {¢f };"~,, where m, = [lges() 7 and for iq =1,...,maq,

oo (wa) = I n,(@s), foria = (kg)pes(a)
BeS(a)

The sampling measure given by Equation (5.5) is such that

_ 1 & 1
) = S e = T - Y )
@ =1 BeS(a) ' B 1<kg<ry
and using the product structure of u,, we have
1 &
dpal(a) = ] dpslap) with dps(zp) = v > vp (2p) dps(p).
k=1

BeS(a)

As for each 8 € S(a), dpg(x) can be written in a tree-based tensor format, and its marginal
distributions can be efficiently computed. Then sampling from pg can be efficiently done
through sequential sampling, some implementation details are given in Appendix B.

5.3.2 Error analysis

Lemma 5.7. For a an interior node of a tree T' such that Vo = Qges(a) [75, it holds almost surely

Ju—Pyul*< > ||u—PU;uH2-
BeS(a)
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Proof. Let v be an element of S(«), we have:

lu—Py,ul?=llu— T] Pp.ul?

BeS(a)
= llu=Pyul® +I1Pgu =Py, [I Pyl
BeS(a)\y
< Ju— PU;UH2 + ||u — H PUE“HZ-
BeS(a)\y
Proceeding recursively, we obtain the desired result. O

Lemma 5.8. Let u* be the approximation of the function constructed with Algorithm 5.2. Assume
that for all o € T, Qv,, is a projection verifying either the assumptions from Theorem 5.2 or the
boosted optimal weighted least-squares projection verifying the assumptions from Theorem 5.4.

Assume that for all o € T'\ D, the empirical a-principal subspaces of Qv u solutions of Equation
(5.9), denoted U

2]

are adaptively estimated with Algorithm 5.1.

The error of approximation is bounded in expectation as follows,

E(lu —u*?) < 37 2C)WE(|Quiu — Py, Quaull®) + D 5(2C1)" @ e (u)?,

1
2
aET\D a€L(T)

where Cy is defined in Theorem 5.2 or 5.4 depending on the choice of the projection Qv,,, l(«) is
the level of the node o in the tree T, ||Qv,u — Pp. Qv, ul|® is the reconstruction error associated to
U*, L(T) is the set of leaves of the tree T, and e () = |lu— PVauHLﬁ the error of discretization

made by introducing a finite-dimensional approrimation space Vy for the leaf .

Proof. The final approximation u* is defined by u* = Qy,, u.

If o € L(T), then V, is a given deterministic approximation space. Therefore, E(|ju — Qv u|?) <
Ci|lu — Py, ul|? where O is the constant from Theorem 5.2 or 5.4 depending on the choice of the
projection.

For each a € T'\ L(T), Vo = Qpes(a) IA]E and from Lemma 5.7,

E(Ju—Pyull®) < Y E(lju— Pgul®) ().
B
peS(a)

Using the triangular inequality, we can write:
Hu — PUEUH = Hu — Qvﬂu + Qvﬁu — 'PAE Qvﬂu + PUE Qvﬁu — ’PU[;’U,H
< llu = Quyu+ Py Quyu = Pyyull +[1Quyu = P, Qusuf

< ||(id — PAE)(u - Qvu)|l + [ Qv,u — PUE Qu, ul|
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so that
”U — PU;UHZ < 2||u - QV5UH2 + 2HQVBU - PUE QVBU”2-

Using the inequality (%) and taking the expectation, it comes

E(lu—Pyull?) < 2E(Hu—Qvﬁullz)+2E(HQv,gu—7’UEQvgull2)'
peS(a)

The term E(||Qv,u — Py, Qu,ul|?) is the error due to principal component analysis. To deal with
8

the term E(||u — Qy,ul/?), we distinguish the case where j3 is a leaf or not. If § is a leaf, we use

again Theorems 5.2 or 5.4. If 5 is not a leaf, we proceed recursively. Going through all nodes, we

obtain

1
E(lu—w'*) < 3 C)"E(|Qu.u— Py, Quoull®) + > 5(201)““)+1||u — Py,ul®.
a€T\D a€L(T)

Theorem 5.9. Assume that for all « € T, Qv,, is a projection verifying either the assumptions
from Theorem 5.2 or the boosted optimal weighted least-squares projection verifying the assumptions
from Theorem 5.4.

Assume that for all « € T\ D, the empirical a-principal subspaces of Q. u solutions of Equation
(5.9), denoted U

>, are such that the reconstruction errors verify

E(|Qv,u — Py, Qu,ull®| Quau) < CoE([|Qu,u — Puy Qu,ull*| Qi u), (5.16)

where || Qu, u—Pys Qv, ul|? is the reconstruction error associated with the a-principal subspace of U},

solution of Equation (5.2). Then the error of approzimation is bounded in expectation as follows:

1 .
B(lu—w[?) <10 3 (20)@eg )+ Y S(20) @ Hegiis(w)?, (5.17)
a€T\D a€L(T)

where Cy is defined in Theorem 5.2 or 5.4 depending on the choice of the projection Qv,,, l(«) is
the level of the node o in the tree T, ||Qy,u — Pp. Qv,ul|? is the reconstruction error associated to
U*, L(T) is the set of leaves of the tree T, and %% (u) = |lu — PVaUHLﬁ the error of discretization

Ma

made by introducing a finite-dimensional approrimation space Vo, for the leaf .

Proof. Taking the expectation in (5.16), we have for all « € T'\ {D}.
E(E(||Qv,u — Py, Quull*|Qv,u)) < C2E(E(| Qv u — Puz Qv ull Qv w)),
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5.8. Learning tree tensor networks using PCA

which yields
E()|Qu,u — Py, Quull®) < CoE([| Qv u — Puz Qv ull).

Besides, the term E(||Qy, u — Pys Qv, u|*) can be bounded thanks to Theorem 5.4, such that
E(|Qv,u — Py, Quull®) < C2Cref, (u)?.
Using this bound and theorem 5.8, it comes

1
E(fu—u?) <CiCy 37 (201)@ep () + 3 5200 et (u)?,
a€T\D ael(T)

which ends the proof. O

The first term in Equation (5.23) C1Cs ZQET\D@CQZ(O‘)eS& (u)? is the error due to the estima-
tion of the principal components. The second term 3 ,c,(p) 2(205)H @)+ eadis ()2 i5 due to the
error of approximation made in the leaves.

Remark 5.5. In practice, the hypothesis (5.16) is related to the discussion made in the Subsection
5.2.

5.3.3 Complexity analysis

An important question is how many samples n are required by the algorithm to compute an

approximation with precision ¢ ?

Estimation of the number of samples. The total number of evaluations necessary to build the
approximation in tree-based tensor format using Algorithm 5.2, depends on the number of samples
Zo used to build the projection and the number of samples z,c used to estimate the a-principal
subspaces. Under the assumptions of Theorem 5.9, that is to say when choosing the boosted least-
squares projection, z, scales in O(mqlog(my)). Thus, for each node o € T\ {D}, the minimal

number of samples is N, = O(mg log(me)zac). Summing over all nodes it comes

n= Z N,=0 (Z Me 1og(ma)zac> .

aceT aceT
When a € L(T), mq = dim(V,) and r = dim(U%). When a ¢ L£(T), mq = [Ises(a) 5. Then
( Z MaZac + Z Zac H ) up to log factors.
ael(T) ag L(T) BeS(@)
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The choice of z,c is tricky as mentioned in the discussions made above. Therefore, we rely on
the adaptive strategy from Algorithm 5.1. Assuming (as in [72]), that the number of samples zqe
necessary to control the reconstruction error of the empirical a-principal subspace is proportional

to 7o (that is observed in many practical applications), the total number of samples n is

n = Z Ny = Z O(mq log(ma)ra)

aeT acT

Z O(mg log(mea)ra) + Z O(ra H rg Z log(rg))

a€L(T) ofL(T)  BES(a) PES(a)
=O( Z MaTa + Z To, H rg) up to log factors
aeL(T) agL(T)  BeS(a)
=0O(S(T,r,m)),

where S(T,r,m), 7 = {ra}aecr, M = {Ma}aer(r) is the storage complexity of the tree-based tensor
format 7,7 (V'), defined by

S(T,r,m) = Z MaTa + Z Ty H 3. (5.18)

aeLl(T) a¢L(T) BeS(a)
5.3.4 Heuristics used in practice

According to Lemma 5.8, the error of approximation is bounded in expectation by

E(lu—w?) < > (QC)WE(IQv.u—Py Quul) + > 5 (20, Ema(u)?.
aeT\{D} ael(T)

The term E(||Qy, u— Py Oy, u|?) includes the error due to the truncation and estimation of the a-

adzs( )

principal subspaces. The term e is the discretization error made in the leaves, which comes

from the introduction of finite-dimensional subspaces. These two contributions are amplified by
constants depending on the boosted least-squares projection and the chosen tree. In the proposed

adaptive strategies, to obtain a certain precision €, we have to take the constants into account.

2

Assuming that we want to reach a final error having the precision €, according to Lemma 5.8 the

following assumptions are now considered:

e Forall a € T'\ D, the term E(||Qy,u — Py, Qv,ul?) is controlled with Algorithm 5.1 with

. 2 .
prescribed tolerance €., i.e.

52

2C)' D FHT — 1)’

E(| Qo u — Py, Quull®) < e5eq 1=

where #7T is the number of nodes in the tree.

adzs( )

o For o € {1,...,d}, the discretization errors e can be controlled by adapting the spaces
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V., using the adaptive boosted optimal least-squares strategy described in Chapter 3, for the
construction of a sequence of boosted least-squares projections adapted to the sequence of
approximation spaces. For polynomial approximation, the sequence of nested approximation
spaces is simply constructed by increasing the polynomial degree one by one. For wavelet
approximation, it can be defined by increasing the resolution. The difficulty is that we have to
perform this strategy for each sample k of the function-valued random variable Qv u(-, z%.).

To make things clearer the strategy is described in Algorithm 5.3.

Algorithm 5.3 Algorithm for adaptive approximation of u(-, z%.) in a leaf.

Inputs: desired tolerance e4;s, a sequence of nested approximation spaces (V) j>1-
Outputs: a® the vector corresponding to the coefficients of the k" realization of Qvgu(-, xgc) in
the orthonormal basis of V, with j depending on the desired tolerance ¢.
Set £ =
while & > ¢4, do
Compute the coefficients a® of the boosted least-squares projection Qvozu(~,$§c) in the or-

thonormal basis of V/

_ ap
Set & = SR
Set j=4+1

end while

For all & € L£(T), the term %% (u) is controlled with Algorithm 5.3, using for all o € £(T)

Ma

82

a,dis 2 2
eflis(u)? < el = o
$(2C U+1g

Mo

Thus, under all these assumptions, we should get the desired accuracy for E(|ju—u*||?). In practice,
for small values of €, €pcq and €4;s may be very small. Indeed when choosing the boosted least-
squares projection the constant C7 defined in Theorem 5.4 may be very high, particularly if the
number of repetitions M is high or the proportion p, of removed points is important or when [(«)
is high (the case when using deep trees or when d > 1, [(«) ~ d for linear trees). As a consequence
the ranks r, and the number of samples z,c necessary to determine the a-principal subspaces may

be high, and the dimension of the approximation spaces in the leaves may be high too.

In practice, we make the following heuristic choices:

« We replace the constant C; = 2(1+p,(1—90) " (1—n™)"1M) by C; = 2(1+(1—-06)" (1—-n)71),
which corresponds to the boosted optimal weighted least-squares projection from Theorem
5.4, with no repetition (M = 1) and no subsampling (p, = 1). In Chapter 2 (see [52]), we

observed on all the examples (without noise) that these two choices give comparable accuracy
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for the error of approximation. This leads us to take the value C; = (1 — 6~ 1)(1 —n~!) even

when there are repetitions and subsampling.

o When [(a) > 3, we replace [(a) = 3 in the expressions of £4i5 and €p¢,. (In all the examples of
this chapter the depth of the tree is lower or equal to 3 so that this heuristic does not apply
but we have observed on some examples that taking [(«) = 1 is not enough to control the

precision).

5.4 Numerical examples

5.4.1 Notations and objectives

This numerical section aims at showing the efficiency of the following three contributions:

o Replacing a non-controlled projection (for example empirical interpolation as in [65]) by the
boosted least-squares projection presented in Chapter 2, for which we obtained a bound in
expectation of the approximation error. We choose the same parameters for this projection
in all the numerical examples: M = 100, § = 0.9 and n = 0.01. The maximal proportion of

mq

samples to be removed p, equals ey implying that points are removed while the stability

condition is verified.

« Using the adaptive strategy for the determination of the approximation spaces in the leaves
(described in Algorithm 5.3), thanks to the adaptive boosted least-squares strategy from
Chapter 3.

« Using the adaptive strategy for the estimation of the a-principal components presented in
Algorithm 5.1. In this whole numerical part, the sampling factor kpc 4 is always taken equal
to 3, it is an arbitrary choice. When the principal components are not adaptively chosen, we

simply take zoe = m,, (using notations from Algorithm 5.1).

To illustrate the efficiency of the strategies, we assess the quality of the approximation u* of a

function u € Li(é’( ) by estimating the error of approximation by

1 1/2
s(u*>=< ) <u<x>u*<x>>2> .

Nitest TETtest

In practice, we choose ngest = #arest = 1000. To study the robustness of the methods, we com-
pute 10 times the approximations and draw 10 different test samples x5 and compute empirical

confidence intervals of level 10% and 90% for the errors of approximation.
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5.4.2 Adaptive determination of the approximation spaces in the leaves

Henon-Heiles potential

The discretization error made in the leaves depends on the approximation spaces we choose. In this
section we focus on polynomial approximation spaces and we use the adaptive strategy presented
in Algorithm 5.3 to select the polynomial degree p necessary to reach the desired discretization

eITor £y;s-

In this section, we consider the Henon-Heiles potential (see [62]) defined on X = R? equipped

with the standard gaussian measure p and d = 8.

d d—1 d—1
1 o*
U(l’l, SRR l’d) - § Zl’? +o” Z(wim?—&-l - ng) + E Z(.’E? + x22+1)27
i=1 i=1 i=1

with o* = 0.2. We consider polynomial approximation spaces V,, = P,(&X,), v € D. The Henon-

Heiles function is such that there is no discretization error for p > 4.

Without basis adaptation With basis adaptation
p=15 p=4
S n S n S n
Interpolation [761; 761] | [1097; 1097] | [431; 431] | [591; 591] | [461; 461] [717; 717]
Boosted Least-squares | [761;761] | [1108; 1109] | [431; 431] | [591; 591] | [461; 461] [719; 720]

Table 5.1 — Comparison of the number of samples n without and with basis adaptation necessary
to get an approximation error € = 1074, using respectively interpolation with magic points and
boosted least-squares as projections. The a-principal components are estimated with z4c = my,.

Table 5.1 compares the storage complexity S, the number of evaluations n in three cases,. In
the first two cases, there is no basis adaptation and we use respectively p = 15 and p = 4 such
that in both cases there is no discretization error. In the third case, there is an adaptation of the
basis (thanks to Algorithm 5.3) with maximal polynomial degree p = 15. We observe that this
adaptive basis strategy select a polynomial degree p = 5 for each leaf. This is due to the fact that
the stopping criterion of the algorithm is based on &, see Algorithm 5.3.
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5.4.3 Adaptive estimation of the a-principal components subspaces
Borehole function

We consider the Borehole function
2w I3 (1'4 - xﬁ)

(a2~ log(o0) 1+ frypogeistres

u(zy,...,x8) =

which models the water flow through a borehole as a function of 8 independent random vari-
ables X7 ~ N(0.1,0.0161812), X5 ~ N(7.71,1.0056), X3 ~ U(63070,115600), X4 ~ 14(990,1100),
X5 ~U(63.1,116), X¢ ~ U(700,820), X7 ~ U(1120,1680), Xg ~ U (9855, 12045).

We use polynomial approximation spaces V,, = P, (X,), v € D, with p adaptively chosen such that
there is a negligible discretization error.

We construct the approximation of u in a tree-based tensor format with a balanced binary tree,

using Algorithm 5.2.

log(e) | log(e(u*)) | log(v/E(e(u*)?)) S n
-2 [-2.8; -1.3] -1.8 [41; 51] [512; 518]
-3 [-3.1; -2.7] -2.9 [59; 72] [569; 593]
-4 [-3.6; -3.2] -3.4 [124; 131] [695; 721]
-5 [-3.9; -3.5] -3.7 [137; 146] [770; 788]
-6 [-5.4; -3.9] -4.7 [173; 200] [880; 926]
-7 [-6.1; -5.4] -5.8 [293; 377] | [1101; 1301]
-8 [-6.9; -6.5] -6.7 [413; 451] | [1442; 1554]

(a) Without adaptive estimation of the principal components.

log(e) | log(e(u*)) | log(+/E(e(u*)?)) S n
-2 [-3; -1.4] -2.2 [45; 51] [206; 212]
-3 [-3.2; -2] -2.6 [54; 93] [218; 264]
-4 [-4.3; -2.9] -3.5 [99; 140] | [275; 320]
-5 [-5.4; -3.7] -4.6 [150; 183] | [337; 370]
-6 [-5.6; -5] -5.3 [196; 245] | [389; 440]
-7 [-6.2; -5.5] -5.8 [293; 418] | [500; 638]
-8 [-7.9; -6.6] -7.3 [468; 564] | [694; 791]

(b) With adaptive estimation of the principal components.

Table 5.2 — Borehole function. Approximation using interpolation as projections with a balanced
binary tree, with a prescribed tolerance €p., = ¢ for the estimation of the principal components.
Confidence intervals for relative error e(u*), storage complexity S, number of evaluations n.

Table 5.2 shows that choosing &2

pea = €2 and using interpolation does not provide an approx-

imation error that is lower than e. In this case, the adaptive strategy for the estimation of the

principal components performs better (in the sense that the obtained approximation error is lower)
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than in the non adaptive case and this with fewer evaluations.

log(e) | log(e(u*)) | log(+/E(e(u*)?)) S n
-2 [-3.6; -3.4] -3.5 [123; 127] [699; 705]
-3 [-4.3; -3.5] -3.9 [135; 156] [769; 800]
-4 [-5.4; -4.9] -5.2 [195; 208] [876; 928]
-5 [-6.2; -5.5] -5.8 [306; 365] | [1102; 1270]
-6 [-7.1; -6.6] -6.8 [405; 450] | [1422; 1533]
-7 [-8.0; -6.9] -7.5 [527; 603] | [1642; 1831]
-8 [-9.2; -8.1] -8.7 [727; 815] | [2049; 2325]

(a) Without adaptive estimation of the principal components

log(e) | log(e(u*)) | log(/E(e(u*)?)) S n
-2 [-4.4; -2.8] -3.5 [105; 140] [279; 323]
-3 [-5.3; -3.3] -4.5 [159; 181] [343; 370]
-4 [-5.5; -5.2] -5.4 [206; 273] [399; 471]
-5 [-6.0; -5.5] -5.7 [326; 417] [534; 636]
-6 [-7.9; -6.4] -7.1 [482; 561] [708; 791]
-7 [-9; -8.1] -8.5 [641; 808] | [876; 1061]
-8 [-9.2; -8.7] -8.9 [751; 939] | [1003; 1203]

(b) With adaptive estimation of the principal components.

Table 5.3 — Borehole function. Approximation using interpolation as projections with a balanced

2

[
binary tree, with a prescribed tolerance for each ao € T epca = BOTA=0) Ty 1)@ #T-1) for
the estimation of the principal components. Confidence intervals for relative error e(u*), storage
complexity S, number of evaluations n.
Table 5.3 shows that for each a € T, choosing €pca = e and using

Q+(1=0) " (1-n)~

DY@ #T—1)

interpolation provides a controlled approximation error (lower than ¢), both when the principal
components are adaptively determined or not. However using the adaptive strategy, strongly re-

duces the number of samples.

We can draw the same conclusions from Table 5.4. For each o € T', choosing
2 . 2
Epea = (2(1+(1*5)‘1(1fn)‘1))l<“)(#Tfl)

tion (even with M = 100 repetitions and subsampling) provides a controlled approximation error.

and using the boosted optimal weighted least-squares projec-

Furthermore the adaptive strategy for principal components estimation strongly reduces the num-
ber of samples necessary to reach the desired accuracy. We also notice that the obtained error is

about 10 times smaller than the desired ¢.
In this particular example, we observe that for a given &, the obtained error is smaller using

the boosted least-squares projection than using the interpolation but the number of evaluations is

also slightly larger.
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log(e) | log(e(u")) | log(vEG@?) | 8 n
-2 [-4.9; -4.4] -4.6 [167; 169] | [1028; 1068]
-3 [-5.3; -4.6] -4.9 [167; 194] | [1022; 1079]
-4 [-6.1; -5.2] -5.7 [211; 230] | [1094; 1129]
-5 [-6.4; -6.1] -6.2 [305; 349] | [1195; 1321]
-6 [-7.9; -7.1] -7.5 [424; 476] | [1505; 1616]
-7 [-9; -7.7] -8.3 [534; 617] | [1637; 1855]
-8 [—9.4; -9.1] -9.2 [809; 909] | [2340; 2665]

(a) Without adaptive estimation of the principal components.

log(e) | log(e(u*)) | log(+/E(e(u*)?)) S n
-2 [-4.9; -3.1] -3.8 [141; 177 [342; 379]
-3 [-5.9; -4.1] -5.1 [182; 223] [388; 428]
-4 [-6; -5.6] -5.8 [232; 264] [435; 476]
-5 [-6.5; -6.0] -6.2 [335; 442] [655; 675]
-6 [-8.8; -6.6] =77 [518; 629] [756; 871]
-7 [-9.2; -7.2] -8.5 [718; 819] [964; 1136]
-8 [-9.6; -8.9] -9.2 [1046; 1297] | [1418; 1940]

(b) With adaptive estimation of the principal components.

Table 5.4 — Borehole function. Approximation using boosted least squares as pI‘OJGCthIlS with a bal-
— 6

anced binary tree, with a prescribed tolerance for each av € T' 5 = CUTA=0)T(—y) 1)@ (#T—1)

for the estimation of the principal components. Confidence 1ntervals for relative error e(u*), storage

complexity S, number of evaluations n.

Anisotropic multivariate function

We consider the following function in dimension d = 6 :

1
= 5.19
u(@) (10 + 221 + x3 + 214 — 75)? ( )
defined on X = [~1,1]¢, equipped with the uniform measure.

We also consider the polynomial approximation spaces V,, = P,,(X,,), with p chosen adaptively such
that there is no discretization error (p < 15). We construct the approximation in a hierarchical

tensor format with a balanced binary tree using Algorithm 5.2.

The conclusions for the Anisotropic function are similar to the one made for the Borehole func-

tion except for small desired tolerances ¢.

2 . . . .
Table 5.5 shows that choosing €pca = ¢® and using interpolation does not provide an approx-
imation error that is lower than . In this case, the adaptive strategy for the estimation of the
principal components performs better (in the sense that the obtained approximation error is lower)

than in the non adaptive case and this with fewer evaluations.
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log(e) | log(e(u?)) | log(vEG@)?) | 8 n
-2 [-1.8; -0.8] -1.4 [66; 70] [468; 492]
-3 [-2.1; -1.6] -1.9 [111; 132] [586; 650]
-4 [-3.0; -2.3] -2.7 [160; 201] [715; 833]
-5 [-3.5; -3.1] -3.3 [250; 284] | [944; 1080]
-6 [-4.5; -3.2] -3.8 [343; 400] | [1194; 1449]
=7 [-5.2; -4.1] -4.7 [590; 700] | [1597; 1999]

(a) Without adaptive estimation of the principal components.

log(e) | log(e(u*)) | log(v/E(e(u*)?)) S n
-2 [-1.7; -0.7] -1.3 [53; 74] [180; 204]
-3 [-2.3; -1.6] -1.9 [105; 153] | [241; 292]
-4 [-3.2; -1.8] -2.5 [175; 211] | [313; 361]
-5 [-4.1; -3] -3.6 [251; 365] | [416; 533]
-6 [-4.7; -3.8] -4.2 [385; 490] | [545; 655]
-7 [-5.7; -4.1] -4.8 [680; 875] | [702; 895]

(b) With adaptive estimation of the principal components.

Table 5.5 — Anisotropic function. Approximation using interpolation as projections with a pre-
scribed tolerance for each o € T 5pca = €2 for the estimation of the principal components. Confi-
dence intervals for relative error (u*), storage complexity S, number of evaluations n.

log(e) | log(e(w)) | loa(VEE@YD) | S n
2 | [3.3; -2.1] 2.8 [164; 185] | [708; 781]
3 | [3.7; 2.9 3.3 [202; 263] | [814; 1046]
4| [4.8;-3.4] 41 [333; 364] | [1137; 1348]
5| [5.3; -4.1] 47 [450; 488] | [1707; 1852]
6 | [-6.4; -4.6] 5.5 [566; 681] | [2012; 2657]
7 | [6.7;-5.4] 6 [855; 965] | [2658; 3243]
(a) Without adaptive estimation of the principal components.
log(e) | log(e(u*)) | log(v/E(e(u*)?)) S n
2 | [-3.2;-1.7] 2.4 [129; 205] | [269; 357]
3 | [-3.9; -2.5] 3.2 [240; 391] | [395; 556]
4| [-4.5;-3.3] -3.9 [399; 540] | [557; 717]
5 | [5.6; -4.3] 4.9 [526; 843] | [705; 1042]
-6 [-6.3; -4.9] -5.5 [758; 1025] [959; 1223]
7| [7.3; 5.8 6.5 [1070; 1461] | [1124; 1520]

(b) With adaptive estimation of the principal components.

Table 5.6 — Anisotropic function. Approximation using 1nterpolat10n as prOJectlons with a balanced

binary tree, with a prescribed tolerance for each a € T apca = for

E
(2(1+1-8) =1 (1—n) = 1)) (#T-1)
the estimation of the principal components. Confidence intervals for relative error e(u*), storage

complexity &, number of evaluations n.

Table 5.6 shows that for each o € T, choosing €2, = e

pea (2(14(1—68) 1 (1—n) 1)) (#T—1) and uSing
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interpolation does not provide a controlled approximation error for the small values of ¢ (i.e log(e)
lower than —4), both when the principal components are adaptively determined or not. However

using the adaptive strategy, strongly reduces the number of samples.

log(e) | log(e(u®)) | log(v/E(e(u*)?)) S n
-2 [-3.7; -2.3] -3.2 [213; 232] [759; 819]
-3 [-3.8; -2.8] -3.3 [253; 292] [837; 944]
-4 [-5.0; -3.4] -4.2 [321; 408] | [981; 1275]
-5 [-5.1; -4.3] -4.6 [426; 507] | [1353; 1692]
-6 [-5.8; -4.9] -5.4 [651; 656] | [1823; 2329]
-7 [-6.7; -5.3] -6.0 [735; 875] | [2851; 3791]
(a) Without adaptive estimation of the principal components.
log(e) | log(e(u*)) | log(+/E(e(u*)?)) S n
-2 [-3.6; -2.3] -3 [193; 270] [328; 403]
-3 [-5.0; -3.3] -4.1 [309; 430] [455; 579]
-4 [-4.9; -3.8] -4.4 [385; 531] [634; 697]
-5 [-6.2; -4.4] -5.3 [588; 805] [751; 985]
-6 [-6.7; -5.5] -6.1 [827; 1268] | [1028; 1503]
-7 [-7.7; -6.2] -7.0 [1203; 1861] | [1463; 2230]

(b) With adaptive estimation of the principal components.

Table 5.7 — Anisotropic function.  Approximation using boosted least-squares as projec-
tions with a balanced binary tree, with a prescribed tolerance for each a € T 520(1 =

&2

(2(1+(1=0)"1(1—n) 1)) (#T-1)
vals for relative error e(u*), storage complexity S, number of evaluations n.

for the estimation of the principal components. Confidence inter-

Table 5.7 shows that for each av € T', choosing epca = (2(1+(1_5)71(1_572])71))1(@(#T_l) and using

the boosted optimal weighted least-squares projection (even with M = 100 repetitions and subsam-

pling) provides a controlled approximation error. Furthermore the adaptive strategy for principal
components estimation strongly reduces the number of samples necessary to reach the desired ac-

curacy.

5.5 Conclusions

In this chapter, we have proposed an algorithm to construct the approximation of a function « in
tree-based tensor format 7,7 (V) with V = ®§:1 V., some approximation spaces possibly selected
adaptively. Using adaptive strategies for the control of the discretization error, the control of
the a-ranks and the estimation of the principal components we are able to provide a controlled
approximation of the function u, assuming we have a sufficiently high number of evaluations. The

theoritical criteria used to control the approximation appear to be very pessimistic for two reasons:
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e As underlined in Chapter 2, the constant of quasi-optimality C7 of the boosted least-squares

projection is loose compared to what we observe in practice.

e The proof of Theorem 5.9 leads to a bound with the constant C; to the power of the depth
of the tree.

On the studied examples, these two observations turn out to be pessimistic. However, as this bound

2

i» some functions may indeed verify this bound (we

has been etablished for any function from L

have just not found them yet).

Appendix

An important question that is not fully answered yet is to be able to give the number of samples
necessary for the algorithm 5.2 to construct an approximation with controlled precision (under
some assumptions of the function class and the choice of the approximation tool TX (V). In this
appendix we give some results on particular classes of functions that may be useful in future work

to answer the question of the number of evaluations in totality.

Error bounds for Sobolev spaces

Corollary 5.10. We consider u € VVlf2

o Assume that for all o € T, Qv, is the boosted optimal weighted least-squares projection

verifying the condition from Lemma 5.3.

o Assume that for all o € T'\ D, the empirical reconstruction error verifies,
E(lQvau =Py, Qu, ul*|Qu, u) < CoE(|| Qv u — Py Qv ull*|Qv, w),
where Cy is a constant.
e Also assume that for all « € T'\ D, the a-rank ro verifies

o 2 <%)_da/s (Co#T - )20 @10 (s, d)?) ™" (1)

with C(s,dy) a constant depending on s and d, = min{#a«,d — #a}

e Forallv e L(T), the approzimation space V,, is such that
lu =Py, ul® < my > ul|?.2, (o)
w
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and we assume that for v € L(T), m, > e~ V/5(\/d(20,)W+1)1/s,

Then the error of approzimation is bounded in expectation,
E(llu —u*[*) < [[ull? -2, (5.20)
N
Proof. Thanks to the two first hypotheses, it holds,

1 1
E(llu —u*[I?) <Co Y- 5(201)’("‘)“653; (W?+ 5(201)’("‘)“% — Pyull”.
a€T\D aeLl(T)

Proposition 4.6 states that
2
e, (u)? < G (Cls, da)rg ™ ulyez)
Using the hypothesis (%) it comes,

e ('LL)2 <

Ta

02—1(#T _ 1)71(201)*(l(a)+1)€2”uHivz )

N =

Replacing in the expression of the error bound, it comes

E(|lu —u*|?) < 2HuH2 o2+ Z 20 O ju — Py, .
ael(T

For the second term in the bound, using (o) and m, > e~ /5(\/d(2C)){®+1)1/s it comes
lu = Pr,ul? < #T = 1)1 2C1) "M u||? .
m
All in all the final error bound becomes

E([lu — u|?) < *ulljyse- (5.21)

Error bounds for mixed Sobolev spaces

Corollary 5.11. We consider v € W 2

uymix”

o Assume that for all o € T, Qv, is the boosted optimal weighted least-squares projection

verifying the condition from 5.3.

e Assume that for all o € T'\ D, the empirical reconstruction error verifies
E(| Qv u — Py, Qv ull®| Qu,u) < CoE(|| Qv u — Puy Qv ul®| Qu, ),
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where Cy is a constant.

o Also assume that for all « € T \ D, the a-rank r, verifies

ro > c(e,d)(C(s,da)(#T — 1)1 (207) U@ 1/2s g=dH1=1/28 |50 (c = 1Yd=2 (4)

e Forallv € L(T) the approzimation space V,, is such that
lu = Py, ull® < my,?|[ullfez (o)
H,mix

and we assume that for v € L(T), my, > 5_1/5(\/a@01)l(y)+1)1/5-

Then the error of approximation is bounded in expectation,

E(llu —w*|?) < llullys2 (5.22)

,u mix

Proof. The beginning of the proof is the same than for the corollary 5.10.

Thanks to the two first hypotheses, it holds

1 1
E(llu —uw*[?) <C2 Y 5(201)’(“)“6?; (w?+ 5(201)““)“||u — Py,ul®.
a€T\D a€L(T)

Proposition 4.7 states that

Ta

e, (W) < (C(s,da)rg*log(ra)* DV |[ull? .o, da = min{#a,d - #a}.
w,mixz
Using the hypothesis (%) it comes,

e, (u)? < Oy #T — 1) 7 20) MO u? .

,u, mix

Replacing in the expression of the error bound, it comes

E(flu—u**) < *€2HUH sz Z (200" u — Pyl

,u, mix )
For the second term in the bound, using (o) and m,, > e~1/5(+/d(2C1)"{®+1)V/s it comes

lu = Prull? < #T = 1)~ 201) "W |7 ..

M mix
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All in all the final error bound becomes,

E(llu - u*l*) < [luls2 - (5.23)

wymixz
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{1,2,3,4,5}

Va V3

1. Introduction of finite dimensional
subspaces Vi,...,Vs.

{1,2,3,4,5} {1,2,3,4,5}

{1,2,3} {4,5} {1,2,3} Vis = U @ Uz

Uy U3 Uy U
2. Construction of low-dimensional 3. Leaves-to-root
subspaces U2 C V, tensorization of the U,
{1,2,3,4,5} {1,2,3,4,5}

U Uy
4. Construction of low-dimensional 5. Leaves-to-root
subspaces U, C V, tensorization of the U,
{1,2,3,4,5} {1,2,3,4,5}

6. Construction of low-dimensional 7. Computation of the final
subspaces U, C V, approximation «* in Uy @ Ujs.

Figure 5.1 — Illustration of the leaves-to-root algorithm 5.2 for the construction of the approximation

of a function in tree-based tensor format. 135
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6.1 Introduction

The choice of the tree may have a significant impact on the complexity required to reach a certain

precision. In this chapter, we introduce different strategies for tree adaptation.

The purpose of the following example is to show the influence of the choice of a particular di-

mension partition tree T' on the number of evaluations n necessary to compute the approximation
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u* with a desired precision €.

We consider X = [—1, 1]‘17 equipped with the uniform measure and the function u, which is the

sum of bivariate functions defined as follows,
3 . .
u(x) = g(z1, 2) + g(x3,24) + ... + g(x4-1,xq), Where g(x,,z,41) = fo,xlw_l. (6.1)
i=0
We consider V = ®%_; P4(X"), so that there is no discretization error in 7,7 (V).

We compare the case when T is a balanced tree over {1,...,d} and when it is a balanced tree
over a permutation of {1,...,d} (see respectively Figures 6.1 and 6.2 for an illustration in the case
d = 8), the a-ranks are also represented respectively on Figures 6.1 and 6.2. We observe that the

a-ranks are higher with the permuted tree.

{1} {2} {3} {4} {5} {6} {7} {8}

Figure 6.1 — On the left balanced tree over {1,...,d} and on the right the a-ranks are noticed with
the nodes for the sum of bivariate functions defined by (6.1) with d = 8.

{2} {4y {6} {8 {1} {3y (5} {7} 4 4 4 4 4 4 4 4

Figure 6.2 — On the left balanced tree over a permutation of {1,...,d} and on the right the a-ranks
are noticed with the nodes for the sum of bivariate functions defined by (6.1) with d = 8.

As explained in Section 5.3.3 from Chapter 5, the number of evaluations n necessary to get
a desired accuracy ¢ using Algorithm 5.2 depends on the a-ranks required for such accuracy, and
this for all & € T'. For a given precision ¢, the a-ranks of the leaves are independent of the choice of
the tree T'. To reduce the number of evaluations n we propose to look for strategies which reduce

the a-ranks 7, for all interior nodes o € T'\ L(T). Several possibilities are considered,
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e either we minimize the maximum of the a-ranks,

e or we minimize a functional which expresses the storage complexity of the tensors associated
with the interior nodes

Cr,T)= > ra [[ s (6.2)

a¢L(T)  BeS(a)

As the number of possible trees T scales exponentially in the dimension d, finding the best tree
(i.e. the tree that optimizes one of the above criteria) is a combinatorial problem and the global
cost, due to the estimations of the a-ranks, for the search of the best tree among all the possibilities

is not affordable in the context of costly evaluations.

In this chapter, we propose three different strategies to find a tree T' with the objective of
reducing the number of evaluations necessary to get a certain accuracy. First, we present two
strategies that include tree optimization inside the algorithm for the construction of the approxi-
mation (Algorithm 5.2 presented in Chapter 5). As the algorithm goes from the leaves to the root,
the number of possible trees (and thus the number of a-ranks to be evaluated) decreases sharply.
This is why we propose both a stochastic strategy, (in Section 6.4) and a deterministic strategy
which will explore a larger number of trees, (in Subsection 6.3.1). Then, we also propose in Section
6.5 a global stochastic strategy inspired from [48] which explores several dimension trees and selects

the one minimizing the complexity functional given by Equation (6.2).

6.2 Estimation of a-ranks

6.2.1 Principle and algorithm

Performing tree optimization requires the estimations of a-ranks r, () for reaching a precision ¢.
These estimations require evaluations of the function w and this cost (denoted noptinm,) should be
reasonable, with respect to the number of evaluations required for constructing the approximation,
denoted n. In [10], the authors propose a strategy based on an adaptive cross approximation tech-

nique [11] to estimate the a-ranks.

In the following algorithm, we propose a strategy to estimate the a-ranks r,(¢) to achieve an
empirical relative error €, based on leave-one-out cross validations. To do this, we consider the
matrix of the evaluations of u, B® = {u(zl,2%:) : 1 <1< 24,1 <k < z4¢} where {2}, }72, are i.i.d
samples of X, and {z%.};2 are i.i.d samples of X,c. We introduce By, the matrix B* without

the column ¢, which admits a singular value decomposition

B\z Z \zk \1k \Zk) (63)
k>1
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where U(y are the singular values sorted in decreasing order, va"" and vyc are respectively the

left and right singular vectors of BY;. For all r € [1; min(zq, 2ac)], let Vi, be the matrix whose

columns are (vg‘m, . ’Uiliﬂ’)’ the rank 7,(g) is estimated as the minimal integer such that
1 Zac 1 ZaC
T 2 o .2 2
- Z HBza - ‘/\?,ra(e)(‘/\%,ra(e)) BzaHZ <e¢ > Z HB?H% (64)
% =1 a® =1

where B denotes the i’ column of B®.

Estimating the a-ranks with a small precision € may require many evaluations. It is important to
underline that to perform tree optimization we do not need to know the exact value of r,(¢) but
we want to have an estimation accurate enough to detect whether r,(¢) is high or not. Therefore,

T 1S estimated with a coarse precision .. The whole strategy is described in the Algorithm 6.1.

Algorithm 6.1 Determination of the ranks r,(e.) of a function u

Inputs: coarse tolerance e., function u, tuple «, product measure u, n, and nqe
Outputs: r, and cost = zyzqe
Generate z, i.i.d samples {z?}7*, from the measure fi,
Generate zqe = 1 sample {27, }32 from the measure fiye
Evaluate the function v on the grid {(xfl,xﬁlc) : 1 < i < zo,1 < j < 24} and set BY =
(u(ai, w))
Set r =0 and £(r) = 0o
while £(r) > e, and zqe < nge do
Set zge ¢ 2qe + 1
Sample {z;2°} from the measure fiye
Update B* = [B®,b%], with b the vector corresponding to the evaluations of u on the grid
{(2f,222°) 11 <i < 24}
while (£(r) > e, and r < min(ng, z4c)) do

Set r < r—+1
fori=1,...,z4c do
Determine the matrix V\‘jr of r left singular vectors of B@"
end for
Set ZaC B« Vo (Vo TBa 2
5(1")2 _ 2 1B = \i,r( \i,r) o113 (6.5)
> 1B I3
end while
end while

Set ro = min{l <k <r:&(k) <e.}
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6.2.2 Numerical illustration

In this section, to study the efficiency of Algorithm 6.1 we consider two numerical examples and we
observe how well the algorithm estimates the a-ranks. The robustness of the algorithm is evaluated
by repeating the algorithm 10 times and computing empirical confidence intervals of level 10% and

90% for the estimated r,(g) and the associated cost.

Sum of a bivariate functions (with separated variables).

We consider X = [—1, 1]d, with d = 16, equipped with the uniform measure and the function u
defined by (6.1). Again, we consider V = ®2_, P3(X"), so that there is no discretization error. We
want to estimate the a-ranks, for a = {1,2}, a = {1,3} and o = {1,3,5,7} and this for different
values of the coarse precision .. In this case, the a-ranks are exactly known and the results are

presented in Table 6.1.

Q12 (Tau - 2) a3 (ra13 - 8) Q1357 (Ta1357 - 16)
Ec Ta cost Ta cost Ta cost
0.05 | [1; 1] | [20; 20] | [1; 3] | [20; 40] | [3; 5] [40; 60]
0.01 [1; 2] | [205 30] | [3; 6] | [40; 70] | [7; 9] [80; 100]
0.001 | [1; 2] | [20; 30] | [6; 7] | [70; 80] | [9; 9] [100; 100]
10714 [2; 2] | [30; 30] | [7; 8] | [80;90] | [9; 9] [100; 100]
(a) d =16, ng = nge = 10
a2 (Talz = 2) a13 (Ta13 = 8) Q1357 (rOt1357 = 16)
Ec Ta cost To cost Ta cost
0.05 | [1; 1] | [40; 40] | [1; 3.5] [40; 90] [3; 6] [80; 140]
0.01 [1; 2] | [40; 60] [3; 6] [80; 140] | [8; 10.5] | [180; 230]
0.001 | [2; 2] | [60; 60] [6; 7] [140; 160] | [12; 13] | [260; 280]
10714 [2; 2] | [60; 60] [7; 8] [160; 180] | [13; 14] | [280; 300]

(b) d =16, ny = nge =20

Table 6.1 — Ilustration of Algorithm 6.1 for the sum of bivariate functions defined by (6.1) with
d = 16.

Table 6.1a presents the results when n, = nge = 10. The a-ranks to reach e are relatively
well estimated when ¢, < 0.01. However, when ¢, = 0.05, we are barely able to distinguish the
high ranks from the others. When ¢, = 1074, the rank is almost full regarding the values of
ng and nee. Table 6.1b shows that the strategy can estimate ranks that are higher than 10,
when ny = nqe = 20, but the number of evaluations is also higher. In conclusion for this example,

choosing ng = nge = 10 and €. = 1072 give a rather good distinction between high and low a-ranks.
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Chain function.

We consider X = [—1,1]¢, with d = 16 equipped with the uniform measure and the function u,

which is the sum of trivariate functions defined as follows,

u(x) = g(x1,x2,23) + g(w2, w3, 24) + ... + 9(T4—3,Ta—2, a—1) + 9(Ta—2, Ta—1, Zd), (6.6)

where g(2,, Tyi1, T2) = Srgzial 7)., We consider V = ®4_, P3(X"), so that there is
no discretization error. We want to estimate the a-ranks, for o = {1,2}, o = {1,3,5,7} and

a={1,2,3,4,5,6,7,8} and this for different values of the coarse precision .

Q12 Q1357 (12345678
Ec Ta cost Ta cost Ta cost
0.05 [1; 1] [20; 20] | [1; 1.5] [20; 25] [1; 1] [20; 20]
0.01 | [1; 3.5] | [20; 45] [6; 8] [70; 90] [1.5; 4] | [25; 50]
0.001 | [3.5; 5] | [45; 60] [9; 9] [100; 100] [4; 6] [50; 70]
10~ [5; 5] [60; 60] [9; 9] [100; 100] 6; 6] [70; 70]
(a) d =16, ny = nge = 10
12 1357 (12345678
€c T cost Ta cost Ta cost
0.05 [1; 1] [40; 40] [1; 1.5] [40; 50] [1; 1] [40; 40]
0.01 | [1.5; 4] | [50; 100] [6.5; 10] | [150; 220] [1; 4] [40; 100]
0.001 [3; 5] [90; 120] | [11.5; 13] | [250; 280] | [4.5; 6] | [110; 140]
107 | [5; 5] | [120; 120] | [13; 13.5] | [280; 290] | [6; 6] | [140; 140]

(b) d = 16, ng = nge = 20

Table 6.2 — Illustration of Algorithm 6.1 for the chain function defined by (6.6) with d = 16.

The conclusions that can be drawn for the chain function are similar to the one made for the
sum of bivariate functions. Choosing n, = nee = 10 and ., = 1072 give a rather good distinction
between the high and low a-ranks. Increasing n, and n,c to 20 do not provide a better estimation
of the a-ranks for e, = 1072 and imposing €. = 1073 is not competitive regarding the cost. The
conclusion for this example is the same than with the sum of bivariate functions. In the following

numerical examples, we thus choose ng = nqe = 10 and e, = 1072,
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6.3 Leaves-to-root construction of the tree with local determinis-

tic optimizations

In this section, we present a leaves-to-root strategy, called max-mean rank algorithm, and the
strategy from [10], where the tree T is adaptively constructed (with local deterministic optimiza-

tion) during the algorithm 5.2 from Chapter 5.

6.3.1 Max-mean rank strategy

Let A = {ai,...,q} be a partition of D = {1,...,d}. For A = {ay...,qq} the algorithm
will compare all the possible pairings denoted IC(A) (detailed hereafter) and select the one which
minimizes a certain rank-based criterion (also detailed hereafter). We consider IC(A) = {5 =
(iyay) + (i,5) € {1,...,1}%,i # j} the set containing all possible pairings of two elements of
A. The cardinal of IC(A) is equal to l(lgl). For each § € K(A), we estimate all the S-ranks and
evaluate Rge = m Doerc(n\g) Ty with A\ B := A\ ({a1}U{az}). We select 8 which minimizes

max{rg, Rgc}. If several 3 are solutions of the minimization problem mingexy) max{rg, Rgc}, 3*
is selected at random among the minimizers and the strategy is not fully deterministic. Once a
pair 3 € K(A) is selected, the procedure continues with the set A private from the elements of the

chosen pairs. The strategy is summarized in Algorithm 6.2.

Algorithm 6.2 Deterministic optimization of nodes pairing

Inputs: function to approximate u, measure u, partition A of D.
Outputs: Partition I' of D.
Set T = 0.
while #A > 2 do
For all f = (a1,a2) € K(A), estimate the S-ranks 73 = rg(e) with Algorithm 6.1 and set
Rpe = giiangy Lver(a\g) T With A\ = A\ ({a1} U {az}).
Choose 8* = arg mingex(p) max{rg, Rac}.
Set A+ A\ ({a7} U{az}) with * = {af}U{a3}) and T' =T U g*.
end while
if #A =2 then
B = {A}
end if
r=TUA

The overall strategy that constructs the tree during the algorithm to construct the approxima-

tion in tree-based tensor format is given in Algorithm 6.3.
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Algorithm 6.3 Adaptive construction of the tree with local optimization

Inputs: function to approximate u, measure u, approximation spaces Vo, a € L(T), tolerance ¢,
parameters relative to the rank estimation ., nq, nge-
Outputs: the dimension tree T" and the approximation u*
Set A ={{1},...,{d}} and T = A
while #A > 1 do
for « € A do
if o ¢ £(T) then
Set Va = ®,3€S(O¢) UE
end if
Compute the estimation U > of the a-principal subspace of Qy, u with relative reconstruction
error ¢, using Algorithm 5.1.
end for
Determine a partition I' of D by pairing elements of A thanks to Algorithm 6.2.
Set T+~ TUIl and A« I’
end while R
Set Vp = Qaes(p) Ud
Compute u* = Qv u
Set T'=TUD.

Illustration of the max-mean rank strategy

{2} {1} {6} {5} {8} {9} {4} {3}

Tree a-ranks

Figure 6.3 — Ilustration of the max-mean rank algorithm for the sum of bivariate functions defined
by (6.1) with d = 8, e, = 1072, ¢ = 10714, ny = nge = 10.

We consider again the sum of bivariate functions defined by (6.1) with d = 8. Figure 6.3 gives
the tree constructed with the max-mean rank strategy for one run of the algorithm 6.3. This al-
gorithm is not totally deterministic (because of the estimations of the a-ranks and the case where
there are several minimizers of the optimality criteria). We observe that the max-mean rank algo-
rithm finds the pairs which have the smallest a-ranks we can expect (as in the case of a balanced

tree).
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6.3.2 Ballani and Grasedyck’s strategy

In [10], the authors present a method to select an appropriate tree using a subset of tensor en-
tries without any a priori knowledge on the tree structure. Their goal is to minimize the storage
complexity of a given tensor, which is closely related to the number of evaluations of the function

u necessary to construct an approximation with a desired accuracy.

Their strategy constructs a tree in a leaves-to-root strategy by successive clusterings of disjoint
subsets of D = {1,...d}. pis the number of elements gathered at the same time (which corresponds
to the tree’s arity) and it can be chosen to limit the number of possibilities which are explored.
The clustering criterion is based on an estimation of the a-ranks. The reader is referred to [10]
for further details on this method. The authors explain that when p > 3 the computational cost
for the adaptive part is much higher than the cost necessary to compute the approximation in the
tree-based tensor format. As we only consider pairings, in the strategies from Sections 6.3.1 and
6.4, we set p = 2 in all the numerical examples. Let us notice that this strategy explores a larger

set of possibilities of trees than with the strategy from Subsection 6.3.1.

Remark 6.1. As for the max-mean rank strategy, the choice of the pairings is made on a minimiza-
tion criterion. In the case where there are several minimizers, we choose it randomly and therefore

the strategy is not totally deterministic.

Illustration of the Ballani and Grasedyck’s strategy

{43 {3} {8} {7} {2} {1} {6} {5}

Nodes a-ranks

Figure 6.4 — Illustration of the algorithm from [10] for the sum of bivariate functions defined by
(6.1) with d =8, e, = 1072, ¢ = 10714, ny = nge = 10.

We consider again the sum of bivariate functions defined in (6.1) with d = 8. The constructed
tree with the method from [10] is given by the Figure 6.4. This figure shows that the strategy from

[10] is able to recover a tree with the lowest a-ranks we can expect for this example.
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6.4 Leaves-to-root construction of the tree with local stochastic

optimizations

6.4.1 Principle and algorithm

In this section, we present a leaves-to-root strategy, where the tree T' is adaptively constructed

during the algorithm 5.2 from Chapter 5.

Let A = {aq,...,aq} be a partition of D = {1,...,d}. When | = #A is even, we con-
sider J(A) the set of all partitions of A where each element has a cardinal equal to two. Each
partition I' € J(A) contains thus £ elements. When #A is odd, we consider the set J(A) =
Uaer Uregny{{e} UT} Among all partitions of J(A), the aim is to find the one I' which
minimizes

(@I = Z rg(e) H ra(€). (6.7)
Ber’ aEPNA

In practice, computing the function C;(T') for all I" € J(A) requires a lot of a-ranks estimations
and it is therefore not affordable. To minimize C;(I'), we propose a stochastic algorithm which
finds a partition I' associated to a minimal cost function C;(I') among a limited set of different
partitions. The principle is to compare a current partition I" of J(A) with a new one I'* obtained
from I' by permuting two nodes selected according to a probability distribution defined hereafter,
and to accept I'™* if C;(T™*) < Cy(T).

The first node v is drawn in A according to the distribution
P(v1 = a) o« rp,(a)(e)™, where Pr(a) is the parent of o in T . (6.8)

A higher 1 increases the probability to select a node v; whose parent in I" has a high rank. Once
the node v is selected, we consider the set A\ ({v1} U {v?}), where v/} is the second element of the
pair formed with v; (in the case v is a singleton ¥ = (), that is to say Pr(vi) = v; U}, Then,

we draw a second node vy in A\ ({v1} U {v}}) according to the distribution
P(vy = afin) o rpy,, (€)%, where a € A\ ({v1} U {h}). (6.9)

Again, a higher 5 increases the probability to select a node v5 whose parent in I' has a high rank.
If the permutation of the two nodes ;1 and 15 decreases the cost function, then the two nodes
are permuted. mp successive random permutations of the nodes are performed according to this
distribution. The last partition I' is the one associated to the lowest cost function C;(I") among all

the visited partitions.
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Algorithm 6.4 Optimization of nodes pairing

Inputs: function to approximate u, partition A of D, maximal number of iterations np, v1, 7.
Outputs: T’
Choose randomly I' € J(A).
Calculate C;(T") according to Eq. (6.7), with estimation of the a-ranks using Algorithm 6.1.
for k=1,...,np do
*«T
Draw v according to distribution (6.8) and then v, according to distribution (6.9).
Calculate C;(I'*) according to (6.7), with estimation of the a-ranks using Algorithm 6.1.
if CZ(F*) < CZ(F) then
«TI*
end if
end for

To construct the final approximation, we use Algorithm 6.3, where the optimal pairings are
determined with Algorithm 6.4.

6.4.2 Illustration of the algorithm

{63 {53 {8} {7} {4} {3} {2} {1}

Nodes a-ranks

Figure 6.5 — Illustration of the stochastic algorithm for the sum of bivariate functions defined by
(6.1) with d =8, e. = 1072, ¢ = 107", ny = nge = 10, 71 = 42 = 6 and np = 2d.

We consider again the sum of bivariate functions from (6.1) with d = 8. The constructed tree
with the local stochastic algorithm is given by the Figure 6.5 for one run of the algorithm. This
algorithm is stochastic both for the estimations of the a-ranks and the choice of the tree so the
result may differ strongly for two different runs. We observe that for the sum of bivariate functions
defined by (6.1), the stochastic algorithm finds all the pairs which have the smallest a-ranks we

can expect (like for the balanced tree from Figure 6.1).

6.4.3 Illustration of the choices of the parameters

In this section, we want to study the influence of the choice of the parameters np, v; and 2 in

Algorithm 6.4 on the number of evaluations n necessary to compute the approximation and the
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number of evaluations necessary for the a-ranks estimations ngpiim. To do this, we consider two
numerical examples: the sum of bivariate functions from (6.1), and the chain function from (6.6).

As in the previous chapters, the error of approximation is defined by

1
€(U*> - (nt t
es

In practice, we choose niest = #arest = 1000. The robustness of the algorithm is evaluated by

1/2
> (ufe) - u*<x>>2> .

TETtest

repeating the algorithm 10 times and by computing empirical confidence intervals of level 10% and
90% for the error of approximation log(e(u*)), the storage complexity S, the number of evaluations
necessary to compute the approximation n, the number of evaluations necessary to estimate the
a-ranks Neptim and the total number of evaluations 744, To limit the number of choices, we
consider v; = 9 = . The higher np is, the more tree configurations are explored. The higher ~

is, the more configurations avoiding high ranks are privileged in the random search.

Remark 6.2. noptim denotes the number of evaluations of the function u that have been necessary to
estimate the a-ranks with Algorithm 6.1 and n is the number of evaluations necessary to construct
the approximation. We evaluate the performance of the algorithm for different choices of the

parameters by comparing niotar = 1 + Noptim.-

Local optimization

v np | log(e(u*)) S n Noptim Niotal

2 d | [14.3;-13.9] | [4220; 15782] | [4988; 17045] | [4580; 6190] | [9748; 23190]
2d | [-14.2; -13.7) | [3324; 11961] | [4013; 13090] | [6310; 8405] | [10288; 21035]
5d | [-13.9; -13.4] | [2276; 8982] [2882; 9990] | [9495; 11925] | [12377; 21290]

3 d | [-14.5; -14.0] | [4751; 13641] | [5585; 14803] | [4635; 5940] | [10813; 20658]
2d | [-14.1;-13.8] | [3833; 13817] | [4574; 15025] | [5940; 7970] | [11014; 23285]
5d | [-14.1;-13.5] | [2050; 7267] | [2636; 8171] | [7920; 10470] | [10872; 17641]

4 d | [-14.5;-14.1] | [4989; 11285] | [5853; 12375] | [4100; 5790] | [10348; 17689]
2d | [-14.3; -13.9] | [3406; 9701] | [4092; 10755] | [4715; 7850] | [8742; 17697]
5d | [-14;-13.7] | [1458; 8581] | [2016; 9589] | [6175; 10170] | [8772; 19611]

6 d | [14.5;-13.9] | [4835; 13639] | [5671; 14841] | [3495; 5300] | [9398; 20092]
2d | [-14.2; -13.6] | [3432; 10611] | [4128; 11718] | [4175; 6820] | [8069; 18328]
5d | [-14;-13.5] | [1372; 6053] | [1901; 6924] | [4925; 8260] | [7616; 15803]

Table 6.3 — Sum of bivariate functions defined by (6.1) with d = 24. Approximation with local
tree optimizations with prescribed tolerance ¢ = 107!3, 41 = 45 = 7 and ranks estimations with
gc = 1072, ngy = nge = 10. Confidence intervals for relative errors log(e(u*)), storage complexity
S, number of evaluations for the estimations of the a-ranks 1yt and the number of evaluations
for the approximation n.
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Table 6.3 presents the results for the sum of bivariate functions defined by (6.1). For small ~y
(v =2), asmall np (np = d) is better (in the sense of the total number of evaluations ny,;) than
a high np. That means that the good partitions leading to small a-ranks are explored in the first
possibilities. We also observe that for v higher than 2, high np give better results than low np. For
this particular example, the lowest total number of evaluations ng.; is obtained with the highest
v (v = 6), and the highest np (np = 5d). With this parametrization, the stochastic local strategy

tends to a deterministic strategy avoiding the nodes with the highest a-ranks.

Local optimization

v np | log(e(u®)) S n Noptim Niotal

2 d | [-14.1; -13.6] | [12507; 18368] | [13511; 19545] | [7320; 8075] | [21226; 27145]
2d | [-13.9; -13.2] | [13386; 18435] | [14448; 19579] | [10685; 11840] | [25292; 30844]
5d | [-13.6;-12.9] | [11967; 17645 | [12992; 18772] | [16250; 17355] | [30082; 35307]

3 d [-14; -13.8] [12678; 18703] | [13688; 19841] [7270; 8155] [21229; 27636]
2d | [-13.9; -13.6] | [11432; 17016] | [12388; 18154] | [10665; 11645] | [23138; 29674]
5d | [-13.8;-13.3] | [10876; 18316] | [11844; 19514] | [15740; 17185] | [27584; 36516]

4 d | [-14.0;-13.7] | [13387; 16620] | [14386; 17707] | [7235; 8005] | [21961; 25262]
2d | [-13.9; -13.5] | [13584; 16499] | [14583; 17653] | [10615; 11495] | [25338; 28758]
5d | [-13.8;-13.4] | [12835; 16716] | [13845; 17833] | [15205; 16755] | [29688; 34375]

6 d | [-14.1;-13.8] | [12265; 19663] | [13249; 20804] | [7185; 8170] | [20434; 28629
2d | [-13.9; -13.4] | [12292; 18079] | [13205; 19301] | [9890; 10935] | [23790; 29366]
5d | [-13.6;-13.1] | [12332; 17397] | [13327; 18554] | [14670; 16160] | [28947; 34119]

Table 6.4 — Chain function defined by (6.6) with d = 16. Approximation with local tree optimiza-
tions with prescribed tolerance e = 107!3, 4y = 75 = 7 and ranks estimations with . = 1072,
No = Nge = 10. Confidence intervals for relative errors log(e(u*)), storage complexity S, number
of evaluations for the estimations of the a-ranks ngptm and the number of evaluations for the
approximation n.

Table 6.4 presents the results for the chain function defined by (6.6). For each v, a small np
(np = d) is better (in the sense of the total number of evaluations n4.,;) than a high np. We
also observe that high ~ give slightly better results than low . But the differences between the
are less marked than with the first function. However in this example low values of np give better

results than high np.

According to the observations made in the two cases, for the next numerical examples we choose

v =6 and np = 2d (as a trade-off between the two examples).
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6.5 Adaptation of the tree with global stochastic optimizations

In this section, we present a global stochastic optimization strategy to determine a relevant di-

mension tree before computing the approximation of the function u.

6.5.1 Principle and algorithm

We estimate the a-ranks for a given tree with Algorithm 6.1 and we search among a finite number
of trees the one that minimizes the cost function from Equation (6.2). The set of trees is obtained

by performing a random walk over the set of trees.

To explain the stochastic algorithm for tree optimization, we detail how to change a current
tree T into a new tree T which decreases the cost function from Equation (6.2) with a relatively
high probability. Concretely, the new tree T™* is obtained from T by permuting two nodes v; and
v9. Considering a tree T', the first node v is drawn in 7'\ {D} according to the distribution

Py = a|T) o< rpa)(e), a € T\ {D} (6.10)

where Pr(a) denotes the parent of o in the tree T'. A higher 7 increases the probability to select
a node v with a high parent’s rank. Once the node v is selected, we draw a second node v in
T\ {D} according to the distribution:

P(vy = o|T) {dT(O" )T ifan =0 (6.11)

0 otherwise

with v2 > 0 and dr(o,v) = lr(a) + lr(v) — 2l7(A(a, v)) where A(a,v) denotes the highest-level
common ascendant of & and v in T and [p(«) is the level of o in T'. If the permutation of the two
nodes decreases the cost function, the new tree 7™ is retained and the procedure is repeated, n,

times. The procedure is formalized in Algorithm 6.5.

6.5.2 Illustration of the algorithm

We consider again the sum of bivariate functions from (6.1) with d = 8. The constructed tree
with the global stochastic algorithm is given by the Figure 6.6 for one run of the algorithm. This
algorithm is stochastic both for the estimations of the a-ranks and the choice of the tree so the re-
sult may differ for another run. We observe that in this case the stochastic algorithm does not find
all the pairs which have the smallest a-ranks we can expect (like for the balanced tree). However

it tends to moderate a-ranks (the a-ranks are far from the high ranks from the balanced tree with
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Algorithm 6.5 Optimization of the dimension tree

Inputs: function to approximate u, measure p, maximal number of iterations np, parameters
relative to the a-ranks estimations e., ng, Nac
Outputs: T, a-principal subspaces for the leaves Ug
Generate a random tree 7'
for a € T\ D do
if o« € L(T) then
Estimate U with Algorithm 5.1 with precision e, rq(¢) = dim(U?).
else
Estimate r,(g) with Algorithm 6.1.
end if
end for
Calculate C(T,r) thanks to (6.2)
for k=1,...,np do
Draw oy according to distribution (6.10) and then as according to distribution (6.11).
Estimate a-ranks r4(g) for a € T*\ T
if C(T*,r) < C(T,r) then
T+ T
end if
end for

permuted variables from Figure 6.2).

4 4

a-ranks

Figure 6.6 — Illustration of the global stochastic algorithm for the sum of bivariate functions defined
by (6.1) with d =8, e, = 1072, e = 10713, ny = nge = 10, 71 = 2 = 6 and np = 3d.

6.5.3 Illustration of the choice of the parameters

In this section, we want to study the influence of the choice of the parameters np, y; and 5 in Algo-
rithm 6.4 on the number of evaluations n necessary to compute the approximation and the number
of evaluations necessary for the a-ranks estimations neptim. To do this, we consider again the two

numerical examples presented in Section 6.2.2. The robustness of the algorithm is evaluated by
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repeating the algorithm 10 times and by computing empirical confidence intervals of level 10% and
90% for log(e(u*)), S, n and neptim. To limit the number of choices, we consider v = v2 = 7. The
higher np is, the more tree configurations are explored. The higher v is, the more configurations

avoiding high ranks are privileged in the random search.

Remark 6.3. In the same manner than in Section 6.4, nptim denotes the number of evaluations
of the function u that have been necessary to estimate the a-ranks with Algorithm 6.1 and n is
the number of evaluations necessary to construct the approximation. We evaluate the performance

of the algorithm for different choices of the parameters by comparing the values of ntq; (With

Ntotal = N + noptim)-

Initial Tree = Permuted Balanced tree

v np | log(e(u*)) S n Noptim Niotal

2 d | [14.0; -13.4] | [6066; 19394] | [6996; 20897] | [9130; 11765] | [17166; 31177]
2d | [-14.1; -13.3] | [4496; 8810] | [5334; 9887] | [16460; 19585] | [21889; 28409]
5d | [-14.3; -13.6] | [2162; 6101] [2790; 7023] | [31790; 45720] | [34580; 50806]

3 d | [14.0;-13.4] | [5448; 12027] | [6280; 13327] | [7820; 11640] | [14292; 23957]
od | [-14.1;-12.9] | [3776; 11753] | [4554; 12944] | [14780; 19930] | [19634; 31269]
5d | [-14.3;-13.6] | [1962; 6199] | [2562; 7131] | [29655; 41855] | [32756; 46108]

4 d | [13.8;-13.0] | [4966; 11946] | [5844; 13230] | [7460; 11250] | [14519; 22929]
od | [14.2; -13.7] | [3931; 9046] | [4730; 10169] | [14840; 19145] | [20322; 26233]
5d | [14.2; -13.3] | [2327; 4739] | [2979; 5585] | [20695; 44000] | [33247; 48853]

6 d | [-13.8;-13.5] | [6628; 12939] | [7593; 14206] | [8115; 10840] | [16138; 24116]
9d | [14.1; -13.7) | [4432; 8082] | [5241; 9136] | [14190; 20655] | [21014; 29175]
5d | [-14.2; -13.6] | [1895; 6824] [2474; 7838] | [33690; 44265] | [36784; 50532]

Table 6.5 — Sum of bivariate functions defined by (6.1) with d = 24. Approximation with global
tree optimization with prescribed tolerance ¢ = 107'3 and rank estimation with ¢, = 1072 and
No = Nae = 10. Confidence intervals for relative errors log(e(u*)), storage complexity S, number
of evaluations for the estimations of the a-ranks np,m and the number of evaluations for the
approximation n.

Table 6.5 presents the results with the sum of bivariate functions. It shows that choosing np > 2d
implies a number of evaluations for the a-ranks estimations that it is high compared to ngesq;. This
is due to the fact that the initial tree is a tree with high a-ranks and it requires numerous iterations
to find a good tree. This observation is verified for all v. However we notice that the the lowest

Ntotal 1S given by v = 4.
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6.6. Numerical examples

Initial Tree = Permuted Balanced tree

v np | log(e(u®)) S n Noptim Niotal

2 d | [-13.9;-13.2] | [10227; 18662] | [11140; 19848] | [7495; 10445] | [20845; 28548]
2d | [-14.2;-13.5] | [7731; 19506] | [8577; 20628] | [13830; 17530] | [26107; 34658]
5d | [-14.0; -13.4] | [7135; 18061] | [7986; 19206] | [30550; 43900] | [40821; 62602]

3 d | [-14.0; -13.3] | [10161; 19387] | [11148; 20760] | [5875; 7560] | [17498; 27965]
2d | [-14.1; -13.5] | [10345; 20527] | [11401; 21777] | [11605; 13635] | [24142; 33382]
5d | [-14.1; -13.5] | [11171; 18471] | [12150; 19539] | [23735; 29005] | [38135; 46313]

4 d | [-14.0;-13.1] | [11351; 20006] | [12300; 21387] | [5240; 6430] | [17865; 27472]
2d | [-14.0;-13.3] | [11250; 19024] | [12210; 20329] | [7435; 10505] | [21490; 29054]
5d | [-14.1; -13.5] | [10542; 20810] | [11498; 22194] | [17825; 20800] | [30478; 41723]

6 d | [-14.0;-13.3] | [11700; 20489] | [12654; 21682] | [4085; 5340] | [16924; 26202]
2d | [-14.0; -13.6] | [10229; 17952] | [11129; 19147] | [6070; 8330] | [19003; 26535]
5d | [-14.0;-13.3] | [11424; 18925] | [12356; 20053] | [10900; 14255] | [24326; 31610]

Table 6.6 — Chain function defined by (6.6) with d = 24. Approximation with global tree optimiza-
tion with prescribed tolerance € = 10~ and rank estimation with e, = 1072 and n, = nge = 10.
Confidence intervals for relative errors log(e(u*)), storage complexity S, number of evaluations for
the estimations of the a-ranks nptim and the number of evaluations for the approximation n.

Table 6.6 presents the results for the chain function defined by (6.6). The conclusions that can
be drawn are the same than for the strategy with local optimizations (see Table 6.4). For each ~,
a small np (np = d) is better (in the sense of the total number of evaluations 744,) than a high
np. We also observe that high ~ give better results than low v. However regarding the number
of evaluations n for v = 6, we conclude that for this function, avoiding pairings with the highest

a-ranks is an efficient strategy that leads to trees with low a-ranks.

According to the observations made in the two cases, for the next numerical examples we choose

~v = 4 for the following numerical experimentations.

Remark 6.4. Choosing a high value for v tends to a deterministic strategy where we permute two
nodes whose parents have the highest a-ranks. It is limiting the probability to explore trees very

different from the initial one. However for these two examples, it seems relevant.

6.6 Numerical examples

In this section, we compare the different strategies for tree optimization, presented in this chapter
for two numerical examples : the sum of bivariate functions defined by (6.1) and the chain function
defined by (6.6). Among the leaves-to-root strategies, d-LO refers to the one with deterministic

local optimizations (from section 6.3.1), s-LO refers to the one with stochastic local optimizations
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Chapter 6 — Tree adaptation

(from section 6.4), bg-LO refers to the strategy proposed in [10] where the optimization criterion is

a rank ratio. The global stochastic optimization strategy presented in Section 6.5 is denoted s-GO.

The choice of the parameters 71, 79 and np for the s-LO strategy and for the s-GO strategy
are heuristic, they are made after the observations from Tables 6.3, 6.4, 6.5 and 6.6. They will

directly be specified in the examples.
These strategies are also compared with a random tree RT (with arity two) and a random

balanced tree referred to as RBT. In these two cases, the overall number of evaluations of the

function is dedicated to the computation of the approximation, such that ngptim = 0 and n = 1441

Sum of bivariate functions

log(e(u*)) S n Ntotal
[q105 g505 90 [q105 g505 90 [q105 9505 90 [q10: g505 990]
d-LO | [-15.1; -15; -14.8] [354; 376; 406] [485; 512; 545] | [2233; 2361; 2401]
s-LO | [-14.9; -14.7; -14.0] | [340; 529; 1360] | [468; 689; 1552] | [1243; 1699; 2752]
bg-LO | [-15; -14.7; -14.5] [354; 376; 445] [485; 512; 574] | [3239; 3372; 3611]
RBT | [-14.4; -14.3; -13.9] | [696; 925; 2198] | [858; 1150; 2432] | [858; 1150; 2432
=GO | [14.9; -14.6; -14.2] | [390; 456; 791] [521; 595; 954] | [1790; 2221; 2908]
RT | [-14.6; -14.3; -14.1] | [971; 1763; 2471] | [1166; 1987; 2745] | [1166; 1987; 2745]

Table 6.7 — Sum of bivariate functions defined by (6.1) with d = 8. Approximation with a prescribed
tolerance ¢ = 1074, e, = 1072, qi0, 50, goo are the 10", 50" and 90*" quantiles for relative error
log(e(u*)), number of evaluations n, for the s-LO strategy v = 6 and np = 2d, for the s-GO
strategy v =4 and np = d.

Table 6.7 shows that all the optimization strategies decrease the number of evaluations n nec-
essary to compute the approximation with precision € compared to a random tree RT or a random
balanced tree RBT. But only the s-LO strategy has a total number of evaluations lower in average
than the cost of a random tree RT. This is due to the fact that the dimension d = 8 is small and

the a-ranks (even chosen randomly) remain moderate.

When the dimension d increases, the Table 6.8 corresponds to d = 16, we observe that all opti-
mization strategies decrease the number of evaluations n necessary to compute the approximation
with precision € compared to a random tree RT or a random balanced tree RBT. For all the

0" quantile of the total number of evaluations nyq is lower than

optimization strategies, the 9
the cost of a random tree RT or a random balanced tree RBT. In this case, the s-LO strategy

is the most efficient as it decreases the three quantiles compared to the random trees. When the
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6.6. Numerical examples

log(e(u*)) S n Ntotal
[(ho; q505 qgo} [(ho; q503 qgo} [Q1o; 4503 qgo] [Q10§ q50; qgo]

d-LO [-14.5; -14.2; -13.9] [699; 1390; 3289] [964; 1759; 3782] [8118; 9739; 12427]

s-LO [-14.4; -14.1; -13.7] [949; 2011; 4167] [1259; 2394; 4717] [3874; 4979; 7802]
bg-LO [—14.7; -14.5; —14.2] [692; 729; 882] [956; 993; 1165} [11336; 11869; 12773]
RBT [—14.0; -13.8; -13.2] [7476; 10888; 14837] [8148; 11657; 15651] [8148; 11657; 15651]
s-GO [—14.2; -14.0; —13.6] [1174; 1830; 7008} [1500; 2243; 7749] [5756; 7036; 13499]

RT [-14.0; -13.7; -12.7] | [5033; 11320; 36456] | [5600; 12154; 37635] [6600; 12154; 37635]

Table 6.8 — Sum of bivariate functions defined by (6.1) with d = 16. Approximation with a
prescribed tolerance ¢ = 107, e, = 1072. ¢i0, ¢50, goo are the 10", 50" and 90" quantiles for
relative error log(e(u*)), number of evaluations n, for the s-LO strategy v = 6 and np = 2d, for
the s-GO strategy v =4 and np = d.

dimension increases, the interest of using optimizations strategies increases too.

log(e(u*)) S n Ntotal
[(ho; q50; qgo] [Q10; 4503 qgo] [(J10; q50; qgo] [Q10; 4503 qgo]
d-LO [-14.1; -14; -13.8] [3160; 4843; 6339] [3826; 5670; 7284] [20866; 23859; 26077]
s-LO [-14.2; -13.9; -13.6] [2395; 5773; 8183] [3035; 6685; 9177] [7225; 12185; 15842]
bg-LO [-14.3; -13.6; -13] [1133; 1848; 2701] [1623; 2415; 3300] 25134; 27491; 29429

[
RBT | [13.6;-13;-12.5] | [16001; 22079; 46982] | [17305; 23634; 48815] | [17305; 23634; 48815
s-GO | [-13.9;-13.8;-13.4] | [7471; 10319; 17918] | [8495; 11532; 19264] | [13135; 16089; 24299
RT | [[13.7;-12.9; -12.2] | [15100; 22745; 32182] | [16418; 24269; 33793] | [16418; 24269; 33793

Table 6.9 — Sum of bivariate functions defined by (6.1) with d = 24. Approximation with a
prescribed tolerance ¢ = 1073, e, = 1072, qi0, 50, goo are the 10 50" and 90" quantiles for
relative error log(e(u*)), number of evaluations n, for the s-LO strategy v = 6 and np = 2d, for
the s-GO strategy v =4 and np = d.

In Table 6.9, we see that choosing d = 24 highlights even more the advantages of performing
tree optimization. The number of evaluations n necessary to compute the approximation is strongly
reduced. In this case,for all optimization methods the 90" quantile of the number of total evalu-
ations is really lower than for both a random tree RT or a random balanced tree RBT. The two
deterministic strategies (and in particular the bg-LO method) recover the best trees. However,
the additional cost used to evaluate the a-ranks for the optimization which appears in 74 is not
competitive for the 10" and 50" quantiles. The local stochastic strategy performs particularly

Oth

well as the 90" quantile of the number of evaluations is lower than the 10" quantile of the number

of evaluations necessary for a random tree RT and RBT.

Chain function.
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log(e(u*)) S n Ntotal
[Qw; q50; qgo] [(ho; 4503 qgo] [Q1o; 4503 qgo] [(ho; 4503 qgo]
d-LO [-14.1; -13.8; -13.6] [8584; 16699; 19669] [9409; 17654; 20698] [25369; 33709; 36678]
s-LO [-14.3; -13.9; -13.7] [7733; 10812; 12189] [8376; 11574; 12977] [12211; 15487; 16987
bg-LO [—14.3; -14.1; —14] [2204; 8267; 13762] [2665; 9076; 14755] [26450; 34031; 39490]
RBT [—14; -13.8; -13.4] [10647; 12420; 19681] [11392; 13235; 20673} [11392; 13235; 20673]
s-GO [—14.1; -13.8; —13.5] [7777; 11327, 14003.5] [8532; 12098; 15008] [11787; 15328; 18309]
RT [-14.2; -13.8; -13.3] [9063; 12262; 23263] [9817; 13164; 24406] [9817; 13164; 24406]

Table 6.10 — Chain function defined by (6.6) with d = 19. Approximation with a prescribed
tolerance ¢ = 10714, e, = 1072, q10, 50, goo are the 10", 50" and 90*" quantiles for relative error
log(e(u*)), number of evaluations n, for the s-LO strategy v = 6 and np = 2d, for the s-GO
strategy v =4 and np = 3d.

Table 6.10 shows that all the optimization strategies decrease the number of evaluations n nec-
essary to compute the approximation with precision € compared to a random tree RT or a random
balanced tree RBT. But the total number of evaluations for the deterministic optimization strate-
gies is higher than the cost of a random tree. However with the stochastic strategies, we have a
gain. This is due to the fact that whatever the tree is, the a-ranks (even chosen randomly) remain

moderates, such the additional cost due to the a-ranks estimations may not be useful.

Overall conclusion for the examples

The numerical examples have shown that the interest of using optimization for the determination
of the dimension tree T increases when the dimension d of the problem increases. When d is small
the a-ranks may remain moderate and the additional evaluations for the a-ranks estimations are

not useful.

With the choices we made for the parameters (np,y1,72) of the stochastic strategies, we observe
that the deterministic strategies (d-LO and bg-LO) explore more possibilities for the dimension
trees and therefore find the best trees (in the sense that the number of evaluations (n) is smaller).
However the number of evaluations necessary to estimate the a-ranks (neptim) is high. These
choices for the parameters (np,~1,72) of the stochastic strategies is a good trade-off to both have
a reasonable number of evaluations to compute the approximation n and moderate number of
evaluations for the a-ranks estimations n¢ptim. Therefore they lead to a total number of evaluations

Ntotql MoOTe competitive than computing directly the approximation on a random tree.
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6.7. Conclusions

6.7 Conclusions

In this chapter, we proposed several optimization strategies for choosing a dimension partition
tree T, which is adapted to the function we want to approximate, in the sense that the a-ranks of
the approximation are as low as possible to get a certain accuracy. Deterministic strategies explore
a large number of trees and are able to recover really good trees to reach low a-ranks. However
this exploration is often too expensive compared to the number of evaluations necessary for the
approximation of the function. In the presented cases, using these strategies leads to an overall
number of samples which is better than the number of samples necessary for random trees with
high a-ranks. However this overall number of samples is not competitive compared to the number

of samples necessary to compute the approximation of a random tree in expectation.

Stochastic strategies (with a few exploration steps) are more competitive regarding the number
of evaluations for the estimations of the a-ranks. However these strategies involves several numerical
(and heuristics) parameters, which need to be tuned. Furthermore if the choices made for these

examples are working relatively well we do not claim that this will be efficient for any function.
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CONCLUSION

Conclusions of this thesis and future works

In this thesis, we have first proposes a new projection method onto a linear space called the
boosted optimal weighted least-squares method, presented in Chapter 2. The proposed method
constructs a weighted least-squares projection associated with random points sampled from a suit-
ably chosen distribution. We obtained quasi-optimality properties (in expectation) for the weighted
least-squares projection, with or without reducing the size of the sample by a greedy removal of
points. The constant in the quasi-optimality property depends on the number of points selected
by the greedy algorithm. The more points removed, the larger the error bound will be. Therefore,
if the goal is an accurate control of the error, few points should be removed. On the contrary, if
the goal is to reduce the cost while allowing a larger bound of the error, the maximum number of
points may be removed from the sample, which in some cases leads to a number of samples equal
to the dimension of the approximation space. As the size of the sample obtained after the greedy
algorithm may differ from one run to another, it would be interesting to study the convergence
properties of this greedy algorithm. Also the selection of the points to remove is not an optimiza-
tion over the whole sample but a point-by-point greedy selection, therefore the resulting sample
may not be the best over all possible combinations. It would be interesting to look for an optimal
and efficient selection of the sub-sample with regard to the stability criterion (maybe using stochas-
tic optimization for this combinatorial problem). The constant obtained for the quasi-optimality
property is rather pessimistic regarding the numerical experiments. This suggests that our error

bounds could be further improved.

For adaptive approximation a classical approach is to consider approximations in a sequence
of nested approximation spaces. In Chapter 3, we proposed a method to construct a sequence of
boosted least-squares projections associated to a nested sequence of approximation spaces, which
reuses the samples from one approximation space to another. Even if the numerical results are
promising, we still did not manage to obtain theoretical guarantees for the algorithm that con-
structs this sequence of boosted optimal weighted least-squares projections. In practice, the nu-
merical examples show that the number of samples necessary to construct the adaptive boosted

least-squares projection is close to the dimension of the approximation space (only observed).

The model class of tree-based tensor formats (presented in Chapter 4) is a prominent tool for
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the approximation of high-dimensional functions. In this thesis, one objective was to develop al-
gorithms that provide a controlled approximation while using as few evaluations as possible, (i.e
close to the complexity of the approximation tool). In Chapter 5, we proposed an algorithm that
constructs an approximation in tree-based tensor format which provides a controlled approxima-
tion for a sufficiently high number of evaluations of the function u. Using a leaves-to-root approach
the algorithm constructs low-dimensional subspaces in which the function is projected, thanks to
boosted optimal least-squares projections combined to principal component analyses. An impor-
tant question that is not fully answered yet is to determine the number of samples necessary for
the algorithm to construct an approximation with controlled precision (under some assumptions of
the function class and the choice of the approximation tool). In practice, estimations of the low-
dimensional subspaces are computed. As underlined in Chapter 5, the control of these estimations
of the principal components is not guaranteed yet. First the assumptions that have to be made on
the oblique projection of u are difficult to validate on concrete examples. Secondly, the condition
on the number of samples necessary to reach a given error seems to be overestimated according to

the numerical examples.

Chapter 6 was devoted to the presentation of adaptive strategies for the tree selection. We
showed on examples that when the dimension d is high, it is worth spending some function’s eval-
uations to estimate ranks and perform tree optimization. To this end, we propose deterministic
strategies that explore a large number of trees and also stochastic strategies that explore a reduced
number of trees, favouring the trees with low ranks. Deterministic strategies are only competitive
to avoid very bad trees, while stochastic strategies seem to be a good trade-off between the cost
devoted to the estimation of ranks and the number of function’s evaluations needed to compute the
approximation. However, these stochastic strategies involve several parameters which are chosen
heuristically and we observe that parameters which limit the exploration (by driving the algorithm
directly to trees without high ranks) are giving better results. It would be interesting to develop

strategies that could tune these parameters along the exploration.

Further outlooks

Longer-term general prospects can also be considered. Solving bayesian inverse problems with a
functional approach requires to approximate the posterior probability density function. One may
think of approximating multivariate probability distributions in tree-based tensor formats. This
would allow to easily extract information from the posterior (mean, moments) and also to sample

from it using the technique of Appendix B.
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This raises the question of imposing some constraints on the approximation (positivity integral,

equal to one, monotonicity, ...).

The strategies for tree optimization proposed in this thesis are using only function’s evaluations.
In some situations we may have further information on the function (Sobol indices, equations sat-

isfied by the function,...) that would lead to different optimization strategies using this knowledge.

This thesis focused on the construction of surrogate models which is an important step to
solve Uncertainty Quantification problems. To solve more specific problems as model calibration,
estimation of rare event’s probability, sensitivity analysis, it would be interesting to combine the
approaches of this thesis with state-of-the art Uncertainty Quantification algorithms (for example

sequential approaches for rare event simulations,...).
In some situations, engineers need to add variables to the model during the study. A question
immediately raises: how can we adapt our strategies in order to deal with the more complicated

model while trying to reuse the function’s evaluations already made.

Also in practice, we may encounter vector-valued outputs or inputs that are correlated, such

situations would require new analyses.
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APPENDIX A

APPROXIMATE FAST GREEDY ALGORITHM

In this paragraph, we present a computational strategy for the approximate fast greedy algorithm.
As mentioned in Remark 2.5 from Chapter 2, the greedy subsampling is computationally costly.
More precisely, for each removal of a point, the greedy subsampling requires as many computations
of the norm ||Gy»

K\{k}
point. Therefore we propose an approximate but faster greedy algorithm.

— I||2 as there are points in the sample from which we want to remove a

A.1 Computational strategy for the approximate fast greedy al-
gorithm

For any k, we have

K 1
Cofnn = #ﬁl% ~ g T @)e) @ o) (A1)
and
i 1 1
Grievy ~ 1= ZK 1 (Gm;; - I) - mw(xk)w(a;k) ® () + m[ (A.2)

Denoting B = % (va;{ - I) - ﬁw(wk)cp(xk) ® p(x*), it holds

1 1

G +m,—/\m(3)+w)'

w?{\{k} — I”g = max()\l (B)
As the matrix B is a rank-one update of the symmetric matrix % (Gw}z{ —TI ), from [44] and
[17], we can state that

)\1(3) < ﬂ

< #K—l)\l(G

~ 1), (A.3)

n
Tk

where Ai(B) and A1 (Ggy — I) are respectively the maximal eigenvalues of B and Gizp. — I.

Bounds on highest and lowest eigenvalues are obtained in [58] or [13]. Here we consider the lower
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bound from [13] for the highest eigenvalue

)\1(3) > i

> MGy — 1) - plai e(z*)),

where g1 = Q(:, 1) is the eigenvector of B associated to its highest eigenvalue A;(B), and p = #
To bound the quantity —\,,(B) + ﬁ, we use the fact that

and the bound on \;(—B)

MB) 2 M (G, — D) + lal (),
such that %
Ml =B) 2 = (G, — 1) + laT (o).

Instead of calculating ||Gzn — I||2 for each k, we evaluate p(qf (%)), this operation only

K\{k}
involves matrix multiplications, and the knowledge of the spectrum of Gg» — I, and we look for &y
which minimizes %)\1((6’%{ — 1)) — p(qf p(2*)) and ks which minimizes —%)\m((Gm?{ —

D) + p(qf ¢(z¥)). Then we choose

k* € arg min ||G Ijo.

kelkko} | CE\KY
We may not find the minimizer over K, but in practice, we observe that this approach performs

almost as well as the exact greedy and it is faster.

A.2 Complexity analysis

We compare these two subsampling methods in terms of computational cost. For the exact greedy
subsampling, each time we remove a point from a [-sample, it requires [ calculations of |G, —
I||2, which takes O(m?) floating point operations. Furthermore, the computation of G, requires
O(m?1?) floating point operations. We start from [ = n and let the greedy subsampling runs until
the stability condition is no longer verified to a sample of size k, summing over all withdrawn points

it comes

i m3l+m2% = nj(n(n +1) = k(k+1)) + WéQ(n(n +1)2n+1) — k(k+1)(2k + 1)).
l=k+1
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Exact Greedy Subsampling Fast Greedy Subsampling
m | [|Gen —Ill2 | #K | log(e(u*)) | t (sec) |Gar. —Ill2 | #K | log(e(u*)) | t (sec)
6 [0.34; 0.68] [6; 6] [-0.9; -0.7] | [0.29; 0.43] | [0.18; 0.71] [6; 6] [-1; -0.6] [0.03; 0.09]
11 | [0.42; 0.76] | [11; 11] [-2; -1.7] [1.43; 1.48] | [0.41; 0.67] | [11; 12] | [-2.1;-1.9] | [0.16; 0.22]
16 | [0.47; 0.87] | [16; 16] | [-2.8; -2.4] [13; 15] [0.60; 0.88] [16 17] [-2.8; -2.3] | [0.52; 0.61]
21 | [0.63; 0.87] | [21; 21] [-4; -3.7] [52; 54] [0.74; 0.88] | [21; 23] [-4; -3.6] [1.6; 1.9]
26 | [0.67; 0.88] | [26; 26] | [-4.6; -4.4] | [150; 204] [0.64; 0.89] [26 29] | [-4.8; -4.4] [3.5; 5.3]
31 | [0.79; 0.89] | [31;31] | [-5.7;-5.5] | [429; 464] [0.73; 0.89] | [31; 34] | [-5.9; -5.5] [5.8; 8.6]
36 | [0.68; 0.87] | [36; 36] | [-6.5; -6.3] | [608; 1008] [0.70; 0.87] | [36; 40] | [-6.7; -6.4] [8.6; 12]
41 | [0.77; 0.88] | [41;42] | [-7.6; -7.4] | [948; 999] [0.74; 0.89] | [42; 48] | [-7.8; -7.4] [11; 13]

Table A.1 — Comparison of the performance between exact and fast greedy approaches, using
6 = 0.9 and n = 0.01 both for different m. Number of samples # K, stability constant ||Gzr — I||2
and CPU time t.

Assuming k = ¢m with ¢ > 1, the overall cost scales in
Cr = O(m?n?).

The more points are withdrawn (c smaller), the sharper this bound is.
For the fast greedy subsampling method, each time we remove a point from a [-sample it requires
one singular value decomposition of G, — I, which takes O(m?) floating point operations. It also
requires O(m?l) for the computation of G,i. Using the same assumptions than before, k& = em
with ¢ > 1, the overall cost scales in

Cr = O(m*n?).

The more points are withdrawn (¢ smaller), the sharper this bound is.

In regards to the assumptions made in the Theorem 2.5, we can say n = O(mlog(m)) and therefore,

Cr = O(mPlog(m)3) and Cr = O(m*log(m)?).

A.3 Illustration

In the next table, we present the CPU computational times for the subsampling part, when using

the technique presented in this section compared to an exact greedy approach, we also illustrate

that its accuracy is the same by considering the example 2, with X = [—1, 1] equipped with the
uniform measure and the function )

= —. A4

u@) = 75, (A-4)

The approximation space is V;,, = Pp,—1 = span{y; : 1 <i < m}, where the basis {¢;}I"; is chosen

as the Legendre polynomials of degree less than m — 1.
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m
6
11
16
21
26
31
36
41

Table A.2 — Comparison of the performance between exact and fast greedy approaches, using
6 = 0.9 and n = 0.01 both for different m. Number of samples # K, stability constant ||Gzr — I||2

and CPU time ¢.

Indeed, looking at the CPU times in Table A.1 and Table A.2, we observe that with the fast

Exact Greedy Subsampling

|Gan —I||
[0.32; 0.63]
[0.48; 0.82]
[0.61; 0.85]
[0.65; 0.84]
[0.72; 0.87]
[0.79; 0.87]
[0.74; 0.87]
[0.73; 0.87]

#K
[6; 6]
[11; 11]
[16; 16]
[21; 21]
[26; 26]
[31; 32]
[36; 37]
[41; 42]

t (sec)
[0.28; 0.37]
[1.45; 1.48]
[13.9; 14.8]

(60; 68]
[173; 186]
(354; 377]
[584; 636]
993; 1041]

Fast Greedy Subsampling

|Gan —I||
[0.21; 0.85]
[0.50; 0.77]
[0.56; 0.87]
[0.62; 0.86]
[0.68; 0.88]
[0.66; 0.87]
[0.64; 0.88]
[0.74; 0.88]

#K
[6; 6]
[11; 11]
[16; 17]
[21; 23]
[26; 28]
32; 35]
[36; 42]
[41; 44]

methods, the computational times are divided by about m log(m).
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t (sec)
[0.03; 0.07]
[0.175; 0.22]
[0.53; 0.6]
[1.79; 2.17]

[3.5; 4.2]

[5.2; 6.5]

[8.2; 8.8]
[11.9; 12.2]






APPENDIX B

SAMPLING OF MULTIVARIATE
PROBABILITY DISTRIBUTION IN
TREE-BASED TENSOR FORMATS

B.1 Probability distributions in tree-based format

Let X be a subset of R with a product structure X = X; x ... x Xyand g = 11 ® ... ® g be a
product measure on X. For each v € {1,...,d}, let H, be a space of univariate functions defined
on X, we introduce an orthonormal basis of H,, denoted {¢} : k&, € A} and m, = dim(H,) =
#AY. Let H = H1 ® ... ® Hg, for a multi-index k = (ky,...,kq) € A x ... x AT = A, we let
or = @}, (21) ... gpgd (z4). Then the set of functions {¢y : k € A} is a basis of H and any function

u € H can be written,

w@)= D Y Uy, ke Pk (@1) - h (2a) = D uren().

k1eAl kgeAd keA

We consider p a probability distribution of a random vector X = (Xq,...,Xy), defined by
its Radon-Nikodym derivative v with respect to the measure p which is here a product measure,
p=p1®...Q ug, ie.

dp(x) = v(a)dn(x), (B.1)

where v is in tree-based tensor format 7,7 (H). We assume for each v € {1,...,d}, du, is of the
form du, (z) = p,(z)dz, meaning that du, is particularly continuous with respect to the Lebesgue
measure and thus du(z) = dupi(x1) X ... X dug(zg). In this section, we are interested with the

problem of sampling from such a multivariate probability density.

Remark B.1. Such multivariate probability densities are encountered in Chapter 5, where they are
used to construct the approximation of u in tree-based tensor format (see Algorithm 5.2) as optimal
sampling measure for the boosted optimal weighted least-squares projection. Also it may have been

obtained by learning a high-dimensional probability distribution as in [49].
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B.1.1 Marginal distributions

Let a denote a non-empty subset of D = {1,...,d} and o = D\ a. We let 24 = (2))vea,

pa = Queapy and Xy = Xpea Xy, and zoe = (xV)VEOcC7 Hae = Queacy and Xpe = XyeaeXy,.

The marginal distribution of dp associated to the variables x, is defined by

dpalaa) = [ do(a) (B.2)

and thus
dpalwa) = [ 0(@)dn@) = folwa)dpa(za). (B.3)

«
where

folwa) = [ v@)dpar(zae) = [ 3 vnon(e)dpac(rac)

« a® ke A

= ¥ o) X v [ et @ar)dpar(zae) (B.4)

ka€AX kqc cAe€

= ¥ et X wll [ e @du ).

ka€A kac eNe’ vea

Denoting fok, = 2k cenee Vk [veae [x, #%, (T0)dpn (), for ko € A%, we can write,

fa(xa): Z fa,ka@%a(xa)- <B5)

ko €AY

fa,k, is obtained by computing contractions of the tensor v along the dimensions v € o with
vectors containing the integral of the basis function of spaces H,,v € af.
More precisely, let h¥ € R denote the vector containing the integral of the basis functions of the

space H,,
R = (B, )_, with hY = /X o dp (1),

Letting h® € RA" be the tensor defined by hg:c = [l,eqac By, we have

faka = >, w [] /X ok, @) dpy () = Y Vkg kb,

koc €N veac koc €N

The contraction of the modes kye of v and h®” results in a tensor faka € RAY,

Proposition B.1. Let v be a function in tree-based tensor format T,* (H) associated with a certain
dimension tree T over {1,...,d}, the function fo(rs) defined by fo(xs) = fXac V() dptge (Tae) 18

also in tree-based tensor format associated with the tree T, = {y € T : v C a} \ 0 with root «.

The goal is to sample from dp and to do this, we present techniques to sample from dp*.
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{1,2,3,4,5}

{1,2,3} {4,5}

{13 {4} {5}
{2t {3}
Dimension partition tree T associated to the tensor v
{1,2,3,4}
{17 27 3}
{1,2,3} {4}

(2,3} .2}

2,3
3 {1} {1}<>/O\<){2}
{1}

{2} {3} T, for a = {1,2}

e T, for a = {1,2,3}

T, for o ={1,2,3,4}

Figure B.1 — Examples of dimension partition trees

B.1.2 Conditional distributions

In this section, we introduce several notations and definitions that will be necessary for the mul-

tivariate algorithms.

We introduce the ordered set, [v] = {1,...,v} and denote z|,) = (71,...,7,). Forall2 <v <d
the conditional distribution denoted p, 1) of the random variable X, knowing X, _;), and defined
» P ()

W\
Pulp—1) (T 2p_1)) = P (B.6)
where py,; (7)) and pp,_1)(z,—1)) denote the marginal distributions associated with the indices
{1,...,v} and {1,...,v — 1} respectively. Replacing the marginals pp,)(z},)) and p,_q(2—1)) by

their expressions from equation (B.3) and thanks to the product structure of p, it holds

f ()

f—1 (x[y_u)dﬂy(%)' (B7)

dplll[V—” ($V|x[u—1]) =

f) (@)

Remark B.2. If both f|,) and f,_1) admit a representation in tree-based format, the ratio T @)

has not.
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B.2 Sampling from multivariate probability distributions in tree-

based tensor formats

In this section, we describe a sequential sampling technique which allows sampling from multi-
variate probability distributions. It relies on the fact that any multivariate probability distribution

can be written,

dp (@1, 2q) = dpi(@1)dplg(aaler) ... dplygy. gay@aler, . 2a) (B3)

where dpj(x1) is the marginal of dp* associated to the variable xq, dpjyi,—1) (xy|x1, ... xp—1) 18
the conditional distribution of x, knowing x1,...xz,_1. The advantage of this technique is that
we only have to sample from univariate densities. The principle of sequential sampling is to first
sample z¥ from dp%(x1) and then for 2 < v < d, successively sample 2 from the conditional
distribution of X, knowing X = z1,..., X[,_y) = #[,_1;- This way, at each step of the algorithm,
we only have to sample from univariate densities, which are explicitly given. One may then rely
on standard simulation methods such as rejection sampling, inverse transform sampling or slice

sampling techniques, see section 3 or [31].

Algorithm B.1 Sequential conditional sampling for p*(z)

Inputs: Function v such that p(z) = v(z)pu(x)
Outputs: (z!,...,2") sampled from p(x).
for k=1,....,ndo
Compute p;(x1) the marginal of p associated to the dimension 1
Sample 2§ from 21 — |p1(21)| using one technique for univariate sampling.
forv=2,...,ddo

Compute pp,)(z},)) the marginal of p associated to the indices dimension 1,...,v.
Compute z, — pyy_1(z|ah_q) = % the conditional distribution of X, knowing
X1 = lef, e ,Xy_l = :L"ijl‘
Sample z¥ from x,, Pu|[y—1] (z,|x%,... 2% |) using one technique for univariate sampling.
end for
Set % = (z¥,...,zk).
end for

Remark B.3. When working with an approximate density which may take negative values, the
marginal and conditional densities may also take negative values. In practice, when working with
a marginal and conditional density w with respect to Lebesgue measure we take the positive part

of w.

Remark B.4. To avoid negative values in the approximated marginal p,, we may replace it by its

positive part < p, >.

180






CENTRALE
NANTES

Titre : Approximation adaptative de fonctions en grande dimension avec des réseaux de tenseurs basés

sur des arbres pour la quantification d’incertitudes.

Mot clés : approximation en grande dimension, approximation de faible rang, formats de tenseurs
basés sur des arbres, analyse en composantes principales, stratégies adaptatives, moindres carrés

pondérés.

Résumé Les problemes de quantification
d’incertitudes des modéles numériques nécessi-
tent de nombreuses simulations, souvent tres cod-
teuses (en temps de calcul et/ou en mémoire).
C’est pourquoi il est essentiel de construire des
modeles approchés qui sont moins coliteux a éval-
uer. En pratique, si la réponse d’'un modele
numérique est représentée par une fonction, on
cherche a en construire une approximation.

Lobjectif de cette these est de construire
'approximation d’'une fonction qui soit contrélée
tout en utilisant le moins d’évaluations possi-
ble de la fonction. Dans un premier temps,
nous proposons une nouvelle méthode basée
sur les moindres carrés pondérés pour constru-
ire I'approximation d’une fonction dans un espace
vectoriel. Nous prouvons que la projection véri-
fie une propriété de stabilité numérique presque
slrement et une propriété de quasi-optimalité en
espérance. En pratique on observe que la taille
de I'’échantillon est plus proche de la dimension de
'espace d’approximation que pour les autres tech-
niques de moindres carrés pondérées existantes.
Pour I'approximation en grande dimension et afin

d’exploiter de potentielles structures de faible di-
mension, nous considérons dans cette thése des
approximations dans des formats de tenseurs
basés sur des arbres. Ces formats admettent une
paramétrisation multilinéaire avec des paramétres
formant un réseau de tenseurs de faible or-
dre et sont ainsi également appelés réseaux de
tenseurs basés sur des arbres. Dans cette these,
nous proposons un algorithme pour construire
I'approximation de fonctions dans des formats de
tenseurs basés sur des arbres. Il consiste a con-
struire une hiérarchie de sous-espaces imbriqués
associés aux différents niveaux de I'arbre. La con-
struction de ces espaces s’appuie sur I'analyse
en composantes principales étendue aux fonctions
multivariées et sur I'utilisation de la nouvelle méth-
ode des moindres carrés pondérés. Afin de réduire
le nombre d’évaluations nécessaires pour constru-
ire I'approximation avec une certaine précision,
nous proposons des stratégies adaptatives pour le
controle de l'erreur de discrétisation, la sélection
de l'arbre, le contr6le des rangs et I'estimation des
composantes principales.
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Abstract: Uncertainty quantification problems for
numerical models require a lot of simulations, often
very computationally costly (in time and/or mem-
ory). This is why it is essential to build surrogate
models that are cheaper to evaluate. In practice,
the output of a numerical model is represented by
a function, then the objective is to construct an ap-
proximation.

The aim of this thesis is to construct a controlled
approximation of a function while using as few eval-
uations as possible. In a first time, we propose a
new method based on weighted least-squares to
construct the approximation of a function onto a
linear approximation space. We prove that the pro-
jection verifies a numerical stability property almost
surely and a quasi-optimality property in expecta-
tion. In practice we observe that the sample size is
closer to the dimension of the approximation space
than with existing weighted least-squares methods.
For high-dimensional approximation, and in order

to exploit potential low-rank structures of functions,
we consider the model class of functions in tree-
based tensor formats. These formats admit a mul-
tilinear parametrization with parameters forming a
tree network of low-order tensors and are there-
fore also called tree tensor networks. In this thesis
we propose an algorithm for approximating func-
tions in tree-based tensor formats. It consists in
constructing a hierarchy of nested subspaces as-
sociated to the different levels of the tree. The
construction of these subspaces relies on principal
component analysis extended to multivariate func-
tions and the new weighted least-squares method.
To reduce the number of evaluations necessary to
build the approximation with a certain precision, we
propose adaptive strategies for the control of the
discretization error, the tree selection, the control of
the ranks and the estimation of the principal com-
ponents.



