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Résumé - Ce mémoire de thése est consacré a I’étude de fibré en droites semipositif en
géométrie analytique non-Archimédienne, par un point de vue d’analyse fonctionnelle sur
un corps ultramétrique en exploitant la géométrie de la convexité holomorphe.

Le premier chapitre recueille quelques préliminaires pour 'algébre de Banach sur un
corps ultramétique et la géométrie de son spectre au sens de Berkovich, le cadre dans
lequel I’étude est effectuée.

Le deuxiéme chapitre présente la construction de base, qui encode la géométrie inter-
venante dans certaines algébres de Banach. On associe une algébre normée de section &
un fibré en droites métrisé. On décrit son spectre, en le reliant avec le fibré en disques
unités duals de ce fibré en droites muni de la métrique enveloppante. On encode alors la
positivité métrique par la convexité holomorphe.

Le troisiéme chapitre consiste en deux approaches indépendantes pour le probléme
d’extension métrique de sections restreintes sur une sous-variété fermée. On obtient une
borne supérieure pour la distorsion métrique asymptotique, qui est uniforme par rapport
aux choix de sections restreintes. On utilise une propriété particuliére aux norms affinoids
pour obtenir cette inégalité.

Le quatriéme chapitre traite le probléme de la régularité de métrique enveloppante.
Avec un nouveau regard venant d’analyse holomorphe & plusieurs variables, on vise &
montrer que, quand le fibré en droites est ample, la métrique enveloppante est continue si
la métrique de départ I'est. On suggére une méthode tentative reposant sur un analogue
non archimédien spéculatif d’un résultat sur la convexité holomorphe due & Cartan et
Thullen.

Mots clefs - Espaces de Berkovich; Analyse non-archimédienne; Fibré en droites;
Meétrique semi-positive; Convexité holomorphe

Abstract - This thesis is devoted to the study of semi-positively metrized line bundles
in non-Archimedean analytic geometry, with the point of view of functional analysis over
an ultra-metric field exploiting the geometry related to holomorphic convexity. The first
chapter gathers some preliminaries about Banach algebras over ultra-metric fields and
the geometry of their spectrum in the sense of V. Berkovich, which is the framework of
our study. The second chapter present the basic construction, which encodes the related
geometric information into some Banach algebra. We associate the normed algebra of
sections of a metrized line bundle. We describe its spectrum, relating it with the dual
unit disc bundle of this line bundle with respect to the envelope metric. We thus encode
the metric positivity into the holomorphic convexity of the spectrum. The third chapter
consists of two independent for the normed extension problem for restricted sections on
a sub-variety. We obtain an upper bound for the asymptotic norm distorsion between
the restricted section and the extended one, which is uniform with respect to the choice
of restricted sections. We use a particular property of affinoid algebras to obtain this
inequality. The fourth chapter treat the problem of regularity of the envelope metric.
With a new look from the holomorphic analysis of several variables, we aime at showing
that on ample line bundles, the envelop metric is continuous once the original metric
is. We suggest a tentative approach based on a speculative analogue of Cartan-Thullen’s
result in the non-Archimedean setting.

Keywords - Berkovich spaces; non-Archimedean analysis; line bundles; semi-positive
metrics; holomorphic convexity
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CHAPTER 0

INTRODUCTION (EN FRANCAIS)

0.1. Motivations

0.1.1. Géomeétrie analytique non archimédienne. — La géométrie analytique non
archimédienne est un analogue de la géométrie analytique complexe. Cette derniére fournit
un cadre naturel dans lequel on étudie les fonctions analytiques complexes sur une variété
complexe. Dans son analogue non archimédien, le corps des nombres complexes (muni
de la valeur absolue usuelle) est remplacé par par un corps valué complet ultramétrique,
que l'on appelle un corps non archimédien. Sa naissance répond au besoin d’avoir un bon
espace topologique sur lequel on peut définir et opérer les fonctions analytiques a valeur
dans un corps non archimédien.

Dans la littérature, plusieurs théories ont été proposées pour formaliser les espaces an-
alytiques non archimédiens, notamment par Tate [59], Berkovich [3] et Huber [11]. Toutes
ces théories consistent a recoller des «spectre de Gelfand» des algébres de Banach commu-
tatives de type fini pour construire les espaces analytiques. Cependant, les constructions
de ces spectres différent suivant les choix de différentes théories. Comparée a I’approche
des espaces rigides a la Tate, qui est basée sur la théorie de topos, celle de Berkovich re-
pose sur la théorie de topologie classique. En outre, les espaces analytiques de Berkovich
ont souvent de bonnes propriétés topologiques. Par exemple, en général les espaces analy-
tiques que 'on s’intéresse sont séparés. Au contraire, les espaces adiques a la Huber sont
rarement séparés. De plus, pour tout schéma de type fini sur un corps non archimédien,
qui est séparé (resp. connexe, propre), l'espace analytique de Berkovich associé au schéma
est séparé (resp. connexe par arc, compact). Ainsi le cadre de Berkovich ressemble davan-
tage & celui des espaces analytiques complexes. On peut espérer d’inspirer plus facilement
(malgré des subtilités) les idées et résultats de la géométrie analytique complexe dans
I’étude des espaces analytiques de Berkovich.

La géométrie analytique a la Berkovich a de nombreuse applications dans des contextes
variés, comme par exemple géométrie d’Arakelov, dégénérescence d’une famille de var-
iété complexe sur une base unidimensionnelle, étude de l’espace de module de courbes
algébriques par la géométrie tropicale, systéme dynamique holomorphe, etc. Dans ces
applications, on adapte souvent des résultats de la géométrie analytique complexe dans
le cadre non archimédien. Cependant, cette adaptation n’est guerre automatique. En
effet, bien que la théorie de formes différentielles et de courants a été introduite dans [21]
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et [38] pour les espaces analytiques de Berkovich, le calcul différentiel sur les espaces de
Berkovich est assez différent de celui sur les variétés analytiques complexe. En particulier,
certains outils que I'on utilise couramment en géométrie analytique complexe, comme par
exemple la méthode L? de Hérmander [10], n'ont pas encore d’analogue adéquate dans
le cadre non archimédien. L’unification de méthode dans I’étude des variétés analytiques
complexes et non archimédiennes est un challenge technique ayant des applications poten-
tielles dans divers domaines mathématiques, et surtout, du point de vue conceptuel, peut
donne une explication & ’analogie entre ces deux types de variétés analytiques, malgré
leurs différences en topologie et en calcul différentiel. Cette thése contribue a une tenta-
tive dans cette direction, qui repose sur ’analyse fonctionnelle de I’algébre des sections des
puissances d’un fibré en droites ample métrisé. Le résultat obtenu peut étre appliqué au
probléme d’extension avec un controle de norme d’une section le long d’une sous-variété
fermé d’un fibré en droites métrisé.

0.1.2. Théme central: Fibré en droites semipositif. — Dans cette thése, on étudie
les fibrés en droites semi-positivement métrisés dans le cadre de la géométrie analytique
non archimédienne & la Berkovich. Soient k£ un corps commutatif muni d’une valeur absolue
non archimédienne, qui est complet par rapport & la topologie définie par la valeur absolue.
Etant donné un schéma intégre et projectif X sur Spec k et un @ x-module inversible ample
£, on s’intéresse a la positivité des métriques continues ¢ sur 'analytifiée de £, ainsi que
les propriété du fibré en droites métrisé (.£, ¢) sous 'hypothése de positivité.

En géométrie analytique complexe, on considére souvent la positivité du courant de
courbure d’un fibré en droites métrisé. L’avantage de cette approche est que le courant
de courbure peut étre calculé localement par rapport a la topologie analytique. Cette
condition locale de positivité en géométrie complexe est centrale pour divers études du fibré
en droites métrisé (., ¢). Ces études se regroupent en deux directions thématiques. La
premiére s’agit de 'étude de la géométrie algébrique d’une variété projective complexe en
exploitant la structure de la variété différentielle sous-jacente, ot la métrique ¢ joue un role
auxiliaire. Plus précisément, la positivité portée par ¢ est combinée avec la technique de
Bochner en géométrie différentielle, pour montrer des théorémes d’annulation de groupe de
cohomologie de faisceaux cohérents, ou théoréme d’extension de sections avec un controle
de norme, etc. La deuxiéme direction concerne ’étude des métriques eux-mémes, comme
par exemple le probléme de métrique riemannienne canonique et la théorie pluripotentielle
en variété analytique complexe.

Par la nature locale de cette définition de positivité pour le fibré métrisé (%, ¢), il
n’est pas surprenant qu’une bonne partie de démonstrations de ces résultats portent
sur l'utilisation des outils d’analyse «fines», comme par exemple l'identité de Bochner-
Kodaira-Nakano pour le tenseur de courbure de ¢, la méthode de L? pour l'opérateur 0
a la Andreotti-Hormander avec poids ¢, ou ’analyse d’EDP non-linéaire pour 'opérateur
Monge-Ampére appliqué & ¢ (pour une introduction a ces techniques, voir par exemple
[25]).

Sous des conditions de régularité, la positivité du courant de courbure implique que la
métrique ¢ s’écrit comme la limite uniforme d’une suite de métriques de Fubini-Study,
construite a partir du systéme linéaire gradué total du fibré inversible ample .Z ([61], [62,
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Theorem 3.5]). Ces conditions (locale et globale) ont des analogues dans la géométrie
analytique non archimédienne. Historiquement, I’évolution de la notion de positivité pour
les fibrés en droites métrisés non archimédien est inverse & celle du cas complexe, au sens
ou 'aspect global de la positivité a été d’abord étudié. Une notion de semipositivité pour
la métrique ¢ est définie dans [62] & 1'aide de la positivité algébro-géométrique (“nef”) sur
les modeéles entiers pour le couple (X,.Z), et dans ce méme article on dit qu'une métrique
est “semi-ample” si elle est une limite uniforme de métriques Fubini-Study (voir aussi [30]
et [22] pour la notion de semipositivité). Ces deux conditions de positivité sont toutes
décrites par des objects globales, et ils sont finalement montrées d’étre équivalentes dans
[62][24]. La deuxiéme s’affranchit 1'utilisation de modéles entiers et donc plus intrinséque a
la géométrie non archimédienne, c’est pour cette raison que I'on travaille avec la definition
de semipositivité par la deuxiéme condition suivant [24].

Quant a une version locale pour la positivité, il faut d’abord construire une structure
différentielle associée a I'espace analytique non archimédien. Un prélude apparaissait dans
[37], qui découvre une géométrie tropicale au sein d’un espace analytique a la Berkovich.
Un théorie compléte sur les formes et courants sur un espace analytique a la Berkovich
est achevée dans [21] (voir aussi [38]). Avec cette structure différentielle, il est possible
de définir la positivité d’un fibré métrisé (.Z, ¢) de maniére locale par la positivité de son
courant de courbure, exactement comme dans le cas complexe. Pourtant, la relation entre
cette positivité locale avec la version globale reste encore opaque. Plus sérieusement, & ce
jour, on ne dispose pas encore de tous les outils d’analyse «fine» mentionés plus haut dans
la théorie développé par [21]. Un obstacle clé est que 'opérateur ¢ dans cette théorie de
formes différentielle sur ’espace analytique non archimédien ne caractérise pas les objects
holomorphes. Faute de cette liaison directe avec I'objet holomorphe, 1'utilisation de cet
opérateur ne peut pas étre une transcription de celle du cas complexe.

Malgré ces subtilités dans la comparaison entre les géométries analytiques complexe et
non archimédienne, nous arrivons & montrer que les fibrés en droites métrisés en géométrie
analytique non archimédienne ont des propriétés analogues & celles de fibrés en droites
métrisés en géométrie complexe, comme par exemple extension de section avec un contrdle
de norme, ainsi que quelques aspects de la théorie pluripotentielle. Ces résultats sont
résumés dans §0.2.

0.1.3. Stratégie: positivité métrique en termes de convexité holomorphe. —
On étudie un fibré en droites métrisé non archimédien sous I’hypothése de positivité glob-
ale. Comme mentionnés plus haut, une métrique semipositive au sens global peut étre
approchée uniformément par des métriques de modéles entiers [62][36] ou de maniére
équivalente, par des métriques de Fubini-Study générales |21]. En effet, ces deux choix
correspondent & deux approches différentes pour I’étude d’un objet métrique sur un espace
analytique non archimédien, dites «de Zariski» et «de Berkovich» suivant la terminolo-
gie de [14, Introduction, Table 1]. Grosso modo, le point de vue «Zariski» exploite les
modéles entiers pour cet espace et utilise les techniques de la géométrie algébrique sur ces
modéles, tandis que le point de vue «Berkovich» travaille sur le complété de cet espace
(i.e. Pespace analytique de Berkovich associé) avec l'outil d’analyse. L’étude de fibré en
droites métrisé semi-positif a déja connu beaucoup de progrés avec une combinaison de
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deux approches dans divers aspects, que ’on rappellera dans §0.2. Grace aux divers résul-
tats bien développés en géométrie algébrique, ces progrés exploitent plutdt des techniques
de nature «Zariski».

Dans cette thése on examine la positivité globale d’un fibré en droites avec le point de
vue purement «Berkovich». On verra dans la section 0.2 que ceci non seulement fournit un
regard intrinséque analytique de ces aspects, mais aussi donne ’espoir d’obtenir certaines
résultats sous 'hypothése plus générale. Par exemple, dans §0.2.3, on peut espérer traiter
le probléme de continuité de la métrique enveloppante dans le cas de caractéristiques
mixtes avec technique de nature «Berkovich», tandis que a ce jour, les techniques de
nature «Zariski» ne permettent traiter que les cas de caractéristiques égales (nulle ou
positive).

Pour contourner la difficulté de manque d’une structure différentielle et d’outil d’analyse
«fine» en géométrie non archimédienne, I'idée adoptée dans cette thése est de faire la
géométrie analytique de maniére «synthétique» et d’utiliser systématiquement des outils
d’analyse «grossiére », notamment 'outil d’analyse fonctionnelle. En d’autres termes,
on préfére étudier directement les aspects normés des objets holomorphes, notamment les
fonctions analytiques ou les faisceaux cohérents, sans faisant appel aux objets auxilliares de
nature différentielle comme la courbure. Avec cette démarche, il est possible de remplacer
les techniques d’analyse différentielle par les techniques d’analyse fonctionnelle. Autrement
dit, on va étudier l'objet «dur» (i.e. holomorphe) avec l'analyse «grossiére», au lieu
d’exploiter 'objet «souple» (i.e. réel lisse) avec l'analyse «fine.

En géométrie complexe, ce point de vue pour examiner les objets holomorphes nor-
més remonte & I’époque fondatrice de la théorie d’espace analytique, par exemple dans
I'étude de faisceaux analytiques par Cartan-Serre sur la finitude de cohomologies [20] et
par Grauert sur la cohérence d’image directe [32]. Mais il a été légérement marginalisé
aprés 'invention des outils puissants d’équations différentielles partielles. En géométrie
non-archimédienne (théorie de Berkovich), certaines travaux de Ducros et de Poineau
reprennent les outils d’analyse fonctionnelle (voir par exemple [27]|[50][14]). 1l se trouve
que ce point de vue est parfaitement adapté a la géométrie analytique non archimédienne.
On espére combiner la structure de schéma sur I’espace analytique et des outils d’analyse
fonctionnelle — toutes deux bien développées dans le cadre non archimédien — pour obtenir
des propriétés quantitatives analogues a celles de la géométrie complexe, parfois au prix
d’optimalité.

Plus précisément, quant aux problémes concernant un fibré en droites métrisé, on va
étudier la métrique via la géométrie de son fibré en disques unités duals, tout comme 1’étude
d’une fonction via la géométrie de sa partie de sous-niveau. La notion clé correspondante
a la positivité au sens global pour la métrique est la convexité holomorphe de son fibré en
disques unités duals. L’étude de la convexité holomorphe d’une partie est bien un exemple
de ’étude «d’un objet dur avec I’analyse grossiérey», car elle ne concerne que les fonctions
holomorphes et la norme sup. C’est une démarche bien connue en géométrie complexe
[SU[10][51]-

On va emprunter cette stratégie dans cette thése pour obtenir des propriétés importantes
concernant la positivité métrique d’'un fibré en droites. On donne la construction du
fibré en disques unités duals en termes de l'algébre de section normée, on rappelle et
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développe certains aspects concernant la convexité holomorphe dans ’espace analytique
non archimédien, et on obtient finalement ces propriétés en géométrie non archimédienne
en passant par des arguments avec cette notion.

0.2. Reésultats obtenus

Cette mémoire de thése consiste d’'un chapitre de préliminaire (chapitre 1) et trois
chapitres de résultats (chapitres 2-4), dont le premier (chapitre 2) donne la construction
de base géométrique, le suivant (chapitre 3) traitent le probléme d’extension métrique, et
le dernier (chapitres 4) étudient la métrique enveloppante.

0.2.1. Chapitre 2. — Algébre de section normée et son spectre

0.2.1.1. Algebre de section normée. — On propose un cadre commode pour étudier un
fibré en droites métrisé semipositif (., ¢) non archimédien, en imitant notamment de
constructions en géométrie analytique complexe dans [31] (voir aussi [10, Appendix]). Ce
cadre nous permet de formaliser la construction de métrique Fubini-Study par des normes
quotients, d’encoder la limite de ces métrique par une norme d’algébre, et donc finalement
de présenter la positivité globale comme la convexité holomorphe du spectre d’une algébre
de Banach associée.

Pour tout fibré en droites ., 'objet fondamental algébro-géométrique est ’algébre
graduée de ses sections

R.(ZL) =P Ru(&L) = P H (X, L%).
neN neN

La donnée métrique est encodée en général par une norme graduée d’algebre [|-|| (i-e.
une norme graduée sous-multiplicative) sur l'algébre de sections (voir plus bas pour les
constructions naturelles d’une telle norme d’algébre a partir d’une métrique ¢)

Vs = (sn)nen € Ru(Z), sl = Sup [snllns (1501 4+n2lln+ne < 180y llny - l[$ns llng-
L’objet central d’étude est le séparé complété de ’algébre de section par rapport a cette
norme, qui est une algebre de Banach commutative notée comme R, (%, ||-||).

Considérons le comportement du couple (R.(.Z),||-]|) par rapport aux morphismes
de changement de base de X. Ces morphismes permettent de construire de nouvelles
algebres de section a partir de R.(.Z) et de nouvelle normes d’algébre a partir de [|-||. Par
exemple, soit Y une sous-variété de X, I'immersion canonique de Y induit ’algébre de
sections restreintes notée comme R, ($X|y), et une norme d’algébre quotient notée comme
[l x|y~ On obtient alors une algebre de Banach quotient en passant au séparé compléte,
notée comme é.(gx‘y7 lI-llx|y). Par ailleurs, pour tout point z € X*", l'extension de
scalaires valués de k vers K(x) donne une algebre graduée R,(Z)(x) et une norme ||-[| x|,
a partir de I'ancien couple (R.(.Z),||-]l), par rapport a laquelle on construit le séparé
complété R, (Z)(x).

0.2.1.2. Métriques et normes d’algébre. — On construit quelques métriques sur £ a
partir de la norme d’algébre |[|-||, tout en imitant les constructions usuelles en géométrie
analytique complexe. Les immersions induites par les points de X?" donnent un passage
«norme vers métrique»: pour tout entier naturel n qui est suffisamment grand, la famille
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{II
plement FS(||-||»)). On I'appelle la n-iéme métrique Fubini-Study induite par cette norme
d’algébre. La limite de la suite de métriques Fubini-Study normalisées {1 FS(||-[|)}nen

n,X|z}eexan donne une métrique continue sur Z®", notée comme FS,(||-[|) (ou sim-

est une métrique sur £, que 'on appelle la métrique enveloppante, notée comme P (||| ).

Réciproquement, une métrique peut induire une norme d’algébre, ce qui donne une pas-
sage «métrique vers normey». Plus précisément, toute métrique semi-continue supérieure-
ment ¢ sur £ induit une norme d’algébre ||-||4 sur R,(.Z), dont la n-iéme composant est
la norme sup de n¢ sur R,(.Z), notée comme |-||,4. Ainsi, combinée avec la construc-
tion de métrique Fubini-Study plus haut, la positivité au sens global de ¢ est décrite par
légalité de P(¢) a ¢.

0.2.1.3. Positivité globale et convexité holomorphe du spectre. — Traduisons cette de-
scription de la positivité globale de (£, ¢) en termes de la convexité holomorphe du
spectre de Palgébre de Banach R,(Z,||-||). Le coeur est d’identifier géométriquement la
métrique enveloppante P(¢) a partir de cette algébre de section normée.

On part du morphisme algébro-géométrique de contraction de section zéro dans I’espace
totale V(&) du fibré dual de .Z, vers le cone affine C(.¥) de £ sur X (i.e. le spectre
premier de Zariski de l'algébre R, (%))

p: V(L) - C(L).

Pour étudier une métrique générale ¥ sur .Z, on regarde la partie compacte du fibré en
disques unités duals dans V(£)* associé a (.Z, 1), notée comme D’ (%, ). Son image
sous p*" est une partie compacte dans C(.£)*", qui encode toute information concernant
la métrique.

On examine un enrichissement métrique par la norme d’algébre || -|| du morphisme p, en
reliant deux parties compactes contenues dans les analytifiés de ces deux espaces. D’un coté
on a le fibré en disques unités duals du fibré métrisé (£, P([|-]])), et de I'autre coté, on a le
spectre de Gelfand d’algébre de Banach, noté comme 9)?(2%\(3 ,I1). L’assertion suivante
traduit la positivité d’'une métrique enveloppante en termes de la convexité holomorphe
d’un spectre de Gelfand d’une algébre de Banach.

Théoréme 0.2.1 (Proposition 2.3.3). — Le diagramme suivant d’applications entre
des espaces topologiques est cartésien

D (2, P(|1I) L= MEBL, )

an

V(g)an

C(g)an

Cette construction du fibré en disques unités duals donne aussi une «géométrisation»
de la construction enveloppante de P(¢) a partir de ¢. On prend la norme d’algébre |||
comme celle induite par ¢, et on note comme 9~ (¢) la partie compacte p** (D" (.Z, $))
et comme M(¢) la partie compacte p**(D” (2, P(¢))).

Corollaire 0.2.2 (Proposition 2.3.4). — Dans C(.2)?", la partie compacte M(¢) est
I'enveloppe holomorphe de la partie compacte 9™ (¢). Ainsi une métrique continue ¢ est
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semipositive si et seulement si la partie compacte 9 (¢) est convexe holomorphe dans
C(Z)>.

La construction de métrique enveloppante se comporte «fonctoriellement» par rapport
aux morphismes algébro-géométriques de changement de base au sens suivant. Pour une
immersion fermée Y — X, on peut lui associer I’algébre quotient R.($X|y) et la norme
d’algebre quotient \H‘|H¢le. Ce couple de quotients induit une métrique enveloppante
P(¢x|y) sur Z]y. Une autre construction naturelle est de regarder I'algébre de section
R.(Z|y) et la norme d’algebre sup |[|-[|g|,. Ce couple sup induit aussi une métrique
enveloppante P(¢|y) sur £]y. Le résultat en haut implique que les deux soient égales.

Théoréme 0.2.3 (Proposition 2.4.3). — Pour toute norme d’algébre graduée ||-|| sur
R.(Z), on a l'égalité

(U-lxp)so = M-Iy

Ainsi, si ¢ est une métrique semipositive, alors P(¢x|y) = 9|y

0.2.2. Chapitre 3. — Extension de sections du fibré restreint avec un contréle de norme

0.2.2.1. Probleme et ses reformulations. — On étudie un probléme d’extension de sec-
tions d'un fibré en droites semi-positivement métrisé (.2, ¢) restreint & une sous-variété
fermée. Etant donné un entier n € N, une sous-variété fermée Y de X, et une section t,
de .,%@"]y, on cherche une section globale s, de X dont la restriction & Y s’identifie a t,
et dont la norme sup est controlé en fonction de n et de la norme de t,. L’existence d’une
telle section dont la norme sup «se concentre autour de sous-variété» est trés utile pour
étudier le volume du fibré en droites avec un argument inductive en dimension.

Dans la pratique on s’intéresse & une version asymptotique de ce probléme. Reformulé
en terme de normes construites dans le chapitre 2, le probléme d’extension métrique
de sections restreintes devient un probléme de comparaison entre deux (suites de)

normes ||“[[n,¢xy €t |Illn.g|y; plus précisément, on cherche une majoration de la norme
d’opérateur de l'application d’identité de (Rn(Z[y ), ||lln¢|y) dans (Bn(-Z[v); [“[ln,exy)-
Avec Théoréme 0.2.3, on peut facilement déduire un résultat de l’extension métrique

obtenu dans [24].

Corollaire 0.2.4 (Theorem 3.2.1). — Soit (£, ¢) un fibré en droites muni d’une
métrique semi-positive continue. Pour tout € > 0, et tout ¢, € Rm(.f)qy) il existe N e N
tel que, pour tout n = N, on peut trouver Sy, € Rum (L) avec sum|y =t et

nme
e

[Snmllnme < ) ”tm||zz¢|y-

Notons que dans Corollaire 0.2.4, le seuil N dépend non-seulement des données
géométriques fixés (X, Y, &, ¢) et de la précision d’approximation prescrite €, mais
aussi du choix de la section restreinte t,,. On propose deux méthodes pour améliorer ce
résultat, en affranchissant la dépendance de la section restreinte. La version uniforme de
I’extension métrique de sections restreintes est ’assertion suivante.

Théoréeme 0.2.5 (Theorem 3.3.5). — Soit (£, ¢) un fibré en droites muni d’une
métrique semi-positive continue. Pour tout € > 0, il existe N € N tel que pour tout
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n = N, et tout ¢, € Rn(gx‘y), on peut trouver s, € R,(.Z) avec s,|ly = t, et
HSand) <e"t thHn¢>\y'

Transformons ces inégalités en deux suites de norme en une seule inégalité en deux
normes d’algébre. Si on note ¢(€) la métrique dilatée par e, on peut reformuler cette
version uniforme en termes d’une majoration de norme d’algebre |||, par [[-[lg}y -
De maniére equivalente, on cherche a majorer la norme d’opérateur de 'application identité
de (R.(Zxv ), Il ]y (o) dans (Ru(Zxy)s [[-ll¢x)y ). Cest I'énoncé suivant que I'on vise a
démontrer.

Théoréeme 0.2.6 (Theorem 3.3.5). — Soit (£, ¢) un fibré en droites muni d’une
métrique semi-positive continue, pour tout € > 0, il existe C' > 0 tel que

gy < € - l-llgty (o)-

Notons que |-||4), coincide avec la norme spectrale de ||-[|4 , d’aprés Théoréme 0.2.3.
Ainsi, I'inégalité de cet énoncé peut étre vue comme une majoration d’une norme d’algébre
par sa norme d’algébre spectrale (avec un petit facteur de dilatation). On propose deux
méthodes indépendantes pour établir cette majoration. Toute les deux sont basées es-
sentiellement sur la propriété qu'une norme d’algébre affinoid est majorée par sa norme
d’algebre spectrale (sans facteur de dilatation). Pour obtenir la majoration dans I’énoncé,
on fait lapproximation de notre algébre de Banach R, (Z, ||-ll) par les algebres affinoid,
puis on combine les majorations particuliéres aux normes d’algébre affinoid. Un facteur
de dilatation est introduit dans la majoration pour notre algébre de Banach a cause de
I’approximation.

0.2.2.2. Méthode d’approzimation spectrale. — Cette méthode exploite I’approximation
géométrique du spectre de R.(Z, ||||) par quelques domains affinoids. La majoration est
établie en deux étapes a I'aide de techniques spectrales. On se place dans I’espace ambient
C(Z)*". D’abord on recouvre la partie compacte SDT(}AE.(XXW,QbX‘y)) par un domain
spécial (i.e. une union finie de domains affinoids) W,. On note W, l'algébre structurelle
de fonction analytique et |||, la norme sup sur ce domain, et c’est une algébre de Banach
par rapport a cette norme. On utilise la théorie spectrale du calcul fonctionnel holomorphe

pour construire un homomorphism d’algébres de Banach
We = R.(Zx )y, x|y )-

La continuité de cette homomorphisme implique la majoration de [|-[[4., par [[-[w..
C’est dans cette étape ol intervient essentiellement la convexité holomorphe du spectre
fournie par la semi-positivité du couple (%, ¢). En suite, grace au Théoréme 0.2.3, le
domain spécial W, peut étre construit de telle sorte qu’il soit contenue dans la partie

~

compacte M(R,(Lx|y, ¢ly(€))). L'inclusion spectrale

A~

We = M(R.(Lxy, dly (€)))

implique la majoration de ||-|lw, par ||-[|g|, ). La combinaison de ces deux majoration
implique la majoration désirée.
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0.2.2.3. Méthode d’approxzimation algébrique. — Cette méthode tente de comparer di-
rectement la norme d’algébre de Banach \H‘|H¢le avec une norme d’algébre affinoid.
D’abord on montre que la norme d’algébre |[[-[|4,, est affinoid sous I'hypotheése que ¢
soit elle-méme une métrique Fubini-Study. Avec une hypothése supplémentaire que la
valeur absolue |-| sur k soit discréte, on réussit a calculer explicitement la norme ||-||4
dans le cas ou X est I'espace projective, .Z est le fibré (1), et ¢ est une métrique Fubini-
Study de forme FS(||-||1) pour une norme ultramétrique ||-||; sur R1(¥¢). Dans ce cas
particulier, 'algébre de section est isomorphe & ’algébre symétrique sur ’espace vectoriel
Ri(Z). En exploitant au fond de 'existence d’une base orthogonale non archimédienne
pour (Ri(Z),||-|[1), on montre que la norme d’algebre ||-||4 est une norme de Gauss de
multi-rayons donnée par les normes de cette base orthogonale. Il s’en suit que quand ¢
est une métrique Fubini-Study de forme FS(||-[|1), la norme d’algébre |[-[|4 , est affinoid
pour X, Y générales et .Z trés ample. Par conséquence on a la majoration désirée dans
ce cas. Si on peut généraliser cette propriété d’affinoidité de la norme d’algébre pour .Z
ample et ¢ est une métrique n-iéme Fubini-Study (de forme L FS(||-|,,)), alors on saura
traiter le cas ou la métrique semi-positive ¢ est générale par 'approximation uniforme de
¢ par les métriques n-iéme Fubini-Study pour n grand.

0.2.3. Chapitre 4. — Continuité de la métrique enveloppante

0.2.3.1. Probléme de continuité de la métrique enveloppante. — On étudie une propriété
de régularité de la métrique enveloppante. Comme la métrique P(¢) est une limite
ponctuelle de métriques (Fubini-Study) continues, elle n’est pas nécessairement continue.

Pourtant, la continuité de la métrique enveloppante est trés importante dans I’étude de
certains fonctionnels sur ’espace de toutes les métriques sur .Z, comme par exemple dans
le probléme de la différentiabilité du volume métrique relative. En géométrie complexe, il
est connu que la continuité P(¢) est impliquée par celle de ¢, ce qui est un résultat profond
concernant la régularisation globale de fonction psh [26] (voir aussi [39, Appendix]). Sa
démonstration exploite au fond les techniques L? pour 'opérateur 0.

Pour montrer ce résultat en géométrie non archimédienne, faute d’une structure dif-
férentielle convenable et d’outil d’analyse fine, il est nécessaire de concevoir un nouveau
mécanisme de régularisation pour la métrique enveloppante non archimédienne. Un tel mé-
canisme a été trouvé dans [13] en termes de la notion d’idéale multiplicateur en géométrie
algébrique, et par conséquence la continuité de P(¢) est confirmée sous I'hypothése de
continuité de ¢. Ils considérent 'approximation de la métrique enveloppante par des
métriques provenantes des modeéles entiers pour (X,.Z), suivant I'ancienne definition de
semipositivité; une suite d’idéaux multiplicateur est construite pour capturer le proces-
sus d’approximation; et finalement 1’effet de régularisation de ce processus provient d’une
propriété noetherienne pour cette suite d’idéaux. Quelques hypothéses supplémentaires
sont mises sur le corps valué de base (k, |-|), comme par exemple de caractéristiques égales
nulle, et certaines entre elles sont enlevées dans [17] grace a l'utilisation d’idéale test en
cas de caractéristiques égales positive. Puisqu’ils ont adopté un point de vue «Zariski»
pour cette probléme et utilise essentiellement 'outil de la géométrie algébrique sur les
modéles entiers, certaines hypothéses pour le corps de base sont indispensables dans leurs
approches.
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0.2.3.2. Effet de régularisation: wvoisinage et convexité holomorphe. — On propose
un argument géométrique pour étudier la régularité de P(¢), suivant un point de vue
«Berkovich». Notre approche est purement analytique et donc indépendante de modéles
entiers.

Théoréme 0.2.7 (Theorem 4.3.3). — Supposons que la Speculation 0.2.8 soit vraie.
Si ¢ est continue, alors P(¢) lest aussi.

L’argument est basé sur I’'observation suivante. Rappelons que pour une métrique ¢ qui
est semi-continue supérieurement, on regard son fibre du disc unite dual D" (Z,1) dans
V(Z)* et son image M~ (1)) dans C(£)*". Pour un petit facteur € € R~(, on considére
la partie compacte 9~ (1)) et l'inclusion dans sa dilatation le long de la direction du cone
par un facteur e€

M () = M (Y(e))-

Une description équivalente de la continuité de v est que la dilatation soit un voisinage
de cette partie compacte.

On utilise cette description géométrique comme un critére pour la continuité d’une
métrique. Si ¢ est continue, alors la dilatation 9™ (¢(e€)) est un voisinage de M~ (¢). On
aimerait constater que la dilatation 9%(¢(€)) est un voisinage de M(¢), d’ou la continuité
de P(¢). Notons que par Corollaire 0.2.2, la partie compacte M(¢) (resp. sa dilatation)
est I’enveloppe convexe holomorphe de 9™ (¢) (resp. sa dilatation).

Cet argument indique que 'effet de régularisation provient de la «commutativité» au
sens suivant. Deux opérations géométriques sur une partie compacte doivent commuter
entre elles, une la formation de voisinage et 'autre la formation d’enveloppe convexe holo-
morphe. Dans notre exemple, ces deux opérations doivent relier ™ (¢) et M(¢(e)) dans le
diagram commutative suivant. Les fléches horizontales signifient les opérations d’enveloppe
convex holomorphe et les fléches verticales signifient les opérations de voisinage.

W (5() e M(0())
) U

—~

M (@)~~~ M ()

En géométrie analytique complexe, cette «commutativité» est un théoréme classique due
a Cartan et Thullen. Il constate que un domain dans C™ est un domain d’holomorphie
si et seulement s'il est convexe holomorphe (voir par exemple [25, Theorem 6.11]). Par
analogie, on propose 'assertion suivante en géométrie non archimédienne.

Speculation 0.2.8 (Speculation 4.2.1). — Supposons que (k, |-|) est sphériquement
complet. Soit Z un espace analytique affine qui est normal. Soit K une partie compacte
dans Z, et soit U un voisinage de K. Alors U est un voisinage de K (les enveloppes
convexes holomorphes sont prise dans Z).
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0.3. List of notations

K== go
=

.
/—\@
~—

[R[Ee
llng,x 1y
Il
11,y
HH g,X|Y

R.(Z.9)
R.

(Zx v, bx1y)

a Banach algebra
its Berkovich spectrum

a projective variety
a closed sub-variety
a line bundle over X
its restriction on Y

the space of global sections of £

the space of restricted sections of Z®" on Y
the algebra of sections of %

the algebra of restricted sections of .Z on Y

an ultrametric norm on R, (%)

an ultrametric algebra norm on R,(.%)
the Fubini-Study metric on (Z®")"

the Fubini-Study envelope metric on £

a metric on .Z?"

its dilated metric by a factor of e€

its semipositive envelope metric

the sup norm on R, (.Z) induced by n¢

its quotient norm on R, (ZLx|y)

the sup algebra norm on R, (%) induced by ¢
its quotient algebra norm on R,(ZLx|y)

an affinoid algebra norm on R.(Zx|y) that dominates

¢?X|Y

the Banach algebra of sections of .

its quotient Banach algebra of restricted sections of .Z on Y

the total space of the dual of &
the affine cone of .Z

the morphism of contraction of zero section V() — C(.¥)

the dual unit disc bundle of (.Z, ¢) in V(Z)*"

its image under p*" in C(.¥)*"

the Berkovich spectrum of R.(.Z, ¢) in C(.Z)™

a compact set in some affinoid space Z
its holomorphic convex envelope set in Z

topological interior

p-16
p-17

p-31
p-32
p-31
p-32

p-31
p.32
p-31
p-32

p-36
p-35
p-45
p-46

p-31
p-31
p.31
p47
p-48
p-47
p-48
p-57

p-48
p-48

p-32
p-32
p-32

p-44
p-56
p-56

p-26
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CHAPTER 1

PRELIMINARIES ON FUNCTIONAL ANALYSIS AND
GEOMETRY OVER NON-ARCHIMEDEAN FIELDS

In this section, one recalls some facts in functional analysis of normed vector spaces and
normed algebras over a complete non-Archimedean valued field, following [3], [%], [29] and
[60]. Besides the well-known facts, the results presented in §1.1.2, §1.2.4, §1.3.3 and §1.4
are most important for the thesis.

Throughout the section, one fixes a field k equipped with a non-Archimedean and non-
trivial absolute value |-| and we assume that k equipped with the topology defined by the
absolute value is complete. Denote by k° the valuation ring of (k, |-|), by £°° the maximal
ideal of k°, and by k the residual field k°/k°°. Denote by H(k,|-|) the Q-vector subspace
of R generated by the set of numbers log|k*|. One says that n numbers {pi,...,pn}
of Rog are (k, |-|)-free if the images of {logpi,...,logp,} in the quotient Q-vector space
R/H (k,||) are Q-linearly independent therein.Unless specified, all k-algebras are supposed
to be commutative and unitary (with 0 # 1), and by convention all homomorphism of k-
algebras are supposed to preserve the units.

1.1. Seminormed vector spaces

1.1.1. Basic constructions. — Let V' be a vector space over k. We call a seminorm
on V any map ||-|| : V' — R which satisfies the following conditions:

(1) for any (a,s) € k x V, |las|| = |a] - ||s]|,
(2) (triangle inequality) for any (s,s") e V. x V, ||s + §'|| < ||s]| + [|¢']|-
The couple (V,||]|) is called a seminormed vector space over k. If the following strong
triangle inequality is satisfied
V(s,s) eV xV, s+ s < max{]|s], |s']},

we say that the seminorm ||-|| is ultrametric. If ||s|| > 0 for any non-zero vector s of V,
we say that the seminorm ||-|| is a norm and that (V,||-||) is a normed vector space.

Let (V, ||]||) be a seminormed vector space over k. The seminorm ||-|| induces a topology
on V, a topological basis of which is given by the family of open balls

{fyeV||ly—=z|<r}, zeV,r>0.

Clearly ||-]] : V' — Rs¢ is a continuous map with respect to this topology. Denote by
n(||-||) the inverse image of {0} by ||||. As a consequence of the triangle inequality, n(]|-||)
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is a vector subspace of V. It is moreover closed since |[-|| is continuous, and is called the
null space of ||-]|. Note that there exists a unique norm on V' /n(||-||), the composition of
which with the projection map V' — V /u(||-||) identifies with the seminorm ||-||. We call
this norm the quotient norm induced by the seminorm ||-||.

Let (V,||-]|) be a seminormed vector space over k. Note that if ||-|| is ultrametric, then
the equality

[l + yll = max{[l], [[y]}

holds whenever ||z|| # ||y||-

We say that a seminormed (resp. normed) vector space (V,||-||) is complete, or |-|| is
a complete seminorm (resp. complete norm) on V, if any Cauchy sequence in V with
respect to the seminorm |-|| admits a limit. A complete normed vector space over k is
called a Banach space over k. Any finite-dimensional normed space (V/||-]|) is complete
([16, 1.2.3 Theorem 2|).

Let (V,||-|v) be a seminormed vector space over k. Let V, be the vector space of all
Cauchy sequences in V with respect to ||-||y,. We define a seminorm ||-||. on V, which sends
any Cauchy sequence {v;}ien to lim;_, 1o ||vi|]y. Denote by V. the quotient vector space
Vo/n(||-|le). Then the vector space V, equipped with the norm induced by ||-||. forms a
Banach space over k, called the separated completion of (V, ||-||y). Tautologically it can be
shown that this Banach space is canonically isomorphic to the completion of V /u(||-||v)
equipped with the quotient norm induced by the seminorm ||-||y .

Definition 1.1.1. — Let ||-||; and ||-||2 be seminorms on V. We say that ||-||; and ||-||2
are equivalent if there exist two constants C7 > 0 and Cy > 0 such that Cy-|]1 < ||]|2 <
C2||-[l1. Note that this condition holds if and only if the seminorms ||-||; and ||-||2 induce
the same topology on the vector space V' (|16, Corollaire 1.3.3.1])(note that the absolute
value || is supposed to be non-trivial).

Definition 1.1.2. — Let (V,]|-]|) be a seminormed vector space over k. If W is a vector
subspace of V', then map (z € W) — ||z|| defines a seminorm on W, called the restriction
of ||-]| on W. If @ is a quotient vector space of V and 7 : V' — @ is the quotient map,
then the map (¢ € Q) — inf,er—1((g) |7 defines a seminorm on @, called the quotient of

]l on Q.

Definition 1.1.3. — Let (V,||-||v) and (W, ||-||w) be seminormed vector spaces over k,
and f: V — W be a k-linear map. We say that f is bounded if there exists a constant
C > 0 such that ||f(x)||lw < C|z||v for any z € V. Note that this condition holds if
and only if f is continuous with respect to the topologies on V and W induced by the
seminorms ||-||y and ||-||w respectively. If on the image of f, the quotient norm of |||y is
equivalent to the subspace norm of [|-|ly7, then f is said to be admissible.

We recall below several fundamental results in functional analysis and refer to |10,
Theorem 1.3.3.1, Corollary 1.3.3.1, 1.3.3.2, 1.3.3.5] for more details.

Theorem 1.1.4. — Let (V,||-|lv) and (W, ||-|lw) be Banach spaces over k, and f:V —
W be a k-linear map. Suppose that the absolute value |-| on k is non-trivial. Then
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(1) The k-linear map f is bounded if and only if its graph in V' x W is closed under the
product topology.

(2) Assume that f is bounded and surjective, then f is an open map. In particular, the
quotient norm of ||-||y; on W is equivalent to |[|-||w .

Theorem 1.1.5. — Let V be a vector space over k and |[|-||; and ||-||2 be complete norms
on V. Suppose that the absolute value |-| on k is non-trivial. If there exists C' > 0 such
that ||-||2 < CJ|-]]1, then the norms |[|-||; and [|-||2 are equivalent.

Using this norm equivalence theorem for Banach spaces over k, we have immediately
the following.

Corollary 1.1.6. — Let (V. |-||v) and (W, ||-|[w) be Banach spaces over k, and f: V —
W be a bounded k-linear map with closed image. Then f is admissible.

Definition 1.1.7. — Let (V,]|-||) be a finite-dimensional normed vector space. The dual
norm of ||-||¥ on the dual vector space V'V := Homy(V, k) is defined by

vee vy, g = sup 1A
vevvioyp [Vl

Remark 1.1.8. — The norm |||V is ultrametric, and ||-||¥Y = ||-|| if and only if [|-]| is
ultrametric. ([24, Section 2.2.3])

Definition 1.1.9. — Let (V,]|-||) be a normed vector space. Let (k,]-|") be a complete
valued field extension of (k,|-|). Set Vi to be V ® k', which can be identified with
Homy (Homy (V, k), k). The norm

é 1 AV
V?}l € Vk/, ||’U/Hk/ = Sup {W, le VV\{O}}

defined via this identification is called the scalar extension of |-

Remark 1.1.10. — If ||| is ultrametric, then ||-||x is the largest ultrametric norm on
Vi extending ||-]|. (|24, Definition 2.4])

Lemma 1.1.11. — Let f : V — W be a surjective k-linear map of finite-dimensional
vector spaces, with dim;W = 1. Let ||-|[y be a norm on V' and let ||-|[w be its quotient
norm by f. Then the norm ||-||yx identifies with the quotient norm of |||y induced by
the surjective k’-linear map f ®idy : Vir — Wy. (|21, Lemma 2.5])

1.1.2. Orthogonal basis. —

Definition 1.1.12. — Let (V,||||) be a finite-dimensional normed vector space over k.
A basis {e;}ic(1,...ny of V is called orthogonal (with respect to ||-||) if

V(er,..yer) € KT, H Z cie;
i€{l,...,n}

= maX C;€51|-
emax | Jleied|
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Moreover, it is said to be orthonormal if in addition ||e;|| = 1 for all ¢ € {1,...,n}. A basis
{€i}ieq1,...ny of V is called p-orthogonal (for some p € Rx1) if

V(Cl,...,Cr,-) € knv P H Z Ci€;

> max |[lcie|
€

ie{1,...n}

Lemma 1.1.13. — Let (V,||-||) be a finite-dimensional ultrametrically normed vector
space over k. If {v;}icq1,. ny is a finite set of elements of V' such that {||vi[/}ieq1,..n) are
distinct in Ry. Then ||Zi€{17__7n} vi|l = maxeq, .y llvill-

Proof. — If n = 2, this is clear from the ultrametric inequality. The general case then
follows by induction on n. O
Corollary 1.1.14. — Let (V,||-|[v) be a finite-dimensional ultrametrically normed vector
space over k. Suppose that (k, |-|) is discretely valued. If {e;}ie(1,... ny is @ basis of V' such

that {||e;]|}ieq1,... ny are (k, |-[)-free, then {e;};c(1, . ny is an orthogonal basis.

Proof. — For any f = (f1,..., fn) € (k*)", the numbers {|fi] - |le] }ieq1,... .} are distinct,
otherwise there exist i,7 € {1,...,n},i # j such that

fi «
log|lei|| — log]le;]| = log}?\ € log| k™|
J

which contradicts the assumption of their Q-freeness for (k,|-|). Hence by Lemma 1.1.13
H Z fieiH = Olg%lllfi e
i€{l,...,n}
O

Definition 1.1.15. — A valued field (k,|-|) is said to be spherically complete, if the
intersection of every decreasing sequence of balls B(\,,7,) = {A € k, |\ — A\, < rp} is
non-empty.

Proposition 1.1.16. — Let (V,||-]ly) be a finite-dimensional ultrametrically normed
vector space over k. If || is non-trivial and (k, |-|) is spherically complete, then (V, ||-||v)
admits an orthogonal basis (|2, Proposition 2.4.4.2]).

Proposition 1.1.17. — Let (V,||-|[v) be a finite-dimensional ultrametrically normed
vector space over k. If |-| is non-trivial, then for any p € R>q, (V,||-|lv) admits a p-
orthogonal basis (|3, Proposition 2.6.1.1]).

1.2. Banach algebra

1.2.1. Basic constructions. —

Definition 1.2.1. — Let A be a k-algebra (the unit of which is denoted by 1) and ||-|
be a seminorm on A (viewed as a vector space over k).

(1) The seminorm ||-|| is said to be sub-multiplicative if for any (a,b) € A x A one has
labll < flall - [[o]-

(2) The seminorm ||-|| is called power-multiplicative if ||a™|| = ||a|"™ for any a € A and

any n € N\{0}.
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(3) The seminorm ||-|| is called multiplicative if ||ab|| = ||a|| - ||b]| for any (a,b) € A?.

A k-algebra seminorm (resp. k-algebra norm) on A is defined to be a sub-multiplicative
seminorm (resp. sub-multiplicative norm) ||| on A such that ||1|| = 1. We denote by |||
an algebra seminorm. Any k-algebra equipped with a complete k-algebra norm is called
a Banach k-algebra.

We use letters in calligraphic style to denote Banach algebras and Banach modules
(defined below) and use the same letters in literary style to denote the underlying k-
algebra or the underlying module of a k-algebra. For example, a Banach k-algebra (A, ||-[|)
is denoted by A. If A’ is a sub-k-algebra of A, then the restriction of [[-|| on A’ is a k-
algebra norm. If this norm is complete, we say that A’ (A’ equipped with the restricted
norm) is a Banach k-sub-algebra of 4. Similarly, if @ is a quotient k-algebra of A, then
the quotient of the norm |[-|| on @ is a sub-multiplicative seminorm. If it is a complete
norm, we say that Q (@ equipped with the quotient norm) is a Banach quotient k-algebra
of A.

Example 1.2.2. — Let A be a Banach k-algebra. The Tate k-Banach algebra over A
of multiradius r = (r1,...,7,) € (Rsg)V is defined as the following algebra over k (for
J=(j1,---,Jn) € N* we denote Hie{l,...,n} 77" by TV and Hie{l,...,n} ! by r7)

(Y )T, aje Aand lim [las]|-r’ = 0}
|J|—00
JeNm

with a complete k-algebra norm defined by

I 2, T llzygey = supllesll-+”
JeN”
This Banach algebra is denoted by A{ry 1T1, RV 1Tn}, and is called an Tate A-algebra
of multiradius r.

Definition 1.2.3. — Let Ay, As be two Banach k-algebras, and ¢ : A7 — Ay be a
homomorphism of k-algebras. We say that ¢ is a homomorphism of Banach k-algebras if
it is bounded as a k-linear map. A homomorphism of Banach k-algebra ¢ is often denoted
by ¢ : A1 — As. A homomorphism of Banach k-algebra ¢ is called an isomorphism of
Banach k-algebras if there exists a homomorphism of Banach k-algebras ¢ : Ay — A;
such that ¢ o1 = Id4, and ¥ o ¢ = Id4,. Note that we only require ¢ to be a topological
homeomorphism but not necessarily an isometry.

1.2.2. Spectrum. — Let A = (A, ||||) be a Banach k-algebra. Let ||-||" be a k-algebra
seminorm on A. One says that ||-||" is bounded (with respect to A) if there exists C > 0
such that ||-[|” < C||-||- Its null-space is a closed ideal I of A; the quotient k-algebra norm
of [[-]|" on the quotient k-algebra A/I is bounded with respect to the quotient k-algebra
norm of [|-|| ([3, Remark 1.2.2.i]).

Definition 1.2.4. — Let A be a k-Banach algebra. The Berkovich spectrum OM(A) is
the following topological space. As a set, M(A) is defined as the set of all multiplicative
seminorms on A which are bounded with respect to A. If z is an element of M(A), we
use the notation ||, to denote the corresponding seminorm on A. For any element f of

A, we denote by |f| : M(A) — Rsp the function which sends z € M(A) to |f|.. We
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equip the set M(A) with the Berkovich topology, namely the most coarse topology which
makes all functions |f| continuous, where f € A. For any subset V of 9t(A), we denote
by Int’(V) the topological interior of V. This topological interior is to be compared with
the notion of interior of an affinoid subdomain in an affinoid domain, where the notation
Int is adpoted (see [3, Definition 2.5.7]).

Remark 1.2.5. — A basis of the Berkovich topology is given by basic open sets, which
are sets of the form

U(fip,q) :={zeMA) :p < |fl: <q}
indexed by (p,q) € R? and f € A. A general open set is thus a union of finite intersections
of basic open sets.

Proposition 1.2.6. — Let A be a k-Banach algebra. Then 9t(.A) is a non-empty com-
pact Hausdorff topological space. (|3, Theorem 1.2.1])

For any point z € M(A), let p, be the closed ideal n(]-|,) of A, which is a prime ideal.
The residual field at z is defined to be the fraction field of A/p,, denoted by k(z). The
quotient ring A/p. is equipped with a quotient norm of ||, which is still multiplicative and
hence induces an absolute value on x(z) extending |-| on k, which we also denote by ||, by
abuse of notation. The completed residual field at z is defined to be the completion of x(z)
with respect to this quotient norm ||, denoted as %(z). The canonical homomorphism

of k-algebras from A to (k(z),[:|.) is denoted by x,. It is a homomorphism of Banach
k-algebras.

Proposition 1.2.7. — The set of points of M(A) is in canonical bijection with the set
of pairs (p, |-|") where p € Spec(A) and |-|" is an absolute value on the residue field at p,
which is bounded from above by the quotient algebra norm induced by x : A — A/p on

A/p.

Proof. — A point z of M(.A) corresponds to such a pair (k(z), |-|,). Conversely, for such a
pair (p, |-|"), the seminorm on A given by the composition |x(-)|" is obviously multiplicative

and bounded from above by ||-||. These canonical maps are inverse to each other. O

Definition 1.2.8. — Let A be a Banach k-algebra. For any f € A, the Gelfand transform
of f is defined as the element f := (f(2)).em4) in

[] #).
2eM(A)

Proposition 1.2.9. — Let A be a Banach k-algebra. An element f € A is invertible if
and only if f(z) # 0 for any z € M(A) (|3, Corollary 1.2.4]).

1.2.3. Continuous map. —

Definition 1.2.10. — Let ¢ : A1 — As be a homomorphism of Banach k-algebras. One
denotes by ¢* : M(Az) — M(A;) the map sending any element z € M(Az) to the point
corresponding to the seminorm |¢(+)|,, called the map associated with the homomorphism
of k-Banach algebras ¢. The map ¢* is continuous (see [3, Remark 1.2.2 (iii)]).
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Proposition 1.2.11. — If ¢ : A1 — As is a homomorphism of Banach k-algebras with
dense image, then ¢* is an injective map whose image is closed.

Proof. — The map ¢* is injective, since for any two points z; and zo in 9%(Az2) whose
image under ¢* are the same, the restriction of |-|; and |-|2 on the image of ¢ are equal,
hence the two multiplicative seminorms on A4; |x1(-)|1 and |x2()|2 are equal by the density
of image.

Let z € M(A;) which is not in the image of ¢*, then ker(¢) & p,; otherwise the character
Aj/ker(¢) — k(z) extends to a character Ay — &(z) by the density of image of ¢, which
contradicts z ¢ Im(¢*). Now there exists f € ker(¢)\p., so |f|. # 0. For small enough
e > 0, the basic open set U(f;|f|. —€,|f]- +€) < M(A;) is a neighbourhood of z which
is not contained in the image of ¢*. So the image of ¢* is a closed subset in M(A;). O

1.2.4. Spectral seminorm. —

Definition 1.2.12. — Let A be a k-algebra and ||-|| be a k-algebra seminorm on A. We
define a map ||-||sp : A — Rxg by

. il
Vi A Il = lim 1.

Note that ||-||sp is a k-algebra seminorm on A. In particular, the triangle inequality
for ||-||sp follows from the sub-multiplicativity of ||-[|. We call ||-||sp the spectral algebra
seminorm of ||-||. In general, ||-||sp is only a seminorm even if ||-|| is a norm.

Remark 1.2.13. — The existence of limit is guaranteed by the (multiplicative) Fekete
lemma for the sub-multiplicative sequence {||f™||}nen. The spectral seminorm is sub-
multiplicative, and is bounded from above by the original seminorm ||-||. Moreover, it is
power-multiplicative by construction.

Proposition 1.2.14. — Let A be a k-Banach algebra. For any f € A, one has (|3,
Theorem 1.3.1])

11l = o, 1),

Definition 1.2.15. — Let A = (A,||-]|) be a Banach k-algebra. The radical of A is
defined as the null-space of its spectral seminorm ||-||sp, denoted by rad(.A) or by rad(||||).
Note that

rad(A) = {f € A, nl_i)Iiloo =0}

A Banach k-algebra with radical equal to {0} is said to be semi-simple. Elements in the
radical are said to be quasi-nilpotent (or topological nilpotent).

Remark 1.2.16. — The radical of A contains the nil-radical of A; in other words,
nilpotent elements are quasi-nilpotent. If A is semi-simple, then A is reduced. The
converse may not be true.

Let A = (A, ||-||) be a k-Banach algebra. The spectral seminorm ||-||s, defines a quotient
norm on the quotient k-algebra A/rad(.A), which is still denoted by ||-||sp. The quotient
norm ||-||sp is bounded from above by the quotient norm of ||-||. The uniformization A"
of A is defined to be the Banach k-algebra of separated completion of (A/rad(A), ||-||sp)-
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Conversely, if [|-[| is a power-multiplicative Banach algebra norm on A with radical {0},
then it is said to be uniform.

Obviously, ||-[|sp is bounded from above by ||-[|. It is important to note that in general
|-/ may not be bounded from above by ||-||sp. In other words, ||-||sp may not be com-
plete on A/rad(A), hence the two norms may not be equivalent on this reduced algebra.
(One says that A is a Banach function algebra if the two norms are indeed equivalent |3,
Definition 3.8.3.1].) In general, one still has the following statement

Proposition 1.2.17. — 9M(A) is canonically homeomorphic to MM(A*). ([3, Corollary
1.3.3, 1.3.4])

1.2.5. Banach module. — One can also consider seminorms on modules over Banach
algebra. Let A be a Banach k-algebra. A (semi)normed A-module is defined to be an
A-module M with a (semi)norm ||| such that (M,||-||) is a (semi)normed vector space
over k (denoted by M), and that the multiplication is bounded, in the sense that there
exists C' > 0 such that

Vae A, Vme M, |[la-m| <Cllal| - [lm]

One calls a Banach A-module a normed A-module (M, ||-|]]) whose norm is complete.

Let My = (My,]|-]1), M2 = (Ma,||-||l2) be Banach A-modules and ¢ : My — My
be a homomorphism of A-modules. It is called bounded if there exists C' > 0 such that
lo(m1)]l2 < Cllmq]|y for any my € Mi. In this case ¢ is said to be a homomorphism of
Banach A-modules, and is denoted by ¢ : M; — M. In addition, the homomorphism
¢ of Banach A-modules is called admissible if it is admissible as linear map between
normed-vector spaces over k (see Definition 1.1.3).

Definition 1.2.18. — Let M be a Banach A-module. It is called a Banach finite A-
module if there exists [ € N, and a surjective homomorphism of Banach A-modules A9 —
M where A% is the Banach A-module corresponding to the A-module A®' equipped
with the norm (a1, ...,q;) — max||a;||. (Note that such a homomorphism is necessarily
admissible.)

Proposition 1.2.19. — Let A be a Banach k-algebra and M be a Banach A-module.
If A is Noetherian as a k-algebra and M is finitely generated as A-module, then any
A-sub-module of M is closed, and M is a Banach finite A-module. (|29, Lemma 1.2.3]

Definition 1.2.20. — Let ¢ : A1 — Az be a homomorphism between Banach k-algebras.
It is said to be Banach finite if A5 is a Banach finite Aj-module. In this case Aj is called
a Banach finite A;-algebra.

Remark 1.2.21. — Suppose that the absolute value |-| on k is non-trivial. If a k-Banach
algebra homomorphism ¢ is finite as homomorphism of k-algebra, and A; is Noetherian,
then ¢ is automatically Banach finite: there is a surjective A;-module homomorphism
p A?n — Aj, by Proposition 1.2.19 ker(p) is closed. Then p is continuous hence is
admissible by Corollary 1.1.5. So As is a Banach finite A;-module.
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1.3. Affinoid algebras

Affinoid algebras are a special kind of k-Banach algebras possessing good finiteness
properties. These features allows one to endow a locally ringed space structure on their
Berkovich spectra, namely the affinoid spaces. As a consequence, the Banach algebra
norm of an affinoid algebra is equivalent to its spectral seminorm whenever the later is
actually a norm.

1.3.1. Basic constructions. — Affinoid algebras are k-Banach algebras that are quo-
tient algebras of Tate algebras. Among them are strict affinoid algebras which have good
finiteness properties such as Noetherianity. Some good properties pass to general affinoid
algebra by a technique enlarging the base valued field which makes the affinoid algebra
strict.

Definition 1.3.1. — For a multi-radius r = (r1,...,r,) € R", the algebra
o0
E{ri Ty, e Ty = {f = Z a;T’ :ayek, |aslr! — 0as|J| — o}
JeNn
is called the Tate algebra over k with multi-radius r. Denote it by 7, (r). It is a k-Banach
algebra with respect to the Gauss norm of multi-radius r defined by

17117, vy = max]a|r
If 7 is of the form (1,...,1), the corresponding Tate algebra 7, (r) is also denoted by 7,,.

Remark 1.3.2. — This Gauss norm is obviously sub-multiplicative. It is in fact multi-
plicative by an argument as in the proof of Gauss Lemma.

Definition 1.3.3. — A k-Banach algebra A is called an affinoid algebra if there exists an
admissible surjective homomorphism from some Tate algebra k{r~'T} to .A. The Banach
algebra norm on an affinoid algebra A is called an affinoid algebra norm. If one can take
r with r; = 1 for all i € {1,...,n}, then A is called a strict affinoid algebra.

Remark 1.3.4. — An affinoid algebra norm and the quotient algebra norm of Gauss
algebra norm by the defining admissible surjective homomorphism are just equivalent (see
Theorem 1.1.4) but not necessarily equal.

Example 1.3.5. — The quotient Banach algebra of an affinoid algebra is an affinoid
algebra.

Proposition 1.3.6. — Suppose that the absolute value |-| on k is non-trivial. Let C be
a k-Banach algebra which is finite over an affinoid algebra A, then C itself is an affinoid
algebra. (|8, Proposition 6.1.1.5])

Proposition 1.3.7. — Let B be a Banach k-algebra with its Banach algebra norm ||-||.
Suppose that there exists a finitely generated k-algebra B which is dense in B, then there
exists an affinoid algebra norm ||-|| on B such that ||-[|¢ = ||-||.
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Proof. — Let {bi}ie{l,...,m} be any set of generators of B, and write B as a quotient of
E[Ty,...,Ty] by the homomorphism
K[T1,...., T — B, T;— b
For any multi-index J € N™ denote by b’ the monomial [Lieqr, . my (bi Yi. For each i €
{1,...,m}, denote ||b;|| by r; and denote the multi-radius consistlng of {ri}ic(1,..my by T
Consider the Tate algebra norm ||-||7; on k[T, ..., )], by the ultra-metricity of ||-|| and
the definition of r, one has
VIeN"Vfrek [l Y fr-0ls< Il D) f1b Il
JeNm JeNm

One can take [|-[|© as the quotient norm of the restriction of ||-||7. on k[TY,...,Tm] to
B. U

To make an affinoid algebra strict, one can enlarge the base field.

Lemma 1.3.8. — Letr = (r1,...,7,) be a multi-radius such {r;};eq1,.. oy are (, |-|)-free.
Then the k-affinoid algebra

Ky = k{ir ' T,oT7 '} = k{r T v8}/(T1S) — 1,...,T,S, — 1)
is a field. (|3, Definition 2.1.1])

Lemma 1.3.9. — Let T,,(r) be a k-Tate alegbra. It is strict if and only if r; € /|k>| for
all 4. (|3, Corollary 2.1.6])

Corollary 1.3.10. — Let T,(r) be a k-Tate algebra. Let I < {1,...,n} be a subset of
indices such that {r;},c; are (k, |-|)-free and |I| is maximal for this independence property.
Let r7 = (riy,...,7i,), then Ky ®T,(r) is a strict K,,-Tate algebra.

Corollary 1.3.11. — For any k-affinoid algebra A, there exists a multi-radius r; =
(r;)ier such that {r;};cr are (k,|-|)-free and Kr,@kA is a K, -strict affinoid algebra. ([3,
Proposition 2.1.2])

1.3.2. Algebraic structures: Noetherianity. — Let A be a Banach k-algebra, one
denotes by A° the k°- < 1}, and by A°° the ideal of A° consti-
/A% is called the reduction of A. It
can be shown that 7,, is 1somorphlc to k[Tl, ..., Ty]. (|8, Proposition 5.1.2.2])

Definition 1.3.12. — An element f € T, with || f||7, = 1 is said to be regular in z,
of degree d if its reduction f = A(zn)? + Y cicqq Ci(22)4" in T, where A € k* and
C; € k[zl, e zn_l].

Proposition 1.3.13 (Weierstrass division). — Let 7, be the k-Tate algebra of mul-
tiradius (1,...,1), then
(1) Let f € T, be an distinguished element in z, of degree d, and g € 7T,, be any element.
Then there exists unique r € T,—1[z,] of degree less than d in z, and g € 7, such
that g = ¢ - f +r. Moreover [|g[|7, = max{||q||7,. lI[|7.}
(2) Let f € T, with || f||7;, = 1. Then there exists a k-algebra automorphism 7 of 7,
such that 7(f) is regular in z,.
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([8, Theorem 5.2.1.2], [29, Theorem 3.1.1])

Proposition 1.3.14. — The Tate algebra 7T, is Noetherian. All of its ideals are closed.
(I3, Theorem 5.2.6.1, Corollary 5.2.7.2], |29, Theorem 3.2.1])

Corollary 1.3.15. — Any affinoid algebra is Noetherian. All of its ideals are closed (|3,
Propositon 2.1.3]).

Proposition 1.3.16 (Noether normalization). — For strict affinoid algebra A, there
exists an injective and admissible Banach algebra homomorphism 7; — A for some d > 0,
which endows A with a structure of finite algebra over 7;. Moreover, d equals the Krull
dimension of A. (|8, Theorem 6.1.2.1], [29, Theorem 3.2.1])

Corollary 1.3.17. — Let m be a maximal ideal of strict affinoid algebra A, then A/m
is a finite extension of k.

Proposition 1.3.18. — Let v : T3 — B be an integral torsion-free homomorphism of
Banach algebras. Then for each b € B, one has

y
ellsp = max [laill s

where P(T) = T" + a1 X" ' + - - + a5 € A[T] is the minimal polynomial of b over 7. (|3,
Proposition 3.8.2.5])

Corollary 1.3.19. — Let v : A — B be an integral homomorphism of affinoid algebras.
Then the same formula holds as in this Proposition. (|3, Proposition 6.2.2.4])

1.3.3. Topological structures: the spectral norm. — The Gauss norm on Tate
algebra is equal to its spectral norm. For a general strict redueced affinoid algebra, the
Banach algebra norm is equivalent to its spectral seminorm, thanks to the compatibility
of Banach algebra norms with algebraic structures.

One studies the spectral norm of the Tate algebra case by direct calculation. For any
affinoid algebra A, the maximal spectrum, denoted by Max(.A) is the topological subspace
of M(A) consisting of points corresponding to maximal ideals. The sup norm on this
subspace is denoted by ||| 4.spm

Proposition 1.3.20. — For any f € T,, there exists z € Max(7,) such that |f|. = ||f||7,
(|8, Proposition 5.1.4.3]). On 7, the three norms are equal: ||-[|7. = [|-ll7..sp = 7 spMm-

One then uses Noether normalization to investigate the spectral seminorm of general
affinoid algebra.

Proposition 1.3.21. — Let A be a reduced strict affinoid algebra. Then its spectral
norm ||| 4,sp is a complete norm on A. It is equivalent to the Banach algebra norm ||| 4.
([29, Theorem 3.4.9], [3, Theorem 6.2.4.1])

Corollary 1.3.22. — Let A be a reduced general affinoid algebra. Then there exists
C > 0 such that ||f|| < C||f||sp for all f € A. In particular, ||-||sp is complete on A , and
is equivalent to |[|-||. (|3, Proposition 2.1.4.ii|)
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1.3.4. Affinoid space as locally ringed space. — The Berkovich spectrum of affinoid
algebras are called affinoid spaces. It is possible to put locally ringed space structures
on them. The construction of structural sheaf goes first with a Grothendieck topology
generated by closed compact subsets of affinoid domains, then passes to the canonical
topology by a limit process approximating an open set by these compact sets.

1.3.4.1. Affinoid domains and structural algebra. —

Definition 1.3.23. — Let A be an affinoid algebra. An affinoid domain is a closed
subset V' of 9M(A), which is homeomorphic to (t1/)*(9M(Ay)) for some affinoid algebra Ay
and Banach algebra homomorphism ¢y : A — Ay, and satisfies the universal mapping
property: for any Banach algebra homomorphism ¢ : A — C between affinoid algebras
with ¢*(9(C)) < V, there exists a unique Banach algebra homomorphism 1 : Ay — C

with ¢ = ¥ o 1y

Proposition 1.3.24. — Let V be an affinoid domain in Mt(.A). Then V' is homeomorphic
to M(Ay ). Moreover Ay is a flat A-algebra. (|3, Proposition 2.2.4])

Proposition 1.3.25. — Let V be an affinoid domain in 9(.A), and let W be an affinoid
domain in V. Then W is an affinoid domain in 90t(.A).

Example 1.3.26. — Given f = (f1,..., fm) and g = (g1,-..,9n) tuples of elements of
A p=(p1,-..,pm) € Rsp)™ and q = (q1,...,qn) € (R=0)", the closed subset

V=MA)p " fagh) = {z e MA), |fil: < pi lgjl- = ¢}
is an affinoid domain. The corresponding homomorphism of affinoid algebras is
A — AV = A{pl_lTh oo ap;lema QISL v 7ann}/(E - f’ngij - 1)

Such domains are called Laurent domains. If n = 0, they are called Weierstrass domains.

Example 1.3.27. — Given f1,..., fm,g € A without common zero in M(A), and p =
(P15, Pm) € (Rs0)™, the closed subset

V= Dﬁ(A)(plg) = {z € M(A), | fil= < pilgl:}

is an affinoid domain with its affinoid algebra given by

AV = A{pl_lTh ce ap;-LITm}/(gT’Z - fz)

V is called a rational domain.

Proposition 1.3.28. — A finite intersection of affinoid domains is an affinoid domain.
([3, Remark 2.2.2.iv|)

Corollary 1.3.29. — Any point z € M (A) has a fundamental system of (closed) neigh-
bourhoods consisting of affinoid domains. ([3, Proposition 2.2.3])
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1.3.4.2. Special domains and acyclicity of structural presheaf. —

Definition 1.3.30. — The union of any finite family of affinoid domains in 9(A) is
called a special domain in IM(A).

Definition 1.3.31. — The Grothendieck topology on MM (A) is the one with special do-
mains as admissible open sets and finite coverings of special domain as admissible cover-
ings. One denotes by 9MM(A)g the space equipped with this G-topology.

Remark 1.3.32. — Indeed, by Proposition 1.3.28 and Proposition 1.3.25, the admissible
coverings defined here verifies the required axioms.

Definition 1.3.33. — Let U be an admissible covering of 9t(A) by affinoid domains
{Vi}ier, where I is a finite set. Then for a Banach finite .A-module M, the Cech complex
of M with respect to V; is defined to be the complex of Banach A-modules, equipped with
the usual Cech differentials

CMO):0-MD T My [ Mi B M= R, ARM

Jel | J|=1 JeI | J|=2

dl:HaJ’—) H by, by = Z (—1)aylv;

|J|=l || =1+1 i€, J'=Ju{i}

The exactness of the complex C*(M, ) allows for a standard construction of a struc-
tural sheaf on M(A)g.

Theorem 1.3.34. — Let A be a strict affinoid algebra and U an admissible covering by
strict affinoid domains for M (A). Then the differentials d; have closed images and the
complex C*(A,) is exact. (|3, Proposition 8.2.2.5|)

Corollary 1.3.35. — For general affinoid domain 9t(A) with general affinoid domains
covering U, the complex C*(A, D) is exact where the differentials have closed images. So
is C*(M, D) for any finite Banach .A-module M. (|3, Proposition 2.2.5]).

Definition 1.3.36. — Let V be any special domain in 9(A). Fix a way of writing V'
as (J,e; Vi where I is a finite set and V; = 9 (Ay;) are affinoid algebras, one associated to
V the k-algebra
Ay = ker(H Ay, — H Av,av;),
iel i€l

which is a Banach algebra equipped with the sup norm on V. The structural pre-sheaf
of affinoid algebras Opy 4, on M(A)c (with respect to the G-topology) is the one
assigning V' the k-Banach algebra Ay . It is a sheaf thanks to Corollary 1.3.35.

Remark 1.3.37. — The k-Banach algebra Oy 4, (V') does not depend on the way of
being a union of affinoid domains.

Definition 1.3.38. — For any open subset U of MM (A), let Ooy(4) be the pre-sheaf of
k-algebras (with respect to the canonical topology) which assigns U the limit

Oy (U) = lim Av

VcU,V special domain
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It is also a sheaf thanks to the compactness of special domains under canonical topology.
This is called the structural sheaf of M(A).

Proposition 1.3.839. — Oy is a sheaf of local rings. The topological space 9M(A)
has a structure of locally ringed space given by the sheaf Ogy(4). ([3, Section 2.3])

1.3.4.3. Change of base valued field. — Let A be a k-affinoid algebra and X be the
affinoid space 9M(A). Let (K, |-|") be a ultrametric valued field extension of (k, |-|). Denote
by A’ the k’-affinoid algebra A®k’, it has also a structure of k-Banach algebra. Denote
by i A — A’ the canonical homomorphism of k-Banach algebras.

Definition 1.3.40. — The base valued field change of the affinoid space X is the k’-
affinoid space M(A"), denoted by X’. The base change map is defined as canonical homo-
morphism of topological spaces X’ — X induced by iy Jk is denote by 7y .

Proposition 1.3.41. — The map 7, is surjective.

Proof. — The inverse image of z € X is the image of M(R(z)®.A) in X', which is a
non-empty subset by Proposition 1.2.6. O

1.4. Spectral calculus

Gelfand-Shilov theory allows one to do multi-variable spectral calculus for (commuta-
tive) Banach algebras over C. In particular, one can localize a homomorphism between
Banach algebras onto a neighbourhood of its spectrum. Similar theory, as developed in
[3, Chapter 7|, exists in the non-Archimedean base field setting.

1.4.1. Holomorphic convex envelope. — The holomorphic convexity of spectrum of
a homomorphism of Banach k-algebra depends on the denseness of its image. In case
where the spectrum of a homomorphism is not holomorphic convex, one can add variables
to the source algebra so that spectrum of extended homomorphism is holomorphically
convex.

Definition 1.4.1. — Let A and B be Banach k-algebras, and ¢ : A — B be a homo-
morphism of Banach algebras. We call spectrum of homomorphism ¢ and we denote by
Y4 the image of M(B) in M(A) under ¢*.

Definition 1.4.2. — Let A be a Banach k-algebra. Let K be a compact subset of Dt(.A).
The holomorphic conver envelope of K in 9 (A) is defined as the subset

K = {z e M(A) | Vf € A |f]: < sup|f|./}
z'eK
The subset K is said to be holomorphically convex if K =K.

Lemma 1.4.3. — The intersection of all Weierstrass neighbourhoods of K in M(A)
coincide with K. (|3, Proposition 2.6.1])
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Proposition 1.4.4. — Let A be a k-affinoid algebra, B be a Banach k-algebra. Let
¢ : A — B be a homomorphism of Banach k-algebras. Let B’ be the closed sub-algebra
generated by the image of ¢ of A in B and let ¢ : A — B’ be the restricted homomorphism.
Then Z/]; =Yg . (|3, Proposition 7.3.1])

Corollary 1.4.5. — Let ¢ : A — B be a homomorphism of Banach algebras from an
affinoid algebra to a Banach algebra with dense image. Then ¥ is holomorphically convex.

One has the following analogue of Arens-Calderon theorem, which holomorphically con-
vexifies the spectrum of a homomorphism of Banach k-algebras by adding variables on the
source algebra.

Proposition 1.4.6. — Let A be a k-affinoid algebra, B be a Banach k-algebra. Let
¢ : A — B be a homomorphism of Banach k-algebras. Then for any open neighbourhood
U in M(A) of the spectrum ¥y, there exists a homomorphism of Banach algebras extending

¢
ot Al = AT T, T — B

such that pr(i;) c U, where pr : M(AT) — 9M(A) is the canonical map of projection.
([3, Proposition 7.3.3|)

1.4.2. Holomorphic functional calculus. — It is easy to localize the homomorphism
to holomorphic convex neighbourhood of its spectrum. For a spectrum of homomorphism
which is not holomorphically convex, one uses Proposition 1.4.6 to localize the homomor-
phism to any neighbourhood of it.

Lemma 1.4.7. — Let ¢ : A — B be a Banach algebra homomorphism from an affinoid
algebra A to a Banach algebra B. Then for any Laurent domain neighbourhood V' of
Y4, ¢ extends to a unique Banach algebra homomorphism ¢y : Ay — B. ([3, Corollary
2.5.16])

Theorem 1.4.8. — Let ¢ : A — B be a homomorphism of Banach algebras from an
affinoid algebra to a Banach algebra. Let V' < 9M(A) be any special domain containing
4. Then there exists a Banach algebra homomorphism

O : T(V, Oa(a)) — B

satisfying ¢ = 04 o vy, where 1y : A — Ay = T'(V, Oyp(y)) is the Banach algebra homo-
morphism corresponding to the inclusion V' < 9M(A). (|3, Theorem 7.3.2])

1.5. Analytification of scheme of finite type

There is a construction of Berkovich spectrum for a k-algebra similar to the one for
k-Banach algebra, giving rise to analytification of k-schemes of locally finite type, as
developped in |3, Section 3.4].
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1.5.1. Local situation. — For affine varieties, the topological space of its analytifica-
tion is defined in the same way as the spectrum of Banach algebra, except that bound-
edness requirement of seminorms are dropped. They enjoy similar basic properties as the
spectrum of Banach algebra. Proofs are of same spirit hence are omitted.

Definition 1.5.1. — Let Z = Spec(Az) be an affine k-scheme of finite type, where Az
is a k-algebra of finite type. Its Berkovich analytification Z%* is the topological space
constituting of all multiplicative seminorms |-|, on Az as points and with the canonical
topology (the weakest topology making every function z — |f|, continuous for any f €

Az). (|3, Remark 3.4.2|)

Proposition 1.5.2. — There is a bijective map from the set of points of Z%"* to the set
pairs (p, |-|.) where p € Spec(Az) and ||, is an absolute value on the residue field at p.

Proposition 1.5.3. — Let ¢ : Az — Aw be a homomorphism of k-algebras of finite
type where Z = Spec(Az) and W = Spec(Aw ). Then there is an induced continuous map
¢* W — Z9 which sends a multiplicative seminorm |-|,, to |¢(+)]w-

Proposition 1.5.4. — If ¢ is surjective, then ¢* is injective and is a closed map; if ¢ is
finite, then ¢* is surjective. ( [3, Proposition 3.46 (6)(7)])

Proposition 1.5.5. — Let Z = Spec(Az) be an affine k-variety, ||-|| an algebra norm
on Az and Az be the k-Banach algebra obtained by completing Az with respect to |[-]|.
Then the canonical homomorphism of k-algebras from Az to Az induces a continuous
map which embeds the Berkovich spectrum 9t(Az) into Z" as a compact subspace (and
is closed since Z*" is Hausdorff), and the Berkovich topology coincides with the induced
topology from Z9".

Proof. — For any z € M(Ay), the multiplicative algebra seminorm (or the corresponding
character) x, on Az corresponds to a unique multiplicative algebra seminorm on Az by
restriction. Since Ay is dense in Ay, the family of open sets {U(f;p,q), f € Az, p,qe R}
form a basis for topology on 9(Az), hence the inherited topology coincides with the
originial topology. So the embedding is continuous, and the image of 9 (Az) is compact
in Z%". Since the topology on Z®" is Hausdorff, the image of 9MM(Az) is closed. O

Definition 1.5.6. — An analytic function on open set U < (Spec Az)*" is a map h :
U — [],ep #(2) which is a local uniform limit of rational functions: every z € U has an
open neighbourhood U’ < U such that for every € > 0, there exists fy, gy» € Az with
|h — ;%\Z < e and g(z) # 0 for all z € U’. Denote by 0**(U) the k-algebra of all analytic
functions on U.

Definition 1.5.7. — The structural sheaf &zan on Z?" is the one assigning &*"(U) to
an open set U.

Proposition 1.5.8. — The pair (Z°", 0zan) is a locally ringed space.
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1.5.2. Global situation. — One can analytify a scheme of finite type defined over k
by glueing local constructions.

Definition 1.5.9. — Let X be a scheme of finite type over Speck, and write X as
JX; where X; = Spec Ax, are affine charts. The Berkovich analytification of (X, Ox)
is defined as the locally ringed space obtained by gluing the Berkovich analytification
((X4)", O(x,yan) of each (X;, Ox;).

Proposition 1.5.10. — Let ¢ : X — Y be a morphism of schemes of locally finite type
over Spec k. Then it induces a continuous map ¢*" : X** — Y#. And ¢ is (1) separated,
(2) injective, (3) surjective, (4) an open immersion and (5) an isomorphism if and only if
¢*" has the same property. ([3, Proposition 3.4.6])

Theorem 1.5.11. — If X is proper, then X" is Hausdorff and compact. (|3, Theorem
3.4.8))






CHAPTER 2

NORMED SECTION ALGEBRA AND ITS SPECTRUM

In this chapter, we lay the framework of our study of positively metrized line bundle.

Our basic principle is to study the positivity properties of a metrized line bundle (&£, ¢)
by globally defined objects, such as the global sections of .2 and the sup norm induced
by ¢. The algebraic geometry of an ample line bundle .Z is encoded by its ring of global
sections; similarly a metric ¢ acquires positivity if it is constructed from some norms on
the spaces of global sections. In practice, we gather the normed vector spaces of global
sAections and global norm induced by (Z®" n¢), to form a normed algebra of sections
R.(Z, ).

The fondamental point of view is to interpret geometrically the positivity of a metrized
line bundle as the holomorphic convexity of its dual unit disc bundle. We show that the
Berkovich spectrum of the normed algebra of sections is a holomorphically convex set in
the (analytification of) the Zariski spectrum of the algebra of sections. We relate this set
with the dual unit disc bundle associated with the semipositive envelope metric P(¢).

2.1. Section algebra and norms

In this section we provide the framework of our study. The first part collects basic
algebro-geometric objects of study, namely the section algebra and its spectrum. The
second part discusses the metrization of these algebras.

2.1.1. Section algebras. — Let k be a field. Let 7 : X — Speck be a scheme of finite
type over Speck.

2.1.1.1. Space of global sections. — For any invertible &'x-module . and any n € Nx1,
one denotes by R, () the k-vector space of global sections H°(X, #®"), and set Rg(%£) to
be k. Denote by R,(.Z) the graded algebra of sections P, .y Bn(-Z). If Y is a subscheme
of X, then one can restrict .Z to Y to get an invertible &y-module which is denoted by
Zly. As above, we use the expression R,(-Z|y) = @, cx Bn(Z|P") to denote the graded
algebra of sections associated with £y

If £9" is globally generated, namely the canonical homomorphism of &x-modules
T (HO(X, £%")) — £9 is surjective, the canonical homomorphism 7*(H?(X, Z%")) —
£ induces a morphism of k-schemes

o X — P(HY(X, 2%)
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2.1.1.2. Pull back by a k-morphism. — Let f : Y — X be a morphism of k-schemes.
The morphisms of Ox-modules £®" — f, f*(£®") induce linear maps of k-vector spaces
R, (%) — R,(f*Z) and a homomorphism of graded k-algebras R,(.Z) — R.(f*.Z) (for
n = 0, we consider the identity map on k). For any n € N, we denote by R, (Zxy) the
image of the canonical k-linear map

HY(X, £%") — HO(Y, f*(£)®").
Then
R.(Zxy) = @D Ru(ZLxpy)

neN

(with Ro(Zx|y) set to be k) forms a graded sub-k-algebra of R,(f*(2)).

2.1.1.3. Total space and affine cone. — One denotes by V(£) the scheme Spec(Sym .Z)
over Speck, and by mg the canonical morphism of k-schemes V(%) — X. Let
Og : X - V(&) be the closed immersion which corresponds to the homomorphism of
O'x-algebras
Symg, (Z) = P L% — ox

neN
of projection to the homogeneous component of degree 0. Let C(.¥) be the affine cone
Spec R,(Z) of £ and denote by wy : C(£) — Speck the canonical morphism. One
denotes by 07, : Spec k — C(.Z) the rational point of C(.Z) corresponding to the maximal
ideal

Ro1(Z):= @ Ru(2).

neN,n>1

If U is an affine open subset of X on which .# trivializes, then Tr;Zl(U) identifies with
Spec ( @ H(U, Z®”)>
neN

Therefore the restriction maps R, — H°(U, £®") induce a morphism of k-schemes from
7, (U) to C(&). The gluing of such morphisms gives a morphism of k-schemes from
V(Z) to C(Z), which we denote by py. These schemes are related as follows.

Proposition 2.1.1. — Assume that X is separated and quasi-compact, and % is ample.
Then the following diagram is commutative.

X%V(X)LX

Spec k “ou C(2) =~ Speck

Moreover, the restriction of py to V(Z)\OQ¢(X) is an open immersion, whose image
is contained in C(Z)\0¢. If X is proper, then pg restricted to V(Z)\Q.x(X) defines
an isomorphism between V(£)\0»(X) and C(Z)\0¢. ([33, Proposition 8.8.2, Remark
8.8.3])

In general, let S,(.Z) be a k-subalgebra of R,(Z) with Sy = k. We denote by C(.Z5s,)
the k-scheme of affine cone Spec S,(Z), and by 0g, : Speck — C(Zs,) the rational
point of C(Zs,) corresponding to the maximal ideal S>1(-¢). The inclusion morphism of
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algebras S,(.%) — R,(:Z) induces a morphism of affine k-schemes C(.¢) — C(Zs,) which
is denoted by ig,. We can construct a morphism of k-schemes from V(&) to C(%s,),
which we denote by pg,_, by gluing the following morphisms: if U is an affine open subset
of Y on which .& trivializes, then 7' (U) identifies with

Spec ( @ H°U, 95,”@”))

neN
Therefore the restriction maps S, (%) — H°(U, £®") induce a morphism of k-schemes
from 7' (U) to C(Zs,). From the composition of morphisms of k-algebras
S.(Z) — — @ H'(U,.£%),

neN

one sees easily that the composition of m¢ and ig, is p.ys,

V(2) L O(2) B ¢(8.).

In general, if R, is a graded k-algebra and S, is a k-subalgebra of R,, we say that the
inclusion homomorphism is a (TN)-isomorphism and that S, is (TN)-isomorphic to R,
([33, §2.7.2]) if there exists N € N such that for any n > N, the inclusion S,, —» R, is an
isomorphism of k-linear space.

As above, we consider the invertible 0y module .Z|y. We denote by V(Z|y) the scheme
Specg, Sym .Z|y and by ¢, the canonical morphism of k-schemes V(Z]y) — Y. We
denote by C(Z|y) the affine cone Spec R.(Z|y) and by 0 &, the rational point of C(Z|y)
coorsponding to the maximal ideal R>1(Z]y). We denote by py), the morphism from
V(Z]y) to C(Z]y).

Moreover, we consider the subalgebra R,(Zx|y) of R.(Z|y). We denote by C(ZLx|y)
the affine cone Spec R,(Zx|y), by 04,/ the rational point of C(Lx|y) coorsponding to
the maximal ideal R>1(Zx|y). The morphism C(Z]y) — C(ZLx|y) associated with the
canonical inclusion R.(Zx)y) — R.(Z|y) is denoted by igy . If L is ample and X is
projective, then R,(Z%|y) is an (TN)-isomorphic subalgebra of R,(Z|y).

Lemma 2.1.2. — Let S.(.Z) be a (TN)-isomorphic subalgebra of R,(.Z’). The restriction
of ig, on C(Z)\0 has image in C(Zs,)\0, and it is an isomorphism of schemes

C(Z]y)\0g}, — C(Ls,)\0.g, -

In particular, assume that L is ample, one can consider the (TN)-isomorphic subalgebra
R.(Zxy) of R.(Z|y), then the morphism

irgxw : C($|Y)\Of|y - C($X|Y)\O,ZX‘Y

is an isomorphism.

Proof. — Since the canonical inclusion is a (TN)-isomorphism, there exist N € N such
that S>n(%Z) is equal to R=n(.%). For any f € R>1(%), one has f¥ € Roy(%), so
N e Son(&). One consider the localization morphism of k-algebras induced by the
canonical inclusion

t5.() : SUL)FN] = Baa(D) ] = RU(D)[f].
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This an isomorphism of k-algebras. It is injective, and is surjective: as for any a € R,(.Z),
onehas a- fN e Ron,s0a-fNeSsyanda=a-fV-f~eS,[f~V]. Hence the induced
morphism of schemes

is.(f) : Spec(R(L)[f ) — S(L)[F ]

is an isomorphism. Moreover, let g € R>1(.%), one sees easily that the restrictions of ¢(f)
and ¢(g) on S=1(ZL)[f~N][g~] are the same morphism of algebras

u(f9) : SU g™ = R Mg =~ Rea(D)[F 971,

so the isomorphisms of schemes {is. glue together into an isomorphism of

(D} perarce)

schemes

Spec R, (X)) ~ U Spec R.(2)[f7'] — U Spec S.(L)[f V] ~ Spec S,(L).
feR=1(Z) fNeS=n(2)

O

2.1.1.4. Fiber of total space. — For any x € X, we consider the base change morphism
Speck(z) — X. We denote by Z(x) the invertible sheaf .Z ®g4, k(x) over Speck(x),
which can be seen as a rank one x(z)-free module. The fiber product V(&) ®g, r(x) is
an affine 5 (x)-scheme whose coordinate ring is the graded (z)-algebra Sym, () £ (). We
denote by V(.Z)(x) this x(x)-scheme and by ;) : V(£)(x) — Spec () the structural
morphism, which inscribes into a cartesian diagram of morphism of k-schemes

V(Z)(z) —V(Z)

Trg(z)l \Lﬂ'[‘

Speck(z) —— X

For any x € X, we shall denote by R,(.%Z)(x) the graded k(x)-algebra R,(.Z) ® r(x). If
U is an affine open subset of X which contains z, then the restriction morphism of graded
k-algebras
R.(Z)— @ H (U, L%
neN

induces a morphism of x(z)-algebras
Yz (z) 1 R(Z)(x) — Sym, ) L ().

Similarly, in considering £y, for any y € Y, we denote by fygh,(y) the corresponding
morphism of graded k(y)-algebras. For any e € Z(x)\{0}, one can identify the graded
r(x)-algebra Sym, ;) -2 (z) with the one-variate polynomial algebra r(z)[T] by identifying
e with 7.

In a similar way, for any subalgebra S,(.%) of R.(.£), we denote by S,(.Z)(x) the
graded r(z)-algebra S,(Z) Qi k(x), and by vy, the composition morphism of greded
k(x)-algebras

Vs, 0 S(ZL) (@) — R (L) (x) — Symy ) L ().

In particular, for the subalgebra R.(Zx|y) of R.(Z|y) and a point y € Y, we denote by
~ gX‘Y(y) the corresponding morphism of x(y)-algebra.
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Proposition 2.1.3. — Assume that there exist N € N such that for any n > N, £®"
is globally generated. If S,(.Z) is a (TN)-isomorphic subalgebra of R,(.Z), then for any
r € X, the morphism of x(z)-algebra vy, (z) is a (TN)-isomorphism. In particular,
V2(2), 2}y (y) and 7.2y, (y) are (TN)-isomorphic.

Proof. — If £®" is globally generated, then for any x € X, the x(x)-linear map
v Ra(ZL)(@) — L% (2)

is surjective. So the composed linear map
Vs, Sn(L)(x) — L ()

is also surjective for sufficiently large n. Since .£®"(z) is of rank one and S, (.Z)(z) is of
rank at most one, this linear map is an isomorphism for sufficiently large n.. So v, is a
(TN)-isomorphism. The rest of the assertion follows from this main one. O

In the rest of the thesis, we make the following assumptions for algebro-geometric data.
Let X be an integral projective scheme over Spec k of pure dimension d, Y be a reduced
closed sub-scheme of X with its canonical closed immersion iy : Y — X, and .Z be an
ample invertible &x-module. We fix an integer M € N such that . Z®M is very ample and
that, for any n = M, the restriction map from R, (%) to R,(Z|y) is surjective, namely
Ra(Zly) = Rl Lxiy).

2.1.2. Global norms and metrics. — We consider additional metric structures on the
algebraic objects, in order to measure their size. To study line bundles, there are basically
two ways of metrization: either one puts a metric on the line bundle, measuring the length
of any section at each point in a local manner, or one puts a norm on the space of global
sections, measuring their sizes in a global manner on X.

Proposition 2.1.4. — Let R, be a graded k-algebra. If ||-|| is an ultrametric algebra
seminorm (see Definition 1.2.1) on R,, then the map ||-||* : R, — Rx(, defined as
[I(sn)nenll™ = sup [snll,
neN
is also an ultrametric algebra seminorm on R,. One has ||-|| < [|-||T, and ||-||* is the
largest ultrametric algebra seminorm on R, whose restriction on each homogeneous pieces
R,, coincides with the restriction of ||-||.

Proof. — It’s obvious that [|-||* is ultrametric. Let (s5)nen and (£,)neny be elements in
R,. Let n; and ng be the smallest integers such that
sns Il = sup llsnll, l[tnslll = sup {lén |-
neN neN
Let (7)nen be the product element (ry;)nen - (£ )nen. Thanks to the ultrametricity of |||,
for any m € N, one has

il = 11D s - tm—nll < sup{llsall - lltm—nll}
neN neN
< isnalll - Mtnzlll = N (sn)nenlll™ - 1 (En)nenl ™

From this inequality one deduces that ||-||* is sub-multiplicative. It’s obvious that |1]|T =
II1]| = 1. Hence [|-||* is an ultrametric algebra seminorm. Besides, if ||-||" is any other



36 CHAPTER 2. NORMED SECTION ALGEBRA AND ITS SPECTRUM

ultrametric algebra seminorm on R, whose restriction on each homogeneous pieces R,
coincides with the restriction of ||-||, then one has [|-||" < ||||* by the construction. [

Definition 2.1.5. — We keep the notation of the above proposition. If the equality
-l = lI-II* holds, we say that ||-[| is graded.

Definition 2.1.6. — Let R, = @, . Rn be a graded k-algebra. For any n e N, let |||,
be a seminorm on R,,. We say that the family of seminorms (||-||,,)nen is sub-multiplicative
if they satisfy the property
V(m,n) € N?, 5 € Ry, sn € R, [sm = Snllmtn < [smllm - Snlln; (110 = 1.
It is said to be power-multiplicative if
VneN, sn€Ru, LN, |spllin = lIsulll-
It is said to be multiplicative if

V(m, n) € Nza Sm € Ry, s € Ry, Hsm : 3nHm+n = ”SmHm : HSan; H1H0 = 1.

Proposition 2.1.7. — Let R, = @,y Rn be a graded k-algebra and (||| )nen be a
sub-multiplicative family of ultrametric seminorms on (Ry)pen. Then the map ||| :
R. — Ry defined by ||(sn)nen|| = sup,ey ||$nlln is the unique graded ultrametric algebra
seminorm on R,, whose restriction on R,, coincides with ||-||,. It is power-multiplicative
(resp. multiplicative) if and only if the norm family (||-||»)nen is power-multiplicative
(resp. multiplicative).

Proof. — The unicity is obvious. To show the properties concerning multiplication, let
s = (Sp)neny and t = (t,)nen be two elements of R, and 7 = (7, )nen be their product. One

Ty = Z Sm * th—m-

me{0,...,n}

has

If the family (]|-||)nen is sub-multiplicative, by the ultrametricity assumption on ||||,,, one
obtains that

[rnlln < max  ||sp-thmlln < max |smllm - [[th—mlln—m,

geeey goooy

so [|7]| is bounded from above by ||s|| - |||
If the family (||-||)nen is power-multiplicative, for any [ € N, we already know that the
norm ||-|| is sub-multiplicative, so

! !
lls™ < Ml
Let ng € N be the smallest integer for which ||sp||n, = max ||snln, hence |[s]| = ||Sngllno-
ne

By the choice of ng, for any (jo, ..., jm) € N™*! such that

doodi=1 >, ieji=Ing

1€{0,...,m} i€{0,...,m}

H (s:)% z

1€{0,...,m}

one has

l
< [1(8n0) [lino

no
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and the equality holds if and only if (jo,...,jm) = (0,...,0,1,0,...,0) where [ is on the
no-th place for the exponent of sp,, so by the construction of ||-|| and the fact that it is
ultrametric, one gets

sl = 11(8"nolling = 1(5n0) llimg = llswoll = s,

hence the equality [|s'|| = |||’ holds, and |[|-|| is power-multiplicative.
If the family (||-||)nen is multiplicative, one already knows that

< sl - 10

To see the reverse inequality, let ig and jo be two smallest elements of N verifying the
following property
Isiollio = mavs {lsnlla}. Neallio = max {ltulln}.
Then by the choice of ig and jy and the fact that the family is multiplicative, for any
(i,7) € N? satisfying i + j = ig + jo, one has
11 - illio+so = llsilli - I5ll5 < [1siollio - lI£0 505
and the equality holds only if (i,7) = (4o, jo). Since |||, is ultrametric, one has
lrigeslliorio = I 25 si-tillyy o = Isiollio - Itiollio-
t+j=i0+Jo
By the construction, one has
s - 2l = [17io o liotdo = lsiollio - [1£0lli0 = Il - [I2]-
So ||| is multiplicative. O
Proposition 2.1.8. — Let S, R and T be k-algebras, and let g : R — T be a surjective
homomorphism of algebras, f : S — R be an injective homomorphism of algebras. Let
II-[l z be an ultrametric algebra seminorm on R. Then the quotient seminorm ||-[|7 on T

induced by g, and the sub-seminorm ||-||s on S induced by f is also an ultrametric algebra
seminorm.

Proof. — The ultrametricity of seminorm is inherited by the quotient one or the sub
one. It suffices to verify the sub-multiplicativity. The sub-seminorm is obviously sub-
multiplicative. For the quotient seminorm, let ¢; and to be elements in 7. Then by the
definition of quotient norm, for any € € R.y one can find s; and so in S such that

f(si) =t [Isills < etillr, i =1,2.
Thus one has
Ity - tallz < llst - salls < Isills - lls2lls < e[ltallz - llt2lz,

let € tends to 0, one gets the sub-multiplicativity of ||-||z. O

Definition 2.1.9. — We keep the notation of the above proposition. The algebra
norm ||-|| defined by [[|(sn)nen|| = supen |Snlln is called the orthogonal sum of the sub-
multiplicative family (||-||,)nen of ultrametric norms on (R,)nen-
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Corollary 2.1.10. — Let R, = @, .y Rn be a graded k-algebra and ||-|| be an ultra-
metric seminorm on R,. If [|-[| is sub-multiplicative (resp. power-multiplicative, resp.
multiplicative), then also is ||| .

2.1.3. Completion. — Let R, = @),y
metric seminorm on R,. Denote by R(]|-||) the separated completion of @, Rn with
respect to ||-[|. The seminorm ||-|| on @,,. R induces by continuity an ultrametric norm

R, be a graded k-algebra and ||-|| be an ultra-

on R(||-||) which we still denote by [|-]| by abuse of notation.

Proposition 2.1.11. — If ||-|| is an ultrametric and graded norm, the Banach alge-
bra R(||-||) can be identified with the Banach algebra consisting of sequences (sy)nen of
[ I,.eny Bn such that the sequence (|[sy||)nen converges to 0, with the norm given by |||

Proof. — We shall construct a bijection which is an isomorphism of algebras. In fact, any
element (s, )nen of | [,,c Bn gives rise to a sequence

($05-+,8m,0,...,0,...), meN

in R, which is a Cauchy sequence with respect to ||| if the sequence (||| sy||)nen converges
to zero thanks to the ultrametricity of ||-||. Conversely, let

(s%m))neN, meN

be a Cauchy sequence of R, with respect to [|-||. Since the norm ||-|| is graded, one deduces

that, for any n € N, the sequence (s5 "~ )men is a Cauchy sequence in R,,, which converges
(o0)

to an element s; ’ in Ry, and that the convergence is uniform for n € N. Then one can
change the limit in the following calculation:

i sl = i, i fl o = Y Yo 557 =l 0 =

The third equality holds since s is an element of R, so it has finitely many homoge-

neous components SSZ") which are non-zero. It is easy to verify that this bijection gives a

homomorphism of algebras. O
2.1.4. Spectral seminorm and radical. — Recall that (see §1.2.12), from any algebra
seminorm ||-|| on a k-algebra A, one can construct the spectral seminorm ||-||sp on A as

. 1
Yae A, llalls = lim o] ¥,
it is power-multiplicative.
Lemma 2.1.12. — If ||-|| is ultrametric, then ||-[|sp is also ultrametric.

Proof. — For any (a,b) € A%, by the definition of spectral seminorm, for any e > 0, there
exists C. € R~ such that for any n € N one has

lla® I < Ce - (llalllsp + )", 0" | < Ce - ([1bllsp + €)™
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Then for any € > 0, one has
1 " n 1
= 1 Iy = 1i n—igpt||
o+l = Jimg o471 = Jin 1. (7)o

;
< lim sup(_ g)lax {lla™~ zHHHU!H} "

n—00 3oy

ol L[ K8

< limsup max
n—oo 1€ ,...,n}

(Hlalllsp +e)+ C (lIbllsp + €)}

n—aoo0 ZE{O, N

< max{||a||sp, |||bmspv 6}

where the second inequality comes from the inequality of arithmetic and geometric means.

Thus ||-||sp is ultrametric. O
In view of Proposition 2.1.7, one obtains that |[-||sp is ultrametric and power-
multiplicative.

Proposition 2.1.13. — Let R, = @,,.y R, be an ultrametric graded k-algebra and ||-||
be a graded algebra seminorm on R,. Then the kernel n(]|-[|) and the radical rad(]|-||) (see

Definition 1.2.15) are both homogeneous ideals of R,. Moreover, the quotient seminorm
of ||| on R./n(||-]|) is also graded.

Proof. — Let s = (8p)nen be an element in the kernel. Then
0 = [lsf] = max {flsnll}.

so for every n € N, s, is also in the kernel. Hence the kernel is a homogeneous ideal.
Let s = (Sp)nen be an element in the radical. Let ip € N be the smallest integer such
that s; # 0. For any [ € N, since [|-[| is graded, one has

l l
s = Nisty liot = Nk, Il
let [ tends to oo, one obtains that
0 = lim||s'[| > lim [|s},[| = 0
l—0 [—00

Hence s;, is also in the radical, and so is s — s;,. By induction one sees that any s, is in
the radical. So the radical is a homogeneous ideal. ]

Furthermore, if ||-|| is graded, so is || ||sp. This follows from the interpretation of spectral

seminorm as the supremum seminorm over the spectrum of the completion Banach algebra
(Theorem 1.2.14).

Lemma 2.1.14. — Let R, = @,y Rn be a graded k-algebra and ||-|| be a graded
algebra seminorm on R,. Let ||, be an ultrametric multiplicative seminorm on R,. Then
|7 is also an ultrametric multiplicative seminorm. If |-[; is bounded from above by |||, so

is ||F. If ||, is a point in M(R,, ||-||), then |-|F corresponds also to a point in M(R,, ||-||)-
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Proof. — The first assertion follows from Corollary 2.1.10. For the second assertion, note
that there exists C' > 0 such that for any s = (s,)nen, since ||, is bounded by |||, one
has
VneN, |spl. < C-|[snlln,
since [|-|| is graded, one has
|5l = max |sn]. < O~ max [[sulln = C- [|s]].
So ||F is also bounded from above by |||, and it corresponds to a point in M(R., [|-||). O

Proposition 2.1.15. — Let R, = @,y Rn be a graded k-algebra and ||-|| be an ultra-
metric graded algebra seminorm on R,, then its spectral seminorm ||-||sp is also graded.

Proof. — By Corollary 2.1.10, since |[|-||sp is ultrametric and power-multiplicative, the
seminorm |[-[|3, is also power-multiplicative, and one has [[-[|sp < [I]I3,
For the reverse inequality, for s = Zie{o,...,m} s; € R,, let ng € N be the smallest

integer such that [[sy,[|sp is maximal among all {||sy||sp}nen. Then for any n one has
llsnllsp < [ISnollsp and the inequality is strict for n < mg. Since there are only finitely
many terms in s, one can find p < 1 and N € N and for any ¢ > 0 a constant C. € R-,
such that

Vi, Vi € N, |s2(] < Ce-eF|lsn llZ; Vi < mo,¥ii = N, [|sF[] < 07 - [lsno I

Take [ € N and consider the monomial terms in (s');.,,. They are of form [] sfl where
Y Ji="land )} i-j; = Ing. By the above estimates, for one such term one has

"i 2 i i A . 1; . 1 l
M I s < Hlllsj =TTl T TllsZ I < G- e ieadi . plicn i |y, L,
7 €A €B

where B is the subset of ¢ in {0,...,m} such that i < ng and j; = N, and A is its
complement with [A| < m + 1. erte Jno = 1 - o for some o € [0, 1], then one has

2]1 Zgz—ll—a Zz jZ+Zz Ji =11 —0o)ng

1<ng 1>n0 1<ng >n0
Each summand is non-negative, thus one gets

(1—o)mo= Y i-ji=(no+1) Y] ji=(no+D[(L—0a)l— > jil,
i>ng i>ng 1<ng
which implies that >, = ji = ;5 (1 —o)l. Thus one has >, ji > 1—o0)l—(no—
1) - N. Denote by 7 the number 25 (1 — o).
If jn, < I, namely o < 1, then 7 # 0 and for large [ € N, one has >, pj; = 7 -1

thus >4 ji < (1 — 7). Choose € such that =7 . p7 < 1, thus for large [ in (1)
one gets [[[ ], s| < ]Hsnom The term where j,, = [ is the single one s/, and one has

n0+1 (

sk Il = |||sn0|||sp. Thus by the ultrametricity one gets [[(s")m, || = [[s4, |l for large [ and
by the gradedness of ||-|| one has

s = 1 (sDimall = Mo lsp,
p

S0 |||3H|8p |||3no|||8p Hence |- H‘SP Il ||| . Finally ”HHS}) is graded. 0
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Proposition 2.1.16. — Let ||-|| be an ultrametric power-multiplicative graded seminorm
on R, = k[T]. Then it identifies with the Gauss-Tate algebra norm of radius || 7’|, namely

Vs = 3% dn T, sl = max {2l [IT)1"}.
neN

~

The spectrum 9(R,) is isomorphic to the closed disc of radius ||T'|| in Speck[T]*". A
point z € Spec k[T]*" belongs to this disc if and only if |T'|, < ||

Proof. — For any s € k[T], since the norm is ultrametric and power-multiplicative, one
has

- — Ml - 1771} = Al - 1T -
(5]l ryr;gg{lllsn\\\} fgg@%l nl - T} fg}gg{l nl - T}

The second assertion follows easily from this identification. For the third assertion, z
belongs to the disc if and only if |-| < C - ||-||. So

. 1 . 1
] = lim [T"|» < lim (C- [[T"]))= = [T

Conversely if |T|, < ||T||, then |T|s < ||s|| for any s € k[T] thanks to the ultrametricity
of ||, and the gradedness of ||-|. O

Remark 2.1.17. — The above assertion is not true if one replaces k[T] by k[T1, ..., Ty]
for d = 2. In fact, by Remark 1.3.2, the Gauss-Tate norm is multiplicative, so it is equal
to its spectral norm. They are graded with respect to the grading by total degree, and
even better, graded with respect to the multi-grading by the multi-degree of k[T, ..., Ty].
The particularity of case n = 1 is that the gradings by total degree and by multi-degree
coincide.

Corollary 2.1.18. — Let R, = Kk[T] be the one-variate polynomial algebra and
S. € R, be a (TN)-isomorphic subalgebra. Let |[|-|| be an ultrametric graded power-
multiplicative algebra seminorm on S,, then one can find a unique ultrametric graded
power-multiplicative algebra seminorm on R,, denoted by [|-]|’, such that the restriction
of ||| on S, is equal to || -]

Proof. — Denote by {HHn}neN the family of norms of restrictions of ||| on {Sn}neN. One
can construct a family of seminorms {H-||§L}neN on {R"}neN as follows. One can find ng
such that S,, = R,, and define the norms as follows

1

TNy == (17" llng > [Tl == (IT1)"

Since the family {”H”}neN is power-multiplicative, one can easily verify that this assign-
ment of {HH;L}%N does not depend on the choice of ng, and the new family of norms is
still power-multiplicative. By Proposition 2.1.7, the orthogonal sum of this family is a
power-multiplicative algebra seminorm, which we denote by [|-||’. Its restriction on S, is

indeed ||-|- O

Corollary 2.1.19. — With the same hypothesis and notations as above, let |-|, be an
ultrametric power-multiplicative seminorm on R,. Denote still by |-|, its restriction on S,.
Then |-|, < [|-]| on S. if and only if |T'|, < ||T||’, if and only if |-|, < ||| on R.,
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Proof. — For the direct implication, if ||, < |[|-]| on S., then one has [T™0|, < ||T™],
so |T|, < ||T||". Since both seminorms are ultrametric and power-multiplicative, one has
|l < ||]|" on R,. The inverse implications are easy. O

2.1.5. Analytic spaces. —

2.1.5.1. Analytification. — Let k be equipped with a complete ultrametric absolute value
|-|. Let X" the Berkovich analytic space associated with X and denote by jx : X" — X
the morphism of locally ringed spaces sending any x € X" to its associated scheme point
(see §1.5 for a reminder on the construction of X*" and jx). Remember that any analytic
point € X®" corresponds to a pair (j(x),|-|z) where |-|; is an absolute value on the
residue field k(j(z)). For simplicity, we shall use the notation x(x) instead of k(j(x)),
and we denote by k(x) the completed residue field. If . is an invertible Ox-module, we
denote by .Z?" the pull-back of .Z by jx.

2.1.5.2. Analytic total space and affine cone. — Let .Z be an invertible &'x-module. For
any x € X", one denotes by k(z) the completed residual field at x, and by .Z(z) the rank
one k(z) vector space .Z ®g, k(z).

Proposition 2.1.20. — One has the following commutative diagram of morphisms of
analytic spaces

0% T

Xal’l V(g)an Xan

(Spec k)** — C(Z)*" — (Spec k)"

an
03 <

Moreover, the restriction of p% to V(.£)*"\Q%(X) is an open immersion, whose image is
contained in C(.Z)*\0%. If X is proper, then py, restricted to V(.Z)*"\0%(X) defines
an isomorphism between V(.Z)*"\0%(X) and C(.Z)*"\0%.

Proof. — This follow from Proposition 2.1.1 and Proposition 1.5.10. O

Proposition 2.1.21. — Let S.(.Z) be a (TN)-isomorphic subalgebra of R,(.Z). Then
restriction of the morphism of k-analytic spaces

Spec R,(Z£)*" — Spec S,(£)™

on Spec R, (£)*™\0% has image in Spec S,(£)*\0%, , and this restriction is an isomor-
phism of analytic spaces

Spec R.(£)*\0% — Spec S.(Z)*\0%,
Proof. — This follows from Proposition 2.1.2 and Proposition 1.5.10. O

2.1.5.3. Analytic fiber of total space. — For any x € X2" one can consider the base
change map z : M(K(z)) — X*" and the corresponding fiber product V(.Z)* ®o, k(z)
which is a R(z)-analytic space given by the analytification of the algebraic spectrum of
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the graded F(z)-algebra Symg ) £ (z). The fiber product gives rise to a commutative
diagram of morphism of analytic spaces

V(L) (z) — V(L) .
L
MR (z)) Xon

For any = € X?" and any subalgebra S,(.Z) of R,(.Z) we shall denote by S,(-Z)(z) the
graded k(z)-algebra S.(.Z) ® k().

Let w e V(.Z)*" be a point such that 7% (w) = z, then it determines a unique point in
V(Z)*(x) in the following way. One can find an affine Zariski open set U of X containing
the schematic point j(x) on which .Z trivializes. Denote by R,(.Z|y) the graded algebra

D H (U, 25",

neN
then 7% is identified with Spec R,(.Z|y)*". The point w corresponds to a multiplicative
seminorm on the k-algebra R,(Z|r). Since 7% (w) = x, one knows that 7« (j(w)) = j(z),

and that the restriction of |-|,, on x(j(w)) to k(j(z)) is |-|z. Hence w induces a unique
multiplicative seminorm on the k(x)-algebra

R.(Z|v) ®k k(z) = Symg(,) £ ().

By abuse of notation, we shall denote this point still by w. conversely, if w is a point in
V(Z)*(x), it determines a unique point in V(.£)*" which we still denote by w, as the
multiplicative seminorm on R,(-%|y7) which comes from the following composition

Ru(L]v) — Symag Z(z) 15 R,

2.1.6. Metrics. —

2.1.6.1. Pseudometrics as real valued function. — Let Fx be the sheaf of real-valued
functions on X?". By pseudometric on £ one refers to a morphism of sheaves of sets
¢ L — jx«(Fx) such that, for any € X*", the map |-|4(z) : £(2) — R induced by
¢ is a seminorm on the one-dimensional vector space .Z(z) over k(z). The pair (.Z, ¢)
is called a pseudometrized invertible Ox-module. If, for any x € X**, the map |-[4(x) is a
norm, one says that ¢ is a metric. If s is a section of .Z on an open neighbourhood of z,
then |s(x)|4(x) is denoted by |s(x)|4 for simplicity.

We say that a pseudometric ¢ is upper semi-continuous (resp. continuous) if, for any
Zariski open subset U of X and any section s € I'(U,.Z), the function

(z e U™) — |s(@)ls

is upper semi-continuous (resp. continuous), or equivalently, in additive notion, the func-
tion
(x € U™) — —logls(z)e

is lower-semicontinuous (resp. continuous).
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2.1.6.2. Pull-back by a morphism. — Let f : Y — X be a morphism of separated k-
schemes of finite type. Let .Z be an invertible &'x-module, equipped with a pseudometric
¢. We define a pseudometric f*¢ on f*(.£) such that, for any section s of L on a Zariski
open subset U of X, one has

Vye fTHU, 15 (8)lpre(y) = Il (£ ()

The pseudometric f*¢ is called the pull-back of ¢ by f. Since f*" : Y* — X3 ig
continuous (Proposition 1.5.10), if the metric ¢ is continuous, also is f*¢. If Y is a
subscheme of X and if f : Y — X is the canonical immersion, then the pull-back metric
f*¢ is also denoted by ¢|y .

2.1.6.3. Metrics on the trivial line bundle. — Any map f: X** — Ru {+o0} determines
a pseudometric 7y on Ox such that, for any regular function a of X on a Zariski open
subset U, one has (with the convention e”® = 0)

VoeU™, la(@)ly, = |a(@)]-e /).

Note that f — 7; defines a bijection between the set of maps X*" — Ry U {400} and
that of pseudometrics on O, which maps the set of real-valued functions bijectively to
that of pseudometrics on &y. Moreover, the pseudometric 7¢ is continuous if and only if
f is continuous on X?". The trivial invertible sheaf 0x equipped with the pseudometric
7t is denoted by Ox(f). The metric corresponding to the identically vanishing function
is called the trivial metric on Ox.

2.1.6.4. Distance between two metrics. — Let ¢1 and ¢ be two metrics on .£. The
distance of these two pseudometrics is a generalized positive real number (in Ry U {+o0})
defined as

$1(x)
P2(z) e

If X is proper and ¢1, ¢2 are continuous metrics, then dist(¢1, ¢2) € R4,

dist(¢1, ¢2) = sup

xreXan

log

2.1.6.5. Tensor product pseudometrics. — Let 4 and % be invertible &'x-modules,
and ¢ and ¢o be pseudometrics on £ and % respectively. The pseudometrics ¢; and
¢- induce by passing to tensor product a pseudometric ¢ + ¢ on 2 ® % such that, For
any Zariski open subset U of X and any (s1,s2) € T'(U,£1) x I'(U, £2), one has

Ve U™, |[(s1-952)(@)|g14+9, = |s1(2)lg, - s2(2)]g,-

If 1 and ¢o are continuous, then ¢ + ¢5 is also continuous.
In particular, for any € € R, we denote by ¢(€) the pseudometric ¢+7.c on LRCx =~ L.
Moreover, any metric ¢ on . determines by passing to its dual a metric —¢ on £V
such that, for any Zariski open subset U of X and any (s,«) € I'(U,.Z) x I'(U, £"), one
has

Vee U™, |a(s)(@)] = |a(x)] ¢ - |s(z)]s-

If the metric ¢ is continuous, so is —¢. Let L be an invertible &'x-module, and n € N\{0}.
A pseudometric ¢ on % determines by tensor power a pseudometric on .Z®" for any
n € N\{0}, denoted by n¢. By convention, 0¢ denotes the trivial metric on .Z®° ~ Oy
(see §2.1.6.3 above).
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Similarly, assume given a pseudometric ¢ on .Z®". We denote by %gb the pseudometric
on . such that, for any Zariski open subset U of X and any section s € T'(U, %), one has

Vee U™, |s(a)|1, = [s"(x)]".
If the pseudometric ¢ is continuous, then so is %(b.

2.1.6.6. Dual disc bundle. — Consider the fiber of the canonical projection 7" over
x € X*" which is given by (Spec Symg,) £ (x))™. Any pseudometric ¢ determines a
family of ultrametric seminorms {\-]w(:c)}neN on the graded pieces {o?@”(x)}neN. This
family is multiplicative, so it corresponds to a graded ultrametric multiplicative seminorm
on Symy,,y £ (z) by Proposition 2.1.7, denoted by |[-[[4(x), which is a Gauss-Tate semi-
norm by Proposition 2.1.16. We denote by %g(m) (Z(x), ¢) the completion k(z)-Banach
algebra of Symg,y 2 (z) with respect to this seminorm. We denote by DY (L, ¢)(x) the
i (x)-affinoid domain M (Symy ;) £ (z)) which is a disc in the & (x)-analytic space V(x)*".

Remember that any w € V(.Z)*" determines a unique point in V(.£)*", still denoted
by w, which is a multiplicative seminorm on Symg,) -2 (z) (see §2.1.5.3). Let ¢ be a
pseudometric on L, the following topological subspace of V(&))"

{we V(L) :Vey € L(x),|er]w < |e1]y (resp. <ler|s)}

equipped with induced topology, is called the dual closed (resp. open) disc bundle of radius
1 of the pseudometrized pair (£, ¢). We denote it by D" (.Z, ¢) (resp. DY (.Z, ¢)).

Proposition 2.1.22. — Consider the restriction of the continuous map 72" to the topo-
logical subspace D" (Z,¢). For any x € X, the topological fiber of the restriction of 72"
coincides with the underlying topological space of D" (£, ¢)(z).

Proof. — Let w € V(£)* with 7*"(w) = z. Since ||-[|¢(x) is an ultrametric graded
seminorms on Symg,y £ (z), one has w € D' (Z, ) if and only if |e1], < |e1]y, if and
only if we D" (%, $)(x) by Proposition 2.1.16. O

2.1.7. Fubini-Study metrics. —

2.1.7.1. Fubini-Study metric associated with a morm. — Let L be an invertible Ox-
module. Let [|-||,, be a norm on R, (Z). For any x € X", if the evaluation map

Ro(2) @ R(x) — L% (x)

is surjective, then it induces a quotient norm on the &(x)-vector space £®"(x), from the
scalar extension norm ||-||, z(z) of |||l on R, () ® k(z). The quotient norm is denoted
by [[lln,x)2- If L9 is generated by global sections, the family {H'Hn,X\x}xexan gives
rise to a metric on £®", which we call the Fubini-Study metric associated with ||-||,, on
R, (&), denoted by FS(||-||n)(x). The metric L FS(|||ln) on £ is called the normalized
Fubini-Study metric associated with |||, on R,(.Z).

In particular, if the norm |||, is ultrametric and admit an ultrametric orthogonal basis,
namely there is a basis {s,;}je(1,....a,} of Bn(-£) such that

dn
VAL -5 Ad,) €K7 1Y N - snglln = max [\ - sl
= g1}
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then the corresponding Fubini-Study metric FS(]|-||,) is said to be diagonalizable ([11]).
Previously, such metrics are already studied and heavily used in [24].

Moreover, let S,(.Z) be a subalgebra of R,(.%), equipped with a family of norms
{I-ln}, e o0 {Wa}, - If for some n € N, the evaluation map

Sn(L) ® R(x) — L (x)
is surjective, one can define the Fubini-Study metric £ FS(||-||») on ..

2.1.7.2. Fubini-Study envelope metric associated with an algebra norm. — Let £ be an

invertible &x-module which is generated by global sections. Let {||-[|»} _ be a family of

seminorms on {R,(Z)} .. If the sequence of pseudometrics { FS(H-ﬁjI}neN converges
pointwisely to a limit pseudometric, we denote it by P({||-||n}nen) and call it the Fubini-
Study envelope pseudometric associated with {||-||n }nen-

In particular, let [|-|| be an algebra seminorm on R.(.Z), and let {||-||n}neny be the
associated sub-multiplicative family of seminorms on {R,(-Z)}nen. From these data, one
can construct an envelope metric in two equivalent ways, in terms of family of norms of

restriction to homogeneous components or in terms of the algebra norm itself:

— Since the family {[|-|[}nen is sub-multiplicative, also is the family {||-[/,, z(z)}nen-
Then the family of quotient seminorms {FS(||-||)(x)}nen is also sub-multiplicative
by Proposition 2.1.7 and Proposition 2.1.8. Hence the norms {2 FS(||||n)(z)}nen
converges to a limit seminorm on .Z(x) by Fekete Lemma. This gives rise to a
pseudometric on .Z, called the Fubini-Study envelope pseudometric associated with
II-/l.- We denote it by P(]|-]|), thus the limit seminorm is P(||-|[)(«). The Fubini-

Study envelope metric is not necessarily continuous.

— For any x € X", the evaluation map induces a k(x)-algebra homomorphism
R.(ZL)®k(z) — P LP"(z) =: R.(ZL)(z).
neN

The above quotient algebra homomorphism induces a quotient algebra norm on
R.(Z)(z), from the scalar extension norm ||-||z() of [|-[| on R.(Z) ® K(z). The
quotient algebra norm is denoted by [|-||x|,. Its spectral seminorm, denoted by
Il x|@:sp> is power-multiplicative. As the inclusion of graded &(z)-algebras

Yzt R(ZL)(z) — Symg () £ (2)

is a (TN)-isomorphism, by Fact 2.1.18, one can find a unique graded power-
multiplicative seminorm on Symg(,) #(z), denoted by ]H-\H’X|x,sp, whose restriction
on R (L) (x) is |||l x|z:sp-

Denote by R.(Z,||||)(z) the separated completion of (R.(Z)(z), Il x12)- By
construction, the quotient algebra norm ||-[| x|, is in fact the orthogonal sum algebra
norm of the sub-multiplicative family {[|[|;, x|z }nen-

Proposition 2.1.23. — For any x € X*" the limit seminorm P(||-||)(z) of the family
{LFS(|||In) (%) }nen can be expressed by |l x| in the following way:

Ver € Z(@)\{0}, lelpqp) = lleill’xpesp-



2.1. SECTION ALGEBRA AND NORMS 47

Proof. — Since the algebra seminorm ||-[|x|, is the orthogonal sum of the family
{II-lln, x|z}, epy it is graded, so one has

1
p— 1 = 1 ®n E
lerlpqy = i lerl s psq ) = 1 jeP" (@)lgg .,

1 1
. ® n T & n
Jim [l @)y, = Jim e (@)%,

1
el @)1 0.5p = N1l peep:

where N is an integer satisfying Ry (Z)(z) = L%V (). O

Moreover, let S,(.Z) be a (TN)-isomorphic subalgebra of R,(.#). Since there exist
N € N such that the evaluation maps S, — £®"(x) are surjective for all n > N, one can
construct in a similar way a pseudometric on .Z, called the Fubini-Study envelope pseudo-
metric associated with ||| on S,(.Z). It is constructed either as the limit pseudometric of
the sequence {1 FS(||-||n)}n€N2N
as the unique graded ultrametric power-multiplicative extension of [[-|| x|zsp 00 Re(ZL)(2).

, or as the spectral seminorm H\-|||’X‘m_Sp on Symg,) £ ()

2.1.7.3. Semipositive metrics. — A metric ¢ on £ is said to be semipositive if it is a
Fubini-Study envelope metric and the convergence is uniform for = € X?" ([11, Definition
6.1]). Note that if the convergence is uniform for z € X®", since Fubini-Study metrics
{2 FS(||In)}nen are continuous, the envelope metric will also be continuous. Conversely,
suppose that X is proper over Spec k and that the envelope metric is continuous, then as
X?" is Hausdorff and compact by Theorem 1.5.11, the convergence is uniform in x € X?".
semipositive metrics are thus continuous.

Note that the semipositive metric in this sense is equivalent to the notion of asymptot-
ically Fubini-Study metric by the terminology of [11]. We refer to |13, §5.4] and |11, §6.1]
for a clear discussion of other various notions of semipositivity that have been proposed
and studied historically in [62], [36], [10], [13], [21], [19], [24], [34] and literatures therein.

2.1.8. Global norms associated with a metric. — We construct norms on spaces
of global sections by taking the supremum norm of |()(x)|4 associated with a metric ¢
on .Z for all x € X®. We can also construct quotient norm of sup norm on the space of
restricted global sections.

2.1.8.1. Sup norm. — Assume that X is proper over Speck. Note that X" is then a
compact Hausdorff space (see |3, Theorem 3.4.8|). Let .Z be an invertible &x-module and
¢ be an upper semicontinuous metric on .Z. As X®" is compact, any upper semicontinuous
function on X?" is bounded from above and attains its maximal value. In particular, for
any n € N and any s € R,,(£), one has

[8nllng := sup [sn(z)[p < +o0.
reXan

This is a norm on R,(.%). It is ultrametric since the absolute value |-| on k is non-
Archimedean and .£®" is of rank 1. This gives rise to a family of norms {|||¢ }nen-
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Proposition 2.1.24. — The family {||||¢ }nen of ultrametric norms is sub-multiplicative
and power-multiplicative. The orthogonal sum norm on R, (%),

Vs = (sn)nens [slle :=sup [|snlng-
neN
is ultrametric and graded, sub-multiplicative and power-multiplicative.

Proof. — In fact, since 0¢ is the trivial metric on Oy, one has ||1[|og = 1, where 1 denotes
the unit section of Ox. For s, € R, (%) and s,, € R, (L), we have

[$m - Snllng = Sup |$m(z)|me - [n(2)|ne
reXan

< Sup [5m(@)me = sup [sn(@)|ng = [[smllmg - l|snllng
reXan reXan
and
l l l l
[splling = sup 85, (2)[ing = ( sUp [8n()ng)" = lISnllng-
reXan reXxan

By Proposition 2.1.7, the ultrametric graded norm ||-||4 is sub-multiplicative and power-
multiplicative. It is an algebra norm. O

One denotes by ]/%(f ,¢) the separated completion of the normed k-algebra
(R(Z), |Ill¢). More generally, if R, is a graded sub-k-algebra of R.(.Z), by abuse
of notation we still denote by ||-[|4 the restriction of the norm |||, on R, and denote by

§(¢) the separated completion of the normed algebra (R., [|-||¢). The restricted norm
is also power-multiplicative. In particular, for any N € N\{0}, if one takes R, to be
@,.eny Ban (L), denoted by RWMN)(#), we denote by ]/%EN) (Z, @) the separated completion
of (RIM(2), [Ills)-

2.1.8.2. Quotient norm. — Assume that X is proper over Spec k. Let .£ be an invertible
Ox-module and ¢ be an upper semicontinuous metric on .Z. Let f : Y — X be a
morphism of k-schemes of finite type. Let |-||,4 x|y be the quotient norm of [|-[|,4 on
Rn(Zx)y). Tt is ultrametric and graded. Let |||l x|y be the quotient norm of |[-[|4 on
R'(XX‘Y) In fact,

Vt = (tw)nen € Ru(ZLxpy ), It x)y = Sug tnllng,x1v-
ne

Proposition 2.1.25. — |||l x|y is sub-multiplicative. It is an algebra norm.

One denotes by ]%.(D?X‘y,cﬁx‘y) the separated completion of the normed k-algebra
(Ra(Zxy)s [l llgxy ). In particular, for any N € N, we denote by REN)(XXW) the
graded k-algebra D,y Ran(Zx|y). This is a sub-algebra of R,(Z%|y). The restric-
tion of ||-||4 x|y on this sub-algebra is still denoted by ||-|ls,x|y- One denotes by
R (Zx |y, ¢x|y) the separated completion of (RN (Zx1v)s Il
f is the canonical immersion associated with a sub-scheme, we get a Banach k-algebra

R (Zx|v, Ox1v)-

#.x|v)- In particular, if
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2.1.8.3. Radical of algebra norms associated with a metric. — Recall that the radical of
an algebra seminorm ||-|| on A consists of the elements a € A such that ||af|sp = 0. The
radical is denoted by rad(||-[]).

Proposition 2.1.26. — The radicals rad(||-||s), rad([|-|¢,xjy) and rad(]|-|lg, ) are all

{0}. In particular, the Banach k-algebras ]%.(f, o), é.($|y,¢|y) and ﬁ.($X|y,¢X|y)
are semi-simple (see Definition 1.2.15) and reduced.

Proof. — Since [|-||¢ and [|-[|¢|, are multiplicative norms, their radicals are {0} by defi-
nition. Let t = (¢,), be an element in the radical of rad (|||, x|y ), then since ||-[|4 x|y is
graded, the radical is also graded by Lemma 2.1.13. For every n € N, by the construction
of norms associated with metric ¢, one has

1
1

1
T T
nlg, X|Y

gl gl
0= lligloutnn = lligloutn||nl¢|ya
80 tp is in the radical of |||, , which is {0}. Thus # is equal to 0.

O]

Remark 2.1.27. — The reducedness of closed sub-scheme Y is necessary for the semi-
simplicity of the Banach k-algebra R.(Zxy, ¢x|v)-

In this thesis, we make the overall assumption on the metric data, that ¢ is an upper-
semicontinuous metric on .Z.

2.2. Fubini-Study metrics

We give explicit expressions for Fubini-Study metrics induced by ultrametric norms
admitting ultrametric orthogonal basis, and list some basic properties for operations of
passage between norm and metric. Many of the results here are also obtained previously
in [24] or in [11, Section 6.

2.2.1. Explicite calculation for Fubini-Study metric with orthogonal basis. —

Lemma 2.2.1. — Assume that £®" is globally generated. Let |||, be a norm on
R, (%) and let FS(]|-||») be the associated Fubini-Study metric. Then for any x € X
and e, € Z%"(z)\{0},

lenles1,) = inf g)!)\l;l Misnll-

Aek(z)™, sn€Rn(
sn(x)=Aen

Proof. — This follows from Lemma 1.1.11. O

If the ultrametric norm ||-||, admits an orthogonal basis, one can calculate explicitly
the associated Fubini-Study metric FS(||-||»).

Lemma 2.2.2. — Let (K',||") be a complete ultrametric valued field extension of (k, |-|).
Then for any tuple (r1,...,7r,) € R%, one has
inf max {|x;|"-7r;} = min {r;}.
(m,...,nn)ew’)nje{l,...,n}{’ il sl je{l,...,n}{ i}

K1+t =1
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Proof. — On the one hand, let jy € {1,...,n} be an index such that

Tjo = jeg{%{{n}{rj}-

By taking x; = 0 for j # jo and kj, = 1, one sees that

inf max kil or:V<r: = min {r;}.
(m,...,mn)e(k’)"je{l,...,dn}{’ il i} <o je{l,...7dn}{ it
K1+ trn=1

On the other hand, since || is ultrametric, if 3J;c 1 /; = 1, then there exists at least

one ji € {1,...,n} such that |x;,| > 1, so
inf max {]nj|’ : rj} > inf ki | 7
(nh..‘,nn)e(k’)”je{l,...,n} (leuv"@n)e(kl)n
K1+ t+rn=1 K1+ t+rn=1
> inf rj, =r; = min {r;}.
(k1)) 70N T ety
K1+ t+rn=1
Hence the two sides are equal. ]

Proposition 2.2.8. — Assume that £®" is globally generated. Let |-||,, be an ultramet-
ric norm on R, (%) which admits an ultrametric orthogonal basis {sy j}je1,.. 4,)- Then
for any x € X and e, € £%"(x)\0,

enlrsqlgy = min {|—"—| - llsnjlla},
" je{lndn)  Sny(x) T ’

),

with the convention that 071 = +o0. (see also [24, Lemma 3.3])

Proof. — For j € {0,...,d,}, let \j € K(z) be such that s, j(z) = A;-e,. By construction,

|€n|FS(||'||n) = inf o | 2 - Sn,j]
(K1yees ey, JER(2) O je{1,....dn}
(1151 (2)++ iy, Sm.dy =€n LT
= inf max il 150
(ﬂl,...,,udn)eﬁ(z)dn jE{l,...,dn}{| j‘a) H N,JH}

B18n,1(2)+ -+ Hdy, Sn,dy =Cn

inf max ki ATty e |8
(/@1,...,ndn)eﬁ(m)dnje{l,---,dn}{| i A e lsngll}
K1t g, =1

= inf max Boilo - I 2R sy,
<m,...,ndn>ea(x>dnje{l,---,dn}“ ile - Rilae) - llons
K1+t kg, =1

= i PV A
je{?}};}dn}{l ilz ' Isnlin}

The last equality is obtained with Lemma 2.2.2. O

Corollary 2.2.4. — With the same hypothesis as above, for e € (£®")Y(x)\{0}, one
has

e rs(( ) = max{|ey (snj)|z - Isnjilln'}-

Proof. — It suffices to note that ey (s,.;) = A;. O
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2.2.2. Passages between norms and metrics. — Recall that we have operations
passing between space of norms and space of metrics as follows

FS(|[In)
{II-ln on Rp(L)} =——={¢n on g®n}

I-llgn

Since both these spaces are equipped with distances, we can study the quantitative features
of these operations.

Lemma 2.2.5. — Assume that & is globally generated. Let ¢; and ¢2 be two upper-
semicontinuous metrics on ., then

dist([[-llgr» [I-llg,) < dist(¢1, da).

(see also |11, Lemma 6.10])

Proof. — For any s € R(.Z), since X*" is compact, and the functions |s(x)|, and |s(x)|g,
are upper-semincontinuous, one can find a point z; € X*" where the maximum ||s||s, of
|s(x)]4, is attained, and a point x9 € X*" where the maximum ||s||4, of |s(z)|4, is attained.
If ”S”dn = H5H¢27 one has

[15lgy s(21) .
lo < |10g| < dist(¢1, b2).
‘ 1]l s(x1)
Otherwise [|s||¢, < ||s]|¢,, one has
o1 < s 22| | <
[P s(z2) ez
Hence the desired inequality holds. O

Lemma 2.2.6. — Assume that £ is globally generated. Let ||-|| and ||-]|" be two norms
on Ri(Z), then
dist(FS(||-[1), FS(II-[I") < dist([|-[I, [I-][")-
(see also |11, Equation (6.2)])
Proof. — For any x € X, let e € Z(x)\{0}. Let s, € R1(Z) and \,\ € i(z) be
elements such that
s(@) = A-e, [lellxa = AT Isl,
s'(@) =N e, llellx. = N[N

If ”€HX|z > ||€||g<‘x, one has

dist(lelxie lelly) = g ol
< [1og B < a1, 1
Otherwise, one has
dist(lelxie lell) = o oL
< [tog byl | < i1 11
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Varying x and taking the supremum for x € X3" one gets the desired inequality. O

Lemma 2.2.7. — Assume that £ is globally generated. Let ||-||; be an ultrametric
norm on R;(.Z), then FS(||-||1) is a continuous metric on .Z. (|24, Proposition 3.1|)

Proof. — 1If ||-||1 admit an ultrametric orthogonal basis, then from the explicite expression
in Proposition 2.2.3, it’s easy to see that FS(]|-||1) is continuous. In general, by Proposition
1.1.17, for any € > 0, one can approximate |-||; by a ultrametric norm ||-||} admitting
orthogonal basis, such that

dist(||-[l1, [I]7) <€,
Then by Lemma 2.2.6, one can approximate (uniform in x € X?") the metric FS(||-||1) by
continuous metrics FS(||-|[]) in such a way that

dist(FS(|[-[l1), FS([I-1)) < e.
If € tends to 0, one can see that the metric FS(||-||1) is also continuous. O

Lemma 2.2.8. — Assume that .Z is globally generated. For any metric ¢ on .Z, and
any £ € X*' one has

() (@) |Es (1) = 1) (@)] -
Proof. — For any x € X®" and any e € £ (z)\{0}, by definition, one has

e Ae) = inf At su inf e
lelps(-f10) Wity Petesu b el
s1€R1 (L) e (z)* t1€R1 (L) per(z)
> inf P inf [
oot e oy et
s1€R1 (L) \eR (@) t1€R1(Z) uer(z)
= lelo
50 |(#)(@)lrs(14) = () (@)]g- -
Proposition 2.2.9. — Assume that there exist an ultrametric norm |-||; on Ri(.%)

such that ¢ is given by FS(||-|[1). Then for any n € N, FS(||-||n¢) is equal to n¢. ([21,
Proposition 3.6])

Proof. — First look at the case n = 1. For any = € X*" and any e € Z(x)\{0}, by
construction, one has

e a1y = inf Aot Is
lelesq-1) it R sl
s1€R1 (L) \eR(z)*
= inf AT sup [s1(y)lo
s1(z)=Xe yeXan
s1€R1 (L) NeR(z)*
= inf Aot sup inf plo |t
s1(z)=Xe Alz yeXaon  s1(y)=pt1(y) iy Itallo
s1€R1 (L) NeR(z)* t1€R1 (L), uer(y)
< inf N s1lls = le
aont Al - llsille = lelo

s1€R1 (f) ,)\EE(I) x

80 [#[pg(||,) (%) < [#[p(x). Besides, by Lemma 2.2.8, one has |#|pg(|.,)(z) = [#|¢(z).
Hence the two metrics are equal.
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Then for general n, notice that by the above equality and Lemma 2.2.8,
| RS fg) = 162" Ino = lelg = lelEg(.p,)-

But as the family {||-[|,¢} is sub-multiplicative, the family of quotient norms {FS(|-||ns)}
is also sub-multiplicative by Fact 1.3.5, so the reverse inequality holds. Thus the two
metrics n¢ and FS(||-||,4) are equal. O

Proposition 2.2.10. — Assume that ¢ is a semipositive metric on .%, then the envelope
metric P(]|-||4) is equal to ¢. (see also |11, Theorem 6.15 (iii)])

Proof. — By assumption, there exists a family of norms {||-||n}nen such that uniformly
for x € X",
.1
Jim S () @)les) = 1) @)l

so for any € > 0, there exists Ng € N such that for any n > Ny
dist(ng, FS(|-|)) < ne,
hence by Lemma 2.2.5 and 2.2.6,
dist(FS(-lng), S (|- llps(p.))) < me.
By Proposition 2.2.9, one has FS(||-[lrs(.,.))) = FS(|[|n), so
dist(FS (|| lng), FS(I-10)) < e,
and
st TS o)~ FS(-) <
n ne)s n n)) X €.
Taking limit for n — oo and then for ¢ — 0, one has
dist(P([|-Il5). ) = 0,

so the two metrics are equal. O

2.3. Spectrum and envelope

In this section, let S,(.Z) be a (TN)-isomorphic subalgebra of R,(.Z), we describe the
metric (Berkovich) spectrum of the normed algebra of sections (%, ||- llg)- It is a compact
set in the analytification of the algebraic spectrum C(.%s, )*". In the first part, we consider
the continous map induced by the morphism of k-schemes

pan . V(z)al’l — C(gs.)an’

and describe the pre-image of the Berkovich spectrum in V(.Z)*" by the dual unit disc
bundle with respect to the envelope metric. In the second part, we roughly locate the
position of the spectrum with respect to affinoid domains in C(.%s,)?", which contains or
is contained in the compact spectrum.
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2.3.1. Dual unit disc bundle. — Recall that the dual unit disc bundle of a metrized
line bundle (Z, ¢) is the following compact subset of V(.Z)"

D' (Z,¢) = {weV(L)™, Ver € L(z), |ei|w < |es}
The image p* (D" (.Z, ¢)) is a compact set in C(Ls, )™, and one denotes it by M~ (¢). A
point in V(.Z)*" is denoted by w, its image in C(¥)*" by z and its image in X*" by x.
Proposition 2.3.1. — For any s, € R,(£), one has

Sup [splz = sup [splw = sup [sn(@)[ne = [[snllng,
2eM™ (¢) weD” (Z,¢) reXan

and for any s € R.(.Z), one has

sup |s|. = mal\}]( [snllng = lllsllle-
zeM™ (¢) ne
Proof. — The first equality follows immediately from the construction. For the second

assertion, remember that we denote by D" (%, ¢)(z) the fiber over z of
P DL, 6) > X
it is contained in Specg(,) Symg(y) £'(2)™ as a disc. Note that for any s € S,(£), one has

K

sup  |s|y = sup sup  |S|w-
weD” (Z,¢) reX™ weD " (Z,0)(x)

Since D (Z, ¢)(z) is a disc over &(z), by Corollary 2.1.16, the norm
sup |
weD” (Z,¢)(x)
is graded on the graded k(z)-algebra Symg ;) £(z), hence is a graded norm when restricted

to the R(x)-algebra R,(.Z)(z) and is also graded on the graded k-algebra R,(.Z). Thus
the norm

sup  ||. = sup sup  |fw
weD” (Z,4) 2€X el (Z,0)(x)

is also graded on the graded k-algebra R,(.Z’). Thanks to the first assertion, this graded-
ness of the norm implies that

sup  [sly =max{ sup [splw} = max {[Isnllng} = [Isl4-
weD” (Z,6) "N webY (2,6) nel
O
2.3.2. Spectrum of normed section algebra in terms of envelope metric. — We

relate the Berkovich spectrum of normed section algebra with the dual unit disc bundle
with respect to the envelope metric.

Proposition 2.3.2. — Let S.(.Z) be a (TN)-isomorphic subalgebra of R,(.Z), and let
I/l be an ultrametric graded algebra norm on S,(.%). Let w € C(Z)*" be a point and
denote by z € C(Ls,)™ the point p%,_ . Then z € M(S(Z, ||]])) if and only if one of the
following criteria holds

1. there exists C'(z) > 0 such that
Vse S.(Z), |sl- < C(2) - [lsl-
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2. there exists C'(z) > 0 such that
Vs(x) € S.(L)(x), |s(@)|lw < C(2) - [Is(@)| xa-
3. there exists C’(z) = 1 such that
Vs(x) € S.(L) (@), |s(@)lw < [ls(@)llx|asp-
where ||-[| x|z;sp is the spectral algebra seminorm of ||| x|,
4. there exists C’(z) = 1 such that
Vs € Symypy Z(x),  [8lw < I3[l zsps
where H\-|||’X‘x;sp is the unique graded power multiplicative algebra seminorm on
Sym,, (g £ (x) whose restriction on S.(Z) x|z i8 ||| x|z:sp-
5. there exists C’(z) = 1 such that
Vee Z(x), lel: < llell’x|asp-
6. there exists C’(z) = 1 such that
Ver € Z(x), le1]. < leilp(g)-

Or equivalently, w e D (Z, P(||-])).

Proof. — The condition 1 unfolds the definition of the Berkovich spectrum.

The condition 2 is equivalent to the criterion 1, as |[-[| x|, is the quotient algebra norm
of ||-[[z(z) for the evaluation map ev(z). The condition 3 is equivalent to the condition 2
since ||, is power-multiplicative.

The conditions 3, 4, 5 and 6 are equivalent: Lemma 2.1.3 implies that the morphism of
graded k(z)-algebra

V8t So( &) x )z = Symy(y) £ ()
is a (TN)-isomorphim. Proposition 2.1.18 then implies the equivalence of these conditions.
Note that Proposition 2.1.23 implies that the algebra seminorm |- m,)(|x;sp on Sym,,y £ ()
is equal to the seminorm given by envelope pseudometric |-|p .y (z). O

Proposition 2.3.3. — Let S,(Z) be a (TN)-isomorphic subalgebra of R,.(.Z). The

restriction of the map Py, is a continuous surjective map between topological spaces

D" (L, P(I-]I)) = M(S(ZL, [I]1))
A further restriction is an open map
D (L, P([|-IDN\OX)™ — M(S.(Z, [|-])\0%,, -
Proof. — By Proposition 2.3.2, the pre-image under p™ of M(S.(Z,[|-||) is exactly

DY (Z,P(|-)), so one has the first restriction map, and it is continuous and surjective.
Propositions 2.1.20 and 2.1.2 indicate that the composition map

P, + V(L)"M\OX)™ — C(L)"™\0™ — C(Ls,)"\ 07,

is an open map. The second assertion follows easily from general topology.
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2.3.3. Spectrum of normed section algebra as geometric envelope. — In pre-
vious part we've identified the compact spectrum with the image in the affine cone of
the dual unit disc bundle with respect to envelope metric. In this part, we describe it
geometrically, as the holomorphic envelope set in the affine cone of the image of the dual
unit disc bundle with repect to the original metric. For the abbreviation of notations, we
shall henceforth denote by 90(¢) the compact set p**(D” (.2, P(¢))) and by 9~ (¢) the
compact set p**(D" (£, ¢)). They are both compact sets contained in C(.%s,)*", and one
has 9~ (¢) < M(¢). Note that M(¢) is the spectrum of the Banach algebra R.(Z, ¢),
while 9™ () is not a spectrum of any Banach algebra.

Recall that for any compact set K in an affinoid domain 9t(.A), denoted by Z, one can
construct its holomorphic envelope in Z as the following compact set

K:={zeZ ¥fe Alfl: < suwp |fl-}.
Z’eK

If A has a dense k-subalgebra A, then one can also use elements in A to define an envelope.
It is the same envelope as the one defined by elements of A.

Proposition 2.3.4. — Let S,(%) be a (TN)-isomorphic subalgebra of R,(.%¢). With
the notations introduced as above, one has

e —_

M(@) = M (9),

where the envelope is taken in any affinoid domain in C(.%Zs,)*" that contains both.

Proof. — One first shows the inclusion 2. Since M (¢) is the spectrum of S, (&L, ), it is
holomorphic convex in C(Zs, )*" by Corollary 1.4.5. Since it contains 9 (¢), it contains
also the holomorphic envelope of 917 (¢). Conversely, to show the inclusion <, let z € V

be a point in M (¢). By the construction of M(¢) and by Lemma 2.3.1, for any s € S,(.Z),
one has

sl < llislly = sup {llsnllng} = sup [s]...
neN e (9)
As S.(£) is dense in S,(.%), one deduces that z belongs to m) O

2.3.4. Affinoid domains sandwiching the spectrum. — We show that the
Berkovich spectrum 9(S, (), #) is contained in some affinoid domain, and it con-
tains an affinoid domain neighbourhood of 0.¢, in C(Zs,)*". The first affinoid domain
will be used to do holomorphic spectral calculus, the second one will be used to deduce

the openness of the image in the affine cone of the open dual unit disc bundle.

2.3.4.1. From outside. — We embed the Berkovich spectrum into the analytification of
the affine cone.

Fact 2.3.5. — Let S,(Z) be a graded algebra, and let ||-|| be an algebra norm on S, (.%).
The inclusion S,(.Z) — S(Z, ||-]|) induces a continuous map

S(Z.IM) — C(Ls.)

which is homeomorphism from domain to image. Moreover, one can find an affinoid algebra
norm on S, (%), denoted by |||, such that [|-|| < ||-||®. And one has a homomorphism



2.3. SPECTRUM AND ENVELOPE 57

of Banach algebras
S(Z 119 = S, 11D,
the induced continuous map
M(S (L, 1)) — MS (L, (1))
is a homeomorphism from domain to image.

Proof. — This follows directly from Proposition 1.5.5 and Proposition 1.3.7. O

Remark 2.3.6. — In particular, if one takes R,(-Zx|y) to be the subalgebra S,(.£), and
[l ,x v to be the algebra norm, then one can construct an affinoid algebra norm |- ’HgX|Y'

We shall denote by E(gx‘y, qb?m,) the affinoid Banach algebra ]’%(XXW, \H|||2X|Y)

2.3.4.2. From inside. — One can describe the shape of the Berkovich spectrum if the
metric is a Fubini-Study metric associated with a norm admitting an orthogonal basis.

Proposition 2.3.7. — Let S,(.Z) be a (TN)-isomorphic subalgebra of R,(.Z). Let n e N
be an integer such that £®" is globally generated. Let |||, be an ultrametric norm on
Sn(Z) admitting an orthogonal basis {sy;}jefo.....d,}- Let w € V(£)*" and z € C(Ls,)™"
be the point p* (w), then w e D" (Z, LFS([[|n)) (resp.DY (L, L FS(|||l))) if and only if

n)-

In particular, the image of DV (.Z, L FS(||-,,)) under p*® is an open subset in C(.Zs, ).

Vje {07 e ’dn}v ’Snyj|2 < HSTLJHTL (resp. < HSHJ

Proof. — By construction of dual unit disc bundle, the point w belongs to D" (.Z, LES([n))
(resp. to DY (&, 2 FS(||-||ln))) if and only if for any point 2 € X", and any local section
e1 of L, one has

letlw < lerltpgqy)-

or equivalently, for any local section e, of .Z®", one has

lenlw < lenlrs(||-fn)-

If this holds, then by Proposition 2.2.3, for any j € {0,...,d,}, one considers the local
sections given by s, ;, and one has

. 8n,j ()
|80,5 (%) < 80,5 () [FS()-10) = ie{{?.l.{ldn}{‘ D) | snilln} < lIsnlln-
Conversely, if these inequality holds, then for any j € {0, ...,d,}, and any local section e,
such that e, # 0, one has
€n €En
— . . < N . .
lenlw = | iy (2) |2 |5n,J ()] |8n,j(33) |r~:(a:) ”Sn,]Hn

which implies, by Proposition 2.2.3 that

€n
Sn,j(x)
So the two conditions are equivalent. Then the openness of the image of DY (.Z, % FS([|[|n))
under p?" follows easily from these defining equations. O

lenlw < je{Ilr,lir}dn}{‘ ‘x ) Hsn,an} = |6n‘FS(H~|In)'



58 CHAPTER 2. NORMED SECTION ALGEBRA AND ITS SPECTRUM

Corollary 2.3.8. — Let S,(£) be a (TN)-isomorphic subalgebra of R,(.Z). Let ¢ be
a continuous metric on L. Then the image of DY (%, ¢) under p*" is an open subset of

C(ZLs,)™.
Proof. — Proposition 2.1.20 implies that the continuous map
P V(Z)"MOX)™ — C(Ls,)*™\0%,

is an open map. As ¢ is continuous, DY (£, ¢)\O(X)?" is an open subset of V (.Z)*"\O(X ).
Then the image of DY (£, ¢)\O(X)?" is an open subset of C(fg.)an\ﬂfé}s‘, so it is also an
open subset of C(%s,)?". It suffices to find an open neighbourhood of 0?5}}5. in the image
of DV(Z, ¢). Note that 0%, Is the contained in the image of O(X)2n.

As Z is ample, there exist n € N such that #®" is globally generated. Let
{sn.j}jef0,....d,} be a basis and construct an ultrametric norm |[|-||, on S, admitting this
basis as an orthogonal basis. Deonte by v be the Fubini-Study metric associated with
|[ln- As both 14 and ¢ are continuous and X®" is compact, there exists € € R such that

Vo e X, Ly(e)(x) < 6(a),
S0
P (L, () € (DY (2, 6)).
The left hand side is an open subset of C(Zs,)™" by Lemma 2.3.7. It contains 0%, . Then
the union
P (DY(Z,9)) = p (DY (Z, 9)\O™(X)) v p™ (D" (Z, %we)))
is equal to the image of DY (%, ¢). Hence it is an open subset in C(Zs, )*". O

Corollary 2.3.9. — Let S,(%) be a (TN)-isomorphic subalgebra of R,(.Z). Let ¢ be a
continuous metric on .Z. If P(¢) is continuous, then for any € € R~, one has

M(S.(Z, ¢)) < Inte (M(S.(Z, 6(e)))),

where Intly denotes the topological interior as subspace of C(Zs, )"

~

Proof. — By Proposition 2.3.3, the left hand side 9M(S.(.Z,¢)) is identified with
P (D7 (Z,P(4)). Since P(¢) is continuous, it is contained in the open subset
PP (DY (Z,P(4)(€))). This open subset is contained in p**(D” (&L, P(¢)(e))) which

~

is identified with 9M(S,(Z, ¢(€))), hence p** (DY (L, P(4)(€))) is contained in the topo-
logical interior of 9M(S,(-Z, ¢(¢))), the right hand side. O

2.4. Restriction to sub-varieties

We study the behavior of norms under the restriction to a sub-variety.

Proposition 2.4.1. — Let ¢ be an upper-semicontinuous metric on .Z. Then

Pll)ly = Pl g, x 1y )-
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Proof. — By definition, for any y € Y2*, one has

PUs)w) = Jim, - FS(lng) ().

.1
PUI-llg,xv)(y) = lim —FS(-lng,x ) (y)-
Since the k-linear map R, () — Rn(Lx|y) is surjective for all large n € N, and |[|[|,,4, x|y

is the quotient norm of ||-||,,4, one has

ES(I-llng) (y) = FSl-{lng,x1y) (¥)-

Hence the two envelope metrics are equal. O

Lemma 2.4.2. — Let ¢ be a Fubini-Study envelope metric on .Z. Then ¢|y is a Fubini-
Study envelope metric on .Z|y.

Proof. — Suppose that ¢ is the pointwise limit on X" of {2 FS(||-||)}, where {||-,,} are

norms on R, (). Then .Z|y is the pointwise limit of {1 FS([|[lr,x1y)} on Y2 O
Proposition 2.4.3. — Let ¢ be a semipositive metric on .£. Consider two algebra
norms ||-||g,, and |||l x|y on R.(Z%|y). Then the three metrics are equal

Pl

s.x1v) =P(l-llg)y) = oIy
Proof. — By Proposition 2.4.1, one has

Pl-llg.x1y) = P-llp)ly = oly-

It suffices to show the second equality in the assertion. By Lemma 2.4.2; the restriction

metric ¢|y is a semipositive metric on .£|y. By Proposition 2.2.10,

Pll-llgy) = ¢lv-
O

Corollary 2.4.4. — Let ¢ be a semipositive metric on 2. Then on R,(Zxy), the
spectral algebra seminorm of |||

#.x|y is equal to ||-[|g|, - There exists a canonical home-
omorphism

MR LX)y ox1y)) = M(R(Lxy, dly))-
Proof. — On the one hand, by Theorem 1.2.17, changing the algebra norm ||-[|4 x|y to
its spectral seminorm does not modify the spectrum, so one has an isomorphism

~ ~ ~

MR (Lxvs 1l x1vip)) = MBR(Lx)ys g, x1v) =2 MR (ZLx)ys Px17))5
on the other hand, by Proposition 2.4.3, one identifies the spectral seminorm of [[-[|4 x|y
with [[-] 4, so one has an isomorphism

MR (L -lg,x1v350)) = MR(Lxpys - llg)y ) = MBA(Lxpy, Dly))-
Combining the two one gets the desired isomorphism. Moreover, by Proposition 1.2.14,
the two power-multiplicative algebra seminorms |[-[|4),, and [[|-[[4 x|y;sp o0 Ru(ZLxy) are
both supremum norms on the same spectrum, so they are equal. O







CHAPTER 3

NORMED EXTENSION FOR RESTRICTED SECTIONS

In this chapter, given a closed subvariety Y of X and ample line bundle .Z, we consider
the problem of extension of sections of .Z|y to X with a control of their norms induced by
¢. We interpret this control as an upper bound of the quotient algebra norm ||-|| x|y by
its spectral algebra norm. We propose two methods in order to establish this inequality.

3.1. Background and results

3.1.1. The Problem. — The algebro-geometric setting is as follows: suppose given a
sub-variety (reduced closed subscheme) Y of an integral projective scheme X over a field
k, and let .#y be the corresponding ideal sheaf. Recall that Serre’s vanishing theorem (see
for example [50, théoréme I11.2.2.1]) asserts that there exist an integer ny such that

HY(X, Sy ® 2%") = {0}
for any integer n > ny. Therefore the exact sequence of coherent &'x-modules
0——= S QL — = O - (Ox/Iy) QL ——=0
induces a surjective k-linear map from HO(X, #®") to HO(Y, £|P"), which we denote by
(s € H(X,2%")) v (sly € HO(Y,.Z|}")),

where Z|y denotes the restriction of £ to Y. In other words, for any integer n > ny,
any global section of £ |§?” extends to a global section of #®". One says that s, is an
extension of t,,.

Now consider the metric analogue of the above statement. Assume that & is equipped
with a complete absolute value |-| and let . be equipped with a continuous metric ¢.
Denote by .Z|y and ¢|y their restrictions to Y, respectively. The metric extension problem
is to find an extension s, € H(X, £®") of a given prescribed section t, € HO(Y, Z|")
of the restricted line bundle, such that the distorsion of their supremum norms is smallest
possible. In terms of norms, the problem can be interpreted as looking for a uniform upper
bound for

- [5llne 0 v 0
2 f t e Im(HO(X, 2% X HO(Y, 2|2")\{0}.
. S A (v, ZI$)N\0}
sly =t
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which can be further formulated as the comparison of two norms on one single vector
space

Im(H(X, 2%") 12X HO(Y, 2/8")),

one is the quotient norm of [|-[|,¢, denoted by ||||,,4 x|y; another is the sup norm ||-[|,,4), -
In practice, one contents with knowing just the asymptotic behavior (when n — o0) of
such upper bounds.

3.1.2. Complex case. — In the complex analytic setting, namely when (k,|-|) is C
equipped with the usual absolute value, the metric extension problem has been studied by
different authors using various approaches. Assume that the metric ¢ is strictly positive
(namely, for any local section s of £ over an open subscheme U of X, the function
(x € U*) — log|s(x)|s is strongly plurisubharmonic). In the case where X is smooth, by
Gromov’s theorem we can compare the sup norm ||-[4 to the L? norm ||-,,4 1> defined as

1
2
Vs HOCCLE), s = ([ s@lhaav)’,

where dV is a probability measure on X®" which is locally equivalent with Lebesgue
measure with a smooth Radon-Nikodym density. Therefore, in the case where X and Y
are both smooth, we can apply the Héormander L? technique and get an inequality (see

for example [61], 171, [15], [2])
3) gty = €'Y, X)n W llugxpy.  n>ny,

where C'(¢, Y, X) is a positive constant. Alternatively, one can apply Grauert’s argument
of pseudo-convexity of the (open) dual unit disc bundle of (.Z, ¢) to produce, for any € > 0,
a slightly weaker inequality of the form which however does not require the smoothness of
the schemes X and Y

(4) HHn¢|y = CG(¢7 YaX)eien||'Hn¢>,X|Y7 n = ny,
where C(¢,Y, X) is a positive constant depending on e. We refer to [10] and [51] for more
details.

Note that, to obtain an estimate of the form (4) for any closed point Y, the semiposi-
tivity of the metric ¢ (in the sense of uniform approximability by Fubini-Study metrics)
is actually necessary. In fact, for sufficiently positive integer n, the ample invertible O'x-
module determines a closed embedding ¢, : X — P(H?(X,.2®")). The norm ||, on
HO(X, £®") defines a Fubini-Study metric on the universal invertible sheaf of the projec-
tive space HY(X,.2®"). Denote by ¢, the continuous metric on .# the n-th tensor power
of which identifies with the restriction of the Fubini-Study metric. Then the estimate
(4) in the case where Y is a single closed point {x} implies that the sequence of norms
|-|¢, () converges to |-|g(x). Moreover, it can be shown the subsequence (|-|g,m (Z))men
is decreasing. Therefore, the semipositivity of Fubini-Study metrics implies that of the
metric ¢.
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3.1.3. Non-Archimedean case. — The problem of normed extension has various ap-
plications, not only in complex analytic geometry, but also in Arakelov geometry. It is a
key ingredient in the proof of the arithmetic Hilbert-Samuel theorem, see [1]. It has also
been applied in the proof of Nakai-Moishezon criterion of arithmetic ampleness, cf. [62],
see also [30].

From the adelic point of view of Arakelov geometry, one can replace the integral models
of arithmetic objects by a family of Berkovich analytic objects (possibly equipped with
metrics) parametrised by the set of finite places of a number field. The advantage of
the adelic approach consists in treating all places of a number field in a uniform way.
This motivates the research of the non-Archimedean analogue of notions and results in
complex analytic geometry. It turns out that many usual analytic tools (such as the L?
method for d) do not work well in the non-Archimedean setting (see however [57] for a
non-Archimedean Ohsawa-Takegoshi extension theorem in one dimension), and often new
ideas are needed to develop the non-Archimedean analogue of complex analytic geometry
and to unify the arguments in both settings.

In this chapter we undertake a study of the metric extension problem in (2) in the non-
Archimedean analytic setting. Previously, a metric extension property of the following
form is established in [21],

Theorem 3.1.1 (Theorem 3.2.1). — Let ¢ be a semipositive metric on ., then for
any € > 0, and any t; € HY(Y, Z|y), there exists ny € N such that for any n > ny, there
exist s, € HY(X, Z®") with s,|y = t?” and

Hanmb <e"t- (Ht1H¢|Y)n'

A metric which is a uniform limit of model metrics is called “semi-amply metrized” in
[62]. For any model metric associated with a model (X, £) of (X,.Z) for o < k, in [21]
they look at the normed vector spaces of global sections H°(X,.#) with the norm given
by a lattice H°(X, £) in it. By a careful study of fine properties of norms in a vector
space associated with lattices, they first established this metric extension for such model
metrics. Then by the existence of non-Archimedean (almost)-orthogonal basis for arbitrary
ultrametric norm, they can approximate a general Fubini-Study metric by model metrics,
thus getting the final conclusion. As a by-product, they showed that one may use general
Fubini-Study metrics (coming from general ultrametric norms on HY(X,.%)) instead of
model metrics in the approximation process. Thus on an ample line bundle, a metric that
is“semi-amplely metrized” in [62] is the same as being asymptotically Fubini-Study in [11].

Thanks to this equivalence, we can avoid the use and study of models. Our new in-
gredient to this metric extension problem is to investigate the normed algebra of sections
instead of normed vector spaces of sections. From point of view of normed section algebras,
the goal is to compare two algebra norms ||-[[[4 x|y and ||-[|4, on the graded algebra

Ru(ZLyy) = @ Tm (HO(X, 28" s 1Oy, 2|m).
neN
We would like to bound from the above of the quotient one by the sup one. The advantage
of passing from vector spaces to an algebra is to better exploit the algebra structure and
to work in an affine geometric setting than in a projective geometric one.
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By virtue of Corollary 2.4.4, we know that the sup algebra norm is the spectral norm
of the quotient algebra norm. This point of view is the leading thread of our methods:
it suffices to concentrate on the relation between the quotient algebra norm ||-[|4 x|y and
its spectral norm. First, in §1, Corollary 2.4.4 allows us to derive directly the normed
extension theorem in [24]: fix an error of precision €, one shows that there is a sub-
exponential bound e for n > N with N depending on the geometry (X, Y, .Z and ¢)
and also possibly on the choice of restricted section.

We can also refine the result, dropping the dependence of N on the choice of restricted
section so that the bound becomes uniform in this choice, which is our main result of this
chapter

Theorem 3.1.2 (Theorem 3.3.5, Theorem 3.4.10). — Let ¢ be a semipositive metric
on .Z. Then for any € > 0, there exists ny € N such that for any n > ny and any
tn € HO(Y, Z[2"), one can find s, € H(X, £®") such that s,|y = t, and

ne‘|

[snllng < e ’thnd)\Y'

The refinement requires a finer comparison result: any (reduced) affinoid algebra norm
is equivalent to its spectral norm. We devise two methods of approximation of [[-[[4 x|y
by affinoid algebra norms, so as to refine the normed extension results in §2 and §3.

Note that our methods give a sub-exponential upper bound as in (4). Whether the
polynomial bound of (3) is obtainable in the non-Archimedean setting remains unexplored,
and evidently it requires considerations of intrinsic geometry in terms of metrized (co-
Jtangent sheaves and local parameters. It seems that the commutative Banach algebra
techniques that we used here are insufficient to ameliorate the bound as only extrinsic
geometry (i.e. embeddings into projective space) has been probed.

3.2. Comparison of norms

Recall that we shall compare two algebra norms |[-[[4 x|y and |[|-[|4},, on the restricted
section algebra

R.(Zxpy) i= @ Im(HO(X, 25) 25 HOY, ZI9")),
neN
the second norm being the spectral algebra norm of the first by Corollary 2.4.4. We’ve
fixed M e N such that for any n > M, Z®" is very ample, and that the restriction maps
are surjective.
The starting point is the spectral relation between these two algebra norms as shown
in Corollary 2.4.4,

I-llg. x50 = Il gl
which is a consequence of the geometric homeomorphism of spectra

M(B.(Lx|y, dx1y)) =~ MB.(Lxjy, dly))-

Theorem 3.2.1. — Let ¢ be a semipositive metric on .Z, then for any € > 0, and any ¢; €
HO(Y, Z|y), there exists ny € N such that for any n > ny, there exists s, € H(X, . £%")
with s,|y = t(?" and

I8nllng < € - (lt1llg), )"
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Proof. — For some large [ € N, one has t®l € R(.f;qy), thus by Corollary 2.4.4 one has
! !
Jm ||t®"|\¢ xiy = 12 L)y -

Note that [[-[|4 x|y is submultiplicative and ||-||4|,. is power-multiplicative, so the sequence

{Ht?"Hg X\Y}n> a has a limit and one deduces that

[ [
im gy = Tm @ = = e

Hence for any € > 0 there exists ny € N, such that for any n > ny, there exists
Sp € Ry (L) with sy, |y = t?” with

Isnllng < €™ 162" llngty = €™+ lt1llgly )™
U

Remark 3.2.2. — This result is previously obtained in [24], by using approximation of
¢ by model metrics. Here we give another proof.

3.3. Geometric/Spectral approximation

Recall that C(Zxy) is the affine scheme Spec R,(Zx|y). The spectra of ]%.(f;qy, bx|y)
and ]SL.(,,%XW, ¢ly) are compact sets in C(Lx|y )™

This approach deduces comparison of algebra norms on R, ($X|y) from the geometric
comparison of the spectra of the corresponding Banach algebras that are completions
with respect to these norms. In the previous section, we’'ve seen that a homeomorphism
of spectra

M(R(ZLx)y x1y)) = MR(Lx )y, dly))
gives rise to a weak version of comparison. To refine it to a uniform one, we examine the
strict inclusion of spectra

im(fz-(-fx\yv dx|y)) = im(ﬁ.(gle, dly(€))), Ve>0

and the consequent comparison of algebra norms. Here ||-[|¢|, () is the sup algebra norm
associated with the dilated metric ¢(e).

The strategy is as follows: starting from the above inclusion of spectra, we can find a
special domain W, contained between them

M(R.(Lx|y, dx)y)) S We S M(R.(Lx)y, dly (€)))

which we see as a geometric approximation of im(R. (Zx|y: ¢x|y)). We consider an inter-
mediate Banach algebra W, which is the structural Banach algebra of W, equipped with
the sup algebra norm ||-|lw.. We would like to translate the above inclusions of spectra
to a comparison of corresponding algebra norms of the following form:

I-llg,xpy = M-liwe = Ul-llggy o)

where we use the symbol < to mean < which omits constants that depends only on
the background geometric data (X, Y, £ and ¢). The first comparison is non-trivial,
since it bounds a general quotient norm ||-||4 x|y from above by a sup norm ||-||w,. This
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comparison stems from holomorphic functional calculus, which produces a homomorphism
of Banach algebras

W — }Az.(zx\y, x|y )-
The comparison of algebra norms follows from the continuity of this homomorphism. The
second comparison is easy: since both algebra norms |[-[|w, and [|-[[4}, () are sup norms

~

on We and on M(R.(ZLx |y, ¢ly(€))) respectively, the desired comparison follows directly
from the inclusion of spectra.

3.3.1. Localization of spectrum by affinoid domain covering. — For any ¢ > 0,
one considers the spectra M(R.(Lx|y, ¢x|y)) and M(R.(Lxy,dly(€))). They can be
both indentified with closed subsets in C(Zxy)*", and one denotes by Intl the topological

an

interior of a set in C(ZLy|y)

Lemma 3.3.1. — There is an affinoid algebra norm HH”g&) Xy on R. (Zx|y) such that

Oc ~ S
50 x 1y = ll-lloe), x|y~ Denote by R.(Lx v, Oe) the Banach algebra completion, it is an
affinoid algebra, and the identity map on R, ($X|y) induces a continuous homomorphism

~ ~

R.(Zx)y, ) = R ZLx )y, dx)y (€)).

which induces an inclusion of spectra

M(R(ZLxys ¢x1y(€) S M(R(Lx )y Cc))-
Proof. — The existence of affinoid norm is an immediate consequence of Proposition 1.3.7
applied to the Banach algebra R,(Zx|y,¢x|y(€) and its finitely generated subalgebra
R.(Zx|y). The induced map on spectra is injective by Proposition 1.2.11. O

Recall that a special domain is a finite union of affinoid domains (see Definition 1.3.36).

Proposition 3.3.2. — Assume that ¢|y is semipositive (in particular, it is continuous).
For any € > 0, there exists a special domain W, such that

MR (Lxpys dxiy)) = ME(Lxpy, dly)) € We € MR(Lpy dly ().
Proof. — The first isomorphism is given by Proposition 2.4.3. To construct W,
note that by Corollary 1.3.29, every point in C(R.(ZLx|y,¢(€)x|y))*" has a neigh-
bourhood system consisting of affinoid domains. By Proposition 2.3.9, the open set
Inte(M(R.(Lx)y, ¢ly(€)))) is a neighbourhood of M(R,(Ly|y, ¢|y)), because the metric

~

¢|y is continuous. Thus for any 2z € M(R.(Lx|y, dx|y)), one may find an affinoid domain
neighbourhood V(z) which is contained in Inttc(im(fi. (Zx|v, ¢lv(€)))). (see the picture
below)

One forms a covering by open sets

M(R.(Lx|y> dx)y)) € U Intf; V(2).
2€M(Re(Lx )y bx|v))
Since the left hand side is a compact set by Proposition 1.2.6, there exist finitely many
points {21, ..., zy} such that {Inth V(2i)}ieq1,...,my form a covering of Dﬁ(é (Zx|ys dx|y))-
Let We be the union of affinoid domains {V'(2;)}ie(1
satisfies the desired inclusion conditions. O

m}, then it is a special domain, and

-----
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Remark 3.3.3. — One denotes by W, the structural Banach k-algebra I'(We, Ow.) of
the special domain W¢, equipped with supremum norm |||y, (see Definition 1.3.36).

Geometric approximation

M(R.(Lx |y, bx)y)) € We € M(R.(Lxjys dly (€))) € M(R.(Lxjys Oc)

3.3.2. Localization of Banach algebra homomorphism. — We shall use holomor-
phic functional calculus to construct Banach algebra homomorphisms. Recall that for any
homomorphism of Banach algebras f : A — B, the spectrum Xy of the homomorphism
is the image of MM(B) in M(A) under the map f*. The theory of functional calculus
(Theorem 1.4.8) provides a factorization of f through a localization: assume that A is
affinoid, for any special domain W containing X, let WV be the structural Banach algebra
of W, and denote by iy is the localization homomorphism corresponding to the inclu-
sion W — 9M(A), then there exists a Banach algebra homomorphism 6 which makes the
following diagram commutative

A-t.B.

7
iwl 7

76
w

One can apply Proposition 3.3.2 for € to construct a special domain W, such that
fm(é.(gx\yﬁx\y» cWe < im(lff.(«iﬂxpa€b|Y(€/)))-
Proposition 3.3.4. — For any ¢ > 0, there exist a homomorphism of Banach k-algebras
(') : Wer — sz.(~$)(|Y, Px|y)
which is induced by the identity map on the dense sub-k-algebra R,(ZLx|y).

Proof. — By Lemma 3.3.1, for any ¢ > 0, one can construct an affinoid algebra norm
HHH:;{;,) x|y on R.(Z%|y) such that the corresponding affinoid algebra admits a (continu-
ous) homomorphism to the original Banach algebra ]"%,(g)ﬂy, Ou) — R. (Lxpy, ox)v (€)).
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Composing it with the continuous homomorphism é.(-f)qy, oxpy(€)) — R. (Lx v, x1v);
one gets a (continuous) homomorphism from an affinoid algebra to a Banach algebra

() : R(-f)qy, Cer) — EO($X|Y>¢X|Y)'

Its restriction on the dense subalgebra R, ($X|y) is the identity, so this homomorphism
has dense image, thus by Proposition 1.2.11 the induced continuous map

T(¢)* : MR(Lx)y . dxpy)) — M(R(Lxpy, ©Oo))

is injective and is closed. As both spaces are compact and Hausdorff, this map is a
homeomorphism of topological spaces from its domain to its image. So the spectrum X ()

~

(of the homomorphism 7(¢’)) can be identified with M(R,(Lx|y,¢x|y)), it is contained
in Wey.

One can perform spectral calculus for the homomorphism 7(€’) with respect to the
special domain We, as Y () is contained in We. By Theorem 1.4.8, there exists a ho-
momorphism 6(e/2) of Banach k-algebras Wy — R. (ZX|v>¢x|y) which is induced by
the identity map on the dense sub-k-algebra R, ($X|y), and makes the following diagram
commutative

T(€')

é-(g)qy, O(e)) —= R\.(iﬂ)ﬂy, bx|y) -

O]

Theorem 3.3.5. — Let ¢ be a semipositive metric on .Z. Then for any € > 0, there
exist ny € N such that for any n > ny and any t, € H(Y, 3@”), one can find s, €
HO(X,.#®") such that s,|y = t, and

Hsnumb <e" thHn¢>\y-

Proof. — First, fix some ¢ < ¢ and one constructs the homomorphism 6(¢')w, as in
Proposition 3.3.4. The boundedness (continuity) of this homomorphism of Banach k-
algebras implies that there exist C. > 0 such that

Vie R(Zxy), ltllsxyy < Ce-lltllw, = Ce - sup [t]..

zeW

Second, by Proposition 2.4.3, one has a canonical homeomorphism

M(R.(Lx )y, () x)y)) = MR( L)y, 0l (€))
from which one deduces
We < Qﬁ(é.(XX\Y, oly (€)))-

Remember that since ||-[|4|, () is power-mutliplicative, by Theorem 1.2.14, it is the supre-

~

mum norm on M(R,(ZLx|y, dly(€'))). Hence by comparing supremum norms on these two
closed sets, we get

Vte Ra(Zxyy), ltlw, < lItllg)y -
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Combining these two inequalities, for any t, € R,,(Zx|y), one has

tnllng,x1y = lltnlle,xy
< Ce - Itallw,

< Ce - |||tn|H¢\y(e’) =Ce -e" th||n¢|y'

Let ny be the integer max{[log(C)/(e — €)], M}, then for any n > ny and any ¢, €
HO(Y, Z|2"), by the definition of quotient norm, one can find s, € H(X,.#%") such
that

e . ’

[snllng < e ’thmﬁ\y'

O

Remark 3.3.6. — The continuity of ¢ is necessary in this approach: it is needed in

~

Proposition 3.3.2 to guarantee that there are enough space between M(R.(Lx|y, dx|y))
and M(R. (Zx|v, ¢ly (€))) so as to insert a special domain We. Otherwise, the two domains
may touch at some boundary point and there would be no special domain in the larger

one that is a neighbourhood of the smaller one.

3.4. Algebraic approximation

In this part, we approximate the algebra norm \H-|||¢X|Y by one affinoid algebra norm on
R.(Zx|y) globally. This algebraic approximation exploits subtle consequences of existence
of a ultra-metric orthogonal basis in (R, (), ||-||ng) for some n € N. In this section (k,|-|)
1s assumed to be discretely valued.

Recall that one denotes by H(k,|-|) the Q-vector space generated by {log|A|} epx o and
one says that a multi-radius r = (rg,...,rq) is (k,|:|)-free if the images of the numbers
{log 7i}icqo,...,ay in the quotient Q-vector space R/H (k, |-|) is Q-linearly independent. Recall
that thanks to the discreteness of |-|, any finite dimensional ultrametric normed k-vector
space has an orthogonal basis. (see Proposition 1.1.16)

Our goal is to deduce an upper bound of ||| x|y by (some variant of)|[-[[4, . Recall
that the second algebra norm is the spectral norm of the first, thanks to Corollary 2.4.4.
The key is to note that such an upper bound of an algebra norm by its spectral norm
holds whenever the algebra norm is an affinoid algebra norm. Namely, if [|-|, x|y is an
affinoid algebra norm, by Corollary 1.3.22 there exists C' € R~ such that

Hloxiy < C - ll-lloxyso = C - ll-lloy-

An explicite calculation of ||-||4 is possible in the case where X is P4, £ is ¢(1) and ¢
is a (genuine) Fubini-Study metric (induced from an ultrametric norm on R;(£'(1))). In
this case ||-[|4 is a Gauss-Tate norm of some multiradius. This implies that for general X,
if £ is very ample and ¢ is a (first level) Fubini-Study metric, the algebra norm [[-[|4 x|y
is an affinoid algebra norm, thus the desired upper bound can be obtained in this case.
It would be nice if this affinoid property also holds whenever .Z is just ample and ¢ is
some m-th Fubini-Study metric, because one can treat the general case of an semipositive
metric using approximations. Unfortunately we are unable to show the affinoid property
of ||-]l, x|y in this m-th Fubini-Study metric case.
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3.4.1. Algebra norm induced by Fubini-Study metric. —

3.4.1.1. Case for (P4, 0(1)). — Let ¢ be a metric on &'(1), one studies the algebra norm
I-ll¢ on R.(&(1)). Since R,(€(1)) can be identified with the multivariate polynomial
algebra, one would like to show that under various assumptions, the algebra norm |||
can be identified with a Gauss-Tate algebra norm on this multi-variate polynomial algebra.
As a consequence, the normed section algebra (R,(€(1)),]|-||4) will be a Tate affinoid
algebra. (see Definition 1.3.1)

First, one chooses a preferred basis to do the identification. By Proposition 1.1.16, one
can find an orthogonal basis {T}}c(o,.. 4y for the normed vector space (R1(0(1)),|[l4),
namely a basis of the k-vector space R1(€(1)) satisfying

d
V(o Aa) € KT I N Tl = max {[A] - [T}
20 1€{0,...,d}

For any i € {0,...,d}, one denotes by r; the value ||T}|s, and by r € (R>0)?™! the multi-
radius (ro,...,rq). One fixes such an orthogonal basis, and identify the graded k-algebras

R.(O(1)) = Sym R (6(1)) ~ k[To, ..., Tal,  Ti—Ti.
For any multi-index J = (jo,...,ja) € N¢*! one denotes by T the monomial element
by the monomial section /. With this choice of basis, one has a multi-grading by J € N¢+1
on the section algebra which refines the original grading by n € N

RO =D RO ~B @  RoAO0) = HTo, ... Til.
neN neN JgNd+1,|J|:n
Second, one would like to identify the algebra norm ||-||4. Note that in general, since
|-l is graded (with respect to the grading n € N), the sub-spaces R,,(€'(1)) are orthogonal
with respect to [|-||4 for different n € N. However, a Gauss-Tate algebra norm exhibits an
orthogonality with respect to the finer multi-grading J < N9*+1. In fact, for an algebra

norm to be Gauss-Tate, the subspaces

{RJ(ﬁ(l))}JENcHl

should also be orthogonal.
We shall show that [[-[[4 coincide with a Gauss-Tate algebra norm ||-[[ 7, o of multiradius
r on R,(0(1)), in two steps:

1. The two norms coincide on each subspace R;(€0(1));

2. The two norms coincide on each subspace R, (0(1)), hence also on R,(€(1)).

First, one calculates ||-||4 on mononial elements.
Proposition 3.4.1. — For any J € N+ one has
J ji
IT e = [T I
1€{0,...,d}
Proof. — Take a complete non-Archimedean valued field extension (£, |-|") of (k, |-|x) such
that

Vie {0,...,d}, rielk™|,
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hence for any i € {0,...,d}, there exist elements x; € k' such that |r;|" = r;. One denotes
by z(r) € (P4)* the point given by the coordinates [rg : ... : kq].

Claim 3.4.2. — For any i € {0,...,d}, one has
ITille = ri = |Tilp(2(r)).

In other words, the maximum of the function |T;|4(x) on (P¢)
values of these d + 1 functions on (P¢)® can be attained at the same point z(r).

a% is r;, and the maximum

Proof. — With the orthogonality of the basis {T;}ic(o,....q, We can calculate as follows

Tifg(x(r)) = inf M -Th+---+X\;-T
’ Z|¢( ( )) (>\0'To+-~~+>\d-Td)(m(r)):(Ti)(x(r))H 020 d dH¢
A0y y g )ERATT
= inf {)\ T }
e 20 max 4w Tl
(X0s-ry Mg )ERTTL
= inf ma { A }
>\0'I‘€0+~~'+>\d':‘€d=mme{O,.?id} | m‘|ﬁm|
(A07...,)\d)€kd+1
= inf ma; {)\ K il ks }
)\O(HO//%)Jr---+)\d(ﬁd/m):1me{O,.?.(,d} Am|lfim/si] - |15
A0y Ag)ERETE
= |Ki| = rs.
The last equality is obtained by Lemma 2.2.2. ]

By this Claim, for any multi-index J, the function |T7|4(z) can attain its maximum
value [ [;cqo ) r!" at the point z(r) € (P¢)?" as the product of maxima of the one-variate

factors {sz’} - By definition of sup norm, one has

ie{l,....d
1T o = sup [T/|s(@)= [T »F= 1 1Tl
d)an
ae(Pd) i€{0,....d} i€{0,....d}
]
Second, one calculates the algebra norm ||-[|4 on any (homogeneous) combination of

monomials. For a general metric, one needs a (k, |-|)-freeness assumption on the multira-
dius r to gain finer orthogonality.

Proposition 3.4.3. — Assume that {”TiH¢}ie{0,...,d} are (k,|-|)-free. Let S < Ni*+! be a
finite set of multi-indices, then for any J € S any Ay € k, one has
11222517 = sup |- Ty 16
Jes JesS
In other words, the algebra norm ||-||, on R,(€(1)) can be identified with the Gauss
norm on k[T, . .., Ty] of multi-radius r. The Banach k-algebra R.(€(1), ) is an affinoid
algebra.

Proof. — By the (k,|-|)-freeness assumption on r and by Proposition 3.4.1, for any two
distinct multi-index J and J’, and any two non-zero coefficients Ay and Ay in k, we have

1A T gy = 1l [T 7= ] = Ay -T”
1€{0,...,d} i€{0,...,d}

A
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By Lemma 1.1.13, the elements {T"/} jcs form an orthogonal basis for the normed vector
space (D gk - T7,||[l4)- So the desired equality holds. O

Corollary 3.4.4. — With the same hypothesis, the envelope metric P(¢) is a Fubini-
Study metric induced by ||-||4, and it is continuous.

If ¢ is a Fubini-Study metric, one does not need the (k, |-|)-freeness assumption on r.
For any (dg,...,84) € R¥1 denoted by 8, one can construct a perturbed metric ¢(8) as
follows. Let ||-||4(s) be the following ultrametric norm on Ry (&/(1))

d
v()\07"'7>‘d)ekd+17 HZ)‘ZEH =  mnax {egl’AZ| ||EH¢}7
=0 i€{0,...,d}
namely the ultrametric norm such that {T;};c(1,.. 4y is an orthogonal basis, and that
vie {0,....dh, | Tilgw) = ™[I Tille-
Let ¢(8) be the metric FS(||-|45)) on &(1). Denote by |d] the number max;c .. 4/5i| €

Lemma 3.4.5. — Assume that ¢ is a Fubini-Study metric. For any ¢ > 0, there exist
6 € R4 with 8] < e such that

VneN, dist([|[ng, [|-lnps)) < ne.
Proof. — Choose an arbitrary § with |§] < e. Then

dist([|- ¢, [I-/lss)) < €
By Proposition 2.2.10, we have

dist (FS([|-{|s), FS([l-l8))) = dist(FS([[-ll¢), ¢(8)) <€,
by the assumption and Proposition 2.2.9,

ES([[-l¢) = ¢,

so the conlusion holds. O

Proposition 3.4.6. — Assume that ¢ is a Fubini-Study metric. The conclusion of

Proposition 3.4.3 holds without the assumption of (k, |-|)-freeness of {||TiH1}i€{0 )

Proof. — Since |-| is discrete, for any € > 0, there exist § with |§] < e such that the

elements {||E‘|¢(5)}ie{0 Ly e (k,|-|)-free. By Proposition 3.4.5, for any n € N and any

sn € Rn(€(1)) which one writes as >} 5, A T/, one has
QWEH Z AJ 'TJans(a) < H Z AJ 'TJans < enEH Z A 'TJHn¢>(5)'
[J|=n |J|=n |J|=n
By Proposition 3.4.3, one has
max{e "\, [ ()} <| D] AT, <max{e™\g| [ (e%r)}.
[Jl=n i€{0,...,d} |J]=n |J=n i€{0,...,d}
Fix n and let € tends to 0, one gets

)] AT, = |J‘i}’r<z{‘)\J| [T '}

[J|=n i€{0,...,d}
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Finally one deduces that
H‘ Z )\J-T‘Im =supmax{\)\J| H rji} = max{|)\J] H rji}.
|J[<w0 " el |Jl=n eOd) Jl<e0 eOd)

Hence ||-||4 can be identified with a Gauss-Tate norm of multi-radius r on R,(£'(1)). O
3.4.1.2. Case for some general (X,.Z). —

Proposition 3.4.7. — Assume that ¢ is a (first level) Fubini-Study metric. If £ is very
ample, then R,(.Z,¢), R.(ZLx|y,¢x|y) and R.(ZL|y,dly) are affinoid algebras.

Proof. — By the very-ampleness assumption, the space of global sections R;(.Z) induces
an projective embedding
0 X Pt

such that ¢ (1) is £. Moreover there exist a norm ||-||; on R () such that ¢ is given by
FS(|||l1)- One can view ||-||; as a norm on R;(€(1)), and one gets a metric ¢ = FS(||-||1)
on 0(1). By construction the restriction metric ¢|x coincides with ¢.

By Proposition 3.4.6, the Banach algebra R.(&(1), I-ll) is an affinoid algebra. The
embedding ¢1 induces a quotient homomorphism of Banach algebras

R.(6).|IMlly) — B2, -]

P x)-
Hence the quotient Banach algebra R, (%, Il par x ) is an affinoid algebra.

By Proposition 2.4.4, on R.(Z, Il par | x): the algebra norm |-[|4 is the spectral norm
of |||l par|x- The later algebra norm is an affinoid norm, since this Banach algebra is
reduced, this norm is equivalent to its spectral norm by Proposition 1.3.22. So ||-||4 is
also an affinoid algebra norm. Thus R. (&, @) is an affinoid algebra.

By the same argument, one has the quotient homomorphism of Banach algebras

ﬁ.(g, ¢) - ﬁ-(gX‘Ya ¢X‘Y)7

As [[-[[4 is affinoid algebra norms, so is ||-||4 x|y- Then on }’é.(g)qy, I, x1y), by Propo-
sition 2.4.4, the algebra norm |[-[|4, is the spectral norm of ||-||4 x|y, hence is itself an
affinoid algebra norm. O

Proposition 3.4.8. — Assume that ¢ is a (first level) Fubini-Study metric and that £
is very ample. Then there exists C'(¢,Y) > 0 such that for any t € R,(Zx|y), one can
find s € R,(.Z) satisfying

lslle < C(8,Y, X) - [lllgyy -

In particular, for any n € N and ¢, € R.(Zx|y), one can find s, € R,(Z) satisfying
I5nllng < C(8,Y, X) - [[tnlng|y -

Proof. — By Proposition 3.4.7 and the assumption, the Banach algebra norm ||-[4

is an affinoid algebra norm. As E.(gx‘y,¢x‘y) is reduced by Proposition 2.1.26, by
Proposition 1.3.22; there exist C(¢,Y) > 0 such that

(5) HH”¢>X|Y <C(¢,Y,X)- HHH(bX\y;Sp'
Since ||l ¢y ysp = Il ¢y, by Corollary 2.4.4, one gets the desired estimate. O
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Remark 3.4.9. — With the metric finiteness properties of affinoid algebra norm, here
the upper bound for metric extension of a Fubini-Study metric is much better than the
bound (4) or even the bound (3), for its (in)depence on n € N.

3.4.2. Algebra norm induced by semipositive metric. — With the extra assump-
tion of discreteness of valuation of the base valued field, one would be able to give
another proof of Theorem 3.3.5, if Proposition 3.4.7 holds for ample . and any m-th
Fubini-Study metric ¢. Recall that we've fixed M € N such that the restriction maps
R, (%) — R,(ZL]y) are surjective for all n > M.

Theorem 3.4.10. — Suppose that (k,|-|) is discretely valued. Assume that Proposition
3.4.7 holds for ample . and any m-th Fubini-Study metric ¢. Let ¢ be a semipositive
metric on .Z. Then for any € > 0, there exist ny € N such that for any n > ny and any
tn € HO(Y, Z[2"), there exits s, € H'(X,.£%") such that s,|y = t, and

ne.|

[snllng < e ’thnqﬁ\Y'

Proof. — By the semipositivity assumption, there exist norms {||-||,}nen on R, (-£) such
that ¢ is given by P({||*|ln}nen). Let 1, denote the metric 2FS(]|-||), on £. Since ¢ is
continuous, the convergence of {1, }nen to the envelope metric ¢ is uniform. So for any
€ > 0, there exist M’ > M such that

1
diSt(wM’v(b) < 56,
hence for any n € N, one has
. 1 . 1
dlst(”-”an” H”n¢) < gnev dlSt(H'Hm,/)M/,Xle ”’Hmﬁ,X\Y) < gTLE.

By our assumption, the Banach algebra ﬁb-(iﬂm% (Yar) x|y) is an affinoid algebra, thus
there exist Cp/(X,Y,®) > 0 such that

vie R(Zxpy), Nty x1y < Cmr -ty xivisp = gy

Combining this comparison with above estimates, for every n = ny := [In(Cys)/(e/3)],
one has

1
[tnllng,x1y < €3 [Itnllng, . x|y

< 5™ O [l iy

<3 Cpr - Iltallngly

< e ltnllngly -
Hence there exist s, € R, (Z) with [|sp|lng < €™ - [[tnllng)y - O
Remark 3.4.11. — The continuity assumption on ¢ is necessary in this approach, for

deducing a uniform convergence to ¢ by m-th Fubini-Study metrics.



CHAPTER 4

CONTINUITY OF ENVELOPE METRIC

In this chapter we study the continuity of the semipositive envelope metric P(¢) of a
continuous metric ¢ on the ample line bundle .. We interpret the continuity of P(¢)
as a neighbourhood property for the holomorphic convex set 9t(¢). This helps to reduce
the continuity problem to a non-Archimedean version of Cartan-Thullen’s result about
holomorphic convexity.

4.1. Background and results

4.1.1. The Problem. — We maintain the basic setting as in previous chapters. Let k
be a field, X be an integral projective scheme over Spec k, .Z be an ample line bundle over
X. The algebraic positivity of .Z plays a central role in establishing vanishing theorems
and their various consequences. If k is equipped with a complete absolute value |-|, one can
construct the corresponding analytic space and put a continuous metric ¢ = (|-|4(2))zexan
on the analytification .Z?". It turns out that the algebraic positivity of .Z can be captured
by the metric positivity of the pair (.Z,¢), and many problems concerning (algebraic)
positive line bundle can be studied via analytic methods with the help of a positive metric
}.

In case where the metric ¢ is not positive, there is a way to construct a positive met-
ric with some positivity from ¢ itself. One builds a sequence of positive metrics v, on
L@ from ¢, and takes the limit metric of the (normalized) sequence of these positive
metrics. The limit is a metric on £, and it still remains to be positive (in some sense). In
both Archimedean and non-Archimedean settings, Fubini-Study metrics are often used as
models for 1,: they are constructed from an (in fact any) orthogonal basis {sn j}je(0,....d,}
of the normed vector space (H(X,.Z%®"), |||l»). If the norms ||-||, are chosen to be the
norms induced by n¢ (the L?-norm with respect to a fixed volume form on X" in the
Archimedean setting and the supremum norm in the non-Archimedean setting), then the
limit metric is called the Fubini-Study envelope metric of ¢, and is denoted by P(¢). As the
positivity of P(¢) is inherited from the positivity of global objects (i.e. the Fubini-Study
metrics), one shall call it a global positivity.

While inheriting the global positivity from Fubini-Study metrics, the envelope metric
P(¢) may not be continuous on X", In general, the approximation procedure only yields
a possibly singular metric, as the convergence to the limit metric is just pointwise on
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each fiber of Z*". The continuity of envelope metric is important for many problems.
For example, when X is proper, the continuity of envelope metric is equivalent to the
uniformity of the approximation of P(¢) by Fubini-Study metrics 1,. This uniformity
of approximation is indispensable to establishing uniform metric extensions for restricted
sections of £ from a sub-variety Y of X (see the previous chapter). Another example
concerns some functionals which are defined on the space of all continuous metrics such
as the relative metric volume. They are devised in search for a canonical metric on .2,
and there is a need to put P(¢) as an argument in these functionals.

4.1.2. Complex case. — In the complex analytic setting, the positivity of a metric is
defined by local objects, as the pluri-subharmonicity (psh) of the norm function |e(z)|4 of
any local regular section e of .Z. This local positivity of ¢ implies the global positivity
of ¢ [61][62, Theorem 3.5], namely that ¢ is a pointwise limit of Fubini-Study metrics.
Concerning the regularity, a deep result of regularization of psh functions using L? methods
for 0 from [17] implies that

Theorem 4.1.1. — Suppose that X is normal. If ¢ is continuous, then P(¢) is also
continuous. ([20], see also [39, Appendix])

4.1.3. Non-Archimedean case. —

4.1.3.1. Previous results: “Zariski” approach. — In the non-Archimedean case, semi-
positivity of a metric is first defined in [62] using model metrics in the approximation.
For various other definitions of semi-positivity, we refer to [13] for a clear discussion.
In this vein, the envelope metric continuity has been studied in [13], [35] and [11]. In
particular, the following cases are known from these works.

Theorem 4.1.2. — Suppose that X is normal. Suppose that the base field & is of equi-
characteristic 0, and the valuation is discrete or trivial. If ¢ is continuous, then P(¢) is
also continuous. ([13],[12])

Theorem 4.1.3. — Suppose that X is normal. Suppose that the base field k is of
positive equi-characteristic p, and the valuation |-| is discrete. Under the hypothesis of the
existence of a resolution of singularity in characteristic p, if ¢ is continuous, then P(¢) is
also continuous. ([35])

These works adopt the “Zariski” point of view to the study of analytic spaces, empha-
sizing the role of integral models and using algebro-geometric techniques. In these works,
the semipositivity of a metric is defined by approximation by model metrics, in the sense
of [7] and [62]. In |13], a careful analysis of behavior of different models is carried out, and
a wonderful framework of non-Archimedean pluripotential theory was develpped. Their
general strategy is to analyze the behavior of metrics on the subset of X2 consisting
of quasi-monomial points. First, a sequence of vertical ideals is associated with an SNC
model for (X,.Z), and a sequence of model metrics is thus constructed. Then the uniform
convergence of this sequence of metrics to the envelope metric is captured by a sequence
of multiplier ideals constructed from the integral models. Further properties of multiplier
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ideals gives control on the approximation and finally lead to the uniform convergence. Ad-
ditional hypothesis on the base field are imposed in order to facilitate the use of multiplier
ideals and of SNC models.

In [35], some of the assumptions on the base field has been removed. They can also treat
the equal positive characteristic case. Hypothesis of resolution of singularities is imposed
to deal with SNC models, and multiplier ideals are replaced by test ideals for the control
of approximation.

In view of these results, it is conjectured in [11, Conjecture 6.20] that P(¢) can inherit
the continuity of ¢, in a general setting without much further assumptions on the valued
base field. Other implications related to this conjecture concerning regularization of non-
Archimedean psh functions can be found in |11, Section 6].

4.1.3.2. Our proposal: “Berkovich” approach. — In this chapter we would like to study
the continuity problem from the “Berkovich” point of view, emphasizing the role of analysis
of holomorphic functions. We propose an analytic route, which is independent of the
aforementioned algebro-geometric methods. We reduce this problem to a property of
holomorphic convex sets in non-Archimedean analytic space. Namely, we believe that the
following assertion should hold:

Speculation 4.1.4 (4.2.1). — Suppose that (k,|-|) is spherically complete. Let Z be
the analytiﬁcation of a normal affine variety. For any compact set K and U in Z with
K € U, one has K € U. In other words, for and any neighbourhood U of K in Z, the
envelope Uis a neighbourhood of the envelope K. (The holomorphic envelope is taken in
Z.)

The main result establishes the implication of the above property to the continuity
problem.

Theorem 4.1.5. — Suppose that the base valued field (k,|-|) is spherically complete.
Suppose that X is normal. Assume that Speculation 4.2.1 is true. Then if ¢ is continuous,
the envelope metric P(¢) is also continuous.

Remark 4.1.6. — Valued fields as Q, or F,,((¢)), verify the assumptions. On the con-
trary, C, is a complete valued field that is not spherically complete.

We study the continuity of the envelope metric by the geometry of holomorphic con-
vexity. Our approach is quite different from previous ones. We benifit from [24] to use an
equivalent definition of semi-positivity via approximation by general Fubini-Study metrics
(instead of those which are model metrics). Thanks to this relaxation, our analysis does
not concern with integral models. Further, we investigate the envelope metric from the
point of view of normed algebra of global sections (instead of the sequence of normed
vector spaces of sections). The basic construction is as follows, which relates the envelope
metric with the spectrum of normed section algebra (see chapter II for the details).

— Normed algebra of sections. For an ample line bundle .Z over a projective variety
X, we consider the graded algebra of sections

L) =@ Ru(ZL) =P H(X, 2%,

neN neN
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If £ is equipped with an upper-semicontinuous metric, we construct a graded
sub-multiplicative norm on this algebra

l(sn)llg = sup [[snllng
neN

where ||||lns are sup norms on H?(X, #®") with respect to the metric ng. We can
consider a Banach algebra, the completion of the algebra of sections with respect to
this norm, which is named as the normed algebra of sections. This Banach algebra

is denoted by R.(Z,¢).

— Spectrum. The Zariski spectrum of R,(.Z) is the affine cone of .# and is denoted by
C(Z). It can be identified with the total space of £V, denoted by V(.Z), with the
zero section contracted to the origin by a morphism p. Inside C(.£)*" one finds a
compact set, the Berkovich spectrum of R. (Z, @), denoted by M(Z, ¢). The corre-
sponding compact set of pre-image of M(.Z, ¢) in V(Z)?" is exactly the dual unit
disc bundle of .Z with respect to the envelope metric, denoted by D (£, P(¢)).
One may also look at the smaller dual unit disc bundle D" (.%, ¢) with respect to the
original metric, and denote by M~ (£, ¢) its image under p**. The spaces and rela-
tions are described by the following Cartesian digram for maps between topological
spaces, where p?” is the analytic morphism of contraction of the zero section.

D" (L, ) — =M (L, $)

£ pan

D' (Z,P(¢)) —= M(ZL, )

From this result, one can recover the envelope metric P(¢) directly from 9M(.Z, ¢),
which is itself constructed from ¢ in a simple way. It then suffices to study the envelope
metric from the geometry of these associated sets. Indeed, the global positivity of the
metric P(¢) is translated to the holomorphic convexity of the compact set M (2, ¢). The
limit construction of P(¢) from ¢ is translated to the operation of taking holomorphic
envelope.

Proposition 4.1.7 (2.3.4). — In C(Z)*", one has Qﬁ/:\(gb) = M(o).

Our study of the continuity problem is based on geometric considerations of the dual
unit disc bundles. The point of attack is the effect of dilation along fibers of (V)" to
the dual unit disc bundle with respect to a metric. Recall that for any € € R, we denote
by ¢(€) the dilated metric defined by

Vo e X, Vsp € Ru(L), [50(T)|nge) := |sn(T)|ng - €

Note that for € > 0, the dilated metric is bigger, so D" (£, %) is contained in D" (Z, 1 (e)).
The metric 1) is upper/lower-semicontinuous if the function x — [s,(x)|ns is so. The
observation is that for an upper semicontinuous metric, the dilation on its dual unit disc
bundle detects the possible discontinuity of the metric.
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Proposition 4.1.8 (4.3.1). — Let ¢ be an upper-semicontinuous metric on .#. The
metric is continuous if and only if D (2,1 (e)) (resp. M ((€))) is a neighbourhood
in V(Z)™ of D' (£, 1) (resp. neighbourhood in C(£) of M~ (v))) for any sufficiently
small € € R-g. In other words, the metric is continuous if and only if D (.%, 1)) is contained
in the (topological) interior of D" (£, (€)).

With this geometric criterion, the continuity properties of ¢ and P(¢) are related by the
following diagram. Each term is seen as a topological space with the subspace topology
inherited from the ambient space V(L)*" (resp. C(L)*"). The symbol € means inclusion
in the topological interior, and (A) means the operation of taking holomorphic convex
envelope in the ambient space.

B (#,6(0) ~>D"(~, P)(E)
(MY (MY

D" (Z,$) ~~>D"(Z,P($))

Equivalently one may look at the following diagram, where one sends the previous diagram

by the map p*" : V(£)*"* — C(Z)*"

W (5() s M(0())
(MY (MY

—~

M (@)~~~ M ()

To transfer the continuity of ¢ to the continuity of P(¢), it then suffices to show the “com-
mutativity” of this diagram of operations. In fact such a phenomenon of “commutativity of
holomorphic convex envelope and neighbourhood” should hold in a more general setting,
for any compact set inside any ambient space of affine analytic space. This commutativity
is indeed the content of Speculation 4.2.1.

With this commutativity, one easily deduces the continuity of P(¢) from the continuity
of ¢.

Note that our method is of global nature, and the ampleness assumption on L is thus
important.

4.2. Holomorphic convexity of holomorphic envelope

In this section we make a synopsis of the following commutativity property, listing some
attempts and difficulties, without being able to give a complete proof. This section does
not contain any result and can be jumped.

Speculation 4.2.1. — Assume that (k,|-|) is spherically complete. Let Z be the ana-
lytification of a normal affine variety. For any compact set K and U in Z with K € U,
one has K € U. In other words, for and any neighbourhood U of K in Z, the envelope U
is a neighbourhood of the envelope K. (The holomorphic envelope is taken in Z.)
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4.2.1. Reformulation by holomorphic convexity. — Indeed, one can reformulate
the commutativity property as confirming the holomorphic convexity of U (in Z). Namely,
any relative compact subset K contained in Int! U has a holomorphic envelope (in Z) K
which should be still contained in Int! U.

The notion of Stein spaces and holomorphic convexity in the Berkovich non-
Archimedean analytic setting has been recently systematically studied in [14]. In
particular, analogues of important classical results concerning Stein spaces has been
established, such as Cartan theorem A and B, as well as many other fundamental in-
termediate results. As coherent analytic sheaf methods are used, mainly in their study,
holomorphic convexity of open sets are dealt with.

Here for our application to the continuity problem of envelope metrics, we need to
establish the holomorphic convexity for the holomorphic envelope of a closed set, namely
M(p(e)) in our case. As we do not know much about the boundary and interior of this
closed envelope set, it seems not easy to apply directly results from [!1] to establish
holomorphic convexity. Hence we perform another study.

4.2.2. Core issues. — To show the key result of holomorphic convexity, for any zy € K ,
one needs to find a neighbourhood V' of 2y in Z, itself contained in U. There are two basic
issues to be dealt with:

1. To characterize points such as zg, in holomorphic envelope U , by knowledge of the
original set U;

2. To propagate such characterizations to some neighbourhood around zy € K , from
the assumption K € U. In other words, performing an “analytic continuation” of
the characterization.

Inspired by the approaches in the complex analytic setting, one has basically two dif-
ferent points of view. One shall see that each of them individually encounters obstacles in
the non-Archimedean setting, yet a combination of them might possibly work.

Note that in our case holomorphic envelope coincides with the polynomial envelope.
Thus it suffices to use polynomials to define the envelope set.

4.2.3. Function-theoretic point of view. — From the function-theoretic point of
view, points in a holomorphic envelope set, such as z, are detected by the defining bound-
edness conditions of the corresponding evaluation map, and the analytic continuation is
simply based on the Taylor development of the function around z.

This strategy is inspired by the Cartan-Thullen’s argument in the C-analytic setting.
For simplicity of presentation one may look at the case where Z is (A™)?". Let [|-||x (resp.
II/lr) be the sup norm on K (resp. on U). For any polynomial f € k[T'], one can try to
do the Taylor expansion at z, and gets

flw)= >, cf(z)- (T(w) =T ()",
LeNd
where 01, f(z) are multi-partial derivatives of f(z) (Taylor coefficients) which are still
polynomials. Then the coefficients |0r, f(z)| are controlled from above by ||0L f|| x thanks
to the fact that z € K. Moreover, as K € U, by Cauchy estimates one can find § > 0
such that each term of the form [|0 || - 6/%! is bounded from above by || ]| Thus for
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points w in the neighbourhood of z in Z defined by the inequalities |T;(w) — T;(z)| < 4,
one has | f(z)| < ||f[|v. Thus this neighbourhood is contained in U. Besides, one may also
reformulate the above argument by considering the action of an analytic group (G7)*" on
(A™)2". The theory developped in |3, Chapter 5| implies, by the continuity of the action,
that the convolution point £(4) = z with a Gauss point £(d) is contained in U if & is small.
Thus the set {5(5’)?,2} which is just the polydisc neighbourhood of z constructed by Taylor
expansion, is also contained in it.

The central difficulty to carrying out this argument in the non-Archimedean setting is
the possibility of performing Taylor development at z. In general, the point z is not a
rigid point of Z, this fact impeaches a Taylor development. If one uses base field change
to a larger valued field (K, |-|") to make z a k’-rigid point in Zj/, the holomorphic envelope
behaves well with respect to base change thanks to the study in [14]. But the obtained
neighbourhood on ng_,}k(z ) does not necessarily descend to a neighbourhood on Z, as the

continuous surjective map 7Tk_,}k : Zy — Z is not open in general, especially when the
field extension is large. In terms of the reformulation of action by (G}')*", the convolution
point £(0) * z may just coincide with z itself in case where z is itself a “big” point and §
is small (for example, one has £(0) = £(1) = £(1)).

4.2.4. Spectral-theoretic point of view. — From the spectral-theoretic point of view,
one views the holomorphic envelope of a set as the analytic spectrum of the Banach alge-
bra of holomorphic functions defined on this set. Points in the holomorphic envelope are
characterized by the continuity of the associated evaluation homomorphism from this stuc-
tural Banach algebra, and the analytic continuation is realized thanks to the perturbation
stability of index of Fredholm operators.

More precisely, one takes again Z to be (A™)*" for illustration of ideas. One forms
the k-Banach algebra B(U) as the completion of polynomials k[T'] with respect to the sup
norm [|-||y. At any point z € Z, one may look at the evaluation homomorphism ev(z) from
(the dense subalgebra of polynomials of) B(U) to k(z). Points z in U are characterized by
the continuity (i.e. boundedness) of ev(z). In addition, in view of the Cauchy estimates,
points z in the interior of U should be characterized by the Fredholmness of the evaluation
homomorphism ev(z), a property stronger than just being continuous. Indeed, since zy €
K , the relative compacity K € U implies that the evaluation homomorphism ev(zg)
is completely continuous, hence is Fredholm. Moreover, the index of ev(zy) should be
positive. As small perturbations of Fredholm operators are still Fredholm with the same
index, one sees that if z is in a sufficiently small neighbourhood of 2y € K , the evaluation
homomorphism ev(z) is still Fredholm with positive index. Thus this neighbourhood is in
the interior of U , hence is also in U.

There are multiple difficulties to carrying out this argument in non- Archimedean setting.
The first one is again about the rigidness of point zg. Contrary to the C-analytic case,
the evaluation morphisms ev(z) lands in different target Banach spaces k(z). Although
perturbation theory of Fredholm operators is well-developped in [55] for fized source and
target Banach spaces, one does not know how to formulate perturbation theory for varying
target Banach space. A second difficulty is whether the Fredholm property (with non-zero
index) of ev(z) really characterizes points of the interior of spectrum U. One would like
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to use the Koszul complex of B(U) with respect to a regular sequence {T; — T;(2) }ie(1,....a3
to study the properties of ev(z). The situation is not so clear even in the C-analytic case
(except in dimension 1).

4.2.5. Mixed point of view. — In view of difficulties encountered in each of the above
cases, it seems plausible to treat them separately, according to the nature of the point
z. On one extremity, if z is “small”’, namely a rigid point, one can produce a desired
neighbourhood by the first method. On another extremity, if z is “large”, for example a
point with p, being {0}, or even more, an Abhyankar point, then one should use a method
of different nature to produce the desired neighbourhood. It seems that variabilities of
“small” points are geometrical while variabilities of “large” points are spectral. In the
intermediate case one can decompose the variability of z into two types of directions along
which z behaves as in the two extreme case. We leave this study for the future.

4.3. Neighbourhood of dual unit disc bundle and continuity of metric

One first gives a criteria of continuity of an upper-semicontinuous metric in terms of
topological property of its dual unit disc bundle.

Proposition 4.3.1. — Let 1 be an upper-semicontinuous metric on .Z. The metric is
continuous if and only if D" (.%,v(€)) is a neighbourhood of D (£, 1) for any sufficiently
small € > 0.

Proof. — The criterion is clear from the following geometric picture, while the argument
is somehow cumbersome. It’s obvious that if v is continuous, then the dilated dual unit
disc bundle is a neighbourhood of the original dual unit disc bundle.

Conversely, if 1 is not continous, let xg € X®" be one of the discontinuity point. Take
any global section s, € R, (%) such that s,(zg) # 0. By the discontinuity of 1 at x(, one
has

lim inf|s, (@) |ny < limsup|s, (2)|ney-
=0 T—T0

As the metric of v is upper-semicontinous, one has

lim sup|s, () ny < |8n(20)|nyp-

-
For any € € R, and any x € X", let {,(€) be the Gauss point of the dual unit disc over
zin D' (Z,1(e)). One has
|5n($)’nw(e) = ‘Sn|§z(5)'
The upper-semicontinuity of the metric of ¥ implies that there exist § > 0 such that
lixrgiwrgﬂsn(x)]mp = ’3n|5zo(6)-
Denote by R the subset of X" of the points x satisfying

|50(2) [0y < "2 - lim inf|s,, (2') ]y,
x’—xg

or equivalently the points = satisfying

2
< e/

[5nle. (0) N8nleny (-8) = Isnlesy (~5/2)-
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Since xg is a discontinuous point, by construction, for any neighbourhood U of zg in X?",
one has U n R # (.

For any € € R such that 0 < € < §/4, we show that any open neighbourhood @ of 520 in
V(£)* can not be contained in D" (.Z,(e)). One may also assume that @Q is contained
in the open set {z : |s,|, > |5n’§mo(—5/4)} up to replacing () by its intersection with this
open set. See the picture blow.

Since the map 7" : V(.Z)*" — X" is open, the set 7*"(Q) is an open neighbourhood
of zg, hence has non-empty intersection with R. Let = be a point in R n 7®*(Q). For any
z e (m)~L(x) n Q, by the construction of @ one has

|Snlz > |5n|§1-0(—6/4)a

whereas by the construction of R and the choice of ¢ one has
[snlen() = € - [snle,0) < €™ - [8nle,y(—o/2) < [8nles (~6/),

so £ is not contained in Q. Thus Q is not contained in D" (.Z,1(¢)). From this, one

deduces that D" (.2, 1(¢)) is not a neighbourhood of D" (2, %)).
Hence the criteria for continuity by neighbourhoodness holds. O

Recall that for any upper-semincontinuous metric ¢, we denote by 9™ (¢/) the compact
set pP (D" (£, 1)) and by by 9(1)) the compact set p** (D" (£, P(+))) in the affine cone
C(Z)>.

Corollary 4.3.2. — Let ¢ be an upper-semicontinuous metric on Z?". It is continuous
if and only if 9 (¢(€)) is a neighbourhood of 9™ (¢) for any sufficiently small € > 0.

[snls = 15le,q (~o/2)

[snlz < Isle, (~6/2)

0Z(X)

Dual unit disc bundle of (¥, %) and its dilation by e in V(.¥)*"

Theorem 4.3.3. — Suppose that (k,|-|) is spherically complete. Suppose that X is
normal. Assume that Speculation 4.2.1 holds. If ¢ is continuous, then P(¢) is also
continuous.
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Proof. — Without loss of generality, one may assume that . is very ample. One takes
the affine analytic space C(.£)*" as Z. For any € € R, consider the compact set MM~ (¢(€)).
Then by Proposition 2.3.4, one has

M~ (p(e)) = M(e(e)).
Note that for € > 0, by the continuity of ¢, M~ (¢(€)) is a neighbourhood of 9™ (¢) in
V. Hence by Speculation 4.2.1, the set 9t(¢(¢)) is a neighbourhood of M(¢) in Z. By
Corollary 4.3.1, the envelope metric P(¢) is continuous. ]
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